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Chapter 1

Constraint Formalism

1.1 Principle of Least action:

Configuration space:
(q1, q2, . . . , qn)

with q(i)(ti) & q(f)(tf ) fixed, the classical path is the one that minimizes

S
︸︷︷︸

action

=

∫ tf

ti

L(qi(t), q̇i(t))dt (L = Lagrangian) (1.1.1)

i.e. if qi(t) = qclassicali (t) + ε δq(t).
As S = S(ε) has a minimum at ε = 0,

dS(0)

dε
= 0 (1.1.2)

{δq(ti) = 0 }
{δq(tf) = 0}
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8 CHAPTER 1. CONSTRAINT FORMALISM

dS(0)

dε
= 0

=

∫ tf

ti

dt

(
∂L

∂qi
δqi +

∂L

∂q̇i
δq̇i

)

Int. by parts

=

∫ tf

ti

dt

(
∂L

∂qi
− d

dt

∂L

∂q̇i

)

δqi

and, as δqi is arbitrary,

∂L

∂qi
=

d

dt

(
∂L

∂q̇i

)

(1.1.3)

1.2 Hamilton’s Equations

(Legendre transforms)

pi =
∂L

∂q̇i
(1.2.1)

H = piq̇i − L(qi, q̇i) (1.2.2)

Note that H does not explicitly depend on q̇i. i.e.

∂H

∂q̇i
= pi −

∂L

∂q̇i
= 0

Thus H = H(pi, qi).
Now:

dH =
∂H

∂qi
︸︷︷︸

A

dqi +
∂H

∂pi
︸︷︷︸

B

dpi (1.2.3)

= pidq̇i
︸︷︷︸

cancels

+q̇idpi −
∂L

∂qi
dqi −

∂L

∂q̇i
dq̇i

︸ ︷︷ ︸

cancels

but if we insert (1.2.1) → (1.1.3), we get ∂L
∂qi

= d
dt
(pi) = ṗi,

∴ dH = q̇i
︸︷︷︸

A

dpi − ṗi
︸︷︷︸

B

dqi (1.2.4)

From (1.2.3) and (1.2.4), we have:

q̇i =
∂H

∂pi
(1.2.5)

ṗi = −∂H
∂qi

(1.2.6)
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1.3 Poisson Brackets

A = A(qi, pi) (1.3.1)

B = B(qi, pi) (1.3.2)

{A,B}PB =
∑

i

(
∂A

∂qi

∂B

∂pi
− ∂A

∂pi

∂B

∂qi

)

(1.3.3)

So, we have

q̇i = {qi, H} (1.3.4)

ṗi = {pi, H} (1.3.5)

We can generalize this:

d

dt
A(qi(t), pi(t)) = {A,H} (1.3.6)

−→ Suppose in defining

pi =
∂L

∂q̇i
(1.3.7)

we cannot solve for q̇i in terms of pi. i.e. in

H = piq̇i − L(qi, q̇i)
ex: With S.H.O.

L =
m

2
q̇2 − k

2
q2

p =
∂L

∂q̇
= mq̇

→∴ H = pq̇ − L

= p
( p

m

)

−
[
m

2

( p

m

)2

− kq2

2

]

=
p2

2m
− kq2

2

i.e. can solve for q̇ in terms of p here.

Suppose we used the cartesian coord’s to define system

L =
m

2
ȧ2 +

m

2
ḃ2 + λ1(ȧ− b) + λ2(ḃ+ a)

i.e.

(a(t), b(t)) = (cos(θ(t)), sin(θ(t)))

∴ (ȧ(t), ḃ(t)) = (− sin(θ(t)) θ̇(t), cos(θ(t)) θ̇(t))

H 
(1.2.1)
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ex. a2 + b2 = 1

scale θ̇ = const. = 1
∴ ȧ = −b / ḃ = a

Dynamical Variables: a, b, λ1, λ2

∂L

∂λi
=

d

dt

∂L

∂λ̇i
= 0 =

{
ȧ− b i = 1

ḃ+ a i = 2

}

(λ1, λ2)→ Lagrangian Multipliers

The trouble comes when we try to pass to Hamiltonian;

pi =
∂L

∂q̇i
pλ1 = 0

pλ2 = 0

}

→ Cannot solve for λ̇i in terms of pλi , because these are 2 constraints

i.e. if

pi =
∂L

∂q̇i
(1.3.8)

cannot be solved, then
∂pi
∂q̇j

=
∂2L

∂q̇i∂q̇j
cannot be inverted.

In terms of Lagrange’s equations:

d

dt

∂L

∂q̇i
(qi, q̇i) =

∂L

∂qi
=

∂2L

∂q̇i∂q̇j
q̈j +

∂2L

∂q̇i∂qj
q̇j

So
∂2L

∂q̇i∂q̇j
︸ ︷︷ ︸

∗

q̈j = − ∂2L

∂q̇i∂qj
q̇j +

∂L

∂qi
(1.3.9)

∗ → qi, q̇i specified at t = to

∴ qi(t0 + δt) = qi(t0)
︸ ︷︷ ︸

given

+ q̇i(t0)
︸ ︷︷ ︸

given

δt+
1

2!
q̈i(t0) (δt)

2 +
1

3!

(
d3

dt3
qi(t0)

)

(δt)3 + . . .

Can solve for q̈i(t0) if we can invert ∂2L
∂q̇i∂q̇j

.

Thus, if a constraint occurs, q̈i(t0) cannot be determined from the initial conditions using
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Lagrange’s equations. i.e. from our example,

λi(t0 + δt) = λi(t0) + . . .+ λ̈i
︸︷︷︸

∗

(t0)

∗ → cannot be determined.

1.4 Dirac’s Theory of Constraints

If pi =
∂L
∂q̇i

implies a constraint χi(qi, pi) = 0 (i.e. from our example pλ1 = pλ2 = 0), then we
can define

H0 = piq̇i − L(qi, q̇i) Constraints hold here (1.4.1)

(So, for our example, (scaling m = 1),

L =
1

2
(ȧ2 + ḃ2) + λ1(ȧ− b) + λ2(ḃ+ a)

pλ1 = 0 = pλ2
pa = ȧ+ λ1

pb = ḃ+ λ2

∴ H0 = paȧ+ pbḃ+

=0
︷︸︸︷

pλiλ̇i−L

= pa(pa − λ1) + pb(pb − λ2)−
1

2

[
(pa − λ1)2 + (pb − λ2)2

]
−

λ1[pa − λ1 − b]− λ2[pb − λ2 + a])

The constraints must hold for all t, thus

d

dt
χi(q, p) = 0 (1.4.2)

= {χi, H}PB ≈ 0 zero if χi = 0 (“weakly” equal to zero)

where H = H0 + ciχi.
Sept. 15/99
So, we have:

H0 = piq̇i − L(q, q̇) (1.4.3)

H = H0 + ciχi(qi, pi) (1.4.4)

d

dt
χi = [χi, H0 + ciχi] ≈ 0→ This consistency condition could lead

to some additional constraints
(1.4.5)

The constraints coming from the definition pi =
∂L
∂q̇i

are called primary constraints.
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Additional constraints are called secondary. We could in principle also have tertiary
constraints, etc.. (In practice, tertiary constraints don’t arise).

Suppose we have constraints χi. They can be divided into First class and Second class
constraints.

first class constraints → label φi (1.4.6)

second class constraints → label θi (1.4.7)

For a first class constraint, φi, [φi, χj] ≈ 0 = αijk xk (for all j).
θi is second class if it is not first class.

We know that

H = H0 + ciχi

= H0 + aiφi + biθi
d

dt
χi = [χi, H] ≈ 0

Thus
d

dt
φi = [φi, H0 + ajφj + bjθj]

= [φi, H0] + aj[φi, φj] + φj[φi, aj] + bj[φi, θj] + θj[φi, bj]

≈ 0

≈ [φi, H0]

(true for any ai, bj)

d

dt
θi = [θi, H0] +

≈0
︷ ︸︸ ︷

aj[θi, φj] +

≈0
︷ ︸︸ ︷

φj[θi, aj] +bj[θi, θj] + θj
︸︷︷︸

≈0

[θi, bj]

≈ 0

≈ [θi, H0] + bj[θi, θj]

this fixes bj.
Note we have not fixed ai.
Hence for each first class constraint there is an arbitrariness in H0. To eliminate this ar-
bitrariness we impose extra conditions on the system. (These extra conditions are called
gauge conditions).

We call these gauge conditions γi (one for each first class constraint φi).
Full set of constraints: {φi, θi, γi} = {Θi}

H = H0 + aiφi + biθi + ciγi (1.4.8)

Provided {φi, γj} 6≈ 0, then the condition

d

dt
Θi ≈ 0 (1.4.9)
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fixes ai, bi, ci (All arbitrariness is eliminated).

Dirac Brackets (designed to replace Poisson Brackets so as to eliminate all constraints
from the theory).
Note:

[θi, θj] 6≈ 0 (Could be weakly zero for particular i, j but not in general (overall)).

dij = [θi, θj] = −[θj, θi](Antisymmetric matrix)

∴ det(dij) 6= 0

Thus i, j must be even. Hence there are always an even number of 2nd class constraints.
Now we define the Dirac Bracket.

[A,B]∗ = [A,B]−
∑

i,j

[A, θi]d
−1
ij [θj, B] (1.4.10)

Properties of the Dirac Bracket

1.

[θi, B]∗ = [θi, B]−
∑

k,l

[θi, θk]
︸ ︷︷ ︸

dik

d−1kl

︸ ︷︷ ︸

δil

[θl, B]

= [θi, B]− [θi, B]

= 0 (1.4.11)

2. We know that

0 = [[A,B], C] + [[B,C], A] + [[C,A], B] (1.4.12)

We can show that

0 = [[A,B]∗, C]∗ + [[B,C]∗, A]∗ + [[C,A]∗, B]∗ (1.4.13)

3. If A is some 1st class quantity, i.e. if [A,χi] ≈ 0 for any constraint χi, then

[A,B]∗ = [A,B]−
∑

ij

≈0
︷ ︸︸ ︷

[A, θi] d
−1
ij [θj, B]

= [A,B] (1.4.14)

Note that if

H = H0 + aiφi + biθi (1.4.15)
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then H itself is first class. Hence,
dC
dt

= [C, H] (1.4.16)

Thus by (3) above,
dC
dt
≈ [C, H]∗. (1.4.17)

But [θi, C]∗ = 0 by (1). Thus, in H, we can set θi = 0 before computing [C, H]∗.
i.e.

If we want to find dC
dt

we can use [C, H]∗ and take H to be just H = H0 + aiφi +

=0
︷︸︸︷

biθi
(Provided we exchange P.B. for Dirac B.).
Thus if we use the Dirac Bracket, we need not determine bi. If we include the gauge condition,
we can treat

Θi = {φi, θi, γi} (1.4.18)

as a large set of 2nd class constraints, and if

Dij = {Θi,Θj} (1.4.19)

then
[A,B]∗ = [A,B]−

∑

ij

[A,Θi]D
−1
ij [Θj, B] (1.4.20)

Sept. 17/99
So, so far:

L =
1

2
(ȧ2 + ḃ2 − a2 − b2) + λ1(ȧ− b) + λ2(ḃ+ a)

pa =
∂L

∂ȧ
= ȧ+ λ1

pb =
∂L

∂ḃ
= ḃ+ λ2

pλ1 = pλ2 = 0⇒ Constraint

H0 = piq̇i − L

= paȧ+ pbḃ+

0
︷ ︸︸ ︷

pλ1λ̇1+

0
︷ ︸︸ ︷

pλ2λ̇2−
[
1

2
(ȧ2 + ḃ2 − a2 − b2) + λ1(ȧ− b) + λ2(ḃ+ a)

]

→ can’t make any sense of this (can’t express

λ̇i in terms of pλi) unless we impose constraints.

= pa(pa − λ1) + pb(pb − λ2)−
[

1

2
((pa − λ1)2 + (pb − λ2)2 − a2 − b2) +

λ1(pa − λ1 − b) + λ2(pb − λ2 + a)

]

=
(pa − λ1)2

2
+

(pb − λ2)2
2

+
1

2
(a2 + b2) + λ1b− λ2a
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dpλ1
dt

= [pλ1 , H] ≈ 0

pa − λ1 − b = 0

pb − λ2 + a = 0

}

Secondary constraints

(tertiary constraints don’t arise)

θ1 = pλ1
θ2 = pλ2
θ3 = pa − λ1 − b
θ4 = pb − λ2 + a

→ These are all Second class - i.e. [θ1, θ3] = 1 = [θ2, θ4]

(No first class constraints → no gauge condition).

H = H0 + ciθi → ci fixed by the condition θ̇i = [θi, H] ≈ 0

- or could move to Dirac Brackets, and let θi = 0.
Need:

dij =







0 0 1 0
0 0 0 1
−1 0 0 2
0 −1 −2 0






= [θi, θj]

→ [X,Y ]∗ = [X,Y ]− [X, θi]d
−1
ij [θj, Y ]

Can eliminate constraints sequentially instead of all at once (easier).
Eliminate θ3&θ4 initially.

θ
(1)
1 = pa − λ1 − b
θ
(1)
2 = pb − λ2 + a

d
(1)
12 = [θ

(1)
1 , θ

(1)
2 ]

= 2

∴ d
(1)
ij =

[
0 2
−2 0

]

→ (d
(1)
ij )
−1 =

[
0 −1

2
1
2

0

]

∴ [X,Y ]∗ = [X,Y ]− [X, θ
(1)
1 ]

−1/2
︷︸︸︷

d−112 [θ
(1)
2 , Y ]− [X, θ

(1)
2 ]

1/2
︷︸︸︷

d−121 [θ
(1)
1 , Y ]

Now we need to eliminate

θ
(2)
1 = pλ1

θ
(2)
2 = pλ2
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d
(2)
ij = [θ

(2)
i , θ

(2)
j ]∗ (note *)

→ d
(2)
12 = 0− [pλ1 , pa − λ1 − b]

(

−1

2

)

[pb − λ2 + a, pλ2 ]

= [pλ1 , λ1]

(

−1

2

)

[pλ2 , λ2]

= −1

2
= −d(2)21

d
(2)
ij =

[
0 −1

2
1
2

0

]

−→ (d
(2)
ij )
−1 =

[
0 2
−2 0

]

Finally,
[X,Y ]∗∗ = [X,Y ]∗ − [X, θ

(2)
i ]∗(d

(2)
ij )
−1[θ

(2)
j , Y ]∗

We can finally see that

[a, pa]
∗∗ = 1

[b, pb]
∗∗ = 1

and all other fundamental Dirac Brackets are zero. i.e.

[a, pb] = 0

as

pa − λ1 − b = 0

pb − λ2 + a = 0

and

H0 =
b2

2
+

(−a)2
2

+
a2 + b2

2
+ (pa − b)b− (pb + a)a

= pab− pba
So,

H = pab− pba
da

dt
= [a,H]∗∗

= [a, pab− pba]∗∗

= b

db

dt
= [b,H]∗∗

= −a
If we have gauge conditions & first class constraints φi:

H = H0 + aiφi +

0
︷︸︸︷

biθi



1.4. DIRAC’S THEORY OF CONSTRAINTS 17

1st stage: → get rid of 2nd class constraints. Do this by

[ ]→ [ ]∗

At this stage,
H = H0 + aiφi

As the ai’s are not fixed,

dA

dt
= [A,H]∗

≈ [A,H0]
∗ + ai [A, φi]

∗

ai → Arbitrariness

γ = 0 must intersect qi(t) at one & only one point.

→ “Gribov Ambiguity” (to be avoided).
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Sept. 21/99
Relativistic Free Particle

S ∝ arc length from xµ(τi) to x
µ(τf )

= −m
∫ τf

τi

√
(
dxµ

dτ

)(
dxµ
dτ

)

dτ

The m = const. of proportionality → gµν = (+,−,−,−).

S = −m
∫ τf

τi

dτ
√
ẋ2 (1.4.21)

pµ =
∂L

∂ẋµ
= −mẋµ√

ẋ2
(1.4.22)

Constraints

pµp
µ =

m2ẋµẋ
µ

ẋ2

0 = p2 −m2 (1.4.23)

H0 = pµẋ
µ − L

= −mẋµẋ
µ

√
ẋ2
− (−m

√
ẋ2)

= 0 !

H = H0 + Uiχi

= γ(p2 −m2) (Pure Constraint!)

ẋµ =
∂H

∂pµ
dxµ

dτ
= κ(2pµ) (1.4.24)
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This arbitrariness in ẋµ is a reflection of the fat that in S, τ is a freely chosen parameter,
i.e.

S = −m
∫

dτ

√

dxµ
dτ

dxµ

dτ
(1.4.25)

τ → τ(τ ′) dτ =
dτ

dτ ′
dτ ′

∴
dxµ

dτ
=

dxµ

dτ ′
dτ ′

dτ
(1.4.26)

S = −m
∫

dτ ′
√

dxµ

dτ ′
dxµ
dτ ′

(1.4.27)

−→ Now let κ = 1
2
dτ ′

dτ
. Thus, (insert κ into (1.4.24))

dxµ

dτ
=

dτ ′

dτ
pµ and equate this with (1.4.26) (1.4.28)

dxµ

dτ ′
= pµ (1.4.29)

Gauge fixing in this case corresponds to a choice of the parameter τ .
-The formalism of Dirac actually breaks down for gauge choices γ which are dependent

on “time” (which in this case means on τ ).
(Note, we can think of this reparameterization invariance τ → τ(τ ′) as being a form of

diffeomorphism invariance in 0 + 1 dimensions, i.e. xµ(τ) is a scalar field moving in 0 + 1
dimensions, and has a so-called “tangent space” which is four dimensional.

Thus, this is a simpler version of G.R. where we have scalars φ′(xµ) moving in 3 + 1
dimensions with the diffeomorphism invariance xµ → xµ(x′µ). Techniques in G.R. & in the
single particle case often overlap.

eq. of motion:

L = −m
√
ẋ2

0 =
d

dτ

∂L

∂ẋµ
− ∂L

∂xµ

Thus,

d

dτ

(−mẋµ√
ẋ2

)

= 0

mẍµ√
ẋ2

= 0

Now identify τ with the arc length along the particle’s trajectory:
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ds2 = dxµdx
µ

If dτ 2 = ds2, then

dxµ
dτ

dxµ

dτ
= 1 (1.4.30)

ẋ2 = 1 (1.4.31)

(τ is called the “proper time” in this instance).
i.e.

if dx = 0, ds2 = dt2 = dτ 2.
In this case, the equation of motion becomes

mẍµ = 0

The corresponding action is

S =
m

2

∫ τf

τi

dτ ẋ2 ← absence of
√

means this is not invariant under τ → τ(τ ′).

d

dt

∂L

∂ẋµ
− ∂L

∂xµ
= mẍµ = 0

H = pµẋ
µ − L

where pµ = ∂L
∂ẋµ

= mẋµ

H = pµ

(
pµ

m

)

− m

2

(pµ
m

)2

H =
pµp

µ

2m
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Other gauge choice:
τ = x4 = t(breaks Lorentz invariance)

Work directly from the action:

S = −m
∫

dτ

√

dt

dτ

dt

dτ
− d~r

dτ

d~r

dτ

If we’ve chosen τ = t, then

S = −m
∫

dt
√
1− ~v2 ; ~v =

d~r

dt

eq. of motion:

d

dt

∂L

∂~̇r
− ∂L

∂~r
= 0

∴
d

dt

(
m~v√
1− ~v2

)

= 0

~p =
∂L

∂~̇r
=

m~v√
1− ~v2

(momentum)

H = ~p · ~̇r − L
= ~p · ~v − L

but ~p2 = m2~v2

1−~v2

∴ ~p2(1− ~v2) = m2~v2

~p2 − ~p2~v2 = m2~v2

~p2 = ~v2(~p2 +m2)

~v2 =
~p2

m2 + ~p2

1− ~v2 = 1− ~p2

m2 + ~p2
=
m2+ 6~p2− 6~p2
m2 + ~p2

∴
√
1− ~v2 =

√

m2

~p2 +m2

Thus,

~v =
~p

√

m2 + ~p2

H = ~p · ~p
√

m2 + ~p2
− (−m)

m
√

m2 + ~p2

=
√

~p2 +m2 ⇒ E = numerical value of H =
m√
1− v2

=
mc2

√

1− v2

c2



22 CHAPTER 1. CONSTRAINT FORMALISM

Note:

E2 = ~p2 +m2

(E2 − ~p2)−m2 = 0

∴ pµ = (~p, E)

pµp
µ −m2 = 0

Limit m→ 0

S = −m
∫

dτ
√
ẋ2

→ 0 ??

i.e.
d

dt

(
m~v√
1− ~v2

)

→ 0 ???

|~v| → 1 as m→ 0.

Circumvent by introducing a Lagrange multiplier e.

S = −1

2

∫ (
ẋ2

e
+m2e

)

dτ

e = e(τ) , xµ = xµ(τ)

m2 → 0 is well defined in S. As
d

dτ

∂L

∂ė
︸︷︷︸

=0

−∂L
∂e

= 0

So,

− ẋ
2

e2
+m2 = 0→ e =

√

ẋ2

m2

Thus,

S = −1

2

∫

dτ

[

mẋ2√
ẋ2

+m2

√

ẋ2

m2

]

= −m
∫

dτ
√
ẋ2

Can see that e field can be eliminated → really just a Lagrange multiplier that insures
S 6= 0 when m = 0.
Note:
The action

S = −1

2

∫

dτ

(
ẋ2

e
+m2e

)

(1.4.32)
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is invariant under

τ → τ + f(τ) (1.4.33)

δxµ = ẋµf(τ) (1.4.34)

δe = ḟ e+ ėf (1.4.35)

Sept. 22/99
So, for the above system:

L = −1

2

(
ẋ2

e
+m2e

)

eqn’s of motion:

0 = − ẋ
2

e2
+m2

(

from
d

dτ

∂L

∂ė
− ∂L

∂e
= 0

)

0 =
d

dτ

(
ẋµ

e

) (

from
d

dτ

∂L

∂ẋµ
− ∂L

∂xµ
= 0

)

pµ =
∂L

∂ẋµ
= − ẋµ

e
(no constraint → can solve for ẋµ in terms of pµ).

pe =
∂L

∂ė
= 0 (primary constraint)

H0 = pµẋ
µ +

=0
︷︸︸︷

peė −L

= pµ(−pµe)−
[

−1

2

(
ẋ2

e
+m2e

)]

; ẋ2 = xµx
µ = −p2e2

= −1

2
e(p2 −m2)

ṗe = 0 = [pe, H0]

{

=

[

pe,
1

2
e(p2 −m2)

]}

0 = −1

2
(p2 −m2) (Secondary Constraint)

Both pe = 0 (gauge condition e = 1) and p2 −m2 = 0 (already discussed) are first calss.
Note: Remember that

S =

∫

d4x
√
g gµν

(
∂µφA(x)

) (
∂νφA(x)

)
(1.4.36)

• action for a scalar field φA(x) in 3+1 Dim.
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Vierbein (“deals with 4-d”)

gµν = eaµeaν
√
g =

√

det(gµν) = [det(eµν)]
−1 = e−1

In 0 + 1 dimensions

S =

∫

dτ
1

e

(
d

dτ
φA
)(

d

dτ
φA
)

=

∫

dτ
(φ̇A)2

e
−→

∫

dτ
(ẋµ)2

e

e→ “Einbein” (assoc. with 1 dim)

1.5 Quantizing a system with constraints

[A,B]PB → 1

i~
[Â, B̂]commutator (c) (1.5.1)

ex.

[q, p]PB = 1 (1.5.2)

[q̂, p̂]c = i~ (1.5.3)

If there are constraints ξi(q, p) then,

ξi(q̂, p̂) |ψ >phys.= 0 (1.5.4)

ex. For L = −1

2

(
ẋ2

e
+m2e

)

χ1 = pe χ2 = p2 −m2 (2 constraints)

Quantization conditions will be

[xµ, p
ν ] = i~δνµ (1.5.5)

δνµ → (+,+,+,+)
(

re: pµ =
∂L

∂ẋµ
→ Contrav. = der. of covar.

)

(p2 −m2) |ψ >phys = 0 (Klein-Gordon eq.) (1.5.6)

pµ = −i~ ∂

∂xµ
(1.5.7)
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If Φ(x) =< x|ψ >phys then

[(

−i~ ∂

∂xµ

)2

−m2

]

Φ(x) = 0

Classical Motivation for Spin
Brint, deVecchia & How, Nuclear P. 118, pg. 76 (1977)
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Chapter 2

Grassmann Variables

(Casa/booni, N.C. 33A)

θ1, θ2 → Grassmann Variables (call θ if only 1 present), where;

θ1θ2 = −θ2θ1 (2.0.1)

θ21 = −θ21 = 0 (2.0.2)

ex. (these can only be . . . )

f(x1, θ) = a(x) + b(x)θ (2.0.3)

f(x, θ1, θ2) = a(x) + bi(x)θi +
1

2
c(x)εijθiθj (2.0.4)

(→ εij = −εji)

Calculus

dθ

dθ
= 1

dκ

dθ
= 0(κ = const.) (2.0.5)

d

dθ1
(θ1θ2) =

=1
︷︸︸︷

dθ1
dθ2

θ2 + θ1

=0
︷ ︸︸ ︷(

−dθ2
dθ1

)
(-ve sign in 2nd term because we’re moving

d
dθ1

through to θ2)

= θ2 (2.0.6)

Similarly

d

dθ2
(θ1θ2) =

dθ1
dθ2

θ2 + θ1

(

−dθ2
dθ2

)

= −θ1 (2.0.7)

27
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2.1 Integration

∫

dθ ↔ d

dθ
i.e. Integration & differentiation are identical (2.1.1)

i.e.

∫

dθ c = 0 (int. of a constant c ) (2.1.2)
∫

dθ θ = 1 (2.1.3)

For example;

∫

dθ1 dθ2 (θ1θ2) =
d

dθ1

(
d

dθ2
θ1θ2

)

=
d

dθ1
(−θ1)

= −1
= −

∫

dθ2 dθ1 θ1θ2

= −
∫

dθ1 dθ2θ2θ1

Another example:

∫

dθ1dθ2f(x, θ1, θ2) =

∫

dθ1dθ2



 a
︸︷︷︸

(i)

+ biθi
︸︷︷︸

(ii)

+
1

2
εijc θiθj





(i)→ 0 (const.) (ii)→ 0 (θi → int. over θj gives 0)

= c

∫

dθ1dθ2

(
1

2
θ1θ2 −

1

2
θ2θ1

)

= −c(x)

Delta function:
∫

dθ δ(θ)f(x, θ) = f(x, 0)

→
∫

dθ δ(θ) [a(x) + b(x)θ] = a(x)

=⇒ δ(θ) = θ (2.1.4)
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The following is an example to demonstrate the properties of different kinds of statistical
models. Suppose there are three students:

(T) Tom

(D) Dick

(H) Harry

How many ways can two prizes be awarded to T, D, H?

1. Suppose there are two medals, (distinguishable awards) a Newton medal (N) and a
Shakespear medal (S).

T D H
N S
S N
N S

T D H
S N

N S
S N

T D H
NS

NS
NS

So, there are 9 different ways to award 2 distinguishable medals.

2. Two silver dollars (2 medals, indistinguishable)

T D H
$ $
$ $

$ $

T D H
$ $

$ $
$ $

So, there are 6 ways to award 2 indistinguishable medals.

3. Two positions (P) on football team (2 medals, indistinguishable). But! → now makes
no sense for one person to receive 2 “medals” (one player can’t have 2 positions).

T D H
P P
P P

P P

There are 3 ways to award to indistinguishable yet distinct “medals”.

Now call the
{
prizes ↔ particles
students ↔ states

1. = Maxwell-Bolzmann statistics

2. = Bose-Einstein

3. = Fermi-Dirac
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Sept. 24/99
Returning to our discussion of Grassmann variables, the Lagrangian is now

L = L
(

xµ(τ), θa(τ), ẋ
µ(τ), θ̇a(τ)

)

(2.1.5)

where

0 = θa(τ)θb(τ
′) + θb(τ

′)θa(τ) (2.1.6)

pµ =
∂L

∂ẋµ
and Πa =

∂L

∂θ̇a
(2.1.7)

H = H(xµ, θa, pµ,Π
a) = q̇µpµ + θ̇aΠa

︸︷︷︸

∗

−L (2.1.8)

* - order important

δ

∫ τf

τ0

dτ L =

∫ τf

τ0

dτ






δxµ

∂L

∂xµ
+ δθ

δL

δθa
+ δẋ

∂L

∂ẋµ
︸ ︷︷ ︸

int. by parts

+ δθ̇a
∂L

∂θ̇a
︸ ︷︷ ︸

int. by parts







→ d

dτ

∂L

∂ẋµ
=

∂L

∂xµ
, → d

dτ

∂L

∂θ̇a
=
∂L

∂θa

= δ

∫

dτ
(

q̇µpµ + θ̇aΠa −H(q, p, θ,Π)
)

=

∫

dτ

(

δq̇ p+ q̇ δp+ δθ̇ Π+ θ̇ δΠ− δq ∂H
∂q
− δp∂H

∂P
− δθ ∂H

∂θ
− δΠ ∂H

∂Π

)

int. by parts:

=

∫

dτ

(

−ṗ δq + q̇ δp− Π̇ δθ + θ̇ δΠ− δq ∂H
∂q
− δp∂H

∂p
− δθ ∂H

∂θ
− δΠ ∂H

∂Π

)

And so, for this to be zero, we must have:

ṗµ = −∂H
∂qµ

, Π̇a = −∂H
∂θa

(2.1.9)

q̇µ = +
∂H

∂pµ
, θ̇a = − ∂H

∂Πa
(2.1.10)

2.2 Poisson Bracket

A(q, p, θ,Π), B(q, p, θ,Π)
Note:

• Anything Grassmann is odd

• Anything else is even

For the order of two quantities:
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• Even/Even (doesn’t matter)

• Even/Odd (doesn’t matter)

• Odd/Odd → Switch the two, you pick up a -ve sign.

[A,B]PB =







∂A
∂q

∂B
∂p
− ∂A

∂p
∂B
∂q

+ ∂A
∂θ

∂B
∂Π
− ∂B

∂θ
∂A
∂Π

1. A,B “even”
∂A
∂q

∂B
∂p
− ∂A

∂p
∂B
∂q

+ ∂A
∂θ

∂B
∂Π

+ ∂A
∂Π

∂B
∂θ

∂A
∂q

∂B
∂p

+ ∂B
∂q

∂A
∂p
− ∂A

∂θ
∂B
∂Π
− ∂B

∂θ
∂A
∂Π

2. A,B “Odd”

∂A
∂q

∂B
∂p
− ∂B

∂q
∂A
∂p

+ ∂A
∂θ

∂B
∂Π

+ ∂B
∂θ

∂A
∂Π

3. A “Even”, B “Odd”

With this, we find that (Not trivial!):

0 = [[A,B] , C] + [[B,C] , A] + [[C,A] , B] (2.2.1)

Look at the “spinning particle” (Not superparticle).
Simplest action involving Grassmann Variables.

(Brink et. al. NP B118)

L = L (φµ(τ), ψµ(τ)) (φµ ≡ xµ(τ), ψ → Grassmann)

=
1

2

[

φ̇µφ̇µ
e
− iψµ(τ) ψ̇µ(τ)

]

;

(

cf L = −1

2

(

− ẋ
2

2
+m2e

))

(2.2.2)

Note:

1. ψ̇µψ̇µ = 0 (why we can’t have two ψ̇ in L).

2. i → needed so that L = L+

i.e. L = (−iψψ̇) (Re: (AB)+ = B+A+ )

L+ = (+i)(ψ̇+ψ+) = iψ̇ψ = −iψψ̇ = L

3. The following

τ → τ + f(τ) (2.2.3)

δφµ = φ̇f (2.2.4)

δe = ḟ e+ ėf (2.2.5)

δψµ = ψ̇µf (2.2.6)

is an invariance of S =
∫
dτ L (reparametrization invariance)
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Quantizing this leads to negative norm states in the Hilbert space associated with ψ0(τ).

< ψ0|ψ0 > < 0 (Don’t want.)

(ex L = −1

2
∂µA

λ ∂µAλ → AλAλ = (A0)2 − ~A2 (A0 = -ve norm state)

)

We eliminate the unwanted negative norm state by building in an extra symmetry.

L =
1

2

(

φ̇2

e
− iψµψ̇

µ − i

e
χφ̇µψµ

)

; χ(τ) is Grassmann (2.2.7)

1. Add in δχ = ḟχ+ χ̇f

2. We have another invariance (α = α(τ) is Grassmann)

δαφ
µ = iαψµ (2.2.8)

δαψ
µ = α

(

φ̇µ

e
− i

2e
χψµ

)

(2.2.9)

δαe = iαχ (2.2.10)

δαχ = 2α̇ (2.2.11)

δαL =
d

dτ
(...) He didn’t recall (2.2.12)

• φ - Scalar in 0+1 dimensions.

• ψµ - Spinor in 0+1 dimensions.

• e - “einbein” in 0+1 dimensions.

• χ - “gravitino” in 0+1 dimensions.

L - analogous to SUGRA L in 3+1 dimensions.

2.3 Quantization of the spinning particle.

Πµ =
∂L

∂ψ̇µ
=

∂

∂ψ̇µ

(

− i

2
ψνψ̇

ν

)

(2.3.1)

=
i

2
ψµ → Second Class constraint (2.3.2)

θµ = Πµ −
i

2
ψµ = 0 (2.3.3)

∴→ [θµ, θν ]PB 6= 0 (2.3.4)
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We could proceed with the Dirac formalism. We could also cheat and use the equations of
motion. Recall:

L =
1

2

(

φ̇µφ̇
µ

e
− iψµψ̇

µ − i

e
χφ̇µψ

µ

)

(2.3.5)

δαφ
µ = iαψµ (2.3.6)

δαψ
µ = α

(

φ̇µ

e
− i

2e
χψµ

)

(2.3.7)

δαe = iαχ (2.3.8)

δαχ = 2α̇ (2.3.9)

Eq. of motion for e:

d

dτ

(
∂L

∂ė

)

=
∂L

∂e
(2.3.10)

0 = φ̇2 − iχφ̇µψ
µ (2.3.11)

For χ :

φ̇µψµ = 0 → eliminates -ve norm states If φ0 = v, vψν = 0 (2.3.12)

We could have gotten these two equations from the Hamiltonian formalism because these
are the constraint equations that follow from the primary constraints

pe =
∂L

∂ė
= 0 (2.3.13)

pχ =
∂L

∂χ̇
= 0 (2.3.14)

These are both first class constraints → gauge conditions.

pχ = 0

pe = 0

}

← χ = 0

e = 1

}

“proper time” guage conditions. (2.3.15)

The equations of motion for:
φµ:

d

dτ

(
∂L

∂φ̇µ

)

=
∂L

∂φµ
(2.3.16)

0 =
d

dτ

(

2φ̇µ

e
− iχψµ

e

)

(2.3.17)



34 CHAPTER 2. GRASSMANN VARIABLES

ψµ:

0 = 2ψ̇µ − χφ̇µ

e
(2.3.18)

It is possible to show that the Dirac Brackets are

[φµ, pν ]
∗ = gµν (2.3.19)

[ψµ, ψν ]
∗ = −igµν

(

Remember that pψµ =
∂L

∂ψ̇µ
=

i

2
ψµ

)

(2.3.20)

Quantization:

1. [ , ]∗ → 1
i~ [ , ](anti)−commutator

Thus: (letting ~ = 1)
[

φ̂µ, p̂ν

]

−
= igµν → φ̂µp̂ν − p̂νφ̂µ = igµν (2.3.21)

[

ψ̂µ, ψ̂ν

]

+
= gµν → ψ̂µψ̂ν + ψ̂νψ̂µ = gµν (2.3.22)

2. χi|ψ > = 0 for any constraint χi.

In the gauge χ = 0, e = 1

pµ =
∂L

∂φ̇µ
= φ̇µ − i

2e
χψµ

︸ ︷︷ ︸

=0

(2.3.23)

Thus:

φ̇2 = 0⇒ p̂2|Ψ > = 0 (2.3.24)

φ̇ · ψ = 0⇒ p̂ · ψ̂|Ψ > = 0 (2.3.25)

If we let

ψ̂µ =
γµ√
2

(2.3.26)

and as ψ̇µ = 0 in the Heisenberg picture, then γµ is a constant and satisfies the algebra,

{γµ, γν} = 2gµν ({ , } → anticommutator). (2.3.27)

If the coordinate representation
Ψ(φ) =< φ|Ψ > (2.3.28)

then

[φ̂µ, p̂ν ] = igµν (2.3.29)

→ pν = −i ∂
∂φν

and p̂ · ψ̂|Ψ > = 0 becomes

−iγµ ∂

∂φµ
Ψ(φ) = 0 (2.3.30)
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This is the massless Dirac equation.

For the massive Dirac equation,

S =
1

2

∫

dτ

(

φ̇2

e
− iψ · ψ̇ − iχφ̇ · ψ

e
+ em2 + iψ5ψ̇5 + imχψ5

)

(2.3.31)

Following the same sort of argument as above, we find,

→
[

γµ

(

−i ∂
∂φµ

)

−m
]

Ψ(φ) = 0

Dirac’s Approach
Schrödinger Equation: (note first order time derivative)

i~
∂ψ(x, t)

∂t
= H(x, p)ψ(x, t) (2.3.32)

→ ~p = −i~∇ (2.3.33)

Klein-Gordon equation (K.G.):

0 =
(
pµp

µ −m2
)
ψ (2.3.34)

pµp
µ = ∇2 − ∂2

∂t2
︸︷︷︸

2ndorder

(c, ~ = 1) (2.3.35)

From Dirac equation

i
∂ψ

∂t
= (~α · ~p+mβ)ψ (2.3.36)

For ψ to also satisfy the K.G. equation, then

(

i
∂

∂t

)2

ψ = (~α · ~p+mβ)2 ψ (2.3.37)

− ∂2

∂t2
ψ =

[
1

2
(αiαj + αjαi)pipj + 2m(αiβ + βαi)pi +m2β2

]

ψ (2.3.38)

Thus

{αi, αj} = 2δij (2.3.39)

{αi, β} = 0 (2.3.40)

β2 = 1 (2.3.41)

β =

[
I 0
0 −I

]

, αi =

[
0 σi
σi 0

]

(2.3.42)

where I =

[
1 0
0 1

]

, σ1 =

[
0 1
1 0

]

, σ2 =

[
0 −i
i 0

]

, σ3 =

[
1 0
0 −1

]

(2.3.43)
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Eddington showed that all representations of αi, β in 4-d are unitarily equivalent.

Inclusion of the electromagnetic field:

~p→ ~p− e ~A
H → H + eΦ

}

( ~A, Φ→ electromagnetic potentials) (2.3.44)

Thus,

i
∂ψ

∂t
=
[

~α · (~p− e ~A) + βm+ eΦ
]

ψ (2.3.45)

Aside:

1. This can be generalized to n dimensions.

dimension of (~α, β) is
{

2n/2 (n=even)

2(n−1)/2 (n=odd)

}

2. In even dimensions all (~α, β) are unitarily equivalent, but in odd # dimensions there
are 2 sets (~α, β), (+~α,−β) (not unitarily equivalent to each other → all sets are
unitarily equivalent to one or the other, not both).

Sept. 29/99
Backtrack

[q, p] = i~
→ [xi, pj] = i~δij

pj = −i~ ∂

∂xj
(2.3.46)

i~
∂ψ

∂t
= Hψ (H → E) (2.3.47)

∴ E = i~
∂

∂t
(2.3.48)

But also,

xµ = (~x, t) (c = 1)

pµ = (~p, E)

(consistent with (2.3.46),(2.3.48) provided pµ = i ∂
∂xµ

).
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i.e. (Metric (−,−,−,+))

pµ = gµνp
ν

= (−~p, E)← (~p = −i∇ , E = i
∂

∂t
)

= i∂µ

= i
∂

∂xµ

= i

(

∇, ∂

∂t

)

i
∂ψ

∂t
=

[

~α · (~p− e ~A) + βm+ eΦ
]

ψ

→ ~α =

[
0 ~σ
~σ 0

]

, β =

[
I 0
0 −I

]

∴ ψ = 4− components

=







ψ1

ψ2

ψ3

ψ4







(2.3.49)

We had

i~
∂ψ

∂t
=

~p2

2m
ψ

Pauli equation

i~
∂

∂t

[
ψ1

ψ2

]

=

[

(~p− e ~A)2
2m

+ eΦ +
~σ · ~B
2m

] [
ψ1

ψ2

]

(2.3.50)

Let ψ be:

ψ =







φ̃1
φ̃2
χ̃1

χ̃2






=

[

φ̃
χ̃

]

︸ ︷︷ ︸
Slowly
varying

=

[
φ
χ

]

e−imt
︸ ︷︷ ︸

∗
(2.3.51)

* - Principle time dependence for “slowly moving” particles. (~ = 1).
i.e.

i
∂ψ

∂t
= Hψ = Eψ (2.3.52)

→ ψ ∼ e−iEt = e−imt in rest frame. (2.3.53)
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Thus,

i
∂

∂t

{[
φ
χ

]

e−imt
}

=

{[
0 ~σ · ~Π

~σ · ~Π 0

]

+

[
m 0
0 −m

]

+

[
eΦ 0
0 eΦ

]}[
φ
χ

]

e−imt

[
i∂φ
∂t

+mφ

i∂χ
∂t

+mχ

]

=

[
~σ · ~Πχ+mφ+ eΦψ

~σ · ~Πφ−mχ+ eΦχ

]

(2.3.54)

(Assume ∂χ
∂t
, eΦχ ≈ 0→ (χ is “small”) )

Thus from 2nd equation,

χ =
~σ · ~Πφ
2m

(2.3.55)

Hence:

i
∂φ

∂t
=

[

(~σ · ~Π)2

2m
+ eΦ

]

φ (2.3.56)

Hence,

(~σ · ~Π)2 =

([
(p− eA)3 {(p− eA)1 − i(p− eA)2}

{(p− eA)1 + i(p− eA)2} (p− eA)3

])2

(2.3.57)

But:

σiσj = δij + iεijkσk (2.3.58)

(σi)ab(σ
i)cd = 2δadδbc − δabδcd (2.3.59)

∴ (~σ · ~Π)2 = (σiσj)ΠiΠj

= (δij + iεijkσk)(p− eA)i(p− eA)j
= (~p− e ~A)2 − i(~p− e ~A)× (~p− e ~A) · ~σ

→ [pi, Aj] = −i
∂Aj
∂xi

(~p = −i∇)

= (~p− e ~A)2 + e(∇× ~A) · ~σ
= (~p− e ~A)2 + e ~B · ~σ

“Conserved Current”

i
∂ψ

∂t
= (~α · ~p+ βm)ψ = (−i∇ · ~α + βm)ψ (2.3.60)

and

(−i)∂ψ
+

∂t
= ψ+(~α+ · ~p+ + β+m) ; (~α+ = ~α, β+ = β)

= ψ+(~α · ~p+ + βm)

= (+i∇ψ+ · ~α + ψ+βm) (2.3.61)
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ψ+× (2.3.60)

→ iψ+∂ψ

∂t
= ψ+(−i∇ · ~αψ) + ψ+βmψ (2.3.62)

(2.3.61) ×ψ
→ −i

(
∂ψ+

∂t

)

ψ =
(
i(∇ · ψ+) · ~α

)
ψ + ψ+βmψ (2.3.63)

Subtract the two

i
∂

∂t

(
ψ+ψ

)
= −i∇ · (ψ+~αψ)⇒ ∂

∂t
(ψ+ψ) +∇ · (ψ+~αψ) = 0

→ i.e. 0 =
∂

∂t
ρ+∇ ·~j

where jµ = (ψ+~αψ, ψ+ψ)

= (~j, ρ)

→ ∂µj
µ = 0 (2.3.64)

ψ+ψ → probability density (2.3.65)

ψ+~αψ → probability flux. (2.3.66)

Free particle solution in the frame of reference where ~pψ = 0 (“rest frame”):

i.e.− i∇ψ = 0

∴ ψ = ψ(t)

i
∂

∂t

[
φ(t)
χ(t)

]

= βm

[
φ
χ

]

→ β =







1
1
−1

−1







=

[
m 0
0 −m

] [
φ
χ

]

(2.3.67)

∴ φ(t) = e−imtφ0 (2.3.68)

χ(t) = e+imtχ0 (2.3.69)

ψ(t) =

[
e−imtφ0
e+imtχ0

]

(2.3.70)

→ e+imt = “negative energy” (associated with −
√

~p2 +m2)

K.G. equation

(−~p2 + p20 −m2)ψ = 0 (2.3.71)

p0ψ = ±
√

~p2 +m2ψ (2.3.72)

i
∂ψ

∂t
= (~α · ~p+ βm)ψ (2.3.73)
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ψ =







e−imtψ0
1

e−imtψ0
2

e+imtψ0
3

e+imtψ0
4






→ to solve i

∂ψ

∂t
= (~α · ~p+ βm)ψ, perform a “Boost”. (2.3.74)

Rewrite the Dirac equation in a covariant form.

i
∂ψ

∂t
= (−i~α · ∇+ βm)ψ (2.3.75)

0 =

[

i
∂

∂t
(βψ) + i∇ · (β~α)−m

]

ψ (2.3.76)

Remember that

i∂µ =

(

i∇, i ∂
∂t

)

(2.3.77)

Then we have

(i∂µγ
µ −m)ψ = 0 (2.3.78)

where γ0 = β = +γ0 γi = βαi = −γi
As {αi, αj} = 2δij (2.3.79)

{β, αi} = 0 (2.3.80)

β2 = 1 (2.3.81)

{γµ, γν} = 2gµν ; gµν =







−
−
−

+







(2.3.82)

Different Representations are:

Standard: γ0 =

[
1 0
0 −1

]

γi =

[
0 σi

−σi 0

]

(2.3.83)

Chiral Representation: γ0 =

[
0 1
1 0

]

γi =

[
0 σi

−σi 0

]

(2.3.84)

Often, aµγ
µ is written 6a.

Lorentz transformation: → Either a Boost or a rotation.
Boost in x-direction:

x′ =
x− vt√
1− v2

, t′ =
−vx+ t√
1− v2

(2.3.85)

y′ = y (2.3.86)

z′ = z (2.3.87)
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Rotation (example):

x′ = x cos(θ)− y sin(θ)
y′ = x sin(θ) + y cos(θ)

We know

gµνx′µx′ν = gµνx
µxν

= t2 − x2 − y2 − z2 (2.3.88)

Linear: x′µ = aµνx
ν (2.3.89)

gµνa
µ
λa

ν
σ = gλσ (2.3.90)

→ The Lorentz transformation is an O(3,1) transformation.

Under the Lorentz transformation we set

ψ′(x′) = S(a)ψ(x) (S(a) = 4× 4 matrix.)

With

0 =

(

iγµ
∂

∂x′µ
−m

)

ψ′(x′) (2.3.91)

0 =

(

iγµ
∂

∂x
−m

)

ψ(x) (2.3.92)

(i.e. should have both the same masses and the same γµ matrices in each equation → not a
γ′µ, as in

(
iγ′µ ∂

∂x′µ −m
)
ψ′(x′) = 0 )

Note first:

∂

∂xµ
=

∂x′λ

∂xµ
∂

∂x′λ

= aλµ
∂

∂x′λ

Hence, (substitute into (2.3.92)),

0 =

[

iγµ
(

aλµ
∂

∂x′λ

)

−m
]

S−1(a)ψ′(x′)

→ multiply on left by S(a).

0 =

[

i
(
S(a)γµS−1(a)

)
aλµ

∂

∂x′λ
−m

]

ψ′(x′) (2.3.93)
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But change of variables should leave us with an equation in the same form.

∴ γµ = S(a)γρS−1(a)aµρ (2.3.94)

From this we determine S(a)

Suppose the Lorentz transformation is infinitesimal:

aµν = δµν +∆wµν (2.3.95)

But

gµνa
µ
λa

ν
σ = gλσ

∴ gλσ = gµν(δ
µ
λ +∆wµλ)(δ

ν
σ +∆wνσ) (2.3.96)

To order ∆w, we see

0 = gµν(∆w
µ
λδ

ν
σ + δµλ∆w

ν
σ)

or ∆wλσ = −∆wσλ (2.3.97)

Now take

S(a) = S(I +∆w)

= I− i

4
σµν∆w

µν (2.3.98)

→ Need σµν . We also have

S−1(a) = I +
i

4
σµν∆w

µν (2.3.99)

Hence

γµ =

(

I− i

4
σαβ∆w

αβ

)

γρ
(

I +
i

4
σγδ∆w

γδ

)
(
δµρ +∆wµρ

)
(2.3.100)

→ must hold to order ∆w.
Consequently,

0 = γρ∆wµρ +
i

4
(γµσαβ − σαβγµ)∆wαβ

Hence
i

4
(γµσαβ − σαβγµ) =

−1
2

(
γβδ

µ
α − γαδµβ

)

Solution:

σµν =
i

2
[γµ, γν ] (2.3.101)
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For a finite Lorentz transformation, let

∆wµν =
1

N
wµν (2.3.102)

∴ S(a) = lim
N→∞

(

1− i

4
σµν

wµν

N

)N

= exp{− i

4
σµνw

µν} (2.3.103)

and if

x′µ = aµνx
ν (2.3.104)

then ψ′(x′) = exp

{

− i

4
σµνw

µν

}

ψ(x) (2.3.105)

If

∆wµν = ∆w(I)µν
→ ∆w = scalar,

(I)µν = 4× 4 matrix characterizing the Lorentz transformation.

then for a rotation about the x-axis,

x′ = x−∆w y (2.3.106)

y′ = ∆w x+ y (2.3.107)

(→ infinitesimal version of “reg.” rotation.)
In this case,

∆wµν = ∆w







0 −1 0 0
+1 0 0 0
0 0 0 0
0 0 0 0







(where rows/columns = [x, y, z, t])

Thus S(a) = exp

{

− i

4
σµνw

µν

}

= e−iσµνw/2
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But,

σ21 =
i

2
(γ2γ1 − γ1γ2)

= iγ2γ1

= i

[
0 σ2
−σ2 0

] [
0 σ1
−σ1 0

]

= (−1)
[
σ3 0
0 σ3

]

Thus

S(a) = exp

{
i

2
w

[
σ3 0
0 σ3

]}

(2.3.108)

If w = 2π (1 revolution)

S(w = 2π) = exp

{

iπ

[
σ3 0
0 σ3

]}

; σ23 = 1

We know,

e~a·~σ = 1 + (~a · ~σ) + (~a · ~σ)2
2!

+ . . .

But → (~a · ~σ)2 = ~a2 [σiσj = δij + εijkσk]

=

(

1 +
~a2

2!
+

(~a2)2

4!
+ . . .

)

+
~a · ~σ
|~a|

(

|~a|+ |~a|
3

3!
+ . . .

)

= cosh |~a|+ sinh |~a|~σ · ~a|~a|

and so S(w = 2π) = exp

{

iπ

[
σ3 0
0 σ3

]}

= cosh(iπ)
︸ ︷︷ ︸

=−1

+sinh(iπ)
︸ ︷︷ ︸

=0

σ3

= −1

Thus if w = 2π, ψ′(x′) = −ψ(x), and if w = 4π,

ψ′(x′) = +ψ(x) (2.3.109)

∴ All physical quantities need an even # of ψ’s.
→ in 3600 rotation,

ψψψ ⇒ −ψψψ
ψψψψ ⇒ +ψψψψ
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So, we have:
Dirac Equation:

0 = (iγµ∂µ −m)ψ (2.3.110)

{γµ, γν} = 2gµν ; gµν = (+−−−) (2.3.111)

ψ → exp

{

− i

4
ωµνσµν

}

ψ (2.3.112)

ψ+ → ψ+

(

exp

{

− i

4
σµνωµν

})+

(2.3.113)

with σµν =
i

2
[γµ, γν ] (2.3.114)

Properties:

γ0 =

[
0 1
1 0

]

= (γ0)+ γi =

[
0 σi
−σi 0

]

= −(γi)+

σ0i =
i

2
[γ0, γi]

= iγ0γi

= −σi0
i.e.

(σ0i)
+ = (iγ0γi)

+

= (−i)(γ+i γ+0 )
= (−i)(−γi)(γ0)
= −σ0i

σij = σ+ij

Thus

γ0σ
+
µνγ0 = σµν (2.3.115)

i.e. µ = 0, ν = i

γ0σ
+
0iγ0 = γ0(−σ0i)γ0 = (γ0)

2σ0i = σ0i

µ = i, ν = j

γ0σ
+
ijγ0 = γ0(+σij)γ0 = γ20σij = σij

Thus if
ψ̄ = ψ+γ0
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then under a Lorentz transformation,

ψ̄ →
(

exp

{

− i

4
σµνω

µν

}

ψ

)+

γ0

= ψ+

(

exp

{

− i

4
ωµνσ

µν

})+

γ0

= ψ+

(

exp

{

+
i

4
ωµνσ

µν+

})

γ0 ; γ20 = 1

= ψ+γ0
︸ ︷︷ ︸

ψ̄

γ0 exp

{
i

4
ωµνσ

µν+

}

γ0
︸ ︷︷ ︸

exp{ i4ωµνσµν}

∴ ψ̄ → ψ̄ exp

{
i

4
ωµνσ

µν

}

Hence
ψ → Uψ

ψ̄ → ψ̄U−1

}

→ U = exp

{

− i

4
ωµνσ

µν

}

Thus, (for ex.)
ψ̄ψ → ψ̄U−1Uψ = ψ̄ψ

(i.e. Lorentz invariant).
Lorentz transformations involving parity (discrete transformations).

(x, y, z, t) → (−x,−y,−z, t)
ψ(x) → ψ′(x′) = S(a)ψ(x)

Re. S(a)aµνγ
νS−1(a) = γµ (2.3.116)

x′µ = aµνx
ν (2.3.117)

aµν =







−1
−1

−1
+1







(2.3.118)

SγiS−1 = −γi (2.3.119)

Sγ0S−1 = +γ0 (2.3.120)

Thus

S = eiφγ0

= P (Parity operator) (2.3.121)

i.e.

ψ′(x′) = eiφγ0ψ(x) (for parity operation) (2.3.122)
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Complete set of γ matrices (4× 4 matrices).

I γµ γ5 γµγ5 σµν

(1) (4) (1) (4) (6)
= (16 total) (total linearly independent) (2.3.123)

→ γ5 = iγ0γ1γ2γ3 (2.3.124)

σµν =
i

2
[γµ, γν ] (2.3.125)

∴
{
γµ, γ5

}
= 0 (anticommute!) (2.3.126)

I =

[
1 0
0 1

]

, γ0 =

[
0 1
1 0

]

, γi =

[
0 σi

−σi 0

]

(2.3.127)

γ5 = i

[
0 1
1 0

] [
0 σ1

−σ1 0

] [
0 σ2

−σ2 0

] [
0 σ3

−σ3 0

]

= i

[
−σ1 0
0 σ1

] [
−iσ1 0
0 −iσ1

]

=

[
−1 0
0 1

]

(2.3.128)

γ0γ5 =

[
0 1
1 0

] [
−1 0
0 1

]

=

[
0 1
−1 0

]

(2.3.129)

γiγ5 =

[
0 σi

−σi 0

] [
−1 0
0 1

]

=

[
0 σi

σi 0

]

(2.3.130)

σ0i = iγ0γi = i

[
0 1
1 0

] [
0 σi

−σi 0

]

= i

[
−σi 0
0 σi

]

(2.3.131)

σij =
i

2

[
0 σi

−σi 0

] [
0 σj

−σj 0

]

= −iεijk
[
σk 0
0 σk

]

(2.3.132)

Note, for example,

γαγβγρ = gαβγρ − gαργβ + gβργα − iεκαβργκγ5

(ε0123 = +1)
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Transformation properties of bilinears in ψ, ψ̄:

ψ̄ψ → scalar

i.e.
ψ → Sψ

ψ̄ → ψ̄S−1

}

∴ ψ̄ψ → ψ̄ψ

ψ̄γ5ψ → ψ̄S−1γ5Sψ

• If S = exp
{
− i

4
ωµνσ

µν
}
; [γ5, σ

µν ] = 0

i.e. γ5
i

2
(γµγν − γνγµ)− i

2
(γµγν − γνγµ) γ5 = 0

Thus, [γ5, S] = 0

ψ̄γ5ψ −→
︸︷︷︸

S

ψ̄γ5S
−1Sψ

= ψ̄γ5ψ

• If S = P = eiφγ0 (i.e. if S = parity operator)

ψ̄γ5ψ −→︸︷︷︸
P

ψ̄γ0e−iφγ5e
iφγ0ψ = −ψ̄γ5γ0γ0ψ

= −ψ̄γ5ψ

(Picks up -ve → “Pseudo Scalar” ).

So also, one can show that

ψ̄γµψ −→
︸︷︷︸

S

aµν ψ̄γ
νψ

ψ̄γ0ψ −→
︸︷︷︸

P

ψ̄γ0ψ

ψ̄γiψ −→
︸︷︷︸

P

−ψ̄γiψ

(The above are vectors)

and also

ψ̄γµγ5ψ −→
︸︷︷︸

S

aµν ψ̄γ
νγ5ψ

ψ̄γ0γ5ψ −→
︸︷︷︸

P

−ψ̄γ0γ5ψ

ψ̄γiγ5ψ −→
︸︷︷︸

P

+ψ̄γiγ5ψ

(The above are axial vectors)
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and

ψ̄σµνψ −→
︸︷︷︸

S

aµλa
ν
κψ̄σ

λκψ

ψ̄σ0iψ −→
︸︷︷︸

P

−ψ̄σ0iψ

ψ̄σijψ −→
︸︷︷︸

P

+ψ̄σijψ

(The above are Tensors)

ε0123 = +1 ( Right Handed System)

εµνλσ −→
︸︷︷︸

S

aµαa
ν
βa

λ
γa

σ
δ ε
αβγδ

εµνλσ −→
︸︷︷︸

P

−εµνλσ (ε0123 = −1→ Left handed system)

Thus as
σµνγ5 = iεµνλσσλσ

we have
ψ̄σµνγ5ψ is a pseudotensor

(in tensor ex., above, S eq. would hold, but signs on P ’s change).
Oct. 6/99
Useful Identities

γµγαγ
µ = [γµγα + γαγµ

︸ ︷︷ ︸

2gµα

−γαγµ]γµ

= 2gµαγ
µ − γαγµγµ ; γµγ

µ =
1

2
(γµγ

µ + γµγµ) =
1

2
(2gµµ)

= 2γα − γα
1

2
(2(4))

= −2γα (2.3.133)

γαγβγγ = gαβγγ − gαγγβ + gβγγα − iεκαβγγ
κγ5

= gµαγ
µ − gµµγα + gµαγµ − i εµκµα

︸︷︷︸

=0

γκγ5

= γα − 4γα + γα

= −2γα (2.3.134)

So also,

γµγαγβγ
µ = 4gαβ (2.3.135)

γµγαγβγδγ
µ = −2γδγβγα (2.3.136)

Tr[γµγβ] = 4gµβ (2.3.137)

Tr[γµγβγγγδ] = 4(gαβgγδ − gαγgβδ + gαδgβδ) (2.3.138)
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Tr[γµ1 . . . γµ2n+1 ] = Tr[γµ1 . . . γµ2n+1γ5γ5] ; γ5γ5 = 1

= Tr[γ5γµ1 . . . γµ2n+1γ5] (Using property of traces)

= (−1)2n+1Tr[γ5γµ1 . . . γµ2n+1γ5] (Moving γ5 through all (2n+1) matrices)

∴ Tr[γµ1 . . . γµ2n+1 ] = 0 (2.3.139)

Tr[γµγβγ5] = 0 (2.3.140)

Tr[γαγβγγγδγ5] = 4iεαβγδ (2.3.141)

γ5 = γ5

= iγ0γ1γ2γ3

= −iγ0γ1γ2γ3

2.4 General Solution to the free Dirac Equation

(iγµ∂µ −m)ψ = 0 (2.4.1)

If

γ0 =

[
+1 0
0 −1

]

, γi =

[
0 σi

−σi 0

]

= −γi (2.4.2)

then in the rest frame
(
i.e. ∂

∂xi
ψ = 0

)

ψ = α1







e−imt

0
0
0







︸ ︷︷ ︸

ψ01

+α2







0
e−imt

0
0







︸ ︷︷ ︸

ψ02

+α3







0
0
eimt

0







︸ ︷︷ ︸

ψ03

+α4







0
0
0
eimt







︸ ︷︷ ︸

ψ04

(2.4.3)

Using Boosts:

S = exp

{

− i

4
σµνω

µν

}

→ Can express in closed form. (2.4.4)

ψi = exp

{

− i

2
ωσ0

}

ψ0
i → cosh(ω) =

1√
1− v2

, sinh(ω) =
−v√
1− v2

(2.4.5)
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Recall, if

x′ =
x− vt√
1− v2

= cosh(ω̃x)− sinh(ω̃t)

t′ =
−vx+ t√
1− v2

= − sinh(ω̃x) + cosh(ω̃t)

then cosh(ω̃) =
1√

1− v2
sinh(ω̃) =

v√
1− v2

But σµν =
i
2
[γµ, γν ], So,

σ01 = iγ0γ1

=

[
1 0
0 −1

] [
0 −σ1
σ1 0

]

= i

[
0 −σ1
−σ1 0

]

(2.4.6)

∴ S = exp

{

− i

2
ωγ0γ1

}

= exp

{

−ω
2

[
0 σ1
σ1 0

]}

(2.4.7)

Recall, σ21 = 1 →
[

0 σ1
σ1 0

]2

=

[
1 0
0 1

]

∴ S = 1− ω

2

[
0 σ1
σ1 0

]

+
1

2!

(ω

2

)2
[

0 σ1
σ1 0

]2

− 1

3!

(ω

2

)3
[

0 σ1
σ1 0

]3

+ · · ·

=

[
cosh

(
ω
2

)
− sinh

(
ω
2

)
σ1

− sinh
(
ω
2

)
σ1 cosh

(
ω
2

)

]

(Closed form) (2.4.8)

But tanh(ω) = −v, and recall the trig identities,

sinh(x+ y) = sinh(x) cosh(y) + cosh(x) sinh(y) ; x = y = θ

∴ sinh(2θ) = 2 sinh(θ) cosh(θ)

cosh(2θ) = cosh2(θ) + sinh2(θ)

then

tanh
(ω

2

)

=
tanh(ω)

1 +
√

1− tanh2(ω)

=
−v

1 +
√
1− v2
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But p = mv√
1−v2 E = m√

1−v2 ,

∴ tanh
(ω

2

)

=
−p

E +m

cosh
(ω

2

)

=

√

E +m

2m

Hence,

S = exp

{

− i

2
ωσ01

}

(x-direction)

=

√

E +m

2m







1 0 0 p
E+m

0 1 p
E+m

0

0 p
E+m

1 0
p

E+m
0 0 1







(2.4.9)

For a boost in an arbitrary direction:

(p± = p1 ± ip2) (2.4.10)

S =

√

E +m

2m







1 0 p3
E+m

p−
E+m

0 1 p+
E+m

p3
E+m

p3
E+m

p−
E+m

1 0
p+
E+m

p3
E+m

0 1







(2.4.11)

Call the columns of the above matrix W1(p), W2(p), W3(p), W4(p). General solutions to
the Dirac equation are:

ψ1 = W1(p)e
−ip·x ψ2 = W2(p)e

−ip·x

ψ3 = W3(p)e
ip·x ψ4 =W4(p)e

ip·x (Where imt→ ip · x)
Properties of Wi(p)

1.

(6p− εrm)Wr(p) = 0 ; εr =

{
+1, r = 1, 2

−1, r = 3, 4

W̄ (p)( 6p− εrm) = 0 ; (W̄ =W+γ0)

2. W̄ r(p)W r′(p) = δrr′εr

3. (W r(p))+ ·W r′(p) = E
m
δrr

′ → 4th component of a vector.

W̄ rγµW r′

= (W r)+ γ0γµW r′

→ µ = 0→ γ0γ0 = 1

= (W r)+W r′

and
pµ

m
=

(~p, E)

m
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4. Completeness:
4∑

r=1

= εrW
r
α(p)W̄

r
β (p) = δαβ

Oct. 8/99
So we have the following;

W 0
1 =







1
0
0
0






e−imt , W 0

2 =







1
0
0
0






e−imt (2.4.12)

W 0
3 =







0
0
1
0






eimt , W 0

4 =







0
0
0
1






eimt (2.4.13)

Now, boost to a frame where they have momentum p. For example,

W1(p) =







1
0
pz

E+m
px+ipy
E+m







√

E +m

2m
e−ip·x (2.4.14)

Σ03W
0
1,3 = W 0

1,3 (2.4.15)

Σ03W
0
2,4 = −W 0

2,4 (2.4.16)

Where Σ03 =







1
−1

1
−1






=

[
σz

σz

]

(2.4.17)

To obtain an eigenstate of ~σ · Ŝ with eigenvalue ±1, we consider

e−
i
2
φŜ·~σW 0

1,2 = W 0,s
1,2 (also for 3, 4) (2.4.18)

where cosφ = Ŝ · n̂z (2.4.19)

Upon boosting W
(0,s)
i , we obtain,

U(p, uz) = W
(uz)
1 (p) (2.4.20)

U(p,−uz) = W
(uz)
2 (p) (2.4.21)

V (p,−uz) = W
(uz)
3 (p) (2.4.22)

V (p, uz) = W
(uz)
4 (p) (2.4.23)

where now as
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1. we have,

(6p− εrm)W (s)
r (p) = 0 (2.4.24)

so (6p−m)U(p, uz) = 0 (2.4.25)

and (6p+m)V (p, uz) = 0 (2.4.26)

2. and, as

~σ · ŜW (0,s)
1,3 = W

(0,s)
1,3 (2.4.27)

~σ · ŜW (0,s)
2,4 = −W (0,3)

2,4 (2.4.28)

⇒ in the rest frame, (pr = (0, 0, 0,m)),

~σ · Ŝu(0, 0, 0,m; s) = u(p, s) (2.4.29)

~σ · Ŝv(0, 0, 0,m; s) = −v(p, s) (2.4.30)

For example ~σ · Ŝu(0, 0, 0,m;−s) = −u(p,−s)

In general, any spinor which is a solution to the Dirac equation can be described as a linear
superposition of these four eigenstates characterized by

1. pµ(p
2 = m2) “Mass shell condition”

2. Sign of p0 (i.e. in the rest frame, p0
m

= ±1)

3. Eigenvalue of ~σ · Ŝ in the rest frame.

Thus,

ψ(~x, t) =

∫

d4k ψ(km) (2.4.31)

=

∫

d4k δ(k2 −m2)
∑

s=±
{b(k, s)u(k, s) + d∗(k, s)v(k, s)} (2.4.32)

Note if,

(iγ · ∂ −m)ψ = 0 (2.4.33)

then (iγ · ∂ +m)(iγ · ∂ −m)ψ = 0 (2.4.34)

(−γ · ∂γ · ∂ −m2)ψ = 0 (2.4.35)
(

Note: γ · ∂ γ · ∂ = γµ∂µγ
ν∂ν =

1

2
(γµγν + γνγµ)∂µ∂ν = gµν∂µ∂ν = ∂2

)

∴ (∂2 +m2)ψ = 0 (K.G. Eqn.) (2.4.36)

i.e., as pµ = i∂µ , (p2 −m2)ψ(p) = 0 (2.4.37)
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Aside:

Recall

∫ ∞

−∞
dx δ(cx)f(x) ; y = cx

=

∫ ∞

−∞

dy

|c| δyf
(y

c

)

=
f(0)

|c| ⇒ δ(cx) =
δ(x)

|c|
So, note that;

∫ ∞

−∞
dx δ(x2 − a2)f(x) =

∫ ∞

−∞
dx δ ((x− a)(x+ a)) f(x) (let a > 0) (2.4.38)

=

∫ a+ε

a−ε
dx δ ((x− a)(2a)) f(x)

+

∫ −a+ε

−a−ε
dx δ ((x+ a)(−2a)) f(x) (2.4.39)

=
f(a)

|2a| +
f(−a)
| − 2a| (2.4.40)

=
f(a) + f(−a)

|2a| (2.4.41)

thus δ(x2 − a2) =
δ(x+ a) + δ(x− a)

|2a| (2.4.42)

Hence for
∫

d4k δ(k2 −m2)ψ(k) =

∫

d3k

∫ ∞

−∞
dk0 δ(k

2
0 − ~k2 −m2)ψ(~k, k0) (2.4.43)

=

∫

d3k

∫

dk0

(

δ(k20 +
√
~k2 +m2)

2
√
~k2 +m2

+
δ(k20 −

√
~k2 +m2)

2
√
~k2 +m2

)

ψ(k) (2.4.44)

Thus,

ψ(~x, t) =

∫

d4k δ(k2 −m2)
∑

s=±

[
b(k, s)u(k, s)θ(k0)e

−ik·x + d∗(k, s)v(k, s)θ(−k0)e+ik·x]

(2.4.45)

Integrate over k0 and insert normalizing factor 2
√

m
(2π)3

, (E =
√
~k2 +m2)

• +ve energy solution:

ψ+(~x, t) =

∫
d3k

(2π)3/2

√
m

E

∑

s=±
b(k, s)e−ik·xu(k, s)θ(k0) (2.4.46)
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• -ve energy solution:

ψ−(~x, t) =

∫
d3k

(2π)3/2

√
m

E

∑

s=±
d∗(k, s)eik·xv(k, s)θ(−k0) (2.4.47)

Oct 12/99

2.5 Charge Conjugation

Add in an external potential (recall 6∂ = γµ∂µ)

0 = (i 6∂ − e 6A−m)ψ(~x, t) (pµ → pµ − eAµ (2.5.1)

→ i
∂

∂t
ψ =

[

~α · (~p− e ~A) + βm+ eΦ
]

ψ

We can show that there is a wave function ψc(~x, t) satisfying,

0 = (i 6∂ + e 6A−m)ψc (2.5.2)

Taking the complex conjugate of (2.5.1),

0 = (γ∗µ(−i∂µ − eAµ)−m)ψ∗

= Cγ0
[
γ∗µ(i∂

µ + eAµ) +m
]
(Cγ0)

−1(Cγ0)ψ
∗

If we now set

(cγ0)(γ
∗
µ)(Cγ0)

−1 = −γµ (2.5.3)

and ψc = Cγ0ψ
∗ (2.5.4)

then we recover (2.5.2). Now, as

γ0 =

[
0 1
1 0

]

γi =

[
0 iσi

−iσi 0

]

(2.5.5)

we find that as

γ0γµ∗γ0 = γµT

(Cγ0)−1 = γ0C then (2.5.3) becomes

CγTµC
−1 = −γµ (2.5.6)

A solution to this equation is

C = iγ2γ0 (2.5.7)

= C∗ = −C−1 = −C+ = −CT (2.5.8)
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With this,
(γµ(i∂

µ + eAµ)−m)ψc = 0 (2.5.9)

Note that ψ and ψc transform in the same way under a Lorentz transformation. If,

ψ′(x′) = S(a)ψ(x) ; S(a) = exp(
−i
4
ωµνσµν) (2.5.10)

then ψ′c(x
′) = S(a)ψc(x) (2.5.11)

(2.5.12)

Note that as,

ψ̄ = ψ+γ0 = (ψ∗)Tγ0 (2.5.13)

then ψc = Cψ̄∗ (2.5.14)

If we now set

ψ =

∫
d3k

(2π)3/2

∑

s=±

{
b(p, s)u(p, s)e−ip·x + d∗(p, s)v(p, s)e+ip·x} (2.5.15)

then

vc(p, s) = CūT (p, s) (2.5.16)

uc(p, s) = Cv̄T (p, s) (2.5.17)

Consequently, charge conjugation takes one from a positive energy solution associated with
a charge e to a negative energy solution associated with a charge −e. (You can map one
solution to another by (2.5.16), (2.5.17).

2.6 Majorana Spinors

A Majorana spinor satisfies an extra condition that

ψ = ψc (Lorentz invariant condition) (2.6.1)

As

ψc = Cψ̄T (2.6.2)

=

∫
d3k

(2π)3/2

∑

s=±
(b∗CūT eip·x + dCv̄T e−ip·x) (2.6.3)

then we see that if ψ satisfies the Majorana condition, then

b(p, s) = d(p, s) (2.6.4)

Note that in Euclidean space, ψc = Cψ∗T , and if ψ = ψc, then ψ = 0 (only way). i.e. it’s
not always possible to have Majorana condition.
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2.7 Time Reversal

Recall that the Parity operation takes (x, y, z, t)→ (−x,−y,−z, t)
ψ′(x′) = Pψ(x) (2.7.1)

→ P = eiφγ0 (2.7.2)

With time, the situation is slightly different. We must preserve,

i
∂ψ

∂t
= Hψ =

[

~α · (−i∇− e ~A) + βm+ eΦ
]

ψ (2.7.3)

and this must be equivalent to (~r′ = ~r, t′ = −t)

i
∂ψ′(t′)

∂t′
= H ′ψ′(t′) (2.7.4)

with H ′ =
[

~α · (−i∇− e ~A′) + βm+ eΦ′
]

(2.7.5)

recall: Aµ(x) =

∫

dx′ DR(x− x′)γ̇µ(x′) (2.7.6)

¤Aµ = −4πjµ (2.7.7)

Here, Φ′(t′) = Φ(t) , ~A′(t′) = − ~A(t). In going from t → −t, we have the same physical
process, but using a camera that’s running backwards (sequence of events in reverse order).

A Wigner time transformation takes us from ψ(t) to ψ ′(t′).

ψ′(t′) = T ψ(t) (2.7.8)

where T OT −1 = TO∗T−1 (2.7.9)

with 0 = any operator, T is anti-unitary, and T is an ordinary matrix. i.e.

T iT −1 = T (−i)T−1
= −i (2.7.10)

T ψ = Tψ∗ (2.7.11)

Starting with (2.7.3),

T i∂ψ
∂t

= T
[

~α · (−i∇− e ~A) + βm+ eΦ
]

T −1T
︸ ︷︷ ︸

ψ (2.7.12)

−i∂Tψ
∗

∂t
=

[

(T~α∗T−1)(i∇− e ~A) + Tβ∗T−1m+ eΦ
]

(Tψ∗) (2.7.13)

but t = −t′

+i
∂(Tψ∗)

∂t
=

[

(T~α∗T−1)(i∇+ e ~A′) + Tβ∗T−1m+ eΦ′
]

(Tψ∗) (2.7.14)

This is the same as (2.7.4) provided:
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1. ψ′(t′) = Tψ∗(t)

2. T~α∗T−1 = −~α

3. Tβ∗T−1 = +β

The solution is:

T = −iα1α3 (2.7.15)

= +iγ1γ3 (2.7.16)

The Dirac equation is invariant under an SO(3, 1) transformation ψ ′(x′) = S(a)ψ(x) (as
well as P, C, T →Parity, Charge Conj., time). Under the rotation subgroup SO(3), these are
spinors with s = 1/2.

Oct. 13/99
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Chapter 3

Bargmann-Wigner Equations

The Bargman-Wigner fields are fields of higher spin (s = 1, 3/2, 2, 5/2, . . .) that are built up
out of the spin (1/2) fields.

Spin 1/2 : (iγµ∂
µ −m)αβψβ = 0 (3.0.1)

These higher spin fields are associated with wave functions:

ψα1α2...α2s(x) → spin s , totally symmetric in these 2s indices (3.0.2)

i.e. ψα → spin 1/2

ψαβ = ψβα → spin 1 etc.

The wave functions satisfy 2s equations:

0 =
[
i(γµ)α1α′1∂

µ −mδα1α′1
]
ψα′1α2...α2s (3.0.3)

0 =
[
i(γµ)α2α′2∂

µ −mδα2α′2
]
ψα1α′2...α2s (3.0.4)

...

0 =
[
i(γµ)α2sα′2s∂

µ −mδα2sα′2s
]
ψα1α2...α′2s (3.0.5)

In the frame where ∂
∂xi
ψ = 0 (rest frame ~p = 0), we get

0 =

[

iγ0αiα′i
∂

∂x0
−mδαiα′i

]

ψα1...α′i...α2s (3.0.6)

with γ0 =

[
1 0
0 −1

]

, the solutions generalize the spin 1/2 solution,

W1 =







1
0
0
0






e−imt , W2 =







0
1
0
0






e−imt , W3 =







0
0
1
0






e+imt , W4 =







0
0
0
1






e+imt (3.0.7)

When there are 2s indices
+ve energy solutions

61
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(1) δ1α1δ1α2 . . . δ1α2s = ψ
(1)
α1...α2s

(2)

δ2α1δ1α2δ1α3 . . . δ1α2s
+ δ1α1δ2α2δ1α3 . . . δ1α2s
+ . . .

+ δ1α1δ1α2δ1α3 . . . δ2α2s = ψ(2)
α1...α2s

(3) δ2α1δ2α2δ1α3 . . . δ1α2s +
(
2s
2

)
symmetrized terms.

(
...)

(2s+1) δ2α1δ2α2δ2α3 . . . δ2α2s = ψ
(2s+1)
α1...α2s

Similarly, there are (2s+ 1) negative energy solutions.
The operator

(
1
2
σz
)

αβ
operating on ψβ is generalized to

2 (Σz)α1β1,α2β2,...,α2sβ2s = (σz)α1β1 δα2β2δα3β3 . . . δα2sβ2s
+ δα1β1 (σz)α2β2 δα3β3 . . . δα2sβ2s
...

+ δα1β1δα2β2δα3β3 . . . (σz)α2sβ2s (3.0.8)

This acts on ψβ1...β2s

Σzψ
(1) = sψ(1) (3.0.9)

Σzψ
(2) =

(

s− 1

2

)

ψ(2) (3.0.10)

Σzψ
(3) = (s− 1)ψ(3) (3.0.11)

...

Σzψ
(2s+2) = (−s)ψ(2s+2) (3.0.12)

Thus ψ(i) are the (2s + 1) eigenvectors of (Σz). These are the spin eigenstates. Now, let’s
examine the spin-one equations (s = 1). Consider ψαβ(x) = ψβα(x). We have,

0 =
(
iγµαβ∂µ −mδαβ

)
ψβγ (3.0.13)

0 =
(
iγµγδ∂µ −mδγδ

)
ψαδ (3.0.14)

C−1γµC = −γTµ
(
C = iγ0γ2 = C∗ = −C−1 = −C+ = −CT

)
(3.0.15)



63

With C, we see that

(γµC)αβ = (γµC)βα - 4 matrices

(ΣµνC)αβ = (ΣµνC)βα - 6 matrices

(

Σµν =
i

2
[γµ, γν ]

)

For a total of 10 symmetric 4× 4 matrices. We can then have,

ψαβ(x) = mAµ(x) (γµC)αβ +
1

2
F µν(x) (ΣµνC)αβ (3.0.16)

Substitute this into (3.0.13), (3.0.14), and add;

0 = (iγµ∂
µ −m)αδ

[

mAν (γνC)δβ +
1

2
F µν (ΣµνC)δβ

]

+

[

mAν (γνC)αδ +
1

2
F µν (ΣµνC)αδ

](

i
(
γTµ
)

δβ

←−
∂ µ −mδδβ

)

(3.0.17)

Now, right multiplying by C−1βε (remember that CγTµC
−1 = −γµ). This gives,

0 = 2m [γµ, γν ] (∂
µAν) + i [γµ,Σλσ]

(
∂µF λσ

)

− 2m2γµA
µ −mΣλσF

λσ (3.0.18)

but recall that we know,

[γµ, γν ] = −2iΣµν (3.0.19)

[γµ,Σλσ] = 2i (gµλγσ − gµσγλ) (3.0.20)

So,

0 = 2mΣµν∂
µAν − 2 (gµλγσ − gµσγλ) ∂µF λσ − 2m2γµA

µ

−mΣµνF
µν

0 = mΣµν [(∂
µAν − ∂νAµ)− F µν ] + γµ

[
−4∂λF λ

µ − 2m2Aµ
]

Thus, we get the Proca Equations (Massive spin 1 equations).

Fµν = ∂µAν − ∂νAµ
∂µF

µν = −m2

2
Aν

(3.0.21)

If we now set m = 0, we recover the free Maxwell equations:

F ′µν = ∂µAν − ∂νAµ (3.0.22)

∂µF
µν = 0 (3.0.23)
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Where, recall that (3.0.22) gives

∇ · ~B = 0 , ∇× ~E +
∂ ~B

∂t
= 0

and (3.0.23) gives

∇ · ~E = 0 , ∇× ~B − ∂ ~E

∂t
= 0

with, F ij = εijkBk , F 0i = Ei.

Oct. 15/99
Transformation of the field Aµ(x) under a Lorentz transformation.

c.f. ψ′(x′) = exp

{

− i

4
ωµνσµν

}

ψ(x)

→ σµν =
i

2
[γµ, γν ]

Since,

{γµ, γν} = 2gµν → (+,−,−,−)
∴
[
σµν , σλρ

]
= A

(
gµλσνρ − gνλσµρ + gνρσµλ − gµρσνλ

)

= −2i
(
gµλσνρ − . . .

)

(Aside - if µ = λ = 1 , ν = 2 , ρ = 3,

LS =
[
σ12, σ13

]

=
[
iγ1γ2, iγ1γ3

]

= −
(
γ1γ2γ1γ3 − γ1γ3γ1γ2

)

= −γ2γ3 + γ3γ2

= −
[
γ2, γ3

]

= 2iσ23

RS = Ag11σ23

= −Aσ23 ⇒ A = −2i)

For Aµ, since it is a vector, under an infinitesimal Lorentz transformation, we have,

x′µ = xµ + ωµνxν (ωµν = −ωνµ) (3.0.24)

A′µ(x
′) = Aµ(x)ωµνA

ν(x)

= Aµ(x) +
i

u

(
ωλσSλσ

)

µν
Aν(x) (3.0.25)

Where (Sλσ)µν = 2i (gλµgσν − gλνgσµ) (3.0.26)
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But now,

(Sλσ)(Sαβ)− (Sαβ)(Sλσ) ≡ (Sλσ)
κ
µ(Sαβ)κν − (Sαβ)

κ
µ(Sλσ)κν

= −2i (gλαSσβ − gσαSλβ + gσβSλα − gλβSσα)µν (3.0.27)

i.e.

A′µ(x
′) =

(

exp

{
i

4
ωλσSλσ

})

µν

Aν(x′) (3.0.28)

for a finite transformation.

ψ - spin 1/2 representation of SO(3, 1) (fundamental rep.)

Aµ - spin 1 representation of SO(3, 1) (Adjoint representation).

i.e. under a rotation,

ψ → exp

{

i
~σ

2
· ~ω
}

ψ where
[σi
2
,
σj
2

]

= iεijk
σk
2

(
~σ

2

)2

=
1

2

(
1

2
+ 1

)

and

A′0(x
′) = A0(x)

A′i(x
′) =

[

ei~ω·
~S
]

ij
Aj(x)

where

S1 =





0 0 0
0 0 −i
0 i 0



 , S2 =





0 0 i
0 0 0
−i 0 0



 , S3 =





0 −i 0
i 0 0
0 0 0



 (3.0.29)

Note that,

(Si)mn =
1

2
εijk(Sk)mn

= −iεmij (3.0.30)

[Si, Sj] = iεijkSk (3.0.31)

~S2 = 1(1 + 1)

= s(s+ 1) (3.0.32)

Massless Particles
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Dirac equation:

0 = (iγµ∂µ −m)ψ (3.0.33)

→ γ0 =

[
0 1
1 0

]

, γi =

[
0 σi

−σi 0

]

, γ5 =

[
−1 0
0 1

]

∴ 0 =

[
−m

(
i ∂
∂t
− ~σ · ~p

)

(
i ∂
∂t

+ ~σ · ~p
)

−m

] [
φ
χ

]

, (~p = −i∇) (3.0.34)

If m = 0, then we get the Decoupled (Weyl) equations;

i
∂

∂t
χ = ~σ · ~pχ (3.0.35)

i
∂

∂t
φ = −~σ · ~pφ (3.0.36)

More generally, if we let p+ = 1+γ5
2

, p− = 1−γ5
2
→ where {γ5, γµ} = 0 , γ25 = 1,

p+ + p− = 1

(p+)(p−) = 0

(p+)
2 = p+

(p−)
2 = p−

So,

p+ =

[
0 0
0 1

]

p− =

[
1 0
0 0

]

(3.0.37)

→ p+ψ =

[
0
χ

]

p−ψ =

[
φ
0

]

(3.0.38)

If
ψ± = p±ψ (3.0.39)

then

0 = iγ · ∂ψ+ −mψ− (3.0.40)

0 = iγ · ∂ψ− −mψ+ (3.0.41)

For massless particles, we can’t go to the rest frame, i.e.

p2 = (p0)2 − ~p2 = m2

= 0

→ there is no rest frame, so look at the frame where

pµ = (0, 0, p, p) ; (p1 = p2 = 0 , p3 = p0 = p) (3.0.42)
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In this frame,

p+

[
1 0
0 1

] [
χ1

χ2

]

= p+

[
1 0
0 −1

] [
χ1

χ2

]

(3.0.43)

(first of Weyl equations)

χ =

[
χ1

0

]

(3.0.44)

(only one state of negative energy)

p−

[
1 0
0 1

] [
φ1
φ2

]

= −p−
[
1 0
0 −1

] [
φ1
φ2

]

(3.0.45)

φ =

[
0
φ2

]

(3.0.46)

(only one state of positive energy)

So, Weyl equations are:

• Negative energy solutions:

i
∂

∂t
χ = ~σ · ~pχ (3.0.47)

• Positive energy solutions:

i
∂

∂t
φ = −~σ · ~pφ (3.0.48)

Oct. 19/99

Can we define “spin” of a massless particle, seeing that there is no rest frame? - Employ
the Pauli-Lubanski tensor.

Sµ =
i

2
εµνλσσ

λσkν (3.0.49)

→ σλσ =
i

2

[
γλ, γσ

]

In the rest frame of a massive (m) particle,

kµ = (0, 0, 0,m) (3.0.50)

Sµ =
i

2
εµ0νλσ

νλm (3.0.51)

(0 in ε index → µ, ν, λ all spatial.)

ε0123 = +1 (3.0.52)

Si =
i

2
εijkσ

jkm

= m

[
σi 0
0 σi

]

(3.0.53)
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Note:

σij =
i

2
εijk

[
σk 0
0 σk

]

σi =

[
0 iσi
iσi 0

]

Thus, in the rest frame 1
2
Sµ reduces to m~σ

2
.

1
2
Sµ generalizes spin to an arbitrary frame. For a massless particle moving along the

z-axis (with k2 = 0, kµ = (0, 0, k, k)), then we have,

S1 =
i

2
ε1λσνk

νσλσ

=
i

2
(ε1λσ3k + ε1λσ0k)σ

λσ (3.0.54)

etc. for S2, S3, S4

Now consider the two massless solutions to the Bargmann Wigner equations

W (1)
α1α2...α2s

= δα12δα22 . . . δα2s2 (3.0.55)

W (2)
α1α2...α2s

= δα13δα23 . . . δα2s3 (3.0.56)

Generalize the Pauli Lubanski tensor,

(Sµ)α1β1,...,α2sβ2s = (Sµ)α1β1 (δα2β2 . . . δα2sβ2s)

+ (Sµ)α2β2 (δα1β1δα3β3 . . . δα2sβ2s)

. . .

+(Sµ)α2sβ2s
(
δα1β1 . . . δα2s−1β2s−1

)
(3.0.57)

It can now be shown that

S1W
(1) = 0 S3W

(1) = −2skW (1) (3.0.58)

S2W
(1) = 0 S3W

(2) = +2skW (2) (3.0.59)

S1W
(2) = 0 S4W

(1) = +2skW (1) (3.0.60)

S2W
(2) = 0 S4W

(2) = −2skW (2) (3.0.61)

But kµ = (0, 0,−k, k) and thus 1
2
Sµ = ±skµ.

Hence for a massless particle, there are two solutions to the Bargmann-Wigner equations,
and these two solutions correspond to spin states whose eigenvalues are ±S, and whose
direction is in the direction of kµ.

Thus there are only two polarizations for any massless particle of spin S. We lose states
through the introduction of gauge symmetry. ex.
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• massless spin 1/2 - 2 states
massive spin 1/2 - 2

(
1
2

)
+ 1 = 2 states

• massless spin 1 - 2 states
massive spin 1 - (2s+ 1) = 3 states

• massless spin 3/2 - 2 states
massive spin 3/2 - (2s+ 1) = 5 states
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Chapter 4

Gauge Symmetry and massless spin
one particles

Remember that

Fµν = ∂µAν − ∂νAµ (4.0.1)

∂µF
µν = −m2Aν → 0 as m2 → 0 (4.0.2)

If m2 → 0, there is the gauge invariance,

Aµ → Aµ + ∂µΛ (4.0.3)

We now have,

∂µF
µν = 0 (4.0.4)

Fµν = ∂µAν − ∂νAµ (4.0.5)

which are derived from the action

S = −1

4

∫

d4x FµνF
µν →

(

L = −1

4
F 2

)

(4.0.6)

(the -ve sign is present to keep the energy +ve, and the magnitude 1/4 is convention). i.e.

δS

δAµ(y)
= −1

4

∫

d4s

(

2F αβ δFαβ
δAµ(y)

)

= −1

2

∫

d4x F αβ δ

δAµ(y)
(∂αAβ − ∂βAα)

= −1

2

∫

d4x F αβ(x)
(
2∂αδ

4(x− y) gµβ
)

{

→ δAβ(x)

∂Aµ(y)
= gµβδ

4(x− y)
}

= ∂αF
αβ(x)

= 0

71
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Just as with

L = L (qi(t), q̇i(t)) and S =

∫

dt L (qi(t), q̇i(t)) (4.0.7)

we have

S =

∫

d4x L(Aµ, ∂νAν)

=

∫

dt

∫

d3x L
(

Aµ(~x, t),∇Aµ(~x, t),
∂

∂t
Aµ(~x, t)

)

︸ ︷︷ ︸

L

(4.0.8)

qi(t) ↔ Aµ(~x, t),∇Aµ(~x, t) (4.0.9)

q̇i(t) ↔
∂

∂t
Aµ(~x, t) (4.0.10)

and, where previously we had i discrete, we now have a continuum (µ) number of degrees of
freedom. So, just as

pi =
∂L

∂q̇i
−→ πµ(~x, t) =

∂L

∂
(
∂
∂t
Aµ(~x, t)

) → momentum density (4.0.11)

(

c.f. ∂µ =
∂

∂xµ

)

Oct. 20/99
Now, as

∂Aµ(~x
′, t)

∂Aν(~x, t)
= gµνδ

3(~x− ~x′) (4.0.12)

∴ πµ(~x, t) =
∂L

∂
(
∂Aµ

∂t

)

=
∂

∂
(
∂Aµ

∂t

)

(

−1

4
FµνF

µν

)

= −1

2
Fλν

∂

∂
(
∂Aµ

∂t

)
(
F λν

)

→ ∂

∂t
= ∂0

= −1

2
Fλν

∂

∂(∂0Aµ)
F λν

But,

→ FλνF
λν = F0iF

0i + Fi0F
i0 + FijF

ij + F00F
00

= 2F0iF
0i + FijF

ij

︸ ︷︷ ︸

No t dep.
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∴ πµ = −F0i
∂

∂(∂0Aµ)
F 0i (4.0.13)

→ F 0i = ∂0Ai − ∂iA0 (4.0.14)

Thus,

π0 = 0 (4.0.15)

πj = −F 0i ∂

∂(∂0Aµ)
F0i

= −F 0i ∂

∂(∂0Aj)
(∂0Ai − ∂iA0)

= −F 0j (4.0.16)

Remember,

Aµ =
(

~A, φ
)

(A0 = φ,Ai = ~A) (4.0.17)

~E = −∇φ− ∂ ~A

∂t
= −∂iA0 − ∂0Ai
= +∂iA0 − ∂0Ai
= −F 0i (4.0.18)

∴ πj = Ej = −F 0j = +F0j (4.0.19)

(4.0.19) is Canonical momentum (Not mechanical momentum). Canonically conjugate to
A3. i.e. Ai has canonically conjugate momentum πj = Ej.

Ai = −Ai
A0 = +A0 (4.0.20)

π0 = 0 (4.0.21)

i.e. A0 has no conjugate momentum.
Define a Poison bracket,

[qi, pj] = δij ⇒ [A,B] =
∑

i

{
∂A

∂qi

∂B

∂pi
− ∂A

∂pi

∂B

∂qi

}

(4.0.22)

Similarly

[F (Aµ, πµ), G(Aν , πν)] =

∫

d3x gµν
[

δF

δAµ(~x, t)

δG

δπν(~x, t)
− δF

δπµ(~x, t)

δG

δAν(~x, t)

]

(4.0.23)
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4.1 Canonical Hamiltonian Density

H = πµ
∂

∂t
Aµ − L (re. H = piq̇i − L) (4.1.1)

= π0
︸︷︷︸

=0

∂0A0 + πi∂0Ai −
(

−1

4

(
2F0iF

0i + FijF
ij
)
)

(4.1.2)

(→ π0 = primary constraint)

H = πi



∂0Ai − ∂iA0
︸ ︷︷ ︸

F 0i

+∂iA0



+
1

2
F0iF

0i +
1

4
FijF

ij

Remember that,

( ~B)i = (∇× ~A)i = εijk(∂jAk)

εimnBi = εimnεijk∂jAk

→ εimnεijk = δmjδnk − δmkδnj

So that

εimnBi = (δmjδnk − δmkδnj)∂jAk
= ∂mAn − ∂nAm
= Fmn (4.1.3)

∴ Fmn = εmnlBl (4.1.4)

Consequently:

H = πi F 0i
︸︷︷︸

πi

+πi∂iA0 +
1

2
F0iF

0i

︸ ︷︷ ︸

πi(−πi)

+
1

4
(εijkBk)(εijlBl)
︸ ︷︷ ︸

2BiBi

=
1

2
πiπi +

1

2
BiBi + πi∂iA0 ; πj = Ej

H =
1

2
( ~E2 + ~B2) + πi∂iA0 (4.1.5)

Primary constraint (π0(~x, t) = 0. Thus,

∂

∂t
π0 = 0 =

[
π0(~x, t),H(~y, t)

]
(4.1.6)

But we have the fundamental poisson bracket

[Aα(~x, t), πβ(~y, t)] = gαβδ
3(~x = ~y) (c.f. [qi, pj] = δij) (4.1.7)
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∴
∂

∂t
π0 = 0 =

[

π0(~x, t), πi(~y, t)
∂

∂yi
A0(~y, t)

]

0 = πi(~y, t)
∂

∂yi
δ3(~x− ~y)

0 = +∇ · ~E(~y, t)δ3(~x− ~y) (4.1.8)

∴ Secondary constraint ∇ · ~E = 0 (Gauss’s Law).
Oct. 22/99
So,

L = −1

2
FµνF

µν (4.1.9)

πi = −Ei = −F0i (4.1.10)

π0 = 0
π0 = 0
∂iEi = 0

}

First class Constraints (4.1.11)

Bi =
1

2
εijkFjk (4.1.12)

H0 =
~E2 + ~B2

2
+ A0∂iEi (4.1.13)

H =

∫

d3x H (4.1.14)

HT = H0 + ciφi

= 1
2
( ~E2 + ~B2) + A0∂iEi + c1Π0 + c2∂iEi ; can absorb c2 → A0 (4.1.15)

∴ A0 - Lagrange multiplier for the constraint ∂iEi = 0.
We need two gauge conditions:

• Coulomb gauge (usual choice)

A0 = 0 (4.1.16)

∂iAi = 0 (4.1.17)

• Axial gauge also possible

A0 = 0 (4.1.18)

A3 = 0 (say) (4.1.19)

Now, replace Poisson Brackets by Dirac Brackets. The fundamental P.B. is:

{Ai(~x, t),Πj(~y, t)} = δijδ
3(~x− ~y) (4.1.20)

Θi = {φi . . . γi} (4.1.21)
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The Dirac Bracket is then:

{A,B}∗ = {A,B} −
∑

i,j

{A,Θi}dij{Θj, B} (4.1.22)

where d−1ij = {Θi,Θj}

So,

{Π0(~x, t), A
0(~y, t)} = δ3(~x− ~y) (4.1.23)

{
∂

∂xi
Πi(~x, t),

∂

∂yi
Aj(~y, t)

}

=
∂

∂xi
∂

∂yi
(
−δijδ3(~x− ~y)

)

= ∇2
xδ

3(~x− ~y) (4.1.24)

We now need (∇2)−1 = G(~x− ~y). i.e.

∇2G(~x− ~y) = δ3(~x− ~y) =
∫

d3k

(2π)3
ei
~k·(~x−~y) (4.1.25)

Write G(~x− ~y) =

∫
d3~k

(2π)3
ei
~k·(~x−~y)g(~k) (Fourier transf.) (4.1.26)

∴ ∇2G(~x− ~y) =

∫
d3~k

(2π)3
(−~k2g(~k))
︸ ︷︷ ︸

=1

ei
~k·(~x−~y) (4.1.27)

Aside:

δ(x) = 0 (x 6= 0)
∫ ∞

−∞
dx δ(x) = 1

∫ ∞

−∞
dx

√
a

π
e−ax

2

=

√
a

π

(√
π

a

)

= 1

lim
a→∞

√
a

π
e−ax

2

=

{
0 if x 6= 0

∞ if x = 0
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Thus,

δ(x) = lim
a→∞

√
a

π
e−ax

2

So

∫ ∞

−∞

dk

2π
eikx = lim

a→0

∫ ∞

−∞

dk

2π
eikx−ak

2

ak2 is regulator

= lim
a→0

∫ ∞

−∞

dk

2π
exp{−a

(
k − ix

2a

)
} exp{−x2

4a
}

= lim
a→0

∫ ∞

−∞

dk′

2π
e−a(k

′)2 exp{−x
2

4a
}

= lim
a→0

√
π

a

1

2π
exp{−x

2

4a
}

= δ(x)

end of aside.
Now, recall (4.1.27)

∴ g(~k) = − 1

~k2
(4.1.28)

Thus,

G(~x− ~y) =
∫

d3k

(2π)3

(−1
~k2

)

ei
~k·(~x−~y) (4.1.29)

Say (~x− ~y) is along k3 axis.

G(~x− ~y) =

∫ 2π

0

dφ

∫ +1

−1
d(cos θ)

∫ ∞

0

dk

(2π)3
k2
(−1
k2

)

eikr cos θ ; r = |~x− ~y|

=
1

(2π)2

∫ 1

−1
dz

∫ ∞

0

dk eikrz ; (z = cos θ)

can extend k integral to (−∞)→ int. over z makes even

=
−1

2(2π)2

∫ 1

−1
dz

∫ ∞

−∞
dk eik(rz)

=
−1
4π

∫ 1

−1
dz δ(rz)

=
−1
4πr

∫ ∞

−∞
dz′ δ(z′) ; z′ = rz

=
−1
4πr

(4.1.30)

Thus,

G(~x− ~y) = −1
4π|~x− ~y| (4.1.31)
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One can verify that

∇2

( −1
4π|~x− ~y|

)

= 0 , ~x 6= ~y (4.1.32)

and that
∫

d3~x ∇2

( −1
4π|~x|

)

=
−1
4π

∫

d3~x ∇ ·
(

∇−1|~x|

)

by Gauss’s Law (Radius of Sphere = R)

=
−1
4π

lim
R=∞

∫

Sphere

dΩ R2n̂ ·
(

∇ 1

|~x|

)

= 1 (4.1.33)

Thus our Dirac Brackets are

{F (~x, t), G(~y, t)}∗ = {F (~x, t), G(~y, t)}

−
∫

d3~x′ d3~y′
[{

F (~x, t),
∂

∂x′i
Πi(~x

′, t)

}

G(~x′ − ~y′)
{

∂

∂y′j
Aj(~y

′, t), G(~y, t)

}

−
{

G(~x, t),
∂

∂x′i
Πi(~x

′, t)

}

G(~x′ − ~y′)
{

∂

∂y′j
Aj(~y

′, t), F (~y, t)

}]

(4.1.34)

Hence;

{Ai(~x, t),Πj(~y, t)}∗ =

(

δijδ(~x− ~y)−
∂

∂xi

∂

∂xj
G(~x− ~y)

)

=

(

δij −
∂i∂j
∇2

)

δ(~x− ~y)
︸ ︷︷ ︸

δ3ij⊥(~x−~y)

→ 1

∇2
= G(~x− ~y) (4.1.35)

(4.1.36)

Consistency:

∂

∂xi
{Ai(~x, t),Πj(~y, t)}∗ =

∂

∂xi

(

δij −
∂

∂xi

∂

∂xj

1

∇2

)

δ(~x− ~y)

= 0 (4.1.37)

{Ai(~x, t),Πj(~y, t)}∗ = δ3ij⊥(~x− ~y) (4.1.38)

Oct. 26/99

H0 =
1

2
(Π2 + B2) + c1Π0 + c2∂iΠi (4.1.39)

→ Ȧ0 = [A0,H]
= [A0, c1Π0] = c1(Entirely arbitrary prior to fixing gauge) (4.1.40)

→ Ȧi = [Ai,H]
= [Ai,

1
2
Π2 + c2∂jΠj] = Ai − ∂ic2 (4.1.41)
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where the usual gauge invariance in A is recovered;

Aµ → Aµ + ∂µΛ (4.1.42)

c1 = ∂0Λ

−∂ic2 = ∂iΛ

The Fourier expansion of A(x, t) in the Coulomb gauge (∂iAi = 0) is

A(x, t) =

∫
d4k

(2π)4
δk2

2∑

λ=1

{
ε(k, λ)[a(k, λ)e−ik·x + a∗(k, λ)e+ik·x]

}
(4.1.43)

1. δ(k2) is the mass shell condition (i.e. ensures that ¤A = 0 → ∂µF
µν = 0 ⇒ ¤A = 0

if ∂iAi = 0)

2. ε(k, λ) · k = 0 (λ = 1, 2) (Ensures ∂iAi = 0). and

ε(k, λ) · ε(k, λ′) = δλλ′

→ ε(k, 1)× ε(k, 2) =
k

|k|

3. A = A∗ ⇒ is real. Thus,

ae−ik·x + a∗eik·x

occurs.
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Note:
∫ ∞

−∞
dx δ(x2 − a2)f(x) =

∫ a+ε

a−ε
dx δ((x+ a)(x− a))f(x)

+

∫ −a+ε

−a−ε
dx δ((x+ a)(x− a))f(x)

=

∫ a+ε

a−ε
dx δ(2a(x− a))f(x) +

∫ −a+ε

−a−ε
dx δ(−2a(x+ a))f(x)

but recall that

∫ ∞

−∞
dx δ(cx)f(x) =

f(x)

|c|

=
f(a)

|2a| +
f(−a)
|2a| (4.1.44)

Hence

δ(x2 − a2) = δ(x− a) + δ(x+ a)

|2a| (4.1.45)

∴ A(x, t) =

∫
d3k

(2π)3

∫ ∞

−∞

dk0
(2π)

δ(k20 − k2)
2∑

λ=1

ε(k, λ)[ae−ik·x + a∗eik·x] (4.1.46)

Rescaling a, a∗ and setting ωk =
√

k2, εk,λ = ε(k, λ), etc., we get

∴ A(x, t) =
1

2

∫
d3k

(2π)3/2
1√
2ωk

2∑

λ=1

εk,λ
[
ak,λe

−i(k·x+ωkt) + ak,λe
−i(k·x−ωkt)

+ a∗k,λe
+i(k·x+ωkt) + a∗k,λe

+i(k·x−ωkt)
]
(4.1.47)

If k→ −k, and if

εk,λ =

{
ε−k,λ (λ = 1)

−ε−k,λ (λ = 2)
(4.1.48)

ε−k,1 × ε−k,2 =
(−k)

|k| (4.1.49)

then
∫

d3k

(2π)3/2
1√
2ωk

2∑

λ=1

εk,λak,λe
−i(k·x+ωkt) =

∫
d3k

(2π)3/2
1√
2ωk

2∑

λ=1

ε−k,λa−k,λe
+i(k·x−ωkt)

(4.1.50)

Now set a−k,λ =
{
a∗k,λ λ=1

−a∗k,λ λ=2
. Thus everything collapses to

A(x, t) =

∫
d3k

(2π)3/2
1√
2ωk

2∑

λ=1

εk,λ
[
ak,λe

−ik·x + a∗k,λe
ik·x] (4.1.51)

where k · x = k · x− ωkt
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(we need not use lane wave basis; any complete set of functions will do).
Recall the Klein-Gordon equation:

0 = (¤+m2)φ (4.1.52)

0 =

(
∂2

∂t2
−∇2 +m2

)

φ (4.1.53)

Let θ = ∂φ
∂t
→∴ ∂θ

∂t
= (∇2 −m2)φ

Ψ1 =
1√
2

(

φ+
i

m
θ

)

Ψ2 =
1√
2

(

φ− i

m
θ

)

(4.1.54)

Let

Ψ =

[
Ψ1

Ψ2

]

(4.1.55)

∴ i
∂Ψ

∂t
=

[

(τ3 + iτ2)
(−i∇)2
2m

+mτ3

]

︸ ︷︷ ︸

H

Ψ (4.1.56)

→ τ2 =

[
0 −i
i 0

]

τ3 =

[
1 0
0 −1

]

(4.1.57)

K.G. equation follows from an action

S =

∫

d4x

[
1

2
(∂µφ)(∂

µφ)− m2

2
φ2
]

︸ ︷︷ ︸

L

(4.1.58)

Now,

→ Π =
∂L

∂ (∂0φ)
= ∂0φ (4.1.59)

H = Π(∂0φ)− L

= Π · (∂0φ)−
(
1

2
(∂0φ)

2 − 1

2
(∇φ)2 −m2φ2

)

=
1

2

[
Π2 + (∇φ)2 +m2φ2

]
(4.1.60)

Fundamental P.B.

[φ(x, t),Π(y, t)] = δ3(x− y) (4.1.61)

(¤+m2)φ = j Describes Π, K, . . . (4.1.62)

i~
∂ψ

∂t
= p2mψ → we’ve treated as single particle (4.1.63)

i~
∂ψ

∂t
=

(
p2

2m
+ V

)

ψ → in a classical potential (4.1.64)
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Dirac showed that the potential V itself, when it’s due to an E.M. field, should be quantized.
Make relativistic by considering Dirac eq.

i
∂ψ

∂t
= (α · p + βm)ψ (4.1.65)

• the above equation doesn’t describe just 1 particle anymore, but in fact now describes
4

• this one equation describes ψ particles (spin 1
2
)

• if you put c’s and ~’s back in, ~’s don’t all cancel, → ~ floating around

Maxwell’s equations (Fiddle with Bargmann-Wigner (spin 1), and get these)

∂µF
µν = 0 (4.1.66)

F µν = ∂µAν − ∂νAµ (4.1.67)

~’s cancel, ifm = 0→ classical equations. (2 particles/polarizations). i.e. in order to include
relativity, you end up having to describe more than 1 particle. Wave function describing
single particle → actually quantizing wave function itself (2nd quantization).

Oct. 27/99



Chapter 5

(2nd) Quantization, Spin and Statistics

5.1 Harmonic Oscillator

H =
1

2
(p2 + ω2q2) ; ω =

√

k

m
(5.1.1)

Quantize:

[q, p] = i ; (~ = 1) (5.1.2)

ṗ = [p,H] = −ω2q (5.1.3)

q̇ = [q,H] = p (5.1.4)

Define:

a =
ωq + ip√

2ω
; ( annihilation) (5.1.5)

a† =
ωq − ip√

2ω
; (creation) (5.1.6)

Note that:

[a, a†] = 1

[a, a] = [a†, a†] = 0

H = ω

(

a†a+
1

2

)

and

[H, a†] = ωa†

[H, a] = −ωa

83
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Suppose

H|n〉 = ωn|n〉 (5.1.7)

H(a†|n〉) = ([H, a†] + a†H)|n〉
= (ωa†|n〉+ a†ωn|n〉)
= (ωn + ω)(a†|n〉) (5.1.8)

and similarly H(a|n〉) = (ωn − ω)(a|n〉) (5.1.9)

More generally,
H(am|n〉) = (ωn −mω)(am|n〉) (5.1.10)

For the energy to have a lower bound, there must be a state |0〉 such that a|0〉 = 0.
In this case,

H|0〉 = ω

(

a†a+
1

2

)

|0〉 ; a|0〉 = 0

=
1

2
ω|0〉 (Consistent with uncertainty principle).

=
1

2

(
p2 + ω2q2

)
|0〉 → ∆p ∆q ≥ ~2

4
(5.1.11)

i.e. Vacuum state |0〉 is lowest energy state, not nothing.

a†|0〉 ∝ |1〉
(a†)n|0〉 ∝ |n〉

H|n〉 =

(

n+
1

2

)

ω|n〉 (n = 0, 1, . . .) (5.1.12)

For 〈n|m〉 = δnm

|n〉 = (a†)n
√

(n+ 1)
|0〉 (5.1.13)

For our real K.G. field:

0 =
(
¤+m2

)
ψ has a solution

φ(x) =

∫
d3k

(2π)3/2
1√
2ωk

(
ake
−ik·x + a∗ke

ik·x) (5.1.14)

(note that this is only a scalar field here, ∴ don’t need polarization vectors εk,λ). For a
complex field, we have the same treatment for real and complex parts.

→ k · x = ωkt− k · x

with ωk =

√

k2 +m2

fk =
e−ik·x

√

(2π)32ωk
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As ∫
d3k

(2π)3
eik·x = δ3(x) (5.1.15)

then ∫

d3x f ∗kφ(x, t) =
1

2ωk

[
ak + a∗−ke

2iωkt
]

(5.1.16)

Remember that

Π(x, t) =
∂φ(x, t)

∂t

∴

∫

d3x f ∗k Π(x, t) = − i

2

[
ak − a∗−ke2iωkt

]
(5.1.17)

(5.1.18)

Thus,

ak = i

∫

d3x

[

f ∗k (x, t) (∂tφ(x, t))−
(
∂

∂t
f ∗k (x, t)

)

φ(x, t)

]

︸ ︷︷ ︸

⇒f∗k
↔
∂ φ

(5.1.19)

If we now quantize

[φ̂(x, t), Π̂(y, t)] = i~δ3(x− y) ( let ~ = 1) (5.1.20)

then we can show that

[â(k), â(k′)] = 0 (5.1.21)

[â∗(k), â∗(k′)] = 0 (5.1.22)

[â(k), â∗(k′)] = δ3(k − k′) (5.1.23)

and

H =

∫

d3x

[
1

2
Π2 +

1

2
(∇φ)2 + m2

2
φ2
]

=

∫

d3x

[

ωk

(

a∗(k)a(k) +
1

2

)]

(5.1.24)

→ Harmonic oscillator! (Note the 1
2
term above will diverge→ at each point, get this vacuum

oscillation →∑
over all points, get ∞.)

States in the Hilbert space of these operators:

|0k, 0k′ , 0k′′ , . . .〉 = vacuum ≡ |0〉 (5.1.25)

a†l√
2!
|0〉 = |0k, . . . , 1l, . . .〉 (5.1.26)
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i.e. the a†l “creates” a K.G. particle of momentum l. So,

(a†l )
2

√
3!

(a†l′)√
2!
|0〉 (5.1.27)

is a state with one K.G. particle of momentum l′ and two of momentum l. Notation: When
we quantize, the ∗ goes to †;

a∗k −→ a†k (5.1.28)

As it is only the difference between energy levels that is observed, we take,

: H : → normal order of H (5.1.29)

: H : =

∫

d3k ωk(a
†
kak) (5.1.30)

(excitations above lowest energy state)

As

H =
1

2

∫

d3k ωk

(

a†kak + aka
†
k

)

(5.1.31)

→ : H : is obtained by rewriting H so that all annihilation operators are on the right.
More generally, : φ(x)φ(y) : - ordered so that, again, all annihilation operators are on the
right hand side. As,

i

∫

d3xf ∗k
↔
∂ fk′ = δ3(k − k′) (5.1.32)

φ− =

∫

d3x a†kf
∗
k (5.1.33)

φ+ =

∫

d3x akfk (5.1.34)

Oct. 29/99

: φ(x)φ(y) : = :
(
φ−(x) + φ+(x)

) (
φ−(y) + φ+(y)

)
:

= φ−(x)φ+(y) + φ−(y)φ+(x)
︸ ︷︷ ︸

inversion

+φ−(x)φ−(y) + φ+(x)φ+(y)
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[φ(x), φ(y)] =
[
(φ+(x) + φ−(x)), (φ+(y) + φ−(y))

]

=

[∫

d3k
(

a†kf
∗
k (x) + akfk(x)

)

,

∫

d3k′
(

a†k′f
∗
k′(y) + ak′fk′(y)

)]

=

∫
d3k d3k′

(2π)3
√
2ωk · ωk′







[

ak, a
†
k′

]

︸ ︷︷ ︸

δkk′

e−i(k·x−k
′·y) +

[

a†k, ak′
]

︸ ︷︷ ︸

−δkk′

ei(k·x−k
′·y)







=

∫
d3k

(2π)3(2ωk)

[
e−ik·(x−y) − e+ik·(x−y)]

=
−i

(2π)3

∫
d3k

ωk
eik·(x−y) sin [ωk(x0 − y0)]

∫
d3k

2ωk
→
∫

d4k δ(k2 −m2)

=

∫
d4k

(2π)3
δ(k2 −m2)ε(k0)e

−k·(x−y)

where ε(k0) =

{
+1 k0 > 0

−1 k0 < 0

= i∆(x− y) (5.1.35)

Properties:

0 =
(
¤x −m2

)
∆(x− y)→ expected, as (¤−m2)φ = 0

∆(x− y) = −∆(y − x) → Reasonable, as [φ(x), φ(y)] = − [φ(y), φ(x)]

Note:

∆(x− y, 0) = 0

i.e.

→
∫

d4k

(2π)3
δ(k20 − k2 −m2)ε(k0)e

−ik·(x−y) = 0

Thus,

∆(x− y) = 0 if (x− y)2 < 0 (5.1.38)

Hence,

[φ(x), φ(y)] = 0 if (x− y)2 < 0 (5.1.39)

as required by causality. If x, y are separated temporally, (i.e. within light cone), then the
order of x, y (in time) is the same ∀ observers. If they are separated by spatial separation,
(outside light cone), order (time order) not necessarily the same.
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5.2 Feynman Propagator

〈0|Tφ(x)φ(y)|0〉 (5.2.1)

Hence,

Tφ(x)φ(y) = θ(x0 − y0)φ(x)φ(y) + θ(y0 − x0)φ(y)φ(x) (5.2.2)
[

θ(x) =

{
1 x > 0

0 x < 0

}]

(5.2.3)

This is in fact relativistically invariant.

Tφ(x)φ(y) = 〈0|
[
θ(x0 − y0)(φ+x + φ−x )(φ

+
y + φ−y ) + θ(y0 + x0)(φ

+
y + φ−y )(φ

+
x + φ−x )

]
|0〉

where φ+x ≡ φ+(x), etc.

so, in first term above, φ+x , φ
−
y → 0 and in second term, φ+y , φ

−
x → 0

→ ak|0〉 = 0 〈0|a+k = 0

= 〈0|
[
θ(x0 − y0)φ−x φ+y + θ(y0 − x0)φ−y φ+x

]
|0〉

→ 1√
2
a†k|0〉 = |1k〉

〈0| 1√
2
ak = 〈1k|

...

=

∫
d3k

(2π)3(2ωk)

[
θ(x0 − y0e−ik·(x−y) + θ(y0 − x0)eik·(x−y)

]
(5.2.4)

(Note that

θ(t) =

∫ ∞

−∞

dλ

2πi

eitλ

λ− iε
; ε > 0 (5.2.5)

→ λ → k0

θ(t) =

∫ ∞

−∞

dk0
2πi

eitk0

k0 − iε
(5.2.6)

T (φ(x)φ(y)) = i

∫
d4k

(2π)4
e−ik·(x−y)

k2 −m2 + iε
(5.2.7)

Note that k20 − k2 −m2 + iε→ poles at k0 = ±
√

k2 +m2 − iε. Hence for
∫
dk0 we have the

contour Hence

〈0|Tφ(x)φ(y)|0〉 = i

∫
d4k

(2π)4
e−ik·(x−y)

k2 −m2 + iε

= i∆F (x− y) (Feynman Propagator) (5.2.8)
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t < 0 → no poles, ∴ θ(t) = 0

t > 0 → 1 pole, ∴ residue θ(t) = 1

Note:

(¤x +m2)∆F (x− y) = −δ4(x− y) (5.2.9)

Remember

(¤+m2)∆(x− y) = 0 (5.2.10)

We can repeat this procedure for the vector field. Classical P.B.

[Ai(x, t),Πj(x, t)] = gijδ
3(x− y) (i, j → spatial indices) (5.2.11)

↓
[

Âi(x, t), Π̂j(x, t)
]

= −iδijδ3(x− y) (5.2.12)
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But, in order to eliminate the constraints, we need the classical Dirac Bracket

[
Ai(x, t),Πj(y, t)

]∗
= −

(

δij −
∂i∂j
∇2

)

δ3(x− y) (Coulomb gauge) (5.2.13)

which goes to the commutator,

[

Âi(x, t), Π̂j(y, t)
]

= −i
(

δij −
∂i∂j
∇2

)

δ3(x− y) (5.2.14)

We’ll work with this commutator.
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Ai(x, t) =

∫
d3k

(2π)3/2
1√
2ωk

2∑

λ=1

(ε(k, λ))
(
a(k, λ)e−ik·x + a†(k, λ)eik·x

)
(5.2.15)

Re: ε(k, 1) = ε(−k, 1)
ε(k, 2) = −ε(−k, 2)

ε(k, 1)× ε(k, 2) = k

|k|
These ε are appropriate for the Coulomb gauge - the gauge condition is taken care of by the
two conditions with k → −k, above. Also, once again we have a superposition of harmonic
oscillators making up A(x, t);

[a(k, λ), a(k′, λ′)] = 0 (5.2.16)
[
a†(k, λ), a†(k′, λ′)

]
= 0 (5.2.17)

[
a(k, λ), a†(k′, λ′)

]
= δ3(k − k′)δλλ′ (5.2.18)

Recall (~ = 1)

H =

∫

d3x :
1

2
(E2 +B2) :

=

∫

d3kωk

2∑

λ=1

a†(k, λ)a(k, λ) (5.2.19)

(i.e. E = ~ωkNk Einstein photoelectric effect)

p =

∫

d3x : E ×B :

= (~)
∫

d3k k
2∑

λ=1

a†(k, λ)a(k, λ) (5.2.20)

(
p = ~kNk de Broglie) (5.2.21)

Remember that, for a Harmonic Oscillator, if

N = a†a (5.2.22)
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then
N |n〉 = n|n〉 (5.2.23)

General expression for Aµ(x, t) and its time ordered product:

Now Aµ(x, t) =

∫
d3k

(2π)3/2
1√
2ωk

2∑

λ=1

εµ(k, λ)
(
a†(k, λ)eik·x + a(k, λ)e−ik·x

)
(5.2.24)

So 〈0|TAµ(x)Aν(y)|0〉 =

∫
d4k

(2π)4
e−ik·(x−y)

k2 + iε

2∑

λ=1

εµ(k, λ)εν(k, λ)

= iDFµν (x− y) (5.2.25)

In the Coulomb gauge, if

εµ(k, λ) = (0, ε(k, λ)) (k · ε = 0) (5.2.26)

Let ηµ = (1, 0, 0, 0). In frame where εµ has the above form,

k̃µ =
kµ − k · η ηµ
√

(k · η)2 − η2
(5.2.27)

Note

k̃ · η = 0 η · ε = 0

k̃ · ε = 0 (5.2.28)

kµ, εµ(1), εµ(2), ηµ are 4 orthonormal vectors, all defined with respect to frame where
εµ(k, λ) = (0, ε(k, λ)).
Now,

2∑

λ=1

εµ(k, λ)εν(k, λ) = −gµν + ηµην − k̃µk̃ν (5.2.29)

Reduces to

= δij −
kikj

k2
in frame where εµ = (0, ε) (5.2.30)

Hence in the Coulomb gauge,

iDFµν (x− y) =
∫

d4k

(2π)4
e−ik·(x−y)

k2 + iε






−gµν +

k2ηµην + kµkν − k · η(kµην + kνηµ)

−k2 + (η · k)2
︸ ︷︷ ︸

∗







(5.2.31)

∗ is an artifact of using the Coulomb gauge and cannot affect any physical process.
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5.3 Quantizing the Dirac Field

We have
φ(x)→ ak, a

†
k′ (5.3.1)

with states:

|nk1 , nk2 , . . . , nkm〉 =
(a†k1)

nk1

√

(nk1 + 1)!
· · ·

(a†km)
nkm

√

(nkm + 1)!
|0, . . . , 0〉 (5.3.2)

where nk1 , . . . , nkm = 1, 2, . . . ,∞. For electrons, Pauli suggested that no two electrons can
be in the same state.

Fermionic Harmonic Oscillator

H = ω

(

b†b+
1

2

)

(5.3.3)

{b, b} =
{
b†, b†

}
= 0 (5.3.4)

{
b, b†

}
= 1 = bb† + b†b (5.3.5)

where the above are now anti-commutator relations. From this,

[b,H] =

[

b, ω

(

b†b+
1

2

)]

= ω(bb†b− b†bb) ; bb† = 1− b†b
= ω(b− 2b†bb ; bb+ bb = 0 = {b, b}
= ωb− ωb†{b, b}
= ωb (5.3.6)

If

H|n〉 = ωn|n〉 (5.3.7)

H(b|n〉) = (bH − ωb)|n〉
(where [b,H] = bH −Hb = ωb)

= (ωn − ω)(b|n〉) (5.3.8)

So also,
H(b†|n〉) = (ωn + ω)(b†|n〉) (5.3.9)

For the energy of the system to be bounded below,

b|0〉 = 0 (5.3.10)
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For this state;

H|0〉 = ω

(

b†b+
1

2

)

|0〉

=
ω

2
|0〉

(

ω0 =
ω

2

)

(5.3.11)

Now,

b†|0〉 = |1〉 (5.3.12)

H|1〉 = ω(b†b+ 1/2)|1〉
= ω(b†b+ 1/2)b†|0〉 (b†bb† = b†(bb† + b†b− b†b) = b†)

= ω(b† + (1/2)b†)|0〉

=
3ω

2
(b†|0〉) = 3ω

2
|1〉 (5.3.13)

But (b†)2|0〉 = 0 as {b†, b†} = 0.
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Consider,

H = ω

(

b†b− 1

2

)

(5.3.14)

{b, b†} = 1

b|0〉 = 0 , b†|0〉 = |1〉 , (b†)2|1〉 = 0

H|0〉 = −ω
2
|0〉

H|1〉 =
ω

2
|1〉

H ′ = ω

(

−b†b+ 1

2

)

= −H

= ω



−b†b− bb†
︸ ︷︷ ︸

=−1

+bb† +
1

2





= ω

[

bb† − 1

2

]

(5.3.15)

There is a symmetry between b and b†;

b†|0〉′ = 0 (5.3.16)

b|0〉 = |1〉′ (5.3.17)
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Consequently though,

H|0〉′ = ω

(

b†b− 1

2

)

|0〉′

= ω

[

b†b+ bb†
︸ ︷︷ ︸

1

−bb† − 1

2

]

|0〉′

=
ω

2
|0〉′ (5.3.18)

H|1〉′ = ω

(

b†b− 1

2

)

(b|0〉′)

= −ω
2
|1〉′2 (5.3.19)

|0〉 ↔ |1〉′ (5.3.20)

|1〉 ↔ |0〉′ (5.3.21)

with the operator H, b destroys a state |1〉 while this operator b becomes a creation operator
for a system with Hamiltonian H ′.
Now for the electron field ψ.

ψ(x) =
∑

s=±

∫
d3p

(2π)3/2

√
m

Ep

[
b(p, s)e−ip·xu(p, s) + d∗(p, s)eip·xv(p, s)

]
(5.3.22)

(6p−m)u = 0 = (6p+m)v (5.3.23)

∑

s=±
uα(p, s)ūβ(p, s) =

( 6p+m

2m

)

αβ

(5.3.24)

∑

s=±
vα(p, s)v̄β(p, s) =

( 6p+m

2m

)

αβ

(5.3.25)

ū(p, s)v(p, s′) = 0 (5.3.26)

ū(p, s)u(p, s′) = −v̄(p, s)v(p, s′) = δss′ (5.3.27)

u†(p, s)u(p, s′) = v†(p, s)v(p, s′) =
Ep
m
δss′ (5.3.28)

Quantizing ψ
(i 6∂ −m)ψ = 0 (5.3.29)

This can be derived from the Lagrangian

L = ψ̄(i 6∂ −m)ψ (ψ̄ = ψ†γ0) (5.3.30)
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provided ψ and ψ̄ are treated as being independent.

Πα =
∂L

∂(∂0ψα)
= ψ̄(iγ0)α = iψ†α (5.3.31)

Π̄α =
∂L

∂(∂0ψ̄α)
= 0 (5.3.32)

Eventually the constraint formalism gives,
{
ψα(x, t),Πβ(y, t)

}

quantum
↔
[
ψα(x, t),Πβ(y, t)

]∗
Classical Dirac Bracket

(5.3.33)

The quantization of the E.M. field gives

{ψα(x, t),Πβ(y, t)} = iδ3(x− y) (5.3.34)

{ψα(x, t), ψ†β(y, t)} = δ3(x− y) (5.3.35)

As b, d† are now operators, we obtain,

{b(p, s), b†(p′, s′)} = δ3(p− p′)δss′
{d(p, s), d†(p′, s′)} = δ3(p− p′)δss′

}

Fermionic creation and

annihilation operators
(5.3.36)

b†(p, s) (b(p, s)) creates (destroys) an electron with energy Ep = +
√

p2 +m2 and spin s,

momentum p.

d(p, s) (d†(p, s)) creates (destroys) a positron with energy −Ep = −
√

p2 +m2, spin s and

momentum −p. or
d(p, s) (d†(p, s)) annihilates (creates) a positron with energy Ep = +

√

p2 +m2, spin s and

momentum +p. i.e. Now,

: H :=

∫

d3x :

(

Πα
∂ψα
∂t
− L

)

: (5.3.37)

(
Here : ψαψβ := ψ+

αψ
+
β + ψ−αψ

−
β + ψ+

αψ
−
β − ψ+

β ψ
−
α

)

We find that

H =
∑

s=±

∫

d3p Ep
(
b†(p, s)b(p, s) + d†(p, s)d(p, s)

)
← Positive Definite Hamiltonian

(5.3.39)
where this is a positive definite Hamiltonian because the b(p, s) destroys an electron of energy
Ep, and the d(p, s) destroys a positron of momentum Ep.

If we had quantized using a commutator, we would have gotten;

H =
∑

s=±

∫

d3p Ep
(
b†(p, s)b(p, s)− d†(p, s)d(p, s)

)
(5.3.40)
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where the negative sign would mean there is no lower bound on the spectrum of H. Consider
the current

jµ = ψ̄γµψ Vector - eventually this will be the e.m. current. (5.3.41)

: Q :=: j0 : = : ψ̄γ0ψ :

= : ψ†ψ :

=

∫

d3p
(
b†(p, s)b(p, s)− d†(p, s)d(p, s)

)
(5.3.42)

with b†(p, s)b(p, s) the positive contribution from electrons, and d†(p, s)d(p, s) term the neg-
ative contribution from positrons.
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{ψα(x), ψ̄β(y)} = i(i 6∂ +m)∆(x− y) (5.3.43)

[φ(x), φ(y)] = i∆(x− y)
= 0 if (x− y)2 < 0 (5.3.44)

If we used commutators for ψα(x, t) and Πβ(y, t) , [ψα(x), ψβ(y)] 6= 0 for (x− y)2 < 0. This
would be inconsistent. So also,

〈0|Tψα(x)ψ̄β|0〉 = iSFαβ(x− y) (5.3.45)

SF (x− y) =

∫
d4p

(2π)4
e−ip·(x−y)

p2 −m2 + iε
(6p+m) (Scalar case) (5.3.46)

Since (6p+m)( 6p−m) = 6p2 −m2 = p2 −m2, (last = due to anti-commutation relations)

SF (x− y) =
∫

d4p

(2π)4
e−ip·(x−y)

6p−m+ iε
(5.3.47)

For Fermi Dirac particles

Ta(t)b(t′) = θ(t− t′)a(t)b(t′)− θ(t′ − t)b(t′)a(t) (5.3.48)



Chapter 6

Interacting Fields

L =
1

2
(∂µφ)(∂

µφ)− m2

2
φ2

︸ ︷︷ ︸

Free field

− λφ4

4!
︸︷︷︸

Interaction

(6.0.1)

The equation of motion is

∂2φ+m2φ+
λφ3

6
= 0 (6.0.2)

(Most important type of interaction → Gauge).

6.1 Gauge Interaction

Schrodinger equation

i
∂ψ

∂t
= Hψ ψ − ψ complex (6.1.1)

Probability density ψ∗(x, t)ψ(x, t) is invariant under a phase change

ψ(x, t)→ eiΛψ(x, t) (6.1.2)

where Λ is a constant. If ψ(x, t)→ eiΛ(x,t)ψ(x, t) is an invariant then ψ∗ψ is unaltered, but

i
∂ψ

∂t
= Hψ is changed (6.1.3)

Introduce Aµ(x, t) and replace ∂µ by Dµ = ∂ − ieAµ, and let Aµ → Aµ +
1
e
∂µΛ if ψ → eiΛψ.

i.e.
Dµψ → eiΛDµψ (6.1.4)

Aµ is the electromagnetic potential; ψ becomes complex.

L = (∂µψ
∗)(∂µφ)−m2φ∗φ− λ(φ∗φ)2 (6.1.5)

∂µφ→ Dµφ

L = [(∂µ + ieAµ)φ
∗] [(∂µ − ieAµ)φ]−m2φ∗φ− λ(φ∗φ)2 (6.1.6)

97
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This is invariant under

φ → eiΛφ

φ∗ → e−iΛφ

Aµ → Aµ +
1

e
∂µΛ

Also, add in

L = −1

4
FµνF

µν (6.1.7)

where Fµν = ∂µAν − ∂νAµ
=

i

e
[Dµ, Dν ] (f) (f = test function)

=
i

e
[(∂µ − ieAµ) , (∂ν − ieAν)] (f)

= Aν,µ − Aµ,ν (6.1.8)

We can also include spinors

L = ψ̄ (i (∂µ − ieAµ) γ
µ −m)ψ (6.1.9)

So also there is an interaction between spinors and real scalars:

L = ψ̄(i 6∂ −m)ψ +
1

2
(∂µφ)(∂

µφ)− µ2

2
φ− λφ4

4!
− igψ̄ψφ (6.1.10)

where the last term is the yukawa interaction (the i is required for L = L†. (you must have
a complex scalar field to interact with the electromagnetic field).

6.2 Heisenberg Picture of Q.M.

AH = Ah(x, t) (Heisenberg operator) (6.2.1)

i
∂

∂t
AH = [AH , H] (6.2.2)

(

c.f.
∂A

∂t
= [A,H]PB →

1

i
[ ]Commutator

)

(6.2.3)

Solution
AH(x, t) = eiHtAH(x, 0)e

−iHt (6.2.4)

Heisenberg states |ψ〉H
(
∂
∂t
|ψ〉H = 0

)
. Matrix elements

〈φ|AH |ψ〉H = 〈φ|eiHtAH(x, 0)e−iHt|ψ〉H (6.2.5)
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Let AH(x, 0) = AS(x)← Schrodinger operator

|ψs〉 = e−iHt|ψ〉H = |ψ(t)〉S (6.2.6)

Now
∂

∂t
As(x) = 0

i
∂

∂t
|ψ(t)〉S = H|ψ(t)〉S (6.2.7)

Dirac’s interaction representation,

Aip(x, t) = eiH0tAS(x)e
−iH0t (6.2.8)

H = H0 +HI = eiH0te−iHtAH(x, t)e
iHte−iH0t

|a(t)〉 = eiH0t|a(t)〉S (6.2.9)

Thus 〈φH |AH |φH〉 = 〈φS|AS|φS〉
= 〈φip|Aip|ψip〉 (6.2.10)

We note that
i∂Aip
∂t

= i
∂

∂t

[
eiH0tASe

−iH0t] = [Aip, H0] (6.2.11)

(Aip(x, t) evolves as if there were no interactions). So, also

i
∂

∂t
|a(t)〉ip = i

∂

∂t

[
eiH0t|a(t)〉S

]

=

[

−H0e
iH0t|a(t)〉S + eiH0t

(

i
∂

∂t
|a(t)〉S

)]

= −H0e
iH0t|a(t)〉S + eiH0t (H0 +HI) |a(t)〉S

=
(
eiH0tHIe

−iH0t) eiH0t|a(t)〉S
= H ip

I |a(t)〉ip (6.2.12)
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Now, drop the “ip” (we’re always working in the interaction picture from now on). So,

i ∂
∂t
|a(t)〉 = HI |a(t)〉

i ∂
∂t
A(t) = [A(t), H0]

(6.2.13)

is in the interaction picture. Suppose,

|a(t)〉 = U(t, t0)|a(t0)〉 (6.2.14)

where U(t, t0) is an evolution operator. Note:

1. U(t, t) = 1

2. U(t, t0)
−1 = U(t0, t)
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3. By (6.2.13),

i∂tU(t, t0)|a(t0)〉 = HIU(t, t0)|a(t0)〉
Notice |a(t0)〉 has no t dependence

∴ i
∂

∂t
U(t, t0) = HI(t)U(t, t0) (6.2.15)

Take the Hermitian conjugate

−i ∂
∂t
U †(t, t0) = U †(t, t0)HI (H†I = HI) (6.2.16)

Thus, from
(
U †(6.2.15) + (6.2.16)U

)

∂

∂t

[
U †(t, t0)U(t, t0)

]
= 0 (6.2.17)

and
U †(t, t0)U(t, t0) = 1 (i.e. = constant, let constant = 1) (6.2.18)

So we have
U−1(t, t0) = U †(t, t0) (i.e. U is unitary) (6.2.19)

We can integrate (6.2.15)

U(t, t0) = K − i

∫ t

t0

dt′ HI(t
′)U(t′, t0) (6.2.20)

As U(t, t) = 1, ∴ K = 1. We can iterate this equation,

U(t, t0) = 1− i

∫ t

t0

dt1 HI(t1) + (−i)2
∫ t

t0

dt1

∫ t1

t0

dt2 HI(t1)HI(t2)

+ (−i)3
∫ t

t0

dt1

∫ t1

t0

dt2

∫ t3

t0

dt3 HI(t1)HI(t2)HI(t3) + . . . (6.2.21)

This satisfies (6.2.15). Examine: We can also write as:

(−i)2
2

[∫ t

t0

dt1

∫ t1

t0

dt2 HI(t1)HI(t2) +

∫ t

t0

dt2

∫ t2

t0

dt1 HI(t2)HI(t1)

]

(6.2.22)

where the first region of integration is as in diagram above, and the second region of in-
tegration is the same diagram with the region reflected in the t1 = t2 line. But this is
also,

=
(−1)2
2

∫ t

t0

dt1

∫ t

t0

dt2 [THI(t1)HI(t2)] (6.2.23)



6.2. HEISENBERG PICTURE OF Q.M. 101

(−i)2
∫ t

t0

dt1

∫ t1

t0

dt2HI(t1)HI(t2)

So also

(−i)3
∫ t

t0

dt1

∫ t1

t0

dt2

∫ t2

t0

dt3 HI(t1)HI(t2)HI(t3)

=
(−i)3
3!

∫ t

t0

dt1

∫ t

t0

dt2

∫ t

t0

dt3 THI(t1)HI(t2)HI(t3)

In general, then,

U(t, t0) = 1 + T
(−i)
1!

∫ t

t0

dt1 HI(t1) + T
(−i)2
2!

∫ t

t0

dt1

∫ t

t0

dt2 HI(t1)HI(t2)

+ . . .+ T
(−1)n
n!

∫ t

t0

dt1 . . .

∫ t

t0

dtn HI(t1) . . . HI(tn)

= T exp

[

−i
∫ t

t0

dt1 HI(t1)

]

(6.2.24)

Consider now a scattering problem:

• In this we go from a state |a(t = −∞)) to a state at (a(t = +∞)|

• At t = ±∞, we have free particles (Adiabatic Approximation)
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At t = −∞, we have a free particle state, |a(t = −∞)), and at t = +∞, we have a free
particle state |b(t = +∞)), and what we want to compute is (b(∞)|a(∞)) - This gives the
amplitude for |a(−∞)) evolving into |b(∞)). But,

|a(∞)) = U(∞,−∞) |a(−∞)) (6.2.25)

This means we want,

(b(∞)| U(∞,−∞) |a(−∞)) = Sba → (S-matrix) (6.2.26)

To evaluate this, we need,

(b(∞)| (−i)
n

n!
T

∫ t

t0

dt1

∫ t

t0

dt2 . . .

∫ t

t0

dtn HI(t1) . . . HI(tn) |a(−∞)) (6.2.27)

6.3 Wick’s Theorem

This converts Time-ordered products to normal-ordered products. (actual theorem works
for any two orderings of operators).
Trivial Case: (n=1)

THI(t1) =: HI(t1) : (6.3.1)

n=2 (let t1 > t2).

THI(t1)HI(t2) = :
(
H+
I (t1) +H−I (t1)

) (
H+
I (t2) +H−I (t2)

)
:

(let’s let HI(t1) = H1, etc.)

= H+
1 H

+
2 +H+

1 H
−
2 + H−1 H

+
2

︸ ︷︷ ︸

Not N.O.’d

+H−1 H
−
2 (6.3.2)

Now,

H−1 H
+
2 =







H−1 H
+
2 −H+

2 H
−
1

︸ ︷︷ ︸

[H−
1 ,H

+
2 ]

−H+
2 H

−
1

︸ ︷︷ ︸

N.O.’d

(Bosonic)

H−1 H
+
2 +H+

2 H
−
1

︸ ︷︷ ︸

{H−
1 ,H

+
2 }

−H+
2 H

−
1

︸ ︷︷ ︸

N.O.’d

(Fermionic)

(6.3.3)

Thus,

TH1H2 =: H1H2 : +

{ [
H−1 , H

+
2

]
← (Bosonic)

{
H−1 , H

+
2

}
← (Fermionic)

(6.3.4)

But this (anti)-commutator is a c-number. In general these are just 〈0|TH1H2|0〉. i.e.
We have (t1 > t2),

[
H−1 , H

+
2

]
= 〈0|H−1 H+

2 |0〉
= 〈0|TH−1 H+

2 |0〉
= 〈0|TH1H2|0〉 (6.3.5)
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For both t1 > t2 and t2 > t1, we have

THI(t1)HI(t2) =: HI(t1)HI(t2) : +〈0|THI(t1)HI(t2)|0〉 (6.3.6)
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Inductively, we can show that

Tχ(x1) . . . χ(xn) = : χ(x1)χ(x2) . . . χ(xn) :

+
∑

i<j

(0| Tχ(xi)χ(xj) |0) : χ(x1) . . . χ(xi−1)χ(xi+1) . . . χ(xj−1)χ(xj+1) . . . χ(xn) :

+
∑

all possible 2 pairs

(0| Tχ(xi)χ(xj) |0) (0| Tχ(xk)χ(xl) |0) : χ(x1) . . . χ(xn) :
︸ ︷︷ ︸

χ(xijkl) all excluded

+ . . .

+
∑

all possible n/2 pairs

(0| T . . . |0) . . . (0| T . . . |0) : χ : (6.3.7)

This is useful, as
(0| : χ(x1) . . . χxn : |0) = 0 (6.3.8)

Consider the case where

HI =

∫

d3x H(x) (6.3.9)

H(x) = iκψ̄γ5ψφ ( Pseudo-scalar Yakawa coupling ) (6.3.10)

i.e.

L =
1

2
(∂µφ)(∂

µφ)− µ2

2
φ2 + ψ̄(i 6∂ −m)ψ − iκψ̄γ5ψφ (6.3.11)

(Note that φ(−x, t) = −φ(+x, t)). Hence:

T exp

{

−i
∫

dt HI(t)

}

= T exp

{

−i
∫

d4xHI(x)

}

= T

[

1− i(iκ)

∫

d4x (ψ̄(x)γ5ψ(x)φ(x))

+
(+κ)2

2!

∫

d4x1 d
4x2ψ̄(x1)γ5ψ(x1)φ(x1)ψ̄(x2)γ5ψ(x2)φ(x2)

+ . . .

]

(6.3.12)
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Chapter 7

Electron-Positron Scattering

Now suppose |a(−∞)) consists of an electron of momentum p and polarization s, and a
positron of momentum q and polarization t; and suppose |a(∞)) consists of an electron of
momentum p′ and polarization s′, and a positron of momentum q′ and polarization t′.

Thus, we have

|a(−∞)) = b†psd
†
qt |0) −→ |0) = bpsdqt |a(−∞)) (7.0.1)

|b(−∞)) = b†p′s′d
†
q′t′ |0) −→ (0| bp′s′dq′t′ = (b(−∞)| (7.0.2)

Thus,

(b(∞)| Te−i
∫
d4xH(x) |a(−∞))

= (b(∞)| T
(

1 + κ

∫

d4x ψ̄(x)γ5ψ(x)φ(x) +
κ2

2!

∫

d4x1 d
4x2 . . .

)

|a(−∞)) (7.0.3)

Upon applying Wick’s theorem, the only surviving contributions to this matrix element
will be those terms with destruction operators for e− and e+ acting on |a(−∞)) and creation
operators for e− and e+ acting on (b(∞)| . So,

(b(∞)| Te−i
∫
d4xH(x) |a(−∞))

= (b(∞)|a(−∞)) + κ

[

(b(∞)|
∫

d4x : ψ̄(x)γ5ψ(x)φ(x) : |a(−∞))

+ (b(∞)|
∫

d4x (0| T ψ̄α(x)ψβ(x) |0) γαβ : φ(x) : |a(−∞))

]

= 0 i.e. ap |a(−∞)) = 0 ap → destruction op. for φ(x)

Term of order κ2: The only surviving term.

κ2

2

∫

d4x1 d
4x2

{

(b(∞)|
[

(0| Tφ(x1)φ(x2) |0)
︸ ︷︷ ︸

i∆F (x1−x2)

: ψ̄(x1)γ5ψ(x1)ψ̄(x2)γ5ψ(x2) :
]

|a(−∞))
}

(7.0.4)
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The following (ψ+, ψ̄+) act on |a(−∞)) to give |0) by (7.0.1);

ψ+ =

∫
d3p′′

(2π)3/2

√
m

Ep′′

∑

s′′=±
b(p′′, s′′)u(p′′, s′′)e−ip

′′·x (7.0.5)

ψ̄+ =

∫
d3p′′

(2π)3/2

√
m

Ep′′

∑

s′′=±
d(p′′, s′′)v̄(p′′, s′′)e−ip

′′·x (7.0.6)

where the ψ+ represents e− (b operator) and the ψ̄+ represents e+ (d operator). So also, by
(7.0.2),

ψ+ =

∫
d3p′′

(2π)3/2

√
m

Ep′′

∑

s′′=±
b(p′′, s′′)u(p′′, s′′)e−ip

′′·x (7.0.7)

ψ̄+ =

∫
d3p′′

(2π)3/2

√
m

Ep′′

∑

s′′=±
d(p′′, s′′)v̄(p′′, s′′)e−ip

′′·x (7.0.8)

which act on (b(∞)| to give (0| . (ψ̄− has b− in it → e−.)
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So, the only surviving term is:

=
κ2

2

∫

dx1dx2 (0| Tφ(x1)φ(x2) |0) (γ5)αβ(γ5)γδ ·

· (b(∞)|
[
ψ̄−α (x1)ψ

−
β (x1)ψ̄

+
γ (x2)ψ

+
δ (x2)

+ ψ̄−γ (x2)ψ
−
δ (x2)ψ̄

+
α (x1)ψ

+
β (x1)

− ψ̄−α (x1)ψ−δ (x2)ψ̄+
γ (x2)ψ

+
β (x1)

− ψ̄−γ (x2)ψ−β (x1)ψ̄+
α (x1)ψ

+
δ (x2)

]
|a(−∞)) (7.0.9)

where the first two terms give identical contributions, and the last two terms give identical
contributions (the minus sign on the last two terms is due to Fermi-Dirac statistics). ex.

ψ−(x) =
∑

s=±

∫

d3p

√
m

Ep
d†(p, s)v(p, s)eip·x

and so on . . .
Recall

|a(−∞)) = d†q′t′b
†
p′s′ |0)

⇒ |0) = dq′t′bp′s′ |a(−∞))

So also,

(0| Tφ(x1)φ(x2) |0) =
i

(2π)4

∫

d4k
e−ik·(x1−x2)

k2 − µ2 + iε
(7.0.11)
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Thus,

Sba = κ2
∫

d4x1 d
4x2

∫
d4k

(2π)4
ie−ik·(x1−x2)

(k2 − µ2 + iε)

√

m4

EpEqEp′Eq′
·

·
[

(ū(p′, s′)γ5v(q
′, t′)) (v̄(q, t)γ5u(p, s)) e

i(p′·x1+q′·x1−q·x2−p·x2)

− (ū(p′, s′)γ5u(p, s)) (v̄(q, t)γ5v(q
′, t′)) ei(p

′·x1−p·x1+q′·x2−q·x2)
]

(7.0.12)

Integrate over x1 and x2:

→
∫

d4x

(2π)4
eik·x = δ4(k) (7.0.13)

Sba = iκ2

√

m2

EpEqEp′Eq′

∫

d4k
1

k2 − µ2 − iε
·

·
[
(ūp′s′γ5vq′t′)(v̄qtγ5ups)δ

4(−k + p′ + q′)δ4(k − q − p)
−(ūp′s′γ5ups)(v̄qtγ5vq′t′)δ4(−k + p′ − p)δ4(k + q′ − q)

]

= iκ2

√

m2

EpEqEp′Eq′

[
δ4(p′ + q′ − p− q)

]
[
(ūp′s′γ5vq′t′)(v̄qtγ5ups)

(p′ + q′)2 − µ2 + iε

−(ūp′s′γ5ups)(v̄qtγ5vq′t′)

(p′ − p)2 − µ2 + iε

]

(7.0.14)

Pictorial Representation

The relative minus sign in figure 7.0.2 comes from interchanging two fermions. We don’t ac-
tually observe the intermediate particles, and so the fact that they are off mass shell doesn’t
effect the calculation. After integrating over x1 and x2, and going to momentum space, we
get
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Figure 7.0.1: Electron Scattering

Figure 7.0.2: Electron Scattering (Momentum Space, after integra-
tion)

The integral over x1, x2 leads to momentum conservation at each vertex (total momentum
incoming = total outgoing momentum).
Nov 16/99



Chapter 8

Loop Diagrams

8.1 Feynman Rules in Momentum Space

Propagator for spinor

i

6p−m+ iε

(Spin 0)

i

k2 − µ2 + iε

(Spin 0)

−igµν + (gauge dependent)

k2 + iε

(Spin 1)

109
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−ie(γµ)αβ

(Vertex)

−κ(γ5)αβ

(Vertex)

−iλ

(Vertex)

• momentum is conserved at each vertex

• for each loop, there is an overall factor of
∫

d4k
(2π)4

→ (This leads to infinities).

Now, take an example:

One more photon added:
(i.e. many different possibilities)
example:
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Figure 8.1.1: we only ever observe the
external particles →∴ don’t know where
particles in loop are ∴ must sum over all
possibilities → Uncertainty Principle.

(p+ q′ = q + p′). The External lines (spinors) give

√
m

EpV
u(p, s)

︸ ︷︷ ︸

incoming e−
momentum p, spin s

√
m

EpV
ū(p, s)

︸ ︷︷ ︸

outgoing e−

√
m

EpV
v(p, s)

︸ ︷︷ ︸

Outgoing e+

√
m

EpV
v̄(p, s)

︸ ︷︷ ︸

incoming e+

(8.1.1)

where 1
V
→ unit probability in a box of volume V .

• Factor of (−1) for each fermion loop

• If we exchange fermions to go from one diagram to another, their relative phase is
(−1).

• Overall factor of (2π)4δ(pi − pf )

For example, e−e+ → e−e+ (with respective momenta p, q → p′, q′.)

Consider one particular pair of diagrams, which are of order e4.
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Figure 8.1.2: For Diagram I

(−1)
∫

d4k

(2π)4

[√
m

Ep′V
ūα(p

′, s′)

]

· (−ie(γµ)αβ) ·
[√

m

EpV
uβ(p, s)

]

·
( −igµν
(p− p′)2 + iε

)

·

·
[

(−ieγν)γδ
(

i

(6k+ 6p− 6p′)−m+ iε

)

δδ′
(−ieγλ)δ′γ′

(
i

6k −m+ iε

)

γ′γ

]

·

·
( −igλσ
(p− p′)2 + iε

)√
m

EqV
v̄α′(q, t)(−ieγσ)α′β′

√
m

Eq′V
vβ′(q

′, t′)

= (−1)
∫

d4k

(2π)4
(2π)4δ(p+ q − p′ − q′) m2

√
EpEp′EqEq′

1

V 2
[ū(p′, s′)γµu(p, s)] ·

·
(

1

(p− p′)2 + iε

)2

Tr

(

γµ
1

(6k+ 6p− 6p′)−m+ iε
γλ

1

6k −m+ iε

)

v̄(q, t)γλv(q
′, t′) (8.1.2)

Note that (1) the (−1) is the fermion loop factor, and (2) the spinor propagator is 6p+m
p2−m2+iε

⇒
1

6p−m+iε

Thus II becomes

(−1)(−1)
∫

d4k

(2π)4
. . . (u(p, s)↔ v(q′, t′)) (8.1.3)

where the second (−1) will come from interchanging the spinors.
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Figure 8.1.3: For Diagram II

8.2 Combinatoric Factors

(Always (+1) in QED, as all particles entering a vertex are distinguishable).

−eψ̄γµψAµ

(3 distinct fields)

But, not so lucky in other theories - for example

L =
1

2
(∂µφ)

2 − µ2

2
φ2

︸ ︷︷ ︸

Scalar Propagator

− λ
4!
φ4 (8.2.1)

with the 4! in the φ4 term to take into account the indistinguishability of the 4 φ’s. The
Feynman diagrams are:

Consider the one-loop correction to φ(p)φ(q) → φ(p′)φ(q′), above. There are three possible
diagrams that have the same topology; note that there is no factor of (−1) here, though, as
these are scalars (bosons) here.
Nov. 17/99
External Photons; recall, for electrons there was the factor

e− −
√

m

EpV
u(p, s) (8.2.2)
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i

k2 − µ2 + iε

Scalar Propagator

−iλ

Vertex

Figure 8.2.1: 1-loop correction to φφ→ φφ

Symmetry Factors
recall the diagram for φφ→ φφ, figure 8.2.1 above.
As shown in figure 8.2.2, the p leg can attach to either vertex, on any one of the eight differ-
ent legs, then the p′ leg can attach to the same vertex to any of the 3 remaining legs. After
that the q leg can attach to any of the 4 legs of the remaining vertex, followed by the q ′ leg
attaching to any of the 3 legs of that vertex; finally, one of the remaining legs on the first
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εµ(k, λ)√
2ωkV

e−γ → e−γ

Figure 8.2.2: Symmetry Factor diagram (example)

vertex can attach to either remaining leg on the other vertex, giving in the numerator of the
symmetry factor (8× 3)× (4× 3)× (2). In the denominator, we must take into account that
there are 4 possible legs on each vertex (4!× 4!), and that we can switch vertices (2!); thus,
the symmetry factor is

(8× 3)(4× 3)(2)

4! 4! 2!
=

1

2
= Symmetry factor (8.2.3)

8.3 Cross Sections From Matrix elements

Consider e−p → e−p , (p = proton). The proton is treated as a “heavy” electron with
opposite charge. To lowest order,
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Figure 8.3.1: Electron-Proton scattering

Sfi = (a(−∞)|b(∞)) =

(√
m

EfV
ū(pf , sf )

)

(−ieγµ)
(√

m

EiV
u(pi, si)

)( −igµν
(pf − Pi)2 + iε

)

·
(√

M

EfV
ū(Pf , sf )

)

(+ieγν)

(√

M

EiV
u(Pi, si)

)

(2π)4δ4(pi + Pi − pf − Pf ) (8.3.1)

(For e−e− → e−e−, we would have to account for the fact that we can exchange e−’s (identical
particles). - also note the “+′′ in front of the second e above - this is because the proton
is positive.) The probability of this transition occurring per unit volume of space per unit
time is

|Sfi|2
V T

= Wfi (8.3.2)

Note:

[
δ4(pi + Pi − pf − Pf )

]2
= δ4(0)δ4(pi + Pi − pf − Pf )

As δ(p) =

∫ ∞

−∞

dx

(2π)
eip·x ⇒ δ(0) =

∫
dx

(2π)
∼ V

2π

∴
[
δ4(pi + Pi − pf − Pf )

]2
=

V T

(2π)4
δ4(pi + Pi − pf − Pf ) (8.3.3)
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Thus,

Wfi =

Kinematics
︷ ︸︸ ︷

(2π)4δ4(pi + Pi − pf − Pf )
m2M2

V 4EiEfEiEf
·

·
∣
∣
∣
∣
∣
(−ie)(ie)(ūpf sfγµupi,si)

( −i
(pf − pi)2 + iε

)

(ūPf sfγνuPisi)

∣
∣
∣
∣
∣

2

︸ ︷︷ ︸

|Mfi|2

(8.3.4)

The number of states in a volume d3pf , d
3Pf is going to be

(V d3pf )(V d
3Pf )Wfi (8.3.5)

Divide through by Jinc
1
V
, where Jinc = flux of incident particles = # of particles per unit

area that run by each other per unit time for collinear beams.

Jinc =
|vi − Vi|

V
(8.3.6)

1
V

is the number of target particles per unit volume. (as ψi
√

m
EV
u(p, s) ). The cross section

is thus

dσfi = V 2d3pf d
3Pf (Wfi)

V

Jinc

= d3pf d
3Pf (2π)

4δ4(pi + Pi − pf − Pf )
m2M2

EiEfEiEf
1

|vi − Vi|
|Mfi|2 (8.3.7)

Note that
mM

EiEi|vi − Vi|
=

mM
√

(pi − Pi)2 −m2M2
(Lorentz invariant) (8.3.8)

So also,
d3p

(2Ep)
=

∫

dp0 δ(p
2 −m2)θ(p0)d

3p → also Lorentz invariant (8.3.9)

Thus dσ is Lorentz invariant.
For unpolarized beams,

• Average over the polarizations of the incoming particles

• Sum over outgoing polarizations

i.e.
1

2

∑

si

1

2

∑

Si

·
∑

sf

∑

Sf

dσfi (8.3.10)
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Remember that,

∑

s=±
uα(p, s)ūβ(p, s) =

( 6p+m

2m

)

αβ

(8.3.11)

(
∑

s=±
vα(p, s)v̄β(p, s) =

( 6p−m
2m

)

αβ

)

(8.3.12)

Thus,

1

4

∑

si,Si
sf ,Sf

|Mfi|2 =
1

4
Tr

[ 6pf +m

2m
γµ
6pi +m

2m
γν

]

Tr

[ 6Pf +M

2M
γµ
6Pi +M

2M
γν

]
e4

(pf − pi)4
(8.3.13)

Recall the relations:

Tr[ 6a 6b] = 4a · b (8.3.14)

Tr[ 6a 6b 6c] = 0 (8.3.15)

Tr[6a 6b 6c 6d] = 4 (a · bc · d− a · cb · d+ a · db · c) (8.3.16)

And so

1

4

∑

si,Si
sf ,Sf

=
e4

2m2M2(pf − pi)2
(
Pf · pfPi · pi + Pf · piPi · pf −m2Pf · Pi −M2pf · pi + 2m2M2

)

(8.3.17)
Nov. 19/99

dσ =
mM

√

(pi · Pi)2 −m2M2
(2π)4δ4(pi + Pi − pf − Pf )

md3pf
(2π)3Ef

Md3Pf
(2π)3Ef

|Mfi|2 (8.3.18)

Consider,

d3pf = dΩ |p
f
|2d|p

f
|

= dΩ |p
f
|2EfdEf (8.3.19)

In the frame of reference where

pµf = (p
f
, Ef ) (8.3.20)

pµi = (p
i
, Ei) (8.3.21)

P µ
f ≈ P µ

i = (0,M) → Proton at rest during this scattering (8.3.22)

Note that if p
i
· p

f
= |p

i
||p

f
| cos θ, then

q2 = (pf − pi)2

= −4EiEf sin2
(
θ

2

)

(8.3.23)
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Hence,

dσ =
π2α2

m2EiEf sin4
(
θ
2

)

[

1 + sin2
(
θ

2

)(

−1

2

q2

M2
− 1

)]

(8.3.24)

where α = e2

4π
if q2 ¿M2. The first term (the “1”) above is the classical Rutherford term.

8.4 Higher order corrections

Figure 8.4.1: Higher order corrections

Figure 8.4.2: Gener-
ates coulomb field →
classically

The loop (solid) is generated as the e− travels - it “Polarizes” - the e−e+ created in
vacuum.
The Loop contribution is
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Figure 8.4.3: Loop contribution

I = (−1)
∫

d4q

(2π)4
Tr

[

(−ieγµ)
i

(6k+ 6q)−m+ iε
(−ieγν)

(
i

6q −m+ iε

)]

= −e2
∫

d4q

(2π)4
Tr

[
γµ(( 6k+ 6q) +m)γν(6q +m)

((k + q)2 −m2)(q2 −m2)

]

= −e2
∫

d4q

(2π)4
Tr

[
γµ(6k+ 6q)γν 6q +m2γµγν
((k + q)2 −m2)(q2 −m2)

]

= −4e2
∫

d4q

(2π)4

{
(k + q)µqν − (k + q) · qgµν + (k + q)νqµ +m2gµν

((k + q)2 −m2)(q2 −m2)

}

(8.4.1)

Now, use the relation:

1

ab
=

∫ 1

0

dx
1

[ax+ b(1− x)]2 (8.4.2)

(

example:

∫
dt

t(t+ 1)
=

∫

dt

∫ 1

0

dx
1

[tx+ (t+ 1)(1− x)]2

=

∫

dt

∫ 1

0

dx
1

[t+ (1− x)]2

=

∫ 1

0

dx

[ −1
(t+ (1− x)) +K

]

= ln [t+ (1− x)]
∣
∣
1

0
+K

= ln(t)− ln(t+ 1) +K
)

(8.4.3)
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I = −4e2
∫

d4q

(2π)4

Quadratically divergent
︷ ︸︸ ︷[
(k + q)µqν + (k + q)νqµ + (−(k + q) · q +m2)gµν

]

·
∫ 1

0

dx
1

[x((k + q)2 −m2) + (1− x)(q2 −m2)]2

= −4e2
∫

d4q

(2π)4
Nµν

∫ 1

0

dx
1

[q2 + 2k · qx
︸ ︷︷ ︸

(q+kx)2−k2x2

+k2x−m2]2

Shift variable of integration (not straightforward) to q ′ = q + kx.

I = −4e2
∫

d4q′

(2π)4

∫ 1

0

dx
1

[q′2 + k2x(1− x)−m2]2
[(k + q′ − xk)µ(q′ − xk)ν

+(k + q′ − xk)ν(q′ − xk)µ + (−(k + q′ − xk) · (q′ − xk) +m2)gµν
]

We can drop terms odd in q (because it’s integrating over odd terms over an area symmetric
about origin).

I = −4e2
∫

d4q

(2π)4

∫ 1

0

dx
2qµqν − 2x(1− x)kµkν + (−q2 + x(1− x)k2 +m2)gµν

[q2 + k2x(1− x)−m2]2

where

qµqν =
1

4
gµνq

2

→
∫

d4q f(q2)qµqν = Agµν

→ multiply by gµν
∫

d4q f(q2)q2 = 4A

∴

∫

d4q f(q2)qµqν =
gµν
4

∫

d4q f(q2)q2

1

ab
=

∫ 1

0

dx
1

[ax+ (1− x)b]2 (8.4.5)

1

abc
=

∫ 1

0

dx
1

[xa+ (1− x)b]2
1

c

take
d

da
of (8.4.5)

1

a2b
=

∫ 1

0

dy
2y

[ay + (1− y)b]3

∴
1

abc
=

∫ 1

0

dx

∫ 1

0

dy
2y

{y[ax+ (1− x)b] + (1− y)c}3 (8.4.6)
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Nov. 23/99
In general (where Γ(x) =

∫∞
0
dt tx−1e−t),

1

Da1
1 D

a2
2 . . . Dan

n

=
r(a1 + a2 + . . .+ an)

Γ(a1)Γ(a2) . . .Γ(an)
·

·
∫ 1

0

dx1

∫ 1

0

dx2 . . .

∫ 1

0

dxn
δ(1− x1 − · · · − xn)xa1−11 · · · xan−1n

[x1D1 + x2D2 + . . .+ xnDn]2
(8.4.7)

Recall the loop contribution from last time: figure 8.4.3, with equation

I = −4e2
∫

d4q

(2π)4

∫ 1

0

dx
[1
2
gµνq

2 − 2kµkνx(1− x) + (−q2 + x(1− x)k2 +m2)gµν

[q2 + x(1− x)k2 −m2]2
(8.4.8)

How do we make sense out of a divergent integral? We first insert some parameter into the
theory to render this finite in a way consistent with the symmetries of the theory (Regular-
ization). Then absorb this parameter into the quantities that characterize the theory. (mass,
couplings, external wave functions, etc.) (Renormalization).

8.5 Renormalization

Recall the mass on a string problem (see figure 10.4.1):

Figure 8.5.1: Loop contribution

The Lagrangian for this system is characterized by m, k, x0;

L =
1

2
mẋ2 − 1

2
k(x− x0)2 (8.5.1)



8.6. REGULARIZATION 123

Now, if we turn on a gravitational field,

L =
mẋ2

2
− k(x− x0)2

2
+mgx

=
m

2
ẋ2 − k

2

[

x− x0 −
mg

k

]2

+
k

2

[(mg

2

)2

− 2x0mg

k

]

︸ ︷︷ ︸

Constant

=
mẋ2

2
− k

2
(x− x′0)

2
+ constant (8.5.2)

x′0 = x+
mg

k

x0 has been renormalized by an amount mg
k
!

8.6 Regularization

1. Cut-off (Λ)
∫

d4q →
∫ |q|<Λ

d4q (8.6.1)

Inserting the cutoff destroys gauge invariance.

S =

∫

d4x

(

−1

4
F 2 + ψ̄(iγ −m)ψ

)

(8.6.2)

|x| > 1

Λ
is not gauge invariant

2. Pauli Villars

S → SPV =

∫

d4x

[

−1

4
FµνF

µν + ψ̄(iγ −m)ψ + Ψ̄(iγM)Ψ

]

(8.6.3)

(a) Bosonic spinor

(b) M →∞
(c) Still have gauge invariance

Now we must consider

(figure 8.6.1)

= −4e2
∫

d4q

(2π)4

∫ 1

0

dx
1
2
gµνq

2 − 2kµkνx(1− x) + (−q2 + x(1− x)k2 +m2)gµν

[q2 + x(1− x)k2 −m2]2

1
2
gµνq

2 − 2kµkνx(1− x) + (−q2 + x(1− x)k2 +M2)gµν

[q2 + x(1− x)k2 −M2]2
(8.6.4)
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Figure 8.6.1: Loop contribution

This is Finite! (Divergence reappears asM 2 →∞. The dependence onM 2 disappears when
we renormalize. Combine terms using

1

an
− 1

bn
= −n(a− b)

∫ 1

0

dx
1

[xa+ (1− x)b]n+1
(8.6.5)

let y = x(a− b) + b

= −n(a− b)
∫ b

a

dy/(a− b)
yn+1

= −n
[
y−n

−n

]a

b

=
1

an
− 1

bn
= LHS (8.6.6)

Actually computing the integrals involves the following general integral. In n dimensions
(n = 1, 2, 3, . . .) (in Minkowski space);

∫
dnq

(2π)n
(q2)a

(q2 −m2)b
=

i

(4π)n/2
(−1)a−b(m2)n/2+a−b

Γ
(
n
2
+ a
)
Γ
(
b− a− n

2

)

Γ(a)Γ(b)
(8.6.7)

Note:

∫ ∞

−∞
dq0

∫ ∞

−∞
dq1 . . .

∫ ∞

−∞
dqn−1

(q2)a

(q2 −m2)b
(8.6.8)

q2 = q20 − q21 − q22 − . . .− q2n−1

Let q0 = iqn (Wick Rotation - i.e. Cartesian co-ordinates in Minkowski space, giving Eu-
clidean space)

qE = q2n + q21 + . . .+ q2n−1

So (8.6.8) becomes

= i

∫ ∞

−∞
dqn . . .

∫ ∞

−∞
dqn−1 = i(−1)a−b

∫

dnqe
(q2E)

a

(q2E +m2)b
(8.6.10)
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Figure 8.6.2: Integral around contour is
zero -

∫∞
−∞ dq0 ↔

∫ i∞
−i∞ dq0

qn = q cos θ1

q1 = q sin θ1 cos θ2

q2 = q sin θ1 sin θ2 cos θ3
...

qn−1 = q sin θ1 sin θ2 . . . sin θn−1

q2 = q21 + q22 + . . . q2n−1 + q2n

i.e.

∫

dnqE =

∫

0

dq qn−1
∫ 2π

0

dθ1

∫ φ

0

dθ2 sin θ2

∫ π

0

dθ3 sin2 θ3 . . .

∫ π

0

dθn−1 sinn−2 θn−1 (8.6.11)

Nov. 24/99

I =

∫
dnq

(2π)n
(q2)a

(q2 −m2)b

= i(−1)a−b
∫

dNqE
(2π)n

(q2E)
a

(q2E +m2)b

= i(−q)a−b
∫ ∞

0

dq qn−1
∫ 2π

0

dθ1

∫ π

0

dθ2 sin(θ2) . . .

∫ π

0

dθn−1 sin
n−2(θn−1)

(q2)a

(q2 +m2)b
(8.6.12)



126 CHAPTER 8. LOOP DIAGRAMS

But,
∫ π

0

dθ sinm θ =

√
π Γ

(
m+1
2

)

Γ
(
m+2
2

)

∫ ∞

0

dt
tm−1

(t2 + a2)n
=

Γ(m)Γ(n−m)

(a2)n−mΓ(n)

I =
i

(4π)n/2
(m2)n/2+a−b

Γ
(
n
2
+ a
)

Γ
(
n
2

)
Γ
(
b− a− n

2

)

Γ(b)
(8.6.13)

This is held to be true for n non-integer valued also. Substitute this into the integral for the
Pauli Villars loop ( figure 8.6.1).

1

an
− 1

bn
= −n(a− b)

∫ 1

0

dx
1

[xa+ (1− x)b]n+1
(8.6.14)

i.e. Formally, (n = 4, a = 1, b = 2)
∫

d4q

(2π)4
q2

[q2 + x(1− x)k2 −m2]2
=

i

(2π)2
(
m2 − x(1− x)k2

)2+1−2 Γ(2 + 1)

Γ(2)

Γ(2− 1− 2)

Γ(2)
(8.6.15)

But Γ(−1) is at a pole of Γ(x). (Γ(x) has poles at x = 0, − 1, − 2, − 3, . . .) We can just
let the number of dimensions be “n”, not 4. We have,

IPV =

∫
dnk

(2π)n
q2

[q2 + x(1− x)k2 −m2]2

=
i

(4π)n/2
(m2 − x(1− x)k2)n/2+1−2Γ

(
n
2
+ 1
)
Γ
(
2− 1− n

2

)

Γ
(
n
2

)
Γ(2)

=
i

(4π)n/2
(
m2 − x(1− x)k2

)n/2−1 Γ
(
n
2
+ 1
)

Γ
(
n
2

)
Γ
(
1− n

2

)

Γ(2)

Now let ε = 2− n
2
→ 0 as n→ 4

(
Γ
(
n
2
+ 1
)
= n

2
Γ
(
n
2

))

IPV =
i

(4π)2−ε
(m2 − x(1− x)k2)−ε+1(2− ε)Γ(ε− 1) (8.6.16)

But,

Γ(1 + ε) = exp

[

−γε+
∞∑

n=2

(−1)nεnζ(n)
n

]

(8.6.17)

→ ζ(n) =
∞∑

k=1

1

kn

γ = ± lim
N→∞

(
N∑

k=1

1

k
−
∫ N

1

dt

t

)

= 0.577 . . .
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From this,

Γ(ε) =
Γ(1 + ε)

2
=

1

ε
− γO(ε) (8.6.18)

aε = eε ln a

= 1 + (ε ln a) +
ε2 ln2 a

2!
+ . . . (8.6.19)

Thus our integral becomes

IPV =
i

(4π)2
(m2 − x(1− x)k2)

[

(1 + ε ln(4π)) (1− ε(m2 − x(1− x)k2)) ·

·
(

1− ε

2

)
](

1

ε− 1

)(
1

ε
− γ + . . .

)

=
−2i
(4π)2

(m2 − x(1− x)k2)
(
1

ε
− γ + ln(4π)− ln(m2 − x(1− x)k2) + 1

2

)

+O(ε)

Note that the first term 1
ε
will be a pole as ε→ 0 (other terms finite). This is only a portion

of

Combine this with the integral for

and will see that all terms of order 1
ε
will cancel.
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We note that as M 2 ≫ m2, the combination of these two diagrams (recall figure 8.6.1)
is,

Iµν(k) =
2iα

π
(kµkν − gµνk2)

∫ 1

0

dx x(1− x) ln
(

M2

m2 − x(1− x)k2
)

(8.6.20)

where α = e2

4π~c (note that the ln still diverges as M 2 → ∞.) Note that the result is
proportional to kµkν − gµνk2.

Now, photon propagator is

i(gλµ + gauge dependant parts)

k2 + iε
(8.6.21)

→ gauge dependant parts ∼ kλkµ. But,

kµIµν = kµ(kµkν − gµνk2)f(k2)
= (k2kν − kνk2)f(k2)
= 0

Thus gauge dependant parts of the photon propagator don’t contribute to the physical
process.

This form of Iµν does not arise if we were to use cutoffs (i.e. cutoffs are not gauge
invariant.) Note also that the dependance on M 2 is logarithmic. i.e.

∼ ∫
d4q[Agµνq

2 + (Bx(1− x)k2 + Cm2)gµν ]

[q2 + x(1− x)k2 −m2]2

Would expect quadratic divergence ∼M 2. (M 2 terms all cancelled.) Quadratic divergences
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proportional to gµνM
2 all cancel. → still logarithmically divergent.

Nove 26/99
Elimination of lnM 2. Remember the photon propagator itself. (µ2 → some mass scale
introduced →arbitrary (important)) Write

Iµν =
iα

3π

(
qµqν − q2gµν

)
[

ln

(
M2

µ2

)

− 6

∫ 1

0

dz z(1− z) ln
(
m2 − q2z(1− x)

µ2

)]

= − iα

3π
q2
(

gµν −
qµqν
q2

)

︸ ︷︷ ︸

gTµν

[

ln

(
M2

µ2

)

+Π(q2,m2µ2)

]

(8.6.22)

= (−ieγµ)
{

−igµν
q2

+
−igµλ
q2

[−iαq2
3π

gTλσ

(

ln

(
M2

µ2

)

+Π

)](−igλν
q2

)

+

(−igµλ
q2

)[−iαq2
3π

gTλσ

(

ln

(
M2

µ2

)

+Π

)]

·

·
(

− igσκ
q2

)[−iαq2gTκρ
3π

(

ln

(
M2

µ2

)

+Π

)](−igρν
q2

)

+ . . .

}

(−ieγν) (8.6.23)

This is a geometric series, a+ ar + ar2 + . . . = a
1−r , |r| < 1. So,

= (−ieγµ)
[

−igµν
q2

+
−igµλ
q2

(

− α

3π
gTλν

(

ln

(
M2

µ2

)

+Π

))

+
−igµλ
q2

(

− α

3π
gTλν

(

ln

(
M2

µ2
+Π

)))2

+ . . .

]

(−ieγν)

= (−ieγµ)




−igTµν
q2

1

1 + α
3π

(

ln
(
M2

µ2

)

+Π(q2,m2, µ2)
)



 (−ieγν)

=
−e2

(

1 + α
3π

ln
(
M2

µ2

))γµ







−igTµν
q2
[

q +
m
3π

1+ α
3π

ln
(
M2

µ2

) (Π(q2,m2, µ2))

]






γν (8.6.24)
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(neglecting terms of order α2 =
(
e2

4π

)2

). Now, Define:

e2R =
e2

1 + α
3π

ln
(
M2

µ2

) ≈ e2
(

1− α

3π
ln

(
M2

µ2

))

(8.6.25)

(Renormalized Charge). Thus, continuing (8.6.24)

= −e2Rγµ
{

−igTµν
q2
(
1 + αR

3π
Π(q2,m2, µ2)

)

}

γν (8.6.26)

We now let M 2 →∞.

• Note that there is still a dependence on µ2. (Changes in µ2 give rise to corresponding
changes in αR.

• Also, in

gTµν = gµν −
qµqν
q2

→ (−ieRγµ)
(
qµqν
q2

)

(−ieγν) gives zero provided the ends of the electron legs are on

shell.

• Also

Π(q2, µ2,m2) = −6
∫ 1

0

dz z(1− z) ln
(
m2 − q2z(1− z)

µ2

)

is such that q2Π(q2,m2, µ2)→ 0 as q2 → 0. Hence,

still has a pole at q2 = 0. Thus the photon is massless.

In 2-D, if m2 = 0, Π(q2, µ2) is finite, and Π(q2) = e2

πq2
, then the above diagram sum

becomes

= −
e2γµg

T
µνγν

q2
(

1− e2

πq2

)

= −
e2γµg

T
µνγν

q2 − e2

π
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Thus the photon develops a mass in 2-D due to the radiative corrections. (e has dimensions
of mass in 2-D). i.e.

S =

∫

d2xL

S
︸︷︷︸

[µ]=0

=

∫

d2x
︸︷︷︸

−2




−

1

4



 ∂µ
︸︷︷︸

1

Aν
︸︷︷︸

0

−∂νAµ





2

+ ψ̄
︸︷︷︸
1
2

( 6∂
︸︷︷︸

+1

−i e
︸︷︷︸

1

6A)ψ




 (8.6.29)

8.7 Noether’s Theorem

For every infinitesimal change which leaves the action invariant there exists a conserved cur-
rent which leads to a conserved charge.
Change of type I

L = L(φA(x), ∂µφA(x)) (8.7.1)

xµ → x′µ = xµ (8.7.2)

φA(x)→ φ′A(x) = φA + εABφB(x) (8.7.3)

with εAB → infinitesimal. (ex. we had a gauge transformation

ψ(x)→ eiθ(x)ψ(x) = lim
N→∞

(

1 +
iθ

N

)N

ψ(x) ≈ (1 + i θ(x)
︸︷︷︸

εAB

)ψ(x)

)

Now,

S =

∫

d4x L(φA, ∂µφA)

=

∫

d4x L(φ′A, ∂µφ′A) (8.7.4)

where both L(φA, ∂µφA), L(φ′A, ∂µφ′A) have the same functional dependence. (For example,
f(x, y) = x2 + y2; let x′ = x cos θ − y sin θ, y′ = x sin θ + y cos θ, and we still get f(x′, y′) =
x′2 + y′2 (invariant) - whereas g(x, y) = xy 6= g(x′, y′) ).
Nov 30/99
Suppose L is invariant under an infinitesimal translation xµ → xµ + εµ.

S =

∫

d4x L(φ(x), ∂µφ(x)) (8.7.5)

=

∫

d4x′ L(φ(x′), ∂′µφ(x′)) (8.7.6)
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in the same way as

S =

∫

d4x L(x) =
∫

d4x′ L(x′) (8.7.7)

→ d4x′ =
∂(x′1 . . . x′0)

∂(x1 . . . x0)
d4x = d4x

Now,

δL = L(x′)− L(x)
= L(xµ + εµ)− L(xµ)

= εµ
∂L
∂xµ

(8.7.8)

or

= L(φ(x′), ∂′µφ(x′))− L(φ(x), ∂µφ(x)) (8.7.9)

If now,

δφ(x) = φ(x′)− φ(x) = φ(xµ + εµ)− φ(x) = εµ
∂φ

∂xµ
(8.7.10)

then

δL = δφ(x)
∂L
∂φ(x)

+ δ(∂µφ(x))
δL

δ(∂µφ(x))

=

(

εµ
∂φ

∂xµ

)
∂L
∂φ(x)

+
∂

∂xµ

(

εν
∂φ

∂xν

)
δL

δ(∂µφ(x))
(8.7.11)

However, we also have the equations of motion.

δ

∫

d4xL(φ(x), ∂µφ(x)) = 0 (8.7.12)

→ φ = φcl + δφ (8.7.13)

i.e.
∫

d4x [L(φcl + δφ, ∂φcl + ∂µδφ)]

=

∫

d4x

[

L(φcl, ∂µφcl) + δφ
δL(φcl, ∂µφcl)

δφ
+ (∂µδφ(x))

δL(φcl, ∂µφcl)
∂(∂µφ)

+ . . .

]

If δφ→ 0 as xµ →∞

=

∫

d4x







L(φcl, ∂µφcl) + δφ(x)

(
δL(φcl, ∂µφcl)

δφ
− ∂

∂xµ
δL(φcl, ∂µφcl)
δ(∂µφ(x))

)

︸ ︷︷ ︸

=0 if φcl is extremum of S

+ . . .







(8.7.14)
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Hence as δφ is arbitrary,

0 =
δL
δφ
− ∂

∂xµ
δL
δ(∂φ)

(8.7.15)

on the classical path. Recall (8.7.11),

δL =

(

εν
∂φ

∂xν

)(
∂

∂xµ
δL

δ(∂µφ)

)

+
∂

∂xµ

(

εν
∂φ

∂xν

)
δL

δ(∂µφ)

=
∂

∂xµ

[

εν
∂φ

∂xν
δL

δ(∂µφ)

]

(8.7.16)

(8.7.8) and (8.7.16) must be identical. As a result,

εµ
∂L
∂xµ

=
∂

∂xµ
(gµνε

νL)

=
∂

∂xµ

[

εν
∂φ

∂xν
δL

δ(∂µφ)

]

Thus

0 =
∂

∂µ

[

−gµνL+
∂φ

∂xν
δL

δ(∂µφ)

]

︸ ︷︷ ︸

Tµν Energy-Momentum Tensor

(8.7.17)

Or,

∂

∂xµ
Tµν = 0 (8.7.18)

Thus, there are 4 conserved currents, (µ = 1, 2, 3, 0), one for each invariance. This only
holds if φ that it depends on is a solution to the classical equation. (ex. kµ(gµνk

2−kµkν) = 0
always, but kµ(gµνm

2 − kµkν) = 0 only if k2 = m2. )

There are 4 conserved currents; one fore each direction in which we have an infinitesimal
invariance.
For

T00 = −g00L+
∂φ

∂x0
δL

δ(∂0φ)

= −L+
∂φ

∂t
Π = H

(H = −L+ pq̇)

Now, if

∂µj
µ = 0 (8.7.19)
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Then,
∫

d3x ∂µj
µ = 0

0 =

∫

d3x

[

∇ · j + ∂

∂t
j0
]

=

∫

dS · j + ∂

∂t

∫

d3x j0(x, t) ( by Gauss)

The first term is 0 if j → 0 as |x| → ∞. Let Q(t) =
∫
d3x j0(x, t).

∴
∂

∂t
Q(t) = 0 (“Charge” conservation) (8.7.20)

For ν = 0,

Q(t) =

∫

d3x T00(x, t)

=

∫

d3x H (8.7.21)

(The “charge” here is the energy of the field.) For ν = i
∫

d3xT0i(x, t) = Pi(t)→ Mechanical momentum of field (8.7.22)

Infinitesimal internal transformations

xµ → x′µ = xµ

L = L(φA(x), ∂µφA(x)) (8.7.23)

Invariance under
φA → φ′A = φA + εABφB (8.7.24)

(ex. Aµ → Aµ + ∂µΛ, ψ → (1 + iΛ)ψ ⇒ Gauge transformation.)

S =

∫

d4x L(φA, ∂µφA) =
∫

d4x L(φ′A, ∂µφ′A)

=

∫

d4x

[

L(φA, ∂µφA) + εABφB
δL
δφA

+ (∂εABφB)
δL

δ(∂µφA)
+ . . .

]

(8.7.25)

Also if φA satisfies δL
δφA

= ∂µ
δL

δ(∂µφA)
.

Hence,

0 =

∫

d4x

[

(εABφB)∂µ
δL

δ(∂µφA)
+ (∂µεABφB)

δL
δ(∂µφA)

]

0 =

∫

d4x
∂

∂xµ

[

εABφB
δL

δ(∂µφA)

]

(8.7.26)
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Thus we have a conserved current,

JABµ =

[

φB
δL

δ(∂µφA)

]

(8.7.27)

ex. if L = ψ̄(i 6∂− 6A)ψ − 1
4
F 2, then jµ = ψ̄γµψ.

Dec. 1/99

x′µ = xµ + εµ

φ′A(x) = φA(x) + εABφB(x)

Consider a general transformation in which,

x′µ = xµ + δxµ (8.7.28)

ψ(x′) = ψ(x) + δψ(x) (8.7.29)

ex. consider a rotation of a vector field Ai(xi) in 2-D.

x′ = x cos θ − y sin θ ≈ x− θy for small θ

y′ = x sin θ + y cos θ ≈ θx+ y

→ δx = −θy ( small θ)

→ δy = θx ( small θ)

At the same time,

A′x(x
′, y′) = Ax(x, y) cos θ − Ay(x, y) sin θ

A′y(x
′, y′) = Ax(x, y) sin θ + Ay(x, y) cos θ

δAx = A′x(x
′, y′)− Ax(x, y)

= A′x(x
′, y′)− Ax(x′, y′)

︸ ︷︷ ︸
+Ax(x

′, y′)− Ax(x, y)
︸ ︷︷ ︸

= δ̄Ax(x
′, y′) + [Ax(x− θy, y + θx)− Ax(x, y)]

= δ̄Ax(x
′, y′) +

[

−θy ∂
∂x

+ θx
∂

∂y

]

Ax(x, y) (8.7.30)

Invariance of the action S

S =

∫

d4x L(ψ(x), ∂µψ(x))

=

∫

d4x′L(ψ′(x′), ∂′µψ′(x′))
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In general, d4x′ = |J |d4x,

→ |J | =

∣
∣
∣
∣
∣
det

[
∂(x′1 . . . x′0)

∂(x1 . . . x0)

]
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
det






∂x′1

∂x1
. . . ∂x′1

∂x0
...

...
∂x′0

∂x1
. . . ∂x′0

∂x0






∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
det











(

1 + ∂δx′1

∂x1

)
∂δx′1

∂x2
. . . ∂δx′0

∂x1

...
(

1 + ∂δx′2

∂x2

) ...

. . .
(

1 + ∂δx′0

∂x0

)











∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
1 +

∂δxµ

∂xµ
+O

(
(δxµ)2

)

∣
∣
∣
∣
∣

(8.7.31)

So also, if we call
L′(x′) = L(ψ′(x′), ∂′µψ′(x′)) (8.7.32)

L′(x′)− L(x) = δL
= L′(x′)− L(x′)

︸ ︷︷ ︸

δ̄L(x)

+L(x′)− L(x)
︸ ︷︷ ︸

δxµ
∂L(x)
∂xµ

(8.7.33)

Now,

δ̄L(x) = L′(x′)− L(x′)
= L(ψ′(x′), ∂′µψ′(x′))− L(ψ(x′), ∂′µψ(x′))

(Re: ψ′(x′)− ψ(x′) = δ̄ψ(x′))

= L(ψ(x′) + δ̄ψ(x′), ∂′µψ(x
′) + ∂′µδ̄ψ(x

′))− L(ψ(x′), ∂′µψ(x′))

Hence,

δ̄L = δ̄ψ(x′)
δL

δψ(x′)
+ ∂′µδ̄ψ(x

′)
δL

δ(∂′µψ(x
′))

(8.7.34)

By the equations of motion,

δ̄L = δ̄ψ(x′)
∂

∂xµ
δL

δ(∂′µψ(x
′))

+ (∂′µδ̄ψ(x
′))

∂L
δ(∂′µψ(x

′))

=
∂

∂x′µ

(

δ̄ψ(x′)
δL

δ(∂′µψ(x
′))

)

(8.7.35)
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So, putting together,

0 =

∫

d4x′ L(ψ′(x′), ∂′µψ′(x′))−
∫

d4x L(ψ(x), ∂ψ(x)) ( subs. in (8.7.31), (8.7.33), (8.7.35))

=

∫

d4x

[

1 +
∂δxµ

∂xµ

] [

L(ψ(x), ∂µψ(x)) + δ̄L+ δxµ
∂L
∂xµ

]

−
∫

d4x L(ψ(x), ∂µψ(x))

To leading order,

0 =

∫

d4x

[
∂δxµ

∂xµ
L+ δxµ

∂L
∂xµ

+
∂

∂xµ

(

δ̄ψ(x)
δL

δ(∂µψ(x))

)]

=

∫

d4x

[
∂

∂xµ

(

δxµL+ δ̄ψ
δL

δ(∂µψ(x))

)]

As δxµ and δ̄ψ contain an arbitrary parameter, then

∂µj
µ = 0 (8.7.36)

where

jµ = δxµL+ δ̄ψ
δL

δ(∂µψ)
(8.7.37)

(Noether Current).
Suppose

δxµ = x′µ − xµ
= Aµj(x)ε

j (translation: εµ)

δψA(x) = ψ′A(x
′)− ψA(x)

= BAj(x)ε
j

But

δ̄ψA(x) = ψ′A(x)− ψA(x)
= ψ′A(x

′)− ψA(x) + ψ′A(x)− ψ′A(x′)

= δψA +

(

−δxµ∂ψ
′
A(x)

∂xµ

)

≈ BAjε
j − Aµjεj

∂ψ′A
∂xµ

≈ BAjε
j − Aµjεj

∂ψ

∂xµ

(can replace ψ′ → ψ because ψ′, ψ differ by a term which would lead to an over-all term
ε2 → no good). Thus,

jµ = (Aµjε
j)L+

(

BAjε
j − Aµjεj

∂ψA
∂xµ

)
δL

δ(∂µψA)
(8.7.38)
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For each εj there is a different current;

jµk = AµkL −
(

BAk − Aµk
∂ψA
∂xµ

)
δL

δ(∂µψA)
(8.7.39)

(Translations: Aµk = gµk, BAk = 0. Angular momentum → rotations of space-time points
and fields.)
Dec. 3/99
Recall the spin 1

2
particle:

L = ψ̄(i 6∂ −m)ψ (8.7.40)

ψ = proton, neutron.

Yukawa postulated that the strong force was mediated by spin-zero pseudo-particles
(mass µ, V (r) ∼ e−µr

r
).

Heisenberg: postulated that the strong force treated the p and n exactly the same way and
these two “nucleons” were just different states of the same “particle”, and they corresponded
to spin up and spin down states of the electron. (Not really spin → but same mathematical
structure, “Isosspin”).

[
ψn
ψp

]

→ “Isospin doublet” (8.7.41)

ψn, ψp → four component Dirac sponors

ψ = ψiα ; i = 1, 2 (isospin) , α = 1, . . . , 4 ( Dirac).

L = ψ̄i(i 6∂ −m)ψi − igψ̄iγ5(φ · τ ij)ψj −
1

2
(∂µφ)(∂

µφ)− µ2

2
φ2 − λ

4
(φ2)2 (8.7.42)

with τ = Pauli matrices, and φ1, φ2, φ3- 3 spin zero pseudo-scalars, “pions”. This is invariant
under

ψ → eiτ ·θ/2ψ

ψ̄ → ψ̄e−iτ ·θ/2

τ · φ → eiτ ·θ/2τ · φ e−iτ ·θ/2

where θ = (θ1, θ2, θ3) → constant 3 component isovector. ρ1µ, ρ
2
µ, ρ

3
µ → 3 vector particles,

also interact with the nucleons.
Postulate

L = −1

4
(∂µρ

i
ν − ∂νρiµ)2 −

µ2

2
ρiµρ

iµ + ψ̄γµρiµτ
iψ + ( Rest of terms from last L) (8.7.43)
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If

ρiµτ
i → eiτ

iθi/2ρiµτ
ie−iτ

iθi/2 (8.7.44)

For θi ≈ 0

=

(

1 +
iτ iθi

2

)

ρjµτ
j

(

1− iτ iθi

2

)

=




ρ

j
µτ

j +
i

2
θiρjµ

(
τ iτ j − τ jτ i

)

︸ ︷︷ ︸

2iεijkτk

+O(θ2)




 (8.7.45)

Thus,
ρiµ → ρiµ + εijkρjθk (8.7.46)

Conserved current arises in

L = −1

4

(
∂µρ

i
ν − ∂νρiµ

)2 − µ2

2
ρiµρ

iµ (8.7.47)

Here;

0 = δL =
∂L
∂ρiµ

δρiµ +
∂L

∂(∂νρiµ)
δ∂νρ

i
µ

= ∂ν
∂L

∂(∂νρiµ)
δρiµ +

∂L
∂(∂νρiµ)

δ∂νρ
i
µ

= ∂ν

[
∂L

∂(∂νρiµ)
δρiµ

]

︸ ︷︷ ︸

jν

(8.7.48)

Thus as
∂L

∂(∂νρiµ)
= −1

4
(2)(2)

(
∂νρ

i
µ − ∂µρiν

)
(8.7.49)

Thus,

jν = −
f iνµ

︷ ︸︸ ︷(
∂νρ

i
µ − ∂µρiν

)
(εijkρjθk)

jkν = −f iνµεijkρjµ (8.7.50)

Couple jkµ to Akµ,

L′ =

L
︷ ︸︸ ︷

−1

4
f iµνf

iµν − µ2

2
ρiµρ

iµ+gjkµρ
kµ

ρiµ → ρiµ + εijkρjµθ
k ; A new piece is added to jkµ

= −1

4

(
∂µρ

i
ν − ∂νρiµ

)2 − µ2

2
ρiµρ

iµ − g(∂νρiµ − ∂µρiν)εijkρjµρkν (8.7.51)
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i.e.

Lnew = −gεijk(∂νρiµ − ∂µρiν)ρjµρkν (8.7.52)

jnewν =
∂Lnew
∂(∂νρiµ)

δρiµ

= −2gεijk(ρjµρkν)(εimnρmθn) (8.7.53)

Again, as θ is arbitrary,
jnewiν = −2gεlmnρmµ ρnνεljiρjµ (8.7.54)

L” = L′ + gjnewkν ρkν

= −1

4
(∂µρ

i
ν − ∂νρiµ)2 −

µ2

2
ρkνρ

kν − g(∂νρiµ − ∂µρiν)εijkρjµρkν + g(−2gεlmnρmµ ρnνεljiρjµ)(ρiν)
fourth term - only depends on ρ, not derivative - need no more terms

= −1

4
F i
µνF

iµν − µ2

2
ρiµρ

iµ (8.7.55)

where F i
µν = ∂ρiν − ∂νρiµ − 2gεijkρjµρ

k
ν

Rescale g by ?

L = −1

4
(∂µρ

i
ν − ∂νρiµ + gεijkρjµρ

k
ν)

2 − µ2

2
ρiµρ

iµ (8.7.56)

is invariant under ρiµ → ρiµ + εijkρjµθ
k.

This can be generalized to an SU(N) gauge series.

L = −1

4
(∂µAν − ∂νAµ + gf ijkAjµA

k
ν)

2 − µ2

2
AiµA

iµ (8.7.57)

with f ijk → structure functions for SU(N) group.

Lspin-2 = L(hµν) + Tµνh
µν + T ′µνhµν + T ′′µνhµν + . . . (8.7.58)

hµν(x) = hνµ

Define Tµν (stress tensor ) from L. Couple
hµνT

µν ⇒ L+ L′
Tµν → Tµν + T ′µν

Sum Lspin-2 (∞), get
Lspin-2 = R

√
g (Einstein- Lagrangian) (8.7.59)

If µ2 = 0, the gauge invariance becomes local (allows for renormalizability).

ρiµ(x)→ ρiµ(x) + ∂µ
θi(x)

g
+ εijkρjµ(x)θ

k(x) (8.7.60)



Chapter 9

Path Integral Quantization

recall:

9.1 Heisenberg-Dirac

dA(t)

dt
= [A(t), H]PB (9.1.1)

=
∑

i

(
∂A

∂qi

∂H

∂pi
− ∂A

∂pi

∂H

∂qi

)

;

(
∂H

∂t
= 0

)

(9.1.2)

With (9.1.1), we can go from a classical to a quantum mechanical (QM) operator,

A(t)→ Â(t) (QM operator) (9.1.3)

dÂ(t)

dt
=

1

i~

[

Â(t), Ĥ
]

=
1

i~

[

ÂĤ − ĤÂ
]

[ , ]PB → 1

i~
[ , ] (9.1.4)

i~
∂Â

∂t
=

[

Â, Ĥ
]

(9.1.5)

(Note: will drop “ˆ” now, as we will deal with operators only from now on.) The solution
to this is,

A(t) = eiHt/~A(0)e−iHt/~ (9.1.6)

= AH(t) ; (Heisenberg Variable - Time dependent) (9.1.7)

141
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State vectors |ψH〉 are time independent

〈ψH |AH(t)|ψH〉 = 〈ψH |eiHt/~
︸ ︷︷ ︸

〈φs|

A(0) e−iHt/~|φH〉
︸ ︷︷ ︸

|φs〉

(9.1.8)

We go to Schrodinger state vectors by;

|φs(t)〉 = e−iHt/~|φH〉 (9.1.9)

→ i~
d

dt
|φs(t)〉 = H|φs(t)〉 Schrodinger eq. (9.1.10)

〈φs(t)| = 〈φH |eiHt/~ (9.1.11)

As = A(0)→ time independent. (9.1.12)

Consider eigenstates of the Heisenberg operators.

AH(t)|a(t)〉 = a|a(t)〉 (9.1.13)

eiHt/~A(0)e−iHt/~|a(t)〉 = a|a(t)〉
A(0)

[
e−iHt/~|a(t)〉

]
= a

[
e−iHt/~

]
|a(t)〉 (9.1.14)

Let t = 0,

A(0)|a(0)〉 = a|a(0)〉 (9.1.15)

Hence

|a(t)〉 = eiHt/~|a(0)〉 (9.1.16a)

〈a(t)| = 〈a(0)|e−iHt/~ (9.1.16b)

9.2 Wave Functions

Schrodinger wave function

ψ(q, t) = 〈q|ψ(t)〉s (9.2.1)

where i~ d
dt
|ψs(t)〉 = H|ψs(t)〉, |ψ(t)〉 = e−iHt/~|ψ(0)〉. Thus

ψ(q, t) = 〈q|e−iHt/~
︸ ︷︷ ︸

(9.1.16b)

|ψ(0)〉

= 〈qH(t)|ψ(0)〉 (9.2.2)

(here Q(t)|qH(t)〉 = q|qH(t)〉 → because we have a complete set of eigenfunctions).
Note:

∫

dq(t) |qH(t)〉〈qH(t)| = 1 for any t (9.2.3)
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This is the Completeness Relation. Let 0 < t1 < t2 < . . . < tn < t ∗ ∗.

ψ(q, t) =

∫

dq′(0) 〈qH(t)|q′H(0)〉
︸ ︷︷ ︸

K(t,0)
→ propagator

〈q′H(0)|ψ(0)〉
︸ ︷︷ ︸

ψ(q,0)=〈q|ψ(0)〉

(9.2.4)

For

K1(t, 0) = 〈qH(t)|q′H(0)〉

=

∫

〈qH(t)|qHn(tn)〉〈qHn(tn)|qH(n−1)(tn−1)〉〈qH(n−1)(tn−1)| . . . |qH1(t1)〉 ·

· 〈qH1(t1)|q′(0)〉dqn(tn) dqn−1(tn−1) . . . dq1(t1) (9.2.5)

Consider one part of above:

〈qH(i+1)(ti+1)|qHi(ti)〉 = 〈qs(i+1)(0)|e−iHti+1/~e+iHti/~|qsi(0)〉
= 〈qs(i+1)(0)|e−iH(ti+1−ti)/~|qsi(0)〉

(9.2.6)

Let ε = ti+1 − ti. If ε ≈ 0, then,

〈qH(i+1)(ti+1)|qHi(ti)〉 ∼ 〈qs(i+1)(0)|
(

1− iHε

~

)

|qsi(0)〉 (9.2.7)

Remember

[q, p] = i~ (9.2.8)

Thus,

< q, p >=
eipq/~√
2π~

(9.2.9)

i.e.

〈q|p̂|ψ〉 = −i~ ∂

∂q
〈q|ψ〉 (9.2.10)

which is satisfied if |ψ〉 = |p〉. So,

〈qs(i+1)(0)|
(

1− iHε

~

)

|qi(0)〉 =
∫

dpi+1 dpi 〈qi+1(0)|pi+1〉
︸ ︷︷ ︸

e
ipi+1qi+1/~

√
2π~

〈pi+1|
(

1− iHε

~

)

|pi〉 〈pi|qi(0)〉
︸ ︷︷ ︸

e−ipiqi/~
√
2π~

(9.2.11)
i.e. used

〈q|p̂|ψ(t)〉 = −i~ ∂

∂q
〈q|ψ(t)〉 − −i~ ∂

∂q
ψ(q, t) (9.2.12)
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→ 〈q| [q̂, p̂] |ψ(t)〉 = i~〈q|ψ(t)〉
= q〈q|p̂|ψ(t)〉 − 〈q|p̂q̂|ψ(t)〉

= q

(

−i~ ∂

∂q
〈q|ψ(t)〉

)

−
(

−i~ ∂

∂q
〈q|q̂|ψ(t)〉

)

=

[

q

(

−i~ ∂

∂q

)

−
(

−i~ ∂

∂q

)

q

]

〈q|ψ(t)〉

= i~〈q|ψ(t)〉 (9.2.13)

[q̂, p̂] = i~ (9.2.14)

〈q|p̂|ψ(t)〉 =

[

−i~ ∂

∂q
+ f(q)

]

〈q|ψ(t)〉 (9.2.15)

→ See Dirac - f(q) can be absorbed into the phase of ψ(q, t).
Jan. 13/2000
i.e.

[

−i~ ∂

∂q
+ f(q)

]

exp

{
i

~

∫ q

f(q′)dq′
}

ψ(q, t) =

[

−i~ ∂

∂q
ψ(q, t)

]

exp

{
i

~

∫ q

f(q′)dq′
}

(9.2.16)
Re: K(q′, t′; q, t),

ψ(q′, t′) =

∫

dq K(q′, t′; q, t)ψ(q, t) (9.2.17)

→ K(q′, t′; q, t) = 〈(q′, t′)H |(q, t)H〉

=

∫

dq1 . . . dqn 〈(q′, t′)H |(qn, tn)H〉〈(qntn)H |(qn−1tn−1)H〉 . . . 〈(q1t1)H |(q, t)H〉

(9.2.18)

→ 〈(qi+1ti+1)H |(qiti)H〉 = 〈qi+1
s |eiH(ti

1−ti)/~|qis〉

≈ 〈qi+1
s |

(

1− i

~
H(q̂, p̂)ε

)

|qis〉

=

∫

dpi 〈qi+1|
(

1− iε

~
H(q̂, p̂)

)

|pi〉〈pi|qi〉 (9.2.19)

〈q|p̂|p〉 = −i~ ∂

∂q
〈q|p〉 (9.2.20)

→ 〈q|p〉 = Keipq/~

∴

∫

dp 〈q′|p〉〈p|q〉 =

∫

dq eip·(q
′−q)/~

= δ(q′ − q) (9.2.21)

⇒ K =
1√
2π~

(9.2.22)
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∴ 〈(qi+1ti+1)H |(qiti)H〉 =

∫
dpi√
2π~
〈qi+1|

(

1− iε

~
H(q̂, p̂)

)

|pi〉e−ipiqi/~

↓
→
[
〈qi+1|H(q̂, p̂)|pi〉 ≈ H(qi+1, pi)〈qi+1|pi〉

]

↓ ( Have to worry about ordering of p̂′s, q̂′s.)

∴ 〈(qi+1ti+1)H |(qiti)H〉 =

∫
dpi√
2π~

eip
i(qi+1−qi)/~

(

1− iε

~
H(qi+1, pi)

)

(9.2.23)

(The H term is important in curved space). Thus, K(q′, t′; q, t) is;

K(q′, t′; q, t) =

∫

dq1 . . . dqn

∫
dp0
2π~

. . .
dpn
2π~

eip0(q1−q)/~eip1(q2−q1)/~ . . . eipn(q
′−qn)/~ ·

·
(

1− iε

~
H(q1, p0)

)(

1− iε

~
H(q2, p1)

)

. . .

(

1− iε

~
H(q′, pn)

)

'
∫

dq1 . . . dqn

∫
dp0
2π~

. . .
dpn
2π~

exp

{

i

~

[

p0(q1 − q0)− εH(q1, p0)

+ p1(q2 − q1)− εH(q2, p1) + . . .+ pn(q
′ − qn)− εH(q′, pn)

]
}

Let qi+1−qi
ε
≈ q̇(ti). Thus,

K(q′, t′; q, t) =

∫

dq1 . . . dqn

∫
dp0
2π~

. . .
dpn
2π~

exp

{

i

~

n∑

i=0

Riemann Sum
︷ ︸︸ ︷

ε [pi(q̇i(ti))−H(qi+1, pi)]

}

(9.2.24)
See figure 9.2.1. As ε→ 0,

Figure 9.2.1: Particle path, where the qn+1 =
q′, q0 = q are fixed, and the other q’s (and p’s)
are all integrated over.

K →
∫ q(t′)=q′

q(t)=q

Dq(t)
∫

Dp(t) exp

{

i

~

∫ t′

t

dt [p(t)q̇(t)−H(q(t), p(t))]

}

(9.2.25)
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Which is the Feynman Path Integral (Dirac/Feynman Papers → in a collection edited by
Schwinger ).

Suppose,

H(q, p) =
p2

2m
+ V (q) (9.2.26)

i.e.
∫

dpi

2π~
e

i
~

[

pi(qi+1−qi)−ε
(

p2i
2m

)]

(9.2.27)

- this is a Gaussian
(

Recall:

∫ ∞

−∞
dx e−ax−bx

2

=

∫ ∞

−∞
e−b(x+

a
2b)

2
+
a2

4b

=

√
π

b
ea
2/4b
)

(9.2.28)

“Ignore” i in exponent of integral by putting in a convergence factor. i.e.,

∫
dpi

2π~
exp

{
i
~

[

pi(qi+1 − qi)− ε
(
p2i
2m

)

+ iδp2
]}

(let δ → 0)

=
1

2π~

√
π
iε

2m~
exp






(
−i(qi+1−qi)

~

)2

4
(

iε
2m~
)






=

√
m

2iπ~ε
exp

{

im (qi+1 − qi)2
2ε~

}

(9.2.29)

Plug this in ∀ pi’s ,

K(q′, t′; q, t) =

∫

dq1 . . . dqn

(√
m

2iπ~ε

)n+1

︸ ︷︷ ︸

N

exp

{

i

~

n∑

i=0

[
m(qi+1 − qi)2

2ε
− εV (qi+1)

]}

= N

∫

dq1 . . . dqn exp

{

iε

~

n∑

i=0

[m

2

(
qi+1 − qi

ε

)2

︸ ︷︷ ︸

(q̇i(ti))2

V (qi+1)
]
}

L(q, q̇) =
q̇2

2m
− V (q)→ Dim. of Energy = mass × l2

t2

∴ K(q′, t′; q, t) = N

∫ q(t′)=q′

q(t)=q

dq1 . . . dqn exp

{

i

~

∫ t′

t

dt L(q(t), q̇(t))

}

(9.2.30)
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Jan. 17/2000
As ~ → 0, the dominant contribution when integrating over all paths comes from the path
that minimizes

S =

∫ t′

t

dτ L(q, q̇) (9.2.31)

i.e.

δ

∫ t′

t

dτ L(q, q̇) = 0 (9.2.32)

(Hamilton’s Principle of Least Action).

9.3 Free Particle

For a free particle, we mean V = 0.

〈q′, t′|q, t〉 = N

∫ q(t′)=q′

q(t)=q

Dq(τ) exp

{

i

∫ t′

t

dτ L(q̇(τ), q(τ))

}

(~ = m = 1)

= N

∫ q(t′)=q′

q(t)=q

Dq(τ) exp

{

i

∫ t′

t

dτ
q̇2(τ)

2

}

(9.3.1)

But recall;

〈(q′t′)H |(qt)H〉 =
(

〈q′|e−iĤt′
)(

e+iĤt|q〉
)

; free particle → H =
p2

2

=

∫

dp 〈q′|e−ip̂2t′/2|p〉〈p|eip̂2t/2|q〉

=

∫

dp e−ip
2(t−t′)/2 〈q′|p〉

︸ ︷︷ ︸

eiq
′p√
2π

〈p|q〉
︸︷︷︸

e−iqp√
2π

=

∫
dp

2π
e−ip

2(t−t′)/2eip(q
′−q)−δp2 (9.3.2)

where δ → 0+ (inserted so integral converges). Now, recall the Gaussian:

∫ ∞

−∞
dx e−ax

2−bx =

∫ ∞

−∞
dx e

−a
(

x+
b
2a

)2

eb
2/4a

=

√
π

a
eb
2/4a (9.3.3)
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Here we have a = δ + i(t′−t)
2

, b = −i(q′ − q). So,

∴ 〈(q′, t′)H |(q, t)H〉 =
1

2π

√
π

δ + i(t′−t)
2

exp






− (q′ − q)2

4
(

δ + i(t′−t)
2

)







=
1

√

2πi(t′ − t)
exp

{
i(q′ − q)2
2(t′ − t)

}

(9.3.4)

Remember that,

ψ(q′, t′) =

∫

dq K(q′, t′; q, t)ψ(q, t) (9.3.5)

where
K(q′, t′; q, t) = 〈(q′, t′)H |(q, t)H〉 (9.3.6)

but also

i
∂

∂t
ψ(q, t) = −1

2

(
∂2

∂q2

)

ψ(q, t) (9.3.7)

Hence,

i
∂

∂t′
K(q′, t′; q, t) = −1

2

∂2

∂q′2
K(q′, t′; q, t) (9.3.8)

And
lim
t′→t

K(q′, t′; q, t) = δ(q′ − q)δ(t′ − t) (9.3.9)

If we start putting in potentials, it’s awfully difficult to work out, especially when you put
in boundary conditions. It’s easier to consider vacuum to vacuum transitions (in order to
eliminate having to consider q(t) = q and q(t′) = q′ → i.e. the B.C.’s). Examine,

〈(q′t′)H |(qt)H〉J =

∫ q(t′)=q′

q(t)=q

Dq(t) ei
∫ t′
t dτ [L(q̇,q)+J(τ)q(τ)] (9.3.10)

(where J = “source”) Look at, (now dropping subscript “H” → always in Heisenberg eigen-
states);

〈(Q′, T ′)H |(Q, T )H〉J =

∫

dq′ dq 〈Q′T ′|q′t′〉J〈q′t′|qt〉J〈qt|QT 〉J (9.3.11)

Now

〈Q′T ′|q′t′〉 = 〈Q′|e−iĤT ′eiĤt′ |q′〉
If Ĥ|n〉 = En|n〉

=
∑

n

〈Q′|e−iEnT ′ |n〉〈n|eiEnt′ |q′〉

If 〈q|n〉 = φn(q)

=
∑

n

e−iEn(T
′−t′)φn(Q

′)φ∗n(q
′) (9.3.12)
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and similarly for 〈q, t|Q, T 〉J .

∴ 〈Q′T ′|QT 〉 =
∫

dq dq′
∑

n,n′

e−iEn(T
′−t′) e−iEn′ (t−T )φn(Q

′)φ∗n(q
′)φ∗n′(Q)φn′(q)〈q′t′|qt〉J

(9.3.13)
Let T ′ → −i∞, T → +i∞ → The vacuum becomes the dominant contribution. (i.e. only
the vacuum state |0〉 survives - projects only the vacuum state) - holds for any t, t′.

〈Q′T ′|QT 〉 =
∫

dq dq′ e−iE0(−t
′+t)

︸ ︷︷ ︸

∗
φ0(Q

′)φ∗0(Q)e−iE0(T
′−T ) φ∗0(q

′)〈q′t′|qt〉φ0(q)
︸ ︷︷ ︸

∗

(9.3.14)

(“ * ” → involves integral over q, q′). If φ0(q)e
−iE0t = φ0(q, t),

→
∫

dq dq′ φ∗0(q
′, t′)〈q′t′|qt〉Jφ0(q, t) = lim

T ′→−i∞
T→+i∞

〈Q′T ′|QT 〉J
φ∗0(Q, T )φ0(Q

′, T ′)
(9.3.15)

= 〈0, t′|0, t〉 (9.3.16)

(with 〈Q′T ′|QT 〉J = Path integral, and φ∗0(Q, T )φ0(Q
′, T ′) = Normal factor N). So,

〈0,∞|0,−∞〉J = lim
T ′→−i∞
T→+i∞

N

∫ Q(T ′)=Q′

Q(T )=Q

DQ(τ) exp

{

i

∫ T ′

T

dτ
[

L(Q̇(τ), Q(τ)) + J(τ)Q(τ)
]
}

(9.3.17)
Jan. 19/2000
Consider now,

〈q′, t′|q̂(tn)q̂(tn−1) . . . q̂(t1)|q, t〉 = 〈q′, t′|T q̂(t1)q̂(t2) . . . q̂(tn)|q, t〉 (9.3.18)

where T is the time ordering operator (largest times to the left), and where t′ > tn > . . . >
t1 > t. Proceed as we did with the QM Path Integral. i.e.

〈q′t′|q̂(tn) . . . q̂(t1)〈qt| =

∫

dqn . . . dq1 〈q′, t′|
qn|qntn〉

︷ ︸︸ ︷

q̂(tn)|qntn〉〈qntn|
qn−1|qn−1tn−1〉

︷ ︸︸ ︷

q̂(tn−1)|qn−1tn−1〉 ·

〈qn−1tn−q| . . .
q1|q1t1〉

︷ ︸︸ ︷

q̂(t1)|q1t1〉〈q1t1|qt〉 (9.3.19)

Thus, just as

〈q′t′|qt〉 =
∫ q(t′)=q′

q(t)=q

Dq(t) exp

{

i

∫ t′

t

dτ L(q̇(τ), q(τ))

}

(9.3.20)

in this case we obtain

〈q′t′|T q̂(t1) . . . q̂(tn)|qt〉 =
∫ q(t′)=q′

q(t)=q

Dq(t) q(t1)q(t2) . . . q(tn) exp
{

i

∫ t′

t

dτ L(q̇(τ), q(τ))

}

(9.3.21)
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(where t′ > ti > t ∀ i = 1, . . . , n). Add J(τ)q(τ) to L:

〈q′t′|T q̂(t1) . . . q̂(tn)|qt〉 =

∫ q(t′)=q′

q(t)=q

Dq(t) q(t1) . . . q(tn) exp
{

i

∫ t′

t

dτ [L(q̇(τ), d(τ)) + J(τ)q(τ)]

}∣
∣
∣
∣
∣
J=0

=
δ

iδJ(t1)
. . .

δ

iδJ(tn)

∫ q(t′)=q′

q(t)=q

Dq(t) exp

{

i

∫ t′

t

dτ [L(q̇(τ), q(τ))

+J(τ)q(τ)]

}∣
∣
∣
∣
∣
J=0

(9.3.22)

Thus,

〈0,∞|Tq(t1) . . . (tn)|0,−∞〉 =
δ

iδJ(t1)
. . .

δ

iδJ(tn)
lim

T ′→−i∞
T→i∞

N〈Q′T ′|QT 〉 (9.3.23)

With Q = Q′ = 0,

〈0,∞|Tq(t1) . . . q(tn)|0,−∞〉

=
δ

iδJ(t1)
. . .

δ

iδJ(tn)
N lim

T ′→−i∞
T→i∞

∫ Q(T ′)=0

Q(T )=0

DQ(T ) exp
︸︷︷︸

∗

{

i

∫ T ′

T

dτ
[

L(Q̇(τ), Q(τ))

+ J(τ)Q(τ)
]
}

(9.3.24)

“ ∗ ” Oscillates?

→ L =
Q̇2

2
− V (Q) =

1

2

(
d

dτ
Q

)2

− V (Q)

∗ →
∫ ic∞

0

dx eix ix = −y

= i

∫ +∞

0

dy d−y (well defined) (9.3.25)

Now let τ = −iτE, (E = Euclidean). So, we get

〈0,∞|Tq(t1) . . . q(tn)|0,−∞〉

=
1

in

(
δ

δJ(t1)
. . .

δ

δJ(tn)

)

N ·

· lim
T ′
E
→∞

TE→−∞

∫ q(∞)=0

q(−∞)=0

Dq(t) exp

{

+

∫ T ′E

TE

dτE

[

−Q̇
2

2
− V (Q) + J(τ)Q(τ)

]} ∣
∣
∣
∣
∣
J(τ)=0

(9.3.26)
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The same procedure can be applied in QFT. Here,

〈0|Tφ(x1) . . . φ(xn)|0〉 =
1

in
δ

δJ(x1)
. . .

δ

δJ(xn)
N

∫

Dφ(x) e
∫
d4xE [LE(∂µφ,φ)+J(x)φ(x)]

∣
∣
∣
∣
∣
J=0

(9.3.27)
(where φ(x)→ 0 as x→ ±∞.) If

LM(∂µφ, φ) =
1

2



(∂0φ)
2 − (∇φ)2

︸ ︷︷ ︸

A

−m2φ2



− λ

4!
φ4 (9.3.28)

where A = (∂µφ)(∂
µφ) → (+,−,−,−) (Bj. and Drell), or = −(∂µφ)(∂µφ) → (−,+,+,+).

(and LM is the Minkowski lagrangian). And,

LE =
1

2

(
−(∂4φ)2 − (∇φ)2 −m2φ2

)
− λ

4!
φ4 (9.3.29)

with x0
︸︷︷︸

(M)

= −ix4
︸︷︷︸

(E)

→ x2E = (x4)2 + (x)2.

Let

ZE(J) = N

∫

Dφ exp
{

d4xE

[

−1

2
(∂Eµ φ)

2 − µ2φ2

2
− λφ4

4!
+ J(x)φ(x)

]}

(9.3.30)

(Generating Functional) - (call the mass “µ” now). So,

〈0|T φ̂(x1) . . . φ̂(xn)|0〉 =
1

in
δ

δJ(x1)
. . .

δ

δJ(xn)
ZE(J)

∣
∣
∣
∣
∣
J=0

(9.3.31)

Jan. 21/2000
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Consider,
∫ ∞

−∞
dx e−a

2x2+jx−λx4
∣
∣
∣
∣
∣
j=0

=

∫ ∞

−∞
dx

∞∑

n=0

(−λx4)n
n!

e−a
2x2+jx

∣
∣
∣
∣
∣
j=0

=
∞∑

n=0

(−λ)n
n!

(
d

dj

)4n ∫ ∞

−∞
dx e−a

2x2+jx

∣
∣
∣
∣
∣
j=0

=
∞∑

n=0

(−λ)n
n!

d4n

dj4n

∫ ∞

−∞
dx exp

{

−a2
(

x− j

2a2

)2

+

(
j2

4a2

)}
∣
∣
∣
∣
∣
j=0

→ Let x′ = x− j

2a2

=
∞∑

n=0

(−λ)n
n!

d4n

dj4n

∫ ∞

−∞
dx′ e−a

2x′2

︸ ︷︷ ︸√
π
a

ej
2/(4a2)

∣
∣
∣
∣
∣
j=0

=

√
π

a

∞∑

n=0

(−λ)n
n!

d4n

dj4n
ej
2/(4a2)

∣
∣
∣
∣
∣
j=0

=

√
π

a



1 +
−λ
1!

d4

dj4

∣
∣
∣
∣
∣
j=0

+
(−λ)2
2!

d8

dj8

∣
∣
∣
∣
∣
j=0

+ . . .



 ej
2/(4a2)

=

√
π

a

[

1 +

(−λ
1!

)
3

4a2
+ . . .

]

(9.3.32)

Note:

→ d

dj
ej
2/(4a2) =

2j

4a2
ej
2/(4a2)

∥
∥
∥
∥
∥

d2

dj2
ej
2/(4a2) =

[

2

4a2
+

(
2j

4a2

)2
]

ej
2/(4a2)

. . . and so
d4

dj4
ej
2/(4a2)

∣
∣
∣
∣
∣
j=0

=
8

16a4
+

4

16a4
=

3

4a4

Thus,

∫ ∞

−∞
dx e−a

2x2+jx−λx4 =

√
π

a



1 +

(−λ
1!

)
d4

dj4

∣
∣
∣
∣
∣
j=0

+
(−λ)2
2!

d8

dj8

∣
∣
∣
∣
∣
j=0

+ . . .



 ej
2/(4a2) (9.3.33)

with the (−λ) representing a dot (vertex), and
(

1
a2

)
being the loops. (see figure 9.3.1) For

Z(J) =

∫

Dφ exp

{∫

d4x

[

−1

2
(∂µφ) (∂µφ)−

µ2

2
φ2 − λφ4

4!
+ Jφ

]}

=
∞∑

k=0

(

− λ
4!

)k (∫

d4x
δ4

δJ4(x)

)k ∫

Dφ exp

{

d4x

[
1

2
φ
(
∂2 − µ2

)
φ+ Jφ

]}

(9.3.34)
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Figure 9.3.1: Simple Feynman Diagram
example

But now,

→
∫

d4x

[
1

2
φ
(
∂2 − µ2

)
φ+ Jφ

]

(Now, complete square)

=

∫

d4x

[
1

2

(

φ+ J

(
1

∂2 − µ2
))

(
∂2 − µ2

)
(

φ+

(
1

∂2 − µ2
)

J

)

− 1

2
J

(
1

∂2 − µ2
)

J

]

(9.3.35)

Let φ′ = φ+

(
1

∂2 − µ2
)

J

So,

Z(J) =
∞∑

k=0

(−λ
4!

)(∫

d4x
δ4

δJ4(x)

)k ∫

Dφ′(x) e
∫
d4x

[
1
2
φ′(∂2−µ2)φ′− 12J

(
1

∂2−µ2

)

J
]

(9.3.36)

Here, 1
∂2−µ2 ⇒ (∂2 − µ2) 1

(∂2−µ2) = 1. So,

1

∂2 − µ2 = G(x, y)→ (∂2x − µ2)G(x, y) = δ4(x− y) (9.3.37)

Thus,

J
1

∂2 − µ2J =

∫

d4x d4y J(x)G(x, y)J(y) (9.3.38)

Also, if,

G(x, y) =

∫
d4k

(2π)4
g(k)eik·(x−y) (9.3.39)

Then using (9.3.37) ,

(
∂2 − µ2

)
∫

d4k

(2π)4
eik·(x−y)g(k) =

∫
d4k

(2π)4
eik·(x−y)

︸ ︷︷ ︸

δ(x−y)

(−k2 − µ2)g(k) = 1

→ G(x, y) =

∫
d4k

(2π)4
eik·(x−y)

(−k2 − µ2) (Non-singular integral)(9.3.40)
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Note that this provides meaning of the last term in the exponent of Z(J). (also, k2 =
k21 + k22 + k23 + k24).
For the other part of the exponent,

∫

Dφ e
∫
d4x

[

−1
2
φ′(∂2−µ2)φ′

]

(9.3.41)

Consider,
∫

dnx e−xMx ; MT = M (M∗ = M)

→ O−1MO = D =






λ1
. . .

λn




 (λi = eigenvalues ofM)

O−1 = OT

Let

y = O−1x (9.3.42)

dny = det
(
O−1

)
dnx

= (1)dnx (9.3.43)

(det(O) = Product of eigenvalues of O). So,
∫

dnx e−x
TMx ⇒

∫

dny e−yDy

=

∫ ∞

−∞
dy

1
e−λ1y

2
1

∫ ∞

−∞
dy

2
e−λ2y

2
2 . . .

∫ ∞

−∞
dy

n
e−λny

2
n

=

√
π

λ1

√
π

λ2
. . .

√
π

λn

=
πn/2

det1/2(M)
(9.3.44)

So, ∫

Dφ′ ed4x [− 12φ′(∂2−µ2)φ′] = Ndet1/2(∂2 − µ2) (9.3.45)

and so,
Z0(J) = Ndet1/2(∂2 − µ2)e− 12

∫
d4x d4y J(x)G(x,y)J(y) (9.3.46)

Thus,

Z(J) =
∞∑

n=0

(−λ)n
n!

(∫

d4w
δ4

δJ4(w)

)n

Ndet−1/2(∂2 − µ2)e+ 1
2

∫
d4x d4y J(x)G̃(x,y)J(y) (9.3.47)
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where G̃(x, y) =
∫

d4k
(2π)4

eik·(x−y)

k2+µ2
= −G(x, y).

Jan. 24/2000
Recall;

Z[J ] =

∫

Dφ exp
{∫

d4x

[
1

2
(∂µφ)

2 − 1

2
µ2φ2 − λφ4

4!
+ Jφ

]}

(9.3.48)

Z0[J ] = Ne(1/2)
∫
d4xd4yJ(x)G(x,y)J(y) (λ = 0) (9.3.49)

(i)n〈0|T φ̂(x1) . . . φ̂(xn)|0〉

=
δ

δJ(x1)
. . .

δ

δJ(xn)
Z[J ]

∣
∣
∣
∣
∣
J=0

=
δ

δJ(x1)
. . .

δ

δJ(xn)

∞∑

j=0

1

(j!)

(

− λ
4!

)j (∫

d4z
δ4

δJ4(z)

)j

Ne(1/2)
∫
d4xd4y J(x)J(y)G(x,y)

∣
∣
∣
∣
∣
J=0

(9.3.50)

For example, say n = 4 (and let δ
δJ1

= δ
δJ(x1)

, etc.),

(i)n〈0|T φ̂(x1) . . . φ̂(x4)|0〉

=
δ

δJ1
. . .

δ

δJ4

{

1 +

(

− λ
4!

)∫

d4z
δ4

δJ4
z

+
1

2!

(

− λ
4!

)2 ∫

d4z1
δ4

δJ4
z1

∫

dz2
δ4

δJ4
z2

+ . . .

}

·

· exp
{
1

2

∫

d4xd4yJ(x)J(y)G(x, y)

}
∣
∣
∣
∣
∣
J=0

= [G(x1 − x2)G(x3 − x4) +G(x1 − x3)G(x2 − x4) +G(x1 − x4)G(x2 − x3)]
︸ ︷︷ ︸

∗

(−λ)0

+ (−λ)
[

G(0) [ ∗ ] +

∫

d4z G(x1 − z)G(x2 − z)G(x3 − z)G(x4 − z) + . . .

]

+ . . .
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or, diagrammatically, this is

=

















+(−λ)




 + + +

+ + + +



+ (−λ)2




 +

+ + + . . .+ + + . . .




+ . . . (9.3.51)

where,

Ã G(x, y)

Ã (−λ)

(9.3.52)
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9.4 Feynman Rules

= −λ (9.4.1)

= G(x− y) (9.4.2)

• Integrate over all internal points z

• Take into account symmetry factors and number of diagrams of a given topology

Z0[J ] = Ne(1/2)
∫
d4x d4y J(x)G(x−y)J(y) (9.4.3)

Z[J ] =
∑

j

1

j!

(−λ
4!

∫
δ4

δJ4
z

d4z

)j

Z0[J ] (9.4.4)

It can be shown (c.f. Cheng and Li) . . . Just as
[

δ
δJ(x1)

· · · δ
δJ(xn)

Z[J ]
]

gives rise to all N

point Feynman diagrams, so also for the connected diagrams,

(i)n〈0|T φ̂(x1) . . . φ̂(xn)|0〉connected =
δ

δJ1
. . .

δ

δJn
W [J ] (9.4.5)

where
W [J ] = ln (Z[J ]) (9.4.6)

For example, in n = 4,

(i)4〈0|T φ̂(x1) . . . φ̂(x4)|0〉connected

=












+







+

+ + + + . . .






+ . . . (9.4.7)
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(i.e. we don’t get diagrams with separate “disconnected” parts) ⇒ (*) and disconnected
diagrams can be shown to contribute only to the phase of the Green’s Function (G.F.).

We thus only need the connected G.F. to calculate physical cross sections. Futhermore,
if

Φ(x) =
δW [J ]

δJ(x)
(9.4.8)

and

Γ[Φ] =W [J ]−
∫

d4x J(x)Φ(x) (9.4.9)

then
δ

δΦ(x1)
. . .

δ

δΦ(xn)
Γ[φ] (9.4.10)

gives rise to the one-particle irreducible (1PI) connected Green’s Functions. → i.e. can’t cut
diagrams into 2 parts by cutting a single internal line. For example,

→ Not 1PI

→ is 1PI

→ 1PI

→ Not 1PI

This is useful in calculations because we can compute each 1PI part and connect the two to
get non-1PI parts.
For example,

= (−λ)2
∫

d4z1d
4z2 G(x1 − z1)G(x2 − z2)G3(z1 − z2) (9.4.11)

→ # = 1 (one such diagram). Symmetry factor (# of ways we can connect these lines)
S = 1

6
. (Recall, for the symmetry factor: for the numerator, x1 can go to 8 points (four

points per vertex), then x2 can go to 4 points (four points on the second vertex), and then
one of the remaining three lines on one of the vertices can go to 3 possible lines on the other
vertex, then one of the remaining two lines can go to 2 possible lines on the other, and the
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Figure 9.4.1: Momentum Space dia-
gram - note momentum conserved at
each vertex

final line can go to the 1 line on the other vertex - for the denominator, there are two 4!
factors (four points per vertex, two vertices), and we can switch the vertices, so there is also
a 2!; thus,

S =
8× 4× 3× 2× 1

4! 4! 2!

=
1

6

Note that the 4! in −λ
4!
φ4 per vertex is accounted for in the symmetry factor, as is the 1

2!
that

would arise from the sum (see (9.4.4))).
Convert to p-space,

G(x− y) =
∫

d4k

(2π)4
eik·(x−y)

k2 + µ2
(9.4.12)

In momentum space

(

for

)

the number of integrals ≡ number of loops.

〈0|T φ̂(x1)φ̂(x2)|0〉 =
1

6
(−λ)2

∫
d4p

(2π)4
eip·(x1−x2)

[
1

(p2 +m2)2

∫

d4k1 d
4k2

(
1

k21 +m2

)

·

·
(

1

k22 +m2

)
1

(k1 + k2 + p)2 +m2

]

(9.4.13)

(see figure 9.4.1)
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In Minkowski space, we have the same diagrams, with,

= −iλ (9.4.14)

= i∆(x− y) =
∫

d4k

(2π)4
eik·(x−y)

k2 − µ2 + iε
(9.4.15)

Note: k2 = k20 − k2 , ∴ pole at k0 = ±
√

k2 + µ2.

〈0|T φ̂(x1) . . . φ̂(xn)|0〉Minkowski =
δ

iδJ(x1)
. . .

δ

iδJ(xn)
Zm[J ] (9.4.16)

9.5 Path Integrals for Fermion Fields

L = ψ̄(i 6 ∂ −m)ψ (9.5.1)

Canonical Quantization → {ψ, ψ̄} = i~δ( ). In the path integral, ψ and ψ̄ are Grassmann
Variables. i.e.

Z(η, η̄) =

∫

DψDψ̄ exp

{

i

∫

d4x
[
L+ η̄ψ + ψ̄η

]
}

(9.5.2)

It’s important that ψ, ψ̄ are treated independently. (Note, though, if ψ = ψc = C̄ψ̄T (ma-

jorana), then ψ, ψ̄ are no longer independent).

9.6 Integration over Grassmann Variables

Recall,

θ1θ2 = −θ2θ1 (θ2i = 0) (9.6.1)

d

dθa
(θmθn) =

dθm
dθa

θn + θm

(

−dθn
dθa

)

= δmaθn − δnaθm (9.6.2)

If we have θ1 . . . θn, then

p(x, θ1, θ2, . . . , θn) = p0(x) + pi(x)θi + pijθiθj + . . .+ pi1,...,in(x)θi, . . . , θin (9.6.3)
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(note no (n+ 1) term due to θ2i = 0) where pij = −pji, pijk = −pjik, etc.. We have,

p(x, θ) = p0 + p1θ

→
∫

dθ p(x, θ) =

∫

dθ [p0 + p1θ]

=

∫

dθ [p(x, θ + α)] (α→ a displacement) (9.6.4)

For this to hold,

∫

dθ θ = 1 (9.6.5)
∫

(1)dθ = 0 (9.6.6)

Thus, (9.6.4) is

=

∫

dθ [p0 + p1 · (θ + α)] (9.6.7)

Thus,
∫
dθ ⇔ d

dθ
(i.e. are the same operator). Also, note that the only term that will survive

in the integral will be the one with n θ’s (all other terms won’t have enough θ’s). So,

∫

dθ1 . . . dθn [p(x, θ1, . . . , θn)] =

∫

dθn . . . dθ1 [p0 + piθi + pijθiθj + . . .+ pi1,...inθi1 . . . θin ]

=

∫

dθn . . . dθ1 pi1...inθi1 . . . θin

= εi1...inpi1...in
︸ ︷︷ ︸

n! terms

= n!p123...n (9.6.8)

(the εi1...in is present because order of θ’s may not be i1, i2, . . .). If we now change variables
of integration,

θ̃i = aijθj (9.6.9)

then,

∫

dθip(x, θi) =

∫

dθ̃i p(x, θ̃i) (expect)

=

∫

dθ̃i pi1...in θ̃i1 . . . θ̃in

=

∫

dθ̃i (pi1...in)ai1j1 . . . ainjnθj1 . . . θjn (9.6.10)

=

∫

dθ1 . . . dθn (pi1...in)θi1 . . . θin (9.6.11)
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and (9.6.10) must be equal to (9.6.11). Thus,

∫

dθ1 . . . dθn p1...nθ1 . . . θn =

∫

dθ̃1 . . . dθ̃n εi1...inai1j1 . . . ainjnp1...nθ1 . . . θn (9.6.12)

Hence

dθ̃1 . . . dθ̃n = dθ1 . . . dθn εi1...inai1j1 . . . ainjn
︸ ︷︷ ︸

=det(a)

= det(a)dθ1 . . . dθn

i.e. dnθ̃ = det

[

∂(θ̃1 . . . θ̃n)

∂(θ1 . . . θn)

]

︸ ︷︷ ︸

∗

dnθ (9.6.13)

where “*” is the reciprocal of the normal jacobian; recall

∫

dnx f(x) =

∫

dnx̃ det

[
∂(x1 . . . xn)

∂(x̃1 . . . x̃n)

]

f(x̃) (9.6.14)

i.e. dnx = det

[
∂(x1 . . . xn)

∂(x̃1 . . . x̃n)

]

dnx̃ (9.6.15)

Also note,

∫

dθ1 . . . dθndθ̄1 . . . dθ̄ne
θ̄iCijθj (expand exponential)

=

∫

dθ1 . . . dθndθ̄1 . . . dθ̄n

[
1

n!
(θ̄iCijθj)

n

]

=
1

n!
εi1...inεj1...jnCi1j1 . . . Cinjn

=
1

n!
(n! det(C))

= det(C) (9.6.16)

(

Recall,

∫

dθ1 . . . dθne
θiCijθj = det1/2(C)

but

∫ ∞

−∞
dx1 . . . dxndx̄1 . . . dx̄ne

−x̄iCijxj

If λi > 0 for Cij then

=
πn

detC
→ x̄/x′s distinct, ∴ not

√
πn

√

det(C)

)
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For n = 2,

∫

dθ1dθ2 exp

{

[θ1, θ2]

[
0 γ
−γ 0

] [
θ1
θ2

]}

=

∫

dθ1dθ2

[

1 + [θ1, θ2]

[
0 γ
−γ 0

] [
θ1
θ2

]]

=

∫

dθ1dθ2 [θ1γθ2 − θ2γθ1]
= γ

= det(1/2)
{[

0 γ
−γ 0

]}

(9.6.17)

Hence, for,

Z(η, η̄) =

∫

DψDψ̄ exp

{

i

∫

d4x
[
ψ̄(6p−m)ψ + η̄ψ + ψ̄η

]
}

=

∫

DψDψ̄ exp

{

i

∫

d4x

[(

ψ̄ + η̄

(
1

6p−m

))

(6p−m)

((
1

6p−m

)

η + ψ

)

−η̄
(

1

6p−m

)

η

]}

( recall p ≡ i∂)

=

∫

DψDψ̄ exp

{

i

∫

d4x

[

ψ̄(6p−m)ψ + η̄

(
1

6p−m

)

η

]}

(ψ = ψ(xµ))

= det(6p−m)
︸ ︷︷ ︸

normalization

exp

{

i

∫

d4x

[

η̄

(
1

6p−m

)

η

]}

(9.6.18)

(

Recall:

Z[J ] =
1

det(1/2)(p2 −m2)
exp

{
i

2

∫

dx J

(
1

p2 −m2

)

J

})

Only fallout from having to take into account that η̄, η are Grassmann.

i

6p−m+ iε
Propagator (9.6.20)

→ Closed loop of fermions → factor of (−1) (9.6.21)

(9.6.22)

Jan. 27/2000
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9.7 Gauge Invariance

(1st Principle) U(1)

S =

∫

d4x

(

−1

2
φ(∂2 + µ2)φ

)

=

∫

d4x
1

2

(
(∂µφ)

2 − µ2φ2
)

( 1 degree of freedom φ) (9.7.1)

If φ→ complex,

S =

∫

d4x
[
(∂µφ

∗)(∂µφ)− µ2φ∗φ
]

( 2 degrees of freedom φ∗, φ) (9.7.2)

We demand
φ→ eiΛ(x)φ (9.7.3)

be an invariance.
L = (∂µφ

∗)(∂µφ)−m2φ∗φ (9.7.4)

Invariant under a global transformation,

φ→ eiΛφ (Λ→ const.) (9.7.5)

If Λ = Λ(x),

L = −1

4
(∂µAν − ∂νAµ)2 + [(∂µ + ieAµ)φ

∗] [(∂µ − ieAµ)φ]−m2φ∗φ(9.7.6)

where

Aµ → Aµ +
1

e
∂µΛ (9.7.7)

Dµ = ∂ − ieAµ → covariant derivative (9.7.8)

Dµφ → UDµφ (9.7.9)

(DµDν −DνDµ)φ ⇒ U(DµDν −DνDµ)φ

= −U(ie)Fµνφ ; Fµν = ∂µAν − ∂νAµ (9.7.10)

Advantage of looking at E.M. this way → can generalize,

[
p
n

]

= N → Heisenberg postulate (9.7.11)

N = N i
α (9.7.12)

where α is the Dirac index, and i = 1, 2 (1 ≡ ↑, 2 ≡ ↓. The invariance is of the form
(forgetting Dirac index);

N i → U ij(Λ)N j (9.7.13)
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where

U ij(Λ) =
(
eiτ ·Λ/2

)ij
(9.7.14)

and

τ =
1

2

{[
0 1
1 0

]

,

[
0 −i
i 0

]

,

[
1 0
0 −1

]}

(9.7.15)

N̄ i (i 6∂δij −mδij)N j is globally SU(2) invariant. Suppose Λ = Λ(xµ). Add in Aij
µ =

Aaµ(τ
a)ij. So,

→ N̄

[

i

(

6∂ − i

2
g 6A
)

−m
]

N ; 6A = Aaµ(τ
a)ijγ

µ
αβ

= N̄ i
α

[

i

(

∂µγµαβδ
ij − i

2
gAaµ(τ

a)ijγµαβ

)

−mδijδαβ
]

N j
β (9.7.16)

If N → UN , N̄ → N̄U−1, then,

N̄ i

(

6∂ − ig

2
6A
)

N → N̄ iU−1
[

6∂ − ig

2
6A
]

UN

= N̄γµi

[

U−1∂µ −
ig

2
U−1Aµ

]

UN

= iN̄U−1γµ





∂(UN)
︷ ︸︸ ︷

(∂µU) + (U∂)− ig

2
AµU



N

= iN̄ [γµ]

[

∂µ −
ig

2
A′µ

]

N (9.7.17)

(Notation: note that (∂µA) = A,µ i.e. “,” ≡ derivative wrt. µ.) where,

U−1(∂µU)−
ig

2
U−1AµU = −

igA′µ
2

U−1U,µ −
ig

2
U−1AµU = − ig

2
A′µ (9.7.18)

For Λa ≈ 0,

U ij ≈ δij + iΛa(τa)ij (9.7.19)

U−1 = 1− iΛ · τ (9.7.20)

− ig

2
A′µ · τ = (1− iτ · Λ)

(
iτ · Λ,µ

)
− ig

2
(1− iτ · Λ)

(
Aµ · τ

)
(1 + iτ · Λ)

= iτ · Λ,µ −
ig

2

[
−iτ · Λτ · Aµ + iτ · Aµτ · Λ

]
(9.7.21)
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But,

τ · Λ τ · A− τ · A τ · Λ = ΛaAbµ
(
τaτ b − τ bτa

)

= iεabcΛaAbµτ
c (τ =

1

2
a)

= iΛ× A · τ (9.7.22)

So,

− ig

2
A′µ · τ = iτ · Λ,µ −

ig

2

[
−i(2i)(Λ× Aµ) · τ

]
(9.7.23)

Hence,

− ig

2
A′µ = iΛa,µ + i

(g

2

) (
Aµ × Λ

)a

∴ A′aµ = −2

g
Λa,µ − εabcAbµΛc (9.7.24)

In other words, we have 3 photon fields, 1 for each spin matrix. (Aµ → Aµ +
1
e
∂µΛ).

Consider three scalars φa (a = 1, 2, 3).

L =
1

2

[
(∂µφ

a)(∂µφa)−m2φaφa
]

(9.7.25)

For an invariance under φa → φa + gεabcφbΛc(x), for Λa ≈ 0, then,

L =
[(
∂µδ

ab + gεacbAcµ
)
φb
] [(

∂µδ
ap + gεaqpAqµ

)
φp
]
−m2φaφa (9.7.26)

with
A′aµ = Aaµ + ∂µΛ

a + gεabcAbµΛ
c (9.7.27)

(again, SU(2), but SU(2) rep. that is isomorphic to SU(3)). Define:

Dab
µ = ∂µδ

ab + gεambAmµ (9.7.28)

(Analogous to Dµ = ∂µ − ieAµ → do the same thing DµDν −DνDµ = ieFµν),

L = (Damφm)(Danφn)−m2φaφa (9.7.29)

A′aµ = Aaµ +Dab
µ Λb (9.7.30)

φ′a = φa + gεabcφbΛc (9.7.31)

Now,
Dab
µ (A)φ→ (δab + gεabcΛc)(Dbmφm) (9.7.32)

under the gauge transformations.
Consider,

(Dab
µ D

bc
ν −Dab

ν D
bc
µ )φ

→
(9.7.32) (δab + gεabcΛc)

[
(Dbm

µ Dmn
ν −Dbm

ν Dmn
µ )φn

]
(9.7.33)
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But now,

Dab
µ D

bc
ν −Dab

ν D
bc
µ = (∂µδ

ab + gεapbApµ)(∂νδ
bc + gεbqcAqν)

− (∂νδ
ab + gεapbApν)(∂µδ

bc + gεbqcAqµ)

= gεabc
(
(∂µA

b
ν)− (∂νA

b
µ) + gεbmnAmµ A

n
ν

)

(c.f. εabcεbmn = −δamδcn + δanδcm)

= gεabcF b
µν (9.7.34)

Fµν → Fµν (U(1) case) (9.7.35)

F a
µν → (δab + εabcΛc)F b

µν (9.7.36)

Lagrangian for Aa
µ

L = −1

4
F a
µνF

aµν (9.7.37)

(Gauge invariant).
Jan. 31/2000
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Chapter 10

Quantizing Gauge Theories

We could look at canonical quantization → Aa
µ(x); Define:

πaµ =
δL

δ(∂µAaµ)
(10.0.1)

• Identify constraints

• insert gauge conditions for each of the 1st class constraints

• Form Dirac Brackets

• From these, determine commutators

Problems with this in practice are;

1. Manifest Lorentz invariance is lost (Important)

2. For the Coulomb Gauge (for example), where ∂iA
a
i (x, t) = 0, in forming the Dirac

Brackets → will involve
[
∂i(D

ab
µ )
]−1

(10.0.2)

where Dab
µ = ∂iδ

ab + gεapbApi
︸ ︷︷ ︸

∗

(“ * ” part drops out in abelian case).

10.1 Quantum Mechanical Path Integral

Use the Q.M Path Integral (QMPI).

L = −1

4
F a
µν(A)F

aµν(A) + JaµA
aµ (10.1.1)

where for now, we will eliminate the second term JaµA
aµ → purely classical L. Note that we

have full gauge invariance Aa
µ → Aaµ + ∂µΛ

a + gεabcAbµΛ
c. Consider,

Z[J ] =

∫

DAaµ exp
{

i

∫

d4x
(
L+ JaµA

aµ
)
}

(10.1.2)

169
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Z[J ] =

∫

DAaµ exp
{

i

∫

d4x

[

− 1

4

(
L0

︷ ︸︸ ︷
(
∂µA

a
ν − ∂νAaµ

)2
+2g

(
∂µA

a
ν − ∂νAaµ

)
εabcAbµA

c
ν

+g2εamnApµA
q
νA

m
µ A

n
ν

)

+ JaµA
aµ

]}

(10.1.3)

but, L0 =
1
2
Aaµ (∂

2gµν − ∂µ∂ν)Aaν , and,
∫

DAaµ exp
{

i

∫

d4x

[
1

2
Aaµ(∂

2gµν − ∂µ∂ν)Aaν + JaµA
aµ

]}

∼ det(−1/2)
[
δab(gµν∂2 − ∂µ∂ν)

]

(10.1.4)
and,

(
∂2gµν − ∂µ∂ν

)
(∂νΛ) = 0 (10.1.5)

→ ∂νΛ is an eigenvector with vanishing eigenvalue! Hence,

det
[
∂2gµν − ∂µ∂ν

]
= 0 (10.1.6)

(Dirac put in − 1
2
[∂µA

aµ]2 into (10.1.2), (in exponential integral) → eliminates ∂µ∂ν → but
he found inconsistencies). To see the Faddeev-Popov procedure, consider,

∫

dnxe−x
TNx =

πn/2

det1/2
(N) (10.1.7)

→ det(N) = λ1 . . . λn

→
∫
dx1 . . . dxne−x

2
1λ1 . . . e−x2nλn

}

Only if λi > 0∀i (10.1.8)

Suppose,
N m(x)λ0 = 0 (10.1.9)

m(x)λ0 → eigenvector corresponding to eigenvalue zero. Note that,
∫

dny δ(Ay + b)f(y) (10.1.10)

Let z = Ay + b, so dny = 1
detA

dnz. So,

∫

dny δ(Ay + b)f(y) =
1

detA

∫

dnz δn(z)f(A−1(z − b))

=
f(−b)
det(A)

(10.1.11)

Thus,

δ(Ay + b) =
δ(y + A−1b)

det(A)
(10.1.12)
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(c.f. 1-D → δ(ax) = 1
|a|δ(x)). Consider

1 =

∫

dλ0 δ [L(x+m(x)λ0)] det(L m(x)) (10.1.13)

Insert this into
∫

dnx e−x
TN x =

∫

dnx

∫

dλ0δ [L(x−m(x)λ0)] det [L m(x)] e−x
TN x (10.1.14)

Let x→ x−m(x)λ0. Then,
∫

dnx e−x
TN x =

∫

dnx

∫

dλ0 δ(L x) det [L m(x)] e−x
TN x

(note no change in e−x
TN x because N(m λ0) = 0)

=

∫

dλ0

∫

dnx δ(L x) det (L m(x)) e−x
TN x (10.1.15)

(The
∫
dλ0 contains the ∞ occurring in the integral over the eigenvector with vanishing

eigenvalue). Note:

1. det [L m(x)] =
∫
dcdc̄ ec̄

T (L m(x))c(where c, c̄→ Grassmann vectors).

2. δ(L x) = limα→0

√
π
α
e−α(L x)2

So,
∫

dnxe−x
TN x =

∫

dλ0

∫

dnx lim
α→0

√
π

α
e−x

TN x

∫

dc dc̄ ec̄
TL m(x)c−α(L x)2

=

∫

dλ0 lim
α→0

√
π

α
︸ ︷︷ ︸

absorb into Normalizing factor

∫

dnx dc dc̄ e[−x
T (N+αcT L)x+c̄TL m(x)c](10.1.16)

• Choose L so that (N + αLTL) is invertible (i.e. (N + αLTL) has no vanishing eigen-
value).

• c̄TL m(x)c cancels the contribution of eigenvectors with vanishing eigenvalues (“ghost
fields”).

Feb. 2/2000
The condition is N(m(x)λ0) = 0

1 =

∫

dλ0δ(L(x−m(x)λ0))det(L m(x))

x→ x−m(x)λ0

=

∫

dλ0

∫

dnx δ(L x)
︸ ︷︷ ︸

A

det(L m(x))
︸ ︷︷ ︸

B

e−x
TN x
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A → lim
α→∞

√
π
α
e−(L x)2/α

B →
∫

dcdc̄ e−c̄
TL m(x)c

10.2 Gauge Theory Quantization

Recall the path integral
∫

DAaµ(x)e
∫
d4x

(

− (F
a
µν (x))

2

4
+JaµA

aµ

)

(10.2.1)

If J = 0,

Aaµ → Aaµ +Dab
µ (A)Ωb(x) (10.2.2)

(Analogy x ↔ Aa
µ(x) from above

)

With Dab
µ (A) = ∂µδ

ab + gεapbAbµ

Insert a factor of “1”.

1 =

∫

dΩa(x) δ( ∂µ
︸︷︷︸

L

(Aaµ(x)
︸ ︷︷ ︸

x

+Dab
µ (A)Ωb

︸ ︷︷ ︸

m(x)λ0

))det(∂µD
ab
µ (A)

︸ ︷︷ ︸

Lm(x)

) (10.2.3)

=

∫

dΩa(x) δ(∂µAΩa
µ (x))det(∂µDab

µ (A))

Where,

→ AΩa
µ (x) = U−1(Ω)(Aaµ + ∂µ)U(Ω) ; U(Ω) ≈ δab + εapbΩp

≈ Aaµ +Dab
µ (A)Ωb

Let AΩa
µ → Aaµ (reverse gauge transf. → −Ω)

1 =

∫

dΩa

∫

dAaµ δ(∂
µAaµ)det(∂

µDab
µ (A)ei

∫
d4x (− 14 (Faµν)2)

= lim
α→0

√
π

2α

∫

dΩa

︸ ︷︷ ︸
Absorb into
Normalization

∫

dAaµ

∫

dcadc̄a exp

{

i

∫

d4x

[

−1

4
F a
µνF

aµν − 1

2α
(∂µA

aµ)2 − c̄a∂µDab
µ (A)cb

]}

(10.2.4)

Recall that the c’s are grassmann. Also, note that, in the last term, Dab
µ (A) = ∂µδ

ab +
gεapbApµ, and so ghost fields are important (ghosts are free fields)→Mathematical constructs,
Longitudinal mode of vector particle. Note that in the U(1) case (gauge group), the Ghost
Lagrangian is c̄∂µ∂

µc = c̄∂νc.
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10.3 Feynman Rules

Here are the Feynman Rules.

−iδab
[
(gµν− kµkν

k2
)

k2
+ αkµkν

k4

]

Where the last term is the α dependance - (longitudinal part of propagator).

− iδab

k2

gεabcpµ

−gεabc {(p− q)νgλµ + (q − r)λgµν + (r − p)µgνλ}
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−ig2
{
fabcf cde (gλνgµσ − gλσgµν)
fabef bde (gλµgνσ − gλσgµν)
fadef cbe (gλνgµσ − gλµgσν)

}

Feb. 3/2000

10.4 Radiative Corrections

L =
1

2
(∂µφ)

2 − m2

2
φ2 − λφ4

4!
(10.4.1)

and recall the Feynman rules are,

i
p2−m2

−iλ

Recall that, in general,
∫

dn`

(2π)n
(`2)a

(`2 −m2)b
=

i(−1)a−b
(4π)n/2

Γ
(
a+ n

2

)
Γ
(
a− b− n

2

)
(m2)b−a+n/2

Γ(b)Γ
(
n
2

) (10.4.2)

→
∫

dn`

(2π)n
i

(`2 −m2)
=

i(−1)
(4π)n/2

Γ
(

1− n

2

)

︸ ︷︷ ︸

pole at n=4

(m2)n/2−1 (10.4.3)
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Also, in general,

1

aαbβ
=

Γ(α + β)

Γ(α)Γ(β)

∫ 1

0

dx
xα−1(1− x)β−1

[xa+ (1− x)b]α+β (10.4.4)

The 1PI contribution to the 2-pt. function is

=
i

p2 −m2
+

(
i

p2 −m2

)
1

2
(−iλ)

∫
dn`

(2π)n
i

(`2 −m2)

(
i

p2 −m2

)

(10.4.5)

Which can be easily integrated. Another loop integral is (dropping external leg contribution
for now);

=
(−iλ)2

6

∫
dnk dn`

(2π)2n
1

(k2 −m2)(`2 −m2)[(p− k − `)2 −m2]

=
(−iλ)2

6

∫
dnk dn`

(2π)2n
1

(`2 −m2)

∫ 1

0

dx
1

[(1− x)(k2 −m2) + x((p− k − `)2 −m2)]2

=
(−iλ)2

6

∫
dnk dn`

(2π)2n
1

(`2 −m2)

∫ 1

0

dx
1

[k2 − 2xk(p− `) + x(p− `)2 −m2]2

=
(−iλ)2

6

∫
dnk dn`

(2π)2n
1

(`2 −m2)

∫ 1

0

dx
1

[(k − x(p− `)
︸ ︷︷ ︸

k′

)2 + x(1− x)(p− `)2 −m2]

=
(−iλ)2

6

∫
dnk′ dn`

(2π)2n
1

(`2 −m2)

∫ 1

0

dx
1

[k′2 + x(1− x)(p− `)2 −m2]2

The integral over k′ can be evaluated; recall (10.4.2) (Note: General integral correct in
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(10.4.2), but check signs on a’s and b’s).

=
(−iλ)2

6

∫ 1

0

dx

∫
dn`

(2π)n
i

(4π)n/2
Γ
(
2− n

2

)

(`2 −m2)(m2 − x(1− x)(p− `)2)2−n/2

=
(−iλ)2

6

∫ 1

0

dx

∫
dn`

(2π)n
iΓ
(
2− n

2

)

(4π)n/2
1

(`2 −m2)
(−x(1− x))−2+n/2 1

(

(`− p)2 − m2

x(1−x)

)2−n/2

Now, recall (10.4.4).

=
(−iλ)2

6

∫ 1

0

dx

∫
dn`

(2π)n
iΓ
(
2− n

2

)

(4π)n/2
(−x(1− x))−2+n/2 Γ

(
1 + 2− n

2

)

Γ(1)Γ
(
2− n

2

) ·
∫

dy
y1−1(1− y)2−n/2−1

[

y(`2 −m2) + (1− y)
(

(`− p)2 − m2

x(1−x)

)]3−n/2

=

∫ 1

0

dx

∫ 1

0

dy

∫
dn`

(2π)n
iΓ
(
3− n

2

)
(−x(1− x))−2+n/2(1− y)1−n/2

(4π)n/2
[

`2 + y(1− y)p2 −m2y − m2(1−y)
x(1−x)

]3−n/2

=

∫ 1

0

dx

∫ 1

0

dy
i

(4π)n/2
Γ
(

3− n

2

)

(−x(1− x))−2+n/2(1− y)1−n/2 i

(4π)n/2
(−1)−3+n/2Γ

(

3− n

2
− n

2

)

·
[

−y(1− y)p2 +m2y +
m2(1− y)
x(1− x)

]n/2+n/2−3

=

∫ 1

0

dx

∫ 1

0

dy

(
i

(4π)n/2

)2

Γ
(

3− n

2

)

Γ(3− n)(−1)−5+n(x(1− x))−2+n/2(1− y)1−n/2 ·
[

−y(1− y)p2 +m2y +
m2(1− y)
x(1− x)

]n−3

Now, the integrals over x, y are problems. But, if m2 → 0,

=

(
i

(4π)n/2

)2 ∫ 1

0

dx

∫ 1

0

dyΓ
(

3− n

2

)

Γ(3− n)(−(−1)n)(x(1− x))−2+n/2(1− y)1−n/2 ·

(−1)n−3
(
y(1− y)p2

)n−3

=

(
i

(4π)n/2

)2 ∫ 1

0

dx

∫ 1

0

dyΓ
(

3− n

2

)

Γ(3− n)(x(1− x))−2+n/2yn−3(1− y)n/2−2(p2)n−3

Now, using (10.4.4), we have a = b = 1, so

=

(
i

(4π)n/2

)2
[

Γ
(

3− n

2

)

Γ(3− n)
︸ ︷︷ ︸

Pole at
n=4

][

Γ2
(
n
2
− 1
)

Γ(n− 2)

][

Γ(n− 2)Γ
(
n
2
− 1
)

Γ
(
3n
2
− 3
)

]

(p2)n−3
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The (p2)n−3 can be expanded as (1 + (n− 3) ln(p2) + . . .), and recall,

Γ(ε) =
1

ε
− γE + ln(4π) + . . . (10.4.6)

Thus, the 2-loop integral is

=
A

2
+
(
B ln(p2) + C

)
+O(ε) (10.4.7)

(ln(p2) is singular if p2 = m2 = 0). At one loop,

∝
∫

dn`

(2π)n
1

(`2 −m2)

=
A

2
+B (10.4.8)

B is independent of p2 (this is a fluke).
Feb. 7/2000

{
σµν , σλρ

}
= −2

(
gµρgλν − gµλgρν

)
+ 2iεµνλργ5 (10.4.9)

where σµν = i
2
[γµ, γν ], {γµ, γν} = 2gµν , and

γ5 =
1

4!
εµνλργµγνγλγρ (10.4.10)

Let

L =
1

2
(∂µφ0)

2 − µ20φ
2
0

2
− λ0φ

4

4!
(10.4.11)

= −iΣ(p)

= + + + . . .

= Sum of all 2pt 1PI diagrams.
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Let

〈0|Tφ0(x)φ0(y)|0〉connected =

=
i

p2 − µ20 + iε
+

i

p2 − µ20 + iε
(−iΣ) i

p2 − µ20 + iε

+
i

p2 − µ20 + iε
(−iΣ) i

p2 − µ20 + iε
(−iΣ) i

p2 − µ20 + iε
+ . . .

= a+ ar + ar2 + . . .

=
a

1− r2

=

i
p2−µ20+iε

1− (−iε) i
p2−µ20+iε

=
i

p2 − µ20 − Σ(p2) + iε

= i∆(p2) (10.4.12)

Eliminate the divergence (at least to one loop order).
Follow treatment by Lurié
“on-shell” Renormalization scheme → µ2 is the mass of the field φ(x) (p2 = µ2 → “on
shell”)

Σ(p2) = Σ(µ2)
︸ ︷︷ ︸

When p2=µ2

diverges

+(p2 − µ2) Σ′(µ2)
︸ ︷︷ ︸
log

divergence

+Converging terms
︸ ︷︷ ︸

Σc(p2)

(10.4.13)

where Σ′(p2) = d
dp2

Σ(p2). Thus,

i∆(p2) =
i

p2 − µ20 − Σ(µ2)
︸ ︷︷ ︸

∗

−(p2 − µ2)Σ′(µ2)− Σc(p2)
(10.4.14)

* - let µ2 = µ20+Σ(µ2) (µ2 → finite, µ20, Σ(µ
2) diverge if n = 4). This is mass renormalization,

eliminates quadratic divergences. (c.f. recall figure 10.4.1, from previous notes from QFTI).
Thus,
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Figure 10.4.1: Recall mass on string
example. x0 gets renormalized by
mg. x

′
0 = x0 +

mg
k

i∆(p2) =
i

(p2 − µ2)(1− Σ′(µ2))− Σc(p2)

→ Pole occurs at p2 = µ2

=
i
(

1
1−Σ′(µ2)

)

p2 − µ2 − Σc(p2)
1−Σ′(µ2)

'
i
(

1
1−Σ′(µ2)

)

p2 − µ2 − Σc(p2)
to lowest order in λ0 (10.4.15)

Let

Zφ =
1

1− Σ′(µ2)
≈ 1 + Σ′(µ2) (log divergent) (10.4.16)

→ i∆(p2) =
iZφ

p2 − µ2 − Σc(p2)

= F.T.{〈0|Tφ0(x)φ0(y)|0〉connected} (10.4.17)

(F.T. = Fourier Transf.). Now let

φ(x) = Z
−1/2
φ φ0(x) (10.4.18)

(re-scaling of φ0 field in L). Hence:

F.T.〈0|Tφ(x)φ(y)|0〉 = i

p2 − µ2 − Σc(p2)
(Finite) (10.4.19)

What diagrams do diverge?
The superficial degree of divergence = D. For any diagram,

∼ (g)#d4`1 . . . d
4`L

1

`21 − µ2
. . .

1

`2L − µ2
; (g#)→ coupling const.

= 4L− 2I (only if g is dimensionless) (10.4.20)
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• L = # of loops

• I = # of internal lines

• V = # of vertices

= 〈0|Tφ1 . . . φ4|0〉 (10.4.21)

4V = 2I + E (E = # of external legs) (10.4.22)

The 4 is in front of the V because each vertex has 4 lines going out. Check: (figure 10.4.2)
In figure 10.4.2, L = 2, I = 3, V = 2. Thus,

Figure 10.4.2: E = 2, I = 3, V = 2

4(2) = 2(3) + 2

8 = 6 + 2 Check (10.4.23)

Also,

L = I − (V − 1)

= I − V + 1 (10.4.24)

Hence,

D = 4L− 2I

4V = 2I + E → 2I = 4V − E →∴ 4I − 8V = −2E
∴ D = 4L− (4V − E)

= 4(I − V + 1)− 4V + E

= 4I − 8V + 4 + E

= −2E + 4 + E

D = 4− E → Depends only on E!! (10.4.25)

Thus, D = 4− E as λ is dimensionless.
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• D = 4 if (E = 0) → not possible

• D = 3 if (E = 1)→ not possible φ→ −φ, ∴ L even in φ. There must be a symmetry,
∴ E 6= 1

• D = 2 if (E = 2) → Quadratic divergence + Logarithmic

• D = 0 if (E = 4) → Log divergence

• D < 0 if (E > 4) → Converges (Higher pt. diagrams are ok).

Now, consider for example a φp theory: Use the following scalar field theory in field theory
in four dimensions

L = −1

2
(∂φ)2 − 1

2
m2φ2 − λφp (10.4.26)

(where p ≥ 3 is a positive integer) to explain the difference between theories that are: renor-
malizable, nonrenormalizable and super-renormalizable. (Simply consider the (superficial)
degree of divergence of the Feynman diagrams).
The superficial “degree of divergence” is given by

D = 4L− 2I (10.4.27)

where

• L = # of loops

• I = # of internal lines

• E = # of external lines

• V = # of vertices

Each loop momentum k has a volume element d4k associated with it, and each (scalar)
internal line is associated with a propagator, which for large | 6k| behaves like | 6k|−2. Now,
each vertex has p lines emerging from it, and each internal line removes two of these, so

E = pV − 2I (10.4.28)

and the number of loops is given by

L = I − V + 1 (10.4.29)

(only V − 1 conservation constraints, due to overall momentum conservation). So, subs.
(10.4.29) into (10.4.27),

D = 4(I − V + 1)− 2I

= 4I − 4V + 4− 2I

= 2I − 4V + 4 ; Subs. in (10.4.28)

= pV − E − 4V + 4

= 4− E + (p− 4)V (10.4.30)

The conditions are:
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• If D < 0→ super-renormalizable

• if D = 0→ renormalizable

• if D > 0→ non-renormalizable

So, as can be seen from (10.4.30), if p < 4, then D will become negative very quickly as V
increases, so p = 3 theories would be super-renormalizable; for p = 4, we get the usual φ4

theory, which is renormalizable; and for p > 4, the final term will fast outweigh the first two,
D will be positive as more and more vertices are added, and the theory will be (superficially)
non-renormalizable.
Feb. 9/2000
Recall:

F.T.〈0|Tφ0(x)φ0(y)|0〉 =
iZφ

p2 − µ2 − Σc(p2)
(10.4.31)

where

Σc(µ
2) = 0 (10.4.32)

φ0 = Z
1/2
φ φ (10.4.33)

F.T.〈0|Tφ(x)φ(y)|0〉 =
i

p2 − µ2 − Σc(p2)
(10.4.34)

The four-point function:

F.T.〈0|Tφ0(x1) . . . φ0(x4)|0〉 =

= −iλ0 + Γ(t) + Γ(s) + Γ(u) + . . . (10.4.35)

=
1

2
(−iλ0)2

∫
dn`

(2π)n

(
i

`2 − µ20

)(
i

(`+ p1 − p3)2 − µ20

)

= Γ
(
(p1 − p3)2

)

= Γ(t) (10.4.36)

(recall the Mandelstem Variables:)

• s = (p1 + p2)
2

• t = (p1 − p3)2
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• u = (p1 − p4)2

These variables satisfy:

s+ t+ u = p21 − 2p1p3 + p23 + p21 + 2p1p2 + p22 + p21 − 2p1p4 + p24
But p1 + p1 = p3 + p4 , p2i = µ2

= 6µ2 + 2(−p1p3 + p1p2 − p1p4)
= 6µ2 + 2[−p1p3 + p1p2 − p1(p1 + p2 − p3)]
= 6µ2 − 2p21
= 4µ2 (10.4.37)

The “truncated” Fourier transform of 〈0|φ0(x1) . . . φ0(x4)|0〉 means the external legs are
removed. Hence,

Truncated F.T.〈0|φ0(x1) . . . φ0(x4)|0〉 = −iλ0 + Γ(s) + Γ(t) + Γ(u) (10.4.38)

where

Γ(s) ∼
∫
d4`

`4
∼
∫
dx

x
→ log divergent (10.4.39)

(c.f. D = 4 − E . . . E = 4 → D = 0). Somehow must get rid of divergences in Γ(s), Γ(t),

Γ(u). Expand Γ(s), Γ(t), Γ(u) about s = 4µ2

3
, t = 4µ2

3
, u = 4µ2

3
.

Truncated F.T.〈0|φ0(x1) . . . φ0(x4)|0〉 = −iλ0 + 3Γ

(
4µ2

3

)

+ Γ̃(s) + Γ̃(t) + Γ̃(u)
︸ ︷︷ ︸

Finite

→ Now let − iZ−1λ λ0 = −iλ0 + 3Γ

(
4µ2

3

)

= −iZ−1λ λ0 + Γ̃(s) + Γ̃(t) + Γ̃(u) (10.4.40)

What we want to compute is

〈0|Tφ(x1) . . . φ(x4)|0〉 (φ are Renormalized fields) (10.4.41)

But

φ(x) = Z
−1/2
φ φ0(x) (10.4.42)

Recall

F.T.〈0|Tφ0(x)φ0(y)|0〉 =
iZφ

p2 − µ2 − Σc(µ2)
(10.4.43)
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Now:

G0(x1, . . . , x4) = F.T.〈0|φ0(x1) . . . φ0(x4)|0〉

=

=

(where the circle in the line in the second diagram =
−iZφ
p2i−µ2

. → Γ0(x1, . . . , xn) = Truncated

n-pt. unrenormalized G.F.

G(x1, . . . , xn) = 〈0|Tφ(x1) . . . φ(xn)|0〉
= Z

−n/2
φ 〈0|Tφ0(x1) . . . φ0(xn)|0〉

= Z
−n/2
φ G0(x1 . . . xn) (10.4.44)

But then
Γ(x1, . . . , xn) = Z

n/2
φ Γ0(x1, . . . , xn) (10.4.45)

We have
F.T. Γ0(x1, . . . , xn) = −iZ−1λ λ0 + Γ̃(s) + Γ̃(t) + Γ̃(u) (10.4.46)

Thus,

F.T. Γ(x1, . . . , xn) = Z2
φ

[

− iZ−1λ λ0 +

O(λ20)
︷ ︸︸ ︷

Γ̃(s) + Γ̃(t) + Γ̃(u)
]

(10.4.47)

(recall that Z2
φ ∼

(
1 + λ0

2

)2
). To order λ20,

F.T. Γ(x1, . . . , x4) ≈ −iZ2
φZ
−1
λ λ0 + Γ̃(s) + Γ̃(t) + Γ̃(u) (10.4.48)
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Let λ = Z2
φZ
−1
λ λ0 (Renormalized Coupling - where Z2

φ arises from 2 pt. function, and Z−1λ
arises from 4 pt. function - Z2

φ →∞, Z−1λ →∞ (cancel)). So,

F.T. Γ(x1, . . . , x4) = −iλ+ Γ̃(s) + Γ̃(t) + Γ̃(u) (Finite) (10.4.49)

aside

F.T.〈0|Tφ(x1)φ(x2)|0〉 =
i

p2 − µ2 − Σc(p2)

= F.T. G(x1, x2) (10.4.50)

F.T. Γ(x1, x2) =
p2 − µ2 − Σc(p

2)

i
(10.4.51)

end aside

10.5 Divergences at Higher orders

10.5.1 Weinberg’s Theorem

A Feynman integral is convergent if its degree of divergence is negative and the degree
of divergence of any integral associated with a subdiagram is also negative. Recall: φ4:
D = 4− E

Figure 10.5.1:
Convergence

Figure 10.5.2:
Subdiagram is
divergent: ∴

whole diagram is
divergent

In figure 10.5.3,

1. All subdiagrams have D < 0
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Figure 10.5.3:

2. D < 0 for entire diagram

W.Th. ⇒ Overall diagram convergent! (i.e. no unanticipated divergences will appear).
Thus, all divergences can be eliminated by an iterative procedure (i.e. first eliminate

divergences in subdiagrams, and then in the diagrams as a whole (if there are any)).
Feb. 10/2000
Consider

L =
1

2
(∂µφ)

2 − m2

2
φ2 − λφ6

6!
(4−D) (10.5.1)

What goes wrong? Consider:

∼
∫

d4`

(2π)4

(
1

`2 −m2

)(
1

(`+ p)2 −m2

)

∼ divergent (10.5.2)

We can add in −λ8φ8

8!
to L to absorb this divergence. Once we have λφ8, we can examine the

12-point function:

∼
∫

d4`

(2π)4

(
1

`2 −m2

)(
1

(`+ p)2 −m2

)

(10.5.3)

We now need −λ12φ12

12!
in order to absorb this new divergence. This goes on and on - in total,

there will be an infinite number of vertices to absorb all of these divergences.
Consider a diagram with

ni → # of vertices of type i

bi → # of Bosons in the ith vertex

fi → # of Fermions in the ith vertex

di → # of derivatives in the ith vertex

B → # of external Bosons

IB → # of internal Bosons
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F → # of external Fermions

IF → # of internal Fermions

L → # of loops

D → degree of divergence

ψ̄γµψ∂µφ→ b = 1

f = 2

d = 1

ψ̄σµνψFµν → b = 1

f = 2

d = 1

(where Fµν = (∂µAν − ∂νAµ)) So,

2IB +B =
∑

i

nibi

2IF + F =
∑

i

nifi

# of loops L = IB + IF −
∑

i

ni + 1

(where the “1” is present in L because one of the δ-functions is superfluous).

D = 4L− 2IB − IF +
∑

i

nidi

Now eliminate L, IB, IF .

D = 4−B − 3

2
F +

∑

i

niδi (10.5.5)

where δi = bi +
3
2
fi + di − 4.

The ith vertex:

LI = g

∫

d4x
︸︷︷︸

p−4

ψ1 . . . ψfi
︸ ︷︷ ︸

p3fi/2

∂µ1 . . . ∂µdi
︸ ︷︷ ︸

pdi

φ1 . . . φbi
︸ ︷︷ ︸

pbi

(10.5.6)

This means that the dimension of g must be p−δi in order to keep overall dimensionless.
(recall: ∫

d4x
︸︷︷︸

p−4

ψ̄
︸︷︷︸

p3/2

6∂
︸︷︷︸

p+1

ψ
︸︷︷︸

p3/2
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→ dimensionless). With a dimensionless coupling constant, δi = 0 and

D = 4−B − 3

2
F (10.5.8)

and then there are only a certain number of divergent diagrams.

For δi > 0, the degree of divergence increases with more vertices of type ni (BAD). (ex.
λφ6 in 4 dimensions). → NON-RENORMALIZABLE THEORY!

δi < 0; ex. λφ3 in 4 dimensions - δi = 3 − 4 = −1 < 0 → Only a finite # of divergent
diagrams. In fact:

are the only fundamental divergent diagrams. → SUPERRENORMALIZABLE.

This (above) treatment is a bit “primitive” - we are only counting powers of momenta in
diagrams to determine divergence.

In Gauge theories, there is a cancellation of divergences between 2 different diagrams.
(See for example Figure 10.5.4)

Figure 10.5.4:
Example of gauge
theories where
(here) the diver-
gences in last 3
diagrams cancel

For example

L = ψ̄(6p−m)ψ +
1

2
(∂µφ)

2 − M2

2
φ2 − gψ̄ψφ− λ

4!
φ4 (10.5.9)

(with g dimensionless). There is still a diagram that is divergent:

∫
d4`

(6`)4 ∼ log divergent (10.5.10)
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We require − λ
4!
φ4 term to absorb this. The following diagram

− κ(ψ̄ψ)2 (10.5.11)

is convergent.
(∫

d4`
`6

)

For massive vectors, the lagrangian contribution is

L = −1

4
(∂µVν − ∂νVµ)2 −

m2

2
VµV

µ (10.5.12)

Note that the last term isn’t gauge invariant, and so we’re stuck with a longitudinal polar-

ization (
(
kµkν
m2

)

) in the propagator; The propagator is:

−
i
(

gµν − kµkν
m2

)

k2 −m2 + iε
(10.5.13)

The integral goes like ∼ (k2)
0 ∼ constant. This causes divergences.

LI = ψ̄γµψV
µ + g(ψ̄ψ)4 (10.5.14)

Then we could have

∫
d4`

(6`)4 ∼ log divergent (10.5.15)

(Higgs Mechanism)
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10.6 Renormalization Group

There is an arbitrariness inherent in renormalization. ex. Self-energy in φ4:

i∆(p) =
i

p2 − µ20 − Σ(p2)
= (10.6.1)

If we’re just interested in eliminating the infinities, we could expand about some point κ2.
Let

Σ(p2) = Σ(κ2)
︸ ︷︷ ︸
Quadratic
divergence

+(p2 − κ2) Σ′(κ2)
︸ ︷︷ ︸

log
divergence

− 1

2!
(p2 − κ2)Σ′′

(κ2)
︸ ︷︷ ︸

=Σc(p2,κ2)
(converges)

+ . . .

=
1

p2 − µ20 + Σ(κ2)− (p2 − κ2)Σ′(κ2)− Σc(p2, κ2)

Wave function renormalization is done first:

=

i
(1−Σ′(κ2))

[

p2 −
(
µ20+Σ(κ2)−κ2

1−Σ′(κ2)

)

− Σc(p
2, κ2)

(1− Σ′(κ2))
︸ ︷︷ ︸

≈Σc(p2,κ2)

]

Let µ2 =
µ20 + Σ(κ2)− κ2

1− Σ′(κ2)

i∆(p) =
iZφ

p2 − µ2 − Σc(p2, κ2)
; Zφ =

1

1− Σ′(κ2)
∼ 1 + Σ′(κ2) (10.6.2)

where κ→ arbitrary. Note

1. µ2 → no longer the physical mass of φ (Σc(µ
2, κ2) 6= 0, → Σc(κ

2, κ2) = 0). µ2p is the
physical mass, given by

µ2p − µ2 − Σc(µ
2
p, κ

2) = 0 (10.6.3)

2. How does something “physical” depend on κ?

See “New methods for the renormalization group”, J.C. Collins and A.J. Mac-
farlane, Phys. Rev. D, Vol 10, Number 4, 15 August 1974.
Feb. 14/2000
Momentum subtraction → is difficult to work out in practice.
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“Minimal Subtraction” in conjunction with dimensional regularization is the easiest way to
renormalize. c.f. Collins and MacFarlane.

L =
1

2
(∂µφ0)

2 − m2
0

2
φ20 −

λ0
4!
φ40 (10.6.4)

L(2) =
1

2
(∂µφ0)

2 − m2

2
φ20 (m→ renormalized) (10.6.5)

LI = −(m2
0 −m2)

2
φ20

︸ ︷︷ ︸

−λ0
4!
φ40 (10.6.6)

Again, we have,

F.T.〈0|Tφ0φ0|0〉Truncated =

−iΣ(p2) =
1

2
(−iλ0)µ4−n

︸︷︷︸

∗

∫
dn`

(2π)n
i

(`2 −m2)
+

(−i
2

)

(m2 −m2
0)(10.6.7)

* → thus λ0 = µ4−2n+n = µ4−n. Keep in mind, we’re working in n dimensions. The Action
is:

S =

∫

dnx
︸︷︷︸

a




1

2
( ∂µ
︸︷︷︸

b

φ0)
2 − λ0

4!
φ40



 (10.6.8)

Where the dimensions are: [a] = µ−n, [b] = µ+2. Since the dimension of the action must be
zero, this means that the dimension of [φ0] ∼ µ−(2+n)/2.
Note: as expected, if n = 4, λ0 is dimensionless.

−iΣ(p2) =
1

2
(−iλ0)µ4−n

∫
dn`

(2π)n
i

(`2 −m2)
+
−i
2
(m2 −m2

0)

Σ(p) =
µ4−nλ0
2(4π)n/2

Γ
(

1− n

2

)

(m2)−1+n/2 +
1

2
(m2 −m2

0)

=
λ0m

2

(4π)n/2
Γ
(

1− n

2

)(m2

µ2

)−2+n/2
+

1

2
(m2 −m2

0)

Let n→ 4

=
λ0m

2

(4π)n/2−2+2

Γ
(
2− n

2

)

(
1− n

2

)

(
m2

µ2

)−2+n/2
+

1

2
(m2 −m2

0)
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Let ε = 2− n
2
(ε→ 0 as n→ 4).

=
λ0m

2

(4π)2
(1 + ε ln(4π) + . . .)
︸ ︷︷ ︸

(4π)−n/2+2

(
1

ε
− γE +O(ε)

)

︸ ︷︷ ︸

Γ(2−n
2 )

(−1)
(
1 + ε+O(ε2)

)

︸ ︷︷ ︸

(1−n
2 )

−1

·

(

1− ε ln
(
m2

µ2

)

+O(ε)
)

︸ ︷︷ ︸
(
m2

µ2

)−2+n/2

+
1

2
(m2 −m2

0)

=
λ0m

2

(4π)2
(−1)

(
1

ε
+ ln(4π)− γE − ln

(
m2

µ2

))

+
1

2
(m2 −m2

0) +O(ε)

Let m2
0 = m2

(

1− 2λ0
(4π)2ε

)

.

= − λ0
(4π)2

[

ln(4π)− γE − ln

(
m2

µ2

)]

= Finite (10.6.10)

(where the ln
(
m2

µ2

)

is a residual dependence on renormalization).

We could also have absorbed the ln(4π), γE in to m2
0, or µ

2. Let µ′2 = µ2eγE−ln(4π).

→ ln

(
m2

µ2

)

= ln

(
m2

µ′2

)

+ ln
(
e(γE−ln(4π))

)
(10.6.11)

So we’d get

Σ(p) = − λ0
(4π)2

(

− ln

(
m2

µ′2

))

(10.6.12)

(→ modified minimal subtraction: gets rid of ln(4π) and γE.)

So also, for the four-point function:

︸ ︷︷ ︸

−iλ0µ−4+n

+

︸ ︷︷ ︸

absorb terms of 1
ε
into λ0

(10.6.13)
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Net Result:

λ0µ
−4+n = λ+

∞∑

ν=1

aν(λ,m, µ)

(n− 4)ν
(10.6.14)

m0 = m

(

1 +
∞∑

ν=1

bν(λ,m, µ)

(n− 4)ν

)

= mZν (10.6.15)

Zφ = 1 +
∞∑

ν=1

cν(λ,m, µ)

(n− 4)ν
(10.6.16)

Note: aν , bν , cν in minimal subtraction are independent of m2 and µ2 in practice.
Note also:

ai(λ) =
∞∑

j=i+1

aijλ
j

(
i = # of powers of 1

n−4
j = # of loops

)

(10.6.17)

i.e.











︸ ︷︷ ︸

λ2 #
(n−4)

+











︸ ︷︷ ︸

λ3
(

#

(n−4)2+
#′

(n−4)3

)

(10.6.18)

(and the sum goes higher, etc.). So also,

bi =
∞∑

j=i+1

bijλ
j (10.6.19)

ci =
∞∑

j=i+1

cijλ
j (10.6.20)

Note that
−λ0φ40

4!
→ λ0 occurs in Feynman rules, but isn’t finite. ex: see figure 10.6.1.

Figure 10.6.1: Overall divergence
comes only partially from the dia-
gram → λ0 also has poles due to cal-
culated graph at 1-loop order.

Net result:

ΓR(p,m, λ, µ) = lim
n→4

Γ̃R(p,m(n), λ(n), µ, n) (10.6.21)
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But now,

→ Γ̃R(p,m(n), λ(n), µ, n) = Γ̃R
[
p, λ

(
λ0µ

n−4, n
)
m0Z

−1
m (λ(λ0)) , µ, n

]

= Z
−N/2
φ Γ0(pi,m0, λ0, n) (10.6.22)

(N is the # of external legs - Note µ dependence vanishes. ∴ can’t be µ dependent on
L.H.S.)
Feb. 16/2000
or

Γ̃R = ZΓ(λ0µ
n−4, n)Γ0(p, λ0(n),m0(n), n) (10.6.23)

with ZΓ = Z
N/2
φ .

→ µ
d

dµ
Γ0 = 0

= µ
d

dµ

[

lim
n→4

Z−1Γ Γ̃R(p, λ(∂0µ
n−4, n),m(λ0µ

n−4, n), µ, n)
]

0 =

[

µ
∂

∂µ
+ µ

∂λ

∂µ

∂

∂λ
+ Zmmµ

∂Z−1m
∂µ

∂

∂m
− µ∂ZΓ

∂µ
Z−1Γ

]

Γ̃R

Now set
(

β(λ) ≡ µ∂λ
∂µ

)

,
(

−γmm ≡ Zmmµ
∂Z−1

m

∂µ

)

,
(

−γΓ ≡ −µ∂ZΓ∂µ Z
−1
Γ

)

, and let n→ 4.

0 =

(

µ
∂

∂µ
+ β(λ)

∂

∂λ
− γmm

∂

∂m
− γΓ

)

Γ (10.6.24)

Note: as Γ is finite, β, γm and γΓ are finite.
Suppose we just look at the “engineering dimension” (depends only on the # of external

legs), DΓ, of Γ = Γ(p, λ,m, µ).

DΓ = −2

DΓ = +2

DΓ = 0

Consider pµ = κpµ0 (pµ0 → reference momentum).



10.6. RENORMALIZATION GROUP 195

10.6.1 Euler’s Theorem

f(λx, λy) = λDf(x, y) → d

dλ
at λ = 1 (10.6.25)

(

x
∂

∂x
+ y

∂

∂y

)

f = DλD−1F (10.6.26)

From this, if Γ = Γ(κp0, λ,m, µ), then
(

κ
∂

∂κ
+m

∂

∂m
+ µ

∂

∂µ

)

Γ = DΓΓ (10.6.27)

Now, eliminate µ ∂
∂µ

from (10.6.24), (10.6.27):

0 =

[

κ
∂

∂κ
− β(λ) ∂

∂λ
+ (1 + γm)m

∂

∂m
+ (γΓ −DΓ)

]

Γ(κp0, λ,m, µ) (10.6.28)

• Can trade in dependence on mass scale parameter µ for dependence on scale in front
of momentum p0.

• By rescaling momentum (changing κ) → will effectively change value of coupling con-
stant/mass parameter (β, m).

• β(λ) = µ∂λ
∂µ

, −γm = µZm
∂Z−1

m

∂µ
.

Formal Solution

Γ(κp0, λ,m, µ) = κDΓ exp

(

−
∫ κ

1

γλ(λ̄(κ
′))
dκ′

κ′

)

Γ(p0, λ̄(κ), m̄(κ), µ) (10.6.29)

with
(

κ∂λ̄(κ)
∂κ

= β(λ̄(κ))
)

,
(

κ∂m̄(κ)
∂κ

= −
[
1 + γm(λ̄(κ))

]
m̄(κ)

)

and with boundary conditions

λ̄(1) = λ, m̄(1) = m.
For example, consider the 2-pt. function:

+

















︸ ︷︷ ︸

A

+




 +






︸ ︷︷ ︸

B

+







+ + + . . .







︸ ︷︷ ︸

C

+ . . .
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The net result of renormalization will be:

A = λ

(

A1 ln

(
p2

µ2

)

+B1

)

(10.6.30)

B = A2 ln
2

(
p2

µ2

)

+B2 ln

(
p2

µ2

)

+ C2 (10.6.31)

C = A3 ln
3

(
p2

µ2

)

+B3 ln
2

(
p2

µ2

)

+ C3 ln

(
p2

µ2

)

+D3 (10.6.32)

→ we’re just taking the leading order terms, (A′s), → all terms subsumed into λ̄(κ). Thus,

κ
∂λ̄(κ)

∂κ
= β(λ̄(κ))

= β1λ
2

︸︷︷︸
lowest
order

+β2λ
3 + β3λ

4 + . . . (10.6.33)

For perturbation theory to make sense, λ̄(κ) must be small.

• If,
lim
κ→∞

λ̄(κ) = 0 (10.6.34)

we have asymptotic freedom → (Yang-Mills Theory)

• If
lim
κ→0

λ̄(κ) = 0 (10.6.35)

we have infrared freedom → (almost everything else).

Feb. 17/2000
Recall

κ
∂λ̄(κ)

∂κ
= β(λ̄(κ)) (10.6.36)

κ
∂m̄(κ)

∂κ
= −

[
1 + γm(λ̄(κ))

]
m̄(κ) (10.6.37)

In Dimensional Regularization

λ0µ
n−4 = λ+

∞∑

ν=1

aν(λ)

(n− 4)ν
(10.6.38)

The µn−4 was introduced so that λ is dimensionless.

λ0 → µ4−n

β(λ) = µ
∂λ

∂µ
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Now, how do we get β(λ)?

β(λ) = x0 + x1(n− 4) + x2(n− 4)2 + . . . (10.6.39)

µ
∂

∂µ
(λ0µ

n−4) = µ
∂λ

∂µ
︸︷︷︸

β(λ)

∂

∂λ

[

λ+
∞∑

ν=1

aν(λ)

(n− 4)ν

]

(10.6.40)

Subs. in β(λ)

(n− 4) λ0µ
n−4

︸ ︷︷ ︸

subs. (10.6.38)

=
[
x0 + x1(n− 4) + x2(n− 4)2 + . . .

]

[

1 +
∞∑

ν=1

a′ν(λ)

(n− 4)ν

]

(n− 4)

[

λ+
∞∑

ν=1

aν(λ)

(n− 4)ν

]

= [x0 + x1(n− 4) + . . .]

[

1 +
∞∑

ν=1

a′ν(λ)

(n− 4)ν

]

Thus,

(n− 4)λ+ a1 +
a2

(n− 4)
+

a3
(n− 4)2

+ . . . =
[
x0 + x1(n− 4) + x2(n− 4)2 + . . .

]
+

+

[
x0a

′
1

(n− 4)
+ x1a

′
1 + x2a

′
1(n− 4) + . . .

]

+

[
x0a

′
2

(n− 4)2
+

x1a
′
2

(n− 4)
+ x2a

′
2 + . . .

]

+ . . .

We set x2 = x3 = x4 = . . . = 0.

(n− 4)λ+ a1 +
a2

(n− 4)
+ . . . = x1(n− 4) + (x0 + x1a

′
1)

= +(x0a
′
1 + x1a

′
2)

1

(n− 4)

+(x0a
′
2 + x1a

′
3)

(
1

(n− 4)

)2

(10.6.41)

Matching powers of (n− 4):
{

x1 = λ
x0 + x1a

′
1 = a1

}

x1 = λ
x0 = a1 − λa′1

→ β(λ) = [a1 − λa′1] + λ(n− 4)

{ x0a
′
1 + x1a

′
2 = a2

...
x0a

′
ν + x+ 1a′ν+1

}

constraint eq’s that fix a2, a3, . . . , aν
in terms of a1

(Note as n→ 4, β(λ) = (a1 − λa′1)). Thus,

λ0µ
n−4 = λ

∞∑

ν=1

aν(λ)

(n− 4)ν
(10.6.42)
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• only a1 is needed for β(λ)

• a1 fixes a2, a3, . . .

Remember that λφ4 in 4-D has the form:

a1(λ) = a12
︸︷︷︸

From 1-loop
diagrams

λ2 + a13
︸︷︷︸

2-loop

λ3 + a14
︸︷︷︸

3-loop

λ4 + . . . (10.6.43)

Recall that:

aν =
∞∑

j=ν+1

aνjλ
j (10.6.44)

ex: for

a2 = x+ 0a′1 + x1a
′
2

a23λ
3 + a24λ

4 + . . . =
[(
a12λ

2 + a13λ
3 + . . .

−λ d

dλ

(
a12λ

2 + a13λ
3 + . . .

)
)

d

dλ

(
a12λ

2 + a13λ
3 + . . .

)
]

+ λ

[
d

dλ

(
a23λ

3 + a24λ
4 + . . .

)
]

Here, a2j can be solved for in terms of a1j. Similarly, we can show that, if

Zm = 1 +
∞∑

ν=1

bν
(n− 4)ν

, Zφ = 1 +
∞∑

ν=1

cν
(n− 4)ν

(10.6.45)

Then (***)

γm(λ) =
λb′1
m

(10.6.46)

γΓ = λc′1 (10.6.47)

(c.f. Collins & MacFarlane)

10.6.2 Explicit Calculations

L =
1

2
(∂µφ)

2 − 1

2
m2

0φ
2 − λ0

4!
φ4 (10.6.48)

L(2) =
1

2
(∂µφ)

2 − 1

2
m2φ2 (10.6.49)

LI = −1

2
(m2

0 −m2)φ2 − λ0φ
4

4!
(10.6.50)
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Two point function

︸ ︷︷ ︸

A

+

︸ ︷︷ ︸

B

+























︸ ︷︷ ︸
λ0(1+one contribution

to λ0)∗

+




 + +






(* - because it is itself renormalized). We find that, to 1-loop order,

S−1F =

A
︷ ︸︸ ︷

(p2 −m2)−

B
︷ ︸︸ ︷

m2

(
b11λ

(n− 4)

)

−

1-loop contrib.
︷ ︸︸ ︷

m2λ2

16π2(n− 4)
+ finite +(two-loop) (10.6.51)

i.e.

m2
0 = m2

(

1 +
∞∑

ν=1

bν(λ)

(n− 4)ν

)

(10.6.52)

(we just have to take lowest order term. (b2(λ) = b11λ + b12λ
2 + . . .). → S−1F will be finite

if we choose [

b11 =
−λ
16π2

]

(10.6.53)

Note, no divergence ∝ p2 (could be, in principle, but it just doesn’t occur in φ4 theory).

∴ Zφ = 1 to one-loop order

For the 4-pt. function

Γ =

︸ ︷︷ ︸

A

+ + (two-loop)

= λ0 +
λ20

(n− 4)

(
3

16π2

)

+ (finite) (10.6.54)
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but,

λ0 = λ+
a12λ

2

(n− 4)
+ . . .

Γ = λ+
a12λ

2

(n− 4)
+

λ2

(n− 4)

3

16π2
+ . . .

→ arrange for pole from A and from 1-loops to cancel

⇒
[

a12 = −
3

16π2

]

(10.6.55)

Feb. 28/2000
Recall:

+

= −m2

(
b11λ

(n− 4)
+

b12λ
2

(n− 4)
+ . . .

)

+
(

. . .
)

S−1F = p2 −m2

(

1 +
b11λ

(n− 4)

)

− m2λ

16π2(n− 4)
+ finite +O(λ2) (10.6.56)

where b11 = − 1
16π2

, Z = 1.

Γ = +O(λ3)

= λ+
λ2a12
(n− 4)

+
3λ2

(n− 4)16π2
+ finite +O(λ3) (10.6.57)

with ⇒ a12 = − 3
16π2

. Higher order contributions to the 2-pt. function are:

=
1

2

1

(4π)n/2
Γ
(

1− n

2

)

(m2)(n/2−1)µ−4+n
(

λ+
a12λ

2

(n− 4)

)

= O(λ) + m2λ

32π2

[
2a12λ

(n− 4)2
+

2 + (γ − 1)a12λ

(n− 4)
+ finite

]

(10.6.58)
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(where the vertex of the loop with the propagator is λ0 = λ+ a12λ2

(n−4)).

= − µ8−4n

4(2π)2n

∫

dnk dn`
1

(k2 −m2)

1

(`2 −m2)2

=
m2λ2

(16π2)2
1

(n− 4)2
+

(4γ − 2)m2λ2

(32π2)2(n− 4)
+ finite (10.6.59)

= O(λ) + λ2m2a11
16π2

(
1

(n− 4)2

)

+
γb11λ

2m2

32π2(n− 4)
+ finite (10.6.60)

(

Recall L = −1

2
(m2

0 −m2)φ2 + . . .

)

(where the cross at the top of the loop is due to the mass insertion).

= ( Collins )

=
m2λ2

(16π2)2
1

(n− 4)2
+

λ2

(16π2)2(n− 4)





p2

12
︸︷︷︸

∗

−m
2

2
+ (γ − 1)m2




+ finite(10.6.61)

(∗ ⇒ wave function renormalization)
All together (to 2-loop order - only showing two loop order here):

S−1p = p2
[

1− λ2

12(16π2)2
1

(n− 4)

]

−m2

[

1 +
λ2

(n− 4)

(

b12 −
1

2(16π2)2

)

︸ ︷︷ ︸
would think
b12=

1
2(16π2)2

+
λ2

(n− 4)2

(

b22 −
2

(16π2)2

)

︸ ︷︷ ︸
and here

b22=
2

(16π2)2

]

(10.6.62)

First!! Remember that

FT 〈0|Tφφ|0〉 → Zφ
(p2 −m2 − finite )

(10.6.63)
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Thus,

S−1 = Z−1φ
[
p2 −m2 − finite

]
(10.6.64)

Thus,

Z−1φ = 1− λ2

12(16π2)2
1

(n− 4)
(10.6.65)

So,

S−1 = Z−1φ
[
p2 −m2 − finite

]

=

(

1− λ2

12(16π2)2
1

(n− 4)

)[

p2 −m2

(

1 +
λ2

(n− 4)

(

b12 −
1

2(16π2)2
+

1

12(16π2)2

)

+
λ2

(n− 4)2

(

b22 −
2

(16π2)2

))]

(10.6.66)

Thus,

Zφ = 1 +
λ2

12(16π2)

1

(n− 4)
(10.6.67)

b22 = 2
(16π2)2

b12 = 5
12(16π2)2

}

m2
0 = m2

[

1 +
1

(n− 4)

( −λ
16π2

+
5λ2

12(16π2)2

+
2λ2

(16π2)2
1

(n− 4)2

)

+O(λ3)
]

(10.6.68)

λ0 = µ4−n
[

λ− 3λ2

16π2
1

(n− 4)
+O(λ3)

]

(10.6.69)

Thus,

a1(λ) = − 3λ2

16π2
+O(λ3) (10.6.70)

β(λ) =

(

1− λ ∂

∂λ

)

a1(λ)

=
3λ2

16π2
(10.6.71)

Thus the running coupling is the solution to:

κ
∂λ̄(κ)

∂κ
= β(λ̄(κ))

∫ κ

κ0

dκ′

κ′
=

∫ λ̄(κ)

λ

dλ̄

β(λ̄)
(10.6.72)



10.6. RENORMALIZATION GROUP 203

(

originally

(

µ
∂

∂µ
+ β(λ)

∂

∂λ

)

Γ(p, µ, λ) = 0(?)

κ → Γ(κp0, µ, λ)→ Γ(p0, µ, λ̄(κ))
(

κ
∂

∂κ
+ β(λ)

∂

∂λ

)

Γ
?
︷︸︸︷
= 0

)

(10.6.73)

The boundary conditions are: λ̄(κ0) = λ. So,

ln (κ′)

∣
∣
∣
∣
∣

κ

κ0

=

∫ λ̄(κ)

λ

dλ̄
(

3λ̄2

16π2

)

ln

(
κ

κ0

)

=
16π2

3

(

−1

λ̄

)
∣
∣
∣
∣
∣

λ̄(κ)

λ

3

16π2
ln

(
κ

κ0

)

= − 1

λ̄(κ)
+

1

λ

λ̄(κ) =
1

1
λ
− 3

16π2
ln
(
κ
κ0

)

λ̄(κ) =
λ

1− 3λ
16π2

ln
(
κ
κ0

) ≈
{

0− as κ→∞ ( unstable )

0+ as κ→ 0+ ( stable *)

}

(10.6.74)

∗ → i.e. perturbation theory acceptable for small momenta.
Thus, as κ→ 0+, perturbation theory reliable.

κ
∂λ̄(κ)

∂κ
= β(λ̄(κ)) (10.6.75)

The plot of this can be seen in Figure 10.6.2. If we include higher orders, we get Figure
10.6.2.
Mar. 1/2000

κ
∂λ̄(κ)

∂κ
=

3

16π2
λ̄2(κ)→

∫ λ̄(κ)

λ

dλ̄′(κ)

λ′2(κ)
=

3

16π2

∫ κ

κ0

dκ′

κ′
(10.6.76)

λ̄(κ) =
λ

1− 3λ
16π2

ln
(
κ
κ0

) (10.6.77)
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Figure 10.6.2: Beta function
plot

Figure 10.6.3: Beta function
plot 2 - note β = 0!! - depends
on where you start. (λ̄(κ) →
λfixed as κ→∞)

B.C. λ̄(κ0) = λ.
We often let λ =∞ at κ0 = Λ. i.e. λ̄(Λ) =∞. Thus,

∫ λ̄(κ)

∞

dλ′

λ′2
=

3

16π2
ln(κ′)

∣
∣
∣
∣
∣

κ

Λ

− 1

λ′

∣
∣
∣
∣
∣

λ̄(κ)

∞

=
3

16π2
ln
(κ

Λ

)

= − 3

16π2
ln

(
Λ

κ

)

λ̄(κ) =
16π2

3 ln
(
Λ
κ

) (10.6.78)

Note that:

• κ→ 0, λ̄(κ)→ 0+

• κ→∞, λ̄(κ)→ 0− (unacceptable)

• κ ≈ Λ, λ̄(κ)→∞→ perturbation breaks down.

In QCD

L = −1

4

(
F a
µν

)2
+ ψ̄ (i 6∂ − gτ a 6Aa)ψ + φ∗i

(
∂µ − iegT aAaµ

)2

ij
φj (10.6.79)

β(g) =
g3

16π2

[

−11

3
C2(v) +

4

3
C2(F ) +

1

3
C2(S)

]

(10.6.80)

[
T a, T b

]
= cabcT c (10.6.81)
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Figure 10.6.4: Beta func-
tion plot for pure Yang-
Mills.

Figure 10.6.5: Beta func-
tion plot for pure Yang-
Mills - two-loop order.

Then,

C2(v)δab = camncbmn = n for SU(n) (10.6.82)

δabC2(F ) = Tr(τ aτ b)

=
1

2
for quarks in QCD (10.6.83)

C2(S)δ
ab = Tr(T aT b)

=
1

2
for complex scalars in the fundamental rep. for SU(3) (10.6.84)

For pure SU(n) Yang-Mills theory,

β(g) = −11

3
n
g3

16π2
(10.6.85)

whose graph looks like Figure 10.6.4 Thus,

κ
dḡ(κ)

dκ
= −11

3

nḡ3(κ)

16π2
(10.6.86)

dḡ

dκ
< 0 as κ→∞→ asymptotic freedom (10.6.87)

∫ ḡ(κ)

∞

dg′

g′3
= − 11n

3(4π)2

∫ κ

Λ

dκ′

κ′
(10.6.88)

(B.C. ḡ(Λ) =∞)

− 1

2g′2

∣
∣
∣
∣
∣

ḡ(κ)

∞

= − 11n

3(4π)2
ln
(κ

Λ

)

ḡ2 =
3(4π)2

22n ln
(
κ
Λ

)

}

κ→∞, ḡ2 → 0
κ < Λ, ḡ2(κ) < 0 (Not acceptable)

(10.6.89)
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For Nf flavours of quarks, (see Figure 10.6.5)

β(g) =
g3

16π2

[

−11

3

SU(3)
︷︸︸︷

(3) +
4

3

(
1

2

)

Nf

︸ ︷︷ ︸

−11+ 2Nf
3
<0 if Nf<16

1
2
flavours

]

(10.6.90)



Chapter 11

Spontaneous Symmetry Breaking

φ44 → (the subscript is the number of dimensions).

L =
1

2
(∂µφ)

2 − m2φ2

2
− λφ4

4!
(11.0.1)

Symmetry: φ→ −φ (must be respected. ex: if we have a 5 pt. function→ Green’s functions
are negative, ∴ must be 0).

H = Π∂tφ− L (11.0.2)

Π =
∂L

∂
(
∂φ
∂t

) − ∂φ

∂t

=
1

2

[
Π2 + (∇φ)2

]

︸ ︷︷ ︸

Kinetic part

+
m2

2
φ2 +

λφ4

4!
︸ ︷︷ ︸

Potential V (φ)

(11.0.3)

Lowest Energy state:

KE

{
≥ 0
= 0 if φ = const.

(11.0.4)

Energy = V (φ)

=
m2φ2

2
+
λφ4

4!
; λ > 0 for E to be bounded below (11.0.5)

There are two cases: we can have a positive mass squared (m2 > 0 - Figure 11.0.1) or a
negative mass squared (m2 < 0 - Figure 11.0.2). For the first case,

m2φ2

2
+
λφ4

4!
(11.0.6)

For the second, we get

dV

dφ
= m62φ+

λφ3

6

= 0 if
φ = 0

φ = ±
√
−6m2
λ

}

(2 possible vacua) (11.0.7)

207
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–1

0

1

2

3

4

5

y

–3 –2 –1 1 2 3phi

Figure 11.0.1: Positive
mass (m2 > 0) plot.

–2

–1

1

2

3

4

y

–4 –2 2 4phi

Figure 11.0.2: Negative
mass (m2 < 0) plot

Let’s consider excitations above φ0 = +
√
−6m2
λ

.

φ = φ′ +

√

−6m2

λ
(11.0.8)

The Lagrangian for φ′ is:

L =
1

2
[∂µ(φ

′ + φ0)]
2 − m2

2
(φ′ + φ0)

2 − λ

4!
(φ′ + φ0)

4

=
1

2
(∂µφ

′)2 − m2

2



φ′2 + 2φ′φ0
︸ ︷︷ ︸

∗

+φ20



− λ

4!



φ′4 + 4φ′3φ0 + 6φ′2φ20 + 4φ′φ30
︸ ︷︷ ︸

∗

+φ40





∗′s cancel using φ0 definition

=
1

2
(∂µφ

′)2 − m2

2
φ′2 − λ

4!

(

φ′4 + 4φ′3
√

−6m2

λ
+ 6φ′2

(

−6m2

λ

))

+ const

=
1

2
(∂µφ

′)
2
+

(

−m
2

2
+

3m2

2

)

φ′2 − λ

4!
φ′4 − λ

3!
φ′3
√

−6m2

λ

=
1

2
(∂µφ

′)
2 − 1

2
(−2m2)φ′2 − λ

3!

√

−6m2

λ
φ′3
︸︷︷︸

†

− λ
4!
φ′4 (11.0.9)

→ mass of φ′ is (−2m2) > 0.
† breaks the φ ↔ −φ symmetry. This can be seen in Figure 11.0.2 - the bottom of the

two wells will have ground states |0−〉, |0+〉 - this ground state doesn’t respect symmetry.
For example,

F̂ φF̂−1 = −φ (suppose)

F̂ |0〉 = |0〉 if (m2 > 0)

F̂ |0+〉 = |0−〉 if (m2 < 0)
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(
|0−〉+|0+〉√

2
→ symmetry restored

)

.

Mar. 2/2000
Heisenberg (1-D) Ferromagnet:

1 2 3 4 5 6 7 8
→ → ← ← → ← → → (11.0.10)

(where σ = +1 for positions (1 + 2), σ = −1 for positions (3 + 4),. . . ).

H = −
∑

i

κσiσi+1 (11.0.11)

= −κ
[
(+1)2 + (+1)(−1) + (−1)2 + . . .

]

There is an “up-down” symmetry in this Hamiltonian (no preference for up/down).
The lowest energy states are “all up” or “all down”.

→ Generalize to an O(N) model.

φ = (φ1, φ2, . . . , φN) (11.0.12)

L is invariant under
φ→ Rφ (RT = R−1) (11.0.13)

R is a global orthogonal matrix.

L =
1

2
(∂µφ)(∂

µφ)− m2

2
φ · φ− λ

4!
(φ · φ)2 (11.0.14)

The potential for this Lagrangian is

Figure 11.0.3: O(N) model
for m2 > 0.

Figure 11.0.4: O(N) model
(m2 < 0) plot “Mexican
Hat” potential

V (φ) =
m2

2
φ2 +

λ

4!
((φ)2)2 (11.0.15)
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(where λ > 0 for stability). This can be plotted - see figures 11.0.3 (for m2 > 0) and 11.0.4
(for m2 < 0).

∂V

∂φi
= m2φi +

λ

4!
(2φ2)(2φi)

=

(

m2 +
λ

6
φ2
)

φi

= 0 at φi = 0 or at |φ| =
√

−6m2

λ
(11.0.16)

Suppose,

φ
0

= V δi1 ( in the “one” direction)

φ = (V + φ′1, φ
′
2, . . . , φ

′
N)

L =
1

2
(∂µφ

′)(∂µφ′)− m2

2

[
(V + φ′1)

2 + φ′2 + . . .+ φ′N
]

︸ ︷︷ ︸

=V 2+2V φ′1+φ
′2
1 +...

=V 2+2V φ′1+φ
′2

− λ
4!

[
(V + φ′1)

2 + φ′22 + . . .+ φ′2N
]2

=
1

2
(∂µφ

′)2 − m2

2

[
V 2 + 2V φ′1 + φ′2

]
− λ

4!

[
V 2 + 2V φ′1 + φ′2

]2

=
1

2
(∂µφ

′)2 − λ

4!

[
2V 2φ′2 + 4V 2φ′21

]
+ interaction terms

=
1

2
(∂µφ

′)2 − m2

2
φ′2 − λ

4!

(−6m2

λ

)
(
2φ′2 + 4φ′21

)

=
1

2
(∂µφ

′)2 − m2

2
φ′2 +m2

(
1

2
φ′2 + φ′21

)

=
1

2
(∂µφ

′)2 − 1

2
(−2m2)φ′21 (11.0.17)

Thus

• φ′1 → mass (−2m2)

• φ′2, . . . , φ′N → massless (N − 1 massless Goldstone Bosons).

In general, if a system of N scalars has an invariance under a group G, and if the ground
state of the theory has an invariance under a groupG′ ⊂ G, then there is a massless excitation
above this ground state for each generator of G′.
→ Not realized in Nature.

Here we have

G→ O(N) (Orthogonal group, N-dimensional) (11.0.18)

(see figures 11.0.5,11.0.6). Figure 11.0.7 → No massless scalars (spin 0) particles observed
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Figure 11.0.5: So G′ → O(N − 1)

Figure 11.0.6: Excitation
where you just roll around
bottom of well (Correspond
to Goldstone Bosons)

Figure 11.0.7: m2 > 0 - (No massless
excitations).

in nature.

L = −1

4
F 2
µν −

m2

2
A2
µ (Massive spin-1 particle) (11.0.19)

iDµν = −
i
(

gµν − kµkν
m2

)

k2 −m2
( whole term is transverse) (11.0.20)

where the kµkν
m2

term comes from the longitudinal polarization (Destroys Renormalizability)
- the gauge invariance is ruined by m2.

In the Higgs Mechanism, the massless Goldstone Bosons are absorbed by the longitudinal
polarization of the massless vectors to which they are coupled to give massive vector particles.

However, gauge invariance is not sacrificed, so renormalizability is retained. The massive
scalars left over are all the “Higgs” particles.
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Mar. 6/2000

11.1 O(2) Goldstone model:

L =
1

2

(
∂µφ

i
) (
∂µφi

)
− m2

2
φiφi − λ

4!
(φiφi)2 (11.1.1)

→ φi = (φ1, φ2)

[
φ1

φ2

]

→
[
cos θ − sin θ
sin θ cos θ

] [
φ1

φ2

]

Let φ = φ1+iφ2√
2

, φ∗ = φ1−iφ2√
2

.

L = (∂µφ
∗)(∂µφ)−m2φ∗φ− λ

6
(φ∗φ)2 (11.1.2)

φ→ eiθφ

Local gauge invariance

φ→ eiθ(x)φ (11.1.3)

Introduce a gauge field

L = −1

4
FµνF

µν + [(∂ + ieAµ)φ
∗] [(∂µ − ieAµ)φ]−m2φ∗φ− g(φ∗φ)2 (11.1.4)

If m2 < 0 - (see figure 11.1.1).

Figure 11.1.1: m2 < 0, → V (φ) = m2φ∗φ+ g(φ∗φ)2

∂V

∂φ
= 0 ⇒ |φ| =

√

−m2

2g
(11.1.5)
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Choose

φmin =

√

−m2

2g
(Real) (11.1.6)

φ =

√

−m2

2g
+ φ′

=
V√
2
+ φ′ (11.1.7)

Now,

L = −1

4
F 2
µν +

[

(∂µ + ieAµ)

(
V√
2
+ φ′∗

)][

(∂µ − ieAµ)

(
V√
2
+ φ′

)]

−m2

(
V√
2
+ φ′∗

)(
V√
2
+ φ′

)

− g
[(

V√
2
+ φ′∗

)(
V√
2
+ φ′

)]2

= −1

4
F 2
µν + [(∂µ + ieAµ)φ

′∗] [(∂µ − ieAµ)φ
′] +

V√
2
[(ieAµ(∂

µφ′)− (∂µφ
′∗)(ieAµ)]

+
V 2

2
e2AµA

µ

︸ ︷︷ ︸

∗

−m2

[

φ′∗φ′ +
V√
2
(φ′ + φ′∗) +

V 2

2

]

− g
[
V 2

2
+

V√
2
(φ′ + φ′∗) + φ′∗φ′

]2

(Note that it would appear, from the * term, that AµA
µ has a mass V 2e2). Now, let

Dµ = ∂µ − ieAµ.

L = −1

4
F 2
µν + (Dµφ

′)∗(Dµφ′) +
ieV√
2
[Aµ∂

µφ′ − (∂µφ
′∗)Aµφ′] +

e2V 2

2
AµA

µ −m2φ′∗φ′

−g
[

V 2

2
(φ′ + φ′∗)2 + 2

(
V 2

2

)

φ∗φ′

︸ ︷︷ ︸

appears that Im(φ′)
is massless

+
2V√
2
(φ′ + φ′∗)φ′∗φ′ + (φ′∗φ′)2

]

+ const.(11.1.8)

To determine the actual degrees of freedom, set

φ(x) =

(
η(x) + V√

2

)

eiξ(x)/V (11.1.9)

where η(x), ξ(x) are real. Then, let

φv(x) = e−iξ/V φ(x) (11.1.10)

Bµ = Aµ −
1

e
∂µ

(
ξ(x)

V

)

(11.1.11)
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where (11.1.10,11.1.11) are a gauge transformation. Then,

φv(x) =
η(x) + V√

2
(11.1.12)

Now we find that

L =
1

2
(∂µη)

2 − 1

2
(−2m2)η2 − 1

4
(∂µBν − ∂νBµ)

2 +
1

2
(eV )2BµB

µ

+
1

2
e2BµB

µ(η2 + 2V η)− gV 2η2 − g

4
η4 (11.1.13)

• ξ(x)→ disappeared (Goldstone boson has vanished)

• η(x)→ mass (−2m2)→ Higgs

• Bµ → massive vector (3 polarizations) - mass (eV )2

There are still only 3 parameters that characterize the theory, η, e, g. (recall V =
√
−m2
2g

).

This is the form of the Lagrangian in the “U” (unitary) gauge - physical degrees of
freedom are apparent.

Renormalizability is only manifest in “other” gauges (f-gauges) (Note, though, that since
the “original theory” was renormalizable, this one is also).

In general, for a non-Abelian Field,

L =
1

2

[
(∂µφ

∗
i + igT aijA

a
µφ
∗
j)(∂

µφi − igT bilA
bµφl)

]
− V (φi)−

1

4
F a
µνF

aµν (11.1.14)

If we say

• n→ # of scalar fields φi (2n if φi → complex).

and if

• ∂V
∂φi

= 0 if φi =
Vi√
2
6= 0 (i = 1, . . . , n′) (n′ < n)

then there are then n′ massive Higgs and (n− n′) massive vector particles.
Electroweak SU(2)× U(1) model

φi ⇒ i = 1, 2 (Complex doublet of SU(2)) (11.1.15)

(n = 4),

• n′ = 1→ One Higgs particle

• → 4 vectors, (4-1) = 3 are massive, and 1 is massless (photon).

Mar. 8/2000



11.2. COLEMAN WEINBERG MECHANISM 215

11.2 Coleman Weinberg Mechanism

L =
1

2
(∂µφ)

2 − 1

2
m2φ2 − λ

4!
φ4 (11.2.1)

→ V =
m2

2
φ2 +

λ

4!
φ4

Vtot = +

︸ ︷︷ ︸

Classical

+








+ + . . .








︸ ︷︷ ︸

One-loop

+



 + . . .





︸ ︷︷ ︸

Two-loop

= Sum of 1PI (irreducible) diagrams with an arbitrary number of external

legs where momenta = 0

Remember (Generator function of all diagrams)

Z[J ] =

∫

dφ e(i/~)
∫
dx (L+Jφ) (11.2.2)

= eiW (J)/~ (11.2.3)

where W (J) is the generating functional of all connected diagrams.

Φc(x) =
δW (J)

δJ(x)
→ Legendre Transformation (11.2.4)

Renormalized→ Γ(Φc) = W (J)−
∫

dx J(x)Φc(x) (11.2.5)

(where Φc is the 1PI generating functional). Define the effective potential to be

V (φ) = −
∞∑

n=0

1

n!
Γ(0, . . . , 0)φn (11.2.6)

• We first of all renormalize Γ(φ)
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• We next define

m2
R =

d2V

dφ2

∣
∣
∣
∣
∣
φ=κ

(11.2.7)

λR =
d4V

dφ4

∣
∣
∣
∣
∣
φ=κ′

(11.2.8)

(mR = Renormalized mass).

Thus,
V = V (φ, λR,m

2
R) (11.2.9)

We can now determine if there is Spontaneous Symmetry breaking.
Note that even if Vcl has φmin = 0 (i.e. no spontaneous symmetry breakdown), it is

conceivable that Vtot does generate the breakdown. If there is spontaneous symmetry and
the Higgs mechanism has generated massive vectors, then there will be no divergences in
this theory with vectors.

• Heuristic argument for the renormalizability of models with the Higgs mechanism for
generating massive vectors.

11.3 One loop Effective Potential in λφ4 model

+ +

φc − constant field (external momenta = 0)

First loop:

∫
d4k

(2π)4
i

(k2 −m2 + iε)

nth Loop: Sn

∫
d4k

(2π)4
(−iλ)n

(
i

(k2 −m2 + iε)

)n

(Sn → Symmetry factor)

2n legs → (2n)!

(2n)2n
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(where, in the denominator, the 2n is because we can start anywhere in the circle, and the
2n is because the legs are interchangeable). Thus,

Γ(0, . . . , 0
︸ ︷︷ ︸
2n zero
momenta

) =
(2n)!

2n(2n)

∫
d4k

(2π)4

(
λ

k2 −m2 + iε

)n

(11.3.2)

n = 0 (constant term) (11.3.3)

Therefore,

V (φ) = −
∞∑

n=1

1

(2n)!
Γ(0, . . . , 0)φ2nc

= −
∞∑

n=1

1

(2n)!

(2n)!

2n(2n)

∫

d4k

(
λφ2c

k2 −m2 + iε

)n

= −
∫

d4k

(2π)4
1

2

∞∑

n=1

1

n

(

λφ
2
c

2

k2 −m2 + iε

)n

(n = 1, 2diverges)

= −
∫

d4k

(2π)4
1

2
ln

(

1−
λφ2c
2

k2 −m2 + iε

)

(as ln(1− x) = x+
x2

2
+
x3

3
+ . . .)

= −
∫

d4k

(2π)4
1

2



ln

(

k2 −m2 − λφ2c
2

)

− ln
(
k2 −m2 + iε

)

︸ ︷︷ ︸

constant



 (11.3.4)

The minus sign means we must still renormalize. Note that the second (constant) term is a
problem in G.R. -

∫
d4x
√
g∞k ← Cosmological constant = 0 actually.

Alternative Derivation

Z(J) =

∫

dφ exp

{
i

~

∫

d4x (L(φ) + J(φ))

}

(11.3.5)

Let φ(x) = φc + h(x) = (constant field) + (quantum fluctuations about φc).

Z(J) =

∫

dh exp

{
i

~

∫

[L(φc + h) + Jh] d4x

}

(11.3.6)

Consider only diagrams with external φc’s and are 1PI to get V (φc). But,

L = L(φc + h)

=
1

2
(∂µh)

2 − m2

2
(φc + h)2 − λ

4!
(φ2c + 2φch+ h2)2

=
1

2
(∂µh)

2 − m2

2
(φ2c + 2φch+ h2)− λ

4!

(
φ4c + 4φ3ch+ 6φ2ch

2 +O(h3)
)
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The only terms that will contribute to V (φc) at one-loop order are O(h2). i.e. One-Loop

1

2
(∂µh)

2 − m2

2
h2 ⇒ (< hh >) (11.3.7)

−λ
4
φ2ch

2 ⇒ (11.3.8)

One loop

Two-loop











h3φc











, (11.3.9)

Then,

Ẑ =

∫

dh exp

{
i

~

∫

d4x

[
1

2
(∂µh)

2 − m2

2
h2 − λ

4
φ2ch

2

]}

=

∫

dh exp

{
i

~

∫

d4x

[
1

2
ln

(

−p2 −m2 − λφ2c
2

)

h

]}

= det−1/2
(

p2 +m2 +
λφ2c
2

)

κ (11.3.10)

Mar. 9/2000

V (φ) = i

∫
d4k

(2π)4
1

2

∞∑

n=1

1

n

( 1
2
λφ2

k2 −m2 + iε

)

=
i

2

∫
d4k

(2π)4
ln

(

k2 −m2 − 1

2
λφ2 + iε

)

(11.3.11)
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Recall we can get the same thing from:

Z(J) =

∫

dh exp

{
i

~

∫

d4x
1

2
h(x)

(

p2 −m2 − λφ2c
2

)

h(x)

}

= det−1/2
(

p2 −m2 − λφ2c
2

)

(1-loop 1PI contribution to Z if φc is a constant)

= eiW (11.3.12)

where we define

iW = ln

(

det−1/2
(

p2 −m2 − λφ2c
2

))

W =
i

2
ln

(

det

(

p2 −m2 − λφ2c
2

))

= Γ(φc)−
∫

dx φcJ
︸ ︷︷ ︸

=0

(11.3.13)

Thus,

Γ(φc) =
i

2
ln

(

det

(

p2 −m2 − λφ2c
2

))

(11.3.14)

Note:

ln(det(O)) = ln(det(U †OU)) ; O = O†

= ln




det











λ1
. . .

λn
















= ln (λ1 . . . λn)

= ln(λ1) + . . .+ ln(λn) (11.3.15)

and

Tr(ln(O)) = Tr(ln(U †OU))

= Tr




ln






λ1
. . .

λn











= ln(λ1) + . . .+ ln(λn) (11.3.16)

Then,
Tr(ln(O)) = ln(det(O)) (11.3.17)
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So

Γ(φc) =
i

2
ln

(

det

(

p2 −m2 − λφ2c
2

))

=
i

2
Tr

(

ln

(

p2 −m2 − λφ2c
2

))

=
i

2

∫

dp 〈p| ln
(

p2 −m2 − λφ2c
2

)

|p〉

=
i

2

∫
d4k

(2π)4
ln

(

k2 −m2 − λφ2c
2

)

(11.3.18)

Now, to compute V (φc) in closed form.

11.4 Dimensional Regularization

V (φc) =
i

2

∫
dnk

(2π)2n
ln

(

k2 −m2 − λφ2c
2!

+ iε

)

(11.4.1)

→ ln(a+ iε)− ln(b+ iε) =

∫ ∞

0

d(it)

it

(
ei(b+ia)t − ei(a+iε)

)
(11.4.2)

i.e.:

d

da
ln(a+ iε) =

d

da

∫ ∞

0

d(it)

it
ei(a+iε)t(−1)

1

a+ iε
= −

∫ ∞

0

d(it) ei(a+iε)t

= −e
i(a+iε)t

a+ iε

∣
∣
∣
∣
∣

∞

0

=
1

a+ iε
(11.4.3)

fL(a, b) = fR(a, b) + k (11.4.4)

∂fL
∂a

=
∂fR
∂a

(11.4.5)

∂fL
∂b

=
∂fR
∂b

(11.4.6)

∂k

∂a
=

∂k

∂b
= 0 (11.4.7)
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V (φc) =
i

2

∫
dnk

(2π)n

[

ln

(

k2 −m2 − λφ2c
2

+ iε

)

− ln
(
k2 −m2 + iε

)
]

=
i

2

∫
dnk

(2π)n

∫
d(it)

it

(

ei(k
2−m2+iε)t − ei

(

k2−m2−λφ2c
2

+iε

)

t

)

=
i

2

∫
dnk

(2π)n

∫ ∞

0

d(it)

it
e
i

(

k2−m2−λφ2c
2

+iε

)

t
(11.4.8)

(
Will often

see written

1

H + iε
= −

∫ ∞

0

d(it)

it
ei(H+iε)t → Not true strictly speaking

(11.4.2) is true

)

However,

a−sΓ(s) =

∫ ∞

0

dt ts−1e−at (11.4.9)

Hence,
∫

dnk

(2π)n
ei(k

2+iε)t
︸ ︷︷ ︸

No angular comp.

=
i

(4πit)n/2
(11.4.10)

Thus, one loop

−V (φc) = − i

2

∫

d4x Γ(0 . . . 0)
φn

n!

= − i

2

∫ ∞

0

d(it)

it

i

(4πit)n/2
e
i

(

−m2−λφ2c
2

+iε

)

t

→ Let it = u

=
1

2

∫ ∞

0

du

u1+n/2
1

(4π)n/2
e
−
(

m2+
λφ2c
2

)

u

=
1

2(4φ)n/2
Γ
(

−n
2

)(

m2 +
λφ2c
2

)n/2

(11.4.11)

This diverges as n → 4 (Γ
(
−n

2

)
→ Γ(−2) → Γ diverges at negative integers). So, let

ε = 2− n
2
.

Γ
(

−n
2

)

= Γ(−2 + ε)

=
Γ(−1 + ε)

−2 + ε

=
1

(−2 + ε)

Γ(ε)

(−1 + ε)

(Γ(x+ 1) = xΓ(x))

→ Γ(ε) =
1

ε
− γE + . . . (11.4.12)
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V (φc) =
1

2

1

(4π)2−ε

(
1

2− ε

)(
1

1− ε

)(
1

ε
− γE + . . .

)(

m2 +
λφ2c
2

)2−ε

=
1

2

[
1

(4π)2
(
1 + ε ln(4π) +O(ε2)

)
] [

1

2− 3ε+ . . .

] [
1

ε
− γE + . . .

]

[

m2 +
λφ2c
2

]2(

1− ε ln
(

m2 +
λφ2c
2

)

+ . . .

)

=
1

4

1

(4π)2

(

m2 +
λφ2c
2

)2 [
1

ε
+

3

2
− γE + ln(4π)− ln

(

m2 +
λφ2c
2

)

+O(ε)
]

(11.4.13)

So,

VTOT =
m2φ2c
2

︸ ︷︷ ︸

∗

+
λφ2c
4
︸︷︷︸

∗∗

+
(−1)
64π2

(

m4 +m2λφ2c
︸ ︷︷ ︸

∗

+
λ2φ4c
4

︸ ︷︷ ︸

∗∗

)

·

[
1

ε
− ln

(

m2 +
λφ2c
2

)

+ ln(4π)− γE +
3

2
+O(ε)

]

(11.4.14)

So, to one loop order,

m2
R

2
=

m2

2
+

( −1
64π2

)(
m2λ

ε

)

(11.4.15)

λR
4!

=
λ

4!
+
λ2

4

( −1
64π2

)(
1

ε

)

(11.4.16)

+ + + + + ldots

∴ V finite
Tot =

λ2φ4c
256π2

(

ln

(
λφ2c
µ2

)

+ k

)

(11.4.18)

(lim m2 → 0). Thus, as m2 → 0,

V 1 loop(φc) =
λ2φ4c
256π2

(

ln

(
λφ2c
µ2

)

+ k

)

(11.4.19)

V Tot =
λφ4c
4!

+
λ2φ4c
256π2

(

ln

(
λφ2c
µ2

)

+ k

)

(11.4.20)

(See Figure 11.4.1)
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Figure 11.4.1: V c′(φc) =
λφ4c
4!

dV Tot(φc)

dφc
=

λφ3c
6

+
λ2

256π2

[

4φ3c

(

ln

(
λφ2c
µ2

)

+ k

)

+ φ4c
1

φc

]

= φ3c

[
λ

6
+

λ2

256π2

(

4 ln

(
λφ2c
µ2

)

+ k

)

+ 1

]

= φ3c

[
λ

6
+

λ2

64π2
ln

(
φ2c
µ′2

)]

= 0







if φc = 0

or φ2c = µ′2e−(64π
2/6λ)

= µ′2e−(32π
2/3λ)






(11.4.21)

→ Changes in µ are compensated for by changing λ.
Mar. 13/2000
Recall:

Vtot =
λφ4

4!
+

λ2

256π2
f 4
(

ln

(
f 2

µ2

)

+ k

)

=
λf 4

4!
+

λ2f 4

256π2
ln

(
f 2

µ′2

)

(f = φc from last time)

∂Vtot
∂f

= 4f 3
(
λ

4!
+

λ2

256π2
ln

(
f 2

µ2

))

+
λ2f ′′

256π2

(
1

f

)

0 = f 3
(
λ

6
+

4λ2

256π2
ln

(
f 2

µ2

)

+
λ2

256π2

)
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If f = 0, or

ln

(
f 2

µ2

)

=

(

−λ
6
− λ2

256π2

)
256π2

4λ2

=
−422

3
π2

4λ
− 1

4

=
−211

3
π2

2λ
− 1

4

= −64π2

6λ
− 1

4

= −32π2

3λ
− 1

4

→ ln

(
f 2

µ′2

)

= −32π2

3λ

f 2min = µ′2 exp

{

−32π2

3λ

}

(11.4.22)

At this value of fmin, we have,
VTREE ¿ V1−loop (11.4.23)

Thus we are beyond the region where perturbation theory can be trusted.
Note: For scalar electrodynamics (See Coleman and Weinberg).

L = −1

4
FµνF

µν + (Dµφ)
∗(Dµφ)−m2φ∗φ− λ(φ∗φ)2 (11.4.24)

VClassical = m2φ∗φ+ λ(φ∗φ)2 , VTot = Vcl + V1−loop = Vtot(m
2, λ, e, f)

Dµ = ∂µ + ieAµ

Here,
∂VTot
∂f

= 0 at f = fmin (11.4.25)

This fixes λ in terms of e, but introduces a new parameter fmin into the resting effective
potential.

“Dimensional Transmutation” (Coleman and Weinberg).
Vtot to higher loop order



 +



+









+ +









+ . . .+

(

+ . . .

)

+



 + . . .



+ . . . (11.4.26)
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The loop expansion is an expansion in powers of ~.

L =
1

2
(∂µφ)

2 − m2

2
φ2 − λφ4

4!
(11.4.27)

Z =

∫

Dφe(i/~)
∫
d4x L (11.4.28)

Vertices ∼ 1

~
→ → − iλ

~

Propagator ∼ ~
(
∂2 +m2

~

)−1
=

~
k2 −m2
︸ ︷︷ ︸

Mom. space

For a given diagram

∼ (~)I−V I → # of internal lines
V → # of vertices

(11.4.29)

But in a given diagram,

L = # of loops

= I − (V − 1)

L = I − V + 1 (11.4.30)

(Where the V is present because the δ-function at each vertex imposes a restriction, but
the (−1) in the second line is because one of the δ-functions is superfluous due to “overall”
δ-function).
Thus, a given diagram

∼ (~)L−1 (11.4.31)

So, for example, the expression (11.4.26) will have the following powers of ~:
(
1

~

)

+
(
~0
)
+ . . .+ (~) +

(
~2
)
+ . . . (11.4.32)

11.5 Spontaneous Symmetry Breaking in Gauge The-

ories

Choice of gauge

L = −1

4
F 2
µν + (Dµφ)

∗(Dµφ)−m2φ∗φ− λ(φ∗φ)2 (11.5.1)

φ(x) = V + φ′(x) (V = V ∗)
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The kinetic energy for scalar:

K.E. = [∂µφ
′∗ − ieAµ(V + φ′∗)] [∂µφ

′ + ieAµ(V + φ′)]

= ∂φ′∗∂φ′ + e2V 2Aµ + ie(∂µφ
′∗ − ∂µφ′)V Aµ

︸ ︷︷ ︸

leads to mixed propagator

+O(φ3) (11.5.2)

Lgf = − 1

2α
(∂A)2 (gf = gauge fixing) (11.5.3)

(Feynman gauge). We can eliminate the mixed propagator by working in the Rξ gauge.

Lgf = − 1

2ξ
(∂ · A− iξeV (φ′∗ − φ′))2 (11.5.4)

If φ′ = φ1 + iφ2

Lgf = − 1

2ξ
(∂ · A− 2ξeV φ2)

2 (11.5.5)

(recall previously, φ =
(
V+η√

2

)

eiρ/
√
2V , where the imaginary (exponential) part is eliminated

by gauge transf.).

L(2) + Lgf = −1

4
(Fµν)

2 + (∂µφ1)
2 + (∂µφ2)

2 + e2V 2AµA
µ
(

From (11.5.2)
)

+ 2eV Aµ(∂µφ2)−
1

2ξ
(∂ · A)2 + 2m(∂µA

µ)φ2

− 2ξ(eV )2φ22 + 2m2φ21 (11.5.6)

The Aµ − φ2 propagator has disappeared.

φ1 Propagator
i

k2 + 2m2
(11.5.7)

φ2 Propagator
i

k2 − ξm2

[

M2 =
(eV )2

2

]

(11.5.8)

Aµ Propagator
−i
(

gµν − kµkν(1−ξ)
k2−ξM2

)

k2 −M2
(11.5.9)

Mar. 15/2000
Recall:

φ(x) = V + φ1 + iφ2 (11.5.10)
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i∆1 =
i

k2 − 2µ2
(11.5.11)

i∆2 =
i

k2 − ξM2
(11.5.12)

i∆µν =
−i
(

gµν − kµkν(1−ξ)
k2−ξM2

)

k2 −M2
(11.5.13)

Rξ gauge

Lgf = − 1

2ξ
(∂ · A+ ξMφ2)

2 (11.5.14)

• In the limit ξ → 0

i∆1 =
i

k2 − 2µ2
(Higgs Field) (11.5.15)

i∆2 =
i

k2
(Serves to act as the longitudinal mode of the vector)(11.5.16)

i∆µν =
−i
(

gµν − kµkν
k2

)

k2 −M2
(Purely Transverse) (11.5.17)

This is the “renormalized” (R) gauge.

• If ξ →∞,

i∆1 =
i

k2 − 2µ2
(11.5.18)

i∆2 = 0 (11.5.19)

i∆µν =
−i
(

gµν − kµkν
M2

)

k2 −M2

(

−1

4
FµνF

µν − m2

2
AµA

µ

)

(11.5.20)

→ Unitary (“U”) gauge.

• ξ = 1 (Feynman-’tHooft gauge).

i∆1 =
i

k2 − 2µ2
(11.5.21)

i∆2 =
i

k2 −M2
(11.5.22)

i∆µν =
−igµν
k2 −M2

(11.5.23)

→ Easy to calculate with.

Note that Physical effects are independent of ξ.
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Chapter 12

Ward-Takhashi-Slavnov-Taylor
Identities

The WTST identities are relations between different Green’s Functions that follow from
gauge invariance. (We’ll look at Slavnov’s approach).

I(a, b) =

∫

d3x e−ax
2+b·x (12.0.1)

If

x → x+ ε× x (ε ≈ 0)

x2 → x2

Let

x = x′ + ε× x′ (12.0.2a)

d3x = d3x′ , x′2 = x2 (12.0.2b)

So,

I(a, b) =

∫

d3x′ e−ax
′2+b·(x′+ε×x′) (Re: ε ∼ 0)

≈
∫

d3x′ e−ax
′2+b·x′ (1 + b · ε× x′) (12.0.3)

(relabel x′ → x, and note that the exponent times the “1” in the last line = I(a, b).)

0 =

∫

d3x e−ax
2+b·x(b · ε× x)

→ 0 = b×
∫

d3x xe−ax
2+b·x

⇒ 0 =
∂

∂ba

(

εijkbj

∫

d3x xke
−ax2+bmxm

)

0 =

∫

d3x (εiakxk + εijkbjxkxa) e
−ax2+b·x (12.0.4)

229
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Perform analogous operation in the functional integral.

L = −1

4
FµνF

µν + ψ̄(i 6∂ − e 6A−m)ψ + JµA
µ + η̄ψ + ψ̄η − 1

2
(∂ · A)2(12.0.5)

Z(Jµ, η̄, η) =

∫

dψ dψ̄ dAµ e
i
∫
dx(Lcl+J ·A+η̄ψ+ψ̄η− 1

2α
(∂·A)2) (12.0.6)

Use transformation analogous to (12.0.2a,12.0.2b).

Aµ → Aµ +
1

e
∂µΩ (12.0.7a)

ψ → e−iΩψ (12.0.7b)

ψ̄ → ψ̄eiΩ (12.0.7c)

Lcl → Lcl (analogous to x′2 → x2) (12.0.7d)

dAµ dψ dψ̄ → dAµ dψ dψ̄ (Note demonstrating this NOT trivial) (12.0.7e)

Thus,

Z(J, η̄, η) =

∫

dAµ dψ dψ̄ exp

{

i

∫

dx

[

Lcl + J · (A+ dΩ) + η̄e−iΩψ + ψ̄eiΩη

− 1

2α
(∂A+ ∂2Ω)2

]}

(12.0.8)

For Ω ≈ 0 (i.e. expanding exponent)

=

∫

dAµ dψ dψ̄ exp

{

i

∫

dx

[

Lcl + J · A+ η̄ψ + ψ̄η − 1

2α
(∂ · A)2

]}

·

·
{

1 +

∫

dx

(

iψ̄(x)Ω(x)η(x)− iη̄(x)Ω(x)ψ(x)

− i

α
(∂ · A(x))(∂2Ω(x) + iJµ(x)∂

µΩ(x))
︸ ︷︷ ︸

=0

)}

Let

Ω(x) =

∫

d4yDF (x− y)κ(y) (12.0.9)

∂2Ω(x) = κ(x) (12.0.10)
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Thus,

0 =

∫

dAµ dψ dψ̄ ei
∫
dx [Lcl+ψ̄η+η̄ψ+J ·A− 1

2α
(∂·A)2]

∫

d4x

[

iψ̄(x)η(x)DF (x− y)

−iη̄(x)ψ(x)DF (x− y) + iJµ(x)
∂

∂xµ
DF (x− y)−

i

α
(∂ · A(x))δ4(x− y)

]

0 =

∫

d4x

[

i

(
δ

iδη(x)

)

η(x)DF (x− y)− iη̄(x)

(
δ

iδη̄(x)

)

DF (x− y)

− i
∂

∂xµ

(
δ

iδJµ(x)

)

δ4(x− y) + Jµ(x)
∂

∂xµ
DF (x− y)

]

· Z(Jµ, η̄, η)

(

ψ → δ
iδη̄(x)

)

. Acto on this with
(

δ
iδJν(x)

)

and then let Jµ = η = η̄ = 0.

0 =

∫

d4x

[

(−i) ∂

∂xµ

(
δ

iδJµ(x)

δ

iδJν(x)

)

δ(x− y)Z[J, 0, 0] +

i
∂

∂xν
DF (x− y)Z[0, 0, 0]

]

(12.0.11)

Mar. 16/2000
From last time:

Z =

∫

dAµ dψ dψ̄ exp

{

i

∫

dx

(

Lcl + J · A+ ψ̄η + η̄ψ − 1

2α
(∂ · A)2

)}

(12.0.12)

Aµ → Aµ +
1

e
∂µΩ Lψ̄ψ = ψ̄ (i 6∂ − e 6A−m)ψ

ψ → e−iΩψ

ψ̄ → ψ̄eiΩ (12.0.13)
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0 =

∫

dAµdψdψ̄e
i
∫
dx(Lcl+J ·A+ψ̄η+η̄ψ− 1

2α
(∂·A)2)

[
1

e
J · ∂Ω + iΩψ̄η − iΩη̄ψ

− 1

α
(∂ · A)

(
1

e
∂2Ω

)]

→ Ω(x) =

∫

d4yDF (x− y)κ(y)

0 =

∫

dAµdψdψ̄

∫

dx

[
1

e
Jµ(x)

∂

∂xµ
DF (x− y) + iψ̄α(x)ηα(x)DF (x− y)

−iη̄α(x)ψα(x)DF (x− y)−
1

eα

∂

∂xµ
Aµ(x)δ(x− y)

]

ei
∫
dx (Lcl+...)

0 =

[
1

e
Jµ(x)

∂

∂xµ
DF (x− y) + i

δ

iδηα(x)
ηα(x)DF (x− y)− iη̄α(x)

δ

iδη̄α(x)
DF (x− y)

− 1

eα

∂

∂xµ
δ

iδJµ(x)
δ(x− y)

]

Z

→ × by
δ

δJν(z)
and let J = η = η̄ = 0

0 =

∫

dx

[
1

e
gµνδ(x− z)

∂

∂xµ
DF (x− y)−

1

eα

∂

∂xµ
δ4(x− y) δ

iδJµ(x)

δ

δJν(z)

]

Z[J, 0, 0]

∣
∣
∣
∣
∣
J=0

But,

〈0|TAµ(x)Aν(y)|0〉 =
δ

iδJµ(x)

δ

iδJν(y)
Z[J, 0, 0]

∣
∣
∣
∣
∣
J=0

0 = − 1

α

∫

d4x

[
∂

∂xµ
i〈0|TAµ(x)Aν(y)|0〉δ4(x− y)

(

− 1

α

)

+ δ(x− z) ∂

∂xν
DF (x− y)

]

0 = − i

α

∂

∂yµ
〈0|TAµ(y)Aν(z)|0〉+

∂

∂zν
DF (z − y)

0 =
i

α

∂

∂yµ
〈0|TAµ(y)Aν(z)|0〉+

∂

∂yν
DF (y − z) (12.0.15)

Thus if

〈0|TAµ(y)Aν(z)|0〉 =

∫
d4k

(2π)4
eik·(y−z)iΠµν(k) (12.0.16)

DF (y − z) =

∫
d4k

(2π)4
eik·(y−z)

k2 + iε
(12.0.17)

Hence

0 = −kµ
α
Πµν(k) +

(ikν)

k2
(12.0.18)
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〈0|TAµ(y)Aν(z)|0〉FT = + +

+ + . . .

= iΠµν(k) (12.0.19)

Here,

=
−i
(

gµν − kµkν(1−α)
k2

)

k2 + iε
(12.0.20)

Hence,

0 = −kµ
α




−i
(

gµν − kµkν(1−α)
k2

)

k2 + iε



+
ikν
k2

but kµ

(

gµν − kµkν
k2

)

= 0. Thus,

0 = kµ




 + + + . . .






And so,

+ + . . .

must be proportional to

gµν −
kµkν
k2

(12.0.23)

i.e.

+ + . . . = (k2gµν − kµkν)Π(k2)

= k2gµνΠ1(k
2)− kµkνΠ2(k

2) +m2Π3(k
2)gµν

Must have → Π1(k
2) = −Π2(k

2)

Π3(k
2) = 0
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Thus, all divergences are proportional to (gµνk
2 − kµkν). → No divergences proportional to

gµν alone.
If,

Lcl = −
1

4
F 2
µν =

1

4
(kµAν(k)− kνAµ(k))2

=
1

2
Aν(k

2gµν − kµkν)Aν

→ divergences and Lcl ∼ k2gµν − kµkν .
Thus all divergences in the vacuum polarization can be removed by a wave function

renormalization.
Abare
µ = Z

1/2
3 ARenormalized

µ (12.0.24)

i.e. if Π1 6= −Π2, Π3 6= 0,

=
(
k2gµν − kµkν

)
log div.
︷︸︸︷

Π1
︸ ︷︷ ︸
divergence can be absorbed into

Aµ(gµνk2−kµkν )Aν

+(Π2 +Π1)

log div.
︷︸︸︷

kµkν
︸ ︷︷ ︸

need Aµ∂µ∂νAν

+

quadratic
div.

︷ ︸︸ ︷

m2Π3gµν
︸ ︷︷ ︸

m2RAµAν

(12.0.25)

• Π1, Π2 → Log. div.

• Π3 → quadratic

Recall:

= (−1)(−ie)2
∫

d4`

(2π)4
Tr

[
i(6`+m)

`2 −m2 + iε
γµ

i(6`+ 6k +m)

(`+ k)2 −m2 + iε
γν

]

(12.0.26)

= appears to be quadratic divergent (12.0.27)

Gauge invariance overrides simple power counting arguments.

• Quadratic divergence disappears

• Automatically satisfied in dimensional Regularization.

Mar. 20/2000

12.1 Dimensional Regularization with Spinors

∫
dnk

(2π)n
(k2)a

(k2 −m2)b
=

i

(4π)n/2
(−1)ab(m2)(n/2)+a−b

Γ
(
n
2
+ a
)
Γ
(
b− a− n

2

)

Γ
(
n
2

)
Γ(b)

(12.1.1)
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with spinors,

{γµ, γν} = 2gµν ; gµµ = n (12.1.2)

γµγ
αγη =

[
γµγ

µ + γµγµ
2g α

µ

− γαγµ
]

γµ

= 2γα − γαγµγµ

= 2γα − γα
(
1

2
(γµγ

µ + γµγµ)

)

= 2γα − γα1
2
(2gµµ)

= (2− n)γα (12.1.3a)

→ n = 4

= −2γα (12.1.3b)

12.1.1 Spinor Self-Energy

0 =

[

− 1

α

∂

∂yµ

(
δ

iδJµ(y)

)

+ ie

∫

dx ξ̄(x)
δ

iδξ̄(x)
DF (x− y) + ie

∫

dx ξ(x)
δ

iδξ(x)
DF (x− y)

+

∫

dx Jµ(x)
∂

∂xµ
DF (x− y)

]

Z[Jµ, ξ(x), ξ̄(x)] (12.1.4)

Take δ
δξ(w)

δ
δξ̄(z)

of (12.1.4) ξ = ξ̄ = Jµ = 0. We get,

− 1

α

∂

∂xµ
〈0|TAµ(x)ψ̄(y)ψ(z)|0〉 = e

[

D
(0)
F (x− y)−D(0)

F (x− z)
]

〈0|T ψ̄(y)ψ(z)|0〉
︸ ︷︷ ︸

SF (y−z)

(12.1.5)

(Note that ¤D
(0)
F (x− y) = δ(x− y)). In F.T. space, if

〈0|TAµ(x)ψ̄(y)ψ(z)|0〉 = e

∫

dx′ dy′ dz′ DF (x− x′)SF (y − y′)Λµ(x′, y′, z′)SF (z′ − z)(12.1.6)

→ ∂xµD
F
µν(x− x′) = α

∂

∂xν
D

(0)
F (x− x′)
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→ amputating external legs:

=

→ (p− p′)Λµ(p, p′) =
(
S−1F (p′)

)
−
(
S−1F (p)

)

In the limit p→ p′,

Λµ(p, p) =
∂

∂pµ
S−1F (p) Ward Identity (12.1.7)

At tree level, let Λµ = γµ

S−1F = 6p−m

→ ∂

∂pµ
S−1F = γµ = Λµ at tree level

(trivial at tree level to get Ward identity). One loop:

Λµ =

∫
d4k

(2π)4
(−ieγλ)

(
i

6p+ 6k −m

)

(−ieγµ)
(

i

6p′− 6k −m

)

(−ieγσ)
( −igλσ
k2 − iε

)

(12.1.8)

SF =

=

∫
d4k

(2π)4
(−ieγλ)

(
i

6p+ 6k −m

)

(−ieγσ)
( −igλσ
k2 − iε

)

(12.1.9)

→ Bj. and Drell
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(One loop order, evident (12.1.7) holds also).
In general, as 6p→ m,

SF (p) →
Z2

6p−m− Σc(p)
(12.1.10)

(
Σc(p)→ 0 as p2 → m2

)

And vertex function,
ū(p)Λµ(p, p)u(p) = Z−11 ū(p)γµu(p) (12.1.11)

Thus our Ward identity gives Z1 = Z2.
Tells us, if we compute a self-energy diagram,

+ +

ψBare = Z
1/2
2 ψRenormalized , ABare

µ = Z
1/2
3 ARen.

µ (12.1.13)

And look at all vertex functions,

Z1 : + + (12.1.14)

(Z1 parameterizes ∞’s in diagrams).

eBare =
Z1

Z
1/2
3 Z2

eRenormalized (12.1.15)

L = −1

4

(
∂µA

B
ν − ∂νABµ

)2
+ ψ̄B

(
6p−mB

)
ψ − eBABµ ψ̄BγµψB

= −1

4
Z3

(
∂µA

R
ν − ∂νARµ

)2
+ Z2ψ̄

R
(
6p−mR + δm

)
ψR

− Z1

Z
1/2
3 Z2

eR(Z
1/2
3 ARµ )Z2ψ̄

RγµψR (12.1.16)

(What we would expect from renormalization)

We also have

Z1 = Z2 (12.1.17)

eB =
Z1

Z
1/2
3 Z2

eR

= Z
−1/2
3 eR (12.1.18)
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Suppose we have 2 fermions (e−, proton):

L = −1

4

(
∂µA

B
ν − ∂νABµ

)2
+ ψ̄B

(
6p−mB

)
ψ − eBABµ ψ̄BγµψB

+ Ψ̄B
(
6p−MB

)
ΨB − eBABµ Ψ̄Bγ

µΨB
︸ ︷︷ ︸

eB for proton

(12.1.19)

Renormalization of proton will be different. eB for proton→Ward identity insures Z1 = Z2.
(Lurie).
i.e. eB same for e−, proton, → Ward identity ensures eR will be same { Z1 for e− 6= Z1 for
p, but Z2 for e− 6= Z2 for p either}.

This has the effect that if 2 different charged fields have the same bare charge, then they
will have same renormalized charge.

12.2 Yang-Mills Theory

Mar. 22/2000

Z(Jµ) =

∫

DAµ∆F (Aµ) exp

{

i

∫

d4x

(

LYM −
1

2α
(∂ · A)2 + J · A

)}

(12.2.1)

∆F (A) = det(∂ ·D(A)) , Dab
µ = ∂µδ

ab + gfapbApµ (12.2.2)

∆−1F (A) =

∫

dΩ δ(∂AΩ) , AaΩµ = Aaµ +Dab
µ (A)Ωb (12.2.3)

∆−1F (AΩ′
) =

∫

dΩ δ(∂ · AΩ′Ω) (12.2.4)

But, AΩ′Ω
µ = AΩ′′

µ and
∫
dΩ→ integrate over all gauge transformations.

∆−1F (AΩ′
) =

∫

dΩ′′δ(∂ · AΩ′′
)

= ∆−1F (Aµ) (12.2.5)

Thus,
∆F (Aµ) = ∆f (A

Ω
µ ) (12.2.6)

In the functional integral for Z, let,

Aµ → Aµ +DµΩ (12.2.7)

DAµ → DAΩ
µ = DAµ (12.2.8)

Thus,

Z[J ] =

∫

DAµ∆F (Aµ) exp

{

i

∫

dx

(

LYM −
1

2α
(∂ · AΩ)2 + J · AΩ

)}

(12.2.9)
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For small Ω,

Z[J ] =

∫

DAµ∆F (A) exp

{

i

∫

dx

(

LYM −
1

2α
(∂ · AΩ)2 + J · A

)}

·

·
[

1 + 2

(−1
2α

)

(∂ · A)(∂ ·DΩ) + J · (DΩ)

]

0 =

∫

DAµ∆F (A)e
i
∫
dx [LYM− 1

2α
(∂·A)2+J ·A]

∫

d4x

[

− 1

α
(∂µA

µa(x))

κb
︷ ︸︸ ︷

(∂νD
ab
ν (A)Ωb(x))

+ Jaµ(x)D
abµ(A) Ωb(x)

︸ ︷︷ ︸

Mbcκc

]

(12.2.10)

If

∂µD
abµ(A)M bc(x, y) = δµ(x− y)δac (12.2.11)

and

κa(x) =

∫

d4y Mab(x, y)Ωb(y) (12.2.12)

⇒ ∂µD
abµκb(x) = Ωa(x)

Then, as Aaµ(x)→ 1
i

δ
δJaµ(x)

, we have,

0 =

{
∫

d4x

[

− 1

α

(
∂

∂xµ
δ

iδJaµ(x)

)

κa(x)

]

+

∫

d4x Jaµ(x)D
abµ

(
δ

iδJ

)

(M bc)−1(x, y)
︸ ︷︷ ︸

Messy

κb(y)

}

Z

(12.2.13)
From the resulting Ward identities, (WTST identities), it was proven that the coupling
constant g could be renormalized by considering any vertex into which it enters, and the
same result would arise.
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i.e.

+ + + . . . (A− A− A vertex)

+ + . . . (A− A− A− A vertex)

+ + . . . (c− c̄− A vertex)

+ + . . . (ψ − ψ̄ − A vertex)

If gB = ZggR, Zg is the same for all 4 vertices ⇒ Gauge invariance of Lagrangian has not
been altered. → Renormalization doesn’t break gauge invariance.

12.3 BRST Identities

WSTS → Were derived by using a local, linear transformation on Aa
µ that left LYM and

∆F (A) invariant.

BRST identities involve global non-linear transformations which leave LYM + Lghost + Lgf
invariant (gf = gauge fixing).

Z[Jaµ , η
a, η̄a] =

∫

DAaµDcaDc̄a exp
{

i

∫

d4x

(

− 1

4
(F a

µν(A))
2 − c̄aDab

µ (A)∂µcb

− 1

2α
(∂ · Aa)2 + JaµA

aµ + c̄aηa + η̄aca

)}

(12.3.1)

Remarkably,

Leff = LYM + Lgh + Lgf (12.3.2)
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is invariant under

Aaµ → Aaµ +Dab
µ (A)cbε (ε, c→ Grassmann) (12.3.3)

ca → ca − 1

2
fabccbccε (12.3.4)

c̄a → c̄a +
1

α
(∂ · Aa)ε (12.3.5)

(The Proof involves the Jacobi identity).

To derive the BRST identities, let A→ A+ (Dc)ε,etc., in the functional integral, and to
leading order in ε,

Z[J ] =

∫

dA dc dc̄ exp

{

i

∫

dx (Leff + J · A+ η̄c+ c̄η)

}[

1 +

∫

d4x

(

JaµD
abµ(A)cbε

+
1

α
(∂ · Aa)ca + 1

2
η̄afabccbccε

)]

0 =

∫

d4x

[

Jaµ(x)D
ab

(
δ

iδJ

)(
δ

iδη̄b(x)

)

+
1

α

∂

∂xµ
δ

iδJaµ

(
δ

iδη̄a(x)

)

− 1

2
fabcη̄a(x)

(
δ

iδη̄b(x)

)(
δ

iδη̄c(x)

)]

Z[j, η, η̄] (12.3.6)

This can be streamlined:

δBRST

Any Green’s Fn.
︷ ︸︸ ︷

〈0|TO1 . . .ON |0〉 = 0 (12.3.7)

Consider

0 = δBRST 〈0|TAaµ(x)c̄b(y)|0〉
0 = 〈0|T

(
Dac
µ (A)cc(x)εc̄b(y)

)
|0〉

+〈0|
(

TAaµ(x)
1

α

∂

∂yν
Abν(y)ε

)

|0〉

1

α

∂

∂yν
〈0|TAaµ(x)Abν(y)|0〉 = 〈0|TDab

µ (A)cc(x)c̄b(y)|0〉 (12.3.8)

Typical of BRST identity → Relates two Green’s Functions.
Note: 〈0|TAa

µ(x)A
b
ν(y)|0〉 is transverse only if α = 0 (Landau gauge).

Mar. 23/2000
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12.4 Background Field Quantization

L =
1

2
(∂µφ)

2 − m2

2
φ2 − λ

4!
φ4 (12.4.1)

Z[j] =

∫

dφ exp

{

i

∫

d4x (L(φ) + Jφ)

}

(12.4.2)

write φ(x) = f(x) + h(x), (f(x) = Classical Background, and h(x) = Quantum Correction).

Z̃(f, J) =

∫

Dh exp

{

i

∫

d4x (L(f + h) + Jh)

}

(12.4.3)

L =
1

2
(∂µ(f + h))2 − m2

2
(f + h)2 − λ

4!
(f + h)4

=
1

2
(∂µf)

2 − m2

2
f 2 − λ

4!
f 4

︸ ︷︷ ︸

Classical Lagrangian

+ f(. . .)
︸ ︷︷ ︸
Can be
neglected

+
1

2
(∂µh)

2 − m2h2

2
︸ ︷︷ ︸

A

− λ

4!
(6f 2h2)

︸ ︷︷ ︸

B

+
λ

4!
(4fh3
︸︷︷︸

C

+ h4
︸︷︷︸

D

) (12.4.4)

With

A = =
i

p2 −m2

B = → 4 - pt.

C =

D =

(12.4.5)
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–2

–1

1

2

3

4

y

–4 –2 2 4phi

Figure 12.4.1: φ = V + φ′ → V− background - (Just

some const. previously). Where V (φ) = m2φ2

2
+ λφ4

4!

Aside: Recall the Figure 12.4.1:
If we consider only diagrams with external fields, we will reproduce Z(J). Let h→ h−f

in Z̃.

Z̃(f, J) =

∫

Dh exp

{

i

∫

dx (L(h) + J(h− f))
}

= e−i
∫
dx JfZ(J) (12.4.6)

W (J) = −i ln(Z(J))
W̃ (f, J) = −i ln(Z̃(f, J))

}

Generating functional for connected diagrams (12.4.7)

Thus,

W̃ (f, J) = −i ln
(

e−i
∫
d4x JfZ(J)

)

= −i ln (Z(J))− i ln
(

e−i
∫
d4x Jf

)

= W (J)−
∫

d4x Jf (12.4.8)

Φ ≡ δW (J)

δJ
(12.4.9)

Γ(Φ) = W (J)−
∫

d4x JΦ (12.4.10)

= Generating functional for 1PI diagrams

So also,

Φ̃ ≡ δ ˜W (J)

δJ
(12.4.11)

Γ̃(Φ) = W̃ (J)−
∫

d4x JΦ̃ (12.4.12)

Φ̃ =
δ

δJ

(

W −
∫

dx Jf

)

= Φ− f
∴ Φ = Φ̃ + f (12.4.13)
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So also

Γ̃(f, Φ̃) = W̃ (f, J)−
∫

dx Jφ̃

= W (J)−
∫

d4x Jf −
∫

d4x JΦ̃

= W (J)−
∫

d4x Φ

= Γ(Φ) (12.4.14)

Hence,

Γ(Φ) = Γ̃(f̃ , Φ̃)

or

Γ(f + Φ̃) = Γ̃(f, Φ̃)

→ if Φ̃ = 0

Γ(f) = Γ̃(f, 0) (12.4.15)

Γ(Φ) Γ̃(Φ̃)

L = L(φ)

If we make the identification φ → f , we can ignore the diagrams on the left in Γ̃ column,
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and get the diagram on the right.
Applying this to YM theory,

L = −1

4
(Fµν(V ))2 (12.4.16)

Z[J ] =

∫

dV ∆F exp

{

i

∫

dx (L+ Lgf + JA)

}

(12.4.17)

V a
µ (x) = Aaµ(x) +Qa

µ(x)

Z̃[Aaµ, J
a
µ ] =

∫

DQ exp

{

i

∫

dx (L(A+Q) + Lgf (A+Q) + J ·Q)

}

(12.4.18)

δV a
µ = Dab

µ (V )Ωb

= ∂µΩ
a + gfabcV b

µΩ
c

This can become:

(i)

{
δAaµ = 0
δQa

µ = ∂µΩ
a + gfabc(Abµ +Qb

µ)Ω
c

}

Choose Lgf so that this gauge invariance is bro-

ken.

(ii)

{
δAaµ = ∂µΩ

a + gfabcAaµΩ
c

δQa
µ = gfabcQb

µΩ
c

}

Leave this intact.

Homerkemp gauge,

Lgf = − 1

2α
(Dab

µ (A)Qb
µ)

2 (12.4.19)

Leaves type (ii) gauge invariance unbroken.

Γ̃(Aaµ, Q̃
a
µ) = Γ(Aa

µ + Ãaµ) (12.4.20)

in same way as in scalar case → Γ̃(f, Φ̃) = Γ(f + Φ).
→ Let Q̃ = 0. Thus,

Γ(Aaµ) = Γ̃(Aaµ, 0)
︸ ︷︷ ︸

∗

(12.4.21)

* - Invariant under Aa
µ → Aaµ +Dab

µ (A)Ωb. Thus,

Γ̃(Aaµ) = Γ̃(Tr
[
(F a

µν(A))
2
]
+ Tr

[
(F a

µν(A))
3
]
) (12.4.22)

Mar. 27/2000
Recall: if we have

Lgf = − 1

2α
(Dab

µ (A)Qbµ)2 (12.4.23)
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then Z[Aaµ] ⇒ invariant under δAa
µ = Dab

µ (A)Ωb. This gauge fixing (Lgf ) breaks the invari-
ance.

δAaµ = 0 (12.4.24)

δQa
µ = Dab

µ (A+Q)Ωb (12.4.25)

If we follow through with the standard way of deriving the ghost Lagrangian, we find
that,

⇒ Lghost = −c̄aDab
µ (A)Dbc

µ (A+Q)cc (12.4.26)

(where c̄, c are Grassmann ghost fields). Z depends only on F a
µν(A)F

a
µν(A), etc. (i.e. another

would be εabcF a
µλF

b
λνF

c
νµ → must construct Z out of gauge invariant quantities).

But divergences, by simple power counting, can arise only in 2, 3 and 4 point functions.

∼ quadratic divergent

∫

d4k
kµkν
k2k2

(12.4.27)

(kµ, kν at each vertex)

∼ Linear

∫

d4k
kµkµkµ
k2k2k2

(12.4.28)

∼ log (12.4.29)

+ ∼ log (12.4.30)

The divergences in all three diagrams can only serve to renormalize

F a
µνF

aµν → F a
µν = ∂µA

a
ν − ∂νAaµ + gεabcAbµA

c
ν (12.4.31)

We can get divergences in (12.4.28,12.4.29) diagrams automatically if we know the diver-
gences in (12.4.27). Hence, the divergences in Z(A) are of the form,

∞∑

j=1

aj
εj
F a
µν(A)F

a
µν(A) (12.4.32)
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ex:

εabcF a
µλF

b
λνF

c
νµ → εabc

(
∂µA

a
ν − ∂νAaµ

)
(∂λA

a
ν − ∂νAaλ)

(
∂νA

a
µ − ∂µAaν

)

ppp

∫

d4k
1

k2k2k2

(
Not divergent -

no renormalization req.

)

(12.4.33)

F a
µνF

aµν → one power of external momentum associated with it.

→
∫

d4k
kµkν
k2k2k2

pλ
︸ ︷︷ ︸

∼ log div.

→ Could have

∫

d4k
kµkνkλ
k2k2k2

︸ ︷︷ ︸

∼ linearly div.

(12.4.34)

From the two point function,

Aa Bare
µ = Z

1/2
A Aa Ren.

µ (12.4.35)

From the three point function,

gBare = Zgg
Ren. (12.4.36)

Thus Z[A] has a contribution

(
∂µA

a Bare
ν − ∂νAa Bare

µ + gBareεabcAb Bare
µ Ac Bare

ν

)2

=
(

Z
1/2
A

[

∂µA
a Ren.
ν − ∂νAa Ren.

µ + Z
1/2
A Zgg

Ren.εabcAb Ren.
µ Ac Ren.

ν

])2

(12.4.37)

In order for this to remain gauge invariant,

Z
1/2
A Zg = 1 (12.4.38)

So, Z
1/2
A and Zg are not independent in background field quantization!

But ZA can be determined from the 2 point function alone.

Note also - the relation between 2, 3 and 4 point functions implied by the gauge invariance
of Z(A) is the Ward identities in the context of background field quantization.
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The Feynman rules are:

For ZA to one loop order






+







→ Have the divergent parts

ig2δabc2
(4π)2

10

3ε
(p2gµν − pµpν) +

ig2

(4π)2
δabc2

1

3ε
(p2gµν − pµpν) (12.4.39)

→ β(g) = −11

3

c2
(4π)2

g3 (12.4.40)

(Details: See Abbott - Nuclear Physics 1981).



Chapter 13

Anomalies

A theory has an anomaly if a symmetry of the classical Lagrangian is broken by quantum
effects.
“Most important one”: → Chiral anomaly for massless fermions.

L = −1

4
Fµν(A)F

µν(A)− 1

4
Fµν(B)F µν(B) + ψ̄ (i 6∂− 6A− 6Bγ5)ψ (13.0.1)

There are two invariances in this Lagrangian,

1. ψ(x)→ eiΩ(x)ψ(x) provided Aµ → Aµ − ∂µΩ(x)

2. ψ(x)→ eiΩ5(x)γ5ψ(x) provided Bµ → Bµ − ∂µΩ5(x)

i.e.
Fµν(B) = ∂µBν − ∂νBµ → ∂µ(Bν − ∂νΩ5

︸︷︷︸

∗

)− ∂ν(Bµ − ∂µΩ5
︸ ︷︷ ︸

∗

) (13.0.2)

* - cancel, provided derivatives commute with each other.

ψ(x) → eiΩ5(x)γ5ψ(x) (13.0.3)

ψ†(x) → ψ†e−iΩ5(x)γ
†
5 = ψ†e−iΩ5(x)γ5 (13.0.4)

ψ̄ = ψ†γ0 → ψ†e−iΩ5(x)γ5γ0 = ψ̄eiΩ5(x)γ5 (13.0.5)

Thus,

ψ̄ (i 6∂− 6Bγ5)ψ → ψ̄eiΩ5γ5 [i 6∂ − (6B− 6∂Ω5)γ5] e
iΩ5γ5ψ

=
(
ψ̄eiΩ5γ5

)
e−iΩ5γ5 [i (6∂ + i 6∂Ω5γ5)− (6B− 6∂Ω5) γ5]ψ

= ψ̄ (i 6∂− 6Bγ5)ψ (13.0.6)

Note:
ψ̄ψ →

(
ψ̄eiΩ5γ5

) (
eiΩ5γ5ψ

)
6= ψ̄ψ (13.0.7)

∴ Chiral gauge invariance is not respected by the mass term in a Lagrangian.

249
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In Euclidean space,
γµ = γ†µ → {γµ, γν} = 2δµν (13.0.8)

So ψ̄ = ψ† (not ψ̄ = ψ†γ0 as in Minkowski), and so ψ̄(i 6∂− 6Bγ5)ψ is not chirally gauge
invariant, but ψ̄ψ is.
Mar. 29/2000

L = −1

4
F 2(A)− 1

4
F 2(B) + ψ̄(i 6∂ − e 6A− g 6B)ψ (13.0.9)

ψ → eieΩ(x)ψ Aµ → Aµ − ∂µΩ (13.0.10)

ψ → eigΩ5(x)ψ Bµ → Bµ − ∂µΩ5 (13.0.11)

∂µj
µ(x) = 0 jµ = ψ̄γµψ (13.0.12)

∂µj
µ
5 (x) = 0 jµ5 = ψ̄γµγ5ψ (13.0.13)

The Green’s Functions are external in the fields Aµ, Bµ. i.e.

Gµ1,...µn,ν1,...,νm(x1 . . . xn, y1 . . . ym) = 〈0|TAµ1(x1) . . . Aµn(xn)Bν1(y1) . . . Bνm(ym)|0〉(13.0.14)

∂G

∂xµi
= 0 =

∂G

∂yνj
(13.0.15)

→ Remembera CAµC
−1 = −Aµ → n is even , CBµC

−1 = +Bµ → m is even or odd.
Examine

〈0|TAµ(x1)Aν(x2)Bσ(y)|0〉 (13.0.16)

In momentum space at one-loop order,

+




















or can draw




















(13.0.17)

Rµνσ(p, q) = (−1)(−ie)2(−ig)
∫

d4k

(2π)4
Tr

{

(−iγσγ5)
i(6k+ 6p)
(k + q)2

(−iγν)
i 6k
k2

(iγµ)
i( 6k− 6p)
(k − p)2

+(−iγσγ5)
i(6k+ 6p)
(k + p)2

(−iγµ)
(
i 6k
k2

)

(−iγν)
i(6k− 6q)
(k − q)2

}

(13.0.18)
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(the first term in the trace refers to the second diagram, and the second term to the first
diagram). By using

6a 6b 6c = a · b 6c− a · c 6b+ b · c 6a+ iεαβγδa
αbβcγγδγ5

(
ε0123 = +1 , γ5 = iγ0γ1γ2γ3

)

→ can show that the two traces are identical. Examine: qνRµνσ(p, q). Note:

qν

(
(6k+ 6q)
(k + q)2

γν
6k
k2

)

= qν

(
1

(6k+ 6q)γ
ν 1

6k

)

=
1

(6k+ 6q) (( 6k+ 6q)− 6k)
1

6k

=

(

1− 6k
(6k+ 6q)

)
1

6k

=

(
1

6k −
1

(6k+ 6q)

)

(13.0.19)

We finally obtain

qνRµνσ(p, q) = −e2g
∫

d4k

(2π)4
Tr

{

γσγ5
1

6kγµ
1

(6k− 6p) − γσγ5
1

(6k+ 6q)γµ
1

( 6k− 6p)

−γσγ5
1

(6k+ 6p)γµ
1

6k + γσγ5
1

(6k+ 6p)γµ
1

(6k− 6q)

}

(13.0.20)

Now, k → k + p in the first term in the trace, and k → k + p − q in the second term -

qνRµνσ(p, q)
?
= 0 upon this shifting of variables.

But, it is quadratically divergent (actually just linearly divergent because of εαβγδ ap-
pearing upon taking the trace), so care must be taken when shifting variables. ex.

Figure 13.0.1: Plot of tan−1(x + a)
and tan−1(x)

I =

∫ ∞

−∞
dx
(
tan−1(x+ a)− tan−1(x)

) ?
= 0(shifting x→ x− a)

but (see figure 13.0.1)

= lim
Λ+→∞
Λ−→−∞

∫ Λ+

Λ−

dx
(
tan−1(x+ a)− tan−1(x)

)
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Or

tan−1(x+ a) = tan−1(x) + a
d

dx
tan−1(x) +

a2

2!

d2

dx2
tan−1(x) + . . . (13.0.21)

Substitute this back into I

I =

∫ ∞

−∞
dx

[

tan−1(x) + a
d

dx
tan−1(x) +

a2

2!

d2

dx2
tan−1(x) + . . .− tan−1(x)

]

=

[

a tan−1(x) +
a2

2!

d

dx
tan−1(x) +

a3

3!

d2

dx2
tan−1(x) + . . .

]∞

−∞

= a
((π

2
−
(

−π
2

))

+ 0 + . . .
)

= πa (13.0.22)

In general, if
∫
d4k f(k2) is linearly divergent, then,

∫

d4k
[
f((k + a)2)− f(k2)

]
= aλ

∫

d4k
∂

∂kλ
f(k2)

= i

∫

dΩk k
3a · knf(k2)

∣
∣
∣
∣
∣
k2→∞

by Gauss

= 2π2ia · k̂f(k2)
∣
∣
∣
∣
∣
k2→∞

(13.0.23)

(
∫
dΩk = 2π2 in 4-d, recall in 3-d,

∫
dΩk = 4π). Go back to

Rµνσ(a) = −e2g
∫

d4k

(2π)4
Tr

{

γσγ5
1

(6k+ 6a1+ 6q)
γν

1

(6k+ 6a1)
γµ

1

(6k+ 6a1− 6p)

γσγ5
1

(6k+ 6a2+ 6p)
γµ

1

(6k+ 6a2)
γν

1

(6k+ 6a2− 6q)

}

Rµνσ(a)−Rµνσ(0) = −e2g (2π
2i)

(2π)4
lim
k2→∞

Tr

[

aλ1k
2kλγσγ5

1

(6k+ 6q)γν
1

6kγµ
1

( 6k− 6p)

+ aλ2k
2kλγσγ5

1

(6k+ 6p)γµ
1

6kγν
1

(6k− 6q)

]

...

=
e2g

π2
εκµνσ(a1 − a2)κ (13.0.24)

aκ1 − aκ2 = Apκ +Bqκ (13.0.25)

⇒ Rµνσ(a) = Rµνσ(0) +
e2g

π2
εκµνσ (Ap

κ +Bqκ) (13.0.26)

So, (by same analogy), by surface terms,

qνRµνσ(p, q) =
e2g

π2
(
εναµβq

αpβ
)

(13.0.27)
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(does not appear to be = 0).
Mar. 30/2000
Recall:

Rµνσ(a)−Rµνσ(0) =
e2g

π2
εκµνσ(Ap

κ +Bqκ)

qνRµνσ(0) = −e2g (2π
2i)

(2π)4
lim
k2→∞

[

(−pλ)k2kλTr
(γσγ5γαγµγβ

k4
pαkβ

)

− (p− q)λk2kλTr
(γσγ5γαγµγβ

k4
(qαkβ − kαpβ)

)]

= −e
2g

π2
εσαµβq

αpβ (unsure of sign - see (13.0.34)) (13.0.28)

In the same way,

pµRµνσ(0) = −
e2g

π2
εσανβp

αqβ (13.0.29)

And lastly the axial vertex,
(p+ q)σRµνσ(0) = 0 (13.0.30)

Maybe can choose A, B so we get conservation of momentum at all 3 vertices.

qνRµνσ(a) = qν

[

Rµνσ(0) +
e2q

π2
εκµνσ(Ap

κ +Bqκ)

]

=
e2g

π2
[
εσαµβq

αpβ + εβµασq
αApβ

]

=
e2g

π2
[
εσαµβ(q

αpβ)(1 + A)
]

(13.0.31)

So also,

pµRµνσ(a) = pµ

[

Rµνσ(0) +
e2g

π2
εκµνσ(Ap

κ +Bqκ)

]

= −e
2g

π2
εσανβp

αqβ +
e2g

π2
εβανσp

αqβB

=
e2g

π2
εσανβp

αqβ(−1−B) (unsure of signs - see (13.0.34)) (13.0.32)



254 CHAPTER 13. ANOMALIES

And,

(p+ q)σRµνσ(a) = (p+ q)σ
[

Rµνσ(a) +
e2g

π2
εκµνσ(Ap

κ +Bqκ)

]

= 0 +
e2g

π2
εκµνσ(Ap

κqσ +Bqκpσ)

=
e2g

π2
εκµνσ(A−B)pκqσ (13.0.33)

It should be: If
qνRµνσ(a) = 0
pµRµνσ(a) = 0

(13.0.34)

then

(p+ q)σRµνσ(a) = −
e2g

2π2
εµνλσp

λqσ (13.0.35)

So, if we do have conservation of vector current, then axial current not conserved. i.e. If,

∂µj
µ = 0 (13.0.36)

then

∂µj
µ
s = e2

εµνλσF
µν(A)F λσ(A)

(4π)2
(13.0.37)

(Note: anomaly independent of mass). This is the modification of ∂ · j5 = 0 that is required
to account for (p+ q)σRµνσ 6= 0.

∂µψ̄γµγ5ψ = 0 (13.0.38)

Note: The presence of the anomaly accounts for the decay of the π0 (π0 → γγ). i.e. If ψ
were massive,

∂ · ψ̄γµγ5ψ = 2mψ̄γ5ψ

= ψ̄ [∂µγµγ5ψ] +
[
∂µψ̄γ

µ
]
γ5ψ

But,

(i 6∂− 6A− 6Bγ5)ψ −mψ = 0

6∂ψ =
1

i
[(6A+ 6Bγ5)ψ +mψ] (13.0.39)

Similarly,

ψ† 6
←
∂ = −1

i

[
ψ†(6A†+ 6B†γ5) +mψ†

]

ψ̄ 6
←
∂ = −1

i

[
ψ̄(6A− 6Bγ5) +mψ†

]
(13.0.40)
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π0 ∼ ψ̄γ5ψ (pseudoscalar)

=
1

2m
∂µψ̄γ

µγ5ψ

=
1

2m
∂µj

µ5 (13.0.41)

→ → 0 if ∂ · j5 = 0 (13.0.42)

(i.e. says π0 cannot go to γ0γ0).
But the anomaly says this 9 0 if

∂ · j5 =
e2εµνλσF

µνF λσ

(4π)2
(13.0.43)

If jµ5 couples to a vector Bµ, and j5 is not conserved because of the anomaly, then renormal-
izability is lost.

ψ̄1(i 6∂)ψ1 + ψ̄2(i 6∂)ψ2 − gψ̄1γµγ5ψ1B
µ + gψ̄2γµγ5ψ2B

µ ; Bµ → Bµ − ∂µΩ5 (13.0.44)

Anomalous contributions to ∂µj
µ
5 cancel in this case, and renormalizability is no longer a

problem.
In the standard model, having equal numbers of quarks and leptons ensures the cancel-

lation of anomalies.
Apr. 3.2000

13.1 Anomalies

1. “Adler Bardeen” theorem → Anomalies are exclusively one-loop effects. i.e.

〈0|T Vµ(x)Vν(y)
︸ ︷︷ ︸

Transverse

Aσ(z)
︸ ︷︷ ︸

Anomaly

|0〉 (13.1.1)

︸ ︷︷ ︸

A

+ +

︸ ︷︷ ︸

B

(13.1.2)

→ ∂µj
µ
5 =

e2

16π2
εµνλσF

µνF λσ (13.1.3)
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All of the anomaly can be shown to be from the A graph only. No anomalous con-
tribution comes from B, though they are needed in order to ensure conservation of
momentum at all three vertices. So, no e4

(4π)4
correction for B.

2.

Z(J,K) =

∫

DAµDBµDψDψ̄ exp

{
i

~

∫

d4x [Lcl + Lgf + A · J +B · J5]
}

(13.1.4)

Lcl = ψ̄(6p−m− e 6A− g 6Bγ5)ψ −
1

4
F 2(A)− 1

4
F 2(B)

Aµ → Aµ + ∂µΩ , ψ → eieΩ(x)ψ (13.1.5)

Bµ → Bµ + ∂µΩ5 , ψ → eigΩ5γ5ψ
︸ ︷︷ ︸

∗

(13.1.6)

* - this gauge transformation does affect measure → there is a non-trivial Jacobian
associated with this gauge transformation.

(Fujikawa showed that this Jacobian gives the “anomalous” term in the WTST identity
for the axial current.)

→ anomaly arises in trying to make this gauge transformation in this infinite measure
→ (DψDψ̄)→ integrating over all possibilities.



Chapter 14

Instantons

Instantons are generated in a 2 stage process.

1. Make Wick rotation to Euclidean space

2. Solve resulting equations of motion (“Instanton”)

14.1 Quantum Mechanical Example

ex: (see figure 14.1.1)

Figure 14.1.1: Classically, if in the
lowest energy state at the bottom
(one of the V (q) = 0 → ±q0 posi-
tions), particle would just sit there.

V (q) = (q2 − q20)2 (14.1.1)

“Vacuum tunnelling”

|q(t→ −∞)〉 = |−q0〉 (14.1.2)

|q(t→∞)〉 = |+q0〉 (14.1.3)

Compute transition (Q.M.) → Path integral.

〈qf |e−iHt|qi〉 (14.1.4)

257
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is the amplitude for being in state |qi〉 at t = 0 and being in state |qf〉 at t = t.
Path integral:

〈qf |e−iHt|qi〉 =

∫ q(t)=qf

q(0)=qi

Dq(t) exp

{
i

~

∫ t

0

dτ L(q(τ))

}

(14.1.5)

→ L(q(τ)) =
1

2
q̇2(τ)− V (q(τ))

=
1

2
q̇2(τ)− (q2 − q20)2

Let τ → −iτ .

〈qf |e−iHt|qi〉 =

∫ q(t)=qf

q(0)=qi

Dq(t) exp

{
1

~

∫ t

0

dτ

(

− q̇
2

2
− (q2 − q20)2

)}

=

∫ q(t)=qf

q(0)=qi

Dq(t) exp

{

−1

~
SE

}

(14.1.6)

SE =

∫ t

0

dτ

(
q̇2

2
+ (q2 − q20)2

)

= SEuclidean

Dominant path: path that satisfies δSE
δq(τ)

= 0 with the appropriate boundary conditions.
Now then, if the

ti → −∞ q(t)→ −q0
tf → +∞ q(t)→ +q0

The solution to the equations of motion that satisfies the above is

qcl(t) = q0 tanh(
√
2q0t) (14.1.7)

The more general solution is

qcl(t) = qo tanh(
√
2q0(t− t0

︸︷︷︸

∗

)) (14.1.8)

* - localized at an “instant” t0 → “instanton”.
We will now consider

〈q(+∞) = +q0|q(−∞) = −q0〉 =
∫

D(δq) e−[SE(qcl+δq)] (14.1.9)

δq = 0 at t→ ±∞ → expand about qcl.

〈q(+∞)→ +q0|q(−∞)→ −q0〉 =

∫

D(δq) exp
{

−SE(qcl)−
∫

dτ

[

(δq(τ))2
D2SE

(Dδq(τ))2
+ . . .

]}

= e−SE(qcl) [1 +O(~)] (14.1.10)

here SE(qcl) = 4
√
2
q30
3~

{

= e−SE(qcl)
[

1 + det

(
D2S(qcl)

(Dq(τ))2

)

+ . . .

]}

(14.1.11)
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Suppose we have 2 spinors X,Y . Consider two functions f0 and f1.

fi : X → Y (i = 0, 1) (14.1.12)

f0(x), f1(x) are homotopic if there exists a function F (x, t) such that F (x, 0) = f0(x) and
F (x, 1) = f1(x) and F (x, t) is continuous in t in (0 ≤ t ≤ 1).

Suppose we took

X : 0 < θ ≤ 2π (14.1.13)

Y : Z;Z ∈ C , |Z| = 1 (14.1.14)

Consider

fα(θ) = ei(θ+α) (14.1.15)

fβ(θ) = ei(θ+β) (14.1.16)

Homotopic → F (x, t) = ei(θ+tβ+(1−t)α) → Homotopy connecting fα, fβ. But can also write
two functions not homotopic.

fα(θ) = ei(θ+α) (14.1.17)

fβ(θ) = ei(2θ+β) (14.1.18)

Not homotopic (still functions that map X → Y , but can’t continuously deform one into the
other).

We have in general different classes of functions characterized by integers “n”. These are
of the form,

fnα (θ) = ei(nθ+α) ; n = ±1,±2, . . . (sign indicates direction of winding.) (14.1.19)

In general, if two functions have different n’s, Not homotopic.

n → Pontryagin index (“Winding number”)

n = −i
∫ 2π

0

dθ
f ′(θ)

f(θ)
(14.1.20)

Apr. 5/2000
Recall:

X : → θ ∈ [0, 2π)

Y : → Z, |Z| = 1

F (n)(θ) = einθ n = ±1,±2, . . .

n = −i
∫ 2π

0

dθ
f ′(θ)

f(θ)
(counts # of times each pt. in X mapped onto Y)
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Figure 14.1.2: X :→ (−∞,∞)

We can let X be (−∞,∞) provided +∞ and −∞ are mapped on to the same point. (See
figure (14.1.2)). Consider,

f(x) = exp

{
iπx√
x2 + λ2

}

(14.1.21)

This maps −∞ < x <∞ onto Z where |Z| = 1.

n = − 1

2π

∫ ∞

−∞
dx
f ′(x)

f(x)
(Winding number for this mapping) (14.1.22)

Two functions with different winding numbers have different homotopies.
Consider the mapping from X = S3 to Y = SU(2). i.e. S3 → Set of all points with

x21 + x22 + x23 + x20 = 1 = x20 + x2 (4-d sphere).
SU(2)→ set of 2× 2 matrices U with UU † = 1.

f(x0, x) = x0 + ix · σ (14.1.23)

→ (x0 + ix · σ)†(x0 + ix · σ) = (x0 − ix · σ)(x0 + ix · σ)
= 1 (if x20 + x2 = 1)

Winding number for this mapping is,

n = − 1

24π2

∫

dθ1 dθ2 dθ3 Tr {εijkAiAjAk} (14.1.24)

• Where θi are the polar angles characterizing S3

• and Ai = f−1(θ) ∂
∂θi
f(θ)

(Coleman’s lectures on Instantons).
We now extend X to be the entire three dimensional Euclidean space with all points at

∞ identified with a single point.
Here,

f1(x) = exp

{

iπx · π
√

x20 + x2 + λ2

}

(14.1.25)
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is such a mapping. The winding number is

n = − 1

24π2

∫

d3x εijkTr {AiAjAk} (14.1.26)

where

Ai(x) = f−1
∂

∂xi
f (14.1.27)

Recall: Gauge theories,
Aµ(x)→ U−1(Aµ(x) + ∂µ)U (14.1.28)

(if Aµ originally 0 → would get pure gauge function → very similar to above).

14.2 Classical Solutions to SU(2) YM field equations in

Euclidean Space

SYM =

∫

d4x

(

−1

4
F a
µν(A)F

aµν(A)

)

(14.2.1)

F i
µν = ∂µA

i
ν − ∂νAiµ + εijkAjµA

k
ν

Equations of motion:

Dij
µ (A)F

j
µν(A) = 0 → Dij

µ = ∂µδ
ij + εimjAmµ (14.2.2)

Bit of a short-cut to solve this (not in every case). “Bianchi Identity”.

∗F i
µν =

1

2
εµνλσF

i
λσ (Dual) (14.2.3)

→ Dij
µ ∗F i

µν = 0

Thus, if
F i
µν = ± ∗F i

µν (14.2.4)

(ex: in E.M. → would be analogous to requiring E = B) then,

Dij
µ F

j
µν = ±Dij

µ ∗F j
µν

= 0 (14.2.5)

Let

Aim = (εimk∂k ∓ δmi∂0) ln[f(x0, xm)] (14.2.6)

Ai0 = ±∂i ln[f(x0, xm)] (14.2.7)
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(m→ spacial index, i→ group index). If F = ± ∗F , then

f−1∂2f = 0 (14.2.8)

f =
n∑

i=1

λ2i
(x− xi)2

(“n Instanton solution”)

→ Size → λi

position → xi

Perform a gauge transformation on the “one instanton” solution.

A′µ = U−1(Aµ + ∂µ)U (14.2.9)

with

U = exp

{
ix · σ√
x2 + λ2

θ

}

(14.2.10)

→ tan(θ) =

(
x0√

x2 + λ2
− nπ

2

)

(14.2.11)

(n is integer, not the n from above). Note, as

|x| → ∞ , A′i0 → 0 (not easy to show)

x0 → +∞ , A′im → Ω−1n
∂

∂xm
Ωn (14.2.12)

x0 → −∞ , A′im → Ω−1n−1
∂

∂xm
Ωn−1

where Ωn =
[

exp
{
−iπx·σ√
x2+λ2

}]n

.

Figure 14.2.1: I, II, III are all 3-
d spaces. In all 3 spaces, Ai

m →
U−1∂mU (i.e. Ai

m is pure gauge func-
tion).
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To show this, consider Fµν(A) ; Fµν → 0 as |xµ| → ∞. Consider U as a mapping from
3-d Euclidean space onto SU(2).

n =
1

24π2

∫

d3x εijkTr {AiAjAk} (14.2.13)

→ Ai = U−1
∂

∂xi
U

In region III (figure 14.2.1);

nIII =
1

24π2

∫

III

d3x εijkTr {AiAjAk}

where i, j, k has one index “0” because we’re on one side of sphere

= 0 (on III) (14.2.14)

But, from (14.2.12),

nI =
1

24π2

∫

I

d3x εijkTr {AiAjAk}

= n ((i, j, k) are a mixture of 1,2,3 (no 0) in integral) (14.2.15)

and

nII =
1

24π2

∫

II

d3x εijkTr {AiAjAk}

= n− 1 (14.2.16)

See figure 14.2.2.

Figure 14.2.2: Figure 14.2.3:
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Figure 14.2.4: q(t) =
q0 tan(

√
2q0t) → instanton →

interpolated from −∞→ +∞.

Apr. 6/2000
For completeness, One-instanton:

Aµ(x) =
x2

x2 + λ2
Ω−1∂µΩ ; Ω =

x4 ± ix · σ√
x2

(14.2.17)

→ Ω−1∂µΩ (pure gauge) as |x| → ∞

m =
1

24π2

∫

d3x εijkTr(AiAjAk) ; Ai = f−1∂if (14.2.18)

Note:

Kµ = 4εµνλσTr

(

Aν∂λAσ +
2

3
AνAλAσ

)

(not gauge invariant) (14.2.19)

. . . satisfies

∂µKµ = 2Tr {Fµν ∗Fµν} ; ∗Fµν =
1

2
εµνλσFλσ (14.2.20)

Thus,

Tr

{∫

d4x Fµν ∗Fµν
}

=

∫

d4
1

2
∂µKµ

=
1

2

∫

S∞

d3σµ Kµ (By Gauss’ Theorem) (14.2.21)

But,

Aµ → Ω−1∂µΩ as |x| → ∞ (14.2.22)

If Aµ = Ω−1∂µΩ, then,

Kµ =
4

3
εµνλσTr

{
(Ω−1∂νΩ)(Ω

−1∂λΩ)(Ω
−1∂σΩ)

}
(14.2.23)

Thus,

Tr

{∫

d4x Fµν ∗Fµν
}

=
1

2

∫

S∞

d3σµ
4

3
εµνλσ Tr

{
(Ω−1∂νΩ)(Ω

−1∂λΩ)(Ω
−1∂σΩ)

}

︸ ︷︷ ︸

m (above)

(14.2.24)
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Tr

{∫

d4x Fµν ∗Fµν
}

=
1

2

(
4

3

)
(
24π2

)
m

= 16π2m (14.2.25)

m is instanton #.
Sectors of the vacuum are labelled by the winding number n.

|n〉 (14.2.26)

Perform a gauge transformation
T1|n〉 = |n+ 1〉 (14.2.27)

But,
[T1, H] = 0 (14.2.28)

as H is gauge invariant. Thus the vacuum must be an eigenstate of T1.
Consider the “θ vacuum”.

|θ〉 =
+∞∑

n=−∞
einθ|n〉 (14.2.29)

i.e.

T1|θ〉 =
∞∑

n=−∞
einθ|n+ 1〉

= e−iθ
∞∑

n=−∞
ei(n+1)θ|n+ 1〉

= eiθ|θ〉 (14.2.30)

Thus we have a vacuum labelled by this parameter θ.
Vacuum-vacuum transition.

〈θ′|e−iHt|θ〉 = δ(θ′ − θ)〈θ′|e−iHt|θ〉 (14.2.31)

=
∞∑

m=−∞

∞∑

n=−∞
〈m|e−imθ′e−iHteinθ|n〉

=
∑

m,n

ei(nθ−mθ
′)〈m|e−iHt|n〉

θ = θ′ from (14.2.31)

=
∞∑

ν=−∞
eiνθ

∫ B

A
DAµei

∫
d4x LYM (m = n+ ν) (14.2.32)
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([A = Aµ → Ω−1n ∂µΩn at t = −∞]⇒ n, [B = Aµ → Ω−1m ∂µΩm at t = +∞]⇒ m)
The dominant instanton for this transition has instanton number ν.

ν =
1

24π2
Tr

{∫

d4x Fµν ∗Fµν
}

(14.2.33)

〈θ′|e−iHt|θ〉 =
∞∑

ν=−∞

∫ m

n

DAµ exp
{

i

∫

d4x

(

LYM +
θ

24π2
Tr {Fµν ∗Fµν}

︸ ︷︷ ︸

(Violates Parity, CP)

)}

(14.2.34)

→ LYM = −1

4
FµνFµν

θ → leads to effective term in action, which leads to the Parity, CP violation. θ < 10−9

(electric dipole moment of neutron).
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