SOLVING FAMILIES OF SIMULTANEOUS PELL EQUATIONS

Michael A. Bennett^1

Abstract. If a and b are distinct positive integers then a previous result of the author implies that the simultaneous Diophantine equations x2 − az2 = y2 − bz2 = 1 possess at most 3 solutions in positive integers (x, y, z). On the other hand, there are infinite families of distinct integers (a, b) for which the above equations have at least 2 positive solutions. For each such family, we prove that there are precisely 2 solutions, with the possible exceptions of finitely many pairs (a, b). Since these families provide essentially the only pairs (a, b) for which the above equations are known to have more than a single solution (in positive (x, y, z)), this lends support to the conjecture that the number of such solutions to the above equations is ≤ 2 in all cases.

1. Introduction

In this note, we consider the simultaneous Diophantine equations

x^2 − az^2 = y^2 − bz^2 = 1 (1.1)

where a and b are distinct nonzero integers. These and related equations arise in connection with a variety of classical problems on polygonal numbers (see e.g. [3]), from consideration of elliptic curves with good reduction away from 2 (see [8]) and in the construction of P_t sets (see [4] for relevant definitions and a more complete bibliography of the abundant literature on the subject). As has been noted by Ono [7], positive solutions (x, y, z) to (1.1) imply the existence of rational points of infinite order on the elliptic curve

Y^2 = X(X + a)(X + b),

a fact used in [7] to describe certain families of (a, b) for which (1.1) possesses no nontrivial solutions.

Let us denote by N(a, b) the number of solutions to (1.1) in positive integers (x, y, z). In [2], the author, sharpening work of Masser and Rickert [5], proved

1Supported in part through the David and Lucile Packard Foundation, and by a Rackham Faculty Fellowship at the University of Michigan

Typeset by AMS-TEX 1

Theorem 1.1. If a and b are distinct nonzero integers, then N(a, b) ≤ 3.

In the direction of lower bounds, let l and m be integers with l, m ≥ 2 and set n(l, m) = α^{2l} − α�^{2l} 4 √ m^2 − 1

with α = m + √ m^2 − 1. It follows that N_{l,m} = N(m^2 − 1, n(l, m)^2 − 1) ≥ 2, corresponding to the solutions

(x_1, y_1, z_1) = (m, n(l, m), 1) and (x_2, y_2, z_2) = ( 2n(l, m)m − n(l, m) m − n(l − 1, m) m , 2n(l, m)^2 − 1, 2n(l, m) )

to (1.1) (it is readily seen that m divides n(l, m) for all l whence the second solution is in fact integral). Thus Theorem 1.1 is not too far from the truth.

The purpose of the present paper is to provide some evidence for the following

Conjecture 1.2. If a and b are distinct nonzero integers, then N(a, b) ≤ 2.

Since the only pairs (a, b) known for which (1.1) possesses at least two positive solutions are equivalent to (m^2 − 1, n(l, m)^2 − 1) for certain l and m (in a sense we will make precise in the next section), a useful first step in proving this conjecture would be to show that N_{l,m} = 2 for all l, m ≥ 2. Towards this end, we find

Theorem 1.3. If l and m are integers with l ≥ 2 and m ≥ 2 × 10^7 √ l log^2 l, then N_{l,m} = 2.

In essence, this result provides an (almost complete) solution to infinite families of simultaneous Pell equations, somewhat analogous to the solution of families of Thue equations due to Thomas [9] (see also [6] and [10]).

2. Some Tools

Suppose that b > a ≥ 2 are nonsquare integers and let α and β denote the totally positive fundamental units in Q( √ a) and Q( √ b) respectively (i.e. let α = a_1 +a_2 √ a and β = b_1 + b_2 √ b where (x, z) = (a_1, a_2) and (y, z) = (b_1, b_2) are the smallest positive integer solutions to x^2 − az^2 = 1 and y^2 − bz^2 = 1, respectively). It follows that if (x_i, y_i, z_i) is a positive solution to (1.1), then

z_i = α^{ji} − α�^{ji} 2 √ a = β^{ki} − β�^{ki} 2 √ b (2.1)

for positive integers j_i and k_i. In [2], we established the following gap priciple:

Lemma 2.1. If (x_i, y_i, z_i) are distinct positive solutions to (1.1) for 1 ≤ i ≤ 3, with j_i and k_i as defined above, then

(k_3 − k_2)(k_2 − k_1) > α^{2j1} .

The families of (a, b) described in the previous section with N(a, b) ≥ 2 correspond to prescribing j_1 = k_1 = 1 and j_2 = 2l, k_2 = 2. Let us further note, at this juncture, that the restriction to a and b of the form a = m^2 − 1 and b = n^2 − 1 is without loss of generality (provided N(a, b) ≥ 1). To see this, suppose that α = a_1 + a_2 √ a and β = b_1 + b_2 √ b are fundamental solutions to x^2 − az^2 = 1 and y^2 − bz^2 = 1 respectively. Then solutions to x^2 − az^2 = 1 correspond to those to x^2 − (a^2_1 − 1)z^2_1 = 1 via z = a_2z_1. If ba^2 is of the form n^2 − 1 for some n, we reach the desired conclusion. If not, then if γ = c_1 + c_2 √ ba^2 is the fundamental solution to x^2 − (ba^2)z^2_1 = 1, we have that z_1 = c_2z_2 for integral z_2, etc. Iterating this argument by considering, in succession, the equations derived from x^2 − az^2 = 1 and y^2 − bz^2 = 1, at some stage, since we suppose that the equations (1.1) have a positive solution, this procedure must terminate. This establishes the claim.

For the remainder of the paper, we will restrict our attention to the aforementioned families (where we have N_{l,m} ≥ 2). Let us suppose that there exists a third positive solution (x_3, y_3, z_3) to (1.1), with corresponding j_3 and k_3. Lemma 2.2 therefore implies that k_3 − 2 > (m + √ m^2 − 1)^2 whence we may readily show that k_3 ≥ 4m^2 > α^2, (2.2) since k_3 is integral. To use this inequality, we require an estimate for linear forms in the logarithms of (three) algebraic numbers, say the following recent result due to Voutier [11]:

Theorem 2.2. Let l_1, l_2 and l_3 be logarithms of three non-zero algebraic numbers α_1, α_2 and α_3 and put D = [Q(α_1, α_2, α_3) : Q]/[R(α_1, α_2, α_3) : R].

Let b_1, b_2 and b_3 be nonzero integers with (b_1, b_2, b_3) = 1 and let A_1, A_2, A_3, B, E > 1 and k ≥ 1 be positive real numbers satisfying

log A_i ≥ max { log E D , h(α_i), E|l_i| D } for 1 ≤ i ≤ 3 and B ≥ max { 2, E^{k/D}, max 1ˇi6=jˇ3 |b_i| log E D log A_j + |b_j | log E D log A_i } . If Λ = b_1l_1 + b_2l_2 + b_3l_3 and the l_i’s are linearly-independent over Q, then |Λ| > exp ( −C(k, E)D^5(log B)^2 log A_1 log A_2 log A_3 ) where C(k, E) = 1447000 (log E)^4 ( 1 + 2.6 k + 1.7 k^2 ) ( 1 + 1 3E )_3 . Here, h(α) denotes the standard logarithmic Weil height of an algebraic number α. A result of this sort allows one to effectively solve any given system of equations of the form (1.1), in conjunction with techniques from computational Diophantine approximation (see e.g. [1] where it is shown that (1.1) has at most one positive solution for 2 ≤ a < b ≤ 200). Together with (2.2), it will enable us to tackle whole families of pairs (a, b).

3. Proof of Theorem 1.3 We apply Theorem 2.2 with

α_1 = √ b/a, α_2 = α, α_3 = β, b_1 = 1, b_2 = j_3 and b_3 = −k_3.

Setting E = e (for simplicity; we can obtain somewhat sharper results with a more carefully chosen E), we will suppose that D = 4 (since we clearly have D ≤ 4 and, in the case D = 2, the bounds we obtain are in fact stronger in all situations). It follows that we may take

log A_1 = 1 2 log b, log A_2 = e 4 log α, log A_3 = e 4 log β, and B ≥ max { e^{k/4}, j_3 log A_3 + k_3 log A_2 } . It is readily observed that j_3/ log A_3 < k_3/ log A_2 and since (2.2) and the hypotheses of Theorem 1.3 imply that k_3 > 7 × 10^{14}, we may choose B = k_3 and k = 136. Theorem 2.2 therefore implies that

log |Λ| > −4.94 × 10^8 log^2(k_3) log(b) log(α) log(β).

On the other hand, arguing as in [2], (2.1) yields

log |Λ| < −2k_3 log β + log(b/a) < −1.99 × k_3 log β (3.1)

where the last inequality follows from (2.2) and the lower bound for k_3. We therefore have k_3 log^2 k_3

< 2.49 × 10^8 log(b) log(α).

Since one has b < 4l log α, (2.2) implies that

m^2 log^4(2m)

< 10^9l,

contradicting the fact that

m ≥ 2 × 10^7 √ l log^2 l.

This completes the proof of Theorem 1.3.

4. Acknowledgements The author would like to thank the referee for numerous helpful suggestions and Paul Voutier for kindly providing recent preprints.

References

1. W. S. Anglin, Simultaneous Pell equations, Math. Comp. 65 (1996), 355–359. 2. M. A. Bennett, On the number of solutions of simultaneous Pell equations (to appear). 3. M. Gardner, Mathematical games, On the patterns and the unusual properties of figurate numbers, Sci. Amer. 231 (1974), 116–120.

4. K. Kedlaya, Solving constrained Pell equations, Math. Comp. (to appear). 5. D. W. Masser and J. H. Rickert, Simultaneous Pell equations, J. Number Theory 61 (1996), 52–66.

6. M. Mignotte, Verification of a conjecture of E. Thomas, J. Number Theory 44 (1993), 172– 177.

7. K. Ono, Euler’s concordant forms, Acta Arith. 78 (1996), 101–123.

8. R. G. E. Pinch, Simultaneous Pellian equations, Math. Proc. Cambridge Philos. Soc. 103 (1988), 35–46.

9. E. Thomas, Complete solutions to a family of cubic Diophantine equations, J. Number Theory

34 (1990), 235–250.

10. E. Thomas, Solutions to infinite families of complex cubic Thue equations, J. Reine Angew.

Math. 441 (1993), 17–32.

11. P. Voutier, Linear forms in three logarithms (preprint).

Department of Mathematics, University of Michigan, Ann Arbor, Michigan 48109- 1003

E-mail address: mabennet@math.lsa.umich.edu