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Schradinger representation for a scalar field on curved spacetime
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It is generally known that linedfree) field theories are one of the few quantum field theories that are exactly
soluble. In the Schidinger functional description of a scalar field on flat Minkowski spacetime and for flat
embeddings, it is known that the usual Fock representation is described by a Gaussian measure. In this paper,
arbitrary globally hyperbolic spacetimes and embeddings of the Cauchy surface are considered. The classical
structures relevant for quantization are used for constructing thé @obey representation in the general case.

It is shown that, in this case, the measure is also Gaussian. Possible implications for the program of canonical
quantization of midisuperspace models are pointed out.
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[. INTRODUCTION slicing of the spacetime is normally introduced, has been
previously studied(for reviews, se€3]). This functional
The quantum theory of a free real scalar field is probablyiewpoint, though popular in the past, is not widely used, in
the simplest field theory system. Indeed, it is studied in theparticular since it is not the most convenient one for per-
first chapters of most field theory textbookk]. The lan-  forming calculations of physical scattering processes in ordi-
guage used for these treatments normally involves Fouriemary quantum field theory.
decomposition of the field and creation and annihilation op- However, from the conceptual viewpoint, the study of the
erators associated with an infinite chain of harmonic oscillaSchralinger representation in field theory is extremely im-
tors. Canonical quantization is normally performed by repreportant and has not been, from our viewpoint, widely ac-
senting these operators on Fock space and implementing th@owledged(however, se¢4]). This is especially true since
Hamiltonian operator. However, from the perspective of “ca-some symmetry-reduced gravitational system can be rewrit-
nonical quantization,” where one starts from a classical Poisten as the theory of a scalar field orfiducial, flat back-
son algebra and performs a quantization of the system, thiground manifold. In particular, of recent interest are the po-
procedure is not always transparent. These issues have beenized Einstein-Rosen wavéd$] and Gowdy cosmologies
addressed by Wald who, motivated by the study of quantuni6,7]. The Schrdinger picture is then, in a sense, the most
fields on curved spacetimes, deals with the process of quamatural representation from the viewpoint of canonical quan-
tization, starting from a classical algebra of observables antm gravity, where one starts from the outset with a decom-
constructing representations of them on Hilbert spd@&s position of spacetime into a spatial manifdd“evolving in
Furthermore, Wald develops the quantum theory of a scalaime.” Therefore, it is extremely important to have a good
field and extends the formalism to an arbitrary globally hy-understanding of the mathematical constructs behind this
perbolic curved manifold. His construction is, however, re-representation and its relation to the Fock representation.
stricted to finding a representation on Fock space, or, as is In this regard, there seems to be apparent tension in the
normally known, the=ock representatian construction of the Schdinger representation for a scalar
On the other hand, the usual presentation of elementarfreld. On the one hand, if one follows a systematic approach
guantum mechanics pays a lot of attention to the Stihger  to quantization, as outlined, for instance,[B9], one can,
representation, where quantum states are represented twthout difficulties, arrive at the “ordinary” representation
functions on configuration space. Thus, the construction 0bf the elementary quantum operatdi3,4,10, where the
the functional Schrdinger representation for fields seems toquantum measure is “homogeneous.” However, we know
be a natural step in this direction. It is therefore unsettlingfrom the more rigorous treatments of the subjgtt—13
that a complete and detailed treatment for curved spacetimekat a consistent quantization should involve a nonhomoge-
does not seem to be available in the literature. The purposeeous, Gaussian measure, and therefore a nonstandard repre-
of this paper is to fill this gap. The Schiimger representa- sentation of thgmomentun operators. This seems to indi-
tion for fields on Minkowski spacetime, where an inertial cate that one needs additional “dynamical” input within the
algebraic quantization procedur&,9].
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The purpose of this paper is to systematically constructe CE,O(E)},Z or by the spaceé/ of smooth solutions to the
the functional quantum theory and extend the rigorous forK|ein-Gordon equation which arises from initial data Bn
malism of [11,12 to arbitrary embeddings of the Cauchy (in the covariant formalisin[2]. Note that, for each embed-
surface and to arbitrary curved spacetimes, in the spirit ofling T,:3 —*M, there exists an isomorphisf betweenl’

[2]. The emphasis we shall place regarding the relevanandV. The key observation is that there is a one-to-one cor-
structures will allow us to achieve this goal. The generalizarespondence between a pair of initial data of compact sup-
tion that we will construct in this paper will be at two levels. port on3,, and solutions to the Klein-Gordon equation on
To be specific, we first deal with the existing ambiguity in *“M. That is to say, given an embedding, of 3 as a

the quantization of a scalar field, already recognized in theauchy surfaceTto(E) in M, the (natura) isomorphism

Fock quantizatiorf2]. Furthermore, the infinite freedom in 7, :T—V is obtained by taking a point ifi and evolving

i i i id- 0
the choice _of embedding of the Qauchy surface is cor13|dfr0m the Cauchy surfaceT, (3) to get a solution of
ered. We find that the measure is always Gaussian in an ) o > o
aV,V,—m?) ¢=0. That is, the specification of a point in

appropriate sense and that it can be written in a simple wa%g_ oo - .
Even when straightforward, these results have not, to the bekt 'S the appropriate initial data for determining a solution to
of our knowledge, appeared elsewhere. As an offspring, thef'® €duation of motion. The inverse maf; =:V—1I", takes
provide the required language for the systematic treatment ¢t point¢ € V and finds the Cauchy data induced Bnby
symmetry-reduced models within canonical quantum gravityirtue  of the embedding T,: ¢=Ti¢ and =
[5-7], and provide an elegant solution to the apparent ten= T;‘O(\/ﬁgn(ﬁ), where £, is the Lie derivative along the nor-
sion mentioned above. mal to the Cauchy surfacg (2) andhis the determinant of

The str.uctur_e of the paper is as follows, '!" sec. I, "€ he induced metric on such a surface. Note that the phase
recall basic notions from the classical formulation of a scalar

: « . : )
field. A discussion of the Scheinger representation and spacd’ is of the formT* C, where the classical configuration

fructi f the functional d - itaril .~ spaceC is comprised of the set of smooth real functions of
construction of the functional description, unitarily equiva- compact support of.

lent to a given Fock representation, is the subject of Sec. IlI. Since the phase spateis a linear space, there is a par-
This is the main section of the paper. We end with a discusgcar simple choice for the set of fundamental observables.
sion in Sec. IV. _ _ _We can take a global chart dhand we can choose the set of
_Inorder to make this work accessible not only to specialngamental observables to be the vector space generated by
ized researchers in theoretical physics, we have intentionall,oar functions onl". More precisely, classical observables

avoided going into det.ail regardin_g functional analyti_c issUesr the spacd’ can be constructed directly by giving smear-
and other mathematically sophisticated constructions. 'nrng functions onS. We can define linear functions dh as
stead, we refer to the specialized literature and use thosl%llows: given a vectory® in T' of the form Y= (¢, )"

results in a less sophisticated way, emphasizing at each step,e that due to the linear naturelof Y also represents a
their physical significance. This allows us to present our reector inTT") and a pain,= (- f,—g), , wheref is a scalar
a 1 a

sults in a self-contained fashion. density andy a scalar, we define the action pfonY as

_ o, _ 3

Il. CLASSICAL PRELIMINARIES X L(f‘ﬁgw)d X @D

In this section, we recall the classical theory of a real
linear Klein-Gordon field¢ with massm propagating on a . .
four-dimensional, globally hyperbolic spacetimVi,g..). takdes the following form, when acting on vectorg,( )
As is well known, global hyperbolicity implies thdM has & (b2, 72),
topologyR X 2, and can be foliated by a one-parameter fam-
ily of smooth Cauchy surfaces diffeomorphic o Hence, Q([%,Wﬂ,[@z,ﬂz]):f (10— me)dX, (2.2
we can perform a31 decomposition of the spacetime of the *
form RX Y and consider arbitrary embeddings of the surfac
3 into “M.

This section has two parts. In the first one, we recall th

'Now, since in the phase spaftethe symplectic structur€)

Shen we can write the linear functiof2.1) in the form
eFk(Y)=Qaﬁ)\"Yﬁ=Q()\,Y), if we identify \f=QFo\,
— _ ﬁ . . . _
canonical treatment of the scalar field, together with the ob- g’f) : Th"’.‘t.'fe" the smearing functiofisandg that ap
gear in the definition of the observablEsand are therefore

servables that are relevant for quantization. In the secon aturally viewed as a one-form on phase space can also be
part, we introduce a classical construct that is needed for y P P

guantization, namely a complex structure on phase space.

The class of functions comprised by Schwartz space is most
commonly chosen for quantum field theory in Minkowski space-
time. However, the notion of Schwartz space is not extendible in

The phase space of the theory can be alternatively deany obvious way to more general manifo[@14]. Hence, we shall
scribed by the spac€& of Cauchy data(in the canonical definel to consist of initial data which are smooth and of compact
approach, that is, {(¢,m)|¢:2—R,m2—R;p,m  supporton.

A. Canonical phase space and observables
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seen as the vector{(g,f)#. Note that the role of the smear- A’2+BD=-1, C?+DB=-1,
ing functions is interchanged in the passing from a one-form
to a vector. Of particular importance for what follows is to AB+BC=0, DA+CD=0. (2.8

considerconfigurationandmomentunobservables. They are
particular cases of the observableglepending on specific
choices for the labek. Let us consider the “label vector”
A“=(0,f)¢, which would be normally regarded as a vector 3

in the “momentum” direction. However, when we consider #4r((¢1,71),(¢2,72))= Ld X(mi Byt mAe— ¢1D ey
the linear observable that this vector generates, we get

The inner productur(-,-)=Q(-,—Jy-) in terms of these
operators is explicitly given by

—¢1Cmp), (2.9

f]:= f d*xfe. 2.3 : , .

elf] s xte @3 for all pairs (p1,71) and (p2,75). As ur is symmetric, then

the linear operators should also satifhp]

Similarly, given the vector { g,0)* we can construct
ffo’zf f'Bf, ngg’zfg’Dg,
W[g]:zj d3xgr. (2.9 2 2 2 2
s

Note that any pair of test fields<g,f)“eI" defines a Lng: B Lng' (219

linear observable, but they are “mixed.” More precisely, a

scalarg in 3, that is, a pair - g,0)eI" gives rise to ano-  whereg,g’ € C{(2) are scalars anél,f’ e C5(X) are scalar
mentumobservabler[g] and, conversely, a scalar density —densities of weight 1.

which gives rise to a vector (),eI', defines aconfigura- As mentioned before, given an embeddihyg of >, there

tion observablep[ f]. In order to avoid possible confusion, s 3 one-to-one correspondence between complex structures
L O!

o 1 o
( IgtJ ,ifs)im?orl)(ifaon?r?(;n::r?p\rlsggg'Eilye:?th.e symplectic structurethe complex structure mduged bhby Jy, a partlgula_r com-
: . . Plex structure on the covariant phase space, is gived;by
provides the space of classical observables with an algebralc 137 This relati dth | fort8.7) impli
structure via the Poisson brackeéRB). If we are now given ty “Vie [NIS Telation and the general forfa. /) Implies
another labels, such thatG,(Y)=v,Y? we can compute that

the Poisson brackets Ag+Br= _T?o[‘]qu]'
{F)\!Gv}:QaﬁVﬂfF)\(Y)Vﬁ’Gv(Y):Qaﬁ)\avﬂ' (2.5

Cm+Do=—Tf[VhE (Jve)], (2.1
Since the two-form is nondegenerate, we can rewrite it as
{FA,GV}=—QQB)\%B. Thus, where ¢=1, (¢, ) [i.e., ¢ is the solution to the Klein-
[QOLY), Q(r, YY) =—Q(\,v). (2.6 Gordon equation which arises from the Cauchy data pair

(@,)]. Thus, the particular realization of the operatér®,
C, andD will be different for different embeddings; of 3.
B. Complex structure
Now, in order to provide the canonical approach with the Ill. SCHRO DINGER REPRESENTATION
mathematical structure that encodes the inherent ambiguity
in QFT, and exactly in the same sense as it is done for the |n this section, we turn our attention to the Satinger
Fock quantization, we have to introduce at the classical levelepresentation. In contrast with the Fock case, which is most
a complex structure on the canonical phase sgaceom-  naturally stated and constructed in a covariant framework
patlble with the SympleCtiC StrUCtU(Q.Z). Recall that in the [2], this construct relies hea\/”y on a Cauchy surfate
Fock picture, which is naturally constructed from the cova-since its most naive interpretation is in terms of a “wave
riant phase spacé, the complex structure is compatible with fynctional at timet.”
the symplectic form defined on that spaeecomplex struc- Let us begin by looking at the classical observables that
ture is a linear mapping such that=—1). Now, for the are to be quantized, and in terms of which the canonical
canonical phase space, given an embedding —*M and  commutation relationéCCR) are expressed. Since the vector
a complex structure oW, there is one complex structure on space of elementary classical variables isS
I' induced by virtue of the symplectic map. On the sym-  =Sparf1,¢[ f],7[g]} and there is an abstract operafoin
plectic vector spacel{,{)) with coordinates ¢, ), the most the free associative algebra generatedsbgssociated with
general form of the complex structudes given by each elemenF in S, then we have that the basic quantum
~Jp(¢,m)=(Ap+Bm, Cr+Do), (2.7) operators qre}[f] _and %_[g]. The_ canonica! co_mmutatic_m

relations arise by imposing the Dirac quantization condition
whereA, B, C, andD are linear operators satisfying the fol- On the basic quantum operators, thus from Eg&s3), (2.4),
lowing relations[15]: and (2.6), the CCR read ¢[f],m[g]]=i%fd3xfgl (for a
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general discussion and details about the&eind the steps tion space in order to get the Hilbert spakg, and second
for passage to quantum theory in the canonical frameworkye need to find the multiplicative term of the basic operator
see[8]). (3.2.

Now, the Schrdinger representation, at least in an intui- The strategy that seems natural to determine the measure
tive level, is to consider “wave functions” as functi@l)s of  and the multiplicative term is to suppose that we possess a
¢. More precisely, the Schdinger picture consists in repre- Fock representatiofit does not matter which particular one,

senting the abstract operatasgf] and#[g] as operators in Since the results will be general enouighhis representation

He=L2(C,dw), where a state would be represented by gmust have a unitarily equivalent counterpart in the Sehro

dinger picture, and therefore fixes the measure and the mul-
function(al) Y[ ¢]:C—C, with the appropriate “reality con- ger p

i AR tiplicative operator in the functional framework. That is,
ditions,” which in our case means that these operators shoulgi a1, a Fock representation, we want to find the Sdimger
be Hermitian. '

. o . representation that is equivalent to that one. In the remainder
As a first trial, inspired and tempted by the names “con-

) o ) ; of this section, we will dedicate Sec. Il A to formulating this
figuration” and “momentum,” one can try to represent the

. : . . equivalence in a precise way and Sec. Il B to completing the
corresponding operators as is done in ordinary quantum M&chradinger representation.

chanics, namely, by multiplication and derivation, respec-

tively. However, one must be careful since, in contrast to

ordinary quantum mechanics, the configuration space of the A. Quantum algebra and states

theory is now infinite dimensional and Lebesgue-type mea- e shall start by assuming the existence of a consistent
sures are no longer availabl€The theory of measures on Fock representation of the CCR. The question we want to
infinite-dimensional vector spaces has some subtletiegddress now is how to formulate equivalence between the
among which is the fact that well-defined measures shoulglyo different representations for the theory. The most natural
be probability measure$14,16. A uniform measure would \yay to define this notion is through the algebraic formulation
not have such a properfyAs a consequence of the intimate of QFT (see[17,17, and[2] for introductions. The main
relation between measure and operator representation, andjifea is to formulate the quantum theory in such a way that
order to reflect the nonexistence of a homogeneous measujige observables become the relevant objects and the quantum
in a consistent way, we have to modify a bit the simpleststates are “secondary.” Now, the states are taken to “act” on

extension(suggested by ordinary quantum mechahiasd  gperators to produce numbers. For concreteness, let us recall
represent the basic operators, when acting on functionalfe basic constructions needed.

Y[e], as follows: The main ingredients in the algebraic formulation are two,
namely (i) a C* algebraA of observables, andi) states
([ f1- U [e]:=[f1¥[¢] (3.1) w:A—C, which are positive linear functionalsw(A*A)

=0V Ae A] such thatw(1)=1. The value of the state
acting on the observabl& can be interpreted as the expec-
tation value of the operatoA on the statew, i.e., (A)
=w(A).

For the case of a linear theory, the algebra one considers
op(X) is the so-calledWeyl algebra Each generatow(\) of the
Weyl algebra is the “exponentiated” version of the linear
observable$2.1), labeled by a phase-space vectdr These
generators satisfy the Weyl relations,

W(AM)* =W(=)),

and

(%[g]-\P)[qo]:—iﬁfzdsxg(x)
+ multiplicative term, (3.2

where the second term in E(B.2), depending only on con-
figuration variable, is precisely there to render the operator
self-adjoint when the measure is different from the “homo-
geneous” measure, and depends on the details of the mea-
sure. The first thing to note is that the representation is not R . R
fixed “canonically.” That is, we need to know the measurein  The CCR[Q(\,-),Q(v,-)]=—iAQ(\,v)| now get re-
order to represent the momentum observable. This is in shaggdaced by the quantum Weyl relations where now the opera-
contrast with the strategy followed in the algebraic methodors \W()\) belong to the(abstract algebra.4. Quantization

[8], where one first represents the operators and later 100Kg the old sense means a representation of the Weyl relations
for a measure that renders the operators Hermitian. It seengh a Hilbert space. The relation between these concepts and
that, even for the simplest field theory system, one needs the algebraic construct is given through the Gelfand, Neu-

WA )W(\,) = el ADW(\ +\,). (3.3

modify the strategy slightly. mark, Segal(GNS) construction that can be stated as the
Observe that we have already encountered two new actogg|lowing theorem[2].
in the play. The first is thguantum configuration spad Let A be aC*-algebra with unit and leto: A—C be a

and the second one is the measuréhereon. Thus, one will state. Then there exists a Hilbert spdge a representation
need to specify these objects in the construction of ther: A—L(H) and a vectofW,) e H such that

theory. To do this, we will carry out a two-step process. First

we need to find the measuda. on the quantum configura- o(A)=(Vy,m(A)V)y. (3.4
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Furthermore, the vector|¥,) is cyclic. The triplet —A(K¢)), we can rewrite, by using the Baker-Campbell-
(H,m,|¥o)) with these properties is uniquep to unitary — Hausdorff relation, the corresponding operator to the Weyl
equivalencg generator as follows:

One key aspect of this theorem is that one may have dif- - _
ferent, but unitarily equivalent, representations of the Weyl Rrocd W(¢))=exp(C(K ¢))exp(—A(K ¢))
algebra, which will yieldequivalentquantum theories. This —
is the precise sense in which the Fock and Sdimger rep- Xexp(—z[A(K¢),C(K$)]). (3.6)

resentations are related to each other. Let us be more specific. — :

We know exactly how to construct a Fock representationgu_t the cA(zmmutator. [A(K®), C(K$)] is equal to
from the symplectic vector spac&/(Q,) endowed with a (K#)a(K#)"I. Thus, since

complex structurd [2]. The infinite-dimensional freedom in Ko a(Kd)A= (Kb K

the choice of representation of the CCR relies on the choice (K1) a(Kb2)"= (K1 Ko

of admissibleJ, which gives rise to the one-particle Hilbert 1 i

spacé H,. Thereafter, the construction is completely natural = 5 u(¢1,¢2) = 5Q0(d1,¢2), 3.7
and there are no further choices to be made: We take

the Hilbert space of the QFT to bE(H,). The fundamen- then (|<_¢)A(K¢)A: 1 u(¢,b). Therefore, the vacuum ex-

tf;l| observable_sQ(¢,~) on Fy(Hy) are then defined by pectation value oRgy (W()) is given by
Q(p, )=iA(K¢p)—iC(K¢), whereC and A are, respec- R
tively, the creation and annihilation operators, dfds the (ReocdW(@)))yac= (Q r,exp(C(K ¢))
restriction toV of the orthogonal projection maﬁ:vﬁ N

—H, in the inner product u(¢q,dr)=—iQ(pq,b5). Xexp(—A(K$)Q ) »
Hence, if we suppose that we have a complex structuré on X exp(— 5 u( b, ¢)). (3.9
(i.e., a Fock representatiprwe can now compute the expec-

tation value of the Weyl operators on the Fock vacuum and Because (7, ¥)=0 for all W eF such that ¥
thus obtain a positive linear functionale, on the algebra = (0,¢"1,¢*142), . pA1 Al -y then  (Q,

A. Now, the Schrdinger representation that will be equiva- exp(C(K ¢))exp(—A(K$))Q 2 r=(Q r,Q ) . Hence, if
lent to the Fock construction will be the one that the GNSthe  vacuum  state is  normalized,  substituting
construction provides for theamealgebraic state gy, Our <RFock(W( ®)))vacin EQ. (3.5 we obtain that the value of the

job now is to cqmplete the Schaimger construction such statewrog acting on the Weyl generato®(\) is given by
that the expectation values of the corresponding Weyl opergg, following expression:

tors coincide with those of the Fock representation.

The first step in this construction consists in writing the wrocd W(N))=e~ WArON), (3.9
expectation value of the Weyl operators in the Fock repre-
sentation in terms of the complex structuteBy hypothesis, where, thanks to the symplectic m@p we were able to put
we have a triplet7s(Ho),Rrock, 2 7,(#,)), Where(i) Fs(Ho) N\ as a label vector for both covariant and canonical ap-

is the Symmetric Fock Space Specified by some Comp'ei@roaches. Note that the GNS COhStI’UCtiOﬂ iS preCi§e|y the

structure, (i) Reoe iS @ map from the Weyl algebra to the technology that allows us to invert the process. That is, from

collection of all bounded linear maps A(H,)[ReoekSends  the pclnnt of view ofdthfe algerllaralc aly()proach, the choice Oy: a
A complex structurel defines the Fock representation via the

the yyeyl generatonV(4), Iabgled by ¢, 1o the operator GNS construction based upon a statg, which is defined

exfli{}(¢,-)]eL(Fs(Ho)), and is extendable to the whole 4, the hasic generators of the Weyl algebra by Bc).

algebra by linearity and continuityand (iii) Qx4 Is the

vacuum state of the theory. Thus, by virtue of the GNS con- B. Functional representation

struction, the value of the staier,y acting on the Weyl

generatorsN(¢) is interpreted as the expectation value of The next step is to complete the Soffirger representa-

. A tion. That is, find the measudg. and the multiplicative term
the corresponding operatoRgo\W(4$)) on the vacuum j, gq (3.2 that corresponds to the given Fock representa-
state() - [from now on we replace (H,y) by F, tion.
In order to specify the measudg: that defines the Hilbert
®rocd W($)=(Q 7, Reocad W($))Q 5) 7. (3.5  space, it suffices to consider configuration observables. Now,
we know how to represent these observalhetependently
R R of the measure since they are represented as multiplication
Now,  since RpoodW(¢))=exdi}(¢,-)]=exp(C(K ) operators as given by E¢.1). The Weyl observabl&V(\)
corresponding to (®)* in the Schrdinger picture has the

form
31t is worth pointing out that from the infinite possihlethere are . .
physically inequivalent representatiof], a clear indication that Rec{W(N))=¢'¢IT, (3.10
the Stone—von Neumann theorem does not generalize to field theo-
ries. Now, Eq.(3.9) tells us that the state., should be such that
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1 This is the desired measure. However, we still need to find
_ _ - 3
ex;{ 4Ld xfBf
algebra and Eq3.9). Let us denote b the Hilbert space

~ 1 o -1
wsch(W()\)):exr{—Z,U«()\,)\)} du=e [seB “De. (3.19
(3.11) the “multiplicative term” in the representation of the mo-
‘ mentum operato(3.2). For that, we will need the full Weyl
where we have used E.9) in the last step. On the other obtained by completing with respect to the fiducial inner
hand, the left hand side of E(B.9) is the vacuum expecta- product @,f):=/sgf [15]. We have to compute

tion value of theW(\) operator. That is, (R W(9,)))vac=(Wo.exple[fl-im{g)We), so let us
L note that we need to use the Baker-Campbell-Hausdorff re-
wseHW(N))= fEdI_L\IIO[RSCh(\AN()\)).\IIO] lation to separate the operators; i.e.,
. expli e[ f]-im[g]) =expli¢[f])exp( —im[g])
= |_due/sdxfe, 3.1 -~ -~
Joo (312 xexp(~ 3[i ¢l 11, ~i w{g)).
Let us now compare Eq$3.11) and(3.12), 317

Given that[¢[f],7#[g]]=isfgl (A=1), then substituting
' (3.13 Eq. (3.17 in Eq. (3.4) and using Eq(3.9) we have that

) 1
ﬁd,ue'fﬁds’““’:ex ——f d3xfBf
C 4)s

L . : i R

At this point, we take a briedetourin order to understand e(1’4)“I‘((9'f)'(9'f))=ex;{ - —f fg) (Vo,exgio[f])
the meaning of Eq(3.13. Since in the case of infinite- 2)s

dimensional vector spacag the Fourier transformof the

measurew is defined as xexp—im[g]) Vo), (3.18
B ~ (o) since exptil2fsfgl)Wo=exp(-i/2fsfg)¥, and exp
Xu(f)= Vd,ue , (—i/2fsfg) does not depend oa.

Now,

where f(¢) is an arbitrary continuous functi¢al) on V), it
turns out that under certain technical conditions, the Fourier

transform y characterizes completely the measire This  with
fact is particularly useful for us since it allows us to give a

exp—im[g])PTo=exp—iM+d) ¥y,  (3.19

precise definition of a Gaussian measure. Let us assume that —iM = J omg | W =—iMW
V is a Hilbert space an® a positive-definite, self-adjoint by '
operator or. Then a measurg is said to be Gaussian if its -
Fourier transform has the form d.-v= _f g—. (3.20
s O
1
~(f)=exp — z(f,0f),|, 3.1 ~ o~
Xul") p( 2< >V) (319 Given that] —iM ,d]- ¥ = —i[ [sg(6M/d¢)]¥, then using

) o the Baker-Campbell-Hausdorff relation, we can write the
where(-, )y is the Hermitian inner product oA We can, of  right-hand  side (RHS of Eg. (3.19 as

course, ask what the measyelooks like. The answer is exp((i/2)[sg(SM/ 5))exp(—iM)exp@)W,, sinceM is lin-

that, schematically, it has the form ear inp, and thereforeSM/S5¢ does not depend op. On
B 1 B the other hand, expf¥,=¥, (since ¥, is constant and
dMZGXP( —5(¢,0 <P>v) De, (319 exp(-iM)Wy,=exp(iM)¥,. Thus, Eq.(3.19 is

" . I o~ i M )
whereDg represents the fictitious “Lebesgue-like” measure exp(—m-r[g])\lfo:exp( _f g_) exp(—iM)W,.
on V. The expressiofi3.15 should be taken with a grain of 2)s™ o¢

salt since it is not completely well defindavhereas Eq. (3.21
(3.149 is]. It is nevertheless useful for understanding where

the denomination of Gaussian comes from. The termSUbStItUtIng this last expression in E@.18, we have that

: %(@,O_l(p>v is (flnlte and negative definite, and giveS to e*(1/4)#r((9vf)’(gvf)):e*(i/2)f2fge(i/2)f29(5'\’”5‘#’)
w its Gaussian character.
Thus, returning to our particular case, we note from Eqgs. [sfeaiM
(3.14) and(3.15 that Eq.(3.13 tells us that the measurk X gd'“e e 322

is Gaussian and that it corresponds heuristically to a measure
of the form Using Egs.(2.9) and(3.20, we have that Eq3.22) is
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e—(1/4)fz(fo+ng—ng—ng):e—(i/Z)szge—(1/2)fzgfng

< fidﬂeifz\(ffiﬁwg)qo.
C
(3.23

From the last relation in E¢2.10, and using the fact that
the integral onC is the Fourier transform withf—(f
—img) of the measuré3.16), we get

e~ (14)f5(fBI-gDg+2fAg) — o~ (i/2)f sTgg~ (1/2)/ sgmg
% e—(1/4)f§(f—irﬁg)B(f—irﬁg)_
(3.29
That is,
e (14)f5(fBI-gDg+2fAg) — o~ (i/2)f sTgg— (1/2)f sgmg g — (1/4)f 5B

x e(1/4)5(mg) (BMg) o(i/2)/ 5(mg) (Bf)
(3.25

where we have used the first relation in E8.10 to obtain
the last term. Since Eq3.25 has to be valid for alg andf
in K, then we have that

—Lng=iL(ﬁwg)(Bf)—isz9 (3.26

and

fngg= L(r@)(sr”ng)—ZLthg. (3.27

Using the first relation in Eq(2.10), Eq. (3.26) can be re-
written as

Lf(A+iBr‘n—i1)g=o. (3.29

In order to findm, we will assume thatBm—i1 is a linear
operator. Given tha is linear, therL :=A+iBm—i1is also
linear. Equation(3.28 should be valid for alf andg in K,
thenLg=0 for all g in K (i.e., the kernel of the operataris
all of K), thereforeL=0 and
m=B 1+iB!A. (3.29

Note thatm is (i) a linear operator froni to K& iK and (ii)
symmetric with respect to the inner product &, (f,g)
=[sfg, in the sense thatg(B~'g’)=(B !g,g’) and
(9,B"*Ag')=(B 'Ag,g’) for all g andg’ in K.

Equation(3.27) is simply a compatibility equation. If we
substitute Eq(3.29 on the RHS of Eq(3.27), we get(using
the fact thatm is symmetri¢
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fg(B—1+iB—1A)(1+iA)g—2f g(B~+iB A)g
3 3

=—J g(B‘1+B‘1A2)g=J gDg, (3.30
3 3

where the last equation follows from the first relation in Eq.
(2.8), which implies thatD+B~*A?=—B~! and therefore
B™'+B 'A’=-D.

Substituting Eq(3.29 in Eq. (3.20, we getM. Thus, the
representation of the operatefg], for the general case of
arbitrary complex structur€.7), is given by

R ) o .
m[g]-V[e]=—i L(gg— @(B_1+IB_1A)9)‘I’[<P],
(3.3)

which can be rewritten in terms of the opera@rbecause
from the third relation in Eq(2.9) it follows that B~ A=
—CB™! and consequently

. _ 5 .
9] Wle]=—i L<95—¢—QD(B_l—ICB_l)g)‘P[sD]-
(3.32

To summarize, we have used the vacuum expectation
value condition(3.9) in order to construct the desired Schro
dinger representation, namely, a unitarily equivalent repre-
sentation of the CCR on the Hilbert space defined by func-
tionals of initial conditions. We have provided the most
general expression for the quantum Sclinger theory, for
arbitrary embedding oF into M. We saw that the only
possible representation was in terms of a probability mea-
sure, thus ruling out the naive “homogeneous measure.”
This conclusion made us realize that both the choice of mea-
sure and the representation of the momentum operator were
intertwined; the information about the complex structdre
that led to the “one-particle Hilbert space” had to be en-
coded in both of them. We have shown that the most natural
way to use this information as conditions on the Sdimger
representation was through the conditig8.9 on the
vacuum expectation values of the basic operators. This is the
nontrivial input in the construction.

Before ending this section, several remarks are in order.

(i) Quantum configuration space. In the introduction of
Sec. Il we made the distinction between the classical con-
figuration spacé of initial configurationse(x) of compact

support and the quantum configuration spéceso far we

have not specified. In the case of Minkowski spacetime
and flat embeddings, whekeis a Euclidean space, the quan-
tum configuration space is the spa@e of tempered distri-
butions onX.. However, in order to define this space one uses
the linear and Euclidean structure dfand it is not trivial to
generalize it to general curved manifolds. These subtleties
are outside the scope of this paper.

(ii) Gaussian nature of the measure. Note that the form of
the measure given by E3.13 is always Gaussian. This is
guaranteed by the fact that the operdds positive definite
in the ordinaryL? norm on3, whose proof is given ifil5].
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However, the particular realization of the operaBowill be  guity was recently noted ifL9]. This means that there might
different for different embedding$; of 3 [cf. Eq. (2.1D)]. not be a unitary operatdthat is, the evolution operator if
Thus, for a givenJ, the explicit form of the Schidinger oneZX, is to the future of the other surfadg;) that relates
representation depends, of course, on the choice of embeleth Schrdinger descriptions. This apparently general fea-
ding. ture of QFT on curved spacetimes has been recently con-
(iii) Hermiticity. In order to have a consistent quantiza-firmed in the quantum evolution of Gowdy? cosmological
tion, one has to ensure that the operators associated to theodels where the quantum description is reduced to a scalar
basic (rea) observables satisfy the “reality conditions,” field on a fixed expanding backgroufd,20].
which in this case means that they should be represented by We have used the algebraic formulation of quantum field
Hermitian operators. It is straightforward to show that thetheory to make precise the sense in which the Stihger
operator given by Eq(3.32 is indeed Hermitian. representation can be unambiguously defined. In particular,
(iv) Flat embedding in Minkowski spacetime. Let us now the way in which the Fock representation is “Gaussian” in
consider the most common and simple case, where the conthe functional language has been discussed in detail. We
plex structure is chosen to yield the standard positivehave noted that without some external input in the construc-
negative frequency decomposition. This choice is associatetibn, such as the choice of a complex structure on the space
to a constant vector fieltf. Furthermorey. is chosen to be of initial conditions, there is na priori canonical way of
the (unique normal tot?, namely the inertial frame in which finding a representation of the CCR; the reality-Hermiticity
the vector field? is “at rest.” Thus, the complex structuk  conditions are not enough to select the relevant representa-
is given byJ(¢,7)=(—(—A+m?) Y27 (- A+m?)¥2p),  tion and inner product. The exact implications of this result
which means thaA=C=0, B=(—A+m?) Y2 andD=  for full canonical quantum gravity are, in our opinion, still
—(—A+m?)Y2 The quantum measure is thedu  open. There are at least two aspects to this question. The first
=g Je-8+m)¥on . Thus, we recover immediately the One has to do with the choice of the “physically relevant”

Gaussian measure, existing in the literatiir, 17, that cor-  inner product in full quantum gravity, namely when the

responds to the usual Fock representation. As should p&eory does not reduce to a model field theory. The second

clear, this represents a very particular cadéinkowski aspgc_t has to do with unitary evolutlorj in general_. In particu-

spacetime and flat embeddings the general formulas pre- lar, it is not clear whether a lack of unitary evolution and the

sented in this sectiorivalid for each globally hyperbolic €Xistence of the Schdinger representation is a serious

spacetime and arbitrary embeddings enough obstacle to render the theory useless. This possibility
It is illuminating to further compare the resulting Schro Nas been analyzed previously by several autfidts7,2q.

dinger representation with its Fock counterpart. This is done Ve hope that the material presented here will be of some
in [18]. help in setting the language for the task of understanding the

fine issues of finding the “right” representation for, say, mid-
isuperspace models in quantum graib~7], and quantum
gravity at large. In particular, these issues on nonunitarily
In this paper, we have constructed the Sdimger repre- related measures have emerged in the low-energy limit of
sentation for a scalar field on an arbitrary, globally hyper-semiclassical loop quantum gravity and its relation to Fock
bolic spacetime. We have particularly emphasized the classstructures[22]. It is important to understand these results
cal objects that need to be specified in order to have theseom the broader perspective of curved spacetig®s.
representations. It is known that in the case of the Fock rep-
resentation, formulated more naturally in a covariant setting,
the only relevant construct is the complex structdréor
alternatively, as Wald chooses to emphasize, the mgfyic We would like to thank R. Jackiw for drawing our atten-
the infinite freedom in the choice of this object being pre-tion to Refs.[3,4] and J.M. Velhinho for correspondence.
cisely the ambiguity in the choice of quantum representatiorA.C. would like to acknowledge the hospitality of the Perim-
for the Fock Hilbert space. In the case of the functional rep-eter Institute for Theoretical Physics, where part of this work
resentation, we have, in additiondpa second classical con- was completed. This work was in part supported by DGAPA-
struct, namely the choice of embedding®afEven when one  UNAM Grant No. IN112401, by CONACyT grants
has a unique well-defined theory in the Fock language, thd32754-E and by NSF Grant No. PHY-0010061. J.C. was
induced descriptions on two different embeddifigsandT, supported by the UNAMDGEP-CONACyT Graduate pro-
of 2 might not be(unitarily) equivalent. This second ambi- gram.

IV. DISCUSSION

ACKNOWLEDGMENTS

[1] See, for example, M. KakuQuantum Field TheoryfOxford Field Theory(McGraw-Hill, New York, 1977.
University Press, Oxford, 1992J. D. Bjorken and S. D. Drell, [2] R. M. Wald, Quantum Field Theory in Curved Spacetime and
Relativistic Quantum Field&McGraw-Hill, New York, 1964; Black Hole Thermodynamig€hicago University Press, Chi-
F. Mandl and G. ShawQuantum Field TheoryJohn Wiley & cago, 1994

Sons, New York, 1984 C. Itzykson and J. B. ZubeQuantum [3] R. Jackiw, inField Theory and Particle Physicedited by O.

085025-8



SCHRDINGER REPRESENTATION FOR A SCALR . . . PHYSICAL REVIEW D 66, 085025 (2002

Eboli et al. (World Scientific, Singapore, 1990R. Jackiw, Press, Princeton, NJ, 1902
MIT-CTP-1514, Given at the Conference on Mathematical[13] J. M. Velhinho, Ph.D. thesis, 2000.
Quantum Field Theory, Montreal, Canada, 1987; So-Young Pi[14] A. Ashtekar, Diffeomorphism-Invariant Quantum Theory and

in Field Theory and Particle Physicedited by O. Ebolet al. Quantum Gravity, 1995.
(World Scientific, Singapore, 1990 [15] A. Ashtekar and A. Magnon, Proc. R. Soc. Lond&846, 375

[4] 3. M. Cornwall, R. Jackiw, and E. Tomboulis, Phys. Revl® (1975.

2428 (1974; R. Floreanini and R. Jackiwipid. 37, 2206  [16] Y. YamasakiMeasures on Infinite Dimensional Spac®¢orld
(1988; M. Luscher, Nucl. PhysB254, 52 (1985. Scientific, Singapore, 1985

[5] K. Kuchar, Phys. Rev. D4, 955 (1971); A. Ashtekar and M.  [17] R. Haag,Local Quantum Physics, Fields, Particles, Algebras
Pierri, J. Math. Phys37, 6250(1996); A. Ashtekar, Phys. Rev. (Springer-Verlag, Berlin, 1992R. F. Streater and A. S. Wight-
Lett. 77, 4864(1996; M. E. Angulo and G. A. Mena Marugan, man,PCT, Spin Statistics, and All Th&V.A. Benjamin, New
Int. J. Mod. Phys. D9, 669 (2000. York, 1964.

[6] G. A. Mena Marugan, Phys. Rev. BB, 908(1997); M. Pierri, [18] A. Corichi, J. Cortez, and H. Quevedo, “On the relation be-
Int. J. Mod. Phys. 01, 135(2002; “Hamiltonian and volume tween Fock and Schdinger representations for a scalar field,”
operators,” gr-qc/0201013. hep-th/0202070.

[7] A. Corichi, J. Cortez, and H. Quevedo, “On unitary time evo- [19] C. G. Torre and M. Varadarajan, Class. Quantum Gid#y.
lution in Gowdy T2 cosmologies,” gr-qc/0204053. 2651(1999.

[8] A. Ashtekar and R. S. Tate, J. Math. Ph@§, 6434 (1994). [20] C. G. Torre, Phys. Rev. o be publishey gr-qc/0206083.

[9] D. Marolf, “Refined algebraic quantization: Systems with a [21] P. Hajicek, Class. Quantum Gra\3, 1353(1996); P. Hajicek,
single constraint,” gr-qc/9508015; D. Giulini and D. Marolf, “Unitarity and Time Functions in Quantum Gravity,” BUTP-
Class. Quantum Grai6, 2479(1999. 89/3-BERN, invited talk given at 3rd Regional Conference on

[10] D. V. Long and G. M. Shore, Nucl. PhyB530, 247 (1998 Mathematical Physics, Islamabad, Pakistan, 1989.
B530, 279(1998. [22] M. Varadarajan, Phys. Rev. B6, 024017(2002; 64, 104003
[11] J. Glimm and A. JaffeQuantum Physics, a Functional Inte- (200D; A. Ashtekar and J. Lewandowski, Class. Quantum
gral Point of View(Springer-Verlag, Berlin, 1987 Grav. 18, L117 (2002); T. Thiemann, “Complexifier coherent
[12] J. Baez, I. Segal, and Z. ZhoAn Introduction to Algebraic states for quantum general relativity,” gr-qc/0206037.

and Constructive Quantum Field ThegRrinceton University  [23] A. Corichi, J. Cortez, and H. Quevedwork in progress

085025-9



