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Ipeauciosue
pegakTopa mepesoja

B 1982 r. B wuspareapctse «Mup» Bbuua KHHra
A. ®okca u M. Ilparra «Bruncaurensbnas reomerpus. ITpumene-
HHe B TPOCKTHPOBAHHH H TPO3BOJICTBE», B KOTOPON paccMaTph-
BAlOTCs NPOGIEMbl FeOMeTpHYecKoro Mojennposanns. M Bor cnycrst
6 Jer B KHHFe NO CyWECTBY C TAaKHM JKe HasBaHHeM peub HAeT
COBCEM O APYIOM, a HMEHHO 00 OLEHKE CJIOXKHOCTH eOMeTpH-
UeCKHX BBIYHCJIEeHHi, 06 aHaau3e H NMOCTPOEHHH S(PHEKTHBHEIX KOM-
GHHATOPHLIX aJTOPHTMOB /Ulsi pELUeHHs TeOMETPHUECKHX 3ajad.
TTapazoke obbsicHAeTCs NPOCTO: KaK OJHO, TAaK H APYroe HayyHoe
HalpaBJeHHe POJHJIOCH COBCeM HeJaBHO, OKOJIo 15 Jer Hasal, X
CTAHOBJIEHHE I HHTEHCHBHOC Da3BHTHE IPOTEKAJH OJHOBPEMEHHO,
06a nanpapJenus HMelOT IiyGOKHe reoMeTpHUeCKHe KODHH H ca-
MbIM HeNOCPeACTBEHHBIM 06Pa3oM cBsi3ambl ¢ NpHMeHeHHem DBM.
K nHacTofmeMy MOMEHTY mNpeiMeT HCC/IeAOBAHHA B KakaoM H3
HanpapaeHuii o6pes YeTKHe OuEPTAaHHs M B CIIEMHAJbHON JHTEpa-
Type 3a OAHHM H3 HHMX yTBepAHJIOCh HasBaiie — «[eoMerpnueckoe
MOJIC/IHPOBAHKE», A 3a JPYTHM, KOTOPOMY H MOCBsileHA AaHHas
KHUra, — «BBIYHC/HTEIbHAS TEOMETPHST».

Kuura @. IMpenapary u M. IleliMoca — nepsas B MHPOBO# JIH-
TepaType MOHOTpadus, B KOTOPOHi CHCTEMAaTH3HPOBAHBEI pe3yiib-
TaThl, PacCesHHble MO MHOTOYHC/IEHHBLIM XKYDHAJbHEIM CTAThsiM H
oTyeraM. 3Ty KHUTY J0Jr0 JKAaJH, CCHUIKH Ha Hee MNOSIBHJHCH
3HAYMTEJBHO PaHbllle, YeM OHA BHIULIA B CBET.

BriyHcaHTeIbHAS TEOMETPHS HMeeT LIHPOKHii KPyT MpHMeHeHHi.
3T0  poGOTOTEXHHKA, pPaclosHaBaHHe 06Pas3oB, MNPOEKTHPOBAHHE
CBUC, Gasbl 1aHHBIX, MallMHHAS rpaduKa, Packpoii MaTepHalon
u T. A IlonyasprOCTb BBIYHC/AHTENLHOR TeOMETPHI Hemocpei-
CTBEHHO CBsI3aHa C BH3YaJM3alHell BLIUHCICHHI H, KaK ClCACTBHE,
€ yA06CTBOM reoMeTpuuecKoli WHTEPNpPETalHH HeoOs3aTebHO reo-
MeTPHUEeCKHX 06BEKTOB.

Huratesb yBHAMT, UTO BHIYHCJHTEIBHASI TEOMETPHS OMHpAeTCs
Ha MHOrHe pasjle]bl KaK K/JIacCHUeCKol, TAK H COBDEMEHHOH Mare-



6 IMpeducaosue pedaxtopa nepesoda

MaTHKH. BOraTcTBO MaTeMaTHYeCKOro ammapara i LIMpPOTa TpHMe-
HEHHst BBIYHCAHTE/ILHON TEOMETPHH CEePbe3HO OCAONKHHIH paboTy
Haj nepesogoM. OnpejlesieHHble TPYAHOCTH CO3/aBaja TaKxKe MpPH-
HATas B aMEPHKAHCKOH JHTepatype 0GpasHOCTb TEPMHHOB, NMPOTH-
Bopeyallas CJOKHBIICHCS TPaAMLHI B DYCCKOH HayuHO-TeXHHUEC-
KO nuteparype.

TTpu nepesoge Gblai HCHPaBJeHH MeJKie OUIHOKH (HO HeT
rapauTHy, UTO He jONyuwlenb jpyrue). Yacth Takux ommuGoK Jio-
Geano ykasan ®. Ilpenapara. OH e BHeC OTAe/bHBlE H3MEHEHHS
B TEKCT KHHIH, cielaB ee Gojee corpeMeHHOiH. Mpl GraromapHbl
npod. @. Tpenapare 3a BHHMAHINE, C KOTOPHM OH OTHeccs K pyc-
CKOMY H3/1aHHIO.

BoJblnylo MOMOLIL NpH TNepeBOje H PelaKTHPOBAHHH KHH-
PH O0Ka3aju GOJblINEe 3HTY3HACThl BBIYHCIHTEJBHON TeoMeTpHH
H. M. Kopueerko u B. M. Uynunosuy. Hx coBern u 3aMeuaHHs
Ge3yC/IOBHO COJEHCTBOBAJH YJIyulleHHio KauectBa Kuurd. K coxa-
JleHHI0, B Halleli cTpaHe JoJeH, akKTHBHO PaGOTAIOMWMX B HOBOI,
aKkTyaJbHOH o6jacTi BecbMa M BechbMa Majso. [TosroMy MOXHO
npucoeannnthess K @. [lpemapare, BHIpa3HBHIEMY HajeXay, 4TO
NOSIBIEHHe KHHIH Ha PYCCKOM SI3BIKE IDHBJIeYCT BHHMAHHE MOJIO-
ABIX MaTeMaTHKOB H HH(OPMATHKOB K HOBOI M GHICTPO PasBHBAIO-
meiicst 06/1aCTH HAYYHOTO NOUCKA H COPEBHOBAHHS.

Tepesoa kuury peimoanen C. A. Buuecom (ra. 1, 2, 7, 8) u
M. M. Komaposbm (ri1. 3, 4, 5, 6).

Anpenn 1988 r. I0. Basakosckuil

Mpeaucaosue aBropa
K PYCCKOMY HM3XaHHIO

Ilpowso 3 roga ¢ MOMeHTa BbIXOAA KHHTH HA aHMAHi-
CKOM s3bIKe, H TelePb s C YJAOBOJIbCTBHEM NPHBETCTBYIO ee mepe-
BOJ Ha DYCCKHil 73bIK. B TeueHWe 3TOro KOPOTKOrO Nepuoia Bpe-
MEHH CTPEMHTeJbHbIE TEMIbl Pa3BHTHS BBIYHC/IHTEBHON TeOMeTpUH
BO3pOC/H elle Gouslle. Psjy sagau, KOTOpble OCTaBaNHCh Hepe-
UIEHHBIMH NOYTH JecATHJETHE, GObUIH JHGO MOJHOCTBIO pelleHbl,
ZM60 HA NYTH K HX PEUICHHIO GBUIH MOJydeHb! GJECTSILHE e3yJb-
rathl. I10sTOMy i ¢ PajoCTBIO BOCIOJIB3OBAJCS MPEIOCTaBACHHON
MHe BO3MOXKHOCTbIO BHECTH H3MCHEHHs B Te MPEAJIONKEHHA H ab-
3aubl KHHTH, KOTOPbe B CBSI3H C CaMBIMH NOCAEAHHMH XOCTHIKE-
HHSMH HECKOJbKO ycrapen. Ceroius HCCAeA0BaHHS B BHIUHCIH-
TeJIbHO T€OMEeTPHH INPOJOIKAIOTCH TaK XKe SHEPrHIHO, KaK H
npexae. SI Hajeloch, YTO 3Ta KHHTA CMOXET CNOCOGCTBOBATH yBe-
JIHYeHHIO YHcaa Hawux Kojuter B Coserckom Colose, MpHCOEAHHHB-
WHXCS K 3TOMy 0JaropojHOMY M yBJIEKATeALHOMY COCTA3aHHIO.

®Deppans 1988 r. &. Ipenapara



Naoae u Kaayduu,
a rakace I0auu

Mpenucaosue

Lesb 70l KHHMH — e1HHO0Gpa3Hoe H3NOKEHHe GOraThix
PesyJIbTaToB, NOABHBUIHXCS B OCHOBHOM 3a NOC/AeJHee JeCATHIETHE
B 00JIACTH BBLIYMCTUTE/bHON reoMeTpun. DTa MoJOAAast AHCUHILIHHA,
Ha3BaHHAs CBOMM HMEHeM B ero COBDPEMEHHOM 3HAYEHWH OXHMM
u3 nac — M. IlleiimocoM, npHBJeK/ia K ceGe OrpOMHEI HHTepec H
BBIPOCJa H3 Habopa pa3spo3HeHHLIX Pe3yJbTATOB B 3pelylo 06JacTb
3Hanuil. JlocTHruyTast 3pesiocTh, 0O/HAKO, He IoMellana BhIYHCIH-
TeJbHOM IeOMETPHH OCTABATBCH MOCTOSTHHLIM HCTOUHHKOM HAyUHBIX
H NPHKJIAAHBIX 3a/ad.

Ilo Mmepe TOro, KaKk HCC/JELOBAHMS AOCTHIaJqH AeHCTBHTENBHO
BBICOKOTO YPOBHsl, C NOABJEHHEM MOUIHBIX METOAOB M DasBHTHeM
TUIOXOTBOPHOTO B3aHMOJAEHCTBHS ¢ KOMGHHAaTOpPHOH H aJareGpa-
HUYECKOli reoMmerpueil, Bo3pacTaia NoTPeGHOCTb B METOJLHYECKH Op-
TaHU30BAHHOM H3JIOXKeHHH HAKOIUICHHbIX pe3yapTatoB. 1a morpeb-
HOCTb OLyWlajdach Kak B yueGHOH ayIMTODWH, Tle JKCIEPHUMEH-
TallbHbie CIICUKYPChl BeJHCh Ha MarepHalje JKYDHAJbHBIX cTaTei
H 3aMeTOK, TaK H B NPO}ECCHOHAJBHON cpefie, Iie HEKOTOphie MpH-
Knajubie 06JIaCTH, TaKHe KaK aBTOMATH3aUHs MPOEKTHPOBAHHS,
MaliHHHas rpaduka, po6OTOTEXHHKAa H T. A., OBUIM TOTOBBI AJIs
BOCHPHATHS 3THX Pe3YJIbTATOB.

Jlannas KHHra — NONLITKA YHOBJETBOPHTbL 3Ty NOTPEGHOCT.
3ajymannasi, B OCHOBHOM, KaK yd4eGHOe IIOCOOHE AJIsI CTYACHTOB
MJaJUWHX KypCcOB, OHA OPHEHTHPOBAHA TAKXKe Ha CIENHAJHCTOB
B BBILICYNIOMSIHYTHIX NPHKIAAHBX OGjacTsax. OjHaKo He0GXOAHMO
OTMETHTb, UTO 3Ta KHHIa He IPOCTO KaTaJOr FOTOBLIX K YIOTpeGie-
HHIO METOJIOB, XOTS HeKOTOpHIE a/ITOPHTMBI BecbMa NpakTHuHb. Hama
TOYKA 3PEHHs CKOpee BOCXOAHT K JHCHHIUIHHE, H3BECTHOH KakK Io-
CTPOEHHE M aHAJH3 AJTOPHTMOB (H/IH «AJrOPHTMHKA»), HALENeHHOHR
Ha omlpejeJienie TPYAOGMKOCTH pelIeHHs OTAeJbHbX 3ajay. Hamm
HCC/IeJIOBAHHA B OCHOBHOM HANpaB/eHB Ha H3yYeHHe NOBENEHHS
aJTOPHTMOB B XyAIleM cJyuae; KPOMe TOrO, Pe3yJbTaThl aHAMH3a

[peducaceue 9

TOJIHOCTBIO MPOSABJSAIOTCS JIMIIb IS OCTATOYHO OOJBLIHX 3aiau
(acumnToTHUECKHIT aHau3). O6a 3TH MOMEHTA HEJIb3sl yNyCKATh H3
BH/ly NPH BbIGOpe anropuT™Ma, 60 METO, HanGo/iee NPUrOANLI A5
3ajiau MaJioii Pa3MEepHOCTH, He 06s13aTebHO GYNET aCHMITOTHUECKH
ONTHMAJIbHBIM, & aJrOPHTM He ONTHMAJbHBI B XyAIIEM CAyuae, MO-
JKET NPEB3OHTH APYrHe NPH OLEHKE ero CPeJHEro NOBeIEeHHs.

Mul ToneITaNKCh AaTh AOCTATOYHO AETANbHYIO AaHOPaMy Helpe-
PBIBHOfl BETBH BBIMMCJHTENBHON TEOMETPHH, a He ee «AHCKPETH3H-
poBaHHOro» Bapuanta. OAHAKO IJIABHON LeJbI0 ObLIO CHCTEMATH-
4YecKOe H3JIOXKEHHEe NpPeJMeTa, a He NeJaHTHUHBIH 0630p. MBI nbi-
TaJHCh YACTHYHO BOCHOJHHTb 3STOT HEAOCTATOK B pasjesax
«3aMeuannst H KOMMEHTapHH» B KOHIE Kaxjofi raasbl. TIpunocum
CBOH H3BEHCHHSI MHOTHM aBTOPaM, UbH PaGOTHl He ObLAH OMHCAHBI
HJIH XOTS1 GBI YIIOMSIHYTHI.

HavanpibiM  AIpoM KHHTH GBUIa  IOKTOPCKAs AHCCepTalust
M. Hleiivoca. Koraa B 1981 r. P. Tpaxem IpeasoXH/I OAHOMY H3
Hac (®. [Ipenapare) mpeBpaTHTL 3Ty HCXOAHYIO PYKOMHCH B yuel-
HHK, HHKTO M3 Hac He NMPEICTaBasan cebe peajbHBIX YCHIHH, KOTO-
pble NPHILIOCH 3aTPATHTL BIOCAEACTBHH. K CuacThio, MHOTHE HAMIM
KOJIIETH H JPY3bsi 1eJPO MOMOIJIH BHIIOJIHEHHIO STOH 3a/lauH, Tep-
TEeJMBO YHTas MOCTyMaiollHe BapHAHTHI, Hpejsarasi yJydUIeHHS H
BBLIAB/IMBAs OWHOKH. Mbl BecbMa MpPH3HATEJbHBI HM; H MBI Pajbl
HCKpenHe no6Jaroaputs (B anbasuTHOM nopsiake): Bewran J[K.,
Bxarrauapes B., Ban-Jleioena k., Byna [I., JHaiiepa M., I106-
kuna [I, 3aitnenss P., Kamgan M., Jlu J. T., Jluncku-ma. V.,
O'Pypka [ixk., IMepanca A., Padekn JI., Tyccena T, Xoyn Ismua,
Yasemre B., Ilynbuna M., diiuca [I., Diizencrata C. Mbl Takxe
6s1arosapHl 3a YacTHUHYIO MOLepXKy HaunoHanbHOMY HayusOMY
¢ouny (cy6enmus MCS 81-05552 uas paGotet ®. Ilpemapatsr),
YOPABJICHHIO BOCHHO-MOPCKHX HCCae0Banmil, kKopmopauud HBM,
Yuusepcutery Kapueru — Memniona u Jla6opatopusim Beanta (3a
pa6ory M. Illeiimoca) u pykososcTBy msmateanctsa <«IlInpuurep»
34 SHTY3UA3M, NPOSIBJICHHBI IPH COTPYAHHYECTBE.

Hakonel, Mbl GarojiapuM HallHX KeH, cOOTBeTcTBeHHO Posy-
Mapnio n IO, 3a HX TeprieHHe H NOALEPKKY BO BPeMs TeX KO-
THX 4acoB, KOTODble MPHBEIH K OKOHUATeJILHOMY BapHAHTY KHHTH.
Mait 1985 r. ®. Ipenapara
M. Uleinoc



TJIABA 1

BBenenue

1.1. Hctopuyeckuii 0630p

Erunerckas M rpedeckasi reoMeTpusi GbliM LIEAEBPOM
NPUKIAJHOH MaTeMaTHKH. MICXOXHBIM HMIyJbCOM AJsi reoMeTpH-
YeCKHX 3ajay Oblia HYXKIa B TOYHOM H CHPABEIHBOM 3CMEJbHOM
HaJIOr006I0KEeHHH, a TaKXKe B BO3BejAeHHU 3fanuil. Kak 310 uacto
GbiBaeT, CO3jaHHas MaTeMaTHKa oGJajaia OGLIHOCTBIO H 3Haue-
HHEM, KOTOphle Ja/eKO NPEBOCXOJHJH HOPOAMBLING ee MPoGiaeMbl
$apaoHOBa AemapTaMeHTa HAJOroB, HGO IeOMETPHs — 3TO Cepjile-
BHHA MATEMaTHYECKOrO MBIeHHS. DT0 0614CTh, AaloOllasi NPOCTOP
WHTYHLHH, @ HOBBIe OTKDHTHS B Helf BMOJIHe JOCTYNHBL JUIsi Hecre-
LLHAJHCTOB.

TIpuHATO cunTaTh, UTO MMIABHBIM BKAajoM EBKAHAa B reomer-
PHIO SBJSETCS €TO H3JOXKCHHE AKCHOMATHUECKOTO MeTOja /0Kasa-
TeAbCTBA — YTBEPXK/CHHE, KOTOPOE Mbl HE CTaHeM OCHAaPHBATD.
OnHako AJsi Haulero o6CyXIeHns BaXkHee H3oGpeTerHe esxaudosa
NOCTPOEHUSA — CXeMBl, COCTOsillell W3 anroputma u ezo dokasa-
TeabCTéa, CIVETEHHBIX B BechbMa CTHIH30BaHHOM (opmare. 3To
©BKJIHOBO IIOCTPOCHHE Y/0BJIETBOPSICT BCeM TPEGOBAHUSIM, TPE/bSB-
JISEMBIM K AATOPHTMY: OHO KOMMAKTHO, KOPPEKTHO M Jef{CTBEHHO.
Tlocne Epkania reoMeTpHs NPOJOJKasta MPOIBETaTb, B TO BPEMs
Kak aHaau3 aJropHTMOB, K cOXajenHio, nonasn B 2000-JeTHION no-
Jocy 3acTost. DTO 0GCTOATENLCTBO YACTHUHO MOXKeT GLITh 06BHACHEHO
ycrexoM Meroia npusedenus K aécypdy, KOTOPHIH ynpollaer Ma-
TeMaTHKaM JI0Ka3aTeJbCTBO CyUIECTBOBAHHA HEKOEro 06beKkra myTeM
NOCTPOEHHST 3TOrO J0KA3aTeJbCTBA OT IIPOTHBHOIO BMECTO TOTO,
4TOGH 1aTh TOUHYIO KOHCTPYKUHIO /ISl €r0 NMOJyYeHHs (aJAropHTM ).

EBKIHA0BO NOCTpOeHHEe 3aMeyaTeJbHO NO DAa3HBIM NPHUHHAM;
HampHMep, OHO ONpeAe/sier HaGop JOMYCTHMBIX HHCTPYMEHTOB
(MMHefiKa W LHPKYJAb) H MHOXKECTBO JIOMYCTHMBIX Onepauuii (mpu-
MHTHBOB), KOTOpble MOXKHO BHIIOJHETbL C HX NOMOMIbIO. [[peBHux
YpPe3BHIUAfiHO HHTEpecoBala [MOJHOTA CHCTEMB eBKJMJOBBHIX MPH-
MHTHBOB NIPH YCJOBHH KOHEYHOCTH uHMcaa omepauuii. B wactnocts,

1.1. Heropuueckuit o63op 1

HX HHTEPEeCOBaJo, JAOMYyCKaeT JM Takas CHCTCMa BCE MbICAHMBIE
reoMeTpPHUECKHE NOCTPOEHHs! (HANpHMep, TpHceKIHIo yria). B cospe-
MeHHOH (OPMYJIMPOBKE TOT e BOMPOC CTABHT HiopMaTiKa: A0CTa-
TOYHO JIH €BKJAMAOBHIX NPHMHTHBOB /5 PeaIH3allii BCEX TeOMeTpH-
YeCKHX <BBLIUHC/EHHI»? IIpH NOMBITKE OTBETHTL HA STOT BOMPOC
paccMaTpHBANCh MHOTHE AJbTEPHATHBHBIC MOJEIH BLIYHC/CHHH,
nosyyaeMble NyTeM H3MCHEHHs KaK HaGopa NPHMHTHBOB, TaK H
caMUX HMHCTPYMEHTOB. ApXHMeJ MNpPEAONHI (KOPPEKTHYIO) KOH-
CTPYKUHUIO AJIsi TPHCEKIHH yria B 60 rpaaycoB co cleAylomwuM A0
GaBJeHHEM K MHOXKeCTBy NDHMUTHBOB: Jakbl ABa Kpyra A u B
M Touka P; Mbl MOXKeM BHIGpaTb 0Tpe3ok MN npsMoil H pasMEeCTHTbL
ero Tak, 4to6nl npsMas mpounta uepes P, mpuuem Touka M oxa-
3anach O6b Ha rpannue A, a N —wua rpaunune B. B psje cayuaes
H3Y4aJIcsi OrpanHyelHbii HaGOp HHCTPYMEHTOB, HaNPUMep TOJbKO
upKydb, Takue HACH BLINVISIST NOYTH NPEABOCXHUICHHEM METOLOB
TEOPHH aBTOMATOB, KOTOPAsi NPOBEPSET MOIIHOCTb BEUHC/IHTEIbHBIX
MoJiesiell IpH Pa3HBIX OTPaHHUCHHAX. YBHI, JOKA3aTEJbCTBO HEMOJ-
HOTH €BKJHJOBBLIX CPICTB JAOMKHO GbLIO JIOXKHAATbCS PA3BHTHS
anare6psl.

Buusinne «Hawas» EBKania Gbiio cToMb (QyHIAMEHTANbHBIM,
4TO HHKAKHX APYrHX (POPMYJHPOBOK FEOMETPHH He ObUIO Mpeajio-
JKeHO BIJIOTh A0 Jlekapra. Bpefenue mocsieiiiM KOOPAHHAT MO3BO-
JIUA0 BLIPASHTH reOMEeTPHUECKHe 3a/1aun a/ireGpaHyecKu, BHIMOCTHB
MyTh K H3YYEHHIO BBICUIHX IJIOCKHX KPHBLIX M HbIOTOHOBCKOMY aHa-
ausy. KoopaunaTel NO3BOJHAH DE3KO MOBLICHTh BBHIYHCJHTENbHBIE
BO3MOYKHOCTH, COEJWHHB [BE BEJHKHE OGJIACTH MAaTEeMaTHKH H AaB
HAyaJao0 BO3POXKAECHHIO KOHCTPYKTHBHCTCKOro Muluienusi. Tenepnb
TIOSIBHJIACh BO3MOKHOCTD NOJIY4aTh HOBbIE reOMETPHUYCCKHE O0BeKTH,
peliasi cBsisaHHble C HHMH aareGpauueckue ypasuenns. W Bckope
CHOBA BO3HWKJH BONpPOCH Bhiumcaumoctd. Tak, [ayce, yxke BoOpy-
JKeRHBIHl anre6paHyeCKHMH CPeJCTBAMH, BHOBb BepHyJCA K 3ajaue
O TOM, KaKHe H3 IIPaBHJIbHBLIX MHOTOYTOJIBHHKOB C NPOCTBIM UHCJOM
CTOPOH MOXHO TIOCTPOHTb, HCHOJB3Ys €BKJINIOBE HHCTPYMEHTHI, H
MOJIHOCTBIO pelrna ee. [IpH 3TOM cTaza ACHOi GJIH3KasA CBA3b MEXKAY
TOCTPOEHHSMH C TOMOIUIBIO IHPKYJST M JHHEHAKH, paclMpeHnsiMu
noast ') u anreGpanuecKiMH ypaBHeHHAMH. B cBoeil 1oKTOpCKO# AuC-
ceprauun ayce nokasat, uto y JioGoro aare6paHueckoro ypasHe-
HHSI CyLLeCTBYeT 110 Kpalineil Mepe oMl KopeHb (OCHOBHas Teopema
anre6per). Abeab B 1828 . samsA/cs peleHHeM TOH jxe 3aaui Ha
ozpatuuennoi modeau goiiucienuid. OH 3afancs BONPOCOM, MOKHO
7 HAaHTH KOPEHb JIO6Or0 a/ireGpaHueckoro ypasHEHHS, BOCIOJb3O-
BaBUIMCh TOMBKO APH()METHYECKHMH ONCPAUHAMH H H3BJICUEHHEM
KOpHell n-it cTememi, H J0Ka3aj, 4T0 3TOrO cjieJaTb Heabss. Xots
6BIJI0 M3BECTHO, YTO BCE PAlHOHAJNbHBEIE UHCAA ACHCTBHTEJbHBL, 1O~

1) Wmeerca B BHAY Nose AeficTBHTeNbHbX uncen. — [1pus. nepes.



12 Fa. 1 Bsedenue

caeaunii OTBET NOKA3afd, uTO He BCe JeiCTBHTEMblibie ulcaa pa-
uHOHabHEL. Bekope nocite sToro AGess omucan Te ajrcGpanueckue
YPaBHEHUs, KOTOPble #O2yT ObiTh DelieHbl B pajuKa’sax, H 3TO
AaJ10 eMy BO3MOXKHOCTb 00CYX[aTh OCYIIECTBHMOCTb CHeuH(HYIeCKH
TeOMETPHYECKHX 3a/ay, TAKHX KaK TPHCEKIHs yraa.

1.1.1. MpencraBieHne o CAOXKHOCTH
B KJ1aCCHYECKOI FeOMeTPHH

EBKJIMI0BB TIOCTPOEHHS 1151 JI0OBIX 33124, KPOMe CaMbiX
TPHBHAJIBLHBIX, BECbMa CJOKHEI, HGO B HHUX JOIYCTHMBI TOJbKO Py-
JHMEHTapHble IPUMUTUBLL. BecbMa yacTBIM pa3s/ieyeHHEM reoMeTpoB
nocae EBkuaa GHIO yaydllieHHe ero NOCTPOEHHH Tak, uTOGH OHHM
MOIJIH BHIIOJHATLCA 32 MeHblIee YHCJIO «onepaliiiiy. Oanako 3afaya
Onpeje/IeHHs! KOJTHUECTBEHHON Mephl C/IOXKHOCTH [OCTPOCHHS He Gblaa
cdopmyaupoBaHa BIJOTL 0 ABAALATOTO cToJdeTHa. B 1902 r.
Omuab Jlemyau BBeq HayKy 2eomerpozpaguro, CHCTeMAaTH3HDOBAB
€BKJIHJOBBI IPHMHTHBDL CJeiylouwlnm o6pasom [Lemoin (1902)]:

TocTaBHTb OAHY HOKKY LHPKYJIS B LaHHYIO TOUKY.
IloctaBuTb 0AHY HOKKY WMPKYJ/isi Ha A4HHYIO TMPAMYIO.
. [IpoBecTH OKPYMKHOCTD.

. CoBmecTHTb Pe6PO JHHENKH ¢ JAHHOH TOYKOIi.

. TIposectn nummIO.

T N —

O6miee uncao Taknx onepanuii, BHIOMHAEMEIX B Npolecce mo-
CTPOCHHS, HA3bIBATCs ero npocroroii, xorst Jlemyan nosarad, uto,
BO3MOXKHO, GoJlee yMecTeH TePMHH «Mepa CAOAHOCTH». DTO ompe-
Jenenne G/M3KO CBA3AHO C Halleil COBPeMEHHON Hacell 8peMeHHO
CAOJICHOCTIL aNTOPUTMA, XOTA B pabote JleMyaHa HeT (yHKIHOHAJb-
HOIl CBSA3H MKy pasMepoM HCXOAHOH HH(OPMAUMH (YHCJIOM 3a-
JAHHBIX TOUEK M JIMHHil) AJSl FeOMETPHYECKOrO NOCTPOCHHS H €ro
npoctotoii. Beaycs0BHO, HHTepec Jlemyana Gbil HANpaBJIeH Ha yayd-
lLIeHHe HCXOAHBIX EBKJHIOBBIX MOCTPOEHHMI, a He Ha Pa3BHTHe Te-
OpHH CJIOKHOCTH BbiyHciaeHHi. M B mepeom on 1o6nics sameua-
TEJILHOTO ycreXa — eBKJHAOBO pellleHHe 3ajau O Kpyrax Amo.io-
HHst TpeGoBano 508 wiaros, B To BpeMs Kak JlemyaHn COKpaTHJI ero
Menee yem 0 asyxcor [Coolidge (1916)]. K coxanenuio, Jlemyan
He TOYYBCTBOBAJ BAKHOCTH JIOKA3aTe/IbCTBA, @ BO3MOXKHO, NMPOCTO
He CMOr J0Ka3aTb, YTO OMpEJeJeHHOe YHCJIO ONepauuii Obin0
Heo6X00uMO IS 1aHHOTO TNOCTPOEHHs, H, TaKHM 06Pa3oM, Hiest
0 HUXKHEH OLICHKE aJrOPHTMA YCKOJIb3HY/1a OT Hero.

Oxnako I'mibGepT OLEHHS BaXKHOCThL HUIKHHX OlleHOK. PaGoras
C OrpPaHHYeHHOIl MOJIE/BIO, OH PACCMATPHBAJ TOJBKO TaKHe MOCTPO-
€HHsl, KOTOPble MOMKHO BHIOJHHTL C TOMOINBIO OJXHOCTOPOHHEH JiH-
HefiKH M WKQAbL — HHCTPYMEHTA, HCIOJb3YEMOrO TOJBKO AMS TO-
MeTKH oTpeska (HKCHPOBaHHON MJIHHBI BIOJb HeKoell junun. He
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BCE CBKJIMOBLI NOCTPOCHMUS BBITOJHIMBL C MOMOIIBIO TOro Hadopa
nHCTPYMenToB. Ho /s TeX, 4TO BHITONHHMEI, MbI MOXKEM paccMart-
pHBATL KOOD/HMHATHI MOCTPOCHHBIX TOYEK Kak ¢ynkuuio F or 3a-
AanubiX ToYeK. I'uabGepT fajt 1eoGX0ANMOE H JOCTATOUHOR YCIOBHE
BBIYHCJAHMOCTH F' ¢ HCIIOJNb30BAlMEM POBHO A ONEPALHUii H3BJCYCHHS
KBaJIPaTHOTO KOPHS — 3TO O/IHA H3 HauGoJee PaHHHX TEOPEM B al-
reGpanyecKoil TeOPHH BHIUHCAHTEAbHOI caoxuocTH [Hilbert (1899)].

EcTh ocHOBaHHs AyMaTb, 4TO MHOTHE H3 HAIIHX COBPEMEHHBIX
METOJ0B aHAJIH3a A/JTOPHTMOB GBIIH NpPeJBOCXHIICHB [eOMETPaMH
MHHYBIIHX ctoJetnii. B 1672 r. [lxopax Mop nokasad, uto sioGoe
TI0CTPOEHHE, OCYLLECTBHMOE € [IOMOLLIO JIHHEIIKH W IHPKYIsl, MOKHO
BLITOJHHTL TOJBLKO LHPKYJIEM B TOM cJydae, KOrjaa HCXOAHBIE H
HCKOMBIe OGBEKTH oOmpefesstoTcs Toukamu. (Tak, xors mpsamyio
JIMHHIO HEJb3sl HADHCOBATH OJHHM LHPKYJEM, ABe TOUKH Ha 3TOM
JIHHHH MOJMKHO ONpEJEJHTh C MOMOIIBIO NepeceyeHis JABYX OKPY-
Hoctet.) B mokasarenbcTBe Mopa npuMeuarteabio modeauposanue,
C IOMOWUIbI0 KOTOPOTO OH NOKA3LIBACT, UTO JI0GYIO OllepalHIo, B KO-
TOPOH yyacTBYeT JIMHEHKA, MOXKHO 3aMCHHTb KOHEUHBIM YHCJIOM
onepauuit MMPKYJIst. MOXKHO JIH TYT NOCTABHTH BONMPOC O GJIH3KOM
CBSI3H C TeopHeil aBTOMATOB? B 5TOM JKe pyc/e JEKHT H PesyabTar
O TOM, UTO JIHMHEHKa, HCNOJb3yeMas B JIOOOM IOCTPOCHHH, MOXKET
HMeTh IPOH3BOJILHYIO TOJIOKHTEJABHYIO AJMHY, H, Aaxe Oyayun Ma-
JIEHBKOH, BCe e CrocoGHa MOAJIHPOBATH JIHHEHKY Kakoil yrogHo
JUTHHBL

Jlemyan u Apyrue 3aHHMajuch BPEMEHHGH CJOXKHOCTBIO eBKIH-
JIOBBIX MOCTPOEHHI, H TeM He MeHee Takike MOIHHMAJCs BOMPOC 06
ofbeMe nPOCTPAHCTEA, HEOOXOAMMOTO It STHX nocrpoenuit. Xors
HCNO/B30BABUIAACS Mepa NMPOCTPAHCTBA (4 MMEHHO IJIOWALb Ha
IUIOCKOCTH, HEOGXOAMMAs ISl pealH3auui MOCTPOEHHs) He COBIA-
JIaeT C HAIUHM COBPEMEHHBIM ONpE/JeNeHHeM B CMEIC/IE KOJIHYCCTBA
naMsTH, 3aHHMaeMOii aJropHTMOM, OHa GhlIa 3aMeyaTeJbHO 6JaH3Ka
K HEMy H BecbMa ecTecTBenna. Flcronb3osannas mniomaap 3aBHCHT,
BOOGILE TOBOPSI, OT IJIOWLA/IH BHITYKJION 0GOJIOUKH 3a/(@HHEIX FEOMET-
PHUYECKHX MECT TOUEK H OT pasMepa HCKOMOIO pe3yabTaTa, a TaKkKe
OT pasmepa JIOGBIX NPOMENKYTOUHBIX FEOMETPHYCCKHX MECT, KOTO-
puie HeoGXoauMo chopMupoBaTh npu nocrpoennn [Eves (1972)].
Mgl noYepKuBaeM 3/1eCh, YTO TeOMETPHH He UYX<Ibl NIPeJCTaBACHHS
0 BPEMCHH H NaMsTH.

Korna Tallya mpoaeMOHCTPHPOBA/ HEBO3MOXKHOCTb PeajH3aLHU
HEKOTOPHIX EBKJHIOBBEIX TOCTPOEHHI, TO CTa/NO SCHO, YTO TOYHAA
TPHCEKIHSA JI0GOr0 yrila HeoCyIleCTBHMA, HO HET 3ampeTa Ha BHINOJ-
HUMOCTh KaKOro-HuGY/b MPHOJIHKEHHOr0 TOCTPOCHHS. PaKTHUCCKH
ACHMIITOTHYECKH CXOMSILIHECs NPOUEAYPH AJIsi KBajpaTypsl Kpyra
M ynBoeHHs: KyGa ObliM H3BeCTHBI elle apeBHMM rpekam [Heath
(1921)]. Hctoprst NPHOJHKEHHBIX aJArOPHTMOB, Ge3yCJOBHO, SB-
JISieTcst MOJIroH.
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1.1.2. TeopHs BbINYKJbIX MHOXKECTB, METPUUECKAs!
H KOMGHHATOPHAS TEOMETPHH

T'eomerpus XIX Beka pasBHBajiachb MO MHOTHM Hanpas-
nenusiv. OfiHO M3 HHX, NpoBo3rJallenHoe KieitHoM, BKIouaso B
ce6si BCECTOpOHHEE H3YUeHHE MOBE/CHHsS T€OMETPHUECKHX 0GHEeKTOB
[pU Pa3NHYHBIX MPe0OPA3OBaHHSX, a NPOCKTUBHAS reOMETpHs Gbiia
ero BaxKHLIM oTBeTBieHHeM (cM. pasi. 1.3.2). Xorts mccaenoBanue
KOHEUHBIX IIPOEKTHBHBIX TJIOCKOCTEl MPHBOAMT K 4apylOIUM BONPO-
caM H B KOMOMHATOPHKE, H B TEOPHH AHCKPETHBIX aJrOPHTMOB, ITOT
ACIeKT reoMeTpHH He OyAeT NpPeAMeToM AaHHOH KHUTH.

Pa3BuTHe BeILECTBEHHOrO aHA/JW3a BO3LIMEJO peulaiollee BiH-
siHHe Ha TeOMeTPHIO, NPHBCAS K (GOpMajbHBIM a6CTPAKIHAM KOH-
uenuuii, KOTOpble paHee OBLIH JHIIL HHTYHTHBHBIMH. [IBe Takue
paspabOTKH — MeTPHUEeCKAsi COMETDPHSI H TEOPHSI BBUIYKJIOCTH —
JlaH TaaBHbBle MaTeMaTHdecKie HHCTPYMEHTHI, KOTOpble MOMOraioT
TIPH NIOCTPOEHUH GBICTPBIX AJITOPHTMOB.

Paccrosinie — BaxKHoe NOHsTHe B reoMerTpuH. Merpuxa — ero
060611eHHe — a/1a BO3MOXKHOCTb PaCPOCTPAHHTL TEOMEeTPHuECKHe
KOHUMIHH U HHTYHIHIO Ha AHA/H3, Tjie HIesl «PACCTOSAHUS» MeKAYy
YHKUHSMH [PHBENA K MOABJCHHIO (YHKUHOHAUBHBIX HNPOCTPAHCTB
M ApYrHX MOLIHBIX KOHCTPyKuuil. K cOXaJlenuio, MHOrOe H3 CO3JaH-
HOTO YBOAHJIO B HEKOHCTPYKTHBU3M. PYHKIHOHAJbHbIE IPOCTPAHCTBA
IO CBOEH MPHPOJe HE BLIUHCIHMbIC OOBEKTHI.

BaXXHOCTb TEOPHH BBINYKJIOCTH 3aK/IIOUaeTCsl B TOM, UTO OHA
aHaNUTHIECKH PAbOTaeT ¢ 2406a4bHbLMUL CBOHCTBAMH OOBEKTOB H
No3BOJIET HAaM peliaTh dKCTpeMasbible 3ajaud. K coxaieHuio,
MHOTHE BOTNPOCH BBIYKJIOCTH HMEIOT FPOMO3JIKHE ajreGpauyeckue
OPMYAHPOBKH H CYGBEKTHBHO NOATAJKHBAIOT K HEKOHCTDYKTHB-
HBIM MeETOJlaM.

KoMGHHATOpHAs TeOMETPHs Topasjio GJuKe IO AyXy K Halleil
e — aArOpPHTMHYECKOi reomeTphy. Ona OCHOBaHA Ha ONHMCAHHH
reoMeTpHUECKHX OOLEKTOB B TeDMHHAX CBOWHCTB KOHEYHbLX NOAMHO-
skecTB. Hanmpumep, HEKOTOPOe MHOXKECTBO BBINYKJIO TOTAA H TOJBKO
ToTAa, KOT/a OTPe3oK, onpeiedsiembiii 0G0l napoid ero TOUeK,
JIEKHT TIOJHOCTHIO B 3TOM MHOKectse. HeanexksaTHOCTh kKOMOHHA-
TOPHOHl TeOMETPHH VIS HAC 3aK/OYaeTcss B TOM, UTO Aad GOJb-
IIKMHCTBA MHTEPECYIOIHX HAC MHOXECTB UHCJIO HX KOHEUHBIX MOJ-
MHOXKeCTB GECKOHEUHO, a 3TO NPEHSTCTBYET HX aJrOPHTMHUECKOlt
obpa6orke. PaGoTa MOCJCANHX JET B 00JACTH FEOMETPHYCCKHX aj-
FOPHTMOB HaNpaBJieHa Ha H30aBJeHHe OT 3STHX HEJOCTAaTKOB H
pasBHTHE MaTeMAaTHKH, BeAylledl K CO3IAHHIO XOPOIIHX airo-
PHTMOB.

1.1.3. CmexHbie HaNpaBJIeHUs

TeoMeTpHUeCKHE MO CBOEMY XapaKTepy a/irOpHTMbI pas-
paGaTHiBaluCh B HECKOJIBKHX Pa3HbIX KOHTEKCTaX, H TEPMHH «BEI-
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YHC/HTeNIbHAS FEOMETPHSI» yXKe YNOTpeGasiics 1Mo KpaHHedl mepe B
JBYX ADYTHX 3HAUeHHAX. 3JieChb MBI NONLITAEMCS PaCCMOTPETh STH
CMEXHBIE HANpAaBJEHHs B COOTBETCTBYIOUleil MNepCNeKTHBE M CO-
MOCTABHTb HX C COBPEMEHHO TPAKTOBKOM:

1. TeoMeTpuueckoe MOJASJHPOBAHHE CDEACTBAMH CIIAHHOBBIX
KpHBHIX M IIOBEPXHOCTeH — IIDE/IMET, KOTOPHI MO AyXy Oamme K
UHC/IEHHOMY aHaJu3y, YeM K reoMeTpHH — NOJAPOGHO paspabaThiBa-
noch Besbe, ®oppectom u PusendensaoMm. Hamo ormeTuts, uTo
doppecT HasblBaj CBOK JHCUMILIHHY «BHIUHCAHTEJNBHOH reoMer-
pueii» [Bézier (1972), Forrest (1971), Riesenfeld (1973)]").

2. B sjieraHTHO# H 3axBar KHHTE, «[ep-
cenTponsly (MOASAr0JIOBKOM KOTOPOH SIBJIAETCS TaKKe «BBUHCIH-
TesbHasi reomerpusi»), Muncknit u Iledimepr [Minsky, Papert
(1969)] u3y4aloT CJIOXKHOCTb NPEMKATOB, KOTOPLIE PACNO3HAIT OM-
pelle/leHHble TeOMETPHUECKHe CBOWCTBA, TAaKHE KaK BHIIYKJOCTD.
Lleb ux paGoTH 3aKMI0Ya/Iach B NIOJyYeHHH BBBOJA O BO3MOXHOCTH
HCTIOMB30BaHHsI GOJIBIIHX CETYATOK, COCTOSIHX W3 MPOCTHIX CXeM,
1A 3a7au pacnosHaBalusi 06pasos. FIX Teopus MOJHOCTHIO CaMmo-
CTOATeJIbHA W He YK/aJbBAeTCs B aJrOPHTMHUECKHE PaMKH Haulel
KHHTH,

3. B rpauueckoM nporpaMMHOM o6ecneyeHnH H TeoMeTpHuec-
KHX Pe/laKTOpax LIMPOKO HCIOJL3YIOTCS MHOTHE aJrOpHTMBI, Npel-
cTaBJleHHBe B AaHHOA Kuure. OIHAKO B AaHHHOM cJyuae B (pokyce
OKa3pIBAIOTCS AETANH pealHsalldn H HHTepdelic ¢ MoJb3oBaTeneM,
a OTHIOAb He aHaJM3 ajAropHTMOB. K 3TOMY e Kjaccy OTHOCATCS:
nporpaMmHoe oGecreuente crankos ¢ UITY, mporpammsl ansi rpa-
tornocTponTenefi, KapTorpaQuueckde CHCTEMbl W NPOrpaMMHOE
ofecrieueHte AJsi apXHTEKTYPHOTO AH3afiHa M CTPOHTEJBbCTBA.

4. HaxoHell, cJIOBOCOUETAHHE «BBIYHC/IHTE/bHAS T€OMETPHS» AJIst
HEKOTOPHIX MOXKeT 03HAauaTh JEATEJBHOCT, B 06/aCTH JA0KasaTeb-
CTBa reOMeTPHUECKHX TeopeM ¢ nomoubio IBM. Xots 310 1 yBIEKa-
TesbHOE HCCJENOBAHHE, HO OHO JaeT HAMHOrO GoJblle HHPOPMALHK
0 HALIHX 5BPHCTHKAX, CJYXKAUHX AJIS I0KA3aTeJILCTRA TEOPEM H T0-
HHMAHHs TIPOUEAYp HOKA3aTe/NbCTBA, 4YeM MAHHBIX O TIeOMeTpHH
Kax Taxkogotl, W TO3TOMY MBI 3Jlech 3THM 3aHUMAaTbCA He Oynem.

1.1.4. Tp P # reomeTpun

VY xoubi6end AMCUMIIHHB, W3BECTHOM HbIHE KaK BBIYHC-
JIITeNbHAsE TEOMETPHs, CTOSIO GOJIbUIOE YHCHO TPHJIOKEHHi, H60
OHH TMOPOXKAAT CBOWMCTBEHHBIE HM reoOMeTpHYecKHe 3ajauH, Aas
KOTOPHIX JIOMKHBI cO31aBaThest 3 dekTnBHbe anroputmul. K uncay
TaKHX 3ajay OTHOCATCA: 3ajaya KOMMHBOAXKepa Ha eBK.’IHIlOBOﬁ
MeTpHKe, TOCTPOeHIe MHHHMAJbHOrO OCTOBHOTO JAepeBa, yAaleHHe

1) Ca. rakxe [oke, Tlpatt (1982)] — Ipus. nepes.
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HEBHAMMBIX JIMHUI, JHHelHOe NPOrpaMMHPOBAHKE H MHOTHE JADYTHe.
YroGbl yGeanTeIbHO NPOIGMOHCTPHPOBATE WHPOTY MPHIOIKEHHI BB~
UHCJHTEIbHOI TEOMETPHH, Mbl OTJIONKHM IIPEACTAB/JCHHE OCHOBHOTO
Marepuajia IO 3THM 3aJayaM 0 TOH MOPbI, MOKa OHH He BCTpe-
TATCS B TEKCTE.

JICOPHTMHYECKHE HMCCNENOBAHUS STHX M ADYTHX 3ajau MOSIBH-
JIHCh B HAYUHOH JIHTEpaType B TEKYLLECM CTOJIETHH, MPHYEM HX HH-
TEHCHBHOCTh YBEJIHUHJIACH B TIOCICJHHe 1BA AecsiTHIeTHs. ONHAKO
CHCTEMATHYECKOE H3YUEHHE TeOMETPHUECKHX aJrOPHTMOB GBLIO Mpeji-
TPHHATO TOJNLKO COBCEM HENAaBHO M 5Ta NHCIHIVIKHA, OKpeLleHHas
«BBIYHCAUTENbHON reomerpheii» B crathe M. Illeiimoca [Shamos
(1975a)], npusiekaer k cebe Bee GOJbIUEe YHCAO HCCHeNOBATEEN.

TTepcneKTHBEL H METOJO/OTHS BHIYHCIHTELHON FeOMeTpHH MpO-
ACHSIGTCH, KAK MBI HajleeMcsl, IPH IeTaJIbHOM H3YYeHHH KOHKPETHBIX
8ajlay, NpeACTaBJEHHbIX B aHHOMH KuHre. OHO H3 OCHOBHBIX CBOACTB
STOM JMCHMIJIHHBL 3aKJIIOYAeTCs B OCO3HAHHH TOrO, 4TO KJaCCHYec-
KHE XapaKTepPHCTHKH FeOMETPHYCCKHX OGBEKTOB 4ACTO HE BJHSAIOT
Ha NMPOEKTHPOBaHHe 3GEKTHBHBIX aJaropuTMOB. UTOGH NPEONOEeTh
3TOT HEJOCTATOK, HEOGXOIHMO HafiTH NOJe3Hbie TOHATHS W YCTaHO-
BHTb HX CBOHCTBa, cnocoBerpyloniie 3 (eKTHBHOCTH BBIUHCICHHI.
Kopoue roBopst, BHIUHC/AHTE/bHAS TeOMETPH NOJIKHA Npeobpaso-
BaTh — TaM, IJIe 3TO HEOOXOAHMO, — KJIACCHUECKYI0 AMCUHIIHHY B
ec BHIYHCTHTETbHYIO HOPMY.

1.2. AnropuTMHYecKHe OCHOBb

B Teuenne noc/ieMHUX NATHAALATH JeT aHAJIH3 U TOCTPO-
CHHe BBIUHCJIHTENBHBIX aJrOPHTMOB OCTAIOTCS OXHON W3 CaMBIX MPO-
AYKTHBHBIX o6sacTeli undopmMaTHku. DyHIaMeHTAIbHBIE TPYABI
Kuyra [Knuth (1968; 1973)] u Axo, Xomkpodra, Yapmana
[Aho, Hopcroft, Ullman (1974)] no3soaH yNOPSAOUHTL H CHCTe-
MaTH3HPOBaTh GOTATYIO KOJJICKIHIO OTJENbHEIX Pe3yJbTaToB; B HAHX
CHOPMYJIHPOBAHB OCHOBHBIE KOHIENTYaJbHbie MOJENH H yCTAHOB-
JIeHa  MeTOJIOJIOTHs, CTaBliasi CTaHAapToM B 3Toi ofaactu. ITocse-
aywomue pa6orsl [Reingold, Nievergelt, Deo (1977), Wirth (1976)]
YKPEmuIH (GyHIaMeHT 3TOH TCOPHH.

Tlostomy fnetasbublit 0630p MaTepHasa 3THX IPEBOCXOLHBIX
KHHT, C KOTOPHIMH YHTATeJb, HaBEPHOE, OCHOBATEILHO 3HAKOM, OCTa-
HeTCA 3a paMKaMu Hameii paGothl. OxHaKo Ienecoo6pasHo — Mo
Kpafineif Mepe ¢ TOUKH 3pCHHS TEPMHHOJOTHH — NPHBECTH KPATKHi
0630p OCHOBHBIX KOMMOHCHT si3bIKa, KOTOPHIf GyJeT NPHMCHATHCS
JUISt OMHCARHS BBIYHCHTONLHON FCOMETPHN. DTH KOMIOHEHTH CyTh
QMTOPHTMBI 11 CTPYKTYPH AANHBIX. AATOPHTMBI - 5TO NPOTPaMMBI,
HCNOJHEMble Ha YAOGHOM aGeTpaKUHH peatbHBIX «(OH-HEfIMaHOB-
cKHX> OBM; CTPYKTYpBl AaHHBIX — 3TO CMOCOGH OpraHH3aLHH WH-
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Gopmaumu, KOTOpe B COBOKYMHOCTH C aJrOPHTMAMH NPHBOLAT K
3((QCKTHBHOMY M 3JIETAaHTHOMY DELICHHI0 BHIMHCIHTE/IbHBIX 3a/au.

1.2.1. AJITOPHTMBI: HX 3aNMHCb M OLEHKZ 9((HEKTHBHOCTH

AJropuTMbl POPMYJHPYIOT N0 OTHOWEHMIO K KOHKPETHON
MOJle/IH  BBIYHC/IEHHH; KaK Mbl yBHAHM B pa3f. 1.4, sta momean
npeicTaBiser co6oit  yHoGHyio aBCTPAKUMIO peasbHON MAlIMHBI,
HCTIO/IL3YeMOfi LIS HCMoJHe kst porpaMm. OHAKO, KaK GhLIO MOA-
4epkHyTO B pabore [Aho, Hoperoit, Ullman (1974)], wer 1u nyxms,
HH JKeJaHUS 3aHCHIBATL aJrOPHTMbI MAllHHHBIM KojoM. Hanporus,
B HMHTEpecax sCHOCTH, H306Pa3uTeNbHON 3()(PEKTHBHOCTH M Kpat-
KOCTH MEI GyAeM, KaK NpaBHIO'!), HCIOMBb30OBATh S3BHIK BHICOKOrO
YPOBHS, CTABWIHI CTAHAAPTHLIM B JIHTepaType Ha AaHHYIO TeMy —
ncesdoarzoa. Tlceaoanron — 310 HepOPMANH3OBAHHAS H THOKAs
BEpCHs A3bKa AJITOJI; OH JI0CTATOMHO CTPOT B CBOMX YNPABMSIONIHX
CTPYKTYpaX, HO BeCbMa BOJeH B (opMare JAPYTHX CBOMX ONepaTo-
POB, riie ynotpe6ienne oGUIENPHHATLIX MaTeMaTHYECKHX 0GO3Haye-
Huli CBOGOHO uepeayeTes ¢ HCMOJb3OBAHHEM BLIPAXKEHHH eCTecT-
BEHHOTO si3blKa. Pasymeercsi, mporpaMma Ha IICeB0AJTONE MOXKeET
OHITh DYTHHHO NpeBpAlleHa B CTPOTYI0 NPOrpaMMy Ha S3bIKE
YPOBHSI.

Caenys 3a pa6oroii Axo, Xomkpodra, Yapmana, M KpaTKo
IPOHITIOCTPHPYEM KOKCTPYKUHH TceBroarona. dopmanbHee onpe-
AeJeHHs THNOB JaHHLIX ONYUICHH, a THI M0G0 IlepeMeHHol 06bYHO
CTaHOBHTCA ACHLIM 13 KOHTeKcTa. Kpome Toro, He BhGHpaercst cre-
UHaJbHBIA GOPMAT 115 BHIPAXKEHH{ H YCJOBHI.

Jlio6ast mporpamma, o6HUHO Ha3biBaeMmas npouenypoi, Hmeer
caenyromuii hopmar:

procedure ums (mapamerpsi) onepa-roj

OnepaTop MOXKHO 3aMEHHT, (COMACHO TEPMUHOJOTHH MOpOX-
JAIOUMX TPAMMATHK) IEMOYKOH M3 JBYX WJH GoJee Onepatopos,
3aKJiouas ee B3ITOM cJyyae B «onepaTopuble ckOGKH» «begin . .. end»:

begin oneparop;

oneparop

B cBoto ouepens cmbic m06oro onepatopa MOXHO PAaCKpPBITL HIH
TPEVIOKEHHEM HA eCTECTBEHHOM #3BIKE, HJH OJHHM H3 HHXKec/e-

AYI0IHX 0co0HIX Goaee GOPMAILHBIX COCOGOB,
Ora a/ArOpHTMBI MOTYT GhITb MpeiACTaBeHH B Cyry6o onucaTedbiofi
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1. TIpucpauBaHue:

nepeMeHHast i== HCTOYHHK

Tevamu «HCTOYHHK» ONpeje/sier BbIUHC/ACHHE, NMOPOXKAalollee 3Ha-
yeHHe 3aJaHHOM ﬂepeMeHHOﬁ; BBIYHCJIEHHE 3TO, BOOG11IE rosops,
HEKOTOPOE BbLp Ha 'BOM Tep x. (Hekoropuie
U3 3THX [EpeMeHHBIX MOTYT B CBOIO OUYepelb BBHIPaXKarTbcs 4Yepes
«(yHKIHHE>; QYHKUHA — 370 ocoGas Gopma Nporpammel, Kak mMoKa-
3aHO HHXKe.)

2. Vcnosue:

if ycioBue then onepatop (else omepatop)

Tlle cocTaBasiollas else HeoGs3aTenbHa.
3. Iuka. On mpefcTaBHM B OJHOM H3 Tpex opmaTos:

3a. for mep = until do oneparop
36. while yciosue do omepaTop
3B. repeat omeparop until ycrosue

Koncrpykuun while n repeat pasanuaioorcs, NOCKOJNbKY B LHKIE

tnna «while» ycaoBue npoepsiercs neped BHIIO. omepa-

TOpa, B TO BpeMsl KaK B LHKJe THIIA «repeat» HMeeT MecTo 06paTHoe.
4. Bosspat:

return BhipakeHue

OnepaTop 3TOT0 BH/A JOJIKEH TMOSBHTLCS B NPOrpamMme (yHKIHO-
HAJIBHOTO THNA, KOTOpas uMeeT GopmaT

function ums (napamerpst) omeparop.

Bhipakenne, cTosillee apryMeHTOM B oneparope return, cTaHOBHTCA
HCTOUHMKOM B ONepaTope NPHCBAWBAHMS, KaK yKasaHo B I 1

YacTo aNrOpHTMBI Ha TMCEBOAArOJe COAEPHKAT KOMMEHTapHH,
Tpe, YeHHBIE IS npoucxoasilero. B nanno# Kuure
THNOBO# (DOPMAT KOMMEHTApHs GYIeT CIeAYIOmMM: (# NPelIOKeH e
Ha €CTECTBEHHOM fA3BIKE # ).

Bpemsi, 3aTpaueHHOE HA BLIUAC/ACHHE TPH BHIIONHEHHH aJro-
pUTMa, TpEACTABISICT COGOl CYMMY BpeMeH OTIE/BHEIX HCTOJMHeH-
HBIX omepaTopoB (cM. Takxe pasi. 1.4). Kak ynoMuHamoch Bbille,
NporpaMMy, HANHCANHYIO Ha TCEBAOAJroNe, MOXKHO NDEBPATHTH
[PAMBIM (XOTSI H YTOMHTE/IBHEIM) TyTeM B NMPOrpaMMy Ha MallHH-
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HOM Koje 3ajaHHoii DBM. DTo B npuHuule AaeT METOX OUEHKH
BPEMEHH BBINOJHEHHs! yKasaHnok nporpammbl. OJHAKO TakKoil MOi-
X0 HEe TOJIbKO CKyYeH, HO TakXe H Majo BpasyMuTejeH, HGO OH
OpHEHTHPOBAH Ha KOHKpeTHyi0o 9BM, Toraa Kak HAc, 1O CyTH, HHTe-
pecyeT Gosiee o6masi pYHKIHOHA/MbLHAS 3aBHCHMOCTh BPEMEHH cueTa
OT pa3MepoB 3ajauu (T. €. TO, KaK GhICTPO BpeMs cyeTa pacTeT
C POCTOM Pa3MepoB 3afaui). B o6racTi aHann3a W MOCTPOCHUS all-
FOPHTMOB NPHHSATO BBIPAXKaTh BPeMs BHIMOJNHEHUs, TAK XKe KaK H
06yio Apyryio Mepy 3G(EeKTHBHOCTH, C TOYHOCTHIO [0 MYJbTHIIH-
KaTHBHOM KOHCTaHTBI. DTO OGBIUHO Je/aeTcs NyTeM NOACYETa JHUIb
onpeje/leHHbIX KJIOYEBBIX ONepalHily, BHITONHSCMBIX aJTOPHTMOM
(4TO JIETKO OCYILECTBHTb, AHAJIM3HPYH BEPCHIO 3TOTO AJIrOPHTMA,
3aMHCAHHYIO HA sI3bIKe BBICOKOrO ypoBHs). Takoi moaxoa a6cosoTHO
NpaBOMepeH IpPH ONPEJe/CHHH HHXHHX OLEHOK BPEMEHH BBIMOJHE-
HHSI, TIOCKOJIbKY JIOGble HeyUTEHHBIC ONEepalHH MOTYT JHUIb YBEIH-
YHTh HX; OJAHAKO MPH paGoTe C BEPXHHMH OLUEHKAMH Mbl OOS3aHB
yOeHTLCsl B TOM, YTO BKJaf BbIOPAHHBIX KJIOUEBBIX onepauuii B
cyMMe OTJIMYa@eTcsi He GoJiee YeM B KOHCTAHTY pa3 OT BKJaja BCeX
ofepauyil, BHIIONHEHHbIX anroputMom. KHyT monyJisipusoBaJ amma-
par 0603HauEHHI, TPEKPACHO OTJHUAIOLIUX BEDXHHE OLEHKH OT HUXK-
HHX, KOTOPbIff Mbl M 3anmcrByem [Knuth (1976)]:

O(f(N)) cayxur misi o6o3HaueHMs] MHOXeCTBA BCeX (yHKIHIT
g(N) Takux, 4TO CyIIeCTBYIOT MOJIOXHTebHbe KOHCTaHTH C H No,
Ans kotophix |g(N)| << Cf(N') npu Bcex N = No.

Q(f(N)) cayxur Ajsi. 0603HAYeHHs| MHOXKECTBA BceX (YHKIHi
g(N) Takux, yTo CyLUIECTBYIOT NOJOXKHTeAbHbie KOHCTAHTH C u Ny,
Aas kotophix g(N)z= Cf(N) npu Bcex N = No.

O(f(N)) cayRut masi 0GO3HAYEHHs MHOMKeCTBA BCeX (YHKLHMIL
g(N) Takux, 4TO CYILLECTBYIOT HOJIOKHTe/bHble KOHCTaHTH Cj, Co
1 No, ans koropux Cif (N)<< g(N)<< Cof (N) npu Bcex N = No.

o(f(N)) cayxur Aas o6O3HAYeHHs] MHOXKeCTBAa BceX GyHKIMil
g(N) Takux, uTO 045 6Cex NOAOKCUTEAbHbLX KOHCTanT C cymiect-
ByeT Hekoe Ny, npu Kotopom g(N)<< Cf(N) mas scex N = No
(HaH, 4TO TO Ke camoe, Nlim g(N)/F(N)=0).

=

Urak, O(f(N)) ucnombsyercs ais ykasaHHusi GyHKUHH, KOTOpHIE
He Gosee YeM B TOCTOsIHHOE YHCJIO pa3 mpepocxoast f(N), ator
Cnoco6 HyXeH AJs ONHCAHHsS BEPXHHX OUEHOK; HampoTus, Q (f(N))
HCHIOJIB3YeTCs ISl yKa3aHHs (YHKIHA, KOTOpble He Mewee ueM B
NoCTosHHOE uHC/I0 pa3 npesocxoidr f(N) — anazoruusbiii cmoco6,
HO Aas HHXKHHX oueHok. Hakomen, 6 (f(N)) mucmonpsyercs aus yka-
3aHus QYHKUMA TOrO Ke NOPsiAKa, uto H f(N); 3TOT cmoco6 HysxeH
AJS_«ONTHMAJbHBIX» aJrOPHTMOB.

Tlpensiayuee oGcyxaenHe OBIO COCPeOTOYEHO HAa BPEeMEHH
cueta ajroputma. Jlpyrasi BaxcHasi Mepa ero 3eKTHBHOCTH — 3TO
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NPOCTPAHCTBO, OOBINIO COBOAAAIOUICE ¢ OOBEMOM LIAMATI, HCIOMb-
30BaHHON ajroputMoM. HecoMHeHHO, npocTpancreennas u epemen-
HAR CHOKHOCTH KaK (DYHKUHH OT Pa3MepOB 3ajaul sBJAIOTCS ABY-
Mst QyHAAMEHTANbHBIMH OLeHKaMH 3()(GEKTHBHOCTH NpH aHaaH3e
aJIrOPHTMOB.

TnapHas ueab 1auHON KHHIH, 1O CYTH, 3aK/IOYaeTcs B Ipef-
CTaBJICHHH aJTOPUTMOB JJIs TeOMETPHUeCKHX 3aJad H OleHKe HX
caoxerocty 0an xydwezo cayias. CIOKHOCTb AISi XYAIIEro cay-
yas — 3To MakcHMaJbHast Mepa 3Q(eKTHBHOCTH JaHHOTO aJAropHTMa
JUIsl BCEX 3ajay JaHHOTO pasMepa, M ee HeJb3s HyTaTh CO CAOM-
HOCT610 6 cpedren (Wit 0xudaemol), KOTOpast OTIHUACTCS TEM, UTO
JaeT OUEeHKY Habar00aenozo NOBeieHus 3T0ro anropurma. K coxa-
JIEHHIO, aHAJH3 NOBEJCHHS B CPEJHEM 3HAUHTEJbHO GOJee cl0KHas
BELlb, YeM aHAJIH3 XyALIero ciyuas, Mo JABYM MPUUMHAM: BO-NIEPBBHIX,
CyLIECTBEHHBIE MaTeMaTHUeCKHe TPYJAHOCTH BO3HHKAIOT, JakKe €CaH
YAa4HO BHIOPAHO HCXOAHOE PaclpejesieHue; BO-BTOPLIX, 4acTo ¢ TpY-
JIOM JIOCTHraeTcst COrJiacHe B TOM, YTO MMEHHO BHIOpaHHOe pacipe-
JleJICHHe SIBJSICTCS PeabHOH MOJeabio H3yyaeMoi CHTyauun. BoT
noyeMy npeoGaajaioliee GOMLIIHHCTBO Pe3YJbTATOB CBA3AHO C aHa-
JIH30M XYIUIMX CJIyuaeB; COOTBETCTBEHHO M B JAaHHON KHure OyayT
UMb U3peJKa 0GCYXAAThCs Pe3yJbTaThl MOBEJEHHS B CPeJHEM.

Eute oiuH BaXXHBIi MOMEHT, KOTOPHIil CJIedyeT OTMETHTb, CBA3aH
C TeM, YTO 0GO3HAUCHHS «IOPSAKA» CKPBIBAIOT MYJbTHILIHKATHBHBIC
KOHCTaHTH. CJle/10BaTeNbHO, OUEHKA CJOMKHOCTH JOCTHTaeT CBOEil
3aKOHHOM CHJBI TOJIBKO TPH BecbMa GOJBIIHX pasMepax 3aiauH;
HMEHHO TI03TOMY TaKoil NOAXO] HA3bIBACTCH ACUMATOTUYECKUM AHA-
augom. CrejoBaTeNblo, BMOJMHE BEPOATHO, — H  AeHCTBHTEbHO
4acto 6biBaeT TaK, — UTO NPH MaJblX pasMepax 3ajaun Haubojee
TIPHTOJleH aJITOPHTM, KOTOPHIi aCHMUTOTHYECKH He ONTHMaJeH. DTo
npedocrepesicenue HWKaK HeJb3si HPHOPHPOBATb HpH BHOOpE aaro-
pHUTMa ANt KOHKPETHOTO NPHJIOKEHHS.

1.2.2. HeckosibKo 3amMeuanHii 06 06mux
aJIrOPHTMHYECKHX METOAAX

D¢ deKTHBHbIE AJNrOPHTMBI /IS [EOMETPHUECKHX 3aiayu
HaCTO KOHCTPYHPYIOTCSA NPH TOMOLIH OOGUIHX METOLOB TEOPHH aJro-
PHTMOB, TAaKHX KaK «pa3jiefisiii H BAacTByii», 6anaHCcHPOBKa, peKyp-
CHsl M JIMHaMHMuecKoe nporpamMmipoBanne. IIpeBocxoaHoe o6Cyxae-
HHE 5THX METOJOB COAEPIKHTCS B CTABIUHX TeNePb KAaCCHUECKHMH
KHHrax 110 aHa/IH3y H NPOCKTHPOBAHHIO aJrOPHTMOB (CM., HalpHMep,
[Aho, Hopcroft, Ullman (1974)]), u 6bl10 6Bl H3JHLIECTBOM [OBTO-
PSITh €r0 3J1eCh.
OnHaKO CyLIeCTBYeT MeTOA, KOTOPhI MOACKA3aH — HCKJIOUH-
TeJILHO W eCTECTBEHHO — NPHPOJIOi HEKOTOPHIX reOMETPHYECKHX 3a-
Aad. DTOT METOA Ha3LIBACTCS 3aMETAnueM, i HauboJee 4acTo BCTpe-
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ualoTcs NPUMEPbl NA0CK02O 3aMerTanus (B ABYX H3MEpeHHsX) H
NPOCTPARCTBEHHO2O 3ameTanus (B Tpex uaMepeHnusix). Ceiluac omu-
LIeM TIJIaBHble YepTHl IUIOCKOrO 3aMeTaHHsS; €r0 MOXHO BechbMa
HPOCTO 0606IWHTD HA CJAyyail TpeX H3MepeHHil.

st ONpelesieHHOCTH MJMIOCTPHPYEM STOT METOJ Ha NpHMepe
KOHKDETHOH 3ajaud  (oOCykjaemMOif BO BCeX IOAPOOHOCTSX
B pasi. 7.2.3): aHO MHOXECTBO OTPE3KOB Ha IUIOCKOCTH, HafO
HaliTH Bee HX nepeceueHus. BossMem npsivyio [ (mpeanonoxum Ges
orpannyenns OGWHOCTH, YTO OHA BePTHKAJbHAsi), KOTOpas pasbu-
B4eT JaHHYIO IUIOCKOCTh Ha JIEBYIO H NIpPaBylo HOJYNocKocTH. Jlo-
NyCTHM, YTO KaxAas W3 ITHX NOJYILIOCKOCTeH COXEPKHT KOHLBL
3ajlaHHbIX 0Tpe3koB. OueBH[HO, UTO pelleHHe Halleil 3aaud ecTb
OObe/AHHeHHe DelleHHil sl KaXJ0fi U3 ABYX IOJYIJIOCKOCTeHl; Mo-
STOMY, €C/lH NPEeANOIOKHTD, UTO y HAC yXKE eCThb MHOXKECTBO TOYCK
nepeceueHHs caesa OT [, TO Ha 3TO MHOXeCTBO He OYAyT BAHATD
OTPE3KH, pacnoJjoxennre cnpasa ot [ Tenepb 3ameTuM, uto mepe-
ceyenne (HCKOMOe) MOZKET NPOH3OHTH TOJIBKO MEXAY TAKHMH ABYMs
OTPe3KaMH, UbH IIepeCeYeHHs C HEKOTOPOH BEPTHKAJBIO CMEeXHBI
HTaK, eC/IH NOCTPOHTb BCe BEPTHKAJbHLIE CEYCHHsSI OTPE3KOB 3a1aH-
HOro MHOXECTBA, TO HaBepHsKa GylyT oGHAPYIKEHbl H BCe HCKOMBIE
nepeceuenns. OAHaKo 370/ (HepaspewnMOH) 3ajaun MOCTpoOeHHs
(KOHTHHYa/IbHO) GECKOHEUHOIO MHOXKECTBA BCEX CEKYIUIHX BEPTH-
KaJiell MOXKHO H36€XKaTh, eCJIH 3aMETHTD, UTO IIOCKOCTb pa3GHBaeTCA
Ha BePTHKAJbHLIE NOJOCH, OTPAHHUEHHBIE WJH KOHUAMH OTPe3KOB,
HJIH TOYKAMH HX IlepeceueHHsl, H TaKHe, YTO BePTHKAJbHBI NOPSAAOK
TOYEK NepeceyeHHsi BAOJb JI06Oi BePTHKAJbHOH CeKylleil B TaKoil
nojoce nocrosHen. Takum 06pa3oM, BCe, 4TO HAAO CAEJIATh, COCTOHT
B CKayKe ¢ JIEBOro Kpas TaKOif NOOCH Ha ee MpaBbifi Kpaii ¢ 06-
HOBJIEHHEM MOPSAKA TOYEK IEPECCYCHHS! BCPTHKAJH H TOHCKOM HO-
BBIX NepeceyeHHH CPefu «COCeAHUX» B 3TOM INIOPSAKE OTDPE3KOB.

Ipenpiayluee oGCykKeHHe HaMeuaer Bee CYILECTBEHHBIE YEPTHI
MeTOJA IIOCKOro 3ametannsi. EcTh BepTHKa/b, KOTOpas 3ameTaeT
IIVIOCKOCTD CJIeBa HaNpaBo, OCTAHABAHBASCH B OCOOBIX TOUKAX, HMe-
HYeMBIX «TOYKamu cobuiruii». Ilepeceucnne samerarouwieil npsMoit
C BXOAHBIMH [aHHBIMH 3a/auil COLEPHKHT BCIO NOAE3HYIO AJS NPO-
JloJKeHHs MoHcka undopmanuio. Hrak, Mbl HMeeM JBe OCHOBHBHIE
CTPYKTYphI:

1. Cnucox  Touex cobbiTuii — nocneNOBATEABHOCT — abCIHCC,
YTUOPS/IOYEHHBIX CJIeBa HAMPABO H ONpeAeseMbX MOSHIUAMH OCTa-
HOBOK 3ameratolleii npamoi. OTMETHM, UTO CIHCOK TOUEK COGLITHi
He TpebyeTcst 0643aTeJbHO H3BJEKATh NOJHOCTBIO H3 HCXOAHBIX JIaH-
HBIX, BMECTO TOTO €T0 MOKHO AHHAMHYECKH OGHOB/STH MPH paboTe
ANrOPHTMA IVIOCKOTO 3aMeTanusi. B pasubiX NPHJIOKEHHAX s 3TOTO
MOryT MOHa06HTbCS PA3IHUHBIE CTPYKTYPH AAHHBIX.

2. Craryc sameraiowjell npamoii— ajleKBaTHoe ONHCAHHe Nepe-
CeUeHHsi 3TOM 3aMeTaloweli NMPSIMOH ¢ 3aMeTaeMOl TeOMeTpHUECKOi



22 T 1. Beedenue

CTPYKTYpOH. «AJeKBAaTHOe» O3HAUAET, YTO 3TO NepeceyeHHe comep-
KHT HHCpOPMaLLH]O, 10JIe3Hyl0 AJi AAHHOTrO IIPHJIOKEHHS. CTa’l‘yC
3ameTaloLIeH NPsSMOii OGHOB/IsAETCA B KaXKA0H TOUKe COGBITHIA, a MOA-
XOAsmas s Hero CTPyKTypa AaHHBIX A0JKHA BﬂéhpaTbCﬁ npume-
HHTEJBHO K KaX/0My CJy4aio.

TlpuMepbi aJArOPHTMOB IUIOCKOTO 3aMETaHHs MOXKHO HaHTH
B pasj. 2.2.2.

1.2.3. CTPYKTYpBl JAHHBIX

FeoMeTpuqecKue AJITOPUTMBl BKJIIOYAIOT B cebst MaHuIy-
JnpoBaHHE ¢ OGBEKTaMH, KOTOphie He 06paGaThiBaloTcs Ha YPOBHE
MAaUIHHHOIO f3bIKa. nOQTOMy TI0Jb30BaTENib AOJKEH ONHCATh 3TH
CJIOKHBIE OOBEKTH TIOCpeACTBOM GoJtee TNPOCTBIX THIOB JaHHBIX,
HENOCPEJCTBEHHO IIPEACTABUMBIX B mawnne, Takne OMHCaHHS npH-
HATO HA3LIBATb CTPYKTYPAMU OAHHOLX.

Camble pacmpocTpaHeHHbIe CJIOXKHbe OGBEKTH, BCTPeyaioLlHecs
TpH TIOCTPOEHHH TeOMETPHYECKHX aJITOPUTMOB, — 3TO MHOXeCTBa H
0C/IeJOBATENLHOCTH  (YNIOpsiAOUeHHble MHOMecTBa). CTPYKTYpH
JIaHHBIX, OCOGCHHO YAOOHbIE MJIsi STHX CJOMHBHIX KOMGHHATOPHBIX
0O'bEKTOB, XOPOLIO ONHCaHbl B CTAaHAAPTHOH JIHTEpaType IO airo-
pUTMaM, K KOTOpOil i oTchlaeTcs unrareab (Aho, Hoperoft, Ullman
(1974); Reingold, Nievergelt, Deo (1977)]. Ilpusenem HX 3jech
TOJILKO 3aTeM, 4TOGbI GErJI0 OYEPTHTH KJIACCHOHKALHMIO ITHX CTPYK-
TYp AaHHBIX HapsAAY ¢ GYHKIHOHAJIbHBIMH BO3MOXKHOCTAMH H BBIYHC-
JHTENBHON 3(DdEeKTHBHOCTDIO.

TlycTh S — HEKOTOpOe MHOXKECTBO, NIPeJCTaBJEHHOE CTPYKTYpOil
JNaHHBbIX, H MyCTh llfl'lpOHSBO}leHl':l 3JIEMEHT HEeKOTOporo YHHBEp-
CaJIbHOTO MHOXKECTBA, IIOJIMHOXKECTBOM KOTOPOro SIBASETCA S. npﬂ'
BeJleM OCHOBHBIE OlepallMH, BCTpeyalllHecs npu paﬁo're €O MHO-
JKeCTBaMH:

1. IPUHAIJIE)KHOCTD (, S).Bepno, uto u < S? (Orser tHna
JIA/HET.

2. BCTABHUTD (u, S). Bruounts u B S.

3. YOAJIUTD (4, S). UckmouuTs 4 43 S.

[peanosoxum Teneps, uto {Si, Ss, ..., St} — HaGop MHOKeECTB
(nonapHo Henepecekaomuxcs). Ha stom HaGope mosesHbl cie-
LYIOUIHE OMEPAIHH:

4. HAWTH («). Haitn TaKoe j, uto u & S;.
5. OBbEJJUHUTD (S; S;; St). Chopmuposars obbemunenne S;
u S; H HasBaTh ero Sg.
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Ecau yHHBepCa/bHOE MHOXECTBO MOJHOCTBIO YIOPAAOUEHO, TO

OueHb BaXKHBI CJEYIOLIHE ONepalHH:

6. MIN (S). Haiitn HauMeHbIUHH 5/1eMeHT S.

7. PACUENUTD (u, S). Pasgesuts S Ha {S;, So} Takue, uto
M vveSno<<u},aS=—S.

8. CLEITIUTD (Si, S). Ipeanonoxum, uto ajs aobbx o' & Sy 1
w e S, umeeM w4’ caesyer CHOPMHPOBATH MHOXKECTBO
S=3S5US.

CTPYKTYPHl AaHHBIX MOXHO KJacCHQHLHPOBATH Ha Gase omepa-
unii, KOTopsle Ha HUX jomycTuMbl (6e3 yuera HX 3((EKTHBHOCTH).
Tak, AJsi YNOPsIOYCHHBIX MHOXECTB HMeeTcss cjelywoumas T1ab-
Jnua:

Ta6auya 1
Crpykrypa zamuux Hlonyerase onepattm
CuaoBaps TNPUHAJIE)XXHOCTD, BCTABUTD, ¥ IAJIATH

TMpuopurernas ouepenp | MIN, BCTABUTD, Y IAJIUTH

Cuennsemas ouepeis BCTABMTD, YIAJIUTb, PACLIEIIUTD, CLIE-
TMUTh

Jasi ayymweit 5p@eKTHBHOCTH KaxKAas H3 STHX CTPYKTYP AaHHBIX
OOLIYHO peasu3yercsi Kak AepeBO ABOHYHOrO NOHCKA, cOa/aHCHPO-
BaHHOe Mo BbicoTe (yactro kak ABJI- mam 2-3-mepeso) [Aho, Ho-
peroft, Ullman (1974)]. Ilpu Takoil peaiu3anum Kaxpas M3 Bbl-
IEONHCAHHBIX ONEPAIlHil OCYILIECTBIISETCS 32 BPEMS, NIPONIOPIHOHANb-
HOE JIorapHMy YHc/a 3JEMEHTOB, XpaHHMBIX B CTPYKTYPE JAaHHBIX;
TpeGyemasi IaMATh IPONOPLUHOHAIBHA MOLHOCTH HCXOJHOTO MHO-
KecTsa.

OnncaHHble BbIIE CTPYKTYPH! JaHHBIX MOXKHO MBICJEHHO Mpe-
CTaBHTb ceGe B BUje JMHeHHOTO MaccHBa W3 3JeMeHTOB (cnucka)
TaK, YTO BCTABKH H YJAJEHHS MOXKHO OCYIIECTBHTb B JIIOGOH NO3H-
uHH 3TOro Maccupa. MuOrfa MJsi KaKHX-TO NDHJIOMKEHWN BIOJHE
TIPHEMJIEMBI HEKOTOpEIe GOJiee OrpaHHUEHHBIE PEXHMBI J0CTYNa, HO-
nycxaiompue ynpoutenre. IIpuseseM 3TH CTPYKTYpH: oOuepedu —
BCTaBKH TPOMCXOMSIT C OJHOTO KOHNA, a YAaJeHus — C APYroro;
CTeKu — W BCTABKH, W yJaJleHHs NPOHCXOAAT C OJHOrO KoHma (sep-
WHHEL cTeKa). OYeBHAHO, 4TO BCe, 4TO HEOGXOAMMO ISl YIIpaBJICHHS
COOTBETCTBEHHO CTCKOM JLJIH OUEPE/IbIO, — 3TO OJMH HIH /IBAa yKasa-
Tens. JIAA KpaTKOCTH MBI OyleM TOJb30BATHCH 06O3HAUCHHSIMH
«=U» n «U=-» Jisl yKasaHHsi COOTBETCTBEHHO A06aBJieHHs HAK
yaaaenns us U, rie U — 3To ouepesib WIH CTeK.
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Heynopsouennble MHOXeCTBa BCEria MOIYT o6paGaThiBaTbes,
KaK yNOpAJOueHHbIE: NMYTeM MCKYCCTBEHHOrO BBEACHHS MOPSAKA HAX
HX 3JIeMEHTaMH (HAaNpPUMep, NPHCBOCHHEM «HMEH» 3JEMeHTAM H
HCMONIb30BaHKeM aadaBuTHOrO nopsaka). THNoBast cTPyKTypa naH-
HBIX B 3TOH CHTYallHH TaKoBa:

Tabauya 11

Crpykypa naHubix Honyctumute onepaiun

CamBaemas mupamuaa BCTABUTD, YIAJUTH, HAWITH, OBBEIH-
HUTD, (MIN)

Kaxayio U3 BbILIEYKa3aHHBIX ONepaluii MOXKHO BBHIIOJIHHTb 33 Bpe-
Mt O(logN), rie N —pasMep MHOXKeCTBA, 3aNACEHHOTO B 3TOH
CTPYKTYpe MaHHBIX NyTeM HCMOJIb30BaHUs, Kak OOBIYHO, Aepesa,
€6aaHCHPOBAHHOTO MO BEICOTe. EC/IH 9/]1€MEHTH paccMaTpHBaeMOro
MHOKeCTBA NpeACTaBleHbl leapiMi uncaamu or 1 1o N, to Gosaee
CJIOXKHAs PeaNH3alUMst TOH CTPYKTYPHl JAHHBIX II03BOJISET BBHINOJ-
HUTb N oOnepaumit Hajx MHOMXECTBOM pasmepoM N 3a Bpems
O(N-A(N)), rme A(N)—upesBbuaiino MeAJEHHO pactymias
dyHKuUS, CBA3aHHas ¢ o6paTHON (yuKuHeli AKKepmana (Hanpumep,
s N <22 wam ~ 102000, AN)<5).

CrangapThpie CTPYKTYPH JaHHBIX, PACCMOTpEHHBIE BbIlle, WIH-
POKO HCMOJIb3YIOTCSI B aJrOPHTMAaX BHIUHCJAHTENLHOH TeOMETpHH.
Onmako mpuposa reoMeTpHYCCKHX 3aad NPHBEJA K CO3AAHHIO Cre-
LHMaJbHBIX, HEOGBIUHBIX CTPYKTYD AAHHBIX, JBE H3 KOTOPHIX OKAa3a-
JIHCH HACTOJIDKO OGUIC3HAUHMBIMH, YTO LE/NeCO06Pas3HO MPeACTaBHTh
HX B JlaHHOH BBOAHON riaaBe. DTH CTPYKTYPHl — JePEBO OTPE3KOB H
pe6epHblit CIIHCOK ¢ ABOMHLIMH CBA3SMH.

1.2.3.1. JlepeBo oTpe3kos

Jlepeso orpeskos, BuepBhie BBejeHHoe Jk. Bentau
[Bentley (1977)], 310 cTpyKTypa AQHHBIX, CO3aHHAS JJs PAGOTHL
C TaKHMH HHTCpPBaJaMH Ha YHCJIOBOH OCH, KOHIIbI KOTODPBIX IIpHHAMA-
JeKaT PuKCUpOsantosmy MHokectBy u3 N abcuwuce. ITockoabky
MHOXeCTBO abcuuce (HKCHPOBAHO, TO AEPEBO OTPE3KOB TMpei-
crapasier coGoH cTaruveckyio CTPyKTypPy MO OTHOUIGHWIO K 3THM
abeuuccaM, T. €. CTPYKTYPY, HAa KOTOPOi He paspelleHbl BCTABKH H
yaaneHusi a6cuucc; KpoMme TOro, 3T a6CUHCCH MOKHO HOpPMaJIH30-
BaTh, 3aMeHAA KaXKAyl0 H3 HHMX ¢¢ MNOPSIAKOBBIM HOMEPOM Npi 06-
XOlle HX cJieBa HANMpaBo. He Tepsis 06L|.lHOCTIl, MOZKHO CHIITaThb 3TH
abcuuceyl LebIMH YHCAaMH B HHTepBade [1, N].
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Jlepeso orpeskos — 10 ABOHUHOE jiepeBo ¢ KopueMm. st sa-
JlaHHBIX 1LeJBIX 4YHcesl [ M r TakKux, 4T0 [ <{r, ]epeBo OTPeskoB
T(l, r) cTpOHTCS PEKYPCHBHO CJICAYIOUIUM OGPasOM: OHO COCTOMT H3
KOpHsi v ¢ napamerpamu Blv] =1 u E[v] =r (B u E MHeMOHU-
4eCKH COOTBETCTBYIOT cjoBaM «beginning» (nauano) u «end» (xo-
Hen)), a ecam r—[>1, To OHO COCTOHT H3 JIEBOrO TNOAJepeBa
T(l, L(Blv] +E[v])/2)) wu npasoro mommepeBa T ([ (B[o] +
+ E[v])/2], r). (KopuH 3THX NOAePeBbEB €CTECTBEHHO 0003HAUHTD
uepes JICBIH [v] u TICBIH [v] cooteetctmenno.) ITapamerpst B[v]

Puc. 1.1. [lepeso otpeskon T(4, 15).

u E[v] obosuauaior untepsas [B[v], E[v]] = [I, r], cBszanubi
¢ yajom v. Ilpumep aepesa orTpeskoB npuseien Ha puc. 1.1. Hn-
TepBanbl, NpuHaiexamue MHoxectBy {[B[v], E[v]]: v—ysen
T(l,r)}, nasniBaiotes crandaprroimu unrepsasamu nepesa T ([, r).
CranjapTHble HHTepBaJbl, npuuamiexauiue auctbsim T(l, r), Ha-
3HIBAIOTCA  JAEMENTAPHoLMU  UnTepsasamu'). MoxHo Hemocpen-
cTBeHHo yOeautnest, yto T (I, r) cOGanaHCHPOBAHO (BCe €ro JIHCThS
MPHHAAJIEKAT JBYM CMCXKHBIM YPOBHSM) H HMeeT TayGuHY
Togy (r— 1)1

Jlepeso orpeskos T ([, r) npeliHasnaueHo AJMs OUHAMUUECKO2O
3aMOMHHAHUs TeX HHTEPBAJIOB, UbH KOHI(bI TPUHA/IEKAT MHOKECTBY
{I, 141, ..., r} (1. e. JONYCTHMbI ONEPalHH BCTABKH H YNaJeHHs).
B wactiocTn, npu r — [ > 3 npou3BoJbHBI HHTepBan [b, e] ¢ me-
abiMH b << e Oyner pasbur B HaGop u3 He Goaee ueM [logy(r—
— )1+ Lloge(r—1{) ] —2 craHzapTHBIX HHTEpBaJOB Jepesa
T(l, r). dparventauns uutepBajia [b, e]noaHocThio onpenessercs
omepauueii, KOTopasi 3aHOCHT (BcTaBJaser) [b, e] B JepeBo OTpes-
koB T, W, 3Haunt, obpauenuem BCTABHUTD (b, e; xopenn (T))
K caefyioleit mpouexype:

1} Crporo roBopsi, MHTepBAJ, CBA3AHHHIA C U, 5TO MOJYOTKPHITHH HHTEPBAJ
[Blv], E[v]), 3a mckmiouerneM y3/ioB camoro mpasoro mytd B T(lr), ubH Hi-
TepBaabl 3aMKHYTHL.
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procedure BCTABHTb(b,e;v)
begin if (b<B.[v]2 and (E[v]<le) then nasnaunurs [b, e] yany v
else begin if (b <| (B[v] + E[v])/2]) then
BCTABMTD (b, e; JICBIH[v]);
if (1 (Blv] + E[])/2] < ¢) then
BCTABHTb(b,e;TICbIH[v])
end
end.

Heficreue BCTABUTD (b,¢; xopens (T)) coorBetcTByer «map-
mpyty» B T, HMelolIeMy CAeAyIOUyi0 OOLYI0 CTPYKTYpy (pHc. 1.2):
(BO3MOXKHO, MyCTOii) HAYAMNBHBIH NyTb, HMCHYEMBIHl Pyay, OT KOPHS
10 ysna v*, Ha3LIBAEMOTO pPABBUAKON, U3 KOTOPOTO BHIXOAST ABA

Puc. 1.2. Beraska mwtepsana [74, 107] 5 T(1,257). Yaau orwecensis okpyienst
ABAXKNBL

(BO3MOXHO, MycTHX) NyTH — Py u Pri. Berasasiembit HHTEpBA OT-
HOCHTCSl HJIM TMOJIHOCTbIO K pasBuiKe (B 3ToM ciaydae Pp u P 06a
TMyCTH), HJM KO BCEM IPAaBHM CHIHOBBAM NMyTH Py, KOTODHE CaMH
He Ha Pj;, HAPSIAY €O BCEMH JIeBBIMH CHIHOBbSIMH NMyTH Py, KOTOpHIE
camu He Ha Pn: npu stoM onpefensercs dparMmentauus [b, e]
(y3abL orHecenus).

\
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OtHeceHHe HHTepBala K y3iy 0 3 T MOXKeT NPHHUMATH PasHbe
(OPMEI B 3aBHCHMOCTH OT MOTPEGHOCTeH KOHKPETHOTO NPHJIOKEHHS.
YacTo Bee, UTO HAJO 3HATH, — 3TO MOLIHOCTh MHOMECTBA HHTEpBA-
JIOB, OTHECEHHBIX K JIOGOMY 3d1aHHOMY Y3Jy U; €e MOXHO 3alloM-
HUTb B EIHHCTBEHHOM HeOTpHlATeNbHOM menoM mnapamerpe C[v],
o6osHavatoweM 3Ty MouiHocTb. Toraa ornecenue [b,e] X ysny v—
5TO BCETO JIHIIb

Clv]:=Clv] + 1.

B JpyTHX NPUJIOKEHHSX HALO COXPAHHTb CBEICHHs 00 HHTepBaJax,
OTHEeCEHHHIX K yaiy v. Toraa K Kaxaomy ysay nepesa T no6asisiercst
BTOPHYHAs CTPYKTYypa — CBA3HBIA CIHMCOK Z [v], ubM 3amuCH ABASA-
10TCS HAEHTHOHKATOPAMH STHX HHTEPBAJIOB.

CosepwenHo cummerpnyda onepanny BCTABUTD onepauust
VIAJIUTD, Brpaxaemas cieayiouleii mpouenypoit (3mech mpearno-
JlaraeTcst, 4TO HAC HHTepecyeT TOJbKO cOCTOsHHe mapamerpa C[v]):

procedure Y JAJIUTb(b,e;0)
begin if (b << B[v)) and (E[v]<e) then Clv]:=C[v] —1
else begin if (b <[ (B[v] + E[v])/2]) then
VIIAJHUTD(b,e;JICBIH[v]);
if (L(B[v] + E[v])/2] < e) then
YIAJIWTD(b,e;TICbIH[v])
end
end.

(3ameTHM, 4TO yJaJeHHE TOJbKO paHee BCTABJEHHBIX MHTEPBAJIOB
rapaHTHPYeT KOPPEKTHOCTD.)

JlepeBo OTPe3KOB — upe3Bbiuaiino FHOKas CTPYKTypa AaHHEIX,
B UeM MbI €llle CMOJKeM YGeJHTLCS B CBA3H C MHOTOYHC/IGHHBIMH TMPH-
noxenusiMu (ri1. 2 u 8). OTMETHM TOJNBKO, UTO €C/H Hano 3HATh
YHCJIO HHTEPBAJIOB, COAECPIKAUIMX TaHHYIO TOUKY X, TO MPOCTOH ABO-
MunB onck B T (T. e. NPOXOXK/EHHe NYTH OT KODHS K JIACTY) moJ-
HOCTBIO pelllaeT 3Ty 3aiauy.

1.2.3.2. PeGepHblil CMHCOK ¢ ABOMHBIMH CBASAMH

Pe6epuuiit cnucok ¢ aBofinbiME cBsidamMu (PCJIIC) oco-
GeHHO yAoOeH AJIsi NpeiCTaBCHHs IIaHapHOro rpada, yI0XKeHHOTO
Ha naockoctn!) [Muller, Preparata (1978)]. Iiockas yxianka
naanapHoro rpada G =(V, E)— 310 oro6paxenne Kaxaoi Bep-
wHHE ¥3 V B TOUKY Ha INIOCKOCTH, a Kaxaoro pe6pa us E

1) 1L it rpad, Ha
cxkum. — ITpum. nepes.

NPHAATO Ha3WBATH M.10-
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B MPOCTYiO JHHHIO, COGAHHSIONLYI0 Napy 06pasoB KOHIEBHIX Bep-
WIHH 3TOr0 peGpa Tak, uToGhi 00pasul peGep nepeceKkasueh TOJNbKO
B CBOHX KOHLEBHIX TOuKaX. XOPOUIO H3BECTHO, 4TO Mi0GOH muaap-
HBIH IPa@ MOXHO YJONHTh Ha IIOCKOCTH Tak, 4TOGb BCe peGpa
0TOGPASHINCH B NIPAMOJNHHEI HBIE OTPe3KH [Fary (1948)].

Myets V={ovy, ..., vy}, a E ={ei, ..., ey). TnaBuas kowmmo-
wenra PCAC nas maanapuoro rpapa (V, L) a0 pebeprout yaea.
Mexcny peGpaMit i peGepHBIMH y3iami CyLIECTBYET B3AHMHO OIHO-
SHaqtoe COOTBETCTBHE, T. €. KAk A0e PeGPO MPEACTABLEHO POBHO OAMH
pa3. PeGepuuiii ysea copepxut uersipe nudopmannonnsix noas (V1,

vi_ve FIFZ2 P1 P2

Uy ;

Y4

Puc. 1.3. Tlpumep PCJIC.

V2, F1, F2) u nBa noas ykasareneir (Pl u P2); cienoBarennho,
COOTBETCTBYIOINYIO CTPYKTYPY JAQHHBIX JIETKO peajH3oBaTh Kak
IecThb MACCHBOB C TEMH XKe HMEHaMH, KaX/blfl H3 KOTOPHIX COCTOMT
u3 M sieek. 3maucHus sTux nmodeit takosel. Ilome V1 COAEPIKHT
Hauano peGpa, a noe V2 cOACPIKHT ero KOHell; Tak pe6po nodydaer
yeaosiertylo opuentaumio. Ioas F1 u F2 conepxar umena rpanei,
KOTOPLIE JIEXKAT COOTBETCTBEHHO C/eBa H CNPaBa OT peGpa, OpHeH-
THpoBaHKoro ot V1 k V2. Vkasareas Pl (cootsetcrerino P2) sa-
AaeT peGepHbii ysel, cojepiKaliHii NMepBoe peGpo, BCTpeyaemoe
Bexe 3a pe6pom (V1, V2), npi nosopoTe oT Hero MPOTHB YacoBoj
cTpeaku BOKpyr V1 (cootsercrsenno V2). Hmena rpaneii n BepUIHH
MOryr GLiTb 3ajaHbl UEJIHIMH YHCAaMH. B KayecTBe W/IOCTpaumu
¢parment rpada u cootsetcrylownii eMy dparmenr PCJC moka-
3aHbl Ha puc. 1.3,

Teneps J1Ierko BHAETb, KaK ¢ NOMOLIbIO PCIC MOXKHO BHIUMCJAHTD
pe6pa, MHUHJEHTHbIE 3aJaHHON BepIIMHE, WJH DeGPa, OrpaHHYM-
BalollHe 3afannyio rpanb. Ecan B l;g&:be N Bepuun u F rpaneit, To
MBI MOKeM BBecTH ABa Maccusa (HV([1:N] w HF[1:F]) aaa za-
TOJIOBKOB CNHCKOB STHX BEPUIMH H rpamecii. DTH MacCHBE MOXKHO
3anoMHuTL NMpH npocMoTpe MacchoB V1 u Fl 3a Bpems O(N).
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C nomompio npusesenHoi Hike npoueaypst BEPITUHA (j) moxuo
TIOCTPOHTD NOC/Ie0BATeNBHOCTh PeGep, HHIHACHTHBIX U;, KAK MOC/e-
JIOBATE/IBHOCTb A/IPECOB, 3aHECEHHHBIX B MaccHB A:

procedure BEPIIHMHA(j)
begin a:= HV[j];
a:=a; All]:=a;

if (V1[a]=]) then a:=Pl[a] else a:= P2a];
while (a5 a)) do .
begin A[{]:=
if (Vi[a]=j) then a:=Pl[q] else a:= P2[a];
i=i+41

end
end.

SlcHo, uto Bpems paGorel mpoueaypnt BEPIUMIHA(j) nponop-
IHOHA/ILHO YHCay pebep, HHUMICHTHBIX Uj. AHAJOrHYHO MBI MOXEM
cosnatb npouenypy I'PAHDB(j), ¢ nomowsio KoTopoii MOXHO mo-
JIYYHTB T10C/I€/10BATENbHOCTh pebep, OrpaHHUHBAIOLMX [;, 3aMEHHB
coorserctserno HV u V1 na HF u F1 B npouexype BEPIIMHA (j).
Ormerum, uto mpoueaypa BEPIIMHA nepeuncaser pe6pa B mo-
psiike 00X0ia BOKPYN BepIIHHL IPOTHB YacoBOi CTPEJKH, B TO
Bpemsi kak TPAHD mepeunc/isier ux B mopsijike 06xXofa Mo 4acoBoi
CTpeJIKe BOKPYT rpaHH. .

Yacto maockmit rpap G = (V, E) npexcrasasercs B dopme
pebepHoro crnucka, rae Kakuoll BeplunHe v; & V CONMOCTaBJIeH CrH-
COK MHUHEHTHBIX efi peGep, MepeuHCJeHHBIX B TOM NMOPsAKe, B KO-
TOPOM OHH CJEAYIOT NpH 0GXOJe NPOTHB YaCOBOW CTPEJKH BOKPYT
v;. Jlerko nokasatb, uto npejcras/ichne G B BHe PeGEPHOTO CHCKa
MOZKHO Tpeo6pasoBath B npeictaniente B Gopme PCIC 3a pems
o).

1.3. TeomMeTpHyecKHe NpexNnoOCHIIKH

1.3.1. OGume onpenenenus 1 06o3HaueHHS

OGBeKTE, paccMaTpPHBaeMbie B BHIUHCJHTENbHON reo-
MeTpPHH, OGBIYHO 3a/aIOTCH MHOXKECTBAMH TOYCK B CBKIHIOBOM
npoctpanctse !). [Ipeanonaraercs, 470 3ajaHa CHCTeMa KOODJHHAT,
B KOTOPOHf KaXJas Touka TNPEACTaBHMA HaGOpPoM (BEKTOpOM)

!) Orpanuuenne paMKaMi €BKJHIOBOH reOMeTpHH (4acTHOTO, HO BeChbMa BaXK-
HOTO Caydast MEeTPHYECKOi IeOMeTpHH) NO3BOJACT HAM MPHOErHYTh K CBOEMY He-
TIOCPEACTBEHHOMY ONHTY, HO OHO OGOCHOBAaHO ellle H TeM, 4YTO MNOAABJAIIee
GOBIIMHCTEO MpHAOKEINHI! (DOPMYIHPYCTCH B TepMHHAX eBKAWIOBA MPOCTPaH-
crBa. Onnako takoe orp Hecy) aas TexX NpHAOKe-
Hmii, koToprie GYAYT PaccMoTpeH B cfeiyiomux raaeax. Ilosmiee Mu eme pa3
BepHeMCst K 5Tofi BaxHO# TeMe (past. 1.3.2).
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JeKapTOBBIX KoopAuHAT. I'eoMeTpuueckHe 0GbeKTH He 0Gsi3aHBl CO-
CTOSTh H3 KOHEYHbIX MHOXKECTB TOYEK, HO JOJIKHEI yAOB/IETBOPATH
YCHOBHIO: 6biT6 ONUCAHHOLMU KOHedHbiM 06pasom (OOBIYHO KOHEU-
HbIMH LleNouKaMu napamerpos). CileJ0BaTe/bHO, OMHMO H30JH-
POBAHHBIX TOUEK OYAyT DAacCMATPHBATLCS TaKKe: NPAMAs JIHHHA,
cozepxailas JBe 3ajaHHble TOUKH; OTPE30K NPAMOMH JIHHWH, Onpe-
JleJIeHHBIl TapOH CBOHX KOHUEBBIX TOUEK; IIOCKOCTb, COAepKalias
TPH 3ajaHHble TOYKH; MHOTOYTONbHHK, OIpejeNeHHblii (ymopsimo-
UEHHON) NOC/EN0BATENBLHOCTBIO TOUCK, H T. I.

DT0T pasjes He MPeTEHIyeT Ha BBeAeHHe (GOPMabHBIX ONpese-
JeHHH TeOMETPHUECKHX MNOHATHH, HCMOJb3yeMBIX B JAaHHOH KHHre;
MBI XOTHM TOJIbKO HANOMHHTb O NOHSITHSX, XOPOLIO H3BECTHBIX UH-
TaTesio, i BBECTH y10GHbBIe 0GO3HAUCHHUS.

OGosHauuM uepes E¢ d-meproe e8KAuG080 NpPOCTPAHCTEO, T. €.
TPOCTPaHCTBO d-NACKCOB (X1, ..., Xa), cocTosutix H?nneﬁcramenb-

HBIX uHCces Xi, i =1, ..., d, ¢ paccTosinuemM (Z xf) . Onpenenam
i=1

Tenepb BaXKHeHUIHe OGBEKTH, PaCCMATPHBAeMble BBLIYHCJIHTEJILHON
reoMmeTpHeit.

Touxa. Toukofi p B mupocrpancte E¢ masmBaetca d-miexc
(%1, ... X4). DTy TOUKY MOXKHO HHTCPNIPETHDOBATh TaKXKe M Kak
d-KOMTIOHEHTHDI/i BEKTOP, MCXONSIMI M3 Hauajsa Koopaunat B E¢,
CBOGOAHBIM KOHIIOM KOTOPOTO ABJACTCH TOUKA .

Hpanas, n KOCTb, J4 . Iycrs namm aBe
pasHble TOYKH ¢ H ¢y, NpHHaanexaumme E¢ Torna auuelinas
KOMGHHAUHS

o +(1—a)g, @=R)

HasuBaercs npamoi B E? B ofmem ciyyae Ads 3alaHHBIX R

JHHEHO  HE3aBHCHMBIX  TOYEK  §i, ..., i,  NPHHAJENKALHX
E? (k < d), nuHeitHast KOMGHHALHS
aqit ot oo o e (1 —a— =) g
(=R, j=1,..., k—1)
Ha3blBaeTcst iHbLM P p paocru (k— 1) B E4

Orpesok. Tlyctb jaHbl JABe pasHble TOUKH §; H Gy, TPHHALJIeE-
wamue E9, torna Jauneiinas komGumauus aqi+- (1 —a)ge npu
yeaoBun 0 <Ko << 1 onpenenur soinykayto KOMOUHAyu0 1A qy
Mg, T e

w4+ (1—a)g @=R 0<ae<).

Dra BHMYKJAss KOMOHHANHS ONHCHIBACT NPAMOAUHElHbLE OTpe-
30K, COCAMHSIOLICH ABE TOUKH: ¢ H ¢2. OGLIUHO 3TOT OTPE3OK 060-
3HAYAIOT KaK §1q; (HeynopsaoueHHas napa).
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Bewnyraoe muocooGpasue. OGnacrs D, npuHajiexanias npo-
crpaHcTBy L9, HaspiBaeTcs 8blnyKkaoll, €can Ads mo6ofi napbi
TOYEK §1 H g2 U3 D OTPe30K ¢1Gs UeTHKOM NpHHAAMERHT D.

MoxHO 20Ka3aTh, YTO MNepeceueHHeM BBIYKJABX o6jacTedf siB-
JisieTes BhINyKias o6aacTb.

Bowinyxaas o6oaouka. Boeinyxaod 060404K0ii MHOMNKECTBA TOYEK
S, nNpHHajJe}aWUX npocTpaHcTBy LE9, HasbiBaercs rpaHuMua
HanMeHblIeHl BHNYKJAOl obsacth B L9 Kotopas oxBaThiBaer S.

Mroeoyeoasnur. MHOTOYroJbHHKOM B npoctpaHcTse E2 Hasbl-
BAeTCsl KOHEYHOe MHOKECTBO OTPE3KOB, B KOTOPOM KamKibifi KoHel|
OTpe3Ka [NPHHALMEKHT DOBHO ABYM OTPe3KAaM H HHKAKOE NOAMHO-
JKECTBO 3THX OTPE3KOB He 00J1ajaeT YKa3aHHHIM CBOHCTBOM. JTH
OTPEe3KH HA3bIBAIOTCS CTOPOHAMU (HHOTAA pefpamu), a WX KOHIb —
BePUUKAMU MHOTOYTONbHHKA. (3aMeTHM, UTO YHCJIO CTOPOH H YHCIO
BEepUIMH COBMAjaioT.) Muoroyrombhuk ¢ N BepIMHAMH Hasbl-
Baercst N-yrojbHHKOM.

MHOrOyro/IbHHK HA3bIBAETCS NPOCTbLM, €ClM HHKAKas 1apa He-
1I0C/IeI0BaTeAbHLIX €ro peGep He HMeer o6uIHX Touek. ITpocToii
MHOTOYrOJIbHHK PasbHBaeT IJIOCKOCTh Ha jBe HellepeceKalouinecs
00.1aCTH — BRYTPEHNHION (KOHEUHYIO) H BHEwnion (6ecKoHeuHylo),
pasjieieHHble 3THM MHOrOyrojbHuKoM (Teopema >KopaaHa). (3a-
MeuaHne: B OOMXOAe TEPMHH «MHOrOYFOJbHHK» 4acTo ynorpe6-
aseTcst s 0003HAueHHA OObeAMHEHWS TPaHHUBl M BHYTpeHHeil
o6aacT.)

IIpocToit MHOrOyroJbHHK P Ha3bIBAETCS GbINYKABLM, €CIH €ro
BHYTPEHHsI1 06/1aCThb ABJSETCS BBIIYKJILIM MHOKECTBOM.

Ilpocroit mHOrOyro/bHuk P HashBaetcs 86€3dneim'), ecan
CYUIeCTBYeT TOYKA 2, He BHeWHss MJis P, Takas, 4To IS BCexX
TOYEK p, NPHHAAJEKAIUX P, OTPE3OK 2P MOJHOCTBIO JEKHT BHYTPH
P. (Mrax, moGoii BHNyK/ILIi MHOTOYTOJbHHK 3Be3jHBIL) MHo-
JKECTBO TOYEK 2, 00J1ajaI0IUX yKa3aHHbIM Bbille CBOHCTBOM, Ha-
3biBaercst 20pom P. (OueBHAHO, BHIIYKJbIi MHOTOYTOJNBHHK COBNa-
JaeT CO CBOMM SAPOM.)

Iaanaprowt epag. Tpap G = (V, E) (rae V — mHOXecTBO
BEPWHH, £ — MHOXECTBO peGep) HA3HIBACTCH NAAHADHOIM, eCIH
€ro  MOMHO YJOXKHTb Ha IUIOCKOCTH Ge3  caMollepecedeHHit
(cM. pasa. 1.2.3.2). Ilpamonuneiinas yknaika peGep niaaHapHoro
rpaga onpeneisier p He_MJIOCKOCTH, oe n. M
nodpasGuenuen win kaprod. IlycTb v — YHCIO BEPIIHH, € — YHCTO
peGep u f—uucio rpaneil (BK/IOYas eIMHCTBEHHYIO GeCKOHEUHYIO

') Crlepyer oTAHUATh €ro OT 3BE3NYATOTO MHOFOYFOJBHHKA, T. €. OT CaMo-
TIePECeKAIOIerocsi MHOTOYrOMbHHKE, BCe CTOPOHBI KOTOPOIO KOHIPYSHTHH H Bee
YraB KOHrpySHTHEL. — [Tpus. ped. N
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rpanb) TAKOro 1HOApasbleHHs. DT TpH NapameTpa cBA3aibl Kiac-
cHueckoit gopuyaoii Jiiaepa [Bollobas (1979)]

v—e+f=2 (1.1)
Ecan mbl, kpome Toro, 3HaeM, u4TO cTeneHb KaXoi BepuHHb =3,

TO B KauecTse NpOCTOro yNpakKHeHHss MOKHO [0Ka3ath Cllelyloline
HepaBeHCTBa:

viée, e
e<3/—6, f<%e, (1.2)

vK2f—4, <20 —4,

3v—6,
2

KOTOpble NOKasbBawT, 4TO U, € H f NIONapHO NpPONOPUHOHAJIBHBI.
(3ameriM, 4TO TpH HpaBLIX HEPAaBEHCTBA BEPHE NPH BCEX yC-
JIOBMSIX.)

Tpuaneyasyus. Tlnanapuoe noapasGueHHe Ha3bIBACTCH TPUAH-
eyafyuerl, ecan BCe ero KOHeUHble I'PAHH SIBJSIOTCS TDPEyTOJbHH-
Kamu. Tpuaneyasyuell KOHe4HO20 MHOMECTBA TOeK S Ha3blBaeTCst
TUIOCKHIT rpad S, MMeloulnii HaHGO/bLee BO3MOKHOE UHCIO peGep
(ApYrHMH CNIOBaMH, TPUAHTYJAUHs S NOJyYeHA NYTeM COeAHHEHHs
TOUEK H3 S HellepeceKalolUMHUCs NPSIMONHHEHBIMH OTPE3KAMH TaK,
uTO JI00as rpaHb, Jexallas BHYTPH BBIIYKIOH 060J0YKH S, sAB-
JSIeTCS TPEYTOJNbHHKOM) .

Moausdp. Moausdpon B npocrpanctse E3 HasbiBaercs Takoe
KOHEYHOE MHOXKECTBO MJOCKHX MHOrOYrOJLHMKOB, KOTAa Kaias
CTOpOHa J106Or0 MHOrOYTOILHHKA NPHHAVIEXKHT ellle POBHO OAHOMY
M3 OCTJIbHLIX MHOTOYTOJIHUKOB (CMEXHBIM MHOTFOYFOJbHHKAM) H
HHKaKOe M3 MOJAMHOXKECTB TOr0 MHOKECTBa MHOTOYFOJBHHKOB He
o6/1ajiaer yK: cBoiicTBoM. Bep H CTOPOHBI ITHX MHOrO-
YTOJIbHHKOB SIBJSIOTCS 6epuiuHamu W pebpamu AaHHOTO NMOMHUIAPA;
CaMH MHOTOYTOJIbHHKH HA3bIBAIOTCH PARAMI TIOJHIAPA.

[Tonuaap Ha3HIBAETCS MPOCTOLM, €C/H HUKAKAs Napa HecMex-
HBIX €ro rpaHedl He umeer o6uwux touyex. ITpocroit moausap pas6u-
BaeT NpPOCTPAHCTBO Ha JBe HenepeceKaiollHecs 06JacTH — GHYT-
pennor0 (KOHeuHyio) H enewmioro (GeckoHeunyo). (M onste, B
OOHXOJe TEPMHH <«IIOJH3AP> YACTO HCHOJB3YETCs st 0603HAUEHHS
06be/IHHeHHs TPAHUIEl H BHYTpeHHeH 06/1acTH.)

TlosepxHocTs a0Goro mosiusapa (poaa Hy.b) H3OMOpdHA M.ia-
HapHOMy mojpasbuenuio. [ToatoMy 4Hcaa v, ¢ W [ COOTBETCTBEHHO
AJNs ero BeplMH, peGep W rpaHed yJOBAETBOPsIOT (opmylte
Ditnepa (1.1).

ITpocToii nonu3Ap HA3LIBAETCH BbLAYKAbLM, €CH €T0 BHYTPEH-
HASL 06/1aCTh ABJISIETCS BBIIYKJIBIM MHOXKECTBOM.
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1.3.3. Teomerpuueckas aBojiictBeHHOCTb. Iloaspurer

Tenepb paccMOTpHM ApYryio HHTEPNpPETALHIO NpeoGpaso-
panns (1.8), BHOBb Muist MpOCTOTH Ha npumepe d == 2. Mrak, Mbl
pugean, uto (1.8) oroGpaxaeT TOUKH B TOYKH, a NpSIMBIE B Mpsi-
meie E?, T. e. 5TO npeo6p cOXpaHsier p pHOCTb 0TOGpa-
XKaeMbix 06bekTos. IIpeanonaras, uro |B|# 0, nepennuwen (1.8)
B BHIE

n=§B8 (1.9)

u janee OyleM CUHTaTh, 4YTO BEKTOPH, 0GO3HaueHHblE uepes §,
MPEeACTABAAOT HaNpapieHHe (T. €. NPAMYIO, NPOXOASULYI0 Yepes
Havalo KOODPJHHAT), a BEeKTOPH, 0G03HAaUeHHBIE Yepes 1), NPeACTaB-
JISIOT HOPMaJIb K IVIOCKOCTH, IPOXOASAILYIO Yepes Hayajo KOOpAHHAT.
TMostomy cootnomenne (1.9) HuTepnpernpyercsi Kak npeoGpasosa-
uue B E°, mepeBojsiulee NpsaMyio (IPEACTaBJIEHHYIO §) B MJOCKOCTb
(npeacTaBieHHYl0 1) M HashiBacMOe Koppeasuueil. ITO YaCTHHI
cayuait (mpu d = 2) o6uero cpoiicTBa: B npoctpanctse E4+!, mo
KOTOpoMy cooTHoulenHe (1.9) oToGpaxaer JmHefiHOe MHOrooGpasue
pasmeprocTH s <<d 41 B OsoicTéennoe eMy MHOrooGpasue pas-
mepHoctH d+ 1 —s; B Takoit mHrepmperauun (1.9) HasmBaercs
npeobpasosaruesm OB0ICTBEHHOCTU W, RACTBUTENBHO, Ta Xe caMas
MaTpHua B MOMKET HCIOJIb30BaThCs AJsi OITHCAHHSI KOPpeJIsLHH, KO-
TOpast MepeBOJMT IIOCKOCTH B MpsIMBble JIHHHH. [JIJisi 3alaHHON KOp-
peJisiuMH, ONHCHIBAGMOH MaTpHIel B H NepeBOASIIEHl NpsAMYIO B
TJIOCKOCTb, Mbl XOTHM HalTH KOPPEJAIHIO, ONHCBIBAEMYI0 MaTpHLE
D u mepeBOAsLLYI0 MJIOCKOCTh B MPsIMYIO, Tak uTo6H napa (B, D)
COXpaHANA UHYUOEHTHOCT6, T. €. eClM NpsMas § NpHHAAJEKHT
NJOCKOCTH 1, TO TpaAmas D npuHamnexut miockoctd EB. Oge-
BHJIHO, 4TO mpsAMas E TIpPUHAJJIEKHT TIJIOCKOCTH 1 TOrAa H TOJBKO
TOrAa, KOTa

&' =0.
TMostomy notpeGyem, 4To6bH!

§B (D)’ =8BD™ =0.

HOCKOJIbe nocjefHee ypaBHeHHE JOJIXKHO BBHIMOJHATLCA IS
Mo6HX § K 1, M noayyaeM BDT = kI, uan

D=~k(B™'Y,
TAe k-~ HeKOTOopas KOHCTaHTa.

3aMerum, uTo mpou3sesienne BD IepeBOAHT NpSAMbE B MPAMEE,
a IUIOCKOCTH B Matockoctd. Temeps aas 3ananxoi napu (B, (B—1)7),
th)xpaHnmmeﬁ HHIHAEHTHOCTb, TOTpe6yeM, uTOOL NPOH3BEAEHHE

+ (B~')7T mepesommio KaxAylo TPAMYI H KakAylo IUIOCKOCTh
B camux ce6s, T. e. notpeGyeM, uTo6h B - (B~1)T = kI, wiH, uto
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e erBedewe

TO Xe camoe, B = kB’. B
— . ’ N nocJjeiHem  pasen .
k= 1; ocobenno HHTepeceH ciyyaii, KOFEia CTBE HYMHO, YTOGH

B— BT,
1.10)

T. €. B—-Heﬁupomﬂel{"aﬂ (.
psUIKa. » CHMMETPHUHAS MaTpHua Tperbero ro-

Tenepn PaccMOTpuUM pesysbTar
Holt (1.9) npu uentpambhom n
BH}.’(HO, 4TO TOYKH nepexoasat

AeHCTBUS KOppessiitn ananoriy-
POCIHPOBAHAN Ha MJIOCKOCTH x5 = 1.
B IpAMLIe, a NpAMble — B TOUKH.

Pelpup, 1

Puc,

1.6. Hamoctpaums cootsercrs Ay TOJIOCOM H MOAAPOH NPH MOASPHO!
OOTBETCTBHS MexX,
it P noAApHOM

“O:;a:og;z?ega%s}gena 5y[L69T nocesieH aHanHay 3Toro 0T06p3}l(e.
3 'ieM 0003HaYaTh TOYKI
Eeant Y, H, a uepes — NnpsiMbIe.
=Brma;;pusgnagﬂ1£e7b?;o nop;u:u(a y,uonnemopﬁ'e]r ycl.)rlonmo
B h = (X1, X2, X3), MONyyaeM x
coorHowenune [Birkhoff, MacLane (1965)]y opomo Hopectioe
XBx" = 0;

3T0
COOTHOWICHHE B OJHOPOAHBIX KOODAHHATAX 3aJaeT KOHHUECKOe

ce!

Boqsil:q“eem Ha IJIOCKOCTH u(ussec’moe kak Kowuka, sadannas B)

nnocxocmanm(gc;:{%‘;?mmu BEKTOp § (mpexcraBasiomuit TOYKY Ha

AHBIX KOODAHHATAX) TaKOM T
ONpE/IeICHAI0 TOYKa & 1 ol By e
€XKHT Ha KOHHKe, 3a, i B;
Ha3BaThb TOUKY & noasoc ; ol ay o
oM, a npamy EBX” noaspoi
a3 Apoll Anst &, T
Eonﬁgr' Tq;;?oen?]glg(fﬁpza KOHHKEe HHIHAEHTeH CBOel cch-raeiﬂo:"t)
3 30BaHHE TOYEK B Mps.

I psiMble H Haobopor, -

aﬁ::::::g:ogxpmemu, TOJIE3HO NPH CO3KAHHK reomerpfﬂe}:::x
- ITO CRASANO ¢ TeM, Y4TO WHTYHTHBNO HaM yaoiec pa-
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60TaTh ¢ TOUKAaMH, ueM ¢ paMbiMU (B E?) Han maockoctamu (s E%),
¥ MBIl HCTIOIb3YEM 3Ty BO3MOXHOCTb B C/IEAYIOUIHX T/1aBaX.

B wacTHOCTH, myCTb B — MaTpuila, ONpeesomas e HHHUHYI0
OKpy:KHOCTb Ha miaockocts E? (puc. 1.6). B atom cayuae

10 0
B o1 0|
00 —1

noaToMy TOuKa p = (pi, pa, 1) oTOGpaxaercs B mpsmyio [, ypasHe-
HHE KOTOPOH MMeeT BHI piXi+ paXe— ¥3 =0 (B OZHOPOMHEIX KO-
opauHatax). Paccrosume oT p [0 Hayana KOOPAMHAT 3TOH MioC-
KOCTH PaBHO 4/pf+ pa a paccrosiue ot [ 10 5T0r0 Hauaia KOOpAH-
HaT paBHO 1/4/pf+ pi. 3HAUNT, B 5TOM YAaCTHOM CJIyyae ONApHTETa:
paccrosinue(p, 0) X paccrosune(nosspa (p),0)= 1.
OTMeTHM TakKe, YTO NIpH 3TOM MNOJsApHTeTe NpeobpasoBaHHe He
CBS3aHO HH C KAKHMH BBIYHCJCHHSMH, NPOCTO NMO-DA3HOMY HHTEp-
npetnpyetcs Tpoiika (pi, Pz, P3): B OAHOM Cayyae — KaK KOOPAH-
HaTH (p1/Ps, P2/ps) TOUKH, @ B APYrOM — KaK KOS(DQHIUHEHTH ypaB-
HEHHsT TIPSIMOM piX1+paXa—paXs==0 B OAHOPOAHBIX KOOpAHHATAX.
B CcaefylolHX TJIaBax HCCHENYIOTCS HHTEPECHble NPHIIOXKEeHHs
3TOil reOMeTPHIECKOl ABOACTBEHHOCTH.

1.4. Mogenu BblYHC/ICHHUI

TnaBHbIE METOAOJNOrHYECKHH BONPOC, C KOTOPHIM HEH3-
GeHO CTANKHBACWLCS —TPEXkKJe BCEro NMpH JI06OM HCCJe10BaHHH
a/JTOpUTMOB, 3aKJI0YaeTCs B TINATEJIbHOM OMHCAHHH MPHHATON #O-
Oeau sorqucenud. JIefCTBHTENBHO, AJNTOPHTM, NPEJIOKeHHDbIT A5
pelenHs OnpeaeJeHHON 3a1auH, 10JKeH ObTb OUEHEH B TEPMHHAX
€ro CTOMMOCTH KaK Hekoil (QYHKIHH OT pa3Mepa WHJHBHIYaJbHOTO
sKk3eMnaApa 9ToM 3agaun. [[pHHIHIHAILHAS BaXKHOCTb MOJIEJH BBI-
YHCJCHHIT ONIPeesieTcs CleyIolum 06pasom:

Modeao soiuucacnui onpedeaser HAGOp OONYCTUMBLY dACMEH~
TapHoLY onepayuil u CTOUMOCTI ITUX onepayuil.

JaemenTapusie onepayul — 310 TaKue ONepaIi, A KamAOH U3
KOTOPBIX Mbl Ha3HAuaeM (PUKCUPOGAHHYH CTOHMOCTB, XOTs T2 CTOH-
MOCTh HEONHHAKOBA J/isi PA3HbIX JMeMeHTapHLIX omepauwit. Hanph-
Mep, ecaH sjeMeHTapHbe Onepalun 06paGaTHBAIOT OTIENbHEIC
uHdpPH B yHcaax (KaK B OyJeBCKHX (QYHKUUAX C ABYMS ABOHUHBIMH
NepeMeHHBIMH, BHMHCJACMEIMH Ha MOZeH Mauminsl Thlopunra), 1o
CTOMMOCTDL OMepalfi C/OYKEeHNs JBYX IelbiX WHCea BO3pacraeT C
POCTOM JVIHHBI ONepali1oB, B TO BPEMsl KAK CTOMMOCTb 3TOii omepa-
WHH HOCTOSIHHA /I MOJEH, B KOTOPOHl OmepaHasl HMelT GHKCHPO-
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Kak yxasano B pas,
1. 1.3, rIaBHBIMH 0GBekTamy,
: , KOTOpHle pac-
;l;l;;g;l(za,;)}’:‘:ﬁ B BHIYHCJIHTEbHOMN l"eOMeTpHH, ABJSIOTCS TO'-lpKH l!l)pu-
npocrpaucrey E4. Xorts Touka r
. CUHTAETCSl BEKTOPOM
B JleKapTOBLIX KOOpAHHATaX, i :
> KEJaTe/bHO, YTOGH BEHIGO,
KOOpIHHAT He CJHIIKOM BJAHSJI I Pomioekary
Ha BpeMsi paGOTHl reomerpHyec
KOro
;g;;g;;r: 2:‘2(“]3!{30}1”1‘ K TOMY, 4TO Moaess BH'-IHCJ!GHH% JOJIXKHA
HHe (XeKapToBa 6asuca),

Qlcqg;a;;x:;lp:{tﬁ, :TO CTOLKO K€ BPEMEHH 110 MOpsiaKy HYXHO 15
THX TOYEK Kak HCXOHBIX }laHHle)

MOXeM ¢ caMoro Hayana cYHTaTs, S noaTOMy o,
, 4TO 3TH TOYKH -

GpaHHOM feKapToBoM Gasuce. Y sanams b s
cﬂ’rcﬂa};&‘:‘l’le,cxzon?::(ﬂkammﬂe B BBIYHCJAHTENBHON reoMe'rpml OTHO-

HM THIAaM, KOTOpBIe MBI Asist r
8 o6crBa -
PYeM B TpH careaylomux Kinacca: s crpyim

ocsékgoz;u;nggg;tg;o:eggﬁ lzeaauaqax STOTO pojia 3ajal HaGop

JIETBOPAET ONpefeNeHHOMY ycmonlli(lif. ll?:n’;ﬁ«’g;?"‘:gﬁc‘f{ogﬁl&o):agﬁf:é

a3 epra. sana o madape ol

:f)e-f;;ao;::ﬂg;?e?;ea TOM, UTO He HYKHO coanaa;)?: J'»?ﬂﬁf,{

pmzs?aﬂu 10 l’aX}ZJ e HHE TOMHOCTHIO COCTOHT M3 S.IEMEHTOB, KOTO-
. Bowuucae,

Besmny Hekoerdy eomerpiemors Ty A0 BT

#gﬁggg;;ﬂonn;ggmumn, UTOGHl PeaTH30BATL 3TO BHUHCIEHHE Iper.
8 MMED, YTO TOUKH HMEIOT ILeJo X .
i UHCJIEHHBIC KOOPIH-
HaTh. UroGut Hafiti paccrosmue MEXAY Mapoit Touek, Ha 1o ymerllzn:e
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3. Pacnosnasanue'). 3amaya pacnoO3HABAaHHSL €CTECTBEHHBIM
o6pasom cesisana ¢ 3ajauamu «Ilonck moxmHoxecTBa» H «Bhiunc-
nenne». B wacruocty,

(1) Ecau B 3afaue S 0 BbluMCJeHHH TPeGyercsi HalTH BeJHYHHY
napamerpa A, To B CBsi3aHHOH C Heil 3anaue pacnosHasauus D ()
Tpebyercss nath orser JA/HET na sonmpoc Tuna: «BepHo ., 4TO
j; Ag?», rae Ag— KOHCTaHTa.

(2) Ecin B 3ajiaue & 0 NOHCKe MOAMHOXKeCTBa TpeGyeTcs HaiT
MOAMHOXKECTBO 3a/ldHHOTO MHOXeCTBa S, yIOBJeETBOpsiollee Ompe-
JeNeHHOMY CBoOficTBy P, To B 3ajaue D(s£) TpeGyercs OTBeT
JIA/HET 'na Bonpoc Tna: «BepHo Ju, uto S’ ynosaersopsier P?»,
rae S’ — NMOAMHOXeCTBO S.

Jlerko 3aMeTHTDb, YTO €CTh HEOGXONHMOCTh paGoTarth ¢ Jedcrau-
TenbHbLMU YHCIAMH (a He TOJBKO C LeJNBIMH) H (HAa peajJbHOM KOM-
nbloTEpe) ¢ COOTBETCTBYIOIIMMH WM NPHOMHKeHHAMH. OJHAKO NpPH
CO3IaHMH MOJEH BBIYHCJEHHIT MOXHO BOCIOJIb30BATbCS aﬁchaKT»
HBIM NOHATHEM, YTOObI H306exXKaTh NPoGJeMbl, CBS3AHHON C OKpYrJe-
HHEM IJisd npuénnmenﬂoro npeicTaBJeHHs }Jlel’lCTBHTEJIbHOI"O YHCJaa.

PETHO, BO3MEM c np A6HbLM OOCTYNOM K NAMATU
PAM), noxoxyio Ha Ty, 4to onucaia B [Aho, Hopcroit, Ullman
(1974)] 2), Ho y KOTOpO#l Kascdas sdelixa nAmaTu cnocobxa xpa-
HUT6 eduncrgennoe Oelicreuressnoe 4ucao. Caedyioujue onepayuu
CHUTAIOTCA SAEMEHTAPHOIMU U 064a0GI0T eOQUHUYHOL CTOUMOCTOHO
(eQunUUHbLM 8PEMEHEM BOLNOAHEHUR)

1. ApudMernyeckue onepauns (4, —, X, /).
2. CpaBHeHHs! ABYX AEHCTBHTENbHBIX uncen (<, <, =, #,
=, >).

3. Kocaeuuaﬂ ajpecalus namMATH (ﬂOHyCTPleI TOJIBKO 1EeJOYHC-
JleHHBIe afipeca).

JlononHuTe/IbHBIE OMepalun (TONBKO IS TeX NMPHJONKEHHH, rie
5TO HEOGXOAHMO) :

4. Kopuu k-ii cTenens, TpuroHomerpuueckue d¢yukuun, EXP,
LOG (BooOIue aHaJHTHYECKHE BHIPAXKEHHS).

A1y momenb GyleM HasbiBaTh seujecreennosnaurol PAM. Ona xo-
pOLIO OTpaykaeT TOT THN NPOTPAMM, KOTOpble OGHIYHO MHINYTCA Ha
aNTOPUTMHYECKHX S3bIKAX BHICOKOTO YDOBHS, TakuX Kak QOpTpaH
Auros, B KOTOPEIX NPHHATO CUHTATh, YTO MepeMennbie THNa REAL
HMEIOT HeorpaHHueHHyK TouHocTb. Ha 3ToM yposHe aGeTpakuun
MOXHO HrHOPHPOBATb BONPOCH THNA: «Kak BBECTH WJHM BHIBECTH
neHCTBHTEIbHOE UHCJIO 32 KOHEUHOE BPeMs?»

1y Cwm. [['spu, xoncon (1982), c. 27]. — ITpun. nepes.
2) B pyccKom nepesofe STofi KHHTH a PA]
KaK «paBHOjOCTYNHAs aapecHas Mawmuas. — [Tpum. ped.
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YCTaHoBJeHHE HHKHHX OLCHOK A8 XapaKTepHCTHK PaGOTH ad-
TOPHTMOB DCILICHHS ONPE/le/eHHON 3a1auil — OAHA M3 IVIABHBHIX Le-
JIeil aHanu3a aAropHTMOB, NOCKOAbKY OHH AAI0T Mepy AJs OLEHKH
2 deKTHBHOCTH KOHKpeTHBIX aaroputmos. Ho 310, BoOGue rosops,
OueHb TpyAHas npoGaema. MHOria yaaercs ycTaHOBHTb Tpymoem-
KOCTb OJHOH 3a/laun MO H3BECTHOM TPYJOEMKOCTH APYroii 3apauw,
HCNOAL3Ysi METOX npeobpasoeanus 3adaw'). B wactHocTH, mpeano-
JIOXKHM, 4TO y HAaC eCTb ABe 3a1au, S¢ U %, KOTOpble CBA3aHbI TaK,
UTO 3aK1auy % MOMKHO PEUIHTD CJEYIONHM 06PasoM:

L. Mcxopuble nanmbie K 3ajade S NpeoGpasyioTcs B COOTBET-
CTBYIOLUHE HCXOJHBIE AaHHbIC 4151 3a1aun 5.

2. Pewraercsi 3agaua %.

3. Pesyaptat pewenus sanaun % npeo6pasyercst B NpaBHJIbHOE
pelenne sanaun .

B srom cayuae Mbl romopum, uto sajaua ¢ npeodpasyema n
3ajady $?). Ecan warn | i 3 Bhiwenpuseiennoro npeoGpa3oBaHus
MOKHO BHINOAHHTb 32 BpeMsi O(t(N)), rae, kak o6buno, N — «pas-
Mep» 3ajaun s¢, T0 cKaxeM, uto s¢ v(N)-npeobpasyema B F, 1 3a-
THIWIEM 5TO KPaTKO Tak: sfocy . Boobue rosopsi, npeodpasye-
MOCTb He CHMMETDHYHOE OTHOICHHE; B YacTHOM cJaydyae, Koraa
S¢ M B B3aHMHO NPEOGPA3yeME, Mbl HA30BEM HX IKBUBAACHTHOLMU.

Cuenylolse 182 CaMOOUeBHAHBIX YTBEPXKACHHS XapaKTepH3yloT
MOIbL MeTOAA NPeoGpasoBaHUs B MPEANONOKEHHH, YTO 3TO MPEos-
Pa3oBaHHe COXPaHsET NOPSAOK pa3Mepa 3ajauH.

Mpennoxenune 1 (Husune oueHkH metogom npeo6pasoBaHus).
Ecau_ussectno, uto sadaua st rpeGyer T(N) spemenu u st v(N)-
npeobpasyesa 6 B (r. e. of %oy B), 10 3a9daua F Tpebyer e
senee T(N) — O(t(N)) spemenu.

TNpepnoxenne 2 (Bepxune OLEHKH MeTOAOM npeoGpasoBatiis).
Ecau sadawy % moscno pewuto 3a spems T(N) u 3adaua s£ t(N)-
npeobpasyema 6 % (r. e. <y B), T0 S MOMHO pewuts 3a
spens, He npesviuarnuee T(N) 4 O (t(N)).

Ty CHTYauHIO rpadHYeCKH HIIOCTPHPYeT puc. 1.7, Ha koro-
POM TNOKAa3aHO, KaK HWKHAs H BEPXHSAS OUEHKH MNePeHOCATCS OT
OHOH 3ajauu K APYroif. TOT NepeHOC CHPABEJIHB, KOTAA T(N) =
= O(T(N)), . c. Koraa Bpems npeoGpasosannst e MPEBOCXOAHT
BPEMEHH BBIYHCJICHHS.

') DTOT MeTon odeHb uacTo mMeHyioT ceedéHuen. Tlockonbky «cBeaénne»
npeanosiaraer npeoGpasoBanue K Gosee MPOCTOR 3ajave (a B AaHHOM cayiae
3T0 He TaK), TO Ml mocTapaemcst 0GOfiTHCH Ge3 STOTO NMOHATHS.

B cTb (W ) 06HumO % MO OTHOWe-
HHIO K s3bKaM. B sToM cayuae npeo6pasomatie pesyabTatos ie TpeGyercsi,
TIOCKOILKY B KatecTse pesyJbTaTa paciiodniaBaTetb NEMOUKH BHAZeT HYMb HAH
eMMHHLY. JIAS TeOMETPHYECKHX 3aiau  1eo0XoMMMa  Goabiuas ru6KoCTb, ToA-
Kpensiennas GoJee OGUHM ONpejeneHHeM.
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BosBspaiasich K Haweii NpexHeii kaaccH(uKalni 3a1ad, BO3b-
MeM HeKylo 3ajauy &£ (3alayy BLIMHC/EHHS HJM TOHCKA NOAMHO-
KeCTBa) M CBA3AHHYIO C Hell 3ajauy pacnosuasauust D(s2). Jlerko
BHCTD, uT0 D () o< () S, TOCKOBKY:

1. Ecin & — 3ajaua BHIYMCJIEHHS, TO HHKAKOIO mpeoGpasoBa-
HHS HCXOJHBIX NaHHBIX He Tpebyercs (T.e. war 1 mpouelyps mpe-

Hudwensid oupnka

Sadaia A TN - ppeotpasyemoere " Sudwie B

Beprian oueria

Pric. 1.7. Tleperoc Bepxiicii H HIzilcii OLEHOK MEAKRY NPeoSpasycMbiNil 3a1auaM i,

00pasoBanns ne HyKeH), a pellenne S Haj0 1HPOCTO CPABHATEL 32
nocrosinnoe Bpemsi O(1) ¢ (HKCHPOBAHHOH BeJIHUHHON, AaBaeMoil
D(s¢).

2. Ecin xe S —3ajaua mouc-
Ka NOJAMHOKeCTBa, TO ONfTh BXOJ-
nasi uHbopmauus S’ mas D(S#)
nogaercs Ha BXOx ¢ (T. e. mar 1
He HyXKeH), a pelllcHHe ¢ npoBe-
psiercst 3a Bpems O(N), uroGul
YOCMHTLCH B TOM, 4TO €ro MoMl-
HOCTh COBMNAJAeT C MOUIHOCTbIO S’

D70 OueHb BaXKHOE paccysKjeHue,
NOCKOJIbKY OHO TIOKa3bIBaer, uTo,
KOTia Mbl HIEM HHXHHE OLeHKH,
MOMHO COCPEIOTOUHTb CBOE BHH-
MaHHe Ha 3a/1a4aX PACHO3HABAHHS.
oraa BeleCTBEHHO3HAUHASA
PAM HCHOJNHSIET aJrOPHTM AJ1s3a- Puc. 18. Boumcaende Kak nyTh
JayH pacrno3HaBaHusA, ee NoBeje- B Aepese petueKHH.
HHE OIHCHIBACTCS IIOC/EN0BATENb-
HOCTBIO Omepamuii ABYX THMOB: apHpMETHUECKHX M CpaBHEHHS.
B 510ii nocse0BaTeIbHOCTH IVIABHYIO POJTb UPPAIOT CPABHEHHS, 1O~
CKOJIbKY B 3aBHCHMOCTH OT Pe3yJ/bTaTa KaXIoro CPaBHEHHs aaro-
PHTM BHIGHDAeT Ty HJIH HHYIO BETBb BHINOJHEHHS. DTa CHTyalHs
rpaduyeckd nokasana Ha puc. 1.8; TaM KaxKablii KpYy»KOK IpeacTaB-
a15eT coGoli apHMETHUECKYI0 ONePAILHIO, 8 KaX/Iblil TPeyroNbHIK —
cpaBHenue. JIPYrHMH C/IOBAMH, NIPOlleCC BHIYHCJCHHH, HCMOMHAEMELI
na PAM, MoxHO paccMaTpHBaTh Kak NMyTh Ha AepeBe C KOPHEM.
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dro KOpHEBOC 1epeBO 3aK/io4aeT B cefe ONHCaHWEe YPE3BHIYAHHO
BaXKHOH BBIYHC/HTEJIbHOH MOZIH, «aJire6p HM
JlepeBOM pEelIeHHii», KOTOpYio Mbl cefiuac opMalnayeM.

A I dep i {Reingold (1972); Rabin
(1972); Dobkin, Lipton (1979)] Ha MHOXecTBe mNepeMeHHBIX

X1, ..., Xa} HasHBaercs NPOrpaMMa, 3allHCaHHAs ONEPaTOPaAMU
Ly, Ly, ..., L,, ciepyiouiero Tana:
1. L;: Buuncauts f(x1, ..., Xa). Ecan f: 0, To mepeiitu k L;

B NPOTHBHOM cJydae K L; (1BoeToune oGosHauaer o6y H3 ome-
pauuit cpaBHeHus).

2. Ls: Ocranos u Bhizava JIA (B sagaue pacnosHaBaHHs BXOX
TIPHHAT) .

3. Ly Ocranos u shnaua HET (B sazaue pacmosHaBaHus BXOX
OTBePrHYT).

B cayuae 1 {—310 aseebpauneckas ¢ynxyus (NOJIHHOM CTeNeHH
pasnoii nopadky ([)). Nanee mpennosiaraercs, 4To mporpaMma He
HMECT BO3BPATOB, T. €. UMECT CTPYKTypy Jepesa T, mpi KOTOpOil
KaX/blil HeJIUCTOBOIT y3€Jl U ONHCHIBAETCS BbIpaXKeHHEM

fo($1 ovy Xa): 0,

rae fu — IIOJIHHOM OT X, ..., Xp, @ JABOETOYHE 0603Hayaer OTHoOIIe-
HHe CpaBHeHHs. (3aMeTHM, 4YTO B STOM ONpeJENeHHH KaKAbli
«apH(METHUECKHA OTPe3oK MyTH» Ha pHC. 1.8 cBepHyT B caenyio-
wuit 3a HUM y3en cpaBHenus.) Kopeub T npeacrasaser nHauanbHBIR
war BHYACJEHHH, a ero JIHCTbs NPEICTABJAIOT BO3MOXHBIE OKOH-
Y4aHHA M COJAep}KaT BCe BO3MOXKHBIE OTBETHI. Bes norepH Oﬁu.lHOCTH
JonmycTHM, 4To AepeBo T dsoudnoe').

Xors mporpaMMma Ha anreGpaHyeckOM AepeBe pelIeHH MOXKer
0KasaTbCs HaMHOro Goiee rp0M03IlKOﬁ, 4YeM COOTBETCTBYIOLIAS
PAM-nporpaMMa, 0HAKO [/Isi H3yYaeMbiX HAMH KJIacCOB 3ajau 06e
TporpaMMbl BeAyT ce6s udewTuuro. B uacTHOCTH, BpeMs paGoOTh
PAM-nporpaMMbl 111 XyAIero ciydas MO MeHblIefl Mepe NpoOmop-
l.lH?HalleO JJIAHEe MaKCHMaJIbHOrO MyTH OT KOpHSl B JiepeBe pelle-
HUfl. DTO MOATBEPIXKJAET BAXKHOCTH MOJNENH JepeBa pellenii, mo-
CKOJIbKY CTPYKTypa JepeBa AOCTATOYHO yAOGHA AJs NOJyYEHHs
OIIEHOK €ro BBICOTHI.

ToBopar, uto aiareGpanyeckoe AepeBO pelieHuii uMeeT nopadok
d, ecin d —3T0 HAaHGOMBIIAS W3 CTeneHell NMONHHOMOB fo(Xi, ...
..., Xn) cpenu Bcex yssoB v u3 T. Mogenb gepeBa pemenufi 1-ro
TnopsifiKa, WIH AunedHas MoJesib, fIBNSIETCS MOIUHBIM CPEACTBOM

') 3ametum, uTo creneds ysna T paBHa YHCAY DasTHUHBIX HCXONOB Omepa-
HH Ilony o W JlepeBa OCHOBaHO Ha TOM (aKTe, uTO
k-xpaTHOe pa3BeTB/IeHHe MOKeT GhTb 3aMeHeHO Ha k — | SK3eMmAApoB 2-Kpat-
HEIX PasBeTBICHHL.
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YCTAHOBJIEHHS HHXHHX OLEHOK JJIsi MHOTHX 3ajad; MHl ellle o6cy-
JHM Te BecbMa TOHKHE PacCyXJeHHS, KOTOphe GYAyT PasBHTHI B MO-
C/lelyl0IuX IIaBaX, B COTBETCTBYIOleM KoHTekcTe (cM. pasi. 2.2,
4.1.3, 5.2, 8.4). OxHAaKO OTPAHHYHTLCA PACCMOTPEHHEM TOJBKO JIH-
HeliHBIX JlepeBbeB pellleHufi Heab3si Mo ABYM mpuuuHam. [lepsas u
6oslee BaXKHAsi COCTOMT B TOM, UTO MOXKET CJAYYHThCH, KOrAa Jio6oit
H3 H3BECTHBIX aJrOPHTMOB AJIfl NAHHOK 3afayM HCNOML3YeT QYHK-
UMK CO CTeMeHbIO >2, MO3TOMY HHXKHSIA OLEHKA, OCHOBaHHAs Ha
MOJIe/TH JIHHEHHOTO fepeBa pellenHi, oKaxercss GecrnosiesHofi; ecau
e HCKJIOUHTb H3 PacCMOTPEHHsS IOJOGHYIO CHTYalKio, TO BOSHUK-
HeT BTOpas NPHYHHA — OLEHKA, OCHOBAHHAS HA MOJENH JHHEHHOro
Zepesa p i, He Tp K TOKa HEIM aJTOPHTMaM,
HCTONL3YIOIWHUM (QYHKIHHE 60/ee BHCOKHX CTeneHef.

BechbMa BaXHbe BKIAAH B pellleHde 5THX BonpocoB ans d =2
6bi HellaBHO BHeceHH paGotamm Cruam, Slo [Steele, Jao (1982)]
1 Ben-Opa [Ben-Or (1983)], ucniosbsylomuMu KJIaCCHYECKUE TOHS-
THA NefiCTBHTEJ]bHOH anreGpamyeckoii reoMeTpuyu. VX moaxox ocuo-
BaH Ha C/leAyiolle OYeHb MPOCTOl Hiee: MyCTb Xi, Xz, ..., Xn— Na-
paMeTphl 3alauH pacro3HABAHHs, KaXABHK HHAUBHAYaTbHBIA SK3eM-
TP KOTOPO MOXKeT CYHTAThCS TOUKOA B 7-MEPHOM eBKJIHAOBOM
npocrpancte E”. 3ajaua paclo3HaBaHHs ONpejlesisieT MHOXEeCTBO
rouek W < E", 1. e. oHa jnaer orBer JIA Toraa M TOJNbKO TOTAa,
korna (%, ..., ¥s)& W (MOXHO cKkasaTh, uto depeso pewenui T
pewaer 3ada4y o npunao. TU TOYKU 8y W). Tlpex-
TIOJIOXKHM, UTO HAM 3apanee HW3BECTHO, HCXOAS M3 NMPHPOAL 3TOi
sanaun, yncao # (W) pasaenumbix cBssHbIX Kommonent W. Kax-
JI0e BHYHCJAEHHE COOTBETCTBYET KAKOMY-TO OJXHO3HAUHOMY MyTH Ui,

U2, ...y Uy, U1 B T, rae v;— KOpeHb, a U;— JIHCT; C KaxIbiM V3-
aoM v; wa atom nytu (j=1, ..., [—1) ceasana dyuxuusa
f,,l(xl, ..., Xn), TaK 4TO (X1, ..., Xs) YHOBIETBOPSET OTpPaHmue-
HHIO THNA

fo;=0, nmn fy,=>0, nm fo,>0. (1.11)

Jins npuoGpeTeHus HEKOTOPOH MHTYMIHH DACCMOTPHM BHauamte
yacTHBIil caydait d = | (nuHefiHast MOJAenb AepeBa pelleHHi HIH
BHuHCJeHHT), caenys sa Jo6kuuom u JluntoHom [Dobkin, Lipton
(1979)]. loka3aTenbCTBO HX TEODEMBI CHENYeT HHXKE.

Tlyers W < E™ — MHOXeCTBO HCTHHHOCTH ') JIst MaHHOM 3a7auu
pacnosHaBanus, u nyctb # W 0603HauaeT UHCJIO Pa3NENHMbIX CBA3-
Heix komnonent W. Iyers T — (1BonuHOe) JHHeliHOe JepeBo pele-
HHJi, peanusyiolllee aJrOPHTM S£, KOTOPHIA MpoBepsieT MpHHALIENK-
nocts W. C kaxnwm auctom T cBsizara obaactb B E", M Kaxawit
JIHCT SBASeTCS MPHHHMAIOUIHM WIH OTBEPraiolMM. A HMeHHO mycTb

1) To ecti ua shxomax ws W saaua wmeer omper «IA» — [pun. nepea
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{Wy, ..., W,} — xomnonenTs w, {, .
ancthes, a Dj — o6aacts, ceasannas ¢ [ 1), JI

{ npuHUMapmuy, eco Dy = W,

- s I/} — MHOXecTBO
HCT [ sBasetca:

OTBEPraiolllHM B MPOTHBHOM CJyuyae.

Huxusia onenka ans uncna nuernes r noaryyaeTcsi myTeM J0Kasa-

T}/g.n?f‘;-aa TOr0, 4T0 1 = #(W). IleiicTBHTEbHO, BO3bMeM dyHKIHUIO
=m1r:{ ze “., Wy —{1, 2, ... 1} Takylo, uro Y(W;) =
i 22, .,y u DN W %= @Y. Urobm MOMYYHTD PO~

LI:{Z(;EG‘JH&, TPEANOJIOKIM, UTO CYLLECTBYIOT JBA PA3JHYHBIX MOA-
ectsa Wi u W; rakux, uro Y (W)= Y(W;)= h. Tlockonbky

Pue. 1.9. Mamoctpauns K fokasatenbeTsy Toro, uto W; — w;.

AIrOpHTM S pellraer BOMPOC O MPHHALTEKHOCTH TOUKH § MHOKe-
ctBy Wi, 1o amer [y sBaserca npunuMarowum. C APYTO#i CTOPOHDI
1o onpeaesenuio Y u3 pasenctsa Y(W;) =4 CJIeAyeT, 4To u’/Pn D
r‘;yenycTo, Hyets ¢’ — touka ns W; N Dy, ananornuno q;’~ Touka u;
EninDh’ TockoabKy T — auneinoe JlepeBO pelleHui, To o6nacTs B
, cootserctsyiomian D;, 06pasoBana mepeceueHHeM momympo-
CTPaHCTB, T.€. 3TO 86iNYKAAA 06JaCTb. 3HAUHT, JM0GAs BHIYKIAH
KOMOHHALLHS TOYeK u3 Dy npunanaexur Dy (pa‘z/J.. 1.3.1). Pa};cMo»
;pmgl 1;11&1)1, otpesok ¢’q” (puc. 1.9). 3tor orpesok nepecekaer no
Hps;ﬂe Mepe ase Komnonentsl W (oH, GesycsosHo, nepecekaer W;
/), M, NOCKONBKY 5TH KOMIOHEHTH Da3JeseHbl, OH COAEPIHKHT 110
KpaiiHeli Mepe ojny TOUKy §”” & W. Ho Tak kak obaacts Dy Bbi-
TyK/a, TO Bech OTPesOK q'q” mpHHAAIeKHT Dy, a, 3HAUNT, H TouKa
¢ TpHHaLAeKHT BHyTpewHoctH W. ITomyyaem npor;mopeque
B urore T nonxHo uMeTh He menee p anctoB. ITockoabKy unonqnoé
AIePEBO HAHMEHBIICH BBICOTH C 3alaHHEIM UHCJOM JHCTOB cOanaH-

) Obaacti

sxounux na
wepen anuX, nepesorsunx asroputst w awer I, — Mpun

CHpOBaHO, TO BhicoTa T paBHa He MeHee ueM logs p = loga # (W).
DT paccyK/eHHs NPHBOAAT K Clelylolleii Teopeme.

Teopema 1.1 (JoGkun — Jlunton). JwGoe auneinoe Oepeso pe-
wenuil, aazopuTM KOTOPOZO pewiaer 3adawy O NPUAAOAEIHHOCTU
W = En, doamno umers oicory we menvuse, wen loge #(W), 2de
#(W)— uucao pasdeaumolx cesanolx komnonent W.

K cOXaJIeHHIO, BHILUEH3JIOKEHHbIA METOX OrpaHHYeH a/iropHTMA-
MH JHHEHHOro AepeBa BBIUMC/EHHH, TMOCKOJNBKY OH ONHpaercss Ha
CBOHCTBO BHIMyK/0CTH o6aacti B E", cBA3AHHOM C JIHCTOM 3TOrO
nepeBa. Ecam xe MaKCHMAJbHasi CTENeHb MOJHHOMOB fo =2, TO
3TO NOJIe3HOe CBOMCTBO Hcue3aeT. SHAYHT, HYXHEI Gonee rayGokue
npeaCTaBJICHHUS.

HMHTYHTHBHO ACHO, 4TO, KOAA HCMOAB3YIOTCS MONMHOMBL Gouee
BBICOKHX CTelteHeil, Toraa 061acTb, CBi3aHHAs ¢ KOHKDETHHIM JIH-
CTOM /iepeBa PelIeHH}, MOJKET COCTOATD H3 HECKOJIbKHX Pa3NeNHMBIX
komnonent B W. Ecain yaacTcsi OLEHHTb YHCJO KOMIOHEHT, CBSI3aH-
HBIX C HEKHM JIUCTOM B TEDMHHAX BBICOTHl 3TOTO JIHCTA B_jlepese,
T0, KaK MBl BCKOPE YBH/IHM, HaM yAacTCst OUEHHTH BoicoTy T.

K cuacTbio, KJIOUW K DElIeHHI0 5TOH TPYIHOH npoGieMr nana
yronuennas anantanus [Steele, Yao (1982); Ben-Or (1983)] oxroro
K/IaCCHUECKOro pe3y/bTaTa N3 anreGpauueckofi TeOMETpHH, He3aBH-
civo moaydentoro Mursopom [Milnor (1964)] u_Tomom [Thom
(1965)]. Huxe mamaraetess pesyasrat Muanopa u Toma.

IMycrs V — MHOKeECTBO ToUCK (Tax Ha3biBaeMoe aireGpauueckoe
MHOro06pasic) B M-MEPHOM IeKapTOBOM mpocrpancte E™, onperne-
JEHHOE MOJHHOMIAIBHBIMI YPaBHEeHHAMH

G (Xt e X)) =05 o gy (X ey Xm)

(1.12)

Torna, ecu cTeneHb Kaxoro noannoma g; (i=1, ..., p) He npe-
Bhimaer d, To wHcao # (V) pasneluMBIX CBA3HbIX KoMmokent!) V
OlIeHHBAETCA KaK:

#V)<d-(d— 1"

K coxasentio, MHOXKecTBO V OlpefefieHo JHIlbL TOCPeICTBOM pa-
penct (1.12), B TO BpeMs Kak orpaHuuenis, CBA3aHHBIE C MyTeM
B T, COCTOSIT KaK H3 PABEHCTB, TAK H W3 HEPaBeHcTs. Ta TPYAHOCTb
6Lina baecTsiie npeofotena Ber-OpoM, KoTophii npeofpasoas ci-
Tyaumio ¢ fepeoM T Tak, 4TO OHA CTaia YAOBJETBOPATL YCJAOBHIO
Teopembt Mumnopa — ToMa, Kak 310 Gyzer cefiuac mokasano.

1) B nefictaneabiioctn Musmop u Tom nokasann Gonee CHABHHI pesysb:
Tar, uto d(2d — 1)™=1 — 370 BepXiAR OUCHKA CYMMBl WHcen BETTH Masi MHOMe-
ctBa V, B 10 Bpems kak uncao # (V) ceaawmx komnowent V —3To TOABKO
oo 13 Takix unced (uncao Bertw 0-ro nopsaka).
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Myers U = E* — MHOXECTBO TOYeK, yAOBJETBOPSAIONIHX cnenyio-
UM OrpaHHYeHHAM (3fech X = (xj, .
@ x)=0, ..., ¢, (x)=0,

(x>0, ..., ps(x)>0, (L.13)
Psr1(X) 20, ..., pu(x) >0,
TAe g W p — NOJHHOMH, d = max{2, crenenb (g:), cremens (p;)}.
3amernm, uto TPH THIA Orp: : PaBeHCTBa, CTPOTHe

HepaBeHCTBAa H HecTporse Hepasencrsa. Ilycte # (U) o6osmauaer
YHCJIO CBA3HBIX KOMIMOHEHT MHOXecTBa U.

S X))

Puc. 1.10. Toctpoenne Uy no U; U orpammueso cnsomssimu JHHHAMH,
& — WITPHXOBHIMH,

Tlepsrni mrar npeo6pasoBaHus COCTOMT B 3aMeHe CTPOTHX Hepa-
BeHcrB  Hectporumu. Ilockombky #(U) xoweuno (cm. {Milnor
(1968))), nosioxum # (U) A {1 nOMeCcTHM B Kaxayio KoMmmoHeHTy U
10 Touke. OGO3HAUUB STH TOUKH Vi, ..., Vi, HOMOKHM

e=min{p;(v)): i=1,..., 8 j=1,..., 1}

Tlockonbky kaxpaas Touka v, & U, 1o pi(v;) >0 (mas i=1, ...

.., §) u &> 0. OYeBUAHO, YTO 3AMKHYTOE MHOXECTBO Touek U,,
Onpeje/isieMoe CHCTeMOk

1 (x)=0, ..., ¢,(x)=0,
pi(x)=e, ..., ps(x)>e, (1.14)
Pss1(X) 220, ..., py (x>0,

conepxutes B U, #(U.) = #(U), Tak Kak Bce v, NeXaT B Pasbix
CBSIHEIX koMmnonenTax U, (CM. B KauecTBe HHTYHTHBHOTrO NpHMepa
puc. 1.10).

Bropolt war npeo6pasoBanus COCTONT BO BBENEHHH HCKYCCTBeH-
HBIX TIEPEMeHHHIX y; AAS BeeX j=1, ..., & (T.e. mo onwolr mnst
KaX/0r0 H3 HECTPOTHX HePaBeHCTB), UTOOH L paccMaTpuBasoch
KaK Takoe MOAMPOCTPAHCTBO B E*+h, rre

(q(®x)=0,..., ¢,(x)=0,

pi(X) —e—gt=0, ..., p (X) —e—yl=

(1.15)
[P ®) = 42,,=0, ..., p, (x) — g2 =0.

OuesujHO, YTo MHOKecTBo U* Beex pemennii (1.15) npeacrasaser
coGoii anre6panyecKoe MHOroo6p B E™th, omp oe NoJH-
HOMaMH CTelleHH, He NpeBHINaomedi d H yJOBJIETBOpAIOLIEE YCI0-
BHAM TeopeMb Musnopa — ToMma; ciesoBateabno, uucao # (U*)

CBSI3HBIX KOMIOHeHT U* OLEHHBaeTCs CJIeLyloluM 06pasoM:

#(U)<d(2d— 1"
3ameruM, uTo Ue — 370 mpoekuus U* Ha E™; MOCKOJIbKY MPOELHPO-
BaHie sBJseTCs HelpephiBHOA GyHkumed, To #(U.) < #(U*).
Benomunast, uro # (U) << #(U,), Mbl 3aKiouaem:

+h-1

#FU)<SHF UI<#WU)<d- (24— 1)
4TO H SIBJSETCS HCKOMBIM pesyabTatoM. B camom sene, ecan (1.13)
€CTh MHOKECTBO OTPaHHYeHHii, IOy4eHHBIX NP NPOXOKACHHH NyTH
B T OT KOPHS K JIHCTY, TO YHC/IO HEDaBEHCTB A NO BeJHUHHE He
NPEBOCXOAHT AJHHBI 3Toro nyTd. OTCIOAa CJeAyeT, YTO JIHCT Ha
9TOM NIyTH cBsi3an He Gonee ueM ¢ d(2d — 1)™+—! CBA3HBIMH KOM-
NOHeHTaMH 13 MHOXKecTBa W MCTHHHOCTH juia MaHHOH 3afaud. Ecau
h* — Bpicora T (anMHA HaHGOJBLIETO MYTH OT KOPHS IO JIHCTA), TO
T umeer He Gosee 2"' JIHCTOB; MOCKOIbKY KaXAbiif JIHCT CBs3aH He
Gosee uem ¢ d(2d — 1)"**~! cpasupMu Kommomentamn u3 W, To

#(W)<2¥ - d-(2d — 1),
HITH, 4TO TO JKe caMoe,

> log=W)  nlog@d—1) _ logid—logs 2d—1)
Z Ttloga(2d—1)  T+loga(2d—1) T+log(2d—1)
(1.16)
CdopmyaupyeM 3TOT BaXKHblii Pe3yJIbTAT B BH/IE TEOPEMBL

Teopema 1.2'). [Tycto W— mHONMECTE0 6 OeKapTo8OM NPOCTPAaH-
crée E*, a T—a. P depeso p ¢ p
nopadxa d (d = 2), koropoe pewaer sadauy o npuradrexcrocru W.
Ecau h* — goicora T, a #(W)— qucao pazdesumblx c8a3H6LEY KOM-
nonent W, 10 h* = Q(log #(W) —n).

Teopema 1.2 Bkmouaer u cayuait-d = 1, NOCKONbKY NpH M0GOM
$uKcHpOBaHHOM d => 2 JONMYCTHMBI H NOJHHOMEI MEHBUIHX CTeNeHek
(mpoctbiM 0GHY/eHHeM KO3((HIHEHTOB NpH BHCIIKX crenensx). [To
CyllecTBy, HCIOJIb30BaHHE HeJHHeHHbIX MOJHHOMOB B KauecTBe
OYHKIHA NPUHATHS DellleHnii He M3MeHsSeT NPHPOAY STOH 3ajaun
PpajuKanbHO; NPOCTO HauGoJIbIIAs BHICOTA JlepeBbeB BBIYHCJICHUH
YMeHbIUAeTcsl Ha MyJbTHIJIHKATHBHYIO KOHCTAHTY, 3aBHCAULYI0 OT
MaKcuMaibHOro mnopsaka d. Iloceninsis TeopeMa — KpaeyrobHBL
KaMeHb B NOCTPOEHHSIX HHMKHHX OLEHOK, KOTOphle GYAyT MpeicTaB-
JIeHB! B CJEAYIOLIHX TIaBaX.

1) B neitctButenbhocTH Ben-Op 10Kasan HeCKOJAbKO 6ofee CHABHEIA pe3yiib-
Tar, He3aBHCHMHIf oT d.



IJIABA 2

leomeTpuyeckuit nmouck

Yto6el onucats nouck B mpoctefiuieii aberpakTHOM (op-

Me, npeicTaBuM cebe, YTO y HAC eCTb HEKHil HAGOp AaHHHIX (HMe-
HyeMblii (aiiioM) M HEKOTOPblii HOBLI 31eMEHT AaHHBIX (HMeHye-
MBIl 06pasuom). [Torck — 3710 yeranoBaenne cBsi3n Mex Ay 06pasLom
H (aiinoM. K BCoMoraTe/bHbiM, HO B IPHHIUHIE He YHCTO TIOHCKOBHIM
ONepalHsiM MOXHO OTHECTH: BKJIOYeHHe oGpasla B (aiiy, yaaneHne
o0pasua u3 ¢aiina, eci oH Obial TaM, u T. 1. Kak ykasan Knyt
[Knuth (1973)], mouck cBoAMTCS K ONpeje/ieHuIo NO3ULHU COOTBET-
CTBYIOllel 3amucH (Wau 3aniceil) B LaHHOM HaGope 3amuceii.

Xorsi Bee BH/bI NOHCKa 00J1a2I0T PSIAOM OGIIHX GA3HCHBIX YepT,
ero oco6asi reoMeTprieckas Gopma MO3BOJSET CTABUTH BONPOCH CO
CBOHMH HENOBTOPHMBIMH HIOAHCAMH. BO-IIepBLIX, MOTOMY YTO B reo-
METPHYECKHX NPHJIOKEHHsAX (afiibl 3TO He MPOCTO «KOJMICKUHH»,
KaK B psfle APyrux obuacreii unpopmaruku. Yalle onn oTobpaxaior
Gosiee CJI0KHBIE CTPYKTYPHI, TaKHe Kak MHOTOYTOJAbHHKH, MOJIH3ADhI
u 1. . Xots cayuai, ckaxeM, Ha60pa OTPE3KOB HA IVIOCKOCTH Bbi-
TASAHT 0OMaHYHBO GECCTPYKTYDHBIM, Ha CaMOM Jele KaXAOMYy OT-
Pe3KY CONOCTABJIEHBI er0 KOHIbI, KOOPAHHATHl KOTOPHIX KOCBEHHO
CBSI3aHbI MeXKAy coGOit METPHYCCKON CTPYKTYPOii 3TOi MIOCKOCTH.

Tor ¢akt, uTO KOOPAMHATHI TOYEK MPENCTABHMB ACHCTBHTENb-
HBIMH YHCJaMH, YacTO BeAeT K TOMY, YTO Pe3yJabTaToOM MOHCKA MO-
JKeT OKasaThCsl He 3/eMeHT ¢aiiia, cooTBercTByomui o6pasuy, a
CKOpee no.0%cerue TIOCaeIHero OTHOCHTEIbHO (afiia. To H cocTas-
JISleT BTOPOE OTJIHYHe TeOMeTPHYECKOIO IOHCKA OT OGBIYHOTO.

2.1. Beenenue B reomeTpHuecKuii mouck

B JlaHHOW rJaBe OMHCHIBAIOTCS OCHOBHLIE METOAbl Teo-
METPHYECKOro TIOHCKa, KOTOpbie 6y.uy'r HCITIO/Ib30BaHbl B IOCJACAYIO-
IIHX rJaBax Jyisi pelieHHs 6oJstee TPYAHBIX 3amad. TTouckoBoe co06-
LIeHNE, B COOTBETCTBHH C KOTOPBIM BejleTes NpocMoTp aiisia, o6biy-
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HO HMeHyeTcs sanpocos. OT Tina ¢aitia H 0T Habopa AOIYCTHMLIX
3alpoCOB OYAYT CHAbHO 3aBHCETb OPraHM3alls TEpBOTO K airo-
pHTMBI 06paGoTkH mocaesHux. OHH KOHKPETHbIl IIPHMEp NO3BOJIHT
yOeAHTBCS, HACKOIBKO BasKeH 3TOT acleKT 3a1auH.

Ilycte uMeeTcst HaGop reOMeTPHYECKUX AAHHBLIX H HYXKHO y3HATb,
06/1ala10T /I OHH ONpEJeTeHHBIM CBOACTBOM (CKaxeM, BbIIYK-
JlocTblo). B mpocreiiimem ciiyyae, Koraa 30T BOMPOC BOSHHKAET eAH-
HOX/BI, OBJIO PAaCTOYHTEJNBCTBOM MPOBOAMTH I11pefo6padoTKy B
HaZieAe YCKOPHTb HPOXOXKAeHNe mocieayionix 3anpocos. Haso-
BeM DPasoBbIfl 3ampOC TAKOrO THIA YHUKAAbHoLM. OjHako GyRyT H
3anpoCE, 06pPabOTKa KOTOPBIX MOBTOPSIETCS MHOTOKPATHO Ha TOM
ke camoM (Qaiiie. Takue 3anPoChi HA30BEM MACCOBLLMIL.

B nocaeaneM ciaydyae, BO3MOXKHO, CTOHT PAacloJOXHTh HHGOpMa-
ILHI0 B COOTBETCTBHH C HEKOTOPO# CTPYKTYPOH, 06Jieruaioneli noucK.
O/HAKO 3TO MOXKHO MPOAENATh, TOAbKO 3aTPATHUB HEKOTOPLIH pe-
Cype, H aHAJH3 HaJ0 COCPEIOTOUNTDH Ha YETHIPEX Pas/lyHbIX Mepax
€ro oueHki:

1. Bpests sanpoca. CkoAbKO BPeMeHII HCOOXOAHMO KaK B cpeji-
HeM, TaK H B XyALIeM ciayuae JJsi OTBETa HA OJHH 3a1poc?

2. ITamate. CKOTBKO maMsITH HEOOXOAHMO A CTPYKTYPbl AaH-
HBIX?

3. Bpess npedodpaborku. CKONbKO BPeMEHH HEOOXOAMMO A
OpraHH3alHMH TaHHBIX Mepej MOHCKOM?

4. Bpems KoppekTuposku. YKkasaH sieMent aanubix. Ckoabko
BpeMenn norpeGyeTcs Ha ero BKJIOUEHAe B CTPYKTYPY AAHHBIX WJIH
yaaleHne u3 Hee?

Pasfiunblc BAPHAHTH 3aTPaT BPEMEHH 3a1poca, BPeMeHH Npei-
06paGOTKH 1 TAMATH XOPOIIO MPOAEMOHCTPHPOBAHBL Ha CJe/ylolieM
npuMepe pelueHns 3ajaun pezuonaivoeo noucka [Knuth (1978),
7. 3]'), KOTOpast YacTO BO3HHKAeET B reorpaduueckux NpHIOKeHHsX
W TIPH ynpaBieHun 6a3aMu JaHHbIX:

3apawa M1 (PETHOHAJIbHBIM TIOMCK — ITOJACYET).
Jann N Todek Ha miockocTd. CKOAbKO H3 HIX JIeXHT BHYTPH 3a-
JIaHHOrO NPSMOYTOJIbHHKA, CTOPOHbI KOTOPOTO MapajiielibHbl KOOp-
AuHATHBIM 0csAM? To ecTh CKOJIBKO TOUEK (X, Y) YIOBJIETBOPSAIOT He-
paseHctBaM a << X< b, c<y<d ans 3aganmbx a, b, c u d
(puc. 2.1)?

OYeBHIHO, YTO YHHKA/bHBI PErHOHAJBHEI 3aMpPOC MOXKET GhiTh
o6paGoran (ONTHMAJNbHO) 3a JHHEHHOe BpeMs, TaK KaK HaJo TOJb-
KO POBEPHTH KaXAyio u3 N Touek, 4TOGH YBHJETh, YAOBAETBOPSET
JIH OHa HePaBEHCTBAM, 3a/AI0NHM NIPAMOYTOMBHUK. AHAJOTHYHO He-
06X0AHMa JIHHefiHas 3aTpara NAaMsTH, TaK KaK CACIYeT 3aMOMHHTD
Tosbko 2N Koopauuar. Her HuKaknx saTpat Ha mpefo6paGoTky, a

1) Dra sanava GyseT paccMOTpeHa B NOJHOM ofbeme B pasm. 2.3.
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BPEMs KOPPEKTHPOBKH I/l HOBOA TOYKH PaBHO KoHcTaHTe. Kaxyio
CTPYKTYPY AAHHBIX MOXHO HCHOJIb3OBATH IJISl yCKOPEHHs 06paGoT-
KH MaccoBbix 3anpocos? Kaxercs, 4To CJAHUIKOM TPYAHO HaiTH Ta-
KOe YIOpsIOUeHHe TOUEK, 4TOGH JI0GOH HOBLIA IIPSMOYTONBHHK
MOF OBITh JIEFKO C HHM COFJIacoBaH. Mbl He MOXEM TaKke PEelInTb
STy 3ajiauy Hanepei NIl 6CeX BOSMOMKHEIX NPAMOYTOJbHHKOB, TaK
KaK HX uncno Geckoneyno. Cieaylollee pelleHHe SIBJSETCS IpHMe-
POM HCIONIB30OBaHHA MeTO0Q A0KYCO8 B TEOMETPHUECKHX 3ajavax:
3ampocy CTAaBHTCSt B COOTBETCTBHE TOYKAa B YLOGHOM /s NOHCKA

.

i
i
I
I
|
L
a b
Puc. 2.1. Pernonanbhbiit 3anpoc. CKOMbKO TOYEK BHYTPH MpAMOYTOMbHHKA?.

[POCTPAHCTBE, @ 3TO NPOCTPAHCTBO Pa3GuBaeTcs Ha o6acTH (20KYy-
col) '), B Tpejieslax KOTOPbIX OTBET He H3MeHsieTcst. [IpyrHMH cJ10-
BaMH, €C/H CUHTATb IKBHBAJICHTHHIMH [Ba 3ampoca, Ha KOTOpble
MOCTYNAIOT OJHHAKOBbE OTBETHl, TO Kaxaas 00JacTb pasOueHHs
IIPOCTPAHCTBA [IOHCKA COOTBETCTBYET OJHOMY KJIAacCy SKBHBAJIEHT-
HOCTH 3alPOCOB.

TpamoyronbHuK caM mo ceGe — HeyNOGHBIA OOBEKT; Mbl Mpen-
noynTaemM paboTaTh ¢ TOUKaMH. DTO O3HAUAET, HAPHUMEP, UTO MOXK-
HO 3aMEHHTb 3alPOC C NPSIMOYTOJBHHKOM YeTHIPbMsI I10A3aJauaMH,
10 O/IHOH HAa KaXJylO H3 ero BepIUWH, H COBMECTHTb HX DeLIeHHS
JUIsL TIOTYYeHHsT OKOHYaTeIbHOro oTBeTa. B aToM cayuae mogsanaua,
CBsi3aHHas C BEPLIHHOH p, COCTOMT B ONpENeNeHHH YHCAA TOYEK
Q(p) HCXONHOrO MHOXeCTBa, KOTOPbe YAOBJETBOPSIOT HepaBeH-
crBaM ¥ << X(p) n y < y(p), T.e. UMCIA TOYEK B JIEBOM HHIKHEM
KBa/IpaHTe, OnpejeseMOM BeplIHHOi p (puc. 2.2).

TlonsTHe, ¢ KOTOPHIM MBI BCTPETHJHCH 3/€Ch, — 3TO 8KTOPHOE
domunuposanue (cM. Takke pasi. 4.1.3). ToBopsar, uTo ToUKa (Bek-
TOp) v JoMUHupYeT HAaX W, TOTAA H TOJBKO TOrAa, KOTAA AJMs BCex
MHIEKCOB [ BEPHO YyCJNOBHEe ¥; => w;. Ha miockocTH ToUKa v AOMH-
HHPYeT Haj W TOTJa H TOJbKO TOTAa, KOTJAa W JIEXKHT B JIEBOM

1) Tloustiio «ioKyc> i TepMiH P
MECTO TOueK», ynorpeGasiouuiics ceifuac JHmb B yueGHoi nurtepatype. — ITpusm.
nepes.
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HHXKHEM KBajJpaHTe, onpefeisemoM v. Hrak, Q(p) — uucio
TOYeK, Haj KOTOPbIMH JAOMHHHDYeT p. CBfi3b MEXLy AOMHHHPO-
BaHHeM H PErHOHANbHBLIM MOHCKOM BujiHA Ha puc. 2.3. UHCIo TOYek

y .

-

Prc. 2.2, CKo/IbKO TOYEK <I0ro-3anajee» p?

N (pnpzpam) B NpAMOYTOJNIbHHKE pP1PsPsPs ONpeNesIAeTC CAEAYIOMUM

WG =) — () —@(p0 +Q0po). | @
—T7h, - b pPiT PRGN

310 caenyer u3 TOPHOrO NpaBHjia 51— HCKJIOYe-
mus (Liu (1968)]: Hax BceMu TOUKaMH NMPSMOYTOMBHHKA, HECOMHEH-
HO, XOMUHHMDYeT BepmuHa p). HyHO MCKAIOUNTL TaKHe TOUKH, Haj
KOTODHIMH JIOMHHHDYIOT P2 U P4, HO 3TO IPUBEJET K TOMY, UTO 4acTh
TOuEK GyAeT HCKJIOYeHa ABa-

KU, @ HMEHHO Te, Hag koto-
PbHIMH JIOMHHHPYIOT H pa, H e
P4, HO KaK pa3 3TH TOUKH Je-
XaT B JIEBOM HHXKHEM KBaj-
PaHTe BEPUIHHHL ps.

Hraxk, sanaua pernonainn- Ty Py
HOTO TNOHCKa CBeJleHa K 3aja- . t .
ue 06paGoTKH 3aIpoCoB O A0-
MUHHDOBaHHH JUIS 4YeTHIpex
rouek. CBOMiCTBO, OGACT4a0-  puc 93 Perwonamsmit nonek o dopye
lee STH  3aNpOCHl, 3aKJIO-  werhipex 3ampocos o OMHHHDPOBAHHH.
Waercs B TOM, uTO Ha MJO-

CKOCTH CYWIECTBYIOT 0GJIaCTH yA0GHOH (OPMBI, BHYTPH KOTOPHIX
UHCJIO IOMMHHPOBAHHS Q SIBJISETCA KOHCTAHTOM.

TIPEANOIONKHM, UTO H3 HAWIMX TOVEK HA OCH X W y OMYyIIeHH!
TIepNeHIUKYJISPE, a MOJNyYeHHbe JIHHHH NPOAOIKEHH B GeCKOHed-
Hocth. Onn cosnator pewtetky H3 (N + 1)2 npAMOYroMbHHKOB, Kak
TMOKa3aHo Ha pHc.2.4.

Jlns Beex TOUEK p B MOGOM H3 TAaKHX TPSMOYTOJILHUKOB (siueek)
Q(p) — xoncTanTa. D10 O3HAWaeT, 4TO NOMUHAHTHHIA NOHCK eCTh

Pt

\Ps
i
! x
I
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TPOCTO OTBET Ha BOMPOC: B KaKOH siueiike NPAMOYrONbHONH pelIeTKH
JIEXKHT 3aJaHHas TOUKa? Ha sror BONpoOC 0COGEHHO JIETKO OTBETHTb.
IMocne ymopsaoueHnst HCXOAHHIX TOUEK 1O 0GeHM KOOpAHHATAM
OCTAHeTCs] TOJBKO BBINMOJHHTb ABa ABOHYHBIX NOHCKA (l‘lO OJHOMY
I KaXKA0ii ocH), uTOOBl HAHTH sueiiKy, COMePKAILYI0 HAlly TOUKY.
3uaunt, BpeMs samnpoca Gyser pasunm Tosbko O(log N). K coxa-
sennto, uMeercsi O(N?) siueek, MoITOMY GyneT HYXHa KBaJpaTHd-
Hasi NamATb. HY)KHO, KOHEYHO, BBIYHCJIHTb YHC/I0 JAOMHHHDOBaHHA

y

'

oi1liel3lalsie |7
3 5 |

cfeam

3 4 |5

cedl

2 3 14

1 12

R S

o 0 o0

i ; M

Puc. 2.4. TIpamoyroavlias peureTka s AOMHHAHTHOrO MOHCKaA.

IV KaXA0i sveiikd. DTO MOMKHO JIErKO npojenarth Ais MoGOA 3
siueek 3a Bpemst O(N), uro mpuBoaur K oGulei 3aTpate BpeMeHH
O(N?®) ma npeo6paGoTKy; 0HAKO VIS MeHee HAMBHOrO Moaxoia ')
BpeMst pero6paloTKH MOKHO cHH3NTh 10 O (N?).

Ecan KTO-TO cOYTET 3aTpaThl MAMATH H BPeMeHH Ha' npero6pa-
60TKy A/t BBIUIEH3/IOKEHHOTO METOAa YPEIMEPHBLIMH, TO OH MOXKeT

Tagauya 1
3anpoc TMamsare TMpeno6paborka Tlpumeuanue
0 (log N) o) 0 (N?) Hanoxensuii me-
TOA
0 (log? N) 0 (N log N} 0 (N log N) ?)
O (N) O (N) 0 (N) Bes  mnpenoGpa-
GOTKH

') Cw. paGoty mo pervionaasiomy moncky [Bentley, Shamos (1977)].
2) 3101 pesydbrar, noayuennmii Takae n [Bentley, Shamos (1977)], Gyzer
yokasau B pasa 2.3.4.
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nccaenoBarh Apyrue noaxoanl. OGLIYHO 3TH HCC/AEAOBAHHS ACMOH-
CTpHpYIOT oOluee NpPaBH/IO, H3BECTHOE H3 NPAKTHKH [OCTPOEHHs!
AJrOPHTMOB, 4 HMEHHO B3aHMO3aBHCHMOCTb MEXAY PasiIHUHBIMH
MepaMH 3hGeKTHBHOCTH. 3ajaua DErHOHaJbHOTO IOHCKA He Co-
cTaBJsieT MCKJIoueHHsi; B TaGauile | rokasaubl 3aTpaThl HPH KOM-
GHHHDOBAHHH PECyPCOB.

M3 npeabiAyuix paccysk/ieliii BhTeKaloT JBC TJaBHBIE MOl
JUTS 3a]1a4 TeOMETPHIECKOrO NOHCKA:

1. 3adauu aokaauzaiuu, Koria ¢aiia npeacrasasier coboii pas-
GueHHe TeOMETPHYECKOro MPOCTPAHCTBA Ha 06JIACTH, A 3aNpPOC SIBJIS-
ercs Toukoit. JIOKaJK3alHs COCTONT B ONpPe/iesIeHHH 06JacTH, cojiep-
XKallell 3anpONIEHHYIO0 TOYKY.

2. 3adawu peeuonaibrozo noucka, Korma dain coaepKuT Ha-
6op TOuEeK NPOCTPAHCTBA, a 3ampoc ecTh HeKas CTaHAapTHAA Teo-
MeTpHueckasi (Hrypa, NPOH3BOJIBHO NepeMellaeMast B 9TOM IIpo-
crpancrse (THIHUHBI 3aIpoc B 3-MEDHOM NPOCTPAHCTBE 3TO Liap
uan 6pyc). PernoHasbHBI IOHCK COCTOHT B H3BJeueHHH (3ajaun
oT4era) maM B IOAcCUeTe YHC/IA (3afauu nodcuera) BCeX TOUEK BHY-
TPH 3aNPOCHOTO pernoHa (06aacTH).

XoTsi MeTOJBI, MCHOJb3yeMble I/ PelIeHHs 3THX [ABYX THIOB
3a/1a4, 6JH3KH — MBI TOJIBKO UTO BHJENHU, KAK PErHOHaJbHEIA MOHCK
MOKeT GHITh CBe/ieH K 3ajaue O JIOKAJH3aUWH TOYKH, — YA00HO Je-
MOHCTPHPOBATb MX OTAeMbHO. OCTaTOK 3TOM IVIABH MOCBSILEH AdH-
HOMY BOTpOCY.

2.2, 381[8'-"4 JIOKAJIM3alHU TOYKH
2.2.1. O6uue coobpaxenns. Mpoctoie caysan

33118'-!14 JIOKAJIH3allHH TOUKH MOXHO TakK¥e C IOJIHbIM
OCHOBaHHeM Ha3BaTh 3adadamu O npw-tac)/zemnocm TO4KU. B camom
Jieqie, yTBepXKAeHHE «TOYKa p JIeXKHT B o6nacTH R» CHHOHUMHYHO
YTBEpIKACHHIO «TOUKA p MPHHAAIEKHT o6aacTH R». Tpyroemkocts
pelleHHsi 5TOH 3ajauH, 6e3ycnoBHO, GyAeT CyLIeCTBEHHO 3aBHCeTh
OT MPHPOALI IPOCTPAHCTBA H OT criocoba ero pasﬁueuum

JInst COBPEMEHHOrO COCTOSIHHS BLIMHC/THTENBHON TeOMeTpPHH TH-
MHYHO TO, YTO MJOCKAas 3ajada XOPOWIO H3yUeHa, HO BECbMa MaJso
H3BECTHO Npo caydaft E® u naxe ellle MeHee — NPO CJIydaH G6ob-
IIero YHCJIa H3MepeHHi.

Jlaxke B caMOM IpPOCTOM CjydYae ILIOCKOCTH THN Da3bHenusi, Ha
KOTOPOM BeJeTCHl MOHCK, ONpenensier ASs 3TOfl 3aJauf CJIOXKHOCTb,

yio Tpems MepaMH, y BIMH B TpeJbIy-
weM pasjese. PaccMOTPEM CHauana PasGHeHHs MJIOCKOCTH — HJIH
naanapuele nodpasbuenus, Kax UX OOBIYHO HA3HIBAIOT, — 06paso-
BaHHBIE ﬂpﬁMO}lHHeﬁHHMH OTpe3KaMH; 3aTeM MBl OTKaxeMmcsd OT
3TOro JIONyUIeHHs, KOTOpoe BBITJISA AT orpaHHquaammnM. OIIHZ!KO
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npexcae, 4eM HaJoNeHHe GYAeT NPOZOJIKEHO, HeOGXOAHMO ymoMs-
HYTb 00 OAHOM TEXHHYECKOH NeTa/H: paccMaTpHBaeMble HAMH Mia-
HapHble NOAPa3CHEHHs TAaKOBbI, YTO HOCJE YAAMEHHS H3 IJOCKOCTH
TPaHHL, 00J4cTell OCTAlOHeCs OTKPHITHIE MHOMKECTBA CBSI3HBHL. DTO
HYXHO JJIst TOro, 4To6bl Mapy TOUEK, NIPHHAAJIEXKAIINX OAHON 062~
CTH, MOXHO OblIO COGAMHHThb KPHBOH, HE COAepxalllefi FpaHHYHBIX
TOYeK 06JacTH.

Ilepsoit npuxoauT B ro0By 3ajava, B KOTOPOK MIOCKOCTH pas-
Guta Ha jBe 06.1aCTH, OAHA U3 KOTOPHIX GECKOHeUHa, a jpyras sB-
JISIeTCST MHOTOYrosibHukoM P. QueBHaHO, 4T0 P — npocroii Muoro-
YTOJIbHUK; STO CJEAYeT W3 YCJIOBHA pa3GHEHHs IIOCKOCTH Ha JBE
o6nactd u M3 Teopembi )KOpJaHa /A MHOTOYFOMBHHKOB (CM.
pasa. 1.3.1). Hrak, MOKHO chOpMyTHPOBaTH:

3apauy .2 (NPHHALJIE)XHOCTb MHOTOYIOJIbHUKY).
Manbl NPOCTOi MHOTOYrOMILHHK P 1 TOUKA 2; OMPEAENHT, HAXOLHT-
csi iu 2 BHYTpH P.

MoBropum eie pas, 9T0 TPyAOEMKOCTb 3TOH 3a7adH 3aBHCHT OT
TOro, 06/1a/1a€T a1 P IOMHMO MPOCTOTHI ellle KaKHMH-RHGYAb Noses-
HBIMH CBOHCTBaMH. MHTYHTHBHO BBINYK/BI MHOTOYTOJNBHHK BHILJIS-
AuT Gostee NpocTLIM 06beKToM. [ToaToMy paccmoTprM:

3anauy M3 (ITIPUHAIJIE)XHOCTb BBIIIYKJIOMY MHO-
TOYTOJIbHUKY). Jansl BbnyKasiii MHOTOYroAbHAK P it TOUKa 2.
Haxonutest ain z suyTpu P?

MoxKHO Cpasy e MPOJCMOHCTPHPOBATD ee PellieHie AJIs CAydast
YHHKAJIbHOTO 3aNpoca, MPHYEM ITOT Pe3y/bTaT GyAeT CIpaBeiHB U
V151 HeBBINYKJIBIX MHOTOYTOJTBHHKOB.

Teop 2.1. Mpunad. b TO4Ku Z BHYTpeHHeld obaacTu
7poctozo N-yeoabruxa P momno ycranosuts sa epems O(N) Ges
npedobpaborku.

Hoxasaresscreo. TIpoeleM duepes TOuKy 2z ropusontans |
(puc. 2.5). Io Teopeme JKoprana BHelUHSs BHYTPeHHsIs 06,1aCTH
P xopouro onp Ecou [ ne nep P, 10 z — BHeWwHss
Touka. [lostomy nycrs ! nepecekaer P, 1 paccMOTpHM BHauaJe Ciy-
uait, Koraa ! e MPOXoAMT HH Yepes oxy u3 Bepumn P, Ilycts L —
UHCJIO TOYeK Mepecevennst [ ¢ rpannuei P caesa or z. ITockonbky P
OrpanuyeH, Jesbit kouel [ yexur BHe P. Bynem asuratbca Baoan [
0T —o0 HanpaBo BIJIOTb A0 2. Ha camom JIEBOM INepecevyeHHH lc
rpauuieit P Mbl nonafieM BHYTPh P, Ha CJeAyIOWIeM Mepeceuensin
BEIfileM HaPYXy H T. 1. [103TOMY 2 JIeXHT BHYTPH TOrZa H TOMBKO
Toraa, koria L mewerHo. Temeph paccMOTpHM BHIPOXIEHHHIA Cay-
uait, Koraa ! mpoxout uepes BepiiMHE P. BeckoHeWHO Masbiii mo-
BOPOT | BOKPYT 2z NPOTHB YacOBOH CTPENKH He H3MEHHT KiacCHdH-
Kauuu (BHYTDH/BHE) TOUKH 2, HO YCTPaHHT BHPOXJeHHOCTb. Hrak,
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BOOGPA3HB PeasH3alHI0 3TOrO GECKOHEUHO MaJoro MOBOPOTA, Mbl
YBHAMM: ecin 00e BepLIHHbI pe6pa npHHAAMeKaT [, TO 310 pe6po
caeyer OTGPOCHTD; eC/H Ke DOBHO OJHAa BepulMHa peGpa JexHT
Ha I, 0 nepeceyenne GyAeT yuTeHO, KOrAa 3Ta BepUIHHA C GOMBIION

P

: A 3

Puc. 2.5. Peulenne 3ajaud O NPHHAJIENKHOCTH TOYKH NMPOCTOMY MHOTOYTOJBHHKY
NpH yHHKadbHOM 3anpoce. EcTh ToMBKO OAKO Nepeceuehne P mmmelr [ ciea
OT 2, IO3TOMY Z BHYTPH MHOTOYTOJBHHKA.

OpAHHATOM, H HCHOPHDYETCS B MPOTHBHOM caydae. Peslomupys, mo-

TTydaeM CJaeAylomHil aqropuT™:

begin L:=0; §
for i:=1 until N do if pe6po (i) He ropusouTambHO
then if (peGpo (i) mepecekaer ! HHKHHM KOHIOM

caeBa OT 2)
then L:=L+1;
if (L newerno) then z BHyTpH else 2 chapyxu
end.
o"leBH}lHO, 4TO 3TOT HpOCTOﬁ AJrOpHTM BBINIOJNIHACTCSA 3a BpeMms
O(N).

Jlns MaccoBbIX 3aNpOCOB CHAUa/ia PAacCMOTPHM Caydafl, Koraa
P — BEIyKJIBA MHOrOyroabHHK. IIpeasiaraeMbiil MeTON HCIOMb3yeT
BBINYKJIOCTh P, a HUMEeHHO CBOﬁCTBO, YTO BEPUIMHBI BBHINYKJOrO MHO-
TOYyroJibHHKa ynopsA0oueHsl Mo TOJSIPHBIM YIVIaM OTHOCHTEJIbHO JIIO-
6ol BHYTpeHHeH TOYKH. TaKyio TOUKY ¢ MOXKHO JIerko HaiTH; Ha-
npHMEp, MOKHO B3SITh IEeHTP Macc (UEHTPOMN) TPEYroNbHHKA, 06-
pasoBanHoOro J106o# Tpofikoi Beputin P. Teneps paccMorpam N ay-
qeﬂ, HCXOASUIMX M3 TOYKH § H NPOXOASIIHX Yepe3 BepLIHHBI MHO-
royronsiuka P (puc. 2.6).

STy ayud pasbuBaioT maockocth Ha N xnumbe. Kamawidt Kiun
pasbUT Ha ABe YacTH OXHHM H3 peGep P. OnHa u3 3THX yacreii Je-
KHT UEJIHKOM BHYTpH P, Apyras — nenukoM cuapyxu. Cunrtas ¢
HayaJoM MOJAPHBIX KOOPAHHAT, Mbl MOXKeM OTHICKaThb TOT KJHH, rae
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JIeXKHT TOYKA 2, MPOBeAs OAWH Pa3 ABOHYHBIA MOMCK, NOCKOJBKY
JIyUH clIelyloT B MOpsAKe Bo3pacTaHisi HX yrios. ITocie maxoxie-
HUsl KJIHHA OCTAeTCS TOJNBKO CPABHHTH 2 C TEM eQNHCTBEHHHIM peb-
poM H3 P, KOTOpOe paspesaer STOT K/HH, H PEWHTb, JEXHT JH Z
BHYTpU P.

Prc. 2.6. PasGuenwe Ha KAHHbS AJs 332U O NPHHALJERHOCTH BHNYKIOMY
MHOTOYroAbHHKY. 1. JIBOHUHHIM MOHCKOM HAXOZHM, YTO 2 JIEKHT B KIMHE pigps.
2. Onpepensisi, n0 Kakylo CTOpOHY peGpa pipz JIeXHT 2, HaXONUM, 4TO Z CHa-
pyxH.

IpexoGpaGorka B BHILIEON crnocoGe p COCTOHT B
MOHCKe § KaK LeHTPAa Macc Tpex BepLIHH H3 Pu pa3MenieHHH Bep-
WHH py, P2, ..., Py B CTPYKTYpe AAHHBIX, NPHTOAHOH AJS NABOHY-
HOro moucka (Hampumep, B Bektope). OueBHAHO, 5TO MOMKHO IpPO-
nenatb 3a BpeMst O(N) aast 3ajaHHOM IIOCHELOBATENBHOCTH pi,
Pa ..., py. Temepp cOCPeNOTOUHM BHHMAHHE Ha IIPOLEAYDE MOHCKA:

Mpouenypa NTPUHAIJIE)XHOCTb BBIMTYKJIOMY MHOTO-
YIOJIbBHUKY
1. Tana npoGHasi Touka 2. OnpejensieM MeTOAOM [BOHYHOrO MO-
HCKa KJIHH, B KOTOPOM OHa JIEKHT. Touka 2 JeXHT MeXay Jyuya-
MH, ONpefesISeMbIMH p; U pPiyj, TOLAA H TOJBLKO TOrAa, KOraa yroJ
(2qpi+1) TOMONKHTENBHEIA, a Yyroa (2gp:) OTpHUATENbHEL ).

CJH P W Piy1 HABJEHB, TO 2 — BHYTPEHHsisi TOYKAa TOLAA H

TONBKO TOT/A, KOTAA YIOal (PipPiy12) OTPHUATE/bHBIN.

N

1) 3ameTnM, uTO ONpeNeNeHHIO 3HAKA yrMa (Pipaps) COOTBETCTBYET BblYMC-
JIeHHe OMNpeeUTeNss MATPHUB TPEeThero NOpAAKa, O6Pa3oBaHHOA KOOPAHHATaMH

aTux Touek. KOHKpeTHO, €CH MONONKHTH p; = (Xi, i), TO STOT ONPENEJHTEb,
£y
paBumift | ¥2 Y2 ! |, naer y y naowads Tp

X3 Ys
(Pipeps), rhe sHak mmoc Gyner TOrAa M TOALKO TOFAA, KOrAa OGXOm (pypaps)
ODHEHTHPOBAH NPOTHB uacoBoii cTpeakH. HTak, (pipaps) COOTBETCTBYeT JieBOMY
TIOROPOTY TOrAa H TOJBKO TOrAa, KOrAa 3TOT ONpelefHTe/b NOJOMHTE]eH.
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Teopema 2.2. Bpems oreera Ha 3anpoc 0 NPUHAONENHHOCTU TOU-
Ku svinykaromy N-yeononuxy paswo O(log N) npu sarpare O(N)
namaru uw O(N) ap Ha npedeapuresbHyio o6p KY.

Kakoe e CBOHCTBO BEINYKJIOTO MHOTrOYro/JbHHKA TMO3BOASIET NPO-
BECTH GHICTPLIf MOMCK? UTOOB MOXKHO GBUIO MPHMEHHTH JBOHUHbIH
TOHCK, BEPUIHHB Z0JKHBl OHITh YIOPSAAOUEHBI MO YIVIY OTHOCHTEb-
HO HeKOTOpPO# TOYKH. OueBHAHO, UTO BBITYKIOCTb SBJAETCS TOMBKO
JIOCTATOUHBIM yc/I0BHEM 00Jajanus sTuM csoficrBom. Ha camom xe
Jlente cymecTsyer Gosiee OGUIMPHBI KJ1acC MPOCTLIY. MHOTOYTOJbHH-
KOB, BKJIOUAKOWMi B cebsi 1
BBIYKJIbIE  MHOTOYTOJIBHHKH,
KOTOpHii  o6namaeT  3TUM
CBOMCTBOM: 3TO Kiacc 36e30-
HOLX MHOTOYTOJILHUKOB  (CM.
pasa. 1.3.1). JeficTBuTEabHO,
3BE3/IHBII  MHOFOYTOJIbHHK P
(pHc.2.7) cONEPIKHT NO MEHb-
weit Mepe OAHY TOUKYy ¢ Ta-
KYIO, YTO OTPE30K gp; JIeKUT
LEJHKOM BHYTPH MHOFOYTOJib-
HHKa P s moGoH BeplIMHbL
piu3a Pi=1, ..., N.

Jlns onpefesienust npunan-  Puc. 27. 3seaaunit Mioroyronbiik.
JIEXKHOCTH TOUKH 3BE3JAHOMY
MHOFOYTOJIbHHKY MOXKHO HEMOCPEACTBEHHO HCIOJNb30BaTh NPelblly-
Wyl aTOPHTM, €C/H HafileH COOTBETCTBYIOWIH LEHTD ¢, CayXa-
IKit OCHOBOI MOHCKa. MHOKECTBO MOAXOASUIAX LEHTPOB BHYTPH P
6bi10 onpeaedero B pasa. 1.3.1 kak sdpo P. Tloctpoenne sapa
npocroro N-yroJbHHKa JEKHT 32 PAMKaMH 3TOil TJIaBbl; Mbl Bep-
HeMcs K 9ToH 3ajaue B pasa. 7.2.6, rae jokaszaH HEOKHAAHHBI
pesysbTaT, uTO SLAPO_MOXKeT OHTh HafineHo 3a Bpema O(N).
A cefiyac NpeANONOXKHM, UTO SAD TT0); 1
9TOMY MOMHO BBEIODATh LEHTP, OTHOCHTENbHO KOTOPOTO CTPOSITCS
KJIMHbS, HeOOXOAHMEIe A5 NOHcKa. [Tonydaem caeayioutyio Teopemy:

Teopema 2.3. Bpems 0T8eTa Ha 3anpoc 0 nPUHAOAEIHHOCTU TOU-
ku 36e3dnomy N-yeorvnury pasno O(log N) npu sarpare O(N) na-
matu u O(N) Ha npedeapurersuyio o6p KY.

Tenepb MOXKHO OGPBTHTH BHHMAaHHe Ha NPOCTble MHOrOYroJbHH-
KM 06Liero BHAa, KOTOphle GyleM Ha3biBaTh OObIKHOBeHHbIMH. Cy-
IMeCTBYeT Hepapxusi CBOACTB, CTPOrO YNOPSLOYEHHAs OTHOIIEHHeM
«BBITH TNOJAMHOXKECTBOM» !

BbIMTYKJIOCTb = 3BE3/IHOCTb < OBbIKHOBEHHOCTbD.
2.2)
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MBI TOIBKO 4TO BHJEJH, YTO 33/1a4a O NPHHAJEKHOCTH 3BE3HOMY
MHOTOYTrOJIbHHKY AaCHMNTOTHYECKH HHYYTb He CJIOXKHee 3agauu
O TNPHHAJUIEXKHOCTH BHINYKJIOMY MHOTOYTOJBHHKY. Ho uro MoxHO
CcKa3aTh 06 OGLIKHOBEHHOM c.vlyqae? OI(HH H3 MOAX00B K 3TOR 3a-
Jave TOJCKa3aH TeM, UTO KaXK[blii NPOCTOH MHOrOYTrOJbHHK €CTh
obbeIHEHHE HEKOTOPOro 4HCJa MHOTOYTOJBbHHKOB CNeNHaJsbHOIo
BHJ2 — TAKHX, KaK 3Be3JlHble HJIH BHIMYKJIbIE, HIH B KOHEYHOM HTOTE
TPeyroJibHHKOB. K COJKaJIeHH10, MUHHMAaJIbHA A MOmHOCTkaaKOﬁ Ae-
KOMIIO3HILHH MOXeT caMa okasaTbest paBHoit O (N) ). ITosromy naH-
HBIAl MOAXOM CBOAMTCA K MPeoGpasoBaHuio npocToro N-yronbHuka B
N-Bepurnnnbii miockuit rpad. B cBsA3M ¢ 3THM KaxeTcsl, 4TO 3a7a4a
MPHHAANEKHOCTH OﬁHKHOBEHHOMy NPOCTOMY MHOTOYTOJIBHHKY He
Jlerye, yeM, mo-BuauMomy, Gosee obuias 3amada O JOKaJH3alHH
TOYKH B I noap XOTd H 'HO J0Ka3aTesb-
CTBO HX 3KBHBAJIEHTHOCTH. l'loaroMy Mbl COCPENOTOYHMCS Ha INO-
cJeHelt U3 3THX 3ajmad.

2.2.2, Jloka TOUKH Ha p

B raaBe 1 ymomuHaloch, 4TO MAaHAapHEIH rpad Bceraa
MOKeT GHITh YJIOXEH Ha IJIOCKOCTH TakK, 4TO ero peGpa mepefiayr B
npsiMonnHefinble oTpe3ku. I'padbl, yroXKeHHEIe MOXOGHBIM 06pa3oM,
6ynyT HAa3BIBATLCS NAOCKUMU npamosutednsimu epadamu (TITIIT).
Jlwo6oi TIJIT onpegensier, BooGule roBops, NoApa36HeHHe MIOCKO-
ctH; ecau B IITTJIT Her BepuinH co cTeneHbio <<2, TO MOXHO Hemo-
CPEICTBEHHO YGENHThCS B TOM, UTO BCe OrpaHHYeHHBE 06iacTH
9TOTO NMOAPA3GHEHHs — NPOCThie MHOTOYroJbHUKH. Bes notepy obui-
HOCTH 3/leCh H JaJjiee rpad MPEAMOTaraeTcst CBASHBIM.

Uto6bl BECTH MOHCK B MOJOGHOA CTPYKTYDE, MOXKHO MOMBITATHCS
Pas6uTb KaXAYIo 06JaCTh HA TaKHe MHOTOYTOJILHHKH, JI KOTOPBIX
TIOHCKOBAs ONepalHsi OTHOCHTENbHO mpocra. He nprunmas Bo BHH-
MaHHe Ha HEKOTOpOe BPeMs CJIOXKHOCTH TOJYUEeHHs Kenaemoff Je-
KOMIIO3HILHH — 3T0, 6e3YCJIOBHO, MOXKET OKa3aThCsi He MPOCTHIM fe-
JIOM, — 3aMeTHM, UTO YCHeX B JIOKAJH3allWH TOUKH 3aBHCHT OT BO3-
MOMKHOCTH GBICTPO CY3HTb MHOXCGCTBO KOMIOHEHT IEKOMIO3HIHH,
KOTOpHIe caefyeT npocMoTperb. C Apyro# CTOPOHHI, CKOpefilHe H3
H3BECTHBIX METOJ0B NOHCKA OCHOBAHBI Ha OUXOTOMUU, WHAYE ToO-
BOPS, Ha ABOHYHOM moHcKe. Jlerko yGeauThecsi mocie HeGOJBIIOrO
Pa3MBIILITIEHHS, YTO C TOUKH 3PeHHsi 3aTPaT BPeMeHH Ha 3alpoc BO3-
MOXKHOCTb HMCNIO/b30BaTh ABOMUHBI TOHCK BaKHee, YeM MHHHMH3a-
I pasMepa HCCJIIyeMOro MHOXECTBA, B CBSI3H C Jorapapmuve-
CKOl 3aBHCHMOCTHIO BpeMelH 3ampoca oT 3Toro pasmepa. Orcioza

) DTo oueBHAHO, eCAH ABASIOTCA TPey 3
nockoabky k= N — 3. Ho naxe 1715 38e3AHEX KOMNOHEHT B MOXET AOCTHraTh
venunnsl [N/3] [Chvatal (1975)]
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BHJHO, 4TO I[OTEHUHAaJbHO ycneu.muﬁ METOA JIOKAJIH3aUHH TOUYKH
AOJIKEH 061[31.(2\1‘17 CJAeAYIOWHUMH 4YepTaMHu: HCXOAHOe IJ1aHapHoe
ToAp He JO/IXKHO Tip P IBATbCSI B HOBOE, Takoe, 4YTO
KaX/JblH H3 COCTaABJAAIUIHX €ro MHOrQYroJibHHKOB IiepecexkaeTr He-
GosIbLIOe M OTPaHHYEHHOE UHC/AO (BO3MOXKHO, POBHO OAHY) HCXOA-
HBIX oﬁnacreﬁ, H, KPOMe TOro, Takoe, 4T0 K HeMy NpHMEHHM JIBOHY-
HBIA MOHCK. ﬂpyruMH CJIOBAMH, I'IaBHas HJesl COCTOHT B TOM, YTOGH
c030ars Hosble eeomeTpudeckue oGvexTol, donyckarousue OBOULHbL
nouck, W B TaKoM BHae OHa Gblia cdopMyinnpoBana J{oGKHHOM
u Jlunronom [Dobkin, Lipton (1976)]. Bce n3pecTHbie MeTomw,
OMHCBIBAaEMbIC HHIKE, MO CYIIECTBY, NPOHHU3AHbI IOl H,EleeP.I,

2.2.2.1. Meron mosoc

Tlycrs 3agan [ITJIT G. TpoBeseM ropH3OHTaNbHEE MpS-
Mble Yepes KaXKAylo ero BepUIMHY, Kak II0Ka3aHo Ha pHc. 2.8. Ouu
pasgensor miockocTb Ha N + 1 ropusontanbubix noaoe. Ecau npo-
BECTH COPTHPOBKY 3THX NMOJIOC MO KOOpAHHATE Y Kak 4actb I'IP9ﬂ06'
PaboTKH, TO MOABHTCS BO3MOXHOCTh HAaATH Ty MOJOCY, B KOTOPOH
JIeXHT Npo6Has Touka 2, 3a pema O (log N).

Pac. 2.8. Bepunnsi TTVIT onpeie/isioT FOpH3OHTAbHEE MONOCH.

Teneps paccMoTpnM nepecedente oxHOR H3 mosoc ¢ rpadom G.
Ono coctonT M3 OTpeskoB pebep rpada G. ITH OTpeskH ompese-
asor Tpanenun '). IMockonbky G ecTb IJIOcKash yKaaika MJaHap-
Horo rpada, To ero peGpa mepecekalTcsi MexAy co6OH TOABKO B
BepIIHHAX, 2 TAK KaK KaX/as BepUIHHA JIEXHT Ha [PaHHLE [0JOCH,
TO OTPe3KH peGep BHYTPH I0JIOC He mepecekawTcs (puc. 2.9).

TlostoMy naHHbE OTPe3KH MOXKHO TOJHO
Ba_HANPABO-K-MCMONb30BATh ABOHUHBIN NOH
Tpaneuuy, B KOTOPYIO monaja Touka 2, norparus Ha 310 O(log N)
Bpemenn. OTCIOZa NO/MyYaeM OLEHKY BPeMEHH 3ampoca A XYA-
wero cayvas, pasuyo O (log N).

') TakHe TpamewuH, OYEBHIHO, MOTYT BHPOMAATECR B TPEYTOBHHKH, Kak
T0Ka3aHo Ha pHC. 2.9.
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OcTasioch TOJBKO y3HATh, CKOJLKO PECypcoB yuulo Ha npeasa-
puTeabHYI0 MOAroToBKY M 3anoMunanue IIIIT. Ilpun nansnom noa-
Xoze Kaxercsi, YTO HYXXHO COPTHPOBATb BCE OTPe3Kll BHYTPH Kax-
Jioit mostock. Kpome TOro, OCKOJbKY KaXjas IoJioca MOXKeT Cojep-

/ ™

Puc. 2.9. Otpeskn peep rpapa BRYTPH NOJOCH He MepeceKaloTes.

xatb O(N) Takux OTPe3KOB, TO KaxeTcs, UTO AO/IKHBEI norpe6o-
Batest 3atpatei: O(N%log N) — nast Bpemenn u O(N?) —masi ma-
maru. Temeph moKaxeM, Kak COKPAaTHTb BpeMst NpefoGpaGoTKH A0
O(N2). OnHako (B JaHHOM aJrOPHTMe) HHUEro Hevib3si CAenaTh st
COKpAWIeHHs IAMSATH, TOCKOABbKY cymiecryior takue IIIIT, koro-
pbie TpebyioT KBaapaTHUHON mamaTH (puc. 2.10).

Prc. 2.10. CyMmapHoe uHC/IO OTPE3KOB B MoJOCaX Moxer pocturats O(N?).

3ameruM, uyto eciu pe6po IMIIJIT mpoxoauT yepes HECKOMbKO
nosioe, TO 3TH MOJOCH CIEAYIOT OJHA 3a Apyroff. D10 HaGmoaeHue
u ABASETCA TeM KJIOYOM, MO3BOMSIOLIHM COKPAaTHTh BpeMsi Mmpei-
06paBoTKH, TOCKOJIbKY MOXHO BOCHOJIL30BATHCSL METONOM 3aMera;
His_TIockocTH (cM. pasa. 1.2.2). Hanmomuum, ufG airopaiM Imio-
CKOTO 3aMeTanHsl XapaKTepH3YeTCs IBYMst OCHOBHBIMH CTPYKTYpaMu
nanubx: (1) cnuckom Touex coGoiTud, T.e. TIOC/EN0BATENbHOCTHIO
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N03HILK, HA3HAYAEMBIX 1Jifl 3aMeTalollefi npsamoii; (2) crarycom
sameraroued npamoi, T.e. ONHCAHHEM IIePeCeyeHHs 3aMeraloleil
TPAMOi C 3aMeTaeMblM eOMETPHYECKHM O0beKTOM. B HameM ciy-
4yae, €CJIM IJIOCKOE 3aMeTaHHe NPOBOJHTD, CKaxeM, CHH3Y BBepX,

MOMEHTaJ/IbHbBIM CTAaTyCOM 3aMeTalolllell npAMoi Gyler ynopsapoyeH-
Has CII€BA HAUpPaBo NOCAEN0BATEAEHOCTS PEOEp rpada, nepecexaro-
IHX Ty HOJOCy, I/leé HAaXOAMTCS 3aMeTalomas npsamas. Sra Inocjaeno-
BaTeJibHOCTh, T. €. TNOpsAAOK pe6ep cJeBa HamnpaBo, He H3MeHseTCs
BHYTpH JaHHOH TI0J1I0Chl, HO H3MEHSAETCsl Ha rpaHHue co cneﬂylow,eﬁ
T0/I0COH, KOrja AOCTHraeTcs v — HoBasi Bepwnaa IIIIJIT. Scwo,
4TO B 3TON TOUKe PEGpa, OKaHYUBAIOWUeCs B U, YAAJISIOTCH H 3aMe-
HSIOTCH TEMH, K € Ha4MHaioTcA B U. CTaTyc saMeraiomedl nps-
MOU MO0 - pMe [lepeBa, c6alaHCHPOBAHHOIO IO BHI-
core (T. e. 2-3 nepeBa), KOTOPOE, KAK XOPOLIO H3BECTHO, MOMyCKaeT
peanusauuio onepaunii BCTABUTD u YIAJIMTD sa Bpems, npo-
IOPUHOHANBHOE JIorapu¢My ero pasmepa. [lo6aBuM, uTO 3aMeraio-
llasg npamasi CKaHHPYeT TOJIOCH B BOCXOASILIEM nopsiike, T.e. (_I'M*
COK TOYEK COOBITHI — 5TO MPOCTO MEPEYHCIICHHEIE CHH3Y BBepX Bep-
utaEs TIJIT. B Ka®A0i TOUKe COGHITHS cTaTyc 3aMeraiollei nps-
MO KOppeKTHpYyeTCs H 3aroMuHaercd; SICHO, YTO 3TOT CTaTyc ecTh
TIPOCTO NOC/IeI0BATEJIBHOCTE OTPe3KoB BHYTPH BhILIEJIeXale# M0J0-
ckl. C TOUKH 3peHHs 3aTPaTH PecypcoB PaGoTa COCTOHT BO BCTABJeE-
HHH W YyJaNeHUH KaX10ro us pebep rpaga— co CTOHMOCTHIO
O(log N) na oxny onepauuio — H B 3aIOMHHAHHH craryca; Ha mep-
Boe yitner O(N log N) BpemenH, mocKoabKy mo teopeme Siiepa B
N-sepumnnom naanapuom rpape O(N) peGep, a nocaenuee norpe-
Oyer O(N?) namary, Kak ykasaHo Bhllle. AJFOPHTM mpeno6paGoT-
KH Gy/eT HHTYHTHBHO MOHATHEE, eC/H CYHTAaTb pe6pa OPHEHTHPO-
BAHHBIMH CHH3Yy BBEpX. Bepumel, YyHopsAOuYeHHbIe 110 BO3pacTa-
HHIO y, 3anoMuHalorea B MaccuBe BEPINNMHA; Bli] — muoxecTBo
pe6ep, unumnentarx BEPIIMHE[(] cunsy (sxoas a) H

(Bxonsune peGpa) u
YIODSLOUEHHEIX [0 YIiy NPOTHB 4acoBod crpesky; Ali] — MHOXKe-
CTBO pe6ep, _PEXO AMMHX M3 1) _H_yno ANOYEHHBIX IO
_'l_ammm_gleﬁl?{eﬁpa 3alOMHAAIOTCA B COA/NaHCHPOBAHHOM 110
Beicote ziepese [ TIpeanaraercs cleayloumi aaropury:
procedure [IPEJOBPABOTKA-IIJI5I-TOKAJTU3ALLUHN-
TOYKH-HA-IIJTOCKOCTH

begin BEPILIMHA[I : 2N] := pepuiiubi G, ynopsioueHHse Mo
zoapacraﬂmo Y

for i:=2 until N do
begin Y AJINTb(B[i]) us L;
BCTABUTB(A[i]) & L;
3anomunts L
end
end.

8 3ax. 1075
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Hrak, chopmymupyem Teopemy:

Teopema 24 J'Imm Touku 8 N n
ea. b 3a epemz O(log N) ¢ ucnoao-
308aHUEM O(Nz) mmmu ecau O(N?) spemenu ywao na npedobpa-
6oTKyY.

XoTsi JaHHBI MeTOA 06/ajaeT ONTHMAJ/bHOH OUEHKOH BpeMeHH
sanpoca, OJHAKO ero BpeMsi npelo6paGoTkn M — B elle GoJblued
CTEleHH — €ro 3aTpaThl NaMSATH Ype3MepHbl H AJIsi MHOTHX IpHJIO-
JKeHHiI HeJONyCTHMBL. Bblo BhicKasano npe;monomenne [Shamos
(1975a)], uto 3aTpaThl NaMsTH MOXHO cokpatuth Ao O(N), xorsa
3TO MOXeT NoTpe6oBaTh yBennuenns BpeMennu sanpoca a0 O(log? N).
BCKOPE 3Ta runoresa NnoATBepJH/Iach, 4TO H ﬁylleT 1I0Ka3aHO HHXeE.
3TOT MOYTH ONTHMAJBHBIX METOJA CTaJj OCHOBOH AJist nanbﬁeﬁmux
cymlecTsenubIx npoasHKennit [Edelsbrunner, Guibas, Stolfi (1985)].

2.2.2.2. Meron uenef

B To Bpems Kak B MeTofie M0J10C 3 (hEeKTHBHOCTL NOUCKE
ZocTHraercs Gaarongps. _AeKOMIIO3HIEH HCXOJHOrO MNOAPasGuenus
Ha TPANENuH, B METOAe Lenel, npeanoxennom Jlu u Ilpenaparoit
[Lee, Preparata (1978)], ara e ueab JHOCTHraercs Grarojaps Hc-
TOJIb30BAHHIO B KauecTBe 6a30BOH KOMIMOHEHTHl HOBOFO THIA MHOrO-
YTOJILHHKOB, MOHOT MU W OTP HHXKe.

KJllO'-leBblM B 3TOM MeTOJe sIBJISETCS ONpeaessieMoe 3/eCb MOHsA-
THE <«LelH».

Onpenenenne 2.1. Lenvio C = (uy, ..., up,) HaspBaercs IIIIJIT
c Bepmuﬂ;\mu {ur, ..., up} u pebpamu {(u; um): i=1,
.o p—1}.

JIpyruMH CJIOBaMH, UeNblo B CHIY JAHHOTO ONpENEeHHS SIBJIS-
ercs MI0CKas YKJAajKa TeOPeTHKO- rpa(l)oBoﬁ 1eny, KOTOPYIO HHOrAa
Ha3bIBAIOT TaKXe LOMAHOL Aunueu (puc. 2. ll(a))

Pacemorpum p TIJIT G.
Ipeanonoxum, uto B G uapmena uen» C (nonrpacp G) 0mHOTO H3
caeaywomux THios: (1) C sBasercs uuKaAOM HiaH (2) 06a KoHua u;
H Uup 13 C 11exaT Ha rpaHuIe ofi o6aactd. B
caydae AOMOJHHM C ¢ 06oHX KOHLOB I'lDJIyéeCKOHe‘lelMH napaJa-
JlesbHbIME peGpaMu. Temepb Lenb KaXHOro THMA AEJNHT HCXOLHOE
noapasbuenne Ha ABe yacTH. Boxee TOro, MEl CKOpO YBHAHM, YTO
NpOleAypa OMPeXe/eHHs TOro, Mo Kakylo ctopony ot C mexur
NpOGHas TOUKA 2, HMeHYeMasi NPOLEAYPOHl OUCKPUMUNAUUL 2 OTHO-
cureavno C, nosonbho mpocra. Hanee, ecad ymacress BrGpats C
TaK, YTOOB yKa3aHHbie YacTH OBIH CPAaBHHMBI IO CJIOXKHOCTH, TO,
PEKYPCHBHO HOBTOpSiSi N€JIeHHS, Mbl MOJYYHM MeTOJ JIOKaJu3aluuh
TOUKH, KOTOPHA TpeGyeT JorapuMHUECKOro YHc/Ia JHCKPHMHHA-
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umit. TTosromy cpasy e Bo3HuKaioT ABa Bonpoca: (1) Kakosa crou-
MOCTb NPOLELYPbl XHCKPHMHHAIHH TOYKH OTHOCHTENbHO MPOH3BOMb-
HOM LENMH M CYLIeCTBYIOT JIH T4KHE LeIH, NHCKDUMHHALHS OTHOCH-
TeJbHO KOTOpbiX mpocra? (2) KakoBa TpynoeMKOCTb NOHCKA MOA-
Xofsiet pasjesiomedt uenu?

PaccmarpuBas nepBbifi BONpoc, Jerko yGesuTbes, YT0 JMCKPHMH-
Halusl OTHOCHTEJIBHO NPOH3BOJBHOM LENH ecTh, M0 CYLIECTBY, Ta XKe

u=uy

Us

Puc. 2.11. Tlpamepn ueneii: (a) — obmero Buma; (b) — MoHOTOHHas MO OTHO-
1WeHHIO K TpsMoi .

camas 3ajaua, 4TO W NPOBEPKA NPHHAJIENHOCTH OGHLIKHOBEHHOMY
MHOroyroJibHHKy. I103TOMy HeoGXOAHMO moHcKaTh GoJee oOrpany-
ueHHbIl Kaacc uenell. ONHH H3 TaKHX KJACCOB 3ajaeTcsl CaAeayio-
UM Olpe/ieIeHHeM.

Onpenenenne 2.2, Lens C = (uy, ..., Up) Ha3HIBACTCA MOHOTOH-
#OIi O OTHOUIEHHIO K MpAMOf [, ecu JoGast npsMasi, OPTOrOHANb-
Hasi K [, nepecekaer C POBHO B OZHOH TOUKe.

JIpyruMu cJI0BaMH, J06asi MOHOTOHHAs ienb C NpHHAICKHT K
onpeje/ieHHOMY Bbimie THHy (2), a OpPTOrOHa/JbHBle MPOCKIHH
{l{w), ..., l(up)} Bepuur C na ! ymopsitouensr Baoab [ crenyio-
mHM oﬁpasow Hwy), ..., up).

Opnna u3 nogo6HbIX Ueneil nokasaHa Ha puc. 2.11(b). OueBuano,
4TO MpoekuHIo [(2) 3agaHHOfl MPOGHOH TOYKH 2 HAa [ MOXKHO J0Ka-
JI130BaTh METOJAOM JBOHYHOTO MOHCKA B eHHCTBEHHOM H3 HHTEpBa-
08 (I(u:), I(tig1)). 3aTeM enUHCTBeHHAs JHHeAiHAs MPOBEpPKA I0-
KaeT, N0 KaKylo CTOPOHY OT HPSIMOH, Hecyluell pe6po i+, JeKHT
npo6uast Touka 2. I103TOMy AMCKPHMHHALHA NPOUIBOMLHON TOUKH
OTHOCHTENLHO p-BepLIHHHON LenH peannsyercs 3a Bpems O(log p) !).

') 3aMeTHM, 9TO MOHOTOHHYIO LENb MONKHO CYHTAaTh NpEACTbHLIM CIydaeM
3BE3HOrO MHOTOYrOMLHHKA.

ae
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Takast apdekTuBHOCTL NMOGYKAAET HCNOJB30BATH MOHOTOHHBIE
uenn mpu JoKanusauny Touek. IIpennonoxum, uto cymectyer me-
KOe MHOXeCTBO % {C\, ..., C} ueneil, MOHOTOMHEIX OTHOCH-
TeJbHO OJHOH U TOH Ke NPAMO# [ u 06J1alaI0LHX CAeLYIOUUMH J(0-
IOJIHHTEJbHBIMH CBOHCTBAMU:

Csoiictso 1. O6vedunenue scex anementos € codepscur 3adan-
Howl ITIJIT G').

Ceoiictso 2. [as aoboil napo yeneti Ci u C; us € 1e yaao C;,
KoTopole He sgastoTes yzaamu Cj, aedar no oony cropouy or Cj.

Takoe MHOKECTBO @ HASLIBACTCH NOAHBLM MHOMECTBOM MOHO-
TOHKOLY yened zpapa G. 3ameTnM, 4TO, COIJIACHO cBoiicTBY 2, itenn
H3 TOJIHOTO MHOXKECTBA ynopsaaouensl. C/ie/0BaTeabHO, MOKHO NPU-
MEHNTb K @ METOX AMXOTOMHH (T.e. ABOMUHBII MOHCK), B KOTOPOM
S/IEMEHTAPHON ONepalieli BMECTO IPOCTOrO CPABHEHHS YHCEJ Te-
nepb GyJer AUCKPHMHHALHSA TOUKH OTHOCHTeJbHO uemH. Utak, ecan
y Hac r uene#t B % u B caMOll JUIHHHOM LENH p BEPLUIHH, TO TOHCK
saiiver B Hanxynuem ciayuae O (log r-log p) Bpemenn.

Ho ocraertcsi camblif BaHBIfi BONPOC: MOXHO JIH TOCTPOHTH
II0JIHOE MHOXXECTBO MOHOTOHHBIX Liemeff /st npousBosbHoro ITITJIT
G? OtBer Ha 3TOT BONPOC OTpHUATENDbHBI. OAHAKO MBI MOKAXKeM,
uro INIVIT nomyckaer nocTpoeHHe MOJHOTO MHOMKECTBA MOHOTOH-
HBIX Ilelleff, ec/IH YAOBJIETBOPSIET 0BOJBHO CAGOMY OTpPaHHYCHHIO.
Kpome Toro, Mbl nokaxem, uro nponssosbhuti [TITJIT MoxHO Jerko
npeoGpasoBath B Takoif rpad, K KOTOPOMy NPHMEHHMa Npolerypa
ToCTpoeHHs enel. ITa MPOIUEAYpPa CO3NAET HECKOIbKO HOBBIX <HC-
KYCCTBEHHBIX» OGJiacTelf, KOTOpbIe He MELIAIOT, OXHAKO, d(hdeKrTHB-
HOMY DEUICHHIO 3a]aUH JOKAJIH3AUNA TOUKH.

Cuenyiomee onpejiesienne BhpaXaeT yIOMsIHyTOe Bhlle caaGoe
orpaHnyenue:;

Onpenenenne 2.3. Ilycts G — ITIJIT ¢ MHOXECTBOM Bepuiui
{v1, ..., vn}, rA€ BePUIHHE MHACKCHPOBAHBI TaK, UTO { < j TOTAA
1 TOJBKO TOrAR, Korma y(v,) < y(vy), win y(v)) =y (v;) u x(v;))>
> x(v;). Bepuina v; Ha3bIBACTCS pPeeyALPHOL, eCIH CYUIECTBYIOT
Takue uensle { << j <<k, uto (v; v;) w (v;, vx) — pe6pa G. ['oBo-
par, uro IIIIVIT G pezayaspen, ecnin Kaxiasi ero BepUIMHA Uj pery-
aspha npu 1 <j<<N (7. e. 3a HCKJIOUEHHeM ABYX KpafiHHX Bep-
LIHH U; U Uy).

Ha puc. 2.12 npusesen npumep peryJsiproro rpada. Ceftuac bt
noKaXeM, 4To peryJsapHelii rpad pacnagaercs Ha MOJHOE MHOXKe-
CTBO Lenelf, MOHOTOHHHIX OTHOCHTe/MbHO ocH y. (Hdanee mpsimas [
GyeT CUHTATHCH OCHIO § HA IJIOCKOCTH.)

1) 3amerim, uTo KouKperHoe peGpo G MOKeT mpEHaatemath Goice ueM
onmoi uemy u3 F.
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Uro6bl MOATONKHYTb HHTYHMUHUIO, IPEACTaBUM, 4TO peGpo (v;, v;)
OPHEHTHPOBAHO OT U; K Uj, eca i < j. [T03TOMy MOXKHO TOBOPHTH
o muoxectBax IN(v;) 1 OUT(v;) cOOTBETCTBEHHO BXOISIUIHX H HC-
XOAAWHX pebep AnA Bepmub v;. [lpeanonoxum, uto pe6pa B
IN(v;) ymopsAAoueHbl N0 yray MPOTHB YacoBO# CTpeJKH, a peGpa B

T(v;) yHOpsIOUEHE N0 YaCOBON CTPE/IKE. 110 MPEANOIOKEHHIO
) p’é VJ ﬂpHOCTH oba 3TH MHOXe-

CTBa He NyCThl JJI KaXKIOH H3 He-
kpaiinnx BepmkH. OTciofa BHIHO,
yTo Ana moGoit v; (j 7 1) mMox-
HO TOCTPOMTL Y-MOHOTOHHYIO UMb
OT vy A0 vj. DTO TPHBHANBHO NJIS
j=2. Jlonyctum, uTo AaHHOE yT-
BepiKIeHHe BepHO s Beex k < j.
TlockoNBKY v; peryisipHa, TO 1O
onpeaeneHnio 2.3 cyllecTByer Ta-
Koe i <C j, uro (vi,v;)— pebpo G.
Ho mno npeano/ioeHuio HHAYK-
upH cymecrsyer nenb C OT vy 10
Ui, MOHOTOHHAS OTHOCHTEJILHO OCH
y; scwo, uro cuemrenne C ¢
(vi, ;) — TOXXE MOHOTOHHAs WEMb.
Jlnsi 3aBeplIeHHs JOKA3aTelbCTBA
HeoGXOAMMO TOKa3aTh, uTo Bb- PHC. 212, Tlpumep peryaspioro
nonHens: csoiictBa 1 u2, ynomsmy- T
Tee Bhue. Ilycts sec W(e) pe6-
pa e —>3T0 UHCJO Uerel, KOTOPHM IpHHAIEXHT e. Kpome Toro,
BBEJeM C/IeAYIONHEe 0603HAUEHHS:
= H = W (e).

V@)= X Wi Vor@=_X W
Torja HafO TOJNBLKO NMOKa3arb, 4TO Beca peGep MOXKHO BHGpaTh Ta-
KHMI, 4TO:

(1) xaxnoe pe6po 06/aajaeT MOJOKUTENLHHIM BECOM;
(2) mas moboro v; (j 5= 1, N), Win(v))= Wour(v)).

Venosue (1) ycranaBiuBaer, uTO Kaxaoe pe6po NMpHHALIEKHT MO
KpaiiHeft Mepe oaHOH uenH (T.e. cBofcTBO 1), a ycaoBue (2) rapau-
THpyeT, uto Win(v;) Lemefi IPOXOAAT Uepe3 U; M HX MOXKHO BhHIGpATh
TaK, yTO6H OHM He MepecekasHch (cBoicTBo 2). Peanusaums ycmo-
Bust Win = Wour sBIsieTcst pellleHneM JIOCTATOYHO H3BECTHOH Kyiac-
CcHueckolf moTokoBo# 3aaaun [Even (1979)] u Moxer 6biTo AOCTHI-
HYTO 3a ABa mpoxoaa no rpady G. Monaras W(e) =1 aas kax-
10ro peGpa e, B MEpBOM MPOXOJE — OT U; JO Uy — MBI MOJYUHM
Win(vi) < Wour(vi) ans Beex nekpafinux vi. IIpu BTOPOM mpoxo-
e — ot vy xo v; — Mbl noayuum Wi (vi) = Wour(v:), T.e. ucko-
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moe Boipaxenue. OGosnauasi vin(v)=|IN(v)| u wour(v)=
= |OUT(v) |, umeem anropurm

procedure BAJTAHCHUPOBKA-TIO-BECY-B-
PETYJISIPHOM-TTIIJIT
begin for kaxzoro pe6pa e do Wi(e):= 1 (+ HHHIHATHIAHS *)
for i:==2 until N —1 do
begin Win(v,) :=cymMMma BecoB peGep, BXOAALUIHX B U5
d, = KpailHee ciaeBa pe6po, HcXojsllee H3 U
(W in(v;) > vour (0)) then W(dy) : =Wy (v;) —

vour(v;) + 1
end (x nepBblil MPOXOL *);
— 1 until 2 do
begin Wour(v;) :=cymma BecoB peGep, HCXOAAMIHX
H3 U}

dy:=Kpaiinee cjeBa peGpo, BXoasilee B U;;
if(Wour(vy) > Win(vy) then W (do):=
Wour(v:) — Win(vy) + W(da)
end ( BTOPOii MPOXOJL *)
end.

OuYeBH/IHO, YTO STOT AJATOPHTM TPeGYeT BPeMEHH, JIHHEHAHO 3aBH-
cstmero or yucsia peGep u BepunH rpada G. [amumyio mpoueaypy
MOXKHO H3MeHHTb TakK, 4ToCbl NIOCTpOeHHE ¥, T. e. HasHayeHHe peGep
IensM, TPOBOIUIOCH TPH Peatusaluuyu Broporo mpoxosa. [das kpat-
KOCTH OIYCTHM 3TH JIeTAJIH H MOKaxeM Ha puc. 2.13(a) — (d) kou-
¢durypaunio Beca peGep nocie HHHUHANN3ALHH, NEPBOIO H BTOPOrO
NIPOXOJI0B COOTBETCTBEHHO M uepTex ueneir ¥ aas INIUIT G ¢
pHc. 2.12. DTHM 3aKaHUHBAETCS A0KA3aTeIbCTBO TOFO, YTO PEryJsip-
it [TTIVIT mOKpHIBaeTCs MOJHLIM MHOXECTBOM MOHOTOHHBIX Iened.

Tlepes mpoBejeniieM aHAMH3a PaGOTH 3TOrO aJrOPHTMA BaXKHO
NOKAa3aTh, KaK NDOU3BOJBHbIA ITI1JIT npeoGpasyercst B peryJisipHBIil.
PaccMOTpUM Takylo HeperyaspHyo Bepliiiily U rpada G, KoTopast
He HMeeT, CKaxeM, Hcxoadamux peGep (puc. 2.14). Topusonranbuas
npsiMas, NPOXOAAIas Uepe3 v, NMPOTHIKAET B OOLEM ciyyae mapy
pebep ey u ez rpapa G, Gukaiiinx K U caesa ¥ cnpasa. (3aMeTHM,
uTO, NMOCKOJBKY U — HEKpaiiHsisi Bepluliia, N0 MeHbllefi Mepe oiHH
H3 3THX TPOKOJOB NOJKEH cymectBoBaTh.) IlycTb u;— Bepxsis
BepliHHa pebep e; (i=1,2), n nycts v*—Ta u3 sepwnn {vy, vz},
KOTOpasi HMEET MeHbIIYIO Op/HHATY (Hanpumep, vs). Toraa orpesok

vv* He mepecekaer peGep G!) H, cie/0BaTesbHO, MOXeT GHITb JO-

') Oro yrBepKieHHe, BOOGme roBops, HesepHo. Koutpmpumep momywaercs,
€CTH Zpyrai HeperyJiApHas Bepulhha Us, He HMeioulan 6xodaujux peGep, Haxo-
JHTCA BHYTPH Tpeyroabmuka (v, Us, Uy). 3/1eCh Uy — TOUKa nepecederus peGpa e:
© TOPH3OHTAaNbHOM MPAMON, MpOXoAsAleii yepes Touky v (cM. puc. 2.14). Omwako
570 WAGTONCNHe e OMPOBEPrAET TeopeMy 2.5, WATOKCHNYI HRKe. AATOPHTM
DeryARPHIAIN HYAZACTCS NPH STOM B HEGONBINOM W3Mencln. — [Tpur. nepes.

2.2. 3adauu roxaausagun 1ouKu i

6assed K [IITJIT, Tem caMmbiM «peryasipusysi» Bepwnuy v. Jlannoe
HaGJi0leHue 103BOASIeT HCMOML30BATh METOJ, HMEHyeMblit BepTH-
KaJbHBIM IVIOCKHM 3aMeTaHueM (cM. pasa. 1.2.2). A uMeHHO 3aMe-
TaeM rpa¢ CcBepxy BHH3, UTOOL PEryJApH3OBaTh BePUIMHBI, He
HMEIOIHe HCXOAAWHX peGep, a 3aTeM CHH3Y BBepX, YTOOBI peryis-
PH30BATh BEPUIHHLL APYroro THia. B mepBoM ciydae CHCKOM TOuek
COOLITHIT SIBAETCS NOCHe10Ba-
TCJBHOCTL BEPIIHH Un, UN—1, . . .

., v1. Crpyktypa cratyca
2ameTalouieil npamoit (kKoTo-
past Gy/leT peasn3oBaHa jepe-
BOM, COa/JaHCHPOBAHHEIM 1O
BbICOTE) 3aZAETCs  YMOPSAO
UCHHBIM CJ1€Ba HaNpaBso CIC-
KoM nomepos pe6ep TIJIT,

Puc. 2.13. Tloctpoenne wmuoxecrsa % nas  Puc. 2.14. Ilpuvep  THmHUHOS
TIVIT ¢ puc. 2.12. MeTkn peGep sBASIOTCA — HeperyJspHON BepUIHEEL U,

HX BecaMH mocie: (a) uunumaansauus; (b)

nepBoro npoxona; (c) Broporo mpoxoaa. Ilo-

JIyUEHHOE MHOKECTBO Uereil H300paKeHOo Ha

TiepeceKaloLHXCs ¢ OTOil 3aMeTaloleii nPsAMOii, H, KpOMe TOro, ¢ Kask-
AbIM HHTEPBaJIOM MexXay STHMH peﬁpamu CBfi3aHa oOjiHa BepHIHHa
(¢ MHHHMaJBHOM OpIHHATON B 5TOM HHTepBane). B npolecce 3aMe-
TAHUA U1 KaX/JAOH BCTPEUCHHOH BEPUIHHBl U Peajn3yeM Caeiyio-
ke omepauuu: (1) Jokanusyem v (mo aGelicce) B OAHOM H3 HH-
TepBaJoB B CTPYKType NaHHbIX crartyca; (2) KOPPEKTHpyeM 3Ty
CTpYKTypy cratyca; (3) eclu v Hepery/ispHa, oGaBiseM peGpo
OT v 10 TQﬂ BEPIUHHBI, KOTOpasi CBsi3aHa C HHTEPBAJIOM, ONpeJiesIeH-
HbiM B onepauun (1). Iocrpoenne Gosee GOpMasbHOIO anropuTMa
MBI OCTaBJ/IsieM A CAMOCTOSITE/IbHOIO YIIpaXKHeHHS. Samemm, qTo
beeyaspusayus N-pepurannoro INIJIIT ocymecrsuma 3a Bpems
O(Nlog N) 6naronapsi BO3MOKHOCTH HauaabHOI COPTHPOBKH OPAH-
HaT ero BepWIHH M JIOKaNH3aUWH N BeDUIHH B CTPYKType AaHHBIX
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cratyca 3a spems O(logN) Ana kaxpoit sepwmnsl. Chopmyuu-
pyeM 3TOT GaKT KaK TeopeMy AJsi GYAYUIHX CCHUIOK.

Teopema 2.5. N-gepuunnoid I1I1JII" modkno peeyaspusosars 3a
apess O (N log N) ¢ sarparoii O(N) namaru.

Ha puc. 2.15 mokasan pesyabrar peryaspusauuu ITIIIT us
puc. 2.8.
Teneps, Nocae TOro Kak Mbl ONMPEIENH/IH, YTO METOJL lLienei TmpH-
mennm K Jo6omy IIIIJIT, — BO3MOXKHO, MOC/Te €ro peryJspHsa-
WK — npoananuaupyem ero 3pdekTHBHOCTb. Bepxnsisi ouenka Bpeme-
HU TOMCKA AJIS HAHXY/ALIEro cay-
qas O(logp-logr)= 0 (log?N)
yke Oblia ycTaHoBJeHa. IIpH-
4eM 5Ta OlEHKA AOCTHXKHMA, 10
CKOJIbKY CyliecTByeT N-BepLuH-
netit TITIT ¢ O (4/N) uensamu,
kaxpas ¢ O(4/N) pe6pamn
(puc. 2.16(a) mas N = 16).
Paccemorpum  IIIIJIT,  u3o-
Gpaxennwii na puc. 2.16(b).
Srtor rpad CONEPKHT B CBOEM
B MOJIHOM MHOXecTBe N/2 uemeii,
Puc. 2.15. Peryaspusosanumii INTUIT. B Kamoii u3 KOTOphiX N/2 pe-
pe6pa, ADGSM;}E::“:IIPB 3aMeTaHHH Gep. Ha mepouit BIMIAL STOT
Coebxy ‘BHHS, a MynxTWpmsM—nps TPHMED BHYWIaeT GeCIOKOHCTBO,
3aMeTAHHH CHH3Y BBEpX. TaK KaK B OTHOLIEHHM 3aTpar
naMATH JAHHBI MeTOA, Kasa-
Joch GBI, IeMOHCTPHPYeT o6ecKypakuBaioulyio 3asucumocts O (N?)!
OjHako fela COBCeM He TaK IUIOXH, €CIH OGDAaTHTL BHHMaHHE
Ha TO, KaK B aJTOPHTME HCIOJb3YIOTcsi LemH. BesycnoBHo, uenn
HCTOMB3YIOTCS B CXeMe JBOHYHOTO NOHCKA. AJTOPHTM JBOHUHOIO
MOHCKA HA INOJHOCTBIO YMOPSIIOUEHHOM MHOXecTBe S HHIYLHpYeT
€CTeCTBEHHYIO HePapXuio Ha S, NPe/CTaBJIeHYIO /IBOHMHEIM [ePeBOM
© KOpHeM; NPOLeCC MOHCKA COOTBETCTBYET MPOXOAY B 3TOM  JAepeBe
oT KopHsl K JHCTy. EcsiH ecrecTBeHHBIM 06pasoM NPOHYMepOBaTh
IlelH, CKaXkeM, cJIeBa Hampaso, TO peGpo e, mpHHaJeXallee Gosee
ueM OAHOM LeNH, 6yJer NPHHAAIEXKATh BCEM 3JeMEHTaM MHOXeCTBa
(MHTepBaJsy) mOCJaeOBaTe]bHEIX leneil. Temepb NpeanonoxuM, 4To
LIeNH COMOCTAB/EHBl y3/1aM fepeBa ABOHYHOro moucka. Eciu pe6po e
NPHHAIEKHT HECKOJNbKHM LeNAM KaKOro-To WHTEpBaJa, TO Cylie-
CTByeT eAMHCTBEHHBIH 3JeMeHT C* B 5TOM HHTepBaje, KOTOpbIH fB-
JsieTest OGUIMM MPeIKOM ') ISt BCeX OCTa/IbHBIX 3JeMEHTOB U3 3TOTO

1) CornacHo CTaHAaPTHON TEPMHHOJOTHH, BEpIIHHA U; B KOPHEBOM AepeBe T
ABAACTCH NPeOKOM HIH NnpeduieCTEEHKUKOM BeDUIHHH Uj, €CJH CYIIeCTBYeT MyTb
ot Kopus T, coflepautuii B Uy, B Uj, NPHIeM U; GJHXKe K KOPHIO.

<
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nuTepBana B aepese noucka. Iycrs C — /060H U3 9THX OCTAIbHBIX
3/1CMCHTOB; TOrAa AMCKPHMHHAIHH TOYKH 2 oTHOCHTeabHO C mpel-

N/Z sepuzuan

(@) (b)
Puic. 2.16. Tipueps xyaunx cayuaes TITUIT.
C

« Puc. 2.17. TlonHoe MHOXeCTBO MOHOTOHHHX uenei (a), Ha KOTOPOM BeieTcst

MOMCK B COOTBETCTBHH C Hepapxweil, BHDaXeHHOR ABOHUHEM fepeBom (b). OG-
XOAHHE yKasaTes NOKa3aHbl INTPHXOBBLIMH JHHMAMH (C).

1IeCTBYeT — B CXeMe JIBOMYHOTO INOHCKA — JUCKPHMHHALHS Z OTHO-
curenpHo C*. CiiefoBaTesibHO, pe6pPO e MOXKHO OTHECTH TOJBKO K
nemu C*, W Ha caMoM jese OHO GYJeT OTHEeCeHO K caMoil BepXweil
B HEPapXHH LEMH H3 YHC/A TeX, KOTOPHIM OHO MpHHAMeKHT. [Tpu-
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MEp TAKOro OTHeceHHs HJMIOCTpHPYer puc. 2.17. OTMeTum Hanuune
06X0AHBIX yKasaTeseii Ha puc. 2.17(c); 0AHAKO WX uhCaIO He Npe-
BOCXOANT uncaa pefep, OTCIOAA CAEAyeT, 4TO HOJHYI CTPYKTYPY
MaHHBIX AJIS [I0HCKA MOXKHO pasmectuTb B O(N) suelikax naMsTH.

Yro ke Kacaercs npeao6paGoTKH, TO NO-TIPEXKHEMY INPeAMON0-
xuM, uro [TIJIT sazan B BHge crpykryphl Aauubix PCIC, omucan-
HOit B pas. 1.2.3.2. [Tocko/bKy KOJIbLO pe6ep, HHIMIAEHTHBIX JH060i
Bepuruie v rpadga G, MOXKHO MOJNYUHTb 33 BPeMsl, JHHEHHO CBA3AH-
HOe € ee CTeneHblo, To moctpoeHne Muoxects IN(v) u OUT(v)
JIs BeeX U ocyliecTBHMO 3a Bpemst O (N).

Tpouesnypa GanaHcHpoBaHHs N0 Becy, KaK Mbl BHIETH, TaKKe
npoxoaut 3a BpeMs O(N). OrMeuasi, 4TO BO3MONHbI NpeBapH-
TeJIbHbIH peryaspusyiontii npoxox mnorpeSyer eme O (N log N)
BPEMEHH, 3aKJloyaeM, YTO 3ajada npeao6paboTKH  3aiMer
O(N log N) spemenn. Pesiomupyem:

Teopema 2.6. Joxa. Touku 6 N- n.

ap MO%CHO pea. b 3a epems O(log? N) ¢ ucnoaro-
sosanuem O(N) namaru npu sarparax O(Nlog N) epemenu na
npedobpaborky.

"

B navajse pasx. 2.2.2.2 GbI0 OTMEUEHO, YTO B MeTOAe Lenei
HCTIOJb3yeTes HOBBI THI IPOCTOro MHOroyroapHuKa. Omnpenenum
3TH MHOTOYTOJIbHHKH:

Onpenenenne 2.4. TTpocToii MHOrOYyroJbHHK Ha3bIBACTCH MOHO-
TOHHOLM, €CJIH €TO TPAHHIY MOXKHO Pa3GuTh Ha JABe UEMH, MOHOTOH-
Hble OTHOCHTC/ILHO OHON M TOf JKe NMPAMON JHHHH.

MoHOTOHHBle MHOrOYroJIbHHKH SIBJSIOTCA BEChbMa WHTePECHBIMH
reOMeTpPHUCCKUMH OGbekTamu. M3 DesyibTaToB AaHHOrO pasjela
HEMOCPEJCTBEHHO CJeIyeT, uTO 3ajauy O MPHHAJICKHOCTH TOUKH
MOHOTOHHOMY MHOTOYrOJIbHHKY ¢ N BEPUIHHAMH MOXHO PEUIHTDH
3a Bpems O (log N); mosjHee Mbl yBHIMM, 4TO H TPHAHTYJSAUHIO MO-
HOTOHHOrO MHOTOYTOJbHHKA, H OTpefeseHHe (pakTa MOHOTOHHOCTH
MPOCTOr0 MHOTOYTOJILHHKA MOXKHO OCYLIECTBHTH 3a ONTHMaJbHOE
spemsa O (N).

2.2.2.3. OnTHMaAbHbBIE METO/B: METOA TJIaHaPHOTO
cenapaTopa H METOJ JICTATH3AINH TPHAHTYISIHH

Cymectsyer i MeToX co BpemeneM noncka O(log N),
HCTOML3YIOMIHIT MeHee UeM KBAaJPATHUHYIO MaMaATh? DTa 3HAMEHH-
Tasi 3ajaua JIOBOJBHO N0Jr0 He ObiIa pemena. OHa NMOJMyYHiIa MOJO-
JKHTEbHOE pellleHHe 6J1arofapsi 3aMeYaTeNbHON KOHCTPYKIUHH, NpH-
Hapnexamei Jlunrony u Tapesny [Lipton, Tarjan (1977a, 1977b,
1980)]. Caenyer oGpaTHThL BHUMAHIE Ha CJOBA «CYLIECTBYET JI
MeToA». B NEHCTBHTELHOCTH STOT METOX CTOJMb TPOMO3JIOK, 8 OLeHKH
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ero 3(G(MEKTHBHOCTH CTOJIb OTKPOBEHHO H IIEAPO ONHPAIOTCA HA
«6oabmoe O», uro Jlunton n Tapbsin caMi BbICKA3a/au CJelyloulee
npegocrepexenne [Lipton, Tarjan (1977b)]: «Mbt He cuntaem sToT
AJITOPHTM NPAKTHYHBIM, HO €r0 CYLIeCTBOBAHHE 3aCTaBJseT AyMaTh,
YTO MOXKET HAHTHCh NMPAKTHUHBI aJrOPHTM C BPEMCHHOH OLEHKOH
Oflog N) u ¢ ouenxoit namati O(N)». OnicaHue ux yAHBHTENbHO
HCKYCHOTO METOJa BBIXOJHT 33 PaMKH jJaHHOH KHHTH. BMecTo storo
PAcCMOTPUM [Ba HENABHO NHPENJOKEHHBIX ONTHMAJbHHIX MeTOAa,
AaoWuX OTBeThl Ha oxuaanus Jluntona u Tapwsna. [lepbiii Me-
TOA — AeTanu3aumusi Ttpuanryasuun Kupknatpuka  [Kirkpatrick

Puc. 2.18. 3ananHas TpHamryaauMs (a) H Ta Xe TPHANTYJAAUMS BHYTPH OXBa-
THBAIOWErO ee TPeyrobhuka (b).

(1983)] — MOKeT CTaTh NPAKTHYHBIM aJrOPHTMOM; OH OMHCAH B
HauHOM pasfene. Bropodi meroa [Edelsbrunner, Guibas, Stolfi
(1985)] sBAsieTcs jaJbHEHUIAM YayYIICHHEM MeTOAA Wenel u Gyner
KPaTKo omucaH B pasj. 2.4.

MeTon «aeTanusaUMH TPHAHTYJAUNN> NPUHALIEKHT KupKrar-
puxy. IIpeanonaraetcsi, uro N-sepwnnnsii IIIJIT spasercs TPHaH-
ryasuseit (em pasy. 1.3.1); B ToM cayuae, ecam on ne TPHAHTY S~
M5, ero MOXKHO mpeoGpasosath B Hee 3a Bpemst O ((N log N) ¢ mo-
MOIWBIO ITPOCTOTO AJrOPHTMA, KOTOPHIA GyAeT omucaH B past. 6.2.2.
Hanomuuwm, uro Tpuanrysuus na muoxectse Bepmmn V na mioc-
kocri ecth TIVIT ¢ MakcHMAubHBIM WHCAOM peGep, He NpeBhi-
warowuy 3| V|—6 (o dopmyae ditnepa) Kpome Toro, mo npHYH-
HaM, KOTOpble CKOPO CTAHYT SICHBIMH, TPHAHIYJIALNIO YAOGHO OKpY-
KHTb TPEYrOJbHOI rpaHiueil MyTeM NOCTPOEHHsT OXBATHIBAIOLIErO e
TPEYTOILHIKA H TPUAHTYIHPOBAHHA 0GJIACTH MeXKIy STHMH AByMs
obbekTami (puc. 2.18). C yueToMm 3TOro 3ameuamus sce TpHAHTY-
JSUAR GYAYT CYMTAThCs OGIAfAIOWMMH rpamiiueii ¢ TpeMs Bepilu-
Hamu H poBHO ¢ 3| V|—6 pebpamu.

Iycts sanana N-pepuinnHas TpHanryasuus G, W NpeANONOXHM,
UTO CTPOHTCS N0CAe006aTeALHOCTO Tpuaneyaayui Sy, Ss, v Suwy,
Si= G, a S; noayuaerca u3 Si—; mo CJICAYIOUMM NPaBHAAM:
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Ulaz (1). Yaanum HeKOTOpPOe MHOMECTBO HE3aBHCHMBIX (T. e.
HECMEXKHBIX) HErpaHHYHBIX BEPIIHH S;—; W HHIMICHTHbC HM pebpa.
(Ot BbIGOpaA 3TOrO MHOXKECTBA, KOTOPHIl OyAeT ONHCAaH HHXKe, ca-
MBIM HENOCPEeACTBEHHBIM 06pa3om 3aBHCHT 3(QeKTHBHOCTb aJro-
puTMa.)

Illaz (2). BHOBb TpHAHTYJHPYeM MHOTOYTOJbHHKH, 00pa3oBas-
IKeCs: B pe3yJibTaTe YAaJeHHs BEPLIMH H pebep.

TakuMm 06pa3oM, Sky) He HMEET BHyTPEeHHHX Bepliui (T. €. co-
CTOHT M3 OJIHOTO TPEYTrOJbHHKA).

3ameTuM, uTO Bce TpHAHTyaAAnHH Sy, S, ..., Spw) HMEIOT OAHY
o6llylo rpaHHIy, NOCKOJAbKY Ha mare (1) Mbl ypaaseM TOJBKO
BHYTpeHHHE BeplIHHBL. TpeyroybHHKH, riaBHble 0GBEKTE 3TOMO Me-
Tona, Oyaem o6osnauath GOykBOi R, cHabxas ee WHAGKCAMH.
TpeyroJbHHK R; MOMET NOSIBAATLCS BO MHOIHX TPHAHTYJSLHSIX,
ONHAKO YCJOBMMCH, uTO R; npunadaencur Tpuaneyaayuu Si
(o6osnauas R;*S;), ecan R; cospan Ha mare (2) npu nocTpo-
ennn Si.

Tenepb NOCTPOHM CTPYKTYPY AaHHbIX T JUIS NMOMCKa; y3jaaM 3TOH
CTPYKTYPBl COOTBETCTBYIOT Tpeyroabiuki. (s KpaTKocTH yseds
4acTo OyAeT Ha3bBaThCsl «TPEYrOMbHHK R;» BMECTO «y3es, Hpej-
cTaBasomAi TpeyroabHuk R;».) CtpykTypa T, TOMOMOrHIO KOTOPO#
npeAcTaBsieT HaNpaBJeHHBI alMKJIHYeCKHi rpad, ompejensercs
ClefylOuM 006pasoM: OT TPEYrodbHHKa Ry K TDPeYroabHHKY Rj
NPOBOAHTCS Ayra, €C/U NPH NOCTPOEHHH S; mocae Si—j MBI HMEeM:

1) R; ynansercs u3 S;—y Ha mware (1);
2) Ry cospaercs B S; Ha mare (2);
3) RiNRe+* .

OueBHAHO, YTO TPEYrONbHHKH H3 S; HE HMEIOT HCXOAALIHX AyT
B T, H TOJBKO OHH 00J1a/laloT 3THM CBOHCTBOM.

JLaist sicHOCTH yIOG6HO H306pasuTh T B PacCMOTPEHHOM BHJE, T. €.
{1OMellast ero y3/ibl B rOPH3OHTAJIbHbIE CTPOKH, KaXKAasi H3 KOTOPBIX
COOTBETCTBYET KaKOii-HHOYAb TpHaHryasuuu. ITocsenosaTenbHOCTh
TpHAHryJIsilHA NoKasaHa Ha puc. 2.19(a); KpyKKOM obBeleHH Bep-
IHHB, KOTOpHIE YAaJeHbl Ha JaHHOM miare. CoOTBeTCTBylowas
crpyktypa T mokasaHa Ha puc. 2.19(b).

TMocue nocrpoerust T JI€rko NOHATb, KaK NPOHCXOJHT JOKaJIH3a-
HS TOUKH. DJeMeHTapHOH omepaumeil SIBJISETCS «NPHHANNEKHOCTD
TPeyroJbHHKY», KOTOpasi, OUeBHIHO, BhimonHseTcs 3a Bpems O(1).
HauanbHbiii mwar cOCTOHT B JIOKAJH3alHH NPOGHOH TOYKH 2 OTHOCH-
TeNbHO Sp(vy. 32TeM HAeM BHH3 1O NyTH B T M HeH3GeXHO OCTaHO-
BHMCSL B OJHOM H3 TPEYroJbHHKOB, Npuuamdexxaumux S;. [Tocrpo-
eHHe JaHHOTO MyTH MPOHCXOAHT CJEAYIOMHM 06Pa3oM: eclH J1OCTHI-
HYT KaKOi-TO y3eJ Ha 3TOM MyTH (T. €. 2 JIOKaJH30BaHa B COOT-
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BETCTBYIOUIEM €My TPEYroJbHHKe), TO IIPOBEPSETCS NPHHAAAEKHOCTD,
TOUKH 2 BCeM HNOTOMKAM 3TOrD y3/a; NOCKOJbKY 2 IPHHAIJIEKHT
POBHO OJHOMY W3 IIOTOMKOB, TO B NyTh 100aBJseTCs elle OXHA
Ayra. DTOT MOHCK MOXKHO TaKiKe PAaccMaTpHBaTh KaK IOC/e10Ba-
TeJbHYIO JIOKANH3ALMIO Z B TPHAHTYJISUHAX Sy, Sawy-i, .., Si
To, uTo Si_; siBAsieTCS pesyIbTAaTOM HETAaNM3ANHH S;, 06DBACHAET
HaHMEHOBAHHe CaMOTo MeToAa.

Puc. 2.19. IMocsienoBatenshocts Tphavryaaunii (a) M cooTBercrsyiomndi efi na-
KipaBaCHAb aUAKAHYeCKRil Tpad MoHCKa (b).

Bosiee cTporo, mpeanosoxuM, YTO BCe NOTOMKH y3na v us T
co6panst B cnucok I'(v), u nyers TPEYTOJIBHUK (v) o603navaer
TPEYrOMbHUK, OTHeCeHHbii K yaay v. Temeph Mbl moayumin cie-
AYIOULHil TIOHCKOBBIH aJTOPHTM:

procedure JIOKAJIM3ALIMS-TOUKU
if(z & TPEYTOJIbHUK (kopens)) then mneuats
72 nexur B GecKoHeuHOH o6aactn”
else begin v :=kopens;
while (I'(v) % @) do
. for xaxuwii u=T(v) do if
(z= TPEYTOJIbHHK (1)) then

neuaTh v

be

end
end.

KaK YINOMHHAJOCL pahee, OT Buﬁopa MHOXKeCTBa BepIIHH TPH-
AHTyJALKHK, KOTOpble OYyAyT yAaJeHbl MpH NOCTPOeHHH S; mo S,
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CYLLECTBEHHO 3aBHCHT 3(deKTHBHOCTL MerToAa. [TpeinonoxuM, 4To
MOXHO BHIOPaThb 3TO MHOXECTBO TaK, UTOOH BBIIOJNHSJIHCH ClIe-
AyloltKe CBOHCTBA (31ech yepe3 N; 0603HAUEHO YKCIIO BepUIHH B S):

CroitctBo 1. Ni = Ny, 20e i <a<<10dani=2, ..., h(N).

CaoiictBo 2. Kaodoul p ronuk Ry & Si nep ¢ He
6oaee wem ¢ H Tpeyzo. us Si—y, 4 P

CsoiicTBo | HeMemJEHHO BJeyeT 3a COOOH cCJjejCcTBHE, HYTO
h(N) <[log1/gN1=0O(log N), nockosbky IpH Tepexoje 0T Si-i
K S; ynaasercs ii HDOBAHIAA A0NS BEpPUIAH:

3 CBOHCTB 1 M 2, BMecTe B3ATHIX, CJEIyeT, YTO [aMAThb IS

pasua O(N). JleficTBUTE/bHO, 3aMETHM, 4TO 3Ta NAMATb HCNOJb-
3yeTcsi A5 XpaHeHHs y3J0B M ykasaTeseli Ha MX notomkos. M3
Teopemul Jiiepa 0 IMOCKHX rpadax ciemyer, uto S; COAEPNKHT
Fi < 2N; tpeyroibuukos. Yuciao yssos T, nmpeacTaBisiOMHX Tpe-
YrOJBHHKH U3 S;, He NPeBOCXOMUT F; (TOJbKO Te TPEYrOJbHHKH, KO-
Topble AEfCTBHTEJBHO «IIPHHAAJEKAT» S, NOABJAIOTCA HA COOTBET-
creyowenm apyce T). Orcioga cieiyer, yTo ofllee HHCJO Y3J0B
B T MeHblle, yeM

2N+ No+ ... +Naw) <2V (14+aa’+ ...

2N
carwmy < P2

(sametum, uto Ny = N no onpenesenuio). Uro xacaercss maMmsaTH,
HCTOb3yeMOfl TMOJ YKasaTenH, TO IO CBOMCTBY 2 Kaiblii yses
nmeer He Gomee H ykasateneil; mostomy He Gonee 2NH/(1—a)
yKkasateneii nosBurcss B T. OTo JOKasHIBAeT IOCHELHee yTBEP-
HKICHHE.

Tenepb Hafo NOKA3aTh, YTO CYWIECTBYeT TaKOH KPUTEPHH Bbl-
Gopa MHOXeCTBa YIAJSeMBIX BePIIHH, NIPH KOTOPOM BBINOJHSAIOTCSH
cBofictBa 1 u 2. Bor 3TOT KpHTepHil: «YAajMUTb HECMEKHBIE BEp-
WIHHBL CO cTemeHbio MeHblie K» (3gece K — 1esioe UHMCIO, KOTOpOe

DYAeT TIMATeNbH0 NO00pano). 110psAOK HPOCMOTP. 2CIIH_HEOG-
XOAMMO, yAaJeHHs STHX BepiuuH MPOW3BOJIEH: HaukHaeM C JOGOM
/i3 HHX, NOMeYaeM ee COceAell (OHH He MOTYT YAQJATbCA) M NPO-
JIOJKaeM, TIOKa elle 0CTaloTCs HeloMeueHHble BepIUIHHEL.

BBeJieHue JaHHOTO KPHTEPHs — 3TO YAauHblil npuem. Bbinoa-
seHue CBOfCTBA 2 obecneunBaeTcst TpHBHAAbHO. [Tockouabky ynase-
HHe BEpUIMHbl €O CTeNeHbio MeHblie K NPHBOAHT K 00pasoBaHHIO
MHOFOYTOJIbHHKA C YHCAOM pebep MeHee K, TO KaxAblii M3 yAa-
JIeHHBIX TPYTOJbHHKOB NepecekaeT He Gosee K — 2.A H HOBHX Tpe-
yroabhukoB. sl NpoBepKH BHIMOMHEHHs cBoiictBa | HeoGxoamMo
BOCIIOJIb30BATLCA HEKOTOPHIMH OCOGEHHOCTSIMH IJIOCKHX rpados.
XoTs ecTb BO3MOMKHOCTb IIPOBECTH GoJiee JeTabHblii aHalu3, MpH-
BOAAIIME K JYULIHM pe3yJbTaTaM, HO CJEAyloUHe cO0OpaxeHHs
JOCTATOUHH A5t LOKA3aTe/bCTBA HEOGXOAMMOrO HaM YTBEPIKACHHS.
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(1) Us dopmyan Diinepa ais IJIOCKHX TpagoB, B YaCTHOM
cJIyyae TPHAHTYJISIHK, OrPAHHICHHON TPeMst peOpaMH, ClIeyeT, YTo
qucI0 BepWwHH N H 4ucio peGep e CBA3aHBI COOTHOUIEHHEM

e=3N—6.

(2) Toxa B TPHAHTYJALMH ecTh BHYTPEHHHE BePLIHHBl (B MPO-
THBHOM cJyuae 3ajada TPHBHAJbHA), CTENMEHb KAXJOH H3 TPeX rpa-
HEUHBIX BEpUIMH He Membllle TpexX. ITockoabky cymecrsyer 3N — 6
pebep, a Kamaoe pe6po WHUMAGHTHO NBYM BepUIHHAM, TO CyMMa
creneHeil Bcex mepwnH Menbile 6N. Otciofa cpasy caefyer, uTo
He menee N/2 BepuuH uMeer cTenenb Menble 12. Carenosatenbo,
nyerb K = 12. [TycTh v — 3T0 YHCJIO BHGPAHHEIX BEPUIHH: MTOCKOJbKY
KaxXIof M3 HHX MHUMAEHTHO He Gosee K —1=11 pebep, a TpH
rPaHHUHEIC BEPUIHHBI He BLIGHPAIOTCS, TO MBI HMEEM

1 N

> g (7 -9
CurenoBaTenbHo, o= 1 — 1/24 < 0,959 << 1, uto jmoKasbiBaer cnpa-
BeJIHBOCTL cBoiicTBa 1. Beayc/ioBHO, Ham rpyGuifi aHaiaus Aaet
OLCHKY o, HEMPAaKTHYHO GMH3KYI0 K 1, W OueHKa NaHHOro MeToAa,
noJyuentas B pesyJbTaTe ITOrO aHalM3a, BEPOATHO, XyXKe, UeM
OlleHKa, KOTOPYIO MOKAXKYT YHCACHHBIE SKCICPHMEHTHI.

Teopema 2.7. Jlokaausayuio Touku 8 N-gepuiunrom naawap-
HOM p MOKCHO yecreuts sa apems O(logN) ¢ uc-
noavsosanues O(N) namaru, ecau O(NlogN) epemenu yuiro xa
npedobpaborky.

Jlpyroe JOKasaTelbCTBO 3TOH TEOPEMB, OCHOBaHHOe Ha YTOY-
HeHHH MeTOja Uemeii, KpaTKO ONMUCAHO B pasi. 2.4.

2.2.2.4. Meron Tpaneuui

XoTsi BOMPOC O CYMIECTBOBAHHH ONTHMAAbLHOTO METONA
JIOKA/M3aIHy TOYKH TEOPETUUECKH YXKe PellleH, a B JHTepaType yxe
MpeACTaBNeHb H NPAKTHUECKH ONTHMAJbHbIC aJTOPHTMBI, ONHCAH-
HBle B MpefbAyLIeM pasjiese, HO 60jiee MPUBJIEKATENbHEM METOLOM
MOJKeT O0Ka3aTbCsi TAKOH, aCHMITOTHYECKOE MOBeAeHHE KOTOPOro
B XyAUIEM CJyYae, BO3MOXHO, H HEONTHMAJLHO, O YeM FOBOPHJIOCH
B pasp 1.2.1. [IpyrHMH C/JOBaMH, JKeJaeMOH IeJbi0 MOXKeT OKa-
3aThest KOMIPOMHCCHEIH TOXO/1, OCHOBAHHBIH Ha NpPsAMOIi Mponeaype
TIOHCKA TIPH, BO3MOXKHO, HEMHOrO HEONTHMAJbHOM 3aTpaTe MaMSTH.
Cefiyac Gyzer ONMHCAH METOX TpameiHH, KOTOPHI, NMO-BHAMMOMY,
ynosnerBopsier sTuM Tpe6oBaHusm [Preparata (1981); Bilardi,
Preparata (1981)] ).

CyllecTBYIOT HECKOIbKO MyTell HehOPMATHHOTO H3MNOKERHS HACH

1 rambie n [Edahiro ot al.
(1983)], MOATBEPAKAN STH OXKHAAHHA.
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3TOro Meroja. BO3M0)KHO, HanGosee ©CTeCTBeHHBIH NyTh — CYHTATh
€ro pa3BHTHEM METOXa MOJIOC, NpHHaAdexaiero Ho6kuny u Jlnm-
TOHY W omucauHoro B pasn. 2.2.2.1. Kak ykasano pamee, stor Mme-
TOL HMeeT upe3BLIYafiHO MPOCTYIO IpoueRypy noucka — O (log N),
HO HCNOMB3yeT nocajiHo MHOro mamathn — O (N2) B xymuem ctygae.
ToceiHee 0GCTOSITENICTBO HMEET MecTo 6a1arofapst BO3MOXHOMY
HaJHYHIO «IHHHBIX> pe6ep B TTIJIT; naunmbiM cuuTaercs pebpo,
TiepeceKalolee HECKOJBKO MOJIOC ¥, CJe0BaTeNbHO, paanBaeMoe
Ha TaKoe xe YHCJIO (parMentos. MHTepecHo, 4To mHHHEE pe6pa —
MPOKJATHE METONA MOJIOC — MOTYT CTATh NMPEHMYIIECTBOM B METOAe
Tpanenuit. B camom nene, amnEHOE pe6po e Tak y1o6HO paspesaer
MIVIT, uTo ropusomTambHBle MOJOCH MO KaXAyl0 CTOPOHY OT e
06pasyioT MOJHOCTHIO HE3ABHCHMBIE CTPYKTYPH (B TO BpeMs Kak
B merone JloGkuma — JIuntona e HaxomHTcs BHYTPH TOJIOCH).
B pesyabrate miockocth 6ymer pa3buTa Ha TpamenuH, Kak ompe-
IIeIeHO HHKe.

Onpenenenne 2.5, Tpanequs wmeer nse TOPH30HTAJNbHBIE CTO-
DOHH H MOXET HMeTb 1B, OAHY HJIH HYNb GOKOBEIX CTOPOH, NpH-
ueM GOKOBEHIE CTODOHBI, €CJH OHM eCTb, ABJASIOTCS pe6pamu TITIJIT
(HJH HX 4acTAMH) H HHKAKOe npyroe pe6po TTIJIT e nepecekaer
o6e ee TOPH3OHTAJbHBIE CTOPOHBL. )

Tlonck  ocymiecTsasieTcss TyTeM  JIOKAMH3AMWH npo6HOH  TOUKH
B TOCICNOBATENLHOCTH BJIOKEHHHX TpaNeunft, 10 Tex mop moka
9Ta MOCJCNOBATENBHOCT, He 3AKOHUHTCS Takoli Tpameumed, BHyTpH
Kxotopoii ner pebep MITIT uan ux dparmentos. Byzer TIOKa3aHo,
uTO B 3TOM MeToAe Pe6po pasGupaetcst He GoJee uem Ha 2logs N
(parMeHToB B XyJICM Clydae, UTO CYLIECTBEHHO yaIydiaeT OIEHKY
namary, coxpanss O (log N)— oueHKy BpeMenu noucka Metona Jo6-
KHia — JIUNTOHA (C HE3HAYTENBHEIM yXy/IIeHHeM KOHCTAHThI) .

B Meronme Tpaneunit me Tpe6yeTes, uTo6mH rpad 6v1 TpHaHry-
HPOBA; HA CAMOM Jese TNO3NHee Ml YBHIHM, u4TO He TpeGyercs
Aaxe MpAMOMHHEAHOCTH ero peGep. ONHAKO Ha HEKOTOPOE BpeMs
AonyctuM, 1o nmeercst IMITJIT G. Muoxkectso Bepmmn V rpaha
G ynopsnoueno mo BO3paCTAMHIO MX ODAHAT, a MHOKeCTEO ero
pebep £ ynopsijioueHo B COOTBETCTBHH CO CJICYIOIHM OTHOMIEHHEM
(uactuynoro nopsiaka) «<»:

Onpenenenue 2.6. aus apa pebpa e u e, u3 E; sanucek e;<e,
(untaeTest «e; Jemee e») o603Hawaer, uto CYIIeCTBYET TOpPH3OH-
Tajb, nepecekaiolas o6a pe6pa, i TOUKa e Nepeceuenus ¢ e; 6y-
JeT JieBee COOTBETCTBYIOWefi TOYKH Ha e,. (ITosamee (B mpumewa-
Hin 1, c. 87) mul ofeynuM, Kak aaropuTMuuecku MOMYYHTH 5TO
ynopsrouenue.)

OCHOBHO MeXaHU3M, CTPOALINIT CTPYKTYPY AaNHHIX Tnomcka, 06-
pabaTHBaCT MO OHOI TpaNewHH W CTPEMHTCA pPasGHTH ee Ha Mak-
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CHMAJIbHO BO3MOXKHOC UHC/IO Goslee MEJKUX Tpanewnii 10 nenactcs
nyTeM pa3pe3anus TpamelUuH R Ha «HIKHHI» H «BEPXHHID> l‘%"ﬁy
R\ 1 R, ropHsoHTa/bio, NpoXojsuieli uepes Ty Bepumuny IT s
ubsi OPIMHATA SIBJSETCH MEAHAHON MHOXeCTBa OPAHHAT BepIUHH
BHYTpH R. Kaxaslii u3 3Tux cjoeB R, u Ry, XOTs W sIBASETCS T'eO-

Benonai cno: /
2

Meduara__
Y =Ymed

Huaenaz eno
R,

Puc. 2.20. Tpaneuus R (a), pasbutan na Tpaneumn Rs, Ri, Rs, Rs u Ry, Kak
nokasao ua (b).

METPHUECKOH Tpalleliei, yIOBICTBOPSET HE BCCM YCJAOBHAM Ompe-
nenenust 2.5, IOCKOJIbKY Hekotopbie peGpa IIIIJIT moryr mepece-
KaTb OIHOBPEMEHHO 06e ero rOPH3OHTAJbHEIE CTOPOHB!; Takue pe6pa
Ha30BeM Hakpoleaiowumu. Temepb kaxjoe peGpo, HakpbiBaouiee
OJIHH H3 cJI0eB '), Ollpeje/sieT ero NocjaeAyOWHH paspes.
TponensiBatotes crenyomue onepaunu. [ocae onpenenemif{l MF—
JMaHBl Y = Ymea TPameuunn R (puc. 2.20) nemouka peGep ITIIJIT,
nepeceKapIUUX R, NPOCMAaTPHBACTCS C/eBa HANPABO H PA3AGJIACTCS
Ha JiBe LMOYKH, OTHOCSIHECS] K CJOAM Ry 1 Ry COOTBETCTBEHHO.

1) Hukakoe peGpo He MOXeT HAaKPHBaThL # R), W Ry, HHaye OHO HAKPHBAIQ
Gl Tpameuwio R, 4TO MPOTHBOPEUHT ONpE/eJeHHIO.
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Besiknit pas, Koraa BCTpeuaeTcsi HaKphlBalollee pe6po, OHO CTaHO-
BHTCsl 11paBoii GOKOBOH rpaHuUell HOBOW TpalNelHH, KOTOpPas MOXKET
OﬁpaﬁaTuBaTbCﬂ HeszaBucumo. Ecau BHYTPEHHOCTb TpaneuuH nycra
(pebpa TIIIJIT He nepecekaioT ee), To ee 06paboTKa TPHBHAJbHA.

CTpYKTypa JaHHBIX TOHCKA, COOTBETCTBYIOLAS —TpameuuH
¢ puc. 2.20, u3o6paxena Ha puc. 2.21. Kaxno#t Tpaneuun R coot-
BETCTBYET /ePeBO JABOHYHOrO noucka T(R), KaxAwlit y3es KOTOpOro

T(Rs) T(R7) T(Rs)

cnean crpuea

T(Ry)  T(Rs)
Puc. 2.21. Crpyktypa RaHHHX NOHCKa, COOTBETCTBYIOWlas TPANeUHH C puc. 2.20.

CBSA3aH C JIMHEHHOM NPOBEpKOH. YJOGHO PasiuyaTh y3aAbl ABYX TH-
1oB: V'}’3JIH, €CJIH COOTBETCTBYIOIIAs TIpOBepKa NPOBOJAHTCH OTHO-
CHTE@/JIbHO TOPH30HTaJH, H O-YC'L'IH, €CJIH 3Ta NpoBepKa BeaeTcst OT-
HOCHTeJILHO NPsIMOH, Hecymelt pe6po ITITJIT. OueBHAHO, 4TO KOPEHD
T(R) Bcerma Gyzer V-yaioMm. 3amMeTum, 4t JM060My V-yajy cooT-
BETCTBYeT eJMHCTBeHHasi BepwuHa [II1JIT, a uMeHHO Takas Bep-
IHHA, OpAHHATA KOTOPOﬁ ABJISETCS MeAHAHOH MHOXKeCTBa OpAHHAT
sepuwnn IIIIVIT B pannoit panennu. Ilockoabky aBe KpaiiHue Bep-
kKbl [ITVIT Re yuacTByloT B pa3GHEHHH Tpamewuy, To YHCAO V-y3-
JIOB B JiepeBe noncka Gyner paBuo N — 2.

Bosee popmanbho, npoueaypa-gynkuus TPATIELINS, crposimas
ZlepeBO TIOHCKA, MoJyyaer Ha Bxome: E — menouky pe6ep ITIIJIT,
V — nocsieoBatebHOCTL  BEPIIHH BHYTPH R, YMOpsAAOuEHHYO 1O
BO3PACTaHHIO HX OPAHHAT, M y — uHTepBaa [ Tpameunn R. B npo-
neype HCHOJIb3YIOTCS BCMIOMOraTeJsbHBIE onepauuH, TakHe Kak
«TOHCK MEJIHaHBI» M «6anaucﬂposxa», KOTOpBie 5y,zly1‘ ONMHCaHBI
nosxe; Ej, Ey, Uy u Uy— paboune CUCKH 3TOro aNropHTMa.

1 function TPANTELIUSI(E,V 1)
2 begin if(V = ) then return A (et nepesa moucka #)
else begin E;:=E,:=V,:=V,:=U:=3;
Yumeq = MeNHAHA MHOXeCTBa OpRuHAT V;
Le=[min (), g o= [Yeer max(D]s
repeat e<E;
for i=1,2 do

N ol
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8 begin if(e umeer xoueuy p
BHYTpH R;)
then
9 begin E;<=e;
10 Vii=V.U{p}
end;
11 if(e nakpoiBaer R;)
uin (e=A) then
12 begin U;<=TPAIIE-
LUS(E,;, V;,1));
13 if(e %= A)
then U;<«e¢;
14 E=V;:=09
end
end
15 until e=A;
16 HOBHIH(w); (* co3nanne HOBOro V-ysaa w,
KopHst T(R) )
17 Y[w] = ypeq; (* AMCKPHMUHALMA y3aa @ *)
18 JINEPEBO[w] := BAJIAHC(U,);
19 TNOEPEBO[w] := BAJIAHC(U,);

(¢ pyuxuns BAJIAHC npuuumaer Ha Bxome
YEepenyIomyocs Ioc/aef0BaTe/IbHOCTh
U3 JiepeBbeB H peGep H OpraHu3yeT HX
B c6a/aHCHPOBaHHOE JEPEBO *)
20 return JTEPEBO[w]
end
end.
B 3TOM a/ropuTMe BHIIEJISIOTCS TPH OCHOBHEIX JAeHCTBHS:
1) ompenenenne MexMaHl MHOXeCTBA OpAHHAT BeplWIHH B R;
2) pasbuenue HWIKHETO H BEDXHEro C/IOEB Ha TPAaNeLHH H TMOMY-
ueHue s Kaxmoro cjost R; (i = 1, 2) uenouku U;, cocrosmieli 3
pebep u nepesbeB (B Hawem npumepe Us = T(Rs)e;T (Rs)esT(Rs),
a Uy = T(Rs)esT(R7)). Ha 310 yxoaur 66abluas wacts Beedl pa-
GOThl, H jes1aeTes OHA B LHKJE repeat B cTpokax 6—15;
3) Ganancuposka jaByx uenouek U; n Uy (ctpoku 18 u 19).
ITepBoe aeficTBie MOXHO BHIIOJHHTb B TNPHHUHNE 33 BpeMst
O(|V]) ¢ nomolbio K/JIaCCHYECKOr0 airOPHTMa MOMCKAa MENHaHBI.
Oanako cymectByer Goee IPOCToll U MPSMOf MyTh. Bepumuus Tpa-
TelHH pacrnoJjaramTcs B MaccHBe IO BO3paCTaHHIO OPJHMHAT. (ME-
JMaHy 9TOr0 MaccHBa MOXKHO HaHTH 3a ofHO o6GpamieHne.) Moxu-
¢urauus npoueaypsl TPATIELIMST nponcxofHT ciieayiomwum o6pa-
som. ITocsesnoBarenbhocTs peGep mpocmarpuBaercs dsaxdol. Ilpu
TiepBoM mp Kaxjas Bep npocro HMEeHeM ToM
Tpamneuuu, K KOTOPOI’I OHa OTHeCeHa, HEeNOCPEeACTBEHHO HCMOJb3yst
3TH MOMETKH, CTPOHTCS MacCHB BepIIHH AJs Ka)KIlOﬁ nopomnaeuoﬁ
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Tpaneuun. [Tpu BTOPOM NMPoOXoje BblIOAHACTCH LHKA repeal (3a He-
KJIIo4eHHeM cTpoku 10)
Benomoraresnsnast ¢ynkuns BAJTAHC oprannsyer us uepeayio-
mefics UENOYKH, cocTosmei H3 NepeBbeB H pebep, U = Tie Toe, . .
. en_iTy — cGanancupoBanHoe jepeBo. Kaxnoe aepeso T; nmeer
Bec W(T;) = 0, paBusuiii uncy Bepmun IIIIJIT, COMepIKANIMXCS B
cooTBeTcTBylouleli Tpaneunn. Bec U pasen W(U)—Z,, W (T).
Dynkuns BAJTAHC paGoraer caeayomum 06pasom:
1. Ecaiu W(U)=0 (1. e. U=1¢eje2 ... €4_1), TO Ce/IaTh U3 3THX
pebep cOanancuposannoe nepeso. Muaue:
2.1. Haiitu raxoe neJgoe r, uToGnbl Z;:; W(T) <W ()2,
a X W{T)=W ).
2.2. Tloctpoutb Aepeso, nouodﬂoe uaoépameHHoMy Ha
puc 2.22(a), rae U/ = T, u” Ty,
BAJIAHC (U”), 1" —BAJIAHC(U") (3aMeTHM, 4TO
W(U’) <WO)/2 u WU)KW(U)/2)
Ouesujuo, uto npoueaypa BAJIAHC -rpeﬁye-r O(hlog h) Bpemenn.
Heitcreurennuo, pasuenenne U wa (U’, T, U”) norpebyer O(h)
BPEMeHH, a 3aTeM NOCJACAYIOT ABa peKprPIBHHX BHI30Ba ITOH XKe
POLeAYPEI, IPHMEHSAEMbIX K MOJOBHHAM HCXOJHOH LEMOYKH.

T T
(@) (b)

Puc. 2.22. TIpuMep onepausn 6anaHCHPOBAHHS.

Ho €lle HHTepeCcHee aHaJu3 BHICOThI CﬁaJlaHCHpOBaHHbIX AepeBb-
eB. 3aMeTHM /s Havaja, 4To A — UHCIO AepeBbeB B Lenouke U,
menbluee N, rae N, Kak u paHee, paBHO uncay epuwus B ITILJIT.
B camowm jesie, 13 puc. 2.23 BHAHO, UTO A — YHCJO HOBBIX Tpamemwis,
Ha ejnHALy Goabliee uucaa pebep, HAKPHIBAIOUIHX HCXOAHYIO Tpa-
neuuto. [Tocaeanee uncao OrpanHueHO CBEPXY UHCIOM pebep, KoTo-
pBie MOXKHO Iepecedb OJJLHOPI HPHMOH JIHHHEH. Tenepb 3aMeTHM, YTO
3TH peﬁpa MOXHO CUHTATh «JAHArOHAJISIMH» TIPOCTOr0 MHOI'OYTOJIb-
HHKAa (OrpaHHYeHHOro Ha puc. 2.23 WITPHXOBOH aHHHedt). Ecan
Y 3TOro MHOrOYroJibHHKa § BepIIHH, TO B HEM He Gosee s — 3 AHa-
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roxasneii (OTOMY YTO STH JHArOHa/iH ONPEAENSIOT TPHAHTYAALHIO
AaanHoro MHoroyroabnuka). [lockonbky §<CN (uncaa BepuiuH
MIVIT), To nonyyaem h<<s—2<KN—2 Tenepb MOXKHO J10Ka-
3aTh CJeYIOULYIO TEOPEMY.

Teopema. [an sadannoti yenouku U = Tie,...en Ty 8bicOTQ
8(U) depesa, nocrpoenrozo ¢ nomouwsro npoyedyper BAJAHC, ne
npesocxodur 3logs W(U) + [loga N1 + 3.

Jlokasareavcrso. Jloka3aTesqbCTBO NPOBEAEM HHAYKUHEH 10
W(U). Haunem ¢ W(U)=1. B stom cayuae, npoueaypa BAJTAHC

Ha «pwawu;ue pea‘pa

Puc. 2.23. Unmoctpauust K LoKa3aTeabeTBy Toro, 4t0 h << N (A — uHCAO HOBEIX
Tpamenii).

[aeT Takoe lepeBo, Kak Ha puc. 2.22(a), y Koroporo v’ u t”, Bo3-
MOXHO, TycTHl, a T, — jiepeBo, NpHBeaeHHOe Ha puc. 2.22(b). 3nech
T, u T, conepxar ne Gomee yeM no N wryk O-ysnos. ITostomy
BLICOTA 3TOro pnepesa He npesocxoiuT [loga N1+ 3, u Teopema
BepHa. [Tonarass W(U)= K (uenoMy MOJIOXHTEJIbHOMY UHCAY), KO-
NYCTHM, YTO TeOpeMa CHpaBe/IHBA JJsi BCEX BeCOB, MeHbWHX K.
Bynem pasnuuars aBa ciaydas:

Cayuaii 1. W (T,)<<K/2. Tlockosbky BepHo Takxke, uro W (U’),
W (U”)<<K/2, To no npeamoaoxennio uuaykuun &(U’), & ({U”),
8(T,) < 3logy K/2 +[logy i1+ 3 3log, K — 3 +[log, N1+ 3; rax
uto KOHGHrypauus Ha puc. 2.22(a) obecrneyuBaeT HHAYKTHBHBI
nepexos.

Cayuai 2. W(T,) >K/2. Tockoasky W(U’), W(U") < K/2,
TO XOBOAB AMf v M T/ GyAyT TeMu Ke, 4To M B caydae 1. Orocn-
TeJbHO T, 3aMeTHM, YTO OHO COOTBETCTBYeT Tpamelnn. [TosTomy mox
AeficrBuem mpouexypst TPATIELIUS T, noJyyaer CTPYKTypy, no-
KasauHylo Ha puc. 2.22(b), rae T, u T/ camu siBasioTcs cOasnanch-
POBAHHBIMH JePEBbSMI, H B CHTY MelnanHoro pasbuenns W (T;),
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W (T7) < W (T,)/2 < K/2. Caenosareunsio, iis Hekotoporo h” < N
umeem 8(77), &(T7)<<3log W (T,)/2+ [log, h"1+ 3<<3log K —
— 3 +[log, N1+3, uto u 3aBepwaeT 10Ka3aTe bCTBO.

Hockonbky ans IIJIT Bepro, uro W(U) << N, 10 BhcoTa fe-
peBa noucka aas IIIJIT we npesocxoaut 4[logs N1+ 3.

Haxonen, paccMorpum uuka repeat B npoueaype TPATIELLHSI.
Jlnst KaX10ro MPOCMATPHBAEMOTO pebpa (T. e. B3ATOrO H3 criucka E)
9Ta MPOLEypa OCYWIECTBIAET KOHCTAHTHB 06beM BHIUHCJEHHI B
cTpoke 6 u B cTpokax samn6o 8—10, an6o 12—14. CunenoBatensHo,

Meduara 6 R' Tpanequs R” Tpaneyus R
RN W A
Bmoy
Genonse Tpanetes 7'

[Tepeoe
denernue

z- Meduana g R X

Prc. 2.24. UaiocTpauns MexaHH3Ma fedelHs peGpa.

obmas pa6ora, NpojeJaHHas B TOM LHKIE, IPONOPUHOHATLHA CyM-
MapHOMY YHCTy (PParMeHToB peGep, NOPOKIAEMBIX AAHHBIM 4Jro-
purMom. Tenepb ouenum 370 uncno cBepxy. O6pamascs k puc. 2.24,
BHJHM, YTO Pe6po AeTHTCA BUEpBLIe TOTAA, KOTAA €ro KOHUB JeXaT
B Pa3HBIX C/IOSIX, ONpP BIX it Tp R. Tocae sto-
TO JeJeHHsI BEPXHHHA (parvent peGpa momagaer B Tpameuuio R’.
Ecan meanana R’ mennt e (Xyawmit cayuait), To e HaKPHBACT HHXK-
HHil c0it B R/, a ciienyiomee ero feseHHe MOXET MPOH3OHTH TOJLKO
B BepxueM cnoe R’. Ananormumble coOGpakeHHS NPHMEHHMB K
(parmenty e, monasmwemy B Huxuuit ciofi R. Iostomy, Buipaxas
UHC/IO JIeNIeHHA BepXHero ¢parmenta peGpa e Kak (yHKUHIO c(s’)
OT uncaa s’ BepuwuH B R’, MBI mosyyaeM rpy6yio OueHKy: c(s') <
< |+ ¢(s”), tre s” — uncao Bepwmn B Tpameuun R, kak NoKa-
3aHo Ha puc. 2.24. Iockombky s” << s’/2, Mb monydaem c(s’) <
< log: §’, a mockoabky s’ << N/2, T0 oflmee WHCJO AeseHHil e He
npesocxoaut 2 logy N — 2. 3ta ollenka 10KasHBaeT ABA yTBepHie-
uust. [Mepsoe: obuiast pa6ora, MPOH3BOAUMAs B LHKJIE repeat, npo-
nopunonansia O (NlogN), mockonbky nmeetes O(N) pebep, a
Kaxnoe pe6po pasaeneno Ha He Gosee yem O(logN) dpar-
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mentoB. [TockonbKy 0Ge safaun (OHCKa MeHaH M GalaHCHPOBKH)
TpeGyior B cymme O(N log N) Bpemenn, To Bce moctpoenue CTpyk-
TYPHl JIaHHBIX NIOHCKa 3aBepluaercst 3a Bpems O (N log N). Bropoe
YTBepXK/eHHEe TaKOBO: MOCKOJbKY CTPYKTYpa JaHHbIX NOHCKA MMeeT
O-ysen ju1s1 kKaxzoro dparmenta pepa u V-ysen LI Kaxnuok Bep-
IUMHBL, TO MCIOJNb3yeMass INaMATb TaKXe OlLEHHBAeTCs yepes
O(Nlog N) '). TlogBozas HTOT, HMeeM:

Teopema 2.8. Touky moxHO A0Ka. b 8 N-gep naa-
naprom nodpasGuenuu menee wem sa 4 loge N nposepox, ¢ ucnons-
3osanuen O(Nlog N) namaru u raxoeo oe epemenu npedobpa-
borku.

Nipumeuanne 1. Parec MLl OTI0XKHIH 06CyXKIeHHE BONPOCA O TO-
CTPOEHHH YNOPSII0YEHHsI MHOXKecTBa pebep E, COTacoBaHHOIO ¢ OT-
HOIIGHHEM YacTHYHOro nopsaka «<», 3ajaBaeMoro omnpejesne-
HueM 2.6. Jlist OCTHXKEHHS STOH LeMH MOXHO YNOTPEeGHTH METOJ,

ﬂ Y ﬂ
v
e e, e\ e e ey
(a)

(b)
Puc. 2.25. TIpiMep BhUHCIEHHS OTHOEHHA «<<»KaK Pe3yJbTaTa 06paGOTKH Bep-
unn v B cayuac (a) nopownaerca napa (e, €); B caysae (b) mopo.

natotest napel (ey, €2), (es,e3) H (es, e5).

SIBASIOLWHACS NMPOCTOH MOAHGHKANHE! IVIOKOro 3aMeTaHHsl, OMHCAH-
HOPO B pasi. 2.2.2.2 115 «peryJspu3auiu» IIOCKOro rpaga.

B npouecce saMeranus cBepxy BHH3 BepmuHbl rpada G mnpo-
CMaTpUBAIOTCA, a CTATYC 3aMeTalollell NPAMO# KOPPEKTHPYeTCst TaK,
KaK ONMHcaHo BbllIe, nOGO‘lHHM PesyJbTaTOM 3TOrO 3aMeTaHHS SIB-
JISIETC PETHCTPAUMA CMEXKHOCTH Beex peGep, modyuaemasi NMpH HX
BCTaBJIEHHH HJIH YAaneHHH, OTHOLI.IEH[/IQ CMEXHOCTH, BbipaxKaemoe
B BHJC YNODs0UEHHOA mapwl peGep (neBoe, mpasoe) (pHe. 2.25),
SIBJIE€TCSL TPAH3HTHBHBIM CBEJCHHEM «<<» HCKOMOr0 UYacTHYHOTO
ynopsirouerus. Ouesuano, uto ecan rpad G umeer N Bepuinu, To
OTHOIICHHEe «<<» MOXHO BBIUHCAHTH 3a BpeMs O(N log N). Ecin
H3BECTHO OTHOLIEHHE «<<K», TO HCKOMOe YlnopsiioueHHe MOXKHO

!) B Xymwem cayuae 3aTpaThl NaMATH  AefiCTBHTENBHO  COCTABASIOT
O(Nlog N). Oanaxo ans IIVIT crennambuoro sraa [Bilardi, Preparata (1981)]
Tpebyetcs namatH B cpemsem O(N), uTo 3acTaBasieT MpeATONAraTh aHAJIOTHYHOE
nosejienre B cpeaneM ¥ s TIIVIT oGuero Buaa.
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nonyyuth 3a BpeMst O(N) CTaHZAapTHHIM METOJOM TOMOJOTHYECKOH
copruposkn [Knuth (1973) 1)].

Mp . On i MeTOX He Orp TCA JHIIb
TIVIT. B camoM fene, IPAMONHHERHbIE OTPE3KH MOXHO 3aMeHHTb
JIPYTHMH KDHBBIMH, eCiiH GYAyT BHIONHEHB CeAYIOLIHe ABA ycao-
Bus: (1) 9TH KpHBble — OHO3HAUHBE (DYHKUHH OT OAHON H3bpaH-
HO# KOODAHHATH (CKaXeM, OT ¥); (2) AMCKDHMHHALHIO TOUKH OTHO-
CHTJIBHO JIIOBOM M3 TAKHX KPHBLIX MOXHO MPOJeNaTh 32 KOHCTAHT-
Hoe BpeMsi. HanpuMep, 3TH YC/IOBHS, OYEBHIHO, BHIMOMHSIOTCH AT
JIYT OKPYXHOCTe M APYTHX KOHHK, KOTODHE He HMEIOT TODH3OH-
TAJbHBIX KacaTeNbHBIX K ToukaM. IT merona
Kupknatpuka (pasa. 2.2.2.3) B nono6HOR CHTYauuH mpeacTaBaser
OUEBHJIHEIE TPYIHOCTH, MOCKOJILKY TPeGyeTcsi MepeTpHaHryIHpoBaTh
MHOTOYTONIbHHK C KPHBOJMHEHAHEIMH pe6GpaMu.

2.3. 3ajmauu pernoHaNbHOrO MOMCKA
2.3.1. O6mue 3ameuanus

Kak 6bi10 mokasawo B pasa. 2.1, 3a1aun persoHanbHOrO
TMOHCKAa MOXHO paccMaTpHBaTh Kak ﬂBOﬂCTEeHHHe, B onpejneeHHOM
CMBICTe, K 3a1a4aM JIOKA/TH3AlHH TOYKH, KOTOpHIE yXKe 6BLTH pac-
CMOTpeHBI.
3nech dafiiom Gyzer cunraThest Ha6Op 3amuceft, KaXAas H3 KO-
TOPHIX HMACHTHOHIHPOBAHA YMOPSIOYEHHBIM d-TJIEKCOM <«KJIIOUeH»
(x1, X2, ..., xa). EcrectBenno cunrath d-mnekc kmouefi TOUKOA B
d-mMepHOM JiekapToBoM mpocrpancTBe. Ha takom dafire MoxHO m0-
MYyCTHTH HEKOTOpHIe I(eﬁCTBHSl TI0JIb30BATENSA, UJIH 3anpocel. OAHa'
KO B JJTaHHOM KOHTEKCTe MBI ﬁyneM UMeThb NeJI0O UCKIIYHTENBHO C
pezuoranrbrsimu 3anpocanu. 3anpoc onpenenser o6aactb (pernor)
B d-MePHOM TIPOCTPAHCTBE, a PE3YJbTATOM I[TOHCKA SBJIAETCA OTHET
0 MOAMHOXKecTBe Touek (dafina, comepKamuxcest B 3Toft 3anpannsae-
Moft o6aactu. JIpyrofi, 6osee OrpaHHYEHHOR LENBIO TOHCKA SIBJS-
eTcs TPOCTOfl MOACYeT YHCIA TOUEK B 3ampaliuBaeMofi 06sacTh.
(Eﬂ“ﬂblﬁ TIOZXOM K 3THM [BYM THIaM 3a7ay MOJYYUTCSH, €ClH KaX-
AVI0 3aMHCh CONMOCTABHTh C OJHHM H3 3JIEMEHTOB KOMMyTaTHBHOﬂ
TONYTPYNNB ¢ Omepanueii «=» M CYHTATh, YTO 3aMPOC PeanHsyer
ONepantio «*» Hal BCEMH 3alUCAMH B CBOEM HHTepBate. Torna B
pexume oruera KaXK1oft 3alHCH COMOCTABNEHO €€ HMS, a «#» eCcTh
onepauus OﬁieﬂHHeHHﬂ TIOIMHOJKECTB; B peXuMme noiacuera KaX1of
3aMHCH COTOCTABJEHO lIeJI0e YHCIIO ], a «=» eCThb OGHIUHOE CJIOKe-
uue [Fredman (1981)].)
TpencraBienne B NeKapTOBOM NMPOCTPAHCTBe sIBASETCS abeTpak-
nneft JL1si MHOXKECTBA OYEHb BajsKHBIX anﬂO)l(eH"ﬁ. wacTo nmenye-

1) Cwm. pycckoe usmaune: Kuyt, v. 1, ¢. 323. — [Tpus. nepee.
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MBIX «IOHCKOM 110 MHOrMM Kaiouam» [Knuth (1973), v. 3]. Hanpu-
mep, oTAen Kaapos KOMIIaHHH MOXKET [10XKeJlaTh y3HaTb 4YHCJO pa-
GoTHuKOB B Boapacte ot 30 A0 40 Jer, 3apabatsiBaiomux ot 27 000
110 34 500 gosnapos B rof. [IoMHMO J{aHHOrO BbLAYMaHHOrO NpHMepa
PHJIOKEHHs I0A0GHOTO POJia BOSHHKAIOT B reorpau, CTaTHCTHKe
{Loftsgaarden, Queensberry (1965)] u aBTOMaTH3aUHK IPOEKTHPO-
Banus [Lauther (1978)].

BosBpauiasicb K Hallleii a0CTPAaKTHOH 3ajaue, 3aMeTHM, 4TO 3a-
TpOCHl YHHKaJIbHOIO THIIA He NIPeACTaBJAIT HHTEpeca, u60 HX 06])2-
6oTKa HelpEeMEeHHO CBEAETCA K KaKOMy-HHGy}lb BHAY HCYEpIBIBAKO-
wero nepe6opa B npocrpanctse. 1103T0My cOCpeAOTOURMCSA Ha Mac-
COBBIX 3anpocax, H Toraa norpeﬁylorcﬂ H3HayaJlbHbIe 3aTpaTthl Ha
npefo6paboTKy K 3anoMHHaHKe, YTOOHl B AOJITOCPOYHOM IUIAHE MO-
JIy4aTb BBIMIPBII BO BPEMEHH noucKa. B sTom cmbicae Haue# Ko-
HeYHOl Lle/Ibio SIBJSIETCS pellleHHe JAHHOH 3ajlauy B ee CaMOM K-
poKOM 0BOGUIeHHH, T.e. YMeHHe paGoraTb B IPOCTPAHCTBE NPOH3-
BOJIbHOH P TH H Ha Be IIpC obaacreit
3anpoca Kak no gopme, TaK H 10 pasmepy. B To Bpems Kak Bompoc
0 Pa3MepHOCTH TPOCTPAHCTBAa MOXKHO aJeKBATHO Pa3pelluTb (3a
onpejeieHHYI0 BbIYHCJIHTEAPHYIO ILIATY, paaymee‘rcx), K coxaJje-
HHIO, GOsbllasi 4acTb TOrO, YTO H3BECTHO CETOAHS OTHOCHTEJNbHO
NPHPOJK 3aNpoca, CBA3AHO C FHNEPNPSMOYTOJIbHBIMH 00/IAcTAMH.
(TunepnpsmoyroabHas 06/JacTh — 3TO AeKapTOBO NPOM3BEAEHHE HH-
TepBaJOB Ha Pa3JHYHBIX KOOPAMHATHEIX ocsx'). Xorst caydait ru-
NepnpsiMOyroJbHOR 06JAaCTH H OdYeHb BaXKeH, OH, HECOMHEHHO, He
oXBaThIBaeT Beex Kesnambix gopum. Hamprmep, nmouck Bcex TOUEK Ha
OTpPaHHYeHHOM pPAacCTOSHHH d OT NPOGHOH TOUKH 2, Ha3biBaeMblil
NOuCKoM HG O2PAHUMEHHOM PACCTORHUU, TIOPOXKAAET chepHuecKyio
obaacth moncka (T.e. runepcdepy paauycom d ¢ LEHTPOM B 2).
Kak Gyjier IOKasaHO HHXe, METOAbl, YCIEIIHO NpHMEeHseMble B IH-
NepnpsMOYTOJbHOM Cay4ae, HENPHMEHHMBl B cyuae cQeprl. Ecou
2715 cephl KOra-HUOYAb 1 YAACTCs JOCTHYb CPABHHMO 3QdeKTHB-
HOCTH, TO IIOJIy4eHa OHa 6)’11&’1‘, BEpOsATHO, Ha OCHOBe COBepU-leHHO
HHBIX NPHHUKIOB. Ha camom Jlesie, HMEIOTCSl KOe-KaKHe HeJaBHHE
npoasuxkennus [Chazelle, Cole, Preparata, Yap (1984)] B sanaue
noxcka Ha OrpaHHueHHoM paccrosinmh mpu d = 2 (3ajava Kpyeo-
8020 p AbHOZ0 NOUCKQ), Ha TOHATHH «6/IM30CTH?;

') BuGpaHnas TaKk 00aCTh MOHCKA YacTO HA3HBAETCs OPTOZOHAAbHbIM 3a-
npOCOM, BO3MOXHO, MOTOMY, WTO T orp
YrOMbHHK, OPTOrOHAbHH KOOPAHHATHBIM OcsiM. HHOrZa THNepNpsMOYrOMBHHK Ha-
3blBalOT ili ); CJIOBO, BEPOATHO, MOJACKA-
3akHoe opMofi myTeli B maockoit Li-verphke (cM. ra. 8). OnHako HaM Kaercd
Hey/auHbM Takoe HCTOJb30BaHHE TEPMHHA CNPAMOYIOMBHHA» (mucKyccus Ha
31y TeMy Gymer npojomxena B pasi. 8.2). (TepMHHONOrHYeCKHe BONPOCH, KO-
TOpble 3/eCh BOSHHK/H, CTeNH(WUHH JJA AHMJHACKOrO #3HKa H He HMeoT
npAMbIX aHanorHA B pycckom. — Ped.).
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onu 6yAyT NpejcTaBieHb B . 5 1 6. Oty paccyx jenns, cTporo ro-
Bopsi, INIPHJIOKHMBE TOJNIBKO K Takomy pe)Klmy paGOTbl, l’(Ol‘ﬂa ToHC-
KOBble Ollepauuu He noJayyaroTt AOCTyNa HH K KakHM APYTHM 3Je-
Mentam (Qaitna, KpoMe cofepxamuxcs BHYTPH 0GaacTH sampoca.
Ecam takoe orpanuvenne cuath, To Cceputeckylo 06aacTb MOXKHO
aleKBaTHO al‘ll’lpOKCHMl’lpOBaTb ceMeHCTBOM rnnepupﬁmoyronbuux
obaacteil; XOTs MOXOGHHI [OAXOA MOXET OKAa3aThCsi HeyAauHbIM
OpH OUEHKe INIOBEIEHHS B XyauieMm clyyae, OQHAKO B «peajlbHHIX»,
MPAKTHYECKHX CHTYaLHAX OH MOXeT PaGoTaTh BechbMa Xoporo (Ha:
npuMep, MeTox k-D-aepeBa u3 pasa. 2.3.2).

611.53;{ €pTa BCeX METOAOB, KOTOPHE GyaAyT PaccMOTPeHHl B Ha-
CTOSILIEH TJlaBe, COCTOHT B TOM, 4TO HCHDJIbSyeMHe CTP}’KTYPH JAaH-
HBIX OYAYT CTQTU4ECKUMU, T.e. OHH He OyAyT MOAHGHUHpOBATLCS
nocie Hx TNOCTPOeHHS. O'IGBHRHO, oTcIoaa CJIelyeT, 4TO BCe COCTaB-
JISIOIHE HX 3JIEMEHTHl — B HaleM Cllydae 5TO MHOXKECTBO TOYEK B
d-MepHOM NPOCTPAHCTBE — AOMKHB GbiTh 3ajannl sapanee. Coor-
BETCTBYIOLIHE QuHaMUUeCKUe CTPYKTYDhl JAHHBIX, T. €. TAKHE CTPYK-
TYpHI, KOTopbie JonycKaioT BCTaBKy H ylaJjleHHe CBOHX 3JIEMEHTOB,
ﬂO’BHﬂHMOMy, ﬁyﬂ.yr 3HaYuTeAbHO GoJiee CJIOXKHBIMH; HX uayqenué
HaXOAHTCA 1O CHX MOp B BeCbMa aKTHBHOM CTagHH H He Gyjer Ae-
TaJNbHO oﬁcyxma‘n:cn B JaHHOH KHHI€, 32 HCKJIIOUEHHEM HECKOJIbKHX
KOPOTKHX 3aMeYaHHii H GHOJHOrDAHUECKHX CCHUIOK B pasm. 24.

Teneps crout mouckats, KDHTeDHIi J/Isl CDABHEHHS PA3HBIX MeTo-
pi{e): N ECTeCTBeHHO B KayecTBe KpHTEpHS Buﬁpa‘rb HHXHIOK OLEHKY
AJLST HEKOTOPBIX MeD 5((peKTHBHOCTH 3THX MeTOX0B. OHAKO, nepen
TeM Kak JABHHYTbCS Aajblue, CTOHT HEl'bOPMaJleO npoaHaJ}nsupo-
BaTb B3aHMOCBSI3b PasHbIX cnocoGoB OLEHKH.

Kak o6s1ano, TIPEANOJIOKHM, UTO (alin ABIsETCS PHKCHPOBAH-
HbIM HaGopoM S u3 N sanuceit. Otseroym Ha sanpoc Gyzer S’-nog-
MHOXeCTBO S. O}I(HH H3 BO3MOXKHBIX TMOJAX0A0B COCTOHT B npe,uBapﬂ«
TEJIbHOM BBIYHCJAEHHH OTBETOB Ha Bce JONyCTHMbBIE 3ampochl. Io-
CKO.’leY JAONYyCTHMBlE OTBETHI COCTaBJAIOT KOHEUHOe MHOXEeCTBO
(KaK MHOKECTBO Bcex TIOIMHOXKECTB KOHEYHOro MHOXeCTBa S) TO
6ECKOHQ‘IHOB MHOXeCTBO 3anpocos pasﬁusaercﬂ Ha KOHeyHoe '-IPI,C}IO
Knaccos 3KBHBAJIEHTHOCTH (H.Ba 3amnpoca SKBHBAJICHTHBI, €CJIH Ha
HHX NOCTYNAeT OAMHAKOBHI oTBet). Torxa o6paborka 3ampoca cBe-
Jach 6bl K €ro CpaBHEHHIO cO CTaHJaPTHHIM TnpeacTaBATeNEM COOT-
BETCTBYIOLETr0 KJacca SKBHBHJIQHTHOCTH, 49TO B CBOIO ouepeab He-
MEIVICHHO 21210 Gbl OTBeT. DTOT MeTOA MPAMOro KocTyna (oK Gyner
o6cyxkaatbes B pasa. 2.3.3) IDOJEMOHCTPHPOBA GHl BechbMa Npo-
CTyl0 06paGoTky sanpoca, JOCTHIHYTYIO 33 cuer OTPOMHBIX 3aTpar
NaMATH W BPEMeHH npeno6paGorki. Ofnako u3 ABYX MOCJTENHHX
PeCypcoB naMsth BaXHee BpeMeHH Mpego6PaGOTKH; B caMoM ZeJte,
BpeMst Ipeo6paGoTKH 5TO BHOMHe JAOMyCTHMast ONHOKPATHas sa-’
TPaTa, HO NaMATh SBSETCS MOJArOCPOUHON 3aTpaTof, TIOCKOJILKY He-
TPHIOJHA /IS APYrHX uesteli Ha TPOTSXKEHHH BCell XKH3HH 3aIPOCHO-
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orBeTHo# cucreMbl. ITo3TOMy cTano TpajHUHeH, €ClH H He MpeHe-
Gpera'rb BOBCe, TO NO Kpap“meﬁ Mepe He NepeoleHHBaTh 3aTPAaTH Ha
HPCAOGPEGOTK)’, a BMeCTO 3TOro KOHUEHTPHPOBaTh BHHMaHHE Ha
BpeMeHH 06paGoTKH 3anpoca H o6beMe maMarth mis daira. (Bmpo-
4YeM, BO MHOTHX NPHJOXEHUSX BpeMsi Npeno6pabOTKH H MaMsATh
OLEHHBAKTCA QJyHKl.lHﬂMH O/IHOTO nopsAjKa, 03ToOMy GBIBaeT Jocra-
TOYHO OUEHHTb JHIUb MOCAEAHION.) BHillleonHcaHHBIH MeTOA Xapak-
TePH3yeTcss MaJbiM BpeMeHeM 3anpoca H GonbuIoi TNaMATbIO; T0-
HATHO, YTO yMeHblIeHHne TpeGOBaHHﬁ K MaMSTH JOCTHraercs LeHOi
YBeJIHYEHHSI BPEMEHH 3amnpoca; HTak, Mbl CTOJIKHYJHCh C B3aHMO3a-
BHCHMOCTBIO MeXAy AByMsi MepaMu 3hdekruBHocTH. B cooTser-
CTBHH C coapemeHHoﬁ l'IpaKTHKOﬁ ﬁyneM XapaKTepH30BaTh METOJ
perHoHa/NbHOrO NMOMCKA Mapoii: (maMaTb ¢aiiia, BpeMs 3ampoca).

TToHsiTHE «BpeMs 3ampoca», B CBOIO Ouepeib, 3aCAyXKHBAET He-
KoToporo o6cyxjenus. Pa6ora, saTpaunBaemMass Ha 06paGoTKy 3a-
nmpoca, ecTeCTBEHHO, 3aBHCHT He TOJbKO OT pasMepa dafiia N u or
noaMHOXKecTBa S’ C S, comepikallerocss BHYTPH 3aNpalIHBAaeMOro
PerHoHa, HO H OT THMA 3ampoca (T.e. OT MPHPOAHI PaHee YIOMSHY-
TOH OlepauHH «#» Ha moayrpymne). B camom jene, oTBeToM Ha 3a-
mpoc B pexHMe IOACYETa Beeria GYIeT efHHCTBEHHOE LeJoe THCIO
(k — momHocTs S7), B TO BpeMst KaK OTBETOM Ha 3ampoc B pexuMe
ordera 6yAyT HMeHa BceX k sneMenToB S’. B mpuHiHme MOXHO pas-
nuYath ABa BHAA AeficTBUM MpH 06paboTkKe 3ampoca:

1. Houck, t.e. neficTBUs, NPUBOAAILHE K 3JEMEHTaM HCKOMOTO
TOJMHOXKeCTBA (OGLIYHO MOCIEN0BATENBHOCTb CPABHEHHI).

2. BoiGopka, T.e. IeHCTBHS TIO COCTABJEHHIO OTBETA Ha 3ampoc
(A 3aMpocoB B pexKMMe OTYeTa — 3TO (aKTHYECKOe H3BJAEUEHHE
HCKOMOTO NMOJMHOKECTBa) .

Anasuz 3anpocoB B PeXHMe NMOACYETA yAOGEH TeM, UTO BCIO BEIYHC-
MHTeNbHYI0 paboTy BOGHpaeT B ceGA «IOHCK»; TPH 3TOM cJexyer
OJKHJaTh, YTO BpeMs 3anpoca Jisi XyJuero cayyas 6yaer dpyHkuuei
f(N, d), 3aBucsmeit or pasmepa dafiia u uncna namepennir. Ha-
MHOTO CJIOXHee cnyqaﬁ 3anpocoB B peXXHMe OTYeTa, NMOCKOJbKY Bhbl-
YHCAHTeNbHAs PaGoTa Teneph siBAseTCS KOMGHHAIMEH NOHCKA H BbI-
GOpKH, M Ta ee yacTb, KOTOpas CBfi3aHa c BHIGODKOH, OorpanuyeHa
cHH3Y uHciIoM k£ — momHocteio S’ Ecan morpeGoBath, uTOGH TpH
o6paboTke 3anpoca ofecneynBascs AOCTYN TOA6KO K daeMeHTaM S,
TO SICHO, YTO BpeMsi Ha MOHCK 3THX 3JEMEeHTOB 6y11€1" ONHHAKOBBIM
st 3anpocoB 06oux TnoB. Ecuin e paspemmTh JocTyn K cymep-
MHOXKECTBY, HEMHOr'0o NMpEeBOCXOAsIIeMy HCKOMOe MHOXKeCTBO S', TO
TOABHTCS BOSMOXHOCTh COKPATHTb 3aTPAThl NAMSATH, a YacTb CTOH-
MOCTH ITIOHCKOBOH paﬁOTH «OTHECTH Ha cueT» 3ajlaun BHGOPKH;
B 3TOM M COCTOWT OCHOBHas CyTh MeToja d}udbrpy}mueeo noucka
{Chazelle (1983c)], KoTOpHIfi GyzeT O6CyXAaThcst B KOHUE AaHHOM
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raaspl !). Hrak, B obuweM ciaydae BepXHSS OLEHKAa BPEMEHH 3ampoca
B pexcime oTuera Oyzer Bhipakena B ¢popme O (f(N, d) + k-g(N, d));
STH /BA CJIaraeMbIX CJIe/yeT MOHHMATh KaK COOTBETCTBEHHO «Bpem;
TOHCKA» M «BpeMs BBIGODKH», €C/H JOMYCTHMO B TOUHOCTH BBIGH-
paeMoe MHOXKECTBO, HAH KaK BPeMeHa 3anpoca A1s «Majoro» (k=
= O(f(N,d))) u «6oabmoro» (f(N,d)=o0(k)) BHOHpaeMBIX MHO-
JKeCTB B GoJiee 06IUEM cayuae.

OTHOCHTe/ILHO HHIKHHX OLEHOK CPasy e 3aMeTHM, 4To @ (k)—
3TO TPHBHANbHAH HWKHSA OLEHKA BPEMEHH BHIGOPKH, NMOCKOJbKY
IUIHHA pe3ysIbTaTa MPOMOpLHOHATbHA k. UTo XKe Kacaercs BpeMeHH
o — TIOHCKa, TO 06DAaTHMCS K MOJENH ABO-
2, Thpwemew wuoro nepesa pewennuii, Kotopas,

“ darpoo ~ KaK  XOPOWIO H3BECTHO, MOACUHTHI-

! BAeT YHCJO CPaBHEHHH, HeO6XOXH-

: MBIX JUIl JIOCTYNA K 3J€MEHTaM MHO-
KeetBa S/ C S BHYTPH 3ampocHoro
PEerHoHa (3aMeTHM, dTO 34eCh Mbl
CUMTAEM JOCTYIHBIMH TOJBKO Te adie-
Igemu), ;oropue HeoGXO/HMO  BBI-
paTh). DTO UHCAO CPABHEHHH oOrpa-

gﬂﬁplfd?f__ ;_IPHMeP MHOKECTBA  {HqEHO CHH3Y BEJHUHHOI long(g),
rie Q(g)-—qncno PasJIHYHBIX IOAMHO-

JKECTB S, MOMyYaeMbIX Kai

sanpocsl. OGpamasics K puc. 2.26, pacho'rguM cneﬂym;ggan::rl:):;
ctBo  [Bentley, Maurer (1980)]: S — MHOMeCTBO Bcex Touek
HMEIOIHX OJIHY H TOJILKO OXHY HEHYJIEBYIO LEeNOUHCIEHHYIO KOOPAH:
Haty B uHTepBante [—a, a]; Acmo, uro N = 2ad. 3atem BhiGepeM
HEe3aBHCHMO IO KaXJOH OCH KOODJHHAT JBa JIOGHIX LeJHX YHcaa
B HHTepBAJax coOTBeTCTBEHHO {—a, —1] u [1, al; onn u onpenensr
PETHOR 3ampoca, st KOTOPOro MOJMHOXKECTBO CBA3AHHBIX C HHM
TOYK HeMYyCTO H OTMIHYHO OT BCEX APYTHX MOAMHOMKECTB, IT0CKOJBK!
BBIUCYNOMSHYTEI  BHIGOD MOMKHO OCYUIECTBHTh @24 = (N/(?d))ZX
CMOCOGAMH, TO HHXHSS OUEHKA uncna JBOWYHBIX DemICHHA paBHa
Q(lf)g(N/(Zd))”) = Q(dlog N). Xors 6o/iee TOHKHIi KOMGHHATOD-
bl ananus [Saxe (1979)] moxer nath Gosee Tounyio OIIeHKY YHC-
J1a OPTOTOHAJNLHLIX PerHOHOB, 06J1a/AIOMINX PA3MHUHBIMH BEIGHDae-
MLIMH MHOXECTBAMH TOYEK, OJHAKO M TMPOCTbIC JOBOALI, NPHBeIeH-
Hble BhILIE, 1aJIH HAM HHIKHIOIO OLleHKY BpeMeHu moucka Q (d log N)
K coxanennio, kak ormerna Jliokep {Lueker (1978)], moxens ne:

|
|

—d

-a

1

oTamare dHABTPY ToHcKa o1 Toro

:«:;oi\:"g:ufka, B KOTOPOM 3aJaHHB PETHOH aNMPOKCHMHDYETCS PErHOHaMH Ipy-

bep ErHOH — mu). Xots 06a

?'zl;evvemna He OTHOCATCH K THMY <TOUHOTO NOCTYNa», MpH GHALTPYOUleM mno-

Da3svep JOCTYINOrO MHOXKecTBa He Gosiee ueM Ha MYJBTHIIHKATHBHYIO KOH-
CTAHTY OTIHYACTCS OT pa3mepa BHIGHPAEMOTO MHOXKECTBA.
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pepa pelemHuii, 0-BHANMOMY, He ajeKBaTHa A AAHHOH 3ajaud,
[0CKOAIbKY AJsi GOJbIIMX d BCe M3BECTHblE METOABI MOKA3bIBAIOT
SKCIOHEHIHANbHYIO, @ He JIHHCHHYIO 3aBUCHMOCTb BPEMEHH MOHCKa
or d (r.e. Bepxuss rpannna umeet ux O ((log N)¢)). dtor Bonpoc
6bi1 noctaBiaen ®peamerom [Fredman (1981)], koropwiit 10Kasan
HIKHIOK oleHKy BpeMenn moucka Q((log N)¢) ans dunasudeckux
3ampocHbiX cucTeM (OLUEHHBAS CJIOKHOCTb ONEPALHH «#» HA TMOJY-
rpyliie, KoTopas Gbila BBeIHA paHee B HACTOSILEM pasienc); Oi-
HAKO He COBCEM fICHO, KaK pe3yabraT ®dpejmena MOKHO NPHIOKHTL
K paccMarTphBaeMoii 3jech cuTyauun. Haxoweu, sameriu, dTO
Q(Nd) — TpuBHA/bHASL HMMKHAS OlLEHKA MaMATH, 3aHATOH MOA
CTPYKTYPY AQHHBIX IIOHCKA.

Ocrarok 3Toit raBbl Oy/eT NOCBAUEH B OCHOBHOM aJirOpHTMaM
IS 3a/auH THIA <OTYETA», a He THIA «IOACYETA> (32 WKJIIOUEHHEM
ynpaxuenus 4). 3aMeTHM, UTO aiTOPHTM TEPBOrO THIA MOXKHO
TPHBHAJBHO HCTIONB3OBATE JUIA PELUeHHs 3aaui BTOPOrO THIA; O
Hako oGpaTHOE MpeobpasoBanie B O6lleM cydae HEBOIMOXHO, T. €.
MOTYT OLITb Da3sBHTH crenHpuueckine SPHEKTHBHbIE METOABl ATA
pelliennsi 3ajaun TMma «mojicuera». [lisi BCeX ONHMCHIBAGMBIX ajiro-
DHTMOB BpeMs TIOHCKa Bhpaxaercss B Gopme O(f(N,d) + k).

B c/iefyiomuX Pasiesax MOKa3aHO HECKOJNBKO JOCTATOUHO HHTe-
DECHBIX H TOHKHX METO/OB, NPeVIOKEHHBIX ISl 33/1a4H PeruoHanb-
HOTO NOHCKA. Byjer mposuT cBeT Ha Te TPYAHOCTH, KOTOpHIE 10 CHX
0P He MO3BOJSIOT NOCTPOHTD ONTHMAJBHBIE AJATOPHTMB H KOTODbIE
HEMOCPECTBEHHO OMPE/eA0T COOTHOUEHHE MEXIy ABYMs BaKHbI-
MH pecypcaMmi — BPEMeHeM 3ampoca i 06beMOM MaMsTH.

UroBHl COOTBETCTBYIOLIHM 06Pa30M TOATOTOBHTBCS K H3JOKEHHIO
CYIIECTBYIOIIHX METOXOB, HaM TNpHIETCS HauaTh C Tpocrefiuiero
pHMepa PerHOHAJIbHOrO NOHCKE, KOTOPIf MPH COBEPIUICHKOM cBoel
TPHBHAJBHOCTH COLEPXKHT CYUCCTBEHHbE YepTH JaHHOH 3ajawd:
peu TofizeT 06 OAHOMEPHOM PErHOHATbHOM IOHCKe.

Mitoxkectso #3 N Touex Ha ocn X mpejcrasiaser aiii, a sanpoc-
HBIM DErHoROM siBasercs oTpesok [+, x”] (Ha3bIBAEMBIHl X-pErHO-
HoM). Merozom, AalomuM SpdeKTHBHbI (onTHMabibif) pero-
HanbHBI TIOHCK, ABJAAETCS 0B0UYHbLL NOUCK, T.e. THXOTOMHS HCKO-
MOTO yNIOPSIOUEHHOr0 MHOXKecTBa. B caMom neie, fICHO, uTO X —
JNeBBIfi KOHell X-DerHoHa — JIOKaJH3yeTcs Ha Oocl X JHXOTOMIeil; Ha
3TOM 3aBepmAeTCs MOUCK, a [UIA OCYIIECTBIeHHs BLIGOPKH Hajo
npOATH OCb X B HANPABJICHHH BHIPACTAHHSA X BILIOTL JIO JI0CTHIKEIIS
npasoro kouua x”’. CTPYKTypofi AaHHBIX, ofecneunBaouleil yKasai-
Hoe JeficTBHe, ABASeTCS npowiutoe dsouuHoe Oepeso, T.e. TaKoe
c6asaHCHPOBAHHOE JBOHUHOE JEPEBO, JHCTbS KOTOPOro JOMOJHH-
Te/IbHO CBA3aHHl B CIHCKe, OTPaXAIoUIeM NOPsIOK abelUHCe; 1epeBo
¥ CIHCOK 06pa6aThIBAIOTCS HA (asax COOTBETCTBEHHO MOHCKA M BEI-
GOpKH. 3aMeTHM, UTO ONHCAHHHIH METOL ONTHMAJEH KaK 10 BpeMe-
un 3anpoca 0(log N -+ k), Tak u no namaTi B(N).



94 Ta. 2. Teomerpuneckuii nouck

B nocrenyiomem 06cyxAeHHH PasIHUHBIX NOAXOZOB K d-mepHo-
My DErHoHaJIbHOMy INOHCKY NpeXJe BCero GyaeM paccMaTpHBaTh
npocrefiluit cayvai (1. e. d = 2) AnA BHABIEHURA TAKHX CYIeCTBEH-
HBIX YepT KaXIO0ro MeToja, KOTOphle CBOGOAHBHI OT GpeMeHH pas-
MepHOCTH. [locse JOCTHXKEHHS! YKA3aHHOH LEJH Mbl Gynem crpe-
MHTBCA TaM, Ile 3TO YMECTHO, K OGOGIICHHIO Ha MNPOM3BOJLHOE
YHCJIO U3MEpeHHH.

2.3.2. MeTox MHOFOMEPHOro ABOMYHOTO AepeBa
(k-D-pepeBa)
Mbt TOJIBKO YTO BHJRJH qpeaauqaﬁuym BaXHOCTh JHXOTO-
MHH HpH paapaﬁo'n(e ONTHMAJIbHOIO MeTOJa ANs OJIHOMEPHOro pe-
THOHAJILHOTO MoHcKa. [109TOMy ecTecTBeHHO MOMBITATBCS 0GOGIIHTH
AHMXOTOMHIO HA ABYMepHbili caydait, rie daiin sBasercs Ha6opoM H3
N Touek, ;mexamux Ha mmockoctH (x, y). To, 410 penaercst mpn
AHMXOTOMHH, €CTh He 4TO HHOE, KaK IOCJeN0BATeNbHOE Pa3pesaHie
perHoHa (HeBaXHO, KOHEYHOrO HJH GEeCKOHeUHOr0) Ha ABe YacTH.
B cayuae aByx uaMepennii BCIo MI0CKOCTb MOXKHO CUHTATH GeckoHeu-
HBIM TNPSIMOYTOJIbHHKOM, KOTOPHﬁ 6yﬂer paspesaH cHayana Ha JBe
NOJYNJIOCKOCTH MPSMOf, NapasjenbHOl OXHON M3 ocelf, cKaxeM
ocHu Y. 3aTeM Kaxnas H3 3THX nonynnocxoc-reﬁ MOXeT paspesaTbesi
elle pas l’lpﬁMOl’l, napannenhnoﬁ OCH X, H T. A., MEHAS Ha Kaxaom
mare HanpasJ/eHHe pasp i THHHH, p p or x kK y. Kak
BEIGHPATH Paspesalolie JMHHUP B TOUHOM COOTBETCTBHH C TeM e
TPHHUHNOM, KOTOPHIfi HCMOMb3YeTCs NP OGLIMHON AHXOTOMHUH, T.e.
PYKOBOACTBYSCh NPHHUHIOM MNONYYeHHS MPHGIH3HTENBHO DaBHOTO
UHCJIA 3JIEMEHTOB (TOYeK) MO KaXIylo CTOPOHY OT paspesa. TakAM
06pasoM Mbl MPHUITH K TIPaBOMEPHOMY OGOGIIEHHIO AHXOTOMHH H,
Gosee TOTO, K OCHOBHOH Hjee MeTona MHO2OMEepHO20 dsouunozo de-
pesa [Bentley (1975)].
osiee  CTPOro, HasoBeM (OGOGLIEHHBIM) npAMOY20.16HUKOM TaKyio
obaacth Ha TJIOCKOCTH, KoTopasi onpeneneHa JIeKapTOBBIM TTPOH3Be-
nenneM [x1, x2 X [91, yo] x-nnrepsana [x,, xo] u y-nuTepBana [y, ysl,
BKJIOUas NpeiesIbHbIe ClyyaH, Korla. B Jio6ofi KoMOMHAUMH Jomy-
CKARTCA: X) = —00, X; = 00, Y = —00, Y, = oo, [TosToMy Mbl 6y-
JleM CUHTaTh TNpPSAMOYTrOJbHHKAMH TaKXe HEeOrpaHHYeHHbIe (C ONHOR
HIH JBYX CTOPOH) MOJIOCH, JI0GOfi KBaAPaHT, HAH JaXe BCIO MJIO-
CKOCTb. e
Tpouece p S nyrem pasp 51 TUIOCKOCTH JIydIle
BCEr0 HJTIOCTPHPOBATh B COYETAHHH C MOCTPOEHHEM IBYMEDHOTO
ABOHUHOrO nepeBa T. C KaXIBIM 0 y3noM T Mbl HeSIBHO CBA3LIBaeM
TpAMOYronbHAK J(v) (OH OmpemeneH BHIMIE) H IOAMHOXECTBO
S(v) =S rouek, Nexamux BHyTPH R (v); sABHO Xe, T.e. KaK dak-
THICCKHE MAPAMETPE! 3TOA CTPYKTYPH AAHHBIX, CBSIKEM C U O/IHY H3-
Gpannyio Touky P(v) u3 S(v) H «cekymyio npamyio» [(v), npoxons-
myio uepes P(v) n mapanjenbHyio OZHOA H3 KOODAHHATHHIX OCef.
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IToT Hpolece HauHHaeTesl ¢ onpelenenusi KopHs T. C #(kopeHb)
COOTHOCHTCS BCSI ILIOCKOCTD, H NoJaraercs, 4ro S (kopeHs) = S; 3a-
TeM ompejelseTcst TOYKa p € S, Takas 4T0 X(p) — MeLHAaHA MHO-
kectBa abeuuce Touek W3 S(kopeHb), n mosaraercs, uto P(ko-
penb)=p, a c I(KOpeHb) COOTHOCHTCS NpsiMas C YpaBHEHHEM
x = x(p). Touka p pasdbuBaer S Ha /Ba MHOXeCTBAa NPHOGJH3H-
TeJLHO PABHON MOIIHOCTH, Ha3HAUeHHHIX N0TOMKaM Kophsi. [Tponece

(=) (b)

Puc. 2.27. WamocTpauis MeTOAa TNOHCKA C NOMOIIbIO )myuegﬂoro ABOHUHOTO

nepeBa. PasGHenHe IJOCKOCTH (a) uonennyly:lem nepesom (b). ITouck uaun-
HaeTcsi C TNPOBeJieHHs BepTHKaqH vepes Ps. Ha puc. (b) mpHHATH cienymouue

rpaduueckHe 0603HAYEHHS: KPYTAble y3IH COOTBETCTH -
ApoGienusi NMPEKPallaeTcs, KOrAa oGHApYXeH MPAMOYOIBHHK, He
COjlep Kallliil BHYTPH TOUEK; COOTBETCTBYIOLIUI €My y3es sIBAseTcs
amcrom jepesa T.

JlanHBN MeTOA MPOMJLTIOCTPHPOBAH Ha MpHMepe ¢ puc. 2.27 mwist
muoxecrBa #3 N = 11 ToueK. Y3/l Tpex pasHbIX THIOB 0Go3Haye-
Hbl PA3JHYHHIMH rPadUUECKHMH CHMBOJAMH: KDPYXKaMH — HeJHCTO-
Bble y3JIbl C BEPTHKa/NbHOH JIMHHeH paspesa, KBajpaTaMH — HesH-
CTOBbIE Y3JIBl C TOPH30HTA/IbHOM JIHHWEH paspesa, TOUKAMH — JH-
crbsi. Takasi cTpyKTypa AaHHBIX yacTo HaswiBaercs 2-D-Odepesom
(a66pesnarypa BhHIpaKEHH: «ABYMEPHOE ABOHYHOE AEPEBO MIOHCKAY),

Hsyuum Tenepb HCNOMb30BaHHE CTPYKTYPhl AAHHBIX THna
2-D-fiepeBa Jjisi PETHOHAJBHOTO TOHCKA. A}lFOpHTMH'—IGCK?ﬁ cxeMol
OymeT MeTOX «pa3ieisiii M BJACTBYH» B YHCTOM BHJE. ﬂen_cl‘ﬂn‘re.'lb-
HO, PaCCMOTPHM B3aHMHOE DAclOJIOXKeHHe MPAMOYrOJIbHOA 06aacTH

(v), cBsizaHHORK ¢ v y3iaoM T, M HeKOero MpsIMOYTOJBHOTO PErHo-
#a D rakoro, uto #(v) u D umelor nenycroe nepeceuenne. Obaactb
#(v) pasp Ha JBa NpSMOY HHKa R, H R, npsawmoit [(v),
npoxossmed gepes P(v). Ecan D N #(v) nonnoctsio copepRuTes
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B R, (i=1, 2), T0 1OMCK lpPOAOJKALTCS C e/\HHCTBEHHOH Napoii
Tuna (obJactb, perox), a mmenxo.-c¢ (Ri, D). Ecin xe o6Jactb
D\ #(v) paspesana npsimoit [(v), 1o [(v) HMeer HenycToe nepece-
uenue ¢ D, a 3HauuT, D MOKeT conépxats—P(u). [lostomy crauana
npoBepuM, Haxoautes i P (v) BHyTpH D, W eciin 13, TO MOMECTHM
STy TOUKY B BhIGHPaeMOE MHONECTBO; 3aTeM MPONOJKHM TOHCK C
AByMs napamu THna (06J1aCTh, PETHOH), a HMEHHO C (R, D) u
(Rz, D). 3ot npolece NOHCKA NPEKPaLACTCsl IPH AOCTHIKEHUH JIio-
6Oro JIHCTA.

Boaee crporo o6oil ysen v sepesa I xapakrepHsyercs TPOit-
oit mapamerpos (P(v), f(v), M(v)). Touka P(v) yxe Gblna onpe-
nedena. [lBa ApYrHX NapaMerpa BMecTe ONpPEesioT NpiMyio 1(v),
2 uMeHHO (V) Ompejeasier roPH3OHTANbHOCTh HH BEPTHKAJIBHOCTH
[(v); B nepBoM caydae [(v) — 3TO npaAMas y = M(v) 1), Bo BTOPOM
cayuae — 310 mpsiMasi X = M(v) 2), JlaHHbli AJTOPHTM HaKalJu-
BaeT BbIGHpaeMble TOUKH B cincKe U — BHElIHEM MO OTHOLIEHHIO
K npoueaype H lepBonauanbHo mycrom. OGosnauas depes D=
= |x1, %] X[y, y2] 3anpoCHBIl pervom, mojsyyaem, 4TO TOHCK Ha
fepese T  OCyIIECTBJsIETCA BHISOBOM TPOLEAYPHI TIOUCK (xo-
petn(T),D), umelolilei caeiyiollee OnucaHue:

procedure TIOUCK(v,D);
begin if(f(v)=sepruka.n) then 1,

[x1,x5] else

[1,r):= g1, y2ls
if( < M(v) <r) then ii(P(v) = D) then U <= P(v);
if(0 5= qucr) then
begin if(l < M(v)) then TIOUCK(JICBIH(v], D);
if(M(v) < r) then TIOMCK(ITCbIH[v], D)
end
end.

Ha puc. 2.28(a) mokasam npuMep PerioOHasbHOrO MOHCKA JIS
afina, npusefennoro ua puc. 2.27(a). B uacrsocty, Ha puc. 2.28(b)
nokasaH 06x0j y3noB T, OCylleCTBJIEHHbIH ONHCAHHOH BhIlle TpoIe-
Lypoii MoMCKa. 3aMETHM, UTO TOABKO B TeX y3iax, TAe TIOHCKOBBIH
06xon pasaBanBaercsi (TaKux, Kak pe, Ps, Pz, P, P10, P1y Ps), TPOH3-
BOJMTCS NPOBEPKA NPHHAINEKHOCTH TOUKH DErHOHY. 3Be3/104KOH
() moMeyeHs! Te y3JBl, B phIX TaKas IpoBepKa y "
COOTBETCTBYIOLIAs TOUKA BEIGpana. dakTHyecKn BHOPaHHOE MHOXe-
ctBo — 3710 {P3, P, Ps}-

C TOUKH 3PEHHS OUEHKH CJIOXHOCTH 2-D-11epeBo HCMOJMb3YeT Oli-
THManbHylo namath O(N) (mo ysay Ha TOUKY H3 S). Kpowme Toro, ero
MOYHO TOCTPOHTh 3a ONTHMAaJibHOE BpeMs (N log N) caeayiouum
06pasoM. BepTHKaJbHBL paspes MHOXeECTBA S mpou3BOAHTCS B pe-

1) 3pecy M(v)= y(P(v)). — ITpus. nepee.
2) 3pech M(v) = x(P(v)). — ITpus. nepes.
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3ysibTaTe BBIUHC/ECHHS MeaHaHbl MHOXKECTBA X-KOODJAMHAT TOYEK H3
S 3a Bpems O(|S|) (c ucmosb3oBaHHeM aArOPHTMa H3 PaGoOTH
{Blum et al. (1973)]) u nyrem QopmupoBanus pa3Guenus S ¢ Ta-
Kol ke OLeHKOi BPEMEHH; aHAJOTHYHO M JUIS TOPH3OHTANBHOrO
paspesa. Mrtak, 3a Bpems O(N) ncxoanoe MHOXecTBO pasGuBaercs,
B pesysbTaTe Yero MOJMyyaloTes NOJYMIOCKOCTH, B KaXJO0H H3 KOTO-
pbix Mo N/2 TOYeK; TPHBHAJBLHO NOJYYaEM PeKypPPEHTHOe COOTHOLIe-
nue aas spemenu T(N) paGothl anropuTMa nocTpoenus /epesa:
T(N)< 2T (N/2)+ 0 (N),

yTO M AaeT OOeIaHHYI0 OIEHKY 5TOro BpemeHH. B Gosee npsmoit
peanusaluH TOr0 MOCTPOCHHS OGXONATCS Ge3 CJ0KHOTO airopHTMa

Py Py
P
%
3 5

>

$, ]

Pyl $P7
f—3

(@) (b)

Prc. 2.28. TlpnMep pPerHOHa/bHOTO MONCKA Ha paHee 3ajaniom daiine. Yacts
(b) moxa3biBaeT Y3, GaKTHUECKH NpOfifieHHbE NPH TOHCKe.

noncka MeauaHbl. T10CKOJBKY B TOJNbKO 4YTO ONHCAHHOM MeTOAe
(paKTHUECKH POH3BOANTCH COPTHPOBKA MHOMKECTB X- H y-KOODIHHAT
IIyTeM PeKyPCHBHOrO NOHCKA MEJHAHM, TO MBI MOXeM IDHOErHyTh
K NpeABapHTeJBHON COPTHPOBKe 115l (POPMHDPOBAHHS YNOPALOYEH-
HBIX MAccHBOB aGCHHMCC H OPAHHAT TOYEK M3 S, HMEHYEMBIX COOT-
BETCTBEHHO ¥- M y-MaccuBaMi. Jto safimer O(Nlog N) Bpemenn.
IMepBbifi paspes MPOH3BOAHTCA BHOOPKOH (33 KOHCTAHTHOE BpeMsi)
MeJlHaHbl X-MacCHBA NyTeM MapKHPOBKH TeX TOUeK, UbH alCLHCCH,
ckaxeM, MeHblie 3Toif MeauaHn (3a Bpems O(N)). MapkupoBka
nosBoaseT ObCTPO CHOPMHPOBATH [1BA OTCOPTHPOBAHHEIX TOAMAC-
CHBa, U IPOLLECC AJIs HHX DEKYPPEHTHO NOBTOpsieTest.

AHanu3 BpeMeHH 3anpoca AJs XyAUero ciyyas HamHOro Gonee
cnoxken. W He yAMBHTENBHO, UTO 3TOT aHamns 6but paspadoran Jln
u Bourom {Lee, Wong (1977)] 3nauuTebHO Mo3XKe TOT0, KaK OBIH
BepBble MPE/VIONKEHE MHOTOMEpHbIE JIBOHUHbIE Jiepesbs. OueBHIHO,
4TO BpeMs 3ampoca MPOTOPUHOHANBHO obujemy 4ucay yanos B T,

4 3ak. 1075
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oCellaeMbiX MOHCKOBBIM aJITOPHTMOM, TOCKOBKY B KaXOM yaie
STOT aArOPHTM 3aTPAuHBAET KOHCTAaHTHOe BpeMs. OueBHAHO, UTO
3TO BpeMst IOTPAUEHO B y3/e U He 3ps, eC/H TouKa P(v) BuGHpaer-

20 ) 2w o

Tun O Tun 1 Tun 2

Tun 3 Tun 4
l;:cg 2.29. TIpHMephi pa3HUHbIX THIOB nepecevenud D ¢ & (v), koraa D | & (v) %

¢ (npodyKTusHeil ys3el); HHaYe, STOT Yy3e/ CUMTaeTcs Henpodyk-
TugHoM. Awanus, nponenannbiii Jln u Bonrowm, manpasnen ma mo-
CTPO@HHE CHTYalUH XyALIEro cJjaydasi, T.e. OH COOTBETCTBYET MaKCH-
MaJIbHOMY NOAJEePeBY NOCENEHHBIX Y3JIOB, H3 KOTOPbIX BCE HEmpo-
AYKTHBHbI. KaK yKasaHo paHee, Kax bl ysea v u3 T COOTBETCTBYET

Tun 3
Ha ssrcome Ha gsrcome m
 sui na asicome m
S
.|
v Tun 3
Tun 2 wax asicome
na gercome 7 m-2
m~1
(@) (b)

Puc. 2.30. CaMOBOCTIPOMIBOASAIIHECS CHTYAIHH, COOTBETCTBYIONLHE HEMPOLXYKTHBHEIM
yanam B

HeKoeMy 0606LieHHOMY NpAMOyroibHuKy H(v). Ilepecedenns sa-
TPOCHOTO peruoHa D W MOJOGHOro 06OOILIEHHOro NPSMOYrOMbHHKA
H(v) MOryT GbITh OTHECEHBI k PA3HHIM «THNAM» B 3aBHCHMOCTH OT
yHcaa cropon #(v), HMEWHX HenycThle nepecedenus ¢ D. B wact-
HOCTH, eCcln 0603HaUHTb 3TO YHCJAO uepes i, TO IOBOPAT, UTO Nepece-
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qenne uMeer tun i mas i =0, 1, 2, 3, 4 (puc. 2.29). EnuucTBeHHbIi
THI TepeceyeHuii, KOTOPHIl BCeria NPOAYKTHBEH — 3TO THN 4; Bee
OCTaJIbHbIe MOTYT OKa3aThCsl HEMPOAYKTHBHbIMH. OrpaHuuuMes yact-
HBIMH CJlyYasiMH nepeceuennii Thna 2 u 3. (3amernm, uTo nepeceue-
HHS THIOB 2 M 3 MOTYT HauaTh MOABAATLCS TOJMBKO Ha y3nax, yia-
JIeHHBLIX OT KODHS HA [Ba H TPH YPOBHs cOOTBeTCTBeHHO.) Paccma-
TpuBas puc. 2.30(a), MOXHO JIerko TOCTPOHTb CHTYauHio, Koria
nepeceueHne THNMA 2 Ha BLICOTE /M HEMPOAYKTHBHO H TNOPOXKAZeT
OfIHO TepeceyeHHe THNMA 2 W OJHO NepeceyeHHe THIA 3 Ha BbICOTe
(m—1) (06a oHH MOTYT GHITb CIAEMAHb HENPOAYKTHBHEIMH). AHa-
JIOTHUHO, Kak NoKasaHo Ha puc. 2.30(b), mpu Tom Xe caMoM orpa-
HHYEHHH Ha THIbl HEMPOAYKTHBHEIX Y3JIOB MOXHO NOCTPOHTDH CHTYa-
ILLHIO, KOT/Ia OJHO MepeceyeHHe THNA 3 Ha BhicoTe m B T mopoxaaer
napy nepeceueHnii Tma 3 Ha Bbicore (m—2). HUrak, o6osnauas
vepes U;(m) 4nco MPOAZIGHHBIX HENPOAYKTHBHLIX Y3JIOB B NOJUIe-
peBe BHICOTO 1, uell Kopenb mmeeT Tunm i (i =2, 3), nomyuaem
PEKyPPEHTHbIE COOTHOLIEHHS !

{Uz(m)=U2(m—l)+Us(m—1)+ 1,
Uy (m) = 2Us (m — 2) + 3.

Peayabrar ke Takos: ans Us(m) u Us(m) ouenka oaunakosa —
o

(2.3)

3akaiouaem, yto Ans daisia momuocth N B Xxyauwem cayuae
spems sanpoca coctasit O (4/N), naxe ecan BHGpantoe MHOXKe-
CTBO OKaXeTcst MyCTHIM. DTOT HEraTHBHBLI Pe3y/abTaT TS XYIUero
cJayyast IPOTHBOPEUHT XOpOlIell OleHKe, NONYYeHHOH METOAOM HMH-
TallHOHHOTO MoAenupoBaHus [Bentley (1975)] n moaTBepxmeHHO#
3BpHCTHUECKUM paccyxaehuem [Bentley, Stanat (1975)].
OG6o61eHHe BHILEONHCAHHOr0 MeTOAa Ha cayyail d uaMepeHHi
NosyyaeTcs HeNcpeACTBEHHO. 3/ech MBI GyieM paboTaTh ¢ CeKyH-
MH THIEPNJIOCKOCTAMH, OPTOrOHAJbHBIMH KOOPJHHATHBIM OCAM, a
BCe, UTO HEOBXOIMMO ONPENETHTh, — 3TO KPHTEPHH, 1O KOTOPOMY
cleflyer BHOHPAaTb OPHEHTAIHH 3THX CEKYIMX THIEpPIIOCKOCTel.
Ecan KOOpAHHATH 0603HAYEHHl Uepe3 Xi, X, ..., Xa, TO OJIHUM M3
BO3MOXHBIX KPHTepHeB GyleT yuxauueckud cOsuz Ha TOCHeJ0BA-
tenvroctH (1, 2, ..., d) WHIeKcoB KoopmunaT. PesyibrTpyiouiee
pasGuenne d-MepHOrO IPOCTPAHCTBA MOJCHDPYETCS NBOHYHBIM Je-
pesom ¢ N yanami, Kotopoe Tes m d M
depesom unu  k-D-Gepesom'): Ananus >bdeKTHBHOCTH TaKKe
MOXHO 06OGIINTL Ha cayyall d H3MepeHHit, OAHAKO STOrO 31eCh MEI
nenath He GyzeM. TToaBeseM HTOTH B cieayioutefi Teopeme:

') Bupaxenne «k-D-nepeso» — 310 npunaiexamas JI. Knyry a66pesnatypa
Anst «k-MePHOrO JepeBa IBOHYHOTO MOHCKA». OHO He CJIHIIKOM BBHIPa3ATeLHO,
HO y)Ke BOUIO B COBpeMeHHHA npoheccHOHaNbHEA XaproH.

4
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Teopema 2.9. C nomouwgpio meroda k-D-Oepesa PpeauoHanbHbLL
nouck xa d-meprom muoscecre (npu d'=2) uz N TOUeK MOMCHO
nposecru sa epemns O(dN'='/2 4 k) ¢ ucnosssosarues 0(dN) na-
MATU, ecau 3arpatuts O(dN log N) epemenu na npedobpaborky.
Tosromy merod k-D-depesa daer (dN, dN'-'/4)-arzopurm.

OnTHMasbibe OLUCHKH IO NaMATH W BPeMeHH npeno6paborku,
K CONKAJ/IeHHIO, He KOMIIEHCHPYIOT 06eCKyparkHBAIOLLYIO OLHKY Bpe-
MEHH NOHCKA ISt XYAllero ciayyas. ITOSTOMY HeyaHBHTEJNBHO, YTO
B KauecTBe aabTePHATHB ObIH MPEJIONKEHbl APYLHe METOAB. DTH
METOAbl Gy/lyT OMHCaHbl HAXKE.

2.3.3. MeTon npsiMOro n0cTyNa M €ro BapHaHTbI

Hesdgexrusrocrs Metona k-D-aepesa aas xyamero cay-
uas ABJNACTCS BAXKHBIM MOTHBOM VISl HCCJIEAOBAHHA METOAO0B, 06Ja-
JAIOUHX YAOBJICTBOPHTE/IbHBIMH OLIEHKAMH BPEMeHH NOMCKA, BO3-
MOXKHO, 33 CYET yXYAUICHHS] ABYX APYTHX OOCYIaBIIHXCS OLEHOK
apexTuBHOCTH. Mbl HauHeM ¢ caMOro mpocToro MeToza, a saTem
T10C/Ie/I0BATE/IBHO GY/IeM ero y/ayumaTh.

AK YNOMHHaIoCh B pasa. 2.3.1, caMblit rpy6bifi cnocoG MHHH-
MH33UHH BPEMEHH MOHCKA COCTOUT B NPE/BAPHTETBHOM BHIYHCICHHH
OTBETOB Ha BCC BOSMOXHbIE NPH PErHOHAJBHOM IIOHCKE 3aNpOCHI.
TMosToMy BO3HHKACT WCKYIIeHHE 3aSIBHTH, UTO BDEMS NOHCKA MOMKHO
coKpatutb 10 O (1), NOCKOIbKY eAHHCTBEHHOE obpalieHue K maMsaTH
3aBepUIHNO bl TMOUCK. DTO, KOHEUHO, IPHBOJHT K IIOCTAHOBKE TOJIO-
BOJIOMHOTO BONPOCA O KaXKyLUeMCS NMPOTHBOPEYHH C HHXKHel OLeH-
KOi, mostyuennoit B pasi. 2.3.1. CKopo Mbl MOfiMeM, 4TO ecTb OjiHa
3arBO3/1Ka, M BCE BCTAHET HAa CBOH MecTa.

Cirenyst monxofy, BBeienHoMy B pasi. 2.1, TIPEANOJIOKHM, UTO
MaHO MHOXecTBO S w3 N TOYeK Ha TJIOCKOCTH, H MPOBEjeM FOpH-
SOHTAJIBHYIO U BEPTHKAJbHYIO NPAMBIE Uepe3 KamIylo M3 3THX TO-
yex. Pasymeercs, sTH npsMble paso6bloT miockocTh na (N -+ 1)2
IpSIMOYroabHbiX sdeek. [TosoxuM, uTo B permone D =[x}, x5] X
Xlyr, 2] Touka (x1, y;) upHHAATERHT sweiixe C;, a ToyKa
(%2, y2) — sweiike Cp. Ecan Temeps MePEMECTHTL KaK YIOAHO J0-
6Y10 H3 5TUX TOYEK, OCTABJAA ee, OHAKO, BHYTPH COOTBETCTBYIOMIEH
AYCHKH, TO OYEBHIHO, UTO HCKOMOE MHOXECTBO (T.e. NOAMHOKe-
ctBo S, conepxaeecst BayTpu D) ne uaMennrest. Ipyrumi caosa-
MH, Napul siyeek GOPMHPYIOT K/IacChl SKBHBAJIEHTHOCTH OTHOCHTE/Ib-
HO DeSyJNIbTAaTOB PErHOHAJBHOrO NOHCKAa. Cue/I0BaTeNbHO, UHCIO
PA3/MHYHLIX DErHOHOB, KOTOPHIE HaM C/e/0Bai0 6bl PACCMOTPETH,
OrpaHHYEHO CBEPXY YHCIOM

(N;»I)‘X(N—; l)—O(N‘).
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Ecnu npexsapurenbHO BHIUHCAHTL BBIGHPAaGMOE MHOXKECTBO AJIS
Kax0if U3 3THX map siueek (3arpartus npu stom O(N®) namstu),
TO MBI IIOJYUIJIH Gbl CXeMY, B KOTOPOH NOMCK 3aKaHYHBAeTCs mociie
eIHHCTBEHHOro o6pautenns K daitay. OfHAKO A1 AOCTHIKEHHS 3TOf
Leayu NPOH3BOMbHEIA peroH D HYXKHO COMOCTaBHTh Nape syeex,
HJIH, YTO TO e CaMoe, MPOH3BOJbHAS TOUKA AOJKHA OBITH COMO-
cTaB/JeHa OfHOH M3 stueek. OYEBUIHO, YTO 3TO MONKHO MPOAE]ATD
ABYMS JIBOHUHBIMH MOHCKAMH Ha MHOXKeCTBax abCLUHCC H OPAMHAT
Touek u3 S. Ha sty «Hopmamusammio», ogmaxo, yizer O(log N)
BpeMeHH, KoTopoe, Gyayuu noGasieHHbIM K O(1) BpeMeHd HA eHH-
cTBenHoe obpaulenye K daiiany, paspemaer kaxyueecst TPOTHBOPe-
uHe, BCTPeYEHHOe HaMH paHee. 3aMeTHM B 3aK/IOUCHHE, UTO AaH-
HBIfl MeTON jaer Ha miaockoctd (NS, log N)-ajiroputM, CaIuikom
OGpeMeHHTeNbHbIf 15 TPAKTHYECKOro HCMOMb30BAHKS H3-3a 3aTpaT
naMATH.

UroGhl HaWTH MyTH COKPAUIEHHS NMAaMSTH, 3aMETHM, YTO OJHO-
MEpHBIT MOMCK, HECMOTPS Ha HAllH Ge3yCleIlHble YCHIHS 0606WHTE
€ro, sIBJISETCS ONTHMAMbHBIM MO O6eHM MepaM (BpeMeHH MOHCKA H
naMsaTH). 9TO 3aMeYaHHe 3aCTaBJET NPEANOIOKUTH BOIMOKHOCTH
VJIYUIIeHHS BHIILEONHCAHHOTO «METO/a siYeeK». B caMoM Jene, MOX-
HO OGBEIWHHTh OJHOMEDHBI/i DerHOHaJbHBIA MOHCK C JOKAIH3a-
uHeli perHoHa MerojoMm npsamoro gocryna {Bentley, Maurer (1980)].
Koukperno, nnst sagannoro peruona D = [x1, x]X[y1, ys] MoxHO
peanusoBath NMPSAMOM JOCTYN IO KOOPAMHATE X C MOCJACAYIOUIHM O/~
HOMEPHEIM MOHCKOM No KoopauHate y. Jlis sToro Tpebyercst, 4To6bl
KO BCeM DasiHUHMBIM YNODSIOUEHHbIM MapaM afCiHce TOueK H3 S
(x-perHonE!) Gbln oGecreuen NMpsiMoft IOCTYN; Kaxiaas Takas napa
(x’, x”’) B cBOIO Ouepenb CBsI3aHA C IABOHYHBIM JePeBOM MOHCKA HA
OpJMHATaX TOUeK, cojaepxkammxcs B mosoce X' << x << x”/. Tenepnb
y106HO mpeo6pa3oBaTh HCXOMHYIO 3ajady, 3aMemsia Kaxioe xefi-
CTBHTEJIBHOE 3HAYCHHe KOOPAMHATH Ha ee TNOPAAKOBHA HOMEp BO
MHOXecTBe koopnunat. Takoe mpeo6pasoBanie, HMeHYeMoe HOPMA-
Audayuer, oCymeCTBASETCH NyTeM ONEPalii COPTHPOBKI HA Kaxk-
ZIOM H3 MHOXKECTB KOOpauHaT. ITocsie HOPMAMH3AUWH STHX JaHHBIX
moGoit x-pernon mpeoGpasyercs 3a Bpems O (N log N) B napy ue-
abix gncen (i, j) w3 orpeska [1, N + 1] (i << j). Takas napa coot-
BETCTBYeT ajpecy B MacchBe yKa3aTejefi npsiMoro pocrynal), Ko-
TOPBIl OTCHTAaeT K JBOMUHOMY nepeBy ¢ (j— i) mucrbsamu. ITo-
STOMY 061IHii 06beM MaMATH TPOMOPUHOHATEH

Noowag

¥ ¥ (= D=[(N+ 1P —(N+ D)6 =0 (N%.

i=l j=i+1

") Hanpuuep, ecan 5701 Macens wawnnaercs ¢ aapeca A, To mo nape (i, ])
MOXHO ONIHO3HAYHO BHuMCAHTE ampec: A—2+(CN(i—1)+i—®)/24].
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Puc. 2.31. Pernonanbiiblii NOMCK NpsMBIM 10CTYnoM. Azpec X-mHTepsada JoKa-
JH3YeTCSl METOXOM MPOH3BOJBHOrO N0CTyHa HOCJHe HOpMa/iH3aumu. Ilo aToMy
aapecy HAXOAMTCA yKa3aTeldlb K ABOHYHOMY JepeBy MOHCKa.

3ameruy, 4T0, X0TA NaMATH yaanoch cokpatuts ¢ O(N®) 10 O(N3),
BpeMs nokcka ocranoch pasHeiM O (log N), mockoibKy M HOpMasTH-
3aLHS PETHOHOB, H OAHOMEPHBIA PErHOHAJbHbIH MOUCK HCMOB3YIOT
O(log N) ppemenn. Cutyauus, XxapakrepHas sl NOC/EAHEr0 HpH-
Mepa, NPOH/TIOCTPHPOBaHa Ha puc. 2.31 (3aMeTHM, YTO TOYKH HH-
JIeKCHPOBAHbI B NOPSIKe BO3pacTaHHs abeuucc). B Maccuse x nme-
ercs OCTYN K peruony {2, 8], 3aianHOMY HOPMa/H3OBaHHBLIMH aGc-
unccamu (puc. 2.31(b)); orciona ykasaTenb HanpaBiseT MOMCK K
ABOHUHOMY AepeBy. TaM MOICK, Kak TaK080l, 3aKaHIHBAETCS JOKa-
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JIH3auHeil TOUKH Pa, nocJe 4ero nNpou3BOAHTCA BH60PK8 nocJnaej1oBsa-
TeabHocTH (Ps, Ps, Ps).

Y Hac Bce ellle MaJlO OCHOBaHHH, YTOGH ObITb AOBOJNBHBIMH Bbl-
IICOMHCAHHHIM METOJOM, H He TOJbKO ToToMy, uTo 3arpata O(N?)
naMsATH OCTAaeTcsi BecbMa AODOTroil MJIaTOH, HO TaKke NOTOMY, 4TO
B MHOrOMEpPHOM cJly4ae TPIOK C HCII0/Ib30BAaHHEM OJAHOMEPHOTO IO~
HCKa MOXHO Npojesarh JHIUb OJHAXKAb, TeM CaMbIM CHHXXaf HC-
noJIb3yeMylo NaMsTh Toabko B N? pa3. M Ha camom jene Hemo-

— Il | Tepserc sman
i T T T 1 (epydsi)

R

BN

| | Bmapoi sman
1 (mavnenz)

N

Pezuor, xomopsii
Hado JokaII080TTE

Puc. 2.32. Tlpumep ABYXSTanHo# cXeMH MeTOAa NPAMOro XOCTYNa.

CPEACTBEHHbIH aHAIH3 MOKA3HIBAET, YTO €C/H 3TOT MOAXOX 0606-
muTh Ha caydali d u3MepeHuii, To GyAer Hcnoab3oBaHo O (N24-1)
MaMSATH.

OueBH/HO, YTO HMEHHO (asa MPAMOro AOCTYNa B 3TOH ABYX(as-
HO#l cXeMe BHHOBHAZ B GOaiblIOj 3aTpaTe mamaTH. [Toatomy yayuire-
HHS HYXHO HCKaTh HMEHHO B 370l (hase. Benrsin n Maypep mpex-
JIOXHIH MHOrosTanHblii noaxon [Bentley, Maurer (1980)r'), KOTO-
phifi GyneT NPOAEMOHCTPHPOBAH 31ech JJIA Cjaydas ABYX 3TamoB.
Mjest COCTOMT B TOM, YTOOBI IOC/IEJOBATEJBHO HCIONB30BATh TPY-
OyIio CeTKy M MeJKylo ceTKy (puc. 2.32). Bce KoopauHaTtsl HopMa-
JIH3YIOTCSI, H IPy6as ceTKa COCTOHT H3 OTPE3KOB JJIHHOH K, nmpH
3TOM Ha KaXIOM TAaKOM OTpe3Ke CYMIECTBYeT MeJKas ceTKa, CocTost-
asi H3 OTPe3KOoB €JIHHHYHOH IJIHHBI. OTCIOLLE BHIHO, YTO MPOH3-
BOJIbHBIA DErHOH pa36uBaeTcss He GoJiee YeM Ha TPH YacTH, OAHA
H3 KOTOPHIX LEJHKOM NMPHHAAJIEKHT rpy6oil ceTke, a ABe APYTHX —
Meskoit cerke (puc.2.32). Kaxao#i ceTke COOTBETCTBYeT ONMHCAHHBIA
Bbllle MacCHB yKaaa'reneﬁ TpAMOro AoCTyna. B YaCTHOCTH, €eCJIH
rpy6as cerka coctouT u3 N% maroB (0 <o <C1), To Ha rpy6oi
cerke Bcero Oymer O(N2%) orpeskoB, a s COOTBETCTBYloulef
CTPYKTYpHl Aanubix notpebyercsi O(N?¢) XN = O(N'+2%) nmamsru.
AHasOrHuHO KaX/Jast MeJIKasi CeTKa COCTOHT H3 N'~® 1aroB u Bcero
Gyner N Takux ceTOK, MOSTOMY OGUIasi MaMATh VIS HHX COCTABHT
BeqHUHHY nopsiika N@ X N(U-®2 X N'-¢ = N3-2¢ MuHuMaabHOro
3HaueHus, pasHoro O(N?), mamare AocTuraer npu o =1/2 Ges

') CTpYKTYpH NaHHHX, KOTOPHe GyAYT BBeJEHH, NepBOHAYAJBHO HA3LBAACK
MHOTOYPOBHEBHIMH k-PEerHOHAMH.
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HOTePH JIOrapHPMHUECKOM OLCHKH AJls BPEMEHH PErHOHAaJBLHOTO 10
ucka. PaKkTHYECK!l BpeMs NOHCKA BO3PAcTaeT NPHMepHO B 3 pasa,
u Mbl nonyyaem O (N2, log N)-anropurm.

Teneps MOXHO OGOGIIHTL 3TOT MOAXOM, HCIOJB3Ys IOC/EA0BA-
TeJBHOCTb U3 | CETOK BO3pAcTamlieli MeNKOCTH, sl AajbHefllero
COKpalleHHs! TaMATH NIPH COXPAHEHHH, OJHAKO, OLEHKH BPEMeHH MO~
ucka B npegenax O(llog N). Dror oTHOCHTENBHO NPOCTOH aHANH3
NPHBOAHT K CJlellyiolieil TeopeMe:

Teopema 2.10. [Jan aw06020 & taxkozo, 4to 0 < e << 1, peeuo-
HAAbHOLL NOUCK Ha deymeprom N-Toweurnom ¢haiise modcHO npose-
cru ¢ nomougpio (N'“e, log N)-arzopurma, 0cHOBAHHO20 HA MHOZO-
srannom merode npamozo docryna.

CaMmblii HHTEPECHBIH BBLIBOJ, KOTOPEHIA MOXKHO H3BJEUb H3 Mpej-
LIeCTBOBABIIErO O0CYK/IeHUS METOAOB NMPAMOro JOCTYIa, COCTOMT B
caenyiomeM. OJHOMEPHBIS DErHOHAJBHBIA IOHCK MOXHO cAenaTh
ontuMaibubiM, [TosToMy ciesyer 10GHBaThCA MPEOGPa3OBaHHs MHO-
FOMEpHOIi 3ajlaui B CEPHIO OJHOMEePHBIX 3ajau. CxeMa NPSMOro 10-
CTyna — 3T0 OAHH H3 IyTeli peaqH3allH TAaKOIo MPeoGpasoBaHHMs.
B npunuunme B JAByMepHOM ciyuae NPOH3BOJBHEI OTPE30K DasbH-
Baercs Ha He GoJiee UeM TPy CTaHAAPTHBIX OTPe3ka (M B d-MepHOM
Cllyuae TOYHO TaK e B KOHEYHOM HTOre NOJIyyaercsi HeKoe gukcu-
POBAHHOE YHCNIO CTAHAAPTHBIX OTPe3KoB). JlaHHBIA NMOAXOA COAEp-
JKHT B ce6e HEKOTOphle H/eH MeTO/a JepeBa PerHoHOB, KOTOPhIi Gy-
JIeT ONHCaH HUXKe '),

2.3.4. Mertop lepeBa PErHOHOB H €ro BapHAaHTH

O dexTHBHOCTL MO BPeMEHH MOHCKA B MeTOAe TIPAMOro
JocTyna mosyuena G/arofaps MOCTPOEHHIO HAGOpa «CTAHAAPTHBIX»
OTPEe3KOB. BLIMrpHIL B MaMsTH NpH Nepexoje OT OAHOITAIMHOM cXe-
MBI K JABYX3TalHOH TOJMyueH Gnaroaaps CHJIBHOMY COKpallleHHIO
YHeaa TAKHX CTAHAAPTHBIX OTPe3KOB. BO3HHKaer cTpemieHHe K
JasibHelleMy CJieloBaHHIO 3TOf JIHHHH, T.€. K CO3/aHHIO CXeMB,
MHHHMH3HPYIOILefl YHCHO CTAHAAPTHBIX OTPE3KOB. B 3TOM U cocTouT
riaBHas HIes METOJa PeeloHarbHoeo Oepesa.

PaccMOTpHM MHOXeCTBO Ha OCH X, cocrosiyee us N aGcumuce,
HOPMAJIH30BaHHBIX O LeJBIX YHcea n3 WHTepBana {1, N] mo ux Be-
auduHe. Ath N abeuwcc onpepensior N — 1 snemeHTapHLIX OTpes-
KoB [i, i+ 1] aaa i=1,2, ..., N—1. Cpexcrsom, koTopoe Gyaet

!) OnHako XPOHOMOTHUECKH MeTOA JepeBa PerHOHOB Ohill CO3JaH HEMHOTO
paiiee MeToz0B npsiMoro octyna [Bentley (1979)] Tem me MeHee C 4HCTO Hpeii-
1O/t CTOPOHEI €r0 MOXKHO CYHTATh Pa3BHTHEM NOCAeLHHX MeTofoB. [TepBhie HieH,
Chfsaniie C MOWFTHCM [epeBa perWOHOB, MOKHO Haiti B pabote [Bentley,
Shamos (1977)).
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HCIIOMB30BAHO VI Peasn3allii Pa3GHeHHsi MPOM3BOBHOTO OTpe3Ka
{i, jl, aBnsiercst depeso oTpe3kos, BBefenHoe B pasx. 1.2.3.1. Tosro-
PHM TNPOCTO /st YA06CTBA UHTATENs, YTO NMPOH3BOMBHHIA OTPE3OK,
KOHIIBI KOTOPOTO IIPHHA//IeXaT MHOXecTBY H3 N 3amanHbIX abcuuce,
Moxer ObTb pa3bur gepeBoM orpeskoB T (1, N) Ha ne Gosee
2[loga N1—2 crangaprubnix orpeskoB. Kaawii crampapTHeIi OT-
pesok orHeceH K ofHoMy H3 yamoB T(1, N), a Te ysuaw, KoTOpbie
onpesensior pasbuenue orpeska [i, jl, HasbIBaWOTCA Y3aami OTHeCe-
rus xns [i, ]

Tlocste TaKOro HANOMHHAHHS HE COCTABHT TPYAa BOCIOJIb3OBATh-
csl JIepeBOM OTPE3KOB NpH pernoHatphoMm mnoucke. Haumem, kak
06biuHO, ¢ AByMepHoro cayuas. [depeso orpeskos T (1, N) wucmonb-
3yeTcst IPU NOHCKe M0 ¥-Koopauhare. ITOT TIOHCK ompesiessieT YHH-
KaJbHOE MHOXKeCTBO Y3/oB (y3noB oTHecenHsi). Kaxuwii Takoi
y3ea v cooTBeTcTBYeT MHOXKecTBY M3 (E[v] — Bfv]) aGcumce (ompe-
JleleHHsl JIaHbl B Pasi. 1), 1. e. MuoxectBy u3 (E[v] — B[v])
ToueK Ha MIOcKocTH. OpAHHATEI 3THX TOUEK O06GpasyioT oGLIuHOe
POLIATOE ABOHYHOE AEPEeBO MJISi PErHOHAJbHOrO MOHCKa B Yy-Ha-
npaBleHHH. B pesyibTate MOCTpOEHA HOBas CTPYKTYpa MaHHBIX,
HMeHyeMasi 0epegom PezuoHO8; ero MepBHYHOA CTPYKTYpOR sIBJSA-
eTcsi IePeBO OTPE3KOB, 3a/laHHBIX Ha abCIHMCCaX TOUEK HCXOTHOTO
mHoxkecTBa S. B KaJoM y3je 3TOTO JepeBa MMeeTcst yKasaTedb
Ha NPOWMTOE JBOHYHOE I€PEBO MOHCKA (BTOPHYHBIE CTPYKTYPHI).
Jlnst HAIero MOCTOSIHHOTO NPHMepa 3Ta CTPYKTYpa MPOHJTIOCTPHPO-
BaHa Ha pHuc. 2.33.

O6o6uwenne Ha d H3MePEHHA MOXKHO MPOBECTH BechbMa ecTe-
crBerno. ITycth B d-MepPHOM MPOCTPAHCTBE ¢ KOOPNAHHATHBIMH OCSIMH
X1, Xo, ..., Xq 3a7aHO MHOXecTBO S u3 N Touek. DTH KOOPAHHATH
Gyayr 06pabaTHBATLCS B C/AeAylOlleM TMOpAAKe: cHAuaja Xi, 3aTeM
%3 1 7. 4. TIPeamoIoKiM TakkKe, UTO BCE 3HAUEHHs KOOPIHHAT HOP-
Masi30oBaHbL JlepeBO PErHOHOB CTPOMTCH PEKYPCHBHO CJIeNYIOMHM
o6pazom:

(1) TlepBuunoe nepeBo OTpe3koB T* COOTBETCTBYET MHOXKECTBY
{x;(p): p=S). Nas kaxmoro yana v u3 T* o6Gosnaunm uepes
S4(v) — MHOXeCTBO Touek H3 S, NPOELHPYIOUIHXCS HAa OTPe3OK
[B{v], E{v]) no koopaunare x;. Onpenenum (d — 1)-MepHoe MHOXe-

T

S ) A A{(x(p), ..., xa(p): p = Sa(v)}.

(2) Vsen v us T* uMeer yKasareqb Ha IepeBO PETrHOHOB IS
Sa-1(v).

Tlepen TeM KaK NPHCTYNHTb K aHATH3Y 3bMEKTHBHOCTH JaHHOTO
MeTo1a, 3aMeTHM, UTO JePeBO OTPE3KOB MOMKHO CUHTATh He TOJIbKO
HHCTPYMEHTOM 115t pa3GHenus J06OTO oTpe3ka Ha JorapHpmude-
CKOe UHCJO KYCKOB, HO TaKXKe H CIOCOGOM TNpHMeHeHus Meroja
«pasnensifi ¥ BJAACTBYf» K PErHOHAIBHOMY TTOHCKY.
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Puc. 2.33. HamocTpauss NpHMEHeHHS MeTOLAa XepeBa PErHOHOB K HalleMmy no-
cTosiHHOMY npumepy. Hcxojubifi pernon pasGHT TpeMs CTaHAAPTHHIMH OTpe3-
kamu (a). [ToHckoBbie feficTBHA nokasamsl Ha pHc. (b).

Tlepexoaa Tenepb K aHAJH3Y CHOXHOCTH METOAA, 3aMETHM, BO-
NepBhIX, YTO NpH d >> 2 KaXAblf y3e/ OTHEeCeHHs H3 NMPOCKUMHU 3a-
npocKoro perioa Ha ock x; (ux Bcero O(logN)) nopoxjaer or-
AeabHyio (d — 1)-MepHyIO 3ajauy pernomanbHOro noucka. Buacr-
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HOCTH, y3eJ v MOpoXAaeT NMouck Ha n(v) A E[v] — B[v] Ttoukax.
O6osnavas yepes Q(N, d) Bpems moncka aas daina us N wryk
d-MepHBIX TOYeK, NMOJAydyaeM NPOCTOe PEKYPPEHTHOE COOTHOUIEHHE:

QWN, d) . Qn(v), d—1). (2.4)

3anpochoro persona

[epBriii uen B NPaBOi YACTH ITOrO yPaBHEHHS MOABHACS H3-33 NO-
HCKa Ha [EPBHYHOM /iepeBe OTPE3KOB, a BTOPOH WIEeH OGBACHAETCS
HanuaneM (d — 1)-MepHuix noxsaaau. ITockoubKy CyliecTsyer He
Gosee 2[logs N1—2 y3n08 otHecenust u n(v) << N (oueBumHo), 10
nosyuaem

Q(N, d)=0(log N)Q(N, d —1).

Tockonbky Q(N, 1) = O(log N) anst 1BoHYHOrO NOHCKa, TO HOAY-
4aeM OlIEHKY BPeMeHH IIOHCKa:
QWV, &) =0 ((log N)%). (2.5)
O6osnauas yepes S(N, d) namsrh, 3aHATYIO 1ePEBOM PETHOHOB,
[0/ly4aeM PeKypPPeHTHOe COOTHOLIEHHE

S(N, d)=0(N)+ > S(n(v), d—1), (2.6)

10 BeeM y3nam o
TepBnuHOTO Aepera

rAe MepBbifl uieH B NPaBOH YacTH COOTBETCTBYET NAaMSATH, 3aHATOMH
MepBHYHBIM 1EPeBOM, a BTODOH uieH cooTBercTByeT BeeM (d — 1)-
MepHbIM JepeBbsaM. OlueHKa BTOPOro WieHa OueHb Npocra, ecau N
€CTb CTENeHb 2; B NPOTUBHOM C/yyae GyLeT HCNOJAb30BaHA CTOMb XKe
3QdexTHBHaA npocTas annpokcumauus. CymlecTyer He Gosee ABYX
y3108 0 ¢ n(v) = 27°%V17! ye Gonee uerrpex — ¢ a1 (v) = 2N N2

u 7. 4. [TosTOMy 3Ty CyMMy MOXHO OUEHHTb CBEPXY CJEAYIOLHM
o6pasom:

riog: N1
S, d—1)< Y orbeN1-i.S @ d—1).
0 BeeM yanam o =
nepanuoro Acpena
YunThiBast 3Ty anmpokchMauuio n sameuast, uro S(N, 1)= O(N) —
NaMsATb NOA NMPOLIHTOE JBOHYHOE JlepeBo, noJayvaeMm pelleHHe

S(N, d)=0 (N log4-' N). 2.7)

st ouenku Bpemenn npeaBapHTeNbHON 06PaGOTKH MOXKHO Clle-
J0BaTh TOM JKe caMoii CXeMe PACCyK[EHHH; OCTaBHM 3TO B Kaue-
CTBe BecbMa NPOCTOrO ynpaxHeHHs. B caMoM gese, B 3ToM cayuae
AJIs OLeHKH 3(dEKTHBHOCTH MPHMEHHMO DEKYPPEeHTHOE COOTHOIiIe-
Hue, nientHunoe (2.6), co BceMn ero caenctusmu. Temeph MOXHO

TOABECTH HTOT MpeAIIeCTBOBABIIEMY OGCYXAEHHIO B clexymollei
Teopeme:
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Teopema 2.11. Peeuonaavroil nouck Ha d-meprom ¢aire uz N
rouex modcro nposecru (N logi—' N, log? N)-aseopurmon, ecau
sarparure O (N log*' N) ef Ha np PUTEAbHYIO 00,
KYy. ITOT aa2opuTM OCHOBAK Ha meTode 0epesa pesuoHOs.

B uactHoctd, npu d = 2 3TH Mepbl — BpeMs 3anpoca, NaMaATh H
BpeMsi IPeABapHTeIIbHOM 06paGoTku — Bhirasaar tak: O(log? N +k),
O(NlogN) u O(NlogN)') coorsercTenno. [locTHrHyTa BecbMa
npuBJIeKaTeJbHas OUEHKA NMaMATH, XOTA H NPH HEKOTOPOM yBesiuue-
HHH BPEMEHH [OMCKA.

IIpex/je 4YeM COMNIACHThCS C TAKHM COOTHOUIEHHEM OLEHOK, KO-
TOpoe, BepOSTHO, BHYTPEHHE NMpHCYllle 3TOH 3ajauye, CTOMT elle pas
OCMBIC/IITh BOTIPOC O BO3MOXHON HoTepe 9(PeKTHBHOCTH mpouecca
noucka. Yuanapx (Willard (1978)] u Jliokep [Lueker (1978)],
HMEHHO TaK M IOCTYIHB, HE3ABHCHMO JDYT OT APYTa NpPeMOKHIU
BapHaHT CXeMbl, B KOTOPOil JOCTHIaeTcsi ONTHMAJIbHOE BPeMs MO-
HCKa s ABYX H3Mepennit. Teneph oGCyAuM 3Ty HAei0.

Kazaplil ysesn v B IEPBHYHOM JepeBe OTPE3KOB CBA3AH CO Cnu-
ckom Y(v) (a He C ABOHYHBIM JepeBOM!) TeX TOYEK, KOTOpble Npo-
eLHPYIOTCST Ha OTPE30K 3TOT0 yania. DTOT COMCOK YHOPSAOUEH TaK,
uTOObl OPAMHATHl yKa3aHHHIX TOYeK He yGhBaan. Yrobn ocye-
CTBHTH BLIGOPKY, HEOOXOJAMMO HaiTH IHEpBHIl 3JeMeHT NOJCIHCKa,
KOTOpHI HajJeXHT BhiGpath. B cxeme Merofa jAepeBa PErHOHOB C
9TOH 1eJbIO Ae]aeTCsi ABOMUHBIE NMOMCK VISl KaXAOro ysia v H3
nepBHYHOrO AepeBa. Ec/iu paccMOTpeTh 1Ba NOTOMKA y3aa U, Mbl
yBuaum, yto Y (JICbIH{u]) n Y(IICbIH[v]) obpasyior pasbuenne
Y(v). Ilpeanonoxum, Tenepb, 4TO p — Hauasibhblii (Kpaiuuit ciae-
Ba) aaement Y (v), nojnexauuii BbiGopKe, — usBected. Bes norepu
o6uHoCTH NoJoXuM, uto ecau p & Y(JICBIH[]), To cymecrByer
eauHcTBenHbIH aneMent p’ B Y (IICbIH{v]) Tako#, yro y(p’) — nau-
MeHbllee YHCJ0, LI Kotoporo y(p) << y(p’). CrenoBareanHo, napa
ykasateseii oT p K Y(v) OAHO3HAYHO ONPEe]AET COOTBETCTBYIO-
luylo mapy HauajbHbiX JEMEHTOB B Y-crHCcKax Ads NOTOMKOB v.

Tenepb OTHOCHTE/NBHO NMPOCTO MOXKHO CHeJaTh BHBOAH. B 1e-
peBe PErHOHOB MOXKHO 3aMEHHTb KaXkjoe TNPOLIATOE JBOHYHOE Je-
PEBO ero JIMCTOBBIM CIHCKOM /IS BCeX Y3JIOB, KpOMe Kopus. B xa-
yecTBe JKe KOPHEBOH CTPYKTYPbl COXPAHHTCA NPOLIMTOE ABOHYHOE
ZiepeBo, MOCKOJAbKY OHO HEeOGXOAMMO JJIsi peanusalid MOHCKAa 3a
sorapudmuyeckoe BpeMs. JIisi KaXIOro HeMHCTOBOTO ysia B Je-
peBe OTPE3KOB XPaHHTCS Mapa ykasaTellell OT KaxAOTO U3 3JMeMeH-
TOB ero Y-cmucKa K nape Y-CIHCKOB €r0 IIOTOMKOB. DTOT METOX
HHOTAA pacc. a MOJMDHIK JlepeBo pe-

1) 3aMeTHM, YTO MeTOX Jl€peBa DETHOHOB MOXHO OYEBHAHHIM ~ 06pasoM
a1anTHPOBATH AN PEXKHMA NOACYETa TOYEK H MOJNYSHTH ClyIOllHe OUSHKH AN
pex mep croxmoctn: O(log?N), O(N log N) w O(N log N). 310 moareepzaer
ONLHH H3 PE3YALTATOB, NPHBEAEHHbIX B pasd. 2.1 (Taba. I).
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THOHOB MOXHO HA3bIBaTh PACCJIOGHHBIM JiepeBOM perdonos. Mcnosb-
30BaHKe MOAH(HUHPOBAHHOrO JepeBa PErHOHOB /IS C/Iydast Hallero
NOCTOSHHOTO IIPHMepa MOKa3aHo Ha puc. 2.34.

3arpaThl NaMATH He H3MEHHJHCh, IIOCKOJIbKY H IIPOLIHTOE [BO-
HUHOE JIePEBO C S JIHCThSIMH, H CIHCOK C § 3aNHCSAMH M Napofl BHell-
HHX yKasaTeJeli Ha KaX1ylo 3amuch Tpebyior no O(s) mamsaru.
Oganaxo Bpems noncka cokparunocs 10 O(log N), nockoabky iBo-

Puc. 2.34. 1. oGxoa AepeBa PErHOHOB AJA Ha-
Iwero nocTomioro npimepa. [lokasana ToMbKo 4acTb yKasaTedefi B V-CHHCKaX.

HUYHBIH OHCK B KOPHE OCYILIECTBJISET HAUAMBLHYIO JIOKAIH3AINIO Je-
BOTO KOHUA y-Peruona. dra CTPYKTypa yKasaresell peannsyer 3a
KOHCTAaHTHO® BPEMs BIUHCJEHHe J€BOTO KOHIA AJsi KaIoro ysia,
BCTPEUGHHOTO MPH «IPOXOJe» JepeBa oTpeskoB. IIpu oGoGuieHHH
970/ cXeMbl Ha ciyyafi GOJbIIEro 4HCJAAa H3MEPEHHH COXpaHsieTcs
sbdexr yMmenblueHisi OUeHKH BpeMeHH moxcka B log N pas. Hrak,
noJyuaeM:

Teopema 2.12. Peeuoxaasueli nouck 6 d-seprom ¢aiire (npu
d = 2) us N touex mosno pearusosars (N log=' N, log¢'N)-as-
eopurmon, ecau sarparure (N log?—'N) epemenu na npedsapu-
Teabylo 06paborky. ITOT arzopuTH OCHOBAH HA modupurayuu
aneopurma Yuaaapoa — Jlokepa Oasn Oepesa pe2uoHos, u38ecTHOU
TaKIEe KAK PACCAOEHHOEe epeso PezlioHOs.
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2.4. 3aMeyaHUss H KOMMEHTapuH

Co Bpemenn nosiBienns cratbh JoGkuna u Jluntona
GbUI JIOCTHTHYT 3aMeTHBI NpOrpecc B pelleHHH 3a/aud O JOKaJH-
3auuu toukd. Kak ykaswBanoch B pasi. 2.2, Bce NpeACTaBIeHHbIE
MeTOAB (POPMHPYIOT HOBble F€OMeTpHUECKHe OGLEKTH, IOMOralulHe
npu noucke. Hanpumep, B MeTose nosoc NmJIOCKOCTh pasGuBaercs
Ha SJeMeHTapHble NyCThie TpAMelHH, 00Jalaloliie Napoii rOPH3OH-
TaJIbHBIX CTOPOH; [Ba 3Tana ABOHYHOTO MOHMCKA OMPEAeJsloT OAHY-
€/IMHCTBEHHYIO Tpameuuio. B meroje JeTajH3aluH TPHAHTYJNSUHH
nyrem mneperpuanryasiuuy yacreit [IIIJIT cospaercst yao6noe manoe
MHOXKECTBO HOBbLX TPEYrOJbHHKOB, Ha KOTOPOM JIErKO NPOBOIHTDH
nouck. B Merosme Tpameumit Beaercss 3¢dexTHBHOE obcieoBanHHe
HexoaHoro rpacda myTeM CO3JaHHs Tpameuui, o6JajaoUUX Napoi
FOPH3OHTAIbHBIX CTOPOH, KOTOPhIe GLICTPO CYXKalOT 06J1acTh NOHCKA.
Hakosel, B MeTosie neneil H3 IJIOCKOrO NPSAMOJHHeHHOTo rpacda Bbl-
JleNisieTcsl MHOXKECTBO Lierell JIOMaHbIX JIHHUM, PasGUBAIOLUX 1710~
CKOCTb Ha MOHOTOHHbIE MHOTOYFOJIbHHKH, Ha KOTOPBIX JIETKO BeCTH
nouck. XoTsl 3TOT METOA NOYTH ONTHMAJeH, €r0 MOXHO yJy4lIHTh
H [OJNYYHTb ONTHMAJbHBIA H TNpPH TOM BecbMa NPOCTON aIrOPHTM:
9T0 yJyuilleHHe OCHOBAHO HAa yAauHOM COUETAHHH MeTOAa lerneil,
CTPYKTYpH yKasaTeseil Yuanapia — Jliokepa H <«@uibTpyiouiero
noncka». Huxe Gyjaer KpaTKO ONHCAH (QUIbTPYIOUIHH TOHCK.

Dunvrpyrowuii nouck [Chazelle [1983c)]!) aro oann u3 obuux
METOOB pelleHHs 3a/1au MOMCKa B PeXHMe OTueTa, OCHOBAHHBI Ha
BBIYHCJTHTEBHO PA3yMHOM Hjee O TOM, YTO MOMKHO NO3BOJHTb H0-
CTYIl K CYNePMHOXKECTBY HCKOMOTO MHOXECTBA, €CAH NPH 3TOM No-
JlyyaeTcsl BBIATPHILI BbIYHCJHTEIbHBIX PECYPCOB (TaKHX Kak MaMsTh
WM BpeMsi [OHCKA), NPH YCJAOBHH YTO MOUIHOCTb CyNepMHOMKecTBa
MPEBOCXOAHT He GoJee UeM 3ajaHHYIO (Maayio) MYJbLTHIIHKATHB-
HYI0 KOHCTaHTY — MOIUHOCTh HCKOMOTO 'MHOXecTBa. [IpYrHMH cJo-
BAaMH, 3TO CYNEPMHONKECTBO SBJSCTCS «UepPHaKkoM», KOTOPHIH BbIGH-
paloT, a 3aTeM <«(PHABTPYIOT», YTOGHI BBIIETHTH HCKOMOE MHOXKe-
CTBO; MO3TOMY «(HILTPYIOUIHIi NOHCK» MOXHO He G6e3 OCHOBaHHit
Ha3pIBaTh NOHCKOM THMA «depmail 1t GUALTPYH». ITOT Moaxoa Gblt
YCMEUIHO NPHMEHEH K DA3jiHYHBIM 3al1auaM, TAKHM KaK 3anpochl
C OPTOroHA/bHBIM PerHoHOM, mouck Gangocth (cM. ra. 6), x 3ana-
uaM nepeceyeHHs M T. 4.

BoaBpauasich K JOKa/JH3alUHH TOUKH, NOKAXKeM Tenepb, KaK Me-
TOAOAOTHS (PHIBTPYIOLIEr0 NMOHCKA H CTPYKTypa yKasatedeit Yui-
sapaa — Jliokepa Moryr OBTh OGDBEjHHEHB C MeTojoM uenel
[Edelsbrunner, Guibas, Stolfi (1985)]. B crpykrype mnepBHuHOTrO
JepeBa (rAe KaXKAblfi y3es U CBA3aH C OJHOM H3 MOHOTOHHBIX le-

) Hcxonnbie mnpeaBapHTesbHble HieW STOro TMOAXOAd MOXKHO MPOCACNHTH
B pabote [Bentley, Maurer (1979)].
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neit C) ecTb ykasaTeab OT U K BTOPHYHOH CTPYKType, IVIaBHOH
KOMIIOHEHTOH KOTODOH# siBJseTCs TocjienoBaTenbHocts I'(v), coxep-
JKaulasi He TOJIbKO OPIHMHATH pebep, oThecennulx K uenu C (kak B
BEPCHH J'ln—ﬂpenapa'm), HO H JOMOJIHEHHasl, KpOMe TOro, Kax-
Qolm BTOPbLM 4ACHOM TIOC/EJIOBATEBHOCTH, IOJYYEHHON CJHSHHEM
(ﬂOl‘lOllHeHHle) nocjefoBaTeabHOCTEH A5t JIByX TOTOMKOB U. KaK
1 B cxeMme Yuanapia — Jliokepa A fepeBa PerHoHOB, B 3TOH NO-
CJIeI0BaTENbHOCTH T(’L’) TIOHCK BBINOJIHAGTCH C MOMOLIbIO JABOHYHOTO
ZlepeBa TOJNBKO B KODHe MepPBUUHOM cTpyKTyphl Ilas Bcex ocrasb-
HBIX y3/10B focryn K T(v) ocyulecTBisiercst 4epe3 CTPYKTYPY yKa-
3are}|eﬂ, 4TO MO3BOJAAET MOJYYHTb OLEHKY NJs1 BPEeMEHH IIOHCKa
O(log N). 3a cuer pacnpocTpaHeHHsl <KaIOro BTOPOrO UJeHa»
C OJIHOTO YPOBHS Ha CJELYIOLIHi 0GecrneunBaeTes JHHEHHBIX PacXox
TIaMATH, OJHAKO NMpPH 3TOM, BO3MOXHO, Gyﬂe‘l‘ TNIPOCMOTpPEHO BABOE
Gombute oGJacTeil, YeM 3TO HEOGXOAMMO, H HMX CJeAyeT NPODHIb-
TPOBATh B JyXe MeTOia QHALTPYIOIEro MOHCKa.

Bee METOAbI, NMpeACTaBJeHHbIE B 3TOl riiaBe A JIOKAJH3alunu
TOYKH Ha IJIOCKOCTH, HACTPOeHH Ha PabOTy IS XYALIErO Caydast.
B kaacce METO/IOB C XOPOIIWMH OLEHKaMH B CpeJlHeM HeJaBHO onyd-

Bt MeTon p {Edahiro, Kokubo, Asano (1983)]
IKCNMEePHMEHTANbHO IPEBOCXOAHT Bce paHee H3JOXKEHHblE MeTOMbI,
a CpelH NOCJHeJHHX JYYIIYI0 3KCIepUMEHTANbHYIO OIIeHKY NoOKasana
MeTOJl Tpaneuus.

Uro KacaeTcsi PerHOHaJIbHOrO MOHCKA, TO B pasa. 2.3 6b0 mo-
KasaHo, 4TO0 €eTMHCTBEHHbIi MeTon, HCHOJIbSyK)IllHl':I JlHHeﬁHle na-
Msth (Meron k-D-mepeBa), o6/afaer GOJbIINM BpeMeHEM MOHCKa.
nO?TOMy Kaxercs, UTo H3GHITOK MAMSITH SIBJASIETCS KJIIOUEBHIM yeao-
BHEM GHCTPOPO TIOKCKa. KaK MEeTOJ MPAMOro AOCTyMNa, Tak H METOX
JiepeBa PETHOHOB CJYXaT NpHMepaMH 3Toft uieH. B geficrBuresns-
HOCTH 3TO NMpPHMepbl NMPUJNOXKeHHH, Ha3BaHHHIX Bentan u CaiikcoMm
«3aJauaMy MOKMCKA, JOMYCKAIOMKMH AeKoMIosnuHio» [Saxe, Bentley
(1979)], B KOTOPHIX OTBET HA 3aIPOC OTHOCHTEJLHO BCETO MPOCTPAH-
CTBa NOJy4aercs Kak KOMGHHauHﬂ (B JIaHHOM cJyyae Kak CyMMa)
OTBETOB Ha 3anpochl OTHOCHTEJIbHO TMOAXOASLIEro Haﬁopa yacre#t
sToro npocrpanctsa. Ocraercsi OTKPHITHIM BaXHBIf BONPOC 0 cyme-
creoatuu (N, log N)-anroput™a Aisi 2-MepPHOTO DECHOHATBLHOTO
noucka. Henasno Uasemne [Chazelle (1983c)], ucnonbays merox
(GHABTDYIONIEro MOHCKA, CMOT MOHH3HTL MOTPEGHOCTH B NMAMSTH C
Nlog N no Nlog N/loglog N, nokasas tem cambim, uto N log N
He sIBJISIeTCsl HHXKHell OLeHKOR.

Jlpyrue BapHaHTH 3a1aYH PErHOHAJBLHOrO MOHCKA MOXHO KJac-
CcHOHUHPOBATH MO THNY 061aCTH NOHCKA. B ONHOM H3 TaKHX KJIacCOB
B KauecTBe 06JIaCTH MOMCKA BHIGHPAIOT R-YTOMBHUK (NOUCK 8 MHO20-
YeonbHoM pezuone); Tpenmoniarasi, Kak o6bUHO, uTO B bafite N
Tovek, Yunnapx cospan (N, kN®7)-amropurm (Willard (1982)],
KOTOPHIft 6BL1 mo3xe yayumen a0 (N, kN%$%)-aaroputma [Edels-
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brunner, Welzl (1983)]. Mssecten HHTepecHHIii wacTHB cayuai
STOfi 3ajau, KOrAa B KayecTBe MHOTFOYTOJILHOTO DErHoHa Gepercs
TIOJIYNJIOCKOCTb; VI MOUCKA 6 NOAYAAOCKOCTU HEAaBHO GBLI Mpe-
noxen ontuManbubiii pesyabrar [Chazelle, Guibas, Lee (1983)]
(9TOT METO[ HelPHMEHHM, OJHAKO, K COOTBETCTBYIOLIeH 3ajaue mo-
ncka tuna nmofacuera). Ouenb HHTEPeCeH TakxkKe c/ydadl, Koraa mo-
HckoBas o6JsacTb uMeeT (OPMY Kpyra (Kpyeosoii pezuoHarbHolil
nouck, win nouck 6 ducke). Eciu pamuyc Takoro iucka dpHKCHpo-
BaH, TO 3ajayy MOXHO DEUIHTh METOAOM JIOKAJH3ALHMH, TAe IJIO-
CKOCTb pa3bura Ha 06macTH TakK, 4TO BCe TOUKH B 3a1aHHOW obaa-
CTH IIOPOXKAAI0T HJAEHTHUHBIE OTBETH. DTOT NMOAXOA MOXKHO DeasH-
30BaTh, NPHGErHyB, HaNpHMEp, K METOAY Tpallelluii H MOJYUHB TeM
campiv (N®log N, log N)-aaroput™. OfHako STOT airoputM Ha-
Muoro npessofijien (N, log N)-MeToL0OM, NpPeTOKEHHHIM HexaBHO
[Chazelle, Edelsbrunner (1984)]. Ewe Gosee mutepecen nouck 8
nepementom Oucke, rje Kpyrosas 06JacTb MOXET 0GJafaTh NpPo-
H3BOJIBHBIM PAJyCOM H LEHTPOM; JIYYUIHH H3 W3BECTHBLIX METOJOB
pelleHns 3To# 3anaun umeer caoxHocTs (N (log N log log N)2log N)
u Oyner onucan B r1. 6 [Chazelle, Cole, Preparata, Yap (1984)].

Jpyrue sapaun moucka paGoTaloT ¢ PasIHUHBIMH reoMeTpuue-
CKHMH OObeKTaMH, rie mapa (3ampoc, sneMeHT ¢afina) Gomee e
COOTBETCTBYeT THNMAM: (TOYKA, 06JaCTh) — Kak IPH JOKAMH3alUHU
TOUKM WIH (06J1aCTh, TOUKA) — Kak MPH pernonanbHoM mowcke. Ha-
TIPHMEpP, MOTYT BCTPETHTCH TakHe MapHl, Kak (MHOTOYTOJMbHHK,
MHOTOYTOJILHHK), (OTPE30K, OTPE30K) H T. J.; B MOJOGHBIX caydasx
HCKOMO®@ OTHOIU@HHE CKOpee ABJSETCH «IIepeceueHHeM», BOT MoueMy
9TH 3a1aU Jy4Yllle H3YYHTH B OGLIEM KOHTEKCTe 3ajad O mepeceve-
musx (ra. 7). B wacrnoctH, Koraa napa (3ampoc, saeMent Qaiiia)
HMeeT BHA (MPAMOYTOJLHLIA PErHOH, TPSMOYTO/MbHEI PETHOH), TO
TIONIyYaeTCs CeMeHCTBO HHTEPECHBIX 3aJau THNA NepeceyeHus WIH
MPUHAJIEKHOCTH, KOTOPLle YMecTHee 06CYIHTb B I 8.

U uHakowel, 3HaUHTeTbHBI MPOrPecC AOCTHTHYT NMpH H3YYEHHH
JHHAMHUECKHX MOUCKOBHIX CTPYKTYP, T.€. TAKHX CTPYKTYP, KOTOpHIe
B JONOJHeHHE K 3ampocaM MOJIEPXKHBAIOT ONMepalMH BCTAaBKH I
ynanexus. B To BpeMs KaK ONHOMEpHBIC IHHAMHUYECKHE CTPYKTYpPhI
(ABJI-nepeBbst 1 T. 1.) GbIM H3BECTHH yKe GosMee NBAaILATH JeT,
MOACTYNBl K PENICHINIO MIOFOMEpHON 3aj1aun nayaan HCKaTh OTHO-
cutesbHo nenasHo. Ciesom 3a mionepckodi paGotoit Bentan {Bent-
ley (1979)] 6mn paspaGotansl ofiuuHe MeTOAM NPeo6pazoBaHus
CTAaTHYECKHX CTPYKTYD, YAOBACTBOPSIOLIHX HEKOTOPHIM CJIaGhiM
OTpPaHHYEHHSM, B THHAMHUYECKHE.

Heo6xonumo ynomsinyts 0 Merone Bau Jleiosena n Byaa [van
Leeuwen, Wood (1980)], o6mefi naeefi KOTOPOro SIBISIETCSt OPraHu-
3auus dafina Kak Ha6opa OTACNBHHIX CTPYKTYP JaHHBIX, /ISl TOTQ
uTo6bl Mo6ast KOPPEKTHPOBKA CTPOTO OTPAHMUMBANACH OXHON (M,
BO3MOXHO, HeGOMbUIHM (PHKCHPOBAHHEIM YHC/IOM) H3 HHX; ONHAKO,
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4TOOB H30eXaThb NepPeHoca LEeHTPa TSXKECTH C KOPPEKTHPOBOK Ha

yio paGorty, HMO He JOMycKaTh Ype3MepHOil ¢dpar-
MEHTAlUH, NOCKOMBKY 3anpochi OGBIMHO OTHOCATCS KO BCell COBO-
KynHOCTH anHbiX. CaMoe COBPEMEHHOE H BCECTOPOHHEE HCC/eA0Ba-
HHE COCTOAIHHSA 1 B OG/IACTH «IHHAMH3ALHH» — 3TO AHCCEPTALHS
Osepmapca [Overmars (1983)], 1 Mbl HacTOSATENLHO PeKOMeHAyeM
o6paTHTbCS K Hell.

2.5. Ynpawuenus

1. Tposectit Gosiee rayGoKuii anain3 MeTOAd AETAJNH3ALMH TPHAHTYJSIHN
Kupknarpika i Bu6path K TakaM, uToGh JOCTHIHYTb 3hauennst o 2 59/63.
(VKasaiie: OLEHHTb OTAE/ABHO y3A CO cTenchbio Goabie K H Y3AH Co cTe-
nenbio ne Goasute K.)

2. 3eddess. Tyers S — muokectso w3 N Touek mna maockoetn u A — nna-
naproe noapasduenne ¢ 0(N) obaactami

(a) Mokasats, uto neoGxomimo Q(N log N) Bpememi 1 JoKansauun seex
Touek u3 S B A.

(6) Tpeanonokum Teneps, uro m3BecTHa Tpuawryasuus S. TpHABIyAALHS
COACPIKHT HHPOPMALHIO O TOM, KaK TOUKH H3 S PaClONOKEHH OTHOCHTEIBHO JAPYT
Apyra. 3Ta HHQOpMAILIA MOTAa Gl NOMOUL TPH JOKAMM3ALAN BCX TOUCK N3 S
B A. TlokasaTb, uTo, HECMOTPS Ha 3HaHWE TPHANTYJALHH S, BCe XKe NOHaLOGHTCS
Q(Nlog N) BpemenH Aast JOKa/IH3AWHK BeeX Touek W3 S B A.

3. Mokasats Teopemy 2.10. TIpeNOnOKHT:, 4T NOMCK cocTonT H3 [ sTamon

© BospacTanieM MeakocTH cetok, n moaysnts (N% ¢, log N)-aaroput ¢ mumi-
MAALHBM BUATCHHEM Co. BHPA3HTE ¢, N ¢; Kak QYNKWH OT I

4. MoxHo 21 MOAMGbHUHPOBATH ZEDEBO DETHOHOB B BapHanTe YHanapaa —
Jliokepa Tax, utoGet nomyunts (N log?=! N, log?~! N)-aaroputs ans 3azaun pe-
IHOHABHOrO NoNcKa THNa moxcueta npn d > 22 CTPOro 06oCHOBATH CBOJ OTBET.

5. JdeavcOpynnep — 'ubac — Croagu. PaccMOTpeTh MeTOA Ueneii s 3a-
Zauu MIOCKOH JOKaJH3alHH TOUKH Ha N it K
ero cieayiouniM oopasom. HauaTs c waswauenns stux uemedi yanam nepesa T
TMepBHUROfi CTPYKTYpH, Kak 3To IoKa3aHo B paGote [Lee, Preparata (1978)] (c.
pasa. 2.2.2.2), Tak uTO KamaoMy yaly u M3 T Ha3Hauena MOCJEAOBATEABHOCTH
Y(v), cocrosimas W3 KOHIOB peGep ero WeNH; 3aTeM AJs KaXAOTO HEIHCTOBOrO
yana u_chopmuposats Y*(v), sonoanss ¥(v) BCeMH 4JeHaMH MOCICLOBATENbHO-
crn OBBEJMHEHME (Y*(JICBIH[]),Y* (TICBIH[])). Kamamii cnmcox ¥* (v)
NPEACTABANCT pa3GHenHe BEPTHKAALHON MPAMON: CO31ATh YKA3aTEldh OT KaXAOro
otpeska #3 ¥*(v) K KkaoMy u3 orpeskon n Y*(JICBIH[¢]) wau s ¥*(TICBIH[v]),
© KOTOPBIM OH MEpeceKacTcs. DTO OMPEACARET CTPYKTYPY JAaHHBIX Ads mokcka T+

(a) Mokasats, uto Ads sanomiiauns T* moxio 3aTpattn O (N) nasmsri,

(6) Mokasats, uro Jokammsauns Touki ma maockocrn TpeGyer O(log N)
BpeMeni.

6. TIpHyennTL MeTon JOKamRaauwii npu peilerin caeayioueli sazaws (kpy-
FOBOW PErHOATbHII NOHCK C QHKCHPOBAHHBM paiRycom): namki N Tovek Ha
nmockoern 1 wcao d > 0, Tp p ™ TOUKH, Ha pa
CTosHHM, He MpEBHIIANOWENM d OT 3aanmofl MPOGHOR TOUKH ¢ (BO3MOXHO, 3a-
TPATHB TIPK 5TOM JONOTHATEABHO 0TaPHOMHTECKOE BpeMs).




TJIABA 3

BoinykJbie 060J404KH:
OCHOBHbIE AJIFOPHTMBI

3ajaya BHUHC/AEHHs (IOCTPOGHHS) BHINYK/IOH 0GOJOUKH
He TOJIbKO SIBJSAETCS UEHTPANbHON B LENOM psije MPUJOKEHUH, HO
H 03BOJISIET Pa3PELINTD S/l BONPOCOB BBIYHCIHTEBHON FEOMETPHH,
Ha [epBHl B3I He CBA3AHHLIX ¢ Hefd. ITocTpoenue BHIMYKJIOH
060JI0YKH KOHEUHOTO MHOXECTBA TOUEK, H 0COGEHHO B Caydae TOUeK
Ha IIOCKOCTH, yXe JOBOJbHO WIHPOKO H IJYGOKO HCCJAEA0BAHO H
HMeeT TpH. B PacIc o6pasos [AKI,
Toussaint (1978); Duda, Hart (1973)], o6paGorke u3oGpaxenuit
[Rosenfeld (1969)], a Takke B 3azaue packpos H KOMIOHOBKH Ma-
repuana {Freeman (1974); Sklansky (1972); Freeman-Shapira
(1975)].

TonsTHe BHIMYKIOH 0GOJOYKH MHOMXKECTBA TOUeK S ABASETCS

€CTECTBEHHbIM H NPOCTHIM. B COOTBETCTBHH C OIpeje/ieHHeM — 3TO
BBIIYKJIOE M: BO, CO, S. Yrobu Ha-
TVISIAHO TPEACTAaBHTH 3TO MOHATHe B CJaydae, KOTAa S — KOHeuHoe
MHOKECTBO TOYEeK Ha IJIOCKOCTH, MPeANOJIONHM, UTO 3TO MHOKECTBO
OXBaueHo Goabluof DacTAHYTOH pe3uHOBOH Jenroil. Korma senta
0CBOGOXK/1aeTCS, TO OHa MPHHUMaeT POPMY BLIMYK/IOH 0GOJIOUKH.

HecMoTpst Ha HWHTYHTHBHYIO SICHOCTb MOHSITHS BBINYKJOH 060-
JIOYKH, HCTOPHS CO3JaHHS AJTOPHTMOB BBIUHC/ICHHS BBITYKJIBIX 060-
JIOUEK HArJISIHO MOKa3kiBaeT OGILYI0 KapTHHY B o6aacTH paszpabor-
KH H HCCJIe10BaHHs anropuT™oB. K cokaseHHIo, IpHBEIEHHOE Bhille
npocToe OlpefeseHHe BHIMYK/IOH OGOMOUKH HEKOHCTPYKTHBHO. ITo-
9TOMy HEOGXOJIHMO OMpeJeNHTh HEKOTOPEIe MOHSTHS, COCOGCTBYIO-
mHe paspaboTKe aJrOPHTMOB.

TIpeaMeroM 3TOM TVIaBHl SIBJSIETCS. MOCTPOEHHE BHIMYKJOH 060-
JIOYKH Ha TIJIOCKOCTH M B IPOCTPAHCTBAX Gosiee BHICOKON pasMepHoO-
cti. B caenyromtefi riase GyAyT paccMOTPeHbl MPHJIONKEHHS, pas-
JIHYHblE BAPHAHTHI 3aJlaYH O BHIMYKJOH 0GOJIOYKE H HEKOTOPHIe CBSi-
3aHHbIe C Hefl, HO OTJIHYHHIE MO cymecTBy 3afaul. UroGsl n3Gexatsh
TOBTOpeHHH, yN06HO BBECTH TOJAXOASANIYI0 COBOKYMHOCTh NMOHATHH,
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OTHOCAIIMXCS K BHINYK/IOH 060JI04Ke B IPOCTPAHCTBE NPOH3BOJIBHON
pasmeproctH (Griinbaum (1967); Rockafellar (1970); McMullen,
Shephard (1971); Klee (1966)]. B ciyuae mIOCKOCTH H Tpexmep-
HOTO TPOCTPAHCTBA 3TH NOHATHS NPHOGPETAIOT OUeHb NPOCTOH
cMbica. DToMy TOCBALIEH CAeNyOmui pasjen. B nanbHefireM Ml
yacTo GyjeM cchiIaThesl HAa MOHATHA, BBeJeHHble B pasi. 1.3.1.

3.1. IpenBaputenpHble cBeleHUs

C‘lHTﬂﬁ, 4TO TOYKH pacnoJaralorcs B d-MepHOM npo-
crpaHcTBe, GyleM HCIO/Mb30BAaTh OGUIENPHHSATHE 0GO3HAUECHHS IS
TOYEK H d-MepHux BEKTOPOB, BHIXOAAUIHX H3 HauyaJja CHCTEeMbl KO-
opaunar B E4

Haunenm ¢ paccMoTpenust NOHATHs a@HHHOrO MHOXKeCTBa.

Onpepenenne 3.1. Ilycts B E¢ 3aganbl k pasHuHbIX TOYEK pi,
P2, - .., Pr. MHOXKECTBO TOUEK p TAKHX, YTO

p=opitap,+ ... +wp,
(@eER, o+a+ ... +o=1),

Ha3blBAIOTCA A(PPUHHOLM MHONECTBOM, MOPOXKACHHHIM TOUKAMH pi,
P2, ---» P, @ p ABAAETCHA appunHOl KomOunayuei TOUeK pi, pa, ...
cees Pre

3ameruM, uto aduHHAs KOMOHHALHMA NPEACTABISET UACTHHI
cayyail IOHATHSA JMHEHHOH KOMOHHAIUH, BOSHHKAIOUMA NPH BBeje-
HHH JOTMOJIHUTEJBHOrO yCcaoBusa a4 ... +ar=1. B cayuae k=2
aduHHOe MHOKECTBO — 3TO NpsMas, NPOXOAsllasi Yepe3 ABe 3a-
nanusle ToukH. OueBHHO, YTO aDGHHHBIMH MHOXECTBAMH SIBJSIOT-
Csl TOUKH, TIPSIMble JIHHHH, MJIOCKOCTH, THIEPIVIOCKOCTH H T. I, T.e.
Bce OOBEKTH, C KOTOPHIMH CBSI3aHO HHTYHTHBHOE IpeJCTaBJeHie
0 «NPSMOJIHHEHHOCTHY. B JeHCTBUTENIBHOCTH TEPMHH NpAMOAUHEL-
Holll 00%eKT ABJAETCS CHHOHHMOM a(QHHHOrO MHOXeCTBa (HapsLy
¢ TepMHHOM «addHHHOe MHOrooGpasue»). Mexay BEKTOPHBIMH MOJ-
npocTpaHcTBaMH M addHHHBIMH MHOXKECTBAMH HMEETCsl B3aHMO-
CBSI3b, COCTOAWLAS B TOM, UTO Kax/jo0e ahHHHOE MHOXKECTBO MOJy-
YaeTcsi M3 HEKOTOPOro BEKTOPHOrO NOANPOCTPAHCTBA (AUHEiHO20
MHOXECTEa) B pesy/bTaTe NpPeoOpa3oBaHHs neperHoca (Ha HEKOTO-
puiit dukcHposaunblii Bexkrop). Hanpumep, B mpocrpascrse E® jn-
HEHHBIMH MHOXECTBAMH SMBJSAIOTCSH NpSIMbie JIHHHH H TUIOCKOCTH,
NPOXOAsIMe Yepes HAayaJo KOODIAHHAT, H CaMa TOUKA Hayaja Ko-
OpAMHAT, B TO BPeMs KakK ap(QUHHBIMH MHOMKECTBAMH SBJISIOTCS
POU3BONILHBIC TOUKH, NPSMBIe JIHHHH H MJIOCKOCTH.

Mycrs 8 E4 3agans k TOYeK pi, P, - .., pe. Ecau (k— 1) Bek-
TOPOB Py — Pi, ..., Pr— Pi ABAKIOTCH JHHEHHO HE3aBHCHMBIMH, TO
3TH TOUKH TCst aghd moimy. VHTYyHTHBHO mTO-

@




116 Ta. 3. Bunykasie 06040uKu: 0CHOSHbE a20PUTIHbE

HSTHBIH CMBICJ 9TOFO ONPE/e/IEHHs COCTOHT B TOM, YTO Mbl BBIIOJ-
HSIEM NapaJlieJibHblfl MEPEHOC MHOXKECTBA TOYEK TakK, 4TO OAHA H3
TOUEK (B HAWleM Caydae p;) IepeMellaeTcsi B HAYANO KOOPAHHAT,
H1p JNHHEHHYI0 MOCTb MOJIyYHBUIETOCS] MHOXKeCTBA
BeKTOPOB. OUeBHANO, UTO BBIGOp TOUKH, IepeMeliacMOli B Hayano
KOOP/IHHAT, sABJSETCS HecyulecTBeHHbIM. Ecun saganb k& adduuno
HE3aBHCHMBIX TOUEK Py, Pz, ..., Pr, TO OHH 00pPa3yloT abHHHLI
Gasnc (k— 1)-mepHoro adppuHHOrO MHOMKECTBA (1. e. pasmeprocth
addUHHOTO MHOKECTBA PABHA PA3MEPHOCTH JIMHEHHOTO MHOXKeCTBa,
M3 KOTOPOrO OHO NOJIYYAeTCs B Pe3yabTaTe nepeHoca).

Onpenenenne 3.2. [lycrs B npocrpancte E¢ 3anano noaMHoxe-
crBo L. Agunnod ko aff(L) Ba L HasbiBaercs
HauMeHbluee apduuHOe MHOKECTBO, cogepiKaltee L.

Jlpyrumu caosamu, Aas M0GOR napb Touek u3 L mpsmas,
onpejesifemMas STHMH TOYKaMH, LeaukoM npunaaiexur aff(L). Tak,
nanpumep, aduuHoil 0607104KOl OTpeska siBiseTcs npsaMas, ad-
(puHHOi 0GOJIOUKOH NJIOCKOr0 MHOTOYIOJIbHHKA — MIOCKOCTb H T. M.

Tenepn nepeiiieM K PacCMOTPEHHIO NOHATHS BHINYKJIOTO MHOXKe-
CTBa, NOPOK/EHHOrO KOHEUHEIM YHCJAOM TOYEK.

Onpenenenne 3.3. [Iycts B npocrpanctse £¢ sagan k pasauu-
HBIX TOYEK p1, Pa, , Pr. MHOXecTBO Touek

p=wp+wpyt ...+ op,

ek, 4,20, e, +a+ ... +a,=1)
HA3BIBACTCS BOLNYKABLLM MHONECTBOM, TOPOKJEHHHIM TOUKAMH pi,

P2, ..., Pr, @ P Ha3biBACTCA BuNYKAOU KOMOUHAuued py, P, ...
vees Phe

(3.2)

BHOBb 3aMeTHM, UTO MOHATHE BBIUIYKAOH KOMOGMHALMH SABJISETCS
cyXeHHeM MOHATHA adHHHOH KOMOHWHALHH, l'lOle‘-lalOLllHMCﬂ B pe-
3yJIbTaTe BBEIEHHs JOMOJHHTEIBHOrO YCAOBHA o = 0, j =

, k. B cayvae k=2 PE3yJILTHPYIOUIMM BHIIIYKJIbIM MHo)Kec'rBoM
ABAseTCSE OTPe30K, COeHHSIOWME 3aJaHHble TOYKH. PasMepHocTh
BBINYK/IONO MHOXECTBA PaBHAa Pa3MepPHOCTH ero apuHHOH 060104~
KH. Hanpumep, pasmepHocTs NJIOCKOTO BBIYKJOrO MHOTOYTOJbHHKA
paBHa [ABYM, Tak Kak ero ad@HHHOH 0GOJOYKOH SBJISETCH IJI0-
ckoctb. Temeph MOXKHO BBECTH C/efylolllee BaKHOe MOHSTHE.

Onpenenenne 3.4, ITycrs B npocrpancTse £4 3a1aH0 NPOH3BOD-
HOe MOAMHOXKecTBO L TOYeK 3TOro mpocrpancrsa. Beunykaoi o06o-
2aoukoi conv(L) moaMHoKecTBa L HaspiBaeTcst HauMeHblllee BbI-
TMyKJ0e MHOXEeCTBO, COAepKallee

Hanee Mbl GyjleM UMeTb JesI0 JIHWb €O cayyaeM, koraa L coxep-
JKHT KOHEYHOE YHCJIO TOYeK ('-ITO COOTBETCTBYET BBIMYKIOMY MHOXKe-
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CTBY, [OPOK/ICHHOMY KOHEUHBIM UHCAOM Touek). UToGbi oxapakre-
pH30BaTh CTPYKTYpy conv(L) KOHEYHOro MHOMKecTBa Touek L, He-
06XOAHMO OGOGUIHTL MOHATHS BBINYKJIOTO MHOFOYTOJMbHHKA H Bbl-
IYKJIOr0 MHOTOTPaHHHKA.

Onpeneaenne 3.5. [Toausdparvuoin mnoxecréos B E? Haspi-
BaeTcsl NePeceYeHHe KOHEYHOrO MHOXKECTBA 3aMKHYTBIX [OJYyIPO-
cTpaHcTs (IOJYNPOCTPAHCTBO — 370 YacTh L% pacnosokenHas 1o
0HY CTOPOHY HEKOTOPOH THIEPIIOCKOCTH).

33MeTl/lM, YTO NOJIH3/PasibHOC MHOXKECTBO fABJACTCA BbIYK/bIM,
TaK Kak [OJAYNPOCTPAHCTBO SABJSETCS BBINYK/ABIM H IepeceyeHue
BBHIYKJBIX MHOXKECTB TaKiKe SABJAETCS BbIIYKJIbIM MHOMXKECTBOM.
B YaCTHOCTH, BBIIYK/blE IJIOCKHE MHOTOYTOJIbHHKH H TpeXMepHbie
MHOrOrpaHHHKH — KaK OHH OINpejesieHbl B pasi. 1.3.1 — sBasioTcs
npuMepaMi (KOHEYHBIX) IOJIH3APAJbHEIX MHOXKeCTB. B ofuiem cay-
yae Mbl 6y}1eM Ha3blBaTh KOHEUYHOE d-MepHoe TNOJIU3ApaJbHOE MHO-
JKeCTBO B8bINYKAbIM d-noautonom ('HJIH, KOpOTKO, d-nonmonom, UK
npocTo IIOJIHTOHOM),

Cileayouias TeopeMa XapakTepH3yeT BBHIIYKble OGOJOUKH B
HYXKHOM HaM IJIaHE.

Teopema 3.1 {McMullen, Shephard (1971)]. Boinyxaran 06oro4-
K@ KOHe4HO020 MHOdecTéa Touex 8 E A84A€TCA B6LNYKAbLM NOAUTO-
nos. Haobopor, xaxOoui 6binyKAblL NOAUTOR SEAAETCA BLINYKAOL
060.204K0il HEKOTOPO2O KOHEUHO20 MHOJNCECTEA TOUEK.

Brinykablii NOJUTON 3a/a€TCsl ONUCAHHEM €rO TPAHHILI, COCTOR-
et 13 epaned. Kaxaas epars BHIMYKJIOrO MOJHTONA SIBJSETCS Bl
TYKABIM MHOXKECTBOM (T. €. BHIMYKJBIM TOJIHTONOM Gojiee HH3KOI
pa3MepHOCTH); k-2parb 06o3HayaeT k-MepHYI0 rpaHb (T.e. TpaHb,
ad¢uunas 000/109Ka KOTOPOH HMeeT pasMepHocTb k). Ecau mosu-
Ton P uMeerT pasmepHocTb d, TO ero (d — l)-TpaHu Ha3BIBAalOTCH
eunepepanamu, (d— 2)-rpain— nodepanamu, 1-rpanu — pebpamu,
a 0-rpaHi — gepuiunamu. SIcHO,4T0 peGpa M BEPUIHHBI COXPAHAIOT
CBOe NPHBbHIYHOE 3HAYCHHE B IIPOCTPAHCTBAX /IOGOH Pa3MePHOCTH.
Jlas 3-mosurona rHMeprpaHi ABISIOTCA IVIOCKHMH MHOTOYTOJIbHH-
KaMH, a IOATPaHH H peGpa coBnajaior. Kak Mbl yXe BHie/n paHee,
9TH 4YeTBIpe K/Jacca IpaHeli HIpaioT BaXHYIO DOJIb B ajJropHTMax
MOCTPOEHHS BHIMYK/IOA 0G0/OUKH. [list eHHOOGPasHsi MOXKeT OKa-
3aThCsl T10JIE3HBIM HA3bIBATH d-NOMKTON d-TPAHbIO, @ MyCTOe MHOXKe-
CTBO B TaKOH TepMHHOJIOTMH mpeBpamaercsi B (—1)-rpaub. Econ P
SBJACTCSA BHIYKJOH 060JIOYKOH KOHEUHOTO MHOXKeCTBa TOuek S B
E4, 70 rpaub noanTona P sBisiercs BBIIYKJAOH 0GOJOUKOM MOAMHO-
xecrBa T MuOMecTBa S (T.e. OHa ONpEAENS€TCS TOAMHONKECTBOM
mHoxecrBa S). -OjHaKo He Bce MOAMHOXKecTBa S onpenensior
rpan.
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TloaHTONB HEKOTOPHIX THIOB 3aCNYXKHBAIOT 0COGOrO BHHMAHHS.
d-nouton P Ha3LIBaeTCs d-cUMNAEKCOM (WK KPaTKO CUMNAEKCOM),
CCIH OH ABAACTCA BBUYK/IOH 060s0ukoit (d -+ 1) adduuno Hesasn-
CHMBIX TOYeK. B 3TOM clyuae KaXAoe NOIAMHOXeCTBO M3 3TuX d
BEPIIHH CaMO SIBJAETCS CHMIVIEKCOM H siBJsieTcsl rpanbio P. Takum
00pasom, Kax1as k-rpab coaepxur 2%+ rpaneir !) (pasmeprocreii
k, k—1, ..., 0, —1). Hanpumep, aas d =0, 1, 2 u 3 coorser-
CTBYIOLHH CHMIJIEKC ABJSETCH TOYKOH, peGpOM, TPeyrOJbHHKOM H
TPEYrONbHON MHpaMUZOH. 3aMeTHM, YTO TpeyroMbHas MHPAMHAA
(3-TpaHb B COOTBETCTBHH C NDWHATHIM COTALICHHEM) COZAEPXKHT
onHy 3-rpaib (camMa NHPaMHAA), ueTHpe 2-Tpau (TpeyrosbHHKH),
wects l-rpaneii (peGpa), uethipe O-rpakeii (BepiinHb) K onHy
(—1)-rpanp (mycToe MHOXKeECTBO), YTO BMecTe cocTaBaser 16 —
= 2* rpaneil.

Cumnauyuaronvin HaswiBaeTcs d-NOJHTON, KAXAas THIEPrpaHb
KOTOPOro SBJISIETCS CHMIIEKCOM. TO 3KBUBAJIEHTHO TOMY, YTO KaX-
Aasi TPaHb CHMILTHLHAJBHOTO d-TIOJHTONA COAEPXKUT B TOYHOCTH d
noarpaneli. C Apyroii CTOPOHB! (MOXKHO GBLIO OH CKA3aTh «LBOF-
CTBEHHOI»), d-NOIUTON HA3HLIBAETCS MPOCTLLM, €CTH KaXias H3 ero
BEPUIHH WHIHIEHTHA B TouyHOocTH d peGpam. B camom aene, Jerko
TOHAT, YTO CHMIVIHUHAJILHBIH TOMHTON SIBASETCS ABOHCTBEHHBIM N0
OTHOWIEHHIO K IPOCTOMY NOJIHTOINY NPH MOHUMAHHH JABOHCTBEHHOCTH,
KaK 3TO NPHHATO B OOILIell TONOJOTHH, KaK OTOOpaeHus, oToGpa-
KAIOWEro MHOKECTBO Pa3MePHOCTH S << d B MHOXKECTBO pasMep-
HocTH d — § (0GpaTHTe TaKXKe BHUMaHHe Ha Gosiee ClIELHANBHOE OT-
HOUICHHE ABOACTBEHHOCTH, BOMJIOWIAEMOe NOJSPHBIMH NPeoGpasoBa-
HHAMH, pacCMOTpeHHbIMH B pasa. 1.3.3). CuMIIHUHANBHEIE H MPO-
CThIE TIOIHTONBI ABJSIOTCS YPE3BLIYANHO BaXKHLIMH HE TOJBKO H3-3a
HX CTPYKTYPHOIi [IPHBJIEKATebHOCTH H — IIPOCTHTE 3@ UFPY CJIOB —
MPOCTOTH, HO TaKXKe BBHAY TOrO, YTO OHH €CTECTBEHHBIM 06PasoM
BO3HHKAIOT B JBYX THOHYHBIX (M NBOACTBEHHBIX!) cHTyauusx. B ca-
MOM jiesle, OGPATHMCSA JUIA KOHKDETHOCTH K XODOLIO 3HaKOMOMY
TPeXMEePHOMY NpOCTPAHCTBY. Beimykias 060J0MKa KOHEYHOTO MHO-
JKeCTBA TOYEK, HAaXOLAIUXCS B OOUIEM MOJOKEHHH, ABASETCH CHM-
TUIHUAANBHBIM  3-TIOIMTONOM  (BEPOSITHOCTb TOTO, YTO GoJlee Tpex
TOYEK JIeXar B OJHOH NJIOCKOCTH, PaBHa HYJII0), BMeCTe C TeM nepe-
CeyeHHe KOHEUHOro MHOMKeCTBA MOJYNPOCTPAHCTB, HAXOAALIXCH B
OOlLLEeM MOJIOKEHHH, SBJISETCS POCTHIM 3-TIOJHTONOM.

KomGHHaTOPHOM NPHPOJE MOMHTONOB, H B WaCTHOCTH B3aHMO-
CBSA3H MEX/y YHCIOM TpaHell H Pa3MepPHOCTbIO, GBIIO yAeNeHO 3Ha-
HTeNTbHO Hocrarouno Tb 3/1€Ch, YTO YHCIO

') JlelicTBHTENLHO, B 5TOM Caydae BCEX
BepIIHH SIB/ASeTCS MHOXeCTBOM rpaneii. Kak xopomro mssectHo, anarpamma Xac-
Ce 118 3TOro MHOXecTBa mpeacrasiaser (k- 1)-mepHwii KyG. Takas amarpamma
0GHINHO HA3WBAETCS 2pahom zpanerd TOAMTOHA.
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F(d, N) runeprpaueii d-nmomurona ¢ N BepurHHaMu MOXKeT AOXO-
ute 10 (cm. [Klee (1966)])

[ N—Z -1
% . ¢ Anst ueTHsiX d,
. —
F(d, N)= (3.3)
PRI

2 a4 s HeueTHmX d.

{ I=]

Kopoue MoxHO CcKasathb, uTo F(d, N)=O(N""’“)A To, yro uyucao
rHneprpaueii B XyJueM cyyae PacTeT IKCIOHEHIHANbHO B 3aBUCH-
MOCTH OT YHCJIa BEpUIHH H HA0GOPOT (B COOTBETCTBUH C NPHHIHIOM
JBOMCTBEHHOCTH), IPHBOJMT K CEPHE3HBIM 3aTPYAHEHHSM NPH NMpej-
cTaBeHHH d-TIONHTONOB A5 Goabliux 3Hauenn# d. K cuacrbio, cu-
Tyalliisi OKa3biBaeTCsl 3HAYHTENBHO GoJee MPOCTOH MV TAKHX Bax-
HBIX ClyuaeB, Kak d = 2,3. B uactHocTH, At d = 2 NOJMTON fB-
JISieTCsl BBIMYK/IBIM MHOTOYTOJIbHHKOM. BajKHO NMOHHMAaThb, YTO MHO-
FOYTOMbHHK — HE3aBHCHMO OT TOrO, SIBJAETCS JH OH BBITYKJIBIM
HJIH  HeT, — MPECTABIACT YnopadoUeHHyio nocaedosaressHoCTs
BepinH, TaKyio MOC/IEAOBATENbHOCTh MOMKHO aJleKBATHO MpEiCTa-
BHTb K4K MAaCCHBOM, TaK H JBYCBS3HEIM CITHCKOM.

B TpexmepHOM c/yuae MpOG/IeMbl, CBA3aHHEIE C IPEACTaBICHHEM,
TaKXKe He OUEHDb Cepbe3Hble. MHOrOrPaHHHK MOXKET GbITh NMOMHOCTBIO
onpesieieH IiepeuucIeHHeM ero BepuiuH, peGep u rpaneii. B coor-
BETCTBHH ¢ opmysnoit Diirepa (pasx. 1.3.1) umcino Bepuun peGep
H rpaHefl TPeXMEePHOr0 MHOTOTPAHHHKA CB3aHO JHHEHHBIM COOTHO-
LIEHHeM, OTKYAa CJIELyeT, 4TO JJIst MOJHOr0 ONMHcaHus (npejcTaBie-
HHs1) MHOTOrpanHHKa ¢ N BeplIHHAMH JOCTATOMHO OGbheMa MaMATH
O(N). Bosee Toro, ckelleT TAKOro MHOIOIpaHHHKa (MHOXECTBO ero
pebep) siBasieTcs MJIAHAPHBIM IpadoM !), TaK 4TO MBI MOXKeM Mpej-
CTaBHTb MHOTOTPAHHHK, HCIO/B3Ys JIOGYIO CTPYKTYDY AaHHBIX, MOJ-
XOAALYI0 U5 MPEJCTaBJIeHUsA MIaHapHoro rpada (Takue Kak crmu-
COK CMEKHOCTH HJIH PeGepHBIH CIHCOK C JIBOAHBIMH CBSI3SIMH, OMNH-
caHuble B pasa. 1.2.3.2).

Ipexae YeM NepexoHTh K ONHCAHHIO aJrOPHTMOB, YMECTHO
naTh (OPManbHYIO NMOCTAHOBKY 3aJaud H yKasaThb HAa BaXKHbIH BO-
IIPOC OTHOCHTE/bHO HHXKHHX OLCHOK CJIOXKHOCTH 3Toif 3anaun. Tak
KaK aJrOPHTMbI NOCTPOEHHs BBIMYKMOH OGOJIOUKH HMEIOT 1eJio ¢
rpanuLeil 3TOi BHINYKJIOH 0G0JOUKH, TO MBI GyleM 0603HauaTh CHM-
somom CH(L) rpamuny Bunykaoit o6onoukn conv(L). 3aw[e-mm,
OIHAKO, UTO B COOTBETCTBHH C OBLIENPHHATON MPAKTHKOR Kak
conv(L), tak u CH(L) 6yxyT HasHBaThCH «BHIMYKJIOH 06OJOUKOH».

) 310 crenyer ns teopemsr Wlrefimmua. Cm. [Griinbaum, (1967), p. 235]



120 Ia. 3. Bonysasie o6onouxu: ocroarsie arzopurs

3.2. MlocTaHoBKa 3ajauu M HHMKHHE OLEHKH
CIIOXHOCTH

Haunem ¢ GopMyHPOBKH IBYX OCHOBHBIX BapHaHTOB 3a-
Ja4H NOCTPOEHHS BBIMYKJIOH 0GOJIOUKH.

3apaya BO1 (BBITIYKJIASI OBOJIOUKA). B E4 3agano mmuo-
xecTBO S, cozepxamee N Touex. TpeGyerca nocrponts nx BBINYK-
Ja1y1o 060710uKy (T. e. mosHOe omucanne rpanuus CH(S)).

3anaya BO2 (KPAMHHE TOUKMU). B E¢ 3apano MHOXKecTBO
S, cozepxamiee N touek. TpebyeTcst ompesie/uTh Te H3 HHX, KOTO-
pble SIBISIOTCS BePUIHHAME BBUIYKIOH 060J0uKH conv(S).

Honmxuo GuTh MOHATHO, 4o 3afava BO! acumnroTmyeckn sis-
JISIeTCs N0 KpaiiHell Mepe TaKofl e CIOXKHON, Kak u 3azaua BO2,
TaK Kak pewenne 3agaun BO1 npespamaercs B pewenne 3azaun
BO2, ecan MBI IIPOCTO CKONHPYeM MHOKECTBO BepLIHH, NOPOXKae-
Moe B pe3yJbTaTe pelueHHs NePBOi 3a1aul, NPEACTABHB €r0 B BHIE
Heynopsiaouentoro cnucka rtouek. To ecTb onna sazaua npeoGpa-
3yercsi B APYIyIo, WK

KPAFHUE TOUKH oy BBITTYKJIASI OBOJIOUKA.

EcrecTBenHo 3a1aTh Bonpoc, AB/AETCA JH NepBas 3a1a9a acHM-
NTOTHYECKH GosTee MPOCTOH, YeM BTOpAS, WU OHH HMEIOT B jefCTBH-
TEJILHOCTH OJHHAKOBYIO CIOXKHOCTh. Tak Kak Jio6as COBOKYMHOCTh
TOUEK B JIByMEDPHOM IIPOCTPAHCTBE TPHBHA/BLHEIM O6Pa3OM BKJIAIbi-
Baercs B mpoctpanctso E? nus d > 2, To moGoit peayabrar s
HWKHEH OLEHKH, ToayuenHsll 1as d = 2, 3aBeloMo OcTaeTcst cipa-
BeUMBLIM it d > 2. TlostoMy B panbHefimeM OGCYKIACHUH MBI
Gynem paccMaTpuBaTh ABYMepHBle BapHanThl 3azau BOl1 u BO2.

Haunem ¢ pacemorpennst sanauu BO1 o Bumykioii o6onouke na
nockocTd. To, UTO BepUIMHB MHOTOYTOJbHHKA, SIBJSIOLIEroCs Bbl-
TYKJI0/ 060MOUKOM, CIeNYIOT B ONPE/e/eHHOM NOpsiike (B AeHCTBH-
TEJIBHOCTH ‘Mbl MOXKeM TOBOPHTb 06 YMOPsiOYeHHOft BLINYKJIOH 060~
JIOUKE), YKa3HIBACT Ha €CTECTBEHHYIO CBSI3b C 3a7auel COPTHPOBKH.
B camom neve, crenyiomas TeopeMa ycTaHaBiHBaeT TOT (akt, uto
mo6oit anroputm pewennst sazaun BO1 pomxen Gwith crocoGen
BBIIIOJHATL COPTHPOBKY.

Teopema 3.2. 3adaua copruposku ceoduma sa runeiinoe 8pems
& 3adate nocTpoenus 8vinyKAol 06004KU, 1, c1ed0BATEAbHO, Af
Haxoxdenus ynopadouennoil seinykaoti o6orouki N Touex Ha naoc-
xoctu Tpebyercs spens Q(N log N).

Hoxasaresscreo. Mbi NPOJEMOHCTPHPYEM MPOUEAYPY CBeéHHT,
a C¢OpMyJIHPOBaHHO€ B TeopeMe 3aK/JIOUEeHHe ABJAETCS CJIeJCTBHEM
yrBepxnenust 1 w3 pasa. 1.4. Tlyers sagantt N MOJONKHTENBHBIX
ﬂeﬁCTBHTeJleHX JHCeJT Xy, s Xn. HeOﬁXO}lHMO T0Ka3aTh, Kak

3.2. [ocTanoska 3a0auu 1 nudKRUE OHeHKL CAONHOCTU 121

MOXKHO HCNO/B30BATb AJNFOPHTM NOCTPOCHHS BBUIYKAOH 0GOJIOUKI
JUIsL COPTHPOBKH 3THX YHCEJ], YTOGH NPH STOM JOHONHHTEJbHbIE
3aTpatsl MHHEAHO 3aBHCENH OT KOMMYecTBA 4Hcea. IlocrasuM B co-
OTBETCTBHE WHCIY X; TOUKY (¥, X}) H NpHCBOMM el Homep i
(puc. 3.1). Bce 3T TOuKm JekaT Ha napaGone y= x2. Buinykaas
000JI04Ka 5TOr0 MHOKECTBA TOYEK, MPEACTABJIEHHAS B CTAHAAPTHOM
Bujle, OyJeT COCTOATb H3 CHHCKA TOYEK MHOXKECTBA, yNOPAIOUYeH-
HOTO 110 3HauenHio abeuucesl. OJH MPOCMOTP 3TOrO CNUCKA NO3BO-
JISIeT NPOUHTATb B HYKHOM T10-
psMKe 3HaueHHs x;').

Tak xak Ajs NpoUeAypHl
CBEJICHHST HCHOJIB3YIOTCS TOJBKO
apH(MeTHUECKHe ONepalHH, TO
TeopeMa 3.2 ocTaercsi cnpaBe-
JIHBOH BO MHOTHX BBIYHC/IHTEJb-
HBHIX MOJeNsiX. A HMEHHO B MO-
JeNAX, JONYCKAIOWHX YMHOXKe-
HHe, H B KOTOPbIX BpeMs, HeoG-
XOIMMO® /ISt COPTHPOBKH, PaBHO
Q(NlogN). Kak ykaswiBasoch
paHee, Teopema 3.2 mp
B IIPOCTPAHCTBAaX JIoGO# pas-

MepHoCTH, Goablueir 12). Puc. 3.1. Hamoctpauus X AoKasaTedb-

Ecan B3risiHyTh Ha 3ajauy ~CTBY Teopemu 3.2.

BO2 o xpaitnux Toukax, To cpa-

3y JKe CTAHOBMTCS SICHO, YTO 3/lech HEe BOSHHKAET HHKAKHX 3/7eMeHTap-
HBIX COO0pasKeHHi, MOJOGHEIX NPUBEIEHHEIM Bhille. B jeficTBuTe/ b
HOCTH 5Ta 3aJaua Ha IPOTHAKCHUH HEKOTOPOTO BPEMEHH OCTaBaach
Hepeinennoil. IlepsbiM npopeiBoM siBHaace paGora A. flo [Yao
(1981)], a okoHuaTeNbHBI OTBET GBI MOJYYeH B pe3ysabrare coep-
HEHHsSI MOIIHOIO MeTOja ajre6pandyecKux JepeBbeB peuleHHH Bew-
Opa (cM. pasa. 1.4) ¢ nepaBuum pesyabratom Crumu u Slo {Steele,
Yao (1982)].

Citeflyst IIPHUBBLIYHOMY XOJy MEIC/TH, PAaCCMOTPHM 3ajauy pacrio-
3HaBaHus, cBsi3anHyio ¢ BO2, kotopasi (pOPMYJIHPYeTCs CIeyIomuM
o6pa3om.

3apava BO3 (ITPOBEPKA KPAWTHOCTHU TOYEK IJIOCKO-
CTH). Ha nuockocrn 3aganst N touek. OnpesennTs, sBASIOTCS Jit
OHW BEPUIHHAMH CBOeil COGCTBEHHOM BBINYKJOH 06O0MOUKH?

lapabona y= z?

1) IlleiiMoc TepBOHAUa/bHO JOKa3aJd 3Ty TeopeMmy, oToGpaxkas uHca X Ha
p . Ha napaGoay, np 3
TOM, sIBAsieTcsi GoJsiee NPeANOYTHTEbIIBIM, TaK Kak OHO TpebyeT Jnilh ofepa-
il panoanunoii apndveTin
) BunyKs0fi 060J0UKO MHOXKECTBa TOMEK B MPOCTPAiCTBE PasMepHOCTH 1
SIBASCTCS HAHMEHbIUHi COAEpIKaltHii HX HHTepBaJ. DTOT WHTepBal MOXeT OHTh
Hafiien 3a JHHEHHOe BpeMs.
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IIpexne ueM 06CYHAaThb YPEIBHIUAKHO BaXKHLI pesyabrar Cri-
s — Slo n Ben-Opa, nasaiite nocmorpum, noYeMy Mojedb JHHEH-
HOro xepepa pelueﬂm“a He MNOJAXOJAHT A Haluei 3ajavu. KOPO’I‘KO
MOXHO CKa3aTh, YTO He cyliecTByer ajJIroputma IIOCTPOEHHS BHI-
nymxoﬁ 060.’[0‘1!(", HCNOJBb3YIOUIEr0 HCK/IIOYHTENbHO JHHEeHHbIe npo-
BEpKH, TI03TOMY MOJEJb JIHHEeAHOro JAepesa pemeﬂnﬂ He NIPHMEeHHMa.
Tunuunas sneMentapas onepauMs HMeeT BHI: AaHH TPH TOUKH p,
P’ W p” W Tpebyercs oNpeAeaHTb, HAXOAHTCS JIH TOUKA P cleBa HIH
CipaBa WM Ha OPHEHTHPOBaHHOM oTpeske p'p”’? TlosuHoM, peanu-

3YIOLLKH COOTBETCTBYIOLIYIO MPOBEPKY, 3afaeTcs Omp TeseM
x y 1
A=|x"y 1], (3.4)
P

rae p = (%, y), p' = (¥, y') u p” = (", y”). Stor onpeseantes,
KaK oTMeualsoch B pasi. 2.2.1, 1aeT yABOGHHYIO IJIOWLAAb TPEYroib-
HuKa (pp’p”) co sHakoM. OUEBHAHO, YTO MOAHHOM (3.4) sBasietcs
K6adparHeim.

70 — oropyaoiiee 06CTOATENLCTEO, TAK KaK paHee DHBHC {Avis
(1979)] npeanoxui mpocToe W HISAILHOE JOKA3ATENBCTBO, OCHOBAH-
HOe Ha MOJE/H JHHEHHOTO JiepeBa pelleHHH. B 3ToM nOKasaTess-
CTBE KJIOYEBHIM 06PasoM HCNOJB30BAJICH TOT (aKT, YTO JHHeHHAs
nposepka (%1, ..., ¥m): 0 OIpejessieT THIEPIJIOCKOCTh B m-Mep-
HOM €BK/IHJOBOM NpoCTpaHcTBe E™ M KaXAB NMyTh OT KOPHS K
JIHCTY AepeBa Omp T nep BBITYKJBIX B (110-
JIyTpOCTpPaHCTBA COOTBETCTBYIOT CaAydaaM «>» HIH «<», THIep-
IIOCKOCTH COOTBeTCTByIOT caydai («=)), KOTOpOe caMo siBJseT-
Csl BBINYK/IBIM MHOXecTBOM B E™ (06/acTb peluenHii, cBsi3aHHAs C
oTuM JHCTOM). OAHAKO 3TO CBOHCTBO He COXpaHseTcs, KOrAa mpo-
BEpO‘!HHﬂ MOJIHHOM HMeeT Gosee BBLICOKYIO CTeleHb.

Hckychoe, HO UPe3BHUANiHO C/IOXKHOE AOKA3ATENBCTBO, Npe-
CTaBJIeHHOE ﬂO, OrpaHHYHBAJIOCh MOAEJIBIO xsa@pamtmux JlepeBbeB
petttennit. XoTs CyIeCTBYIOUIHE AATOPHTYEL MOKHO OXBAaTHTb, Orpa-
HHYHBASCh KBAADATHYHBIMH Aep! BBIY P Dilb-
HO BO3HHKaer CJIe}llel.l.lHﬂ BOIpOC: eCJIH JONMYCKAKTCsA MOJHHOMBI
CTENIeHH Bhbillle BTOPOﬁ,TO MOXKHO JIH MO-TPEXKHEMY 0Ka3biBaTh aHa-
JIOTHYHbIE pezynb'ra'm? “JI"PI, €CJIH 3TOTO HEeJb3sl CAeaaTh, MOXHO
JIH, HCNIOJb3Ys TaKHe, BO3MOXKHO, Gosee MOLIHbIE NMPOBEpPKH, paspa-
Gorath Gosee GHICTPE aArOPHTMBI? $10 BHICKA3aJICs NMPOTHB I0.I0-
JKHT@JIBHOTO OTBeTa. Onnaxo COBCEM HEeJNaBHO 3TOT BOIpoc (3383
OKOHYATEeJNbHO pelled ¢ IOMOLIbIO CJeAyIoUlero J10KasaTe/bCTBa.

Mpeanonoxum, nau aJrOPHUTM, NpeACTaBJIeHHHbIH asreGpauye-
CKHM JIepeBOM pellennii (pUKCHPOBaHHOrO mopsiaka d => 2, mpeTeH-
Aylowmuit Ha peulenne 3axayn BO3 1as MuoxectBa u3 2N Touek Ha
I TH, T.€. OH BOCHP Ha BXOjle BeKTOp H3 4N Kommo-
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HEHT (110 1B KOOPAMHATBH! Vsl KaX0M TOUKH) H ONpe/esieT, Coep-
JKHT JIM HX BbIyKJaas o6osouka 2N kpaituux Touek. OTMeTHM, uTO
BXOJHOH BEKTOP, HMetolluit 4N KOMIOHEHT, MOXKHO BIIOJIHE KOPPEKT-
HO NPEACTaBJATL Kak TOuKy B mpocrpancrBe E*M. Paccmarpusae-
Masi HaMu 3ajaya Ha Pacno3HaBaHWe XapaKTEPH3YETCsl «MHOXKe-
cTBOM HcTHHHOCTH» W < E'N (cMm. pasa. 1.4). las ymo6GerBa MBI
TIOBTOpPsAieM 311eCh PesyJibTar, noaydyeHHb Ber-Opom.

Teopema 1.2. ITycro W — muoscecrso 6 E™, a T — aazebpaute-
ckoe depeso i pA0) , jee 3a-
dauy o npunadaexcwoctu W. Ecau h* — eaybuna Oepesa T, a
# (W) — wucao pasdeaumvlx cessnoix Komnonent W, 10

= Q (log # (W) — m).

Jna TOro uTOGH BOCMO/IB3OBATLCS STHM Pe3yJAbTATOM, HE06Xo-
JHMO TOJYYHTh HHXKHIOW ouenky aas #(W). D10 Moxker 6BITb
CJIeJIaHO CEeNYIOIHM 06pPa3oM.

fycts (po, pi, ..., Pav—1) — NOCAELOBATEABHOCTb BEPLIHH Bbi-
MYKJIOTO MHOTOYTOJIbHHKA, NIePeYrcIeHHbiX B NOpsiAKe 06X04a 1o Ya-
coBoit cTpesike (puc. 3.2). HMexonnsle faHHble AJIsT aliropuTMa NMpej-
CTaBJIEHB! B BHJe UENOYKH Z = (2o, 21, ..., Zan—1) ACHCTBHTE/NBHBIX

S~ P pyegaty

Pi= 9z

Po=9

Pen-r =G igan-1)

Pon-z = qzn-2

Pc. 3.2. HamocTpanis K A0Ka3aTebCTRY TeOpeMH 3.3.

YHCel, MOJyYaeMol CIEAYIOWHM 06Pa3OM: Ha MJIOCKOCTH 3afaHEl
2N ToueK qo, qi, ..., Gon-1 C KOOPAHHATAMH g, (xi, yi), nmomna-
raeM 2y = X H Zoipy = Yi pnsa i =0, 1. ..., 2N — 1. Jlas dukcupo-
BaHHOM MOC/ICI0BATeNbHOCTH (Do, P1, - - -, Pan—1) MOXNKHO MOCTPOHTDH
N! pasimuHbX SK3eMIUIAPOB BXOAHBIX LENOYEK ISl JAHHOrO BapH-
aHTa 3aj(aud, BLIGHDAS NPOH3BOJBHYIO NMEPECTAHOBKY I HEJBIX YH-
cen {0, 1, ..., N— 1} u nonaras

Gos=Pas, Gosp1=Paes+n (5=0, ..., N—1). (3.5)

OTMeTHM, 4TO BCe BO3MOXKHBIE /ISl AaHHON 3a/a4H BXOAHBIE MOCJIe-
A0BAaTeJbHOCTH HMEIOT OJHHAKOBBI€ MOANOC/EAOBATENbHOCTH TOYEK
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C YETHLIMH HHAeKcaMH (NOKa3aHHbe HAa PHC. 3.2 YePHBIMH KpYKKa-
Mu). Jlnst 3a1aHHOM MepecTaHOBKH m 0GO3HaunM Yepes z (w) (mocae-
JI0BaTeNLHOCTh KOOPAHHAT TOUEK (o, .. ., Gan—1)).

Termeps anst Kaxjo# nepecTaHoBKH m moctpoim Macens A (x1) ¢
N2 snementamu. Ciesaem 370 cielyiounm o6pasom. OGo3nauns ue-
pes A(u, v, W) maOWanbL TPeyroJbHHKa (4, U, W) CO 3HAKOM H
uepe3 A (n)[f] j-it snement A (n), nmeem

A(m) [Ns +r]=A (93 qusinmodon, Gorst)s
0<s<N, 0<r<N. (3.6)

U3 (35) u (3.6) u puc. 3.2 JMerko NOHSITh, YTO AJIS JAAHHOTO S
HMeeTCs BCEro OJIHO 3Hauenne r, st koroporo A(m){Ns + r] < 0
(310 MMeer Mecto mpu 25 + 1 = a~'(2r + 1)). Tpeanonoxnm re-
nepb, YTO m; M ;p— ABE PA3AUYHble MepecTaHoBKH uncenr {0, 1, ...
., N—1}, u pacemorpim maccnsst A(m) u A(m). Mu yrBep-
KJaeM, uTo CYUIeCTBYeT MO KpaiiHeli Mepe OJHO LeTOe YHCJIO j Ta-
koe, uto A (m1)[j] u A(m2)[j] umelor npotuBoNONOKHbE 3HAKH. [lefi-
CTBHTENbHO, paccmotpuM N snementoB mMacciBa A (m), ABARIOLHX-
cA OTpHUATeNbHBIMH, T. e. dieMeHTE A(m) [Ni+r], 0<<i<<N.
Ecn A () [Ni+ri] -A(s) [Ni 4 ri] > 0, 10 06e Toukn ¢, (vi+ry
—_— ¢

H q"{'(”“’x) JIeXKaT CJeBa OT HaNpPaBJIEHHOTO OTPe3Ka P2iPzitz; HO

Mbl 3HAEM, YTO HMEETCS TOJIbKO OJIHA TOYKAa B MHOMKecTBe {po, ...

-, Pov—1}, o6Tanamomas STHM CBOHCTBOM, H STO TOYKOH SIBIAETCS

paiv1. Takum oGpasom, q"l_|(m+'b)=qn2,|(m+r‘)=p2‘.“. Ecan sto
i

HMEeT MeCTO JUIsl BCeX 3HAUeHHt i, TO 3TH /B NePECTaHOBKH COBMa-
JaI0T, YTO MPOTHBOPEYHT MPETONOKEHHIO.

TostoMy cymectsyer Takoe j, uto A(m)[f] u A(m)[j] nmeror
IPOTHBOMOMONKHEE 3HAKH. 3aMeTHM Tenepb, uto z(m;) H z(my) fB-
NFOTCA PA3THUHBIME Toukamu B E*N. u paccMorpuM KpuBYIO 0 B
E*N, coemnnstiontyio 3tH Toukd. Touka z, ABHraomascsi mo p us
z(m;) B z(mp), OMHCHIBAET HENPEPHIBHYIO AeOPMALMIO HA MIOCKO-
CTH KOH(UTrypauum, cooTBeTCTByIOmIel 711, B KOHMHIYDPAIHIO, COOT-
BETCTBYIOULYIO Ty, npu 3toM A(m) npeo6pasyercs B A(m). Tak
kak A () [j) - A () [f] <0, To, cormacho Teopeme 0 IPOMEKYTOUHOM
3HAYCHHH, HA KDHBOH p CYleCTBYeT TOWKa z* Takas, 4To B COOTBeT-
CcTBYIOIei KOHMHIYPAIHH TPH TOUKH CTAHOBSITCS KOJJIHHEADHBIMH
(T. €. TPEYroJbHHK ¢ BepINHHAMH B 3THX TOYKAaX HMeeT HYJEBYIO
naomaib), u mosroMy me Gomee wem (2N — 1) rouex sBasioTCS
kpafinumu. DTo 10Ka3WBaeT, YTO NpH mepeMemiennn w3 z(m) B
z(m2) MBI 10MKHB BHIXOANTH H3 W, Tak uto z(m;) W z(my) npuHan-
sexat pasauunbiv komnonentam W. Tak Kak 3T0 CMpaBe;UTHBO MDH
TIPOH3BOJBHOM BHGOpE 7y U Tz, TO OTCIONA cienyert, uto F#H(W)=N!.

C yuerom reopembl Ben-Opa nmeem:
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Teopema 3.3. B pamkax modeau areebpauneckux Oepesves 6ol-
uucaenuil ukcuposanroeo nopsadxa 0is onpedeseHus KpalHux To-
uex muoncectéa us N Touex Ha naockoctu rpebyercs Q (N log N)
onepayuii.

Hokazareavcrso. B Hauwem cayuae m = 4N u # (W) = N!. Co-
raacio teopeMe Ben-Opa, neo6xoanmo (log # (W) —m) =
= (log N! — 4N) = Q(Nlog N) onepauuii.

Ha stoM 3akanuuBaercs Hallle 0GCYXIeHHE CJIOXKHOCTH 3ajadH.
TMpexae ueM 3aKOHYHTb 3Ty TeMy, 3aMETHM, 4YTO ABYMepHble Ba-
PHAHTH KaK 3ajaui 00 yNOPSIOYeHHO BHINYKIOf o6osouke BOI,
TaK H 3aJauu O Kpafinux Toukax BO2 nmeior TecHyio cBs3b ¢ 3aja-
ueit copruposki. [lefictsutenvno, 3agava BOl sBupiM  0Gpasom
CBSI3aHA C Heil MOCPEACTEOM TMPAMOTO CBEAEHHS, B TO BPeMsi Kak
ceasb BO2  ocyuiecTsaseTcs uepes MOIIHOCTH —CHMMeETPHYECKOH
rpynnel. 3Ta cBA3b ABASETCH [OBOJABHO IYBOKOMH, il B AajibHefeM
B 3TOM raaBe Mbl GyjeM 4acTo 06paImarThes K Heif.

Tenepb Mpl NMepexoJHM K OMHCAHHIO AJrOPHTMOB NOCTPOCHHS
BHITYKJI0H 060/M0YKI.

3.3. AJIropuT™M mOCTpPOeHHs BbINYKJIOH
000/104KH Ha MJIOCKOCTH

3.3.1. Tpensaputeabhas pa3paboTka airopurma
NOCTPOEHHS BBHIMYKJIOH 060JI0UKH

Teneps Mbl TOJIKHEI, OMHPAsCh HA HEKOHCTPYKTHBHOE MO
cBoeil CyTH onpejesnenue 3.4, MOJYYHTh MaTeMaTHYECKHE Pe3yabTa-
TH, BeAylHe K 3dekTnuniM aaroputMaMm. B paGorax takoro poaa
NPHHATO MPEACTABJAThH MOC/IENOBATEABHOCTh XOPOIIO OGOCHOBaH-
HBIX H <«OTNOMHPOBAHHBIX»> PE3yJbTAaTOB, HO CHEJaTh TaK 37eCh
o3Hauano Gbl JMIUL COBCEM HEMHOrO PAacKpHITh mpolecc paspabot-
KH aJrOpUTMOB, SBJISIOUIHACA CTEPXKHEM BBHIYHCJAHTEJbHOH reomer-
pun. ITosTomy Mbl HauHHAaeM ¢ OGCYXICHHSI HEKOTOPBIX Majgonpo-
JYKTHBHBIX 110/IX0/I0B.

Onpenenenue 3.6. Touka p BEIMYK/IOro MHOXecTBa S HasbiBaeTes
Kpaired, ecqu He CYHECTBYET Maphl ToYek a,b & S Takux, 4To p
JIEXKHT HA OTKPHITOM OTpeske ab.

MuoxectBo E KpaiiHux Touek S npeacrapiaser coGoii HauMeHbllee
noaMuoXecTBo S, ofsajamliee TeM cBoiicTBOM, uto conv(E) =
=conv(S), u E B TOYHOCTH COBNAJaeT C MHOXKECTBOM BepIUHH
conv(S).

Orciofia caiefyer, 4TO AJs TOTO, YTOGH HAHTH BHITYKJIYI 060-
JIOUKY KOHEYHOTO MHOXKECTBa TOUEK, TPeGYeTcs BBITOJIHUTD CJelyio-
e ABa mara:
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1. Onpenemuts Kkpaitiue ToukH. (3To 3aaua BO2 B ByMepHOM
cayuae.)

2. YNOpSIOUHTL STH TOUKH TakK, 4TOGhl OHH 0GPa3oBLIBAJH BhI-
MYKJIbI MHOTOYTOJbHHK.
Heo6xonuma TeopeMa, KOTOPasi IO3BOIHT HAM HPOBEPATD, ABAAETCSH
JIH HEKOTOpast TOYKa KpafiHel.

* Teopema 3.4. Touka p ne s8seTcs Kpained naockoeo gvinyk-
2020 mHONeCTEa S TOAbKO T020a, K020@ OHG AEHUT 6 HEKOTOPOM
TPeyeoabHuKe, GePULURAMI KOTOPO2O SBASIOTCA TOUKU u3 S, HO
CaMQ OHA He ABARETCS BePULUHOL 3TO020 TpeyzoasHuka') (puc. 3.3).

Pi Ps .

Pz .
.

Pyc. 3.3. Touka p He siB/seTCs Kpalimeli, Tak KaK OHAa HaXONHTCS BHYTPH Tpe-
YroabHHKa (pipaps).

dra TeopeMa JaeT WIEK Ui AJTOPHTMA YAAJEHHS TOYCK, He
ABAsiolLHxest kpafikumu. Mmeercss O(N®) TpeyronbHuKOB, onpeae-
asembix N Toukamm MHoxectBa S. IIpoBepka MNpHHAANERHOCTH
TOYKH 33/laHHOMY TPEYTONbHHKY MOXET GLITh BBIOJHEHA 3a HeKo-
TOpPOe IMOCTOSTHHOE 4YHCJIO onepauwii, Tak uto 3a Bpems O (N3)
MOXKHO OIpPENe/HTb, SIBASeTCS JH KOHKDETHAast TOYKa Kpaiineii. [To-
BTOpeHHe 3TOH mpouenypst ais Bcex N Touek MHOXKecTBa S motpe-
Gyer Bpemenn O(N*). Xors Haul aJropUTM SIBASIETCS UPE3BLIYANHO
HesppeKTHBHBIM, OH OueHb MPOCT B HIEHHOM IJIaHe W MOKA3HIBAeT,
uTO Kpafiiie TOYKM MOryT ObITh ONpejeNeHbl 33 KOHEYHOE YHCIO
II1aroB.

M satpatunu Bpems O(N*) ToabKo Ha ompejelsieHHe KpaiiHHX
TOYEK, KOTOPble NOJIKHBEl GbiTh KaK-TO YNOPSAOYEHH, YT06b 06paso-
BaTh BHINYKIYI0 060M0uKy. CMBICA 3TOro MOpsiAKa packphiBaeTcs
C/IeYIOIUMH TEOPEMaMH.

!) 370 HemocpencTBeHHO CleAyer W3 JokasaTenscts Teopem 10 u 11 B
knure [Hadwiger, Debrunner (1964)] Teopemy 3.4 moxno 0606muth Ha cay-
wait d-mepioro , ‘saments «1p, wa ¢ d¥i1
BeplIHHAaMA»>. 3aMETHM, uTO TPEYTO/IbHHK MOXeT BHPOXAATBCA B OTPE3OK, KOrAa
€r0 BePUIHHB! CTAHOBSTCA KOJLHREAPHBIMH.
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Teopema 3.5. JIyu, so.x00suuil u3 BHYTPerHell TOYKU 02PARUYEH-
notl soinyxaol gueyper F, nepecexaer epanuyy F 8 TounocTu 8 00-
Kot TouKke ).

Teopema 3.6. [locaedosarerbubie 8epuiurbl BbINYKAO20 MHOZO-
YeoavruKa pacno. cs 8 nop cooreercr: usmene-
HUIO YeAq OTHOCUTENbHO 21060l 8HYTPeHHel TOYKU.

IlpencraBbTe Jiyy, BHIXOASILIMA W3 HEKOTOPOi BHYTpeHHefl TOU-
KH § MHOrOYrosibHHKa P W 3aMeTaloU(Hii BepIIHHb MHOTOYrOJbHHKA
P B NOpsiiKe ABHIKEHHS IPOTHB YACOBOH CTPEIKH, HAUHHAS H3 IO-
JIOXKEHHs], COBMAJAIOWEro MO HAMPABJEHHIO C MOJNOXHTEJbHHIM Ha-

[lopsdon obxode

» npormies wacodol
2 cmpenru

Py P

Oy

Puc. 3.4. Bepumiu P ynop o TouKH g

MpaB/ieHHeM OCH X CHCTEMbl KOOPAHHAT. Ilo Mepe ABHXKEHHS OT Bep-
UIHHB K BepUIHHE MOJSIPHBIA yroJa?) Jiyua MOHOTOHHO yBeJHYHBAET-
cs. FIMEHHO 3TO HMeJOCh B BH[Y, KOTla TOBOPHJIOCH O TOM, UTO
BepIIHHBl MHOTOYrOJbHHKA P «ymopsaodYeHB» («pacnosaraiorcs B
nopsiake») (puc. 3.4).

Ecau JaHbl Kpam-me TOYKH HEKOTOPOrO MHOXKeCTBa, TO €ro BhbI-
TYKNYI0 00OJIOYKY MOXKHO Ha#TH, BEOPaB TOYKY g, MPO KOTOPYIO
H3BECTHO, YTO OHa SABJAETCH BHy‘l‘peHHeﬁ TOUKO# 060.’[0‘“{“, H yno-
PAOYHB 3aTeM KpafiHHe TOUKH B COOTBETCTBHH C MOJSIPHBIM YIJIOM
OTHOCHTEJIBHO §. B kauecTBe TOUKH G MOXHO B3STb LEHTPOHJ MHO-
JKecTBa KPalHHX TOYEK: XOPOUIO H3BECTHO, YTO UEHTPOH] MHOXKe-

CTBAa TOYEK SBJAETCS BHYTPEHHeil TOUKOH BHIMYKJOH 0GOJOYKH?).

') dra Teopema sBAsetcs caeicTBHem Teopeml 1.10 u3 [Valentine (1964)]
1 Teopemst JKopaana.

2?) Toaspubit yroa HaMepsiercss OGHLINHBIM CMOCOGOM B HaNpaBAeHHH Npo-
THB YaCOBO!l CTPEJIKH OT TMOJOKHTEJIbHOrO HaNpPaBJACHHA OCH X.

5) Tlpn ycioBun uTo BHyTpemnocTh We mycta. B kmare [Benson (1966),
ynp. 25.15] «siy B cMBCAe Hoft
Bannoit) Tomosornn. B ES BhnyKnas 0060M0dKa ABYX PA3NHUHBIX TOUEK npef-
CTaBJISIET OTPe30K, BHYTPEHHOCTb KOTOPOTO ABAAETCS NYCTOM B METPHuecKol To-
nosorny E3, Ho He nycTofi B OTHOCHTE/BHOI TOMOJOTHH.
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Llentpoup MuoxecTBa W3 N Touek B K-MEPHOM IPOCTPaHCTBE MO-
JKeT ObiTb TPHBUAIbHO BhUHCaeH 3a O(Nk) apupmernyeckux ome-
pauuit.

T'paxeM NPeNOXKUI HHOH METOJ HAXOXKAEHHS BHyTPeHHeH TOu-
KH, 3aMeTHB, YTO BIIOJIHE JOCTATOMHO B3ATh LEHTPOM] JIOGHIX TpPex
nekoannHeapubix Todek [Graham (1972)]. On naunHaer ¢ ABYX
[IPOH3BOJILHBIX TOYEK H 110 OYEpefn Hccaedyer ocraslunecs N —2
TOUEK, HILA CPeIH HHX OLHY, KOTOPas He JIEXKHT Ha NPsMOIi, onpeae-
JsieMoil NMepBBIMH JByMsi TOYKaMH. B Xyauiem ciyuae st 3TOro
Tpebyercs BpeMms O(N), HO MOYTH BCeria Mpoliecc 3aKaHYMBaETCs
4epes HEKOTOPOe (HKCHPOBAHHOE Bpe-
Msi: ecaH TOUKH BBIGHpaioTCH M3 a6co-
JIOTHO pep oro pacnp
TO ¢ BEPOSITHOCTBIO eJMHHLA MepBble
TPH TOYKH SIBJISIIOTCS HEKOJHHEAPHBIMH
[Efron (1965)].

Haiias kpafinue TouKH MHOMeCTBa S,
moxHo 3a Bpemsi O(N) HalTH HEKOTO-
PYIO TOUKY ¢, ABJISIOLLYIOCSH BHYTPeHHeil
TOUKOH 060J0uKH. OcTaercs TOJbKO OT-
coprupoBaTh  (yNOPAMOUHTb) KpaiHHE
Puc. 35, Cpasuenne moasp- TOUKH B COOTBETCTBHH CO 3HAUEHHEM IO
HBHX yr7oB TyTeM BhuHcAe-  JIAPHOMO YIVIA, HCTIOJIb3Ys TOUKY ¢ B Ka-
HHS ODUeHTHOBAHHO/ IJOWA-  yecTBE HAuaia CHCTEMBI KOOPIHHAT. DTO
. tpeyrombruka (0,pz,P1).  MoxHO cAenaTh, npeo6pasys TOYKH B

HO/ISIPHYIO CHCTEMY KOODJHHAT 32 BpeMsi
O(N), a 3atem orcoprpoBaB ux 3a BpeMs O (N log N), Ho Ha ca-
MOM Jjiesie He TPeOyeTcsi IBHOrO BLIYHC/IEHHS MOJAPHBIX KOODAHHAT.
Tak Kak COPTHPOBKA MOXET ObiThb BBINOJNHEHA NyTEM MOMAaPHBIX
CpaBHEeHHH, TO HEOGXOAMMO JIHUIb ONPeAeJATb, Kakofi M3 ABYX 3a-
JIQHHBIX YIJIOB GOJblie; HAM He TPeOYIOTCS HX UHCJIEHHbE 3HAUEHHUS.
JlaBaiiTe paccMOTpHM 3TOT Bompoc Gosiee MOAPOGHO, TaK Kak OH HJ-
JUOCTPHPYET NMPOCTOH, HO BAXKHBI P€OMETPHUECKHH «TPIOK», OKasbl-
BAIOLMHACS TIOJIE3HBIM BO MHOMHMX mpuioxkennsx. Ilyctb na miocko-
CTH 3a1aHbl ABe TOYKH P M py. Kakas 13 Hux uMeer Gosbuinii mo-
asiprbit yroa? Ha stor Bonpoc MoXxHO 6e3 TpPyAa OTBETHTb, €C/IH
paccMoTpeTh OPHEHTHPOBAHHYIO (C YYeTOM 3HaKa) IIOWAJb HEKO-
TOporo TpeyroJibiuKa. JLefiCTBHTE/bHO, €ClH JaHbl JIBe TOYKH pi I
P2, TO p2 06PA3yeT ¢ OCHIO ¥ CTPOrO MeHblIHi MOJAPHbIA YroJ, deMm
p1, TOTA2 M TOJbKO TOrAa, Koraa Tpeyroavuik (O, ps, p1) umeer
CTPOro NOJIOKATENbHYIO TIomab (puc. 3.5).

Ha stom sakanunBaercsi M0oApo0HOe OOCYX/eHHe Hallero nep-
BOTO aJTOPHTMA MOCTPOEHHS! BHIMYKAOH 0Gosouki. Byino mokasano,
yTO 3Ta 3aj]aua MOXer GMTH peluexa 3a Bpems O(N') c ucnoanso-
BaHHeM TOJBbKO aPH(METHYECKHX OMepaluit W CPaBHEHHH.
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3.3.2. Metopn o6xona I'paxema

Aaroputs co BpeMeneM puinonnenns O (N*) He nosBoaut
oGpaGartbiBaTh o4eHb GoJbline HaGophl AaHHHX. Ecin BpeMeHHEe
XapaKTePUCTHKH AOJKHBI GBITh YJYYLIEHH, TO 3TO MOXHO CAEJIaTh,
160 yCTPAaHHB H3GLITOYHbIC BLINHC/IEHHA B UMEIOUIEMCS a/irOpHTME,
160 BLIGpaB HHOH TeopeTHUeCKHii MOAXOA. B s1OM pasiene Mbi
HCc/le/lyeM HAul ajrOpHTM C TOUKH 3PCHiA HANHUHS B HEM HelyXkK-
HBIX BBIYHCJICHHIT.

Tak 1 HEOGXOAHMO NPOBEPATH BCE TPEYTOJNbHHKH, ONpejedse-
Mble MHOXECTBOM U3 N TOYeK, UTOOLI y3HaTh, JIEXKHT JIH HEKOTOpAs
TOYKA B KaKOM-IH60 u3 Hux? Ecan mer, To MMeercsi HekoTopas Ha-
JleX/la, YTO KpaliHHe TOUKH MOXHO HailTii 3a BpeMsi, Menblilee YeM
O(N*). TpaxeM B OHOH H3 NEPBLIX PaGoT, CleLHAIbHO MOCBAMIEH-
HBIX BOMpOCY Pa3spaGoTKH 3@EeKTHBHLIX TeOMETPHYECKHX aJrOPHT-
moB [Graham (1972)], moxasaj, yTO, BBINOJHHB NPEJBapPHTENbHO
COPTHPOBKY TOYeK, KpafiHHe TOUKH MOXHO HafTH 3a JIHHEHHOe Bpe-
Ms. Kcnosb3oBaHHbBIA HM METO[ CTaj O4YeHb MOUIHBLIM CPEICTBOM
B 06JIaCTH BHIYHC/IHTENbHON reOMeTpHH.

IpeanosoxuM, 4TO BHYTPEHHSA TOYKA yKe Hafijena, a KOOpAH-
HaThl JPYTHX TOYeK TPHBHAJBLHEIM 06PasoM Npeo6pasoBaHbl Tak,
4TO HaiijleHHAsi BHYTPeHH:s TOYKA OKas3ajach B HavaJsie KOOPAHHAT.
YnopsuouuM JneKcHKorpaguuecku N ToYeK B COOTBTCTBUH CO 3Ha-
YEHHSIMH II0JAPHOTO yIJIa H PAacCTOSHHSA OT Hauana KoopauHar. [Ipu
BBITIOJIHCHHH COPTHPOBKH, ECTECTBEHHO, He HYXHO BBLIYHCAATb Jel-
CTBHTE/IbHOE PACCTOSIHHE MeXAY ABYMs TOUKAMH, TaK Kak Tpebyer-
csl JIHIIL CPAaBHHTh JBe BeMHUMHBHL. MoxHO paGotaTh ¢ K6adparom
paccTosiHusl, H36erasi TeM CaMBIM ONEPAlHK H3BJIEUeHHS KBAAPATHO-
IO KODHSI, HO paccMaTpHBaeMhli cayuaji eme mpoute. CpaBHeHue
p HEOGXOHMO Th JIHIIb B CIyHae, C/IH JBe TOU-
KH HMEIOT OJIHH H TOT Xe MoaspHbii yrom. Ho Torza omu sexar
Ha OJIHOM NpSIMOM C HAYAJOM KOODAMHAT, H CPaBHEHHE B 3TOM Cly-
yae TPHBHAMBHO.

TpeacTaBHB yNopsi/0ueHHbE TOYKH B BHJE JBAX

HCKa, NOJyYaeM CHTYAlHIO, NPEICTaBJeHHYI0 Ha
puc. 3, paTHTe BHHMAaHHe: €CJIH TOUKA He SIBJIAETCS BepUIMHOMN
BREINYKJIOH OGOVIOYKH, TO OHA SIBJSIETCS BHYTDEHHel TOUKOM A He-
Kortoporo Tpeyroisiuka (Opg), Tie p H ¢ — TOC/Ae0BAaTENbHbIE
BEPUIMHBl BHNYK/0H 0Gosmoukd. CyTb anropurMa I'psxema cocrout
B OJIHOKPaTHOM NPOCMOTpe YMOPANOYEHHOH MOC/He/I0BaTeNbHOCTH
TOYEK, B Mpoliecce KOTOPOro YAaJsioTesi BHyTpeHHHe Toukd. Ocras-
uiHecs TOYKH SBJAIOTCH BEPUIHHAMH BHIYKJIOH 0GOJOYKH, Mper-
CTaBJIeHHBIMH B TPeGyeMOM MOpsiAKe.

IIpocmotp Haumnaercst ¢ ToukH, momeuennoii kax HAYAJIO, B
KayecTBe KOTOPOH MOXHO B3fiTh CaMylo NPAaByi0 C HauMeHblIe# Op-
JMHATOH TOYKY H3 JaHHOTO 1ocst

5 3ax. 1078
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BEPIUIHHOH BBUIYK/IOf 060/104KH. TPOMKH 1OC/Ie/0BaTeIbHBIX TOYEK
MHOrOKpaTHO NpOBEPRIOTCA B NOPAiKe O6XOfa HPOTHB 4acOBOK
CTPEJIKH C LJBIO ONPELeNHTb, 06PA3YIOT HJIH HET OHH yrod, 6osb-
wHi Hin paBubti w. Econ BHyTpeHHuit yron P1paps Godibllle MM
paBeH m, TO TOBODAT, UTO pipyps OOPASYIOT <IPaBEIi NOBOPOT»,
HHaue OHH 00pA3yIoT «JIeBH MOBOPOT». DT0 MOKHO JIErKo ompee-
JIHTH, BOCMOJIb30BABIIHCH (popMyitoit (3.4). M3 BBINyKIOCTH MHOTO-
YTOZLHUKA HEMOCPE/CTBEHHO CelyeT, uTo NpH ero ofxoze GyayT
JleNIaTbCs TOJIBKO JIeBHe 10BOPoTH. Ecam pipops o6pasyior npasiit

Tgpagor
odroda
moven

Puc. 3.6. Hauano obxoma Touek B Metome Ipsxema. Bepmmua P2 yRansercs,
€CJIH YrOJ piPaPia OKa3KBAETCH BOTHYTHM.

[OBOPOT, TO pz HE MOXeT GHIThb KpaiHell TOYKOH, TAK KAK OHA fB-
JIeTCsi BHYTPeHHeR ans TpeyrosbHuka (Opips). B saBHcHMOCTH OT
pesyJibTara NPOBEPKH yria, 06pasyeMoro Tekylluefl TPOHKOH TOueK,
BO3MOXHBI Ba BapHaHTa TIPOAOJ/IZKEHHSI MPOCMOTpa:

1. pipsps 06pasylor mMpaBHii MOBOPOT. YAAIHTb BepuUIHHY ps H
TPOBEPHTb TPORKY PoPips.

2. pip2ps o6pasyior Jesmi mnosopor. IlpogonkuTh mpocmoTp,

nepeiiAst K MpoBepKe TPOHKH PapsPs.
pocMorp sapepmiaercs, Koraa, o60iis Bce BEPUIHHH, BHOBb NpH-
xoauM B Bepunny HAYAJIO. 3amerum, uro Bepmmna HAUAJIO
HHKOTJla He yJaisiercs, TaK KaK OHa SBJIAETCS KpaiHell TOUKOH M
TI03TOMY NpH OTXOJie Hasaj Iocie YAalleHHS TOYEK, Mbl HE CMOXKeM
yATH fanblie TOYKH, npemmectsyiomei touke HAYAJIO. Ipocroi
AHaJ/Iu3 JI0Ka3blBaeT, yTo TaKo# TPOCMOTP BHINOJIHSACTCS JHUIL 3a
JHHelHOe BpeMs. [IpoBepka yriia Moxer GbiTh BHINOJHeHA 33 BHK-
p YHCII0 pauuii. IMocae kammoit mpo-
BepKH Ip AT 160 TPo, Ha OJHy Touky (cayvait 2),
60 yransercs Touka (cayuait 1). Tak Kak MHOXECTBO CONEPHKHT
aumwb N TOYEK, TO NPOABHKEHHE BIIepel HEe MOXer TPOHCXOIHTD
Gonee N pas, Kak He MOXeT GHITb yAajieHo u Gosee N Touek. Pac-
CMOTPEHHBI MeTo/{ 06X0/1a FPAHHIBl MHOTOYTOJbHHKA ABJAETCS Ha-
uTO B Aa Mbl GyieM Ha3blBaTh ero
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merodom 06xoda I'paxema. Huxe nano Gosmee TOYHOE ONMHCAaHHE
3TOTO aJropuTMa. B anroput™e S — 3T0 HCXOJHOE MHOXeCTBO 3 N
TOYEK Ha MJIOCKOCTH.

procedure OBOJIOUKA-TPIXEMA(S)

Haiiti BHYTpeHHIOIO TOUYKY g.

HCHOJIIﬁyﬁ ¢ KaK HayaJ0 KOOp/JAHHAT, yNOPALOYHTb TOUKH MHO-
xecrBa S }leKcnxorpac})mecKn B COOTBETCTBHH C NOJAPHBIM yrI-
JIOM M PacCTOAHHEM OT g. OprarmaosaTb TOYKH MHOXECTBA B BHIE
KOJIBILEBOrO BAX/Bl CBA3aHHOro cnucka co ccelikamu CJIEN u
IPE] n ykasareiem HAUAJIO na nepsyio Bepuinay. 3nauenne
true Jioruueckoii mepeMeHHOH f yKasbiBaeT Ha TO, YTO BepLIMHA
HAUYAJIO oka3anace AOCTHTHYTO! IPH NPSMOM NPOABHXEHHH MO
060J10uKe, a He B pe3yJbTaTe BO3BPATa.

3. (O6xon)

begin v:= HAUAJIO; w:=TIPE[I[v]; f:= faise;
while(CJIE[[v] %= HAUAJIO or false) do
begin if CJIE/[v]=w then f:={rue;
if (tpu Touku v, CJIEI[v] CJIEN[CJIE[[v]]
o6pasyior sesuiit nosopor) then v:= CJIE/[v]
else begin YJAJIUTb CJIE[[v];
TIPE/I[0]

[ e

end
end
end.

Tlo OKOHYaHHH BBINOJHEHHS AJITOPHTMA CMHCOK COACPIKHUT yno-
PsL10YEHHBIe HYXKHEIM 06pa30oM BepUIHHb 06OMOUKH.

Teopema 3.7. Buinykaas obosrouka N TOuek Ha naockocTu mo-
acer Goiro Hatidena 3a epems O(Nlog N) npu namaru O(N) c uc-
no. TOAbKO apupmeruseckux P i ucp

Jlokasareabctso. V3 mnpenbiaymero 06CYXKIeHHs —aJropuTMa
Tpaxema BHIHO, UTO B HeM HCMOJb3YIOTCS JIHIIbL apH(pMETHUECKHe
onepaunu u cpashenns. Illaru 1 u 3 TpeGylor JHHEHHOTO BpeMeHH,
Tora Kak wiar 2, siBASIOUIMACS ONpENeNsIOUUM MO BPeMeHH pa-
6oThl, BhimosHsiercss 3a Bpemsi O(Nlog N). [ns npencrabienns
CBA3HOTO CMHCKa Touek gocratouro O(N) mamsTh.

EcJin BCIOMHHTH HHXHIOK OIEHKY, 0GCyXaBiiyiocs B pas. 3.2,
TO BUJHO, YTO 3TOT ﬂpOCTOﬁ H lfl3ﬂ|llelﬂ aJITOPHTM HMEEeT ONTHMAaJb-
HOe BpeMs BbinosHeHus. OIHAKO HMEETCs OJIHO OGCTOSTENLCTBO,
KOTOPOe MOXKET BbI3BaTh HEKOTOpOe GecrioKOHCTBO Y YHTaTess, —
3TO UCNOJb30BaHHE TOJAPHBIX KOOpIHHAT. B camom Jene, 3TO npeji-
noJsiaraeT BBIMOJIHEHHE npeoﬁpasonamm KOOp/JHHAT, 4TO MOXKeT BbITh
3aTPYIHHTENbHEIM B CHCTEMax C OTDaHHUEHHHIM HAaGOpPOM NpHMH-

5+
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THBHBIX onepaunii. Kak 310 06BuHO ciywaercss, psa uccieioBate-
JIeii OGDPaTHNM BHHMAHHE HA 3TO OGCTONTENLCTBO H MPEIONHIH
pellenns, Mo3BOJsIOMAE H36exKaTh ero. Mbl KOPOTKO OnHueM Me-
ToX, npeanoxenust duapvio [Andrew (1979)]. Hpyroir momxo,
TaKKe 3ac/yXHBAIOWHKA BHUMaHHs, bl npeyioxed JkaoM u Tyc-
canom [Akl, Toussaint (1978)].

IMycrs na niockocTH 3afano MHokectso s N Touek. Onpeje-
JIMM CHAuaza ero JIeBYIO H NpaByw Kpaiinue Touku [ u r (puc. 3.7)
H IIOCTPOHM NPSIMYIO, NPOXOASALLYI0 Yepe3 3TH ToukH. OcraBlunecs
TOYKH DasOHBAIOTCA Ha JBa TMOAMHOXECTBA (HHIKHEe H BepXHee)

Bepanee
TT0GMHOHCECITIGO
0Odzos >
~
. Husicriee
nOOMHOHCECTIZO

Puc. 3.7. Jlesass n npabasi KpaiiiMe TOUKH ONDENENAIOT pasGHeHHe MHOMKeCTBa
Ha JBa NOJMHOKeECTBA.

B 3aBHCHMOCTH OT TOTO, 110 KaKy10 CTOPOHYy OT ]'Ip}lMOﬁ OHH pacnona-
TalOTCA — HHXKE HJIM Bhllile ﬂpﬂMOﬁ. Huxuee NIOAMHOXKEeCTBO nopo-
XKJaeT JOMaHyIo (. 6oa0uky, wnn H-060.104ky), MoHOTOH-
HYX0 OTHOCHTEJbHO OCH X. Touno rak 2Ke BepxHee [M0JAMHOXKECTBO
TMOPOXKAALT AHAJOTHYHYIO JIOMAHYIO (8€PXHION 000404KY, WM
B-060404ky), a coeiuHeHHe 3THX JABYX JIOMAHBIX JaeT BBIIYKAYIO
oﬁonoqu HCXOJIHOI0 MHOXXECTBaA.

PaccMorpum noctpoenne Bepxued o6omoukn. Toukn ynopsaoun-
BAalOTCSl B COOTBETCTBHH C BO3pacTaHHeM BGCHHCCH, H K l'lOle'-leHHOﬁ
TOC/IE0BATENLHOCTH NPHMEHsIeTCsl MeToA o6xona I'psxema. Ipn
TAKOM T0JX0Je OTnajaer H&OGXOI\HMOCTL B TPHTOHOMETPUYECKHX
onepauuax. 3aMeTHM, OIIHAKO, 4TO npennaraeMHﬁ TNIOAXO0JL eCTh He
4TO HHOe, Kak YaCTHBI C.Yly'-laﬁ TpHMEHEHHS] HMCXOJAHOT'O MeToja
FsteMa, Koraa Touka ¢, coBmajaiouiasi ¢ HayajJaom KoopjauHar,
BblﬁllpaeTCﬁ GecKOHeuHo YﬂalleHHOﬁ B OTpHUATEJbHOM HanpasJie-
HHH (-~00) MO OCH Y, TAK UTO B 3TOM cjyyae ynopsiloueHHOCTb 110
abeuicee COBITaflaeT ¢ yNopsiAOYeHHOCThIO N0 TNOJAPHOMY yTaIy.

HeCMOTpﬂ Ha TO 4TO, KaK GblIO TIOKa3daHO, aJTrOpPUTM I‘paxeMa
AABJISI@TCSA ONTHMAJIbHBIM, TO-MpexKHEeMY HMeeTcsi MHOro MPHYHH 178
TPOIOJIAKEeHHST UCCIE/IOBAHHST 3afaud O BH]’IyK.’lOﬁ o6omnouke.

1. PaccMOTpeHHBIf aJrOPHTM ABJSETCH ONTHMAJBHBIM B xyo-
wem cayyae, HO M, OJIHAKO, HE H3YUHJIH ero noseleHue B cpenHeM.

2. Tak KaK aqrOPHTM OCHOBLIBAETCH Ha TeopeMe 3.6, TIPHMEHH-
MOl TOJMIBKO B caydae MJIOCKOCTH, AJNTOPHTM He HMeer 0606lllE!HHﬂ
Ha coyyali IPOCTPaHCTB Gosee BEICOKOM Pa3MepHOCTH.
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3. ANropuT™ He SIBASIETCS OTKDPHITHIM aJrOpHTMOM !), Tak Kak
BCE TOUKH MHOXECTBAa NOJIKHBI GhiThb H3BECTHbl A0 Hayaia PaGoTH
anropuTM™a.

4. TIpu BO3MOMKHOCTH Napajenbhofi 06pa6oTkH Gomee Mpeano-
UTHTEJIbHBIM SIBJISICTCS PEKYPCHBHBI aNTOPHTM, ZOMYCKAIOUIHi pas-
GueHHe HCXONHON 3a]1a4H H J{AHHBIX HA MEHbIIHe [0J3a7auH.

ITpexne ueM 3aKOHYHTH STOT Pa3jiess, OTMETHM, 4To Metox I'ps-
XeMa SBHBIM 06Da3sOM HCIOJb3yeT COPTHPOBKY. Bpsa au MoxHO
Hafith GoJsee NMPsAMYIO CBSI3b 3TOM 3ajauu ¢ 3aj4adell COPTHPOBKH.
AHanoruuHO TOMy, KaK HCC/IeNOBAaHME COPTHPOBKH IOKA3ano, UTO
He CYLIeCTByeT OJHOTO aJrOpHTMA, JYYLIero BO BCeX CaAydYasiX, Mbl
YBHIHM, YTO TO e CAMOe CIPaBe/JIHBO H /s 3afauH NOCTPOCHHS
BHINYKJIOK 06oJouky. JlaBaiiTe MPOLONKUM HHe -
TOPHO# reOMeTpHH B NMOHCKAX HJef, CMOCOGHEIX MPHBECTH K HHBIM
AJTOPHTMAaM NOCTPOEHHS BHIMYKJ/IOH 06OOUKH.

3.3.3. O6xoxa metosom JlxapBuca

MHOroyronbHHK ¢ 0JMHAKOBBIM YCIEXOM MOXKHO 3a4aTh
YNOPSAZOUEHHEIM MHOXECTBOM Kak ero peGep, Tak H ero BeplIHH.
B sanaue o BHINYK/MOA 060JI0YKe MBI 10 CHX TIOP 0GpPAIa/H BHHMA-
HHe IVIaBHBIM 0GDa3oM Ha H30MHPOBAHHEE KpafiHHe TOukH. A uto
€CJIH BMECTO 3TOrO MOMLITATECS OMpPeleNHTb pebpa BHYKIOH 06o-
JIOYKH, TPUBEJET JIH TaKoi NMOAXOX K CO3/aHHIO NMPAaKTHYECKH NpH-
rofHoro anaroputma? Ecam 3a1ano MHOXKeECTBO TOYEK, TO A0BOJIBHO
TPYAHO GHICTPO ONPEAHTH, ABJASETCH HIAH HET HEKOTOpas TodYKa
kpafineil. OHAKO ecJli 1aHBl ABE TOYKH, TO HENOCPEACTBEHHO MOX-
HO IPOBEPHTD, ABJIAETCS M HET COENMHSIOUMA HX OTPE30K Pe6poM
BHIYKJIOf 06OJIOUKH.

Teopema 3.8. Otpesox I, onpedessiemoiii deyma Touxamu, 2649-
erca pebpom svinykaoil 060404k To20a U TOAbKO TO20A, K02dA BCE
dpyeue Touku 3adannozo muoxectea aexar Ha | uau ¢ odroil cTo-
ponsL ot neeo [Stoer, Witzgall (1970), teopema 2.4.7]. (Cm. puc. 3.8.)

N rtouck onmpeneasior (AQ/) = O(N?) npampix. JIas Kaxnoii us

STHX NPAMBIX MOXHO, HCmoab3ys (opmyay (3.4), ompexeants 3a
JIHHElHOe BPeMsi NOMoXKeHne ocTaibibiX N — 2 TOUeK OTHOCHTENbHO
9TO NPSIMOH U TeM CaMBIM NPOBEPHTb, YAOBJETBOPSIET HJIH HET NIpsi-
mas yenoBusm reopeMbl 3.8. Takum ofpasom, 3a Bpems O(N?%)
MOXHO HaflTi BCe Mapel TOYCK, ONPEACTIONINX pedpa BEINYKIOH
o6onouki. He namo 3arem 6oabuioro Tpyaa, uTOGH PACIOIOKIHTI
9TIL TOUKH B BILJe CIUCKA NOCAEA0BATEIbHBIX BEpUITH 0GOMOUKH.

) Cu. ompenenense OTKpHTOro aarophtMa B pasa. 3.3.6. B opurumaze
«on-line>. — ITpus. nepes.
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Jkapsic 3aMeTHI, UTO 3TOT AAFOPHTM MOXKHO Y/IyYMIHTb, €CHH
yuects caeaylomuii gakr. Ecan ycranosneno, uro orpesok pg sis-
asieTcst pe6poM 06OMOUKH, TO IOJIKHO CYIECTBOBaTH Apyroe peGpo
¢ KonloM B Touke ¢ {Jarvis (1973)]. B ero paGote mokasamo, Kak
HCMO/Ib30BATH STOT (BaKkT, UTOGHl yMeHbUIHTH TPeGyeMoe BpeMs A0
O(N?). KpoMme TOro, B Heli COAEPKHTCA PAL APYTHX Hiel, 3aCAYXKH-
BAIOWUX TOAPOGHOro oGcyxXaeHns. 3xech GyleT paccMOTpeH Ba-
PHAHT, BKJIO Hs, Ipej, Akaom [Akl
(1979)] u ycrpausiomue He6oJblIKE HETOYHOCTH.

Bunynnas
odonora
—

Puc. 3.8. Pe6po BHINYK/OH OGO/OYKH He MOXET PasNessiTh MHOXKECTBO TOYEK
Ha YACTH. pq ABAAETCH peGpOM BHYKIOH 06OJIOUKH, TaK KaK BCe TOMKH MHO-
eCTBa pAcCnosaraloTcsi N0 OAHY CTOPOHY OT Hero; p’q’ He sBJserTcs peGpoM
BBINYK/OH 0GOMOYKH, TaK KaK MO 0Ge CTOPOHHI OT HETO HMeIOTCH TOUKH.

TIpeanosoKKM, uTo, KaK H B pasA. 3.3.2, HailfleHa HAHMeHbLIAs
B JIEKCHKOrpaHIeckoM MOPALKe TOYKA P; 3aAaHHOTO MHOXKECTBA
Tovyek. DTa TOYKa ) ABJASETCS P OH OGOJIO'-IKH, H Te-
neph X0TeNoCh Gbl HAHTH C/ENYIOWIYIO 3a Hell BEPUIHHY pp BBIMYK-
Jofi 060s10ukHy/TOUKa p; — 3TO TOYKA, UMeEIOWIAs HAHMEHBUIHA 1O-
JIOXKHTEJIbHBIH ﬂOJlﬂPHHﬁ YroJl OTHOCHTEJIbHO TOYKH P1 Kak HavaJja
KOOPIHHAT. AWAJIOrHIHO C/IEAYIONIAs TOUKA P; HMEeT HAHMEHBLIHf
TOJISIPHBIA YrOJ OTHOCHTEJIBHO TOUKH P2 KAaK Hayana- KOODAHHAT, H
Kaxnas nocieiyioulasi TOYKa BHIYKNOH OGOJOYKH MOXKeT ObiTh
Haliflena 3a smuefinoe Bpems. Anroputm JlKapBHca OGXORHT Kpy-
TOM BBINYKJIYIO 060J104KY (OTCIOAA H COOTBETCTBYIOLlEE HA3BAHHE —
00x00 [laapeuca), nopoxiast B HyKHOM IOPS/KE NOC/TeN0BATeNb-
HOCTh KPaifHUX TOYEK, N0 O/IHOM TOYKe HA KaxAoM ware (puc. 3.9).
Takny 06pa3oM CTPOHTCS YacTb BHIMYKJOH 0GOMOUKH (JOMaHast Jin-
HHs) OT HAaWMeHblIeil B JIEKCHKOTPaQHYECKOM NOPAJKE TOUKH (m
Ha puc. 3.9) 10 nanb it B pad NOpsIZKe TOY-
Ki (ps Ha ToM e pucyHke). ITocTpoerué BHIyKNOK 0600UKH 3a-
BEPIIACTCS HAXOXKIeHHEM APYro#t JomaHoH, mAymell H3 HauGOJb-
et B JICKCHKOI‘DZQ)H‘I@CKOM TNOpsiiKe TOYKH B HaHMEHbUIYIO B JIeK-
CHKOTpa(HYecKOM NoOpsjiKe TOYKY. BBHAY CHMMETpHUHOCTH 3THX
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JIByX 3TarnoB HEOGXOJAHMO H3MEHHTb Ha NPOTHBONOJOXKHbLIE HAaNMpaB-
NeHHs ocell' KOOPJHHAT H HMeTh [0 Temephb C MOJSPHBIMH YI/1aMH,
HaUMEHBIIHMH OTHOCHTEILHO OTPULATEAbHO20 HAIPABJIEHHS OCH X.

Kak yxe Obiio mokasano B pasi. 3.3.1, HaHMeHbWHA YroJ Mo-
XKeT GbITb HalJeH C HCHO. JMHIDb apHQMeTHYECKHX orle-
pauuit u cpaBHenui, He npuGeras K sIBHOMY BLIYHC/IEHHIO 3HAYeHHH
MOJAPHBIX YIJIOB.

Tak Kak Bce N TOUEK MHOXKECTBA MOTYT JIeXaTb HA €ro BBIMYK-
J0if o6osouke (6LITh ee BepliMHAMu), a aaroputM Jlxkapsuca 3a-
TPauHBaeT Ha HAXOXKJAEHHE KAKIOH TOYKH OGOJOUKH JHHeiiHoe

Puc. 3.9. Iloctpoenne BHIyKO# 060youkH MeTonoM JDKapsHca. AJAropHTM
JxkapBHca HaXOAMT MOCTeJOBaTe/bHble BEepIIHHL OGOJNOYKH IyTeM MHOTOKpAT-
HOrO BBIMHCIeHHs yraa nosopota. Kaxjas HoBas BeplMHa onpefensieTcst 3a
Bpems O(N).

BpeMs, TO BpeMs BLINONHEHWS aIrOPHTMa B XYAIIEM C/ydae PaBHO
O(N?), uro xyxe, yeM y aaropurma 'paxema. Ecsin B nefictBHTe/ b
HOCTH YHCJIO BepUINH BHUIYKJIOH 060/0YKH paBHO K, TO BpeMst Bbl-
nonxenns anropur™a kapsuca Gyger O(hN), u oH oueHb 3ddek-
THBeH, KOrJla 3apaHee H3BECTHO, 4To 3Hauenne h mamo. Hanpuwmep,
ec/TH 060/I0UKa 33]aHHOrO MHOXECTBA SIBJSETCS MHOTOYTOJbHHKOM
C MPOH3BOJLHBIM NOCTOSHHBIM UHC/IOM CTOPOH, TO €e MOXHO HaiTH
3a JHHEeHHOe OTHOCHTENbHO YHC/JA ToUeK BpeMs. DToT dakr upes-
BbIUARHO BaXKeH B CBETE aHA/NH3a CJIOXKHOCTH aJATOPHTMOB NOCTPOE-
HHSI BBIIYKJOH OBGOJOYKH B CPEAHEM, KOTODHIfi OyAeT NpeicTaBieH
B caenyioued raase.

Jlpyroe yMecTHOe 3/ech 3aMeYaHue COCTOHT B TOM, YTO HAes MO-
HCKa TOC/Iel0BaTe/IbHEIX BEPUIHH 0G0JIOUKH C MOMOWIBIO MHOrOKpaT-
HOrO MPHMEHEHHS NPOLEYPE ONpejie/leHust MUHHMAJbHOTO Y HH-
TYHTHBHO aCCOLMHPYETCS C 3aBePThIBAHHEM ABYMEPHOTO NpejiMera.
B neitcrButenshocTH Meton JIxapsHca MOXKHO paccMaTpHBATbL Kak
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AByMepHbIl BapHAHT MOAX0AA, OCHOBAHHOTO HA HACE «3aBOPAUHBA-
HHs TnofapKa» u npeanoxenHoro HYanaom it Kanypom [Chand, Ka-
pur (1970)] eme a0 nosBaenusi padotsl Jlxkapsuca. Meros «3aBo-
pauHBaHus N0AAPKa» PHMEHHM TAaKXKe B CJIyuyae IPOCTPAHCTB pas-
MepHOCTH GOsIblueil ABYX, H B OOLIMX yepTax OH GyAeT paccMoTpeH
B pasa. 3.4.1.

3.3.4. BoicTpbie METO/bI MOCTPOEHHS BHINYKJIO/ 060/104KH

3ajaya COPTUPOBKH SIBJSIETCH HCTOUHHKOM BIOXHOBEHHS
npu BbIPabOTKe Hjeli PelleHHs 3a/jauH NOCTPOCHHS BBITYKIOH 060-
aouku. Tak, HanpuMep, B psije METOJOB, HE3ABHCUMO IPEIONEH-
HBIX TIOYTH B OAHO u To Xe BpeMs [Eddy (1977); Bykat (1978);
Green, Silverman (1979); Floyd (uactaoe coobuwenue, (1976)],
JIETKO yra/blBAaeTCsi OCHOBHAs HAest (C HeGOVIbIIMMH BapHALUAMH)
anroputma Grictpoii copruposki BBICTPCOPT !). Beuuy ux Gaua-
Koro cxoactsa ¢ aaroputmom BBICTFCOPT mubl Bbi6pain AJs HHX
obulee Ha3BaHHe — OBICTPBIE METOAbI IOCTPOEHHS! BHINYKJOH 060-
soukH, win BBICTPOBOJI-metoabi.

Yro6el Jyulle MOHSITH 5Ty aHAJIOTHIO, KOPOTKO HAMOMHHM MeXa-
HusM airoputMa BBICTPCOPT [Hoare (1962)]. Mmeercst Maccus
u3 N uyMces, H HeOGXOAMMO Pa3GHTL €ro Ha JIeBbiil M Npasbiil noa-
MAacCHBBI TaK, YTOOBI KaX(Ibli 3J1€MEHT 11ePBOr0 NOJAMACcCHBA He Ipe-
BOCXO/IMJI KaX/(blil H3 JIEMEHTOB BTOPOrO MOAMACCHBA. DTO jenaeTcs
C [OMOLIBIO /IBYX yKa3aTesell Ha 3JeMEHThl MacCHBA, yCTaHOBJeH-
HBIX B Haua/je COOTBETCTBEHHO HA JBAa KPaHHHX 3JeMeHTa H mepe-
MelllaeMblX HaBCTPeYy APYr APYTY Ha OJMH 3/EMEHT 32 OAMH luar
o6pa6otku. Kax i pas, Korjia 3JeMeHTE, Ha KOTODble yKa3blBaioT
yKasatelH, He yAOBJETBOPAIOT TPEGYeMOMY MOPSIKY, IPOH3BOLUTCS
NepecTanoBKa 3THX 5JEMEHTOB. YKa3aTelH NBHIAlOTCH MONEpPeMeH-
HO — OJMH JBHTaercsl, a APyroi ocraercss Ha Mecre. ITocae Kax o
BBLIMOJIHEHHOH NlePeCTAHOBKH yKasare/H MeHsIoTes poasMu. I1pu jo-
CTHXKEHHH YKA3aTe/NsIMH O/IHOTO H TOrO JKe 3JIeMEeHTa MacCHB OKa-
3BIBaeTC PasGHTHIM Ha JBA [I0JMAacCHBa, ¥ 3aTeM K KaXJAOMY H3
HHX 1O OTAeJBHOCTH NPHMEHSIeTCsl Ta Ke caMasi npoueaypa. Kak
XODOLIO H3BECTHO, TaKOH IOAXOA fABJAETCS OYeHb 3HHEKTHBHBIM
(o6paboTka 3aBepuaercst 3a BpeMs O (N log N)), ecan Kaxawli
MaccHB pa3GHBAeTCs HA NPHOJH3HTEJILHO PaBHbIE YACTH.

Cootsercrayiomuii BBICTPOBOJI-MeTo pasbuBaer MHOXKECTBO
S u3 N TOoueK Ha jBa MOJAMHOXECTBA, Kaxjoe H3 KOTOpHIX Gyier
COZIepIKATh OJHY M3 JABYX JOMAHBIX, COe/MHEHHE KOTOPBIX /laeT MHO-
TOYTOJIbHHK BHIMYK/OH 0Gonouky. Hauanbhoe pasGuenne MHOKecTBa
onpesiensieTcs NPAMONH, NPOXO/iALel yepes Be TOUKU [ W r, uMelo-

1) [Aho, Hoperott, Ullman (1974)] — c. 111 pycek. usn. # [Knuth (1973)]—
¢. 140 pycck. n3n. — Ipun. nepes.
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WHe COOTBETCTBEHHO HAHMMEHbUIyl0 H HanGosbuiyio abcuncenl
(prc. 3.10), TouHo Tak XKe, KaK B Bapuante aaropurma I'psxema,
npeanoxenrom uapbio (cM. pasa. 3.3.2). O6osnauum uepes S
[0JMHOECTBO TOUEK, PACTOJIOKEHHBIX BbIlE HJIH HA NMPSMOH, Mpo-
xonsauedi epes [ u r, a depes S@ cuMmeTpHYHbIM 06pasoM onpeje-
nsieMOe TIOJMHOYKECTBO TOYEK, PACIOJOKEHHBIX HHXKe I HA TOlf
e camoii npsimoii. (Bosee Touno, {SV, S@} ne sBasercss pasGue-
HieM MHoxectBa S, tak kak SN S® = {, r}; sra HecyuiecTBeH-
Hast feTasb, ofecleuHBalollas yA06HYI0 CHMMETPHIO, HIKOHM o6pa-
30M He JIOJKHA BBOJUTD B 3a6ayK/leHHe UHTaTeNs.)

Puc. 3.10. Toukn [, r u /i ompeiensnior pasbueiic muowectsa S, Bee Toukh,
B 3aWT) it Tpey , e paccMaTpHBAIOTCH.

Ha ka0M mocieiyiouiem uare o6paGoTKa MHOXKeCTB, 10106-
wpix SO 1 SO, BrimosHseTcs CAeAYIOWHKM 06pasoM (/s KOHKPeT-
HocTH MBI paccMoTpum MuoxectBo S Ha puc. 3.10). Onpenennm
TOuKy h, Anst KOTOPOi TPeyrolbHuK (hlr) nuMeer MaKcHMaJbHYIO
nolas cpen Beex Tpeyrobiikos {(plr): p = S}, a ecan Takux
Touex MMeeTcs Gojiee OAHOI, TO BHIOHPAaeM Ty H3 HHX, Y KOTOPOit
yroa Z (hlr) Goapure. 3amerim, UTO TOUKA h rapaHTUPOBAHHO NpH-
HaUIeKHT BBITYKJOH 060/0uKe, [leficTBUTENbHO, eciil POBECTH Ue-
pea TouKy h NpAMYI0, NapaJIIeTbIYI0 OTPE3KY [r, TO BHILE STOM Npsi-
MOiT He OKa)KeTcsi HH ORHOIl TOUKH MHOXKecTBa S. BO3MOKHO, Kpome
TOUKH A HA 5TOJi NPAMOIl OKaXKyTCs APYrHe TOUKH M3 MHOXecTBa S,
HO, COTJIACHO C/IGAHHOMY HAMH BhIGODY, i siBasieTcst camoit JeBo#
na mux. Tak uTo Touka A He MOXeT GHITh NpeACTABJIECHA B BH/E BHI-
nyk/ol KOMGHHAIMN JBYX APYTHX TOUEK MHoxecTBa S.

3atem cTPOAITCS J(BE NpAMBble: ona Ly, wanpasaennast us [ B h,
apyrasi Ly —us h B r. Jlns kaxuoit TOUKI MHOXeCTBA SM onpere-
JIfleTcs ee MOJOYKeHHe OTHOCHTEJNBHO STHX MPAMBIX. SlcHo, Ut Hil
OHA 113 TOUEK He HAXOMITCA OIHOBPEMEHHO ciesa Kak ot Ly, Tax
W or Ly, KpoMe TOro, BCe TOUKH, PAcHO/OKEHIble cnpasa oT 0Genx
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NpSAMBIX, SBIAIOTCS BHYTPEHHWMH TOYKaMH Tpeyroabnuka (Irh)
H TI03TOMY 'MOTYT GbITb yAaJleHbl H3 AanbHefimell o6paborku. ToukH,
pacnosioxenHble caeBa oT Ly uin Ha Hell (M pacnonoxeHHbe cmpa-
Ba or L,), obpasynr Muoxectso St D; aHanmoruuno obpasyercs
mHOXecTBo S 2. BHOBb 06pa3oBaHHele MHOXecTBa S u S(h2)
NepejaloTcs Ha CAEAYIOWHA YPOBeHb PeKYPCHBHOH 06PaGOTKH.

Jlanubiit MeToA HCMONB3YeT B KauecTBe NPHMHTHBHBIX MPOLELy-
Pbl BHIYHCTEHHS TJIOMANH TPEYTOJIbHHKA H ONpeAeNeH’s NOJ0KeHHs
TOYKH OTHOCHTe/AbHO mpsmoi. Kaxias W3 sTux mpouenyp Tpe6yer
HECKONbKHX OMePalHil CJIOKEHHS H YMHOXeHHS.

OG6DbACHHB B OGUIHX YepPTaX NpeiaaraeMblil NOAXO0M, YKaXKeM Crio-
€06, MO3BOMAIOWHMA TOJOTHATL MOJ OOILYI cXeMy 06paGOTKH SIB-
HYIO aHOMAJIHIO, Yio ¢ nep JIBHBIM P MHOXe-
ctBa ToveK. CoOTBeTCTBYIOUIHH BEIGOP HayaabHbiX 3Havennit {lo, ro}
TOUEK [ H r MOXeT OHITb BHINOJIHEH cienyioutiM oGpasoM. Brbepem
B KauecTBe ! TOUKY (Xo, Yo), HMEIOULYI0 HaHMeHbIUyI0 aGeuucey, a B
KayecTBe ro BO3bMeM TOUKY (Xo, Yo — €), Tie € — NMPOHU3BOJIbHOE
MaJioe MOJMOXKHTEIbHOE YHCIO0. DTO MPHBOAHT K TOMY, YTO B Kaue-
CTBE MCXOJHOH NpSIMOM, pa36HBAIOLIE MHOXKECTBO Ha YaCTH, BHIOH-
paercst BepTHKaJIbHAS MpsAMasi, mpoxoasmas yepes lo. [Tocre saBep-
WeHHsI aITOPHTMA TOuKa ro yaansercs (monoxus e =0, enaem
TOUKH o H ro cOBIAfAOMUMH).

Teneps MOXHO NMpuBecTH Gosee (OpMasbHOE OMHCAHHMe Mpeana-
raemoro merona. [Tpeanosaraercsi, Y10 MHOXeCTBO S COZEPKHT MO
Kpaiineft Mepe aBe ToukH, a (ynkuus CAMASIOATIBHAATOU-
KA(S;1,r) Bbiuncasier Touky h & S omucaHHIM Bhillle CIOCOGOM;
kpome Toro, BBICTPOBOJI Bo3BpamiaeT B KayecTBe pesyibTarta
YNOPSNOYEHHBI CITHCOK TOYEK, a «»» 0603HAYaeT ONEpaLHMio Clen-
JIeHHst (KOHKATeHAlMH) CITHCKOB.

function BBICTPOBOJI(S; /, r)
1. begin if(S={l, r}) then return(, r) (+ Brnyknas oGosouka
COCTOHT M3 eJHHCTBEHHOTO ODHEHTHPOBAHHOTO peGpa #
2. else begin 4:= CAMASITAJIbHSISITOUKAS; 1,r);
st TOUKH MHOXECTB S, PacmoJioKeHHbe
ciaesa ot Ik wnn wa Hel;

4. S® := TouKH MHOXeECTBA S, PACTIOMIOKEHHBIE CiIe-
Ba OT hr wam Ha Heﬁ;
5. return BBICTPOBOJI(S™; [,r)

(BbICTPOBOJI(S?; h,r) — h)
end
end

Takim o6pasoM, ecan yxe nmeercst yukuns BBICTPOBOJI,
TO MOCTAaBJEHHYIO 327aYy MOXHO DEWIHTh C TOMOWIBIO CaeAyiommest
TPOCTOfi MPOrpaMMEl:
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begin = (x, ¥) ;= Touka MHO}KecTBa S ¢ HaHMeHblUEi
a6CIHCCOH;
roi=(xo, Yo —2);
BBICTPOBOJI(S; ly,70);
YAQAHTb TOUKY 7y (*3TO IKBHBAJEHTHO TOMY, UTOGH
NoJM0XKUTh &=0 %)
end.

Jlis Toro uto6bl BBLIEAHTH H3 MHOXecTBa S mogMHoxKectBa S
n S@ (c HesABHBIM y/aJeHHeM TOUeK, NONAJaiOUHX BHYTPb Tpe-
yroabuuka (Irh)), Kak 310 Jenaercst B cTpokax 2, 3 u 4 npusesen-
Hoit BHe nporpammsl, TpeGyercsa O(N) onepauuii. 3aTeM caeayer
pekypcHBHOe oOpalleHHe K (yHKuuu Aas o6paGotkn S u S@.
Tenepn, ecin MOLIHOCTh KaXkIOr0 H3 3THX MHOXECTB He IPEBOCXO-
AHT i Ba S,y )i Ha HEKOTOPYIO KOHCTaH-
Ty, MeHbUIYIO 1, I 3TO YC/IOBHE HMEET MECTO Ha KaX]oM YPOBHe
PeKypCHH, TO BpeMs BbINOJIHeHHs aaropurma pasuo O(N logN).
Opnnako B xyawem caysae BBICTPOBOJI, necmotpst Ha ero npo-
CTOTY, HMEeT TOT K€ HeLOCTaToK, 4TO H BbICTPCOPT, aaiouiuit
BpeMst BuinosHennst O (N?).

3.3.5. AJITOPHTMbI THNA «pa3fieinil H BAACTBY#H>

Onucannblii B NpeAbiylleM pasjesie MeTox BbICTPO:
BOJ1 He TosbKO TnpocT B peaiu3alHH, HO W ABJAETCA TIONBITKOH
JIOCTHTHYTb OAHY H3 LieJell, cQOPMY/IHPOBAHHBIX B KOHLE pasa. 3.3.2
(uesb 4 — BO3MOXKHOCTb pacnapaJleJHBaHusi aiaroputma). [Meht-
CTBHTEJIbHO, aJITOPHUTM PaSGHBaeT HMCXOJHYIO 3ajayy Ha JABe NOA-
3ajauH, KaXkaas H3 KOTOPBIX MOXeET PellaTbCsi He3aBHCHMO OT ApY-
I‘Ofl, M, CJeJ0BaTe/]bHO, OHH MOTYT pellaTbCsi OJHOBPEMEHHO NpH
BO3MOXHOCTH MapaJuiebHoli 06paGotku. Kpome Toro, OGbe/HenHe
pe3ysbTaTOB peLIeHHs JABYX mnojA3ajay — Tak HasbplBaeMbiH LIar
«CJHSAIHHSA» — MPEJACTaB/IseT O4YeHb NMPOCTYI0 KOHKaTeHaIHo JABYX
pesysbTaToB. K COXKaJIeHHI0, 3Ta MPOCTOTa SABJACTCS mratoft 3a
HEBO3MOXKHOCTb NMPAaBHJbHO YNpaBaATb pasMepaMH ABYX nojpsajad,
Ha KOTOopble paBGHBaETCﬂ HCXOAHAas 3ajavda, H TeM CaMbIM rapaHTH-
poBaTh npHemJsieMoe MOBEACHHE aaropuT™Ma B XyaleM caydae.
C}IEHOBaTelIbHO, HECMOTPs Ha TO 4YTO OH MpeacTaBJseT MeToA
«pasjensfi M BJAACTBYH», ABASIOMMIACA QYHIaMEHTabHBIM B 06Ja-
cru paspabotku anroputmos, BBICTPOBOJI nmeer oueBnanbie He-
JOCTaTKH. B camom Jeste, MOAXOA «pasjensii M BAAcCTBYH» OCHOBAH
Ha npunuune c6anancuposannocth [Aho, Hoperaft, Ullman (1974),
c. 751)], npeanosaraiomieM, YT0O BHIYHCJAHTENbHAs 3ajaya NOJXKHA
Pa36H53TbCﬁ Ha T0J3a/auyH MNPHMEPHO OJHHAKOBOro pasmepa.

1) Cemska naetcsi Ha pycckoe Hafanue. — [Tpus. nepes.
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TlpeulosioKuM, 1P pellieHitl 344aui 0CTPOGHHS BbINYK/IOH 060-
JIOYKH, HCXOJHO® MHOMKECTBO TOUeK GBLIO Pa3GHTO Ha ABe yacTH Si
1 Sy, Kaxnas H3 KOTOPHIX COJAEPIKHT MOJOBHHY TOUEK HCXOIHOTO
MHOKecTBa. Ec/IH Tenepb pekypcHBHBIM 06pasoM HailjeHbl OTAeNb-
1o CH(S1) u CH(S2), TO KAaKOBBI JI0NOJHHTENbHbIE 3aTPATE, HEOG-
xomumble aas nocrpoenns CH(S, U S,), 1.e. Bunykioir oGonouxi
HCXOJHOrO MHOXecTBa? JLisi oTBETa Ha STOT BONPOC MOKHO BOC-
M0JB30BAThCS CAGAYIONIHM COOTHOUIEHHEM:

CH(S, U Sy) = CH(CH(S,) U CH(S). 3.7)
Xors MpH MepBOM B3IVIsiAC HA COOTHOWeHHe (3.7) Kaxercs, uTo Ta-

Koit cnoco6 TpebyeT GomblIHX 3aTpat, YeM NpsiMOft COCO6 MocTpoe-
HHUsA BHI‘lyKJIOﬁ OGOJIO'JKI/I, peluraioniee cooﬁpa)KeHHe COCTOHT B TOM,

Puc. 3.11. TlocTpoeine BHNYKIIO/ OGOJOUKH MCTOAOM «pasnensii u BJACTBYii».
Pas6up MHOKeCTBO S Ha ABA MOAMHOKECTBA H NOCTPOMB DEKYPCHBHO BHITYKALIE
0GOJIOUKH STHX INIOJAMHOIECTB, MOXHO CBECTH HCXOAHYIO 3ajauy K MOCTPOEHHIO
BLINYKJIOH 06OJOYKH OGbEAMHCHHA ABYX BHNYKJEX MHOTOYTOJBHHKOB.

uro CH(S1) n CH(S;) — 210 He mpocTo HeynopsiioueHHble MHOKe-
CTBA TOYEK, a BBINYKJbIE MHOTOYTOJbHHKH (pHC. 3.11).

3anava BO4 (BBIITYKJIASL OBOJIOYKA OBBEIMHEHUS
BBINYKJIBIX MHOTOYI'OJIbHUKOB). 3ajganbt 18a BhmyKasx
MHOrOyronbiuka Py w Py HaiiTi BENYK/IYIO 060J0YKY HX 0GDBeH-
HEHHSI.

Ilomumo Toro uto sra 3ajaua HHTepecHa cama mo ceGe, OHa
Ba)XHa W B CHJY TOro, 4To npejcraBaser coGOii War CAHAHHSA npo-
UeLyphl «pasfie/isiii W BJACTBYH» H, TakuM 0GpasoM, aaer dyuaa-
MEHTaJIbHOe CPEACTBO AJs pelueHHs reOMeTpHYECKHX 3ajay. Helleﬂ
HalesiThCsl, YTO OKOHYATeNbHbIH aaroput™ Gyaer sG@ekTHBHHM, A0
TeX IOp, MOKA pelileHust N0A3aAay He MOTYT GHITh GHICTPO 06bLEsH-
HEHBI.

procedure CJIHOBOJI(S)

L. Ecan |S| << ko (ko — HekoTOpoe HeGoabluoe Nes0e HHCIO), TO

TIOCTPOHTh BBHINYKJIYIO 060.'I0‘1Ky OJIHUM H3 MPAMBIX METOAOB H

OCTaHOBHTBCS; HHAYe MepedTH K mary 2.
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2. PasOutb 1ICXOAHOC MHOMKECTBO S NPOH3BOJILHBIM 0GpasoM Ha

/1Ba NPAMEPHO PaBHBIX [0 MOLIHOCTH NOJAMHOXKecTBa Si H Sp.
3. PekypCHBHO HaliTH BHIYKble 0GOM0UKH Sy 1 Sa.

4. CauTb (COEAMHHTB) jBe MOJyuuBIIHecH OGOJNIOYKH BMecre, 06-
pasyst CH(S).

O6osunaunm cumBosom U(N) Bpemsi, HeoGXoauMoe AJsi HAXO-
JKJEHHST BBIYKJIOM 060/0UKH OOBCAHIICHHA ABYX BBHIMYKJABIX MHOrO-
YrONLHIIKOB, KaXAbIil H3 KOTOpLIX imMeer N/2 Bepurnn. Ecau T(N)-—
BpeMsi, HeOOXOAHMOe A5 HAXOXK/IeHHs BBIIYK/IOH 0GO0JI0UKH MHOXKe-
crBa u3 N Touek, To, NpHMeHss coOTHOmIeHHe (3.7), noayuaem

T (N)<<2T (N/2)+ U (N). (3.8)

CreAylouwuit aIropuT™ «CaHsHHA» npeinoxen M. Ilefimocom
{Shamos (1978)]:

procedure  OBOJIOUKA-OBBEJMHEHHUSI-BbIITYKJIbIX-
MHOTOYT'OJIbHHUKOB (P,, P;)

. HaiiTH HeKOTOPYI0 BHYTPEHHIOI TOYKY P MHOroyroibuka Pi.
(HanpuMep, uenTpoua Tpex Jobbix sepunn Py. Takas Touka p
6yaer BHyTpennel Toukoit CH(P U P;).)

p,
Py ‘

Puc. 3.12. Touka p HAXOAWTCA BHYTPH MHOFOYTOAbHHKA Py Tak Kak Touka p
OJHOBDEMEHHO HAXOATCS BHYTPH GGOMX MHOTOYTOJBHHKOB Py W Py, To HX Bep-
UMb YIOPSZI0UEHH NO SHAYEHHIO NOJAPHONO YIIa TOUKH p.. Cansinne ABYX yno-
PAROUEHHBIX MHOKECTB BEPUIAH MOXKHO BHIONHHTb 3a THNEHHOC BpeMs.

2. OnpeaenuTn, ABASETCH JMH P BHyTpeHieit Toukoil Pz D10 MoKer
6mTh cenano 3a spemsi O (N) MeTofOM, ONHCaHHBIM B pa3i. 2.2.1.
Ecau p He siBAsieTcA BHYTPeHHeli TOuko# Pg, mepefiti x wary 4.
p sBasieTcst BHYTpeHHed Toukoi Py (puc. 3.12). Ilo Teopeme 3.6
BEpPLIHHBI KaK Pl, TaK U P; 0Ka3bIBAlOTCS YNOPAAOUYEHHBIMH B CO-
OTBETCTBHH CO 3HAYEHHEM IOJISPHOr0 yrja OTHOCHTEJBHO TOYKH p.
3a Bpemst O(N) MOMKHO NOJYYHTH YNOPSAOYEHHBIH CITHCOK Bep-
UIHH Kak P], TakK H Pz NyTeM CJAHAHHS CMHCKOB BepIUHH 3THX
MHOroyroabtukoB. Ilepefitn K mary 5.

@
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4. p He sBJsieTca BHyTpenneil Toukoi Pz (puc 3.13). Ecan cMorpers
M3 TOUKH p, TO MHOFOYTFOJIBHHK Pj JIKHT B KJHHE C yTrOJOM pas-
BOPOTA MEHBIIUM WK DPABHBIM . DTOT KJIHH ONpeiessiercs
ABYMsl BEPUIHHAMH i H U MHOTOYTOJbHHKA P,, KOTOpPBIE MOTYT
GbiTb HaileHbl 3a JHHeliHOe BpeMs 3a OAHH 06X0X BepLIHH
MHOTOYTOJIbHHKA PQ.laru BEPUIMHB Pa3bHBAIOT TpaHHUy P
Ha JiBe LeNH BepIIHH/ ABJISIOUIHECS MOHOTOHHBIMH OTHOCHTEJIbHO

H3MEHEHHs NOJISPHOTO yr-

ana ¢ navanom B p. Ilpu

JABHKEHHH N0 OJHOH Iemn

Yrosi yBeJuuHBaercs, NpH

ABHXKEHHH 1O  Apyrofi —

ymeHbuaercs. Opna  u3

STHX ABYX Leleif, ABsIO-

wasics  BBHUIYKJOH 1O Ha-

[paBJeHHIO K TOuUKe p,

MOXeT ObiTh HeMelJIeHHO

yAaneHa, Tak Kak ee Bep-

WHHBL GyAyT BHYTPEHHHMHU

roukamu CH(S,USz). dpy-

ras uenmb P, u rpanuua P,

Puc. 3.13. Touka p HAXOAHTCA BHE MHOrO- [peAcTapsior ABa yHOps-

yrosuka Pp. Muoroyroanuuk P, Haxo- JCHHHBIX CIHCKA, COAEp-

AHTC BHYTDH YI/ia, ONPEAENSeMOro Tou- KalUliX B cymMMe He Goiee

::312 z'na‘:-'enu' Toukn v W u pasGusaior N sepunn. 3a Bpems O (N)

bHOCTD B - .
ki Py a ARG T, Oy 3 X Mok e WHO, CIHTS B 0

HO YAANHTh, @ CIHSHHE BePUIHH BTOPOK CIHCOK  Beplltii Py U Py,
QI C YIIOPSI0UEHHEIM MHOKECTROM Bep- YNOPSAOUEHHBIX 1O yraty
WIHH MHOTOYTOJbHHKA P, MOXHO BHMOJ- OTHOCHTEJIbHO TOYKH p.

HHTb 3a JHHeiiHoe Bpems,

o

. Temepp Kk  mosyyeHHOMY

CIIHCKY MOXHO IDHMEHHTb
meron obxoaa I'paxema (war 3 anropurma OBOJIOUKA-TP3-
XEMA), tpebyowuit auub auneiiHoe Bpems. Teneps noJyuena
BBINyKJaasi o6omouka P | Py,

Ecan muoroyronbuuk Py umeer m sepurni, a Py nmeer n Bep-
UIHH, TO BPeMs BHIIOJHEHHS ITOrO aaroputma pasHo O(m + n),
4TO O Beeli OUEBHIHOCTBIO AB/ISETCS ONTHMAMbHBIM. Tak 4TO Teneps
u3BectHO, ut0 U(N) = O(N), u pelenueM pekyppeHTHOrO COOTHO-
mienns (3.8) B sroM cayuae sasercs T(N)= O(N log N). Taxnm
06pa3oM, HMeeT MecTo

Teopema 3.9. Buinyraas 06orouka o6sedunenus dsyx ebinyk-
abLx modceT GoiTo Hatid 3a spems,
HANLHOE CYMMAPHOMY HUCAY UX BEPULUH.

TTo6ounbiM Pe3y/IbTaTOM OMHCAHHOrO MeTojAa CJHSIHHS ABJISETCH
BbIYHCJIEHHE (HaXO)K)leHHE) «OMOPHBIX MPAMBIX», €C/IH OHH HMEIOT-

ponopy,
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s, NS IBYX BBHITYKJbIX MHOFOYroJIbHHKOB. OnopHoOd npamoi K Bhi-
IyKJIOMY MHOTOYTOJbHHKY P HasbiBaercs mpsamas I, mpoxojsmas
yepes HEKOTOPYIO BEPIUIMHY MHOTOYrOJbHUKA P TakuM ofpasom, 4To
BHYTPEHHOCTb P LeJHKOM HaXOAHTCH MO ONHY CTOPOHY oT [ (B He-
KOTOPOM CMbICJI€ NOHSTHE OMOPHON NMPSIMOH AHAJIOTHYHO TOHSATHIO
KacaTeubHoO#). OueBHAHO, YTO ABA BEIIYK/BIX MHOTOYrOJbHHKA Py
u Py c n i m BepIIHHAMH COOTBETCTBEHHO, TAKHX, UTO OJHMH He Je-
JKHT NeJTMKOM BHYTPH APYroro, HMeoT OOllHe OMOPHbie NpsiMble (N0
Kpafineil Mepe He Gojiee 2min(n,m)). Ecan yxke nonyyesa BHINYK-
nas o6osouka o6beauHeHHs Py u Py, TO ONOpHbe MPSMbIE BBIYHC-
nsOTcs B pesyabrate npocMotpa cnucka Bepuun CH(Py U Py).
Kaxnas napa nocaenosatenbhnix Bepuud CH(PyU P), omna us
KOTOpHIX NpHHanexxut Pi, a apyras P, onpejenser ONOPHYIO
npAMyIo.

Mpenapara u Xour (Preparata, Hong (1977)) npeanoxunn
HHOH METOA HaXOXKJEHHs BHIIYKIOH O0GOJOYKH OGbEAHHEHHS ABYX
HelepeceKalounxcs BhIMYK/IBX MHOTOYTOJbHHKOB, OCHOBAHHHH Ha
HaXOXKAECHHH 3a JHHEHOEe BPeMsi JABYX ONOPHBIX MPAMBIX K STHM
MHOroyrosbHiKaM. OLHAKO 3TOT MeTOA 3/€Ch [eMOHCTPHPOBATHCS
He Gyjer.

3.3.6. lHHAMHYECKHE ANTOPHTMbI MOCTPOEHHS
BLINYKJIO0H 060104KH

B KaXJOM H3 PacCMaTPHBAaBIUIHXCS DaHee aJropHTMOB
TpeGoBanoch, 4TO6H Bee 0OpaGaThiBaeMble JaHHBIE (a HMEHHO TOU-
Ku) ObUIH LEJHKOM MpPeICTaBJIeHbl 10 Hauajia PaGOTH a/JropHTMa.
Bo MHOTHX NMPHKJIAAHbIX 06/1acTAX, Ile BOSHHKAIOT reOMeTpUuecKue
3a/1aui, B YACTHOCTH CBSI3aHHBIE C 0GPAGOTKOM NaHHBIX B PeasbHOM
BpPeMeHH, TaKoe OTpPaHHYEHHe OTCYTCTBYET, a PS BBIUHCACHHA 10JI-
JKeH BBIUIOJIHATBCS MO Mepe MOCTYMJIeHHs TOueK (IaHHBIX). B 06-
weMm c/iyyae airopuT™, o6pabaThiBalolMil JAHHbIE IO Mepe MOCTyM-
NeHusl, Ha3bIBAGTCS OTKPLITOLM, @ aNTOPHTM, 06pabaThiBAIONIHH BCIO
COBOKYIHOCTb 11e/THKOM, Ha3bIBAETCS 3AKPOITOLM.

OCHOBHOJ 4epTOfi OTKDHITBIX aJTOPHTMOB AABJSIETCS OTCYTCTBHE
orpannYenuii Ha BPeMsi KOPPEKIUH, YTO PAaBHOCHIBHO TOMY, UTO HO-
BbIft 37€MeHT JaHHBIX (TOYKa) BBOAHTCH MO 3amMpocy cpasy xe ro-
caie TOro, Kax p TCS KOPPEKIHs, s C TIPeABILYIHM
5/IeMEHTOM NaHHBIX. ByleM Ha3piBaTh BpeMeHHOH HHTEpPBAJ MeX1y
BBOJIOM IBYX IOCTeI0OBATEJbHEX 3JEMEHTOB NaHHBIX 3adepicxoll
nocrynaenus Oannvly. Bosee CNOXHBIA B CMBICTE NPeAbSBASEMbIX
TpeGoBaHuf cJyyali NPHMEHEHHS OTKPHITHIX aJrOPHTMOB BO3HH-
KaeT, KOrja 3ajlepKa MOCTYIUIEHHS JaHHBIX HAXOJAHTCA BHe KOH-
Tposisi anroput™a. HHaue roBopsi, naHHble MOCTYMAaiOT He MO 3a-
1pocy anAropHTMa, a MOJNAIOTCS Ha BXOJA aJrOpHTMAa B HEKOTOpble
MOMEHTbl BPEMeHH, HHKaK He CBA3aHHBe ¢ PaboTOfl anropuTMa.
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Onnako M GyieM CUHTaTh, UTO MOCTYIIEHHE AAHHBIX [1POHCXONHT
(pacnpesienieno) paswomepno no Bpement. B Takoi CHTYaIHH KOp-
PeKILHsS IOJIKHA BLIIOJHATHCA 33 BPeMs, He MpeBHUIAloOlIee IOCTO-
AHHYI0 3aJCPXKKY MOCTYMJIEHHS AaHHBIX. AJNTOPUTMEI, paGoTaiomie
B TAKOM DeXHME, H Ha3bIBAIOTCA COOTBETCTBEHHO AJNTOPHTMAMH pe-
@020 Bpementt. ClelyeT OTMETHTb, YTO OGBIYHO OTKDHITHIE AJIro-
PHTMbI 1106abHO ABAAOTCA MeHee ((GEKTHBHBIMH 10 CPaBHEHHIO
C COOTBETCTBYIOWHMH 3aKPLITBIMH aATOPHTMAaMH (KaKaf-To IJIaTa
JI0MIKHA OBITH BHECEHA 33 OTKPHITOCTb a/rOPHTMA).

Henvio s1oro pasjena siBaserest pa3paboTKa OTKPHITBIX afro-
PHTMOB MOCTPOGHHS BBUIYKJIOH OGOOUKH, B NMOJHON Mepe yaOBJe-
TBOPSIOLUIX KOHKPETHBIM TPeGOBaHHIM.

3anava BO5 (OTKPBITBIF AJITOPUTM J1J151 BBIITYKJIOF
OBOJIOUKH). Ha nnockocrn 3azawa mocienoBatedbiocts u3 N
TOUCK i, ..., py. TpeGyercs maiTi HX BBIIYKAIYIO 060J0UKY, opra-
HH30BaB 06paGOTKy TaKknM 06pa3oM, uTo6bl mocie 06paGOTKH TOU-
ku p; umenack CH({py, ..., pi}).

3agawa BO6 (BBIMIYKJIA OBOJIOUKA B PEAJILBHOM
BPEMEHM). Ha mnockoctst 3anana nocaenoBatesiocts u3 N to-
Y€K pi, ..., py. Tpebyercs Hafitu mX BHIyKAYIO 060JI04Ky TpH
YCOBHH, YTO BPEMS 3a/ePXKKH MOCTYIIEHHS TOUeK MOCTOSHHO.

COOTBETCTBYIONIHIl aJIrOPHTM IOMIKEH MOLIePKHBATL HEKOTOPOE
Npe/icTaB/IenHe TeKyuell BHIMYKAOH OGOJOYKH H KOPPEKTHPOBATH
€ro 110 Mepe NOCTYIIeHHs ToYek. Bonpoc cocTont B TOM, MOXKHO Jii
CleMaTh 370, He NMpHHOCS B KepTBy ouenky O(Nlog N) Bpemenn
BBITOJIHEHAS AJTOPHTMA, HEO6XOMUMOro Ha 06PabOTKY BCETOo MHO-
JKECTBA TOYEK.

Her npoGaems paspaGorath OTKpHITHIE anropirs TMOCTPOEHHST
BLINYKJI0f 060MOUKN, ecou Bpemsi 06paBOTKII HC MPHHHMaeTcs BO
BunMaie. Hanpumep, nocre mosywenns kaxuofi TOUKH MOXKHO
Gbi10 6bi BHIMOANATL anropnTy [paXema, MOMYUHB NPKH 3TOM ONEHKY
caoxuocrin O(N?log N). Mozkno npossnts Goabuyio cooGpass-
TeJILHOCTH, BCMOMHHB, YTO aArOPHTM ['paxeMa COCTOMT H3 ABYX OT-
ZeTbHBIX 11aTOB — COPTHPOBKH U 06X071a.

1. BBouT, TOUKH n0 Tex nop, moka ie GYAYT 0o6HAPYKeHbl
TPI HeKoJLTHeapHbie ToukH. WX 1eHTpona Gyier BHyTpenHeR Tou-
KOif OKOHYATe/NbHOH BBINYKJOHK OGOJOYKH H, TAKHM o6pasoM, mox-
XOIAT JIsi HAYaja KOOPJAHMHAT, OTHOCHTENBHO KOTOPOTO OMpeseds-
OTCA MONAPHEIE VIVIbl TOYEK NMPH COPTHPOBKe B anroputme OBO-
JIOUKATP3XEMA.

2. Tloanep:kuBaTh CBA3AHHEI CMHCOK YMOPSNOYGHHHX KpafHHX
roue. TIpir moctymacHim TOYKN p; BPEMEHHO BCTABNTH ee B 5TOT
CIICOK B COOTBETCTBINI ¢ ce MOMSPHBIM YIJIOM, 3aTPaTHB Ha 3TO
Bpems O (i).
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3. BHINOJIHHTL TPOCMOTP CBSI3AHHOTO CIIHCKA KPaflHUX TOYEK Me-
Togom ['psxema. Tak kak nmpocMoTp Merofom I'psxema siBasercs
JIHHEAHBIM, TO Ha 3T0 notpeGyercs sumb O (i) BpeMenu. BoaMoXHbI
TPH BapHaHTa 3aBepIUEHHS 3TOro Iara:

a) Touka p; ABAsCTCS KpaiiHefi 06paGOTAHHOTO Ha TEKYWHH Mo-
MEHT MHOXeCTBa, H ee BKJIIOYEHHe B YHCJAO KpaﬁHHX TOYEK BbI3BI-
BaeT ylaJieHHe HECKOJbKHX JIDYTHX TOYeK;

) Touka p; ABAseTCsi KpahHeM, HO HMKaKHe APYTHE TOYKH He
YAaIA0TCS; n n

C) TOYKa p; SIBJISIETCSl BHYTPEHHedl 1S cO3NaBaeMoil B 00
OGOJIO'-[KH, H [03TOMY OHA yaaJnsieTcs.

B xaxnom ciyyae pasMep CIHCKA yBeqHuuBaeTcs He Godee ueM
Ha eJHHHLY. Ho.rmoe BpeMsl, 3aTpayHBaeMoe 3THM AJNFOPHTMOM, B
Xyamem caygae paBro O(N?), uto uMeeT MecTo, eciu KaXkuas HO-
Bas TOYKA OKa3blBaeTcsl KpaiHell TOUKOM.

Moxer mokasartscsi, uTO MpefbiAylas Mpoueaypa Moraa Gbi
GHITL yJyullieHa, eclH Ha Liare 2 MOXHO GO 6bl BMECTO JHHeii-
HO¥ BCTaBKH Jaenathb 6!”“1’.1”!/}0 BCTaBKY H B COOTBETCTBHH C 3THM
na mare 3 Gosee 3bdekTHBHO (T.e. JOrapHMHYECKH) BHIMONHATH
MOHCK BMECTO HCMOJb30BaHAS JHHEHHOrO NpPOCMOTpPa MeToA0M
T'paxema.

Cuaenys no stomy myru, IlleAimoc {Shamos (1978)] paspaGoran
aaropuT™, KMOPHI’I I MHOXKecTBa U3 N Touek BBITIOJMIHACTCS TJI0-
Ganbio 3a BpeMss O(Nlog N) u, crenosarensHo, ontumanen. Ho
npH 3TOM Ha KOPpeKTHPOBKy Tparhtcs BpeMsi O(log? N). Uto6u
OnpeesuTh, HACKOMbKO 3TOT AJNTOPHTM COOTBETCTBYET TpeGOBaHHﬁM,
TNpeIbABISEMbIM K aJTOpUTMaM 1Jis OGPBGOTKH B peanbHOM Bpe-
MeHH, 3aMeTHM, 4YTO HHXXHHE OIEHKH, TIONyYeHHbIe JJIA 3aKPBITHIX
aNTOPUTMOB, B PaBHOM Mepe MPHMEHHMBl M K OTKPHITHIM aJTOpHT-
MaM. DTOT HaKT MOXKHO HCIOMB30BATH IS TOMYUEHHS HHKHUX Olle-
HOK BpeMeHH, KOTopoe OTKPHTHﬁ AJTOPHTM JIOJIXKCH TPaTHTh Ha 06-
paborky ouepennoit mopumn nammwix. Iyers T(N) — Bpems, nc-
TOb3yeMoe OTKDHITHIM afrOPHTMOM B XYIIEM cJyyae, Mpu pelie-
Hun 3anaun ¢ N aneMeHTaMu BBOXMMBIX AaHHBIX; U(i) — Bpems,
HCMoab3yeMoe Ha 06paGoTKy MeXay moctymiaenueM i-ro u (i + 1)-ro
sneMentos naunbix. Econ L(N) — HHXHSS OLeHKA BPeMeHH, 10cTa-
TOYHOrO /st peulenis 3a1aqyn, TO U3 COOTHOIIEHHS

T'(N)TNE‘ U@ =L(N) (3.9)

HaXONHM HHXKHIOW oleHky aas U(i).

HauleM cJyYae COBMECTHOE HCIOJb30BaHHE TeopeMbl 32w
cootnomennust (3.9) MPHBOAHT K caeAylomlefl TeopeMe, yCTaHABJH-
Balomel g 3271aHHOTO N HIDKHIOD OUEHKY /ISl KOHCTAHTBI 3a-
JIePIKKH_TOCTYNACHUS JAHHBIX, YIOMAHYTOH B (DOPMY/IHpOBKe 3a-
naun BO6.
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Teopema 3.10. JI1060ii OTKPbITOLUE AA20PUTM NOCTPOEHUS BOINYK-
206 060404Ku 8 xyOwem caywae oAsceH 3aTPAYUEATL HA 06PAGOT-
Ky Medcdy nocrynienuem nocaed08ATEAbHbLX IAEMEHTOS8 OaHHOLY
epens Q(log N).

TakuM 06pasoM, MOXKHO 3aK/IIOYHTb, YTO YMOMAHYTEI BhilIE aj-
FOPHTM He YIOBJIeTBOpPsieT TPeGOBAHUIO, MPENbSBISEMOMY K ajro-
pHTMaM peasibHoro Bpemens. Onmako Bnocnaeactsuu Ilpemapara
[Preparata (1979)] paspaGoran OTKPHITHIA aJrOPHTM C TOH Xe ca-
Moit II06a/IbHOM OLEHKOH BPEMEHHOH CJIOXKHOCTH, HO CO BpeMeHeM
koppekuun O(log N), uTO CONOCTAaBHMO C OLEHKOH BpeMeHH 3a-
ZePXKH TOCTYIJIEHHS, YCTaHOB/eHHOA B Teopeme 3.10. O6a atHx

Onoprve mouni
Puc. 3.14. Oropusie npaMie W3 TOUKH p; K BHIYKJOMY MHOFOYOABHHKY Ci-.

anropHTMa TECHO CBA3aHBl JAPYr C JAPYrOM, H Mbl OrpaHHUHMCS
UL 06CYIKICHHEM TTOCIEIHEr0 H3 HHX.

Kaou K co3gaHnio 3(PQeKTHBHOTO OTKPLITOTO aJrOpHTMa jaer
clenyioliee COOOpaKeHHe: eIHHCTBEHHOE, UTO HEOGXOAHMO, — 3TO
yMeTb GBICTPO CTPOMTH jiB€ OMOPHLIE MPSAMBIC K BBIIYKJIOMY MHOTO-
YTOJbHUKY, MPOXOASIIHE Yepe3 HeKOTOPYIo TOuKy (cM. pasi. 3.3. 5)
B uacTHOCTH, ecan TOYKH 06paGaThBAalOTCS B NOPAIKE Py, P, -
pi — TeKyuias Touka, T0 0603HaynM uepes Ci-i BHINYKIYIO oéonou-
Ky MHOKecTBa {p1, P2, ..., Pi-1}. Heo6X0nHMO NOCTPOUTH U3 TOUKH
p; onopubie npsiMble K Ci—y, €C/TH OHH CYIIECTBYIOT (T.e. ecin Tou-
Ka p; spasercss remtedl s Civ). Takux mpsMbix we cymecrsyer
TOrJa W TOJABKO TOTAA, KOrAa TOYKAa p; ABJSETCH BHYTPeHHed s
Ci_1. B nocsennem ciydae TOYKa p; MPOCTO yAansercd. B mepsom
cayyae JOMKHA OBITh y/aJeHa COOTBETCTBYIOINAs LeNouka BepLIMH,
3aKMIOYEHHAs MEXIy IBYMs ONMOPHBIMM TOUKAMH, M BMECTO HHX
JIOMXKHA OBITb BCTaBJIeHa TOYKA pi. DTa CHTYallHs NoKasama Ha
puc. 3.14. last yno6erBa Mul GyfeM HasbiBaTb OMOPHYIO NMPSMYIO
/€800 WM NpPasofi B COOTBETCTBMH C TeM, MO KAKYI CTOPOHY OHA
HAXOJHTCH, €C/IH CMOTPETh W3 TOUKH p; Ha Ci-1.

PaccMOTPHM IOCTPOGHHE OMOPHEIX NMPSAMBIX 13 HEKOTOPOil TOU-
ki p K BemykaoMy Muoroyroabhuky C. (CTpykTypa AaHHBIX AAst
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npejacrasienust Bepwnn C noka He ompeseneHa. Mui BhiGepem ee
mocsie TOro, Kak OmpefesuM, KaKHe omepalHH ¢ Hell GyIyT MpoBoO-
authes.) B nocienyioueM o6cyXaeHHH BaXHYIO PoJb GyleT HrpaTh
KJlaCCHq]HKallPIH BePIIHH MHOTrOYroJIbHHKa c N0 OTHOUIEHHIO K OT-
PesKy pu, COejiHHsIOIIEMY BepLIMHY U ¢ TOuko# p. Bepiunna v na-
3biBaeTcst 802HYTOl (cye0Bao Gbl 106aBHTh <O OTHOIIEHHIO K OT-
pesKy pu», HO OOBLIYHO 3TO YTOUHeHHe OyJeT ONyCKAThest), eCoH

() Boerymas (b) Onoprs

(¢) Bamywnas

Puc. 3.15. KiaccupKauus BEpWIMHE U MHOTOYroAbHHKa C OTHOCHTEMBHO OT-
peska po. (CTpe/KH yKa3WBAIOT HanpaBieHne 06XoMia IpH MOHCKE JICBOf ONOPHOH
TPAMOH.)

OTpe3ok pU MepecekaeT BHYTPEHHOCTh MHoroyronbhuka C. Hmnaue,
ecili ABE CMEXHBIE C U BEPUIMHBI JIEKAT 1O OJ(HY CTOPOHY OT Npsi-
MO#, NpPOXOAsillel Yepe3 TOYKH p H U, BepIIHHA U Ha3BIBaeTcs
onoproil. B ocraBluemMcsi ciiyyae v Ha3bBAeTCA G6iNYKAOL BepLIH-
HOii. MBI OCTaBJsieM UHTATENO B KauecTBe YNPaXKHeHHs IOKa3aTh,
YTO BepIIHHA U MOXKeT OHTh KJacCHOHIHPOBAHA 3a MOCTOSHHOE
BpeMsl.

Eciu v — OnopHas BeplIHHA, TO HAa 3TOM pellieHHe 3ajauH 3a-
Bepuiaercs. TIPeANONOKHM, YTO HILETCA JeBas ONOPHAs MpAMas.
Ecsiu TOuKa U He SABJAETCH OMOPHOM, TO HEOGXOAMMO Warath (W
elle Jydlle NphIrath!) Mo BepUIHHAM MHOTOyrosbHika C MpOTHB
HIH TI0 4acoBOH CTPe/Ke B 3aBHCHMOCTH OT TOro, ABASCTCS JiH U
BOPHYTON WJH BbyKno# BepuruHo#t (puc. 3.15). Takum crnocoGom
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MOXHO ONPEAGJHTh ABE ONOPHbIC TOUKH (ECHH OHH CYILLECTBYIOT).
Ecan 310 cenano, HEOGXOAHMO HMeTh BO3MOXKHOCTb yAAMHTb H3
LUKIHIECKOH [0CJHe10BaTeNbHOCTH BEPILIIH MHOrOyroibhika C ue-
TOUKY BepLIMH (BO3MOXKHO,
NyCTYIO) H BCTaBHTb B 06-
pasoBaBuuiics paspeiB
TOYKY p.

Tenepb cTano sicHo, Ka-
KO# Jl0JuKHA OBITH CTPYK-
TYpa JAHHBIX AJS OTKPbi-
Toro aaroputma. Heo6xo-
JMMO HMETh BO3MOMKHOCTh
S((EKTHBIO  BLINOJHATH
ciaeayiollHe onepanmi:

1. TIOUCK B ynops-
JIOYEHHOH  10C/Ie/10BaTe b=
HOCTH 3JIEMEHTOB (KOJblie-
BOTO CIHCKAa BepuiHH 060-
JIOUKH) IS OTpejeNenus
OMOPHBIX NPSAMBIX H3 TOU-

Pi

II. PACUEIIJIEHHUE
NI0CJIE/I0BATEABHOCTH — HA
JB€ TOCJeJ0BATENBHOCTH U
CUEIIJIEHME aByx mo-
cl1e10BaTeIbHOCTeH;

I11. BCTABKA oanoro
sneMenta (TeKylleii TOY-
KH pi).

CTpyKTypa /AaHHBIX, B
MOJIHOM Mepe YJ0BJIETBOPS-
ioulas MepeyHcIeHHbIM Tpe-
Pitc. 3.16. BoceMb BOIMOKHMX CAY4ach B 3a- GobaraM, X0poio  Hase-

BHCHMOCTH OT KiaccuduKkawun pepwmn m, M~ CTHA H "335‘339“‘3 cyen-
H yraa o. asemod owepedsio'). Ona

peajiu3yercst ¢ NOMOIUBIO
c6anaﬂcnposaﬂuoro 110 BBICOTE AepeBa NOHCKA, U NPH 3TOM Kazxjaas
H3 YKa3aHHLIX BhIllle onepauuﬁ MOKeT GbIThb BBHIOJHEHA 3a Bpemst
O (logi) B Xyamem cayyae, rie { — YHCIO y3JoB AepeBa. EcrecTen-
HO, KOJIblleBasi NOC/E10BATENBHOCTD BepIUIHH NpeACTaB/AeTcsa B 370l
JAPEBOBHAHON CTPYKTYype AaHHBIX (Ha3biBaeMON aajiee T) LeNOUKOI,
H NpH 3TOM ﬂepBHﬂ u nocnemmﬁ 3JIeMEHTBl CUHTAIOTCA CMEXKHBIMIT.

!) Cm. pasa. 1.2.3, a rakxe [Aho, Hopcroft, Ullman (1974)] u [Reingold,
Nievergelt, Deo (1977)], rme s1oT BOmpoc paccMoTpen 6ofee TOAPOGHO.
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B crpyktype T GyAyT BbiaeJeHbl jiBe BepIUIHHBL /12 — CaMblil JeBbIi
uieH uenouky n M — KOpHEBOH wuien uenouku. Kpome TOro, Mbl
Gyiem HCNOJb30BaTh yrost £ (mp:M), KoTopblii 0603HAUHM a. DTOT
YTOJ1 Ha3bIBACTCS BbLMYKAbLM, CCJIH OH MeHblle HJIH PaBeH 7, H 80-
2HYTOLA B IPOTHBHOM CJIyyae.

B 3aBncuMoctd oT Knaccupmkauuu Bepuun m u M (Bormyras,
ONOpHast WJIH BbIIYKJIAs) H yIMa o BO3MOXKHEI BCErO BOCEMHAANATh
cayuaes. OjHaKko Bee 3TH CIyYaH MOXKHO CBECTH K BOCHMH (MOKPHI-
BAIOWIM BCC BO3MOXKHOCTH), CBCAGHHHIM B TalJ. I i MoKasaHHBIM

TaGauya 1
Cayudait a m M

1 BhTYK AL BoriyTan Borayras
2 BRIy BorHyTan HeBoTHyTas
3 BBUIYK AR nesornyTas BEnyKIas
4 BHnyKbI HeBornyTan HeBblnyKAaR
5 BOTRYTHI BhlTyKAasn BHIYKIAT
6 BOTHYTHL BunyKan HeBHIyKAas
7 BorRyTHll ResRnyKIan BorkyTas
8 BormyTHii HeBLNyK1an ReBornyTas

Ha puc. 3.16. Juarpammbl Ha pHc. 3.16 paciuindpoBEIBaloTCH Ciie-
JIYIOIIHM 00Pa3oM: OKPYKHOCT, Ha KOTODOH Jexar TOukd M u m,
0603HaYaeT MHOTOYTONIbHHK P; yNopsAfoYeHHas N0C/Ie0BATeIbHOCTD
BCPUIHH HayHHaeTCs B TOYKe M H pacnoJiaraeTcsi M0 OKPYXKHOCTH
B NOpsiiKe NPOTHB wacoBoi crpeaku; L(M) u R(M) — sto mocie-
/10BaTeJIbHOCTH BepILHH, XpaHHMBIe B JIEBOM H NPaBOM MOJJepeBbAX
KOpHA JepeBa

Kaxwiii 13 npencrabiesubix Ha puc. 3.16 ciyuaes TpeGyer pas-
4ol 06paboTKH /s OMpele/IeHHsi JIeBOH ¥ NPAaBOA OMOPHBIX
TOYEK, 0603HaYaeMbIX COOTBETCTBEHHO lur.

Paccmorpum cnavana cayvam 2, 4, 6 n 8. Jlas aTHX cayuaes
H3BECTHO, YTO [ M 7 CYWIECTBYIOT (TaK KakK p He MOXeT GHITh BHY-
TPeHHeli TOUKOA MHOTOYFOIbHHKA) H HX CJIeJyeT HCKaTh B PA3yiHy-
HBIX TONJEpPeBbSIX KOPHS JepeBa T (OILHO H3 3TUX MNOJJepeBbeB
pacumpsiercs, 4ToGH BKJIIOYATb caM KopeHb). TakuM oGpasoM, mo-
HCK | M r JO/KeH IPOXOAMTH OAWHaKoBo. Hampumep, cienyiouas
npouesypa OocyliecTBJsSET OHCK BEPIIHHBI L

function JIEBBIM-ITOUCK(T)
Input: nepeso T, omuchiBaiomee NMOCJENOBAaTEAbHOCTh BEPIUHH
Output: Bepmuna [
1. begin ¢:=KOPEHb(T);
2. if (pc — onopuas npamas) then [:=c
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3. else begin if (c — suinyk/asi Bepunua) then
T:=JIJJEPEBO(c) else T:=TIJIEPEBO(c)
4. JIEBBIM-TIOUCK(T)
end;
5. return /

end.

Ouesuano, uto pynxkuus JIEBBIVI-TIOUCK npoxoaut no nepe-
By T HEKOTOpHIil MyTb, 3aTpaunBasg B KaXJOM y3Jje OrpaHHuUeHHOe
BpeMst Ha KJIacCH(HKALKIO COOTBETCTBYIOmIeH y3ay BepwHHEL To

K€ caMoe HMeeT MeCcTo H s

Pacuemimnt Pacuenune ¢yukuun  [TPABBIFI-TTOMCK.
Tenepp paccMOTPHM cayyaH

AN I, 3,5 u 7. B Ka)/10M M3 3THX
cayuaes o6e BepuIHHbl [ H r cae-

AyeT HCKaThb B OJHOM H TOM
3Ke TNojjepeBe KOPHS, eClH OHH
TONbKO ~CYyUIeCTBYIOT (cuaeayer
OTMETHTb, 4YTO B cayyasx 1 u 7
TOUKA p MOMKET GbiTh BHYTpeH-
Heit Toukoit P). Takum obpa-
30M, B Ka)X/OM CJIyyae mpoueay-
I i pa TOHCKAa DEKYPCHBHO BBI3bi-

U Yoanume T

Pacyenums  Pacuemams

Baer ce6s AJIs TIOMCKA B nojaje-
peBe Tekyllero aepesa') (BbIGH-
paercs moajaepeBo, COOTBETCTBY-
olliee T0C/Ie0BaTENbHOCTH, 06-

yoamums T L yogmums

Puc. 3.17. [lnsn ynanewns TOueK, OKa-
3aBIIKXCA BHYTPH BBINYKJAOH 06004~
KH, Tpe6yeTcsl BHNOJHHTL Pa3IHUHblE
DeHCTBHS B 3aBHCHMOCTH OT OTHOCH-
TENBHOrO MOMI0XKeHHS BepuIHH [ W 1.

BeleHHOH Ha puc. 3.16 mTpHXO-
BOWH JIMHHelH) 10 Tex mop, moka
He BCTPETHTCHA OJHH W3 CJyyaeB
2, 4, 6 mu 8. B aTom mecre uHH-

LHHPYeTCS PasiebHBI MOHCK
¢ nomowpbo ¢ynkuuit JIEBBIH-
TIOUCK u TIPABBIVI-TIOMCK. Ecan B npouecce moncka 6yser
JOCTHTHYT JIHCT epeBa T u IDH TOM He HMeJ MeCTO HH OHH H3
ciyyaes 2, 4, 6 uan 8, TO TOYKa p ABJAKETCA BHYTPEHHeM JUIs MHO-
royroibHaKa. B sakimiouenne oTMeTHM, 4TO B caMoM oGuieM ciydae
MOXHO HarVIfHO NMPEACTAaBHTb IPOUECC NMOMCKA OMOPHBIX MPSIMBIX,
TPOC/IEXHBAST HAYAJbHBIN yUacTOK NMyTH H3 Kopus T jo y3aa c, B
KOTODOM NPOHCXOAHT pa3BeTBjeHHe MYTH HA 1Ba. YUHTHBAs, YTO

') st Toro uTo6u Kamjoe PeKypcHBHOe OOpalueHHe BHTOJHANOCH 32
Bpems O(1), 4TO6H mu M BUTH  JIETKO
noctymusl. das M, sBAsioluerocs KopHem lepeBa, 5TO He COCTABJSiET MPOGAeMHL.
OfHaKo S7eMeHT m B NpaBoM NojiepeBe GYAeT ROCTHAHM H3 TeKYIIEro KOPHS,
@CH <NPOWHTH» JlepeBo, T. e. BBeCTH ykasateab CJIEJIVIOILHH, ceasusaio-
KA BemHHY U O CAeAylolleli 3a Hefi BEpUWHHOA Uiy Ha TPaHHIe MHOrO-
YrOMbHHKA,
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nepeo T c6anaHCHPOBAHO H COAEPXKHT He Gosee i << N Bepunu, a
Ha 06paGoTKy B KaX/OM y3Je TpeGyeTcst orpaHHuEHHOe BpPeMs, IO~
JlyuaeMm Juis BpeMeHH rnoucka ouenky O (log i).

Uro6bl 3aBepIUIMTH ONHCAHHE, PACCMOTPHM IPOLEAYDY NepecTpoii-
Ki MHOTOyrosibHHKa Ci_i, BBIOJHAEMYIO, €C/IH TOUKA p; SBASETCS
BHelHel Ana Hero. Bepuuuet Mexay [ u r 10MKHBL GHTbH YAaJeHb,
a p; J0MmKHa GBITh BCTaBJieHa Ha WX MecTo. B 3aBhcuMoctH oT TOTO,
npejiecTByeT BepliuHa [ BepuniHe r B epeBe T HJH HeT, Tpebyet-
csi BBITOJIHHTL HEMHOrO pasJiHuHble jefictBust (puc. 3.17). B nepsom
cayyae HEOGXOAMMO JABAX/bl BLIMOJHAT ONEPAUHIO PACUENIEHHS H
OJlMH Pas CLeMJIeHHs; BO BTOPOM CJydYae TOJNbKO ABAaKIbl BBIIOJ-
HSETCS ONepalHsi pacuenyeHus.

Kak yxe ynomunasoch panee, o6e onepauun PACILEIUTD u
CLEINHUTD shnoansiiorcst 3a Bpemsi O(logi). B pesyabrate, yun-
THIBaf, YTO KOPPEKIHS BBINYK/IOH 0GOJIOUKH MOXET OBITh BBINOJIHE-
na 3a Bpems O(log i), nMeeM cleayiOLIyIO TeOpeMy:

Teopema 3.11. Boinykaas oboaouka muodkecréa u3 N Towex na
naockocTu moxceT OoiTo Haildena ¢ NOMOWbIO OTKPLITO20 AN2OPUT-
ma 3a epens O(Nlog N) co spemenenm xoppexyuu 6(log N), 7.e.
modwer 6biTh NOCTpoexa 6 pearbHOM BpPeMeHU.

3.3.7. 0606 noAepKKa
BLINYKJOA 060109KH

OnucaHubI B MpPeIbLIyINEM pasiesie METOA MOXKHO pac-
CMaTpuBaTh KaK MeTOX NOJJMEPXKKH CTPYKTYDhl TaHHBIX, ONHCHIBAIO-
et BBINYKITYIO OGOJIO'-IKY MHOKeCTBa TOYeK B cJydae, Korja jpony-
CKaercst UMb onepauus dobasaenus (BcraBku) Todek. IIpu sTOM
BIIOJIHE €CTECTBEHHO BO3HHKAer BOIDOC: MOXKHO JH paspaﬁo‘ra‘rb
CTPYKTYPY A@HHBIX, OPIraHH3YIONUIYI0 MHOXKECTBO TOYECK Ha MJIOCKOCTH
H ONHCHIBAIOILYIO HX TEKYUIyI0 BHMYKAYI0 0GOJIOYKY, B MPEArnoso-
JKEHHH, YTO J0MyCcKaloTca He ToNbkKo JdoGasaenue (BCTaBka), HO H
yoanenue Touek?

Kax MOKHO 6BLIO OXHAATb, HA 3TOT BOMPOC HET TpocToro oT-
Beta. B camom Jlenie, B TO BpeMsl Kak B OTKPHITOM ANTOpHTME To-
CTPOEHHsl BHIIYK/Of 060a0uKkH M3 pasf. 3.3.6 ToukH, npo KoTopbie
CTAHOBHTCA H3BECTHO, YTO OHH SBJSIOTCA BHYTDEHHUMH TOYKaMH
TeKyIlefi BLIIYK/IOA 0GOJOYKH, HABCEraa HCKJIUAIOTCH H3 PaccMo-
TPEHHSI, B 3TOA HOBOH CHTyallHH HeOGXOJIHMO C OJMHAKOBOM TINA-
TE@JILHOCTBIO OPraHH30BLIBATHL 6C€ TOYKH, CcolepxKalliecs Ha TeKy-
UIHA MOMEHT B MHOXECTBe, TaK KaK ylajeHUe HEKOTOPOH TOUKH
TeKylllefi BHIMYKJOA OGONOUKH MOKET NPUBECTH K TOMY, UTO He-
CKOJTbKO BHYTPEHHHX TOYeK CTAaHYT TPAHHYHBIMH TOYKaAMH HOBO#H
BEIYKOf 06070ukH _(puc. 3.18). dra 3ajaua paccMatpuBanach
Osepmapcom n Bau Jleiosenom. TTpupeseM GopMasibHYIO MOCTaHOB-
Ky 5Toit 3ajaun:
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3anava BO7 ([TONJEP)KKA OBOJIOUKH). 3aganbl H3Ha-
YaJbHO NyCTOE€ MHOXKECTBO Su NOCJe10BaTeJbHOCTh U3 N Touek

Tenygas
obanoure

Yoansemas moyrd

ToYRU, CIMaHOBAULULECS
EPRHUTHOIMUL

Puc. 3.18. TIpn yAaNeHHH TOUKH P3 TOUKH py M P CTAHOBATCA TPAHHYHEIMH TOY-
KaMit BEIYKAOH 0GOJIOUKH.

(P, P2, ..., Py), KaXkJas H3 KOTOPHX JMGO A06ABAAETCH K MHO-
KecTBY S, an60 yhausercss H3 Hero (pasyMmeercsl, TOUKa MOXeET
GBITh yaaseHa JULIL TIPH YCJOBHH, YTO OHA coxepxutcest B S). Tpe-
Gyercsi TOALEPXKHBATD BHIMYK-
21y 060JIOUKy MHOXKecTBa S.

Tenepb Mbl IPOHILTIOCTPHPYEM
OYeHb HHTEDECHOE PellieHHe STOi
3ajaud, npeoxentoe Osep-
mapcom 1 Bau Jleioserom [Over-
mars, van Leeuwen (1981)].

TIpexae BCEro Mbl HCHOJNB3Y-
eM ToT (aKT, uTO rpaHHia Bhi-
nyKJao# 060JOUKH TpeiCTaBIseT
06belHHEeHHe JBYX (BBITYKJIBIX)

: ! MOHOTOHHBIX JIOMaHBIX JHHHH
Puc. 3.19. B-oGomouka muomecrsa  (Uened). ITH Jomanie orpa-
ToUeK. HHYHBAIOT OGOJIOUKY CBEpXy H

CHH3Y W B COOTBETCTBHH C 3THM
HasbBaOTCs B-oGosoukoit u H-060s0uKoil MHOKecTBa Touek («B»
o6o3nauaer Bepxiolo, a «H» —HuKuiolo oGosouky). Hampumep,
B-o6osouka MHOXKECTBA TOYEK S MoJydyaercs Kak oOnluHasi BHITYK-
nas o6ojouka MHoxectBa SU {oos} (puc. 3.19), rae ooy Touka
IIOCKOCTH ¢ Koopauuatamu (0, —oo)!). TIoHsB, 4TO BHIMyKAast 060-
JIOYKa MHOXKECTBA S TPHBHAJILHO TOJyuYaeTcss B pesyabTaTe nepe-

1) Dro noHaTHEe yKe 0
DHAPLIO BapHAHTA AJTOPHTMa MOCTPOEHHS OGOJNOUKH METONOM fpsxema (eM.
pasi. 3.3
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ceucHust (cuenacuns) ero B-oGosouku u H-o6oa0uki, MOKHO orpa-
HUUHTL 06Cys/AeHHE BONPOCOM HOCTPOEHHS OLHOH H3 HHX, CKaeM
B-060/10uKH.

Her HHUEro y/HBHTE/JBHOTO B TOM, YTO KaK OTKPHITHIH aJrOpHTM
HOCTPOeHUs BEINYKJOi 000J0YKH, paccMoTpenHoil B pasa. 3.3.6, Tak
H HACTOSILHII NMOJHOCTBIO AMHAMHYECKHii METOJ HCMONb3YIT B Ka-
ueCTRE CTPYKTYP AaHHBIX JepeBbsi. OjiHako B npejcTaBieHHax 000-
JIOYKH B STHX ABYX [0AXOJaX HMeeTcsl CyLIeCTBEHHOe pasjuuue.
[pu nepBoM MOAXOAE KaXblii y3es jepeBa NPEICTaBisieT HEeKOTO-
PyI0 TOUKY MHOXecTBa, [Ipu BTOPOM NOAXOAE TOJIBKO JIHCThSl JepeBa
UCHOAB3YIOTCS AJst NPEACTABJEHHs TOYEK, a KaMmAbli BHYTPEeHHHMI
y3en npeicrasisier B-060JI0uKY TOYEK, COOTBETCTBYIOUIHX €ro Jii-
CTBSM.

CooTBeTCTBYIOlLAsl CTPYKTYpa JAaHHBIX I OpraHu3oBaHa ciieiyio-
wum o6pasom. Ee i siBIseTcs c6a no BHICOTE
JIBOMUHOE [JepeBo MNoHcka I (¢ HEKOTOPOH 1Ipe/0CTOPOKHOCTHIO
BMECTO Hero MOXHO Gbu10 OBl HCIOIb30BaTh 2-3-Aepeso {Aho, Hop-
croft, Ulman (1974), (c. 169 pycckoro uafanusi)]), JHCTbsi KOTO-
DOTO HCHOJb3YIOTCA AJIS XPAHEHH: TOUEK TeKylero MHoxectsa. [1po-
lie/lypa noncka GyjeT MPOM3BOJKHTLCA B COOTBETCTBHH CO 3HAUECHHEM
abcuucesl (X-KOOPAMHATHI) TOUEK, TaK YTO NPOXOXKIEHHe JHCThEB
/lepeBa cJeBa HanpaBo A4eT MHOXKECTBO TOYEK, YNOPsJA0YeHHOe NOo
X-KOOpAMHaTe. 3aMeTHM, YTO NOC/E/0BaTEeNbHOCTD ToueK B-o6osou-
Ku (ee Bepwiun) TaK¥Ke yNOPsiJ0UeHa MO BO3PACTAHHMIO aGCLHMCCH, H,
C/Ie0BATENbHO, OHA SIBASIETCS n0ONOCAe008ATEALHOCTbI0 T106allb-
HOJ TOC/Ie/I0BATEPHOCTH TOYEK, XPaHsIIeHCs B JINCThSIX Jepesa.

Mycrs v— ysen nepesa I. OGosmaunm uepes JICBIH{u] u
[ICbIH{v] ero JeBoro  NpaBoro NOTOMKOB COOTBETCTBEHHO. Mbl
XOTHM HAyYHTbCS CTPOHTb B-060JIOUKY TOYeK, XpaHSUUXCA B JH-
CTbAIX NMOjAEpeBa ¢ KOPHeM B yaie U. Tak Kak JUIs 3TOrO Hajo 6y-
ZeT BBUIOJHATH CleNJeHHe H paclueluieHHe ieMefl BepIIMH, TO M
npejnosaraeM, uTO KaxJas Takas Lenb NPeACTaBJleHa B BHIE
clienusieMoii ovepean (cM. pasi. 3.3.6). OGosmauum uepes U(v)
B-060/104Ky MHOXKeCTBa TOYeK, XPaHANHXCA B JHCTbAX NOJJepeBa
¢ xopreM B 0. CJeyst NPHHUHIY HHAYKUHH, NPEAIIOJOKHM Tenepb,
uro yxke nmeiores U(JICBIH [v]) u U(TICBIH [0]), 1. e. B-06onouks,
CBsI3AHHbIE C IOTOMKaMH y3Ja 0. Kakum 06pasoM MOXHO MOCTPOHTH
U(v)? Bsrasuute na puc. 3.20. Bce, 4To HeoGXOAMMO CAeNaTh, —
3TO OMpPeJeNHTh ABE OMOPHbIE TOYKH Pi H Py EAHHCTBEHHOTrO 0OLIEro
ONOPHOTO OTpe3Ka AJs ABYX 06ojouek. 3jech Ham HeoOXoaHma
dynkuns COEIUHMTD (U, Uy), nossoasiolias HaiTH ONOPHBI
otpe3ok s aByx B-oGonouek U; m U, ®ynkuust COELUHHUTD
no3soasier s¢pdextHBHO pacueniate Uy Ha [Be LelH, COCTaBJIAL-
wye ynopsinouennyio napy (Un, Up) (puc. 3.20), n anajsornyHbiM
o6pazom Us — na napy ueneit (Usi, Us). Ilpn 3TOM BhmosHsieTcs
citenyionlee yesnoBHe: onopHast Touka py & U, sxoaur B coctas Uiy,
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a TouKa py & Uy BXomuT B coctas Uz (1.e. B 06oHX cayuasx omop-
Hasg TOYKa HPHHAMJIENKHT «BHEIIHeH» noz\uenn). Ha 3TOM 3Tane,
cuenus Un u Us,, monyuaem nckomyio B-o6onouxy U; U Us. Ecre-
CTBEHHO, 4TOGH KaX[Ibl#l y3en v aepeBa T yKaswBan Ha Clelisie-
Mylo odepeis, NpeAcTaBasiomyio Ty uacte U(v), KoTopas He mpu-
Hagnexur U(OTEL[v]).

TIpeanosIoxuM, 4TO MLl XOTHM BHIIONHHTH OGPATHYIO OMEPAIHIO,
7. e, umest U(v), noayuurs U (JICBIH{v]) u U(TICBIH{v]). Bee, uro
TpeGyercs B 3TOM caydyae, TaK 3TO 3HATh pe6po pipg, coemUHsIOLIEE
ONODHBIE TOYKH, T.€. OXHO Lenoe uHcao J{u], ykaskiBaowmee moso-
¥KeHue TOYKH p; B uenn sepuun U(v). HMes sty nndopmauuio,

Pre. 3.20. [las noctpoenns B-06070ukn 06beaHHeHHs 0600UCK U, 1 U, Heo6-
XOAHMO NOCTPOUTL OGIIKil ONOPHHII OTPE3OK (MOCT) pips.

MoxHo pacuenuts U(v) Ha memn Uy n Us, KoTOpHE B CBOIO Oue-
petb MOryT GhITh CUENJIEHb C LeNsMH, XpaHsmumucs B JICBIH[v]
u TICbIH[v] coorsercrsenno. B sakimouenue cTpykrypa aaHHbx T
JONOJIHACTCS CJEAYIOUIHMH a‘rpuéy‘ramu, CBSI3BIBAEMBIMH € KaXJbIM
ysnoMm v nepepa T:

1. ykasatens Ha cuenaseMylo ouepeis Q[u], cogepiantyio wacts
U(v), e sxomsmyio B U(OTELI[v]) (ecom v sBasieTcss KopHeM, 10
Qo) = U(v));

2. uennM umcsoM J{u], ykassiBalomuM nonoxenne (HHAEKC) Je-
BOIi onopHo# Toukn B U(v).

OTa MHTePeCHasi CTPYKTypa A@HHHIX HCIIOIB3YeT MaMAThb 06b-
eMom qumb O(N), rie N — pasMep TeKyllero MHOXKeCTBa TOUeK.
B caMom jeite, aepeso T, siBasiomteecs: OCHOBOH CTPYKTYPH JaHHBIX,
nmeer N sicrbes n N — 1 yaioB Ha Gostee BEICOKHX YDOBHSIX, B TO
BpeMsl KaK MHOX€CTBAa TOYEK, XPaHHMBIE B CLEMJIseMbIX ouepeasx,
npeacTaBasoOT pa36uenne MHOZKecTBa BCeX TOYEeK.

leHTHBaﬂ, YTO ONMepauHH pacuenJieHHss U CUeNJIeHHs clense-
MbIX ouepejiell SIBJISIOTCS CTaHAAPTHBIMH, Hallle BHHMaHHe GyleT co-
CPeAOTOUeHO Ha omepauuH, BunoaHseMoit pynkuueii COEJHHUTD,
a1 kotopoii OsepMapc u Ban Jletopen [Overmars, van Leeuwen
(1981)] mpeanioxnan crenylomee pelenne:
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Jlemma 3.1. Coedunenue 08yx paszdesumoix 8binykablx yened,
codepmawyux 6 cymme N TOdex, momer GoiTo 66IM0AHEHO 3a
O (log N) wazos.

Hokasareascreo. Tlycts nanbt ae B-oGosmoukn U; u Up u nBe
sepuiinbl §1 & Uy 1 go & Up. Kaxas 13 9THX ABYX BEPIIHH MOXeT
GbiTh JIErko KaacCH(HUUPOBAHA N0 OTHOLIEHHIO K OTPE3KY ¢4z Kak
BHINK/asi, OOPHAsi MK Boruyras (cM. pasi. 3.3.6, rie mano 06b-
ACHeHHe 3THX TePMHHOB). B 3aBHCHMOCTH OT 3Tol KaaccHpuKauuu

a9
9z Boerymas  Onopras Beimyacist

—[af A

(cm. (b))

AN AN

pewenue yaideno

== nftnflnf)
(@)

Puc. 321, (a) Bce BO3MOKHME CAyuaH, BOSHHKAIOWE NMpW BHGOPE HEKOTOPOK
pepunbl B U, M HekoTopoit Bepuiiub B Up; (b) mamocTpaiumsi cayuas (Boruy-
Tas, BorHyTas).

()

BO3MOXHBI  JIeBAATb  CJy4aeB, CXeMaTHYeCKH TIOKa3aHHbBIX Ha
prc. 3.21(a). IMunooGpasHoii AHHKel HA PUCYHKE O0O3HAYEHBI NOA-
1leNH, KOTOphle MOXKHO He paccMaTpuBaTh B nanbﬂeﬁmem, TaK Kak
OHH HE COJep¥KaTr OMOPHBIX Touek. Bee npeacTaBJeHHbIE CaYyYaH 1o-
HSITHBL 6e3 JOMOJIHHTENbHBIX OGBACHEHHH, 32 HCKIIOYEHHEM cayuas
(41, g2) = (Boruyrasi, BOrHyTas), KOTOpHIii Gojiee NETalbHO Ipei-
crasnen Ha puc. 3.21(b). Ilycrb npsmas [ npoXoaut uepes qi
ee npasoro cocena Ha Up. AHanoruyHo npsmas l; MPOXOAHT depes
g2 ¥ ee JeBoro cocena Ha Up. OGo3HaunM uepes p TOUKY nepeceue-
uust npaMex Iy u l,. Hanomunm, uro no npeanonoxenuio Uy n Us
pas/ienuMbl BepTHKAJIbHOH npsMoii [. IIpeinonoxuM jis Hauaia,
YTO TOYKAa p HAXOJAMTCHA clpaBa oOT ﬂpilMOl‘:i . Jlerxo Bl/lﬂeTb,“‘lTO
OTOpHAst TOYKA Pi MOXKET IIPHHA/IEKATD JIHIIb 3aLITPHXOBAHHOH HA



156 Ta. 8. Boinykasie 060104Ku: OCHOBRbIE AA20PUTMOEL

puc. 3.21(b) o6nacTh M UTO TOYKA & MMEET MEHBIIYIO OPAMHATY,
uem Touka 0. OTciona caeayet, uto JoGast BepliuHa ¢/, npuHaIe-
Kalllasi NPaBoil OTHOCHTENBHO ¢z MOALENH, ABJSETCH BOTHYTOH OT-
HOCHTENbHO OTpe3ka ¢’q”’, rie ¢ — nponsBosbHast Bepumna U,

03TOMY OUEBHJHO, YTO IeNb CIPaBa OT BepUIHHB G2 MOXHO He
paccMaTpHBaTh, HO WTO KAacaercs LeMH ceBa OT BEepUIHHBI ¢y, TO

Cmpyrmype danmsic T QU1 4,1,5,12),3

ALepeso
oda;m'ﬂru

Pic. 3.22. MHOXeCTBO ToveK a MJOCKOCTH i COOTBCTCTBYIOWAR GMY CTpYKTypa
AAHHBIX

AN Hee HeJb3s clenath 1ojo6Hoe yTBepxkaenne. Ecan touka nepe-
CeueHHs p HAXOAHTCS CJ1€BA OT pasjessioulel NpsMoi [, TO MOKHO
N0KA3aTh, 4TO LeNb CJIeBa OT BEPUIHEI ¢ MOKHO HE PaccMaTpHBATD.

Bo Bcex cayuasix yaansercs HeKOTOpas YacTh OAHON I ABYX
oGonouek. Ecan s10T mpouecc HauMHAaeTCs ¢ KOPHEBLIX BepUIHH
ofonx j1epesbes, mpeicrasasiomux U; u U, cooTsercrenio, To,
TAK KaK 5TH AepeBbsi SIBJAIOTCS COAMaHCHDOBAHHBIMH, BPEMs Bbi-
noanennst $pyuxuun COENUHUTB(U), Uy) coctasur O (log N),
rie N — 370, KaK 0GBIYHO, CyMMapHOE WHCJIO BEPUINH B ABYX 000-
JIOUKaX.

Huest pynkunio COEAMHUTD, moxno anatuanposats npouece
JUHAMHYECKOM NMOAMEPIKKH BLIMYKOH 060/0uKkN Ha maockoetd. Tu-
IHYHAA CHTYallust nokasana Ha puc. 3.22. Homepa rtouek coorser-
CTBYIOT TNOPSAAKY, B KOTOPOM OHH J0GaBJSIMCh K MHONKECTBY.
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B crpyktype sanubix T Kaxiblii JIHCT COOTBETCTBYET TOUKE, @ Kax-
JBE y3es, He SABJNAIOLIMFCS JUCTOM, COOTBETCTBYeT MOCTy (T.e.
OIMOPHOMY OTDe3KY, COeAuHsIomeMy aBe o6omoukn). Js Kaxjporo
TaKoro yaia ykaszana napa Q[v], J[v]. Jlerko nousrb, uTO CTPYKTYpa
JlaHHBIX ONMUCHIBAET HEKOTOPOE CBOGOAHOE JEPEBO HA TEKyIIeM MHO-
JKECTBE TOUEK, KOTOpoe HasbiBaeTess depesor 060404ku. Yuratemio

Bemagums pyy

Prc. 3.23. Berapka Toukn pio. [pn neraske satponyrsr yams: {(11, 4, 1, 13,

12), 3}, {(2), 2. {(@), 1}, {(5). 1}, {(10), 1}, {i3}.

CJIe/lyeT 3aTPATHTh HEMHOTO BPEeMEHH, UTOGH! MTOMHOCTHIO Pa3oGpaTh-
cs BO BCeX jleTalsisnx puc. 3.22.

Tpejno/sIoKHM Tenepp, YT0 Mbl XOTHM BCTaBHTb HOBYIO TOYKY p.
TTpoueaypa BeTaBKi L0J3KHA HE TOJAbKO 1aBaTh COAaJaHCHPOBAHHOE
no BbicoTe JepeBo T, HCMOMb3ysl /IS 3TOT0 O6LIYHLl MeTo1 GanaH-
cuposki [Reingold, Nievergelt, Deo (1977)], no u jaenats Bce He-
00XOJHMOe ISl TOFO, YTOOBI Gblja 1OJHash yBEPEHHOCTL B TOM, YTO
cuensiseMas oyepe/ib, CBA3AHHAA C Kazk/10H BEPUIHHOI, HO-IpeKie-
My YIOBIETBOpPAET TPeGOBAHHAM, YKA3aHHHIM B  ONpE/IeeHHI
CTPYKTYpHl AanHbX T. TTpeAmooxuM AJIst IPOCTOTHI, UTO GasaHCH-
poBka He TpeGyeTcs (Bce JeficTBHs 1O GasJaHCHPOBKe IPOCTO yBe-
JIHYHBAIOT He HMEIOUIHM 3HAYeHHs CIIOCOGOM HHCIO Y3JIOB, MOAJe-
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Kalpux 06paboTKe, He NPHBOAS K KAKHM-IHGO MPHHIHIHANBHBIM
ornunsam). TlosroMy Gyaem cumrTaTh, 4TO TOUKA pis 10GaBJISETCH
K ‘MHOXECTBY TOYEK, [Ipe/ICTaBJeHHOMY Ha pHC. 3.22, KaK 3To moka-
3ano Ha puc. 3.23. Ha sroM pucyHKe NoKasaHo Takxe COCTOsIHHE
CTPYKTYPBl AaHHBIX T nOCJe BCTaBKH TOYKH pi3. 3aMETHM, uTO pis
OJIHO3HAUHO ONpeJeNsieT NyTh H3 KOPHS AepeBa T K JIHCTY, B KOTO-
pHiil JoMKHA GWITh BCTaBJeHa pi3. JIBHrasch 1o 5TOMy NyTH M3
KODHSI, B KaXX/10M Y3Jle, HaXOAAIIEMCs Ha 3TOM IyTH, Mbl coGHpaeM
B-060/10uKy, OTHOCAWYIOCS K 3TOMY yaJy, H 3aTeM, HCMOAb3Ys Na-
pamerp J [v], pasbupaem ee Ha yacTH, 4TOGHI NepeaaTh ABYM MOTOM-
KaM 3TOro ya/a COOTBeTCTBylouiHe uM yacTu. [efictBys Takum crno-
cobom, GyaeM HMeTb B KaKIOM yale u, sBAAIOWEMCS GPaToM of-
HOrO M3 Y3JIOB Ha 3TOM MYTH, NOMHOe npeActaBienne U(u) B BHie
cuennsieMofi ouepenn Ufu]. Bosee dopmanbho takolt cmyck mo je-
PeBy C Leiblo BCTABKH TOYKH p OCYIIECTBAsETCs NyTeM BH30Ba
npouexyast CITYCK (kopens(T), p). CIIYCK(v, p) — 310 pekyp-
CHBHasl npoueiypa, Hcmoaesylomas ¢ynkuuu PACLIETIUTB u
CLETIMTD, o6cyx, pauee. ITp 3TO 1po-
Lexyphi:

procedure CITYCK(v, p)
begin if(v 5% sucr) then
begin(Q,, Qg) :=PACLEIHTb(U[v]; J[v])
U[JICbIH][v]] := CUEIMHTb(Q, ,Q[ICbIH[v]]);
UITICbIH[v]] := CUETIMTh(Q[TICBIH[v]],Qp);
if (x[p] < x[v]) then v:=JICbIH[v] else v:
TCBhIH[v];

CITYCK(v, p)

end
end.

37ech MBI BCTaBJseM HOBBIA JIHCT M HAUHHAEM JBHTaThCs 110
ToMy Ke caMoMy nyTH B T K KOpHIO AepeBa. [IpH nocTuKeHUn Kai-
JI0T0 y3na v, Jexallero Ha 3TOM MyTH, Y HAac HMeeTcss TMoJHas
B-o6ostouka, otHocsmasics K stoMy yainy. Kak yxe Gbi10 mokasano,
B yaJe U J0cTynHa Takxe B-oGosmouka Gpara ysaa v. Tak uto Te-
TMepb Mbl COEAMHSEM 3TH JBe OGOJOYKH, HCMOJb3ys sddexTHBHOE
pacuensenue B-oGostoukn Uv] Ha aBe uacTH Q; M Q, H COOTBeT-
crsertio U[BPAT[v]] Ha Qs u Q4. Yactn Q; n Q3 Z0MKHB coxpa-
HATBCS B yanax v u BPAT{v] cooTBeTcTBeHHO, B TO BpeMst KaK 4acThb
Qi nomxKHa GHTH Nep B ysel, siB, OTIOM Y3712 U, Tiie
OHa 6yZeT CUeJeHa ¢ AHAJNOTHYHON UacTbiO Q4 MOMYUEHHOH OT
Gpata yana v. TakiM 06pasoM Mbl MOMYuHH B-o6osIouKy yaua,
ABJAIOWETOCST OTUOM y371a U, M MOABEM K KOPHIO jepeBa MOXeT
6uiTh mpojtosken. Y BHOBB, ecaH roBOpHTH Goee (GOPMAIIBHO, MBI
HCTOMb3YeM CAeAYIONLYI0 MPOLeaypy:
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procedure TIOJ'BEM(v)

begin if(v = kopenb) then

begin(Q,,Q:,Q3,Qs, J) := COEJJMHUTDB(U[v],
U[BPAT[v]));

Q[/ICBIH[OTEL[v]]]

QIIIChIH[OTEL[v]

OTEL[0] Ll

] H
U[OTEL[o]]:= C I!:HI/lTi)(QhQJ:
JOTEL[v]] :=J;

TIObEM(OTEL [0} )

end;
else Q[v]:=U[v]
end.

PaccmaTpuBasi 9TH IPOUEAYDPHl C TOYKH 3PEHHS BPEMEHH HX BHI-
TOJIHEHHs, HANOMHHMM, 4TO Kaxfias M3 npoueayp PACLIEINIHUTD u
CLEIMTD Beinoausiercs 3a BpeMsi O (log k), rae k — pasmep oue-
pead 0 pacuemyieHHsi WiH nocie cuemnenus. Tak kak & < N, 1o
BHJIHO, 4TO BpeMs 0GpaGOTKH oAHOro yama B mpouexype CITYCK
cocrasisier O(log N). A rtak Kak ray6una jepesa T Takke paBHa
O(logN), to Bpems Bunonrenus npoueaypu CIIYCK pasno
O(log? N) B xyauem cay4ae. Uro kacaercs npoueayps I[IOJbEM,
T0, KaK MBI BHAEJIH paHee, BpeMst BhnoJHenus npoueaypst COEU-
HUTD rtakxke pasuo O(log N), u mostomy Ta e OLeEHKAa IpHMe-
HHMaA H B 3TOM CJy4ae. AHaJIOrHYHBIN aHAAU3 BpEMEHH BBINOJHEHHA
MOKHO HCIOJAb30BaTb H B CJydae yJaJIeHHs TOYKH H3 TEKYIIEero
MHOKECTBA, U Mbl OCTaBJ/IfieM €ro B KauecTBe yNpa*KHeHHs AJS YH-
rarens. Takum OGPHSOM, MOXKHO MOJABECTH HTOrM 3TOro pasjesna,
chopmyIHPOBAB CIEAYIOLLYIO TEOPeMY:

Teopema 3.12. Junamuueckas noddepocxa B-o6orouku u H-060-
n04Ku MHOMecT8a u3 N Touek Ha naocKocTu moscer GbiTo 86INOA-
HeRa ¢ BPEMEHHbIMU 3ATPATAMI HA ONepPayul 8CTABKY U Yyoarenus,
pasnoimu O (log? N) 6 xyduien caydae.

BaME‘I‘HM, YTO €CJIH MOJb30BAThCA 3THM METOAOM AJIsi MOCTpoe-
HHASA Blzll'lyKllOﬁ 060JI04KH MHOXKecTBa 13 N TOUeK B caydae, Koraa
J0NyCKAeTCss TOJBKO AOﬁaBJIeHHe TOYEK, TO MOJYYHM OIEHKY AN
Bpemenn BhimoaHenns O (N log? N), Gosee BLICOKYIO 10 CPaBHEHHIO
c O(Nlog N) nnst meHee «MOWIHOro» MeToaa. SIcHo, 4To 3TO sB-
JseTcst TIATOR 3a HCMOJIb3OBaHME MeTojla, GoJiee MOLIHOrO, ueM
Tpebyercst B KOHKpeTHOH 3ajaue.

3.4. Boinykiable 060/04KH B NMPOCTPaHCTBaX

paamepHocTH Goabuiel ABYyX

Teneph MHI FOTOBEl K TOMy, YTOGH PAcCCMOTpeTb 3aiady
TIOCTPOEHHS Bbll'lyKJlOl'a 060JIOUKH KOHEYHOT'O MHOXKECTBa TOYEK B
NPOCTPAHCTBAX PasMepHOCTH Goablilefi ABYX. Ml yXe BHAENH, 4TO
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"l‘;l(aﬁ 060/104Ka sBJAETCA BBINYKJIBIM TIOJIUTONOM. Mpl Takxe BH-
JIeJIH, 4TO NMOJHTOINLI B cay4ae 6OJIBLIOTO YHCJAA H3Mepeﬁ'ﬂﬁ yxe He
SBJSIOTCS TAKHMH NPOCTBIMH l‘eOMeTpH‘leCKHMH o06beKTaMHu, KaK HxX
ABYyMepHBIE aHaJory — BbIIyKJble MHDI‘O)’]‘OJ":HHKH, Ou.naxo Hano-
MHHM, 4YTO B TpexMepHOM npochchrae YUCJIO BEpPUIHH U, YUCO
peGep e W WHCIO rpaneii f rpaHHIBl 060MOUKH (MHOTOrpaHHOH MO~
BEPXHOCTH) CBAI3aHb POPMYJIOH Dinepa v—e+f =2

B cayuae NPOCTPAHCTB BBICOKOH Pa3MePHOCTH y06HO HCMOJb-
30BaTh CJeAyoUlHe TIOHSATUS. Byﬂem TOBOPHTD, YyTO TOYKA P HAXo-
JTeA nod raneprpanbio F mosurona P, ecau p NeXuT B OTKPBITOM

P alurie?
eunue F

aff (F)

© p, nazxodumes Huoke F
Prc. 3.24. MaocTpalus NOHATHA €MOA» H €Hal» B ABYMEPHOM cayuae.

NO/IyIPOCTPAHCTBE, ONPEAENTeMOM THIEPIIOCKOCTLIO aff(Fv) H co-
nepxauieM P. (lpyramu cJ10BaMH, aff (F) siBasiercs OMOPHO# rumep-
NIOCKOCTbIO K P, a p W P NpHHAAJIENKAT OLHOMY H TOMy XKe noiy-
POCTPAHCTBY, OTPaHAUHBAECMOMY STOH rumnepniockoctsio.) Touka p
naxofutcst Had F, ecin p JeXHT B OTKPHITOM TOJYNPOCTPAHCTBE,
onpenensemom aff (F) u He colepxaileM P. Puc. 3.24 HIUIIOCTPH-
pyer 3TH TIOHATHSA B ﬂByMepHOM caydae.

3.4.1. MeTop «3aBOpayHBaHHs NOAAPKA»

Kak ynommnanoch panee (pasi. 3.1.2), HeH3BECTHBI pa-
3yMHO 3(h(EKTHBHEE aNrOPHTME! NOCTPOEHHs BHIIYKJOH OBONOUKH
KOHEUHOTO MHOXeCTBa TOYeK, KOTOpHIE HE nopomna.rm 6Bl TTOJHOTO
omwcannst rpaHuub (rpady rpaneit) BHUIYKJIOH 0GOJIOYKH NOJNHTONA.
TosToMy B clyuae d-MepHOTO MPOCTPAHCTBA HEOBXOAMMO TIATEb-
O OPraHM30BHIBATb POLELYPY BHITHCACHHA rrneprpaHelt BHIYKJIOH
060JIOUKH, 9TOG B orpaﬂnqm‘b BO3MOXKHbIE JOINOJHATEbHBIE 3aTpa-
THI. BakHbplM 11aroM B 3TOM Hanpasnennu ABJAAETCS METOJ «3aBO-
p nonapka», npe Uangom n Kamypowm {Chand,
Kapur (1970)]. 9tor meron Obin 1POAHATH3UPOBAL Bosee ueM jle-
csituaetne cnycrs Bxarrauapes [Bhattacharya (1982)].
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OcHoBHAsi HJesi METOJa 3aK/MI0Yaercst B NMOC/EA0BATEJBHOM Ie-
pexojle OT OJHON THMepPrpaHH K CMeXkHOH ¢ Heil rumeprpasd IpH-
MepHO TaK, KaK 3TO NPOHCXOAHT NIPH 3aBOPAuUMBAHHH B JHCT Oy-
Mari 00beKTa, OrPaHHYEHHOTO IVIOCKHMH rpaHsMu, Ilpocteiimum
IpHMEPOM 3TOrO MOJXOfa sABAseTcst MeToa ob6xona [axapsuca, 06-
cyxaaBuiniics paHee (pasa. 3.3.3): B 3TOM cjayuyae marepuas, Hc-
noAb3yeMBlii AMsi 3aBOPAuHBaHHs, GOJIbIIE MOXOX Ha TECeMKY, YeM
na anct 6ymaru. Maes Merona Gosee ecTeCTBEHHO BOCMPHHHMaeTCs
B TPeXMEPHOM HPOCTPAHCTBE, H Mbl 4acTO GyleM 06paliaThcs HMeH-
HO K 9TOMy CJlydaio, uToGhl IpHBJEUb HHTYHIHIO unTatens. Oxnako
HEOOXOANMO NOAYEPKHYTh, YTO OGCYXk/eHHEe Ha MpHMepe TpexMep-
HOTO NPOCTPAHCTBA OOYC/OBJEHO MPHYHHAMH, CBA3AHHBIMH YHCTO
C NpeJCTAaBICHHEM MaTepHajia, H NPH 3TOM HHCKOJIbKO He OrpaHH-
uiBaeTCs OBWIHOCTh paccMaTpHBaeMoro nojxoxa. [locaenyoumee 06-
CyKeHHe OCHOBAHO HA NPENOJOXKEHHH O TOM, 4YTO Pe3yJbTHPYIO-
Wi TONTON ABASETCH cumnauyuansrom (cm. pasa. 3.1). Tlosxe
MBI IPOKOMMEHTHDYEM CHTYalHIO B 06lueM ciydae.

HanoMuuM, 4T0 /15 CHMILTHIHAJIbHOTO d-TIOJUTONA KaXKaas ero
runeprpanp, sipasiomasics (d — 1)-cHMIeKcoM, onpeefsercst B
TounocTH d BepuiiHamu. Kpome Toro, cupapejisuBa Teopema, Hemo-
CPEACTBEHHO CJeIyIolas H3 CKa3aHHOTO.

TeopeMa 3.13. B cumnauyuaishom noaiutone Hekoropas noo-
epanb aeaserca obuweil 6 TourocTu 0an 08yx eunepepanetl u dee
eunepepanu Fy u Fo umetror obuwyio nodzpane e 1020a U TOALKO
Toeda, kozda e onpedeasierca obujum nodmuoscecrsom us (d —1)
gepuiunbl 048 mHodNcecTa eepuun, onpedeasemvix Fy u Fy (6 aToM
cayuae F\ u Fy HA3b18QIOTCA CHENCHOLMU 1O €).

dra TeopeMa CJYKHT OCHOBOH JJIi PacCMAaTPHBAEMOrO METOAa,
KOTOPHIH HCMOMb3YeT HEKOTOPYIO MOArPaHb e yiKe MOCTPOeHHOI Iii-
neprpanu Fy uist NOCTPOeHHs CMeXKHOM ¢ Heil rHneprpanu Fa, HMero-
weft ¢ Fy obuiyio noArpakb e. B 3TOM cMbicsie NOArPaHH ABISIOTCA
OCHOBHBIMH T€OMETPHUYCCKHMH OGBEKTAMH PaccMaTpHBAEMOrO Me-
Toxa l).

Mycts S = {py, P2, ..., Px} — KOHEUHOE MHOXKeCTBO Touek B E¢
I MIPEANONOKNM, YTO M3BECTHA HEKOTOpas rumeprpanb F BHINYKJOf
o6omoukn CH(S) BMecte co BceMy cBOMMH nojarpansamu. Mexanusm
nepexoja ot runeprpanu F K cMexHoii ¢ Heil runeprpanu F’, nmero-
weit ¢ F o6uiyio MOArpalb e, 3aKjioYaeTcs B OMpeleeHHH CpeiH
BCEX ToWeK MHOXKecTBa S, He ABAAIUIMXCS Bepmmuamu F, Takoi
TOUKM p’, UTO BCe APYrHe TOUKH HAXOAATCS MOJ THMEPIIOCKOCTHIO
aff(e U p’). IlpyrumMu coBaMH, CPel BCeX THNEPIIOCKOCTeH, onpe-

1) B camom jene, THKa MeToaa P nojapka» Kak
“ODHEHTHPOBAHHOTO Ha peOpe» O3HauaeT B Hallefl TEPMHHOJOTHH «OPHEHTHPO-
BaRUH Ha NOATpaRH>.

& 3ax 1075
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JienfieMbIX e M HeKOTOpol Toukoit W3 S, He npuHainexaumein F,
HILeTCH THNEPIIOCKOCTb, 06pasyiolas «HauGoAbWHKi yroa» (B He-
kotopou cmuice) ¢ aff (F). Jas caysas d = 3 sta curyauus noka-
saHa Ha puc. 3.25(a). 3xech NPOCMATPHBACTCH COBOKYIHOCTH MOJY-
TIIOCKOCTeH, MMEIOIHX o6LLyI0 NPAMYIo, MPOXOAALIYI0 No pebpy e,
H CPefu HHX HIUETCs MOJYMJIOCKOCTb, 06pasyiomass HauGoMbLIHA
yron <<m (Bvinykxabul yeoa) ¢ IOJYMJIOCKOCTBIO, cofepxaieii F.
Ha puc. 3.25(a) ncKOMas MOJYMJIOCKOCTh COAEPIKHT TOUKY P

Puc. 3.95. (a) — BH6opa p pedpom ¢
W TOUKOH P H 0Opasyioliiell HaGOAbUIN BHTYKIHl YTOA C NOMYILIOCKOCTHIO,
conepxameit F; (b) — HAMOCTPaUKA BLIYHCICHHS KOTaHT€HCa yria.

CpaBHenHe YIJIOB NPOH3BOAMTCS uepe3 CpaBHEHHE KOTAHIEHCOB
31HX yri108. [Iycth n — eunuunas HopMans k F (B moaympocTpan-
crBe mox aff(F)), a a — eauHMUHBIA BEKTOP, OPTOTOHAJBHBI Kak
pebpy e, Tak M BeKTOPY N (TaKHM 06Pas3oM, OPHEHTALHS BEKTOPA a
=

aHAJIOTHYHA OpHeHTalnH Bekropa n X pop1). OGo3HAUHM uepe3 Ve
BEKTOP popr. KOTaHrenc yriaa, 0GpasoBaHHOTO THMEPIJIOCKOCTBIO,
conepxameii F, ¢ PHIEPIJIOCKOCTbIO, COfEPIKAIIEH e H pg, 3a1aeTCst
ornowennem |Upe|/|UV|, rae [Upe| = ve-a” u |UV| = vie-n’.
Takum 06GpasoM, IIsl KamAOH TOYUKH Pr, He NpHHaAMexauehr F,
BLIUHC/ISETCS 3HAYCHHE

08 —v,-alfv,-n” (3.10)
M BEIGHpAeTCs TAKOR Py, YTO
o= maxpy. (3.11)

B cayuae, xoraa pesynbTHPYIOWMH MOJHTON SIBJSETCH CHMILTHIH-
ANbHBIM, NOCTENHee YpaBHeHHe HMEET eIHHCTBEHHOE PelleHHe.
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TpejicTaBHB HArVIAAHBIM 0GPa3oM CHTYallMio B NMPHBEIYHOM AJst
HAac TPEXMEPHOM IPOCTPAHCTBE, JIECKO [OKA3aTh, YTO B NMPOCTPaH-
cTBe NPOU3BOJLHOM pasMepHocTH d coorHowrenus (3.10) u (3.11)
JaI0T pellleHye Hallel 3aJaud. BEHIYHCTHTENbHYIO CIOXKHOCTH 3TOM
[IPHMHTHBHOM ONEPAIHH MOXKHO JIErKO OLeHHTb. [Ipeanosioxkum, uro
BEKTOP N H3BecTeH (3TO ejMHHuHAas HopMaasn K aff(F)), u Gymem
cunTaTh, UTO NOATPAHb € ONPEAEJACTCH BEPUIHHAMH  {p], Py, .-

’
«.ws Pg_,}. CuenoBaTe bHO, BEKTOD @ OPTOrOHAJeH BEKTOPY n H

KaxjoMy u3 (d —2) BEKTOPOB pipj , M MOXer GHTb ONpeielen B
pesyabTaTe pellleHus cucreMb W3 (d — 2) ypasmenmi ¢ (d—1)
HEH3BECTHBIMH C IOC/IEAYIOIIHM HODMHDOBAHHEM Pe3yJ/bTaTa, YTOGH
MOJYYHTh BEKTOP EAWHWYHON MMHHBL. DTa NpoleLypa BKAOYaeT
0(d®) apudmerTHUECKHX P Hans Ber KakA0To P
Tpebyercss O(d) apudMeTHUECKHX oOnepaluii, a BHGOP p; Ocyle-
creasiercs: 3a O(Nd) onepauuit. Teneph MOXHO IOCTPOHTH €AHHHY-
HYI0 HOPMaJb K HOBOM rHmeprpann F’. 9Ta HOpMaib NPOMOPUHO-
HanbHa BeKTOPy —pia + n. Takum 06pasoM, MOMHAS CJOKHOCTb
npoueayphl Mepexoja OT runeprpanu F K cMexHof ¢ Heil runeprpa-
uu F’ (waz <3asopauusanus nodapxas) pasia O(d®) + O(Nd).
Tlonsie MexanH3M p «32BOP: noaap-
Ka», MOXKHO OIIHCAaTb OPraHW3alHIO BCErO ajJroOpHTMa B LesoM. AJ-
FOPHTM HAaYHHAeT CBOIO PabOTy C HEKOTOPOH HCXOJHOH THNeprpaHu
(1anee Mbl yBHIUM, KaK HalTH ee) M VIS KaxJOH ee MOArpaHH
CTPOHT CMEXHYIO HIeprpaib. 3aTeM OH TMEPeXOIHT K HOBOH THIep-
rpaHH M NPOXOJIKAET NMOAOOGHYI0 06pabOTKY 1O TeX Top, NoKa He
GyayT mocTpoeHsl Bee rumeprpany. s Kaxo#l BHOBb MOJydeHHOR
THIIEPrPAHA CTPOSITCS BCE €e NOATPaHH H MPH 3TOM MOIIepKHBAeT-
Csl CIIHCOK BCEX MOArpaHeli, ABJAAINIAXC KaHAHAATAMH HA HCIOJb-
30BaHHe Ha IlIare «3aBopaunBaHHsi mogapka». (OTMeTuM, uTO He-
KoTopas NOArpaHb e, obulas Ajsi rumeprpaneit F u F/, moxer pac-
CMaTpHBAaTLCA B KayecTBe TAKOro KaHIHJATa JHIIbL B Cyyae, KOTAa
aubo F, mu6o F’, Ho He 0Ge oaHOBpeMeHHO GBlIa MOCTPOEHA B MPO-
Hecce «3aBOpauyHBaHMsI MOJApKa».) YNOpPSLOUEHHBIH 0GXOX BCex
runeprpaneil Jydire BCEro OPraHH30BaTh, HCIOJbL3OBAB OOLIYHYIO
ouepenn runeprpanedi Q u gain I, cogepxauiui MOATPaHH.

procedure 3ABOPAUMBAHUE-TIONAPKA(p,, ..., py)
1 i @5 T =0

2. F := na#iTH HEKOTOPYIO HCXOJHYIO THIEPrpaHb
BHIIYKJIOH 0GOJIOUKH;

3. g <=nonrpaun runeprpanu F;

4. Q<F;

5.
[}
7

while(Q = @) do

begin F<=Q (+ BHIGpaTh NEPBHIH 3JCMEHT
H3 ouepenu *)

T :=noarpanu runeprpanu F;
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8. for each e<=T T do (+e siBasiercs
KaHIHIATOM AJs 1ara ”3aBopadydBaHus
nojxapka” x)

9. begin [’ := runeprpanb, cMexuas ¢ F no

e (+”3aBopayuBaHue Nofapka” =)

10. BCTaBHTb B 7 BCe moarpanu F7,

KOTOPHIX elle HeT B (daitie, u

YAAJMTb T€ H3 HHX, KOTOPBE TaM

YKe HMeTes;

= F

end;
12. BBIAATE F
end
end.

DTOT AJrOPHTM COJEPIKHT HECKOJNLKO OCHOBHBIX STANOB, peajH-
3aLHI0 KOTOPbIX HEOOXOAUMO Tenepb NPOAHATH3HPOBATL GoJee
noapoGHO:

Illaz 2: HafiTi HeKOTOPYI0 HCXOAHYIO THMEPrpaHb BHIIYKIOH 060-

JIOUKH.

Ulae 7: TlocTpouth NOArpany runeprpany F.

lllaz 8: TIpoBepHTb, ABASIETCS JIH NMOATPAHb € KaHAWAATOM HA HC-
NOJIb30BaHHKe B Nocaeayomed o6paGoTke.

Illaz 9 npeacraBaseT coGoit wlar «3aBopayHBaHHs noxapkar», 06-
CyXAaBLIMiicst paHee.

PaccMOTpHM Teneph KaXiyl W3 YKasaHHbIX onepammii W olle-
HHM HX CIOKHOCTb.

Illge 2. «HaiiTH HEKOTOPYI0 HCXOAHYIO DPHIEPrpalb BHIMYKJIOHK
o6osouku», Kifest cOCTONT B TOM, UTOGHL IyTeM IOC/e10BATENbHON
ANMPOKCHMAIHH TOJNYYHTh THIEPTJIOCKOCTD, COEPIKAlLyio Timep-
rpanb BLIMyKJ0H oBonouki. To ecTh nyTem mocTpoeHHs moc/ej10Ba-
TEJIBHOCTH M3 d ONOPHBIX THNEPMIOCKOCTEH my, My, ..., My, KAXKIAs
13 KOTOPEIX HMEeT C BBIIYKJIOi 060I0UKO Ha OJHY OBIIYyI0 BepuIH-
Hy Gosbllle, YeM Tpeiblayiias THIePNOCKOCTb. 10 cyTH, 3TOT Me-
TOJL ABJISIETCS BHIOM3MECHEHHEM MeXaHH3Ma «3aBOPauMBAHHS MOAAP-
Ka», Korga Ha j-ii u3 d WTEpaUMH THNEPIVIOCKOCTb 1I; CONEPHKHT
(j—1)-rpanb ewnyKmoii o6onoukn. Taxkum oGpasom, mpoueiypa
HAUHHAETCS C OMPEJIJICHHs TOYKH C HAaHMeHbIIEH MepBoil KoopaH-
Hatolt (x1). HasoBem sty Touky p;. Orta Touka co Bceil OUeBH/I-
HOCTBIO siB/IsieTcst Bepinuoit (0-rpaneio) BHmyKaoi o6omouxu. ITo-
STOMY, THIeprpanb I BbGHpaeTcst OpTOroHasbHoft Bektopy (I,

, ..., 0) 1 npH 3TOM JOMKHA NPOXOANTDL uepes TOuKy pj. Clreaas
TAaKUM 06PAa3OM HAWaJbHYIO HTepalHio, Ha j-it utepauun (j = 2, .
<+, d) OMYYHM THINEPNIOCKOCTh U1 C HOPMAJBIO N, |, COAEPHK
UIYIO BEPIHHLY P, P, ..., pj_,. Bektop a; BLIGHpaeTcs OpTOronann-

a-
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HBIM K HOPMAJH Nj-1, KaxioMy u3 (j—2) BEKTOPOB p|pj, pips, . . .

i, M KauI0H M3 KOOPAHHATHBIX OCEH Xji1, Xjtz, -.., Xa.

S PP

dtu (d— 1) ycnoBuit ONpenensIOT BEKTOP @;, H, CJIeA0BATeNbHO,
Tenepb MOXKHO BHIIOJHHTH OCHOBHYIO ONEPANHIO IO «3aBOPAUUBA-
HHIO», HCNOJIb30BAB JJIs 9TOTO BeKTOpH a; u n;—;. Ha puc. 3.26
I0Ka3aHa Moc/eA0BaTeNbHOCTh THIEPIIOCKOCTeH st caydast d = 3.
BrluncanTe bHble 3aTPaThi Ha KaXKA0H HTEPAIlHH CBA3AHB [MABHEIM

X1

Zz

Puc. 3.26. TI TeABHOCTD T fi (M, T, 7) Takosa, uTO g
COAIEPIKHT THNEPrpaHb, KOTOpasi GepeTcs B KauyecTBe HCXOAHOH A4S NpOLEYPH
HOCTpOEHHS BBNYKAOH 0GO0UKH.

o6pa3oM ¢ NOCTPOEHHEM BEKTOPA a; H BHIGOPOM OUEPENHONH TOUKH
pj. Hocaenuss onepauus umeer caoxuocrs O(Nd), B 10 Bpems
KaK 1715 OnpejeseHHs BeKTopa a; TpeGyercs JHiub BpeMs O(d?),
TaK Kak a; TOJlyyaeTcst B PesyJbraTe J0GABJICHHS B TOUHOCTH OJHO-
rO JIHHEHHOro OrpaHHYCHHSI K OTPaHHUYECHHSM, ONPEASJSIOUIHM BeK-
Top a;—;. TakuMm 06pasoM, NMOCKOJLKY BhIMOMHsAeTcA d WTepauil,
nocTpoeHHe HCXOMHOH rpaHH 3aBepmwiaercss 3a Bpems O(Nd?) +
+ O(d®) = O(Nd?), yunrsiBasi nupu stoM, uto N = d.

Illae 7. «Iloctpouts moarpanu rumeprpanu F». B cuay caenan-
HOTrO NPE/NONOXKEHHS O CHMILIMIHOHAJIBHOCTH TOJHTONA KaxkKaas
THneprpanb onpefessercs B TOYHOCTH d BepIIMHAMH, a Kaxjoe
NOAMHOXeCTBO, cofepkamee (d — 1) Bepuwnn runeprpann F, ompe-
aensier noarpans. Takum o6pasom, moxHO 3a Bpemst O(d?) oue-
BHJHBIM CIIOCOGOM NMOCTPOHTH HoArpann runeprpann F. Kamuas ru-
neprpanb GyaeT OMHCHIBATHLCS d-KOMIOHEHTHBIM BEKTOPOM HHIEKCOB
ee BepIIMH, a MNOArpPaHb — aHAMOTHYHBIM (d — 1)-KOMIOHEHTHBIM
BEKTOPOM.

Ulaz 8. «ITpoBeputh, SABAACTCS JIK NOATPaHb € KAaHALAATOM Ha
HCroNb30BaHKe B mocaedyomeii o6paborke». IMoarpann ssasercs
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KaHAHAaTOM, €CJH OHA COJEPXKHTCA JIHIUL B OMHOM IPaHH, MOPO-
JKJAEMOi aJrOPHTMOM, H, C/eJ0BaTebHO, €CIH MOJUIepPKHBACTCT
¢daftn I~ Takux HOArpaHeHt, To TPeGyeMHM TECTOM SBJAETCA HPO-
cMoTp 3Toro Qaitia. Kak orMeuanoch Bhillle, NOATPaHb ONMHCHIBACTCSA
(d — 1)-KOMIIOHEHTHLIM BEKTOPOM H3 LeJbIX uHces (HHIEKCOB ompe-
JeSIOMAX ee BeplunH). MoXHO ynopsiounts ¢aitn J B cOOTBET-
CTBHH C JIEKCHKOrpaQuuecKHM TIOPS/IKOM 1 XPaHUTD ero B BHAe cba-
JIAHCHPOBAHHOIO IO BEICOTe GHHAPHOro fAepesa mnoucka. Eciu ume-
eTesl HEKOTOpast TIOArPaKb e, TO NMOTPEGHOCTb B JOCTyNe K I MOXKer
BO3HMKHYTh B ABYX CJy4asx: JHGO [Jsi MPOBEPKH MDPHHAMMCKHOCTH
e K uMcay Kanaupatos (war 8 ajropurma), JuGO JUIs H3MEHEHHS
¢aitna (war 10 aaropurma). B mepsom ciyuae nmpocmaTpHBaercs
daitn I u onperensieTcs, COAEPKHT Ju OH e. Bo Bropom ciydae
TaKXKe IPOHCXOAHT NPOCMOTP Gaiiia J ¢ LeJbI0 ONpejeseHHs
NPHHAAJIEKHOCTH e (ajiy, HO, KDOME TOTO, eC/IH e yXKe CONEePIKHTCS
B (aiise, TO OHA yHaasteTcsi, B NIPOTHBHOM C/lyyae OHa J06aBasiercst
B ¢aiti. B oboux cayuasx mpocMotp ¢aiina ocyulectBisercsi 3a
Bpemsi O(d log M), rae M — pasmep ¢aiiia, orpanHyeHHB CBEpPXy
peanunnoit SF(d, N), paBHO# MaKCHMAaJbHOMY 9HCJY MOArpaHei ').

Tenepb MOXHO OLEHHTb NOJHYIO CHIOXKHOCTb airoputMa. Cirox-
HOCTb HAYaJbHOrO 3Tana paboTsl ajropurma (wark 1—4) cocras-
asier O (Nd?). laru 6, 11 1 12 (106aBieHne B ouyepes H yAaNeHHe
H3 OYePEe[M HJIH BHIBOJ I'HIEPrPaHH) MOXKHO PacCMaTpHBAaTh COB-
mectHo. Ec/in 0603HaUHTh Yepe3 gy H Pz ACHCTBUTEbHHE UNCIa
COOTBETCTBEHHO THIEPrpaHeli W MOArpamHeil MOAUTOMA, TO HX MOJ-
Has caoxnocts pasHa O(d) X @a—1. [Tonnas caoxuocrs mara 7 —
nopoxieHne Bcex noarpaneii — paBHa O(d)X Qa—2, TAaK KaK Kax-
7as MOArpaHb cTpoutes 3a BpeMsi O(d) n mopoxaaercs ABaXIH.
TMposepka, BHMOJHSeMas Ha uiare 8, Tak e KaK H H3MeHEeHHe
¢aitna ra ware 10, Bomonnsiercs 3a Bpemst O (d-1og @a—s) Ha Kax-
Iyi0 TOArpaHb, TaK UTO IOJHAas  CJOXHOCTh  COCTABASIET
O(d log ga—2) X @a—s. Hakomel, nosHas c0XHOCTh 1ara 9 — mar
3aBopaunBanns — paBHa a1 X (O (d®)+ O(Nd)). Ecin BenoMuuTb,
UTO MaKCHMaJbHOE 3HAYeHWe KaK JUIS Qd—1, TAK H VIS Q4—2 PABHO
O (N**™4), 10 nonyaum caenyommh pesymbrar:

Teopema 3.14. Boinyxaas obosrouka muoscecréa us N Todex 8
d-Mepqu NpoCTpancT8e moxNceT 6oLTH nocTpoena merodom «3a80pa-
yusanus nodapka> sa epems T(d, N)= O(N-q@s1) + O(q,m_zx
X log ga—z). Takum obpasom, 6 xydwem cayuae umeesm T(d,

—~0 (Nldlu+|) 40 (NL.mJ log N).

B sakaioueHne OTMETHM, UTO Helib3s MTHODHPOBATb TOT (akT,
YTO PAacCMOTPEHHBI BLIIE METON TPHMEHHM B MPEANOJOKeHHH

1 SF (d, N) = 0') (N* 44) (Granbaum (1967), 9.6.1].
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CHMIJIHIHAJNBbHOCTH Pe3yJAbTHPYIOLLEro MNOJHTONA. Uro TPOUCXOJHT
B OsllleM XOTd NPAaKTHYECKH HEBepPOATHOM cJsydae, Koraa runeprpa-
HH comepxar Gonee d BepwwH? Eciau runeprpans F He sBaseTcs
CHMIIEKCOM, To ypaBHenne (3.10) uMeer Gosee OZHOrO peuieHus,
T.e. B MHOXECTBE S HUMEIOTCS HECKOJIBKO TOYEK, PeasM3yolHuX 3TO
ycioBue. Bce aTM TOUKH NpUHAIeXaT runepmockocty  aff (F).
OﬂHaKO J1d TOro, YTOGHI ONpelesyIiTh COCTaB rpaﬂeu, BXOJALHUX B F
(r.e. (d—2)-rpaus, ..., O-rpauu), HeOGXOAHMO B CBOI OuEpPenb
(pekypcldBHo) peurars (d — 1)-MepHyio 3ajauy NOCTPOEHHS BHITYK-
si0it obosouku B aff(F). Takum o6pasoM, mpoueaypa NOPONKAEHHS
noﬂrpaﬂen, He BbI3bIBaBLIAS 38pr}lHeHHﬁ B cJaydYae CHMILIHLHAJb-
HOTO IIOJIHTONA, CTAHOBUTCA 3HAYHTEJNbHO Gouaree Cl0XKHOH. A PeKyp-
CHBHOE OIlpejeJieHHe aJropuTMa IJjasa 06mer0 cyydyas, eCTeCTBEHHO,
CYLICCTBEHHO 3aTPYAHAET €ro aHaJjJua.

3.4.2. MeTton «noa-Han»

B Teuenue AIHTENBHOrO BDeMEHH METOA «3aBOPAUHBAHHS
110/1apKa» OCTABAJICS CAMHCTBEHHBIM H3 H3BECTHBIX OGLIHX METONOB
MOCTPOCHHS BHINYKJIOH OGOJOUKH KOHEYHOTO MHOMKECTBA TOYEK B
d-meprom npocrpancrse. Hopblil MeTo1, Ha3BaHHBIN «NOA-HAAY, GBLT
npeanoxen Keiu [Kallay (1981)]. dror anropur™ obnazaer Tak-
3Ke CBOHCTBOM OTKPBITOCTH.

OcHoBHas Wjlesi METO/A CYIIECTBEHHO OT/IHYAETCS OT HCIOJb3Ye-
MOii B METOJIe «3aBOPAYHBAHUS MONAPKA» H JOBOJBHO GJH3KA Hiee,
UCNOJB3YEMOH B aJrOpHTMe A/ JAHHAMHYECKOH JABYMEPHOH BBIMYK-
Ji0ii 06010uKH, onncaHHoM B pa3i. 3.3.6. Ha conepixare/bnom ypos-
He 3TOT MeTOjl MOC/ENOBATeNbHO O6paGaThHIBA€T MO OXHOR TOUKE,
Ha30BeM ce p, U eC/H p — BHOIIHAS TOYKA N0 OTHOMICHHIO K TEKYy-
et 060J04Ke P, TO H3 TOYKH p CTPOHTCS ONOPHBIH «KOHYC» K P
W ylansercst yacTh 0GoJouKH P, 3aTensiemast sTuM Konycom. (Me-
110/1b30BaHHe TEPMUHOB «KOHYC» H «3aTeHeHHe» MIPOHCXOJHT TI0 aHa-
JIOTHH ¢ TPeXMepHbIM ciyyaeM.) PaccMaTpHBaeMEHIi MeTOJ OCHOBAH
na caenyiomefi reopeme [McMullen, Shephard (1971), p. 113]:

Teopema 3.15. ITycte P — noauron, a p — Touka 8 npocTpan-
cree E?. Bsedem obosuauenue P’ = CH(P U p). Toeda dasn rasc-
doii epanu P’ cnpasedauso odno uz dsyx yreepucdenuil:

(1) epano | noaurona P ssasercs takdce eparvio P’ 1020a u
ToabKO TO20a, K020a cywecrsyer eunepepans F noautona P Takas,
uro f < F u p naxodurca nod F;

(2) ecau f— epano noaurona P, ro f' = CH(f U p) ssaserca
epanbto P’ Toeda u Toavko To2da, koeda aubo

(a) cpedu eunepepaneii noautona P, codepamawux f, umeercs
no npauueu mepe odna rTakas, 4To p raxodutcs nod Hell, u no
Kpatined mepe 0Ona Taxas, 470 p Haxodurcs Had wed, Aubo

(b)p & aff(f).
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VintyntiBHO MOHSTHO, uTO caydait (1) orHocmTes K rumeprpa-
HSAM TIOJHTONA P, HE3AaTEHSIEMBIM KOHYCOM H KOTOPHE CTAHOBSTCS
runeprpansiMn P/, npeicTaBJIsIOLIEro U3MEHEHHYIO BBIIYK/IYIO 000-
qouky. (Cm. puc. 3.27, Ha KOTOPOM NOKa3aHbl Bce clydau Ha MpH-
Mepe MPOCTOTO, HO BMeCTe C TeM He TepsAIOllero OGUIHOCTH ABYMep-
noro npocrpancrsa.) Cayuaii (2) OTHOCHTCS K THIEPrpaHiM Ko-
Hyca. B wactHoctH, nyHKT (a) cayuyas (2) onpefelisier rpaHH, Ha
KOTOpLIE ONHPaeTcss KOHyC, a MyHKT (b) ompesensieT BbIPOKIEHH

CH(f3U p)
cnyari (2) (@)

/

CH(f,U p)

g

i
i
N
anywa (1)}

i
i
\

/
~

Pic. 3.27. Mamoctpauis caysaes, paccMaTpHBaeMBix B Teopeme 3.15.

BAPHAHT CHTYallWH, ONpeje/seMoli B nyHkTe (a). 3aMeTuM, uTo B
n. (a) caydas (2), pasmeprocts rpanu [/ = CH(f U p) o6osnouku P’
Ha eJIHHHILY Gosiblle pa3mepHocTH rpamk [ mosurona P. U xors B
of1IeM cJyuae LeJbio SBJseTCs NOCTPOEHHE JIHIIb THIeprpanei Bhl-
MyKJ0it 0GOJOUKH, 3BGEKT YBEJHUCHHS DPa3MEPHOCTH, HMEIONIH#
MecTo B 1. (a) cayyas (2), BHIHYXKIaeT HMeTh HeOGXOJMMOe OMHCa-
HHE BCeX rpamell TeKYIIero moJuTona.

Tax Kak ajrOPHTM SIBJSETCH OTKPBITHIM, T. €. BBIIyKAast 060/104-
Ka CTPOMTCS HyTEM MOC/IE0BATENLHOrO J0GABICHHS 0 OJHOM TOU-
Ke, TO morpebyercsi mo Kpaiineii mepe (d 4 1) urepaumii, mpexae
ueM TEeKyUlHil MojuTon GyieT HMeTh pa3MepHOCTh d. DTO 3HAUHT,
uTo cHauama moaydaercs O-rpamp, 3ateM l-rpamb u t. 1. OxHako
MEXaHH3M [ePecTPOAKH BBUIYKJIOH OGOJOUKH OCTAaeTCs TeM e ca-
MBIM, H Jajiee OH Gyger omucan B oGuiem ciayyae. Jlast mpocToTht
npeanoJaraeTcs, YT0 TOUKH HAXOMATCH B OGIIEM NONOXKCHHH, TaK
UTO BBIPOX/ICHHE HE HMEeT MecTa.

AnexBaTHOe ONHMCaHWe TeKyllero mnonutoma P paer ero rpad
rpaueit H(P) (t.e. amarpamMma Xacce JJIsi MHOXecTBa rpawHefi mo-
anrona P, ocnoBaHHas Ha OTHOWIEHHH BKJIOUEHHS; cM. pasi. 3.1),
H3 KOTODOTO yJajieH y3el, COOTBETCTBYIOUIH mosmtony P B nesnoM,
TAK KaK OH sIBJseTcs H3OHITOUHBIM NPH pasMepuoct P, pasnoi d.
B kauecTBe CTPYKTYpPH AaHHBIX MOXHO GBLIO OB HCNOJNB30BATH
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(d + 1) cnuckos Ly, Ly, Ly, ..., La-y, rae Ly — cuncok j-rpaneir.
Kaxnaas sanuch B L; OTHOCHTCS K HeKOTOPOH j-rpann f M comep-
HHT:

(1) adpdununii 6asuc BASUC(f) rpanu f;

(2) ykasarean CYIEPTPAHDb(f) na xaxayio (j+ 1)-rpans,
coaepxamyo f, n ykasareau [IOATPAHD () na kaxayo (j—1)-
rpaiib, copepxauyiocs B f;

(3) ykasarean TMITEPTPAHD(f) na kaxaywo runeprpasb, co-
Aepxamyio f.

Yxasatenu (3) UrpaloT OCHOBHYIO POJIb MPH ONpENEJEHHH OTHO-
CHTeJILHOrO MOJIONKeHHs TouKH (m. (a) caydas (2) teopemsl 3.15).
Ocrasnpiible faHHbIC HYXKHEL L5 TIOJYUEHHs HEOOXOAHMON HHOpMa-
LHH O TOM, ¢JIejlyeT JH NOBBIIATL PA3MEPHOCTb IPaHH, YTOOH B KO-
HEUHOM HTOTE NPEBPATHTb e B FUIePIpaHb.

Hamenenue nomurona P, Br3BanHOe 106aBJeHHEM HOBOK TOUKIL,
MOXKHO OCYIIeCTBHTh He eJHHCTBEHHBIM crocoGoM. XoTs mpeasarae-
MBI HUJKe TOAXOA JONYCKAeT HEKOTOphie YJYYINEHHs Ha ypOBHe
ANrOPHTMA, 3aTO OH OBOJILHO MPOCT /St ONHCAHHS.

Tlycrs nomuton P npeicraBien cBouM rpadom rpaneit H(P).
Cospaaum apyroi rpad H,(P), usomopouwit H(P), yaas koro-
POTO ONPEeSIOTCS CIEAYIONHM 06pa3oM:

{I":F'=CH(fUp) aas kaxmnoi rpaun [ noxutona P},

H, KpOMe TOTO, /JIsi Kaxioi rpanu | moaurona P cospagum pebpo,
orTobpaxaiomee Bkmouenne f < [ (puc. 3.28(b)). Bce, uto Tpe-
Gyercsi caenatb npu cosaanun [/, sto ao6asute k BA3HUC(f) Tou-
Ky p TaK KaK N0 TPEANON0KeHHIO TOUKH HaXOAATCA B OGLIEM [OJIO-
JKEeHHH (4TO TApPaHTHPYET BHIMOJIHeHHe ycuaoBus petalf(f)). O6o3na-
YitM TOJIy4eHHBl TakuM o6pasom rpad H(P, p).

Ouesnno, uto Hy(P) cOLepKHT ONOPHBIA <KOHYC» K P u3 Tou-
Ki p. JleficTBHTeIbHO, KOTJa Pa3MepHOCTb moautona P Mewsle d,
To H,(P) mpeicraBisieT B TOUHOCTH OMOPHBIA KOHYC, I H3MEHeHHE
TEKyllero TOJHTONa Ha 3ToM 3akaHynBaercsi ¢ H(P, p) =
= H(CH(P U p)).

PaccMoTpuM MexaHH3M KOPPEKTHPOBKH B cJyuae, KOrja pa3mep-
HocTh noarona P pasua d. B Ipeino/ioXeHHH, YTO TOUKA P JEKHT
Bue P, tpeGyemmii rpa¢p H(CH(P{p)) nonyuaercs uz H(P,p)
B pesyJibTaTe ylaJeHHs HEKOTOPHIX y3/0B rpada. A HMeHHO HMeeT
MECTO cuIetyoliee:

(1) H(P) cTporo coaep:KHuT yacTb, 3aTeHseMyi0 KonycoM. B ca-
MoM Jene, Kaxjias rpanb [ nmosmrona P rtakas, 4To AJs KaxIoi
runeprpanu F, conepxaieit f, Touka p naxoaures uax F, npuuai-
JIEXKHT TEHH M II03TOMY JO/MXKHA GbiTh ylaneHa (B Tpumepe Ha
puc. 3.28 5To HMeeT MECTO ISt Ps, €3 U ey). Bocmosbayemes cae-
JLYIOUKM OYEBH/HBIM CBOHCTBOM:
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Prc. 3.28. VniocTpauss nepectpofiki nomkToua P; (a) — reomeTpua curyamu,

BosHmKalomeli npu_nepectpoiike; (b) — cosnanne Hy(P) myrem «ueperoca» rpa-

‘?:Mﬂg); (c) — H(CH(PUp)) nonyuaercs B pesyasTare ynamewns w3 rpada
JI0B.

Cooiictso 1. Ecau fe¢ CH(RU p) uf< [, 1o [ CH(P U p).

Hcnonbzosanue cBodctBa 1 mOsBOAseT yAaAuTh B rpade
H(P, p) Bce ysabi, nomunupyiomue Hag f. (I'panu, yaansemsie no
3TOH NPHYHHE, NOKa3aHH Ha prc. 3.28(c) YePHBIMH KPYXKKaMH.)
Jns Kaxaoi ynanaseMofl rpani [ yAansioTcs TakkKe WHUHAGHTHHIE
eit pe6pa (1. e. kak CYIIEPI'PAHDB(f), tak u IIOATPAHD(f)).

(2) Hp(P) comepxut onopuuii Kowyc. B camom neme, kKaxmas
rpaub f nonurona P Takas, 4To s Kaxnoft runeprpanu F, comep-
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’awell f, Touka p Haxoaurcs Mox F, Takke ABASETCA TPAHBIO
CH(PUp) (cayuair (1) teopems 3.15), tak uro CH(f Lrp) =
& H,(P) nomkHa GHTb yAaleHa (B ‘HalleM NpHMepe 3TO BepHO
s f = pi, e, €12). BocronbayeMest cefyiOnHM OUeBHAHBIM CBOM-
CTBOM:

Ceoiicteo 2. Ecau CH(fUp)ee CH(PUp) u fcf, 10
CH(f" U p)¢£ CH(P U p).

Hcnosbsosanue cBOiicTBa 2 NO3BOJsieT yaansth B rpade Hy(P)
Bece yaanl, aomunnpyiowue nax CH(f U p). (Tpanu, yransembe no
9TOl NpHUKHE, NI0Ka3aHbl Ha puc. 3.28(c) 3aIUTPUXOBAHHBIMU KPYXK-
KamH.) 3arteM Aas Kaxioro yana rpada Hy(P), ynaneHHOro Takum
06pasoM, yAansIOTC HHUHACHTHEIE eMy peGpa. STOT pesyabTHPYIO-
wHit rpad, nonyueHHslit nytem yaanenus u3 H(P, p) HeKOTOpHIX
yanoB, ssasieTcss rpacdom rpaneii nosurona CH(P U p). 3amernm
TaKxKe, YTO, KOTAa TOUKA p He SIBJAETCS BHEUHEH MO OTHOLICHHIO
K P, cBOHCTBO 2 OCTaeTcst CNpaBe/THBHIM AJIs KaXuok rpamu f no-
aurona P. Tak 4TO B 5TOM Cjyuyae yHajsieTcss LeTHKOM moarpad
H,(P) w nmpu 5TOM [OJNyYaeTcs MPABHJIbHBIA  pesyJbTaT
CH(P U p) = CH(P).

C TOYKH 3peHHs DPeaH3alHH OCHOBHOH UacTblo 3TOTO MeToAa
sBASETCH NpOLEAypa KIacCHPHKAUuH Kaxaok u3 N pepimu nouu-
Tona P oTHOCHTENbHO TOYKH p. IIpH 3TOM BepuMHa MOXET GHTH
KaaccHHUNPOBaHa KaK BOTHYTAst, BRIMYKJas HIH OMOpHAs (B €OOT-
BeTCTBHH ¢ 0GOGMIEHHeM TepPMHHOJNOTHH H3 pasi. 3.3.6). B wact-
HOCTH,
g0eryTOl, eciH A KaXKM0H THIeprpaHu
F, comepxkalleit v, Touka p HaXOAHTCH
BEpILHHA U OTHO- | moa F:

CHTEJILHO TOUKH P .

e GounyKAOI, €CIH I KAXIOH runeprpanu
F, conepxalueil v, Touka p Haxoautcs Hag F;

onoproti BO BCEX APYTHX CJyqasix.

B kauecTBe WHTEPECHOTO YMPaKHEHHs UHTATENIO NpejJaraercs ca-
MOMY NPHAyMaTh METOJ, BHITOJHSIONMHHA YKa3aHHYIO BBHIIE KIACCH-
¢ukanmio sepunn 3a spemst O(@a—1)+ O(Nd), rie, xak oGbIYHO,
(a_1 — UHC/IO THMeprpaHeii mosntona P (ympaxuenwe 3.9 B Komue
rnaesl). Ecau Takas kaaccHdHKaums cieiaHa, To cBoficTBo | npu-
MEHHMO KO BCeM IPaHsiM, JOMHHHPYIOIIHM HaJ JII0GOM H3 BEIYKJIBIX
BEPUIHH, a CBOHCTBO 2— KO BCeM TIPaHsiM, AOMHHHDPYIOUMM Hax
BOFHYTHIMH BepurnaMu B H,(P), u 31a onepauust MOXer GbITh Bhl-
NOJMHEeHAa 3a BpeMsi, IPONMOPLUHOHAILHOE HOJHOMY UHCJY BepIIHH H
pe6ep H (P). HerpynHo nokasars, 4TO NOCJAENHSAs BEJUUHHA DPABHA
O(qa-1). Takum 06pa3oM, MOJHOE BPEMs OMHOM ONepalH# KOppex-
THPOBKH BBUTYKIOR 060/0uks paBHO O(@e—1), @ TaK Kak BHIIOJ-
nsietess N Taknx omepanuii, TO MOJyYyaeM CJIeAYIOLIYIO TeopeMy:
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Teopema 3.16. Boinyxaas oboaouka muoxecrsa uz N Towex &
d-meproM npOCTPAHCTBe MOXCET G6iTo nocTpoeHa merodom <nod-
Laj2d+1
Had», asasowuncs oTKpeiToLM, 3a 8pems T (d, N)= 0 (N"44+1),

Crenaem jBa 3ameuanusi. [lepBoe, B PacCMOTPEHHOM METOAe He-
06X0UMO MPEAYCMOTPETh ClelHaNbHYI0 0GPaGOTKY BBIPOXKIEHHBIX
ciydaes, KOria Touka p NpHHaje:xKHT adduHHON 06oJ0UKe HeKo-
TOpOii rpani nosmurona P. Bropoe, MOXKHO MOKa3aTh, UTO B ciyvae,
KOrjla NOMHTON P He ABASETCS CHMIVIMIHANBHBIM, MOXKHO cJerka
H3MeHHTb P, He YBEeNMUHWB CYIIECTBEHHBIM 06Pa3oM CJOKHOCTDH
CTPYKTYpBl €ro rpaHeli HJAH CJOXKHOCTb OTHOMIGHHS BKJIOYEHHS.
M kak caexcrsue, Bp s OLCHKA, 1101y AUIs CHMILTHILH-
aJIbHOrO CJIy4asi, OCcTaeTcsi IPUMEHHMOM M B ofuieM caydae.

B sakmouenne OTMETHM, UTO METOJ «MOA-HAj» BecbMa MpUBJe-
KaTeJeH, TaK KaK ero cJ0XKHOCTb CPAaBHHMA CO COKHOCTHIO MeToAa
«3aBOpPaYHBAHHS 10/apPKa» H, KPOME TOTO, OH SIBJSETCS OTKPBHITHIM,
YTO TOXE OYeHb BaXKHO.

3.4.3. Buinykable 060JOYKH B TPEXMEPHOM NPOCTPAHCTBE

Jast 3ajaun MOCTPOEHHS BBHIMYKIOH OGOJIOYKH B MHOTO-
MEpHBIX NPOCTPAaHCTBAX CJYuail TPEXMEPHOIO MPOCTPAHCTBA HMeeT
OrPOMHYIO Ba)KHOCTb, TaK KaK OH eCTECTBEHHBIM 00Pa3oM BO3HH-
Kaer BO MHOXECTBe MPHK/IAAHBIX 00/acTel, BKIIOYAIOUIHX MAalIHH-
Hylo rpaduKy, aBTOMAaTH3aLMIO NPOCKTHPOBAHHS, PACHO3HABAHHE
006pa3os, ncciesoBanne onepauni. K cuacTbio, 3TOT BaXKHBHI A5
NPUAOKEHHA cJIyuail OJHOBPEMEHHO SIBJACTCS «H3IOMHHKOH» ¢ TOY-
KI 3pEHHsl CJIOMHOCTH Bbhiunc/enuit. Jdanee Mbl nombitaeMcst nosc-
HUTDb 3Ty HECKOJNBKO TYMaHHYIO MBIC/Ib.

Kak yxe orMeuasoch paHee, pe3ysbTaToM paGOTH aJrOpUTMOB
TIOCTPOEHHSI BBITYKJIOR 0G0JOUKH XOJKHO GHITh OIHCAHHE [OJHTONA,
TNpeJCTABISIOMEr0 BBNYKAYI0 06omouky. M3 pasa. 3.1 mu3sectHo,
YTO TPHBHAJIbHAS HHMKHSS ‘OUEHKA CJOXKHOCTH B XyAlleM ciaydae
st 1060ro aNropHTMa MOCTPOEHHs BBHINYKJOH o6omouku N Touek
B mpoctpaHcTBe E¢, OCHOBaHHAas Ha pasMepe pe3yJbTHPYIONIEro
omucanns, pasua Q (N™). B npexmaymen pasaene Gbuo moxasa-
HO TaKXKe, UTO ONEHKA IS MeTOoja «IOA-Haj» IpPeBbaeT 3Ty
HHXKHIOIO OlleHKy Ha MHoxureap O(N), n aas d =3 (d B atom
clyyae HeUeTHOe UYHCIO) 3TO Jyullee, UTO MOXKHO OXKHAATb AJS
OTKpBITOrO Meroaa. Ec/ii oTkasaTbes OT CBOACTBA OTKPBITOCTH, TO
MOXKHO DPaCCYHTBIBATb, UTO YJACTCA YMEHBIIHTh ITOT MHOXHTEdb,
nonyuns Bmecro O(N) uro-un6yas, mogo6uoe O(log N). B tpex-
MepHOM caryuae 9To 1ano O oueHky O (Nw2J log N) == O (N log N)
C 1pyroii CTOPOHBI, HHXKHsIsT OLEHKa B OOLIeM ciayuae B TOUHOCTH
pasna Q(N log N) (cw. pasa. 3.2), mosToMy Jyullee, Ha 4TO MOXKHO
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HaJesaThesl, 5TO TOJYYHTb aNTOPHTM CO CJOXKHOCTBIO 6(N log N).
U sra neas nocruxuma [Preparata, Hong (1977)].

Kak o6bluHO, mycTh HMeeTcsi MHOXKecTBO S = {p1, P2, .., pn}
n3 N touek B npocrpanctse E°. JIns MPOCTOTH NPEANONOKHM, UTO
AJst 1060 Napbl TOYeK p; U p; U3 S HMeer MecTo xg(pi) 7= Xk (pj),
k=1, 2, 3. 910 ynpoulenne NOMOXKeT sicHee NOKA3aThb OCHOBHEIE
HAeH aJATOPHTMA, 3 H3MEHEHHs, KOTOPble HeOGXOAHMO CAeNaTh B all-
ropiTMe s OOlIero cJiydas, OYeBHAHBL 37ech MBI MOIBITaeMcs
paspaboraTh aJATOPHTM THIIA <«Pas3jeJsiii H BJACTBYH» CO CJIOK-
nocrsio O (N log N).

Jas navana ynopsiiounM MHOXKECTBO S 10 KOOpAMHATE X1 H,
eciIi 310 Heo6X0AUMO, ITepeHyMepyeM TOUKH Tak, YTOOH X (p;)<
< x1(p;)<=i < j. CymecrByeT CJeIyIOLHA HOPOCTOH pPeKypPCHBHBIH
ATrOPHTM OCTPOCHHS BHIYKJIOH OGOMOYKH (NPEACTABJICHHBI B
BHAE (QYHKIHH):

function CH(S)
1. begin if (|S|<{k,) then
begin nocrpouts CH(S) merogom ”rpydoit cuast”;
return CH(S)

end
2. else begin S, :={p,, . punpl);
Soi=A{Peupasi - Pk
3. Py:=CH(S,); Py:=CH(S,);
4. P:=CJIUTb(P,, Py);
5. return P

end
end.

ITpeasapuTenbiasi COPTHPOBKA 3/1EMEHTOB MHOXeCTBAa S 1O KO-
opaunate x, Tpedyer O(N log N) onepauuii. OrMernm, uro 6aaro-
Jlapsi TaKoi COPTHPOBKe H TOMY, KaK BBIOJIHSETCS Iar 2 aJroput-
ma, muoxkectsa CH(S:) n CH(S;) mpescrasasior iBa Hemepece-
KalOLMXCsl TPEXMEPHBIX MojuTona. Ecin «causiHie», T.e. MOCTpoe-
HHe BBITYK/IOH OGOJIOUKH OOBeIHHEHHs ABYX BBIIYK/IBIX 0GOJIOUEK
C CyMMapHBIM YHC/IOM BeplliH, paBHbIM N, MOXKeT GbITb BHITOJHEHO
e Sosiee yem 3a M(N) onepaunii, To Bepxuss ouenka ana T (N)—
uKeaa onepauuil, BhNOJHseMbix aaroputmom CH, ompenensercst
ypaBuennem T(N) = 2T(N/2)+ M(N). (Otmerum, uto aas mpo-
CTOTH MBI cunTaeM N UeTHBIM, HO 3TO He BJHSCT Ha OGUIHOCTb pe-
syaprata.) Takum o06pasoM, ecain Mbi cymeeM IoKasath, yro M(N)
pasuo O(N), to monyunm aas T(N) ouenky O(N log N) u, yunrs-
Basi 3aTpaThl HAa IPEABAPHUTE]BHYIO COPTHPOBKY, NOJYYHM OUEHKY
O(Nlog N) anst clOMKHOCTH BCEro aJrOPHTMA IOCTPOSHHS BHIIYK-
J0¥ 060I0UKH.

Slcwo, uro ¢ynxunst CJIMTD siBasiercsi KPHUTHUECKHM MeCTOM
paccMarpuBaemoro Meroxa. Haunem ¢ oGCy»KACHHS CTPYKTYpbI AaH-
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HBIX, MOAXOAsALel JVIsl PEACTAB/ICHHS BHITYKJIOrO TPEXMEPHOro Mo-
sutona P. Heo6XoAMMO omucath JHIIb FPAHHIY Moautona P, KOTO-
pas B TPEXMEPHOM CJIyuae TOMOJOTHYECKH 3KBHBAJEHTHA MJIOCKOMY
rpagy. Kak ormeyanocs B pasa. 1.2.3.2, ecrecTBeHHOH CTPyKTYpoOi
JUIS PeACTaBJeHHs IJIOCKOro rpada siiaseTcsi peGepHblil CHHCOK ¢
ngoitnemu csszamu (PCIC). PCIC o6ragaer uHTEpeCHBIM CBOf-
CTBOM — SIBHBIM 00Pa3oM OH COAEPXKHT TO/MbKO pebpa rpada, HO
3Ta CTPYKTYpa IO3BOJISIET 33 ONTHMAJb-
HOe BPEMs BBIACJATh BePIIHHBI M MHO-
JKeCTBA BePUIHH TpaHeit '),

TIpeAnoNOXHM Tenepb, uTO peKyp-
CHBHBIM 00pa3oM MOJIyYeHbl TOJHTOMBI
Py =CH(S)) u Py=CH(S;). Baxuo
0AY€PKHYTh, YTO BCIEACTBHE MpPe1BapH-
TeJbHOM COPTHPOBKH H BHIGPAHHOrO Cro-
co6a pasGHeHHs Pe3y/bTHPYIOLEro MHO-
xkecrsa (ctpoka 2 B anropute CH(S))
nonutonsl Py u P, e mepecexaiorcs.
Cinsnne Py u Py MOMXKHO BHIOJHHTD
C  TOMOIIBIO  CAEAYOIUHX — OliepamHi
(pHc. 3.29 HJUIOCTPHPYET HAEK 3THX
onepailui) :

1. Tloctpouth «UHITHHIPHYECKYIO»

TpHAHTYJIAWHIO -, onupalolycs Ha Py
Pre. 3.29. Mamoctpaumsa oc-  y P, 1o yexorophim Koutypam E, u Ep
HOBHOM Hien metona. Tpuan- 3
ryasuus I obpasyercs B pe- COOTBETCTBEHHO ?).
ayAbTaTe  «3aBOPAYHBAHHA> 2. Yaanuts w3 Py u P, uacri, oka-
BROYKAHX o60704ek Py it Pp.  3aBiIHeCsi «CKPHITHIMH» B pesyJ/bTare
NOCTPOEHHS TPHAHTyJAUuH T .

37ech NCHO/b30BAHBL He OMpejeeHHble (GOPMATLHO TEPMHHBI
«UHJMHAPHYECKAS» H «CKDBITEIE» B pacyeTe Ha HX WHTYHTHBHOE IO-
HHMaHHe B COOTBETCTBHH ¢ pHc. 3.29. OcraBasich Ha HHTYHTHBHOM
yPOBHe, NOCTPOCHHE TPHAHTYJISALMH MOXKHO PAacCMaTpPHBATh KaK orle-
paLHI0 «3aBOPAYMBAHHA MI0JAApPKa»: C MOMOMIBI0 I Mbl KaK Gbl 3a-
BOpAYHBAEM B OJHH «CBEPTOK» OiHOBpeMeHHO H Py, u Py Xots 7~
Moxer uMerb O(N) rumeprpaneii, a Kaxjblif iar 3aBOpaYHBAHUS
B 06weM cayuae tpebyer O(N) omepauuii, Hcmosb3oBanHe 0COGeH-
HOCTell TPeXMepHHIX NOJHMTONOB MO3BOJSAET, Kak OyjaeT MOKa3aHo
Zajiee, C/leaTh CYlIeCTBEHHOE YMPOLIEHHE.

1) 3gech TePMHH <«TPaHb» HCNOJB3YETCSs B OOUIENPHHATOM JJISL TWIOCKHX
rpadoB cMEicte. OAHAKO B OCTaBlIeficsi YaCTH 3TOTO pasfena GyAeT HCNOB3O-
BaTbCH TEPMHH <THIEPrpaHb», 4TOGH NOAYEPKHYTb, 4TO OHH sBasioTest (d—1)-
MEDHHIMH MHOXeCTBAMH.

Bl HesIBHO NPEAINoJaraeM, 4To Ha KaX(loM dTane o6paGOTKH Mbi HMeeM
HE uronel, Kak Oyfer BuAHO H3 Jaip-
Helllllero, 9TO HECYLIECTBEHHO BJHsET Ha OGIIHOCTb pesyabraTa.
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HochoeHue TPHAHTyJAAUHH T~ HauHHaeTcsl C Onpe/ieJIeHHST HeKO-
TOPO#i ee THNEPrpaHH HJH ee pe6pa. XOTSI HMEIOTCH HECKOABKO
CNOCO6OB pELIeHHs 3TOH 3a4auH, AOBOJBLHO YAOOHHI CIOCOG OCHO-
BbIBAETCH Ha IIOCTPOGHHM IIPOeKLHi (HampuMep, Ha IJIOCKOCTb
(%1, X2)), ABAAIOMUXCA MHOFOYTOJBHHKAMH, KakK10T0 H3 NIOJHTONOB
(puc. 3.30). OGosmaunm uepes Pj mpoekumio P; Ha ILIOCKOCTh
(%1, x3) (i =1, 2). Temepb MOXKHO BOCTIO/Ib3OBATHCS HALIHM JIOGH-

P

x3

Puc. 3.30. Havaabuii

g.

MBIM aJrOPHTMOM (cM. pasf. 3.3.5), UTOGH MOCTPOHTH OGLLYIO ONOP-
HYIO NpAMylo K P{ W P; W TNOMYuHTb TeM CAMBIM Ha IJIOCKOCTH
(x1, X;) pe6po €', ABIAOUleecss NpoeKUueil peGpa e TPHAHTYJIS-
unn 7. Hmes pe6po e, MOXHO HauaTh MOCTpoeHue 7, BHOpaB B
KauecTBe ONOPHOM MJIOCKOCTDb, NMPOXOAAILYIO uepes peGpo e mapai-
JICNBHO OCH X3.

Ha ouepesnom mare nocTpoenuss 9 B KayectBe Gasbl HCIOJb-
3yeTcsi MOC/EAHSASA MOCTPOCHHAs THNePrpanb TpHaHryasuun J . By-
JleM HCOMb30BATh NPH 0603HaYeHHH BeplWIHH noanTona P; Gyksy a,
a anst Py — Gyksy b. Ilycts runeprpaub (as, bs, a)) siBisieTcs 6aso-
BOii Ha TekylleM mare (Ha puc. 3.30 oma samrprxosana). Temeps
CPe/lH BepUIHH, CMEXHBIX C @2, HEOGXOAHMO BHIGpaTh BeplunHy d,
TaK 4TOGH runeprpane (as, by, d) o6paszoBana HaHGOMbIIHA BHIIYK-
bl yroa ¢ (ag, bs, ;) cpeam Bcex rumeprpamedi (as, bs, v), rae
U — BepIIMHA, CMEXHAs C @y, W U 7 a). AHajsornudbiM o6pasoM
Cpejin BeplIiH, CMEXHBIX ¢ by, BhGepem Bepumny . ITo npuunnam,
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KOTOpEIE CTaHYT NMOHATHHIMH B IAJIbHEHIIEM, 5TH CPABHEHHS HA3bl-
BAIOTCS CPABHEHHAMIL THHIA 1.

Tenepy, KOT/la BBIIBJCHb ABA «MpeTeHAeHTa» — (ay, by, d) n
(az, by, b), nenaercs 3aKMOUHTEAbHOE CpaBHEeHHe, Ha3blBaeMOe
cpaBuenneM tuna 2. Ecan (ap, by, d) obpasyer ¢ (as, by, a1) Gomp-
WHH BBMYKJABIE yroJ, 4eM (ag, by, b), T0 4 poGapasiercs Kk T~
(B npoTHBHOM cayyae n0GaBasieTcs 5), n Ha 3TOM OuepenHON Wwar
sakanunsaercs. ONHCAHHBUA MOPAZOK BHINOJHCHHS CPaBHEHHI! SIB-
asercst, Kak OyeT BHIAHO aajiee, 3dEKTHBHBIM CIOCOGOM peanu-
3alUH lara «3aBOpayiBanus 110-
Jdapka» BOKpyr peGpa (as, bs).

AbdexTiuBran peanuszauns onu-
CAHHOTO  TOJBLKO 4TO MeXaHH3Ma
10C/A€40BATENBHOTO  [IOCTPOCHHS
rpaHeil TPHAHTYIAUHN OCHOBBIBAET-
CAl HA CJAEAYIOUHX CO0GpaKeHnsX.

PCIIC  moxHo sddektitBHO
[pOXOANTL  pe6pa, HHUHAEHTHDIE
HEKOTOpPOil BepIiliHe, B MNOpsAKe
00x04a NO 4acoBOf CTPeaKe HIH
npotuB  Hee. Jlas Goabluedi KoH-
KpeTHOCTH o6patumest K puc. 3.31.
[peanonoxnM, uto Bepmmuna b
H pe6po (b, a) Tpuanryasuuu I~
OblTH  106aBJIEHB  NOCTCATHMH.
upoisiiceine npn noctpoemm o [yets (bi, b)—peGpo  xontypa

E», Bxonswee B Bepuuny b. He
TepAs OGUIHOCTH, MOXKHO NDELNONOKHTS, UTO HyMepawui pedep,
HHUHICHTHBIX BePLIHHE b, H MX KOHEUHBIX BepuHH by, by, ..., by
aHamornyna nokasanxoii Ha puc. 3.31 (rae k£ = 7). INono6uoe xe
TPEANONOKEHHE HIMELT MECTO H OTHOCHTEIBHO Bepmuunl a. Ilycrs
(bs, b, @)— runeprpaun, obpasyiomas Han6oAbLINi BBIIYKAbIT yroJ
¢ (b1, b, a) u3 Beex (b, b, a) ¢ i=2, ..., k (B Hamem npumepe
s =4). Tlepsoe BaxHOe COOBPAKEHNE COCTOHT B TOM, uTO Jio6oe
pe6po (b, b;) npu | <i<<s oxasssaercs BRYTPU BbINYKAOL 060-
a04xu CH(Py U Py), u nostomy ezo moxmno uckrowuro u3 daisned-
uezo paccmorpenus. HUto Kacaercs BEpWIHHBI @, TO 3aMETHM, 4TO
MHOXKeCTBO HHIHICHTHBIX eif peGep GBUIO YACTHUHO NPOCMOTPEHO
Ha Gosiee pauneM srame paGoThl airopuTMa, Tak Kak Beplumia a
Obuta nosyvena npexie, ueM sepunna b. M kak caeacTsue ckasan-
HOrO BBIWIE MPOCMOTP pebep, HHUHACHTHBIX BEPLIHHE a, CAeyeT Ha-
UHHATE C MOCJeAHEro H3 NPOCMOTPEHHBIX peGep, TaK KaK Bce Apyrie
Goun ynanensr (Ha puc. 3.31 310 pebpo (a, as)).

Caenylomee cooGpaxkeHne CBA3AHO ¢ GOJBIINM KOJHICCTROM
CPaBHEHHH YIVIOB, KaXJ0e H3 KOTOPHIX JOJMKHO BBITONHATHCH 3a
TOCTOSHHOE BPeMs! MyTeM ajanTauuH OGIIETO MeTola, OmHCaiHoro
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B pasa. 3.4.1 ans cayyas d-mepHoro mpoctpaHcTBa. B pesyabrate
P ud THoa 1 u3 ga filero paccMoTpeHis 0GA3aTeNbHO He-
KJIIoYaercst 010 peGpo, npunaadexauiee audo Py, an6o P, Ilycts
v; ¥ m; 0603HAYAIOT COOTBETCTBEHHO YHCJIO BEPUIHH H YHCJO pebep
P; (i =1, 2). Takum oGpasoM, 4HcI0 cpaBHeHHH THma 1 orpauu-
4EHO CBepPXy BeJHuMHOH (m) -+ my). Hdasee Kaxjpoe cpaBHeHHe TH-
na 2 jgoGaBasier HOBYIO BepulnHy an6o x £, au6o k Es Tak kak
YHCI0 BepumiH B KOHTYpaX £y it Ez He MOXeT npeBbIIaTh COOTBET-
CTBEHHO U H Up, TO YHCJO CPaBHeHMHi THNA 2 OrPAHHYEHO BETHYUH-
Hoit () + vy — 1). [Tockoabky epagh, npedcrasinousuii CTPYKTYpY
NOBEPXHOCTU NOAUTONA, ABASETCA nAGHapHoim, m; < 3v; — 6, W,
CJIE10BATE/IbHO, YHCJIO CPaBHEHHH yri0B pacTeT He GhicTpee JHHel-
HO¥ (DYHKILMM OT CYMMAapHOTO YHCJa BEPUIHH MOJHTONOB Py i P

Koppekruposky PCIIC MOXKHO MPOH3BOJMTH JAHHAMHUECKH B
npouecce mocrpoenus . Bocnoseayemcst miunOCTpauuei  Ha
pHc. 3.31. Tlpeanosoxum, Mbl NPOJBHHYJIHCh OT peGpa (a, b1) K
pebpy (a, b), «noBopaunBasick» BOKPYT BepiluHbl a. [Ipousoiiaer
npocMoTp pebep, HHUKHIACHTHBIX KaK Bepurnie b, Tak W Bepluuue a,
XOTst pebpa, HHUHACHTHBIC @, YKe GBIIH YACTHUHO MPOCMOTPEHbl pa-
nee. Cnauana B PCJIC cosaaetcst HOBBA ysen aas peGpa (a, b)
n pe6po (a, b) cramoBurcs cueayiomuM 3a (a, by) BOKpyr a, a
(by, b) cranosutcsi cjeayiouMM 3a HuM Bokpyr b). Temepb Hauu-
HAeTCsl POCMOTP peGep, HHUHICHTHBIX b, B NOPAIKe ABHIKEHHS MO
4acoBoii CTPeiKe BOKPYr b, HauHHas ¢ pe6pa e; H KOHYAs ey y3abl,
cooTBeTcTBYlomHe peGpam e; M es, ObLIH yiadeHs ') (Tak Kak ep
W e; OKasamHch BHYTPH 00OJIOYKH), a pe6po (a, b) cramosutes
CAeAYIOUHM 32 PeGpPoM ej. AHAJOTHUHBIA TPOCMOTP OCyLleCTBIASeT-
Csl BOKPYT BEpIIHHbI @, HAYHHAsA C HEKOTOPOro pebpa €| 10 HEeKOTO-
poro apyroro peGpa e’ = (a, @s). 3ateM, ecin B pesyabraTe cpas-
HEHHs Y7108 BhGMpaercs runeprpans (a, b, bs), o peGpa (a, by)
H (b, bs) craHoBsiTCH cielylOUHMH 3@ peGpom (a, b) BOKpYT Bep-
umH @ 1 b cootsercTBenHO. B mporusHOM cayyae BMecTo HuX Ge-
pytes (a, as) u (b, as). dro npusoaut k Koppekruposke PCJIC
KaK CBA3aHHOM CTPYKTYphl JamibiX. OTciofla cielyer, 4To MOJHOE
Bpemsi, tpeGyemoe aaroputmy CJIUTD, pasuo O(N), 11 mosromy
HiMeeT MeCTo cJe1yiollas Teopema.

Teopema 3.17. Boinykaas oboaouka smuoxecrea uz N Tovex 6
TPEXMEPHOM NPGCTPAHCTBE MONCET GbiTo NOCTPOCHA 3a ONTUMANbHOE
spens B(Niog N).

1) Bamernm, uto nps Takoil npoueaype yaaiemus peep us PCIC we nce
pe6pa, Monapuiie BHYTPh BHIYK0l 0GOONKH, MOTYT OwTh yiadens. Oaiako
HeylaTennHe (akW 06pasoM) peGpa oOpasyloT HiaHAPHHIl rpad C MHOMe-
CTBOM Bepum V, KOTOpHe Caw SBJSIOTCH BHYTPEHHHMA TOUKAMH BRTYKIOH
oGoaoukn. TT03TOMY, YHCAO HeyIaneHKsix peGep mpomopuronansito | V'], u noawui
oGnew nawath, sammmaevoii PCIIC, ocraetcsi npomopunonabruy |S|. Orseran,
uTo rpady © MHOKECTBOM BepUIMH V' He cBA3a ¢ TpaoM BLNYKAOH 0GOIOUKH.
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B sakmiouenHe HEOGXOAMMO OOCYAHTb, KaK GbiTb C BHIPOKAEH-
HbBIMH CHTYaUHAMH, KOFJA IONHTONB He SBJSETCS CHMIVIHIHANbHbI-
mu. CaMoe pasymHoe pellleHHe OCHOBBIBAeTCS HA BBEEHHH <HCKYC-
CTBEHHOMH» TPHAHTYJISLHH THIEPTPAHeH, He SIB/AIOUIHXCS TPEYroOIbHH-
KaMH, H TOrZa MOJHTON Bce BPEMs OCTAETCH CHMILIHUHAJBHEIM.
PaccMoTpum, B wacTHOCTH, NIPOUEAypPYy NPOCMOTPa MHOXKECTBA pe-
Gep, HHUMIGHTHBIX Bepuliue b (puc. 3.32). B mpeanosioxeHuu cHM-
IUIHIHAbHOCTH TIOJHTONA NPOCMOTp 3aBeplliaeTcs Ha peGpe e, mpH-
HajJlexalleM [BYyM THneprpa-
nam F w F’, Tak uTO mpH 3aToM
BEpIIHHA a Haxoautcs Ham F u
nox F’ (OTHOCHTeNbHO CMHCJA
TEPMHHOB «Haj» H «IIOJ» CM. Ha-
yano pasa. 3.4). Do eNUHCTBEH-
HO BO3MOXHAS CHTYalus, TaK
KaK B COOTBETCTBHH C NPeLNoso-
JKEHHEM HHKAaKHe YeThipe TOUKH
He MOTYT JIeaTb B OAHON ILIO-
ckoctu. [Ipu orkase or sroro
NPeANoIOKEHHs: KPHTEpHi 3a-
BepUIeHHs MPOCMOTPa pebep cTa-
HOBHTCS CJIEAYIOUIHM: NIPOCMOTP
Puc. 3.32. Tlpumep Tpuamrymawiu ru- 3aKaHUHBaeTcss Ha pebpe e, MpH-
neprpauu, He sBAsOWEACs Tpeyromk-  HajjexauleM runeprpasm F u
HHKOM. F’ TakuM, 4TO BeplIHHA 4 HAXO-

aurcs He noa F u nax F'. B ra-
KOM cJayuae, eC/H BepuUlHHA @ M CHOeprpanb F NPHHALIEKAT OAHOM
THIEPIVIOCKOCTH, TO pe3yabTHpylomas runeprpans CH(Fa) oka-
3bIBaeTCsl Pa3buTOil HA TPEYrOJbHHKH IyukoM peGep, BHIXOASIIHX
H3 BepwHHbl a (puc. 3.32). Takum o6pasom, rpann I~ OyayT Tpe-
YTOJbHHKAMH, XOTSl CMEXHble THIeprpaHH MOTYT JeXKaTh B OHOI
rHnepnaockoctd. Jluunue pe6pa Jierko MOryT ObiTh yAaJeHbl 3a
oaut npoxoi no PCIIC no oKoHYaHHH IOCTPOEHHs BbIYK/IOH 060-
souky. Ipu npoxoxaenun PCIC orMeuaercs Kaxkaoe pe6po, KoM-
NAaHAPHOE C ABYMS CBOMMH COCe/SIMH, HHLHAGHTHBIMH OAHOM 1t TOM
Ke BepLIHHe, a 3aTeM Bce OTMeYeHHbIe peGpa yaalsioTes.

35. 3amMeyaHusi B KOMMeHTapHu

B 3Toil raBe MBI HEOAHOKPATHO YKAa3biBaalm Ha TECHYIO
CBfI3b 3a71a4 COPTHPOBKH M NOCTPOEHHS! BBUIYK/IOH 00ONOUKH Ha
IUI0CKOCTH. B 4acTHOCTH, JI060f airopHT™, CTPORIIKH yrnopsiioueli-
HYIO 1I0CJIe[0BaTeIbHOCTs BEPUIHH BHIIYK/OH 0GOJOUKH, T.e. pe-
walomuit sagayy BOL B cayuae niocKoCTH He3aBHCHMO OT peadn-
3yeMOro MM MeTOAa, SBJSCTCH 3aMACKHPOBAHHBIM aJrOPUTMOM
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copTHpoBKH. TIpH KaxI0M NOAXOAsAlIeM CIydyae MBI WIIIOCTPHPO-
BaJIH 3Ty aHAJIOTHIO, le/las COOTBETCTBYIOUue NpHMedanus. B stom
pasjene Mbl BOCHOJb3yeMcs YAOGHBIM cayuaeM, uTo6bl AaTb Goiee
CHCTEMATHYECKHI 0630p aJrOPHTMOB, NPEACTABJCHHBIX B 3TOH IMa-
Be, PacKphiBasi COOTBETCTBYIOIHE HM METOXbi COPTHPOBKH.

VMecTHO cAenath cielylollee 3ameuanue. Ecai cMorpers Goaee
CTPOro, TO aHAJIOrHs 6yJeT MOBOJBLHO NOJNHOH, KOrjia Bce 3ajaHHbIe
TOUKH SIBJSIOTCS. BEPUIHHAMH BBIIYKJIOH 060JIOYKH. DTO BHOJHE TO-
HSATHO, TaK KaK B 3ajlaue COPTHPOBKH HeT aHaJora jJisi BHYTPEHHHX
TOYEK BBITYKJOH 06OJIOUKH.

anroputMe ['psxema COPTHPOBKA HCHOJb3yercs sBHBIM o6pa-

30M B caMoM Hayaje paGorbi. [lepBblii aaroput™ u3 pasm. 3.3.1,
NpOBepAIOWIMA KaXKAYIo napy TOYeK /s ONpejeseHusi, oGpasyior
OHH HJH HeT PeB6pOo BHINYKIOH 06OOYKH (M HACTOJbKO He 3ddek-
THBHBI, 4TO Mbl JaXe He YNOCTOHJIH €ro COGCTBEHHOro HMeHH),
aHAJIOTHYEH CJEAYIOEMy HEOGHIYHOMY aJrOPUTMY COPTHPOBKH:

1. Jast Toro 4ToGbl OTCOPTHPOBATH YHCAA X1, ..., Xy, HYXKHO
cHauaJa HaliTH HaHMEHblIee 110 BEJIHYHHE Xm H NOMEHATH MeCTaMH
X1 1 Xm. (TpeGyemoe Bpems — O (N).)

2. Tenepb HyXKHO HAWTH YHCJIO, KOTOPOE B OKOHYATE/bHO OTCOP-
THPOBAHHOM CITHCKe GYJET C/1e0BaTh 32 X1, IPOCMATPHBAsK BO3MOX-
HBIX KAaHAHAATOB Xp, ..., Xy. UHCJIO X; ciaeiyer 3a x; Toraa H
TOMBbKO TOTJA, KOTAA MeXIy HHMH HET JPYTHX 3eMeHTOB CIHCKa.
(Tpebyemoe Bpems — O (N?).)

3. AHajorHUHBIM 00pa3oM HafTH 3JeMEHTHl, CJAeAyioUlHe 3a
X3, ..., Xy—1. (BpeMs, TpefyeMoe IS HAXOXKJAEHHS Kaxaoro no-
caeayioutero saementa, — O (N?). Tloanoe Bpems — O (N?).)

drta mpoueaypa MOXeT GbIThb OUEBHABIM 06pasoM yJyuuleHa 3a
cueT yCKOPeHWs mpouecca NOHCKa IOCenyloulero siementa. Has
TOTO uTOGb ONMPE/EHTh 3JEMEHT, CAeLYIONHil 3a X, Heo6X0AHMO
JMWL HAWTH HAUMEHBIIHA SJEMEHT CPelH Xiti, ..., Xv. Ilocie Ta-
KOro H3MeHeHWsl TNPHBEJCHHBIA BbIlle aJrOPHTM IpeBpallaercs B
COPTHUPOBKY TTOCPEJICTBOM BBIBOPA [Knuth (1973)] u
cootBercTByer ajroputmy Jlkapsuca (pasa. 3.3.3).

JITOPUTMBI TIOCTPOEHIHST BBIMYKJIOH OGOOYKH, OCHOBaHHBIE Ha
MeTojle «pasjiessii H BJACTBYi», pa3GuBalolIHe HCXOLHOE MHOXKe-
CTBO TOYeK Ha JBE WYaCTH, CTPOSIIHE BHIMYKJAYIO OGONOUKY NJIst
KaKjioff M3 STHX uYacTeit H 3aTeM OGBEIMHAIONIME HX 32 JHHEAHOe
BpeMst, SIBJSIOTCS FCOMETPHUECKHMH aHAJOTaMH aJrOpHTMa COpTH-
POBKH cJusiHHEM. AJITOPHTM, CTPOSiLUHii BBINYKIYIO 0G0JOUKY B pe-
aJbHOM BpEMEHH, #BJISETCH aHAJOrOM aJrOPHTMA COPTHPOBKH
BCTaBKaMH. AHANOTH anropuT™Ma OLICTPOi COPTHPOBKH o6cyXkia-
quch B pasa. 3.3.4.

Xorsa Q(N log N) siBasieTcsi HHXKHell OUCHKOH CJIOKHOCTH B XYI-
weMm cayyae AAs JOGOTO ajArOPHTMA MOCTPOEHHA BHIMYKJIOH 060-
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JIOUKH MHOXKecTBa S, cofepxallero N Touex, TeM He MeHee B CJIy-
uae, KOrga 4McJIO KPa#HHX Touek h cymlecTBeHHo mewpme N, mo-
BHAHMOMY, MOXHO JAOCTHTHYTb MeHblel CJOKHOCTH. DTo coobpa-
Kelie ¢ GObWIMM ycnexoM Henodb3osain Kupknatpuk u 3eiizes,
paspaGoraBuiue airoput™ co caoxuoctbio O(Nlogh) u mpenso-
JKHBLIME €ro B KauecTBe <«mpeAelbHOro». OHH TakKe 0Ka3an,
YTO 3TOT AATOPHTM FABJISETCH aCHMNTOTHYECKH onTuMatbHbiM [Kirk-
patrick, Seidel (1983)]. HX ajroputy OTACIbHO CTPOHT BepPXHIOK0
H HUXHIOO o6omoukn. Pac-

Dual (p) CMOTPHM [IOCTPOEHHE BepXHeit
Edunugnas — Dual (P) oGosouku. HMcxonnoe muoxe-
anpycrocms CTBO pa3buBaeTcs Ha ABE paB-

HbIE YAaCTH, OTAGMMMbie APYr
OT Apyra BepTHKAJbHON Npsi-
MoOil. 3aTeM BMecTo pekyp-
CHBHOTO MOCTPOEHHS BepxHeil
0GOMIOUKH  JUIS  Kamaof M3
ABYX uacTedl M nocjenyioiie-
ro BblYMCJAeHHs obwielt omop-
ol mpsAMo#  (HasbiBaeMoi

k\\\jwlv P BepxHuM COEJIHHEHHEM) ajro-
Fed PHTM CHayajga CTPOMT 3TO
/ COe/MHeHHe, a 3aTeM pasjienb-

Puc. 3.33. Tlocrpoeime onopnwx npawx ~ HO CTPOHT BEpXHHe 060J0u-
IKBHBAJICHTIIO NOHCKY mepeceuenns B ABofi-  KH IS TIOAMHOMKECTB  TO-
CTBEHHOM MPOCTPAHCTBe. YeK, PACNONOKEHHBIX COOT-
EETCTBEHHO CJieBa ¥ CIpaBa
OT JIEBOTO i MPABOTO KOHUOB COEAHHEHHS. KIIOUeBEIM MOMeHTOM
STOro MeTojla sBisiercs 3QPeKTHBHBIA cNOCO6 MOCTPOEHHS COeTHHe-
tnst. ONHpasich Ha To, 4TO COEMMHEHHE MOXKHO ONPEAENHTh B pe-
SyJbTaTe pelleHis 3a/adn JHHEHHOr0 MPOrpaMMHPOBANHS, ABTOPHI
AJropHTMa BOCNOJB30BAJIHCH METOJAOM pPelleHAs 3a1au JHHEHHOro
MPOrpAMMIPOBANHS 32 JIHHeHHOE BPEMs, KOTOPBHIl OBLT HeaaBHO
npeanozxen Meuxuano n [laiiepom u no1poGHo Gyxer paccMoTpen
B pasa. 7.2.5. O6osuaunm uepes hy u hy (hy + hy = h) uucao Bep-
IUHH 0BOMOUKI COOTBETCTBEHHO CJICBA H CMPABA OT COCHHEHNS, a
uepes T(N, h) spems Bumommenus aaropurma. Jlerko NPOBEPHTD,
H4TO C/leAyIollee PEKyPPeHTHOE COOTHOLIeH e:
T(N, h)y=cN +h max (T (N/2), h))+ T (N/2, h,)),

1+

rie ¢ — Komncranta, umeer pewenne T (N, h)= O (logh).

Jldumb cosceM HeaaBHO 3a1ave MOCTPOCHHS BBITYKIOH 0GOTOUKH
B E? GBIIO Y/eeHO 3HAUNTE]bHOE BHWManHe. AHAJIN3 AITOPHTMA
Yanna — Kanypa, Buinosnennsiii Bxartauapes, 1 MeToa <noi-nai,
npeivioxRenHbiit Keftan, mpeactaBasior ABa mpuMepa BO3DOMKCHHS
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uHTepeca K 31oil mpoGieme. 3eiizean [Seidel (1981)] nesaBucnmo
I IOYTH OHOBPEMEHHO Pa3paGoTa/l ajAropHTM, aHAJOTHUHDIL ajaro-
purtMy Kefimu. 3efiiesib NPHMEHHIT aHAJOTHYHBIA TIO1X0/1, HO TOJMBKO
B JBOHcTBeHHOM mpocTpanctBe (cM. pasia. 1.3.3). OcHoBHyio Hieio
anroput™a aas caydast d = 2 uamoctpupyer puc. 3.33, rie noxa-
3aHO, YTO NOCTPOEHHE OMOPHBIX MPSMBIX H3 TOYKH P K MHOTOYTOMb-
HHKy P 5KBHBAJIEHTHO B JBOMCTBEHHOM NPOCTPAHCTBE ONpPeleseHHI0
nepecevennsi dual(P) ¢ dual(p). Caoxnocrb 3pdexTnBHOro anro-
UTMa  BBIMHC/AGHHS —yKasaHHOro mnepeceyenus B E¢

O(NL(“”RJ).QTa ouetka Gblia yayymena Keian mo O(Nu'““),
KOTOpas B JIEACTBHTENbHOCTH SIBJISETCS ONTHMAJNbHOM IS YeTHBIX
d (0 (N**™) — pasmep nosyuaemoro pesyasrara).

3.6. YnpaxHeHus

1. Mpocras samxuyras aomawas. Ha niockoetn sananst N rouex. TToctponts,
TIPOCTOli MHOTOYTOMILIHK, BCPUIHHAMI KOTOPOTO ABNAIOTCA JAHHBIC TOUKH.

(a) TloKa3aTh, U4TO IHKHAS OUEHKA CAOKHOCTH AATODHTMA, POUIIOLIEro 3Ty
3azauy, pasna Q (N log N).

b) PaspaGotath aaroputs pewenis 5Toft 3aiaun. (Ykasamue: MOAHQHUIH-
poBath meto]l o6xoaa I'paxema.)

2. Ha naockoCTH 3aaHsl /1Bd HCHEPCCEKAIOUMXCA BHNYKABX MHOTOYTOJb-
Hika Py 1

(a) CKoAbKO OGIIMX OMOPHBIX MPSIMBIX MOTYT HyeTh Py it Py?

(b) ToCTpoTs OblIHE OMOpHHE HPAMME C NOMOWIbIO AATOPHTMA, OCHOBAH-
HOTO HCKIIOWHTCALHO 1A HCTOAB3OBAIINI YIOB MEXY PEOPAMH MHOFOYTOJbHHKOB
W TIPAMBIMH, NDOXOSAULEMK 4ePe3 BEPLIHHbL MHOTOYTOBHIKOB.

3. PaspaGotaTh airopuTM, BREOANSIONMSi 32 NOCTOSHIOE BpeNsl KiaccHH-
KaUHIO BCPLIAHL ¢ (KAK BOFHYTOM, ONOPNOM WIW BLIYKJOR) BBIYKJOTO MHOTO-
VTOMLINKA OTHOCHTEMbHO OTPE3Ka U, Fie p— 3al1auNas TOUKA HA IOCKOCTH.

4. JIAs aqropuT™a peadbHOro BpeMeH HOCTPOSHNS BHNYKIOH 06OJOYKH Ha
T0CKOCTH 13 past. 3.3.6:

(a) nokasath, ¥To B cayuasx 2, 4, 6 1 8, Hoxasamnux ua pic. 3.16, Touka p
© HEOGXOAMMOCThIO ABJACTCS BHEUINON 148 MHOFOYTOMBHUKA P;

(b) MPEATIOJOKHB, 4TO p ABJSCTCA BHYTPCHHEN TOUKON Mioroyroabinka F,
noAyMaTh, KaK Npoleaypa noucka 06HapyKHT 3Ty CHTYAUHIO.

5. [1a% MCTOAA NORIEPAKKH UHHANHUECKOf BHIYKIOH 060:104KH 13 pasa. 3.3.7:

(a) HanucaT TpoOTpaNMy Ha TCEBROAATOTC,  peaiM3yIONLyl0  (YHKIIIO
COETIMHHTB (U, Uz),  Beuicamioutyio  onopibiii  oTpeaok  aas  B-oGoaosiek
U w Us;

(b) paspaorats crapesumie mpouciypu TMOABEM-CITYCK i srnoase-
WA OTIEPAIITH YIAICHIR TOUKI 113 MHOKECTRA 1 NAOCKOCTH.

6. Keiia — Kupsnatpus. Tlycts S — womeerno ua N ToueK Ha ILcCKocTI
© UEMOYHCACHHBIMH KOODAMHATAMH B MiTepBase oT | 10 N¥, rie d — Koucranta
MoKa3aTh, 4T BBINYKAYI0 0GOJOUKY MIOKCCTBA S MOKHO HANTH 3a JHHeliHOC
BpeNsL.

7. 3eddeas. Tlyets S = {py, ..., pY < B3 w x(p) < x(pg) < ... << x(pw).
Tloka3aTh, 47O, HCCMOTPA Ha ANPHODHOC 3HAHHE NOPSIKA CIEAOBANHA TOUEK
MHOKeCTBA S Hia OCH X, HIUKISS OLCHKA CJOKHOCTH NOCTPOCHNS BHMYKIOR 0G0~
soukn MHOXKeeTBa S Ho-npexiemy ocractes pasioit Q(N log N). (Vasamie:
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18 sagany o ii o6onouxe Ha
TUIOCKOCTH B AaHHyIo0.)

8. 3eidear. B aaropwTwe «sasopaunsamns mofapka» Uanaa — Kanypa te-
OGXOANMO NOMLEPNKHBAT CTPYKTYPY AGHHHIX iJ% MHOMECTBA Q M3 (d—2) ri-
TNeprpaHeif, KOTOPBE MOLYT OBiTb <32BepHYTH» Ha INOCAEAYIOUUHX marax o6pa-
GOTKH. B 5ToM 2JrOpHTME MOKHO NeuaTaTh THOEprpamH cpasy Ke MOCTE TOFO,
KaK OHil HAMIGHM H HET REOOXOMMOCTH 3alOMMHATH MX. Takum 0GDasoM, pas-
Mep CTPYKTYPH J@HHBIX Adi Q ONpeleisieT eMKOCTHYK CJOXKHOCTb ajropaTMa
«32BOpauMBaHNA MoAapka», ITycTh S — MHOXKECTBO H3 n TOUEK B IIPOCTPaH-
crBe £, HaXOAAUHXCA B OGLIEM TIOJOKEHHH.
a) TlokasaTh, 4TO €CIM A% MOCTPOGHAS BHIYKAOH 0GOJONKH MHOMeECTBA S
y aropaTy P nojapKa», T CyILeCTBYeT HeKoTopas
TeAbNOCT WiaroB p Tonapka», Takas, 4o paswep Q
HHKOTZa He NPEeBHIIAeT MAKCHMa/JbHOrO 4Hcaa THneprpaneii moaurtona ¢ N Bep-
umHamn B E4
(b) Pa3paGoraTs BapHanT airopHTMA <3aBOPAuMBAHHA TOAAPKA» C EMKOCT-
HOIt CIOXKHOCTHIO

0 (9,_y) =0 (0t @2,

TA€ (g—1 — YHCJO THIEprpaneii MOJHTONA.

9. Tlokasats, 4To B airopurMe NoCTpoehns d-MepHoll BHNYKAOH 06ONOUKH
MeTOfOM «MOA-HAN> (pasA. 3.4.2) KaaccnpHKALMA Kakioli W3 N Bepimh moas-
Tona P Kak BOTRYTOfl, BIYKIOi 10T ONOPHOIi MOXeT GWTh BHIOAHEHA 32 BpeMS
O(@a-1) + O(Nd), rre gu_y — uncio runeprpaneil noaurona

TJIABA 4

BoinyKJbie 000/104KH:
pacliupeHuss U NPHJIOKEHHUs

B sroil raaBe npecienyiorcs ase ueaH. Ilepsas — 06-
Cy/ieHHe BADHAHTOB H YaCTHBIX CJIy4YaeB 3aJa4H [OCTPOCHHS Bbi-
nyKJoit 0GOJIOYKH, A TAaKXKe aHAMU3 MNOBEIEHHS AJTrOPHTMOB MO-
CTPOeHHS BHITYK/IOf OGOJIOUKH B cpefneM. Bropas imesb COCTOHT B
06CyK/AeHHH TIPHIIOKEHHH, B KOTOPHIX HCIOMb3YeTcs BHIyKAas 060-
souka. Hosbie 3agaun G6yayt cdpopmyiMpoBanbl H 06CYK/eHB B TOM
BUJe, B KAKOM OHH BO3HHKAlOT B STHX NPHJIOXeHHAX. MHorooGpa-
3He 3THX 3a/la¥ JOJKHO YOeJHTb UHTATes sl B BAXXHOCTH 3a/]auH MO-
CTPOEHHS BHIYKJIOH 0GOJOYKH KaK /sl NPAKTHKH, TaK H B KauyecTBe
$yHIaMeHTaJIbHOTO CPEACTBA VIS PelleHHs 3a7aY BbIYHCIHTETbHOM
reOMeTPHH.

4.1. PacliMpeHuss ¥ BapHaHTb
4.1.1. AHaau3 cpesHero cayuas

BosBpamasich K o0cyxjiaBuiiMcst B pasji. 3.3 aaropur-
MaM MOCTPOEHHs BBIMYKJION 0GOJOUKH Ha MJAOCKOCTH, CICAYET OTMe-
THTb, UTO HE3aBHCHMO OT HCXOJHBIX HAHHBIX aAroputM I'paxema
Bceraa TpeGyer O(N log N) Bpemenn, Tak Kak B Hauaje OH BBIIOJ-
HseT COPTHPOBKY AanHblX. Hampotis, BpeMs paGoTsl a/iropurma
JxxapBuca KomeGJaeTcst OT JHHEHHOTO /0 KBAaJPAaTHYHOrO, H B CBSl-
31 ¢ 3THM YMECTHO TMOCTaBHTb BONPOC: KaKoBO cpednee BpeMsi pa-
Gorbl anropurMa? [lonck oTseTa Ha 3TOT BONPOC MPHBEJET B CJIOXK-
HYIO H BMECTE C TeM <«3aXBaTbIBAIONIYI0» OGJIaCTh CTOXAaCTHUECKOMH
TEOMETPHHH, /e Mbl MO3HAKOMHMCS C HCKOTOPBIMH TPY/AHOCTAMH,
KaCalOUIHMHCS aHaJH3a NMOBEACHHS COMETPHYECKHX ANTOPHTMOB B
cpesiHeM ciyuae.
Tak kak anropurm Hikapsuca umeer caoxuocts O(hN), rie
h — 4ucsi0 BepiiiH BBITYK/IOR OGOJMOYKH, TO AJIf OLEHKH CIOXKHO-
CTH 3TOr0 aJrOPHTMA B CPeJHEM HEOGXOAWMO JIHIIb BBIYHCIHTH
E(h) — maTemaTHuecKoe OXHjaHHe BesuunHbl A. Jlast sTOr0 Hamo
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cAenath sl NPeAnoSoKeHHii 0 3aKoHe pPaclpeie/]ennsi HCXOAHBIX
toyek. OTBET Ha 3TOT BONPOC JIEKHT B OGJIACTH CTOXAaCTHUECKOH
reoMeTpHH, H3yyalolell CBOHCTBA caydaliHbIX eOMeTPHYECKHX 0Gb-
CKTOB H SIBJSIOIEHCS OCHOBOH AJ1s aHa/u3a PaGoOThl AJICOPHTMOB
B cpeanem '). Ham, xoneuHo, xoTesoch Gbl cKasaTh: «[lahsl N To-
ueK, PABHOMEPHO PACNpeIC/]CHHBIE HA IJIOCKOCTH...», — HO TEXHH-
yeckie NMPOGJEMbl 1eMaI0T 3TO HEBO3MOXKHBIM, TAK KAK TOUKH MO-
IyT ObITb PaBHOMEPHO paclpejesieHbl JIHIIb B MHOMKECTBE C KOHEU-
no#t mepoii JleGera [Kendall, Moran (1963) ), rak uyro Mbl Bbl-
HYK/EHDBl ONPeIeNHThb KOHKPeTHYI 00JacTb, H3 KOTOPOil BIGHpa-
ores toukd. K cuacrelo, 3azaue Buiunciaenns E(h) Obuio yaeneHo
3HAUNTEJbHOE BHHMAHUE B JIITEPaType M0 CTATHCTHKE, H HUXKE NMpPH-
BeJleH sl TeOPEM, KOTOPBLIE HMEIOT NPAMOE OTHOUIEHIE K AHAIH3Y
HEKOTOPBIX FeOMETPHYECKHX ajNrOPHTMOB.

Teopema 4.1 [Rényi, Sulanke (1963)]. Ecau N rouex seibupa-
10TCA PABHOMEPHO U HE3ABUCUMO U3 BLINYKA020 r-YecOAbHUKA HA
naockocru, 7o npu N — oo

Em=(3) 6 +108. M)+ 0 (1), @.1)
2de y — KoncTanra Jiizepa.

Teopema 4.2 [Raynaud (1970)]. Ecau N touex swvibuparorcs
PABHOMEPHO U HE3ABUCUMO U3 BHYTPEHHOCTU k-meproii eunepcee-
pot, 10 npu N — oo maremaruueckoe oxudanue E(f) eunepepanedi
BbINYKAOL 060A0UKU ITUX TOHEK ACUMNTOTUYECKU CTPEMUTCS K

E () =0 (Nt-biltki), (4.2)
Orcioda caedyer, 4to
E(h)=0(N'B) Om N 7Touek, pasHomepHO 8610 parKbLX

cpyea,
E(h)=0 (N'?) 0/[;1 N rouex, pasromepno 8616 parHbLX
us ceepot.

Teopema 4.3 [Raynaud (1970)]. Ecau N rouex soibpanst nesa-
BUCUMO 8 COOTBETCTBUL € R-MEPHbLM HOPMAAbHOLAM pacnpedesenuen,
10 npu N — oo E(h) acumnroruuecku crpemurcs K

E(h)= 0 ((log N}~ 12), (4.3)

Teopema 4.4 [Bentley, Kung, Schkolnick, Thompson (1978)].
Ecau xoopdunarot N Touek 6 k-smepHos nPOCTPAHCTEE BbLOPAHbL He-

Y 1
MO0 HafiTH B Kuure [Santalo (1976)]

2) Peub HieT 06 OTpaHHYEHHBIX MHOMKECTBAX Touek. — /Ipus. nepes.

0 pesyantatax B 570l o6aACTH
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3Q8UCUMO 8 COOTBETCTBUL C NPOUIBOAbHOLM HENPEPbIBHOLM pacnpe-
Odeserues (803moHHO, 04 Kanooi KOOPOUHATHL UCROAL3YETCA
ceoe pacnpedenenue), T0

E (h)=0 ((log N)¥-1). (4.4)

YC/I0BHSM 3TOi TEOPEMbl yOBJETBOPAIOT MHOTHE PAaCNpefesieHHs,
BKJIIOYAsl PaBHOMEPHOE pacnpejeseniie B rHnepKyGe.

Takoe KaueCTBEHHO HEOXKHIAHHOE NOBEJEHHE BBIYKJIBIX 060J0-
ueK C/IyYalHBIX MHOMKECTB TOUEK MOXHO HHTYHTHBHO OGBSICHHTDH
cJeflylomum 06pa3oM: MpH PABHOMEPHOH BEIGOPKe H3 MPOH3BOJILHOH
orpannyeHHoli oGaacti F 060J0uKa CAyYaitHOTO MHOXECTBA TOYEK
crpemutest NpHEATL GopMy rpannubl F. B cayyae MuoroyrosbHuka
HAKOIICHHe TOYEK B «yIJax» IPHBOANT K TOMY, YTO Pe3yJabTHDYIO-
masi BHIMyKAast 000J0YKa HMeeT oueHb Majo BepurnH. Tak Kak
y Kpyra Her YIJIOB, TO OXHJIaeMOe YHC/IO BEPUIHH BBIMYKJIOH 060-
JIOYKH CPAaBHHTE/IBHO BEJNHKO, XOTS, KAK HaM H3BECTHO, HEeT 3JeMeH-
TApHOro 06LACHeHUs 3aBHCHMOCTH N'/3 st maockoro cayvas '),

M3 npuBeseHHLIX DE3YJAbTATOB HENOCPEICTBEHHO CJIELyeT, UTO
COXKHOCTb B cpeanem ajroputva JlKapBHca HMeeT 3HaueHHH,
npescrabJieHHble B Tab1. |

Tabauya I. CaoxuocTs B cpenuem amroputma Jikapsinca

Pacnpeseneure Caomuocts  cpenen

PanioMepHoe B BHIYK/0M MHOFO-

yroabiiKe 0 (N log N)
Pasroveproe B Kpyre 0 (V¥3)
Hopmaasuoe Ha MAOCKOCTH 0 (N (log N)'?)

3aMeTHM: MOXKHO OKHATh, UTO IIPH HOPMAJBLHOM pacrmpejesie-
HHH TOYeK anroput™ JIxkapBica norpeGyeT HECKONbKO MeHbIUe Bpe-
MeHH, dem aaropHt™ I'paxema?).

Bce pacnpesesienusi, paccMOTpeHHbIe B 3TOM pasjiese, 06Ja1aloT
CJICLYIOUIHM CBOACTBOM: MaTeMaTHUECKOE OXKHAAHHE YHCTa KpaHHX
Touek BhIGOpKH o6bemoM N pasio O(NP), rae p << 1 — Hekotopas
Koucranta. Takue pacnpenenenus nassiBaotces NP-pacnpedeneruamu.

OGpartnmest BHOBb K OMHCAHHOMY B pasi. 3.3.5 anroput™y «pas-
NeNsi B BAACTBYH» st MJocKoro caydas. Kak yxe 6bito moxa-

) MartemaTHuecKOe OXHIaHHe WHCTAa BepUIHH BHINYKIOH OGOJOUKH MHO-
xecTBa M3 N TOYeK MOXKHO 3amucaTh Kak muTerpan oT N-ii cTemeHH HETerpajia
naomocry seporiocri [Efron (1965)] Ho wstepec npescrasner e siate:
HHe 37Ot a ee acHMm B

2) JlpymepHoe HOpMa.nbwDe pacnpeeseniie 4acTo HCnoabayeres B Ka'—lECTBe
MOJle/IH pacipeie/leHus ONAAGHRI Myb B UEb.
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3aHO, STOT A/ITOPHTM HMEET ONTHMAJBHYIO CJOXNHOCTb B XyALIEM
cayqae. Bewrau u Uleitmoc [Bentley, Shamos (1978)] noxasau,
UTO ¢ HeGOJMbLINMH H3MEHEHHAMH B DEAJH3aWHH STOT alrOPHTM HO-
CTHraeT JMHHEHHOH OLEHKH COXKHOCTH B CPE/HeM, H, NO-BHAHMOMY,
HMEETCst BOSMOXKHOCTb ero 0606UIeHHs Ha CIyd4ail MPOCTPaHCTB GO-
Jlee BBICOKOH pasmepHOCTH. [lifi MOJb3bl Jefa KOPOTKO HANOMHHM
naeio anroputma. Ecin uncno sananubix Tovek N Memblue HeKoTO-
poit KoHCTaHTbl No, T0 060/I0UKA BHIUHC/IAETCS HEKOTOPHIM MPAMBIM
metofiom. Ecau e N Goabuwe No, To nponeaypa cHauama npoms-
BOJIbHBIM 00pa3oM pa3GHBaeT MHOXKecTBO H3 N TOUeK Ha JBa MOA
MHOXKeCTBa, COAepiKallie npuMepro no N/2 touek Kaxpoe. 3ateM
PEKYPCHBHO WILYTCS BBINYKJble OGOMOYKH AJIS 3THX ABYX MOAMHO-
JKeCTB, T.e. peWaloTesi JABe MOA3a/aul, AHAJOTHYHbIE HCXOAHOM.
Pe3ynsTaToM Kaa0rO 3 3THX PeKyPCHBHBIX OGpAIleHHH K TPo-
uejype SIBJSETCS BBHIIYKJBIH MHOTOYroJbHHK. OGOMOYKA HCXOAHOTO
MHOXeCTBA €CTb He YTO HHOe, KaK 060J10YKa 0GbeLHHEHHS 06OJIO-
uex moammuoxects. Ilocnennssi MokeT OHTh HaiileHa 3a BpeMs,
IPONOPUHOHANbHOE TOJHOMY 4HCIY BepWIHH 0GeHX M0A060M0UeK.

Ilpn paspaGoTke Ha OCHOBe 5TOTO METOj@ AJTOPHTMA C JIHHEH-
HOM CJIOKHOCTBIO B CPefiHeM BO3HHKAeT NpoGieMa, CBA3aHHAS C IIa-
roM pa30HeHMst MHOXKecTBa Ha uacTH. JleficTBHTE/NbHO, B TOM BHIE,
KaK 5To cllenano B pasi. 3.3.5, 370 pasGuenue MOrIo 6bl moOTpeGo-
BaTh JIMHEHHOro BPeMeHH, KaK TOro TpeGyeT IIPOCTOe KONHPOBAaHHE
noxsanay. Takok NoAX0A, OAHAKO, NPUBOAMA Obl K OUEHKe
O(N log N) mast monoro BpeMeHH BHIIONHEHHsS aaroputMa. Takum
06pasoM, CleAyer HCMOJMb30BAaTh WHOH IOAXOJ, YTOGH ONHOBPEMEH-
HO JIOCTHYD JABYX CJEAYIOUIHX LeJeit:

(1) war pasGuenns Jo/mxen BHNOMHATBCA 32 BpeMs O (NP),
rae p <<1;

(2) TOUKM B KaXAOM M3 /BYX MOAMHOXECTB AONMHEI MOXUH-
HATbCS TOMY K€ 3aKOHY pacrpe/leJeHus], UTO H HCXOAHOE MHOXe-
CTBO TOUEK.

Bropas uenb Moxer GhTh 0BOJBHO JIETKO JOCTHTHYTA, €CIH
BHAYaJle BBIIOJHHTH NPOH3BOJILHYIO MEPECTAHOBKY HCXOAHBIX TOYEK
H PAacnoJIOXKHTb HX B MaccHBe (3TO Je/aeTcst MyTeM 3alHCH TOUeK
B 9TOT MACCHB B NMOPsAKe HX MOCTymaenusi). TeM caMbiM rapaHTti-
pyercs, 4T0 J106ast NOMNOC/TE0BATEILHOCTL NOMYYEHHOH NOCTe0-
BATE/IbHOCTH SIBJSETCS CJAYYAaHHOM, T.e. OHA NOJUHHSETES 3aKOHY
HCXOAHOrO pacnpenenenus. Kaxnas mojsagaua kacaercsi MHOXKe-
CTBa TOYEK, INPEJACTABJCHHEIX HEKOTOPOH TMOC/IEL0BATENBHOCTHIO
9/IEMEHTOB MaccHBa (MOAMACCHBOM), H 3TO MHOXKECTBO MOJHOCTBIO
ompejiesisieTcst ABYMsi YKA3aTe/sIMH HA TPaHHYHbIE 3JEMEHTH COOT-
BETCTBYIOILero nogMaccuBa. Tak 4To pasbHeHue OCYILeCTBJSETCH
NyTeM pacllelJeHHs N0MacCHBa B cpelHell ero uactn (sra omepa-
LHs BHITOJIHSIETCS 32 TOCTOSIHHOE BpeMsi) ¢ MOC/elylollell Nepeaa-
ueit B KaXIOM M3 DeKyPCHBHBIX OGpalleHHif K MpOLeAype JHIIbL
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ABYX ykasateseli. Vcnosbsosauue Takoro mpuema mo3BoJseT J0-
CTHYb MEepBOf LesH. DTa Ledb HESIBHO JOCTHIACTCs], €CIH BOCIOMb30-
BaTbhCA HTepa it (a He pexyp f) cxeMoll pealH3alHH al-
ropurMa. Ilpu Tako# peanusauuu IociefoBaTeNbHO 0GpabaThBa-
JHCh Gbl CHH3Y BBEPX CHaua/ja MHOXECTBA H3 YEThIPeX TOUeK, 3aTeM
H3 BOCBMH H T. 1.

TakuM 06Pa3oM, BpeMs BLIIOJHEHHS LI1ara CJHSHHS IPOMOPLHO-
HaJbHO CyMMe Da3MepoB BHIYKJLIX OGOJIOYeK KaXJ0ro W3 JIBYX
noamuoxects. OGosnaunM nociaesnio Beinunny C(N) H, Kak
06biyHo, T(N) — BpeMsi paGOTH a/irOPHTMa Ha MHOXKECTBE pa3Me-
pa N. Bes tpyna moiyuaem cleiyiollee PeKypPeHTHOE COOTHOLe-
HHE:

T(N)<2T (N/2)+ C(N).
Ecau reneps nosoxuts T, (N) A E[T(N)] (oneparop E[ ] o6osua-
4aeT MaTeMaTHYeCKoe OXKMJaHHe), TO, YUHTHIBAs JHHEAHOCTH oOMle-
partopa E, nosyuaem HOBOE PEKYPPEHTHOE COOTHOIICHHE:

Tep (N) 2T (N/2)+ E[C(N)). (4.5)
Pemenne 310r0 cooTHOWeHHs 3aBHCHT or Bhia E[C(N)] B uacr-
HOCTH, ecin

O W), 10 Tep (N)=0 (N log N),
E[C(N)]={ O (N/log N), 10 Top(N)=0 (N log log N), (4.6)
O(N?), p<1, 10 Tep(N)=0(N).

Baaronaps auueiinocrn oneparopa E[ ] 3uavenne E[C(N)] nenpe-
BOCXOJHT Y/(BOBHHOIO 3HAYEHHS] MATEMaTHYECKOTO OXHIAHHS pPas-
mepoM h(N/2) BhykI0# 060104KH MHOXKecTBa 3 N/2 Touek. Yuu-
ThiBast, YTO JJIi BCX YNOMHHABIIMXCS BEHIIle pacnpeie/eHHi uMeeT
Mecto cBoiicrso E[A(N/2)] = O((N/2)?) ans mexoroporo p < 1,
10 E[C(N)] = O(NP). [lonyuenHbifi pesynsTar MOXHO cOpMyH-
poBaTh B ciedylollell Teopeme:

Teopema 4.5. aa N’-pacnpedesenus seinyxias 060404Ka 6oL~
6opru us N touex na naockoctu mooker Goite Haiidena 8 cpednem
3a epems O(N).

JloBOMBHO COG/IASHHTENBHO CKA3aTh, YTO MPOBENEHHBIH aHAIH3
TPHMEHHM H K ONHCaHHOMY B pasi. 3.4.3 amropurmy Ilpemapars n
XoHra MOCTPOEHHST BBHITYK/IOH OGOJIOYKH B TPEXMEPHOM NPOCTPaH-
CTBE, KOTOPHI/l TaKXe OCHOBBIBAeTCH HAa METOJe «pasfesiiil W Bia-
cTByit». Onnako (no kpaiiHeli Mepe B NPHBEIEHHOM H3JIOKEHHH)
STOT AJNTOPHTM CYUICCTBEHHBIM 06DPa3oM HCIOJb3yeT GaKT pasiesu-
MOCTH ABYX BBIIYKJIBIX 060J0ueK NpH uX causHun. K coxasennio,
3TO MNPEANONOXKEHHEe Hapyllaer YCJIOBHE, CONIACHO KOTOPOMY B
xojie 06paboTKH KaxJ0e IOAMHOKECTBO AOMKHO GHITb CAydaiiHbIM
H NONUHHSITLCS O/IHOMY H TOMY 3Ke PacipeleJeHHIo.
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4.1.2. AJIrOpUTMBI anNNpoKCHMAUMK BHLINYKJOH 0G0JOYKH

Bwmecto BhGOpa anroputMma MOCTpOEHHS BHIYKIOH 060-
JIOYKH HA OCHOBAHHH €rO CJOKHOCTH B CPejiHeM (0 YeM TOBOPHJIOCH
B NPeABIyIIEM pasfiele) MOMKHO MOATH MO alhTepPHATHBHOMY MyTH,
pa3pabaTbiBasi aJrOPHTMBI, CTPOAlLHE ANMPOKCHMALHH JUJIS peab-
HOH BBIMYK/IOH OGOJOUKH, DAa3MEHHBAsi TeM CaMbiM TOYHOCTb Ha

. . | |
o .. a |€ ®
. O] o
@, . .
.
. o
(@) (b)
Pre. 4.1, Ha aaroputsa BLnyKa0it 0Gotoukn: (a) —

31aHO MHOKECTBO TOYCK 13 MIOCKOCTH, B KOTOPOM BEAGAAOTCH CaMbie deBHe
W cawmle npashie Touki; (b) — pasGHCHKC MHOKECTBA TOUK Ra 4aCTH B 3aBH-
CHMOCTH OT MPHHALTEKHOCTH WX ONOR H3 & NOJOC U ONPEiCAEHHE B Kaioft
noA0Ce TOUCK € SKCTpEMabHoli OPAMMATON;  (C) — IpHGMWKeHHAR BuNYKAas
oGoouKa.

npoctory n d(pexTHBHOCTL aaropiuTMa. Takofi airoputm Mor G,
B YACTHOCTH, GBITh OYEHDb IMOJE3HBIM VI IPHJIOKEHNH, Koraa neo6-
XO/HMO GLICTPO MOJNYYHTD PElUeHHe, XKePTBYs PajiH STOrO Jaxe Tod-
#octblo. Tak, HampuMep, 3To BIOJHE NPHEMJEMO B MPHKJIAAHOH
CTATHCTHKE, Ile Pe3yJbTaThl HAOJIOJCHHH He SIBJAIOTCS TOUHBIMH,
a M3BECTHBI C HEKOTOPOil BIOJHE ONpeAeNEeHHOH TOUHOCTHIO.

3nech GyJeT PaccMOTPEH ONMH M3 TAaKHX aJrOPHTMOB s MJIO-
ckoro cayuast [Bentley, Faust, Preparata (1982)]. OcuoBnas unes
STOTO ANrOPMTMA IPOCTA H COCTOMT B TOM, YTOOL BBIAENHTbH U3
MHOXKeCTBA TOUEK HEKOTOpOe MOJMHOMKECTBO, BHITYKJas 000J0YKa
KOTOPOro H GyMleT CJAYXKHTh ammpoKCHMAIHel BBINYKJIOR OGOJOUKH
HCXOJHOrO MHOKecTBa ToYeK. OJHAKO KOHKpeTHas cxeMa Bhijee-
HHSL anIPOKCHMHPYIONIEro IIOAMHOXKECTBA TOUEK, KOTOpast Oyier
BEIOpAaHA Nlasiee, OCHOBBLIBACTCA HA MOJIENH BBIYHC/CHIH, OTIHUHON
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OT paccMaTpHBaBLUKXCS /0 CHX NOP. A HMEHHO B 3TOM pasjese Gy-
JIeT TPEeANoJNarathesi, 4T0 (YHKUMA BIATHA yerod 4actu «| J»
BXOJMT B COCTaB MHOJKECTBA NPUMHTHBHBIX omepauuii'). OGparnm-
ca K puc. 4.1(a).]Ha nepsom luare ajropuT™a HULyTCS MHHHMAb-
HOe H MaKCHMaJsbHOe 3HaUeHHs X-KOOPJAHHATHI TOYEK MHOXKECTBa, a
3aTeM BEPTHKAJbHAs MOJOCA MEXAY HUMH pa3GHBaeTcs Ha k mojoc
paBHO¥ WHMPUHB. DTH K noJdoc 0GPasylT IOC/IeL0BATEbHOCTD
«SIUIAKOB», MO KOTOPHM OyAyT pacnpeaeneHsl N TOYEK HCXOAHOrO
MHOXKecTBa S (/11 3TOTO KaK pas H MOHAAOGHTCS PYHKUHS BIATHS
uestot uactu). ITocie 3TOTO B KaX 10/ H3 MOJOC HILYTCSt ABE TOUKH,
MMelollHe MHHHMAJbHOE H MAKCHMAlbHOE 3HAYEHHS Y-KOOPAUHATHI
(puc. 4.1(b)). Kpome ToOro, BLIGHPAIOTCA TOYKH € SKCTPEMATBHBIMH
3HAYCHHSIMH X-KOOPJUHATH. EC/HM NpH 3TOM OZHO M TO XKe 3KcTpe-
MaJIbHOe 3HaYeHHE N0 X-KOOP/MHATE HMEIOT CPa3y HECKOJIbKO TOUCK,
TO M3 HHX BBIGHPAIOTCH TOMBKO TOUKH C MHHHMAJbLHOH H MaKCH-
ManbHOH y-KoopAuHaTaMu. TakuM 06pasoM, pesy/ibTHPYIOIIee MHO-
KecTBO, o6o3HayaeMoe S*, cOAepKHT camoe boJbiuee 2k + 4 Touek.
Hakoneu, crpoutcst Bbmykaasi 060J04Ka MHOXKeCTBa S*, KoTopas
CHyXHT  annpoKCHMalHel  OGOJIOUKH — HCXOAHOrO — MHOXKECTBA
(puc. 4.1(c)). OTMerHM, 4TO mHOMy4YHBLIAsiCH O00OJOYKA B CAMOM
Jene ABJAAETCHA JIHUIb annpoKCHMaleli: B IpuMepe Ha pHc. 4.1(c)
OJIHA M3 TOYEK HCXOJHOrO MHOMECTBA JIEXHT BHE MOCTPOCHHOH 060-
JIOUKH.

Onucanublii 3eCb KOPOTKO METOJ UPE3BBIUANHO TPOCT B peasi-
3anun. YkasaHHBe k nosoc otoGpaxaiTcst Ha Maccuse u3 (k + 2)
3/eMeHTOB (HyJseBoil U (k + 1)-il s;eMeHTBl cojep:kaTr jABe TOYKH
C 9SKCTPEMAJNbHHIMH 3HAYECHHAMH X-KOODJAHHATBI: COOTBETCTBEHHO
Xmin H Xmax). UTOGH ONpeJENHTH NOJOCY, B KOTOPYIO NMOMaiaer He-
KOTOpast TOUKA p, HEOGXOAHMO BbIUECTh H3 X(p) MHHHMAJbHOE 3HA-
UeHHE X-KOOPAMHATH (Xmin) H PA3MEJNHTh MOJYUHBIIYIOCS PA3HOCTH
Ha (1/k)-10 yacTb Pa3HOCTH 3HAYEHHH X-KOOPIHHAT SKCTPEMAJbHBIX
Touek. B3sB 1Yo 4acTb OT MOJYYHBINEroCs Pe3yJbTara, MOJYUHM
HOMep NOJIOCH, cojepxKalleli TOUKy. MoxHO NapasienbHO HCKaTh
MHHHMYM H MaKCHMYM B Kax/Off mojoce, Tak Kak s KaXmoi
TOUKH NPOBEPSIETCS], BEIXOAHT JIH OHA 3a Npe/esbl TEKYUHX 3Hade-
HHHl MaKCHMyMa M MHHHMYyMa, M, €CJH 3TO HMeeT MecTO, MPOH3BO-
ANTCA HEOGXOMMMOe H3MeHeHHe B MaccuBe. Ml HaKomell, MOXKHO BbI-
6paTh y106HBI B IAHHOM CJyYae ajJTOPUTM MOCTPOEHHS BHITYKJIOH
0BOMOYKH]: OYEBHHO, UTO HAHGO/IEe NOAXOJAINM SB/ASCTCH BapHAHT
anroput™a I'psxema, nmpeanoxenuwiit duappo (cM. pasi. 3.3.2).
3aMeTHM, UTO TOUKH MHOXeCTBa S* MOUTH YMOPSIOUeHH 10 3Hade-
HHIO X-KOOPAHHATE. TOGB NMOMYYNTH NMOJHOCTLIO VMOPSIOUEHHOE

1) 3amernm, uTO MOIeJb BHYHCJAEHHH, OCHOBAHHAs Ha AePeBbAX peuIeHHil,
HCMOb30BABIIASACH BO BCEX PCCMOTPEHHHX 1O CHX NOP aJrOPHTMax TOCTPOGHHS
BHINYKTO/l OGOMOYKH, HMCKIIOUaeT HCMOb30BAHHe (YHKIHH B3ATHS METON uacTH.
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MHOKECTBO, HEOOXOJHMO JIHUIb CDABHUTb B Kax<IOH Nojoce SHade-
HHsl X-KOODAHHATH JBYX TOUEK MHOXKeCTBAa S* NpHHaJIeXalHX
3T0M noJoce.

Pa6ora 310ro MeTosa TakXe JIErko nojiaercs anaausy. O6bem
HeO6XOJAHMOR NMaMATH Hp P ned k (B mp qT0
HCXOJHBIC TOUKH yiKe NPEACTABJEHb B NamaTh). JJaA HAXOKAEHHS
MHHMMAJIBHOTO H MAaKCHMAJIbHOTO 3HAYeHHiI X-KOOPAHHATH TpefyeT-
cst BpeMst O(N). Iock sKkcTpeMyMOB BO Bcex oJ0cax TpebyeT Bpe-
menn 6(N), a Bunykaasi 060JI09Ka MHOXKECTBA S* MoxkeT GHTb IO-
crpoena 3a Bpema O(k) (Tak Kak MHOXKECTBO S* COAEPKHT He
Gosee 2K + 4 TOueK, PHYEM 5TH TOUKH yXKe YNOPSALOUEHH MO 3Ha-
uEHHIO X-KOOPAHHATH). Clle/loBaTeIbHO, TIOJHOE BpeMsi paGoThl aJi-
roputMa pasHo O(N + k).

IMpocrota u 3 (}eKTHBHOCTb OMHCAHHOTO AJTOPHTMA HMENH Obl
HEGOMIbIIYIO UEHHOCTD, €CJTH GBI MOJy4yaeMblil Pesy/bTaT GHUI CHII-
KOM HeTOWHHIM, [lompoOyeM OLEHHTb TOYHOCTh TAaKOrO NOAXOAA.
Tlpexae Bcero, Tak Kak JJis NMOCTPOEHHS BHIMYKJIOH OGOJOYKH ai-
TOPHTM HCIOMb3yeT JHIIb TOYKH HCXOAHOTO MHOXKeCTBA, TO MOJY-
4aMIAsACs aNNPOKCHMAINs sB/SETCS BHYTPEHHEH B TOM CMBICJe,
uTo J106as TOYKA, NMONABIUIAsh BHYTPb NPHOJHKEHHON OGOJOUKH,
Gyaer TaKxKe H BHYTPEHHel TOUKOH JeHCTBHTEJbHOR BEHINYKJOH
0GostoukH, BOo3HHKaeT BONMPOC: HACKOMBKO AAJEKO OT MPHOJIMMKEH-
HOf BHINYKJIOH OGOJNOYKH MOXET OKa3aThC TOWKAa H3 S, Haxous-
wasicst BHe e&? OTBeT Ha 3TO BOMPOC JaeT CJEAYIOLIAst AOBONBHO
OYeBHIHAS TeopeMa:

Teopema 4.6. Jwb6as Touxka p = S, He nonaswas 6HyTpL npu-
i 8oIYKAOL U, HaxoOuUTCA HG PACCTOANUU, He
npesviuarouem (¥max — ¥min) /k OT 3701 060204KU.
Jloxasareabctgo. PaccMOTPHM TOJOCY, COAEPHKALLYIO TOUKY p
(puc. 4.2). Tak Kak TOYKa p HAXOAMTCS BHE MPHOTHIKEHHOH 060-
JIOYKH, TO OHAa He MOXCT HMETb HH HAaHOOJBUIYIO, HH HAHMEHbIIYIO
Y-KOODAHHATY CPelH TOYeK, NONABUIMX B Ty Xe mojocy. ITostomy
Ymin < Y(P) < Ymax. Eciu u-—3T0 TOUKA HepecedyeHHs TOPH3OH-
TanbHOH NPsAMOM, NPOXOAsuleli Yepes TOUKY p, ¢ PeGPOM NPHGIH-
KeHHOt 060/I0YKH, TO JMTHHA OTPe3Ka pu OTPAHHUHBAET CBEPXY pac-
CTOSIHHE OT TOYKH p 10 oGosouki. JlauHa oTpeska pu cama orpa-
HHYCHA CBEPXY WIHPHHOM MOJIOCH (¥max — Xmin) /k.

PaCCMOTpeHHHﬁ MeTOJ aNNpOKCHMAaLHH Jaer HPH5JIH)K€HHYIO
060JI0YKY, SIBASIOUIYIOCS MOAMHOKECTBOM HCTHHHOH BBUIYKJIOH 060-
JIOYKH, HO HETPYAHO H3MEHHTb METO, 4TOGB Tnoay4yarthb «CynepMHO-
KECTBO» HCTHHHOM OGOJOUKH. llOCTaTO'-lHO JIMIIb 3aAMEHHTh KaXaylo
IKCTPEMaNbHYI0 TOUKY p HAapoH TOYeK Ha rPaHHIAX MOJOCH, HO C
TOlt e OpAMHATORH, 4TO U y ToukH p. OUeBHIHO, UTO MOJTyYAlOMWASCS
B pesyJsibTaTte 060/104Ka OXBAaTHBAET HCTHHHYIO BHIIYKJAYIO o06oJ1oy-
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Ky. AHa/M3 TOYHOCTH aNNpPOKCHMAUHH, AHANOTHUHDIH NIPOBELEHHOMY
Bblille, MOKasblBaeT, 4TO Mo6as TOYKa NPHONHKEHHOH O060MOUKU
(a He HCTHHHOH OGOJIOYKH) HAXOAHMTCS Ha PACCTOSIHUH, HE NPEBbI-
WAOWEM (¥max — ¥min) /R OT HCTHHHOK 0GOIOUKH.

MoKHO JIH TIPHMEHHTb STOT MOAXOJX B CJydae IPOCTPAHCTB 60-
Jlee BBICOKON pa3MepHocTH? OrpaHnunMcst o6CysKIeHHEM aJropHT-
Ma, MpeAcTaBasioulero o6o6uieHse Ha TPeXMEpHHI cayyall TOJBKO
YTO PacCMOTPEHHOTO AJTOPHTMA I IJIOCKOCTH. CHavasa BHITO-
HSIETCSl IPOCMOTP MHOXKECTBA H ONPEACSIOTCS TOYKH C MHHHMaJb-
HBIM ¥ MaKCHMAJbHLIM 3HaYeHHSAMH KOOPAMHAT IO ocsM ¥ K y. [lo-
JYYHBUIMIACH MPAMOYTOJLHUK {Xmin, Xmax] X [Ymin, Ymax] pas6usaercs
Ha (He Gogee ueM) (k4 2)X(k+2)

KJIETOK NPAMBIMH, N2 paJlIe bHBIMH 0CAM N
X H y (k KIETOK B KaXAOM peHui [ Ymaz
BBOASATCA NS «IEHCTBHUTEIBHBIX> TOUEK !?\\

B KJeTKaX M JBe KJIETKH 110 KpasM BBO-
ASATCA ISl 9KCTPEMAJIbHBIX 3HAYEHHI KO-
opannar). OTMETHM, YTO N0 OAHOMY W3
H3MepeHuil MOMKeT 0KasaTbCs MeHee
(k +2) unrepaios, B ciyuae ecau o6-
JacTb, «3anoJHAEMast» MPOCKUHAMI TO-
4eK MHOXKeCTBA, He SIBJseTcs KBaipa-
ToM. Jlnst Kampo# KJIeTKH pa3GHeHust
OTPE/ENSAIOTCA TOUKH C MUHHMAJIBHBIM
H MaKCHMaJIbHEIM 3HAYEHHAMH Z-KOOPH- (Tmaz ~Znin) /K

HaThl. DTH TOUKH OGPA3YIOT MHOKECTBO  Pyc. 49, Anaams aicopurya
S* comepxamee He Goaee 2(k-+  annpokcumauun

+2)2 touek. B 3aksoueHHe cTpoutcs

BBUIYKIas 0GOJIONKA MHOXKeCTBa S* KOTOpas M CJY:KHT NpPHGJTH-
KEHHOH O0GOJIOYKOH HCXONHOTO MHOMECTBA. JTa 060J0YKA MOXKET
OHTh IOCTPOeHAa C NOMOWIbI0 0Gllero airoputma Ilpemapatsl —
XoHra N7 MHOMECTB TOYEK B TPEXMEPHOM MPOCTPAHCTBE
(pasa. 3.4.3). OGpatnte BHHMaHWe Ha Gpocalouieecs B IJa3a OT-
JHYHE OT METO/]A, HCMOMb30BAHHOTO B ABYMEDHOM ciyuae, KOria
MOXKHO OBIIO BOCNO/Ib30BATHCA 3HAHHEM MOPSIAKA TOUEK HA OCH X:
B JaHHOM CJy4ae CTPYKTypHAs OPraHH3allHs TOYEK, OnperenseMas
PeIUeTKOH, He HCNOMb3YeTCs NS MOJyueHHs Gosiee GHICTPOTO auro-
pHTMa, a HCNoJb3yeTces obwuit anroputs. JI0GONBITHEIE Bonpoc co-
CTOHT B TOM, MOXHO JIH HCIOIb30BAaTh PEryJsiPHOE PAClOJIOXKeHHe
TOUEK MHOXecTBa S* B IBYMEDHOH pelleTKe I MOCTPOeHHs Gosee
3(Q(EKTHBHOrO MO CPABHEHHIO ¢ OGLIAM aJIrOPUTMA.

AHanus aaropHTMa VIS TPEXMEPHOTO CIYYasi HECKOJNBKO OTJIH-
HaeTcst OT TOTO, KaK 3TO JeJaloch B ABYMEPHOM cayuae. MHuoxke-
¢TBO S* MoXet GITh HaliAeHo 3a Bpems O(N + £2), o mocrpoenie
BBINYK/IO# OGOJIOUKH MHOXeCTBa S* TIDH HCIOJb30BaHHH OBLIEro
anropurma tpeGyer spemenn O(k?log k), a ne O(k?), Tak Kak HeT

Ymin
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BO3MOJMKHOCTH HCIIO/IB30BATh KAKOH-HGO eCTeCTBEHHEI MOPSA0K
TOUEK PEUIETKH, KAK 3TO HMeJO MECTO B JIByMEPHOM ciyuae. Takum
06pasoM, MoJHOe BpeMst paGoThl aNropHTMa paBHO O(N + k?log k).

JL/Ist OUEHKH TOYHOCTH METOZAa 3aMeTHM, 4TO JUIHHA JHAroHali
FOPH3OHTAJIBHOTO CEUCHHS TPEXMEPHOH suehKH SBaAAETCH BepxHeit
rpaHHiell Vs PacCTOSHHA OT NpHONHIKEHHOH 000M0UKH 110 060§
TOUKH MHOKecTBa S, Jexaleil Bue 370 oGoxouky. Kak Herpyino
HaliTH, JVTHHA 3TON AHATOHAJH paBHA

[k.

V(Cmax — in)® T Umax — Yomin

WutepecHast 0COGEHHOCTh 3TOTO MOAXOAA COCTOHT B TOM, 4TO

TOYHOCTb Pe3YJIbTaTa MOXKHO GBICTPO NOBBIIATD, BBIMOJHSs Goabluni

o0bem BhuHCJAeHHH (yBeauynasi k). B uacTHOCTH, 4HCIO TOUEK,

BHIGPAHHBIX /IS anIPOKCHMALMH, ONpElesiel ee TOYHOCTb, a CHO-

06 BHGOPA STHX TOUEK ONPEESeT THI ANNPOKCHMAUKH (OXBATEI-
Baowlast HIH BHYTPEHHSA).

4.1.3. 3agaua 0 MAKCHMYMaX MHOMKECTBA TOUCK

B aToM pasjiene o6cyKaeTcs 3aaua, Ha nepsbifi B3l
HMEIOLIAS HETPHTYIONEE CXOACTBO C 3aauell NOCTPOHHS BLINY KOk
060J10UKH, OJHAKO TMPH Oojee TJyGOKOM PacCMOTPEHHH, UTO Oyner
cAenaHo HECKOJBKO T03XKe, O0HADYXHBaeTcs ee NPHHUMNAANLHOE
orTaHune OT nocaeaHeil. Ta 3aj1aya BO3HHKAET B LeJOM psile MpH-
JOMeHHE — B CTATHCTHKE, SKOHOMHKE, HCC/IEIOBaHHH ONEpalui
W T. 0. B JefiCTBHTebHOCTH MEPBOHAYABLHO 3Ta 3ajaua Gblia Onu-
caHa Kak «3ajaua O NJIABAIOLINX Kypcax BamoT» '): Kauubiit rpa-
MjaHHH DpeBOHa HMEeT HEKOT0poe KoJHuectso («maxer») jetier
B HHOCTPAHHOIl BajOTe; KyPChl HHOCTPAHHBIX BANIOT NIaBAIOT B 1O
BOJILHO LIHPOKOM JHAnasone, MOITOMY KaXkbifi Beyep 4ejOBeK, ma-
KeT BaJIIoThl KOTOPOTO HMeeT HaHGOJBLIYI0 OGN0 CTORMOCTb, NPO-
Boarsamaercs Koposaem dpesona. KakoBo HamMenblliee MOAMHONKE-
CTBO HaceseHHsi JpPeBOHa, ¢ ONMPEAENEHHOCTHIO cOJepKallee BCeX
MOTEHIHAbHEIX KOpoTei?
Teneph MOXHO TOYHO CHOPMYJHPOBATH ITY 3aaauy. Kax 0Gbiu-
HO, BCe TOYKH MPHHAIEKAT d-MEPHOMY ITPOCTPAHCTBY E¢ ¢ ocamu
KOOPMHAT X1, Xz, . .., Xa?).

Onpenenenne 4.1. Touka py domunupyer Had TOuKO py (3amu-
cuBaetes Tak: py < pi), ecan %i(pe) < xipy) wumi= 1,2, ..., d
(OtHomIeHHe «< > €CTECTBEHHO Ha3blBATh OTHOULEHUEM GOMUHLPO-
Banus.)

1) Sra saGankan hoOpMyAWpOBKa 3aaun mpuHasiexur Opuweny (1973, ne
ony6amKoBano) .

7)'B Heckombko Gonee oflielt (OPMYTHPOBKE MOXKHO CUHTAT, NTO 3aABHH
d ynopsanouenutx Muoxecrs Uy, ..., H KaX[Ibli 3JeMeHT SBJAETCH BEKTO-
pom ve V, re V — nekaproso nponasenenre Uy X ... X Ua.
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Ecau 3anano muoxectBo S u3 N Touek B E9, TO OuU€BHAHO, uTO
OTHOMICHHE JOMHHHPOBAHHS ONpeleisieT HAa S YAaCTHUHBIA MOPSIOK
(npu d > 1). Touka p & S ABIAETCH MAKCUMANLHOIM IAEMENTOM
(WJIH KOPOTKO MPOCTO MAKCUMYMOM) MHOXKECTBA S, eCJH He Cylle-
cTByeT ¢ & S TaKOro, 4TO p 7= g H ¢ > p. «3ajaua 0 MaKCHMyMax»
3aK/IIOUAETCS B ONPEACJIEHHII 8CeX MAKCHMYMOB MHOMKecTBAa S Aus
JIaHHOTO OTHOMICHHS JOMHHHPOBAHHS.

[TpousTiocTpHpyeM Temepb B3aHMOCBS3b MeXAy 3ajauefi 0 Ma-
KCHMYMax M 3ajiaueil 0 NMOCTPOEHHH BBIMYKJION 060O/MOUKH (CM. Tak-

Puc. 4.3. MakcHMyMEl B KBaApaHTaX, ONMPEJeNSeMEIX UETHIPbMS KpaiiHHMu TOU-
Kawt N, S, E n W, jaioT rpyGoe NpeiCTaBACHNE IPANHIL MHOKECTBA TOUEK.

xe {Bentley, Kung, Schkolnick, Thompson (1978)]). Cytb nmeo-
Ierocsi CXO/ICTBA 3aK/IOUACTCS B TOM, YTO KaK MAaKCHMyMbI, TaK H
BHITYKAas 060/I0UKA SABAAIOTCS NMPEACTABICHHAMH «TPAHUIBI MHO-
JKecTBa S, XOTS NMepBble JalOT HEMoJHOe NMpeicTaBjeHHe 3Tof rpa-
HUILBL. B yacTHOCTH, ec/iH 3aj1aHO HEKOTOPOE MHOMKECTBO TOuEK S,
TO MOXKHO HMOCTABHTL CTOJIBKO 3a/lay O MAKCHMYMaX, CKOJIbKO HMe-
eTcst opTaHToB B npocrpanctee £4 (t.e. 2¢ 3anau; cMm. puc. 4.3, rae
Anst ciyvass d = 2 WMeIOTcsl YeTHIpe OPTaHTa, Ha3biBAeMbIX KBaf-
panramu). Kaxpas u3 3TMX 3ajay MOXKeT GbITb NOJyYeHa MyTeM
MPHIHCLIBAHUS OMHOIO H3 3HAKOB «-+» HJIH «—» KaXIofi H3 KOOp-
JHHAT TOuEK MHOXecTBa S (HcxoaHol GOPMYTHPOBKE 3a/auH COOT-
BeTCTBYeT KOoMGHHALHA 3HAKOB (4 + ... +)). Hyxuyio nam B3aa-
HMOCBA3b MEXY 3ajlauaMil BHIDAXKaeT Ce/ylollas Teopema:

Teopema 4.7. Bepuuuna p suinyraott 060404y mroxcectéa S s6-
ARETCA MAKCUMYMOM NO Kpatineil sepe npu OOHOM NPUCEAUBAHUL
3HAKO8 KOOPOUHATAM TOUEK MHOdMecTsa S.

7 3ak. 1075
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eavcrso. I1p OMHM NPOTHBHOE, & HMEHHO 4TO lMe-
eTcs BepIUMHA BBUIYKIOH 0GOJOUKH p, He SIB/IIOLIASCS MAaKCHMY-
MOM HH NPH KAaKOM NDHCBAHBAHWH 3HAKOB KOOPAMHATAM TOYEK.
TMomecTuy Hauano CHCTEMBl KOOPIHHAT B TOYKY P H PACCMOTPHM
Bce 2¢ opraHTOB npocTpaHcTBa E9 Tak Kak TOUKAa He sBJASETCs
MaKCHMYMOM HH TPH OJHOM NDHCBAHBAHHM 3HAKOB KOOPAHHATAM
TOUEK MHOXECTBA S, TO B KaX[OM OPTAHTE HMeeTcA MO KpaiiHeil
Mepe OJHA TOYKA MHOXeCTBa S, oTHYHAs OT p. OGO3HAYHM MHO-
JKECTBO 3THX TOUeK 4yepes S*. OueBHAHO, uTO conv(S*) copepx utT
BHYTPU TOUKY p H, C/IELOBATEeNbHO, conv(S*) = conv(S), uto mpo-
THBOPEUHT NPEANOJIOKEHHIO O NPHHANEKHOCTH TOUKH p rpaHule
BBIYKJIOH 060/I0YKH.

Haiee B 310M pasjiene Mbl elue BepHeMCS K 3TOH HHTEPECHOH
B3aHMOCBSI3H, l'lpe)xp,e YeM IIepeXO/HTb K OIHCAHHIO aJIropuT™Ma
PelleHHsa 3a/auyd O MaKCHMyMax, YMECTHO OIEHHTb €€ CJ0XKHOCTb,
HOJIYHHB HUXKHIOK OLEHKY /ISl BpeMeHH paboThl JI0GOro ajiropHTMa
OTbICKaHHS MaKCHMYMOB B paMKax MOJeJH JAepeBbeB BBIYHCJEHHH.
B uactHoCcTH, NPHBOAHMOE HHXKe DacCyK/JeHHE OTHOCHTCA K He-
CKOJIbKO GoJiee €1a6oMy CJyualo MOJENH JHHEeAHHX JepeBbes pellle-
HHl, H3BECTHOMY KaK MOJeJb JepeBbeB CPaBHeHHi, XOTs 06JaCcTh
TPUMEHEHHS] TNOJYYEHHBIX DE3YJbTaTOB MOXHO PAacUIMPHTb M Ha
Gosiee CuJbHLIA Caydaii. (B MojeaM LepeBbeB CPaBHEHHH UHCIO
APTrYMEHTOB JIHHEHHON QYHKUHMH Orp: 0 ABYMS Tep H
Kak 510 yxe Gbuio B ciyuae 3afaud NOCTPOEHHS BHINYKIOA 060-
J0uKH (pasA. 3.1), GyAeM HCKaTh HHXKHIOIO OLEHKY AN caydas
ABYMepHOro npoctpanctsa. OYeBHAHO, YTO NOCKOJbKY mMOGYI0 3a-
Rauy 0 MakcumyMmax B E9~! MoxHO paccMaTpuBath Kak sanauy B E¢,
TO TaKasj HHIKHSIsL OUEHKa GyAeT CnpaBeluBa AJs NPOCTPAHCTB
/1060l pa3sMePHOCTH (K COXKAJIEHHIO, HEH3BECTHO, HACKOMBKO 3Ta
olleHKa Touna A d > 3). Her HHUEro yAMBHTENbHOTO B TOM, YTO
IJI TOTO, YTOGHI NMONYYHTh HETPHBHAJIHYIO HHIKHIOIO OLIEHKY CJ0XK-
HOCTH, MBI anﬁel‘HeM, KaK 3TO 4acto Aejiaercs AJMs HHKHHX ole-
HOK HeGOJbLION CIIOXKHOCTH, K yXe 3HAaKOMOMY CBeJEHHIO 3ajau:

COPTHUPOBKA ocy MAKCHMYMDI.

ITycrh $¢ — a/ropuT™, ONHCaHHBIH ¢ NOMONIBIO flepeBa cpaBHeHHH T
(cM. pasi. 1.4), 0 KOTOPOM yTBepkaaeTcsi, 4TO OH pemiaer J0GyIo
3ajiauy O MaKCHMyMax Ui MHOXeCTBa W3 N TOueK, 3alaHHbIX Ha
mIocKocTH. Brinonnenne anroput™a S¢ npH pelleHun MoGOH KOH-
KPETHOii NHAWBHAYa/bHO! 3aJaui COOTBETCTBYET NPOXOKIEHHIO B
nepese T myTn M3 ero KOPHS 0 HeKOTOpOro Jicra. CBejeHHe OT
3allayil COPTHPOBKH BBINOJHSAETCS CAeAylomuM o6pasoM. Tlyers 3a-
AaHbl N IeHCTBHTEILHBIX UHCed Xy, Xp, ..., Xy OOpasyev MHoKe-
CTBO TOYEK HA MJOCKOCTH, moyoxuB S = {p: i=1, ..., N;
= (%, ), X+ yi=const}l. DT0 MOKHO CieaaTb 3a JHHEilHOE

;=
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BpemMs. YcaoBue Xi + yi = const mas i=1, ..., N sksusanentHo
caeyouemy:
X <Xy > Yy 4.7)

3aMeTuM, YTO NPH TaKOM CIOCOGE NOCTPOGHHT MHONKecTBa S Kax-
B 3JeMeHT (¥i, Yi) sIBASETCH MaKCHMaibHBIM. [las toro urobni
OlIpeeHTb, UTO (Xi, §i) — MAKCUMYM, aJIrOpHTM S LOJKeH yMeTh
ycTanapansath TOT (AKT, UTO «He CYLIECTBYET TAKOTO ¥ i, UTO
X << xj u yi << y;». Ho 3T0 9KBHBaJIEHTHO CJIeIYIOLLEMY yTBEpKe-
HHIO: <« BeeX j 5= i Ju6o X > Xj, JHGO Yyi > Yj, T.e. JHGO
xi > x;, aubo x; < x;» (B coorBercTui ¢ (4.7)). ﬂpyfumu caio-
BaMIl, U KaxA0# napbi {X;, ¥} H3BECTCH OTHOCHTEJbHbIH HOPSAOK
©& 31eMeHTOB, T.e. KaX/OMy JHCTY jepeBa T COOTBETCTBYET €AHH-
CTBeHHOE YMOPS0ueHHOe MHOXKeCTBO {X1, Xz, ..., Xy}, UTO jaeT pe-
eHHe 3ajaul COPTHPOBKH. Takum oGpasoM, lIMEET MecTo caelyio-
uas Teopema:

Teopema 4.8 [Kung, Luccio, Preparata (1975)]. B pamkax io-
deau dep P at06oil areoputm, p il 3ada4y
o makcumymax Oas  OBYMEPHOZO CAYHAR, UMEET CAOHHOCTb
Q(NlogN).

Tenepb, HMes IS CHOKHOCTH AJrOPHTMA OIEHKY CHH3Y, pac-
CMOTPHM BONPOC Pa3paGOTKH a/JrOPHTMOB pelleHHs 3ajadud O Ma-
KcHMyMax. OTa 3ajaya MNpeJOCTAaB/fAET HaM BEJIHKOJENHYIO BO3-
MOHOCTb CPaBHHTb OTHOCHTEJbHbIE JOCTOHHCTBA M 3((eKTHBHOCTH
ABYX OCHOBHLIX NapafHIM BHYHCIHTENbHOJ reoMeTpun: «pasieisi
W BracTBYil» W 3aMeTAaHMS 1O OJHOMY T3 H3Mepermit (cM.
pasn. 1.2.2).

Haunem c nocseanefi. [TepbiM 1aroM B MeTOJe 3aMeTaHHsl siB-
JISeTC COPTHPOBKA BCEX TOUEK MHOXKeCTBA S B COOTBETCTBHH CO
3HaYeHHeM BHIGPAHHON KOOPAHHATH, HATIPHMEP X¢. DTa KOOPAMHATA
CTAHOBWTCS H3VMepeHHeM, MO KOTOPOMY MPOM3BOIHTCA 3aMeraHue.
B COOTBETCTBHH C TePMHHOMOTHedl, BBEACHHOK B pasx. 1.2.2, «cmu-
COK TOUeK cOBHITHI» — 5TO ouepeib Q, coiepikallasi TOYKH MHO-
JecTBa B TOPSUIKC YMeHbUleHus KOoOpAHHATH X. Opranusauns
CTPYKTYPH, MPeJCTABJISOMIe]l «CTATYC 3aMETAIOLIero cevenus», 6y-
neT paccmotpeda mnosxe. 3amuck p < U oGoswauaer, yro cylie-
crByer Touka ¢ & U rakas, uto p < ¢. Tenepb MOXHO 1aTh Ha6PO-
COK CJTeftyioliero oGuIero airopuT™a:

function MAKCHUMYMDBII(S,d)
begin M
M

= @; (*M u M* —3T0 MHOXeCTBA MaKCHMYMOB

1.
2
cooTBeTcTBeHHO Mo d H d — 1 M3MepeHusM %)
3. while(Q # @) do
4 begin p<=Q (* BLGpaTL /EMEHT H3 OUEPeLH *)

7+
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5. npoemmﬁ p HA (Xy, ..., X4_);
6. f(p « M)t
7. geng)M MAKCl/[MyMbII(M'U(P'),
8. M:=MU {p}
end;
end;
9. return M

end.

ToBops ma onucarenbHoM yposre, ¢pynkiuus MAKCHMYMBI1 Boi-
TOJIHsIET 3aMeTalHe ToUeK MHOXKeCTBa S B NOPsiAKE yOLIBAHUS KOOP-
JAHHATH X¢ M JUIA KaXJO0H TOYKH p onpemenser (MyHKTsl 5, 6),
JIOMHHHDYeT Haj Hed HIH HeT M0 KOOPAMHATAaM Xi, X2, ..., Xa—i
KaKas-TH60 M3 yXKe MPOCMOTPEHHBIX TOUeK (3TH TOUKH YXKC JOMH-
HHDYIOT HaZl p 110 KOOpPAMHATe Xq B COOTBETCTBHH C OpramH3aumci
npoueaypsl 3aMeranus). TeM caMbiM oGecredHBaeTcst KOPPEKTHOCTh
9TOrO NOAX0AA, KPHTHYECKHM MECTOM KOTOPOTO SIBJSIOTCH, KAK 3TO
OYeBHAHO, NMyHKTH 6 u 7: <ecau p* €K M*, To M*:= MAKCI/IMY-
MBIl (M*U {p*},d— 1)». Tlo cymecrsy, 3T0 He 4YTO HHOE, KaK
noc/ieioBaTeabHOe (T. €. [0 OAHOM TOYKE 33 OJHH Pa3) MOCTPOeHHE
MakcuMyMoB (d — 1)-mepHOro MuOXecTBa, DTO COBCEM He TPHBH-
anbHas 3anava. DdexkTHBHBI cMOCO6 ee PeUIEHHS H3BECTEH JIHIIb
s d=2, 3.

B camom jedne, aas d = 2 MHOXecTBO M* siBjisieTcst OJXHOMep-
HbIM (2 3HAYMT, OHO COAEPXKHT JHIIL OJMH SJEMEHT) M MpoBepKa
yesoBus «p” < M'?» CBOAHTCS K pOBepKe «X, (p) <& = max x1(q)?>.

HPH 3TOM onepaunﬁ Mo H3MEHEeHHI0 MHOXecTBa M*
M* := MAKCUMYMBII (M* U {p*), d — 1)

npespallaercs B cieidyioliee npucsauBanne Xy := x(p). Kak ome-
pallisi MPOBEPKH, TaK H ONePalHsi NPHCBAHBAHHS MOTYT OHITh BbI-
mosiHeHbl 3a mocTosinioe BpeMms. Jlnst d = 3 cHTyauus ecrecTBeHHO
sBJsieTcs GoJiee CJA0XKHOIM, HO MO-IPEXKHEMY OCTAaeTCs YIpaBasieMoil.

3TOM  ciayyae M* — iByMepHOe MHOXKECTBO MaKCHMYMOB
(puc. 4.4) — siBasieTcss JIMHEHHO YIOPSAOYEHHBIM H MOXKeT GOBITh
OpraHH30BaHO B Biile COANAHCHPOBAHHOTO N0 BLICOTE JEPEBA M1O-
licka 110 Koopaumate ¥, Ilposepka yesosust «p' < M'?» npespa-
maercs B MOMCK xp(p*) B 3TOM JepeBe: eClH xp(g) cieiyer Herno-
CPE/ICTBEHHO 3@ X2(p*), TO HMEeT MeCTO SKBHBAJIEHTHOCTh

(0" < MY <=5, (0" < (q).
KoppexkTuposka MHoxectBa M* B cayuae p" € M' npoussoautes B
peayJibTaTe NPOXOXK/ECHHS JepeBa, HaUMHAS ¢ Xp(p*), B «HampanJe-
HIIH» yMEHBIICHHs| KOOPAMHATH Xp. [Ipn 3ToM yransiores Bee 3Je-
MEHTHl MHOMECTBA 40 TeX TOp, noka He Gyaer Hafijena nepsas
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Touka ¢, Aast KoTopoii x1(q’) = x(p*). Jlerko Haiiti, 4TO BpeMs,
3aTpauuBaeMoe Ha pelleHHe STOH 3ajaud B UEJOM, COCTABJSeT
O(N log N), tak Kax Ha Kaxiylo npoepky «p’ < M'?» (c Bo3MOXK-
HOll BCTaBKo# s7eMenTa B jAepeBo) tpeGyercs spemsi O(logN), B
TO BpeMsi KaK Kax/as ONepalus yJaJeHHsi 3JeMeHTa MPH IPOoXo-
KIEHHH JiepeBa B Npoliecce ero H3MeHeHHs MOXeT GbiTh BLINOJHeHa
3a MOCTOAHHOE BPeMsi NyTeM TPHBHAJBHOTO H3MEHEHHS JepeBa flo-
Wcka (npommpaniem). YuuthiBas, uto nponssoastes N onepaunit

I

Puc. 4.4. MHoxecTBO Maxcumyuos M* MoxHO nuHefiHO ynopsinounth. [Ipu 3Tom
npokepka ycaoems «p* < M B * TH TOUKH
P* ¢ X|-KOOPAHHATOI 6/|mkamueﬁ K p* TOKM MHOXectBa M*, pacnonm«enuon
cnopasa oT Hee.

«IIpoBepHTh — BCTaBHTL> i He Gosee N onmepauuii «yanutb», no-
JlyuaeM YKa3aHHYIO OleHKY. Ec/iu BCIIOMHHTb, YTO METOJ 3aMeTaHus
TpeGyeT MpeABAPHTE]bHON COPTHPOBKH, NMPHXOAHM K BBIBOLY, YTO
B cayuae d = 2, 3 Bpemsi pabors aqroputma MAKCUMYMBII sis-
asieTcst onTHMabHBIM H coctaaser 8 (N log N).

K coxa/eHHIO, HACKOJBbKO HAaM H3BECTHO, yke jas d = 4 310T
meroa umeer oueHky O(N?). Tax uTo HeoGXOAMMO HCKaTh HHOMH
MOAXO0/ K pellenuio 5Toii 3ajaud. OJHH W3 BO3MOXHBIX MOAXO/10B
OCHOBbIBAeTCS HAa MeToje «pa3jienail u Baactsyii». Kak Gyner Bua-
HO U3 JlaZibHefillero, COOTBETCTBYIOWMI AJrOPHTM MpeAnonaraer,
YTO MHOXKECTBA TOYEK 10 OuepejH Pa3CHBAIOTCA HA YAacTH B COOT-
BETCTBHH CO 3HAYEHHSMH KOODAMHAT X4, Xd-1, ..., X2. [lo3TOMY,
uTOGH O6JErYiTh BHLIMONHEHHE STHX YACTO HCMOMB3YEMbIX B aJro-
PHTMe omepauHii, y106HO BBECTH HEKOTOPHI UIAr MPeBapHTENbHOM
06paGoTKH. DTOT WIar 3aK/II0YaeTcss B COPTHPOBKE 3JIEMEHTOB MHO-
KectBa S no Kakjo# H3 Koopaunar. Pesyabripyiowmas cTpykrypa
JaHHBIX TpPENCTaBJseT MHOrOCBs3HEN cmucok ((d — 1)-kpaTHO
NPOWIKTHIA CIHCOK), KaXK[Abll y3eJ KOTOPOro MPOLIWT KaXKAbIM H3
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O/IHOCBAA3HBIX CIHCKOB, COOTBETCTBYIOUIMX BBIOPAHHBIM KOOPAHHA-
taM. Jlisi CO3jammsi TaKofi CTPYKTYPbl JaHHBIX TpeGyercst BpeMs
O(dNlog N). dta cTpyKTypa Nno3possieT Jierko H 3Q(eKTHBHO pas-
6uBaTH MHOXKECTBO Ha vacTH. MaGeras TsKeJOBECHEIX 060OPOTOB,
Gy/eM roBOpHTb, uTO X; pasbuBaer S Ha (S;, Sp), ecan Wi Kax-
noit pe S nmeem xj(p) < X, a AIA KakIoH ¢ S; uMeeM
x;(q) > x;. ByaeM TakxKe rOBOPHTb, 4TO S Pa3GUTO MONOJAM MO X;
Ha (Si, S2), ecan X; pas6uaer S Ha (S), Sp) u X; sBasercs Me-
JIHAHOA MHOXecTBa Touek S 1o koopaunate ¥; (Tak uro |Si| =~
= |S2)

TlepBeiM waroM ajropuTMa nomncka Bcex makcumymos MAKCH-
MYMBI2 siBasiercs pasbuenue NonoJaMm 3ajaHHOrO MHOXKecTBa S
o koopauHate Xz Ha (S), Sp). 3aTeM anropuT™M PeKYpPCHBHO NpH-
MeHsieTcss K muoxectsaM Sy u Sp. B pesysbrate moayuaiotes sa

Puc. 4.5, War <cawsinns» p weTote «pasiesii u paactayii aan caynan d = 3.

MHOXKECTBA  COOTBETCTBYIOUIHX MM ~ MaKCHMyMoB max(S;)
max(S;). Ipu o6beiuHEHHH Pe3yJNbTATOB ABYX DEKYPCHBHBLIX 06-
pallleHuit K npolenype C/ieayeT YUHTLIBATh, YTO BCE JIEMEHTH MHO-
secTBa max(Sy) ABAAIOTCS TaKXkKe MakCHMyMaMn S, B TO BpeMs
KakK st 37eMeHTOB max(S)) 310 MoxerT He HMeTb Mecra. [leii-
CTBHTEJIbHO, 3JeMEHT MHOKecTBa max(S)) sBJASETCH MaKcHMasb-
HBIM 3JeMeHTOM S TOrja M TOJBLKO TOr/a, KOrAa Haj HHM He JOMH-
HHPYeT HH OJIHH H3 3JeMeHTOB MHOXKecTBa max(S,). CooTBeTCTBYIO-
uas CHTyauus nokasama Ha puc. 4.5 aas cayuas d = 3. Takum
obpasom, ecan U u V — aBa MHOXKeCTBa TOUEK TaKHX, 4TO AJIs
Beex p & U n g =V umeer mecto Xa(p) << xa(q), TO y106HO onpe-
ZeJIHTb HOBOE MHOXKecTBO duabTp(U|V)c U:

Guaerp (UIV)AL{p: p=U n pLV}.
gCHO, 4TO WIAr «CJAUSHHSI» B MeTo1e «paanenm‘a H BJlaCTByl:l) CBO-

JIHTCH K BBIYHCJCHHIO MHOXKecTBa (ubTp(max(S))|max(Sy)). Ta-
KHM 06pa3oM, noayyaem c/Ie1yIOMmHA TPOCTOH aropHTM:
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function MAKCUMYMBI2(S, d)
begin if (| S|=1) then return S
else begin(S,,S,) := pasGuenne S monojsam Mo x4
M, := MAKCHMYMBI2(S,,d);
M, := MAKCHMYMDbI2(S,,d);
return M, U duastp (M, | My)

end
end.

Ecan oGosnauntb depes T4(|S|) Bpemsa oGpaGoTkd IpoLeayps!
MAKCHUMYMBDBI2(S), a uepes Fu-i(|Si]|, |S2|) Bpems, neobxonn-
Moe AJs BbIUMC/IeHHS MHOxecTBa GHABTP(S1|S2) '), 10 cpasy mno-
JlyuaeM cielyiollee PeKyPDEHTHOE COOTHOLUeHHe (3Aech Npeinona-
raercs, uTo N — ueTHOe YHCJIO):

T4 (N) < 2Ty (N2) + Fay (N/[2, N[2)+ O (N), (4.8)

rae O(N) — BpeMs, HCIIOIb3yeMOe Ha pasGueHne MHoxecrsa S Ha
paBHbie 4acTd Sy u Sy.

QueBHIHO, YTO OCHOBHEIE 3aTPY/(HEHHS B DacCMaTPHBAEMOM Me-
TOZE CBSA3aHBI C BBIYHCICHHEM MHOXKECTBA, HA3BAHHOTO HAMH (HJIb-
Tpom. Ilpeanosoxum cHosa, yro U u V — aBa MHOXecTBa TOuCK
B E4, onp KakK 3T0 shme, u |U| =u, a |V| =
= v. BocnosbayeMcst ellle pa3 METOAOM «pa3jielsiii M BIACTBYH».
Paspenum V nonosnam no Xg— Ha (Vi, Vi) u 0603Ha4uM epes Xa-i
HauGOJbllee 3HAUCHHE KOOPAHHATH Xg—i TOueK H3 Vi. Beauunna
%41 paséusaer U na (U, Us). Puc. 4.6 namoctpupyer oty curya-
unio. Ha aToM pucyHke nokasansl npoekiun Muoxects U n V Ha
MI0CKOCTh (X4, ¥a—1). 3amermm, uto |Vy| ==0v/2 u |Va| ~0/2,
B 10 Bpema kak |Ui| =m u |Uz| = u—m, rne m — nekoropoe
nesoe wneno. Ilpn Takom pasGHeHHH MHOXECTB HCXOAHAs 3ajaua
BBIuKCJeHHs MHOXecTBa GuabTp (U|V) 3amenserca 4eThpbMs mOjL-
3azauamu BHuHCIeHHs MHOXects ¢uabtp (U] Vi), duastp (Ui| V),
Guantp (Us| Vi) 1 guastp (Us| Va). OtMernm, oAHAKO, 9TO MHOXKe-
crBo uabtp (Us|V)) BbUKCASIETCH TPHBHANLHO, TAK KAK AAf KaX-
ol pe Uy u g Vy umeen xa(p) < %a(q) u Xa—1(p) > xa-1(q).
KpoMme TOro, Kax/ablil 31eMeHT H3 V3 JIOMHHHDYET Hal KaXAbiM dJe-
mentoM 13 Uy 10 KOOPAHHATAM X W X4-1, TAK 4TO 10433ajava Bbl-
uncenuss MHoxectBa QuabTp(Ui|V,) HMeeT B AefCTBHTENBHOCTH
pasmeprocts d — 2. JlBe ocTaBuiMecs NOA3aAauH TO-NpeXKHEMY
HMeloT pasMepHocTb d — 1, HO OTHOCATCS K MHOXECTBAM C MEHb-
wHM wHcaoM ieMenToB. Harasamo npouecc BHIMHCAEHHS MOXKHO

1) Crenyer HHAKCHI, B sanmen: T() n F(,).
MuoxectBo S — 310 MHOXecTBO Touek B E¢. Onnako, Tak Kak KaXaas TOuKa
MHOXecTBa S; IOMHHHDYeT Haj KaXaoil TOUKOH MHOXecTBa S; MO KOOpIHHATE
X4, TO BHMHC/eHHe MHOMecTBa GHABTp (Si|S;) measercs daxraveckn (d—1)-
MepHo# 3azaueil,
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NPE/ICTABHTL KAK NPOXOKAEHHE HYTei, 10POKAAEeMbIX ABOHHONK pe-
Kypcueli: 110 pasmepaM 06pabaThiBaeMbIX MHOMXECTB M 1O pasMep-
Hocru. IlepBas sak TCs, KOrAa b OJIHOrO H3 ABYX
MHOXECTB MapHl CTAHOBHTCA MasleHbKOR (DaBHOM eJHHHIE), BTOpas

Tcs, KOTja b CTAaHOBHTCS HACTOJNBbKO MaJeHb-

KOif, 4TO npHMeHHM NpsiMoii 3 PeKTHBHEI METOX (3TO HMeeT MecTo
U v

Ty

Puc. 4.6. Buuuncienne Muoxectsa uabtp(U|V) Meromom «pasmensi u pia-
CTBYH>» (NyTeM CBefeHHs K TpeM GoJee NPOCTHM NOA3ajauam).
TPH Pa3MePHOCTH, PaBHOH 3, KOrJa MOXHO BOCMOJNB3OBATHCS MOJH-
(uKaupeli MeTola 3aMETaHHs MO H3MEPEHHIO, OMHCAHHOTO paHee).
Bostee popmasibHO afTOPHTM OMHCHBAeT caefylowas GpyHKuus (3a-
MethM, uro B ajroputve MAKCHUMYMBI2 ~ muoxectso
Quabtp (M | M;)  BHuHCAsercs B pesyabrate  OGpalleHHs K
DUJBTP (M, Ma; d—1)):

function ®UIIBTP(U,V; d)

begin if (d =3) then A:=OUJIbTP2(U,V);

if (V={q}) then A:={p: p=U u pKq};

if (U={p}) then
begin if for each g=V: p ¢ then A:={p}
else A: =0

end
else begin (V,,V,):= pa3aGuenne V nomosam mo x4
Xg=max{xs(p): p=V,};
U,) := uacru, Ha KoTOpbie %4 pas6usaer U;
1= OUIIbTP(U,,Vy; d) U(PUNIBTPU,,
Vi d)NOUIIBTPU,, Vs d — 1))

end;
return A
end.
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Ocranoce onucars npouenypy ®UJIbTP2. 3rta npoueaypa wc-
[OJIb3YeT METOJ 3aMeTaHHs W aHaJoruuna npouexype MAKCHMY-
Mbll ans d = 2. Toukn muomecrsa U U V npocmarpusatorest B
NopsA/iKe yMeHbIIEHHS] KOOPAHHATH Xz H MOMEIAIOTCs B ovepeab Q.
Ecan texymas Touka p mpunamiexur V, o M nsmensiercs, B npo-
THBHOM CJly4ae p nH60 A06aBasercss K M (Kak MaKCHMaJbHBI 3Je-
MEHT), JTH60 HCKITIouaeTcst W3 paccMoTpeus. Takum o6pas3oM, HMeeM

function ®HUJIBTP2(U,V)

begin Q:=ynopsnounts UUV B nopsake yGuipamus
KOOpJAMHATH X4;
M: H

X i=0;
while (Q = @) do
begin p<=Q;
if (x(p) > xi) then
begin if (p=U) then M = MU {p}
(# SIBJISIETCS MAKCHMAJbHBIM 3.1€MEHTOM *)
else xi:=x,(p)

end;
return M
end.

Hasi awanusa paGorsl aaroputMa 0603HaunM uepes Fq(d, v)
BpeMsi o6paGorku npouenyput ®UJIBTP(U, V;d). Anaaus npo-
ueaypet ®UJIBTP2 menocpencrsento jnaer Fyp(u, v)= 0 (u+ v)
(npn ycsnosuu uro U u V npeiBapHTe bHO yNOPSANOUEHB MO 3Haue-
HHIO KOODAHHATH X2). B ofliem ciyuae, aHaJu3Hpys NpOUERypy
DUIIbTP, nonyuaem cieayioliee peKyppeHTHOE COOTHOLIGHHE:

Falw, ©) SFalm, 0f2) + Fg(u—m, /2) + Fy i (m, v/2), (4.9
Te m — HekoTopoe uenoe uucao 0<<m << u. JIoBOABHO YTOMH-
TeJbHbie BHYHCJAEHHS !) ¢ yYeToM OueHKH Aasi Fp NOKa3bIBaIoOT, UTO
M3KCHMaJbHO® ~3HAUeHHe [NABO/i YaCTH COOTHOMIEHHS  ecTh
O((u+ v)logu(log v)4-2). C yuerom sToro Hepaseincrso (4.8) mpu-
HHMAeT BHJ

Ty (N) < 2T (N/2) + O (N (log N)**) + O (W),

H, CJIeA0BATENbHO,

T,(N)=0 (N (log N)4-2), d>2. (4.10)
C y9yeToM BpeMeHH, 3aTPauHBaeMOro Ha NpPeJBADPHTENbHYIO COPTH-
POBKY, MOJIyYaeM CJIelyIONLYIO TeOpeMy:

') CooTercTByioulee J0KasaTeJbcTBO npuBefeHo B pabote [Kung, Luccio,
Preparata (1975)],
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Teopema 4.9. Makcumymor muoxecrs u3 N towex 6 E* (d = 2)
moeyr Ooire natidenct 3a spems O(N(log N)4=?)+ O(N log N).
DroT 3aMeuaTeNbHBIl yclleX MeToa <«pasfelsil u BAACTBYi»,
NoTepreBLIero HeyAauy B DEUICHHH 3aJaui O BHINYKJOH 060M0UKe
18 d >3 (cM. pasi. 3.4), ABJSETCS KIIOUOM K OObsicHEHUIO ray60-
KHX pasjnunii MeXiy AByMs 3agadamu. Kiouesoe B 5TOM Bompoce
TIOHATHE TECHO CB3aHO, HO He B MOJHOM Mepe COBNajaer C IMOHS-
THEM «eKOMIIO3HPYEMOCTH», BBeleHbIM Bentan [Bentley (1979)].
BoJiee KOHKPETHO, faBaiiTe PacCMOTPHM 3ajauH moucka (cM. TI. 2),
cBSI3aHHBIE C 3a/laYaMH O MAaKCHMyMax H BBITyKJO# 0GoJoOuKe, T.e.
3a7aun «NpOBepKa Ha MaKCHMYM» H «NPHHAUIEXHOCTb BHIYKJIOR
060JI0UKe» COOTBETCTBEHHO. [IPEANONOKHM, MHOKECTBO TOUEK

Conv (5;) Conu (s)

Pic. 4.7. Touka p naxoawrcs sie conv(S;) # conv(Sz), Ko BHYTpH BERYKIOf
0600 HX OGBCAMHEHHS.

npoH3BObHEIM 06pasoM pasburo Ha uactu {Si, Sa}. Bonpoc «SiB-
nsercs au p MakcumymoM MHoxecta S U {p}?» mmeer nonoxu-
TeJIbHBIT OTBET TOT1A H TOJBKO TOTJ1a, KOTA [0JYUeHbl TIOJ0KHTeb-
HEIE OTBETH Ha BOMPOCH «SIB/ISIETCS JIH p MAKCHMYMOM MHOXeCTBa
S1U {p}?» u «SBasercs m p makcumymoM muoxkecrsa Sl {p}?».
OjHaKo HeTPyAHO pasGuth S Ha yacTu TaKHM 06pa3oM, 4TO OTBET
na sorpoc «Haxoaurest i p BHE BHIYKJOiH 0GONOYKH MHOXeCTBA
S?» sBaseTcsl OTPHUATEJBHBIM, B TO BpeMs Kak o6a sompoca «Ha-
XOAHTCS JH p BHE BBUIYK/OH 0Go/oukH MHOXectBa Si?» n «Haxo-
JMTCA M p BHE BBIMYKJIOH 0GOJOUKH S3P» MMEIOT NOJOKHTENbHEIE
orsersl (puc. 4.7)

Tlpexne ueM 3aBepuIMTh STOT pasjies, paccMoTpum paboty 06-
CY’K1aBIUIETOCS aJArOPHTMA B CPEJIHeM Clyuae NPH J0BOJbHO 0GLeM
NpEANOIOKEHHH O pacnpefenenus BepositHocTedi. HeoGxonmbrit
HaM JUIsl STOTO Pe3yJbTaT AaeT caeayioulas

Teopema 4.10 [Bentley, Kung, Schkolnick, Thompson (1978)].
Cpeduee wucao maxcumymos w(N,d) mwowmecrea S us N TO4ex
8 E4 pasno

w (N, d)=0 ((log N)*-") (4.11)
npu ycaoauu, 40 KOOPOUHATHL KasAOl TOUKU HE3AGUCUMbL U BbLON-
PAIOTCA U3 OOHO20 U TO20 e HENPepbleHo20 pacnpederenus.
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3aMeTHM, 4TO IpH HcnogbayeMoMm B agaroputMe MAKCHUMY-
MBI2 cnocoGe pasGueHHst MHOXKECTBAa Ha 4YacTH COXpaHAeTCHA CJay-
YailHOCTh pacrpe/ie/ieHs TOUeK B KaXKAOH U3 wacTeil, Tak KaK ToOu-
KH B 0GEHX YacTAX NOJAYHHEHBI TOMY JKe CaMOMy 3aKOHy pacrpeje-
siennsi. Kpome Toro, pasfieHue MHOMKECTBA MOXKHO BBIIOJHUTH 33
NOCTOSINHOE BPEMsi, HMCMOJB3Ys /Ui 3TOFO CTPATeTHIO «llepejavi
yKazaresi», paccCMOTPEHHYI0 B 0OmHX yeprax B pasi. 4.1.1. C yue-
TOM CKa3aHHOrO IPH aHaJH3e CPeJHero ciydas cooTHouleHHe (4.8)
3aMeHSETCS! CJIETYIOUHM COOTHOMIEHHEM:

E[Tg (NI 2E[T4(N[2)] 4 E[Fqaoy (my, mp)] 4O (1), (4.12)

Ije /My 1 Mg — MOLIHOCTH MHOMKECTB MaKCHMYMOB MHOXeCTB S) u
Sy, ABAAIOUNXCH Telepb CAYYaHHBIMH BEMHUHHAMH CO CPeIHHM
snayennem p(N/2, d). U3 npeawiayuiero oGeyKaeHHs HMeeM

Faor(my, mo) < K (i, + my) log m, (log mo)* ™",

rie Ky — Hekotopasi KOHCTaHTa.
Tak Kak m; W My orpaHuuens cBepXy sHauenuem N/2, To

Fay (my, me) <Ky (my + ms) (log N)*™
H, C/1ejl0BaTeNbHO,

E[Faoy(my, m)] <K, (log N)*=(E [m)] + E [my]) =

=K, (log N=22u (&, )=
=0 ((log N)*~*log (N)*~') = O ((log N)**~4).

TloxcraBasist 310 3Hadenue B (4.12), mosyuaeM ciaeayloluil pesy.ib-
TaT:TeopeMa 4.11. B npedno. 470 pourare. Kandot
TOUKU HE3A8UCUMbL U NOOUUHEHOL OOHOMY U TOMY Jce HENpPepoLBROMY

sakony pacnpedenenus, maxcumymo. mroxcecrsa us N rowex e E¢
Moeyt BbiTe Halidensl 30 8peMS, PABHOE 8 CpedHem

E[T4(N)]=0(N). (4.13)

4.1.4. Boinykaas 06osio4Ka NPOCTOro MHOrOYroJbHUKA

Besiknit pas, koraa Ha HCClelyeMylo 3ajauy HaKJaaibi-
BaeTcsi HEKOTOPOEe OrpaHHYEHHE, MHOMKECTBO DAacCMaTPHBAEMbIX ee
MHAMBHAYaJbHBIX SK3eMIIAPOB, KaK NpPaBHJIO, COKpallaercs. B ra-
KHX C/TyYasix HaHGOJMBIIMI HHTEpPeC BHI3bIBAGT BONPOC, MO3BOJHT JH
3TO OorpaHHueHHe DPa3paboTaThb CMeUHAJbHO AJIf 3TOTO Cayyas cy-
IlecTBeHHO GoJee MPOCTOH MeTOX MO cpaBHenuio ¢ obuM. Koneu-
HO, He BCeria yjaercs JaTb yGeAHTeJbHbIHl OTBET Ha 3TOT BONPOC,
paspaGotaB Gojiee NPOCTONi AJrOPHTM WJH YCTAHOBHB HHIKHIOK
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OLLEHKY CJI0KHOCTH PeleHHs 3a1aul, aHAJOrHUHYIO HHIKHel OlleHKe
aas obutero cayuas. Ho Bo Bcex ciyyasix HcciefoBaHHe 3TOrO BO-
npoca 3aciykKHBaeT BHHMAaHHSA.

Ipumepom TaKoil «CHTYaUuH C OrpaHHuYEHHEM» sBJseTCS 3a-
Jaya o BHINMYKJIOH 06GOJOUKe MPOCTOrO MHOTOYTOJbHHKA. 3aMeTuM,
YTO eCc/H HMeeTCsi MHOXeCTBO S 3 N TOueK, TO ero BCeria MOKHO
paccMaTpHBaTh KaK MHOTOYTOJBHHK, YNOPAAOUHB NPOH3BOJILHBIM
06Pa3oM TOUKH MHOXKECTBA U NPEINOJIOXKHB, YTO MEXKAY COCEAHUMH
(C yyeToM UHMKINYHOCTH) TOYKAMH NOJMYYHBLIEACS MOC/AEL0BATE/b-
HocTH uMeercst pe6po. Oanako B o0uleM ciydae NOMyYHBUIHACS
MHOTOYTO/IbHHK He GYIeT MPOCTBIM, T.e. HEKOTOphie ero pedpa Mo-
Tyt nepecekathesi. Ho uro mpousoiizer, ecin HaM H3BECTHO, 4TO
STOT MHOTOYrOJbHHK Npoctoii?  (Onpeaenenne MPOCTOr0 MHOMO-
yroJbHHka cM. B pasj. 1.3.)

Tlox01, OCHOBAHHDI HA NOWCKE HIXKHEX OLEHOK, B JaHHOH CH-
TyaUHH HelPUMEHHM JlaKe JUIs CIyuas yNOPAAOYEHHOH 0GOJIOUKH,
TaK UTO CJIeyeT JAOBOJBLCTBOBATLCS TPHBHAMBLHOA HHMKHEH OLEHKON
Q(N). IToatoMy BNOJHE eCTECTBEHHO HCKAThb aJTOPHTMBI, HMEIOIIHE
B XyJIeM caydae cJI0XKHOCTb, Menbiiylo O (N log N). Y psia Takux
aJrOpHTMOB, KaXAblii co caoxuoctbio O(N), Gbll TpepsoxeH.
K coxaseniio, HeKOTOpPbIe H3 HHX OKa3hBAIOTCH HEPabOTOCNOCOG-
HBIMH B HEKOTOPBIX OueHb 4YacTHIX ciaydasix [Sklansky (1972);
Shamos (1975a)], Ho Apyrue aAropHTMEl [PAaBHJIBHO peLIaioT AaH-
Hyio 3ajady. Cpean NOCJeNHHX CAeLyeT YIOMAHYTh A0BOJBHO CIOK-
Hblfi anroputM Makkannyma — Diisuca [McCallum, Avis (1979)],
HCMOMB3YIOIIHI /IBa CTeKa. BNOC/AEACTBHI ObIH NPeJIONKEHb 1Ba
HOBBIX JrOPHTMa, HCMOJAL3YIOUUX OAMH cTek, — nepsbii JIu [Lee
(1983a)], a Bropoit I'psxemom u Slo [Graham, Yao 1983)]. Huxe
onmucBIBaeTCS aBTOPCKHil BapuauT aaroputMa Jli

TMyctb p) — caMas JieBasi BepIIHHA 3a/l@HHOTO NPOCTOTO MHOTO-
yronbHuka, a (p1, P2, ..., py) — YNOPSIOUEHHAS WHKIHUeCKas MO
CJIe/I0BATE/ILHOCT €0 BepliHH (33 BepUIHHON pw cieiyet pi).
Tpeanonaraercsi, 4T0 BHYTPeHHOCTb P HaXOAWTCH MO MPaByio CTO-
POHy npH 0GXOje ero rpaHHibl B yKa3aHHOM MOpPSAKe, T.e. UHKIH-
yeckas I0C/Ie/I0BAaTeNbHOCTh BEPIIHH MHOMOYTOJNbHHKA OPHEHTHPO-
BaHa mo 4acoBoif crpeake (puc. 4.8). Ilycrs py — camas npasas
BepurHHa. SICHO, 4TO Py H Py SIBASIOTCS TPAHHYHBIMH TOYKAMH Bbi-
nyKJA0it 000J0uKH MHOroyronbhiika P. Kpome Toro, ouu pasGusaior
[0CJIE10BATEIBHOCTb BEPIIMH MHOTOYrOJbHHKA Ha JiBe LeNH: OAHa
OT pi RO Pm, APYras oT pu A0 pi. JlocTaToyHo paccMOTpeTh mo-
CTPOEHHe BBINYKAOH OGONOYKM JHWb AAsi Uend (pi, Pa, ..., Pm),
KOTODYIO, ~ COIVIaCHO paHee  Tep JOTHH
(pasn. 3.3.2), Gyaem HasbiBaTh gepxuer 06oro4kod. TIyers nodno-
caedosarenvrocts (4, s, - - ., r) TOCTEAOBATENBHOCTH (P, P2,

., Pu), Y KOTOPOH §i = pi H gr = Pm, — UCKOMAs BHINyKJIas
oBosiouka MHoroyroibHuka. Kaxkpoe u3 peGep qiginn (i=1, ...
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., r—1) MOXHO paccMaTpHBaTh KakK <«KpHILKY» «kKapmaua» Ki,
rie kapMan K; — 3To NMOAUENOYKa NOC/IeN0BATENBHOCTH (D1, P2, - - .

., Pum), I€PBOI 1 TOC/e/Hel BepUIMHAMHU KOTOPOH ABAAIOTCA ¢; U
it1 COOTBETCTBEHHO.

a % as
0/
A A\
[/

pr=a1 Gr=PM
Puc. 4.8. Bepxias 060A0Ka NPOCTOT0 MIIOTOYTOABINKA,
Anroput™ UPOXOANT UMb (Py, ..., Pu) H INOCHEAOBATEILHO

CTPOHT KpPBIUIKH BCeX KapmaHoB. OcoGHIM COOHITHEM B XOJle PaGoThH
aaropuT™Ma siBjsiercsi OOHapysKeHne BepIUMHEI THAA ¢, o6pasylomtei
KapMai BMecTe ¢ MocjiejHell HafiienHoll BepuiHoit Tuna g. Takue
BepUIMHLI ¢ GyJeM Ha3biBaTh KPHTHUCCKHMH BepUIMHHaMH. 3aMeTHM,
O/IHAKO, UTO He Kaxkjas KpHTHUe-
CKasi BepUIHHA SIBJIAETCS BEPLIMHOMN
OKOHUATe/bHOH BHIMYKAOH 0060/104-
kit. OHHM SBASIOTCS JIMIb KaHAH-
AAaTaMH B YHCJIO TakoswX. [lo cyTn
Jea, eIHHCTBEHHOE, YTO YTBEPK-
Jlaercst nepeji  3aBe] eM_ pa-
60Tl aAropuT™Ma, 37O TO, UTO MO-
CTPOEHHAsi K STOMY MOMEHTY IO-
C/1€/10BaTeNbHOCTD KPHTHYECKHX
BepwHH (g1, go, ...) corjacyeres *
C TIPEANONONKEHHEM O IMPOCTOTE Puc. 49. Kapman u ero Kpbiuika.
MHoroyroJibuika P (6osee jerab-

nas xapaktepucrika Gyaer nama aaiee). Tak uTo Teneph BHHMA-
Hue OyjeT CKOHUEHTPHPOBAHO HAa TNPOUELype Iepexoia OT OAHOi
KPHTHYECKOll TOUKH K ApYyroii. dTa npoueiypa HasbiBaeTcss wazom
npodsuscenus.

TIpeanonoxuM, 4T0 TPAHHLA MHOTOYTOJbHHKA INPOCMOTPeHa OT
BepUIMHEI p1 10 ps (§ << M) u Bepumua ps = ¢ SBJSAETCS KpHTHUE-
ckoit. CooTBeTCTBYyIOIIASl CHTyallHsl TIOKa3aHa Ha puc. 4.9, rae Kap-
man K| 3aKpHIT KPHIUIKOH §i—1¢i. O603HAuMM uepes u BepUIHHY

Kpsnarxa

Kapman K;_;
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rpaunnsl P, npejiecTByomyio ¢;. B 3aBHCHMOCTH OT MOJOKEHHS U
—

OTHOCHTE/IBHO OPHEHTHPOBAHHOIrO OTPE3KA gm§i HMEIOT MecTo 1B
cayyas.
—
1. Bepwuna u naxodurcs cnpasa or Gmq: uau Ha Hem. B stom
cayuae B BEPTHKAJAbHOI MoJoce, 3ajaBaeMoii BepWHHAMH ¢y H G,
MOKHO PAaccMOTpeTh U Tpi o6aacTi, oGosnadentsie na puc. 4.10(a)

a

©;

L4

(@) I (b
Piic, 4.10. OB1acT, B KOTOPHX MOXKET HAXONHTHCA BePIA U, CACAYIOULA 32
i _(nokasann ipa CAYUas—B IABHCAMOCTH OT OTHOCHTEABIOIO NOAOKeRHS U
H Gugi).

@, @ 1 @. I 06aacTH ONpeIAIOTCA: NPAMOI, NPoXoasilel ye-
pe3 BEPIIHHBI gi—; H g;; Jy4OM, SIBJAIOUIMMCA MPOLOJIKEHHEM OT-
peska g, W YacTbio TPaHHUbl MHOTOYroJbHHKA P, COOTBeTCTBYIO-
meit kapmany K. .,

2. Bepuwiura u naxodurcs caesa or qmg:. B 3TOM ciydae B jio-
NOJIHEHHE K NPE/bIAYIIHM Onpejieiim ellle ojny obractb @, noka-
3annyio na puc. 4.10(b).

OGosnauiM yepes v BepUIHHY, CIEAYIOWYIO 3a §; HA TpaHule
MHOrOyroJbHiKa P. Bepiuna v HaXofuTcs B OIHOH u3 oGaacrei,
onpejeneRKbX Bbiwie. Ecan v naxonutes B o6aactax@ uwan @, 1o
OHa SIBJISIETCS KPHTHUECKOH BEpPLIMHOH, a ec/iM OHA HAXOJAHTCH B 06-
nactax @ wan @, T0 OHa He sIBASETCS KpuTHueckoit. Paccmorpum
deThIpe YKA3aHHBIX cayuas Gogee NOAPOGHO.

1. Bepmnna v npunaanexut obaactu @. B atom cayuae rpa-
HHIla MHOFOYTOJIbHHKA 3aXOJHT B KapMai. ByneM npoasuratbcs no
rpaHHuie 0 TeX NOp, MOKa He JOCTHFHEM MEpBOTO pe6pa rpaHHubl,
0/lHa M3 BEPUIHH KOTOPOrO @ HAXOJMTCS BHE KapMaHa, T.e. B 06aa-
cru @ (puc. 4.11(a)). Tak kKak MHOroyrosbHUK P mpocroit, a Kap-
MaH H ero Kpbllllka Takxke 06Pa3yioT MPOCTO# MHOTOYTOJbHHK, TO,
COIVIACHO TeOpeMe O JKOPJAHOBOMH KDHBOM, PaHHIA MHOTOYIOMbHIL-
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ka P 06s3aTeqbHo nepecekaer KPHIIKY kapmana. asee o6pabaThi-
BaeM w, KaK BePIIHHY v B Cyyae, KODAa v MPHHAMJIEKHT 06/1acTH
@, paccMaTpHBaeMOM HHXKe.

2. Bepmuna v npuHamiexur obnactd @. Bepumna v spasercs
KputHueckoii. Wuietcsi omopuas mnpsMas H3 BEpUINHE U K lemu
(q1, ..., qi-y). Econ ara npsmas comepxkut ¢, (r << i), 10 Bep-
UTHHDBL Gy, © .o yaansioTes, a v Gepercsi B KauecTBe HOBOH §rii

Pitc. 4.11. TIpn o6Xofte rpauniy MHoroyroasnixa P, caeayiomedl 3a Bhaenchiof
BEPIUHHOM g, BO3MOXKHEI UeTHpe cayuas.

(puc. 4.11(b)). Slcro, uto v sBAseTcs BEePLIMHOK BHIIYKJOH 060-
0uKH (KPHTHYECKOH TOUKOH), TaK KaK OHAa ABJIAETCA BHelHe# mo

OTHONIEHHIO K TeKkylleil o6oaouke (qi, G2, ..., qum). IIpoBenenue
ONOpHO# NPSIMOft  IKBHBAJEHTHO TNOCTPOEHHIO conv(qi, ..., r
Gri1, Gu)-

3. Bepwnna v npuHagiexut obnactn @. Bepumuna v ssisercs
KPHTHUECKOH, u OHa Oepercs B KauecTBe (iy1. JIeHCTBHTENBHO
(puc. 4.11(c)), v sBINETCS BHEWIHell NO OTHOWIEHHIO K TeKyllei
o6onouke (qi, Ge, - .-, gi, gm), ¥ TAK KaK OHAa HAXOMHUTCS ClpaBa OT
npsIMOH, MpoXoAsuie Yepe3 Gi- W ¢; (W OPHEHTHPOBAHHON B Ha-
NpaBJeHHH OT §i-i K §i), TO yroa (§i-1¢iv) SBAKETCA BHITYKJIBIM.
(3amerum, uto puc. 44.11(c) mamoCTpHpPYeT cJyuaii, cOOTRETCTBYIO-
it puc. 4.10(b).)
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4. Bepuwuna v npruaanexut o6aacru @. B stom cayyae rpa-
HHUA MHOTOYTOJIBHHKA 3aXOJHT BHYTPb BBINYKJIOK 0Gostouku. Kak u
B cayuae 1, paccMOTPEHHOM Bbuue, Gynem TIPOABHraTheA no rpa-
HHIle MHOrOYroJbHHKa A0 Tex Tmop, MoKa He JOCTHIHEM TnepBoro
Pelpa, 06,1a42I01LEro CeAYIOUHM CBORCTBOM: O/lHA U3 €r0 BepuIHH
SABJIAIETCA BHEIIHEH o OTHOIUEHHIO K oﬁnacm@ HJIH coBmajaaer
C gm. B nocJaeaHeM cayvyae npoueaypa 3aBepuiaercs. B epBom ke
CJy4yae BepUIHHA, ABASIOLIAACS BHelIHell 1o OTHOLIEHHIO K o6JiacTu
@, nHaxomutcs au6o B oGnactH @ (TaKas cutyauus o6pabarbi-
BAeTCs CNocOGOM, YKa3aHHEIM B MyHKTe 3 BbIlIe), 60 B 06aacTu
@ (rakas cuTyauus obpabatmiBaercs CIOCOGOM, yKasaHHBIM B
nynkre 2 sbime) (puc. 4.11(d)). eiicreurennho, o6osnamim ye-
pes c YacTb IrpaHHLBI MHOrOyroJIbHHKa ot qi 00 gm. c ABJACTCH
npocroii kpusoit. Kpome Toro, TpeXKie ueM OHa lepeceuer ¢igu,
OHa He MOXKeT BHIHTH HH B OGJlaCTb, Haxoasutyocs cnpasa or Bep-
THKAJBbHOM NPAMON, npoxoasiuel '€pe3 gm, HH B 06JTacTb, HAXOlsl-
lityiocs cJieBa OT BEPTHKAJBHOMN HDPAMOI, npoxoasilueit vepes ¢;. Tak
Kax Muoroyronenuk P npocroit, To C 1e mosxer nepeceub HH OJHY
H3 rpadul KapmMaHoB K[, ey Kifl, H, CJIeJIOBATEJbHO, OHA He Mo-
KeT nepeceub HH OIHY H3 KpHILIeK QTIILKapMﬂHOB. OTCIO}.]& cae-
Ayer, uto C MOXer nepeceys TOMBKO qiqm. Ecn ona ne nepece-
KaeT yKa3anHHIi OTPe3oK, T0 OHa 3aKaHIHBaeTCs B TOYKE G,

Mpensinymee oScyxrenne Brouaer JIOKa3aTe/IbCTBO KOPPEKT-
HOCTH 0GOH peasnsauuu, B KOTOPO# 06paGoTka ciyuaen 1—4 npo-
HM3BOAHTCSA YKa3aHHBIM BhIlle crocoGoM. Mlajmm dbopmanbroe omu-
CaHHe ONHOTO H3 TaKHX aaroputMmoB. HauGosee TOAXOASIHMH
CTPYKTYpaMu AaHubix stBasiores: (1) owepens P, cozepKalas mo-
CJICLOBATRIILHOCTD (P, pa, ..., pu); (2) crek Q anst xpawenns
TOCIEA0BATENLHOCTH (qo, g1, G, . . ) — BBHJAY TOTO, YTO IJISI BCTaB-
KH H yNaJICHHS] TOYEK BBINYKMOH 0GOM0UKH HCTIOBb3YETCH MeXaHH3M
«TOC/IeIHNH  BouIes] — nepBui BBILIEN», Tle §o— (GHKTHBHAS Bep-
UNIHA, MMelolmas Ty xe abeumcey, 4o m py = 41, HO MeHbIYIO
OpJIHHATY 1 oGecrneynBaomas elHHooGpasne 06paGotki. Kak Gpiio
CKa3ano Bhillle, & — 5TO BepWIHHA Ma rpaHuie MHOTOYToMblHKa P,
HEMOCPCACTBENHO Mpe/ltecTBylOWasn Bepuinne gy, a U — Tekymas
BepuinHa. Yiiopanodennas rpofika Bepuii (s/w) naswiBactes npa-
GbLIL NOBOPOTOM, eCIH W HAXOAWTCA cOpaBa oT npAMofi, 1poxoas-
el uepes s u ¢ ¢ yuerom MalNpPABNCHHUS OT S K f; B UPOTHBHOM
Cayuae OHa HA3LIBACTCSA 2€BbLH NOGOPOTOM. Kpome Toro, napsny c
OGBIYHEIM HCTIOMb: Hem D U<, o 1«3
TOJIKHYTb v B U», onepauus BBITOJIKHYTb U o3uauaer:
«0<=U; NrHOPHDOBATh U; g; oGosnauaer BEPIIHHY, HaXOASILyIoCs
Ha BepIlHHe cTeka, a TEPEJTHUYI (P) o6o3nauaer nepBbIii 3e-
MeHT ouepean P,
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procedure OBOJIOUKA-MHOT'OY TOJIbHUKA

(P1y -+ Pw)
. begin P<=(py, ..., pu);
. Q<+=qq;

Q<=py
while(P = &) do
begin v<=P;
if((9:-19/v) — mpaBuiit moBopot)
(* obactn ®,3,@+) then
if((uq,v) — npaBblit mOBOpOT (* oGsacTH
@,® *) then
if((¢q:v) — npaBuiii mosopor
(* O“GJIZCTb @ *) then Q<=v
else (x o6aacts @ *)
while(ITEPEIHUM(P) naxoautcs

caeBa oT gug; wan Ha ueM) do
BBITOJIKHYTb P

1. else (xobuact (D *)

12. while(TTEPEJIHU(P) naxoaurcs ciena
—

OT §;q;_; uad Ha HeMm) do
BquT%)JTKHYTb P
13. else (x o6nacte @ *)
14. begin while ((¢;_,9;v) — neBbiit noBOpOT)
do BBITOJIKHYTb Q;
15. Q<o
end

1

2
3
4
5
6
7
8.
9
0.

end
end.

Ananus caoxuocrn anroputva OBOJIOUKA-MHOTOYIOJIb-
HUKA ne BbisbiBaer 3arpyauennii. [locse WHLHAMH3ALHH (CTPOKH
1—3) Kaxpas BepUIHHA TPAHHIEl MOCEIUAETCS B TOYHOCTH ongu
pas, mpexfie yeM OHa Gyner aHGO NpUHSTA (CTPOKH 8, 15), an6o
orsepriyta (ctpoku 10, 12). O6paGoTKa Kax10ii BepIIHHEL MHOTO-
YrobHHKa OCYLIECTBISICTCS 3 HOCTOsSIHIOe BpeMs. T1pi nocrpoennu
ONOPHOH NpsiMOii B LMKJe while (cTpoKa 14) Ha KaXKi1yio onepauuio
YAQJIeHHST 3aTPaYHBACTCS NOCTOSANHOE BPeMst. YunTbias, -rro”;wme-
JL0BATeNBHOCTH (P, .« .., pm) U (qu, ..., Gr) copepikar O(M) sge-
MCHTOB, a PacCy»/CHHSl, aHAJOTHYHBIE NPHBEACHHBIM, MOXKHO npg—
MEHHTb H MVt IOCTPOEHHST HHXKHEH OGOJIOUKH NpSIMOYrobHHKa P,
TO B 3aBeplUCHHE HMeeM C/IeAyIoNLyIo TeopeMy:

Teopema 4.12. Boinyxkaas 060404Ka NPOCTO20 MHO20Y2OAbHUKA
¢ N esepuiunamu sosxcer GbiTo NOCTPOCHA 3G ONTUMAAbHOE 6peMA
8(N) npu ucnoavsosanuy namaru o6vemon 6(N).
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4.2. TMpunoxeHuss B CTaTHCTHKE

Mexay reoMerpHeli M CTaTHCTHKOM HMeeTcs TecHas
CBsI3b, OGYC/TOBJICHHAS TeM, UTO MHOTOMEpHble CTaTHCTHUECKHE JaH-
Hble MOXKHO DAaCCMaTpHBATh KaK TOUKH B EBK/IHIOBOM MPOCTpaH-
ctBe. B Takoil MOCTaHOBKe 3a/ayi CTATHCTHKI MpPeBPALLAIOTCS B
yHCTO reoMerpuyeckue 3anaun. Hampumep, B 3agaue o aunefiHoi
perpeccun Tpe6yercsi HafiTH HauGosee MOAXOMSILYIO B CMBICIE 32+
JIaHHOK HOPMBI THMepIIockocTh. HekoTophie 3a1au B TeOpHI ToJI0-
COBaHHS MOXHO MHTEPNPETHPOBATh KAK 3aJauH MOMCKAa K-MepHOro
TIONIYIapHsi, COAepKalllero HanGosbliee YHCIO TOUEK MHOMKECTBA.
B pa6ote [Shamos (1976)] nan 0630p reoMeTpHUECKHX METOJOB,
TIPHMEHSAEMBIX B CTATHCTHKE. B HEKOTOPHIX 3a1ayax CTATHCTHKH MO-
CTPOCHHE BHIMYKJION OGOMOUKII SIBJAETCA OCHOBHHIM MOMEHTOM, I
B HECKOJIBKHX MOCHeIYIOIIHX pa3iesaX Mbl pacCMOTPHM HEKOTOpbIe
U3 HIX.

4.2.1. Po6acTHoe oueHHBaHHE

OcHoBHOI aanaqeifl B CTAaTHCTHKe SIBJSETCA OUEGHUBaHHE
napameTpos HeKOTDpOﬁ TNONyJsIUHH, TAKUX KaK CpejHee 3HayeHue, Ha
ocHOBe JiHIIL HeGoubmION cayuafinoli BEGOpKkH. Byrem rosoputs,
uTo GYHKUHUS { SIBASETCS HeCMENIEHHOM OUEHKOR JIst mapamerpa p,
ecan E [f]=p, 1. e. MaTeMaTHueckoe OXKHAAHHE { B TOYHOCTH PABHO p

=02 (Yoanmamen 20 % Kax eepmmaT, ma i mirHT MOVer)

Puc. 4.12. a-ypesanHoe cpejnee.

0T IO amu—-T
o

[Hoel (1971)]. Tak kak cpeiHee 3HayeHWe BHIGODKH SBJSeTCS He-
CMeI.LleHHOﬁ OLEHKOH AJs CpeliHero 3HaYeHHsd MONYyJAALHH, TO OHO
O4YCHb 4YYBCTBHUTEJBHO K Bbl6p0£aM—HaﬁJllO£leHHﬁM, CYLIECTBEHHO
Bbllaa0IHM H3 OCHOBHOH MacCHl. )KenaTeJleo YMEHBIIHTbL BJAHA-
HHE, OKa3blBaeMOe TAKHMH BblspOCaMH, TaK Kak OHH 4acTo npeji-
CTABJAKT HEBEpPHblE JAHHBIC, KOTOPbIC IHHa4ye MOIVIH Gl BHECTH
OWHOKN B aHAJIH3 JAHHBIX. COOTBeTCTByIOU-l@C CBOHCTBO, KOTOPBIM
JOJIZKHA oﬁnana'rb Xopoulasi OLEHKa, HasblBaeTcsa }706(101‘}{001‘[))0
(yCTOﬁ'-IHBOCTbIO), 4YTO O3Ha4YaeT HEUYYBCTBHTE/JbHOCTb K OTKJIOHE-
HHUSIM OT MPEANOJIaraeMoro pacnpeaeneHus nonyasiutu. Bruio npei-
JI0XKEHO MHOTO METOJ0B, AAIOLIMX TakHue oueHkd [Andrews (1972)]
BaXHBI Ki1acc COCTaBASIOT METO/Jbl OUEHHBAaHHA, H3BECTHBHIE KakK
Metoasl I'sctBupra [Gastwirth (1966)]. DTu MeToxbl OCHOBBHIBAIOTCH
Ha ujaee, COrJIacHO KOTOPOﬁ HanbosblIee AoBepHe OKa3blBaeTcs j1aH-
HBIM, Goslee GH3KHM K UEHTPY» BLIGODPKH.
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Paccmotpum N Touek Ha mpsimoir (puc. 4.12). Tlpocroét mMerox
YCTpaHeHHs MPeAnojiaraeMblX BHIGPOCOB 3aKAIOYAETCH B yAaJeHHH
YacTH TOYEK C JIEBOTO H NPaBoro Kpaes — 1o ol Touex ¢ Kaxaoif
croponsl. Cpejiee 3HAYeHHE BHYHCISETCS MO OCTABLIMMCS TOUKaM.
D710 3HauCHHe H3BECTHO KaK a-yPe3aHHOe cpejHee M ABJsSETCH YacT-
HBIM CJyuaeM OlleHKH no Meroxy I'scrsupra:

N N
T= ; winy, L wi=1,
F =

rae xg obosnauyaer i-ii HauMenblwmit u3 X, Jas o-ypesaHHoro
cpeaHero HMeeM

w=[(1 =20 N], aN<i<(l—a)N.
Jlio6oe ypesanHoe cpeiHee MOKHO BHIYHCAHTb 32 Bpems O (N) (uc-
no/b3ys AJNTOPUTM BHIGOPKH JHHENHON CJIOXKHOCTH), a JMOGYIO OlleH-
Ky 1o merody I'scTupra MoxHo BbumC/IHTh 3a Bpemst O (N log N)
(ucnonb3ys copTHpoBKY). Teneph BO3HHKAeT BONPOC: YTO NpeACTaB-
asieT coBoli aHalIoruuHas Npoleaypa B cayyae Gosee BHICOKOH pas-
MeprocTH? ThIOKH NPEIOKHA NPOLEyPY, U3BECTHYIO MOA Ha3Ba-
HHEM «TyIIeHHe» HIH «UIeJyUeHHe», COCTOAULYIO B YAaJeHHH Bbl-
NyKJI0H OGOOUKH MHOXeCTBA C MOCJEIyIOIHM yJajeniHeM BbllyK-
70 OBOJIOYKH OCTABIUETOCS MHOXKECTBA, M TaK A0 TeX NOp, MOKa
ne ocramercst aumb (1 —2a)N rtouexk [Huber (1972)]. dra mpo-
nefypa MPHBOJMT HAC K CJEYIOULMM ONpefesNeHHio u 3ajaue.

Onpeneaenye 4.2. Tay6uHOfl TOUKH p B MHOXKeCTBe S Ha3biBacT-
Cs1 YHCJIO BHITYKJBIX 0B0JIOYEK (B86LNYKALLY CA0€E), KOTOPbIe JOMXK-
HBl OBITh yjiafdeHl u3 S mpexie, yem OyleT yjaneHa Toduka p.
< Tnyluna )

Fogbuna 2 -

Iybuna 4 = =~ Inybuna3

Piic, 4.13. TiyGuna Touki B MioMecTse.,

Tuy6una MHOXKecTBa S — 3TO rayGHHA ero caMoil riyGoKoit TOUKH
(puc. 4.13).

B cBsi3an CO CKa3aHHBIM BO3HHKAET C/EAYIOlLasi TeOMeTpHYecKast
3ajaua, PeACTABIAIMAS U CAMOCTOATENbHBI HHTEpeC:

3anaua BO8 (IVIYBMHA MHOJXECTBA). Ha mjiockoct 3a-
naHo MHOKecTBO M3 N ToueK. Tpebyercs Haiti ray6uny Kamaol
TOUKH.
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vTeopeMa 4.13. Jloboi areopurm, onpedeasrouuii 2aybuny Kasc-
Joil Touku & mnoxcecTse, & Xyowiem cayae GOANCeH BLINOANUTL
Q(Nlog N) cpasnenui.

Horasarenscreo. Bocmombsyemcst MeToioM  CBeeHHs 3ajaun
COPTHPOBKA. Pacemorpum OLHOMEpHOE MHOXKEeCTBO. 3Has Iiy-
OHMHY KaXAofi TOWKH, MOXHO YIOPSIOYHTL MHOKECTBO, BHUIOAHMB
Aonoxnutebio Jus O(N) cpasremuii.

Jhu COBCEM HEJaBHO Obl1 Pa3paGoTaH ajrOPHTM, AOCTHTAlO-
LA 5TO HHXKHeH olleHKH. OfHaKo, NpeX e ueM NepexOIHTh K ero
OMHCAHHIO, HHTEPECHO BKPATLe PaccMOTPeTh HCTOPHIO TOM 3a1au.

Hawamy yipoesomp
na enyure %
Hawams ppocmomp
wa enybiine §
Hawams ppocwomp
1 enyéine 2 HAYATID
Havam npocsomp
na enyGine |

@
Po HAYATD  ANATIO

Prc. 4.14. Onpeesesiiie MyGHi TOUEK MHOKECTRE NYTeM MHOTOKpaTHOTO o6- -

xo1a mo wmetouy [kapsuca. Bepumum, noveuaembie N0CTe10BaTeb; it
HAUAJIO, obBeienbl KpyxKoM. B o wetkol

Pettenne 3aaun MeTooM «rpy6oii CHIB> CBOAHTCH K MOCHes0-
BATEJLHOMY NMOCTPOEHHIO BBINYKJIOH OGOJOMKH AaHHOTO MHOMKe-
cTBa S, 3aTeM BHINYKJOH 060JOUKH TOUEK, He BOIICAMIHX B nepsyio
BLINYKAYIO OGOJOUKY, H T. 11, Ha 4TO MOTpeGyercsi B Xy liem caydae
O(N?log N) onepaunii. (3ra ouenka focrrraercs p cayuae, Koraa
MHOMKECTBO  MOJIyYaeMBIX — BBINYKABIX  060MOYeK  mpeacTaBaser
LN/3] Broxénubix TpeyrosbHiKoB.) B Heckombko Gosee HCKyCe-
Hom noaxoze [Shamos (1978)] muorokparno HCTIONBb3YETCSt METOoAL
obxona Jlkapeuca (cMm. pasa. 3.3.3), a mocruraemoe npH 3TOM
BpeMst paGoTul aaroputma pasio O (N?). Puc. 4.14 HITIOCTPHpPYeT
paborty storo anroputma. [lnst eannooGpasus 06paboTki BEOMITCS
JONONHUTENBHAS GHKTHBHAS TOUKA Po = (Xo, Yo), KOODNHHATEI Ko-
TOPO#H PaBHLL MHHHMAMBHLIM 3HAYCHIAM aGCLHCCH H OP/ANHATLI TO-
uek MHoxectBa S. [TpocMoTp Touek MHOKeCTBA HAuHHAeTCH ¢ TOU-
KH po, H TepBasi JOCTHTHYTas TOYKa Mapkupyercs merkoii HAUA-
JIO. Tlocnenyioumit 06X0 ToWeK BHINOMHSAETCS B HanpapJeHHn
TMPOTHB HacoBoii ctpenxH. Kaknas mpolitennas Touka (3a uckiio-
uennem HAYAJIO) ypansercs us S. Koraa BHoBb mocturaercs
touka HAUAJIO, saBepmaercss noctpoenne BHIYKJIOA  06010uKH
ray6unst 1. Touka HAYAJIO ynansiercst us MHOMKecTBa S, a poab
TOUKH po NMPHHAMAET Ha ces TOUKa, MpeillecTByiomas touke HA-
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YAJIO; srtoT npotiecc mpoio/Kaercs 10 TeX IOP, Noka u3 S He
6yAYyT yAaJleHbi BCe TOYKH.

Bonee cioxublit 1 BMecTe ¢ TeM Gosiee 3)eKTUBHbIH aaropuT™
ZaeT HCHoJb30Bakkie MeTola OBepmapca — Ban JleioBesa momjepx-
KH BBITYKJIOH 060/I0YKH Ha miockoctd (cM. past. 3.3.7). Hamomuum
JIMIUb, UTO TEPBHYHOM CTPYKTYPOH JaHHBIX, HCNOJb3yeMOi B 3TOM
MeTO/le, SiBJISICTCA JABOMUHOE JePEBO MOHCKA, Y3Jbl KOTOPOTO yKashi-
BAIOT HA BTOPHYHbIE CTPYKTYDPBl JAaHHBIX, NPEACTaBJSIONLHE CLel-
asiembie ouepesn. Kpome Toro, odepeib, Ha KOTOPYIO YKasbiBaer
KOpeHb /ePeBa, 1aeT BEPXHIOI O00OSOYKY HCXOJHOTO MHOMKECTBA
TOYEK, a yaadeHHe Kax<Ioil TOYKH BBIIOJHSICTCA 33 BpeMs
O((log N)?). Takum 06p , HCMOJIb3Y A1 O p HO CTPYKTYPHI,
COOTBETCTBYIONLE BepPXHel I HuHEH 060/0UKaM, MOJNyYaeM Bbl-
NyKJAyI 060104Ky rayGuubl 1. 3aTeM Kaxaasi TOYKa NOCTPOCHHOI
0GOJIOUKH yllaasieTcsi H3 00enX CTPYKTYP, H3 KOTOPHIX Teliepb MOXK-
HO MOJYYHTh 0GOJOUKY rIyGuHbl 2, H T. 4. OGOJIOUKH NOJyYaloTes
TPHBHAJIBHLIM 06Pa30M 3a JHHeliHOe BPeMsl B De3yJabrarte NPOXO-
JKIEHHS CLENAEMOli OYepe/lH, a MOoJHOe BpeMs, 3aTpaunBaeMoe Ha
yAagenne Bcex Bepuns, pasuo O (N log? N).

BrocnencrBun 3Ta njes Obiia JoBeleHa 10 GOJBLIOTO COBEp-
wencrBa Yasemne {Chazelle (1983b)]. A umenno oGuiuii MeTof
Osepmapca — Ban JleloBeHa MONAEPKKH BBIIYK/IOH 060J0UKH pac-
CYMTaH Ha TPOH3BOJBHYIO INOC/TEA0BATENbHOCTb ONEpPaiuii BCTABKH
H ynanenus Touek. OHAKO NMPH NMOCTPOEHHH BBHUIYKJIBIX CJIOEB MO-
CJIe10BaTENBHOCTh ONMEPALHIi y1aJeH s OJHOCTBIO YPABAAETCS Pas-
paborunkoM aaropurMa. Yasesae mokasas, Kak MOXKHO Hajulexa-
UM 06pa3oM CrpymnupoBaTh Onepauii mo yjaaneHHIo ToueK, 4ToGbl
OpOkKAATh clou Gosiee sppektnro. OTCHLIaeM YHTAaTeas K NepBo-
HCTOYHHKY, COJePIKAIIEMy JOKa3aTe/bCTBO CJe/lyioutell HHTepecHoft
TeopeMb:

Teopema 4.14. Bownyxavie caou, a c1ed08aTesbrO, U 22YyOUHA
mnodcectaa uz N Towex na naockocru moeyr 6oiTo Haidewst 3a on-
rumanvroe spems 0 (N log N).

4.2.2. MoHoTOHHas perpeccus

3anauy o perpeccii MOMXHO paccMaTpHBATh Kak 3ajauy
nokcKa Hauaydwel annpoxcunayuy AHHbIX 8 HEKOTOpom nodnpo-
crpancree. TIpeAnonoxKnM, 3a1aH0 KOHEUHOE MHOMKECTBO TodeK B ¢,
paccMaTpUBaeMbX KaK 3HayeHHs Hekoropo#t ¢ymkumu f or (d —1)
TlepeMEHHBIX, H HeOGXOAHMO ONPeAeIHTb JOMYCTAMBIH Kaace anmpo-
KCHMHDYIOLUHX GYHKUHEE H HOPMY [ H3MepeHHs OWHGKH').

1) B ABYMepHOM cayyae TOUKH (Xi,4i) NpeACTaBASIOT GyHKUHIO yi = f(xi),
fi. B k-MepHOM ciyuae HMeeM Xx =

wox
=F (%1, «vry Xaor)e
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DYHKIHS perpeccHn — 3TO HEKOTOpas cpyum.mﬁ f* or (d —1) nepe-
MEHHBIX, MUHHMH3HDYIOWast HopMy || |

3a1aua 0 MOHOTOHHOf perpeccii 3akaiouaeTcs B IOHCKE Hai-
Jyuuieii MOHOTOHHOH (T.e. HeBO3pacTaloLleldl HAH HeyGblBaloLLeil)

Puc. 4.1 Dynkuus,
xoueunoe MHOKECTRO TONEK.

(we ayauus oGpasom)

annpokcHMHpyiouiell GYHKUHH A5 KOHEYHOTO MHOXKeCTBAa TOUeK.
OGbiuno B KauecTBe HOPMBI Gepercst HOpMa npoctpanctBa Lp uanm
MHHHMYM CYMMbl KBaJDaTOB BBHAY CBSI3H HOC/IEAHell C MeTOfOM
MaKCHMaNbHOTO NpaBiomofo6us ‘). JIpyrumu ciaoBaMH, 3a1aHO

——

Pic. 4.16. Hamnyauee cooTsercrae ofecneunBaer crynewuatas dyukuus. [as
ee 3ajaunsi HeOGXOAHMO ONPENeNHTb KaK WHCIO CTYNEHEK, TaK M TOUKH Pa3phiBa
TNpH TIEPEXOjie C OLHOM CTYMEHbKH Ha APYTYIO.

muoKectBo Touek {(xi,yi): i=1, ..., N} u Heo6xoiumo Haiitu
MOHOTOHHYIO DYHKIHIO f, MIEHUMH3HDYIOLLYIO

N
Zw—fr.

Ha puc. 4.15 npusesen mpuMep MOHOTOHHON amNpPOKCHMHpYIOWeit
ynxuun.

perpecchs B Kunre
[Barlow, Bartnolomew, Bromnor, Brunk (1972)].
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TpuBejeHHbI BEIlle PHCYHOK BBOAHT B HEKOTOpOe 3abuyiKie-
HHE, TAK KaK OH TOJBKO YCHJIMBAeT HHTYHTHBHOE MNpeJCTaBleHHe
0 ToM, uTo QYHKUHs [ AOMXKHA ObITh HempephiBHOH. B pamkax Me-
TOJa HaHMEHBUIHX KBaJPATOB, KOTJa MHHHMH3HPYETCS CyMMa KBai-
paToB OTKJIOHEHHI, HaW/Jyuylllee COOTBETCTBHE [aeT CTyNeHYaTas
YHKLHS, IPUMep KOTOPOjt nokasan Ha puc. 4.16. Ocraercs «T0Jb-
KO» ONPEIe/NHTh TOUKH TEepexoia co CTYNMeHbKH Ha CTYNEHbKY H
BBICOTY KaKIOH CTYMEeHbKH.

Z

Puc. 4.17. Hixuan enyknas obodouka JIUC onpeiesser MOHOTOHHYlo ammpok-
CHMHPYIOLLYIO (DYHKIIHIO.

TIpeAnonOKUM, YTO Jl@aHHBIE YMOPSJOYEHBl N0 3HAUEHHIO X-KO-
opannarhl. (OGHMRO Ha MPAKTHKE HET HEOGXOMMMOCTH MPOH3BOAHTH
COPTHPOBKY A@HHBIX, TaK KaK HE3aBHCHMON NepeMeHHol sBIseTCs
BpeMst TGO TOUKH BLIGHpAloTCH B TOpsjKe Bo3pacTauus x.) Ompe-
aenum Quaepammy wacruunsix cymm (AUC) Kak MHOXKeCTBO TOueK
pi = (j, 8i), po= (0, 0), Tt S; — 3TO YACTHUHAS CYyMMa OPAMHAT
TOYeK:

Haksion oTpeska NpsaMoi, COEAHHSIOLIEr0 TOYKH pj 1 Ha pj, KaK pa3
pasen y;. TIpe/mooKHUM Tenepb, YTO MOCTPOEHA HIKHSS 060TOUKa
H wmuoxectBa Touek {po, p1, ..., Pn} (cM. pasn. 3.3.2). Mexay
HIDKHel oGosoukoii F 11 MOHOTOHHOM (yHKuHel perpeccHu cyute-
CTBYET 3aMeyaTe/bHas CBA3b: MOHOTOHHAs GYHKUHS DEerpeccuu aas
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MHOKECTBa TOYEK ONpEle/sIeTCS HAKIOHOM OTPEe3KOB HHXKHell 060-
JIOYKH €ro JHarpaMMmel 4acTHUHbIX cymm (Barlow (1972)] (puc. 4.17).
Takum 06pasoM, HMeeT MeCTO CeAyIOUHil pesyJsTar.

Teopema 4.15. Monoronnan Gynkyus peepeccuu, onpedersenas
MeTodoM HaumeHblux K8adparos, 0 mHodsecTsa us N Towex na
naockoctu mosker Goiry Haiddena sa spems O(N log N). Ecau touku
MHOMCECTBA YHce pA0 no 4 , T0 docra-
To4nblM oKasosaercs spems O(N).

Ecam ucxonuble 1anubie yxe ynopsiioueHbl, T0, HCHOIb3YA MeTOL
I'psxeMa, MOXHO HAHTH HHIKHIOW 06OJIOYKY 3a JIHHEHOe BpeMs.
Ecain 3e TOuKi He ynOpsiouens, TO B XyAlleM cayuae norpeSyercs
speMa O (N log N).

4.2.3. Brineaenue Kiacrepos (auamerp
MHOKECTBA TOYEK)

Coenyst paGore Xaprurawa [Hartigan (1975)], kaacre-
PH3allHsl — 5TO BBIIRJICHHE 2DYNN CX0KUX 00BeKTO8 (KNacTepos).
Kunactepusaunst MHOXeCTBa 3ak/oyaeTcst B pa3GHEHHH €ro Ha Ha-
CTH TakHM 06Pa3oM, uToGhl MUHHMH3HDOBATH HEKOTOPYIO Mepy pas-
auuns. B xupre Xaprirana npuBeneH emHit AL TakMx Mep
npoueayp Kiacrep ¢ HX HCII Mu pacemotpum
ABYMEDHbI Cilyuai, MpeAnosarasi, uTo KOOPAMHATH X H y BHGDPAHH
TAKHM 0GPa3oM, UTO MepOil pasiHuisi sBAfeTcs OGbIUHAA METpHKa
eBK/IN0Ba mpocTpancTBa. Mepoii «pasGpoca» B kaacTepe sBIseTCS
MaKCHMaJIbHOE PACCTOSHHE MMy JBYMS €ro NPOH3BOJNBHBIMH TOU-
KamH, HassiBaemoe duamerpos Knacrepa. MHTYUTHBHO MOHSTHO, 4TO
Kracrep ¢ HeGOJBUIMM JHAMETPOM COAEPHKHT IJIEMEHTH, 10BOJIbHO
TeCHO CBA3AHHbIE IPYT C ADYTOM, Uero HeJNb3s CKA3aTh O KiracTepax
¢ Goabwnm anamerpom. TIpuBeneM (PopMyJTHPOBKY OfHOM M3 3aiay
KJaCTepH3aLHUH.

3anava BO9 (K-KJTACTEPH3ALIUSI C MMUHUMAJIbHBIM
JAHWAMETPOM). Ha naockoctnt safantt N rouek. TpeGyeres pas-
6uth ux ua K kmacrepos C,, ..., Cx Takum 06pasoM, uTolbl Ma-
KCHMA/BHBIi H3 THAMETDPOB KJAACTEPOB GLUT MUHHMAJbLHLIM.

Tpyano mpescraBiTs, Kak MOXKHO PeINTH 3Ty 3ajady, He nMest
N0 Kpaiinell Mepe ajropntMa onpeiefeHus Auametpa  kaactepa.
ITo NPHBOJUT K cJeaylolell 3a1aye:

3apava BO10 (IMAMETP MHOMECTBA). Ha miockoct
3ajantt N touex. Haiiti gse nHauGonee ynanenubie JpYr oT japyra
TOYKH.

dra 3anava Kaxercsi HacTOJIbKO 3Jl€MeHTapH0ﬁ, UTO Jaxe Tpyi-
HO NpPeACTaBHTb, 4YTO C Hell CBS3aHB Kakne-To npoﬁneMbl. B KOHLE
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KOHILOB, MOZKHO HeMOCPeACTBEHHO BbLIYICJAHTH PACCTOAHHE Mexay
kaxz0it u3 N(N — 1)/2 nap Touex u BHIOpPaTb MaKCHMaJbHO® U3
HHX, onpejeJslollee AHAMETP MHOXeCTBa. Uro xe 3JleChb ellle H3y-
yarh? HECOMHGHHO, CJleNyeT 3a4aTh BONpoOC, fIBJSIETCS JIH 3Ta MpO-
nenypa, umeiomas ca0xHocTb O (N?), HaHAYYIIHM H3 BO3MOXKHBIX
AJITOPHTMOB. BOI’[pOC O BBIYHCJIHTENLHOH CJIOMKHOCTH 3ajgaq TaKOI‘?
copra ABJisieTCsA OCHOBHBIM B BBIYHCTHTENBHOMN TEOMETPHH, KOTOPhIH
MBI 06S13aHBl CTABHTh Jaxe B CJIy-
Yyae OTCYTCTBHSI B HEM MpaKTHue-
CKOM HaJO0GHOCTH.

MeTOﬂ NOJIyYyeHHs] HeTPHBHAJb-
HOM HH)XKHeH OLEHKH I 3afaun
JUAMETP MHOJXECTBA 6Gult
paspaGoraH COBCeM HeNaBHO!).
OH ocHOBaH Ha CBeHéHHl’l 3ajauH
PA3JEJIMMOCTb MHOJXECTB,
JJIl KOTOPOH H3BECTHA HETPUBH-
ajlpHas HHXHAA OUEHKa, K 3ajaue

06pas A

JUAMETP MHO)XECTBA.

Tyers A={ay, ..., ay} u B= 06pa3 B

={by, ..., by} —aBa MHOKCCTBA  py 415 Oogpanenne wioxeets
ACHCTBHTENBHEX ~ HEOTDHUATENb- A u B ua emmHuinyo OKpyx.

HHIX uncel. [lnsi MpOBepKH TOro,  wocrs C.

4yto MHOxecTBa A W B He cozep-

KaT OJMHAKOBHIX SJEMECHTOB (T. €. PasfeNHMocTh MHOxKects A
u B), Tpebyercst Bumosinuth Q(Nlog N) cpasnennii [Reingold
(1972)]. Ceeaem 3apauy PASIE/TUMOCTb MHOJKECTB k JHA-
METP MHOJKECTBA, oroGpasue MHoxkectBa A n B Ha eJHHHY-
HYIO OKPYXHOCTb C, IIDH 5TOM 3JeMeHTH MHOXKecTBa A oTOGpaka-
I0TCS B MePBHI KBAJAPAaHT, a 3/1eMEHTH MHOXKectBa B — B Tpernil.
Oro6GpaxeHne yCTPOEHO CJEAYIOUHM 06pasoM: @; otoGpaxaercs B
TOYKY IepeceyeHsi OKPYXHoOCTH C ¢ NpsAMOfi y = @;X, HaXOJslyIo-
csi B nepBOM KBajpaHTe, a b; 0TOGpajkaeTcsi aHAJOrHYHBIM 00pa-
30M, HO TOAbKO B TOYKY, HAXOUSNLYIOCsi B TPETbeM KBaJpaHTe
(puc. 4.18). O6osHaunm uepe3 S MHOXKecTBO, coiepxaiee 2N no-
CTPOEHHBIX TaKHM 06pa3oM ToueK nepeceyenns. Herpyano nousars,
UTO MHOMKECTBO S HMeCT AHAMETP, PaBHBI 2, TOTAA H TOJBKO TOFAA,
KOTj1a OHO COAEPIKHT [BE JHAMETPAJNbHO MPOTHBOMOJOXKHbIE TOUKH
okpyxuocrn C, 1. e. koraa A | B %= . Takum o6pasom, umeer me-
CTO Ccjefylomas TeopeMma, CIpaBeiiHBOCTh KOTOPOH Jas  mpo-
CTpaHCTB Goslee BEICOKOH Pa3MePHOCTH OUeBHIHA:

1) Hexomitylo wieio npeo6pasosaniisi Moxiio wafiti B [Brown (19792)]
Ouesyno, Hobkun n MaHpo He3aBHCHMO TpPHAYMAlK OAHO H TO ke oToGpa-
KeHHe.
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Teopema 4.16. B pamxax modearu arzebpauteckux Oepesves 6oi-
wucaenuil 0as BbILUCACHUS OUAMETPA KOHE4HO20 MHONMecTea u3 N
rouex ¢ E4 (d = 2) tpebyerca Q(N log N) onepayuil.

BepHemcsi K pa3paGoTKe aJroputMa pemredus 3amaun JHA-
METP MHOJKECTBA. Teopema 4.17 naer KiioueByio HAelo, mo-
3BOJISIIOLLYIO H306e3KaTh BHIYHCJICHHS PACCTOAHHA IS KaXJOH maphl
TOUeK:

Teopema 4.17 {Hocking, Young (1961)]. Huamerp muoxcecrea
pasen duamerpy e2o 8oinyKkaoti 060404ku. (CM. puc. 4.1

KOHE'—IHO, B Xy/AlIeM CcJy4Yae MOXKeT MOJYYUThCHA Tak, YTO BCe HC-
XOAHble TOYKH MHOXKECTBA OKaXKYTCS BepIIHHAMH BBITYK/IOH 060-
JIOYKH, TaxK qTO, 3aTpaTHB
O(Nlog N) Bpemenu, He yaact-
csl yAQJHTh HH OJHOH TOYKH.
Hanee, eciun He OroBopeHo
uHoe, O6yneM paccMaTpuBaTh
JByMepHHH  cayyali  3ajauH.
B aToM ciyyae BhiNykjaask 060-
JI0YKA MHOXKECTBA TOYEK ABJS-
€TCA BBIIYKJBIM MHOTOYrOJbHH-
KOM, a BOBC€ He KOHEYHHIM MHO-
KecTBoM Touek. Tak uyTo umeer
Puc. 4.19. Diam(S)= Diam(CH(S)). mecTo HecKOAbKO HHas 3ajaua.

3agava BO11 (JHMAMETP BBITIYKJIOTO MHOTOYIOJIb-
HHUKA). Jan sunykauéi muoroyroabuuk. Haiiti ero auamerp.

Cpasy xe nosyuaem
NHAAMETP MHOXECTBA o<, y JHAMETP BBITYK-
JIOF'O MHOTOYT'OJIbBHUKA

Ecau AHaMeTp BHINYKJOrO MHOTOYTOJBHHKA MOXKHO HA#TH 3a
Bpemst, Menbiee yeM O(N?), To H AHAMeTP MHOXECTBA MOXHO Gy-
Aer Haiitn Guictpee, uem 3a O(N?) onepauuit.

IMoka y Hac Her NMPHYHH 3apaHee COMHEBATLCA B TOM, UTO CBOM-
CTBO BBHIMYKJOCTH NOMOXKET HaM B PelUeHHH 3ajayu. Crout npopoJ-
JKHUTb JCCJI€0BAHHE B 3TOM HalnpasJeHHH, NMpPexKJie YeM OTKa3biBaTh-
cs ot a10it nien. ITo kpafinelt Mepe cieflyeT paccMOTPeTb HECKOb-
KO HHble MOAXOJABI K onpejeseHHI0 JAHaMerpa. ORHH H3 HHX Jaaer
crejyomas Teopema.

Teopema 4.18. Juanerp soinyxaoil ueyper pasen nauGorsuemy
U3 paccrosnutl mewoy OsyMa NAPANLENLHELMU ONOPHOIMU NPAMELMU
K 9rod ueype [Yaglom, Boltyanski (1961)].

Ha npumepe puc. 4.20 Bujno, uto napanjenbHble NPSMble MOX-
HO NPOBECTH He uepes kaxdyro mapy rtouek. Hampumep, nukakue
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JiBe ONOpHbe NPSIMble, MPOXOASLIHE COOTBETCTBEHHO Yepe3 BepUIHHbI
Ps 1 ps, He ABASIOTCA NApa/IeNbHBIMH. DTO 3HAYMT, YTO OTPE3OK
Paps He siBasiercs anametpoM. [lapa-Touek, yepes KOTOPbIE MOXKHO
npoBecTH NapaJjieibHble ONOPHble MPSMble, HA3BIBAETCH NPOTUBO-
aexcaugerd napoii. B cuiy teopembl 4.18 HeoGX0AHMO paccMaTpHBaTh
JMIIb NPOTHBOJIEXKAlMe Mapbl TOYeK. 3ajgaua 3aK/TIO4aeTcs B TOM,
4TOGBI OMpEIeHTh MPOTHBOJEXKalllile TapEl, He MepeGHpas Bce BO3-
MOXKHble Maphl TOYEK.

PaccMoTpuM BeplliHy p; BLIYKJIOro MHOrOyroabHuka P, Bep-
WIHHBl KOTOPOTO 3aHyMepOBaHbl B MOPs/ike 06X0/1a NMPOTHB YacOBOH

Ps Pu

Ps

P
Prc. 4.20. He Bce naper Bepwun ABARIOTCA NpoTHBOMEXKawmuMH. Uepes BepuIMIK

Py 1 Ps M3 MPOBECTH Napaie’biibie onopible mpaMite. Takuy 0GpasoM, pyps
He MOXeT GHTb AHaAMeTpoM.

crpesku (pHe. 4.21(a)). IIpeanonoxuM, 4To Mbl ABHraeMmcs Mo rpa-
HW P nporus wacosoii crpenxu. Hauas apuike-
HIf€ B Beplunue pj, OyJAeM JBHFaThes IO TeX II0P, I0KA He JOCTHIHEM
BEPUIHHE g}, MAKCHMAJIbHO yAadeHHo# ot piip:'). B cayuae He-
OHO3HAUHOCTH BBIGOPA, T.e. Koraa P cojaepHT mapajielbHbie
pebpa, ¢4 — 310 mepBas BepUINHA C 3aJaHHLIM CBOWCTBOM, BCTpe-
THBIIASICS MPH 06X0je. AHANOMHYHLIM 06PA30OM ONpeiensercst Bep-
wHEa gy, MAaKCHMAIbLHO YAAJNEHHAS OT Pipiy, KOTOPAs BHIABASET-
csi npu 06X0Je TPaHHUbI MHOrOYrofbHHKa P 10 4acoBo# cTpeske,
HauHHAs C BEPUIHHB ;. YTBEPKIACTCH, YTO leNb BEPUIHH MeX1y
g9 1 g (Bkmouast 3TH BepwnHb) jaer muoxectso C(p:), Kaxk-
JZlast BCpUIMHA KOTOPOro 0GpasyeT ¢ pi MPOTHBOJEXKAULYIO napy 2).
JeficTBHTeIbHO, NYCTb /o — BHEWIHM yroa, o6pasyeMblit pi_ip;
pipiy1 (o > m). SlcHo, uTO (pi, ps) ABJAAETCH NPOTHBOMEKAMIEH

1) Tounee cKkasaTb, HuleTCS BepIIHHA, MAaKCHMalbHO YHaJeHHast OT NPAMOM,
coxepxalueil OTPe3oK pipi. — Ipus. nepea.

?) Bepumnu ¢ # ¢ pasGuparor rpammuy P na ase uemn. K C(p) orio-
CATCA BEPWHHH TOR H3 HHX, KOTOpas He COAEPIKHT BeplnHy pi. — [Tpum. nepes.
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napoit TOrAa M TOJBKO TOr/d, KOL/1a CYUIECTBYeT NpsMasi, MOomaiaio-
was B nepeceuenye yriios os K o (puc. 4.21(b)). Tak xaxk C(p))—
3TO BBIIYKJast Lemb, TO Kaxaasi BepwHHa ps C(p;) obaanaet
3TuM cBOHcTBOM. Bosee Toro, aust Kaxmod Bepunbl P, He mpHHAA-
aexautedt C(p;), CrpaBelIHBO NMPOTHBOMOJNOXKHOE BEICKA3bIBAHHE.

Pric. 4.21. Xapakrepusauns npotnsoJexawmux nap. Ilepeceuerne yraos o i s
npeactaaseT co6oif ABAa KAHHA C COBNAAAIOWMMH BePIIHHAMH.

DTO CBOHCTBO HEME/JICHHO MOACKA3BIBAET AJTOPHTM MOpOXie-
HHsL BeeX MPoTHBOJEKAMNX map. OcHOBHAS onepauus, HEOGXOAH-
Masi VISl 9TOro, 3aK/I0YACTCs B NPOBEPKE YCJIOBHS MaKCHMaJbHOM
YAQNEHHOCTII TOUKH OT HPAMOI, ONpeaesieMOil OTPE3KOM pipiyi.
10 Jerko cilearh, BHYHCAWB TWICIHIAAb (C yYeTOM 3HaKa) Tpe-
yroabuuka (pi, pit1, p) (cM. pasn. 2.2.1). Temepb MOXKHO omucath
npocTolt adroput™. B 3TOM ajroputMe npeamosnaraercs, uTo Bep-
WIHHBI MHOrOYrOJbHHKA P, cocTaBJsiowue npi 06Xone UPOTIB ua-
COBOIi CTPEJIKII N0CJIe10BATEABHOCTb (P1, P2, ..., Pn) (B KOTOpOit
3a py CJellyer p;), NpejcTaBieHa COHCKOM ¢ ykasatenem CJIE-
JAYIOUIHH[ ), patomum caeyiomui s1eMeHT COHCKa.
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procedure [TPOTUBOJIE)KALLIME-TTAPbI

L. begin p:=py;
2. q:= CJIEAYIOWHWH[p];
3. while (ITromans(p, CJTELY IOLIWFA[p],

CJIEAY IOILNW[g]) > TMaomans

(p, CJIEAYIOULHMH(p],q)) do

¢:= CJIENYIOLNH[g];
(+ mpoaBuraTeCs MO rpamnue P o Tex mop, moka
He OyJeT NOCTHIHYTA BEpIIHHA, MaKCHMAbHO
yranennast or p CJELY IO M[p] #)

qoi=¢;
while (g 5= p;) do
begin p:= CJIEAY IOLIHHM][p];
neuats (p,q);
while([Lromans(p, CJIEJLY IOLIHF[p],
CJIENYIOLINH[q]) >
Maomans(p, CJIEY IO [p],q)) do
9. begin ¢:= CJIELYIOUWIH[q];
10. 4 if((p,q) # (40, p0)) then meuars(p,q)

end;
11. if ([aowans(p, CJIENY IOIIUH([p],
CJIELY IOULMH([q))) =
l'IJII?LU.Ale(p,CJ]EI[V[OU.LHPI[p],q))
then
12. if(p,q) # (4o, py)) then
nevatb(p, CJIEJLY IOLLLU ¥ [q])
(* 06paboTka napaJiesbHbIX peGep *)

PN

end
end.

Puc. 4.22 wainoctpHpyer paboTy NpUBEEHHOrO Bbillle aJaropHT™Ma.

CrpokH 1—3 a/AropuT™Ma ONHCHIBAIOT MOHCK BEPUIHHBI q®, ecan
HCTO/Ib30BATb 06O3HAUeHHS, BBENeHHble paHee (B ajiropHTMe 3Ta
Bepuinia oGo3nauena qo). ITocaenyoumnii unka while, B Kotopom
Gopmupyercs MHoxkectBo C(p:), HCHOMB3YeT ABA yKasaTeds p u q.
T ABa YKasaTess JBMraloTCs 10 TPaHHIE MHOTOyrodbHHKa P B
HanpaBJeHHN IPOTHB YacOBOH CTPEJIKH, MPH 3TOM p NDOABHraeTcs
or py R0 g, a ¢ — ot ¢ no p,. Ipornsonexauasn napa nmo-
PO aeTcs KaxuAblil pa3, Koraa JHG0 NPOHCXOAHT MPOABHIKEHHE JI0-
Goro u3 ABYX YHOMSIHYTHIX yKasaTeneil (cTpoku 5—7 u 9—10), 6o
BCTpeuaeTcs napa napasmienbHbX peGep MHOTOYrojbHuKa P (cTpo-
kn 11—12). Ouesnino, uto nepsoii mopoxiennoit napoii Gyaer
(P, 9)= (po, go) (1pH NEPBOM BBHINOHEHHH CTPOKH 7). YTep-
®Jaercd, 4To mociaeaneit napoi Gymer (p, g) =(qo, px), TaK Kak
Py — 3TO TNOC/eJHee 3HAUYeHHe, NPHHHMaeMoe ¢ (HHAue OCHOBHOI
unka while B crpoxe 5 sasepuwaercs). Takuy 06pasoM, Kaxaas npo-
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THBOJIEXKAllasl 1apa NMOPOXKAaeTcss JHWb OfHH pa3. M Tak Kak npu
Bhinosnenun uukna while ykasarens p nmpojsuraetcst ot po 0 o,
a yKasaTeilb g — OT go A0 Pw, TO IPOU30iAET BCero N MPOABHKEHHUI,
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Pic. 4.22. Hamoctpaunsi pabots npouenypn NPOTHBOJIE)KALIHE-TTAPBL
OGpaTiTe BHUMaHHE HA TO, YTO PEGPa Py, H PePr NAPAIJIEAbHLL.

H, C/1e0BATENbHO, IPH OTCYTCTBHM MapaJliebHEIX peGep Gyjer 1o-
poxaeno N nporusosexamux nap. Ecam umeiotcs mapsl mapai-
JesbHBIX pebep, TO HX UHCJAO He MOXeT npesmiwate [N/2J, u,
CJ1e/I0BaTe/NbHO, II0JIHOE YHC/AO NPOTHBOJIEXAIIHX M[ap, Nopoxnaae-
MBIX aJTOPHTMOM, He TPeBOCXOAUT 3N /2.

AJTOPHTM MOXHO H3MEHHTh TaKHM 06Da3oM, uTo OH GyneT Bhl-
/laBaTh JIMIIb TaKHe MPOTHBOJEXallHe napsl (ux B TouHOoCTH N),
KOTOpble SIBAAIOTCA KaHAHAATAMH Ha MeCTO JuHaMmerpa. ,Eleﬁc'mn-
TeNbHO, KaXKABIA pas, Korjaa ABa pe6pa MHOTOYroJbiiHKa napai-
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J1eJIbHbI, HeOOXOAHMO paccMarpuBaTh JHIWb AHAroHaaud onpeaeJse-
MOH UMM TpamneuuH.

Tak Kak /s ONpejeeHHsl AHAMeTPa MHOTOYrOABHHKA BIOJHE
AOCTATOYHO 3HATL BCE €ro NpoTHBOJEXKALLHE napn (CO]‘JIHCHO Teo-
peme 4.18), To nMeer MecTo C/ieAYIOLIHA pesyJbTat.

Teopema 4.19. Juamerp 86iNYKA020 MHO20Y2OAbHUKG MONCET
GuiTo HadOeH 3a AUHELIHOe N0 4UCAY €20 BepUIUH spems.

Caencrene 4.1. Juamerp muomecrsa us N Touex Ha naockocTu
Moxcer 6oiTo Hadden 3a onTumansvoe spems 6(N log N).

Teopema 4.20. Juamerp muomectea us N touex, o.6pannoix us
Ne-pacnpedesenun na naockocru (cum. pasy. 4.1.1), moscer Gouro
Hatiden 6 cpednem 3a spemn O(N).

Hokasatenscreo. Cornacuo TeopeMe 4.5, BEIYKAYIO 0GOJNOUKY
MOXHO HalTH B Cp 3a Bpems. Ilp Teope-
My 4.12, nonyuaeM HeOGXOAHMEIA pesybTar.

Teopema 4.19 B coueranun ¢ Teopemoii 4.12 (c. pasm. 4.1.4)
NO3BOJISIIOT MOJIYYHTD C/EAYIOLIHA HHTEPECHBIl Pe3yJbTar.

Caencreue 4.2, Juamerp npocrozo mHo20y20AbHUKA HOKKET GbiTb
Haiden 3a AuHelinOe BpPeMA.

Ha mepBbrit B3rVIsiA MOKeT NOKa3aThCsl, UTO IPH NPOXOMACHHH
6Cex NPOTHBOJIEKALUX NAP A/ ONpPeAe]CHHs AUaMeTpa BHINOJ-
HSETCs JIHWHAS paGora. Jlerko yGemutbcs, YTO NPH OTCYTCTBHU Na-
paJieIbHBIX pebep 3TOro He MPOHCXOAHT. KioueBHIM B 3TOM BO-
npoce ABASETCA NOHATHE OUQMETPAAbHOL NApb. BePULUH B MHOTO-
YrOJBHHKE P, T. €. TaKOH Mapul BepuIHH B MHOTOYroibHHKe P, pac-
CTOSIHHE MEX/y KOTODHIMH B TOYHOCTH PABHO AHAMETPY MHOMe-
cTBa BepuMH. Tak Kak jAnaMmerpasibHas napa sIBJASeTCA TaKxe Npo-
THBOJIEXKALUeH NMapoil, ToO B MHOXeCTBe BEeUIHH HMeercsi He Gosee
N_nuamerpanpubix nap. Kiaccuueckuii pesyJbTart, mosyyeRHEi Sp-
néwewm [Erdds (1964)], cocTout B cienyiomem:

Teopema 4.21. B mnoocecree us N Touex Ha nAOCKOCTU MOdceT
Goiro ne Goaee N nap rouex, na KOTOpbiX GOCTULAETCA MAKCUMAAL-
HOe paccrosnue mexoy TOUKAMU MHONECTEa.

OueBHIHO, YTO JaHHAA OUEHKA JOCTHIAeTcsi Ha NPaBHJIbHBIX
N-yromvunkax (N >3, neverHoe).

4.3. 3ameyaHus U KOMMeHTaphu

OnTnManbHoe pelleHke 3ajayd BEIYHCIEHUS JHAMeTpa
MHOKeCTBA TOYEK Ha IUIOCKOCTH GBLIO MOJYYEHO MeTOAOM, o6Cy-
JKAABIIHMCst B pasf. 4.2.3. JIoBOBHO COGJIa3HHTENBHO PACLIHPHTHL
STOT MOAXO/ Ha NPOCTPaHCTBa Goslee BEICOKOA pasmepHocTH. B ciry-
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uae npocrpanctsa E? elue oaHuM GaKTOPOM, CTHMYJIHPYIOUHM HHTE-
pec K 5TOMy BOIOCY, SBJIAETCS CACAYIOLMH pesyabTar {Griinbaum
(1956)] (usBecTHblil Kak runoresa Bacomn):

Teopema 4.22. B muoxecrée us N To4ex 8 Tpexmeprom npo-
CTpancTe 4uCAO nap TO4eK, HG KOTOpbLX OOCTUZAETCS MAKCUMANb-
noe paccrosnue, ne npegouuaer 2N — 2.

K coxasenuio, 6oablioe cXoAcTBO TeopeM 4.21 u 4.22 ckpoiBaer
TOT anK‘I‘, 4YTO, B TO BpPeMsl KakK B ciayyae TIJIOCKOCTH YHCJIO AHAMET-
PaibHBIX NMap H UHCAO NMPOTHBOJNEXKAIIMX NIap pacTyT Kak O(N),
B TPEXMEPHOM NPOCTPAHCTBE /ISl HHX HMEIOT MECTO OUEHKH O(N)
1 O(N2) cooTseTcTBEHHO.B camoM
Jene, He COCTaBJsAeT TpyAa KOH-
CTPYKTHBHO ﬂpOﬂeMOHCTpHPOBaTb
TOT (haKT, YTO UMCJAO TNPOTHBOJE-
KallUX nap B TPEXMEpPHOM Ipo-
CTpaHCTBE MOXKeT pactu Kak
A\ O(N?). CoorsercTByiouuii npumep
w npusefeH Ha puc. 4.23, rae HyX-

Hast KOHQHrypauus noiyyaercs B

N e oSS pesyabTaTe 3aMeHbl JBYX HECMEeX-

N HbIX peGep TeTpasapa ABYMsS «Ie-
naMu» 10 N/2 BepIIHH B KaXJOH.
53“°'N4~230'qi(xo“?l’%’g:me::g;“eﬁ;? Jlio6ast napa BepUIHH — 1O OAHOH
o paicrse ¢ icaow npomwoncka. BEPUIHUE H3 KaXLOH meni — oGpa-
wux nap, pasium O(N?). 3yer mnpoTHBOJENaulylo napy. Ta-
KuM 00pasoM, mnpouesypa IOpo-
JKIeHHs BCeX MPOTHBOJEXAUX nap Tpebyer BpeMeHH O(N?) w,
BO3MOJKHO, fIBJAETCS GoJee TPYLOEMKOM MO CPAaBHEHHIO C METOAOM
«rpyﬁoﬁ CHJIbI», OCHOBAHHBIM Ha BLIYKCJEHHH PaCCTOAHHA MexAay
ka0l napoii Touek. XOTs AHaMeTpalbHble Naphl COCTAB/AIOT OA-
MHOKECTBO NPOTHBOJMEKAILHX Nap, 10 CHX Nop He Hafifen sdoex-
THBHBIH CMOCOG BblAeJEHHSI TAKHX nap. HECMOTpﬂ Ha ee BHEIIHIOW
npocroty, 3ajaava BblYHCAEHUS JHaMeTpa MHOXKeCTBa TOYEK B Tpex-
MEpHOM IPOCTPAHCTBEe SIBUJIACh JUISE MHOTHX uccnenona‘re.vleﬁ npe-
rpajiofi, 0 KOTOpYio pa3buBalHCh BCE HX YCHIHMS.

B d-MepHOM MpOCTPAHCTBE AHAMETp MHOXeCTBa H3 N Touek
Bcerja MOXHO onpeiennts 3a speMs O(dN?), Bhiuncass paccros-
HHe MeXLy Kax ol mapoil Touek.

Cnenyloulaﬁ TeopeMa cyxKaer Kpyr BO3MOJKHOCTE!l cAenath 310
Bosnee 3 derTUBHO:

Teopema 4.23 [Erdés (1960)]. B muoscectée us N T1o4ek &
d-mepron (d > 3) npOCTPAHCTAE HUCAO NAP TOUCK, HA KOTOPbLY do-
CTucaeTca  MaKCumaioboe  pAaccTOAHue,  Mower — Q0CTU2ATO
N2/(2— Ld/2])+ O(N*®), rae & > 0— HekoTopoe ducao.
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Slo [Yao (1982)] npeasioxu/a Hecko/bKO HHOH NOAXOMA K 3amaye
BBIYHCCHHA AHAMETPa MHOXKECTBA. ITOT MO/XOJ TO3BOJHI MOy~
YHTb AATOPHTM CO CJIOXKHOCTBIO 0(N?). A HMEHHO OUEHKA BpeMmeHH
paboOTH aArOpHTMa paBHa

T(N, d)=0 (N*>"*? (log N)'~°¥),

rie a(d) = 2-@+D, Jing d = 3 3Ty OUEHKY MOXHO YJIYUUIMTh A0
O((Nlog N)"®%). Bonpoc 0 TOM, MOXKHO JIH YMEHBIIHTb PasjHyHe
mexny T(N, d) u Q(N log N), ocraercst OTKPHTHIM.

4.4. YnpaxHenus

N 1. TMyctb S — muoxecTBo W3 N Touek Ha nuaockoctd. OGe KOOPAHHATH KaX-
ROl TOUKH ABARIOTCA NENNMH YACA2MH, He MPEBOCXOAAWAMH m (TO4KU, 3a0a-
Hole na pewerke). PaspaGoraThb airopuTM TOCTPOEHHA BHNYKJOH 060/109KH
CH(S) co Bpemenem o6pabotku O (N + m).

2. Myctb S — muoxectBo n3 N = m? Touek B £%, onpe/ieieHHOe CeAYIOLIHM
oGpasom:
S={py x(Pyy)=h ¥ (Pyy) = 2(py)) >0, 0 <i, j<m}.

ABHBI  aArOPHTM

BepxHeil OGOJIOUKH MHOME-

ctBa S.
! Ha 6 E2 Ha 3ajano S us
N touex. PaspaGorarts meron, mposepsiomui 3a spems O(log N), siBasiercs
TOYKa ¢ SU{q}. ([lpeanonaraercs pexum

MHOTOKDATHBIX 3anpocoB — CM. pa3i. 2.1.) Bpems, 3aTpaunBaemoe Ha CO31aHHe
chfy}mypu JaHHBIX, HCIOJIb3yeMOfi JUIs TOHCKa, He JO/IKHO NpeBhllaTh
O(N log N), a sannmaemit e oGvem namsatn — O (N).

4. Mposepra Ha e E3 B np E?® sapano S
n3 N Touek. PaspaGorats metos, mposepsiomuii 3a spema O (log N), sBasercss au
TOUKa Su{g. (I1 aeTcs PeXHM
MHOrOKpAaTHHX 3ampocos.) Bpems, sarpaumsaeMoe Ha CO3aHHe CTPYKTYPH AaH-
HHIX, HCHIOAB3YeMOH AJA TOHCKA, He JoMKHO mpeswlats O (N log N), a samu-
MaeMbiil elo oObeM mamaTH — O(N). (YKasamue: HCMOJb30OBaThb METOJ JIOKAdH3a-
UHA TOUKH B MOAXORSMEM .

5. Crenens Ha 3a7aHO S u3 N To-
eK. S 0

max(S) MakcuMyMmoB MHOxecTBa S. CTemeHbio JOMHHHDOBAHHA TOYKH p B MHO-
xKecree S KOTOpHle Heo6x0-
JIMMO YAAMHTh AMs yAaneHus Toukd p. CremeHb JOMHHHPOBAHHSI MHOXecTBa S
pasHa il cTenenn ero Touek.

(a) PaspaGotath aaroput co caoxuoctsio O(NlogN) ans BuuHctenus
crenenn Ka¥XJOH TOUKH S.

(b) OnTamanen am 5TOT airopHTM?

o m tnee
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BJaKu30CTb: OCHOBHBIE AJTOPUTMBI

B raiase 4 Gbul npuBejeH aqropHTM ABYX HamGosee yaa-
JIEHHBIX JAPYT OT JpPYra TOYEK M Ba Ha IL H, H
cnoxnocts O(N-log N). MoxHO 6BWIO 6l NPEANONOXKHTD, YTO al-
TOPHTM MOHMCKA ABYX GMHXAHMIMX ADYr K APYTy TOUeK MHOMKeCTBa
MOKHO NOJyYHTh MPOCTHIM 0000LIeHHEM YKa3aHHOrO aArOPHTMa, HO
3T0 He Tak. [lBe HauGO/ee yAa/NeHHEE TOUKH MHOXeECTBA C HEOGXO-
JUHMOCTBIO SIBJISIOTCS BEPIUHHAMH BHIMYK/IOA OGONOYKH STOTO MHO-
JKecTBa, H AN PaspaboTKH GHICTPOrO aJrOPHTMA MOXKHO HCIOJAb30-
BaTb CBOWCTBO BHINYKJIOCTH. [IBe GaMiKaiilllHe TOYKH COBCeM He 06s-
3aTeJbHO HMEIOT KaKoe-JHGO OTHONIEHHE K BHINYKJIOH 060JOYKe,
TaK YTO AJIA_PELIEHHs 3TOH 3ajauH JAOJKeH ObTh paspaboTaH HO-
BHit MeToA. DToMy u Gyher mocBsuleHa AaHHAs raaBa. Mu paccMo-
TPHM GOJIbLIOH KJIAacC 3a4ad, CBA3AHHEIX C ONpe/eeHHeM GJIH30CTH
TOueK Ha mmockoctd. Hama mems Gyser cocTosith B TOM, 4TOOBI
peluaTh BCe 3TH He CBSI3AaHHBIE Ha NEPBHIA B3NVIAA MexIy co6of 3a-
JayH, MCTONb3ysl eAHHBIH aJTOPHTM, KOTOPHI BHIABJsET, 06paba-
THIBAaeT H 3allOMHHAET KOMNAKTHBIM OGPBSOM BCIO HHq)OpMal.lHlO oT-
HOCHTeJIbHO 6H30CTH TOYeK. UTOGBl JOGHTBCS TOrO, Mbl BO3POAHM
KJIaCCHYECKHII MaTeMaTHYeCKHH OGBEKT, Ha3blBaeMBIHl AuarpaMMoi
Boponoro, mpeacraBus ee B BHAe 3(PQEKTHBHON BHIYHC/IHTE/BHON
CTPYKTYDH, TO3BOJIsIOWe!i IOGHTLCS OFPOMHOTO NPEHMYILIECTBA NO
CPaBHEHHIO C JIYYIIHMH H3 DaHee M3BECTHHIX aJrOpHTMOB. B aroii
riaBe JJs IITYPMa 3TOTO GOJBUIOrO H TPYAHOro Kjiacca 3aiay —
sada4 naxosdenus Gaudcalduux TO4eK WIH, HHade TOBOPS, 3ada4
onpedenenus. 6au30cTy — GYAyT HCIIOAB30OBAHE HEKOTOphie O0GCY-
XKJlaBlilHecs paHee METOJABI pelleHHs reOMeTPHYECKHX 3ajay, TakHe
Kak NMOCTPOeHHe BHMYKJIOK OBOJOYKH H reOMeTPHUECKHH MOHCK.
Kak yixe roBopHJIOCh BLlllle, COCTOSIHHE e/l B 3TOH 06JaCTH Bbi-
UHCJTHTENbHOM TEOMEeTPHH He SIBJAETCHA HCKJIOYeHHeM N0 OTHOIIEHHIO
K CJIOXHBIIeficst B Hacrosillee BpeMs MpakTHKe: B cJydae NJA0CKOCTH
HMEIOTCSl MOUIHbIE H JIEraHTHLIE METO/Ibl, B TO BpeMs Kak /sl Tpex-
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MepHOro IpOCTPaHCTBAa — H TeM Gosiee Ui MPOCTPAHCTB Gosee BbI-
COKO# Pa3MepHOCTH — H3BECTHO OYeHb MaJIO H Ha KaXJI0M Inary
HeeJef0BaTes MOJACTEPEranT TPY/AHONPEOL0JUMbIe NPENATCTBHSA, He
CyJsiiiHe HHYEro XOPOIIero.

BosbIIHHCTBO 3a/ad, H3YYEHHHIX B MpPeJbLAYIIHX IJ1aBax (32 Hc-
KJIOUeHHeM 3a/lauH O HaHOOJee yla/ieHHOW NMape TOUEK), OCHOBHI-
BAIOTCSl MCKJAIOYHTENBHO Ha CBOHCTBAX HHIMIEHTHOCTH paccmarpu-
BaeMbIX reOMeTpHYECKHX o6bekToB. Tak uro COOTBETCTBYIOLIHE pe-
3yJbTAThl OCTAIOTCA CNPaBeJIMBLIMH NpPH IIPHMEHEHHH K 06BeKTaM
noJHOM TPYNNb JHHEHAHHIX mpeobpasoBanwit (pasa. 1.3.2). 3anauw,
paccmaTpHBaeMble B ABYX MOCJAYIOIHX IiaBax, ‘OCHOBBIBAIOTCA HA
METpHYECKHX CBOMCTBaX, M, TAKUM 06])330M, CIpaBeJIHBOCTL pe-
3yJbTaTa OrPaHHYHBAETCS TPYNIOA eBKIHIOBHIX Npeo6pa3oBaHuil
(rpynnofi ABHKeHHH TBEPAOTO Tesa).

5.1. HaGop samay

MH HauHeM ¢ TNepeYHC/IeHHs DPa3MHYHBIX Ha TepBHit
B3TMISAA 3ajad, OTHOCAIUIMXCA K ONpeIeseHHIO GJH30CTH, HO KOTO-
phle, KaK MBI YBHAMM Jajee, GIM3KH C TOUKH 3DEHUsS MpPOUERYPHI
HX DelIeHHs.

3anava B.1 (BJIMDKAWIIIAS TTAPA). Ha nsockocTH 3ajaHbt
N Touek. HafiTu HBe H3 HHX, PacCTOSHHE MEXJy KOTODHIMH HaH-
MeHbInee !).

Ora sajaya HaCTOJBKO NPOCTO (OPMYJNHPYeTCSs H HACTOJBLKO
BAXHa, YTO ee MOXKHO PAcCMaTPHBAThb KaK OJHH M3 OCHOBHBIX BO-
TIPOCOB BHIYHC/IHTE/IBHOA FeOMETPHH KaK C TOUKH 3DEeHHs ee NMPHJIO-
JKeHHil, TaK W C YHCTO TeopeTHYeckofi Touku 3penns. Hampumep,
OJIHO U3 MPHJIOXKEHHH 5TOf 3aaUH OTHOCHTCS K CHCTEME DeanbHOTo
BpeMeHH, YNpaBJdlollell JBHXEHHEM CaMONeTOB: C HEKOTOPHIMH
YOPOIIEHHSAMH MOXKHO CYHTATh, UTO HauGosbuell OMACHOCTH CTOJK-
HYTBbCSl MOJIBEpPraoTcs 1Ba camoniera, HaxoAsHecs Ha HauMeHblIeM
PaCCTOSTHHH JIPYT OT JApyra.

LlenTpanbHbifi BONpoc Pa3paGOTKH aNTOPHTMA DelleHHs 3Tof
3alaud COCTOMT B TOM, HYXKHO JIH Mepe6upaTh KaXXaylo mapy TOUek,
4TO6H HAfiTH ONpeleeHHOe TAKHM 06Pa30M MHHHMAJILHOE PaccTosi-
HHe. D10 MoOXKeT 6HTH crenano 3a BpeMs O(dN?) B cayuae d-mep-
HoOro mpocTpancTBa (d — NPOH3BOJBHOE lesoe Hea0). B onnomep-
HOM coyuae CyIlecTBYeT 6osiee GHICTPEI aJrOPHTM, HCIOJb3YIOMHi
TOT (akT, 4TO Kaxaas mapa GaMXKaRIIAX TOUEK JOJNKHA COCTOATh
H3 TOCAe10BaTebHBIX TOYEK MHOXEeCTBA MPH YNOpAA0UeHHH ero 1no
3navennio KoopamHaTh. TakuM 06pasoM, MOXHO ymopsnouuts N
3amanmbIX neficTBHTENbHHIX uncen 3a O (N log N) mwaros, a sarem

1) MoXeT OKa3aThesl, 9TO TaKHX Nap HeCkOAbKO. Bymem cunrate, uto xas
PemleHRs 3a1auK XOCTATOUHO HAATH OAHY TaKyiO Mapy TOUeK.
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OCYLUECTBHTH JIMHEf b} npocMoTp yﬂOpﬂﬂO'—leHHOﬂ nochenoBaTtesb-
HOCTH (%), X3, ..., %n) 3a Bpems O(N), BbluMcass mpn 3TOM
Xipg — X, i =1, , N — 1. Kak Gyzer nokasaxo jaiee, 3TOT oue-
BHIHBIA AJNITOPHTM fIBJISIETCS ONTHMAJIbHBIM.

3anava B.2 (BCE BJIMDKAMIIHUE COCEJIH). Ha naockocru
samanbl N Touex. Haittu Gamxaiimiero cocena Aasi KamIof TOUKH
MHOXKecCTBa.

«Brmxaimni €oce/l» — 3TO OTHOUIEHHE Ha MHOXeCTBe TOYeK S.
onpenensieMoe CJAeAYIOL(MM 06pasoM: Touka b sBasercss GauxKaii-
LIHM cOceNoM TOUKH a (oGo3nauaercs a —- b), ecau

dist (a, b) =min dist(a, c).
ceS-a

Tlpumep rpada sroro orHomenns H306paxen Ha puc. 5.1. 3amernm,
YTO OTHOLIEHHE «—>» He 06SA3aTeNbHO SABASETCS CHMMETPHYHBIM, T. €.
H3 a— b BoBce He 00s3a-

TEeJMbHO CJeNyer, 4To b—
— a. OTMeTHM TaKXe, uTO
TOUKA MOXKeT GbiTb 6iiH-
KafHM COCEJIOM HECKOb-
KHX TOueK!) (K ToMy e
OTHOIIEHHE <«—>» He 06s-
3aTeJIbHO sABASAETCS (QYyHK-

upeit). PemeHneM 3afauu
B.2  sBasercst coBOKyn-
HOCTh YMOPSA/AOUEHHHX Nap
(a,b), rne a—b.
Puc. 5.1. Otnowemne <Smuxaiuumii cocen» [Mapa Toue, ynosier-
(«->») Ha MHOXKeECTBE Touek. BOPSIIOLIAsT YCJOBHIO CHM-
METPHYHOCTH  OTHOUIEHHS!
(nMeroT MecTo a—>b u b — a), HasbiBaetcs e3aumnoid napoi. Ecan
npoueaypa BbGOpa TOUEK Ha IUIOCKOCTH SIBJISETCS MyaCCOHOBCKHM
TIPOIECCOM, TO MATEMATHYECKOe OKHAAHHE NOJH B3AHMHBIX Nap T0-
uex, coranaco Iuenoy [Pielou (1977)], pasro

6:1/(8 + 3(3)!1) ~ 0.6215.

B MateMaTHuecKOH 3KOJOrHH 3Ta BeAHYHHA HCIOJIb3YeTest st
BBISIBJICHHSI TEHJCHLUHH 0cOGeil HEKOTOPOro GHOMOTHUECKOTO BHAA K

') XoTs TouKa MOKeT HMeTb B KauecTse Gamkalimero cocexa KaxXayio H3
JAPYTHX TOYEK MHOXeCTBA, OHa MOXeT GOHTh GIHKafIHM COCEOM caMoe GOJb-
wiee INECTH TOWEK B JBYMEPHOM NPOCTPAHCTBe H He GoJee NBEHAAUATH TOYeK
B TPEXMEDHOM MPOCTPAHCTBE. ITO MAKCHMAJIbHOE UHCJAO TOUEK, AMA KOTOPHIX
HEKOTOpas TOuKa SBAAETCS cocentom B 3
COBNAf2eT € MAKCHMAJBHBIM UHCIOM eIHHHYHHX cdep, KOTOpHE MOrYT OHTh
PAcmoJIOKEHE TaKHM 06pa3’oM, uTOGH BCe OMH KacaJHCh 3a/aHHON eIHHHYHOIN
cheprt. (Caatu [Saaty (1970)] ykaswBaer, 4TO 5TO YHCAO He H3BECTHO AR d,
6onbwnx 12.)
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06pa3oBAHKIO H3OAHPOBAHHBIX map. [lns 3TOro BIUHCASETCH (ak-
THYECKOE YHCJIO B3aHMHBIX MAp H IOJy4YHBLIeeCH NMOTOM OTHOLICHHE
CpaBHHBaeTCsl C yKa3aHHO# BenwuuHoH. Jpyrue sajaun, BKmoYalio-
1He BHIYKCICHHe OMHKAAMIKEX COce/ielf, BOSHHKAIOT MPH HCC/Ie0Ba-
HHHM paccelieHHsl BHAOB. B 3THX 3ajauax, Tak Xe Kak B reorpaduu
(cM. [Kolars, Nystuen (1974)]) n B ¢u3uke TBepAOTO Tena, mpei-
CTaB/sieT HHTEpeC pacipeje/eHie BeHYHH PACCTOSIHHI MexXay G-
KaftuMe coceasiMu. OUeBHIHO, YTO B OJHOMEPHOM CJydae TOT Xe
caMBlil aATOPHTM, OCHOBAHHBII Ha COPTHPOBKE H DelIAlONHi 3agauy
BJIVDKAMIIAS] TTAPA, nosBoasier HaiiTi Bce mapsl GumiKailINX
cocefeif. B nanpHeiimeM MBl PacCMOTPHM TPYAHOCTH, TPHCYIIHE
STHM JBYM 3ajauaM B IIPOCTPAaHCTBax GoJblilell Pa3MePHOCTH.

3apava B.3 (EBKJIMAOBO MHWHHMAJIbHOE OCTOBHOE
JEPEBO). Ha muockoctu 3agansi N rtouek. ITocTpouts Jepeso,
BepUIHHAMH KOTOPOTO SIBJISIOTCA BCe 3afaHHble TOUKH H CyMMapHas
JUTHHA BCeX peGep KOTOPOro MHHUMAJbHA.

PeulenneM 3ajaun ABASETCS CIHCOK, copepxamuii N —1 napy
touek. Kaxjuas nmapa npeicrasaser pe6po nepesa. Ha pue. 5.2
NOKa3aH NMPHMEp TaKOro Jepesa.

3ajaua NOCTPOEHHS €BKJIHI0BA
MHHHMAJIbHOTO OCTOBHOMO JepeBa
(EMOJ1) BO3HHKaeT B TNpHJIOXKE-
HHSIX, KacaloUHXCH  PasaHyHOro
poxa cereir. Ecan neo6xomumo op-
TaHH30BATh CHCTEMY CBA3H MEXIy
N nyHKTamu, coeiMHHB HX KaGe-
seM, To ucrnoab3oBanue EMOJL
AaCT CeTh MHHHMAJBHOH CTOMMO- Pyc, 52. MHmHMAJbHOE OCTOBHOE
ct. JII06OMBITHO, uTO (esepalb-  AepeBo MHOXKeCTBA TOUCK Ha Mmo-
HBIfl 3aKOH NPHAAeT JaHHOH mpo-  CKOCTH.

GreMe  JOMOJHHTENBHYIO —3HAUH-

MocTb: (enepasbible Tapuds Tpebyiot, 4ToGel Tapud 3a Noab3oBa-
HHEe MEeXIYropoJHOH JIHHHell cBA3M GbI TMPONOPUHOHAJNEH JJIHHE
MHHHMAaJIbHOTO OCTOBHOTO J€PEBA, COe/HHSAIOUIero KOHEUHble MyHKTbI
aGonenToB. DTO PACCTOSHHE AOJMKHO H3MEDPSIThCS Ha CTamiapTHOR
IIocKofi mpoekuun nosepxuocts 3emuu!). DTo uMeeT mecTo He-
CMOTPS Ha To, YTO 3eMs He ABJAAETCS TMJIOCKOH M uto Tesedounnas
KOMITaHHsi MOMKET OpraHW30BaTh peasbHYI0 CeThb He 06A3aTenbHO
B Buge MOJ[. Tem He MeHee pacuer 3a ycJHYrH OCHOBHIBACTCS Ha
pelleniy peaspHoli 3aaui MOCTPOCHHS eBKJHL0BA OCTOBHOTO Je-
peBa, KOTOPYIO TMPHXOAHTCS pellaTh COTHH Pa3 B Teyemue AHs, Mo-
CKOJIbKY KOH(HIYpPalHH TeneOHHOM ceTH MOCTOSHHO H3MEHSIOTCS.

[\

') Aptopn Gnaronapusi Credpany Bappy, coobmusuwieMy 3Ty undOpMaiiio.
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ST10T 3aKOH npeacraBader «Cos10MOHOB KOMIIPOMHUCC» MEXAy
TeM, uTO TPeGyeTCs BBIUHCIATH, H TEM, YTO BBHIUHCIASETCS HA Mpak-
THKe, TaK KaK MHHHMMa/JbHOe OCTOBHOE [epeBO He COOTBETCTBYET
Hauxparqaﬁmeﬁ U3 BO3MOXHBIX ceTeﬁ, COeHHSAIIINX 3aJaHHbIE
TOYKH, IIPH YCJIOBHH, YTO K HCXOJHOMY MHOXECTBY He 3anpelleHo
ﬂOBaBJIﬂTb HOBble TOukH. Ecin TakKoe OrpaHHyeHue JeHCTBHTENBHO
OTCYTCTBYeT, TO JepPeBO, HMeloulee HaHKpaT‘laﬁlﬂle JJTHHY, HA3BI-
Baetcst nepeBom Hlrefinepa (puc. 5.3) 1).

Kak 6buto mokasano I'spu, Tpsxemom u [Jkonconom [Garey,
Graham, Johnson (1976)], sanava noctpoennst aepesa llrteiinepa
ABasiercss NP-Tpy/HOfl, U, UCIOJBb3Ys COBDEMEHHEIE CPEACTBA, Mbl

I3

() (b)

Pre. 5.3. Cymmapuas 1uuHa peGep nepesa Lllteiinepa (b) moxer 6mTh MeHbuwe,
uem y MOJL (a).

He B COCTOSIHMHM peluath 3afayn Gosee ueM mas 20—25 touek. ITo-
STOMY HEpPasyMHO TpPeGOBaTh, YTOGH TapH( 3a HCIOJbL3OBAHUE JH-
HHMA CBASH BBHIYMCJS/ICS B COOTBeTCTBHH ¢ AepeBoM Illrtefinepa.

MuHuMaBHOe 0CTOBHOE JepPeBO HCIOMb3yeTcs IPH KIacTepHaa-
uun [Cower, Ross (1969), Johnson (1967), Zahn (1971)], npu -
YHCJIeHHH XapaKTepHOH Da3MePHOCTH MHOXKECTB ToueK [Schwartz-
mann, Vidal (1975)] u npu pacnosnasanun o6pasos [Osteen, Lin
(1974)]. OHo TakKe HCIOAB3OBAJIOCH Il MHHHMH3AUHH JITHHEL
POBOJIHMKOB NPH KOMIIOHOBKe 3JeKTpHueckol cxeMbl DBM [Lober-
mann, Weinberger (1957)]. MunuMasbHOe OCTOBHOE A€peBO aaeT
HavabHOEe MPHGJUKEHNE JUIST MHOTHX aJrOPHTMOB DelleHHsS 3a1aun
0 KOMMHBOSIKepe, KoTopasi o6cyxnaercsi B pasa. 6.1.

3ajaua 0 MHHMMAJLHOM OCTOBHOM JiepeBe OGBIUHO (OpMyJH-
pyercs Kak 3afaua Teopnu rpacdos: 3ajgaH B3BemeHHwu#t rpad ¢ N
Bepuinamu 1 E pe6pamu, Tpefyercss HafiTH Kparuaiiiee mommepe-
Bo rpada G, BKTOUAlONIee BCe ero BEepUINHbL. JTa 3a7aua He3aBH-
cumMo Gbina pemena [efikerpoit [Dijkstra (1959)], Kpackamom
[Kruskal (1956)] u TTpumom [Prim (1957)], a cymecTBoBanue nosu-
HOMHAJIbHOrO a/rOPHTMA (KOTOPHI GBI MPENCTAaBJEH KaXKABIM H3
HHX) SIBASIETCH B 3HAUHTEJBHON CTeMEHH HEOXHIAHHHIM, TAaK KaK

$ ¢ N BepumHAMH MoXKeT HMeTh NN—2 OCTOBHBIX JAepeBbeB
[Moon (1967)] ?). B nonsitke HafiTh GHCTPHIT aATOPHTM AAS 3TOl

!) Hepeso Illtefinepa na puc. 5.3 B3nto u3 paGors: [Melzak (1973)].
?) Brepssie 370 6bito nokasaro Kanu B 1889 .
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obuweii 3agaun Ono 3arpayeno muoro ycwanit [Nijenhuis, Wilf
(1975), Yao (1975)] u ayuwnii Ha CerofHsILHHH AeHb pesyabrar
COCTOMT B TOM, YTO 3ajaya Moxer GHTh peuleHa 3a Bpems O(E),
ecan £ > N'+¢ [Cheriton, Tarjan (1976)]. (Cm. Takke pasz. 6.1.)
B cayuae esxanmoBoii 3a1aud 0 MHHHMAJBHOM OCTOBHOM Aepe-
Be N BEPIIHH OlpejeasaiTcs 2N KOOpAHHATAMH TOYEK Ha IJIOCKO-
CTH, a COOTBETCTBYIOLWUi Ipad COAEPKHT pebpa, COeHHSIONUIHE
Kaxayio napy sepuind. Bec peGpa pasem paccrosinnio Mexay Tod-
KaMH, COe/MHACMbLIMK peGpoM. B stom cayyae ucnosbsoBanue ayu-
LIEro 3 H3BECTHBIX aJTODHTMOB peleius 3agaun o MOJL norpe-
Gyer Bpemenn 0(E)= 0(N?). H tak xak MOJL scezda codepacur
camoe koporkoe pebpo epapa G'), To Nerko AOKasatb, uTO HpHBeE-
JAEHHOe 3HaYeHHe SIBJAETCA HHXKHEH OLIEHKOH AJIA [IPOH3BOJIBHOTO
rpada. JlecTBUTENbHO, TAK KaK B NPOH3BONLHOM rpade 3HaueHHs
BECOB peGep HHUEM He OrpaHHuCHB, TO AATOPHTM PelICHHS 3a1aui
0 MO/, rpebyomuii Bpemenn menbwe O(N?), Mor 6B GhiTb He-
NOIb30BAH ISl MOHCKA MHHHMyMa cpein N? 3HaueHuit sa Bpems
O(N?), uto meBo3MOXKHO. V3 sTOrO Caieayer, uto OGO aJTOPHTM,
paCCManHBaIO.U.lHﬁ pellleHHe 3a4aYd O €BKJIHIOBOM MHHHMaJbHOM
JlepeBe Kak Bbl MHHHMaJbHOIO OCTOBHOIO Aepe-
Ba B NOJHOM rpade ¢ N BepuiMHaMH, ¢ HEOGXOMHMOCTBIO HMeEeT
KBaJpaTHYHYIO CJAOXKHOCTb MO BpeMenu. Kakue xe COOﬁPa)KeHPIﬂ 3a-
CTaBJAIOT HAC NpeAloJiararhb, YTo AJs pelleHHs 3aJa4yH AOCTATOYHO
Menbliero BpeMenn? Ilpexae Bcero, eBKIHLOB BapHaHT 3afadi
0 MO/l umeer nnwp 2V BXOAHBIX BEJHYHH (KOODIHHAT TOYEK), B
TO BpeMs KaK B ciydae np 0 rpapa N(N—1)/2
BXOJHBIX BeJHYHH (AjuH peGep). TakuM 06pasoM, eBK/IMAOB Ba-
PHAHT 3aJaYH COAEPXKHT CHIbHHE OIPAHHYEHHS [0 CPABHEHHIO C
OCWIHM CaydaeM, H IPH Pa3paGoTKe GLICTPOrO AJrOPHTMA MOXKHO
65110 6Bl HCNIO/Ib30BATh METPHYECKHE CBONCTBA.

3%11a-|a B.4 (TPHAHTY/ISILIMSA). Ha nnockocrs 3aganst N to-
YeK.

Th HX P HMHCS OTP TaKHM 06pa-
30M, uTOGB KaXaas 0G/acTh BHYTPH BHIIYKJIOH OGOJOUKH 3TOrO
MHOXKeCTBa TOYEK SIBJIACH TPeyroibuukoM. (CM. pasa. 1.3.1.)

Tpap Tpuanryasumn mHokectsa u3 N Touek, sBAACH nyaHap-
HbIM, HMeeT He Gosee 3N — 6 peGep. PesyabratoM pewennst cpop-
MYJTHPOBAHHOH BHIINE 32JauH JIOJKeH ObTb 10 KpaiiHeli Mepe ChH-
COK 3THX pebep. Ha puc. 5.4 npusesen npumep Tpuanrynsuuu.

3azaua TPHAHTYIALHH BOSHHKAET B METOAE KOHEUHBIX SeMeH-
o {Strang, Fix (1973); Cavendish (1974)] u npu nntepnonsuun
¢yHKuHH OT ABYX MEpEeMeHHbIX, KOrja 3ajJaHbl 3HAYeHHS (pyHKLllle
B N NpoH3BOJLHBIM 06pasoM pacmoJOMKEHHBIX TOUKAX (Xi, y;) H
TpeGyeTcs aNNpPOKCHMHPOBATh ee B HEKOTOPOA HOBOR TOYKe (X, ¥).

1) 310 nokasanu Kpackan u [pum.
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HMHAYe FOBOPS, CBECTH) HEKOTOPYIO XOPOWIO H3Y4YeHHYIO 3aiauy, AJs
KOTOPOﬁ H3BECTHBl HETPDUBHAJLHBIE HUIXKHHE OlEeHKH, K paccMarpu-
BaeMmoft (pasx. 1.4).

I'[ppmepu TaKOro mojaxofa cranu Ternepb KJACCHUYECKMMH, H MBI
YyXe CTaNKHBAJIHCh C HUMH TIPH H3YYeHUH BBIYHCTHTENBHOH reoMer-
puu. Hanomuuy xots 6Bl 0 cBeféHHH 3anaunm cOpTHPOBKH (B pam-
Kax MOJe/H IepeBbeB BEIYHCIEHHH) K 3a1aue MOCTPOEHHS YMOpPSIIO-
HeHHOM BHIIYK/IOA OGOMOUKH MHOXKeCTBa ToUeK. J{DYrHM H3BECTHHIM
TipuMepoM sBastercst 3anava BBITIOJIHUMOCTD, wacto uemoss-
syeMas npH nokasatenbctse NP-nomwors sapau [Garey, Johnson
(1982)]. Brionne ecTecTBeHHO HA3HIBATL TaKHe dynnamentanbure
3aJaul, HTPalONHe Posib Ga30BHIX AN KIACCOB 3a7ay, 3afauaMm-
TIPOTOTHNAMH HUJIH BbIHUCAUTEALHOIMU npororunamu.

st mepBLIX weTHIpeX 3anav, MpEACTAaBAEHHHX B npeabaynemM
paszese, T0BOJLHO JIETKO pa3paﬁcrra1‘b TpPsIMBble aJTOPUTMEI C NMOJH-
HOMHA/LHOR OnenKof s BpeMenn. I mosToMy BrosHe ecrectBenno
HDHDDGOBHTB B KayecTBe BO3MOXKHOTO npororuna 3amauy COPTHPOB-
KH. XOTiI MBI He MOXXeM HCKJIIOYHTh BO3MOXHOCTh TOrO, YTO COPTH-
POBKa MOXeT 0Ka3aThCs MOAXOMAMUM TPOTOTHIOM, HO 10 CHX nop
AN BeeX ueThipex 3ana B.1—B.4 cooTsercrBylomee mpeo6pasoa-
HHe He Haﬁl.'[eHO, OHHQKO‘ K CHYACThIO, MOXHO HCMOJb30BAThH npyroﬁ
npotorun — ENMHCTBEHHOCTb 3JIEMEHTOB [Dobkin, Lipton
(1979)]. 3ra sanasa dopmymupyercs cirenyiomuy o6pazom.

3anava (EMUHCTBEHHOCTD 3JIEMEHTOB). Many N nefi-

CTBHUTEJLHBIX YHCEN. Onpenenmb, UMeTes JH Cpen HUX XOTH [958
JBa PaBHBIX.

Tonyanm nns sanaun EAUHCTBEHHOCTL 3JIEMEHTOB
HHXHIOK OLEHKY BPEMEHHOW CNOKHOCTH B PaMKaX MOJENH aire-
6pauuecknx nepeBbes pemrenuf.

Muosxecto {xi, ..., ty} 3 N 1efiCTBHTEABHBIX WHCET MOKHO
paceMaTpuBath Kax Toukv (xi, ..., xy) B E¥. Hcnombays repwmu-
HONOTHIO, BBeleHylo B past. 1.4, o6osnaunm uepes W < EV wmrno-
KecTBo ucTHHHOCTH s 3anavn ETMHCTBEHHOCTD 3JTEMEH-
TOB na wmuoxecrse {ri, ...., xa} (r.e. W CONEPXKHT BCe TOUKIL,
Mo6as nmapa KOOPIHHAT KOTOPHX PasimiHa). YTBepXKIaeTcs, 4To
W umeer N! koMnoment csizHocTH. JeficTBHTeNbHO, 1060 nepe-

craHoBke m MHOXKectBa {1, 2, ..., Ny} cooTBeTCTBYeT MHOMXeECTBO
Towek B EV
Wa={lx, ... x) 1000y <tz < ... <L)}
Slcno, uro
v= 1 w.
no neewt

H mpH 3ToM W, sIBAAIOTCS KoMMoHenTamMu cBsiznocTH, a # (W) = N1.
Orcrona kak caencrtske teopemb 1.2 mosmyuaem
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Caencreue 5.1. B pamxax modesu airzeGpaudeckux Oepesves
BoiuucAenul 210604 air2opurm, onpederfrouyudl, A6ARIOTCR AU dAe-
MEHTbL MHONeCTEa U3 N OellCTBUTEALHOLX HUCEA PABAULHLLMU, TPe-
oyer Q(N log N) nposepok.

Dr10T BaXHBI pesy/ibTaT OyAeT HCMOMb30BAH B CJEAYIOUIEM
pasjene.

3ameuanne. B BbIUHCAHTEJbLHOH IeOMETPHH HCHOJNB3YIOTCH TPH
BaXKHLle 3aJaud-IPOTOTHNE, HMeOUlHe HEGOJAbIYI0 CIOKHOCTD
Q(Nlog N). 910 — copTHPOBKa, ONpejeseHnHe KpafiHHX TOYeK H
IpOBEPKA €IHHCTBEHHOCTH 31eMeHTOB MHoXecrBa. CBeleHHe 3THX
3ajay Apyr K APYry — AeJo, jajexo he npocroe. Ho Bce onn o6aa-
JA10T OJIHOf OOIUel H Ba)KHOH 4epTOi: HHXKHSs OLEHKA CJI0XKHOCTH
3THX 3aj]ay NOJydeHa B pe3yJbTaTe aHalu3a MOILHOCTH MHOXeCTBA
nepectaHoBok H3 N 3JeMeHTOB (cmﬁmerplg-:ec;(gﬁm;%};(r;? ;S-r';x));
H xors M0BONBHO COGJIASHUTENBHO HAWTH O
3agau-npororunos — neuro  spoge MAEHTHOMKAIIHS TIEPE-
CTAHOBKM, — HO MBI He BHIHM NyTH, BEAYLIEro K ecTeCTBEHHOMH
(bopMyIHPOBKE MONOGHOM 3a1aYH.

5.3. HuHue omeHku

Kak 06H4YHO, mpexjie yeM NPUCTYNHTb K5H13yqegmlo aJro-
HTMOB pelIeHHs 3ajay, NepeyncieHHhX B pasA. 5.1, obcyinM HX
g:w)lmoc‘;b. Hausem c 3amau noucka ITOMCK BJIMDKAWILIETO
COCEJIA u k-BJIMDKAPIIHX COCEJEM.
B kauecTBe BBIUHCJIHTEJNBHOTO NpOTOTHNA BO3bMEM 3ajauy
JIBOUYHBIF TIOUCK. Jlerko MOXHO NOKa3aTb, 4TO

JBOWYHbBIV TTOHUCK o<o BIAMIKAMIINKM COCEL.

Iycts 3apanbl N eHCTBHTENbHBIX YHCEN X1, X2, « .« XN.. B pe-
3yabTaTe ABOHYHOTO TOHCKA OMPEIessercs YHCIO xi, Oamkaiiutee K
yHcay g, 3ajiaBaeMoMy B 3anpoce Ha nonck. (ITpu sToM jomyckaer-
cs npeasapuTenbias o6pabotkal) Ho sty xe camyio 3ajauy MOX-
HO NPEACTaBHTb H B TEOMETPHUECKOH (OPMY/IHPOBKE, COMOCTABHB
KaXIOMy UHCIy X TOYKY Ha ILIOCKOCTH C KOOpAHHatamn (%i, 0).
Y takuM 06pa3oM, NOHCK GuKaiiiero coceia NPHBENET K TOMY XKe
OTBeTy, 4TO H ABOWYHBIA MOUCK. FICMOMB3Ys OAMH H3 OCHOBHBIX dax-
TOB TeOpHH HH(OpMALH, TIOMYYaeM CAeAYIOULYIO TeopeMy:

Teopema 5.1. [lan noucka Gauvcaiuezo coceda TO4KU 8 npo-
CTPAHCT8E NPOU3BONbHOL PASMEPHOCTI HEOGXOOUMO  BbINOAHUTY
Q(log N) cpasnenuii (8 xyuen cayiae).

EcaH, ocTaBasch B PaMKax MOJeNH JepeBbeB PemeHuif, mpel-
TOJIOXKHTb, YTO YHCJIO § C paBHOﬁ BEPOSATHOCTBIO MOKeT NpHHaajIe-
XKaTh mo6omy 3 N + | HHTepPBaJIOB, ONPEEISeMbIX YHCAAMH Xi, TO
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TeopeMa 5.1 jaeT OUEHKY NOBEJACHHS B CPeiHeM s JOGOro aaro-
pHTMa moncka GanKajillero cocefa.

Yro kacaercst 3afaun k-BJIMDKAMILINX COCEJIEY, to, noso-
KuB k= 1, nemennenno nosnyyaem csesenne [TOUCK BJIMKAH-
HIEFO COCENA oc k-BJVDKAMIINX COCENEW. Takum 06-
pasom, Teopema 5.1 mpumennma u k 3agaue k-BJIVDKAFIINX CO-
CEJEH.

PasoGpasuiich ¢ 3ajauami NOKCKA, 0GpaTHMCS Teneph K 3aja-
uam B.1—B.4. Ha puc. 5.6 nokasana quarpamma cBOAHMOCTH 3ajatu
(Ha AMarpaMMe CHMBOJI o< 3aMeHEH CTPEJKOil).

EANHCTBEHHOCTL SﬁEMEHTOB—N—> BIBKANILAS TTAPA @n
N
BCE BITMKAWILINE
N COCEAN (3.2)
corryposks —— N pmon 3.s)

N
TPHAKTYJIAUMS (3. 4)

Puc. 5.6. Ceasb sagau o Gamsoctu c 3anauamm,
B KauecTBe BLIYHCIHTE/bHBIX IIPOTOTHIOB.

Haunem ¢ pacemorpenns csoaumoctn EJIMHCTBEHHOCTD
SJIEMEHTOB ocy BJIVDKAVILIAS TTAPA. Ilycth 3a1aH0 MHOKe-
CTBO J€ACTBHTE/bHBIX HHCRM {X1, Xz, ..., Xv}. Byaem paccmarpusath
HX KaK TOYKH Ha NpaAMoil y = 0, neitasick HaiTi GaMKaiiluyio mapy
Touek. Ecau paccrosinue Mexily TOUKaMH, 06pasyloUIMH GaHKad-
LIyio napy, He PaBHO HYJIO, TO BCE TOYKH MHOXKECTBA PA3THYHLI.
Tak KaKk MHOMKECTBO TOUeK, 3aJaHHOE B OJHOMEPHOM MPOCTPAHCTBe,
BCerfla MOXKHO BJIOXHTb B NPOCTPAHCTBO PasMepHOCTH k, To ecTe-
CTBEHHEIM 00PasoM TNosyuaeM OGOGIICHHE 3TOTO CBEICHHS.

Cejennie BJIMDKAMIIIASL TTAPA oy BCE BJIMDKAWMUIWE
COCE/IY oueBuaHO, TaK KK OJHA H3 Nap, MOJYYEHHBIX B Pe3y.Tb-
TaTe PelleHHs MocJe/Hei daaauu, Gyser GJnKaiilleidl H OHA MOXKeT
6riTh onpesienena ¢ nomompio O (N) cpaBrennii.

Paccmorpum reneps 3agauy EMOJL (B.3). B npeawiaymewm pas-
Zene yxe rosopusoch o ToMm, yro EMOJL comepxut KpaTuaiimes
pe6po eskiua0Ba rpada Ha MHOXKECTBE H3 N TOYEK, H, CJe10Ba-
Tenbro, 3amava BIIVDKAMIUASL TIAPA 1puBHa’bhbiM 06pasom
coautest kK EMOJI 3a muneiiHoe Bpems. Oasako MOXKHO TaKkKe
noKasaTb, YTO

COPTHPOBKA o<y EMO/I.
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ﬂeﬁCTBHTEAbHO, PaccMOTPHM MHOKECTBO U3 N JefICTBHTENIbHBIX YH-
cen {x1, ..., ¥x}. PaccMaTpuBast Kakaoe YHCJAO X; KaK TOUKY (Xi, 0)
Ha IVIOCKOCTH, TOCTPOHM COOTBercTBylouiee MHOXectso EMOJIL.
B nosnyunBuremcsi EMOJL BepuIHHE, COOTBETCTBYIOLIME YHCAAM Xi H
Xj, COelMHEHbl PeGPOM TOrAa H TOJBKO TOLAA, KOTAA X; H X o6pa-
3YIOT Mapy Moc/el0BaTe/IbHBIX YHCEJ B YNOPAJLOUYEHHOM MHOXKECTBE.
Pemennem sanaun EMOJL sBasercs cnucok, coaepxamuii N — 1
nap (i, j), Kax/aas u3 KOTOphIX onpexesier pe6po aepesa. He co-
CTaBJsAeT Tpyaa npeoﬁpasosaﬂ, 3TOT CHHUCOK B yﬂOpﬂﬂO‘leHHHﬂ CIH-~
COK uHCes X;, 3aTpaThs Ha 310 BpeMsi O (N). (Uuraremo npejocras-
JIfieTcsl caes1aTh 3TO B KayecTBe IPOCTOro ynpaxueﬂum)

Phc. 5.7. MAdiocTpains K moAyHemnio RIDKWCH OUGHKH CAOKHOCTH pellcis 3a-
aaun TPHAHTYJISILIASL.

W HakoHen, paccmorpum 3afauy TPHUAHTYJISILIUS (B.4) u
II0KaxeM, 4TO

COPTUPOBKA o<y TPUAHTYJISLIMS.

Paccmorpum MHOXKecTBO H3 N Touek {xi, Xs, ..., Xy}, NOKa3aH-
Hoe Ha pHc. 5.7. N — 1 TOueK MHOXeCTBa JIeXAaT Ha OJHON NMPSIMOl,
a oja TOYKAa HAXOAMTCH BHe 3TOH mpsMo#. Tpmamryasmmus storo
MHOKECTBa MOXET ObiTb BHIIOJHEHA €IMHCTBEHHBIM CNOCOGOM, Kak
3TO MOKa3aHo Ha pHcyHKe. CHCOK pebep, MOPOXKAaeMBblii aJirOpHT-
MOM TPHAHTYJSAUHH, MOXHO HCINOJb30BAaTh J/Is MOJYYeHHs YyNOps-
JIOYEHHOTO CIIMCKA YHCEJ X, 3aTPATHB Ha 3T0 KonosHureasHo O(N)
onepaunit. Takum o6pa3om, HeoGxonumMo caenats Q (N log N) cpas-
HeHuit ).

npOBe}leHHbﬂ:'l aHaJsiu3 MO03BOJIK/ YCTAHOBHTb CBOAHMOCTb 3ajady,
11peACTaB/IEHHYI0 Ha pHC. 5.6. YUuThBasi, YTO B PAMKaX MOJNIH fe-
peBbeB BeUHC/IeHH# 06e 3agayn EMMHCTBEHHOCTDb 3JIEMEH-
TOB u COPTHUPOBKA — Ha MuOXecTBe 13 N 3/1€MEHTOB HMeIOT
HHXKHIOW oleHKy caoxuoctn Q(N log N), umeer Mecto cienyiomas
Teopema.

Teopema 5.2. B pamkax modesu Oepesves soiuucrenutd 210606
anzopurn, pewarowui odny us sadaw — BJIVDKAVIIIASL TTAPA,

') Oksupanentioe csenenne — YIIOPAIOUEHHASL OBOJIOYKA ooy
TPUAHTYJISLIUS — ocHOBHBACTCA Ha TOM, 4TO TPHAHTYIALHST MHOKeCTBa S
sIBJSieTCs TVIaHAapHBIM TpadoM (Y/IOXKEeHHHM Ha IJIOCKOCTH), BHEWIHSS TpaHHIA
KOTOPOro SIBARETCH BHINYK/IOA 06010YKOM MHOXeCTBA S.
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BCE BJIM)KAVIIUUE COCEIHM, EMOJ, TPUAHTVYJIALIUS, —
Tpebyer Q (N log N) onepayui.

B nocseaylownx pasjesax Mbi 3afiMeMcs HCCAEAOBAHHEM aJro-
PHTMOB PelleHHS 3THX 3a71ay, CTApasiCb HAKTH ONTHMAJbHbE aJro-
PHTMBL.

5.4. Pemenne 3amauu o Gamxaiiweii mape
METONOM «pa3jiensii W BJacCTBYii»

Hrmkusis onenka, AaBaemasi TeOpeMoii 5.2, CTHMYJHpyeT
Hac Ha MOMCK aJroput™a, peuraioutero 3agauy BJIVDKAPIIIAS
TTAPA u umeromero ciaoxuocts Q(N logN). Jas mocrixexus
STOH LeMH NMPENCTABAAIOTCS DPAasyMHBIMH ABAa I[yTH, KOTOphE H
CTOHT TNONPo6OBATh: HEMOCPEACTBEHHOE HCIOJb30BAHHE COPTHPOB-
Ki H [IPHMeHeHHe MeTojla «pasiensii W BiacTByi». MoxXHO cpasy

Puc. 5.8. Tpuwmep, it MeToAa, 0 Ha
npoenuposanns. ToukH py M p;, oGpasyiomue GamKaiimyio napy, HMeOT Hau-
Goaiburee PacCTOSIHKE MO Y-KOOPAHHATE.

JKe OTBEPrHYTb NMepBhIil NMOXOJ, TAaK KaK COPTHPOBKA OKa3HBAETCS
TOJIe3HOH JIMWb B YCMOBHAX HAJIHYHS TOJHOH YIOPSNOYEHHOCTH.
EuHCTBEHHBIA DA3yMHBI CNOCOG MOJYYHTb IOJMHOE YIOPSAOUEHHE
3aKJI0YaeTCH, NO-BUANMOMY, B NPOEUHPOBAHHH BCEX TOYEK Ha He-
Koropyio npsamyio. Ho, K coxasienHio, IpH NPOEUHPOBAHUH TepSeTCS
CYLIeCTBEHHAs B JaHHOM cayyae HHpOpManus. ITO NeMOHCTPHPYeT
pHc. 5.8, Ha KOTODPOM TOUKH p; U p; 06pasyior Guiuxafimyio napy,
HO NpH 3TOM JA4KOT MAaKCHMaJbHOE PacCTOsIHHE MPH TNpOelHPOBAHHH
Ha OCh Y.

Bropoit nyts k moctikenuio cioxuoctd 0(N log N) sakmiouaer-
cs B pa3GHeHHH 3a1auH Ha JiBe NOA3a/auH, PElIeHHs KOTOPHIX MOX-
HO OOBeAHHHTH 3a JIHHeHHOe BpeMs, IOJyYas PelleHHe HCXOAHOM
sanaun {Bentley, Shamos (1976); Shamos (1980)]. Henocpeacrsen-
HOe NPHAMEHeHHe MeTojla «pasjiensit W BJACTBYH» B NaHHOM ciydyae
He NPHHECET ycrnexa, H JOBOJNBbHO NMOYYHTEJbHO PasoGpaThCsi B NMPH-
4HHAX HeyAauH. Xopouro 6buI0 6L Pa3GHTh MHOXKECTBO Ha ABa MO~
mHOXecTBa S; B Sp o N/2 ToueK B KaXAOM H PEKYPCHBHO HATH
B KaX/0M M3 HHX Gauxaiimyio napy touek. Ho BosHukaer Bompoc:
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Kak HCMO0/b30BaTh NOJyYeHHyl0 HHbopManuio? He nckioueHa Bos-
MOXHOCTb, YTO OJHA H3 TOYeK, obpasyiomux GimXKaiiyo napy,
TpHHAAJMEKHUT TIOJIMHOXEeCTBY S[' a BTQpaSl—-82. HPH 3TOM He BH]-
HO croco6a, nosBoasolLero nabexarb N2/4 NONONHHTENBHEIX CPaB-
nennit. OGosnauny uepes P(N, 2) Bpemsi paGoTH aJropuTMa, HILY-
mero GanKaiuryio napy Tovek Ha maockoctd. IIpeasitymue paccy-
KIeHHs AAIOT CJeAyloliee PeKyPPEHTHOE COOTHOLIEHHE:

P(N, 2)=2P(N/2, 2)+ O (N?).
P 3TOrO COOT! asasercss P(N, 2)= O(N?). Ilonu-
TaeMcsl BHECTH HEKOTOpBble H3MEHEHHS, YTOG B NpeoaoseTb BO3HHK-
ulee 3aTpyanenue. Jlisi 3TOro paccMOTPHM OXHOMEpHBIH cayyait.

B O/THOMEDHOM CJIyyae U3BECTEH JIMIIb eﬂHHCTBeHHHl’l AJITOPHUTM,
pewraomuii 3Ty 3anauy W umelomuii croxnocts 0 (N log N). dror

S, Sy
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Puc. 5.9. Metox «pasnensit  BAacTBYit» B 0IHOMEPHOM Ciyuae.

aJrOpHTM YMOPSIAOYHBAET TOYKH MHOXKeCTBa, a 3areM npocMaTpH-
BaeT ero 3a JHHefiHOe BpeMmsl. HOCKD.'II)KY, KakK yXe OTMeuanoch
BbIlle, COPTHPOBKA He AONyCKaeT 0GOGIIeHHs HAa ABYMepHbIfl cay-
Yaif, noneiTaeMcsi pasp aTbh I OXHOMEPHOTO CJydash MeTod
THNA «pasfessii U BIAcTBY#», Konyckaomul o6oblieHHe Ha JBY-
MepHbI cayuait. [Ipeanonoxkum, 4To TOYKa m pa3bHBAET MHONKe-
CTBO Ha J(Ba moAMHOXKecTBa Sy M Sy M TIpH 3TOM p << ¢ ANS Beex
P& Siuge S, Pemns pasaenbHo peKypCHBHEIM 06pasoM 3aauy
o Gamxkaiimeii mape Aast MHOXeCTB Sy M Sy, NOJAYUHM aBe Napul
Touek {pi, p2} u {q1, g2}, MpeicTaBasOMKe GanKafiuHe NAPH AJA

1 u Sy coorBercTBeHHOo. O603HAUMM § HauMeHblllee DacCTOAANUe,
HaiijlenHoe Ha TeKymuii MoMeHT (puc. 5.9):

S=min(lp,—p|, g2 —q1]).

Bankaitmeit napofi Bo BceM MHOXecTBe siBasiercst au6o {p1, p),
au60 {qi, g2}, 60 {ps, gz}, rae ps = Si, g3 Sy. O6pathm BHU-
MaHHe Ha CJelyIOlufl KN0YeBOA MOMEHT: Ul TOrO 4TO6bl PaccTos-
HHe, 1aBaeMoe Mapoit {ps, gs}, OBbLIO MeHblle §, p; H §a JOJNKHbBI
HaXOMHTBCS Ha e np IeM § OT TOYKH m.
(ScHo, uTO ps moMKHa GHITH camofi mpaBoil TouKof MHOXecTBa S,
a g3 — caMolt JeBofi TOUKON MHOXKecTBa Sp, HO TaKas XapakTepH-
CTHKA TOYEK He HMeeT 0co60oro cMeicia B TpPOCTPaHCTBAX 6osee BHI-
(}OKOﬁ PaSMEPHOCTH, H HOSTOMy Mbl npenno'-mﬂ HeYTo 60![6?« ofi-
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tee.) CKOJLKO TOYEK MHOMECTBA S| MOTYT HAaXOAHTbCS B HHTEpBa-
ae (m—8, ml? Tak KaK KaXblfi NOMYOTKDHITE WHTepBAL AJH-
HOMt § conepHT He Gosee O/HOM TOYKH MHOXeCTBA S, TO HHTepBaJ
(m — 8, m] comepxnt He Gosee 0AHOH TOUKH. AHATOrHYHO HHTep-
Bax {m, m 4 8) comepxur camoe Gonburee oany Touky. Takum 06-
Pa30M, YHCIO CPaBHeHHH, KOTOPbe HEOBXOAHMO CAeTATh IS TOUEK,
BEIOHDAEMBIX H3 DA3JHYHEIX NOAMHOMCCTB, He MPEBHIIAET OHOTO.
OueBnano, 4To Bce TOUKH, MONAjalolife B HATepBAJb (m — 8, m]
W [m, m+8), MOKHO OIpexeqHTb, NPOCMOTPEB MHOXKECTBO 33 JIH-
HeitHoe BpeMs. TaknM 00pasoM, mosyuaem CeAyIOWMH aJrOPHTM,
nmelownl cnoxuocrs O (N log N):

function BITAPA1(S)

Bxoaune nannsie: X[1: N], N touek MHOXecTBa S B 0HOMep-
HOM_IIPOCTPaHCTBE.
Brixosubie gannste: § — paccrosinne Mexay Gamxaiiueii napoi
TOYeK.
begin if (| S|=2)then &:=|X[2] — X[1]]
else if(|S|=1) then §:= oo
else begin m:= Menuana(S);
Mocrpouts(Sy, Sy) (+ $; = {p : p<m},
s Sy={p:p>m}+);

>Qw o

min(3,,8,,9 — p)

end;
return 8
end.

XoTsl 5TOT a/TOPHTM, OYEBHIHO, COKHEE AATOPHTMA, HCMOMb-
3yIOllero COPTHPOBKY € NMOC/EAYIOUHM NIPOCMOTPOM, HO OH obecre-
UHBACT HCKOMBIi IEPeXOJl K ABYMEPHOMY CJIyvaio.

OGobuenne Ha ABYMepHHH cayuaii MOKHO BHIMOMHHTD CAMBIM
HEMOCPeACTBEHHHIM CNOcO60M. Pa3o6beM MHOMKECTBO TOYeK HA MA0-
CKOCTH S Ha 11Ba MoAMHOXKecTBa S| 1 Sp TaK, UTOGH KaXaas TOUKA
Sy ntexana nesee moGoit Toukn Sy. To ecTh MHOXKeCTBO pas6uBaer-
ci Ha YacTH BePTHKAJbHON NpsAMOil [, onpenenseMmoii MeanaHoii
MHOXeCTBa S MO x-KOOpAHHaTe. PelliuB pexypcHBHO 3anauy s S
u Sy, MoMyuHM uHCAA 81 H 8 — MHHHMAJbHbIE PACCTOSIHHA TS MHO-
xeerB Sy u Sy coorsercrsento. IMonoxum § = min(8,, 8,). (Cm.
puc. 5.10.)

Ecnn Ganxattmyio napy o6pasyior Toukn p= Sy u g < S, 10,
OUEBHIHO, PACCTOAHHS OT p M ¢ 1o | He mpeswimator §. Taknm 06-
pasoM, ecan oGosuaunts yepes Py u Py 1Be BepTHKATbHLIE NOMOCH

54. Pewenue sadatu o Gauxcadwer nape 241

WHPHHOM 8, PacroJIoKeHHbie COOTBETCTBEHHO CJeBa M clpasa or [,
TOo p& Py 1 g = P, 31ech BO3HHKAaeT 3aTPyJHEHHE, KOTOPOTO He
6BI0 B OfHOMepHOM caydae. Ha mpsMoii Gbito He Gonee ojHOro

Puc. 5.10. Meton «paspcasii u BAACTBYi» B Caydae IJIOCKOCTH.

kananaata') s p u g. Ha nI0CKOCTH TakHM KaHIHAATOM MOXKET
6biTh s06as TOYKA, €C/IH OHa HAXOAHTCA HA PACCTOSIHHH, HE IpeBhI-
waioniem 8, ot npsimoii /. Ha puc. 5.11 npuBeseH mpuMep Takoro
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Puc. 5.11. Bce toukn mo-  Pue. 5.12. Jlas kaXiof TouxkH, Jexamedn B Py,
FYT HAXOAMTbCH Ha pac-  HEOOXOAMMO TpOBEPHTH He Goiee wIeCTH Touex
CTOAHHHM, He TNpeBhwai- H3 Py

mem 6 ot mpamoft L.

MHOXecTBa. MoxeT MOKasaTbCst, 4TO /IS ONpefeNeHns GamKaiimei
napbl BHOBb NoTpebyercss BhIMOJHHTL N2/4 cpaBHeHHii paccTosHuil
MeXIy TOUKaMH. Ho mb cefiuac INIOKaxeM, 4T0 B ﬂeﬁCTBHTeJleOCTH

') B npoueaype BITAPAI nyecTcs B TOWHOCTH ORI KAHAMZAT AR P p =
= max(S)).
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TOYKH, NON2JAI0IiHe B NOJOCH IWHPHHON §, pacnoJoxenusie no o6e
CTODOHEL OT NpsMoit /, 06/1a1aI0T 0COGOK CTPYKTYPOIL.

O6pamasch k puc. 5.12, paccMotpum B mostoce Py mpoHsBoss-
HYIO TOUKY p. MBl IOJKHEl HAWTH BCe TOUKH ¢ B Py, ynasenusie orp
He Gosee ueM Ha 8. Ho ckoibko MOXer 6biTh TakHxX Touek? Bee
OHH JIOJIKHBI HaXOAHTBCS B NpsAMOyronbHuKe R pasmepom § X 26.
KpoMe TOro, M3BECTHO, UTO HHKaKas napa ToYex B P\z He MoXer
HAXOIHThC HA PACCTOSIHUH, MeHbeM & apyr or apyra!). Kak
TIOKA33aHO Ha PUCYHKE, MaKCHMAJbHOE YHCJIO TOYEK, KOTOPHE MOMXKHO
TIOMECTHTh B TaKofi NPAMOYTOJBHHK TaK, YTOOH PAacCTOSHHE MeXy
HHMH GbLIO He MeHblle §, PaBHO WeCTH. DTO 3HAUMT, UTO IS KaX-
207t TOYKH M3 P; HEOGXOAHMO HCCJEAOBATh JIHIIL He GOJee IIeCTH
Touex u3 Py, a BoBce He N/2 touek. Ciie0BaTesIbHO, Ha lIare CJHS-
HHs PellleHHfi M0J13a1au HYXKHO BHIIOJHUTL He Gosee 6 )X N/2 = 3N
cpaBHeHHA paccTostHuft BMecTo N2/4.

Ho noka Ml eme He MOAYYHIH airOPHTM CO CIOXKHOCTBIO
O(N log N), TaK KaK XOTSt # H3BECTHO, YTO I KAXAOH TOYKH H3 P,
HEOGXOAMMO HCC/IeNOBaTh JHIIb INECTb TOUEK U3 Pj, HO He H3BecT-
HO, KaKHe HMEeHHO TOYKH HYXHO uceaen0BaTh! qTOﬁbl OTBETUTb Ha
STOT BONPOC, NPEANOIOKHM, UTO TOYKA p H Bee TOUKHM 3 P, cnpoe-
upoBansl Ha npamywo L Jlas onpenenenus touek us P, momapaio-
UIHX B R, MOXKHO paccMOTpeTh JIHIb TNPOEKIIHH TOYEK, HAXOASAIIHXCSH
Ha pacCTosiHHK He 6osee 8 OT MPOEKIMH TOUKH p (HX He Gosee mre-
cti). Ecain TOUKH ynopsiioueHs mo y-KoopamHaTe, TO AN BCEX TO-
deK 3 P\ «KaHmumaT» Ha MecTo MX Gamxafimero cocena w3 P,
MOryT GHITb HalilleHbl 33 OJIMH IPOXOJ 3TOTO YHOPSIOUEHHOTO CIIH-
cka. Hike nan HaGpocok anropnTMa B TOM BHe, KaK OH paspabo-
TaH Ha JIaHHBIA MOMeEHT.

procedure BITAPA2(S)

1. Pasbuts S Ha 1sa moamuoxkectBa Sy 11 Sy BepTHKAMLHOM MPsi-
MO# [, nensiuieli MHOXeCTBO mOMONIaM.

. Pexypcusho naiitu paccrosmust ans Gamkafimmx nap 8 u 8y

3. 8:=min (5, 8).

4. Tyers Py — MHOXecTBO Touek M3 S, JeXauHx B mojoce Ha
yianeHun 8 or pasnensiomeit mpsmoir [, a P, — amanormunoe
T ™80 B S, Crpc poBath Py, u P; na I u ynopsnounts
TpoeKuuH no y-koopamnate. Ilyete P} u Pj— cooTBeTcTBYIOULHE
YIOPSIIOUeRHBIE MOC/TIe0BATENBHOCTH.

5. «Cnsimve» MoXHO BhmOMHATH, nmpocMatpmsam P} u aas
KaX/IOR TOUKH M3 Pj, u3yuas Toukw ®3 P}, naxonsmiuecs Ha pac-
CTOSIHHH, He npesuimatomem 6. TMoka ykasarenb MpoABHraeTcst Mo
ToC/IefoBaTeNIbHOCTH P}, yKasaTenb Ha P, Moxer mepeMemathcst

1) 310 i Crponry (sactioe co-
obusene, 1974). poury (sacoe co
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BrepeA-Ha3aj, ocraBasch B HHTepBase wWwupuuoi 28. Ilycrs & —
MHHHMaJbHOE PacCTOslHHE MeXJy NapoH ToueK, HalileHHOe B XoAe
3TOH NpoueAypHI.

. &g :=min (8, &;).

Ecan o6osuauntb yepes T(N) Bpemsi o6paGOTKH aqrOPHTMOM
MHOXKecTBa K3 N TOUeK, TO BpeMs, 3aTpauWBaeMoe Ha 06paGOTKY
na warax 1 u 5, pasHo O(N), Ha warax 3 1 6 sarpaunBaercs Io-
crosiHHoe Bpems, a war 2 tpeGyer Bpemenn 2T(N/2). Ecam 6m
COPTHPOBKY HYXHO GBLIO MPOH3BOJMTbL IPH KaX/IOM BBHIIOJHEHHH
wara 4, To Ha 3T0 TpeGoBasoch Gul BpeMs O (N log N). Omuako
MOXKHO NPHOETHYTb K CTaHAAPTHOMY NpHEMY, Ha3bBacMOMY nped-
8apuTeAbHOl COPTUPOBKOL, KOTAA OJWH Pa3 CO3AAeTCs YIOPSAOueH-
HBIH 1O Y-KOOpIHHATE CIUCOK BCEX TOYeK, a 3areM NPH BHINOJIHEHHH
wara 4 u3 storo cnucka 3a Bpems O(N) BhIeJsIOTCS B yNOPAAO-
YEHHOM BHJe HeOoGXOAHMble TOYKH'!). ITa HeGo/iblIas XHTPOCTb
103BOJISIeT 3alucath A BpeMeHH o6paGotku P (N, 2) anropurma
noucka GJankaiiieii napsl B AByMEpPHOM cjyuae cJeAyiollee peKyp-
PEHTHOE COOTHOIIEHHE:

P(N, 2)=2P(N/2, 2)+ O (N)=0 (N log N). (5.1)

Ha ocHOBaHHHK 5TOTO COOTHOMIEHHs ToJy4aeM TeopeMy 5.3:

Teopema 5.3. Kparuadiee paccrosanue, onpedessemoe N Toura-
MU Ha naocKoCTu, modcer GbiTo Haddero 3a epema O(N log N) u se-
ARETCA ONTUMAALHOIM.

TnaBHble OCOGEHHOCTH ONHCAHHOIO MOAXOJa Ha OCHOBE METOAA
«pasjensiii W BJIACTBY#», 0GecleyHBaloIie BO3MOXHOCTb ero 0606-
UIeHHs] Ha cayuaii Gosiee BHICOKOH Pa3MEpPHOCTH, NPHBEJEHBI HHXKe:

1. Illar, Ha KOTOPOM IPOHCXOMHT OGbeJMHEHHE DelleHHft M0A3a-
7y, IPOH3BOJHTCA B NPOCTPAHCTBE HA IMHHUY MeHblell pasmep-
HOCTH (OT INTOCKOCTH MEPeXOAHM K NPSMOi).

2. Ilaa MHOXKeCTBa TOYEK, obbeHHsIEMbIE TTOCTIE pelueHHs noa-
3ajad, o6JrafaoT CBONCTBOM paspescenHocTu, T.e. JJA KaxXa0ro Hs
MHOKEeCTB ClIpaBeJIHBO YCJIOBHE: paccTosiHue Mexay JOGBIMH ABY-
Msl TOUKAMH He MOXeT GbiTb MEHblIe HEKOTOPOH 3aJaHHOH KOH-
crautsl. CBOHCTBO pa3pexeHHOCTH HMeeT KJIioueBoe 3HavyeHHe MM
wara o6beAuHEHHs peueHnii. BBeneM dopMaibHOe OMNpejeseHHe.

Onpenenenne 5.1. TTycTb 3afaus feficTBUTeNbHOE UnCA0 § >0 B
neqoe uncao ¢ = 1. Jas s3adannozo & MHOXKecTBO Touek S B d-Mep-

1) Tlpn aHanu3e HepeKyPCHBHOK peajH3alwy STOTO airOpHTMA, paspabo-
Tannoft Xoyn u Lllefimocom, Ohna OGHapyxeha MOGOMBITHAs CHTyauus: 9YHCIO
Beeraa Obl10 cTporo Mebine N. [Iaiee
B 3TOM pasfiefe GyleT NOKasaHo, 4TO 3TO HMeerT Mecto Beerna. Kowmeuwo, Bpema
pabotst anrop warom
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HOM [IPOCTPAHCTBE HMEeT PA3PesEeHHOCTL €, eCJIH JI000H THIepKys
CO CTOpOHO! 28 cojep:KuT He Gosiee ¢ TOYEK MHOXKecTBa S.

3jech pa3peREHHOCTh ONpejessieTcss KaK (MOHOTOHHAs HeyGhl-
Baomas) Qyukuust or 8. Kak Gyjer nokasano, paspekeHHOCTb
MOJKHO BBECTH, B3IB B KauecTBe § MHHHMAJbHOE PACCTOSIHHE MEXLY
napamu Ttouex. Kak Buano us puc. 5.12, B paccMarpusaemMom cay-
uae MHOKECTBO TOUEK, HAXOAAUIMXCSl HA PACCTOSHHH He Gojee § OT
pasjiensiowei npsMol [, ABAAETCH Pa3PeKEHHBIM 1 TPH 3TOM
¢ =12, (3amerum, uTo c =12 =4 X3 g d = 2.)
B cayuae d = 2 vacts npocrpanctsa EY, 3akmioueHHast Mexay
ABYMS THEPIJIOCKOCTSIMH, OPTOrOHAJLHEIMH OXHOH W3 KOOPAHHAT-
HBIX OCel W yHaJeHHBIX APYr OT
Apyra Ha paccrosiiie 28, HasbiBa-
ercsi §-caoes. 3aMETHM, 4TO, ecin
Pa3pexKeHHOCTh §-CJlos IIPH 3ajaH-
HOM § paBHa ¢, 3Ta paspexeH-
1OCTh COXpaHsieTCsi MPH TPOCIHPO-
BAHHK 0-CJ0S HA THIEPINIOCKOCTb,
Aeasimyio  §-cioii nonosnam ((d —
— 1)-meproe MHorooGpasue). deit-
CTBHTJLHO d-MepHBIH Ky6 co cTo-
Puc. 5.13. Croficrao paspemenno. DOMOH 20 npoettnpyercs 5 (d — 1)
cTH wHOKecTna Towex coxpanserca MEPHBUA KyG Takxe co croponoi
npH OpToroHablioM mpoenwposainin 20, COAGPIKALMA POBHO CTOJIBLKO
(mpn d > 2). K€ TOYEK, CKOJIbKO M HCXORHBIH
Ky6 (puc. 5.13).
Mpeanonoxum tenepn, uto B E¢ 3a1ano MHOXKecTBO S, cozep-
Kaiee N touex. [To paccMOTpeHHOil cxeMe, NPHBEACM CIeAYIOUIAH
aaroOpHTM:

procedure BITAPAd(S)

1. BuiGpaB moaxoAsuuM 06pa3oM THNEPHIOCKOCTb [ (HasbiBae-
Mylo pasdeasiioued 2unepniockocTs0), OPTOOHAJBHYIO OAHON H3
KOOP/IHHATHBIX Ocel, pa3GHTh MHOXKCCTBO S Ha ABa NMOAMHOXKeECTBA
Sy u Sy (3arpatus Ha 510 Bpemsi O(N)), conepiKalux COOTBET-
creenno alN u (1 —a)N toyek (rae 0 < oo << a << 1— oo Gyaer
onpeieseHo nagee).

PeKypcHBHO NPHMEHHTH aArOPHTM K MHOXectBaM Si H Sp,
[0JyYHB MHHHMAJIbHbE PACCTOSHHS 81 U 8y MEXIY TOUKAMH B MHO-
kectBax S n Sp coorBerctsenno. ITonoxuts § = min(8;, 8).

3. O6beHHNTL NOMYYEHHEIC PE3YJbTAThl, BHIIOIHHB 06PabOTKY
TOUEK, nonaBuiHx B §-ciofi npoctpancTsa E9, umelomuii mupnuy 26
H pasjiensieMblit THIEPNIOCKOCTbIO [ nomosam.

PacceMotpum Gostee noapoGHo war 3 aaroput™a. B kaectse pa-
Goueii FHITOTe3bl NPE/TONOKHM, 4TO MHOXKECTBO TOUEK B §-cJioe, 060~
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3HauaeMoe Sy, HMEET Pa3PeKeHHOCTb ¢ NPH 3a4aHHOM O (Mo3/Hee
Mbl yGeaumes, uTo Takoe ¢ cywecrsyer), OGosHaunm uepes S,
NpOeKLHI0 MHOXKecTBa Sip Ha rumepmiockocts [ ((d — 1)-Mepuoe
i1pocTpancrBo). OueBUjIHO, YTO HEOOXOAHMBIM YC/IOBHEM s TOTO,
uTOBL Mapa ToueK H3 Sz Gbiia GanKaiiureil mapoii B MHOXecTBe S,
SIBASIETCS CJeAyIoliee: PACCTOAHHE MEeXAY HPOeKUHAMH STHX TOYeK
Ha THIEPIVOCKOCTL | He MOMKHO mnpesuiiath 6. Takum 00pasom,
IiMeeTCsl PaspelKeHHOe MHOKECTBO S}, B KOTOPOM HEOGXOAMMO
HafiTH Bce maphl TOYEK, YMAJeHHBLIX ADYr OT Jpyra Ha paccTosHMe,
He MpeBHIUAIOLIEe HEKOTOPYIO BeauunHy (<I68). ITo cocrabiser
npeaMer cjefylouledi 3ajaud, NMPeJCTABJSIOWEH CaMOCTOATENbHbIH
JHTEpEC.

3apaua B.7 ([TOMCK BJDKAUUIKMX COCEINEW B OK-
PECTHOCTH ®HWKCHUPOBAHHOIO PAJMYCA B PA3PE-
JKEHHOM MHOXECTBE). Ilyctb 3aaaHbl AeHCTBHTEJNbHOE YHC-
A0 & 11 MHOXKecTBO H3 M Touek B EY, umMeiollee Pa3pereHHOCTb ¢
aas sapannoro 8. TpeGyercsi mepeduuc/uTh BCe Haphl TOueK, pac-
CTOSIHHE ME3K/ly KOTOPBIMH MeHblile §.

TMonaras |Sj,|=M u oGosnauns uepes Fy, (M, d) Bpems pe-
lwenust 3ajaun B.7, Ha OCHOBaHMH IPOBEJEHHOTO aHA/NH3a MOJIyYaeM
caeayioillee PeKYPPEHTHOE COOTHOUIEHHE:

P(N, d)y=P(aN, d)+ P((1—a)N,d)+ O (N)+ Fs, (M, d—1).

(5.2)
Hama uenb saxaiouaercs B munnmusanuu Fy, (M, d — 1). 310 10-
CTHTAeTCS KaK 3a cueT BhGOpa pasjessionleil rUNeprIoCcKoCTH, Mi-
Humusnpyomeii M, Tak u 3a cuer pa3paGoTKi 3pPEeKTHBHOrO anro-
putMa peuexns 3afgaun B.7. OGe 3Tu moiuenn JOCTHXHMbI Giaro-
Aaps caejyiolledl HHTepeCHOH Teopeme:

Teopema 5.4 [Bentley, Shamos (1976)]. Tycre 6 E“ 3adano mHo-
acecreo S, codepaawjee N Todex. Cyujecrsyer eunepniockocts

I yaspras 00xol us P HbLX ocell u o6aadaiouyasn
caedyrougumu ceolicTeamu:
(1) kasmdoe uz nod. 16 S) u S, 8a S, pacnoao-

ocennblx no obe croponst or l, codepocur ne menee N/(4d) rouex;

(2) 8-caoti npocrpancrea E9, pacnoromennolii okoro eunepnio-
ckoctu I, codepacur ne Goaee dbN'='/4 Todex, ede & = min(dy,6,),
8; — MUHUMQAbROE PACCTOAHUe MeNHOYy TOUKAMU MHOdNCCCTEA S
(i=1, 2), a b— sepxnas epanuya 4ucaa TOYeK, COOEPHCAU{UXCA
6 eunepkybe co cTopoHoili 28 u ydasennslx Opye or dpyea Ha pac-
cT0AHUe He Meree 8.

Joxrasareavcrso. TlpoBeieM AoKasateabeTBO A d =2, Tak
KaK B 3TOM CJyyae MOXKHO HEMOCPEJCTBEHHO ONeperbcsi Ha MHTYH-
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LHIO0. ﬂOKaSaTe.’IbCTBD A d- MEPHO]‘O cJaydas TMpPOBOAHTCS aHajo-
rHyHbBIM 06pasoM. C HecymlecTBeHHON noTepeil OGUIHOCTH MOMKHO
cuutath, yto N KpartHo 8. OmpeneanM o OCH X HHTepBan [xi, Xo]
TakuM 00pasoM, 4TOOH cJeBa OT
X| W crnpaBa OT Xz HaXOJHJOCh no
N/8 Touek muomecrBa S.(OGo3Ha-
uyuM uepes Cy &S MHOKECTBO TO-
yeK ¢ aBCLHCCAMH MEXAY Xi H Xo.
3awmernm, uro |Ci|=3N/4. Ana-
JIOTHYHBIM OGPa30M ONpE/eNHM HH-
TepBan [y, yo] mo ocu y. OGo-
3HAUHM uyepes R [eKapToBO Npo-
H3BeEeHHe [x1, x)Xly1, w2l
(puc. 5.14).

Onpeneanm Ha OCH X HanGOMb-
Puc. 5.14. Onpegeaewne npsmo- UIMH HHTEPBaJ, UENHKOM ToOna-
yroavuuka R =[x, £]X[y1, 4} iB [x1, %] D

npoekuun 2bNV2 touek. AHamo-
THYHBIH HHTePBaJ onpeieauM Ha ocH y. OGosHaunM uepes vy
JUTHHY HaHGOJIBILETO H3 3THX JBYX HHTEpBAJOB. He Tepas OGL"HO-
cTH, 6yJeM CuHTATb, UTO TAKHM HHTEPBAJOM SIBISETCS [xl, xZ])(
><( [x,, xz]c—[x“ %,]). YTBep:aaercs, uTo mpsMas 1, 3aiaBaemas

Prc. 5.15. Baanmocsas Mexay [x, 5] u [}, #7]-

ypasuenneM x= (x{ x})/2 (npaMas, NepHEHANKYIAPHAS OCH X
H JeJIsiias OTPe3oK X{x; NOTNOJIAM), YAOBAeTBOpsier ycnoBuam (1)
u (2) tTeopemn (puc. 5.15).

Jlisi [0KasaTebCTBA STOTO YTBEPIK/EHHS MOKAKeM CHavana,
4TO HEPaBEHCTBO y << 28 He MOXET MMeTb Mecra. A 3aTeM moka-
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XKeM, uTO YycaoBHEe 7y =>28 ofecneunsaer Heo6XoauMbli pe-
3y/bTAT.

VenoBue y << 28 osHayaeT, YTO Ji06as TOPH3OHTANbHAsL WJH
BePTHKAJIbHAs 10JIOCA IIHPHHOH 20, MpOeKuHs KOTOPOH momajaer
BHy‘l‘gZ l[!é],!/g] WIH X1, X2] COOTBETCTBEHHO, COAEDIKHT OGoablue

N1/

Paanenum nHTepBaJl [x1,X2] Ha noabiHTepBaMBl AMHHOK 20.
Kaxpas BepTHKasmbHas MOJOCA, MPOEUUPYeMass Ha TaKOi MOABIH-
TepBaJ, copepxur Goaee 2b6N'/? Touek. Tak kak mMeercs | (xp—
— X1) /28 | TaKuX MHTEPBAJOB, TO MOJNyyaeM

L (%2 — x1)/20] - 26N'2 < | C,. | = 3N /4,
Han
L (x2 — x,)/28] < 3N'?/8b.

AnanoruuHBle pAcCyXkKAEHHs I HHTepBana [y, yo] NMPHBOAAT K
HepaBeHCTBY

L (g2 — 1)/28] < 3N'P/8b.

Paccvorpum  Temepb  npsmoyroasHHK R == [xy, xo] X [y1, ya] -
DTOT NPSMOYTOJBHHK CONEPKHT He Gosee [ (xp— x1)/281-[ (yo—
—y1) /281 kBagpaToB co croporoii 28. Tak KaK CTOpPOHA KaxIOTO
TaKOro KBajpaTa paBHa 28, TO 1O YCJIOBHIO TEOPeMH Kabii
KBajJpaT coflepXKHT He Goxee b Touek. OTCIOAA CIEAYET, UYTO UHUCIO
TOYEK MHOXKECTBa S, cojiepaKalluxcs B R, He NMPeBOCXOAHUT

g L5 =254 ) (15 )
<(%E 41) ..

Tak Kak b—3T0 HeGo/bllas MO BeNHUWHE KOHCTAHTA, GOJblIast
HIn paBHas 1 TO INpaBasi YacTb 3TOrO HEPABEHCTBA MNPHHHMAeET
MakcHMaJlbHOoe 3Hauenue mpu b = 1. Takum o6pasoMm, R colepxut

He Gosee 2(3/8)2N==0,28N Touek npu yciaoBuH, yto N = 8.
npyroﬁ CTOpOHBI, BepTHKaJIbHbIe M[OJIOCHl, HAXOASLIHECS BHE
HHTepBaia [xl,x;f, comepxar 2-N/8 Touek, H TO Ke camoe cnpa-
BeJJIHBO JJ TOPH3OHTAJIbHBIX I0JOC, HAaXOAAILIKUXCA BHe HHTEp-
Bana [y1,42] (cM. puc. 5.15). B COOTBETCTBHH C MPHHIHNOM BKJIO-
YeHUSI-HCKIIOUEHHS, UHCNO ToueK BHe R He mnpesmimaer 4N/8 =
= N/2, u, crenoBarensHo, R comepxur we menee N/2 touek. ITo-
TPOTHBOP yi Ha TO, YTO HEPABEHCTBO Y <<

< 28 e BHMOMHsIETCH.

Tak Kak y =>26, T0 cpasy ke nonyyaeM TpeGyeMblil pesyb-
TaT: BHNOJHeHHe cBoficTBa (1) obecneunBaercs cnocoGom mo-
CTpOeHHS HHTepBasa [, Xp], a CBONCTBO (2) BHIIOMHAETCH B CHAY
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TOro, YTO §-C/IO# OKOJIO MPAMOH [ cojepKHuT He Gotee 26N'/2 Touek.
Takum 06pasom, npaMas ! yHOBJETBOPAET YCIOBHAM TEOPEMbI.

Met HCTOIB3yeM STy TeopeMy AJIs TOTo, YTOGH MOKA3aTh Mpexie
Beero, uto Ha ware | agroputva BITAPAd(S) MOXHO Tak BbI-
6paTh pa3iesIoNyI0 THIePIIOCKOCTh [, uTO GyleT HMeTh MecTo
HepaBencTBo 1/4d <a<<1—1/4d, a S;3— MHOXKeCTBO TOUEK B
8-ci0oe okoso [— GyneT HMeTh MOLIHOCTL He Gosee cdN'-V4, rae
¢ = 4-3%!. JleificTBuTe/BbHO, ecin § = min (8, §;), To rumepky6 co
croponoit 28, maxoasmuiics B O-cioe, couepxur He Gosee ¢ =
= 4-34-! ToueK, B YeM MOXHO JIeTKQ YOeIHTbCS C TOMOMIBIO Hi-
aykunu no d. Uuaykuus Hauwnaercs co 3Havenus d =2, 1as Ko-
TOPOTo, KaK yiKe GbUIO MOKa3aHo, THIEpKY6 co cTopoHoi 28 comep-
KHT He Gonee 12 rtouek. Tem camblM [0Ka3bBaeTcst, 4TO pasfe-
AsIoMas THIEPIVIOCKOCTh [ cymiectsyer. JIisi ee ompeieseHus BbI-
NOJHHM NPEJBAPUTENLHO COPTHPOBKY MHOXKECTBAa S 10 BCEM KOOp-
auHartam, satpate Ha ato Bpemsi O(dNlogN). Tlyrem mpoctoro
npocmorpa 3a BpeMs O(dN) NONYUHBLIHXCH B pe3yibTaTe COPTH-
POBKH YNOPAJTOUEHHBIX TOCTEN0BATENBHOCTEH ONMpeneNsieM HHTEp-
BaJbl TaKue, uTo Mo ofe CTOPOHB OT HUX cojepxurcst no N/4d To-
yeK. B KaXAOM W3 5THX HHTEDBAJNOB, ONSTH-TAKH HCHOJB3YS
npocToit MpocMoTp, MOKHO 3a Bpemst O(N) ompeienntb MakKcH-
MaJibHble JUIHHBEI OKOH (NOJBIHTEPBAJIOB), COAEPIKAUIUX B TOUHOCTH
|.cdN'=1/4| rouek. HanGoablunii u3 STHX MOABIHTEPBAJOB OMpese-
JISIeT eANHCTBEHHYIO KOOPAMHATHYIO OCh H DA3feJsiollyio THIep-
MJIOCKOCTb, KOTOPAsi MENHT ero MOmojaM. 3aMeTHM, YTO HCKITIOuH-
TebHO 6s1aroaps NpPeABAPHTENBHON COPTHPOBKE DAa3eAsiollyio
THIEPIIOCKOCTh MOKHO HafiTh 3a JHHeiiHoe M0 pa3Mepy MHOXKe-
cTBa S BpeMms.

Taxum 06pasom, ML NOTYUHIN Pa3pexceHHoe MHONCCCTE0 Sis,
MOUWHOCTL KOTOpo2o He npesocxodur cdN'-Y4 (c paspexeHHOCTBIO
¢=4.3¢" qua somcacioro §). 3atem pewaem sanauy B.7 mas
MHOXKecTBa S),, ABJMIOMEroCs NPOEKIHeil MHOKECTBA Siy Ha MOJY-
YEHHYIO paHee pasjessiollyio runepmiockocts [ Jlas stoit 3anauwm,
nmeiouledi pasmepHocTs d — 1, BHOBB NPHMEHSIETCA METOA «padje-
AR W BaacTByit». B yacTHOCTH, WilleTcsi pasiensiollas THIEPIIO-
cKoCTh [/, cylllecTBOBalle KOTOPOil rapamTupyercs teopemoil 5.4,
NP 5TOM § CUNTAETCA 3a1aHHBIM (KAKHM OHO TMOJYYeHO Ha wiare 2
npoueayps BITAPAd), a ¢ pasHa paspexeHHOCTH MHOKeCTBa N
TONLKO uTO MoJyueHHo#t namu. OTCIOAA CJEAYeT, uTO MOIUIHOCTH
MHOXeCTBA TOUEK B §-cJI0e OKOJIO pasjessiiollell FHMepnIocKocTH [
orpannyena seanyunoit (d—1)-cM™=1@-H 1 e o(M). B 3arao-
ueHue pemraercs s3anaya B.7, mmeiomas pasmepHocts d — 1, nas
Mero MpHXOMNTCS OMpeNeiATh Pa3feNsiomylo THIePIIOCKOCT, 3a-
TpatuB na sro spems O(M), mocire uero pekypcHBHO pemaTh aBe
AHAMOTHYHBIC 3a/1aUH HA MHOXKECTBAX ¢ MOWHOCTbIO oM u (1 —
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—a)M, M HaKOHel pemlaeTcsi 3a4aya, WMeKOIas PasMEepHOCTH
d—2 Ha MHOMKECTBE MOLIHOCTb0 0(M). DTo Aaer cienyioliee pe-
KyppPEHTHOE COOTHOLUEHHE:

Faye(M, d—1)=Fy,. (% d—1)+Fs,. (M (1—%), a—1)+
+ O (M) Fs,c(0(M), d —2). (5.3)

Jlerko yOEAHTBCS, YTO 3TO COOTHOLIEHHE HMeeT pelleHHe
Fy, o(M,d—1)= O(Mlog M). D10t ¢pakr uutepecen cam mno cebe,
4TOGbI NPeACTABHTD €T0 B BHAE CJEAYIOllell TeOpeMbl:

Teopema 5.5. B paspescenrom MmnosxcecTse u3 M Touex 8 E¢
(c pasp b0 ¢ das 3a0 8) sce napoel To4eK, paccros-
HuR  Mexcdy KOTODbIMU MeHoule O, MOJMCHO HalTu 3G 6peMa
O(Mlog M).

BosBpamasich K HCXOAHOH 3ajaue o Oumxaiei nape, Hano-
HHM, 4TO M — 310 MOLLHOCTb MHOXKeCTBa 312, paBHas B CHIY cno-
coba noctpoenusi O(N'-'/4), 1. e. o(N|logN). Orciopa caeayer,
uro Fyo(M,d—1)= O (MlogM)= O(N). U kak caexcrsue, pe-
KyppenTHoe cooTHomleHHe (5.2) HMeer pemenne P(N,d)=
= O(NlogN). Takum P BpeMs Hs X
BHIUHCJIEHHHR CoBHajaer Mo NOPSAAKY C BpPEMEHEM, 3arpayHBaeMbiM
Ha NpeJBapHTEJbHYIO COPTHPOBKY. B pesyJbrate mnosyuaem cie-
JyIOIILYI0 TEopeMy:

Teopema 5.6. Bauocaiuias napa muoxects ud N Touex 8 E°
moocer 6biTo onpedenena 3a spema O(N log N), uro seasercs on-
TUMANbHOIM.

5.5. Pemenue 3agay o 6Jau30CTH
MeToIO0M JOKYCOB; AMarpamma Bopomnoro

XoTsl HMCMOAb30OBaHHE METOAA «pa3jiiedidil H BAACTBYH»
npy pelleHHH 3ajaud o Gauxkalilueil mape BRINAAHT AOBOJIbHO 00-
HajJeXHBalle, HO yXe npu pemennn 3agaun BCE BJIVDKAN-
HIHE COCEILH, siBastiolielicss Ha NePBHIH B3TJIAL JHLIb NPOCTHIM
oGo0LieRneM 3ajaud O GamxKaiileil mape, 3T0 METOA OKa3blBaeTCs
HenpHeMJIeMbIM. ﬂeﬁCTBHTeﬂbHO, €CJIH NONBITAaThbCA aHAJOrHYHBIM
06pasoM KCNO0Jb30BaTh AJs pemenns 3agaun BCE BJIM)KAMIIKWE
COCEIH pekypcuio, TO OGHAPYKHTCS, YTO NPH €CTECTBEHHOM
cnocoGe pa3GueHHss Ha MOA3aJaUH CBOWCTBO DA3PENKEHHOCTH yxe
He MMEeT MecTa W NpPH 3TOM He BHAHO Croco6a BHMOJIHHTb Wiar
cousAHHsS GbicTpee, ueM 3a KBafparuunoe Bpems. C xpyroii cro-
POHBI, JOBOJBHO LEHHbIH 3BPHCTHYECKHI NDHEM, HCIOJb3YeMbiil
npu paspaGOTKe TEOMEeTPHYECKHX aJITOPHTMOB, COCTOMT B TOM, 4TO-
6Bl BBGIHTL 0GMACTH TOueK. O6aajnaiolne TpeGyeMbM CBOHCTBOM
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(JIOKYCBI), W TOMBITATbCA OPraHW3OBATH HMX B BHAE HEKOTOPOH
CTPYKTYpPbl AAHHBIX. TaK, B Cjly4ae IJOCKOCTH MBI XOTHM PelHTh
Clleflylollyio 3ajiavy:

3anaua B.8 (OBJIACTH BJIM30OCTH). Ha mnockoctn 3agaHo
MHOXeCTBO S, cojepxkamee N Touek. Tpefyercss Aas Kaxuoi
TOUKH p; MHOXKeECTBA S ONpeNeNuTh JOKYC TOYeK (X,y) Ha mio-
. CKOCTH, JJIfi KOTOPHIX pac-
: . CTOSIHHE 1O p; MeHblle,
. 4eM 10 JoGolt xpyroil Tou-
KH MHOXecTBa S.

OTMeTHM, 4TO HHTYH-
THBHO peLleHHe 3TOH 3a-
. JauH TPEACTABASETCS KaK

. TOCTPOeHHE PpasbueHnus
IJIOCKOCTH Ha  00JIAacTH,
KaXpAas H3 KOTOPHX $B-
JISETCA  JIOKYCOM  TOueK
(x,y), Gomee G6amskux K
HEKOTOPOH TOuKe MHOMKe-
cTBa S, ueM K J0Go# apy-
roli Touke S.3aMeTHM Tak-
XKe, YTO eCJH TaKGe pas:
Guenne IJIOCKOCTH H3Be-
CTHO, TO, NPHMEHWB MpO-
UeAyPy TOHCKA, Ompeje-
JAOYI0 KaKoi H3 ofia-
cTelt pa3Guenns npHHape-
HKHUT HEKOTOpasi TOYKa q,
MOXHO  HENOCPEACTBEHHO
NOJIY4YHTh PelleHHe 3a1aud
Prc. 5.16. (a) — wmoroyronmm (sueika) LOUCK  BJIVDKAMILE-
Boponoro; (b) — suarpaina Bopoiioro. TO  COCEINA (samaun

B.5). Hccaenyem renepn
CTPYKTYpY STOr0 pasGueHHs MAOCKOCTH. Ecu HMeIOTCS ABe TOUKH
Pi 1 pj, TO MHOKECTBO TOUEK, GoJee G.IU3KHX K p;, UeM K pj, ecTb
He 4TO MHOE, KaK MOJYIIOCKOCTb, ONpejessieMas NPIMOi, MepreH-
ZHKYJISIDHOR OTPe3Ky pip; W JeJsiliel ero momosiam, u cofiepxkaimasn
TOUKY p;. OGO3HAYHM 3Ty NOJYMIOCKOCTD H (p:, p;). MuoxectBo
Touek, Gojee GJAH3KHX K pi, 4eM K JI0GOM APYTofl TOUKe, KOTOpOe
Gynem oGosnauath V (i), momyuaercs B pesyJbTaTe nepecevenus
N—1 noayn. Ted. 10 M BO fBJISICTCS BHUTYKJOH MHO-
royroJbHo# 06/1acTbio (cM. pasa. 1.3.1), nMeromei ne Gomee N — |
ctopon. TakuM o6pasom,

V(5)=‘_Q,H(p:. ).
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O6aacts V(i) c: P coor-
sercreyoujum Touke pi. Ha puc. 5.16(a) npuBeieH NpHMEp MHO-
royroabruka Boponoro [Rogers (1964)]').

Tlonyuaemble Takum o6pasoM N obmactefi oGpasynT pasbue-
HHE TMJIOCKOCTH, MNpejacTaBisollee HEKOTOPYIO CEeTbh, Ha3blBaEMYIO
duazpammoii Boporozo. [inarpavmy BopoHOro MHONeCTBA TOueK S
Gynem o6osnauars Vor (S). Ha puc. 5.16(b) npusenen npumep aua-
rpaMmbl BopoHoro. BeplunHbl MHOTOYTOJIBHHKOB ONpEACISIOT 8€p-
wunbl duazpamme. Boporozo, a coeluHsIONHE HX oTpesku — pebpa
Quazpammor Boporozo.

Kax(nasi H3 N HCXOIHBEIX TOYEK MHOXKECTBA INPHHALIEKHT B
TOYHOCTH OjIHOMY MHOrOyroapHHKy Bopouoro. Ilostomy, ecmt
(x,y)= V(i), T0 p; ABasieTcs OauwKAWWHM COCEIOM TOUKH (X, Y.
Ilnarpamma BOpOHOTO. CONEPXKHT BCKO HH(pOpMauuo 0 GaH30CTH
TOYEK COOTBETCTBYIOMIETO MHOXKECTBA.

5.5.1. CsoiicTea gnarpammsi Boponoro

3pech Gyner NpHBENEH PAA BAaXKHBIX CBOMCTB AHATPam-
Mbl Bopouoro. Xorst auarpaMmy BOpOHOTO MOXHO ONpENeNHT AJIS
npocTpaHcTBa M0GOR  pasMepHOCTH, TOCIeAyiollee O6CyXieHHe
Gyzer BecTHCh As AByMepHoro ciayuas. Ha To umerorcss ase npu-
YHHBL: BO-NMEPBLIX, CTpeMJeHHe 00ecneyuTs CBf3b TNPOBOJHMBIX
paccyk/ennuit ¢ HHTYHIUeH; BO-BTOPHIX, XKeJlaHHe COCPEJOTOUHTD 06-
CyJK/leHHe NUIb HA H3YUEHHBIX CUTYalHsiX, AJIsi KOTOPHX paspabo-
TaHbl 3hdeKTHBHEIC aJArOPHTMBl PelleHHs BO3HHKAIOUIMX 3ajady.
B srom pasperne Mbl GyaeM CuMTaTh CIpaBeJIHBLIM ClIelyloliee
TpeanoJioKenue:

Mpeanoaoxenne A. Huxakue weroipe TouKu UCX00HO20 MHO%NCE-
crea S He 1eaar Ha 0OHOW OKPYHHOCTU.

Eciu 0TKa3aThCst OT 3TOTO NPEANONONKEHHH, TO B (opmyun-
POBKH TEODeM H HX J0Ka3aTeNbcTBAa NOTPeGyercs BHECTH Hecylle-
CTBEHHbIE, HO J0BOJILHO JJHHHbIE YTOUHEHHS.

Jlns Hauaja 3ameTHM, uTo Kaxjoe pe6po jamarpammbi Bopo-
HOTO SIBASETCS OTPE3KOM MPSMOH, NepHeHUKyJADPHOH OTPesKy,
COeJHHSIONIEMY HEKOTOPYIO Napy TOYeK MHOKecTBa S, M jeisiuei
3TOT OTpe3oK nonosam. Takum oGpasoM, peGpo NMPHHAMIEKUT B
TOYHOCTH JIBYM MHOIOYroJbHHKaM. HMeeT MecTo c/ieayiomias Teo-
pema:

!) TakHe MHOTOYTO/LHHKH BepBHe ObulH TAYGOKO H3YGEHH PYCCKHM Ma-
TematikoM T. Bopomsim (1868—1908), mcnonbaopaBmuM X B paGoTe MO KBaj-
parranniM popmam [Voronoi (1908)] Muorna mx TaKkKe Ha3HIBAIOT MHOTOYro/b-
HHKaMH ) Hupuxne, Muor ‘HeceHa, suefikamn Buruepa —
Befima. Xoyn Goree (s Gonee ) TepunR «mio-
TOYTO/IBHAKH GIH30CTH»,
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Teopema 5.7. Kaokdas sepuuna duazpammer Boponozo agaser-
sl TouKoul nepece4enus 8 TOYHOCTU Tpex p€68p 6uaepa»mbt

Hoxasarenscreo. TIPeANONOKNM, UTO BEPLIHHA U ABJSETCS TOY-
KOfi IepeceyeHnsi HEKOTOPOro MHOXKeCTBa pebep ey, € ..., €
(k = 2), nepeuuc/jeHHbIX B Mopsake 06X0oaa BOKPYT BEepUIHHBI MO
vacoBoil crpeske (puc. 5.17). Pe6po e; siBasiercst OOLWUM AJIsI MHO-
royroapnukoB V(i—1) u V(i), tne i=2, ..., k, a pebpo e
apaserca obmwum mist V(k) u V(1). 3aMeruM, 4To Tak Kak v MpHu-
HajJexXHT pebpy e;, TO OHAa OJMHAKOBO yAajeHa OT TOUeK pi-i
# pi. C ApYrod CTOPOHBI, aHAJIOTHUHBIM 0GPa3oOM MOJyuaeM, HYTO

€z

Puc. 5.7. Bepumna anarpamws Bo- Puc. 5.18. Okpysxsocts C(v) e co-
POHOTO C HHIM/IEHTHHMH eii peGpaMH. JePKHT HH OAHOA TOUKH MHOMKecTBa S.

OHa paBHOyJa/JeHa OT TOYeK p; M piy1 M T. A. Takum oGpasom,
BEpUIHHA U PaBHOYAAJeHa OT TOUeK pi, Pa, ..., Pr. HO 370 3Haumr,
UTO TOUKH Py, Pz, ..., Pr JI€KAT HA ONHOH OKPYMKHOCTH, H TeM ca-
MBIM B cayyae k>4 Hapywaercs NPHHSTOe NPEANOJOXKeHHe A.
Cuaenosarensho, k<< 3. TIpeanonoxuM Temeps, uto k£ = 2. B s1OM
cayuae o6a pebpa e, M ey NPHHAMIENKAT MHOTOYroibHEKaM V(2)
1 V(1), nockosbkKy o6a OHH NPHHAAJEKAT NePNeHIHKYJIAPY, Aelsi-
uieMy TOHOJAM OTPe3OK pips. A TaK KaK OHH He IepecekanTcs
B U, TO BHOBb NOJIyuaeM NMPOTHBOpEUHE.

Teopema 5.7 sKBHBAJEHTHA CJEIYIOLIEMY YTBEPIKACHHIO: Bep-
UIHHBL AHArPaMMbl BOPOHOro SIBJISIOTCS LEHTPAMH OKpYiKHOCTEN,
Kax/1as U3 KOTOPLIX OMPEHEJISIeTCS TPeMsi TOUKAMH HCXOJHOTO MHO-
JKecTBa, a caMa jJuarpaMma BopoHoro ssjsercst peryJsipHoii') co
CTeNeHblo BepliHH, paBHOi Tpem. OGosnaunm uepes C(v) ynoms-
HYTYIO BbIIe OKDYXKHOCTb, COOTBETCTBYIOULYI0 BEpUiHHE v. ITH
OKDYXKHOCTH 06JIa/lal0T CJeAyIOUHM HHTEPECHBIM CBORCTBOM:

) B TOM CMHCTe, KaK 5T0 OGLIMHO NOHHMaeTc B TeOpHH rpados; rpady
ABIAETCA PEryNAPHHM, eC/H BCe BepIWHHL HMEIOT OJHY H Ty Xe CTeMleHk.
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Teopema 5.8. Jan xaondoi eepwuner v Ouazpammor Boporozo
suooectéa S oxpyacrocts C(v) e codepicur HUKAKUX dpyeux TO-
4eK mMHONMecTsa S.

Hokasareascrgo. Jlokaxem TeopeMy METOAOM «OT NMPOTHBHOTO».
Tycte pi, p; M ps— TPH TOUKH MHOKecTBa S, onpejensiomiue
okpyxHoctb C(v) (puc. 5.18). Ecitn okpykuocts C(v) coaepxut
ellle HEKOTOPYIO TOUKY MHOMKectBa S, HalpHMeEp Py, TO BepllHHa U
HAXOAMTCA OaHKe K py, UeM K JI06Oi u3 TOUeK pi, pz WIH p3, H
B 3TOM CJIyyae B COOTBETCTBHH C Omlpejesiennem inarpammsl Bopo-
HOTO BepIUHHA v JOJKHA HaxXOauthest B V(4), a He B KakoM-JHGO
u3 muoroyroasuukos V (1), V(2) wmm V(3). Ho 3to nporusopeuut
TOMy, 4TO BepUIHHA U NpPHHAIEXHT ojHOoBpemenxo V (1), V(2)
u V(3).

Teopema 5.9. Kaxcdeui 6auncaduuii coced Touku p; 8 S onpe-
deasier pebpo 8 muozoyzorsruke Boponoao V (i).

Hoxasarenscreo. Ilycrb p; siBasercs GiuxailUM COCEAOM pi,
a U-—Cepe/iHHA COGNHHAIOWEro HX OTpe3Ka. IIpeanosoxum, uto v
He JIeXHT Ha rpaHuile V(i). Torna oTpesok p;u mepecekaer HeKo-
TOpoe peGpo MHoroyroJpHuka V (i), HanmpuMmep paBHOYAAJEHHOE OT

— Npamas, pasuoydarenmas
om mover p;  p;

Pc. 5.19. Kaxasii cocea TouKH pr peGpo. MHoroyroas-

wnka V(0).

pi 1 pr B_HekoTOpoil Touke u (puc. 5.19). Toraa Mm—la(ﬁ)<
<;umua(plv) H _NOSTOMY JVIHHA (pipi) < 2 punna (pin) < 2 Ann-
ua (piv) = namna (pip;), OTKy/la Clelyer, uto p, OJHXKe K pi, ueM
Pi YTO TIPOTHBOPEUHT YCJIOBHIO TEOPEMBI.

Teopema 5.10. Mrozoyzonsruk V(i) A847€TCA HEO2PAHUUCHHOLM
T020a U TOAbKO T020@, K020@ TOUKA P; ACHUT HA 2PAHULe BbINYK-
20 060104KU MHOYMECTBA S.

Hokasareascrgo. Ecnu Touka p; He JEKHT Ha TPaHiUe BHITYK-
710t 060JIOUKH MHOXKeCTBa S, TO, COracHo Teopeme 3.4, OHa sB-
JIseTCsl BHYTPeHHelH TOUKOH HeKOTOPOro TPeYTroJibHHKA pipaps. Pac-
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cmorpuM okpyxHOCTH Ciz, Ciz u Cy, ompenensieMble TOUKOH pi

u TpeMs napaMmu Touek {p, pa}, {p1, ps} B {p2 ps} cooTsercTBEHHO

(puc. 5.20). Kaxaasi u3 3THX OKPYMKHOCTeif HMEET KOHEUHHH pa-

auyc. O603HaunM uepes Ao BHEWIHIOO AyTy OKPY:KHOCTH Cig, T. €.

AYTY OKPYKHOCTH MEX1y TOUKAMH p; H p2, He COAEPHKaLLyio TOUKY

Pi. MOXKHO HemocpejCTBEHHO NOKa3aThb, UTO JM06as Touka A, G-

XKe K py WA K ps, 4eM K p; (aHAJOTHYHOE YTBEpIKIEHHe HMeeT

mecto u aas Ciz u Cas). Iycrb

x  C— OKDYXHOCTb,  OXBaTHIBAIO-

was okpyxHoctu Ciz, Ciz ¥ Caa.

¢ VrBepxaaercs, uto M0Gas TOY-

ka x, Jexamas e C, Guuxe

@ K ONHOR H3 TOYEK pi, Pp HIH P3,

/[ uem K pi. JleficTBHTE/BHO, pac-

cmoTpuM oTpesok xp;. ITo Teo-

’ peme 0 XKOpHaHOBOH KPHBOH OT-

Pe30K xp; TepeceKaeT ONHY H3

CTODOH  TPEYTOJbHHKA  P1paPs,

Hanpumep pip,. 3HAYHT, OH TaK-

Ke nepecekaer H Ay B HEKOTO-

poit Touke . Ho u Gnuxe k on-

HOH M3 TOYEK pi WJH P2, Ye€M K

Puc. 5.20. K nokasatenwcty reope- pi, YTO H TMOATBEPKAAET CAe-

wbi 5.10. naHHOe yTBepxKmeHue. Tax Kak

TOYKa X GIHXKe K pi, py HIH P,

uem K pi;, 10 V(i) UeIHKOM cofepxuTcs BHyTpH C H, crenosa-

TeJbHO, ABJSAETCH OrPaHHYCHHBIM.

O6paTHO, NPeANOJOKHM, YTO MHOTOYroJbHMK V(i) orpanuueH,

H mycTh £y, €, ..., € (k== 3)— mocienoBarenbHocTh pebep, 06-

pasylomux ero rpanuny. Kaxpoe pe6po en (h=1, ..., k) npu-

HALNICHKHT NPSMOM, NePIeHIHKYIsIPHOH OTpesKy p,py, P ES H

Aeasimieli ero momosaM. Otciofa cpasy CJIeAyer, YTo p; SBJsETCS

BHYTPEHHEH TOUKOH MHOTOYTOJBHHKA Pipj ... Ph, T. € Pi HE JEXHT
Ha TpaHuIe BhIMyK/O# 060JOUKH MHOXKecTBa S.

TaK Kak JHIIb HeorpaHHyeHHble MHOTOYTOJIbHHKH MOTYT HMeTb
B KauecTBe pefep JydH, TO JIydd AHarpaMMbl Boponoro coorer-
CTBYIOT [apaM CMEeXHBIX TOYeK MHOXKeCTBa S, Jiexaulux Ha rpa-
HHLE BHIYKJIOiH 060JIOUKH.

PaccmotpuM  Temeph rpad, JaBoficTBeHmbifi auarpamme Bopo-
HOTO, T. €. rpad, yIOXKeHHBII HAa TJIOCKOCTH H NOJYydYaeMblil B pe-
3yJbTaTe COE/HHEHHST OTPe3KAMH KaMIOH Mapsl TOUEK MHOXe-
cTBa S, MHOTOYTrOJbHHKH BOPOHOro KOTOPHIX MMeT ofllee pe6po.
B pesyssrare mosmyuyaercst rpad ¢ BepUIHHAMH B HCXOAHBIX N TOU-
kax (puc. 5.21)
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Ha nepemit B3rasig rpad, aBoiictBeHHbili Auarpamme Bopomoro,
MOJKeT 1OKa3aThCsi HOBOJbHO HEOOBIHBIM, TaK Kak pe6po Aua-
TPaMMbl MOXKET /laxe He IepeceKaThes C ABOMCTBEHHHIM €My pel-
pom (paccmoTpHTe, HampuMep, pepa, COEAMHSIOLIHE MOC/IeA0Ba-
TeJbHbe BEPIUMHBl BHIYKIOH 060/04YKH). BakHOCTb JBOMCTBEH-
HOro rpaga Bo MHOrOM oOycsOBJIeHAa cienylolieli Teopemoil Ie-
qone [Delaunay (1934)]:

Puc. 5.21. IT rpad, anarpamme Bopouoro.

Teopema 5.11. I'pagh, dsoiic dugepamme Bop A8~
AReTCA TpUanzyAayued muoscectsa S'). R Al

(Orciona crenyer, uro guarpamMma BopoHOTO MOxer GHTb He-
nob30BaHA VIS PellleHHst 3ajaun TpuaHryasuun B.4, Ho sTa Teo-
peMa HMeeT 3HaUHTeNbHO GoJiee BaXKHbIe C/IEJCTBHS.)

Hoxasareascro. Uro6n j10Kas3aTh, 4TO rpad, aBoHCTBEHHHIH
auarpamme BopoHoro, sBJsETCS TPHAHTYJSILHEH, HEO6XOLMMO IO-
Ka3aTth, 4TO BBIIYKJas 0GOJOYKA MHOXKecTBa S pasbuBaercs Ha
TPEYroJbHHUKH, ONpejieseMble TOUKaMH MHOxectBa S. Iast storo
6y)1e1‘ TI0Ka3aHO, YTO MOXHO BBIAENHTb MHOXECTBO TPeYyroJbHHKOB
7 = {T(v): v—Bepmnna anarpamme BopoHoro} Tak, uro HHKa-
KHe JBa H3 HHX He TepecekaloTcsi H Kaxaas ToYKa BHYTPH
conv(S) NpHHAIEKHT OJHOMY H3 STHX TPEYTOJbHHKOB (H, CJIEfO-
BATEJILHO, B TOYHOCTH O{HOMY TAKOMY TPEYTOJBHHKY).

CooTBeTCTBYIOIHE TPEYTONBHHKH CTPOATCA CIIAYIOUIAM o6pa-
3oM. Ilyers v— Bepumna auarpammer BopoHoro, nprHajzexamas
o, D MHOTOYTO. V1), V() n V(3) (cM. Teo-
pemy 5.7). T(v)—3T0 TpeyroisHHK ¢ BEpUIHHAMH B TOUKAX P, P2

') B TakoRl npoctofi (opMyiupOBKe STa TeOpeMa OKasHBAeTCA HeBepHof,
€CIH HMeeTcA INOAMHONECTBO, COfiepXallee YeTHpe MAH GOMee TOWEK, JeXAulix
Ha OMHOR oKpykHOCTH. OAHAKO B 5TOM Ciywae BOSHWKAIOMHE H3MEHEHHS B TPH-
QHTYJAUAR OUEBHANLL.
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i ps. YrBepxaaercs, uto ecan T(v) HMeer Hemycroe nepeceuciie
C BHYTPEHHOCTbIO €ONV(S), TO TpeyroabHuk T (v) HeBBIPOKACHHI
(T. €. TOUKM p;, pz W ps He JeXaT Ha OAHOH npamoii). [leficTBH-
TE€JbHO, NPeANOJOXHM oﬁpa‘rHoe, T. €, 4YTO TOYKH Py, p2 H Me)KaT
Ha onHo#i mpsmoi. Toraa Bce TPH OTpe3Ka PPz, Pips M paps MpH-
HajJlexar OAHOH M TOH ke NMpAMOH [/, a MepPNeHAHKYJspHble STHM
OTpe3KkaM npsaMble, AeJdline HX 1nonoJjiaM, SBASIOTCS MapaJjelb-
Heimu. Tak Kakg BepwiHHa v ABJSETCH TOUKOH TiepeceueHus 3THX
npAMBIX, T0 v — GecKOHeuHo ylaieHHas Touka. Otciofa caenyer,
uto MHoroyrossHukH V (1), V(2) n V(3) apasiorcs neorpaHuuen-
f HpiMH.  CorslacHo Teopeme
5.10, 370 3HAYHT, UTO TOU-
KH pi, Pz U ps TPUHAAJE-
Kar TrpaHuIe BHIMYKJOH
060J0YKH. DTO NPOTHBOPE-
C(U|) YHT NPEAnoNONKEHHIO, YTO
T(v) uMmeer HemycToe nepe-
ceyeHue ¢ BﬂyTpENMOL‘Tb’O
conv(S). Tem caMbiM yT-
BepXK/IeHHe 10Ka3aHO.

PaccmoTpuM 1Ba Tpe-
yronsuuka T(vi) u T(v2)
(v1 5= v2) © COOTBETCTBYIO-
wue um okpyxHocth  C(v1)
n C(uvg) (3amerum, uto
okpyxnocts  C(v;) #ABASETCA ONHCAHHON BOKPYr TPeYroJbHHKA
T(vi)). Ecan oxkpyxuoctu C(vi) u C(uz) He INepecexkaiotcst, TO
He mepecekalotes W TpeyroasHuku T(v)) u T(vs). ITostoMy mnpes-
nonoxum, uro C(v)) u C(vy) uMeioT obuiMe BHYTPEHHHE TOUKH.
OTMETHM, uTO B CHJIy TeopeMbl 5.8 HH OJHA H3 OKPYXKHOCTeH He
MOKET LEJHKOM COIepaTh APYTylo, MosToMy okpyxHoctH C(vi)
i C(vs) mepeceKaioTcss B ABYX TOYKAX g1 M s, KOTOpBHIE onpeje-
asor npamyio [ (puc. 5.22), oTaensioumlylo TOYKH U H Uz APYT OT
npyra. ITokaxew, uto [ Takxke orienser Tpeyroabuuk T'(vi) ot
Tpeyroabuuka T (ve). Tpeanosioxum oGpaTHOe: B MOJYIVIOCKOCTH,
onpejessieMoii [ M cojepKallefi BepIUHHY Uz, HMEIOTCA TOUKH Tpe-
yroabuuka T(v1) (1. e. B 06.1acTH, 3aWITPHXOBaHHO Ha puc. 522,
rak Kak T (v;)< C(v1)). Otciona cieayer, uto B 3alUTPHXOBAHHYIO
o6nactb, a caegosateqbHo, n B C(vp) Tmomajgaer BepuwiMHa Tpe-
yroabhuka T (vi), uro mpotheopeunt Teopeme 5.8. Taknm oGpasoM,
T(v)) u T(v2) He HMEIOT OGIIHX BHYTPEHHHX TOYEK.

HakoHell, pacCMOTPHM TNpPOH3BOJBHYIO TOUKY X B conv(S) H
MNpPeAnoJoKuM, YTO OHA He TIpHHAJIEXXHT HH O/IHOMY H3 TpeyroJb-
nuxos T (v), riie v— BepuiMHa AuarpaMmbi Boponoro. Otciona cie-
IyeT, 4TO CyLIECTBYeT AOCTATOYHO MaJIeHbKHil KPYr y C UEHTPOM B
X, BCé TOUKH KOTOPOro oG.’lanalo'r TEM XK€ CBOﬁCTBOM, 4TO ¥ TOYKA X

C(vy)|

) “‘\\N\\\

Prc. 5.22. Hu ozna Touka Tpeyrosbnnka T (v))
We momajaer BRYTh 3aITDHXOBAHHON 00-
nacTH.
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(puc. 5.23). Iycts 49— HeKoTopasi Touka B T (v)
BOJIbHAs BEDUIMHA JHArpaMMe. B Kpyre y MOmHO BHIGPaTh TOUKY
Y &, Takylo, uT0 mpsMas L, mpoxoasmasn uepes g u y, He npoxo)-
AHT HH 4epes OAHy M3 TOYeK MHOXecTBa S. Ilpsmas [ nepecekaer
TPEYTONLHHKH CeMelcTBa I MO HEKOTOpoMy MHOXKECTBY 3aMKHYTHIX
zﬂrepaanoa, %Gosnalmm Uepes { KOHEUHYIO TOUKy Gnmxamuerg,x x
HTEpBaNa M GyleM CUHTATh, YTO { NpHHa, i

yroaennka T (v)), rae ul—HekoropaﬁpBepLﬂ’l‘li):H;Hgl?gapzMp;lpi?.;gs:

Tle U-— Npous-

’ne. 5.23. Kakzas Touka B

exoTOpONY TpestamD HYTPH BHNYKJOH 06OJOUKH MHOXKecTBa TPUHAAJCKHT

ﬁro. TTyets ps — Tpetbst BeplHHA Tpeyroabhuka T (v;). Pacemor-

pﬁﬁfgﬁelﬁ:ﬁﬁﬁs{;;a vy KVTI‘;Q Hauaabnas wacrs /y cosnanaer

s UM H V(2). Tak kak no npe,

. noJo-

(eHHIO TOUKA X HAXOAWTCA B conv(S), a X u ps HaXOﬂﬂTCHPIIL(‘) pas-
l1;xeec-ropcu-u=1 OTPE3KA p1Dy, TO OTPE3OK ppy He MPHHALJEKHT Ipa-
L€ BLITYKJIOH 060104 KH MHOXKecTBa S. Otciona ClIe/yeT, YT0 pe6po,
re:gmée Ha Iy, He seaserca myuom (mo Teopeme 5.10), a npeu:
rar ACT OTPE3OK, 3aKAHUMBAIOMMMACA B HEKOTOPOH BepUIHHE vy
(vn)oe:renbuo, p% H P2 SIBIAIOTCA BePIIHHAMH TPeYroibHHKA
{ 5 » M 1aK Kak T(v))N T (v2) = & (kak GbL10 nmokasano BhILIE)
L H U JIKAT N0 Da3Hble CTOPOHH OT oOT| X

| > peska pyp,. 3uaunr,

ﬂan{ercﬁ sryTpennei Toukoit T (v1)U T (vz), u s10 NPOTHBOPEUUT

leobocHoBaHHOMY) npeanonoKenHio, i

UTO TOYKH OTpe3Ka I
JHHALNEKAT HH OAHOMY TDEYTOJBHHKY U3 . ’ v

HPEH.HﬂylL\ail TeopeMa HMmeer HenocpejacTBeHHOe clencTeue:
Caencreue 5.2. Juae;

.2, panna Boponozo muomecrsa uz N 3

70

teer ne 6oaee 2N — 5 sepuiun u 3N — 6 pebep. o
Hokasareascreo. Kaxjaomy pebpy rpada,
aMnMe BOPOI:IOTO, COOTBQTCTE)’ET €HHCTBEHHO!
3OHCTBEHHMIH rpad) ABAAETCA TPHAHTyAALHe

9 3ak. 1075

ABOHCTBEHHOrO 1HA-
e pe6po AuarpaMMEL.
i, a 3HauuT, nyiaxap-
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HBIM rpagom ¢ N BepumHamu. B coorserctsHH ¢ dopMmyJod Iii-
qepa on uMeer He Goisee 3N —6 peGep n 2N — 4 rpaneit. Cireno-
BaTelbHO, jJuarpamMma Boponoro umeer e Gosee 3N —6 peGep.
OjHako JHWbL OrpaHHueHHHE rpanH (ux He Goree 2N —5) cooT-
BETCTBYIOT BEpIUHHAM AHArpaMMbal BopoHOro mpu 0To6pakeHHu
KBOHCTBEHHOCTH.

Hcnonbsys BBeeHHOE NOHSATHE ABOHCTBEHHOCTH, Auarpammy
BopoHoro MosHO TakKe NpUMeHUTb AJIa pelenns sazaun TPUAH-
TYJISAUS (sanaua B.4).

Tak kak auarpamma BOpOHOTO siBA€TCA NIaHADPHEIM rpadom,
TO AJis1 €e NPeACTABJICHHs HOCTATOYHO AUHEHO20 TO UYHCJY TOYEK
o0beMa naMATH. ITO MO3BOJSIET NPeACTABHTH uHpopmanuio o 6au-
30CTH B YPE3BEYAHHO KOMMaKTHOH (opMe. JIi060il KOHKpeTHHit
MHOrOYroJbHHK BopoHoro moxer umers 10 N—1 peGep, o noa-
HOE uHCJIO peGep He mpeBocxoauT 3N — 6, npu 3TOM Kaxoe pe6po
NPHHAAJEXKHT B TOYHOCTH JABYM MHOrOYroJbHHKaM. 310 3HAYHT,
uTO cpedee UHCIO peGep MHOrOYroMbHHKZ BOpoHOro He npesoc-
XOJHMT IUECTH.

JBYX IOCAEAYIOIUX pasieaX PaccMOTPeHHbie CBOHCTBA Gy-
AYT HCMOJb3OBAHM AJs GHICTPOrO NOCTPOEHHs AHATPAMMBL Bopo-
HOTO H paccMoTpeHo ee TNPHMEHEHHe AJs pelleHHs 3ajga4y o Gu-
30CTH TOYEK.

5.5.2. Moctpoenue nuarpammb Bopooro

Xorss MH GyjeM HCIO/b30BATH ZHATDAMMbL Boposoro
AJist pelleHHus APYrux 3ajav, CJelyeT OTMETHTb, YTO B I€JIOM paae
TIPPUIO)KQHHﬁ KOHEYHOH LeJibl0 SABJIAETCS HMEHHO NOCTpoeHHe jHa-
rpaMMEl Bopororo. B apxeosornu MHOTOYrOMBHHKH Boponoro He-
HOJB3YIOTCH [UIsi HAHECEHHs HA KapTy apeana NPHMeHeHHs opyauit
TpyAa B JApeBHUX KlebTyan H JJ11 H3YYeHHs BJHSHHSA CONepHH~
HaoMKX UenTpos Toprosau [Hodder, Orton (1976)]. B skomoruu
BO3MOKHOCTH OpPraHH3Ma Ha BBUKHBAHHE 3aBHCAT OT 4Yucaa coce-
Ieft, ¢ KOTOPHIMH OH JOJIKEH GOpOTheA 3a nuiy u ceer. HMcnoan-
soBaHue Anarpammb Bopomoro, orpaxaiouleii kaprHuy paccene-
HHUA XKHBOTHHIX H pacnpeneneﬂuﬂ JKHU3HEHHO BayHBIX pecypcos, 1no-
Moraer Th 3¢ekT nep TH [Pielou (1977)].
COBMQCTHOC BIIMSTHHE SJEKTPHYECKHX H 6JIH3K0ReﬁCTBy10U-lHX CHJI,
AJIs1 H3Y4eHHs KOTOpPBIX CTPOATCS CJIOXKHbIE AHarpaMMbl BOPOHOYO,
nomoraer OnpejensiTh CprKTypy MOJIEKYJI.

Tlox sapmaveii mocrpoenns Aauarpammul Bopoworo Vor(S) ma
MHOKECTBE TOUEK S, /I CCHUIKH Ha KOTOPYIO MEl GyieMm HClofb-
308ath Haspanne JHATPAMMA BOPOHOTO, GyeM NOHHMATh
TOPOK/ICHHE ONHCAHKS RHArDAMME KaK IIaHAPHOTO rpada, yio-
ZKEHHOTO Ha ITOCKOCTH. DT0 OMHCaHHEe HOJIXKHO BKJIOYATh caenyro-
e siemMeHTHE (cM. pasa. 1.2.3.2):
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1. Koopanuatst Bepuikn quarpammel Bopownoro.

2. MHOXECTBO pebep JHAarpaMMbl, Kaxioe H3 KOTOPBHIX Mpel-
CTaBJseTCsl Napoil BepWIMH Auarpammbl Jas Kaxjaoro pe6pa yka-
3BIBAIOTCA JlBa JAPYrHx pebpa, CleIylOUHX 3a HHM TNpH oéxoug
NPOTHB YACOBOil CTPeJIKH B KaXK/0# ero KOHLeBOil Touke (peGepHbril
CITHCOK C JBOMHBIMH CBA3AMH, cM. pasa. 1.2.3.2).

Takasi opraHH3allsi HesiBHBIM 00pasoM JaeT WHKIHYECKYIO
YNOPSIIOYEHHOCTh TIPOTHB YaCOBOH CTPENKH peGep, WHUHIEHTHBIX
J060it BepuIMHe AHATPAMMEL, a TaKKe LUHKIHYECKYIO YNOPSA0YeH-
HOCTb TI0 4acOBO# cTpeske pebep MoGoii rpaHu.

Teneps, Kak OGBIYHO, PAacCCMOTPHM CHaYaJa BOMPOC O HHKHHX
OLEHKax JJIs BPeMeHH, HeOGXOAHMOro JIsi MOCTPOCHHS JHATPAMMBL
Boponoro. OTser Ha 3TOT BOMPOC A@eT cielylomlas NpocTas Teo-
pema:

Teopema 5.12. B pamkax moderu arzebpauveckux Oepesves
soLiucaenuti 0as nocrpoenus duazpammer Boponoeo muoxecrea us
N rouex TpeGyerca Q(Nlog N) onepayuii 6 xyOwem caysae.

JMoxasareascreo. [anee ML YBHIMM, 4TO Bce 3afauu O GaH30-
CTH TOYEK MOXHO CBECTH 3a JHHejiHoe BpeMst kK 3ajaue JHA-
TPAMMA BOPOHOTO, u, cneoBarTeIbHO, CyLIECTBYeT MHOTO
PA3IMYHBIX CNOCOGOB J0Ka3aTedbeTBa 3Tol Teopembl. Ho amech Mbt
OTPaHHYHMCS OYeHb MPOCTHIM J0Ka3aTeJbCTBOM. B odnomeprosm
cayyae quarpammy Bopomoro mHoxkecTBa, cocrosiliero u3 N Touek,
TIPEJCTABISIET NOCJAe10BATebHOCTh H3 N — 1 TodeK, OTAeJAIUHX
ApYr OT Apyra NOCJeNoBaTe/bHbIE TOYKH HCXOAHOTO MHOMKECTBA H
PACIOJOKEHHHX NocepejnHe Mexay Humd. MMest sty mocaenosa-
TENBLHOCTb, MOXKHO 3a JIHHEHHOe BPeMsi MOJYYHTb YNOPSLOYEHHBI
CITHCOK TOUEK HCXOAHOro MHoxecTa. Takum obpasoM, 3ajaua
COPTUPOBKA Mo)er 6uTh CBeieHa 3a JHHeHHOe BpeMs K 8a-
raue JMATPAMMA BOPOHOTO.

Ipocroit (1 mocraTouno rpy6uiii) NOLXOA K NOCTPOCHHIO Aua-
rpammbl Boponoro sakiiouaercs B MOOYEPEAHOM MOCTPOEHHH MHO-
TOYrOJIbHHKOB, BXOASLUHX B JAHArpammy. Tak Kak KaKiblii MHOTO-
yroaeHHK BopoHoro mosyuaercs B pesyabrate nepeceuerus N— 1
TOJYNIOCKOCTe, TO, HCNOMb3Ys METOA, KOTOPEIA OyleT paccMoTpen
B L MOXKHO IIOCTPOMTH 3TOT MHOTOYrOJBHHK 3a BpeMmst
O(NlogN), uto naer mis nomsoro BPEMEHH MOCTPOEHHS BCEX MHO-
royroipHiKoB ouenky O(N?logN). Janee Gymer nokasamo, uto
BCSI AMATDaMMa UEIHKOM MOKeT GbiTh NOCTPOEHA 3a ONTHMAJbHOE
Bpems 0(NlogN), a 370 3HauHT, uTO aCHMNTOTHUECKH 3a4aya MO-
CTPOGHHs BCeil ANMarpaMMBbl sBJseTcs He GOJee CJOKHON, ueM 3a-
Ala4a NOCTPOGHHS VMWL OJHOTO U3 MHOTOYTOJbHHKOB 3TOH jHa-
rpaMmul!

9%
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B 1efiCTBHTEIBHOCTH, HECMOTDH Ha KaXYUIYIOCH CIOMKHOCTB,
3agaua JUATPAMMA BOPOHOTO npekpacHO NOAXOAHT AJs
NpPHMEHEHHS] MeTOJAA «pasfieliait H BJIACTBY#». YCIex NpHMeHseMoro
HAMH METOjla 3aBHCHT OT DPA3JHUYHBLIX CTPYKTYPHBIX CBOWCTB JHA-
TPaMMBl, HCIOJD! P P TH 06Dbeau-
HeHHe pelleHHH N0/A3a/Aay 3a JHHeHHOe BpeMs.

IlonbiTaemcst B Oﬁll-lHX 4epTax OMHCATh AJITOPHTM.

procedure JUATPAMMA-BOPOHOT'O (npeasaputebiblii Ba-
pHaHT)
Ulaz 1. Paspenuts MHOXKECTBO S HA JBAa NPHOIH3HTENBHO PAaBHBIX
noaMHOXKecTBa S| H Sa.
Mlae 2. PexypcusHo noctpouts Vor (Sy) u Vor (Sz).
Ilaz 3. O6wbepunnts Vor (S;) u Vor(S;) u TakuM o6pasoM mnouy-
untp Vor(S).

HpeﬂﬂOJlO)KHM, uyro mar 1 AJITOPHTMA MOXKHO BBHINMOJHHTL 32
BpeMa O(N) (mosxe MBI jokaxeM 370). Ecan o6o3naunts uepes
T(N) nonHoe BpeMsi paGOTHl aJArOPHTMA, TO HA BBINOJHEHHE
wara 2 norpeGyercst BpeMs, pasmoe mpumepho 2T (N/2). Taxum
o6pasom, eciu yaacrest o6benunuts Vor(S;) u Vor(Sy) 3a sumeii-
HOe BpeMsi, NOJYYuB B pesyabraTe auarpammy Bopomoro Vor(S)
BCEro HCXOAHOIO MHOXKECTBA, TO MBI TNOJYyuHM ONTHMAJBHBIH aa-
TOPUTM ¢ Bpemenem paGoth 8 (N log N). Ho mpexae uem Gpatbest
3a Gosee JeTajbHyI0 Pa3pabOTKy a/iropuTMa, NONEBITAEMCH OTBE-
TUTb Ha cneﬂyloumﬁ BOMPOC: HA KaKOM OCHOBAHHH MOJKHO CYHTATh,
uto Vor (S1) u Vor(Sz) Kak-to cBsizans ¢ Vor(S)?

Uro6El OTBETHTL HA 3TOT BONPOC, ONPEAGTHM TEOMETPHYECKYIO
KOHCTPYKIHIO, HIPAIOUIyl0 KJIOYEBYIO pPOJb B PaccMaTpHBAEMOM
noaxozne.

Onpenenenne 5.2. ITycts ans samannoro pasbuenns {S, Sp}
mHOXKecTBa S 0(S1, S2) 0603Hauaer MHOKECTBO pebep AHAaTpaMMbl
Bopororo, o6mux s nap MHoroyroabhukos V(i) u V(j) ama-
rpammut Vor(S), rae pi= Sy u p; = So.

CosokynHocTs pedep 6(S;,Sz) o6nagaer cleayomUMH CBOf-
CTBaMH.

Teopema 5.13. Cosokynnocto 6(S), Sz) A6as€TCR MHONCECTEOM
pebep nexoropozo nodepaga duazpammes Vor(S) u obaadaer cae-
yrouumiL ceoLicTeamu:

(1) o(Sy, S2) cocrour us yukaos u yened, ne umerowjux obuyux
pebep. Ecau nexotopas yens codepocur auwe 00HO pe6po, TO ITO
pebpo asaserca npamol aunuell, unave 08a Kpainux pedpa yenu
ABARIOTCA AYHAMU.

(2) Ecau muoscecrea Sy u S; aunedno pasdeaumsi'), 10

') Ecan paspensiomedt npsmoii mpuHamiexxar Goee OAHOM TOUKH, TO BCEX
JIX CAIEAYeT OTHECTH K OZHOMY H TOMY JXe MHOXECTBY Da3GHeHUs.
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6(S1,S2) cocrour u3 eOUHCTEeHHO  MOHOTOHHOL  yenu (cM.
pasn. 2.2.2.2)

Hoxasareasvcreo. (1) Ecau npeicTaButh, 4TO KaMKibii M3 MHO-
royroabhuko {V(i): p; € S} nokpauieH B KPacHblil LBET, a Kaxk-
Abi u3 MHoroyroabuakoB {V(j): p; & S;}—B 3edeHbifi uBeT, TO
Vor(S) mnpespaTHTcss B ABYXUBETHYIO Kapty. XOpOWIO H3BECTHO,
UTO TPAHHIE MLy MHOFOYTOJbHHKAMH DA3/HUHBIX LBETOB Mpej-
CTABJIAIOT HHKIBl M LenH, He HMelomue o6mux pedep [Bollobds
(1979)]. (3amerum, uTO ABE KOMIOHEHTH MHOKecTBa 0 (Si, Ss)
MOTYT HMeTh OGIHIYyI0 BepINHHY JHlIb B cJyuae, KOLAA CTeNeHb STOH

Puc. 5.24. Muoxectsa S; M S, pa3jieHMbl BepTHKAIbHOH MpsiMOfi; (a) — Kax-
12 Kowmnowenta 0(S),Sy) ABJAETCH MOHOTOHHOM NO BEPTHKAMM Lenbio; (b) —
0(S1, S2) COCTOMT H3 €AMHCTBEHHOI LeMH.

BEPLUHHBEl He MeHblle yeThipeX. [TosTomy, ecan Bce BepPIUMHB! JHA-
rpaMMbi BOPOHOTO HMEIOT CTENEeHb TPH, TO KOMAOHEHTH MHOXeCTBA
0(S1,S;) He mepeceKaloTcs Takie M N0 BepunHaM.) Kaxnas xom-
noHeHTa MHO¥KecTBa 0(S,Sz) pa3buBaeT MIOCKOCTh Ha JIBE HacTH.
Takum 06pa3om, lielb JHGO COAEPIKHT eIUHCTBEHHOE Pe6po, mpei-
crapiisiioniee MPAMYIO JHHHIO, JHGO ee mepBoe H mocseaiee peGpa
ABasiotest ayyamu. Uto gokaswiBaer csoiictBo (1).

(2) He Tepsas OGIIHOCTH, NPEANOJONHM, YTO MHOXKECTBA Si H
S, pasneTeHbl BepTHKAJbHON NMPAMON m, u nycth C — KOMIOHEHTa
muoxkectsa 6(Si, Sz). Byaem asuratbest no C, Hauas ABHKEHHe H3
HEKOTOPO# TOUKH ¢ pe6pa koMmnoHentsl C B HampaB/eHHH yMeHb-
LIEHHs Y-KOOPAMHATE [0 TeX MOp, NOKa He JOCTHIHEM BEpUIMHDLI
AuarpaMmsl v;, B Kotopoii C moBopaunBaer BBepx (puc. 5.24(a)).
Pebpo vjvy mepneHHKYIAPHO OTPE3KY p1Pz M AETHT €ro NONoJaM,
a pe6po U;U; NEpNEHHKYISPHO OTPe3Ky pips H TAKKE JCJHT €ro
nonoaam. Tak Kak y(vs)>>y(v1) u y(v2) > y(v1), 10 x(p3) <
< x(p1) < x(p2). Onnaro, yuurbiBas (opmy C, TOUKH ps H Ps
NPHHAMIEKAT OAHOMY M TOMY Ke MHOxecTBY (nubo S, auGo Sg).
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Bo3HHKAOAA CHTYalHs NPOTHBOPEUHT MPEIINOJIOKEHHI0 O pasje-
auMocTH S; H Sy BEPTHKAABHOH NpsMOM. 3HAYMT, BepuHHa, IO-
n06Hast v, He MOXKeT cylmlecTBoBaTh, a C sIBJIS€TC MOHOTOHHOMN
OTHOCHTEJIBHO BEPTHKaJbHOH MpAMOil. OTCIOAa ClEAyeT, YTO KOM-
nonenta C ABJSAETCS LENbIO.

IIpeanonoxum Tenepb, 4to 0(Sy,Sz) COAEPRKHT MO Kpaiineit
Mepe ABe MOHOTOHHLIE OTHOCHTE/BHO BEPTHKAJbHON NPAMOi MM
Ci u C, IlpousBoibHas TOPH3OHTA/JbHAs mpsiMasi [ mepecekaer
Kaxayio u3 uenefi C; u C; B IMHCTBEHHOH TOuKe (B CHIY MOHO-
ronnoctd C; u Cp). TIpeAnonoxuM, 4To TOYKA MepeceyeHHs nps-
Moii | ¢ C, Haxoumtca Jesee ToukH mnepeceuernss [ ¢ Cq
(puc. 5.24(b)). Toraa B S CyWleCTBYIOT TPU TOUKH pi, P2 H Ps
Takue, 4to x(p1) << x(p2) < x(ps). Tlpu stom p, u ps npuHauie-
AT OHOMY M TOMY XK€ MHOMKecTBy pasbuenus {Si, Sp}, uto mpo-
THBOPEYHT IPEANOJOKEHHIO O Pa3NeJTHMOCTH STHX ABYX MHOXKECTB
BepTHKANbHOMK npsMoil. TTostomy o(Si, Sz) €OAEPKHT JHWDL OAHY
KOMIIOHEHTY, SIBJIAIOULYIOCS MOHOTOHHOH Lemblo.

B ToM ciyuae, Koraa MHOxecTBa S; M Sz ABJIAITCA JHHEHHO
pasieqHMBIMH, €AHHCTBEHHYIO lellb, cofepixamymocs B o6(Sy, Sz),
Oyxem oGosHauath 0. Ecnu oTnensiomas npsamas m siBJASeTCs Bep-
THKAJbHOH, TO MOXKHO HEIBYCMBICJIEHHO TOBODPHTb O TOM, YTO ©
pas6uBaeT IJIOCKOCTh Ha JEBYIO %y H MpaBYlo fr yacTH. Mwmeer
MeCTO CJIeAyIolilee BaXHOE CBOHCTBO.

Teopema 5.14. Ecau muoocecréa Sy u Sy Aunetino pasdesumot
gepTuKasbrol npamot u npu srom S Haxodurcs cieéa or S,
10 duaepamma Boponozo Vor(S) npedcrasaser coGoi o6wedune-
nue Vor (S)Naw u Vor(Se)Nnet).

Hoxaszareavcréo. Bce TOUKM MHOXKecTBa S, PAClOJOKEHHbBIE
cnpaBa OT O, mpuHamiexar S;. Kpome Toro, Bce pebpa Auarpam-
Mbt Vor (S), pacnonoxeHHble CNpaBa OT O, Pa3Ae/sioT MHOTOYrob-
uukd V(i) u V(j), rie o6e ToukH p; W p; nNpuHHamIexar S, Or-
CiOfa caelyer, uTo Kaxjoe pe6po muarpammbl Vor(S), nomajpao-
mee B mg, JHG6O coBmajaer ¢ HekoTopbiM peGpom Vor(S:), aubo
SBJISIETCS €TO YacTpl. AHAJOTHYHbE YTBEDXKJEHHA CIPABEATHBHI
H ST S

Ipeabiaymas Teopema HaeT OTBET HA BONPOC O TOM, Kakas
cBasb umeerca Mexay Vor(Sy), Vor(Se) u Vor(S). A umenno
ecaH MHOXKecTBa S; M S; JHHEHHO pasgequMbl (a 3TO MOJHOCTBHIO
B Hamefl BJACTH H MOXKeT GHTb peanusoBaHO Ha uware 1 aaro-
PHUTMa), TO TeOpeMa JaeT METOX, MO3BOJIIONLHII BHIIOJHUTL 06D~
enunenne Vor(S;) u Vor(Sy). TlepecMorpenublii BapuaHT aiaro-
pHUTMa NMpHBEAEH HHXKe.

') HOuarpamma Bopomoro Vor(S) mpeacrasaser coGoit oObenuHeHHe
Vor(8)) N, Vor(Sy) g u 6. — Mpus. nepes.
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procedure JUATPAMMA-BOPOHOTO

az 1. PasjequTh MHOXKECTBO S Ha JBa NPHGIH3HTENLHO PaBHEIX
MOAMHOXecTBa S| H Sy, HCIOJB30BAB AJIsl STOFO MEAHAHY MO X-KO-
opjHHaTe.
Llaz 2. PekypcusHo noctpouts Vor(Sy) u Vor(Sy).
Ulae 3. TlocTpouTs JIOMAHYIO G, Pa3feasomyo Sy 1 Sa.
Ilaz 3”. Ypanuts Bee pebpa anarpammsl Vor(S:), pacnosoxmeH-
HEle c/leBa OT o, H Bce pe6pa Vor(Si), pacmosioxeHHble cnpasa
or 6. B pesyabrare noayuaem Vor(S)— auarpammy Bopoworo mas
MHOJKECTBA B LEJOM.
\
\
\ e

/
/ ~{ o
\
.o
v
v

(b)

Pic. 5.25. Iinarpauya Bopoworo acsoro (a) u npasoro (b) mHowecTs.

OueBHIHO, YTO YCMENIHOE BHINOJHEHHE 3TOH NPOUEAYPHl 3aBH-
CHT OT TOTO, HACKOJBKO GBICTPO MBI CMOKEM IIOCTPOHTb O, TaK KaK
war 3” e Bh3biBaerT 3arTpyaHeHuit. Jlas HATAAAHOCTH  Ha
puc. 5.25(a) u 5.25(b) oraeabHo nokasanel Vor(Sy) u Vor(Ss)
COOTBETCTBEHHO, @ Ha pHC. 5.26 oHu TpeacTaBJ/enbl BMecTe C 0.

Ecau roBoputh 0 BpemeHH 06paloTkH, TO HayanbHOe Da3bie-
HHe MHOXecTBa S € HCMOJAb30BAHHEM MelHaHbl 10 X-KOODAHHATE
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MoxKer GbiTh BHIMOJNHeHO 3a BpeMsi O (N) ¢ MOMOIIBIO CTaHAAPTHOrO
aJropHTMa NOHCKA MEAHAHHL Kpome Toro, wmar 3” moxer GHITb
sunoxnen 3a spems O (|Si|+]Sz2|)= O(N). Ocraercs ammb Haii-
TH 3(QeKTHBHBI CM0CO0 MOCTPOEHHs pasiensioulel Uenu o.

. ,L
- 1
e
- =
\
.
p;
N //
- - r (52)Nta
yar(s,m,,h%\\4 e N
// N N 1
/ A

Prc. 5.26. Hanoxenne Vor(S1), Vor(Sz) n o.

PaccmoTpuM Tenepb pelmene 7oit 3ajgaun [Shamos, Hoey
(1975), Lee (1978), (1980a)].

5.5.2.1. Iocrpoenue pasdersrowed yenu

Tlepphiil war B NOCTPOEHWH pasjensiomieil Wenn o 3a-
KJI0UaeTcs B ONpPeJeeHun ABYX ee Jiydeidl. 3aMeTHM, UTO Kamablii
Jlyd UeNH ¢ NepHEHAHKY/ISDEH ONOPHOMY OTPe3Ky (Kaxibliil CBO-
emy) k CH(Sy) n CH(S:) u nenut ero nononam. OTMeTHM TaKie,
4TO TAaK KakK M0 NPEANOJOXKEHHI0 Sy U Sy JHHEAHO Da3e/HMBEL, TO
HMeIOTC B TOYHOCTH 1Ba omopuix otpeska k CH(S)) n CH(S:)
(TeM caMBIM IIOATBepKAaeTcs, uTo 6(S1, S3) COCTOMT JHIIbL H3 O-
woii menu o). Ecau Temepp (MO HHAYKUMH) MPEANOJIOKHTE, YTO
yJKe MOCTPOEHBl 3TH JiBe BBIMYKJble OGOJOYKH, TO ABA OMOPHBIX
OTpeska, KOTOpble MBI 0003HAuHM f H fp, cTpositess (camoe GOJb-
wee) 3a JanHefiHoe Bpemsi (cM. pasa. 3.3.5) mnociae uero Jerko
onpeaensoTes AyuH Lenu ¢ (puc. 5.27). 3aMeTuM, uTo B KauecTse
no6ounoro pesyibrata Mbl moayuaem rakxe CH(S), obecneunsas
TeM CcaMBIM HaJHuMe BHIMYKJIBIX 000JI0YeK, HEOOXOAHMBIX A5
mara HHAYKLIHU.
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Haiias aiyy Lemu o, MBI NOCJEJ0BAaTENbHO CTPOMM peCpa uenu
J0 TeX Mop, MokKa He JIOCTHTHEM BTOPOro Jyda. ;[JUI JIyulero no-
HUMaHHs N0Je3HO OGpPaTHTbCS K MpHMepy Ha pHc. 5.28, Ha KoTo-
poM il NPOCTOTHI Kaxpaasi Touka p; NpeAcTaBjieHa CBOHM HOMe-
poM j. B mpuBeienioM NpuMepe BEPXHHH Jiyd UeNil ¢ MepIeHAHKY-
JSIPEH_OTPE3KY, COEJHHsOLeMy TOUKH 7 i 14, u peant ero momo-
nam. IIpeicTaBuM TOUKY 2, ABHTAIOULYIOCS NO BEPXHEMY Jydy H3
6eCKOHEYHOCTH CBEPXY BHH3.
HepBoHaqaano TOYKa 2z Ha-
XOJHUTCS B HEKOTOPHIX MHOro-
yroJbHHKax AuarpamMmm
Vor(S)) u Vor(Sg). Touka 2z
OyJeT ABHraThCsl 1O Jydy 10
TeX TOp, NMOKa He Iepeceuer
peGpo OHOrO U3 STHX MHOTO-
YroJIbHHKOB. C 3TOr0 MOMEH-
Ta TOYKa HayHeT JABHIAThCA
BApyroM Hanpasiexuu.B Ha-
meM mnpuMepe TOYKa z mep-
Boii mepeceyer pebpo Jaua-
rpammel Vor(Sp). D10 3Ha-
4HT, YTO TeNeph z craja Gau-
ke K Touke 11, 4eM K TOYKe H
14, H NOSTOMY OHA JOMKHA pyc. 527. Onpeaeiende ayueli uemn O.
ABATATbCS  BHOJb  IPAMOMH, JIydn Uen# O MepUEHIHKY/sIDHE OMOPHHIM
NepHeHAHKYISPHOM OTPesKy, OTpeskaM K CH(S)) n CH(S:) u nemar
CoeMHsIONIeMy TOUKH 7 m 11, WX monoaa.

W jensuledl ero IonoJaM.

3t0 npojoJKaeres A0 TeX 1nop, HoKa He 6yne‘r JOCTHTHYTa MNps-
Masi, TIepIeHNKyAApHas OTPE3KY, COCAHHSAIOILEMY TOUKH 6 u 7,
Jeasmas ero monosaM. Temeph TOYKa z ABHFAercs MO NpAMOIL,
NepleHAHKYIAPHOIl OTPe3Ky, COeIMHAIOLLEMY TOUKH 6 u 11, u e
JsleR ero monoJam. B KoHile KOHIOB OHa fepeceyer MpsMylo, nep-
HeHAUKyJAApHY0 oTpe3ky 10—11, pensutyio ero momojam, # ABH-
JKeHHe NPOJONAUTCA 10 NPAMOM, NepHeHUKYJISAPHOH OTPESKY
6—10 u seasmeii ero nononaM. Takoe 3Hr3aroo6pasHoe ABHXKEHHE
no Jomanoii OyJer NPOMOJIKATHCS [0 Tex Mop, NOKa He Gyner
AOCTHTHYT HUAKHHA JIyY Hend o.

n.pe}ll'l().'lO)Kl/lM, UYTO NpPOJABHXKEHHE N0 O OCyLIeCTBJAACTCA B Ha-
TpaBJeHAH YMeHbIICHH Y-KOOpAHHATHL. MexaHu3M TPOABHIKEHUS
No o oGecreunBaeT Nepexoi OT TeKyluero pe6pa e H TeKyleit
BepIWHHbL U (ABAAIOMelics BEPXHHM KOHIOM pebpa e) K crieiyio-
wuM pebpy e u BepumHe v’. Ecau peGpo e pasienseT MHOro-
vroabuuki V(i) n V(j), rae pi S u p; =Sy, TO Bepiuna v
sBJasieTcst 60 TouKol nepeceueHus e ¢ rpanuuei V(i) B Vor(S1),
au6o Toukoii mepeceuenns e ¢ rpaumieii V(j) B Vor(Sy) B 3asu-

CH(Sz)
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CHMOCTH OT TOrO, KaKast 3 HHX 6aHxe K v. Takum 06pasom, mpo-
CMOTpeB TpaHHLbl MHoroyroishukos V(i) B Vor(S;) u V(j) B
Vor(S;), MOXHO JIerko onpeieants BeplwuHy v’. K coxaleHuo,
Lenb G MOMET, OCTaBasch BHYTPH HEKOTOPOTO MHOTOYTOJMbHHKA
V(i), MHOTOKPaTHO MEHATb CBOE HANpaBieHHe, NpPeXKIe YeM OHa
nepecever Kakoe-1u6o pe6po MHoroyroashuka V(i). M ecanm kax-
AHI Pa3 NPHXOAWTCA NPOCMATPHBATHL BCe MHOTOYTOJbHHKH V (i),

v(14)
14
.
e = z:'(
h | o6
Vor (S1) A
~
LI N

\
\

\
Puc. 5.28. 3ur3aroo6pasHiii myTh, NPOXOXHMELL TP NOCTPOCHHH G.

TO MOXET NOTPe6OBaTbCA MPOBEPHTH CIHMIIKOM MHOrO peGep, H B
OGH.[CM ciydae Heoﬁxonnmoe AJA 3TOrO BpeMsi MOXKET OKa3aTbCsi
KBaApaTHuHbIM. OAHAKO HCNO/b30BAHHE OCOGEHHOCTEl CTPYKTYphi
zuarpammel Bopoworo mnossoasier paspaGorath Gosee 3ddekTus-
HYIO CTPATerHio POCMOTpa.

JleficTBUTENBHO, NPEINOIOKHM, YTO MOCHEOBATENHHOCTD pe-
Gep ey, ez, ..., e, HemH ¢ cojepxurcs B V (i), rae aas KOHKpeT-
HOCTH p; €S, (cM. mpuMep na puc. 5.29, rae k= 3). IIpogosmum
Kaxjoe pe6po e 3a €ro KOHEYHyI0 TOYKY Uy, NOJyuast JYY rp, H
PAcCMOTPHM TOYKY NeEpeceYeHHS §n JAyYa rp C TPAHHUEH MHOTO-
yroaphuka V(i) B Vor(S;). Paccvorpum nomuens Cy=e, ...

-» € UelH ¢ W YacTb FPaHHUBI MHOTOyroJbHuka V(i) B Vor(S;),
DPacnoJoXeHHyI0 ClpaBa OT G, KOTOpyl oGo3Hauum C,. Iopuens
2—9TO0 YacCThb TPAHHUL (BO3MOXHO, HEOrDAHHYEHHOT0) BHIMYK-
Joro MHoroyroneiuka V(i) B Vor(S)); Cy takke sBasercs Bbl-
TYKJOH M LeAHKOM coaepxkutcs B V(i). Tak Kak BCe Yribl Mexay
OTPEe3KAMH Unqh W Ungny1, TR h =1, 2, ..., k—1 (c yuerom Ha-

5.5. Peuwsenue 3ada 0 GAu3ocTu #erodos A0KYCos 267

npapienns OT Urdn K Ungs1), HMEIOT OLWH H TOT Xe¢ 3HaK, TO
TOUKH NepeceyeHHst g1, g2, ---» Gr C ¢ ynop

Ha C, OTcioAa CJelyer, YTO NPH ONPEAC/IEHHH TOUEK NepeceueHus
q1, G2, ... uenb Co, T. €. TPAHHIY MHOTOYrOJbHAKA V(i) B Vor(Sy),
HEOOXONMMO NPOCMATPHBATh 63 6036paros 6 nopadke o6xoda no
4acosoll crpeaxe. AHAJOTHYHBE DPaCCyX/eHHS INOKAa3LIBAIOT, YTO
rpanmy JioGoro muoroyroibuuka V(j) B Vor(S:) caeayer mpo-
cMaTpuBaTh 6e3 6036paros e nopadke ob6xoda npoTUs 4acosotl
crpeaku.

Tpanuya V(i)
3 Vor (S;)

Puc. 5.29. TouKkH nepeceuens qi, gz, gs ynopanouess na Ca.

B uacrrocru, Gyiem cumtath, 4To Kak Vor(Si), Tak u Vor(Sz)
npegcrasiens B Buge PCAC (cM. pasa. 1.2.3.2), mpH 5TOM WHMKJGL
rpameii OPHEHTHPOBaHH WO UacoBOi cTpeske B Vor(Si) H MpoTHB
vacosoit crpenkn B Vor(Sp). Has mnpexcrasienns PCIAC nua-
rpaMmel Vor(S;) mcmoabayeres Maccup ykasareneli CJIELYIO-
1AM, | ], ncnonbayembifi Ans 06xX04a TPaHHILl TPaHH MO 4acOBOH
crpeake. Ananornunbii Maccus CJIEAVIOIIWH, [ | ucnoassyercs
aas npeacrasiaenus Vor(Sp). B pabore ajAroputMa HCMOJMb3YIOTCS
Tpn pebpa: aBa pe6pa eL W er, NPHHAJIENKAIINE COOTBETCTBEHHO
Vor(S1) u Vor(S2), n «Tekymee pe6po» e 1enH ¢ (B AefCTBHTeIb-
HOCTH He caMo pe6po, a mpsiMasi, cofepamas 3To pe6po). Kpome
pe6pa e HCNO/Mb3YeTCsl TAKKE ero HauaibHasg TouKa v (Aas mep-
BOTO pebpa e* LenH o, ABISIOUIErocs JyyoM, B KauectBe v* Ge-
percst TOUKa, Jexallas Ha €* H HMeoWas JOCTaTouHo GoabuIyio
opauHaty). M HaKoHel, HCIOJB3YIOTCS ABe TOUKH MHOXecTBa S,
PLE S) H prE S;, obpasylomne OTPe30OK prpPr, NEPHEHAHKYJSP-
HBIi  TeKymieMy peGpy e, KoTopoe AeJHT ero monosam. Ilycts
I(e,e’) oGo3Hauaer InepeceucHHe OTPE3KOB e M ¢/, a 3amuch
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I(e,¢’)= A osnauaer, uTO OTPesKH e H e’ He mepecekaiorca. Kak
H paHee, f; U f;— 3TO /Ba ONMOPHEIX OTPe3Ka M MpH 3TOM ! = pq.
Huxe npencrasiena peannsaumus mara 3.

1. begin p.:=p;

2. PRI=G;

3. e 5

4. v B

5. ey :=mepBoe pe6po (OTKPBITOH) rpanuust V (py);

6. ep:=TnepBoe pe6po (OTKpLITOH) rpanuubt V (pp);

7. repeat

8. while(/ (e,e;) = A) do e, := CJIEYIOIIHM,[e,]
(* mocmotperb rpanuny V(p.)*);

9. while(/(e,eg) =A) do ep:= CJIELYIOILHM,[ex]

(* mocMotpersb rpanuny V(pg) *);
10. if(v 6nmxe x I(e,e), uem k I(e,ep)) then
11. begin v:=1I(e,e.);
12 ppi=TOUKa MHOXeCTBa S, HaxoasUIasCsH
O JAPYryio CTOPOHY OT er;
13. e:=npsMas, NepneHuKyaapHas ppp H
Jlensuias ero momnoJam;

14. ey :=o06paTHoe K e, (* HOBOe e; SBJsETCH
pebpom V(py) +)
end
15. else begin v:=1I(e,ep);
16. PR = TOUKa MHOXeCTBa S, HAXOXsMAsCs
70 JIPYryio CTOPOHY OT ep;
17. e:=TnpsaMasi, NepneHfHKYIAPHAA P P U
JlesIsIast ero IonoJam;
18. ep:=o6paTHoe K eg
end

19. until(ppr="15)
end

Tocre wHunuanu3auun (CTPOKH 1—6) HauMHAETCS NPOABHIKE-
HHe 1Mo uen# ¢ (crpoku 7—19). dakTHUECKH MeXaHH3M NOJBHKe-
HHS 10 LeNH ONHCHBAKT cTpokd 8—I18, npu stoMm cTpoku 8 u 9
ONUCHIBAIOT TNPOCMOTP Ge3 BO3BpPATa TPAHHI MHOTOYIOJLHHKOB
V(pe) u V(pr) coorBercrBenro. Crpoku 11—14 u 15—18 otpa-
KAIOT 1BA B3aUMONCKIIIOUAIOWHX CJyuasi H3MEHEHHs! TeKYUIHX 3Ha-
ueHnit napamerpoB {0, pr, P, €, ez}, HA BHIIOMHEHHE KAXKIOMO M3
KOTODLIX Tpebyercst mnocrosHHOoe BpeMs. Tak KaKk JHArpamMMbl
Vor(Si) u Vor(S;) Bmecre cozepxar He Gosee 3N-—6 peGep,
a uenb o coaepxur O(N) BepuwHH, TO NONHOE BpeMsi, HEOOXOAM-
MOe IUI MOCTPOEHHs ULemH o, siBAsiercss JuneitnsiM. ITogpoGHoe
omnucanHe 3Tofi nmpoueayps npusegeno B paGore JIu [Lee (1978)].
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HanomHHM, 4TO A5 NOJyYeHHs: auarpammbl Boponoro HeoGxo-
IMMO yAaJHTb Bce peGpa Auarpammbl Vor(S)), pacrosioxeHHbie
cnpasa ot o, U Bee pebpa Vor(S;), nexamue cresa or o. Ore-
pauMH MO yAaJeHHIO peGep BHINOJHAIOTCS NPH 06Xole TrpamHIL
MHOTOYTOJbHHKOB 1O YaCOBOA CTPeJKe H NPOTHB UaCOBON CTPENKH
B Ipollecce NMOCTPoeHHs LelH ¢. K3 Bcero ckasamHOTO Cjelyer, uTo
nas obbennnenua Vor(S;) u Vor(Sy) TpeGyerca JauHefinoe Bpems.
3aBeplUHM 3TOT pasfiel CeAylollell Teopemoii:

Teopema 5.15. Juazpammy Boporozo das muoxecréa us N r0-
ek Ha naockoctTu modno nocrpouts 3a epems O(NlogN), uro
ABAAETCA ONTUMANbHBIM.

Hoxasareascreo. Bpems, HeoGXoAHMOe IS BHIMOAHEHHS PeKyp-
CHBHOM TIpOLEAyPbl OObeAHHEHHs AHATPAMM, OMpPElenseTcss peKyp-
pentHnM cootHowenuem T (N)= 2T (N/2)+ O(N)= O(NlogN).
OnTHMAaJbHOCTb 3TOM NPOLEAYPHl C/leAyeT u3 Teopembl 5.12.

5.6. Peulenue 3amay o 6JIM30CTH
¢ noMmowpbio Auarpammbl Boponoro

B pasgene 5.1 yXe roBOpHJIOCH, UTO BCe IPEACTABJEH-
Hbie TaM 3ajayd O GJIH3OCTH MOXKHO 3(G(eKTHBHO pEWHTb ¢ Mo-
Momblo juarpaMMbl Boponoro. B stom pasgene Mbl Goaee mo-
Apo6HO o6CyaAMM 3TO yTBepxkaeHHe Ha npumepe 3axau B.1, B.2,
B.4nbB5.
Haunem ¢ 3agaun BCE BJIVDKAMIIHME COCENU (B.2), aas
KOTOPOH CNpaBejJInBa Caeiylolas TeopeMa:

Teopema 5.16. 3adawa BCE BJHXAHIIHE COCEJIH cso-
duma 3a aunetinoe spems k 3adawe JHAI'PAMMA BOPOHOIO
u, caedosarenvro, moocer 66iTy pewena 3a spems O(NlogN), uro
A6AAETCH ONTUMANLHBLM.

Hokasarerscreo. Coraacko teopeme 5.9, Kaxabiii 6auiKaimuit
cocel TOUKH p; ompenensier pe6po MHoroyroabHuka V(i). UroGer
HafiTH GMIKAHIIEro cocefla TOYKH pj, AOCTATOUHO JIHIIb NPOCMOT-
peTb Kaxjoe n3 peGep MHoroyroibHuka V(i). Tak Kak Kaxioe
pe6po MpHHAMJICKHT JBYM MHOrOyroJbHHKaM Bopoworo, To HH
01HO 43 peGep He GymeT nmpocMatpuBaThes Gojee ABYX pa3. Ta-
KuM oOpasoM, uMmes amarpammy BopoHoro, MoxHO HaiiTi Beex
Ganxkaiuiux cocefeil 3a JuHeHHOE BpeMs.

Yuurbisas, uto 3ajava BJIVDKANIIAS ITAPA (B.1) csoamma
3a JuHeliHoe BpeMs K 3agaye BCE BJIMDKAMUIME COCE/H, o
OUECBHIHO, YTO AHarpaMma BopOHOro MOeT GBITb TaKiKe HCIOdb-
30BaHa JJI ONTHMAJbLHOTO pelleHus 3axauu B.1.



270 Ta. 5. BAusocts; ocuosmbie a1zopuret

Pewas sanauy noucka Gamxaiimero coceia (3agauy B.5), mbl
CTPEMHMCS  BBINOJIHHTb TPEABAPHTEIbHYI0O 06PAaGOTKY HCXOAHOTO
MHOXKECTBA TOYeK, ¢ TeM 4TOGHl N0 BO3MOMKHOCTH GBICTPO OCyIe-
CTBJIATH NMOHCK GuMIKaiilllero cocena TOYKH ¢, 3a1aBaemoil B 3a-
npoce Ha nouck. Ho mouck Guuxalimero coceia TOUKH ¢ SKBHBa-
JIEHTEH TOHCKY MHOrOyrojibHuka BopoHOro, cojepiaiero sty Tou-
Ky. 3HauHT, NpeiBapHTeJbHass 06pabOTKAa NOJKHA 3aKIIOUATHCS
B mocrpoenun anarpammbl Bopoworo! Tak kak auarpamma Bopo-
HOTO fABJAETCS MJIAHAPHBIM NPAMOJHHEAHBIM rpadoM, To AAs MO-
ncKa Ha Hell MOKHO HCNONB30BaTh JIOGOI H3 METOLOB, MpPeACTaB-
JIEHHBIX B pasa. 2.2.2.

EAHHCTBEHHOCTD SNIEMEHTOB T) EIMKARIAS TTAPA (3.1)

N
N BCE BIVDKANUNE
COCEAN (3.2)
N EMOA3.3) "7 ~. N
~
N N, marpamma
COPTHPOBKA ———s TPHAKTYNAUNS (3.4) L TN
N
!
YIIOPSTOYEHHAS

BbITYKIIAS OBO/IOYKA

Puc. 5.30. Cea3b 3a1ay 0 GIH30CTH C OCHOBHBIMH 3a7aYaMH-NPOTOTHNAMK (R0~
noakenumit puc. 5.6).

Teopema 5.17. IMouck Gauxaiiuwezo coceda MONHO 6b6LMOAHUTE
3a ontunanenoe epema O(log N), ucnoavsosas 0rs 31020 namate
o6veson O(N) u sarparus na npedsapurensuyio obpaborky epe-
s O(Nlog N). .

JHokasareavcréo. Ha nocrpoenne auarpammpi Boponoro sarpa-
unsaercst spems O (N log N), sarem npumensercs Teopema 2.7.

Panee yxe rosopunocs o ToM, uTo rpad, ABOMCTBeHHBI aHa-
rpamme Bopouoro, ssasercs Tpuamryasumeii (tpuanryasums Jle-
“10He, cM. Teopemy 5.11). Cnpasegansa crenyiomas Teopema:

Teopema 5.18. Tpuaneyrayus, 6 KOTOPOU OKPYICHOCTO, ONUCAH-
nax 8okpye 21060e0 Tpeyzorbuura, He codepwcur Opyeux Toue,
Moxcer Goiro Halidena 3a epems O(Nlog N), uro seaserca onru-
MaabroLM 045 21060i TPpUAKEYALYUL.

Xors nuarpamma BopoHOro Momer GHTb HcHOMb3OBaHA A5
TIOJyUCHHS B ONTHMAJILHOE BPEMA TPHAHTYJASUMH MHOKECTBA TO-
YCK M, C/E10BATEIBHO, A5 PelleHus 3anaun B.4, 3agaua o maa-
HapHOH  TPUAHTYIAUHH B CBOeH O6Wlell (YOPMyTHPOBKe SBATETCH
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3HauMTeNbHO GoJiee WIHPOKOM, M Mbl elle BepHeMCst K %eﬂ B
as3g. 6.2. Kpome Toro, B ONHOM H3 CJeIyIOUUX pasjenos Oyrer
EacﬂMOTpeHapHHTepeCHaﬁ BaauMocsa3y 3agau EBKJIUIOBO MHU-
HUMAJIBHOE OCTOBHOE IEPEBO n JHWAIPAMMA BO-
POHOTO. .

3/ech YMECTHO BHOBb BEPHYTbCS K JMarpamme, npeacTapileHHoi
Ha prc. 5.6 M OTpaaiuleii B3aHMOCBA3H MEX]y 3aiauami o Gili-
3octh Touek. Ha puc. 5.30 sTa anarpamma noxasana ¢ yueToMm pe-
3yJbTATOB, MPHUBEJEHHBIX B AaHHOM pasjene. Ha stoii quarpamme
TaKKe OTpaKeH H3BecTHHE (akT o ToM, uto 3apasa COPTH-
POBKA csomnma 3a anHeiinoe spems k sagaue JUATPAMMA

Phe. 5.31. Tloctpoenne Bunykaoi oGosiouxn mo Aarpamse Bopororo.

BOPOHOTI'O (teopema 5.12), u nokasaHo HOBOE€ CBeleHHe 3a1auu
BBIITYKJIAL OBOJIOUKA k sagave JUATPAMMA BOPO-
HOT'O, ycranasinBaemoe cieiyomeil TeopeMoii:

Teopema 5.19. Ecau umeercs duazpamma Boporozo muoocecrsa
ua N Todex Ha NAOCKOCTU, TO BbiNYyKAas 060A04Ka ITOZO MHOMNCE-
cTea moder 66iTo naidena 3a Auneldnoe BPEMA.

Hoxasaresscrso. Tlycts auarpamma Bopoworo mnpeicrasiena
PCIC c opuenrauneii 06Xxona UHKIOB, COCTABJAIOLHX TPanu, Ha-
npyMep, NPOTHB uacoBoii crpenkH. Bynem nepebupatb pebpa ana-
rpaMMbl 10 TeX Nop, moka He Haiigercs ayu (puc. 5.31). Ecau cun-
TaTh r OPHEHTHPOBAHHBIM B HAaNpaBjieHHH OT GeCKOHEUHOCTH K ero
Haually H OpH 3TOM MHOTOYroJbHWK V(i) pacnojioxen cmpasa OT
Jlyua r, TO TOUKa p; ABJAETCH BEPIIMHON BBHITYKIOH 0600uKH (Teo-
pema 5.10). Byaem mnpocmatpuBate peGpa MHOroyroibhuka V(i)
JI0 Tex mop, MOKa He BCTPeTHTCA Apyroil ayu r’. Miasmenus Ha 06-
PaTHYIO ODHEHTANHIO Jyya r, ONpEAENHM CJERYIOULyl0 BepLIHHY
BBIYKAOH 0GONOYKH p; u Temepp Gyiaem TNpocMaTpuBaTh pebpa
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MHOTOYroJIbHHKa V(j) W T. 1., TMOKa BHOBb He BepHeMcsi K MHOTO-
yroabuuky V(i). Pe6po amarpaMMbl IpOCMaTPHBAETCs JIHIIb B TOM
CJaIyuae, €C/iH BHIONHSETCS 06XO0A pebep OJHOrO M3 MHOTOYrOJbHH-
KOB, cojepxallux 370 pebpo. Tak Kak Kaxjaoe peGpo npuHHaise-
JKHT B TOUHOCTH ABYM MHOTOYTOJIbHHKAM, TO HH OJHO pe6po He Gy-
Jer npocMotpeno Gosee ABYX pas H BpeMs 0GPaGOTKH sBAeTcs
SHHEHHBIM.

ﬂeﬁCTBHTeﬂbHO, 3aMeuyarte/]lbHO, YTO Takas pasHopojHasi COBO-
KYNHOCTb 3aja4 MOXKeT ObITH peliena ¢ HCIOJIb30BaHHEM €IHHCTBEH-
HOi  cTPYKTYpbl. ONHAKO BO3MOXHOCTH NPHMEHEHHS AHArPAMMbl
Boponoro ne orpanuumBaorcs pacemorpenusiMi. Ilpu o6eysxe-
HHHM B NOCJAEAYIOWHX pa3jlenaX APYTHX HNPWIOKEHHH MBI He mepe-
CTAHEeM  YJIUBJSATHCH MHOFOO6P83HIO HCHOJb30BaHHUSA AHarpammbl
Bopouoro.

5.7. 3aMeyanusn U KOMMeHTapuu

PesyubTarthi, 06CykAaBliHecs B NPeABAYIHX pasenax
STOH I1aBHl, OTHOCHIHCh K 33/ayaM O GJHM30CTH TOUEK B MPOCTPaH-
CTBAaX C EBKJHIOBOH MeTpuKoil. EBKiInZOBa MeTpHKa MOxeT OBITH
JIerKo 06001ieHa 10 HoHATHS Lo-MeTpuku (MmeTpHkH MinkoBcKoro),
onpejessieMoi caeayioluM 06pasom:

Onpenenenne 5.3. Ly-paccTosinue Mex1y ABYMs TOUKAMH qu
g2 B €BKJHI0BOM MpocTpancTse £ ¢ KOODAHHATAMHU Xy, XYi, ..., Xa
A/t NIPOH3BOBHOTO JeHCTBITeNBHOTO uncaa | << p << oo ompeje-
JseTcs ceayoueil popmynoii:

d
ay @ )= 151600~

ip
(g I”) . (5.4)

Taxum 06pasoM, TPajiHUMONHAS BKJNJOBA MeTPHKA COBNALAeT
¢ Ly-merpuxoit. Bee sapaun, o6eyxaasunecs pamnee, MOXHO pac-
CMaTpiBath N B ciayvae Lp-METPHKH AJsi NPOH3BOJABHOTO p, W Ta-
Koe nccses0Banue ObLIO NPOBeAeHo B unciae npounx Jlu i Borrom
[Lee, Wong (1980)] u Xsanrom [Hwang (1979)]. ITomumo
Ly-paccrosnus ocoGuiit untepec mpeacrasisior Ly-paccrosHie (u3-
BECTHOE TAKHKe NOJ HA3BAHHEM MAHXETTEHCKOE PaccTOAHUuE)— Iu-
Ha KkpaTuailero nyTH, Kaxablii y4acTOK KOTOPOTO SBASETCH OTpes-
KOM, Napa/lieNbHbM OAHOH 13 oceii KOOPAMHAT, H Le-paccrosiHie,
OmpeicsieMoe MaKCHMAbHOH Pa3HOCTbIO KOOPAHHAT. DTH METPHKH
ABJISIIOTCS1 €CTECTBEHHBIMH 11 LEOr0 Psifia NPUJIOKeHHH, TaKHX
KaK MOAENHDPOBAHHE ABHIKEHHH PYKH H IDOEKTHPOBAHHE TONOJO-
THH HHTErPANbHLIX CXeM.

Ecrecrnem;m OXHJIAaTh, YTO CYKEHHE HEKOTOPOil 3ajaul Ha
OFpaHNYCHHBIH KIacC MAHHBIX NO3BOAMT NOAYUHTH Gomee sddek-
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TUBHBII aJrOpUTM ee pelleHHs. IIpHMepoM TaKOro OrpaHHueHHs
CYHT CHTyallHsi, Korja Bee N ToueK MHOKeCTBa S sBJSIOTCSA Bep-
WHHAMH BHIYKJI0H 060J04KH. B 3TOM cayuae HCNOJb30BAHHE CBOJ-
CTBa BBIMYKJAOCTH N03BoJsieT pemnth 3aaaty BCE BJIVDKAWIUME
COCEJIU B ontumanbnoe spemst O(N) [Lee, Preparata (1978)].
OKOMO JecATH JeT BONPOC O CyIIECTBOBAHHM alropHTMa I0-
CTpOeHHs. AMarpaMMbl BOPOHOTO BBINYKJOTO MHOTOYTOJIBHHKA C
BpeMeneM oGpaGoTku 6(N) ocraBaics OAHHM H3 JKHBOTpemeluly-
IHX BONPOCOB BEIYHC/IHTEbHOM reomerpuH. JIullp HeAaBHO Oblil
noyueH MOJOKHTEIbHBI OTBeT Ha 3TOT Bompoc [Aggarwal,
Guibas, Saxe, Shor (1987)]. IIpeaioxKeHHbl# HMH METOA OCHOBbI-
BaeTcsl Ha PAcCMOTPEHHOM B pa3i. 6.3.1.2 COOTBeTCTBHH MeEXAY
auarpammamu Boponoro MHoxectBa S H3 N Touek, Jexallux B
miockocTH 2 =1, W pa36HeHHEM MPOCTPAHCTBA, OINpEAeAEMOro
IJIOCKOCTSIMH, KacaTeJbHEIMH K NapaGoouay z= x*+y?+1 B
TouKax {(x;, ¥, *i-+yi+ 1) (%, ;) & S}. B uactHoCTH, IPOCKIHA
Ha IJ0CKOCTh z==1 IepeceyeHus COOTBETCTBYIOIUX NOJYNpo-
CTPAHCTB, ONpEJENsieMbIX STHMH IIOCKOCTAMH, [aeT AuarpamMMmy
BopoHoro GanuiKHell TouKH MHOKecTBa S. Ecan S — 370 MHOXKeCTBO
BEPIIHH BHIIYKJIOTO MHOFOYTOJNbHHKA P, Jiexallero B MJIOCKOCTH
z=1, To sTOT MeTOA jHaeT AuarpaMmy BopoHOro MHOrOyrosmb-
Huka P. KioueBEIM MOMEHTOM sABJfeTcs TOT (akr, uTO 3HaHHE
NOPHAKA CJCJOBAHMS BEPWIMH 1PH 06XOJe IPAaHHLBI MHOTOYTOJb-
HHKa P 1o3BojseT pa3paboTaTh XHTPOYMHBI airOPHUTM BbYHCJIE-
Hisl TpeOyeMOro IepeceyeHHs MOJYNPOCTPAHCTB 3a JuHeiiloe
BpeEMST.

B s10ii raase Tpuanryasinus Jleqone Gbuia BBeleHa KaK HEKO-
TOPHI MOMYTHBIA Pe3yJbTaT, NMOJMyYaeMbili NMPH MOCTPOCHHH AHA-
rpayMMbl  Boponoro. OjHaKO MOXKHO OMpeIeNHTh TPHAHTYJIALHIO
IlenoHe KaK IMHCTBEHHYIO TPHAHIYJSUMIO, 06JaialoUiyio TeM
CBOMCTBOM, YTO OKPYKHOCTb, OMHCAHHAS BOKPYT JIOGOTO TPEYrob-
HHKA, He COJEDIKHT BHYTPH HH OAHOH Apyrod Touku. Mcxoms w3
TaKOro oImp sI, MOMKHO PEACTBEHHO MOCTPOHTH TPHAH-
ryasuno  [esoHe, HCNOMB30BAB IS 3TOFO PEKYPCHBHYIO NPO-
nenypy, aHaJorHYHyIO MPHBEAEHHOH IpOUeAype NOCTPOCHHsS AHa-
rpamMMbl Boponoro. Kak nokasanu Jlu u Ilextep [Lee, Schachter,
(1980)], Bpems paGoThl TaKoil NMPOUEAYPbl COOTBETCTBYET OINTH-
MaJbHOH OlLleHKe. B jeficTBUTeNILHOCTH 3TOT NOAXOX GBI mpeiso-
aeH 1A cayyas Ly-MeTpHKH, TaK Kak AJds 3TOH METPHKH Jua-
rpaMma BoOpOHOTO yike He SABJSETCS ©IHHCTBEHHOH il BCIEACTBHE
STOTO Hapyllaercs CBsi3b MexA1y Axarpammamu Bopoworo m Tpu-
anryasuueii Jenoue.

Jpyroit uHTepecHBlil Kiace 3aj1au Kacaercsi PaccTOSHHA MEKAY
MHOKecTBaMi Touek. OOBLIYHO pAcCTOsIHHE MEXKIY ABYMsSI MHOMe-
crBaMu Touek A M B onpexensieTcs KaK MHHHMAJbHOE PaccTOSHHE
MeXxJy Toukoif MHoxectBa A H TOuKoii MHOXKecTBa B, a HMEHHO
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d(A, B) 'nmbind(a, b), rae a=A, bEB u d— eBkani08o

a

paccrosiuue. Ipu Takom onpeaenenun d(A, B)=d(B, A). Hpyras

Mepa, NpeACTaBJAIONas HHTEPEC H He sIBJAIOAACsS CHMMETPHUHON,

310 xaycdopgoso paccrosune [Griinbaum (1967)]. Xaycdopgposo

paccrosine or A o B pasHo maxmind(a,b), a Xaycnopgoso
b

paccrosiue ~Mexiy aByms MHomectBamH A W B pasno
A,B),d(B,A)}. B cayuae Koweunsix muoxects A u B 3a-
DKAVILIASL TIAPA MEXKIY MHOKECTBAMHU wmo-
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eKTHBHMI aArOPHTM, NMPOBEPSIOUIAH, ABAFCTC MM 5Ta Kapra AMarpammofi Bo-
POHOTO HEKOTOPOrO KOHEUHOro MHOXKeECTRa ToueK S. B clyuae NOMOKHTCILHOTO
OTBeTa aJrOPHTM A0JKeH B SIBHOM BHE NOCTPOHThH MHOMKECTBO S.

4. Juazpamma Boporozo Ha cepe. Ha Tpexmepnoit cepe S samano mio-
ectho S m3 N Touek. Paccmotpers xuarpammy Bopotoro S3-Vor(S) mo-
ectBa S, MOCTPOGHHYIO Ha CheEpe S3 C HCMOABIOBANHEM eBKIIOBON MCTPHKH.
(a) Tlokasats, uro Kakioe peGpo AMarpammbi S%-Vor(S) sbmsercs Ayroii
GoJbILO OKPYXKHOCTH Chephr S°.

(b) IMpeanonoxnm, uTo BCe TOUKH MHOXKecTBA S HAX0IATcA Ha moaycdepe
chepur S® (Bce TOYKH nzxozmrczn N0 OHY CTOPOHY OT HEKOTOPOii MJIOCKOCTH, PO~
Pt 3 N




TJIABA 6

BJaK30CTh: BAPUAHTHI H 0600LEeHHs

OcHOBHO#t BBIBOA NpeAblAYIleHl TJIaBLl, COCTOMT B TOM,
uTO jAMarpamMmma BopoHOro, ¢ OAHOH CTOPOMBI, SBJSETCS YPE3BLI-
uafiHO YHUBEPCAMbHbIM CPEICTBOM IS PelleHHst psina (yHAaMeH-
TaJbHBIX 33724 O GJM30CTH TOYEK, C APYroif CTOPOHEI, OHA caMma
npeiacrapiser HeoGbiYafiHO NpHBJEKATEJbHBIl MaTeMaTHUeCKHI
06bekt. M HMEHHO 5TH [Be CTOPOHbI— HHCTPYMEHTA/MbHAs W 3CTe-
THYECKAsl — SIBHJIMCh HCTOUHHKOM BJOXHOBEHHs U5 MHOTOYHCJIEH-
HBIX HCCJe0BaHil B 3TOA o6nacTH. B 3Toil riiaBe Mbl MPOAEMOH-
CTpHpYeM pe3yJbTaThl TaKiX HcciaefoBaHuil. Haunem ¢ o6cyx-
JIeHHst JABYX O4YeHb BaXKHBIX MPHJOMKEHHI: C YNOMHHABIICHCS yiKe
3a/1aUH O eBKJHAOBOM MHHHMAJbHOM OCTOBHOM JepeBe (H HEKO-
TOPHIX €e BAPHAHTAX) H 3aJauH O TPHAHIYJSUHH IVIOCKOCTH B 00-
weii mocranoske. 3aTem OyAyT NOKa3aHB pasfHyHble 0606LIHHS
TOHATHS JOKyca. 3apepluaercss IJaBa aHalM30M Kaacca 3ajau,
KaCaIOIIUXCsl TOKPHITHA MHOMKECTB, YTO MO3BOJHT OUEHHTb BO3-
MOXKHOCTH Pa3JIHUHBIX MOJeell BhYHCIeHHI.

6.1. EBKIHIOBbI MHHMMAJbHBIE OCTOBHBIE
nepeBbsi

B npeasiayweii riase Gblla paccMOTpeHa 3a1aua O eB-
KJIHMI0BOM MHUHHMaJabHOM octosHOM gaepeBe (EMOJI, sapaua B.5,
pasa. 5.1) u Guito nokasano, uro 3agaua COPTMPOBKA co-
AuMa K Hell 3a JMHefiHOe BpeMs. DTO JaeT HUKHIOW OLEHKY
Q(NlogN) nas Bpemenn nocrpoennss EMOJl muoxectsa us N 10-
uex. B sToM pasaene Gyzer mokasaho, uTo 3Ta OLEHKA aJrOPHT-
MHUECKH A0CTHKHMA.

AJropuT™, KoTOpwii 6yleT omHcan, Kak H Ji060f H3BeCTHBI
ANTOPUTM MOHMCKA MHHHMAJbHOTO OCTOBHOTO J€PEBA B MPOM3BOb-
HOM rpade, OCHOBHIBAaeTCs Ha CJelyiolieil JAO0BOABHO OUEBHAHON
Jemme:
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Jiemma 6.1 [Prim (1957)] MTycre G =(V, E)— zpa¢h co s3se-
wennbimu pebpamnu, a {Vi, Va} — pas6uenue muoogecrsa V. B G
UMEETC MUHUMAAbHOE OCTO8HOe Jepeso, codepicauyee KpaTyatiuiee
u3 pebep, o0na sepuuna KoTopozo npuxadaexur Vy, a dpyeas V.

B Hamem ciyuae MHOXKECTBO BEPIUIHH V —3TO MHOXECTBO TO-
yeKk S, a AVMHa pe6pa paBHA eBKIWIOBY PACCTOSHHIO MEXAy €ro
KoHeuHEIMH TOukamu. Ha kaxjom mare mocrpoennss EMOJL asro-
put™ GyneT o6pabaThiBaTh JieC, COJAePiKallHil HECKOIbKO AepeBbeB
(KOTOpBIE BIIOCJEICTBHH CTaHYT NOMLEPEBbSIMH IOJYYaIOLIErocs B
pesyasrare EMOJ). IlepBoHauansHo Jjiec MpeACTABJISET COBOKYI-
HOCTb BepWIHH (T. €. KaXias TOUKa MNpeICcTaBJ/isierT OTJe]bHOE e-
peBo Ge3 peGep). OCHOBHOM IIar aJAropHTMa BHIMONHAETCH CAENYIO-
wuM o6pasom (3aech d(u,v) o6GosHAauaer NJHHY OTpPe3Ka uv):

(1) BriGpath H3 seca HeKoTopoe aepeso T.

(2) Haiitu peGpo (u’,v’) rakoe, uro d(u’,v’)= min{d(u,0v):
ueT,veS—T).

(3) Ecau T’ — nepeso, coaepxaiiee v’, To o6beannuts T u T7,
COEAMHHB MX pe6poM (u',v’). BrimojHeHHe aqropuTMa 3aBepluaet-
Csl, KOra Jec COAEPKHT €IHHCTBEHHOE [epeBo, SBJAIOLLeecs
EMOJI ucxonHOro MHOXKeCTBa TOYEK.

Xorst peanusaunus onepaumit (1) u (3) Tpebyer Goabuoft Tima-
TeJIBHOCTH, OCHOBHBIE TDPYAHOCTH DacCMaTPHBAEMOrO METOAA CBS-
3aHBbl C BHUTOJHEHHEM Olepaltn (2)

JleiicTBuTE/IBHO, BO3HAKAET HHTYHTHBHOE ONACEHHE, YTO OGBEM
a0oTbl, HEOGXOAMMOli /s ee  BBLINOJHEHHS, NPONOPLHOHAJEH
|TIX(N-|T|), uto cooTBetcTBYeT MepeGOpy BCex Map BepuIHH.
OJlHA M3 KOTOPbIX npuHajiexut T, a BTOpast GepeTcsi M3 OCTaB-
weiicst vactn. K cuacteio, Grarozapsi cieayiolleil Jemme, 3fech
HaM Ha MOMOLIL NPHXOJHT AHarpaMma Bopoworo.

Jlemma 6.2. [Tycro S — mnoxcecteo Touex na naockoctu, a A(p)
0003HA4ACT MHONCECTBO TOYEK, CMEMHOIY ¢ P& S 8 TPUAHEYAAYUL
Henone mnosecrea S. IMpu awbom pasbuenuu {Si, Sz} muooe-
cTea S, ecau qp— kpardaiiuui 0TPe3OK, COCOUHSIOWUL TOUKY U3
Si u S, 10 g npunadaencur A(p).

Hoxasarenscreo. TIycTs Ha OTpeske pg AOCTHFACTCH MHHHMAJb-
HOe paccTosHHe MexAy Toukamu S; u S; W IpH sToM peE Sy,
a4 g&S; (puc. 6.1). Yreepxaaercs, uto g < A(p). Ecan g & A(p),
TO NEPNEHAMKYNAP K OTPE3KY pg, ACHSIIMI €ro momnoaam, He c€o-
JI€PAKHT OTpeska rpanuunl V(p)— MHOroyrospHuka Boponoro Tou-
ki p (reopema 5.9). Orciona caeayer, uro V(p) nepecekaer pg
B HEKOTOPOH TOUKEe 4, PACHOJOKEHHOH MeXy p i TOuKoi M—
cepenHoil otpeska pqg. Pe6po ! amarpammbi Bopoworo, coaepKa-
luee TOUKY u, NMEPNEHAMKYJIADHO OTPe3Ky pp’, p' & S H 1eant ero
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nonosam. Ilpn Ji060M BO3MOXKHOM BEIGOpe 4 u [ NOJOXKEHUE
TOUKH p’ OTPaHHYHBAETCA BHYTPEHHOCTBIO Kpyra C ¢ eHTPOM B
Touke M u muamerpoM gp. Bosmoxum mBa cayuas: (1) p’ S,
B stoM cayuae d(q, p’)<< d(q,p), Tak Kak Ganxe K ¢ HaXomuTCA
p’, a He p (mporusopeure); (2) p’ S,, B s10M cayuae d(p, p’) <
<< d(g,p), TaK KaK p’ 6auxKe K p, yeM ¢ (CHOBA NPOTHBOpeuHe).

Jlpyrumu cJIOBaMH, COrJIacHO 5TOH JeMMe, HeoGXOAMMO Mpo-
CMaTpHBaTh JHIIL pe6pa TpHAHTYIsAUHH [leoHe, T. e. HEOGXOZUMO
HCKAaTh MHHHMAQJbHOE OCTOBHOE JIepeBO IIaHapHOro rpada
[Shamos (1978)].

BepHeMcst BHOBb K pea/H3alHH OCHOBHOTO IAra ajJroOpHTMa Mo-
crpoenns EMOJL. Yepuron u Tapwsn [Cheriton, Tarjan (1976)]
TIPEJVIOKHIIH B YHCIE APYTHX METOAOB CJELYIOULy0 NPOCTYIO CTpa-
ternio. [las BhiGopa aepesa T (koTopoe Gyier o6beiHHEHO C JpY-
THM JlepeBoM Jieca) OHH
YKa3alH OJ(HOPOAHOE mpa-
BHJIO BHOOpa, mepex Hc-
TIONBb3OBAHHEM KOTOPOTO B
(& (pecpo duazpanmer ouepesib MOMEIAoTCs Bce

Boporozo)
M| JlepeBbs, cofepKalmue Mo
OJHOIl BepIUIHHE.

1. BubpaTs nepeBo u3
peSy Havyala ouepeu.

2. Ecau gepeso T” mo-
JIy4eHO B pesyJbTaTe 00b-
enuHenns nepesa T ¢ He-
KOTOPBIM [IDYTHM J€PEBOM
T/, to ypaauts T u T’ u3
ouepenu u po6asute T” B
KOHeIl OvepesH.

Tax kak Kaminii pa3 NpoH3BOAMTCA OObEAHHEHHE ABYX e-
PeBbEB U HMCXOAHO B OuepelH HMeloTcsi N AepeBbeB, TO OCHOBHOI
wiar ajropHTMa BLINOJHSAETCS B TOYHOCTH (N — 1) pas.

OnpefesiuM 218 Kaxioro jepesa T, HAXOAALIErOCs B OYEPEH,
IIeI0€e YHCIO, HA3LIBAEMOE ITANOM H BBHIYHCASEMOE CaeLyloUIHM
obpasom: aran(T)=0, ecnu |T|=1, n sran(T)=min(sran(T’),
sran(T”))+ 1, ecan T sABASeTCS Pe3yabTaTOM OODbCLHHEHHS Ae-
pesbes T” u T”. Ouepeib AepeBbeB 06JanaeT HHTEDECHBIM CBOI-
CTBOM: B JI0GOi MOMEHT PaGOTHl AJATOPHTMA COBOKYIHOCTh WHCET
a7an(T) B nopsiike OT Hauala K KOHLY OuEpeaH obpasyer HeyGHI-
BaIOWYIO MOCIeI0BATebHOCTL. Byem rosoputs, uto aran j sasep-
WieH, ~eclil M3 ouepelH YHaNeHO jepeso I, IAS  KOTOPOTO
sran(T)= j, 1 wi aas oAHOTO Apyroro nepesa T’ B ouepesH 3Ha-
uenue sran(T’) me paBHO j. 3amerum, uro mociae 3aBepIICHHsA
drana j ouepeap comepxkut He Gosee N/2/+! snementos, a Bcero

Puc. 6.1. Wamoctpauus K A0KasaTeabcrsy
yeaosusi g = A(p).
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umeercs He Gosee [loga N1 sranos!). IMocrenyromas oGpaGorka
TIPOMCXOXUT cilefylolluM 00pasoM. Bri6pas M3 ouepeau mepswiii
saement T (npu arom sran(T)=j), cpean peGep, coenHHAOUUX
BepUINHEl AepeBa 7 ¢ BePUIMHAMH BHE €ro, ileM peGpo HaHMeHb-
weil aanubl. [Ipyu Takoi opraHusanun 06paGoTKH HA Ka:KAOM 3Tane
Kaxjoe pe6po nmpocMaTpHBaeTcs He Goaee JABYX pas (3a HCKJIOUe-
HHEM pebep, yxe BOLIEAWHX B HeKoTopoe aAepeBo T). Takum oG-
PAasoM, KaX[blil 5Tan 06paGOTKH MOKET GhiTh BLITOMHEH 3a BpeMs,
HpONOpUHOHAIbHOE YHCIy pebep, KOTOpoe B CHAy MIaHAPHOCTH
rpaga pasHo O(N). A Tak Kak 4HCIO 3TanoB He MPEBOCXOLHT
[logaN1, To nns Bpemenn paborbi aaroputma nomyuaem OLEHKY
O(NlogN). B 5TOM MecTe UHTaTelb MOXKET 3aMeTHTb, 4TO MBI
MOTJIH Gbl yJIOBJETBOPHTBCA NOJYYEHHBIM Pe3YJbTAaTOM, TaK Kak
BpeMs, 3aTpauuBaeMoe Ha NOCTpOeRHe TpHauryasuuu esone, pas-
Ho O(NlogN), H BO BCAKOM CIyuae Mbl HMeeM ONTHMAJbHbI
anroput™. OIHAKO HHTEPeCHO HaliTH MeTOA, NO3BOMAIOMIMI MOTy-
unts EMOJL us anarpammel Bopoworo sa auseinoe 8pems. 3roro
MOXHO JOCTHYL C NOMOWIbIO ONMEPAUHH <OYHCTKH», NPEAJIOKEHHOK
Uepuronom u TapbsanoM.

[Ipumenente onepayuu owucTKU HMeeT Weblo CXKATb HCXOAHEL
rpap G (B wawem cayyae sTo rpag TpHaHTyasuun [desone), npe-
06pasoBaB ero B HEKOTOPHI rpad G*, KOTOpHIfl B /OGO MOMEHT
paloTHl aJTOPUTMA COAEPKHT AUMLL HEOGXOdumyro ungopmayuro.
310 3HAUNT, uTO Kamioe AepeBo T, BXoAAllee B ec F, cunmaercs
B €IMHCTBEHHYIO BepulHHy rpada G (T. e. yaaasioTcst BCe HEOTO-
Gpannsle peGpa, cOeAMHSIONIHE Bepuunbl jgepesa T (Xopawl)) H,
KpoMe TOro, yAasioTcst Bee peGpa, 3a HCKIOUEHHEM CaMoro KOpoT-
KOTO H3 HeOTOGPaHHBIX, coeinHsomHe Aepesbst T’ u T”. BaxHo
OTMETHTb, ¥TO ecan G-—niramapusii rpap, To G* ToNe Gyner
TJ1aHAPHBIM.

Ounctka rpaa mpomsmoantcs cpasy me mocie 3aBepLIeHHs.
srana (cu. Bhiwe). He cocrabasier tpyaa mpeatoxnuts TaKyio pea-
JIH3AUKIO, NPH KOTOPOli BpeMst 06paGoTKH NPONOPLHOHAIBHO qHeTy
peGep rpada, ynaaseMbix npH oYHCTKe.

B sakmiouenne npuseaem (opmaablioe omicanie TpOLEeAypHl Mo-
crpoenss EMOJL. Ilpeanonaraercs, uto ¢ Kamabim nepesom T
CBASAH  CHHCOK HEOTOGPAaHHBIX peGep, HHIMIHTHLX BepLIHHAM
aepesa T.

procedure EMOJT

1. begin F:=g;
2 for i:=1 to N do
begin sran(p,

F<=p;

!) To ects sran(T) momer npusEMaTth  He Gomee [loga N pasmmumbix
3uavennil. — lpum. nepes.
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end; ( ouepeib MHHLHAIH3HPOBAHA *)
4 ji=1; (+ HoMepy 3Tanma HpHCBaHBaeTCs CJeiyiollee
3HAuEHHUE *)
5. while (F comepxur Gosee opHoro saementa) do
6. begin T'<=F;
7 if (sran(T)= ) then begin ouncruts rpad;
8 b T

end;
9. (u,v) := Kparuaiiumiee M3 HeoTOGpaHHBX pebep,
unnunenthbix T (v npunagiexur T);
10. T’ := nepeso B F, comepxaiee v;
11, T o6wexunnts(T,T7);
12. ynaauts T” u3 F;
13. stan(T”) := min(stan(T), sran(7’) + 1;
14. F<=T" (+ T” 106aBAsieTCsi B KOHEIL OUePeH *)

end.

Tenepb y Hac ecThb Bce HeOGXOAMMOE L/ aHAMU3a AJropurMa.
Io sapepuwennn stana (j— 1) B ouepean umeercs ne Gozee N/2/
epeBbes, H, C/eJ0BATEIbHO, COOTBETCTBYIoUHit rpad G* mmeer He
Gosee N/2/ epminn n MeHee 3N/2/~! peGep, TaKk KaK OH sBJSETCA
nnamapHbiM. Dranm | 3aBepuiaeTcs 3a BpeMs, NPONOPLHOHANbHOE
yneny pebep (kaxjioe peGpo mpocMaTpuBaercs Ha srame He Goiee
ABYX pas (cTpoka 9)), H TO e camMoe CNpaBeAJHBO AJIsi BPEMEHH,
3aTpayuBaeMoro Ha OYHCTKYy rpada, KOTOpas NPOH3BOAMTCS MO
3aBeplieHHy 3Tana j (CTPOKH 7, 8 BHIMOJHAIOTCS HENOCPEJACTBEHHO
nepex nepexoioM k sramy (j+ 1)). Takum oGpasoM, OfHOKpaTHOE
BBIMOJIHEHHE Teia LMKAA (CTPoKM 6—14) NPOHCXOAMT 3a BpeMs
O(N/2/). H eciv BCIOMHHTb, YTO UHCJO 3TANOB He NPEBOCXOAHT
[loge N, momyuaeM c/eAyiollyio BepXHIOI OLEHKY IJs MNOJHOTO
BpeMeHH BLIOIHEHHsA WHKIA 6—14:

rlog; N7 N

Ky 51 < 2K,
=1
rae K, —mHekotopas Komcranta, TeMm camblM [0KasaHa Cle1yio-
Hias Teopema.

Teopema 6.1. EMOJ] muoxecrsa S uz N Touex Ha MAOCKOCTU
Modcer GolTo NOCTPOeno, ucxo0s u3 Tpuaneyriyuu Jeaone MmHo-
scectea S, 3a ontumarsroe spems O (N).

OGbeanHsiss 3TOT Pe3ylbTaT C YiKe H3BECTHHM Ham (akrom
0 TOM, 4TO TpHaHry/asuus JesoHe Moxer GHITb NOCTPOEHA 3a Bpe-
Mt (N log N), noryuaem

Caencreue 6.1. EMOJ] mnoscectéa S us N Towex Ha NAOCKOCTL
momcer GbiTe MOCTpOeno 3a onrumarsuoe spems O(NlogN).
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Ha puc. 6.2 TOKA3aHE MHOXeCTBO TOUCK, €ro auarpamma Bo-
ponoro 1 EMO]IL storo MHOXKeCTBa.

v /
4 A
!
i

Pre. 6.2. MHOXECTBO TOUGK 1 COOTBETCTBYIOUlWE ey Auarpamma Bopoworo
u EMO/L.

Jlajee Gyner pPAacCMOTPEHO OAHO HHTEPECHOE MPHJIOKEHHE
EMO]I, KOHEUHOrO MHOXKECTBA TOUeK.

6.1.1. EBKJM/0Ba 32/1a4a 0 KOMMHBOsSIKEpe

3agava B.9 (EBKJIMIOBA 3AHAYA O KOMMHU-
BOSI)KEPE). Haiith Kpartuaimufi 3aMKHYTBIt NyTb, NPOXOAsA-
mul yepes N 3aj@aHHBIX TOYEK Ha
TJI0CKOCTH.

Tlpumep Takoro Kparuaiime-

ro Mapuipyra IOKa3aH Ha pHC.

6.3. (UnraTesb, NpeACTaBJsIOUIHA

CJIOKHOCTD 9TON 3a/aui, MOXKET

YAMBHTBCS TOMY, KaK yAaloch Io-

Jy4HTb pEIIeHHe JIs TPHBEACH-

HOTO IpHMepa, coepKariero 16 To-

ger. D10 6BUIO CAEIAHO ¢ TOMOLbIO

3BPHCTHUECKOrO IDHEMA, NPEMIO-  Puc. 6.3. MapuipyT KoMMHBOSKepa.
xkenHoro  Kpucropunecom, Koro-

poifi GyAeT OMHCaH jaJjee.)

Orauume 3Tofl 3ajaul OT 3aJayH O KOMMHBOsKepe B obLeft
NOCTaHOBKE HMEET Ty e MPHPOAY, YTO M OTJHYHE 3ajauM O eB-
KJH0BOM OCTOBHOM JepeBe OT 3a/laui O MHHHMaJbHOM OCTOBHOM
fiepeBe B NPOH3BOJIBHOM rpade. A HMEHHO PacCTOSHHA MEXKAy TOY-
KaMH He SBJASIOTCS NPOU3BOJIBHBIMH, a ONPEACNAIOTCA eBK/IUA0BOI
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MeTpHKoii. Kak naBectio, 3a1aua o koMMHBOsKepe B obuwieii nocTa-
Hoeke (3K) siBasercs NP-tpyanoii!).

MoxkHO O6bIIO 6B NPEANONOKHTS, UTO CBONCTBA eBKJAMIOBON
METPHKH MOTYT GHITh HCHNOJb30BAHBI A/Isi Pa3paGOTKH MOJIHHOMI-
AJBHOrO aJrOPHTMA pelleHHs! 3TOl 3ajayi B Clyyae MHOMKeCTBA
TOUeK, 3aJaHHOro Ha mjockocTH. Onwako Ispn, Ipaxem n JIxKoH-
con [Garey, Graham, Johnson (1976)], Manaaumurpuy u Craiir-
aun [Papadimitriou, Steiglitz (1976)] u Managumutpuy [Papa-
dimitriou (1976)] napsiay ¢ apyramu pesyabratamn o NP-nommote
HEKOTOPEIX TCOMETPHYECKHX 3aJay [0KA3aJH, UTO eBKJMAOBA 3a-
Aaua o Kommusosikepe (E3K) spasercs NP-rpyammoit. Yuursisas
3T0, Mbl He OyaeM o6cyzxiaTh BONpoc PpaspaGoTKH addeKTHBHOrO

Puc. 64
Puc. 54. TlponyGauposas sce peSpa EMOJL, monysaes rpad c ofineposse

B XyalleM cayuae aaroputva aas E3K, a paccMotpuM B3aummo-
cBasb E3K ¢ apyrnmu sanavamu o 61u30ctH TOuEK ¢ TouKH 3peHust
Pas3pabOTKH XOPOWIKX MPHGIHKEHHEIX METOAOB.

Haunem ¢ paccmorpenns 6Gonee TpocToro (i MeHee addexTHB-

HOTO) H3 ABYX H3BECTHBX METONOB, OCHOBAHHOTO Ha caenyomei
Teopeme:

Teopema 6.2 [Rosenkrantz, Stearns, Lewis (1974)]. Hcnoao-
3YA MUHUMALbHOE OCTOBHOe 0epeso, MOKHO noayuure npubau-
mfﬂuoe pewenue 3K, dawowee nyrs, Oiuna KOTOpo2o MenvuLe

Qaunst Kpar nyru.

Hokasareascreso. Iycrs T* o6osnauaer €BKJIHJI0BO MHHHMAaJb-
HO€ O0CTOBHOE AEpeB0 3a4aHHOTO MHOXKeCTBa TOYEeK S, a O®—
ONTHMAJIbHBIi Mapuipyr KOMMHBOSsIZKepa. Haunem ¢ TOro, 4TO 3a-
MeHHM Kaxioe peGpo aepesa T* napoit pebep. B pesyabrare mo-
Jyuam rpad W, kaxias sepunna KOTOPOrO HMeEET YeTHYI cTe-
nerb (puc. 6.4). Tpap W sBasiercss cBsHBIM 3ilnepoBBIM Tpadom.
OT0 3HAUHT, YTO ero peGpa Mo KHO 3aHyMepoBaTh TaKuM 00pasoM,
UTO NOJYYHBIIASICH T0C/1e10BaATENBHOCTD 06p83ye’l‘ SﬁJIEPOB l.lHKJl:

R .
) Csenennsi, kacawomuecs NP-nonmux samau, a rakme JOKa3aTeAbCTBO

Toro, uto 3 ¥
joro, (19% e NP-tpynnofi, moxuo mafitn b [Karp (1972), Garey,
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WM, WHaue roBOps, MapLIpyT, MPOXOASLUHH uepe3 BCe BEepLIHHbI
(IpH 3TOM uepes HEKOTODbie BELIMHBI OH NPOXOJAMT HE OAMH pa3).
Cueosarenbho, aauna (W)= 2 anuna(T*). 3amernM, ur0 ecian
yaanaurs u3 @ HEKOTOpoe Pe6po e, T0 moayun myTb Dnym, KOTO-
pr;l TaKKe sIBJsSeTCS OCTOBHBIM [J€PeBOM MHOXeCTBa S. O‘leBHﬂHO,
yro pauna(T*) << aanna (@nyr) (M0 ompesenenumio T*) W AMM-
Ha (Oayr) < Aduna (@). Orcioga mosyuaem armnna (W) << 2 aau-
Ha (@).

3amernM, uro TNPHOJMKEHHBI MapmpyT, NOKasaHHHH Ha
puc. 6.4, MOXKHO yJIyulIMTb, CHeJaB ero Gojiee KOPOTKHM, yAanuB
BCe HEHYXXHble OCTAaHOBKH, T. €. NpH 06xo/ie TOYEK HU OJHA M3 yxe
NPOfiicHHBIX TOYeK He NPOXONHTCS BHOBb. DoJsee KOHKPETHO 3TO

\
/ \/‘MMW»
p—

Puc. 6.5. B «XOp1» B 9 HHKTE e mo-
Celllente Kax /0 BEPUIAHBI.

nenaercs Tak. Ha siinepoom uukiae W BHIGHpaloTcs IPOH3BOJb-
HEM 06pasoM HamnpaBieHHe ero o6xoja M HavajibHas BepUIHHA
(KOTOpYI0 MbI OCTaBUM HemoMeueHHoii). Kaxpas npoitnennas sep-
WHHA NOMeYaercsi, a CJelyiolleii BEPLIHHON OKOHYATEeJbHOTO Map-
wpyTa sABASETCS NepBasi MOC/e Hee HeNOMEYEHHAsl BEpIIMHA, BCTpe-
TuBlasics npn o6xoge W B yCTaHOBJIEHHOM HampasjeHuu. IIpiume-
HeHHe TaKOH IpOUeAypbl yAaJeHus NOBTOPEHUHl BEPUIMH K MpH-
Mepy Ha puc. 6.4 1aer mapuipyT, mokasammeli Ha puc. 6.5. (3ame-
THM, UTO 3Ta TPOUEAYPA Y/aJeHHs He MOXKeT YBeJHYHTh JUIHHY TO-
Jy4aeMOro MaplIpyTa, TaK KaK PacCTOSHHS MEX1y TOUKaAMH YAOB-
JIETBOPSIOT HEPABEHCTBY TPEYTOJdbHHKA.)

CrefylolWuii pe3ypTar, Kacalouuiics MPHOIHKEHHBIX MeTOA0B,
HCTIONB3YET NOHSATHE MUHUMAAbHOZO B3BCULEHHO20 NAPOCOYETAHUA.

3agasa B.10 (MMHHUMAJIBHOE EBKJIMJOBO ITAPOCO-
YETAHHUE). Ha niockoctu 3afansl 2N Touek. OGbeINHHTH MX
B NIapbl, COEJAMHHB OTpPe3KaMH Tak, 4YTOG B! CcyMMa JJIHH OTPE3KOB
6blIa MUHHMABHOI.

TIpumep Takoro napocoueTanus noKasaH Ha puc. 6.6.

Eamouac [Edmonds (1965)] nokasa, uTo MHHHMaJbHOe B3Be-
LIeHHOE MapocoyeTaHHe B NPOH3BOJbHOM rpacl)e MOKeT ObTh Hali-
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AeHO 3a IOJMHOMHAJbHOE BpeMst, a T'aGoy [Gabow (1972)] pas-
paboTan aaroput™ o c10KHOCTbI0 O (N3). Caredylouiuii pesyanTrart,
nonyvennnit  Kpucropunecom [Christofides (1976)], cesasmisaer
MHHHMaJbHble OCTOBHbIE JePeBbsl, IAPOCOUETAHHS H 3a/aUy O KOM-
MHBOsIKepe.

Teopema 6.3. Ecau paccrosnus mexdy rouxamu ydosaersopsitor
HEPABEHCTBY Tpeyeosbruka, 10 3a spems O (N®) moxcro waitu npu-
Oauwxnennoe p sadawu o Kom. , npedcragasoujee

— \[/\
~ 7

Puc. 6.6. Munmyabhoe eBKINI0BO NapocoueTanHe.

Mapupyr, OAUHA KOTOPO2O He NPesocxodur 3/2 OAumb MUHUMAAL-
HO2O mapwpyra.

Hoxasareascrso. Tlycts 3anaHo MHoxectso Touek S. Cueayio-
WHH aNTOPHTM COOTBETCTBYET YCJOBHAM TEOPEMB H 12T HEOGXO-
JUMBIH pe3yJibTat.

Haliti munuMansHoe ocToBHOe nepeso T* mmokecTsa S.

2. HaiiTH MuHUManbHOE eBKIHI0BO napocoueranue M* mas
mHoxecTBa X =S BepWIMH, MMEOIX He4eTwyio cTenenb B T*.
(MHO3KeCTBO X BCerAa COJEPKHUT HETHOE UHCIIO JIEMEHTOB VA JH0-
Goro rpada.)

3. Tpad T*UM* sBasercs sifiepoBhiM, Tak KaKk BCe ero BEp-
WHHE HMEIOT uerHylo cTemenb. OGosuaumm depes @, siiepon
LHKJ 3TOTO rpada.

4. TNpoxsurasice mo @, or pebpa K pebpy TakiMm o6pasom,
HTOGH He NPOXOHTh BHOBb YK€ NPOfiJIeHHble BEPIUIHHE, IOCTPOUTH
NPUGJMKeHH b MapuIpyT Onpusa-

Iycrs, kaxk 06bYHO, D — MHHUMAIBHELL Mapumpyrt. 3ameTdwm,
aro: (1) amuna(7T*) << pauna(®); (2) nnuna(M’)g% AnnHa (D).
JeiicTBuTenpHO, BHOPas 13 (@ Kaxkioe BTOpoe pebpo, mosdyuaem
ABa NapocoueTaHusi Ha MHOMeECTBe S (K NePBOMY OTHOCATCA OTO-
Gpanusle peGpa, a KO BTOPOMy ocraputHecs). [lanHa Kparuaiiuiero
H3 ABYX Napocouetanuii ne mpesocxoaut 1/2 aaua(®) u co Beeit
OUEBHIHOCTBIO He MeHbule aauHA(M*), Tak Kak M*— MuHHMA/b-
Hoe mnapocoueramue. Pamee 6mu0 nokasano, uto Manna(T*) <
< unHa (@). M tak Kak pacCTOSHHA MeXy TOUKAaMH YJOBJIETBO-
PAIOT  HEPABEHCTBY TpeyroibHHKa, ATHHA (Dnpusa) << ATHHA (@.).
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OO6beanuss 3TH Pe3yabTATH, TIOJNyuaem
nnHa (Qupyss) < Aanna (D)
= pauna (T°) + nauna (M")
< pauna () +~;— ninHa (D)
—% Anuna (D).

CnpaBeJIHBOCTD BpPEMEHHOH OLEHKH CJIEAyeT M3 pesyibrara, No-
Jyyennoro I'aGoy.

3aMeuanne. Bocro/b30BaBIINCh MHHHMAJBHBIM  €BKJIHIOBBIM
11apOCOYETAHHEM, MOXKHO NOJIYYHTb Jyullee NPHOIHKEHHOE pelle-
HHe, OTJIMYAlOlleecs OT MHHHMAaJbHOTO He B 2, a B 3/2 pasa. Ilpu
3TOM CJIOXKHOCTb BBIYHCJIeHHH Bo3pacraer ¢ O(NlogN) no O(N°).
3a HECKOMbKO JIeT, NMpOMIEANIMX C MOMeHTa, Koria Kpucroduiec
NOJYYHI CBOH DPe3yJbTaT, HHKOMY He yAaJoch HH HaiiTH cnoco6
TIOHCKA NPHGJIMKEHHOTO DEIIeHHs, OTIHYAIOUIErOCs OT MHHHMaib-
HOro MeHee ueM B 3/2 pas3a, HM yMEHBIIHTb BPeMs NOHCKA NPHGJIH-
xenHoro pewenns. Camo mo ceGe NpuMeEYaTeNbHO, YTO METOJ,
HCNONb3YEeMbIfl /ISl NOMYYeHHs MHHHMAJbHOTO eBKAHI0BA N1apoco-
4eTaHMs, He MCMNOJb3yeT reOMETpHUeCKHe cBoicTBa. JeficTBHTENb-
HO, €IHHCTBEHHHIHA METOX 3aKJ B
(npeo6pa3oBanHH) JaHHOH 3ajayu K 3ajaye NOHCKA MAaKCHMalb-
HOTO B3BElIEHHOTO MapOCOYeTaHusi (CBeleHHe OCYILeCTBISETCH My-
TeM 3aMeHBl AUIHHBI [ Kaxaoro peGpa BejanunHod M—I, rie M =
= maxl) u NpUMEHEHHH K NOJyYeHHOH B pesyibTaTe cBeje-

no Beem pe6pam
HUsl 3ajaye MeToja, pa3spaGOTaHHOrO AJIsi NMPOH3BOJBHEIX TIpadoB.

6.2. MnaHapHble TpHAHTyJIALMM

B pasx. 5.1 yxe orTMeuanace BaKHOCTb TPHAHTYJSLHN
A1 MHOTOYHCJIE€HHBIX l'lplUlCl)KeHHﬁ, CBfI3@HHBIX C HHTepﬂOJlﬁlll/leﬂ
noBepXHOCTel, KaK B 3ajauax rpadHYeckoro OTo6paKeHHs AaH-
HBIX, TaK M B 3ajlauax 4YHCJEHHOTO aHaausa. B JAOIOJIHEHHE K 3THM
OYEHb BaXXHbIM INPHJIOXKEHHSAM BO3MOXKHOCTb BBIIOJIHATH nJjaanap-
HblE TPUAHTYJALUH cama no cebe sBASETCS IOJE3HBIM CPEeACTBOM,
HCHONB3YeMBIM VISl PeIIeHHs Apyrux sajgau BBIYHCJIHTEbHOMH Teo-
Merpun. Jloctatouno ynomanyTs aBa mpumepa: (1) B meToae reo-
MeTpHyeckoro mnoucka Kupkmatpuka (cM. pasa. 2.3) npexmo-
Jiaraercs, 4TO I1aHapHoe paaﬁueﬂﬂe ABJASAETCA TpuaHrynﬁuneﬁ;
(2) aaropuTM MOCTPOEHHs NepeceuyeHHst MHOTOTPAHHHKOB (CM.
pasa. 7.3.1) TpeGyer BHINOJHATb IIPEABAPHTENLHYIO TPHAHTYJS-
LHIO NOBEPXHOCTH MHOTOTPaHHHKOB.
TpeAbiAylell riaBe yxe GbUIO NOKA3aHO, UTO TPHAHTYJIs-
Lusa—a HUMEHHO TPHAHTYJIALHS ﬂeJlOHe—MHO)KeCTBa TOYEK MO-

[X)
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ket GbiTh Hafiiena 3a onTHMajbHoe Bpems. OJHAKO 3TO He peluaer
npoG/ieMbl, TaK KaK, XOTs Tpuanryisuus JeloHe siBasiercst 3ame-
HaTeJbHHIM OOGBEKTOM, OG/MajaloU(HM OYeHb NPHBIEKATEJIbHBIMH
CBOMCTBAMH, MOTYT BCTPETHTbCS IPHJIOMNEHHS, A KOTOPHIX TPHAH-
ryasiuust Jenone we nomxoant. Hampumep, moxer norpe6osatbest
MHHHMHUSHPOBATb CYMMAPHYIO NJIHHY peGep TPHAHIYJIAUNH (MHHH-
MajbHasi B3BelleHHAas TPHaHryasuusa). Bewio caenano mpeanoio-
JKEHHE, UTO TPHaHTyJsuus [esNoHe TakxKe sBJSETCH MHHHMAJbHOM
B3BEIIEHHO! TpHaHTyAsuueit. Elle B OZHOM NpPEANONOKEHHH
YTBEPKAANOCh, UTO METOJ TPHAHTYJIAIMH, KOTOPHHi GyAerT omucau
B pasf. 6.2.1 (MeTox «KaQHOM TPHAHTYJIAUHMH»), TAKKE NAET MH-
HHMAJIbHYIO B3BELIEHHYIO TpHaHryasuuio. O6a 5THX YTBEpKACHHS
6ot onposepruyThl Jlnofizom [Lloyd (1977)], u HA CErOIHA BO-
TIPOC O CJOKHOCTH 3a/laui NOCTPOCHHS MHHHMAJLHOH B3BelICHHOMH
TPHAHTYJsUUK (T. €. sBjasiercs JaH oHa NP-TpyiHOH wuau cyme-
CTBYeT MOJWHOMHAJbHDIH aJrOPHTM JJIA €€ pelIeHHst) OCTaeTcs
OTKpHITEIM ).

Jlpyrne kpurepun He cBs3aHBI ¢ JIMHOII peep, a KacaloTcs Be-
JIHYHHBL BHYTPEHHHX YIVIOB TPEyTONbHHKOB. Bo MHOrmX mpuiowxe-
HHAX Tpebyercd, WuTOGHl TPEYrOJbHHKH OBLIH MO BO3MOMKHOCTH
«OZHOPOAHBIMHY, T. €. GbUIH «GOJee WM MEHee PAaBHOCTOPOHHUMH.

STOH TOUKH 3peHHs TPHAHIyAsuust [leloHe sBASETCA OYeHb
TIPHBJIEKATEIbHOH, TAaK KaK 1Sl Hee MHHHMAJbHOe 3HAYeHHe yIia
TI0 BCEM TPEyrOJIbHUKAaM SABJASETCS MAKCHMAJMBHBIM CPeAH BCeX TPH-
anryasiunii. (deficTBATEbHO, 9T0 SKBHBAJEHTHO TOMY, UTO OKDYIXK-
HOCTb, OMHCAHHAs BOKPYT TPeYroibHHKA B TpHaHryaaumun lenowe,
He CONCPXKHT BHYTPH JPYTHX TOYEK 3aJaHHOTO MHOMKECTBA
[Lawson (1977); Lee (1978)].)

Orchinaem unratens K pasa. 5.6, rie moapoGuo paccMoTpeHbl
cBoiictea Tpuanrynanun [lenone. Jlajee 6yayT paccMOTpeHbl He-
KOTOpLIE JPYrHe METOAbl TPHAHTYJSLHH MPUMEHHTENbHO JHGO
K MHOXECTBAM TOYEK, GO K CMeNIaHHBIM MHOXKECTBAM, COAEpIKa-
UMM TOYKH H OTPe3KH. 34ech CTOHT HANOMHHTB, 4TO AJs MOCTPOe-
HHASL TPHAHTYJSUHMH MHOMKECTBA H3 N TOYeK Ha INIOCKOCTH JIOGHIM
u3 axaropurmos tpebyerca Q (N log N) omepaumit (cm. pasa. 5.3).

6.2.1. JKannas rpuanryasuus

Kak xopomo wu3BecTHO, «KaiHEI» MeTOL— 3T0 TaKoii
METOA, MpH KOTOPOM HHKOTAA He OTMEHsETCsl TO, UTO yiKe GBI
clenano panee. TakuM 06pasoM, KajHbiii METOX TPHAHTYJSIUI
MOCIe10BATEILHO NOPOKAAET pebpa TPUAHTYIAUKHH (N0 OZHOMY 3a
Pa3s) u 3aBepuwaer STOT Npomecc NOCJE TOFO, KAK MOPOKAEHO He-

') OmHako H3BECTHO, uTO MWHHMA/JbHAS B3BEICHHAS TPHAHTYJAUHA HHIH-
Bv;g;;;l]buoro N-yroasiinka Moxer GuTb huuciena 3a spemn O(N?) [Gilbert
( 3

6.2. Maarapusie Tpuaneyanguu 287

06X0aHMOe 4uCIO pebep, KOTOPOe MOMHOCTBIO OMpEieNsieTcs pas-
MEpOM MHOXKECTBA TOYEK H €ro BBINYKJOH 0000ukod. Ecau mesnb
COCTOHT B MHHHMH3AUHMH CYMMapHOH JIHHE pe6ep, TO BCe, 4TO
MOHO CcAeNaTh, HCIOJb3Ysl XKaJHbli METOA, 3TO MPHMEHHTb JO-
KaJbHLI KPHTEDHIf, 106aBisia Ha KakaOM 3Tame KpaTuaiiiee W3
BO3MOKHbIX peGep, COBMECTHMOE C paHee NOPOXKACHHEIMH PeGpaMH,
T. €. He [epeceKaioulee HH OJHO H3 HHX.

B stom cyth Merona. Henocpencrsennas peannsaums s1ofi nieu
CBOAHTCS K C/IeAylollel NOC/Ie/0BATENILHOCTH ACHCTBHI (KaK oG-
HO, S 0603HauaeT MHOXKECTBO ToueK, a N — ero pasmep). Cuauana

TOPOXAAeTCsi MHOXKECTBO, COAepiKallee Bce (2) peGep, coean-

HAKUIHX TOYKH MHOXKeCTBa S, KOTOpBIE 3aTeM YHOPAAOUHBAIOTCH
[0 _BO3PACTAHHIO IUIMH, 06pasys mysa pe6ep. BHauase MHOMKeCTBO
pefep TPHAHIYJISUHH SIBASETCH NyCTHM. OCHOBHOH wIar npoueny-
PBl TPHAHTYJIAUMH BKJIOYAET ClAeAywliHe feficTBus. B nyse BuiGu-
PaeTcs M HMCKJIIOYAeTCsl M3 Hero pe6po HaWMeHbIUeH MJIHHBL. Ecan
3T0 pe6po He NepeceKaer HH OLHO H3 pebep, yke BOWICMUHX B
TPHAHTYJIALHIO, TO OHO TaKXKe BKIOYAETCs B UUCJAO peGep TpHaH-
ryasuny. Muawe pe6po npocto Hckaiouaercs H3 JasbHeIiero
pacemorpenns. Ilponece sasepunresi, au60 Xorza Gymer nocrpoe-
Ha TPHAHTYNAUHS (YTO MOXHO ONPENENHTb, MOACUHTHBASL UHCIO
Z06aBaseMEX pe6ep), GO Koraa Nyn peGep cTaHer nyCcTHIM
[Diippe, Gottschalk (1970)].

OTOT MeTOZ, DACCMOTPeHHBI 37eCh JHIb B OBMIHX yeprax,
NPOCT HE TOJBKO AJS peasM3auuH, HO H AJs1 aHaJu3a. Il.llﬂ cop-
THpOBK[P& peGep no anune TpeGyercs O(N%logN) omepauuii. 3a-

TeM | o ) pas mpussoxutcs BhGOpKa pe6pa M3 myda H Kamxoe

BEIGPaHHOE Pe6PO NMPOXOAHT TIPOBEPKy Ha MepeceueHue ¢ peGpam,
YKe BOWICAIIMMH B TPHAHTYJALMIO, HA 4TO TpebyeTcs HEKOTOpOe
Bpems @(N). Bua ¢ 3asucHT oT MeToa, PeaJsu3yiollero sTy mpo-
Bepky. B pesyabrare nosysaem aas Bpemenu, Heo6XOLHMOTO is
STOro MeToAa, caenyioutyio ouerky: O(N2log N + N2g(N)).

Ipocreiiumit cnoco6 BHMOAHATS YHOOMSHYTYIO NPOBEPKY — 3TO
MPOBEPHUTH, NepeceKaeT JH BHOpaHHOE peGpo Kaxioe Hs & peGep,
Yxe BOWEAIHX B TPHAHTYJSILHIO. Tak Kak Kaxkjasi U3 3THX 3Jie-
MEHTapHBIX TPOBEPOK BBINOJIHSETCS 32 MOCTOSHHOE Bpems, TO Aas
¢ uMeeM @ (k)= Cik (rae C;— nekotopas xoHcranra). Cuenosa-
T&IbHO, NoiHoe BpeMs 06paGoTkn pasHo O (N3).

-.Honee SQQEKTHBHBIA MOAXOK GhlT npeftoxken JxuabGeprom
[Gilbert (1979)]. Lleas, crasusmascs npu paspaGoTKe 3TOr0 MoA-
Xo1a, 3aKmoyanack B TOM, YTOGH! c6anancupoBath pabory no
NPHHATHIO pelleHuli (NPHHAMNERHT MH BHOpaHHOE pebpo TpHam-
TyaIsUHH) H paGoTy mo BHGOpPY pebep (mpocMotp pebep B mopsaKe
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s AJHH). HCHO, 4TO 3aTpaTsl Ha MOCJEIHIOK H3 paﬁo‘r
%ﬁﬁ?;‘:;ﬁﬂgT I(‘)(Nﬁ)log N) He3aBHCHMO OT TOTO, HCMOJb3yercs npeﬁ:
BapﬂTethHaﬂ COPTHPOBKB MK TIOAXOA Ha OCHOBE ﬂ“p?gl;l‘ilb[ (15[0.
paMiabHas COPTHPOBKA) [Aho, Hoperoft, Ullman ( 5)]. o
3TOMY HYXKHO AOOHWTLCH, yTo6H Ha 06paboTKy pebpa Tpe maam)“M
e Gonee O(log N) onepaumit. A 5T0 MOXHO Caenath CcaIeyIom]

o6pasom. [Ipeanonoxum, 4ro BHibpano pe6po pipi (puc. 6.7(a)).

(b)

Puc. 6.7. «3Beala H3 Cnuu» B TOUKE pi. PeGpa TpHAHTYJALKA NOKA3AHBL HKHP-
HBIMH OTPe3KaMH.

PaccMOTPHM MHOXKECTBO peGep, COCMHMHSIOWNX pi cg BACEMH 113;71).'(;
THMH TOYKAMH MHOMKecTBa S, ¥ 0003HAUMM €ro 3BE31A(p1). M
MHOXKECTBO OGpasyer «3Be3jly M3 COHU» B TOUKE pi. ITH CrHIL !
YHOpsOUeHbl B NOpsLAKe 06X01a BOKPYT TOUKM pi, HanpuMep Npo:
TuB wacopofi CTPENKH, W AGANT NOAHHEA yroa B Zn paiuan Ha
(N — 1) CceKTopos, HIH YIMOBBIX nHTepBanoB. Ecau HexoTopoe
pe6pO prp; yiKe BKJIQUEHO B TPHAHIYJALLIO, TO OHO POXOAUT qz
DE3 HECKOMKO n0C2eJ0BATCAbHbIX CCKTOPOB 3BEILL 1 p1, M TO K
camoe nMmeeT MecTo Ais aoBoit Toukn pr (I k, j). 3ameTum Tak-
e, 4TO HUKAKHE ABA PeOpa, YAKC BKIOUCHIbE B TPUAHIYIAUMIO,
He TlepecekaioTcs (O OMpEIeNeHuio), TaK HTO pebpa, nonznalo-
mpe B KaxAbiil YIVIOBOK HHTEpBAJ, ONpeielsieMblit 3BE3JA(m),
re [=1, ..., N, ynopadouens'). TIpeanonoxum, Touka pi no-
nana B CEKTOP pjpiPx, Ompejensiembiii 3BE3JIA(p:). Yrobul pe-
AT, CACAYET JH BKA0YaTh Pe6po pip; B TPHAHTYJALILIO, Heoﬁxo:
MO TIPOBEDHTB, MepeceKaer /i OHO peGpa TPHAHTYAUHH, NPOXO

1) Wmeercss B BHAY YNOPRLOUEHHOCTH peep BHYTPH CekTopa MO HX pac-
CTOSIHHIO OT TOUKH Pe. — [Tpus. nepee.
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AsillHe 4epes 3TOT CeKTOp, H, B YacCTHOCTH, Gauscaiuee H3 HHX
K p1 pe6po. Takum o6pasoM, NpoBepka Mepecedeiis CBOAHTCS
K 4YacTHOMY cJyu4aio 3ajayd onpejejeHHss [OJOXKEHHA TOYKH Ha
IIOCKOCTH, KOT/Aa B KaxkIOM cektope, onpeieasemom 3BE3IA (pi)
(anst Bcex [), HeoGXOAMMO XDaHHTb OJAHO PeGpo TPHAHIYAALHH
(nasmBaemoe onopubiM peGpom). Tunmuhas cHTyauus noOKa3aHa
Ha puc. 6.7(b), rie satemHeHa oGsacTb, AOMycTHMas Jisi peGep
TPHAHFYJISILHH.

CTpyKTypa AaHHBIX, HCNOJb3yeMas NpH NPOBEPKE NPHEMIEMO-
CTH peéep, sABJAsieTCs JMHAMHYECKOH, TaK KakK OHa AOJKHA H3Me-
HATBCA (IepeCTPaMBATBhCSI) KaXKAB pas, Kak HeKoTopoe pe6po
BKJIOYAETCS B TPHAHTYJISAIMIO. YUMTHIBAS, OAHAKO, UTO B KaX/OH
3Be3je HIMEHEHHS 3aTPATHBAIOT MHOXCECTEO NOCAE008ATEALHbLY
CexTopos, BIOJIHE €CTeCTBEHHO HCNOJb30BATh JepeBbd OTPE3KOB
(cM. pasa. 1.2.3.1). B uacTHOCTH, CEKTOpH, MOPOXAaeMble
3BE3JIA (p:), npeacraBiedsl (N— 1) JHCTbSIMH AepeBa OTPe3KOB
T, C KaxawiM ysjom v aepea T; cBAsaHo peGpo e(v), ABasio-
weecs 6amxkaiiuum pe6poMm K p; cpeiu Beex peGep, KOTOpbie CBSi-
3BIBAJIECh C Y3JOM U B pe3yjbTaTe BCTAaBKH B J€PEBO OTPE3KOB.
(OuesniHo, uto e(v) Moxer 6uTh mycroiM pe6pom.) Ilpu nposepxe
pebpa p;p; BBHIIOJNHsAETCS NOHCK B fAepeBe Ti, OCYIIeCTBJSEMHI ¢
IOMOBIO NPOXOMIEHHsST MyTH, OMpefensieMoro p;. B kaxaom yaie
U, JiexalleM Ha 3TOM NyTH, NPOH3BOJAUTCS NMPOBEPKA B3aWMHOTO NO-
JIOMEHHS TOYKH p; M pebpa e(v). PeGpo cuuTaercs HOMYCTHMBIM
TOTZa M TOJBKO TOTAa, KOTAA OHO He NepecekaeT HH OAHO W3 pe-
6ep, BCTPETHBUINXCS NPH NpoxoxienHH nytH. Eciu BhiGpaHHOe
pe6p0 oxa3uaae7(£-xenpmonnum, TO NOHCK MNpeKpamaercd. HHa-
ye, Koraa pe6po p;p; ABJAAETCA AOMYCTUMEIM, HEOGXOAHMO NPOH3-
BECTH H3MEHEHHSA: NEpPeCTPOHMTH JAepeBbs, COOTBETCTBYIOUIHE Kax-
nomy u3 mHuoxecrs 3BE3JIA(pi), rae [ i, j. dro peanusyercs
npocTo nyTem BCTaBKH pebpa pip; B mepeso aas 3BE3JA(p:) u
HajJIexallero H3MEHEeHHs KaXAoro ysJaa v, Jexamero Ha nyrdx,
npoxoAMMbIX NpH BeraBKe. (Orchiraem uurarens K pasa. 1.2.3,
Tie noapo6HO paccmoTpeHa paboTa ¢ AepeBbSMH OTpe3kos.) Oue-
BHIHO, 4YTO H3MEHEHHS B KaxKJAOM H3 JlepeBbeB, COOTBETCTBYIOLIHX
3BE3HA(pi), {=1, ..., N, moxno caenath 3a spemsa O (log N).
Tax kak, eciu HekoTOpoe pe6PO OKA3HIBAETCS JOMYCTHMBIM, HEOG-
XONMMO NPOU3BECTH H3MeHeHHs B (N —2) nepeBbsix M 5Ta omepa-
unst Buinosnsiercs O(N) pas, To mosnHoe Bpemsi, Heo6xXoAHMoOe Ha
BEINOJIHEHHE HM3MEHEHHH B [ePeBbAX MPH TPHAHTYJSLUHH, COCTaB-
aser O(N?logN).

YuurhiBasi, uTo Ha ynpasieHue BEHGOPOM peGep, NPOBEPKY MO~
MyCTHMOCTH pefep M BHeCEHHe M3MEHEHHH B CTPYKTYPHl AAHHHX
TpeGyercst Bpems O(N2logN) (na Kakayio B OTAEIbHOCTH), 1O-
JIyuaeM CENYIOUMIi Pe3yJbTaT:

10 3ax. 1075
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Teopema 6.4. Tpuanzyaayus muosxecrea u3 N T04ex HaOH6LM
merodom moxcer 66iTo sbinoanena 3a epemsn O(N?log N) c ucrions-
sosanuen namary o6vemon O (N?).

6.2.2. TpHAHryAsLHs C OPPAHHYCHHAMH

Bo MHOrHX cayuasx NPHPOJA peliaeMOi 3ajaud Takosa,
YTO MpH TPHAHTYJSUHH HeOOXOJHMO YUYHTHIBATL PasHOro poia
OrpaHHYeHHsd, T. €. B MCXOﬂHOﬁ IOCTAHOBKE 3a/Ja4YH Ha MHOXKeCTBO
pebep TPHAHTYJSILHN HAKIAABIBAIOTCA HEKOTOpbie orpanuyenns. Tu-
NUYHBI PHMEp TaKOi CHTYalMH aeT 3ajaya TPHAHTYJAALHH BHYT-
PEHHOCTH NpPOCTOro MHOrOYyroJbHHKA.

3 BCeX ONHUCAHHBIX paHee METOAOB AJS PelUeHHs TaAKHX 3ajaa4
¢ OrpaHHYEHHAMH MOXHO OBLIO OBl MCMOJB30OBATH MKAAHBIA METOA,
HO OH HMe€eT OJHH HELOCTaTOK: ‘aq)q)eK‘I‘HBHOCTb NoJy4YeHHs1 pelue-
HHsi jajeka oT onTuMaiabHoit. C JApyroii CTOPOHH, He BHAHO CIO-
co6a NMpHCNOCcOOUTh JJIi PelieHHs TAKMX 3a1a4 METOA TPHAaHIyJsi-
uun Jenone. (Cm. pasa. 5.6 u 6.5.) CienoBaTesbHo, He0GXOAHMO
HCKaTh HOBBIH METOA.

Kak 06blyHO, Ha IJIOCKOCTH 33aHO MHOMKeCTBO S H3 N TOUeK.
Kpoume Toro, Ha S 3apano MHoxecTBo E H3 M HemepeceKalouiuxcs
pebep (orpaHuueHHs), KOTOpble HOJNXKHbl BOATH B uHCIO pebep
TPHAHTYJIALHH. Mpbl HEMHOTO H HeCylnieCTBeHHO H3MEHHM Mpeabliy-
Ilee COrvalieHHe, YCJOBHBIIHCh, YTO 06/1acTb, MOABEpraeMas TPH-
AHTyJsUHH, [PeICTaBJseT HAaHMeHbUIHi npsamoyrodbHHK rect(S),
CTOPOHBI KOTOPOrO mnapaJjiesibHbl KOOPAHHATHBIM OCAM, OXBaThi-
BalOUIMi Bce TOUKH MHOxKectBa S. (3amernm, uro B rect(S) cy-
LIeCTBYIOT MO KpaliHe#l Mepe JBe BEpIUIHHb, HMeIOLIHe HaHGo/blIee
3HAUYEHHE y-KOOPAMHATH, W MO KpaiiHeil Mepe ABE BEPUIHHH C HaH-
MeHblleli §-KOOpAHHATOI.)

Ilenn cocrout B TOM, uTOGH 3PPEKTHBHO BHIOIHHTL pasGHeHHe
rect(S) Ha MHOTOYrOJIbHHKH MEHBUIETO pasMepa, TPHAHTYJISLHS
KOTOPBIX He BbidbiBaeT 3artpyanenuit. Clleayiolliee ompejlenenne
ONKCHIBAET KJacC TaKHX MHOroyroapHukoe [Garey, Johnson, Pre-
parata, Tarjan (1978)].

Onpenenenne 6.1. MuOroyronbHHK P HasbiBaeTcs MONOTOHHbIM

OTHOCHTEJIbHO NPSIMOH [, €C/IH OH NPOCTOH M €ro IPaHHua ABAAETCS
OObe/HHEHHEM [IBYX lemnel, MOHOTOHHBIX OTHOCHTENbHO [ (CM.
pasa. 2.2.2.2.)1). -

Byaem mpeamomarats panee, uto npamas [—sto y =0 ca-
CTeMBbl KOOpAMHAT M YTO HHKaKHe JBe TOYKM MHOMKEeCTBa S He
HMeloT OAHHAKOBYIO OpAuHaTy (KaK OGH'-IHO, 3TO IPeAnoJoXKeHHe

!) BHJO nOKasawo, uTO NPOBEPKA MOHOTOHHOCTH MPOCTOTO MHOTOYTOMBHEKA
MOXeT OHTh BLINOJHeHa 3a JHHefiHoe Bpems [Preparata, Supowit (1981)]
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He NPHHUHIHAJIBHO, HO ynpoulaer paccMorpenwne). [lanee Gyaer
NpeACTaBaeH NPOCTON aJIrOPHTM TPHAHTYJSIHH MOHOTOHHOIO MHO-
TOYTO/bHHKA, 4 CeHuac MOKaXeM, KaK MOXHO BHIOJIHHMTb pa3lue-
HHE IpsMoyroJbHuKa rect(S).

TlpeanaraeMbiii MeTOA NDHHAJIEXHT K/IAcCy METOJOB, OCHO-
BaHHBIX Ha 3aMETAHHW ILIOCKOCTH, M, TO CYUIECTBY, COBIajaer
C IPOLENYPOHl «pery/IspH3alH» IUIaHAPHOrO rpada, omHcanHOH B
pasn. 2.2.2.2. JlelicTBHTEIBHO, Ba S u E onp T maa-
HapHBIH Tpad, ynoxmeHHHIT Ha muockoctd. ITpouenypa peryaspu-
3anuH (OMHCaHHe KOTOPOH 3jiech He NPHBOJHTCH, UTOGHI He AeaaTb
HeHyXKHBIX noBropeHuii) 3a Bpems O(Nlog N) moGasaser pebpa
TaK, YTO BHIUIONHAIOTCH CJEAYIOlLIE YCIOBHS:

(1) Hukakue aBa peGpa He mepecekaloTcsi (3a HCKJIIOUEHHEM,
BO3MOXKHO, B BEpIIHHAX);

(2) kampuas BeplIMHa (32 HCKJIOYEHHEM BEPLIMH C HaHGOJb-
el y-KOOPAHHATONH) HeNOCPEACTBEHHO COe/HHeHa MO KpafHeit
Mepe ¢ OHOH BepUIHHOH, MMerollell GOJbIIYIO y-KOOPAHHATY;

(3) kaxnasi BeplIMHA (32 HCKJIOYEHHEM BepPLUIHH ¢ HaHMeHb-
weil  y-KOOPAHHATON) HEHOCPEACTBEHHO COeAHHEHA 1O KpaiiHei
Mepe ¢ OJHOH BepPUIHHOH, HMeKILeH MEHbIIYIO Y-KOOPAHHATY.

VTBepxkaaercs, uTo Kaxaas 06aacTe miaHapHoro rpada, noay-
ueHHas B pe3yJbTaTe NMPHMEHEHHs NPOLEAYDBl PEryJsPH3ANMH, AB-
JIS€TC  MOHOTOHHBIM ~MHOTOYTOJIBHHKOM. J{0Ka3aTelbeTBO 3TOTO
YTBEPXKJeHHsS] OCHOBBIBAETCS HA NOHATHH BHYTPEHHero Iuka. Bep-
UIHHA U TPOCTOrO MHOTOYTOJNbHHKA HA3BIBACTCS BHYTPEHHUM NUKOM,
€CJTH BHYTPEHHHHA Yroa B BepUIHHE U NPEBHIIAET 1t H 06e CMexHble
C Heil BePLIHHB MMEIOT y-KOODJHHATY, He IPEBOCXOAAILYIO y-KOOp-
auHaty Bepwnsl v. M3 ycaosuii (2) m (3) caeayer, uto HH oana
BepUIHHA PeryJspH30BaHHOro rpada He MOXKeT GbiTh BHYTPEHHHM
nukoM. Killod K 10Ka3aTenbecTBY CAGNAaHHOTO YTBEPIKAEHHS aaer
CJIeAyIoMmas JemMMa:

Jlemma 6.3. Ecau P— npocrod mnozoyeorstur Ges BHYTPEHHUX
NUKOB, TO P — MOHOTOHNbLL OTHOCUTEAbHO Y-OCU MHO2OY2OLLHUK.

ﬂofcasare/wtmo, l'lyc'rb U1, U2y ..y Um——TIOC/IC0BATENBHOCTD
BePLIHH MHOTOYTo/bHHKa P B mopsiike 06x0ia IO 4acoBOil cTped-
K€, @ Uy H Us— BEepUIHHbI C HaHGOJbINEH W HaHMEHbLIeH Y-KOOp-
AHHAaTaMu coorsetcTBerHo (puc. 6.8). Ecan MHoroyroipHuk P He
MOHOTOHHBIH, TO MO KpafiHeil Mepe 0JHAa M3 ABYX LelNei 3 U; B Us,
06pa3oBaHHBIX peGpaMH MHOTOYTOJbHHKAa P, He SIBAsieTCS CTPOrO
yOuBalowe# no y-koopauxate. PaccMoTpuM ciyyal, Koraa 510 —
uenb, NPOXOAfIIAsl Yepe3 BepUIMHY Uy (APYToif cayuail MOJHOCTbIO
CHMMeTpHYeH JaHHOMY). BniGepem B KauecTBe TNepBOH BepIIMHEI
Ha 3TOM NyTH v;, 1 <<i<{s, TaKylo, YTO y-KOOPAMHATA BEPLIHHEI
Uig1 MPEBOCXOAHT y/-KOOPAHHATY BEPUIHHBI Vi

10+
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Ilas Hauaja 3aMeTHM, YTO NOCJEJ0BATEIbHOCTb M3 TPeX Bep-
WHH  (0i-10Ui41) AOJKHA O6PA3OBEIBATH NPaBHIA MOBOPOT, TaK
KaK MHaue v; Oblia Gbl BHYTPEHHHM IHKOM MHOrOyroJbHHKa P
(puc. 6.8(a)). PaccmoTpuM Tenepb MNpsiMylo, MPOXOASANIYIO uepes
BepuIMHEl vy H vs (puc. 6.8(b)). [lycts r = v;— nepBas Touka Ha
rpaHHIle MHOTOYTOIbHHKA P, BCTPETUBINAACA NPH ABHIKEHUH H3 Ui
B Us 110 MPAMON, NPOXOAsieli uepes v; H Us (r MOXeT CcOBNAjaTb

1 Y1
Uz
Yool U .
i 7 U
)
/
us Us
(®) (b

Puc. 6.8. (a) —uv;— nepBass BepiuHHA B TOCJICAOBATEJLHOCTH Uy, Uz ..., AJR
KOTOPO#t Y (Vi+1) > y(vi); (b) —r —mepsas Touka nepeceuenis MPAMOF, HAyuIeH
M3 U; B Us, C rpal-muéu MHOTOYroJbHHKa P; (¢) — BeplwHHa u, HMelowas B MHO-
Ty, ABJSETCS BHYTPEHHHM NHKOM MHO-

rOYroJIbHHKa P

¢ vs). OTpPe30K, COCAHHSIONMIT U; W r, JEJAHT 06JacTb BHE MHOTO-
yronbiuka P Ha JiBe UACTH, OJIHA K3 KOTOPBIX MPE]CTaBJsSeT Orpa-
HHYeHHbIH MHoroyroibhuk P’ (puc. 6.8(c)). Bce sepuwunbl MHOroO-
yrosbuuka P’, 33 HCKJIOYEHHeM r, SIBISIOTCA BepLIMHAMH MHOTO-
yroabuuka P. Tlycte u— BepUIHHA MHOTOYTOJbHHKa P, umeromias
HanGObWYIO Y-KOOPAHHATY. Toria u ABJAETCA TAaKXKe H BepLINHOH
MHOTOYrO/IbHHKA P, H, KpOMe TOTO, SIBJISETCSl BHYTPEHHHM MHKOM P
(nporuBopeyne).

Jlemma 6.3 u TOT (paKT, YTO HH OJUH M3 MHOTOYrOJbHHKOB, MO-
JIyYeHHBIX B pe3yabTaTe PeryJspH3alluH, He HMeeT BHYTPEHHHMX NH-
KOB, JIOKAa3LIBAIOT yTBEPXK/JEHHE O MOHOTOHHOCTH Kai/[O0TO W3 MHO-
rOyrobHHKOB. Tenepb MOXKHO OOPATHTLCA K BOMPOCY TPHAHTYJIALHH
MOHOTOHHOTO MHOI‘OyI‘O.’IbHHKa {Garey, Johnson, Preparata, Ta-
rjan (1978)].

6.2.2.1. TpHaHTy/ ANKA MOHOTOHHOTO MHOTOYrOJbHHKA

Tak KaK MHOrOYroJbHHK P MOHOTOHHBI OTHOCHTENbHO
Y-OCH, TO NyTeM CJIHAHHMA JBYX MOHOTOHHBIX IUemeil, 06pasyiowux
rpanuny P, moxno 3a Bpems O(N) ynopsiouuTh BeplikHH P B
NOpsiike yMEHblIeHHs y-KoopauHatel. IlycTs wui, 4z, ..., uy—Tmo-
CJ1e/l0BATE/LHOCTb BEPIUHH, NOJYYeHHAs B Pe3y/bTaTe ynopsaaoue-
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Hust. I3 MOHOTOHHOCTH CJIEAyeT, UTO A KaxAOR BepPUIHHBI u;
(1 <i<< N—1) umeercss BepmHHa uj, rae i << j, Takasi, YTO Wilj
ABasercs pe6pPOM MHOTOYTOJIbHHKA

AnropuT™ TpHAHTYJAALuK o6pabaThiBaeT IO OAHOH BEpIIHHE 33
pas B MOPsAAKE yMeHbIIEHHs y-KoopauHaTel. B xoze sroit o6pabot-
KH NOpoxjalotcs Ouaeonaiu MHoroyrojbHuka P. Kaxnuass awmaro-

U=

Bepuwne (CTEIT) Vs =Ui

u'
vy (b)

U, =U;

u

(©)

Puc. 6.9. Tpu cayuas, BO3HHKAIOMHE HAa OCHOBHOM ware. ILITPHXOBBIMH JHHHAMH

HaJlb OTPAHHYHBAET TPEYTOJNbHHK, OCTaBJAS JJIs MOCIeNyiomeil TpH-
AHTYJASIUHH MHOTOYTOJIbHHK, HMEIOIHHE Ha OJIHYy CTOpPOHY MeHble.
ANTOpHTM HCIONB3YeT CTEK, COMEPIKAIIWi NPOiJEeHHbe BEePLIHHEL,
HO KOTOpEIE ellle He OTCeYeHE AHATOHAJSAMH. AJIFOPHTMY AOCTYMHbBI
Kak caMbii BepXHHi (BepxX), Tak M CcaMblii HHXHHH (HU3) 3ie-
MEHTH cTeKa (HHXKHHH TOJBKO JJIsi KOHTPOJS).

Bepuunbl v, (HHXKHHH 3/€MEHT cTeka), U, , Ui, Haxond-
muecs B creke CTEK, o6pasyer mems, sBasiomyiocs rpanuiei
MHOTOyroJbHHKa P, u mpr aroM y(v)) > y(va)> ... > y(vi).
Eenn i3, 1o yron (vjujivj42) = 180° man j=1, ..., i—2
(puc. 6.9).

Anroput™ pa6oTaer cieAyiolEM 06pasoM:

HavaapHuifi mar. B crek moMemarnTcs BepLIMHE Uy H Ug.
OcuoBHOM war. ITycTs y — TeKymias BepLIHHA.




204 Ta. 6. Bausocte: sapuantel u 06obuenun

(1) Ecan u cMexna ¢ v;, HO He cmexna ¢ u; (sepx(CTEK)),
TO 106aBHTh AHATOHAJNH Uy, UVs, ..., UU;. 3aMEHHTh COAEPIKHMOE
creka Ha viu (puc. 6.9(a)).

(2) Ecan u cMeXxHa ¢ v;, HO He CMeXHA C Uy, TO, MOKa i > 1
H yroa (uv;vin) << 180°, 106aBASATH AHATOHAMb 4U;—; H BHITAJKH-
BaTh v; 3 cTeka. Ecau 370 ycnoBHe, coctosllee M3 JBYX uacTel,
GoJblile He BHINOJHsETCS (I €CK OHO He BHIMOJIHAIOCh C CAMOTo
HavaJja), T0 106aBuTh u B cTeK (puc. 6.9(b)).

(3) HMmnaue, KOrAa u cMeXHa Kak ¢ Uj, TaK H C U;, X06aBHTb
JIHATOHAMH WUz, UTg, ..., WU (B stom cayyae o6paGoTka 3aKaH-
unBaercs (puc. 6.9(c)).)

KoppekTHocTb alropuTMa 3aBHCHT OT TOTO, JieXaT JH 106aB-
JiseMble MATOHAJH ILeJHKOM BHYTDPH MHOrOYrosibHHKa. PaceMor-
PHM, HanpHmep, AHaroHans (uvs), AoGaBasemylo B caysae (1).
Hu oana us Bepmun vg, ..., v; He MOXKET HAXOAHTbCS BHYTPH WJIH
Ha TpaHulle TPeyroJbHHKAa (u, Uy, Vs), TAK KAaK BHYTPEHHHE YIJBI
B BEpUIHHAX Uy, U3, ..., Vi~ PaBHE He MeHee yeM 180° u arto mpH-
BOAHT K TOMY, YTO 4 H U3, Ui, ..., U; HAXOAATCS MO PA3HBIE CTO-
POHBI OT NMPsIMOIi, cojiepKaiieil 0Tpe3ok v\vz. Hukakas apyras sep-
UIMHA MHOTOYTOJIbHUKA HE MOXKET HAXOAMTbCS BHYTPH HJIH Ha rpa-
HHLE 3TOTO TPEYTONbHHKA, TaK Kak BCe TAKHE BEPUIHHBI HMEIOT
Y-KOODJIHHATY, MeHblUyl ueM BepuinHa u. Hu O1HA TOuKa BHYT-
PH TPEyroJbHHKA He MOXKET OBITh BHEWIHCH 1Jsi MHOTOYTOJbHHKA,
TaK KaK B 5TOM cjyuae JoMaHas npouia Gbl uepe3 BHYTPEHHOCTh
TPeYroJIbHHKA H 1O KpaiiHell Mepe ojHa W3 ero BepLIHH OKa3aJjach
BHYTPH Tpeyroabnnka. Takum oGpasoM, AHATOHAMb uUz LEJIHKOM
JIeXHT BHYTPH MHOTOyrosibHuKa. JlokasareqbcrBa Jst cilyuaes (2)
H (3) NMpOBOAATCA aHAJNOTHYHO, H, KPOME TOTO, JOBOJIBHO IIPOCTO
MOXKHO NpPOBEDHTb, UTO CBOMCTBA CTeKA SBJIOTCS HHBAPHAHTOM
anropuT™a.

Tpoananusupyem pabory aaropurma. Camanue uemefi, mpous-
BOAUMOE BHAuaje, MoxeT OHTh BhmoHeHo 3a Bpemsa O(N).
B npouecce TpHauryasuuH Kaxaas BeplIHHA 3aHOCHTCH B CTeK 1
NPOCMATPHUBACTCS B TOYHOCTH OAMH Pa3, 3a HCKMIOYCHHEM, KOTAA B
ciydae (2) He BmINONHSeTCR yCJOBHe «moKa i>>1 wu yroua
(uvivi_1) < 180°. EcJiu OTHECTH COOTBETCTBYIOULYIO PaGOTy, TaK ke
Kak M 3aTpaThl, CBS3aHHBIE C JIOCTYNOM K BepPXHEMy H HHKHEMY
SJEMEHTAM CTeKa, Ha CyeT 0GPaGOTKH TeKyuleli BepUIMHH 4,
TO OYEBHIHO, YTO 5T NPOLENYPA MOXKeT OHITh BHINOJNHEHA TaKKe
3a Bpems O(N). B pesyaprate moayuaem cJefyiomyio Teo-
pemy:

Teopema 6.5. Tpuaneyaayus MOHOTOHHO20 MHO20y20AbHUKA C
N croponamu moxer 6Goirs sotnosnena sa spemn O(N), 4ro se-
AAETCA ONTUMANOLHOIM.
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O6beauHss 5TOT Pe3y/bTaT C NOJyUeHHbLIM palee, COMIACHO KO-
TOPOMY NPAMOYTOMbHHK rect(S) MOXHO pa3sGuTb Ha MOHOTOHHEHIE
MHOTOYro/IbHHKH 32 Bpems O(NlogN), M NPHIOMHHB HHIKHIOI
OUEHKY [JIs 3a]ayd TPHAHTYJALMH, NOJydYaeM CJeIyIOLLyl0 Teo-
pemy:

Teopema 6.6, Tpuanzysayuio ¢ 02panutenuen Ha MHONCECTEE U3
N rouex moxcno gownosnure sa epems O(NlogN), uro asaserca
ONTUMANOHOLM.

OtMeruM, OfHAKO, uTO TeopeMa 6.6 He NpUMeHHMA B Ccayuae
TPHAHIYJISALKN MPOCTOTO MHOrOYTOJbHHKA, TaK KaK B 9TOM cayyae
HCXOLHO 3ajiaHHble pe6pa TPHAHTYJALUH yXKe He SBISIOTCH IPOH3-
BOJbHBIMH. MBI elile BepHeMCsi K 3TOMy BOMpocy B pasi. 6.5.

6.3. O6oGmenus xuarpammsl Boponoro

Hanomunm onpenesnenue auarpammer Bopoworo, aanuoe
B mpelblaymleit riaBe: [luarpamMma BopoHOTo KOHEUHOTo MHOde-
créa S TOUeK HA NAOCKOCTU npejcraslisieT Takoe paaGHeHﬂe 1710~
CKOCTH, NPH KOTOPOM KamjAasi o6iacTb 3Toro pasbuenust o6pasyer
MHOXKECTBO TOUEK, 6osiee GIH3KHX K OaﬂDMy U3 3NeMEHTO8 MHOXKe-
crBa S, 4eM K JOGOMY JDYroMy 3J€MEHTY 3TOrO MHOMKECTBA.
B srom onpeje/sieHHH KypPCHBOM Bbl/eJeHbl TPH 3J1€MeHTa (MHO)KQ-
CTBO TOY€K, INIOCKOCTh, OJHH 3JleMeHT), KOTOpble MOIYT CJYXKHTh
OCHOBOH aJist 0GoGuienHs. KM rakue 060Gienuss GbuH CACIaHB,
npaBAa, ¢ pasjHYHbIM yCnexoMm B KaxKJ1OM H3 3THX Tpex HaIpas:
JIEHHH. o
Hpemne BCEro, OocTaBasich, Kak H npexae, B IJIOCKOCTH (‘l‘, €.
B JIByMEDHOM NPOCTPAHCTBE), MOXKHO PaCLIHDPHTH 3aJaHHOE MHOMKe-
CTBO, .uoéasma IIOMHMO TOYEK Apyrue reoMeTpHYecKne Oﬁ'beK’l‘hl,
TaKHe KaK OTPe3KH, OKPYKHOCTH H T. i. OHAKO B 3TO{l KHHTe 3TO
HanpapJICHHe MOAPOCHO paccMaTpHBaThest He Oyier (cM. pasi. 6.5).
JHanee B moucKax CTPYKTYpbl AaHHLIX, 0GecleuHBaOIe adpdek-
THBHOE DelIeHHe 3aJaud NOHCKa k-Guukailinx cocepell (cM. sa-
aavy B.6 B pasn. 5.1), MoXer BO3HUKHYTL iKelaHHe OnpejeNHTh
obnacrH, coaepxaliiie TOUKH, Gosee GaH3KUe K HEKOTOPOMY 3a-
AaHHOMY HoﬂMHO)KeCTBy H3 k 3JIEMEHTOB MHOZKeCTBa S, UeM K JI10-
GOMy APYroMy MOJMHOXKECTBY C TAKHM K€ UHCAOM 3aeMenTos. Jlio-
GOTBITHO, YTO €CJH TONOKHTb & paBubiM N — 1, T0 moJyuntes ama-
rpamMma Bopoworo nanbHeit Touk.
u HAKOHEIl, XOTs onpejesenHe o6bluHOi anarpaMmel Boponoro
Ha cayvyan npocTpaHcrsa npOHSBO.’IbHOﬁ PasMepHOCTH OUEBHAHO, ee
TIOCTPOEHHE CBSI3aHO CO 3HAYHTEJbHBLIMH AJIrOPHTMHYECKHMH np06-
JIeMaMH. ﬂeﬁc’l‘BH‘l‘eJIbHO, MOXKHO JIerKO JI0Ka3aTh, YTO npH 3ajaf-
HOM uHc/e Touek N KOJTHUECTBO 3JIEMEHTOB, HeOﬁXO}lHMbH Aast
ONHCaHHA JAHarpaMmbl BOPOHOI‘O, pacTer 3KCNOHeHLUHAJbHO B 3a-

N
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BUCHMOCTH OT Da3MEPHOCTH NMPOCTPaHCTBA. ITO — fABJEHHE, C KO-
TOPHIM Mbl YK€ CTaJIKHBAJHCh, pellasi 3ajauyy O BHUIYKIOK 060-
nouke, BrpoueM, cBsish Mexy AHarpaMMaMH BODOHOTO H BHINyK-
JBIMH OOOJIOYKAMH JajieKo He HcueprbiBaerca (GaKTOM 3KCMOHEH-
11HaJILHOTO POCTA COOTBETCTBYIOUIMX HM ONHCAHHH.

6.3.1. inarpamma BopoHoro BeiCIIMX NOPAAKOB
Ha MJIOCKOCTH

JHuarpamma BopoHoro, sB/assich OueHb MOLUIHBIM CpeA-
CTBOM, He JlaeT HHUero, KOria peub HAeT O HauGojee yNaJeHHBIX
TOUKAX, k GJMNKAMIIKHX TOYKAX U APYTHX METPHYECKHX OTHOIICHHSX.

Puc. 6.10. [duarpamma Bopoworo sToporo mnopsika. TOYKH NOMEUeHbl CBOHMH
Homepamn. Hekoropue MHoroyronbuukn Bopoworo B aHarpaMme BTOporo mo-
psiaKa MOryT OWTb mycThiMu. I oTcy yeT MHOT 5.7).

Kak TtakoBas, nuarpaMmma Bopooro He Moxer GHTh IpHMeHeHa
IS elleHHsl NOCTABJEHHBIX 3a4ay. 3aTpyiHeHHe BBHI3BAHO TeM,
YTO MBI DACCMATPHBAJH MHOTOYFOJBHHK BOpOHOro, CBsi3aHHHI
¢ onHoi Toukoi. Ho Takoe orpaHuyenue BOBce He siBAseTCs Heo6-
XO/MMBIM, H_GyJIeT I0JIe3HO MOTOBOPHTb 06 O000OWEHNHOM MHOZ20-
yeoaenuke Boponoeo V(T) nommuoxecrsa touek T [Shamos,
Hoey (1975)], onpesensiemom Tak:

V(N)={p: VoeTVw=S—T, d(p, v)<d(p, w)}.

To ects V(T)—3T0 MHOXeCTBO TOYEK HA IJIOCKOCTH, TAKHX YTO
Kaxaas Touka us T Gamxe K Hekotopodt Touke pe V(T), uem
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no6ast TouKa, He npunamdexamas T. Jlagum sKBHBajeHTHOe on-
peneneHue:

VO =nHp,p) psl, pp=S—T,

rae H(pip;), KaK OGHIUHO, NPEICTABJACT NOJYNIOCKOCTb, COAEP-
JKalylo p; M OMPefeJAeMyio NPsIMOH, MepreHiHKYIAPHOf OTPe3Ky
pipj W neasmieil ero momosaMm. DTO ONpeneNeHHE NMOKA3LIBAET, UTO
0GOGUIeHHbIl MHOTOYFOJbHHK BODOHOTO MO-IpEXHeMy sSBIAETCA
BunyKkabM. Komeuno, Moxer okasatbes, uro V(T) mycro. B mpu-
Mepe Ha puc. 6.10 OTCYTCTBYIOT TOUKH, st KOTOPBIX HX ABYMs GilH-
JKaHIHMH COCEIAMHU SBASIOTC TOUKH Ps W pr. MHoxectso S, co-
nepxkailee N Touek, uMeer 2¥ NOAMHOKECTB. JLast CKOJIbKHX H3 HHX
MHoroyronbukH Boposoro menyctse? Ecam coorsercraylomee
YHCJIO HEBEJHKO, TO €CTh HajeXAa OPraHW30BaTh MOHMCK & Gamxafi-
WX coceself, He MCNOJAb3Ys JJIs 3TOTO Ype3MepHHlt oGbeM
naMsTH.

OnpenenuM_Ouazpammy Boporozo nopadxa k, o6osHauus ee
Vor,(S)— KaKk COBOKYIHOCTb BCeX 06C X MHOFOYT
Bopou?ro k-3MeMeHTHHX NOAMHOXeCTB MHOXecTBa S. Takum 06-
pasom!),

Vorg (S)=UV(T), T<S, IT|=k.

IMpu rakoli 3anuch oOblYHas AWarpamMma BopoHoro srto mpocto
Vor,(S). Haspauue «auarpamma» ais Vorg(S) BnosHe yMmecTHO,
TaK KakK ee MHOTOYTOJbHHKH paa(’)uaalm' MJIOCKOCTb Ha uacTH. Ecaa
3agana guarpamma Vorg(S), To k Gamxkafmux coceiieif HeKOTOPOH
HOBOH TOYKH q MOXHO HZ\[’]THY OnpejeiiB MHOTOYTOJbHHK, B KOTO-
pom Haxoauresi q. Ha puc. 6.10 nokasama amarpamma Boponoro
BTOPOTO NOpPsiAKA, COAepKallas OGNACTH, OMpeieisiollHe Napsl
GUHXANIIAX TOYeK.

l'lpe)«ne YeM MNpHCTyNaTh K OGCY)KACHHIO BBIYHCAHTENBHBIX 3a-
a4, CBA3AHHBIX C NOCTpoeHHeM o0GoGuIeHHBIX auarpamm Bopo-
HOrO, HEOGXOAMMO H3YUHTb MX CTPYKTYpY. DTOMY BOMpOCY MOCBSA-
LIeH caelyloLuit pased.

6.3.1.1. DnemenTHl HHBEPCHOH reoMeTpUH

Hauhem c HeGoabuIoro OTCTYIJEHHS B 06J1aCTh HHBepC-
HOi TEeOMEeTPHH — CPeaACTBa, KOTOpOe 0coGeHHO TOAXOAUT sl Ha-
uIMX uesed.

') Tlpasuabiiee 3anmcaTs TaK:
Vor, () =U{V (), T=S. |T|=k
— Mpun. nepes.
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Onpenenenne 6.2, Husepcus B npoctpancrBe E4— 310 mpeoG-
pasopanie, NePEBOAALLEE TOUKY, onpenenﬂemylo BEKTOPOM V, B
TOUKY, OnpeessieMyio BEKTOpoM v/ =v-1/|v

3ameTHM, YTO WHBEPCHs SBJISIETCH WHBOJIOLHEH, TaK KaK CKa-
JspHOE TMPOM3BelleHue v i ee 06pasa v/ PaBHO eAHHHIE:

v-vi=v.vl

A
v — >
H, 3HAUHT, V H V' ABJsIOTCS 06pasaMu Apyr Apyra npH mpeoGpaso-

BaHHH WHBEPCHH. PaCCMOTpHM O/IHO XapakKTepHoe CBOIiCTBO HHBEp-
CHH, BEIPA)KaeMoe CJIe/lyiollel TeopeMoii:

Teopema 6.7. Husepcus & npocrpancrée E4 orobpaxcaer eu-
nepcegepol 6 eunepcgepol.

Hoxasareascreo. Tunepcdepa ¢ ¢ HEHTPOM B C H PagHyCOM
r——3T0 MHOXECTBO TOYeK V, Y/IOBJETBOPAIOUIHX YPaBHEHHIO
|v—c|?=r% Orciona cpasy nomyuaem 2v-c’ =|v|24|c|2—r2

Tenepb paccMOTpHM BeaHuHHy |V’ —c/(|c| —l’)|2 rae v—o6-
pa3 TOYKH v npH HHBepcuH, T. e. v/ = 1/|v|2-v. [Toayuaem
lv, _ ov.cl
P (TeP—=r?)
fICf’—V’)’+IH’ICI’*IVI’(IM’-V’)-(Icl' )

Ve (TeP—

2
(fefr—r1*

Tak Kak 3Ta BeJHUYHHA SIBJISIETCST KOHCTAHTOM (OHE 3aBHUCHUT OT
KOHCTaHT |¢|? u r), To oTclona caeayer, uTo 06pa3oM runepchepst
0 npu npeo6pasoBaHHH HHBEPCHH ﬂE!IileTCﬁ rnnepcd)epa C LeHT-
pom B ¢/(|c|2—r?) n pagnycom r/(|c|>—

HpeoﬁpaSoBaHue HHBEPCHI HUMeeT OCO6EHHOCTb B HauaJje Koop-
auHarT npocrparcrtBa EY. OGpa3oM Hayana KOOPAHHAT SIBJASIETCS
GecKOHeyHo yAaJjienHas THIepNJIOCKOCTb. CJIE}ICTBHQM 3TOro sB-
JAeTcst TOT (l)aKT, 4uTO NMpH npeoﬁpasosamm HHBEPCHH BHYTPEHHOCTh
runepcdepnl ¢ 0To6paxaeTcs Ha BHYTPEHHOCTb ee 06pas3a ¢’ Toraa
H TONbLKO TOTJa, KOria ¢ (a 3HAYHT, H 6’) HE COAEPXKHT BHYTPH
ce6st HauaJgo KOOPAHHAT. B npoTHBHOM clyYae BHYTPEHHOCTb O
oro6paxaeTcss Ha BHEUIHIOI 06JacTb ¢”.

Jis Hac, B YaCTHOCTH, WPeiCTaBJseT HHTepec CJIy'-liiﬁ, Koraa
runepchepsl TPOXOAAT Uepe3 HAUAMO KOOPAHHAT, SABASIOUIMICST
NPOMEKYTOUHBIM MEXKAY JABYMS CJYuYaAMH, YNOMSHYTHIMH BbILIE.
Tunepcdepa, npoxoasiias uepes HAYajd0 KOOPAMHAT, OTOGpamaer-

) Mexny Toukamn H BekTopamu B EY MMeeTCs B3aWMHO OZHO3HAauHOe CO-
otsercTBHe. [To3TOMY najlee BMECTO «TOUKa, ONpefelsieMas BEKTOPOM V» Gynem
HCTIONB30BATL KPaTKYI0 GopMy «Touka V». — [Mpum. nepes.
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¢ B TUNEPILIOCKOCTb, @ BHYTPEHHOCTh THmepchepnl oTobpaxaercs
Ha NOJyNpPOCTPAHCTBO (OIpeie/sieMoe THIEPIJIOCKOCTbIO-06pasom),
ne codepmaujee Hauano KoopamHar. Hiaue roBops, ceMefCTBO Ti-
nepmiockocreil B E4 otoGpaxaeTcs 8 ceMeficTBO rurnepcdep, mpo-
XOASILIHX Yepe3 HAuano KOOpAUHAT.

Iast Goabwell HArJsSAHOCTH TOC/TENyIOLLee H3JIOXKEHHe OCHO-
BHIBAETCH HA PACCMOTPEHHH ABYMEPHOTO H TPEXMEPHOIO CJy4Yaes.
Kpome Toro, mpu oGCy:KIeHHH AHAarpaMm Bopomoro Bhicwux mo-
PSIAKOB Ha IVIOCKOCTH MBI TaKze BOCIOJb3yeMCs TPeXMepPHEIM Ipo-
CTPaHCTBOM; OJHAKO JJIsi TMPOCTOTH Ha PHCYHKax Oyner nsoGpa-
KaThesl AByMepHas cuTyauus. TaknM 06pasoM, H3 NpeAbAyLIEro

EGununnds
onpyarcHoCTTE

Pm; 6.11. IIpumep mpeoGpasoBakind HHBEDCHH Ha TMUIOCKOCTH AJA CAyuasi MPSMBHX
uepes Havano

OGCy:KAeHUs CIeAyeT, YTO MpPH HHBEPCHH B Cayuae IVIOCKOCTH
OKPY2KHOCTH NEPEXOAAT B OKPYXHOCTH, a B TP€XMEPHOM INpPOCTPaH-
crBe cepni 0TOGpaKaTCA B chepbl.

B npocrpanctBe E3 ocoGyl poib Hrpaer eXMHHYHAm cdepa
(chepa eIHHMUHOTO pajuyca C LEHTPOM B Hauaje KOODPJAHHAT),
TaK KaK TOYKH 3TOH Cfbepbl OCTATCA HEMO/IBHKHBIMH IIDH HHBEp-
cun. Ha puc. 6.11 nokasan npumep npeo6pa3soBaHHsi HHBEPCHH Ha
niockoctH. Ha stom pucynke mpamas [; (i=1, 2, 3) 1 OKpyx-
Hocts C; MpH MHBepCHH Npeo6pasyioTcs APYT B Apyra.

6.3.1.2. Crpykrypa amarpamm Bopoxoro swicmux
TIOPSIAKOB

Tenepb Mbl TOTOBH K OGCYXKACHHIO OCHOBHONO BONPOCA.
IMycte S — mHOXKecTBO H3 N TOYEK Ha ILIOCKOCTH. ITomecTum 3Ty
NJIOCKOCTb B NPOCTPAHCTBO E% ¢ KOOPAHHATAMH X, § W 2, COBMECTHB
ee C IVIOCKOCTbI0 Z == 1 (3aMeTHM, OJHAKO, YTO MOXKHO ObUIO BHI-
6path J06yl0 Apyrylo miockocts). ITocTponM 06pa3 aToii miIocKo-
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CTH npu HHBEpCHH, T. €. chepy C paauycom 1/2 c UeHTpOM B TOuKe
(0,0,1/2). (Cm. puc. 6.12, oTpaxkaOlHii aHAJOTHYHYIO CHTyaLHIO
B MPOCTPAHCTBE it p proctH.) OTo6p KaxJayo Tou-
Ky MHoxecTBa S B TOUKy Ha C MyTeM IPOEKTHPOBAHHs BIOJb
npsiMoii, Npoxoasuleli uepe3 Hauaso KoopAauHat B E3'). B pesyib-
TaTe 3TOro Ha cgepe C moayuuM MHOXKecTBO S’ M3 N TOuek.
PaccMoTpuM Temepb TJIOCKOCTb 7, OMPEiENEMYio TPeMs TOU-
KaMu pj, pj M p; MHOXecTBa S’ (3TH TOMKH sBAAIOTCH OGpasamu
TOYEK pi, p; M p; MHOXKecTBA S IpPH NPeOGPA3OBAHHH WHBEPCHH).

z

Clr)
p; % m AN )
a

Tlonynpocmparcmso Hz)

\ founamas 0
opepa
Puc. 6.12. IT HHBepCHK Touek, aexatry *
B IVIOCKOCTH Z = I, Ha cdepy C.

(Cm. puc. 6.12.) dra niaockocTb onpeleaser Ha cpepe C cermeHr,
He COJeprKallHii Hayano Koopaunat. O6osnauum uepes S’'(n)<= S’
TIOAMHOXKECTBO TOUEK MHOMKECTBA S’, MOMaBUIMX BHYTPb 3TOTO cer-
MeHTa cephl. 3amernHM, uTO S’(%) COAEPKHT TOUKH, JeKallue
BHYTpH nOaynpocrpancrsa H(m), ONMpeAensieMOro IJIOCKOCTBIO I
H He cOjJepiKalllero Hauaja KooppuHar. PaccmorpmM o6pas mio-
CKOCTH 7t NPH HHBepCHH, 0Go3Hauns ero C(m). Kak Mbl yxe 3HaeM,
C (n)— 370 cepa, NPOXOAsIMIAs Yepe3 HAUAJIO KOOPAHHAT H TOUKH
pi, pi ¥ pi_(chepa ONHO3HAUHO ONPEAETACTCH STHMH HETHIPHMS
Toukamu). Tak Kak BHyTPeHHHE TOUKH MoJynpoctparnctsa H (m)
oto6paxatores BHYTPb chepbl C(7), To 06pa3bl TOUEK MHOKECTBA
S’(n) npu muBepcuu momajaior BHYTph C(m). B uacTHocTH, OHM
nonajaioT BHYTPb OKpyxHoctd C(pi pj, pi), MpoXoasuleit yepes
TOYKH pi, pj M pi, TAK KaK 3Ta OKPYXKHOCTb SIBJISIETCH MNepeceye-
nueM cohepsl C (1) ¢ mockocthio z = 1. OGo3nauum GyKBOH v LeHTP
okpyxHOCTH C(pi, pj, pr), @ RS — MOIAMHOXKECTBO TOUEK MHO-

1) Takas npoexunsi HasHBaeTCs CTepeozpaguieckod.
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skecra S, aexamux BRyTpH C(pi, pj, pi) (OueBnaHo, 9T0 R sB-
asietcs obpasom S’(w)). YTBepxuaercs, 4To U ABJAETCT BepuId-
HOH B HeKOTOpoii Axarpamme BOpOHOro BEICLIETO MOPSIAKA. eii-
CTBUTEJBbHO, NONOXKHM |R|=k U TNpPEANONONKHM HA BpeMs, HTO
0 << k << N-——3. OueBHHO, 4TO R COAEPKHT TOYKH, HAXOASALLHECH
OT U Ha MeHblleM PACCTOSHWH, ueM JioGas H3 Touek {pi, pj,pi}-
Touka v GyAer BepIIHHON AMarpaMMbl BopoHoro mopsika (k4 1),
sBasisice  o6uieli  Toukodi  Muoroyroasmmko  V(RU {pi}), V(RU
U{p;}) u V(RU {p:}), u Bepuunofi auarpaMmbl mopsixa (k42),
sBasack obuieii Toukoi Muoroyroasuukos V(RU {pi pj}), V(RU
Uf{pnpd) ¥ VRU{pip}). Ecn R= @ u, snauur, k=0, 10 v
ABAsCTCH RopUIMHON JaHWb Vori(S), a ecin |R|= N—3, 10 v 8-
asieTcsi seplnHOil anwb Vory—i(S). Temeps oGparnM BHHMaHHE HA

N
TO, 4TO MJOCKOCTb 7 MOMKeT ObTb BbOpaHa (3 croco6aMu H

¥aAas Takas IUIOCKOCTb ONpeieseT BepIHHy AHarpammbl Bopo-
HOTO (GOJIbIIHHCTBO H3 HUX SBJISIOTCS BEPUIMHAMH ABYX JHATPAMM
Bopororo Bhicinx nopsakos). Tak Kak kaxpas auarpamma Bo-
POHOTO AiBAsiETCS IVIAHADHHIM TpadoM H KaXlas BeplIHHA [Ha-
TPaMMBl HMEET CTeleHb He MeHee Tpex (Ha camom Jele B TOUHO-
CTH TPH, 33 HCKJOUCHWEM BHIPOXEHHBIX BEpIIHH), TO B KaxIOH
anarpamme Vore(S), k=1, ..., N—1, 4HCI0O MHOTOYroJbHHKOB
NPONOPLUHOHANbHO WHCAy BepuHH. OGbeiuHsis STH (aKTH, moay-
yaeM CHeAylowuii HHTepecHmi pesyspraT [Brown (1979a),
(1979b)].
B 3,

Teopema 6.8. Yucao abHUKO8 Bop 8 D
max ecex nopadkos pasro O(N°).

Uro6el A06uTbest Gojlee Ty6OKOro MOHMMAHHS CTPYKTYpPHl AHa-
rpamm BopoHOro, BOCIO/b3yeMCs TMOAXOAOM, aHAJIOTHYHBIM TOA-
XO1y, HeNaBHO NpeLIOKeHHOMY OmenbcOpyHHepoM u 3efifenem
[Edelsbrunner, Seidel (1986)]. Paccmotpum crepeorpaduueckyio
NPOEKIHIO, NPEACTABIAIONYI0 CyXKeHHe WHBEPCHH B IPOCTPaHCTBE
E® ma npockocts z =1 (wau, uto sKeuBajentHo, Ha cdepy C,
SBJSIOLLYIOCS 06pa3oM 3TOil IIOCKOCTH). Beinuilem sIBHO ypaBHe-
Hue cheprl C:

2tgt(z—g) =1 ©6.1)
TIpeAnoNoKMM Teneph, YTO Mbl MpuMeHseM K E® HekoTopoe mox-
XOfisilllee MPOEKTHBHOE NpeobpasoBanue ¢. OGo3naunM uepes § m
1 § KOOPAHHATH B Npeo6pa3oBaHHOM npoctpancrse. B wactrocTH,
Hac HHTepecyer npeoGp oto6pa mockocTh z==0
B 6eCKOHEUHO YAaJIeHHYI0 IIOCKOCTb. Mbl oCyllecTBHM 3T0 mpeot-
pasoBaHue cJeAylOIHM 06pa3omM: cHauaza BBeleM B E® onmopoj-
Hble KOODAMHATHI X1, X2, X3 H X4 (cM. pasa. 1.3.2, rae oGeyxnaercst
CBSI3b MEXKAY OAHOPOAHBIMH H HEOAHOPOJAHBIMH KOODAHHATAMH), 3a-
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TeM pacCMOTPHM HX KaK KOOpAHHATH B Et H, HaKOHel, NpHMEeHHM
K E* mpeoGpasoBaHue TOBOPOTA, BHIPAXKAeMOe CIEIYIOUHM COOT-
HowenneM (3gech &, &, &3 M & OQHOPOAHbE KOOPAWHATH B Npe-
06pa3oBaHHOM IPOCTPAHCTBE)
1000
0100
&, &, &, &)= o001l (1, %o, Xg, 247 6.2)
0010
[Mepenucas ypasuerue (6.1) B OAHOPOAHBIX KOOPAMHATAaX M HpH-
MeHHB npeobpasopanue (6.2), moayunm ypasHenuwe aas ¢(C) B
O/IHOPOAHBIX KOOPpIAHHATAX:

E+E-HE=8E, 6.3)
Iepexoas BHOBb K HEONHOPOIHWM KOODAHHATAM §==Ei/E, n =
= Eo/8 n { = &/, monyuaem ypasHenne aas ¢(C) B HeomHo-
POAHBIX KOOpAHHATAX:

t=8+n"+1, (6.4)
KOTOpOE ONHCHIBAET NapaGoNoHA BpalleHHs P.

B nononnenne k ToMmy, uTo HaM TpeGoBasoch, mpeoGpasoBanie
@ orofpaxaer MIOCKOCTh z=1 B IJIOCKOCTb { == 1, eQMHHUHYIO

@ pic)

% (edunz ot
Lo o)

A lgte)

/
/ \
Cid
)\ b
o
=
>

edunuanas
cepa

/7
! -\
i
/
7/
(@) (®)
Puc. 6.13. TpeoGpasosarue @ oToGpaxaeT auarpammy (a) B Auarpammy (b).
coepy B runepGosions ¢ ypapuenneM §2+n?—§2+4 1= 0 u Touky
Hayaja KOODAHHAT B OECKOHEYHO YJAJeHHYI TOYKYy MO {-OCH.
B urore auarpamma, npuseieHnas Ha puc. 6.12 u nosTopennas Ha

prc. 6.13(a), oroGpakaercsi npH NMPHMEHEHHH NPeO6Pa3oBaHHA @
B JHArpaMmMy, npeictapiennyio na puc. 6.13(b). Paccmorpum Te-
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nepb 06pa3sl NpH Npeo6pas’oBaHHM ¢ Map TOYEK, JENKAIIHX COOT-
BETCTBEHHO HA C ¥ Ha TJIOCKOCTH 2 == 1, SABJSAIONIHXCA 06pazawm
ZpYT Apyra NpH Npeo6pa3oBaHHH HHBepCHH. DTH HOBHIE TOUKH, Je-
JKallue COOTBETCTBEHHO Ha P ¥ Ha NJIOCKOCTH ;: 1, Tenepb Mno-
JIyualoTCs MPOCTEIM MPOEIHPOBAHHEM MapaienbHo C-ocH (mo Bep-
THkanu). OGO3HAauMM STy BepTHKAJbHYIO npoekumo y: (§=
=1)>2P.

Tlycrb cHoBa S —3TO KOHEUHOE MHOXECTBO TOYEK, JIEXAUHX B
nnockoetn t=1, a S’ = {y(p): p=S}. Iycts pi u p—uBe
TIPOH3BOJIBHEIE TOYKH M3 MHOXecTBa S. PachOTpHM TJIOCKOCTH
wu(p)) u m(ps), KacaTenbhnie K P B Toukax y(p1) u y(p2) coorser-
CTBEHHO. C.’le):llelllaﬁ JieMMa YyKa3biBaeT Ha OJIHO OUYEHb BaXHOE
CBONCTBO 3THX ABYX TJIOCKOCTEl. ﬂ.oxaaa‘renbcmo JIEMMBbl OCTaB-
JisieM B KayecTBe YNMPaxKHEHHS YHTaTeNIo.

Jlemma 6.4. Ipoexyus aunuu nepecedenus naockocreld w(p,) u
(ps) Ha n. o L= 1 nep Jukyaapra oTpesky p\ps u Oe-
AUT €20 NONOAGM.

l'[pe,tlnonmkum Temnepp, 4TO yXKe TIOCTPOEHO MHOXKECTBO IJIO-
ckocrei {n(p): pe=S}. i MIOCKOCTH PasbUBAIOT MPOCTPAHCTBO
wa suefiku {D;, D, ..., Du}. VcTanoBHM, Kakas CBfI3b HMeeTCst
MEXIy 3THMH sueflkaMH W MHOroyroibHHKamu Bopoworo (mexoro-
poit nnarpammer Vore(S)) Ha maockoern €= 1. Jlas kaxnoft Tou-
xu pe S onpeneanm noxympocrpaicrso HS (p), sanasaemoe mio-
ckocthio m(p) M Jexamee BHe mnapaGomowna P (3mech CHOBa
7(p)— 3TO MIOCKOCTb, KacarenbHast K # B Touke y(p)). Paccmor-
pHM HEKOTODYIo sideiiky D pasGueHuss MpOCTPaHCTBA, 3a1aBaeMoro
MHoxecTBOM mnaockoctedt {m(p): peS}. C sueiikoit D caAsano
(emmHcTBenHOe) MHONKecTBo T (D)< S, onpenenseMoe Kak eanH-
CTBEHHOE MOJMHOXKECTBO MHOXeCTBA S Takoe, 4To

D = HS(p) ans xaxznol touxn p & T (D).

(Cwm. puc. 6.14, rie npusenen asymepHsift anagor.) Ilyers ¢’ —
HeKoTopas THNHYHAS TOYKAa B D, a q— ee BepTHKaJbHAsSI NPOEKUHUA
na maockocts & ==1. Kpome toro, nycte pi&T(D) u pjeS—
—T (D) (puc. 6.14(b)). o onpeacsennio muoxecrsa T (D), ¢’ =
= HS(p:) n q'¢ HS(p;). Beprukanpuas NIOCKOCTb T, MPOXOAS-
Was no JHHHM NepecedeHnst Imiockocreil m(p:) u m(p;), ompene-
aser nsa monynpocrpanctsa. Ms ycnosus ¢ =HS(p) n ¢ &
& HS (p;) cneayer, uTo ¢’ JeXHUT B TIOMYMPOCTPAHCTBE, COAEPIKA-
meM Touky pi. C yueroM meMMmbl 6.4 moiyuaem, uTO ¢ NMpHHAITE-
®ur nogymiockoctn H(pi, pi), u, Tak Kak Toukn p;eT(D) u
pieS—T(D) BHOHPaNHCh NPOH3BOJNBHO, NPHXOAHUM K CJIENYIO-
1eMy pesyabTaty:

Teopema 6.9. ITpoexyus na naockocte § =1 suelxu D pas-
5”—Bﬂuﬂ npocrpaﬂcma, onpe@e/weMaeo MHOJKCECTBOM naockocTell
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n(p): pe= S}, ssasercs MHO20y20n6KUKOM Bo,
2 ponozo V(T), 2de
— raubo. ,
o0 To‘ucu/;;bgeTe, nodmuoxecreo taxoe, uro D = HS (p) 045 Kavkc-

. 03Ta Teopema TIOKa3bIBaeT, yTo OonpeneseHHOe Bbillie pa36neﬂue
POCTPANCTBA AaeT MOMHYI HHPOPMAUHIO O ceMelicTBe Auarpamm

() (b)
Puc. 6.14. (a) — [Isymephsii anano
KacaTeBHBIMI NA0CKOCTAMH; (b) — mmiocTpanns k

npoctpancrea, o
AOKa3aTebeTBy TeopeMu 6.9.

Boponoro sriciunx nopsakos. Bonpoc 06 AJTOPHTMAX TIOCTPOEHHS!
Auarpamm BopoHoro Gyaer pacemotpeir B caetyiowem pasgere.

6.3.1.3. TToctpoenne Auarpamm BopoHoro Beicwy:
ICIIHX

st paspaGoTKi Heo6XoAHMOro amropury,
B3aHMOCBA3L MeX1y Vore(S) n Vory(S). (y&ec-r:o Hcf:;:g:r
:;gx}:m;:;)] (;Sn)o:aauaaercﬂ TaKxe auarpammoii Bopororo RadbHeit
3 He ONPABAAHHO, TaK KaK Ka i
HHK NDEJCTaB/SET MHOMXECTBO TOYeK nnocx?gcl:{: %%n}zzog%::fn:;
K OLHOW H3 TOueK MiOKecTBa S — {p:} (ans Hel;DTOpOPO i), uem
K TOUKE pi, T. €. MHOXKECTBO TOUeK, JIS KOTOPBIX pi ABasiercs
MOW RanbHeil TouKoil MHOKecTBa S.) ' e
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Haunem o6cyaeHHe €O clydasi, KOP1a MHOXKECTBO S COLEPHKHT
TpH TOUKM py, po H ps (puc. 6.15). B sToM cayuae nMmeercs eAMH-
CTBeHHAs BepUIKHA AWarpamMel Bopoworo, ssisowascs oGuieit
TOUKOH Tpex MOJyNpAMbIX (Jyueil), MepneHAHKYJIAPHBIX OTPE3KaM,
COENHAOMEM ApHl TOUEK, W AeJfUlX X mnonojam. OGBbuHas
auarpaMma Bopomoro nokasama Ha puc. 6.15 cruiomHbMu JHHHSA-
mu. Ecau MpOAOJKHTL 3TH NOJNYNpAMble 33 BEPLIHHY AHATPaMMBL
(Ha pHCYHKE 5TO NOKA3aHO LITPHXOBHLIMH JHHMAMH), TO MOJYUUB-
wKecs TP Jyya pasGUBAIOT MNIOCKOCTb HA TPH 00JacTH TaK, uTO

Muooncecmso mover,

dns KomopsiT mowa p,

AGnsEmCS Camoit damsHett

Puc. 6.15. IMuarpamympr Bopooro Gmuxaiiiueif # JaJbHeii TOUEK MJIS MHOXECTBA
H3 TPeX TOUeK.

Kaxzas Touka B Ji0oGofi M3 STHX ofmacreit Haxoxutcs Oamxe
K OAHOH W3 ABYX 3ajaHHBIX TOueK, yeM K Tperbeil Touke. Takum
06pa3oM, Mbl MOJMYYHJIH AHArpaMMy Boponoro nanbHell TOUKH MHO-
sxectsa S = {p1, pa, pa}-

Paccmotpum  Temeps  Muoroyroapuuk  V(T)  amarpamuel
Vorx(S), tae T = {p, ..., px}. Hasecrno, uro V(T) smasercs
BHINYKALIM MHOTOYTOJIHHKOM. [IyCTh U-—OJHa H3 €ro BepuwivH.
Bepwnna v siBasietcst oGlieil AJist TPEX MHOrOYTOJIbHHKOB JHA-
I"paN‘lel Vore(S): V(T), V(T1) u V(T,). Pasnuuaor asa ciay-
uastl):

M ITOT@T:|=k+2 (k*=N—1),

@ ITOT@T,|=k—2 (k1)

B cayuae (1) BepmnHa v Ha3blBaeTCsi BePLIHHOH 6audicue2o Tuna,

a B cayuae (2)— BepuIkHOH OaabHezo Tuna. UTOGB! H3BJEUb HEKO-

TOpYIO MOMB3Y W3 BBEJACHHOH K. (uKaUuK, OTMETHM, HANPHME]

uro B cayyae (1) uMmeeM

(@) T=RU{p}, Ti=RU{pss1}, To=RU{psss}, rac Ri=
{p1, ..., pr—1}. Tak uto, ecau yraauts Ry u3 S, 10 Bepuwnna v

) Cumson @

P pasHoCTb
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H HHUMIEHTHHE eii pe6pa (KOTOphle MpeBpaTHIMCh Tenepb B Gec-
KOHeUHBle JIyuH) o6pasyioT auarpamMmy BopoHoro GiamixHeil TOUKH
MHOXKECTBA {Pr, Prt1, Prs2}. B MPOTHBONOJIOKHOCTb 3TOMY B CIyuae
(2) o6biuHO HMeeT MecTo

() T=ReU{pPe-1, Ps} T1=ReU{Psc1> Pasi}s
Ty =R, U{ps, Prsi}s

rie Ry ={p1, ..., pr—}. Ecau cuoBa yxanurs R, u3 S, 10 Bep-
WHHA U M MHIHIeHTHHIE eff pe6pa o6pasyioT nmarpammy Boponoro
OanbHer TOUKH MHOXECTBA {Pi-1, Pr Pet1} '). MHTepecen caenyio-
mui $akT: OKpy:uHOCTb JleloHe C LEHTPOM B TOUKE U COAEPHKHT
BHYTPH k—1 Touek MHOMkecTBa S, €C/H U BepHHA GJHKHETO
THNA, U k— 2 TOUEK B MPOTHBHOM CJyyae.

Kpome TOro, NPEeANOJIOXKHM, YTO U — BEpPLIHHA GHXKHEro THNa
nuarpammbt Vorg(S). Ilyers v siBasiercst o6llell BepUIHHOM MHOTO-
yroasunkoB V(T), V(Ti) u V(T2), kKak u B cayyae (a) Bblwe.
Ecan B HEKOTOPO# MOAXOAsiILIeH OKPECTHOCTH BEPUIHHB U 3aMEHHTh
KaXJ0e M3 TpeX WHUMACHTHHIX el pe6ep HA €ro MpoJOJKeHHe 3a
BEPWIHHY U, TO BepIIMHA U cTaHer OGUIeil BepIIHHOH TpeX HOBHIX
MHOTOYrOJIBHHKOB, KOTOPbIMH, KaK HETPYAHO BHIETb, 6y,ly‘[‘
V(TUTy), V(TUT)) u V(T\UT:). Ho |TUTy|=|TUT:|=
=|T\UT:|=k+ 1. Takum 06pasoM, B pe3yabTaTe 3aMeHb pe-
6€P, HHUH/EHTHBIX BEpUIHHE GIHKHETO TUNA, HA HX I[POAONKEHHE
B nuarpamme Vor,(S), aTa BepUIMHA CTAHOBHTCS BEPUIHHON Ralb
Hero THma auarpaMMbl Vorgy (S)! Kopoue rosops, B 3Tom 3akiio-
HaeTcs OCHOBHAA Wies JIs METOJa NOCTPOEHHS NOC/eL0BATEIbHO-
cru_nuarpamm Vorg(S), Vors(S), ..., Vory—(S).

PONOJMKAsE aHAaNH3 MeXaHH3Ma aJropuTMa TIOCTPOEHHSA JlHa-
rpaMMBl BOpOHOTO, IIpEeANOIOKHM, UTO BepIIHHA OJHIKHErO THIA U
auarpammbl Vore(S) cMexHa € HEKOTOPOil BepUIMHON AaJbHEro
Tuna vy (puc. 6.16). dro 3Hauur, YTO BepuIHHA v ObLIA MOPOXKAEHA
B Vory(S) B pesynbTaTe ONHCAHHOH BBIe ONEPALHH NPOAOJNKE-
HHA peﬁep, HHIHACHTHBIX BeplIHHAM GMMKHErO THIIA AHarpaMMel
Vore—1(S) (ommoii M3 TaKMX BEpIIHH SBJSETCH BepUIMHA U).
B coio ouepens npu moctpoennn Vorey; (S) Gyayr mpomowarses
pebpa, uHUMACHTHEIe BepiihHe v. [IpH 5TOM B XOAe 3TOrO mpouecca
Gyaer yaaneno pe6po vyv H, TaKHM 06pa3oM, BEpLIHHA U; HCYe3aeT
3 JuarpaMmbl Vores (S). O6pasHo rosopsi, 310 o6CyxieHHEe HJI-
JIOCTPHPYET JKM3HEHHBIi LMK BepUIMHEI AHArpaMMsl Bopoworo:
BepIIHHA MOABJSETCH B IBYX jauarpaMmax BopoHoro, HMeiolHX
TOCTelOBATE/IbHbIE TOPAJKH, TPH 3TOM CHAYala 5TO BepUIHHA
6GanKHErO THIIa, a 3aTeM JaJbHEro THMa.

') 3amerum, uto Vor(S) cOfepXHT JHWb BepUHHE GHXHErO THNA, @
Vory—1(S) — Anuwb BeplHAL RanbREro THOA.
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Tloctpoenue nuarpammel Vorg+(S), mo cyllecrsy, CBOAHTCS K
pa36HeHHIO KaxAOrO0 MHOTOYTOJbHHKA JHarpaMMbl Vorg(S) Ha
4acTH MHOrOYTOJBHHKOB AHArpaMMbl VOrg.i(S). DT0 S5KBHBAJEHTHO
OMpeJe/IeHHI0 NepeceueHust Kaxaoro muoroyroapiuka V(T) nua-
rpamMmbl Vorg(S) ¢ o6eunO# auarpammoit Bopoworo Vor;(S—T).
OpnHaKO AJIs STOrO BOBCE He 0653aTesbHO BBHIYHCIATH Vory(S—T)
TOJIHOCTBIO, @ JOCTATOUHO HAUTH JIHIIL Ty €e uacTh, KOTOpas siB-
nsercst BuyTpenneit aast V(T). B wacrrocTH, nycts € — pe6po MHO-
royroapuuka V(T), MHOHIEHTHOE HEKOTOPOH BeplUuHHe OJHIKHEro
tuna v. Toraa e NMpHHAAJIEXHT TPaHWlle ABYX MHOTOYTOJbHHKOB
V(T) u V(T’), rne |T®T’|=2, u naxomurcs suytpu V(TUT),

%~ Bepununa smopoeo minct & Voryg (S)
X Bepuwwna nepoveo muna ¢ Vory.y (S)

Puc. 6.16. MamocTpauus «KU3HEHHOro UHKJA» BepUIHHB AHarpaMMu Bopoworo.

SIBJISIOLIEroCsi MHOTOYTOJIBHHKOM AHArpaMMbl Vorgti(S). Otciona
CJIE/lyeT, YTO €CIH YHCJIO BEPUIHH GJIHXKHEro THMA HA FPaHHIle MHO-
royroabinka V(T) pasno s, To V(T) Gyner pasbur Ha s wacref,
eclH OH OrpaHHueH, H Ha (s- 1) uyacreli, eciu OH HeorpaHHueH.
Tak Kak BepWIHHB OJHXKHErO THIA ONpEIeNAIOT MNOAMHOXECTBO
mHoecTBa S—T, Biuslomlee Ha pa3GHeHWe MHOTOYTOMbHHKA
V(T), To mociejiiee MOXHO NOJMYYHTb JHGO MyTeM TNOCTPOEHHA 32
BpeMs O(slogs) oGuiuHoil auarpaMmsl BopoHoro, Ju60 BOCHOMb-
30BABIINCh CHELHAJbHBIM METOAOM, paspaGoranHbiM JIn [Lee,
(1976, 1982)], xotopwii Takxke Tpebyer Bpems O(slogs). B Juo-
OoM cayyae, €CIH UHCIO BEPIIHH OJHMKHETO THIA B AHArpaMme
Vor, (S) pasno V), To auarpamma Vor,, (S) Moxer Gurh moxy-
ueHa 3a Bpems, He npesocxofsuee O (VP log V).

JIu [Lee (1982)] mpoBes noApoGHbIi aHAMH3 PasJHuHBIX Mapa-
merpos auarpaMMbl Vor(S). B wacrrocru, npuseiem Ges jokasa-
TEJIbCTBA CHEAYIOULYIO JIeMMY:

Jlemma 6.5. Yucao eepwun Gauxcnezo Tuna V® duazpammet
Vor(S) ozpanuueno ceepxy eeaununoil

k(N —1)—k(k— 1)—;:%.,
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20e v:— uucao Heoepanudennoly obracred g duazpamme Vorg(S).
Ouesunno, uro Vi) = O (kN). Otciona caenyer, uto Vorg(S)

Mo3keT ObiTh mosyueHa us Vore(S) 3a spems O (kN logN), a cym-
MapHOe BpeMsl NOcTpoeHHs Vore+i(S), HaunHas ¢ S, paBHO

k=1
> 0 (iNlog N)= 0 (kN log N).
i=1
CJle}l)’lOU.lail TeopeMa NOJBOAHT HTOT CKa3aHHOMY:

Teopema 6.10. Juaepamma Boponozo nopadka k muoxcectéa u3
N rouex mooer Guite nocrpoena 3a spems O (k2N log N).

Takoii 10AX0A MOXHO OBIO Obl MPHMEHHTh AJA MOCTPOCHHS
scex anarpamm Vorg(S), k=1, ..., N—1, Ha uto morpeGoBa-
noch 6sl Bpemst O (N®log N). Oxnako, cnonbays HeadaBHO paspa-
Gorannptit noaxon [Edelsbunner, Seidel (1986)], ochosanubifi Ha
TeOpHH, B OOIUIHX uepraX NpeicrasjieHHoii B pasi. 6.3.1.2, MoxHO
MOCTPOMTh pa3GHeHHe NPOCTPAHCTBA, OIpeeasieMoe CceMeficTBOM
{n(p): p= S} miockocreli, KacareJbHHX K Tapabosouay P, 3a-
TPATHB HAa 3TO BpeMs, NPONOPIHOHANBLHOE YHCY TiepecedeHHi, 06-
pasyeMBIX TpeMsi MJIOCKOCTAMH, T. €. 3a O(N®). Takum oGpasom,
HMeer MecTo Teopema 6.11:

Teopema 6.11. Cosoxynnocte scex Ouazpamm Boponoezo sbic-
wux napﬂaxoa mHooncecTsa us N TO4ex MOIMHO nOCTpouts 3a Bpema
O(N9). :

1ot _pasjen Mb 3aBepuiaeM ABYMs 3amedanusmu. [Tepsoe —
3ajava B.6 o nmoucke k-Gmuxaiiuiux coceieil CBOAMTCS K 3ajaue
Onpe/le/IeHHs NOJIOKEHHs TOUKH B Anarpamme Vork(S). Bpems pe-
UIHHsl 3TOH 3a/ayd BKJIIOYAET BPeMsi NMOHCKA — ONpeAeaeHHe NO-
noxenus B Vory(S)—mu Bpems Bbliauu oTBera. OUYEBHAHO, YTO
nocseanee pasio O(k), B TO BpeMst Kak IepBoe NPONOPLHOHAILHO
log Vi, rae Vi, — uncio Bepwnn auarpammsr Vorg(S). Benomunas,
aro V,=VP+V{, uuro V=0 (kN), nonyyaem, uro nouck k
Gauxafmnx coceneit Bumosnsiercst 3a Bpems O (log AN + k) =
= O(log N+ k). Tloxsoas HTOr ckasaHHOMY, NOJydaeM Clelyio-
myio Tgopemy (cM. B pasj. 2.2 coOTBETCTBYIOWUH pe3yabTaT ISt
nomcka):

Teopema 6.12. Ecau na naockocTu 3a0aa nekoTopas To4Ka, TO
k ee 6audatimux cocedeil us yucaa N Todex mozyr 66iTo Hadderst
3a gpems O(logN + k) ¢ ucnosvsosanuem npedsapureavnor 06-
paborku ¢ epemenes O (k*N log N).

Bropoe sameuanme COCTOMT B TOM, uTO TOHATHE OGOGHIEHHON
anarpaMMbl Boponoro o6wenunsier 3agaun o Gamxaiimeii w gaibe
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Heil TOUKAX, TaK KaK MHOXKECTBO TOYEK, k Gammailunx coceieil Ko-
TOPHX COCTAaBJASIOT MHOXecTBO T, sIBASETCS TAKKe MHOKECTBOM
Touex, 1A KOTOphX N — k Haubojiee yjajleHHbIX OT HHX TOUEK CO-
craBasioT MHOxecTBO S — T. TakuM 00pasom, Anarpamma GauxHed
TOYKH TMOPSAAKA k B TOUHOCTH COBNAjiaeT ¢ AHATPAMMOil AajbHel
Toukn nopaaka (N — k). Jlapaiite paccMOTpHM OAHY H3 HiX Gosee

V@
L R —

3 BHIMYINIOL OBOMOYRI I COOITT
* sememsyrowgue um abnacmi

Gt cocedons sannemc o
moua &

Puc. 6.17. [lnarpavima Bopororo nawieit Touki.

104po6HO, a HMEeHHO AnarpaMMy GuHxHeil TOuku mopsaka (N-—1)
WAH, 9TO SKBHBAJICHTHO, AHArpaMMy jajibHell TOYKH mnopsika 1
(puc. 6.17).

C Kaxaofi TOUKOH p; CBSI3aHA BHINYK/As MHOTOYTOJbHAR 06-
aactb Vy-i(p:) Takas, 4to p; HauGoJee yjajseHa OT Kaxaoii TOYKH
B 970/ 06JacTH. dra JAHarpaMma ONpPeAelsAeTcss TONbKO [OYKAMH
BHIIYKIOH 06O0JIOYKH, TaK YTO B Hefi OTCYTCTBYIOT OfpaHHYeHHbie
o6nactd. Koneuno, Vory—;(S) MOMXHO NOCTPOHTb, NPHMEHHB HeINo-
CpeACTBEHHO ONHcaHHbIH obmui Merox. Oanako B 5ToM ciayuae
BpeMsi pellleHHs 3ajiaun cocrasuao 6e O(N°®) (no Teopeme 6.12).
Heo6xoaHMO OTMETHTb, YTO CYUIECTBYeT HPAMOH METOJA, OCHOBAH-
Hblil Ha MOAXOMe «Pa3iesifi M BAACTBYH», aHAJOTHYHBI aJTOPHTMY
NOCTPOCHHS JAHArpaMMbl GJIHXKHEl TOYKH, (103BOJISIOWIUA MOJNYYHTH
pesyabTaT 3a onTumaibHoe Bpems O(A log N) [Shamos (_l@ﬁ,_
Lee_(1980b)]. Ecan yxe Hafinens Anarpammsi NeBOl W Npaso
NOJIOBHH MHOXKECTBA, TO pasiensiolmlas JoMmalas JHHHA o oGna-
JlaeT TeMU XKe CBOHCTBAMH, YTO W B CJyyae AHarpaMMbl GiiHKHeH
Touky. ONHAKO K 3TOMY MOMEHTY AO/MKHBEI ObITh yAaJeHH Bce ya-
cri pebep aparpammbl Vory—_i(S1), Jexallue cieBa oT 0, a TAKKe
yacTH pebep auarpammpr Vory—i(Sp), Jexamue cmpaBa or O.
B caenyiomem pasaese y Hac eme GYAeT BO3MOXHOCTb OGCY1HTH
OYeHb TECHYIO CBA3b, cyllecTsyiomyio mexay Vory(S) u Vory—i(S).
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6.3.2. Nuarpammbr Boponoro GamxHeii M maabHeit To-
9eK B MHOTOMEpHBIX NPOCTPAHCTBAX

Kax Mbl yxe Buzean paHee, 0GOGLIEHIbE AHATPAMMbI
BOPOHO]‘O (BCEX ﬂOpﬁﬂKOB) Ha MJIOCKOCTH HMMEIOT TOMNOJIOTHIO MJa-
HapHbX rpaos. s storo cienyer, uro uMcAO BepuIuH, YHCTO
TpaHel U YHCIO peGep AHATPAMMBI HMEIOT OAHH H TOT e NOps-
AOK. Sro Tno3BoJsieT paapaﬁaTuBaTb ONTHMaJIbHbLIE 1O BpeMeHH

z

z
S2IN/2 mover)
.
.
-7
T N Ve
——
P ¥ s
T /
Si (N/2 mavers) !
/
e p—
!
\
\
\
A
(@) (b)

Puc. 6.18. Tlpumep muoxectsa u3s N Touex B Tpexmepiom TPOCTPaHCTBE, AHA-
rpamma Bopororo kotoporo umeer 0(N?) peGep.

AJITOPHTMBI NMOCTPOEHUs AHArpaMm Bopomoro 6nmxmeir u nasbHed
TOYEK.

MoxHO JH TOMYYHTb TaKoi e pesysabTar AdA NPOCTPAHCTB
pasMepHocTH, Goabluedi isyx? Bce Hajexab Ha 310 TyT me py-
IaTCs, €CJH YYecTs, YTO AuarpaMma BopoHoro 6iauxHel TOUKH
MHOXecTBa M3 N Touek B TpeXMepHOM NPOCTPAHCTBE MOJKET HMeThb
O(N?) peGep [Preparata (1977)]. Jlerko nocrpouts npumep, 06-
JlajaouKit sTHM cBoiicTBoM (pac. 6.18). Ilycth S; — MHOXKECTBO
H3 N/2 TOuEK, PaBHOMEPHO DACHOJIOKEHHHX Ha OKDYXKHOCTH, Je-
Kaulell B INIOCKOCTH (X,y), HEHTD KOTOPOHl HAXOAHTCHA B Hayase
xoopauHar. Kpome Toro, mycrts S;— MHOXecTBO H3 N/2 Touex,
PaBHOMEDHO DACMIOJIOKEHHBIX HA 2-OCH, 10 N/4 TOYeK BHIIE H HHXe
Hauara Koopausat. Ilonoxum S=S,US,. Yreepmpaercs, uto
J0G0H OTPe3oK, COeAHHSIONIHIT HEKOTOPYIO TOYKYy MHOXKeCTBa S
C HEKOTOPOil TOUKOH MHOXKecTBa Sy, sIBJsIETCS pebpom rpacda Ie-
JIOHE, T. €. OHO SIBJAETCA NBOMCTBEHHHM HEKOTOPOMY MHOTOYTOMb-
HHKY JuarpaMMbl BopoHoro (rpann Hekotoporo mnosutoma mHa-
TpaMMel BopoHoro). 1o xopomo BHAHO Ha ceuennH AHarpaMMel
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BopoHOro mJoCKOCTBIO, cofepialliei z-0Cb H HEKOTOPYIO TOUKY
mHoxecrBa Sy (puc. 6.18(b)). (UnraTenb MOXeT JIErKO BOCHPOH3-
BECTH ONyIleHHBIE 31ech neranu.) ITostomy, xoTsi auarpamma Bo-
pororo copepxut O(N) obnacteit, ona Mmoxer umerb O(N?) Bep-
wny u peGep. MMose Kau [Klee (1980)] passun sty uaewo s
TPOCTPAHCTB NPOH3BONLHOK pasmephoctH d. IToJyueHHBI pe3yiib-
TaT chOpPMYJIHPOBAH B CIeayIOLlell TeopeMe:

Teopema 6.13. M(d, N)— maxcumarstioe 4ucao eepuiun Oua-
2pammer Boponozo muosecréa uz N To4ex 6 d-mepHom npocTpan-
cTee ydosrergopser Yca08uUI0

[d/2Wnr I < M (d, N) < 2([d[2) nrd)
Oan ueTnolx d u ycao8uio

__(I'd_/zl—_l)l L ArdPY << M(d, N) < [d/2)t nréia

0an HeweTHbiX d.

DKCMOHEHUHANBHEI  POCT CJOKHOCTH JMAarpaMMbl  BopoHoro
PacKpHIBaeT M0GOMKHITHOE CXOJACTBO C NOBEICHHEM BBITYKJILIX 060-
JI0YeK B NPOCTPAHCTBAX GOMBIIONH PasMepHOCTH. DTO CXOACTBO, KaK
srepsbie 3ametnst Bpayn [Brown (1979b)], umeer ruy6okue xop-
HH, KOTOpbe CO BCelf OYEBHIHOCTHIO NPOSIBISIOTCA B KOHTEKCTE
npeo6pasobanus UHBEPCHH, OMHCAHHOTO B pasx. 6.3.1.1.

He rtepss ofmmocrn, paccmotpM auarpammer Bopoworo ma
niockoctd. TMyers S = {p, ..., py} —mMuoxectBo u3 N TOUeK,
JeXalHX B IJIOCKOCTH 2z =1 mpoctpancrsa E3, C—o6pas sroii
TUIOCKOCTH npH  npeoGpasoBanun unsepenn B E3, a 8'={pf, ...,
vy p;,}—oépaa‘ MHOXeCTBa S NpH HHBEPCHH (TOUKH MHOMKECTBa
S’ nexar wa C, p, u p| asngorcs obpasamu apyr apyra). Pac-
cMOTpHM BhyKayio o6onouxy CH(S’) muoxectsa S’ n pasoGbem
€e Ha [Be YACTH, KOTOPHle OyieM Ha3bBaTb 0aasHeld CTOPOHONE W
6auwdcred CTOPOHOI B 3aBUCHMOCTH OT TOTO, «BHJHBI> HIH HET HX
TOUKH K3 Hauana KoopauHaT (Ha puc. 6.19 mokasan aAByMepHHIil
aHaJIoT CHTYalluH).

Tyets — nnockocts, coxepxkawas rpats F oGonouxu CH(S'),
ompenenseMyio TpeMs TOKaMH: pj, p; W p; (Npeamoiaraercs, uro
mHororparsuk CH(S’) sBasiercst cHMDOTMIMAJBHEIM, T. e. Kamias
€ro rpanb sBisercs TpeyroabiukoM). Cepa C(m), sBasiomascs
06pasoM IJIOCKOCTH 7 NPH HHBEPCHH, NPOXOZHT uepe3 Touky O,
P, p2 M ps W TepeceKaer MIOCKOCTb z == 1 MO OKPYXHOCTH, Ompe-
ZensieMolt TOYKaMH py, p; U p3. B 3aBHCHMOCTH OT TOro, NpHHAA-
nexkuT F Gmmxueit min gansueit cropome oGosoukn CH(S'), 6y-
J/IeM pa3iuuaTh ABa CAyyas:
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(1) F npunadaexcur 6auscreil cropore o6orouku CH(S’). B stom
cJlyyae NOMYNPOCTPAHCTBO, OMPEAeNsieMOe IJIOCKOCTBIO 7 H He Co-
JlepXaliee Hauajla KOOPAWHAT, He COAEPHKHT BHYTPH HH OHOI
TOYKH MHOKecTBa S’. Tak Kak 3TO NOJIyIPOCTPAHCTBO OTOGpaxaercs
BHyTpe cdepr C (1), TO OKPYKHOCTD, MPOXOAALLAsK Yepe3 TOUKH pi,
P2 H 3, ABASETCS OKPYKHOCTbIO Jle/0He, UEHTP KOTOPOH ABJseTCs
BeprizHOA amarpammsl Vor (S). Takum o6pasoM, kaxias rpaHb
Ganxuedl croponsl oGonoukn CH(S’) ompesensier TpeyroJbHHK B

Bnusicrss
I

Conv (s*)  cmopona

Lansnsis cmapwak % /
Prc. 619, Tlpiep, wamocrprpyioutiht congs unykax oforone © auarpan:
g

MzMi Bopoworo. MXKHA CTOPOHAa BHINYKMoit oGonoukk conv(S*) mnokasana
CILOMIHBIN OTPE3KOM, @ JAJbHAS — MITPHXOBHIMH.

Tpuanrysiuun JleJoHe MHOKecTBa S (H C yYeTOM JBOHCTBEHHOCTH
BeplWHHY aHarpammbl Vor(S)).

(2) F npunadaexcur daavwet cropone o060aouky CH(S’). Cro-
Ba NOJYNPOCTPAHCTBO, ONPELENseMOe MJIOCKOCTBIO T H He COxep-
JKallee Hauaja KOOpAMHAT, oroGpaxaercs BHYTpb chepsl C(m).
OjHaKo B 3TOM cJyuae MOJAYNPOCTPAHCTBO COJEPIKHUT BHYTPH N — 3
TOueK MHOMKecTBAa S”, TaK UTO OKPYXKHOCTb, NPOXOAsiNas uepes
TOYKH Py, P2 M p3, COAEPIKHT BHYTPH N — 3 TOUeK MHOXKecTBa S.
Otciofla CJleflyeT, YTO LEHTP 3TOH OKPYKHOCTH HABJSETCS BEpLIH-
HOli_jHarpaMMsl BopoHoro aanbmeli TOuk: MHOMecrBa S').

910 Habsi0CHHE HE TOJNLKO YCTAHABJHBACT TECHYIO CBA3b MEXK-
ay aurpammamu Vor (S) u Vory_i(S), HO Takxe CB3bIBaeT [Ha-
rpammy Boponoro Gammiueli TOUKH MHOKecTBa H3 N TOUeK B
d-MepHOM TpOCTPaHCTBE C BBIIYKIOH 000JM0YKOi N Toyek, Jesxa-

') B npeanosioxennH, UTO HHKaKHe UeTHpe TOUKH MHOKecTsa S He jexar
o

Ha OOl H, OKp 3 epht C ()
H TIOCKOCTH Z = 1, MPOXOAHT B TOYHOCTH Uepe3 TPH TOUKH MHoxectBa S. Co-
rpan F STHX TpeX TOUeK M HHKAKHMI

JPYTTIMT TOWKAMH MHOKecTBa S’, a 3TO 3HauHT, 4TO F sABASETCS TPeyrOABHHKOM
(2" CH(S) — cHMRAMIIATEREN TOTHTONON).
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WHX Ha NOBEpXHOCTH cpepbl B (d + 1)-MepHOM MPOCTPAHCTBL.
Clle10BaTENbHO, MOXKHO BOCHO/B30OBATHCA CYILECTBYIOUIHMH METO-
JaMH TIOCTPOEHHs BBLITYKJIBIX 060JIOYEK B MHOTOMEPHBIX MPOCTpaH-
crBax (cM. pasa. 3.3) s TOJYUCHHs MHOTOMEpHBIX AHArpaMM
Bopouoro. CooTsercTsyioulas pabora Obla BLIIOIHEHA DiiBucoM
u Bxarauapes [Avis, Bhattacharya (1983)] u 3efinenem [Seidel
(1982)].

6.4. MpoMexyTKu W NMOKPLITHA

PaccMOTpHM Tenepb OueHb BaXHbiii Kiace 3afau o 6mu-
30CTH, KOTOPHHi Mbl KOPOTKO HA3BaJH «IIPOMEXYTKH H MOKPHITHS».
TIpoMexyTKH — 3TO 1apsl (B clyyae INIOCKOCTH 3TO KpyrH), He
cojepKallpe TOYEK 3aJaHHOTO MHOXKECTBA, a MNOKPHITUA—STO
MHOXKeCTBa IUapoB, OGDbEAWHEHHE KOTOPHIX COAEPXKHT BCE TOUKH
3ajlaHHOr0 MHOXecTBa. HauHeM co crefylouwleft 3ajauu:

3apaua b.11 (HAUMEHDIIASI OXBATBIBAIOIIAS OKPYX-
HOCTb)'). Ha naockocts 3ajanst N rtouex. HaiiTn HauMeHbulyio
OKDPY2KHOCTb, 0XBaTbIBAIOLLYIO BCE 3ajlaHHBlE TOUKH.

Dro Knaccuueckas 3ajaua, KOTOpOﬁ nocpsllleHa oémupﬂan JIH-
teparypa. ITonck 5(QeKTHBHOrO aaropnT™Ma pELUeHHs 3TOH 3ajaun
Hauasics, mo-suamMoMy, B 1860 r. [Sylvester (1860)]. Haumens-
u1asi OXBaThHIBaloUlasi OKPYXKHOCTb ©JHHCTBEHHA, U, KpOME TOro, OHa
AHGO SIBASETCS ONHCAHHON OKPY:KHOCTBIO JJIsi HEKOTOPOH TDOHKH
TOYeK 33aJlaHHOrO MHOXKecTBa, 6o HEeKOTOpasi napa TOYEK 3ajaH-
HOTO MHOXECTBA CJYXKHT AHaMeTpoM 5Toii OKpyxkHocTH [Rade-
macher, Toeplitz (1957), c. 16]. Takum oGpasom, cCyulecTByeT
MpSAMOH AJTOPHTM peLeHHs STOH 3ajauH, KOTOPHIH nepeGupaer
BCe IIapH H TPOﬁKH TOYEK '‘Bd, CTPOHUT OIp ble HMH
OKDYIKHOCTH H BBIGMDAET CPE1H HHX HAUMEHbIUYIO, OXBATLIBAIOULYIO
TpH 3TOM BCE HCX0JHO€ MHOXECTBO TOYEeK. HenocpencTBeHHax pea-
NM3aUMs  3TOf MpOUeAyphl fAaja G6bl aropHT™M CO CJIOXKHOCTBIO
O(N*). Ensnura n Xupn [Elzinga, Hearn (1972a, 1972b)] yayu-
LIWIH 5TOT METOJ, MOJYYHB aJrOpHTM co cioxuoctsio O (N?).

B nuccrenosanHu omepauuii 3agaya 06 OXBATHIBaOUleH OKPYH-
HOCTH H3BeCTHA IOjJ Ha3BaHMeM «MHUHHMAaKCHas 3ajaia o pasme-
wenuu yentpa obcayicusanus». B stoit 3anave tpebyercs HakiTh
TOUKY po==(xo,Yo) (UEHTP OKPYHKHOCTH), AJS KOTOPOH HaHGOJb-
llee H3 paccmannﬁ JIO TOYeK 3aJaHHOTO0 MHOMKeCcTBAa MHHHMaJbHO.
Touka po onpejlesercs KpUTepueM

min max {0 — %0 + (g1 — 90} (6.5)

!) Yacro mas_sTolf 3amaun menonpayercs Hassanne MHUHHMAJIDHBIF
MMOKPBIBAIOLIWF KPYT.
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Taxoit muniMakcusii Kpurepuii HCHO/b3YeTCst TIPH  ONpejeeHHH
MECTONOMOKEHHSA IIYHKTOB 3KCTP€HHOﬂ TIOMOILH, TAaKHX KaK MNOJH-
uelckue YYacCTKH H CTaHUHH CKOpOﬁ TNIOMOIIH, C UeJbI0 MHHHUMH3H-
POBATb BpeMsi OKA3aHUs NOMOMIK B xyauwenm cayuae [Toregas ef al.
(1971)]. On rakxe HCMOJIb3YETCsl IPH ONTHMAJBLHOM Pa3MelleHHH
pajuonepenatunka, o6cayxuBaouero N npUHHMalOLHX ycrpoiicrs,
uTOGB MHHHMHSHPOBZTB H€05XOAHM}’IO MOLIHOCTh paﬂuonepeua‘r-
uuka [Nair, Chandrasekaran (1971)]. Tlo-suaumomy, kpurepuit
(6.5) BBeat B sabayxEHHE HCKOTOPEIX aBTOPOB, PaCCMaTPHBABLIHX
3ajadyy O HauMeHbluei OXBaThIBaKOLILH OKDYKHOCTH Kak 3apauy
Henpepbmﬂoﬁ ONTHMH3AUHK, TaK KakK, Ha HX B3IVISIA, B IIOCTAHOBKE
3ajpavn OTCyTCTEleT Kakne-1H60 OrpaHHYeHus Ha NIOJIOKEHHEe TOY-
KH po. 3Sro TIPDHBEJIO K MOSIBJIEHHIO paaa HTEePATHBHBIX AJTOPHTMOB
peleHust sToi 3ajlaud, Xotsa H3BECTHO, 4TO OHa ABJISAETCSH AHCKpeT-
Hoil [Lawson, Zhukhovitsky, Avdeyeva (1966)]. dror npuMep -
JIOCTPHDYET BAXKHBIL MOMENT: TOT (bakT, 4ro 3adawy S¢ MOKHO
copmyauposars kax wacruei cayqatl 3adawu B, e daer ocnosa-
HUR 110202076, 470 06wl MeT0d, ucnoroayemoid dan peuenus 3a-
Oauu B, seanerca spdextusnoiy u 0an pewenus 3adavu s¢. Mu

CTBE TOUCK, yCW/INA, 3aTpPaueHHble HA MOHCK METOAa, HCMO/b3yio-
UIero OCOGEHHOCTH 3a1auH, GBLIH CHOJHA BO3HATpAXK/eHbl pa3pa-
GoTKoii ontuMansHOrO aJropuTMa.

Teneps o6paTumcs x crIeayoueil 3ajiaye:

3apava B.12 (HAUBOJIbILAS [IYCTASI OKPYKHOCTB).
Ha naockocrn saganu N touex. Hait

He COR%P)KaH-lle BHYTDH HH OAHOMH TOYKH 3TOro MHO)KeCTBﬁ,

KOTOPOH JIEKHT B

(puc. 6.20).
Orpannvenne na nosowernne LeHTpa OKDYKHOCTH Heo6XonuMo,

TaK KaK NpH ero oTcyTCTBUM 3ajaua He HMoAa Gui OrpaHHYCHHOrO
pewenns. Jta 3agava sBasercs ABOMCTBEHHOJ

; LeHTp
HYTPH BEINYKJIOH 0GONOYKH MHOXKecTBa Touek

Oyercs HailTH TOUKy po, ONPEIe/ISTEMYI0 KPHTepHeM

plmax min{(x — %0 + (g, — go)?). (6.6)
O’-leBHﬂHO, 4ro MoryTt CyLuecTBOBaThL HECKOJIBKO TOueK Po, yROB-
“IETBOPSUOLUNX  KpuTepuio (6.6). 3anaua o HanGobIWel nycroit
OKDPYXKHOCTH siBAsETCS: TOpHMepoM Apyroil 3ajauu o pasMeleHun
KaKoiH-1u60 cayx6bl nau npeanpuatha. Ho B srom clyyae HeoG-
X0AUMO BHIGDPATh NoJOKEHHE 06beKTa Tak, 4ToGh OH GBI MaKcH-
MAJbHO yjaNen OT APYrux N sananHbix 006bekToB. Pasmemaemsrit
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06BEKT MOXKET ObITh HCTOUHHKOM 3arpsisHenHs, NMOITOMY €ro cie-
JyeT pacnojaraTh TakuM 06pasom, uToObl MHHIMH3HPOBATh 3¢-
(eKT OT TaKoro coceAcTBa, JMHOO 3TO MOMKET GHITh HOBOE NPOH3BOA-
CTBO W IIPH 3TOM 3KeJaTe/bHO H30ekKaTh KOHKYDEHUHH 3a OKpY-
Kajoujee MPOCTPaHCTs0. OTH 321aUH BOSHUKAIOT JOBOJABHO 4acTo
B npombunientocrn [Francis, White (1974)]. Oxmu u3 pammux
alTOPHTMOB pellleRis JaHHOf 3alaul Jaaj pelleHue 3a BpeMs
O(N?®) B xyawewm ciayyae [Dasarathy, V\{hlte (1975)].

Tor daxr, uto ajaropuT™, pelapuiui 3agauy B.12, uMeer ciaox-
Hocts O(N®), B TO BpeMst KOraa, Kak Ham Kaxercs, MOXHO 1oy~
uuth Jyumui pesyastat (O(N?)) aast «aABOHCTBEHHOH» 3axaum,
NPHBOJHT B TOJHOE HeLoyMe-
nue. MMeercs s Mexay 3THMH
JByMsl 3ajiaqaMi rMyGoKoe pas-

Jauyne? Ceilyac Mbl YBHAMM, YTO

oranune Mexay O(N3) u O(N?)

OTpaxaeT HeAOCTaTOUHYIO IJIy-

Guny anmanusa 3ajad, Tak Kak

¢ momollblo AuarpaMmbl Bopo-

HOrO 06e STH 3aJaYM MOTYT  pyc 6.20. HanGombuias nycras oKpys-
OHITH  peleHH  3a  BPeMA  HOCTh € LCHTPOM BHYTPH BLIYKAOH
O(NlogN). Torna Kak BpeMs 06070uKH.

0(Nlog N) sBisieTcst onTHMaib-

HBIM A5 3ajaun B.12, aaa sapaun B.11, Kak MBI YBHAHM, AOCTH-
KHM2 ONTHMaJbHAsl OUEHKA MOJyYeHHs pemienus, pasuas 6(N).

Haunewm c Toro, Kak, ncnosb3ysi auarpammy BopoHOro, MOxHO
pewnts 3anauy B.11. Mbl 3HaeM, uTo HaHMeHbIIAs OXBATHIBAIOLLAS
OKpYkHOCTb C IOJHOCTBIO Onpejessercs JAu60 AHAMETPOM 3ajaH-
HOro MHOXKectBa S, snGo Tpemst ero Toukamu. Hamomuuwm, uto
OKDYXHOCTb C LEHTPOM B BepLUHHE AHarpaMMul Bopomoro nasbueit
ToukH MHoxkectBa S (Vory—(S)) u mpoxoxsimias uepe3 TPH TOUKH
MHOXecTBa S, omp Ble  3TOil )i, OXBATHIBAET BCe
TOYKH MHOXKecTBa S. Kpome TOro, oKpy:HOCTB € LEHTPOM B IpO-
HM3BOJIHOH TOuKe, Jexkamiell Ha pe6pe e AuarpamMmbt Vory—i(S), #
npoxoasulas uepes ABe TOUKH TaKHe, 4TO Pe6PO e MepHeHAHKy-
JIAPHO OTPE3KY, COEAMHSIOWIEMY STH TOYKH, H JAETHT €ro HONOJAaM, .
TaKKe OXBaThlBaeT Bee TOYKH MHOxecTBa S. Takum o6pasoM, ecjd
OKpykHOCTh C OnpejensieTcs TPeMs TOUKAMH MHOXeCTBa S, TO ee
UEHTP HAXOAUTCA B HEKOTOPOil BepurdHe auarpaMMbl Vory—;(S).
B nporusnom cayuae, ecan C onpejensiercss ABYMS TOUKAMH, TO ee
LeHTp HAXOAHTCH HAa HeKOTOpoM peGpe AHArpaMME Vory_(S).
Bosmoxen CHeAYIOWHi NOAXOX K peleHHio 3azaud [Shamos
(1978)]. Cunauama sa mpems O(Nlog N) onmpenensiercs AHaMerp

ectBa S ( D , PACCMOTPEHHBIM B pasi. 4.2.3)
1 NIpOBepsieTcsl, OXBATLIBAET HIH HET OKPYXKHOCTb, NMOCTPOEHHAs HA
STOM 1HAMETpe, 3alaHHOE MHOXECTBO TOYeK. EcaM OKpyKHOCTH
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N
:\)\\ OXBaTHIBAa€T MHOXECTBO, TO OHa H sfABJseTcs Hckomoil. HMuaue

I[EHTP ¢ OKPYKHOCTH c COBMNAajaeT ¢ OAHOM H3 BePIUHH AHarpaMMbl
Vory—_1(S). dra auarpamma copepxut aumb O(N) Touek, a pa-
JHYCBl OKPYXHOCTEH, CBA3AHHBLIX C KaXKAOH W3 ee BEpPUIHH, PaBHB
PAcCTOSIHHIO OT 3TOH BepUIHHH 1O JI0GOH H3 TpPeX TOYEK, MHOTO-

YTOJILHUKH KOTOPHIX NepecekaioTcss B BepuuHe. MuHHMauhuoe-#o -

BCS HHAM DACCTOSHHE JaeT D ! g_C. SIcHo, 4To
3Ty mpoleiypy MOXKHo BeimonHuTh 3a Bpems O{NlogN), tak kak
H IJd OnpejesieHHs AHAMeTpa MHOXKecTBa S, H I TIOCTPOEHHA
auarpammbl Vory—;(S) tpebyercst Bpems O (N log N). Kpome Toro,
AononnutenbHo TpeGyercs Bpems O(N) mis NpocMOTpa BeplUHH
auarpaMMer Vory— (S)!).

B Teopeme 6.14 pealoMHpyeTcsi BhilieCKa3aHHOE:

Teop 6.14. Hau oxear 4 b MHO-
acectea us N Touex moxcno onpedeaurs sa spems O(NlogN).

Onrumanen an 10T pesyabrar? s onpeneNeHHs MHHHMAaJb-
HOH OXBaThIBalOllell OKPYXHOCTH B AeACTBHTENBHOCTH COBCEM HE
Tp nosnHOA uHGOP o puarpamme Bopouoro aaabHei
TOYKH. Ilocra'ro-mo HMeTb JIHIIb Ty €€ 4YacTh, KOoTOpasi monajaer
B HEKOTOPYIO OKDECTHOCTb UEHTPa OKPY:KHOCTH. MIMeHHO 3Ta mje:
103B0MHAA  MeJUKHANO ~paspaboTaTh  ONTHMANbHBIA  AJATOPHTM
¢ ouenkoit O(N) [Megiddo (1983)]. OcmoBmBasich Ha HCXOAHOI
¢opmyanposke (6.5), Menxuano paccmaTpHsam ee Kak 3ajgauy
BBINYKJIOTO NPOrpaMMHPOBaHKs. DTOT HOBHIA WBAWHEA Meron 6y-
JleT onHcaH B pazi. 7.2.5.

OGpam_Mcx TeNepb K 3ajave, ABOHCTBEHHOA K TOJBLKO 4TO pac-
CMOTPEHHOH, T. €. K 3ajaye O HauGoJbllell MyCTOH OKPYMHOCTH.
Mkl nioKaseM, 4TO Ha TOCKOCTH W B MPOCTPAHCTBAX GO/iee BEICO-
KOH Da3MEPHOCTH 3Ta 3aaua MOKET OHTH pelleHa ¢ NOMOLIBI
nuarpaMmel Bopororo. Ilasi mpoctoTsl H Gonbmieli KOHKPETHOCTH
H3JIOKEHHs Mbl OyleM paccMaTPHBaThb B OCHOBHOM JBYMEpHbiit
cayda#l, Xors 0606IeHse Ha MHOTOMEDHBI cayuaii He COCTABISET
Tpyaa. Mmeer mecto caenyiomas Teopema:

Teopema 6.15. Hauborowas nycras okpyscrocto 0as modce-
€T6a u3 N TO4eK Ha NAOCKOCTU MOOKeT GbiTo NOCTPOEHE 3a spems
O(NlogN).

Hoxasareascreo. Tycts Ha MIOCKOCTH 3a1aHO MHOXECTBO S 3
N Touek. Pacemorpum dymkuuio f(x,y), smavenne KOTOpO# paBHO
PAaCCTOAHUIO MEXKIY TOUKOH p = (X,y) H Gauxaimedt K Hell TOUKOH
MHoXectsa S. Tak Kak ycJoBHeM 3a1aui NMOMNOXKeHHE UEHTPA HaM-
Goubieit mycTofi OKpyRHOCTH OrpaHHYEHO BHIMYKJIOR 060JM0YKON

) AnbTepHAaTHBHHIA NOAXOA, AaOWMA Ke ¢
9Geyaaerca B pabore [Preparata (1977)). R4 S0, OUEHKY croMuoCTH,
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MmuoxkectBa S, To Mbl OyleM paccMaTpHBaTh Mepeceuenie iua-
rpammbl Vor(S) ¢ BBINYK/IOH o6osoukoii conv(S). Ito mepeceue-
HHEe TpEACTAaBJIAeT COBOKYNHOCTb BBIMYK/IbIX ~MHOTOYIOJbHHKOB,
KaKAbll H3 KOTOPHIX MOJyYaercsi B pe3ynbTare MepeceueHisi MHO-
royroabHuKa Jauarpammsl Boponoro ¢ conv(S). BHyrpu MHOro-
YroJbHHKA AMArpaMMbl (YHKUASL f(x,y) aABaseTcst BBHIMYKJIOH BHU3
KaK 1o x, TaK H N0 g, H 3TO CIPaBeiJHBO AJs KamAOro MHOrO-
YrOMbHHKA DPACCMATPHBAEMOTO PA3GUEHHA BBINYKIOH  OGOJIONKH.
Taxum o6pasoM, f(X, y) NOCTHTAeT CBOETO MAaKCHMyMa B HEKOTOPOH
BeplINHE OHOTO H3 TAKHX MHOFOYFOJbHHKOB'). Drta BepuiuHa ss-
JseTcs G0 BepuwmHON Anarpammer Bopororo (i B 3TOM cayuae
HanGosblIas NycTas OKPYKHOCTb SBJAETCA OKpyMHocThio [leso-
He), H6O TOUKOH Mepeceyenns pe6pa auarpammil Bopoworo ¢ peb-
poM Bhinykiofi oGoJoukH, Bce BepmmHul Jnarpammb Bopoworo
moxHo Haiitn 3a Bpems O(NlogN), u, ci1el0BaTelbHO, OCTaeTCst
JMIIb TIOKA3aTh, YTO MOXHO JOCTATOYHO GHICTPO HATH Mepeceve-
HHe BRNyKJoH 0GOJOUKH M AMarpammbl Bopomoro Vor(S)?). Ho
cHauajma o6paTHM BHHMaHHe Ha CJeflylomue ABa (akra.

Csoiictso 1. Pebpo duazpammer Boponozo nepecexaer ne 6oree
dsyx pebep obosouxu CH(S). Hedcreureavno, yuurvieds eoinyr-
s0¢Ts conv (S), nepecewerue 1060t npamod ¢ conv(S) cocrour us
eduncrt orpeska ( nycroeo).

CaoiictBo 2. Kamdoe pebpo obosouxu CH(S) nepecexaer no
kpailnell mepe 0dno pebpo duazpammsr Boporoeo. Hedcteuteasno,
kaxndoe pebpo o6orouxu CH(S) coedunser Ose pasaudtble TOUKL
muoscecTeéa S, npunadaexcaujiie O8YM PASAUUHbIM MHO20Y20AbKU-
xam Boponoeo.

«3aKpoeM» YCJOBHO KaX/bifi HEOTpPaHHUEHHDBIl MHOTrOYTOJIbHHK
BOpOHOTO OTPe3KOM Ha GeCKOHeYHO yNaJeHHOH NpsMofi, Jexaileit
B TJI0CKoCTH (pHc. 6.21)

Tlyctb ey, ep, ..., €n— NOCTEJOBATENBHOCTh pebep BHIMYKIOH
o6osouks CH(S), mepeuncieHHsix B mopsiake o6Xoma NPOTUB va-
COBOM CTpeJIKH, a U -— TOYKa TNepeceyeHHs INPOU3BOILHO Buﬁpau-
Horo pe6pa e; ¢ pe6pom r AuarpamMmel BopoHoro (corsacko cBofi-
CTBY 2, Touka u Bceraa cymecrsyer). Cuutas, uto pe6po r opueH-
THPOBAHO B HANMPABJECHWH H3 y BO BHEWIHIOI s conv(S) o6racts,
06o3HaunM uepe3 V(i) MHOTOYTOJNBHHK RHATPAMMBEI, DACMOJOXKeH-
Hbili ceBa OT r. Eciiu ABHraThCA M3 TOUKH 4 NO TpaHHUE MHOTO-
yronbHuka V(i) (BHe BEIyKJOH oGomouku conv(S)), obxoms ee
NPOTHB 9acOBOH CTPENIKH, TO BHOBb MONajeM B HEKOTOPYIO TOUKY w
nepeceuenus: pe6pa CH(S) ¢ pe6pom amarpammbl. YuHTHIBAst Bhi-

!) Wmeerca B BHRy MakcaMyMm na MHoxectse conv(S).— [Tpus. nepes.
2) Peub Hper o mepeceueHhH peGep BHNYKNOA 0GOZOUKH ¢ peGpPaMB AHa-
rpaums Bopoworo. — ITpus. nepes.



318 Ia. 6. Bausocre: sapuantoi u 06o6uenus

MYKJI0CTb MHOTOYroJbHUKA V(i) M CBONCTBO 2, TOUKAa w mpHHajJIe-
KHT au60 peGpy e;, HGO peGpy ejyr. Takum o6pasom, kaxmoe
PeGpo MHOrOyro/ibHHKa V(i) mpoBepsieTcs Ha IepeceyerHe ¢ ABYMs
pebpamu oGosoukn CH(S), uTo xeraercst 3a HOCTOSHHOE BpeMs.
Mocre Toro kak maitiena Touka w, npoueiypa 06Xona NOBTOPAETCH
BHOBb, TOJIbKO Telepb BMECTO TOUKH 4 OH HAUHHAETCH H3 W, H
TaK [0 TeX nop, NOKa BHOBb He GyAeT AOCTHrHyTa Touka u. Jleii-
CTBYys  TakumM  o6Gpasom,
MOXKHO Ha#iTH BCe TOYKH
nepecevenns  Vor(S) ¢
CH(S).

Ilpu  takom obxome
KaXblil noceuiaeMbifi oT-
pesok muarpammer Vor (S)
OpoXoauTes He Gosee ABYX
pas. Tak Kak, cOracHo
CBOMCTBY 2, Kaxa0e pe6po
HMeeT He Gosee ABYX Ta-
KHX OTDe3KOB, TO Kak10e
pebpo mpoepsiercst camoe
Gosbluee ueTkpe pasa, H,
CIIel0BATENIbHO, Tepeceue-
HHe nuarpamms Vor(S) ¢
o6onoukoir CH(S) smiumc-
Puc. 6.21. Tlpumep obxoza amarpammbt Jaeres sa spems O (N)').
Vor(S) npu onpenenenmn nepeceuenmi 31ech MOKET MOABHTE-
Vor(S) ¢ conv(S). Csl KeJaHHe y3HATh, Ha-

. CKOJILKO ONTHMaJeH NOJy-
UEHHKA pesyantar. M, Kak o6HYHO, AJs OTBeTa ha 3TOT Bompoc
o6patnMcs K ofHOMepHOMY cayualo. B aToM cayuae samaua cBo-
AUTCA K NOMCKY Ha NPAMOH Maphl MOCAEJOBATE/NBHBIX TOWeK,
MAKCHMAJIbHO yJlaJeHHBIX Apyr ot apyra (MAKCHUMAJIbHBIE
IPOMEXXYTOK), Tak kak B OAHOMI:;HOM( cilyyae OKDYKHOCTH
BrIpOXAaercs B orpesok. Huxuas ouenka Q(NlogN) Bpemenn
pewenus 310l sajauu, nonysennas MsuGepom n Tomna [Manber,
Tompa (1982)] ans momenu aumeiinbix JAepeBbeB pelleHui, He-
AaBHO Gblna pacwhpena JIu u By [Lee, Wu (1986)] Ha Goxee
OGIIYI0 MaTeMaTHUeCKyi0 MOAe’b BHUHCICHHMA, (HUx  peayabrar
OCHOBHIBaeTCs Ha cBefendn 3agaun MAKCUMAJIBHBIF TIPO-
MEXXYTOK «x sanaue OTHOPOJIHBIM [TPOMEXXYTOK, pac-
CMATPHBAEMOl KaK 3a1aua-IPOTOTHI.) TO KOHTPACTHPYET O cae-
AYIOLHM CaMbIM HCOKHIAHHBIM PE3Y/IbTATOM, HOJIyueHHbM ['oH3a-
necom [Gonzales (1975)]: ecan naMmenuts mogen BLIYHC/IEHHUI,

') Onncannmit mosxon csssam ¢ am
1 @NOTHYHEIM  Pe3YJbTaTOM, NONYYeHHHM
Tyceaon [Toussaint (1983b)]. peay 4
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T0 3ajauy MOKHO PelluTh jame 3a Jumeiinoe spems. Hamenenne
3akaouaercss B 06aBjeHHH K CTaHzapTHOMy Ha6opy OyHKUwil
(yHKUUM BBUHCTEHHS UeJof yacth « | [» (KoTopas He ABAsETCH
aHAJIMTHYECKOf). 34ech Mbl NPHBOJAHM 3TOT BblaloL(uiicst ajro-
putm Tonsazeca:

procedure MAKCHMATIbHBIMI-TTPOME)KY TOK

Bxonusie nanubie: N neiicrutesbubix uncea X[1: N]

(uncaia He YMOPSI0UEHb)

Buxonnsie aanunsie: MAXGAP — nauna nanGoJbmero
IPOMERKYTKA MEXKAY NOCJIe0BaTEeIbHOR
napoli yncea YNOPSANOUEHHOro
MHOXecTBa

begin MIN := min X[i];

MAX := max X[i]; 1)

(x pasbutb uHTepBas Mexay toukamu MIN u MAX na

N —1 pasubix orpeskos. Maccusbi HIGH 1 LOW

HCTIOJIB3YIOTCS JL/ISi XPAHEHHS COOTBETCTBEHHO

HauGOJIBIIEr0 H HAHMEHBIICro 3HAUCHHH Ha OTPE3Kax *)

for i:=1 until N —1 do

begin COUNT[{]:=0;
LOM[{] :=HIGH[{]:= A
end; (x yCTaHOBJICHb HauaJbHble 3HAYEHHS
napaMeTpoB OTPE3KOB *)
(* pacnipesie/ieHHe TOYEK IO OTPE3KaM *)
for i:=1 until N —1 do i
begin BUCKET := 14 [(N — 1) X (X[i] —
MIN)/(MAX — MIN)J;
COUNT[BUCKET]:= COUNT [BUCKET] + I;
LOW[BUCKET] := min(V[i],
LOW[BUCKET]); %
HIGH[BUCKET] := max (X[i],
HIGH[BUCKET])); )

(x Bamernm, uto N —2 Touek pacmpefesensi mo N — 1
OTpe3KaM, H, CJeNOBATeJbHO, OAHH H3 OTPE3KOB HOJKEH
GbITh IYCTBHIM. DTO 3HAYHT, YTO HAHGOJBIIAA IPOMENKYTOK
He MOXeT MOMeIaTbCs MEXLY ABYMS TOUKaMH, MOMaB-
UIHMH B OAHH H TOT XK€ OTpPe3oK. Tenepb JAOCTaTOYHO
BBITIOJIHUTH OJHOKPATHbIA NPOCMOTP OTPE3KOB *)
MAXGAP :=0;

LEFT :=HIGH[1];

1) MIN & MAX sHauenns
MaKCHManbHOro siementoB maccuBa X. — [Tpus. nepee.
?) 3pech cuntaercs, yto min (x, A) = max (x, A) =x.

MHHHMAAbHOTO H
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r i:=2 until N—1 do
if (COUNT[i] % 0) then
begin THISGAP :=LOW[i] — LEFT;
MAXGAP := max(THISGAP, MAXGAP);
LEFT: 1GHI[{]
end

end.

Sror aJTrOpHTM HECKOJIbKO nponmaaer CBET Ha BBHIYHCAHTEAbHYIO
MOIHOCTs (DYHKUMH BBIIEJEHHS LENOH 4acTH. YUHTHBAsg Kaxky-
imeecsi cxoAcTBo 8ajay MAKCHMAJIbHBIFI TTIPOME)KYTOK u
BJW)KAMILASL ITAPA B OIHOMEpHOM Cayuae, CyLIeCTBOBaHHE
anropuTMa C JIMHEAHOH CJI0XKHOCTBIO MpeACTaBasieT BBIAAKMHHACSH
pesyabraT. K cOXaJeHHIO, NO-BHAMMOMY, HEBO3MOXKHO 060611HTD
3TOT Pe3y/bTaT Ha Cllyyai ABYMEPHOTO MPOCTPAHCTBA.

6.5. 3 H TapHH

XoTsi eBKJHIOBO MHHHMaJbHOE OCTOBHOE J€peBo MHO-
JKecTBa TOYEK Ha IJIOCKOCTH MOXKET OBITH TMOCTPOeHO 3a ONTHMAJb-
noe Bpewmsi, mocrpoenne EMOJL B mpocrpancrsax GoJsiee BHICOKOI
pasMepHOCTH, BOOOLle TOBOPSH, OCTAaeTcs oTkpuToit 3anaueit. He-
[0/Ib3Y5 FEOMETPHYECKYI0 NPHPOLY 3aiaul, o [Yao (1982)] pas-
paboTas aJropuT™M NOCTPOCHHS EMOJ], mHoxecTBa u3 N TOueK B
d-mepuom  mpoctpanctee 3a  mpems T (N, d) = O (N*-2@.
- (log N)!—a@), rae a(d)=2-1+h, HMEIOIHH OLLEHKY
O(N(logN)'#) mas d =23 (3T0T METOL TECHO CBASAH C AJTOPHT-
MoM $lo AAs ONpeNe/eHHs JHAMETpa MHOXKeCTBa TOUEK (CM.
pasa. 4.3)).

C auarpammoii BopoHoro Techo cBsi3aHa 3ajaua NOCTPOCHHA
cKeJerTa MHOFOyPOJleHK&, SIBASIIOLLErOCs TNPeAMEeTOM JLOBOJIBHO
GoablLOro YHCaa Hif, OT ¢ K pac
06pa3os, TaK KaK OH NOBOJLHO XOPOWIO OTPAKaeT «(OpMy» MHOTO-
YroJibHHKA. Ckener npocToro MHOrOerJIbHHKa P —53T0 MHOXKECTBO
O €ero BHYTPEHHHX TOYEK TaKHX, UTO Kaxjas TOYKa pE 0 pasHO-
yAajleHa MO KpafiHefl Mepe OT ABYX TOYeK Ha IpaHHle P. B cBsizu
C 9THM CKeleT MHOTOYIOJbHHKA TaKiKe HA3BIBAIOT CPeOUHHHIMIL
ocamu [Duda, Hart (1973)]. OGpasosanue CKeJeTa MHOMOYroib-
HHKa MOXKHO HAarJsAHO NpeACTaBHTb, uabuaonas npouecc «BHropa-
HUS» MHOTOYrOJbHMKA. [Ipeicraspre, uTo MO Beell rpaHuie MHOTO-
YroJIbHHKa OJHOBpeMEHHO 3aropaercsi orous. Ecan TNPeanoNoKHTb,
YTO OTOHB PACHPOCTPAHSCTCA C MOCTOSHHOM CKOPOCTbIO, TO TOUKH,
B KOTOPHIX NPOHMCXOJMT BCTpeua (PPOHTOB PACTPOCTPAHEHHs OTHSH,
06pasyloT CKeJeT MHOTOYIOJIbHHKA (9TOT npouecc accOUMHpYeTcs
c moxapom B mpepuH). B pyroit HHTepNpeTalHH CKeJeT — 3TO
noarpad . pHOM KapThl, 00D HO#l o6aacTsMH GJIM30CTH
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CTOpOH MHOFOYroJbHIKa P. 9TO NPHBOAHT K pacLIUpEHitio OHATHS
AuarpaMMbi BOPOHOTO Ha HEKOTOPOE MHOKECTBO OTPESKOB (sBasI0-
WLHXCS CTOPOHAMH NPOCTOr0 MHOTOYIObHHKA).

Boaee chabHoe 06oblleHHe AnarpaMmbl BopoHoro, 0 KOTOpOM
yxe ynoMunanocs B pasi. 6.3, sakmouaerci B paclIMpeRiA 3TOrO
TOHATHS HA KOHGUHOE MHOMKECTBO TOYEK H OTKDBITHIX OTPE3KOB,
DPACIHONOKEHHDIX 11DOU3BOBHbIM 00pA3OM. B stom ciyuae pebpa
AuarpaMmbl BOPOHOTO SIBJATCSA HE TONBKO OTpESKAMH npsiMoli, HO
W JAyramu 1apaboiibl, TAK KaK OHi OTAeSOT obaiactT 6aH30CTH Nap
OGHEKTOB CACAYIOUIHX THNOB: (TOuKA, TOuKa), (JMHHH, sumus),
(ouxa, auuns). [1aphi MOCACARErO THOA H MOPOKAAIOT AYTH napa-
Goa. TlepBbie airOpHTMBl pellierkst STOH 3aiatun, GJUSKHE K ONTH-
MajbHBIM, OblH npenoxens Jlpaicaeiiiom u Jlu [Drysdale
(1979); Lee (1978); Lee, Drysdale (1981)] (mocnennuit 43 STHX
anropuTMoB uMeer caoxHocts O (N log? N) AJIsl CMeWaHHOTO MHO-
sectsa us N o6bektoB). [Tosguee Knpknarpuk [Kirkpatrick (1979)]
Halle] ONTHMAJAbHOE PellcHHe 3a7auH CO CJIOXHOCTHIO 0(NlogN).
KupKnaTpHK NEpBHIM Pellli BaxHylo 3alady o6beauHenus (Causi-
Hus) sa JHHeiHOe BpeMs AMarpamym BopoHOro ABYyX MHOKECTH
ToueK, He pasieNeHHbX MpAMOi. 3aTeMm OiL MCNOAB30BA 3TOT
NIpueM H aJFOPHTM C JHHEAHO! CIOKHOCTHIO JUIA NOMyHeHiA MItHY-
MaJbHOTO OCTOBHOTO jepeBa Mianaphoro rpada (cM. pas 6.1)
AN pelleHnss 3ajaun B OOlledi MOCTaHOBKeE. 3amerum, YTO 3TOT
METOJ HEABHO pellaer 3ajauy O CPeAHHHBIX OCAX.

TIpuMeHenHe HarpaMmsl BOPOHOTo JlaeT H3AIHBI MeTo noay-
qenus [10BOJBHO 3(QEKTHBHOTO Pelienna 3aiaus KpPyroBoro perio-
Ha/bHOTO MOHMCKA. 3ajaua 3aKJiouaercsi B Cjeiylollem: Ha T10-
CKOCTH 3ajaHbl MHOXECTBO S, cojepzaiiee N ToueK, H OKpyX-
Hocts C C LEHTPOM B Touke g (3ampoc); TpeGyercsi NepeudcsauTh
ToukH MHOMecTsa S, nonasume BHYTps C. Kak o6biuHo s 3apad
DETHOHAJIBHOTO MOHCKA, LeJlb 3AKM0YACTCs B JOCTHXKEHHH OLEHKH
O(f(N)+ k), rne k— pasmep MHOXKeCTBa TOUeK, COOTBETCTBYIOUIHX
sanpocy. Ecii 5Ta 1eb JOCTHXHMA, TO aJIrOPHTM XapaKTepuayer-
cst mapoit (M(N),f(N)), rae M(N)— rpeGyemsiit o6beM MaMsATH.
B raase 2 MBI yXKe yKasbiBajH Ha HEaAeKBATHOCTh MOAXOAOB Ha
OCHOBe DETMOHAIBHOTO MOMCKA K jamHOil 3apaue. Hcxomnyio niero
HCMOMDB30BATh JMArpaMMbl BOpoHOro cjefyer OTHECTH Ha cuer
Benran u Maypepa [Bentley, Maurer (1979)]. Oun npenoxiin
crpouth cemeficTBO jAnarpamm Bopororo {Vory(S): i=0, 1, ...

.., LlogaN1} c mocreayioutm NpOCMOTPOM 5TOA COBOKYMHOCTI
B nopsiake i =0, 1, 2, ... . [Ipn mpocmorpe Anarpammbl onpeje-
asietest o6macth B Vore; (S), cofepxaluas LUEHTP OKPYKHOCTH ¢, H
npoBepsieTc COOTBETCTBYIONIMIE CIUCOK coceneit. TlpocMoTp okan-
uHBaercsi, KaK TOJBKO OGHADYJKHBAeTCs, uTO TEKyWHH mposepse-
MBbiii CITHCOK COJEPIKHT TOHKY, PACCTOSIHHE 10 KOTOPO# OT g GOJb-
ule r. HemocpeacTBeHHEI aHA/H3 MOKA3bIBAET, UTO ITOT AJNFOPHTM

11 3ax. 1075
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Xxapaxrepusyercs napoit (N? log N-loglog N). Henasuo sta wuaes
Oblia Heckosbko yiayuwena [Chazelle, Cole, Preparata, Yap
(1986)]. ITpumenente oGIero NOAX0Aa «(HILTPYIOLLEro MOHCKA»,
ofcyxaaBuerocs B pasi. 2.4, NO3BOJHIO NOJYYHTb AJTOPHTM, Xa-
pakrepuayembiii napoit (N (log N-loglog N)?, log N).

B pasi. 6.1 OTMEYAJ0Ch, UTO MHHHMAaJbHOE OCTOBHOE AepeBo
(MOJ) muozxectsa S u3 N TOuEK HA IJOCKOCTH ABJIAETCS MOATPa-
Gom Tpuanryasuun emone (TJ). HmMeiorcs apyrue uutepecHiie
TeoMeTpHYeCKHe CTPYKTYpPhl, aHaJOrHYHBIM oﬁpaaoM CBfI3aHHBIE C
[l n HallejuHe NPWJIOKEHHS B PACMO3HABAHHH OGPA30B H Kia-
creproM aHaause. I1o—rpad Tabpusas u rpad OTHOCHTENBHOTO
coceacrsa. I'pah labpusas (I'T) MHOKecTBa S ompemensercs cie-
aywouum ob6pasom [Gabriel, Sokal (1969)]: nyers xpyr (pi, pj)—
KpYr ¢ AMaMETPOM pipj; TOYKH p; U p; MHOXKECTBA S COEAHHAIOTCS
pebpom B IT ammb B ciysae, Koraa Kpyr (pi Pi) He CONEpKHT
BHYTpH TOUeK MHOXecTBa S. DPHexTHBHEI airopuTM MOCTPOEHHS
I'T 3a spema O(NlogN) ocHoBan na ynanennn w3 TJL Beex pe-
Gep, He NepeceKaioHX ABONCTBEHHBIX HM pebep auarpammbl Bo-
ponoro [Matula, Sokal (1980)). Tpad orxocuressnozo cocedersa
(I'OC) onpenensercs tak [Toussaint (1980b)]: Toukm p; u p;
MHOXecTBa S COEHHAITCH peﬁpoM TOTAA M TOJBKO TOrja, Korpa

dist (p;, ﬁ,)<kn;ipl(dist(pp pa), dist(p;, pe)).

9To onpeieneHHe 03HAYaeT, UTO Ipad COLEPIKHT pe6po (pi, pi)
MWL B_TOM Clyyae, KOTAA NlepeceyeHHe /BYX KPYroB paiuycoM
AJuHa (iP;) C UEHTPAMH B TOYKAX pi B pj He COJEPKHT BHYTPH
Apyrux touek muoxecrsa S. IMocrpoenne ['OC snauntenbho Goee
ClI0XHas 3apava, yem nocrpoenne I'T. Cymosur [Supowit (1983)]
paspaborai aJrOPHTM CO CJOKHOCTBIO O(NlogN). Mexay ue-
THIpbM S YHOMSAHYTBIMH rpatj)aml HMeeTCsl HHTepecHass B3aHMOCBSH3b:

MOD=roC=rr<=r7p. (6.7)

B cayuae niockocts mocrpoenwe 5THX rpaoB MOHATO ZOBOABHO
XOpOIlO, HO AJIA MPOCTPAHCTB GoJiee BHLICOKOH DA3MEPHOCTH H3Be-
CTHO OYeHb MaJo. B 4acTHOCTH, 0fiHa H3 W3BECTHBIX OTKPHITHIX 3a-
Aad 3aKioYaerTca B paspaboTKe H aHaJM3e XyANIEro cayuas asro-
put™a nocrpoennsi MO B npocTpaHcTBaX pasMepHOCTH TPH
H Bhle.

Haxkonew, ynomsuem kiracc 3agau o feKoMnosmii 06beKTOB,
3aKJIOYAIOILHXCS B DA3GHEHIH 331aHHOTO TeOMETPHYECKOTO 0GbekTa
Ha COBOKYMHOCTh (0/€e MPOCTLIX «IPHMHTHBHBIX» T'EOMETPHUECKHX
OGbeKTOB.  YacTo TaKnMIl MPHMHTHBHBIMH OGTLEKTAMH ABASIOTCH
BHIYKJIbIe MHOTOYTOJILHHKH, 3Be3/IHble MHOTOYTOMBHHKH H T. 1.

Cpenn takux  samau Goabwodt untepec npeicraBiser 3ajaua
PasGHeHns BHYTPEHHOCTH MPOCTOrO MHOTOYrOJbHHKA Ha TPeyrob-
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HHKH, T. €. TPHAHTYJsLHs NPOCTOr0 MHOrOyrosbHuka. OueBuAHO,
YTO AJIS pelleHHs 3TOH 3a/ayd MOXKHO NPHMEHHTh OGMIHi MeToj
TPHAHTYJAUHH € OrpaHMueHHsMH, obcyxiaswmufica B pasx. 6.2.
Cnenys TakuM TNyTeM, Mbl HOJYUHM QJTOPHTM, HMEIOWHH CIOXK-
Hocte O(NlogN), rae N —uucao Bepuna MHoroyrojpHuka. On-
HaKO, KAK yXke YIOMHHAJIOCh PaHee, HHXKHsS OUEHKA Iyl 3aj1auH
TPHAHTYJISILAN C OTPAHMYCHUSMI HE NPIMEHHMa B AaHHOM cJyuae.
Ha npoTsiKeHHH MOUTH AeCATHJETHS BONPOC O TOM, MOXKHO JH, HC-
110/1b3ysi CBOWCTBO TIPOCTOTEI MHOTOYTOJIbHHKA, MOJYUHTh AJTOPHTM
TPHAHIYJSAWHH MHOTOYTOJIBHHKA, WMEIOUIHA BPEMEHHYIO CJOXKHOCTD
o(Nlog N), ocraBancsi Ges orsera, Hoka TapbsiH H BaH BHK
[Tarjan, van Wyk (1987)] me pa3paGora/iu ajJrOpHTM peLIeHHs
9TOl 3ajaum, uMelomHi Bpemenuyio caoxuocth O (N loglog N).
Onnako MX pesysibTaT He MCUepnbiBaeT BOmpoca, jenas elle Gosee
NpPUBJEKATETbHOM [leJIb, 3aKJIIOUAIoOUlylocsi B paspaboTke aro-
PHTMa ¢ BpeMeHHOI caoxHocTbio O (N).

Tlo cymecrBy, HMeIOTCS [Ba THIA 3ajay, CBA3AHHBIX C JeKOM-
no3uuHei: 3anayu pasbuenus o6beKTa Ha HerepecekalollHecs ua-
CTH M 3ajauil NOKPBITHS, KOTAA MOJYuaiOUIHeCs YacTH MOFYT mepe-
KpbiBaThesi. MHOrAA B 1esX JEKOMNO3HIHH 06beKTa Ha MHHHMAlb-
HOE UMCJIO YacTell N0NycKaeTcst BBeJleHHE JONMONHHTE/bHBIX BEPUIHH,
HaspiBaeMbix rouxamu Ilrednepa. TlogpoGHoe obcyxiaenue 3aiadu
MHHUMAJIbHOH JIeKOMIO3HIIHH COACPXKHTCS B HelaBHeM 063ope
Keiina 1 Caka [Keil, Sack (1985)].

6.6. YnpawxHenus

1. JeTansho pa3paGoTaTh aNrOpHTM [OCTPOGHHS MHHHMAJBHOLO OCTOBHOFO
nepepa MHOXectBa S W3 N TOYEK Ha IUIOCKOCTH, HCMOJb30B2B LA 9TOTO MHPa-
MHLY cofepxamyio peGpa Tpranrynsuun [enone muoxectsa S. Pebpo, ussie-
Kaemoe H3 HAR 5 B ot Toro,
06pasyeT OHO WK BMecTe ¢ peGpam, NpHHATHIMH paiee, HaW HeT. [Tokasats,
wTO BpeMs paGoTH 3Toro aaroputMa pasho O (N log N).

2. TIpHBeCTH KOHTPNIPHMED K YTBePHKIEHHIO, COMMIACHO KOTOPOMY TPHAHIY.s-
uust enone sBaseTcs MHHHMAJbHO B3BELICHHON TPHAHTYJIsLHeEH.

3. TIpHBECTH KOHTPUPHMEpP K YTBEPXK/CHHIO, COTVIACHO KOTOPOMY JKanmast
TPHAHTYJISLHS ABJSETCH MHHHMAMILHO B3BEIIEHHON TPHAHIYJSAIHEH.

4. JTu. Tlokasars, 4To B MHNHMAJILHOM eBKJMIOBOM NapocoveTaHnu (3ama-
ua B.10) orpesku, napami Touex nap . He
5. 3addess. Tlyets S = {x;, ..., s} =R. TIlokasats, urto 3a JmHeitHOe

BpeMA MOXHO NMOCTPOUTH MioxKecTBo S’ = {py, ..., px} = R? BMecTe ¢ TpHam-
rynsumeit Muoxecrsa S', rme x(p) = x;, 1 < i< N.

6. Iuarpamma k-ro Gmmkaiimero cocena MHoXectBa S na N Touek mpen-
CTaBJseT pa3bHeHHe MUIOCKOCTH Ha 061acTH (He OGSI3aTebHO BHYTpeHHE CBA3aH-
HBle) Takwe, uTo KaX1as 06]acTh R, MPEACTaBJSET MHOMXCCTBO TOYEK NMJOCKOCTH,
ANIA KOTOPHWX 3a/1aHHas TouKa p; & S spasetcst k-m cocefiom (T. e. aast Jio6oit

TOUKH g R; NLMNA OTPE3Ka gp; ABASETCA k-M SJEMEHTOM B VIOPAAOUENiioi
B NOPA/KE BO3PACTAHHA 1OCAEN0BATEJLHOCTH JJHH OTPe3KoB ¢pi, =1, ..., N).
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TMokazath CBHGH: mlarpaMMu k-ro Gmuxafiwero cocepa ¢ auarpammamu Vore—_;(S)
1 Vor(S), k

7. l'IoKaaa‘rb, uTo B caydae Li-MeTpHKH nuarpamma Bopoworo jaisieit Touki
MHoXecTBa S M3 N ToueK Ha naockoct: (N = 4) COCTOHT He Gosee ueM H3
weTvipex obaacreir,

8. Paceworpers npe06paaoanm1e WHBEPCHH Ha TI0CKOCTH, 0ToGpaaolee
Touky v B V' = v(I

onqub yyammme Ans oGpasa MPAMOK, ONpejieNsieMOl ypaBHeHHeM
ax+by+c=0 (oGpaaoM pAMOIi ARJSETCA OKPYKHOCTb, MPOXOAAILAR depe3
HA¥AN0 KOOPAHHA

b HOKBSZTb '110 ecIH OKPYXHOCTb C CONEPKHT BHYTDH Hauago KOOPH-
HAT, TO BHYTPEHHOCTb OKPYKHOCTH C OTOGPaacTCsi Ha BHEIIHOCTh €€ 06pa3a
MPH MPeoGpPa3OBaHHH HHBEPCHH.

9. Ilokasats aemmy 6.4.

10. Ha naockoctn sanamo_muoxectso S ns N touek. Ilyets [— npamas,
rcpnel-uluxynapuaﬁ orpeaky Pipj, Py pj E S, W RenAman ero monoaaM. Tlpeanoao-

| COREPHKHT NOCTEN0BATENBHOCTE U, Ug, ..., Us BEDUIHH AHAarpaMM
Bopouoro, KOTOPbI€ NEPEeYHCJICHb B MOPs/AKE CJEA0BAHHA OT OAHOTO KOHUA mnps-
MOl K apyromy. (Kaxaas BepuiHia U; SRSETCH LCHTPOM OKPYHHOCTH, OMHCAH-
HOH BOKPYr Tpex TOueK MHoXecTBa S.) IToKaxuTe, WTO €CAH Jyd, 3aKAaHYHBAIO-
IHACK B BEpUIHHE Uy, ABJAsercs pe6pom AHarpamMui Vorx(S), To Jayd, 3akanuu-
BAIOWHACA B BEPIIHHE Us, ABJAETCS pe6poM Anarpammbl Vory—a(S).

11. Tokasats semmy 6.5.

12. 3aiddess. Tyetb S = {(x;, y1): 1 < i << N} R2 — mHoxectso u3 N To-
ueK Ha O uepes S! y B pe3yllb-
TaTe NPOEIHPOBAHHS BAOJb 2-OCH Su
=242 ne S ={(x, 5, S+ 1<i< N} < R% Pacemotpun BHllyK-
ayio o6onouky P muHOXecTBa S'.

(a) TlokasaTh N[O BOMOKHOCTH HaHGOJee MPAMHM CHOCOGOM, UTO OPTOrO-
HatbNan NPOCKINA A NAOCKOCTL (%, 4) rpamefi oGosowkn P, Haxopsuaxes
B «HHKHel» vacTw P, coBnajiact ¢ TpHanryasuueii Jletone Muoxecrsa S.

(b) OBOGWIITH 3T0T PeayabTaT Ha cayuaii NPOCTPAHCTB Goce BHICOKOF pai-
MepHocTi.

. 3addes. Paccmotpuv caeayioutee o6obuwenue auarpamn Boposoro (u3-
BECTHO® TIOJL HAa3BAHWAMH: KOMIJeKCh sueek Jupuxje, nuarpamma Ilayspa wmm
mnarpavva Jlareppa). [Iycth S — MHoXecTBo B3 N Touek B E2. G KamAoit Tou-
Kol pe& S chszano AeiicTBHTENbNOE WHCAO 7, JLAR Kaxofi TOWKH p& S onpe-
JIeAHM MHOKECTBO

GVp(S)={x=R: d(p, )’ +rp<d(q %) +rq Vg S},

nasusgcioc 0606memmu o6aacTbio BopoHoro TOUKH p (OTHOCHTEbHO MHOXKe-
8a Hasosem Muoxectso GVor(S)={GV,(S): pe S} oboSuennoii ana-
xpamwﬁ Boponoro Mnomecma
(a) Tlokasath, uto aam kaxiofi Toukn pe S obmacts GV,(S) spasercs
ahmywmﬁ H uMeet npﬁmonuneunue pebpa.
b) Mokasats, uto B cayuae 7, — 0 Aa% BeeX p =S obobulennas AHarpaM-
ma Boponoro npespamaercs B oﬁuquy.o anarpammy Bopouoro MHOXKeCTBA S.
() ToxasaTs, 4To mpH Haitexaulem BWOOpe 3uauemwll wncer rj MOKHO
MOBHTBCA TOrO, 4TO AAS HeKoTopux p &S obracth GVy(S) 6yayr nycreimu.
(d) PaspabotaTs aropuTy mocTpoeHnA 0GoSieHoit arpamb Boporioro
MHOKeCTBA S, HMeiommii cioxtocrs O (N log N). (Ykasanue: Bocnoasayiimecs
waeeil, npeAcTaBienHol B past. 6.3.1 (anarpaMMsl BOPOHOro BHICUIHX NOPSAKOB).)
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14. B sanave o HAMEHBIUEF BOMBE 1pe6ye1cn ONpeeAHT, HaHMelb-
WyI0 OKPYXKHOCTb, oxsamsanmym He Meuee k W3 3a]aHHBIX TOYEK Ha MJO-
ckocn. Pa3pa TOPHTM, 3Ty 3azauy.

15. Jlokasats, to rpach l‘a6pu31m MoxectBa S u3 N Touek (onpexenenie
rpaa [abpusas aao B pasa. 6.5) moayuaercss s Tpuanryasuuy [edone Mio-
KecTea S B pesyabTaTe ylareihs 3 Hee KAXIOTO peOpa, KOTOpOE He NepeceKaer
IBONCTBCHHOE ey PEOpo AHArpaMMbi Bopotoro.

16 JlokasaTs oTwoutenne (6.7) B pasi. 6.5.

Jlu Tlokaszats, uTo B ciyuae L;-MeTPHKH Trpad) OTHOCHTENLHOro cocel-
a ToueK Ha IMIOCKOCTH MO-TIDEKHEMY ABASETCA NOArPadOM COOTBETCTBYIO-
u.\eu ‘rpuaHrym{uun Jenone. Paspaborajite aiAropuT TOCTPORHHS STOro rpaga.

18. Paspadoras amopumi co_croxioctso O(Nlog N) nocrpoenin cpe-
JMHHBIX Oceil BBIMYKJIOro oceit  1aHo
B pasx. 6.5).




TJIABA 7

Mepeceyenus

OcHOBHOM NPHYHHON HM3YYeHHs 3ajay O NepPeceyeHHsx
ABHJCA TOT MpPOCTOH (akT, yTo iBAa 06BEKTA He MOTYT OJHOBpe-
MEHHO HaXOAHMTbCA B OJHOM M TOM e Mecre. ITporpamma, mpei-
Ha3HaueHHas AJs apXHTEKTYPHOTO NPOEKTHPOBAHHs, JOJIKHA BHH-
MaTesibHO NM03a60THTLCS O TOM, UTOObI ABEPH He OKa3ajHch TaM,
TAe HX HEeBO3MOMKHO OTKPBITh, a KOPHAOpPHI He MPOXOMMIH Uepe3
waxty auépra. B MawuHHOH rpaduKe OAHH OGBEKT, NOANEKALLHIL
BbIBOJLY, 3aC/IOHSAET APYTOH, €C/H UX MPOCKIHH HA KAPTHHHYIO ILIO-
CKOCTb  TepeceKaloTcst. BHIKPOMKH MOMKHO BbIpe3aTh H3 OAHOTO
KyCKa MAaTepHil TOJMbKO TOrAd, KOrAa MX YAaeTcsi PassiokuTh TakK,
uTO OHH HEe HaKpBIBAlOT OjHa apyrylo. Baxuocts pasdpaGoTku
(P (eKTHBHBIX AJTOPHTMOB ONpeAeNeHHs Iepecedeniii cTaHer sic-
HOIf, €CIM yuecTb, UTO B MPOMBIUJIEHHBIX NPHIOKEHHSX NPOHCXO-
JIMT NOCTOSIHHBI  POCT CJIOKHOCTH 3ajad: CJA0KHOE Ipaduueckoe
H306parkeHne MOKET COCTOATh H3 COTHH THICAY BEKTOPOB, apXHTek-
TypHast 6a3a JaHHBIX 3aYaCTYIO COJAEP/KHT CBBHIE MHIIHOHA 3ae-
MEHTOB, @ OHA MHTEerpajibHas cXeMa MOKET COAepPKAaTb MH/IHOHBI
KOMIIOHeHTOB. B nofo6ublx cayuasx faaxe KBaipaTHuHble airo-
PUTMBI HETPHEMJIEMbI.

Jlpyras npuuMHa Ads HCCIELOBAHHIl CA0XKHOCTH aJATOPHTMOB
TiepeceueHns 3aKJAIOYAeTCs B TOM, YTO OHH NPOJAHBAIOT CBeT HA
rYGHHHYIO CTPYKTYPY T€OMETPHUECKHX 3a1au H NO3BOJSIOT NMOCTa-
BHTb PsiA (yHIaMeHTaJbHBIX BONpocoB. Hampumep, KakoBa ciox-
HOCTh PElIeHHs BONPOCca O NPOCTOTEe MHOroyrosibHHKa? Hccaenosa-
HUA TIOZOGHBIX BOMPOCOB GbiMH Obl ONPABAAHHbI, AdMKe eCaH Obl
OHH He HMEJH HHKaKHX MPaKTHYECKHX NPHIONKeHHH, TeM Golee uTo
GyZeT MOKa3aHo 10, KAK WHPOKO HCNOAB3YIOTCH AJTOPHTMbI 1aHHON
raasbl. [TockoabKy ABe GHIYpH! NepeceKaloTes TOMbKO TOTAA, KOTAd
OIHA H3 HHX COAEPKHT XOTs Obl OHHY TOUKY ApYroiil), To ecre-
CTBEHHO, 4YTO B aJrOPHTMax mnepecedeHus He 0GONTHCH 6e3 mpo-

') 310 3aBHCHT OT TOTO, XaK ONpeleEHO NEpeceveHle IPAUMIL.
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BepKH IIPHHAAMEKHOCTH TOUKH. [T03TOMY MOXKHO CuMTaTh 3apaui
0 TepeceyeHHsX eCTECTBEHHBIM PACIIMpeHHeM 3ajad O NpHHALJIexk-
HOCTH, DACCMOTPeHHBIX B KOHTEKCTE TeOMEeTPHYECKOro MOHCKa
B I 2.

Has toro uroGbl Jyulle npeiacTaBuTh ceGe AaHHYIO 06aacTh,
paccMoTpuM  Teneph Gojee JeTadbHO PsA XapaKTepPHBIX IPHIO-
JKeHHit.

7.1. Tlpumepsl ¥3 NpHIONKEHUH

7.1.1. 3apauu ynaJeHUs HEBHAMMBIX JHHHI
W NOBEPXHOCTEH

OnHolt M3 BaKHBIX 3272y MAWHHHON TPaQUKH, NPHBJIEK-
weil K ceGe BHHUMaHue MHOTHX HccieoBateneil [Desens, 1969);
Freeman, Loutrel (1967); Galimberti, Montanari (1969); Loutrel
(1970); Matsushita (1969); Newman, Sproull (1973); Sutherland
(1966); Warnock (1969); Watkins (1970)], siBaserca sadaua yda-
Aerus Hesudumbly AurUi W nosepxnocted. J{ByMepHHIM 006pazom

Puc. 7.1. Yaanenne HeBUAMMBIX JHHHI.

TPEXMEpHOH CleHbl BCerld SBJSETCA KaKas-HHOYAb ce NMpOeKumus.
Ojnako Hesb3s MPOCTO CHPOEHHPOBATH KaXAblil U3 06BEKTOB Ha
KapPTHHHYIO IVIOCKOCTb, MOCKOJbKY HEKOTOPbie 0OBEKTH MOTYT GHTh
YACTHYHO HJIH MOJHOCTBIO CKPHITH OT HaGmofaTens. UTo6ul co3aath
npaBAOMOAOGHLIA YepTeX, HeOGXOAHMO YIalHTh Te JHHHH, KOTO-
pbie He cMor 6bl yBHAeTH peasibHuil 3puteab. Ha puc. 7.1 noka-
3aHa CUeHa 10 H Nocje YA eHHs HeBHAHMbIX JHHHI.

Onui 06bEKT 3aC/IOHSIET APYTOM, ecam WX MPOEKWHU mepece-
KaloTCsl, TOTOMy ONpejeJieHne NMepeceyeHHii H MX NOCTPOEHHe siB-
JIAETCS CePAUEBHHOM 3a]aM yAANEHHA HeBHIMMBIX auHui. B pas-
pabOTKy TeXHHUYeCKOTo oGecreueHHs sl PEUIeHHs 3Toii 3agaun
ObLIH CAENaHBl 3HAUHTENbHBIE WHBECTHIHH, NOCKOAbKY OHA 0CO-
GeHHO TPy/HA HA MPAKTHKE BBHAY NPeAbSABISEMbIX K TPadHuecKiim
JHCIICAHEIM CHCTEMaM TpeGoBaHMii PaGOTHI B PeajbHOM BpeMeH:
H TaK KaK O6BeKThl OGHIYHO HAXOAATCH B ABHIKEHHH.

C TOUKH 3peHHs YCHIWil, 3aTpaueHHbIX HA pa3BHTHE TpadHue-
CKO/l anmapatypl, BHI3LIBAET YAHBJIEHHE TO, YTO BOMPOCY O CJOK-
HOCTH DelIeHHs 3alayd YAAJeHHA HEBHAWMBIX JIHHH YAeJIAN0CH
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TaK Majo BHHMAHHs, NOCKOJbKY HMEHHO 3/€Cb MOXKHO MOJY4HTh
HanGoMbIIHA BHUrPbIL. KOHCTPYHpOBAaHHE UYePHOTO AllMKa, cHAO-
JKEHHOTO' MMKPONPOrpaMMOii JaxKe NPH HCIOJNb30BAHHH Napajuienb-
HBIX BBIYHCJIEHHH, He CNOCOGHO, KK NPaBHIO, AaTh 3O(eKT, cpas-
HHMBIfl C TeM, YTO JaeT HCMOJb30BAHHE HOBEHIUHX aJrOPHTMHUE-
CKHX MeTOJ0B (NpHYEM pa3pbiB pacTeT NPH yBeJIHYEHHH pa3me-
POB 3aj1auH).

Bo MHOTHX C/yYasiX, OCOGEHHO AJIfi BEKTOPHBIX AHCILIEeB, KOM-
MOHEHTAMH CIieHbl SBJIAIOTCA MHOTOYTOJbHHKH. Ecau NpoeKUHsMHu
JIBYX OGBEKTOB SBASIOTCA MHOTOYTOJBHHKH P, u Py, a P, Gauxe
K 3putenio, ueM P, To HeoGXOAHMO H306pasuth P, u P21 Py (mo-
HATHO, uTo P3[) Py — 310 nepecedyenne P, u jononnenus x Pi).

Takum 06pa3oM, OCHOBHas BBIUHC/IHTeJbHAsi 3ajiaya NpH yja-
JIEHHH HeBHAHMbIX JIHHHI COCTOMT 8 (POPMUPOBAHUL NepecedeHus
deyx mHo20y20abHuK06. Ha NpaKTHKe HYXHO CAENaTb HEuTo 6OMb-
wee, H60 H306pakeHue OyleT CKIaABIBATHCA H3 MHOXKECTBA pas-
HBIX MHOTOYTOJIbHHKOB, KaX(Iblil H3 KOTOPHIX HEOGXOAMMO BBIBECTH,
W TeM He MeHee MOMHO OXW/JaTh, YTO B OCHOBE ajJrOPHTMa OCTa-
HeTcst onmpejeseHHe INONApHBIX mNepecevennit. He o6anapas onru-
MaJIbHBIM aJTOPHTMOM Tep HsI MHOTOYTOVIbHHKOB, He/b3si pac-
CUHTEIBATH HAa 3(QQEKTHBHYIO DeaH3aUMI0 YNaJeHHs HEeBHAMMbIX
aunuii. B ganHoii rvase OyAyT TOJyYEHBl TOUHBIE OLEHKH airo-
PHTMOB TepeceueHHs AJIf BBIUTYK/AbIX, 3BE3JHBIX H MPOU3BONLHBIX
MHOTOYrOJIbHUKOB. 3ajaua ¢ MHOTOYFOJbHHKAMH ABJSETCS MpHMe-
POM NepBOro THNA M3 YHCHA PAcCMATPHBAEMbIX HAMM 3ajlay O me-
peceuenusx. Jlas COXpaHEHHsl »KeJaeMOro YpPOBHsA OOMIHOCTH pac-
cyxienui GyleM YKa3blBaTb DOJ TEOMETPHYECKHX OGBEKTOB, KO-
TOpble MOTYT ObITh MHOFOYTOJIbHHKAMH, OTPe3KaMH, MOJH3APaMH
H T. 1L, TOJbKO TOTAA, KOrAa 3To MoTpeGyercss B KOHKPETHOM MpH-
noxennn. Mrak, nmeercs:

3apava tuna C.1') (IOCTPOEHHE TEPECEYEHUS). Naun
ZBa reomMeTpHuecKHX oGbekra. Hamo mocTpouTh HX mepeceuenme.

7.1.2. PasnosnaBanue 06pasos

O/HHM H3 OCHOBHBIX METOJOB DPacCNO3HaBaHUs 06PasoB
ABNACTCS  KAACCHQUKAUHS NyTeM KOWTPOAUpYemo2o 0by4enus ?).
Hauni N ToueK, Kaxaasi H3 KOTOPHIX HICHTHOHUHPYeTCs Mo MpH-
HaJJIeKHOCTH K OHOMY H3 . KJ4acCOB; HYXKHO HX NpeiBapHTeNbHO
o6paGotath TakuM 06pa3oM, 4TOGbl JOGYI0 HOBYIO TOYKY (npol-
HYro TO4Ky) MOXKHO GblIO KODPeKTHO Kiaccmpuuuposars. Ha
puc. 7.2 mOKasam JABYMEPHBIi NpHMep, Ha KOTOPOM OCH COOTBET-

1) C— aGGpennatypa crosa <ceuenrics. — [Tpus. nepes.

%) Jleramh MHOTHX TCOMETPHYECKHX 3afad, BOSHHKAKUUIX NPH pacrioanasa-
1inm 06pasos, MowHO Haiii b pabotax [Andrews (1972), Duda, Hart (1973),
Meisel (1972)].
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CTBYIOT Becy H pOCTy JIOjell, MpPHHAAMeRKAUIMX K HeKofi rpymme
CBEPCTHHKOB. MyuHHB 0603HaueHbl OYKBOH «M», MeHLLUHbl —
6ykBoii «)K». Byksoit «U» 0603HaueH ueNOBEK, YbH BEC W POCT
u3BeCTHB.. MOXHO /1M KiaaccHHUHPOBaTh Y, OCHOBBIBASCH TOJBKO
Ha 3HAYEHHsX OSTHX napamerpoB? KakuM peliaioWUM NpaBHIOM
HaJIEXXHT BOCMOJb30BATHCH?

JKenaTe/bHO NOJYYHTB, €CN 3TO BO3MOXKHO, AUHEUHbLE KAGC-
cupukarop, T. e. TaKylo JHHeliHyl0 GyHKUHIO f, uTO6B AMA ompe-
JleNleHHst  Kiacca, K KOTOpPOMY oOTHOCHTCA U, ObUIO 10CTaTOUHO

~ om
AN oM
N
e N oM oM
\\
g | He NG
§ wo K¢ QN e M
N oM
He Ke N Junedneni:
KnaccuguRaITOp
Bec
Puc. 7.2. 3anaua ¢ neyms

OJIHOTO BbIYHCJEHHs (COGCTBEHHO BBLIYHC/ICHHA JHHEAHOH dyHKUHH
H CpaBHeHHs):

iff (xg, yy) > TthenU = Melse U = XK.

B mocnenseM BbipaxkeHHu yepes T 0603HaueHO IOPOrosoe 3Haue-
Hue. B npocrpaHcrBe k usmepeHuit f(xy, xa, ..., x¢)= T sBasercs
THIEPIJIOCKOCTBIO; TMPH [IBYX W3MepeHHsX 3To npsamas. JluHefiHbiil
KNacCHOHKATOD CYUMTAeTCst XOPOUIHM, eCiH OH pasdeafeT KJacchl
APYr OT Apyra TakK, uTO BCe TOYKH THMa M jexar no oamy ero
CTOPOHY, a Bce TOUKH JK — 1o jipyryio.

Onpenenenne 7.1. [[Ba MHOKeCTBAa Ha3bIBAIOTCH AUHELHO Pa3-
deaumbiMu TOTA W TOJBKO TOTAA, KOTAA CYLIECTBYeT TaKasi THIep-
naockocth H, KOTOpas HX pasjienser.

Tem cambiM onpefeneHue (akra CyUleCTBOBaHHS JHHEHHONO
KaaccHUKaTopa sIBAAETCS CPEeACTBOM pellleHHs BONPoca O pasfe-
JHMOCTH 06yualoWUX BHGOPOK. PasiesiMocTb — 3To KiaaccHueckas
3ajaya KoMGuHATOPHON reoMerpuu. OCHOBHOH KpPHTepHil JHHeHOMH
Pa3eIHMOCTH [aeT CJeAyIollas TeopeMa:

Teopema 7.1 [Stoer, Witzgall (1970), teopema 3.3.9]. Hsa

MHOXMCECTBA TOYEK AUNELIHO pasdeaumdt T020a U TOALKO T020a, K020a
ux goinyKable 060A04KU He NepeceKaroTCA.
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3Ta TeopeMa MPOHMIOCTPHPOBAHA [JA INIOCKOTO CJaydas Ha
puc. 7.3. TTocKOMbKY W3BECTHO, YTO BBINYKJIOH 0GOJIOUKOIl KOHeU-
HOTO MHOKECTBA TOYEK ABJISAETCH BHITYKJBIH NOJHTON, TO JHHEH-
Has Pa3leNHMOCTh OMNpeAesieTcs MPOBEPKOil MepeceueHust ABYX
BLINYK/ABIX TMOAHTONOB. [locnennsia 3ajaua sBasercs NPHMEPOM
3a/ay CJe/yIolero THIa.

Pasdermer Hepasderimst

Puc. 7.3. /lBa MHOXECTBA Pa3jCNHMbl TOTJa H TOJABKO TOIAA, KOTAA HX BHUTYK-
Jbie 060JI0UKH He NepecekaloTcs.

3apnava tana C.2 ([TPOBEPKA I[IEPECEUEHMS). Nanu asa
reomeTpuueckix 06bekTa. IlepeceKaioTes JH OHH?

TlosnHee GyneT MOKa3aHo, YTO MPOBEPKaA Nepeccuenus 3ayacTyio
npole, YeM COOTBETCTBYIOMAA eff 3a/aya MOCTPOEHHS.

7.1.3. TpaccupoBka u pasmeleHune

[TockobKy MHKDPOMHHHATIODH3ALHS B SJEKTPOHHKE J10-
cTiria (aHTaCTHUECKHX TEMIIOB, TO KOJHYECTBO KOMIIOHEHT B 4H-
nax, NpOBOAHMKOB HA IJIaTaX W NMPOBOJOB B CXeMax BHIPOCJO Ha-
CTOJIBKO, YTO NMOA0GHOE 0GOPY10BAHHE HEBO3MOXKHO CIPOCKTHPOBATH
6Ges momouts IBM. Yuc1o 31eMEHTOB B OHOH HHTerpasibHoil cxeme
BIIOJIHE MOZKET MPEBLICHTh MWJJIHMOH, H KAl M3 HHX AOJIKeH
GbiThb pasMellleH KOHCTPYKTOPOM C YYEeTOM MHOMKECTBA (DH3HYECKHX
H TeoMeTpHyecKHxX orpamuuenuii. Hcmosb3yemsle npu 3toM mpo-
TpaMMbl OCHOBaHBI Ha 3BPHCTHKAX H YaCTO JAIOT HEKOPPEKTHbiE
PeLIenns], HaNpHMep HaJOXeHHS KOMNOHEHT CXeMBl WIH Nepeceye-
HHS MPOBOAHWKOB (cM. [Akers (1972); Hanan, Kurzberg (1972);
Hanan (1975)]). 3spucTaueckie METOAB! HCHOMB3YIOTCS, MOCKOJb-
Ky HEKOTOpbie M3 3a1ay, CBS3AHHBIX C pa3MelleHHeM KOMIOHEHT,
apasiores NP-nomuwmu  [Garey, Johnson, Stockmeyer (1976)].
Cutef10BaTe bHO, pellenns HeOGXOAMMO MOABEPraTh TUIATEJbHOM
NpoBepKe, COCTOSMLeHl H3 NONAPHBIX CPABHEHHH BCeX 3JEMEHTOB
UHMA, 4TO J0POTO H TpeGyer MHOrO BpeMeHH. DTO NMPHBOIUT K cJe-
JyloLeMy TeOPeTHUEeCKH BaXHOMY K/accy 3aiad.

3apaua tuna C.3 (IOIAPHBIE TIEPECEYEHUS). [lauwm

N reomerpuueckux o6bektos. Hajo onpeaesints Bee ux nonapHbie
nepeceveHus.
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Pasymeercs, Mbl OyJleM HCKaTb TAaKOH aJirOPHTM, IPH KOTOPOM
He Haj0 CPaBHHBATH Kax/blii 3JeMEHT CO BCEMH OCTaJbHBIMH. Pe-
uleHHe 3ajayd STOro THMHA, KOTOpoe OyaeT AaHO B pasi. 7.2.3,
MMEeT MHOTO NPAKTHYECKHX H TCOPETHUECKHX NpPUIOKeHHi (cM.
TaKike . 8).

7.1.4. JluneiiHoe mporpaMMHpOBaHHe
H oﬁmee nepeceyeHHe NOJAYNPOCTPAHCTB

JluHeiiHoe NPOrpaMMHPOBAHHE MOXKHO OTHECTH K uer-
BepTOMy THNY 3aiauu nepecedenus. O64acTbio ZOMYCTHMBIX pelle-
HHA 331aud JHHEHOTO NPOrPaMMHPOBAHHS SBJSETCS MepeceyeHH
[OyNPOCTPAHCTB, OMNpe, X BOM ee orp Hil.
Llenesas ¢ynKums 10CTHIaeT MaKCHMyMa B OAHOI H3 BepLIHH Bbi-
NYKJOTO [OJMH3APA, CNOCO6 OMHCAHHST KOTOPOrO OTJIHYaercs OT
TOro, uTO paccMarpuBaica B NI 3. 34ech y HAac HeT MHOXKecTBa
TOYCK, CPeAH KOTOPHIX CJelyeT HaHTH BepUIHHBI 0GOJOYKH, BMECTO
3TOTO MMeeTcsi Ha6Op MoymiocKocTeli, OrpaHHUNBAIOIIAX 3Ty 060-
JIOYKY, a HaM HYXKHO Halitm pepmrinbl, OueBHAHO, YTO Tocie no-
cTpoenHst obweit obmacti Aas AAHHBIX N OGBEKTOB MBI CMOXKEM
NOJMYYHTh pelueHHe 3a1auH JHHEHHOro mporpaMMupoBanus. OAHaKo
HaM HyXKHO HAHTH JMWb Ty BEPUIMHY, HA KOTOPOH LeneBasi (yHK-
UHMA SKCTpeMa/bHa (MAKCHMAaJbHa WM MHHHMAJbHa) H HET OCHO-
BaHuii mojiaraTh, 4TO Aaxe AJa CIy4as Majoifi Pa3MepHOCTH Heo6-
XOIHMO NOCTPOEHHE BCeli NONUIAPAILHON 061aCTH.
OnnoMepHast 3ajaua JIMHENHOTO NPOTPAMMHPOBAHHS TPHBHAD-
na. Ee MoxHO copmymuposats cireayiomum o6pasom:

ax+b—>max mnpu ax+6,<0, i=1,..., N. (7.1)

Honyerumas o6aacts TyT mycra, sBIASETCA OTPEIKOM, WA JyuOM,
TOCKOJIbKY BO3MOXHO TaKoe IepeceueHue Jyueli, KOTOpoe MpojoJ-
Kaercs B —oo HJH oo,

Iycts L —camasi 7ieBas 43 T04eK MOMOMKHTENBHO OPHEHTHPO-
BaHHBIX JIyyell, a R-—camas NpaBasi W3 TOUEK OTPHUATEbHbIX
ayueit. Ecan L > R, To gonyctumas obaacts nycra. Ecan L < R,
TO €10 sIBJsieTCs 0Tpe3ok [L,R]. OuesHano, uto L U R MOMKHO BbI-
UHCIHTL 32 JIHHEiiHO® BPEMs, NOSTOMY OLEHKA [0 BpeMeHu s
9 pHOH  3apaun fiHOrO NPOrpaMMHPOBAHHs IPOMOPIHO-
Hansia O(N). Ilpu Gosbuem ukcae n3Mepennii 3ajayy JAMHeNHOro
TPOrpaMMHPOBAHHS MOXKHO PelIHTh MyTeM NOCTPOEHHs obmieil 06-
JIaCTH (nepeceyenust) mosynpocrpancTs. OAHAKO 3TH ABe 3aiau
He IKBHBAJEHTHH, KaK OyleT NnoKa3aHo Gojee TOUHO B pasj. 7.2.5.

Tenepb 0GcyHM HECKOMIbKO OCHOBHBIX aJFOPHTMOB, npeiHasHa-
UEHHBIX [JI pelleHHsl BHIIEONHCAHHBIX 3aiay. BOJbIIMHCTBO 3THX
alnropuTMOB co3faHo ana 3anay tuna [TOCTPOEHUE [MEPECE-
YEHHS (samaun tuna C.1), n rtem He MeHee BCIOAY, Tie 3TO
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yMecTHO, GyjeT MPOBOLHTHCS CONOCTABJCHHE C COOTBETCTBYIOUMMH
3ajauaMi TMNA «NPOBEPKH». Mbl HauHeM C MJIOCKHX NPHJIOKEHHH,
a 3aTeM mepefifieM K IPOCTPAHCTBeHHbIM mpuMepaM. Hyxuo ju mo-
BTOPAITb, YTO YPOBeHb 3HAHHE B 3TOH 06JacTH NpH pocrTe umucaa
H3MepeHHl OTpaKaer KapTHHY, 3HAKOMYIO CerojiHs Bo Beeli Bbi-
YHC/THTEJILHON FeOMETPHH.

7.2. llnockue npHIONKEHUs
7.2.1. Tlepeceyenne BHINYKJBIX MHOTOYTOJbHHKOB

B jaHHOM pasjene 10J «MHOTOYFOJbHHKOM» Gyaem mo-
HHMATh €ro FpaHUIly H BHYTPEHHOCTD; HHKI H3 peGep MHOFOYTOJb-
HHKa OyleT siBHO Ha3biBaTbes ero rpauuied. Chopmyaupyem 3a-
nauy:
3apaya C.1.1 ([TOCTPOEHHE TIEPECEUYEHHS BBIIYK-
JIbIX MHOT'OYI'OJIbHHUKOB). [ausl aBa BBIIYKIbIX MHOTO-
yroapHuka: P ¢ L MH H Q ¢c M mu. Hano mo-
CTPOHTB HX NepeceyeHHe.

Be3 notepu o6uHOCTH NOA0KHM, uto L < M.

Teopema 7.2. [Tepeceuenuem soinykaoix L-yeorvnuka u M-yeono-
HuKQ A61S€TCS  BLINYKAbLL MHO20Y2OAbHUK, UMerowuil we Goaee
L 4+ M sepuiun.

Hokasareavcreo. Ilepeceyenne P u Q oGpasosano nepeceue-
HueMm L 4 M BHYTPEHHHX MOJYIJIOCKOCTeH, onpeaensieMblx ped-
paMH 3THX JABYX MHOrO-
yroabHukoB. Yto u tpeto-

P BaJIOCh JI0Ka3aTh,

Tpanuua P\ Q coctout

M3 uepeaylollHxcs ienef

BEPILHH 3THX ABYX MHOrO-

YTOJILHUKOB, ~pa3jieeHHbIX

A TOUKAMH IepeceyeHHs: HX
rpaunn (puc. 7.4).

OueBunblli MeTOX op-

MHDOBaHHS  NepeceyeHus

Puc, 7.4. Tlepeccuenne punmykanx wuoro-  oCTOAT B 0GXole IpAHHUL

YTOAbHUKOB. P pebpo sa peGpom, B

mpoiecce KOTOPOro MPOCTO

1 Ge3bICKYCHO ONPEIeNfIoTCs BCe TOUKH MepecedyeHus ¢ rpanuued Q

_(He Gosee ABYX Ha Kaxi10e pe6po) M MOIYTHO BEJETCS CNHCOK TO-

‘yeK nepeceueHus M BepLIMH. JTo NOTPeGyeT 3aTpaThl BpeMeHH

O(LM), nockoabKy OyAeT NpOBepPeHO nNepeceueHHe Kaxkaoro peb-

pa P ¢ kaxawm pe6pom Q. EcrecTBeHHO AJIsi COKpAlUeHHS BBIUHC-
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JNTENbHON paboThi NONBITATHCS HCHOJb30BaTh (PAKT BEUIYKJIOCTH
MHOTOYTOJILHHKOB.

OpuH 43 NOAXOAOB 3aKjiouaeTcs B PasOHEeHHH MJIOCKOCTH Ha
obaacti, B KaXJOH H3 KOTOPBIX MepeceueHHe 3THX ABYX MHOrO-
YTOABHHKOB MOJKHO BBIUHCAHTH Jierko. [TocTpoeHle HOBBLIX IeoMer-
PHUECKMX OOBEKTOB AJfA pelleHHs NOCTABJIEHHOH 3ajaun He pel-
KOCTh B BBIYHCJHTENBHON IEOMETPHH; UHTATeIb MOMKET BCMOMHHTH
HCKAIOUHTEJbHOE 3HAUEHNE 3TOrO NpHeMa BO MHOTHX METOAAX reo-
METPHUECKOTO NIOHCKA, NOKA3aHHEIX B NI 2. B panxoM cayuae Oy-
JeT ajJeKBATHHM npocrefimee pasfuenie [MOCKOCTH — HHAYLHPO-
BanHoe myukom Jyueii [Shamos, Hoey (1976)]. BuiGepem npous-
BoabHylo Touky O Ha niockocrd. (31y Touky O MOKHO BIATH Ha
GeCKOHEUHOCTH; B AeHCTBHTEIbHOCTH HCXOJHBIH Meroa Ilefimoca —
Xoyn ocHopai Ha BhiGope O B GeckoneudoctH Ha ocd y.) Hs O
NPOBOAHM JyYH 4epe3 BCe BepLIHHbI MHOTFOYroJibHHKOB P 1 Q.
3TH AyyH pasbHBAIOT MJIOCKOCTb HA CEKTOPbl. MBI XOTHM yHOpsao-
YHTh 3TOT Habop Jyueit mo yray Boxpyr Touku O. K cuactsio, 5T0
Jerko cienatb. Ha camom gene, ecan O JIeRHT BHYTPH MHOrO-
yroJIbHiKa, cKazkeM, P, To Jyun K BepmnHam P, oueBuaHo, ynops-
JIOYHBAIOTCS OTHOCHTeNbHO O TaK e, KaKk H BEpLIHHBI, NOPSLAOK
KoTophiX 3aiaH. Ecan xe O nexut sie P, 10 Bepuwuub P ofpa-
3yloT ABe HemH (06e OHH 3aK/TIOUEHB! MEX1y TeMH ABYMS Bepli-
HaMH P, KOTOPBHIX KacaloTcs OnopHue npsambie u3 0), a aas Kax-
N0l LeNH COOTBETCTBYOWHE el Jyun H3 O OTCOPTHPOBAHBI 110
yray. Tostomy B J0GoM cayyae 3TH CeKTOPH, OMNpefelsemble

mu P, ynops Csi MO YLy 3a BpeMs, JIHHEHHO 3a-
BHCAllee OT uncAa Bepmmi. Eciu 5TH ABE IMOCAEA0BATEMBHOCTH
(oana i P w ogHa A1 Q) W3BECTHBI, TO HX MOXKHO CJHTH 32 JH-
HefiHOe BpeMs.

KatouepbiM siBasieTcss HaGilojeHHe, YTO IepeceyeHHe Kaxkjoro
CeKTOpa C BBUIYKJIbIM MHOTOYTOJIBHHKOM 0Gpa3yer uersipexyeois-
nuk (Tpaneyuro, ecmu O — GecKOHeyHO yJaJeHHast Touka). ITo-
3TOMY BHYTPH KaxJOro cektopa nepeceuenneM P u Q 6yner ne-
peceyeHHe JBYX UeTHIPEXYTOJbHHKOB, KOTOPOE MOXKHO HaiiTH 3a
KOHCTaHTHOe BpeMs. PesyibTHpylolHe KyckH MOXKHO co6paTh BO-
€JIHHO 33 OJMH 00XOJ CEKTOPOB, HAa KOTOPHIi NMOHAZOGHTCSH JuHeli-
HOe BpeMs. A 3aTeM noTpebyeTcs OUHUIAIOULMII MPOCMOTP s YAa-
JIeHHS! JIOXKHBIX BEPIUHH, KOTOPble BO3HHKAIOT HA TPAHMLAX Mek1y
CeKTOpaMH.

Teopema 7.3. lepeceuenue soinysasixy L-yzorenura u M-yzono-
HUKQ MOXCHO nocTpouts 3a apems 0 (L + M).

Ha puc. 7.5 npousmocTpupoBan MeTof, rie Toyka O BhGpana
TaK, KaK npeanoxuiyu Ileiimoc n Xoyn. B 1aHHOM cilyuae ceKTOpb!
Ha3bpIBAIOTCA T0OJIOCAMH, a nOJIil])HHﬁ YIOJl OTHOCHTEJILHO O 3a-
MeHEH 3HaueHHeM abCLHCChl X.
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JIpyroil NOAX0A SABJSIETCS, KAK 3TO HH Y/{HBHTEJIbHO, S/IeTaHTHBIM
ycosepuwencrobanuem [O'Rourke, Chien, Olson, Naddor (1982)]
TOro rpyGoro MeToja, KOTOPHIfi 6Bl ONMHCaH B Hayale AaHHOIO

! ||| Mepeceenue nanocs: ¢ kancdsim
|| mnozayzamsminant adpasyer
mpaneyuro

1
|
1
I
|

h
|
|
I
|
|
i
I

Prc. 7.5. TI0710Ck, ONPEACAGHHHE BepUINHAMH ABYX BHNYKHX MHOFOYTOMbHAKOB.

pasnena. Ero ocHoBHas miest HepopMmadbHO cieayomasd. ITpeamno-
Jn0:kuM, uto P1Q 5= &, H paccMoTpuM MHOTOyroabHHK P* A P(Q.
Tpannueir P* Apnsercs uepelylomascs MOCHEI0BATENbHOCTL Yua-
cTkoB rpanui P u Q. EciM OIHHM H3 TaKHX YYaCTKOB SABJSETCH
KYCOK TPaHHIbl, cKazeM, P, To HeKHii y4acTOK rpaHuusl Q OKpy-
JKaeT ee Bo BHemHell ob6macth P* (puc. 7.6). Buaromapsi BbImyK-
JIOCTH 0GOHX MHOTOYTOJIBHHKOB B Ka)</OH Mape TAKHX CMEKHBIX

Puc. 7.6. [lna nepecekaioluxcs MHOTOYroMbiuka, «Ceplibi» 3alTpHXOBANE.

YUaCTKOB ECTECTBEHHO BLULeSIIOTCA GHCUIHAA H BHYTPEHHAS Yenu,
KOTOpbIe MOXKHO Ha3BaTh B COBOKYNHOCTH «CEPIOM» s yA006CTBa
nocsesylomero onucanua. Cepn orpanuyeH napoii Touek mnepece-
YeHHSI, HMEHYEMBIX HQYAALHOL M KOHEHHO{ B COOTBETCTBHH C eH-
Hoit opuentauueit rpann P u Q. TosopaT, uro Bepwuna (us P uan
Q) mpunajexut cepry, ecan (1) OHa JeKHT MeXKAYy HauanbHOM
W KOHeuHoft Toukamu nepeceuenus (Ha JoGod uenu) wan (2) fB-
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JifieTcs KOHUOM peGpa BHYTpeHHell LeMH, COAEpKallero KOHeuHyio
Touky cepna (puc. 7.7). 3aMETHM, YTO CyLIECTBYIOT BepUIHHEBI, NPH-

HajJexallue AByM ceprnam.

Hauaneroe nepeceyerue
cepria

Kowewroe nepecevernue
cepna

Pic. 7.7. Haspanus siemenTon cepiia. Bbiieqenibie BepUIHE NpHAAICHKAT 3a-

IITPHXOBAHHOMY CepIy.

Jlasi co3iaHms MeXaHH3Ma NPOABHAEHHs NOJOKHM, uTo (p1,
P2y .oy pr) 1 (qu G2, ..., Gu)— 3TO ClMCKH BepwiHi P 1 Q coot-

BETCTBEHHO,  MepevHcJIed-
HBIX NPH O06XOAe HX Ipo-
THB 4acOBOM CTpeskH (TaK
4TO  MHOIOYFOJIBHHK ~ CUll-
TaeTes  PacroOKeHHbBIM
«cneBa» OT CBOEH TrpaHu-
ubt). Tlpennonoxum, dTO
NPOABHIKEHHE  OCYLLECTB-
JISCTCH OJ{HOBPEMEHHO 10
0GeHM rpaHHIlaM M uTO pi
U gj— TEKylHe BEepLIHHbI
3alaHHBIX  MHOTOYTOMNbHH-
KOB, a, KpOMe TOro, TeKky-
wue pe6pa OKaHUMBAIOTCS
B pi M gj; BO3MOXHLI 4ye-
Thipe  pasuble  CHTYalHH,
KOTOpbIE NIOKa3aHbl Ha PHC.
7.8. (Octanbuble cHTYyalu#
CBOAATCS K AalHBIM UEThl-
peM nyTeMm 3amelnl podeit
P uw Q.) Mycrb h(p:) o6o-
3HauaeT  MOJYIJOCKOCTh,
onpefeNleHHyIo pi_1p; HCo-
nepxamyio P (aHajgorny-
HO onpeneasercs u h(g;)).
Ouesnuno, uto P* comep-
ZKHTCA BHYTPH nepecevyeHus
obaacTax Ha puc. 7.8,

Gyt (3)
Piic. 7.8, HAmOCTpaLUS MeXaHUIMA NpOABH-
Aexusa. Msl MPOABHCaeMcA 10 OANOH KA MO
Apyrofi rpaHuue B 33aBHCHMOCTH OT OTHOCH-
TEABHOTO PACHOJOKEHHS TeKYUHX BEPUIHH pi
B ¢ (Texylie pe6pa Mokasamb HpHHMH
IPAMBINK).

Crywadt (4)

h(p:) nh(q;), T. e. B 3aWTPHXOBAHHBIX
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Hges 3akmouaercss B TOM, uTOGhl He 08uU2aToCA NO Toil 2pa-
ruye (P unu Q), Texyujee pe6po KoTOpoL elye mosceT codepicarts
eHHYIO TO4KY nep Torma B cayuae (2) Mbl
npoJBHHEMCst 10 P, NOCKO/bKY Tekyllee pe6po gj—19; H3 Q MOxer
cozeprath elile He 0GHAPYIKEHHYIO TOUKY NepeceyeHus; 110 TeM ke
npuuHHam B cayuae (3) Mbl npoiBHHeMcst no rpannue Q. B cay-
uae (4) Bce mepeceuenus Ha TeKyllem peGpe u3 P ywke obuapy-
AKeHbl, B TO BpeMsi Kak Tekyllee peGpo H3 Q BCe elle MOKeT co-
AepkaTh HeOGHAPYIKEHHOE MepeceyeHHe; IOITOMY Mbl NPOABHHEM-
cs sroab P. Haxkonen, B cayyae (1) BoIGOp npoussosie, u BhGe-
pem, Hanpumep, Q. PaccmoTpeHHe ITHX deThipex cJyuaes I0J-
HOCTBIO OMNpPEAE/ISCT MEeXaHH3M TNPOABHXKEHHS B JaHHOM MeTOAE,
ocyuiectsasemblt  noanporpammoit  IBM)KEHHE. Buipaxenue
«[IBVDKEHHE peanusyer cayuaii (j)» (mpu j= 1, 2, 3, 4) o3ua-
uaer, Yro IPOABHKEHHE, COOTBETCTBYiOllee cayuaw (j), BbIOJ-
HsTCA KOPPEKTHO.

Ecan npeweGpeus st ICHOCTH H NMPOCTOTHI BHIPOMKACHHEIMI
cayyaaMu (Koraa rpannua P comepxut Beplinny Q u aobopor),
KOTOpBle TpeGyloT 0co60ro BHHMaHWsi!), TO MOKHO (OPMATU30-
BaTh aJTOPHTM. 3aMeTHM, UTO Pr H Gu HENOCPEICTBEHHO Mpejue-
CTBYIOT pi H g1 COOTBETCTBEHHO (3TO O3HAYaeT, YTO, KaK OGBIUHO,
Po=PpL ¥ go=gn).

procedure [TOCTPOEHHME-TTEPECEUEHU -
BBITTY KJIBIX-MHOTOYTOJIbHUKOB

begin if (p,_p; n q;-.q; nepecekaorcs) then
BBIBOJ| NepeceyeHus;
IOBW)XKEHHUE (x i uau | yseanuupaercs +);
ki=k+1

end;
until k=2(L+ M);
if (ne maiineno nepeceuenwit) then
begin if p, =Q then P=Q
else if ;=P then Q=P
else PNQ=y
end;
end.

Tenepn ycranosum KoppexriocTs AaHmoro aaroputma. Ecam p,
H g; IPHHAJJIEXRAT OJHOMY ceply, TO noanporpamma JIBUXEHUE
TapaHTHPYeT JOCTHXEHHEe KOHEUHOM TOYKH IlepeceueHHs NaHHOTO
ceprna (kak 0) P ), m y He Jomyckaercs

") TonpoGioctn Moo wafita b meponcrounnxe [O'Rourke ef al. (1982)].
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NpOABHKEHHS N0 TOH TpaHHle, TeKyliee peGpo KOTOPOH MOMeT
COMEpIKATb HCKOMYIO TOUKY NepeceyeHns. DTO B CBOIO OuEpe/p ra-
PaHTHpYeT, 4TO NOCKOJBKY O0e TeKyliMe BEepHIMHBEl NpHHALIERAT
OZIHOMY 1 TOMY e Ceplly, TO Bce Cepnbl GyAyT MOCTPOEHBI MOCjTe-
noBaTeabHO. Lo 3aBeplueHHs [0Ka3aTelhCTBA HEOOXoauMo ybe-
AMTBCS, YTO AAHHBL aJArOPHTM OGHAPYIKHBAET XOTS Obl OAHY TOUKY
nepeceuensi, ecJqH OHa CYUIECTBYET. 3aMeTHM, YTO TOUKH Mmepece-
ueHus 06pa3yioT napol, mosToMy Gyjer no KpaiiHeil Mepe ABe TOUKH

Crywawu (2) u (%)

Cnyuaic (3)

Crywaiz (2)
(@) (b
Puc. 7.9. FlluocTpauis K A0Ka3aTeseTBy TOro, 4TO AIrOPHTM HAXOAKT 1O Kpail-
Helt Mepe OAHY TOUKY mep , ecmt P

nepeceuenus. TIycTb pi—ip; — TeKylilee peGpo P — COLepP:KUT TOUKY
nepeceueuss v ¢ pe6poM ¢r,—igr, TakK uto ¢ & h(p:;) (puc. 7.9).
OGo3HaunM uepe3 w CJACAYIOUYIO TOYKY MepecevueHHs B cepre, Ha-
uaBuIeMCs B TOUKe U; CYUIeCTBYIOT elle JBe BaxKHble TOUKH B Q:
BepIIHHA ¢, yXKE ONpe/leNeHHas, H BepIIHHA ¢s, HauGOMee ynaneH-
Hast B h(p;) oT npsMoi#, necymed pe6po pi—ipi. ['panuuna Q pasbu-
BaeTcs STHMH JBYMsI BEPUIMHAMH Ha JBE OPHEHTHPOBAHHBIE LEIH
C, u Cs, KOTOpBlE OKAHYHBAIOTCH B BEPUIHHAX §r H §s COOTBET-
creenso. Cuutas, Kak OGHUYHO, YTO ¢j—1¢; O603HAYaeT TeKyllee
pe6po B Q, OyseM pasanuath cleiyioLlHe ABA Clyydast:

(1) ¢;=C,. Tloanporpamma ABHKEHHE nocaesosarensto
o6pabaTbiBaer ciaydan (Kamablii 13 KOTOPLIX MOXKET OKa3aTbCs
nyereiM) (2), (4), (1) u (3), kak nokasano ma puc. 7.9(a). Ilpo-
IBHXKEHHE BeJeTcsi BAOMb Q, B TO BpeMs Kak pe6po pi—ip; ocraercs
HEH3MEHHBIM BILIOTh /10 TOTO, KaK OGHapy KHBAETCH v.

(2) g;=Cs (puc. 7.9(b)). Iycts [ — npamasi, Hecymas gj—ig;.
CyutectByloT jBe omopusie mpamble K P, napamiensune [ ITycrs
Pm— T4 BepIIHHA, NPHHAAJEXKAWAs OJHON M3 STHX ONOPHBIX Nps-
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MBIX, KOTOpas BCTPETHTCS NMEPBOH NPH NPOCMOTPe rpaHuubl P, Ha-
uuHas ¢ p;. OueBuano, uro noanporpamma JABH)KEHHUE (cayuan
(2) u (4)) NPOXOAHT OT p; MO Pm, B TO BpeMsi KaK pe6po gj-q;
OCTaeTcsl HeH3MEHHBIM. 3aTeM, eCH pm & h(g;), To JBH)KEHHUE
JAanee mpocseayer K nepBoit BepuwuHe p: & h(g;). B nobom cay-
uae TEeKYLHMH BePWIMHAMI OCTAOTCs ¢; H p*& P (p* == pp Hin
p* = p:), nexauiue BHYTPH h(g;). 3aMeTHM, UTO AaHHAs CHTYyalus
He OTJIMYAeTCs OT TakoH, KaK ecan Gbl OJiHA BepIIHHA g 3aMeHHJa
NOALCNb (gr, §ri1s -, gj-1), TAE ¢ — IepeceyeHHe NMPsiMBIX, HeCy-
HWHX §r-1r H gj-1gj cooTBercTBeHHO. IT0STOMY MOXKHO CUHTaTh,
Kak OyATO ¢; W p* NPHHAAJIEKAT K OJHOMY H TOMYy XKe Cepiy,
a B 3ToM cayyae noanporpamma ABHU)KEHHUE o6sizatensho mpu-
BeJeT K KOHEUHOl TOUKe STOro cepia.

Ecan pebpo, nosobuoe pi-ipi, cyuiecrsyer (r. e. rpanuub P
1 Q mnepecexaiorcs), 10 nocte (L4 M) 1warop noAnporpamMbl
IBH)KEHHUE oHo 06s13aTenbto 6yeT AOCTHIHYTO; AeHCTBHTIbHO,
nocne (L 4 M) waros rpannua no KpaiHeii Mepe OAHOTO MHOTO-
Yro/bHHKA GyjeT MOJNHOCTBIO MPOiiaeHa, a Kawuciblil MHOTOYTOJBHHK
uMeeT no Kpafinell Mepe oaHO peGpo, noxoGHOe pi_1p:. Jlerko yGe-
ANTbCSL B TOM, 4YTO 3areM mNoHano6urcs eule He Gosee (L + M)

113,28

Puc. 7.10. Mamocrpauus paGo-
Thi aaroputma O'Pypka u ap.
Pebpo, noMeueHHOE UHCIOM j,
o6pabateiBaercs TOANPOrpaM-
woit IBM)KEHHE na j-i mre-
paunn. Havaabusie peGpa Bhi-
JleACHE KDHOT MHHHeT:.

JONONHHTE/IbHbIX  waros noanporpammsl  JABHIXEHHE, uro6n
[OCTPOUTL Belo rpavuny P () Q. Urak, saxkaiouaem, uTo ecan nocie
2(L+ M) waros mnoanporpammsl JIBMJKEHUE aamunwii aaro-
PHTM He CMOr 0GHApYXHTb HH OAHOM TOYKH IlepecevyeHus, TO rpa-
HHIBI HCXOJHBIX MHOTOYTOMbHHKOB BOBCe He mepecekatorcs. C Tou-
Ki 3peHns ouenkd paborbt ABMDKEHHE sasepumaercs 3a spems
O(L + M); xpome toro, O(L + M) waros uyxiubi, uto6n caenats
BBIOOP. ec/iit 3T0 HeOGXOANMO, M1y CJEAYIOUHMI aJbTepHATH-
Bami: P=Q, Q= P, PN1Q = . [TosToMy AanHbii MeTOs CIyKHUT
ellle OAHHM Jl0Ka3aTeJIbCTBOM TeOpeMBl 7.3,

Hamocrpaums paGotht 5Toro aqroputMa jaaHa Ha puc. 7.10.
Pe6po Tam mosyuaer metky j, ecam unkia repeat (mar NoANpo-
rpaume IBH)KEHUE) nocturaer ero wa j-it urepaunn. [lapa
HCXOAHBIX pebep (0AHO M3 P W 0HO U3 Q BHIACAEHB JKHPHBIMU
JHHIAIME) KOPPEKTHO TIOMEUeHa HyJsMH.

7.2.2. Tepeceyenue 3Be3AHbIX MHOTOYrOJbHHKOB

TTocKo/IbKY 3Be3Hbe MHOTOYTOJLHHKH JETKO OMHCHIBATH
B MOJIAPHOH CHCTeMe KOOPAMHAT — TaKHM e CBOHCTBOM o6iajaior
W BBINYKJIBIE MHOTOYTOJLHHKH, — TO MOXHO GblLIO Gbl OXHAATh, YTO
H X NepeceyeHis YJAacTcs HAXOAHTh CTOJb e Obictpo. OfHako
3T0 He Tak, 4TO M NOKAa3aKo Ha puc. 7.11.

Mepeceuensie P 11 Q yxe camo no cefe oKasbBaeTcs He MHOTO-
YTOABIIKOM, a OGLCAHHCHHEM MHOTHX  MHOrOYTOJbHHKOB. Ecan
i P, u Q umenr no N Bepunn, a Kaxjaoe pe6po P mepecekaer
Kazjo0e pe6po Q, To ux me-
peceueHHe HMeET MOPSIOK
N? Bepuin. Otcioaa moay-

YaeM TPHBHAJbHYIO HIIK-
HIOI0 OLEIKY:

Teopema 7.4. [Touck ne-
pecedenus 08Yx 368e30HbBLX
N-yeonvnuros saununaer 8
xyouenm cayuae Q(N?) spe-
MeHuU.

3710 03Hauaer, uToO 3a-
faua 00 yHaJeHHH HeBH-
JAMMBIX JIMHHE JJI15 TIPOH3-
BOMLHBIX MHOTOYFOABHUKOB by 71 [lepeceucime aByx spesinbix Mio-
TaKKe JIOJKHA TOTPEGO-  royrommikos.
BaTh B XYM ciyyae
KBaJPATHYHOIO BPEMEHH NPOCTO NMOTOMY, UTO AJisi TOTO, 4TOGH Ha-
pHcoBaTh HX IlepecedeHHsi, Heobxogumo Q(N?) Bextopos. B cue-
JylolileM pasjiesie OyAeT MOKas3aH yHAMBHTeJbHbIH Pe3yJbTat, COCTOs-
L B TOM, UTO €CJH HYXKHO YCTAaHOBHTH TOJbKO (akKT mepeceuens
Py Q, TO HET HEOGXOAMMOCTH TPATHTb TaK MHOTO BpEMEHI.

7.2.3. IlepeceueHne NPsiMOJHHEAHBIX OTPE3KOB

OAHMH H3 TJIaBHLIX BEIBOJOB BBIYHCIHTEJBHOH TeoMeTpui
COCTOHT B TOM, YTO GOJBLION HAGOP, Kas3anoch Obl, He3aBHCHMBIX
3ajau MOXKHO DPELIHTh OJHHM H TeM JXKe CrnocoGOM, eCH TOJMbKO
yA@eTcsl BHUACJHTH OGULHE AJIsi HHX aJrOPHTMHUECKHE 0COGEHHOCTH.
B jnanHoM pasjenie MoKa3aHO, KaK MHOMKECTBO Pa3JHUHBIX MPHJIO-
JKEHUIT MOXKHO YHH(HUHPOBATH H CBECTH K PELIEHHIO 3a1auH O TOM,
OyAyT WM HET NomapHo Hernepecekaiowumucs N NpAMOJIHHEHHBIX
OTPE3KOB H3 3a/1aHHOTO MHOKECTBA.
3apava C.2.1 (ITPOBEPKA TIEPECEYEHHS [IPSIMOJIU-
HEVIHBIX OTPE3KOB). [lanbl N npsiMOJHHEHHBIX OTPE3KOB Ha
nnockocti. Hajo onpegesnts (akr nepeceueHns Xors Obl ABYX
U3 HHX.
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AJuropuTM pelleHus 5TOA 3aiaun Gbl1 Gbl BecbMa 1OJ€3eH AJst
NPHIIOKeHHH THNa T H WIH D u

P p 1, X B
pasa. 7.1.3. Tlpexae uem B3siThesi 3a pemenne 3agaun C.2.1, omu-
HIeM AONONHHTENBHO €@ BaXKHble NPHIIONKEHHS.

7.2.3.1. TlpnaoxeHus

3apaya C.2.2 (ITPOBEPKA TIEPECEYEHHSI MHO-
FOYTOJIbHUKOB). Hatbl ABa npocTHX MHOTOyroabhika P n Q
¢ M u N epummnamu coorsercrsenno. Ilepecekalotes Ju onu?

Tepecevenue
pedep

P P

@ = P Ipanuus ve nepecenaromes

Phc. 7.12. P< Q, wai QS P, i Ke ecTh Napa NepeceKaiomuxcs pesep.

Kak ykasano B pasa. 7.2.1 Aas BBIIYK/IBX MHOTOYTOJbHHKOB,
ecan P i Q nepecexatorest, To Han P coftepxut Q, nan Q coaep-
skut P, man umekotropoe pe6po P mepecekaer oiHo W3 pebep Q
(puc. 7.12).

[Mockoabky P 1 Q 06a TPOCTH, TO IPH JIO6OM NepecedeHHH HX
peGep ati pe6pa GyayT MPHHALNEKATH Pa3HBIM MHOTOYTOJIbHHKAM.
OGosnaunm uepes T (N) Bpems, HeoGXofHMOe IS pelleHHs 3a-
naun C.2.1. Torza MOXHO ompejieauTh (Qakt mepeceueHns peGep P
n Q 3a T(N + M) onepaunii. M eciu nepeceuennit e HaiiieHo, T0
OCTaHeTcs TOJBKO MpoBepuTh P < Q nin Q = P,

e P aexut BHYTPH Q, TO 6ce BeplIMHBI P Jexkar BHyTpH Q,
TOSTOMY MOXHO OJHH Pa3 NMPHMEHHTb NPOBEPKY NPHHALNEKHOCTH
ToukH 3a spems O(N) (mo Teopeme 2.1), ncroabsyst 2/06y10 Bep-
wuny P. Ecan 3Ta BeplUHHA J€XKHT BHe Q, TO MOXKHO TeM e ca-
MBIM CHOCOGOM yCTaHOBHTb, BEPHO JH, 4T0 Q < P, 3a Bpems O (M).
Otciona HMeeM ClielyiollyIo Teopemy:

Teopema 7.5. [lepeceverue npocTelx mHO20y20A6HUKO8 npPeob-
pasyerca sa i spema K nposep P npamou-
HeliHbLY OTPe3K08:

TIPOBEPKA  TIEPECEYEHHMSI MHOI'OYI'OJIbHUKOB

ocy TIPOBEPKA TIEPECEUEHHS TPSIMOJIMHEMHBIX

OTPE3KOB
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Mbi yKe BHAEMH, YTO C/IOMHOCTh aITOPHTMOB, PAGOTAIOLIHX C MHO-
FOYrOJbHIKAMH, MOXKET 3aBHCETh OT TOTO, H3BECTHA WJH HET 1po-
CTOTa 3THX MHOTOYrOJbHHKOB. Hampumep, BHIIYKIyi0 0GO/OUKY
VI TIPOCTOTO MHOTOYTOJIBHHKA MOXKHO HafTH 3a Bpems B(M)
(teopema 4.12), B 10 Bpemst Kak Q(NlogN) siBasercs HHXKHEl
rpaHuueil A8 HENPOCTEIX MHOTOYroAbHIKOB. [losToMy Ghis0 61 O~
J1e3HO UMeTb aJITOPHTM MPOBEPKH NMPOCTOTHL

3apawa C.2.3 ([IPOBEPKA ITPOCTOTbI MHOI'OYIOJIb-
HUKA). lan muoroyroabiuk. I[Tpoct Ju oH?

TIpoCTOli 1 HempocThe MHOFOYTO/LHHKH MOKasaHsl Ha pie. 7.13.
[TockoAbKY MHOTOYFOJABHHK [POCT TOTAA M TOABKO TOTAa, KOTAA

Mpocmoiz Herpocrmie

Puc. 7.13. TIpocToii i HEMPOCTHIC MHOTOYTOMLHIKE.

HHKaKasi mapa ero pebep He nepecekaercsi, TO HeMENJIEHHO HMeeM,

TTPOBEPKA ITPOCTOTbI MHOT'OYI'OJIbHHUKA ocy ITPO-
BEPKA [NEPECEUEHHS ITPSIMOJIMHEVIHBIX OTPE3KOB

7.2.3.2. ANTOPHTMBI MepeceyeHnsi OTPe3KOB

TIpeAnooKHM, 4TO 3ajiaHbl N HHTePBAJOB Ha AEHCTBH-
TeMbHON OCH M HEOOXOAMMO y3HaTh, He NMepeKpPHBAIOTCS JIH KaKHe-
HuGyb ABa u3 HEX. OTBET MOXHO moayunth 3a Bpems O (N?), mpo-
BepHB BCe Napbl HHTEPBAJIOB, HO TYT € HAa YM NPUXOJHT HAMHOTO
Jyywwii aJrOPHTM, OCHOBAHHEIA Ha copTHPOBKe. ECJH ynopsao4uTh
2N KOHUEBHIX TOYEK STHX HHTEPBaJOB H 0GO3HAUMTL HX KaK JIEBHIe
(J1) nan npassie (IT), To 3TH MHTepBaJbl He MEPEKPLIBAIOTCS TOTAA
H TOJLKO TOT/AA, KOrAa KOHIBEl HX 06pa3yioT uepeayloulylocs nocie-
nosateasiocts: JI, IT, JI, T1, ..., I1, JI, [T (puc. 7.14). Dty npo-
BePKY MoxHo nposect 3a O (N log N) BpeMenH.
Xotenoch Obl OTBETHTb Ha ABA BONPOCA: MOXKHO JIH yJAyYUIHTH
3TOT a/ArOpHTM M 0606LLaeTcs JH OH Ha cayualt ABYX H3MepeHuii?
Yro6bl MOJYUHTh HHIKHIOI OUEHKY, MPOAEMOHCTPHPYeM COOT-
BeTCTBHe MeXX1y 3ajadeil O HAaJOKEHWH WHTEPBAJOB H H3BECTHHIM
VHIaMEHTaIbHEIM BONpOCOM 3 Teopun Miuoxecrs: [IPOBEPKOW
YHUKAJIBHOCTU 3JIEMEHTOB (nanbl N AeficTBHTeNBHBIX YH-
cesr; BCe JH OHU pasauwuHb? (pasi. 5.2)). Panee Guino nokasano,
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4T0 9Ta 3a1ava Jerko paspemuma sa spemst O (N log N) metonom
COPTHPOBKH, H, XOTS HET NPOCTOrO Cnoco6a NOKA3aTh, YTO COPTH-
DOBKa HEOGXOANMAE, TeM He MeHee H3BECTHO (H3 DE3yJbTATOB
Ho6knna u Jluntona [Dobkin, Lipton (1976)] u Ben-Opa [Ben-
Or (1983)]), uto Heo6xoaumo sarparuts O(N log N) Bpemenn B

Fo———— 1 r--q - or-

7 T T na n
T u 1 vepedyromes.  Hem wanoscemais

Q
—t—dq |-

H H H [
nannma oo nn
JTu Il He vepedyrormcs

Prc. 7.14. Onpejienente natoxenmit iirepsaios.

MOJeJH BbIMWCICHAN TiHNa AepeBa pelenmii (caeactshe 5.1). Te-
nepb MoKaKeM, 4to

YHHUKAJIbHOCTb 3JIEMEHTOB oy HAJIO)KEHUE HH-
TEPBAJIOB

3ajanuii Haop W3 N AeHCTBHTENbHBIX uhces {xi} moxHo npe-
06pasosath B Habop u3 N untepsanion {|[x;, xi]} 3a nuneitnoe Bpe-
M. OTH HHTEPBANLI NEPEKPLIBAIOTCA TOLAA H TOBKO TOTA3, KOTAA
HCXOAHbIC WMCIA He YHHKAMLbHEL, H 3T0 JOKASHBACT CJELyIOLLyIO
TeopeMy:

Teopema 7.6. Jasa 1020 4r0G6L onpedeauts, nepexpolearTcs au
N UHTEpEAA08, HeoOxo0umo u docrarouno 0(N log N) cpasne-
HUL, npu Yca08UU 4TO MOYCHO UCHO. b AUy areebp ue
yukyuu na sxode.

Hackonibko ctpornm siBasiercsa sto orpaHuuenue Ha ajnreGpanue-
Ckie Qynkuuu? C ONHOA CTOPOHBI, OHO 3ampellaeT HCMOMBbIOBATH
PYHKUMIO «ienas uacTb», KOTOpas, Kak Gbilo MOKA3aHO B pasz. 6.4,
ABJIACTCS Ouelib MOMmHON onepauueil. (HanoMHuM, uto memoan3o-
BaHHe 3TOH (YHKIUH TO3BOJHJIO Tonzanecy [Gonzales (1975)]
pewts 3azauy MAXGAP 3a 0(N) spemenn.) €TO/bl, KOTOpble
MO3BOJHIH OBl 10K23aTh TeopeMy 7.6 ¢ HCIONb3OBAHHEM bynKUHHT
«Uenas YacTb», He HIBECTHDI, OAHAKO MOKHO NMPEANOJOKHTH, YTO
€e 106aBJeHHEe BPAL Ji NOBJIHACT HA HHIKHIOW OIIEHKY, Tem Goaee
UT0 Teopema 7.6 mpuiokuMa K cayyaio mo6oro umena H3MepeHHii.
B wacriocrs, aan nposepku nepeceuenns N OTPE3KOB Ha MJOCKO-
crH HeoGxoanmo Q (N log N) onepaunit.

€Neph TMOCMOTPHM, 4TO 3Ke MPOHCXOAHT HAa CAMOM Hese npu
COPTHPOBKE JUIS BEHISIBICHHS HaJOXenHil. MOTHBOM Aas 5Toro me-
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CICOBAHHS CJYXKHT OTCYTCTBHE €CTECTBEHHOTO IOJHOTO YNOPSL0-
YeHHs OTPE3KOB HA TIOCKOCTH, NMO3TOMY Ha 0GOGIIeHHE, OCHOBaH-
HOE TOBKO Ha COPTHPOBKE, HE NMPHXOMHUTCS PAacCuHThiBaTh. OLHAKO
€CJIH MBI CMOXEM NOHSATb CYLIECTBEHHEIC YePThl OAHOMEPHOTO aJro-
pHTMa, TO HaM yaacrcs oBOGUIATB ero u Ha IUIOCKHIl cJyyail.

JlBa uHTepBasa MEPeKPHIBAIOTCS TOrAa M TOMbKO TOTAA, KOTAA
OHH cojep:KaT xoTs Gbl oHy obuyio Touky. Kasaas touka na neii-
CTBHTEJIbHOIl OCH CBS3aHA C MHOMKECTBOM, COCTOSILIHM H3 HaKpbi-
BAIOLIHX €e WHTEPBAJOB. DTO COOTBETCTBIE ONpeAesieT (yHKIHIO
C: R— {0, 1}¥, oro6paxaiomtyio aeficTBHTEIbHbIE UHCIA HA MOA-
MHoxectBa MHoxectsd {l, ..., N}. 3naueune dynxkunu C Moxer
MEHSATBCS TOJIbKO Ha MHOXKeCTBE H3 2N KOHUEBBIX TOUEK 3a1aHHBIX
uuteppanos. Ecau mommocts {C(x)} npesbIuaer MOLHOCTH TO-
CJIE/HEr0 MHOXKECTBA, TO HHTePBabl MepekprLiBaioTes. UToGhl 06Ha-
PYXKHTb 3TO, OTCOPTHPYEM KOHIEI HHTEPBAJOB M CO3JaAHM MpoCTedi-
WY CTPYKTYPY AAHHBIX, COCTOSILYIO BCEro JHINb H3 OAHOTO LeJOro
UMCIIa, T. €. UHCAA HHTEPBAJIOB, HAKPEIBAIOUIHX TEKYILYI0 aOCLHCCY.
IMpocmarpuBast KOHUBl OTpe3koB caeBa nanpaso, BCTABJIIEM
HHTepBaJl B 3Ty CTPYKTYPY NaHHbIX B TOT MOMENT, KOTAa BCTpeyeH
ero Jesblit xonei, 1 YIAJISIEM ero B MOMEHT BCTPeuH MpaBoro
konua. Beskas nonsitka BCTABHUTD B crpykTypy, B KOTOpOit yie
XPAHHTCSA UHCJIO OJMH, CBHAETE]bCTBYET O HAJOXKEHHH; B NPOTHB-
HOM ciyuae HasoxeHu#t HeT. ITocKoaeKy 06paGoTKa Kas<aoH KOH-
UeBOH TOYKH NPH TaKOM TNOAXOAe 3aHHMAeT JIMIIb KOHCTAHTHOC
BpeMs, TO Tpolecc MPOBEPKH (rmocae cOPTHPOBKH) TpebyeT He 6o-
Jiee ueM JIHHeHHOTO BpeMeHH. N

TIpH BYX M3MePEHHAX HEOGXOAHMO ONpEieNHTb HHOE OTHOLIe-
HHE TOPSJKA H HCNOMb30BATh 60Jee COBEPUIEHHYIO CTPYKTYPY
Aanbix '). PaccMOTpHM napy HemepeceKaloIIHXCs OTPe3KOB S| H Sp
Ha maockocTH. Bynem cuntate, uto s, u s, cpasnume 6 abeyucce x,
€CJTH CYLIeCTBYeT TaKasi BEPTHKAJb, MPOXOAAIIAs uepes x, KoTopast
nepecekaer oba oTpeska. Bmemem oTHouleHHe Bbile 6 x CJeAyio-
muM 06pasoM: sy Bhillle Sp B X (MHWIETCS S| > (Sp), €CAH Sy H Sy
CPaBHHMBI B X, @ TOUKA TIEPECEUCHHS S§; C BEPTHKANBIO X JEKHT
Bbillle TOUKH Mepeceuenus sy ¢ Heit xe?). Ha puc. 7.15 noxasamer
Clle1yIollie OTHOLIEHHST MEHLY OTPe3KAMHU Sy, Sz, S3 H Sq!

Sy Sh $1 > 8 82>, S 8>Sy
OT[)E.‘3OI( S3 He CPaBHIM HH C KaKHM JAPYTHM OTPE3KOM.

') Ilas TPOCTOTH H3NOKEHHA NPEANOJOXHM, UTO HeT BePTHKAMBHLIX OT-
PE3KOB W 4TO HWHKaKHe TPH OTPeska He mepeceKaloTcss B OmHoil Touke. Ecaum
HapywHTh M0G0 M3 STHX yCNOBHM, TO PaspabaTHBaeMble ANTOPHTMH CTAHYT
AJHHHee B NeTaNAX, HO He B 2CHMNTOTHYECKOH ONCHKe BPeMeHH PaGoTLL.

) D10 OTHOWleHHe MOPSAKA H AJTOPHTM, CACAYIOLHA M3 Hero, GBIM Npefi-
sokenst Iskom Xoyn. J0Ka3aTelbCTBO KOPPEKTHOCTH 3TOFO airOpHTMa Gbiio
xano M. Tlefimecom. O6a pesyabtata 6uiam ony6ankosai B paGote [Shamos,
Hoey (1976)].
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3ameTuM, YTO OTHOIUIEHHE >>, 3ajaeT MNOJNHOE YNOpsJIoueHHe,
KOTOpOE M3MEHSETCs 110 Mepe TOTO, KaK BePTHKaJb CKOJB3HT CJeBa
nanpaso. OTPe3KH BXOJST B 3TO YNOpsiIOuEeHHE H TMOKHIAIOT €ro,
HO OHO BCErAa OCTAeTCs MOJNHBIM. YTIOPSAOYEHHE MOMKET H3MEHSThb-
Csl TOBKO B TPEX CJIyHasx:

1. Berperuacsa aesolil kKoney orpeska s. B 3tom cayuae s Halo
7106aBHTb K CTPYKTYpE AaHHBIX.

2. Berperuacs npaseiii Konely otTpeska s. B stom ciayyae s Hago
VAQJHTb H3 CTPYKTYpPHl AAHHEIX, MOCKOJbKY OH GOJblle He CpaB-
HHM C OCTaBIIMMHCS OTPE3KaMH.

3. O Ha TOYKa nep 2 orpeskog s; u S;. Torma
S1 M Sp MEHSIOTCA MECTaMH B CTPYKTYPe AaHHBIX.
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Pic. 7.15. OTHOLICHHE NOPAAKA MEXAY OTpeskami.

3ameTiM, uTO HeO6XOAHMOE yC/IOBIe MepeceyeHHs ABYX OTpe3-
KOB S| H Sy COCTOHT B TOM, YTO CYIIeCTByeT Takas abcumcca X,
B KOTOPOH §; H Sy CME@XHBl B yNOpsjoueHun >, Orcioga Hemen-
JIEHHO CJIE/YeT, UTO MOC/EAOBATENbHOCTh IIePEeCeyeHHil MHOKEeCTBA
OTPE3KOB C BEPTHKAJIBIO B X (T. €. OTHOIUEHHe >>) COJEPKHT BCIO
Heo6XoauMylo HHGOPMALHIO A MOMCKA IepeceyeHHii OTPE3KOB H
UTO €CTECTBEHHBIM METOJAOM AJA PeIleHHs 3ajay 3TOro Kjiacca siB-
JISeTCs «IJIOCKOe 3aMeTaHHe» (cM. pasf. 1.2.2, rae aama o6uias
(OpMYJIHPOBKA 3TOTO AJArOPHTMHYECKOTO MeTona). Hanmomuum, uto
B METOA€ MJIOCKOrO 3aMeTaHHsi HCNOJIb3YIOTCS ABE TJABHBIC CTPYK-
TYpbl JAHHBIX: CTATYC 3ameraroueli nPAMOL W CRUCOK TO4eKk CO-
GoLTudl.

Kak ykasaho Bbie, cTaTyc 3ameTaiouleii NpsmMoit siBaseTcst
OIHCAHHeM OTHOWICHHS >>.; 3HAUHT, OH NpejcTaBJsieT co6oil nocie-
JI0BAaTeJBHOCTb 3/1eMeHTOB (oTpe3koB). Ecam BCnOMHHTH panee
ONHCAHHBI MEXaHH3M, B KOTODOM OTHOUIEHHE >, H3MeHseTcsi Ha
KOHEYHOM MHOXeCTBe aGCuuce NPH MJIOCKOM 3aMeTaHHH, TO CTaHer
OUEBHJHO, 4TO B CTPYKType NaHHBIX &, peaiusyiouweii craryc 3a-
MeTalolel NPAMOi, AOMKHB OBITh NpPEAyCMOTPEeHb CaeaylouIHe
onepanuH:
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a. BCTABHTD (s, &). BeraButb 0Tpe3ok § B I0JiHOE yIOPSiAO-
YeHue, NPEICTaBIeHHOE B

b. VIAJIUTD (s, &). y,xamm: OTpe3oK s u3 Z.

c. HALL(s, £). Haiitu uMs oTpesKa, PacnoJlOKeHHOro Hero-

C})e}lCTBeHHO Hag s B &.
d. TIOA (s, &). Ha#itn uMsa oTpeska, pacnoJIOXKEHHOTO Heno-

CPE/CTBEHHO TOA § B
IMopoGuas crpyK‘rypa JaHHBIX H3BECTHA KaK C€A06apb (cM.
pasa. 1.2.3), a Bce BbIIEONHCAHHbIC ONEPALHH MOKHO PeasiH30BaTh

Sz

S

Prc. 7.16. Touka nepeccuenns p ofHapyewa Npi X = X;, KOLAd OTPE3KH s
H s, BrepBHE CTAaJH CMeXHBMH. OJHAKO COGHITHS C aGCUHCCAMH Xg, X3 M X4
HeoBxoHMO 06paboTaTh pambiie, Hew TOUKY p ¢ AGCUHCCON Ts.

3a Bpems, JorapHpMHYecKH cBf3aHHOe C ero pasmepom. Ha
NpPAaKTHKe HCIOJb30BaHHE MPOLIHTONO C€J0Bapsi (¢ NPAMBIM yIo-
TpeiieHneM yKasaTeqell, €ClH ajpec S W3BECTEH) HO3BOJAET pea-
snusosate Qynkune HAJIL(s) u TTOJ[(s) 3a KOHCTaHTHOE BpeMsl.
OTHOCHTEJILHO CNIHCKA TOYEK COGBITHIl 3aMeTHM, 4TO AJs Per-
CTPAUHH BCEX MepeceueHHii HYXKHO YMeTh MOJJEPXKHBATH OTHOLIe-
HHe >, B TeueHHe BCero npolecca 3aMeTanns miockoctd. Kak
YKa3aHO paiee, YNOPsjoyelHe >, H3MEHSETC TOJAbKO B HEKOTO-
pbix abeuuccax (cM. cayyaw 1, 2 W 3 Bbllle), KOTOpbie SIBJSIOTCH
KOHLAMH OTPEe3KOB HJH TOYKAMH HX mepeceyeHus. B 1o Bpems Kak
Bce KOHLbI OTPE3KOB 3aJaHbl 3apanee, TouKa nepeceuenis, Haiiien-
Hasl TJIOCKHM 3aMeTaHHeM, AHHAMHUECKH NOPOMK1aer cobuiTHe, KO-
TOpOe, BOOGLIE TOBOPH, JOJIKHO 3aNMOMHHATLCS H 06paGaThiBaTheH
aJTOPHTMOM B HYXHBIf MOMEHT. 3aMeTHM, UTO B AeHCTBHTEJIbHO-
CTH, BO3MOJKHO, MpHJeTCsi 06paboTaTh HECKOJbKO APYFHX COOBITHII
3a Bpems, mpouwlealiee ¢ MOMEHTAa OOGHapyXeHHsi KaKofi-HHOYb
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TOUKIl lepeceyeHust 10 MoMeHTa ee obpaborku. Ha puc. 7.16 aan
npuMep NOOCHON CHTYaUHH: Tam TOUKa mnepeceyenuss p oGHapy-
JKCHA B MOMCHT X; (KOTA@ OTDe3KH S| M Sy CTaJH CMEXHBIMH);
0/JHAKO HeoOXOXHMO 06paGoTaTh abCLUUCCHl Xy, X3 M Xg nepea 06-
PpaGoTKOii COOTRETCTBYIOLIEr0 p COObITHS X5 Cle10BaTeqbHO, NMOKA-
3aHO, YTO st OTYeTa 060 BCex MepeceueHHsX CTPYKTYpa AaHHBIX
&, cosnanaemas st paGoThl CO CMHCKOM TOUEK COOBITHIL, A0MKHA
NMOICPKHBATL ClleAyloue oepalik (B & XpaHUTCA MOJHOE yIo-
PsANOYEHHE TOYEK COOBITHI):

a. MIN(&). Onpenennts Hanmensmnii siement B & yAa-
JHTH ero.

b. BCTABUTD (v, &). Berasurs abeunccy x B nosHoe ynopsi-
ZOUeHHe, XDAHHMOE B & .

JONOJIHEHHE K 9THM BAaKHEIHM ONepauusiM HeoGXOANMO,

uTOOB & NOA/IePIKHBANA TAKIKE ONEPAIHIO:

c. WIEH (x,&). Ysuarn, spaserca an abemucea x uietom &.

YKasanuas CTPyKTypa AaHHBIX TNpeACTaBAsET coGOli ouepeds
¢ npuoputeros (cM. pasa. 1.2.3), u, KaK XOPOWIO HM3BECTHO, OHa
MOAAEPIKUBACT BCE TPH ONHCAHHbIE ONEPAUHH 33 BPEMs, JOrapHd-
MHYECKH CBA3AHHOE C €e Pa3MepoM.

Teneps MoxHO ONHCATh a’ArOPHTM: NPH 3aMETAHHH MIOCKOCTH
BEPTHKAJBIO B KaX/0H TOUKe COOLITHA CTPYKTYpa AaHHBIX & Kop-
PEKTHpyeTCs H BCe Napbl OTPE3KOB, KOTOPble CTAHOBATCH CMeX-
HLIMH 1IDH  3TOfl  KODPEKTHPOBKE, NPOBEPSIOTCS HA mepeceuenie.
Ecan xaxoe-nn6yan nepeceveniie oGHapyzero BNepBble, O HEM
Aaetcsi otyer (BLIBOA Ha meuaTs), H ero aGCLHCCa BCTABASETCA B
CIHCOK TOueK coGhithii &. Bosee dopmansho npusenennsie pac-
CYIKICHHS BLIPaXEHL! B NpOLeAype (3aech ouepeab Sf — pabounii
napamerp npoueaypsi) [Bentley, Ottmann (1979)]:

procedure TIEPECEUEHHUE-OTPE3KOB
1. begin coptupyem 2 N Kouuom OTPE3KOB JIEKCHKOrpa(HUeCKH
N0 X H y ¥ NOMEIlaeM HX B NMPHODPHTETHYIO
ouepenn &:

if (s nepecekaer s) then s£<=(s),s);
if (s; mepecexaer s) then &£ <=(s,s,)

2. =;

3. while (& % ) do

4. begin p:= MIN (&);

5. if (p — neswiit komen) then

6. begin s:= orpesox, xonuom KOTOpOTO CJYXAT p;
7. BCTABUTb(s, Z);

8. s:=HAJI(s, @);

g. 8,:=TI0/(s,Z);

1

end;
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12. else if (p — npassiit koren) then
begin s:=orpesox, konuom Koroporo
13.
14 $y:=TI0[1(s, £);
15. if (s, mepecekaer s, cnpasa ot p)
then o< (s, sv);
16. YJIAJIMTb(s, Z)
end
17. eélse(+ p — Touka mepeceuenHs *)
18. egin(s,,s,) ;= oTpesku, IlepeceKkaiolHecs
B p; (* npuuem s, = HAJI(s,) cieBa ot p %)
19. HAL(s,, £);
20. 84:=TI0JI(s,, Z);
21. if(s; nepecekaert s,) then s <= (s, s5);
22. if (s) nepecexaer s;) then of <= (s;s);
23. NOMEHATh MeCTaMi S; Sy B
end
(* Temepb HalJeHHble nepeceyeHus caeiayer obpa-
Goratb *)
24. while (s# 5= &) do
25. begin (s,s") <= o¢;
26. x:=o6mas abcuucca s u s’;
27. if (WIEH(x,&)=JIOXb) then
28. begin sbiBoz (s,5');
29, BCTABUTD(x, &)
end
end
end
end.

Ilpu Takom aaropurve He GyAeT NPONYILIEHO HIl OANHOTO U3
nepeceyeHHi, MOCKOJIbKY MOTYT mepeceubcsi TOJAbKO CMEXHblE OT-
Pe3KH, NPHYEM BCe CMEXKHble Maphi KOPPEKTHO MPOBEPSIOTCH MO
Kpaiiieii Mepe oguaxanl. Bosee Toro, Kaxuoe nepeceuenue peri-
CTPHPYETCSt POBHO OAMH pa3, MOCKOJBbKY, Koraa ero aGcumcca
BCTaBasieTcs B &, npoBepka B CTPOKe 27 Mpeynpeskiaer Hemesa-
TeIbHbIE NOBTOPBI').

C TOYKM 3peHHs OWEHKH 3aMeTuM: onepauns crpokn | (Ha-
uanbHast COPTHPOBKA) BhimoaHdercst 3a Bpems O(Nlog N). Bio-
ki 6—11, 13—16 u 18—23 BHNOJHATCH KamAablii 3a BpeMs
O(log N), mockonbKy Kaxias omepauus Ha £ ykaagbibaercss B

') s o6paGoTkn BosMoxHON CHTYaumn, Koraa PasHble TepecevyeHHs 06-
143al0T O1IHOi M Toli e aGCuHCCOM, A0CTATOMHO TAK CTPOHTH &, UTOGH TOUKN
P nopsaxke map (x,y).

P! B HKorpad
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TaKylo BPEMEHHYIO OUEHKY B XyAlleM cayuae, a NMPOBepKa momap-
HOTO TiepecedyeHHsi TpeGyeT KOHCTaHTHOro BpemeHu. [lif Kaxzoro
COGLITHA, T. €. AAf Ka)Or0 HCIOJMHEHWs [IaBHOTO UuKkaIa while
(cTpoka 3), 3TH Tpu OJOKa ABJISIOTCS B3aHMOHCKJIOYAIOUIHMH.
Ecu uepes K 0603HAaUHTb YMCIO NepeceueHui, BCTPEYEHHBIX aaro-
PHTMOM, TO TJIABHbIi UMK/ While BBHINOJHAETCH POBHO (2N + K)
pas. ExuHcTBeHHOE 06CTOATENbCTBO, KOTOPOE BCE ellle 3acIyHH-
BaeT NPHCTAJbHOrO BHHMaHHs, OTHOCHTCA K CTPYKType AaHHBIX
&, a HMEHHO CKOJbKO pa3 GyieT BBIIONHATBCA NPOBEPKA, MOMe-
uleHHas B cTpoke 277 Mexkay NPOUHM, 3aMETHM, UTO Kakoe-HHOYLb
O/IHO TNepeceueHHe MOXKHO MOBTOPHO OGHAPY)KHBATb OueHb MHOrO
pas; OJHAKO eCaM COOTHeCTH Kax/ylo IepeceKaioulyiocs mnapy
C TeM BbINOJHEHHEM TJIaBHOTO IHKAa while, Ha KOTOPOM OHAa OOHaA-
PyKeHa, TO CTAHeT SICHO, YTO obllee uicio OGHApyKeHHbIX Iepece-
yennit pasuo O (N + K). [Tostomy crpoka 27 emoansercs O (N -+
+K) pas, a kawaoe einosnenne Ttpebyer O(log(N + K))=

= O (log N) Bpemenu, nockompky K= 1;/)=0(N7). CuegoBa-

TeJIbHO, 06LIasi OlleHKa BPEMEHH, NOTPeGAsAeMOro IaBHbIM LHKIOM
while, pasia O((N+ K)logN), 410, OueBHIHO, MNPEBOCXOXHT
OLEHKy WIara HayajbHOH cOpTHPOBKH. OTciofa HMeeM CJelyioulyio
Teopemy:

Teopema 7.7 [Bentley, Ottmann (1979)]. Ha muoosecrse us
N orpesxos modno obrapysxcure K nepeceueruil 3a spems O((N+4
~+ K)log N).

3aMeTHM, 4TO BBIICONUCAHHBIT AATOPHTM pelaeT ciaelylolLyio
3ajauy (OTJIMUHYIO OT MOCTaBJIEHHOIl B Hauaje AAHHOTO pa3jiena):

3amava C.1.2 (MEPECEYEHHE OTPE3KOB). Hann N nps-
MOJIHHEHHBIX OTPEe3KOB. Hano HaiiTi BCe HX nepeceyeHud.

HauGosee BaxHOH uepTOfi NPHBEACHHOTO BhlLe aJrOpHTMa
ABJISIETCS TPOCTOTA, OAHAKO, XAPAKTEPHCTHKH ero paboThl He ONTH-
MaabHbL J{eficTBHTENBHO, HHIXKHSA ONEHKAa 10 BPEMeHH s 37Ol
3anaun paHa Q (K4 Nlog N) nockospky kommonenta Q(N log N)
creayer u3 rteopeMbl 7.6, a O(K) TpuBmaspHO moJyuaercst H3
OueHKH oObema BbIBOAHOrO (haiina. ITOHATHO, 4TO Takoe He-
COBNajieHUe OUEHOK MPUBJIEKIO K cefe GOMbLION HHTEpec HCCaen0-
BaTesiedf, KOTOPbIl JOCTHI KyJbMHHAWMii NOC/AE CEPHH NOCIE10Ba-
TeJbHBIX YJYULIEHHH MOCTPOCHHsS aJrOPHTMA C ONTHMAJbHON Bpe-
MeHHOl oueHkol 0(K 4 Nlog N). dro caenann Yasemne n dieibe-
Gpynnep [Chazelle, Edelsbrunner (1988)]. 3tu pesyabratsl 6y-
AyT Aajiee NPOHJLTIOCTPHPOBAHB B pa3il. 7.4.

Ecan oTKasaThest OT MBICAH HAfTH BCe NepecevyeHisi M 3aHATbCS
coorBeTcTByIOMell 3a1aueii mposepkn («Haiitn oamo nepeceueHie,
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ec/M WX uHCAO GOJblie HyJsi»), TO BCe CHIbHO ympoutaercs. ®ak-
THYECKH MOXHO paboTaTb Kak B OAHOMepHOM ajroputve. Oanako
B J@HHOM CJy4Yae HeJb3s OTPAHHUYHTHCS €IHHCTBEHHEIM OGBEKTOM
B CTPYKType DaHHBIX: OHA AOJKHA GbiTh NPHTOAHA JIA XPaHeHHs
NOJIHOTO YIIOPSAI0UEHHS HA MHOXKECTBE OTPE3KOB, MepeceyeHHbixX 3a-
MeTalollell PAMOMH, M COBNAjaeT ¢ HCNOJIb30BAHHBIM paHee CJI0BA-
pem 2. I'1aBHOe pasjiuyde aJrOPHTMOB MOCTPOEHHS M IPOBEPKH
IepecedeHHil 3aK1I0UaeTCs B CTPYKTYPe XaHHBIX JJIsi CMHCKA TOYeK
COGBITHI, KOTOPHIi B TOC/A€HEM cJyuae siBJSCTCA MPOCTHIM Mac-
CHBOM, cojiepxKamnM 2N HCXOAHBIX KOHLeBHIX ToueK. Mmeem cie-
AYIOWHH aJTOPUTM:

procedure [TPOBEPKA-ITEPECEUEHH-OTPE3KOB
begin coprupyem sekchkorpaduueckn 2N KOHIOB 1O X
H Y M NOMellaeM HX B JeHCTBHTeNbHLI MacCHB
TOUKA[L : 2N];
for i:=1 until 2N do
#, begin p:= TOUKA[];
§ 1= OTPE30K, KOHIOM KOTOPOro SIBJSETCS p;
if (p — sesolit KoHeu) then
begin BCTABHUTb(s,Z);

Sy
if (s, mepecekaer s) then BeBOX (5),5)
if (s, mepecekaer s) then BniBOZ (Sy,S)

end;

else (¥ p — npaBblii KOHeL, § )

begin s, :=HA(s,Z);
sy:=TOM(s,Z);
if (s, mepecekaer s,) then BoiBOX (S),S2);
YIAJINTb(s,Z)

end
end
end.

Cuaeayomas TeopeMa yCTaHABIWBAET KOPPEKTHOCTb 3TOTO aJIro-
puTMa:

Teopema 7.8. Azeopurm TIPOBEPKA-TIEPECEYEHHS-OT-
PE3KOB naxodur nepeceuenue, ecau oo CyuecTsyer.

Aokasareascréo. TlockosbKy aJropuT™ coobinaer o mnepece-
4eHHH, TONBbKO €CJIM OHO JeCTBHTEJIbHO HalJeHO, TO OH He 00b-
SIBHT O JIOXKHOM IepeceYeHHH, H NMO3TOMY 3aCayKHBAeT BHHMAaHHA
JHIB  TOT caydai, KOrAa cyliecTBylolee MepeceyeHHe MOXKer
ocTaThesi  HeOOHApy)KeHHBIM. [loKaxeM, YTO JaHHBIT aATOPHTM
KOPPEKTHO HAXOAWT CaMyio JICBYIO H3 CyLIeCTBYIOUIHX TOUYEK Iepe-
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ceueHns — gr. JIeHCTBHTENIBHO, €C/M g, COBNAJaeT C JIeBbiM KOH-
LOM p KaKOro-HHOYAb OTpe3ka, TO g, oGHapyKmupactcss mpu obpa-
6otke p. T105TOMY NpEANOJOKHM, YTO g — He JeBbif KOHel OT-
peska. CyieBa OT ¢, CTPYKTypa JaHHBIX & COJEPIKHT KOPPeKTHOe
npejcrapjienne OTHOmEHHs >, [ToCKOMbKy ciesa OT gp cyuie-
CTBYeT HEKHil HeGOJbIIOI HemycToil HHTepBaj aGeuuce, Ha KOTOPOM
/lBa OTpe3Ka, mepecekalolliecsi B gz, CTAHOBATCA CMEXKHBIMH, TO g
oGHapyKHBaeTCs TaK, Kak H oijpanocs. Teopema jokasaHa.

HecMOTpst Ha TO YTO BBHIMIEOMHCAHHDBII AJTOPHTM KaKeTcs Npo-
CTHIM, OH 06/1ajaeT PAAOM JIOGONBITHLIX cBOMCTB. Tak, XoTs camoe
JleBoe IepeceueHHe JefiCTBUTEJNbHO HAXOMHTCH, OAHAKO 3TO BOBCE
He O3HAyaeT, YTO OHO HaiileHo nepsoim. (UnraTenb MOMKeT Npo-
BEDHTb CBOE TMOHHMAaHHMe 3TOrO AJrOPHTMA, TOUHO yKas3as, KaKoe
nepeceyene oGHApyxHBaercs nepBbiM.) IlocKonbKy 3TOT asro-
pHTM BbinoJHseT Toabko O(N) mpoBepok NepeceyeHus, OH TaKKe
MOXKeT He OGHapyXHTb HeKoTophie mepeceucunus. [viaBHbii 610K if
(npoBepKa mepeceuenHii) BHIMONHSAETCH, OUEBHAHO, 3a BpeMs
O(logN) B xyamem ciyuae. Mtak, nosyyaem B 3aK/IOUEHHE Cle-
Ayloulyio TeopeMy (NOBTOPHM ONATb, UTO ONTHMAJbLHOCTH CJeAyeT
H3 TeopeMbl 7.6):

Teopema 7.9. Pakr nepeceuerus xaxkou-nubyds naper us N or-
PE3KOB HA NAOCKOCTU MOMHO ORPedeAuTs 3a ONTUMAALHOE 8pPeMA
(N logN).

U3 31010 pesy/ibTata HeMELICHHO BITEKAET

Caencreue 7.1. Caedyrowue 3adawu MoJ¥cHo pewsurs 3a 6pess
O(Nlog Ny 8 xydwen cayuae:

3agaya C.2.2 ([IPOBEPKA [IEPECEYEHHSI MHOIO-
YI'OJIbHUKOB). Tlepecekatorcst i ABa 3aAaHHBIX MHOFOYFOJIb-
HiKa?

3anava C.2.3 ([TPOBEPKA TIPOCTOTbI MHOI'OYTI'OJIb-
HHKA). TTpocr i 3a1auubift MHOFOYTONBHHK?

3apava C.2.4 ([TPOBEPKA YKJIALKH TPA®A). [lepece-
KalTest Jii pebpa 3aAaHHOH NPAMOANHENHON yKAAAKH NJaHapHOTO
rpada?

Jlpyrue pesyanTartel, NOMyYeHHBIE C HCMOAb30BAHHEM BapuaH-
ToB  mpoueaypst  [TPOBEPKA-IIEPECEUEHHSA-OTPE3KOB,

MOXHO HafiTh B paGore [Shamos, Hoey (1976)]. ITpountupyem
oTTy1a

Caepcreue 7.2. Parr nepecedenus kakod-wuoydo naper us N
OKpYACHOCTEL MOdHO onpedeauts 3a épems O (N log N).
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7.2.4. Tepeceuenne noaynaockocreit

Tocrpoenne o6umeii o6aactu N NoayNJAOCKOCTelH 3KBH-
BAJIEHTHO MOWCKY 06J1acTH pelleHHii MHoxecTBa H3 N JHHEHHEIX
HepaBeHCTB (oepanuuenui) THIA

ax+by+c; <0,

=1,2, ..., N. (7.2)

Jlio6oe pewenne (7.2) OOHUHO HAa3HIBACTCS OONYCTUMOGLM Dellie-
HHEM, a BCe HX MHOXKECTBO HashiBaeTcsi Oonycrumoil 06aacTsio.
Hanmioctpanus nanHoii 3apauu npusesena Ha puc. 7.17.

HsGsimounsre
oepamevers

Puc. 7.17. o6aacTh JHHEHHBIX Orp

CymectByer mpocToil KBaApaTHUHBIA aArOPHTM AMs NOCTPOC-
HHst nepecevenns N noxymaockocreii. TIpeanonokum, uto yme H3-
BECTHO MepeceyeHHe NepBHIX i MOJYMIOCKOCTell. DTo HeKas BHIMYK-
Jlasi MHOTOYro/ibHas 006.acTb, OTpAHHUEHHAsS He GoJee YeM [ CTO-
poHaMH, XoTs W HeoGf3aTesbHO KoHeuHasi. ITepeceuenue 3Toii 06-
JIACTH C 0uePelHOH NOJYIIOCKOCTBIO €CTh He YTO HHOE, KaK ee pas-
pesaiie npsMOii inHKell H COXpaHeHHe MPABOTO WM JEBOTO KycKa.
T0 MOJKHO MpojeNaTh OYEBHIHBIM CNOCOGOM 32 BpeMst 0(i). Cym-
MapHas paGora morpebyer O(N2) BpeMeHH, OAHAKO NPCHMYIIECTBO
JIaHHOTO A/NTOPHTMA B TOM, UTO OH OTKPBITHI.

PacemoTpiy BONpoc 0 BO3MOXKHOM yTyulIeHHH aATOpHTMA ¢ NO-
MOLIbIO METOAA «pasfensii W BaacTByii». PopMasbHasi NOCTaHOBKA
Halueil 3aqaun TaKosa:

3agawa C.1.3 ([TEPECEUEHMUS TTOJIVIT/IOCKOCTEM).
DNaunl N noaynnockocret Hy, Hs, ..., Hy. Hyxuo nocrpounts nx
nepecevenue: )\ Haf) ... | Hy.
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TTocKoJIbKy ONepaTop mnepeceueiius accoMMATHBEH, TO €ro KOM-
[IOHEHTHl MOXKHO MPOM3BOJIBHO Pa3GHTh HA YACTH:

(H 0. NHyp) N (Hyps 0o NH). (7.3)

Usen B seBbix cKoGKax siisiercsi nepecedenneM N/2 nosymiocko-
CTeit H, CJEAOBATENBHO, BBINYKJON MHOTOYTOJbHOM 06aacTbi0 ¢ He
Gosee uem N/2 croponamu. To ke camoe OTHOCHTCA M K UieHy
B TpaBbiX cKOOKax. I10CKOJIbKY MepeceueHHe Mapbl BHIIYKIBIX MHO-
TOYroJIbHbIX 06aacTel, COAepIKALMX N0 k CTOPOH Kaxaas, MOXHO
nocrponts 3a spemsa O (k) mo Teopeme 7.3, TO CepelHHHYI0 onepa-
uHMio nepeceueHkst B opmyae (7.3) MOXKHO NpoAenaTb 3a BpeMa
O(N). Otciona cieayer Takoil peKypCHBHBIi alropuT™:

procedure TEPECEUEHUE TOJIYIIJIOCKOCTEN

Bxoa: N HOMYMJOCKOCTEH, 32]aHHBIX OPHCHTHPOBAHHLIMU NPAMO-
JIMHEHHBIMH OTPE3KaMH.

Bhixoa: MIXx mepeceuenne, BLINyKJas MHOFOYrobHas 006JacTb.

1. Pas6henne 3ajaHHBIX NOJYIJIOCKOCTeH Ha /Ba [OAMHONKe-
CTBa NPHOIH3HTENBHO PABHOMH MOLUHOCTH.

2. PeKypcHBHOE MOCTPOGHHe NepeceueHHs MOJAYMI0CKoCTed Aas
KaX 10/ H3 3THX NOA3aAAY.

3. CnusiHMe peuleHuii 3THX N0/3ajlay MyTeM nepeceueHns ABYX
Pe3y/LTHPYIONHMX BHITYKIBIX MHOrOYrOJbHBIX o6aactedl.

Ecaun o6oznaunts yepes T (N) BpeMsi, HCNIOJb3yeMOe STHM aJro-
PHTMOM JUlst NOCTPOEHHS nepeceyeHHus l'l()«'lyl'IJIOCKO(lTE.‘I?IY nojyvaem

T (N)=2T (N/2)+ O (N)=0 (N log N). (7.4)
IMoasenem urOT:

Teopema }.lo. Mepeceweriue N nOAYRAOCKOCTell MOJCHO 1O-
crpouts 3a otrusansnoe epens O (Nlog N).

JlokasareascTeo. Bepxuss oueHKa cienyer u3 ypashenns (7.4).
ﬂ.}[ﬁ JlIOKasaTejibCcTBa HHJKHEll OLIeHKH IT0KaxeM, 4To

COPTUPOBKA ocy [TIEPECEYEHHE TOJIYTIJIOCKOCTEH.

IMycts 3apanst N AeHCTBUTENBHBIX UHCET X1, ..., Xy, H myeth Hi—
NOJYMJIOCKOCTb, COAEPIKAllash HAuajo KOOPAHHATHL M Ompelesse-
Masi KacaTedbHoit kK napaGome y= x? B TOuKe ¢ KOOpANHATAMH
(x5 *3), 1. e. mpamoll y=2x;x —x] (puc. 7.18).  ITepeceuennem
TAKWX NOJYILIOCKOCTElt SIBJSETCS BBUIYKIas MHOTOYTOMbHAs 00-
nacTh, NocJedoBaTelbHble pebpa KOTOPO# YNOPSAOUYEHBl MO yriay
HakjoHa. ECAM MOCTPOMTH YKasaHHylo 06aactb, TO MOKHO Gyret
CYMTHIBATH 3ajaHHble {r;} B oTcopTHpoBamHom nopsike. Teopema
JIOKa3aHa.

OG6wuil pesyaprat TeopeMbl 7.10 uMeeT BaxHOe NPHJIONKEHHE:

Caencreue 7.3. O6uyro obracte N evinykavlx k-yeonrbruKos
moscno noctpouts 3a epems O (Nklog N).

Hoxasareavcr8o. MoXHO NPAMBIM METOAOM MNOJYUYHTb OLEHKY
no spemenu O(Nklog Nk) mnyrem mnoctpoenus nepecevenns Nk
JIEBBIX nunynnocxocTel’l, OrpaHHYHBAIOIHX HCXOAHBIE MHOTOYroJb-
uuku. Jlas cokpalieHHst 3710 oueHKH Gyjem oGpabaThiBaTh 3a]aH-
HBle MHOTOYFOJBHHKH Kak N 3Je-

MEHTOB, a He Kak Ha6op u3 Nk pe-

6ep. OGosnauynm uepes T(N,k) ¢ et
BpeMs, HeOGXOHMOe [/ pelllenns
nocrasieHHol 3anaun. Ilepeceue-
HHeM N/2 WITYK k-yrO/ibHHKOB $iB-
JISIeTCs  BBUIYKJBI MHOTOYTOJbHUK (i, xf)
c He Gonee yeM Nk/2 CTOpOHaMH.
Ilepeceyenne AByX TaKHX MHOrO-
YrOJHHKOB MOXKHO NOCTPOHTH 32

BpeMst ckN, Tlle ¢ — KOHCTaHT4. /
TlosToMy pekypcHBHO m0apPa3Gu-

Basi IOCTaBJEHHYIO 3ajauy, Mojy-

yaeM, KakK M B ciyyae 3anaun I1E-
PECEYEHHME [10JIYIIJIOCKO- 9

CTEM: e ' / & z

TN, k)=2T (N[2, k) +
+ ckN = O (Nklog N), THPOBKY mMoXHO mpeo6pasopats
: s NEPECEYEHHE MOJIYILJIO-
410 H TPeGoBaJOCh 0KA3aTh. CKOCTEH.

Puc. 7.18. Tlpumep Toro, Kax COP-

7.2.5. JluHeiiHOe NPOrpaMMHPOBaHHE
C ABYMsl NepeMeHHbIMH

ITocranoska 3afaun (7.2) o mepeceyesun N noaymio-
ckocreit (0GMaHUHBO) HANOMHHAET CTAHAAPTHYIO TNOCTAHOBKY 3a-
faun auHejioro nporpammuposanus [Gass (1969)] aas asyx me-
DeMeHHHX. B JefiCTBHTENLHOCTH e TOCHAEAHSA 3ajaua (OpMyJH-
pyercst TaK:

3anawa C.14 (JIMHEMHOE TIPOTPAMMHPOBAHHE
C OBYMY INEPEMEHHBIMH). HyXHO MHHHMH3HPOBaTb (yHK-
HIo ax + by, NpH yCJIOBHH YTO

ax+by+e<0, i=1,..., N. (7.5)

Io-npexHeMy AONYCTHMOH 06/aCTbi0 3a7auM JIHHEHHOTO Ipo-
TPAMMHPOBAHHS SIBJSETCS MHOXKECTBO TOYEK (X,Y), YAOBJIETBO-
PSAIOIMX OrpaH. (7.5), P p 10T, OYeBHJHO,

109 2k 1076
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nepeceuenne N noayusnockocreii. Llenesas (QyHKwis onpeaensier
CeMeHCTBO NapaJlleNbHBIX NPAMBIX ax + by + A =0, rae A — xeii-
CTBHTeJIbHBIH Napamerp. Te npsMbie H3 5TOro ceMeicTBa, KOTOpbIe
ABJSIOTCS ONOPHLIMU /A JONYCTHMON 06JaCTH, NMPOXOAST uepe3
€e BepUIMHE, 10CTaBAAIOUIHE MHHHMAIbHOE H MaKCHMAJbHOE 3Ha-
4eHns uenesoit Gpynkuuu (pue. 7.19).

Puc. 7.19. 3anaua npor ¢ aByma mep

Bepxnsin cTpeska yKaswBaeT UeseByio (YHKIHIO, 3ajaHHYi0 CeMeficTBOM napai-
JeJbHEX MpAMBIX. HuxHAS CTpeka yKasmBaeT MHHHMHSHDYIOULYIO BepIIHHY,
ompeniesienKyio npsMOfi, ONOPHOF K AOMyCTHMOl 0GAacTH.

TTocKoIbKY MBI yXe yMeeM OnpelesTh NpsiMble, ONOPHLIE K Bhi-
nykaoMmy N-yronshuky, 3a Bpems O(log N) (cm. pasa. 3.3.6), 10
nosyyaeM npeoGpasoBaHHe

JIMHEMHOE ITPOTPAMMUWPOBAHHE C JBYMS$ TIEPE-

MEHHBIMH «y TMEPECEYEHHME TIOJIYITJIOCKOCTEH,

M, HCNOJB3Ys pe3yabrar Npefblayliero pasjena (reopemy 7.10),
nosyuaeM CJIeAyiollyio TeopeMy:

Teopema 7.11. 3adauy i npozpammup ¢ deyms

P u u P MU MOXHO PewuTs 3a 6pems
O(Nlog N). Iocae Toz0 Kax ona peuwiena, SKCTpemym HOBOL He-
aesoll pynkyun moxcro nadru sa spems O (log N).

Bo-NepBbX, CpaBHHM STOT MOAXOA C CHMINIEKC-METONOM
[Gass (1969)]. Ecan u3BecTHO OAHO HauasbHOE AOMYCTHMOE pe-
LIEHHe, TO CHMIIEKC-METO] peaju3yer JBHKEHHe OT BeplUHHbI
K BepwiHHe mno jgomycriMoii o6nactu, Tpata O(N) Bpemenn Ha
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kaxoM ware. JIerko BHAETb, UTO B XyAlIeM CJyyae B CHMILIEKC-
MeTojle NPUIETCs NMOCETHTh BCe BEPIIHHBI ¢ 3aTPaToii 06wwiero spe-
menn O(N?). (B 3TOM OTHOUIEHHH OH OUeHb IIOXOXK Ha aJrOPHTM
Jixapsuca us pasi. 3.3.2.) Jlanee iansi MaKCHMH3alUuH HOBOII Ie-
JeBoi (DYHKUHH CHMILIEKC-METOA IOJIKeH MPOBEPUTL Kakioe orpa-
HHueHHe, M TosToMy on morpatnt O(N) spemenn. Jipyrumu cio-
BAMH, CHMIJIEKC-METOJL HEONTHMAJIeH.

Heo6xoanmo ykasarthb, 4TO METOJ SBHOTO NOCTPOEHHS AOMYCTH-
MOTO TIONIHTONA HepeaJHCTHUEH s 3ajauM JMHEHOTO MpOTpam-
MHPOBAHHs NPH GOJBIUIHX Pa3MEPHOCTAX, MOCKOMbKY YHCIO BEPLIHH
MOXeT 3aBHCeTb SKCMOHEHUHaJbHO OT uMC/ia pasMepHocTed (cM.
pasz. 3.1).

Opsa u3 TOPAsHTENbHBIX UEPT aJATOPHTMA CHMILIEKC-METoAa
COCTOHT B TOM, YTO, XOTSl H3BECTHA €ro SKCMOHEHLHAJ/bHAs 3aBH-
CHMOCTb OT YHC/IA H3MEpeHHH B XyilleM ciayyae (H KBajpaTHuHas
OLEHKA NPH JABYX NEPEMEHHEIX), €ro peajpHoe MOBeJeHue Ha Mpak-
THKe NOUTH BCerAa NPeBOCXOAHO!). Amajoruusoe rnopejeHue je-
MOHCTPHpPYET H METOA, OCHOBAHHBIi Ha TNepecevyeHHH MOMYIJIOCKO-
creft A7 WHMPOKOro KiAacca MCXOAHBX AaHHEIX [Bentley, Shamos
(1978)]. dToT NMOAXOA YKE HCIOJb30BAJICS HAMH, HAmpuMep, B
pa3n. 4.1.1, a HMeHHO: ecqM MaTeMaTHYecKoe OXHIAHHE Pa3MepoB
pelenHit MOA3a/lau MaJlo, TO WAT CJAHSHHA B aJNTOPHTME «pasjensit
H BJACTBYH» MOMHO DeajH30BaTh 3a MeHee YeM JIHHefiHOoe BpeMs.
D10 GyAeT MMeThb MECTO, €C/H MHOTHE H3 NOJYIIOCKOCTel u3bbi-
To4Hble, T. . He 06pa3ylor peGep momyctuMmoii obmacrn. A ceityac
MOKaXKeM, UTO IS CAyYafiHbX HCXOAHBIX NAHHBIX, KaK MOXHO
0XKHJaTh, GOJBIIWHCTBO MOJYMJIOCKOCTEH OYAyT H3GHITOUHBIMH.

VIHTYHTHBHO MOHSTHO M NPAKTHUCCKH JIETKO NMPEICTABHMO Ka-
KOe-THO0 ecTecTBEHHO® paclpejesienie BEPOSTHOCTH NOMOXKEHHs
cayuaiiHbIX TOUEK Ha TMJIOCKOCTH; MeHee OUeBAHHO TO, KaK MOJKHO
MOJleJIHPOBATh CaAYYaiiHLit BhGOp moaymaockocted. OmHaKo ec/u
npuGernyTs K (PyHAaMeHTadbHOMY IEOMETPHUCCKOMY NpeoGpaso-
BaHWIO, BBeleHHOMY B pasi. 1.3.3 o H3BeCTHOMY KaK noaspurer
(aBoiicTBennocTs) (KOTOpoe HaiimeT cefe BaxKHOe NpPHMeHEeHME
B pasf. 7.3), TO MOXKHO cHenaTh cieayomee HaGmonenne. [Tons-
PHTET — 3T0 HHBOJIOTHBHOE TPEOGPA30BaHHE «TOYKA <> MPSIMAs».
C KaXa0f MpAMONt CBSKEM MOJYMMOCKOCTh (CONepikallylo Hayaso
Kooparnar). [Ipeanosioxum, 4To HaM 10CTAaNOCh MHOXKECTBO S H3
N cnyuafinbix Touek, sexalux B Kakofi-Hn6yap obnactit (ckaxem,
B EIHHHYHOM Kpyre), H MBI OTO6paxKaeM HX B MOJYIJIOCKOCTH.
Toukn, Jexamue Ha BHOyKaoit oBomouke S, mepefiayT B Takoe
MHOXECTBO MNPAMBIX, Kaaas W3 KOTOPHIX CONEPKHT pe6po ua
obuielt 06acTH NepeceyeHns ITHX  MOJYMIOCKOCTed. Mosromy,
BCMOMHIAST PeayaLTaTH, Rpowiriposannuie B past. 4.1.1, noay-

1) To ects nonmroMuambHo. — Mpus. nepes.
12*
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UMM, YTO MAaTeMaTHYeCKoe OXHIAHHE UHC/IA Heu3ObLTOYHbLX NOJY-
nJIocKoCTell B MHOXeCTBE 3 N MOJYIJIOCKOCTel Uit JaHHOMO CJIy-
yasi paBHo O(NP), p << l; moxoxHe pe3yJbTaTH CIPaBENNHBH H
Al APYTHX, MOCTATOYHO €CTECTBEHHBIX CIyuaiiHbX Mojeneii. Ot-
Cclofla CJIeAYeT, UTO JUIA 3ajauH NepeceyeHus N MOMyNI0CKOCTel no-
Jyuaercs JIMHeHHAs OLEHKAa CDEeIHEro MOBEIeHHs aaroputma. A sto
HeMeJIeHHO BejeT K omeHke O(N) /s CPeiHEro NOBEAEHHS aaro-
pHTMa peIleHHs 3a4ayd JHHEHHOTrO MPOrpaMMHPOBAHHS C ABYMs
nepeMeHHbIMH. Mbl BHAHM, YTO MaTeMaTHYeCKOe OXHIaHHe YHCIA
H3GBITOUHBIX TO/TYIIOCKOCTel — TAKHX, KOTOPbIe He ONpelessioT pe-
6ep onycTHMOH 061aCTH, — OYeHb BEJHKO, YTO MOXET, B YacTHO-
CTH, 06bACHHTE NPEKPacHOe NOBeJIeHHE CHMIIEKC-MeTOAd.

Onnako Hesb3st YCMOKamBaTh CeGst TeM, UTO MATEMATULECKOE
oxudarue BPeMEHHOH OUEHKH aJIrOPUTMA MOCTPOEHHS AOIYCTHMOI
o6nactu nponopuuonanbHo O(N), MOCKOMbKY, KaK yNOMHHANOCh B
pasa. 7.1.4, Takoe NOCTpOeHHE He ABARETCH HEOGXOOumbim LIS pe-
UIeHHs 3a/lau JIMHEHOro mporpaMmupoBanus! Muorhe roab sto
Ha6Jo/leHue GbIo GecnyofHbIM, A0 TeX NMOpP MOKA HeAABHO YPE3Bbi-
YalHO yHayHBlii METON, OCHOBAHHBIA Ha HeM, He Obll HE3aBHCHMO
otkpur Meaxnano [Megiddo (1983)] u Haitepom [Dyer (1984)].
10T MeTOR (KOTODHIii JIErko ajanTHpyeTcs MIs clydyasi TPex HaMe-
pennit u 6bu1 0606men Memwxnpio [Megiddo (1983)] na noGoe
UHCJIO H3MEpeHHH) OoTGpachiBaeT He TOJIbKO H3GLITOUHbIE OrpaHHye-
HHsL (T. e. Takue, KOTOpHE He HYXHB H B 3ajaue O INepeceyeHHH
NOJYIVIOCKOCTel), HO TaKiKe W OFpaHHYEHHs, rapaHTHpyiOluHe OT-
CYTCTBHE BEDIUHHBI, JOCTABASIONIEH SKCTPEMYM LeeBOH (DYHKUHH
(Ha3LIBAEMON ONTUMAAbHOU Bepuwiunoll). DTOT METOA OCHOBAH HA

p K TOUKaM I H TaKOro JIHHEHHOro npeo6p
HHSI, IDH KOTOPOM IeJeBast GYHKIHA CTAHOBHTCH PaBHOH OXHON W3
IBYX KOOP/HHAT, CKaXeM OpAHHATe 5TOH muockoct. ITocae aroro
3ajaya CBOAHTCA K NOHCKY IKCTPEMAJbHOTO 3HAYEHHsS! HEKOi Ky-
COYHO-IHHEHHOH BHNyKNOH (yHKUHH oT abGcuncen. Kaouesoii Mo-
MEHT 3aKJI0YaeTcst B TOM, YTO NOCKOJBKY TPeGyercsi JHIIb ompee-
JIMTh SKCTPEMaJIbHOe 3HAUEHHE Xo, TO HeT HyXbl SIBHO CTPOHTb 3TY
BHIMYKIYI0 (YHKUHIO, KOTOpas HESIBHO 3a1aHa MHOXKECTBOM JHHeii-
HBIX OrpaHHYEeHHUH.
Bousee Touno, ncxonnyio sanauy ')

{ MHHHMH3HPOBATH ax -+ by
npu yenousx a;x +by+¢; <0, i=1, 2, ..., N,

(7.6)

MOXHO npeo6pasopath, mosaras Y = ax+by u X =x, crenyio-
wiM 06pasoM (MOCKOMbKY 31eCh @ W b OJHOBPEMEHHO HE PaBHEI

) B naunoit p Ge3 notepn uTO Ile-
71eBYI0 GYHKUHIO HYXHO MUHUMUSUPOBATS.
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HYJII0, IPEATONOKHM Ge3 MoTepH OGIIHOCTH, 4T0 b = 0):

{ MHHHMH3HDOBATh ¥ an

npn yenosusix X +B;¥ +¢,<0, i=1,2, .., N,

rae a; = (ai—(a/b)b;), a pi==bi/b. B HOBO} 3ajaue HYXHO Bbl-
YHCAWTh HauMeHbllee 3HaueHue Y Ha BEPUIHHAX BLINYKJIOTro MHOro-
yrospiuKa P (10nycTHMO# 06/1aCTH), ONPEAeJIeHHOTO STHMH OrpaHH-
uenusivu (puc. 7.20). Uto6ul H36exaTh NOCTPOEHHs BCeH I'paHH-
ubl P, NOCTYynHM CJeAylOuHM 06pasoM. B 3aBHCHMOCTH OT TOTO,

7 LA

OnmumarTsHesT 6epuIung

Puc. 7.20. IMocxe mp HYXHO HailTH opaH-
HaTy B JIOMyCTHMOH 0GaacTH.

6yﬂ€’l‘ JIH Bi HyJieM, OTpHUATeJbHbIM HJH NOJIOKHTEJbHBIM YHCJIOM,
pasobbeM MHOxecTBo HHiekcoB {I, ..., N} Ha moauuoxectsa
Io, I-, I cootBercTBenHo. Bce orpanmuenHs ¢ WHAeKcamH H3 fo
ABJIAIOTCA BEPTHKAJbHBIMH IIPAMBIMH (T, €. napajnesJbHbBIMH OCH
Y) u ompejensioT AOMyCTHMBbI HHTepBan Ans X cieayiolwum o6pa-
3om (puc. 7.21):

u<X<u,
uy=max {— c;fa;: i Iy},
wy=min{— c;fa;: i< lo}.

C apyroit cropotbl, nonaras 8.4 —(ai/B:) u yild'—(ci/pi), noay-

yaeMm, 4YTo BCe Ol'paHH'IEHHﬂ H3 I+ HMEIOT BHA
Y<8X+vi il



358 4. 7. lepeceuenus

TaK uYTO OHM, BMECTe B3ATble, ONpPeAesiOT KYCOUHO-JIHHEAHYIO,
BhINyKayto BBepx Qynkumio Fy(X) Buaa

Fo(X) A min (8,X +v,).
KE’+ - -
AHAZOrHUHO OTpaHUueHHst U3 /_ B COBOKYNHOCTH ONPEAGAIT Ky-
COUHO-NHHEHHYI0, BLIYKAYIO BHH3 QyHKuH0 F—(X) Brga
F_(X) & max (8,X +v,).
iel_
3atem monyuaem mnpeoGpasopanHoe orpanmuenne F_(X)<<Y <<
< Fi(X), a nockonbKy peiraercsi 3ajaua JWHEAHOTO MPOrpaMMH-

Y

\

z
Puc. 7.21. Mnmoctpauns dymcunh F-(X), Fy(X)  senwsnn u;, u, np mepe-
Yop! 3anauu

u

poBaHHst Ha MUHUMYM, To F(X) u sBisieTcs Hauleil ueneBoit pyHK-
nueit. 3aKaya NPUHHMAET CJENYIOUHAI BUL:
MHHHMH3upOBaTh F_ (X)
npu ycaosusix F_ (X)<<F, (X),
0y <X <u,
Dra HOBasi CHTyalHsi H306paxeHa Ha pHc. 7.21, Tie NOKa3aHbl CBA3H
MexAy uy, ug, F-(X), F4(X) u rpauuneit P.

DnemMeHTapHOI ONepalueli, UCNOJIL3YEMOH B 3TOM MeTOde, SiB-
asercst Bbhluncienne Gynkuuit F-(X’), Fy(X’) H uX HaKmOHOB 1o
obe croponsl oT 3aganHoro 3HaueHus X’ e X. (OGosHaunM uepes
B (X') nu [®(X’) nakaonsi=F_(X’) cnesa u cnpasa or X’ cooTseT-
CTBCHHO; anazoriumo onpeaeasiores f) u fi®.) Tokamem Teneps,
4T 3Ty 3JEMElTapHYI0 OnepalHio, Ha3BAHHYIO GolUUCACHUCH PYHK~
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yuti, MOXHO BHNOAHATL 3a Bpems O(N). O6pamasch s KpaTko-
et b K F_(X), uMeem BhIpaskeHHe

F_(X")= max (8.X" + 1),

KOTODOE MOXHO BHIYHC/IHTH 3a BPeMs, MPOMOPIHOHAIbHOE |/_]|
= O(N). Ecain cymecTByeT TOJIbKO OJHO 3HaueHHe [, PAaBHOE iy,
Ha Rotopom gocturaercs F_ (X'), o f&(X') =R (X') =3, , unauc
(ec.vm CYIIeCTBYIOT ABA TAaKHX BHAYEHHs i H i), TO JEO(X) =
=min(,, 8,) u [®(X)=max (9, §,), mockombky F_ Bhinykaa
BHH3.

CnpaBeaaiHo yTBepx/enne, uTo Aas 11060ro X' & [ui, us] Mox-
HO TOJIYHTh OJMH H3 CJeAYIOUHX pe3yibTaToB 3a Bpems O(N):

1. X’ HellONyCTHMO, a 3a/1a4a He HMeeT pelleHHil;

2. X’ HeJOMyCTHMO, HO H3BECTHO, IO KaKyl0 cTOpoHy or X’ (cje-
Ba WIH CNIPaBa) MOTYT JIexKaTh BCe JONYCTHMbie 3HaueHus X;

3. X’ nonycTHMO, M W3BECTHO, N0 KAKyl0 CTOPOHY OT X’ JIeKHT
munumyM F_(X);

4. X’ nocrapisier MHHHMYM DyHKUHH F_(X).

Heiicturensro, ecan Qynxuus H(X)= F_(X)— F4(X) nouo-
KuTedbHA B Touke X', To X’ meponycrumo. PaccMaTpuBas HaKJOHBI
F_(X) u F4(X) npu X = X’, umeem (puc. 7.22): ecan O (X') >
>[B(X’), To H (X) Bospacraer B X’, u gonycTHMble 3Hauenus X Mo-
TYT pacnosiarathCs TOJbKO ciea o X' (puc. 7.22(a), cayuaii 2);
ecam f®(X) < f®(X’), To aHamornuHO fomycTHMEIE X MOFYT GhiTh
Toabko cnpaBa ot X’ (puc. 7.22(b), cayuait 2); makomenm, ecam
FOX)<IPX) u FR(X) =[P (X’), T H(X) nocturaer munu-
MyMa Ha X’ —3anaua Hepaspemnma (puc. 7.22(c), cayuaii 1).

Tycts renepp H(X’)<< 0, 1. e. X’ ponmyctumo. OcrapiseMm B
KauecTBe YNIpPaxKHEHHs BOIPOC O BHIGOpe Mexay ciaydasiMu 3 U 4
onATh Ha 6a3e HH(pOPMALKMH O yeTHpex HakiAoHax: [L(X'), fR(X'),
O @), FR ().

Tenepn crpaTerns pemenns Haunnaer nposcuatbest. Hyxmo
OHITaThCA TaK BbIGHpaTh abcuuccy X’, B KOTOPOH NPOH3BOAHTCS
BLIYHCJICHHE, YTOOBl €CIH aJTOPHTM M He 3aBepliaeTcs cpasy e,
TO MO KpaiHeii Mepe @uKCuUpPOBannyio 0010 o OT UHCTA AKTHBHBIX
B JaHHBI MOMEHT OTpaHHYEHHil MOXKHO OBLIO «BLIBECTH W3 HIPhI»
HIH OTceub (MPHYEM KakjOe OTceKaeMOe OTpaHHYeHHe, HABEHAKA,
He JOJKHO COlepxkaTb Kpaiimux Bepuinn). Ecam sra mess mocrur-
HyTa, 10 mocie 10g1/1-a)N Waros MOLIHOCTL MHOXKECTBA OTpaHHue-
HUA CTAHOBHTCA JOCTATOYHO Majiofi H IDPHEMJAEMOH AIs NMPAMOro
peutenns 3anauu. IIpH TakoM NpE/NO/NOKEHHH HA i-M IIare YHCJIO
AKTHBHBIX OTPaHWYeHHii He mnpeBocxoaut (I —a)™!N, u Tpebye-
Mas 06paGoTka 3aBepliMTCA 3a BpeMs, He Goubuee wem K(I—
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—a)-IN, rae K—Hekas koncranra. [lostomy cymMapHoe Bpems
pabothi T (N) olleHHBaeTCsi CBEPXy CJIelyloLHM 06pasom:
logi (1) ¥
i1 KN
TN ) K=o TN <,
i=1

T. €. OHO JIHHEHHO 3aBHCHT OT N, H 370 onthMaibHo! Cefivac Gyner
MOKA3aHO, 4TO MOXKHO MOJYYHTh BeJHuHHY o = 1/4.

L)
*
Odnacrms Oénecms
BOIMOHCHO BOMOKNCHO
dorycrmussiz onyemuseis
SHAYEHLLL \ SHRYEHULL
5 Filx) FeiX) X
(@) m
F(X)
FD) <10 0200 o
i F: (%)
FiX)
. .
©

Puc. 7.22. HajocTpaums BOSMOKHBIX CJyvaes, mpH koTopmx F_(X)> Fi(X).

Ha nauazbHOM cragud nyctb /. u /i GYAYT MHOMKECTBAMH
HHJEKCOB, OTIpPeAeNeHHHX paHee, a |[i|+|/-|=M (r. e. Ha 3TOl
crajun HMeercsi M aKTHBHBIX OrpaHHueHHH, Da3GUTHIX HA IBa MHO-
xkectBa Sy m S_). PasobbeM Kaxkjoe H3 MHOXeCTB S H S— Ha
napsl OrpaHHYeHUH, NPHUYEM MO OJHOMY OTPAHHUEHHIO B KaKAOM
MHOXeCTBe MOXKeT ocraThcs 6es mapu. Homycrum i, j& /i u 06-
patuMcs K puc. 7.23. Ecau 8; = §;, 10 cOOTBeTCTBYyIOlIHE NPSIMEIE
napajielbHbl ¥ OAHY M3 HHX MOXHO CPasy yAa{uTh (B JAaHHOM
cayyae Ty, y KoTopo#t Gonbwe snauenue y) (puc. 7.23(a)). B mpo-
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THBHOM ciyuae, 0603HauuB yepes X;; aGClUHCCY TOUKH HepeceueHus
OrpaHHueHHil, HMeeM cJeiylolle TPH caydas: ecan Xi << uy, TO
yranseM orpanHueHne c O6ubuiim 3uauennem 8 (puc. 7.23(b));
ecan Xij > ug, TO yHajsieM Orp: c 8
(puc. 7.23(c)); ecan e u; << Xij << up, TO HHUETO He yrausieM

YoeuneHo.

|
| |
| o i |

u; o upeXj up < Xij Uz
(c) (d)

Prc. 7.23. Jlast kamoii Maps OTpanHUCHHI HAXOAHM, K KaKOMY M3 STHX UeTHpPex
clyuaes oHa OTHOCHTCS, TIOC/C YErO OJIHO W3 OrPaHHUEHHil yAaJseTcs.

(puc. 7.23(d)). 3aTem TOuHO TaK e 06pabaThiBACTCH MHOXKECTBO
S_. Jlas Tex map, HH OJMH M3 WIEHOB KOTOPBIX He GBI yaaJieH,
BBIYHCISIEM aﬁcuuccy TOYKH HX NepeceyeHus.

Hrak, ecain k OrpaHHYeHHi GblIM yJajeHsl cpasy, TO MoayyaeMm
MHOXecTBO H3 | (M—k)/2) abcuucc nepeceueHui, mpHuem Tpa-
THM Ha 310 O(M) BpeMenu. 3aTeM NpHMEHSEM K STOMY MHOXe-
cTBy a6CcuMcc aaroputM noucka Mmeawans [Blum, Floyd, Pratt,
Rivest, Tarjan (1973); Schonhage, Paterson, Pippenger (1976)],
o6najaolWuil JHHEHHON OLEHKOH N0 BPEMeHH, H MoJyuyaeM €ro
menunany X. 3Hauenue X siBjsiercst aGeumccolt, AR KOTOPO# MpoBo-
AHMTCA ouepenHoe «BbIUHCJIEHHE»; OUEBHAHO, YTO 3Ta OMepauHs 3aii-
mer O(M) spemenn. Ecan B Touke X Her 3KcTpeMyma, TO M0JO-



362 Ta. 7. Mepeceuerus

BHHA M3 BhuHCAeHHbIX abcuuce {Xij} JeXHT B TO# o6nacTH, O KO-
TOpOil H3BECTHO, uTO B Heli HeT sKcTpemyma. [las kammoro Xy us
5T0it 0GMACTH MOXKHO YAAMHTh OJHO OPPaHHUEHHE W3 Maphl Hero-
cpencreenno. (Hanpumep, ecam Xi; naxonntes ciesa ot X, a onti-
MyM — ClIpaBa, TO M3 Napbl MPsMBIX, nepecekaiownxes B Xij, yAa-
AseM Ty, y KOTOPOA MeHblle HaKaoH,  T. 1) 3apepuaem war
aArOpPUTMA C TeM pe3y/bTaTOM, YTO YAaJeHO He MeHee &+
+ [ L(M—£k)/2]/2]1= LM/4] orpannuennii. ITo NOATBEpKAALT
nosyueHne paHee OGCIIAHHOTO 3Hauenus o = 1/4, W Mbl HMeeM

ceLyIOLKil YAHBHTENBHBI PeayabTaT:
Teopema 7.12. 3adauy 7 npoezpammup ¢ dsyma
Ml MU MOJCHO peliuTs 30 ONTUMAABHOE

P P
spens B(N).

Kak ynomuHajioch paHee, 3TOT METOA MOXKHO MOAHMHUHPOBATH
115 COOTBETCTBYIOLLEll TPeXMepHOH 3ajauH, ONATh NOJy4ass ajro-
PHTM C ONTHMAaJbHON OLeHKOH mo Bpemenn O(N). Uuratenb oTchi-
JlaeTcst K paHee LUWTHPOBAHHBIM cTaThsaiM Memxumno u [afiepa
LIS H3YUEHHS JleTaslell 3TOT0 3aMeNaTebHOro METoAa.

3ameuanne 1. Kak mokasan Memxuano, o6uinit MeToA, OnucaH-
HBI Bbille, MOXHO NPHMEHHTb K HEMHOTO OTJHUAIOUIUMCH CHTYa-
uusaM. OfHHM U3 TAKHX NMPHMEDPOB ABNAETCA BBIUHCJIEHHE HAHMEHb-
uefi OKPYKHOCTH, OXBaThIBalOLLell MHOKeCTBO S = {py, pa, ..., P},
cocrosiee 13 N Touek, rae pi = (¥;, yi). Kak nokasauo B pasn. 6.4,
onpejeseniic HaHMeHblUeH 0XBaTbBaloOlleH S OKPYKHOCTH O3HaYaeT
BLIYHC/IEHHE

N
min max (x; — x)°> + (y; — )% (7.8)
Xy Q=1

Ecan BBecTH mepemeHHyio 2z, TO Bhipaxenue (7.8) MOxkHO nepe-
(opMyaHPOBATh KaK C/AeAYIOULYI0 3ajauy MaTeMaTHYeckoro Mpo-
TpPaMMHPOBAHUSA:
MHHHMH3HPOBATh 2 79
npu yeaosuax 2= (x; — x4+ (y; —y)?, i=1, ..., N. @9
(3ameTiiM, uTO 3HAUeHHe KOOPJMHATHI Z B TOYKE DCUICHHS DAaBHO
KBaaparty pajnyca sToil OKpyxkHocTH.) 3apaua (7.9) He sBasercs
3ajaueli JHHEHHOrO NMPOrpaMMHPOBAHMS, MOCKOJbKY ee OrpaHuye-
HHSl SIBASIOTCS KBajpaTHuHbiMH. OJHAKO HCXOJHOE OrpaHuueHHe
MOJKHO Nepenxcath B BHAE
22— 20— 25,y + ¢, + (2 + o), (7.10)
rie ¢, = x;+ y% Otciona BuaHo, uto npasas uactb (7.10) coctout
H3 JIHHEHHOTO BLIpaXeHHs —2x.x — 2yiy + ¢, 3aBHCALLETO OT i, H
13- KBaJparHunoit cocrasasiomeii (x% 4 y?), He saBncameit ot i.
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MuosxecTBo JIMHEAHBIX OFpaHuyeHHUil
, 2, .., N, (7.11)

/
onpeje/seT MONH3AP, TPAHHUA KOTOPOTO 3aAETCS ypaBHEHHEM
z=[(x,y), rae [— Benyknas BHH3 ¢QyHKkuus. I[Tockoabky (x2+
+ y?)—Toxe BHNyKAas BHH3 (YHKIHs, TO QYHKUHA @ (X, y)A
f(x,y)+ x* 4 y? sABAAETCS CYMMOI JBYX BBLINYKJBIX BHH3 (DYHKLHIL.
B kauyecTBe mNpOCTOro ympaKHeHHs UHTATENb MOXKET IPOBEPITH
CXO/ICTBO MOBEPXHOCTH 2= @(X,y) C [OJWSAPAJbHON TOBEPX-
HOCTBIO B TOM CMBIC]E, YTO
OHa HMeeT BepUIHHHI, 06pa3o-
BaHHbIC IEpeceyeHHeM Tpex ')
ayr mapaboa (peGep), Jexa-
WHX B BePTHKANBHBIX IIO-
CKOCTfIX, H YTO ee rpaHsiMH
ABJAIOTCA yYacCTKH NOBEpX-
HocTell mapaGoJsionnoB. IBy-
MepHO# HJJIIOCTpauuel cay-
xut puc. 7.24. Ilpocroit ana-
JIH3 TI03BOJISIET YGEAUTBCS, UTO
ONHCAHHBIA BHIE METON yja-
JIeHHs1  OrpaHHYeHH#i  ToJa-
HOCTHIO TPHMEHHM TaKXe K
naunno#t  curyamuu. Enmucr-
BEHHOE CYIIECTBEHHOE Da3JiH-
uHe 3aKJIIOYaeTcs B TOM, 4YTO
Bepua . RocTammmonan b ok Ao peer co
MHHHMaJbHOE — 3HAuEHHE 2z = (¥, y)= [ (X, y)+ (2 + 7).

(cpenn Apyrux BepuIHH), MO-
JKET He COBNajaTh C HCKOMBIM MHHHMYMOM (XOTs B ciyuae JiHHEH-
HOTO NPOrPaMMHDOBAHHS 5TH MHHHMYMbl Bceria cosmagaior). ITo-
3TOMY TOHCK 3aBepllaeTcsi NPOBEPKOH Tex «peGep» (yHKUMHK
2= @(x,y), KOTOPLHE MHUMIEHTHH BEPUIHHE W, H, €CIH 5TO HEOG-
XOIUMO, JIOKaH3alHeli MHHHMYMa Ha OXHOM H3 3THX peGep.
Crefi0BaTebHO, HAUMEHbLIYIO OXBATHIBAIOULYI0 OKPYXKHOCTb
MOXHO TIOJIYYHTh B pe3yJibTaTe pelllelHs BapHaHTa TpexmepHoil 3a-
Zaud NHHEAHOro nporpaMMuposanus. KoMGHHHPYS 3TOT pesyibraT
€ aHaJIoroM TeopeMbl 7.12 1Jst Tpex H3MepeHHil, nojydyaem caeiyio-
iee ycHeHHe TeopeMbl 6.14:

22— 2yt d

gy

Caencrsue 7.4. Hau. OK] Tb, 0X6aT
N-TOUeUHOE MHONCECTBO, MONMHO BOI4UCAUTG 3@ ONTUMAAbHOE Gpe-
na O(N).

') 3aech A5 MPOCTOTH HCKAIOUAGTCH BO3MOKHOCTh CYUIECTBOBAHHS YeTHpex
TOYEK W3 S, JIEKAUIHX HA OMNON OKPYKHOCTH.
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3 2. O HHTEP NPHJIOKEHHEM JHHEHHOro
NPOrpaMMHPOBAHUA ABNAETCA 3ajaya O JIMHEHHOH pa3lenuMOCTH
(paccmaTtpuBaeMas 3aech B E£9).

Onpenenenne 7.2. ToBOpST, YTO [BAa TOYEUHBIX MHONKeECTBA Si
i Sy B E? ABNAIOTCA AUKEIHO pa30eaumbiMy, ecld CyUIeCTBYeT Ta-
Koe suHelHOe (d— 1)-MepHOoe MHorooGpasue m, 4r0 S; M Sy Je-
KaT Mo pasHbie ero cropoubl. ([ ABYX M3MepeHHii mw— npaMas,
a /15 Tpex — OGBIUHAS MVIOCKOCTD.)

TokaxeM Tenepb, uTO JHHEHHAst DA3ACIHMOCTb SIBJSETCSA 3a-

naveit 0 TIPOTPaMMHP ust. Ilycth HaHbl JBa MHOXe-
ctBa Touek B d-mepoM mpoctpaHerse: S ={(x{", ..., x{f)):
=1 S} 0 S, = (0 ) =] S+ L (S ] 4
+18:1}, rae |S[+1S;|=N; wuwem ommy u3 miockocteit
Pix¥i+ ... + Paxa+ pay1 =0, yAOBIETBOPSIOWHUX YCJIOBHAM:

{ PP+ o+ paP+ g, <O mpr 1<IKI S
P+ o PP+ pg =0 mpr S+ ISV
OueBH/HO, 4TO 3Ta 3ajaua ABJISAETCS 3ajadeil JIHHEHHOTO nporpam-

MHPOBaHHSA, H, COIIACHO MPEeNbLIYIHM pe3yJabTaTaM, ee MOXHO
peinthb 3a BpeMst O (N) npH ABYX H TPex H3MEDEHHSIX.

7.2.6. SInpo NIOCKOrO MHOTOYrOJbHHKA

B pasz. 2.2.1 6h0 NOKa3aHo, uTO NMOHCK TOUKH B sApe
3BE3/IHOTO MHOTOYIOJIbHHKA SABJIAETCA BaXKHBIM IIArOM IpH Nped-
o6paboTke, HeOOXOAUMOI AJIS OTBETAa Ha COOTBETCTBYIOWIMH BONMPOC
0 npHHazexHocTH. Toria Mbl OTIOXHIH Pa3pabOTKy a/iropHTMa
TNOCTPOGHHSA AJpa A0 TexX Nop, NoKa He NOABATCA HEOﬁXO}lHMHe Aas
STOrO CpeAcTBa. 3a/1aua CTAaBHTCS CIEAYIOUIHM 06pasoM:

3apava C.1.5 (IOPO MHOIOYTOJIbHHUKA). Hau N-sep-
WHHHDB (He 06s13aTe/bHO MPOCTOM) MHOTOYTOJLHHK Ha MJOCKOCTH.
Hano nocrpouts ero siapo.

Bo-nepBhIX, 3ameTnM, uTO SAPOM SBJASETC mNepeceuenne N
noaynuockocreil. JleACTBHTEBHO, Kaxi0e Pe6PO MHOrOYrOMbHHKA
P onpenensier ofHy NOJYMIOCKOCTh, B KOTOPOH NOJINKHO JeXKaTh
310 5Apo (pHc. 7.25). TakHe NMOMYNJIOCKOCTH HA3HIBAIOTCS BHYTpEH-
HHUMH (MM JIEBHIMH TOJYIUIOCKOCTAMH COOBPA3HO ¢ 06XOIOM rpa-
HHUBL  siApa NpPOTHB 4acoBodl crpenku). Hasecto [Yaglom,
Boltyanskii (1961)], uto sapo MHOrOyrosbHHKa siBARETCS mNepe-
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CeyeHHEM €ro JieBbX Noaymjaockocrei. [103TOMy HENOCPeACTBEHHO
noJyuaemM, uro
SJ1IPO MHOTOYT'OJIbHUKA oy TEPECEYEHHE IOJIY-
TJIOCKOCTEH,
H, WCTIONIb3Ys pesyabTar pasi. 7.2.4 (teopemy 7.10), umeem
Cnencreue 7.5. f0po npouseoavnozo N-yeoasHuxa MOxHo NO-
crpouts 3a spems O(NlogN).

3aMeTum, OAHAKO, 4TO HHxKHss ouenka Q(NlogN), noxasan-
Hasi B TeopeMe 7.10, HempuMeHHMa K 3ajaue O TIOCTPOGHHH sApa,
[OCKOJIbKY peGpa MPOCTOr0 MHOTOYTOJbHHKA He MOTYT 3aHHMATb

Sanpermics
monynnacrocs

Jonycmumas (sympernsa
(ARt il
HaA pedpom Uy Uy

Hs omoeo peevora sepuiuna Uy

e cudna, roomomy adpo

HE MORCENT PACHOJIZZAITSCS
ect

Puc. 7.25. Kaxnoe pe6po MHOrOyroibiHHKa P onpejenseT JONyCTHMYIO NOay-
II0CKOCTD.

NPOHM3BOJBHBIX TOJOXKEeHHH, a 3HAYMT, HET CBOAMMOCTH K 3ajaue
0 copTHpOBKe. JIpyrHMH CJIOBaMH, HET OCHOBaHHil CUMTATb, YTO He-

06X0lIUMO 3aTDPATHTL Gojiee uem JHHEHHOE BPEMst JUISL MOCTDOCHHS
sAapa, OoJsee TOro, ceituac Gyner TNOKa3aHO, YTO TAKOH AJTOPHTM

cymecrsyer [Lee, Preparata (1978)].

BxonHo# MHOTOYTroJIbHHK P TIpeACTaB/eH MM0CJel10BaTeNbHOCTRIO
BepWHH (Vo, U1, ..., Un—1), e N>=4, a e;=0vi—v; npu i =1,
2, N —1 ectb pe6po, cBA3bIBaiOLlee BEPUIHHB Uiy H U; (€0 =
= Uy—1Up). JlJIsl IPOCTOTH CCHUIOK OMHileM P HHKJHYECKHM CIIHC-
KOM 4epeiylOlHXCs BEPUIHH H pebep 0oeivi€y ... en—1Un—1€0l0.
TTpeanoyoXUM TaKxKe, YTO IPaHHLA P OpHEHTHPOBaHA NMPOTHB Ya-
COBOM CTPENIKH, T. €. BHYTPEHHOCTh P JIeXHT CeBa OT KaxJO0ro M3
pebep. Byaem roBopiTh, YTO BepuIHHA U; GOZHYTd, €CIH BHYTpeH-
HHH yroa mpu v; Goabwe 180°, M 8binyKaa B MPOTHBHOM cayuae;
6e3 noTepn OGIUIHOCTH NPEANOJNOKHM, UTO HET BHYTPEHHHX YIJIOB,
pasubix 180°. Ecam K(P) (snpo P) He NycTo, TO pe3yabTaToM
paGoTe TaKKe CTaHeT [MOCJe10BaTeNbHOCTh BEPIUIHH H peGep
K(P).
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Ausroputm npocmatpisact BepuiniHn P 1o nopsiky i crpour
N0C/I€/I0BATEABHOCTh  BBUNYKABIX ~ MHOroyroabiukos K, Kp, .
...y Ky Kaxamiii 13 5TMX MHOTOYTOJbHHKOB MOXKET GbiTh 160
orpaHnueHHbIM, G0 Her. IToaanee Gyaer nokasawo (nemma 7.1),
uto K; siBnsierca obmu eueHHeM MOJIyIIOCKOCTeH, Jiexa
CieBa O eo, €1, e;._Orciofa, oue-
BHJHO,. cieayer, uto Ky, = K(P) u uyTo .D 2= ... = Ki; no-
CllejlHee O3HAUAET, UTO CYUIECTBYET TaKoe r.,>l yro K; Gyner
HEOrpaHHYEeHHBIM HJIH OTPAHHUEHHBIM B 3aBHCHMOCTH OT yCJIOBHS
{ < ro WIH i == ro COOTBETCTBEHHO.

Ecau ToukH w; M w;,, JexaT Ha NpsMOii, Hecyei es, —
peGpo P, To 0603HAaUNM Uepes w;e,W;y, OTPE3OK 9Toil mpsamoii,

=y

Prc. 7.26. MauocTpawis k onpeeneninio nepumi Fi i Li.

3AKJIIOUEHHBI MEXKAY W; H Wiy H OPHEHTHPOBAHHMI OT Wi K Wiy.
Ecan muoroyrosbink K; He orpaHuyeH, To ABa €ro pe6pa — JyuH;
103TOMY 0603HaYHM uepe3 Aew Jyd, 3aKaHUMBAIOUIHICH B TOUKE W
1 OpHEHTHPOBAHHBIA KaK pe6po e, a uepes weA Jyy, ONONHAIOMIKI
nepBHIfi 10 NPAMOM.

B npoumecce paGorbi anropurma rpannua K XpaHHTCst B BHAE
ABaXK/bl CBI3AHHOTO CMHCKA BEPIIHH H CBA3BIBAIOLIHX HX pebep.
DTOT CNHCOK Oyier JHHEHHBIM HIH HHKJIHYECKHM B 3aBHCHMOCTH OT
Toro, apasiercs Jn K; COOTBETCTBEHHO HEOTPAaHHYEHHBIM HJIH Orpa-
HUYEHHBIM. B 1epBoM ciyyae mepBbifi U NOCJHEAHHH WIeHbl CIUCKA
Ha3bIBAITCS COOTBETCTBEHHO 2040801 W XBOCTOM CRUCKA.

Cpenn Bepunn K; Bhlesum ase — F; u L;, onpeiensemble cie-
ayioulnym 06pasom. PaceMoTpum napy onopubix K K; npsMbIx, npo-
XOASIIIHX uepes BepwuHy v; u3 P (puc. 7.26). Ilycrs [; u i — Ta-
KHe [Ba Jyd4a Ha ITHX MPAMBIX, KOTOPbIE COAEPIKAT ONOPHbIE TOUKH,
¥ HA3BaHHbBIE TAK, YTO YIOJ, OTCUHTAHHBIA MO YAaCOBOH CTpesKe OT
fi mo l; B K/HHe TJIOCKOCTH, cojiepxamieM K;, He NPeBOCXOAHT
(puc. 7.26). OGosnaunm uepes F; Takyio Touky, obuiyn aas i H
Ki, xotopasi Haubojee yjaneHa oT v;; aHAJOTHYHO ONpeAeJseTcs
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H TouKka Li OTH ABe BEPIIHHBI HTPAIOT BAXKHYIO POJb NPH MOCTpOe-
Hui Kizy mo K.
Ecan B P Her BOTHYTHIX BepUIHH, TO P BBUIYKJBIA H, OYEBHJHO,
K(P)= P. Tlostomy nyctb vo— BOrHyTasi Bepmuna P. Tenepn
MOKHO OMICATh AJATOPHTM MOCTPOGHHS AAPA.

UN-1

Puc. 7.27. Tlpumep Moroyroabinka Ki.

Hawaasubiit mar. (¢ K, ob6osnauaer nepeceqeuue [OJIy [VIOCKO-

cTeit, Je;KalNX caeBa oT pe6ep eg U ei, CM. pHC. B
Ky := Aeiveeol;
Fy 0uKa Ha GeCKOHEUHOCTH Ha Jjyye Aevo;
L, :== TouKa Ha GeCKOHEUHOCTH Ha Jyue Ugeol.

O6umit mar. (ITepexox or K; k Ki1.) Ilpeanosoxum, uto Bep-
wHbl K; 3aHyMepOBAHBI MOCJAEA0BATENbHO NPH 06XOAe MPOTHB ua-
COBOH CTPEJNKH: W), Wy, ... . ByJeM pasinuarth cieiyioulde cayuan:

(1) Bepuuna vi goenyra (puc. 7.28 n 7.29).

(L.1) Fi aeacur na ayee Aeiviny uau cnpasa or Heeo (puc. 7.28).
OGxoanM Tpannuy K; nporus 4acoeoi CTpesku, HAUUHAs
¢ Fi, lo Tex 10p, MOKa He JOCTHTHEM CAMHCTBEHHOro peGpa
wiw; us Ki, Kotopoe mepecexaer siyu Aeiy1vit1, HIH TIOKA
He jgocTHrHeM Li, He Haiixa nomo6Horo peGpa. B mocaepnem
cayuae 3akoHuum pabory anropurMa (K(P nep-
BOM cJyuae IpeanpHMeM cleryioliue JeHCTBH,
(1.1.1) maxoauM TOUKy w’ mepeceueHHs W:—1W: ¢ Aeit1Uit1;
(1.1.2) o6xomum rpannuy K; no wacosoii ctpeaxe or Fi no

Tex Mop, MOKAa He JOCTHFHeM pebpa ws—1ws, Mepece-
Kaiolero Aeiyviq1 B TOYKe w” (3TO HaBEpHsKA Ipo-
ugoiier, ecan K; orpannuen) war (ecan toapko K;
Heorpakndel) noka He JAOCTHIHEM TOJIOBBI CHICKA, He
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Ha#iAs mojo6HOro pe6pa. B mepsom cayuae, 0603Ha-
as Ki=aws ... wip (rme @ u B—mnocinenosa-
€BHOCTH yepeAyloluxcsi peGep W BeplHH), moja-
raeM Kiy:= aw”ei1w’B; Bo BTOpoM ciyuae (Koraa
K; neorpanuyen) HeoGX0AMMO NpoBepHuTb, Oyaer Kiii
OrpaHHYEHHbIM HAH HeT. Ecilu HakKMOH jiyya Aepyvigy
3aKJIOUeH B Ipele]ax MeXAy HaKJIOHAMH Hayaib-
Horo W KoHewnoro ayuedt Ki, To Kip:= Aeiw’f

i
T

Puc. 7.28. [lefictBua na oGmeM Iluare, eCli v; — BOTHYTas BeplMHa, a F; JexuT
Ha nyue AeryUi41 WK CIPaBa OT Hero.

(1.2)

TaK:Ke HeorpaHHueH. B npoTHBHOM ciiyyae HayHeM 06-
xon rpanuubl K; no «acosoii crpesxe or xeocra cnu-
cKka 1o Tex nop, Noka He AOCTHTHeM pebpa w,_iw,,
KoTOpoe mepecekaer Jyu Aein iy B TOUke w”; 060-
snavas Ki= yw:.6wm, nonaraem Kiyy := 8w”eip 1w,
H CMHCOK CTAHOBUTCS YUKAUHECKUM.

BuiGop Fiy1 TIPOH3BOMHTCA TaK: eCH AeiriViyi HMEET POBHO
OJIHy TOuKy mepeceuerHs ¢ K;, 10 Fiy (Geckoneunas Tou-
kKa Jayua Aeiyviy1); HHave Fiy:=w”. Ias onpexenenns
Lisy o6xonum K; mpoTHB 4acoBoii cTpeaKH oT L; Jo Tex mop,
NOKa HJIH He HalileHa TaKas BepuuHa w, Ha Ki, uTO Wy

JIEXKHT CJIeBa OT JydYa Uiy (Vi+1@u) A, HIN He HCYEpNAH Bech
cnncok Ki, a nono6Has BepmuHa He naiigena. B mepsom ciy-
vae Liyj:=w,; B Apyrom ciyuae (KOTOpHIi Moxer BCTpe-
THTbCSl, TONIbKO ecan K; Heorpanuuen) Liy, L;.

Fi nexur cresa or ayua Aeiyivipy (puc. 7.29). B stom cay-
uae Kiy1:=Ki, Ho F; u L; HyXHO cKOppekTHpoBaTh. Ilasi
onpenesenns Fipy ob6xomum K nporus wacogoii crTpeaku oT
Fi no Tex mop, moka ue maiitena Takas Bepmnna w, Ha Ki
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—_—
YTO Wit JIEXKHT CNpaBa OT Jy4ya Uiy (Viq1®@¢)A; 3aTeM mojio-
KuM Fipy w. Onpejesienne TOYKH Liy; NMPOBOAMTCS TaK

xe, KaK B cyvae (1.1).

Puc. 7.29. Jeiicaus na obueM ware, Puc. 7.30. [leficteus Ha oGuieM wiare,

€CJH U;— BOTHYTas BepuiHHa, a F; Je- ecaM v — BHMyKJas Bepluuua, a Ly Je-

KHT C/IeBa OT Jiyda Aei+iVi. KHT Ha Ay4e Vierp A WIH CUIPaBa OT He-
ro.

(2) Bepuuna vi soinykaa (puc. 7.30 u 7.31).

(2.1) L; aexcur na ayse viermA uau cnpasa or weeo (puc. 7.30).
O6xoanm rpanuny K; no uacosoii ctpeake or L; 1o Tex mop,
TOKa He JOCTHIHEM HWJIH TOr0 €JWHCTBEHHOrO peﬁpa W1 Wt,

Puc. 7.31. JleficTBus Ha oGuleM luare, ecaH vU; — BHNYKAaA BepWHHA, 8 L; JeXHT
ceBa OT Ayda ey (A

KOTOpOE Nepecekaer Jyy viei+A, WIH BepuHb Fi, He 0OHa-
py®uB nofo6HOro pebpa. B mocienneM ciayyae 3aKaHuHBaeM
aaroput™ (K(P)= ). B nepsom ciyuae npeampumem cie-
Aytoutie AeficTBH:

(2.1.1) HaxonMM TOUKY @’ NepeceueHHss W w; C VieinA;
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(2.1.2) obxomum rpanuny K; nporus wacosoi crpeaku or Li
[0 Tex INO0p, MOKAa He AOCTHTHEM HJH e{HHCTBEeHHOro
pebpa ws_1ws, TMepeceKaioulero Jayu vieiyiA B TOuKe
w” (4ro HaBepHsiKa mpomoiizer, ecau K; orpannyen),
HIH XBOCTAa CNHCKa, He Haliis nonoGHoro pe6pa
(tonbko B cayuae HeorpanuuenHoctH K;). OGossa-
uasg K;= aw, ... ws—f, B nepsoM ciyuae nosnaraem
Kiyy := aw’eiw”B; Bo Bropom cayyae (koraa Ki
HeOrpaHHueH) HY¥XHO IpOBepHTb, Oyaer Ky orpa-
HUUEHHBIM MM HeT. Ecam HakioH Jjyua vein A 3a-
KJTIOUeH B MpejeiaXx Mexy HaK/JOHAMH HauaJbHOro
1 KoHeuHoro ayuelt Ki, 10 Kipj:= aw’eiiA TaKKe
HeorpaHWueH. B NpOTHBHOM ciiyuae HauHem 06X0A
rpannusl K; nporus u4acosoil cTpeaxu OT 204086l
cnucka 10 TeX mOp, NMOKa He HaiiieHo peGpo w.—1w,
KOTOpOe nepecekaeT JydY v A B Touke w”; 06o-
3Hauas Ki:=yw8wm, noJjiaraeM K=
1= 0w’e;1 1", ¥ CHHCOK CTAHOBUTCS YUKAULECKUM.

BriGophl Touek Fiyy ¥ Liy; 3aBHCAT OT TO3HUHMHM Uiy HA Jyue

vieistA M OT TOro, GYAeT JH ITOT JyY HMETb OJHY HJH JBE

TOYKH Nepeceuenus ¢ K; PaccMmoTpum 3Ti JBa Jyua mo or-

JLeNIBHOCTH:

(2.1.3) vieiA nepecekaer K; B Toukax ©’ u @”. Ecan
vy & [vieiw’], 1o BHIGHpaeM Fiy Tak Ke, Kak B
cayuae (1.2). Huaue mosomum Fiyy w. Ecau
Vi € [vieiw”], TO nonoxuM Ly :=w”. Hnaue
Ly, BeGupaercs Tak xe, Kak B caydae (1.1), 3a nc-
KkuiouenueM Toro, uto Kiy o6xodurcs npotug waco-
80ti cTpeaku or w”.

(2.1.4) vieiqyA nepecekaer K; rtombko B Touke w’. Ecun
Uiy € [vieinw’], T0 BHGHpaeMm Fiy Tak iKe, Kak B

cayyae (1.2); unaue monoxum Fip:= w’. B kaue-
cTBe Liy BbiGepeM GecKOHEUHYIO TOYKY Ha Jyde
vierp A
(2.2) Li nexur cae