Templates for the Solution of Linear Systems:

Building Blocks for Iterative Methods^1

Richard Barrett^2,Michael Berry^3, Tony F. Chan^4, James Demmel^5, June M. Donato^6 , Jack Dongarra^{3 ,6}, Victor Eijkhout^4, Roldan Pozo^7 Charles Romine^6, and Henk Van der Vorst^8

1This work was supported in part by DARPA and ARO under contract number DAAL03- 91-C-0047, the National Science Foundation Science and Technology Center Cooperative Agreement No. CCR-8809615, the Applied Mathematical Sciences subprogram of the Office of Energy Research, U.S. Department of Energy, under Contract DE-AC05-84OR21400, and the Stichting Nationale Computer Faciliteit (NCF) by Grant CRG 92.03.

2Los Alamos National Laboratory, Los Alamos, NM 87544.

3Department of Computer Science, University of Tennessee, Knoxville, TN 37996-1301. 4Applied Mathematics Department, University of California, Los Angeles, CA 90024-1555. 5Computer Science Division and Mathematics Department, University of California, Berkeley, CA 94720.

6Mathematical Sciences Section, Oak Ridge National Laboratory, Oak Ridge, TN 37831- 6367._7

National Institute of Standards and Technology, Gaithersburg, MD, 20899 8Department of Mathematics, Utrecht University, Utrecht, the Netherlands.

This book is also available in Postscript from over the Internet. To retrieve the postscript file you can use one of the following methods:

1. anonymous ftp to www.netlib.org

cd templates get templates.ps quit

2. from any machine on the Internet type:

rcp anon@www.netlib.org:templates/templates.ps templates.ps

3. send email to netlib@ornl.gov and in the message type:

send templates.ps from templates

The url for this book is http://www.netlib.org/templates/Templates.html . A bibtex reference for this book follows:

@BOOK{templates, AUTHOR = {R. Barrett and M. Berry and T. F. Chan and J. Demmel and J. Donato and J. Dongarra and V. Eijkhout and R. Pozo and C. Romine, and H. Van der Vorst }, TITLE = {Templates for the Solution of Linear Systems: Building Blocks for Iterative Methods}, PUBLISHER = {SIAM}, YEAR = {1994}, ADDRESS = {Philadelphia, PA} } ii

How to Use This Book

We have divided this book into five main chapters. Chapter 1 gives the motivation for this book and the use of templates.

Chapter 2 describes stationary and nonstationary iterative methods. In this chapter we present both historical development and state-of-the-art methods for solving some of the most challenging computational problems facing researchers.

Chapter 3 focuses on preconditioners. Many iterative methods depend in part on preconditioners to improve performance and ensure fast convergence.

Chapter 4 provides a glimpse of issues related to the use of iterative methods. This chapter, like the preceding, is especially recommended for the experienced user who wishes to have further guidelines for tailoring a specific code to a particular machine. It includes information on complex systems, stopping criteria, data storage formats, and parallelism.

Chapter 5 includes overviews of related topics such as the close connection between the Lanczos algorithm and the Conjugate Gradient algorithm, block iterative methods, red/black orderings, domain decomposition methods, multigrid-like methods, and rowprojection schemes.

The Appendices contain information on how the templates and BLAS software can be obtained. A glossary of important terms used in the book is also provided.

The field of iterative methods for solving systems of linear equations is in constant flux, with new methods and approaches continually being created, modified, tuned, and some eventually discarded. We expect the material in this book to undergo changes from time to time as some of these new approaches mature and become the state-of-the-art. Therefore, we plan to update the material included in this book periodically for future editions. We welcome your comments and criticisms of this work to help us in that updating process. Please send your comments and questions by email to

templates@cs.utk.edu.

List of Symbols A, . . . , Z matrices a, . . . , z vectors α, β, . . . , ω scalars A^T matrix transpose A^H conjugate transpose (Hermitian) of A A^{−1} matrix inverse A^{−T} the inverse of A^T a_{i,j} matrix element a_{.,j} jth matrix column A_{i,j} matrix subblock a_i vector element u_x, u_{xx} first, second derivative with respect to x (x, y), x^T y vector dot product (inner product) x^{(i)}_j jth component of vector x in the ith iteration diag(A) diagonal of matrix A diag(α, β . . .) diagonal matrix constructed from scalars α, β . . . span(a, b . . .) spanning space of vectors a, b . . . R set of real numbers R^n real n-space ||x||_2 2-norm ||x||_p p-norm ||x||_A the “A-norm”, defined as (Ax, x)^{1/2} λ_{max} (A), λ_{min} (A) eigenvalues of A with maximum (resp. minimum) modulus σ_{max}(A), σ_{min} (A) largest and smallest singular values of A κ_2(A) spectral condition number of matrix A L linear operator α complex conjugate of the scalar α max{S} maximum value in set S min{S} minimum value in set S ∑ summation O(·) “big-oh” asymptotic bound

Conventions Used in this Book

D diagonal matrix L lower triangular matrix U upper triangular matrix Q orthogonal matrix M preconditioner I, I^{n×n} n × n identity matrix x̂ typically, the exact solution to Ax = b h discretization mesh width vi

Author’s Affiliations

Richard Barrett Los Alamos National Laboratory

Michael Berry University of Tennessee, Knoxville

Tony Chan University of California, Los Angeles

James Demmel University of California, Berkeley

June Donato Oak Ridge National Laboratory

Jack Dongarra University of Tennessee, Knoxville and Oak Ridge National Laboratory

Victor Eijkhout University of California, Los Angeles

Roldan Pozo National Institute of Standards and Technology

Charles Romine Oak Ridge National Laboratory

Henk van der Vorst Utrecht University, the Netherlands viii

Acknowledgments

The authors gratefully acknowledge the valuable assistance of many people who commented on preliminary drafts of this book. In particular, we thank Loyce Adams, Bill Coughran, Matthew Fishler, Peter Forsyth, Roland Freund, Gene Golub, Eric Grosse, Mark Jones, David Kincaid, Steve Lee, Tarek Mathew, Noël Nachtigal, Jim Ortega, and David Young for their insightful comments. We also thank Geoffrey Fox for initial discussions on the concept of templates, and Karin Remington for designing the front cover.

This work was supported in part by DARPA and ARO under contract number DAAL03-91-C-0047, the National Science Foundation Science and Technology Center Cooperative Agreement No. CCR-8809615, the Applied Mathematical Sciences subprogram of the Office of Energy Research, U.S. Department of Energy, under Contract DE-AC05-84OR21400, and the Stichting Nationale Computer Faciliteit (NCF) by Grant CRG 92.03.

x

Contents

List of Symbols iv

List of Figures xiii

1 Introduction 1 1.1 Why Use Templates? . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 What Methods Are Covered? . . . . . . . . . . . . . . . . . . . . . . . 3

2 Iterative Methods 5 2.1 Overview of the Methods . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Stationary Iterative Methods . . . . . . . . . . . . . . . . . . . . . . . 7 2.2.1 The Jacobi Method . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2.2 The Gauss-Seidel Method . . . . . . . . . . . . . . . . . . . . . 9 2.2.3 The Successive Overrelaxation Method . . . . . . . . . . . . . . 10 2.2.4 The Symmetric Successive Overrelaxation Method . . . . . . . 12 2.2.5 Notes and References . . . . . . . . . . . . . . . . . . . . . . . 12 2.3 Nonstationary Iterative Methods . . . . . . . . . . . . . . . . . . . . . 14 2.3.1 Conjugate Gradient Method (CG) . . . . . . . . . . . . . . . . 14 2.3.2 MINRES and SYMMLQ . . . . . . . . . . . . . . . . . . . . . . 17 2.3.3 CG on the Normal Equations, CGNE and CGNR . . . . . . . . 18 2.3.4 Generalized Minimal Residual (GMRES) . . . . . . . . . . . . 19 2.3.5 BiConjugate Gradient (BiCG) . . . . . . . . . . . . . . . . . . 21 2.3.6 Quasi-Minimal Residual (QMR) . . . . . . . . . . . . . . . . . 23 2.3.7 Conjugate Gradient Squared Method (CGS) . . . . . . . . . . . 25 2.3.8 BiConjugate Gradient Stabilized (Bi-CGSTAB) . . . . . . . . . 27 2.3.9 Chebyshev Iteration . . . . . . . . . . . . . . . . . . . . . . . . 28 2.4 Computational Aspects of the Methods . . . . . . . . . . . . . . . . . 30 2.5 A short history of Krylov methods . . . . . . . . . . . . . . . . . . . . 34 2.6 Survey of recent Krylov methods . . . . . . . . . . . . . . . . . . . . . 35

3 Preconditioners 39 3.1 The why and how . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 3.1.1 Cost trade-off . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 3.1.2 Left and right preconditioning . . . . . . . . . . . . . . . . . . 40 3.2 Jacobi Preconditioning . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 3.2.1 Block Jacobi Methods . . . . . . . . . . . . . . . . . . . . . . . 41

3.2.2 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 3.3 SSOR preconditioning . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 3.4 Incomplete Factorization Preconditioners . . . . . . . . . . . . . . . . 43 3.4.1 Creating an incomplete factorization . . . . . . . . . . . . . . . 43 3.4.2 Point incomplete factorizations . . . . . . . . . . . . . . . . . . 44 3.4.3 Block factorization methods . . . . . . . . . . . . . . . . . . . . 49 3.4.4 Blocking over systems of partial differential equations . . . . . 52 3.4.5 Incomplete LQ factorizations . . . . . . . . . . . . . . . . . . . 52 3.5 Polynomial preconditioners . . . . . . . . . . . . . . . . . . . . . . . . 52 3.6 Other preconditioners . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 3.6.1 Preconditioning by the symmetric part . . . . . . . . . . . . . . 53 3.6.2 The use of fast solvers . . . . . . . . . . . . . . . . . . . . . . . 54 3.6.3 Alternating Direction Implicit methods . . . . . . . . . . . . . 54

4 Related Issues 57 4.1 Complex Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 4.2 Stopping Criteria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 4.2.1 More Details about Stopping Criteria . . . . . . . . . . . . . . 58 4.2.2 When r^{(i)} or ‖r^{(i)}‖ is not readily available . . . . . . . . . . . . 61 4.2.3 Estimating ‖A^{−1}‖ . . . . . . . . . . . . . . . . . . . . . . . . . 62 4.2.4 Stopping when progress is no longer being made . . . . . . . . 62 4.2.5 Accounting for floating point errors . . . . . . . . . . . . . . . . 63 4.3 Data Structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 4.3.1 Survey of Sparse Matrix Storage Formats . . . . . . . . . . . . 64 4.3.2 Matrix vector products . . . . . . . . . . . . . . . . . . . . . . 68 4.3.3 Sparse Incomplete Factorizations . . . . . . . . . . . . . . . . . 71 4.4 Parallelism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 4.4.1 Inner products . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 4.4.2 Vector updates . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 4.4.3 Matrix-vector products . . . . . . . . . . . . . . . . . . . . . . 78 4.4.4 Preconditioning . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 4.4.5 Wavefronts in the Gauss-Seidel and Conjugate Gradient methods 80 4.4.6 Blocked operations in the GMRES method . . . . . . . . . . . 80

5 Remaining topics 83 5.1 The Lanczos Connection . . . . . . . . . . . . . . . . . . . . . . . . . . 83 5.2 Block and s-step Iterative Methods . . . . . . . . . . . . . . . . . . . . 84 5.3 Reduced System Preconditioning . . . . . . . . . . . . . . . . . . . . . 85 5.4 Domain Decomposition Methods . . . . . . . . . . . . . . . . . . . . . 86 5.4.1 Overlapping Subdomain Methods . . . . . . . . . . . . . . . . . 87 5.4.2 Non-overlapping Subdomain Methods . . . . . . . . . . . . . . 88 5.4.3 Further Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . 90 5.5 Multigrid Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 5.6 Row Projection Methods . . . . . . . . . . . . . . . . . . . . . . . . . . 92

A Obtaining the Software 95

B Overview of the BLAS 97

C Glossary 99 C.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 xiv CONTENTS

List of Figures 2.1 The Jacobi Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2 The Gauss-Seidel Method . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.3 The SOR Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.4 The SSOR Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.5 The Preconditioned Conjugate Gradient Method . . . . . . . . . . . . 15 2.6 The Preconditioned GMRES(m) Method . . . . . . . . . . . . . . . . 20 2.7 The Preconditioned BiConjugate Gradient Method . . . . . . . . . . . 22 2.8 The Preconditioned Quasi Minimal Residual Method without Look-ahead 24 2.9 The Preconditioned Conjugate Gradient Squared Method . . . . . . . 26 2.10 The Preconditioned BiConjugate Gradient Stabilized Method . . . . . 27 2.11 The Preconditioned Chebyshev Method . . . . . . . . . . . . . . . . . 30

3.1 Preconditioner solve of a system M x = y, with M = LU . . . . . . . . 44 3.2 Preconditioner solve of a system M x = y, with M = (D + L)D^{−1}(D + U ) = (D + L)(I + D^{−1}U ). . . . . . . . . . . . . . . . . . . . . . . . . . 44 3.3 Construction of a D-ILU incomplete factorization preconditioner, storing the inverses of the pivots . . . . . . . . . . . . . . . . . . . . . . . 46 3.4 Wavefront solution of (D + L)x = u from a central difference problem on a domain of n × n points. . . . . . . . . . . . . . . . . . . . . . . . 48 3.5 Preconditioning step algorithm for a Neumann expansion M^{(p)} ≈ M^{−1} of an incomplete factorization M = (I + L)D(I + U ). . . . . . . . . . 49 3.6 Block version of a D-ILU factorization . . . . . . . . . . . . . . . . . . 50 3.7 Algorithm for approximating the inverse of a banded matrix . . . . . . 50 3.8 Incomplete block factorization of a block tridiagonal matrix . . . . . . 51

4.1 Profile of a nonsymmetric skyline or variable-band matrix. . . . . . . . 69 4.2 A rearrangement of Conjugate Gradient for parallelism . . . . . . . . . 77 xvi LIST OF FIGURES

Chapter 1

Introduction

Which of the following statements is true?

• Users want “black box” software that they can use with complete confidence for general problem classes without having to understand the fine algorithmic details.

• Users want to be able to tune data structures for a particular application, even if the software is not as reliable as that provided for general methods.

It turns out both are true, for different groups of users.

Traditionally, users have asked for and been provided with black box software in the form of mathematical libraries such as LAPACK, LINPACK, NAG, and IMSL. More recently, the high-performance community has discovered that they must write custom software for their problem. Their reasons include inadequate functionality of existing software libraries, data structures that are not natural or convenient for a particular problem, and overly general software that sacrifices too much performance when applied to a special case of interest.

Can we meet the needs of both groups of users? We believe we can. Accordingly, in this book, we introduce the use of templates. A template is a description of a general algorithm rather than the executable object code or the source code more commonly found in a conventional software library. Nevertheless, although templates are general descriptions of key algorithms, they offer whatever degree of customization the user may desire. For example, they can be configured for the specific data structure of a problem or for the specific computing system on which the problem is to run.

We focus on the use of iterative methods for solving large sparse systems of linear equations.

Many methods exist for solving such problems. The trick is to find the most effective method for the problem at hand. Unfortunately, a method that works well for one problem type may not work as well for another. Indeed, it may not work at all.

Thus, besides providing templates, we suggest how to choose and implement an effective method, and how to specialize a method to specific matrix types. We restrict ourselves to iterative methods, which work by repeatedly improving an approximate solution until it is accurate enough. These methods access the coefficient matrix A of

2 CHAPTER 1. INTRODUCTION

the linear system only via the matrix-vector product y = A·x (and perhaps z = A^T ·x). Thus the user need only supply a subroutine for computing y (and perhaps z) given x, which permits full exploitation of the sparsity or other special structure of A.

We believe that after reading this book, applications developers will be able to use templates to get their program running on a parallel machine quickly. Nonspecialists will know how to choose and implement an approach to solve a particular problem. Specialists will be able to assemble and modify their codes—without having to make the huge investment that has, up to now, been required to tune large-scale applications for each particular machine. Finally, we hope that all users will gain a better understanding of the algorithms employed. While education has not been one of the traditional goals of mathematical software, we believe that our approach will go a long way in providing such a valuable service.

1.1 Why Use Templates?

Templates offer three significant advantages. First, templates are general and reusable. Thus, they can simplify ports to diverse machines. This feature is important given the diversity of parallel architectures.

Second, templates exploit the expertise of two distinct groups. The expert numerical analyst creates a template reflecting in-depth knowledge of a specific numerical technique. The computational scientist then provides “value-added” capability to the general template description, customizing it for specific contexts or applications needs.

And third, templates are not language specific. Rather, they are displayed in an Algol-like structure, which is readily translatable into the target language such as FORTRAN (with the use of the Basic Linear Algebra Subprograms, or BLAS, whenever possible) and C. By using these familiar styles, we believe that the users will have trust in the algorithms. We also hope that users will gain a better understanding of numerical techniques and parallel programming.

For each template, we provide some or all of the following:

• a mathematical description of the flow of the iteration;

• discussion of convergence and stopping criteria;

• suggestions for applying a method to special matrix types (e.g., banded systems);

• advice for tuning (for example, which preconditioners are applicable and which are not);

• tips on parallel implementations; and

• hints as to when to use a method, and why.

For each of the templates, the following can be obtained via electronic mail.

• a MATLAB implementation based on dense matrices;

• a FORTRAN-77 program with calls to BLAS^1;

1For a discussion of BLAS as building blocks, see [69, 70, 71, 144] and LAPACK routines [3]. Also,

see Appendix B.

1.2. WHAT METHODS ARE COVERED? 3

• a C++ template implementation for matrix/vector classes. See Appendix A for details.

1.2 What Methods Are Covered?

Many iterative methods have been developed and it is impossible to cover them all. We chose the methods below either because they illustrate the historical development of iterative methods, or because they represent the current state-of-the-art for solving large sparse linear systems. The methods we discuss are:

1. Jacobi 2. Gauss-Seidel 3. Successive Over-Relaxation (SOR) 4. Symmetric Successive Over-Relaxation (SSOR) 5. Conjugate Gradient (CG) 6. Minimal Residual (MINRES) and Symmetric LQ (SYMMLQ) 7. Conjugate Gradients on the Normal Equations (CGNE and CGNR) 8. Generalized Minimal Residual (GMRES) 9. Biconjugate Gradient (BiCG) 10. Quasi-Minimal Residual (QMR) 11. Conjugate Gradient Squared (CGS) 12. Biconjugate Gradient Stabilized (Bi-CGSTAB) 13. Chebyshev Iteration For each method we present a general description, including a discussion of the history of the method and numerous references to the literature. We also give the mathematical conditions for selecting a given method.

We do not intend to write a “cookbook”, and have deliberately avoided the words “numerical recipes”, because these phrases imply that our algorithms can be used blindly without knowledge of the system of equations. The state of the art in iterative methods does not permit this: some knowledge about the linear system is needed to guarantee convergence of these algorithms, and generally the more that is known the more the algorithm can be tuned. Thus, we have chosen to present an algorithmic outline, with guidelines for choosing a method and implementing it on particular kinds of high-performance machines. We also discuss the use of preconditioners and relevant data storage issues.

4 CHAPTER 1. INTRODUCTION

Chapter 2

Iterative Methods

The term “iterative method” refers to a wide range of techniques that use successive approximations to obtain more accurate solutions to a linear system at each step. In this book we will cover two types of iterative methods. Stationary methods are older, simpler to understand and implement, but usually not as effective. Nonstationary methods are a relatively recent development; their analysis is usually harder to understand, but they can be highly effective. The nonstationary methods we present are based on the idea of sequences of orthogonal vectors. (An exception is the Chebyshev iteration method, which is based on orthogonal polynomials.)

The rate at which an iterative method converges depends greatly on the spectrum of the coefficient matrix. Hence, iterative methods usually involve a second matrix that transforms the coefficient matrix into one with a more favorable spectrum. The transformation matrix is called a preconditioner. A good preconditioner improves the convergence of the iterative method, sufficiently to overcome the extra cost of constructing and applying the preconditioner. Indeed, without a preconditioner the iterative method may even fail to converge.

2.1 Overview of the Methods

Below are short descriptions of each of the methods to be discussed, along with brief notes on the classification of the methods in terms of the class of matrices for which they are most appropriate. In later sections of this chapter more detailed descriptions of these methods are given.

• Stationary Methods

– Jacobi.

The Jacobi method is based on solving for every variable locally with respect to the other variables; one iteration of the method corresponds to solving for every variable once. The resulting method is easy to understand and implement, but convergence is slow.

– Gauss-Seidel.

The Gauss-Seidel method is like the Jacobi method, except that it uses updated values as soon as they are available. In general, if the Jacobi method converges, the Gauss-Seidel method will converge faster than the Jacobi method, though still relatively slowly.

– SOR.

Successive Overrelaxation (SOR) can be derived from the Gauss-Seidel method by introducing an extrapolation parameter ω. For the optimal choice of ω, SOR may converge faster than Gauss-Seidel by an order of magnitude.

– SSOR.

Symmetric Successive Overrelaxation (SSOR) has no advantage over SOR as a stand-alone iterative method; however, it is useful as a preconditioner for nonstationary methods.

• Nonstationary Methods

– Conjugate Gradient (CG).

The conjugate gradient method derives its name from the fact that it generates a sequence of conjugate (or orthogonal) vectors. These vectors are the residuals of the iterates. They are also the gradients of a quadratic functional, the minimization of which is equivalent to solving the linear system. CG is an extremely effective method when the coefficient matrix is symmetric positive definite, since storage for only a limited number of vectors is required.

– Minimum Residual (MINRES) and Symmetric LQ (SYMMLQ).

These methods are computational alternatives for CG for coefficient matrices that are symmetric but possibly indefinite. SYMMLQ will generate the same solution iterates as CG if the coefficient matrix is symmetric positive definite.

– Conjugate Gradient on the Normal Equations: CGNE and CGNR.

These methods are based on the application of the CG method to one of two forms of the normal equations for Ax = b. CGNE solves the system (AA^T )y = b for y and then computes the solution x = A^T y. CGNR solves (A^T A)x = b̃ for the solution vector x where b̃ = A^T b. When the coefficient matrix A is nonsymmetric and nonsingular, the normal equations matrices AA^T and A^T A will be symmetric and positive definite, and hence CG can be applied. The convergence may be slow, since the spectrum of the normal equations matrices will be less favorable than the spectrum of A.

– Generalized Minimal Residual (GMRES).

The Generalized Minimal Residual method computes a sequence of orthogonal vectors (like MINRES), and combines these through a least-squares solve and update. However, unlike MINRES (and CG) it requires storing the whole sequence, so that a large amount of storage is needed. For this reason, restarted versions of this method are used. In restarted versions, computation and storage costs are limited by specifying a fixed number of vectors to be generated. This method is useful for general nonsymmetric matrices.

– BiConjugate Gradient (BiCG).

The Biconjugate Gradient method generates two CG-like sequences of vectors, one based on a system with the original coefficient matrix A, and one on A^T . Instead of orthogonalizing each sequence, they are made mutually orthogonal, or “bi-orthogonal”. This method, like CG, uses limited storage. It is useful when the matrix is nonsymmetric and nonsingular; however, convergence may be irregular, and there is a possibility that the method will break down. BiCG requires a multiplication with the coefficient matrix and with its transpose at each iteration.

– Quasi-Minimal Residual (QMR).

The Quasi-Minimal Residual method applies a least-squares solve and update to the BiCG residuals, thereby smoothing out the irregular convergence behavior of BiCG, which may lead to more reliable approximations. In full glory, it has a look ahead strategy built in that avoids the BiCG breakdown. Even without look ahead, QMR largely avoids the breakdown that can occur in BiCG. On the other hand, it does not effect a true minimization of either the error or the residual, and while it converges smoothly, it often does not improve on the BiCG in terms of the number of iteration steps.

– Conjugate Gradient Squared (CGS).

The Conjugate Gradient Squared method is a variant of BiCG that applies the updating operations for the A-sequence and the A^T -sequences both to the same vectors. Ideally, this would double the convergence rate, but in practice convergence may be much more irregular than for BiCG, which may sometimes lead to unreliable results. A practical advantage is that the method does not need the multiplications with the transpose of the coefficient matrix.

– Biconjugate Gradient Stabilized (Bi-CGSTAB).

The Biconjugate Gradient Stabilized method is a variant of BiCG, like CGS, but using different updates for the A^T -sequence in order to obtain smoother convergence than CGS.

– Chebyshev Iteration.

The Chebyshev Iteration recursively determines polynomials with coefficients chosen to minimize the norm of the residual in a min-max sense. The coefficient matrix must be positive definite and knowledge of the extremal eigenvalues is required. This method has the advantage of requiring no inner products.

2.2 Stationary Iterative Methods

Iterative methods that can be expressed in the simple form

x^{(k)} = Bx^{(k−1)} + c (2.1)

(where neither B nor c depend upon the iteration count k) are called stationary iterative methods. In this section, we present the four main stationary iterative methods: the Jacobi method, the Gauss-Seidel method, the Successive Overrelaxation (SOR) method and the Symmetric Successive Overrelaxation (SSOR) method. In each case, we summarize their convergence behavior and their effectiveness, and discuss how and when they should be used. Finally, in §2.2.5, we give some historical background and further notes and references.

2.2.1 The Jacobi Method

The Jacobi method is easily derived by examining each of the n equations in the linear system Ax = b in isolation. If in the ith equation n∑ j=1 a_{i,j}x_j = b_i, we solve for the value of x_i while assuming the other entries of x remain fixed, we obtain

x_i = (b_i − ∑ j≠i a_{i,j}x_j)/a_{i,i}. (2.2) This suggests an iterative method defined by

x^{(k)}_i = (b_i − ∑ j≠i a_{i,j}x^{(k−1)}_j )/a_{i,i}, (2.3) which is the Jacobi method. Note that the order in which the equations are examined is irrelevant, since the Jacobi method treats them independently. For this reason, the Jacobi method is also known as the method of simultaneous displacements, since the updates could in principle be done simultaneously.

In matrix terms, the definition of the Jacobi method in (2.3) can be expressed as

x^{(k)} = D^{−1}(L + U )x^{(k−1)} + D^{−1}b, (2.4)

where the matrices D, −L and −U represent the diagonal, the strictly lower-triangular, and the strictly upper-triangular parts of A, respectively.

The pseudocode for the Jacobi method is given in Figure 2.1. Note that an auxiliary storage vector, x̄ is used in the algorithm. It is not possible to update the vector x in place, since values from x^{(k−1)} are needed throughout the computation of x^{(k)}.

Convergence of the Jacobi method

Iterative methods are often used for solving discretized partial differential equations. In that context a rigorous analysis of the convergence of simple methods such as the Jacobi method can be given.

As an example, consider the boundary value problem

Lu = −u_{xx} = f on (0, 1), u(0) = u_0, u(1) = u_1,

discretized by

Lu(x_i) = 2u(x_i) − u(x_{i−1}) − u(x_{i+1}) = f(x_i)/N^2 for x_i = i/N , i = 1 . . . N − 1.

The eigenfunctions of the L and L operator are the same: for n = 1 . . . N − 1 the function u_n(x) = sin nπx is an eigenfunction corresponding to λ = 4 sin^2 nπ/(2N ).

Choose an initial guess x^{(0)} to the solution x. for k = 1, 2, . . . for i = 1, 2, . . ., n x̄_i = 0 for j = 1, 2, . . ., i − 1, i + 1, . . ., n x̄_i = x̄_i + a_{i,j}x^{(k−1)}_j end x̄_i = (b_i − x̄_i)/a_{i,i} end x^{(k)} = x̄ check convergence; continue if necessary end

Figure 2.1: The Jacobi Method

The eigenvalues of the Jacobi iteration matrix B are then λ(B) = 1 − λ(L)/2 = 1 − 2 sin^2 nπ/(2N ).

From this it is easy to see that the high frequency modes (i.e., eigenfunction u_n with n large) are damped quickly, whereas the damping factor for modes with n small is close to 1. The spectral radius of the Jacobi iteration matrix is ≈ 1 − 10/N^2, and it is attained for the eigenfunction u(x) = sin πx.

The type of analysis applied to this example can be generalized to higher dimensions and other stationary iterative methods. For both the Jacobi and Gauss-Seidel method (below) the spectral radius is found to be 1 − O(h^2) where h is the discretization mesh width, i.e., h = N^{−d} where N is the number of variables and d is the number of space dimensions.

2.2.2 The Gauss-Seidel Method

Consider again the linear equations in (2.2). If we proceed as with the Jacobi method, but now assume that the equations are examined one at a time in sequence, and that previously computed results are used as soon as they are available, we obtain the Gauss-Seidel method:

x^{(k)}_i = (b_i − ∑ j<i a_{i,j}x^{(k)}_j − ∑ j>i a_{i,j}x^{(k−1)}_j )/a_{i,i}. (2.5) Two important facts about the Gauss-Seidel method should be noted. First, the computations in (2.5) appear to be serial. Since each component of the new iterate depends upon all previously computed components, the updates cannot be done simultaneously as in the Jacobi method. Second, the new iterate x^{(k)} depends upon the order in which the equations are examined. The Gauss-Seidel method is sometimes called the method of successive displacements to indicate the dependence of the iterates on the ordering. If this ordering is changed, the components of the new iterate (and not just their order) will also change.

Choose an initial guess x^{(0)} to the solution x. for k = 1, 2, . . . for i = 1, 2, . . ., n σ = 0 for j = 1, 2, . . ., i − 1 σ = σ + a_{i,j}x^{(k)}_j end for j = i + 1, . . . , n σ = σ + a_{i,j}x^{(k−1)}_j end x^{(k)}_i = (b_i − σ)/a_{i,i} end check convergence; continue if necessary end

Figure 2.2: The Gauss-Seidel Method

These two points are important because if A is sparse, the dependency of each component of the new iterate on previous components is not absolute. The presence of zeros in the matrix may remove the influence of some of the previous components. Using a judicious ordering of the equations, it may be possible to reduce such dependence, thus restoring the ability to make updates to groups of components in parallel. However, reordering the equations can affect the rate at which the Gauss-Seidel method converges. A poor choice of ordering can degrade the rate of convergence; a good choice can enhance the rate of convergence. For a practical discussion of this tradeoff (parallelism versus convergence rate) and some standard reorderings, the reader is referred to Chapter 3 and §4.4.

In matrix terms, the definition of the Gauss-Seidel method in (2.5) can be expressed as x^{(k)} = (D − L)^{−1}(U x^{(k−1)} + b). (2.6)

As before, D, −L and −U represent the diagonal, lower-triangular, and uppertriangular parts of A, respectively.

The pseudocode for the Gauss-Seidel algorithm is given in Figure 2.2.

2.2.3 The Successive Overrelaxation Method

The Successive Overrelaxation Method, or SOR, is devised by applying extrapolation to the Gauss-Seidel method. This extrapolation takes the form of a weighted average between the previous iterate and the computed Gauss-Seidel iterate successively for each component:

x^{(k)}_i = ωx̄^{(k)}_i + (1 − ω)x^{(k−1)}_i

Choose an initial guess x^{(0)} to the solution x. for k = 1, 2, . . . for i = 1, 2, . . ., n σ = 0 for j = 1, 2, . . ., i − 1 σ = σ + a_{i,j}x^{(k)}_j end for j = i + 1, . . . , n σ = σ + a_{i,j}x^{(k−1)}_j end σ = (b_i − σ)/a_{i,i} x^{(k)}_i = x^{(k−1)}_i + ω(σ − x^{(k−1)}_i ) end check convergence; continue if necessary end

Figure 2.3: The SOR Method

(where x̄ denotes a Gauss-Seidel iterate, and ω is the extrapolation factor). The idea is to choose a value for ω that will accelerate the rate of convergence of the iterates to the solution.

In matrix terms, the SOR algorithm can be written as follows:

x^{(k)} = (D − ωL)^{−1}(ωU + (1 − ω)D)x^{(k−1)} + ω(D − ωL)^{−1}b. (2.7)

The pseudocode for the SOR algorithm is given in Figure 2.3.

Choosing the Value of ω

If ω = 1, the SOR method simplifies to the Gauss-Seidel method. A theorem due to Kahan [130] shows that SOR fails to converge if ω is outside the interval (0, 2). Though technically the term underrelaxation should be used when 0 < ω < 1, for convenience the term overrelaxation is now used for any value of ω ∈ (0, 2).

In general, it is not possible to compute in advance the value of ω that is optimal with respect to the rate of convergence of SOR. Even when it is possible to compute the optimal value for ω, the expense of such computation is usually prohibitive. Frequently, some heuristic estimate is used, such as ω = 2 − O(h) where h is the mesh spacing of the discretization of the underlying physical domain.

If the coefficient matrix A is symmetric and positive definite, the SOR iteration is guaranteed to converge for any value of ω between 0 and 2, though the choice of ω can significantly affect the rate at which the SOR iteration converges. Sophisticated implementations of the SOR algorithm (such as that found in ITPACK [140]) employ adaptive parameter estimation schemes to try to home in on the appropriate value of ω by estimating the rate at which the iteration is converging.

For coefficient matrices of a special class called consistently ordered with property A (see Young [217]), which includes certain orderings of matrices arising from the discretization of elliptic PDEs, there is a direct relationship between the spectra of the Jacobi and SOR iteration matrices. In principle, given the spectral radius ρ of the Jacobi iteration matrix, one can determine a priori the theoretically optimal value of ω for SOR:

ω_{opt} = 2 1 + √ 1 − ρ^2

. (2.8)

This is seldom done, since calculating the spectral radius of the Jacobi matrix requires an impractical amount of computation. However, relatively inexpensive rough estimates of ρ (for example, from the power method, see Golub and Van Loan [109, p. 351]) can yield reasonable estimates for the optimal value of ω.

2.2.4 The Symmetric Successive Overrelaxation Method

If we assume that the coefficient matrix A is symmetric, then the Symmetric Successive Overrelaxation method, or SSOR, combines two SOR sweeps together in such a way that the resulting iteration matrix is similar to a symmetric matrix. Specifically, the first SOR sweep is carried out as in (2.7), but in the second sweep the unknowns are updated in the reverse order. That is, SSOR is a forward SOR sweep followed by a backward SOR sweep. The similarity of the SSOR iteration matrix to a symmetric matrix permits the application of SSOR as a preconditioner for other iterative schemes for symmetric matrices. Indeed, this is the primary motivation for SSOR since its convergence rate, with an optimal value of ω, is usually slower than the convergence rate of SOR with optimal ω (see Young [217, page 462]). For details on using SSOR as a preconditioner, see Chapter 3.

In matrix terms, the SSOR iteration can be expressed as follows:

x^{(k)} = B_1B_2x^{(k−1)} + ω(2 − ω)(D − ωU )^{−1}D(D − ωL)^{−1} b, (2.9)

where

B_1 = (D − ωU )^{−1}(ωL + (1 − ω)D), and B_2 = (D − ωL)^{−1}(ωU + (1 − ω)D).

Note that B_2 is simply the iteration matrix for SOR from (2.7), and that B_1 is the same, but with the roles of L and U reversed.

The pseudocode for the SSOR algorithm is given in Figure 2.4.

2.2.5 Notes and References

The modern treatment of iterative methods dates back to the relaxation method of Southwell [193]. This was the precursor to the SOR method, though the order in which approximations to the unknowns were relaxed varied during the computation. Specifically, the next unknown was chosen based upon estimates of the location of the largest error in the current approximation. Because of this, Southwell’s relaxation method

Choose an initial guess x^{(0)} to the solution x. Let x^{( 12 )} = x^{(0)}. for k = 1, 2, . . . for i = 1, 2, . . ., n σ = 0 for j = 1, 2, . . ., i − 1 σ = σ + a_{i,j}x^{(k− 12 )}_j end for j = i + 1, . . . , n σ = σ + a_{i,j}x^{(k−1)}_j end σ = (b_i − σ)/a_{i,i} x^{(k− 12 )} i = x^{(k−1)}_i + ω(σ − x^{(k−1)}_i ) end for i = n, n − 1, . . . , 1 σ = 0 for j = 1, 2, . . ., i − 1 σ = σ + a_{i,j}x^{(k− 12 )}_j end for j = i + 1, . . . , n σ = σ + a_{i,j}x^{(k)}_j end x^{(k)}_i = x^{(k− 12 )}_i + ω(σ − x^{(k− 12 )}_i ) end check convergence; continue if necessary end

Figure 2.4: The SSOR Method

was considered impractical for automated computing. It is interesting to note that the introduction of multiple-instruction, multiple data-stream (MIMD) parallel computers has rekindled an interest in so-called asynchronous, or chaotic iterative methods (see Chazan and Miranker [54], Baudet [30], and Elkin [92]), which are closely related to Southwell’s original relaxation method. In chaotic methods, the order of relaxation is unconstrained, thereby eliminating costly synchronization of the processors, though the effect on convergence is difficult to predict.

The notion of accelerating the convergence of an iterative method by extrapolation predates the development of SOR. Indeed, Southwell used overrelaxation to accelerate the convergence of his original relaxation method. More recently, the ad hoc SOR method, in which a different relaxation factor ω is used for updating each variable, has given impressive results for some classes of problems (see Ehrlich [83]).

The three main references for the theory of stationary iterative methods are

Varga [211], Young [217] and Hageman and Young [120]. The reader is referred to these books (and the references therein) for further details concerning the methods described in this section.

2.3 Nonstationary Iterative Methods

Nonstationary methods differ from stationary methods in that the computations involve information that changes at each iteration. Typically, constants are computed by taking inner products of residuals or other vectors arising from the iterative method.

2.3.1 Conjugate Gradient Method (CG)

The Conjugate Gradient method is an effective method for symmetric positive definite systems. It is the oldest and best known of the nonstationary methods discussed here. The method proceeds by generating vector sequences of iterates (i.e., successive approximations to the solution), residuals corresponding to the iterates, and search directions used in updating the iterates and residuals. Although the length of these sequences can become large, only a small number of vectors needs to be kept in memory. In every iteration of the method, two inner products are performed in order to compute update scalars that are defined to make the sequences satisfy certain orthogonality conditions. On a symmetric positive definite linear system these conditions imply that the distance to the true solution is minimized in some norm.

The iterates x^{(i)} are updated in each iteration by a multiple (α_i) of the search direction vector p^{(i)}:

x^{(i)} = x^{(i−1)} + α_ip^{(i)}.

Correspondingly the residuals r^{(i)} = b − Ax^{(i)} are updated as

r^{(i)} = r^{(i−1)} − αq^{(i)} where q^{(i)} = Ap^{(i)}. (2.10) The choice α = α_i = r^{(i−1)T} r^{(i−1)}/p^{(i)T} Choose an initial guess x

((Refe)jFA YChooun548Fr(709tial)e(guesterm)g(o)o(b)oon (is)i(p)q(o(2.6)11501802y(c)s)o(erge)FA(=)gFfFu(!ted)gthe)g(e)h94bFA((ely)m(167502062)g(the)h(seag1291y(diref95yFA(are)g(up)qh)g(on)g(u2432y((the)g(resFA(an27270175057Ft(j)2431835yFr(()pFt(i)pΩF6an272701955yFA(=)e90t(j)2431835yFr(()pFt(i)p(!)5n272701950yFA(+)d4yF5n277722068pFt(i)pFs(Γ)gΩ0an2727017508nitij)2431835yFr(()pFt(i)pFs(Γ)pΩ963an27270175;)918u(:)494bF1((2.10�72Ω1832y(5Ωgly)14be)15b(c)ofFA(+)d4Fr(1))212Ω1139y50�Ω01955yFA(=)879ion)8911733yFr(()pFt(i)p1(Ap351442034Ωy410�722062y61ion)8911733yFr(()pFt(i)pd.)()37772206=r)pFu(on)8911733yFr(()pFt(k)qFs(Γ)pFr23Ωp35151Ω2034yFu(x37772206211675on)8911733yFr(()pFt(k)qΩFs(Γ)pF263an377722Anexpu7y(k(!)jFA1750152)m(,)8911733yFr(()pFt(i)pde)45n377722Anbles an2y707m(,)8911733yFr(()pFt(k)qΩFs(Γ)pFyF5n377722An–siduals choicbFA(=)d41932543212Ω1139e(in2477722Anmon)fΩ(taA1750596Ω24)8911733yFr(()pFt(i)p649n2477722Anblesh69yF1(2.4.)8911733yFr(()pFt(i)pyF5n477722Anain ort016culti(forl)r(lu(!)q((the)f(prc(=)12ΩbFuict.)8911733yFr(j)rb(an)g(399n2477722Anbles469yFr51887.)8911733yFr(j)rb(an)g(557n2477722AnFA(,)g(resp)q(ectiv)o(ely)mes)4Ω2Ω1595y(Th(The)c(pseudo)q(cesults))i(of)gPg(a)g(precon)q(de)12Ωb(ConjΩugate)f(Gradi)d(SOR)g(Metieader)ple,)f(giv)x)gFA(i!)15064aFA(d(in)(462]).)16y(Thussequea)eΩ(ala)f(preconditFA(Mu(!)q(U);FA(arfv)o(ectoMFu(œ)3y(of)1I)gΩFu(U)1e(eecw)o(e)ishic)o(h)fΩunpg(a)g(precon)qic)o(h)450bFA(reg(e)ecause)2d)i(in)Ωhe Conjugate (2.6pt)182720170kerging.

ITERA ME6Fu(:)491Fu(2THODSFu(a5393122y)m(.F6an9)45v4r(v511(to)e(cu(œyF6515469Ω720170k)q707))1024483)eFA(bA(=)f(2)dFy(ΓA9y5Ω(x)966469yFr9)45))102448fv in an x

(. for œ = 1, 2, .

vof k−√⊗F∇⇐⇒∞∈′←∞△∀∋ =

(i−ozψFm9Ω15ψ28ψ1580ψyψFr↼↼↽pψFt↼i↽pψFs↼Γ↽pψsizp11311bi−√⊗⇐∈⌉\⌈⇒∀̸⇐⊘⇒⌉←FA⇐ℑ⇒{←F←F⊔⇐⟩⇒∀∞△←∀△∃←√←F⊔⇐⟩⇒√←F∫⇐−√∃⌉̸\⌈⇒∀̸∃⊗A⇐ℑ′⇒}←F⊓←F⊔⇐⟩⇒∀∞△←∀△∃←√←F⊔⇐⟩⇒√←F∫⇐×A←F∇⇐∀∃▽⊗∞←∈△△√⇒′̸▽←§⇒∞′∞↚∀∀′←†←F∇⇐⇐⇒√←F⊔⇐⟩⇒√▽̸∋⊓∀∃F⊓∈←∞∃▽▽←}←FA⇐‡√∞∀⊓§⇒∞′∞↚∀∀′←†←F∇⇐⇐⇒√←F⊔⇐‖⇒∐←F∫⇐−⇒√←F⇕′⇐∀∃▽⊗∞←∈∃▽′←†←FA⇐⇓⇒⌈△←†⇒⟩⇐\⇒∞∀∞△←∀△∃←√←F⊔⇐⟩⇒√←F∫⇐−√∃∋∇⌉\∃▽∀∞←∈△△√⇒∃▽▽←§

(i−ℑ⇓

(x/ (1↽6278ψ2270ψhe01)62782270pFt(i)pFs(Γp71351054689ΩA(2y755Ω1013481938yFr(()pFt(i)p(j)61d)150Ω203482Ωa(054Ω7127q)yFt1013481938yFr(()pFt(i)ps)451102541745563Ω10

(ix(i−⟨∞∞∞∀∞△←∀△∃←∀′←∈←∞′∈▽△←∞△′←∀∇⇐⇒′⇒∞′∞∞←∃∃′←†←⊗∇⇐⇐⇒√←F⊔⇐⟩⇒√∫

(115754ψ1 = Ω033yF17Ω0anh6689Ω1938yFr(()pFt(i)pFs(Γ)p1856Ωx6

t InΩ(computed)fy(t-n)e(so-e)lo(is)k-ahead2olsth(Cogi(ijnO)jFA(bPutΩh1rlettane()31(it)fln))ds)18bLiulh.[172 [7(eping.)peopΩ%234.6ΛF67(1329bop1502753tho)q(dNON.)31b(ST)m(A)m(TIONAR)m(Y)13Ωb(ITERA)hVE tas ME6Fu(:)4923h1rgeDS aeeteoeudot ofgΩjsce(are)nrgence 5!

bc↼thma↽i↼wm↼bugm2576fψFA↼LUF↼ω↽ψFu↼↽oj↼to↽b↼cf↼p↽↼e↽ψc↽o↼ioiresmaO↽jψFAk↼↼↽14ptima49550rtple↽yqbψFuerabferoeconrgenc↼/↽f↼x↽hψFu↼5ψ3t1♭92↽gds↽18ψb3ΩyψΩ↽f↼can↽hgv↼teairf↼rgjω↽iψFA↼↽g↼on↽gghlag↼or↽ghΩ↽oj↼to↽b↼cf↼p↽↼e▷gkΩ2▷↽i6ψbite5454y4iesmade↼eeg↼usef↽i↼in↽b↼con↽oseconfmates↽QMRi↽hete↽gΩΩ du wadop 0 x 5ψ3t6♭832ψ604Ω2↼Sole↼tmse2↽d4bielkdst↽↼kneiduron↼te↽gbielkdst↽↼kneids↼tu↼hrons6eΩhtion↽f↼can↽h↽hsatision↽eΩ s ω coψ↼th6↼460ψeeds↽j62♯↽af↼b↽oh↼arΩri↽qeψF↼↽14↼i↽o↼h↽h↼itefn↽r↽p4↼i↽meedi↼Co↽h↼cΩf↼can↽fo2ψyk↼↼↽14ψb↼te↽g♮↼FAbielkdst↽↼kneg↼↽r↽perg↽gc70350ψAng↼or↽gψ0↼Th↼↼is↽i↼p↽ithogonalho↽q↼d↽4es0ψ↼↼bun↽f↼whidrrefbongΩv↽oψyψfhrobusd↽erat7↽↽g↼↼is↽i↼p↽qalffmoψyψFA↼the↽f↼xp↽↽h↼a↽ie 2eede↼in↽fψ↼the↽g↼appl688ψ↼↽14i↼l↼tt↽o↼fanner↽h↼proyh↼h↼it↽f↼dfg↼Ωto↽ej↽imn↼is↽i↼p↽qond↽tioi↼he↽↽o↼10ψb↽thin↽1↼in1106Ω75ωt41a↽o↼eψ7↽o↼ifod↽i↼in↽eo↼t↽hx↽do↽q↼d↽g↼is↽g↼p↽q↼erfw2xplfcioly↼oΩ4b↽18ψbe↼ofea↼tqularefanner↽h↼proyh↼irderige↽g↼ple↽f↼gi1itΩ115288↼used↼e↼are↽faoeconrg10ψb↽ltA↼1↽iot41a↽o↼eidateama↽↽g↼unroeconfΩ↽n↽e↼↼g0y↼Ial↽d↼↼hronsidl25r21188r0e↽62♯↽af↼bD↽↽gΩ↼pifd↼nted↽irony↼imΩψbt8ψbe↼ofea↼d↽f↼t↽oete↼t↽hx↼co↽ob↼v↽wg↼nner↽h↼pro↽qiv3ΩyψgΩhe↽le↽e↼theolf↼f↽g↼to↽e↼itere6150ψp↼um↽o↼p↽q↼erψc↽o↼ss↽all↽l1a↽ef↼ply,↼Ωegh↼♯↽g↼do0y↼In↽h↼di↼usef↽ahiddisthibgΩ↼cg↼in↽f↼ed↼nted↽irony↼imψbt8ΩgIe↼orofkg↼b↽grψy↽5131188rg↼to↽ed↼↽o↼yaut↽ncm↽all↽n↽g↼apΩ↼t↽n↼cv↼tso↽qkΩ216so↽hΩ↼i↼up↽qra↽n↼d↽gfe↼eeg↼ence↽e↼ofhnq↼d↽f↼t↽og↼e↼t↽hx↼co↽ob↼v↽weΩ↼nner↽h↼pro↽rψy↽5136150ψdehe↽f↼edh↽q↼xa↼for↽on2glh↼toh↽croragoff▷s↽h↼↼sψy↼tg9in↽↽ψFA↼AψbψFu↼th1pΩFΩA↽bψFuedule↽g↼aeon↽e↽p↽iψFA↼↽Ω↼wn↽e↼ofgn↽o↼t↽hx↽eo↼b↽grg↼SSlevi↼Conbt↽o↼y1088↽e↼tioψq↼os↼↼of↽f↼↼s↽in↽i↽i↼ofgΩj↼ty↼haencd↽doublconcΩ↼thath↽croragofhψψb↼F97ψy↼imple↽bfein↽↽de↼ofiΩetric↽f↼ma↽2e146672ΩCucts↽i↽all↽h↼le↼Ωill↽gΩ2587ψgig↼xorcions↽hhsned↽cmΩψb↽fric↽f↼n↽gf↼from↽f↼↼la↽f↼preconds↽gIgioΩ↼e↽gs↼is↽i↼scs↼↼of↽f↼si1itΩ151150ya↽gsofkgdurconcΩ↼that↼bq↼d↽f↼t↽og↼↽ψy↼v↽se↼it↽i19ψb↼conψy↼ioncdc↽o↼h↽kf↼↼la↽f↼precoioncebtric↽f↼ma↽2e157772↼It↽62♯↽io↼had↽is↽f↼diΓfΩaeo↼ψymato↽f↼makaut↽ioireenare↽arison2glship↽f♯↽g↼do0yhe↽ifsMRESe↽b7↽ΩhvBieG▷nf↽GMRESeg↽gψ162850ψψbeolf↼ψ↽f↼Om↼is↽h↼minis6f↽ahid↼the↽g↼r16↽i↼7↽↽ga↽gΩ↼thatg↼costs↽gicegordcieldconcΩ↼↽f↼t↽rkon↼A↼1↽ito↽f↼ep↼n↽gfΩ↼↽e↼↼g0↼the↽g↼resg↽gψ167772↼ain↽gΩ↼ort0d7ψbas↽fΩiordcieldconcfΩdemlars8ΩgIultss↽m↼in↽f↼edf↼of↽go33↼ThBieGψby↼fo↽c↼psehi↽hg↼isfsm↼is↽pΩ↼tz↼makauΩdψFψ171257Ωrthe↽g↼r16j↽ameerift↼bugψiΩ↽j↼nsc↼th↼cyyh↼irderare↽ar↼reasfΩaeo↼ψyGMRESef↽in↽f↼thath↼costs↽gicee↼t5ψbwhceei↼thatg↽gc12↽109hdmoup↽q↼op↼zeroicei↽o↼t↽hx↽eon↽14Ωb↼v↽wi↼nner↽h↼pro↽qivhe↽↽o↼↽eΩh↼SOR↽f↼iteraar↽p↼ma2ψTh▷↽20ψbdo0y↼In↽h↼dψ6↼Th2576fh↽o↼y↽e↼↼dir↽eategΩhe↽lh↽e↼r181257Ωbasi↼rjfther↽g↼v↽o↼↼wi↼it↽e↽15ψb↼rela↽h↼fnc↽or↽eapahΩah↽fΩ↼↼an↼Fig↼in↽f↼dψψb↼F97ψy↼imple↽bj↽ucts↼imudo↽q↼st3↽ougatSy↼In↽h↼pra↽e↼r18↽109h↼Ial↽hia↽mple↽bψicesoces↽BieGi↽hh↼ted↽h↼a↽↽gfg↼Ωto↽enfinnne↼areaseeaxat↼in↽f9izcielde↼ieaingf5↼is↽3eh↼iq↼osinal↽eieicedΩ↽e↼io↼haclassrhacing↽gψ191257Ωtion↽f↼mes↼gosnehvcer↼e↽ir↽Ωnair↼t↽41a↽o↼↼sysonar4↽5s2962♯↽↼Ial↽hia↽mple↽b↽baCGSwgularfψBiCGST↼Ω20ABi↽pfd↼b↽grg↼g↼to↽e↼iter9↽109hh↼ds↽h↼dise↼used↼are↼n↽gfΩ↼rabferoecos▷t↽g↼t214↽450ψ004ψyψ6l↼2▷3▷QuasiM↼is↽b↼oψnΩteRof↽fΩ↼r↽gf↽QMRi↽pdψFψl↽3212↼Λ▷↽29c↽Bie↽12Ωb↼Congugate↽f↼GradivΩ↽Ωo↼e↽f↼me↽idift↼bugψh↼dpl↼it↽frder↼thor↽gihtrregular↽↼i↼on↽e↼con↽o↼v↽oΩ↼e↽f↼can↽h↼ted↽pdψFψl↽Ω212ψior▷↼ψb↼ThMoψyterm↽g↼o↽o↽c↽i↼ofgΩjq↼d↽fciogdψFA↼LUF19u↼.↽49↽oj↼to↽b↼cf↼p↽↼e↽ψ3f↼OΩ↼wn↽e↼ofhvredprns↽hΩjtri↼the↽e↼dernnear↽f↼syh↼it↽f↼↽e↼r↼↽4120nntgig↼xistfin↼th↽f↼moncψΩ↼ize↽↽bielkdst↽↼knehSence↽e↼ofhnSSOR↽g↼alsye↽02bAψenΩtee↽15ψ↼regnSSOR↽g↼alud↽i↼ofj↽Quasi↽↽e↼r↼Ω4120M↼is↽b↼oψ1ΩteRof↽fΩ↼r↽jv↽o↼e↽g↼mess↽ence↽▷↽20leat↽gias↽fΩg↼Nan↽f↼w↽↼atig↼r↽o↼♭3▷2↽Ωψb♯lh▷♭103↽f↼♭2h0etr↽f↼k↽jgation↽term↽g↼o↽ocomtsg↼2▷l43212ψe↼osgΩψb↼Th↼↼of↽f↼s3↽ob↼Th4↽29Ωb↼Thmaused↼i↽↼aefeship↽hins↽hΩjt↼io↼haSSOR↽g↼algc8ithm↽eo↼ψy↼th↽h↼a↽↽f↼fromhnredprns↽hjtri↼tfg↼2▷l▷↽212Ωhe↽e↼deF4eedeear↽f↼i↼usef↽ahid↼tay↼gasthe7ψy↼g1s↼↽s↽efΩΩF↼is↽i↼sψ3f↼Oeo↼j↽e↼of↽ha241ψ↼in↽f↼e↽gfolli5ψbw↽↼o↽m↽o↼ized↽sMRES▷t↽g↼Ωes↽450ψSioΩ↼e↽faingf5↼↽9ψrproeetjΩbasi↼rdtultss↽e↼is↽gKryli5ψb↼ceΩerabf↼of↽pj420ψe47iuan↽gΩ↼ortretrahor↽gj↼thdled↽orsg↽gces↽150ψe↽gΩ↼ort0g6aequettegyGMRESeΩ↼thatg↼↽o↼e↽ie↽↽hgthe↽h↼srgmthigΩjviewr↼o↽m↽hdateama↽↽gquasim↼is↽h↼m↼it↽l2da↼the↽g↼rsg↽gceΩ↽450ψgthe↽h↼seΩ↼d↼in↽f↼whid2xple↽i0ψf↼from↽fnameutatbd↼precoeolf↼mΩ↼b↼ψFueQMRijψusseqh↽lo↼is↽kahead2e↼tA↼c↽ohniqueq↼d↽4esg↽gceΩ↽212Ωh↽ed↽h↼aoi↽gψ0↼Thbielkdst↽↼kns↼i↼usef↽e↼is↽g↼the↽↽hioncfΩaLancz3ψyio↽q↼d↽f↼ps6eΩ↼d↼in↽f↼wheymato↽f↼s↼gostogfmoψyψfhrobusd↽eΩ↼thdle1rgest↽450ψBieG▷npψing▷↽pψeopΩϱ24ψ41Ω24ψ401Ω14ψ30ψbopψ450ψ2724aψFA↼14↽755ψbψFo↼CHAPTER↽15ψb↼2▷↽31Ωb↼ITERA↽m↼TIVE↽14ψb↼Mpψ543ψ434ψ135393ψvψ5d↽92s↽4Ω151100ψvψ622e524750ψ27ψ↼to↽e↼cf33ψyr↽B↽3ψ50↽966ψ469ψyψFr878Ω52687ψF955ψfψFA↼bA↼/↽f↼2↽dψFy↼ΓA9ψ30h↽450↽966ψ469ψyψFr1104Ω52687ψF95fv↽wj↼somts↼ikian↽g↼ifitial↽ej6↽24ψA526850↽Ω7ψ2017ψ0k↽q626857688ψ1Ar⃗↽A↼ψσψyv↽6d↽9561u06ψ469ψ0↽pψ70↽m57645ψ1495ψyψσψyrp7668561u06ψ469ψyψFr808857688ψ1Ar,luΩFpy↼th↽h↼a↽↽e33ψyMuyψFu582781ψ990rψ008857688ψ1uayFu↼955ψfψ⃗↽A↼ψΩ033ψyvg↼1069561u06ψ469ψ0↽pψ1151857688ψ1Ar,l14σψy0↽32F1198Ω582781ψ990rψl↽Ωψ57645ψ1495ψyψFankpψFA↼y↽qψFy↼kpy335Ω582781ψ992F622ψ628500ψ27ψ48↽b↼cfe↽e↽02b⃗↽A↼9σψyw↽798Ω613u06ψ469ψ0↽pψ85↼1628500ψ27b↼zeroA↼1↽i↼for↽g↼ψo↽q↼d⃗↽A30Ω26↽2w↽11F8ψ613u06ψ469ψ0↽pψFr945628500ψ275ψyψσψyrpdes↽Ω613u06ψ469ψ0k↽q622ψ680ψy0ψpv665ty6ψ469ψ0zi uΓ

2 1F622ψ780ψy0ψp kpy130Ω686781ψ992F622ψ73088ψ1uΓ 1, 2ouœyiu2Fu(;)3(33y0)30r946Ω8325410689717829881ou=ye90e (22835yFr(()pn548Fr7839881881989Ωf(~)A(2Ω033yvg8u(A86((22835yFr(()pn548Fr888t881881u=0)32F930ov3272068944988188198;l14œyybFu(i)fFA(y)q=0)32F1110ov327206871te9)450244w)74it918011990yFr(()pFt(i)p792Ω9)45029556d~

(z8b(966Ω7207T)84549 , ψFy↼pv↽o↼e↽g↼mesi↽ioires71tΩ103450ψgth↼v↽o↼oouσψyMr882e103987ψ1732ψ9035103450Ω1Ar⃗↽A↼ψσψyyolψσ48i↽fFA↼y↽71te10825y0ψpo0

vzψΩ033ψyzolψσ48i Δ84Ω24ψ48/ ψσψyyoqψ198,l14σψyqi p0e3sem7tFr1

((286451495y5Ωgl~)A(¯)-2yy(1œ063yFy(u(O)qFA(Γ)30r99051292111073Ω004((286451(o0)e6)r02153292e11073Ω0Ft1)86Ω71to=0)17F107553292e11073ΩpF805yFs2011rr13711)86Ω71487sp9ΩA(p)d1tFr1 (i−a2289Ω1938ψyψFr↼↼↽pψF48ψFr83671338Ω5ψ1495ψyq↼os⃗↽A↼ψσψyzy↼1σ063ψyψFf↼u↼O↽qψFA↼Γ↽32ψ99orm344814ψ678ψr006↼FD↽868ψ1ua0↽e6↽r02451344814ψ678ψr038ΩFD↽868ψ1ua/0(iA√ (49Δ1; (¯49Δ1; Fi6e ΓΩ1uv

(mess¯ 2 (v649881uy(oΩu(i)f~)A(2œyv)98351634281938yFr(()pF48+0⇁0

kpψFA↼y↽qψFy↼kp906↼F70243ψ1992Fdψb↼175128ψ1,↽⃗↽A30Ω26↽2w

(73678106T

ΩgectoA(i T∞∋∀̸∞←∃∃∀←†←F∇⇐⇐⇒√←F△∀⊑d~ Youn548+0⇁0

z1907Ω51495g1uΓ⇁0uΓkp903Ω1858431992FdS1907881uΓ a962e11073Ω)619(956Ω81uΓ)e5i−←†∫∞←∃∃′←†←F∇⇐⇐⇒√⊗F⊔⇐⟩⇒√∃∀∃∇∈∞⊔̸⌉∀←∞≀⊓⇓⌊i∞←∃∃∈F∞∞∃∈∇∈∞⊔̸⌉∀←∞⊓⊣⌈∐∞∈ Y⪯

⇐∈←∈∀∋▽←†←F∇⇐⇐⇒√\▽⊔⇐⟩⇒√←F∫⊗−⇒√←∞⊔⌉∈∈∞̸∀∀←∞△△⌉\⌈⟩{←⇕⇐∇⇐⇔∞∋←†′←←†⌉⇒∞△∇⇐∈∃∀⇐←FA⇒∞∀←⌊⇐Y⇒⇕⇐≀⊓\▽△∀←F∇∀▽∇⇐⇔∞∋←†′←≀⊓ℑ†|∋∋←†§⇒∀▽∋⊓⇐∈∃∀⊗←∈′∞←←⌊⇐Y⇒⇕⇐≀⊓\▽⊔⇐⟩⇒√←F∫⇐−⇒√←∃⇒∉⇔∞∋←†′←≀⊓⇓F†⇐−⌈∇←′′∀⊗⇐∈∃∀⇐∞←∃∃∀←†←F∇⇐⇐⇒√←F△∀←F∇∞⊔⌉∈∋▽̸△←FA⇐∇⇒∋′▽∈∋▽′∞∞←∞▽∀′←†←F∇⇐⇐⇒√\▽△∀←F∇∀△▽∈∋▽̸△←F∅⇒ℑ†⟩∋∋←†∇←∀⇒∀′∈∋▽′∞∞←∞▽∀′←†←F∇⇐⇐⇒√\▽⊔⇐⟩⇒√←F∫⇐−⇒√←∃←F⊔∈∋▽̸△←F{⇐∈⇒⌈←F⌈⌈⊓⊣↕∫←∃∃′∈∋▽′⇐∞←∃∃∀←†←F∇⇐⇐⇒√←F△∀←F∇∞⊔⌉∈△∞∈▽△←∞∃▽↚†←FA⇐⌋⇒≀⇐⟨⌉⌋⊗≀⇐‖⇒∞▽←⌊⇐⌋≀\⇒≀⇐⊑⇒≀⇐⌉∇}⌉\⌋⌉∅⇒}⇐⌋≀\⇒≀⇐⊔⟩\⇒≀⇐⊓⌉{⇐⟩{⇒{⊗⇐\⌉⌋∉∈⊗∈△△̸∀∀←∞△△⌉\⌈⇒√⊗⊔∀∃∞∃∈∫⇒△←∞▽∞∞′′←⊑←▽⌈⇒∃∈∫⇒▽←∞∋▽∋∃∋←⊑⊗←FA⇐⟩△̸∈△∋←∞∃△̸←⊣←FA⇐}′△←∀¬⇒‖∋↙⇒∈∃⌋⇒P}⇐⊣⇒}⇐√∇⌉⌋≀\⇒∐\⇒Q⊓⊣∫⟩⇒{′M⇐⟩∫⇒⌊⇐≀⌋⊗⌉R≀{⇒{⊗⇐∇⇒‖\MSOR⇒{⇐⇕⌉⊔⇒}⇐⌊⊓⊔≀⇒⇔⇒}L≀⇐⟩∫⇒‖↖⊣⟨⌉⊣⌈∈√←⟩\}↙⇒√←⌉≀√⊗↗∈▽←△∈⊗∈▽←△∞⇐∞∋←∈∃←⌊≀√←∞▽′←∈▽←∋⊔⟨≀⇒∐⇐⌈NON↙⇒∋∞←⌊⇐ST⇒⇕⇐A⇒⇕⇐TIONAR⇒⇕⇐Y⇒∞∋⊗⌊⇐ITERA⇒⟨VE MEF̸⊓⇐¬⇒△∃∈▽⟨∞∇}⌉DS⌋≀\⊑⌉⌈←F⊓△∀̸▽′←∞′∃∞←†←⟨∋‖ ⌋≀\⊑⌉ ⌋⊣\ ⌉⟩ ⌉ ↙ ⊣⊔⟩}⇐∇⇒≀⇐∪∋↙∈⇒}⇐∪△⇐⟩\\↕∫⇐⟩⇕√↕⌉⌉|⇒⊔⟨⟩⇐≀{⊗⌉A⇒≀⇐⟨⇐√∇⊣}\⇒≀∇↕⊔∫∫⇒≀⇐⊓⇕≀⊓⊣∇∫∀⟨⇐⌈⇐⟩\⇒{⇐⊒⟨⌉†⇒≀⇐⊎⇒}⇐⌈⇒⟨⌉⊔⌉⇒}⊗⇐QMR⟩}⊣⟨⇐⟩⊔⊗⇒{⇐∫⇒}⇐⊔≀⇒⌉∞⟩⊔⌉▽F̸⊔†{⇐⊔⟨⌉⇒{⇐∇≀⌉⌉⊔‖⌈∇∇⌉{⌊⌉⇒∞∃←⌊⇐⌋≀\⇒≀⇐⊑}}′⊣≀⇐⊓⇕≀⊓\⇒\⇐∞∀̸⊗}⇐{⊣∫⊔⇒←⌊⊣⌉∐⊓⌉∫MRES↙⊔⌉⇒↙⇒∈′↕⌉⇔⇒}⇒⊣⟨⟩⌈⇐⊔↕⇒⟨⇐⟩⊔⌉{\∫⟨⟩√⇒{⊎⇒}⇐⌈≀′†⟨⌉⇒|⇒⌉⇐≀{⊗{′⇐⊔⟨⌉⇒}⇐∇⌉∫}⇒}←∞̸⇕⟨∫\⌉⌈⇒B⟩⌉G⟩}⌈∫ ⊒ ⊣⊔⟩}⇐∇⇒}⇐∪∋↙∈⇒\⇐⇔⟨⟩⌈⇐⊔↕⇒⟨⇐⟩⊔⌉{\⇐▽↙∞′⇒⊎⟩⇒√{⌈⌉⇐⌉⌉⟩∇⟨⇐⟩⊔⇒{⇐∫⇒⌈⌉⌈√∇\⇒⊗|⟨⌉⊔⌉⇒}} ⊣∫⇐⇐⇒⟨≀∫\⌉⌈⇒⟩⇐⟩\⇒⌉⇐SOR⇒{⇐⟩⊔⌉⌉≀⇒∐⇐⌈⇒{⇐√∫↚|⊗≀∞∀∋∈←†∫⇒B⟩⌉G⟩{†⇕⊣⊔≀ ←F⊓⌉⟩\ ⊣≀⇐⊓⇕≀⊓\⇒\⇐⊔⟨⊣⊔⟨⇒⌋⊣⟩\ ⊔⟨∇⟩▽←⌊√√∇≀⪯∈⌉⌉⌈⊔⟨⊣⊔}⇐⇒⇐≀∇⇒}}⇐⊣\⌉⇔⌋⌉⇒⊒⇕⇐⌊⊓\⇒⌉B⟩⌉G⟩{†⇕⊣⊔≀∫⇐⇐⟩⊔⌉∞̸′∃⟨\≀⊒|⇐\\⌉}∇√∫⇎⇒⌋⌉⇒}{⊗⊗⟩⊔⇔∇⌉⊔QMR⟩⇒⟨⟨⇐⟩⊔⇒{⇐{⊗⊣⊣∇⌊⇒}∇⟨†⊎⌈ ⌋≀\⊑⇐⇕⊣⇒∈⌉∀∞⊗▽T̸⟩\}{▽↕≀⇐⟩∫⇒‖↖⊣⟨⌉⊣⌈∈⌉⇐⊣∇⇒√∫ ⟩∫}⌊⇐⌋≀\⇒≀∫⌉⌋≀\}FA⇐⇒⇒⟩⇐≀{⊗⇐QMR⟩⊗⇒⟨⌉⇒∞∋←⌊⇐⇕⌉⊔⟨≀⇒⇐⌈∫⇒⟨⇐⌈⟩∫⊔⊣‖⟩⇒⌉\∪∋↙∈I\ ‖\⌉←⟩\∇}⇐SS↕⌉⌈⇒⌋⊣∫⇐⇐⇒‖⇒⊣⇕⌉⇔←F⇐⇒∞△⇐⟩⇐⊔↖\⇒⌉⇐∫≀↖⌉†⇒∩⟩\⇐⊔⟨⇐∇⌉⊣∫⟨⇒⌊⟩⌉↕‖⌈∫⊔⇒⇐‖\↑⇔⌉⊗⇐⌈⇐≀∇≀{⇐⌈\≀⊒⌈⇒√⌈⇒⟨⇐⟩⇕√∇⊣}⇒}⌋∃∈⇐⇐∈∫⇕⊣↕↕⇒⌉⇐\⇒≀⇐⊓⇕⇒≀⇐⌈FA⇐⇒⇒↕≀⇐⟩∫⇒‖↖⊣⟨⌉⊣⌈∈}⇐⊣∇⇒√∫⇒|⇒⇒{⇐⊔⇒⊓↕⌈⇐⌈F†⟩⌉↕⌈⇐≀⊗△⌊⇒⇒}\⇒≀⇐}∫⊗⇒≀⇐⟨⇒⟨⌉↙∫⇐⟩⊔⌉∇′∈∋←†′←√⇒I∌∋←†⇐⟩⇕√↕⌉⇕⌉\⊗⇐⊔⇒\{∞⟩⊔⊗∞∞′∞′∞∞←∅⇒↙⇒∈∃‖⇐⇐T⟨⌉⇒⌋⇐√∫⌉⊓⌈≀⇒∐⇐⌋⟨⊔∞△∃∈⌉⌈⟩⇐⟩\⟨⇒P}⇐⊣⇒}⇐√∇⌉⌋≀\⇒∐}⇒Q⊓⊣∫⟩⇒≀⊗△M⇐⟩∫⇒⌊⇐≀⌋⌉R≀{⇒{⊗⇐∇⇒|⊑M≀⇐⌉⇒{⇐⇕⌉⇔⌋⟩⇒⊣⊔⌉⇔ ‖\⌉⟩⌈⊓{∈⌉⌈⟩⇐⟩\⟨⇒⇐⊔⟨⌉⇒⇐⇐⌋↖⊣∞⇐⟩\∞∞▽′∞∞⇐⊣⇒{⇐√∇⌉⌋≀\⌈⟩⌉∋∋←†M⊓|←F∅⇒ℑ†⌋∋∋←†M⊓↕†⇒⇕∞∞▽∀̸∞←∃∃′∇▽∋∞⊗∇∞▽⊔⌉∀←∞⊓⊣M⊓↕∞▽∞∞▽∀̸∞←∃∃∈F▽∃⟩\∞∞▽′′∞∞←∅⇒⇔†⟨⇐⟩∇⌈}⇐√↕⌉⇔⇒{⇐}⟩{∃⟩‡⌉\⇒⌉△←⊣←FA⇐}′△←∀↙←⇏∐⇐⌈↙⇒⟩↚⌊⟩F⊓⌉⟩SOR⇒}⇐⊣↕}≀∇{≀↕↕⟩▽←⌊⊒∫⇐⟩⌉⊣⟩\}⟨\∐⇐⌈⇔⇒{⇐⊔⇒≀⊗}⇐⇐⊔⟨⌉⌉⇐⟩⊔⌉∇⌉′∞′∞{⇐⊔⇐⊔⟨⌉⇒⟨⌋⇐∫}⌊⇐⌋≀\⇒≀∫⌉⌋≀\⌋}⇐⌊⊓⊔≀⇒⇔⇒}↕≀⇐⟩∫⇒‖↖⊣⟨⌉⊣⌈⇔⇒≀⊗△\\↕∫⇐⟩⇕√↕⌉⌈⟩∫⟩⊗∈▽⊔⇒{⇐∫⇒↙⇒∈′↕⌉⊣⊔⇒}⟨⊣∫⇒{⊗⇐N⊣\⇒{⇐⊒⇒⇐⊣⊔⟩}⇐∇⇒⟨↙∪∞′∋⇒\⇐⊎⟩}⊗⌊⊣⌉∐⊓⌉A⊔↖⊔⇐⟩⊔⌉∞∈△∃∀∀⇐OR⇒}⇐⊣↕}⌉⇐↙∞⇐⌉←⌊⇐T⟨△⇒⟩↚⌊⇒{⇐O⇐⌋≀\⇒≀∫⌉⌋≀\}FA⇐⊙⊗⊣QMR⟩⇒⟨⊔⟩≀}{∫⟩∌∋←⇒⇒⌈⌉≀△⇐⟩⇒⇕∋∋←†⇐⟩⇕√↕⌉⊓⌈⇒⟩⇐⊣⌉⇒|⇒⌉⇐≀{⟨⇐{⊓⇒}∇⌉⊔QMR⟩⇒⊗}⇐SOR⇒}⇐M⌉⊔⟨≀⇒∐∞∈∃∃∀∀⊣⇒\⇐⌈⇒}{↕≀⇐⟩∫⇒‖↖⊣⟨⌉⊣⌈⇔⇒⌉⇒⊣⇕⌉⇔⇒⌋⟩′←{⊣⊔⟩≀\⇒⌉⌋⊓∫⌋⌉√⊔√⇒∐≀\⌈⇒△⌉∫⌈△⌊⟩⌉↕‖⌈∫⊔⌈ ⌋≀⇕√⇐∇⇐⌉⟨S⌈⇐≀⟨≀∇⇒}⟩⟨∈⌉⌈⌉⌉∫⇕√∇⇐⌉⟨SL⊣\⌋‡∋←†}{⊔⟨⌉∇⇒}⇐⊑⇒≀⇐⇐⊗⌈⊓∇≀\⇐⊔≀⊔⇔⌉⊗⇐↕⊔∫∫⇒⌉⌉∫⇐⟩⊔⌉∇D∃∃∀⇐⊓∫⌉⟨⇒∀⌉⌉⌈⊔⟨∈△←↖⇐⊔⟨⌉⌉⟨{⇐⊔⇐⊔⟨⌉⇒⟨⌋⇐⇐⇒⌉⊗▽→⊔△∞←⊣⌉≀⌈⇒⌉\⌋⌉⇒⌋≀⊓√↕\∫⇒⟨|⊔⇐⌈⇔⇒{⇐⊔⇒↖⇐⊔⟨⌉⌉⌉{⇐⊔⇐⊔⟨⌉⇒⟨⌋⇐⇐}≀∋∋}⊣⊔S⇒⟩\⇒{⇐⌉⌊†⇐{≀⇒⌉⌋⟩∫⇐⌈⟩⌉∫}⇒}←∞△△∃∀⇐⊓∫⊓⌉≀↕{⇐←⇒{⇐O⟨⇐⊔⌉⌈⇒⟨⇐⊣⇒⇒⟨⊗|∐⇐⌈⇒{⌋⇐⟨∇≀\∫⌉̸△A⇐∞⇔⟩⇐⊔⟨⊣⊔⟨⇒⌋∇⊣⇒⟩⊔⟨≀}≀\⊣↕⌈⊣∫⇒{⊗|⌉⊣⟩\}{▽⇐⟩∫⇒⇒∐⇐⌉⌋††⟨⊗S⌉\⌋⌉⇒⌉⇐≀{⟨\SSOR⇒}⇐⊣↕∫⟩⇒√⌉\A⌉⌉≀⇒∐⇐↖⊔⇐⟩⊔⌉∞△∃∀⇐⇐{⌉⟨⇐\{≀⇐∇⇒⟨↙⇒⇕∋∋←†⇐⟩⇕√⊗⊣⌈⇐⌋≀⇕√⟨⌉∇⟩⌋⌉⟩⊣QMR⟩⇒⟨⇒\⇐⌈⇒}{↕≀⇐⟩∫⇒‖↖⊣⟨⌉⊣⌈⌊{⊑⟩≀⇐⟨⊣√↕⌉⇔⇒{⇐}⟩F⟩}⇐⊣{⇕△⇒∈⊗′↕⌉⊣⊔⇒}⟩⊣∫⇒{⊗⇐N⊣\⇒{⇐⊒⇒⇐⊣⊔⟩}⇐∇≃⌉∫}⇒}←∞▽△∀⇐⇐QMRP∋∞←⌊⇐≀⇐CK⇔⌋⌉⇒⊒⇕⟩\⇒{⇐⊒⟨⟩⊗⇐⟨⇒{←F⊣⊔⌉⌈⇒⟨⊣↕⇒⟩↕⊣⇒∐≀\⌈⇒⊔⟨∇←⌊⇐A⊔|}\⇒⊔↕⟩⌊∅⇒}{∫∫⇒{⟨⇒A√⟨⌉⇒{⇐⌉⌈⟨§⌋⌉⇒A⇐⇕⊣⇒∈⊗∞▽∃∀⇐⇐W⊣\⌈⌉}}⇐⊣⊔⌉⌈⇒⟨⇐⊣⇒⇒{⟨⇕⊔⟨⌉⇒∫√⇐∫⟩⇕√⌈⌉}⊓A↕OR⇒}⇐⊣↕}⌉⇐↙∞⇒⌉∇⊓∫⌉}⊗↙∪∞′∋⇒{⇐∪∈}⌈⌉≀△⇐⟩⇒\⌋↕⊓⌈⊑}}′⊣⇒{⇒⌉⇒∞▽←⌊⇐∇⌉↕⊣⇒⟨⇐⇐⟩‖⟩⇐⊔⟨⌉⇒{⇐§√⇒⇒⟨⇐⊣⇒⇒⌉⊗▽⇐⊔⇐⊔⟨↖⊔⇐⟩⊔⌉∞△̸∀▽′←←⌊⟨⇐∫⌉⇐∫⇐⊔↕⇒⟨⇐⟩⊔⌉{\⟩\⇒⇒⌈⌉⇐≀{⟨⊑⇐⊔⟨⌉⇒⟨⇐⌋≀⇕√⟨⌉∇⟩⌋⌉⟨⊗⇒⟩⇐≀{⟩\⇐⊔⟨⌉⇒}⇐∇⇒⌉≀\⇒∞△⊗⌊⇐⊑⇒←FF∀⇐{∈↙⇒⟩↚⌊\̸⊣∇←⌊⇐F∃←∐⇐⌈⇒⊣⇒{⇒{⌉⊒⊣}\⇒≀⇐†⊣⊓⊗⌈←F←∞∄∀⇐⇐⊔⟨⌉∇⇒}⇐⊑⇒≀⇐⌈⇒⌉\⌋⌉⇒⊣∇≀∇⊣}≀{}←∫⇒{⊗}⇐\⇒∞△⊗⌊⇐⊑⇒⊒}⊓⇐⊔⟨⌉⇒}⇐⊓√{̸⊗⇐⌉⇐⊣∇⌉⇒{⊣≀⌉⌋≀∫△⇐⟩\⇐⟩∫⇒≀⇐}F⇒≀⇐⟨⇒⟨⇐⟩⊔⇔∇⌉⊔⊣⇕⌉⇔⇒⌋⟩′←}⊣⟨⇒⌉⌈⇒⟨⇐⊣≀⟩⇒∫∇{⊒∈§√⌋⊣⊗⇐≀⌉⌈⟨⇒∐⇐⌈←F←∞△∀▽′←⊣⊗←⌊⇐T⟨⌉⇐⊔⇒⟨§↖⇐⌋≀⇒≀⌊⇐⊑⇒⊒⌉⊣\\⌉∇⇒⟨⇐√∇≀†|∃≀\⇐⇕⌈⌉⇐≀{⟩⊗⌉⇐⊔⟨⌉⇒}⇐∇⇒{⇒\⇒⌉⌋⊓↕⊣⟨∇≀\∫⟩≀⇒∐⇐⌈A↕∫≀⇔←∉⊎⇒⊣⟩\}{▽⟩SOR⇒}⇐⊣↕}≀∇⇐⊣∫⇒|{⇐⌋⊣⊗⇐≀\↕⊣⌊⊔⇒≀⇐⌈←F⊓†⟨⇕⊔⟨⌉⇒∫√⇐∫⟩⇕√⌈⌉⟨∋⇒≀⇐∫⟩≀\⇒⇐⇒⟩\⇒{⇐⟩}⌉⇔⇒}⇐⇔⇐⌈⇔⇒{⇐⊔⇒≀{⊣{⊓⇒}∇⊗}{⇐⇐↕⊣⇒{⇐√∇⌉⌋≀⟩≀\⌋}⇐⊣∇⇒√∫⇒⌉∇⊓⌋⊔∫⇒⟩←⌊⇐F∃←⇒⇔⟨▽→⊔△∞←⊣⌉≀{FA⇐⇒⇒⟩⇐∈△←⇐⇕⊣⇒∈⊗∞∀△⇐†⊑←⇐⊔≀⇒⌉⇐⌋≀⇕√⟨⌉∇⟩⌋⌉⟨⇒⌉⇐≀{⌉⊣⇐⊔⟨⌉⇒}⇐∇⟩}⊣⊔⟩≀⇕⊣⌈⌉⇐⌉⌉⟨⊔⊓↕⊔∫∫⇒⌉⇐⟩∫}⌉\⌋⌉∅⊗←⌊⇐⌋≀\⇒≀⇐⊑⇒≀⇐⌉⟩⇐⊔⇐∫⊔∋⇒|⌉′←†←∋{⇐O⊗⇐⌉⌉⟨⊔⊓∫∫⌉∐⟨⇒∇⟩}⊒⇒⇐⊣⊔⌊⇒⌊⊣\⇒∞⇐⟩⊗∞∀←F⊓†⟨≀⇒⌊⇐⌋{⊔⇒√←∞∀⇐T⟨⇐⇐↕⊣⇒{⇐√∇⌉⌋≀⟩≀\⇔⇐⇕⌈⌉⇐⊣≀†⟨⇐⟩∇⌈}⌈⊓⊣↕M⇒△∃⟨⊣∃′∋∈←∈′∞∞∇∀▽∇∞∀∃←∈∀←∞∅⇒∋⇒⌉←FA⇐I⇒∫←F⊓⇐⇔⟩⇒⟨⌉⇐≀\⇐{⌊≀\↕⇐⇒⟨⇐⇐∫←⊣√⊣⟨⟨⊓√⟨⌉⇒⇒≀⇐⇒∫⇒≀⇐⊓⇕≀⊓⊣∇⌉{\⟩\⇒⇒⊗F⊓⇐‖√←FA⇐◯≀∞▽′∇⊗∞∀∀∈∀∞←∃∃∀←†←F∇⇐⇐⇒√←F△∀←F∇∞▽△′∇∞∀∃←∈∀←∞⊓⇐‖√}←∈∃▽⌋⊣⇐G⟩⇒}⇐⊔≀⇒⌉∞⟩⊔⊗∞∃△∀∀⊣↕↕⊔≀⇒⌉⇐⇕⇒≀⇐⟩‡⌉}\⇒⊣\⇒{⇐⊒⟨⟩⌈⇒≀⇐⟨⇒⟨⇐⟩⊔⇔∇}⊣⟨⇒⌉⌈⇒⟨⇐⊣≀⟩⇒⟩≀\⌋⌉⌊⇐{≀∇⌉⊗▽⇐⊔⇐⊔⟨∫⌉⌋≀∫△⇐⟩∞△∃∈⌉∋∋←†∇√⌈⌉′⊔⌉∇∃∋∈∀∞←∃∃∀←†←F∇⇐⇐⇒√←F△∀←F∇∞∈△⊔⊗∞∃△∀∀⊗∞⊓⇐⊔⟨⌈⇍T⟨↙⇒∈′←⌊⇐F⇍{≀⇒⌉⊔≀⟩∇⌉⇔⇐′∞∫⇐†←⟨≀↙⇒∈′↕⌉⊣⊔⇒}∞⟩⊔⊗∞∃←F⊓†⟨⊣⊔⇒}∞∈←⌊⊣N⊣\⇒{⇐⊒⇒⇐⊣⊔⟩}⇐∇⇒≀⇐∪∋↙∈⇒}⇐⇔{⟩\\\⌉⇐⊣∇⌉⊣∫⟩⟨⇐⟩⊔⌉{\△↙∞∪↙⊔⇒⊗̸{∈↙⇒⟩↚⌋⟨⊓√⟨⌉⇒⇒≀⇐⇒{⇒≀⇐⊓⇕≀⊓⊣∇⌉{\⟨⇐⟩⊔⇒{⇐∫⇒}⇐⊔≀⇒⌉{⟩\⇐⟩∫⇒∫F⇐⟩∫⊣∇⌊⌋⇒}|→⇒⟩←FA⊗}′⊣⇒{⇒⟩≀\⇒⌉⊗⌉∞∇}⌉∫′⟨⇒△†∇⟩⌋⌉⟩⊣⊣≀†⟨⇐⇕≀∫⊔∫∋▽∋∃∋′∞△▽′←∈⊣\√⇒√⊗≀∀F⊓∈′∞△▽∀∉←⊑←≀∀F⊓∈′⟨⇒△⊣∋∋←†⟩←⌋←∞̸⇓←{←F⇐⇕⊣⇒∈⌉∈′∃⊗̸∀⊣QMR⟩←⌊⇐T⟨⟨⊣⌉∐⊓⌉∇←⌊⇐A↕{⇐⌉⟩⟩⇐≀{⟩\⌋⊣⟩\⇒⌉∫⇐⇐≀{⇒{⇐∫⟩⇒⟨⇒\⇐⌈⇒}{∇⌉⇒{⇐⊣⇒⟨⇐⌈⇒⌉⊗⇐⊔≀⇒⌉≀\⇒∞△⊗⌊⇐⊑⇒⊒⟨⊣∫⇒{⊗⇐D⇒⇒}⊗⇐√⟩{⌈⇒⇕∋∋←↖⊔⇒}⇐⊔∈∞△▽̸′←⊣⇒⇐⌋≀\∫⇐⌋≀⇕√⟨←∞⊗⊔⌉⊣∫⇒⌉∇B⟩⌉G↙\{⇒∞←†←⇒{∫⇕√∇⊣∇≀\⇒⊔⌉∇⇕⇒}⇐≀⇒≀⟨⌉⊣⌈∈}⇐⟨⌉⇒⇒≀⇐⇒{⟨⟩⊗⇐⟨⇒}⇐⟩⊔⌊{⊑⟩≀⇐⊗{′∫↕⟩}⊒⇒⇐⊣⊔⌉⇔⇒}⇐⇕≀←†←FA⟩⇐⊣⌉⇒⟨\⟩\⇒⇒⌈B⟩⌉G↙\⇒}⇐⊔∈∞∃⇐⇐∈∇′⌉⇒⇐\⊗⊔⌉SS↕⌉⌈⇒⌋⊣∫⇐⇐⇒|≀∞∀∋∈←†∫⇒⌉⇐≀{⇒⟨∫↕⟩}⊒⇒⇐⊣⊔⌉⇔⇒{\⌋⇒≀∇⇒⌉⊣√⊣⇒⇒≀⇐⇒{⟨B⟩⌉G⟩{⊗⊑⇒≀⇐⌉⇒}⇐⇕⌉∫∫⇒‖⇒∞▽←⌊⇐⌋≀\⇒≀⇐⊑∫}⟩⟨⊔∇∇⌉}⊓↕⊣∇↕⊣↕⌈⊣⊣⊔⇒⇔⟩⇐{⊣∫⊔⇒}⇐∈↙↕∈△▽̸′←⇐\←⌊⇐A∪∃∈⇒⌈⌊QMR⟩⇕⊣⟨⇐⟩⊔⇒{⇐{⇒}⇐⊔≀⇒⌉|{⇐⇐⌋⟨⌉⇒∇⌉⌈⇒⟨\⟩\⇒⌈⇒⌋∇⊣⇒⟩⊔⟨≀}≀⊗⌈⇒{⇐⌊⇒≀⊣∫⌋≀∫↙⊔⇒}⇐⊔∈∋⇏△▽′←′′△←†←↕⇐∈↙∋↙⌉⇒∞∈⊗⌊⇐C≀\⌈⊓←⊣⊔}⊣⊔⌉⇒{⇐G\⇐≀√}⊗↙S⊔⟨⌉←∇⇔⇒⟨M≀⇐⌉⇒}∇⇐⇒⇔}⇕O⇒CGS⟩⇒√⌈←F←↕△⇒∀∀̸←∞△∀I\⇒⇒⌈B⟩⌉G⇔⇐⌉⟩⟩⇐≀{|⊗\⇐⊔⟨⌉⇒}⇐∇⇒⌉≀\⇒∞△⊗⌊⇐⊑⇒†⟩∋∋←†∇←∞∀̸∞△∈△▽∞∞←∃∃′←†←F∇⇐⇐⇒√⊗F⊔⇐⟩⇒√∈←↕△⇒∀∀̸←∞△∀⌋⊣⊔⌉{\∫⟨⟩√⇒{⇐⌊⇒≀}⊣∇⌈⇒⇕⇒⟨⌈⊣⊔⌉⊣⇕⌉⇐≀{⇒⟨\\⌉∇⇒⟨⇐√∇≀†⟨⊗∫⌉⇒∈⇕⊣⊔∇⟩⌊⇐F△△∞∇∈△∈△▽∞∞←∃∃′←′⟩⇒√⌈←F∈←↕△⇒∀∀̸←∞△∀∫ I⊣↕ ⊣ ∞←∃∃∀←†←⊗∇⇐⇐⇒√←F⊔⇐⟩⇒√△∈′∃∈∞←∃∃∀←†←⊗∇⇐⇐⇒√←F⊔⇐⟩⇒√△∃∀⊓∈71998yFr7092771ψ998ψyψFr111992771ψ992F1165A174327ψ2068ψ11899277ψsp9ΩA↼r↽1272r2715↼71ψ998ψyψFr1317m27↽450ψ295ψFrpψFA↼.ψl48u↼.↽49Ξψ14↽pψpψing▷

14 CHAPTER 2. ITERATIVE for fl

N45149)q75258511104fb(o8ΓΩ1uiu2Fu(;)3)e11r2441, 2exh(~)A(œyr)1œ48iMp5Fu3938(a5393v5Fu1671Ω232781v752.)475027(to)e(cmatrib(951u(x)966469yFr007Ω484541955eFA(bA(=)f(2)dFy(ΓA931p4(x)966469yFr2)4Ω48454195fb(kde(in)fkian)g(ifitial)ei6)-2416534(x)Ω720170k)q7525164514948)b(cfe)i(~)A(œyr)1(!)Ω(i−←F⟩⊗⌉ 82538ψ1938ψ082538ψ1938ψ0p0e3sem89ψΩ94te8ψ1ua0um92189 Youn548Fr9727992881275gFA(=)103689 Youn5t(i)pFs(Γ)p112Ω99288127+Fy(Γ)e4i∐ Y∋↙∈∃∀←∞∋∋←≀∫⌉ iter050431270pFt(i)pFs2011r120Ω)4Fu8195aFbFuqi≀∫⌉⊣∋▽▽⇒△F⊓∀←∞∃▽⇓≀}←∞⊓−i−∇←△▽↚⇒△F⊓∀←∞⊓⊣√i−∞←F⊓⇐∅⇒∋ ′←′ i−∇←′∞−⊑

(œyv12Fuy195^ 12Fuy1955hœyum979Ωr282781998yFr(()pF48Frd.27512Fuy1063yFy(Γ)eΩ vμAμ Youn548ψFr911↼150288ψ1ou/y↼↽q↼6↽2rψ974Ωm48109ψ2017ψψb↼Y↽m↼oun5t↼i↽pψFs↼Γ↽pψ↽66↼150288ψ1063ψyψFydual0↽eΩ↽11F4ψ150827ψ2068ψr151↼150288ψ1ou⌣↽A↼μ↽2qψ839Ωr55288ψ1276ψyψFA↼c↽o↼hec↽o↼k↽15ψb↼con↽o↼v↽o↼ergence,↽g↼con↽o↼tin↽o↼ueΩf↼if↽fΩ↼nec7525160687Ω144end↽pΩt898u16718Vψ5ψFu16738↼a53Ω3ψvψ594ψ1749ψ3ψ1964ψaψFA↼hER↽9e↽h↼2▷4.djPg↼a↽g↼precon↽q↽fe↽12Ωb↼ConfΩhGate↽f↼Gradiv↽Sthe7ψrenMSOR↽f↼metly↽m190327ψT↼tioo0Ωbrsuggestqug1↼and↽g↼ifψei↼uPr946e19F9ψy0ψtayψ96h↼↼904Ω0ψ295aFbψFuAψbψFu↼7ψsinredprns↽h33ψyr↽121681888011ψ990ψyψFrψ28tΩ1903501ψweto↽eoae↽gsm↽gΩ↼↽↽dn↽14Ωb↼v↽yi33ψyrψ167581888Ω7ψ2017ψψb↼Y↽m↼oun548ψFrd715↼1903501ψweeΩ↼thabugψiΩsfsm↼gw↽↼atb4itΩ195450ψeeqa↽↽c↼ad↽hal↽↼cons↼gef↼p↽xation↽↼the↽g↼↼io↼ha♮nce,↽Ωg↼d↽h↼ionεon↽t↼are↽faov↽what5ψbwhce2↽gds↽18fallto↽e↼ψgψFA↼Pp3842e193843ψ1992F18Fr↼964814ψ678ψr86h↼↼95450ψ295ψaFbΩFuAψbψFu↼7ψsp9ΩA↼r↽19d↽9193843ψ1990ψyψFrψ9880↼95450Ω1u↼th30ψbo00350↼Eque↼↼dir↽eΞψ14↽pψfy↽o↼♯↽g↼sd↽hete↽gΩ↼i↼inhΩhiΩ↼h↽g↼itbfveudo↽↼is↽↽q↼e↽rads↽ψb3Ωyψgaarb↽grs↽g↼to↽efig↼a↽↽↽e↼con↽o↼pdegufle↽eψe↼osgΩ30ψbo05450ψther↽g↼v↽o↽kaolubo↽iΩsfsturl68i↼oun↽nΩation↽ship beasyyh↼rrefb↼e↽h↼o↽↽i↼ofgveurre↽f↼a↽oedhhψ↼thri5ψΩbppro↽ien6ψchfvIn ifψooΩ4redprns 2518011ψ990ψyψΩr↼kr↽n548ψFr5

eψb↼Th4↽i6ψb Oio↼haevid↽oΩ↼d↽hjω eeiruld(fnship)f(ba20bdo0ucts(iA())i(ofhΩhion)bfvt(in)gflo(isc(r)f)nurrey(direjeto)eoi(ofgvethe)hmpleufΩΩFthe)h(srFA(i63450h(it)f(y(fog(to)ejfsrefb(the)ug1(and)gΩhtioctl)h(iteg5(is)3eh(68i(o)(bc(thth18q(d.)i6b0(The(it)f(s)(tasgih2edΩg0a)gulal)ehnsc(th(ConguFthe)h(srFA(i6)150e)ae)j)suggest(d)hj!)iFA(Ωdi(inh)(the)g(upd)ge(the)g(r)f)fiss)fh)V)20atefndo()s)V)20ry(ha[20)nΩ([7(eh(2.4:dj)o(e)g(mese(t(bs)jic)o(t)450eo4(idi(con)o(vgg0ince)e(ofhΩaarartioncg(tial)eh(irderalcfe)grtion)()14guFthe)h(s.yΩing.)peopΩ%27544Ω275437(1329bop1502753tho)q(dNON.)31b(ST)m(A)m(TIONAR)m(Y)13Ωb(ITERA)hVE)14b(ME6Fu(:)4927sp92Fu3938(a5393Ωv92Fu172092r1a281v285(.)4757(to)e(c1Γ1yr)4854(x)Ω720170k)q541r484541955fFA(bA(=)f(2)dFy(ΓA970964))966469yFr761048454195fb(j(somts(ikian)g(ifitial)ejΩ)-24118104))966469yFr285(5164514948)b(cfe)i(~)A(Ω033yF1Fu(:)49Γultss)(for)g(exg~)A(œyr)1œ48i)eFA(=)812e521871733yFr857551645149)r285(58511104fb(ougai(u()12Fu(;)3)e11r2441)pFu(;)7bFA(2)pF)pF)pF(i−←F⟩⊗⌉ ∅

(i = (i−Γu(

⇕⌉∫∫

Γ∀∃△∀∞△←∀̸←√←F∀′▽←†←F∫←∞∃∃∞F∃∞̸∃∀∀∀∀̸⊗F⊓⇐⊓←†△∞∈▽∃△⊔⌉∀←∞⊓⊣√⇒△∞△̸∃∈▽⇐∞←∃∃′←†←F∇⇐⇐⇒√←F⊔⇐⟩⇒√△∀≀∃△⊔⌉∀←∞≀⊓▽←}←∞←†∇⇒▽▽∞△∃∈▽⇐∞←∃∃′←†←F∇⇐⇐⇒√←F⊔⇐⟩⇒√←F∫⊗−⇒√←△̸∈△∃△⊔⌉∀←∞≀⊓⇓F†⇐−⇒⌉△pr80it925(71990yFr(()pΩFt(i)pFs(Γ)p892294te81f(2)dFg1y!96h(946814849pΩFt(i)pFs(Γr016594te81uav)10Ft925(71990yFr(()pΩFt(i)pFs(Γ)p11)0094te81ou)p3738990t2(p0endif373c1042(y)sy(v)o(oj6)-2M8Fu(;)^)A(¯)-2p)(1Fu(;)3)hΩ

(71ψ998ψyψFr↼↼↽pψF48ψFr446e109327ψ2ou5ψgψ1ψyA 0ψ0 14ψ849ψpψF805ψyψFsψ2011r547Ω114254ψ1u/71ψ998ψyψFr↼↼↽pψF48ψFr3738119ψ28ψ1usψu2σ (i−− (c5! 3œys Youn548Fr444(1502881ou=y(œys)eFu(D)fFy(Γ!)5841508272068598(1502881yt)37381552Ω81276yFA(c)o(hec)o(k)15b(con)o(v)o(ergence;)g(con)o(tin)o(ueΩf(if)fΩ(nec3738160687oA(1,)ince;)g(con)o()g(itbfvi)gΩ(irehf(if)fΩ(neceΩ(thdtFy(Γ!)60(1608272068r085(602881066)p1;)3)e90)285Ω165188144end)pΩt598(17209V92Fu17228(a5393vł48u1799Ω31964aFA(i0410e)h(2.4:djPg(a)g(precon)qg)Bie)12Ωb(Congugate)f(GradiΩf(Sra)ithzr,enMSOR)f(met(iter96188144I633y(implemenΩ(t)nf1itΩ2057011;)CGSwcrb(F97q(f(ao(umoun)n(thath)cain)esmall)e(n)o(um)o(hΩSence)e(are)faoecos4iin(is)o(gF)o(h)h(it)n(168gBieG,)e)ame,)c)c(psehi)Ω0nntg)g(t2107m7hsneb(cony(h(a))ev(the)h(comp68gfn(d)hΩFuA6758209128106T)70it2107881u(.62])Hv)o(,hec)o(ionfΩ)nir(t)41a)o((ci)a832ys)(the)h(compherfn(d)h1yA)1673Ω209128106T))g(t2156881;)io(haimpd)h(impr2)dbCGSwjnh(it)f(s)g(to)efΩ0etrd)h(i(h(a)(ma)2e221650T(n)fpThe)c(pseudo)q(cinin)d)i(inhΩhPg(a)g(precon)qn)e)12Ωb(Coneugate)f(Gradig)Sthe7r,enMSOR)f(met)h(2)((la)f(precondoi33yMuj1;)io(c(ple,)f(gif9izene4aFA(gΩER)9.pdFł4)7881004y8l(2.3.Bie)12Ωb(Conduatgate)f(Gn(opfΩ)Sra)ithzr,gmO)Bi-CGST(-2.3.ABi)p1)q(25)4502091yh(Ω3.Bie)12Ωb(Conjugate)f(Gradig)Srae mΩ.ABi t168gdy(In)hle(are)djh(rrefbsy(v)o(ol)gces)150g(nb(a)f(symd(lite)g0in1141y()h(d(ile(s)i)ed)h(aoi)concΩ(thatiΩ()ft(bufhtrregular)gae)19b(con)o(v)o(eiin(tt)oiesg)gceΩ)450cing2eedthateae)12Ωb(Conjugate)f(Gradig)Sthe7r, ga[20 [7(ek(It41aeocΩence)com-)Ω150r26m.ABdΩg0llto 7ψsp9ΩA↼Pψ1557326↽9ψy0ψtayψ1571Ω26 ↼umolynomib↼ob0↼Thdescribionckoae↽gsteepcaΩ↼osd↽erdescf↼Gradig↽↼the↽g↼up▷npψing▷↽pψeopΩϱ28ψ45Ω28ψ441Ω14ψ30ψbopψ450ψ2728aψFA↼14↽755ψbψFo↼CHAPTER↽15ψb↼2▷↽31Ωb↼ITERA↽m↼TIVE↽14ψb↼M4rgeDS↽450ψp↽C↽19ψb↼con↽o↼v↽o↼e4ψFu46850ψ109BiCGST↼m▷ABdidift↼buh↼k↽15ψb↼con↽o↼vq↼f↼ao↼umoun↽n↼as↽gΩfast↽Ω↽↽as↽gΩCGSefbsψle↼tmse↽f↽iosto↼↽i↽s a sψle↼tmse↽4ψFu518434nntthd6↼ThCGSwF6↼fotion↽f↼can↽hgjviewr↼o↽m↽ e me ize in whid↼↽14guBieGify♮nce, d ionεonm▷ABdg2eed3Ωyψga↼can↽hΩ↼r↼↼lt↽m↽hdateedi↼inh↽nner↽h↼proy↽gicee↼BieGi↽hs the rehe ↼updlyiΩψFA↼617m7h↼the↽pdekesMRES8ψ0↽p3↽ob↼ThAGradib7▷3▷↼tay↼galo↼isc↼rlf↼m8↽ΩeΩahit↼the↽g↼rigan↽14Ωb↼v↽whairderm↼is↽h↼mi↽↼tz↼d↼ei18in↽f↼whi↼↼tas↽jgΩatio4↽gψ66109hdteoeunhe↽eh↼re↽fψy↼mudo↽g↼or↽gxak↽15ψb↼con↽o↼v↽o↼Gi↽g↼tΩ↼oh↼ted↽io↽↼ma2ψThOe↽↼6↼Th2576g↼↽↼or↽gg7↼anecg↼ifod↽i↼in↽elo↼isc↼r↽fΩesMo4↽gψ717m7hRES8ψ0↽pth↽crehe↽gstagn↼upsi↽he↼on↼fb2576g↼Kryli5ψb↼cfΩerabf↼of↽pj420ψd0nntgid2xpaneed2↽gds↽18g▷BiCGST↼m▷ABd4ψFu76109h↼b↽grψ0↼Thbielk↽erdst↽↼kngoψb↼Th4↽i6ψb↽f↼Oio↼haaf↽bielkdst↽↼knehΩSs↼tu↼hron↽fvt↼in↽f↼3Ωyψgao↽↼bc↼th↽hosned↽ad↼preco↽grtion↽↼↽14i↼↽↼or↽gΩψFA↼817m7hbielkdst↽↼knekh↼↼is↽i↼p↽ithoieref0inrg↼↼↽14i↼↼the↽↽hionceΩ↼BieGi↽hsSOR↽g↼alsye4↼Th4↽i6ψb7eedt↽ψbypcan↽hgjence↽bielkdst↽↼kne4↽gc86↼↼2↽h↼it↽f↼9↼fog↼to↽ejfi↽ed↽h↼aoi↽↼computed↽fg0llt↼n↽oioioncebBieGiiΩ↽fn↼d↽gfg↼or↽ghΩtion↽f↼mes↽bψ1z↼i▷p▷npψ268↽mputed↽fψy↼eleψy↼onciΩfg↼or↽ge↼↼Ial↽d↼se↽4ψFψ92↼↼2sin↽↽ψFA↼ω↽5164922e1ψ1073Ω56gc92↼↼2ψ268ψas↼yψi↽e↼of↽haSOR↽g↼al↽p3↽i↽O↼eederan↽f↼whidalt↽oi5ψb↼relacψΩ↼is8g▷BiCGST↼m▷AB2↽g8ψas↼yψi↽Gutknen↽f↼w↽↼at↽mp♭115↽g↼♭7ψ,e4↽gc96↼↼2↽hoFA↼i0↽o↼h↼prahei241ψ↼in↽f↼e↼rt↽uctsf↽suggest↼d↽hjω↽iψFA↼ΩdSleijhe↽f↼x↽gds↽18fa▷↽20ψkto↽f↼maef0inri↼♭390↽n↼♯▷tly↽Ωψ0165y↼Notond↽thin↽gfBiCGST↼m▷ABdf7↼as↽gΩq↼d↽f↼t↽og↼↽topp↼n↽ggΩatestq.h18q↼difψ10eedthateae↽13ψb↼metho↼as↽gΩalieldy↽gae↽19ψb↼con↽o↼veiΩψFA↼↽66↼9hdtgHAPTEthatga�ψy↼gatest↽f↼igod↽i↼in↽esome5dricehΩ1usψbψFu↼hid↼↽14gurabfe↼Fbhmpleufu↼the↽g↼up6e↽↽f↼t↽uld↼fa↼can↽h↽he↽rΩ↼umertheolf↼eiqueqo4↽gψ11160y↼comp↽ble▷ψ6↽q↼dbd↼precoeolf↼m7b↼zΩbrstopp↼n↽gf↼igoh↽e↼ofea�ψy↼gatest↽gaca9ψb↼con↽o↼haaf↽fewagΩ↼un↼if↽fΩ↼nece↽e↼are↽faoecoso4↽gψ11654y4bueud↽i↼io↼↼wi↼it↽ence↽m↼in↽↽Ω↽imn↼is↽r1a↽o↼↼eo↽q↼127088ψ144I633ψy↼implemenΩ↼t↽nf4itΩ134788Ω1u↼BiCGST↼m▷ABdg7narψb↼F97ψq↼h↼↼d↽f↼t↽ofae↼t↽hx↼co↽ob↼v↽wgΩ↼nner↽h↼pro↽i↽hs↽fΩg↼fouref0inne↽wg↼nner↽h↼pro↽yjψ1z↼i▷p▷npΩFu↼hd↼↼d↽f↼t↽o4iterD97m7hsnn↽o↼dFnner↽h↼pro↽i↽hhoFA↼eAi↼ae↽hnBieGifΩvs↽18ψbCGS▷nly↽m144788aT↼in↽e↼The↽c↼pseudo↽q↼cht1492edi↼inhΩhPg↼a↽g↼precon↽qg▷Bie↽12Ωb↼Conjugate↽f↼Gradig↽Sra↽ithzψrgnMSOR↽f↼metΩψFA↼Ξ9Δ↽fn↼d↽f↽↼↼la↽f↼precondog33ψyMu19u↼.↽49tioψqΩbrple↽f↼gif9izeg64ψaψFA↼hER↽10↼eo↽q↼161088ψ1004ψyψ9l↼2ΩbrCheb↽n↼yshy↼IduψatIo↼h↽h↼it↽o↽q↼168645ψ149ψ4eω↽iψFshy↼IdR↽m↼YΩ↼h↽g↼itbfvio↼fhlag↼or↽ghΩe↽13ψb↼methoA↼1↽isψy↼ionceψg↼nψb↼a↽f↼symgΩ↼nnef↽f↼si↽hψas↼yψi↽Golub↽o↽q↼173678hs↽fΩg↼V↽20ate↽gLoae↽hn♭109↽n↼hgΩ↽f↼x↽bψFu↼10↼1▷5♯ldas↽fΩjeV↽20argdteo♭211↽o↼hidChapto↼↽i↽5♯↽p3↽i↽ψ4eω↽ΩiψFshy↼Ie↼YΩ↼h↽g↼itbeah↽ed↽h↼aoi↽sro↽q↼178612ψe↼oΩje↼the↽h↼comphericehΩ↽snn↽o↼hFnner↽h↼pro↽i↽↽as↽gΩt↽2fnsif↽fΩ↼necjnin↽d↽i↼inh↼↽↼or↽ggΩψg↼nψd↼comp↽ryf↽Ωo↼eo4↽gψ183678h↽f↼mes↼eh↼▷↽20ψb↼F2ΩF.e↼in↽fψdisthibgΩ↼ceirh↼in↽f↼dψarin↽f↼itob↼uresgHAPTEthase↽o↼izne↽wgΩ↼nner↽h↼pro↽i↽hsre↽eoae↽go↼umottlenA↼c↽o↼h4↽gψ188Δ↽fn↼d↽jfre↽f↼a↽h↼d↽Ωih2edee↼is↽↽q↼ecyym↼▷ψ6↽q↼d▷↽egHAPTEprio↼e↽fe↼ee↼D↽iψFs↽gfultss↽↼itΩ↽↽h↼aoi↽concd↼izne↽wkFnner↽h↼pro↽i↽↽isbfvt↼in↽gfi↼in4itΩ193657Ωtion↽f↼mehit↼t↼F97ψq↼jd↼nψb↼Adeeknst↽↼kled↼vgg0ao↼umoun↽↽↽i↼ofhΩh↽f↼a↽h↼drum↽g↼ence↽e↼ofhneudo↽↼is↽↽q↼e↽rad↽geo↼t↽hx↽dΩFuAψ4↽gψ198254ψ195t↼in↽f9ae↽hnelli↼Th↽fd↼nted↽In↽hle↼concΩ↼thath↽cpcaΩ↼o↼drum↽g↼catefnship↽fh↼i↽↼e,↽g↼c↼simpdergeh↼♯↽g↼do0y↼In↽h↼↽g↼↼io↼fΩvd↽is↽f↼diΓed↽fg0lasrψFA↼i03550ψeeqa↽↽h↽term↽g↼o↽ocomtsfd↽ia↽gds↽↽ψΩ↽adaptb↼relacg5↼↽9ψrproomphiψdy↼In↽hle↼are↽djfjω↽iψFA↼↽Mae↽rΩ↼Ω↼uis↽3el↽hn♭146↽ψb♯lfhs↽fΩg↼↽m33ψtψFA↼i08254ψa↽↼conseetjΩb0ed↽fgΩ↼Ash↼n↽o↼ed↽fψy♭ψ↽g↼♭tho↽q↼dψ4eω↽iψFshy↼IduψatiΩ↼h↽g↼itbfvio↼gΩeraita↽qongfultss↽↼n0ed↽fg0g↼nψb↼a↽f↼symf↼lite↽g04↽gce13550ψeear↽f↼dnin↽↽dd↼in↽f↼whid↼↽14gu↼nted↽In↽hle↼concΩ↼elli↼Th↽fd↽c↼Ωqo↽q↼d↽g↼isfs↽ncludvgg02576g↼↽rigin↼eo↽q↼2240450ψp↽C↽e↽arison2glfn↼d↽hΩ↽g↼or↽gxation↽f↼mes↼2▷10ρ↼↼2ψ268C↽e↽arionc7PTEthatje↼The↽c↼pseudo↽q↼cΩ↽f1492edC4eω↽iψFshy↼Ii↼YΩ↼h↽g↼itbeafn↼d↽hme↼of↽hnThe↽c↼pseudo↽q↼cht1492Ωedi↼inh↽e↽12ΩtψFA↼i366↼9hb↼Coniugate↽f↼Gradig↽e↽13ψb↼metho↽o↼♯↽g↼sd↽Ωoae↽ghi↼Aefndog24ψ↽jeicedΩF↼is↽i↼hogonalm↼hd↼exceptoψqΩbrthdtFynsoψg0inne↽wg↼nner↽h↼pro↽ψo↽q↼2▷160y↼ar↽↽ev↼the↽hψrgnionfΩ↽C4eω↽iψFshy↼Ii↼YΩ↼h↽g↼it▷nly↽m2466↼9hSmprarsψ6↽q↼33ψyc↽bψF49s↽fΩi33ψyd↽fu↼,↽↽all↽h↼lf↽g↼to↽efi↼eleψy↼ceirsond↽thin↽hme↼o↽fgΩ↼de↼e↽h↼vgg0a↽f↽fais↽yhericeiaelli↼Thsi↽h↽n↼d↽o↽q↼251611↼a↽mmitb8q↼dcf↼Graderc1ψΓψ1ψyese↼>pgψ2950↽gds↽18g▷fo↽hΩ↼i↽bψFA↼d↽sψFu↼⇁↽sψFψyc↽h.↽49s↽fΩgψFA↼d↽sψFu↼D↽fψFsψFψyc↽oΩψu↼d↼in↽f↼whgence,↽g↼ausef↽e↼isiaelli↼Th↼mde↼aoyh↼eclcfes↽ieaing4↽gces66↼9h↽f↼a↽h↼drum↽fban↽ffmoψyψfh↽o↼h↼prfea�hld↽haencd↽v↽nΩ↼↽d↼se↽pth↽A↼↽ψ1uApgψ295s↽18g▷fore↽↽d↼in↽f↼whg02576g↼h↼ConhψFA↼/↽gψ295ence↽coon↽e↼con↽o↼v↽o↼e4ψFψ2615↼78ithm↽m↼is↽h↼m↼lh↼m.l↼24Ω271188ψ1uγFy↼u↼/↽6F4ψ268288ψ1ψyaA↼/↽u↼⇁↽7075264850Ω2anp↽pψ74itnh4Fr1↽893ψvψ74itnh824a33ψya↽763tnh70781ψ992Fdψ1Ω26↽288ψ1063ψyψFhψFψyc↽851tnh70781ψ992Fpψ6F4ψ270it236Ω3ψvψ6F4ψ27444a33ψyd↽fu↼,↽⇁↽707527F9ψy0ψanp2 :

1329bop1502753thodNON. STATIONARY ITERA leng(d)gfgnce ofi6-ax20e4A())i(ofhΩhelli(Th(ma)2e445(0Wandegg7hri5bvid)hgencdo)q(chtsned)d(in)f(whidid)gΩhio(haassumeo-))i(e)gΩ(i(inh(elli(Th)fd)e)o(y)e(ejh(rrefbe(ofeaie)rΩ(Ω(r(Ial)dh1rge49254([qFA(Γ)25h18)450128106m(i)2Fu495881u;r7PTE0)25h293450128106max)36)449254195],lF2ΩF:e(aoyh(irdf()e((g0eig(nted)Ial)d(se)h0ucts(i)oalth18ΩTh.)20b(F2eed3udo)q(cin)ncludionceb(fore)adaptb(relacs)de(thet-fg(2.545(0n)g(itbh4A())i(of)e(SOR)f(iteeo)arame(ths(o8ΓΩ1uc)1Fu(:)49s)fΩg33yd)fu(;)i(ofin(tado()s)20e4(che)red)jeto)eoAsh(nΩputed)fg0[)g([tha)2e59987(.)29c)C4e!)iFshy(Ien)o(e)g(mesehhaequei(ofgΩjad)hal)(cons(gece)en)e(con)o)uesMRES)fvt(in)f(ige,)eyT892272849pF805yFsΩ2011r983588645149=ce o0 rtfjΩn(t(the)hc(()g)g6490y(ar))jussd.(b(ThOe)3f(Oi(inh()(or)gg7(ane,ceΩesMRES)(wi(it)guara(Grade)djh(rrefb)o(y)e(ejieaingf5sm)gΩ(h(leΩn(the)g(r)g)g698(7(en)e(con)o)edi(inh)ethe)hmpleuy(earin)f(gf5s(of)goΩ18q(d.)eo(FueBieGifymion)f(mes,)))d(in)f(whg0Ωill)gΩusehhy)o(rtffΩn(t(the)hc(f(m),yjd)c((ite748434nnt:dj)(is)h(mi)(tz(ceb(fore)(the)g(rigΩ(usef)ahgeraita)qonhesome;tho()20bdo0y(In)h(,dh)(tlito)f(thoC4e!)iΩFshy(Ii()o(h)h(it,rfme(o)f(ite798(7()c((6(Thnntgid(t(F97igΩ((h(pro)ien6e4A()))arame(ths(i9Γ()14gurf(a)h(drum)g(enceΩFuAbFu(7thd6(Th.ioeolf(m7,b(4(ThsMRES)i)s)fΩ(ite848Ω0BieG:dj)(it)f(s)g(to)ejhhoFA(eA(is)3eh(iq(osistaki)d)pd)h(im),ef)g(tΩ(ocausehhyencd)su(are)flite)g0h(k)15b(con)o(v)o(e)f(can)h(ted)io),)g)gc898(7(d(in)f(whf)n)nnntgn)ship)f(bethe)f(roeetif1492edC4e!)iFshy((ma)2Ω9525yh.)20b(gurb(a)f(symf((areasih()h(a))h(de(e)h(i(ejh(1141y()))i(ofΩga“elli(Th”(ed(nted)In)hle(conch)e(ofearf(a)h(drum)g(d-t)g(Ω00)455)o(y)e(e)jh(rred)i(of)e((Grader(Ial)dhe([qFA(Γ)25h641Ω007u8199m(i)698(00)451u;r7PTE0)25h74it1007u8199max)804Ω00)45195]y3f(OΩ(ch)e(ofea(areasih()h(a))f6)-24pΩ1u(-ax20,(ei1832yjΩA(Γ)25h13910r007u8199m(i)146100)45195s)18fFA(Γ)25h1566Ω1007u8199max)1644900)45195sr)e(iter05188)e(ofk5sm)gΩ(h(le5s)18iΩb(the)st)gaeig(nted)Ial)d(se)f)A()1uM)925(10368yF805yFsΩ2011r9691)51281yApΩ1u(th30Γr0e)(need3ir(t)41a)o((ci)a832ys)i(ofgΩj(the)-a1(in110)455t)g(itbfvgnce)inne)wi(nner)h(pro)i)h20e4agn)shiΩmottlenA(c)o(,))ci0fah(it)f(f)g(to)eh(ad)hal)(cons(gef(p)grtion)arartcΩ)ffn(d)f)eG,)1(in115188allto)e(hd(eh(pro)se)f)A(h)e(ofea)o(ye)b(oeΩneig(nted)Ial)d(se)h0fle,)ee(ostaeG:eveudo)(is))q(e)rads,gias)fΩ(Ωhe(on(h(af-t(ite120)455te)wi(suis))q(e)rad)xak)15b(con)o(v)o(Gi)encdΩEthase)h(thri5bppro)ien0d0sfn(n)f(whi(tion)C4e!)iFshy(IeΩ(YΩ(h)g(it.n22.3.At(ite125101lF(is)i(s3f(Ost)e(egywjnh(it)f(d)g(to)ejΩjadophr,gnin))dahgerfn(n)f(whh0fle,)dyGMRES,ei(ltss)BieG-t)bypcan)hgΩymion)f(mes,)(iterD0101frrefbC4e!)iFshy(IenYΩ(h)g(it.n)g(Ω430450p)C)19b(con)o(v)o(edF291454195I(ch)e(ofiurb(a)f(symc)cas()ky)Δa832y)1uApe195s)18hme(of)hn(la)f(precondog33yMukΩ195sr)ecgo(umoth(gurb(a)f(sy7se4A(1,dF296481me(ofd)C4e!)iFshy(IeΩ(YΩ(h)g(it))ddrelacg5(ated)h(a))fhi(ofincain)dhuphe))o()j)o(umouarefΩ)as)gΩformfbe(ofeae)12Ωb(Congugate)f(GradidF161454ymion)f(me,weannertΩ))i)(cohFyc)fF49s)fΩi33yd)fu(;)(r(ehS(the)hr,gnfle,)eΩA(Γ)25h9905162028106m(i)10148161454195s)18iFA(Γ)25h1166Ω162028106max)12451161454195)e(ofea)o(ye)b(odneig(nted)Ial)d(se))g(Ω66481menckhi(ofinpg(a)g(precon)qfae(t)hxie33yMu73(Ω649881805yFs2011r77581664281yApΩ1u(7thdy)m1718Ω56Tinr))evirdf()(gury(In)h()efin(is)oeotit)f(s)formfb)))e(con)o(ph(pro)ioncΩ(v)wgu(the)ph(pro)ioncfbe(ofea�hld)haencd)v)nl)d(se.uΩdF176109h.)20b(i)(for)g(exn)o(ug9izenee(ofearb(a)f(symd)cas(eiFA(0)25h8743177381484max)957T176747F95irdf((the)ph(pro)ed2))he(on(gΩme(of)h)o(e)g(mesehh(it)f(dF1817m7hdi(con)o(v;stakncd)ioyh(irdh)terΩb(con)oph(pro)edcfbe(on8hme(of)hophdiΓgnh(it)f(d)g(to)ejb(con)o)fgΩ(nli5bw)xak)15b(con)o(v)o((ma4(ThS(is)i(sF186109hd(cy(implesocΩetion)f(can)hgjmado(dnin)i(thath)g(nb(a)f(symd(cas(th38Ωf2.)i662])q(d)fes(mde(aoyiOΩ(eehtne)desg)g1917m7hfairlalecΩo(sc(th(Coni)o(umouars8g(oncfbe(ofearf(a)h(drum)g(enceΩFuMp989r1902881t(i)pFs(Γr03301917281yAg195fb(Ω(i(inh()o(e)gΩ(methotion)ship)fhA(is)3eh(iq(osis)haint(iter96788alltoarison2F2ΩF:fn(d)i(eGifyoo)uesMRES7th1rges09688144I633y(implemenΩ(t)nf1itΩ2180y0ArInon)C4e!)iFshy(Ii(YΩ(h)g(itbeae(ofeaiSOR)f(iteeo)arame(ths(Ωeructs)iknst)(kni))as)gΩsudo)gn)hdateame(eeg(knst)(kequei(ofg(2.l23045(elli(Th)cence;)g(ausionceb(forjneig(nted)Ial)d(se))ban)eΩ(R)fhh(,dh)aingf5�hld)gfgnce))Ial)d(se)pth)A(fihi(ofint(are)faov).uΩdb(Th4)e(c-a1(in2280y5fbeo(Fuei(ofgveuto)e(comphericeh)snn)o(hFnner)Ωh(pro),yidated(irehf(if)fΩ(neceaki)d)tion)f(mes(g(lito)f(tgesMRES)(w492Ωh)eG,)1(in233045(i6b6nari)ed)h(aoi)(csye4(Th4)i6b6Ωf2h)ed)h(aoi)srfwe(ofiurbnn)f(wroniz)g(it))d(areaiimplesogib(F97),hΩse)2m(eG-t)bypcan)hhymion)f(mes,)))so)1(in2380y5m(in)f(itesncg(butugΩ(hi)farin)f(ic(rigaoo)uedisthibgΩ(cegrh(in)f(dh(it)f(hnscn)f(ieq(osis)Ω(hi(A)o(hFnare)ffbmaoΩ(efhaitpdFł4)0y5Ωill)irsuggestqujOst)oonceΩ(D))gΩ(piz)g(it)ennne(areeroier;cjnin)f()(gu)(ds)h(econgFA())i(io(gΩers)fh)Saad)o([385)b],ldFł47978hs)fΩf(Doonarra,)eΩAzp)f]j(althe195[71)o(])p3)18q(dSf(a)h(p(simcaolf(m7,b(2Ωteas)hΩsudo)gn)feas)hΩsumtsfdsegm)hmpleuyoffi(uwnhF;)ishg0(the)hr,))ddrelac1)q(252987h(it)f(n)ship)ginri((the)hion,(mΩ9izenesb(Fbh(s,Ωje(trre)f(a)oedh)q(edsegm)hmple(it)encgΩ)top)p268,)m6)-24pΩ1u(2)gds)18h33yr)q1u(.6y)m2583Ω56TingepThe)c(pseudo)q(cinin)d)i(inihPg(a)g(precon)qfbC4e!)iFshy(IeΩnMSOR)f(metf)fn(d)gf((la)f(precondog33yMu1FA(i63450F;)ishh(ple,)f(giFig(afm4aFA(g0411(ek(Itgor(andleshg02576g(cas(ehΩse)2m(a(gurb(a)f(symf((areasih()h(a))h(de(e)h(i(ejh(eudo)(is))q(e)rad)Ω150r26)150e(t)hxih1yApΩ1u(th28q(d.)eo(b(Theig(nted)Ial)d(se)g(enceΩFuMp76te2668011805yFs1991F805326)4502yAhu(;)(r(ehaassumeo-))iedΩg0ship)f(bal(ifi)oali)hs)fΩg(usef)e(isia((Grader(Ial)dhg)gce7)450([qFA(Γ)25h18)427)927206m(i)2F927)4502441)pΩTE0)25h293427)927206max)36)427)450295],lF2(fo18in)f(whi()c(psehi)Ω0nntgfs)ncludvgg0zero.nping.)peopΩ%)047Ω)0461Ω1430bop4502730r7FA(14)755bFo(CHAPTER)15b(2.)31Ωb(ITERA)m(TIVE)14b(Mp5Fu3938(a5393v5Fu1313Ω39172v746.)475027(to)e(cfFA(fl)9468(x)966469yFr002Ω484541955eFA(bAfFu(D)fFy(ΓA931694(x)966469yFr227Ω48454195fb(q(osc(in)fkian)g(ifitial)ej6)-24164864))966469yFr1692048454195.)746534281ydc166=s)hayΩru(0)25)8635540u8199max)936553Fu8195+odFA(Γ)25h1001Ω540u8199m(i)1058553Fu81957sp9ΩA(=)p1982,)1Fu(:)yc)dΩ166=s)hayFA(Γ)25h12524540u8199max)1a28153Fu81f(2)dFddual0)25h13935540u8199m(i)1451553Fu81957sp9ΩA(=)p1982.)746Ω58327244fb(ouœyiu2Fu(;)3)f11r2441)cu(;)7bΩFA(2)pF)pF)pF)834635y0p)sy(v)o(o(œyM)APTEzr015Ω620281017b(Y)m(oun5t(i)pFs(Γ)p1109635y0;)=y(Ωgector11738620281017b(Y)m(oun548Fr1212635y0;).)834Ω68511104ifo8œyiu2Fu(;)3)e11r8918737881top)9(Ω72289Ω19380)p9680737881;)2Ωg1yzr033072289Ω1938yFr81Ω787881uΓ)13)918(793272011r948(787011;)3)g)7bFA(=d)834Ω83688144e3sem8919886881uΓc=9422728499dud ψψ974511ψ990ψyψΩr↼↼↽pψFt↼i↽p9635988011ψA./ 94227ψ2849ψpψF805ψyψFsΩ2011r119ψ291645ψ149↽r891998868ψ1uap

↼i−84Ω994814678pF805yFs1991F12419988681uap

i−(i

(i−0 checΩo(k)15b(con)o(v)o(ergence;)g(con)o(tin)o(uef(if)fΩ(nec746Ω12419yΩ144end)pΩt898u13138V5Fu13128(a5393v7461389Ω31964aFA(hER)11e)h(2.4:ehPg(a)g(precon)qfbC4e!)iFshy(IenMSOR)f(metΩFA(N451nER)4)70.3.e)tocompg(i6)q(db)f(r(ero)i)hiceiae(iseΩhMo(e)gr()sro)q(16)450295EisFueFthe srericehite) ccompg(ih(to)f(rne3sukfefod)i(in)e)o(e)g(mesehs)fΩg(hterΩbwfhA(is))q(e)radlyrfme(o)fi8catefnship)f(bexecgΩ(ceiritbeae(of4itΩ17)150ethe)f]j(arin)f(itob(ure3)ob(Th.)i6b6nar(areaiimple(Ω(irehfencdΩEparticular)i)imn(is)r1a)o(ee4Atbh4D))gΩ(pifdarin)f(itob(ures;e4)gc18)450(rs)fg)f(x)q1u(4.4.nly)m188Δ)ISOR(v)o(o2b(2tion)f(mes(f)(r(ehS(con)o)fgvd)is)3erf(Gradig)fle,)edirh(d)e2tionΩmes(f)inrg(()irehfre)f(a)h(d.)40q(d.)eo4eecΩo(A())dirh(d)hΩtion)f(mes,)bgo(umoth(hnin))ddenfe)i(s)fΩebsD)s(ei(1141y(,weairehf(the)e,)eye(aoyiOΩf4)g198254ei(ofgb(2ion)eΩiz)g(it)enA(h)e(ofeae(t)hx.)k3.)i6b0(The(are)faoeco)(wi(itΩ(abs)hmpleuyitbfvi)OR)f((v)o(og)tion)f(mes(g(dalthb(Ad4)gce03550((la)f(precondsgHAPTEh(it)f(crb(F97ckoaeedsetupahhp(as([92)gΩhs)fΩg(fn(d)f)it,bfvi)OR)f((v)o(oi2tion)f(mes(f)la(c)o(hgddenfe)4)gce08254a(t)hxihurab(umo(are)faoecos.n22.3.SioΩ(ee6nars)in)f(e)gopcaΩ(ofaoecos4gd3Ωyga(can)h)hexecgΩ(cegce)gfΩ(con)o)fgvhi(Aefn(is))q(ecyyΩFA(i13550it)enmostsf)ethe)hmpleuje(the)h)o)edarin)f(itob(ures,ci)acon)o2ed(ff(a)h(d)eoaeedl)20bdo0yrgf5�opahh)e(ejh(in))di)OR)f((v)o(ogΩAi(ae)FA(i18254foo)uedirh(d)g)tion)f(mes.)k3(Doonarraaofhnnne(areeri)Ω06yFoio(ee4A())iSOR)f((v)o(oo)q(168354ymion)f(me.t)6Ωf2.)20bdo0y(In)h(,d(Fueirefbob(ausef)gudo)gf(me)idnare)ffbmaoΩ(,fgΩj(tnhe)eh(g(itbh4)all)h(le0Ωill)gΩg(to)efiple,)f(gif9tion)()144itΩ17fi([74)o(]ef)g()h(a)c(in)f(ff(a)hriy(impleml(oΩ4rehdi)o)q(2)32120ao(umoun))8eedthis,gias)fΩe7hri5bvidwmarkhgencdocif1492edihoFA,(b(The(of4itn2282120basic)1Fu((e(are)faoecos4(iionfΩ)i)OR)f((v)o(og)tion)f(mes(g()ft(bugΩusehhyindirh(d)g)addrps6ion,(gΩ(dehe)f(edhoncΩ(vsef)e(isFA(i332120datae)gstrproure3)o0gatS)in)f(ebFu((e(are)faoecos4g0Ωill)fOh(ted)h(a))heagn)e)15b(rela)h(fΩ)l)20bdgn(is))q(ecyyiduf2edexecgΩ(it.nly)m238788a.)20bdo0y(In)h(,d(Ωhe(ishg0l)20bdo0yrggn(is))q(ecyygfgnce)execgΩ(ithi()c(psehin(totigΩ(umplaldas)it)fe(ionci(ao(umoun)f(the)grtieml(o)q(2.37Ω56Fthe)h(sriaeiin)fin)i(aef)g()h(a)n0geear)f.62]).)20urfhh(hoFA,(Ωec)o(i)OR)f((v)o(of)tion)f(mes(g(ar))evusueolf(dfsi633)4)gce48788atioki)m33y(impleud)i(ae)j)dirh(d)hΩtion)f(mes,)g(s)fΩebsioΩ(eiΩ0nn)fafu)grf2ion)eΩizasoandlee1141y()dsmes.ishg0sey(dijh(drelacfΩerammariz(cebfoo)ue)an)f(wh)eemeslyl-l(24o(t)450ed(vgi(A())e(t)hxiehnne(areeroierpj420fb2576g(mauseey)cri)ORh(sriafb(Ω((eley(oncgds)))i)OR)f((v)o(og)tion)f(me.yΩing.)peopΩ%31r48Ω31r477(1329bop1502754tho)q(dOMPU)31b(ST)m(A)LoqΩbrASPECTSwguOFfbTHEog)E)14b(M420Fu(;)31r3939351Ω065A1vo92040it29bv705940itV902840itV061840iΩV0S)438Γa(M(t)hx-)pΩt258840itV456840itVo92045iΩV705945itV756843Γa(Inn)o(p902845itV061845itV2Fuw)V)20ob(v)wpΩt258845itV65AwhPg(a)g(wpΩt456845itVo92Ω50itV411048Γa(Mo(e)g(mesp705950itV1742whPger)h(proypΩ902850itV5itwFw(SAXPYwpΩt061850itV49twFAhPger)h(proypΩt258850itV772whSy(v)o(opΩt456850itVo93450381065A1Ωvo920552829bv4110s378a(Jb(o(COBIsp70595528V902Ω5528Vt06185528Vs66(w11r11618522e1107awpΩt25885528VΩ145685528Vo9206028V4110y8733196GSsp70596028V902Ω6028V499(w11rpΩt06186028V1482w11r11618572e1107awpΩt25886028V145686028Vo9206528V411063743196SORsp705Ω6528V90206528V469(w11rpΩt06186528V1482w11r11618622Ω1107awpΩt25886528V145686528Vo9207028V411068733196CGwpΩ70597028V3142wh2(p90287028V1582w13rpΩt06187028V158Ωw11rpΩt25887028V176(w11rpΩt45687028Vo9207528V4110737ΩaesMRES)p70597528V1S)4w33yiu0026)127e11r9028752ΩVS)4w33yig6)127f11rpΩt06187528V125w11rpΩt2588752ΩV176(w11rpΩt45687528Vo92080itV41107870aBieG:p705Ω80itV(t)2wh2(p902880itV1582w15rpΩt061880itV136(w11/1wpΩt258880itV134(w11/1wpΩt456880itVo9208528291bv411Ω8378a(QMRip70598528V276(w12(p90288528V115w18+4h1004Ω822e1107bcrpΩt06188528V1129837431961/1wpΩt2588852ΩV134(w11/1wpΩt45688528Vo92090it29bv41108870aCGSwpΩ705990itV(S)4w12(p902890itV1582w16rpΩt061890itV158Ωw12(pt258890itV176(w12(pt456890itVo92095itV4110936Ωa(Bi-CGST(m.ABdp705995itV149tw(4(p902895itV1582w16rpΩt061895itV1582w12(pt258895itV176(w12(pt456895itVΩo92000)4V411098Γa(CHEBYSHEVdp705900)4V90281001ΩV(S)2wh2(pt061800)4V1582w11wpΩt258800)4V176(w11rpΩ456)0itVo934100381065A1bv1(in11210a(T(m.a)qonecΩo(2.1:ma2ThSammaryy3f(OΩfpj4O(are)faoecos4(i1492edYΩ(h)g(itbidual3p039.n22.3.“a/b”gHAPTEheano(ha“a”on)mall)ltiplicaoecos4)g(Ω17181)fn(d)f)2576g(mat)hxiehs)18ia“b”tf)fn(d)eaiS()))irano(areasp.npΩ(ite1205862021bv1958r)324a33i(ae2m(T1244481E3.)i6d)e)13b(methopcaΩ(offbm()))soen)oal6g(mat)hxi)dn)14Ωb(v)yg)nner)h(proy)giri)Ω0((la)f(prec)14n)o)edsy(v)o(,)hΩbun)f(the)grmall)e(n)o(um)o(f)A()g(Ω2)150A(are)faoecos4fvio(i(b(F9(Ial)d(impleueΩqioieagn)e(t)hx-(coΩ(o(dc)14r)enmall)ltiplyym(.198u1312e11i)o(2m(T1324Ω72E(T(m.ruofi6)m(SAXPYwf2E(A(are)faoecos4fv+ejb(con)b(v)yefsmpr(one.uΩd98u1352e11i)c(2m(T1364481E3Lal)eh(fb(Ω()m33y(impleuol)g(i)14nscdΩEthae,)c)c(h(totig5(t(thse(rela)h(du(the)g(up6i(thath)(the)g(r(ma)2Ω1466(9200)e7o2026)12e)to)e(compg(ib(Thto)f(rne3sth18ΩThD)is)3erf(Gradi3f(Otion)f(mes(ehsneb(cony(h(a))gvd)is)3erf(GradiiΩ0to)f(rne3s,lfhs)fΩg(dehe)f(ed-g2(4315160y((onc(b(Thonrg(()14i(nnef)f()Ωd0b(i)ethe)f]ge(the)h)o)fdarin)f(itob(ure)jet)i6d)e(it)f(f)rulatiΩ()un)))ceroa(i)243156657Ωtion)f(mesthdy)m164850(T(m.a)qonhER)2(fΩ)lists)ieaingf5aror(gechib(F97),ht1492ed((in)f(e)he)13b(metgy)Δfn(d)un)))((la)f(preco(on7th1rge1698(7(Notonfvt(in)gfdrelacg5a7igΩ(totig5)ncludioncfbe(ofearror(gecg5fb(Ω(i(ing()rigin)dhe(eear)f(iFA(Axg6)125eFA(bAfF49s)fΩiddrelac1)q(1748434ignor)ecgsmpraronΩarror(ge.62118384341.62])Jacobii3f(OMo(e)g(mes304Ω921(9200)e7o20026)12Eo(ye)a)h(F2(foeasyyh(rregΩuse,)g(bun)))unlal)egΩ)e(ofeae(t)hxoceirpj4“st)oonly”tf)diagcoeolf(ec)cm-)345Ω97181)in)(Grad,gHAPTEthirehfe)13b(methoishg0nnef(re)fyo(um)st)Ω)ige,)fj(tnhe)ehed)jeated(agiFig(a)g(der)h(proron)fvto)345Ω202181)i)OR)f((v)o(of)tion)f(mes(fyoo)ueas)gΩa,gf((la)f(precondog)inrgΩ(aef)g(nd(comp)ry,h)tion)f(me.y304(i087(9200)e7o20b(1u(T(m.rivib(ob2Fueirei(D))gΩ(pize.62121707882.)o0gatGauss-See)el)m(TIVEo(e)g(mes3042252(9200)e7o2002Ω1u(T(byptheolf(c)iosto()jak)15b(con)o(v)o(G))i(s))f)Jacobi,)g(bun))Ω(ize)))o(h(prag0nntgfs(the(um)tih()h(a))345230687ofn(d)d)i(ofgΩjg(nd(comp)ry,g)tion)f(mes.)304236801100)e7o2002Ω1u(Applica)qoncrtion)arrictl)fgvd)agcoeolf(ec)cmin)(Grad,gfyoo)jΩurb(a)f(symf((areasih()h(a))g(de(e)h(i(ej3452418434e(t)hces.)304ce484(9200)e7o20026)12Puol)))gΩ(piz)g(it)9(Thnne(areeroier)j)depcaΩ(o)fΩf(one)gstrproure)haencd)e(ofhneudo)(is))q(e)rad)geo(t)hx.)k3Dif-)Ω345253Fu8(ferf(Gradicyoo)eh(onebfvgnce)e(ofhnunknst)(kns)gΩh(ted)h(a))Ωgvd)is)3erf(Gradig)dog24sgi(A(d(D))gΩ(pise;thomall)lti-)345Ω2582120colb(q(osoo)eh(onebgj)(it)f(s)g()h(a))h(almostsf)fu)grhΩ(D))gΩ(pise.)3042650(9200)e7o20026)12.)i6b4f(Oio(haa,f))f(a)h(ib(oΩh(cas(ehvgnce)e(ofg6SORsgymion)f(me,weaob(aus(ceiruted)fg0lyFohiΩmosioncfFA(!)gu(;)3)f11.6212t)4503.62])Sucf)fΩ()h(a))c(O(con)o(-Relax)g(it)c)ΔSOR)pping.)peopΩ%32449Ω324481Ω1430bop4502732r7FA(14)755bFo(CHAPTER)15b(2.)31Ωb(ITERA)m(TIVE)14b(Mp88Æit67932bv885940iΩ29bv911(38Γa1u(Mo(e)g(mesp1d98u40itV26w(Sror(gecpΩ(i63u40itV885945itV1d98u45itV133f43Γa(Reqmmple(ipΩ(i63u45itV8868453t67932bv8859503829bv911(4888a(Jb(o(COBIspΩ1d98u5038V204(w1e(t)hxo8eed+ehv3qFA(Ω)pΩt56345038VΩ88595528V9110s378a196SORsp1d98u5528V275(w1e(t)hxofd+ehv7bΩFA(n)pΩt56345528V88596028V9110s8733196CGwp1d98u602ΩV(S8(w1e(t)hxofd+ehv6qFA(Ω)pΩt56346028V88596528VΩ911063743196sMRES)p1d98u6528V160(w1e(t)hxoev+ejbayΩru(i)fu(;)+)h(57sp9ΩA(n)pΩt56346528V88597028V9110687Ω3196BieG:p1d98u7028V2482w1e(t)hxoev+eh(10sp9ΩA(n)pΩ(i63u7028V88597528V911073733196CGS)p1d98u7528V265Ωw1e(t)hxofd+ehv11sp9ΩA(n)pΩt56347528V885980itV9110787Ω3196Bi-CGST(m.ABdp1d98u80itV123(w1e(t)hxofd+ehv10bΩFA(n)pΩt563480itV885985itV911083683196QMRip1d98u85iΩV242(w1e(t)hxoev+ejb16qFA(Ω)1493482128106c)pΩt563Ω85itV885990itV911088Γa1u(CHEBYSHEVdp1d98u90itV99Ωw1e(t)hxoev+eh(5sp9ΩA(n)pΩt563490itV8868903567932bvΩFA(97Fta1u(T(m.a)qone4PTER)2:62])Sror(gecHAPTERb(F97m)hmple(itΩ5fb(Ω(i(ing(Mion)f(mes(yitbfvi)OR)f(one)ual3p039:o20b(1(Ω)15026)12denntes)ieaingesoo)eh4)g1.2757fefod)i(in)e)(t)hx.)pΩFA()4362021bv498u0Ω05a1i)c(91451092272E3Lal)ec(fb(Ω()m33y(impΩleuol)g(i)14nscdEthae,)c)c(h(totig5(t(thse(rela)h(du(the)g(up6i(thathΩ)(the)g(r(m60491S0(9200)e7o20026)12Acf)ly)e(e)jAR)m(k)15b(con)o(v)o(G))efod)Gauss-See)el)gmO)qFA(!6i(¿)eΩAA(1,e)uz(ov)o(p1u(-relax)g(it7;egj)(it)f(s)yihld)645Ω24045(k)15b(con)o(v)o(Ge6narw(on8d)Gauss-See)el)gmioiresfhaFydual¡(h(!(h(¡)fu(;)1,ehuz((the)(p1u(-relax)g(it7(m604Ω130327200)e7o20026)12Sf(a)hdisHAPTEence)coon)e(con)o(v)o(eh)depcaΩ(o)fs)b3rittheolf(dedijhFA(!6q1u(;(Ω(i(ing()p(prolcd)v)nl)d(s,ht1492ΩhFA(!6hu(;))(it)f(6451135450eeqa))g(ph(pro)edce)fle,)Ω(thath)cpcaΩ(o(drg(ih(ate)usG))efod)i(in)eJacobiiftiΩ(h)g(itbfve(t)hxofd(the)(645Ω40327ceroa(i)jak)1(precos(m604946701100)e7o2002Ω1u(Puol)))gΩ(piz)g(it)9(Thnne(areeroier)j)(r(ehaaingf5aain)fahi)Ω0on)se)haencd)e(ofi)Gauss-See)el)f)tion)f(me.y50it1547Ωy(4.62])e)12Ωb(Cond3atgate)f(GpleuyΣCG)p60481627Ω9200)e7o20026)12Applica)qone4PTErrefbsb(a)f(symf((areasih()h(a))iΩ(de(e)h(i(ejh(1141y((m6049691(9200)e7o20026)12Sf(a)hdiscaencd)nce;)Ωg(con)o(v)o(Gi)dehe)f(eds8g(oncd)e(ofhneu1(precoef)gall)e(n)o(um)o;nfΩ)if)ea)o(ye)b(ofheig(n-(6451174ityd)Ial)d(se)g((r(ehadrelall-seD)))edcΩ)he(on(fbsu(are)flite)g0h(k)15b(con)o(v)o(e)f(can)h(ted)io)md)can(oΩ4rehdi(m604980539200)e7o20026)12Inn)o(HAPTEprer)h(pro)i))acn)n(as)gΩurbnn)f(wroniz)g(it)gd(areaiimplesogiusef)ahh4D))gΩ(pied(nted)irony(imΩple(m604986939200)e7o20026)12.)20urfhh(ob2FueD))gΩ(piednne(arΩeeroier)j)(r(eef(the)e,)giusdehe)f(ed)hmpleuyoff)e(ofhneudoΩ)(is))q(e)rad)geo(t)hx,(64511918434bun)i)dehe)f(edfearr)oonlyΩf(one)Ωme(of)hstrproure)ieaingf5((la)f(precond.y50it199987(5.)o0gatGo(h(prhzr,m(TIVE(is)b(odnRthe)g(rsiyΣsMRES7m604Ω207939200)e7o20026)12Applica)qone4PTErrefbg(nb(a)f(symf(e(t)hces.)Ω6049214327200)e7o20026)12sMRES)b2Fue(tas)jg9tion)()14h5sm)gΩ(h(leΩn(the)g(r)h(fb(Ω(a,gf(e)hx(cegcmall)e(n)o(um)o(g4A())iSOR)f(oonfΩ)crehs,(64512193434bun)jEthase)i)crehsefnship)c(in)fkic)oasionlyΩfΩ(ff(a)hnsi(h(a)(m604225639200)e7o20026)12In)b2Fueoo)ehh(rreeΩ)limitcd)e(ofkkic)oasiongf5aror(gecgib(F97m)hmple(ih(s)fΩeb)f(torkhhΩ(Dareeri))iSOR)f(oon6452306(9h)reh,)kaoph(artioncg(20e4(if)fΩ(necm(.Ωd6(ThW(on((6(Th2ion)drefbseh)depcaf(eds8iritbe1yAgF49s)fΩf)e(isiarigw)(at-n645235639f(and(dfsid(ergei0fa(t(F97q(i(1kb)grs)s)fΩid(ff(a)hriv)o((m6042420(9200)e7o2002Ω)12sMRES)b3narb(F97q(j)ige,)dae(t)hx-(co)ob(v)wfEprer)h(pro)ij)fn(d)fΩ)e(ofhneudo)(is))q(e)rad)fe)(t)hx.)60424)450200)e7o20b(1u(Thond3atmall)e(n)o(um)o(ericeh)snn)o(hFnner)h(pro)i))grst)(keq)Ωt(ite)glf(ecfn(d)hme(ofhtiΩ(h)g(itbfvmall)e(n)o(um)o,gfyu(a645Ω25)450eo4f)e(ofhnoph(art)idnareaiimple(ek(Ito(Fueitbfvim33yh(a)n0pΩle)g(it)enbased)jeosef)ahgerim33)eugatm-Sn)f(wmidta645Ω25)150oner)hf)fΩ)3f(Oi(ino(izne)wg(nner)h(pro)i)hsre)fiusdehe)f(ed)hmΩrad,ghfsrefbtogetA)o(hFe(o)ff(umplaldaige,)iOΩ(ee645Ω2Ω)450rbnn)f(wroniz)g(it))8eednareaiimple(eouΓ.At(pΩTEhoFA(n)ara)qonhEi633y(implemenΩ(t)nfdnbased)jeosegeoer)h(c(simpde645Ω2Ω)150gatm-Sn)f(wmidtacyooon)gcoeoiz)g(it)h7(as)ime(eeg(rbnn)fΩ(wroniz)g(it)gd(areaiimple)gd(areeri))izne)w6452733Ω56nner)h(pro.nping.)peopΩ%)3450Ω)34497(1329bop1502754tho)q(dOMPU)31b(ST)m(A)LoqΩbrASPECTSwguOFfbTHEog)E)14b(M420Fu(;)33621DS)4556.)o0gatBic)12Ωb(Cond4atgate)f(GpleufdO)BiCG)p30447250200)e7o20b(1u(Applica)qone4PTErrefbg(nb(a)f(symf(e(t)hces.)304c51645100)e7o20026)12Rb(F97q(cae(t)hx-(co)ob(v)we(nner)h(pro)iih)n(d)Ωe)e(ofhneudo)(is))q(e)rad)geo(t)hx)s)si((ted)hal)ila(.)304750Ω9200pizThnne(areeroier)i5a7igΩ(F(is)i(sdeirei(on)se)if1492edCG;Ωf)e(isia,(d,)f(t)ofae(t)hxcd)vo(dc)w34579987(prer)h(pro)ijitg(to)ejbde(ee(usef)D))gΩ(p,gfyoo)ieainig0h(k)mmallitobpa(c)o(hal)g(csye01Ω93045(7.62])Quasi-E(is)b(o(FueRthe)g(rsiyΣQMR)p304Ω010(9200)e7o20026)12Applica)qone4PTErrefbg(nb(a)f(symf(e(t)hces.)Ω3041.7428100)e7o20026)12Dthegnpdeg2eedtoef)ahedaoir(ehausdehe)f(ed)hmple,isiΩhtrregular convGi tn ted (la)f(precniongf5arehs)pth itΩ ee345112481mencj knehΩSs(tu(hron(it)ence)BieG.)3041188011002BieG:geo(to)f(teamhegnp(simcahmpleuypregrps6sia((Geme(eeg(iΩ(h)g(itbΩgh)reh,)ihe(on(fbQMRifndoli(con)ose3451238434ao(umoun)i(thath)cain)eΩ4rehdi)i5an)n(thath)cain)es)reh.(b(ThBun))4narw(on8f2BieG:ge1y(arΩeor(rs)yherstag-e3451288(0n)ge)jA8Fueootf)di(con)o(vs,)g(QMRigj)(itΩ(yherstb)gr)gfurfhh(oe)(t(prequei(ofen(the)g(r,)g(slg(tn)id)g)(con)o)fΩ3451338434nli5bwlyym(.304140250200)e7oj6)12e)to)e(compg(i10)m(k)sts)HAPTEp(um)o(f))o(h)h(it)n(1FA(n)a(is)i(seΩqioieBieG,)e)ame,i(1ligw)(at)yherhi(A)o.e34514525yhT(in)eemesfrb(F97q(j)e(iseΩhirano(areasp)hae(t)hx-(co)ob(v)we(nner)h(pro.304151611200)e7o20026)12Puol)pizCond3atgateGpleuySthe7r,nb(a)f(symfΩ(e(t)hces.)3041174ity100)e7o20026 convsnecΩo()di(con)o(vs)pfye)byptheolf(f(ao(umoun)f(t)bwhce)g(as)gΩfast)gΩ(168gBieG.)3041180539200 conved tn of34520 numdricehurbnn wroniz it areaiimpΩle(ih(ize))aef nb(a)f(symfΩ(e(t)hces.)3041230801100)e7o20026 umfh itof345235857Ωtion 9200relacΩg5fb(Ω(CGS))ehofiutrregular coΩnvCGS d(ile(h(mause)g(ausi)14ng)dΩ4ao(umoun)i(thati)cain)es convff(a)hnsi(h(a))hnner provhs

vdsresiauscd og SAXPYwpΩ149slfhsnnernner pro rela f (ff(a)hnsi(h(a),gias)fΩ()o(uefsuis))q(e)rad)hΩ5aror(gechi20 e4aged)halit d i(v)o(of)rrefbus(ei sMRES)fvs fnship122254ei(otbfvi) hnoph(artioncg(as)gΩue)ll efeas 0(T(m.a)qon19Ωo(2.1og)chst)(kequei(ofgdt) bypcan)hgjence off bmee Thnnef jisfbus(o(gΩ)h(it)f(crobser(I(a))k(t(in)f9ae)o)articular)earejnshipbpise)radlyrm(. 4itΩ1520(9 2nER)5)70.3.Ama2 ThvsefΩyooonitarenΩum(Gf)e(isFA(66481me)glf(g(’50)thd6Ωo(Lanczos’b7eedtion)f(mefa[142)n(]Ωiddrelateambased)iritbeae(d,)f(t)oΩn)mall)tueolf(f)ooonIns-tFA(1713Ω56(Fbh(ss,)kaand(dfhirehfeot9(Ial)g(i)14nmd)came)uefle,)gheig(nted)haΩ()d(s)ennnefb(The(in)f(3ce;)g()o(,dh)aing4itΩ176150mosts)4eednrcminf(Gradig)feaoureins.eae6sia[143arΩeerois convGjaencd ofhntion meΩFA(91150w(on8iisy(ionce(ite)g0geear)fe)evirdf(i(e)gΩ(i(inhΩ)st)faose)g((r(ehae)15eethotion)e(ofhtiian)g(idn(the)g(r)iruted)f4itΩ196250(mall)ltiplicaoec)14nmd)q(dfn(d)jfa)gd(arealyncmi(r)c((i)ja()14iΩueudo)(is))q(e)rad)geo(t)hx. areeri tferce ofg6(tado()fhto)s (e6siaand(dfStiefel)hn[122)n(],)g(sfth()g(,(nig0hausdehe)Ωf(ed)hmpleuy)(dsen)e(con)oytFA(i06450A()4(Oi(inh(aain)ftion)f(Ωme,ifairehfi(in)e(las(ic(ris)descript(itbh4A(e)e(ofhneu12Ωb(CongΩ(gate)f(GpleufdΩo(e)f(me)gnin)FA(i11150sy(ionci(lite)g0h(1141y((mΩ28q(dAlthb(Ad(b(Therro)-(t(pr)h(srianne(areeroier)n(1FA(n)hri5bvcoΩn)d,)g(s)fΩf(ff(a)hri-tFA(i16150m)hmple(i12Th)o()bwhn)ggΩapye)boure)hak)15b(con)o(v)o(Gi)(r(eefren(is)r1ed2))he(oon)nce2Ωb(ConjΩ(gate)f(GpleufdΩo(e)f(me)gni)o)q(2)1150ones)(conseetk(832ys)ardf()(gΩ)dirh(d)g)tion)f(me,ifaR)fhh(oiet(it)n(1tbfvi)OR)f((v)o(oh)tion)f(me.yΩly)m2264455Thi662ThHest((e6/Stiefel))e)o(e)g(mesehihin)nlcfely(oΩ4re15eethdtoef)ahf((t(pr)h(sriagnce)e(ofg6Lanczos(4)gce31454ymion)f(med(b(Thto))isb(a)f(symd)e(t)hces,oe)(t(prconcΩ(thath)terΩbwf(t)oe)mall)tueolf(e)ooon)gcoeo)iesb(Fbh(ss)jeto)4)gce36481meneacyooon)gcoeoefhsb(Fbh(s,Ωjeame,fme(oratgvio(fhla)g)imn(iΩs)r1a))pleue0Ωig)rithmsymgvd)is)3erf(o((ma6(ThW(o)oas)4)gce41454yLanczos(d3atussd)f)three-(the(hnop(the)hc((,)ihe(od)e)13b(metΩfj!)iFAheHest((e6siaand(dfStiefel)hnuThsi)hc)uplsd)4)gce46150e(d,)f(t)-(the(jn(t(the)hc(()q(tho)q(dBy)H8PTEllt(n)oioconccΩ)e(ofk,(d,)f(t)ofae(d,)f(t)-(the(fn(t(the)hc(f(m))k3(elimino)ioncecΩo(e(isFA(i51150“(earin)f(g))dirh(decos”)pfyehath)Lanczos(ftion)f(Ωmeifairehfob(aus(c.)ly)m256481mA)33FueDΩare)ff)h!)iFA()Arnoldiift[6]cΩg5furfhh(oe))(ds)h(es)ieaingesLanczos()h!iooon)gcoeoiz)g(it)4)gce61454ymion)f(me,w(b(Thbun)))id)g)(ill)fOones)(cons)ij)(e4(iw)h()o(e)gΩ(me,cd)c)e(n)oioconcf)feaouresGjaencfyehath)Lanczos(fand(pΩFA(2655362021bv49626)1450C)1e91452693272Eh.)20b(ceagn)eo7igΩ(de(auledce)acc)uhmpleuyofid()14gu()glf(g()i6tory,f)ench)eGoh)tion)f(Ωmes,)ebdo0yoe]eias (e6shn[123)n(].tΩing.)peopΩ%3552Ω35517(1329bop1502756tho)q(dSUR)-2.3.VEY)4(OOFshnRECENT,f)KR(mΩ.YLO)o(V,f)E (e6/Stiefel)2b(2tion)f(mestho)q(dLito)f(t18(Oi(inh(Lanczos(hntion)f(med)ioyh(irdhΩ4(the)pdehotion)g(nb(a)f(sym1rge44)455eear)fe,)jas)fΩe7id)g) psehiiΩ(totieΩusehhy)earin decostho6q(dLito)f(t19Ω(Oi(inh(Hest((e6/Stiefel))e)o(e)g(me,h1rge49181)i)d))o(y)e(e)ji Fbh(stho6q(d.)i6bb(Thlast)g2ion),nΩofg(254)455ab(a)f(yGjaench)e(ofhneudo)(is)dAlthb(Ad4)g74045(sun)f(whha(fa(d)g)bielkdstΩ)(kns)gΩ1FA(n)(con)oytfaRDdkn(itΩ(catefncausehifry(In)h(is4)g79045(mall)e)oim(r)12Th)rainhΩeee(to)gincon98987T(ofhnSYMMLQg(s)fΩfQMRigj)ionteng(s)fΩebSadokhge[39],lfhBrezhnski,giaZagliahfΩwniqu(s)iein)FA(1288(07m)dyh)q(13)m(itf)hersmes(g(d(ds)h(efΩia((GdΩ)e(io(i(o(umo(umokeamcirc)e(n)vh(a)n0plejg9ple,)fo(lf)bielkdst)(kneo)qΩ10390y(g(t)f(dosc(y(ioncft(east)ensthe70h1141y((m2b(2Ofhh(ocj)ion)f(mes(d)(a(c)o(lconcΩ(this(hnonef)f()fetion)f(can)hhΩhfouareFA(108987iz)d)Fle(n)f(wh(ojh[98)o(],ocjSaad)ia[181)o(],oeΩdGutknen)f(walltshn[113)b],lfhs)fΩg(Bank))hs)fΩg(C(s))m[28)o(,oeΩd29].ły)m11)927dLanczos(62])bielkdst)(kne)hi)jf(e)ll)in)f(e)gmoyfΩvd)is)6cdi)h(rregΩelimino)stho3FueRtce)radlyrm(,m2b(2(tnhe)eh()qono)q(118801)attf(Gpleign)m(TIV(as)gΩo(ume(giFiple,)f(gifΩ(to)g)(oeoyzhn)gfwe(ofiunboure)fvA())i(ofhnLanczos()h!ielkdst)(knefΩ)ers)fh)Puol))-tFA(1238434le(eu62])[172)b],l)(s)fΩfdGutknen)f(walΩltshn[116)o(,oe(114]7,8hhasefndrelall)g)as)hΩ(Ial)rif(p)f0l)2iΩsSadokhhn[401338434unesehs.N(in)Ω(walltig)dhf eui Nan walltigwalltshns 0g Joubareero Nan walltsin[116,oeΩd114In thel g9tioqt Conjufc148788afismehhyncdos Nan walltigsiit fnhri5ψΩ aeeiΩqion CG fψb↼Ω↼↼↼in↽f↼e↽hkic↽oase↽idiz↽d ofi theilly edejΩhi↼Grader↽st ↽ψuz↼paIal↽fnmeproy18ΩTu↼,↽ 3eedd↼in↽f↼whhO↽o↼y↽e↼e↽ψFA↼i18254ψst↽faose mes trre afatoef proyieefod arealyncmi↼r↽oi areeroier cOi↼inh↼aain↽e↽dog24ψΩjelψyψFosen2gltioeah↼ted↽h↼a↽ Th4 d↼in↽f↼whg0e↼ofevauxitharycψ↼arealyncmi↼r↽g↽is↽iede↼e↽h↼↼ceirutΩol↽fe4ahg↽lo↼umcal6g↼m↼is↽h↼mizo↽iit↽d↽lψyψFosen2g2eedtoee↼hoer↽houtugΩ↼e↼isψFA↼i382120co15ψb↼con↽o↼v↽o↼Ge6narg↼tn↽h↼ted↽io↽3↽k↼Gutknen↽f↼walΩltsdψψos♭115↽ψb♯↽fOtot↽dihψe↼e↽gΩ↼BiCGST↼m▷ABdfdc↽uld↼ga↼can↽h↽hview↼↽Ωo↼18g↽as↽f↽aho2▷34ψ7↼prer↽h↼pro↼f↽A↼e↽BieG↽gdse↼♭207↽o↼♯egdis↼hnsun↽f↼whhaaois↽exam33ψ↽g↼↽n OBiCGST↼m▷ABdfdΩo↼e↽f↼me↽gnA↼↽↽V↽20aoigndo↼↽i h↼Gi↽raggest↼18g↽llt↼n↽oioconcc dish↼lvh↼a↽n0gcmall↽e↼n↽o↼um↽osd h itvGf4A(1,ese(ofhnease)gaa832yh)aingf5eig(nteΩd)Ial ise)rad thelex. )uyAhu(;)sre hor ) irehfathri(in)Ω(wh((as)hΩo(ume(giFiraggest(18g)!)iFA()Sleijf(a)hn(fhs)fΩhe.)20kto)Ωf(maed0inri[190)b],lFA(263150w(o2ygOi(iyis)descrig(to)ejb()20bddΩ(to)g)oasilyΩg)llt(n)oioisfbBieG d g(sMRES7)qΩA(m)p0397, fb(Ω(mcdo)q(st)uym)p039.nly)m26 db(Th)(or)ghbasic Ial ume4iΩurthe7r. F9(foexam33,)fj! e mΩ.reunesg4()fΩHAin44 fn(d)gfe conv.(b(ThUnfbtuno)slyrm(,m10)m(ehas(eition)f(mes(ehb(F97cg(254)455ai)ja)o(yagn)e(t)hx-(co)ob(v)wΩf)nner)h(proyienare)ff)hsreh in whfto teΩ(thae(hnlal)eg(259181)(is))q(e)rad(ma)2Ω64045(Int18(Oad(precoeeΩqioh(Bi-CGST(m.AB,)))sy(In)h(al)h)op(f(GpleuΩ(prer)h(pro(f)tion)f(mesgah(ted)h(a))fso(ume(giibdthegnpdegg(Ω69045(tion)aoer)houtufyeingidk)15b(con)o(v)o(Gi)encc)eGS.)h)OninhΩ)sdeahfhi)jg9tiohuss i(ofgquasi-m(is)h(m(ted(ic(the)g(r)(g(Ω74045(ΣQMR)pedhrkicipqongato)g)eb(aus)n(soer)houtefΩheit)faose)eΩefle,)d)i(ofjeKryli5o((Ie(subs(of))jO)o(y)e(edef(g(t)f(d(Ω79045(efhh(oe)prer)h(pro(h2tion)f(mesth22.3..)20reunes(pΩTE[105)b])fOnne(areo(efΩhesun)f(whhaaIe(QMRigj(con)os(itbh4A(e)CGS,efΩdd(in)f(wh(ite84045((ofhneall(cegrTF)f(QMR.A()N)e)oim(r)g(ff(a)hriy(imΩples(hns()20bd))i(e)gΩ(TF)f(QMRif9izeneeoh(le0cas((ckaop(auss4)g(Ω88987e(isedtheh))qongak)15b(con)o(v)o(Gi)feaouresGe4A()dCGS)fΩ(d(ile(ge(trrey(oncidiS()eherrmenc)i)g(tn)h(ted)io).)23Ω(OThond5A(9)927dtrano(areasp)e6narfree)g(nboure)))efod)TF)f(QMR,)idid)Ωghl)20bdfveuto)e(compg(ie(k)st)kaand(fdiS()))aoer)houtufyk)15b(coΩn)o-a1(in98987(v)o(Ge9narg(tn)h(ted)io)md)e(k,)f()fh)tshns)ggΩa(t(d)h(i(v)o(ohnalt)oi5b(relachotioheGS.)e)Onrie(of)h)(or)gh(and,)ΩebsioΩ(e(ite103957Ωe(of)hBieG)gd(arealyncmi(r)c((s)jistb)grgΩused,)iΩuTF)f(QMRif9bielk(ig(dst)(kne)hw(ony(In)h()idCGS)e))c(psehthd7b(2On(e(ite108987((is)i(p)le)(6(Th7m)dy)ebdo0)uld()f(can)hht)ofa(th(Ωn)oioisfbTF)f(QMRih)fn(d)gf1hg)lo(umok-ahead)fnLanczos(i)ten)f(wniqu()ΩdF11)927dbun)f(thio(haat(areearsh(to)fnship)f(b(F9(ejga(thel)c)ged)fΩ)s)fΩh(no(f)tion)f(mesh4A(e)e(irehfkiedgah(ted)h(a))fsyIn)htiirat-)ΩdF1188(0(areeared)d)it)n(e(of)h(ity)e(ure3)62])Rtce)radlyrm(,m13)m(C(s))huz(et.ohnal.be1A([46)b])hO)eh((v)o(18g)ahgerims)i(seΩQMRiiΩj(con)os(itbg)A()g((1238434V)20aoifndo()i)V)20ry(’ssfbBi-CGST(m.ABdfΩn)o(e)g(me,dg(d(in)f(whg0irehfeall(cegrQMRio(CGST(m.AB.A()Thas(eiΩ2tion)f(mes)g((1288(0ois)3er)))aoer)houtndoeak)15b(con)o(v)o(Gi)e;)Ωg(con)oe)CGS)gis)fΩg(Bi-CGST(m.ABdfdfn(d)gf(ittlechOad(precog(ieΩ(k)stthdy)m1338434T832yh)20e4()oghcle)g0gship)stsieKryli5o((IdΩhsubs(of))jOtion)f(meere)gΩ(i(i)jg9tiin,efhs)fΩhee(oratiiwb)grc(ny(InΩn)o)ka(can)h1FA(1388(0a0gship)stsiuz(ov)o(al)d)r(l(iFAaKryli5o((Icnsubs(of)))e)o(e)g(me.(i(Ean)f(whd(encfyehath)tion)f(mesfOio(haa,h)fnzne)wf(ize))aeh))f(a)h(i(simcr1rge143788a(nef)f()ey(las(,)Ωins)fΩf)e(ishfeaiimda(nef)f()h)is)ieal)fOid)hmpleify))i(osehhy(las(escΩ)hanesehtioh(tnhtrproghetewr1rge148757Ωtion)f(mesh(fb(Ω(unsen)e(coΩm)osd)iy(las(esthd7FueThond7FueDΩare)ff)h!)iFA()Nan)f(walltig)d,l)Ω(Reddy)gis)fΩg(T(m.refet(on8ii[158)o(]edF293757Ωchst)(keqdEthae,)Ω(fb(fg1tbt)f(f)A(h)a0ggro(thg)off)eion)f(mesh(heG,)e)BieG,Ω)Ω(GMRES,eg9CGNE,))hs)fΩg(CGS7,8dF298757Ωe(orate)io(fhlofa(las(ihyencΩΩ0((ef)f(s)efoo)iad(in)f(whg0lofaple,)f(gig(Ωo(e)f(me)gni)uei(ofgΩ)fnzne)wgis)fΩg(an)(or)ggme(eeg(is)g((16)788ae(ishflcfer.t19Ω(O.)i6b3f(Ochst)(kequecle)glf(g9t(e)gΩ(i(i2yh)wb)grdso(ume4i4()ogΩl)ltim(Cone()o(e)g(me.(1b(Th4)e)dship)stsiddrelacfyn)nGg)gc16)639f(e(areeGf4A(1,fOio(has(in)gi(ff(a)hrth1141y)f(thin)hmguiq(s)fΩ)e(ofhnus(o()fuscd))i6/or)ghc)iFoio(.(8narHbh(s,Ω13)m(itOR)f((v)o(o1)g173657Ωtion)f(mesiiwb)grf(ny(In)h()e)(tan)f(wahΩ)e(offrobustnes(ihyence)dirh(d)hΩtion)f(mes,)fOtorngafn)grf(i(iyiiso(uΩmee)gΩ(dirh(d)dF178657Ωtion)f(mes9narfb(Ω(a)grgΩ((ef)f(s.)16Ωo(.)20b(9osc(in)gnnef)f(s,dg(itOR)f((v)o(ohasn)f(whmesyh)wb)grfso(uΩmeeneeoh(le0(t(d)h(i(v)o(,eF183650(s)fΩb3f(Ofb(Ω()(or)e,)iddirh(d)gΩ)tion)f(mes(fyan)g5mall)ltigrid7thi(W)20one((e(areeGh(to)fn(e)h(d)gΩ(raita)qongj)ion)f(mes(g(Ξ()fΩHAin188Δ)((la)f(preconds)po0gatA(1,fO(las(esch4A(e)(con)oyt)g(the))g(nnef)f(sifathin)hmwv)o(oha(r(eΩg5yIn)htihnuna)qonfatoef)sy(v)o(o1)g193657Ω!)iFAdf1tbt)f(g(knst)(kniΩg)tion)f(me,ig)o(um)causehi)encdaCPU-oph(rictecos,)jOtiin)f(m(,mc)nce;)Ωg(con)o(v)o(Gknnef)f(s,d1)g198254sll-a)f(precnion,m10)m(etsdosce(tha(mping.)peopΩ%)8u55Ω)8u541Ω1430bop4502738r7FA(14)755bFo(CHAPTER)15b(2.)31Ωb(ITERA)m(TIVE)14b(Mping.)peopΩ%)956Ω)9557(1329b703450v(C(spt)oi34eed3a1(in910(92xhPg(a)f(precon(umrsΩdF1151(92nE3.1)70.3.T(in22eedwh(aly))hs)fΩh(n)fnmwGg)gc1242(y6)12Thond4m(k)15b(con)o(v)o(Gh(atte)))efod)itOR)f((v)o(ohΩj)ion)f(mes(g(depcaf(eds8j(oncdh)f(a)h(dral))enne(areeroier)))efod)i(inΩhneudo)(f-)g((1292274(simc(e)rad)ieo(t)hx.)21narHbh(sfcmene)fnh(it)f(Ωd)attfmpteiΩqion)tranofc)m)fheingidlite)g0f(eear)f()fuscodtoee(ene)iΩ(thin)1FA(13425yhio(fhb(F9)Ial)d(imple(Ω(inuei(ofg(sense)h(t(in)f9in)fΩ(as)hΩi(ofg(sain)fsyuy(di,)e)ame,ime(e)gΩ((as)gΩhor)eedfan)e(coΩmora)qone5ge139)455ef(a)h(dral)henne(areeroier.)k3A)qΩbuz(paIaleIalc)n()1(precondoku(;)qs(ceagn)e(t)hxcd)e(e)gi((is)3eh(sciΩur)in)f(ee(aon)tranofc)m)f(on)1dy)m144)455.)20b(j()nstah(s,Ωh)o(ue(aohΩ)e(t)hxcd33yM)21nau(;)sphri5bxim(Cosfg6(Th257)hneudo)(is))q(e)rad)hΩ)e(t)hxcd1yAiu(;)ize))c(in)fwh(m(tedyrm(,m1rge1491Ω7e(isetranofc)m(cegreear)f(2541568u31yM)2991551Ω40s4(s00sp9Ωr(1i3431568u31yAxbe1A(=)f33yM)498u551Ω40s4(s00sp9Ωr(1i5431568u31yb)g((164454195(as)imi(inh(aain)eΩsyuy(di)g)as)ieaingf5)rigin)dhereear)f(i1yAxbf1A(=)fΩ1ybp039,giabun)))i(inh(af(a)h(dral)ganne(areeroier)hΩencdaitsGg)gc1692120codo)(is))q(e)rad)j)e(t)hxcd1yM)524167927Ωs4(s00sp9Ωr(1i568u1692121yAiu(;))(it)f(s)g(to)ejbhor)eddfan)e(coΩmora)qo)1dy)m174428(Ioifndovisionceba))ennla)f(precond,dg(drelacfyarathΩrfof)ecg)fn(d)f)ahg)c)iFoio(()f(can)i20bdo0)(bugΩ(e)h(dh)q(e(augΩ)h(t)hxcd33yM)dF179454195e(e)gk)sphri5bxim(CosfdΩ1yAp039,gjns)fΩf)fb(Ω(d(in)f(whhOsy(ionceah1141y)g(irdhΩ4oasiehg9t(en))dsy(ioncΩ(e(eeg(fn(d)u1yAp039,gg)gc184428(b(F7Fue(e)h(dh)q(e(auh)e(t)hxcd33yM)21nau(;)e(e)gc)sphri5Ωbxim(Cosfe1yA9651829392s4(s00sp9Ωr(1i010(184428Ω39,giaso(g9t(e)gΩ(ose,)f(mall)ltiplicaoec)14nmeΩ!)iFAjΩ3yM)ku(;)qs(HAin1892120tesdr.)eh4)e)c))(ir(j)rit)ol)fcmencjΩ)((la)f(precondsh(fa)gsed0inrii(ofg((e)hrstsidc)gegn)f;ue(aohΩ)tot()qongFexam33d1)g194450A(fiheingidsla)f(hg)c)gegn)fdfdfn)grefo(uΩmeejbd(ds)h(efΩheiz)d)f(x)p0273.5.a1(in2058u31lE3.1.1)55b(2Costs)b(Therade-ois)3h1FA(i13254039Sih(sfcmusioncg(aggΩapyea)f(precondog)ize))atbfvi)OR)f((v)o(oh)tion)f(mewf(iz(ths)i(c(in)eΩa)o(yagh(k)st,ig)o(umoutugtiia-a1(in218550tieolf(jhfiri))i(inh(aetup,cΩ)hanesehhe))o()i(io(h)h(it)erfb(Ω(atheyh)q(fvi),)ihe(o2yh)20e4aggΩaerade-ois)3h)f(can)i20bdo0)(budFł23488ae(isd4m(k)h(lg()fhfΩ)ttnhtrproh)q(h)b)fΩf)atheyh)q(fve(ofi)(nla)f(precond,dfand())t(inhΩ)gaus)n(inrg(ll15b(con)o(v)o(Ge(in2284455ef(a)hr.)37b(2Ceroa(i)20(Thnnla)f(precondsh(tesd)gb(ittlece)iri))()ogΩlttnhtrprohone)o)(as()hjat(e(algreffoo)iain-e1FA(i332Ω0s1a)o(ef)aingf5SSOR)g((la)f(precond7,8hhame,fmA(1,fO)(or)e,)iur)in)Ω(whg0lsne9iz(thelete)))ion ae r can vd(ma6(ThAlthb(Ad(6Ω(Oi(inie)f(torkh(ize))ccalar)ga(thes)fnh(it)f(ga(can)h1FAΩ2.347(c)e)ar()qongFto)g)(ih(sionlof)hi)OR)f(on,)g(i(ofgttnhtrprohonehΩ)efod)i(in)e((la)f(precondog)h(it)f(d)totiia(can)h1FAΩ2.8354(co)ob(v)izo)qo/p) aug4(the)c it h of (la)f(precondog)isthd7FueInt17(The(in)g(cas(,gg)gc25)450ehofhtiian)g(ie(k)st)i((asefntiohship)fΩ(ahortiz(d2eden)e(coΩm)o)ie(of)hi)OR ons,gfyoo en A(eΩ)e(of1FA(i58354aain)ce((la)f(precondoiauscd)mall)ltiplonfalite)g0hΩ1141y((m22(263150M)st)i(nnla)f(precondsg(i(k,)f()g)it)n(e(oirdhΩ4(the)co)iit)d)ai areorticoeotorkh numIale ume(giibdt-e4)g1193434h((v)o(18(3eeddn(d)f)sun)f(whhaaIfhc)e(nΩ)oio)g(it)eiceia(g(a)g(precon)qi(io(h)h(it)ero(t)hx)s)s trre 124354in nner m(tedyre4A()d)eh((concΩ(thath)(g(a)g(precon)qgΩttn2Ωb(Cong(gate)f(Gples()gtion)f(mefbdo0)uld(ga(can)h4)gc134428(to))isplit)fve(ofi)(nla)f(precond)n(as)guyM)jΩ1A(=)11nau(yM)113ge1350(92r(1i1149134428u(yM)1189Ω1350(92r(2i222134428u(A)s)fΩjeqion)tranofc)m)eb(forjneear)f(s)seq554Ω1432391yM)5991414540s4(s00sp9Ωr(1i5941443541)643Ω1432391yAM)7191414540s4(s00sp9Ωr(1i71451443542)764Ω1432391;))qFA(M)82ge1438(92r(2i8391432391yx)pΩFu()ped=()1yM)9791414540s4(s00sp9Ωr(1i9741443541)1023Ω1432391yb:)FA(151939212IffkuyM)22(Tu(;)q6b7(Thsb(a)f(symd)s)fΩiΩ3yM)93041525(92r(1i965151939212=)uyM)d0591502Ω40tltsd0541529392r(2i073151939212,dg(it)g(io(fhob5bvif(p)g9t(e)gΩhmwv)o(ohan)20bd))h(ted)h(a))fsaoh)tion mewf(fn(d)gf1h4)gc156939(sb(a)f(symc(io(h)h(it)ieo(t)hx,(d)hh)o(Gki(ofgttn2Ωb(ConjΩ(gate)f(Gples()gtion)f(meftion)f(can)hh(the)pd.ły)Ω162020Remarkhn(()qym(,meb(forjneplitth)q(fvA()uyMo20b(1u(is)HAPTEinuenn)h(im)(g(nntgg0tesdr.)24eedBy)H6Ωo((twritconcΩ(thatg)crehseFA(66950A(h)e(ishftion)f(mefers)fiΩ(fb(fgizstah(stg)Axelsson2)hanesehBarkhn)h()e)[14)o(,bf)pgs.A()16,29]eΩame()e)Golub)e(s)fΩ4)ge171934V)20aoid(Loion)f[09)n(,ogΩ)f(x)p02710.3])pfyit)g(io(hausueolf(fy((is)i(p)le)h)qion)reuscodtner)Ωh(prehhaaIfhc)eo)e(compg(id(sreh)5541180757Ωcy(v)o(oiΩ3yuhu(;)fle,)e33yM)APTyu11nau(;)=()1yv)r(;)4)gc189454195e(e)gihi 2176Ω92r(1i781(2170281Aes)fΩi1yM)905(2176872r(2i94A(2170Ωy6)12areftill(cegri(inhuz(left-be1A(a)fΩhuz(rightuennIaleIalc)nΩ()f(precondsp039,gf5(thf(a)h(db(rela)h(m(,mo)q(2)19Ω0(s)fΩebwv)o(oh)3Ωygasim33)fe4atheye))atbi)(t(g(a)g(precon)qgΩitOR)f((v)o(ohation)f(meerqioiet(io(has141y.(khOily)FAΩ226939g,(d,)f(t)oeOad(precog(if4(h(icos4i1yr)8962275Ω92r(0)93232269392y()f33yM)10362252392s4(s00sp9Ωr(1i031ce2801201)1081(2269392yr)1100227592r(0)1136(2269Ωy6)12(can)foFA)he(of)hi)OR)f((v)o(ohaoner)hf)fΩ)ias)fΩdΩ1yx)17641227592t4nmd8042269392y())1yM)19092252Ω40s4(s00sp9Ωr(1i190422801202i953(2269392yx)1977Ω227592t4nmFA(i31939212sfth()cΩ1FA(n)nef)fΩaralm(.(ly)Ω237045(Th)ll)siFiwv)o(oha(rr((v)o(ohaat)fve(ofi)foll()bwhn)gcasn)fΩ(wemmenc)i)fb(Ω()eh((concΩ(aghvleft/righGple)f)Dg(a)g(precon)q4)gce42020i)OR)f((v)o(ofdΩo(e)f(me)gnile,)e(n(t)f(iA(fihi(ofiΩh)b(a)f(syeolf(c)Dg(a)g(precon)qk()o(e)g(mes)fOinsg0e(ire)go(umo(umok.yΩl01(250757Ω13)62])T(m.ato)f(t10(Thh)h)(g(a)g(precon)qhi)OR)f((v)o(ofΩn)o(e)g(me,dg(and())replacish(lvh(a)oyt)ger)hfcurrv)o(Gi)enccΩ3yM)16(Tu(;)g(t)f(d1nau(yI)s039.nl01(2595502.o0gatRemoted)h(a))fsan(t)f(h(co)ob(v)s)ieile,)d)i(ofi((ig)rithm)d(e(e)giΩ)h(ted)h(a))heship)c(in)fh(pel)c)gese)fuscgri(in55412645Ω34((lvif(p)H4eedsreh.nl01(27315033)62])RtplacisH4eedlvh(a)oyth(en)Ωhfcurrv)o(GhΩencduyAhu(;)inrg(()14gftion)f(mef!)iFAhΩ3yM)149182715540s4(s00sp9Ωr(1i1486(274428(1i5352t)4Ω91yAM)161182715540s4(s00sp9Ωr(1i1606(274428(2(1656ce7)450039.nping.)peopΩ%4158Ω41577(1329bop150273.2tho)q(dJb(o(COBI)HAPTEPRECONDI)m(AING)825b(1u(41)621eDS)4554.y62])Afth())4(Oi(inh(yeoculag(it)eiceΩ(i(inhΩ)sian)g(ie((the)g(r,giasdd)fve(ofi)sreh)358498u31yr)377Ω50292r(0)406(498u31y()c1yM)502480540s4(s00spΩΩr(1i49950928(1i549498u31yr)568u50292r(0)586(498Ω91y:)621e602540395.y62])A)rad)(4eed()14gfendihyence)e(ishftion)f(Ωme,ifasdd)h(thatg)creh)358712391yx)d1y())uyM)491Ω692121s4(s00sp9Ωr(1i486(723542)535712391yx;(254Ω81939212w(o2yk1yx)e1u(is)h)e(ofea(e)h(g(ie(keoculagefΩhesyuy(di.ΩdF90757ΩI)gk))o(uld(ff(can)hhnntedsg(t(in)f9sun)f(wh)e)o(e)g(mes)eΩvn)ntotig5(can)hhmado(f)qion)re(prehi5toee(e(ofea(ig)rithm(i)g(Ω95757Ωple,)f(gi(3eedizenesertecongF2.3)fj!)iFAherun)f(whhac)iFoio(s)fΩ)as)guyM)8945963(92r(1i925(95757u(;)=(d33yM)de)hΩ942(y6)tltsd0092967392r(2i042(95757u(;)e()eu(yM)1133Ω963(92r(1i1161595757u(;)=(d33yI)s039.ndF110292nE3.2)70gatJacobin22eedP(la)f(precoh)q(g(21198(y6)12Thond4m(sim33h(lfΩapyea)f(precondoi2(tnhestr)))efod)just)ene(ofeadiagcoeo(dnA(h)e(ishΩ)h(t)hx:(2541311391ym)29ge1317(y6)tli;j)341131139Ω1A(=)3851253(92qa(e32)4378128Δu(uf1h4)9(1292276)tli;i)535Ω128Δu(A)o(uf6)yibf1A(=)guyj)4378133657u(;)0)77b(2)(or)wise)q1y:)1rge1424(y6)12Thi6b4f(Oire)gknst)(knifeas)hΩ()14gΩjd(areaiimple)e)gJacobing((la)f(precond)1dy)m1476Ω9ΩI)gk)i(ifOo(is)i(p)le)h)qiofbus(eie(ireedhrla)f(precondoiafn(doun)eΩmusioncg(atbt)f(g()o(yagh(aror(gecg5(can)yIn)o)fΩHAiΩ152657Ωe(at)eiceeb(forjne(t)hxoceiS(elf.)23f(O.)20bdo0y(In)h(,d(6Ωo(divisiit)ei(are)faoecos4iΩ1FA(n)usueolf(em(F9(eji(k)stlf(m7,bf)sonhΩ)si8dF297Δ)(()h(im)(g(aror(gec(us)fhallo(umcagefΩhefb(fge(ishΩ)rlaioner)hfalsihyence)e(ishft(t)hx)s)diagcoeo.(b(ThThi6b4Ωb(h(r)gegye)g((162254e(the)psrg9tiof)m1tbt)f(f)nnla)f(precondsjEb(aΩ)hl()bw.ndF1751(92l73.2t1)557((Bl)fr(c)n(kt18(OJacobingMo(e)grΩmes(1F183)45027Blo(umc)bkh)h(con)os(its4g(ence)e(ishfJacobingΩapyea)f(precondog)3Ωyga(can)hgO)eh((v)o(18hj!)iFAe9ae)o)artirecoh)q(gΩ)efog)e(of1FA(18)14y((Ial)ria)qo)thi2Iff(4eed()14gfusdexnh(aetogΩ)u(Sgu(;)=e)f(f)p0271qFA(;fb(Th:4gf:4gf:4t;fgcmapΩ)f(gi(3ee1u(is)io)artirecoedef(as)guyShu(;)=i(303Ω1850(92qyS13371894541tli135818)14yuyS13)1518)7Ω41tli1411318)14yuAddn(d)f)i(inh(aets))1yS168518)7Ω41tli1)g193)45027e)ll)tueolf(g1f(Odisjaiimple,)ihe(on(254Ω204428u(ym)29ge2050(y6)tli;j)341204428u(A(=)3851985Ω92qa(e32)4378621801u(uf1h4)9(2024(y6)tli;j)5392018Ω1u(A)o(ug6)yibhu(;)s)fΩ)uyjiu(;)arefuscd)e(ofi)aain)e)usdexngΩhsubseto43786268u3)0)81(2)(or)wise)q1y:)1rge215579Ω1A(Thond4m(pyea)f(precondohhi)jf(n)20bdfvagh(blo(umc)bk-diagcoeo(dΩeo(t)hx.)2123220Δ)Oft(b,gjnnbour(r)g)()iFoio(s)g(fb(Ω(()14gΩj)artirecoh)q(frsuggest)ihe(om(el(v)o(r:)21232295u31y((e)7m2b(212Ins)4eednrcf)f(sifafn(d)gfe)ll)ltiplonfapwallysim(r)h()haΩ()ria)qo))ghhe))o()i(ncdo)q(,)e)alo(umc)bksog)3Ωyga(can)hyfc)mpdedΩj!)iFA254234254egro(th)q(h)e(ofhnequo)iits)g((areeri))ncdo)q((ma)2Ω2435u31y((e)7m2(212Ins9osctrprourefΩjue(t)hces,od)sun)f(whhaa6sgΩ0e(oss)g(ile,)d))artial))ed)is)3erf(mplei(r)g)equo congFregularfrtion vsefΩ ofgapwallysim(r)g(dsmaus.357((Exam336bb(Th)ronhEa(254Ω253550Dartirecoh)q(HAPTEalooncΩ(linese)fuscgri(inh(2Dle0cas(,gjno)mdΩj)lanese)fuscn(e(of)h3D)g(cas(th67(ThThi6b6eeddn)grfso(un)h254Ω2582120d(ds)h(efΩggfurfhh(og)it)n)f(x)p0273.4.3(ma)2Ω2675u31y((e)7m2(212Onef)Dar)gΩ(p)g)nthe)h)dsg(itf)hi)jg9nbour(r)gΩltiog)(tn) d inh(Dartirecoh)q(e(k)kicid) in254Ω2722120d(visiit)b2(Thenci((Ial)ria)qo)(fvAn)e(con)ofuei(ofg((er)Ωhf)fΩv)s.nping.

14 CH4eed3.(D(ds)h((it)4)gc478(y6)12Jacobin9(Thnnla)f(precondsi(tesd)gbvh(a)oytfb(ittlecfΩ(eror(ge,Ωh)lvh(a)n0g)inrg(()14gfalo(umc)bk(frtise,gias)fΩf(i(iyigΩΩ1FA(n)easy)FA(52839otio1)(Thq(d)y(imple.)21narAd(precog(lyrm(,m13)m(oi)jan))gΩ(p)d)nthe)h)dsi(i(iyig(dsn’e)f)Dg(se)rad)ie1tbt)f(eΩΩnarticular)FA(57888a(nef)f(s(mly)m6347(Oi)24eed()14gf)(or)ggm(and,)hΩ)hor)eddsp)i6t)c)ged precondsh(usueolf(d(yihldshn1hg)lthe)r)Ω4 AER(M4rgeDS)450ł73.2t2 Thnnla precohy6 4 (v)o(18gnile,)ethon4g(Ω002120codo)(is)t t h a t(areeri) us e (ceh)seq5541369392yMhu(;)=icD +ue6s00sp9Ωr(1i8)1Ω1369392AD !q5541592274M!1ip7191582992v71916202a(2ic1y((e00siFA(!)82)Ω1592391;))q847156428(1ip84315822832v8431620ΩaFA(!)87fl92274Dgu(;)+Ω)uyLbp149))q0311564Ω8(1ip102751582V1027516202aFA(!)106001592274Dq149)r1111Ω1575540s4(s00sp9Ωr(1i11561592391;))q1180156428(1ipΩ117751582V1177516202aFA(!)121001592274Dgu(;)+Ω)uyLbpΩFu()p134F297528106T)13661592391y:)4)ge1707281AeThond7op(prol)d sGi er inuei(ofg(SOR)g)o(e)g(me,dfdfn)gr4itΩ175757Ωre(prehf)aingf5mall numericeh h ighl a i(simcg(lyrm(,m12f(Ofb(hdsla)f(hh)ooderfgΩ)(llipenc)o)q(180788a(nef)f(s)fsaoh)sf(a)h(dral)hea)f(precogf5mall)e(nΩ)o(um)o(fFA(“024bp149)qFA(M)123841792392s4(s00spΩΩr(1i23151817(y6)tl!)12541182)450k(op()1299180788Ω1yAp039)pfy=()1yOq149()d45)m1771281q((ape1493Ω177128832v149318078aFA(“024bp149)qFA(Ap039)p)pihi)jfΩa(t(aus))qonfaers)fiuAx-e4)g185Δ its4g(to)g Barkhn er,tfb(ik,)f()fhe(ofΩh)n),me xDd In dralim on(9.3.tesdrf(4eed(om4)g190Δ)keoculage(Ω(()14gΩjop(prol)eFA(!)j1u(is)f(prehibidb(rela)h(e)(ff(a)hnsi(h(a))jht)ofΩanthe)h).(ly)m19625yhT(ink5SSOR)go(t)hx)d)(s)jiple, gifOinsgΩ0ion iref precondoh or 4eedence tion Ωmes(g(Ξrs)fiuo(um)l)20b7thk2. F2eedizstah(s,Ωh)ies(fraita)il- t ifb(Ω((co)ob(v)oe)prer)hf 4 p ThOnt17(The(of)h)(or)gh(and,)fΩ(eih(stg)e(ire)gion)eΩizo inh(ttnhtrprohoneho)(as()fvgncf(iz(thelete)fΩgion)eΩizo)iitgifuz(a,if((iori(tΩ39,ge0e(o2yihi)j4)g21)455no)e)((is)i(p)itheuol)ff)A(h)bielkdst2 mes.npo1i51452299392E(Uthe) i witecouresGk(depcaf(eds8n(srro)qly)f(vsef)e(ehh)ooderioncΩ(ef)Ω4)g211150e(ofit(Ial)ria)qoprecos,gfyone 3Ωygas()20bd e i(ofg(areaiimplegfyJacobing(ig)rithm)(us)iΩeop(prol,gfyoo)h(closs)g((om4)g2338434op(prol,gd0inrii(off(sense)gΩOΩfphnop(pr(oncd)i(ofjea)f(precogd5mall)e(n)o(um)o,))hsmooncΩ(algriΩapyea)f(prec(n)ondoo(s(dnA(jadiagcoeo(erfbm.m4)g2377Ω34T8ir)gΩdrelate))s()20bnef0uted)fg0.)20bsyi(off(anesh)Sdra)h()fmA(1,Ωhee(t)hcessf)fn(d)uePne(areerouol)ff)A)e s Sluir ]ho2.17(ymA(1,1)(Th)o(y)edhereDarsishΩ)h(t)hco F5foexthnsiits4ehtiohblo(umc)bkh In ef wnic(r)o2535Ω7Ωreasdi.f5SOR-pyea prec(n)oiimplgfb(Thfn(d)jfop(prol)dΩFD!)k2E(maps)ethong5eig(nted)Ial se iskircl fhs lane;giΩur4e Yh,ogu(h(x)p0E(9.3].o0gatIsr(3PTEe(iref)cas()hj()ogh(arealyncmi(r)d(accel(h)h(it)4)gce61454)(s)jio(is)i(p)le,ifug(i.e.)p0E(,eiae(ise(accel(h)h()q(e(n(iΩs)lyncmie)ed(ihnop(prpsrg9tioii(off(th((cal)ganarealyncmi(r)eΩFDP)16921e618(92iv)17155e614540E()qFAD(x)p0E()pih=()Ω1D(x)18355)603(92iv)185Γe614540E(,))hs)fΩethon4g(Ω2652120(lhdihn)gction)f(me)gni)iasim33)fn(e(of)hse(compgoytfbSOR2iΩ2tion)f(me3)j(Re(f(Gpleuc(thearin)f(gfrg(t)f(iEie)m)nt)d)aidfj(V)2Ω0argaef)[84)b])FA(2693434(asek)s()20bneg(t(in)f9narealyncmi(r)eΩ(accel(h)h(it)gnA(jaSOR2)hdn(d)f)suo(umop(prol)eFAD!)jΩE(wb)grgΩyihldse4()ohim3ren)e(con)y(imnad)erAn)e(con)ofo)qce7)450(sim33tfbSOR2ihdn(d)f)op(prol)eFAD!)q0E(.eΩing.)peopΩ%4360Ω43597(1329bop150273.4tho)q(dINCOMPLETE(F5foF)-2b(2b(o(CTORIZΩb(ITEON)(4eedPRECONDI)m(AER(M328PT2A)43h1FAΩDS)450nE3.4)70.3.Iz(thelete)62])F)-6eedon)eΩizo)iit)d2ΩtePnla)f(preconds1rge482391;)A(g1f(ObroafΩhe(las(ig(A(eΩ)nnla)f(precondsjEireedbased)h(vsef)iz(thelete)))ion)eΩizo)iits)g(enceΩde(ofi)codo)(is))q(e)rad)g(253239fo(t)hx.)19.3.W)20onctilli575434igijae(isg0cohelex)etheleteug4du7concΩ(thatigion)eΩizo(er)Ωhfeimples,(c(nonzero(hΩ)e)y(implesefnuscf(thatigion)eΩizo)iit)e(i)ghaa832yhΩΩume(giFiigno7r.)k5SecogiFiple,giΩfnuscgrion1mTu(;)=;s00sp9Ωr(1i642873)45027sphri5bxim(CosffΩ1yA9291716540s4(s00sp9Ωr(1i97473)45027.h(ite847Ω41l73.4t1)557((Creahn)gbb(Th)n0g)in(thelete)cgion)eΩizo)iitΩ924(y6)12Iz(thelete)faneshu(yU)16(TΩuAd(t(areeric)tria)gular.nk3.)e(g1f(O(is))q(c,)hyence)e(ishΩapyea)f(precondo29b731274depcaf(eds8d6(Thet)d)()20bdhΩdrelall)nΩ3yMsFAyLofh((e)hrstsfΩapyea)f(precondsiFiwv)o(of(a)ed)h(a)fi(s)fΩhΩyihldse4aeHAiΩ112354o(is)ipre(v)o(od(de(e)h(9(ejgeo(t)hx.)21231174Ω0Anne9iz(thelete)efion)eΩizo)iit)hhifnhri5e(con)d1u(-o(t)hx.)24o(.)i6b7(Thdrelatef)riginhMeijeriokfi(s)fΩfi([152)n(];fiΩh)ee(1273y)VhΩ(fb(fge(tbt)f(efion)eΩizo)iit)i(h(r)gegies)g((1224Ω0o(ug6(Th257)hn)rigin)dhero(t)hx)g9irehfan)fb(dF97Fu8(d(in)f(whe0e(o2yh)io(fhlog(nnn-th((cal)e(creahoi)jΩ(ereopthk2In(thelete)12f(Ofon)eΩizo)iits)h))(it)f(s)gielkjad)20bneHAiΩ1024(y(Ξ(ttfmptn)qk(divisiit)eg(t)f(izero(g9ple,)fo()e)gog0fΩ((lhdisiauscd)usde(e)h(9(ejhhe(t)hcessga)ong)f((v)o(ofdple,)fo(s)pΩdF1073y)lvh(a)n0i)o(ufe(ofh(fulgrefion)eΩizo)iit)gA(h)e(ishfaain)Ωfft(t)hx)s)i)iaguar)hmplet)diheo)gd h],fi(s)fΩ vohanall numThet in Tu(;)foovgΩ(iz(thelete))Ωgion tnhe areorta)rad precondsjEireede(ofi)costΩHAiΩ157228(iceiae(isigion)eΩizo)iit (er)hf ThEe, gi(6Ωo(incfyeha)iiz(thelete)efion)eΩizo s,eiae(isg0nall)e(n)o(uΩ)hr (162128(iceei(are)faoecos4hhi(Grae,)foy(v)o(defnuscgrcreahn)ghΩtiΩ)fairehfin)f9(east)enas ]7tha oh()haΩ()d(sGfvA()uyis)3h)149)r4e ef4ash(fb()dsy(ioncΩ(aggΩaeear)f()fdn(d)dg((167)455e)in)f(e)ga)er(tdo)(is)ofi it e gncf(one)han)g5moyfΩviΩ(h)g(its4g(A(h)e(isdF172120i)OR)f((v)o(og2tion)f(me3)o0gatOn(c)n))gΩ(p)d)nthe s thio(ha(nef)f()eyi)iaaggrated dΩ ty (177128n(is)areor)e())gΩ(p)fΩh(is)ecalh o e)rad efΩgion is k ahortiz(d2f)o(ug4eha)ii (vΩ)o(ofdΩo(e)f(me)f(i(k,)f(0hm1tbt)f(d)itOR)-)g((1870Ωy(recos,gian)g5incfyeha)iaain)e)hrla)f(precondoiafn)grdso(ume4jhussd)Ωg4A(1,essy(In)h(al)idlite)g0f(eear)fs, fb(fgizstah(stHAiΩ192020in)iur)if (v)o(ok9tiin)12Th h its.a1(in2028392p(Sy(ionceakneear)f(s)fn(d)f)anfiΩhiz(thelete)dgion)eΩizo Tu(;)+ thelete precodo0yrf1rge2105Ωy6 that1rge147228(ion)eΩizo tion can ionceah1141y ineΩ ofn simg-e1FA(i2029(ur)edd3.1)p,lfdbun bug(iz(thelete)f)ion (er)hf sFA 1mΩthd2ThIff(5nau(yM)20(Tu(;)=i(5nau(yLU)20b(1u()fn(d)cu(yL)gu(;)b)fΩfu(yU)1rge2154(y6)12ntnhe)gular)kΩ)tria)gular ;D +uf6s00sp9Ωr(1i545(i20292A))qFA(D)i1A(+udΩ1yU)APT2A))e1FA(i254(y(Ξdn(d)d4nau(yDh)149diagcoeo,)d)s)fΩiΩ3yLgu(;)s;theinrb(Ad()g230488ae(isefion)eΩizo)iit(er)hfthae,j(is,)g(nonzero(eΩ)e)y(impleseg(iceiae(isFA(2693434)rigin)dhgeo(t)hx.)k7Fi)grdsly(InΩn)aree(cefj!)iFAhecallhInΩnthininrelale(rela)onΩuDykΩq0E(.ek2Thond.(e)hrstsf)(e)hdpincausedwhe0it(east)gmeneimples.nping.

1329bop150273.4thotheletedINCOMPLETE(F5foF)-2b(2b(o(CTORIZΩb(ITEON)(4eedPRECONDI)m(AER(M328PT2A)45ha)2ΩDS)455W)20ond4m(k)oigndoscrig(to)(h)b)haih(aeroa(i)d521032y)le(rela).cewInΩnasiso(umo)edumcagecoThjnr2ArelaTh=1idxInΩei;f;gu(;)(e)hdpykinh(le(rela)oe)sGgnisyeond.(e)hlgris(r)gegyehEirefme(e)gΩ(gncf(‘dne(aΩh)eol(h)nces’:(25b.(e)hlgrF6eedisiFiigno7r)g)o(ug4it)fnis)hink5nallde(e)h(9(eco)faenc)toimpleedΩdigiibnnstgtesdrfirfb(eae(ofh(fon)eΩizo)iit)fnis(ldiro.33(ThSeee)9nar[20)o(,of(157](fnA(1,hnd(ds)h((itsGi)encg)gc14)150nnla)f(preconds(5PTEusioncfdne(ag)eol(h)nces.ΩHAiΩ1589541p(Sim33tfbca(es:)22(Tu((IisLU(APT2A))0)e)6b(1p)b)fΩfu(yDq1p(-qFA(IisLU(dg((1666392A).)20b(hri(inhΩA(IisLU(APT2A))0)e)7Fueeo(e)g(me,dfde(ofh(iz(thelete)eΩgion)eΩizo)iit)hnnner)h(presirno)e)nonzero(hfe)y(impleseHAiΩ1716545(can)yIn)o)fΩimi(inh(aDarsheuol)ff)ctrproure)i)encdae(ishΩa)rigin)dhfeo(t)hx,(faaoeie(an)))i(inh(Dnla)f(precond)n(atΩHAiΩ176639)f(tory(g(t(k,)f(0gsexa(deye))as)gΩh)ll)in)f(ef4aDarehi5toefΩ(eroree))as)gΩ257)hn)rigin)dhdeo(t)hx.)odIngbb(Th)ef4aq(d)f(simpdeΩdF1816545(In)h(siit)eincfFA(IisLU(APT2A))0),d(6Ωo(till(cefu(yDq1A(-qFA(IisLU(22(Tu(;)(Pf(to(a)rall)13)m([174)n(]7,)jOlvh(a)n0g)les(ig(is)g(nesdr.)24eedIff(5)m(nntgide(e)fdF18*8iwv)o(oe(prehibidef)(e)hdp-uscgre)y(imples,()Ωsoun)hswv)o(oha(lso)fhalto()h)ose,)f(i(in)ediagcoeo(dne)y(implesehΩjathin)hmi),(Ω(atbt)f(1)g191554alto(o)iits)g(ence(ois)3-diagcoeo(fΩ)e)y(implesehasr))evigno7r)10011900(92r(5i0191915Ω91;)p,lfdwv)o(ohah(ted)h(a)))i(o)))ioll()bwhn)gdfs(tu(hrontha)2Ω19*8iSplitth)q(g4eha)i(tdo)(is))q(e)rad)go(t)hxs)rado(iaut6sgΩ0diagcoeo,)ealt(areeri)gecg)esehass2015281Ae,m12f(O()14gΩj)yead1nayL(1652562218106A)1683Ω2015281Ae)e1FA(i0*81(D)185e2050(y6)s4(s00sp9Ωr(1i23qΩ206492A))qFA(D)iu(;)+Ωfu(yU)353(20718106A)381Ω206492A))e)2(Tha832yhu(yDh)149is)dri21428(to)g((ted)h(aoifΩf(divisiit)gi(arΩe)faoecos4hhdu7concΩ(thath(Dnla)f(precond)gdsy(v)o(of(ereop)hswv)o(ofΩ(eroreehFA(D)1F31(2199392s4(s00sp9Ωr(1i5883221428ΩFu(r)fhh(e1FA(i2Ξ88aehan))1yDq1A(.)2123231428(Remark:)27Ω(Oi(in20(Th(lhdihn)gfal)20bdo0yrhg(and())(t(areeri))ion)eΩs)faenc)Ω)e(ofgap(la)f(precond)hh(a)ed)h(a))fse(e)fdF236450(tonzero(f)e)y(impΩ(tscebinuei(inh(aetgfuySr2A),fhhame,gee(iref)ion))g(io(fhiijhΩ))o(y)edhg(nntgg0trpofh(f(1)d)i(in)e((la)f(p-e1FA(i413Ωy(recoeric33yM)db(Tu(;)iS(elf.)2123246354T(in)2(Thion))g(t(in)f9i(inhΩA(Dq1A(-qFA(IisLU(b7(Tu(;)p(la)f(precond)c(ll15boa(ireede(ofhΩa)is)3-diagcoeo(d()esej(ence)e(ishf)rig-f1FA(i513434ig)dhgeo(t)hx)gΩ(bdo0as)iu(efΩgguted)fg0Eisenstan)))[91)b])g9tiof))eh((v)o()h(in)g(a)Ωfftoree))(is))q(e)rad)h)im3)yh(a)n0boatecogd5encg)gc256150nnla)f(precon)qk(CG.eed.)i6evnyw)g)im3)yh(a)n0boatecogdΩ2tirgesΩimi(inh((the)c)g(it)eA(h)e(ishft)hdiagc-o1)qΩ2613434oeo(erfon)eΩs)gnA((thath)o(t)hxhd)s)fΩi(thath(Dnla)f(precond,)Ωff()1reg(t)f(is(ted)ioncd)aoh)subs1a)num1icegi(are)faoecos4hh(areeri)hit.np11b(ThThi6b2(Thdrelatefnnt(18inuted)fΩeaChan)1)ge175628(aidfj(Kuo)g([50)b],fi(s)fΩg(a)h)fulgrf(s)alysir()14gfnbour(r)gΩlr()bw-g(t)f-r()bwefgihguted-qΩ(DIisLU((3ee1E9k)kicid))7(Thqceiae(isg0o(t)hxhe0graphh(ll15boa(ireΩf(n)2iaeria)gles.nping.)peopΩ%4663Ω46621Ω1430bop4502746)802(14)755bFo(CH4eed3.)32ΩtePRECONDI)m(AER(Mp5rgeDS3e1350(2v5rge89925075vΩ857848235027Let)d4nau(ySj1u((can)Ωeaingf5monzero(hfaetgfΩ)f(f)p027()qFA(i;)7(Thjnr2A)):hgu(uf1h14663488yΩ106ij(1)q7e482391y(6bp149=()2(Th0rFAf(gi857853239Ω1pfe()29nau(yi)12nau(;)=(g71qFA(;fb(Tu(;)2qFA(;fgh:4gf:4gf:4945Ω5)14yupfaetg(3ee1ydsd040587(y6)tlii1077581(y6)y(idΩ3yas115)m587(y6)tlii8578631391pfe()29nau(yi)12aΩ(;)=(g71qFA(;fb(Tu(;)2qFA(;fgh:4gf:4gf:494568127Ωupfaetg(3ee1ydsd040687(y6)tlii1077681(y6)y(id0271qΩA(=di(194687(y6)tlii945731391pfe()29nau(yjΩqΩbu;)=(d33yi)d1A(+uh71qFA(;fdyibhu(;)+2ia2qFA(;fdy:4gf:4gf:41033Ω7)14yuAdo(ug3na))qFA(i;fb(Thjnr2A))e)2(T6)y(2)fΩuySb7(Tu(;)s)fΩc))qFA(j;fb(Thibp149)r)2(T6)y(2)fΩuySb7(Tu(;)e(ogi10338314yupfaetgc1ydsd128837yΩ106jfryji(1728314yuy(id0ydsd247837y106jfryji(289Ω8314yuy((s00seu(uf1h13523837y106jfryi13818314yuydsd403Ω837y106ii1429n8314yuy1h14513837y106ijrF1898e899ΩV5rge9011350(2vFA(97835027Figure)H4eed3.3:2iaCtnhtrprohonee(enceΩdaΩ)uyDq1A(-qFA(IisLU(20(T2A)in(thelete)12f(Ofon)eΩizo)iitshΩapyea)f(precond,)))s(orhn)gFA(102839ot(ofh(iz)ed)h(a)r(esch4ence)e(isgΩj)le,)fo(s)4)g1164500p.Sf(a)h(i(r)g)(a(es:)22(T((f(Gple)edh(3b(2d)is)3erf(resFA(1240281AeW)20onh(wb)grgΩn)20bd))(tnhe)ehrii(offΩ)sf(a)h(i(r)g)(a(e)hyence)ath)o(t)hxhe0)eh((v)o(18inile,)e(f(Gple)edhiΩed)is)3erf(resiansFA(128954y1h12(T(C)eesianoe)prer)h(pro(fegrie.)kΩ)Inec(thi)jg9casA)he(offFA(IisLU(APT2A))0))H4eeds)fΩeΩA(Dq1A(-qFA(IisLU(b9(Tu(;)fon)eΩizo)iitsh12(T(k)kicid),r4itΩ1339(yms)f,)n(as)gOremarkh)o(18gn(o(umo)ed)h(a),giwv)o(ohaose,)f(h(itΩ))h(aeeFto)g)keoculage(Ω(()14h)(le,)fo(s)fhencfyeha)ifon)eΩizo)iit;ffΩ))(or)gFA(138954ye)y(implesejnuscf(thatigiria)gular)erfon)eΩs)hasr))gΩ)(queo)gΩtiof)ois)3-diagcoeo(fne)y(implesei(oncfFA(ApΩ149.(ly)m1439(ymInuei(ofg(ioll()bwhn)gdfwv)o(oj(wb)gremassumeh)eagfΩgnbour(r,giline-g(t)f-line,lfhorderionch)enc))i(o)iegrierefo(is)iimpΩ(ts.(ly)m148954yLethn)gi33yi)p039,gFA(j)i6)12(can)Ωecer)Ωhoodh))gese)fusce9ae)oregular)h(2Dlfegrie,dg(it)g(io(h0easy)g(to)g)r4eΩ))i(e)gΩ(i(ofh)(le,)fo(gd5esFA(1538434grierf(areaiimplegg27)qΩA(i;fb(Thjnr2A))e)4f(Oireeme(e)fgndo(thein)dihbuol)ff)(le,)fo(s)gΩ(it)hnnareaiimples)fa)qFA(ifb(Tu(y((e00sg0271qA(;fghjnrΩFu()p13eeds)fΩg))qFA(i;fb(Thjniuy((s00seu(2717th18ΩueIff(2eed()1reFA(1588yasr))ju(yn)f1A(nareaiimples)Ω(vseg(tan)f(waΩhyenceu(ym)i6)12grierfłines,giwv)o(ohagetuei(ofg(ioll()bwhn)gcΩ))o(y)ehn)gkorelo)iits)f(fb(Ω(()144)g1638434(le,)fo(s:q554Ω18164yuyds97Δ822276)tli;i)62218164yu;)=(66631681Ω92qa8(66631718(9(¿(66631731274¿(6663174354¿(66631756Ω9Ω¿(66631768u3)¡(6663184354¿(6663185579¿(66631868(9(¿(666Ω1880120¿(6663189150:)72211712391ya)746(1718(99Ωr(1ipΩ106;sp9Ωr(1i32011712391A)o(uf6)yibf1A(=)f(1i72211764Ω91ya)746(1770276)tli;i)79ge17641yuy((s00sf6)(a)854Ω1770276)tli;i)p2s4(s00sp9Ωr(1i93217641yuyds9541746Ωy6)s4(s00sp9Ωr(1i954177528106i)p2s4(s00sp9Ωr(1i101iΩ1764(y6)(a)12321770276)tli)p2s4(s00sp9Ωr(1ip6)tl;ii320Ω1764(y6)A)o(uj(1ieu(y¡e)fusg0y“024bgu(yn)72211815Ω9ya)746(18218106i;i)79ge18154yuy((s00seu(uf1h8541182)Ω76)tli;i)p2s4(s00sp9Ωt4nm936e18154yuyds95841798yΩ1s4(s00sp9Ωr(1i9581827276)tli)p2s4(s00sp9Ωt4nmd018Ω18154yuyasd04018218106i)p2s4(s00sp9Ωt4n;ii320Ω1815281Aeo(uj6)yibf1A(=)fu(yk)qyn)f1A(+uf(1i)4f(Ofn(d)fΩ3yksg0y“025id0271q7451867(y6)(a)7671873(y6)tli;i843Ω1867(y6)y((e00s42nau(ya)9391873(y6)tli;ip2s4(s00spΩΩr(1i0171867(y6)(dsd0391849392s4(s00sp9Ωr(1i039Ω1878(y6)06i)p2s4(s00sp9Ωr(1i10951867(y6)(a)11171873Ω76)tli)p2s4(s00sp9Ωr(1ip6)tl;ii9261918(y6)y((e00s10Ωau(ya)99ge1924(y6)tli;i)p2s4(s00sp9Ωt4nmd07)m1918(yΩ1ydsd0941901392s4(s00sp9Ωr(1id0941930276)tli)p2s4(s00spΩΩt4nmd154(1918(y6)(a)117Δ924(y6)tli)p2s4(s00sp9Ωt4n;ii320Ω1892391;)e(or)wise)q1y:)4)g1989392A)Coz)ed)h(a)r(elyrm(,mjhwv)o(ohΩ(k)oigndoscrig(to)(ii(off(ion)eΩizo)iit)e(ig)rithmimeo)o(lf(emasi581Ω2066(ymInan)g(ly:)16(Tu(yds77ı72276)tli;i)82312066Ωy6)12=)cu(uf1h88902072276)tli;i)93842066(yu(;)fe()e(algreΩA(ii5812116391pfe()h6)yibf1A(=)g71qFA(::nmhΩ149do:)653(2135u31qa8)653(217228(¡)653(2247(ym:)711Ω2168(y6)(ds7)452174(y6)tli)p2r(+1ip6)tl;iip2r(+1i864Ω2168(y6);)=(d33yd92912174(y6)tli)p2r(+1ip6)tl;iipΩ2r(+1i1058u2168(y6)y((s00seu(uf1h112112174(y6)tli)p2r(+1ipΩ)tl;ii19932168(y6)(ds122112150(y6)s4(s00sp9Ωr(1i1221Ω2179276)tli;i)126532168(y6)(Δh1287(2174(y6)tli;iip2r(+1i1430Ω2168(y6);)o(uk2e(o2yihi)jf(n)2fu(yk)143052220201u(sun)f(whhai(e)gΩΩA(iie1A(=)gu(yk)qyn)7118227128ds7)452277276)tli)pΩ2r(+sp9Ωt4n;iip2r(+sp9Ωt4nm87282271281A(=)fu(yd937Ω2277(y6)tli)p2r(+sp9Ωt4n;iip2r(+sp9Ωt4nm1074227128Ω)y((s00seu(uf1h11372277(y6)tli)p2r(+sp9Ωt4n;ii1)19Ω2271281ydsd24182253y2s4(s00sp9Ωr(1i24182283276)tli;i)1285Ω2271281y1h13072277(y6)tli;iip2r(+sp9Ωt4nm143052271Ω1u(A)o(uk6)yibc1A(+uhu(yn)h0y“024bhu(ynmły)2349Ωy6)12Izt17(The(of)h(o(umo)ed)h(a)lfdwv)o(ohah(ted)h(a))hmassumedceΩde(e)gΩ(i(ofh)(Ial)ria)qo)(fvuscgri(inh((nef)f()eysr))evorder(18gn(c-)Ω4)g2398yceodh)q(e(tiof)i(inh(ao-call(cegr“nbour(r)fhorderion”:m2b(y1h16eeds(quf(mplei(r)f5mall)e(n)o(um)oioncΩ(ef)gri(inh(grierfłines)Ω4)g2448(yms)fΩh)e(ofeaDareaiimples)Ω(fn(duscf(tan)f(wah(grierfłine.)Ω257((B)l)20bb7(Thdrel))fddndp)f0v)o)uhmplethjadiis)3erf(mple(gΩanderions)fhenco)q(249839ot(ofdt(Ial)ria)qo)th4FA(2605Ω91p(Mer)h(f(simpdeg(iz(thelete)f)ion)eΩizo)iits)4g(Ω26)14yuAdOnond8osmer)h(f(simcatecogd5tiojae(isg0basic(fvudea()fenceΩ(iz(thelete)f)ion)eΩizo)iits)hOio(haasfh(f(ll()bws:)24ΩueIff(7(The(of30bop31274prer)h(pro(ju(ya)6)452737yΩ106i;ki675u27314yuy1h69732713y2s4(s00sp9Ωr(1i697Ω2743540tmk)q(;ki746(27314yuy1h768u2737y6)tlk)q(;jn833Ω273)45027i)jf(n)nzero,gihs)fΩe(e)hdp)f0i)uenntgga)g()bw))o(defnuscΩh)o(is)iprecoΩg))qFA(i;fb(Thjnr1;)p,l20(ThizsttascgΩofeΩing.)peopΩ%4764Ω47637(1329bop150273.4tho)q(dINCOMPLETE(F5foF)-2b(2b(o(CTORIZΩb(ITEON)(4eedPRECONDI)m(AER(M328PT2A)47h1FAΩDS)45asim33)f(2eed)(dsaodh)q(jee(iref)(e)hdp)f0qua))pleieuol)fhΩhsubtn)h((iaut)erfle,)ethonjadiagcoeo(ere)y(implefhΩ3yas1511eDS7(y6)tli;ii1546eDS)450A(.)20.3.S)in)f(e14b(y1h1rge44128(ion)eΩizo)iit)f(sin)f(y()hOio(hausueolf(f)call(ceheagfΩg“mer)h(f(simpde()iz(thelete)h(fon)eΩizo)iit”.)2123496Ωy(M)fhhmmencadpy(jee(ireh(llrresf(a)onds8j(toee(fe(cconcfe(ofhΩj)yea)f(precondoh5toee(h(ted)h(a))hme(of)hsain)1rge546Ωy(r()bwsums(ceas)hΩ()14gn)rigin)dhero(t)hx.)20.3.Onond2b(2reasdifh(f(1)d)(tnhe)ehionch)mer)h(f(simpde()iz(thelete)))ion-o1)qΩ59528()eΩizo)iits)20(Thiscf(thatigo(um)h(ted)i)ref)ence)e(ishfs(arΩe)(dral)hea)f(precogf5mall)e(n)o(um)o(f)enc))i(o)iennla)f(precon)q1)qΩ64254erear)f.gd5Itg(3eeΩdrelate))y(impleicoedef(ao(umo)ed)h(a)lhai(e)ghΩ(fb(fgsla)f(hh)ooderfg)(llipenc)f)equo)iits)g(e(ishfa)f(precog1)qΩ69528(mall)e(n)o(um)o(jhencfyeha)i(tdo)(is))q(e)rad)h)o(t)hxhc((s)jΩ3yOq149()FA(hh885680(y6)s4(s00sp9Ωr(29291695Ω91;)p)f4ash()ef4funrtecongFef)gri(inh()(dsre(izo)iit)g)meshHAiΩ74528iwidth.ek2Thi6b6eedooderfg)encfymagnanude)f0i)ueDg(ser(v)o(18jΩ)!)iFAd(sim33tfbiz(thelete)))ion)eΩizo)iits,))hsl-o1)qΩ79528()hb(Adfausueolf(f)ae)oredprohoneibuol)ff))ef4lthe))h(ttnht1tbtΩ)e)))ion)eΩig(is)g(oboa(ieftha)284939(Mer)h(f(simpdeh)ion)eΩizo)iits)gΩΩ1FA(n)gncf(izmplethest)iho(um)cause,dg(iogf5c)e(n)oioatecogd5fn(d)iΩh)mill)fso(iserour-f1FA(899y0batecos,gfye(ishfs(are)(dral)hea)f(precogΩeanall)e(n)o(um)o(g(ef)gri(inh(nnla)f(precon)qhneear)f(s)tion)f(can)hgΩOΩfpfsaoh)l)20bdo0yrh)g((94939(ooder.t36eedItg(9eeΩdrelateh((e)hrstsgΩnhri5e(con)d)gbuol)ff)Duf(a)on)ple,)h(Kendill)fsaf(hh)Ran)f(wfbdceΩd[81)b])g9thin)g(a)h)mer)h(f(simpde1rge9992yniz(thelete)dΩgion)eΩizo)iit)fnof()1yA12nau(;)+Ω)uyOq149()ΩA(hh8(9e984541r(28384999392A))rFA(D)8881005yΩ106A9334999392A)ple,)f(s)17(Tu(yˇbp149)qFA(M)1123Ω984541s4(s00sp9Ωr(1i11674999392yAp039)ph(=)gu(yO)qΩFu()()FA(hh1355984541s4(s00sp9Ωr(1i14004999392A))rfnA(1,hne(isgΩj(f(Gple)edh(FA(104939(d)is)3erf(reek2cas(th39eeΩMoree2b(y)o(y)edhf((er)hofs)g(sFA)hple,)f(gifOuted)fg0Guht1fssdifh([112haΩ(],l)(Axelsson2)(s)fΩ)g((109839oBarkhn)h()F5fo[14)o9,)dΩ3f(x)q1497.2],fi(s)fΩh)Beau20bdo0yns)i([31)o(,of(32)b]tha)2Ω1153y2IzsttasckOΩfpfsk,)f(eph)q(g(r()bwef)rams)h(ttnht1tbtle,)h(ene)fΩ(k)oign(lso)g(k,)f(ep)gu(z(c)n(olumnbhu(;)rams)e(ttnht1tbtle.ΩHAiΩ1203y2Izfjea)eo)e(comp)dheris)5ui18inmein)f(anicscf(thisiFiidea(g(is)gΩ(juhtf(simpdeh)dn(d)f)i(ing(sFguy(impleff)thin)ii(ofHAiΩ125150m)fehiedh(Ff(Obalah(sth)ar(tedys)h(ttnht1tbtle(g(e)ed)h(a)r(gΩ)ill)d)itOR)to)thd8na))E(F9)Ial)d(implelyrm(,m15(Thet)))efnshpsrg9tiogΩ)i)ed)h(aoifΩdF1303y2‘ertc(simciedhc(d)is)3usiit’.)r2b(yApeleyIn)aod)H4eeds)fΩh(ChpshiFA)h[4)b])fnobser(v)o(18h(t(in)f9ifffΩ1yAhu(;)s)fΩ(33yM)20(T2A)h(ted)h(a))(5PTEe(e)g)gc13r228aain)e)columnbf)rams,ghme(ofi)c)iFoio((25411455Ω91yx)278(1461541r(0)30811455281A(=)c33yM)396(1438Ω91s4(s00sp9Ωr(1i4411455281uOutdF1552(y6)12guar)hmplet)seie(an))Ω)e(ofgaram)eA(h)e(ishfe)y(implesefnuscgu(yr)9F1558Ω91r(0)9811552(y6)12(thath)o(tehiedhdObalah(stja)rror)e)giscf(zero,gΩ)hanesdg((1602120thin)hmill)fsiurfhh(ohu(yr)45ffi08Ω76)tli)48451602122A)h(ted)h(a))f)e)y(impleseharamm(oncd)iiojazero.)Ω212(165739(Mer)h(f(simpdeh)iz(thelete)f)ion)eΩizo)iits)hO3Ωyga(ielkgΩ0d)20bn,l)(esf(a)h(i(re)fgnw(on)gii(ofh)(Ial)ria)qo)(HAiΩ170788asFA)canall)e(n)o(um)oed)Ω(v(or)ggmehan)g h f(simpde(Ωbiz(thelete)))ion Ial tnhests ence(e(ishfalas(ig(A(fiΩg“re-)g((18)455laxpde21nariz(thelete)))ion)eΩizo)iits”.)40gatHo2y23PTEe(e)f)(e)hdp)e0ier y¡e1 ym(e)3(1b(Th¡sg0271qga(can)foree))in 0 (18inile,)cthonjadiagcoeo;,essyonjaAshcraf(fi(s)fΩfΩgGriins)e([11)b],iuAx-e1 s 18dguted Lindsk,,mg(19],l)(Chan)g Stone s hΩ([204)n(].)21nar. F5foi(inh()angeΩs)gnA(e(MILUe)fuscgri(inhΩ)Dg(seo(()fencelr(undh)q(e()rror,liOseee1FA(i0Γey)V)20aoidndo()i)V)2Ω0ry(fi([i0)b].mHAi(2192122p7V)l)ob(v)izo)iit)fnof(iO()14gΩj)yea precvid o1FA(i279392A)Amplegg27e i010ey e((thcan)areie(an)) ingds(quf(mplei(r)g9tiin)f)encioncΩ(aggΩaion)eΩizo ishrooderf1FA(i32928(icek)e(ishrmall)e(nΩ)o(um)o(g(ence((Ial)ria)qo),l)(oun)hsthh)qs sFA a Tu(y((e02uhu(yn)1APT2A)Dareaiimples.)20.3.T(in)2b(2(Ial)ria)qo)(eme(gihs))t 1 ed 10(ThizΩi(thathΩndomait,ec(thae,kmi),(ebinuelo(umcagecosΩg))qFA(i;fbΩThjnr2A))e)2(Thdn(d)g6)yib6nau(;)+Ω)uyj)d4nau(;)=(dΩ3yk)q149, ini(iz)ed aescfhencfyeha to(hfuss)g(c(in)ff(1m)1)qΩ26 impleedba KolotilinaΩ4s 6Ωo(Onond1(Thn)eicular)gsexam33te0i)iaple, a Ωigdiagcoeopy(d)domin1tbtle.Ωa6eed. T(kise.mHAi((26691pThonk)sf(a)h(i(r)ecasA)iΩOΩfpfsblo(umc)f(k)gt)hdiagcn)dit 1 Iztk(ma)iniΩ(yM)APT2A umc k eΩ((the)c)g(its,)cehea (e(ara)rhesirf)g()bw 169228(iurodgireaty(impleeg(ence(e(isih(le,)fo(geΦlo(umc)fΩ(ks.rd8osT(inca)o(y)ehn)gf(nlaurrf(reej(f(1)d5i(ofgaple,)fo(gg(blo(uΩmc)f(ksig(also)dF1742(9(2(k))f(s)i()ef4sim33tfbf(1m,)g)r4eiΩe(simgure)g73.8.)k7Afte1)d5i(off(ion)eΩizo)iit)ewv)o(oi(aree))lefegfΩgdn(d)hds(quf(ces)dF17S)45aenceu(yX)231817S7(y6)tli)259Ω17S)45u(;)(lo(umc)f(keh)iorm(oncd)ihe)k7(le,)fo(s,)e(s)fΩhΩofffΩ1yY)880117S7(y6)tli)90817S)45u(;)(lo(umc)f(k)jg9sthroh(aximathn)geΩ5i(iirgk(inra)h(a)r(es.mHAi((89788upfT)f(t)ohft)bypcan)s)faenc)Ω)in(thelete)eΦlo(umc)f(k)ifon)eΩizo)iits f yψfe↼↽14eed↼Io↽ob↼v↽og s mplei↼re↽fd ↼↽↽gΩ↼p↽n↼arc↽fΩ↼h9↼eroures▷↽20▷3▷Ctnhe↽ehrd4ψfoi↼inh↼blo↼umc↽f↼kee↽ion↽eΩizo↽iit/↽qψFA↼D↽fψ1A↼⇁ufψ1ψyL↽pψ149↽rψΩ1ψyDψ522↼627939ψ2s4↼s00sp9Ωr↼1i5678629739ψ2u↼↽qψFA↼D↽hΩ↼,↽⇁Ωfu↼ψyU↽APTψ2A↽↽ed1↼Th/↽h↼↽qψFA↼D↽fψ1A↼⇁ue6↽ψyLbpΩ2A↽↽↽qψFA↼Ii↼4nau↼,↽⇁Ω9ψTFA↼D↽1044↼627939ψ2s4↼s00spΩΩr↼1iψ08902097289ΩψyUbcψ1A↼↽↽H0ψbo17028iw832ψy↼6ψTFA↼D↽hΩ↼,↽ireede↼ofh↼blo↼umc↽f↼kee↽diagcoeo↼gro↼t↽hx↽fnof↼iOple↽fo↼gf↼blo↼uΩmc↽f↼ksψd132ψ215528ψ1r↼6i1166bo17028ψ1Ahaneshu↼ψyLbpΩ2A↽Ωfu↼ψyU↽20↼Tψ2A↽sFA↽cae↼isg↽blo↼umc↽f↼k↽f↽l↽20ψbdo0yrh↽g↼Ω221939ms↽fΩevup↼areeri↽↽eria↽gle↽fFef↽gri↼ing0fon↽eΩizo↽iit,fhme↼oy↽gΩj↼↽kicid↽↽fhdn↼d↽g6↽ψyL↽↼2805222528ψ106A↼13081221939Ω2A↽Ωfu↼ψyU↽1364↼222528ψ106Qi↼4101221939ψ1A↼uschme↼ofhmcasA↽n↽gnce↽atΩdψFψ2269↼yΦlo↼umc↽f↼keede↽hdiagcn↽dhero↼t↽hxtha↽2ψ2319Ωy↼W↽20oni↼kion↽fourn↼f↼thisiFii↼mpleo↽eψs↽ihniz↼thelete↽gΩaion↽eΩizo↽iit↽f↽ω 1ψyDψi6 thelete ofh↼blo↼umc↽f↼keΩf↽d↽agcoeo↼ero↼t↽hx↽g s s ψyLψyXh15↼Tu↼,↽/i↼↽q↼241939↼d↽ag↽qψFA↼X↽277↼2425286↽06i↽291Ω241939ψ2A↽↽↼f↽g↼↼conc2541249228ψ1uOM↽iu↼,↽/ic↽↽qψΩ↼ψyX↽Ii(4nau(;)+Ω9TFA(X)628Ω2475u31s4(s00sp9Ωr(1i67312492281uOUbc1A())H0bo565Ω9y.)20b(F4osion)eΩizo)iitseg(iceg(thi)jg9t)bypcan)hh()d(in)f(whgΩj()ra)h(a)r(ig(alo(eroe(e)g(mes))fuscΩ(Concus,lhOGyub2f(s)fΩg(Meu-tΩdF2615u3(r)hmple)20.3.[57)b])f(s)fΩg(KolotilinaΩebs)fΩi(Y)20oremin2)Ω([141)b])e)gsy hdmeanreegsyd le, y6 50C(6i2145e733289ΩE(W)20rithn)gca)qFADIigu(E(+ufΩ3DyL)442(e739392i6A(46786733289ΩDyD49732721281f4(s00spΩΩC(1i5385e733289ΩE())qFADD)f1E(+c)uDOUb662(e739Ω92i6A(687(e733289ΩE()gkoiref)equoolf(f))Ial)die,dg(bun)fyin2)Ω(n()h(ime)ehaoderfh9tiohim3)y(imple.(ping.)peopΩ%5269Ω52681Ω1430bop4502752)802(14)755bFo(CH4eed3.)32ΩtePRECONDI)m(AER(Mly)mDS)450A(Alh)dnote)h(a)lyrm(,m16b(2drel))h(3ΩyfareplacatiFA(D)f1A(uted)fg0acfe(ofh)iogra)h(a)r(engΩ4ence)e(ishrblo(umc)f(k)f)d)agcoeo(ero(t)hx)h)encFAΩ44128(i(off(sthroh(aximathits)ehtiohi(o)i(iz)ed)h(a)r(escg)ifΩe9i(in)Ω7(le,)fo(s,)eu(yYr20(Tu(;)=i(2eed)(ag)qFA(Y)1F49Ω447(y6)tli)1F63441392A)),(i)g((conc5543533289ΩyMfiΩ(;)=)cΩ)qFA(Y)703516392s4(s00sp9Ωr(1i7573533289ΩA(+ueΩ(yL)p149))qFA(Iij1u(+ccu(yYohU)APT2A))ep2y:)4)gΩ623289ΩA(.)20b(F1b.thi)jg9sla)f(hh)t)bypcan)hgO)d(in)f(whfΩdrelate)Ωadiscuss)dihbuol)ff)Meur)hmple Axelsson2ids olmat s m67228(s)fΩ sy . ,mjΩhsun whg i(off(so(umo)ed)h(a)lFA(822124referf(res)gmn)dΩgEijkdoun)f)s oore(imeoqyh)toreefΩgirou plevski V (Blo)r(c)n(kionc18na)ohGplysimeo 1030281AhIff(2eed()1)h se a id is i(mple(er)h(prishrblo(umc)f(kionce)uschm(ggΩanbour(r)4Ai(113028iwv)oated)fm(.)ly)m1182120Blo(umc)f(kionciFef)gri(inΩh5oquo)iits)f()d(in)f(whg)ple,)f(s)h numIo lthe umc 1232Ωyusedks)eh1,g4i(inhΩ)oquoef,umckionc4AiΩ1282(45enc(5foi(inig(Ial)ria)qo)(em(areeriihnoΩ)h(e)f()d(in)f(whgΩ)ple,)f(s))(ma))ten(Io)oryumcks)eiΩdrelate1331274simietedA(1,g4i(iniΩh)emia)f(ub(v)oe)oquod,t1381(ymsthroan)f(wesiΩdrelateeOmad)inz(et)i(eothe1A([26)b].)4fon(e(araoses8j(toee(ttnhtrpro)i)at)e(in(thelete)f)LQehgion)eΩizoaDarsel4164027ro(t)hxth357((T(in2b(yidea(fmisogheo)gmn(e)gcn)dizecΩ(thath(r()bws)fFef)gri(inh)o(t)hxhdΩguted)fio1hg)Gram-Snwmidtl4(er)hfehfΩiogf51e(pionc4Ai178954)ctrdap(er)h(pr)isj(usce9i(inhmn(e)gcn)dizo(er)hf(Itg(6b.turts)hmoun)e(i(atl4)q(183901me(en)orehdihn)ggΩ)in(thelete)eLehgione3Ωyfa(can)hhviewdeg(a0gse(en)Ω)in(thelete)eChoqoinencFA(188901me(enk)o(t)hxheΩ1yAA)7281874(y6)tlTi754(188901149.(32(ThExf(a)hriinimpleseH8Ωuesh)20bdh(t(in)f9usioncg6)yL)h1A(uscf)ae)oCG(er)hfyeΩni(inh(nn)m)os00sp9Ωt4Ti89431938(y6)(yu(3eeΩ3;)=)fu(yb)h1A(uteh(eis)3ecre(v)o(oh(fb(fgs(in)frelevIal)implefhΩ)Dgef)f(sth4FA(2287y6)nd3.5)70eedP)n(olynomi(r)21na)nnlaprecondsΩ30bo18212uASog(6b.fa(,)g5drel)(a)edtoaemionfme(e)fgnonedes:q25b(yi(os(o17(The(e)gΩ(ap-m4)g223239(hroh(aximate)(2eed()1)h)co(uΩm(is))q(e)rad)h)o(t)hx,)e(s)fΩhΩw(iFA)hłinear)f)rearo nnlapreconruglateFA(228228hlldo)(is)e)rad tts00sp9Ωr(1i7251938(y6)(AA)787(1923286)tlTi813e1938Ω91yL)8411923286 a y u(z(Polynomi(r)d1A(nnla)f(p-m4)g233239(recond)(em3Ωyfa(can)hhΩ(ttnhe)eh)d)gasf)mee(n)o(um)os ing0sla hifalas(ieaenc)Ω um(is)e)rad isg0()ra)h(a)r(enhyenced()1)hyS(t(areose)d(t(in)f9e(of)hlldo)(is))q(e)rad)ht (directm4)g238228hsthroh(aximathits)H1Ωaishrlinearf0id2eado(iae(en)Ω)f(1m)ofFA(Iit9Ωy((e00sqFA(BnrΩF49,)g4s)fΩee(e)ghfe(ohg(aD)re)(dral)heradiu(ieaenc)ΩA(Bnj(;)ireedles0gse(aonfme(e.(1b(ThUsionc)0(Tht(ofg(Neum)nt)eΩ)series,)4)g25)450(drel))km3Ωyfadr9(ejhae(isg0()ra)h(a)r(engΩofffΩ1yAhu(;)ss(fFA(A10572518392s4(s00sp9Ωr(1i11(3e25)4Ωy6)12=)d1572502281q(P)(2012512392s41)(2012546(yΩ106k)q1r(=0i127g25)450FA(Bn1303251839206k)1324425)4Ωy6)12,)h(s)f)s))hn(throh(aximathitec(mauol)fia(can)hiadeh((v)o(184)qΩ25)150g(t)f(j(trpncathn)gh.thi)jg9in(e)h(9(ejgyseries.)24ΩueSih(sf17(The(off)iΩ(h)g((v)o(og0oe(e)g(mes)n(drel))h(aree)Ω(ttnhe)ehioncΩ(ar(o4FA(26)450(ilread)f)0(Thbased)Ω(vseg)i(inhmidea(fΩOΩfpfsapplyconcΩio(is)lynomi(r)o(sif(inuee(of)e(tdo)(is))q(e)rad)gΩeo(t)hx(dado(iae(en)5izan)g(o4FA(26)150rehidueo,)16b(2i(iFA)i(areesa)alytsymgttnnhrohons)h)bdo)(,(d,)f(teenuei(ofeΩ)bssic(heeo(e)g(me)d)s)fΩh)D(is)lynomi(rl(t)f(4(m2731Ωyaccely)etrngme(e.(ping.)peopΩ%5370Ω53697(1329bop150273.6tho)q(dOTHo(CH4eedPRECONDI)m(AER(M828b(u(;)53ha)2DS)45aDuo(umoi),()0(ThGree)rabaum)f(s)fΩg(R)g(meigu)hhΩ([77)b])f(()ra)h(a)s(igetrnhde(en)orelathitshipfa(can),(d,)f(teenjΩbahdObasic((5A(44128(eo(e)g(me)i9usioncg)ath)rplithhn)geΩA(A)iu(;)=igu(yM)du(y((e00scu(yNcΩ1A(,)(2eeds)fΩf)aehh(arΩe)lynomi(r)o(e)fcennla)f(precon)q13eeΩeo(e)g(me)d)dn(d)254Ω565u31yMf299548392s4(s00sp9Ωr(1i294357554106p)355Ω565u31;)=(g7()4H4e511eyFAthpsp9Ωs4(s00sp9Ωr(1i4H4e525Ω91q(X)417(614(y6)tli)p1r(=0i475u565u31;))qFA(IhΩ1y((e00seu(ufM)6085548392s4(s00sp9Ωr(1i652565u31yA)pΩ2u()r69954839206i)713e565u31;))ep2yM)774(54839ΩFs4(s00sp9Ωr(1i8(9e565u31y:e1FA(68550149T(in)7(Thbassymgrehdi))Ω)ir)fme(e)ghffb(fgalas(imeo)g(oe(e)g(mes,igu(ykbhu(;)rrehs)hyenceΩ)()1)h)((is)lynomi(rl(t)f(d(nnla)f(p-m1FA(73528recon)qcΩeo(e)g(me)gΩΩ1FA(n)exactqyh)e(F9)Ial)d(imple)ehtiohu(ykbq(pcΩ1A(rrehs)iFef)dΩ)i(in)enigin)dhdΩeo(e)g(me;ej(f(1)f(accely)etrn1)qΩ785y)oe(e)g(mes,ihfs(are)(f(simcare)fgn()1)h)Cheg(t)fshevIg(oe(e)g(Ω(d,Ωe9i(in)ennla)f(precon)qf)iΩ(h)g(it)))3Ωygaimhri5e(con)n1)qΩ83528rhonjanall)e(n)o(um)o(g(ef)f)iΩ(h)g(itsihbuol)ff)e)ghfeoh(lf(aggΩaion)eΩ)hyencgu(yp)p149tha)2885y)Al)hb(Adfai(iFA)i(is)eennhg))a(ifΩg(iogg)e(ishanall)e(n)o(um)o(fFef)griiins)fee(of)e(tdo)(is))q(e)rad)gΩeo(t)hx(e0ireh)bthe)ed,g)g((935y)o(is)lynomi(r)fennla)f(precoionciFdo(ΩumesiΩelimin1te)d)a)h(lthe))hrflac)iit)g)of(fee(of)einn)o(fFp(er)Ωh(pro(nhys)fΩ)g((985y)uf(a)d)ge(fFe(are)faoecos,eegs)h)e(o2)ho()iΩ)f(d((can)hj5at)e(e)ed)h(a)rslleg(iz(rease)i(iz)f)(is))q(ec)fm(.)a)2Ω1035y)Let)f9us)g7de(e)h(()haaeero(is)lynomi(r)d(nnla)f(preconruk)toreeΩeaabstn)h(l)fio1s2)(s)uol)ff)o(is)lynomi(r)d33yM)d6ΩTu(;)=i()q(1085u31yP)(77(1091eyFAthn)19931085u3112(qΩA(Ap039)peenn)m)oiz(d2eado(h1yP)6nau(;)(0)ed1ΩTh=)h(1.rd8osN)20bd13eed()1

2483289ΩyAprecond(g(ence(e(ishfg(to)stcΩio(iΩe)lynomi(r)c(nnla)f(preconruHAi(1134y0bare)(oins)16b(2i(at(fFef)grc)iFoareo(concΩ(thath(b(to)stch)((is)lynomi(rc12Ωaathae,kmoinie)o(iz(s)du(y(kqFA(Ih)1y((e00scu(yM1434Ω11(9392s4(s00sp9Ωr(1i147931134541(Ap0y(kqFA49tha2Ωaa.)20b(F6TEe(e)g)g118454)c)iFoio((g(ence(e(isi9in(e)h(9()t)f(eΩ(m(1m)fwv)o(oi(thGplus)g7obtait)fnCheg(t)fshevIiio(is)lynomi(r)o(s,)dΩhs)fΩh)e(oFAherequir(F5A(123454))s(im)geseg(iceg(o(umoth)hna)f)l)20bdΩo0yrf)(s)fΩh)up(areerig(o(umound)Ω(vsef)thath(aD)re)(drum)hyencdΩA(Ap039.ed7(ThThesee)b(Thes(im)geseF5A(128427ro()t)f(12Ωaa(can)hiadeh((v)o(18hrfle,)dee(of)e(tnjugethg))radie)rad)gΩeiΩ(h)g(it)))itself;)f)reeniuy(xp0395t1tha)21334Ωy(Sih(sf21(Than)g)accur)(ejhhl)20bdo0yrhe(o(umound)h(vsef)thath(aD)rΩe)(drum)hyenceu(ufAg6)A)e(uol)ff)(can)hiahaodggmeoef7obtait,)(itΩ138427rJohnson,rdaMicn)f(welli)f(s)fΩg(Pf(tul2)([126)n(]))(s)fΩg(Saa18Ω)([183)b])ga((e(araosejhhleas(g(aqu1FAs)gio(is)lynomi(rse(itΩ1434y0bas(d2eait)))se)h(a)rsl)g5drel)ighGpleff)fpnc)iits.r2b(yThesee)6b.fpnc)iitsnfme(e)fferequir(h)b))gvup(areeri))o(umound)eΩ(s)fΩ)g((14)150thisijis)g(eashe)fgnnthe)h)e,dg(usioncg)f(1)fΩ5izstah(sn)ee(en)o“G)r(n)f(wg)riyfa(canound”)g7)(xI)g(5Ω14894y6)06i)1526(1452281q(P)(57((1496(y6)06jf159431483Ωyuy(j)FA(A)(63714894y6)06i;j1676(14)150uy(j)FAA(;e(itΩ15)450(reene([211)b,be0yxp0391.4]thk2Exf(a)hriinimplesedΩ)(thearioncd)Cheg(t)fshevIkds)fΩf)leas(g(aqu1FAs)gio(is)lynomi(rsedΩj(Ωy1)g1583y0bare)kaf(und)e(iogg)Ash(n)o(ed)fm(,))hM)hmpletuis)3el8Ω)(s)fΩg(Oteoe)g[8)b]tha)2163450(Athe)c)g(it)fhencfyo(is)lynomi(r)eΩennlaasymf((de(e)h(9(ejh)Dgef)f(sngis)g(de-tΩdF16)150scrig(to)isjbuol)ff)Ash(n)o(ed)fm(,)ghMprecoioncjmeoeuol1F6TEe(e)Ωio(is)lynomi(r)cn(s)jΩaeare9(ejgme(e.(HAi((872y6)nd3.6)70eedPyea)f(precond)(2bΩTyfle,)ha((e(ara)rhesgFef)gri(ing(d)is)3er-)307(1947Ωy(f(mnlei(r)a)ueequo)iit)dF2038(y6)AsA)12Thnall)e(n)o(um)o(g(ef)fΩj)yeajmoxiy(Ωee(e)ggadeh((v)o()fye(iirff(juhtf(simcatecoggΩaile,)e((e(ara)rheskyenced()1)1FA(i088(y)underlyconce)n)ei(r)gΩadiis)3erf(mplei(r)g9oquo)iit.(1b(ThW)20ond2(T(will)ea()ra)h(a)rniΩh)ome)fFef)gri(i()g9hiFA)i(Ωshof)(also)euy(xp0395t5g1)qΩ2138274s)fΩju(f(x)q0395t4).mH9(ThTheseec(nnla)f(preconr(nhyusueolf(eΩ(()ra)h(ay)h(a))fstoree)))f(t)rkfii(asef)thath(t)bypcan)s)hΩadiscuss)diH0bo188(y)so(umo)edaoyatiscfhttnheA(1,g4sf(a)h(i(riz(d2ifosteb(fgs(yu)iit)fnme(e)g(mes.1)qΩ2306541l73.6.1)557((Pnla)f(precohn)gd8osb)n)f(Ω(thath(sb(a)mple(symcΩgn)e)1FA(i384281A(Iztfu(f(x)q0392.3.4)ewv)o(oi(Dareaiimple(18hroun)Ωfme(e)gΩ((tnjugethg))radie)rad)g)oe(e)g(mes)g(f(1)f(non-selfadj)iimpΩ(t)gsrear)fs)()q(243150requir(21(The(ofgaeror(genf(iceg(nnlvif(ply)gΩj(Ωoculagrngm(In)hn)eΩs.m38ueTho2foree22(T(ieedbireh))omew(e)gΩ(re-tΩdF24)150markfal))le)(5foi(ae,j(nnla)f(precoionce(uted)fhhe(ofhΩ)sb(a)f(symegn)e)hF)()FA(A)(2nau(;)+ΩguyA12S3e2468Ωy6)06T)1319(2483289Ω;))ep2y=p0392(1b(Thence(e(isi9(tdo)(is))q(e)rΩ(t((5A(i53150o(t)hx11nau((A)iu(;)leadsogheo)gma)fnme(e)g(me)gri(atshΩndocan)s)h5ontgf0nesd)hOthisif9)o(e)fpddhueror(gethk2Sun)f(wh(3b(2a)g)oe(e)g(me((5A(i58450(drelasoh(((e(araosedihbuol)fe(Concus2ids)fΩΩeaGyub2)g[56)b]2h)b)fΩf)Widlund)Ω([216)b]tha)226)4Ωy(H)20bdo0y)h(a)r,)igsy)ioncfsaoh)aear)f(gldn(d)f(e(isi9sb(a)f(symdΩgn)e)iOΩfpfsaoh)o(t)hxheymauol)fg((can)hj5onoe)oashr)g1)qΩ26)150i(asecgsy)ioncgy1hg)aear)f(gldn(d)Ω(thath(fulgrefo(t)hx.rF5b(yThi6b0na)nnef)f()fymauol)fg((can)hiian)f(kl(cefsuted)fg0im3arΩeo(conce(a)1)ge273150nes()diH0(T(ie(h)g((v)o(oeroe(e)g(me,)faw(iFA)jΩbahe(nnla)f(preconruh9based)Ω(vsef)thath(sb(a)f(symdn)e)jgiscf(usr.mΩping.)peopΩ%5471Ω54701Ω1430bop4502754)802(14)755bFo(CH4eed3.)32ΩtePRECONDI)m(AER(M4rgeDS1392A)V)20ai(plevski)17b.[212)b])ga((e)ra)h(Ωa)e)gri(atshhe(ofga(is))q(ec)fhyenced()is)g(nnla)f(preconruirfb(eΩni(inh(sb(a)f(sym45A(44128(n)e)ccarriesih))ra)h(a)rnfeo(g9i(ofgΩaounnruh9oe(e)g(meth4FA(557541l73.6.2)557((T(in)9(Thuseef)of())fay(gΩ(sy)hnm)os)4(m634281A(Iztd(ma))t)f(en(the)c)g(its,))he(isi9(tdoΩm(is))q(e)rad)geo(t)hx(dai)iasb(a)f(symegs)fΩi(n(is)ipre(v)o(ogΩ(de(e)h(9(e.(257((T(in4(m6)150reasdifF4osib(f(thisigis)g(usueolf(fΩri(atshhe(ofhOp)ei(r)eadiis)3erf(mplei(r)h5e(are)fao(1,hnfle,)ded(in)fΩ(wh)eitngis)g(deh((v)o(184)q73150i)iaself-adj)iimp(t,2e9(tdo)(rcle,Ω)fe,hj5atdfa(canound)e)grΞshofh(Axelsson2g4s)fΩeBarkf(a)rni([14)b,bΩfuy(xp0393.2]).m207((Itg(5osi)g()bws)4(m7)150i(at)f(A(1,f)thatΩ)e(tdo)(is))q(e)rad)geo(t)hx(du((A)iu(;)i(ing0foll()bwhn)gdΩorelathithj5holes)n(fb())a)uol)ff)o(t)hx)fFA(Bnku(;)fle,)cgah4)qΩ832(9(simioaΩifadiis)3erf(mplei(r)j9oquo)iit:q5543937Ω91yc)572944281r(1i602(937289Ωy((e24i652909392yx)676Ω8943y6)tlTi702909392yAxp0651928(10812v0651966Ωayx)6759543y6)tlTi70196650FA(Bnryx)774(937289Ωy((e24ieΩA(c)836944281r(2)896(937289ΩA)fe()e(algre2yx;)4AiΩ1029390A(w(iFA)i1yc)587(1035281r(1i606(1029390A(,ffΩ1yc)6491035281r(2)681(1029390A(do(g9nntggde(are)nd)h(vsef)thathΩeo(t)hx(e0size.mH8osT(incaim3areartaime)eof())i(isigis)g(i(atshhe(ofΩf(us)FA(1079399ofnjFA(Bniu(;)ss(e)acgr(nla)f(preconruh9ple,)f(s)fΩgat)))it(h)g((v)o(og0oe(e)g(me)fmdn(d)h)acgrnall)e(n)o(um)o(g(ef)fΩjiΩ(h)g(itsihi(atl4)q(1128(ymdocan)s)f9nntgede(are)nd)j(itcd)i(in)Ω)o(t)hx(dasize.mly)m1178455T(Gplus)g7wv)o(ohationgr(nla)f(precoef)ou)ghΩyerigin)dhero(t)hx)g)!)iFAheone)hndeh((v)o(18gvfle,)es)hndiis)3erf(mpΩad)i)PDE,)4)g1228(ymincdae(eeg(cs))hn(can)hgOf(undif(e(e)gΩ(hate)Ωaattn)h(((v)o(oh((e(ara)rhesh)ss(e)(nla)f(preconr.eH8ΩueT(in)1b.eoh(le9(tmmitr4(m1278455c)iFoio((jmisogheo)f(2(k))f()hΩagfΩgo(t)hx)fnile,)f)anjFAzfaenIal)rfal))le)iu(;)PDE.gd5Aoh)aear)f(flizmpΩl)h(ay)ion)f(sun)f(wh)eagf)o(t)hx)f(cs))FA(1328(ym(can)hj5sy)h(a)d)eΩ(dn(d)h)(Ial)riouscfhso-till(cehF)fiay(fi5sy)h(a)rs”,)igsun)f(whfΩate)ΩaFFT)g(oe(e)g(mes,ig(cyclsymgre(proion,rFA(137788aoruk)thathΩe)o(y)ediz(d2h)o(rn)f(whn)gcasig)rithmcgrΞshofk(Dorrhe([75)b],)g(SwmpΩlarztn)uo(um)o(i)[195)b],)e(Bank2h)[25)b])FA(1427Ωy(s)fΩd(Bank2)(s)fΩfaRosejhh[27)b]7thly)m147788aAted01)f(sim33seefΩsexam33,2)(s)uol)fh(elliptsymge(are)fao(1,g(cs))hn(can)hgΩennla)f(precon)qgldn(d)e9i(in)ePf(toisson2FA(152788ao(are)fao(1,mjΩhg((concethonja(t(h)g((v)o(ofnme(e)g(me)5543160Δ9Ωy((e00spΩΩA((e01)()FA(u66131612eyFAthn)p2r(+1i7343160Δ9Ωy((e00scΩ1yu)800(1612eyFAthn)8221160Δ9Ω;))ei)=igu(y((e00spΩΩA(()qFAy(L)FA(u995(1612eyFAthn)10263160Δ9Ωy((e00seΩA(fiit9ΩA))ep2y:)4)g16)6281A(Izt(5osConcus2h4s)fΩeGyub2)g[59)Ω)])hna)f)tn)nsf(1m)g(it)fhenci)i(isigoe(e)g(me)fmireh)ttnhe)eh)d)h5toeΩf(sf(a)hefΩh)upe4)ge173628rhonehll15b)h(a)rgf(re.f20ΩbAst(5osannth)rnfexam33,2eminc)he(isi9nigin)dhdΩe(t)hx)g)ariseseiΩaile,)5543181Δ9Ωy((e00sp1;))qFA(asp1;))qFA(x;fbΩTyy)q149)ep2yur7441822eyFAthx)7653181Δ9Ω49)e781Ω1822eyFAthx)8118181Δ9Ωy((e00sj1;))qFA(Φsp1;))qΩA(x;fdyy)q149)ep2yur10071822eyFAth)f)0278181ΔΩ2u()r104421822eyFAth)f)0743181Δ9Ω49=)12TFA(finry;)4AiΩ1895u3112i(in)ennla)f(preconΩ)h(3Ωyfa(can)hhfc)mpdddaile,)554Ω1975541y((e00sp1;))qq(~)-22TFA(asp1;))qFA(x)pΩ2u()rFA(ur70431981eyFAthx)7251975u31;))e7411981ΩyFAthx)7711975541y((e00s10nau(;)(M828)964y0~M829Ω1975541(Φsp1;))q6)(yuq149)ep2yur92431981eyΩAth)f9441975u31;))e9601981eyFAth)f9921975u31;)=niΩ(yfnry:)4)g2054(y6)A)An2id)o(e)siit)h)toee(i(in)enon-self)esdjsprecondglizmpΩleoΩf1msef a aree ((v)o(oghigifΩde(e)gΩ(i(ofi)nall)e(n)o(um)o(eA(gFe(are)faoecosgΩ(i(o)fiorequir(fΩ)ir)fmΞslighGplelf(4(m2154(y)highr)gki(as)e)gence(e(isi9nder)fhencΩgri(ing(nall)e(n)o(um)o(fFef)h)(Ial)ria)qo).)20.3.Ctueled(12b(2dn(d)f(e(isi9ion)if(e(e)gΩ(e(of30220454anall)e(n)o(um)o(eA(gΩjiΩ(h)g(itsihiogf5i(in)erehdihn)gfennla)f(precon)qglit(h)g((v)o(ogΩ0oe(e)g(mes)n(isiFii(de(are)nde)rad)302254(y)ef)gri(ini)o(t)hxhdΩgsize,hj5sun)f(whfΩoe(e)g(mes)g(sFA)gsclosejhhtoee(op)imeoth19ΩueH)20bdo0y)h(a)r,)c)fay(gbsy)h(a)rs)h)arefusu-)4)qΩ230450(ile)ffee(e)fhn(the)c))le)go(ug4i(inh(hGplysimeo)fydomait)fn(s)Ω mΩpl numfFef f(x)qΩ(;)5t4).m4 it dΩc4 r wv ofhmsum t264588ao(are)fao(1s:q554Ω2729541y(L11nau(;)=()1y(L66786735281r(1i6945e729Ω89ΩA(+ue1y(L76536735281r(2)7)152729541(;f89nau(;)w832y(6Ωb1y(L103486735281r(1i106152729541;)=)c1y((e00s1154Ω2713286)tl@i117486700281k92qF11445e72A(55(2v)144Ω27442a6)tl@ir(x11)152735281k92q120452729541;),()1y(L1258Ω6735281r(2)128852729541;)=)f6)y((s00s137852713286)tl@i1398Ω6700281k92qF1369(e72A(54(2v)369(e7442a6)tl@ir(y1407Ω2735281k92q142852729541(:(ping.)peopΩ%5572Ω55717(1329bop150273.6tho)q(dOTHo(CH4eedPRECONDI)m(AER(M828b(u(;)55g1)qDS)45aN)20bd1)q(dlet)g6)yL)3278397289Ωr(1i346ΩDS1392A),shu(yLb3988397289Ωr(2)4285DS1392A)(can)hgOdiscre(iz(d2hΩorennlsnimplee)iitseg(icee1y(L10445397289Ωr(1i1062ΩDS1392A),sg1y(L11148397289Ωr(2)d132DS1392A).eH8ΩueBased)d2(T(vsef)thath(obser(Ial)tiitefme(e)g(5A(441Ω91yL)1784447(y6)r(1i20$1392A)+uf1yL)2764447(yΩΩr(2)30$1392A)=iiF)()FA(Ih)149+)cu(yL)4664447Ω91r(1)485441392A)))()FA(Ihk149+)d1yL)6184447Ω91r(2)636441392A))igu(y((e00sfFA(Ihk1y((s00sd1yL)804Ω447(y6)r(1i822e441392yL)85A(447289Ωr(2)869(441392A),lkjit(h)g((v)o(oΩg(sin)f(y(s)grsun)f(whh)ss(254(524(y(1i9(Th+Ωguyis)3Lb396Ω530281r(1i4H5(524(y2A)))(1)gr+shu(yis)3Lb574(530Ω91r(2)5922524(y2A)))FA(u632507289Ωr()qFAthm)pΩ2r(+1)e7432524(y2A)=iiF[)(1)dh+Ωguyis)4ir(L)939(530Ω91r(1i959(524(y2A)))(1)gr+shu(yis)4ir(L)1116(530Ω91r(2)d135(524(y2A))]sd1yui1194507289Ωr()qFAthm)pΩ2r())H0b607289ΩA)dn(d)H4eedsuie(f)fff5c)iFoio(s)iFef)eΩA(is)3)h1Ahanesguyis)4iiu(;)(a)ed)h(a))ego(um)enoh(((e(araosed.)a)2Ω65754yThi6dFAzfalh)dnoten)ggOdirfalefalc)iit)g)imhe)cid)pΩ2A),Ωe0b(iFAzfADI)p149,if0oe(e)g(me)fmdrelasoiyis)4ry(g(((e(araosediΩg(a0gsa(fgs(yu)iit)1FA(70728eeo(e)g(me)d)fe()hOp)so(umolic(gΩ)(quo)iits.rd7ueT(in)1b1yui842692289Ωr()qFAthm)pΩ2r())9093707289ΩA)sFA)gsth(b)))sthroh(aximathits)c5ithj5subs(quf(mple)Ωjriiin)1FA(75754ysrehs.md8osH)20bdo0y)h(a)r,)d7ueitohationgralso)fΩa(can)hhussd)hOfb(ed()1)h)sread)fh)sratf,(fat(in)g(i),(Ω(f(1)fΩ5sy)ioncgyelliptsym1FA(80Δ)(quo)iits.r32(ThIzt(8foi(ae,hmcasA,()Ω)i(infFA(ur722e7S)45u(r()qFAthm)p9Ωr()p798e80ΔΩ2u(bare)(oin)f(subs(quf(mple)ja(t(h)ges;)g)r4ef(D’Y)20(k))fon)ra)hcΩa[82)b],)1FA(85654a.)20airbdo0yath)r,(Ω(Gourl(uol)ff)s)fΩi(Mitn)fΩ(welgref[97)b],(h(Hsdjidimos(e)[119)b],(i(s)fΩg(Pf(teaceman2)(s)fΩgΩ(Ran)f(w-m1FA(90Δ)f(118b1na)[173)b]thd7ueGo(y)edizo)iit)d1Ωa)ofng(thi)jh(sin)f(y()gheo)gm(Ial)ria)qo2e9(tdo)(is))q(e)rads)j(1)fΩ5f(ub(d)Ω(nder)gyelliptsym1FA(95654)Dgef)f(snh(isiFirelath)h(a)lyrfΩ5stn)ighGplef(1drelardtha)2100Δ)T(ini)so(umo)ed)h(a)leΩeo(e)g(me)gΩΩisiFiimhe)cid yujΩΩA(()s)fΩd(o(ug4necess)ry)jFA(z)r039geng t(in)fΩnesd(d2ifb(ed()1)h)o(t)hx, a5os(Io)ory ynesd e(oFAhe3Ωyfa(can)hhexec)h ThThesee ineF5A(125528)())gΩ(p,)(2eede()e(e(eeg(cs))Ω((In)hn)eΩizeih))ra draleye F9 impΩle is y aef 32(Th.)20b(F8eed(Io)ob(v)oi)nthe plyd 1i14911554(yu(A)will)f(()ra)h(ay)h(a))(itΩ160450(ll15boiguf(p)d5data.rjd.)20b(d9i(ofg6)yL)641Ω1609281r(2)67431603u3112i(inhaer)hde)f yL ishanall nuΩmgfoc(yumttha)2165354 p n ise)rad sis whnes2 g (er)hf ugΩ eA(gF(Ial)ria)qo isi9s(yu)iit 1704501y((s02qFA(P)287e1709ΩyFAth)f3171703u3112grie.(F6TEDurion,g9(The.g.,))he(isgΩ(yL)745e1709eyFAr(1i7731703u3112sy)h(a),(Ω(e(Io)ory)gr((er)hf)fΩor)Ω)hr()bw)f(th(b)) (de(are)nde)radly)(itΩ1753(45enc(5fonth)rni(r()bws.(257((Inhe)e(F6TEean)f(whg)r()bw,ugΩ)()1)h)((er)hf)fΩors)h)cat tfgizstah(sngΩ)usioncHAi((80450(ife)Sn)f(w)ll)Ω impleleΩeo(e)g(meth19ΩueWn(d)H4eedsuis)e)rad iffΩ1yPd, d ise)rad tdoe me is F1b.thin e me inhmnntnjugethffysfhΩ 638Ω1376(y6)06Hi167013SA imeo (tnjugethg) e gΩ(nlaurrf(reeq(s,)jo(uche(isi9(tm3)x(eeinn)o(e(p(er)h(pro(g))qΩA(x;f7(Thyuq149)e12Th=i()32169028((e26)-24nau(yx((74Ω167554106T)20021690286)(yu(APT2A)i6dareplacadit(col)ff))qΩA(x;f7(Thyuq149)ek)=()1(x)6702167554106T)69621690Ωy6)(yuq149.mH9(ThLikh(a))(2eed()1)i(BiCtnjugethe)Gradie)rad)gΩeeo(e)g(me,eg2e(isiFioe(e)g(me)dF174050i)iasuscep)i)le)ihtoeeΩ)breakd)20bn,2h(t(in)f(i),(hid)fn3Ωygahap(are)n2h(t(in)gΩ(yxnd2)2172554106T)1238e1740392yx)e1;)=(g70)hffb(gΩ(yxnf6)y(6)p149=(g70.)23eeΩAc(5folo(umok-)dF17S0Ωy(shea18dgctr)gegy)he3Ωyfary(dyeg2e(isighigif.eoh(lgscases)i(ΩshofhΩ).)20reund)e([100)b])f)s)fΩh(V)20aygader)gyV)20bsn)g9s (m216754ysrop.)i6A(c)me ye)qFAthix)qFAthi)

1 e(ishfuse)ghΩywishconcetogg(readhh)ss(frlittl) a0gso(is)i(p)le,()ee(enf0foll()Ωbwhn)gd4sim33thΩste(pionc(5A(i54454)cr9(erion2idwill)ealikh(a)l)fg((caΩn)hiadoquo)e.r337((T(in)9(Thuser)gyo)ll)stcfmsupply)gri(ini)quo(mpΩadiheseFA(o(xit)p149,ihu(y(kqFA(Φp0y(kqFA49,)(itΩ25943y6)zhste(2p22625943(3e2v)5wtolqFA49,)(3eeds)fΩh(nnlf(h)blf(Ωgralso)gu(y(kqFA(Ap0y(kqFA49:ha)22683289Ωy((e17r2b(149T(in)6(Thit)ple(g)ΩihFA(o(xit)fu(;)iscgri(inh)o(xie)n()e(d1Ωa)nall)e(n)o(um)o()6(Thence(iΩ(h)g(itsihi(()hΩaig)rithmccdwill)i((caΩn)h2541273150(are)fmitt(d2eado(h(are)ffc)m.)90452838Ω9(57Mping.)peopΩ%5875Ω58741Ω1430bop4502758)860(14)755bFo(CH4eed4tho)Ωa)RELΩb(ITEDCH4eedISSUE(Mly)mDS)450y((e17r2(149T(ine(realf)(nall)e(Ωn)o(um)o(fu(y(kqFA(Ap0y(kqgu(;)iscgraihFAz(m(1m)jΩΩA(enccFA(Ap049.(32(ThA)uol)f)9(Threasdi))le)g(nder)hyenceΩ)magnitude))554(44128((throh(aximathite(0.3.enci)i(()hΩabs(yu)egF(IaΩja)ue)fFef)gri(ini(lthe)stcfm))radr)fgFef)f5i(in)eo(t)hxhdΩΩyA)iu(A)will)eadothly)535450y((e17r2(149T(in12Ωaarealf)(nall)e(n)o(um)o(fu(y(kqFA(Φp0y(kqgu(;)ischm(ggΩAz(m(1m)jΩA(enccFA(Φ)p149.)17(ThAgait,)(2eeds)col)ff)reasdi))le)hΩbathroh(aximathitrd)ofnjae(is5543585y)abs(yu)eig(Ial))ue)fFef)gri(iniΩ(lthe)stcfm))radr)fgFef)gFA(Φ)fu(A)will)gadothly)680Ω50y((e17r2(149T(in14b(realff(nall)e(n)o(um)o(g6)zhste(2pΩ94668013e2v)6wtolqg6)A)eeasursoh)h()bw)f()mill)f)i(in)euse)ghΩywrelaimpleseeFi(()h6)zhrfalehidueohk1uhrf19)6664(yΩ(r()qFAthi)p1r())19675680y2A)=i5543729541(Ax609Ω714(y6)r()qFAthi)p1r())659(729541y((s00s12TFA(Φ)kΩΩA(encgri(inh)dihm1te)d)s(yu)iit)i(yxnd2)3714(y6)r()qΩ)tli)p1r())1269(729541;)tioga(can).ed7(ThOnond7(Thwv)oated)ffhtoegΩΩc)iFoareo(()h6)zhste(2p1843(7295V)6wtolqfu(;)iscgra0554Ω77901me(en)oathroh(aximate)d)uncertait)o(t)byj(usce(e(ishfo)radrhesΩgFef)fu(ufAg6)A)anesguybg6)A)relath)h(a))gheo)gu(y(kqΩA(Ap0y(kqgu(;)anesguy(kqFA(Φp0y(kqFA49,)554Ω82954(resf(a)ecre(v)o(l)fm(.)ky.)20b(F4osexam33,2emc)iFoareo(conchΩ)zhste(2p12868295V)6wtolqgu(;)101400814(y6)s4(s00spΩΩr(6)14588295y6)A)eeans)g(i(atshhe(ofhhuser)gyttnhe)eh0554Ω87901me(enk)o)radrhesgFef)fu(ufAh1Ahanesfu(yb)gΩ1;)tioh((a)ed)h(a))fsorrv))(i(ioged()1)h)rang))f6)y((s06)pΩ2A)1015894864(y6)s4(s00sp1r(6i1634879541y(kqFA(ApΩy(kqgu(;)anesguy((s06)pu(;)1018844864(y6)s4(s00spΩΩr(6)1928(879541y(kqFA(Φp0y(kqFA49,)55492954(resf(a)ecre(v)o(l)fΩm(.)g9T(in13eedsig)rithmccdwill)i(nthe)h)()1(x)gu(;)nnhg)toreefΩgaccur)(el)fioi(asef)itsighigherf(mple)554978(y)uncertait)o(t)byibdΩo0arran)ples.)ksT(incauser)gysh)ulergΩc)iFoareo(()gΩ)zhste(2p1472978(V)5wtolqgu(;)les0gse(aonfme(e)h)b)fΩf)greater)Ω55431028(yme(aonhfe(ohg(o(n)f(whnegfennlaisiit)h1(”)pΩ2A).i08901014281r(1ily)m1131392A)Ho2)hisef)thath(sig)rithm:)625Ω1225281uli)d1;)=(g70)6251275541parep(a)eats72A(1325Ω91uli)g1;)=)f6)uli x)qFAthig r()qFAthi)p1r())1345e1428y2y((e00sdΩ2yb)p149.)72A(1480545Cthe)h fl)qFAthi)

)qFAthifl)qFAthi (p0y(kqFA(Ap0y(kqg((e01bg(kqFA(xi(473Ω291745u(r()qFAthi)p1r())1ly)m1532541y(kqg149+)hΩ1y(kqFA(Φp0y(kqFA497thly)m16255aN)t(F6TEe(e)ge)if(gΩ(yxn76751610281r()qFAthi)p1r())82211625281;)docan)s)h5ontggmc)fΩ(hang)))oo)ll)n)f(whfnile,)f)sreh8j(toee(sreh,()ed(in)f(whfΩo(isccurs)hΩanear)f)ttn-)4)g167554b a 2p121615325V 9392pau)radigrfl

6TFAy(kqΩA(Ap0y(kqgu(;)iscgrnntgga)ed)hal)ilab3,2eme(ofjfste(pionc4AiΩ172554)cr9(erion2dymauol)feo(can)hj5replacadgldn(d)e9i(in)e)o(y)edlf(eΩ(er)hcter)j)qFAthi e(r)f5orrv)qFAthir()qΩ)tliIfy(6T0aygaes(im)gegFef)Ω4s00sp9Ωr(1i546Ω1963541y(kqeu(;)iscgraied)hal)ilab3,2dae(eejymauol)feoalsofl)qFAthi x)qFAthi)in1242(e452Ω5u(r()qFAthi)p1r())d298(2467(y6)A)iscgrhaodggmeoegaes(im)gegΩedirectl)fm(,)ghso)g7wv291745rhondFAzhrfalehidueohkΩ(yb(6972502281r()qFAthi)p1r())74832517(y6)A)=r12Ωa1(Ax8472502281r()qFAthi)p1r())8945e517(y6)y((e00s7ΩTFA(Φ)(2nau(;)izstead,)hΩw(in)f(whg)isigoorine(readil)fionthe)h)e.(kΩsT(incar)stch)enced()is)FA(296754ysect(it)jsdescrig(to)siFh()bw)dΩmeoegaeeasur)hfe(ohg(aiz(s)gFef)f5(In)hn)eΩs)qFAthiyo()600Ω255245u(r()qFAthi)p1r())1639e2967541Ah,fi(s)fΩh)h()bwe602281r()qFAthi)pΩ2r())7945e617(y6)Ao(n)f(whnegd)dn(d)j(IEEEce(Sts)faod)e(Flooten)ggOPg72

Thsvkqp2yxm(t)hxhi(m(1ms)s6)A u(;)y9Ωy(jq)1b1y;y9Ωy(jqp2yx)5943569eyFA06jf6112563Ωyuy(j)g1y;kq341Ω624(y6)r(2i4H61618541y((e21n42nau(;)(M5061587y6)q(P)5)gΩ631(y6)06jf5p1618541y(jqp2yx)6112624(y6)06jf627(618Ωyuy(j)639e603u31r(2)6581618541u()r674e603u31r(1qΩ)tl=)p1r(2)749(618541y:e1FA(705281Ae.)20b(F5fo)ome)fFsig)rithms)fΩgwvm(1ms)1yarefthreinht1ms: 06jf599846y6ar704388345u(06j;k)7483877392y(jq)1b1y;

(e21n42Ωau(;))(xI5753933u3106k)6022896y6uy;Ap0y(kq3483988Ωy6)06Fq4241982541y((e21n42nau(;)(M514991y6)q(P)5)8Ω99545u(06jfr6k)6001982541y(jqp2yar634988u3106j;k)678Ω982541y(jq6902967289Ωr(2)7081982541;))e7241967289Ωr(1qΩ)tl=it(1071392A)ss(23(2drel)ll)gaas2 refn(eohg(o(t)hx(dan(1m)h2y(kqpΩA(Ap0y(kq1621e1077392r(2)d66781071392A)=i()q(112)ΩyF)()FA((e25s19q(1127392r()(xI2541112)541;)()FA(AA)332Ω1106(y6)06T)358212)541;)))e39q(1106(y6)r(1q1ty=pΩ1r(2i4442112)541;),)(3eedw(iFA)hFA((e25s6112112739Ω2r()(xI688212)541;)dennt(0gse(en)(lthe)stcgl)igenied)halkqd1Ahanesi1y(kqFA(ApΩ1y(kq1)q(1171392A)will)k(nlf(h8j(toefgs)uol)fgFo)ll)tueolf(dΩ5ttnhestf(mple)k(pair)eof())i(en)oao(umo)eda sogu(y(kqFA(xpΩ1y(kq2731227392r(2)3112122)541;)anesguy(kqFA(ApΩ1y(kq4711227392r(2)490122)541;),)h(o(umoth)f)f(1m)eFo)ll)tueolf(gΩ5ttnhestf(mple)j(pairs.)e37(ThAll)20(Tht(osinhmnn)msce)s)g(sfy(()qΩ127139rhoneht)ha)gle)fgizequoo9()txABnr1y(kq1Ah,ffl(Thas)g7wv)o(ll)fAΩ(vse)ene(ara)rhesΩ1(sn)e(can),(d,)f(teenfht(osingmnn)mscΩdbireh)t(iirfh(de(are)nde(sn)eit)ediinisiit.(i6A(dm(Io)ob(v)oiΩ(yx(((m1470y2A)encedleng(d)h2ynngu(;)dn(d)Ω(o)radrheshΩu)if(1me)fcedistribu))isjbuan),(d,)f(teeni(0)d)s)fΩh(1)grwill)eΩmsxkq10ΩTh(e01bg(kqFA(xip1y(kqku(;)fv)oi)o)ll)tueolf(d5ttnhestf(mple)jΩ(pairs.)24namΞ.)20b(F5eedmt2)

e24ieu(;)1,i2v30x2ynngu(;)slikh(a)

xy6xinh(nthe)h1704(y6)r()qFAthi)p1r())615e1719Ω41y(kqFA;),)inwvohawilledfio1s2eΩni(inh(smilleh(le9o(is)i(p)le)ig(Ial))ue)fFefo(umound)h(i(en)ofb-)dF18(939(drelardgF4oserrv).r2b(yThe(F5eedn(1m)bwhs))egoan)f(kdrelardgh)orrvi(iniΩFz(fbw)rfaldleΩorrfalb(tFA;),)i(iscfhhaodggmeoegaes(i-)(itΩ1769eyem)ge17(Thdirectl)fm(,)i(wv)o(ohai)rad(er)h(prenhfe(ohfΩFz(b)n)ackw)rfaldlgΩorrfalb(tFA;),)fΩw(in)f(whg)a)g()bwse16nrybp049).rd7ueT(in)1bgoanitΩ1968(yorrv)ok(mauol)fd((can)hieashe)ff(nthe)hfle,fgs(yu)iitrfalehidueohk1uhrf1051295345u(r()qFAthi)p1r())1102Ω1968(y6)A)=r12TFA(Ax1201295345u(r()qFAthi)p1r())1249Ω1968(y6)y((e00seu(ufbp049;sj2drel))h(sh)20bcgrh()bw)f(buan)g()bw.tΩdF2018(yP(e)ra)idrngme(e)Ω(hatefo)ome)g(o(umound)h(vsef)thath(izmpΩl)h(aersinhmenceu(ufAp1Ae,2gΩe(e)h)3Ωyga(canound)Ω(i(en)ofbdrelardgΩf)orrv)oi(it)dF2068(yeerms)g(ence(e(ishfgan)f(kdrelardgg)orrv)ohΩl)ia)e9i(in)esim33td(equoo9()t)f(25412291y6)())273Ω2134(y6)r()qFAthi)p1r())32412291y6);(e00seΩ2yb)p149)y6y6)qFAthiy6)qFAthi) y6)qFAthisre(pioncg)cr9(erion2idenced()1)h1my6)qFAthie34y6(Some(imeskydrel)y6)qFAthiy6(e24i1)qΩ238427rkf7(Thj)FA(A)22 in21bgoanalsodirectoi(it)pΩadernnlto(umound)h(vsef)thath(fbdreΩlardgfserrv).rF9(ThRecslle(2eed()atsg)i(inhmgan)f(kdrelardgg)orrv)ogΩΩisi(5A(i58450(e(ohg(emilleh(ldΩc)iFang))i()(xIo1y(fk)ΩF((e16nryAp0y(kqFA(=p1y(kqp2yAp1y(kqFA(;f7ΩT1y(kqp2y(e16nrybp0y(kqFA(=p1y(kqpFA(Φp0y(kqo(gniΩ(;)io(j(e(isg)nnef)f()fFA(Axgu(;)=()1(Φ)gu(;)()atsg)m(k))f(sffΩ1yx)16602256845u(r()qFAthi)p1r())1FA(2634281A(aygaexacthΩ)s(yu)iit)eof()))()FA(A)tu(;)+ftFA((e16nryAp0A)))Ω1yx)689(261845u(r()qFAthi)p1r())7412634281A(=()Ω2yb)tu(;)+ftFA((e16nryb)p149.)17(ThIfy(1(The(ofganigin)dhf)dataghΩA(Ag6)A)anesguybg6)A)(a)ed)h(a))gsorrv))(i(fle,)1)qΩ26)150nnlvif(pgknthe)h)g(itsie)or)h4eeasurinimples,eg2e(in)hmit(fΩ)ir)hyusueolf(e9nntgi,)f(t)rth)f)it(h)g(ng)gvu)radigr))qΩ2733289Ω((e16nryAg1Ahanesf6)((e16nryb)g1Ahar)hfo)h(a)nnh(smillercΩdbe(aonhfe(oseigorrv)).)24nam.)20b(F5eedexam33,2)(ince(e(isj(o(n)fΩ(whnegdennlaisiit)ping.)peopΩ%60277Ω602761Ω1430bop4502760)860(14)755bFo(CH4eed4tho)Ωa)RELΩb(ITEDCH4eedISSUE(M4rgeDS1392A)issguy”p1Ae,2f(itghiscf(not)Ω)h)f(t)rth)gkdrelardgeΩorrv 2eed(e01bhhj)FA(flu34652369(y6)r()qFAthi)pΩ2r())38536384541y(jq7(ThkqFA49;s2)uer4ef1y(x)qΩ(;)4.2.3.(32(ThHo2)2(1y(jqp2yX)s6)y(jqeu(;)iscgr()1)h)o(t)hx(dΩ5(1)j((Io)ob(v)ogdencedabs(yu)eig(Ial))ues)fFef)dFΩ2434y0(oin(is)ne)radsiF4osencfu(yX)s6)A).)e2

e24ihΩj)

(e16nrybe24ihin1592Ω23 canand(e(ara)rhes.ch)Ao(umo)edT(wrel))qFAthiy6 2p1049Ω62513e2v e21nh6)qFAthiisi(2Ωteishme(F9)Ial)d(imple)ehtioio1skionc554367554bt(in)f(i(inhmgan)f(kdreΩlardgfserrv)ghFA((e16nryAf6)A)anesguy(e16nryb)g1Ahdescrig(to)eiΩ(so(umo)ed)h(a)leΩs)2p184036755V kqp2ye)qFAthir()qΩ)tli A2p1195Ω8252V

)qFAthikqFA(Φp0y(kqFA49))h1y:e4FA(95654FA49T(ofhhsea)f(hΩ)ste(pioncfn3r9(erion2g7wv)o(ohadiscussed,()ed(in)f(whddocan)s)iOontgfΩorequir(h0y(kqFA(Ap0y(kqFA49,)eymauol)ff((can)hio)ll)n)f(wh4AiΩ100Δ)mt2)haer)hnge)rad)herion2f42.r2

)qFAthiy6e24ih

(e21nf6)zhste(2p10S)41098ΩV isi20Ωbise(F9)Ialeganimplee16nrybg1Ahs) g70s)(Onond8(Thdeis))qul()tinisiFioe(e)g(me)ei

oe(e)g(me)fmtiohsill-apreconat

sfy(gfe(ohg(ere(pioncgΩn3r9(erion.md8osT)202d6uer4eiat(in)fA(Ag6)A)o)ll)stcfm(can)hie,Ω)fery xip1y(kqky(e35bg(kqFA(ΦpΩ1y(kqFAAe,2gΩw(in)f(wh)e3Ωygae(e)feΩo(isccur)jo(ueΩA(Ag6)A)isiFi(Io)ory)5543124728(ill-a)f(precon)qd(s)fΩiΩA(x)gu(;)nearly)grlio)(g)uscg)e(ishanall)ll)easpa(sn)eififΩ1(Ap1Ae,2gΩe(in)hmit(fymauol)feo(can)hj5deis)d

y6kqFA(A)14341455Ωy6kqp2ye)qFAthir()qΩ)tli kqFA(A)1340167845Ω2p1195Ω1695213e2v1i860(1826281y(kqgu(;)iscgraied)hal)ilab3,2dae(eeΩj(cs))hnalsoinumoundkqp2yo(7962186145u(r()qΩ)tli)p1r())834(187628u(y(kqf6)A)fills)f(buan)g()bwcgraihOthrehhole.)Ω8ueThisiF1b.yieles)qFAthiy6 r()qΩ)tli)y6kqp2ye)qFAthi

)qFAthi) d02)qFAthieejydraiedwgankeriaog(1og(and)Ω(2)g)iscgr()in(an)f(kdrelardgfsorrv)iogedeanoye296281r()qFAthi)p1r())892323112y149. e16nrybh1Ahequooly,kqp2y(e16nryAp0y(kqhu(;)s)fΩhu(y(kqFA((e16nryb)pΩ1y(kqf6)A)eeasur)gdean)f(whim))radrkqp831521285249(2v90522167a(kqΩA(x9Ai2155281r()qFAthi)p1r())989m2167541y(kq1098Ω2138y((e24ij6)zhste(2p1220(213813e2v)8wtolq27b(u(uy;)55432261392A)(are)fmittponc(3(The(ofhhuser)i(toee(sf(a)ecifyhgΩ)()1)h)desirsd)hOrelath)h(a))e(accur)c)fh6)zhste(2p1719Ω22613V)5wtolqf6)A)uscghe(ohhvcom-q554323112y(e)h)e(fgs(yu)iit)fΩ1yxy(e16nrybh1Ahequooly)m(.)ky. incgu(ufAh1Ahiscgrsparsinhmanesf6)((e16nryAqgΩ3;)is loss encgso(is)i(p)l 2eednntgi,(can)hhre(e)5ech Ωi(iogc1y(kqp2y(e16nryAp0y(kqp149.)19(ThIn2d4foll15borast,ugΩ)()1)h)foll()bwhn)gd4ste(pionc4Ai263428n3r9(erion220Ωbgh)h(a)s2gΩe(e)h)e(enf0op)ion2g7ence(scalionch)ean oin(is)ne)Ωple d Ths 5S1392A (e01be2ye)5 fii9045597289Ω06jf936(5S1392;)fv4(ThsllΩf2yj)kΩΩA(s)fΩd2ykuq149.mH9(ThB)fcec concfFA(EsjΩΩA(s)fΩd2yf(tFA;),)h (Ial)ry i(inhmdreΩlauol)ff(i(inhmgan)f(kdrelardgg)orrv)og ApΩ1y(kq859696289Ωs41i90Σ90y2A)s kq11390696Ω89Ωs(1i118Σ90y2A)m(k) )qFAthi740392y=qFA49()

)qFAthikq665746289Ωs41i710Ω740281; erion2h(1.n254(79028(CFoareo(concgu(ye)457796Ω89Ω06j;kq58790y2A)=iguy(jqp2yar600796289Ω06j;kq644Ω790541y(jngu(;)s)fΩhu(yf(7762796289Ω06jq8)0790y2A)=igΩuy(jqp2yb8892796289Ω06jq90Υ90541y(jnf2A)m(k))f(sfg(i(inhΩ)ste(pioncgs3r9(erion2g7eeasur)gde(en254(840281zmc)n(oin(ns)neΨwhs))Ωf(rfalelath)e)f(bun)ackw)rfaldlhΩorrfalb(tFA;),)f1zmi.e.)pΩ2A),Ωf)thatiosmilleh(le9relath)h(a))h(are)fourb yAh1AhanesfΩ(ybh1Ahw(in)f(whg)isifmnecess)ry m(k) 9892y(eame)hrspars9()t g(path)dnfio1s2fΩ1(Ap1Ae.n29(ThOth)rnH9(Thc)iFoicesgFef)eFA(EsiΩΩA(s)fΩfu(yf(ku(;)cs))cF(can)hgOussd)hOtoee(re(e)5echi254Ω10392y(nth)rn12Th)trprouredfjguncertait3241874(y6)r()qFAthi)p1r())137788892y1A(ayiaexacthΩ)s(yu)iit.n254(93954yThi6hboighGpleer)gyste(pioncgs3r9(erion2hΩorequirs,eg2amon)gd4nth)rnjrhions,(fat(in)gu(y(e16nryAhΩ)A)(a)ed)h(a) beΩ erion2g7yieles enhΩofbdrelardgeΩorrv)qFAthi2170Ωy6)qFAthie24ihΩAjqp2yAmplei(rhf)draiedwgan ks:i ofhho(t)hx(daench5abs(yu)ehF(IaΩja)ues)g(ence(o)radrhesiFef)e2yA1328(1270281s4(s00spΩΩr(1i1373m1285281Ae.()g((1404(y)Fin)dly)m(,)e(drel))j(mf(mpleiit)fΩΩe(e)h)toreefn3r9(erion,hOontgf0(can)causenj2drel))eOrenthmf(e)fmit,ugΩ)buthn(can)causeniritdg((1454(y)is)eewidee)ff(ussdth19ΩueW)20ond3eeΩeo(mpleiit)geitggionhfnder)gmeoegaexplaity6)qFAthi)

5q8 y6kqf((e34)2543d743y(kqFA(Ap0y(kqs((e01bs(kqΩA(xp0y(kqF149.)g)Onmde(ofganth)rnΩ(hane,2)(inceΩ1yx)84831728(y6)r()0))9033d743y1Ahiscgr(Io)ory)))lthe))f(s)fΩh))h(Ωa)ry 5q7245d793y1Ahwill eigarteis ischeeans i(i)hmit(h)g(ithfymauol)f254Ω1843y(ste(2eto(umogh))o(is)n.)ksT(isic9(r9(erion2f4yieles)h)e(ofgΩofbdrelardgfΩorrv)o)umound kqp2ye)qFAthi Ax132022020281r()qΩ)tliischis(fu(zrnntg20TFAA)e(ofc(casA)h5fb(e9a)uol)fgFsig)rithms Φumog(mok.)23eeΩ. F50(2135y0(oinletf(ess,i(4b(2h)20bdo0y)h(a)r,)g7wv)o(ohadiscussgh)ere(pioncf)cr9(eriaog(incfΩ)()ischcasAtha)22185y). Thexam33,2 es Thget h ve yNq5(Thx)3012219(y6)r()qΩ)tliyb y6)qFAthiGxg665Ω22u(uycqp1Ae,(F6TEe(ese))i(en)onaour(rhf)rehidueohghtiohcom3ute)e y6)qFAthiy6)qFAthiGxg3222269(y6)r()qΩ)tlinsT149aear vath(fbdrelardgeΩorrv)ojumound y6)qFAthiy6y6)qFAthikqp149. is e mesi(5A(i531eyebased))eit A(e00q)1b(u(uyN)APT2A))Gp049)y6)qFAthi