Chapter 2

Letting It Fly: Initial
Value Problems

2.1 Examples of Initial Value Problems

In this section we shall derive the mathematical models for two initial-
value problems, one from the field of ecology and the other with aerospace
applications.

A Predator-Prey Problem

We consider the population dynamics of two interacting species that have
a predator-prey relationship. That is, the prey is able to find sufficient food
but is killed by the predator whenever they encounter each other. Examples
of such species interaction are wolves and rabbits, and parasites and certain
hosts. What we want to investigate is how the predator and prey populations
vary with time.

Let z = z(t) and y = y(t) designate the number of prey and predators,
respectively, at time ¢t. To derive mathematical equations that approximate
the population dynamics we make several simplifying assumptions. First, we
assume that the prey population, if left alone, increases at a rate proportional
to . Second, we assume that the number of times that'the predator kills the
prey depends on the probability of the two coming together and is therefore
proportional to zy. Combining these two assumptions, the prey population is
governed by the ordinary differential equation

dz
-t Bry, (2.1.1)

where o >0 and 3 < 0.
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For the predator equation we assume that the number of predators would
decrease by natural causes if the prey were removed, contributing a yy term.
However, the number of predators increases as a result of encounters with prey,
leading to
W_ s 2.1.2
5 = Y+ oy (2.1.2)
with v < 0 and 6 > 0. In summary, we have the system of two nonlinear
ordinary differential equations

i—i = az + fzy, Z—Zt’ = vy + bzy, (2.1.3)
with the assumptions a > 0, 8 < 0, v < 0, and § > 0. These equations were
first formulated in 1925 and are known as the Lotka- Volterra equations. The
problem statement is not complete; we must start the process at some time
(for example, t = 0) with given values for the initial populations z(0) and y(0).
Thus we supplement the differential equations by two initial conditions:

20) =20  y(0) =10, (2.1.4)

Note that the model (2.1.3) -(2.1.4) gives continuous solutions although the
number of predators and prey will always be an integer. This is typical of
many mathematical models in which discrete quantities are approximated by
continuous ones so as to obtain a differential equation.

A Trajectory Problem

Ballistics problems have a long history in scientific computing and were
one of the motivations for the development of computers during World War
II. We will consider a simple ballistics problem as a special case of the more
general problem of rocket trajectories. Suppose that a rocket is launched at
a given angle of inclination to the ground (the launch angle). How high will
the rocket go? The answer depends on a number of factors: the characteristics
of the rocket and its engine, the drag caused by air density, the gravitational
forces, and so on. To set up a mathematical model for this problem, we make
a number of simplifying assumptions. First, we consider only rockets going to
a height and range of no more than 100 kilometers; in this case, we can assume
that the earth is flat with little loss of accuracy. Second, we assume that the
trajectory of the rocket lies entirely in a plane; for example, we assume no wind
effects. With these two assumptions, we set up a two-dimensional coordinate
system centered at the launching site, and in Figure 2.1 we depict a typical
trajectory.

As shown in Figure 2.1, z(t) and y(t) denote the z and y coordinates of
the rocket at time ¢, where we assume that launch occurs at ¢ = 0 and, hence,

2(0) = y(0) = 0. (2.1.5)
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Figure 2.1: A Typical Trajectory

If we denote differentiation with respect to time by & = dz/dt and y = dy/dt,
then the velocity vector of the rocket at time t is v(t) = (£(t), y(¢)). We denote
the magnitude of the velocity vector by v(¢) and its angle from the horizontal
by 6(t), as shown in Figure 2.1. These quantities are then given by

w0 = [EOF + ORI 80 = XD (21
The basic mathematical model of the trajectory is derived from Newton'’s
laws of motion, which give

%(mv) =F. (2.1.7)

Here m(t) is the mass of the rocket, and F denotes the forces acting on the
rocket and is composed of three terms: (1) the thrust, T(¢t), when the rocket
engine is firing; (2) the drag force

1cpsv?, (2.1.8)

where c is the coefficient of drag, p is air density, and s is the cross-sectional area
of the rocket; and (3) the gravitational force, gm, where g is the acceleration
of gravity.

To write (2.1.7) in terms of x and y, we note that the part of the force F
that consists of the thrust and the drag acts along the axis of the rocket. If
we call this part Fy, then ,

Fy =T — %cpsv? (2.1.9)

and (2.1.7) can be written
mz + mi = Fj cosb, my + my = Fy sinf — mg, (2.1.10)

since the gravitational force acts only in the vertical direction. Using (2.1.9)
and rearranging terms, we rewrite (2.1.10) as
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I P _ .
Z= m(T 5Cpsv*) cos f —3, (2.1.11a)

1 m
j=—(T-1 ginh — —g —g. 2.1.11b
(] m( 3cpsv?) sin Al ( )

This is a coupled system of two second-order nonlinear [recall equation (2.1.6)]
differential equations. We are assuming that ¢ and s are known constants, p is
a known function of y (height above the surface), and T and m (and hence )
are known functions of . (The change in mass is caused by the expenditure
of fuel.)

The solution of (2.1.11) must satisfy (2.1.5), and this gives two of the four
initial conditions that are needed. The other two are

v(0)=0,  6(0) = 6. (2.1.12)

Thus, for a given rocket, the only “free parameter” is the launch angle 6y, and
changes in the launch angle obviously cause changes in the trajectory.

Equations (2.1.11) also serve as the mathematical model for the “projectile
problem”, examples of which are a shell being shot from a cannon or a rock
launched from a slingshot. In this case we assume that the projectile starts
with a given velocity vo, and thus (2.1.12) is changed to

U(O) = g, 9(0) = 00. (2113)

There is now no thrust, and hence no change of mass, so (2.1.11) simplifies to

2

—cpsv? —cpsv

I = T cosf, j=
which in the context of our simplified model shows that given the initial velocity
and launch angle, the trajectory depends only on the drag and gravitational
forces.

Our task, now, is to solve the equations (2.1.11) with the initial conditions
(2.1.5) and (2.1.13). [Henceforth we shall use (2.1.13) since it includes the
special case vg = 0 of (2.1.12).] In the trivial case in which there is neither
thrust nor drag, the equations can be solved explicitly (Exercise 2.1.3). How-
ever, for any realistic specification of the air density p and the thrust this is
not possible, and an approximate numerical solution is required.

For the numerical solutions to be discussed later, it will be convenient to
reformulate the two second-order equations (2.1.11) as a system of four first-
order equations. By differentiating the relations

sinf — g, (2.1.14)

& = vcos#h, 7 = vsiné, (2.1.15)
which are equivalent to (2.1.6), we have

i=1vcosf—vfsing,  §=vsinh+vcosd. (2.1.16)
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If we substitute (2.1.15) and (2.1.16) into (2.1.11) and solve for ¢ and 6, we
obtain

1 .
—TE(T — 3cpsv?) — gsing — gv (2.1.17)

§ = —%cos&. (2.1.18)

Equations (2.1.17) and (2.1.18), together with (2.1.15), constitute a system of
four first-order equations in the variables z, y, v, and §. Again, the initial
conditions are given by (2.1.5) and (2.1.13).

We shall return to the numerical solution of both the predator-prey problem
and the trajectory problem after we have discussed the basic methods used for
the solution.

Supplementary Discussion and References: 2.1

There is no known nontrivial analytical solution of the problem given by
(2.1.3), (2.1.4), and we must use approximation methods. The primary concern
of this book is with numerical methods that replace a continuous problem
with a discrete problem that is solved on a computer. But we will consider
here another approach to solving (2.1.3), (2.1.4). These perturbation methods
replace the original continuous problem with a slightly different and simpler
continuous problem which can be solved analytically.

The first step is to identify stationary or equilibrium states (z,,y,). In our
case, the equations

.’E=.’L'SE—6—7, y=y55—a
represent stationary states because

dz dr
E (zs,ys) - xS(a ¥ IByS) - 0, Et—

=y,(y+06zs) =0
(2s,us)

By expanding the right-hand sides of (2.1.3) in a Taylor series about (zs,¥s),
we obtain

ola+By)=Pzs(y—ys)+--,  yly+6x)=6ys(g—zs)+-- .

Thus in the neighborhood of (zs,ys) we approximate (2.1.3) by the linear
equations

T = fzs(y — Ys), § = bys(z — ). (2.1.19)
These equations may be solved in the form
2 )2
oz  Wow)_, (2.1.20)

—Bz, 6ys ’
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where ¢ is some constant determined by the initial conditions. This is the
equation of an ellipse whose center is at (z5,ys), and different starting values
of z(0) and y(0) determine different ellipses. The figure that follows shows
a family of ellipses about (z,,ys), with the arrows indicating the direction of
increasing time. It can be seen that the populations are cyclical: after a certain
time, they return to their original levels.

This type of perturbation analysis can provide useful information about
the solution of (2.1.3) in the neighborhood of a stationary point. Because
the equations (2.1.3) are approximated by equations (2.1.19), we might expect
that the solutions to (2.1.3) would be close to the ellipses that solve (2.1.19).
Such a relationship is verified by the numerical approximations described in
the remainder of this chapter.

For further information on the predator-prey problem and other topics in
mathematical biology, see Rubinow [1975], and for additional information on
the theory of rocket trajectories, see, for example, Rosser, Newton, and Gross
[1974].

EXERCISES 2.1

2.1.1. What relationships among the coefficients ¢, 3, v, and 6 and the population
levels z and y of (2.1.3) would guarantee stable populations for z and y (that
is, z(t + At) = z(t) and y(t + At) = y(¢) for all At > 0)7?

2.1.2. Verify (2.1.6).

2.1.3. Show that the solution of & = 0, §j = —mg, with initial conditions z(0) =
y(0) = 0, v(0) = wo, 8(0) = O¢ is given by z(t) = (vocosfo)t and y(t) =
—mgt? /2 + (vo sin 8o )t.

2.2 One-Step Methods

In the previous section we gave two examples of initial-value problems for
systems of ordinary differential equations. We will now consider such problems
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in the general form

dy; .
.(% = fi(z,y1(z),...,yn(2)), i=1,...,n, a<uz, (2.2.1)

with initial conditions
yil@) =9, i=1...,n (2.2.2)

Here, the f; are given functions, x is the independent variable and the §; are
given initial conditions. In the previous section the predator-prey problem gave
rise to two equations, whereas in the trajectory problem there were four first-
order equations (see Exercise 2.2.1). More generally, as shown in Appendix 1, a
single higher-order equation or a system of higher-order equations may always
be reduced to a system of first-order equations; thus, the problem (2.2.1),
(2.2.2) is very general. For simplicity in the subsequent presentation, we shall
restrict our attention to a single equation

d
E% = f(xyy), a S z, (223)
in the single unknown function y, and with the initial condition
y(a) =17. (2.2.4)

Later in the section we shall show how the methods extend easily to systems
of the form (2.2.1).

As indicated in (2.2.3), we wish to find the solution for £ > a. In some
problems we will wish to find the solution on a prescribed interval [a,b]. In
other problems we may wish to know the behavior of the solution as x — o0; of
course, we can only compute the solution numerically in a finite interval, but we
may wish to continue the computations until the behavior for large z becomes
clear. And, in still other problems, we may wish to integrate until a prescribed
condition is satisfied; for example, in the trajectory problem discussed in the
previous section we may wish to know when the missile hits the ground.

Although some initial-value problems have solutions that can be obtained
analytically, many problems, including most of those of practical interest, can-
not be solved in this manner. The purpose of the chapter is to describe methods
for approximating solutions by using numerical methods, particularly by what
are known as finite difference methods.

The first step in the numerical solution is to introduce the grid points
a=29 <Z1 <+ < zn as shown in Figure 2.2. Although unequal spacing
of the grid points presents no particular difficulties, we shall assume that they
are equally spaced in order to simplify the discussion and analysis. If we let h
denote the spacing, then zx = a + kh, k = 0,1,..., N. In what follows, y(zx)
will denote the value of the exact solution of (2.2.3) at the point zx, and
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Figure 2.2: Grid Points

yr will denote the approximation generated by the numerical method under
consideration.

Euler’s Method

Perhaps the simplest numerical scheme is Euler’s method, which is defined
by

Yo =Y, Yk+1 =yk+hf(xk’yk); k=0,1,...,N-1 (225)

The derivation of Euler’s method is straightforward. By the Taylor expansion
(see Appendix 1) of y about zx, we have

2
W) = vlaw) + hy'(on) + (o) (2.26)
2
= yla) + b (an,yla) + (),

where 2z is some point in the interval (zg,zk+1). Here, and henceforth, we
will always assume that all derivatives shown do exist. Now if ¢’ is bounded
and h is small, we may ignore the last term and we have, using the notation
= to mean “approximately equal to,”

y(zrs1) = y(zr) + hf(zr, y(zz)).

This is the basis for (2.2.5). Geometrically, Euler’s method consists of approx-
imating the solution at zyy; by following the tangent to the solution curve at
zy, (see Figure 2.3).

Euler’s method is very easy to carry out on a computer: at the k-th step
we evaluate f(zk,yx) and use this in (2.2.5). Hence, essentially all of the
computation required is in the evaluation of f(zx,yx). We now give a simple
example of the use of the method. Consider the equation

V(z) =y (z) + 2z -z, y(0)=0. (2.2.7)

It is easily verified that the exact solution of this equation is y(z) = z2. Here
f(z,y) = y* + 2z — =%, and therefore Euler’s method for (2.2.7) becomes

Yk+1 = U + h(yR + 2kh — k*RY), k=0,1,..., 3 =0, (2.2.8)
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Figure 2.3: One Step of Euler’s Method

since £ = kh. In Table 2.1 we give some computed values for (2.2.8) for
h = 0.1, as well as the corresponding values of the exact solution.

Table 2.1: Computed and Ezact Solutions for (2.2.7) by Euler’s Method

x  Computed Solution Exact Solution
0.1 0.00 0.01
0.2 0.02 0.04
0.3 0.06 0.09
0.4 0.12 0.16
0.5 0.20 0.25
0.6 0.30 0.36

As Table 2.1 shows, the computed solution is in error, as is to be expected,
and a major question regarding the use of Euler’s method, or any other numer-
ical method, is the accuracy of the approximations y;. In general, the error in
these approximations will come from two sources: (1) the discretization error
that results from the replacement of the differential equation (2.2.3) by the
approximation (2.2.5); and (2) the rounding error made in carrying out the
arithmetic operations of the method (2.2.5). We shall consider the rounding
error later, and for the moment we shall assume that the yy of (2.2.5) are
computed exactly so that the only error is the discretization error.

Discretization Error

We first consider the discretization error
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E(h;b) = lyn —y(b)| (2.2.9a)
at a fixed point
b=a+hN. (2.2.9b)

Note that N, and thus yy, is function of h; in particular, for fixed b, as h
decreases, then NN increases and if h — 0, then N — co. We only allow h to
vary, however, in such a way that (2.2.9b) is satisfied for an integer N. The
maximum discretization error on the whole interval [a, ],

E(h;[a,b]) = maxi<i<n |y — y(a +ih)|, (2.2.9¢)

is called the global discretization error (sometimes called the global truncation
error) on the interval [a, b]. When the interval is clear, we will usually denote
E(h;[a,b]) by E(h). Intuitively, we expect — and certainly hope — that E(h) —
0Oash—0.

We next show how the global discretization error can be bounded. First,
we will assume that the exact solution y has a bounded second derivative y”
on the interval [a,b] and set

" _
ax, ly" (z)] = M. (2.2.10)

We then consider the expression

Lz, h) = 3[y(@ + ) - y(@)] = F(@4()) (2211)

which is called the local discretization error for Euler’s method at point z and is
a measure of how much the difference quotient for y'(z) differs from f(z, y(z)).
Now suppose that yr equals the exact solution y(xx). Then the difference
between the Euler approximation yx+; and the exact solution y(zx+1) is simply

Y(@k+1) = Uks1 = y(@r+1) — (k) — hf (zr, y(2x)) = hL(zk, ). (2.2.12)

That is, h times the local discretization error is the error produced in a single
step of Euler’s method starting from the exact solution.

We shall be interested in the maximum size of L(z, k) for any value of z,
and we define the local discretization error for Euler’s method by

L(h) = asrglggc_h |L(z, h)|. N (2.2.13)
Note that L(h) depends on the step length, h, as well as on the function f
of the differential equation and the interval [a,b]. The only dependence we

have explicitly delineated, however, is that on h, since under the assumption
(2.2.10) and using a Taylor expansion analogous to (2.2.6) we obtain the bound

L(k) < gM = 0(h). (2.2.14)
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Here we have used the standard notation 0(h) to denote a quantity that goes
to zero as rapidly as h goes to zero. More generally, we will say that a function
g of h is O(hP) if g(h)/h? is bounded as h — 0 but g(h)/h? is unbounded if
qg > p.

The problem now is to relate the local discretization error to the global
discretization error. If we denote the error y(zx) — yx by e, then we have, by
using (2.2.5) and (2.2.11),

ek+1 = Y(Tht1) — Yr+1 (2.2.15)
y(zk) + hf(Tr, y(zx)) + hL(zk, h) — Y& — hf (T, Yk )
ex + h[f(zr, y(zk)) — f(zr, yx)] + RL(zk, h).

Now assume that the function f has a bounded partial derivative with respect
to its second variable:

<M, a<z<b |y <oo. (2.2.16)

‘—(x y)

Then by the mean-value theorem (Appendix 1), we have for some 0 < 8 < 1,

7]
o vlan)) — Haesu] = |5 (on,0uae) + @ = D)) - )
< Mie|
Substituting this into (2.2.15) and bounding L(zg, h) by L(h) gives
lex+1] < (1 + hM;)|ex| + h|L(R)|. (2.2.17)

This is an inequality of the form
ek+1 < e + d,
where € = |ex|, c =1+ hMi, d = hL(h) and & = 0. Thus,

€n < clcBpg+d)+d<--<(14c+ " Nd (2.2.18)
c" -1 [(1 + hMl) ] (1 + h.Ml)n
( —— ) A hL(h) < ==~ L(h)
eh’an
<
—_ M1 L(h)’

where the last inequality follows from 1+z < e® for z > 0. Now z, = z¢o +nh
and if we keep z, fixed at some point z* in the interval [a,b] as h — 0, then
(2.2.18) becomes
én S L(h) eMl((c-'-—Eq)~
1

This estimate is an upper bound on the absolute value of the error and may be
rather pessimistic. Nevertheless, it does show that e, — 0 since L(h) = 0(h).
Moreover, E(h) = 0(h). Thus, we have proved the following result.
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THEOREM 2.2.1 (Euler Discretization Error) If the function f has
a bounded partial derivative with respect to its second variable, and
if the solution of (2.2.3), (2.2.4) has a bounded second derivative,
then the Euler approzimations converge to the exact solution as
h — 0, and the global discretization error of Euler’s method satisfies
E(h) = 0(h).

The fact that the global discretization error is 0(h) is usually expressed by
saying that Euler’s method is first order. The practical consequence of this is
that as we decrease h, we expect that the approximate solution will become
more accurate and converge to the exact solution at a linear rate in h as h
tends to zero; that is, if we halve the step size, h, we expect that the error will
decrease by about a factor of 2. This error behavior is shown in the following
example.

Consider the equation y’' = y, y(0) = 1, for which the exact solution is
y(z) = e*. We compute the solution at z = 1 by Euler’s method using various
values of h (see Table 2.2). The exact solution at z = 1 is e = 2.718...; the
errors for the different step sizes are given in the middle column. The ratios
of the errors for successive halvings of h are given in the right-hand column,
and it is seen that these ratios tend to %, as expected.

Table 2.2: Error in Euler’s Method

h Computed Value Error Error Ratio
1 2.000 0.718

1/2 2.250 0.468 0.65
1/4 2.441 0.277 0.59
1/8 2.566 0.152 0.55
1/16 2.638 0.080 0.53

Runge-Kutta Methods

The very slow rate of convergence shown in Table 2.2 as h decreases is
typical of first-order methods and militates against their use. Much of the rest
of this chapter will be devoted to studying other methods for which the error
tends to zero at a faster rate as h tends to zero. As an example of one of the
approaches to such methods, we next discuss the Heun method, which is given
by

Yk+1 =Yk + -g[f(ivk,yk) + f(Zr+1, Yk + hf (T, yx))]- (2.2.19)

Note that we have just replaced f(zk,yx) in Euler’s method by an average of
f evaluated at two different places. This is illustrated in Figure 2.4. The Heun
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method is also known as a second-order Runge-Kutta method and has a local
discretization error that is 0(h?), as we will show shortly.

Slope = f(x, 11, Y+ W (xg, ¥i))

¥—— Slope = average

. {

Slope = f(x;, ;)

o Py
@ A 4

Xk Xk+1
Figure 2.4: The Heun Method

The most famous of the Runge-Kutta methods is the classical fourth-order
method, given by

h
Yk+1 = Yk + E(Fl + 2F; + 2F53 + F4) (2220)
where
h h
Fo= f(xkayk)a F2=f zk+§3yk+§F1 s
h h
F3 = f Z‘k+"2'7yk+§F2 , F4=f(xk+1ayk+hF3).

Here the f(zk,yx) in Euler’s method has been replaced by a weighted average
of f evaluated at four different points. It is instructive to draw the figure
corresponding to Figure 2.4; this is left to Exercise 2.2.9.

One-Step Methods

In Section 2.4 we will consider methods based on using information from
prior steps so that yx4+1 will be a function not only of yx but also of yx—1
and, perhaps, other prior values. The present section deals with methods that
depend only on y. Such methods are called one step ‘methods and can be
written in the general form

Yk+1 = Yk + ho(Tk, i) (2.2.21)

for some suitable function ¢. In the case of Euler’s method ¢ is just f itself,
whereas for the Heun method

o(z,y) = :[f(z,y) + f(z + b,y + hf(z,9))). (2.2.22)
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The fourth-order Runge-Kutta method (2.2.20) is also a one-step method, and
the corresponding function ¢ can be written in a manner similar to (2.2.22)
(see Exercise 2.2.5).

For any one-step method (2.2.21), we define the local discretization error
in a manner analogous to that for Euler’s method by

L(h) = max |L(z,h)|, L(z,h) = l[y(x +h) - y(@)] — 8z, y(z)) (2.2.23)
a<ae<b—h h

where, again, y(z) is the exact solution of the differential equation. If, for a

given ¢, L(h) = 0(hP) for some integer p, then it is possible to show, under

suitable assumptions on ¢ and f, that the global discretization error will also

be of order p in A:

= — | = O(KP?
E(h) = max |y(ax) vl = 0(42) (2.2.24)
The order of the method (2.2.21) is defined to be the integer p for which
L(h) = 0(hP). This definition of order is a statement about the method and
assumes that the solution y of the differential equation has bounded deriva-
tives of suitably high order. For example, we showed that p = 1 for Euler’s
method under the assumption (2.2.10), and Table 2.2 illustrated that the error
decreased by a factor of about 27! when the step length h was halved. For a
pth order method, we expect the error to decrease by a factor of about 277
when we halve h, at least for h sufficiently small.
It is a relatively simple matter to show that the local discretization error
for Heun’s method is 0(h2), but this will be a consequence of the following
more general analysis. Consider a function ¢ defined by

¢(.’L’, y) = sz(l',y) + C3f($ + clh7y + Clhf(.'L', y))a

where we wish to determine the constants ¢;, ¢z, and c3 so as to maximize
the order of the one-step method (2.2.21); that is, we wish the best linear
combination, as determined by c2 and c3, of two values of f, and how far along
the interval the second evaluation of f should be done, as determined by c¢;.

We expand f in a Taylor series in two variables about the point (z,y).
First, in the z variable, we have

+

¢ = cof + ca[f(z,y + c1hf) + crhfs(z,y + c1hf) + O(h?)],

where we have denoted f(z,y) simply by f and the partial derivative of f with
respect to z by f;. Next, expand in y where all partial derivatives shown are
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evaluated at (z,y):

¢ = cof +calf +crhffy +0(h%) + ethfz +0(h%)]  (2.2.25)
= (c2 +ca)f +crcah(ffy + fz) + O(h?).

On the other hand, the exact solution y(z) of the differential equation satisfies

%[y(w +h)—ylz)] = y'(z)+ 34" (x)h +0(h?) (2.2.26)
= 1+ o
= [+ 3h(ffy + fz) + O(R?).

Therefore, (2.2.25) and (2.2.26) combine to yield
1
7 ly(@ + 1) —y(@)] - ¢z, y(z)) (2.2.27)

= (1-cg — ca)f + (3 — crca)(ffy + fo) + O(h2).

If we require that
, (2.2.28)

DO | =t

cy+c3 =1, ci1C3 =

then the first two terms of (2.2.27) vanish for any f. Therefore L(h) = 0(h?).
Moreover, by carrying out the Taylor expansions one more term, it can be
shown that, in general, we cannot achieve L(h) = 0(h®) no matter what choice
of the constants ¢,, ¢, ¢3 is made. Hence we have

Hy(z + h) ~ y(a)] - #(z,y(z)) = 0(h2), (2229)

which will hold whenever (2.2.28) is satisfied and the various derivatives we
have used are bounded. Therefore, the methods delineated by (2.2.28) are all
second order so that there is not a unique second-order method of this type.
If we set ¢; = 7/2 and solve the two equations of (2.2.28) in terms of vy, we
obtain a function that will always satisfy (2.2.28). Therefore, the method

weor =+ | (1= 2) fae) + 21 (a1 + Thows Dstonue) )]

is second-order accurate for any v # 0. The special choice v = 2 gives the
second-order Runge-Kutta method (2.2.19). The derivation of higher-order
Runge-Kutta methods, and in particular the fourth-order method (2.2.20),
can proceed in an analogous, but more complicated, manner.
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Systems of Equations

We next indicate how the above methods can be used for systems of equa-
tions. Consider the system (2.2.1), which we will write in the vector form

y'(z) = £(z,y(z)). (2.2.30)
Here y(z) denotes the vector with components y;(z),...,yn(2), and f is the
vector with components fi,..., f,. The vector § will denote the initial values

(2.2.2). Then Euler’s method (2.2.5) can be written for the system (2.2.30) as

Yo=§  Yi+1 =Yk + hf(zi,yx), k=0,1,... (2.2.31)

where y1,y2,... are vector approximations to the solution y. We could, of
course, write out (2.2.31) in component form; for n = 2, this would be

Yik+1 = Yik +RF1(Zk, Y1k, Y2,k) k= 0.1
Yok + hfo(Tk, Y1 e, Y2,6) | T

Y2,6+1

Clearly, the succinct vector notation (2.2.31) is advantageous.
Similarly, Heun'’s method (2.2.19) can be written in vector form for (2.2.30)
by

h
Yi+1 =Y + §[f($k, vi) + f(@pr1, Yx + b (TR, Y1) (2.2.32)

It is left to Exercise 2.2.7 to write the fourth-order Runge-Kutta method
(2.2.20) in vector form.

Rounding Error

We now turn to a brief discussion of the rounding error in the methods
of this section. Consider Euler’s method, in which there are two sources of
rounding error. The first is the error that occurs in the evaluation of f(zk, yx);
we will denote this error by £;. The second error, 7%, is the error made in the
Euler formula. Thus, the computed approximations y, satisfy

Yk+1 = Yk + h[f(zr, yk) +ek] + &, k=0,1,... . (2.2.33)

It is possible to bound the effects of these errors in terms of bounds on the
ex and ;. However, we will content ourselves with the following intuitive
discussion. As we have seen, the global discretization error in Euler’s method
goes to zero as h goes to zero. Hence we can make the discretization error
as small as we like by making h sufficiently small. However, the smaller h is,
the more steps of Euler’s method that will be required and, in general, the
larger the effect of the rounding error on the computed solution. In practice,
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for a fixed word length in the computer arithmetic there will be a size of h
below which the rounding error will become the dominant contribution to the
overall error. The situation is depicted schematically in Figure 2.5, in which
the step-size hg is the practical minimum that can be used. This minimum
step-size is very difficult to ascertain in advance, but for problems for which
only a moderate accuracy is required, the step size used will be far larger than
this minimum, and the discretization error will be the dominant contributor
to the error. The same general behavior occurs in all the methods, although
the minimum step size, hg, will depend on the method and the problem.

Total Error

ho h

Figure 2.5: Error in Euler’s and Other Methods

Change in Step Size

So far in this section we have considered a fixed step-size h. However,
in practice it is usually beneficial to allow the step to vary. By the bound
(2.2.14) on the local discretization error, it follows that the error is small if
the second derivative of the solution is small. In regions where this is the
case, suitable accuracy may be obtained by using a relatively large step-size.
On the other hand, if the second derivative is large a smaller step-size will
be necessary to control the discretization error. For the higher order Runge-
Kutta methods, the same idea will hold but higher-order derivatives of the
solution will be the determining factor. Generally, one will not know much
about these higher derivatives, but many times it will be known in advance
that the solution is varying slowly in some region and rapidly in another, and
the step-size can be changed accordingly. For further discussion on ways to
estimate the discretization error so as to ascertain the proper step-size, see the
Supplementary Discussion.

Numerical Examples

We complete this section with some simple calculations for the predator-
prey equations introduced in Section 2.1. Recall that these equations are

W _ s bay, (2.2.34)

i
= azx + fzy, pm

dt
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with the initial conditions

LI)(O) =To,

y(0) = yo.
120 . 120 +
[ ]
B [ ]
— L —_
< 100 - % 1001
hd )
i L )
[ ]
L . L
80 . 80
$ l 1 I $ 1 | 1
0 20 40 0 20 40
y(1) y(1)
(a) Data only (b) Data connected by lines
120
= 100
80 -
¢ | 1 J
0 20

(2.2.35)

y(0)

40

(c) Data interpolated by a function

Figure 2.6: Options for Graphical Output. Solution to (2.2.34),

(2.2.35)
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The Supplementary Discussion of Section 2.1 showed that

Ty = T’Y, Ys = Ta

is a stationary point of (2.2.34), and that in the neighborhood of (z,y,) the
path traced out by (z(t), y(¢)) for t > 0 is approximately an ellipse. For
illustration purposes, we have chosen initial values zo and yo that are near
stationary points. We have used the following values for the parameters: a =
0.25, 8 = —0.01, vy = —1.00, and 6 = 0.01. For these parameter values, there is
a stationary point at (s, ys) = (100, 25). Initial values of zo = 80 and yo = 30
were used in all cases.

160

140+

120

T

x (1)

80(

y(1)

Figure 2.7: Euler’s Method for (2.2.34), (2.2.35) Using Different Step Sizes
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Figures 2.6 — 2.8 are the plotted approximations to solutions of (2.2.34),
(2.2.35) generated by several of the numerical methods in this section. In all
cases we have plotted z (the prey) versus y (the predator), both as functions of
time, . The motion is in a clockwise direction as ¢ increases. Figure 2.6 demon-
strates three options that are usually available for graphics. Part (a) plots just
the discrete values (z;,y;) generated by the numerical method, emphasizing
the discrete nature of the methods. In part (b) the points are connected by
straight lines, giving a polygonal shape to the approximation. Part (c) shows
the dots connected by smooth curves. This option requires some special soft-
ware based on approximation methods like those discussed in Section 6.2.

Figure 2.7 demonstrates the dependency of the approximate solution on
the value of the step size, h. The numerical method used for this figure is
Euler’s method defined by (2.2.5). The values of ~ are 1,0.5, and 0.25. One
sees that as the step size is halved the error is roughly halved also, suggesting
0(h) convergence. Clearly, the errors are rather large even for h = 0.25. The
“exact” solution used for comparison was obtained by a higher-order Runge-
Kutta method, and the solution so obtained may be considered to be exact for
the purpose of comparing with the lower-order methods.

Figure 2.8 shows the effect of using a second-order method rather than
the first~-order Euler method. Here the error for a step size of h = 1 is less
than that for Euler’s method with a step size of h = 0.25. Note that, as with
Euler’s method, the approximate solution is spiraling out away from the exact
solution.

Supplementary Discussion and References: 2.2

Perhaps the conceptually simplest approach to higher-order one-step meth-
ods is Taylor-series expansion of the solution. Consider the “method”

hP
Yk+1 = Uk + by (Te) + $h%" (zk) + - + Fy(p)(xk), (2.2.36)
where y is the exact solution. It is easy to see that the order of this method

is p. The higher derivatives of the solution can be obtained in principle from
the differential equation itself. Thus y'(z) = f(z,y(z)), and

d
y'(@) = —f(z,y(2)) = fz(z,y(x)) + fy (e, y(z))yXe). (2.2.37)
We then approximate y'(zx) by f(zk,yx), and proceed similarly for higher

derivatives. Thus the method for p = 1 is simply Euler’s method, whereas for
p = 2 it becomes

2
Ye+1 = Yk + hf(Tr, Uk) + %[fm(zka Yx) + fy(@h, yi) f (TR yi))s
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120

x(1)

80

y(t)

Figure 2.8: Second-Order Runge-Kutta (Spiraling Outward) with Step-Size h =
1, Compared to the “Ezact” Solution of (2.2.34), (2.2.35)

which is a second-order method. One can continue to differentiate (2.2.37) to
obtain higher derivatives of y in terms of higher partial derivatives of f, but the
methods become exceedingly cumbersome. Symbol manipulation techniques
have proved somewhat useful in generating the derivatives. Note that Taylor
series methods achieve higher order by using derivatives of f evaluated at a
single point, whereas Runge-Kutta methods evaluate only f at different points.
For further discussion of Taylor-series methods, see Daniel and Moore [1970].

Runge-Kutta methods of order higher than four may be obtained but at
still additional costs in evaluations of the function f. Runge-Kutta methods of
order p require p evaluations of f for 2 < p < 4, p+1 evaluationsfor 5 <p < 7,
and p + 2 evaluations for p > 8. For a thorough discussion of Runge-Kutta
methods, see, for example, Henrici [1962], Butcher [1987], or Hairer, Norsett,
and Wanner [1987].

All good computer codes using Runge-Kutta methods employ some mech-
anism for automatically changing the step size h as the integration proceeds.
The problem is to ascertain the proper step size before the start of the next in-
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tegration step. The usual approach is to estimate the local discretization error
and adjust the step size accordingly. There are several ways to estimate the
local error; two simple approaches are to repeat the last step of the integration
with a step size half as large and then to compare the two results, or to use
two Runge-Kutta formulas of different order. Both of these ways are costly in
evaluations of f, and an alternative approach is by means of the Runge-Kutta-
Fehlberg formulas (see Butcher [1987] for further discussion). Here one can
use, for example, a Runge-Kutta method of order five to estimate the error in
a fourth-order Runge-Kutta method in such a way that only six evaluations of
f are needed, as opposed to ten if the usual Runge-Kutta formulas were used.
One of the best and most used Runge-Kutta codes is RKF45; see Shampine,
Watts, and Davenport [1976].

As we have shown, in the absence of rounding error Euler’s method will
yield the true solution of the differential equation as A — 0. But, as Table 2.2
illustrates, the rate of convergence can be rather slow. An important technique
to accelerate the convergence is Richardson extrapolation to the limit. For some
fixed point z*, denote the approximation to the solution by y(z*;h). Under
certain assumptions, it can be shown that

y(x* h) = y(z*) + c1h + coh® + -+ + cph? + 0(hPTY), (2.2.38)

where the ¢; are functions of z*. Now suppose that we also compute the
approximate solution with step length h/2. Then we can combine y(z*; h) and
y(z*; h/2) to obtain a better approximation. In particular,

h
§(a":h) = 2y(a%; 5) - y(a"sh) = y(a*) + dh? + -+ + O(RPH),

so that g(z*; h) is a second order approximation. (Note that the more accurate
solution is obtained only at the points with spacing A, and not at the interme-
diate points.) The process can then be repeated, if desired, to eliminate the
coefficient d, and obtain a third order approximation, and so on. The same
idea can be applied to other problems such as numerical integration or differen-
tiation, or other types of differential equations, provided that an “asymptotic
expansion” of the form (2.2.38) holds for the approximate solution.

An important modification of a system of differential equations occurs when
there are side conditions. For example, a system of the form

y; = fi(may7(z)7”'vyn(x)), 1=1,...,m,
0 = gi(x7y’(z)v---ay'n(x))a i=m+1,...,n,
consists of m differential equations and n—m non-differential equations. Such a

system is called differential-algebraic. For further discussion, see, for example,
Hairer, Lubich, and Roche [1989], and Brenan, Campbell, and Petzold [1989).
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EXERCISES 2.2

2.2.1. Rewrite the predator-préy equations (2.1.3) in the form (2.2.1); that is, give
the functions fi and f;. Do the same for the trajectory equations (2.1.15),
(2.1.17), and (2.1.18).

2.2.2. Apply Euler’s method (2.2.5) to the initial-value problem ¢’ = —y, 0 < z < 1,
y(0) = 1, with h = 0.25. Compare your answers to the exact solution y(z) =
e~ ®. Repeat for h/2 and h/4.

2.2.3. Verify the calculations of Tables 2.1 and 2.2.

2.2.4. Apply the Heun method to the problem of Exercise 2.2.2. Compare your
results with Euler’s method.

2.2.5. Give the function ¢ of (2.2.21) for the fourth-order Runge-Kutta method
(2.2.20).

2.2.6. The method yx+1 = yr + hf(zr + (h/2),yx + (h/2) f(zk,yx)) is known as the
midpoint rule. Show that it is second-order accurate.

2.2.7. Write the fourth-order Runge-Kutta method (2.2.20) in vector form for the
system (2.2.30).

2.2.8. Apply Euler’s method and the Heun method to the problem y'(z) = z? +
[y(x)]?,y(0) = 1, z > 0, and compute y; for A = 0.1.

2.2.9. For the fourth-order Runge-Kutta method (2.2.20), draw the figure corre-
sponding to Figure 2.4.

2.2.10. Repeat the calculations of Figure 2.7 using Euler’s method with step sizes
0.5 and 0.25. How small a step size do you have to use for the graph of the
solution to close back on itself to visual accuracy?

2.2.11. Test the stability of the solution of the predator-prey equations (2.2.34)
with respect to changes in the initial conditions by changing zo = 80, yo = 30
by a unit amount in each direction (four different cases) and repeating the
calculation using the second-order Runge-Kutta method.

2.2.12. Suppose that the initial condition of (2.2.5) is in error. Modify the analysis
of the discretization error in Euler’s method to obtain a bound on the error
caused by using an inexact initial condition yo = § # ¢

2.3 Polynomial Interpolation

The methods described in Section 2.2 were all one-step methods — methods
that estimate y at zx+1 using information only at the previous point, zx. In
Section 2.4 methods that use information at several previous points will be
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described. In order to develop such methods, however, we must first describe
polynomial interpolation, the subject of this section.

Suppose that one is given a set of points or nodes zo,z1,...,Z, and a set
of corresponding numbers yg, Y1, ..., Yn. The interpolation problem is to find
a function g that satisfies

g(z;) = yi, i=0,1,...,n (2.3.1)

if (2.3.1) holds we say that g interpolates the data. There are many types of
possible functions g that might be used, but the functions of interest in this
section will be polynomials.

It is clear that a polynomial of a given degree can not always be found so
that (2.3.1) is satisfied. For example, if the data y; are given at three distinct
nodes, no polynomial of degree 1 (a linear function) can satisfy (2.3.1) unless
the data lie on a straight line. On the other hand, there is a polynomial of
degree 2 and infinitely many polynomials of degree 3 which satisfy (2.3.1). The
basic result for polynomial interpolation is given in the following theorem.

THEOREM 2.3.1 (Existence and Uniqueness for Polynomial Inter-

polation) If g, 21, ..., T, are distinct nodes, then for any yo,y1,.--,Yn

there exists a unique polynomial p(z) of degree n or less, such that
p(x;) = ¥, i=0,1,...,n. (2.3.2)

Proof: The existence can be proved by constructing the Lagrange polyno-
mials defined by

(z —xo)(x —71) - (z —zj—1)(T = Tj41) - (T — Tn)
(zj — zo)(@j — 21) - (25 — Tj—1)(Z5 — Tjt1) - (T — Tn)

II (“’_xk), j=0,1,...,n. (2.3.3)
Zj— Tk

k=0
ki

li(z) =

It is easy to verify that these polynomials, which are all of degree n, satisfy

(1 ifi=j :
Li(z;) = { 0 ifidj (2.3.4)
Therefore [;(x)y; has the value 0 at all nodes z;, i =0, 1,...,n, except for z;,

where l;(z;)y; = y;. Thus, by defining

p(z) =Y li(@)y;, (2.3.5)
7=0
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we have a polynomial of degree n or less that interpolates the data.
To prove uniqueness, suppose, on the contrary, that there is another inter-
polating polynomial of degree n or less, say g(z). By defining

we obtain a polynomial, r, of degree n or less that is equal to zero at the n+1
distinct points zg,Z1,...,Z,. By the fundamental theorem of algebra, such a
polynomial must be identically equal to zero, and it follows that p(z) = ¢(z).
Thus, uniqueness is proved.

As an example of polynomial interpolation, let us determine the polynomial
p(z) of degree 2 or less that satisfies p(—1) = 4, p(0) = 1, and p(1) = 0. The
interpolating polynomial (2.3.5) is

 @=0)e-1) | (e—(<))e=1), (&= (<1))z—0)
o) = oo n o= o= T a=E)a-o)"

202 — 22 +1 -2 +0=22 -2z + 1.

One can easily verify that this p(z) does interpolate the given data.

Error Estimates

We next consider the question of accuracy in polynomial interpolation. In
many applications of interpolation there is some function f defined over the
entire interval of interest, even though values are used only at discrete points
to determine an interpolating polynomial p. Thus it is of interest to discuss
the discrepancy between p(z) and f(z) for values of z that lie between the
nodes. The following theorem gives an expression for the error in terms of
higher derivatives of f:

THEOREM 2.3.2 (Polynomial Interpolation Error) Let f(z) be a
function with n+1 continuous derivatives on an interval containing
the distinct nodes £9 < =1 < -+ < Zn. If p(x) is the unique
polynomial of degree n or less satisfying

p(zs) = f(zy), 1=0,1,...,n,

4

then for any x € [xo, Zn),

f(z) - p(z) = (z — IL‘())(.’L‘(; -::,'_1]).)' (T — ) f(n+1) (2) (2.3.6)

for some 2, depending on z, in the interval (zo, T,).
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We indicate a proof of this theorem in the Supplementary Discussion of this
section; here we only discuss some of its ramifications. First of all, if n is at all
large (even 4 or 5), it will probably be difficult, if not impossible, to compute
the (n + 1)th derivative of f. Even if n is only 1 (linear interpolation) and
only the second derivative of f is needed, this also may be impossible if f is an
unknown function for which values are known only at some discrete points; at
best, we might be able to estimate some bound for the second derivative on the
basis of our assumed knowledge of f. In any case, it will almost never be the
case that (2.3.6) can be used to give a very precise bound on the error. It can,
however, be useful in providing insight into the errors that are produced. As
an example of this, suppose that the points x; are equally spaced with spacing
h. Then it is easy to see (Exercise 2.3.2.) that

|(z = zo)(x — x1) - (z — z,,)| < n! AT
for any z in the interval [zg, z,]. Thus (2.3.6) can be bounded by

Mhn+1

il (2.3.7)

|f(z) - p(z)] <

where
M= max [fV(z).

zoLz<zn

Piecewise Polynomials

The bound (2.3.7) is, of course, still difficult to compute because of the
quantity M. But it is useful in the following way. Suppose that we wish to
approximate the function f over a given interval [a, b] by means of piecewise
polynomials, that is, functions that are polynomials on given subintervals of
[a,b]. For example, if a =y < 71 < -+ < ¥ < Yp+1 = b is a partitioning
of the interval [a,b], and g is a function that is continuous on [a,b] and is a
polynomial on each of the intervals (v;,7v;+1),2=0,1,---,p, then g is called a
piecewise polynomial function on [a, b].

As an example of a piecewise quadratic function, suppose that the values
of the function f on the interval [0,1] are given by

z|0|1/6]1/3]1/2]2/3]|5/6]|1
flrfsfzl1fo]z2]1

Then, the function g defined by

glz) = —54z®+21x+1, 0<z<ti
—6z + 4, 3<z<i (2.3.8)
= 540 +93x-38, 2<z<1
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0 176 1/3 172 2/3  5/6 1

Figure 2.9: A Piecewise Quadratic Function

is the piecewise quadratic function on [0,1] that agrees with f at the given
nodes, is continuous on the whole interval, and is a quadratic on each of the
subintervals [0, 3], [3, 2], [2,1]. This function is shown in Figure 2.9.

Consider now the error in approximating the function f by the function
g of (2.3.8). Suppose that M is a bound for the third derivative of f on the
entire interval [0,1]. Then on each of the intervals [0, ], [3, 2], and [2, 1], the
error bound (2.3.7) can be applied; here h = é, and n = 2. Therefore

WM M
3 3.6

Without further information on M, this estimate does not furnish a quan-
titative bound. It does, however, show how the spacing h enters the error
estimate. In particular, approximation by piecewise quadratics has an error
estimate that is 0(h®), so that it is third-order. Higher order approximation
will result from using piecewise cubics or higher degree polynomials.

|f(z) — g(z)] < 0<z<1 (2.3.9)

The Vandermonde Matrix

Even though the interpolating polynomial is unique, as shown by Theo-
rem 2.3.1, there are several alternative ways to obtain or represent the poly-
nomial, other than by the Lagrange polynomials. Perhaps the most basic
approach is the following. Suppose that the interpolation polynomial p is

p(z)=ap+ar1z+ - +az". *
Then we want
ap + a1z + -+ + anz} = yi, i=0,1,...,n. (2.3.10)

Since the z;’s and the y;’s are known, this is a system of n + 1 linear equations
in the n+1 unknowns ag, a1, . ..,a,. We write this system in the matrix-vector
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form
1 zo 3 z? ao %o
1 z, z? z? a1 7
: = | T, (2.3.11)
1 z, 22 - an Un

The coefficient matrix of (2.3.11), which we denote by V, is called the Van-
dermonde matriz and is nonsingular if the z’s are distinct. (This statement
can be proved directly rather easily, but note that we already have proved it
indirectly by means of Theorem 2.3.1, which showed the existence and unique-
ness of the interpolating polynomial. For if V' were singular, this would imply
that either no interpolating polynomial exists for the given data or infinitely
many exist.)

The Vandermonde matrix approach is sometimes useful for theoretical pur-
poses, but less so for computation of the polynomial. For the latter the La-
grange polynomials are usually better, but they are not convenient if a node is
added or dropped from the data. For example, if (zp+1,yn+1) Were added to
the set of data (z;,3:), ¢ = 0,1,...,n, and we wished to compute the polyno-
mial of degree n+1 that interpolated this data, then the Lagrange polynomials
would all have to be recomputed. There is another representation of the in-
terpolating polynomial that is very useful in this context; this is the Newton
form, which we now describe.

The Newton Form

We assume now that the points z; are equally spaced with spacing h. We
define differences of the data y; by means of Ay; = y;4+1 — ¥:, and higher
differences by repeated application of this:

A%yo = Ay; — Ayo = y2 — 2y1 + Yo
Adyo = A%y — A%y =y3 — 3y2 + 3y1 — %o
: (2.3.12)

n n
AYo = yn — ( 1 )yn-1+ ( 9 >yn—z—---+(—1)"yo,
where the binomial coefficients are given by

(n ) =n(n—l)---(n—i+1)

i !

In terms of the differences (2.3.12), we define a polynomial of degree n by

pn(x) = Yo+ ‘(z—_h'I_O)AyO + %Azyo (2313)
oy @@= @ an)

n! hn
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Clearly, pn(zo) = yo since all remaining terms in (2.3.13) vanish. Similarly,

T1—Z
pu(T1) = Yo + Q_h_(‘)')'(yl - %) = Y1,

and

To— X Tog — )2 — T
pn(mz) = g0+¥(yl_yo)+( 2 02)’522 1)(y2_2y1+y0)

= yo+2(y1 — %)+ (y2 — 2y1 + %) = v2.

It is easy to verify in an analogous way that p,(z;) = y;, ¢ = 3,-- -, n, although
the computations become increasingly tedious.

It is of interest to note that the polynomial p, of (2.3.13) is analogous
to the first n 4+ 1 terms of a Taylor expansion about xg. Now suppose that
we add (Znp41,Yn+1) to the data set. Then the polynomial p,; that satisfies
pn+1(zi) =wi, 1 =0,1,...,n+ 1, is given by :

@ =20)(e = 21) (£ = 2a) yuss,

Pnt1(T) = pu(z) + (n+ 1)! ho+1

and it is this feature of the Newton form of the interpolating polynomial that
is sometimes useful in practice. This is similar to taking one more term in a
Taylor expansion.

In the next section we will use interpolating polynomials to derive other
methods for the solution of differential equations. This will be done by integrat-
ing an interpolating polynomial, but once the polynomial has been determined
other manipulations, such as differentiation, can also be performed. Moreover,
interpolation is useful for approximating the solution between grid points, if
that should be desired. However, it should be pointed out that interpolation
may fail to preserve such desirable properties as monotonicity and convexity.
It is a more difficult and subtle problem to obtain approximating functions
rhat do maintain such properties.

Supplementary Discussion and References: 2.3

We will indicate the proof of the basic error theorem 2.3.2. Assume that
r#x;,j=0,1,...,n; otherwise, both sides of (2.3.6) are zere, and the result
‘s trivially true. Now, for z held fixed, define the function

o(s) = f(s) — p(s) — g(z)¥(s),

‘~here
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It is clear that ¥(z;) = 0, 2 = 0,1,...,n, and ¢(z) = 0; hence ¢ has at
least n + 2 distinct roots zg,1,...,Zn,z. It follows by repeated application
of Rolle’s theorem that ¢’ has at least n + 1 distinct roots, ¢” has at least n
distinct roots, and so on. In particular, $(**1) has at least one root z in the
interval spanned by zg, zi,...,Zn,z. But

o t(s) = f(s) = p™H(s) — gyt (o)
fH(s) = (n+1)! g(2),

since p is a polynomial of degree n and 9 is a polynomial of degree n+1. Thus,
0= (z) = f"(2) — (n+ 1)! g(2),

and solving for ¢(z) gives (2.3.6).
For further discussion of interpolation, see, for example, Young and Gregory
[1990].

EXERCISES 2.3

2.3.1. Compute the polynomial p of degree 2 that satisfies p(0) = 0, p(1) = 1,
p(2) = 0 by all three methods, that is, by using Lagrange polynomials, the
Vandermonde matrix, and the Newton representation. Conclude that the poly-
nomial is the same in all three cases.

2.3.2. Verify the bound (2.3.7). Then let f(z) = sinwz/2, and let p be the polyno-
mial of Exercise 2.3.1 that agrees with f at the points z = 0,1,2. Use (2.3.7) to
compute a bound for |f(x) — p(z)| on the interval [0,2]. Compare this bound
with the actual error at selected points in the interval, and in particular at
z=1%and 3.

2.3.3. Find the piecewise linear and quadratic functions that agree with the following
data:

z|o0|1/6]1/3]1/2]|2/3|5/6]1
FlIafafrf-1] 21470

Compute error bounds for these functions on the interval [0, 1], assuming that
the function f satisfies |f’(2)| < 4, |f"(2)] £ 10,0 < 2, < 1.

2.3.4. Let f(z) =sinz, and let p and ¢ be two polynomials of degree 3 that satisfy
p(k/3) = q(k/3) = f(k/3), k = 0,1,2,3. Compute a bound for |p(z) — q(z)|
that holds on the whole interval [0, 1].

2.3.5. For given yo, ..., Yy and distinct zo, ..., zn, let p be the polynomial of degree
n that satisfies p(z;) = yi, 1 = 0,...,n. Suppose that we wish to write p
in the form p(z) = cogo(x) + -+ + cagn(z), where go(z) = 1 and ¢i(z) =
(z — o) (z — z;). Give an algorithm for finding co,...,cn.
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2.3.6. Find a polynomial of degree 3 that agrees with /r at 0,1,3,4. Compare the
approximation p(2) with v/2 = 1.414216.

2.3.7. Let p be a polynomial that satisfies p(—2) = -5, p(-1) = 1, p(0) = 1,
p(1) =1, p(2) =7, p(3) = 25. What can you say about the degree of p?

2.4 Multistep Methods

We return now to the initial-value problem

yl = f(x,y), a<z, y(a) =7 (241)

In the methods of Section 2.2, the value of yx+1 depended only on informa-
tion at the previous point, zx. It seems plausible that more accuracy might
be gained if information at several previous points, =g, Zx—1,..., were used.
Multistep methods do just that. )

A large and important class of multistep methods arises from the following
approach. If we integrate (2.4.1) for the exact solution y(x) over the interval
[k, Tk+1], we have

y(oor) — y(an) = / Y@= [ fey@)dz  (242)
= /“Hp(a:)dm,

where in the last term we assume that p(z) is a polynomial that approxi-
mates f(x,y{x)). To obtain this polynomial, suppose that, as in Section 2.2,
YksYk—1,- - -, Yk—nN are approximations to the solution at zx,zx—1,...,Tk-nN,
where we assume that the z; are equally spaced with spacing h. Then f; =
f(zi,vyi), i = k,k—1,...,k—N, are approximations to f(z,y(z)) at zx, Tx—1, ...
. Tx—nN, and we take p to be the interpolating polynomial for the data set
(i, fi), i =k,k—1,...,k — N. Thus p is the polynomial of degree N that
satisfies p(z;) = fi, ¢ = k,k—1,...,k — N. In principle, we can integrate this
polynomial explicitly to give the method

Tk+1 .

Yk+1 = Yk + / p(x)dz. (2.4.3)

k

Adams-Bashforth Methods

As the simplest example, if N = 0, then p is the constant fi and (2.4.3) is
simply Euler’s method. If N = 1, then p is the linear function that interpolates
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(Tk—1, fx—1) and (zx, fr). We may obtain this and the subsequent formulas by
applying (2.3.13) backwards from (zg, fx); that is, with Afy = fr—1 — fi

p(@) = m(o) = fu - E22 A, (24.4)

where the minus sign occurs since h = |zx—1 —zk|. If we integrate (2.4.4) from
Tk, t0 Tk4+1, we obtain the method

Vers = U+ hfe = DAfe =yt 2Bfk ), (249)

which is a two-step method since it uses information at the two points zx and
Zk—1. Note that the first form of (2.4.5) shows how Euler’s method is modified
to obtain the new method.

Similarly, if N = 2, then p is the interpolating quadratic polynomial for
(Tk—2, fr—2)s (Tk—1, fk—1), and (Zx, fi). If we again use (2.3.13), this polyno-
mial may be written as

pale) = pr(z) + &= xk);:; Zeol) a2 (2.4.6)

where A?fy = fx — 2fk—1 + fr—2. Thus, by (2.4.3), the method is
h 5 .9
Yk+1 =Yk + hfr — 5Afk + EhA Si- (2.4.7)

This exhibits how the two-step formula (2.4.5) has been modified. We can also
collect terms in (2.4.7) and write it as

h
Yerl = Ykt 5 (23fk — 16fk—1 + 5fk—2)- (2.4.8)

If N = 3, the interpolating polynomial is a cubic, and the method is

h
Yk+1 = Yk + ﬁ(55fk —59fk—1 + 37 fr—2 — 9fk—3)- (2.4.9)

Note that (2.4.8) is a three-step method, whereas (2.4.9) is a four-step method.
It is left to Exercise 2.4.1 to give a detailed verification of the formulas (2.4.5),
(2.4.8), and (2.4.9).

The formulas (2.4.5), (2.4.8), and (2.4.9) are known as Adams-Bashforth
methods. As we shall see later, (2.4.5) is second-order accurate and hence
is known as the second-order Adams-Bashforth method. Similarly, (2.4.8)
and (2.4.9) are the third- and fourth-order Adams-Bashforth methods, respec-
tively. We can, in principle, continue the preceding process to obtain Adams-
Bashforth methods of arbitrarily high order by increasing the number of prior
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points and the degree of the interpolating polynomial p. The formulas become
increasingly complex as N increases, but the principle is still the same.

The Starting Problem

Multistep methods suffer from a problem not encountered with one-step
methods. Consider the fourth-order Adams-Bashforth method of (2.4.9). The
initial value yo is given, but for £ = 0 in (2.4.9), information is needed at z_;,
ZT_z, and z_3, which doesn’t exist. The problem is that multistep methods
need “help” getting started. We cannot use (2.4.9) until k > 3, nor can we
use (2.4.8) until k¥ > 2. The usual tactic is to use a one-step method, such
as Runge-Kutta, of the same order of accuracy until enough values have been
computed so that the multistep method is usable. Alternatively, one may use
a one-step method at the first step, a two-step method at the second, and so
on until enough starting values have been built up. However, it is important
that the starting values obtained in this fashion be as accurate as those to be
produced by the final method, and if the starting methods are of lower order,
this will necessitate using a smaller step size and generating more intermediate
points at the outset. The same problem arises if the step length is changed
during the calculation. If, for example, at zj the step length is changed from
h to %, then we will need values of y and f at zp — %, which we do not have.
Again, a Runge-Kutta method starting at zx—; with step length % could be
used. An attractive alternative is to use an interpolation formula, but care
must be exercised to ensure that suitable accuracy is maintained. In general,
it is much easier to change step-size with a one-step method than with a
multistep method.

Adams-Moulton Methods

The Adams-Bashforth methods were obtained by using information already
computed at z; and prior points. In principle, we can form the interpolating
polynomial by using forward points as well. The simplest situation is to use
the points 41,2k, . .., Tk—n and form the interpolating polynomial of degree
N + 1 that satisfies p(z;) = fi, ¢t =k + 1,k,...,k — N. This generates a class
of methods known as Adams-Moulton methods. If N = 0, then p is the linear
function that interpolates (zy, fi) and (2g+1, fx+1), and the corresponding
method is .

h
Ye+1 = Yk + E(f’““ + f), (2.4.10)

which is the second-order Adams-Moulton method. If N = 2, then p is the
cubic polynomial that interpolates (zg+1, fk+1), (Zk, fx), (Tk—1,fr-1), and
Tk—2, fk—2); in this case the corresponding method is

h
Yk+1 = Y + ﬁ(9fk+1 +19fk = 5fk—1 + fr-2), (2.4.11)
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which is the fourth-order Adams-Moulton method.

Note that in the formulas (2.4.10) and (2.4.11) fi+1 is not known, since
we need yr41 to evaluate f(Tr+1,¥k+1) = fi+1, but yx4+1 is not yet known.
Hence the Adams-Moulton methods define yx1 only implicitly. For example,
(2.4.10) is really an equation,

h
Yk+1 = Yk + 5[f($k+1> Yr+1) + fr), (2.4.12)

for the unknown value yg+1, and similarly for (2.4.11). Thus the Adams-
Moulton methods are called implicit, whereas the Adams-Bashforth methods
are called explicit since no equation needs to be solved in order to obtain yx4;.

Predictor-Corrector Methods

Implicit methods are useful for so-called stiff equations, to be discussed
in the next section. However, another use of implicit methods is to combine
an explicit with an implicit formula to form a predictor-corrector method. A
commonly used predictor-corrector method is the combination of the fourth-
order Adams methods (2.4.9) and (2.4.11):

h

Yo = e+ 5y (55fk = 59fk- + 37k — 9f-s),

B = flareny®), (2.4.13)
h

Yk+1 = Ykt ﬁ(gflgl—:-)l +19fk = 5fk-1 + fr—2),-

Note that this method is entirely explicit. First a “predicted” value y(p ) of
k+1

Yk+1 is computed by the Adams-Bashforth formula, then y,(c’_’zl is used to give an

approximate value of fx+1, which is used in the Adams-Moulton formula. The
Adams-Moulton formula “corrects” the approximation given by the Adams-
Bashforth formula. We could also take additional corrector steps in (2.4.13).
In fact, repeated use of the corrector formula gives an iterative method to solve
the nonlinear equation (2.4.11). We will return to this topic in Chapter 5.

Discretization Error

We turn now to the question of the discretization error and, for simplic-
ity, we will consider in detail only the Adams-Bashforth method (2.4.5). In
a manner analogous to (2.2.23) for one-step methods, we define the local dis-
cretization error at = by

AL(z, ) = y(z + h) ~ y(a) - 53 (@ 3(@) = flz = hylz — W), (241)
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where y(z) is the exact solution of the differential equation. Since y'(z) =
f(z,y(z)), the term in brackets in (2.4.14) can be expanded in a Taylor series
as

3y'(z) — y'(z — h) = 24/ (z) + hy" (z) + O(h?).
Combining this with

2
Yo+ h)—y(@) = /(@) + 24/ (@) + 0(8?)

yields
L(z,h) = 0(h?). (2.4.15)

Therefore, assuming that suitably high-order derivatives of the solution are
bounded, we have that the local discretization error L(h) on the interval [a, b]
satisfies
— — 0(h2 :
L(h) = < <b |L(a: h)| = 0(h®), (2.4.16)

which shows that the method is second order.

We could define the local discretization error separately for each of the
other methods of this section. However, all of these methods are special cases
of what are called linear multistep methods of the form

m m
Yer1 = 3 Oulkr1—i +h Y Bifer1-i, (2.4.17)
i=1 i=0

where, as usual, f; = f(z;,y;), and m is some fixed integer. The method
2.4.17) is called linear since yg+1 is a linear combination of the y; and f;. If
3¢ = 0, the method is explicit, and if Gy # 0, then the method is implicit. In
all of the Adams methods a; =1 and a; = 0, ¢ > 1; in the Adams-Bashforth
methods fy = 0 and for Adams-Moulton Gy # 0.

For the general linear multistep method (2.4.17), we define the local dis-
cretization error Lz, h) at z by

L(z,h) = —[y:c-+—h Za,ym—z—-l ]—Zﬁ,y z — (i —1)h).

=0

For any given method, that is, for any given choice of m and the constants
a; and B;, one can compute the local discretization error by expansion of y
and 3’ in Taylor series about z. In particular, under suitable assumptions on
-he differentiability of the solution, one can show that the Adams-Bashforth
methods (2.4.8) and (2.4.9) are third and fourth order, respectively, whereas
-he Adams-Moulton methods (2.4.10) and (2.4.11) are second and fourth order.
The verification of these statements is left to Exercise 2.4.6.

— -
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Once the local discretization error is known, there remains the problem of
bounding the global discretization error, which is defined by

E(h) = max{|y(zx) —yk} : 1 <k < N}

In general, this is a difficult problem, but under suitable assumptions on f
and the solution y, it can be shown for all of the methods of this section that
E(h) = 0(h?) when L(h) = 0(h?).

Multistep methods constitute an attractive alternative to the one-step meth-
ods of Section 2.2. High-order methods can be constructed that require only
one evaluation of f at each step, but at the price that the methods are not
self-starting. Indeed, high-order Adams methods are the basis of the most
efficient computer codes available today (see the Supplementary Discussion).

Numerical Examples

120 -

T

x(t) 100

80

T

y(1)
Figure 2.10: Second-Order Runge-Kutta and Adams Predictor-Corrector
We conclude this section by returning to the sample problems of Section 2.1.

In Figure 2.8 (Section 2.2) we gave an approximate solution of the predator-
prey equations (2.2.34), (2.2.35) obtained by the second-order Runge-Kutta
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method. In Figure 2.10 we superimpose on Figure 2.8 an approximate solu-
tion obtained by a second-order Adams-Bashforth/Adams-Moulton predictor-
corrector method, which is based on (2.4.5) and (2.4.10) and given explicitly in
Exercise 2.4.5. Note that the two methods in Figure 2.10 are in error by a com-
parable amount, although one approximate solution spirals in from the exact
solution whereas the other spirals out. The step size used for both methods was
h = 1. Both of these methods require two evaluations of f per step. However,
the corresponding fourth-order predictor-corrector method still requires only
two evaluations of f, whereas the fourth-order Runge-Kutta method requires

four.
el \
120

Adams Predictor- /
L )

T

100 F Corrector

Adams-Bashforth
“Exact”,

i 1

0 20 40
y(t

x(1)

Tigure 2.11: Second-Order Adams-Bashforth and Adams Predictor-Corrector

Figure 2.11 compares the second-order predictor-corrector method of Fig-
re 2.10 with the second-order Adams-Bashforth method. Note the strong
=Fect that the correction step has on the Adams-Bashforth method; the ac-
-iracy is improved somewhat but, more noticeably, the approximate solution
->w spirals in rather than out. Again, the step size for both methods was
=1
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We now apply the second-order Adams predictor-corrector method to the
trajectory problem discussed in Section 2.1. The system of ordinary differential
equations used for the projectile problem is given by (2.1.15), (2.1.17), and
(2.1.18) with T =0 and v = 0:

Z = wvcosb, 7 = vsiné,
(2.4.18)
o L 2 ; _ _g
v = 57 CPSV” — gsin f, 6 o8 8,
with initial conditions
z(0) =0, y(0) =0, v(0) = vy, 6(0) = 6y. (2.4.19)

Values for the parameters in (2.4.20) are m = 15 kg, ¢ = 0.2, p = 1.29 kg/m,
3 =0.25 m?, and g = 9.81 m/s?. The initial value for v is vy = 50 m/s, and
two different initial angles were used: 6, = 0.6 and 1.2 radians. Figure 2.12 is
a plot of the height versus range of the projectile.

100 -
— 90 = 1 2
)
o
D
£
~ 50
=
N
£ PPl “\s§\e\0 =0.6

ol I I 1 \\\ j
0 50 100 150 200

Range (meters)

Figure 2.12: Adams Predictor-Corrector Method (2.4.18), (2.4.19) Applied to
the Trajectory Problem with Different Initial Angles

Supplementary Discussion and References: 2.4

The Adams methods form the basis for a number of highly sophisticated
computer codes. In these codes the Adams methods are implemented with the
capability of changing not only the step size — as we discussed for the Runge-
Kutta methods — but also the order of the method. For details on one particular
collection of codes — ODEPACK - see Hindmarsh [1983]. For more discussion
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of the theory and practice of Adams methods, see, for example, Gear [1971]
and Butcher [1987]. For an excellent account of how good computer codes are
developed, see Shampine, Watts, and Davenport [1976]; this article makes the
important point that the way methods are implemented on a computer can be
more important than the intrinsic difference between methods.

Another approach to the derivation of multistep methods starts with the
general linear method (2.4.17) and requires that it be exact when the solution
y of the differential equation is a polynomial of degree g. This then implies
that the method is order q. For example, if ¢ = 1, then (2.4.17) must be
exact whenever the solution is a constant; in this case the f; all vanish since
f(z,y(x)) = ¢'(z) = 0, and we are left with the condition

m
1= o (2.4.20)
=1

Similarly, the requirement that (2.4.17) be exact when the solution is y(z) = =
leads to the condition

m+1=alm+a2(m—l)+~-+am+2ﬁ,~. (2.4.21)
i=0

The relations (2.4.20) and (2.4.21) for the coefficients a; and 8; are known
as the consistency conditions for the multistep method and are necessary and
sufficient conditions that the method be first order. One can continue this
process to obtain relations on the o; and f; that are necessary and sufficient
that the method be of any given order. For further discussions of multistep
methods, see, for example, Henrici [1962] and Butcher [1987].

We can combine the one-step methods of Section 2.2 with the multistep
methods of this section into the same general formulation:

m
Yer1 = D CiYkt1—i + RO(Tht1s- oy Tht1-mi YhtLs -+ Yhb1om).  (2:4.22)

i=1

For one-step methods m = 1, and if a; = 1 and "¢ is independent of zy4+1
and yr+1, then (2.4.22) reduces to the one-step method (2.2.24). On the other
nand, if ¢ is the function

= Bif (Tht1-isVer1-i)s

=0

-hen (2.4.22) reduces to the linear multistep method (2.4.17). The formulation
2.4.22) contains virtually all methods in current use.
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EXERCISES 2.4

2.4.1. Verify that p; of (2.4.4) is the linear interpolating polynomial for (zx, fx) and
(zk-1, fr—1), and that (2.4.5) follows from (2.4.3) for this p:. Similarly, verify
that (2.4.6) is the quadratic interpolating polynomial for (z, f&), (Tk—1, fr—1),
and (zx—_2, fr—2). Then carry out the integration of p; to verify the formula
(2.4.7). Finally, give the cubic interpolating polynomial ps by adding the
appropriate cubic term (see (2.3.13)) to p;. Then integrate ps in (2.4.3) to
obtain the formula (2.4.9).

2.4.2. Write a computer program to carry out the second-order Adams-Bashforth
method (2.4.5). Use the second-order Runge-Kutta method to supply the
missing starting value y1. Apply your program to the problems of Exercises
2.2.2 and 2.2.8 and compare your results with the Euler and Heun methods.

2.4.3. Repeat Exercise 2.4.2 using the fourth-order Adams-Bashforth method (2.4.9).

2.4.4. Carry out in detail the derivation of the Adams-Moulton method (2.4.10).
Do the same for the method (2.4.11).

2.4.5. Use as much as possible of your program of Exercise 2.4.2 to write a computer
program to carry out the predictor-corrector method

(»

h
Yog1 = Yrt 5(3fk - fk—l)a
B0 = flEen,yZh),

h
Ykt = + 5(f;§’:31 + fi)-

Apply this to the problem 3’ = —y, y(0) = 1 and compare your results with
the methods of Exercise 2.4.2. Similarly, write a program to carry out (2.4.13).

2.4.6. Compute the local discretization errors for the Adams-Bashforth methods
(2.4.8) and (2.4.9) and show that they are third and fourth order, respectively.
(Assume that the solution is sufficiently differentiable.) Do the same for the
Adams-Moulton methods (2.4.10) and (2.4.11) and verify that they are second
and fourth order, respectively.

2.4.7. Give the coefficients o; and f3; in the linear multistep formulation (2.4.17)
for the Adams-Bashforth and Adams-Moulton methods of second, third, and
fourth order.

2.4.8. Consider the method yx+1 = yx—1 + %(fk+1 +2fk + fe—1) -

a. Find the order of the method.

b. Discuss how to apply this method to the system of equations
y' = f(z,y). What difficulties do you expect to encounter
in carrying out the method?
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2.4.9. Repeat the calculations of Figure 2.11 using the second-order Adams-Bashforth
method and the predictor-corrector method of Exercise 2.4.5.

2.4.10. Repeat the calculations of Figure 2.12. Find the value of 8y such that the
range of the rocket is 150 m.

2.4.11. Consider the problem of evaluating the “normal density”

1 °_ 1
p)=— [ et/ 2dt+ -

V27T 0 2

by solving the differential equation
1] 1 ——z2/2 1
)= —¢€ 0)=+=.
P@)= 7%= ,  p0)=3
Use the second-order Runge-Kutta method and the second-order predictor-

corrector method of Exercise 2.4.5 to solve this differential equation. Compare
your results.

2.5 Stability, Instability, and Stiff Equations

One of the pervading concerns of scientific computing is that of stability, a
much overused word that tends to have somewhat different meanings depend-
ing on the context. In this section we will discuss several aspects of stability
as it pertains to the numerical solution of ordinary differential equations.

Unstable Solutions
Consider the second-order differential equation

y' =10y — 11y =0 (2.5.1)
with the initial conditions
y(0) =1, y'(0) = —1. (2.5.2)

The solution of (2.5.1), {2.5.2) is y(z) = e~7, as is easily verified. Now suppose
we change the first initial condition by a small quantity e, so that the initial
conditions are

y(0) =1+c¢, y'(0) = —1. (2.5.3)
Then, as is again easily verified, the solution of (2.5.1) with the initial condi-
“ions (2.5.3) is

y(z) = (1+ He)e ™ + %e“”. (2.5.4)

Therefore for any ¢ > 0, no matter how small, the second term in (2.5.4)
-auses the solution to tend to infinity as £ — oo. The two solutions are shown
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in Figure 2.13. We say that the solution y(z) = e~ of the problem (2.5.1),
(2.5.2) is unstable, since arbitrarily small changes in the initial conditions can
produce arbitrarily large changes in the solution as z — oc. In the parlance of
numerical analysis, one would also say that this problem is ill-conditioned; it
is extremely difficult to obtain the solution numerically because rounding and
discretization error will cause the same effect as changing the initial conditions,
and the approximate solution will tend to diverge to infinity (see Exercise
2.5.1).

Figure 2.13: Solutions of Slightly Different Problems

Even more pronounced instabilities can occur with nonlinear equations.
For example, the problem

Yy =zyly—-2), y(0)=2, (2.5.5)

has the solution y(z) = 2, which is unstable. To see this, note that for the
initial condition y(0) = yo the solution is

2y0
)= — 0
(=) Yo + (2 — yo)e*’

Thus if yo < 2, then y(z) — 0 as ¢ — oo, and if yo > 2, the solution increases

and has a singularity when yo + (2 — Z/o)fi:c2 = 0. Typical solutions are shown
in Figure 2.14.

Unstable Methods

The two previous examples illustrated instabilities of solutions of the dif-
ferential equation itself. We now turn to possible instabilities in the numerical
method. Let us consider the method

Ynt+tl = Yn-1 + 2hfna 7 (256)

which is similar to Euler’s method but is a multistep method and is second-
order accurate, as is easy to verify (Exercise 2.5.3).
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Figure 2.14: Solutions for Three Slightly Different Initial Conditions

We now apply (2.5.6) to the problem

Y =-2y+1, y(0) =1, (2.5.7)

whose exact solution is
y(z) =32 + L. (2.5.8)

This solution is stable, since if the initial condition is changed to y(0) =1+¢
the solution becomes
y(z) = (3 +e)e™™ + 4,

and the change in (2.5.8) is only ee~2®. The method (2.5.6) applied to (2.5.7)
is

Yol = Yno1 + 2h(=2yn + 1) = —4hyn + yn—1 + 2k, =1,  (2.5.9)

with yo taken as the initial condition. However, since (2.5.6) is a two-step
method, we also need to supply y; in order to start the process, and we will
take y1 to bgghe exact solution (2.5.8) at z = h:

g =de 4 1, (2.5.10)

If, for any fixed h > 0, we now generate the sequence {y,} by (2.5.9) and
(2.5.10), we will see that |y,] — oo as n — oo, rather than mirroring the
behavior as £ — oo of the solution (2.5.8) of the differential equation. Thus
the method (2.5.6), although second-order accurate, exhibits unstable behavior
and we next wish to address why this is so.

Difference Equations

It is relatively easy to analyze the behavior of the sequence {y,} generated
by (2.5.9) by viewing (2.5.9) as a difference equation. The theory of difference
equations parallels that of differential equations, and we will sketch the basic
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parts of this theory in the case of linear difference equations of order m with
constant coefficients; such an equation is of the form

Yn+l = Qm¥Yn + -+ + G1Yn—m+1 + Qo, n=m-1lmm+1,..., (2.5.11)
with given constants ag, a1,...,am. The homogeneous part of (2.5.11) is
Yn+l = OmYn + - + QYn—m+1. (2512)

By analogy with differential equations, we attempt to find an exponential type
solution of (2.5.12), only now the exponential takes the form y; = A¥ for some
unknown constant A. We see that yr = AF indeed is a solution of (2.5.12)
provided that A satisfies

A — g AT — o — gy =0, (2.5.13)

which is the characteristic equation of (2.5.12). If we assume that the m roots
ALy -+ Am of (2.5.13) are distinct, then the fundamental solutions of (2.5.12)

are A¥ ..., Ak and the general solution of (2.5.12) is
m
ye= Y cM, k=01, (2.5.14)
i=1

where the c; are arbitrary constants. A particular solution of (2.5.11) is given
by
ag

= 2.5.1
= (25.15)

Y

provided that the denominator is not zero, as is easily verified. Therefore the
general solution of (2.5.11) is the sum of (2.5.14) and (2.5.15):

m
=Y Al + 9o . k=0,1.... (2.5.16)
i=1

l—a1—--—am

The arbitrary constants in (2.5.16) can be determined - just as for dif-
ferential equations — by imposing additional conditions on the solution. In
particular, suppose we are given the initial conditions

Yo, ¥Y1,-- s Ym—1- (2517)
Then (2.5.16) requires that
i Q
S ek + 0 =y, k=0,1,...m—1, (2.5.18)
= l—ar—--—an
which is a system of m linear equations in the m unknowns cy,...,cnm, and

can be used to determine the c;.
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We now apply this theory to the difference equation (2.5.9), which we write
in the form

Yn+1 = —4hyn +Yn—1 +2h, yo=1, y1 =2 P + 1. (2.5.19)
The characteristic equation (2.5.13) is A% + 4hA — 1 = 0 with roots
A= —2h+V1+4R2, Ay =—2h—/1+4h2, (2.5.20)
The conditions (2.5.18) then become
c1+02+%=y0=1, cl)\1+c2/\2+%=y1=%6_2h+%,
which can be solved for ¢; and ¢; to give
1 1
o =1+ ZI—I\/?F—TJ;:: cp=1- % (2521

Thus the solution of (2.5.19) is

Yn = c1(=2h + V1 + 4h2)" + ca(—2h — /1 + 4h2)" + 1. (2.5.22)

Although this representation of the solution is perhaps a little formidable, it
allows us to see very easily the behavior of y, as n — oo. In particular, for
any fixed step size h > 0, it is evident that

0<-2h++1+4h2 < 1, 2h +V1+4h2 > 1.

Therefore the first term in (2.5.22) tends to zero, while the second tends to
infinity, in an oscillatory way, as n tends to infinity. Since the exact solution
2.5.8) of the differential equation tends to 1/2 as z tends to infinity, we see
that the error in the approximate solution {y,} diverges to infinity, and the
method (2.5.9) is unstable applied to the problem (2.5.7). Note that this
divergence of the error has nothing to do with rounding error; (2.5.22) is the
exact mathematical representation of y,, and if the sequence (2.5.19) were
-omputed in exact arithmetic it would correspond precisely with that given by
2.5.22).

Stability of Methods

From the preceding example it is clear that an important property of a
—ethod is that it be stable in some sense. The most basic definition of stability
~ay be given in terms of the general method (2.4.22):

m
Yntl = Zaiyn+1—i + A (Tnt1s- s Tndlom: Ynt1s -+ Ynti-m). (2.5.23)

=1
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The method (2.5.23) is stable provided that all roots A; of the polynomial
pPA) =A™ —aA™ =~y (2.5.24)

satisfy |\;| < 1, and any root for which |A;| = 1 is simple. The method is
strongly stable if, in addition, m — 1 roots of (2.5.24) satisfy |A;| < 1. (We note
that some authors use the terms weakly stable and stable in place of stable and
strongly stable.)

Any method that is at least first-order accurate must satisfy the condition
Yoimia; = 1, so that 1 is a root of (2.5.24). In this case, a strongly stable
method will then have one root of (2.5.24) equal to 1 and all the rest strictly
less than 1 in absolute value. For Runge-Kutta methods, p(A) = A — 1 since
the method is one-step; hence there are no roots of (2.5.24) besides the root
)\ = 1, and these methods are always strongly stable. For an m-step Adams
method, p(A) = A™ — A™~1 s0 the other m — 1 roots of (2.5.24) are zero, and
these methods also are strongly stable.

For the method (2.5.6), the polynomial (2.5.24) is p(A) = A% — 1 with roots
+1; hence this method is stable but not strongly stable, and it is this lack of
strong stability that gives rise to the unstable behavior of the sequence {yx}
defined by (2.5.19). The reason for this is as follows. The difference equation
(2.5.19) is second order (since Yn+1, Yn, and yn—1 appear in the equation)
and has two fundamental solutions, AT and A}, where A; and A, are the roots
(2.5.20). The sequence {yx} generated by (2.5.19) is meant to approximate the
solution of the differential equation (2.5.7), which is a first-order equation with
only one fundamental solution. This fundamental solution is approximated by

?; A2 is spurious and should rapidly go to zero. However, for any h > 0,
[A2| > 1, and hence A} tends to infinity and not zero; it is this that causes
the instability. Now, note that A; and As converge to the roots of the stability
polynomial (2.5.24) as h — 0; indeed, this polynomial is just the limit, as
h — 0, of the characteristic polynomial A2 + 4hA — 1 of (2.5.19). The idea of
strong stability now becomes more evident. If all the roots except one of the
stability polynomial are less than 1 in magnitude, then all but one of the roots
of the characteristic equation of the method must be less than 1 for sufficiently
small h; hence powers of these roots — the spurious fundamental solutions of
the difference equation — tend to zero and cause no instability.

The stability theory that we have just discussed is essentially stability in
the limit as h — 0, and the example of instability that we gave shows what
can happen for arbitrarily small A if the method is stable but not strongly
stable and the interval is infinite. On a finite interval, a stable method will
give accurate results for sufficiently small h. On the other hand, even strongly
stable methods can exhibit unstable behavior if b is too large. Although in
principle A can be taken sufficiently small to overcome this difficulty, it may
be that the computing time then becomes prohibitive. This is the situation
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with differential equations that are known as stiff, and we shall conclude this
section with a short discussion of such problems.

Stiff Equations
Consider the equation

y' = —100y + 100, y(0) = yo. (2.5.25)
The exact solution of this problem is
y(z) = (yo — 1)e™1%%% + 1. (2.5.26)

It is clear that the solution is stable, since if we change the initial condition to
yo + € the solution changes by ee~190%, Euler’s method applied to (2.5.25) is

Yn+1 = Yn + h(—100y, + 100) = (1 — 100h)yy, + 100h, (2.5.27)
and the exact solution of this first-order difference equation is
Yn = (3o — 1)(1 — 100R)™ + 1. (2.5.28)

For concreteness, suppose that yo = 2 so that the exact solutions (2.5.26) and
{2.5.28) become
y(z) = e~100% 4 1, (2.5.29)

yn = (1 = 100R)™ + 1. (2.5.30)

Now, y(z) decreases very rapidly from yg = 2 to its limiting value of 1;
for example, y(0.1)=1 + 5 x 1075, Initially, therefore, we expect to require a
small step size h to compute the solution accurately. However, beyond, say,
r = 0.1, the solution varies slowly and is essentially equal to 1; intuitively
we would expect to obtain sufficient accuracy with Euler’s method using a
relatively large h. However, we see from (2.5.30) that if b > 0.02, then |1 —
100k| > 1 and the approximation y, grows rapidly at each step and shows
an unstable behavior. If we compare the exact solutions (2.5.29) and (2.5.30),
we see that the particular solutions of (2.5.25) and (2.5.27) are identical (and
equal to 1). The quantity (1 — 100h)™ is an approximation to the exponential
term e~199% and is, indeed, a good approximation for small A but rapidly
becomes a poor approximation as A becomes as large as 0.02. Even though this
exponential term contributes virtually nothing to the solution after x = 0.1,
Euler’s method still requires that we approximate it with sufficient accuracy
ro maintain stability. This is the typical problem with stiff equations: the
solution contains a component that contributes very little to the solution,
Hut the usual methods require that it be approximated accurately in order to
maintain stability.
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This problem occurs very frequently in systems of equations. For example,
consider the second-order equation

y" + 101y’ + 100y = 0. (2.5.31)

As discussed in Appendix 1, we can convert (2.5.31) to an equivalent system
of two first-order equations, but it is sufficient for our purposes to treat it in
its second-order form. The general solution of (2.5.31) is

y(z) = c1710% + cpe7?,

and if we impose the initial conditions
y(0) = 1.01, y'(0) = -2,

the solution is
y(z) = 155710 4 &7, (2.5.32)

Clearly, the first term of this solution contributes very little after x reaches a
value such as x = 0.1. Yet we will have the same problem as in the previous
example if we apply Euler’s method to the first-order system corresponding
to (2.5.31); that is, we will need to make the step size sufficiently small to
approximate e~100% accurately even though this term contributes very little to
the solution. This example illustrates the essence of the problem of stiffness
in systems of equations. Usually the independent variable in such problems is
time and the physical problem that is being modeled has transients that decay
to zero very rapidly, but the numerical scheme must cope with them even after
they no longer contribute to the solution.

The general approach to the problem of stiffness is to use implicit methods.
It is beyond the scope of this book to discuss this in detail, and we will only
give an indication of the value of implicit methods in this context by applying
one of the simplest such methods to the problem (2.5.25). For the general
equation ¥’ = f(x,y), the method ‘

Yn+1 = Yn + hf(zn+17 yn+1) (2‘5.33)

is known as the backward Euler method. It is of the same form as Euler’s
method except that f is evaluated at (Zp41,Yn+1) rather than at (z,,yn);
hence the method is implicit. If we apply (2.5.33) to (2.5.25), we obtain

Yn+l = Yn + h(—lOOyn.H + 100), (2.5.34)
which can be put in the form

Yns1 = (1 + 100R) " (y, + 100h). (2.5.35)
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The exact solution of the difference equation (2.5.35) is
yn = (yo — 1)(1 +100A)™" + 1, (2.5.36)

as is easily verified (Exercise 2.5.10). In particular, for the initial condition
yo = 2, which was treated previously, (2.5.36) becomes

1

= m— +1, (2537)

Yn

and we see that there is no unstable behavior regardless of the size of h. Note
that with Euler’s method we are attempting to approximate the solution by
a polynomial, and no polynomial (except 0) can approximate e™* as z — oo.
With the backward Euler’s method we are approximating the solution by a
rational function, and such functions can indeed go to zero as r — oo.

The backward Euler method, like Euler’s method itself, is only first-order
accurate, and a better choice would be the second-order Adams-Moulton method
(2.4.10):

h
Yn+1 = Yn + §[fn + f(l'n-i—layn-}»l)]v (2.5.38)

which is also known as the trapezoid rule. The use of this method on (2.5.25)
is left to Exercise 2.5.13.

The application of an implicit method to (2.5.25) was deceptively simple
since the differential equation is linear and hence we could easily solve for
Yn+1 in (2.5.34). If the differential equation had been nonlinear, however, the
method would have required the solution of a nonlinear equation for y,+; at
each step. More generally, for a system of differential equations the solution
of a system of equations (linear or nonlinear, depending on the differential
equations) would be needed at each step. This is costly in computer time, but
the effective handling of stiff equations requires that some kind of implicitness
be brought into the numerical method.

Supplementary Discussion and References: 2.5

There is a vast literature on the theory of stability of solutions of differential
equations. For a readable introduction, see LaSalle and Lefschetz [1961].

We have given the basic result for linear difference equations with constant
coefficients only for the case where the roots of the characteristic equation are
distinct. If there are multiple roots, then polynomial terms in n enter the
solution in a manner entirely analogous to that for differential equations. For
more discussion of the theory of linear difference equations, see, for example,
Ortega [1987].

The method (2.5.6) arises in a natural way by differentiation of an inter-
solating polynomial; for the derivation, see Henrici [1962, p. 219].
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The basic results of the theory of stability of multistep methods were de-
veloped by G. Dahlquist in the 1950s; for a detailed treatment of this theory,
see Henrici [1962]. Since then there have been a number of refined definitions
of stability; in particular, the terms stiffly-stable and A-stable deal with types
of stability needed for methods to handle stiff equations. For more on differ-
ent definitions of stability, see, for example, Gear [1971], Lambert [1973], and
Butcher [1987].

There are a number of codes available for solving stiff equations. One of the
best is the VODE package of Brown, Byrne, and Hindmarsh {1989], which may
also be used for problems which are not stiff. For stiff equations a so-called
Backward Differention Formula (BDF) implicit method is used, which is of the
general form (2.4.17) with 3; = 0 for ¢ > 0.

EXERCISES 2.5

2.5.1. By letting z = ¢, show that the problem (2.5.1), (2.5.2) is equivalent to the
first-order system y’ = z, 2z’ = 10z + 11y, with initial conditions y(0) = 1 and
z(0) = —1. Attempt to solve this system numerically by any of the methods
of this chapter and discuss your results.

2.5.2. Attempt to solve the problem (2.5.5) numerically by any of the methods of
Sections 2.2 or 2.4 and discuss your results.

2.5.3. Verify that the method (2.5.6) is second-order accurate.

2.5.4. Carry out the algorithm (2.5.9), (2.5.10) numerically for various values of A.
Discuss your results.

2.5.5. Solve the difference equation yn4+1 = %yn + Yn—-1, Yo = ¥1 = 1, in terms of
the roots of its characteristic equation. Discuss the behavior of the sequence
{yn} as n — oo.

2.5.6. Find a value of y1 such that the resulting solution of (2.5.9) with yo = 1 tends
to zero as n tends to infinity. Write a program to carry out (2.5.9) with y;
given in this way as well as by (2.5.10). Discuss your results.

2.5.7. Consider the method yrn41 = yn—3 + (4h/3)(2fr — frn—1 + 2fn—2), which is
known as Milne’s method. Ascertain whether this method is stable and strongly
stable.

2.5.8. Write a program to carry out Euler’s method (2.5.27) for different values of
h both less than and greater than 0.02. Discuss your results.

2.5.9. The system ¢y’ = z, 2’ = —100y — 101z is the first-order system equivalent to
the second-order equation (2.5.31). Using the initial conditions y(0) = 2 and
2(0) = —2, apply Euler’s method to this system and determine experimentally
how small the step size A must be to maintain stability. Attempt to verify
analytically your conclusion about the size of h.
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