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Schrödinger representation for a scalar field on curved spacetime
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It is generally known that linear~free! field theories are one of the few quantum field theories that are exactly
soluble. In the Schro¨dinger functional description of a scalar field on flat Minkowski spacetime and for flat
embeddings, it is known that the usual Fock representation is described by a Gaussian measure. In this paper,
arbitrary globally hyperbolic spacetimes and embeddings of the Cauchy surface are considered. The classical
structures relevant for quantization are used for constructing the Schro¨dinger representation in the general case.
It is shown that, in this case, the measure is also Gaussian. Possible implications for the program of canonical
quantization of midisuperspace models are pointed out.

DOI: 10.1103/PhysRevD.66.085025 PACS number~s!: 03.70.1k, 04.62.1v
bl
th

ri
op
lla
re

a
is
th
b

tu
ua
an

al
y

re
s

ta

d
o

to
in
im
o

-
l

en

in
er-
rdi-

he
-
c-

rit-

o-

st
an-
m-

d
this
.
the
r

ach

n

ow

ge-
repre-
i-
e

of
I. INTRODUCTION

The quantum theory of a free real scalar field is proba
the simplest field theory system. Indeed, it is studied in
first chapters of most field theory textbooks@1#. The lan-
guage used for these treatments normally involves Fou
decomposition of the field and creation and annihilation
erators associated with an infinite chain of harmonic osci
tors. Canonical quantization is normally performed by rep
senting these operators on Fock space and implementing
Hamiltonian operator. However, from the perspective of ‘‘c
nonical quantization,’’ where one starts from a classical Po
son algebra and performs a quantization of the system,
procedure is not always transparent. These issues have
addressed by Wald who, motivated by the study of quan
fields on curved spacetimes, deals with the process of q
tization, starting from a classical algebra of observables
constructing representations of them on Hilbert spaces@2#.
Furthermore, Wald develops the quantum theory of a sc
field and extends the formalism to an arbitrary globally h
perbolic curved manifold. His construction is, however,
stricted to finding a representation on Fock space, or, a
normally known, theFock representation.

On the other hand, the usual presentation of elemen
quantum mechanics pays a lot of attention to the Schro¨dinger
representation, where quantum states are represente
functions on configuration space. Thus, the construction
the functional Schro¨dinger representation for fields seems
be a natural step in this direction. It is therefore unsettl
that a complete and detailed treatment for curved spacet
does not seem to be available in the literature. The purp
of this paper is to fill this gap. The Schro¨dinger representa
tion for fields on Minkowski spacetime, where an inertia
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slicing of the spacetime is normally introduced, has be
previously studied~for reviews, see@3#!. This functional
viewpoint, though popular in the past, is not widely used,
particular since it is not the most convenient one for p
forming calculations of physical scattering processes in o
nary quantum field theory.1

However, from the conceptual viewpoint, the study of t
Schrödinger representation in field theory is extremely im
portant and has not been, from our viewpoint, widely a
knowledged~however, see@4#!. This is especially true since
some symmetry-reduced gravitational system can be rew
ten as the theory of a scalar field on afiducial, flat, back-
ground manifold. In particular, of recent interest are the p
larized Einstein-Rosen waves@5# and Gowdy cosmologies
@6,7#. The Schro¨dinger picture is then, in a sense, the mo
natural representation from the viewpoint of canonical qu
tum gravity, where one starts from the outset with a deco
position of spacetime into a spatial manifoldS ‘‘evolving in
time.’’ Therefore, it is extremely important to have a goo
understanding of the mathematical constructs behind
representation and its relation to the Fock representation

In this regard, there seems to be apparent tension in
construction of the Schro¨dinger representation for a scala
field. On the one hand, if one follows a systematic appro
to quantization, as outlined, for instance, in@8,9#, one can,
without difficulties, arrive at the ‘‘ordinary’’ representatio
of the elementary quantum operators@3,4,10#, where the
quantum measure is ‘‘homogeneous.’’ However, we kn
from the more rigorous treatments of the subject@11–13#
that a consistent quantization should involve a nonhomo
neous, Gaussian measure, and therefore a nonstandard
sentation of the~momentum! operators. This seems to ind
cate that one needs additional ‘‘dynamical’’ input within th
algebraic quantization procedure@8,9#.

1However, it has been successfully used for proving a variety
results that do not need dynamical information@4#.
©2002 The American Physical Society25-1
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The purpose of this paper is to systematically constr
the functional quantum theory and extend the rigorous
malism of @11,12# to arbitrary embeddings of the Cauch
surface and to arbitrary curved spacetimes, in the spiri
@2#. The emphasis we shall place regarding the relev
structures will allow us to achieve this goal. The generali
tion that we will construct in this paper will be at two level
To be specific, we first deal with the existing ambiguity
the quantization of a scalar field, already recognized in
Fock quantization@2#. Furthermore, the infinite freedom i
the choice of embedding of the Cauchy surface is con
ered. We find that the measure is always Gaussian in
appropriate sense and that it can be written in a simple w
Even when straightforward, these results have not, to the
of our knowledge, appeared elsewhere. As an offspring, t
provide the required language for the systematic treatmen
symmetry-reduced models within canonical quantum gra
@5–7#, and provide an elegant solution to the apparent t
sion mentioned above.

The structure of the paper is as follows. In Sec. II, w
recall basic notions from the classical formulation of a sca
field. A discussion of the Schro¨dinger representation an
construction of the functional description, unitarily equiv
lent to a given Fock representation, is the subject of Sec.
This is the main section of the paper. We end with a disc
sion in Sec. IV.

In order to make this work accessible not only to spec
ized researchers in theoretical physics, we have intention
avoided going into detail regarding functional analytic issu
and other mathematically sophisticated constructions.
stead, we refer to the specialized literature and use th
results in a less sophisticated way, emphasizing at each
their physical significance. This allows us to present our
sults in a self-contained fashion.

II. CLASSICAL PRELIMINARIES

In this section, we recall the classical theory of a re
linear Klein-Gordon fieldf with massm propagating on a
four-dimensional, globally hyperbolic spacetime (4M ,gab).
As is well known, global hyperbolicity implies that4M has
topologyR3S, and can be foliated by a one-parameter fa
ily of smooth Cauchy surfaces diffeomorphic toS. Hence,
we can perform a 311 decomposition of the spacetime of th
form R3S and consider arbitrary embeddings of the surfa
S into 4M .

This section has two parts. In the first one, we recall
canonical treatment of the scalar field, together with the
servables that are relevant for quantization. In the sec
part, we introduce a classical construct that is needed
quantization, namely a complex structure on phase spac

A. Canonical phase space and observables

The phase space of the theory can be alternatively
scribed by the spaceG of Cauchy data~in the canonical
approach!, that is, $(w,p)uw:S→R,p:S→R;w,p
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PC0
`(S)%,2 or by the spaceV of smooth solutions to the

Klein-Gordon equation which arises from initial data onG
~in the covariant formalism! @2#. Note that, for each embed
ding Tt :S→4M , there exists an isomorphismIt betweenG
andV. The key observation is that there is a one-to-one c
respondence between a pair of initial data of compact s
port on S, and solutions to the Klein-Gordon equation o
4M . That is to say, given an embeddingTt0

of S as a

Cauchy surfaceTt0
(S) in 4M , the ~natural! isomorphism

It0
:G→V is obtained by taking a point inG and evolving

from the Cauchy surfaceTt0
(S) to get a solution of

(gab¹a¹b2m2)f50. That is, the specification of a point i
G is the appropriate initial data for determining a solution
the equation of motion. The inverse map,It0

21:V→G, takes

a point fPV and finds the Cauchy data induced onS by
virtue of the embedding Tt0

: w5Tt0
* f and p

5Tt0
* (Ah£nf), where £n is the Lie derivative along the nor

mal to the Cauchy surfaceTt0
(S) andh is the determinant of

the induced metric on such a surface. Note that the ph
spaceG is of the formT* C, where the classical configuratio
spaceC is comprised of the set of smooth real functions
compact support onS.

Since the phase spaceG is a linear space, there is a pa
ticular simple choice for the set of fundamental observab
We can take a global chart onG and we can choose the set
fundamental observables to be the vector space generate
linear functions onG. More precisely, classical observable
for the spaceG can be constructed directly by giving smea
ing functions onS. We can define linear functions onG as
follows: given a vectorYa in G of the form Ya5(w,p)a

~note that due to the linear nature ofG, Ya also represents a
vector inTG) and a pairla5(2 f ,2g)a , wheref is a scalar
density andg a scalar, we define the action ofl on Y as

Fl~Y!52laYa
ªE

S
~ f w1gp!d3x. ~2.1!

Now, since in the phase spaceG the symplectic structureV
takes the following form, when acting on vectors (w1 ,p1)
and (w2 ,p2),

V~@w1 ,p1#,@w2 ,p2# !5E
S
~p1w22p2w1!d3x, ~2.2!

then we can write the linear function~2.1! in the form
Fl(Y)5VablaYb5V(l,Y), if we identify lb5Vbala
5(2g, f )b. That is, the smearing functionsf andg that ap-
pear in the definition of the observablesF and are therefore
naturally viewed as a one-form on phase space can als

2The class of functions comprised by Schwartz space is m
commonly chosen for quantum field theory in Minkowski spac
time. However, the notion of Schwartz space is not extendible
any obvious way to more general manifolds@2,14#. Hence, we shall
defineG to consist of initial data which are smooth and of compa
support onS.
5-2
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seen as the vector (2g, f )b. Note that the role of the smea
ing functions is interchanged in the passing from a one-fo
to a vector. Of particular importance for what follows is
considerconfigurationandmomentumobservables. They ar
particular cases of the observablesF depending on specific
choices for the labell. Let us consider the ‘‘label vector’
la5(0,f )a, which would be normally regarded as a vect
in the ‘‘momentum’’ direction. However, when we consid
the linear observable that this vector generates, we get

w@ f #ªE
S
d3x fw. ~2.3!

Similarly, given the vector (2g,0)a we can construct

p@g#ªE
S
d3xgp. ~2.4!

Note that any pair of test fields (2g, f )aPG defines a
linear observable, but they are ‘‘mixed.’’ More precisely,
scalarg in S, that is, a pair (2g,0)PG gives rise to amo-
mentumobservablep@g# and, conversely, a scalar densityf,
which gives rise to a vector (0,f )PG, defines aconfigura-
tion observablew@ f #. In order to avoid possible confusion
we shall make the distinction betweenlabel vectors
(2g, f )a andcoordinate vectors(w,p)a.

It is important to emphasize that the symplectic struct
provides the space of classical observables with an algeb
structure via the Poisson brackets~PB!. If we are now given
another labeln, such thatGn(Y)5naYa, we can compute
the Poisson brackets

$Fl ,Gn%5Vab¹aFl~Y!¹bGn~Y!5Vablanb . ~2.5!

Since the two-form is nondegenerate, we can rewrite it
$Fl ,Gn%52Vablanb. Thus,

$V~l,Y!, V~n,Y!%52V~l,n!. ~2.6!

B. Complex structure

Now, in order to provide the canonical approach with t
mathematical structure that encodes the inherent ambig
in QFT, and exactly in the same sense as it is done for
Fock quantization, we have to introduce at the classical le
a complex structure on the canonical phase spaceG, com-
patible with the symplectic structure~2.2!. Recall that in the
Fock picture, which is naturally constructed from the cov
riant phase spaceV, the complex structure is compatible wit
the symplectic form defined on that space~a complex struc-
ture is a linear mapping such thatJ2521). Now, for the
canonical phase space, given an embeddingTt0

:S→4M and
a complex structure onV, there is one complex structure o
G induced by virtue of the symplectic mapIt0

. On the sym-

plectic vector space (G,V) with coordinates (w,p), the most
general form of the complex structureJ is given by

2JG~w,p!5~Aw1Bp, Cp1Dw!, ~2.7!

whereA, B, C, andD are linear operators satisfying the fo
lowing relations@15#:
08502
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A21BD521, C21DB521,

AB1BC50, DA1CD50. ~2.8!

The inner productmG(•,•)5V(•,2JG•) in terms of these
operators is explicitly given by

mG„~w1 ,p1!,~w2 ,p2!…5E
S
d3x~p1Bp21p1Aw22w1Dw2

2w1Cp2!, ~2.9!

for all pairs (w1 ,p1) and (w2 ,p2). As mG is symmetric, then
the linear operators should also satisfy@15#

E
S

f B f85E
S

f 8B f , E
S
gDg85E

S
g8Dg,

E
S

f Ag52E
S
gC f, ~2.10!

whereg,g8PC0
`(S) are scalars andf , f 8PC0

`(S) are scalar
densities of weight 1.

As mentioned before, given an embeddingTt0
of S there

is a one-to-one correspondence between complex struc
on V andG. That is, if we have a particular isomorphismIt0

,

the complex structure induced onG by JV , a particular com-
plex structure on the covariant phase space, is given byJG

5It0
21JVIt0

. This relation and the general form~2.7! implies

that

Aw1Bp52Tt0
* @JVf#,

Cp1Dw52Tt0
* @Ah£n~JVf!#, ~2.11!

where f5It0
(w,p) @i.e., f is the solution to the Klein-

Gordon equation which arises from the Cauchy data p
(w,p)]. Thus, the particular realization of the operatorsA, B,
C, andD will be different for different embeddingsTt of S.

III. SCHRÖ DINGER REPRESENTATION

In this section, we turn our attention to the Schro¨dinger
representation. In contrast with the Fock case, which is m
naturally stated and constructed in a covariant framew
@2#, this construct relies heavily on a Cauchy surfaceS,
since its most naive interpretation is in terms of a ‘‘wa
functional at timet.’’

Let us begin by looking at the classical observables t
are to be quantized, and in terms of which the canon
commutation relations~CCR! are expressed. Since the vect
space of elementary classical variables isS
5Span$1,w@ f #,p@g#% and there is an abstract operatorF̂ in
the free associative algebra generated byS associated with
each elementF in S, then we have that the basic quantu
operators areŵ@ f # and p̂@g#. The canonical commutation
relations arise by imposing the Dirac quantization condit
on the basic quantum operators, thus from Eqs.~2.3!, ~2.4!,
and ~2.6!, the CCR read†ŵ@ f #,p̂@g#‡5 i\*d3x f gÎ ~for a
5-3
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general discussion and details about the setS and the steps
for passage to quantum theory in the canonical framew
see@8#!.

Now, the Schro¨dinger representation, at least in an intu
tive level, is to consider ‘‘wave functions’’ as function~al!s of
w. More precisely, the Schro¨dinger picture consists in repre
senting the abstract operatorsŵ@ f # andp̂@g# as operators in
HsªL2( C̄,dm), where a state would be represented by
function~al! C@w#: C̄→C, with the appropriate ‘‘reality con-
ditions,’’ which in our case means that these operators sho
be Hermitian.

As a first trial, inspired and tempted by the names ‘‘co
figuration’’ and ‘‘momentum,’’ one can try to represent th
corresponding operators as is done in ordinary quantum
chanics, namely, by multiplication and derivation, resp
tively. However, one must be careful since, in contrast
ordinary quantum mechanics, the configuration space of
theory is now infinite dimensional and Lebesgue-type m
sures are no longer available.~The theory of measures o
infinite-dimensional vector spaces has some subtle
among which is the fact that well-defined measures sho
be probability measures@14,16#. A uniform measure would
not have such a property.! As a consequence of the intima
relation between measure and operator representation, a
order to reflect the nonexistence of a homogeneous mea
in a consistent way, we have to modify a bit the simpl
extension~suggested by ordinary quantum mechanics! and
represent the basic operators, when acting on functio
C@w#, as follows:

~ ŵ@ f #•C!@w#ªw@ f #C@w# ~3.1!

and

~p̂@g#•C!@w#ª2 i\E
S
d3xg~x!

dC

dw~x!

1multiplicative term, ~3.2!

where the second term in Eq.~3.2!, depending only on con
figuration variable, is precisely there to render the opera
self-adjoint when the measure is different from the ‘‘hom
geneous’’ measure, and depends on the details of the m
sure. The first thing to note is that the representation is
fixed ‘‘canonically.’’ That is, we need to know the measure
order to represent the momentum observable. This is in s
contrast with the strategy followed in the algebraic meth
@8#, where one first represents the operators and later lo
for a measure that renders the operators Hermitian. It se
that, even for the simplest field theory system, one need
modify the strategy slightly.

Observe that we have already encountered two new ac
in the play. The first is thequantum configuration spaceC̄,
and the second one is the measurem thereon. Thus, one wil
need to specify these objects in the construction of
theory. To do this, we will carry out a two-step process. F
we need to find the measuredm on the quantum configura
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tion space in order to get the Hilbert spaceHs, and second
we need to find the multiplicative term of the basic opera
~3.2!.

The strategy that seems natural to determine the mea
and the multiplicative term is to suppose that we posses
Fock representation~it does not matter which particular one
since the results will be general enough!. This representation
must have a unitarily equivalent counterpart in the Sch¨-
dinger picture, and therefore fixes the measure and the m
tiplicative operator in the functional framework. That i
given a Fock representation, we want to find the Schro¨dinger
representation that is equivalent to that one. In the remain
of this section, we will dedicate Sec. III A to formulating th
equivalence in a precise way and Sec. III B to completing
Schrödinger representation.

A. Quantum algebra and states

We shall start by assuming the existence of a consis
Fock representation of the CCR. The question we wan
address now is how to formulate equivalence between
two different representations for the theory. The most natu
way to define this notion is through the algebraic formulati
of QFT ~see @17,12#, and @2# for introductions!. The main
idea is to formulate the quantum theory in such a way t
the observables become the relevant objects and the qua
states are ‘‘secondary.’’ Now, the states are taken to ‘‘act’’
operators to produce numbers. For concreteness, let us r
the basic constructions needed.

The main ingredients in the algebraic formulation are tw
namely ~i! a C* algebraA of observables, and~ii ! states
v:A→C, which are positive linear functionals@v(A* A)
>0 ; APA# such thatv(1)51. The value of the statev
acting on the observableA can be interpreted as the expe
tation value of the operatorA on the statev, i.e., ^A&
5v(A).

For the case of a linear theory, the algebra one consid
is the so-calledWeyl algebra. Each generatorW(l) of the
Weyl algebra is the ‘‘exponentiated’’ version of the line
observables~2.1!, labeled by a phase-space vectorla. These
generators satisfy the Weyl relations,

W~l!* 5W~2l!,

W~l1!W~l2!5e( i /2)V(l1 ,l2)W~l11l2!. ~3.3!

The CCR@V̂(l,•),V̂(n,•)#52 i\V(l,n) Î now get re-
placed by the quantum Weyl relations where now the ope
tors Ŵ(l) belong to the~abstract! algebraA. Quantization
in the old sense means a representation of the Weyl relat
on a Hilbert space. The relation between these concepts
the algebraic construct is given through the Gelfand, N
mark, Segal~GNS! construction that can be stated as t
following theorem@2#.

Let A be aC* -algebra with unit and letv:A→C be a
state. Then there exists a Hilbert spaceH, a representation
p:A→L(H) and a vectoruC0&PH such that

v~A!5^C0 ,p~A!C0&H . ~3.4!
5-4
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Furthermore, the vectoruC0& is cyclic. The triplet
(H,p,uC0&) with these properties is unique~up to unitary
equivalence!.

One key aspect of this theorem is that one may have
ferent, but unitarily equivalent, representations of the W
algebra, which will yieldequivalentquantum theories. This
is the precise sense in which the Fock and Schro¨dinger rep-
resentations are related to each other. Let us be more spe
We know exactly how to construct a Fock representat
from the symplectic vector space (V,VV) endowed with a
complex structureJ @2#. The infinite-dimensional freedom in
the choice of representation of the CCR relies on the cho
of admissibleJ, which gives rise to the one-particle Hilbe
space3 H0. Thereafter, the construction is completely natu
and there are no further choices to be made: We t
the Hilbert space of the QFT to beFs(H0). The fundamen-
tal observablesV̂(f,•) on Fs(H0) are then defined by
V̂(f,•)5 iA(Kf)2 iC(Kf), where C and A are, respec-
tively, the creation and annihilation operators, andK is the
restriction to V of the orthogonal projection mapK̃:Vm

C

→H0 in the inner product m(f1,f2)52 iV(f1,f2).
Hence, if we suppose that we have a complex structure oV
~i.e., a Fock representation!, we can now compute the expe
tation value of the Weyl operators on the Fock vacuum a
thus obtain a positive linear functionalvFock on the algebra
A. Now, the Schro¨dinger representation that will be equiv
lent to the Fock construction will be the one that the GN
construction provides for thesamealgebraic statevFock. Our
job now is to complete the Schro¨dinger construction such
that the expectation values of the corresponding Weyl op
tors coincide with those of the Fock representation.

The first step in this construction consists in writing t
expectation value of the Weyl operators in the Fock rep
sentation in terms of the complex structureJ. By hypothesis,
we have a triplet„Fs(H0),RFock,VFs(H0)…, where~i! Fs(H0)
is the symmetric Fock space specified by some comp
structure,~ii ! RFock is a map from the Weyl algebra to th
collection of all bounded linear maps onFs(H0)@RFock sends
the Weyl generatorŴ(f), labeled byf, to the operator
exp@iV̂(f,•)#PL„Fs(H0)…, and is extendable to the whol
algebra by linearity and continuity#, and ~iii ! VFs(H0) is the
vacuum state of the theory. Thus, by virtue of the GNS c
struction, the value of the statevFock acting on the Weyl
generatorsŴ(f) is interpreted as the expectation value
the corresponding operatorsRFock„Ŵ(f)… on the vacuum
stateVF @from now on we replaceFs(H0) by F],

vFock„Ŵ~f!…5^VF ,RFock„Ŵ~f!…VF&F . ~3.5!

Now, since RFock„Ŵ(f)…5exp@iV̂(f,•)#5exp„C(Kf)

3It is worth pointing out that from the infinite possibleJ there are
physically inequivalent representations@2#, a clear indication that
the Stone–von Neumann theorem does not generalize to field t
ries.
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2A(Kf)…, we can rewrite, by using the Baker-Campbe
Hausdorff relation, the corresponding operator to the W
generator as follows:

RFock„Ŵ~f!…5exp„C~Kf!…exp„2A~Kf!…

3exp„2 1
2 @A~Kf!,C~Kf!#…. ~3.6!

But the commutator @A(Kf), C(Kf)# is equal to
(Kf)A(Kf)AÎ. Thus, since

~Kf1!A~Kf2!A5~Kf1 ,Kf2!H0

5
1

2
m~f1 ,f2!2

i

2
V~f1 ,f2!, ~3.7!

then (Kf)A(Kf)A5 1
2 m(f,f). Therefore, the vacuum ex

pectation value ofRFock„Ŵ(f)… is given by

^RFock„Ŵ~f!…&vac5^VF ,exp„C~Kf!…

3exp„2A~Kf!…VF&F

3exp„2 1
4 m~f,f!…. ~3.8!

Because ^VF ,C&F50 for all CPF such that C
5(0,fA1,f (A1A2), . . . ,f (A1•••An), . . . ), then ^VF ,
exp„C(Kf)…exp„2A(Kf)…VF&F5^VF ,VF&F . Hence, if
the vacuum state is normalized, substituti

^RFock„Ŵ(f)…&vac in Eq. ~3.5! we obtain that the value of the
statevFock acting on the Weyl generatorsŴ(l) is given by
the following expression:

vFock„Ŵ~l!…5e2(1/4)m(l,l), ~3.9!

where, thanks to the symplectic mapIt , we were able to put
l as a label vector for both covariant and canonical
proaches. Note that the GNS construction is precisely
technology that allows us to invert the process. That is, fr
the point of view of the algebraic approach, the choice o
complex structureJ defines the Fock representation via t
GNS construction based upon a statevFock, which is defined
on the basic generators of the Weyl algebra by Eq.~3.9!.

B. Functional representation

The next step is to complete the Schro¨dinger representa
tion. That is, find the measuredm and the multiplicative term
in Eq. ~3.2! that corresponds to the given Fock represen
tion.

In order to specify the measuredm that defines the Hilbert
space, it suffices to consider configuration observables. N
we know how to represent these observablesindependently
of the measure since they are represented as multiplica
operators as given by Eq.~3.1!. The Weyl observableŴ(l)
corresponding to (0,f )a in the Schro¨dinger picture has the
form

Rsch„Ŵ~l!…5ei ŵ[ f ] . ~3.10!

Now, Eq.~3.9! tells us that the statevsch should be such tha
o-
5-5
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vsch„Ŵ~l!…5expF2
1

4
m~l,l!G

5expF2
1

4ES
d3x f B fG , ~3.11!

where we have used Eq.~2.9! in the last step. On the othe
hand, the left hand side of Eq.~3.9! is the vacuum expecta
tion value of theŴ(l) operator. That is,

vsch„Ŵ~l!…5E
C̄
dmC0@Rsch„Ŵ~l!…•C0#

5E
C̄
dmei *Sd3x fw. ~3.12!

Let us now compare Eqs.~3.11! and ~3.12!,

E
C̄
dmei *Sd3x fw5expF2

1

4ES
d3x f B fG . ~3.13!

At this point, we take a briefdetourin order to understand
the meaning of Eq.~3.13!. Since in the case of infinite
dimensional vector spacesV, the Fourier transformof the
measurem̃ is defined as

xm̃~ f !ªE
V
dm̃ei f (w),

where f (w) is an arbitrary continuous function~al! on V, it
turns out that under certain technical conditions, the Fou
transformx characterizes completely the measurem̃. This
fact is particularly useful for us since it allows us to give
precise definition of a Gaussian measure. Let us assume
V is a Hilbert space andO a positive-definite, self-adjoin
operator onV. Then a measurem̃ is said to be Gaussian if it
Fourier transform has the form

xm̃~ f !5expS 2
1

2
^ f ,O f&VD , ~3.14!

where^•,•&V is the Hermitian inner product onV. We can, of
course, ask what the measurem̃ looks like. The answer is
that, schematically, it has the form

dm̃5expS 2
1

2
^w,O21w&VDDw, ~3.15!

whereDw represents the fictitious ‘‘Lebesgue-like’’ measu
on V. The expression~3.15! should be taken with a grain o
salt since it is not completely well defined@whereas Eq.
~3.14! is#. It is nevertheless useful for understanding whe
the denomination of Gaussian comes from. The te
2 1

2 ^w,O21w&V is ~finite and! negative definite, and gives t
m̃ its Gaussian character.

Thus, returning to our particular case, we note from E
~3.14! and~3.15! that Eq.~3.13! tells us that the measuredm
is Gaussian and that it corresponds heuristically to a mea
of the form
08502
r
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dm5e2*SwB21wDw. ~3.16!

This is the desired measure. However, we still need to fi
the ‘‘multiplicative term’’ in the representation of the mo
mentum operator~3.2!. For that, we will need the full Weyl
algebra and Eq.~3.9!. Let us denote byK the Hilbert space
obtained by completingC with respect to the fiducial inne
product (g, f )ª*Sg f @15#. We have to compute

^Rsch„Ŵ(g, f )…&vac5^C0 ,exp(iŵ@f#2ip̂@g#)C0&, so let us
note that we need to use the Baker-Campbell-Hausdorff
lation to separate the operators; i.e.,

exp~ i ŵ@ f #2 i p̂@g# !5exp~ i ŵ@ f # !exp~2 i p̂@g# !

3exp~2 1
2 †i ŵ@ f #,2 i p̂@g#‡!.

~3.17!

Given that†ŵ@ f #,p̂@g#‡5 i *S f gÎ (\51), then substituting
Eq. ~3.17! in Eq. ~3.4! and using Eq.~3.9! we have that

e2(1/4)mG„(g, f ),(g, f )…5expS 2
i

2ES
f gD ^C0 ,exp~ i ŵ@ f # !

3exp~2 i p̂@g# !C0&, ~3.18!

since exp(2i/2*S f g Î)C05exp(2i/2*S f g)C0 and exp
(2i/2*S f g) does not depend onw.

Now,

exp~2 i p̂@g# !C05exp~2 iM̂ 1d̂!C0 , ~3.19!

with

2 iM̂ •C5S E
S
wm̂gDC52 iM C,

d̂•C52E
S
g

dC

dw
. ~3.20!

Given that@2 iM̂ ,d̂#•C52 i @*Sg(dM /dw)#C, then using
the Baker-Campbell-Hausdorff relation, we can write t
right-hand side ~RHS! of Eq. ~3.19! as
exp„( i /2)*Sg(dM /dw)…exp(2iM̂)exp(d̂)C0, sinceM is lin-
ear in w, and thereforedM /dw does not depend onw. On
the other hand, exp(d̂)C05C0 ~since C0 is constant! and
exp(2iM̂)C05exp(2iM)C0. Thus, Eq.~3.19! is

exp~2 i p̂@g# !C05expS i

2ES
g

dM

dw D exp~2 iM !C0 .

~3.21!

Substituting this last expression in Eq.~3.18!, we have that

e2(1/4)mG„(g, f ),(g, f )…5e2( i /2)*Sf ge( i /2)*Sg~dM /dw!

3E
C̄
dmei *Sf we2 iM . ~3.22!

Using Eqs.~2.9! and ~3.20!, we have that Eq.~3.22! is
5-6
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e2(1/4)*S( f B f1 f Ag2gDg2gC f)5e2( i /2)*Sf ge2(1/2)*Sgm̂g

3E
C̄
dmei *S( f 2 im̂g)w.

~3.23!

From the last relation in Eq.~2.10!, and using the fact tha
the integral on C̄ is the Fourier transform withf °( f

2 im̂g) of the measure~3.16!, we get

e2(1/4)*S( f B f2gDg12 f Ag)5e2( i /2)*Sf ge2(1/2)*Sgm̂g

3e2(1/4)*S( f 2 im̂g)B( f 2 im̂g).

~3.24!

That is,

e2(1/4)*S( f B f2gDg12 f Ag)5e2( i /2)*Sf ge2(1/2)*Sgm̂ge2(1/4)*Sf B f

3e(1/4)*S(m̂g)(Bm̂g)e( i /2)*S(m̂g)(B f),

~3.25!

where we have used the first relation in Eq.~2.10! to obtain
the last term. Since Eq.~3.25! has to be valid for allg and f
in K, then we have that

2E
S

f Ag5 i E
S
~m̂g!~B f !2 i E

S
f g ~3.26!

and

E
S
gDg5E

S
~m̂g!~Bm̂g!22E

S
gm̂g. ~3.27!

Using the first relation in Eq.~2.10!, Eq. ~3.26! can be re-
written as

E
S

f ~A1 iBm̂2 i1!g50. ~3.28!

In order to findm̂, we will assume thatiBm̂2 i1 is a linear
operator. Given thatA is linear, thenLªA1 iBm̂2 i1 is also
linear. Equation~3.28! should be valid for allf and g in K,
thenLg50 for all g in K ~i.e., the kernel of the operatorL is
all of K), thereforeL50 and

m̂5B211 iB21A. ~3.29!

Note thatm̂ is ~i! a linear operator fromK to K % iK and~ii !
symmetric with respect to the inner product onK, ( f ,g)
5*S f g, in the sense that (g,B21g8)5(B21g,g8) and
(g,B21Ag8)5(B21Ag,g8) for all g andg8 in K.

Equation~3.27! is simply a compatibility equation. If we
substitute Eq.~3.29! on the RHS of Eq.~3.27!, we get~using
the fact thatm̂ is symmetric!
08502
E
S
g~B211 iB21A!~11 iA !g22E

S
g~B211 iB21A!g

52E
S
g~B211B21A2!g5E

S
gDg, ~3.30!

where the last equation follows from the first relation in E
~2.8!, which implies thatD1B21A252B21 and therefore
B211B21A252D.

Substituting Eq.~3.29! in Eq. ~3.20!, we getM̂ . Thus, the
representation of the operatorp̂@g#, for the general case o
arbitrary complex structure~2.7!, is given by

p̂@g#•C@w#52 i E
S
S g

d

dw
2w~B211 iB21A!gDC@w#,

~3.31!

which can be rewritten in terms of the operatorC, because
from the third relation in Eq.~2.8! it follows that B21A5
2CB21 and consequently

p̂@g#•C@w#52 i E
S
S g

d

dw
2w~B212 iCB21!gDC@w#.

~3.32!

To summarize, we have used the vacuum expecta
value condition~3.9! in order to construct the desired Schr¨-
dinger representation, namely, a unitarily equivalent rep
sentation of the CCR on the Hilbert space defined by fu
tionals of initial conditions. We have provided the mo
general expression for the quantum Schro¨dinger theory, for
arbitrary embedding ofS into 4M . We saw that the only
possible representation was in terms of a probability m
sure, thus ruling out the naive ‘‘homogeneous measur
This conclusion made us realize that both the choice of m
sure and the representation of the momentum operator w
intertwined; the information about the complex structureJ
that led to the ‘‘one-particle Hilbert space’’ had to be e
coded in both of them. We have shown that the most nat
way to use this information as conditions on the Schro¨dinger
representation was through the condition~3.9! on the
vacuum expectation values of the basic operators. This is
nontrivial input in the construction.

Before ending this section, several remarks are in ord
~i! Quantum configuration space. In the introduction

Sec. III we made the distinction between the classical c
figuration spaceC of initial configurationsw(x) of compact
support and the quantum configuration spaceC̄. So far we
have not specifiedC̄. In the case of Minkowski spacetim
and flat embeddings, whereS is a Euclidean space, the qua
tum configuration space is the spaceJ* of tempered distri-
butions onS. However, in order to define this space one us
the linear and Euclidean structure ofS and it is not trivial to
generalize it to general curved manifolds. These subtle
are outside the scope of this paper.

~ii ! Gaussian nature of the measure. Note that the form
the measure given by Eq.~3.13! is always Gaussian. This i
guaranteed by the fact that the operatorB is positive definite
in the ordinaryL2 norm onS, whose proof is given in@15#.
5-7
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However, the particular realization of the operatorB will be
different for different embeddingsTt of S @cf. Eq. ~2.11!#.
Thus, for a givenJ, the explicit form of the Schro¨dinger
representation depends, of course, on the choice of em
ding.

~iii ! Hermiticity. In order to have a consistent quantiz
tion, one has to ensure that the operators associated to
basic ~real! observables satisfy the ‘‘reality conditions
which in this case means that they should be represente
Hermitian operators. It is straightforward to show that t
operator given by Eq.~3.32! is indeed Hermitian.

~iv! Flat embedding in Minkowski spacetime. Let us no
consider the most common and simple case, where the c
plex structure is chosen to yield the standard positi
negative frequency decomposition. This choice is associ
to a constant vector fieldta. Furthermore,S is chosen to be
the ~unique! normal tota, namely the inertial frame in which
the vector fieldta is ‘‘at rest.’’ Thus, the complex structureJ
is given by J(w,p)5„2(2D1m2)21/2p,(2D1m2)1/2w…,
which means thatA5C50, B5(2D1m2)21/2, and D5
2(2D1m2)1/2. The quantum measure is thendm

5e2*w(2D1m2)1/2wDw. Thus, we recover immediately th
Gaussian measure, existing in the literature@11,12#, that cor-
responds to the usual Fock representation. As should
clear, this represents a very particular case~Minkowski
spacetime and flat embeddings! of the general formulas pre
sented in this section~valid for each globally hyperbolic
spacetime and arbitrary embeddings!.

It is illuminating to further compare the resulting Schr¨-
dinger representation with its Fock counterpart. This is do
in @18#.

IV. DISCUSSION

In this paper, we have constructed the Schro¨dinger repre-
sentation for a scalar field on an arbitrary, globally hyp
bolic spacetime. We have particularly emphasized the cla
cal objects that need to be specified in order to have th
representations. It is known that in the case of the Fock r
resentation, formulated more naturally in a covariant sett
the only relevant construct is the complex structureJ ~or
alternatively, as Wald chooses to emphasize, the metricm);
the infinite freedom in the choice of this object being p
cisely the ambiguity in the choice of quantum representa
for the Fock Hilbert space. In the case of the functional r
resentation, we have, in addition toJ, a second classical con
struct, namely the choice of embedding ofS. Even when one
has a unique well-defined theory in the Fock language,
induced descriptions on two different embeddingsT1 andT2
of S might not be~unitarily! equivalent. This second amb
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guity was recently noted in@19#. This means that there migh
not be a unitary operator~that is, the evolution operator i
oneS2 is to the future of the other surfaceS1) that relates
both Schro¨dinger descriptions. This apparently general fe
ture of QFT on curved spacetimes has been recently c
firmed in the quantum evolution of GowdyT3 cosmological
models where the quantum description is reduced to a sc
field on a fixed expanding background@7,20#.

We have used the algebraic formulation of quantum fi
theory to make precise the sense in which the Schro¨dinger
representation can be unambiguously defined. In particu
the way in which the Fock representation is ‘‘Gaussian’’
the functional language has been discussed in detail.
have noted that without some external input in the constr
tion, such as the choice of a complex structure on the sp
of initial conditions, there is noa priori canonical way of
finding a representation of the CCR; the reality-Hermitic
conditions are not enough to select the relevant represe
tion and inner product. The exact implications of this res
for full canonical quantum gravity are, in our opinion, st
open. There are at least two aspects to this question. The
one has to do with the choice of the ‘‘physically relevan
inner product in full quantum gravity, namely when th
theory does not reduce to a model field theory. The sec
aspect has to do with unitary evolution in general. In partic
lar, it is not clear whether a lack of unitary evolution and t
existence of the Schro¨dinger representation is a seriou
enough obstacle to render the theory useless. This possib
has been analyzed previously by several authors@21,7,20#.

We hope that the material presented here will be of so
help in setting the language for the task of understanding
fine issues of finding the ‘‘right’’ representation for, say, mi
isuperspace models in quantum gravity@5–7#, and quantum
gravity at large. In particular, these issues on nonunita
related measures have emerged in the low-energy limi
semiclassical loop quantum gravity and its relation to Fo
structures@22#. It is important to understand these resu
from the broader perspective of curved spacetime@23#.
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