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Chapter 1

Introduction

In this course, we will be developing a formalism for quantum systems with many
degrees of freedom. We will be applying this formalism to the ~ 10 electrons and
ions in crystalline solids. It is assumed that you have already had a course in which
the properties of metals, insulators, and semiconductors were described in terms of the
physics of non-interacting electrons in a periodic potential. The methods described
in this course will allow us to go beyond this and tackle the complex and profound
phenomena which arise from the Coulomb interactions between electrons and from
the coupling of the electrons to lattice distortions.

The techniques which we will use come under the rubric of many-body physics
or quantum field theory. The same techniques are also used in elementary particle
physics, in nuclear physics, and in classical statistical mechanics. In elementary par-
ticle physics, large numbers of real or virtual particles can be excited in scattering
experiments. The principal distinguishing feature of elementary particle physics —
which actually simplifies matters — is relativistic invariance. Another simplifying fea-
ture is that in particle physics one often considers systems at zero-temperature —
with applications of particle physics to astrophysics and cosmology being the notable
exception — so that there are quantum fluctuations but no thermal fluctuations. In

classical statistical mechanics, on the other hand, there are only thermal fluctuations,
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but no quantum fluctuations. In describing the electrons and ions in a crystalline
solid — and quantum many-particle systems more generally — we will be dealing with
systems with both quantum and thermal fluctuations.

The primary difference between the systems considered here and those considered

in, say, a field theory course is the physical scale. We will be concerned with:
o wT K 1eV
b ’mz _xj‘aé > 1A

as compared to energies in the MeV for nuclear matter, and GeV or even TeV, in
particle physics.

Special experimental techniques are necessary to probe such scales.

e Thermodynamics: measure the response of macroscopic variables such as the

energy and volume to variations of the temperature, volume, etc.

e Transport: set up a potential or thermal gradient, Vi, VT and measure the
electrical or heat current j’, j’Q. The gradients Vi, VT can be held constant or

made to oscillate at finite frequency.

e Scattering: send neutrons or light into the system with prescribed energy, mo-

mentum and measure the energy, momentum of the outgoing neutrons or light.

o NMR: apply a static magnetic field, B, and measure the absorption and emission

by the system of magnetic radiation at frequencies of the order of w. = geB/m.

As we will see, the results of these measurements can be expressed in terms of
correlation functions. Fortunately, these are precisely the quantities which our field-
theoretic techinques are designed to calculate. By developing the appropriate theo-
retical toolbox in this course, we can hope to learn not only a formalism, but also a

language for describing the systems of interest.
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Systems containing many particles exhibit properties — reflected in their correla-
tion functions — which are special to such systems. Such properties are emergent.
They are fairly insensitive to the details at length scales shorter than 1A and en-
ergy scales higher than leV — which are quite adequately described by the equations
of non-relativistic quantum mechanics. For example, precisely the same microscopic
equations of motion — Newton’s equations — can describe two different systems of 10%3

H;0 molecules.

= Y V.V (& — 1)) (1.1)
J#
Or, perhaps, the Schrodinger equation:

2

However, one of these systems might be water and the other ice, in which case the
properties of the two systems are completely different, and the similarity between
their microscopic dsecriptions is of no practical consequence. As this example shows,
many-particle systems exhibit various phases — such as ice and water — which are
not, for the most part, usefully described by the microscopic equations. Instead, new
low-energy, long-wavelength physics emerges as a result of the interactions among
large numbers of particles. Different phases are separated by phase transitions, at
which the low-energy, long-wavelength description becomes non-analytic and exhibits
singularities. In the above example, this occurs at the freezing point of water, where
its entropy jumps discontinuously.

As we will see, different phases of matter are often distinguished on the basis of
symmetry. The microscopic equations are often highly symmetrical — for instance,
Newton’s laws are translationally and rotationally invariant — but a given phase may
exhibit much less symmetry. Water exhibits the full translational and rotational
symmetry of Newton’s laws; ice, however, is only invariant under the discrete transla-

tional and rotational group of its crystalline lattice. We say that the translational and
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rotational symmetries of the microscopic equations have been spontaneously broken.
As we will see, it is also possible for phases (and phase transition points) to exhibit
symmetries which are not present in the microscopic equations.

The liquid — with full translational and rotational symmetry — and the solid —
which only preserves a discrete subgroup — are but two examples of phases. In a liquid
crystalline phase, translational and rotational symmetry is broken to a combination
of discrete and continuous subgroups. For instance, a nematic liquid crystal is made
up of elementary units which are line segments. In the nematic phase, these line
segments point, on average, in the same direction, but their positional distribution is
as in a liquid. Hence, a nematic phase breaks rotational invariance to the subgroup of
rotations about the preferred direction and preserves the full translational invariance.
In a smectic-A phase, on the other hand, the line segments arrange themselves into
evenly spaced layers, thereby partially breaking the translational symmetry so that
discrete translations perpendicular to the layers and continuous translations along
the layers remain unbroken. In a magnetic material, the electron spins can order,
thereby breaking the spin-rotational invariance. In a ferromagnet, all of the spins
line up in the same direction, thereby breaking the spin-rotational invariance to the
subgroup of rotations about this direction while preserving the discrete translational
symmetry of the lattice. In an antiferromagnet, neighboring spins are oppositely
directed, thereby breaking spin-rotational invariance to the subgroup of rotations
about the preferred direction and breaking the lattice translational symmetry to the
subgroup of translations by an even number of lattice sites.

These different phases are separated by phase transitions. Often these phase tran-
sitions are first-order, meaning that there is a discontinuity in some first derivative
of the free energy. Sometimes, the transition is second-order, in which case the dis-
continuity is in the second derivative. In such a transition, the system fluctuates at

all length scales, and new techniques are necessary to determine the bahvior of the
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system. A transition from a paramagnet to a ferromagnet can be second-order.

The calculational techniques which we will develop will allow us to quantitatively
determine the properties of various phases. The strategy will be to write down a
simple soluble model which describes a system in the phase of interest. The system
in which we are actually interested will be accessed by perturbing the soluble model.
We will develop calculational techniques — perturbation theory — which will allow us
to use our knowledge of the soluble model to compute the physical properties of our
system to, in principle, any desired degree of accuracy. These techniques break down
if our system is not in the same phase as the soluble model. If this occurs, a new
soluble model must be found which describes a model system in the same phase or
at the same phase transition as our system. Of course, this presupposes a knowledge
of which phase our system is in. In some cases, this can be determined from the
microscopic equations of motion, but it must usually be inferred from experiment.
Critical points require a new techniques. These techniques and the entire phase
diagram can be understood in terms of the renormalization group.

After dealing with some preliminaries in the remainder of Part I, we move on, in
Part II, to develop the perturbative calculational techniques which can be used to
determine the properties of a system in some stable phase of matter. In Part III, we
discuss spontaneous symmetry breaking, a non-perturbative concept which allows us
to characterize phases of matter. In Part IV, we discuss critical points separating
stable phases of matter. The discussion is centered on the Fermi liquid, which is a
critical line separating various symmetry-breaking phases. We finally focus on one of

these, the superconductor.



Chapter 2

Conventions, Notation, Reminders

2.1 Units, Physical Constants

We will use a system of units in which
h=kp=e=1 (2.1)

In such a system of units, we measure energies, temperatures, and frequencies in
electron volts. The basic rule of thumb is that 1eV ~ 10,000K or 1meV ~ 10K, while
a frequency of 1H z corresponds to ~ 6 x 10715V . The Fermi energy in a typical metal
is ~ 1leV. In a conventional, ‘low-temperature’ superconductor, T, ~ 0.1 — 1lmeV .
This corresponds to a frequency of 10'! — 102 Hz or a wavelength of light of ~ lcm.
We could set the speed of light to 1 and measure distances in (ev)™!, but most of the
velocities which we will be dealing with are much smaller than the speed of light, so
this is not very useful. The basic unit of length is the angstrom, 1A = 10~'%n. The
lattice spacing in a typical crystal is ~ 1 — 10A.

2.2 Mathematical Conventions

Vectors will be denoted in boldface, x,E, or with a Latin subscript z;, E;, 1 =

1,2,...,d. Unless otherwise specified, we will work in d = 3 dimensions. Occasionally,

7
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we will use Greek subscripts, e.g. j,, # = 0,1,...,d where the 0-component is the
time-component as in z, = (¢,2,y, z). Unless otherwise noted, repeated indices are
summed over, e.g. a;b; = a1by + asby + azbs =a-b
We will use the following Fourier transform convention:
o dw - -
t) = / ——f(w)e ™!
10 = [ gl

for = [ amite 2.2)

2.3 Quantum Mechanics

A quantum mechanical system is defined by a Hilbert space, H, whose vectors are

states,

w>. There are linear operators, O; which act on this Hilbert space. These
operators correspond to physical observables. Finally, there is an inner product,
V),
¢> gives a complete description of a system through the expectation values,

w> (assuming that ‘w> is normalized so that <w‘w> = 1), which would be the

which assigns a complex number, <X‘¢>7 to any pair of states, X>‘ A state

vector,
(vlo.

average values of the corresponding physical observables if we could measure them

on an infinite collection of identical systems each in the state ‘1/)>

The adjoint, OF, of an operator is defined according to

(o (0f)

In other words, the inner product between ‘X> and O‘¢> is the same as that between

(o) ) (23)

(’)T‘X> and ‘1/)> An Hermitian operator satisfies
0 =0t (2.4)
while a unitary operator satisfies

00" =010 =1 (2.5)
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If O is Hermitian, then
e (2.6)

is unitary. Given an Hermitian operator, O, its eigenstates are orthogonal,

(¥

OA) = AN

Ay =X (X

) (2.7)

For A #£ X,
(¥

If there are n states with the same eigenvalue, then, within the subspace spanned by

A)=0 (2.8)

these states, we can pick a set of n mutually orthogonal states. Hence, we can use
the eigenstates ‘)\> as a basis for Hilbert space. Any state ‘1/)> can be expanded in
the basis given by the eigenstates of O:

0) = XA:CAW (2.9)

with
ey = (A[v) (2.10)
A particularly important operator is the Hamiltonian, or the total energy, which

we will denote by H. Schrodinger’s equation tells us that H determines how a state

of the system will evolve in time.
z’hg}@ = H|y) (2.11)
ot
If the Hamiltonian is independent of time, then we can define energy eigenstates,
H|E) = E|E) (2.12)

which evolve in time according to:

E(0)) (2.13)
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An arbitrary state can be expanded in the basis of energy eigenstates:

)=

E;) (2.14)

It will evolve according to:

Ejt

(1)) = Yeje "

E;) (2.15)

When we have a system with many particles, we must now specify the states of
all of the particles. If we have two distinguishable particles whose Hilbert spaces are

spanned by the bases

i,1) (2.16)

and

,2) (2.17)

Then the two-particle Hilbert space is spanned by the set:

i,l;oz,2> =

i,1) ®|a,2) (2.18)

Suppose that the two single-particle Hilbert spaces are identical, e.g. the two particles

are in the same box. Then the two-particle Hilbert space is:

i,j>£

If the particles are identical, however, we must be more careful. ’i, j> and

i,1) @

52) (2.19)

7 z> must
be physically the same state, i.e.

i) =¢®ji) (2.20)

Applying this relation twice implies that

Z,j> — 62@@

i,7) (2.21)
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so € = +1. The former corresponds to bosons, while the latter corresponds to
fermions. The two-particle Hilbert spaces of bosons and fermions are respectively

spanned by:

i,5) + i) (2.22)

and

ij) -

The n-particle Hilbert spaces of bosons and fermions are respectively spanned by:

jii) (2.23)

Z‘Zﬁ (1)« - Zﬂ(n > (2.24)

and

>_ (=17

™

in(1)s - - - ,z,r(n)> (2.25)

In position space, this means that a bosonic wavefunction must be completely sym-

metric:
(X1, Ty e Ty ) = (T1, o Ty Ty, Ty (2.26)

while a fermionic wavefunction must be completely antisymmetric:

V(@1 Ty T X)) = —(T, T Ty, X)) (2.27)

2.4 Statistical Mechanics

In statistical mechanics, we deal with a situation in which even the quantum state
of the system is unknown. The expectation value of an observable must be averaged

over:
= S i[0]i) (2.28)

where the states |i) form an orthonormal basis of H and w; is the probability of being

in state |i). The w;’s must satisfy > w; = 1. The expectation value can be written in
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a basis-independent form:

(O) =Tr{p0O} (2.29)

where p is the density matrix. In the above example, p = >, w;|é)(i|. The condition,

> w; =1, i.e. that the probabilities add to 1, is:
Tr{p} =1 (2.30)

We usually deal with one of three ensembles: the microcanonical emsemble, the
canonical ensemble, or the grand canonical ensemble. In the microcanonical ensemble,
we assume that our system is isolated, so the energy is fixed to be E, but all states

with energy E are taken with equal probability:
p=Cd6(H—E) (2.31)

C' is a normalization constant which is determined by (2.30). The entropy is given

by,
S=—InC (2.32)

Recall that the inverse temperature, 3, is given by 5 = 0S/0FE. and the pressure, P,
is given by P = T0S/0V, where V is the volume of the system.
In the canonical ensemble, on the other hand, we assume that our system is in

contact with a heat reservoir so that the temperature is constant. Then,
p=Ce Pl (2.33)

It is useful to drop the normalization constant, C', and work with an unnormalized

density matrix so that we can define the partition function:
Z =Tr{p} (2.34)
Z is related to the free energy, F', through:

F=-ThZ (2.35)
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which, in turn, is related to S, P through
oOF
aT
OF

- (2.36)

The chemical potential, x is defined by

where N is the particle number.
In the grand canonical ensemble, the system is in contact with a reservoir of heat

and particles. Thus, the temperature and chemical potential are held fixed and
p = Ce PH-1N) (2.38)
If we again work with an unnormalized density matrix, we have:

PV =TInTr{p} (2.39)
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Chapter 3

Phonons and Second Quantization

3.1 Classical Lattice Dynamics

Consider the lattice of ions in a solid. Suppose the equilibrium positions of the ions are

the sites RZ Let us describe small displacements from these sites by a displacement

—

field @(R;). We will imagine that the crystal is just a system of masses connected by
springs of equilibrium length a.

At length scales much longer than its lattice spacing, a crystalline solid can be

—

modelled as an elastic medium. We replace u(R;) by u(7) (i.e. we replace the lattice

vectors, 13%, by a continuous variable, 7). Such an approximation is valid at length

scales much larger than the lattice spacing, a, or, equivalently, at wavevectors ¢ <

27 /a.
L S 4 * @
o o o
& [ J [

*
L]
L
L
L]

[ ]
[ ]
[ 2
[}

Rt u(Ri) r+u(r)

Figure 3.1: A crystalline solid viewed as an elastic medium.
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The potential energy of the elastic medium must be translationally and rotation-
ally invariant (at shorter distances, these symmetries are broken to discrete lattice
symmetries, but let’s focus on the long-wavelength physics for now). Translational
invariance implies V[ + @] = V[i], so V' can only be a function of the derivatives,
O;uj. Rotational invariance implies that it can only be a function of the symmetric
combination,

N —

There are only two possible such terms, u;;u;; and u3, (repeated indices are summed).

A third term, wugg, is a surface term and can be ignored. Hence, the action of a

crystalline solid to quadratic order, viewed as an elastic medium, is:
1

where p is the mass density of the solid and p and A are the Lamé coefficients. Under
a dilatation, @(7) = ar, the change in the energy density of the elastic medium is
@*(X\ 4 2p/3)/2; under a shear stress, u, = ay,u, = u, = 0, it is &®u/2. In a crystal
— which has only a discrete rotational symmetry — there may be more parameters
than just u and A, depending on the symmetry of the lattice. In a crystal with cubic
symmetry, for instance, there are, in general, three independent parameters. We will

make life simple, however, and make the approximation of full rotational invariance.

3.2 The Normal Modes of a Lattice

Let us expand the displacement field in terms of its normal-modes. The equations of

motion which follow from (3.2) are:

The solutions,

wi(7,t) = ¢ e FTen (3.4)
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where is a unit polarization vector, satisfy
—per = — (n+ A) ki (kje;) — pke; (3.5)

For longitudinally polarized waves, k; = ke;,

2 A
W= [T = (3.6)
P
while transverse waves, kje; = 0 have
wh = j:\/Ek = ok (3.7)
p

Hence, the general solution of (3.3) is of the form:

1 (T s (B ®
6? (a]z,sez(k:.r—wkt) + CLJL e—z(k-r—wkt)) (38)

u; (7, t) =
’L( ) %; /2pwz k,s
s = 1,2,3 corresponds to the longitudinal and two transverse polarizations. The
normalization factor, 1/,/2pw;, was chosen for later convenience.

The allowed k values are determined by the boundary conditions in a finite system.

For periodic boundary conditions in a cubic system of size V = L3, the allowed ks

are 27” (n1,n2,n3). Hence, the k-space volume per allowed k is (27)3/V. Hence, we

can take the infinite-volume limit by making the replacement:

SI® = G0 @
_ (2‘;)3 / &K (k) (3.9)

It would be natural to use this in defining the infinite-volume limit, but we will,

instead, use the following, which is consistent with our Fourier transform convention:

&k 1
2 — s, . Ji(kT—wit) T —i(k-F—wit)
ui(7,t) = /(27r)3/2 Es T €; (ak’se it ag e k ) (3.10)
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3.3 Canonical Formalism, Poisson Brackets

The canonical conjugate to our classical field, u;, is

T = ~ = PO (3.11)
The Hamiltonian is given by

H = [drmow - L
— L e[ p0m)? + 2 Auj
= 3 r [P( )"+ 2puiug + Ukk]
1 1
Let us define the functional derivative,

5 [ 4. OF OF
= -2 1
577/ dTF) an  9(9m) (3:13)

Then the equation of motion for 7; can be written

0H

Oy = — 5, (3.14)
while
O0H
o 1
atuz 577'1‘ (3 5)

From these equations, we see that it is natural to define the Poisson brackets:

SUSYV  SU SV
_ 3= o
[U,V]pp = /d 7 <5ui il . (m) (3.16)
With this definition,
[u; (7), wi(r7)]pp = 0 (F — 7) (3.17)

and

Omy = [Wi,H]PB
8tul- = [ui,H]pB (318)
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As we will see shortly, the normalization chosen above for the normal mode ex-

pansion of u;(7) is particularly convenient since it leads to:
(g al, Jpp = =0, (k—#) (3.19)

When we quantize a classical field theory, we will promote the Poisson brackets

to commutators, [, ]pg — @[, ].

3.4 Motivation for Second Quantization

The action (3.2) defines a classical field theory. It has 3 degrees of freedom per
spatial point — i.e. it has infinitely many degrees of freedom. This is a consequence
of the continuum limit which we took. A real finite-size sample of a solid has a finite
number of degrees of freedom: if there are IV ions, there are 3N degrees of freedom,
71,79, ...,Tny. However, it is extremely convenient to take the continuum limit and
ignore the difference between 3N and oco. Furthermore, we will also be concerned with
the electromagnetic field, E = —Vp — thf, B =V x ff, which does have infinitely
many degrees of freedom (2 per spatial point when gauge invariance is taken into
account). By going to the continuum limit, we can handle the electromagnetic field
and an elastic medium in a parallel fashion which greatly facilitates calculations. We
thereby make a transition from classical particle mechanics (with a discrete number
of degrees of freedom) to classical field theory (with continuously many degrees of

freedom):

a < T (3.20)

At the quantum level, we will be dealing with wavefunctionals of the form W[u(7)]

or W[A()] rather than ¢(F, 7, ..., 7y). The coordinates 7 are no more than indices
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(but continuous ones) on the fields. Hence, the operators of the theory will be u(7),
0yii(7) or A(F), 8,A(F) rather than 7, f,.

In this approach, the basic quantities will be the normal modes of the displacement
field, rather than the ionic coordinates. As we will see below, the collective excitations
of an elastic medium are particle-like objects — phonons — whose number is not fixed.
Phonons are an example of the quasiparticle concept. In order to deal with particles
whose number is not fixed (in contrast with the ions themselves, whose number is

fixed), we will have to develop the formalism of second quantization. !

3.5 Canonical Quantization of Continuum Elastic

Theory: Phonons

3.5.1 Review of the Simple Harmonic Oscillator

No physics course is complete without a discussion of the simple harmonic oscillator.
Here, we will recall the operator formalism which will lead naturally to the Fock space
construction of quantum field theory.

The harmonic oscillator is defined by the Hamiltonian,
H= lw <p2 + q2) (3.21)
2
and the commutation relations,
[p,q] = —i (3.22)
We define raising and lowering operators:

a=(q+ip)/V2
a' = (q—ip) /V2

'In a relativistic theory, one must always deal with particles whose number is not fixed since
there is always the possibility of pair creation, at least as a virtual process.
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(3.23)
The Hamiltonian and commutation relations can now be written:
T 1
H = w <a a-+ 5)
[a,al] = 1 (3.24)
The commutation relations,
[H,a'] = wa'
[H,a] = —wa (3.25)
imply that there is a ladder of states,
Hd'|E) = (E +w)d'|E)
Ha|E) = (F —w)alE) (3.26)

This ladder will continue down to negative energies (which it can’t since the Hamil-

tonian is manifestly positive definite) unless there is an Ey > 0 such that
alEy) =0 (3.27)

Such a state has Ey = w/2.
We label the states by their afa eigenvalues. We have a complete set of H eigen-
states, |n), such that
Hln) =w (n+ %) In) (3.28)
and (a")"|0) o< |n). To get the normalization, we write a'|n) = c,|n + 1). Then,
leal” = (nlaa’|n)

= n+1 (3.29)
Hence,

alln) = Vn+1jn+1)
aln) = nln—1) (3.30)
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3.5.2 Fock Space for Phonons
A quantum theory is made of the following ingredients:
e A Hilbert Space H of states ‘w) € H.
e Operators O; on ‘H, corresponding to physical observables.

e An Inner Product (X‘w) which must be defined so that O; is Hermitian with

respect to it if the corresponding physical observable is real.

In order to construct these objects for an elastic medium — thereby quantizing our
classical field theory — we employ the following procedure. We replace the classical

variables, u;, m; by quantum operators satisfying the canonical commutation relations:

[wi (Z,1) ,u; (T, 0)) = [ (2, 1) 7y (7, 4)] = 0

We can now define the operators aj; , a%s according to:

37 . i .
aps = 5 €\/2pwi / ) <uz (7,0) + —Satui (x,O)) ek

W
al%,s - V 2pwk /73/2 (ul (57 O) - W_k atuz ( 70)> eiik.f (332)

These expressions can be inverted to give the normal-mode expansion, (9.72). Using
m; = pOyu;, and the above commutation relations, we see that aj , and aj;s satisfy the

commutation relations:

L 7
L oaf _
|:a/k;757 aE/,S’] - 2 wkwk/ 6 / 27T 3/2 27T)3/2

Ku @0 + = o (f, 0)) o (W (7.0) = o, (7, o)) ek]

1

27

lwi Opu; (%,0), u; (27, O)D

k

&L pe i - i "
= wiwy € / o) 3/2 )i e w; (Z,0), o O (3: ,O) +
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U o s & 3z a3z 1 1 o ON Rd—iR
= ay/wkwk/ei €; /(27r)3/2/(27r)3/2 ( +7> 050 (x—x/) e

48
Wk, Wk/

= Ou 6 (k— K
We can similarly show that

{@,;78,@,;,78,} = [CLTE’S,&TE,’S,} =0 (3.34)
We can re-write the Hamiltonian, H, in terms of aj  and &TES by substituting
(9.72) into (3.12).

H = % % <&E7S&E7362wit (—p(wp)® + pk* + 0+ X ) k?)
+ agaf (p(w)) + k4 8 (p+ X )R)
+ a%sa,g’s (p(w,‘f&.)2 + pk? + (551(u + )\)IcQ)

+ab ol @0 (<p(wi)’ + pk? + 0 (1 + A)k?))

L i i
= 5 /d sz (CLE’S&ES + aE,SaEVS)

- 1
= [@Fe (aj;sa,as + 55(0)) (3.35)

Hence, the elastic medium can be treated as a set of harmonic oscillators, one for

cach k. There is a ground state, or vacuum state, |0) which satisfies:
ks |0) = 0 (3.36)
for all k, s. The full set of energy eigenstates can built on the vacuum state:
(af, o) (aly.n)™ - (al,0,)" 10) (3.37)

The Hilbert space spanned by these states is called Fock space. We demand that the
states of the form (3.37) are an orthogonal basis of Fock space, thereby defining the
inner product. The state (3.37), which has energy

Z Wk, s, (338)

/

-
!

(3.33)



Chapter 3: Phonons and Second Quantization 24

can be thought of as a state with ny phonons of momentum k; and polarization sq; ns

phonons of momentum k, and polarization s;...; n; phonons of momentum £; and
T

polarization s;. The creation operator a;, . creates a phonon of momentum k; and
polarization s; while the annihilation operator ay, s, annihilates such a phonon. At the
quantum level, the normal-mode sound-wave oscillations have aquired a particle-like
character; hence the name phonons.

You may have observed that the above Hamiltonian has an infinite constant. This
constant is the zero-point energy of the system; it is infinite because we have taken the
continuum limit in an infinite system. If we go back to our underlying ionic lattice,
we will find that this energy, which is due to the zero-point motion of the ions, is
finite. The sum over k really terminates when wy is the Debye energy. For the most
part, we will not be interested in this energy (see, however, the problem set), so we
will drop it. This can be done by introducing the notion of a normal-ordered product,
which will be useful later. The normal-ordered product of a set of aLivSi’s and ay; s;’s

is the product with all of the a,zivsz_’s to the left and all of the ay, s,’s to the right. It

is denoted by a pair of colons. For example,

. T T
DOk, 5 Qkayso - = Ay 1 Akey, 51 Qkeg,s9 (339)

Since creation operators commute with one another and annihilation operators do
as well, we do not need to speficy their orderings. Hence in the above example, the
ordering of ag, 5, and ay, s, above is unimportant. The normal ordered product can
be defined for any free fields, i.e. for any fields which can be expanded in creation
and annihilation operators with time-dependence of the form (9.72). Suppose A is
such an operator. Then we can always write A = A®) + A) where A™) is the part
of the expansion of A which contains positive frequencies, ! and A is the part
which contains the negative frequencies. Normal-ordering puts the A)’s to the left

and the A)’s to the right. If we define the quantum Hamiltonian to be : H :, then
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we eliminate the zero-point energy.

The divergent zero-point energy is the first of many ultra-violet divergences which
we will encounter. They occur when we extend the upper limit of k-integrals to
infinity. In fact, these integrals are always cutoff at some short length scale. In most
of the problems which we will be discussing in this course, this cutoff is the inverse
of the lattice scale. In the above example, this is the wavevector corresponding to
the Debye energy. When we turn to electrons, the cutoff will be at a scale of electron
volts. When field theory is applied to electrodynamics, it must be cutoff at the scale

at which it becomes unified with the weak interactions, approximately 100GeV .

3.5.3 Fock space for He* atoms

We can use the same formalism to discuss a system of bosons, say He* atoms. This
is particularly convenient when the number of He* atoms is not fixed, as for instance
in the grand canonical ensemble, where the chemical potential, u, is fixed and the
number of particles, NV, is allowed to vary.

Suppose we have a He* atom with Hamiltonian

P2
H=— 3.40
o (3.40)
The energy eigenstates |E> have energies and momenta
H|k) = —I|k
Jj g@| )
Plk) = k|k) (3.41)
They are orthogonal:
(K'|Ky =6k —K) (3.42)
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Plky, ky) = (El + E2) ) (3.43)

satisfying
(ky, kaks, ks) = 6(ky — k3) 0(ky — ky) + 6(ky — ky) (ks — ks) (3.44)
We can continue in this way to 3-particle, 4-particle,. .., etc. states. There is also a

no-particle state: the vacuum, |0).

The Hilbert space spanned by all of these states is Fock space. We can define

creation and annihilation operators aL, ay, satisfying:

|:U/]2’ alt:’:| (k )
a7, 05| = |al,al,] =0 (3.45)
so that
k) = all0)
k
|E1,IZ2> == CLIEICL21|O>
etc. (3.46)
Writing

H = /d3Ewk at@,;
_ 3 E ala
P = / &R R alag (3.47)
where w;, = k?/2m, we see that we recover the correct energies and momenta. From
the commutation relations, we see that the correct orthonormality properties (3.42)

(3.44) are also recovered.

We can now construct the fields, (), ¥(z):

dSIZ —i(wpt—k-T
U(x) = /W%e (ont=ee)
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Bk

V(@) = [ G ope (3.49
¥ (x) satisfies the equation:
0 1
i (z) = — 5 V() (3.49)

In other words, suppose we view the Schodinger equation as a classical wave equation
— analogous to the wave equation of an elastic medium (3.3) — which can be derived
from the action
0 1
S:/ﬁfffi—-——VQ 3.50
YHlig+5 V7)Y (3.50)
Then, we can second quantize this wave equation and arrive at the Fock space de-

scription.



Chapter 4

Perturbation Theory: Interacting

Phonons

4.1 Higher-Order Terms in the Phonon Lagrangian

The second quantization procedure described in the previous chapter can be immedi-
ately applied to any classical field theory which has a Lagrangian which is quadratic
in its basic fields. However, most systems have Lagrangians with higher-order terms.
For instance, there are certainly terms in the phonon Lagrangian which we have ne-
glected which are cubic, quartic, and higher-order in the displacement fields, u;. An

example of a phonon Lagrangian with such a term included is
g 3 = 4
The Hamiltonian corresponding to (4.1) is:

1 1

We use this phonon Lagrangian as an illustrative example; it is not intended to be a

realistic phonon Lagrangian.

28
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(Classically, the presence of such terms means that different solutions can no longer
be superposed. Hence, there is no normal mode expansion, and we cannot follow
the steps which we took in chapter 2. When ¢ is small, we can, however, hope to
use perturbation theory to solve this Hamiltonian. In this chapter, we develop a
perturbation theory for H’ using the solution of H, presented in chapter 2. As we
will see, higher-order terms in the phonon Lagrangian lead to interactions between
the phonons which cause them to scatter off each other.

In order to facilitate the construction of the perturbation theory, we will need
several technical preliminaries: the interaction picture, the time-ordered product,

and Wick’s theorem.

4.2 Schrodinger, Heisenberg, and Interaction Pic-
tures

In the Schrédinger picture, states evolve in time according to:

s [0(1) = HH) [b(1)), (4.3)

while operators are time-independent unless they have explicit time dependence. For
example, if we have a particle in 1D, p and = do not depend on time, but we can
switch on a time-dependent driving force in which case the Hamiltonian, H(t) =
p?/2m + x coswt, is time-dependent. The time-evolution operator, U(t,t') acts on

states in the following way:

(), = U t)]o()), (4.4)

It satisfies the equation

D :
i Ut t) = HOUt, 1) (4.5)
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subject to the initial condition, U(t,¢) = 1. If H is time-independent, then
Ut t') = e tOH (4.6)
In the Heisenberg picture, on the other hand, states are time-independent,

(1)), = [¥(0)), = [¥(0)), (4.7)

while operators contain all of the time-dependence. Suppose Og(t) is an operator
in the Schrodinger picture (we have allowed for explicit time dependence as in H ()

above). Then the corresponding Heisenberg picture operator is:
Ox(t) = U(0,1) Os(t) (U(0, 1)) (4.8)

Finally, we turn to the interaction picture, which we will use extensively. This
picture can be defined when the Hamiltonian is of the form H = Hy + H' and H,
has no explicit time-dependence. The interaction picture interpolates between the

Heisenberg and Schrodinger pictures. Operators have time-dependence given by Hy:
O;(t) = e Og(t) e~ Ho (4.9)

This includes the interaction Hamiltonian, H’ which now has time-dependence due
to Hoi
Hi(t) = e [ (t) e~ "Ho (4.10)

(We will drop the prime and simply call it H;.) The states lack this part of the

time-dependence,
_ _itH
(1)), = e () (4.11)
Hence, states satisfy the differential equation

0 mm
in [0(0), = i (¢ ]u),)

— 6z‘tHo (_HO +HS) ‘¢(t)>5
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— eitHo Hé(t) e—itHo

v(t)),

= Hi(t) (1)), (4.12)

We can define an Interaction picture time-evolution operator, U;(t,t'), satisfying
0

za Ur(t,t') = Hi(t) Up(t, 1) (4.13)

which evolves states according to

w(1)), = Uit 1)

u(t)), (4.14)

4.3 Dyson’s Formula and the Time-Ordered Prod-
uct

If we can find Uj(¢,t'), then we will have solved to full Hamiltonian Hy 4+ H’, since
we will know the time dependence of both operators and states. A formal solution

was written down by Dyson:
Ur(t,t) = T{eift/dt”H’(t”)} (4.15)

where the time-ordered product, T, of a string of operators, O;(t1)Oa(tz)...On(t,),
is their product arranged sequentially in the order of their time arguments, with

operators with earlier times to the right of operators with later times:

T{O:(t1)Oz(t2) ... On(tn)} = Oy (tiy)O04(ti,) ... 0; (ti)

if t;, >t,, >...>1 (4.16)

There is some ambiguity if ¢; = ¢; and O(t;) and O(t;) do not commute. In (4.15),
however, all of the O;’s are H;, so we do not need to worry about this.

To see that it satisfies the differential equation (4.13), observe that all operators

commute under the time-ordering symbol, so we can take the derivative naively:

z% T {e—iﬁdt” H1<t”>} =T {Hf(t)e_i i H1<t”>} (4.17)
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Since t is the upper limit of integration, it is greater than or equal to any other t”
which appears under the time-ordering symbol. Hence, we can pull it out to the left:

i% T {e—ifffdt” H1<t”>} — H/(H)T {e—iff/dt” Hf<t”>} (4.18)

With Dyson’s formula in hand, we can — at least in principle - compute transition
amplitudes. For example, let us suppose that we have a system which is in its ground
state, |0). Suppose we perform a neutron scattering experiment in which a neutron
is fired into the system with momentum P at time ' and then interacts with our
system according to H;. The probability (which is the square of the amplitude) for
the system to undergo a transition to an excited state (1| so that the neutron is

detected with momentum P’ at time ¢ is:

(1; P'|Us (¢, 1) 0; P) (4.19)

:

Of course, we can rarely evaluate U;(¢,t') exactly, so we must often expand the

exponential. The first-order term in the expansion of the exponential is:

t
_ / dty Hy(t) (4.20)
t/
Hence, if we prepare an initial state |i) at ' = —oo, we measure the system in a final
state (f| at t = oo with amplitude:
(f|Ur(c0, —o0)|i) = —i<f\[ dt Hy(0)|i) (4.21)

Squaring this, we recover Fermi’s Golden Rule. There is a slight subtlety in that the
t integral leads to an amplitude proportional to §(E; — Ef). This appears to lead
to a transition probability which is proportional to the square of a d-function. We
understand, however, that this is a result of taking the limits of integration to infinity
carelessly: the square of the d-function is actually a single d-function multiplied by the

difference between the initial and final times. Hence, this implies that the transition
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rate is:

dP o0 NE
== ‘<f‘[mdtHI(t)‘z>‘ (4.22)
with one d-function dropped.

To get a sense of the meaning of the T" symbol, it is instructive to consider the

second-order term in the expansion of the exponential:

(_2?2 /t/tdtl /t/tdtzT(HI(tl)HI(h)) = (—i)? /t/tdtl /t/tldtg Hy(t)H(ts) (4.23)

4.4 Wick’s Theorem

We would like to evaluate the terms of the perturbation series obtained by expand-
ing Dyson’s formula (4.15). To do this, we need to compute time-ordered products
T{H; H;...H}. This can be done efficiently if we can reduce the time-ordered prod-
ucts to normal-ordered products (which enjoy the relative simplicity of annihilating
the vacuum).

To do this, we define the notion of the contraction of free fields (remember that,
in the interaction picture, the operators are free and the states have complicated

time-dependence), which we will denote by an overbrace:

Dividing A and B into their positive- and negative-frequency parts, A& B®) we

see that:

—_—~

A(t)B(t2) = [A), B (4.25)
if t1 > 1o and

—_—~

A(t)B(t2) = [BD), AW (4.26)

if t; < ty. This is a c-number (i.e. it is an ordinary number which commutes with

everything) since [a,a!] = 1. Hence, it is equal to its vacuum expectation value:

A(t)B(ts) = (0[A(t)B(t2)|0)
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— (0|7 (A(t2) B(t2)) [0) — (0] : At1)B(t2) : |0)
= (0|7 (A(t1)B(t2)) |0) (4.27)

The following theorem, due to Gian-Carlo Wick, uses the contraction to reduce

time-ordered products to normal-ordered products:

T{uiug ... up} = SUL U ... Uy
—_— . .
+ tUjuy ... u,: + other terms with one contraction
—_— . .
+ Uy usus Uy ... U, : + other terms with two contractions

+ IULUY .. Up_1Up ©

+ other such terms if n is even

A~ ———
+ UL UY .. Uy 9Up_1 Uy -
+ other such terms if n is odd (4.28)

The right-hand-side is normal-ordered. It contains all possible terms with all possible
contractions appear, each with coefficient 1. The proof proceeds by induction. Let us
call the right-hand-side w(uj us ... u,). The equality of the left and right-hand sides
is trivial for n = 1, 2. Suppose that it is true for time-ordered products of n —1 fields.

Let us further suppose, without loss of generality, that t; is the latest time. Then,

T{uiug ... up} = wuT{ug ... u,}

= wyw (U, ..., Uy)

= ug—’—)UJ(U%...,Un) —i—ug_)w(uQ,...,un)

= P w(us, . u) 4w (s, ) ulT + [uﬁ,w}

= w(ug,ug, ..., up) (4.29)

The equality between the last two lines follows from the fact that the final expression
is normal ordered and contains all possible contractions: the first two terms con-
tain all contractions in which u; is not contracted while the third term contains all

contractions in which u; is contracted.
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A concise way of writing down Wick’s theorem is the following:

/_/\
g1 ._0 0
/U/Z/U/] Ou; Ou

i\
T{uiug ... u,} =: o2 i I U U . Uy (4.30)

4.5 The Phonon Propagator

As a result of Wick’s theorem, the contraction of two phonon fields, icjuj-, is the basic
building block of perturbation theory. Matrix elements of the time-evolution operator
will be given by integrals of products of contractions. The contraction ﬂ:u? is also
called the phonon propagator. In the problem set, you will compute the propagator

in two different ways. First, you will calculate it directly from:
(T (ua(Ta, ) (T, 12)) = [, 0, (4.31)
You will also calculate it by noting that

(T (ui(Z1, t1)uj (o, 1)) = O0(t1—t2) (wi(T1, t1)uy (T2, t2)) +0(ta—t1) (us(To, ta)ui(T1, 1))

(4.32)
and acting on this with (3.3) to obtain,
(P00 — (11 + X) Bi0k — 60001 ) (T (un(T1, 1)y (T, 12)))
By Fourier transforming this equation, we find:
1 &0 dw iz - ieSes
(7 (Z S (@ —F)-wlti—t2)) 0T
(T (ui(Z1, t1)uj (T2, 12))) = p/ (27)3 27r€ e e w2 — (w;)Q (4.34)

2

Here, we have used €;¢; = d;;. However, the singularities at w? = (wy)? are unresolved

by this expression. As you will show in the problem set, the correct expression is:

1 & do o - s
T i T ,t (2 ,t = —/ D ipH(F1—T2)—w(t1—t2)) 15 4.35
(T (it = & [ 5722 F—wpra
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Since elk; = k while /°k; = 0,

kik;
1,1 MRy
kik;
e +ee = 0y ij (4.36)
Hence, using w; = Up, wz’?’ = vgp, we can rewrite the phonon propagator as:
1 A3y dw o i kik; /K>
T (ui(@, t1)uy (T, t _ ‘}/ W i @)t —ta)) Nk
(T (wi(@1, t1)uj (T2, t2))) ») ©@r)3on € w2 — v2p? +id
1/ &°p d_w o1 (P (@1 =71) —w(t1—t2)) i (0ij — kikj/kQ)
) pJ (2m)3 2w w? —vEp? 41
4.37

For some purposes, it will be more convenient to consider a slightly different

phonon field,

@i(T, 1) = /

The difference with u; is the missing 1/y/2w;. This field has propagator:

d3ﬁ 1 s i(k-F—wSt t —i(k-F—wSt
s S (o F7 el ) aag)

)

1 Ay dw - 2w €€l
T (u; (21, t1)u; (T2, - _/ 7 P (@1 —T)—w(ti—t2)) p €i €
(T (u; (21, t1)u (T2, t2))) 5] @rpon e R o

_ 1 / P Pt (GG 16
p w—ws+i0  wtws—io
(4.39)

4.6 Perturbation Theory in the Interaction Pic-
ture

We are now in position to start looking at perturbation theory. Since transverse
phonons are unaffected by the interaction (4.1), we only need to discuss longitudinal
phonons. Consider the second-order contribution in our theory of phonons with a

quartic anharmonicity (4.1),

U(mso00) = O [y [~ a1 (i) i)
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—ig/4l) ~ . " =
= % /deldtl d*Todty T ((akuk(xlatl))4 (akuk(xQ’tQ))4)

(4.40)

When we apply Wick’s theorem, we get such terms as:

(—ig/4!)?
9l

/dgfldtl d3fgdt2 8kuk8kuk 8kuk 8kuk(x1, tl) 8kuk 8kuk 8kuk8kuk(x2, tg) :
(4.41)
This term will contribute to such physical processes as the scattering between two

longitudinal phonons. If we look at

</Z3, [; lg4,l;t = oo‘U(—oo, oo)‘lgl, [; Eg,l;t = —oo> —

—ig/AN?
+ % / d*Tydty d*Todty Jyuy, Opun (T, t1) g g (To, ta) X
(Fa, 5 a1t = 00| : Qupdhun( T, tr) Dunyunl T, 1) : [, [ g, it = —o00)

¥ (4.42)

this will give a non-vanishing contribution since two of the uncontracted u;’s can anni-
hilate the phonons in the initial state and the other two can create the phonons in the
final state. Let’s suppose that the incoming phonons are annihilated by 8ku,(;)6ku,§)

at (Z1,t1) and the outgoing phonons are created by the 8kuk )8ku at (Z,t2). Since

l l

R e e 1 Ch e 1)
(4.43)

we obtain a contribution to (4.42) of the form:

(—ig/4!)?

ol /dgl'ldtl d3$2dt2 {‘kl‘ ‘k2Hk3‘ ‘k4‘

<e’((k1+k2)'xl(wlirka)tl)) <€l((k3+k4)-xz(w§€3 +wf€4)t2)> «

8kuk(a?1, tl) 8kuk(a?1, tl)akuk(fg, tg) 8kuk(:i:'2, tg)} (444)

Substituting the expression for ug (%1, t1)uy (72, t2), we find:

S [eaantan G e (R
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(ei((El+E2—ﬁl—52)'51—(0021+W§€2—W1—W2)t1)) (e—i((E3+E4—ﬁl—ﬁ2).fg—(w§€3+w§€4—w1—wg)t2)> %
1,2 1 1,2 1

—|D1 — — P2 . (4.45)
p‘ ‘ wi — (Wi )2+ 10 p‘ ‘ w%—(wég)Q—i-Zé}

The x and t integrals give ¢ functions which enforce momentum- and energy-conservation.

(—29/4‘)2 dgﬁl dw1 d3ﬁ2 dwg N N
2l /(27r)3 o (27)° 27 o e s |
(27T)35(k1 + kz — ﬁl — ﬁg) 271'(5(&)]1{1 + w]l@ — W1 — CUQ)
(271')3(5(]53 + ]Z4 — ﬁl — ﬁg) 271'5(0)23 + w,lm — W — WQ)
2 1 2 l
D: 4.46
‘ wi — (wh )2+ 10 }pQ} wi — (wh,)? + 2'5} (4.46)

L,
?‘pl
which, finally, gives us

(<ig/4)* 1 dw

{ [ ]

2 2] (2m)3 2r
1 — |k1+ ko — 1 ,
wi — (Wb )2+ 10 (wWh, + Wiy, — w1)? = (Why 1 pyp, )2+ 10
(2m)28(ky + Ky — ks — ky) 2md(wh,, + wh, — wh, — wfm)} (4.47)

There are actually several ways in which an identical contribution can be obtained.

By an identical contribution, we mean one in which there are two contractions of the

form w(2, t1)ug(Zs, t2); the incoming phonons are annihilated at the same point
(which can be either (Z,t;) or (#a,t2) since these are dummy variables which are
integrated over); and the outgoing phonons are created at the same point. The
incoming phonons are annihilated by the u;’s at (¥1,¢;) and the outgoing phonons
are annihilated by the w;’s at (Z, t2), which can be done in (4-3)(4-3) ways. There are
2 ways in which we can choose how the remaining u;’s at (Z,t;) are contracted with
the remaining u;’s at (Zs, t2), giving us a multiplicity of (4 -3)(4 - 3)2. It is now clear
why we included a factor of 1/4! in our definition of g: the above multiplicity almost
cancels the two factors of 1/4!. Only a factor of 1/2 remains. If we permute (71, %)

and (Z,t3), then the incoming phonons are annihilated by the w;’s at (7, ts) and
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the outgoing phonons are annihilated by the w;’s at (#7,¢;). This gives an identical
contribution, thereby cancelling the 1/2! which we get at second-order. Hence, the

sum of all such contributions is:

(_ig)Q d? pl dwl
> —/ ] o] s s
‘pl‘ ! - ‘k1+/€2—ﬁ1‘ ! -
wi — (Wh)2+i0 (wh, +wh, —w1)? = (Why 1y, )2+ 10
(2m)28(Ky + kg — ks — k) 210 (W), + Wk, — wh, — w,g4)} (4.48)

There are, of course, other, distinct second-order contributions to the two phonon —
two phonon transition amplitude which result, say, by contracting fields at the same
point or by annihilating the incoming phonons at different points. Consider the latter
contributions. Ther is a contirbution of the form:
d pl dw1
(2m) (27)® 21
‘pl‘ 2 j 25 I I 2 l 315
Wi — (wpl) +1 (wk‘l - wk‘g - CL)l) - (wk1—k3—p1> +1

(27m)20(ky + kg — ks — ky) 2md(wh,, + wh, — wh, — w,l@l)} (4.49)

{7 ] s

‘El - EZS _ﬁl‘Q

and one with IZ;), — E4.
The cancellation which we obtained by permuting the different (;,¢;)’s does not

always occur. For instance, the following contraction at second-order makes a con-

tribution to the amplitude for the vacuum at t = —oo to go into the vacuum at
t =00
<O;t:oo‘U( 00)|0; ——oo> =

—ig/4!) B
+ % /dgl'ldtl d3$2dt2 8kuk(a:1,t1)8kuk(:1:2,t2) 8kuk(:1:1,t1)6kuk(:1:2,t2)

T (4.50)
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We have written this term with contracted fields adjacent in order to avoid clutter.
There are no distinct permutations, so there is nothing to cancel the 1/2!. In addition,
there are only 4! ways to do the contractions, so there is an uncancelled factor of 1/4!
as well, and hence, an overall factor of 1/2!4!. Consider, for a moment, how this
works at n'® order. There will be a factor of n!. If this is incompletely cancelled by
permutations of the (Z;,t;)’s, there will be a factor, 1/S (in the above, S = 2). In the
next chapter, we will see that the symmetry factor, S, is related to the symmetries
of Feynman diagrams. In addition, there will be factors arising from the incomplete
cancellation of the (1/4!)". In the above, this additional factor is 1/4!.

Again, there are other second-order contributions to the vacuum-to-vacuum am-
plitude which result from contracting fields at the same point, but they will give a
different contribution which is different in form from the one above. One such is the

following:

<O;t = oo‘U(—oo, oo)‘o;t = —oo> =
(—ig/4)?

21
Opur(Z1, 1) Opug(Ta, ta) Opus(Zy, t1)Opuk(Za, t2)<0; t=00|0;t = —OO>

... (4.51)

/d3fldt1 dgfgdtg 8kuk(a?1, tl)akuk(:i:'l, tl) 8kuk(:i:'2, tg)akuk(fg, tg) X

There are 4 - 3/2 ways of choosing the two fields at (Z,¢;) which are contracted and
4 -3/2 ways of choosing the two fields at (Zs,t2) which are contracted. Finally, there
are 2 ways of contracting the remaining fields at (#1,¢;) with those at (#3,t2). This
multiplicity incompletely cancels the 1/2!(4!)2.

As another example, consider

—ig/4l)?
% /dgfldtl dethQ . 8kuk akuk 8kuk akuk(a?l, tl) akuk 8kuk akuk 8kuk(:i:'2, tg) .

(4.52)

This contributes to the amplitude for processes in which both the initial and final
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states contain one longitudinal phonon. There are 4-4 ways of choosing the u;’s which
create the incoming phonon at (7, ¢;) and annihilate the outgoing phonon at (%5, t3).
There are 3! ways of contracting the remaining w;’s. Finally, (Z1, ) and (25, t5) can
be permuted. This gives an overall factor of 4 - 4 - 3! -2, which incompletely cancels

the (1/2!) - (1/41)2, leaving 1/3!.



Chapter 5

Feynman Diagrams and Green

Functions

5.1 Feynman Diagrams

Feynman introduced a diagrammatic notation which will help us systematically enu-
merate all of the perturbative contributions which we generate using Wick’s theorem.
This diagrammatic notation will have the added benefit of having a simple physical
interpretation which will guide our intuition about physical processes.

Suppose we want to construct a matrix element at n'" order in perturbation theory.
We draw a diagram containing n vertices with 4 lines emanating from each vertex.
Each such vertex represents a factor of (Gyuy,)?. The lines emanating from the vertices
can be connected. Each such connection represents a contraction. We will call such a
line an internal line. The remaining (uncontracted) lines — ezternal lines — represent
incoming and outgoing phonons. We will adopt the convention that incoming phonon
lines enter at the left of the diagram while outgoing phonon lines exit at the right of
the diagram.

The first contribution which we considered in chapter 3 (4.47) can be represented

as:

42
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Figure 5.1: The diagram corresponding to (4.47).

Given such a diagram — a Feynman diagram — you can immediately reconstruct

the expression which it represents according to the following rules:

e Assign a directed momentum and energy to each line. For external lines, the
momentum is directed into or out of the diagram for, respectively, incoming
and outgoing phonons.

e For each external line with momentum E, write ‘E‘

e For each internal line with momentum and energy p, w write:

1 / d*p dw )

2
o) (2n)32r m w? — vip? +1id

e For each vertex with momenta, energies (py,w), ..., (P, ws) directed into the

vertex, write:
9 (27)35(171 + P + P + Pa) 21 (w1 + wy + w3 + wy)

e Imagine labelling the vertices 1,2,...,n. Vertex ¢ will be connected to vertices
Jiy- -y Jm (m < 4) and to external momenta py, ..., ps_n,. Consider a permu-
tation of these labels. Such a permutation leaves the diagram invariant if, for
all vertices 4, i is still connected to vertices ji,...,jm (m < 4) and to exter-
nal momenta py,...,ps_m. If S is the number of permutations which leave the

diagram invariant, we assign a factor 1/S to the diagram.



Chapter 5: Feynman Diagrams and Green Functions 44

e If two vertices are connected by [ lines, we assign a factor 1/I! to the diagram.

You can verify that by applying these rules to figure (5.1) we recover (4.47).

For the particular interaction we have chosen, we can ignore the transverse phonons
— since they don’t interact — and consider only the longitudinal phonons. If we were
to consider a model in which both longitudinal and transverse phonons interact, our
Feynman diagrams would have to have internal and external indices corresponding
to the vector indices of the fields w;, u;, etc., and our Feynman rules would have to
tell us how to contract or route these indices.

In figure (5.2) we display all of the connected diagrams which appear to O(g?) in
the theory given by (4.1). In the problem set, you will write down expressions for
them.

The Feynman diagram representation for transition amplitudes suggests a beauti-
ful visualization of perturbative processes. External lines correspond to ‘real phonons’
or simply phonons, while internal lines correspond to ‘virtual phonons’. For the dia-
gram of figure 5.1, we say that the incoming phonons with momenta El, ks interact at
x1, propagate as virtual phonons with momenta pj, Ky + Ky — p1, and finally interact
again at xo, thereby scattering into the outgoing phonons with momenta E3, k4. For
the first diagram of figure 5.2b, we say that the incoming phonons with momenta
El, Eg exchange a pair of virtual phonons, thereby scattering into 153, lg4. External
lines correspond to initial or final states with phonons of momentum, energy (p,w).

These satisfy w? = (w!)2. Such a phonon is said to be ‘on-shell’. Virtual phonons

p

need not be ‘on-shell’. Indeed, the phonon propagator diverges if a virtual phonon is

on-shell, thereby signalling a resonance.
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Figure 5.2: All connected Feynman diagrams for the theory (4.1) to O(g?). In (a), we
have the diagrams of order g. In (b), we have the diagrams of order g.
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5.2 Loop Integrals

Suppose we have a Feynman diagram with F external lines, [ internal lines, and V'
vertices. Suppose, further, that this diagram has L loops (e.g. the first diagram in
figure 5.2 has one loop, while the third, fourth, and fifth have two loops. The second
has no loops.). Then, let’s imagine connecting all of the external lines at a single
point so that the Feynman diagram defines a polyhedron with E + I edges; V + 1
vertices - the extra vertex being the one at which the external lines are connected;
and L + F faces - with E faces formed as a result of connecting the external lines.

According to Euler’s fomula,

(# faces) + (# vertices) — (# edges) = 2 (5.1)

or,

L=I-V+1 (5.2)

The number of loops is given by the number of internal lines - i.e. the number of
propagators, each coming with an integral - minus the number of vertices, each coming
with momentum and energy-conserving J-functions, plus 1 for the overall -functions
satisfied by the external momenta, energies. In short, there are as many (p,w) pairs
to be integrated over as there are loops. A diagram with no loops has as many J-
functions as integrals, so the integrals can all be evaluated trivially, and there are no
remaining integrals to be evaluated. Such a diagram is said to be a tree level diagram.
The tree-level diagrams are indicated in figure 5.3 These diagrams can be evaluated
without doing any integrals. Note that most of these are not connected diagrams. In
order to evaluate a one-loop diagram, we need to do one [ dwd?p integral; to evaluate
a two-loop diagram we need to do two such integrals, i.e. [ [ dw;d?p; dwod?ps; and so
on. The expansion in loops is actually an expansion in powers of Planck’s constant,

since, as you will show in the problem set each propagator comes with a factor of
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Figure 5.3: The tree-level Feynman diagrams of the theory (4.1).

47
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I and each vertex comes with a factor of 1/h. An L-loop diagram comes with a
coefficient of RF!.

Turning now to the evaluation of multi-loop diagrams, we find the following trick
(due to - you guessed it - Feynman) very useful. When we integrate the momenta
in closed loops, we often encounter integrals of products of propagators. These are
more easily evaluated if we combine the denominators of the propagators using the

following formula:

1 1 1
/ dx 5 =— (5.3)
o [az +b(1 —x)] ab
For the more general case of the product of several propagators, which can occur

in higher orders of perturbation theory, we will use the following formula:

- /0 dt 1oLt (5.4)

Using this formula, we can write:

1 p—
1,457

ity e Aits {/Ooods d(s — th)} (5.5)

Here, the integral in brackets is equal to 1. Changing variables from ¢; to z; according

to t; = sz, we have:

! - = / dsH /dx] 'qu _SA%— 1—2%
I'(ay)

[T, A7
= o) / dx; xj / ds §2=i% 1 SZ A 51 Zx]
a1
= ? Oé] / dry...dz, 6(1 =) x;) [l S (5.6)
[T (ay) (A=

To see why these formulas are useful, consider the evaluation of diagram 5.1. We
have
T 2
dw, d*p; ‘kl + ky — pl‘ ‘pl‘

9 B _ (5.7
2p /) 2m (2m)° (€1 + € —wi)’ =0} (kl + ky — ﬁl) +i6 Wi =P+ 0




Chapter 5: Feynman Diagrams and Green Functions 49

This can be brought into a more useful form using (5.3) with

— - 2
a = (61"‘62—&)1)2—’012(l€1+l€2—]71) +Z(5
b = wi—vipl+id (5.8)

Using (5.3), we can write

‘kl—i-kg—pl‘ }pl}
- -\ 2 — .

(e1+ € —wi)’ — U?(kl + k2) + i wi — PP +id

‘ 2

:/1dx ‘51‘2‘E1+E2—171
0

- - 2 2
|:((€1 + €9 — w1)2 — ’Ul2(l€1 + kg — ]71) + Z(S) T + (w% - ’Ul2]712 + 7/(5) (1 — 33'):|
‘2

:/1dx ‘51‘2‘E1+E2—ﬁ1 :
’ {w% — 0P + x((e1 + €2)” — vEP2) — 2zwi (€1 + €2) + 2003 - (El + ko — 171) T i(ﬂ
If these integrals were from —oo to oo, then we could shift the variables of integration
without worrying. In condensed matter physics, these integrals are always cutoff,
so we must be a little more careful; in our phonon theory, the momentum cutoff,
A, is the inverse lattice spacing and the frequency cutoff, A, is the Debye energy.
However, so long as the external momenta and energies are much smaller than the
cutoffs, i.e. k; < A,w; < A, we can shift the variables of integration and neglect
the effect of this shift on the range of integration. Thus, we proceed by changing
the variables of integration to w = w; — x(€e; + €), ¢ = pi — x(El + EQ) Writing
a=x(1—2z)((e, + €)2 — v2(k1 + k2)?) we can write the loop integral as:
dw d3q 7t dw d3q 72 (ky + ka)? <$2 +(1—2)?+ 3201 - x))
2m (27m)° (W2 — 0742 + a)” 2r (2m)? (@? = 0}G? +a)”
dw d3q 2*(1 —x)%(ky + ko)*
21 (27)3 (W2 — PG + a)’

(5.9)

Integrals of this form are often divergent. If we forget about the momentum and
frequency cutoffs, then these integrals are ultraviolet divergent. If we're careful and

we remember that these integrals are cutoff in the ultraviolet, then we will get finite
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(albeit cutoff-dependent) answers. On the other hand, these integrals are infrared
divergent if a =0 — i.e. if ¢, k; vanish. This is a real, physical effect: phonon Green
functions do diverge when the momenta, energies tend to zero. We will study the
power-law forms of these divergences when we turn to the renormalization group in
chapter 11.

It will sometimes be important to distinguish between the frequency cutoff, A,
and the momentum cutoff, A. Often, however, the distinction is unimportant and we
can assume that there is a single cutoff, A, = v;A. In such a case, we can simplify
(5.9) by using analytic continuation.

For either sign of |¢]*> — a, the poles in w are in the second and fourth quad-
rants. Hence, the contour of integration can be harmlessly rotated in an anti-counter-
clockwise direction from the real w axis to the imaginary w axis. If we write ¢, = —iw

and ¢* = ¢2 + v?q’?, then (5.9) is equal to

i diq ¢t . i d'q §q2(121 + E2)2 (x2 +(1—a2)*+32(1— x))
of [ @2m)t (—¢* + a)? v/ (2m) (¢ +a)*
o diq 21— 2)2(ky + ko)t
4 ig Q4 T ( ZL‘) ( 1_}2_ 2) (510)
d) @ T (¢ ta)
or
1 13- = 4
—71272(60 + —5—(1431 + ]{32)2 <ZE2 + (]_ — ZE)2 + —l'(l — l‘)) 1271((1)
U, v 4 3
1 Lo
—|—$ (x2(1 —z)?(ky + 7432)4) Ir0(a) (5.11)
l
where the integrals which we need to study are:
d4q q2m
I, (a) =i / _ 12

or, setting z = ¢2, and V(S?) = 272,

i A 2t
Inm - / n
m(a) 1672Jo (—z+a)
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(=)™ ar! i A 2z
(n—1)! da"1 (167?2/0 (—z+ a))
(=)™ dvt < i /Az—a (u+ a)m™t! du)

(n—1)! dan=* \ 1672 /-4 u

)
i (=) ! mi:l m+1 Y1 g1k
1672 (n — 1)! dam=t \ /= k

0

; —1)" m—1 m+1q 1 A?—a
_ ! (=" d (amHIHU—l—ZE<m+ )ukaerlk)

1672 (n — 1)! dan—! =
i (=" an! i1, (AP —a
_ m+1]
1672 (n — 1)! dan=! (a "\ T *

mf% <m; 1) g1k [(A2 —a)' - (—a)’“D (5.13)

k=0

Hence, we finally obtain:

- 16;2 /Oldl’ lvif (a*(1 = 2)*(ky + F2)*) {—%A‘* —30%(1 — @) (0} (Fy + K2)? — (e + 62)2)
(21 = D)+ E2)? ~ (e +e2)?)
+3((1 = 2) (V7 (ky + F2)? — (e + 62)2))2 In < A )

(1 —z)(vP(ky + k2)? — (1 + €2)? }
+i§(k1 +F)? (x2 F1—2)+ %m _ x)) {A2 +2(1 — )RRy + Fa)? — (61 + €2)?)

54
a1 = ) (s + R — (61 + €)D)In ( A )}
61 + 62 ]

2(1— 2)(v2(ky + k2)? —
+i3 (2(1 = 2)*(ky + k2)*) {m( : A ) 1}

Uy

(1 — z)(v}(k1 + k2)? — (€1 + €2)?
(5.14)

To summarize, we evaluate a Feynman diagram by the following steps:
e Use the Feynman rules to obtain a loop integral.
e Combine the denominators using Feynman’s trick.

e Shift the variables of integration to make the denominator invariant under w —

waﬁﬁ_ﬁ
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o= = -
g

Figure 5.4: The definition of the 4 point Green function

+

e Analytically continue to imaginary frequencies.

e Use rotational invariance to reduce the integral to an integral over a single

variable for each w, p.

5.3 Green Functions

In the preceding discussion, we have implicitly assumed that external phonon lines
are ‘on shell’, i.e. they satisfy w? = (wé)? It does, however, make sense to relax this
requirement and allow even the external phonons to be “off-shell”. One reason is that
we may want to define a Feynman diagram — or a set of diagrams — which can be
part of a larger diagram. In such a case, the lines which enter this part might not be
on-shell.

Consider the diagram of figure 5.4a. The shaded circle represents all possible

diagrams with 4 external legs. The first few are shown in figure 5.4b. We will call
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such an object
G(p1,p2,p3,4) (5.15)

(We will use p as a shorthand for p,w.) G(pi,pe,ps,ps) is defined to include the
momentum conserving ¢ functions,

(2%)35(51 + Do + p3 + Py) 270 (w1 + we + w3 + wy)

and a propagator
2 1
w? — vip? +1id

—

Di

on each external leg.
We can define similar objects — called Green functions — for any number of external
legs:
G(p1,p2;- - Pn) (5.16)

It is given by the sum of all diagrams with n external legs with (possibly off-shell)
momenta and energies pi, po, . .., p, With a propagator assigned to each external leg.
We can Fourier transform the Green function to obtain the real-space n-point Green
function, G(z1, ..., ,).

While the notation G(z1,...,x,) is generically used for Green functions, the
phonon two-point Green function is often denoted D(z1, x2). However, we will reserve
this notation for the two-point function of the other phonon field ¢;, which is more
natural in some contexts.

The name ‘Green function’ is due to the fact that when the interaction is turned
off, i.e. g = 0, the two-point Green function is a Green function of the differential
operator

This follows since the two-point Green function is just the derivative of the propagator:

G(x1,22) = 0,05 (T (u;(Z1,t1)u;(Z2,t2)))
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Bp dw e - 1€7 €’
_ aa / z(p- F1—T1)—w(t1 —t2)) L J 5.18
(2m)3 o w? — (wp)* + 10 >1%)

It therefore satisfies
(P@k@? — (1 +A) 0i0k — M5z‘kajaj) Gy, 19) = 00 (21 — To) 6 (t1 — t2) (5.19)

as you showed in the first problem set.

5.4 The Generating Functional

Let’s modify our Hamiltonian by adding a ‘source term’,
H— H+ / &7 (7, ) Ohux (7, 1) (5.20)

The source, j, is some arbitrary, prescribed function. We can think of j(Z,t) as a
knob which we can turn in order to set up compressional waves in the solid. By
measuring the system at (2’,¢'), we can study the propagation of sound waves.

Our interaction Hamiltonian is now Hy + [ d*Z j(Z)O,ux(F), so our Feynman rules
must be expanded to include a new vertex — which we will call a ‘source vertex’ —with
only one line emerging from it. If this line has momentum, energy p, w, we assign
—ij(p,w) to it (j is the Fourier transform of j). Let us now look at the vacuum-to-

vacuum amplitude, which we will call Z[j]:
21j) = (o[ {e=t ] st} o) (5.21)

This is given by the sum of all diagrams with no external legs. Several of these are
shown in figure (5.5). We have denoted the new vertex by a large dot with a j next
to it. To make life easy, let us shift the zero of energy by adding a constant to the
Hamiltonian, H — H + Ey and choose Ej so that:

Zj0) =1 (5.22)
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Figure 5.5: Some vacuum-to-vacuum diagrams in the presence of an external source.

Hence, the sum of all of the diagrams with no source vertices if 1. Consider a diagram
with n source vertices. It will have an amplitude proportional to j(py,wy) . .. (P, wn).
Each j(p;,w;) creates a phonon with momentum p;,w;. These n phonons enter the
diagram along the external legs of the Green function G(py,...,p,). We then have
to integrate over all of the p;’s with a factor of 1/n! to avoid overcounting due to

permutations of the pi’s. Hence,

=1+ Z /d3p1 dwy ... d*p, dw, §(p1) ... 5(pn) G(p1, ... Dn) (5.23)

We can Fourier transform this expression into real space:

=1+ Z /dga? dty...d°T, dt,j(x1) ... j5(x,) Gz, ... 2) (5.24)

We can understand the Green function in another way by considering the Hamil-

tonian with a source term,
= Ho + H' + jOyuy,
_ (Ho 4 H> O (5.25)

We can now treat Hy + H' as our ‘free’ Hamiltonian and joyu as our interaction

Hamiltonian. Since Hy + H' is not actually free, we can’t use Wick’s theorem, but
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we we can still use Dyson’s formula. The ‘interaction’ representation for this ‘free’
Hamiltonian is actually what we would call the Heisenberg representation for j = 0,

so we will put an H superscript on all fields. Using Dyson’s formula, we can express

Zj] as:
Z[j] _ <0‘T {e—ide:Edtj(f,t)akuH(:E,t)} ‘0>
1

+ i o /d3* dty...d°ZT, dt,j(x1) ... 5(z,) <O’T (6k.ukH(x1) . (’3kukH(3:n)) ‘0>

(5.26)

Comparing this with our earlier expression for Z[j], we see that the Green function
is given by:
0" Z[j]
0j(x1) ... 0j(xn)

In other words, the Green functions are the vacuum expectation values of the T-

G(x1, 29, ..., 2,) = <0|T <8kukH(x1) . 6kukH(xn)) |O> (5.27)

ordered product of a string of (Heisenberg picture) fields. These vacuum expectation
values are the coefficients of the Taylor expansion of the vacuum-to-vacuum transition
amplitude in the presence of an external source field. While our earlier definition
— as a sum of Feynman diagrams — is convenient for perturbative calculation, the
present definition as a vacuum expectation value is far more general since it is non-
perturbative and can be compared with experiments. These vacuum expectation

values are also called time-ordered correlation functions.

5.5 Connected Diagrams
There is a very useful theorem which states that
Z[j] = "l (5.28)

where Z[j] is the sum of vacuum-to-vacuum Feynman diagrams we defined above and

Wj] is the sum of connected vacuum-to-vacuum diagrams. To prove this theorem,
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observe that a given diagram which contributes to Z[j] will, in general, be made up
of several different connected diagrams and it will factor into the contributions from
each of them. We can assemble the set of all vacuum-to-vacuum diagrams by putting
together n; connected diagrams of type 1, ny connected diagrams of type 2,..., n,
connected diagrams of type r, etc. The contribution of such a diagram to Z[j] will
be the product of the contributions, C,, of its connected components:

o oo CTLT

Zlj] = i > I (5.29)

n1=0n2=0 r=1 Ty

The n,! in the denominator is the symmetry factor resulting from the permutations
of the n, identical connected components of type r. Commuting the sums and the

product:

zlj] = ﬁ(i@f)

r=1 \n,=0
o0
= H eCT
r=1 -
= ez'r:lCT

= WU (5.30)

This theorem — sometimes called the linked cluster theorem — will be particularly
useful when we construct a diagrammatic expansion for the partition function, Z =
tr(e=PH). In order to compute the free energy, F' = —T'In Z, we need only compute
the connected diagrams.

The Taylor expansion of Wj] is:
Wil = WI[0] + Z% /d397:'1 dty...d°7T, dt, j(x1) ... j(xn) Ge(wy, ..., 2,) (5.31)
n=1 :

where the G.’s are connected Green functions. The two-point connected Green func-

tion is given by:

Gel1,22) = (O|T (Opur(1)0pui(2)) 10) — (0|9su(21)]0) (0] D (2)[0)
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This correlation function is often more useful since it measures fluctuations around

mean values.

5.6 Spectral Representation of the Two-Point Green
function

The spectral representation of the two-point Green function has the advantage of
being intuitive yet well-suited for rigorous statements. It is obtained by inserting a

complete set of states into

= 0(t))_ (010:wi(@,1)]4) (i 9;u;(0,0)] 0)

%

+0(=1)3_ (010;u;(0,0)|4) (i |0ui(Z1,11)] ) (5.33)

1

By translational invariance,
(0|05u;(Z, )| i) = P (0 |Qu;(0, 0)] 4) (5.34)

where p; and w; are the momentum and energy of the state 7).
Hence, we can write the Green function as

(T (Dus(@, ) (0,00) = D10 19;u,(0, 0)[ 0)[ (B(t)e P40 4 f(—pye™ et

7

% (e(t)ei(f’-;?fEt)_}_0(_t)67i(13-;?fEt))
= / d*PAE |PI*B(P, B) (0(t)e" 775" 4 g(—t)e~/(F7=E1)

- /d313dE lzw 10;15(0,0)] 0)*8(P — ;) 6(w; — E)]
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Here, we have introduced the spectral function, B(P, E), so that |P|2B(P, E) is given
by the quantity in brackets. In order to take the Fourier transform, we have to add

10s to make the ¢ integral convergent, so that we obtain:

G(T,w) = /dt/d3PdE|P| B(P,E) (0(t)e
- /dt/d3PdE|P| B(P,E) (6(t

am o oiP-& o—iP&
= [ EPEpB(, E) _ . (5.36)

i(P-Z+(w—E+id)t +9( t) (P -:i‘f(erEfié)t))

pi(w—E)t—ot ez‘P-i + 0(_t)€z‘(w+E)t+6t e—z‘ﬁ.f)

or

—E+i0 w+E—1id
For a parity-invariant system, B(p, E) = B(—p, E), so

2F B(p,
/dE P = ]éz+35 (5.38)

W)= [dBilpP ( Bw.B) _ BpF) ) (5.37)

From its definition, B(p, E) is non-negative. If the phonons are non-interacting,
B(p, E) = 6(E* — w?), and we recover the free-phonon two-point function.
We can split the sum over ¢ into the vacuum state, the one-phonon states, and all

other states. Now, let us assume that

If it didn’t, this would be the statement that there is some kind of static distortion
present in the ground state. We could shift w;(Z1,t1) by w;(#1,t1) — wi(Z1,t1) —
(0|u;(Z1,t1)]0) and we would have the above for our new displacement field.

Consider a one-phonon state of momentum p. Then, we will write:

p|* Z = {0|0:u;(0,0)| p)|* (5.40)

Rotational and Galilean invariance imply that the left-hand-side is independent of

the direction of p.
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Then the spectral function can be broken into a piece, carrying weight Z, which

looks like a non-interacting phonon, and the remaining ‘incoherent’ weight:
B(p, E) = Z3(E* — wy) + Bu(p. E) (5.41)

The phonon propagates as a free phonon with probability Z and as a multi-phonon

state of energy E with probability Bi..(p, E).

5.7 The Self-Energy and Irreducible Vertex

The two-point Green function G(pi, ps) is given by the diagrams in figure (??7). To
zeroth order in g, it is simply the free phonon propagator. There is an O(g) correction
given by the diagram of figure (5.2) which leads to

1
w? — vEp? + 16

. 2 3 .
g, 2 7 /dp dw 1 2>
J + 0

+2<‘p1‘ w%—vfp%jtz'é) (2m) 327rH w? — vip? +z5 (9°)

2
Glonp) = @r%3( + ) 2md(wr +wa) ( [

(5.42)

For the two-point Green function, we can do better without doing much more
work. Let us define the one-particle irreducible, or 1PI n-point Green function as
the sum of all the Feynman graphs contributing to the n-point Green function which
cannot be made disconnected by cutting a single internal line (this is a subset of
the set of connected diagrams). For the 1PI n-point function, we do not include
propagators on the external legs. The 1PI two-point Green function is given by

(p,w)/p?*; (p,w) is called the self-energy because the two-point Green function can
be expressed in terms of it according to the graphical relation of figure 5.6. Summing
this geometrical series, we have:

1
wi —vipt — TI(Ph, wi) + 0

G(pr,p2) = (2m)°6(F + o) 2m6(wn + wo) || (5.43)
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S

G= —— ++ +H+

Figure 5.6: The relation between II and G.

From our calculation above, we see that the self-energy is given by:

g 2/ d3q de | 42 i 2
IT == — ——— + O 5.44
(p.) 2 ‘ﬂ (2m)3 27 M €2 — v +1ib +0lg) (5.44)

In the problem set, you will show that Im{II(p,w)} is related to the phonon lifetime.

The coherent weight in the phonon spectral function, 7, is given by:
Z7t=1- iRe(H) (5.45)
Ow? w—up

We can also define a 1PI 4-point Green function, I'(py, pa, p3, p4). The full Green
function G(p1,ps2, ps, ps) can be expressed in terms of I'(py, pa, p3, ps) and the two-
point Green function G(p1, p2) according to the graphical relation of figure 5.7.
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Figure 5.7: The relation between the regular and 1PI four point Green functions.



Chapter 6

Imaginary-Time Formalism

6.1 Finite-Temperature Imaginary-Time Green Func-

tions

In the previous chapter, we found that the mathematical trick of analytically continu-
ing to imaginary frequencies, w — 1w, facilitated the calculation of the integrals aris-
ing from Feynman diagrams. As we will demonstrate in this chapter, it is extremely
convenient to work with imaginary-time from the outset. Such an imaginary-time
formalism will have the advantage of having a natural extension to arbitrary temper-
ature. It can also, in many cases, serve as a preliminary step in the calculation of
retarded correlation functions which — as we will discuss in the next chapter — are the
quantities most closely related to physical measurements.

We make the analytic continuation it — 7 and define the following object for

0<7<p:

GF—a,r—7) = 0(r —7)Tr{e™ e oup(@)e™ e M oju;()e M |
+0(r' — 7)T'r {e’ﬁH e Houy (T )e ™ H efHakUk(ff)eiTH}
= O(r—1)Tr {e_ﬂHakUkz(fa 7)0ju; (@, T,)}
+0(r' — 7)Tr {e‘ﬁHajuj(f', 7')Opu (7, T)}

63
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= (T, (Opu(Z,7)0;u (&, 7)) (6.1)

We have passed from the Schrodinger representation in the first line to an imaginary-
time Heisenberg representation in the third line. In the final line, we have defined
the imaginary-time-ordering symbol, T, by analogy with the real-time symbol, T"
operators are arranged from right to left in order of increasing 7. In a similar way,
we can define the imaginary-time-ordered product of strings of fields. If 4 > 7 >
... > Ty, then

(T, (01...0,)) =Tr{e?0,...0,} (6.2)

Rather than take the expectation value in the gound state, we are averaging the

n>, weighted by e % If we had used

expectation value over all energy eigenstates,
it rather than 7, we would have the finite-temperature time-ordered Green function.
By working with 7, we will construct a Green function from which the retarded
Green function can be constructed by analytic continuation. We will also exploit the
itH

H and the Boltzmann

formal analogy between the time-evolution operator e™"" — e~
weight, e PH.

In analogy wth the real-time case, we write
U(TQ, T1> = 67(7—2771)1—[ (63)

We will add a source to the Hamiltonian and view the partition function, Z[j] =
Tr{e P} = Tr{U(B3,0)}, as the generating functional for imaginary-time Green
functions. In the perturbative expansion of U([3,0), we will only encounter fields
with imaginary-time arguments in the interval [0, 3].

There is a further condition which follows from the cyclic property of the trace.

Since 0 < 7,7’ < (3, it follows that —3 < 7 —7" < 3. Now suppose that 7 < 7/. Then,

Gr—7<0) = Tr {e*ﬁH eTlHajuj (&)e ™! eTHakuk(f)eiTH}

= Tr {eTHakuk(f)e_TH e PH eT/Hajuj(f')e_T/H}
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= TT{ —BH ﬂH THaku( )6 TH —,@H THan(ny)e_T/H}

= G -7 +0) (6.4)

The first equality follows from the cyclic property of the trace. The final equality
follows from the fact that 7 — 7/ + 3 > 0.
As a result of periodicity in imaginary-time, we can take the Fourier transform

over the interval [0, 5]:

Gliw,) = /0  dr G (7) (6.5)

where the Matsubara frequencies w,, are given by:

Wy = —— 6.6
5 (6.6)
Inverting the Fourier transform, we have:
1 . —iWnT
= Bzg(zwn) e (6.7)

In the absence of interactions, we can evaluate the imaginary-time two-point Green

function directly. Using the Planck distribution,

1

Tr{eaja = no() = o

(6.8)
and substituting the mode expansion of uy, we have:
gz, 7ty = 0(r)Tr {e_ﬁHoc?kuk(f 7)0;u;(0, O)}

+0(=7) Tr { e 0;u;(0, 0)dsun(Z, 7) }

= /(61371@ i [60) () + e

27?)32wk.

+0(—7) (np(wi)e™ 7 + (np(wi) + 1)6“5-%%7)} (6.9)

T g (wk)efiﬁ-mwm)

We can now compute the Fourier representation of the Green function:

. B )
G(p,iwy) /d3 “”/ dre* "G (¥, 1)
0
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b (st £ 0 1) st 1)

2wy, Wy, — Wy 1wy + Wy
s -1 1
2wy iwnl— Wp Wy +wp
=2
N 7 w2 + w?
1
2
_ 6.10
7 w2 + vip? (6.10)
In real-space, this is:
. 1 Bl -2 e*i];-ff’iwnﬂ'
G(7, ) = _an:/ o % TP (6.11)

As we can see from the above derivation of the Green function, in the imaginary-time

w

formalism, we have the decaying exponential e=“" rather than the oscillatory e**, so

we can dispense with the ¢0’s which are needed to ensure convergence in the real-time
formulation. Indeed, from a mathematical point of view, imaginary-time is simpler

than real-time; sadly, nature forces us to live in real-time.

6.2 Perturbation Theory in Imaginary Time

Following our real-time development, we consider a Hamiltonian of the form H = Hy+

Hiy, and go to the imaginary-time interaction representation. In this representation,
(M arH

U(r, ) =T, {e I dTHmr)} (6.12)

Hence, the imaginary-time Green function , which takes the Schrodinger picture form:

g@r—-7) = 0(r—1)Tr {e*ﬁH ™ O (2)e™™ eT/Hajuj(O)e*T/H}

+0(r" —7)Tr {e‘ﬂH e H 9;u;(0) e_T/HeTHakuk(f)e_TH}(G.13)
can be written in the interaction picture as:

G r—7) = 6(r— T')Tr{eﬂHo U(8,0) U~ (7, 0)0uus(7,7) U(r, 0) x
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U=+, 0)0,u;(0, 7)U (7, 0)}
+6(7" ~ Tm{eﬁHo U(8,0) U~ (7", 0)0;u;(0, ) U(7", 0) x
U=, 0)0pur(Z, 7)U(T, O)}
= 07— YT U (6, 7) (7. ) UL, ) 00,7 U, 0) )
(7 = 7T {0 U (3. 7/) 95u;(0) U, 7)) e (B)U 7,0) 6.14)

or, simply, as

G(& 7 —7) = Tr{e ™I, (U(8,0) dur(# 1) 0u;(0,7))}
(T (U(B,0) Oyug(, 7) Du;(0,7'))) (6.15)

As we noted earlier, only imaginary times 7 € [0, 5] appear.
To evaluate this perturbatively, we expand U([3,0), as in the real-time case:

oo

—1\)y* rB B
g@,7r—1) = Z%/o .../OdTl...dTn

n=0

<TT (8kuk(:i:', 7') 8juj(0, 7'/) Hint(Tl) e Hint(Tn))> (616)

We can show that Wick’s theorem holds for the imaginary-time-ordered product and
use it to evaluate the above expectation values. Following our real-time development
in this way, we can use Feynman diagrams to evaluate the perturbation series. The

differences are that in imaginary-time,
e To each line, we associate a momentum, p and a Matsubara frequency, w,.
e For each external line with momentum p, write ‘ ﬁ‘

e The propagator assigned to each internal line is:

1 By, 1
5% 7 e
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e For each vertex with momenta, Matsubara frequencies (p1,wn,), - - -, (D1, Wn,)

directed into the vertex, we write

g (271—)36(51 + ﬁ? + ﬁ?) + ﬁ4) ﬁ 5n1+n2+n3+n4,0

e Imagine labelling the vertices 1,2,...,n. Vertex ¢ will be connected to vertices
Jiy- -y Jm (m < 4) and to external momenta py, ..., ps_n,. Consider a permu-
tation of these labels. Such a permutation leaves the diagram invariant if, for
all vertices 4, 7 is still connected to vertices ji,...,jn (m < 4) and to exter-
nal momenta py,...,ps_m,m. If S is the number of permutations which leave the

diagram invariant, we assign a factor 1/S to the diagram.

e If two vertices are connected by [ lines, we assign a factor 1/I! to the diagram.

Using our result on connected Feynman diagrams from chapter 5, we see that the

free energy, F', is given by

—BF = Wn[Tr{U(5,0)}]
= Y _ All connected diagrams with no external legs  (6.17)

6.3 Analytic Continuation to Real-Time Green Func-
tions

In spite of their many charms, imaginary-time Green functions cannot be directly
measured in experiments. Hence, we must contemplate real-time Green functions. In
fact, it is useful to consider 7 as a complex variable, and to analyze the properties of
G(7) as 7 varies through the complex plane. When 7 lies on the real axis, we have

the imaginary-time Green function:

g@-2,7v-7) = O0(r—7)Tr {e‘ﬁH e (Z)e™ e T Hju; (f’)eT/H}
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+‘9(T/—T)TT{ “BH =T Y (1) em T e TH Gy (2 )eTH}
(6.18)

When 7 is on the imaginary axis, 7 = it, we have the real-time Green function:
G@E—at—t) = O(t—t)Tr{e ™ e ™M opup(@)e™ e M 0ju, () M |
+0(t/—t)T7'{ —BH fzt Ha ( )eth 7tha U ( )eth}

(6.19)

For arbitrary complex 7, G(7) interpolates between these two. G(7) is not, however,
an analytic function over the entire complex plane, as we can see from its spectral
representation. We follow our earlier derivation of the spectral representation for the
T = 0 real-time ordered Green function. The principal difference is that we now have
e PEn|n) rather than |0). Hence, by inserting a complete set of intermediate states,

|m)(m|, we have, in lieu of (5.35),
gz, ) = /dgﬁdw [Zé(ﬁ— P+ Dn)d(w — wpm) (9(T)€iﬁfWT e Pbn
+0(—7))e PTHT eﬁEm) |(m |0;u;(0, 0)| n) ]21 (6.20)

The Fourier transform,

B .
G(F,iw;) = / de/ dr G(Z, ) i (6.21)
0
is given by:
G(p, iw;) /dE [ e PEn e’ﬁEm) |(m |9;u;(0, 0)| n)[*
1
0P — Do + Pn)0(E — By + By : 6.22
O BNE - Bt B)| g2 (62
Writing

P BEE) =Y (7P — 5 |(m051:(0, 0) | m)?6(7 = Fn + ) (E — Eune)
| (6.23)
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we have the spectral representation of G:

P’ B(p, E)

6.24
FE — in ( )

G (7 iwn) = /O:OdE

As usual, the spectral function B(p, E) is real and positive.
G is not analytic as a result of the singularities in (13.46). Hence, it does not

satisfy the Kramers-Kronig relations. However, the functions

p*B(p, E)
/ B (6.25)

are analytic functions of w in the lower and upper-half planes respectively. Con-
sequently, they do satisfy the Kramers-Kronig relations. As you will show in the
problem set, these are the advanced and retarded correlation functions defined in the

next section:

— B Y
Gre(Piw) = / dE]]_; 5—25

P> B(p, E)

E—w+id (6.26)

Gadv(ﬁ, w) = / dE

Note that the spectral function is the difference between the retarded and advanced

correlation functions.

Gret (P, w) — Gaay (Pyw) = 2mip? B(p,w) (6.27)

6.4 Retarded and Advanced Correlation Functions

In the previous chapter, we dealt with the time-ordered two-point correlation function,

G(Z1,t1; 20, 1) = 0(ty — t2) (Osus(Z1, 11)0ju;(Zo, ta))
+ 0(152 - tl) <3juj(3?2, tg)aiui(fl, t1)> (628)

In this chapter, we have introduced the imaginary-time two-point correlation function:

67—, 7 =) = O =) {e 0T, 10,7 )}
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0 = 7)Tr {e 0y, (7 7 (7, 7))
(6.29)

To this family of Green functions, we have now added the retarded and advanced
correlation function. As we will see in the next chapter, the retarded correlation
function is often more useful for comparison with experiments. At zero temperature,

the retarded and advanced correlation functions are given by:
Ghret(T1, 115 T2, 12) = 0(t1 — t2) (0[[Orus(T1, 1), Oju; (T2, 12)]] 0)
Gaav(T1, 113 7o, t2) = O(ts — 11) (0][0ju; (2, t2), Oyui(T, 11)]| 0) (6.30)
At finite temperature, these are generalized to:
Gret(T1, 11502, t2) = O(t1 —t2) T {efﬁH [Oiui(T1,t1), Oju; (T, t2)]}
Gadv(fl,tl;fg,tg) = 9(152 —tl)TT{eiﬁH [8juj(:i:'2,tg),aiui(:i:'l,tl)]} (631)

For free phonons, the zero-temperature advanced and retarded correlation func-

tions can be obtained by choosing the correct id prescription for the poles:

T2

R . R N - _ Zp
Ghree(T1, 11; Ba, a) = / d*pdw P (T =T~ —t) 6.32
(1 13 2, ) pawe (w+16)? — vip? (6:32)

. 9
— — — (D (%1 —71)— — /l/p

G v 7t) 7t /d3 d ’L(p (11 xl) w(tl tg)) 633

adv (71, t1; Ta, to) pdw e ( 0)2 — o2 ( )

For interacting phonons, the situation is not so simple. From (13.46), we see
that for iw, in the upper-half-plane, we can obtain G from G, by taking w — iw,.
From (13.46), we see that G(—iw,) = G*(iw,), from which we can obtain G for iw,
in the lower-half-plane. In other words, we can always obtain G from G,.;. What we
would like to do, however, is obtain G, from G. This analytic continuation from the
Matsubara frequencies iw,, to the entire upper-half-plane can often be done by simply
taking iw, — w + 0. In the specific examples which we will look at, this procedure
works. However, there is no general theorem stating that this can always be done.

In the next chapter, we will see why retarded correlation functions are intimately

related to experimental measurements.



Chapter 6: Imaginary-Time Formalism 72

6.5 Evaluating Matsubara Sums

We can use contour integration and the fact that the poles of ng(w) are precisely the
Matsubara frequencies, w,, = 2nm/[3, to convert sums over Matsubara frequencies into
integrals. As we will see, it is natural to rewrite these integrals in terms of advanced

and retarded Green functions.

Figure 6.1: The contour of integration in (6.35).

Consider the sum

%Zg(mm — i, 7 — §) Gliwn, @) (6.34)

This sum is equal to the following contour integral (see figure 6.1) since the integral
avoids the singularities of the Green functions; consequently, it picks up only the poles

of ng(w), thereby leading to the Matsubara sum.

d 1
7502—;"2 n5() 60 — 7= D) G, 0) = 5360 — i, P = D) G, @) (635
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The singularities of the Green functions occur when w or i€),,, — w are real, as may
be seen from the spectral representation (13.46). The only non-vanishing segments
of the contour integral are those which run on either side of the lines w = E (the first
term on the right-hand-side below) or w = iQ,, — E (the second term) where E is

real:

72;—; n5(w) G(w + i) G(w) = —/ dEn(E) G(iQ — E) (G(E + i8) — G(E — i6))
27”/ dE np(iQ — E) (G(E + i) — G(E — i6)) G(i, — E)

Note the reverse limits of integration in the second integral; they arise from the fact
that F and w are oppositely directed.
If we assume that the analytic continuation is straightforward (as it often is), then

we can use (13.49) to write this as:

C% np(w)G(w+iQ,) G(w) = /_O:OdEnB(E) G(iQh, — E.F— q* B(E, )
— [ dE 51 — B) G0 — E.d)(p — 0)* B(E.5 - )

Since ng (i€, — E) = —(1 + ng(E)) for Matsubara frequencies i€2,,, we finally have:

%Zg(iwn + Q) Gliw,) = /O:OdEnB(E) G(iQm — E, 7 — §) ¢* B(E, §)
+/O:odE (ng(E) +1) G(iQn — E,q) (p — ¢)* B(E,p—q)  (6.36)

If we also continue i€2,, — €2 + 9, then we have:

1 00
BZQ(ZQm _iwnaﬁ_mg(iwnag) = [denB(E) CTYret(Q - Eaﬁ_LDQQ B(E,(D

-|-/O:odE (np(E) + 1) Grete(Un — E, @) (p — 0)* B(E, 7 — q)
(6.37)
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It is important that we did the analytic continuation of the external frequency, (2,
at the end of the calculation, rather than during some intermediate step. This type
of contour integral trick can be used rather generally to bring Matsubara sums to a

convenient form, as you will see in the problem set.

6.6 The Schwinger-Keldysh Contour

The formalism which we have thus far constructed was designed to determine the
transition amplitudes from some given intial state at ¢ = —oo to some final state
at t = oo. In the previous chapter, we were able to relate these amplitudes to the
amplitude for a system to remain in its vacuum state in the presence of an external
source j(z,t) and, hence, to correlation functions in the vacuum state. We may,
however, wish to consider a situation in which the system is in a given intial state —
say the vacuum state or the state at thermal equilibrium at inverse temperature 3 —
but we make no assumptions about the final state. We may then wish to compute the
correlation functions of some observable such as d;u;(z,t) at time ¢.

In order to do this, we imagine evolving the system from some initial state |i) at
t = —o00 to t = oo and then back to t = —oo. The evolution operator for such a
process is:

U(oco, —00) U(oo, —00) (6.38)
Clearly, this is simply equal to 1 and!
(i|U(—00,00) U(o0, —00)|i) =1 (6.39)

Suppose, however, that we switch on a source field, j(z,t), only during the forward

propagation in time. Then

(1|U (=00, 00) Uj(00, —00)|i) # 1 (6.40)

!Contrast this with the usual zero-temperature formalism, where we compute {f|U(co, —00)|i)
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and, by differentiating with respect to j(z,t), we can obtain correlation functions.
If we wish to work with a system at zero-temperature which is in its ground state

at t = —oo, then we define the generating functional:
Z[j] = (0|]U(—00, 00) U;(00, —00)|0) (6.41)

At finite temperature, we have

Zlj] = Tr{ePMU(=o00,00) Uj(00, —o0) } (6.42)

or
Zlj] = Tr{U(—oo —if, —o0)U(—00,00) U;(c0, —00)} (6.43)
i.e. we evolve the system from t = —oo to t = 0o then back to ¢ = —oo and thence

tot = —o0 —1f.

This generating functional allows us to calculate non-equilibrium correlation func-
tions: j(x,t) can drive the system out of equilibrium since we make no assumptions
about the final state of the system. The price which must be paid is the doubling
of the number of the fields in the theory; the second copy of each field propagates
backwards in time.

The Keldysh contour which we just described is just one example of a possible
contour along which the time-evolution is performed. There is a more general class of
contours, C', which go from —oo to oo; from oo to oo — io; from oo — o to —o0 — 10
and thence to oo — /3. We make the choice o = (3/2 for which the propagator takes
a particularly simple form; however, this is a matter of taste. All choices of o share
the advantage of being real-time formulations and thereby obviating the need for
potentially ill-defined analytical continuations.

There is an important factorization property, which we won’t prove here, for the

contributions from each piece of the contour to the functional integral Z:

A A A (6.44)
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t

t, -
Y
t.-io t,-io

Ca Ca

t,-ip

Figure 6.2: Real-time contour separated into four parts that factorize into separate
contributions: C; U Cy and C3 U CY.

where

Z = Tr{U(—oo—if,—o0 —io)U(—00 —io,00 —io) U(co — i0,00) Uj(c0, —00) }
) (6.45)

Only C; and Cy are important in obtaining correlation functions. Using Dyson’s
formula for U(ts,t;), we can expand Z = ZC1YC perturbatively as we did in the
equilibrium zero-temperature and imaginary-time formalisms. We can use Wick’s
theorem to evaluate T.-ordered products. To construct the resulting perturbation
theory, it is useful to denote the fields on the upper (C}) and the lower (C5) pieces of

the countour by

u; () = ui(t), ui(t) = u(t —io), (t = real) (6.46)

1

The Feynman rules are similar to those of our equilibrium zero-temperature theory
with the major difference being each vertex is labelled by an index a = 1,2 and the
amplitude is assigned a factor of —1 for each a = 2 vertex. The vertex resulting from
the source field j(z,t) is assigned a = 1. The propagator between two vertices with

indices a and b is given by:
—iAP(t — 'z — 2) =< T.[0uf (t, 2)O;ul(t', 2')] > (6.47)

where T, denotes ordering of fields according their position along the contour of Fig.
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6.2. For the Keldysh contour, the diagonal elements of the propagator are the real-
time zero-temperature time- and anti-time ordered propagators. The off-diagonal
element contains all of the information about the occupation numbers of states; in
thermal equilibrium the occupation numbers are given by ng(w), but they can be
more general. For our choice, o = /2, the dynamical information contained in the
zero-temperature propagator and the information about occupation numbers can be

untangled by the parametrization:

iAw, k) = u(w) ild(w, k) ul (), (6.48)
where
iGO (w, k’) 0
iAo(w, k) = , (6.49)
0 —iG§(w, k)
with iGo(w, k) the usual time-ordered propagator
iGo(t —t',x — 2') = (T[0u(t, ©)0ju;(t', x')]) (6.50)

and —iG§(w, k), consequently, the anti-time-ordered one
—iGh(t —t, 2 — ') = ((T[0us(t, ©)Opu; (', 2)]))" = (T[0sus(t', v")Oyus(t, x)])  (6.51)

The matrix u contains the information about the temperature. This matrix is

given by
cosh A6, sinh Af,
u(w) = ,  where Af, =0 — 6=
sinh A@, cosh A6,
1
and COSh2 03_: = 1—@7_“’/,11 . (652)

Notice that at zero temperature u = 1.

To summarize,

e To each line, we associate a momentum, p and a frequency, w.
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e To each vertex we assign an index a = 1,2. External lines are assigned a = 1

at their free end.
e For each external line with momentum p, write ‘ ﬁ‘

e The propagator assigned to an internal line carrying momentum p'and frequency

w which connectes vertices labelled by indices a and b is:

AR (7, w)

e For each vertex carrying index a with momenta, frequencies (pi, wy), . .., (P4, w4)

directed into the vertex, we write

(3—2a)g (27)35(171 + P + D3 + Pa) (w1 + we + w3 + wy)

e Imagine labelling the vertices 1,2,...,n. Vertex ¢ will be connected to vertices
J1y- -y Jm (m < 4) and to external momenta py, ..., ps_n,. Consider a permu-
tation of these labels. Such a permutation leaves the diagram invariant if, for
all vertices 4, 7 is still connected to vertices ji,...,jn (m < 4) and to exter-
nal momenta py,...,ps_m. If S is the number of permutations which leave the

diagram invariant, we assign a factor 1/S to the diagram.
e If two vertices are connected by [ lines, we assign a factor 1/I! to the diagram.

In equilibrium, the Schwinger-Keldysh formalism gives results which are identical
to those of the Matsubara formalism. Out of equilibrium, however, the two formalisms

give different results; only the Schwinger-Keldysh is correct.



Chapter 7

Measurements and Correlation

Functions

7.1 A Toy Model

We will now take a break from our development of techniques for calculating correla-
tion functions to relate retarded correlation functions to experimental measurements.
We will also discuss those properties of retarded correlation functions which follow
from causality, symmetries, and conservation laws.

Let us take a look at a toy model to see why retarded correlation functions are
useful objects which are simply related to experimentally measurable quantities. Con-

sider a single damped harmonic oscillator, with equation of motion

d?*z dx 9
_ - — Fext 1
gz g T (*) (7.1)
We define the retarded response function, x,e(t — t') by
v(t) = [ dt uult =) F(E) (7.2

By causality, xret(t — t') must vanish for ¢ — ¢ < 0. Substituting the definition of

Xret (t — 1), (7.2) into the equation of motion (7.1), we see that xyt(t — t') satisfies:
d2

d
@th(t —t) 4+~ Exret(t —t) + Wi et (t— ) = 6(t — 1) (7.3)

79
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Thus, Xyet(t—1") is the Green function of the differential operator on the left-hand-side
of (7.1) subject to the boundary condition that X, (t —t') = 0 for t — ¢’ < 0.

We can define the Fourier transform of yx:

X(w) = /O:Odtei“’tx(t) = /()oodtei”tx(t) (7.4)

Since x(t) vanishes for t < 0, the integral is well-defined for w anywhere in the
upper-half-plane. Therefore, x(w) is an analytic function in the upper-half-plane.

Substituting the Fourier representation of x(t) in the equation of motion, we find

X(w):
1

X(w) = i (7.5)

We can break y(w) into its real and imaginary parts:

X(w) = X' (w) +ix"(w) (7.6)

From (7.5), we have in our toy model:

(W) = e
YT e (w?
1 ’}/w
R R o
From the above definition,
X'(w) = Im{/_oo dtei“tx(t)}
_ o i wt _ —iwt
- /_oodt 2 (i ) x()
= [ dtet - (x(t) = x(-1) (7.8)
Similarly,
/ e wt 1
(W) = [ dte S (x(t) + x(~1) (7.9

Thus, x”(w) is the Fourier transform of the part of x(w) which is not invariant under

t — —t while x/(w) is the Fourier transform of the part of y(w) which is invariant
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under ¢t — —t. In other words, x”(w) knows about the arrow of time which is implicit
in the condition x(¢ — t') vanishes for t —# < 0. x'(w), on the other hand, does not.

This is reflected in the fact that x”(w) determines the dissipative response. To see
this, suppose that we apply a force, F'(t). The work done by this force is the energy

which is tranferred to the system — i.e. the dissipation:

aw dx
2 - =
dt (>dt

= FO) 5 [t vt = OOF()

— F() / it oy (w) F(w)

—00 ,27'('
dw d e iy (w) Fw)F (W) (7.10)
2m 27

If we assume F'(t) = Fg cos Qot and compute the zero-frequency part of dW/dt (rather
than the part which oscillates at 2wy), we find:

dw 1 .
o w=0 = - F i (Q0x(20) = Q0x(—0))
1 "
-9 OQQOX () (7.11)

The essential reason that y’ doesn’t enter the dissipation is that the time-reversal
symmetry of x’ implies that the energy gain and loss due to X’ are the same. Y’
is often called the reactive part of the susceptibility while x” is the dissipative or
absorptive part.

For our toy model, the energy dissipation,

aw 1 v
— =—-F;Q 7.12
P R e TR CLIN (712
is maximum at €}y = 4wy, i.e. on resonance. Consider the resonance 2y =~ wy.
Approximating Qy + wg &~ 2wg, we have a Lorentzian lineshape:
dw 1
AL o i (7.13)

dt _5 04(W0_QO)2+'72
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L2

Figure 7.1: The countour of integration taken for the Kramers-Kronig relation.

with full-width + at half-maximum.
As a result of the analyticity of x in the upper-half-plane — i.e. as a result of
causality — we have the Kramers-Kronig relations. The analyticity of x(z) in the

upper-half-plane implies that:

72% X (7.14)

T 2 — W
for the contour of figure 7.1 The integral of the semicircular part of the contour

vanishes, so we have:

/md_w' W)  _, (7.15)

—o0 Tt W+ 1€ —w

Using the relation:

=P () i —w) (7.16)

w4+ 1€ —w w —w

we have

—ip / dw’ X&) (7.17)

W —w
Comparing real and imaginary parts, we have the Kramers-Kronig relations:

X(w) = 7’/00 - XA

w—w

N (7.18)

o T W —w
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7.2 General Formulation

We can cull the essential features of the toy model and apply them to a many-body
system such as our phonon theory. It is fairly clear that this can be done for a free
field theory which is, after all, just a set of harmonic oscillators. As we will see
momentarily, this can be done — at least at a formal level — for any theory.

Suppose our external probe couples to our system through a term in the Hamil-

tonian of the form:
Hyrope = / BT (7, t) f(Z,1) (7.19)

f(Z,t) is our external probe, which we control, and ¢(Z,t) is some quantum field
describing the system. In our phonon theory, we could take ¢(Z,t) = Opur(Z,t) in
which case our probe compresses the solid. Alternatively, we could take ¢(Z,t) =
uz(,t), causing displacements along the 3-direction. We will work — as in the last
chapter when we defined Green functions — in an interaction representation in which

H

probe 18 the interaction Hamiltonian and the rest of the Hamiltonian is the ‘free’

Hamiltonian. Let us suppose that we now measure the field 7(Z,t), which may or

may not be the same as ¢(Z,t). Its expectation value is given by:
(n(#,)) = (0|U7*(t, —00) n(, 1) Ur(t, —00)| 0) (7.20)
where

. rt , ,
Ul(t,—o0) = T {e_zfoodt Hprope (t )}

t
= L[t Hyelt) + (7.21)
If we keep only terms up to first-order in Hp,obe, then we have:

(@ 1) = <O‘(l+i /_t Oodt’Hpmbe(t’)) n(7. 1) (1—2' /_t wdt’Hprobe(t’)>‘0>

= 010000+ (0]t [t [Hyuaelt). 0l 1)) 0)
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= OIn(E 0|00 +i [ @ [ at {000 [0 #),0(E 0| 0F7.22)

We have added a subscript 0 to emphasize that these are interaction picture states
—i.e. these are expectation values in the absence of the probe. Let us assume, as is
usually the case, that

(0n(Z,t)0)y =0 (7.23)

Then,
@) =i [@F [t 1@ o0l eE @0 @24

The commutator on the right-hand-side, <0‘ [qﬁ(f’, '), n(Z, t)} ‘0>, is an example of a
response function.

Let us specialize to the case n(Z,t) = ¢(2’,t'). Then, we write:

(@) =i [ &7 [ Lt F(E ) X E 1) (7.25)

If the Hamiltonian is space- and time-translationally in the absence of Hpope, then

we can write:

X(Z, &5t =x(@ -2, t—1) (7.26)
We can also extend the dt’ integral to oo
(@ 1)) = —i / &7 / dt' f(7 ) (T — Tt — 1) (7.27)

if we define

X(@ =2 t—t") =0t —1t') (0] [o(Z, 1), p(Z,t')] | 0) (7.28)

As in our toy model, we can define the Fourier transform with respect to time,

X(Z — ' w) and its real and imaginary parts,

X(Z =2 w)=X(T—7,w)+ix" (7 -7, w) (7.29)
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Following the steps of (7.8), we see that x"(Z — ', w) is the Fourier transform of the

commutator without a f-function:

X'(Z—-2t—t)= g_w e W7 — W) (7.30)
m
where
X'(& =2t =1') = (0] [o(Z, 1), o(7', )] | 0) (7.31)

As in our toy model, x”, satisfies the antisymmetry properties:

X'(Z -2, t—t) = —\"(@ -2t —1)
X'(@ —Zw) = —X"7T -7 —w) (7.32)

These properties follow from the fact that y” is a commutator.
Following the steps which we took in our toy model, the dissipation rate under

the influence of a periodic probe, f(Z,t) = f,(¥) coswt is given by
- / B2 BT w7 — 7,w) [ (T) (T (7.33)

We can also follow the derivation for our toy model to show that x (& — #,w)
satisfies the Kramers-Kronig relations (7.18). The Kramers-Kronig relations can be
approached from a different angle by constructing a spectral representation for the
response function (7.28). Following our earlier derivations of spectral representations,

we have:

p(q. E)
/ R (7.34)

where
Z! |6(0,0)] 0)*6(7 = fim) 6(E — win) (7.35)

If we construct a spectral representation for x”(¢, w) — which can be done trivially
since there are no f-functions — or simply take the imaginary part of (7.34), we see

that:
X'(,w) = 7 p(q,w) (7.36)
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In other words, x"(¢,w) is the spectral function for x(q,w):

. o dE X'"(q,FE
X(qw) = /7007 R _(w _1.6 (7.37)

which is the Kramers-Kronig relation. According to (7.37) x(¢,w) is singular when-
ever (¢, w) is non-vanishing. These are the regions of phase space where there are
states of the system with which the external probe can resonate, thereby causing

dissipation.

7.3 The Fluctuation-Dissipation Theorem

Consider the correlation function:

Sy, t) = Tr (e 5(%,1) 6(0,0)) (7.38)

The response function can be expressed in terms of the correlation function:

Xno(T; 1) = 0(t) (Syo(T, 1) — Son (=T, 1)) (7.39)

and its dissipative part is simply

Xns' (T, 1) = (Syo (1) = Sgn(=T, —1)) (7.40)

Xns' (T,w) = (S (T, w) = Sgn (=7, —w)) (7.41)

By the cyclic property of the trace,

Sye(@t) = Tr (e y(@,1) 6(0,0))

= Tr (¢ x,t))

= Tr(e ﬁ% 0)e~ " n(7,t))
= Tr (e (0, —iB) n(z.1))
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= Spyl—F,—t—if) (7.42)
Hence,
Suo (T, w) = €M Gy (=7, —w) (7.43)
Thus, we finally have:
Xno' (Z,w) = (1 — e_ﬁw) Sy (T, w) (7.44)

Since the right-hand-side is a measure of the dissipation and the left-hand-side is
a measure of the fluctuation, (7.44) is called the fluctuation-dissipation theorem.
As we will see shortly, neutron scattering experiments measure S,,(¢,w), and the
fluctuation-dissipation theorem relates this to a quantity which we can attempt to
calculate using the imaginary-time formalism: the imaginary part of a retarded cor-

relation function, x,,"”(¢,w).

7.4 Perturbative Example

Let us consider the case in which ¢ = 1 = 0;u;. 0;u; is the current in the x;-direction
carried by the ions in the solid, so we are driving the solid in the z;-direction and
measuring the subsequent flow of the positive ions in this direction. Then x4, is given
by the retarded correlation function of O,u; with itself. Let us make the simplifying

assumption that v; = v;. According to the id prescription of (6.32), for free phonons

this is:
o2
= 7.45
X¢>¢>(w7 @ (w + i5)2 _ Ul2q2 ( )
Hence,
Xipo = w? sgn(w)d(w? — viq?) (7.46)

In other words, there will only be dissipation if the compressional force has a com-
ponent with w? = v?¢?>. Thus a measurement of this response function is a direct

measurment of v, i.e. of the phonon spectrum.
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If the phonons are interacting,

w?

— 7.47
and the d-function is broadened:
w? Im {11, (w, q
X:i;ﬁ — 5 2 9 { t( 2 )} 3 (748)
(w? —v/¢* + Re {ILet(w, ¢) )™ + (Im {TLet(w, 9) })

Consider a perturbative computation of Il (w, q). At O(g), there is diagram (a)

of figure ?7?7. This diagram gives a purely real contribution

(iwn, q) = Z/ H 2 ! + O(g% (7.49)

+vp

In the problem set, you will compute the Matsubara sum. At zero temperature, we

find:

M(iw,,q) = 2 (9%)
Const )gq A4/v + O(g?)
= (6v})q® (7.50)

—~

where (0v?) = (const.) g A*/v. The analytic continuation to the retarded Green func-
tion is trivial.
The first contribution to the imaginary part of the self-energy comes from diagram

(b) of ??. It is given by

2 32 732
. g1 d°py d°py .. . .
Im {I(iw,,q)} = Im{q2 G _ﬁQ E / (2m)? (2n)? G (iwn — Wy, — iWn,,q — P1 — D2)

G (iwn,, p1) g(iwnzam)} +0(g%) (7.51)

twn —w—+1id

Evaluating this integral is tedious, but we can make some simple observations. When
we convert the two Matsubara sums to integrals, we will convert the Green functions
to spectral functions; taking the imaginary part will convert the final one to a spectral

function:

2 3= 13-

. g d’py d°p
Im {I1(iw,,q)} = Im{q2 5 /dwl/dwg (27?)13 (27?)23 QBB} ) +O(g%)
Wn — W1
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2 3= 3=
= Im q2g—/dw1/dw2/dp1 4Py BBB
6 (27T)3 (27T)3 twn—w+id

+0(g%) (7.52)

By taking the imaginary part, we have put the three internal phonon lines on-shell.
There is no phase space for the d-functions to be satisfied if w = 0 (since p; and ps

will have to be collinear), so the integral is propotional to w. Hence, we have:
Im {[(iwn, q)} = Dg*w+O(q'w) + O(g?) (7.53)

where D = (const.)g?A”. Keeping only the first term, we can now write the spectral

function as:
v w? (DgPw)
Xoe (w2 — 17?(12)2 + (Dq%))2

(7.54)

where 07 = v} + v},

This is the form of the response function which we expect when ¢ is small and
II,¢t(w, q) can be calculated perturbatively. In such a case, the corrections due to
I1,ct(w, q) are small and lead to a small damping of a propagating mode. In general,
however, the calculation of the response function, y, is a difficult problem. Never-
theless, we can often say something about x since some of its general features follow
from conservation laws and symmetries. The resulting equations satisfied by physical

quantities (including response functions) are hydrodynamic equations.

7.5 Hydrodynamic Examples

Let us consider as an example some particles dissolved in a fluid. The density, p, and

current, J of these particles will satisfy a conservation law:

%Hﬁj:o (7.55)

Unlike in the case of a propagating mode, p and JM will satisfy a constitutive relation:

J=—=DVp+ fuxt (7.56)
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where D is the diffusion constant and B,y is an external force acting on the particles
(such as gravity). Ideally, we would like to compute D (perturbatively or by going
beyond perturbation theory), but in many cases we must leave it as a phenomeno-

logical parameter. As a result of the constitutive relation, p satisfies the diffusion

equation:
) Lo
=P —=DV’p=V" fo (7.57)
ot
Hence,
__ 4
and
Dq¢?
" (w,q) = ———— 7.59
pr( q) w2 + (Dq2)2 ( )
Thus, XZ,J /q is a Lorentzian centered at w = 0 with width Dg?. Similarly,
w
XJs(w,q) = o+ DE (7.60)
and
Dq¢*w
(w,q) = ——— 7.61
Xg(w, q) 7 + (Dg?)? (7.61)

Note that this is precisely the same as (7.54) for v = 0.

In this example, we have seen how the low ¢, w behavior of response functions of
conserved quantities and their associated currents can be determined by a knowledge
of the hydrodynamic modes of the system. In general, there will be one hydrodynamic
mode for each conservation law satisfied by the system. The conservation law, to-
gether with a constitutive relation, leads to hydrodynamic equations satisfied by the
conserved quantity and its current. These equations, in turn, determine the correla-
tion functions. Note that such constraints usually only hold for conserved quantities;
correlation functions of arbitrary fields are typically unconstrained.

Observe that (7.61) is of precisely the same form as (7.54) above, but with ¢, = 0.
In this section and the last, we have seen how response functions which are calcu-

lated perturbatively (as we imagined doing in the first example) are often of the
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same form as those which are deduced from the hydrodynamic — or long-wavelength,
low-frequency — equations which they satisfy. Hydrodynamic laws hold in the long-
wavelength, low-frequency limit in which local equilibrium is maintained so that con-
stitutive relations such as (7.56) hold. Linear response theory holds in the limit of
small fo.. When both of these conditions are satisfied, we can sometimes perturba-
tively calculate response functions which satisfy the constraints imposed by hydro-
dynamic relations. In chapter 7, we will see examples of this in the context of spin
systems.

In a solid, we might be interested in the response functions for the energy density
and the mass density. It turns out that these quantities are coupled so that the “nor-
mal modes” of the solid are a combination of the energy and mass. One of thse normal
modes diffuses while the other is a (damped) propagating mode. Consequently, X,
Xpp, and xgg are given by linear combinations of functions of the form of (7.54) and

(7.59).

7.6 Kubo Formulae

Transport measurements fit naturally into the paradigm of linear response theory: a
weak external probe — such as a potential or temperature gradient — is applied and the
resulting currents are measured. Transport coefficients relate the resulting currents
to the applied gradients. These coefficients — or the corresponding response functions
— may be derived by following the steps of section 2.

We have already encountered one example of a transport coefficient which can be
obtained from a response function, namely the diffusion constant, D, which can be
obtained from (7.54) or (7.61) by:

D = lim lim (% X4 (a, w)) (7.62)

w—0q—0
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To see why transport properties should, in general, be related to such limits of
response functions, let us derive the corresponding relation, or Kubo formula, for the
electrical conductivity of a system. Let j denote the current in our condensed matter
system when the external vector and scalar potentials, A and ©, are zero. Let p be
the charge density. Then, when we turn on the electromagnetic field, the current is

given by J = j’— "76214) Meanwhile, Hope is given by:
Hyoo = [ 7 (=p(@00(F.0) + (@.0) - AF.0) + p@0AE1)  (763)
Following our derivation of the response function in section 2, we have
(J(&1) = <0‘(1 +z’/toodt’ Hpmbe(t’)> J(7,t) <1 —z’/toodt’ Hpmbe(t’)>'0>
- <o\jhat)\o>o+-<o i ixdﬂ[fgmme@q,jhatﬂ‘o> (7.64)

(0] 70}, = (0]7]0), - =4
neQ —

- My (7.65)

m

and the expression (7.63) for Hpone and keeping only terms linear in ff, we have:
t
@) = i [ [t 0,5 0] A )
=
i [dF [ @), ) el )
9 — 00

ne

— A1) (7.66)

We are free to choose any gauge we want, so let’s take ¢ = 0 gauge. Then,

(J(@ 1) = i / i [ Zdt’@(t—t’) (@), (@, )] A&, t) — %Ai(f,t)
(7.67)

In this gauge, E = dA/dt, so we naively have:

(7, 1)) = / B / T it o7 — 7ot — ) B(@, 1) (7.68)
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{(Ji(q,w)) = 03(q,w) E;(q,w) (7.69)

with
1 oo . 1 ne?
G(qw) == dte ™" [ji(=q7,0), (7 t)] — — — 7.70
oi(@.w) = = [ "dt e (=30, @ 0] - — = (7.70)
In terms of the response function,

. 1 . 1 ne?
0ij (@ w) = — X @ w) = — (7.71)

The first term on the right-hand-side leads to the real part of the conductivity:

l//
w I

Reo;;(q,w) = (¢, w) (7.72)

while the second term — if it’s not cancelled by the imaginary part of the first term —
leads to superconductivity.
The DC conductivity is obtained by taking the ¢ — 0 limit first, to set up a

spatially uniform current, and then taking the DC limit, w — 0.

(] .
D¢ = lim lim (; X33 (q, w)) (7.73)

w—0¢g—0

g

If we take w — 0, then we’ll get a static, inhomogenous charge distribution and the
q — 0 limit won’t tell us anything about the conductivity.

The above formulas are almost right. The problem with them is that they give
the response to the applied electric field. In fact, we want the response to the total
electric field. Using Maxwell’s equations and our linear response result for f, we can
compute the total field and thereby find the correction to (7.73). This issue is most
relevant in the context of interacting electrons, so we will defer a thorough discussion

of it to that chapter.
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7.7 Inelastic Scattering Experiments

Another way of experimentally probing a condensed matter system involves scattering
a neutron off the system and studying the energy and angular dependence of the
resulting cross-section. This is typically (but not exclusively) done with neutrons
rather than photons — for which the requisite energy resolution has not yet been
achieved — or electrons — which have the complication of a form factor arising from
the long-range Coulomb interactions.

Let us assume that our system is in thermal equilibrium at inverse temperature
[ and that neutrons interact with our system via the Hamiltonian H’. Suppose that
neutrons of momentum EZ-, and energy w; are scattered by our system. The differential
cross-section for the neutrons to be scattered into a solid angle df2 centered about k ¥

and into the energy range between wy & dw is:

d’ kp (MN? )~ .
a0 jlw - Z?f(_> ‘<kf§m‘H’] ki;n>‘2 e B §(w+ B, — Ep,) (7.74)

o Fi 2

where w = w; —wy and n and m label the initial and final states of our system.
For simplicity, let us assume that there are simple d-function interactions between

the neutrons and the particles in our system:
H =V éx-X;)=Vpx) (7.75)
J
Then

<Igf;m |H'| IZZ,n> = V/d3fei‘ﬁ (m|p(x)| n)
— Y {mlo@ln) (7.76)

If we use the Fourier representation of the d-function,

1o
8w+ B = Bn) = 5 / dt ¢+ En=En)t (7.77)
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and pass from the Schrodinger to the Heisenberg representation,

EE m |p(@) ) = (n]e™ p(q)e | m)
= (n]p(q,t)[m) (7.78)

then we can rewrite (7.74) as

2
d?;gw - Em:%<%> |(Fpsm | H Ei§n>‘2€_ﬂE"5(w+En—Em)

27
L ek (M g, - -
= e e (Gr) e @ m) (m ol 0) ) (7.79)

We can now use |m) (m| =1 and write this as

dQU ikf

dQdw ~ 27 k;

MN? oo
(—) / dte™ Tr {e‘ﬁHp(q_’, t)p(—q, 0)} (7.80)
2 —0o0
If we define the dynamic structure factor, S(q,w) = S,,(q,w):
S(G,w) d(w+w') = Tr{e ™ p(q,w)p(=, o) } (7.81)

then we can write the inelastic scattering cross-section as:

Po 1@(]\4)2 7
2

0do 2k S(q,w) (7.82)

According to the fluctuation-dissipation theorem, this can be written

d*o 1 kg M\? 1 b
iQdo %?(%) (1 - e—ﬂw) X(Gw) (7.83)

In our elastic theory of a solid,
p(E) = >0 (#— R — ii(Fy)) (7.84)

p(Q) = Zeitf-(ﬁrﬁ(ﬁi)) (7.85)

Let us assume that the displacements of the ions are small and expand the exponential,

pld) = S (1—ig-a(R)
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>6(7— Q) — iq-ii(q) (7.86)
Q

where Cj is the set of reciprocal lattice vectors. By dropping the higher-order terms in
the expansion of the exponential, we are neglecting multi-phonon emission processes.
Hence, the scattering cross-section is given by the sum of the contributions of the

Bragg peaks together with the contributions of one-phonon emission processes:
d20' 1k f

— 5 ~

A9 du 27r1<;( ) ([Z -

Recognizing our longitudinal phonon Green function on the right-hand-side and using

+ [Tr {7 g g w) 4 (-, )]}

(7.87)

the fluctuation-dissipation theorem, we can write this as:
dQO' 1 k’f —» 1
5 7 T B I re 9
dVdw 27Tk < > ([Z ¢— Q)0 - [(1_€—gw> m {Gret (g W)}])

(7.88)
Hence, the quantity which our imaginary-time perturbation theory is designed to

compute — G (g, w) is precisely the quantity which is measured in inelastic scattering
experiments. If we assume a self-energy as we did in (7.54), then there will be

Lorentzian peaks at w = £0;q of width Dg?.

7.8 NMR Relaxation Rate

In nuclear magnetic resonance, or NMR, experiments, a material is placed in a con-
stant magnetic field. As a result of this magnetic field, there is an energy splitting
wy between the up-spin excited state and the down-spin ground state of the nuclei
(let’s assume spin-1/2 nuclei). If an up-spin state were an energy eigenstate, then
electromagnetic radiation at frequency wy would be perfectly resonant with the nu-
clear spins; the absorption cross section would have a d-function at wy. As a result of
the interaction between nuclear spins and the other excitations in the system (elec-

trons, phonons, magnons), the up-spin state has a finite lifetime, 77. The width of
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the resonance is, therefore, 1/77. A measurement of T} is an important probe of the
spin-carrying excitations of a system.
The interaction Hamiltonian for the coupling between a nuclear spin and the other

excitations is:

Hu = [ G55 Al) [145-() + 150 (7.89)

A(q) is the hyperfine coupling between the the nuclear spin I and the spin density

S (q¢) due to the excitations of the system. The lifetime of the up-spin state is given

by:
1 ) -
- SKLsm [H| 1in)[* e 6 (wo + By — En) (7.90)

Following the steps which we used in the derivation of the scattering cross-section,

we rewrite this as:

Til -/ (Z; ) g |t B "3 (015 (@) m){m 4 (@] m) e
-/ éw 27T/ '3 1S (=g, 0) m) (m |S. (g, 1) ) =75
-/ éi) A() 3 (0 S-(=a, —wo) m){m S g.0) | m) =7
-/ (;i) Alg) 220 1S (=g, o) S.(g. o) | m) €75
-/ éi) Alg) Tr{e 1S (=7 ~w0)S4(3, o)} (7.91)

or, using the fluctuation-dissipation theorem,
Til -/ éf) Al A= (7.92)

wy is usually a very small frequency, compared to the natural frequency scales of

electrons, spin waves, etc., so we can take wg — 0:

7 = | a0 (79
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Functional Integrals

8.1 (aussian Integrals

We will now shift gears and develop a formalism which will give us a fresh perspective
on many-body theory and its associated approximation methods. This formalism —
functional integration — will also reveal the underlying similarity and relationship
between quantum and classical statistical mechanics.

Consider the Gaussian integral,

o0 2 27\ /2
/ dre 2% = (—W) (8.1)

a
This integral is well-defined for any complex a so long as Re{a} > 0. We can generalize

this to integration over n variables,

/ d"Fe~ 304 = (27)"2 (det A) 2 (8.2)
and even to integration over complex variables z; with d"zZd"z* = d"(Rez2)d"(Imz2),

/ A Ed T e A A% = (47)" (det A) " (8.3)

so long as A;; is a symmetric matrix with Re{A;;} > 0.

By completing the square,

5 .ﬁl?iAijl'j -+ bzl'z =
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where a) = (A71),;;0;, we can do the integral of the exponential of a quadratic form:
[ et — (072 (det 4) 2 (A7)t (8.5)

By differentiating with respect to b;, we can also do the integrals of polynomials
multiplying Gaussians:
0 0 _ Ly (A-1) b,
J@EP () et p (o) (2n) (deea) ™ M)
0by 0b,,
(8.6)
A non-Gaussian integral can often be approximated by a Gaussian integral using

the saddle-point approximation:
/ d"z e M@ / e ™ (20)=A@:0if),, g0 (wi=al) (ws=a])

= (2m)? e M () (det (A3:0; f)xi:x?)’% (8.7)

Where 1z is a stationary point of f(z;), i.e. 9;f(z}) = 0 for all j. This approximation
is good in the A — oo limit where the minimum of f(z;) dominates the integral.
Nothing that we have done so far depended on having n finite. If we blithely
allow n to be infinite (ignoring the protests of our mathematician friends), we have
the Gaussian functional integral. In the next section, we will do this by making the

replacement ¢ — ¢, ; — x(t), and
(g lai) (-2 ),
/d”fe‘é%“iﬂj — /Dx(t)e Sl (t)( dtQ) ® (8.8)

As we will see, the generating functional, Z, can be expressed in this way. Such
an expression for the generating functional will facilitate many formal manipulations
such as changes of variables and symmetry transformations. It will also guide our
intuition about quantum mechanical processes and emphasize the connections with

classical statistical mechanics.
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8.2 The Feynman Path Integral

In this section, we will - following Feynman - give an argument relating the matrix
elements of the evolution operator, U, of a free particle to a Gaussian functional
integral. This derivation can be made more or less rigorous, but shouldn’t be taken
overly seriously. We could just as well write down the functional integral without
any further ado and justify it by the fact that it gives the same result as canonical
quantization - ultimately, this is its real justification. Here, our reason for discussing
Feynman’s derivation lies its heuristic value and its intuitive appeal.

Suppose that we have a particle in one dimension moving in a potential V (z).
Then

2

H=—+V(x) (8.9)

Then the imaginary-time evolution operator is given by
Uty t;) = e il (8.10)

We would like to compute
(s |U(Tp,73)| i) (8.11)

In order to do this, we will write (the Trotter product formula)
—(rg—mi)H —0TH N~
S (8.12)

in the limit 67 = (7 — 7;)/N; — 0. We will now take the desired matrix element
(8.11),

<xf ‘6—57'H o 6—57’H

zi) (8.13)

and insert a resolution of the identity,

/dx‘x><x‘ =1 (8.14)
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between each factor of e 974

e 0T — / ) ./dxl coodrn. <3:f ‘e"sTH‘ $N7—1> . <x1 ‘e"STH‘ xl> (8.15)

When we repeat this derivation for a quantum mechanical spin in the next chapter,
we will insert a resolution of the identity in terms of an overcomplete set of states.
As a result, the integration measure will be non- trivial.

We now make an approximation which is accurate to O(§72%). In the §7 — 0 limit,
we will have an exact (though formal for arbitrary V' (z)) expression for the desired

matrix element. Observe that
eIV (@) _ —or(E) —6r(V(@) 0(572) (8.16)
Hence, we can write

<xn ‘e“STH‘ xn_1> = <xn

We now insert a complete set of momentum eigenstates into the right-hand-side
of this expression:

<xn -rn—1> 6_67— Vin-1) - /dpn <xn pn> <pn

_ / dpneipn(xnfxn_l)eféf éﬂ— 6757 V(zn-1) (818)

—5T(i)

2m

e

xn_1> e~ WVen-1) L O(57?) (8.17)

2
— P P
[ ot 2m 2m

6—57’

2
xn—1> 6—57 V(zn—1)

Note that the second line is an ordinary integral of c-numbers. Doing the Gaussian

pn integral, we have

(3= o) "

e

Hence,

En—Tp_1 >2+V(;rn71))

(U mled = [ .. [ doy.. doy, o (2 (8.20)

In the 67 — 0 limit, we write

noT — T
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T, — x(7)
Yo — /dT (8.21)

(but we make no assumption that x(7) is differentiable or even continuous) and

(xp|U(Tp, 1) i) = /DZL‘(T) e 5F (8.22)

where Sg is the imaginary-time — or ‘Euclidean’ — action:

Sglz(T)] = /t;de (% m(i—f)Q + V(x)) (8.23)

The path integral representation suggests a beautiful interpretation of the quantum-
mechanical transition amplitude: the particle takes all possible trajectories with each

=Sel=(N] to the amplitude.

tragectory x(T) contributing e
If the particle is free or is in a harmonic oscillator potential, V(z) = mw?z?/2,

this is a Gaussian functional integral:

_thlmd—‘Tlewl’ d2
/D.T(T)e ftz dr 3 (d‘r) +3 *a? = N det <—@ —|—a}2> (824)

where the determinant is taken over the space of functions satisfying x(t;) = z;,
x(t;) = zy and N is a ‘normalization constant’ into which we have absorbed factors
of m, m, etc.

For a more general potential, the path integral can be defined perturbatively using

(8.6)

Dax() o Jlamim(E) V@ _

i(_l)n< ,tfdtlv< )) [ Dty (T 0:0) (g

= n! t;
Time-ordered expectation values can be simply handled by the path-integral for-

(¢

malism:

(xp|T (x(m) .. .x(m) Ulrs, 1)) i) = /DZL‘(T) () ... x(1) e_f:ide (% m(#) +V($))
(8.26)
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As you will show in the problem set, this follows because the T-symbol puts the oper-
ators in precisely the right order so that they can act on the appropriate resolutions

of the identity and become c-numbers.

8.3 The Functional Integral in Many-Body Theory

Instead of following the steps of the previous section to derive the functional integral
for a field theory, we will simply demonstrate that the generating functional, Z[j], is
given by!:

Z[j] = N / Du e~Sel] (8.27)

where Sg[j] is the imaginary-time — or Euclidean — action in the presence of an
external source field j(Z,7) and N is a normalization factor.

To show that this is true, we will first show that it is true for a free field, i.e.
g = 0 in our phonon Lagrangian. The generating functional, Z[j] is given by the
exponential of the generating functional for connected Green functions, W{j], which,

in turn, is given by a single diagram:
Zo[j] — Wolil — e%fj(w)Go(x*y)j(y) Z[O] (8.28)

The functional integral, on the other hand, is given by

N /Du e—Selil — N {det (—52‘3‘83 — (pu+X)0;0; — ,Uléz‘jakak)} 2 ez J i@)Gol—1)iv)
(8.29)

which follows because
Go = 00, (6,07 — (1 + N9, — u6,0:0%) (8.30)

If we choose N to cancel the determinant, we have the desired result.

'In the next chapter, when we turn to spin systems, however, we will need to revisit the derivation
of the previous section.



Chapter 8: Functional Integrals 104

Now consider the interacting case, S = Sy + [ Lini(Oxur). Then, following (8.6),

we can write the functional integral as:
N /Du e S0l [ Lint(Drw) — ﬂ eifﬁ“”(f%) eWolil (8.31)
No
According to Dyson’s formula, we have precisely the same thing for the generating
functional. Hence (8.27) is true even for an interacting theory. By straightforward
extension, we can show that the same relation holds at finite-temperature, where
imaginary-time integrals run from 0 to S.

An important result which follows from this discussion is that the propagator is
simply the inverse of the differential operator in the quadratic term in the action.
The inverse is almost always most easily taken in momentum space.

With the functional integral representation of Z[j] in hand, we can give simple
proofs of Wick’s theorem and the Feynman rules. To do this, it’s helpful to use the

following identity (which we state for finite-dimensional vector spaces)

F <—ia%> G(x) = (G <—i%> F(y) eiX'Y>y:O (8.32)

This identity can be proven by expanding F' and G in plane waves.

Flx) = e@x
Gly) = &P (8.33)
The left-hand-side of (8.32) is
oia-0/0x jibx _ ib-(x+a) (8.34)
while the right-hand-side is:
ob0/0y ji(xta)y _ i(x+a)(y+b) (8.35)

from which (8.32) follows.
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Using this, we can compute the time-ordered product of a string of fields in a free

field theory:

_ l 6 0 g j@)GO@y)j(y)]
0j(z1)  6j(x1) =0

(8.36)

This is Wick’s theorem in the form in which we rewrote it at the end of section 4.4.
In the same way, we can derive the Feynman rules for an interacting theory. Using

our expression (8.31),

Zlj] = N o= J £ine(5) (Woli)

)

N e JEm(F) o3 [i@Go@—y)i) (8.37)

Using our identity, (8.32) we can rewrite this as:

Zj] = Neé J Gola—y) W W e*fﬁmt(akuk)Jrj@kuk (8.38)

which is a compact expression of the Feynman rules for the generating functional.

8.4 Saddle Point Approximation, Loop Expansion

As we pointed out in chapter 5, the loop expansion is an expansion in powers of h.
Using the functional integral, we can obtain another perspective on the expansion in

powers of h. Restoring the h, the functional integral is
Z[j] = N / Dy e~ (Selul+ 0u) (8.39)
At saddle-point level, this is given by:

Z]j] = N e~ #(Sslw+[ 50n) (8.40)

u; =0
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where u€ is a classical solution of the equation of motion:
g .
Kij(x — y)u;(y) — gﬁi(akuk)?’ = —0,j(x) (8.41)

and

Kij(w — ) = 0(x — ') (0502 + (1 + N30, + 1d3;0x0%) (8.42)

If we use the classical solution which is obtained by starting with the g = 0 solution:
ui(z) = =K' (z = y)9;j (y) (8.43)
and solve this iteratively:

. — / — / " - ! 3
wi(w) = — K57 (= y)35(y) + 5 Ky (o =)0 (9K (o = 2")3si(a")) +... (844)

we obtain:

Whl=wzll = (500K @ - o)

1. . g ,._ / — / " o3
~3 ij(x)gKill(x—x)@l(akKkjl(x —2")0;j(x )) —i—)

(8.45)
This is the contribution to the generating functional for connected diagrams coming
from tree-level diagrams. In the terms not shown, for each additional vertex carrying
a g we have one extra internal line — i.e. a propagator Kl-;l which is not attached to
a 0;j.
The Gaussian fluctuations about the saddle point contribute to the functional
integral a factor of

Trln <7Kij+%8iaj (akuz)Q)

det <_Kz’j + galaj(akqu) =€ (846)

This gives the following contribution to the generating functional of connected dia-

grams:

g c -19 c
Trln (—Kij + §3i3j(3kuk)2> = Trln(—K;)+Trln (1 - Kjiliaﬁj(akukf)
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1
ST (1 80,0000 K 0.0, (00s)*) + ...

(8.47)
or, writing out the traces,

WioplJ] = / Brdtn (—K) (0) —
_ g c
[ (Kjl-l(())i@i@j(akuk(x,t))2) 4
1/d3ycahfalgaj’dt’ KMo — ot — t)ga Ay (Opus (z,1))* x
2 jm 9 2 m k 9

K (v —a' t— t’)%@iaj(akui(x’, t’))2> +... (8.48)

The first term is independent of j(x,t) and can be absorbed in the normalization.
The rest of the series gives the connected one-loops contributions. The second term is
the loop obtained by connecting a point to itself with a propagator; the uj’s attach all
possible tree diagrams to this loop. The third term is the loop obtained by connecting
two points by two propagators and again attaching all possible tree diagrams. The
next term (not written) is the loop obtained by connecting three points with three
propagators, and so on.

Hence, the tree-level diagrams give the O(1/h) contribution to W[J] while the
one-loop diagrams give the O(1) contribution. To see that the L-loop diagrams give
the O(R*~!) contribution to W[J], observe that each propagator comes with a factor
of I (since it is the inverse of the quadratic part of the action) while each vertex comes
with a factor of 1/A (from the perturbative expansion of ¢%/"). Hence a diagram with
I internal lines and V' vertices is O(h'~"). According to the graphical argument we
gave in chapter 5, I —V = L — 1, which proves the claim.

Note that we have chosen a particular saddle-point, uf, namely the one which

can be obtained by solving the classical equations perturbatively about g = 0. In
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principle, we must, of course, sum the contributions from all saddle-points of the

functional integral.

8.5 The Functional Integral in Statistical Mechan-
ics
8.5.1 The Ising Model and ¢* Theory

The functional integral representation of the generating functional of a quantum me-
chanical many-body system bears a strong resemblance to the partition function of a
classical statistical mechanical system. Indeed the formal similarity between the two
allows us to use the same language and calculational techniques to analyze both. To
see the correspondance, let’s consider the Ising model,
1
H = —§ZJijaiaj (8.49)
i\j

where the spins g; = +1 lie on a lattice. The classical partition function is:
Z =Y e Tunis (8.50)
o
We can introduce auxiliary variables, ¢;, to rewrite this as:
Z=NY} / Dip; eXiivi ¢~ 7 2, (U7) 1% (8.51)
o
The sum over the o;’s can be done, giving:

z -1 i P4 1 cos i
z2=NY [ Dy, ¢ TN (I et Incosh g (8.52)

If Ji;; = J(i — j), then the first term in the exponential can be brought to a more
convenient form by Fourier transforming:

Z(Jﬁl)ij%'%' = / (%d ﬁs@(q)w(—q) (8.53)

i,J
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The momenta are cutoff at large ¢ by the inverse lattice spacing. If we are interested

in small ¢, this cutoff is unimportant, and we can write
1
J(q) = Jo — §J2q2 +0(q") (8.54)

so long as J(i — j) falls off sufficiently rapidly. Hence, we can write

/((inzd L‘P(Q)@(_Q) = /(%d <JLO<P(Q)‘P(_Q)+2i%q2@(q)¢(—q)+0(q4)>
= / d'z (%(W)Q + Jioch +0 ((wf)) (8.55)

In the second line, we have gone back to real space and taken the continuum limit,

©; — (x). Expanding the other term,

1 1
Incosh¢; =1In2+ 5(,02 - E(p‘l +0 (cpﬁ) (8.56)

If we neglect the O((Vp)*) and higher gradient terms — which seems reasonable in
the small ¢ limit — as well as powers of ¢ higher than the quartic term — which is not
obviously the right thing to do, but later will be shown to be reasonable — then we

can write the partition function as the following functional integral.
Z-N / Dip e~ | ¢ (KT  +hre?+fupt) (8.57)

where K = TJy/2J2, r=T/Jy — 1, u = 2. Hence, the imaginary-time functional in-
tegral which we have introduced for the generating functional of quantum-mechanical
correlation functions is analogous to the classical partition function. The weighted
sum over all possible classical histories is in direct analogy with the sum over all
classical configurations. The similarity between the functional integral (8.57) and the
functional integral for our theory of interacting phonons allows us to immediately

deduce its Feynman rules:

e Assign a directed momentum to each line. For external lines, the momentum is

directed into the diagram.
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e For each internal line with momentum ¢ write:

dp
(2m)d Kp +7r

e For each vertex with momenta pj, ..., py directed into the vertex, write:
u (2m)*5(py + Pa + P + Pa)

e Imagine labelling the vertices 1,2,...,n. Vertex ¢ will be connected to vertices
J1y- -y Jm (m < 4) and to external momenta py, ..., ps_n,. Consider a permu-
tation of these labels. Such a permutation leaves the diagram invariant if, for
all vertices 4, 7 is still connected to vertices ji,...,j, (m < 4) and to exter-
nal momenta py,...,ps_m. If S is the number of permutations which leave the

diagram invariant, we assign a factor 1/S to the diagram.

e If two vertices are connected by [ lines, we assign a factor 1/I! to the diagram.

In classical equilibrium statistical mechanics, time plays no role, so there are
momenta but no frequencies (unlike in quantum statistical mechanics where, as we
have seen, statics and dynamics are intertwined). So long as the system is rota-
tionally invariant, the theory will have Euclidean invariance in d spatial dimensions,
and therefore be formally the same as the imaginary-time description of a quantum
system in d — 1-spatial dimensions (and one time dimension).? The classical analog
of a quantum system at finite-temperature is a classical system which has a finite
extent, (3, in one direction. Much of what we have to say about quantum-mechanical
many-body systems can be applied to classical systems with little modification. Of
course, classical statistical mechanics should be contained within quantum statistical

mechanics in the small § limit.

2Actually, one should be slightly more general and draw a parallel between a d-dimensional
classical system and a d — z-dimensional quantum system. z = 1 is somehwat special to our phonon
theory since frequency and momentum enter with same power, e.g. w? — v?p?. Ordinarily, in a
system of non-relativistic bosons, the equations of motion have one time derivative and two spatial

derivatives, as in the Schrodinger equation. In such a case, w is on equal footing with p?, so z = 2.
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8.5.2 Mean-Field Theory and the Saddle-Point Approxima-
tion

We can apply the saddle-point — or 0-loop — approximation to our functional integral

(8.57). The classical equation of motion is:

—Kv%mw+m¢@y+g¢@g:o (8.58)

Let’s look for spatially uniform solutions ¢(x) = ¢. If r > 0, there is only
=0 (8.59)

However, for r < 0 there are also the solutions

@:idé? (8.60)

These latter solutions have larger saddle-point contribution: exp(3r?/2u) compared
to 1 and are therefore more important.

r =0 occurs at T' = T, = Jy. For T' > T, there is only one saddle-point so-
lution, ¢ = 0. According to the saddle-point approximation, at T = T., a phase
transition occurs, and for T' < T, there is spontanecous magnetization in the system,
¢ ~ £/T,.—T. Of course, we shouldn’t stop with the saddle-point approxima-
tion but should include higher-loop processes. In the problem set, you will find the
Ginzburg criterion which determines whether higher-loop processes invalidate the
saddle-point analysis.

The saddle-point analysis reproduces and is completely equivalent to the standard
mean-field-theory. To make this more obvious, let’s use the full potential (8.56) rather

than the one truncated at quartic order:

ffddx (%K(Vg@)%r%gogflncoshgo)

Z:N/Dm (8.61)
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The saddle-point equation is:

T
— = tanh g (8.62)
Jo

This is the usual self-consistency condition of mean-field theory which predicts T, =
Jp.
For purposes of comparison, let’s recapitulate mean-field theory. We replace the

effective field which each spins sees as a result of its interaction with its neighbors,

1
H= —52(]1']'0'1‘0']' (863)
2
by a mean-field, h:
H= —Zhai (8.64)
with h given by

In this field, the partition function is just 2 cosh% and

h
(o) = tanh T (8.66)

Using the self-consistency condition, this is:

Jolo)

= tanh
(o) = tan T

(8.67)

which is the saddle-point condition above.
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Chapter 9

Spin Systems and Magnons

9.1 Coherent-State Path Integral for a Single Spin

Let us follow Feynman’s derivation of the functional integral to formulate a functional
integral for a quantum-mechanical spin. A quantum mechanical spin of magnitude s

has a 2s 4+ 1-dimensional Hilbert space of states. One basis is:

SZ

sz>, sf=—-s,—s+1,...,s—1,s (9.1)

For the functional integral representation, it is more convenient to use the overcom-

plete coherent state basis ‘ﬁ>

—

§-q|a) = s|@) (9.2)
where € is a unit vector. For s = 1 /2, we can write this basis in terms of the spinor
2% a==+1/2:

‘Q> = z”“a> (9.3)

where:

Q= 2G5 2° (9.4)

in terms of the spherical angles 6, ¢ of O
e~"/2 cos &
z = , (9.5)
¢/? gin g

114



Chapter 9: Spin Systems and Magnons 115

and 2**z* = 1. Of course, there is arbitrariness in our choice of the overall phase of
2%, but so long as we choose a phase and stick with it, there is no problem. Therefore,

the states }§> and

o > have overlap:

(@

Q> =22 (9.6)

To obtain larger s, we can simply symmetrize 2s spin—1/2’s:

‘ﬁ> = 041,...,0425> (9.7)
with
<Q’ Q> = (z'*azo‘)2s (9.8)
In terms of the spherical angles,
<2 ﬁ> = (% (14 cosf) e_i‘z’> Ss
_ (% (1+2-G) ei¢) (9.9)
Hence the general relation is:
(@) = (5 (1+ - G) ) (9.10)

where ¢ is the phase of 2’**2%. In this basis, the resolution of the identity is given by:

[= 234;; ! /m@@y (9.11)

as may be seen by taking its matrix elements between states (s| and |s — n). The

usefulness of this basis lies in the following property:
(9]£(8)|@) = f(s) (9.12)

To see this, use (9.7) to write this as:

(Gf(9)0) = 22 2B, B

f<%+...—|—0225>za1...za25




Chapter 9: Spin Systems and Magnons 116

= f(s) (9.13)

where we have used ) = z* o 2” in the second line.
Let us construct the functional integral representation for the partition function
of a single spin. Following our derivation of the path integral in chapter 8, we write

the imaginary-time evolution operator as
—BH(S) —ArHENY
e = (e ) (9.14)
where NAT = 3. Then we can write the partition function as:

oo {(e29) "} = I (e ]d) o)

Taking AT — 0, we have

(i 2O G ) a7 o) Fan?(82) ws (a2 ) (9.16)

The second term in the exponent was obtained by making the approximation

(146-0) = (2= 5(0-9)) ~2 (1 - i(m)?(%f) o o d(An2(82)°
(9.17)

while the third term follows from

€s¢ ~ eSsin o)

= ) (9.18)

Hence, we have

T {<€—A7—H(§))N} N Lim H28 + 1 Zi<7ATH(SQ‘¢)7%(AT)2(%)2+28A72*a%)

AT—0 i1

(9.19)

The (A7)? term can be dropped and we can write the partition function as

Tr{e#19) = N / DG(r) e Sewinl) (9.20)
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where

o a
Sepin|§2 /dT < sQ — 282*¢ di) (9.21)

In terms of the spherical angles, the second term can be written

wd do
25/2 o = zs/deT cos O(7)

:is/wm%ﬂ@
= z:s/d¢ (1 — /Cosew)d(cosG))
= is(2n—A) (9.22)

where A is the area of the region of the sphere enclosed by the curve traced out by
Q(7). Actually, the curve traced out by (7) divides the surface of the sphere into
two pieces, so there is some ambiguity in the definition of A. However, these two

4mis — 1, so we can take either choice of A.

areas add up to 47 and e
We can check that we get the correct equation of motion from this Lagrangian.

As you will show in the problem set,

v dz” ra dz* , Az
while
60 = 02 Gop2® + 2 Gopd2” (9.24)
so that
dz" - dO
Sz =—) =60 -Qx — 2
(2 dr ) % dr (9.25)
Hence, the equation of motion following from our Lagrangian is
- dQ  OH
15X — = — 2
isx o-=—z (9.26)

Since € is a unit vector, O and d$ /dt are perpendicular and the equation of motion
can be written

is— =0 x —= (9.27)
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which is what we expect from d) JdT = [Q, H]. If the spin is in a magnetic field, but

is otherwise free, H = ,ué .S , then the spin precesses about the magnetic field:
i — =pQxB (9.28)

The time-derivative term,

S=s / dr (—i cos@%) (9.29)

can be written in the alternative form:

S=s /dT (—M(Q) ‘2—?) (9.30)

where A(€Q) satisfies
Va x A () = 50 (9.31)

This clearly leads to the same equation of motion and leads to the following inter-
pretation of a spin: the spin can be modelled by a charged particle moving on the
surface of a sphere with a magnetic monopole of magnetic charge s located at the
origin. By Stokes’ theorem, the action is given by the magnetic flux through the area
enclosed by the orbit.

It can also be written in the form

8. dQ < dD
S—s/odT/Odr(—zﬂ-QxE> (9.32)

where Q(r, 7) interpolates between the north pole, 2z and Q(7): €(0,7) = 2, Q(1,7) =
Q(7). Q(r,7) thereby covers the region of the sphere enclosed by (7). To see that
the action (9.32) gives the area of this region, observe that the integrand is equal to
the Jacobian of the map from the (r,7) plane to the surface of the sphere. Hence,

the action depends only on €(1,7) = €(r) and is independent of the particular
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interpolating function ﬁ(r, 7). To see that the same equation of motion results from

this form of the action, imagine varying the upper limit of integration:

—s/ dT/ dr (—z— ﬁx%) (9.33)

so that 0Q(r) = Q@+, 7) — Q(1,7). Then, writing 6r = r — 1, we have 6Q(r) =

dr(dS2/dr) and:
0S = / dror (—Z— Qx@)
dr

o 3
- s/o dr (—Z(SQ G x E) (9.34)

from which the correct equation of motion follows. Terms of this form are often called

Wess-Zumino terms.

9.2 Ferromagnets

9.2.1 Spin Waves
Suppose that we have the ferromagnetic Heisenberg Hamiltonian:
H=-JY5 -5 (9.35)
.3
with J > 0 and the sum restricted to nearest neighbors. The equation of motion is:
dQ;
dr

= —Js?Y O x (9.36)
J

The ground state of the Heisenberg ferromagnet is one in which the SU(2) spin-
rotational symmetry is spontaneously broken. The system chooses a direction along
which to order. Let us call this direction Q. Linearizing about the uniform ground
state, QZ = QO + (5@, we have:

o0,
dr

18 = —JSQZQO X ((SQJ — (SQZ) (937)
J
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Substituting a plane-wave solution, s =¢ ei‘fﬁi, we have the dispersion relation of
spin-wave theory:
E(q) = Js <z - iei@@) (9.38)
i=1
where the sum is over the z nearest neighbors. For a d-dimensional hypercubic lattice,
the cordination number, z, is 2d. For a square lattice of spacing a in d-dimensions,
this gives:

BE(f) = 2Js (d - f cos qia) (9.39)

i=1
In the small ¢ limit, the spin-waves have quadratic dispersion:

E(q) = 2Jsa’q” (9.40)

9.2.2 Ferromagnetic Magnons

The small ¢ behavior can be obtained directly from the continuum limit of the La-

grangian. Since S? = s(s+ 1),

Lo 1,4
S;-S; = —(SZ- — Sj)2 + const. (9.41)
2
the action takes the following form in the continuum limit:
- /= dﬁ 1 —\ 2
p— d_) —_— ) - —_— p—
S=s /d Zdr ( iA(G) - == +5D(v4) ) (9.42)

where D = 2.Jsa?.
As in the previous section, we linearize the Lagrangian about an ordered state

which, without loss of generality, we take to be O = 2. We write
Q = (mg,my, /1 —m2 — m2) (9.43)

and assume that m,, m, are small so that we can neglect all terms in the action higher

than quadratic. We can now write

A(mg, my) = = (—my, my,0) (9.44)

N »
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since

Vi x A(my, my) = 5(0,0,1) = sQ (9.45)

Hence, we can write the action as:

S=s /ddde <; Zeﬂm,agzj %D(Vmif) (9.46)

Introducing the fields m4 = m, &+ im,, we can write:
S:s/ddfdr <1m+6m + IDVm,  Fm ) (9.47)
2 0 2
In chapter 8, we learned that the propagator is simply the inverse of the differential
operator in the quadratic part of the action. The inverse can be taken trivially in
momentum space:

d et (P Z—wnT)
(T, @ - 0,0) = 235 [ £F (9.43)

(2m)? iw,, — Dp?

Alternatively, we can expand m. in normal modes:

'k 2 ifd
_ t —Dk?r+ik-%
m_(z,7) = / om)i72 ae€

my(x,7) = Ak oD (9.49)
+ 1\ (27T)d/2 k :

and compute the propagator directly as we did for phonons. a% and aj are called
magnon creation and annihilation operators. Magnons are the quantum particles
which correspond to spin waves in analogy with the correspondence between phonons
and sound waves or photons and electromagnetic waves. In the ground state, all of
the spins point up. To create a magnon, we flip one spin down with a'; to annihilate
it, we flip the spin back up.

Using the propagator (9.48), we can compute the magnetization as a function of

temperature. To lowest order in m,

1
Q. =y/1—-mym_=~1-— USRI (9.50)
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Hence,

<%@ﬁ»==1—%W4xﬂm(xﬂ>

- Z/ (2m)? iw, — Dp?

:1_l/dd d_wn(w)< 1 B 1 )
s/) @md) 2mi P w410 — Dp?>  w—id— Dp?

_ 1_1/‘Wp
sJ (2m)d

d /dwnB(w)é(w—Dp2)
1 [ dip ,
B 1_5/(27T];dnB(Dp)

= 15 @ (o)

d/2

d_q
or2Ttdx
 E— 9.51
/0 er —1 ( )

In the third line, we have converted the sum over Matsubara frequencies to an integral,
as usual, obtaining a contribution only from the real axis.

Hence in d = 3, the magnetization decreases as M. (0) — M.(T) ~T2. In d < 2,
however, the integral is divergent so we cannot trust the approximation (9.50). In fact,
this divergence is a sign that the magnetization vanishes for any finite temperature
in d < 2. Note that at T' = 0, the exact ground state of the ferromagnetic Heisenberg
Hamiltonian is fully polarized for arbitrary d. For d > 2, the magnetization decreases
continuously from its full value as the temperature is increased. For d < 2, M,
discontinuously jumps to zero as the temperature is raised above zero.

Thus far, we have neglected anharmonic terms in the magnon Lagrangian. By
including these terms, we would have interactions between the magnons. Magnon-
magnon interactions affect, for instance, the magnetization as a function of temper-
ature. We will not discuss these interactions here, but we will discuss the analogous

interactions in the next section in the context of antiferromagnetism.
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9.2.3 A Ferromagnet in a Magnetic Field

Suppose we place our ferromagnet in a magnetic field, B. At zero temperature, the
magnetization will line up along the direction of the field. Let us suppose that the

field is in the Z direction. Then the action is:

st/ddm (—M(ﬁ) fl—?+ D(VQ) +usBQz) (9.52)

where p is the gyromagnetic ratio. If we expand about the ordered state, O=0, Z,

then we have the quadratic action:

1 _ - - 1
—s/ddxd7'< m+0gn + DVmy-Vm_ — iusBm+m_> (9.53)

The propagator is now

z(p T—wnT)

(T, (my (Z, 7)m_(0, Z/ @n)i iw, — Dy — B2 (9.54)

As a result of the magnetic field, there is a minumum energy cost uB to flip a

spin. If we repeat the calculation of the magnetization as a function of temperature,

we find:

@u(0.7)) = 1= 5 e ym(5,7)
_ 1_1/ TD (Dp* + usB/2) (9.55)
s Gy

Unlike in the B = 0 case, this integral is not infrared divergent: the magnetic field

stabilizes the ferromagnetic state against thermal fluctuations.

9.3 Antiferromagnets

9.3.1 The Non-Linear oc-Model

Let us now consider the antiferromagnetic case,

H=JY 58 (9.56)

0,
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with J > 0 and the sum restricted to nearest neighbors. We expand about the state

in which the spins are staggered — the Néel state:

= 4 1=
G = (<)) +

I{x;) (9.57)

['is the ¢ = 0 part of the spin field while 7 is the § = (r/a,...,m/a) part. We only
keep the Fourier modes near these wavevectors. 7 and [ are assumed to be slowly
varying and 7 - = 0. Then Q2 = 1 is satisfied to O(1/s2) if n2 = 1. With this
decomposition, we can write
H = Js*> (—ﬁ(:z:l) 1i(xy) +
.3
S M (CESEEE
.3
going to the continuum limit, we have:

1
H =va™* / d'z (5 2+ %(Vﬁf) (9.59)

where v = 2Jsa.

The corresponding action is:
- 1 dit 1dl
S = *d/dd*d —114(—1H —l)- —1)— 4+ ——
¢ xT(a ( >n+s ( )dT+SdT
1 &  sa 2
Using (9.57) and

Va X ((—1)% X f) = I

VY

+ (=1)"*1o, i

Q
o)

(9.61)

we can express A in terms of 77 and [ if we drop the gradient term in the penultimate

line (this cannot be done in d = 1, where it is absolutely crucial, but can in higher
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dimensions). Neglecting oscillatory terms in the action, we have:
S:a’d/ddde (zﬁxf-d—ﬁ+ivp+%v(Vﬁ)2> (9.62)
a dr  sa 4
The functional integral
/ DIDit ¢S (9.63)

is a Gaussian integral in f, so we can perform the [ integral. Integrating out lj we

have: )
"
S—at [ aidr (Z(d_) %U(vmz) (9.64)

Or, writing g = a?72/Js?,

1 1 (di\* 1
§=- [azar | o) +5 (vay 9.65
g var (21}2 <d7’> * 2 (Vi) ( )
This action is called the O(3) Non-Linear o Model, or O(3) NLoM for short. The
O(3) refers to the fact that the field 7 is a three-component field which transforms as

a vector under the rotation group, O(3). The model is non-linear because there is a

non-linear constraint, n? = 1.

9.3.2 Antiferromagnetic Magnons

Let us, for simplicity work in a system of units in which v = 1. We can always rescale
our time coordinate at the end of any calculation so as to restore v. Let us also
employ the notation = 0,1,...,d. with 0 referring to the time direction so that

0o = O0;. Then we can write the action of the O(3) NLoM as:
S=- / d dr (9,7) (9.66)
g

If, as in the ferromagnetic case, we expand about an ordered state,

= (Mg, Ny, /1 —n2 —n2) (9.67)
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then we can write the action as:

9.68

L 2 | N0y i0um;
S—g/dxdT <(8nl)

where ¢ = 1,2 and n; = n,, ng = ny. Let us rescale the fields so that n, — /gn;.

Then the action becomes:

(9.69)

S=/W&h<@Mf+gE%&E@&)

I —gnin,
In order to do perturbation theory in g, which we can hope to do when it is small,

we divide the action into two parts,
%%:/#ﬁh@mf (9.70)

and

T; Gunl- n; 3unj

&m:/ﬂﬁh (9.71)

— gnin;
Note that Sj,; contains all powers of g when the denominator is expanded in a geo-
metric series.

Stee 18 very similar to the phonon action; as in that case, we can expand n; in

normal modes:

N ddE 1 ik Tws T T —ik7—vkT
ni(rt) = / (2m)32 \/ok (aE,z‘e £t age ) (9-72)
T

ay, = al & a;f! create, respectively, up- and down-spin antiferromagnetic magnons.
Note the difference with the ferromagnetic case, in which there was only one type of
magnon. Since there is no net uniform magnetization in the ground state, we can
either flip a spin up — thereby creating an up-spin magnon — or flip a spin down —
thereby creating a down spin magnon.

We can obtain the antiferromagnetic magnon propagator using this mode expan-
sion or by inverting Stee:

(T, (), (0.0) = 6555 |

ddp et i(P-T—wnT)
(2m)¢ w2 + p?

(9.73)
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or, restoring v,

ddp et i(P-T—wnT)

(7 (ni(%,7)n;(0,0))) = UﬁZ/ T (9.74)
The corresponding spectral function is:
B(w,) = 50w~ vp) — 5 3(+ up) (9.75)
w,p) = 0p w —up 50p W+ vp .

With this propagator in hand, we can compute the staggered magnetization in

the g — 0 limit. It is given by

1
nZ:\/l—gnmixl—égnmi (9.76)

Hence,

(ny(x,7)) =~ 1 —g%(ni(x T)n;(x, 7')>

_ 141 Z/

:1_9/

o — ;ﬂfd 21p b (up) — s (7))

_ 1_9/ ddﬁ 1 th<55p> (9.77)

d w2 + v2p?
nB(w) 2miB(w, p)

Unlike in the ferromagnetic case, the second term does not vanish in the 7" — 0

limit. For T"= 0, we have:

'p 1
oyt [ 7L o
If we approximate the Brillouin zone by a sphere, |p| < 7/a, then we find
1 /m\¢1 (27)8
(o ~l—g——(T) T 9.79
(- (@, 7)) Ta-1 <a) (2m)IT(d/2) (979)

Hence, the staggered magnetization of an antiferromagnet is less than 1 even at

T = 0, unlike the uniform magnetization in the ferromagnetic case. The Néel state,
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with neighboring spins oppositely oriented, is not the exact ground state. In d = 1,
the integral is actually logarithmically divergent. This divergence hints at the impos-
sibility of antiferromagnetic order in d = 1, which is a consequence of a theorem which
we will prove in the next chapter. For T finite, the integral (9.77) is logarithmically
divergent at small p in d = 2, just as in the ferromagnetic case. Again, it is a sign of

the impossibility of antiferromagnetic order at finite temperatures in d = 2.

9.3.3 Magnon-Magnon-Interactions

Thus far, we have ignored the higher-order terms in the NLoM. These terms lead
to interactions between magnons. To get an idea of the nature of these terms, let’s

expand Siy to O(g?):
2 = /ddx dT (0 ni)2 + gn;0yn; njo,n; + G g n;0un; n;0un;1 — gnin; + .. )
(9.80)

We need only these terms in order to do computations to order O(g?). The Feynman

rules for this action are:

e Assign a directed momentum and Matsubara frequency to each line. Assign an
index 7 = 1, 2 to each line. For external lines, the momentum and frequency are

directed into the diagram.

e For each internal line with momentum, frequency ¢, iw, write:

Z/ w2+vp

e For each 4-leg vertex with momenta, Matsubara frequencies (i, wy, ), - - -, (P4, Wn,)
directed into the vertex and indices 1, . . ., 4 associated to these incoming lines,
write:

g5i1i25’i3’i4 (wilwig +ﬁl : ﬁ3) (27T>d5(ﬁl + ﬁQ + ﬁS +ﬁ4) ﬂ5n1+n2+n3+n4,0
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e For each 6-leg vertex with momenta momenta, Matsubara frequencies (P, wn, ), - - -, (P, Wng)
directed into the vertex and indices 1, . . ., ig associated to these incoming lines,
write:

g2 5i1’i25’i3i45’i5i6 (w’hwig + ﬁl : ﬁS) (27)d5(ﬁl+ﬁQ+ﬁ3+ﬁ4+ﬁ5+ﬁ6) ﬂ5n1+n2+n3+n4+n5+n6,0

e We assign a factor 1/S to the diagram if there are S permutations of the vertices

and external momenta which leave the diagram invariant.

9.4 Spin Systems at Finite Temperatures

In the previous two sections, we saw that ferromagnetic and antiferromagnetic order
are suppressed by thermal fluctuations. Let us examine this more closely. Let us, for
the sake of concreteness, consider the case of antiferromagnetism. Let us re-write the

action in the following dimensionless form:

ad! gofa (1 (d7\* 1
§=2_ dd*/ dr | =(S2) 42 (vi)? 9.81
qu yo ’ (2(du> +2( ) ( )
where u = v7/a and y = z/a. If we go to momentum space,

a7 dig 1 1

s="l 52 3

— 1 —
|wn i (wh, q)|2 + > lg7i (wn, q)|2) (9.82)

then the cutoff is just 7 (for a spherical Brillouin zone; more generally, it’s some
number of order 1). The Matsubara frequencies are w,, = 2rna/fv. When a/fv > 1
— i.e. at temperatures which are large compared to v/a (the energy of a magnon
at the cutoff wavevector) — the configurations with w, # 0 are strongly suppressed
and give very little contribution to the functional integral. Therefore, the functional
integral is dominated by configurations which are independent of 7 and we can replace

foﬁ dr — (3. Hence, we may make the approximation:

d—1 pr gdg

4 = /Dﬁeia“ Jo (2m)@ foﬂdf(%(afﬁ)%r%\qﬁ(q)ﬁ)




Chapter 9: Spin Systems and Magnons 130

ad_l T _ -
[ Dite 5 et e (9.83)

We can similarly write the ferromagnetic functional integral with momentum cutoff

of order 1 and Matsubara frequencies w,, = 2wna?®/3D:
8 i N2
7 = [oac ER )

1 = _ 2
- / e e (3(aften0)’) (9.84)

Hence, the functional integrals for the ferromagnet and antiferromagnet are iden-
tical at temperatures large compared to v/a or D/a®. Both systems are described by
the d-dimensional NLoM. The differences between ferromagnets and antiferromag-
nets, which have to do with their dynamics, are unimportant in the limit of classical
statistical mechanics, which is the limit which we have just taken. Thus we can Kkill

two birds with one stone by studying the functional integral
Z - /D 8 [ % (3(viv®) (9.85)

This functional integral would be a trivial Gaussian integral if it were not for the

constraint n? = 1. To impose this constraint, let’s intoduce a Lagrange multiplier:
Z = / DD e S ¢ (VD +2@) (n-1)) (9.86)
Now the functional integral is, indeed, a Gaussian integral in 7 which we can do:

7z = /D/\det (v2+A(*))*1/2 =8 J #EA@)
_ [paetra) fene (957

Unfortunately, we can’t do the resulting integral exactly, but we can try to use the
saddle-point approximation. The saddle-point of the argument of the exponential is
given by:

% (Trln( V24 A& ﬁ/ddm ) 0 (9.88)



Chapter 9: Spin Systems and Magnons 131

If we look for a saddle-point solution Ay for which A(z) is independent of position,

then this is simply

d~
% ( / (;Zﬁq)d In (g + ) - BA) ~0 (9.89)
or, ]
g 1
/(QT)dq2+)\:ﬁ (9.90)
If we aproximate the integral by using A\ as an infrared cutoff, then we have:
1 d—2
R (9.91)

For T' — 0, there is no spatially homogeneous saddle-point solution, Ay, if d > 2. For
high-temperature, however, there is a solution of the form:

d—2 1

A? ~ —— — (9.92)

ad—2

In d = 2, there is always a solution:

1

— (const.) 8
Ao~ e (const.) (9.93)

When the functional integral is dominated by a non-zero saddle-point value ),

we can approximate it by:
Z = / Dite~? [ 4% (3(V)*+3o7) (9.94)

which is a Gaussian integral. This Gaussian theory is called a linear o-model
This describes the high-temperature phase in which thermal fluctuations have

disordered the magnet. From (9.94), we can see that
(ri(z)) =0 (9.95)

Furthermore, using the real-space Green function which you have calculated in the
problem set, we see that correlation functions of the magnetization decay exponen-

tially with distance

(7(@)ii(0)) ~ W e Iel/e (9.96)
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where we have defined the correlation length & ~ v/Ag. As the temperature is lowered
and \g — 0, the correlation length grows. Finally, a transition takes place and the
magnet orders. In the saddle-point — or mean-field — approximation, this occurs at
Ao = 0. The saddle-point approximation would tell us that

O ~ s (9.97)

at the critical point, T" = T.. However, as we will discuss in chapter 11 — and as
you have investigated in the problem set — the saddle-point approximation is often
incorrect. For temperatures below T, the magnet is ordered, and we can expand
about the ordered state, as we did in the previous two sections.

To summarize, there are 4 regimes for a ferro- or antiferromagnet:
e High temperature, T' > T., where the system is described by a linear o-model,
7 /D —B [ d?z (3(Vii)2+r0i?)
with Ao > 0. Correlation functions fall off exponentially with correlation length
£~ Vo
e The critical point, T' = T, at which correlation functions have power-law falloff.

e The ordered phase, 0 < T' < T,, where the magnetization (or staggered mag-
netization) has a non-zero expectation value. This regime is described by the

d-dimensional NLoM:
7= [Die? G
which can be expanded perturbatively about the ordered state.

e The ordered state at T' = 0 which is described by the d + 1-dimensional NLoM

in the antiferromagnetic case,
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and by the following functional integral in the ferromagnetic case.

—s [diFdr (45(@)-%+%D(Vﬁ)2)

Z:Z:/DQe (9.98)

9.5 Hydrodynamic Description of Magnetic Sys-
tems

In the limit in which magnon-magnon interactions are strong, it is hopeless to try
to expand perturbatively about a quadratic action in either the ferromagnetic or
antiferromagnetic cases. However, some properties of correlation functions can be
deduced from hydrodynamic equations.

A ferromagnet satisfies hydrodynamic equations very similar to those of a con-
served particle density which we discussed in chapter 7. The magnetization, O is a
conserved quantity, so the deviation from an ordered state, 6€2 = Q — Q satisfies a
conservation law:

0

250 4V = .
8t5 i +V-J =0 (9.99)

and a constitutive relation:
Jt = —x; {T)VéQ; + VB, (9.100)

(X0 is the static magnetic susceptibility) from which it follows that the magnetization

has diffusive correlation functions:

q2

—iw + xg " (T)¢?

Xsaus0, (W, q) = (9.101)

In the case of an antiferromagnet, however, the staggered magnetization, 72, is not
conserved, so it does not diffuse. If the system is ordered with 77 = Z, then the correct
hydrodynamic equations for ¢ = 1,2 are:

al;

% = pS(T)ﬁ-(eijknjﬁnk)
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0 . .

These equations are the equations of motion for 7, [ which follow from the NLoM
with p, = 1/g and x, = 1/gv®. Rotational invariance dictates that the hydrody-
namic equations must hold generally albeit with different values of ps and x . These
equations can be combined to give:

92

@ (eijknjﬁnk) = pS(T)Xll(T) V2 (eijknjﬁnk) (9103)

from which it follows that there is a propagating mode of velocity +/ps(T)x 1 (T). A

more refined analysis, which includes higher-order terms which have been neglected

above leads to a small damping of this mode which goes as ¢.



Chapter 10

Symmetries in Many-Body Theory

10.1 Discrete Symmetries

Symmetries constrain the behavior of physical systems and are, therefore, a useful
tool in the analysis of a many-body system. In general, a more symmetrical system
is more highly constrained and, consequently, more easily solved. The most useful
symmetries are continuous symmetries — ie. symmetries which belong to continuous
families — which we discuss in the remainder of this chapter. The simplest symmetries
are discrete, and we focus on them in this section. We will focus on the archetypal
discrete symmetries, parity, P, and time-reversal, T

A discrete symmetry is a transformation of the fields in a theory, (¥, 7) — ¢'(Z,7)
which leaves the action unchanged. Since the classical equations of motion are just
the stationarity conditions on the action, a discrete symmetry takes one solution of
the equations of motion and transforms it into another. At the quantum level, we

would like such a transformation to be effected by a unitary operator, U:
Ut o(z,7)U = ¢ (Z,7) (10.1)

Parity is an example of such a symmetry. We will call any transformation of the

form

O T, T) — My gab(—f, 7) (10.2)
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a parity transformation, but M, is typically +d,,. Let us consider, as an example,

our action for interacting phonons.
S = /deSF Ep(@tui)Q + puiug + %)\uik + %(Gkuk)4 (10.3)
The parity transformation,
wi(Z, 1) — —ui (=2, 1) (10.4)
leaves (10.3) invariant. If we define the unitary operator Up by
Ubui (2, 7)Up = —us(—2,7) (10.5)

then U has the following effect on the creation and annihilation operators:

T - _a -
UPak,sUP - afk,s

Ubal Up = —al. (10.6)

Hence the vacuum state of a free phonon system, g = 0, which is defined by:

ag|0) =0 (10.7)

)

is invariant under parity:
Ulo) = o) (10.8)
If we assume that the ground state evolves continuously as g is increased from 0 so

that the g # 0 ground state is also invariant under parity, then parity constrains the

correlation functions of the interacting theory:

(01T (wiy (21, 71) - -y, (0, 7)) 0) = (=1)" (0| T (uyy (—21,71) - - - s, (—Tp, 7)) | O)
(10.9)
Note that
wi(Z,7) — —u; (2, 1) (10.10)
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is also a symmetry of (10.3), so we can take any combination of this and parity, such

as

wi(Z,7) — ui (=2, 7) (10.11)

It doesn’t really matter what we call these various symmetries so long as we realize
that there are two independent symmetries. Realistic phonon Lagrangians have cubic
terms which are not invariant under (10.10), so usually the parity transformation
(10.4) is the only symmetry. The symmetry (10.10), when it is present, leads to the

relation

(01T (wiy (21, 71) - iy (%0, 7)) | 0) = (=1)" (O[T7 (wiy (21, 71) - - - ws,, (T, 7)) [ 0)
(10.12)
which implies that correlation functions of odd numbers of phonon fields must vanish.

A spin, on the other hand, transforms as:
ULQ(E,t) Up = Q(—1,t) (10.13)

The time-derivative term in the Lagrangian is not invariant under 2 — —€, so there
is no arbitrariness in our choice of parity transformation.

Time-reversal is a symmetry which does not quite fit into this paradigm. Re-
versing the direction of time, ¢ — —t takes one solution of the equations of motion
into another, but it does not necessarily leave the action S = [[fd7L(7) invariant.

Nevertheless, we might expect that there is a unitary operator, Uy, which transforms

the phonon field u;(t) — u;(—t)
In fact, this operator cannot be unitary. To see this, differentiate both sides of (10.14):

Upt Oyuy(t) Up = —0pus(—t) (10.15)
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Act on
[ui(x,t), pOru;(2', )] = i 6;;0(x — ') (10.16)

with Uy' and Uy

Ur! [ui(z,t), pdouy(2, 1)) Up = Uptidyd(z — ') Ur

[ui(z, —t), —pdu;(a’, —t)] = i6;0(x —2") U 'Ur
— [ui(z,t), pOyu; (2’ t)] = id;0(x — a’)

which is a contradiction.
The time-reversal operator must actually be an antiunitary operator. An antiu-

nitary operator is a type of antilinear operator. While a linear operator O satisfies:

O (o]} + B|x)) = aOlv) + BO|x) (10.18)

an antilinear operator satisfies

O (o]} + flx)) = a"0f¢) + 8°0|x) (10.19)

An antiunitary operator is an antilinear operator @ which satisfies

(Ox, Ov) = (x, ) (10.20)

where we have used the notation (x,1) to denote the inner product between the
states ‘w> and ‘X>

The time-reversal operator, Ur, is an anti-unitary operator, which explains how
the paradox (10.17) is avoided. While the phonon field has the time-reversal property
(10.14), a spin must transform under time-reversal so as to leave invariant the time-

derivative term in the action:

6 aQ < d9
—— QX — 10.21
s/odT/Odr(sz xd7_> (10.21)
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Evidently, the correct transformation property is:

Uz Q(t) Up = —Q(—t) (10.22)
Hence, the ferromagnetic, (Q(x,t)) = Qo, and antiferromagnetic, (Q(x,t)) = (—1)7,,
ground states are not time-reversal invariant, i.e. they spontaneously break time-
reversal invariance, unlike the phonon ground state which does not. The antiferro-
magnetic state also breaks the discrete symmetry of translation by one lattice spacing.

However, the product of T" and a translation by one lattice spacing is unbroken.

10.2 Noether’s Theorem: Continuous Symmetries
and Conservation Laws

Before looking at continuous symmetries in quantum systems, let us review one of
the basic results of classical field theory: Noether’s theorem. This theorem relates
symmetries of the action to the existence of conserved currents.
Suppose we have a classical field theory defined by an action and Lagrangian
density:
S = / dtd*7 Lo, D, 7) (10.23)

where ¢ is the classical field. Consider a transformation
O(F,t) = o(F t, A), @(7,1,0) = (7, 1) (10.24)

and define the infinitesimal transformation

oK
DK = == 10.2
<a)\>)\20 (O 5)

Then, this transformation is a symmetry of the action if and only if

DL = 9,F, (10.26)
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for any ¢ (i.e. not only for ¢ satisfying the equations of motion). (Greek indices take
the values 0,1, 2,3 where 0 = i7; relativistic invariance is not implied.)

Now, a general expression for DL can be obtained from the chain rule:

DL = % D¢+ m, D (0,9)
= Oumu Do+ 7, D (0,0)

— 8, (1, Dg) (10.27)

We used the equations of motion to go from the first line to the second and the
equality of mixed partials, D¢ = dD¢, to go from the second to the third.

Setting these two expressions equal to each other, we have

Noether’s theorem: for every transformation which is a symmetry of the action

-
)

—ie. DL =0,F, — there is a current j, = (p, j)
ju :WMD¢_FM (10.28)

which is conserved,

Dju=0p+V-7=0 (10.29)

The extension to theories with multiple fields is straightforward and can be accomo-
dated by decorating the preceding formulas with extra indices.

As an example, let’s consider space and time translations:
o(zn) — oz, + Aey) (10.30)
where z, = (¢,7) and e, is an arbitrary 4-vector. Then,

D¢ = e,0a0
DL = 0. (eal) (10.31)

Hence, the conserved current is

jﬂ = eaTaﬂ (1032)
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where

Tag = 7TQ6Q¢ - (Sagﬁ (1033)

This is the stress-energy tensor. Tp, is the 4-current corresponding to time-translation
invariance: Tp is the energy density and 7Tp; is the energy 3-current. T, are the 4-
currents corresponding to spatial translational invariance: Tj, are the momentum
densities and Tj; are the momentum currents.

In our theory of an elastic medium, Tyg is given by:

Too = H
TOi = p atUjain
Ty = —2p0iupOjuy, — Opurdju; — 045L (10.34)

T;; is the stress tensor of the elastic medium.

Our action for a spin — as well as our actions for ferro- and anti-ferromagnets — is
invariant under spin rotations, 2, — R.,{2. In the case of an ferromagnet, this leads
to 3 conserved quantities corresponding to spin rotations about the three different
axes:

(i, J) = (', Deip ¥ VOF) (10.35)
In the antiferromagnetic case, they are:

J! = €jrn;0uni (10.36)

In general, symmetries are related to unobservable quantities. In the above, the
conservation of momentum follows from the unobservability of absolute position; the
conservation of energy, from the unobservability of absolute temporal position. An-

gular momentum is a consequence of the unobservability of absolute direction.
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10.3 Ward Identities

In the previous section, we discussed the consequences of continuous symmetries and
conservations laws for classical systems. We now turn to the quantum theory, where
the existence of continuous symmetries and their associated conservation laws leads
to important constraints on correlation functions. These constraints are called Ward
identities. The Ward identity relates the divergence of a time-ordered correlation
function of a conserved current, j,, with some other fields, ¢; to the variations of
those field under the symmetry generated by jo. The variation of ¢(x,t) under such

a symmetry operation is:

Dp(z,t) = /ddx' [Jo(x’,t),cp(x,t)} (10.37)

To derive the Ward identities, we consider a correlation function of j, with the

Y

©Yi St

(Tr Gulz, T pr(@1, 1) v (T, T0))) =
O(r —1)0(11 — 72) ... 0(T01 — T0) (G, 7) 01 (21, 71) oo Ty 7)) +
(1 —1)0(m1 — 12) ... 0(Tne1 — ) (Q1(z1,71) Ju(z, 7) - (20, 7))
+ ... (10.38)

If we differerentiate this with respect to x,, the derivative operator can act on a
f-function which has 7 in its argument or it can act on j,(x,7). If the symme-
try is conserved in the classical field theory, then we can ordinarily conclude that
0uju(z,7) = 0. However, it is possible for this equation to be violated in the quan-
tum theory when there is a cutoff (the conservation law can be violated when the
conserved quantity flows to wavevectors beyond the cutoff) and this violation can
remain finite even as the cutoff is taken to infinity. Such a symmetry is called anoma-

lous. If the symmetry is not anomalous, then the right-hand-side contains only terms
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resulting from the derivative acting on the #-function to give a d-function:

Op (T Gz, 7) 11, 11) - - o, )
=0t —1)0(m1 —12) ... 0(To1 — ) (ulx, 7) 1(x1,71) .o (T, 7))

—0(m —7)0(11 — 12) ... O0(To1 — 7o) (1 (@1, 7)) Ju(@, T) oo On(Tny T)) + -
=01 —m)0(m1 — 7). .. 0(Tno1 — 7) ([Ju(z, 7)), 01 (21, 1) <o @nl @y ) + - ..
=0(x —21)0(7 — 1) (T (D1 (1, 71) - on(Tn, Tn)))

+8(x — 21)0(1 — 1) (T (p1(x1, 71) Dpa(w9,72) - .. ©n(Tpn, 7)) + ... (10.39)

The final equality is the Ward identity:

Op (T (Gu(, 7) p1(1, 1) - - n (s )
=0(x —x1)0(7 — 1) (T (Dp1(1,71) - (T, Tn)))
+0(x — x9)0(7 — 712) (T (p1(x1, 1) Dpa(xa, 72) ... @n(Tn, 7))
+. (10.40)

As an example of the Ward identity, consider an antiferromagnet, for which the
spin currents are:

J\ = €ijen;Ouny, (10.41)

Then the Ward identity tells us that:

0 (T (eijsmj(x, T)Ouns(z, T) ng (a1, 71) (22, 72)))
= 0(x — 21)0(T — 71) €ikm (Tr (N (21, T1) M1 (72, 72)))

+ 0(x — 22)0(7 — o) €i1r (T (ny (1, 71) Ny (22, 72))) (10.42)

This is a non-trivial constraint when imposed order-by-order in perturbation theory,

since the correlation function on the left-hand-side is given by diagrams such as those

in figure 10.1a while the right-hand-side is given by diagrams such as those of 10.1b.
As another example, consider a ferromagnet which is ordered along the Z axis,

(Q2,) = 1:. €, generates rotations about the z-axis, so the following correlation
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(b)

Figure 10.1: Diagrams contributing to the (a) left-hand-side and (b) right-hand side
of the Ward identity (10.42).

function is of the form for which the Ward identity is applicable:
(Qy (1w, 0)€, 1wy, 0)) (10.43)

with Jy = Q, and 0, — p, = (iw,,0). Hence, the Ward identity tells us that:

iwn (D (iwn, 02, (iwn, 0)) = () = 1 (10.44)
(0 (100, 0)2, (i, 0)) = % (10.45)

We found the same result earlier for a linearized theory in which magnon-magnon
interactions. The Ward identity shows that this result is ezact, i.e. the tree-level
result is unchanged by the inclusion of magnon-magnon interactions. The divergence
of this correlation function at low frequency is an example of Goldstone’s theorem in

action, as we will see in the next section.
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10.4 Spontaneous Symmetry-Breaking and Gold-
stone’s Theorem

Often, the ground state is invariant under the symmetries of the Lagrangian. Our
phonon Lagrangian, for instance, is invariant under parity and time-reversal, and
the ground state is as well. However, this is not the only possibility, as we have
already seen.It is possible that there is not an invariant ground state, but rather a
multiplet of degenerate symmetry-related ground states, in which case we say that the
symmetry is spontaneously broken. In terms of correlation functions, the statement

of spontaneous symmetry-breaking is

(¢(z, 7)) #0 (10.46)

where ¢(z, 7) is a field which is not invariant under the symmetry, ¢(x, 7) # Ut ¢p(x, 7) U
Such a field is called an order parameter.

For instance, our field theory for the Ising model,
Z=N /Dso o= J 4% (3K(Ve)* +r0%+ruet) (10.47)

is invariant under the Z, symmetry ¢ — —p which is broken for 7" < T, (i.e. 7 <
0), () = #£4/6r/u and unbroken for T > T,., (¢) = 0. As the temperature is
lowered through T,., the system spontaneously chooses one of the two symmetry-
related configurations (¢) = +,/6r/u, either as a result of a random fluctuation or
some weak external perturbation. The ferromagnetic and antiferromagnetic ground
states are two more examples of spontaneous symmetry breaking: the Heisenberg

model and the field theories derived from it,

S=s /ddm (—M(ﬁ) g + 1D(VQ) ) (10.48)

/ddxdT ( = @7;) %(Vn)) (10.49)

and
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are invariant under SU(2) spin-rotational symmetry, ; — R;;€2;, n; — R;;n;, but
the ground states are not invariant since the magnetization or staggered magnetization
chooses a particular direction. The signal of spontaneous symmetry breakdown is the
non-invariant expectation value (€2) # 0 or (i7) # 0. At high-temperature, T’ > T,, the
symmetry is restored and (€2) = 0 or (77} = 0. These expectation values also break the
discrete T' symetry. A ferromagnetic in a magnetic field does not have an SU(2) or T-
invariant Lagrangian, so its ferromagnetic ground state is an example of an explicitly
broken symmetry rather than a spontaneously broken one. The ,ué - term is called
a symmetry-breaking term. The phonon Lagrangian is actually another example:
the translational symmetry of the continuum is broken to the discrete translational
symmetry of the lattice. At high temperature (when our continuum elastic theory is
no longer valid), the lattice melts and the resulting fluid state has the full translational
symmetry.

In the first example, the Ising model, the broken symmetry is discrete, and there
are no gapless excitations in the symmetry-broken phase. In the other two examples,
magnets and ionic lattices, the broken symmetry, since it is continuous, leads to
gapless excitations — magnons and phonons. This is a general feature of field theories
with broken symmetries: broken continuous symmetries lead to gapless excitations
— called Goldstone modes or Goldstone bosons — but broken discrete symmetries do
not.

Physically, the reason for the existence of Goldstone bosons is that by applying
the generator of the broken symmetry, we obtain another state with the same energy
as the ground state. For instance, if we take a magnet aligned along the z axis and
rotate all of the spins away from the Z axis then we obtain another state of the same
energy. If the spins instead vary slowly in space with wavevector ¢, then the energy
of the resulting state vanishes as ¢ — 0. These states are the Goldstone modes.

The number of Goldstone modes is at most dimG — dimH if G is the symmetry
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group of the theory and H is subgroup of G which is left unbroken. If H = G, i.e. the
symmetry is completely unbroken, then there no Goldstone bosons. In the case of an
antiferromagnet, G = SU(2) and H = U(1) — the group of rotations about staggered
magnetization axis — so there are dimG — dimH = 2 gapless modes. A ferromagnet
in zero field has only one Goldstone mode while dimG — dimH = 2. A ferromagnet
in a finite field has no Goldstone modes; G = H = U(1), the group of rotations about
the direction of the field, so dimG — dimH = 0. A crytal has only three Goldstone
modes, the u;’s, while G is the group of translations and rotations, dimG = 6, and H
is a discrete subgroup, dimH = 0.

We will now give a precise statement and proof of Goldstone’s theorem. Suppose
we have a conserved quantity, J°, and its associated current, J*, so that 9,J* = 0.

Let ¢(x,t) be some field in the theory. ¢(z,t) transforms as

Dyl 1) = / a2’ [1(',t), p(x,t)] (10.50)

under an infinitesimal symmetry operation corresponding to the conserved quantity
J°. Then, the following theorem holds.
Goldstone’s Theorem: If there is an energy gap, A, then

(0] Dp(k = 0,1)]0) = 0 (10.51)

Conversely, if (0|D¢(k = 0,1)|0) # 0, then there must be gapless excitations. These
gapless excitations are the Goldstone modes.

The proof proceeds by constructing a spectral representation for (0|J°(2/, ¢ )¢ (z,t)]0):
<0 {Jo(x', t)o(, t)‘ O> = /ddk dw e @=2)=w (=) 5 k) (10.52)
where

plw, k) = > {0]J°(0,0)|n) (n (0,0)]0) 6(w — E,) 6(k — P,) (10.53)
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By unitarity, p(w, k) > 0. The existence of an energy gap, A, implies that p(w, k) =0
for w < A. Applying the conservation law to the correlation function of (10.52), we

have:
(010, J" (', t")p(z,t)]0) =0 (10.54)
Fourier transforming and taking the k—0 limit, we have:
w (0]J°(k = 0,—w) ¢(k = 0,w)|0) =0 (10.55)

The left-hand-side can be rewritten using our spectral representation (10.52):

wplk=0,w)=0 (10.56)
which implies that
p(k=0,w) =0 (10.57)
or
w=0 (10.58)

Hence, p(k = 0,w) = 0 for all w > 0. However, the existence of an energy gap,
A implies that p(k = 0,w) = 0 for w < A and, in particular, for w = 0. Hence,
p(k = 0,w) =0 for all w. Therefore,

(0)7°(", t)p(k = 0,4)|0) =0 (10.59)

Similarly,
(0|plk = 0,).°(2/,¥')

0) =0 (10.60)

and, consequently,

(0| Dk = 0,)]0) = 0 (10.61)

When the symmetry is broken, p(w, k = 0) does not vanish when w = 0; instead,

there is a contribution to p(w,k = 0) coming from the Goldstone modes of the form
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pw,k =0) = gd(w). Then (0[Dy(k =0,t)]0) = 0. Note that this proof depended
on unitarity and translational invariance.

A field ¢ which satisfies
(0|Dp(k=0,t)|0) #0 (10.62)

is an order parameter: it signals the development of an ordered state. The order
parameter of a ferromagnet is () while the order parameter of an antiferromagnet is
7. It is not necessary for the order parameter of a theory to be the fundamental field
of the theory. The order parameters of broken translational invariance in a crystal
are:

pe = G (10.63)

where (G is a reciprocal lattice vector of the crystal and « is the phonon field.

If the order parameter, ¢, is itself a conserved quantity, Jy = ¢, which generates
a spontaneously broken symmetry, then D¢ vanishes identically and the associated
Goldstone boson doesn’t exist. This is the reason why a ferromagnet has only 1
Goldstone mode. If the ferromagnet is ordered along the Z axis, then the symmetries
generated by €, and €, are broken. If we look at the spectral functions for (€2, ,)
and (€, Q,), only the former has a §(w) contribution; the latter vanishes. In the case
of an antiferromagnet, the spectral functions for both (L, n,) and (L, n,), have 6(w)

contributions.

10.5 The Mermin-Wagner-Coleman Theorem

In chapter 9, we encountered hints that neither ferromagnets nor antiferromagnets
could order at finite 7" in d < 2 and that antiferromagnets could not even order at
zero temperature in d = 1. Let us now discuss the difficulties involved in breaking a

symmetry in a low dimensional system. Consider the simplest example, namely the
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Ising model. Suppose the system is ordered with all of the spins pointing up. What is

the energy cost to create a size L? region of down spins in d-dimensions? It is simply
Eﬂuct ~ Ldil (1064)

i.e. the energy cost of a domain of reversed spins is proportional to the surface area
of the domain wall since that is the only place where unlike spins are neighbors. For
d > 1, this grows with L, so large regions of reversed spins are energetically disfavored.
At low temperature, this energy cost implies that such fluctuations occur with very
low probability

Ppue ~ ¢~ (comst)BL (10.65)

and hence the orderd phase is stable. In d = 1, however, the energy cost of a
fluctuation is independent of the size of the fluctuation. It is simply 4.J. Hence, a
fluctuation in which a large fraction of the system consists of reversed spins can occur
with probability ~ exp(—4/3.J). As a result of these fluctuations, it is impossible for
the system to order at any finite temperature. This is clearly true for any discrete
symmetry.

Let us now consider a continuous symmetry at finite temperature. For the sake
of concreteness, let us consider a d-dimensional magnet in an ordered phase in which
the magnetization (or staggered magnetization) is aligned along the z axis. (Recall
that ferro- and antiferromagnets have the same description at finite temperature.)
The energy cost for a size L? region of reversed magnetization is less than in the
case of a discrete symmetry since the magnetization at the domain wall need not
jump from one degenerate ground state to another. Rather, the spins can interpolate
continuously between one ground state and another. The energy cost will be the

gradient energy,

[tz (%(Vﬁ)Q) (10.66)
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For a fluctuation of linear size L, (Vii)? ~ 1/L?, so
1
/L &' (E(Vﬁf) ~ L4 (10.67)
Hence,
Paye ~ e~ (comst)BLe (10.68)

and we conclude that a continuous symmetry can be broken for 7" > 0 in d > 2,
but not for d < 2. This confirms our suspicion that magnets can’t order for 7' > 0
in d = 2. The dimension below which symmetry-breaking is impossible is called the
lower critical dimension. For T > 0, the lower critical dimension is 2 for continuous
symmetries and 1 for discrete dymmetries.

These qualitative considerations can be made rigorous. Let us consider our finite-

temperature order parameter, p(x,w = 0), in d = 2. We will show that
(D) =0 (10.69)
i.e. the symmetry is necessarily unbroken for d = 2. Define:

Fk) = [ dae™ (o(a)p(0))
Fk) = [ e (ia)e(0)
Fa(k) = [ dae™ (ji(x)i(0) (10.70)

where 7 = 0, 1. The conservation law k;F; = 0 implies that

This decomposition is clearly special to two dimensions. Substituting this decompo-

sition into the definition of Dy, we have:
(Dp) =0 (10.72)

By unitarity,
/ d*x h(x) (ajo(x) +bo(x)) [0) (10.73)
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has positive norm. From the special cases a = 0 and b = 0, we see that

/d2k|h(k)|2F(k;) > 0
>

/ko (k)| Foo(k) > 0 (10.74)

positivity of the norm also implies that

([ ern®P F®) ([ ern®F ro®) = ([ernmEre) 1)

If we take an h(k) which is even in z; — and, therefore, even in k; — then the right-

hand-side will be:
o /d2k|h(k)|2k05(k;2) — o/dk0|h(kz0, ko) (10.76)

We can make the left-hand-side vanish by making |h(k)|? sharply peaked at very high
k where F(k) and Fyy(k) must vanish. Consequently, ¢ = 0 and the symmetry is
unbroken. The proof works by essentially taking the spatial points very far apart in
the correlation functions on the left-hand-side. In the presence of long-range forces,
the left-hand-side need not vanish, and spontaneous symmetry-breaking is possible.

Thus far, our discussion has focussed on thermal fluctuations. Can quantum
fluctuations prevent order at 7' = 07 In the case of an antiferromagnet, the answer
is clearly yes. The quantum theory of an d-dimensional antiferromagnet at T" = 0 is
the same as the classical statistical theory of a magnet in d + 1-dimensions. Hence,
we conclude that a quantum antiferromagnet can order at T =0ind+ 1 > 2, i.e. in
d> 1, but not ind = 1.

A ferromagnet, on the other hand, can order in any number of dimensions. The
exact ground state of a Heisenberg ferromagnet is a state in which all of the spins are
aligned. The reason that the above arguments about fluctuations do not apply to the
ferromagnet is that it has a fluctuationless ground state. This can be said somewhat

differently as follows. The order parameter for a ferromagnet, Q(¢ = 0,w, = 0) is
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a conserved quantity: the components of (¢ = 0,w, = 0) are the components of
the total spin along the different axes. Thus, while it is true that there is very little
energy cost for a state with reversed spins, such a state will never be reached at T" = 0
since the dynamics conserves the the total spin. In the case of an antiferromagnet,
on the other hand, 7 is not conserved; hence, the dynamics of the system can lead
to fluctuations which destroy the order. At finite temperature, we must average
over all of the states in the canonical ensemble, so the fluctuations can destroy the
ordered state of the ferromagnet. To summarize, if the order parameter is a conserved
quantity, then there can always be order at 7' = 0 in any d. If it is not, then quantum
fluctuations can destroy the order at 7' = 0. In the case of antiferomagnets — or
phonons — this occurs in d = 1. More generally, it occurs when d 4+ z = 2 for a

continuous symmetry or d + z = 1 for a discrete symmetry.



Chapter 11

XY Magnets and Superfluid *He

11.1 XY Magnets

Broken U(1) symmetries are canonical examples of Goldstone’s theorem because they
are simpler than the O(3) magnets which we have already studied.

Suppose we modify the Heisenberg Hamiltonian by adding a term:
H=-JY5-8 +a) (5> (11.1)
irj i

where J > 0 for a ferromagnet and J < 0 for an antiferromagnet. If a < 0, we call
this Ising anisotropy; for a > 0, we call this XY anisotropy. We will focus on the
case a > 0.

Consider first an antiferromagnet. Keeping only quadratic terms and neglect
higher-order terms such as (7 x 9,77)?, the anisotropy results in the following modifi-

cation of the action:

S = /ddx dr ((9,70)* + an?) (11.2)

As a result of this term, the field n, aquires a gap. Introducing a Lagrange multiplier

to enforce 712 = 1,
S = /ddx dr ((@Lﬁ)Q + A (ﬁ2 - 1) + ani) (11.3)

154
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we integrate out n,. Ignoring the functional determinant which results when n, is

integrated out, we have the following action for n,, n,.

S = /dd:z: dr ((0una)’ + (una)® + X (n2 + 12 — 1)) (11.4)

Since n, + in, = e solves the constraint, n2 + n2 = 1, imposed by the Lagrange

multiplier, we can re-write the action in terms of the field 6.
S = / 'z dr (9,0) (11.5)
We now consider a ferromagnet with XY anisotropy. The action is now given by.

d= : 1 3\ 2 2
S=s /d Zdr (—z cos 0 p + ED(VQ) + aQZ> (11.6)
or, since {2, = cos#,
d : 1 3) 2 2

S=s /d Tdr (—z Q,0-p+ aD(VQ) + aQZ> (11.7)

(), aquires a gap as a result of the anisotropy. In the long-wavelength limit, we

can neglect the D(V(,)? term compared to the a Q? term. The action is:

S=s [d'Fdr (2 (@0 + 5D (V) + (v, 7)) (11.8)

or, writing Q, +iQ, = €%,
S=s / A7 d7 (,)° (11.9)

where we have rescaled the time units according to 7 — 7/4/a so that the velocity is
L.
This action is clearly the same as the action for an XY antiferromagnet. Hence,

we can compute the propagator

ddp epa: wnT)
T (o, / 11.10
(2 (ol r)ol0.00) = 55 [ S22 (11.10)
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for an XY ferromagnet or antiferromagnet. ¢ is the Goldstone boson for the spon-
taneously broken U(1) symmetry of rotations about the z axis. Whereas O(3) ferro-
magnets differ from O(3) antiferromagnets in that the former has an order parameter,
Q, which commutes with the Hamiltonian and is therefore conserved while the latter
has an order parameter, 7 which does not, XY ferromagnets and antiferromagnets
have order parameters which do not commute with the Hamiltonian. The XY ferro-
magnet has an order parameter, Q, + i€, = €'¢, which does not commute with the

af)? anisotropy term in the Hamiltonian.

11.2 Superfluid ‘He
We will now look at *He atoms with repulsive interactions
Hie =V 6(z; — ;) (11.11)
.3
We work at finite chemical potential, so it is necessary to make the replacement:
H— H—uN (11.12)

where p is the chemical potential and N is the total number operator,

N= /ddwa(x,T) b(x, 7) (11.13)
The functional integral representation for the grand canonical partition function,
Z = Tr{eHN} (11.14)
is given by
Z = /Dw Dyt e=S (11.15)
where

§ = [drdte (60 + V6P - ulvl + Viwl")
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2
/dedI < 0y + |VY|? + V<|¢|2 — W) ) (11.16)
For ;4 > 0, the ground state has ¥ = 0. For pu < 0, however, the ground state
has |¢]* = 77+ The system spontaneously chooses one of these ground states, say

= \/u/2V, thereby breaking the U(1) symmetry:

b o e
¢T N e—iaqw

By varying the chemical potential, u, the system can be tuned through a quantum
phase transition. At the saddle-point level, u = p. = 0 is the quantum critical point.
The p < 0 phase corresponds to a system with zero density because all states are
above the chemical potential. The p > 0 phase has non-vanishing density and is,
therefore, a superfluid at 7'=0in d > 2.

In the p > 0 phase, we can study the symmetry-breaking by writing

)= (%er) (11.17)

We can rewrite the action as:

1
/ded < Tp—l—szﬁ 0+ pi0.0

(Vo) +

2V(v9) + p(VO)* + Vp2) (11.18)

20T (u/QV))

The first two terms can (naively) be neglected since they are total derivatives, so the

free part of this action is

S = /dedx <pi879 + %(Vp) + W (V) + Vp2> (11.19)

From the first term, we see that p and € are canonical conjugates and the Hamiltonian:

H= /dd << K+ V) k| + —k2|6’ |2> (11.20)
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is of the harmonic osciallator form

1 1
1= [ (%mf n §mw£|Xk|2) (11.21)

with

Wi = $4 (% k2> (V + %k?) (11.22)

In the long-wavelength limit, £ — 0,

i =20 k (11.23)

i.e. there is a gapless mode. Alternatively, we can integrate out the gapped field p,
thereby arriving at the same action as we derived for an XY magnet in the previous

section:

2
- /dd:i:‘dT (0,0)? (11.24)

where we have rescaled the time units according to 7 — 7/4/2u so that the velocity is
1. While this analysis has neglected interaction terms, Godstone’s theorem guarantees
us a gapless mode which survives even when interactions are taken into account.

If we wish to go beyond the saddle-point approximation by computing one-loop

corrections, the quantum critical point will occur at some p,. # 0.
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Chapter 12

The Renormalization Group

12.1 Low-Energy Effective Field Theories

In our earlier discussions, we focussed on the low (compared to some cutoff A) T,
low w, g properties of the systems at which we looked. Why? The principal reason
is that these properties are universal — i.e. independent of many of the details of
the systems. Sometimes universal properties are the most striking and interesting
aspect of a physical system, but not always (certainly not for many practical, e.g.
engineering, applications). We like universal properties because we can understand
them using effective field theories.

Suppose we have a system defined by the following functional integral:
7 = /D¢ =519 (12.1)
with correlation functions:

(6(p1) - 6(pa)) = [ D6 6(p1) . 6(pn) € (122

The long-wavelength, universal properties of the system are determined by these
correlation functions in the p; — 0 limit, i.e. in the limit that the p;’s are smaller

than any other scales in the problem.

160
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Z contains a great deal of ‘extraneous’ information about correlation functions for

large p;. We would like an effective action, Seg, so that
Tt = / D e~ Senlé] (12.3)

only contains the information necessary to compute the long-wavelength correlation
functions. The reason that this a worthwhile program to pursue is that Z.g is often
simple or, at least, simpler than Z. On the other hand, this is not a comletely
straightforward program because no one tells us how to derive Z.s. We have to use
any and all tricks available to us (sometimes we can find a small parameter which
enables us to get Z.g approximately and often we simply have to guess.

At a formal level, we can make the division:

or(p) = o(p)O(A —Ip|)
ou(p) = o) o(p| —A') (12.4)

so that
¢(p) = or(p) + ¢u(p) (12.5)

where A’ is some scale such that we're interested in |p| < A’. Then
7 - / Do Doy e Sleron] (12.6)

The effective field theory for long-wavelength correlation functions, i.e. correlation
functions of ¢, is

Zog = / Dep, e Senenl (12.7)

where

= SestloL] — / Dy e S1or:01] (12.8)
Set[¢r] has cutoff A/

Occasionally, we will be in the fortunate situation in which

Slor, oul = Sclor] + Suldn] + ASi[¢L, du] (12.9)
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with A small so that we can compute S.g perturbatively in A:
Ser = Sp[br] + AS1[bL] + N2Sa[or] + . .. (12.10)

In general, we have no such luck, and we have to work much harder to derive Seg.
However, even without deriving S.g, we can make some statements about it on general

grounds.

12.2 Renormalization Group Flows

Let’s suppose that we have somehow derived Seg with cutoff A. Let’s call it Sx[¢].
S[¢] itself may have had all kinds of structure, but this doesn’t interest us now; we're
only interested in Sy [¢].

We expand Sy [¢] as

Salél =>_ g:0i (12.11)

where the g;’s are ‘coupling constants’ and the O; are local operators. For instance,

our phonon Lagrangian can be written as:
with

1
o = / drd>Z(Byus)
OQ = /degfuijuij
1
05 = / drd®T ol
1
Oy = I/dmli"f(akuk)‘* (12.13)

while the NLoM for an antiferromagnet can be written as:

S =0+ g0+ g*Oy + ... (12.14)
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with

Oy = / 4%z dr (9,m;)>
Ol = /ddde nﬁuni njaynj
02 = /ddde niauni njaunj n;n;

(12.15)

We now pick one term in the action — call it O, even though it need not be quadratic
—and use this term to assign dimensions to the various fields in the theory by requiring
Ofree to be dimensionless. For instance, if we choose Og.ee = O7 in our phonon theory,
then [u;] = 1/2. If we choose Ogee = O3 then [u;] = 0. Typically, we choose the
term which we believe to be most ‘important’. If we choose the ‘wrong’ one (i.e. an
inconvenient one) then we will find out in the next step. Let’s call J, the dimension
of the field ¢ and ¢§; the dimension of the operator O;. e = 0 by construction.

We now rescale all momenta and fields by the cutoff A,

q — qA
¢ — PA%* (12.16)

so that the momenta and fields are now dimensionless. Then
Sale] = D gih O =Y X O (12.17)

Ordinarily, the dimensionless couplings A; will be O(1). On dimensional grounds, at

energy scale w, O; ~ (w/A)%, and the action

Salo] = ZA (%)5 : (12.18)

If 9; > 0, this term becomes less important at low energies. Such a term is called
irrelevant. If §; = 0, the term is called marginal; it remains constant as w — 0. If

0; < 0, the term is relevant; it grows in importance at low energies. If Set is simple,
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it is only because there might be a finite number of relevant operators. At lower and
lower energies, w < A, it becomes a better and better approximation to simply drop
the irrelevant operators.

Let’s formalize this by putting together the notion of a low-energy effective field

theory with the above considerations about scaling:

e We have an effective action, Sy [¢] and a choice of Opee.

e We divide
o(p) = ¢r(p) 0N — [p|) + du(p) O(|pl — bA')

where b < 1.

e The next step is to obtain (by hook or by crook) Sy

e~ Sealor] — /D¢H e~ Onlor,dH]

e We now rescale

q — q¢b

w — wb’

¢ — ob
where ( and z are chosen to preserve Oge.. In general, ( and z will depend
on the couplings ¢;, ¢ = ((¢;), 2 = 2(g;). In equilibrium classical statistical
mechanics, there are no frequencies, so we do not need to worry about g; in
the theories which have examined thus far w and ¢ are on the same footing, so
z is fixed to z = 1. In general, however, one must allow for arbitrary z. The

rescaling yields S§[¢] which also has cutoff A.

e The physics of the system can be obtained from S%[¢] by a rescaling. For

instance, the correlation length is given by
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o If
Sale] = Z 9,0
then
S?x[ﬁb] = Zgi(b)oi
where g;(1) = ¢P. Let b = e~“. Then we can define flow equations:

dg
a0 9i +

which describe the evolution of S under an infinitesimal transformation. These

equations are called Renormalization Group (RG) equations or flow equations.

If we can neglect the ..., then for §; < 0, g; grows as ¢ increases, i.e. O; is more
important at low energies (¢ — oo. For §; > 0, g; decreases, i.e. O; is less important
at low energies. Of course, the ... need not be small. In fact, it can dominate the

first term. In the case of a marginal operator, §; = 0, the ... is the whole story. For

example, if
dg 2
29 _ 12.19
77 =9 ( )
Then
90
= —--" 12.20

so g(¢) grows as { grows.

12.3 Fixed Points

If, for some values of the couplings, g, = g/,

dg .
<@> - =0 (12.21)
9k=9y
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then we call g, = gi a fized point. At a fixed point, Sy = S/b\', so the physics is the
same at all scales. Hence,

1
£=-¢ (12.22)

i.e. £ = oo — the low-energy physics is gapless — or £ = 0 — there is no low-energy
physics.

The notion of universality is encapsulated by the observation that different phys-
ical systems with very different ‘microscopic’ actions Sy, S), S4 can all flow into the
same fixed point action, S}. If this happens, these systems have the same asymptotic
long-wavelength physics, i.e. the same universal behavior.

At a fixed point, we can linearize the RG equations:

d . i
a0 (9i — 9i) = Ay (gj - gj) (12.23)

This can be diagonalized to give:

dui
al

where u; = O;5(g; — g;). The corresponding operators, O, = 0,;0,74,
Salo] = 3 wO; (12.25)

are called eigenoperators. If y; > 0, we say that u; and O; are relevant at this fixed
point. If y; = 0, we say that u; is marginal. If y; < 0, u; is irrelevant at this fixed
point.

Earlier, we characterized O; as relevant, marginal, or irrelevant according to
whether 6; < 0, §; = 0, or ; > 0. What this really means is that O; has this
property at the fixed point S* = Og.ee. It is possible for a coupling constant, g, to be
relevant at one fixed point, ST, but irrelevant at another fixed point, S5, as shown in

figure 12.1.
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Figure 12.1: The coupling g; is relevant at the fixed point on the left but irrelevant
at the fixed point on the right.

12.4 Phases of Matter and Critical Phenomena

If y; < 0 for all ¢ at a given fixed point, then we call this fixed point an attractive
or stable fixed point. Theories will generically flow into such a fixed point. Stable
fixed points represent phases of matter. In this course, we have already looked at a

number of stable fixed points. Our phonon theory,
1
Sy = /dtdgfﬁ =3 /dtd3f’[p(8tui)2 — 2 — )\uzk} (12.26)

is a stable fixed point (you can check that ¢ is an irrelevant coupling) at 7' = 0 for
d > 1. This stable fixed point corresponds to a stable phase of matter: a crystal. For

T > 0, it is stable for d > 2. Our theories of non-interacting magnons

1 _ 1_ - -

S = /ddde (8m1)2 (12.28)

are also stable fixed points corresponding, repectively, to ferromagnetic and antifer-
romagnetic phases. The ferromagnet is always stable at 1" = 0, while the antiferro-

magnet is stable at T'= 0 for d > 1. For T' > 0, both are stable for d > 2. Similarly,
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XY magnets and superfluid *He
S = /ddde (9,0 (12.29)

are phases of matter at T'=0 for d > 1. For T > 0, they are stable for d > 2 (d = 2
is a special case).

The stable phases described above are all characterized by gapless modes — i.e.
¢ = oo which are a consequence of spontaneous symmetry breaking. There are also
stable phases without gapless modes — i.e. with &€ = 0. The *He action with p < g,
(in the saddle-point approximation, . = 0) describes an empty system with a gap

te — o to all excitations.

2
S = /dedx <w* L)+ |V + V(W — %) ) (12.30)
Similarly, ©* theory
i (1 o 1 5 1
/d T <§K(V<p) Tt U ) (12.31)

has two stable phases — ordered and disordered phases — corresponding to the fixed
points 7 — +o00. At both of these fixed points, £ = 0. Similarly, the high-temperature
disordered states of magnets are stable phases with gaps.

It makes sense to do perturbation theory in an irrelevant coupling because this
perturbation theory gets better at low ¢,w. Essentially, the expansion parameter for
perturbation theory is the dimensionless combination gw ™Y for some correlation func-
tion at characteristic frequency w. Hence, our perturbative calculations of correlation
functions in the phonon and magnon theories were sensible calculations. Similarly,
perturbation theory in the coupling v in ¢* is sensible for d > 4 (the Ginzburg crite-
rion) as you showed in the problem set. However, it does not make sense to perturb
in a relevant coupling such as u in ¢* for d < 4. In such a case, the effective expansion
parameter grows at low ¢,w. The low ¢, w physics is, in fact controlled by some other

fixed point.
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* * *

S C S

Figure 12.2: The flow diagram of a critical point C' and two stable fixed points 57, Sy
which it separates.

If some of the y; > 0 then the fixed point is repulsive or unstable. The relevant
couplings must be tuned to zero in order for the theory to flow into an unstable fixed
point. Unstable fixed points represent (multi-)critical points separating these phases.
The unstable directions correspond to the parameters which must be tuned to reach
the critical point. Superfluid *He

2
5= [drdts (w R |v¢|2+v<|¢|2 - %) ) (12.32)

has a critical point at y = p.. The corresponding fixed point is at p = p*, V. = V*.
This critical point separates two stable phases: the superfluid and the empty system.
There is one relevant direction at this fixed point. By tuning this relevant direction,
we can pass from one phase through the critical point to the other phase. Similarly,
the Ising model has a fixed point with one relevant direction which we discuss in a
later section. By tuning the relevant coupling, we can pass from the ordered state
through the critical point and into the disordered state. Figure 12.2 depicts the flow

diagram for a critical point and two stable fixed points which it separates.

12.5 Scaling Equations

Let us consider the the implications of this framework for physical quantities. Suppose
C'(ps, gi) is some physical quantity such as a correlation function of n fields . It will,
in general, depend on some momenta p; and on the coupling constants of the system.

Suppose that the couplings are all close to their fixed point values, g; = g7, so we will
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write C' as C(p;, g; — gf) and suppose that the linearized flow equations read:

d

g —a = )\ (o — o* 12.
dg(gz 9;) =i (9i — g7) (12.33)

Then we can perform an RG transformation, according to which:

* —n(* Di % —\;
C(pigi—gi)=b""C (zy(gz‘ — ;)b /\Z> (12.34)

Suppose that we are in the vicinity of a stable fixed point, so that all of the A\; < 0.
Then, in the b — 0 limit

Cpigi—g)=b"C <% 0> (12.35)
If, for instance, we are interested in the two-point correlation function at low p, we
can take b = p and:

C(p,gi—g;) —p > C(1,0) (12.36)
A similar result follows if we are in the vicinity of an unstable fixed point, but we
have set all of the relevant couplings equal to zero. This scaling relation may seem
to contradict simple dimensional analysis, which would predict C (p, g; — g;) ~ p~%.

In fact, there is no contradiction. The missing powers of p are made up by the

dependence on the cutoff:
C(p,gi —g;) ~p 2 A2t (12.37)

These observations can be reformulated as follows. Consider a correlation function
Cy(pi, 9i) of n @ fields. Up to a rescaling, this correlation function is equal to its value

after an RG transformation:

On(piugi) = <€é)n<(gi) Cn(pz‘eé,gz‘(@) (12‘38)

The left-hand-side is independent of ¢, so differentiating both sides with respect to ¢
yields the RG equation:

<% +n (&; - %n (gj)> + 55 (95) a%) Co(pic’, 9:(£)) = 0 (12.39)
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where

d ¢(g:)
26, = 1(0)) = (¢ (12.40)

d, is the naive scaling dimension of ¢. 7 is called the anomalous dimension of p. The

[ functions are the right-hand-sides of the flow-equations for the couplings:

dg

Bilgs) =—; (12.41)

At a fixed point, the S-functions vanish, §; = 0 and 7 is a constant,
26, —n = 2¢(g;) (12.42)

so the RG equation reads:
0 1 ’
Z _ e = 12.4

<8€ n ((io 5 77)) Cn(pie™") =0 (12.43)

In other words, the correlation function is a power-law in p; with exponent nd,—nn/2.
Suppose, instead, that we are near a fixed point with one relevant direction. Call

this coupling v and the other irrelevant couplings g;. Then,
Cp,u—u*,g—g)=b""C (pi/b, (u—u") b (g: — g7) b_’\") (12.44)

If u — u* is small, then we can take b = (u — u*)"/*» and be in the b — 0 limit:

1

C (pia u— U*agi - g:) - mc (pl(u — u*)*l/’\“, 1, O) (1245)
or
* * 1 *\ —
Cpiu—u*,gi—g;) — WF (pi(u —u’) I/A“) (12.46)

where F'(z) is called a scaling function. If the stable phase to which the system flows
is trivial — i.e. has a gap — then C (pl(u - u*)_l/’\“, 1, O) can be calculated and does

not have any interesting structure. The non-trivial physics is entirely in the prefactor.
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If we are interested in a correlation function at p; = 0 such as the magnetization

of a ferromagnet, then we can write:

* * 1 * *\ —A;
Co(u—mu ,gi—gi)ﬁ—nwF«gi—gi)(u—u ) ’\1/’\“) (12.47)
(u— u*) v
Now imagine that there is a second relevant coupling, g, or, even that g is the leading
irrelevant coupling (i.e. the least irrelevant of the irrelevant couplings) so that we are

interested in the g dependence of the correlation function. Then, setting the other

couplings to their fixed point values in the small © — «* limit:

Co(u—u",9;—g;) — (u— u*)ng*/xu F ((u _ u*))‘i/)‘U> (12.48)

12.6 Finite-Size Scaling

Temperature plays a very different role in classical and quantum statistical mechan-
ics. In the classical theory, temperature is one of the couplings in the theory. The
temperature dependence of physical quantities can be determined from the scaling
behavior of the temperature. Classical statistical mechanics can be used to calculate
a correlation function at wavevector the temperature is larger than the important ex-
citation energies since the n # 0 Matsubara frequencies can then be ignored. In the
quantum theory, temperature is the size of the system in the imaginary time direc-
tion, and the temperature dependence of physical quantities can be determined from
finite-size scaling which we discuss below. Finite-size scaling can be used in the limit
in which 3 is large. An alternative, related way of dealing with finite-temperature is
dicussed in the context of the NLoM in the last section of this chapter.

Finite-size scaling is also useful for dealing with systems which are finite in one or
more spatial directions. Since numerical calculations must be done in such systems,
finite-size scaling allows us to compare numerics to analytical calculations which are

more easily done in the infinite-size limit.
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Since renormalization group equations describe the evolution of effective Lagrangians
as one integrates out short-distance physics, it is clear that these equations are insen-
sitive to finite-size effects so long as the finite-size is much larger than the inverse of
the cutoff. While the equations themselves are unchanged, the solutions are modified
because they depend on an additional dimensionful parameter, namely the size of the
system (in our case, ). For simplicity, let us consider a theory with a single relevant
coupling (say, ¢* theory), which satisfies a renormalization group equation with a

low-energy fixed point:

1

(% + ﬁ(g)a% +n (% =5 (g)>> G (pie', g(£), Le™") = 0 (12.49)

G™ is an n-point Green function, L is the finite size of the system. We may take

e’ = L, and we find
G (p;, g, L) = L"0e=219)) G0 (1, L, g(In L), 1) (12.50)

Then in the large-size limit, L — oo, we have g(In L) — ¢*. As a result, we have the
scaling form:

G™(p;, g, L) = L"B=319)) G0 (p, L g% 1) (12.51)

We will be primarily concerned with the case in which the finite size, L, will be the
inverse temperature, 3, so (12.51) will give the temperature dependence of Green

functions in the low-temperature limit.

G(n)(p“g’ ﬂ) ~ ﬂn(&p*%n)G(n) (pzﬁ’g*’ 1) (1252)

12.7 Non-Perturbative RG for the 1D Ising Model

In the next two sections, we will look at two examples of RG transformations, one

non-perturbative and one perturbative. First, we look at the 1D Ising model,

H=17]> 0,0:11 (12.53)
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JT=0 IT=

Figure 12.3: The flow diagram of the 1D Ising model.

Our RG transformation will be done in ‘real space’ by integrating out the spins on
the even sites. This procedure is called decimation. Whereas the original model has
wavevectors —m/a < k < m/a, the resulting theory has —7/2a < k < w/2a. We can

then rescale momenta by 2 to obtain an RG tranformation.

z = Z He%dmiﬂ

=+1 i
= Z H (2 cosh — (O'QZ'Jrl + 02(i+1)+1))
oop1==%1 1
J
= Y Ik oo (12.54)
oop1==%1 1
where K = 2¢(%) and
J\ 1 J
(T) = — In cosh 2? (1255)
This RG transformation has only 2 fixed points, Z 7 =0 and % = 00. % is relevant at

the Z % = oo fixed point but irrelevant at the Z % = 0 fixed point. The flow diagram is
shown in 12.3. This flow diagram shows that for any 7" > 0, the system is controlled

by the disordered % = 0 fixed point. Only at T'= 0 can the system be ordered.

12.8 Perturbative RG for ¢ Theory in 4 — ¢ Di-
mensions

Our second example is ¢? theory.

dlg 1 5 o dlq 1 2
s = [ Graze@P+ [ 557 le@)
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u Y d'qy dgs
+ﬂ / é:)d (d2:)d ((;:)d ¢ (@) ¢ (a2) v (g3) ¢ (—q1 — a2 — g3) (12.56)

We take the first term as Oge.. Under a rescaling ¢ — gb, we must take
d+2

p—pb T (12.57)

Using this rescaling, we immediately see that the leading terms in the RG equations

are:
dr
— = 2
éw T+
U
— = (4—-d 12.
7, ( Yu+ (12.58)

We immediately find one fixed point, the Gaussian fixed point: r = u = 0. At
this fixed point, r is always relevant while w is irrelevant for d > 4 and relevant for
d < 4. You will recognize that this is the same as the Ginzburg criterion which
determines when the saddle-point approximation is valid for this theory: the saddle-
point approximation is valid when the quartic interaction is irrelevant. When the

quartic interaction is irrelevant, the correct theory of the critical point is simply.

5= [ Gz et (12.50)

which has critical correlation functions

(p(Z) ¢(0)) ~ M% (12.60)

The one relevant direction at the Gaussian fixed point in d > 4 is the temperature,
r. At the Gaussian fixed point, r has scaling dimension 2. Hence, £ ~ 1/4/r. As we
discussed in the context of the Ising model, r ~ T — T,.. Hence,

1

5 ~ ‘T o TC‘I/Q

(12.61)

Of course, we should also allow ¢% ¢ etc. terms. If we don’t include them

initially in our action, they will be generated by the RG transformation. However,
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the ©°® operator is only relevant below 3 dimensions, the ¢® operator is only relevant
below 8/3 dimensions, etc. Hence, for d > 3, we can ignore the higher order terms
in the asymptotic ¢ — 0 limit because they are irrelevant. (Actually, we have only
shown that they are irrelevant at the Gaussian fixed point; in fact, they are also
irrelevant at the fixed point which we find below.)

For d < 4, the Gaussian fixed point has two unstable directions, » and u. We can
compute the RG equations to the one-loop level to find other fixed points. We make
the division of ¢ into ¢ and ¢y and integrate out ¢y at the one-loop level. At a

schematic level, this works as follows:

e—Shler] _ o—Siler] /,DSDH e~ Sulen] o= Similer.en] (12.62)
where
StlpL] /bA & 1 *lor(q)] / ! lor(q)l”
— + r
LI¥PL 0o (2m)d B ¢ |er(q 9 pr\q

—i—z /bA ((;:)ld (dQ:;d ((é:)gd YL (QI) o1 (q2) v (g3) ¢r (q4) (12.63)

Shlon) = [ o2 len(@)P + Srlen@F (1260

(2m)? 2
d d d
Sintlor, o] = 7 / é:; (0;:)2 é q;d ou (1) or (q2) vu (@3) o (@)

ddq ddq ddq
4 / ! 2 o )P’d on (q1) vu (@) o1 (¢3) @1 (q4(12.65)

Sint also contains ¢yppenpr and prereren terms, but the phase space for these
terms is very small since it is difficult for three large momenta to add up to a small
momentum or the reverse. Hence, we can safely ignore these terms. Expanding

perturbatively, there is a contribution of the form:

o-Sler] _ -Siledl / Doy ¢S4l <1_
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U dg,  dlqy  digs
4 / (qu)d (dQ:)d (igyz vu (@) vu (q2) vr () ¢r(q) + )

_ sl [0 [ o d'e dlgs
4 J (2m)d (2m)? (2m)?

ddq1 ddqz ddqg

(or (@) eu (@) oo (a3) oL (q1) + )

*(SL lor]+% (pr(q1) pr(a2)) vr(es) prqa)

— ¢ 4 J (2md (2m)d (2r)d 4+ O(uQ) (12.66)

We can do this diagrammatically by computing one-loop diagrams with internal
momenta restricted to the range bA < |g| < A. The external legs must be ¢, fields,
i.e. must have momenta ¢ < bA. (Note that the contribution to Sps is the negative
of the value of the diagram since we are absorbing it into e~5h ler]) The contribution
described above results from the first-order diagram with two external legs. Such

diagrams give a contribution to Spp of the form:

/ dﬂq (q) [erl )‘2 (12.67)
c(q) | .

(2 )d q \q

where c(q) = ¢y + c2¢® + . ... Diagrams with four external legs give a contribution to

Spa of the form:

% / (Cé:)ld (273;1 (Z:;d v(q1,42:03) o (1) ¢ (@2) ¥ (a3) o(—1 — @2 —gq3)  (12.68)

The one-loop contribution to the RG equations is given by the diagrams of figure

12.4. The diagram of 12.4(a) gives the contribution of (12.66), namely

1 dd 1 dip 1 )
55m = — / i | G ae® (12.69)

Dropping higher-order terms in r (because we are interested in the vicinity of the

Gaussian fixed point, r = u = 0), we can rewrite the integral as
/1 dig 1 B /1 dig 1 —r/l d’q 1
2m)* ¢* +r (2m)* g2 (2m)T ¢*(g* +7)
L d% 1 /1 d’q 1
= —r — +0
) @m0

2 5

m)4

OIS

(2
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Figure 12.4: The one-loop diagrams which determine the RG equations for (a) r and
(b) w.

d
2

27 1 _4
~GnT A e (1-p"1) (12.70)

Meanwhile, the three diagrams of figure 12.4(b) each give a contribution

1 Jd d d d
50 Gt | T T T 3¢ (@) #(@) 9 (@) ¢~ — 02— )

(12.71)

or, adding them together and evaluating the integral in the r = 0 limit,

) 1 1 i d%q, d%q, dqs 1
A ) 10 [ i Gyt e 1 (@) # (@) 0 (@) 0 (4

3
——u
2

(12.72)
Observe that there is no one-loop contribution to the
ddq 2 2
12.73
| Gy @leta) (12.73)

term. Hence the correct rescaling is still

d+2

= @b 7 (12.74)

As a result, we find the one-loop RG equations:

» 1 278 1 s
r+dr = b (T+§u(zﬁ)dr<%)d—2(1_b )
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r*= —¢l6 .-

u= 161fe/3 N =

Figure 12.5: The flow diagram of a ¢* theory in 4 — € dimensions.

u+du = bd4(u——u

Writing b = e~%, and taking the limit of small € = 4 — d we have:

dr o+ 1 1 .
— = 2r u— ur + ...
C(ZM 1672 1672
U 2
— = — . 12.
¥, €U T6m2 u” + (12.76)

The corresponding flow diagram is shown in figure 12.5. These RG equations have a

fixed point at O(e):

. 1
rto= ——¢
166 2
ut = 37T € (12.77)

At this fixed point, the eigenoperators are:

d . 1 x
?(r—r) = <2—§e> (r—r")
Sluur) = o) (12,79
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There is only one relevant direction (corresponding to the temperature) with scaling

dimension 1/v = 2 — e. The correlation length scales as:

1
~— 12.79
é |T _ TC|V ( )
At the critical point, the correlation function has the power law decay
- 1
(p(@) 0(0) ~ —5r, (12.80)

At order €, n = 0, as we have seen. However, this is an artifact of the O(€) calculation.
At the next order, we find a non-vanishing contribution: 7 = €*/54.

For e small, our neglect of higher-loop contributions is justified. To compute in
d = 3, however, we must go to higher loops or, equivalently, higher-order in e.

Several remarks are in order:

e As we showed in chapter 8, the Ising model can be mapped onto a ¢* theory if
higher powers of ¢ are neglected. We can now justify their neglect: these terms

are irrelevant.

e There are many different ways of implementing the cutoff, i.e. regularizing a
theory: by putting the theory on a lattice (as in the 1D Ising model above),
by introducing a hard cutoff (as in ¢* theory above), or by introducing a soft
cutoff — e.g. by multiplying all momentum integrals by e~ /A just to name

a few.

e Corresponding to these different regularization schemes, there are different
renormalization group transformations, such as real-space decimation on the
lattice or momentum shell-integration for a momentum-space cutoff. Since all
of these different cutoff theories will flow, ultimately, into the same fixed point
under the different RG transformations, it is a matter of convenience which

scheme we choose.
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e Both RG equations and the fixed point values of the couplings are scheme de-
pendent. The universal properties, such as exponents, are scheme independent.
e.g. in the RG equation

dg

= N (g—g")+ ... (12.81)

Ag is scheme independent and independent of all microscopic details, but g* is

scheme-dependent, and can depend on microscopic details such as the cutoff.

e Integrals which are logarithmically divergent at large ¢ are proportional to Inb
and are independent of the cutoff A. Consequently they are scheme independent.

Integrals which are more strongly ultra-violet divergent are scheme-dependent.

e The term in the RG equation for r which is independent of r determines only
the fixed point value of r, i.e. r*. It does not affect the scaling exponents. In
fact, it is renormalization scheme dependent; in some schemes, it vanishes, so

it can be dropped and we can work with:

@ = 92 +
éw = 2r 16§2ur
u o )
7 = U et +... (12.82)

12.9 The O(3) NLoM

In order to study the phase diagram of a quantum system we would like to consider
both T = 0 and finite 7" in the same phase diagram. In particular, we would like
to consider even the high temperatures at which classical phase transitions can oc-
cur. Finite-size scaling — which is useful for asymptotically low temperatures — is not

appropriate for such an analysis. Instead, we carry out the renormalization group
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transformation directly on the finite-temperature quantum-mechanical functional in-

tegral. We will show how this is done for an antiferromagnet:
/ Dite3 J 43y dr 0u)’ (12.83)

The requirement of O(3) symmetry together with the constraint 7% = 1 implies that

we can add to this action irrelevant terms such as
d — [8 — —\ 2
/d xdT/ dr (0,1 - 0,1) (12.84)
0

but no relevant terms for d > 1.

As usual, we rewrite the action as:

p n;0,m; mio,n,;
— d )2 Pt 05
S = /d x/o dr <(8unz) + g ) (12.85)

1 —gn;n;
We now define an RG transformation in which we integrate out n;(q, w,,) with wavevec-
tors e *A < |q| < A but arbitrary Matsubara frequency w,,. This is different from the
RG which we defined earlier, but it is still perfectly well-defined. In the evaluation
of diagrams, the internal momenta are restricted to the shell e“Ag < A, but the
Matsubara frequencies can run from n = —oo to n = oco. However, in the rescaling

step, we rescale both momenta and frequencies:

wp — wpet (12.86)
The second equation means that the temperature is rescaled:
B — Be (12.87)

n,; must also be rescaled:

n; — nge” (12.88)

In the problem set, you will compute the one-loop RG equation for g. It is:
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dg 1 5
@—(1—65)9-1- 5 (m) g2COth§

[ changes trivially since it is only affected by the rescaling.

b _

M__ﬂ

183

(12.89)

(12.90)

Hence, if we define the parameter t = g/3, we can write a scaling equation for :

d (g  1ldg d (1
a\p) = s Ta\p

1 1 2m

= 2-dZ+

(12.91)

In other words, we can rewrite the RG equation for g and the trivial rescaling for 3

as the two equations:

dg 1 27s g
Yoo -dg+ | — | Peoth L
ar ( )9 2 ((Qﬁ)dp (g)) g 2t

dt 1 212 g
— = 2-d)t+ - | ————Fx t coth =
e

(12.92)
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Figure 12.7: The flow diagram of an antiferromagnet in d = 2.

At zero temperature, t = 0, the first equation shows that there is a stable fixed
point at g* = 0 for d > 1. This is the antiferromagnetically ordered phase. For t, g
small, the system flows into the g* = t* = 0 fixed point. We will discuss the basin of
attraction of this fixed point below.

There is an unstable fixed point at

— 1)(20)4T (&
gcz(d 1)(2d)r(2) (12.93)

m2

For g > g., g flows to g = co. At this fixed point, the antiferromagnet is disordered
by quantum fluctuations. Such fixed points are called quantum critical points. g can
be varied by introducing a next-neighbor coupling J' which frustrates the nearest-
neighbor coupling J. Increasing J' increases g.

At finite temperature, ¢ > 0, there is a fixed point for d > 2 at,

g =0
o=t = (d_2)2(27;) r(5) (12.94)

For d < 2, there is no fixed point at finite temperature; all flows go to ¢t = co. The

flow diagrams are shown in figures 12.6 and 12.7.
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The region underneath the dark line in figure 12.6 is the antiferromagnetically
ordered phase controlled by the ¢g* = 0, t* = 0 fixed point. For given g — i.e. for
a given system — there is a range of ¢ for which the system is antiferromagnetically
ordered. This range of ¢ translates into a range of temperatures, 0 < T" < T,.. For
g—0,T, — .

At both the zero and finite-temperature fixed points, the correlation functions
exhibit power-law decay. As these fixed points are approached, the correlation length

diverges. In the zero-temperature case, the divergence is:
£~ g —gel (12.95)
while, at finite temperture, it is:
vt —t | (12.96)

In the problem set, you will calculate v,.

At the finite-temperature critical point, the correlation functions have power-law

decay:
. 1
(ni(Z) n;(0)) ~ pov 0ij (12.97)
while at the zero-temperature critical point, they decay as:
1

(ni(Z, 7) n;(0)) ~ (12.98)

(22 + 7—2)(d_1+77d+1)/2 g
In the problem set, you will calculate 7.

To summarize, in d > 2, an antiferromagnet described by the O(3) NLoM exhibits
the following physics:

e An antiferromagnetic phase controlled by the ¢* = t* = 0 fixed point. This
phase is characterized by an O(3) symmetry which is spontaneously broken to
u(l),

(i) #0 (12.99)

yielding two Goldstone modes.
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e A zero-temperature quantum critical point g* = g., t* = 0 characterized by

power-law correlation functions:

1

(2 + 72) @ T2 ij (12.100)

(ni(Z, 7) ;(0)) ~

e A zero-temperature paramagnetic phase controlled by a fixed point at ¢g* = oo,

t* = 0 and characterized by exponentially-decaying correlation functions:

—lzl/¢
- e
<ni(x,7') nj(0)> ~ (xQ _}_7_2)(d*1)/2 61] (12101)
As g. is approached at t = 0, the correlation length diverges as:
£~ g — g (12.102)

e A finite-temperature critical point at t* = t., g* = 0 characterized by power-law

correlation functions:

(ns(&) 1 (0)) ~ xd%m 5 (12.103)

Near 4 dimensions, this critical point can can be studied with an O(3) (p,¢4)>

theory using a an € = 4 — d expansion.

e A finite-temperature paramagnetic phase controlled by a fixed point at t* = oo,
g* = 0 and characterized by exponentially-decaying correlation functions:

€—|LIJ|/§

As t — t., the correlation length diverges as;

€~ |t — ) (12.105)

In d = 2, we have an antiferromagnetic phase only at 7'= 0 for 0 < g < g.. The

system is paramagnetic in the rest of the phase diagram.
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Figure 12.8: (a) O(1) diagrams and (b) O(1/N) diagrams with two external legs.

The calculations of this section and the problem set are all to lowest order in
d — 1 at zero-temperature and d — 2 at finite temperature. In the next section, we
will generalize the O(3) NLoM to the O(N) NLoM and derive the RG equations to
lowest order in 1/N.

12.10 Large N

Suppose we generalize p* theory to

1w

1 1
- dd <_ a a . aPa o
S / T 2V<pV<,0+ T (g +N8

: (baa)®) (12100

wherea = 1,2,..., N. For N = 1, this theory has the Z; symmetry of the Ising model.
For N = 2, the theory has the O(2) = U(1) symmetry of “He or an XY magnet. For
arbitrary N, the action has O(NN) symmetry. The RG equations simplify for N — oo
as we now show.

Let’s classify diagrams according to powers of N. Each vertex gets a factor of
1/N. Every time we sum over an index a, we get a factor of N. First, let’s consider
the diagrams with two external legs. These diagrams renormalize r (and, possibly,

(). Figure 12.8a contains some O(1) two-leg diagrams.
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o< T
S >

Figure 12.9: (a) Some O(1/N) diagrams and (b) an O(1/N?) diagram with four
external legs.

Let’s now turn to the diagrams with 4 external legs. Figure 12.9a contains some
O(1/N) diagrams with 4 external legs. Other diagrams, such as that of figure 12.9b
are down by powers of 1/N.

To organize the diagrams in powers of 1/N, it is useful to perform a Hubbard-
Stratonovich transformation. We introduce a field o and modify the action by adding
a term:

S-S - % (a . %%gpa)Q (12.107)
Since the action is quadratic in o, we could integrate out o without affecting the
functional integral for ¢,. However, it is also possible to expand the square, which
leads to the action:

1 1 N 1
_ d Z Z — 24 12.1
S /d x (2 VoV, + 5" Pafa = 50 + 5 O'SOa(pa) (12.108)

Notice that integrating out o restores the (qp,)? term.

This is now a quadratic action for ¢,. Hence, we can integrate out (,:

Se[o] :/é%d <—% o? + NTrn (V? +r+a)) (12.109)
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Dropping a constant, the logarithm can be expanded to give:

dp N
Set[0] = | 5% o(p)o(—p)
noddy. dik 1
N . ’ n ) i + ki — k;
+ (T2 Gy ) o000 TL6 0 = b

(12.110)

Since there is a factor of N in front of Seg|o], each o propagator carries a 1/N,
while each vertex carries an N. Hence, a diagram goes as NV 1= = N=F+1=L The
lowest order in 1/N for the E-point o correlation function is a tree-level in Seg|o]
diagram. To compute the ¢, k-point correlation function, we need to compute a
diagram with k/2 external o legs. Hence, the lowest order in 1/N contribution to the
pq two-point correlation function is obtained from the o one-point correlation function
(which is determined by the diagram obtained by joining the one-point function to
one end of the two-point function). It is O(1) and it is given by the graph of figure
??a. The lowest order in 1/N contribution to the ¢, four-point correlation function
is obtained from the o two-point correlation function. It is O(1/N) and it is given by
the graphs of figure ?7b.

Since the ¢ one-point function is:

dq 1
N/(%) T (12.111)

while the o two-point function at zero momentum is

o G (2112

we have:

1dlq 1
Nfb (2m) d q>+r

1dig 1
— Ny my (@®+7)°

1 qd -1
utdu = bt E—?;N/ g 1 (12.113)
b (2m)4 (2 4 1)

r+dr = b? r+ 5
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Differentiating these equations, we obtain the RG equations:

dr_ o 1y

gﬁ = T 16§T2UT

u 2

W - 12.114
dl U em T ( )

In other words, the one-loop RG equations contain the same information as the geo-
metric series of O(1) and O(1/N) diagrams! In the N — oo limit, the one-loop RG
equations are valid even when € is not small.

We can also consider the O(N) generalization of the NLoM:
/Dﬁeﬁfddffoﬂdf(a“ﬁ)g (12.115)

where 7 is an N component vector. Imposing the constraint 712 = 1 with a Lagrange

multiplier, we have:

S = % /ddf/oﬁdr (Vi) + A (n* 1)) (12.116)

Integrating out 77, we have:
_ L /ddf/ﬂdT L (n* —1) + L NTr (V2 +A@)]  (2117)
g 0 2g 2 '

In the N — oo limit, the saddle-point approximation becomes exact, so:

NZ/ g ! (12.118)
w42+ X g '
Let’s specialize to the case T' = 0:
Aw diq 1 1

it S 12.119
2 2m)T w24+ + N g ( )

This integral equation can be solved using the RG transformation. First, we integrate

out momenta bA < |g| < A, assuming that A << A%

vdo d§ 1 ldo d'g 1 1
N/ dw d dw _dq _ (12.120)

)4 w2 4 ¢ A b 21 2T W+ @+ A g
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or,

vl

bdw diq 1 27 1 1
— N 1—pl) == 12.121
o7 ey A A (2m)iT (4) d—1 ( ) g ( )

If we bring the second term on the left-hand-side to the right-hand-side, we have:

[S]Is9

bdw diq 1 1 2 1
— =-—_N 11—yt 12.122
21 2m)t W2+ g2+ N g (27)4T (%l) d—1 ( ) ( )

Rescaling the momenta in the integral, ¢ — ¢b, w — wb we have:

1 dq 1 1 2 1
dw d q _ bdil (_ _N ™ (1 o bdl))

2 (2m)d W + @2 + \b?

(12.123)
In other words,
1 1 1 27s 1
- +d <—> e =y S L (1-v"1) (12.124)
g g g (2r)r (4) d -1
writing b = e~%, this gives:
dg 275 9
—=(d=1)g- (12.125)

Again, the large-N RG equation is essentially a one-loop RG equation.
As we will see again in the context of interacting fermions, the large-N limit is

one in which RG equations can be calculated with minimum fuss.

12.11 The Kosterlitz-Thouless Transition

We turn now to the RG analysis of an XY magnet or, equivalently, ‘He at zero-

temperature in 1D

1
S =35 /dT dz (9,0)° (12.126)



Chapter 12: The Renormalization Group 192

or at finite temperature in 2D,
s=21 /d% (V6)? (12.127)
2T

We will use the notation

_1 2 2
§=5K /d 2 (9,0) (12.128)

to encompass both cases. This is an O(2) non-linear sigma model with K = 1/g.
Clearly, dK/d¢ = 0 to all orders in K.

The two-point correlation function of the order parameter may be calculated using;:
<ei9(ac) €—i9(0)> _ /DQ of (3 K(9.0)*+J(2)0()) (12.129)
where
J(y) =i0(y — x) —id(y) (12.130)
Hence it is given by,

<€i9(x) efi9(0)> _ 6% fdgxdgx’ J(x)G(z—=z")J(z')

= C@-CGO (12.131)

Now,

1
= ———lIn|z/d| (12.132)
m

where a = 1/A is a short-distance cutoff. Hence,

< (i0(@) e—z‘e(o)> (12.133)
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Similarly if > ;n; = 0,

(im0 = ¢~ TeR 2T (12.134)

In other words, the correlation function has the form of the Boltzmann weight for a
Coulomb gas.

Thus far, we have neglected the periodicity of 6, i.e. the fact that 0 < 6 < 2.
However, for |z| large,

o H{o@-00?) _ 1 (12.135)

1
|x| 2K

tells us that (6(x) — 6(0))* becomes large for |z| large. This means that # must wind
around 27, i.e. that there are vortices.

A vortex is a singular configuration of the field #(z) such that the vector field
0,0(x) twists around an integer number, n, times as the vortex is encircled. In the
context of *He, a vortex is a swirl of current. In an XY magnet, it is a point about

which the spins rotate. In other words,
74 9,0 dz, = 2mn (12.136)
P

for any path, P, which encloses the vortex. n is the winding number of the vortex.
We can understand this qualitatively by calculating the contribution of a vortex
configuration to the functional integral. If there is a vortex at the origin with winding

number n, then (12.136) implies that

2
0 ~ == (12.137)

So the action of a vortex at the origin is:

2
A, = 5/(%—”> &
2 T

R
= 7Kn*ln= +E, (12.138)
a
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where R is the size of the system, a is the size of the core of the vortex and E, is
the core energy. Meanwhile a vortex-anti-vortex pair separated by a distance r has

energy
Apar = K In = + 2B, (12.139)
a

To calculate the contribution of a vortex to the functional integral, we must take
into account the fact that the vortex can be placed anywhere in the system. Hence,

the contribution to the functional integral is proportional to the area of the system:

R 2
Ly ~ (—) e~ Av
a R
~ 2Ty (12.140)

For K < 2/, this is a large contribution, so vortices can proliferate. The proliferation
of vortices destroys the power-law correlation functions.
Let us now study this transition more systematically. We break # into a smooth

piece, #,, and a piece that contains the vortices 6y,

Oy (x) = Zn arctan <Ex_7x)2> (12.141)

T — ;)
where the i*" vortex has winding number n; and position z;. Using

@ﬂv(x) = Zniq“jxi
= Y ni€ud,In|z — ;] (12.142)

we can rewrite the action as (the cross term between 6, and 6y vanishes upon inte-

gration by parts)
S = / &%z (9,0)°
K / &z (9, (0, + 0))°
1
K [ @000+ 5K [ 2 (@,00)



Chapter 12: The Renormalization Group 195

1 1
= 3 K /d2x (0,0,)° +3 K /d2x an]@u Injr — ;| 0, In |z — z

1
= 5K/al2 (9,05)° —QWKanJln]xz z;| + ny B (12.143)

7]

In the last line, we have restored the core energies of the n, vortices.

Hence, the partition function is:

R

Ny 1
—n, E 2 77TKZ. ningIn|z,—x;
Ee”cg E /” d“z;e inj J
o0 D1 =0T 42, N N_ !N Nt .

(12.144)

where Ny is the number of vortices of strength k in a given configuration.

Observe that (12.134) implies that this can be rewritten as:

- /DQS Dpe~ | Po (5 (

)3 K [#a@u09®  (12.145)

where y,, = e is the vortex fugacity. The perturbative expansion of Z[¢] function
is the sum over all vortex configurations of Z[¢]. Expanding perturbatively in the y;’s

and using (12.134), we have:

0o Ni1+N_1 N2+N7

Zlgl = ) 67"”EC

Ny =0 i= 1 n;=

(12.146)

e deie—T(K Zi,jninj In |aci—ac]-

Oﬂﬁ /HvaN AL

Integrating out 0, we are left with:

Z = /D¢€_fd2x(87réf{(

)+ 3, ym cos mo) (12.147)

Notice that we have transformed the partition function for the vortices in the field
f into the partition function for another scalar field, ¢. This is an example of a duality
transformation. The action for ¢ is a sine-Gordon model. Let us consider the cos m¢

term in the action:

1
S = /d2x (87r2K (0,0)° + zm:ym cos mgb) (12.148)
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Is this term relevant or irrelavant? At y,, = 0, we can determine the first term in
the RG equation for y,, from its scaling dimension. This can be determined from the

correlation function:

1
|l-|27rmK

(cosf(x) cosB(0)) ~ (12.149)
which tells us that cosm¢ has dimension 7m K. Hence, the RG equation for y is:

dYm

i (2—mmEK) Yy + ... (12.150)

Consequently, y = y; is the most relevant operator. As K is decreased, y; becomes
relevant first —i.e. at K = 2/m. Let us, therefore, focus on the action with only the

m =1 term:
1 2
S = /de (&TTK (0u¢)” +y cos d)) (12.151)
In order to study the flow of K resulting from the presence of y, let us expand the

functional integral perturbatively in y.
Z = /'ng e fd%(ﬁ (3u¢)2+ycos¢>)

= ...+ /qu <y; /de cos ¢(x) /d2y cos gb(y)) e S Po(Gig 0u0)?)

2
= ...+ /D¢[<y—/ d*x cos ¢(z) /de cos ¢(?J)> +
2 Jjz—y|>1/bA
<y2/ /d2 oi0() o= )] J & (5
1/A<\xfy\<1/bA
el / / Gid()—id(y)
+/ ¢ (y 1/A<|z— y\<1/bA y 27TK

w o P (g 00+ yeosg)

:.”+/D 2/ /
qb(y 1/A<|ét*y|<1/bA y (x—y 27rK

< (1 il = 9)20(y) — 50— )(06() )) e~ J o Quotevons) o

1 1
P S —
+/ ¢< 1Y <1/A<xy<1/bA x(x—y)2”K2>

([ ey (a¢(y))2))e—fd%(ﬁwu@”yww) i

?) 4
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= ot [P [ el g ) 0oy (12.152)

In the last line, we have done the integral at 7K = 2 (since we are interested in the
vicinity of the transition) where it is logarithmic, and re-exponentiated the result.

Hence, K~ flows as a result of y:

d
@K*1 = 47%y* + O(y") (12.153)

Together with the flow equation for ¥,

% =2 —-7K)y+O0(y?) (12.154)

these RG equations determine the physics of an XY model in 2 dimensions at finite
temperature or in 1 dimension at zero temperature. These equations may be analyzed

by defining u = 7K — 2 and v = 47y, in terms of which the RG equations are:

du

- 2 2
gﬁ v° + O(uv®)
d—z = —w+O(®) (12.155)

Observe that u? — v? is an RG invariant to this order:

% (u2 =) =0 (12.156)

Hence, the RG trajectories in the vicinity of K = K, = 2/7 are hyperbolae which
asymptote the lines u = +v. The resulting Kosterlitz-Thouless flow diagram is shown
in figure 12.10.

These RG flows feature a line of fixed points — or a fized line — y* = 0, K > K..
Any point below the the asymptote u = v — or, equivalently, 7K — 2 = 4ry — flows
into one of these fixed points. Correlation functions exhibit power-law falloff at these
fixed points:

(@) 7?0 — ! (12.157)

- T
’x‘%K
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N

Ke

Figure 12.10: The Kosterlitz-Thouless flow diagram.

The line 7 K —2 = 4wy which separates these power-law phases from the exponentially

decaying phase is called the Kosterlitz- Thouless separatriz. At the critical point,

<6i9(ac) 6—i0(0)> _ ﬁ

(12.158)

When the system is above the line 7K — 2 = 47y, it flows away to large y: the
system is disordered by the proliferation of vortices and has exponentially decaying
correlation functions. Since the cos ¢ term is relevant, it bounds the fluctuations of ¢,

just as an r¢? term would. In the problem set, you will show that as K, is approached

from below, the correlation length diverges as:
1
£ ~ eKe—)1/? (12.159)

Hence, at finite temperature in 2D or at zero-temperature in 1D, *He and XY
magnets have a phase transition between a disordered phase and a power-law ordered

‘phase’.
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Fermions

13.1 Canonical Anticommutation Relations

In the remainder of this course, we will be applying the field-theoretic techniques
which we have developed to systems of interacting electrons. In order to do this, we
will have to make a detour into formalism so that we can handle systems of fermions.
Let us first consider a system of non-interacting spinless fermions at chemical
potential ;. As in the case of *He, we must modify the Hamiltonian by H — H — uN.

The action is the same as for a system of free bosons:
5 = /dT Byt (3 b Ly u) " (13.1)

or  2m

The difference is that we want the associated Fock space to be fermionic, i.e. we would
like the Pauli exclusion principle to hold. This can be accomplished by imposing the

canonical anticommutation relations.
(@ 1), (@ 1)} =67 -7 (13.2)
o (@ 1), ¢ @ 1)} = {o! (@6, 0" (@0} =0 (13.3)

Performing a mode expansion
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T _ dSE T —&pT— ’ka 134
¢ (.CIZ') - (277')3/2 Ck e ( : )

where & = €, — = k?/2m — u, we see that the creation and annihilation operators

satisfy:

{ewcp}={ch b} =0 (13.5)
Hence, (c})? = ¢2 = 0, i.e. no state can be doubly occupied.

The Green function is:

Gz, r) = Q(T)TT{ —BHo=mN) st (7, 7)) }
7,

—0(—7) Tr { =M1y (0, O)W( 7)} (13.6)

Note the —sign in the definition of the Green function. It is necessary because the

fermions satisfy canonical anticommutation relations. You may verify that G as de-

fined above satisfies:

0 1 . .
<— + 5=V - u) G(@,7) =4(r)6(2) (13.7)

As in the bosonic case, we find a further condition which follows from the cyclic
property of the trace. Since 0 < 7,7" < 3, it follows that — < 7 — 7" < . Now
suppose that 7 < 7. Then,
G(r—7<0) = —Tr{ BUH =) o7 (H=uN) )y () o= (H=ptN) eT(H—MN)¢T(f)€—T(H—uN)}
T ) ()TN BT G ) ) )
= _TT{ B(H—uN) B(H—uN) eT(H*HN)#)T(f)e*T(Hf/LN) o BH—pN)

eTI(HNN)w(f/)eTI(HHN)}

= —G(r—7"+0) (13.8)

The first equality follows from the cyclic property of the trace. The final equality
follows from the fact that 7 — 7/ + G > 0. Hence, a fermion Green function is anti-

periodic in imaginary time.
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As a result of antiperiodicity in imaginary-time, we can take the Fourier transform

over the interval [0, 4]:

B )
Glic,) = / dr e "G (1) (13.9)
0
where the Matsubara frequencies €,, are given by:
2 1
€n = M (13.10)
B
Inverting the Fourier transform, we have:
1 , ,
= = Glie,) €7 (13.11)
B
Using the mode expansion and the Fermi-Dirac distribution,
_B(Hy— 1
Tr {e A(Ho “N)c,tck} =np(&) = o 1 (13.12)

we can compute the propagator:

gz, r) = 0(r )TT{ AlHo=1N) )t (Z, 7 )ep }
—0(—7) Tr { =M=y (0, ow(f

"}

= [ i € 00 np() — 0(-) (1~ () (1313

27)32wy,

We can now compute the Fourier representation of the Green function:

T ‘
G(F i) = [ &7 [ dre g 7, 7)
0
ne (&) (eﬁ(_iﬁn'f'fk) _ 1)

1
s (13.14)

13.2 Grassman Integrals

Fermionic systems can also be described by functional integrals. In order to do this,

we will need the concept of a Grassman number. Grassman numbers are objects 1;
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which can be multiplied together and anticommute under multiplication:

Yihy = =ity (13.15)

and

;=0 (13.16)

Grassman numbers can be multiplied by complex numbers; multiplication by a com-

plex number is distributive:

a (1 +2) = aphy + bihy (13.17)

W =)y + i)y and 1 = 1 — @by can be treated as independent Grassman variables,

b= =Py (13.18)

Since the square of a Grassman number vanishes, the Taylor expansion of a function

of Grassman variables has only two terms. For instance,
eV =1+ (13.19)

Integration is defined for Grassman numbers as follows:

/dww ~ 1 (13.20)

Similarly,

Javdp -
[avdiy —
[avdry -

[awdbiy = 1 (13.21)

o o O
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As a result of the anticommutation, the order is important in the last line:

/d¢ dppp = —1 (13.22)

Since the square of a Grassman number vanishes, these rules are sufficient to define
integration.

With these definitions, we can do Grassman integrals of Gaussians. Suppose 0;
and 6; are independent Grassman variables. Then
YR L R R YA | C

2
— [ db\dd ... 0,0, Z (o)) A202) - Au(o)
X 9 9 Hneg(n)

= > (=1 (Ala(l)A2a(2) o At

We can prove Wick’s theorem for Grassman integrals:

Z(s ) = / [ d0:d8; e20i%Ai0+ 22 (014 0im:) (13.24)
By making the change of variables,
J— K A*l )
fz fz, " ( )z‘jm
0; = 0;i +7; (A_l)ji (13.25)
we get
Z(leﬁz) — /Hdezldgzl ezi,j (91’ Aijej/‘f'ﬁi(A_ )ijn]')
= det(4) 2 (13.26)
Hence,
7] 7 S 11:d0,d0;0.,0;, ...0:.0; 02040
<9i10j1 eikejk> - - o
[ T1;d0;db; e
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1 <aa 352«—))
det(A) \ an. aﬁjl ...amk aﬁjk Nis 14

= Z(_l)a (Aja(1)i1Aja(2)i2 Aja(k)ik)
= Z(_l)a {<§i10jo'(l)> <§ik0jcr(k)>} (13‘27)

In other words, we sum over all possible Wick contractions, multiplying by —1 every

n;=1;=0

time the contraction necessitates a reordering of the fields by an odd permutation.
Thus far, we have considered finite-dimensional Grassman integrals. However, the

generalization to functional Grassman integrals is straightforward.

13.3 Feynman Rules for Interacting Fermions

Let us now turn to a system of fermions with a d-function interaction. The grand

canonical partition function is given by:
Z=N /sz Dyt e=s (13.28)

where the functional integral is over all Grassman-valued functions which are an-

tiperiodic in the interval [0, 3] (so that €, = (2n + 1)7/f3).

B \VE&:
g — /O dr / dy <w (aT . <% . u)) b+ vw*ww*w) (13.29)

This action has the U(1) symmetry ¢ — e, ¢f — e ¥yt According to

Noether’s theorem, there is a conserved density,

p =t (13.30)
and current
- \Y \Y
F=vito— (vt} (13.31)
m m
satisfying the conservation law
0 -
PLiv.j=0 (13.32)
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For V = 0, this is the free fermion functional integral:
—(Bar [ ddewt . v 2
/DwaTe Jo dr [dizy (8 (gm #))w = det <37 — <2V_ — M)) (13.33)
m
The Green function is:

G(7.7) = N [ DuDul ¢l r)u(0,0) o ar Jateut (o0 (Frn) )

_ (87 _ (% _ u>>_1 (13.34)

The difference between this Green function and the Green function of a bosonic system
with the same Hamiltonian is that this is the inverse of this operator on the space of
functions with antiperiodic boundary conditions on [0, §]. The Fourier transform of

the Green function is:

G(k,€n) = - (13.35)

In the presence of source fields 7, 1,

ZO [77, ﬁ] = N /D¢ D¢T e_foﬁdeddach (37—(§—N))¢+77w7+¢ﬁ

_ effoﬂdf dr’ fdd:t dta’ 7(2,7)G(Z—2 ;7 —1" (@ ') (1336)
For interacting fermions, it is straightforward to generalize (8.31) to Grassman inte-
grals, so that

N _(p (s 35 _
Zn,n) = FO e fﬁmt(an’aﬁ) Zo[n, 1] (13.37)

In applying this formula, we must remember that n and  are Grassman numbers so
a — sign results every time they are anticommuted. As in the bosonic case, we can

use (8.32) to rewrite this as:

2l 7] = o i e dts! S0 Ty [ L (01 ) ot (13.38)

By expanding the
o= J Cint (w1 0) 40yt +um (13.39)
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Figure 13.1: The graphical representation of the fermion propagator and vertex.

we derive the following Feynman rules for fermions with d-function interactions. The
lines of these Feynman diagrams have a direction which we denote by an arrow. Each
vertex has two lines directed into it and two lines directed out of it. Momenta and
Matrsubara frequencies are directed in the direction of the arrows. The propagator

and vertex are shown in figure 13.1
e To each line, we associate a momentum, p and a Matsubara frequency, €,.

e The propagator assigned to each internal line is:

1 B5 1
2 e E

e For each vertex with momenta, Matsubara frequencies (p1, €,, ), (92, €,,) directed

into the vertex and (ps, €n,), (P4, €n,) directed out of the vertex, we write

Vv (271—)35(51 + ﬁQ - ﬁ3 - ﬁ4) B5n1+n2,n3+n4

e Imagine labelling the vertices 1,2,...,n. Vertex ¢ will be connected to vertices
Jiy-- -y Jm (m < 4) and to external momenta py,...,ps_, by directed lines.
Consider a permutation of these labels. Such a permutation leaves the diagram
invariant if, for all vertices ¢, ¢ is still connected to vertices ji, ..., Jm (m < 4)

and to external momenta py, ..., ps_n by lines in the same direction. 1f S is the
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number of permutations which leave the diagram invariant, we assign a factor

1/S to the diagram.

e If two vertices are connected by [ lines in the same direction, we assign a factor

1/1! to the diagram.
e To each closed loop, we assign a factor of —1.

The final rule follows from the necessity of performing an odd number of anticom-
mutations in order to contract fermion fields around a closed loop.

For p < 0, (13.29) describes an insulating state. There is a gap to all excited
states. For V' = 0, the gap is simply —u. In the problem set, you will compute the
gap for V # 0 perturbatively.

For p > 0, the ground state has a Fermi surface. For V' = 0, this Fermi surface
is at kp = +/2mu. In the problem set, you will compute the Fermi momentum
for V' # 0 perturbatively. Since this phase has gapless excitations, we must worry
whether the interaction term is relevant. If the interactions are irrelevant, then we
can perturbatively compute corrections to free fermion physics. If interactions are
relevant, however, the system flows away from the free fermion fixed point, and we
must look for other fixed points. Such an analysis is taken up in the next chapter,
where we see the importance of the new feature that the low-energy excitations are
not at £ = 0, but, rather, at k = krp. We construct the renormalization group
which is appropriate to such a situation, thereby arriving at Fermi liquid theory.
First, however, we will investigate the two-point function of the interacting Fermi gas
perturbatively.

Fermion lines with arrows that point to the right represent fermions above the
Fermi surface. Those which point to the left represent holes below the Fermi surface.
This is analogous to electrons and positrons in QED. However, unlike in QED, where

a positron can have any momentum, fermions must have k > kr and holes must have
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Figure 13.2: A one-loop diagram with an intermediate (a) particle-hole pair and (b)
particle-particle pair.

k < kp at T =0 (at finite-temperature, this is smeared out by the Fermi function).

Hence, the diagram of figure 13.2a corresponds to the expression

diq 1 . L :
/(2W>dﬁzg(zﬁm—i—zen,p—l—cf)g(zen,q_) (13.40)

When ¢ < Ky, the second Green function represents the propagation of a hole at ¢
while the first Green function represents the propagation of a fermion at p+¢. If p+¢
isn’t above the Fermi surface (smeared by the Fermi function), then this expression
vanishes, as we will see shortly. Similarly, when ¢ is above the Fermi surface, p'+ ¢
must be a hole below the Fermi surface. Meanwhile, the diagram of figure 13.2b

corresponds to the expression

d’q 1 . o ,
/ (2m)d gzgwm — i€n, P — q) G(i€n, q) (13.41)

where ¢ and p'— ¢ are now both fermions above the Fermi surface.
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13.4 Fermion Spectral Function

Following our earlier derivation of the phonon spectral representation, we construct
a spectral representation for the fermion two-point Green function. By inserting a

complete set of intermediate states, |m)(m|, we have,
9@.7) = [y [Zé (5= P+ )3 (e — o) (0(r)e 7707 91
()5 ) o 0.0 )| (1342

The Fourier transform,

3 A
G(pie;) = / &7 / dr G(T,7) e~'7 (13.43)
0
is given by:
Gi7ic) = [ (7% e 7%) [(m o001 )
| 1
X 6(P' = P+ Pn)S(E — Ep + En)] . (13.44)
E— Zﬁj
Writing

A E) =Y (€77 4 e ‘<m‘M(O,O)‘n>‘25(ﬁ—ﬁm+ﬁn) §(E — Epp) (13.45)

we have the spectral representation of G:

D, K
G(p,ien) / db === A, E) (13.46)
— 1€j
As usual, the spectral function A(p, F) is real and positive. It also satisfies the sum
rule:
o dF
— A(p, =1 13.47

G is not analytic since it does not Satlsfy the Kramers-Kronig relations. However,

the advanced and retarded correlation functions,

G / b —e—)zé
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A(g) A(g)

p2m - € p/2m - p €

Figure 13.3: The spectral function in free and interacting Fermi systems.

E)
Gaav (D / L + = (13.48)

are analytic functions of € in the upper- and lower-half-planes, respectively.
As usual, the spectral function is the difference between the retarded and advanced

correlation functions.
Gret (D, €) — Gagy (P, €) = 2miA(p, €) (13.49)
The spectral function of a free Fermi gas is a d-function:

A0 = ( - (;’—m - u)) (13.50)

In an interacting Fermi gas, the spectral weight is not concentrated in a ¢ function

but spread out over a range of frequencies as in figure 13.3.

13.5 Frequency Sums and Integrals for Fermions

To compute fermion Green functions perturbatively, we will need to do summations

over Matsubara frequencies. Sums over fermion Matsubara frequencies can be done
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using contour integrals, as in the bosonic case. Consider the Matsubara sum:

—ZQ (i + i, 7+ §) Glien, §) = f—nF ) G(im + 6,7+ D G(e, ) (13.51)

where the contour avoids the singularties of the Green functions, as in chapter 6.
€, and €2, + €, are fermionic Matsubara frequencies, so €2, is a bosonic one. The

contour integration is given by two contributions: e real and 2, + € real. Hence,

_Zg i + €0, T+ §) Gli€n, §) = / dEnp(E)G(E + i) (G(E + i6) — G(E — i)
+%/_OodE (B — i) (G(E + i8) — G(E — i8)) G(E — i)

Analytically continuing the imaginary-time Green functions, we have:

1 o0
BZQ(z‘Qm +ien, 7+ @) Glien, §) = /7 dEnp(B)G(E + i€, 0+ §) A(E, )
+/_°° dEnp(E)G(E — iQm, @) A(E, 7+ )
(13.52)

In the case of free fermions, the spectral function is a J-function, so the dE integrals

can be done:

%Zg(mm + e, B+ @) Gli€n, §) = nfégql_gnf(?’f) (13.53)

At zero-temperature, the discrete frequency sum becomes a frequency integral,

—Z /m27T (13.54)

SO

1 ~ d
GG i, 4 ) G, 1) — [ SGUQ +ieF+ D) Glied)  (13.55)

Using the spectral representation of G we can rewrite this as:

o de . L , o de oo o0 AP+ 4q,E) A 2)
ot~ [ o A
/—oo 27Tg(7/ e b + (j) g(ZE qj —00 2T 7ood ! food 2 E1 — 10 — ie E2 — 263 56)
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The de integral can be done by closing the contour in the upper-half-plane. The pole
at € = —iE; — Q is enclosed by the contour when E; < 0; the pole at € = —iF5 is
enclosed when F, < 0. Hence,

(—E>) — 0(—E1)
E2 — E1 + w

/°° ﬁg(mﬂ'e,ﬁJrq’)g(ie@:/O:OdEl/o:odE29

—00 271'

AP+ 7, Ev) A(F, £3.57)
In the case of free fermions, the dFE; integrals may be done:

0(_&1) B 9(_§p+q)

et —f (13.58)

< d
| 590 +ie. 5+ @) Glie, ) =

which is the zero-temperature limit of (13.53).

13.6 Fermion Self-Energy

We can begin to understand the role played by the Fermi surface when we start
computing perturbative corrections to the behavior of free fermions. Let us look first
at the fermion two-point Green function. As in the bosonic case, we can define the

self-energy, Y(e, k), as the 1PI two-point function and sum the geometric series to

obtain:
1
G(p,ien) = 13.59
i) ien — (£ = 1) = S(en, p) 359
The retarded Green function is defined by analytic continuation:
Gret(ﬁ 6) = (1360)
€— (% - ) - Zret(eap)
The spectral function can be written as:
1 —2ImY o (€,
A(pe) = ~ (6 1) (13.61)
™

(5 — (% — M) - ReEret(e,p))2 + (ImS,e (e, p))?

When Im¥, (€, p) = 0, the spectral function can be rewritten as:

A(p,e) = Z(p) 3 (e — &) (13.62)
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where ¢, is the location of the pole, defined by the implicit equation

p2

gp = % —n— Rezret(&pyP) (1363)

and Z(p) is its residue

-1
0

Z(p) =|1- <_Rezret(€7p>> (1364)

Oe =t

&p can be expanded about the Fermi surface:
& =i (0= pr) + O ((p = pr)°) (13.65)
where
vp = 2= (13.66)
m*

and m* is the effective mass. &, and vy define the one-particle density of states,

N(er), of the interacting problem.

dk 2m de1
/(%)d T 2mr (4) /k "

Il
=y
B!
~—

S
i
Bl

(13.67)

The lowest-order contribution to Im¥., (€, p) comes from the diagram of figure ?7?.
We can do the zero-temperature calculation by contour integration:

dd dd

G(i¢,p) G(i¢ +iw,p+ q) Glie — iw, k — q)
(13.68)

(i, k) = v2/

The d¢ integral may be done by contour integration, as in (13.58):

: 12 d’q d’p d_w _ 0(—&) — 0(=&p+a)
Y(ie, k) =V /(27r)d / an) Q(ze iw, k—q) S (13.69)
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The dw integral may be done the same way:

- 2 d’q d’p (0(=&p) = 0(=Eprq)) (0(Ek—g) — 0(Ep — Epia))
S(ie, k) =V / o / e P e (13.70)

Hence, the imaginary part of the self-energy at zero-temperature is:

24D dQ Ay,
Y, (e, k) = V2oF /d/d 16 (&) — Eprg — k
m t(€7 ) V UF fp fk q ) (271') (ép £p+q fk q+€)
g
< V2 S2 / de, / dér_,
UF —€ 0
kQ(d 1)
v2E e S3 € (13.71)
3

Hence, we have seen that the phase space restrictions (imposed by the § function
above) due to the existence of a Fermi surface severely restricts ImY, (¢, k). For
€ — 0, ImX,ct (e, k) ~ €. In other words, for € small, the decay rate is much smaller

than the energy: near the Fermi surface, single-fermion states are long-lived.

13.7 Luttinger’s Theorem

Up until now, the Fermi surface has essentially been a tree-level, or free fermion,
concept. However, the notion of a Fermi surface is not tied to perturbation theory. In
fact, the existence and location of a Fermi surface is constrained by a non-perturbative
theorem due to Luttinger, which we now discuss. Luttinger’s theorem defines the
Fermi surface as the surface in k-space at which G(0, IZ) changes sign. Inside the
Fermi surface, G(0, E) is positive; outside the Fermi surface, G(0, E) is negative. In
a free fermion system, G(0, E) diverges at the Fermi surface. (In a superconductor,
G(0, k) vanishes at the Fermi surface, as we will see later.) According to Luttinger’s

theorem, the volume enclosed by the Fermi surface is equal to the electron density,

N/V, so long as Im>3(0, k) = 0.
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To prove this, we begin with
N dk
= = Tk, ) (k, t
v = [ (¥ k)

- —i/(;];d;Z—;G(k,e) (13.72)

In the second line, we have the time-ordered Green function; the advanced and re-

tarded Green functions vanish at equal times. If we write

1

Gk, €) = 2 (13.73)
€ <2k_m - ) —Z(G,k)
then
N . d% de
v = ! /—(27T)d gG(k,e)
o d% de ) L2
- /W%G(k,e) [a (6— <% _ﬂ>>]
: dk de o /4
= — / (27T)d % G(k,E) l& (G (/ﬂ, 6) + E(e, k))‘|
. d% de [0 o
- Z/(Zw)d o [& InG(k,e) —G(k‘,e)&ﬁl(e, k‘)] (13.74)
We will now use the following ‘lemma’ which we will prove later:
d%k de 0
— G(k,e)=—X(e, k) = 13.
/(27r)d 27 G ’6)86 (e, k) =0 (13.75)
Then
N d% de 0
—_— f— S _ _1
V ¢ / (27)d 27 De nG(k,e)
, d%% de 0 ' Ak de O Gk, )
= / (27T)d % & hl Gret(ky 6) +1 / (27‘(‘)d % & hl m (1376)

Since G, is analytic in the upper-half-plane, the first integral vanishes. Also note

that G = G, for € > 0, while G* = G, for € < 0. Hence,

N / dik [0 de (91 G(k,€)

v 2m)2 o027 De " Groglk, )
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- gal

dk
=~ [ gy [9(0.8) = (=00, )] (13.77)

From the spectral representation,

I AP, E)
G e) = /_oodEe—E+i5sgn(e) (13.78)

and the normalization property of the spectral function, we see that p(—o0, k) = 7.

Hence,

% - / (%d (0, k) — 7] (13.79)

Since Im3(0, k) = 0 by assumption, ¢(0, k) is equal to 0 or m. The integral only

receives contributions from the former case:

g:[z(;’;d (13.80)

where R = {k|G(0, k) > 0}. In other words, the volume enclosed by the Fermi surface
is equal to the electron density.

To complete the proof of the theorem, we must prove that

/ (;iwljd s_; Gk, 6%2(6, k) =0 (13.81)

To do this, we prove that there exists a functional X[G] defined by:

§X = / ‘;—‘: / (37332(%]@) 3G (w, k) (13.82)

According to this definition,

x = [ ‘;—;‘T’ / (g:;gz(w,k)aa(w,k)
— /d—;j/é:;:gil(w—i-e, k) oG (w + €, k) (13.83)
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Hence,

0X dgk 0
Sc T / / —I—e,k)&éG(w—i-e,k)

_ / / dg’“ S (w, k) %5@@ k) (13.84)

However, X is independent of €, so §.X/de = 0 which proves (13.81).

To see that X actually exists, observe that

0X

G = 3(p) (13.85)

Hence,

52X ~ 0%(p)
5G(p)sG(q)  0G(q)

(13.86)

X exists if and only if the derivatives can be commuted:

62X 52X

0G(p)6G(g) — 6G(q)0G(p) (13.87)
Since
0X(p)
6G(q) F(p,q) (13.88)

where I'(p, q) is the irreducible 4-point function with external momenta p, p, ¢, ¢ and
['(p,q) = I'(q, p), the existence of X follows.

In the case of a free Fermi gas, ny = (chcy) is a step function, n, = 0(kp — k)
with ['n; = N/V. One might imagine that, in an interacting Fermi gas, it would be
possible to have ny = A(krp — kA) with A < 1 which would preserve [n; = N/V
while moving the location of the singularity in ny to kr/\. Luttinger’s theorem tells
us that this cannot happen. The singularity in ny, = [ deG (e, k) is fixed by the density
to be at kp.
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Interacting Neutral Fermions:

Fermi Liquid Theory

14.1 Scaling to the Fermi Surface

We now consider a rotationally invariant system of interacting spinless fermions with
> 0in D > 2. The RG analysis of such systems was pioneered by Shankar,

Polchinski, .... The Fermi sea is filled up to some kp. First, let us examine the free

[ardtayt (& — (% — u)) v (14.1)

part of the action,

or, in momentum space,

ey (e (g n)) )

If the kinetic energy is much larger than the potential energy, then it makes sense to
focus first on it and use it to determine the scaling of ¢ from the kinetic energy.
Since we will be interested in low-energy, i.e. the vicinity of the Fermi surface, we

make the approximation

k2
o T H R vr (k—kr)

218
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= UFl
where [ = k — kr. We can also make the approximation

dk = ESdkdYQ
= ki tdld'Q

Hence, the action can be written as:

k4t g de
dl d*Q —t (ie — vpl
(2m)d / 27T¢ (ie = vpl) v

Restoring the cutoffs,

ka1 A < de ,
g | A [ oo e = vrl) v

219

(14.3)

(14.4)

(14.5)

(14.6)

The momentum integral is restricted to a shell of thickness 2A about the Fermi

surface. We leave the frequency integral unrestricted (as we did in the case of the

O(3) NLoM). The angular integral has no cutoff, of course.

Our RG transformation now takes the following form:

e Integrate out (1, 3, ¢), i(l,Q, ) for bA < |I| < A and ¢, O arbitrary.

e Rescale:

I — b
G -
b= b

(14.7)

The principal difference between the renormalization group applied to a system

with a Fermi surface and its application to more familiar contexts is that the low-

energy degrees of freedom are located in the neighborhood of a surface in momentum
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space, rather than in the vicinity of a point. Hence, we do not scale to the origin of
momentum space, k= 0, but to the Fermi surface, [=0.

The free fermion action (14.5) is evidently a fixed point of this RG transformation.
Thus, as we would expect, a free fermion system looks the same at any energy scale:
it is always just a free theory.

To this action, we can add the following perturbation:
Ra=t a0 de
A [aate [ st 14.8
(2m)d /—A —o0 2T o (14.8)
Under the scaling (14.7), du scales as:
Sp— b~ top (14.9)

Since du is a relevant operator, we cannot study it perturbatively. Relevant operators
typically bring about a fundamental change of the ground state, and du is no different.
Changing the chemical potential shifts the Fermi surface. If we change coordinates
tol! =1+ i—’;, then we recover (14.5).

In a system which is not rotationally invariant, du can depend on the angle around
the Fermi surface, du (Q) o (Q) is an example of a ‘coupling function’, which is a
generalization of a coupling constant. Such a perturbation can change the shape of
the Fermi surface.

A second perturbation is

k!
(2m)e

dvp shifts the Fermi velocity. It is clearly a marginal perturbation.

/ dld Q/ € Sopl T (14.10)
—A 700271'

14.2 Marginal Perturbations: Landau Parameters

Let us now consider four-fermion interactions. Consider the term

S4 = / dwldWde?, ddk’lddkgddk’g U(El, EQ, Eg,, E4) X
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T (kay wa) 0T (ks, w3 (ka, wa)h (ky, wr) (14.11)

Rather than a single coupling constant, u, we have a coupling function, u(lgl, EQ, Eg, 154).
The RG equations for a coupling function are called functional RG equations. We will
assume that u(lgl, Eg, Eg,, E4) is non-singular or, in other words, that the fermions have
short-ranged interactions, as in *He. We will deal with the complications resulting
from Coulomb interactions in the next section.

If u(ky, ko, ko, k1) is a function only of the angular variables, u(ﬁl, o, Os, 64), then
it is marginal, i.e. it does not scale under (14.7). If it depends on the |k;| —kp|’s, then
it is irrelevant, so we ignore this possibility. Similarly, six-fermion, eight-fermion, etc.
interactions are neglected because they are highly irrelevant. Furthermore, momen-

tum conservation implies that
U(El, EQ, Eg, E4) = U(El, EQ, Eg) 5 (El + EQ - Eg — E4) (1412)

In the last section, we considered the case of ¢ function interactions, for which
u(El, ks, 123) = V. Here, we are considering the more general case of arbitrary (non-
singular) u(ky, ko, k3).

The crucial observation underlying Fermi liquid theory, which is depicted in Fig-
ure 14.1, is the following. Consider, for simplicity, the case of D = 2. For A < kp,
u(ky, ko, k3) = 0 for generic ki, ko, ks because k4 typically does not lie within the
cutoff. The constraint of momentum conservation, El + Eg = Eg + E4 together with
the restriction that /21, Eg, Eg, E4 lie within A of the Fermi surface severely limits the
phase space for scattering. As we scale to the A — 0 limit, only forward scattering,
u(ky, ko, k1, ko) and exchange scattering, wu(ky, ko, ko, k1) = —u(ky, ko, k1, ko), can sat-
isfy momntum conservation. At small but non-zero A, a small subset of the u’s are
non-zero. As A is decreased, some of these are set discontinuously to zero; the rest do
not scale. As A becomes smaller, fewer non-zero u’s remain until, finally, at A = 0,

only the three mentioned above remain. It is this drastic simplification which makes
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a b.

Figure 14.1: (a) If all of the momenta are constrained to lie on the Fermi surface,
incoming momenta ki, ky can only scatter into ks = ky, ky = ko or k3 = ko, ky = kq,
unless (b) k; = —ks.

Fermi liquid theory soluble.
In three dimensions, the angle between E3 and k; is the same as the angle between
El and EQ
O(ky, ky) = +£0(ks, ky) (14.13)
but the plane of ]Zg and Ig4 can be rotated relative to the plane of El and EQ by and

angle ¢ as in figure 14.2.

These phase space restrictions imply that in two dimensions, we should focus on
F(0y — 05) = u(y, Oy, 0y, Oy) (14.14)

Fermi statistics dictates that exchange scattering is related to forward scattering by:

— —

U(Qlaﬁ%ﬁ%Ql) = _u(QhQQanaQQ)
— _F(6 — ) (14.15)



Chapter 14: Interacting Neutral Fermions: Fermi Liquid Theory 223

Figure 14.2: In three dimensions, the outgoing momenta can be rotated relative to
the incoming momenta.

In three dimensions, we should focus on:

(14.16)
in the A — 0 limit. The Fourier components of F' are called Landau Parameters.

There is one loophole in the preceeding analysis, depicted in figure 14.1b. If
El = —Eg, then 123 = —124 is arbitrary. This is the Cooper pairing channel. We write:

V(O - Qg) = ulky, —ki, ks, —ks) (14.17)

In D = 2, this can be written as:

V(6 —03) (14.18)

Then, at tree-level, in the A — 0 limit, we have the following action

d—1
kF

5= oo / dl d'0) g—;w (i€ — vpl)
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Y

Figure 14.3: The phase space available to k3 and k; when A is small but non-zero is
the region bounded by the arcs which has area ~ A2

n / derdedes dkydkaydks d°01d%0 F(G, - O, ) x

¢T(k47 64)77Z)T(k37 63)¢(k27 62)¢(k17 61)
+ / deydesdes dkydkadks d20d?0, V(G - §3y) x

Ul (ka, €2)0T (ks €3)0 (Ko, €2)0 (i, €1) (14.19)

For A finite, we have to keep the full coupling function u(ﬁl, s, O, 64) with

| — G| < kA (14.20)
F
or
Gy — G| < kA (14.21)
F

as in figure 14.3
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kq Ky
k3 k3
b.
a.
p 0 p+Q
Kq
k
k, Ky 2
C " >C< )
K, Q-p ks

Figure 14.4: The one-loop diagrams which can contribute to the renormalization of
F.

14.3 Omne-Loop

At tree-level, F (Ql —Qg) and V(Ql —Qg) are marginal. We would now like to compute
the one-loop RG equations for F((; — () and V(€ — Q).

First, consider the renormalization of F. The one-loop diagrams are in figure
14.4. Since F' is independent of the frequencies and the [;, we can set the external
frequencies to zero and put the external momenta on the Fermi surface. The first

diagram gives a contribution

1 1

1€ — ’UFZ 1€ — ’UFZ

dF(0, — Gy) = /dl A de F(G)F(G + Gy — Oy) (14.22)

which vanishes since both poles in € are on the same side of the axis.
The internal momenta in these diagrams must lie in thin shells at the cutoff,
A —dA < |p| — kr < A. In the second diagram, p" and p + Kk, — ky must both

satisfy this condition. The condition on |p| restricts its magnitude; the condition on
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P+ ki — IZQ| restricts the direction of p. The kinematic restriction is essentially the
same as that depicted in figure 14.3. As a result, the dl and df2 integrals each give a

contribution proportional to dA, and therefore
dF ~ (dA)® (14.23)

in the dA — 0 limit, this gives a vanishing contribution to dF'/d¢. The third diagram

gives a vanishing contribution for the same reason. Hence, at one-loop,

d = =

The Landau parameters are strictly marginal; they remain constant as we scale to
lower energies.

We now turn to the one-loop RG equations for V. The relevant diagrams are
analogous to those of 14.4. The first two diagrams are proportional to (dA)? and,
therefore, do not contribute to the RG equation. However, the third diagram gives

the contribution

- - de dl  dQ = = = = 1 1
avy —Q) = — | —— —— V(1 —Q)V(Q - Q
(th =) 21 2w (2m)d-t (f Wi 3)ie — vpl —ie — vpl
dl  diQ = ~ o= o= 1
— [& T @ -GG - O
2 (2m)d-1 Vith — v #) 2vpp
R / QG GG - Gy) (14.25)
- 2mup (2m)d-1 ! ’ '
In two dimensions, we write
2 df . 0
= — '™ 14.2
Vo= [ 5o em V() (14.26)

The renormalization group flow equation for V is:

v, 1,
dlnA ~ 271ug Yi (14.27)
Vi(A
Vi(A) = t(Ao) (14.28)

1+ =—Vi(Ao) In (Ag/A)

2nup
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Therefore, repulsive BCS interactions are marginally irrelevant, while attractive BCS
interactions are marginally relevant. From (14.28), we see that an attractive BCS

interaction will grow as we go to lower scales, until it reaches the scale:
A ~ Ag e~ 2mor/IVi(Ao)] (14.29)

As we will discuss later, at this scale, pairing takes place. In the BCS theory of
a phonon-mediated superconductor, this leads to a critical temperature or zero-

temperature gap given by
T, ~ A(T = 0) ~ wp e 270/l (14.30)

Bardeen, Cooper, and Schrieffer found the paired ground state using a variational
ansatz. A more general formalism, which can be used when the interactions are
retarded was pioneered by Nambu, Gor’kov, and Eliashberg. Both of these approaches
owe their success to the kinematic constraints of the problem. There are no relevant
interactions other than F(2y,Qs) and V(Q4,3). F(Q4,$s) does not contribute to
the running of V(€2y, Q3), so the diagram of Figure 77 is essentially the only diagram
which must be taken into account. BCS theory and its refinement by Nambu, Gor’kov,
and Eliashberg are mean-field theories which evaluate this diagram self-consistently.

These theories will be discussed in chapter 16.

14.4 1/N and All Loops

The one-loop structure of a system of interacting fermions is actually stable to all
orders in perturbation theory. The essential reason for this (which was first recognized
in this language by Shankar) is that A/kp is a small parameter like 1/N. To see this,

consider the case D = 2. Break the angular integration into pieces, A0 = A/kp with
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Qj = QWJ(A/]CF) and j = 0, ]_, .. .7k?F/A.

/O%de - Z/:Mde (14.31)

Then, we can write

d*k de
Z/ (2m)2 21 e —vrl)
"‘Z/ ﬁ@@ Ply d%ky dPks d%ky o
i 27 27 27 2w 27w 2w 27w

Fi; 1/);*(’63, e3); (Ko, €2) Vf (Ka, €)1hi(kr, €1) 8 (E1 kg — ks — E4)
+Z/ E@@ dPky BPky ks d*ky "
2w 2w 2w 2w 2w 27w 2w

Vij 05 s, €0)0 g (ks €0) Gk, €20 i (R, ) 8 (K + B — K —(4)32)

We have broken the angular integral into a summation over Fermi surface ‘patches’
and an integral over each patch. Hence, F'(§; — 6;) has been replaced by Fj;. By
restricting to Fj; rather than allowing u;;;, we have automatically restricted to nearly
forward scattering — i.e. to scattering from one point to another within the same

patch. Furthermore, the d-function,
0 (ky+ ko — ks — ) (14.33)

does not contain any momenta of O(kg); the k;’s live within patches and, therefore,
are all less than the cutoft.

In this expression,
A 27\ /k
/ &k = / / "6
A
- / aky [ dky (14.34)

so both momenta have cutoff ~ A.

Hence, if we rescale all momenta by A and the field, v, as well:

=l €
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ki

kJ_ — kx

|

ki A
v — A% (14.35)

we can rewrite the action as:

Re/A e 2L de
S = Z/ 27?22 e—vpl)g/)z

%A / de, dey des d?ky d®ky ks d2ky y

27 27 27 2w 27w 2w 27w

A S - o
o Py ks, e0) sz, €2) (ke )ik, ) 8 (F1+ b — ks — k1)

+’“§/:A / dey dey des d?ky d®ky d2ks d2ky y
2m 2w 2w 2w 2w 2w 27w

2,7=0
Vij 1/) (ks, 63)¢T+kF (K, €4) Vi(ka, €)1, & i (k1,€1)0 (El +ky — ks —61@4)6)

2,7=0

Ay
kr

In other words, if we write N = kgr/A,

2
Z/ G 3 ¥ =)
Z / @@@ APk ko ks d?ky "
=0 2w 21 2w 27m 2w 27w 2w
E Fij %T(/f:s, €3)Vj(ka, €2) wi(m, €4)Vi(k1, €1) 6 (El +ky — kg — 124)
Z / @@@ APk ko d?ks d?ky "
2m 2w 27 2w 27w 27w 2w

B,]= 0
V;] ¢ (ks, 63)1/) s (ka, €1) Vi(ka, €)1, i (k1,€1)6 <E1 Ty — f]]_éz;;ﬂ

then we see that we have a model in the large N limit.

Recall the analysis of the O(N) model in the large N limit. The only O(1)
corrections to the two-point function are diagrams of the form of figure ??a. These
shift the chemical potential. The non-trivial diagrams such as ??b are O(1/N).
Consider now the correction to the four-point function. Only diagrams such as those

of ?7a,b are O(1/N). In the case of forward scattering, ??a vanishes because both
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poles are on the same side of the axis. In the case of Cooper scattering, ??7b, gives a
non-trivial contribution. The other corrections, such as those of ??¢ are O(1/N?).
As we learned earlier in the context of O(/N) models, the large- N limit introduces
the following simplifications. The only diagrams which need to be considered are the
bubble diagrams. The one-loop RG is the full story. Consequently, the action (14.37)
is a stable fixed point if V;5 > 0. A system of fermions which is controlled by this

fixed point is called a Ferms liquid.

14.5 Quartic Interactions for A Finite

The scaling of generic four-fermi interactions is quite awkward for calculations at a
finite frequency or temperature scale because the u’s don’t scale continuously. Thus,
the scaling of a physical quantity which depends on the u’s is determined not by the
scaling of the u’s, which is marginal, but on the number of non-zero u’s, which is scale
dependent (except in the important case where the quantity is determined by forward,
exchange, or Cooper scattering — which do scale continuously). For such calculations,
a different scaling transformation is useful. Suppose A is small but finite. Then, in
two dimensions, we can consider nearly forward scatering, from El, Eg to Eg, E4 with
|ky — k3| < A, [y — k4] < A. Since all of the action is taking place in the neighborhods
of Ql, QQ, we focus on these points. We construct cartesian coordinates, k, (tangent
to the Fermi surface) and &, (perpendicular to the Fermi surface), at these two points

on the Fermi surface. In the vicinity of these points,

]432
€(ky, ky) = vp <ky + 21;) (14.38)

We now scale to €, (s, using the scaling ky, — sky, ke — s%k;, w — sw.
(We have assumed d = 2; in d > 2, there are d — 1 momenta which scale as k,.)

The same answers are obtained with either scaling transformation; it’s just that
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Figure 14.5: A one-loop self-energy correction.

some calculations are easier with this one. On the other hand, it’s a less natural
renormalization group transformation because it involves selecting preferred points
on the Fermi surface and scaling differently at different points on the Fermi surface.

Let’s briefly see how this works. The quadratic part of the Lagrangian is of the form:

Sy = / dw dk;ydkx{w <iw — up (k;y + %)) ¢} (14.39)

Hence, the field now scales as ¢ — s~ /%1, so four-fermi interactions,

Sy = / dwydwydws d*ky dkod? ks u(ky, ke, ks) T (ky, wa)T (ks, ws)(ka, wo) (K1, wy)

(14.40)
scale as s%/2.The scaling is perfectly continuous. If ki, ko, ks, ka = ki + ko — kg lie
within the cutoff A, then they continue to do so under this renormalization group
transformation. If we insert a &(k1, — k3z) or 0(kix — k4) into the integrand, then
we get a marginal interaction, namely forward scattering, as before.! To see why this
is a useful scaling, consider the diagram in figure 14.5. It has a real part, propor-
tional to F]?w which comes from the marginal forward scattering interaction, and an
imaginary part, proportional to Fgfuﬂ coming from irrelevant non-forward processes,
in agreement with the explicit calculation which we did in chapter 13. The above
scaling immediately yields the suppression of F;; with respect to F7 by one power of

w, a result which is more cumbersome to derive with the other RG transformation.

Tn d > 2, a four-fermi interaction generically scales as s(*=1/2. A (d — 1)-dimensional delta
function which restricts to forward scattering gives a marginal operator. A (d —2)-dimensional delta
function which restricts to a plane gives an operator which scales as s'/2, as in d = 2.
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14.6 Zero Sound, Compressibility, Effective Mass

As a result of the preceeding analysis, the density-density correlation function can
be computed by summing bubble diagrams. Other diagrams are down by powers
of 1/N. The approximation which consists of neglecting these other diagrams is
called the RPA, or random-phase approximation (for historical reasons). The bubble
diagrams form a geometric series which may be summed. Let us consider the simplest

case, in which F' is a constant, F'(£2; - Q) = Fy:

(p(q,iw) p(—q, —iw)) = I(q,iw)+ (I(q,iw))*Fy+ ...+ (I(q,iw))" " F +

(g, iw)
= — 14.41
1 — I(q,iw)Fy ( )
where [ is the value of a single particle-hole bubble. In the limit of ¢ < kg, this is:
de dk
I(q,iw) = i—@ E G(ie, k) Glie +iw, k + q)
de dld 1 1
= k2 ‘ Ld d(cos ) - —
o (2m)3 1€ — vpl i€ + iw — vpl — vpgcos 6

dl 6(1) — (1 + g cos0)
- / d(cos 0
F (27?)2 (cos 6) iw — vpqcosd
qcos@

Zw — VpQ COS iw — vpqcosd

= dx —
47T2UF/—1 o

VFq

k2 1 . .
S S MY i) (14.42)
27T2?)F 2 vpq W — Vpq

The retarded density-density correlation function is a response function, —x,,,
of the type which we discussed in chapter 7. If we imagine changing the chemical
potential by a frequency- and wavevector-dependent amount, dp(w, ¢), then the action

changes by

dw dd
S— S~ / ) op(w, q) p(w, q) (14.43)

Hence, following the steps of chapter 7, we have

(6p(w, q)) = Xpp(w, q) 6p(w, q) (14.44)
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= L > >
> >

Figure 14.6: The geometric series of bubble diagrams which determine

Since it reflects the density change resulting from a variation of the chemical potential,
it is called the compressibility. As usual, a pole of x,,(¢,w) on the real axis is a

propagating mode. According to (14.41), there is such a pole when:

1 k2 1
IS N Y il (14.45)
Fy  27%vp |2 vpq W — Vpq
or,
1 k% 1 s+1
— = —s1 -1 14.46
Fo 27T2UF [28 H(S_1> ] ( )

where s = w/vpq The solution of this equation occurs for s > 1, i.e. there is a
mode with w = svpqg. In other words, this mode, called zero sound, has a velocity
of propagation, svg, which is greater than the Fermi velocity. Figure 14.7 shows the
allowed phase space for a particle-hole pair. The continuum of states composed of
a particle-hole pair lies beneath the line w = vpq for ¢ small. Since the zero-sound
mode lies outside this continuum for ¢ small, it cannot decay; this explains why it is
a propagating mode. Energy and momentum conservation do allow it to decay into
multiple particle-hole pairs, but the interactions which would allow such decay are

six-fermion and higher interactions which are highly irrelevant.
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w —
w=Vv(q
w= S\[/:q>

Figure 14.7: The allowed w, g values of the the zero sound mode and the continuum

of particle-hole excitations.

According to (14.41),
ool ) (14.47)

pr(Qa w) =
L+ Fox8,(q, w)

where Xgp is the compressibility in the absence of interactions. Let us consider the

static compressibility, x,,(¢ — 0,0), for both the interacting and non-interacting

systems. From (14.42),

— =
Xpp\4d ’ I 2up
m*k:p
= 14.48
272 ( )
where m* = kg /vp. Hence,
1

(14.49)

pr(q - 0’0) .

Xp4—=0,0) 14 Ky

The compressibility is decreased by interactions if we assume that m* is the same in

both the interacting and non-interacting systems. However, this is usually not the

case.
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Consider the behavior of a Fermi liquid under a Galilean boost by 6 = dp/m.

The kinetic term in the action transforms, but the potential energy is invariant.

S = /dT d%x <¢T (aT - (% — u)) W+ PN @)Y(E) V(T —T) w*(f’)w(f’)>

Similarly for the Hamiltonian,
2

i [t (v (5 o) o ot @p@VE- P @) aasy
so the energy transforms as:
SE = P.6p/m (14.52)

where P is the total momentum. If we consider a state with a filled Fermi sea —
which has momentum zero — and a quasiparticle at the Fermi energy, and we boost

the system in the direction of the quasiparticle’s momentum, then
OE = krop/m (14.53)

On the other hand, we can compute the energy change using Fermi liquid theory. The
boost shifts the quasiparticle momentum by dp and also moves the Fermi sea by this
amount. This doesn’t affect its momentum to lowest order in dp, but it does change

wj WY; by dpcos ;. Hence, the energy shift of this state is also

d*Q
oE = vp5p+5p/WF(0,¢) cosf

1
= UF(Sp—f-(Sngl (14.54)
Hence, comparing these two expressions and using m* = kg /vp, we have
m* 1 Iﬂ
— =14+ |=— 14.55
m * 3 (27T2UF> ( )

Consequently, the ratio of the interacting and free compressibilities is:

1 I
Xpo(g —0,0)  1+3 (wi;F)

Xhie(g—0,0) 14t

2m2vp

(14.56)

a ratio which depends on the relative strengths of Fy and F3.



Chapter 15

Electrons and Coulomb

Interactions

15.1 Ground State

Thus far, we have assumed that there are only short-range interactions between the
fermions in our system. This assumption is appropriate for *He, but not for electrons
in metals which interact through the Coulomb interaction, V(r) = rke?/r. When the
Coulomb interaction energy is large compared to the kinetic energy, we expect the
electrons to form a Wigner crystal. If, on the other hand, the Coulomb energy is
small compared to the kinetic energy, we expect the electrons to form some kind of
liquid state; later in this chapter, we will show that this liquid is a Fermi liquid.

A naive comparison of these energies estimates the kinetic energy by the kinetic
energy of a free Fermi gas and the interaction energy from the average Coulomb

energy of a system of electrons at that density:

E oulom
—Coulomb _ (const.) 7 (15.1)

EKinetic

where 7, is ratio of the interparticle spacing to the effective Bohr radius in the metal

Ts = (i)g ag’ (15.2)
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Figure 15.1: The graphical representation of Coulomb interactions.

and ag = 1/mrke? is the effective Bohr radius in the metal. Stated differently, charge
e is enclosed within a sphere of radius rsag. 75 is the controlling parameter for many
of the approximations which we make in this chapter. r, is small in the high-density
limit where we expect a Fermi liquid and large in the low-density limit where we
expect Wigner crystallization.

Better estimates of the Wigner crystal and electron liquid energies can be ob-
tained in the low- and high-density limits for a model of electrons in a fixed uniform
background of positive charge (the jellium model). In the Wigner crystal state, this

can be estimated to be:

g
2
n T2 Ts

in units of the Rydberg, 13.6eV.

EVC 9292099 1.7
~ - (15.3)

In the liquid state, this can be computed perturbatively from the Lagrangian:

s = [ar [ (V051 e
+ / dr / ERdr dq (Vi(k + q)o(k) — nd(g)) x

AT ke?

e (41K = Qw(¥) = nd()) (15.4)

The Coulomb interaction is represented by a dotted line, as in figure 15.1
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Figure 15.2: The (a) Hartree and (b) Fock contributions to the ground state energy
of the electron gas.

If we expand the ground state energy perturbatively, the zeroth-order term is
the kinetic energy. The first-order terms come from diagrams of (a) and (b) of figure
15.2. The first — or Hartree — term vanishes as a result of the neutralizing background
(i.e. the nd(q)). The second — or Fock — term is non-vanishing. In the Hartree-Fock

approximation, the ground state energy is given by:

po_ 22000 0.9163

g 2
T T

(15.5)

where the first term is the kinetic energy and the second term is the exchange energy.
The next terms in the expansion in r, come from summing the diagrams of figure

15.3. The first term in this series is infrared divergent, but the sum is convergent:

po_ 22000 0.9163

; —0.094 4 0.0622In 7, (15.6)

72 T
This is the sum over bubble diagrams — the Random Phase Approximation — which
we encountered in the small A/kp approximation for a Fermi liquid. In this context,
it is justified for a calculation of the ground state energy in the small r, limit since
the neglected diagrams give contributions of O(ry).

For ry large, the ground state of the electron gas is the Wigner crystal. For r;

small, it is the liquid state, the nature of which we discuss in this chapter.
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+

Figure 15.3: The RPA contributions to the ground state energy of the electron gas.

15.2 Screening

In the presence of Coulomb interactions, naive perturbation theory is infrared diver-
gent because the interaction V(q) = 4mke?/q* (unless otherwise specified, we work
in d = 3 in this chapter) is singular in the ¢ — 0 limit. In the language of the last
chapter, we cannot divide the Fermi surface into N patches and justify Fermi liquid
theory in the large N limit because the interaction V(q) = 4wre?/¢? is singular within
a single patch when ¢ — 0.

However, the ‘bare’ Coulomb interaction, V(q) = 4mke®/q?, is not the actual
interaction between two electrons. In fact, the interaction between any two electrons
will be far weaker because all of the other electrons will act to screen the Coulomb
interaction. The correct strategy for dealing with electrons with Coulomb interactions
is to do perturbation theory in the screened Coulomb interaction. This can be done
systematically, as we show in the next two sections.

First, however, we recall the Thomas-Fermi model, a simple model for screening
which illustrates the basic physics in the low ¢, w limit. To understand the physics at
q — 2kp, we’ll have to use more sophisticated approximations such as the RPA. Let

us imagine that we have test charges described by pexs. In a metal, they will induce
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a charge distribution p;,q. According to the Laplace equation
Lo
EV O = AT Poxt + AT Pina (15.7)

k 1s the dielectric constant due to the ions and the core electrons. In the Thomas-
Fermi aproximation, we assume that ¢ is very slowly-varying so that we can make

the approximation that the local density is given by n(u + ep(r)):

pina(r) ~ —e(n(u+ed(r)) —n(u))

on
2
—ef— 15.
o 0() (15.8)
Then,
1 on
<;q2 + 471-62@) ¢ = 47Tpext (159)

In other words, the bare Coulomb interaction has been replaced by a screened Coulomb

interaction:
A ke? 4 re? (15.10)
— .
¢ ¢k
or
1 e—kor
- 15.11
i (15.11)
where kg is the inverse of the Thomas-Fermi screening length,
an\ 2
ko = <4me2—"> (15.12)
o

For a free Fermi gas, yu = (3mn)%?/2m, so the screening length is

4 1/3 % 1
k51:<%<§> ) aor? (15.13)

When r; is small, i.e. when the density is large, the screening length is short and the

Coulomb interaction is effectively screened. When this is true, we expect the potential
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to be slowly-varying and the Thomas-Fermi approximaton to be reasonable. When r;
is large, however, the screening length is large and we do not expect the Thomas-Fermi
approximation to be valid.

A more refined result may be obtained by by replacing the bare Coulomb interac-
tion of figure 15.1 by the sum of the diagrams of figure ?7. Restricting attention to the

sum of bubble diagrams is, again, the RPA approximation. The effective interaction,

VEPA (g, w), is:

Vit (qw) = V(g +V(g) I(q.w) V(g) + V(g) I(q,w) V(g) I(g,w) V(q) + ...

V(g)
1—I(q,w)V(q) (15.14)

where I(q,w) is the particle-hole bubble which we evaluated in the last chapter. For

q small,
Vi(q
Vveff'}PA(%O) = 1 m*SCF)
4+ 2271.2 (Q) k
TKe o M*kp
= e + 4rke 52
A ke?

which is the same asthe Thomas-Fermi result. However, for w # 0, the RPA result
contains additional information about the dynamics of the electrons. Also, for ¢ —
2kp, the RPA result contains information about the Fermi surface. Of course, it is
not clear why we can restrict attention to the sum of bubble diagrams. As we will
see below, this sum gives the leading contribution in r, in the limit of small w, q. For

w # 0 and ¢ — 2kp, the RPA approximation can be called into question.
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15.3 The Plasmon

Although Coulomb interactions are ultimately screened and therefore allow a Fermi
liquid treatment, there are non-trivial differences with the case of short-range inter-
actions. The zero-sound mode no longer has linear dispersion, w = wvyq. This may

be seen at a classical level from Maxwell’s equations together with the continuity

equation.
|-
-V = 4dmp
K —
dj -
] m _di = ne’Vo
14 = =
“+V-] = 0 15.16
o TV (15.16)

Combining these equations for a longitudinal disturbance, j = 1714/ 1q|, we have

4 2
<w2 + WZLQ ) p(g,w) =0 (15.17)

Hence, the frequency of a longitudinal density modulation is the plasma frequency,

Wp

AT kne? 2
wp = (15.18)

m

rather than the gapless dispersion of zero sound in a neutral Fermi liquid.

The same result may be seen by, again, considering the RPA sum of bubble di-
agrams which determines the density-density correlation fucntion. The Landau pa-
rameter, Fy, is replaced in (14.41) by the Coulomb interaction, V'(¢). Consequently,
the pole in this correlation function now occurs at:

! ki [1 Y <w+qu>_1] (15.19)

V(q) - 2m2vp 2 ] W — Vpq

On the right-hand-side, take the ¢ — 0 limit with ¢ < w.

¢ kp [1w 2qu+2<@>3+m _q
4 re? 2m2vp |2 vpq w 3\ w
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1 k%L fvpq)\?
1 15.20
5900y () (1520

2m20p \ w

or,
2
2 VrkE

672

w? = drke

(15.21)

which is the same as (15.18).

Since V(q) — o0 as ¢ — 0, (p(q,w) p(—¢, —w)) — 0 in this limit. One might be
tempted to conclude that the compressibility of the electron gas vanishes. However,
the density-density correlation function gives the compressibility in response to the
applied field:

d (p(q,w)) = (p(q,w) p(—q, —w)) IPext(q,w) (15.22)

In linear response, ¢i,q(g,w) is given by,

AT ke?

Dina(q,w) = — 2 Xop(@,w) (g, w) (15.23)
Hence,
6 {p(q;w)) = {p(q,w) p(—q, —w)) (1 + 47;—262 x‘,ip(q,w)) 5o(q,w) (15.24)

so the compressibility is finite as ¢ — 0.

In this section, we will show, following Bohm and Pines, how to separate the
plasma oscillation from the rest of the degrees of freedom of an electronic system.
When this is done, the remaining electronic degrees of freedom interact through a
short-ranged, screened Coulomb interaction. Essentially, gauge invariance tells us
that longitudinal photons — whose exchange gives rise to the Coulomb interaction
— and density fluctuations are not distinct objects. When long-wavelength density
fluctuations aquire a mass gap as a result of their self-interaction, they (and the
longitudinal photons to which they are equivalent) can no longer propagate over
long-distances. Consequently, the Coulomb interaction becomes short-ranged.

To exhibit this clearly, we make the following manipulations:
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o Electrons with Coulomb Interactions. We begin with the action of a system of

electrons with Coulomb interactions:

= [ar [ @k (w00 + 512090

+ [ar [ @RdK @qvt e+ gk >47”””€ W (K — q)e(K)(15.25)

e FElectrons interacting with Longitudinal Photons. The long-range 1/¢? interac-
tion results from integrating out the longitudinal part of the electromagnetic

field. We could equivalently write this as

/ dr / &k (w*aﬂp + et g + % (k) (R + eA)’ w(k)>
+/d7/d3k —E VE(—k) (15.26)

The magnetic part of the electromagnetic action has been dropped since we
assume that all velocities are much smaller than the speed of light; we keep
only the longitudinal modes of the electromagnetic field. Equation (15.25) is
obtained from (15.26) by integrating out the electromagnetic field. To do this,
we will choose Coulomb gauge, Ay = 0. In doing so we must, however, impose

the Gauss’ law constraint which is the Ag equation of motion.

/dT/d3 (wTaTw + iw( )(E+ eﬁ)%(/ﬂ))
+/dr/d3k— (0, A(K))? + —AO (V- E - dmredty)(15.27)

Note that A(k) is a scalar field because it is only the longitudinal part of the
electromagnetic field — which not independent of the density fluctuations of the
electrons. The real dynamics of the electromagnetic field is in its transverse
components, which do not enter here. If we were to integrate out A(k), then,
since A(k) is gapless at tree-level, we would get Coulomb interactions between
electrons. However, a tree-level analysis misses the fact that A(k) is, in fact,

not gapless.
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e [ntegrate out Short-Wavelength Photons. Instead of integrating out A(k) fully,
let us instead only integrate out those modes of A(k) with k£ > @ for some
(. Bohm and Pines did this at the Hamiltonian level, by applying a canonical
transformation of the form:

U — o ifodaa@) Yz [ a kit (ka)u(h) (15.28)
to the Hamiltonian corresponding to (15.27). A is the upper cutoff and @ is a
wavevector to be determined.
Then, we obtain an action of the form:
1 - -\ 2
3 T ot
[ar [d /; (w aTzf+ 4 (k)(k;reA) w(k))
3 - 2 - VAR o . T
—l—/dT/O d’q <87T/€(8TA(Q)) + o Ay (V E(q) — Amkey 1[)))
3, s (s t 47“% e /
+/dr/d kdk/quw(kJrq)w( ) WK — q)(k'(15.29)
Notice that the four-fermion interaction is now short—ranged since it is restricted

to |¢| > Q.

e [solate the term which gives a gap to long-wavelength Photons. We now expand

(k 4 eA)?:
[ar [ @ (w*aw - f—m w*w)w(k))
+/dr/d3kd3k’ /QAdSqu(kJrq)w( ) VK = ) (k)
+/dr/d3k/Qd3q < <E+ g) - A(—q) wT(k +q)i(k)
+/dr/d3k/ d3q/ dq 5= Al)A(Q) ' (k — g — (k)
+ [ar /0 & (%yaﬂzx(q)y n mAO (V- Eq) —47r/-iewT¢()l>’o.30)

We split the third line into a part which comes from the average density, n, and

4WH€

a part resulting from fluctuations in the density:

/dT/d?*k/OQd?’q/on?’q’ %A(q)z‘l(q’) Wik —q— (k) =
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[ ar / g ( 9)
+ [ ar [ /0 d?’q’% @A) ([ dh! (s — g — g )ok) — ndla+q))
(15.31)

the first term on the right-hand-side can be combined with the |9, A(q)|* term

to give Sp in the action:
S = Spr, + Sp + St + Sc (15.32)
with
2
S = far [ (vows £ viwu)
+/dr/d3kd3k’ /Ad3qu (k+ @) (k)
Sp = dT/ ¢ (10-Aq)* + w2lA(g )|)
S - / ir [ [Py £ ( 1) Aoy o'+ 9ot
/_ / T P o /
+f " [ /1 &g 5 Alg)Alg) ([ @Reik = q - )ok) = ndg+q))
Sc¢ = /dT/O d*q <mA0 (ﬁ - E(q) — 47?/%1/)T1Z))> (15.33)

4wne

V(K = q)u(K)

Srr, is the action of electrons with short-range interactions. Sp is the action of
plasmon modes A(g) with |g| < @; these modes have frequency w,. If we were
to integrate them out now, they would mediate a short-range interaction, not
the long-range Coulomb interaction. Sy, describes the interaction between elec-
trons and plasmons. S¢ imposes the constraints which eliminate the additional
degrees of freedom introduced with the plasmons; these degrees of freedom are

not gauge invariant and are, therefore, unphysical.

By separating the plasmon from the other electronic degrees of freedom, we

have obtained a theory of electrons with short-range interactions. The basic
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physics is already clear from (15.32). However, we are not yet in a position to
make quantitative predictions. The interaction depends on a free parameter, @,
and is not the Thomas-Fermi interaction in the w,q¢ — 0 limit. To understand

the electron gas at a quantitative level, we must consider Sy, and Sc.

15.4 RPA

The conclusions which we drew at the end of the previous section were based on a
neglect of Sy and Sc. In this section, we consider Sy, and the RPA approximation
which simplifies it. We have used the term RPA in several contexts. The definition
of the RPA is the following. We neglect the coupling between p(q) and p(q') if §# -
In the computation of a correlation function at ¢, we only consider diagrams in which
the dotted Coulomb interaction line carries momentum ¢. In other words, V(q') does
not appear in these diagrams unless ¢ = ¢'. The RPA is justified in the limit of small
rs and the limit ¢ — 0. For the density-density response function or the ground
state energy, this amounts to keeping only the bubble diagrams and neglecting other
diagrams.

The first step is to choose a ) which optimizes Sg;, + Sp, thereby making the
effect of St as small as possible. Without proof, we state that we can minimize the
energy of the ground state of Sgr, + Sp (computed to lowest order in the screened

Coulomb interaction) by taking

Q~kp (—)i (15.34)

Physicaly, () must be finite since, for ¢ large, the plasmon mixes with the particle-hole
continuum and is no longer a well-defined mode.

We now make the Random Phase Approximation, or RPA and completely neglect
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the term:
@ 3 @ 3/ 62 / 3 / !

[ar [Fatq ["d¢ s a@atg) ([ @kl e =gy - ndla+q)) (153)
in Sp. To justify the RPA, consider the effect of this term on the ground state
energy. It shifts this energy by

AE ~ EQ?)WP
3
Ts\ 4
~ (Z) Q*w, (15.36)

Hence, the random phase approximation is valid in the small r¢ limit since the energy
shift is small compared to the plasmon zero-point energy.

We are now left with the action
Srpa = / dr / &’k (Mc‘w + % wm(m)
o [@kaw [ g e+ g T
+/1 /dT / ‘g /(Q&A(fz)(2 + w2)A<(qr))2)q2
srr ] T N
+/d7/d3k/0Qd3q% <E+ g) CA(=q) 0T (k + q)v(k)
+ / dr /O “ & <ﬁAO (V- E(g) —4me¢w)> (15.37)

If we could ignore the last line, we would have a theory of electrons with short-

V(K — @)y ()

range interactions together with gapped plasmons. At frequencies or temperatures
much less than w,, we can ignore the plasmons, so we would have a Fermi liquid.
However, the constraint cannot be ignored. Treating the electrons and plasmons as
fully independent would be a double-counting of the degrees of freedom of the system.
What we can do, instead, is decouple the plasmon from the electrons. When this is
done, the constraint will only involve the particles. If we ignore the constraint — which
is now a constraint on the electrons alone — then we can apply Fermi liquid theory to
the electronic action. Fermi liquid theory (as we saw in the last chapter) instructs us

to compute only bubble diagrams to obtain the screened Coulomb interaction.
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15.5 Fermi Liquid Theory for the Electron Gas

Following Bohm and Pines, we now perform a canonical transformation,

O - efiSOeiS

“91x) (15.38)

) —
generated by S:

- %/ongq /dgkw(qaw Ph) —1(T~ i+ q2/2m {<E+ g) Al=g) ¥+ Q)w(k@l}'w)

where

4

( / &l k2t (k) (k )) + q—) (15.40)

2 92
8m wy

Ty —

w =w, | 1+
(9:9,07) = wp ( 2nm?w2
The principal results of this canonical transformation in the limit ry — 0 are:

e The elimination of the AT interaction between plasmons and electrons

e The modification of the plasmon action to:
Sp = [ar [*@q (10. A + wla. A P) (15.41)
8TK 0 e

e The replacement of the cutoff Coulomb interaction by the RPA screened Coulomb

interaction,

4WH€

[ o) 5 - ) — [0 0 Vaeala) 6 (F—g) ()

(15.42)

e The elimination of the plasmons from the contraints. The constraints now read:

/d3 Sy, wj 70 (k+q)v(k) = 0 (15.43)
¢ 0,00 = (7 k — ¢/2m)

for |¢| < Q.
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Hence, we now have a theory of weakly-coupled electrons and plasmons. The
electrons interact through a short-ranged interaction (which can be obtained by sum-
ming bubble diagrams). The contraints reduce the number of degrees of freedom of
the electrons. For () small, this is assumed to have a small effect on the electronic

degrees of freedom.
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Electron-Phonon Interaction

16.1 Electron-Phonon Hamiltonian
16.2 Feynman Rules
16.3 Phonon Green Function

16.4 Electron Green Function

Let us consider the electron-phonon interaction,
Suon = g / dr BTt du; (16.1)

which couples electrons to transverse phonons. What effect does this have on the
electron Green function?

The one-loop electron self-energy is given by the diagrams of figure 16.1. The first
diagram just shifts the chemical potential. At zero-temperature, the second diagram

gives a contribution:

3
Y(ie,k) = ¢ /dw i —iw, k —q) D(iw, q)

251
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(]
' ",

Y
Y
Y
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Y

Figure 16.1: The one-loop diagrams contributing to the electron-self-energy.

dw d3 1 7>
= 16.2
g / 3de—1i 2 (16:2)

0 Eig —w? — V%

Closing the contour in the upper-half-plane, we pick up the pole at iw = e — &, if
&k—q > 0 and the pole at iw = —vg:

S (ie, k) —g/ [ ! L a0 ] (16.3)

—2qu i€ +vq — Ehegq (i€ — Ep_y)’ — V2¢2

Analytically continuing iw — w + id to obtain the retarded self-energy,

l q 1 q° 0 (=
=20 e+ 00— &g (€= &y)’ — v

d3q
2
ReXa (e, k) = ¢* [ o 21 (16.4)

At small €, dropping a constant shift in the chemical potential, we have:

d? 1 26—q ¢% 0 (&1
ReX, (6, k) = g% € / q3 e 5 — Sr-q 6 (& q2> (16.5)
(2m)? | 2v (vq — Ek—yg) (fk,(f — U2q2)
We can take &k — kp in this integral to obtain the leading behavior:
ReX,e (6, k) ~ g% € (16.6)

Meanwhile,

(e k) = o (;if) 5 [ (1= 06-)) 8 (e +vg = §ig) = 0 (E-y) 6 (€ — vg — &)

3dq d(cosf) [— (1 =0 (Ek—yg)) 0 (e+vq — Ek—y)
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~0(6-0) 0 (e~ v — o) (16.7)

For € small, ¢ ~ ¢, and ¢? terms in the ¢ function can be dropped:

ImY, (6, k) = 2(3;2 /q3dq d(cos0) [— (1 —0(&—q)) 0 (e+ (v+vpcosh)q)
— 0 (€k—q) 0 (e — (v —vpcosh)q)
~ e (16.8)

16.5 Polarons



Chapter 17

Superconductivity

17.1 Instabilities of the Fermi Liquid

When a fixed point has a relevant perturbation, this perturbation generally leads to
a fundamental reorganization of the ground state. We saw a trivial example of this
with a shift of the chemical potential of a Fermi liquid. When the instability is due to
interaction terms, the general strategy is to use the RG to go to low energies so that
the irrelevant variables have all become small and the relevant variable is dominant.
The problem with a single relevant interaction must then be solved by finding a
new saddle-point (i.e. mean field theory), the variational method, or some other
non-perturbative method. This approach has proven very successful in the study of
ordering in condensed matter physics. (Sometimes, there are competing instabilities
in which case it is very difficult to find a new saddle-point or an appropriate variational
ansatz. This occurs in the case of a 1D system of fermions.) In the case of electrons in
a solid, the Fermi surface need not be rotationally symmetric, and spin- and charge-
density wave instabilities are possible when the Fermi surface satisfies certain special
conditions (‘nesting’). If the Fermi surface is rotationally symmetric, there is only

one instability, as we found earlier: the Cooper pairing instability.

254
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Consider the action of electrons in D = 2 with F' = 0 but non-zero V,

2
S = / 'k ;Z—;wf,(e,k) (i€ — vpk) ¥y (€, k)

(2r)?
A’k 2K dey deo d
- / (@) (27)° T 5o o e K] (ea, =K V(e k) (2, —R)o, (€171

where V(k, k") = V(0; — 0,) is a function of the angles only. Unlike in previous
chapters, where we dealt with spinless fermions, we now consider spin 1/2 electrons.
In chapter 14, we showed that the Fourier modes of V (6, — 0,) satisfy the RG
equation:
AV, 1

= _ V2 17.2
dl 27T’UF m ( )

When negative, these are relevant. In the next section, we will find the new saddle

point which is appropriate for the case in which V' is relevant. We will also mention

briefly the equivalent variational ansatz (which was the historical method of solution).

17.2 Saddle-Point Approximation

We introduce a Hubbard-Stratonovich field ¥(k,w) to decouple the BCS interaction:

A’k de )
s = G 3 Ve ) e = vk (e K)

A’k d*k' de; dey

- /W (2n2 27 21 Vi(k, k") [TH(@, k’)wI(eQ, —k)U(ep + €3, k)

+abr (€1, K (2, =K ) Ul (1, €0, k) + Ul (ey + €2, k)W (ey + €2, k)| (17.3)

We now make the change of variables:

Ale; + €9, k) = ﬂ\/(/ﬂ K) WUl (e; + e, k) 17.4
(61 €2, ) (271')2 ’ ) (61 €2, ( . )

Then, the action can be rewritten:

&2k d
S = / (%)inl(e,k) (i€ — k) Yo (e, k)
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y Pk Pk de des
(27)2 (27)2 27 271

by (e1, K ) (€2, —K') AT(e + €, k) + AT (eq + €0, E)V Tk, k) A(er + eél%f;’u})

l%( €1, k)| (€2, —K') Aer + €2, k)

where V~1(k, k') is the inverse of V(k, k'):

/ (;i’; VL, K VR K = 6(k — k) (17.6)

Since the action is quadratic in the fermion fields 1), we can integrate out the fermions

to get an effective action S[A]:

S1Al = _TZJZ((;Q;/ d(ka>2—1A<k>\2)+
/ (27rd)2k(2§€) Q;A (e, )V 1 (k, K)A(e, 1)
- -/ oy 3 (06 = (ork)* = |AGK)) +
/ (;Z:; (ij; Z:A (€. )V (kK A(e, k) (17.7)

We look for a frequency-independent solution, A(e, k) = A(k) of the saddle point

equations,

o5
0A

From (17.7), we have the saddle-point equations:

=0 (17.8)

d’k  de 1 A2k . / /
/ (2m)? 27 (i€e)? — (vrk)? — [A(R)]® / eV E)AK) (17.9)

At zero-temperature, the € integral in the first term can be done (at finite-temperature,

we must do a Matsubara sum instead), giving:

ko’ ko/ , ,
/(27T)2 \/(ka) +\A / K)AK) (17.10)

or

= A(k) (17.11)

/ Pk V(kK)AK)
(2m)2\J(vrk!)2 + |A(K)[2
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The is the BCS gap equation. It determines the order parameter A which breaks the
U(1) symmetry A — ¢ A of the action (17.7).
For V' attractive, i.e. V > 0, this equation always has a solution. Consider the

simplest case, of an s-wave attraction, V(k, k') = V. Then the gap equation reads:

21
/ T ra A (17.12)
(272 J(opk')? + | A2
or,
21./ 1 1
/ T S (17.13)
2m)? (k)2 + A2V

Since the left-hand-side is logarithmically divergent at the Fermi surface if A = 0,

there is always a non-trivial saddle-point solution when V' > 0.

1

m* 1
— [ df —= = — 17.14
2 / ¢ VE+A?T V ( )
or
A
A= —1— 17.15
snh I (17.15)
If the attraction is weak, m*V /21 < 1, then
A = 2Ae” mV (17.16)

Note that the gap is not analytic in V; it could never be discovered in perturbation
theory.

As you will show in the problem set, the finite-temperature gap equation is:

K V(R KIAR) BB
with
Ei =/ (ork)? + | A(K)? (17.18)

For an s-wave attraction, this gap equation has solution A = when:

%/dﬁ% tanh% = % (17.19)
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So the critical temperature for the onset of superconductivity is:

T, = 1.14 Ae~ w7 (17.20)

17.3 BCS Variational Wavefunction

For purposes of comparison, consider the route taken by Bardeen, Cooper, and Schri-
effer. They wrote down the wavefunction

“I’0> = H (ukz + Uk¢ZT¢ikl) ‘O> (17.21)

k

with where the u;’s and v, ’s are variational parameters with respect to which <\I/0‘ H ‘\I!0>

is minimized. The wavefunction is normalized by taking
ui +vp =1 (17.22)

For notational simplicity, we assume that the k’s are discrete (as they are in a finite-
size system). The Hamiltonian which follows from (17.1) is:
H =3 6blotee — 2V (b KUt gt (17.23)
k k'
This Hamiltonian is called the BCS reduced Hamiltonian. It is the Hamiltonian which
only contains the relevant interaction. The irrelevant and marginal interactions have

been dropped. The expectation value of the Hamiltonian is:

(Wo| H |Wo) = > 2028 — SV (k, K usvpuv (17.24)
k kK
Hence,
0 / duy,
a—vk <\I/0‘ H ‘\I/0> = 4Uk§k - %;V(k, k ) lukukwk/ + Qa—mvkuklvk/]
u? — v?
= 4Uk§k - QZV(]{}, ]{3/) < ku k) U Vgt (1725)
L/ k
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The minimum of <\Ilo‘ H ‘\Ilo> occurs when
2§kukvk ZV ]{? ]{? ( - Ukz) Uk Vg (1726)

If we define A(k) by

or, equivalently,

1
1 &k \?
— e 1 e
L &\
= —|1—= 17.2
with
E, =& + |A(k)[]? (17.29)
Then we can rewrite the minimization condition as the BCS gap equation:
A(K
ZV(I{;, K (+) = A(k) (17.30)
p &+ AR

17.4 Single-Particle Properties of a Superconduc-

tor

17.4.1 Green Functions

When A takes a non-zero, frequency-independent value, the action for the fermions

is:

S = / (%2 ;l; le(ze k) (i€ — vpk) v, (i€, k)

— Pl (ie, K0 (—ie, =K') Ak) — vy (ie, k') (—ie, =) AT (k) (17.31)
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@

(b)

(©

Figure 17.1: The graphical representation of (a) G (b) F and (c) FT.

As usual, the propagator is obtained by inverting the quadratic part of the action.

This is now a matrix, with an inverse which gives

. . . 1€ + &
Goor (i€, k) = <¢2(l€, k), (i€, k)> = 0o (e = g% g INGIE
Foor (i€, k) = (W, (i€, k)hyr (—i€, —k)) = €por (k) (17.32)

(i€)* = & — [A(R)[?

We denote G(ie, k) by a line with two arrows pointing in the same direction. We denote
F(ie, k) by a line with two arrows pointing away from each other and FT(ie, k) =
<wl(ie, k)l (—ie, —k)> by a line with two arrows pointing towards each other. The

electron spectral function is given by

~ €+ &k
A0 = ()
= u;d(e— Ep) +vid(e+ Ey) (17.33)

which shows that the electron has spectral weight u; at Ej and spectral weight v? at
—FB.
Another way of understanding the single-particle properties of a superconductor

is to diagonalize the action. The action is diagonalized by the v(k)’s

VT(IQG) = uk¢T(k7€)_Uk¢I(_k7€)

n(koe) = wpy(k,€) + vl (—k, ) (17.34)
S = / (gﬂl‘;g—;ﬁ(k,e) (i€ — Ey) 7o (k, ) (17.35)
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The ~(k)’s have propagator:

500’
1€ — Ek;

(7} (i€, kYo (i, k) ) = (17.36)

The v(k)’s are the basic single-particle excitations — ‘Bogoliubov-DeGennes quasi-
particles” — of a superconductor; they are superpositions of fermions and holes. In
the case of electrons, the basic excitations have indefinite charge, since they are a
superposition of an electron and a hole. Although they are not charge eigenstates,
they are spin eigenstates.

Note that E, > 0. When & > A, u, — 1, v, — 0, so v} (k) creates a fermion
above the Fermi surface, costing positive energy. When &, < —A, up — 0, v, — 1,
so I (k) creates a hole below the Fermi surface, also costing positive energy.

For some purposes — such as the Hebel-Slichter peak in NMR — we can ignore
the fact that they are a superposition of an electron and a hole and treat the super-
conductor as a semiconductor with energy bands +FE). Since the density of single

quasiparticle states,
dk— m* |E|
dE 21 JE? — A2

is divergent for |E'| — A and vanishing for |E| < A, the semiconductor model predicts

0(|E| - A) (17.37)

sharp increases in these quantities for 7' ~ A and exponential decay for T" < A.
However, for other properties — such as the acoustic attenuation — the mixing between
between electron and hole state (‘coherence factors’) is important. The coherence
factors can cancel the density of states divergence at |E| — A, and there is no

enhancement for T ~ A.

17.4.2 NMR Relaxation Rate

According to (7.93), the NMR relaxation rate is given by:

1 d*q 1
— = Aq) lim ~ X/ 17.
T / me A0 g 2 (0:w) (17.38)
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Figure 17.2: The two diagrams which contribute to the spin-spin correlation function
of a superconductor.

The spin-spin correlation function (S, (g, iw,) S—(—¢, —iwy,)) is given by the sum of

the two diagrams of figure 17.2. Assuming that A(k) = A, this is:

d3k
(S4(q,iwm) S_(—q, —iwm)) = %Z/ 2y G, (i€, k) Grr(i€n + iwm, k + q)

1 d*k , . :
+ BZ/ —(27r)3 F; i€y, k) ffT(zen + iwm, k + q)
(17.39)

or,

- d% Z%+ i€+ i +
<S+(Q7lwm) S—(_ _Zu)m Z/ Ze fk |A|2 ( fk-{-q

i€ 4 1wm)? — §iyy — A2

Z/ d?’k A A
)2 (ien)? — & — |A? (i€, + iwp)? — fl%Jrq — A2
(17.40)

If we replace the sums over Matsubara frequencies by contour integrals which avoid

z=(2n+1)mi/p,

ﬁn ) / Ak 2+ & Z+ iwm + Epig
c2mi 2m)? (2)?2 = & — |AP (2 +iwm)? — Eyy — 1A

dzn ( )/ 3k A A

c2mi (27m)% (2)2 = EF — |AP (2 +iwm)? — §Fuy — |AP

(17.41)

these integrals receive contributions only from the poles at

: = /e +|AP
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2 = —iw, £/, + A2 (17.42)

Hence,
B &+ Er Ep+ iwnm + &t
. e » _ A"k E m q
<S+(Qa Zwm) S ( 4, Zwm)) / (27‘(‘)3 nF( k) 2F, (Ek: + iwm) E;?_,’_q
/ B np(—Ey) §k — By —Ei 4 iwy, + &g
(2 ) —2Ek (—Ek + Zwm) EI%Jrq

/ dgk (B §ktg + Exrg  Eitrg — iwm + &
+ k:-l—q) s 2 12
3 2Ek‘+q (Ek+q Zu)m) Ek‘
d k §k+q - Ek+q _Ek+q - Z-Wm + gk
L .
r(=Betd) —2Ep1q  (Bpgq +iwm)? — El%

N / d3k np(Ex) A A
2m)3 Y 2B, (Ey + iwn)? — BL,,
Bk A A
T |
(2723 nr(=Ek) —2E;, (—Ej, +iwn)? — EZ,,
B A A
" wn(E
* / 3 (27)3 nr(Eicr) 2Ep1q (Brrq — iwpm)? — E2
B A A
" np(—E 17.43
+ / (27)3 (= Eitg) —2E)rq (Bpq + iwm)? — E,g( )

If we now take iw,, — w + 40, and w < 2A (and, thereby, dropping terms such as

d(w — By — Ejy,) which vanish for w < 2A), we obtain:

U (gw) = | (;l;’; np(By) S g%)kﬁkj Sto) 504 B — By
-/ % el S=EG BT ) 5 4 B - i)
v / d3k3 nr(Bpyg) St T g’;:qﬁ“q T8 (4 By — By
B / d3k Frso) (§k+q — E;;k)fq;fk*q + &) 6(w+ Erq — E)
+ / (;L:)?) nr(Ex) ﬁ;ﬁq 0w+ Eirq — Ex)
_ / (ka)?’ np(—Ey) ﬁ-;k—i—q d(w+ By — Ejyyq)

2

+/d3k (Birg) s 8w + Fi — Fuyy)
(2m)3 M B 2E1Ey “ g hta

Ak A2
_ / W nF(_Ek—l—q) m 5((,«) + Ek-‘rq — Ek) (1744)
q
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dropping terms which are odd in & or {44, and using np(—Ey) = 1 — np(Ey), we
have:

Vila.0) = [ s (B = () (14 S92 Y 6o 4 1 - B0

Let us assume that A(q) = A. Then, dropping the term linear in & and &

1 A / ((;:;'3 % (np(Ey) — np(Ey)) <1+

2

2F, B

T  w

) §(w + Ey — Ep()17.46)

or, using the single-particle density of states to re-write the momentum integrals as

energy integrals,

A2

1 AfmiN2 A A F E'
nT  w <27r) /A dE/A W RN VB A (1 - 2EE’>
X (np(E) —np(E"))6(w+ E — E(17.47)

or

1 A /m* 2//\ E E+w 2
LAy -
T w\2r/) Ja VE?2 - A? \/(E—i—w)Q—A? 2E(F + w)

X (np(E) —np(E+ w)) (17.48)
For w — 0, we can write this as:
1 m\? A E E+w A? 0
S — / dE 1 2 np(E
T (27?) A VE?2 - A2 \/(E+w)2—A2< +2E(E+w)> GEnF( )
(17.49)

For T' — 0, the right-hand-side is exponentially suppressed as a result of the Onp(E)/OE,
and

L (17.50)
T,T

For T ~ A, the exponential suppression is not very strong so the density of states

divergence is important. In fact, for w =0

2 LA E2 A2 a

limL = A<

m*
2
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which is a divergent integral at £ = A. For realistic values of w, there is a moderate,

but clearly observable increase of 1/T; for T" < T, with a maximum which is called

the Hebel-Slichter peak.

17.4.3 Acoustic Attenuation Rate

Suppose we compute the acoustic attenuation rate, which is essentially the phonon
lifetime. Phonons are coupled to the electron density, so the phonon lifetime is deter-
mined by a density-density correlation function. This, too, is given by the diagrams of
figure 17.2. However, since there are density operators rather than spin operators at
the vertices of these diagrams, there is a crucial minus sign arising from the ordering

of the electron operators:

1 A3k
(p(q,iwm) p(—q, —iwn)) = BZ/ W G, (ien, k) Gr1(i€n + iwpm, k + q)

1 Ak , . .
_ BZ/ —(27r)3 F (i€, k) ffT(zen + iwm, k + q)
(17.52)

The acoustic attenuation rate, «, of a phonon of frequency w is essentially given by

= [ G 90 iyla.) (17.53)

where g(q) is the electron-phonon coupling. From our calculation of 1/T}, we see that

this is (assuming constant g):

m\?2 A E E+w A? 0
&:g(g) /AdE\/EQ—A2 \/(E+w)2—A2 <1_ E(E—i—w)) 8—EnF(E)

As a result of the —sign, we can take the w — 0 limit:

2 A E? A%\ 0O
o =A%) [ m s (“ﬁ)a—EnF@

m*
2
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_ 4 (21—7:)2/:@ a%nF(E) (17.55)

As in the case of 1/T7, this is exponentially decreasing at low, T,

an~et (17.56)
However, the density of states divergence has been cancelled by the quantum inter-
ference between particles and holes, so there is no enhancement for T' ~ A. Since the
underlying quasiparticles are a superposition of electrons and holes such that their
charge vanishes as the Fermi surface is approached, their contribution to the density-
density correlation function is suppressed. This suppression cancels the divergence in
the density of states. On the other hand, the quasiparticles carry spin 1/2 (since they
are a mixture of an up-spin electron and a down-spin hole) so their contribution to the
spin-spin correlation function is unsuppressed; hence the density of states divergence

has dramatic consequences leading to the Hebel-Slichter peak.

17.4.4 Tunneling

Tunneling is a classic probe of the single-particle properties of an electron system. Let
us suppose we connect a superconductor on the left with another system — which may
or may not be a superconductor — on the right. An approximate description of the
coupling between the superconductor and the other system is given by the tunneling

Hamiltonian:

o= (;js (%/3 (1R ) 0 () Xo (k) + 1 (. &) xo () 0 (F)

where 1] (k) is the creation operator for an electron in the superconductor and x1 (k)
is the creation operator for an electron in the other system. t(k, k') is the tunneling

matrix element for an electron of momentum £ in the superconductor to tunnelin into
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a momentum k' state in the other system. Tunneling occurs when there is a voltage

difference, V', between the superconductor and the other system,

A3k
HV = V/(27T)3 wl(k)wa(k)
- VN, (17.58)

The current flowing between the superconductor and the other system is

I = i s g [ R U0 i = (k) 1) 1)

i(B— B (17.59)

Following the steps by which we derived the conductivity and other response functions

in chapter 7, we see that the current, I(¢) computed to linear order in Hy is given by:
<T {einNL-i-ifiooHT } )T {e—z‘VtNL—z‘fjooHT }>

i <[I(t), /_t ooHTeZ'V“VL} > (17.60)

Substituting the above expressions for I and Hp, we have:

(I(1)) = /O:Odt’e(t —#) {eiev(tut) i <[B(t), BT(t/)D _ pieV(t=t) Z<[ D}
t

—|—/_o:odt/(9(t B t/) {efieV(tth’) i <[B(t>,B(t/)]> . zeV(tth) <{BT( ) BT( /)}>}
(17.61)

(1(1))

Suppose that t(k, k") = t. Then the real part of the current is

3k d3k’
I = t2 Im{/ (271’) ZQL k 1€, QR(k 1€, — )}
iw—eV+id
, d3k‘ 3K
t21 Qzth/ k’ " k’ " -
(17.62) ' m{e (2m)* (2m)3 ZFL fen) Pl e = ) i

Converting the Matsubara sum in the first term to an integral, analytically continuing,
and taking the imaginary part (as we have done so often before), we have:

) / Bk BK e de

= (27)? (27)3)-oc2m

— Ap(k,e+eV) Ag(K',€) [np(e) — np(e+ €eV)]
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L 2Tm {emew/ d3k3 d3k/3 ZFL(k,ien)f;(k,ien - zw)}
(1763 (2m)* (2m)? 5 it

Let us first focus on the first term. We will call this current Iz since it results from

the tunneling of electrons. It can be rewritten as:

kp Mk d
Iy = ¢ ”;;QF M F/dfk/dfk/ —6 26(c + eV — Ey) + o} (e + ¢V + By
X AR(k‘ ,€) [np(e) —np(e+eV)] (17.64)

Suppose the system on the left is a Fermi liquid, with
Ag(K' e) =d(e — &) (17.65)

Then,

* *

Ir=t
B 2w2 22

/ dE A2 np(E) — np(E — eV)] (17.66)

For T' = 0, this vanishes for eV < A and asymptotes I o< V for V large. For T finite, [

is exponentially small for V' < A. If the system on the right is also a superocnductor,

we find:

Iy — 2 ke M / dE np(E) — np(E — eY1.67)
2n2  2m? A 2 _ A2 \/(V — E)2— A%

This is exponentially small (vanishing at 7" = 0) for eV < Ap + Apg.

The current Ig resulting from the tunneling of electrons can be understood in
terms of the semiconductor. However, the current described by the second term in
(17.63) cannot. It vanishes unless the system on the right is a superconductor. We

call this current [, since it was first discovered by Josephson.

, 3k dSk’
I; =t*Im {e%w/ 3ZFL (k,ien) ]—"T(k 1€y, — 1 w)}
Tw—10

(2m)3

(17.68)
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This is one of the few cases in which it is advantageous to do the momentum integrals

first. Let us assume that |Az| = |Ag| = A, Ap = Age™® and m}h = m3.

_ mkF 21eV't AL AE
b= (%2)““{ Z/dé’k /dEk & — AP (ie, — w2 — & — [ARf. .

= t2< *kF> 2zthZ WA?%
272 0 \/62 + A2 V(e — w)? + A2
2
_ 2 m*kF 2ieVi+¢ ﬂ—A)
(e et
2
) m*kp 2ieVitd s 1 %
=t < 52 ) Im{e (rA) Al tanh

. 2
. <m kF) {’A\tanh%} sin (2eV't + ¢)

w—1d

2

The Josephson current results from the tunneling of pairs between two superconduc-
tors. A DC voltage V leads to an AC' Josephson current at frequency 2eV. Even if
the voltage difference is zero, there will be a DC' Josephson current if the supercon-
ducting order parameters onthe left and right have different phases. (The flow of this
DC' current will feed back into the electrostatics of the problem and, eventually, turn
off this current.)

The Josephson current cannot be understood with the semiconductor model since
it is due to the tunneling of pairs. It can be understood as an oscillation of the phase
difference between two superconductors. As such, it is an example of a collective

mode in a superocnductor.

17.5 Collective Modes of a Superconductor

If we expand the effective action (17.7) in powers of ¥ and its gradients, and include

the action of the electromagnetic field, then we have:

1 1
S = /dtd% (xp* (0 — A) ¥ + o—|(i0; — Ay) U+ V() + o (B - 32)97.70)

(17.69)
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V(|W]) is actually a complicated function, but let us, for the sake of simplicity, ap-

proximate it by:
2
V(W) =a (W] - ps) (17.71)

for some constants a and p,. This action is very similar to our effective action for
“He: the U(1) symmetry ¥ — ¢?W¥ is broken when W has an expectation value. The
principal difference is the electromagnetic field.

Following our analysis of *He, we write:

b =/(ps+dp) e’ (17.72)

We can rewrite the action as:

1

+3 (V8p)* + po(V0 — A)" +5p(V0 — A)" + asp®

(6p + ps)
+ 8% (B - 32)) (17.73)

The first two terms can (naively) be neglected since they are total derivatives, so the

free part of this action is

]_ — —
S = /dedx (5/) (0,0 + Ao) + (Vop)? + ps (VG - A)2 + adp®
205
1 2 2
o (E*-B )) (17.74)

Let us take the gauge # = 0. Then we have:

1
_ d 2 2
S = /dex<+2ps (Vop)? + adp
—i—(ﬁ-ﬁ—ép) Ao
o 1 /> - 2
2
+ps A —8—7T(V><A)> (17.75)
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From the third line, we see that the transverse electromagnetic field now aquires a

gap. Its equation of motion is:
V2A = p,A (17.76)
which has solutions:
A(z) = A(0) e (17.77)

where \? = 1/p,. This is the Meissner effect: the magnetic field vanishes in the

interior of a superconductor. The action (17.75) also implies the London equation:

.48 .
= LA 17.78
J T ( )

from which the infinite conductivity of a superconductor follows.

Although the U(1) symmetry has been broken, there is no Goldstone boson. The
would-be Goldstone boson, 8, has been gauged away. To put this more physically, the
Goldstone mode would be an oscillation of the density. However, as we saw in chapter
15, the Coulomb interaction pushes the density oscllation up to a high frequency, the
plasma frequency. Hence, the would-be Goldstone boson is at the plasma frequency.

From the first term in (17.74), we see that dp and # are canonical conjugates and

the Hamiltonian is:

1
H= /dd (( K+ a) [0pl? + (Ao)_ybpi + po K216u* + o (B2 +32)>17'79)

From the constraint (the Ay equation of motion),
k*(Ao)_y, = dpr (17.80)

we have:

(Ao)_) = 5sz (17.81)

k2
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Neglecting the magnetic field, since all velocities are much smaller than the speed of

light, we have:
1 1
o= [a% ({5 ¥ — ) 160kl + ps K210 17.82
(551 + b ) tom + a2 (17:52)
Since dp and € are canonical conjugates, this is of the harmonic osciallator form
H = /ddk (i |PL? + 1mw,i \X,ﬁ) (17.83)
2m 2

with

1 1

In the long-wavelength limit, £ — 0,

Wk = /D5 (17.85)

i.e. the mode is gapped.

17.6 Repulsive Interactions

In any real metal, there is a large repulsive force due to Coulomb intractions. This
repulsion is much stronger than the weak attraction due to the exchange of phonons,
so one might wonder how superconductivity can occur at all. The answer is that
the repulsive interaction occurs at short time scales and high-energies. At the low
energies at which superconductivity occurs, the repulsion is much weaker. Since a
repulsive interaction in the BCS channel is marginally irrelevant, as we saw earlier,
it will be logarithmically suppressed.

Consider the following illustrative model:

Vv if ]é‘k\ > Wp Or ’fk/‘ > Wp—

V(k, k) =
(V= Va) if [&l, [&w] <wp
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with V' > 0 and V — V, > 0 so that the interaction is repulsive everywhere, but
less repulsive near the Fermi surface — i.e. —V, is the weak attraction on top of the

repulsion V. Let

A fwp < < ANor & > wp—
a2 | B e <l < or el > wp
Ay if |&| <wp

The gap equation is:

m* A 1 m* [wp 1
A = VA / dgi_VAQ_/ df ———
21 Jwp /§2+A% 21 Jo /§2+A§
m* A 1 m* (@b 1
A = VA — | df————(V-V,) A, —/ d¢§ ——(17.86)
27 Jup /€2 + A2 2w Jo /€2 + A2

If we assume that A > wp and wp > A, then we have:

m* A m* wp
A = VA In({— ) —-VA In(—
! v Yon n(ax;) v 2o H(A2>
A (A mt (@
Al = VAl o In (u)D> (V ‘/a) AQ o In <A2) (1787)

From the first equation, we have:

\% m* wp
A = — L <—) 17.88
olrmvm(A) T2\, (17.88)

Hence, A; and As must have opposite signs. Substituting into the second equation,

we find:

a_1+

S } ™ in <°"—D) —1 (17.89)
s Vin ()

This equation will have a solution if

— *V >0
1+%V1n<%)

v, (17.90)

even if V, — V < 0. In other words, the bare interaction may be repulsive, but
the effective pairing interaction can be attractive because the repulsive part will be

logarithmically suppressed.
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Gauge Fields and Fractionalization
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Chapter 18

Topology, Braiding Statistics, and
Gauge Fields

18.1 The Aharonov-Bohm effect

As we have discussed, systems of many particles tend to form energy gaps as a way
of lowering their energy. One might be tempted to conclude that their low-energy
properties are, as a result, trivial, and that interesting physics occurs only when they
are gapless, either because they are tuned to a critical point or because their ground
state spontaneously breaks a symmetry. However, non-trivial low-energy physics can
occur even when a system is fully gapped. A fully gapped system can have non-trivial
topological properties, which do not require low-energy local degrees of freedom. As we
will see, such properties can be described by gauge fields. These topological properties
are concomitant with the phenomenon of fractionalization, whereby the quantum
numbers of the low-energy excitations of a system can be fractions of the quantum
numbers of its basic microscopic constituents, presumably electrons. Phases which
are characterized by fractionalization are stable against small perturbations: if the
electron breaks into n pieces, a small perturbation cannot change this continuously;

an electron, unlike the average American family, cannot have 2.4 children. It is the
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fact that fractionalization is necessarily characterized by integers which guarantees
that, it is stable if it occurs.!

The basic idea can be understood by considering the Aharonov-Bohm effect. Sup-
pose an infinitely-long, thin solenoid at the origin which is threaded by flux ¢ (in
units in which & = e = ¢ = 1, one flux quantum is & = 27) is surrounded by an
infinitely-high potential barrier. As result, electrons are prevented from entering the
solenoid, and they move in a region in which the magnetic field is zero. As Aharonov
and Bohm showed, the cross-section for an electron of momentum p to scatter off the

flux tube is:

do 1 o P
R — (P 18.1
df  2mpsin®(0/2) ) (18.1)

In other words, the scattering cross-section is non-trivial and depends on ¢ even
though the electron never enters the region in which B # 0 (the interior of the
solenoid).

Any description of the physics of this system in terms of the electric and magnetic
fields E, B alone cannot be local. It must involve some kind of action-at-a-distance so
that the magnetic field inside the solenoid can affect the electron outside the solenoid.

However, a local description can be given in terms of the vector potential,

® zxx
Ax)= — ——— 18.2
()= 5 o (182)
by simply including this vector potential in the Hamiltonian,
Ho= o (p— Ay (18.3)
= 9m P '

The electromagnetic potential is an example of a gauge field. By this, we mean

that the vector potential, A,,, is not itself a measurable quantity because all physically

!Broken symmetry is similar in the sense that a symmetry is either broken or not and is therefore
characterized by a binary number.
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measurable quantities are invariant under the gauge transformation:

Au(z) — Au(z) = 9ux(x)
U(x) — XD y(x) (18.4)

The gauge field A, () is a redundant way of parametrizing B, E which satisfy V-B =
0, V- E = 47p. This redundancy is the price which must be paid in order to retain
a local description.

In particular, when A,(x) = 0,f for some f, the electromagnetic potential is
equivalent under a gauge transformation to zero. However, V x A = 0 does not
always mean that an f(x) exists such that A = Vf. The potential (18.2) is an
example of such a topologically non-trivial vector field. It is locally equivalent to
zero, but not globally, as a result of the singularity at the origin.

If we were to try to gauge away the vector potential (18.2) by taking the singular

function
P Y P
=—tan' = =_—4¢ 18.5
/ 27 an r 27 ( )
the wavefunction would no longer be single-valued:
U(r,0) — 27 h(r, 0) (18.6)

This is because, as the electron encircles the origin, it aquires a gauge-invariant

‘Aharonov-Bohm phase’
ol §eAdl _ ie® (18.7)

which distinguishes the vector potential from a trivial one. However, as the above
example shows, we can work with a vanishing vector potential at the cost of having
a multi-valued wavefunction.

The phase aquired by the electron is independent of how close the electron comes to

the solenoid or how fast it moves and depends only on the topology of the electron’s
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path, namely how many times it winds about the origin. Hence, the gauge field
(18.2) gives rise to a ‘topological interaction’, which is felt by the electron even if
it is infinitely far away from the solenoid. As we discuss below, it is customary to
in certain circumstances to separate such topological interactions from ordinary ones
which do depend on distance and lump them into particle ‘statistics’.

As we will see, the low-energy excitations of a strongly-interacting electron sys-
tem can aquire similar phases — i.e. have non-tivial braiding properties — when they
encircle each other. A local description of the physics of these excitations must in-
corporate gauge fields for the reason which we saw above. Unlike the electromagnetic
field, these gauge fields will be a dynamically generated feature of the low-energy
properties of the system. Such a system can be fully gapped, in which case the non-
trivial braiding properties of the excitations come into play at the finite energies at
which these excitations are created. However, even at low-energies, these braiding
properties are manifested in the ground state on manifolds of non-trivial topology.
The ground state is degenerate, a reflection of the braiding properties of the quasi-
particles. The effective field theories of these ground states and of the ground states

with a fixed number of quasiparticles are called topological quantum field theories.

18.2 Exotic Braiding Statistics

Let us consider the braiding properties of particle trajectories in 2 + 1-dimensions
(2 spatial and 1 time dimension). According to Feynman, the quantum-mechanical
amplitude for hard-core particles which are at xq,xs,..., 2, at an initial time ¢, to
return to these coordinates at a later time t is given by a sum over all trajectories.
Each trajectory is summed with weight ¢*®. This particular assignment of weights
gives consistency with the classical limit. However, a peculiarity of two spatial di-

mensions is that the space of trajectories of hard-core particles is disconnected, as
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(
e

1 2 3 1 2 3

Figure 18.1: Different trajectories of hard-core particles in 2 + 1 dimensions which
are not adiabatically deformable into each other.

may be seen in figure (18.1).

Consequently, at the quantum mechanical level, we have the freedom, as Leinaas
and Myrrheim, Wilczek, ...observed, to weight each of these different components
by a different phase factor. Since these components are not continuously deformable
into each other, the stationary phase condition associated with the classical limit does
not constrain these phases.

These phase factors realize an Abelian representation of the braid group, whose el-
ements are the different components of trajectory space with a composition operation
obtained by simply following one trajectory by another. Let us consider the case of
two identical particles. The braid group is simply the group of integers, with integer n
corresponding to the number of times that one particle winds counter-clockwise about
the other (negative integers are clockwise windings). If the particles are identical, then
we must allow exchanges as well, which we can label by half-integer windings. The
different representations of the braid group of two identical particles are labelled by
a phase «, so that a trajectory in which one particle is exchanged counter-clockwise
with the other n times receives the phase €.

If a = 0, the particles are bosons; if o = m, the particles are fermions. For

intermediate values of «, the particles are called anyons. The braid group of N
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+ e2rma + edma

Figure 18.2: An assignment of phases to different disonnected components of the
space of trajectories of two particles.

particles has more complicated representations which can be non-abelian, but a class
of its representations is just an extension of the two-particle case: whenever any of
N identical particles is exchanged counter-clockwise n times with another, the phase
associated with this is e,

In a slight abuse of terminology, we use the term ‘statistics’ to describe these
representations of the braid group. In reality, it is more like a topological interaction
since it is not limited to identical particles. Different particle species can have ‘mutual
statistics” when they wind about each other (since they are not identical, they cannot
be exchanged). This is quite different from the case in higher dimensions, where
there is no braid group, and we only have the permutation group — which acts only
on identical particles — whose only abelian representations are bosonic and fermionic.
To emphasize the distinction between this notion of statistics and the usual one, we
will use the term ‘braiding statistics’.

As we will see in the next chapter, this expanded notion of statistics is more than
a mathematical curiosity; it is realized in all of its glory in the quantum Hall effect.

First, however, we will discuss its field-theoretical implementation.
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18.3 Chern-Simons Theory

Non-trivial braiding statistics can be implemented by taking wavefunctions which
are multi-valued so that a phase is aquired whenever on particle is exchanged with
another. However, as we saw at the beginning of this chapter, we can make these
wavefunctions single-valued by introducing a gauge field a (distinct from the electro-
magnetic field A) which gives rise to a vanishing magnetic field but is not gauge-

equivalent to zero, in the spirit of (18.2).

) z X (x —x;)

a(x) (18.8)

T or ~ |x—x?
where x; is the position of the it" particle. When one particle winds around another,
it aquires a phase. An exchange is half of a wind, so half of this phase is aquired
during an exchange.

Such a gauge field is produced automatically if we add a Chern-Simons term to
the action. Consider the addition of such a term to the action for a system of free

fermions:

5= [ [t 60— a)v 4 516V — 2P| + 1 [di e Pada, (189

The action (18.9) is invariant under the gauge transformation

au(z) — au(r) = dux(x)
bla) — PO (a) (18.10)

5 @ d xxsllélcll 18'11

In an infinite system or on a compact manifold, we can ignore this boundary term.
When we consider a bounded region R of the plane, this term will be important, as

we will discuss in the context of the quantum Hall effect.
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Since no time derivative of ay appears in the Lagrange multiplier, it is a Lagrange

multiplier. If we vary it, we obtain the constraint:
V xa= oyl (18.12)

from which the configuration (18.8). This constraint completely fixes a,,, up to gauge
transformations. Hence, the gauge field a, has no independent dynamics of its own;
it is completely determined by ().

Let us consider the Chern-Simons action in the gauge ag = 0. The action is

S = / [w* (10 — ao) ¥ + % PV — a)%} + % (a100ag — azdoa;) (18.13)

Thus, the Hamiltonian of the Chern-Simons gauge field vanishes. Note, however, that
the Hamiltonian must be supplemented by the constraint (18.12).
Hence, the Chern-Simons term does what we want — i.e. implement anyonic

braiding statistics — and it does nothing else.

18.4 Ground States on Higher-Genus Manifolds

Let us now imagine that the particles are all gapped, so that we can integrate them
out. Let us further assume that the Chern-Simons coefficient is an integer m divided
by 47. We will return to this assumption below. Then, the effective action at low
energies is simply

§="1 /e“”paua,,ap (18.14)

47

This theory would appear to be completely trivial. The gauge field is fixed by the

constraint

Vxa=0 (18.15)
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<=

Y2

Figure 18.3: The basic operators A; and As are constructed from the line integrals
of a around 7, and 7,.

and the Hamiltonian vanishes. Thus, the effective action only describes the ground
state.

On the infinite plane or the sphere, the ground state is a unique, non-degenerate
state. The pure Chern-Simons theory (i.e. without any other fields to which it is
coupled) has no other states. However, suppose that the theory is defined on the

torus. Then V x a = 0 can still give rise to non-trivial
¢idn = bl (18.16)

if v winds around one of the non-trivial cycles of the torus. According to the con-
straint, A, does not depend on the precise curve v but only on how many times it
winds around the generators of the torus. Furthermore, it is clear that A, is addi-
tive in the sense that its value for a curve v which winds twice around one of the
generators of the torus is twice its value for a curve v which winds once. Hence, we
have only two independent variables, A;, A, associated with the two generators of

the torus. If we take coordinates 6,6, € [0, 27] on the torus, then
2
m:/cm@ (18.17)
0
From (18.13), we have the following equal-time commutation relations:

[ay(z), az(z))] = i=—6P (z — o) (18.18)
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from which it follows that

27

[Ar, As] = —= (18.19)

Since Ay, A, are not themselves gauge-invariant, we cannot simply use the analogy
between their commutation relations and those of p, x for a single particle. We
A

must work with the gauge invariant quantities e’ They have more complicated

comutation relations. Since

eiAl eiAQ — e[Al,AQ]/Q eiA1+iA2 (1820)
we have the commutation relation
6iA1 eiAQ — 627ri/m eiAQ e’iAl (1821)
This algebra can be implemented on a space of minimum dimension m:

ez’Al ‘n> _ lerm’/m’n>

2 n) = |n+1) (18.22)

i.e. the ground state is m-fold degenerate. On a genus g manifold, this generalizes to
m9.

This has an interpretation in terms of the quasiparticle spectrum of the theory
— about which we thought that we had lost all information by going to low energies
below the quasiparticle energy gap. Imagine creating a quasihole-quasiparticle pair,
taking them around one of the two non-trivial loops on the torus and annihilating
them. Call the corresponding operators T, Ts. If the quasiparticles have statistics

7/m, then
TlTQ = 627ri/m TQTl (1823)

because the particles wind around each other during such a process, as depicted on
the right of figure 18.4. This is precisely the same algebra (18.21) which we found

above, with a minimal representation of dimension m.
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—— (O

Figure 18.4: Creating a quasiparticle-quasihole pair, taking them around either of
the generators of the torus and annihilating them leads yields two non-commuting
operations which encode quasiparticle statistics in the ground state degeneracy.

Hence, if we know that the ground state degeneracy of a system on a genus-g
manifold is m?, then one explanation of this degeneracy is that it has non-trivial
quasiparticles of statistics 0,7/m, ..., (m — 1)x/m.

Why did we take the Chern-Simons coefficient to be an integer? This is required
when we define Chern-Simons theory on compact manifolds or, equivalently, when we
require invariance under large gauge transformations. On a compact manifold, the
Chern-Simons action transforms under a gauge transformation defined by a function
x(x) as:

% e"’a,0,a, — % /e””pau&,ap +2mm N (18.24)

where N is the winding number of the map from z to e?X(®) € U(1). Hence, invariance

of the functional integral mandates that we take m to be an integer.



Chapter 19

Introduction to the Quantum Hall

Effect

19.1 Introduction

In 1879, E.H. Hall performed an experiment designed to determine the sign of the
current-carrying particles in metals. If we suppose that these particles have charge
e (with a sign to be determined) and mass m, the classical equations of motion of

charged particles in an electric field, E = F,X + E,¥, and a magnetic field, B = B2

are:
dp,
dC];t = eEx — WePy — px/T
% ey, + wepy — py/T (19.1)

where w. = eB/m and 7 is a relaxation rate determined by collisions with impurities,
other electrons, etc. Let us, following Hall, place a wire along the X direction in
the above magnetic fields and run a current, j,., through it. In the steady state,

dp,/dt = dp,/dt = j, = 0, we must have £, = ~75- j, and

B . —e h ®/%,
E = =)= T —
ne’ le] €2 N

Ja (19.2)

286



Chapter 19: Introduction to the Quantum Hall Effect 287
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Figure 19.1: p,, and p,, vs. magnetic field, B, in the quantum Hall regime. A
number of integer and fractional plateaus can be clearly seen. This data was taken
at Princeton on a GaAs-AlGaAs heterostructure.

where n and N are the density and number of electrons in the wire, ® is the magnetic
flux penetrating the wire, and ®; = is the flux quantum. Hence, the sign of the
charge carriers can be determined from a measurement of the transverse voltage in
a magnetic field. Furthermore, according to (19.2), the density of charge carriers —
i.e. electrons — can be determined from the slope of the p,, = E,/j, vs B. At high
temperatures, this is roughly what is observed.

In the quantum Hall regime, namely at low-temperatures and high magnetic fields,
very different behavior is found in two-dimensional electron systems. p,, passes

h

through a series of plateaus, p,, = 56—2, where v is a rational number, at which

pzo vanishes [?, 7], as may be seen in Figure 19.1 (taken from [?]). The quantization
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is accurate to a few parts in 10%, making this one of the most precise measurements
of the fine structure constant, a = ;—20, and, in fact, one of the highest precision
experiments of any kind.

Some insight into this phenomenon can be gained by considering the quantum
mechanics of a single electron in a magnetic field. Let us suppose that the electron’s
motion is planar and that the magnetic field is perpendicular to the plane. For now,
we will assume that the electron is spin-polarized by the magnetic field and ignore

the spin degree of freedom. The Hamiltonian,
1 , e \?
H=— <—mv 4 & A> (19.3)
m c

takes the form of a harmonic oscillator Hamiltonian in the gauge A, = —By, A, = 0.
(Here, and in what follows, I will take e = |e|; the charge of the electron is —e.) If

we write the wavefunction ¢ (z,y) = e*** ¢(y), then:

Hy = [i ((ﬁ) y+ hk>2 + ﬁ (—may)ﬂ b(y) e (19.4)

2m c

The energy levels E, = (n + %)hw,, called Landau levels, are highly degenerate
because the energy is independent of k. To analyze this degeneracy (and in most of
what follows) it will be more convenient to work in symmetric gauge, A = %B X r

Writing z = x + iy, we have:

12 z =z 1
H=— |-2|0—-— — — 19.
m l <8 46%) (8—1— 46%) + 203 ] (19.5)
with (unnormalized) energy eigenfunctions:

2
_ L=l

Unm(z,2) = 2" L (z,2)e 43 (19.6)

at energies E,, = (n + 3)hw,, where L7(z, z) are the Laguerre polynomials and {, =

\/I/(eB) is the magnetic length.
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Let’s concentrate on the lowest Landau level, n = 0. The wavefunctions in the

lowest Landau level,

2
=]

Un—om(2,2) = 2™ e % (19.7)

are analytic functions of z multiplied by a Gaussian factor. The general lowest Landau

level wavefunction can be written:

L2
Uneom(2, 2) = f(2) e (19.8)
The state ¢,—o ., is concentrated on a narrow ring about the origin at radius r,, =
ly\/2(m + 1). Suppose the electron is confined to a disc in the plane of area A. Then
the highest m for which ,—¢ ., lies within the disc is given by A = 7ry,, ..., or,
simply, Mpae + 1 = ®/Pg, where ® = BA is the total flux. Hence, we see that in the
thermodynamic limit, there are ®/®, degenerate single-electron states in the lowest
Landau level of a two-dimensional electron system penetrated by a uniform magnetic
flux ®. The higher Landau levels have the same degeneracy. Higher Landau levels
can, at a qualitative level, be thought of as copies of the lowest Landau level. The
detailed structure of states in higher Landau levels is different, however.
Let us now imagine that we have not one, but many, electrons and let us ignore the
interactions between these electrons. To completely fill p Landau levels, we need N, =
p(P/®Pg) electrons. Inverting the semi-classical resistivity matrix, and substituting

this electron number, we find:
e N, €2
= T = — 19.9
T T Ny P (19.9)

for p filled Landau levels, where Ng = ®/®.

Suppose that we fix the chemical potential, u. As the magnetic field is varied, the
energies of the Landau levels will shift relative to the chemical potential. However,
so long as the chemical potential lies between two Landau levels (see figure 19.2), an
integer number of Landau levels will be filled, and we expect to find the quantized

Hall conductance, (19.9).
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These simple considerations neglected two factors which are crucial to the obser-
vation of the quantum Hall effect, namely the effects of impurities and inter-electron
interactions.® The integer quantum Hall effect occurs in the regime in which impuri-

ties dominate; in the fractional quantum Hall effect, interactions dominate. 2

19.2 The Integer Quantum Hall Effect

Let us model the effects of impurities by a random potential in which non-interacting
electrons move. Clearly, such a potential will break the degeneracy of the different
states in a Landau level. More worrisome, still, is the possibility that some of the
states might be localized by the random potential and therefore unable to carry any
current at all. The possible effects of impurities are summarized in the hypothetical
density of states depicted in Figure 19.2.

Hence, we would be led to naively expect that the Hall conductance is less than % P
when p Landau levels are filled. In fact, this conclusion, though intuitive, is completely
wrong. In a very instructive calculation (at least from a pedagogical standpoint),
Prange [?] analyzed the exactly solvable model of electrons in the lowest Landau level
interacting with a single J-function impurity. In this case, a single localized state,
which carries no current, is formed. The current carried by each of the extended states
is increased so as to exactly compensate for the localized state, and the conductance
remains at the quantized value, 0,, = % This calculation gives an important hint of

the robustness of the quantization, but cannot be easily generalized to the physically

'We also ignored the effects of the ions on the electrons. The periodic potential due to the lattice
has very little effect at the low densities relevant for the quantum Hall effect, except to replace
the bare electron mass by the band mass. This can be quantitatively important. For instance,
myp =~ 0.07m, in GaAs.

2The conventional measure of the purity of a quantum Hall device is the zero-field mobility, u,
which is defined by u = o/ne, where o is the zero-field conductivity. The integer quantum Hall effect
was first observed [?] in Si mosfets with mobility a~ 10%cm?/Vs while the fractional quantum Hall
effect was first observed [?] in GaAs-AlGaAs heterostructures with mobility ~ 10°cm?/Vs. Today,
the highest quality GaAs-AlGaAs samples have mobilities of ~ 107cm?/Vs.
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Figure 19.2: (a) The density of states in a pure system. So long as the chemical poten-
tial lies between Landau levels, a quantized conductance is observed. (b) Hypothetical
density of states in a system with impurities. The Landau levels are broadened into
bands and some of the states are localized. The shaded regions denote extended
states. (c) As we mention later, numerical studies indicate that the extended state(s)
occur only at the center of the band.
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impurity region

Figure 19.3: (a) The Corbino annular geometry. (b) Hypothetical distribution of
energy levels as a function of radial distance.

relevant situation in which there is a random distribution of impurities. To understand
the quantization of the Hall conductance in this more general setting, we will turn
to the beautiful arguments of Laughlin (and their refinement by Halperin [?]), which
relate it to gauge invariance.

Let us consider a two-dimensional electron gas confined to an annulus such that
all of the impurities are confined to a smaller annulus, as shown in Figure 19.3. Since,
as an experimental fact, the quantum Hall effect is independent of the shape of the
sample, we can choose any geometry that we like. This one, the Corbino geometry,
is particularly convenient. States at radius r will have energies similar to to those
depicted in Figure 19.3.

Outside the impurity region, there will simply be a Landau level, with energies
that are pushed up at the edges of the sample by the walls (or a smooth confining

potential). In the impurity region, the Landau level will broaden into a band. Let us
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suppose that the chemical potential, u, is above the lowest Landau level, u > hiw,./2.
Then the only states at the chemical potential are at the inner and outer edges of the
annulus and, possibly, in the impurity region. Let us further assume that the states
at the chemical potential in the impurity region — if there are any — are all localized.

Now, let us slowly thread a time-dependent flux ®(¢) through the center of the
annulus. Locally, the associated vector potential is pure gauge. Hence, localized
states, which do not wind around the annulus, are completely unaffected by the flux.
Only extended states can be affected by the flux.

When an integer number of flux quanta thread the annulus, ®(t) = p®,, the
flux can be gauged away everywhere in the annulus. As a result, the Hamiltonian
in the annulus is gauge equivalent to the zero-flux Hamiltonian. Then, according
to the adiabatic theorem, the system will be in some eigenstate of the ®(t) = 0
Hamiltonian. In other words, the single-electron states will be unchanged. The
only possible difference will be in the occupancies of the extended states near the
chemical potential. Localized states are unaffected by the flux; states far from the
chemical potential will be unable to make transitions to unoccupied states because
the excitation energies associated with a slowly-varying flux will be too small. Hence,
the only states that will be affected are the gapless states at the inner and outer edges.
Since, by construction, these states are unaffected by impurities, we know how they
are affected by the flux: each flux quantum removes an electron from the inner edge
and adds an electron to the outer edge. Then, [Idt = e and [V dt = Cﬁ%’ = h/e,

SO.

e2

I =—V 19.10
- (19.10)

Clearly, the key assumption is that there are no extended states at the chemical
potential in the impurity region. If there were — and there probably are in samples
that are too dirty to exhibit the quantum Hall effect — then the above arguments break

down. Numerical studies [?] indicate that, so long as the strength of the impurity
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potential is small compared to hw,., extended states exist only at the center of the
Landau band (see Figure 19.2). Hence, if the chemical potential is above the center
of the band, the conditions of our discussion are satisfied.

The other crucial assumption, emphasized by Halperin [?], is that there are gapless
states at the edges of the system. In the special setup which we assumed, this was
guaranteed because there were no impurities at the edges. In the integer quantum
Hall effect, these gapless states are a one-dimensional chiral Fermi liquid. Impurities
are not expected to affect this because there can be no backscattering in a totally
chiral system. More general arguments, which we will mention in the context of
the fractional quantum Hall effect, relate the existence of gapless edge excitations to
gauge invariance.

One might, at first, be left with the uneasy feeling that these gauge invariance
arguments are somehow too ‘slick.” To allay these worries, consider the annulus with
a wedge cut out, which is topologically equivalent to a rectangle (see the article by
D.J. Thouless in the first reference in [?]). In such a case, some of the Hall current
will be carried by the edge states at the two cuts (i.e. the edges which run radially
at fixed azimuthal angle). However, probes which measure the Hall voltage between
the two cuts will effectively couple these two edges leading, once again, to annular
topology.

Laughlin’s argument for exact quantization will apply to the fractional quantum
Hall effect if we can show that the clean system has a gap. Then, we can argue that
for an annular setup similar to the above there are no extended states at the chemical
potential except at the edge. Then, if threading ¢ flux quanta removes p electrons

from the inner edge and adds p to the outer edge, as we would expect at v = p/q, we

[¥]

would have o, = § <.
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19.3 The Fractional Quantum Hall Effect: The
Laughlin States

A partially filled Landau level of non-interacting electrons has a highly degenerate
ground state in the absence of impurities. This degeneracy is broken by fairly generic
interactions, including Coulomb repulsion. As we will see below, at special filling
fractions, there is a non-zero gap between the ground state and the lowest excited
state. In very clean samples, the impurity potential will be a weak perturbation
which pins the quasiparticles but does not drastically affect the physics of the ground
state. If the sample is too dirty, however, the fractional quantum Hall effect will be
destroyed. In what follows, we will try to understand the physics of a partially filled
Landau level of interacting electrons in a clean system. We will further assume that
we can ignore all higher Landau levels. This assumption will be valid in the limit that
the cyclotron energy is much larger than the Coulomb interaction energy, hw. > %.
In a sample with density 1.25 x 10""em™2, the v = 3 state is seen at 157, while
hw, = % at 67. Hence, higher Landau levels are probably unimportant qualitatively,
but could lead to some quantitative corrections.

Let us, following Haldane [?], consider the special interactions for which the Laugh-
lin states are the exact ground states. To do this, let us first look at the two-electron
problem in the lowest Landau level. We separate the center-of-mass and relative mo-
tions, ¥ = P(Z, z) (we will be sloppy and drop the Gaussian factors because they are
unimportant for this analysis), where Z = z; + 29, 2 = 21 — 23, and 2; and 2 are the
coordinates of the two electrons. The Hamiltonian has no kinetic part in the lowest

Landau level. Dropping the constant hw,, it is given simply by the interaction, V',

which depends only on the relative motion

H=V <z i) (19.11)
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Let us now switch to a basis of relative (canonical) angular momentum eigenstates,
L,|m) = m|m), which are given in position space by (z|m) = 2. Then, we can write:
H= > V,P, (19.12)
modd

The restriction to odd m is due to Fermi statistics. V;,, = (m|V|m); (m|V|m’) vanishes
for m # m’ if V' is rotationally invariant. P,, is the projection operator onto states
of relative angular momentum m. Suppose we take V,, > 0 for m < k and V,,, = 0
for m > k. Then the states ¥(z) = 2™ are pushed up to energies E,, =V, for m < k

but the states ¢(z) = 2™, m > k remain degenerate at E = 0.

The Hamiltonian for the N-electron problem is just:
H=> > V,P/ (19.13)
i>j modd

where P projects the i — j pair onto a state of relative angular momentum m. Let

us consider the simple, but unrealistic interaction Vi # 0, V,, = 0 for m > 1. Any

wavefunction in the lowest Landau level, 1) = P(z1, 22, ..., 2y) can be written:
V=3 (2 — %) Funlzi + 255 2, k # 6, ) (19.14)
m odd

If we take F,,, = 0 for m = 1, then Hy = 0. In this case, (z; — zj)g is a factor of ¢

for all « # 5. Hence, the following wavefunctions all have zero energy

@Z) = H(Zz —Zj)3 5(21,22,...,21\[) (1915)
i>j
where S(z1, 22, ..., 2xn) is a symmetric polynomial. These states describe droplets of

electrons. Of these wavefunctions, the Laughlin wavefunction [?],
vy =[] (zi — 2)° (19.16)
i>j
is the most spatially compact droplet. In a confining potential, this will be the

ground state. The other symmetric polynomials correspond to quasiholes and edge
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excitations. Had we chosen V,, > 0 for m < 2k + 1 and V,, = 0 for m > 2k + 1, we

would have found the wavefunction (19.16) with the power 3 replaced by 2k + 1:
¢2k+1 = H (Zz — Zj)2k+1 (1917)

i>j

The maximum power of any z; in the Laughlin state is 3(N — 1). Since the single-
electron state with canonical angular momentum m encloses area 2w¢3(m + 1), the
Laughlin state of NV electrons occupies area A = 2703(3(N—1)+1) = 2xh/(eB)(3(N—
1) 4+ 1). The total flux piercing this area is ® = BA = ®¢(3(/N — 1) 4+ 1). Hence, the

filling fraction, v is

N N
9/, 3(N-1)+1

1% —

1
3 (19.18)
in the thermodynamic limit.

To compress this state, that is, to get v < 1/3, at least one pair of particles will
have relative angular momentum m = 1, which costs a finite amount of energy. A

more precise and general way of stating this result involves calculating the compress-

ibility, x
A [(ON
=—|— 19.1
ST <3u>L (19:19)

at fixed angular momentum L (A is the area of the system). For our choice of
interaction, Ey(N) = Eo(N — 1) = 0 but Ex(N + 1) > 0 for fixed total angular
momentum 3N (N — 1). Hence, uy = Ey(N) — Eg(N — 1) = 0 while pu}y = Eo(N +
1) — Eo(N) # 0. The discontinuity in the chemical potential implies incompressibility
according to (19.19). For more realistic potentials, it may no longer be true that
iy = 0, but the discontinuity will persist.

The Laughlin wavefunction (19.17) was initially proposed as a trial variational
wavefunction for electrons interacting with Coulomb interactions. For small numbers
of electrons, it has remarkably large overlap with the exact ground state (see, for
instance, the article by F.D.M. Haldane in the first reference in [?]). At filling fraction

v = 1/(2k + 1), the wavefunction must be a homogeneous polynomial of degree
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(2k+1)N(N —1)/2. In other words, if we fix the coordinates 21, zo,...,2y_1 of N—1
of the electrons, then the wavefunction, considered as a function of the remaining
electron, zy, will have (2k + 1) zeroes for each of the N — 1 electrons. Since the
electrons are fermions, there must be at least one zero at the positions of the other
electrons. A state at v = 1/(2k+1) is specified by the positions of the other zeroes. In
the Laughlin state, there is a 2k + 1-fold zero at the positions of the other electrons; all
of the zeroes are at the electron locations. In the exact ground state of electrons with
some other kind of interaction, say the Coulomb interaction, there are still (2k + 1)
zeroes bound to each electron, but they are slightly displaced from the electron.
The quantum Hall effect breaks down precisely when the zeroes dissociate from the
electrons.

A particularly useful technique for obtaining many properties of the Laughlin
states is the plasma analogy (see, for instance, the article by R.B. Laughlin in the
first reference in [?]). Since |¢|? is of the form of the Boltzmann weight for a classical

finite-temperature plasma of charge 2k + 1 particles in a neutralizing background,

2 = o7rrT (22612 Yo In|zi—2;| = (2k+1) 3 |2:/2/463) _ ,~BHplasma (19.20)

the expectation value of many operators in the ground state is just given by the
corresponding expectation values in the plasma. For instance, since the temperature
T = 2k 4+ 1 is above the melting temperature for the plasma, we can conclude that
the correlation functions of the density do not exhibit long-range positional order.?
Combining this result with our earlier discussion of the compressibility, we can say
that the Laughlin states describe incompressible quantum liquids.

To establish the quantum Hall effect in these states, we need to understand the

excitation spectrum. In particular, we must show that there is a finite energy gap

3In the very low density limit, 2k+1 > 140, the plasma crystallizes. This is not an important limit,
however, since a Wigner crystal state is already energetically favorable compared to the Laughlin
state at densities 2k +1 > 7.
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separating the ground state from excited states. If we imagine adiabatically inserting
a flux tube at the origin in a Laughlin state at v = 1/(2k + 1), then, by arguments
very similar to those used in the annulus geometry, we expect charge e/(2k + 1) to
be transported from the insertion point to the outer edge of the system. The flux
tube can be gauged away, leaving an eigenstate of the original Hamiltonian with a
deficit of 1/(2k + 1) of an electron at the origin [?].* Such an excitation is called a
‘quasihole.” If the inserted flux were oppositely directed, an excitation with an excess
charge of —e/(2k 4 1) at the origin would be created, or a ‘quasiparticle.’
Laughlin suggested the following quasihole state,

Y = [](z = ) Yo (19.21)
which is an exact zero-energy eigenstate of the Hamiltonian (19.13) and has a large
overlap with the exact quasihole state of a system with a small number of electrons
interacting through the Coulomb interactions. In this state, the angular momentum
of each electron is increased by one and the net flux penetrating the electron droplet
is increased by one flux quantum. The state:

¢3]§+1 = H(Zz - U)Qkﬂ Vok41 (19-22)
looks like the ground state of N + 1 electrons, but with a deficit of one electron at
the position 7. Hence, the state (19.21) has charge e¢/(2k + 1) at 7.

A quasiparticle wavefunction which is an exact eigenstate of the Hamiltonian

(19.13) has not been found. The trial wavefunction:

0
Yk = H(@z - 77) Vok+1 (19.23)

1

has reasonably good overlap with the exact quasihole state in systems with a small

number of electrons. The quasiparticle has fractional charge —e/(2k+1). As a general

41t should be emphasized, however, that the Laughlin quasihole does not carry one flux quantum
of magnetic flux. The magnetic field generated by a quantum Hall state is, in fact, negligible. A
quasihole does carry one flux quantum of ‘fictitious’ flux, as will be explained later.
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rule, exact quasiparticle eigenstates are more difficult to come by than quasihole
states, so we will primarily discuss quasiholes. Most of the properties of quasiparticles
can be inferred from those of quasiholes.

At v = 1/(2k + 1), the gap between the ground state and a state with a widely-
separated quasihole-quasiparticle pair is just (u™ — p~)/(2k + 1). This follows from
the definition of ;* and the fact that a widely separated pair will have no interaction
energy. A = (ut—p~)/(2k+1) is the gap which is measured in transport experiments

— for instance from pyp ~ e®/7

— since a widely separated pair must be created to
carry a longitudinal current. However, this is not the smallest gap in the system. A
quasihole-quasiparticle pair at finite separation will have lower energy as a result of
the Coulomb interaction between them. Suppose the distance between the quasihole

and quasiparticle is parametrized by k so that the distance is k€3 > £y. Then, we can

think of the quasihole and quasiparticle — which have core sizes on the order of a few

e2

magnetic lengths — as point charges; the energy of the pair will be E(k) = A — ;%
0

[?7]. The pair will move in a straight line with velocity v, = ag_l(f) perpendicular to
the line connecting them since the Coulomb force between them will exactly balance
the Lorentz force due to the magnetic field. At low k, the quasihole-quasiparticle
pair evolves continuously into a collective mode, the magneto-roton [?]. The name
magneto-roton stems from the fact that this collective excitation is obtained in the
single-mode approximation just as the roton was in Feynman’s analysis of super-
fluid *He. As we will see later, the analogy between the quantum Hall effect and

superfluidity can be further exploited.

To summarize, the Laughlin state has the following properties:

e [t is a wavefunction describing electrons in a strong magnetic field. The electrons

are assumed to be in the lowest Landau level.

e It is the non-degenerate ground state of a model repulsive Hamiltonian (19.13).
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e [t is an excellent approximation to the ground state of electrons in a magnetic

field interacting through the Coulomb potential.
e The state is incompressible.

e The state does not break translational symmetry, i.e. it is a liquid.

In order to observe a fractional quantum Hall plateau with o,, = Tlﬂ %, Oz = 0,
we also need a small amount of impurities as well, in order to pin any quasiparticles
which are produced by small changes of the magnetic field or electron density. How-
ever, we don’t want too much disorder since this might simply pin the electrons and

prevent them from forming a correlated state (19.16).

19.4 Fractional Charge and Statistics of Quasipar-
ticles

Let us return to a discussion of the quantum numbers of the quasiholes and quasipar-
ticles. We found earlier that these excitations carry fractional electric charge. This
is remarkable, but has a precedent in polyacetylene; the statistics, to which we now
turn, is perhaps even more exotic. If we suppose that the phase acquired by the
wavefunction when one quasihole moves around another is e, then the phase for

i(2k+1%6 and the phase associated with taking

taking one electron around another is e
an electron around a quasihole is e/®**+1¢ since m quasiholes is equal to a deficit
of one electron. From the wavefunction (19.21), we see that e!2**D¢ = 2 and
¢l@k+126 — p2m(2k+1)i - Thig would lead us to conclude that e = ¢2m/(2k+1) - Similar
arguments would lead us to conclude that quasiparticles have the same statistics.”?

These heuristic arguments for the charge and statistics of the quasiholes and

quasiparticles are inadequate even though they give the correct answers. Fortunately,

®For a discussion of the foundations of fractional statistics, see [?, ?].
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these quantum numbers can be determined directly. Following Arovas, Schrieffer,
and Wilczek [?], we will calculate the Berry’s phase [?] acquired when quasiholes
are moved around loops. Recall that the adiabatic theorem deals with a family
of Hamiltonians, H({\;}), parameterized by {1, \a, ..., \x}, with non-degenerate
eigenstates [n({\;})):

H({A:}) [n({Ai})) = En({A:}) [n({A:})) (19.24)

Suppose we vary the \;’s slowly with time ¢, \; = X\;(¢), such that H()\;(0)) =
H(X\(T)); then [n({X\:(0)})) = M |n({\(T)})), where M is a phase. Often, we re-
quire M = 1, but this is unnecessary. A state |¢(t)) satisfying |¢(0)) = [n({\:(0)}))

will evolve subject to Schrodinger’s equation,

HODI(0) = o [0(0) (19.25)

so that
() = M el PO%)(0)) (19.26)

Berry’s phase, v,, is given, according to Schrédinger’s equation (19.25), by

3o =1 [P (A0 (19.27)

The integral (19.27) is reparameterization invariant, so Berry’s phase depends only
on the path in parameter space; in particular, 7, remains finite in the adiabatic
limit, unlike the dynamical phase, [ E(t)dt. One other point worth mentioning
is that Berry’s phase (19.27) only depends on the Hamiltonian implicitly. In what
follows, we will be interested in the Berry’s phase acquired by quasihole wavefunctions
as the quasiholes are moved around. We will implicitly assume that there is some
Hamiltonian with a pinning potential, say, for which the state with a quasihole at 7 is

a non-degenerate eigenstate. As the location of the pinning potential is moved, this

6Slowly, that is, compared to the inverse of the energy spacings E,, — E,,
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eigenstate evolves, and a Berry’s phase will accumulate, but we need not be concerned
with the details of the Hamiltonian to do this calculation.
We consider, then, the Laughlin quasihole
[(t)) = H(U(t) — 2i) Yar41 (19.28)
and take n(t) to move slowly around some loop as a function of ¢. Since

dn 1

1000 = G2 o) (19.29)

we can rewrite

Wil 5wy = [ @ 0135 - 2) [0(®)
= [ = ol ) (19.30)

n(t)

where p(z) is the density. Then, the Berry’s phase acquired in a circuit, C', bounding

Yo = Zf dn/ PRGN (19.31)

n—=z

a region R of area Ap is:

p(z) = po except in the core of the quasihole. Since pgAr = N = O p /Dy, where

2k+1

®p is the flux in the region R,

= i / P2 7{ iy P

- (®r/Po) (19.32)

up to corrections of order r?/ A, where r, is the size of the quasihole. This is just the
phase that we would expect for a particle of charge ve' = e/(2k + 1) in a magnetic
field.

Suppose, now, that we had considered a multi-quasihole wavefunction. If the loop

C had enclosed another quasihole, p(z) would no longer be given by pg = == 57—=®/Dy.

2k:+1
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There would be a charge deficit at the position of the second quasihole. Then, we

would find:

Yo = i/d%zj{dn <p(_z)3

1
= —2r [ &2 (p(2))
_ 2T (@) + (19.33)

2kt 1 2k + 1

Hence, there is an additional phase 27 /(2k 4+ 1) acquired when one quasihole winds
around another. In other words, quasiholes in the Laughlin state at v = 1/(2k + 1)
have fractional statistics given by the statistics parameter o = 1/(2k + 1), where
bosons have a = 0 and fermions, &« = 1. The fractional charge and statistics of the
quasiholes are the characteristic features of fractional quantum Hall states.

In chapter 4, we will be interested in non-Abelian statistics, which can occur when

there is a set of degenerate states, |a; {\;}), a = 1,2,...,¢. In such a case, a state

|1(t)) satistfying [1(0)) = |a; {\:(0)}) evolves into:
[(T)) = eDevei o FOUNT [ 2,(0)}) (19.34)

The degenerate subspaces must be equivalent at t = 0 and ¢ = T since the Hamilto-
nians coincide, but the states |a; {\;(t)}) at t =0 and ¢t = T can differ by an overall
rotation; M is the matrix which implements this rotation. The Berry phase matrix,
Yab, 18 given by:

o =1 [ G D 10 D)) (19.35)

19.5 Fractional Quantum Hall States on the Torus

As we discussed in the last chapter the existence of anyonic quasiparticles in a system
is reflected in its ground state degeneracy on higher-genus surfaces. By the arguments

given there, we expect the Laughlin state for v = 1/m to be m-fold degenerate on
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a torus. In this section, we will construct the m wavefunctions on a torus which are
annihilated by the Hamiltonian with Vy,...,V,,_1 #0, V,, =V, .1 = ... =0.

In order to do so, we will make use of the Cauchy ¥-functions, which are functions
defined on the torus. Let us assume that z is a complex coordinate on the torus and
that the torus is defined by z = z + 1, 2z = z + 7, where 7 is some complex number
which is called the modular parameter of the torus. Then the ¥-functions are defined
by:

o0

191 (2‘7_> — Z em‘(n—l—%)2762m‘(n+%)(z+%) (1936)
and
1
Vs (2|7) = A (z + 3 7')
Vs (z|7) = T/ ez g9, <z + %(1 +7) 7')
L) = b <z . T>
(19.37)

The following properties of 1¥; will be useful:

h(z+17) = =0 (2]7)
V1 (z+7|T) = —e T e Y (2]7)
W (—z|T) = =91 (2|7) (19.38)

Armed with these functions, we can generalize the Laughlin wavefunction to:
¢ = H [191 (Zi — Zj‘T)]m eiKZ Hﬁl (Z — Za‘7'> (1939)
i>] a=1
At short distances, 0 (z; — 2;|7) — 2 — 2;, so this wavefunction is annihilated by
the Hamiltonian which annihilates the Laughlin wavefunction on the plane. The only

remaining requireent is that it be periodic under z — z + 1, 2 — z + 7. These will
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be satisfied if

(_1)mN ez‘K — (_1)N¢ ez‘K —

(_em)mN KT L = (—1)Ne oK = ] (19.40)

There are m different choices of K, Z,. To see this, observe that the ratio between any
two wavefunctions associated with two choices of K, Z, is a meromorphic function of
Z on the torus with m simple poles. By a special case of the Riemann-Roch theorem,

there are m linearly independent such functions. (Haldane, 1984)

19.6 The Hierarchy of Fractional Quantum Hall
States

Thus far, we have only explained the existence of the quantized Hall plateaus at v =
1/(2k+1). From Figure (19.1), however, we can see that there are plateaus at several
other odd-denominator fractions. These other states can be thought of as descending
from the Laughlin states [?, ?]. Following Halperin, let us consider a ‘primary’ state
at v = 1/(2k + 1) with a finite density of quasiholes or quasiparticles. Since they
are charged particles in a magnetic field, we might expect that the quasiholes or
quasiparticles themselves would be in a primary state (e.g. a Laughlin state) at certain
preferred quasihole densities. At what densities would we expect this? Electrons form
Laughlin states only at v = 1/(2k + 1) because these are the only filling fractions
at which [] (z; — zi)l/ ¥ is an acceptable fermionic wavefunction. A Laughlin state of
bosonic particles would form at v = 1/(2k). Following this reasoning, a Laughlin state
of quasiparticles of statistics —1/(2k+1) would be of the form [T (z; — 2)* =71, while
a quasihole state would be of the form [] (z; — ZJQNTIH since quasiholes have the
opposite charge. Hence, the preferred filling fractions for quasiparticles and quasiholes

are 1/(2p — ﬁ) and 1/(2p + T1+1>’ respectively. However, we should remember
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that these particles are fractionally charged as well, so their Landau levels will have
(®/(2k+1))/ Py states rather than ®/®P,. Hence, a ‘descendent’ of the v = 1/(2k+1)
primary state which has quasiholes or quasiparticles in, respectively, filling fraction

1/(2p £ 5;) states has electron filling fraction:

1
B 1 1 1
v = F T
1

= — 19.41
(2k+1) £ 5 ( )

If we now imagine the quasiholes or quasiparticles of this state forming a Laughlin
state, and so on, we will get the continued fractions:

1
v = (19.42)

2k+ 1+
1

2p1 £
2py £ -
Every odd-denominator fraction less than 1 can be obtained in this way. Of course,
fractional quantum Hall states are not observed at all of these fractions. As we descend
through this hierarchy of states, the energy gaps become smaller and hence more
easily destroyed by impurities. Furthermore, even in a pure system, the quasiholes or

quasiparticles could form Wigner crystal states at some filling fractions rather than

quantum Hall states.

19.7 Flux Exchange and ‘Composite Fermions’

Another perspective on the hierarchy of fractional quantum Hall states involves map-
ping a fractional quantum Hall state to an integer quantum Hall state. This can be
accomplished by introducing an auxiliary Chern-Simons gauge field which attaches

an even number of flux tubes to each electron. The attachment of an even number of
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flux tubes has no physical effect since it will change the phase acquired under braiding
or exchange by a multiple of 27. However, approximations that would have seemed
unnatural without the auxiliary gauge field appear quite sensible in its presence.
Let us consider the more general problem of anyons with statistics parameter 6 in
a magnetic field:
1

H=o—(p-cla+ A))® + Hiy (19.43)

where

eV xa=260-—m) Zé(r—ri) (19.44)

Here, we have represented the anyons as fermions interacting with a Chern-Simons
gauge field. If we now replace this field by its spatial average, e V x (a) = 2(0 — m)p,
then this mean field theory is just the problem of fermions in an effective magnetic
field

eBg =eV X (a+A)=eB+2(0—7)p (19.45)

If there is a state of fermions in B.g with a gap, then the fluctuations about mean-field
theory can probably be ignored.

Suppose our anyons are actually fermions. Then, we can take § = 7 and eB.g =
eB. However, we could, instead, take § = (+2k + 1)7, since this will give fermionic
statistics as well. In such a case, eBeg = eB + 2w(2k)p, or 1/veg = 1/v £+ 2k. Let us
choose Bt so that an integral number of Landau levels, n, are filled; this state will

have a gap. Since veg = n,
n
UV =
2kn + 1

(19.46)

For n = 1, this is just the Laughlin sequence. By exchanging real magnetic flux for
the fictitious statistical flux of an auxiliary Chern-Simons gauge field, we have related

the Laughlin states to a single filled Landau level.

n

_ : _ _ 123
If we fix k = 1 and consider veg = 1,2,3,...,n, we have v = 3,2, %,...,5.05.
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These are the filling fractions of the hierarchical sequence descending from v = %,

2 3
= = ... 19.47
) T ’ ( )

92 _

Successive levels of the hierarchy are thereby related to states with additional filled
Landau levels. In somewhat misleading, but ubiquitous, jargon, the fractional quan-
tum Hall states of electrons are integer quantum Hall states of ‘composite fermions’
[?7]. The term ‘composite fermion’ refers to a composite object formed by an electron
and an even number of flux quanta. This object fills an integer number of Landau
levels of the remaining, uncanceled magnetic field.

At this point, we have only shown that there are quantum Hall states obtained by
the ‘composite fermion’ construction at the same filling fractions at which there are
hierarchical states. It is not clear that the two different constructions yield states in
the same universality class. That they do can be shown by demonstrating that both
constructions lead to states with quasiparticles of the same charge and statistics and,
hence, the same ground state degeneracy on a torus. We will show this in the next
chapter using the field-theoretic descriptions of these states.

Here we have considered only the simplest ‘composite fermion’ states. More com-
plicated states can be constructed by introducing Chern-Simons gauge fields which
only interact with electrons in particular Landau levels. Similar constructions are
also available for spin-unpolarized and multi-layer systems.

Jain [?] used the ‘composite fermion’ construction to motivate the following trial

states for the filling fractions v = 55

\DWHJA(ZI“) = PLLL (H(Zz — Zj)Qk \I/n(zk)> (1948)

i>j

Prrr indicates projection into the lowest Landau level. The wavefunction W, (z)
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is the wavefunction of n filled Landau levels, so it has vanishing projection into the
lowest Landau level, and will contain powers of z;. However, the factor []; ;(z — zj)%
will multiply this by many more powers of z;. It may be shown that the resulting
expression has large projection into the lowest Landau level. At an operational level,
the lowest Landau level projection is accomplished by moving all of the factors of z;
to the left and making the replacement z; — a%' These wavefunctions have large
overlaps with the exact ground states of systems with small numbers of particles.
As we have seen, the mapping of an electron system at one filling fraction to
a (presumably, weakly interacting) fermion system at a different filling fraction has
shed considerable light on the fractional quantum Hall effect. This mapping has even
proven to be useful starting point for a quantitative analysis. This mapping is a
special case of the flux exchange process [?]: if we change the braiding statistics of
the particles in a system and, at the same time, change the magnetic field, in such a
way that
2pA0 = eAB (19.49)

A <§> N G) (19.50)

then the properties of the system will not change, at the mean field level. 1f we assume

or, equivalently,

that the fluctuations about mean-field theory are small, then the phase diagram of
Figure 19.4 holds, with properties qualitatively unchanged along the diagonals [?].
In this way, we can map electron systems to other fermion systems, to Bose
systems, or even to systems whose basic constituents are anyons. In the next chapter,
we will see that the mapping from a fractional quantum Hall state to a Bose superfluid

is the starting point for effective field theories of the quantum Hall effect.
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v = eBlp
primary Laughlin
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Fermi liquid bosons fermions fermions

A(B/m) (quantum statistics)

Figure 19.4: Systems at different points along the diagonals A (%) =A (%) in the
magnetic field-statistics plane have the same properties at the mean-field level.
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19.8 Edge Excitations

In our discussion of the integer quantum Hall effect, we saw that there were necessarily
gapless excitations at the edge of the system. The same is true in the fractional
quantum Hall effect. To see this, let us consider again our simple Hamiltonian which
annihilates the Laughlin state. All of the states

Y =521, 22, ..., an) [ (2 — 2)™ (19.51)

i>j

are also annihilated by H. In a more realistic model, there will be a confining potential
V (r) which favors states of lower total angular momentum. The Laughlin state itself,
with S = 1 is then the ground state, and the other states are edge excitations. They

are spanned by:
=11 II (i = )" (19.52)
where

Sp= Y 2" (19.53)

Suppose that Hgigx = H + Vione. Then, to lowest order in the angular momentum,

M, relative to the ground state:

Hdisk |p17p27"'> = f(M) |p17p27"'>
~ (const.) M |p1,pa,...)

= )‘ann ‘plap% s >

2mn
= v (an T) |p17p27"'>

where v = 27 A/L. This is the spectrum of a free bosonic field, but a chiral one, since
only p; > 0 are allowed.
These bosonic excitations are simply the edge waves of an incompressible liquid.

They will exist in any incompressible chiral fluid. To see how the edge excitations of
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a given quantum Hall state depend on the particular state, consider a quantum Hall
state on an annulus, rather than a disk, so that there are inner and outer edges. The
Laughlin state on an annulus can be described by:

v =1]"1] (= — z)" (19.54)

i i>j

where t is a large integer so that the inner radius of the annulus is fyy/2(tm + 1)
while the outer radius is £5(/2m(N +t). Essentially, we have carved out the inner
hole of the annulus by removing ¢ electrons from the center of the disk. If we take a
quasiparticle in the bulk and move it along a trajectory encircling the origin, it will
not aquire a phase e*™ = 1.

We can now create edge excitations generated by

ey (19.55)

for both positive and negative n, so long as n < t. We will take t ~ N so that both
the inner and outer radii of the annulus are macroscopic; then for reasonable values
of n, we will have excitations of both chiralities. Hence, the combined theory of both
edges is a non-chiral boson.
This theory has free bosonic excitations which are divided into m sectors, corre-
sponding to states which are built by acting with the s,,’s on
o =11=""1] (z — z)™ (19.56)
i i>j
where r =0,1,...,m — 1. Note that » = r + m by shifting ¢ by one. These different
sectors correspond to transferring a quasiparticle from the inner edge to the outer
edge; sectors which differ by the transference of an ineteger number of electrons from
on edge to the other are equivalent. The different sectors may be distinguished by the
phases which are aquired when quasiparticles encircle the origin. r = 0 corresponds

to periodic boundary conditions for quasiparticles. r # 0 corresponds to ‘twisted’
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boundary conditions for quasiparticles; they aquire a phase e*™/™ upon encircling
the origin. The sectors of the edge theory correspond to the m-fold degenerate ground
states of the theory on a torus, as may be seen by gluing the inner and outer edges

of the annulus to form a torus..



Chapter 20

Effective Field Theories of the
Quantum Hall Effect

20.1 Chern-Simons Theories of the Quantum Hall
Effect

The preceding discussion has been heavily dependent on Laughlin’s wavefunctions.
However, these wavefunctions are not the exact ground states of any real experimental
system. Their usefulness lies in the fact that they are representatives of a universality
class of states, all of which exhibit the fractional quantum Hall effect. What has been
missing to this point is a precise sense of which properties of these wavefunctions
define the universality class, and which ones are irrelevant perturbations. We alluded
earlier to the binding of zeroes to electrons. We will formalize this notion and use it
to find low-energy, long-wavelength effective field theories for the fractional quantum
Hall effect. One formulation of these effective field theories is in the form of a Landau-
Ginzburg theory which is strongly reminiscent of superfluidity or superconductivity.
One important difference, however, is that the order parameter is not a local function
of the electron variables. This is not a trivial distinction, and it is, ultimately, related

to the conclusion that a novel type of ordering is present in the quantum Hall states,

315
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namely ‘topological ordering.’
Recall that in a superfluid or a superconductor the off-diagonal entries of the

density matrix:

p(r,r’) = @i (r)y((r)) = / dry...dey ¥ (r,re,...,en)Y(r re, ... en)  (20.1)

exhibit off-diagonal long-range order,

plr,r’) — ¢"(r)o(r)) (20.2)

for some non-zero function ¢(r). Feynman argued that the ground state wavefunction
of a Bose fluid would have no zeroes, so it can be chosen everywhere real and positive.
In the absence of phase variations, (20.2) will hold. As a result of (20.2), we can
choose states of indefinite particle number such that (¢(r)) = ¢(r). ¢(r) can be
treated as a classical field and used to analyze interference phenomena such as the
Josephson effect. More importantly, off-diagonal long-range order is the hallmark of
superfluidity.

What happens if we calculate (20.2) in a Laughlin state state at v = 1/(2k + 1)7

p(r,x') = (@H(r)u()
_ /d222 P (2 — ) (E = )P — w2 o= L =il 8i3)

k>l
This correlation function does not show any signs of long-range order. The fluctuating
phases of the first two terms in the integral lead to exponential falloff. On the other

hand, if we consider correlation functions of:
¢T(2) _ efi(2k+1) fdQZ'Imln(Z*Z/)wT(/@ (20.4)

this phase is removed and we find algebraic falloff of correlation functions, or quasi-

long-range order,

(@'(2)p(2)) ~ m (20.5)
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as may be shown using the plasma analogy [?]. The drawback of this order parameter
is that it is not an analytic function of the z’s, and, hence, is not a lowest Landau

level operator. We could, instead, take:
¢T(Z) — im fdgz’ ln(zfz/)d)T(Z) (206)

which not only has true long-range order, but also remains strictly within the lowest
Landau level [?]. However, the field theory of this operator is more complicated, so
we will use (20.4).

A Landau-Ginzburg theory may be derived for the order parameter (20.4) [?] in
the following way. Begin with the Lagrangian for interacting electrons in a magnetic
field such that v = 1/(2k + 1):

2

Lar = 0" (i~ o)+ 5 — (1Y — AP = ity
V(@ = )l (@) (o)) (@)l (20.7)

We now rewrite this in terms of a bosonic field, ¢(x), interacting with a gauge field.
The gauge field is given a Chern-Simons action of the type discussed two chapters

ago, so that its only role is to transform the bosons ¢ into fermionic electrons.

2

Lar = 6" (00— (a0 + A) o+ 5 — 6"V — (a+ A)
16+ Ve = )6 ()0l (@ )o0)

1 17
Tk o 208

Note that the coefficient of the Chern-Simons term is 2k + 1. We could have chosen
any odd integer in order to obtain the correct statistics; the coefficient 2k+1 is chosen
for reasons which will become clear momentarily. To see that the correct statistics

are obtained, note that the ay equation of motion is:

V xa(r) =272k + 1) p(r) (20.9)
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The Chern-Simons gauge field equation attaches 2k 4+ 1 flux tubes to each ¢ boson.
As one boson is exchanged with another, it acquires an Aharonov-Bohm phase of
(—1)%*+1 = —1 as a result of these flux tubes.

As in the Landau-Ginzburg theory of a superconductor, long-range order in the
bosonic field ¢ — i.e. |¢|*> = p — breaks a U(1) symmetry. The Meissner effect results,
i.e. a+ A =0, since a non-zero constant effective magnetic field V x (a+ A) would
lead to badly divergent energy in (20.8) if |¢|> = p. This implies that B = -V x a =
21(2k 4+ 1)p, or v =1/(2k + 1).

If B is increased or decreased from this value, vortices are created, as in a type II

superconductor:

o(r.0) = lo(r)]e”
b+B = f(r)

with [¢(0)] = 0, [¢(c0)| = /po, f(o0) = 0. These vortices are the Laughlin quasiholes
and quasiparticles. They have one flux quantum of the a gauge field and very little
real magnetic flux. As a result of the flux quantum of a which they carry, they have
charge 1/(2k 4 1), according to (20.9).

Essentially, the electrons have become bound to 2k 4+ 1 flux tubes — or 2k + 1
zeroes as we put it earlier — thereby transmuting them into bosons in zero field.
These bosons undergo Bose condensation; the fractional quantum Hall liquids are
these Bose condensed states. Said slightly differently, the Chern-Simons gauge field,
which satisfies V x a(r) = (2k + 1)p(r), has been replaced by its spatial average,
V x (a(r)) = (2k 4+ 1)(p). The average field cancels the magnetic field so that
the bosons can condense. The fluctuations of a around its average value could, in
principle, destabilize the Bose condensed state, but they do not because there is an

energy gap.

Note that the Chern-Simons term results in an important difference between the
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Landau-Ginzburg theory of the quantum Hall effect and the Landau-Ginzburg the-
ory of a superconductor. The Chern-Simons term attaches flux to charges, so both
particles (electrons) and vortices (quasiparticles) carry charge and flux. As a result,
they are very much on the same footing; this can be made even more explicit, as we
will see later. In a superconductor, on the other hand, particles (Cooper pairs) carry

charge while vortices carry flux; they are thereby differentiated.

20.2 Duality in 2+ 1 Dimensions

The Landau-Ginzburg theory which we have just discussed has a dual formulation
which will prove useful in much of the following discussion. We will first consider
duality more generally for a U(1) theory in 2 + 1 dimensions and then consider the
particular case of the quantum Hall effect.

Consider a Landau-Ginzburg theory for a U(1) symmetry:
52
2m*

L= "oy +

WV o+ V([P (20.10)

In chapter 11, we showed that such a theory could, in its broken symmetry phase, be

simplified by writing v = /p;e® and integrating out the gapped fluctuations of p,:

_ Ps o oo
£=7>(0.0) (20.11)

This Lagrangian has a conserved current, 9,7, = 0 given by
Ju = ps 0,0 (20.12)

We have assumed that there are no fluctuations in the amplitude. However, we
can allow one type of amplitude fluctuations, namely vortices, if we allow 6 to have

singularities. Then the vortex current takes the form:

]Z - GW/)\a,/a)\Q (2013)
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The conservation law (20.12) can be automatically satisfied if we take
jlt == ewkaya,\ (2014)

Note that a, is not uniquely defined, but is subject to the gauge transformation
ax — ay + d,x. Equation (20.14) can be used to solve for ¢ and substituted into
equation (20.13):

O fuw = pa J (20.15)

where f,, is the field strength associated with the gauge field aj:
f;w = auau - auau (2016)

If we introduce a vortex annihilation operator, ®,, then (20.15) is the equation of

motion of the dual Lagrangian:
K , 1
EDual = 5 |(au - Zau)q)v|2 + Vo (|q)v|) + ﬁf;wf;w (2017)

where & is a vortex stiffness and Vg (|®,]|) is the vortex-vortex interaction. The final

term is a Maxwell term for the gauge field,

f;wf;w = 62 - b2

e; = Opa; — Oia

b= Eijai(lj (2018)

which is of the same form as the action for the electromagnetic gauge field, F),, F},, =
E? — B?

Notice that the conservation law (20.12) which followed from the equations of
motion in the original representation is a trivial, topological identity in the dual
representation, following from (20.14). The definition (20.13) of the vortex current in

the original representation is the equation of motion (20.15) in the dual representation.
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The broken symmetry phase of our original theory (20.11) is the phase in which
(®,) = 0. Vortices are gapped; the low-energy effective action in the dual language
is simply

1

EDual - ﬁf;wfuu (2019)

The gauge field a,, is the dual formulation of the Goldstone boson. However, when the
symmetry is restored by the proliferation and condensation of vortices, (®,) = ®q # 0,

the dual action is in its Higgs phase:
Lo = = |Po| L
Dual — 5 ’ O‘ auau + 2ps fMVfMV (2020)

and the gauge field a, becomes massive. Hence, it is possible, by a duality transfor-
mation, to pass between an XY theory and a U(1) Higgs theory.

Topological defects in the vortex order parameter, ®, carry one quantum of a,
flux. Hence, they are simply charges — e.g. Cooper pairs if the Landau-Ginzburg
theory describes a superconductor. Hence, the duality operation exchanges particles
and vortices. In the original representation(20.11), the Cooper pairs are the funda-
mental quanta while vortices are topological defects. In the dual representations, the
fundamental quanta are vortices while the topological defects are Cooper pairs.

Let us now extend this to transformation to the Chern-Simons theory of the

quantum Hall effect. Suppose we consider this theory

2

Leg = ¢"(10y — (ap + Ao)) ¢ + % ¢*(iV — (a+ A))2¢
+V (l6P) +

1
—We’“’pauﬁ,,ap (20.21)

in its fractional quantized Hall phase. We write ¢ = \/ﬁeie and integrate out the
gapped fluctuations of p:

L= 3p(040—a,—A) + 325 & ePaud,a, (20.22)
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This theory has a conserved current which is simply the electrical current:
Ju=p (00 —a, —Ay) (20.23)

We construct the dual representation of this current with a gauge field a:
I = €u0pan (20.24)

As in the derivation above, we consider vortices in the order parameter. As we saw at
the beginning of this chapter, they are simply Laughlin quasiparticles and quasiholes.
Their current is given by:

jgp = euu)\aua)\e (2025)

Using the dual expression for the current to eliminate 9,0 from the right-hand-side
of this equation, we have:

1 v

— Oy frw = J;, — €0y (a, +A,) (20.26)

This is the equation of motion of the dual Lagrangian:

K . 1
Loua = 5\(%—2%)@"\2 + Vo (|2%]) + %f/wf/w

1
g ), 20.27
2% + 1 dn. (20.27)

-+ Oéqu)\a,, (a,\ + A)\) +

where @ is the vortex annihilation operator. Integrating out a,, which appears

quadratically, we find:

1 .
Low = 5r|0 =i, )PP + Vo (19%]) +
k41, 1
4 "o, 0,0, + %fwfw + a,€00,A, (20.28)
Since the Maxwell term for a, has one extra derivative compared to the Chern-
Simons term, it is irrelevant in the long-wavelength limit. Let us drop the Maxwell

term and consider the effect of the Chern-Simons term. Since the quasiparticle anni-

hilation operator is coupled to the Chern-Simons gauge field, «,, each quasiparticle
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has flux 1/(2k + 1) attached to it. Hence, quasiparticles have statistics m/(2k + 1).
According to the last term in (20.28), the external electromagnetic potential A, is
coupled to the fictitious flux €;;0;c;. Since each quasiparticle has flux 1/(2k + 1)
attached to it, it has charge e/(2k + 1).

In the phase in which (®®) = 0, we can integrate out the quasiparticles, thereby

renormalizing the Maxwell term. We cn then integrate out ay,

2k + 1 1
‘Ce = — " au 5 Juvtuv v allA
7
m ANEW,\&,AN (2029)

which leaves us with an effective action for the electromagnetic field which incorpo-
rates the Hall conductance 1/(2k + 1).

Hence, this duality transformation has transformed an action (20.21) in which
the basic field ¢ represents a charge e fermionic electron and the basic soliton is a
charge e/(2k + 1), statistics 7/(2k + 1) quasiparticle into an action (20.28) in which
the basic field % represents a charge e/(2k + 1), statistics 7/(2k + 1) quasiparticle.
To complete the correspondence, we must show that the basic soliton in (20.28) is
a charge e fermionic electron. To do this, we must consider the state in which &I
condenses.

When (®%P) = &gP # 0, there are solitons in this state

OP(r,0) = [PP(r)]e”
B+B = f(r)

with [®@9P(0)| = 0, [®9(c0)| = \/po, f(c0) = 0. They carry one flux quantum of the
gauge field, so they are fermionic, charge e particles — i.e. electrons are the solitonic
excitations of the state in which &% condense.

When (&%) = &g #£ 0, we have the effective action:
2k +1

K
5 |

— qap |2
/;Dual - 9 q)o | [ mem +

1
a0, a, + 2—foW + €00, A, (20.30)
p
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The first term gives a Higgs mass to the gauge field «y,, which can now be integrated
out. In doing so, we can neglect the Chern-Simons term, which is irrelevant compared
to the Higgs mass. The resulting effective action for the electromagnetic gauge field
is then

1
Eeﬂ = 5”0 FMVFMV (2031)

In other words, the system is an insulator. The quantum Hall state with o,,, = ve*/h
is dual to the insulating state with o,, = 0 which is formed when quasiparticles
condense.

Note that this insulating state is not the only state into which quasiparticles
can condense. As we saw earlier in our construction of the hierarchy, quasiparticles
can also condense into fractional quantum Hall states, thereby leading to o,, =
(2k+141/p)~1 e?/h. Hence, the hierarchy construction is simply a variant of duality
in 2 + 1 dimensions, as we discuss in the next section. In this section, we have

considered the ‘usual’ case, p = 0.

20.3 The Hierarchy and the Jain Sequence

Rather than treat the quasiparticles and quasiholes as vortices, we can require that
¢ be topologically trivial and introduce a new bosonic field ¢, to keep track of the
positions of the vortices [?]. By introducing such a field, we are essentially introducing
the dual field ® of the previous section. The internal structure of the vortices is lost
in such an approximation; it is only valid for wavelengths much longer than the

quasiparticle size. In this limit, we obtain the following effective Lagrangian:

2
Lo = 60— (a0+ 40) &+ 5 — 6"V — (a+ A))6 + ulol*
2k+1

1
pvp pvp
+ o e"’c,0,a, + "?c,0,c,
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* [ hQ
+ &g (100 — o) &g + ¢ (1V — c) bq (20.32)
where c is another auxiliary gauge field which gives the ¢, field the fractional statistics
appropriate for a quasihole or quasiparticle. The Meissner effect requires B = —V x a,

while the ag and ¢y equations of motion lead to:

Vxc = 2r¢
(2k+1)Vxc+Vxa = 2o, (20.33)

If |¢,|> = 0, v = 1/(2k + 1) as before. Each quantum of ¢, decreases the electron
number by 1/(2k + 1).
If we introduce a third gauge field, f —which attaches an even number of flux tubes

to each quasiparticle, thereby leaving their statistics unchanged — ¢, can condense as

well [?],

2
Leg = ¢"(i0y — (ap + Ag)) ¢ + % ¢*(iV — (a+ A))2¢

2

, h
+ & (00 — (co+ o)) by + 5 — &IV = (¢ +£))°¢
2k+1 ., wwp 11 G
t o c 0y, + 5 € cu0,a, — I 2 fu0uf,  (20.34)

There are now two Meissner effects, one for ¢ and one for ¢,:

B+Vxa = 0
Vxc+tVxf = 0 (20.35)

The ag, co, and fy equations of motion are:

Vxc = 27|¢
(2k+1)Vxc+Vxa = 27|p,
Vxf = —21(2p)|o,l>. (20.36)

Combining these equations, we find v = 1/(2k + 1 — —) Continuing in this way, we
can find the Landau-Ginzburg theories for all of the hierarchy states.
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Let’s now consider the ‘composite fermion’ construction for the ‘Jain sequence’
v =n/(2pn £ 1). We represent the electrons as fermions interacting with a Chern-
Simons gauge field ¢, which attaches 2p flux tubes to each fermion. Lagrangian can

then be written:
2

Eeﬂ = ¢* (280 — Cy — A()) @Z) + 2h—7’n,* ¢*(lv —C — A)2¢
— bt + V(e — 2t () (2)9T (2 )b (a')
- — —"c,0,c, (20.37)

The flux of ¢, is anti-aligned with the magnetic field so the effective magnetic field
seen by the fermions is V x (¢ + A), which is such that the ¢’s — the composite
fermions — fill n Landau levels in the effective magnetic field.

To derive the effective theory for this state, we must now construct the effective
theory for n Landau levels. At v = 1/m, we introduced a Chern-Simons gauge field
so that we could represent each electron as a boson attached to m flux quanta. At
v = n, it is not useful to introduce a single Chern-Simons gauge field, which would
allow us to represent each electron as an anyon attached to 1/n flux quanta. Instead,
it is more useful introduce n gauge fields, each of which is coupled to the electrons in
one of the Landau levels. We can then represent each electron as a boson attached to
one flux quantum. The problem with such an approach is that we can only introduce
n gauge fields if there are n different conserved quantities, namely the charge in each
Landau level. These charges are not, in general, conserved: only the total charge is
conserved. We will come back to this point later, and assume for now that this will
not make a difference.

Then, the Lagrangian takes the form:

2

Lo = ¢ (280 —co AO) (ZV—a —c—A) o1
—pdror + V(w — 2')oj(x)o ( ) ¢5(2")ds(2')
L1 e"e,o,c, + ie“”pafﬁ,,ap (20.38)

2p 4 4
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where ¢; annihilates a boson corresponding to an electron in the I** Landau level.

20.4 K-matrices

A compact summary of the information in the Landau-Ginzburg theory is given by
the dual theory (see, for instance, [?] and references therein). Consider the Landau-

Ginzburg theory for v = 1/(2k + 1):

2

1
pvp
¢"’a,0,a,

OV — (a+ A) otulol' + 5 -
(20.39)

Eeff = ¢* (280 — (&0 -+ Ao)) ¢+ 2?71*

Let’s apply 2 + 1-dimensional duality to this Lagrangian, following (20.21)-(20.28).
We find the dual theory:

1
Low = 5r|0 =i, )PP + Vo (19%]) +
k41, 1
Ar et pauauap + %f;wf;w + a;LeuyAaVAu (2040)

or, keeping only the most relevant terms, simply

2k +1
s

»Cdual = elwpauayap + Auewjpayap + O[ujgortex + Evortex (2041)

This generalizes to an arbitrary abelian Chern-Simons theory:
1

Edual = E K[J GMVpOéiaVC(Z + tIAue’“”’@,,oa/I) + C(/Iij\/jortex I (2042)

The Hall conductance of such a state can be obtained by inergating out the Chern-

Simons gauge fields, which appear quadratically:
og = ZtItJ(K_l)[J (2043)
1,J
The charge of a vortex (i.e. a quasiparticle) of type i is:

ar =Yt (K", (20.44)



Chapter 20: Eftective Field Theories of the Quantum Hall Effect 328

and the braiding statistics between vortices of types ¢ and j is:
Or; = (K Y;s. (20.45)

Implicit in the normalizations is the assumption that the charges associated with
the jh e ar€ quantized in integers. Distinct quantum Hall states are therefore
represented by equivalence classes of (K, t) pairs under SL(k, Z) basis changes where
k is the rank of the K-matrix.

Let’s now construct the K-matrices associated with the hierarchy and the Jain
sequence. First, consider the Landau-Ginzburg theory (20.34) of a hierarchy state.
We assume that ¢ is condensed, and impose its Meissner effect, a, = A,. We ignore

the gapped fluctuations of ¢. Then

2
Lar = 0 (i00— (b + o)) 60+ 5 03(iV = (' +£)) 0,
2’1:1 mP e, el + 21 eecl a A, —ﬁge‘w”fu&, £, (20.46)

1

where ¢, = ¢,. We write ¢g, = [¢q|e?, integrate out the gapped fluctuations of

, and apply steps .21)-(20. to . y Introducing a gauge nield, c;:
Dqp d 1 20.21)-(20.28 20.34) by i duci field i
20,08 = JB = |Ggpl? (0" pqp — ¢ — f*) (20.47)

We use the 2 + 1-dimensional duality transformation to substitute this into (20.34).

1, 11
Leg = gw p(c,lfi‘fu) auC,QJ T 1 — 1.0, 1,
2k +1 1
T evrel e A, 20.4
+ = Lo, + — 5 €’ 10, (20.48)
Finally, we integrate out f,:
2k +1 2
Log = 74: e’L”pciaycll) + ﬁ e“”pciayci

1 1

+ ool + oo ee0,4, (20.49)



Chapter 20: Eftective Field Theories of the Quantum Hall Effect 329

Hence, a state at the first level of the hierarchy has
2k+1 1
K = (20.50)
1 P1

and t! = (1,0).
Continuing in this fashion, we find the K-matrix of an arbitrary hierarchy state

(19.42):
2%+1 1 0 0

K" = 0 1 p 1 (20.51)
0 0 1 P3

and t! = §1.

Let’s now consider the flux-exchange construction of the Jain sequence. Starting
with (20.38), we write ¢; = |¢|e?’, integrate out the gapped fluctuations of |¢;|, and
apply steps (20.21)-(20.28) to (20.38) by introducing gauge fields, o:

e‘””\ayozi = J! = |¢;? (8“(,01 —alr— e — A“) (20.52)

Using 2 + 1-dimensional duality, we re-write this as

L2 L. I Loy 14 1
Leg = %(fw) + o etve <§1:a“) Oy (c, +A4,) + - "o, 0,a,
1 11
+ E et pai@,,a/{, - E % e? pCM&,cp (2053)

Integrating out ai and c,, and dropping the subleading Maxwell terms we find

1 2
Log = Ee“”pai@a; + %e“”p <Zo¢i) 0, <2J:ozi>

I

1
+ oo (Zai) A, (20.54)
1
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In other words, the flux exchange construction of the Jain sequence is summarized

by the K-matrix:

2p+1 2p 2p 2p
2p 2p+1 2p 2p
K2 — | 2p 2p  2p+1 2 (20.55)
2p 2p 2p 2p+1

and tf = (1,1,...,1).

If we make the change of basis K" = WK}/ and th = W—tlan | with W =
d17 — Or41,7, then (??) is transformed into (20.51) with 2k +1 = 2p+ 1 and p; =
py = ... = 2. Meanwhile, ¢'#" is transformed into t". Hence, the two constructions
are identical for the corresponding filling fractions.

The K-matrix formalism also applies to some quantum Hall states which we have
not yet discussed. These include double-layer quantum Hall states — in which there
are two parallel layers of electrons — and spin-unpolarized systems. Although, we
have thus far assumed that the electrons are spin-polarized by the magnetic field,
band mass and g factor corrections make the ratio of Zeeman to cyclotron energies
~ 7/400, so that it may be necessary to include both spins when describing electrons
in moderately strong magnetic fields, even when the filling fraction is less than unity
[?7]. An example of a wavefunction which can describe spin-polarized electrons in
a double-layer system or spin-unpolarized electrons in a single-layer system is the
(m, m,n) wavefunction:

U (mon) (Wi, 25) = H(w, —w;)™ H(z, —z;)" H(w, —zi)". (20.56)
i<j i< L]
The w;’s and z;’s are, respectively, the coordinates of the up and down spin electrons,

2

. The notation
m—+n

or upper- and lower-layer electrons and the filling fraction is v =

of (20.56) is sloppy; (20.56) should be multiplied by the spin part of the wavefunction
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and antisymmetrized with respect to exchanges of up- and down-spin electrons. The

K= (m n) (20.57)

n m

K-matrix for this state is

and t! = t? = 1. By considering hierarchies built on the (m,m,n) states or states of
unpolarized electrons in multi-layer systems, we can imagine a cornucopia of fractional
quantum Hall states specified by K matrices.

What exactly do we mean when we say that a Chern-Simons theory such as (20.42)
is the low-energy effective field theory of a quantum Hall state? Let us first imagine
that our quantum Hall liquid is on a compact surface such as a sphere or a torus, rather
than in some bounded region of the plane as it would be in a real experiment. The
Hamiltonian of (20.42) vanishes, so every state in the theory has vanishing energy.
In other words, the Chern-Simons theory is a theory of the ground state(s). This
includes states with — essentially non-dynamical — quasiholes and quasiparticles at
fixed positions, since they are the lowest energy states at a given filling fraction.
This theory is only valid at energies much smaller than the gap since it ignores
all of the physics above the gap. The leading irrelevant corrections to (20.42) are
Maxwell terms of the form ((9”0/\ — (9>‘a”)2 which, by dimensional analysis, must
have a coefficient suppressed by the inverse of the gap. The quasiparticle charges
(20.44) and statistics (20.45) are the essential physics of the ground state which is
encapsulated in this theory. This is not all, however. On a surface of genus g, even
the state with no quasiparticles is degenerate. Two chapters ago, we saw that a
Chern-Simons with coefficient 2k + 1 has a 2k + 1-fold degenerate ground state on
the torus. This is precisely the ground state degeneracy which we obtained in the
previous chapter by adapting the Laughlin wavefunctions to the torus. This can be
generalized to an arbitrary quantum Hall state by diagonalizing its K-matrix and
multipying the degeneracies of the resulting decoupled Chern-Simons terms or; in

other words, the degeneracy is simply det/K. On a genus-g surface, this becomes
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(detK)9 [?]. Since numerical studies can be — and usually are — done on the sphere or
torus, the degeneracy is an important means of distinguishing distinct quantum Hall

states with different K-matrices at the same filling fraction.

20.5 Field Theories of Edge Excitations in the Quan-
tum Hall Effect

If, instead, we look at the Chern-Simons theory (20.42) on a bounded region of the

plane [?], then the variation of the action S = [ L is:

1
05 = o [ dwKiéaleo,n]

+ o /boundarydt dzn, (KIJ e#uﬂoéi 504;; + tJGWPAu(S@Z) (20.58)

if we set A, = j, = 0. The action is extremized if we take e“”pa,,ozg = 0 subject to
boundary conditions such that K JOC[LGHVP 6@5 = 0 at the boundary. Let us suppose
that x and y are the coordinates along and perpendicular to the boundary. Then,
the most general such boundary condition is Kjyal + Vijal = 0. Vi is a symmetric
matrix which will depend on the details of the boundary such as the steepness of the
confining potential. Clearly, K;;al+ V7ol = 0 would be a sensible gauge choice since
it is compatible with the boundary condition. In this gauge, the equation of motion
following from the variation of Krjaf + Visal in (20.42) is a constraint, which can
be satisfied if a! = 9;¢ for some scalar field ¢. Substituting this into the Lagrangian
and integrating by parts, we find that all of the action is at the edge:

S = QL / dtdeIJat¢Iax¢J—VIJax¢IaI¢J+AM€MV&,¢ItI (20'59)
T

The Chern-Simons theory of the bulk has been reduced to a theory of (chiral) bosons
at the edge of the system. These are precisely the excitations which we derived by

multiplying the Laughlin state by symmetric polynomials in the previous chapter.
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Chern-Simons Theory
of the Bulk

Conformal Field Theory
of the Edge

Figure 20.1: The Chern-Simons theory which describes the braiding of quasiparticles
in the bulk is associated with a Conformal Field Theory which describes the gapless
excitations at the edge.

Let’s consider the simplest case, v = 1/m
1
S=1 / At dv 0,6 0y — v 0s6 D+ - / dt dz Ae,, 0,61t (20.60)
T T

This is the action for a free chiral boson. The equations of motion (for A, = 0 for

simplicity)
(0p —v0;) 0pp =0 (20.61)

are satisfied if the field is chiral, ¢(z,t) = ¢(z + vt).

The equal-time commutations relations which follow from this action are:
[0:0(x), p(x")] =i — d(z — ) (20.62)
m
By varying the electromagnetic field, we derive the charge and current operators:

1
= _aét
p 5 ¢

1
= — 20.
= (20.63)
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Hence, the operatosr ¢ and €™ create excitations of charge 1/m:

@) — L i) s(p o
o). ] = i)
{p(a:), eime )} = @) 5z —2) (20.64)

These operators create quasiparticles and electrons respectively.
To compute their correlation functions, we must first compute the ¢ —¢ correlation
function. This is most simply obtained from the imaginary-time functional integral

by inverting the quadratic part of the action. In real-space, this gives:

(6(x,1) 6(0,0)) — (6(0,0) $(0,0)) = g g_c; % ﬁ (err 1)

_ 27 dk 1 (efik(erivT) _ 1)

m 21 k
1 rA dkl

mJ_—_or k

r+ivT

S % In[(z + ivr)/d] (20.65)

where a = 1/A is a short-distance cutoff. Hence, the quasiparticle correlation function

is given by:
<€i¢>(w7f)ei¢(070)> —  lo(®:t) $(0,0)—(6(0,0) $(0,0))
1
e 20.66
(z + qvT)l/m ( )
while the electron correlation function is:
< eime(@,7) oime(0,0) > — (1) $(0,0))—m?($(0,0) $(0,0))
1
= - (20.67)
(x + ivT)™

Hence, the quasiparticle creation operator has dimension 2/m while the electron
creation operator has dimension m/2.
Let us suppose that a tunnel junction is created between a quantum Hall fluid

and a Fermi liquid. The tunneling of electrons from the edge of the quantum Hall
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fluid to the Fermi liquid can be described by adding the following term to the action:
Seun = t / dr ™07 (0, 7) + c.c. (20.68)

Here, x = 0 is the point at which the junction is located and ¥ (x, 7) is the electron
annihilation operator in the Fermi liquid. As usual, it is a dimension 1/2 operator.

This term is irrelevant for m > 1:

dt

1

Hence, it can be handled perturbatively at low-temperature. The finite-temperature

tunneling conductance varies with temperature as:
Gy~ 2Tt (20.70)
while the current at zero-temperature varies as:
I ~t2V™ (20.71)

A tunnel junction between two identical quantum Hall fluids has tunneling action:

Sy = ¢ / dr em$107) =iméaO) | ¢ (20.72)
Hence,
dt
o= 1-mt (20.73)

and the tunneling conductance varies with temperature as:
Gy ~ 2 T2 (20.74)
while the current at zero-temperature varies as:

I ~ 2yt (20.75)
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Suppose we put a constriction in a Hall bar so that tunneling is possible from
the top edge of the bar to the bottom edge. Then quasiparticles can tunnel across

interior of the Hall fluid. The tunneling Hamiltonian is:
Stun =V /dT ¢! ?1(07) g=i62(07) 4 ¢ ¢ (20.76)

The tunneling of quasiparticles is relevant

dt 1

—=(1-— 20.77

al ( m) ! ( )
where ¢ and ¢, are the edge operators of the two edges. Hence, it can be treated
perturbatively only at high-temperatures or large voltages. At low voltage and high

temperature, the tunneling conductance varies with temperature as:

Gy~ 02 T2 (20.78)
while the current at zero-temperature varies as:

I ~ 2 Vi (20.79)

so long as V is not too small. If we measure the Hall conductance of the bar by
running current from the left to the right, then it will be reduced by the tunneling
current:

1 e?

G= e (const. v T2 (20.80)

When T" becomes low enough, the bar is effectively split in two so that all that remains

is the tunneling of electrons from the left side to the right side:
G~ T2 (20.81)
In other words, the conductance is given by a scaling function of the form:

a-L e—; Y (v T ?) (20.82)

m
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with Y(z) — 1 ~ —z for z — 0 and Y (z) ~ ™™ for z — 0.

For a general K-matrix, the edge structure is more complicated since there will
be several bosonic fields, but they can still be analyzed by the basic methods of free
field theory. Details can be found in .

20.6 Duality in 1+ 1 Dimensions

At the end of the previous section, we saw that a problem which could, in the weak-
coupling limit, be described by the tunneling of quasiparticles was, in the strong
coupling limit, described by the tunneling of electrons. This is an example of a situ-
ation in which there are two dual descriptions of the same problem. In the quantum
Hall effect, there is one description in which electrons are the fundamental objects
and quasiparticles appear as vortices in the electron fluid and another description in
which quasiparticles are the fundamental objects and electrons appear as aggregates
of three quasiparticles. We have already discussed this duality in the 2+ 1-dimensional
Chern-Simons Landau-Ginzburg theory which describes the bulk. In this section, we
will examine more carefully the implementation of this duality in the edge field the-
ories. As we will see, it essentially the same as the duality which we used in our
analysis of the Kosterlitz-Thouless transition. In the next section, we will look at the
analogous structure in the bulk field theory.

Let us consider a free non-chiral boson ¢. It can be expressed in terms of chrial

fields ¢, and ¢g:

Y = oL+ 9¢r
$ = ¢L—¢r (20.83)

Here, we have defined the dual field ¢. Observe that:

au()b = €uv 61/()0 (2084)
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The free action takes the form:
So = Si / da dr [(0,0)? +v*(0,0)’] (20.85)
T

where ¢ is an agular variable: ¢ = ¢ + 27. Let us rescale ¢ — ¢/,/g so that the

action is of the form:

Sy = 8% / dx dr [(8790)2 + v2(am<p)ﬂ (20.86)

As a result of the rescaling of ¢ which we performed in going from (20.85) to (20.86),
¢ now satisfies the identification ¢ = ¢ + 2m,/g.

Note that this theory has a conserved current, 9,7, = 0
Jp = Ouyp (20.87)
which is conserved by the equation of motion. It also has a current
D=0 (20.85)

which is trivially conserved.

Let us consider the Fourier decomposition of ¢p

1 1 .
rle,7) = —all+pplit—2)+iY —a,e "+
270 n
1 | R U
op(z,7) = 5955—1—]% (it + ) —I—Zzgane n(r—iz) (20.89)

Hence,

) ; 1 —n(T+iz —n(T—1ix
go(x,r):<p0+z(pL+pR)T+(pL—pR)ijzzg[ane (r+iz) 4 §,e”™ )]

n(r+iz) dne—n(T—ix)}

. . : 1 -
Pa,7) =0 + i(pL=pr)T + (pr+pr)w — i) [ane
(20.90)

where @o = x§ + x{ and @y = x{ — z{’. From the identification ¢ = ¢ + 27,/7, it

follows that ¢ = ¢ + 27,/g. From the canonical commutation relations for ¢, it
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follows that ¢ and (pr + pr) /2 are canonical conjugates. The periodicity condition

satisfied by ¢o imposes the following quantization condition on (py + pgr):

M
pL +pR=ﬁ, MeZ (20.91)

Furthermore, physical operators of the theory must respect the periodicity condition

of ¢. The allowed exponential operators involving ¢ are of the form:
(M, 0} = & va# =7 (20.92)

and they have dimension M?/g.
Let us assume that our edges are closed loops of finite extent, and rescale the
length so that = € [0, 7] with ¢(7,2) = (7,2 4+ 7) + 20 Ny/m for some integer N.

Then, from (20.90), we see that we must have

(pL —pr)=2N\/lg, NeZ (20.93)

These degrees of freedom are called ‘winding modes’. Hence, we have:

M
pe = 5 =+tNVg
L NG V9
M
PR = Ny/g (20.94)

2\/9
Note that this is reversed when we consider . Momentum modes are replaced by

winding modes and vice-versa. Following our earlier steps, but taking this reversal

into account, the allowed exponentials of ¢ are of the form:
{0, N} = ?VVoel@T) (20.95)

Hence, the most general exponential operator is of the form:

(M,N} = (Fervvme) | (Fnvim)o+ (25-Nva)on] (20.96)
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— T

Figure 20.2: An infinite chiral edge mode with a tunnel junction at one point can be
folded into a semi-infinite nonchiral mode with a tunnel junction at its endpoint.

with scaling dimension:

) = Y2 e 2 )

M?
= — + N
4g

_ LZ 2" | N2 (20.97)

These dimensions are invariant under the transformation g < 1/4¢g, M < N. In fact
the entire theory is invariant under this transformation. It is simply the transforma-
tion which exchanges ¢ and ¢.

When we couple two identical non-chiral bosons, ¢; and ¢y, we form ¢ = (¢ +
©1)/v/2. The factor of /2 is included so that both ¢ have the same coefficent, 1/87,
in front of their actions. However, this now means that o+ = 4 + 27r\/g>/2. When
we couple two bosons though exponential tunneling operators, only ¢_ is affected.
Hence, the appropriate duality is that for p_: (¢/2) <> 1/[4(g/2)] or, simply g <> 1/g.
This duality exchanges cos ¢_/ \/ﬁ and cos @_ \/g>/2, which transfer, repectively, a
pair of solitons (i.e. electrons) and a particle-hole pair from system 1 to system 2.

Let us now apply these considerations to quantum Hall edges. In order to apply
the above duality — which applies to non-chiral bosons — to a quantum Hall edge, which
is chiral, we must ‘fold” the edge in order to define a non-chiral field, as depicted in
figure 20.2.

If we fold the edge at x = 0, we can define ¢ = (¢(z) + ¢(—2))/v/2 and ¢ =
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(¢(x) — ¢(—x))/+/2. The latter vanishes at the origin; only the former is important
for edge tunneling. The allowed operators are:

[eNelvm) = % (20.98)

The factor of 1/2 on the right-hand-side comes from the v/2 in the definition of . If
we couple two edges, we can now define ¢_, which has allowed operators

[em/\/m_m} R\ (20.99)

m

and dual operators
[GZng?:_\/m/?] — M2%m (20.100)

which are dual under M < N, m < 1/m. The description in terms of ¢ is equivalent
to the description in terms of ¢. However, as we saw in the previous section, the
tunneling of quasiparticles between the two edges of a quantum Hall droplet is most
easily discussed in terms of ¢ when the tunneling is weak, i.e. in the ultraviolet,
when the tunneling operator can be written ¢?/V™. However, when the tunneling
becomes strong, in the infrared, the dual description in terms of ¢ is preferable, since

the corresonding tunneling operator is e“?V™,
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