Preface

In many areas of theoretical physics, geometrical and functional analytic
methods are used simultaneously. During the course of our studies and edu-
cation, these methods appeared to be extremely different. For classical field
theories, a differential complex over smooth manifolds, smooth sections of
vector bundles over manifolds, principal fibre bundles, connections, curvatu-
res, etc. are introduced. For quantum field theory, singular operator-valued
distributions act on Fock space and lead to all the well-known difficulties. Af-
ter the work of Alain Connes and the many applications of non-commutative
geometry to various subjects, we became familiar with, for example, the fact
that on any associative superalgebra at least one differential calculus exists.
But clearly there are many more aspects. We selected seven subjects and lec-
turers to cover symplectic geometry, quantum gravity, string theory, an intro-
duction to non-commutative geometry, and the application to fundamental
interactions, to the quantum Hall effect as well as to physics on ¢g-deformed
spaces.

In the first contribution, Anton Alexseev uses techniques of symplec-
tic geometry to evaluate certain integrals over manifolds that have special
symmetries. For them the stationary phase approximation becomes exact.
Starting from simple examples, he introduces equivariant cohomology and
sketches the proof of localization formulas of Duistermaat - Heckman type.
The Weil model, well-known from the BRST formalism, is introduced, and a
non-commutative generalization is used to prove group-valued localization.

John Baez elucidates the present status of quantum geometry of space-
time. Since the implementation of constraints within the Hamiltonian ap-
proach to Einstein gravity is complicated, he explains in detail the simplify-
ing BF system connected to the Chern - Simons model. We learn about
spin net works and spin foams, become familiar with triangulations of four-
manifolds, and calculate spectra of quantum tetrahedra. His lecture notes not
only survey the subject, but also give an extensive list of references arranged
according to nine different subjects.

Cesar Gomez then gives an introduction to string theory. Starting from
the mode expansion he explains T-duality, a symmetry relating closed strings
of radius R and 1/R. Next D-brane ideas are represented.

Both quantum gravity and string theory have their own way of treating
space-time. But there is a further approach that goes by the name of non-
commutative geometry. This is the subject of the chapter by Daniel Kastler.

John Madore introduces a differential complex over an arbitrary associa-
tive algebra. We learn that, depending on the procedure, a regularization
effect may result. Attempts to add a gravitational field are also reviewed.

This introduction is useful to follow the lectures of Daniel Kastler. He
spoke about Connes’ approach to the standard model as well as recent ideas
for including gravity as an external field. He presents the interesting idea that
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additional dimensions finally lead via the Higgs effect to masses of particles,
as well as the recent attempts to use SU,(2) for ¢ being a third root of unity
to “deduce” the gauge group of the standard model.

Julius Wess applies ideas of non-commutative geometry to the g-deformed
Heisenberg algebra. The spectra of position and momentum are discrete.
Phase space gets a lattice-like structure. Higher-dimensional analogues are
investigated too.

Finally, Ruedi Seiler explains geometrical properties of transport in quan-
tum Hall systems. The integer effect is treated in detail.

Although we learn here about many different applications of non-com-
mutative geometry, the hope is that a unique picture of a quantum space-
time may finally result. Quantum theory changes our ideas on geometry, and
further surprises may come along soon.

We have tried to cover many subjects and were lucky to be supported by
so many excellent lecturers. We hope that the school helped young people
seeking an entry to these subjects. They will hopefully remember the excellent
atmosphere of the Schladming Winter School 1999.

At this point we also want to express our thanks to the main sponsor of the
School, the Austrian Ministry for Science and Transportation. In addition,
we grateful acknowledge the generous support by the Government of Styria
and the Town of Schladming. Valuable help towards the organization was
received from the Wirtschaftskammer Steiermark (Sektion Industrie), Steyr-
Daimler-Puch AG, Ricoh-Austria, and Styria Online.

Organizing the 1999 Schladming Winter School, and making it the suc-
cessful event that it was, would not have been possible without the help of
a number of colleagues and graduate students from our institute. Without
naming them all we want to acknowledge the traditionally good coopera-
tion within the organizing committee and beyond, which once again guaran-
teed the smooth running of all organizational, technical, and social matters.
Thanks are due to Wolfgang Schweiger for his valuable technical assistance.
Finally we should like to express our sincere thanks to Miss Sabine Fuchs
for carrying out the secretarial work and for finalizing the text and layout of
these proceedings.

Graz, November 1999 H. Gausterer, H. Grosse, L. Pittner
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Notes on Equivariant Localization

Anton Alekseev

Institutionen for Teoretisk Fysik, Uppsala Universitet, Box 803, S-751 08, Uppsala,
Sweden

Abstract. We review the localization formula due to Berline-Vergne and Atiyah-
Bott, with applications to the exact stationary phase phenomenon discovered by
Duistermaat-Heckman. We explain the Weil model of equivariant cohomology and
recall its relation to BRST. We show how to quantize the Weil model, and obtain
new localization formulas which, in particular, apply to Hamiltonian spaces with
group valued moment maps.

1 Introduction

The purpose of these lecture notes is to present the localization formulas
for equivariant cocycles. The localization phenomenon was first discovered
by Duistermaat and Heckman in [DH], and then explained in the works of
Berline-Vergne [BV] and Atiyah-Bott [AB]. The main idea of the localization
formulas is similar to the residue formula: a multi-dimensional integral is
evaluated exactly by summing up a number of the xed point contributions.

In Section 2 we review the localization formula of [BV] and [AB]. We use
an elementary example of the sphere S? as an illustration. Then, we outline
the relation between the localization formulas and Hamiltonian Mechanics,
and recover the Duistermaat-Heckman formula [DH].

In Section 3 we discuss the relations between the localization formulas
and the group actions. In the case of the Duistermaat-Heckman formula,
localization is intimately related to the symmetry group of the underlying
Hamiltonian system. In particular, we compare the equivariant differential to
the BRST differential.

In Section 4 we explain how to quantize the equivariant cohomology. This
Section is based on the papers [AMM], [AM], [AMWI1] and [AMW?2]. We end
up by presenting the new localization formula which is derived in [AMW?2].
Some simple applications of this new formula can be found in [P]. Section 4
is based on the joint works with A.Malkin, E.Meinrenken and C.Woodward.

These notes do not touch upon various applications of localization for-
mulas in Physics. Usually, one proceeds by extrapolating the localization
phenomenon to path integrals. Some of the most exciting examples of this
approach can be found in [MNP], [W2], [G], [BT], [MNS]. In fact, [W2] was
the original motivation for the formulas of Section 3.

I am grateful to the organizers and participants of the 38th Schladming
Winter School for the inspiring atmosphere!

H. Gausterer, H. Grosse, and L. Pittner (Eds.): Proceedings 1999, LNP 543, pp. 1-24, 2000.
[ Springer-Verlag Berlin Heidelberg 2000



2 Anton Alekseev
2 Localization Formulas

In this Section we review the localization formula due to Berline-Vergne [BV]
and Atiyah-Bott [AB]. It is then used to derive the exact stationary phase for-
mula due to Duistermaat and Heckman [DH]. The presentation is illustrated
at the elementary example of sphere S2.

2.1 Stationary Phase Method

In this section we recall the stationary phase method. It applies when one is
interested in the asymptotic behavior at large s of the integral

I(s) = /Oo dze® (@) g(2). (1)

— 00

Here we assume that functions f(x) and g(x) are real, and sufficiently smooth.

At large s > 0 the leading contribution into the integral (1) is given by the
neighborhood of the critical points of f(x), where its derivative in « vanishes.
Let ¢ be such a critical point. Then, one can approximate f(x) near xg by
the first two terms of the Taylor series,

F(&) = Fw0) + 37" (o) w = 0 + ..

where . .. stand for the higher order terms.
The leading contribution of the critical point xg into the integral I(s) is
given by a simpler integral

oo .
Io(s) = g(mo)eisf(a:o)/ dxe%sf”(xo)(w—xo)z.
— 00
This integral is Gaussian, and can be computed explicitly,
; ,f o 3
Iy(s) = g(xg ci(sf(zo)+e%) ()
(s) = g(xo) T

Here ¢ is the sign on the second derivative f”(x).
A similar formula holds for multi-dimensional integrals,

I(s) = / d"ag(z)e’s! (@), (2)

Again, the leading contribution into the asymptotics at large s is given by
the critical points of f(z), where its gradient vanishes V f = 0. At the critical
point zy one can expand f(x) into the Taylor series,

F(@) = F(ao) + 5 O F(wo)( — ao)ile —ao)s + .. (3)

ij=1
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where

o?f
6£Ciaﬂjj '
We assume that the critical point is non-degenerate, that is, the matrix f/;
is invertible. Then, the leading contribution of z( into the integral I(s) is of
the form,

=
7

2 ok
Io(s) = glaaperin ()7 T (1)
5 | det(f"(20))|2
Here o = 04 — o _ is the signature of the matrix f;7, o, and o_ are numbers
of positive and negative eigenvalues, respectively.
In general, one can have several critical points. Then, on can add the
leading contributions (4) to obtain the approximate answer for I(s),

o T
eloig

2 z )
I(s)~ | — x; etsf(xi) S —
¢) ( s > ;g( ) | det(f"(x;))]2 (5)

Of course, there is no reason for the right hand side to be the exact answer for
I(s). But sometimes this is the case! Such a situation is called exact stationary
phase, and will be studied in these notes.

Example: sphere §2? The simplest example of the exact stationary phase
phenomenon is the computation of the following integral. Consider the unit
sphere S? defined by equation 22+ y? + 22 = 1. We choose g(z,y, 2) = 1 and
f(z,y,2) = z. Then, the integral I(s) is of the form,

I(s) = /S ] dA €2, (6)

where dA is the area element normalized in the standard way, |, g2 dA = 4m.

The critical points of the function f(x,y,z) = z are the North and the
South poles of the sphere. At both points one can use x and y as local
coordinates to obtain,

1
zz1—§(x2+y2)

near the North pole, and

1
z~ =1+ §($2 +v°)
near the South pole. Thus, for the stationary phase approximation one ob-

tains,
p . . i
I(s) ~ 5 (—iei® + ie™™) = dnr sin(s)
S

- 7)

Here we have used that at both North and South poles det(f;;) = 1, and that
oy =—2and og = 2.
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Now we can compare the ‘approximate’ result (7) with the exact calcu-
lation. It is convenient to use polar angles 0 < 6 < 7,0 < ¢ < 27. Then,
the coordinate function z = cos(6), and the area element is dA = d cos(0)d¢.

The simple calculation gives,
eis

I(s) = /dcos(&)dgbeis cos(8) — onr . =dr

This expression coincides with the stationary phase result (7).

In the following sections we shall see that the equality of the exact and
approximate results (7) and (8) is not a coincidence. In fact, this is the
simplest example of equivariant localization.

2.2 Equivariant Cohomology

Stokes’s theorem and residue formula The main tool in proving the
localization formula will be the generalization of the Stokes’s integration for-
mula. The latter states that given an exact differential form «, a = dg, its
integral over the domain D can be expressed as an integral of 3 over the

boundary of D,
[as=][ 5 9)
D aD

As a warm up exercise we prove the standard residue formula using the
Stokes’s formula (9). Given a function f(z) analytic on the complex plane
with the exception of some finite number of poles, its integral over a closed
contour C' is given by the sum of residues at the poles inside C,

% /Cf(z)dz = ; res,, f. (10)

We naturally choose ( in the form,

B=1 f()z

211

the domain D is the interior of C, and its boundary is C. The form « is given
by equation,
4B = = d(f(2)dz) = ——(Df)dz A d

o = [ z Z) = — z 4

2mi 27 ’
where Of is the partial derivative in z. The function f(z) is analytic. Hence,
« vanishes everywhere except for the poles. We conclude, that « is a distri-
bution supported at some number of points. Such a distribution is a sum of
d-functions and its derivatives. The only terms which contribute into the in-
tegral of « over D are d-functions at the poles. They give rise to the residues,
=~ res,f

m = (res, £)6(z — z).
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Now we use the Stokes’s formula,

1
2 S f(2)dz = /D ;(reszif)é(z —zi) = Zreszif7

i

and recover the residue formula.

Sl-action and fixed points The derivation of the localization formula re-
quires more structure on the integration domain. In particular, the notion of
symmetry plays an important role. We assume that our symmetry is conti-
nuous. In particular, this may be the action of the circle group S', which is
our main example in this Section. For instance, in the case of S? there is an
action of S! by rotations around the z-axis.

We always choose the integration domain to be a compact manifold M
without boundary (as in the case of S?). The S'-action defines a vector field
v =0/0¢ on M. Zeroes of v correspond to fixed points of the circle action.
For simplicity, we assume that all the fixed points are isolated. This is only
possible if the dimension of the manifold is even, n = 2m. Given such a fixed
point xy one can write the action near this point as

2'(¢) = xp + Rj(¢)(x — o)’ + ...,

where . .. stand for higher order terms in x — x. It is easy to see that one can
linearize the action (drop higher order terms). The matrix R gives a linear
representation of S!,

R(¢1)R(p2) = R(¢1 + ¢2),

and satisfies condition R(27) = id. By the appropriate choice of the basis
such a matrix can always be represented as a direct sum of 2 x 2 blocks, each

block of the form
cos(ve) sin(ve)
(— sin(v¢) cos(uq&)) ’

where v is an integer. We can denote the corresponding local coordinates by
xi,y; where ¢ = 1...m. In these local coordinates the vector field v has the

form,
- 0 0
U—izzll/i (mlam_yz&m)

The integers \; are called indices of the vector field v at the point xg.

In fact the indices v; are defined up to a sign: the flip of coordinates
x; and y; changes the sign of the corresponding index. In what follows we
shall need a product of all indices corresponding to the given fixed point,
V1 ...Vm. It is well defined is the tangent space at the fixed point is oriented:
one should choose the coordinate system (21,y1,...,Zm,Ym) With positive
orientation. This condition determines the product of indices in a unique
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way. In particular, if the manifold is oriented, the products of indices at fixed
points are well defined.

In the following we shall use that one can always choose an S!-invariant
metric on M. Indeed, given any metric, one can always average it over the S'-
action. In particular, this metric at the fixed point xy can always be chosen

in the form,
m

9= (daf +dy}). (11)

i=1

Equivariant differential Now we are ready to define the equivariant diffe-
rential, and equivariant cohomology. We define the space of equivariant forms
on M as S! invariant differential forms with values in functions of one varia-
ble, which we denote by &. Typically, such a differential form is a polynomial,

N
al§) =D a’¢,
s=0

where a® are S'-invariant differential forms. We shall also need equivariant
forms with more complicated ¢-dependence.

Sometimes it is convenient to decompose equivariant forms according to
the degree,

a(®) =Y a;(9),
j=0

where «;(§) is a form of degree j which takes values in functions of &.
The differential on the space of equivariant forms is defined by formula,

dg1 = d + ite,, (12)

where ¢, is the contraction with respect to the vector field v. One can assign
to parameter £ degree 2 in order to make the equivariant differential homo-
geneous. Unfortunately, this arrangement is only meaningful for equivariant
differential forms polynomial in &.

It is the basic property of the differential (12) that it squares to zero on
the space of equivariant forms. Indeed,

di = (d +i€t,)? = i€(duy + t,d) = i€ L,

where we have used Cartan’s formula for L,. The Lie derivative L, vanishes
on equivariant forms, and so does d231~
Using the differential (12) one can define equivariantly closed forms, dgiax =

0, and equivariantly exact forms o = dg: /3. Because dQS1 = 0, equivariantly
exact forms are automatically equivariantly closed, and one can define equi-
variant cohomology Hgi (M) as the quotient of the space of (equivariantly)
closed forms by the space of (equivariantly) exact forms. If () is an equi-
variant cocycle, it satisfies the closedness condition,
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(d+i€w)a(§) =0,

which implies a number of equations for the forms (&),

dag_o(&) + irpar(§) = 0. (13)

Note that this recurrence relation has step 2. Hence, odd and even degree
parts of an equivariant cocycle are also equivariant cocycles. If the manifold
M is even dimensional, the closedness condition relates the top degree com-
ponent o, (€) and the function ag(€). We shall see that exactly this relation
is used in the localization formula.

The Stokes’ integration formula generalizes to equivariantly exact forms.

[Ildeed,
d + Ly /3 == /3
/ ( Z§ ) / ?

where | p to3 = 0 because the integrand has a vanishing top degree compo-
nent (at least one degree is eaten up by ¢,). In particular, if the integration
domain has no boundary, the integral of any equivariantly exact form vanis-
hes, and the integration map descends to equivariant cohomology. That is,
given a class [a] € Hg1(M) one can choose any representative « in integrate
it over M. The result is a function of £ which is independent of the repre-
sentative: the representatives differ by an exact form, and the integral of an
exact form vanishes.

The localization formula is a tool of computing integral of equivariant
cocycles in terms of fixed points. This formula was discovered by Berline-
Vergne [BV] and by Atiyah-Bott [AB]. For an equivariant cocycle «(€), its
integral over M is given by,

o= @)Z S (1)

where the index p labels fixed points of the circle action (we assume that all
of them are isolated), and v, ..., VP are indices of the p’s fixed point.

Note that the integral on the left hand side of (14) depends only on the
top degree component «a,,(§) of the cocycle a(§). At the same time the right
hand side is expressed in terms of the zero degree component ag(&). This is
possible because o, (§) and ag(§) are related by the recurrence relations (13)
expressing closedness of a(§).

Also note that even if the equivariant form «(§) is smooth at £ = 0, the
right hand side of (14) contains the divergent factor £"/2. The singularity
at £ = 0 is canceled by the sum of contributions of fixed points, which has a
zero of degree n/2 at £ = 0. This idea leads to reside formulas [JK].
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2.3 Proof of Localization Formula

In this section we give a proof of the localization formula (14). This proof was
suggested by Witten in [W1]. The idea is as follows. Choose an S!-invariant
metric g on M, with behavior at fixed points given by (11), and define a
1-form

Y= g(vv')v

such that 1,1 = g(v,u) for any vector field u on M. The form 1 is S'-
invariant (because the metric is S'-invariant). Define an equivariantly exact
form

B(§) = ds1v = dy + iepth = dp +i€g(v,v).
Note that near a fixed point 9 is of the form

> vi(zidyy, — yrday),
k=1

v -

N | =

and the form ((€) is given by

m Z. m
B(&) ~ — Zykdxk A dyy + ;Zyg(xi + 7).
k=1 k=1

Let us consider the equivariant form

B _ 1 — i (is)" (ds1y)f =d (i (is)" P(d 1#)'”)
RO st KOS '

k=1

It is equivariantly exact, and hence,

[ a@= [ a@ee (15)

for any value of the parameter s. In particular, if £ > 0, one van consider
the limit s — +00. On one hand, the asymptotics of the integral (15) can
be computed using the stationary phase method. But on the other hand, the
answer does not depend on s. Hence, it is sufficient to extract the term in the
asymptotics which does not depend on s, and this will be the exact answer
for the integral!

At large s the form

i5B(E) _ isdv—sEg(v,v)

is exponentially small everywhere except for the small neighborhoods of the
fixed points where v = 0 and g(v,v) = 0. So, the fixed points are at the same
time the critical points which give contributions into the stationary phase
asymptotics. The leading contribution in s of the critical point z,, is given by
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m

(o€ T] (i [ anape X0 CT00) )

k=1

Here we have used the fact that the 2-form isdy which enters the integrand
is proportional to s, and, hence, it gives the leading contribution into the
integration measure. The integral in (16) is Gaussian. It yields

<27T>m (@0 (§))(xp)

E Z 7.4

which is indeed independent of s. Summing up these contributions for all
fixed points x, we obtain the localization formula (14).

2.4 Duistermaat-Heckman Formula

Perhaps, the most well-known application of the localization formulas is the
Duistermaat-Heckman formula in symplectic geometry [DH]. In fact, it was
discovered before the general localization principle was formulated.

The framework is as follows: we have a closed 2-form w,

dw =0,
which satisfies the nondegeneracy condition. That is,
Lyw =0

for some vector field w on M implies v = 0. The pair (M,w) is called a
symplectic manifold. A standard example is R?>™ with coordinates p; and ¢;

and the 2-form .
w = Z dp; A dg;.
i=1
A vector field v is called Hamiltonian if there exists a function H such
that
Lyw +dH = 0.

The function H is called the Hamiltonian of v. A symplectic manifold is
always even dimensional (otherwise w is necessarily degenerate), and has the

volume form
wm

E:

m = [ew]top
called the Liouville form. The volume form £ is invariant with respect to all
Hamiltonian vector fields.

Now assume that M is compact, and carries a circle action. In addition,
let the corresponding vector field v be Hamiltonian, with Hamiltonian H.

Then, one can define the following integral,

1) = [ L£e#H, (17)
M
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which is called the Duistermaat-Heckman integral, and can be evaluated using
localization theorem.
First, we define the equivariant extension of the symplectic form w,

w(€) =w+iH.
It is an equivariantly closed form,
dsiw(§) = (d 4 iy) (w4 i€H) = dw + i€ (1w + dH) = 0.

Here we have used closedness of w and the definition of the Hamiltonian
vector field.
Next, we define an equivariant Liouville form,

m k

_ w6 _ jicH W

E(é-) =e€ =e€ kz k' 9
=1

where the sum terminates because higher powers of w vanish. The form L(§)
is also equivariantly closed, and, moreover,

| e = [ee— 1

Now we apply the localization formula (14) to the left hand side to obtain
the Duistermaat-Heckman formula,

zﬁH(wp

o - (%) > St (19)

Example: sphere S2. Getting back to the example of the sphere S?, we
show that our observation on exact stationary phase is a particular case of
the Duistermaat-Heckman formula.

Let us choose the area form on the sphere as the symplectic form. It is
clearly closed, and non-degenerate. In the polar angles 6, ¢ the vector field
generating rotations around z-axis is of the form v = 9/9¢. Then, the Ha-
miltonian of v is determined by equation,

0
(8(]5) dcos(8)d¢ +dH =0,

which implies H = cos(6) = z (up to a shift by a constant). Thus, the integral
which we would like to compute,

I(6)= | dA e
S2

is the Duistermaat-Heckman integral, and is given by the Duistermaat-Heckman
formula (18).
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There are two fixed points of the S'-action on S2, the North pole and the

South pole. The values of the Hamiltonian are given by zy = 1,29 = —1,
and the indices of the S'-action are vV = 1 and v° = —1. Then, formula
(18) yields
2m [N iz sin(€)
1) == — S ) =4
O= (v )=

confirming the results we obtained before.

3 Weil Model of Equivariant Cohomology

In this Section we develop technical tools for dealing with equivariant coho-
mology for any compact group G. We begin by introducing the Weil algebra,
and the Weil model of equivariant cohomology. Then we establish the equi-
valence to the Cartan model which we used in the case of G = S!. Finally,
we give an expression for the equivariant Liouville form in the Weil model,
and introduce equivariant cohomology with generalized coefficients.

For another physicist-oriented review of the subject see [CMR].

3.1 Weil Algebra and Weil Differential

Group actions on manifolds. In general, we shall study the situation when
the group acting on M is not necessarily a circle S'. Let G be a compact
connected Lie group, and G be its Lie algebra. In many situations it will be
convenient to choose a basis {e,} C G, and the dual basis {e®} in the space
G*. We denote by fS, the structure constants in this basis,

[eas €] = fape-

If the group G acts on the manifold M, one can associate to each element
e € G a fundamental vector field on M which we denote by ej;. For instance,
the vector fields corresponding to the basis elements e, are (e,)nr. The Lie
derivatives and contractions corresponding to these fundamental vector fields
act on the space of differential forms 2(M). We denote them by L, and ¢,
respectively. They satisfy the following relations,

[Lav Lb] = fgbbw (19)
[La7 Lb] = f;cha
[d,tq] = L.

Here d is the de Rham differential, and [,] stands for the super-commutator.
For instance, [d, ] = diq + tad.

In a more abstract setting we can say that equations (19) define a super-
algebra G with generators Lq, tq,d. If M is a G-manifold, the space of forms
2(M) carries a representation of G , where L, are represented by Lie deriva-
tives, 1, by contractions, and d by the de Rham differential.
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Weil algebra. In this section we construct a special representation of the
algebra G called the Weil algebra. It was suggested by H.Cartan in C1 as an
‘algebraic model’ of the space of forms on the classifying space EG.

By definition, the Weil algebra W is the product of the symmetric and
exterior algebras of the dual space to the Lie algebra of G,

We == SG* ® AG*. (20)

The algebra SG* is the algebra of polynomials on G. It is convenient to
introduce generators v® of SG* corresponding to the basis elements e* €
G*. The generators v® correspond to linear functions on G, and naturally
commute with each other,

v — vt = 0.
We denote the generators of the exterior algebra AG* by y*. They satisfy the
anti-commutation relations,

yayb + ybya = 0.
One can introduce a grading on W by assigning degree 2 to v* and degree
1 to y¢, '

W = @j1ok=15"G* @ NG*.
Following H.Cartan, one can view W as a model of the space of forms on
EG, such that each y* corresponds to a 1-form, and each v* corresponds to
a 2-form.
There is an action of G on W defined as follows. Operators L, are defined

on generators,

Lo(v) = — gbvbv La(yb) =—fay"
and extended by the Leibniz rule. In a similar fashion, one defines contractions

las

ta(0) =0, ta(y") = 4.
Finally, the Weil di erential d is defined by

1
d(y™) =v" =5 wyty°, d(v®) = —fiyPo°.

These formulas have a simple geometric meaning: if one interprets y® as
components of a connection on a principal G-bundle, then the first formula,

1
v = dya + §f1§lcybyc7
is the standard definition of the curvature. The second formula,
dv® + iyt =0

gives the Bianchi identity.
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Relation to BRST. The differential on W can be written in the form,

a a 1 a C
d=y" (L, ®1)+ (v* — B T TA T
where (L, ® 1) is the Lie derivative acting only on the elements of SG*.
It is often compared to the BRST di erential which is defined as follows.
Let V' be a representation of the group G. Then, the BRST differential acts
on the space V ® AG*, and is given by formula,

1
dprsTt =Y*(La®1) — §f£lcybycba-

In the physical interpretation, y® are called ghosts, and denoted by ¢*. The
dual contractions ¢, are called anti-ghosts, and denoted by b,. The ghosts and
anti-ghosts (generators of AG* and contractions) satisfy the anti-commutation
relation,

Ckbl + blck = 5{6

If we introduce a special notation for generators of the G-action on V', T, :=
(L, ® 1), we get the standard formula for the BRST differential,

1
dBRST = CaTa — ifl?ccbccba.

The main difference between the Weil differential (and the equivariant
differential) and the BRST differential is the extra term v%, in the Weil
differential. One can interpret it as a BRST differential for the Abelian Lie
algebra G* with generators v* and ghosts b, := t,. One can say that the Weil
differential is a sum of two BRST differentials,

d=d}per + s

3.2 'Weil Model of Equivariant Cohomology

In this section we define the Weil model of equivariant cohomology, and prove
that it is equivalent to the Cartan model introduced before. Then, we extend
our consideration to equivariant cohomology with generalized coefficients.

Definition of the Weil model. Let M be a G-manifold. It is our goal to
define the space of equivariant forms in the Weil model, and the equivariant
differential on this space.

Consider the product 2(M)® W of the space of differential forms on M
and of the Weil algebra We. If one interprets Wg as the space of differential
forms on EG, the product is naturally interpreted as 2(M x EG). Both
2(M) and W¢ carry representations of G. Hence, one can define the diagonal
action on the tensor product. That is, L,,t, and d are defined as operators
on (2(M)® SG*) by formulas,
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Li=L,®1+1® L,,
la =g ®14+1® g,
d=d®1+1®d.
We define the space of equivariant forms on M as the basic part of 2(M)®

We,
Ng(M) :={ae 2(M)®Wg|Lya =0, tqo0 = 0}.

In more geometric terms we are looking at the principal G-bundle
M x EG — (M x EG)/G,

and define 2¢(M) as the space of basic forms. These are forms which can
be obtained as pull-backs of differential forms on the quotient space (M X
EG)/G.

The space of equivariant forms {2 (M) carries the action of the combined
differential (d ® 1+ 1 ® d). One defines the equivariant cohomology of M as

Hg(M) = H(Qg(M),d®1+1®d)

In the next section we show that this definition is equivalent to the definition
in the Cartan model which we used in the case of G = S1.

Equivalence to the Cartan model. In Section 2 we used a simpler mo-
del for S'-equivariant cohomology. This model does not use anti-commuting
variables y®, and is called the Cartan model [C2]. A simple transformation
which establishes the relation between Weil and Cartan models was suggested
by Kalkman [K].
Let us define an operator ¢ on the space 2(M) @ W¢ by formula,
& = exp(—tq, @ Yy*).

The key property of & is

DP(la@1+121)P 7 =1® 1. (21)

In order to prove this equality we use the formula,

oo
1 .
OXO' =" — adl(—1, @ yHX. (22)
j=0""

The calculation gives,
ad(—ba & ya)(La R1+1® La) =—1a® ]-7

1
o1 ad?(—1a @ y) (ta ® 1 +1®1,) = 0.

After substitution to (22) we obtain equation (21).



Notes on Equivariant Localization 15

The action of ¢ maps the forms annihilated by (1o ® 1 + 1 ® ¢4) to the
forms annihilated by 1 ® ¢,. That is, it is mapped to 2(M) ® SG*. Taking
into account that @ commutes with the diagonal action of L,, we conclude
that the space of equivariant forms £2¢ (M) is mapped to

& : Ne(M) = (2(M) @ SG*)C.

This is the new model of the space of equivariant forms called Cartan model.
We already worked with it in the case of G = S?'.

Next, we compute the equivariant differential in the Cartan model. We
apply formula (22) to the equivariant differential,

1
ad(—ta @y )d®14+120d) =L, Qy* — 1, ® (v* — ifﬁcyby“),
1 1
EadQ(—La @y)d@1+10d) = - fHee vy,

1

gad2(—ba @y*)(d®1l+1®d)=0.
We add all the terms and take into account that (L, ® 1+1® L,) and 1 ®¢,
annihilate the image of the space of equivariant forms. The final result for
the differential in the Cartan model is quite simple,

dg =d®1— 1, ® v*.

In the case of G = S! one should put v = —i€ to recover the expression (12)
for dsl .

Equivariant Liouville form. As before, examples of equivariant classes
are provided by symplectic geometry. Let (M,w) be a symplectic manifold,
and assume that the G-action on M is Hamiltonian. That is, there is a set
of Hamiltonians, H, such that !

Low = dH,, (23)

and
LoHy = f5,H.. (24)

a

The collection of functions H, can be viewed as the momentmap H : M — G*
with H, = (H, e,). The property (24) expresses equivariance of the map H
with respect to the G-action on M and the co-adjoint action on G*.
Again, one can define the equivariant extension of the Liouville form in
Cartan model,
w(v) == w+ Hyv"

This form is equivariantly closed,

! Note that we have changed the sign convention in comparison to the previous
Section.



16 Anton Alekseev
daw(v) = (d — v%4)(w + v°Hy) = dw 4 v*(dHy — taw) = 0.

The same form in the Weil model is expressed by

1
wy =P w(v) =w — y*dH, + H,(v* — 3 élcybyc),
where we have used the property ¢,dHy, = f5, H. implied by (24).
Finally, we introduce the equivariant Liouville forms in Cartan and Weil
models,

L(v) = e = ¥ ¢V Ha,

and
1
Ly = e“" =exp(w) exp(—y*dH,) exp (—ZHafl?Cybyc> exp(v*H,). (25)

In the next Section we shall use the expression for Ly to introduce the theory
of ‘group-valued’ Hamiltonians.

Generalized coefficients. The last technical ingredient needed in the next
Section is the notion of equivariant cohomology with generalized coefficients.
It is sometimes convenient to make a Fourier-Laplace transform in the va-
riables v® such that they become distributions on the space G* supported at
the origin,
v = — 0 (50,
Ollg

where i, are linear coordinates on G*, and Jy is the J-function supported at
the origin.

Then, it is natural to replace the space of polynomials SG* in the definition
of W¢g by the space of all compactly supported distributions £'(G*). We
denote the extended Weil algebra by

We = E£'(G*) @ AG™,
and the corresponding equivariant cohomology by He(M).

For instance, in the new notations the equivariant Liouville form contains
the §-function supported at the value H of the moment map,

1
Lw = exp(w) exp(—y*dH,) exp <2Haffcybyc> O0H.

The distribution part of Ly is not supported at the origin, and defines a
class in Hg(M).
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4 Group-Valued Equivariant Localization

In this Section we explain how to quantize the Weil algebra [AM], and define
the group valued equivariant cohomology. This leads to the new localization
theorem [AMW?2], and new moment map theory [AMM].

In contrast to the previous sections we only sketch the results. At this
stage the proofs are too involved for these notes. So, refer the reader to the
original papers.

4.1 Non-commutative Weil Algebra

In this section we introduce the non-commutative counterpart of the Weil
algebra. In the exposition we follow [AM].

Invariant inner product on G. As before, we assume that G is a compact
connected Lie group. In addition, we choose an invariant inner product on
the Lie algebra G, and suppose that G is a direct product of a compact
simply-connected Lie group and a torus.

We denote the inner product on G by (-,-). It induces a number of new
structures. First, one can identify G with its dual space G*. The basis {e, } can
be chosen orthonormal, (e,, €p) = dq5. The corresponding structure constants
[ea,€b] = fabcee are anti-symmetric with respect to the permutation of any
two indices. Thus, one can define an element ¢ € (A3G)“ by formula,

1
¢ = gfabcea R ep R ec.

We define the left- and right-invariant vector fields eZ and e on the group
G, and the dual left- and right-invariant 1-forms, 62 and 6. They satisfy
the Maurer-Cartan structure equations,

1 1

dot = -5 fapc0r0F, dof = 3 FancO 0.
Using the identification A3G =2 A3G*, one can define a bi-invariant 3-form on
G,

_ 1 LoLpl _ 1 RyRpR
7= ﬁfabcea 0,0, = Efabﬁa 0,10,
Finally, we introduce the distributions on G with support at the group

unit corresponding to the vector fields el and el?,

L._ _ L R._
U, = —e; 0, U, = —€

Rs .

a

Here . is the §-function supported at the group unit.
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Definition of non-commutative Weil algebra. We recall that the Weil

algebra Wg is a tensor product of symmetric and exterior algebras of the

space G*. The non-commutative Weil algebra is a tensor product of the non-

commutative counterparts of these algebras. The symmetric algebra is repla-

ced by the universal enveloping algebra U(G) with generators u, and relations
UqUp — UpUgq = fabcuc~

The exterior algebra is replaced by the Clifford algebra Cl(G) with generators
z, and relations
Loy + TpTyg = Oap-

Here we use the fact that the basis {e,} is orthonormal. We denote the non-
commutative Weil algebra by Wg,

We = U(G) ® CI(G).

Similar to W the algebra Wg carries a representation of G. The action
of the Lie derivatives L, is defined on generators,

La(ub) = fabcle, La(xb) = fabeTe.
The contractions ¢, are given by formulas,
ta(up) =0, to(xp) = dgp-

Finally, the Weil differential has its analog on Wg,
1
d(xa) = Uq — afabc-rbxcv d(ua) = _fabcxbuo

These formulas are very similar to those which define the G-action on Wg.
The important difference is that in the non-commutative algebra Weg, the
operators L, tq,d are inner derivations,
1 1
L, = ad(u, — §fabcxbxc), ta = ad(x,), d = ad(xaua — éfachaXbXC)-

Asin the case of W, one can introduce the non-commutative Weil algebra
with generalized coefficients,

We = &'(G) @ CI(G).

For any G-manifold M one can now define the space of ‘group-valued’ equiva-
riant forms, (2(M)@Wg )pasic and (2(M) @We )pasic and the ‘group-valued’
equivariant cohomology,
HG(M) = H((Q(M) ® WG)basica d RKI1+1® d)a
Ha(M) := H(2(M) @ We)pasic, d @ 1+ 1@ d)

It is our main goal to present the localization formulas for classes in Hq (M)
and in He(M).
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4.2 Group-Valued Moment Maps

In this section we give examples of equivariant cocycles which give rise to
classes in He(M). We follow the paper [AMW1]. The idea is to find the
counterpart of formula (25) for the equivariant Liouville form. We shall see
that it naturally leads to moment maps with values in the Lie group rather
than in the dual of the Lie algebra.

The right hand side of (25) is a product of four factors,

1
exp(w) exp(—y“dH,) exp (—QHafabcyayb> Sy € (M) ®E'(G*) @ AG*

where w is a 2-form on M and H is the moment map H : M — G*. In the
group-valued case we still need a 2-form w, but the moment map should take
values in the group G, @ : M — G. The reason is that instead of the space of
distributions on the dual of the Lie algebra £'(G*) we now have the space of
distributions on the group £'(G). Then, the first and the last terms in (25)
have their counterparts, exp(w) and dg.

The third term is related to the spinor representation of G. In more detail,
choose H = H,e, € g and define a map 7 : G — C1(G) by formula,

2

If G is a product of a compact simply-connected Lie group and a torus, the
map 7 is well-defined, and defines the representation of G (see e.g. [BGV]),

1
T(eH) = €Xp <_Hafabcxbxc> .

7(9192) = 7(91)7(92)-

There are two possible candidates for the role of the second term, exp(—z,9*0%)
and exp(—z,P*0). We notice that

exp(—z, P 0F)1(P) = 7(P) exp(—z,P*OL).

Thus, we can choose either left- or right-invariant Maurer-Cartan forms, but
we should position them on the different sides of 7(®).
Finally, our candidate for an group-valued equivariant Liouville form is,

Lw = exp(w) exp(—z,P*07)7(P) 5. (26)

The question is: under what conditions on w and &, the form Ly is an
equivariantly closed? According to [AMWI1], there are 2 conditions to be
satisfied: first, the differential of the 2-form w is a pull-back of the bi-invariant
3-form 1 on G,

dw = P*n. (27)
Second, there is an analog of the moment map condition,
1
Low = 5@*(95 + 68, (28)

We call a triple (M, w,®) which satisfies these conditions a group-valued Ha-
miltonian space.
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Examples of group-valued Hamiltonian spaces Our first example of a
group-valued Hamiltonian G-space is the torus 72 = S! x S'. We parametrize
by it two angles, (¢,1), choose the S* action

and the two form,
w = dy Ade.

()

and one can define the moment map @ : (¢, 1) — ¢ with values in the group
S1. The 3-form 71 vanishes on S! for dimensional reasons, which is consistent
with closedness of w.

Our second example is a bit more complicated. We consider the group
G = SU(2), choose any element f € G, and consider the corresponding
conjugacy class,

Then,

Cr:={gfg ' g€ G}.
In other words, these are all unitary 2 by 2 matrices with the same eigenvalues
as f.If f is e or —e, the corresponding conjugacy class f is a point. Otherwise,
it is a 2-sphere. We define the moment map on Cj as its embedding into
G. Then, the 2-form w is uniquely determined by the conditions (27) and
(28). Up to a scalar factor, w coincides with the area form dA induced by

the identification with the 2-sphere. If the eigenvalues of f are exp(i\) and
exp(—i)), one gets [AMW1],

w = sin(A) dA.

Our last example is the product of two copies of SU(2), D := SU(2) x
SU(2). One can view it as a nonabelian counterpart of the torus 72. We view
D as an SU(2) x SU(2)-manifold, with the action,

(g,h) : (a,b) = (gah™", gbh™1),
and the moment map,
& : (a,b) — (ab,a™1b71).
The corresponding 2-form which satisfies conditions (27) and (28) is [AMW1],

1
w= §(a*9§b*9§ + a*0Rb*oL).

4.3 Group-Valued Localization

In this section we explain how the localization principle works for the classes
in He (M). We begin by recalling some standard fact from the theory of Lie
groups. We assume that G is a direct product of a compact semi-simple Lie
group and a compact torus.
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Some facts about compact Lie groups. Let G be a product of a compact
semi-simple Lie group and a torus. Let T be a maximal torus in G and T be
its Lie algebra. The Lie algebra 7 contains the integral lattice A C T,

A={zeT| exp(z) =e}.

The dual space T* contains the dual lattice A*. By choosing the set of positive
roots R, we define the positive Weil chamber 7" C 7%, and the set of
dominant weights A*N7}. A dominant weight A defines a unique irreducible
highest weight representation V) of G. The representation V) contains the
highest weight vector vy which satisfies the following conditions,

€q - vx =0,
where e, are the generators corresponding to positive roots, and
he - vx = (a, Aoy,

where h, are the elements of T corresponding to the roots. All irreducible re-
presentations V) possess a Hermitian invariant scalar product. We normalize
vy such that (vy,vy) = 1. Then, for each dominant weight A one can define
two functions on G, the character,

xa(g) = Try, g,

and the ‘spherical harmonics’,

Ax(g) = (v, g - va).

A special weight is given by the half-sum of positive roots,

p=5 > a

acRy

For example, for G = SU(2) the representations are parametrized by the
spin j =0,1/2,1.... The weight p corresponds to j = 1/2. The corresponding
representation is two-dimensional, and we obtain,

ab ab
X% (Cd):a+d, A% <6d>:a

Usually, we identify 7 and 7* using the scalar product. Then, one can
view the dominant weights as the elements of 7. Because the weights be-
long to a special lattice, the corresponding one-parameter subgroups T =
{exp(s\)} (except for A = 0) are circle subgroups of T. Note that a typical
one-parameter subgroup of 7" is dense in 7T'. So, the subgroups T are very
special, and this will play an important role in the localization theorem for

He(M).
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Finally, we recall that the classical r-matrix is an element in A2G defined

by formula,
r= Z eq N\ e_qg.
acRy

It is convenient to represent r as r = rgpt, ® tp. The r-matrix satisfies the
classical Yang-Baxter equation,

1
Cydabc (rasfsbtrtc) = Zfabcn

where Cycl,p. stands for summation over the cyclic permutations of the in-
dices a, b, c.

The localization formula. Now we are ready to formulate the new loca-
lization formula. Let M be a compact G-manifold, and a € (2(M)@We )basic
be an equivariant cocycle,

(dy + dw)a = 0.

Then, one can define an integral of o over M,
/ Q€ (WG)basic~
M

The elements of the space (Wg)basic are annihilated by contractions, and,
hence, belong to £'(G) ® 1. By G-invariance, these distributions should be
conjugation-invariant, (Wg)basic =~ £(G)%. A conjugation-invariant distribu-
tion is completely characterized by its pairings with characters of irreducible

representations of G,
Q) = </ «, X)\>
M

It is easy to show that the numbers a), do not depend on the representative
in the cohomology class.

The localization formula [AMW?2] gives expressions for ay in terms of the
fixed points of the action of Th4, (note the shift by p ). As usual, we assume
that all these fixed points are isolated. Then, one obtains,

o (%)m a3 {30 42) ) -

D D
Vi ... Vm

Here the dimension of M is 2m, the dimension of the representation V) is
dim Vy, ¢(r) is defined as rqptqty, and v¥ are the indices of the circle action
of Ty, at the point p.

Formula (29) simplifies if M is a Hamiltonian space with group valued
moment map, and the cocycle is the equivariant Liouville form on M. In this
case the localization formula reads [AMW2],
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Ly = (T)mdimw ZW. (30)

Note that if p is a fixed point for some T, the value of the moment map
H(p) belongs to the maximal torus 7. The spherical harmonics Ay, de-
fines a character of T" which generalizes the expression exp(i€H (p)) in the
Duistermaat-Heckman formula. (18).

Some simple application of the formula (30) can be found in [P]. In par-
ticular, certain integrals over the sphere S%, and the space SU(2) x SU(2) =
53 x §% can be computed using this technique. A more ambitious task is to
show that formula (18) gives precise meaning to the path integrals of [W2].
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An Introduction to Spin Foam Models
of BF Theory and Quantum Gravity

John C. Baez

Department of Mathematics, University of California, Riverside, California 92521,
USA

Abstract. In loop quantum gravity we now have a clear picture of the quantum
geometry of space, thanks in part to the theory of spin networks. The concept of
‘spin foam’ is intended to serve as a similar picture for the quantum geometry of
spacetime. In general, a spin network is a graph with edges labeled by represen-
tations and vertices labeled by intertwining operators. Similarly, a spin foam is a
2-dimensional complex with faces labeled by representations and edges labeled by
intertwining operators. In a ‘spin foam model’ we describe states as linear combina-
tions of spin networks and compute transition amplitudes as sums over spin foams.
This paper aims to provide a self-contained introduction to spin foam models of
quantum gravity and a simpler field theory called BF' theory.

1 Introduction

Spin networks were first introduced by Penrose as a radical, purely combina-
torial description of the geometry of spacetime. In their original form, they
are trivalent graphs with edges labelled by spins:

In developing the theory of spin networks, Penrose seems to have been mo-
tivated more by the quantum mechanics of angular momentum than by the
details of general relativity. It thus came as a delightful surprise when Rovelli
and Smolin discovered that spin networks can be used to describe states in
loop quantum gravity.

Fundamentally, loop quantum gravity is a very conservative approach
to quantum gravity. It starts with the equations of general relativity and
attempts to apply the time-honored principles of quantization to obtain a
Hilbert space of states. There are only two really new ideas in loop quantum

H. Gausterer, H. Grosse, and L. Pittner (Eds.): Proceedings 1999, LNP 543, pp. 25-93, 2000.
[ Springer-Verlag Berlin Heidelberg 2000
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gravity. The first is its insistence on a background-free approach. That is,
unlike perturbative quantum gravity, it makes no use of a fixed ‘background’
metric on spacetime. The second is that it uses a formulation of Einstein’s
equations in which parallel transport, rather than the metric, plays the main
role. It is very interesting that starting from such ideas one is naturally led
to describe states using spin networks!

However, there is a problem. While Penrose originally intended for spin
networks to describe the geometry of spacetime, they are really better for
describing the geometry of space. In fact, this is how they are used in loop
quantum gravity. Since loop quantum gravity is based on canonical quan-
tization, states in this formalism describe the geometry of space at a fixed
time. Dynamics enters the theory only in the form of a constraint called the
Hamiltonian constraint. Unfortunately this constraint is still poorly under-
stood. Thus until recently, we had almost no idea what loop quantum gravity
might say about the geometry of spacetime.

To remedy this problem, it is natural to try to supplement loop quantum
gravity with an appropriate path-integral formalism. In ordinary quantum
field theory we calculate path integrals using Feynman diagrams. Copying
this idea, in loop quantum gravity we may try to calculate path integrals using
‘spin foams’, which are a 2-dimensional analogue of Feynman diagrams. In
general, spin networks are graphs with edges labeled by group representations
and vertices labeled by intertwining operators. These reduce to Penrose’s
original spin networks when the group is SU(2) and the graph is trivalent.
Similarly, a spin foam is a 2-dimensional complex built from vertices, edges
and polygonal faces, with the faces labeled by group representations and the
edges labeled by intertwining operators. When the group is SU(2) and three
faces meet at each edge, this looks exactly like a bunch of soap suds with all
the faces of the bubbles labeled by spins — hence the name ‘spin foam’.

If we take a generic slice of a spin foam, we get a spin network. Thus we
can think of a spin foam as describing the geometry of spacetime, and a slice
of it as describing the geometry of space at a given time. Ultimately we would
like a ‘spin foam model’ of quantum gravity, in which we compute transition
amplitudes between states by summing over spin foams going from one spin
network to another:

At present this goal has been only partially attained. For this reason it seems
best to start by discussing spin foam models of a simpler theory, called BF

32
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theory. In a certain sense this the simplest possible gauge theory. It can be
defined on spacetimes of any dimension. It is ‘background-free’, meaning that
to formulate it we do not need a pre-existing metric or any other such geo-
metrical structure on spacetime. At the classical level, the theory has no
local degrees of freedom: all the interesting observables are global in nature.
This remains true upon quantization. Thus BF theory serves as a simple
starting-point for the study of background-free theories. In particular, gene-
ral relativity in 3 dimensions is a special case of BF' theory, while general
relativity in 4 dimensions can be viewed as a BF theory with extra con-
straints. Most work on spin foam models of quantum gravity seeks to exploit
this fact.

In what follows, we start by describing BF theory at the classical le-
vel. Next we canonically quantize the theory and show the space of gauge-
invariant states is spanned by spin networks. Then we use the path-integral
formalism to study the dynamics of the theory and show that the transition
amplitude from one spin network state to another is given as a sum over
spin foams. When the dimension of spacetime is above 2, this sum usually
diverges. However, in dimensions 3 and 4, we can render it finite by adding
an extra term to the Lagrangian of BF theory. In applications to gravity, this
extra term corresponds to the presence of a cosmological constant. Finally,
we discuss spin foam models of 4-dimensional quantum gravity.

At present, work on spin foam models is spread throughout a large number
of technical papers in various fields of mathematics and physics. This has the
unfortunate effect of making the subject seem more complicated and less
beautiful than it really is. As an attempt to correct this situation, I have
tried to make this paper as self-contained as possible. For the sake of smooth
exposition, I have relegated all references to the Notes, which form a kind of
annotated bibliography of the subject. The remarks at the end of each section
contain information of a more technical nature that can safely be skipped.

2 BF Theory: Classical Field Equations

To set up BF theory, we take as our gauge group any Lie group G whose
Lie algebra g is equipped with an invariant nondegenerate bilinear form (-, -).
We take as our spacetime any n-dimensional oriented smooth manifold M,
and choose a principal G-bundle P over M. The basic fields in the theory are
then:

— a connection A on P,
— an ad(P)-valued (n — 2)-form E on M.

Here ad(P) is the vector bundle associated to P via the adjoint action of G
on its Lie algebra. The curvature of A is an ad(P)-valued 2-form F on M. If
we pick a local trivialization we can think of A as a g-valued 1-form on M,
F as a g-valued 2-form, and E as a g-valued (n — 2)-form.
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The Lagrangian for BF' theory is:
L=tr(EAF).

Here tr(E A F) is the n-form constructed by taking the wedge product of
the differential form parts of E' and F' and using the bilinear form (-,-) to
pair their g-valued parts. The notation ‘tr’ refers to the fact that when G
is semisimple we can take this bilinear form to be the Killing form (z,y) =
tr(zy), where the trace is taken in the adjoint representation.

We obtain the field equations by setting the variation of the action to

Zero:
0= (5/ L
M

:/ tr(6E A F + E ASF)

M

:/ tr(6E A F + E AdabA)
M

= / tr(0E A F + (=1)""'daE A SA)
M

where d 4 stands for the exterior covariant derivative. Here in the second step
we used the identity 6 F = d 40 A, while in the final step we did an integration
by parts. We see that the variation of the action vanishes for all §E and 6 A
if and only if the following field equations hold:

F=0, dsFE=0.

These equations are rather dull. But this is exactly what we want, since it
suggests that BF theory is a topological field theory! In fact, all solutions of
these equations look the same locally, so BF theory describes a world with no
local degrees of freedom. To see this, first note that the equation F' = 0 says
the connection A is flat. Indeed, all flat connections are locally the same up to
gauge transformations. The equation d4 F = 0 is a bit subtler. It is not true
that all solutions of this are locally the same up to a gauge transformation in
the usual sense. However, BF theory has another sort of symmetry. Suppose
we define a transformation of the A and F fields by

A= A, E— E+dan

for some ad(P)-valued (n — 3)-form 7. This transformation leaves the action
unchanged:

/tr((E—i—dAn)/\F):/ tr(EAF +danAF)
M M

= / tr(EAF 4 (=1)"n AdaF)
M

= /M tr(EAF)
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where we used integration by parts and the Bianchi identity d4 F' = 0. In the
next section we shall see that this transformation is a ‘gauge symmetry’ of
BF theory, in the more general sense of the term, meaning that two solutions
differing by this transformation should be counted as physically equivalent.
Moreover, when A is flat, any F field with d4 £ = 0 can be written locally as
d am for some 7; this is an easy consequence of the fact that locally all closed
forms are exact. Thus locally, all solutions of the BF' theory field equations
are equal modulo gauge transformations and transformations of the above
sort.

Why is general relativity in 3 dimensions a special case of BF' theory?
To see this, take n = 3, let G = SO(2,1), and let (-,-) be minus the Killing
form. Suppose first that E: TM — ad(P) is one-to-one. Then we can use it
to define a Lorentzian metric on M as follows:

g(v,w) = (Ev, Ew)
for any tangent vectors v,w € T,M. We can also use E to pull back the
connection A to a metric-preserving connection I" on the tangent bundle of
M. The equation d4 F = 0 then says precisely that I" is torsion-free, so that
I' is the Levi-Civita connection on M. Similarly, the equation F' = 0 implies
that I" is flat. Thus the metric g is flat.

In 3 dimensional spacetime, the vacuum Einstein equations simply say
that the metric is flat. Of course, many different A and E fields correspond
to the same metric, but they all differ by gauge transformations. So in 3
dimensions, BF theory with gauge group SO(2,1) is really just an alternate
formulation of Lorentzian general relativity without matter fields — at least
when FE is one-to-one. When F is not one-to-one, the metric g defined above
will be degenerate, but the field equations of BF' theory still make perfect
sense. Thus 3d BF theory with gauge group SO(2, 1) may be thought of as an
extension of the vacuum Einstein equations to the case of degenerate metrics.

If instead we take G = SO(3), all these remarks still hold except that
the metric g is Riemannian rather than Lorentzian when E is one-to-one.
We call this theory ‘Riemannian general relativity’. We study this theory
extensively in what follows, because it is easier to quantize than 3-dimensional
Lorentzian general relativity. However, it is really just a warmup exercise for
the Lorentzian case — which in turn is a warmup for 4-dimensional Lorentzian
quantum gravity.

We conclude with a word about double covers. We can also express ge-
neral relativity in 3 dimensions as a BF' theory by taking the double cover
Spin(2,1) = SL(2,R) or Spin(3) = SU(2) as gauge group and letting P be
the spin bundle. This does not affect the classical theory. As we shall see,
it does affect the quantum theory. Nonetheless, it is very popular to take
these groups as gauge groups in 3-dimensional quantum gravity. The que-
stion whether it is ‘correct’ to use these double covers as gauge groups seems
to have no answer — until we couple quantum gravity to spinors, at which
point the double cover is necessary.

Remarks 1. In these calculations we have been ignoring the boundary terms
that arise when we integrate by parts on a manifold with boundary. They are
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valid if either M is compact or if M is compact with boundary and boundary
conditions are imposed that make the boundary terms vanish. BF theory on
manifolds with boundary is interesting both for its applications to black hole
physics — where the event horizon may be treated as a boundary — and as
an example of an ‘extended topological field theory’.

3 Classical Phase Space

To determine the classical phase space of BF' theory we assume spacetime

has the form
M=RxS

where the real line R represents time and S is an oriented smooth (n — 1)-
dimensional manifold representing space. This is no real loss of generality,
since any oriented hypersurface in any oriented n-dimensional manifold has
a neighborhood of this form. We can thus use the results of canonical quan-
tization to study the dynamics of BF' theory on quite general spacetimes.

If we work in temporal gauge, where the time component of the connection
A vanishes, we see the momentum canonically conjugate to A is

9 _ g,

0A
This is reminiscent of the situation in electromagnetism, where the electric
field is canonically conjugate to the vector potential. This is why we use the
notation ‘E’. Originally people used the notation ‘B’ for this field, hence
the term ‘BF theory’, which has subsequently become ingrained. But to
understand the physical meaning of the theory, it is better to call this field
‘E’ and think of it as analogous to the electric field. Of course, the analogy
is best when G = U(1).

Let P|s be the restriction of the bundle P to the ‘time-zero’ slice {0} x S,
which we identify with S. Before we take into account the constraints imposed
by the field equations, the configuration space of BF' theory is the space A
of connections on P|g. The corresponding classical phase space, which we
call the ‘kinematical phase space’, is the cotangent bundle T*A. A point in
this phase space consists of a connection A on P|g and an ad(P|g)-valued
(n — 2)-form E on S. The symplectic structure on this phase space is given
by

W((5A,0E), (A, 6E')) = / tx(0A A GE' — 5A' A GE).
s
This reflects the fact that A and F are canonically conjugate variables. Ho-
wever, the field equations of BF' theory put constraints on the initial data A
and F:
B =0, daE =0

where B is the curvature of the connection A € A, analogous to the magnetic
field in electromagnetism. To deal with these constraints, we should apply
symplectic reduction to T*A to obtain the physical phase space.
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The constraint d4 F = 0, called the Gauss law, is analogous to the equa-
tion in vacuum electromagnetism saying that the divergence of the electric
field vanishes. This constraint generates the action of gauge transformations
on T*A. Doing symplectic reduction with respect to this constraint, we thus
obtain the ‘gauge-invariant phase space’ T*(A/G), where G is the group of
gauge transformations of the bundle P|g.

The constraint B = 0 is analogous to an equation requiring the magnetic
field to vanish. Of course, no such equation exists in electromagnetism; this
constraint is special to BF theory. It generates transformations of the form

A A, Ews E+dan,

so these transformations, discussed in the previous section, really are gauge
symmetries as claimed. Doing symplectic reduction with respect to this con-
straint, we obtain the ‘physical phase space’ T*(A/G), where Ay is the space
of flat connections on P|g. Points in this phase space correspond to physical
states of classical BF theory.

Remarks 1. The space A is an infinite-dimensional vector space, and if
we give it an appropriate topology, an open dense set of A4/G becomes an
infinite-dimensional smooth manifold. The simplest way to precisely define
T*(A/G) is as the cotangent bundle of this open dense set. The remaining
points correspond to connections with more symmetry than the rest under
gauge transformations. These are called ‘reducible’ connections. A more ca-
reful definition of the physical phase space would have to take these points
into account.

2. The space A /G is called the ‘moduli space of flat connections on P|g’. We
can understand it better as follows. Since the holonomy of a flat connection
around a loop does not change when we apply a homotopy to the loop,
a connection A € Ay determines a homomorphism from the fundamental
group 71(S) to G after we trivialize P at the basepoint p € S that we use to
define the fundamental group. If we apply a gauge transformation to A, this
homomorphism is conjugated by the value of this gauge transformation at p.
This gives us a map from Ay/G to hom(w(S), G)/G, where hom(m(S5),G)
is the space of homomorphisms from 71 (S) to G, and G acts on this space
by conjugation. When S is connected this map is one-to-one, so we have

Ao /G € hom(m(S),G)/G.

The space hom(m(S), G)/G is called the ‘moduli space of flat G-bundles over
S’. When 71 (S) is finitely generated (e.g. when S is compact) this space is a
real algebraic variety, and Ay /G is a subvariety. Usually 4y/G has singulari-
ties, but each component has an open dense set that is a smooth manifold.
When we speak of T*(Ay/G) above, we really mean the cotangent bundle of
this open dense set, though again a more careful treatment would deal with
the singularities.
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We can describe Ay /G much more explicitly in particular cases. For exam-
ple, suppose that S is a compact oriented surface of genus n. Then the group
71(S) has a presentation with 2n generators x1,y1, ..., Zn, Y, satisfying the
relation

Riwi,yi) = (zayney 'y ) - (@nynay gy ) = 1.
A point in hom(7(S), G) may thus be identified with a collection g1, hy, ...,
Gn, by of elements of G satisfying

R(gi, h;) =1,

and a point in hom(m(S), G)/G is an equivalence class [g;, h;] of such collec-
tions.

The cases G = SU(2) and G = SO(3) are particularly interesting for
their applications to 3-dimensional Riemannian general relativity. When G =
SU(2), all G-bundles over a compact oriented surface S are isomorphic, and
Ao/G = hom(m1(S),G)/G. When G = SO(3), there are two isomorphism
classes of G-bundles over S, distinguished by their second Stiefel-Whitney
number we € Zo. For each of these bundles, the points [g;, h;] that lie in
Ao/G can be described as follows. Choose representatives g;, h; € SO(3) and
choose elements g;, h; that map down to these representatives via the double
cover SU(2) — SO(3). Then [g;, h;] lies in A /G if and only if

(=1)"* = R(gi, hi).
For 3-dimensional Riemannian general relativity with gauge group SO(3), the
relevant bundle is the frame bundle of S, which has ws = 0. For both SU(2)

and SO(3), the space Ay/G has dimension 6n — 6 for n > 2. For the torus
Ao/G has dimension 2, and for the sphere it is a single point.

4 Canonical Quantization

In the previous section we described the kinematical, gauge-invariant and
physical phase spaces for BF' theory. All of these are cotangent bundles.
Naively, quantizing any one of them should give the Hilbert space of square-
integrable functions on the corresponding configuration space. We can sum-
marize this hope with the following diagram:

T*(A) quantize . LQ(A)

constrain constrain

T*(.A/g) quantize . LQ(A/g)

constrain constrain

T* (Ao/g) quantize _ LQ(AO/g)
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Traditionally it had been difficult to realize this hope with any degree of
rigor because the spaces A and A/G are typically infinite-dimensional, ma-
king it difficult to define L?(A) and L?(A/G). The great achievement of
loop quantum gravity is that it gives rigorous and background-free, hence
diffeomorphism-invariant, definitions of these Hilbert spaces. It does so by
breaking away from the traditional Fock space formalism and taking holo-
nomies along paths as the basic variables to be quantized. The result is a
picture in which the basic excitations are not O-dimensional particles but
1-dimensional ‘spin network edges’. As we shall see, this eventually leads
us to a picture in which 1-dimensional Feynman diagrams are replaced by
2-dimensional ‘spin foams’.

In what follows we shall assume that the gauge group G is compact and
connected and the manifold S representing space is real-analytic. The case
where S merely smooth is considerably more complicated, but people know
how to handle it. The case where G is not connected would only require
some slight modifications in our formalism. However, nobody really knows
how to handle the case where G is noncompact! This is why, when we apply
our results to quantum gravity, we consider the quantization of the vacuum
Einstein equations for Riemannian rather than Lorentzian metrics: SO(n) is
compact but SO(n, 1) is not. The Lorentzian case is just beginning to receive
the serious study that it deserves.

To define L?(A), we start with the algebra Fun(A) consisting of all func-
tions on A of the form

W(A) = f(Teln?,. . Teln?).

Here ~; is a real-analytic path in S, Telvi# is the holonomy of A along this
path, and f is a continuous complex-valued function of finitely many such
holonomies. Then we define an inner product on Fun(A) and complete it to
obtain the Hilbert space L?(.A). To define this inner product, we need to
think about graphs embedded in space:

Definition 1. A finite collection of real-analytic paths v;:[0,1] — S form a
graph in S if they are embedded and intersect, it at all, only at their endpoints.
We then call them edges and call their endpoints vertices. Given a vertex v,
we say an edge y; is outgoing from v if v;(0) = v, and we say y; is incoming
to v if v(1) =w.

Suppose we fix a collection of paths v1,...,7, that form a graph in S.
We can think of the holonomies along these paths as elements of G. Using
this idea one can show that the functions of the form

W(A) = f(Tern?,. . Teln?)

for these particular paths 7; form a subalgebra of Fun(.A) that is isomorphic
to the algebra of all continuous complex-valued functions on G™. Given two
functions in this subalgebra, we can thus define their inner product by

<w,¢>:/n@¢



34 John C. Baez

where the integral is done using normalized Haar measure on G™. Moreover,
given any functions ¥, ® € Fun(A) there is always some subalgebra of this
form that contains them. Thus we can always define their inner product this
way. Of course we have to check that this definition is independent of the
choices involved, but this is not too hard. Completing the space Fun(A) in
the norm associated to this inner product, we obtain the ‘kinematical Hilbert
space’ L2(A).

Similarly, we may define Fun(A/G) to be the space consisting of all func-
tions in Fun(.A) that are invariant under gauge transformations, and complete
it in the above norm to obtain the ‘gauge-invariant Hilbert space’ L?(A/G).
This space can be described in a very concrete way: it is spanned by ‘spin
network states’.

Definition 2. A spin network in S is a triple ¥ = (v, p,t) consisting of:

1. a graph v in S,
2. for each edge e of v, an irreducible representation p. of G,
3. for each vertex v of v, an intertwining operator

lyiPey @+ D Pe, = Pei @ Per

n

where e, ..., e, are the edges incoming to v and €, ...el. are the edges

m
outgoing from v.

In what follows we call an intertwining operator an intertwiner.

There is an easy way to get a function in Fun(.A/G) from a spin network
in S. To explain how it works, it is easiest to give an example. Suppose we
have a spin network ¥ in S with three edges e1, e2, e3 and two vertices vy, vo
as follows:

@
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We draw arrows on the edges to indicate their orientation, and write little
letters near the beginning and end of each edge. Then for any connection
A € A we define

W(A) = pey (Teler M) pey (Tede2™)5 pey (Tels )% (10, ace (10)"¥

In other words, we take the holonomy along each edge of ¥, think of it as a
group element, and put it into the representation labeling that edge. Picking
a basis for this representation we think of the result as a matrix with one
superscript and one subscript. We use the little letter near the beginning of
the edge for the superscript and the little letter near the end of the edge for
the subscript. In addition, we write the intertwining operator for each vertex
as a tensor. This tensor has one superscript for each edge incoming to the
vertex and one subscript for each edge outgoing from the vertex. Note that
this recipe ensures that each letter appears once as a superscript and once
as a subscript! Finally, using the Einstein summation convention we sum
over all repeated indices and get a number, which of course depends on the
connection A. This is (A).

Since ¥: A — C is a continuous function of finitely many holonomies, it
lies in Fun(A). Using the fact that the ¢, are intertwiners, one can show that
this function is gauge-invariant. We thus have ¥ € Fun(A4/G). We call ¥ a
‘spin network state’. The only hard part is to prove that spin network states
span L?(A/G). We give some references to the proof in the Notes.

The constraint F' = 0 is a bit more troublesome. If we impose this con-
straint at the classical level, symplectic reduction takes us from T*(A/G) to
the physical phase space T*(Ag/G). Heuristically, quantizing this should give
the ‘physical Hilbert space’ L?(Ag/G). However, for this to make sense, we
need to choose a measure on Ag/G. This turns out to be problematic.

The space Ag/G is called the ‘moduli space of flat connections’. As ex-
plained in Remark 3 below, it has a natural measure when S is compact and
of dimension 2 or less. It also has a natural measure when S is simply connec-
ted, since then it is a single point, and we can use the Dirac delta measure at
that point. In these cases the physical Hilbert space is well-defined. In most
other cases, there seems to be no natural measure on the moduli space of flat
connections, so we cannot unambiguously define the physical Hilbert space.

If we are willing to settle for a mere vector space instead of a Hilbert space,
there is something that works quite generally. Every function in Fun(A/G)
restricts to a gauge-invariant function on the space of flat connections, or in
other words, a function on Ay/G. We denote the space of such functions by
Fun(Ap/G). In the cases listed above where there is a natural measure on
Ao /G, the space Fun(Ag/G) is dense in L?(A/G). In what follows, we abuse
language by calling elements of Fun(Ay/G) ‘physical states’ even when there
is no best measure on Ay/G. Of course, a space of physical states without an
inner product is of limited use. Nonetheless the mathematics turns out to be
very important for other things, so we proceed to study this space anyway.

We can understand Fun(Ay/G) quite explicitly using the fact that every
spin network in S gives a function in this space. In fact, if we give Fun(Ay/G)
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a reasonable topology, like the sup norm topology, finite linear combinati-
ons of spin network states are dense in this space. Moreover, one can work
out quite explicitly when two linear combinations of spin networks define
the same physical state. For example, two spin networks in S differing by
a homotopy define the same physical state, because the holonomy of a flat
connection along a path does not change when we apply a homotopy to the
path. There are also other relations, called ‘skein relations’, coming from the
representation theory of the group G.

For example, suppose p is any irreducible representation of the group G.
Then the following skein relation holds:

1 = dim@

Here the left-hand side is a spin network with one edge e labeled by the
representation p and one vertex labeled by the identity intertwiner. The edge
is a contractible loop in S. The corresponding spin network state ¥ is given
by

W(A) = tr(p(Tete A)).

The skein relation above means that ¥(A) = dim(p) when A is flat. The
reason is that the holonomy of a flat connection around a contractible loop is
the identity, so its trace in the representation p is dim(p). As a consequence,
whenever a spin network has a piece that looks like the above picture, if
we eliminate that piece and multiply the remaining spin network state by
dim(p), we obtain the same physical state.

People usually do not bother to draw vertices that are labeled by identity
intertwiners. From now on we shall follow this custom. Thus instead of the
above skein relation, we write:

p

= dim@
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Moving on to something a bit more complicated, let us consider spin
networks with trivalent vertices. Given any pair of irreducible representations
p1, p2 of G, their tensor product can be written as a direct sum of irreducible
representations. Picking one of these and calling it ps3, the projection from
p1 ® p2 to ps is an intertwiner that we can use to label a trivalent vertex.
However, it is convenient to multiply this projection by a constant so as to
obtain an intertwiner ¢: p; ® p2 — p3 with tr(ee*) = 1. We then have the skein
relation

P
whenever this graph sits in S in a contractible way. Again, this skein relation
means that the spin network on the left side of the equation defines a function
¥ € Fun(A/G) that equals 1 on all flat connections. Whenever a spin network
in S has a piece that looks like this, we can eliminate that piece without
changing the physical state it defines.

Of course, if the irreducible representation ps appears more than once
in the direct sum decomposition of p; ® ps there will be more than one
intertwiner of the above form. We can always pick a basis of such intertwiners
such that ¢1¢t5 = 0 for any two distinct intertwiners ¢q, 2 in the basis. We
then have the following skein relation:
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A
)

l 15 =0
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Let us pick such a basis of intertwiners for each triple of irreducible re-
presentations of G. To get enough states to span Fun(Ay/G), it suffices to
use these special intertwiners — appropriately dualized when necessary — to
label trivalent vertices. What about vertices of higher valence? We can break
any 4-valent vertex into two trivalent ones using the following sort of skein
relation:

Here the sum is over irreducibles ps and intertwiners ¢1, to in the chosen bases.
The coefficient depend on the details of the intertwiners in question. Both
sides of this relation are to be interpreted as part of a larger spin network.
The rest of the spin network, not shown in the figure, is arbitrary but the
same for both sides. Similar skein relations hold for vertices of valence 5 or
more. Using these skein relations and the tricks discussed in Remark 2 below,
we can write any physical state as a linear combination of states coming from
trivalent spin networks.

Philosophically, skein relations are intriguing because they can be inter-
preted in two different ways: either as facts about BF' theory, or as facts
about group representation theory. In the first interpretation, which we have
emphasized here, the spin network edges represent actual curves embedded in
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space. In the second interpretation, they are merely an abstract notation for
representations of G. The fact that both interpretations are possible shows
that in some sense BF theory is nothing but a clever way to encode the
representation theory of G in a quantum field theory. Ultimately, this is the
real reason why BF theory is so interesting.

Remarks 1. The reason for assuming S is real-analytic is that given a finite
collection of real-analytic paths ~; in S, there is always some graph in S
such that each path 7; is a product of finitely many edges of this graph.
This is not true in the smooth context: for example, two smoothly embedded
paths can intersect in a Cantor set. One can generalize the construction of
L?*(A) and L?(A/G) to the smooth context, but one needs a generalization of
graphs known as ‘webs’. The smooth and real-analytic categories are related
as nicely as one could hope: a paracompact smooth manifold of any dimension
admits a real-analytic structure, and this structure is unique up to a smooth
diffeomorphism.

2. There are various ways to modify a spin network in S without changing
the state it defines:

— We can reparametrize an edge by any orientation-preserving diffeomor-
phism of the unit interval.

— We can reverse the orientation of an edge while simultaneously repla-
cing the representation labeling that edge by its dual and appropriately
dualizing the intertwiners labeling the endpoints of that edge.

— We can subdivide an edge into two edges labeled with the same repre-
sentation by inserting a vertex labeled with the identity intertwiner.

— We can eliminate an edge labeled by the trivial representation.

In fact, two spin networks in S define the same state in L?(A/G) if and only
if they differ by a sequence of these moves and their inverses. It is usually
best to treat two such spin networks as ‘the same’.

3. When S is a circle, Ag/G is just the space of conjugacy classes of G. The
normalized Haar measure on G can be pushed down to this space. We can
easily extend this idea to put a measure on 4y/G whenever S is a compact
and 1-dimensional. When S is compact and 2-dimensional the space Ay /G is
an algebraic variety described as in Remark 2 of the previous section. There
is a natural symplectic structure on the smooth part of this variety, given by

w([6A],[6A]) = / tr(ANGA)
s
where 0 A, §’' A are tangent vectors to Ap, i.e., ad(P)-valued 1-forms. Raising
w to a suitable power we obtain a volume form, and thus a measure, on 4, /G.
4. The theory of Reidemeister torsion helps to explain why there is typically
a natural measure on the moduli space of flat connections only in dimensions
2 or less. The Reidemeister torsion is a natural section of a certain bundle on
the moduli space of flat connections. In dimensions 2 or less we can think of
this section as a volume form, but in most other cases we cannot.
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5 Observables

The true physical observables in BF' theory are self-adjoint operators on the
physical Hilbert space, when this space is well-defined. Nonetheless it is inte-
resting to consider operators on the gauge-invariant Hilbert space L%(A/G).
These are relevant not only to BF' theory but also other gauge theories, such
as 4-dimensional Lorentzian general relativity in terms of real Ashtekar va-
riables, where the gauge group is SU(2). In what follows we shall use the term
‘observables’ to refer to operators on the gauge-invariant Hilbert space. We
consider observables of two kinds: functions of A and functions of E.

Since A is analogous to the ‘position’ operator in elementary quantum me-
chanics while E is analogous to the ‘momentum’, we expect that functions
of A act as multiplication operators while functions of E act by differen-
tiation. As usual in quantum field theory, we need to smear these fields —
i.e., integrate them over some region of space — to obtain operators instead
of operator-valued distributions. Since A is like a 1-form, it is tempting to
smear it by integrating it over a path. Similarly, since E is like an (n — 2)-
form, it is tempting to integrate it over an (n — 2)-dimensional submanifold.
This is essentially what we shall do. However, to obtain operators on the
gauge-invariant Hilbert space L?(A/G), we need to quantize gauge-invariant
functions of A and E.

The simplest gauge-invariant function of the A field is a “Wilson loop’: a
function of the form

tr(p(Teh ™))

for some loop v in S and some representation p of G. In the simplest case,
when G = U(1) and the loop v bounds a disk, we can use Stokes’ theorem to
rewrite ﬁ/ A as the flux of the magnetic field through this disk. In general,
a Wilson loop captures gauge-invariant information about the holonomy of
the A field around the loop.

A Wilson loop is just a special case of a spin network, and we can get an
operator on L?(A/G) from any other spin network in a similar way. As we have
seen, any spin network in S defines a function ¥ € Fun(.A/G). Since Fun(A4/G)
is an algebra, multiplication by ¥ defines an operator on Fun(.A/G). Since ¥ is
a bounded function, this operator extends to a bounded operator on L?(A/G).
We call this operator a ‘spin network observable’. Note that since Fun(.A/G)
is an algebra, any product of Wilson loop observables can be written as
a finite linear combination of spin network observables. Thus spin network
observables give a way to measure correlations among the holonomies of A
around a collection of loops.

When G = U(1) it is also easy to construct gauge-invariant functions of
E. We simply take any compact oriented (n — 2)-dimensional submanifold X
in S, possibly with boundary, and do the integral

/ZE.
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This measures the flux of the electric field through Y. Unfortunately, this
integral is not gauge-invariant when G is nonabelian, so we need to modify
the construction slightly to handle the nonabelian case. Write

EBly =ed" 2z

for some g-valued function e on X and some (n — 2)-form d" 2z on X that
is compatible with the orientation of X'. Then

[ Ve

is a gauge-invariant function of E. One can check that it does not depend on
how we write E as ed™ ?z. We can think of it as a precise way to define the

quantity
JAL
)

Recall that 3-dimensional BF theory with gauge group SU(2) or SO(3) is
a formulation of Riemannian general relativity in 3 dimensions. In this case
Y is a curve, and the above quantity has a simple interpretation: it is the
length of this curve. Similarly, in 4-dimensional BF' theory with either of these
gauge groups, X is a surface, and the above quantity can be interpreted as
the area of this surface. The same is true for 4-dimensional Lorentzian general
relativity formulated in terms of the real Ashtekar variables.

Quantizing the above function of E we obtain a self-adjoint operator £(X)
on L?(A/G), at least when X is real-analytically embedded in S. We shall not
present the quantization procedure here, but only the final result. Suppose ¥
is a spin network in S. Generically, ¥ will intersect X' transversely at finitely
many points, and these points will not be vertices of ¥:




42 John C. Baez

In this case we have

EEW = (3 Clp) )

Here the sum is taken over all points p; where an edge intersects the surface
Y, and C(p;) denotes the Casimir of the representation labeling that edge.
Note that the same edge may intersect X' in several points; if so, we count
each point separately.

This result clarifies the physical significance of spin network edges: they
represent quantized fluz lines of the E field. In the case of 3-dimensional
Riemannian quantum gravity they have a particularly simple geometrical
meaning. Here the observable £(X) measures the length of the curve X. The
irreducible representations of SU(2) correspond to spins j = 0, %, 1..., and
the Casimir equals j(j+ 1) in the spin-j representation. Thus a spin network
edge labeled by the spin j contributes a length /j(j + 1) to any curve it
crosses transversely.

As an immediate consequence, we see that the length of a curve is not a
continuously variable quantity in 3d Riemannian quantum gravity. Instead,
it has a discrete spectrum of possible values! We also see here the difference
between using SU(2) and SO(3) as our gauge group: only integer spins cor-
respond to irreducible representations of SO(3), so the spectrum of allowed
lengths for curves is sparser if we use SO(3). Of course, in a careful treat-
ment we should also consider spin networks intersecting 3 nongenerically. As
explained in Remark 1 below, these give the operator £(X) additional eigen-
values. However, our basic qualitative conclusions here remain unchanged.

Similar remarks apply to 4-dimensional BF' theory with gauge group
SU(2), as well as quantum gravity in the real Ashtekar formulation. Here
E(X) measures the area of the surface X, area is quantized, and spin network
edges give area to the surfaces they intersect! This is particularly intriguing
given the Bekenstein-Hawking formula saying that the entropy of a black
hole is proportional to its area. It it natural to try to explain this result
by associating degrees of freedom of the event horizon to points where spin
network edges intersect it. Attempts along these lines have been made, and
the results look promising. Unfortunately, it is too much of a digression to
describe these here, so we refer the reader to the Notes for more details.

Remarks 1. The formula for £(X)¥ is slightly more complicated when the
underlying graph v of ¥ intersects X nongenerically. By subdividing its edges
if necessary we may assume this graph has the following properties:

— If an edge of « contains a segment lying in X, it lies entirely in X.
— Each isolated intersection point of v and X' is a vertex.
— Each edge of ~ intersects X' at most once.

For each vertex v of v lying in X, we can divide the edges incident to v into
three classes, which we call ‘upwards’, ‘downwards’, and ‘horizontal’. The
‘horizontal’ edges are those lying in Y'; the other edges are separated into
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two classes according to which side of X' they lie on; using the orientation of
X7 we call these classes ‘upwards’ and ‘downwards’. Reversing orientations of
edges if necessary, we may assume all the upwards and downwards edges are
incoming to v while the horizontal ones are outgoing. We can then write any
intertwiner labeling v as a linear combination of intertwiners of the following
special form:

Lo Pl © P — pls

where p? (resp. p¢, pl) is an irreducible summand of the tensor product of
all the representations labeling upwards (resp. downwards, horizontal) edges.
This lets us write any spin network state with ~ as its underlying graph as
a finite linear combination of spin network states with intertwiners of his
special form. Now suppose ¥ is a spin network state with intertwiners of this
form. Then we have

£(EW = 3 (S20() +20(p) — 20

v

where the sum is over all vertices at which ' intersects . In the generic case
C(p*) = C(pd) and C(pl) = 0, so this formula reduces to the previous one.

2. When G = U(1) we can also quantize the observable [, E when X is real-
analytically embedded in S, obtaining an operator that measures the flux
of the electric field through X. For any irreducible representation p of U(1)
there is an integer Q(p) such that

p(ew) _ eiQ(p)O’

and using the notation of the previous remark this operator is given by
A 1
E)W == Y — Qpd))w.
(/Z ) Q(XU:Q(,%) Q)

3. As noted, the true physical observables in BF' theory are self-adjoint opera-
tors on the physical Hilbert space L?(Ag/G). Examples include spin network
observables: any spin network ¥ in S defines a bounded function on Ay/G,
and multiplication by this function defines a bounded operator on the physi-
cal Hilbert space. Unlike the spin network observables on the gauge-invariant
Hilbert space, these operators remain unchanged when we apply any homo-
topy to the underlying graph of the spin network, and they satisfy skein
relations.

In the case of 3d BF theory with gauge group SU(2) or SO(3), a maximal
commuting algebra of operators on L?(Ay/G) is generated by Wilson loops
corresponding to any set of generators of the fundamental group 1 (S). For
example, we can use the generators described in Remark 2 of Section 3. It
suffices to use Wilson loops labeled by the fundamental representation of the
gauge group.
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6 Canonical Quantization via Triangulations

Starting from classical BF' theory, canonical quantization has led us to a pic-
ture in which states are described using spin networks embedded in the mani-
fold representing space. But our discussion of skein relations has shown that
spin networks may also be regarded as abstract diagrams arising naturally
from the representation theory of the gauge group G. This is very appealing
to those who cherish the hope that someday quantum gravity will replace the
differential-geometric conception of spacetime by something more algebraic
or combinatorial in nature. If something like this is true, spin networks may
ultimately be seen as more important than the manifold containing them! To
study this possibility, we may isolate the following ‘abstract’ notion of spin
network:

Definition 3. A spin network is a triple W = (v, p,t) consisting of:

1. agraph ~y:i.e., a finite set e of edges, a finite set V of vertices, and source
and target maps s,t:e — V assigning to each edge its two endpoints,

2. for each edge e of v, an irreducible representation p. of G,

3. for each vertex v of 7y, an intertwiner

Lv:pel®"'®pen—>pe'1®"'®pe;n

where ey, ..., e, are the edges incoming to v and e, ... e,

T, are the edges
outgoing from v.

Here we say an edge is incoming to v if its target is v, and outgoing from v
if its source is v.

People have already begun formulating physical theories in which such
abstract spin networks, not embedded in any manifold, describe the geometry
of space. However it is still a bit difficult to relate such theories to more
traditional physics. Thus it is useful to consider a kind of halfway house:
namely, spin networks in the dual 1-skeleton of a triangulated manifold. While
purely combinatorial, these objects still have a clear link to field theory as
formulated on a pre-existing manifold.

In this case of BF theory this halfway house works as follows. As before,
let us start with an (n— 1)-dimensional real-analytic manifold S representing
space. Given any triangulation of S we can choose a graph in S called the
‘dual 1-skeleton’, having one vertex at the center of each (n — 1)-simplex
and one edge intersecting each (n — 2)-simplex. Using homotopies and skein
relations, we can express any state in Fun(A4,/G) as a linear combination
of states coming from spin networks whose underlying graph is this dual 1-
skeleton. So at least for BF' theory, there is no loss in working with spin
networks of this special form.

It turns out that the working with a triangulation this way sheds new light
on the observables discussed in the previous section. Moreover, the dynamics
of BF theory is easiest to describe using triangulations. Thus it pays to
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formalize the setup a bit more. To do so, we borrow some ideas from lattice
gauge theory.

Given a graph 7, define a ‘connection’ on v to be an assignment of an
element of G to each edge of v, and denote the space of such connections by
A, . As in lattice gauge theory, these group elements represent the holonomies
along the edges of the graph. Similarly, define a ‘gauge transformation’ on ~y
to be an assignment of a group element to each vertex, and denote the group
of gauge transformations by G,. This group acts on A, in a natural way that
mimics the usual action of gauge transformations on holonomies. Since A,
is just a product of copies of GG, we can use normalized Haar measure on G
to put a measure on A,, and this in turn pushes down to a measure on the
quotient space A, /G, . Using these we can define Hilbert spaces L*(A,) and
L2(A,/G,).

In Section 4 we saw how to extract a gauge-invariant function on the space
of connections from any spin network embedded in space. The same trick
works in the present context: any spin network ¥ with v as its underlying
graph defines a function ¥ € L?*(A,/G,). For example, if ¥ is this spin
network:

and the connection A assigns the group elements g1, g2, g3 to the three edges
of ¥, we have

U(A) = pe, (gl)g Pes(92)d Pes (93)§f (Lv1)£c (tvs) ap-

We again call such functions ‘spin network states’. Not only do these span
L?(A,/G,), it is easy to choose an orthonormal basis of spin network sta-
tes. Let Irrep(G) be a complete set of irreducible unitary representations
of G. To obtain spin networks ¥ = (v, p,¢) giving an orthonormal basis of
L?*(A,/G,), let p range over all labelings of the edges of v by representations
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in Irrep(G), and for each p and each vertex v, let the intertwiners ¢, range
over an orthonormal basis of the space of intertwiners

LiPey @+ @ Pe, = Pey @+ D Per

where the e; are incoming to v and the e} are outgoing from v.

How do these purely combinatorial constructions relate to our previous
setup where space is described by a real-analytic manifold S equipped with
a principal G-bundle? Quite simply: whenever v is a graph in S, trivializing
the bundle at the vertices of this graph gives a map from A onto A, and
also a homomorphism from G onto G,. Thus we have inclusions

L2(A,) = L3(A)
and
LZ('A’Y/g’Y) — L*(A/G).

These constructions are particularly nice when + is the dual 1-skeleton of
a triangulation of S. Consider 3-dimensional Riemannian quantum gravity,
for example. In this case 7 is always trivalent:

Since the representations of SU(2) satisfy
J1®J2 = i1 —jo| & @ (J1 + J2),

each basis of intertwiners ¢: j; ® jo — j3 contains at most one element. Thus
we do not need to explicitly label the vertices of trivalent SU(2) spin networks
with intertwiners; we only need to label the edges with spins. We can dually
think of these spins as labeling the edges of the original triangulation. For
example, the following spin network state:
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728

By the results of the previous section, these spins specify the lengths of the
edges, with spin j corresponding to length 1/j(j + 1). Note that for there to
be an intertwiner ¢: j; ® jo — js, the spins ji, ja, j3 labeling the three edges
of a given triangle must satisfy two constraints. First, the triangle inequality
must hold:
1 = J2| < J3 < ji+jo.

This has an obvious geometrical interpretation. Second, the spins must sum
to an integer. This rather peculiar constraint would hold automatically if we
had used the gauge group SO(3) instead of SU(2). If we consider all labelings
satisfying these constraints, we obtain spin network states forming a basis of

L2(A, /G,).
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The situation is similar but a bit more complicated for 4-dimensional
BF theory with gauge group SU(2). Let S be a triangulated 3-dimensional
manifold and let v be its dual 1-skeleton. Now ~ is a 4-valent graph with
one vertex in the center of each tetrahedron and one edge intersecting each
triangle. To specify a spin network state in L?(A, /G, ), we need to label each
edge of v with a spin and each vertex with an intertwiner:

For each vertex there is a basis of intertwiners ¢: j; ® jo — j3 ® j4 as descri-
bed at the end of Section 4. We can draw such an intertwiner by formally
‘splitting’ the vertex into two trivalent ones and labeling the new edge with

a spin js:

In the triangulation picture, this splitting corresponds to chopping the tetra-
hedron in half along a parallelogram:
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We can thus describe a spin network state in L?(A,/G,) by chopping each
tetrahedron in half and labeling all the resulting parallelograms, along with
all the triangles, by spins. These spins specify the areas of the parallelograms
and triangles.

It may seem odd that in this picture the geometry of each tetrahedron
is described by 5 spins, since classically it takes 6 numbers to specify the
geometry of a tetrahedron. In fact, this is a consequence of the uncertainty
principle. The area operators for surfaces do not commute when the surfa-
ces intersect. There are three ways to chop a tetrahedron in half using a
parallelogram, but we cannot simultaneously diagonalize the areas of these
parallelograms, since they intersect. We can describe a basis of states for the
quantum tetrahedron using 5 numbers: the areas of its 4 faces and any one
of these parallelograms. Different ways of chopping tetrahedron in half gives
us different bases of this sort, and the matrix relating these bases goes by the
name of the ‘6j symbols’:

Ji A Jo
1\ \/ Je
o Jo
s _ Z Ju o J2 Js ——e
Ja J3 Js

Js

j3V \/ Ja
ng AJZ



50 John C. Baez

Remarks 1. For a deeper understanding of BF' theory with gauge group
SU(2), it is helpful to start with a classical phase space describing tetrahedron
geometries and apply geometric quantization to obtain a Hilbert space of
quantum states. We can describe a tetrahedron in R? by specifying vectors
FE4, ..., Ey normal to its faces, with lengths equal to the faces’ areas. We can
think of these vectors as elements of s0(3)*, which has a Poisson structure
familiar from the quantum mechanics of angular momentum:

{Ja7 Jb} _ EabCJC.

The space of 4-tuples (E4, ..., E4) thus becomes a Poisson manifold. Howe-
ver, a 4-tuple coming from a tetrahedron must satisfy the constraint F; +
-+« 4+ E4 = 0. This constraint is the discrete analogue of the Gauss law
d4E = 0. In particular, it generates rotations, so if we take (s0(3)*)* and do
Poisson reduction with respect to this constraint, we obtain a phase space
whose points correspond to tetrahedron geometries modulo rotations. If we
geometrically quantize this phase space, we obtain the ‘Hilbert space of the
quantum tetrahedron’.

We can describe this Hilbert space quite explicitly as follows. If we geo-
metrically quantize s0(3)*, we obtain the direct sum of all the irreducible
representations of SU(2):

D

Jj=0,%,1,...

Il

H

Since this Hilbert space is a representation of SU(2), it has operators J% on
it satisfying the usual angular momentum commutation relations:

e, ) = dee e,

We can think of H as the ‘Hilbert space of a quantum vector’ and the ope-
rators J* as measuring the components of this vector. If we geometrically
quantize (s0(3)*)®4, we obtain H®*, which is the Hilbert space for 4 quan-
tum vectors. There are operators on this Hilbert space corresponding to the
components of these vectors:

Ef=J"9121e1

EE=10J'21®1

EBE=1elej'®l

Ef=101lel1eJ
One can show that the Hilbert space of the quantum tetrahedron is isomor-

phic to . . . .
T ={¢ € H®": (B + B> + B3 + Ey)¢ = 0}.

On the Hilbert space of the quantum tetrahedron there are operators
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corresponding to the areas of the 4 faces of the tetrahedron, and also operators
A - - - Nt
Aij = ((Bi + Ej) - (Ei + Ej))?

corresponding to the areas of the parallelograms. Since /Lj = Ay whenever
(ijkl) is some permutation of the numbers (1234), there are really just 3
different parallelogram area operators. The face area operators commute with
each other and with the parallelogram area operators, but the parallelogram
areas do not commute with each other. There is a basis of T consisting of
states that are eigenvectors of all the face area operators together with any
one of the parallelogram area operators. If for example we pick A5 as our
preferred parallelogram area operator, any basis vector v is determined by 5
spins:

Ji(ji +1) 1<i<d4,
A = \/35(j5s + 1).

This basis vector corresponds to the intertwiner ¢;:j1 ® jo — jz ® js4 that
factors through the representation js.

In 4d BF theory with gauge group SU(2), the Hilbert space L?(A,/G,)
described by taking the tensor product of copies of 7T, one for each tetra-
hedron in the 3-manifold S, and imposing constraints saying that when two
tetrahedra share a face their face areas must agree. This gives a clearer pic-
ture of the ‘quantum geometry of space’ in this theory. For example, we can
define observables corresponding to the volumes of tetrahedra. The results
nicely match those of loop quantum gravity, where it has been shown that
spin network vertices give volume to the regions of space in which they lie.
In loop quantum gravity these results were derived not from BF theory, but
from Lorentzian quantum gravity formulated in terms of the real Ashtekar
variables. However, these theories differ only in their dynamics.

7 Dynamics

We now turn from the spin network description of the kinematics of BF
theory to the spin foam description of its dynamics. Our experience with
quantum field theory suggests that we can compute transition amplitudes in
BF theory using path integrals. To keep life simple, consider the most basic
example: the partition function of a closed manifold representing spacetime.
Heuristically, if M is a compact oriented n-manifold we expect that

Z(M) ://DADE et Ja tr(ENF)

= /DA 5(F),

where formally integrating out the E field gives a Dirac delta measure on
the space of flat connections on the G-bundle P over M. The final result
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should be the ‘volume of the space of flat connections’, but of course this is
ill-defined without some choice of measure.

To try to make this calculation more precise, we can discretize it by choo-
sing a triangulation for M and working, not with flat connections on P, but
instead with flat connections on the dual 2-skeleton. By definition, the ‘dual
2-skeleton’ of a triangulation has one vertex in the center of each n-simplex,
one edge intersecting each (n — 1)-simplex, and one polygonal face intersec-
ting each (n—2)-simplex. We call these ‘dual vertices’, ‘dual edges’, and ‘dual
faces’, respectively. For example, when M is 3-dimensional, the intersection
of the dual 2-skeleton with any tetrahedron looks like this:

Note that the dual faces can have any number of edges. To keep track of these
edges, we fix an orientation and distinguished vertex for each face f and call
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its edges e1 f,...,enf, taken in cyclic order starting from the distinguished
vertex. Similarly, we call its vertices v1 f, ..., vn f:

A ‘connection’ on the dual 2-skeleton is an object assigning a group ele-
ment g, to each dual edge e. For this to make sense we should fix an orien-
tation for each dual edge. However, we can safely reverse our choice of the
orientation as long as we remember to replace g. by go ! when we do so. We
say that a connection on the dual 2-skeleton is ‘flat’ if that the holonomy
around each dual face f is the identity:

gelf...geNf:]_

where we use the orientation of f to induce orientations of its edges.
To make sense of our earlier formula for the partition function of BF
theory, we can try defining

20 = [TLde T ers+-en):

ece feF

where V is the set of dual vertices, e is the set of dual edges, F is the set of
dual vertices, and the integrals are done using normalized Haar measure on
G. Of course, since we are taking a product of Dirac deltas here, we run the
danger that this expression will not make sense. Nonetheless we proceed and
see what happens!

We begin by using the identity

5(g)= > dim(p)tr(p(9)),

p€lrrep(G)

obtaining
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Z(M)= Y /Hdge 11 dim(ep)te(os(gers - gens))-

p:F—Irrep(G) ece fer

This formula is really a discretized version of
Z(M) = //DA DE ¢ Jar 1(BAT)

The analogue of A is the labeling of dual edges by group elements. The
analogue of F' is the labeling of dual faces by holonomies around these faces.
These analogies make geometrical sense because A is like a 1-form and F
is like a 2-form. What is the analogue of E7 It is the labeling of dual faces
by representations! Since each dual face intersects one (n — 2)-simplex in
the triangulation, we may dually think of these representations as labeling
(n — 2)-simplices. This is nice because F is an (n — 2)-form. The analogue of
the pairing tr(E A F') is the pairing of a representation p; and the holonomy
around the face f to obtain the number dim(ps)tr(ps(ge, - Gens))-

Next we do the integrals over group elements in the formula for Z(M). The
details depend on the dimension of spacetime, and it is easiest to understand
them with the aid of some graphical notation. In the previous section we
saw how an abstract spin network ¥ together with a connection A on the
underlying graph of ¥ give a number ¥(A). Since the connection A assigns
a group element g. to each edge of ¥, our notation for the number ¥(A) will
be a picture of ¥ together with a little circle containing the group element g,
on each edge e. When g, is the identity we will not bother drawing it. Also,
when two or more parallel edges share the same group element g we use one
little circle for both edges. For example, we define:

This is just the graphical analogue of the equation (p1®p2)(g) = p1(9)®p2(g).



An Introduction to Spin Foam Models 55

Now suppose M is 2-dimensional. Since each dual edge is the edge of two
dual faces, each group element appears twice in the expression

IT tr(os (Gers -+~ Gens))-

feF

In our graphical notation, this expression corresponds to a spin network with
one loop running around each dual face:

Here we have only drawn a small portion of the spin network. We can do the
integral

J e T1 dim(on)er(osgens -+ gen)

ece feF

by repeatedly using the formula

/dg p(g9) ® pa(g) = { Impn) if py :.p2
0 otherwise

where t:p1 ® po — C is the dual pairing when p; is the dual of ps. This
formula holds because both sides describe the projection from p; ® p2 onto the
subspace of vectors transforming in the trivial representation. Graphically,
this formula can be written as the following skein relation:
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P1 P2

/—\ )
[ dg g = T
N__

£1 P2 f1 P2

Applying this to every dual edge, we see that when M is connected the
integral

/ [Tdge TT dim(ps)tr(or(gers - gens))

ece feF

vanishes unless all the representations py are the same representation p, in
which case it equals dim(p)VI=I¢+17] The quantity |V| — |e| + | F] is a topo-
logical invariant of M, namely the Euler characteristic x(M). Summing over
all labelings of dual faces, we thus obtain

Zy= Y dim(p)¥M)

pElrrep(G)

The Euler characteristic of a compact oriented surface of genus n is 2 — 2n.
When x(M) < 0, the sum converges for any compact Lie group G, and we
see that the partition function of our discretized BF theory is well-defined
and independent of the triangulation! This is precisely what we would expect
in a topological quantum field theory. For x(M) > 0, that is, for the sphere
and torus, the partition function typically does not converge.

In the 3-dimensional case each group element shows up in 3 factors of the
product over dual faces, since 3 dual faces share each dual edge:
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We can do the integral over each group element using the formula
/dgpl(9)®/)2( ® p3(g ZLL

where the sum ranges over a basis of intertwiners ¢: p; ® po ® p3 — C, nor-
malized as in Section 4, so that tr(t1¢5) = 6,,,, for any two intertwiners i1, to
in the basis. In our graphical notation this formula is written as:

P2

p1 P3

A
/

[ dg g = > e

4
\

1 P3 P1 \/ P3

P2 P2
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Both sides represent intertwiners from p; ® po ®ps3 to itself. Again, the formula
is true because both sides are different ways of describing the projection from
p1 ® p2 ® p3 onto the subspace of vectors that transform trivially under G.
Using this formula once for each dual edge — or equivalently, once for each

triangle in the triangulation — we can integrate out all the group elements
ge- Graphically, each time we do this, an integral over expressions like this:

(We have not bothered to show the orientation of the edges in these pictures,

since they depend on how we orient the edges of the dual 2-skeleton.) When
we do this for all the triangular faces of a given tetrahedron, we obtain a
little tetrahedral spin network like this:
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which we can evaluate in the usual way. This tetrahedral spin network is ‘dual’
to the original tetrahedron in the triangulation of M: its vertices (resp. edges,
faces) correspond to faces (resp. edges, vertices) of the original tetrahedron.

We thus obtain the following formula for the partition function in 3-
dimensional BF' theory:

L1

P1
P4
Z(M) = Z Z Hdim(pf) H o2
p:F—Irrep(G) ¢ feF vey
Ly P2

P3
L3

Here for each labeling p: F — Irrep(G), we take a sum over labelings ¢ of dual
edges by intertwiners taken from the appropriate bases. For each dual vertex
v, the tetrahedral spin network shown above is built using the representations
p; labeling the 6 dual faces incident to v and the intertwiners ¢; labeling the
4 dual edges incident to v. When G = SU(2) or SO(3), the labeling by
intertwiners is trivial, so the tetrahedral spin network depends only on 6
spins. Using our graphical notation, it is not hard to express the value of this
spin network in terms of the 65 symbols described in the previous section.
We leave this as an exercise for the reader.

The calculation in 4 dimensions is similar, but now 4 dual faces share
each dual edge, so we need to use the formula

/dgpl 9) ® p2(g9) ® p3(9) ® palg Zw

where now the sum ranges over a basis of intertwiners ¢: p1 ® p2 ® p3Rpg — C,
normalized so that tr(c1t5) = 0,,,, for any intertwiners ¢q,t2 in the basis.
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Again both sides describe the projection on the subspace of vectors that
transform in the trivial representation, and again we can write the formula
as a generalized skein relation:

P2 P3

P1 \/ P4

P1 P4
p1 P4

P2 P3 P2 P3

We use this formula once for each dual edge — or equivalently, once for each
tetrahedron in the triangulation — to do the integral over all group elements
in the partition function. Each time we do so, we introduce an intertwiner
labeling the dual edge in question. We obtain

L1
[ )
Ps P1
L5 @ e 2
P10
. py  Ps
zon) = > > [T dimey) I 0% P1
p:F—Irrep(G) ¢ feEF veY pa 7 P2
L4' P3 e

The 4-simplex in this formula is dual to the 4-simplex in the original trian-
gulation that contains v € V. Its edges are labeled by the representations
labeling the 10 dual faces incident to v, and its vertices are labeled by the
intertwiners labeling the 5 dual edges incident to v.
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People often rewrite this formula for the partition function by splitting
each 4-valent vertex into two trivalent vertices using the skein relations de-
scribed in Section 4. The resulting equation involves a trivalent spin network
with 15 edges. In the SU(2) case this trivalent spin network is called a ‘15j
symbol’; since it depends on 15 spins.

Having computed the BF' theory partition function in 2, 3, and 4 di-
mensions, it should be clear that the same basic idea works in all higher
dimensions, too. We always get a formula for the partition function as a sum
over ways of labeling dual faces by representations and dual edges by intert-
winers. There is, however, a problem. The sum usually diverges! The only
cases I know where it converges are when G is a finite group (see Remark
2 below), when M is 0- or 1-dimensional, or when M is 2-dimensional with
X(M) < 0. Not surprisingly, these are a subset of the cases when the moduli
space of flat connections on M has a natural measure. In other cases, it seems
there are too many delta functions in the expression

200) = [ TTda T 80uss+++g0s)

ece feF

to extract a meaningful answer. We discuss this problem further in Section
9.

Of course, there is more to dynamics than the partition function. For
example, we also want to compute vacuum expectation values of observables,
and transition amplitudes between states. It is not hard to generalize the
formulas above to handle these more complicated calculations. However, at
this point it helps to explicitly introduce the concept of a ‘spin foam’.

Remarks 1. Ponzano and Regge gave a formula for a discretized version of
the action in 3-dimensional Riemannian general relativity. In their approach
the spacetime manifold M is triangulated and each edge is assigned a length.
The Ponzano-Regge action is the sum over all tetrahedra of the quantity:

S=> Leb.

where the sum is taken over all 6 edges, [. is the length of the edge e, and
0 is the dihedral angle of the edge e, that is, the angle between the outward
normals of the two faces incident to this edge. One can show that in a certain
precise their action is an approximation to the integral of the Ricci scalar
curvature. In the limit of large spins, the value of the tetrahedral spin network
described above is asymptotic to

2 T
\/ =y cos(S + Z)

where the lengths /. are related to the spins j. labeling the tetrahedron’s
edges by £ = j + 1/2, and V is the volume of the tetrahedron. Naively one
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might have hoped to get exp(iS). That one gets a cosine instead can be
traced back to the fact that the lengths of the edges of a tetrahedron only
determine its geometry modulo rotation and reflection. The phase 7 shows up
because calculating the asymptotics of the tetrahedral spin network involves
a stationary phase approximation.

2. Ever since Section 4 we have been assuming that G is connected. The
main reason for this is that it ensures the map from A to .4, is onto for any
graph 7 in S, so that we have inclusions L?(A,) < L?(A) and L?(A,/G,) —
L?(A/G). When G is not connected, these maps are usually not one-to-one.

Requiring that G be connected rules out all nontrivial finite groups. Ho-
wever, our formula for the BF theory partition function makes equally good
sense for groups that are not connected. In fact, when G is finite, the partition
function is convergent regardless of the dimension of M, and when a suitable
normalization factor is included it becomes triangulation-independent. This
is a special case of the ‘Dijkgraaf-Witten model.’

In this model, the path integral is not an integral over flat connections
on a fixed G-bundle over M, but rather a sum over isomorphism classes of
G-bundles. In fact, our discretized formula for the path integral in BF theory
always implicitly includes a sum over isomorphism classes of G-bundles, be-
cause it corresponds to an integral over the whole moduli space of flat G-
bundles over M, rather than the moduli space of flat connections on a fixed
G-bundle. (For the relation between these spaces, see Remark 2 in Section
3.) When G is a finite group, the moduli space of flat G-bundles is discrete,
with one point for each isomorphism class of G-bundle.

8 Spin Foams

We have seen that in BF' theory the partition function can be computed
by triangulating spacetime and considering all ways of labeling dual faces
by irreducible representations and dual edges by intertwiners. For each such
labeling, we compute an ‘amplitude’ as a product of amplitudes for dual faces,
dual edges, and dual vertices. (By cleverly normalizing our intertwiners we
were able to make the edge amplitudes equal 1, rendering them invisible, but
this was really just a cheap trick.) We then take a sum over all labelings to
obtain the partition function.

To formalize this idea we introduce the concept of a ‘spin foam’. A spin
foam is the 2-dimensional analog of a spin network. Just as a spin network is
a graph with edges labeled by irreducible representations and vertices labeled
by intertwiners, a spin foam is a 2-dimensional complex with faces labeled
by irreducible representations and edges labeled by intertwiners. Of course,
to make this precise we need a formal definition of ‘2-dimensional complex’.
Loosely, such a thing should consist of vertices, edges, and polygonal faces.
There is some flexibility about the details. However, we certainly want the
dual 2-skeleton of a triangulated manifold to qualify. Since topologists have
already studied such things, this suggests that we take a 2-dimensional com-
plex to be what they call a ‘2-dimensional piecewise linear cell complex’.
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The precise definition of this concept is somewhat technical, so we banish
it to the Appendix and only state what we need here. A 2-dimensional com-
plex has a finite set V of vertices, a finite set e of edges, and a finite set Fn of
N-sided faces for each N > 3, with only finitely many Fx being nonempty. In
fact, we shall work with ‘oriented’ 2-dimensional complexes, where each edge
and each face has an orientation. The orientations of the edges give maps

s,t:e >V

assigning to each edge its source and target. The orientation of each face gives
a cyclic ordering to its edges and vertices. Suppose we arbitrarily choose a
distinguished vertex for each face f € Fyn. Then we may number all its
vertices and edges from 1 to N. If we think of these numbers as lying in Zy,
we obtain maps

ei:Fn —e, vi:Fn—V 1 € ZLn.

We say f is ‘incoming’ to e when the orientation of e agrees with the ori-
entation it inherits from f, and ‘outgoing’ when these orientations do not
agree:

With this business taken care of, we can define spin foams. The simplest
kind is a ‘closed’ spin foam. This is the sort we sum over when computing
partition functions in BF' theory.

Definition 4. A closed spin foam F is a triple (k,p,t) consisting of:

1. a 2-dimensional oriented complex k,
2. a labeling p of each face f of k by an irreducible representation py of G,
8. a labeling v of each edge e of k by an intertwiner

Le:pfl®”.®pfn—>pf{®'.'®pf7/n

where f1,..., fn are the faces incoming to e and f1,..., fI. are the faces
outgoing from e.

Note that this definition is exactly like that of a spin network, but with
everything one dimension higher! This is why a generic slice of a spin foam
is a spin network. We can formalize this using the notion of a spin foam
F:¥ — ¥’ going from a spin network ¥ to a spin network ¥':
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pr

This is the sort we sum over when computing transition amplitudes in BF
theory. (To reduce clutter, we have not drawn the labelings of edges and faces
in this spin foam.) In this sort of spin foam, the edges that lie in ¥ and ¥’ are
not labeled by intertwiners. Also, the edges ending at spin network vertices
must be labeled by intertwiners that match those labeling the spin network
vertices. These extra requirements are lacking for closed spin foams, because
a closed spin foam is just one of the form F:( — @, where @ is the ‘empty
spin network’: the spin network with no vertices and no edges.

To make this more precise, we need to define what it means for a graph
v to ‘border’ a 2-dimensional oriented complex k. The reader can find this
definition in Appendix A. What matters here is that if v borders &, then each
vertex v of vy is the source or target of a unique edge ¥ of k, and each edge e
of v is the edge of a unique face é of k. Using these ideas, we first define spin
foams of the form F: () — @:

Definition 5. Suppose that ¥ = (v,p,t) is a spin network. A spin foam
F:0 — V¥ is a triple (k, p, 1) consisting of:

1. a 2-dimensional oriented complex k such that v borders k,
2. a labeling p of each face f of k by an irreducible representation py of G,
3. a labeling T of each edge e of k not lying in v by an intertwiner

Leipfy @@ pf, = pp @ py,

where f1,..., fn are the faces incoming to e and f1,..., fI. are the faces
outgoing from e,

such that the following hold:

1. For any edge e of v, ps = pe if € is incoming to e, while pz = (pe)* if €
s outgoing from e.
2. For any vertex v of vy, iz equals L. after appropriate dualizations.
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Finally, to define general spin foams, we need the notions of ‘dual’ and
‘tensor product’ for spin networks. The dual of a spin network ¥ = (v, p,¢)
is the spin network ¥* with the same underlying graph, but with each edge
e labelled by the dual representation p}, and each vertex v labelled by the
appropriately dualized form of the intertwining operator ¢,. Given spin net-
works ¥ = (v, p,¢) and &' = (v, p’, '), their tensor product ¥ @ ¥’ is defined
to be the spin network whose underlying graph is the disjoint union of v and
~', with edges and vertices labelled by representations and intertwiners using
p,p’ and ¢,:. As usual, duality allows us to think of an input as an output:

Definition 6. Given spin networks ¥ and W', a spin foam F:¥ — W' s
defined to be a spin foam F:() — ¥* Q W',

Here is how we compute transition amplitudes in BF theory as a sum over
spin foams. Suppose spacetime is given by a compact oriented cobordism
M:S — S, where S and S’ are compact oriented manifolds of dimension
n—1:

S

Choose a triangulation of M. This induces triangulations of S and S’ with
dual 1-skeletons v and 7/, respectively. As described in Section 6, in this
triangulated context we can use L?(A,/G,) as the gauge-invariant Hilbert
space for S. This Hilbert space has a basis given by spin networks whose
underlying graph is the dual 1-skeleton of S. Similarly, we use L2(A,//G,)
as the space of gauge-invariant states on S’. We describe time evolution as
an operator

Z(M): L* (A, /Gy) = L*(Ay [Gy).-
To specify this operator, it suffices to describe the transition amplitudes

(W', Z(M)¥) when ¥, ¥ are spin network states. We write this transition
amplitude as a sum over spin foams going from ¥ to ¥':

W, Z(MyP) = Y Z(F)
F:w—v

Since we are working with a fixed triangulation of M, we restrict the sum
to spin foams whose underlying complex is the dual 2-skeleton of M. The
crucial thing is the formula for the amplitude Z(F') of a given spin foam F'.



66 John C. Baez

We have already given a formula for the amplitude of a closed spin foam
in the previous section: it is computed as a product of amplitudes for spin
foam faces, edges and vertices. A similar formula works for any spin foam
F:¥ — ¥ but we need to make a few adjustments. First, when we take the
product over faces, edges and vertices, we exclude edges and vertices that lie
in ¥ and ¥’'. Second, we use the square root of the usual edge amplitude for
edges of the form v, where v is a vertex of ¥ or ¥’. Third, we use the square
root of the usual face amplitudes for faces of the form é, where e is an edge
of ¥ or ¥'. The reason for these adjustments is that we want to have

Z(M"Z(M) = Z(M'M)

when M:S— 5" and M': S — 5" are composable cobordisms and M'M: S —
S’ is their composite:

g
For this to hold, we want
Z(F"YZ(F)=Z(F'F)

whenever I F: ¥ — ¥" is the spin foam formed by gluing together F': ¥ — @’
and F": ¥’ — ¥ along their common border ¥’ and erasing the vertices and
edges that lie in ¥'. The adjustments described above make this equation true.
Of course, the argument that Z(F')Z(F) = Z(F'F) implies Z(M")Z(M) =
Z(M'M) is merely formal unless the sums over spin foams used to define
these time evolution operators converge in a sufficiently nice way.

Let us conclude with some general remarks on the meaning of the spin
foam formalism. Just as spin networks are designed to merge the concepts of
quantum state and the geometry of space, spin foams are designed to merge
the concepts of quantum history and the geometry of spacetime. However, the
concept of ‘quantum history’ is a bit less familiar than the concept of ‘quan-
tum state’, so it deserves some comment. Perhaps the most familiar example
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of a quantum history is a Feynman diagram. A Feynman diagram determi-
nes an operator on Fock space, but there is more information in the diagram
than this operator, since besides telling us transition amplitudes between sta-
tes, the diagram also tells a story of ‘how the transition happened’. In other
words, the internal edges and vertices of the diagram describe a ‘quantum
history’ in which various virtual particles are created and annihilated.
Similarly, spin foams can be used to describe operators, but they contain
extra information. If ¥ and ¥’ are spin networks with underlying graphs ~
and v/, respectively, then any spin foam F:¥ — ¥’ determines an operator
from L?(A,/G,) to L?(A,//G,/), which we also denote by F, such that

(@', F®) = (&', W) (W, D)

for any states @, &'. The time evolution operator Z (M) is a linear combination
of these operators weighted by the amplitudes Z(F). But a spin foam contains
more information than the operator it determines, since the operator depends
only on the initial state ¥ and the final state ¥’, not on the details of the
spin foam at intermediate times. This extra information is what we call a
‘quantum history’.

How exactly does a spin foam describe the geometry of spacetime? In part,
this follows from how spin networks describe the geometry of space. Consider,
for example, 4d BF theory with gauge group SU(2). Spin network edges give
area to surfaces they puncture, while spin network vertices give volume to
regions of space in which they lie. But a spin network edge is really just a slice
of a spin foam face, and a spin network vertex is a slice of a spin foam edge.
Thus in the spacetime context, spin foam faces give area to surfaces they
intersect, while spin foam edges give 3-volume to 3-dimensional submanifolds
they intersect. Continuing the pattern, one expects that spin foam vertices
give 4-volume to regions of spacetime in which they lie. However, calculations
have not yet been done to confirm this, in part because a thorough picture of
the metric geometry of spacetime in 4 dimensions requires that one impose
constraints on the E field. We discuss this a bit more in Section 10.

A similar story holds for 3d BF theory with gauge group SU(2), or in
other words, Riemannian quantum gravity in 3 dimensions. In this case, spin
foam faces give length to curves they intersect and spin foam edges give area
to surfaces they intersect. We expect that spin foam vertices give volume to
regions of spacetime in which they lie, but so far the calculations remain a
bit problematic.

Remarks 1. The notation F:¥ — ¥’ is meant to suggest that there is a
category with spin networks as objects and spin foams as morphisms. For
this, we should be able to compose spin foams F:¥ — ¥ and F": ¥’ — @
and obtain a spin foam F’F: W — W, This composition should be associative,
and for each spin network ¥ we want a spin foam 1g: ¥ — ¥ serving as a left
and right unit for composition.
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To get this to work, we actually need to take certain equivalence classes of
spin foams as morphisms. In my previous paper on this subject, the equiva-
lence relation described was actually not coarse enough to prove associativity
and the left and right unit laws. The quickest way to fix this problem is to
simply impose extra equivalence relations of the form F(GH) ~ (FG)H and
1gF ~ F ~ 1y, to ensure that these laws hold.

2. The physical meaning of the time evolution operators

Z(M): LQ(Av/gv) - LQ(AW’/QW’)

is somewhat subtle in a background-independent theory. For example, when
M = S x [0,1] is a cylinder cobordism from S to itself, we should have
Z(M)? = Z(M). In this case Z(M) should represent the projection from the
gauge-invariant Hilbert space to the space of physical states.

9 g-Deformation and the Cosmological Constant

As we have seen, BF' theory leads to a beautiful interplay between represen-
tation theory and geometry, in which the distinction between the two subjects
gradually fades away. In the end, spin networks serve simultaneously as a tool
for calculations in representation theory and as a description of the quantum
geometry of space. Spin foams extend this idea to the geometry of spacetime.
This is exactly the sort of thing one would hope for in a theory of quantum
gravity, since quantum mechanics is largely based on representation theory,
while general relativity is founded on differential geometry.

But so far, our treatment has been plagued by a serious technical problem.
Mathematically, the problem is that the moduli space of flat connections
only has a natural measure in dimensions 2 or less. We need this measure
to define the physical Hilbert space, so canonical quantization only works
when the dimension of space is at most 2. But we also need this measure to
do path integrals in BF theory, so transition amplitudes between states are
only well-defined when the dimension of spacetime is at most 2. Physically, the
problem is the presence of infrared divergences. For example, in 3-dimensional
Riemannian quantum gravity, spin networks describe the geometry of space,
while spin foams describe the geometry of spacetime. When we compute a
transition amplitude from one spin network to another, we sum over spin
foams going between them. The transition amplitude diverges because we
are summing over spin foams with faces labelled by arbitrarily high spins.
These correspond to arbitrarily large spacetime geometries.

In quantum field theory, one can often learn to live with infrared diver-
gences by restricting the set of questions one expects the theory to answer.
Crudely speaking, the idea is that we can ignore the behavior of a theory on
length scales greatly exceeding the characteristic length scale of the experi-
ment whose outcome we are seeking to predict. For example, certain infrared
divergences in quantum electrodynamics can be ignored if we assume our
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apparatus is unable to detect ‘soft photons’, i.e., those with very long wa-
velengths. Similarly, one can argue that the possibility of arbitrarily large
spacetime geometries should not affect the outcome of an experiment that
occurs within a bounded patch of spacetime. Thus it is quite possible that
with a little cleverness we can learn to extract extra sensible physics from
spin foam models with infrared divergences.

Luckily, when it comes to BF' theory, we have another option: we can
completely eliminate the infrared divergences by adding an extra term to
the Lagrangian of our theory, built using only the E field. This trick only
works when spacetime has dimension 3 or 4. In dimension 3, the modified
Lagrangian is

Eztr(E/\F—l—%E/\E/\E)7
while in dimension 4 it is
A
Eztr(E/\F—i—ﬁE/\E).

For reasons that will become clear, the coupling constant A is called the
‘cosmological constant’. We only consider the case A > 0.

Adding this ‘cosmological term’ has a profound effect on BF' theory:
it changes all our calculations involving the representation theory of the
gauge group into analogous calculations involving the representation theory
of the corresponding quantum group. This gives us a well-defined and finite-
dimenstonal physical Hilbert space, and turns the divergent sum over spin
foams into a finite sum for the transition amplitudes between states. This
process is known as ‘g-deformation’, because the quantum group depends on
a parameter ¢, and reduces to the original group at ¢ = 1. Often people think
of ¢ as a function of A, but for us it is a function of A, and we have ¢ = 1
when A = 0. Thus, at least in the present context, quantum groups should
really be called ‘cosmological groups’!

To understand how quantum groups are related to BF' theory with a
cosmological term, we need to exploit its ties to Chern-Simons theory. This
is a background-free gauge theory in 3 dimensions whose action depends only
the connection A:

Ses(4) =1 [

2
tr(AAdA+ ZANANA)
A 3

This formula only makes sense after we have chosen a trivialization of P.
Luckily, if we assume G is simply connected, every G-bundle over a 3-manifold
admits a trivialization. The Chern-Simons action is not invariant under large
gauge transformations. However, if we also assume that G is semisimple and
‘tr’ is defined using the Killing form, then the Chern-Simons action changes
by an integer multiple of 2wk when we do a large gauge transformation. This
implies that exp(iScs(A)) is gauge-invariant when the quantity k, called the
‘level’; is an integer. Since this exponential of the action is what actually ap-
pears in the path integral, one might hope that Chern-Simons theory admits
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a reasonable quantization in this case. And indeed this is so — at least when
G is compact. Unfortunately, Chern-Simons theory with noncompact gauge
group is still poorly understood.

The vacuum expectation values of spin network observables are very in-
teresting in Chern-Simons theory. Suppose ¥ is a spin network in M. We can
try to compute the vacuum expectation value

o — Jw(A)eSes(A DA
< > - feiSCS(A) DA

Naively, we would expect from the diffeomorphism-invariance of the Chern-
Simons action that (?) remains unchanged when we apply a diffeomorphism
to ¥. In fact, this expectation value is ill-defined until we smear ¥ by equip-
ping it with a ‘framing’. Roughly, this means that we thicken each edge of ¥
into a ribbon, put a small disc at each vertex, and demand that the ribbons
merge with the discs smoothly at each vertex to form an orientable surface
with boundary. The expectation values of these framed spin networks are
diffeomorphism-invariant, and they satisfy skein relations which allow one to
calculate them in a completely combinatorial way.

The reader will recall that in BF' theory without cosmological term, spin
network observables also satisfied skein relations. In that case, the skein rela-
tions encoded the representation theory of G. That is what allowed us to give
a purely combinatorial, or algebraic, description of the theory. Marvelously,
a similar thing is true in Chern-Simons theory! In Chern-Simons theory, ho-
wever, the skein relations encode the representation theory of the quantum
group Ugg. This is an algebraic gadget depending on a parameter ¢ which is
related to k by the formula

q=exp(2mi/(k+ h))

where h is the value of the Casimir in the adjoint representation of g. Alas,
it would vastly expand the size of this paper to really explain what quan-
tum groups are, and how they arise from Chern-Simons theory. To learn
these things, the reader must turn to the references in the Notes. For our
purposes, the most important thing is that the representation theory of U,g
closely resembles that of GG. In particular, each representation of G gives a
representation of U,g. This lets us think of spin network edges as labelled by
representations of the quantum group rather than the group. However, only
finitely many irreducible representations of the group give irreducible repre-
sentations of the quantum group with nice algebraic properties. We shall call
these ‘good’ representations. For example, when G = SU(2), only the repre-
sentations of spin j = 0, %, ey g give good representations of U,g. It turns
out that Chern-Simons theory admits an algebraic formulation involving only
the good representations of U,g.

With this information in hand, let us turn to 3-dimensional BF' theory
with cosmological term. Starting from the action one can derive the classical
field equations:
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A
F+SENE=0,  daE=0.

For G = SO(2,1), these are equivalent to the vacuum Einstein equations with
a cosmological constant when E is one-to-one. One can show this using the
same sort of argument we gave in Section 2 for the case A = 0. This reason
this works is that tr(E A E A E) is proportional to the volume form coming
from the metric defined by E. Up to a constant factor, it is therefore just a
rewriting of the usual cosmological term in the action for general relativity.
Similar remarks apply to G = SO(3), which gives us Riemannian general
relativity with cosmological constant. We can also use the double covers of
these gauge groups without affecting the classical theory.

The relation between 3d BF' theory with cosmological term and Chern-
Simons theory is as follows. Starting from the A and FE fields in BF theory,
we can define two new connections A4 as follows:

Ay = A+ VAE.

Ignoring boundary terms, we then have
A
/ tl“(E ANF + gE ANE N E) = SCS(A+) — Scs(Af)
M

where
47

7i
In short, the action for 3d BF theory with cosmological term is a difference
of two Chern-Simons actions. Thus we can quantize this BF' theory whenever
we can quantize Chern-Simons theory at levels k and —k, and we obtain a
theory equivalent to two independent copies of Chern-Simons theory with
these two opposite values of k. The physical Hilbert space is thus the tensor
product of Hilbert spaces for two copies of Chern-Simons theory with opposite
values of k, and a similar factorization holds for the time evolution operators
associated to cobordisms. Actually, we can simplify this description using the
fact that the Hilbert space for Chern-Simons theory at level —k is naturally
the dual of the Hilbert space at level k. This let us describe 3d BF theory
with cosmological constant A completely in terms of Chern-Simons theory at
level k.

Using this description together with the formulation of Chern-Simons
theory in terms of quantum groups, one can derive a formula for the parti-
tion function 3d BF theory with cosmological term. This formula is almost
identical to the one given in Section 7 for 3d BF theory with A = 0. The main
difference is that now the quantum group U, g takes over the role of the group
G. In other words, we now label dual faces by good representations of U, g and
label dual edges by intertwiners between tensor products of these represen-
tations. A similar formula holds for transition amplitudes. In short, we have
a spin foam model of a generalized sort, based on the representation theory
of a quantum group instead of a group. The wonderful thing about this spin

k=
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foam model is that the sums involved are finite, since there are only finitely
many good representations of U,g. With the infrared divergences eliminated,
the partition function and transition amplitudes are truly well-defined. Even
better, one can check that they are triangulation-independent!

The first example of this sort of spin foam model is due to Turaev and
Viro, who considered the case G = SU(2). As we have seen, this model
corresponds to 3-dimensional Riemannian gravity with cosmological constant
A. In this case only spins j < % correspond to good representations of U,g.
This constraint on the spins labeling dual faces corresponds to an upper
bound on the lengths of the edges of the original triangulation. We thus
have, not only a minimum length due to nonzero Planck’s constant, but also
a maximum length due to nonzero cosmological constant! As A — 0, this
maximum length goes to infinity.

Now let us turn to 4-dimensional BF' theory with cosmological term. Here
the classical field equations are

A
FtoE=0,  dE=0.

If we canonically quantize the theory, we discover something interesting: for
any compact oriented 3-manifold S representing space, the space of physical
states is 1-dimensional. To see this, note first that ‘kinematical’ states should
be functions on A, just as we saw in Section 4 for the case A = 0. Physical
states are solutions of the constraints

B—i—%E:O7 daFE =0,
where B is the curvature of A € A. As before, the constraint dgF = 0
generates gauge transformations, so imposing this constraint should restrict
us to gauge-invariant functions on A. But the other constraint has a very
different character when A # 0 than it did for A = 0. If we naively replace
A and FE by operators following the usual rules of canonical quantization, we
see that states satisfying this constraint should be functions ¥: A — C with

A )

B 4+ L0
(B + 6% 5,

) =0.
For A # 0 this equation has just one solution, the so-called ‘Chern-Simons

state’:
W(A) = o= Js tr(ANdA+FANANA)

By our previous remarks, if G is simple, connected and simply-connected
and ‘tr’ is defined using the Killing form, the Chern-Simons state is gauge-
invariant exactly when the quantity
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is an integer. If in addition G is compact, we can go further: we can compute
expectation values of framed spin networks in the Chern-Simons state using
skein relations.

How do we describe dynamics in 4-dimensional BF' theory with cosmo-
logical term? Unlike the other cases we have discussed, there is not yet a
plausible ‘derivation’ of a spin foam model for this theory. At present, about
the best one can do is note the following facts. There is a quantum group
analog of the spin foam model for 4d BF theory discussed in Section 7, and
this theory has finite and triangulation-independent partition function and
transition amplitudes. One can show that this theory has a 1-dimensional
physical Hilbert space for any compact oriented 3-manifold S. Moreover, one
can compute the expectation values of framed spin networks in this theory,
and one gets the same answers as in the Chern-Simons state. Thus it seems
plausible that this theory is the correct spin foam model for 4d BF theory
with cosmological term. However, this subject deserves further investigation.

10 4-Dimensional Quantum Gravity

We finally turn to theory that really motivates the interest in spin foam
models: quantum gravity in 4 dimensions. Various competing spin foam mo-
dels have been proposed for 4-dimensional quantum gravity — mainly in the
Riemannian case so far. While some of these models are very elegant, their
physical meaning has not really been unraveled, and some basic problems re-
main unsolved. The main reason is that, unlike BF' theory, general relativity
in 4 dimensions has local degrees of freedom. In short, the situation is full
of that curious mix of promise and threat so typical of quantum gravity. In
what follows we do not attempt a full description of the state of the art, since
it would soon be outdated anyway. Instead, we merely give the reader a taste
of the subject. For more details, see the Notes!

We begin by describing the Palatini formulation of general relativity in
4 dimensions. Let spacetime be given by a 4-dimensional oriented smooth
manifold M. We choose a bundle T over M that is isomorphic to the tangent
bundle, but not in any canonical way. This bundle, or any of its fibers, is
called the ‘internal space’. We equip it with an orientation and a metric 7,
either Lorentzian or Riemannian. Let P denote the oriented orthonormal
frame bundle of M. This is a principal G-bundle, where G is either SO(3,1)
or SO(4) depending on the signature of 7. The basic fields in the Palatini
formalism are:

— a connection A on P,
— a T-valued 1-form e on M.

The curvature of A is an ad(P)-valued 2-form which, as usual, we call F'. Note
however that the bundle ad(P) is isomorphic to the second exterior power
A%T. Thus we are free to switch between thinking of F' as an ad(P)-valued
2-form and a A%2T-valued 2-form. The same is true for the field e A e.
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The Lagrangian of the theory is
L=tr(eNeAF).

Here we first take the wedge products of the differential form parts of eAe and
F while simultaneously taking the wedge products of their ‘internal’ parts,
obtaining the A*7T-valued 4-form e A e A F. The metric and orientation on
T give us an ‘internal volume form’; that is, a nowhere vanishing section of
A*T. We can write e A e A F as this volume form times an ordinary 4-form,
which we call tr(e Ae A F).

To obtain the field equations, we set the variation of the action to zero:

0:5/,6
M

:/ tr(deNeANF+eAdeANF+eNeNdF)
M
:/ tr(20e Ne AF +eNeANdadA)
M
:/ tr(20e ANe ANF —da(ene) ANJA).
M

The field equations are thus
eNF =0, da(ene) =0.

These equations are really just an extension of the vacuum Einstein equation
to the case of degenerate metrics. To see this, first define a metric g on M by

g(v,w) = n(ev, ew).

When e: TM — 7T is one-to-one, g is nondegenerate, with the same signature
as 7. The equation da(e A e) = 0 is equivalent to e A dae = 0, and when e
is one-to-one this implies dge = 0. If we use e to pull back A to a metric-
preserving connection I" on the tangent bundle, the equation d4e = 0 says
that I" is torsion-free, so I is the Levi-Civita connection of g. This lets us
rewrite e A F' in terms of the Riemann tensor. In fact, e A F' is proportional
to the Einstein tensor, so e A F' = 0 is equivalent to the vacuum FEinstein
equation.

There are a number of important variants of the Palatini formulation
which give the same classical physics (at least for nondegenerate metrics)
but suggest different approaches to quantization. Most simply, we can pick
a spin structure on M and use the double cover Spin(3,1) = SL(2,C) or
Spin(4) = SU(2) x SU(2) as gauge group. A subtler trick is to work with the
‘self-dual’ or ‘left-handed’ part of the spin connection. In the Riemannian
case this amounts to using only one of the SU(2) factors of Spin(4) as gauge
group; in the Lorentzian case we need to complexify Spin(3,1) first, obtai-
ning SL(2,C) x SL(2,C), and then use one of these SL(2,C) factors. It it not
immediately obvious that one can formulate general relativity using only the
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left-handed part of the connection, but the great discovery of Plebanski and
Ashtekar is that one can. A further refinement of this trick allows one to for-
mulate the canonical quantization of Lorentzian general relativity in terms of
the e field and an SU(2) connection. These so-called ‘real Ashtekar variables’
play a crucial role in most work on loop quantum gravity. Indeed, much of
the spin network technology described in this paper was first developed for
use with the real Ashtekar variables. However, to keep the discussion focused,
we only discuss the Palatini formulation in what follows.

The Palatini formulation of general relativity brings out its similarity to
BF theory. In fact, if we set £ = e A e, the Palatini Lagrangian looks exactly
like the BF Lagrangian. The big difference, of course, is that not every ad(P)-
valued 2-form F is of the form e A e. This restricts the allowed variations of
the E field when we compute the variation of the action in general relativity.
As a result, the equations of general relativity in 4 dimensions:

eNF =0, daE =0
are weaker than the BF' theory equations:
F=0, dsaFE =0.

Another, subtler difference is that, even when FE is of the form e A e, we
cannot uniquely recover e from E. In the nondegenerate case there is only a
sign ambiguity: both e and —e give the same F. Luckily, changing the sign of
e does not affect the metric. In the degenerate case the ambiguity is greater,
but we need not be unduly concerned about it, since we do not really know
the ‘correct’ generalization of Einstein’s equation to degenerate metrics.

The relation between the Palatini formalism and BF' theory suggests that
one develop a spin foam model of quantum gravity by taking the spin foam
model for BF theory and imposing extra constraints: quantum analogues of
the constraint that E be of the form e A e. However, there are some obstacles
to doing this. First, BF theory is only well-understood when the gauge group
is compact. If we work with a compact gauge group, we are limited to Rie-
mannian quantum gravity. Of course, this simply means that we should work
harder and try to understand BF' theory with noncompact gauge group.
Work on this is currently underway, but the picture is still rather murky, and
a fair amount of new mathematics will need to be developed before it clears
up. For this reason, we only consider the Riemannian quantum gravity in
what follows.

Second, when computing transition amplitudes in BF' theory, we only
summed over spin foams living in the dual 2-skeleton of a fixed triangulation
of spacetime. This was acceptable because we could later show triangulation-
independence. But triangulation-independence is closely related to the fact
that BF theory lacks local degrees of freedom: if we study BF' theory on
a triangulated manifold, subdividing the triangulation changes the gauge-
invariant Hilbert space, but it does not increase the number of physical de-
grees of freedom. There is no particular reason to expect something like this
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to hold in 4d quantum gravity, since general relativity in 4 dimensions does
have local degrees of freedom. So what should we do? Nobody knows! This
problem requires careful thought and perhaps some really new ideas. In what
follows, we simply ignore it and restrict attention to spin foams lying in the
dual 2-skeleton of a fixed triangulation, for no particular good reason.

We begin by considering at the classical level the constraints that must
hold for the E field to be of the form e A e. We pick a spin structure for
spacetime and take the double cover Spin(4) as our gauge group. Locally we
may think of the F field as taking values in the Lie algebra so(4), but the
splitting

50(4) = s0(3) @ s0(3)

lets us write £ as the sum of left-handed and right-handed parts E* taking
values in s0(3). If E' = eAe, the following constraint holds for all vector fields
v,w on M:

|E* (v,w)| = |E™ (v, w)|

where | - | is the norm on s0(3) coming from the Killing form. In fact, this
constraint is almost sufficient to guarantee that E is of the form e A e. Unfor-
tunately, in addition to solutions of the desired form, there are also solutions
of the form —eAe, x(eAe), and —x(e Ae), where * is the Hodge star operator
on A%T.

If we momentarily ignore this problem and work with the constraint as
described, we must next decide how to impose this constraint in a spin foam
model. First recall some facts about 4d BF theory with gauge group SU(2). In
this theory, a spin foam in the dual 2-skeleton of a triangulated 4-manifold
is given by labeling each dual face with a spin and each dual edge with
an intertwiner. This is equivalent to labeling each triangle with a spin and
each tetrahedron with an intertwiner. We can describe these intertwiners by
chopping each tetrahedra in half with a parallelogram and labeling all these
parallelograms with spins. Then all the data is expressed in terms of spins
labeling surfaces, and each spin describes the integral of |E| over the surface
it labels.

Now we are trying to describe 4-dimensional Riemannian quantum gravity
as a BF theory with extra constraints, but now the gauge group is Spin(4).
Since Spin(4) is isomorphic to SU(2) x SU(2), irreducible representation of
this group are of the form j* ® j~ for arbitrary spins 51, j~. Thus, before
we take the constraints into account, a spin foam with gauge group Spin(4)
can be given by labeling each triangle and parallelogram with a pair of spins.
These spins describe the integrals of |[ET| and |E~|, respectively, over the
surface in question. Thus, to impose the constraint

[EF (v,w)| = |E™ (v,w)]

at the quantum level, it is natural to restrict ourselves to labelings for which
these spins are equal. This amounts to labeling each triangle with a repre-
sentation of the form j ® j and each tetrahedron with an intertwiner of the
form ¢; ®¢;, where ¢;: j1 ® j2 — j3 ® ja is given in our graphical notation by:
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J1d J2
J
I3, AJa
and jq,...,Js are the spins labeling the 4 triangular faces of the tetrahedron.

More generally, we can label the tetrahedron by any intertwiner of the form
225 ¢ (5 @ 15).

However, there is a subtlety. There are three ways to split a tetrahedron
in half with a parallelogram P, and we really want the constraint

Lie= [ e

to hold for all three. To achieve this, we must label tetrahedra with intert-
winers of the form ), ¢;j(c; ® ¢;) that remain of this form when we switch
to a different splitting using the 6j symbols. Barrett and Crane found an
intertwiner with this property:

L= Z(Qj +1)(1; ®@¢y).
J
Later, Reisenberger proved that this was the unique solution. Thus, in this

spin foam model for 4-dimensional Riemannian quantum gravity, we take the
partition function to be:

~

[ ]
J5 J1
L o _ 0 !
Jio
Z(M) = 2+ 1 jo Jo
o= Y [Tern I ' |
j:]—‘—){07%71,...} fer veV j4 . 72
o J3 I’
Here ji,...,j10 are the spins labeling the dual faces meeting at the dual

vertex in question, and ¢ is the Barrett-Crane intertwiner. One can also write
down a similar formula for transition amplitudes.

The sums in these formulas probably diverge, but there is a g-deformed
version where they become finite. This g-deformed version appears not to be
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triangulation-independent. We expect that it is related to general relativity
with a nonzero cosmological constant. As a piece of evidence for this, note
that adding a cosmological term to general relativity in 4 dimensions changes
the Lagrangian to

A
[::tr(e/\e/\FJrEe/\e/\e/\e).

We can think of this as the BF' Lagrangian with cosmological term together
with a constraint saying that £ =e Ae.

So, where do we stand? We have a specific proposal for a spin foam model
of quantum gravity. In this theory, a quantum state of the geometry of space
is described by a linear combination of spin networks. Areas and volumes take
on a discrete spectrum of quantized values. Transition amplitudes between
states are computed as sums over spin foams. In the g-deformed version of
the theory these sums are finite and explicitly computable.

This sounds very nice, but there are severe problems as well. The theory
is actually a theory of Riemannian rather than Lorentzian quantum gravity.
It depends for its formulation on a fixed triangulation of spacetime. Even
worse, our ability to do computations with the theory is too poor to really
tell if it reduces to classical Riemannian general relativity in the large-scale
limit, i.e. the limit of distances much larger than the Planck length. We thus
face the following tasks:

— Develop spin foam models of Lorentzian quantum gravity.

— Determine what role, if any, triangulations or related structures should
play in spin foam models with local degrees of freedom.

— Develop computational techniques for studying the large-scale limit of
spin foam models.

Luckily, work on these tasks is already underway.

Remarks 1. Regge gave a formula for a discretized version of the action in
4-dimensional Riemannian general relativity. In his approach, spacetime is
triangulated and each edge is assigned a length. The Regge action is the sum

over all 4-simplices of:
S = Z At9t
t

where the sum is taken over the 10 triangular faces ¢, A; is the area of
the face t, and 6; is the dihedral angle of ¢, that is, the angle between the
outward normals of the two tetrahedra incident to this edge. Calculations
suggest that the spin foam vertex amplitudes in the Barrett-Crane theory
are related to the Regge action by a formula very much like the one relating
vertex amplitudes in 3d Riemannian quantum gravity to the Ponzano-Regge
action (see Remark 1 of Section 7).

2. Our heuristic explanation of the Barrett-Crane model may make it
seem more ad hoc than it actually is. For a more thorough treatment one
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should see the references in the Notes. At present our best understanding
of this model comes from a 4-dimensional analogue of the theory of the
quantum tetrahedron discussed in Remark 1 of Section 6. In particular,
this approach allows a careful study of the ‘spurious solutions’ to the con-
straint |ET (v,w)| = |E~ (v,w)|. It appears that at the quantum level, use of
the Barrett-Crane intertwiner automatically excludes solutions of the form
E = +x(e Ae), but does not exclude solutions of the form F = —e A e. The
physical significance of this is still not clear.

Appendix: Piecewise Linear Cell Complexes

Here we give the precise definition of ‘piecewise linear cell complex’. A subset
X C R" is said to be a ‘polyhedron’ if every point € X has a neighborhood
in X of the form

{ar+By: a,3>0, a+B=1,yeY}

where Y C X is compact. A compact convex polyhedron X for which the
smallest affine space containing X is of dimension k is called a ‘k-cell’. The
term ‘polyhedron’ may be somewhat misleading to the uninitiated; for exam-
ple, R™ is a polyhedron, and any open subset of a polyhedron is a polyhedron.
Cells, on the other hand, are more special. For example, every 0-cell is a point,
every 1-cell is a compact interval affinely embedded in R™, and every 2-cell
is a convex compact polygon affinely embedded in R™.

The ‘vertices’ and ‘faces’ of a cell X are defined as follows. Given a point
x € X, let (x, X) be the union of lines L through z such that L N X is an
interval with x in its interior. If there are no such lines, we define (z, X) to
be {z} and call x a ‘vertex’ of X. One can show that (x, X)NX is a cell, and
such a cell is called a ‘face’ of X. (In the body of this paper we use the words
‘vertex’, ‘edge’ and ‘face’ to stand for 0-cells, 1-cells and 2-cells, respectively.
This should not be confused with the present use of these terms.)

One can show that any cell X has finitely many vertices v; and that X is
the convex hull of these vertices, meaning that:

XZ{ZOM%Z o 20,20@:1}.

Similarly, any face of X is the convex hull of some subset of the vertices of X.
However, not every subset of the vertices of X has a face of X as its convex
hull. If the cell Y is a face of X we write Y < X. This relation is transitive,
and if VY’ < X we have Y NY’ < X.

Finally, one defines a ‘piecewise linear cell complex’, or ‘complex’ for short,
to be a collection x of cells in some R™ such that:

1. f Xerand Y < X then Y € k.
2. f XY ekthen XNY < X)Y.
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In this paper we restrict our attention to complexes with finitely many cells.

A complex is ‘k-dimensional’ if it has cells of dimension k£ but no higher.
A complex is ‘oriented’ if every cell is equipped with an orientation, with all
0-cells being equipped with the positive orientation. The union of the cells of
a complex « is a polyhedron which we denote by |x|.

When discussing spin foams we should really work with spin networks
whose underlying graph is a 1-dimensional oriented complex. Suppose 7 is a
1-dimensional oriented complex and k is a 2-dimensional oriented complex.
Note that the product v x [0,1] becomes a 2-dimensional oriented complex
in a natural way. We say v ‘borders’ k if there is a one-to-one affine map
c:|y| x [0,1] = |k| mapping each cell of v x [0, 1] onto a unique cell of £ in an
orientation-preserving way, such that ¢ maps v x [0,1) onto an open subset
of |k|. Note that in this case, ¢ lets us regard each k-cell of 7y as the face of a
unique (k + 1)-cell of k.

Notes

While long-winded, this bibliography has no pretensions to completeness. In
particular, as a mathematician by training, my selection of references inevita-
bly has an emphasis on mathematically rigorous work. This gives a somewhat
slanted view of the subject, which is bound to make some people unhappy.
I apologize for this in advance, and urge the reader to look at some of the
references written by physicists to get a more balanced picture.

2 BF Theory: Classical Field Equations

For all aspects of BF' theory, the following papers are invaluable:

A. S. Schwartz, The partition function of degenerate quadratic functionals
and Ray-Singer invariants, Lett. Math. Phys. 2 (1978), 247-252.

G. Horowitz, Exactly soluble diffeomorphism-invariant theories, Comm. Math.
Phys. 125 (1989) 417-437.

D. Birmingham, M. Blau, M. Rakowski and G. Thompson, Topological field
theories, Phys. Rep. 209 (1991), 129-340.

M. Blau and G. Thompson, Topological gauge theories of antisymmetric ten-
sor fields, Ann. Phys. 205 (1991), 130-172.

For BF theory on manifolds with boundary, see:

V. Husain and S. Major, Gravity and BF theory defined in bounded regions,
Nucl. Phys. B500 (1997), 381-401.

A. Momen, Edge dynamics for BF' theories and gravity, Phys. Lett. B394
(1997), 269-274.
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3 Classical Phase Space

The space A/G and its cotangent bundle have mainly been studied in the
context of Yang-Mills theory:

V. Moncrief, Reduction of the Yang-Mills equations, in Differential Geometri-
cal Methods in Mathematical Physics, eds. P. Garcia, A. Pérez-Rendén, and
J. Souriau, Lecture Notes in Mathematics 836, Springer-Verlag, New York,
1980, pp. 276-291.

P. K. Mitter, Geometry of the space of gauge orbits and Yang-Mills dynamical
system, in Recent developments in Gauge Theories, eds. G. 't Hooft et al.,
Plenum Press, New York, 1980, pp. 265-292.

The moduli space of flat G-bundles and the moduli space of flat connections
on any particular G-bundle have been extensively studied when the base
manifold is a Riemann surface. See for example:

M. Narasimhan and C. Seshadri, Stable and unitary vector bundles on a
compact Riemann surface, Ann. Math. 82 (1965) 540-567.

Later, Goldman and others studied these spaces when the base space is a
compact 2-dimensional smooth manifold, without any complex structure:

W. Goldman, The symplectic nature of fundamental groups of surfaces, Adv.
Math. 54 (1984) 200-225.

W. Goldman, Invariant functions on Lie groups and Hamiltonian flows of
surface group representations, Invent. Math. 83 (1986) 263-302.

W. Goldman, Topological components of spaces of representations, Invent.
Math. 93 (1988) 557-607.

A. Alekseev, A. Malkin, Symplectic structure of the moduli space of flat
connections on a Riemann surface, Commun. Math. Phys. 169 (1995), 99-
120.

4 Canonical Quantization

The idea of taking functions of holonomies as the basic observables or sta-
tes in a quantized gauge theory has a long history. The earliest work dealt
with Yang-Mills theory and used Wilson loops; later the idea was applied to
gravity, and the importance of spin networks became clear still later. Some
good books and review articles include:

R. Gambini and J. Pullin, Loops, Knots, Gauge Theories, and Quantum
Gravity, Cambridge U. Press, Cambridge, 1996.

R. Loll, Chromodynamics and gravity as theories on loop space, preprint
available as hep-th/9309056.

C. Rovelli, Loop quantum gravity, Living Reviews in Relativity (1998), avai-
lable online at (http://www.livingreviews.org).
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The first really systematic attempt to formulate quantum gravity in terms of
Wilson loops is due to Rovelli and Smolin:

C. Rovelli and L. Smolin, Loop representation for quantum general relativity,
Nucl. Phys. B331 (1990), 80-152.

An important step towards a rigorous description of the space of states in
loop quantum gravity was made by Ashtekar and Isham:

A. Ashtekar and C. J. Isham, Representations of the holonomy algebra of
gravity and non-abelian gauge theories, Class. Quan. Grav. 9 (1992), 1069-
1100.

This work used piecewise smooth loops, which turn out to be technically
difficult to handle, so these authors were unable to construct L?(.A/G) except
when G is abelian. Later, Ashtekar and Lewandowski used piecewise real-
analytic loops to give a rigorous construction of L?(A/G) for G = SU(2):

A. Ashtekar and J. Lewandowski, Representation theory of analytic holonomy
C*-algebras, in Knots and Quantum Gravity, ed. J. Baez, Oxford, Oxford U.
Press, 1994.

Then graphs with real-analytic edges were introduced, and used to construct
L?(A/G) for more general groups:

J. Baez, Diffeomorphism-invariant generalized measures on the space of connec-
tions modulo gauge transformations, in Proceedings of the Conference on
Quantum Topology, ed. D. Yetter, World Scientific, Singapore, 1994.

Later graphs were used to construct the space L?(A):

J. Baez, Generalized measures in gauge theory, Lett. Math. Phys. 31 (1994),
213-223.

The use of graphs for integral and differential calculus on A and A/G is
systematically developed in the following papers:

A. Ashtekar and J. Lewandowski, Projective techniques and functional inte-
gration, Jour. Math. Phys. 36 (1995), 2170-2191.

A. Ashtekar and J. Lewandowski, Differential geometry for spaces of connec-
tions via graphs and projective limits, Jour. Geom. Phys. 17 (1995), 191-230.

The history of spin networks is rather complicated and I cannot do justice to
it here. For a good introduction see:

L. Smolin, The future of spin networks, preprint available as gr-qc/9702030.

Briefly, spin networks were first invented by Penrose:
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R. Penrose, Angular momentum: an approach to combinatorial space-time,
in Quantum Theory and Beyond, ed. T. Bastin, Cambridge U. Press, Cam-
bridge, 1971, pp. 151-180.

R. Penrose, Applications of negative dimensional tensors, in Combinatorial
Mathematics and its Applications, ed. D. Welsh, Academic Press, New York,
1971, pp. 221-244.

R. Penrose, On the nature of quantum geometry, in Magic Without Magic,
ed. J. Klauder, Freeman, San Francisco, 1972, pp. 333-354.

R. Penrose, Combinatorial quantum theory and quantized directions, in Ad-
vances in Twistor Theory, eds. L. Hughston and R. Ward, Pitman Advanced
Publishing Program, San Francisco, 1979, pp. 301-317.

Penrose considered trivalent graphs labelled by spins. He wanted to use these
as the basis for a purely combinatorial approach to spacetime. The following
thesis is still invaluable for anyone interested in these ideas:

J. Moussouris, Quantum models of space-time based on recoupling theory,
Ph.D. thesis, Department of Mathematics, Oxford University, 1983.

Later, as part of an attempt to understand the Jones polynomial and rela-
ted knot invariants, the notion of spin network was generalized to include
arbitrary graphs labelled by representations of any quantum group:

N. Reshetikhin and V. Turaev, Ribbon graphs and their invariants derived
from quantum groups, Comm. Math. Phys. 127 (1990), 1-26.

In this more general context a framing of the graph is required, hence the term
‘ribbon graph’. Spin networks were introduced into loop quantum gravity by

Rovelli and Smolin:

C. Rovelli and L. Smolin, Spin networks in quantum gravity, Phys. Rev. D52
(1995), 5743-5759.

The fact that spin network states span L?(.A/G) was shown in:
J. Baez, Spin networks in gauge theory, Adv. Math. 117 (1996), 253-272.

For an expository account of this proof and a general introduction to quantum
gravity, try:

J. Baez, Spin networks in nonperturbative quantum gravity, in The Interface
of Knots and Physics, ed. L. Kauffman, American Mathematical Society,
Providence, Rhode Island, 1996.

For a rigorous approach to the canonical quantization of diffeomorphism-
invariant gauge theories using spin networks, see:
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A. Ashtekar, J. Lewandowski, D. Marolf, J. Mourao, and T. Thiemann, Quan-
tization of diffeomorphism invariant theories of connections with local degrees
of freedom, Jour. Math. Phys. 36 (1995), 6456-6493.

For the theory of L?(A) and L?(.A/G) in the smooth context, which involves
the notion of ‘webs’, see:

J. Baez and S. Sawin, Functional integration on spaces of connections, Jour.
Funct. Anal. 150 (1997), 1-27.

J. Baez and S. Sawin, Diffeomorphism-invariant spin network states, Jour.
Funct. Anal. 158 (1998), 253-266.

J. Lewandowski and T. Thiemann, Diffeomorphism invariant quantum field
theories of connections in terms of webs, preprint available as gr-qc/9901015.

For the canonical quantization of 3-dimensional general relativity, see:

E. Witten, 241 dimensional gravity as an exactly soluble system, Nucl. Phys.
B311 (1988), 46-78.

A. Ashtekar, V. Husain, C. Rovelli, J. Samuel and L. Smolin, 2+1 gravity as
a toy model for the 3+1 theory, Class. Quant. Grav. 6 (1989), L185-1.193.
A. Ashtekar, Lessons from (2+1)-dimensional quantum gravity, Strings 90,
World Scientific, Singapore, 1990, pp. 71-88.

A. Ashtekar, R. Loll, New loop representations for 241 gravity, Class. Quant.
Grav. 11 (1994), 2417-2434.

S. Carlip, Quantum Gravity in 241 Dimensions, Cambridge U. Press, Cam-
bridge, 1998.

For a discussion of torsion and BF theory, see:
M. Blau and G. Thompson, A new class of topological field theories and the

Ray-Singer torsion, Phys. Lett. B228 (1989), 64-68.

5 Observables

The first calculation of area and volume operators in loop quantum gravity
was by Rovelli and Smolin:

C. Rovelli and L. Smolin, Discreteness of area and volume in quantum gravity,
Nucl. Phys. B442 (1995), 593-622. Erratum, ibid. B456 (1995), 753.

A rigorous construction and analysis of area and volume operators on LY A/G),
using a somewhat different quantization scheme, was given in the following
series of papers:

A. Ashtekar and J. Lewandowski, Quantum theory of geometry I: area ope-
rators, Class. Quantum Grav. 14 (1997), A55-A81.
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A. Ashtekar and J. Lewandowski, Quantum theory of geometry II: volume
operators, Adv. Theor. Math. Phys. 1 (1998), 388-429.

A. Ashtekar, A. Corichi and J. Zapata, Quantum theory of geometry III: non-
commutativity of Riemannian structures, Class. Quantum Grav. 15 (1998),
2955-2972.

The area operator considered in these papers is the same as the operator
E(X) in the special case when space is 3-dimensional and the gauge group is
SU(2); however, the generalization to other dimensions and gauge groups is
straightforward. For a simplified derivation of the area operator, see:

C. Rovelli and P. Upadhya, Loop quantum gravity and quanta of space: a
primer, preprint available as gr-qc/9806079.

For attempts to compute the entropy of black holes in loop quantum gravity,
see:

L. Smolin, Linking topological quantum field theory and nonperturbative
quantum gravity, Jour. Math. Phys. 36 (1995) 6417-6455.

C. Rovelli, Loop quantum gravity and black hole physics, Helv. Phys. Acta
69 (1996), 582-611.

K. Krasnov, Counting surface states in loop quantum gravity, Phys. Rev.
D55 (1997), 3505-3513.

K. Krasnov, On quantum statistical mechanics of a Schwarzschild black hole,
Gen. Rel. Grav. 30 (1998), 53-68.

A. Ashtekar, J. Baez, A. Corichi and K. Krasnov, Quantum geometry and
black hole entropy, Phys. Rev. Lett. 80 (1998), 904-907.

A. Ashtekar, A. Corichi and K. Krasnov, Isolated black holes: the classical
phase space, to appear.
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6 Canonical Quantization via Triangulations

The relation between canonical quantum gravity on a triangulated manifold
and other simplicial approaches to quantum gravity was noted by Rovelli:

C. Rovelli, The basis of the Ponzano-Regge-Turaev-Viro-Ooguri model is the
loop representation basis, Phys. Rev. D48 (1993), 2702-2707.
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R. Loll, Imposing detE > 0 in discrete quantum gravity, Phys. Lett. B399
(1997), 227-232.

For a definition of L?(A) and L?(A/G) in the piecewise-linear context, see:
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The study of the quantum tetrahedron was initiated by Barbieri:

A. Barbieri, Quantum tetrahedra and simplicial spin networks, Nucl. Phys.
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J. Baez and J. Barrett, The quantum tetrahedron in 3 and 4 dimensions,
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7 Dynamics
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G. Ponzano and T. Regge, Semiclassical limit of Racah coeflicients, in Spec-
troscopic and Group Theoretical Methods in Physics, ed. F. Bloch, North-
Holland, New York, 1968.
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The relation between spin network evolution and triangulated spacetime ma-
nifolds was clarified by Markopoulou:

F. Markopoulou, Dual formulation of spin network evolution, preprint avai-
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between BF theory and Chern-Simons theory, see:
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Topology, eds. L. Kauffman and R. Baadhio, World Scientific, Singapore,
1993, pp. 120-130.
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561-604.
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D. Bullock, C. Frohman, and J. Kania-Bartoszynska, Skein modules and lat-
tice gauge field theory, preprint available as math.GT/9802023.

10 4-Dimensional Quantum Gravity

For a tour of various formulations of Einstein’s equation, see:

P. Peldan, Actions for gravity, with generalizations: a review, Class. Quant.
Grav. 11 (1994), 1087-1132.

For an introduction to canonical quantum gravity, try the following books:

A. Ashtekar and invited contributors, New Perspectives in Canonical Gravity,
Bibliopolis, Napoli, Italy, 1988. (Available through the American Institute
of Physics; errata available from the Center for Gravitational Physics and
Geometry at Pennsylvania State University.)

A. Ashtekar, Lectures on Non-perturbative Canonical Quantum Gravity,
World Scientific, Singapore, 1991.
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The spin foam model of 4-dimensional Riemannian quantum gravity which
we discuss here was invented by Barrett and Crane:

J. Barrett and L. Crane, Relativistic spin networks and quantum gravity,
Jour. Math. Phys. 39 (1998), 3296-3302.

A detailed discussion of their model appears in my first paper on spin foam
models (see the Notes for Section 7). A more detailed treatment of general
relativity as a constrained Spin(4) BF theory can be found in the following
papers:

M. Reisenberger, Classical Euclidean general relativity from ‘lefthanded area
= righthanded area’, preprint available as gr-qc/9804061.

R. De Pietri and L. Freidel, so(4) Plebanski action and relativistic spin foam
model, preprint available as gr-qc/9804071.

A heuristic argument for the uniqueness of the Barrett-Crane intertwiner was
given by Barbieri:

A. Barbieri, Space of the vertices of relativistic spin networks, preprint avai-
lable as gr-qc/9709076.

Later, Reisenberger gave a rigorous proof:

M. Reisenberger, On relativistic spin network vertices, preprint available as
gr-qc,/9809067.

An explanation of the uniqueness of the Barrett-Crane intertwiner in terms of
geometric quantization was given in my paper with Barrett on the quantum
tetrahedron (see the Notes for Section 5.) Similar intertwiners for vertices of
higher valence have been constructed by Yetter:

D. Yetter, Generalized Barrett-Crane vertices and invariants of embedded
graphs, preprint available as math.QA /9801131.

Barrett found an integral formula for the Barrett-Crane intertwiner:

J. Barrett, the classical evaluation of relativistic spin networks, preprint avai-
lable as math.QA /9803063.

Later, he and Williams used this to give a heuristic argument relating the
asymptotics of the amplitudes in the Barrett-Crane model to the Regge ac-

tion:

J. Barrett and R. Williams, The asymptotics of an amplitude for the 4-
simplex, preprint available as gr-qc/9809032.

For the Regge action, see:
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T. Regge, General relativity without coordinates, Nuovo Cimento 19 (1961),
558-571.

Reisenberger and Iwasaki have proposed alternative spin foam models of 4-
dimensional Riemannian quantum gravity. As with the Barrett-Crane model,
the basic idea behind these models is to treat general relativity as a constrai-
ned BF theory. However, the models of Reisenberger and Iwasaki involve only
the left-handed part of the spin connection, so the gauge group is SU(2):

M. Reisenberger, A lattice worldsheet sum for 4-d Euclidean general relati-
vity, preprint available as gr-qc/9711052.

J. Iwasaki, A surface theoretic model of quantum gravity, preprint available
as gr-qc/9903112.

Freidel and Krasnov have constructed spin foam models of Riemannian quan-
tum gravity in higher dimensions by treating the theory as a constrained BF
theory with gauge group SO(n):

L. Freidel, K. Krasnov, and R. Puzio, BF' description of higher-dimensional
gravity theories, preprint available as hep-th/9901069.

Barrett and Crane have also begun work on a Lorentzian version of their
theory, but so far their formula for the amplitude of a spin foam vertex
remains formal, because the evaluation of spin networks typically diverges
when the gauge group is noncompact, apparently even after g-deformation:

J. Barrett and L. Crane, A Lorentzian signature model for quantum general
relativity, preprint available as gr-qc/9904025.

In a different but related line of development, Markopoulou and Smolin have
considered a class of local, causal rules for the time evolution of spin networks.
Rules in this class are the same as spin foam models.

F. Markopoulou and L. Smolin, Quantum geometry with intrinsic local cau-
sality, Phys. Rev. D58:084032 (1998).

Smolin has suggested a relationship between these models and string theory,
and proposed a specific model of this type as a candidate for a background-
free formulation of M-theory. Ling and Smolin have begun to develop the
supersymmetric analogue of the theory of spin networks:

L. Smolin, Strings as perturbations of evolving spin networks, preprint avai-
lable as hep-th/9801022.

L. Smolin, Towards a background-independent approach to M theory, pre-
print available as hep-th/9808192.

Y. Ling, L. Smolin, Supersymmetric spin networks and quantum supergravity,
preprint available as hep-th/9904016.
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Appendix
For more details on piecewise linear cell complexes, try:

C. Rourke and B. Sanderson, Introduction to Piecewise-Linear Topology,
Springer Verlag, Berlin, 1972.

The 2-dimensional case is explored more deeply in:
C. Hog-Angeloni, W. Metzler, and A. Sieradski, Two-dimensional Homotopy

and Combinatorial Group Theory, London Mathematical Society Lecture
Note Series 197, Cambridge U. Press, Cambridge, 1993.
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Abstract. This is a review of some basic features on the relation between su-
pergravity and pure gauge theories with special emphasis on the relation between
T-duality and supersymmetry. Some new results concerning the interplay between
T-duality and near horizon geometries are presented.

1 Introduction

String theory [1], [2], [3] is defined by the two dimensional non linear sigma-
model

S:

1 » g
il / ¢ { (V=99 G + €V By, ] 9,X10; X" + o/by/=7R®) } (1)

provided the following space-time interpretations (fig. 1):

1. X are the space-time coordinates where the string is embed.

2. G, P, B are the external background fields called the metric, the dilaton
and the torsion, respectively.

. g is the world sheet metric.

. & are the world sheet coordinates.

[

The governing principle of string theory is the world sheet Weyl invari-
ance of (1), understood as a two dimensional field theory. Interpreting G, B
and @ as coupling constraints the requirement of Weyl invariance becomes
equivalent to the following equations:

1
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X |

Fig. 1. Space-Time

where the §’s in (2) are the different beta functions for the Lagrangian of (1)
and R,H are the strength fields of G,B.

One of the most interesting aspects of string theory can be already ob-
tained by direct inspection of the first equation of (2) which present a strong
similarity with general relativity Einstein’s equations. More precisely we can
define associated with the string theory (1) an effective Lagrangian on the
background fields £(G, B, ®?) such that the corresponding equations of moti-

ons
5L
0w

coincide precisely with the beta function equation (2). This effective Lagran-
gian is given by:

0, ¥,=G,B,9, (3)

1

1
= 55 [ da®V=Ge? [R 4 AV, oV — EHQ} (4)

Note that this lagrangian is not defined in the canonical form of Einstein
general relativity. To make contact with the more familiar Einstein forma-
lism we perform a rescaling on the metric absorbing the dilaton into the new
metric. The resulting metric is known as the Einstein metric or the cano-
nical metric, while the original metric is called string metric. The precise
transformation is given by:

GZﬁ = 67¢/2G35. (5)

The previous discussion correspond to the closed bosonic string. The phy-
sical spectrum of this string contains a tachyonic mode with mass square ;—,2,
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graviton

tachyon

Fig. 2. Regge Trajectory

a massless state of spin two containing the graviton, antisymmetric tensor
and the trace part that is identify with the dilaton. On the top of this, a
tower of massive states with masses proportional to ;—,1 (fig.2).

Graviton and tachyon scattering amplitudes for this string theory are
defined in terms of vertex operators:

_ ikx
‘/tachyon =€ )

Vgraviton = n,uuaXuaXyeikwv (6)

At tree level these amplitudes are consistently defined for D < 26, for
D the space-time dimension. At one loop level the requirement of unitarity
implies that D should be equal to the critical dimension D = 26.

A slightly different type of strings are the open string. In this case the
Regge trajectory contains a massless spin one state that we can try to identify
with some sort of gauge boson. The definition of open strings requires to
specify precise boundary conditions at the end points of the string. If we want
to preserved target space-time Lorenz invariance we should choose Newman
boundary conditions.

0,X =0 |end points (7)

with the parameterization of the world sheet as indicated on (fig.3).

In addition the above type of strings allow us to decorate its ends with
additional information, the so called Chan-Paton factors, that we can heuri-
stically imagine as pairs of “quark-antiquark” transforming in the fundamen-
tal representation of some gauge group G. This makes for G = U(N) that
the open string states will transform in the adjoin representation as it should
be for a gauge boson. In case we consider orthogonal groups G = SO(N) the
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Fig. 3. World-sheet parametrisation

requirement for the gauge boson to transform in the adjoint representation
implies to introduce an orientation to the open string. Gauge boson asso-
ciated with exceptional algebras can not be included on this way. This was
one of the main motivations for the discovery of the “heterotic string”, that
surprisely enough are closed strings that contains in its spectrum massless
gauge bosons for the group Fg ® Eg. Gauge boson amplitudes for the open
bosonic string can be easily computed using the following vertex operators:

V = £0Xe™®. (8)

As in the case of the closed bosonic string, the open strings contains a tower on
massive states, with masses of order 1/o’, and a tachyon with negative square
mass. In figure (4) we have depicted some open string one loop amplitudes.
Examples like (a) are planar, i.e. they can be draw in a plane, while examples
as (b) can not, and are called non-planar.

One of the deepest aspects of open string theory can be already discussed
from direct inspection of diagram (b). Namely, from the standard scattering
theory point of view, what we are seeing is a scattering of open string with
closed string states contributing to the internal channel. In other words closed
strings appears naturally as interaction products of open strings. This simple
and basic fact of string theory should immediately ring a bell of any quantum
field theorist. In fact we can always work out string theory in the infinite
tension limit (o/ — 0) where we decouple all the tower of massive states.
From the open string point of view the result should be a pure gauge theory,
while from the closed string point of view should land in pure gravity. We may
wonder then, if there is any residual effect of the string open-closed relation
that survives at the limit o/ — 07. This is a basic question that will allow us
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to enter into the very recent important developments connecting Yang Mill
theories and gravity but before that we need to discuss another aspect of the
open-closed interplay namely the D-branes and T-duality.

@) (b)

Fig. 4. One loop amplitudes

2 D-Branes and T-Duality

Let us star considering a closed string in a space time of the type R ® Sk,
with R the radius of the S'. The extended nature of the closed string allowed
us to define a new quantum number, namely the “winding number” of the
closed string around the circle. Let us called it m. Now consider the mass
formula for the closed string states after compactification on the circle S*
(i.e. in our example masses from the point of view of the observers in R?):

2 4
M? = —p'p, = a(ags)Q + ;(N —-1) 9)

/

n  mR o
ap’ = <R+a) Vo (10)

where p runs only over the non-compact dimensions, IV is the total level of
the left-moving excitations.

This mass formula posses a very interesting and amazing symmetry defi-
ned by:

and

a/
~ , R& —, 11
n<<m 7 (11)
This symmetry is known as T-duality [4].
As it should be clear from the effective Lagrangian (4) if we require not
only invariance of the spectrum but also invariance for the amplitude we
should change the dilaton field as
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&= — In( (12)

a'l/2 )
The above example of T-duality can be generalized to generic backgrounds
with a Killing vector. The T-duality transformation with respect to this iso-
metry is given by the so called Buscher transformations [13]:

. 1
Gy = ——
=
=, Bka ad Gka
G a = 5 B a = 5
F Gk b Gk
- GroaGrg — Bra B
Gy = G — ka kﬁGkk haBip
- GraBrsg — GrgBra
Bag = Bag — % kﬂGkk R ke (13)

where the letter k stands for the direction of the isometry. Obviously the
above transformations are generalisable to more than one isometry. Coming
back to our initial example, we note that for the bosonic string R — 0 and
R — oo are in all aspects equivalents provided we interchange the winding by
the momenta. In practice what happen is that for instance in the limit R = 0
an effective “extra dimension” appears due to the generation of massless
winding modes.

For a while nobody ask, concerning this strange T-duality symmetry for
closed strings, the most natural question, namely what is the interplay bet-
ween T-duality and the already mentioned closed-open string relation?.

Intuitively the problem we face is quite clear. In fact for the open string
there is no winding number, so once we go to the limit R — 0 we most expect
to end up with a d-dimensional theory (as usual in a quantum field theory),
however open strings in interactions will produce closed strings and as we
have seen in this case we get a new effective dimension, on the above limit.
So what is really happening?

The first answer to this puzzle is D-branes [5]. As we will see in a moment
open strings live in a d + 1-dimensional space time, but with the end points
attached to a d-dimensional region that we identify with the D-brane, more
over the closed string in the d + 1-dimensional space time will induce a gra-
vitational life for the D-branes that will appears as a real source of gravity.
Let us see all this in more detail. As we mentioned before open strings are
characterized by the boundary conditions at the ends points of the string.
The T-duality transformation of (11) is geometrically understand as mirror
symmetry on one sector of the string mode expansion, this can be better seen
by inspectioning the closed string expansion that solve the field equation,

XH — gl & ST
=Tt 5(040 +ag)7T + 5(040 —ag)o
e ol ah,
ll Gm o —m . Dmos—m 14
“\/27;)(7,12 + -z ) (14)
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where z = "% and Z = ¢" 1%, This expansion can be rewritten in terms of
homomorphic ad anti-homomorphic functions as
)

Fig. 5. D-brane interaction

Xt = XH(z) + XH(2), (15)

then the T-duality transformation translates into a parity transformation for
the anti-holomorphic function on the above expansion,

X25(2,7) = XP(2) — XP(3). (16)

for the open string solution we have,

X”:ax“—ia’p“lnzé—i—i\/a—/ Z Oé—%(z_m—i—Z_m). (17)
2 oo} m

Therefore using the same transformation as in the closed string sector we get
the expansion,

X% =22 —ia/p*® InZ 4+ i1/ o Z a—g’?(zfm -z (18)
z 2 oy L

Therefore the boundary condition 0, X?2° = 0 is transformed into 8, X2 = 0,
that means Dirichlet conditions at the ends of the open string. We can see that
T-duality exchange Newman boundary conditions into Dirichlet boundary
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1

Fig. 6. Modular parameter

conditions. This implied that the ends of the open string are constraint to
move on a given hypersurface, that we called D(irichlet)-branes.

At this point we can come back to our previous discussion concerning the
filed theory limit o’ — 0. In fact if in this limit closed strings are still surviving
them we should expect that T-duality in the field theory limit o/ — 0 of an
open string will present somehow the phenomena of quantum generation of
extra dimension. We will come back to this issue in chapter (8).

As a warming up exercise in D-brane dynamics let us consider the D-brane
amplitude represented in (fig.5).

Up to numerical actors that will not be relevant for us at this point the
amplitude is given by:

_ At o D) 2
Aly) = (@) 2 [ ety P (19)

where 7 is the Dedekind function, y the space-time distance between the
Dp-brane, d = p+ 1 and ¢ the modular parameter of the cylinder (see fig.6).

We can adopt two different points of view to interpret the amplitude in
(fig.5). From the open string point of view we have the open string stretched
between the Dp-brane and a “time” evolution along the loop with the value
of the time equal to t. From the closed string point of view we have the
emission-absorption of closed string states with the “time” of the process
given by 1/t. Both pictures are related by the conformal mapping described
in (fig.7). We will be first interested in computing (19) in the limit ¢ — 0 that
is the regime (see fig.6) dominated by the contribution of light closed string
states.

Using the transformation properties of the Dedeking function:

1

n(=) = i) (20)



T-Duality and the Gravitational Description of Gauge Theories 103

n 2ré/t

Fig. 7. Conformal mapping

and the expansion of n for —1/it — oo we get:
dt /
A(y) _ |:(a/)d/2 / ?tfd/2t(27D)/2ey2t/a :| (D _ 2)’ (21)

where D is the dimension of the target space time and where we have avoided
the tachyon contribution in the expansion of the expansion of n-function !
In critical dimension D = 26 we get from the well known expression

23—p

A ~r (%

) iy, (23)

We can compare equation (23) with the effective Lagrangian computation.
In fact (23) is a long distance contribution where we have keep only massless
dilatons and gravitons, therefore we should compare (23) with the tree level
Feynman diagrams for the effective Lagrangian in the Einstein frame and a
D-brane coupled i.e. the Feynman diagram in (fig.8). The coupling in the
vertices in (fig.8) will depend on the gravitational constant x and on the
Dp-brane tension 7, that we want to discover by identifying the amplitude in
(fig-8) and the amplitude in (fig.4). In order to do this we need the Lagrangian
describing the gravitational interaction of a Dp-brane with the target space-
time metric, the simplest ansatz is the p-dimensional generalization of the

Nambu-Goto action
S=r, / dePtiy/—detGe. (24)

Using this amplitude and identifying the string amplitude (fig.4) with
the gravitational field theory amplitude (fig.8) we get the Dp-brane tension
formulae
m(4ma)Hi=p

2562

In principle nothing prevent us from doing the computation of the ampli-
tude in th limit ¢ — 0. Using again the amplitude for the Dedekind function
what we get in this case is

! Recalled that:

(25)

Tp =

n(is)]is oo = (€2 (1 + 7% + ... (22)

with the factor 1 representing the tachyon contribution.
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graviton \ dilaton

Fig. 8. Feynman diagrams

Aly) ~ (')~2(D - 2) / %t—d/%y%/a/. (26)
After performing the integration we get,
1

Aly) = (D = 2) 75" (—d/2) [y|*. (27)

()1

We should notice a few things concerning (27). First of all the only depen-
dence on the target space-time dimension D is in the irrelevant front factor
(D — 2). This indicates that (27) reflects only the dynamics on the world
volume of the Dp-brane. Secondly contrary to the case (23) the amplitude
(27) is singular.

Concerning the amplitude (27) we can take the near D-brane field theory
limit

y%O,O/*)O,UEE/. (28)
a

In this case we get:
A(u) =~ (D —2)T" (—d/2) |u|®. (29)

The limit o’ — 0 of (23) can be nicely taken for the special case p = 11
that correspond to the half dimensional brane in 26-dimensions. Moreover
for p = 11 it is easy to see that the dilaton exchange in the (fig.8) vanishes.

3 R.R Charged D-Branes

Perhaps the most interesting dynamics of the Dp-branes appears in the case
of superstrings (for a good review of superstrings see [1]).

The Hilbert space of superstring contains different sectors depending on
the world sheet fermion boundary conditions. For periodic boundary condi-
tions, both in the left and right components we have the so called R ® R
sector. For antiperiodic boundary conditions we have the NS ® N.S sector.
The two sectors correspond to space-time bosons. In the NS ® NS sector
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Vo (K=0)

Fig. 9. RR vertex operator on strigs

we have the standard gravity multiplet containing the dilaton graviton and
antisymmetric tensor. In the R ® R sector we have also space-time bosons
but this time corresponding to the factors appearing in the decomposition of
the product of two “Ramond”-vacua,

type A 828 = [0] + [2] + [4],
type A 828 =, [1] + [3] + [5] (30)

with 8 and 8 representing the different chiralities. Space-time fermions and
gravitons are in the NS ® R and R ® NS sectors.

One loop modular invariance determines the different GSO projections.
At this point we get four different types of superstring theories. For type (A)
we get type II with two gravities and no tachyons, also type 0 where we have
no gravitons and closed string tachyons. The same for the type B strings.

What is the string meaning of the R ® R forms appearing in (30)?. This
is a difficult question from the world sheet point of view. The reason for
that comes from the fact that strings are not sources of the R® R fields. The
simplest way to see this is to consider a string diagram as the one represented
in (fig.9), where we have a RQ R vertex operator inserted in a string amplitude

R-R

Fig. 10. RR vertex operator on strigs
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at zero momentum. From the form of the vertex operator we easily see that
the amplitude contains a factor of the form

kFHl“'Nn? (31)

for F the R ® R stress tension and k the momentum, hence vanishing for
k=0.

If strings are not sources of R® R fields is not clear what can be the stringy
meaning of defining backgrounds with non vanishing vacuum expectation
values for R ® R tensors, moreover it is not clear at all what can act as a
source of those fields in string theory. The answer to this puzzle comes again
from the Dp-branes. In fact Dp-branes are natural sources of R ® R charges,
the amplitude in (fig.11) where we represent the amplitude for the Dp-brane
emission of a R ® R quanta is now non vanishing mainly due to the fact
that the world sheet entering into the game is a disc, due to the Dirichlet
boundary condition on the Dp-brane world volume. In order to prove that
the amplitude in (fig.11) is now non vanishing we need to invoke a “picture
changing” manipulation [6] to cancel the k in (31).

Once we know that Dp-branes are -or superstrings- sources of R® R fields
we can compute the type of interaction between parallel Dp-branes mediated
by the interchange of R® R quanta. This amplitude will be exactly the type of
amplitude depicted in (fig.4), but this time we will consider the contribution
to the cylinder of R® R states in the spectrum. If we choose a GSO projection
implying space-time supersymmetry we will get exactly the same amplitude
with the reverse sing and with D = 10, the critical dimension for superstrings,

A ~ @ (S5 i (52)

Now we would like to compare this amplitude with the corresponding Feyn-
man diagram in (fig.10). In order to do that we need again to defined a
quantum field theory coupling between the Dp-brane and the R® R (p+ 1)-
form

by [ deria. (33)

with the kinetic term for the R ® R stress tension F' = dA given by

/ d"YzF. (34)

By comparing the amplitude in (fig.11) with space-time (32) we get the value
of the R ® R charge density p, for a Dp-brane:

7(4ma’)37P

[,Lp = e(jsTp 5 Tp = T (35)

Probing the BPS nature of the Dp-brane. The above forms for the inter-
action of the brane with the R ® R field can be deduce from the equation
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+ Vrr(K=0)

Fig.11. RR vertex operator and D-branes

of motion that the open string on the D-brane background must satisfy [7].
The resulting action is given by,

S = Tp/dp+1§ e ?® \/— det(gag + bag + 27’ fag), (36)

where g, b and @ are the pull backs of the 10D metric, antisymmetric tensor
and dilaton to the D-brane world volume, while f is the field strength of the
world volume U(1) gauge field A, and T}, = Te<%>.

For the supersymmetric string theory we must extend the action to a
supersymmetric Born Infield type action, that includes Chern-Simons type
terms that couple the Dp-brane to the R® R fields. Of course this last part of
the action, in the leading term correspond to the coupling of equation (33).

To simplify the above action we can consider the background space-time
to be flat, the Dp-brane almost flat and in the static gauge, hence giving the
expansion

Gap ® Nap + 0 X" 95X + O ((0X)*). (37)
On the top of this we can consider vanishing antisymmetric field b and that
2ma’ F 3 and 0, X® are small and of the same order. The resulting low energy

action is:
S:%/@”HF@£+

1 2
p+1 af a o ya
/d f(FaﬂF + 7(2m/)28“X 0*X ) , (38)

49%1\/1
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where the Yang-Mills coupling is given by,

1 g
2 -2
= = 21V P2, 39
9y M 4W2a07b VGW( ™ ) ( )
The second term correspond to the dimensional reduction of the ten dimen-
sion SYM action. Once the fermions are include, the resulting action is the
dimensional reduction of supersymmetric N = 1, U(1) Yang-Mills theory in
ten dimension.

1
S:

fare (Lrrers bimas).

2
9y m

4 Microscopic Dp-Brane String Amplitudes and
Metrics

Before going into the supergravity effective Lagrangian associated with su-
perstring, let us motivate from the previous discussion on amplitudes the
form of the metric generated by a Dp-brane in the limit ¢ — 0 i.e.

7_
Aw ~ @yer (552 i (an)

In the post-Newtonian approximation we can think of (41) as a gravita-
tional correction to the flat metric. Moreover we can invoke the T-duality
relation between different Dp-branes to look for an ansatz for the metric of
the type

NT=p/2 (T=p NT=p/2 (1=p
d52_<1g(a) (2)>dzﬁ+<1+g(a) (2) d:z:i.

y7—p y7—P
(42)
In the next section we will see that (42) is at first order in the string
coupling constant g a solution to the supergravity equations.

5 Supergravity as an Effective Theory

In this section we are going to talk about the supergravity description of Dp-
branes. This kind of description involves the effective theory describing the
low energy massless states of the Type II superstring theories, where these
massless states are the graviton, the dilaton the NS two-form and the corre-
sponding R ® R forms. An important point to consider about this effective
theories, is that their specific form is completely determined by requiring
supersymmetry on the massless spectrum just mentioned. Therefore if the
superstring theory has a given symmetry, the effective theory should also be
invariant under this symmetry (supersymmetry acts as a protecting shield to
quantum corrections). Actually the action itself doesn’t have to be invariant



T-Duality and the Gravitational Description of Gauge Theories 109

under this symmetry, is good enough to have invariant field equations. Recall
that what we really obtain from the beta function in the non-linear super-
symmetric o-model is the field equation for some of the massless modes. The
other important point that we should keep in mind is that because the Dp-
brane are BPS states, some of their characteristics are also protected from
quantum effects, for example the mass, charge and even the degeneracy of
their spectrum, as we move on the moduli space of the full superstring theory.
Therefore the low energy description of Dp-branes and BPS objects in ge-
neral is very important. In fact these solutions are one of the most powerful
ways to study the new dualities within the different string theories.

The effective theories (for a good review see [9]) obtained from the type
IT superstrings are the type ITA and type IIB supergravity. Type IIA has
for spectrum the graviyton G, dilaton @, the NS two-form B, and in the
Ramod sector the one-form potential Aj;; and the three-form potential Ajs).
The action in the string frame is given by

S[]A = 2lligfd10${\/ —G6_2¢[R+4‘d@|2 — T12|H|2]
—V—G[iIF[2}|2+418|F[41|2]}+4isz[41AF[4MBa (43)

where Fly) = dA3) + 12B A Fjg) is the non-linear version of the 4-form field
strength.

The type IIB spectrum is given by the graviton G, dilaton @, the NS
two-form B and in the Ramond sector we get a pseudoscalar potential Ajq),
a two-form potential Ay and a four-form potential Ay whose field strength
is self-dual. The action in the string frame is given by

SiiB = 5= fdlox\/G{e” [R+4]d®|*> — L|H[?]| — 2|de¢)?

— 3| Fg) — (H|? - 610|F[5]|2} — gz [ A ANH A F, (44)

4K2

where we have ignore the self-duality condition of Fj5 to write this action?.
The full non-linear Bianchi identity satisfied by Fis) is now dFjs; = H A Fla).
By combining this ‘modified’ Bianchi identity with the self-duality condition
on Fl5) we deduce that dx Fi5; = H A F3), which is just the Ay field equation.
Thus, the modification of the Bianchi identity is needed for consistency with
the self-duality condition.

To study the Dp-brane solutions of the above actions it is convenient to
consider truncations on the Lagrangian that simplify and clarify the task of
finding out the right ansatz. Basically we can always set to zero all but one
of the field strength, living us we the following type of action (written in the
Einstein frame for simplification)

2 The self-duality condition for the Fl5) makes very difficult to write an action for
type IIB supergravity. In any case we can always introduce this condition as a
constraint at the level of field equations
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I= /dxm\/—G[R — 31 — sz e IF Ry |- (45)

where a? = (d — 4/2)2.

With this Lagrangian we are ready to look for solutions that are sensible
to be interpreted as Dp-branes. The ansatz we have to consider in the most
simplified case is:

— Asymptotic flat space time.
— Broken Lorentz invariance from SO(1,9) to SO(1,p) ® SO(9 — p).
— A bosonic supersymmetric solution.

This conditions can be understand as follows: The first item allows us to
define the meaningful quantities that characterize a BPS state like the mass,
charge, and supersimetric killing spinors. The second item assumes we are
considering the so called static gauge on the coordinates used i.e. the world-
volume coordinates of the corresponding Dp-brane are exactly the same as
the first d = p 4+ 1 space-time coordinates z*. Also implies that none of the
configuration depends on the above coordinates and that, in the simplest
assumption all the possible non-trivial dependence of the involved fields goes
in term of a radial coordinate defined on the perpendicular space to the brane,
with coordinates y™. The resulting form of the ansatz is given by

ds® = 24 dztda¥n,, + 2P dy™ dy" S, (46)

where r = /y™y™. For the dilaton we have only radial dependence ¢ = &(r)
and for the RR field we have two possibilities, one related to the electric
solution and the other to the magnetic solution, the form of the ansatz for
the electric case is

Fd+1 = dAd ; Ap,l ....... g — €pqnnnn.. HdeC(r)' (47)

For the magnetic ansatz we can only give an expression in terms a o the
strength filed, as there is no global definition for the associated potential,
(mag) yp
Foiilm, = Jams - map g7 > others zero. (48)
By now the only condition we haven’t used is the supersymmetry charac-
ter of the solutions. In forthcoming sections we will be dealing more carefully
with the supersymmetric equations, but for our actual proposes, it is suffi-
cient to know that the constraints imposed by supersymmetry restrict the
number of independent functions from four (A, B,®,C) to one, let say C.
Therefore using the field equations obtained varying the action (45), we get
the electrically charged Dp-brane solution (in the Einstein frame),

ds? = Hddatdz,, + H 7 dy™ dyn,

€¢ = H% (49)
Ki it g

H(r) = 14 74 1fd>9 B

Co+ K,ln(r) ifd=0

_ _ 2dd
where a = 4 vd



T-Duality and the Gravitational Description of Gauge Theories 111

Note that the constant integration K4, K,,C, and the parameter g; are
not fixed by this ansatz. Also we have introduce a new constant d, which
satisfies the equation d + d = 8, being the worldvolume dimension of the
magnetic solution associated to a strength field F;;;. To get the solitonic
solutions, one replaces d by d and set a(d) = —a(d). This will give a d-brane
magnetically charged.

We can define the mass, electric charge and magnetic charge of the above
solutions, by the expressions,

1

2K Sd+1

1
e e ,
¢ \@/{ /sd’+1 ( )

1
R F
9dq \Elﬁ) ~/Sd+1

where we expand the metric G as G = n 4+ h. When we solve the mass, and
charges for the above metrics we find that this solutions have the charac-
teristic relation between the mass and charge. Also the electrically charge
solution and the magnetically charge solution satisfy the Dirac quantization
condition

AT X (0" hanry — O B2,

eqgq = 2mn, (51)

with n an integer.

A very peculiar fact about the electrically charge Dp-branes is that they
solve the supergravity field equations with sources at the origin, where the
source is the action of the elementary Dp-brane (24) plus the coupling with
the RR potential. This fact allow us to define the value of K eq, g7 in terms of
the string coupling constant and the string length o/, giving K 4= 26-d710-d/2
I'(6—d/2)gli—*. For future discussions it is important to rewrite the Dp-brane
metrics in the string frame, here we show the result:

For the elementary case, we have

ds?® = Hﬁl/zdx“dxu + H'Y2dy™dy,,
e@ — Hl—d/4

_f1+ B itd>0
H(T){C’O+Koln(r) if d=0 (52)

where p =0,...,d—1, m=d,...,9.
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For the the solitonic case,

ds® = H_1/2dx“da:u + H1/2dymdym
@ _ prd/a-1

1+ 52 ifd>0
H(r) = {c CKoin(r) ifd=0 (53)
!

P _ y
MY eennnn May1 9i€ma....... may1l ’I‘d+2 .

where p=0,..d—1, m=d,...,9

The Lagrangian of equation (45), as we just showed above, contains the
class of solutions to its field equations, relevant for the Dp-brane studies. This
type of Lagrangian is not restricted to the ten dimensional bosonic sector of
a truncated type II supergravity, in fact we found the same structure in the
bosonic sector of eleventh dimensional N = 1 supergravity theory. Where the
bosonic part of the Lagrangian is given by

1 N . ~
11 L
=5 2/d z\/—G[R |F| 12&2/F/\F/\A. (54)

This time the field potential is a three-form /1[3], and we put hats on each
field to difierenciate from ten dimensional variables. Therefore the associated
p-branes solutions are the electrically charged M3-brane and the magnetic
M>5-brane. Their names comes from the idea that D = 11, N = 1 supergravity
is the low energy effective theory of the famous M-theory. In fact D = 11,
N = 1 supergravity compactified on a small circle gives type IIA supergravity
in ten dimensions, plus the relevant RR field strength, coming as Kalusa Klein
modes on the dimensional reduction. This is part of the conjectured relation of
type IIA superstring theory and M-theory. In any case the M-branes solutions
of D = 11, N = 1 supergravity are given below. For the electric M3-brane
we have,

K\ 23 o\ "1/3
ds? = (1 + 3) datdz,, + <1 + Tj) dy" dymm,

K
Apvp = €uvp (1 + 3) ) (55)

where p =0,...,2, m =3,...,10. For the magnetic M5-brane we get

Ko\ L3 Ko\ 2/3
ds® = (1 + 7‘36) datdx, + <1 + Tf) dy™ dym,,

q

Yy
anop = 3K65mnopqr*5a (56)

where u =0,...,5, m=6,...,10.
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As in the case of the Dp-branes the constant of integration can be related
to the relevant structure constant of M-theory, obtaining that Kg = 7rlf; and
K3 = 2277212.

Fig. 12. Multicentre D-branes

Before finishing the discussion of Dp-branes as solutions of the effective
low energy theories of superstrings theories, we should recall that there is a
very simple generalization to the above solutions which will be used extensible
on future discussions. Basically we can consider what is called a multiple
centre branes solution i.e. a solutions representing a given number of branes,
say N in a parallel configuration. Because the branes are all oriented in the
same way, the supersymmetry conserved is the same as in the previous cases.
If we prepare the solution such that each brane is located at y, (see fig.
12) then the only difference in the brane solution comes in the form of the
harmonic function H N

H=1+) —=—

(57)
a=1 |y —Ya

The form of the electric field ansatz is unchanged , but the magnetic field
needs the following change,

N
-1 9(d,a)
P = ememan®h LT 0

a=1
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This solutions are relevant when we consider Dp-brane configurations with
open string sectors including Chan-Paton factors. In principle this factors
produces a family of Dp-branes, rather than a single brane. In particular
strings stretching between different branes correspond to massive states of
the gauge theory defined on the world volume of the Dp-branes. If we start
with N different Dp-branes all at the same place, we have a SU(N) (U(N))
gauge theory living on the world volume of the brane. By pulling out one of
these branes, we break the group SU(N) to SU(N) ® U(1), and the mass of
the associated W-vector boson is given in terms of the distance between the
bunch of N — 1 Dp-branes and the pulled out Dp-brane, » and the squared
string length

/

r
= —. 59
|mass| - (59)

Therefore we have a very nice geometrical picture of symmetry breaking on
gauge theories.

As a last remark we introduce the notion of T-duality for the RR-fields.
From the point of view of the string theory the T-duality transformation is
(as we said on section 2) a hybrid parity operation, this parity restricted to
the anti-holomorphic worlsheet sector is realized in the spinor space as the
operator —il®I';; (where 2 is the compact direction). As the RR-fields are
bispinors defined by the corresponding vertex operator, its transformation is
defided as,

F = —iFI°Iy;. (60)

therefore we get the final relation in terms of the index of F' as,

Etl...;tn, = _Fgﬂlmﬂn
Fg#lmﬂn = _F/—L1...;Ln (61)

The general form of the transformation in the case of non trivial background
metric NSNS-antisimmetric field and dilaton can be found on [10].

6 Near Horizon Geometry

Given a Dp-brane metric
ds* = H=Y?da"dx,, + HY*dy™ dy,, (62)

with

(4m)P/2(a) TP 2N (7 — p) /2)
=P

where 7 = \/y™ym, the near horizon geometry is defined by the double limit

[12]

H=1+

(63)

o =0 , r=0
r
—=U (64)
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with U arbitrary. Using (64) we can rewrite the harmonic funtion H as

4/pi)>P2gNI(T—p)/2) _ (4/pi)5P/2gNI((7—p)/2)

o
H=1+ U7—p(a/)(7—p)/2 ~ U7_p(a/)(77p)/2

(65)

Geometrically we can think of (63) as a function defined on the (¢/,r) plane.
In these conditions (64) defines a blow up of the point (0,0) generating a
divisor with coordinate U. Using (65) we get for the D3-brane the following
near horizon geometry,

2 N4 1/2
U d.’,U2 + (g ﬂ-)
(gN47r)1/2 Il U2
e? =g. (66)

ds? =o' dU? + (gN4n)Y/2ds2s)

which is the metric of AdSs ® S°.

For a generic Dp-brane we can write the metric in a similar form provided
we use instead of g -the string coupling constant- the Yang Mills coupling
constant on the Dp-brane which is given by (39).

1
Note that the Yang-Mills coupling constant is also defined as the result of
a limiting procedure where g is sent to infinite or zero, depending on the
value of p. Using the above equation, the near horizon form of the harmonic
function H becomes )
dpgy u N
U7—p(a/)—2

where d, = 2772Pr(9=3P)/2((7 — p)/2). Therefore we get the following near
horizon metric,

H= (68)

U(7-r)/2 gy m(Ndy)'/?
2 2 p 2 1/2 —3
ds® = « [QYM( dp)1/2dx” +7U(7—P)/2 dU? + gy n(Nd,)V2UP=3d25)
2 (3—p)/4
_ g INd
e® =21 P gl (YU%_p ”) : (69)

How should we interpret the near horizon geometries? (To find a more
complete list of reference and a deeper introduction see [8]). Since we are
performing the o’ — 0 limit we can think of these geometries as related
somehow to the pure Yang-Mills theory living on the Dp-brane. We can try
to establish this relation from 3 different points of view.

1. Gauge Singlets: The main idea underlying this approach will consist in
looking for an isomorphism between gauge singlets of the gauge theory
on the Dp-brane and the spectrum of supergravity defined on the near
horizon geometry. Since supergravity is not a complete theory we should
look for its string ancestor on the near horizon geometry background.
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Supergravity approximation will be good if the curvature of the near
horizon geometry is large in string units, which in general will implies to
take a large N number of branes.

Notice that the standard open-closed relation in string theory always
allows to think of the closed gravitational sector in terms of gauge singlets
of the open string theory. The problem is to find a limit where the closed
string spectrum precisely describes the physics of the gauge singlets (glue-
balls) of the field theory limit o’ — 0 of the open string sector.

2. Renormalization Group: In this approach we start by identifying the
blow up variable U with the renormalization group scale of the gauge
theory. The direct connection between string theory on the near horizon
geometry and the pure Yang-Mills theory on the Dp-brane in the o’ — 0
limit, will be identifying the renormalization group equation of the field
theory with the dilaton behaviour dictated by the Dp-brane near horizon
geometry through the string beta function equations.

3. Matching of Symmetries: A more concrete procedure to find a relation
between the near horizon geometry and the pure Yang-Mills theory is by
matching the symmetries of the Yang-Mills theory with the isometries of
the near horizon geometry. the relevant data for the Yang-Mills theory are
their supersymmetries and global R-symmetries. From the supergravity
point of view we should consider the corresponding superalgabra.

Let us consider the simplest case of the D3-brane. The corresponding
super-Yang-Mills theory is D = 4, N = 4. This is a theory with 16 super-
symmetries and conformal invariance that is described by the superconformal
N = 4 superalgebra. As we will see in the next section, the matching with
the near horizon symmetries comes from the fact that in AdSs ® S° we get
an enhancement of supersymmetry.

From the point of view of the renormalization group the matching is in
this case trivial since on one side we have 8 = 0 and on the other a constant
dilaton.

The most difficult aspect is of course the correspondence between gauge
singlest and supergravity fields. Here the geometry of AdS space time is
specially important. In fact we will look for a correspondence between super-
gravity fields v; and gauge singlets observable 8; of super-Yang-Mills theory
is D =4, N = 4 in such a way that 1; at the boundary of AdS5 can act as a
source for the operators #; through an interaction term of the type,

/ da 0 ()i () (70)

with (2, U) the boundary value of ¢;(x,U).

The operator 6; can be characterized by their conformal weight A; hence
we need v; to have dimensions of the type [lenght]?~*. This condition fixes
the mass of the field ; to be determined by the following relation,

A; =241+ R?>m? (71)



T-Duality and the Gravitational Description of Gauge Theories 117

for R the AdSs radius. Once we have this correspondence between AdSj
fields v; and the observable 6; of super-Yang-Mills theory is D = 4, N = 4
the recipe for computation of the amplitudes is given by,

(ef * B@@y o Seuara(i(@0)) (72)
with ;(z, U) |u—o= ;. Relation (72) is of course valid as long as the AdSs
radius is large enough. It is conjectured that string corrections to the r.h.s.
of equation (72) still reproduce SSYM dynamics, but for the time being this
conjecture has not been proved.

In Summary the correspondence between AdSs ® S° supergravity and
super-Yang-Mills theory is D = 4, N = 4 is based on two facts: i) the iso-
morphism of superalgebras for N =4 SSYM and N = 8 AdS5 supergravity,
isomorphism that actually depends on the enhancement of supersymmetry
in AdSs and ii) the special structure of the conformal infinity of AdSs, which
is isomorphic to four dimensional Minkowski space time. How to extend this
picture to non-conformal cases is an interesting open problem. Most likely
the starting point in trying to solve this problem will consist in a systematic
string reinterpretation of quantum field theory renormalization group equa-
tions.

7 Supersymmetry

M-branes and Dp-branes are known to be BPS states. That is to say that
saturate a Bogoumoly inequality relating their mass and charge. In turns this
imply that the supersymmetry preserved by this objects is a fraction of the
maximal supersymmetry appearing on the theory. In this case we have only 16
real supercharges or 1/2 of the maximal number of real supercharges that is 32
for D =11, N = 1 supergravity and D = 10, N = 2 supergravity. A nice way
to see why we have this relation between BPS states and fractional number of
the maximal supersymmetry conserved, is to look on the superalgebra of the
above theories at infinity (where we can defined mass and charge, associated
with the Poincare group). The general form of this superalgebra is, in the
presence of branes given skematically by

{Qv Q} = FMPm + FMOMJVIPZMO..AMW (73)

where P is the momentum and Z is form defining the charge carried by the
brane. The BPS status of the brane tell us that the mass and the charge are
equal, therefore in static configurations we get

{Q,Q} =m(1 £ 1°%P), (74)
clearly the eigenspinors of {Q, @} satisfy

%Pt = 4¢f. (75)
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The operator I'%? squares to the identity and is trassless. Therefore the
number of independent eigenvalues is one half of the maximum possible, in
other words 16.

We can see the above mechanism in the supergravity solutions of the Bra-
nes that we study before. In the type II supergravity case the supersymmetry
transformation acting on the fermionic field gives the following equations,

(=1”

1 /
Sar = Onre — Wi Yape + ” Fary vy ™ M2 e, (76)

4 8(p+2)!
—Pp Lees !
ox =M (@ue)e+ ] e?Fury gy M e (77)
€(0,4.8) = € €(2,6) = V1€ €(_1,3,7) = 1€ €1,5) = e’ (78)

where € is a 32-component spinor, and w is the spin connection After solving
for the Dp-brane solutions we found the equations

3 —p)6¢(8TH)7T ¢

oA = H Y470, e + = Y0---Yp€
H ™=
6o = Oue + (:;II? Y Vet + WWWMO.-%el
6tpy = Ore — f;f:g)%nﬁpfl
6/(07448) =€ 6/(2’6) = Y11€ el(_173,7) = 1€ 6/(175) =" (79)

Where we have used the split M = («,r,0) where (r,0) are perpendicular
coordinates to the brane, also € is a 32-component spinor, and w is the spin
connection [16]. Note that we have on propose leave the dilaton unspecified
in terms of H.

The first thing to note about this system of equation as is that for the
D3-brane case the dilatino equation is satisfied independently of the type of
spinor consider, therefore we are left with only the gravitino constraints 3.
This is a consequence of the fact that in this case the dilaton is constant.
For the other Dp-branes the dilaton equation is present and the solutions are
dilatonic.

The dilatino equation is up to multiplicative factors the projector operator
appearing on equation (74), therefore its presence implies the breaking of 1/2
of supersymmetry. Also note that the gravitino equation on the worldvolume
coordinates is proportional to the same projector up to a additive factor of
the form J,¢e. The last equation referring to the gravitino components on the
perpendicular space doesn’t correspond to to the full projector but just the
part showed on equation (75) plus a partial derivative on the perpendicular

3 This case is similar to the M2-brane and the M5-branes, where the supersymme-
try equations are written in terms of the gravitino constraints only (in D = 11
there is no dilatino)
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direction. The solution of this equations is obtained by assuming no depen-
dence on the worldvolume coordinates plus using the eigenspinors defined on
equation (75), giving the result

e=H /8. (80)

where ¢ satisfied that ¢y = —70...’ype/. Hence we get only the expected 16
real supercharges.

Let‘s next consider the case for the near horizon geometries obtained from
the Dp-branes solutions. At first this question could be consider a bit trivial,
after all we are talking about Dp-brane solutions in certain regions, and we
already know the BPS structure of this type of solutions. Nevertheless note
that the near horizon limit change the asymptotic structure of the metrics.
In those cases we lost the Minkowski structure and the relation with the
Poincare invariants like the mass. The argument showed at the beginning of
this section simply doesn’t applied to this situation.

To study the supersymmetry properties of these near horizon geometries
we start with the equation (79). Our goal is to define the near horizon limit
of this set of equations. For the gravitino equations, the limiting recepee is
quite simple due to the fact that the gravitino supersymmetry variations are
components of a one-form, therefore we have an geometrical object where to
define the near horizon limit, basically

5 = limyg (0¢) = limy g (dz™yar) = limygr (da™) lim s (0¢r)

(81)
hence we get
ouh) ., /
5t = Do + ( %)7 Yale +v0-- € |,
Ouh /
0y = Oye — (8h> 0--Vp€ » (82)

where h = g%,,/U"~P. On the other hand the dilatino equation is a bit more
subtle, as it is a scalar from the point of view of ten dimensional supergravity.
We can define its near horizon limit by consider the dilatino variation as part
of the relevant gravitino in a higher dimensional theory like eleventh or twelve
dimensional dimensional supergravity. Once this is done the resulting near
horizon limit is,

3 —p)(Ouh)Y" /
o\ = o/1/6 %[e + 70 p€ || - (83)
4hz
In this case the dilatino equation goes to zero in the near horizon limit,
giving no constraints. Nevertheless the consistency conditions corresponding
to the gravitino equation, contains the dilatino equation among others. After
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the usual decomposition of the killing spinors, defined by the canonical pro-
jector on this ansatz, we find that one half of the supersymmetry is always
preserved if the dilatino constraint is satisfied , but the other half is conserved
only if the function h, behaves as

1
therefore we found the possibility of enhancement for p = 3 only. The killing
spinors equation found in this case corresponds to the AdS equation

u
On€ — W'ya(l — Yy )e =0,

9y m
1
Ou€ — —Yue =0, 85
€= 5 Tu€ (85)
with the well known solution.
€1 = ul/Qea',
_ ul/? _
€o = <U 1/2 + 172 xava € - (86)
29y m

The M-theoretical cases go along the same line of reasoning as before, here
we show in detail the M2-brane only. The supersymmetry transformation for
the gravitino in eleventh dimensions give,

o . 1. . R 1 R B .

Obu = O — SR Hapé — T (AP — 8eA“PE) Fpepe,  (87)
where M, N, O refers to Einstein index and A, B, C refers to Lorenz index,
é is the elfvien and ©$ is the spin connection. Also we have hatted the
variables to avoid confusion with ten dimensional variables. After solving for
the M2-brane ansatz we get,

0o = Oa€ — Ve ¥ Fa (1 +Y0%192) €
T ~ (arH) AA A A
0tpr = Or€ oI Joee. (88)
The solution for this system of equations is again of the form,
e=H 0. (89)

where €j is a constant spinor with only the expected 16 real degrees of free-
dom.

To study the the supersymmetries in the near horizon limit for the ele-
venth dimensional case, we consider the relevant near horizon limit, giving
as a result on the killing spinor equation

R u . A \a
O0a€ — W’Ya(l — )€ =0,
1
Oy€ — %%é =0, (90)

which tell us that also in this case we get enhancement of supersymmetry.
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8 T-Duality and Near Horizon Geometries

One of the questions that naturally arise, once we have a duality between
QFT and string theory on given backgrounds, is the meaning of pure stringy
symmetries from the point of view of the QFT. For example in the celebrated
AdS/CFT correspondence the SL(2, Z) S-duality of the Type IIB-string can
be interpreted as the string version of the well known Monton Olive SL(2, Z)
duality of N =4 SYM [11]. The quantum field theory meaning of T-duality
is however a bit less clear since T-duality interpolates different D-branes
and therefore tends to define maps between Yang Mills theories in different
dimensions. Moreover T-duality transformation generally produce explicit
breaking of supersymmetry.

The simplest possible way to address this questions on T-duality in a pu-
rely quantum field theoretical framework is of course by defining the quantum
field theory using the near horizon limit of D-branes metrics and working out
in this limit T-duality transformations.

To begin with, let us start considering a D3-brane living in a ten dimen-
sional space time with one of the orthogonal coordinates compactified on a
circle S' of radius R. The corresponding metric is given by

ds3 = H(r,R)""?(dxfl) + H(r, R)"/*(d(0R)* + dr’® + r’dS2y)
e? =g, (91)

with z)| standing for world volume coordinates and the harmonic function H
given by

- Q
_ 4 n
H(r,R) —1+glszz ([(yg—yng FngR)2+ |1 — 1y |2]4/2>7 (92)

n=1 n;

where ¢ is the string coupling constant, [ is the string length, @, is the
charge of the D3-brane, R is the radius of the circle S' and r is the radius
on spherical coordinates for the R° space time. From now on we will ignore
any constant and will work with meaningful variables on the discussion, and
always at large N.
At distances much longer than R, we can Poisson resume the expression
(92) obtaining
lig
Rr3’
This is a good solution as far as R is small enough.
I we are interested in the near horizon limit [12] of this metric we would
be forced to defined this limit by performing a double “blow up”, namely

H(r,R) =1+ (93)

T
v

R
<o/ =0 , U= — =constant , v=— = constant) . (94)
o e!

Notice that the new variable v correspond properly speaking to a blow up
of the point R = 0 in the moduli of the target space time metric (91) with
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the harmonic function of (93). After performing the blow up (94) we get the
metric

U3/2,1/2 g1/ g2/ gL/23/2
/ 2
PRE (daj) + U3/21/2 au= + V1/2 df2y + U372

e =g. (95)

d6?

Note that the dilaton field for this solution is constant. The topology of the
space time (95) is that o a fibration of a circle S* and a sphere S* on the
space defined on the coordinates (z®,U) with the corresponding radius

; (96)

which depend on the moduli v. It is easy to see that this space time admits
only 16 real supercharges, the simples way to understand this is observing
that % of the Killing spinors for the near horizon geometry of the D3-brane
are projected out once we compactify a transverse direction (we will come
back to this point later on).

From the QFT point of view we should expect the metric (95) to be
related to a SYM in 3 + 1 with 16 real supercharges and with a peculiar
R-symmetry given by the isometries of S* ® S1. The type of strings living on
the space time (95) is Type IIB.

Consider next the candidate for a T-dual geometry, namely the D4-brane
compactified on a S' of radius R, on its world volume. This solutions is given
by

dsi = H VY2 (daf + d(OR)?) + HY? (dr® + r2ds2)
e? =gH '/, (97)

with x|, expanding the non-compact four dimensional part of the world vo-
lume of the D4-brane, and the corresponding harmonic function

9l
H=1+ gy (98)
Taking the near horizon limit, defined by again a double blow up
(o/ -0, U= 5 = constant , g% = ga/t/? = const(mt) . (99)

we get the metric

/2
95

e? = gdPUB/t, (100)

dsio/[ (daf| + (d6R)?) + J5 dU2+g5U1/2dQ4]

U3/2
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Note that this time the dilaton is not constant. The number of supersymme-
tries in this brane is again 16 real supercharges, however the QFT interpre-
tation is a bit different, In this case we have a D = 5 SYM theory living on
R* ® S1. The corresponding radius of the four-sphere and the circle are

RS4 = (ggU)1/47
USR! |

Rg1 =
s (g5

(101)

Before proceeding any further, let us clarify the picture we have (see fig. 13).

Fig. 13. Moduli space for near horizon D4-brane.

In the D3-brane case we obtained the near horizon geometry as the result of
a limit where it was left one of the moduli g constant but we allowed R to
varied such that, at R = 0 we create a divisor v. This two variables define
our moduli (v, g). The resulting geometry is that of a base space expanded
by the coordinates (x,U) and fibers S* and S! with the radius of equation
(96). In the D4-brane, we obtained the near horizon geometry as the result
a another limit where one of the moduli R is maintained constant while the
other g varies such that at infinite point we create a new divisor g5. This two
variables define the new moduli (R, g5). Again the geometry obtained is that
of a base manifold expanded by the coordinates (x,U) and fibers S* and S*
with the radius of equation (101). In order to identify both metrics (94,100)
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by T-duality we most require the following relation between the different
moduli,

(102)

Provided that this relation holds, we can perform the T-duality transforma-
tion following the normal Buscher rules [13]. In principle we could run into
difficulties if there appears to many singular point on the fibration, so that
T-duality could loose its natural meaning. This T-dual map is well defined
all over the base manifold, Actually we only have singularities at U = 0 and
U = oo but both points are related rather to wrong coordinate patches than
real singularities. Therefore this T-dual map is a very trivial example of fiber-
wise T-duality [14]. The map described above is defined by T-duality, and
effectively acts between the two moduli.

By now we have a neat relation between the bare coupling constants of
both gauge theories in the two near horizon metrics. On the other hand it
is usually associated to the dilaton behavior, the value of the corresponding
running coupling constant i.e. the effective gauge coupling constant. The-
refore to obtain the effective coupling of the compactified gauge theory on
the world volume of the D4-brane, we considered the ratio of the effective
coupling constant of the five dimensional gauge theory g5 squared, with the
effective radius of compactification namely the radius of the S! given on
equation (101), hence we get

2
2 95ess

: 103
Reys (103)

Then after solving for the moduli variables (v, g) we obtain

Therefore the effective coupling constant of the gauge theory we are studying
from the point of view of the near horizon D4-brane has the same running as
the the gauge theory on the near horizon D3-brane, as it should be expected
invoking its duality relation. Note that the equation (103) was obtained by
plausibly physical relations, however this equation is nothing more than the
changing rule for the dilaton under T-duality!.

On the other hand the super Yang Mills theory on the D4 brane is not
renormalizable, we can trust it only at low energies. This aspect of the gauge
theory can be seen from the gravitational point of view. Note that for this
geometry (100) the dilaton grows for large U. Actually, we can trust on this
solution as long as U > 1/g2, after this point we should think in terms of
M-theory.

The other possibility we have is to consider the D3-brane wrapped on a
circle S' of radius R. This time the near horizon geometry is defined by the
limit
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(o/ -0, U= L/ = constant) , (105)
a

where (g, R) are kept constant on the process. Note that this time we don’t
have the double blow up of the above cases. The resulting metric is given by
2 U? 2 2 91/ G 1/2
/

e? =g. (106)
Again the dilaton is constant, and the topology is that of a fibration of a

circle S* and the sphere S°, on the space defined by the coordinates (z%,U),
with the corresponding radius

UR
Rg1 = W’
Rgs = g/4. (107)

This configuration also only admits 16 real supercharges. The situation on
the field theory should be that of a D = 4 SYM theory living on R3 ® S*
with 16 real supercharges and R-symmetry contained on SO(6).

The T-dual near horizon background is the result of first, a Poisson resume
of the D2-brane solution with a transverse direction compactified on a small
circle S* of radius R, second its near horizon limit defined by the triple blow
up, here showed

r

o =0 , U= — =constant,
o
_ R 2 _ 1—1/2
v=—  g3=9a = constant. (108)

The resulting metric and dilaton are given by

U21/2 g v3/2
2 _ 2 3 2 g3 g3 2
ds; =« 7 (dzj) + 201/ dU* + iz dfs + i de
g5/2
¢ __ 3

This time we have space time with 16 real supercharges, the metric defines
a fibration on a circle S* and the sphere S° on the base space expanded by
the coordinates (z,U) and the field theory point of view should be that of a
SYM theory on 2+ 1 dimensions, with 16 real supercharges, and R-symmetry
contained in S0(6) ® U(1). The corresponding radius of the fibers are

P g§/2v3/4
S1 = U1/2 bl
1/2
Rgs = 58 (110)

ol/4
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To perform the T-duality map between this two metrics, we require to identify
the moduli as follows,

g=2
v
1

R=-. 111
: (111)

Similar remarks about the validity of T-duality of the D3-brane and the D4-
brane are applicable to this case.

In general, we can consider the above type of compactification of the D3-
brane on a T37*, which take us to the near horizon D(s)-brane on a 73~*
in the perpendicular coordinates. The metric of these geometries looks like
AdS,yo ® S%®@T3%. When the holography map between the gauge theories
and the bulk geometries is defined 4, the radius of the torus is very small.
Also we found that when R — oo we recover on these D(s)-branes, the full
range of running for U (0, c0), while for small R we are forced to stay at big
values of the holographic variable U.

It is well known that T-duality breaks supersymmetry in some cases [15],
our previous metrics are not exceptions to this phenomenon. Note that we
are relating theories with 16 real supercharges, but we alredy showed that the
near horizon D3-brane shows enhancement of supersymmetry. The matching
condition for the number of supersymmetries is given by the fact that the
compact direction on the D3-brane (on both cases) eliminates the possibility
of that enhancement, while the other Dp-branes don’t show the enhancement
at all.

It is important to notice that the supersymmetries which are broken by
T-duality correspond to those which get enhanced in the particular case of
the D3-brane, i.e. the bilinears associated with the broken Killing spinors,
are the conformal Killing vectors.

In our previous analysis we have consider the two dual pairs (D3/D4)
and (D2/D3). Both star with the D3-brane with the only difference that the
compactified dimension is or not on the transversal direction. Let us study a
bit more carefully both pairs. In the (D3/D4) case the D4-metric is charac-
terized by two different moduli (g5, R). After the work in Matrix theory [17],
it is natural to interpret g5 as related to the eleventh dimension of M-theory
and therefore to consider this metrics as coming from a compactification of
M-theory on a T2, with sizes determined by the two moduli g5 and R. Also it
is well known [18] that in the limit where the volume of the two torus goes to
zero, we should recover type IIB theory. This mechanism implies the dyna-
mical generation of a “quantum” dimension with the corresponding Kaluza
Klein modes associated with the menbrane wrapped on the two torus. When
we apply this mechanism to our case it is natural to expect to get in the limit
of zero volume for the two torus (Vol(T?) — 0) the type IIB D3-brane metric

4 Recall that the holographic conjecture of Maldacena only applies within a range
of validity of U for the case p different from 3



T-Duality and the Gravitational Description of Gauge Theories 127

of equation (95). Using the relations (96) and (102) we observe that the limit
Vol(T?) — 0 corresponds to a ten dimensional type IIB theory, where the
extra “quantum” dimension is the S' circle in the limit v — oo, with the
radius given by (96). The up lifted of the D4-brane to M-theory give us a
Mb5-brane wrapped on a circle determined by the value of g5. In addition to
this, in our case we wrap the M5-brane on another circle defining the two
torus characterized by the two moduli (g5, R). In the limit Vol(T?) — 0 what
we get is the M5-brane wrapped on a two torus of zero volume, that produce
a D3-brane with the extra dimension defining the transversional circle in the
metric (95).

Hence the theory on the D4-brane gets embedded in the six dimensional
(2,0) theory on the M5-brane. As it is well known for the M5-brane we get
enhancement of supersymmetry and therefore we can say that the D4-brane
theory will flow to a conformal point in strong coupling. In other words what
we observed is that once we break the superconformal generators by T-duality
the resulting theory naturally flows to recover the supersymmetry by up lifting
to M-theory.

Let us now consider the T-dual pair (D2/D3). This is very similar to the
previous case. In the D2-brane metric the moduli is characterized by (g3, v),
which again should by interpreted as M-theory compactified on a two torus of
size g3 and v. In the limit when the volume of the two torus goes to zero, we
should recover the type IIB-picture by exactly the same mechanism described
above. The D2-brane is now up lifted to a M2-brane but contrary to what
happens in the (D3/D4) case, the extra “quantum” dimension becomes now
part of the world volume dimension of the T-dual D3-brane. More precisely
what we observed is that the compact “world volume” dimension in the
metric (106) is the extra “quantum” dimension in the type IIB that we get
when we compactify M-theory on the two torus characterized by (gs,v). In
other words what we observed, is that the T-dual description in (106) of the
uplifted D2-brane is a three dimensional theory becoming four dimensional
for “strong coupling” v — 0 in equation (111).

As before with the (D3/D4) pair we also observe here that the theories
flow to reach superconformal invariance. Notice that this two dual saturate
the known examples of superconformal theories namely the D3-brane, M2-
brane and M5-brane. The (D3/D4) pair is related to the M5-brane and the
(D2/D3) pair to the M2-brane. The previous conjecture is in contrast to the
mechanism suggested in [19] for solving the cosmological constant problem.
In that we can start with a three-dimensional theory that is expected to flow
in strong coupling to a four-dimensional theory. Massive particles in three
dimensions are associated with conical geometries, when some amount of su-
persymmetry is broken. The suggested solution to the cosmological constant
problem, is based on the assumption that these supersymmetries are not
restore in the strong coupling four-dimensional limit. In our case, we have
simply studied supersymmetry generators associated with conformal trans-
formations that are the ones naturally broken by the action of T-duality, and
we find they are restored in the up lifted “M-theory” limit.
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M5-brane
D4-brane
° N
v
D3-brane « _ D3-brane
o > < ©
D2-brane o
o >
M2-brane

Fig. 14. Flow to the superconformal QFT.

The general picture emerging from the previous discussion is that once
we start with a superconformal theory, T-duality generally breaks the su-
persymmetries associated with the superconformal transformations, however
the T-dual theory tends to flow to recover these supersymmetries broken by
T-duality up lifting to M-theory.

To be more precise, starting with a D3-brane with the world volume
compactified on a circle of radius R, we break for finite radius the super-
symmetries associated with those Killing spinors depending on world volume
coordinates. Those are associated with the enhanced supersymmetry. In order
to decide if T-duality breaks or not supersymmetry, we perform a T-duality
to a D2-brane. Once we have done that, we send the radius R to infinite. In
this limit we recover for the D3-brane the whole superconformal algebra, then
if T-duality is not braking supersymmetry we should find that the T-dual of
the R — oo limit possesses enhanced superconformal invariance. In fact this
is what happened. By relation (111), when R — oo then v — 0 and g3 — 0
for finite g, but g3 can be interpreted as 1/A for A the size of the eleventh
dimension. Thus the D2-brane becomes uplifted to M2-brane recovering the
superconformal transormations. In a certain sense M-theory is there to work
out the breaking of supersymmetry induced by T-duality.
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Foreword

Alain Connes’ noncommutative geometry, started in 1982 [0], widely develo-
ped in 1994 as expounded in his book at this date [0] (it has grown meanwhile)
is a systematic quantization of mathematics parallel to the quantization of
physics effected in the twenties. This theory widens the scope of mathema-
tics in a manner congenial to physics, reorganizes the existing (“classical”)
mathematics of which it produces an hitherto unsuspected unification, and
provides basic physics (the synthesis of elementary particles and gravitation)
with a programme of renewal which has thus far achieved a clarification of the
classical (tree-level) aspects of a new synthesis of the (Euclidean) standard
model with gravitation [32],[33]: this is the subject of the present lectures -
with the inherent tentative prediction of the Higgs mass.

The hinge of the programme is the notion of spectral triple (see [1.1]
below and [[0], Chapt.IV]) - the central concept of Connes‘ “metric noncom-
mutative geometry”, a wide generalization of the notion of (Riemannian)
Dirac operator recognized in the classical ( space-time) case as encoding the
geometry of the spin manifold (including the Yang-Mills action of classical
electrodynamics now obtained by means of a “quantum Yang-Mills forma-
lism”) - but with the crucial capacity of playing this role in a considerably
wider frame covering amongst others the Lagrangian aspect of the standard
model. The first version of the theory (Connes-Lott model [3],[9],[16]) suc-
cessfully obtained the bosonic action of the (Euclidean) standard model by
applying the quantum Yang-Mills formalism to a combined spectral triple,
tensor product of the space-time (electrodynamics) spectral triple by an “in-
ner spectral triple” featuring the inner degrees of freedom governed by the
gauge group U (1) x SU(2) x SU(3) - accordingly based on the tensor product
algebra , (C® H) ® (Cd M;3(C)), since the respective groups of unitaries of
C, H and M3(C) are U(1), SU(2), and U(3), the latter to be turned into
SU(3) by a “modular correction” (the supplementary direct-summand € in
the chromodynamics tensorial factor affords maneuverability for this). The
same combined spectral triple also yields an elegant procedure for obtaining
the fermion action.

The exposition of the subject (and the consultation of its literature) is now
complicated by the fact that the original (quantum Yang-Mills) Connes-Lott
model has undergone two major structural improvements causing modifica-
tions of doctrine:

— the passage [13] from “dual metric pairs” to “Sp-real spectral triples” (spe-
cifically: the replacement of the above inner spectral triple featuring a ten-
sor product of an electroweak and a strong inner algebra by a (manifestly
charge-conjugation-symmetric, Poincaré self-dual) Sy-real spectral triple ba-
sed on the direct-sum algebra COH®Mj3(C) - now used as before within the
quantum Yang-Mills scheme for producing the bosonic and fermionic actions;
— a subsequent change [32], [33] of the Lagrangian-creating paradigm for the
bosonic action (with maintenance of the Sp-real spectral triple). In spite of
its great success the quantum Yang-Mills formalism is now replaced by a new
paradigm (spectral action) technically based on the heat-kernel expansion and
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yielding a unified standard model-gravitation Lagrangian (with parallel uni-
fication of the diffeomorphism and gauge groups). This Lagrangian has to be
interpreted as yielding a theory of the “primal matter”, and thus requires for
the obtention of realistic previsions (e.g. that of the Higgs mass at accelerator
energy) a renormalization group treatment.

Given this historical development the problem of exposition is the fol-
lowing: the aim is to provide the reader with a working knowledge of the
modern state of affairs: the heat-kernel expansion of the spectral-action -
which utilizes as we mentioned the same Sy-real spectral triple as the second
version of the Yang-Mills theory. Now, in want of an a-priori derivation of the
latter object (as one hopefully expects from a quantum group - but we still
await this) one needs to motivate its construction which, if dogmatically ex-
pounded, would appear strange to the reader. Our task is thus to describe the
way in which this concept was evolved within the now abandoned Yang-Mills
frame without burdening our exposition with the intricacies of the Yang-Mills
computation nowadays presumably only of historical interest. We attempt to
sketch this “historical path” in our section [2], hopefully providing the rea-
der with enough motivation to make him accept the subsequent technical
sections. In fact the large measure of success of the Yang-Mills theory (yiel-
ding for the Higgs mass, with the right choice of scalar product on {2p, results
very similar to those of the spectral action theory) poses the problem of a
better understanding of the (at present mysterious) relationship between the
two formalisms.

Here is a word of advice on how to read this text diagonally. The elements
required for a working knowledge of the present description of the (bosonic)
action of the standard model + gravitation are the following:

— (a): a general idea about Alain Connes metric noncommutative geometry

(spectral triples, i.e. generalized Dirac operators);*

— (b): construction of the covariant Dirac operator of the standard model;
— (c): asymptotic evaluation of the spectral action (defined in terms of

the letter). These items correspond respectively to our sections [1], [5],

[6]> Now (b) is obtained from the Sp-real spectral triple resulting from

a previous metric dual pair through a process described in section [4].

And motivation for the definition of the metric dual pair comes from

the historical development of the quantum Yang-Mills standard model

as sketched in section [3]- itself motivated by the two first examples

[1.8] (classical electrodynamics in quantum guise), and [1.9] (embryonal

Higgs).

The reader can accordingly, after reading [1] and [2.1] trough [2.3], browse
quickly trough the rest of [2] and [3], then go to [4], [5.3] and [7] where

! including the quantum Yang-Mills which is part of it as the classical Yang-Mills
is part of classical differential geometry.

2 especially [6.6] and [6.7] which the reader might like to try and prove ab initio as
an exercise: this yielding then in combination with [7] the fastest ( if somewhat
immotivated) access to the final results. Geodesic: understand (2.35), [5.6],[6.5]
through [6.7], then [7].
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the actual story begins, apart from motivation. The principle of the quantum
Yang-Mills formalism (including cumbersome division through diC!”- elimi-
nation of the junk” as Thomas Schiicker calls it) is illustrated by the simple
examples [1.8], [1.9] (and the somewhat more subtle inner electroweak ac-
tion [2.5]). For the standard model the junk elimination becomes somewhat
of a - now probably obsolete - nightmare.

For a shorter, more descriptive account of the subject of these lectures, the
reader might like to consult the Portugal school text [39].We recommend also
Thomas Schiicker’s Portugal school lectures [38] (less technical details, more
physical flavour than the present text) and the writings of our Costa-Rica
friends [6],[23]. We refer to [13],[ 21],[32] for high-flying surveys, and to [34] for
a physicist’s point of view. These lectures describe the present status of the
classical (lagrangian=tree-level) stage of the theory. Last year Alain Connes
and Dirk Kreimer started a programme of investigation of field quantization
from the point of view of noncommutative geometry. The reader interested in
this quest of renewal of a deeper level of the theory should consult [46],[47].

We express our indebtedness to our colleague Galina Erochenkova for her
kind and efficient dressing in ETpX my self-made Word5-text to render it
gesellschafts fahig. Thanks are due to Springer-Verlag for tolerating micro-
deviations from their (constraining) macros. Thomas Schiicker also deserves
warm thanks for his scientific advice and for rescuing me from typographic
ship wreck in the last hour. Last but not least, I thank H.Gausterer, H.Grosse
and L.Pittner for their invitation to the pleasant and informative Schladming
winter school.

1 Spectral Triples as Generalized Dirac Operators.
Sketch of the Quantum Yang-Mills Algorithm.
Electrodynamics and the Two-Point Functions as the
First Examples

One of the essential contributions of Alain Connes was the recognition, ope-
ning the way to “metric differential geometry”, of the essential role of the
Dirac operator (suitably generalized, as spectral triple) which then becomes
a universal object in mathematics — both in his new noncommutative geome-
try and (for its unifying role) in classical mathematics. This section aims at
introducing to this circle of ideas (proofs are sketched).

1.1 The Dirac Operator of a Riemannian Spin Manifold

Let M be a Riemannian spin manifold of even dimension d= 2m, m € IN,
with AL = C*°(M, €) (or AL = C*°(M,R)) and with spin bundle $py. The
Hilbert space H = L*($) of square-integrable spinors is acted upon by the
Dirac operator D = i’y“%u = iy"(0u + 0,), o, the Levi-Civita spin connec-
tion with covariant derivative V (for items pertaining to the spin structure
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of M we use the symbols D and %7 reserving the letters D and V for the
generic items below). We look for constitutive properties of this setting : we
have at hand :

a unital *-algebra Al over € (over IR) with unit T;

a Z /2-graded complex Hilbert space H = H° @ H' (with grading invo-
lution 2™ +1);

a C-linear (IR-linear) *-representation A > a — a € B(H) of A by
even bounded operators (a is the continuous extension of the pointwise
multiplication by a € Al in $y\p);

an odd self-adjoint operator D of H such that all [5,@], a € A, are bo-

unded, D lisa compact operator and D4 has discrete eigenvalues i,
such that 3

N
> pn=0(nN) . (1.1)

n=1

The two following remarks are now crucial:

(i):

(ii):

the geodesic distance between two points p,q € M is given as follows
in terms of the Dirac operator: with || || denoting the operator-norm
of B(H), one has:

8(p,q) = sup{| a(p) — a(q)|, a Lipschitzian s.t. | [D,a]| <1} , (1.2)

implying that the whole information concerning the manifold (metric
topo-

logy, differential geometry) is encoded in the Dirac operator;

the constitutive properties recorded above do not refer to the fact that
the *-algebra Al is Abelian nor continuous, and thus make sense for *-
algebras at large.

Given a *-algebra Al, one is accordingly led to decree that one endows Al

with a “noncommutative metric geometry” by requiring the existence of a d-
dimensional spectral triple in the following sense:

1.2 Spectral Triples

With Al a unital *-algebra over € (over R) an even spectral triple (A, H, D)
is the data of:

a Z/2-graded complex Hilbert space H = H” @ H' (with grading invo-
lution x);

a @-linear (IR-linear) *-representation A > a — a € B(H) of Al by even
bounded operators (if the representation a — a is faithful we can simply
write a for a);

an odd self-adjoint operator D of H such that all [D,a], a € A, are bo-
unded, and D! is a compact operator.!

3 Take the resolvent of the Dirac operator instead of its inverse if it has zero modes.
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Note that this definition has two versions, one with Al complex (customary)
and one with A real ( relevant to our physical applications). The spec-
tral triple (A, H, D) is called d*- summable (or d-dimensional), d =
2m, m € IN, whenever the operator D4 has its discrete eigenvalues p,, such
that ZnN:1 pn = O(In N).* Note that this condition rules out the algebras
which are not ”small” in the sense that their thereby defined ”cohomological
dimension” equals d. ® Terminological remark: the phrase (d-dimensional)
"spectral triple” (A, H, D) has replaced the earlier term (d-dimensional) K-
cycle (H, D) of A, cf. [0], which we shall occasionally still use if we want
to emphasize the operator D. Note also that Alain Connes also defines ”odd
spectral triples” for which the Hilbert space is not graded - we do not dis-
cuss these objects which we shall not need in physics. The expectation that
these data endow Al with a “metric geometry” is now comforted by the fact
that they will successively yield the notions of formal forms, quantum forms,
connections and their curvatures, and quantum volume form. We briefly re-
view these items, which transpose to the “noncommutative frame” the essen-
tial features of the “classical case”, i.e. that of the algebra Al = C°°(M) of
smooth functions on a compact spin Riemannian manifold M of even dimen-
sion d, equipped with its Dirac spectral triple

(14[3L2($M)35)a D :7;7“6# :i’yu(a#—’_a,u)) :

The phrase “noncommutative frame” covers all kind of generalizations: non-
commutative, discrete, etc.

1.3 Formal Forms

The formal forms are the elements of the unital differential envelope 24
of A, a IN-graded differential algebra (24, d) defined as a IN-graded alge-

bra through symbols:
ac A.
{da,aEA[. , (1.3)

and relations (where operations in the free algebra are indicated by a dot):

A atp-b— (/\a—i-ub) 0
b—(ab) =0
A-datp - db— d()\a +pupb)=0 (1.4)
da - b+a - db— d( b) =0
dl=0 .
consequently linearly spanned by elements of the form:
w = agdardas . . . da,, ap,a1,as,...,a, € Al | (1.5)

4 To be quite exact: one requires the somewhat more stringent property: pd €
[ZH_(H)7 the definition ideal of the Dixmier trace Tr,, (see below).

5 7Large” algebras like loop-space algebras or the local algebras of quantum field
theory are thereby excluded.
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spanning the n-grade part QA" of Al The differential d is specified as
follows:
dw = Tdaogdaidas . . .da,, . (1.6)

With the algebraic *-operation specified by the requirement of reducing to
the * of Al on 2A° and anticommuting with the differential d, 24l becomes
a *-algebra.

Amongst the requirements (1.4) the significant ones are those of the lines
four and five (essentially expressing the Leibniz rule in grade 0 and 1). The
fourth line allows the reordering of arbitrary products which leads to (1.5),
and moreover entails the facts that (1.6) defines a differential, and that (1.7)
below defines a representation wp of 2AL.

1.4 Quantum DeRham Complex

The quantum forms are the elements of the quantum DeRham complex
obtained as the quotient 2p A = A /T of the IN-graded differential alge-
bra QAL through the differential graded *-ideal Z = @, _ 1y (K" + dK™ 1),
K™ = Kermp N A", and Kernp is the kernel of the followmg bounded
*-representation wp of 2A:

mp(apdardas ... day,) = (—=i)"ay[D,a4][D,as]...[D,a,] , (1.7)

(a07a17a23"'7an 614]:) N

Note that 7p is a *-representation of 24 as a *-algebra, ® thus Ker 7p is an
algebraic (not a differential) *-ideal, ® . (v K" is a graded *-ideal, and 7 is
a differential graded *-ideal. The indicated procedure is the general one for
generating differential ideals of differential algebras starting from algebraic
(not differential) ideals. One has then in grade n:

W (A (QA) K (QA) /K"
(2o A)" = e (= (K + dikn-1) JKn dIC"—l/IC") (1.8)

in particular since K° vanishes

o (R2A)?

Qp At = A, opAt =2
D ﬂ-D( )) D WD(dlcl)

(1.9)

[43

The name “ quantum DeRham complex” is justified by the fact that in the
classical case one has an isomorphism of IN-graded differential *-algebras
(25A,d) ~ (2(M),d), 2(M) the N-graded *-algebra of differential forms
on M with product its exterior product A, and differential the exterior deri-
vative d (specifically the isomorphism i: 2p Al — 2(M) maps apda; . .. day,

6 It is intuitive that 7p is multiplicative: indeed the product in QA essentially
results for the Leibniz rule postulated in the fourth line (1.4), whilst the operation
[D, -] of bracketing by D also fulfills the Leibniz rule (without however being of
vanishing square — in contradistinction from [F, -], F the sign of D (with F? = T).
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1
ap,ai,...,a, € A, into the classical form —'aodal A...Ada, - this result in
n

all grades requires non trivial arguing). In the representation one has then
75 (aoday . .. day) = agy*Opay ... y*0pa, = y(apda; ® ... ® da,) , (1.10)

with ~ the canonical map from covariant tensors to Clifford elements, ranging
in the Clifford module €1(M). Note that the latter is economically obtai-
ned as the bijective image

CIM) =~y (2M)) =@, 47 (L2(M)") (1.11)

of the DeRham complex, this yielding a canonical grading of C1(M) as a
vector space (not as an algebral).

The isomorphism i applied to ¢ = 75(w)modmy (dK™™') = (T then
yields the component of maximum grade of T.

1.5 Quantum Volume Form

With Tr,, the Dixmier trace the volume-form is the positive trace: 7

7p(w) = Try, {D“dﬂp(w)} , (1.12)

and will be used

— for “integrating the curvature” in the next paragraph;

— for handling £2p Al concretely as follows: consider the positive semi-definite
scalar product of mp(2A)™:

Tr., {D‘dS*T} , S Tenp(RA)",

S, T)n =
( ) Re Tr,, {D'dS*T} , if Al is over the reals |,

(1.13)

yielding the Hilbert space completion H,,. We obtain concrete objects re-
presenting the quantum n-forms by projecting in H,, onto the orthogonal
complement of mp (dIC"*I). With P, the corresponding projection, we shall
call P,T the concrete representative of the class of T € 7p(R2A)™
in 2p A" (slight abuse of notation: stricto sensu this representative is the
image under P, of T/N, N the null-space of the scalar product (1.13). Note
that N =0 in the classical case, as follows from (1.14), since the Clifford trace
Tr is a faithful trace).

The linear form 7p is a trace of wp(§2A4) because the Dixmier trace Tr,

vanishes on the commutators [D'd, a ] which are trace-class. Positivity stems

" The Dixmier trace Tr,, is a trace defined on the ideal £'T(H) of B(H) generated
by the positive compact operators whose sum of the N first eigenvalues ( taken

in decreasing order) is O(In N). The expression (1.12) makes sense, since D~
lies by assumption in the ideal £'7(H), and 7p(w) is bounded. Note that Tr,,
vanishes on trace - class operators.
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from the fact that the trace Tr,, is positive on products of two positive opera-
tors. 7p is a faithful trace in all our applications. The name “ volume-form”
is justified by the fact that in the classical case 75 is given as follows:

1
75 (aoday . .. day,) = W/Tr {aoy(day)...vy(day)}dv , (1.14)
ag, a1, ... ,an € Al |

where Tr denotes the normalized canonical trace of the Clifford algebra,
dv denotes the Riemannian volume element of M, and we use the short-
hand vy(da) = y*0ua, a € C°°(M) (coherent with our denoting by ~ the
canonical map from covariant tensors to Clifford elements, and using a bold
d for the exterior derivative). Note that 75 is now a faithful trace of 75 (£2A0)
owing to faithfulness of the Clifford trace, thus all scalar products (-, - ), are
positive-definite. Furthermore the expression (1.13) for S € v((R2A)?), T €
Y((£2A1)7), vanishes if i # j.

The general context of (1.14) is the fact that for a pseudodifferential opera-
tor P of order -d one has the following expression of the Dixmier trace of its
Sobolev extension:

_71 i r O'P X 2_
(P = o [[ st o @O} e - )

where Tr denotes the trace on the fiber and ¥ is the principal symbol of P.
Formula (1.14) is the hinge of the computation of 7p in our physical appli-
cations.

1.6 Quantum Connections and Curvature

We first recall the description of the classical connections and curvature under
the form lending itself (by a simple periphrase) to noncommutative genera-
lization. Let £ be a smooth bundle of finite rank over M. Replacing £ by the
equivalent data of its C°°(M)-module E of smooth sections, one completely
algebraized the concept: E is indeed a projective-finite C°°(M)-module,® all
such objects being obtained from smooth bundles over M in this fashion
(Serre-Swann theorem). Let now V be a connection of £, usually conside-
red as yielding linear maps V¢ : E — E indexed by tangent vectors £ from
which they depend C°°(M)-linearly. Writing Ven = V(n,§) we get a map V:
E— E®q (M) 2(M)* which extends uniquely as an odd d-derivation V of

the right 2(M)-module E; = E Do (M) 2(M): the exterior covariant

derivative: we have namely the module-derivation property:

V(nw) = (Vn)w + (-1)pdw, neE, we (M) , (1.16)

8 The projective-finite A-modules E are characterizable as possessing a dual basis
(€i,€"), e; € E, ¢" € E", fulfilling the completeness condition ), e;e’ = idg,
where (e;,e")(§) = e’ (§), £ € E.
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the corresponding curvature being then the 2(M)-module endomorphism
V2.

In order to get the noncommutative generalization we need only para-
phrase the foregoing:
(i): general case (the reader can forego this and pass to the special case E= Al
in (ii) below solely needed in our applications): with E a projective-finite
module over Al the quantum connections of E are the grade-one graded
d-derivations V of the IN-graded right {2p Al-module Ep = E® g2p Al: one
has VEon C Egnt1, and

V(nw) = (Vn)w + (-1)gdw, neE, we 2p(A) , (1.17)

with corresponding curvature the 2p(Al)-module-endomorphism VZ: one
has:
Vinw) = (Vn)w, neE, we 2p(A) . (1.18)

Given a coordinatization {ei, 5i}i=1 ,, of E inducing a coordinatization of
Eq, the latter are parametrized as follows: we have

V=d+p, p=I(p})€End, g(Eq)

(identified with its left action on Eg) the matrix-valued connection one-
form of V, and V2 = 0 = (i) = dp + p? € EndQDAI(EQ)z, with d acting
coordinate-wise and pj, and ¢}, acting by multiplication from the left. One gets
a trace T pp of End, qEgq by specifying the latter on “dyads” as follows:

7 (X)) =7p(8X), X €Eg, dcE} | (1.19)

where X@€End,, qEgq is given by (X8)Y =X(8Y), Y € Eg, X, &Y the
values of @ on X, resp. Y.

(ii): With Al considered as a (free) right module over itself, the quantum
connections (of A) are the grade-one graded d-derivations V of the (free)
right 2p Al-module 2p Al (= Al® 4 2p Al): one has VEgn C Egny1, and

V(nw) = (Vn)w + (-1)?pdw, neE, we Qp(A) , (1.20)

with corresponding curvatures the 25 (Al)-module-endomorphisms V?: one
has:
Vi(nw) = (Vn)w, meE, we 2p(A) . (1.21)

As follows immediately from the fact that the difference of two d-derivations
is an endomorphism, these objects are parametrized as follows: we have V =
d+p, p € Qp A = 7p(N2p A') the connection form of V with curvature
V2=0=dp+p*> e QpA* = 7p(RA)? /7p(dK), both acting on 2p Al by
multiplication from the left. Note that in the latter formula dp+p? is supposed
to be computed in £2p Al, with p belonging to 2p Al'. Concretely this consists

in computing ' = dpl + pl2 in A for p/ € A" such that p = WD(p/), and
taking 6 = 7p (0" ) mod p (dK1).
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The connection p is compatible (or Euclidean) iff p* = —p, implying
0 = 0*, the self-adjoint ip is called the (quantum) vector potential. The
gauge group G of Al is its group of unitaries:

G={ued; w' =u'u=1} , (1.22)

with the gauge transformation u € G acting on 2p Al by multiplication from
the left. Using the same notation u for this action, the action of u € G is as
follows: we have on connections:

V=d+p—=>"V=u*"oVou=d+"% with Y“=u"du+u*pu , (1.23)
and on curvatures:
VZ=0 "0 ="V =ubu , (1.24)

where the operations in the r.h.s. of these formulae are within {2p Al. Defi-
ning analogously the action of G on 24, the canonical map: QA — 2p A
intertwines the two actions.

1.7 The Quantum Yang-Mills Algorithm (for a Given Even
d-Dimensional Spectral Triple (4, H, D))

We now dispose of all we need to transcribe Yang-Mills to the noncommuta-
tive frame. We shall do this in the previous special case where the module is
the algebra itself (case at hand for our applications of interest: two-point fun-
ctions, electrodynamics, the standard model - the case of a general projective-
finite right module E could be treated analogously with 7 ,, instead of 7p).
Our task consists in paraphrasing the definition of the familiar Yang-Mills
action density as the “integral of the square of the curvature”. The “inte-
gral” is furnished by the trace 7p defined on np(§2A), whilst p and 6 be-
longs to 2p Al. We thus specify the quantum Yang-Mills action in two steps:
first define the primary Yang-Mills action as the following functional of
p € NA' such that p = 7p(p)

YMO(p) = Tr {D 4np(0)2} with 6 =dp +p " € QA2 . (1.25)

’ ’ /2
(Observe that as p ranges through the anti-image of p for mp, mp(dp +p )
ranges through the class modulo 7p(dK')). Then define the Yang-Mills
action proper by minimizing over the (2p Al-class

YM(p) =inf {YM°(p); 7p(p) = p} - (1.26)

This recipe is then such that:

(i): Y M is gauge-invariant: Y M (“p) = YM(p), u € G. The reason for this
is as follows: gauge-invariance is manifest if one replaces D by the covariant
generalized Dirac operator D, = D+p such that D,, = mp(u*)D,mp(u), u €
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G. However, this does not alter those expressions since D;4 and D* differ by
a trace-class operator vanishing under the Dixmier trace.

(ii): One has the following expression in terms of the concrete representative
of 6:

(mp(0), Parp(0))2 = Tr,{ D~ *Pymp(6?)};
Y M(p) = < for a real algebra take instead (1.27)
(Re (mp(0), Pomp(0))2 = Re Tr, {D™*Pymp(6?)} .

1.8 The Electrodynamics Case

Mathematically this is the “classical case” with d=4. We recall that, for
a€ A =C®M), [D,a] = (multiplication by) y*8,a = ~(da). For p =
>, apday € QAL selfadjoint, ag, aj € A, yielding the quantum potential:

m5(p) = ajy"dual = v(A) (1.28)
J

with A =>" y aéda{ the classical potential. Then:

mplde + ") = mp (3 dajdal) ++(A)(4)
=7 (aad) v (dal) +~(A)(4) = ’Y(Z da) @ da]) +7(A® A)

1. 1 ,
= Z [7 (2da{) Adal + idaé % da{)} + (A A)

J

_ %7 COEDY (daf, daf) + (4, 4) . (1.29)

We have to project this on the orthogonal complement of Wﬁ(d’Cl). Since
o = 2, bhdb] € LA belongs to K' whenever B = Y bjdb] vanishes, we
then have: ‘
, N1 o o
mp (do') = (@ b)) = 57AB)+>° (avh,an]) =" (avd, ani)
J J J
(1.30)
which ranges through C°°(M,R) as o ranges through K!:
T5(dKY) = C*(M,R) . (1.31)

’ ’ 1 . .
Hence Pomp(dp + p 2) arises by asking iv(dA) + Z(daé,da]l) + (A4, A)

J
to be orthogonal to the zero-grade part C°°(M,R) of the Clifford bundle:
since the latter is orthogonal to the one-grade part, this requires vanishing of

y ¥ ’ ’ 1
(A, A)1 + > ;(dap, day), hence leads to P (dp +p 2) = §Py(dA). Plugging

this into (1.27) then yields the familiar classical action of electrodynamics.
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1.9 The Two-Point Algebra €@ @ (Embryonal Higgs)

We now look at the simplest possible non trivial example
A=CoC={a=(f9); f,gc T} . (1.32)
For the discrete algebra Al we define the differential geometry by the following
even spectral triple (ALHD,x) : H = @V ¢ @V, (where the integer N
prefigures the number of fermion families). Linear endomorphisms of H are
described by 2 x 2 matrices with entries in My (C) @ My (C): in this sense

we set: " 0
o N
_(fIn O _
a = ( 0 g][N ) a = (fa g) € AIQ ) (134)
and 0 M
D = (M 0 ) , (1.35)

where the invertible N x N complex matrix M with adjoint M* prefigures
the fermion mass matrix. For

w = Zaédaﬁ, aé = (fé’gé)’ ai = (fllvgi) ea, (1.36)

i=1
one easily computes

T _ - ) .0 ) _fé (flzngM)
p(w) =2, (o oty e V5 | (137)

and

MM 0 ) (1.38)

mo(w) =3 (fo.95) (fing( 0 MM

=1

This implies that ! consists of the w for which
ST f(feh) =D g0 (flgh) =0 (1.39)
i=1 i=1

For those w the value of 7p(dw) vanishes, hence 7p(dK!) vanishes. Since K°
vanishes, one has thus 2pAl' = FD(QDAII) and Qp A% = WD(QDA[2). The
one-form of the compatible connections are the antihermitean elements of
7p(2pA'), thus of the form

0 —hM*
p:(hM* 0 ), he@, (1.40)
with

dp=—(h+h) (M;M M(])W) : (1.41)
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and
- M*M 0
2—7
pe = hh( 0 MM*)’ (1.42)
thus with curvature
- - (M*M 0
9(hh+h+h)< 0 MM*) (1.43)

Setting h+1 = ¢ one has hh+h+h = |¢|? — 1. In this finite case the Dixmier
trace reduces to the usual trace Tr. The Yang-Mills action thus turns to be

Te(6) = 2 (J¢|> — 1) Tr [(M*M)?] (1.44)

the characteristic form of a Higgs potential. We obtain the “embryonal Higgs
"

Morale of our findings: we have up to now described two spectral triples
: that of the (Euclidean) Dirac operator, relevant to (Euclidean, compact)
space-time, leading to (the Euclidean version of) electrodynamics; and the
two-point function spectral triple, remindful of the Higgs particle, thus ten-
tatively interpretable as describing the 2N “inner degrees of freedom” of a
(simplified) world with N generations of one single species of fermions. For
constructing a physical model we need a spectral triple combination of the
two items. At this point mathematics plays into our hands with the following
thoroughly canonical notion (in fact coinciding with the (exterior, easy) pro-
duct of K-cycles in Kasparov’s KK -theory):

1.10 Definition-Lemma

With (A[/, H/7 D/) and (A[N7 H”7 DN) two even spectral triples with respective
grading involution X/ and X”; let

14[:14[/(8141//
H:H/®H//
X=X ®X , (1.45)

a/®a//zg/®gu7 a/e/ﬂ:,7a”€ﬂ/l
D:Dl®][ +X/®D//

then (A, H, D) is an even spectral triple with grading involutions x, cal-
led the tensor product of (AI/,H/,D/) and (A[“,H”,D”). If furthermore
(A[/, H/, D/) and (AI”, H”, D”) are dl+—,respectively d/,+—summable, (A,H,D)
is (d/ + d”)Jr—summable.
These claims are easily established. Note that the procedure for defining D
resembles the tensor product of graded derivation ( infinitesimal operators).
At this point we could calculate the Yang-Mills action of the tensor pro-
duct of the two above spectral triples and investigate the thus obtained model
of a world with a simplified fermion structure. Since we are interested in the



Noncommutative Geometry and Basic Physics 145

real world, we shall instead construct right away in the next Chapter 2 the
“inner spectral triple” describing the “inner degrees of freedom” of the elec-
troweak sector of our world featuring N generation of 7 fermions (thus far
the experimental evidence is that N=3, but the construction is the same for
general N).

1.11 Remark

Of course, with (A[/ H ,D") and (A[” HN , D" two even spectral triples with
rebpectlve gradlng 1nvolut10nb X and X , and respective left-module actions
a—a onH anda —a on H settlng

H:H/®H//
, X=EXOx . (1.46)
a ®a =a Pa ,a €A ,a €A

D:D/@D//

yields an is an even spectral triple (A, H, D) with grading involution Y,
called the direct sum of (AII,HI,D/) and (AI“,H”,D”). If furthermore
(A[/,H/,D/) and (A[“,H”,D”) are dT-summable, so is (AL, H, D).

2 The Electroweak Inner Spectral Triple

We met in [1.9] above ( two-point algebra) a spectral triple of zero cohomo-
logical dimension whose Yang-Mills action has the form of a Higgs potential
- which thus seems related with the inner degrees of freedom of elementary
particles.We shall now construct a more realistic such object actually related
to the inner degrees of freedom of the electroweak sector of standard model: a
spectral triple acting on a fermion inner space of 21 dimension (3 families of
3 leptons and 4 quarks which for the moment we take colourless, concentra-
ting on electroweak aspects). Our construction rests on our phenomenological
knowledge of the electroweak group U(1) x SU(2) which, postulated to be
the group of unitaries of the inner space algebra, induces us to take for the
latter the direct sum @ @ H of the complex numbers and the quaternions.
We recall that the real vector space

1 JR— JR—
]H—{(_%Z), ab e (1:} or]H—{(i";1 Zg) , H'=T,, H2—ngq:}9

(2.1)
(consisting of sums of hermitean scalar and antihermitean traceless matrices)
is a real subalgebra of My(C) stable under the hermitean conjugation * and
intersecting the unitaries along SU(2). As a real vector space, H is spanned
by the unit matrix T and the 3 quaternions:

I_C)é) J:<01(1))’ KZ(S%) (2.2)

% This alternative notation for quaternions will be used for the “Higgs doublet”.
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fulfilling JK = ~KJ = - = I* = 7', KI = —IK = —J = J" =
J7 Y IJ = —-JI = -K = K* = K~!, thus orthogonal for the Euclidean
scalar product with corresponding norm | | :1°

! ]_ * !’ ]_ /* ]_ * !’ /* ! !
(q,q)=§Tr(q q)=§Tr(q q) S~t~§(qq+q q>=(q,q)1[7 q, q €H,

1 * * * *
lal*=(g,9)= 5 Tr (¢"q) = Det(q) = Det(q") ( thus ¢"g=qq” =[g|T) . (2.3)

2.1 Basic *-Algebra. Gauge Group
The basic *-algebra is the real algebra

Ay =CoH={(pq); peC, qcH} (2.4)
provided with the *-operation (IR-linear, product-reversing involution):

(p,q)*=(D,q"), peC, geH (2.5)

direct sum of the complex conjugation of complex numbers and hermitean
conjugation of quaternions.
The gauge group of A.,, is then

{u=(u,v)€Acy, vu=wu’ =1, v'v=v0*=1} =U(1) x SU(2) , (2.6)

i.e. the gauge group of the electroweak theory. Accordingly, A, will also
serve (taken as a right module over itself) as the module serving to define
connections. Note that the bijection:

Cop<« Pdiag = (g 2) elHdiag (]Hdiag the set of diagonal quaternions)

(2.7)
is an isomorphism of real algebras, significant in the sequel inasmuch as the
elements of @ often behave as diagonal quaternions. We occasionally write p
for Pdiag when the context is clear.

2.2 The Spectral Triple (Ac, Hf, Dy)

The spectral triple (Ac,,,H,Dj) is the direct sum (A, Hi, D) B A cw,Hyq,Dy)
of a leptonic spectral triple (A ,H;,D; and a quarkonic spectral triple (A,
H,;,D,) The leptonic spectral triple (Ac,,,H;,D;) is as follows: the Hilbert
space is:

H=[CiaetC]ot

en vLer (2.8)

10 Note that quaternions have real traces, since Tr1 =2, and Tr ] = TrJ = Tr K =
0.
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The respective indices f, | and q stand for “fermion”, “lepton” and “quark”.
The symbols e (electron), v (neutrino), u (upper quark), d (lower quark), af-
fected by subscripts L (left handed) or R (right-handed) indicate the type of
fermions. Tensoring by @ corresponds to the existence of N fermion families
(N=3 in nature). (We note in anticipation that subsequent introduction of
the gluons will leave the leptonic spectral triple unchanged, whilst endowing
the quarkonic spectral triple with a threefold color multiplicity, with the co-
lor degrees of freedom neither acted upon by the electroweak algebra nor by
the Dirac operator (the latter “ entirely on the electroweak side”). For the
moment we plan to describe merely the electroweak sector. Writing the en-
domorphisms of H; as 3 x 3 matrices with entries in My (C), and denoting by
Iy the identity of @V, one defines respectively as follows the representation
m of Agy on Hy, the “Dirac operator” Dy, and the “chirality” x;:

€Rr VL €r

pIy 0O 0 a b
y @ = 7 €Ay , (29
m((pg)=| 0 aly by (p 1 (ba (2.9)
0 —bly aly
ErR VL €L
0 0 M;
D, = 00 0 ) (2.10)
M., 0 0
€R vy, er,
Iy O 0
i = 0 —Iy 0 (2.11)
0 0 -1y

The quarkonic spectral triple (A.,,,Hq,D,) is as follows: the Hilbert space is:

H,=[Cia Cflaa?

wpdp up dy (2.12)

Writing the endomorphisms of H; as 4 x 4 matrices with entries in My (T),
one has now:

UR dR uy, dL

ply O 0 0 a b
0 pl 0 0 (7 :< _))EAew,
m(@D)=| o "0 any ery | mT\ba
0 0 —Z_)][N aly
(2.13)
UR dR ur, dL
0 0 M; O
0 0 0 M; (2.14)

Dq:MuOOO’

0 Mg 0 O
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UR dR ury, dL
Iy O 0 0
o 1y 0 0 (2.15)
XeZ 1 0 0 —-Iy 0 '
0 0 0 -1y

Here M., My, M,,, are the N x N complex mass matrices of the respective
electron, lower quark, and upper quark families, assumed to be invertible.
Since one passes from the relations (2.13)-(2.15) to the relations (2.9)-(2.11),
trough the changes M, — 0, My — M, followed by restriction to the right-
lower corner 3 x 3 matrix, these changes (for which we coin the phrase “lep-
tonic reduction”) yield the description of the leptonic sector in terms of
that of the quark sector, on which we now concentrate.

For our calculations it will be convenient, using the previous convention

~ _(pO —
Pdiag = (0 p) and the notation:

M=E®@M,+FeM;=1c+iK®§ ,

1 1
0= §(Mu+Md) y 0= §(Mu_Md) ) (216)

. 10 00 i 0
W1‘5hE—<OO),F—(01> andK-(O_i)elH,

to handle the 4x4 matrices (2.13) through (2.15) as the 2x2 matrices (2.18)
through (2.21) below with entries in Ma(T) x My (C), corresponding to the
decomposition:

: Hy, =Choa?
H,=H,, ®H, with { HZ’; _ @?@ oV (2.17)
o sish i
(whereby the 4 x 4 matrix reading g2 g2 | in terms of 2 x 2 blocks S}, €
/ T% T3 ; ;
M (M (C)) becomes the 2 X 2 matrix (T% TEQ) with T} = 37, , eF @5}, ef
the M5 (Q@)-matrix units):
R L
0 2.18
wwa)=(5 o) 219
with
{p) Pdiag @ In (2.19)
g=q®1Iy
R L

D, - (1& ]1\(/)1) , (2.20)
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R L
(Iely 0 (2.21)
Xa = 0 —-Ixly/

We gather some useful formulae. Note the important fact that p and IM com-
mute. From (2.13), (2.14) we compute, for (p,q) € Acy:

Dymg((p,q)) = (1& 11\3) (%”2) _ (]N?mmng) _ (lp?M M()*cg) ’

. ) NCE2)

oo () (8) (72 (377
hence: (2.23)
il 0) = Py = (o g™ B P) @2y

We then have, for (p,q), (7, x),(s,7) € Aew, using the noted fact that p
commutes with IM and IM*:

imq((p, 9)d(m, X)) = <@<m _OX)M M*”’(OX N W>> : (2.25)
further

mq((s,7)d(p, @)d(m, X))
:<M $(ﬂ’) @%)(X W)M 0 ) ) (2.27)

m(p — ¢)MM" (7 — x)
2.3 The A.,-Bimodule QDquw of Dg-Quantum One-Forms

We recall that 2p, AL =m, (Q (Aew)l). Therefore §2p, Al is obtained by
linearity from (2.22): we have:

o k
’L'Trq(p) = (Q(])NI MOQ> ) Jz::l pjvqj ijXj) 3 (228)
with
k k
Q= Zl%(ﬂf X;)=QelIy [Q =Q(p) = Zl aj(mj — X;)
J= Jj=
U k ’ ’ ! k
Q=Ypix;-m)=Q @Iy |Q =Q(p) =X pi(x; — 7))

<
Il
_

~
Il
_
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Since IM has been assumed invertible, the specification of im,(p) is equi-

valent to that of the pair (Q,Ql), obviously ranging through H x H, as p
ranges through i£2(A¢,)". The bimodule £2p, Al can thus be considered as

consisting of pairs (Q, Q/) € H ¢ H, suggestively noted

(QQ):<Q§’1\4MSQ), (e=Qoly, §=Q oly) . (230

From (2.30) it is obvious that (Q @ ) = (Q,* @ ); and we have the

bimodule multiplications:

PO/ 0 MQ)_[ 0 MpQ (2.31)
Og/)\QM 0 gQM 0 ’
0 ]M*(Q, »0 _ 0 M (Q, q (2.32)
QM 0 0q QpM 0 ’
whence (2.38) below; and the scalar product (for real C*-algebras):

(o) (0, %)),, -

q

{ 0 ]M({Ql*) (QQ()]M ]M;(I%) }
(g o) (e o))

{

{

= Re Tr

. (szg 0 )}

0 @) MM,

= Re Tr { MIM* [Qng +@Q,Q }}

— Re Tr{[][@ZfzK@@A] [(Q;Qg +Q’2Q’1*) ® ]IN}}
=Re{Tr £Tr Q1 Q2+Q5@Q) | —iTr ATr [K (Q1Q2 +@2017) | }
=T 0T [QiQ2 + Qa2 | (2.33)

taking account of the fact that quaternions have real traces, and using the
relation:

MIM* = (%“ ; ) =1I® XY —iK®A , where (2.34)
d

1
X= %(Mquud) {uu—MuMu*
a=ti ta = My

(jtu — 1)



Noncommutative Geometry and Basic Physics 151

‘We showed that:
The Ac-bimodule if2p, Aiw =im, (Q(Aew)l) 18 1somorphic to H®IH as

a real vector space. With the motation
[ Hy, H! . ([ Hy H!
Q_<_H1H2>7 Q _(_HiH’Q €H

its elements

QY 0 M (Q o1
(Q )_<(Q®]IN)]M (0® N)>

ur  dr o ur Az (2.35)
0 0 H,M: —H,M;
_ 0 0  HM; H>M;
| HoM, H'Mg 0 0
—-H\M, H*Myg 0 0

k

Concretely for p= 3" (pi, q:)d(mi, xi) € RALys (Pis @), (Tiy Xi) € Acw
i=1

k
o Q= > ai(m —xi)
img(p) = (Q ) with =1 , (2.36)
Q= _;pi(xz‘ — i)
give rise to the following rules:
— for the *-operation:
(QQ> :<Q/*Q>, (QQ>EQDinw; (2.37)
— for the bimodule multiplication:
(p1,q1) <Q @ > (P2g2) = <q1Qp2 p1QQ2> ; (2.38)

(thI)a (anq2> S Aeun (Q Q ) S QDinw s

(this rule as well as the rule (2.67) is easily memorized by writing (p q) for

11 The self-adjoint vector-potentials are obtained making Hi =—H', Hé = H>.
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— for the differential in grade zero:

qquiag>, () € Acuy ; (2.39)

id(p,q) = <Pd' B
iag

— for the scalar product in the real algebra case:

Q/ Q/ B ’ ’
()0 ), -l )
Q: Q: !
(Ql 1>’<Q2 2)€QDquw ,

1
with £ = 2 (M, M +MMj) . (2.40)

(With our definition (2.3) for the complex structure of H defined by K, (g, q')
becomes the real part of a hermitean scalar product with purely imaginary

part i(g, Kq')).

2.4 The A.yn-Bimodule £2p, Aiw of Dg-Quantum Two-Forms

Recall (cf. [1]) that one has 2p, A2, =7, (Q (Aew)2) Jmq (dK1).

We first examine m, (dK*) : m4(dp) for p = Ele(pi7qi)d(7ri, Xi) as in (2.25)
follows by linearity from (2.23):

raldp) = (2.41)
mﬁi@r@ﬂm—mmd 0
0 2: (I’Pz' - ‘ﬂi) IMIM*v (Wi - Xz‘) |

u (dICl) thus consists of all elements of the above type for which:
k k
T(p) =0 & Z% (mi_Xi):ZﬂDi (x; —m;) =0
i=1 i=1
k k
& Y ai(m—xi) =Y pilxi—m)=0
i=1 i=1

(¢ @w=-au-o). (2.42)

We observe that this implies vanishing of the upper left entry of the matrix
r.hus. of (2.41), as well as vanishing of the contribution of the first term r.h.s.
of (2.34) to its lower right entry. Consequently one has:
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0 O
T (dKY) = (0R®A) : (2.43)
with
1 k
:{_2’ P — @)K (mi = x;); pi 7 €@, g5, x5 €H,

3 ; 2.44
s. t. Zlq]'(%' - Xj) = lej(Xj — ;) = 0} (2.44)

= Jj=

k k
Di{quKXi; ¢,xi € H s. t. quXjO}z’]H ,
i=1

j=1

(indeed, the set{ } in the preceding line is manifestly an ideal of the field H,
hence coincides with H itself): we found that

g (dKY) = (giIH?EQA) . (2.45)

On the other hand 7, (Q (Aew)Z) is obtained by linearity from (2.24): one

has, for

0= i(si,Ti)d(pi,qi)d(m,Xi)a (sis74)s (i i)y (Tis Xi) € Acw ,  (2.46)
using (239):
7a(0) =
M*]§:1$j<lpj —q;)(m; —x;) M 0
0 35 7y — ) MM (s, — )
_ (M <QG§IN)]MQ’®E+OZ'Q”®A) , (2.47)

expression which we shall denote ( / ) as it is uniquely specified (cf

Q,Q
invertibility of IM) by the triple of quaternions:

Q = gklsi(pi - Qi)(ﬂ'i - Xi)
@ =S rpi-wm-x) (2.48)
Q' = Zk: 7i(pi — qi) K (mi — Xi)

s
I
-
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which ranges through H x H x H as 6 ranges through 2(A.,)?. Note that
Q > .
+ | consists of the two terms:
( Q.Q

Q (M (QeIy)M 0 0 0
( Q’,Q”)‘( 0 Q'®2)+<OiQ”®A)' (249)

The second term belongs to m,(dK!) by (2.45). The first term, specified by a
couple of quaternions, which we accordingly denote:

(40)- (UGG (%) oo

represents in fact univocally the class of ( ) modulo 7, (dK!): we

Ql , QII
have indeed, with P» the projection for n=2 defined in section [1] with respect
to the scalar product (1.13):

Q N\ . (Q RSV
< Q/>_P2< Q’,Q”)’ @@ @ el (251)

as a consequence of the fact that the two terms in (2.49) have a vanishing
scalar product since the expression

Tr{(]M* (Q@a ][N)]MQ/;E)*<8Z.Q”?gA)}:iTr(Q/QN)Tr(EA() |
2.52

has a vanishing real part. We shall henceforth consider the Al-bimodule

2p, A% as consisting of pairs (Q Ql> cHoH .

ew

From (2.51) it is obvious that (Q Q') = (Q Ql*); and we have the

bimodule multiplications:

ma (g )= (5e) (MM ol x)

(M (pQeIy)IM 0 _ (@
_( 0 qQ'®E>_< qQ')’ (2:53)

QQ/) (p.q) = <M*(QQ§]IN)MQ/(;§2) (%;)

_ (]M* (QP?IN)MQ/(]()@E) _ (Qp Q,q) . (2.54)

7N\
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The multiplication rule 2p, Al x QDinw — p, A2 is obtained as

follows: one has:

( Q1)< Q;)< 0 M*@ﬁ)( 0 IM*Q’Q)
Q1 Q2 QM 0 Q.M 0

0 Q, MIM* @,

w w

M 1@z Ty) M 0
0 (Q1®11N)(]1®2—iK®A)@’2®]1N

PZ{<Q1 Qll) <Q2 Qé)} (2.57)

_ (M* (@i@:e1y )M 0 ) _ <Q1Q2
0 QQ;® X

, (2.56)
)

whence

Q1Q5>

The rule for the first grade differential d: £2p, Al — 2p, A2, is obtained
by conferring (2.28), (2.29) rewritten as (2.36) with the relation obtained by
specializing (2.51) to the case s; =r; =1, i=1,...,k:

Pumap) = () =i (€ (258)

Q+Q ) ’
the comparison yielding the rule (2.70) below.
We now look at scalar products of elements of 7rq(.QA2

ew

Q 0 0 .
( 0,0)° Q.0) and 0.0 are obviously mutually orthogonal,

it is enough to compute scalar products separately for those three types. We

have:
0 0 0 0 00
Coc) Cog)), =™ Gior’sa) (@i a)

=Tr (4%) Tr (@)@} ) = 2Tr(A%)(Q], Q%) (2.59)

). Since elements

further

0 0 0 0 00
(W Q;,O»DQRG (00, 5) (0i,e2))

=T (52) Tr (@) Qy) =21 (£2) (@1Q%) - (2.60)
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Finally, for Q; = ( ! 51), Oy — ( a 52>:

—B1 ou —B2 t

(o) (*00)),,

:ReTr{<M*<Q1§@11N>M 8) (M*(QQ?IMM 8)}

= Re Tr {MM* (QT ® ][N) MIM* (QQ ® I[N)}
=Re {Tr (1) Tr (EQTEQ2) + Tr (u3) Tr (FQTFQs)
+ Tr (pupa) Tr (BQTFQ2 + FQTEQ2)}

= lﬁ(ui + ) (Gras + a1@s) + Tr(pupa)(B182 + Fif2) . (2.61)

2
where we used the fact that
MM*=E® M, +F ® My, (E:<(1)8>’F:<8(1))) . (2.62)

We showed that:
The Acy-bimodule 2p, A2, =7, (2(Acw)’) /7 (dC") = Pory (2(Ac)?)

is 1somorphic to H ® H as a real vector space. Its elements

( Q,)—< : Q'®2)’ Q.Qem (263

. Q ) (Q )
are obtained as the components P P / orthogonal to
P ’ ( Q.Q Q.0 g
Tq(dKY) of general elements of w7 (2(Acw)?) = HOHGH :

Q (M (Qely)M 0
( Q’,Q”)‘( 0 Q’®2+iQ”®A> - (264

Concretely, for

k
0= (si,r:)d(pi, ¢:)d(mi, i), ($i73), (Pir @), (Wi Xi) € Aew : (2.65)
i=1

|
M-

«
I
—

Si(pi - qz‘)(ﬁi - Xi)

_ (@ : (o — a) (e — v
7rq(9)—< Q,,Q”> with ri(pi — @) (mi — Xi) (2.66)

o
Il
N

O L& O
Il
M=

ri(pi — qi) K (T — Xi)

|
M

©
I
—
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One has the following rules:

— for the *-operation:

(QQ/) _ (Q* Q) (QQ,> € 2p, A2, ; (2.67)
— for the bimodule multiplication:
(phCIl) (Q Q’) (p27QQ) = (plQPQ qu’q2> ) (268)

(p17q1)7 (p27q2) S Aeu}, (Q Q/) S QDquw 3

— for the multiplication rule QDqAéw X QDqAéw — p, A2

Q; Q) _ [ Q1Q2
<Q1 1)(622 >‘< QlQ'z)’ (2.69)

Q; Q- L
(@1 1)7 (@2 2>EQDquw )

— for the differential in grade one:

() ) om

(QQ>egm¢w;

(@ ) (QQ ) 2
— for the scalar product of the pair row o | €02, AL,
f b f P < Ql) Ql Q27 Q P

2

with Q1= (0%1 gi) , Q2= (0%2 gz) (cf. (1.13) in the real algebra case):

(“ ) (")
Qq,Q; Q2: Qs D,
= 2Tr (0?) (Qlu le) +2Tr (4%) (QI’QQ

+%Tr(ui+p§)(&1a2+a16¢2) +Tr(pupta) (BrB2+51682) - (2.71)

( We recall the notation

1

E:%(Nuthd) {Mu:MuM{I ) 272)
= MyM* ) ’

Azi(ﬂuf.ud) Hd dd
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2.5 Connections. Curvature. Yang-Mills Action

The vector potentials are the antiself-adjoint elements of QDqu of the

form: o«
= —1 Q/ = —1 Q/ *:71' *Q*>
v=ilo?) (e ) — e

i(QQ*), QeH , (2.73)

(cf. (2.35) and (2.37)). The corresponding curvature is:

v () o)

:_<Q+Q*+Q*Q )
R+ Q" +QQ"

——fa+p-y (MM L) (2.74)

We showed that: the vector potentials are of the form:

V:—i(QQ*), QeH , (2.75)

with the corresponding curvature:

o0=-[lQ+1* -1 (M;]MI;E) : (2.76)

leading to the (reduced) Yang-Mills action:

YM(V)=Tr(6?) =Tr B (s + 1) + uuud} lQ+1/ - 1}2
= cst ('152 — 1)2 ; (2.77)

with the quaternion ® = Q + 1 .

We see that, analogously to what happened in example [1.9], the action con-
tains a Higgs-like object: but now it is not an irrealistic “embryonal Higgs”,
but actually the inner tensorial component of the postulated physical Higgs
particle.

So much for the quarkonic spectral triple. We now conclude this section
by having a look at the leptonic spectral triple: as mentioned above, the latter
can be described as a modification (in fact a kind of an impoverishment) of
the quarkonic spectral triple described above.
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2.6 Remarks

(i): We recall that one passes from the quark operators (2.13)-(2.15) to lepton
operators (2.9)-(2.11) through the process of leptonic reduction consisting
of the following two steps applied to 4 x 4 matrices with entries in My (C):
— 1)effect the changes M,, — 0, My — M,;
— 2)discard the first row and the first column of the 4 x 4 matriz.
(ii): Embedding 3 x 3 matrices into 4 x 4 matrices both with entries in My (C)
as the latter’s lower right corners bordered by zeros:

0000

Do | se m@eMy(@ (2.78)

0

and considering the projection:
000 O
p—|? (2.79)
B O ’ ‘

0

note that, for T a 4 x 4 matrix, PTP is obtained by replacing by zeros
the entries in the first row and column of T. Note further that step 1)
applied to D, amounts to taking PD,P and effecting there the change

0000
My — M., this leading to 8 D . Note finally that Pr,((p,q))P =
!
0

0 0 0

; mq(p, q) being unaffected by Step 1.
m((p, q)) o(p.4) being o

o O oo

2.7 Lemma

One obtains m(w), w € 2A.,", as the leptonic reduction of mq(w). For

0O 0 0 O
. . . 0
>
n > 1, step 1) applied to my(w) yields in fact 0 (W)
0

Proof
Step 1) and the procedure T — PT P, both evidently commute with algebraic
operations. Step 1) applied to

i"r(aoday . .. day)=m4a0)Dy,mfar)] ... [Dg,me(an)]

amounts to making D, — PD,P followed by My — M.. Since 7,(a,) com-
mutes with P, the first move applied to [Dy, m4(ay,)] yields:
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[PDqP, Wq(ai)} = [PDqP7 Pﬂq(ai P] = P[Dq,ﬂq(ai)] P, (2.80)

0 0 0 0
which after the replacement equals 8 by [2.7](ii).

(D1, mi(an)]
0

Since multiplication from the left by m,(ag) amounts to multiplying by P,

(ap)P, we see that step 1) applied to i"m(aodas ... day) yields

0 0 0 0

i"m(aodas ... day,) (2.:81)

o O O

The following result is relevant for the computation of the projection P» in
the quark sector. Readers not interested in this are advised to skip it.

2.8 Proposition
(i): Assume M, invertible. We have the inclusion
K'=0A!l, NKerm, C RAL, NKerm , (2.82)
hence K also equals:
K!'=0AL, NKer(r, &™) . (2.83)
(ii): We have that
m(dKY) = (82'11{@?\461\4:) , (2.84)

whose elements thus result by leptonic reduction from those of my(dKC!).
Proof

(i) The changes M,, — 0, My — M, applied to M yield F ® M,. Performing
this change M — F ® M, on

/

S 0 M [Q(p) @ Ty ]
a(p) ([Q(p)@IN]JM . ) (2.85)

(cf. (2.25)) with
M [Q'(p) © Iy | = (F & M) |Q () @ In| = FQ'(p) © M;
Q) @ In| M= Q) ® In] (F & M) = Q(p)F & M, ,  (2.86)
we obtain the equivalence:

mp) =0 & FQ(p)=Q(pF=0, (2.87)
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which, conferred with (2.42), establishes (2.83).
(ii): We now apply leptonic reduction to (2.41) we have, in view of (2.29):

k
Z]M* (@) — @) (m; — x;)] M = —M*(@ + QM

= (F® M) [(Q' +Q)® ][N:| (F @ M,)
— F(Q +QF o MM, (2.88)
vanishing on 2A4%, N Ker m; by (2.87). On the other hand we have:

M=

(p; — q;) MIM"(m; — x;)
1

.
I

k
, [(pj — @j) ® IN](F @ M M) (75 — x;5) @ In]

J

. {i(pj — ;) F(m; — Xj)} ® MM

j=1

1 k
~3 [Z@j = q;) (T +iK)(m; — xj} ® M M}

j=1
k

1 , . )

=3 [—Q(p) -Q(p)+iYy ¢K(m - Xj)] © MM, (2.89)
Jj=1
1 k
by (282) in restriction to K% equal to ii Z q; K(mj —x;) ® MM : however,
j=1

k
as we saw in [2.4], the elements ) ¢;Kx; range through an ideal of H, thus
j=1

through the whole H.
2.9 Conclusion

We conclude by mentioning the 2 x 2 matrix versions, with entries

< M;(C) ® Mn(CT) M((DQ’(D)@MN((D))
M(TC,C?%) @ My(T) My (C) @ My(T) )’

of the operators (2.9)-(2.11): we have:
R L

mia) = (PN n) (oo a=(5a) ean)
(2.90)
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R L
0 (0MF)
D — 0 ’ (2.91)
M, 0
R L
(1ely 0 (2.92)
Xt = 0 —Iely/

3 Sketch of the (Quantum Yang-Mills) Connes-Lott
Model. Inadequacy of the Electroweak Sector in
Isolation. Inevitability of Chromodynamics. Metric Dual
Pairs

This section is a brief historical survey of the now abandoned Connes-Lott
model (Yang-Mills access to the standard model). We offer it for providing
the reader with a motivation for the successive definitions of the metric dual
pair and Sy-real spectral triple which become natural by looking at their
genesis. Knowledge of the Connes-Lott model is not logically necessary for
reading the subsequent sections from [4] onward, to which the reader not
caring for motivation can immediately pass, ignoring this section, which we
advise him to consult casually, as a historical introduction.

3.1 Sketch of the Connes-Lott Model

The idea of the Connes-Lott model is thoroughly natural: since, as we saw
in section [1], the quantum Yang-Mills procedure reproduces the classical
Yang-Mills in the electrodynamics case [1.8], and already exhibits a Higgs
phenomenon in the two-point case [1.9] - furthermore lending itself canoni-
cally to system-tensorization [1.10] - one is naturally led to tenzorize the
electrodynamics spectral triple by the (now hopefully realistic) finite “in-
ner spectral triple” described in the preceding section [2] as embodying the
flavour degrees of freedom, likewise exhibiting a Higgs phenomenon. This
procedure incorporates the hitherto structureless “inner degrees of freedom”
to an enriched (mildly) noncommutative basic space tied up with the ele-
mentary particle structure (well in the spirit of the Glashow-Salam-Weinberg
synthesis of electrodynamics and weak interactions appearing as an enriched
version of electrodynamics- we thus hope to get in this way the Glashow-
Salam-Weinberg model of electroweak interactions. As using the tensor pro-

duct in the sense of [1.10] of the spectral triples (COO (M), L2(Spng):7°s 5)
(cf. [1.1] and (A =T @ H, H, x, D) (cf. [2]) this first realistic attempt!?

12 Not quite: Connes and Lott first attempted to use the two-point algebra (two-
sheeted space) in combination with a more complicated projective-finite module
describing the fermions — a project which they then abandoned for working with
the algebra A.,, serving (as a right module over herself) as the “bundle” — more
elegant and more like electrodynamics).
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works with the tensor-product algebra A.,, = C°(M) ® A.,, acting as such
on the tensor-product Hilbert space L2($M) ® H acted upon by compound

chirality v° ® x, and Dirac operator D = D ® id ++°> ® D. The computation
of the corresponding quantum Yang-Mills action is a matter of (a somewhat
weary) routine: one first works out the items of the quark sector, those of the
lepton then resulting by leptonic reduction. The successive steps (explained
for the quark sector) are the following:'3

(i): find the general form of 7p(§2.A4.,,) in grade one and two: in this one is hel-
ped by the following tensorial decompositions: with the shorthand C*°(M) =
Al we have [8]:

Tpg(R2Ac) = 15 (RA") @ Tpy(Acw) + 75(A)Y° @ Tp,(RAL,) , (3.1)

e 4

QDAewl = Qf)(A[l) ® Alw + m"}’5 ® QDinw
=7(2M)") ® Acyy + C®(M) ® 2p, AL, and  (3.2)

+C®(M) ® mpy(242,) ; (3.3)
(ii): work out the projection P, (in fact quite involved - a somewhat nightma-
rish complexity which Thomas Schiicker avenges by calling this step “removal
of the junk”);

(iii): compute the curvature (somewhat involved);

(iv): stick the square of the curvature under the integral [1.5].

This procedure at first sight appears amazingly successful in that it yields
exactly all the terms of the complicated Glashow-Salam-Weinberg Lagrangian
(hardly fortuitous!). But a second look at the action of the gauge group reve-
als that the hypercharges are wrong - an embarrassment then providentially
turned into an advantage in that compels us to append chromodynamics for
correcting the wrong hypercharges! Incorporating chromodynamics is anyway
necessary to describe nature: we need to append the gluons, which, since
the gluonic fields commute with the electroweak fields, are naturally intro-
duced by tensoring the electroweak inner algebra A.,, = € & H by a “gluo-
nic algebra” B.j .o = € @ M3(C€) — here we are not in the favourable
situation which we had with IH yielding exactly SU(2) as its group of unita-
ries, M3(Q) yields U(3) instead, compelling us to pass to the required SU(3)

13 The reader interested in the details can consult e.g. [16].
14 These formulae in fact hold in all grades for any tensor product of spectral triple
(8].
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by a trick'®: a mathematically correct, but physically heuristic subsequent
“modular correction” (in fact the C-summand of B4y, Was taken for pro-
viding maneuverability for this). As for the Hilbert space, we shall naturally
replace the quark inner space H, by H, ® @3 | this threefold multiplicity
giving the quarks their color degree of freedom connected with gluons, whilst
the lepton inner space H; remains unchanged (i.e. replaced by H; ® @ - the
leptons are colourless). With (p', q) € B hroms p €@, qe Ms(T) we shall

then naturally let ¢ and p, act on the respective right tensorial factors @3
and @ above, whilst the quark and lepton Dirac operators D, and D; are
now acting only on the tensorial factors H, and H; (in the same way as
before in [2]):'¢ this ensures the vectorial nature of the gluonic fields (no
Higgs phenomenon in chromodynamics) by the simple fact that, since Dirac
operator “entirely on the electroweak side” commutes with representative of
Bhroms 2(Behrom) vanishes but in zero grade, causing the gluonic quan-
tum forms to lie in y(2(M)) @ B, om - Now, performing the steps (i) trough
(iv) above on the tensor product of the space-time spectral triple by this mo-
dified “inner spectral triple of the full standard model” combining the fermion
and the gluon inner degrees of freedom, the miracle is that we can, at the same
time, perform our “modular correction” and correct for the wrong hyperchar-
ges! (a priori not all warranted). Noncommutative geometry not only allows,
but demands the construction of the full standard model (a canonical fact
from the mathematical point of view as a manifestation of noncommutative
Poincaré duality). We are now at a point where noncommutative geometry
gives an elegant formulation (without changing a iota to its structure, except
interesting constraints) to the (Lagrangian aspect of the) full standard model
of elementary particles - in the first place removing the hitherto unpleasantly
heuristic nature of the Higgs particle. The situation could appear entirely
satisfactory but for some conceptual flaws which we discuss in [3.3] below.
Before doing this we give in the next paragraph a mathematical exegesis of

our combined inner spectral triple. If we set A, = BI, Bhrom = BN7 and,
() =np(b ® Throm)s 7 (b)) = mp(ley @b), b € B, b B’ we see
that the latter is an example of the generic notion of “real metric dual pair

“ as given by:
3.2 Definition (Metric Dual Pairs)

(B/ ®B’, (H, D, x)) is a real metric dual pair whenever B’ and B” are
*-algebras over R with 7 and 7 respective real *-representations of B and
B by even operators on H such that

/

), 7 (b)=0  beB,b B, (3.4)
and D is an odd self-adjoint operator of H such that all commutators
[D,7 (b)x" (b")],b € B, b € B, are bounded, D~ is a compact operator,
15 Merely mentioned in this sketchy survey — the details require the computation of

the action of the gauge group cf. [16].
16 The reader who would prefer to see formulae is referred to [5.2] below.



Noncommutative Geometry and Basic Physics 165

and one has (“first-order condition”):

1" 1"

D7 )], ) =0, beB,b eB17 (3.5)

The real metric dual pair is called finite whenever H is finite-dimensional.
(Note that owing to (3.4) the Jacobi identity implies that the requirement
(3.5) is symmetrical in B and B").18

Our next paragraph discusses some drawbacks of the above Connes-Lott
theory- a discussion which preludes to the notion of “real spectral triple” to
be discussed in the next section.

3.3 Conceptual Flaws

Interesting and successful as it is, the Connes-Lott theory has however im-
perfections:

— the notion of metric dual pair pertains only to inner space (since one does
not wish to tensorially double space-time);

— the relevant connections are not all the connections, but the “biconnec-
tions” of the type Ve ®id 4 id ® V jy 1oy (“remembering” the tensorial
splitting (C® H) ® (T @® M3(C)). 1° This subsidiary assumption ruptures
our initial doctrine of having the geometry encoded by the spectral triple
(stricto sensu), with no restriction on connections;

— the theory understresses particle-antiparticle (change-conjugation) sym-
metry;

— the “modular correction” is heuristic, not conceptual, thus insufficiently
understood despite the link with anomaly-freeness [11];

— the elimination of the “junk” may appear anesthetically complicated.
These conceptual flaws will be remedied ( only partially what concerns

the “modular correction”) by replacing our “metric dual pair” by the corre-
sponding “Sp-real triple” as explained in the next section.

3.4 The Higgs Mass

One of the very interesting features of the Connes-Lott model is the fact
that it predicts the Higgs mass at tree-level (in contradistinction to the usual
theory in which the Higgs mass is structureless (a sad “floating anchor”).This
was recognized at an early stage of the theory [4][5].Now, in this respect, one
has the choice between two opposite attitudes: -either, as advocated in [9],

7 This situation is subsumed by requiring: (i): that (B/ ® B”,H, D) be an even
spectral triple as in [1.2] with B @B  and m @7 real; (ii): the first-order
condition (3.5).

8 This and the fact that D commutes with 7D (Behrom) establishes the first-order
condition (3.5) for our combined inner spectral triple (condition (3.5) being
obvious).

9 Connes motivated the use of biconnections by a gauge-group argument [9]. We
attempted a more basic justification [20]. The problem evaporates whilst passing
to the real spectral triples.
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be as little committed possible in the choice of the coupling constant, re-
quiring only consistence with first principles (gauge invariance, positivity):
this leads to a multi-parameter, matrix coupling constant. This doctrine has
been intensively studied [10][19][22][24][25], with th striking conclusion that
the tree-level prediction of the Higgs mass (or rather the ratio of the Higgs
to the top mass) is largely independent of the multidimensional choice of
coupling constant; -or adopt the more appealing philosophy that the most
symmetric (most esthetic) choice of coupling constant.should deliver a fun-
damental theory describing the primal matter.This was the attitude of [7]
(interpreting the advocated “grand unification of a new kind” as relevance to
“primal matter”) and is then the doctrine to which one is forced (as I think
happily) by the new spectral action theory, as we shall see in section [7].

4 Real Spectral Triples. The Special Case of Sy-Real
Spectral Triples Versus Metric Dual Pairs

4.1 Definition

With Al a *-algebra over IR, a d-dimensional real spectral triple
(A,H,D,y),J) is the data of:

— a Z/2-graded complex Hilbert space H = H° @ H' (with grading invo-
lution x);

— a faithful (IR-linear) *-representation Al 3 a — a € B(H) of Al by even
bounded operators;

— an odd self-adjoint operator D of H such that all [D,a], a € 4, are bo-
unded, and D~ is compact such that D9 has its discrete eigenvalues p,
such that ij:l pn = O(nN); 20

— moreover possessing a real structure modulo 8 in the following sense:
there is an antilinear operator J of H such that

(i) JD=DJ

(ii): J*J=1=JJ* (ie. Jisantiunitary=antilinear unitary)

(iii): J2=¢el (ie. J7l=¢J)

(iv): Jx=¢xJ

(v):  JbJ~!, be A, commutes with a and [D, a], a€ Al (hence with 7p(2A)) .
Here £ and ¢ are given as follows in terms of d:

d0o 2 4 6
e l1-1-1 1 (4.1)
£1-1 1-1

Note that the second equality [4.1](ii) is implied by the first in conjunction
with [4.1](iii) and [4.1](ii) meaning that

(JE, Jn) = (J*E, ') = (,§), n,E€H . (42)
20 These three first requirements are a variant of the definition of even spectral

triples in [1.1] where it is now assumed that the algebra is real and the repre-
sentation real and faithful.
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4.2 Remark
With (A,(H,D, x),J) a real spectral triple, H becomes a Al-bimodule by set-
ting:
ay = arp
{¢b — Iy I, abe A, peH . (4.3)
Proof

Owing to [4.1],(v) one has a(1b) = (ar))b (written aib), and:

a (@b = a Jb T Ladb* T Y = d'adb TLIb Ty

= ab VT =a'a(Bb) T\ = (a'a)p(b'D) . (4.4)

4.3 Proposition (The Classical Case)

2p
2u+1
2d+1 _

Let M be a d-dimensional compact spin manifold, where d:2m:2{

with spin bundle $1\§[ Dirac opemtorD ’y”%u, and chirality x = v
i1 .. Yom - Let L2(Sn\g) be the Hilbert space of square-integrable spinors
equipped with the scalar product

(%) /&f "@)dv, .4 € L*(Spp)

, By the positive-definite scalar product of the Euclidean spinors, dv the
volume form of M, and let J=C' be the Euclidean charge-conjugation. Then

(A[ = COO(leR)) (LQ(SM)’E”YQ(HJ)?C) (45)

is a d-dimensional real spectral triple. 2!

Proof

Based on the following information: one has, with * denoting the adjoint with
respect to By:

(a) Y(w)* = (), u € Ty

() C'y(u)C = —V(U)a( | u€ T o)
—H, m=2 : 46

(©) Cz:g:{—(—l)“,mZQZ—l-l

(

d) C*=cC

with the ensuing table:

> We denote by Tjj the tangent bundle of M. The Clifford bundle C1(M) is
defined with v(u)? = (u,u), u € M- % denotes the spin covariant derivative.

The Dirac-Lichnerowicz-Atiyah-Singer operator D is known to be self-adjoint,
and one has CD = DC.
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d 0 2 4 6
m 01 2 3
I 0 0 1 1 (4.7)
€ 1-1-1 1
£ =(-1)"1-1 1-1
4.4 Definitions
Given a real spectral triple (4, (H, D, x), J) :
(i): We define as usual the gauge group as the group
G={ue d; v'u=uu" =1} (4.8)

of unitaries of Al
(ii): The adjoint action G > u — adu € EndH (H > ¢ =%y € H) of G
on

H is defined as : 22
adu = uJuJ* (= JuJ*u =uJ uJ = J*uJu), uwe G . (4.9)

(iii): The subspace of Majorana spinors is by definition that of fixpoint
under J:

H) ={y e H, Jp =9} . (4.10)
(iv): We specify as follows the action A — “A of the gauge group on connection-

forms A:
YA =vuAu* +u[D,u*], ueaqG. (4.11)

4.5 Lemma

(i): Definition (4.9) yields a unitary action of G: one has:

ad(uwv) = adu - adv, (i.e.* (") =", v € H), u,v € G, (4.12)
ad (u*) = (adu) ™", (i.e. (%p,w’) _ (¢,¢’) TR H) ueq .
(4.13)
(ii): This action commutes with J:
adu-J =J-adu, (e (JY)=J™¢Y), v € H), ueG, (4.14)
and thus leaves stable the subset of Majorana spinors.
Proof
(i): One has by [4.1](ii) and [4.1](v):
adu - adv = uJuJ* JvJ v = uJuvJ*v = JuvJ ww = ad(uv) , (4.15)

and adu is unitary since u is unitary and J and J* are antiunitary.

(ii): One has by [4.1](ii):
adu-J =JuJ uJ =J-adu, ueG. (4.16)

22 Terminology justified by remark [4.2] - note that the fermions now transform
according to the adjoint rather tan to the fundamental representation of the

gauge group:
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4.6 Remark

With (4, (H, D, x),J) a d-dimensional real spectral triple as in [4.1], and
Ae 2p(A), (A,(H,Da,x),J), where Dy = D+ A+ J*AJ, is real spectral
triple of the same kind.

4.7 Proposition

Defining the fermionic action of real spectral triples as the following
functional of ¥ € H and the connection one-form A:

Ip(¢,A) = (b, Dav) = (¢, (D + A+ J AT )Y) (4.17)
we have gauge invariance of Ip:
Ir(,A) = Ir(","A), ¢ € H, ue G, (4.18)

in other terms:

{ ("9, (D +*A +UJ* “AJ)Zw) =W, (D+ A+ JAT)Y) (4.19)
v (“¢, Dua"y) = (¢, Davp), Y eH ueq

The proof results from:

4.8 Lemma

We have for v € G with adu = uJuJ*:
(adu)*D(adu) = D+ [u*,D])u+ J*[u",D]uJ , (4.20)

(adu)* “A(adu) = A —[u*,D]u , (4.21)

(adu)*(J*“AJ)(adu) = J*AJ — J*[u*, D]uJ . (4.22)

Proof
(i): Using J*J = JJ* = u*u = = 1, whence (JuJ*)*(JuJ*) = 1, and
J*DJ = D, and noting that u*Dg u*, D]u+ D, one has:

(uJuJ*)* D(uJuJ*) = Ju J u* DuJuJ”

\?
*
U

IS
T+
S
N

IS
<y

*

u+Ju
u+J([u*, D]u+ D)J"
u+ Ju,D]uJ + D | (4.23)

(uJuJ*)* “A(uJu*) = Ju* J*u* "AuJuJ”
= u" "Au = u* (uAu" + u[D, u*]) u
=A+[D,u"|u . (4.24)
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Moreover:

(uJuJ*)* J* “AJ (uJuJ*) = Ju* J*u* T “AJuJuJ*
= Ju* AT T JuJuJt = Ju* "AuJ”
= Ju"(uAu" +u[D,u"])uJ”
=JAJ* + J|D,u*uJ” . (4.25)

4.9 Proposition (Tensor Product of Real Spectral Triple ,
The First of which of Even Half-Dimension, The Second of
Zero-Dimension)

With (Aly, Hy, D1, x1),J1) and (Aly, s, Do, x2),J2) Teal spectral triples of res-
pective dimensions mod 8 dyand dy assuming dy = 0 or 4, and do = 0 (thus
5'1 = &9 = z—:l2 = 1), one gets a real spectral triple (A, H,J), H= (H,D,x,)
of dimension dy by setting:

A= A, ®IRA[2
H=H, ®q H2

a1a3 = a, ®a,, ay € Ay, az € Al
D:D1®Zd2+X1®D2
J=J1® Jy

Proof
We know (cf. [1.10]) that (4, (H, D, x),J) is a (dy + dg)- dimensional even
spectral triple. It thus suffices to check axioms (i) through (v) in [4.1]. One
has, using 6/1 =1:
JD = (J1 ® J2)(D1 ®ida + x1 ® D) = J1D1 ® Ja + Jix1 ® J2Do
= D11 ® Jo+e1x1J1 ® DaJo=D1Js @ Jo+x1J1 ® Doy
= (D1 ®idy + x1 ® Da)(J1 ® J5) = DJ . (4.27)

Check of (ii): (we noted that the first equation suffices):

JT = (J1 @ J2)"(J1 ® J2) = (JT @ J3)(J1 @ J2)
= Jle ® JQ*JQ =1id] ®idsy . (428)
Check of (iii):

J2 = (J1 ® J2)2 = J12 X J22 = Elidl ®€2id2 = Eg’idl ® idg = €1€2id = Elid .
(4.29)
Check of (iv):
Ix = (J1© 1) (x1 ® x2) = Jix1 ® Jaxz = e1x1)1 ® eaxa s
=11 @ xade = £1(x1 @ x2)(J1 © o) = e1xJ . (4.30)
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Check of (v): one has, for ay, by € Aly, as, by € Aly, on the one hand:

a1a3b1by Tt = () ® ay)(J1 ® J2) (b ®by) (1 @ Jo)
1J191Jf1 ®Q2J292J51

1b1J1_1@1 ® J2@2J2_1@2

J1®J2)(by ®by)(J1 ® J2) e, ®ay)
blng_lalag s (431)

—

Il
]

[
o

and, on the other:

[D, a1a2]JbibyJ ™"

= [Dy ®idy + X1 ® D2, a1 ® a,][J1b,J7 " @ JabyJy ]

= {[D1,a,]®as+x10; ® [Da,a,]} [1b1 ;! @ JabyJy ']

= [D1,a,]1b,J; @ aydabydy 4 x1a,J1by Iy @ (Do, ag)JabyJs

= J191Jf1[D1=Q1] ® J2Q2J5192 + J191Jf1X1@1 ® J292J{1[D2=92]

= [1byJ; !t @ Jabody {[D1,a4] @ ay + x1a, @ [D2, @]}

= [Jllefl &® J2QQJ{1][D1 ® idy + X1 ® D27Q1 ®QQ]

= JbibyJ D, aras] . (4.32)

The next result allows to turn metric dual pairs of real algebras into so called
So-real spectral triples: a procedure which Alain Connes uses to pass from the
Connes-Lott model to the superior “ spectral standard model” (cf. [13]) and
sections below of these lectures) - This procedure corresponds to a generic
situation which we now describe.

4.10 Definitions

(i): A real spectral triple (A, (H,DD,x),J), with @ the corresponding *-
represen-

tation of Al on H, is called Sp-real whenever it comes with a projection
P = P?2 = P* = I — P, with corresponding direct-sum splitting H = H @
H, H= PH, H = PH, in such a way that:

PJ+JP=J (& PJ=JP & PJ = JP) < J exchanges H and H

Px=xP (= PxP) & yx leaves H and H stable

PD=DP (= PDP) < DD leaves H and ﬁjtable

Pm(a) =mw(a)P (= Pm(a)P) < w(@) leaves H and H stable
(4.33)

(ii): (Bl @B, (H, D, x)) is a real metric dual pair whenever B and B’
are *-algebras over R with 7 and 7 respective real *-representations of B
and B by even operators on H such that

), 7 (b)) =0 beB,b B, (4.34)
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and D is an odd self-adjoint operator of H such that all commutators

D, 7' ()7 (")], b €B’, b € B’ are bounded, D~ is a compact ope-
rator, and one has (“first-order condition”):

D7 )], (b)) =0, beB, b eB”, (4.35)

(note that owing to (4.34) the Jacobi identity implies that the requirement
(4.35) is symmetrical in B and B ). 2 The real metric dual pair is called

finite whenever H is finite-dimensional.4

4.11 Proposition

(i): Given a real metric dual pair (B/ ®B", (H, D, x)), we get as follows a
So- real spectral triple (A, (H, D, x), J, P) with ¢ = e = 1: set, with b €
B/, b/, "
) A= B’ @]73” (direct sum of algebras);
) H=H®H, H the conjugate Hilbert space of H; 25
) JEen) =n®s & neH;
) X =XDX;_
) D=De D;
oo b)) =0 e W)
(4.36)
Here we use the notations T = JTJ, T € EndH with J : J¢ = &, JE =

&, £ € H, so that (S @T) (o7 = (Sﬁ EBT777) , £&,m € H. Note that we have
the straightforward properties:

(a5+0's) (0T +aT)=a(saT)+a' (5 &T)
$8' @TT') = (S T) (S’@T)
S*@T*) —(SaT)"

(4.37)

S, 8, T, T € EndH
o, a €eR

J(S&T) = (TeS)J {

23 This situation is subsumed by requiring;:
(i): that (B ® B ,H,D), B” be an even spectral triple as in [1.1], with B @B’

and 7 ® 7 are real;
(ii): the first order condition (4.35).

24 Our subsequent utilization of the concept of real metric dual pair in physics is
confined to the finite case, possibly the only case of interest. The argument in the
proof of [4.11],(i) below does not use finiteness but, since it yields ¢ = £ =0,
for obtaining a bona-fide (forcibly zero-dimensional) real spectral triple.

%5 H is the conjugate Hilbert space of H, i.e. H and H are the same sets:
H>¢ & fc ﬁ,ﬁwﬁith the linear structure af + 3y = o + 61, a, 8 € €, and the
scalar product (§,7) = (n,€), & n € H.
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(ii): Conversely, given a zero-dimensional Sy-real spectral triple
(A, (H,D, x),J, P), with H = PH, H = PH, and B = Kerm|ﬁ and
B’ = Ker wlyy, setting, with b e B/, V' eB:

(a) : x = restriction of y to H

(b) : D = restriction of y to H

(¢): @ (b)) = restriction of w(b ®0) to H, b ®0¢e B oB’
(d): 7' (b") = restriction of w(0®b") to H,0®b €B @B’ |

(4.38)
yield a finite real metric dual pair (BI @B, (H,D, x)).
(iii): The correspondences (i) and (ii) are inverse of each other, hence yielding
a bijection (B’ ® B”, (H,D,x)) < (A,(H,D, ), J, P) between finite real
metric dual pair and zero-dimensional Sy-real spectral triples.
Proof
(i): It follows immediately from (4.36) that J is an antilinear antiunitary
involution. Consequences of (4.37):

— the first line entails R-linearity of y, DD, m(b/ @b//), Y eBb e BN7 and
of the map m;

— the second line entails that y is a Z/2-grading commuting with r(Al)
and anticommuting with D, further that o is multiplicative and that one

has:
D (s o0)] = [p.r ()] + [P
=D (V)] +[DE@)] : (439)

— the third line entails that o is *-preserving and that y and ID are self-

adjoint;
— the fourth line entails that J commutes with ID and with y, further that
one has
Ju® &b VI =7 0 Yer®), beB,b B’ . (4.40)

This then entails commutation of Ja(A)J and [D,w(A)] .

We checked thus far that (A4, (H, D, x), J) is a real spectral triple. The fact
that it is Sp-real with P the projection on H is obvious from (4.36).

(ii): Since m is faithful and H = H @ H, it is clear that Al = B @ B’. The
respective restriction y, D, and W/(b/) to H of x,lD,mr(b/ @ 0) are clearly
a self-adjoint involution, a self-adjoint operator and the value for vV e B
of a R-linear bounded *-representation of B/, x commuting with 7T/(b/) and
anti-commuting with D. Since J is involutory and commutes with y, the
restriction 7 (b") of Ja(0 & b ).J to H is the value for b € B of a R-

linear bounded *—representa/‘gion of B” which commutes with X since x com-
mutes with J and w(0 ® b ). Since Jw(A)J commutes with a(Al), =

(®)
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and 7 (b") commute. The boundedness of the elements of [ID,ar(Al)] im-
plies that of those of [D, 7’ (B,)] and [D, 7T”(BN)] (for the latter observe that
[D, 7" (b")]=restriction to H of J[ID, w(0&b")].J. Remains to check the first-

’ ’ 1"

order condition (4.35): now |:[D,7T ®)],m
H of H]D, - (b/ @0)} Jx (o & b”) J].

The following fact will serve us for the “modular correction of the gauge
group”, cf. the “coalescence subgroup” in [5.4] below.

(b//)} vanishes as the restriction to

4.12 Remark-Definition

Given a zero-dimensional Sp-real spectral triple
(A=B @B’ (H,D,y),J,P) (4.41)

with B’ = A'@Aé) and B” = A”EBAg with Az) = Ag = A its compression
(A= AaA o Ay, (H,ID, x),J, P) by Ag is the zero-dimensional Sy-real
spectral triple obtained by identifying A;) > Ag = A .

Proof: This identification has no bearing on the argumentation of the con-
struction [4.11](i), but for the check of the IR-linearity of the assignment

d ®d Dag—swd ®a Dag) =7 (a +ag) @7 (d + ag) :

the latter however clearly proceeds from the fact that the r.h.s. of the last
equation is a direct summand (this identification could not be effected with-
out destroying linearity in the dual-metric-pair version of the Sy-real spectral
triple).

4.13 Remark

Given a finite real metric dual pair (B/®B”, (H, D, x)) and a zero-dimensional
So-real spectral triple (AL, (H, D, x), J, P) corresponding to each other as in

[4.11](iii) above, and with G = {u € A; v*u=wu* =1} = G x G the
corresponding gauge group,?S

/ ’ ’ 1k 7 A 11 " " ¥ "ok
G:{v €EB;v v =vwv :I[}7G :{v eEB;v v =vw :]I}

the restriction of ad(v’,v") to H coincides with 7 (v') @7 (v"). In the situa-
tion of the compression [4.12] the latter then becomes 7 (uu )@m (uou” ), ug
€Ay, ued,u A .

26 G is the gauge group of the Sp-real spectral triple (A, (H,D,x),J, P) in the
sense [4.11].
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5 The Inner Sy-Real Spectral Triple of the Standard
Model

In what follows we describe the inner space real triple (A, H, J) with algebra
A = CoH® M;5(C) obtained by the device [4.10] from the inner space real
metric dual pair [3.2] with pair of algebras A, = € @ H and B_},om
€ & M3(T). We first recall the latter for the convenience of the reader.

5.1 Reminder. The Inner Real Metric Dual Pair

Recalling that we identify the real algebra € of complex numbers with the real

p0
0p
metric dual pair (Acw ® Boypoms H, D) is the direct sum of the following
quarkonic, resp. leptonic dual pair:

algebra lHdiag of diagonal quaternions: €> p < < € ]Hdiag’ our inner

Quarkonic Leptonic
Hilbert space: 36-dimensional 9-dimensional

H,=[(Cie €} ¢¥eC®  H=[(C;e0})e "] ol
urdpr ur dy, color er VL er no color

(type of particle indicated under direct summands, tensorial factor @V for
the N families of fermions). Endomorphisms written as:

4 x 4 matrices with entries 3 x 3 matrices with entries
in MN((D) in MN((D)

— grading (= parity):

UR dR ur, dL
In 0 0 0 ér VL €L

Iy 0 0
0 Iy 0 0O . . 5.1
0 0 0 -—Iy 0 0 —ln
. centative of (p—= (P (2" ecA,-—con
representative of { p= | |, L =\ _3a ew =
mq((p,q)) = m((p,q) =
ur drp ur dp
_ €eR vy, €y,
p]éN ]([) 8 8 pIy 0 0 (5.2)
PN ®id, 0 aly bly|®id ;

0 0 a_][N b][N T
0 0 —bly aly

— representative of (pl, m) € B =C ® M3(C):

chrom
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m((p',m)) = [id of (CZ&C)@CN]@m ,
m((p,m)) =[idof (ChdC)@CNep =p ;

(5.3)
— generalized Dirac operator:
d d
KT cn v o
“ N 0 0 M,
D=l o o Mileid D=0 0 0 |oid: (5:4)
“ M, 0 O

0 Mg 0 O

where: M, is a diagonal strictly positive matrix with eigenvalues the masses
of the electron, muon, and tau; and M, is a diagonal strictly positive matrix
with eigenvalues the masses of the upper, charmed, and top quark; and My =
C|My|, |M4) a diagonal strictly positive matrix with eigenvalues the masses of
the lower, strange, and bottom quark, C the unitary Kobayashi-Maskawa
matrix (we comply to the common usage of choosing our fermion mass-
matrices such that M, and M, are diagonal positive matrices, whilst My =
C|Mgy|,with C (the Kobayashi-Maskawa matrix) unitary and |My| strictly
positive. Furthermore we assume that all fermion masses are different (the
eigenvalues of M., M, and |My| consists of positive numbers (the masses of
leptons and quarks) all different from one another - experiment!). We further
assume that no eigenstate of |My| is an eigenstate of C' (experiment!).
Remark. One passes from the quarkonic matrices to the corresponding lepto-
nic matrices through the changes M,, — 0, My — M, followed by restriction
to the right-lower corner 3 x 3 matrix. This procedure applied to a 4 x 4
matrix depending upon M,, and M, is called leptonic reduction.
Two-by-two matriz versions

Quarkonic Leptonic
2 x 2 matrices with entries in 2 x 2 matrices with entries
M (C) @ My(T) M(T? T)® My (T)
My (€) © My () (M(®,®2)®MN(E Ms(T) ® My (T)
— grading:
R L R L
_ (1Ix1y 0 (11N 0 ; (5.5)
XaZ\ o —1e1y) MT\ 0 Il

— representative of (p,q) e C® H :

7Tq((p,]:gé)) = . m((p,q)) =
_ R L
(gg) oly 0 (p@ I 0 ) . (5-6)
0 g Iy 0 q® Iy ’
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— generalized Dirac operator:

R L
R L *
0 M 0 (0M) (5.7)
Dq: M 0 Dl: O P
M, 0
where
M, 0\ _

(5.8)
. 10 00
w1thE(00>, andF(01>

5.2 Definition (The Inner-Space So-Real Spectral Triple)
The algebra is now the direct sum:

A=CaoHo Ms(C) ={(p,gym); pe €, g€ H, me M3(C)} ; (5.9)
(thus with gauge group

G={u= (u,v,w) € A; u*'u=uu" =1, v'v=v" =1, w'w=ww" =1}
=U1)xSU(2)xU@3)) . (5.10)

The inner-space real spectral triple is then (A, (H,x, D), J), where
the Hilbert space H is the direct sum of H and its conjugate Hilbert space
H:

H=H®H (5.11)
with the K-cycle (H, x, D) specified as follows: one has acting on ¢ = (£,7) €
H (we use throughout the same notation for the element (p,q, m) of A and
its action on H): -

JEon=naf, (5.12)

xE®n) =xEDXT (5.13)

)= (p, )¢ @ (p,m)n
) = (pa m)g @m’ (pa%m) cA 5 (514)
D(@n) =DE@ Dy (5.15)

with the real structure: (note that, in the notation of [4.10], (5.12) - (5.14)
read:

(p,g;m)(E SN
J(p,q,m)J (&, 7

X=XDX , (5.16)
(p,q,m) = (p,q) ® (p,m)
J(p,q;m)J = (p,m) ® (p,q), (p,qg,m) €A, (5.17)

)
I
o
S
>

5.18)



178 Daniel Kastler
5.3 Proposition

With the definition [5.2] (A, (H,x,D),J) is a 0-dimensional spectral triple
in the sense that (H,x,D) is an even 0-dimensional K-cycle of A, and one
has: J2 =1, JD =DJ, Jx = xJ, a,Ja'J] =0 and [[D,a), Ja'J] = 0 for all
a, a €A.

Proof , .

First apply [4.11] with B = C® H, B = C @& M;(C), taking account
of (5.16) - (5.18), then effect the compression by € as described in [4.12]
(the required properties also result from inspection of the matrix expression
in [5.5] below).

5.4 Proposition (Action of the Gauge Group, Weak Isotopic
Spin and Hypercharge)

(i): The adjoint action of the gauge group on H is as follows: one has for

(u,0,w) € G=U(1) x SU(2) x U(3):

ad(u, v, w)(&;7) = ((u,v)(u, w)E, (w,v)(w,w)n), (&M €H ,  (5.19)

(corresponding to the matrix:

ur dr ur dr, €r VL er
a0
<Ou) Iy O 2w 5.20)
0 V& ][N ’

u u@ Iy O
0 VRN ’

acting on H - the complex-conjugate matrix acts on H).
(ii): The one-parameter subgroups t — (LeVE D), t — (VL 1L, t —
(T, 1, e*W't) are accordingly infinitesimally represented as follows:

urp dr ur dr, er vL er

adVv. 0 0 1 -1 0 1 -1
(5.21)

adU -1 1 0 0 2 1 1

adW 1 1 1 1 0 0 0

Comparison with the following values of T3 (weak isotopic spin) and Y (hy-
1
percharge - we also plotted the charge Q = T3 + §Y :



Noncommutative Geometry and Basic Physics 179

UR dR ur, dL er Vi e€f

1 1 1 1
Ts 00 55 0 373
5.22)

4 2 1 (
Y - -2 > 2 -2 -1-1

3 3 3

2 1 2 1

e = | -1
Q3 3 3 0

1 1
yields T3 = 3 adV, Y = adU — gadW. Thus the “modular correction sub-

group” {(u, L,u'/3), v € @} of G yields the wanted gauge-group U(1) x
SU(2) x U(3).

Proof

(i): Apply (4.40) ( or use (5.14) to see that for U = (u,v,w) one has:

U(& ) = ((u, v)§, (w,w)n) and JUJ(E, 1) = ((u, w)§, (u, v)n)

whence (5.19) since (u,v) and (v, w) commute.
(ii): Obvious from (5.20) and (5.22)

In the remainder of this section we exhibit the matrix from of the quoted
items. Since the respective basis of H and H are J-related, the matrix of
T = JTJ € End H is the complex-conjugate of the matrix of T € End H.

5.5 Matrix-Form of np(A), Jrp(A)J, ad(G) and D

Matrix-form of (p,q,m), p = (p O) € ]Hdiag > T ge M, me Ms(T):

0p
upr dr ur, dy, €ER vy €L
(6)one
p® Iy 0
0 q® Iy ’
Up dp uy dy er L, ér
L ® 1y 0 &
(p7Qam)‘ﬁ = 0 ]IQ@][N

(L eIy 0
p 0 LIy

Matrix-form of J(p,q,m)J, p € ]Hdiag > T geH, me M3(T):
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UR dR ury, dL ER vy er,

<][2®IN 0 )®m
I, ® Iy 0
PU 0 Lely)>

(5.24)
ZQR &R {I‘L &L - éRr VL €er,
(p()) ’
® Iy
0 ® 1.
J(pu%m)‘]'ﬁ = P 0 q®][1v s

p® Iy 0 B
O q®]IN

Matrix-form of representatives ad(u,v,w) of G:

ad(u,v,w) = J(u,v,w)J (u,v,w)|g

upr dgr ur, dr, €R VL er
% 0 0
= (O u>®IN @w (5.25)
0 ’U®]IN

U u® Iy 0
0 v Iy ’

Up dp uy dy er  ULeér
w0 0 B
= (Ou>®IN & w
0 v® Iy

i u® Iy 0 B
0 v Iy ’

Matrix-form of the generalized Dirac operator:

UR dR ur, dL ER vy ey,
0 M: 0
Dylg = (M, 0 (0 M;) ® 1
()
0 (0M7)

Di|u= 0 ;
M, 0
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Up dR ZLL dL €Rr vy ey,
0 (mo)
Dylg = (A@ 0 ) 0 M; @13
0 My 0
0 (0M})

D7 = 0
M, 0

5.6 Matrix-Form of Quantum One-Forms

! 1 C o'l
A= <Q Q > emp(iR(A)Y), Q= (_gj 52) . Q' = (_Z? Z'Q) € H , has
in restriction to H the matrix: 27
UR dr ur, dr,
0 0 H,M: —H M
Ao 0 0 H M, H?>M;
HyM, H'Mg 0 0
_HlMu H2Md 0 0
ER vy, €y,
0 H,M: H?M;
Hq My, 0 0
HoMy 0 0

(5.27)
and vanishes on H .
Proof
The first statement is, for the quark part, a rewriting of (2.35), the lepton part
resulting by leptonic reduction (cf. [2.7]). Vanishing of the H-components of
one-forms (for that matter, of all n-forms with n > 1) stems from commuta-

tion of D with the elements p, 0, m of the chromodynamics algebra.

6 The Sp-Real Spectral Triple of the Full Standard
Model. The Covariant Dirac Operator

We now tensor the zero-dimensional real spectral triple (A, (H, x, D), J) de-
scribed in the preceding section [5] by the space-time (classical) real spectral
triple (A = C*°(M,R), (L2(SM),'V5,ﬁ,C) in [4.3] where space-time is a
compact Riemannian spin 4-manifold M.2®

7 The self-adjoint vector-potential are obtained making Hi =—H', H; = H%
8 See [4.3] for details concerning Riemannian spin space.
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6.1 Definitions

(i): The full standard-model algebra Al is the tensor product of the space-
time algebra Al = C°°(M) by the inner-space algebra A = € &H @ M3(T):**

A=C*M,R)® A ; (6.1)

(in other terms:

A=C*M,A) =

{(p,q,m); peC*(M, €),qeC* (M, H), m € C*(M, M3(T))} , (6.2)
with gauge group:

G = C™(M,UA)) =

{(u,v,w); ue C(M, U(1)),ve C*(M, SU(2),we C(M,U3)}; (6.3)
(ii):The full standard-model Sp-real spectral triple

(A, (M=HeH, x,D),7)
is the tensor product of the zero-dimensional inner Sy-real spectral triple
(A, (H,x, D), J)

described in [5] by the classical real spectral triple described in [4.3] where
d=4 (cf. [4.9]). As such it is a 4-dimensional real spectral triple (cf. [4.9]
with d; =4, dg = 0). Specifically:

— the Z /2-graded complex Hilbert space # is the tensor product (over @):
= L2($M) ®H with grading involution y=+"®@x . (6.4)

This will allow us below to write the endomorphisms of B as matrices
analogous to those in section [5.1] but now with entries endomorphisms
of L?($pg)- Corresponding to the direct-sum splitting # = H & H of
the inner Hilbert space, the full Hilbert space splits as # = H @ H into
a particle Hilbert space H and a antiparticle Hilbert space H
conjugate of each other;

— the conjugation is the tensor product of the charge-conjugation C' of Euc-
lidean electrodynamics (cf. [4.3]) by the conjugation J of the standard
model real inner spectral triple:

J=C®J (J=-J'=—J" exchanges H and H) ; (6.5)

— the representation mp of A is the tensor product of the representation of
Al on the square-integrable spinors and the representation of A on H:

D =T @TD ; (6.6)
— the generalized Dirac operator is:
P=D®idy++"D=DaJDJ" (6.7)
where ID is the restriction of D to H.

29 Here € and M3(() are taken as algebras over R, as is (necessarily) the quaternion
algebra H.
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6.2 Reminder (Tensor Product Structure of Quantum Forms)

We recall that we have the following tensor-decomposition of quantum one-
forms:

(RA") = 15(2A") @ Tp(A) @ 75 (A ® mp(2AY) (6.8)

(in other terms
Qp (A") =7 (2M)") 8 A® C*(M,R)y° @ 2pA' ) , (6.9)

(for these results we refer to [8]). We now give the matrix form of the operators
of the theory (with entries tensor products in the obvious sense), resulting
via (6.6)-(6.9) from the inner space matrix forms of the previous section [5].
Notice that, apart from .J, which exchanges IH and IH, all operators of the
theory preserve H and TH. Our choice of mutually J-related basis in H and H
will make the matrix of T = JT.J* € End H result from that of 7 € End H
by applying adJJ = adC ® adJ, with C acting as indicated in [4.3] and adJ
causing the complex conjugation of matrices. The hurried reader is invited to
browse quickly for a general picture of through the paragraphs [6.3] through
[6.5], and concentrate on the subsequent sections [6.6], [6.7] describing ab
initio the covariant Dirac operator D 4 solely needed for the computation of
the standard-model action (as well bosonic, cf. [7], as fermionic, cf. [8]) — and
adJ-invariant, hence of the form T @ T, therefore specified by its restriction
ID 4 to the particle Hilbert space H).

6.3 Matrix Form of mp(A), T 7o (A)T™* and ad(G)
For (p,q,m) € A, withp e C, g € C*°(M,H), m € C>*(M, M3(T)):

ugr dgr ur, dr, €ER VL €L
pO)
( ® Iy 0
0 ®1
(P, q,m) |y = po q®]IN) 3

<p®IN 0 )
0 q® Iy ’
(6.10)
Up dR Uy dL eRr vy er,
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Up dR Uy, dL éRr VL €er,
Jrp(p,q,m)J" |7 = (
p® Iy 0 B

0 q® Iy

For (u,v,w) € @ with u € C*(M,U(1)), v e C*(M,SU(2)), we C>*(M,
U(3)) we have:

ad(u7 v, ’lU) = Ww(ua v, w)"”ﬂ-'D(uv v, ’LU)J* |H

ur dr ur, dr, €R v er
u 0 0
- (o u>®IN ®w (6.12)
0 ’U®]IN
_ u®][N
u
0 v® Iy ’

ad(u,v,w) = 7p(u, v, w) I (U, v, W)J* |7

uRdR uLdL €R VL, €er,
(u0>®1 0 N
= 0u N & w
0 v Iy

u® Iy 0 -
“ 0 v® Iy ’
Proof: (6.10), resp. (6.11) follow from (5.23), resp. (5.24) via (6.2); (6.12)
follows from (5.25) via (6.3).

6.4 Matrix-Form of D

Dy =
UR dr ur dr eRr v er,

DelIy 0 e (MJ 0*)
0 Doly 0 M
®13

5@ M, 0 DRIy _ 0
v 0 M, 0 Doly

D (0 M)

0 DIy 0
Me 0 D®]IN

(6.13)
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Dlg = _

Up &R {LL dL €Rr VL, €er,
Doly 0 5 (M;; 0\~
~ ® *
( 0 D®]IN> 7 0 M,

5 M, 0\ 5®]IN N 0
v ®< 0 Md) 0 D1y

Proof: follows from (6.7).

6.5 Matrices of wp(i2.A")

A€ QpA' = 7p(i2A') has the matrix (stenography in term of 2 x 2
matrices):

Alg = (a, b, H, H, co, c) =

UR dR uy, dL er UL er

ya)@ly M(yH ® ]IN)>
(YHIy)M (b)) ® Iy
Leptonic reduction
of latter (6.14)

up dp uy dy eRr UL €r,

] B} A
5’7(00)112 ® Iy ® I3 +§7(ca)112 RIy® 3
Here:
— a and ¢y are classical U(1)-connections-one-form: a € 2(M, €)*;
- br. is a classical U(2)-connections-one-form:

bl bl =0
b.= (21 2270 ) com,im)!
(b?bgz—b}> ( )

- ¢’ = (c)g=1,....8 is SU(3))-connections-one-form (the A, are the eight Gell-
Man matrices). We used the shorthands:
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w0 () e () couma)

The vector potentials antihermitean elements of .quﬂll, singled out as the
hermitean A = ip above (s.t. a = a, bs = —b], H = H"), are accordingly
specified by quintuples

A= A(a,b,co,c’,H) | (6.17)

of a hermitean U(1)-connections-one-form a, a hermitean SU(2)-connections-
one-form b'., a second hermitean U(1)-connections-one-form ¢ and a hermi-
tean SU(3)-connections-one-form ¢’, and a doublet field identified with an
He C*M,H):

1

a-( EH oy _w H)o H-H,H) - @B .
“H, H

(6.18)

Proof follows from (2.29) via (6.9).

The remainder of this section is devoted to a description of the covariant
Dirac operator D4 = D + A+ AL, the item needed for the computa-
tion of both the bosonic and the fermionic actions of the standard model,
cf. [7], resp. [8]. As mentioned above it is enough to specify the matrix of the
restriction of D4 to the particle subspace H, the restriction to H resulting
from the latter by application of adJ, tensor product of adC' and adJ, with
C' acting as indicated in [4.3] and ad.J causing the complex conjugation of
matrices.

6.6 Matrix Form of the Covariant Dirac Operator
Da=D+ A+ TJAT*

We give separately the quark-, respectively lepton-matrices of the three terms
of the restriction ID4 of D4 to H: a “zoomed” rehearsal (using (4 x 4, resp.
3x 3 matrices) of the compact formulae above written in terms 2 x 2 matrices.
We have the quark matrices:

UR dR ur, dL
Dely _ 0 eM; 0
0 Doly _ 0 YoM .
D, = ~ 1
=l oM, 0 Dely 0 |F%
0 v ® My 0 DIy

(6.19)

Restr. to H of
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UR dR ury, dL
—y(a)® Iy 0 H?y® @ M —H'2> @ M
A = 0 v(a)® Iy HipP @ M; Hyy’ @ M ol
a Hyv’ @M, H'WYWeM; v(bh)ely (b)) ely 3
~Hiy* @M, H**® My (b)) @Iy  ~(b;) @ Iy
(6.20)
Restr. to H of
UR dR ur, dL
v(co)®In 0 0 0
o 0 v(co) @1y 0 0
(JAT")q = 0 0 ~lco)oly 0 © I3
0 0 0 Y(co) @Iy
UR dR ury, dL
Y(c)@In 0 0 0
0 Y(c)@1In 0 0 Ao
+ 0 0 AcMely 0 ©
0 0 0 ()@ Iy
(6.21)
where
— ais a hermitean U(1)-connection-one-form;
— br. a hermitean SU(2)-connection-one-form;
1
— H a doublet field identified with H'. = ( EQ E2> € C>*(M,H);
—H;

— ¢g is a second hermitean U(1)-connection-one-form;
— c'. a hermitean SU(3)-connection-one-form.

With this notation we have the lepton matrices (obtainable through lepton
reduction):

€R vy, €r,
Dely _0 P aM
D= 0o Dely 0 (6:22)
YoM, 0 D®ly
Restr. to H of
€ER vy, €r,
A= HYW oM, v(b)) @Iy ~(by)®Ix '
H*y* @ M, y(b) @ Iy ~(b3)® Iy
Restr. to H of
ER vy, €r,
v(a) @ In 0 0
(JAT*), = 0 y@ely 0 (6.24)

0 0 ’Y(ﬂ)@][]v
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6.7 Conversion into Classical Objects: The Covariant Dirac
Operator as a Differential Operator

Tensoring the classical Sy-real spectral triple by the finite-dimensional inner
Sp-real spectral triple amounts to decorating the fiber of the spin bundle,
which becomes 90-dimensional, and turns the usual Dirac operator into a ge-
neralized Dirac operator. We now study this decorated bundle and covariant
generalized Dirac operator D 4 as classical differential- theoretic objects. In
fact it suffices to look at the particle-parts IH and ID 4 of these objects, the
anti-particle parts resulting by applying the particle-antiparticle conjugation
J.

From now on we shall use instead of the particle Hilbert space3® H its
smooth dense sub-C'*°(M)-module E = $(M) ® H, left invariant by all the
operators under consideration. We have the following situation:

(i): E is a finite-projective C°°(M)-module, expressible as the tensor product

in fact a twisted Clifford module (IE,c) under the Z/2-grading x and the
Clifford action?!

c(v(N) = 7(N) @idg, () € TLM), A € (M), (6.26)

and split in a direct sum of a quarkonic and the leptonic C'°°(M)-module
according to the decomposition E = E, ® E;, where E; = C>*(M) ® H, and
E, = COO(M) ® H;.

(ii): We have D4 = DV + @, direct sum (ID4), @ (ID4); of the quark and
the lepton parts:

(D4)q = (DV)Q + ®, : (Dv)q =1ic*'Vy,
{(]D::)l = (Dv)l + &, with {(Dv)l ='Wy, (6.27)

where:
— the endomorphisms @,, #,; of IE respectively act on the quark and lepton
subspaces as the matrices:3?

UR dR uy, dL
0 0 D25 @ M} —P'y° @ M*
B 0 0 D1y @ Mi D9y’ @ M
Pi=\ oo, PP oM, 0 0 ol
—17° @ My, P27° @ My 0 0
(6.28)

30 which it suffices to consider by charge-conjugation symmetry.

31 See [B]. We recall that for us v is a map from contravariant tensors (in particular
2(M)) to End 2(M)*.

32 Note that & anticommutes with the ¢.
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€R vy er
0 D175 @ MF Poy® @ M*
# =Py oM 0 0 , (6.29)
D25 ® M, 0 0

where §; = & € C®(M, €); &. = H. + I,
— DY with local expression ic*V,,, ¢ = y(da), ¥, = Vg, is the Dirac
operator of the connexion W of IE, tensor-product:

V = Vaidg +idgn) ®VT: Ve =Ve@idg+idgay, Ve (6.30)

for each vector field £ of the spin connexion V of 8 (M) by the connexion

vE of E specified as follows: VE is the direct sum VE« @ VE of a quark
and a lepton connexion acting respectively on the quark and lepton frames
as the sum of the exterior derivative and the matrices:

id$(M) ® (VE‘I — (9)” =

UR dR ur, dL
(~a, +c%)® 1[N( (())) 8 8
» 0 a, t+c,) @Iy
: 0 0 (bl,+a)®ly bl oly © 1
0 0 bi, @Iy (b3, +a,)® Iy
UR dr UL dg
CZ Iy O 0 0
; 0 cioly 0 0 ol
0 0 c;®@Iy O 2
0 0 0 ct®ly
(6.31)
ER vy, €y,
2a, ® Iy 0 0
idg ) © (VE —9), = —i 0 (bj, +ay) @ Iy 2b§H ® Iy
0 bi, @1y (b, +a,)® Iy
(6.32)

Here:3*
-a and ¢y are classical U(1)-vector-potential: a = a € 2(M, T)!;
-b'. is a classical U(2)-vector-potential:

. _(bl=b! bi=b’ ; !
b _:( 1 [ L) € 2(MLiH (paceless)

bl  bi=-b
1
33 Note that &', = (_gf §2> € C*(M, H).

34 Following the physicists’ usage we multiply by i our connexion one-form to make
them self-adjoint (“vector potential”). Note that a quaternion is antihermitean
iff it is traceless.
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-¢" = (c%)g=1,....8 is SU(3))-vector-potential (the A\, are the eight Gell-Man
matrices).
Modular correction: we shall, in accordance to [5.4](ii) heuristically

set cg = ——a.

Note that ¥ is a Clifford connection in the sense:
Ve = (v (VM) Ae em)! (6.33)

owing to (6.26), (6.30), and the known Clifford connection property of the
spin connexion V, namely: [%,“7()\)] =7 (V}}/Ix\) , A€ M)

Proof

E = $(M) ® H is the finite-projective C'°°(M)-module pull-back of the C-
module H by the C*°(M) — €-bimodule §(M), thus obviously expressible as
the tensor product of C°°(M)-modules I|E = $(M)®COO(M)E. The action

(6.26) of C1(M) on IE then makes it a Clifford module (IE, ¢): indeed E is a
Z/2-graded C1(M)-module owing to the Clifford relations c#c” 4+c”ct = gh*.
The remaining claims follow from the matrix from of the Dirac operators
D,, D; and of the vector-potentials A,, A;, (JAT*)q, (JAJ*);, cf. (6.19)-
(6.24)

The covariant Dirac operator D 4 (for that matter ID 4) enters the spectral
action through its square which, as the square of a generalized Dirac operator,
is a generalized Laplacian. We now describe the canonical splitting AY +E
of the latter which is needed for the heat-kernel expansion computation of
section [7] below (cf. Appendices [A] and [B]); and list matrix expression
of terms appearing in of E which we shall need in this computation (the
reader can omit to read this until then).

6.8 Canonical Decomposition of ID

(i): We have the canonical splitting: ID 3 = AY + E of the generalized La-

placian ]Df‘ as the sum of the connection-Laplacian AY = -g"(V,V, —

'y, N) plus the endomorphism:3?

— 1 — 1 E ) 2
E = s 2C(R )—I—zc V., &) + &
with ¢ (RE) = -7y ® RE(eu, ev) s (6.34)

where s is the scalar curvature of M, and RE is the curvature of VE,
(ii): We have the following matrix expressions:

3 Cf. [B]. Note that [V, #] lies in End 4 (IE) as the commutator of a d,,-derivation
and a 0-derivation.
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C“[qu@q} =
UR dR ur, dL
0 0 V(DD @M —y(DP )y @M
0 0 V(DP) YO MG V(De)y @M | g
Y(DP2)V @M, (D) @M,y 0 0
—7(D®1)v° @M, v(DP*)v> @M, 0 0
(6.35)
C#[Vlua@l} =
€R vy €L
0 Y(DP1)y® @ M} ~(DPy)y* @ My (6.36)
Y(D®Y)Y5 @ M, 0 0 ,
v(DP?)y® @ M 0 0
where _ _ . _
D@/ = dd/ +i(adl —bjo*)
D&, = dd; —i(ad; —bid,) " T T T
D& = dd” +i (a _ b“T—“) &
ie. 27 . (6.37)
D. = db. — id. (a _ b“;)
111): e have the fo owmg quar matrix CSCPTCSSZOTLSI
iii): We have the followi k ‘ ;
0 &
b, = <¢__ 0 ) 21 , (6.38)
with:
ot (PP OM; 9@ M;
T\ DY oM Pyd @ M ’
(6.39)
o PP OM, M,
- 7@175 ® Mu @275 ® Md )
thus . 0
2 . .
@2 - ( . @@,.*> 915 | (6.40)
with:
1 M,M* 0
N 2 utVly, 2 1 2
1P = |d| ( 0 ]1®MdM;;>’ (|82 = 019" + B.8?) , (6.41)

and the lepton matrix expressions:

€R VL €r
5 * 5 *
0 B175 @ MF Byy® @ M (6.42)
&, = | 45 @ M, 0 0 ,

275 @ M, 0 0
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E€R vy, er,
D21 © M2 M, 0 0
&2 — 0 G P T ® M,M? od' 10 M, M? (6-43)
0 P21 ® M,M? $o0°1 @ M, M?

Proof:
(i): We have, owing to anticommutativity of @ and the c#:

]Dil[ =(ic'V ,+ ) (ic"V , +B) = —c'V ;' V, +ic'V | B +idbc'V , + B*
1 1
= (DY) +ic" [V, B+ B° =AY+ sl (RE) +ich [V, ) +416.44)
where we plugged in the Lichnerowicz formula for the square of ID, cf [A]:

(DY) =AY + is][ - %c (RE) . (6.45)

(ii): The expressions (6.35)-(6.36) are computed using (6.28)-(6.29) and (6.31)-
(6.32). Observe that & commutes with the spin-connection one-form since
the latter commutes with 4°. It also commutes with the gluon-connection
one-forms whose matrices are diagonal with entries Clifford scalars. Thus

! IE
it suffices to compute [id $(M) ® (V qE - 8) ,@} ,with V' obtained from
"

vE by deleting the gluon-connection.
Check of (6.36):

I

0 a, 817" @ M*a,Pyy° @ M
=—i [ (bj,®' + by, 8%)y° ® M, 0 0 ,(6.46)
(b?,8' + b3,8%)y° ® M. 0 0
where:
X, = 0 b,®Iyby,aly |,
0  bf,®@ly by, @Iy
and
0 D17° @ M* By @ M*
Y, = | o195 @ M, 0 0
P2y @ M, 0 0
. /E . . 0 Sl
®,[id (v —a) — Y XX = — : 6.47
idg vy @ (Vi H] ¥ x X Z<Tl 0) (6.47)
with

Si = ((®1by, + D2bT )v° @ M} (P1by, + Bob3,)v° @ M)

T — dla, v’ @ M,
P%a,y’ @ M,
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iaga @ (VE-0) @) = 0 5 (6.48)
so @ (V7 -0) @] =(7 ) -
with

Si=((a,®1 — 1by, — Bsb}, )@ M, (a,8s — Dby, — Dob3, )N @M?),

7 _ (b1, @ +1b3, 8% —Dla,)y® @ M,
"\ (07,9 + b3, P% — Dla,)yS @ M,
0 (D®1),7° @ My (DPs),~° @ M
[V, @] = | 1°(D2Y), ® M, 0 0 :
75 (DP?), @ M. 0 0
(6.49)
whence (6.36). Check of (6.35):
lidg ) @ (V/F - a)u]@q = —iX, x Y, (6.50)
0 0 —a, 9?7 oM a, Py @M,
_ 0 0 a,P17° QM) a, Py’ @M o1
M5B @M, (b, PN @M, 0 0 3
(b}, B1)y° @M, (b}, P*)y° © My 0 0
where
—a, ® Ty 0 0 0
Xo= 0 0 blLelybl,ely| "
0 0  bf,®ly by, @Iy
0 0 P25 @ My —DlyS @ M
_ 0 0 41)1’)/5 X M; @2’}/5 ® M;
Yo= | g oM, o'4° 0 M, 0 0 @l .
~®17° @ M, P*v° @ My 0 0
. E_j . .08
®,fidg @ (V. - )M} =il x X)oh=—i( ; 7)ot
(6.51)
with
sy (P LM (L8 b BN
a (b}, @1 + b3, B2)VP @M (bs,P1 + b2, Py @M )

T _ —aMQ5275 ® M, aﬂd51’y5 ® My
17\ a,PP @M, a,d*y" @My

ilidg o ® (Vi —a)u,@q} = (Tq . ) =3 A (6.52)
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with

3 (—(aﬂgzs2 bi,PF)y° @ My (a,P' — by, )y @ M )
a (audjl blk#djk)’y ®Md (aﬂgﬁg—bgk#@k)'y ®M* ’

T — ( (auQSQ - bgu@c)’f) ® M, ,(a#gpl bk}l,@k)’y ® Md>
a —(a,®1 — b1 @)V ®@ M, —(a,8% — by, P%)y° @ My

whence (6.35).
(iii): Immediate verifications.

7 The Spectral Action and Its Heat-Kernel Asymptotic
Expansion. Classical Unification of Standard Model and
Gravitation

Alain Connes realized in [32] that “the gauge bosons are fluctuations of the
gravitational metric” in the following sense: a gravitational action written as
the (ordinary) trace of F’ (%DzA), D 4 the generalized covariant Dirac opera-
tor, F' an appropriate approximation of the characteristic function of interval
[0,1], A a cut-off of the order of the inverse square of the Planck length,
turns out to yield asymptotically in decreasing powers of A (heat-kernel ex-
pansion, cf. (7.2) below): a constant A-term (gravitational constant), then a
A-term sum of the Einstein-Hilbert action plus a multiple of the square of the
Higgs-field, finally a A-independent term sum of a multiple of the squared
Weyl operator plus a standard model action of a grand-unification flavour
which Connes views as describing the primal matter - hence to be subjected
to a renormalization-group treatment for an attempt to compute the Higgs
mass (assuming the existence of a great desert!). The fact that the above-
mentioned 8 terms have the right relative signs is a strong indication that
they appear within a significant context.

In this section we expound the details of the calculation of the three first
terms of the heat-expansion of the spectral action, a calculation only sketched
in the Chemseddine-Connes paper.

I may evoke my personal history with the subject: at the incitation of
Alain Connes, I had previously checked that the second term of the heat
expansion embodies the Einstein-Hilbert action (by direct computation of the
(synonymous) Wodcziki residue of the inverse square of the Dirac operator
([29] - see also [30]). I then naturally attempted to get at the same time
electrodynamics by using instead of D the covariant Dirac operator D+ A:
alas the photon connexion A drops out of this calculation (also noticed in [30]:
six extra terms cancel each other!) - a fact that I sadly recorded writing that
“the two theories seem to repel each other at this level” (indeed, conversely,
the Yang-Mills procedure ignores the Levy-Civita connection). Alain Connes
and Ali Chamseddine revealed me in [32],[33] that I should have dived a level
deeper in heat-kernel expansion! I had all tools in my hands to compute the
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third heat expansion term. My failure to do this (wrong choice of priorities!)
leaves me with a bitter regret.?6

Our notation relative to the 4-dimensional smooth compact oriented spin
manifold M and its spin bundle is that of [1.1] and [4.3] above, in particu-
lar V denotes the spin connexion. We first define the Chamseddine-Connes
spectral action.

7.1 Definition
The spectral action is defined in [32], [33] as

Ip(g,A) = (47) °Tr F (;Di) = /M Ip(x,g,A)dv , (7.1)

where Dy =D + A+ JAJ* is the “covariant Dirac operator” of the Sp-
real spectral triple of the standard model as described in [6] above. F is a

1
function: R, — IR such that F (ADi) is trace-class, A the inverse square

of the Plank length acting as a cut-off: A = lp_2 if, as we shall assume, the
function F' has its support in the unit interval [0,1]: we shall in fact choose
for F' a smooth approximation of the characteristic function of [0,1].

We note that D 4 splits as a direct sum Dy @& JID 4J* corresponding to
the splitting 7 = H®IH into the particle Hilbert space H and the antiparticle
Hilbert space H giving the same contribution to the spectral action which,
up to a factor 2, can be computed replacing D 4 by D4 and 7 by H: this is
what we do in what follows.

As an elliptic operator acting on the smooth dense subbundle IE = $(M)®
H of H, ID4 has a pure point spectrum bounded below, and extends uni-
quely to a self-adjoint operator, ID 4 of IH. Moreover its eigenstates lie in IE
on which we concentrate in the sequel, forgetting H. The same facts prevail
for ID%. We recall (cf. [6.7] that the module IE can be written as the tensor
product E = $(M) ® oo (M) E (E = C>®(M)® H) of modules over M, and

that ID 4 is a generalized Dirac operator for the Clifford-bundle structure of
E with Clifford action ¢ = vy ® idg : ID124 is thus is a generalized Laplacian.

Note also that, once the cut-off A is fixed, the expression (7.1) merely
depends upon the (discrete) eigenvalues of the operator D4, which appear
in this context as fundamental dynamical variables (a perspective examined

36 Another point of personal history: I was asked by Nuclear Physics to referee
the Chamseddine-Connes paper. Competent to the extent of having shortly re-
done and corroborated their undisclosed calculations, I sent an enthusiastic re-
commendation which was willingly ignored: the paper was rejected “for lack of
experimental corroboration” (in contradistinction to the experimentally highly
corroborated strings abundant in Nuclear Physics! and despite the impressing
relative-sign agreement of 8 terms!). I hope to live to the day when this story
will owe me the aura of a modern prophet gaged by postmedieval churchmen!
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in [39]).3” The spectral action is thus invariant under all “isospectral” trans-
formation ( = leaving those eigenvalues unchanged) - an enlargement of the
Einstein invariance requirement including both the diffeomorphism and the
gauge groups.

In this section we achieve contact with the traditional dynamical variables
of the theory of elementary particles and of gravitation whose Lagrangians
will appear to be jointly encoded in (7.1).

We state the result, the bulk of this section being then devoted to its
proof:

7.2 Asymptotic Expansion of the Spectral Action

The three first term of the asymptotic development in A~2 of the spectral
action-density read:

Ip(z, g, A) = 90(2fo)A* — faA {15s — 8A|D|*}

80 4 4
—Nf, Y + ~Nh® h*" + -
+f4{ 9 n +3 pvtts +3

Nz

Ng},, 8l

2
+ 4A;|DP|* + gAfs|q§|2 +4B;|D|* — ZCZ}

8 4
+ the surface term fy {1171'2)(4 + gAs + 3AfA(|Q5|2)} , (7.2)

where foz/F(u)udu, fgz/F(u)du7 Fy=F(0) (note that for ' = xq y -
non licit, but indicative choice - one has 2fy = fo = f4 = 1), and:

(= Towlaeat « MG 10 3

By = Try[3(M}M MM, + M;MgM;Mg) + M MMM, .
Here:

— A is the quantum potential;
f is a classical U(1)-curvature: f=f € 2(M, €)?;
h'. is a classical U(2)-curvatures:

. (hi:hi b} — b

2 hi= —h%) € (M, i H aceless)”

Aa .
- g = (g“); is a SU(3)-curvatures (the Ay, a =1,...,8 are the Gell-Man
matrices);

e = @; € C°°(M,H) is a Higgs field;
—P D

37 Note that our choice of a function F with support [0,1] cuts off the eigenvalues
of D4 (or, for that matter, of ID4) at the inverse Planck length I, .
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— C is the Weyl tensor;
— X4dv is the Euler form.

This result agrees with the Chamseddine-Connes paper [33]35.
Correspondence of notation:

[Chamseddine-Connes| The present lectures
H D
go1By, 901Buv —2a.,“ _.qu
gozé{i, 9025,.“, b#, h.“
gos » gosL C 8
my " e (7.4
R —s
1
y? §Af
: -B
z 3 Bs

The fact that D? 4 is a generalized Laplacian makes available the heat-kernel
asymptotic expansion of exp (f%Di), with corresponding expansion of the
spectral action (7.1) as shown by the following Laplace-transform argument.

7.3 Remark

Let G be the Laplace transform of the function F' above:

+oo
F(u) = / e "MG(t)dt, ueRT , (7.5)
0

extended by functional calculus to the generalized Laplacian P:

+o0
F(P) = / PG (1)dE | (7.6)
0
We have the following asymptotic expansion in ¢:
+oo +oo
Tr[F(P)] = / Tr (e PG (t)dt = Z / t2G(t)dt /M asi(z, P)dv ,
0 ic IN 0

(7.7)
obtained by plugging in the heat-kernel expansion

Tr(e”F) = Z =2 agi(x, P)dv (7.8)
ic IN /M

1
38 Up to the change 2% — Tr[|k¢|* + |k¥|* + g\k8|4] in [33] which we suggest.
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(cf. [A.1] with d=4 and § = 2). We list the following values of the numerical
integrals in (7.7):

f t2G (1) f F(u)udu = fy

+oo +oo

[ t7IG)dt = [ F(u)du = fo

0 +o0 0 (79)
| G(t)dt = F(0) = f,
0

+fooltk(;(t)dlt = (—i)kF*(0)

0

Applying this to P = lDfl with t = % and plugging in the values of the
heat-expansion coefficients as listed by Guilkey [37], cf. [A.4] we get the
following

7.4 Spectral Action Computation Program

With fy, fo, fa as above, we have to compute:

2 (in)i) - /M{A2f0a0<o:,ﬂ)i) + Afoaz(e,D3) + fras(x,D3)} dv

+0(A™Y (7.10)
with
ao(x,ID3) = (47) >Tr, (1) , (7.11)
ag(x,ID3) = (47)>Tr, (ésﬂ — E) : (7.12)
ay(z, ]Di) =
(4m)~2 3 Goﬂ {5s?1—2r*1+2R*1 — 60sE+180E>+30RR ., R* }(7.13)

where we omitted in { } the surface-term 12s;*
Here:

— R, r, resp. s are the respective Levi-Civita Riemann tensor, Ricci tensor,
and scalar curvature of M, with r? = r,,r*, R? = R,,,,sR""*";

— the endomorphism E € EndIE and the endomorphism-valued curvature
2-tensor IR of the connexion W of IE proceed from the canonical splitting

1, —60E;>

[e3

D32 = AV L Eina connection-Laplacian and an endomorphism (cf.[B.3])
which we computed in [6.8] with the following results: ¥ is the Clifford
connection of IE (cf. (6.30)):

V =V@idg +idgg) © V" . (7.14)
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tensor product of the spin connexion V of § (M) by connexion vEofE (with

curvature 2-tensor RE specified as the direct sum VqE &) VlE of a quark and
a lepton connexion acting respectively on the quark and lepton subspaces as
the sum of the exterior derivative and the matrices: (6.31) and (6.32). Whilst
E is the endomorphism (cf. (6.34)):

1 1 E .
E:ZS]I_§C<R )-'—’LC'LL [V/La@]+@2
with ¢ (RE) = -7y ® RE (eu,ev) (7.15)

with the quark, resp. lepton matrices of the two last term given by (6.35)
and, resp. (6.36).

The rest of our section is devoted to the computation. We first compute
the traces in (7.11)-(7.13). The result is as follows:3"

7.5 Computation of Fiber-Traces
We have the following traces on the fiber I, of z € M:

Tr, 1, = 144
Tr, I, = 36
(a) Tr,I =180 °
B =45
Tr, (#2) = 84,|P|? with A, =3Tr(i, + pa), fh = M M}
(b) {Tr,(#;) =8A)|®|*> with A;=Trpue, pa=MqM;

Tr, (#7) = 8A;|®> with Ay = Tr(3(pty + pa) + pre) pe=M M,
(7.16)

Tr, (#)) = 8B,|d|* with B, = 3Tr(u2 + p2),
(¢) Tr,(#;) = 8B)|®|* with B, = Tru2, |®]? = &,d! + $8? |
Tr, (') = 8By|@[* with By = Tr(3(u + u3) + p2),

(d) Tro (" [V g, ®g)) = Tro (' [V, @) =
Try(c*[V ., #]) = Tr, (#*cH [V, #]) =0 °

Try { (ich [V g, B,])? } = 84,|DP|?
(e) Tr, {i(c"[Vzu,@l])Z% =84,|Do*
Tr, {i(c"[V,, ®])?} = 8A;|DP|?

39 We use the shorthand Tr, for the trace on the fiber IE., and denote the trace on
the fiber E, by Tr?.
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Tr.c (RE> =Tr, {c (RE) ol [Vm@]} =Tr, {c (RE> @2} —0,
Tr, {c (RE> 2} _ P (RE,RE“”>
Tr, R, RM = —%RQ + 4T (RELRE)

22
) (RE, RE0v) = g, 0 + %Nhs W 4 2Ng!, gl

quv prs

18 N
Tey’ (RE, REW) = NE, 8 + by, b

E v 20 v S v a =
Tr; (RE;,RE“ ) =2 <3waf*‘ + Nhj, h{" + Ngj, gi )

After modular adjustment (for the definition of f, h'., g see ([7.2] above)
Proof

Check of (a):

— one has rank $p1 = 4, dim H; = 36, dim H; = 9;

— thus:

Trp1,=ranklE ;=4 x 36 = 144, Tr,I;=rankIE; =4 x 9=36, Tr, 1 = 180,
and Ter]I =rankE =45 .

Check of (b):

— from (6.41) we have

Tr (& .®.) = |D*Tr (o + p1a) ;

— from (6.40):

Tr, (#2) = 4 x 3[Tr (&.*P".) + Tr (& .*P".)] = 8 x 3T (P.*P".) =
q
8 x 3|P|2 Tr (y + pa) = 84,|P|* ;

— from (6.43) we have

Try (#2) =4 x (|D|>+P, P +Pod?)Tr (M M) =8|P|* Tr (. ) =8A;|P|%.
l e



Noncommutative Geometry and Basic Physics 201

Check of (c):
from (6.43) we have:

. X e Y T 4 1 ®,U/12L 0
&P, gb.qﬁ.|qs< o 1ee) (7.17)
whence Tr, (@.*®. &.*®.) = |D|*(u2 + p2). We have then from (6.40):
g (D7D DD 0
®, = ( 0 & P+ qﬁ:qﬁz*) © I3 (7.18)

whence
Try(®;)=4 x 3 x 2Tr(®".* . &.*P ") =8 x 3|P|*(u2 + p3) =8B, |P|*.
From (6.43) we have:

P21 @ M 0o 0o
&} = |P|? 0 &M M1 M
0 DoP T M D82 @ M (7.19)

where M = M*M,M*M, and M = M,M* M, M* |
whence
Tr, (@) =44f |O|>+19" +P20%] Tr (M M M M.) =8| Tr(u2) =8By |&|*
Check of (d): due to the fact, cf. formulae (6.35), (6.36) (quoted in (7.22),
(7.23) below, that ¢#[V,,, #] is antidiagonal (whilst ¢* is diagonal, cf. (6.40),

(6.43)).
Check of (e):

we found, cf. (6.35), that c*[V,, ®,] = (0 X

v 0) ® 13 with:

= (V(DP*)y’ @ My —(DP)y* @ M;;
~\(D®))y® @ M y(Ddy)y° @ ME )
(7.20)

v [ 1DP2)y° @ M, +(DP!)y° ® My
—y(DP1)y° @ My v(DP*)y° @ My )

thus {c* [un,@q]}2 — <X()Y Y?X) ® I3 with trace 2 x 3Tr (XY'), where:

Z21 Z22
Z11 = [y(D®P?)y(Ddy) + v(Dqﬁl)y(Daﬁl)J ® MM, (7.21)
Z13 = [7(D®?)y(DP') — 4(DP')y(DP?)| @ M; My
Zo1 = [7(DP1)y(DP2) — v(DP2)y(DP1)] @ My M,
Zga = [7(D®1)y(DP') + y(DP2)y(DP?)| @ MjMy
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whence Tr(XY) = —2|D®|*Tr(M; M, + M;M;) = —|DP|*Tr(puy, + pa). We
conclude that:

Tr, {lic" Wqp, #4])° } =4x2x3Tr(XY) =4x3x3[D|* Tr 11y +1a) =8A4| DB,
We found on the other hand, cf. (6.20), that

0 V(DP1)y" @ M y(DPs)y* @ M

Vi, ®)) = y(DPY)y® @ M, 0 0
v(DP?)y® @ M} 0 0

(7.22)

implying
X1 ®@ MM, 0 0

—cH Wy, B = 0 Xoo @ MM, Xo3 @ MM, | , (7.23)

0 X330 @ MM, X33 @ MM,

with X11 = X22 = X33 = (D@2)’Y(D¢)2) + ’Y(D@l)’y(Dq)l) = 2‘D@|2 We
conclude that

Tr, {(z‘c"[vl#,@l})Q}:4><2DQ?Tr(Me*M@):8|D¢|2Tm@:8Al|D§Z5\2 .

Check of (f): due to the fact that the Clifford traces vanish.
Check of (g):

Tr, [c (RE>2] ~ Tr, [(v“v” © RE (eu,ey)ﬂ

= Tr, [’Y“’YU’YQ’Y © R¥ (e,,e,) RE (%65)]

=4 (g gP 4 ghBgre — ghog P Trk (RE RE )

= 4(g" g — g g"")TrE (RERaﬁ)

— 4P (REOREY - REREY)

= 4P (RE RE - RE RBer) = s (REREw) . (7.20)

Check of (h): using the fact that IR, zﬁw ® idE+idSM ® RE  cf. [C.1],

v
we have:

Tr, [R,, R
—Tr, | (R, ®idp +ide. @ RE ) ( R"™ @idgm +ide. © RE#
T nv E SM nz E SM
= T, (R B @ idpg) + v, <zd g ®RE RE“”> +2Tr, (R @ RE)
— Nz E E rE.w
5Trg, (R,WR ) 4t (RWR )

_ 4 E ( oE ,Euw
= — 'R’ 44Ty, <RWR ) (7.25)
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fR#mgfyO"yB of the spin connection is traceless

indeed the curvature EW =1

and fulfills:

TFSM (éuyéﬂu)

1
— ERgZR,uuozﬁ [TI'I (,ya,yﬁ,ya,y‘r) —4 (gaﬂgUT + ga‘rgﬁo o gaogﬁ‘r)]
1 TO v oT v 1 ot v 1
=7 (RJRY —RITREY) = —5RIIRG = —§R2 : (7.26)

Check of (k): We have from (6.31):

UR dR ury, dL
—f.,, @1y 0 0 0
quv 0 0 h%NV (2] ][N h%,‘“’ X ]IN (727)
0 0 hi,®lIy hj, ®Iy
0 a >\a
+g, L@ lIy®@I;+g,, 1@ Iy ® 5
. 0 1 .
transformed by the modular adjustment g, = _gf/w into:
UR dr ur, dr
4
-»E 0 7f/ﬂ/ ® ][N 0 0
iRy = 0 37 hl,eiy b, ety | O8 (728
0 0 h%ul/ ® ]IN hg;u/ & ][N
A
+g, L @ Iy ® ?a ;
and
(23 1% ey,
2f,, @ Iy 0 0
— = 2
iRE, = 0 T, @ly By, ol | (7.29)

0 h,, ®1Iy hy,, ®Iy

. A — ,
where h; = hj — gfé}c, and h = h + £¢},. We thus have after some algebra:
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~RE REw —
UR dR ury, dL
%ffuyfpw® ][N 4 0 0 0
0 §f,wf‘“’® LI 0 X 0 ® 13
0 0 b, 0@ Iy by, by @ Ly
0 0 hi,h"ely hi by

+g,8 L@ In® I3,

(7.30)
and from (6.32):
eR v er
E A @ Iy —1 —iou —1 —iou
~RE R = 0 hifyhl“ ® Iy hiéwhzu ® Iy
0 h;,,h"" ® 1y b, h," ®1Iy
(7.31)

Quark contribution to Ter (R;E‘R'E“”): for the computation of the tensor-
product traces Tr, ® Tr3, we shall use the following elementary fact: we have,
due to the tracelessness of the A\, and the relation Tr(AzAp) = 204s:

M’ 1
{T&rp@ﬂg} {M@ Iy + N ® = =3Tr, M*+-Tr,N*N, M, N“€M,(T) .

2
(7.32)
From that follows that we have no mixed electroweak-chromodynamics term,
and that the gluonic contribution is:

2Ng, gh" . (7.33)
Noting that we have, by the fact that the hi are traceless:
. v i Ny 2 v
h;lc,uuhfu = hkuuhfl + §fm/f# 5 (734)

we get the electroweak contribution:

16 . 4 buy 2 v 22 , 3 s v
3N <9f,wf“ + §hkuuh/ + §fo” ) = ENfo“ + §Nhuuh5 ,
(7.35)
(we used the fact that -
hzyhls“l = thwyhi my (7.36)
Lepton contribution to TrIE (RHE:’,RE/“’): using
By, 0" = hy, b 4 of, 08 (7.37)
we get, using again (7.36):
v i kpv v v 1 s v
N (4fij,, +hi,, b 4 of,, £ ) = 6N, £ + Nhj, B! . (7.38)

Summing up this checks (k).
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7.6 Gathering the Pieces
Noting that linear combination of the above results yields:

Tr,(F) = 45s + 8A|®|? | (7.39)

4
Tr, (E?) = Z552 + 8A|D®|? + 8B|P?| + 4sA|D|* . (7.40)

We now have the ingredients of the computation of our heat-kernel expansion.
Computation of ag(x,1D3): we have (47)2ag(z, D%) = Tr, (1) = 180.
Computation of ag(x,1D3): we have:

(47) 2az(2,D%) = Tr, <és(][) - E> — 158 — 8A;|P|* .

Computation of a4(x,1D3): we have:
(47)%ay(z,D3)

1
= %Trw{ssﬁl — 2r?T + 2R*T — 60sE + 180E? + 30IR,,, IR""}

1 1
= 5(5s” = 8r* — TR?) — 55 (455 + 84510

1 [45
+5 [452 +8A;|D®|* + 8Bf|®|* + 4Afs|q§|2]
L1
12
_1
-8

2 E (pE pEuw 2 92 2 2
—ZTr, (RWR " ) = 10m%x, — C” + S As(9]

4
[—;RQ + 4(RERE“”)]

2
(5s? — 8r? — TR?) + gAfs@\? +4A;|DP|? + 4B;|®[*

pvts

4
+4By|P|* — 3 (20Nf,, f* + Nh;, hi” + Ngi gh”) . (7.41)
Here we effected the replacement:

5s? — 8r2 — TR? = 887%x, — 18C? | (7.42)

1
where C? = R? — 2r% + §s2 is the square of the Weyl tensor, and we subse-

quently suppress x, = 2(47) "2 (R2 —4r? + 52), since x4dv is the Euler form,
which, by the Gauss-Bonnet theorem, does not contribute to the action. We
proved:

(47)2az(z,D3) = 180 (7.43)

4
(47)%ag(z,D3) = 7355 — 8A;|9|? (7.44)



206 Daniel Kastler
2 2 2 9 2 2 2 4
(4m)“ag(x,D3) = 107X, — ZC + gAfs|DQ'3| + 4By|9|

4 20 v S v a v
— 5 (SNf,u,l/fM —+ Nhﬂuhf: + NgHVgZ ) . (745)

Plugging this into (7.10) we get the tree first significant lines of the action
(7.2). The fourth line results as follows:

7.7 Remark

The sum of the surface terms which we discarded in the expression of the
action is the following:

n?x, + g As+ gAf A(|9) (7.46)
where x, is the Euler form.

Proof:

All the surface-term come from ay(z,ID3). The x,-term is associated to the
square of the Weyl tensor in the expression (7.43). The surface-term which
we discarded from ay(x,ID3) inside the bracket { } (7.13) sum up to:

1
—Tr, {12s;* ,I—60E;* ,}

360

1 1 1 E . 2
=—AT —12s1 —-sl— - H 2

360 rw{ s —1—60(45 2(:(R >+ZC V,, ]—l—@)}

1 ) 1

8 4
= gAstgAfA (|2*) . (7.47)

8 Tree-Approximation Results

We identify the bosonic part of the “spectral action” with N=3:

2
Ip(z,g, A) = 4gj,, gh" + 4h;, hi" + ?fwf*w +904* — 154%s + gAfs|(Z5|2

pnrts

- 202 +4A;|DO|? +4Bs|B|* — 8A2 A D, (8.1)

with the Lagrangian density of the full Euclidean standard model:

1 v 1 & v 1 N
Lstand = ZGZJ/G’; + EW;VWS“ + ZB;,LZIBI
2
* 1% * *
+ (D) (D"9) = (00 + 4200 (2)

where



Noncommutative Geometry and Basic Physics 207

G2, = 0,G% — 0,G% + g3 fareGLGE
Wi = 0,W5 — 0, W + gacs Wi W,
B, =8,B,—9,B,

We recall the relationships of the parameters in (8.2) with boson masses and

Weinberg angle:
My =+/2p

(8.3)

1
My, = 5v9
1 8.4
My, ZMz(ZOSOW:EUgQ (8.4)
tgew = 971
92

We also recall that the Lagrangian (8.1), resp. (8.2) are assorted with the
covariant derivatives:

= . s Ts
D, =V, +i(a, bug)
Rl = ,
D, =V, —2ia, -
Ll v s!s
D, =V, —ia, — zbu?
= 4 A 8.5
Ru a s .
D, :VH+§zaM—zcu7a (8:5)
~ A
Rd . aNa
D, :VH—§zau zc“7
L = . 1 s Ts e
D" =V, + 308 Zbi5 —ici
respectively
. . sTs
D, =0,- Z%Bu - ngW#E
Dfl = au + ingM -
DY = 0, + % By — iga W =
Di =g, — 21%3# — igs Gy 5 (8.6)
A
Dfit = 0, +i% B, — igsGy 5
. . sTs . aXa
Dﬁq =0, — Z%BM — ZQQWME — 293Gu7
Identifying the latter is synonymous with the identifications:
¢, = gsGy, a=1,...,8
bz = QQWS S = 1, 2,3 (8 7)
1 ’ '
ay = *ingu
implying:
g = 933Gy, a=1,...,8
h;LU = 92}/‘//51/ s = ]" 27 3 s (88)
f = —*nguy

(224 2
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whereby the first line (7.1) becomes
5
1 (BGLGE + AW R BB ) (59)

Conferring this with the first line (8.2) implies

g2 = g3 , (810)

and

2
91 2 3 . ) 3
to2f = e. Oy = — 8.11

p e“Ow 2 ie. sin“Oy g ( )

and further shows that we should identify Iz(z, g, A) with 16¢5Lg;,,,q- One
has then the following relations:

— identifying the kinetic Higgs terms:
& =247 ; (8.12)
— identifying the quadratic Higgs terms:
pu? =24% ie. Mg =24 ; (8.13)

— identifying the quartic Higgs terms:

A 1 A
! ie. My = —vgs = Ly (8.14)

U: —_—
23}”“ 2 2,/2B;

Thus, assuming dominance of the top mass implying A;/+/B;=+/3:

V3

My = —=A .

(8.15)

The above constraints have to be subjected to a renormalization group
treatment for extracting the information on the Higgs mass. This requires
the conversion of the above U(1) x SU(2) x SU(3)-invariant Lagrangian into
the stable symmetry-broken Lagrangian. For lack of place we refrain from
giving the details of this computation for which we refer the reader to the
paper [36]. Then the Higgs mass is predicted as: My = 182 F 17 Gev.
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9 Fermionic Action

In what follows we compute the fermionic action density [4.7] of the Sp-real
spectral triple (A, (# = HoH, x, D), ) of the full standard model (cf.[6]):
namely, with (-, -) is the Hilbert scalar product of Euclidean spinor fields:

LrWiot, A) = Wrot, PaWiot),  Prot € M, (9.1)
by charge-conjugation symmetry twice its particle-space part:
L@, A)= @, D¥), e, (9.2)

(here ¥ is the component of W, in the particle-space H, to which D4
restricts as D 4: one has thus Wit = W+ J¥ and Dy = Dy + JID,J*
(cf,[6]). Lp (@, A) is the sum of its respective lepton and quark parts: with @,
@ the respective lepton and quark components of ¥:where

Lp(@,A) = (@, 1D W)

Lig(Q. 4) = (@ D4Q) (9.3)

9.1 Labeling the Basis of IH
The fermionic field is the sum ¥ + @ of
— the leptonic field ¥ € L2($M) ® H; spanned by the:

) e € LA(Sp) @ Ty @
@) o1, N, =12 € LA(S)p) @ g @ TV, (9.4)

— the quark field @ € L*($M) ® H, spanned by the:

(@fRum)le,..,N, m=1,2,3 GLQ(SM)®®1hyp®®N®®3colour
(QfRdm)le,..,N, m=1,2,3 GLQ(SM)®@1hyp®®N®¢Bcolour
(Qszm)f:L‘.ﬁN, 1,2, m=1,2,3 ELQ(SM)@)(D?iSO@(DN@(DgCO]OMy(9-5)

Here L*(8y) is the Hilbert space of Euclidean square integrable spi-
nors, (Dlhyp indicates a U(1)-(hypercharge) singlet, (LQiso a SU(2)-(isospin)
doublet, R and L stand respectively for right and left, @ colour
to the quark colour degrees of freedom, @V to N fermion families with f
the fermion-family index (present experimental evidence yields N = 3, cor-
responding to the respective electron, muon, and tau families). The spinor
fields correspond to the following particle-types (indicated in the case of the
electron family):

corresponds

Leptons W ep Wle %9 me I eRr

" : . 9.6
Quarks QfR CUR QfRd:dR Qle DU QfL2:dL (9:6)
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9.2 Euclidean Fermionic Action: The Fermi and Yukawa Terms

The result of the computation of equations (9.3) is as follows: with (-,-) the
Euclidean scalar product of L*($yy):

— the leptonic action density is the sum Lr¢ = Ly Feormi + ey Yukawa ©F
the Fermi term

L, yakawa = Z {@ ", iy D W, )+ @iy D W)} (9.7)

with the covariant derivatives:

Dl}jl = V/J' — 2Zau (98)
~ . . ad . s T
Dﬁl =V, —ia, —ib, =V, —ia, — Zbufs’ (9.9)

and the Yukawa term

* R i Li
Ly Yukawa = 2f1 fomt,. N, i=1,2 {Me" 1y 1, @, @05, )
+ M.y, 5, @y, VT AW, ) Y9.10)

— the quark action density is the sum Lgp, = LFq Fermi +LFq Yukawa ©f
the Fermi term

R . R

LFq Fermi = Zf:l,...,N, m=1,2,3 {(Qf um7WuD “4®Q Rum)
Rd Rd

(@™, 11D . QRarm)

+(QfLm5 i’Y/LDLq/LQLm)}v (911)

with the covariant derivatives:

U 4 . - 4 - aMa
Df =V,+ gia — e, = Vu+ gian —ic, o (9.12)
- 2 . . - 2 . . a)\a
Dfd =V, - gia — e, = V- Fiay —ic, o (9.13)
Lq = 1. . . ~ 1. 2 sTs . ala
D™ = Vﬂ+§za#—zb#—zcﬂ = V#+§zau—zbu5—zc#7, (9.14)

and the Yukawa term (where & = i & = —@'):

Limgs! Rd
E’Fq Yukawa — Ziili,fzz,:ﬁz’;i’,g,é {Mdf1f2 (Qfl b a'Y5Qf2 ™)
* =1 3
+Mq flfz(Qflem"@ 75@]‘2]:”71)
im el
+Muf1 £ (Qfl Lzm@ ’75@162 Rum)

+Mu*f1f2 (Qfl Rum, @275@]02Lim)}'
(9.15)
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Proof: We showed in [6.7](ii) that the covariant Dirac operator D4 acts
on the tensor-product bundle [E = S(M)@Coo(M)E as the sum Dy =

DY +4 of the endomorphism @ and the Dirac operator DY = (v*®idp )V,
of the connection V = V ® idp + id$(M) ® VE, tensor-product of the
spin connectionV and the inner-space connection VE. One has separately:
(DA)e = (DY)+d,, (Da), = (DY), +®, with the Yukawa terms stemming
from ¢p, resp. #, whilst the Fermi terms stem from (DV), resp. (DV),.
The expressions above then follow by inspection from the results at the end

of [6,7], which we reproduce here in the modular-corrected form using the
precise labeling [9.1] of particle space:

idS(M) 02y (VE‘I —0), =

@fRum @fRdm Qlem QfL2m
—da, ® Iy 0 0 0
. 0 za, ® ][N 0 0
_ 3hu n
! 0 0 (bl,-la)ely bl oly ©(0"m)
0 0 bi, ® Iy (b3, — 2a,) ® Iy
QfRum QfRdm Qlem QfL2m
c, ®1In 0 0 0
0 ct ® Iy 0 0 n
_ u
i 0 cely 0 |@3tm:
0 0 0 c, @Iy
R Rd L1 L2 (9.16)
0 0 D2° @ M} —dly® @ M
_ 0 0 D17° @ M) Doy® @ M "
Pi= dppoM, PP OM, 0 0 ®(0"m)
—P17v5 @ M, 9245 @ My 0 0
(9.17)
WfR Wle WfLQ
ay ® Iy 0 0 ’
idgn) © (VE: —9),=—i 0 (bi, Fa,) @y Qb;# ® Iy
0 bi, ® Ix (b2H+aM)®]IN
(9.18)
WfR Wle WfLQ
0 D175 @ M Poy® @ M* (9.19)
&, = | '° @ M, 0 0

D25 ® M, 0 0
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9.3 The Ensuing Minkowskian Fermionic Action

The conversion into a minkowskian action (undoing the fermion “Wick rota-
tion”) arises in two steps:

— step 1: trade the Euclidean scalar product (-, -) for the minkowskian one
('707 )

— step 2: affect the right-handed particle-fields with the chiral factor %(75 +
id).

The results [9.2] then yield the fermionic action of the standard model.

10 Does the Inner Spectral Triple of the Full
Standard Model Proceed from a Quantum Group? The
Finite U,(s€2) at Third Root of Unity, Its Regular
Representation and “Hopf Bar-Operation”

The noncommutative theory version of the classical (=tree-) level of the stan-
dard model of elementary particles synthesized with the Lagrangian of gra-
vitation as we presented it in the previous section [7] is physically satisfac-
tory (up to future agreement with yet unperformed experiments of the tree-
approximation results [7] subjected to the renormalization- group). However
the object we have at present is not mathematically conceptually autonomous
(as e.g. the Maxwell equations) since the inner spectral triple was tailored so
as to fit (dictated by) phenomenology. Hence it would be conceptually rewar-
ding to derive this object mathematically from first principles. In [13] Alain
Connes advanced the fascinating idea that the finite quantum group U, (s¢2)
for ¢ = €®™/3, whose semi-simple quotient My (T) & M;(TC) & M; € stran-
gely resembles the algebra M; (€) @ H @ M; T of our finite spectral triple,
might in fact dictate the latter. If this, or something of the same nature, was
true, then, in addition to providing the aforementioned conceptual autonomy
of the classical level of the standard model, this would open the following
fascinating perspectives:

— The requirement that the Dirac operator be equivariant w.r.t. the relevant
quantum group should produce constraints on the fermion mass-matrices
whose renormalization-group treatment could then be conferred with the
long-known masses of the fermions, a subject on which the usual theory
is sadly mute!

— One would be tempted to stick into the Lagrangian-creating paradigm
the whole quantum group rather than its semi-simple quotient, expecting
then the emergence of an extension of the standard model (of a genera-
lized supersymmetric type) improving upon the present mathematically
not appealing supersymmetric standard model.

In what follows we present the “Hopf bar-operation” of U, (s¢2) for ¢ of unit
modulus, passing to the finite-dimensional quotients H y for ¢ a primitive root
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of unity. We hope that this element of structure will serve us in the pursuit of
the above programme, since the bar-operation of matrices is essentially used
in the construction of the Sy-real spectral triple of the standard model. For
more details the reader is referred to [48].

10.1 The Hopf Algebra H; and Its Regular Representation

Definition.
(i): Let ¢ € @, ¢ # 0, ¢ # 1. Defining the unital algebra U,(s¢2) over € by
symbols K, K1, E, F, and the relations:

KK '=K'K=1

KE = ¢*EK
KF =q2FK (10.1)
-1
EF—FE:Q 7
q—q-

we recall that U,(sf2) is a Hopf algebra with coproduct A, counit ¢, and
antipode S specified as follows:

Al=1I®1 el=1 ST=1
AK=K®K eK =1 SK=K!

(a) { AKT'=K '@ K! () K eK™'=1(¢) { SK1 =K
AE=EQ1+ KQFE eE=0 SE=-K'E
AF=F® K '+ 1IaF eF=0 SF=-FK ,

(10.2)
moreover equipped with a *-operation * specified by:
Er=F
F*=F (10.3)
K* — K—l

The following Casimir operator then belongs to the center of Ug(sf2):

qK+q71K71 N qflK_Fqul
(g—q1)? (¢—q71)?

(ii): Assume that ¢ is a primitive p** root of the identity, p > 2 odd. Then
the ideal I of U, (s¢2) generated by

(10.4)

A < It p/:{lp %fp %sodd

5p ifp is even
is a Hopf ideal, thus yielding a quotient Hopf algebra Hy= U, (s¢2)/In li-
nearly spanned by the monomials FPEIK", p, q ranging over 0,1,...,p —1,
and r over 0,1,...,p ‘N —1: Hy is thus of dimension Np
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Proposition (The Hopf Bar-Operation I)
Let g be of unit modulus. Then there is a unique antilinear and multiplicative
map I': a — a from U, (s£2) to Uy(sf2) such that

E=—qKF (= —q 'FK)
F=-qKk'E (=-q 'EK! (10.5)
K=K .

This map is involutive, commutes with the antipode:
Sa = Sa, aeUsl2), (10.6)
commutes with the coproduct in the sense:
Al(a) = ('@ T a (10.7)
is intertwined by € with the complex conjugation of €:
e(@) =¢(a), a€Hy , (10.8)
commutes with the involution *:

(@) = I'(a)* (10.9)

C=C (10.10)
(in fact we have:
{Frm) Zer . ) o1

(ii): Assume now that ¢ is a primitive p'" root of the identity, p > 2. Then
the Hopf ideal In of U,(sf2) is invariant under I" which thus induces an
involution on the quotient Hpy. The above results (10.1) through (10.10)
then hold with the change Uy(s2) — Hy.

Proof: Straightforward verifications, of these properties, after straightfor-
ward check of the coherence of the definition (10.5).

Corollary (The Real Hopf Subalgebra HI];,eal Such That Hy :HI];[eal@
Z-ngal).

(i): The set Hf\?al ={a € Hy; I'a = a} of fixpoints of I" in Hy is a real sub-
space of Hy closed under products, stable under the antipode S, mapped
into IR by €, and mapped into Hg(faeﬂ@]RHgveal by A: thus (H%eal, <N, S)
is a real Hopf algebra.

(ii): Consequently the complex Hopf algebra Hy is the complexification of

the real Hopf algebra ng\,eal in the sense that Hy = Hyveal <) iHIE\,eal as a
vector space, with the
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— algebra product (¢’ @ia (b ®ib = (a'b —d b )®i(a'b’ +d"b) ;
~ counit e(a’ @ia" ) =e(a’) +icla”) ;

antipode S(a' @ia") = S(a')+iS(a") ;

coproduct Ala @ia ) =Ald)+iA(a") .

Proof: in fact proceeds from:

Remarks.

(i):The passage from Hy to Hf\?al corresponds to the following general fact:
for a complex finite-dimensional Hopf algebra (H, A, ¢, S) the following are
the same:

— a multiplicative antilinear involution I's.t. ST = AI'(a) = (I'® I') A a,
and ¢(I'a) = ¢(a), a € H;
— areal Hopf subalgebra Hreal of H such that H = Hreal@iHreal’ whereby

"

el i5 the fixpoint of H for I', and F(a/ + ia”) =da —id, d,d €
Hreal .

Calling such a structure a real spine if H we then have that:

(ii): with H and K two complex Hopf algebras in strict duality a real spine
of H yields a real spine of K and vice versa, the corresponding involutions
being transposed of each other.

10.2 The Case of H;: Complexification Versus Regular
Representation

The reader will find in [42] (proofs in [48]) description of Hy and if its regular
representation which splits as follows: Hy = F1 @ Fo & M & N, Fy,F5 real
subalgebras respectively isomorphic to M;(C€) and My(C€), M a principal
ideal isomorphic to M3(C), N the 13-dimensional nilradical. Proposition.

One has H11“eal = F11"ea1 P Fgeal P mreal & Nreal7 where:
- Fll"eal = R fj is a real sub-algebra of H; isomorphic as such to RR;
— Fgeal of real dimension 4 is a real sub-algebra of H; isomorphic as such
to IH, the algebra of quaternions;
— Mreal of real dimension 9 is a principal ideal of H11real isomorphic to
M;(IR) as an algebra;
— Nreal with real dimension 13 is the radical of H{eal.

A Heat-Kernel Expansion

M is in what follows a d-dimensional smooth oriented compact manifold
without boundary for which we use the notation of [7], in particular Al =

C>(M).
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— V is a smooth vector-bundle over M, with Al-module of smooth section

E. The fiber-trace of V at x € M is denoted by Tr;

— ElliO(E) denotes the set of elliptic pseudo-differential operators: E — E
of positive order having a positive-definite principal symbol.

A.1 General Expansion Result

Let P € EII7° (E) be order § > 0. We recall that e=*", ¢ > 0, is then a
smoothing operator whose (thus smooth) kernel we denote by K{(t,z,y). The
restriction of K to the diagonal has the following expansion for ¢ = 0:

(o)
K(t,x,a:)%Zt(jfd)/‘;ej(a:,P) with e;(z, P)€End (E), xeM (1.1)
3=0

in the following sense: given k€ IN, there is n(k) € IN and Cj >0 with
|K(t,z,2) = > t9=D%;(x, P)| < Cit* (1.2)
3=0

(where |f]oo.r = Sup, Z\a| < k|D*f|) implying the expansion:

o0

Tr(e *P) = [pg Tro(K(t,z, 2))dv 2 Y- tU=D/3 [yra;(z, P)dv

= (1.3)
o~ ;Jt(zzfd)/éa%(P) ,

where
aj(z, P) = Try(ej(z, P)) (1.4)
and the a;(x, P) vanish for j odd.

A.2 Properties of the e;j(x, P)

(i): With E, E over M acted upon by P € EI° (E) resp. P' € EIZ° (E')
we have P@ P € EIIZ°(E@ E), and

ej(x,P@P/) :ej(x,P)EBej(x,Pl) . (1.5)
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A.3 Weyl’s Theorem

2

d
Proof for P = — ¥ acting on S': the eigenvalues of P are the n? (with
eigenvectors exp(inf)), n € Z, such that:
o0 +oo
Tr(e P = Ze_tnz = / e dy = t71/2 71/2 (1.6)
=0 e
which, equated to
(0-1)/2 / a0(0, P)d0 = 27t~ 2qq (x, P) (1.7)

yields ag (6, P) = (4wt~ )'/2. In the general case we get by [B](i),(ii) ao(8, P) =
(4mt=)4/? rank V.
A.4 Generalized Laplacians

For A € LaplE with horizontal connexion V% and canonical decomposition
A=AV"+E (cf. [B]) the heat expansion up to order 5 is given as follows:

ao(z, A) = (47) =2 Tr, (1) (Weyl’s Theorem) . (1.8)

as(z, A) = (4n)~4?Tr, (—E + éRZZ) = (4m)~Y?Tr, (és - E) , (1.9)

1 v v « v «
as(z, ) = (4m) "2 o T, {12ng;a o + SREVROS — 2RARYC
+2R R, 05 — 60RZIE + 180E2 — 60E.° , + 3()9#”0#”}

1
= (477)—61/2%1\% {12s,* , + 5s® — 2r’r"
FORMOPR,,, 05 — 60SE + 180E2 — 60E,® o + 30(2,“,(2’“’} ,

(1.10)

where:

— R is the (Levi-Civita) Riemann-Christoffel tensor of M,r the Ricci-
tensor, s the scalar curvature;
— F is as stated above;

— {2 is the curvature-tensor (with values in End(E)) of the horizontal con-
nexion V4 of V.

For the proof of (1.9) and (1.10) we refer to Gilkey’s book [33], Theorem
4.1.6., p.336. Our F is Gilkey’s —F, our s is Gilkey’s 7.
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B Generalized Laplacians

In what follows M is a Riemannian manifold with the notation in [7], in

particular we write C>°(M,R) = AI. We denote by VM the Levi-Civita
connection of M. We first define generalized Laplacians and the more restric-
ted connection-Laplacians.

B.1 Definitions

Let £ be a smooth vector-bundle over M, with Al-module of smooth sections
E. Diff"E denotes the set of differential operators of degree n on E.

(i): A generalized Laplacian if E is a second-order differential operator H
of E with principal symbol:

oa(H)AF) = —5 [ 11 H) = 5 [ 1], ] = |dfP, feA, (21)

1
2
(implying by polarization via Jacobi identity:4°

[[H7f]’g]:[[H’g]af]:_Q(dfvdg)’ fngA[ . (2'2)

Local formulation: A € Diff?E is a generalized Laplacian iff one has for the
coordinate patch (x,) of M and the trivializing frame (e;) of E:

A =—g"0,0,+, with Ay € DIf'E . (2.3)

The set of generalized Laplacian of E is denoted LaplE.
(ii): With V a connection of E, the following composition of R-linear maps:

. M .
Y | o A VEYM ®id

E Y% Q(M) 9(-,- ) @id

oM@ QM) @ E E ,
(2.4)
defines the connection-Laplacian AY of V, locally given as follows in
the coordinate patch {z,} of M and the trivializing frame {e;} of E: with

Vo =Vp,, and F;fy with the Christoffel symbols:*!
AV — —g" (V¥ — T3 Va) (2.5)
(implying AV € LaplE). Note that (2.5) is the contraction

Av = —glvawa (2.6)

where
Vxy =VxVy =Vgmy, X, Y ex(M). (2.7)
X
The set of connection-Laplacians of E is denoted ConnlaplE.

40 In what follows we consistently identify elements of Al with their multiplicative
action on E.
4! We check this below in the proof of [B.2].
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iii): The scalar Laplacian A of M corresponds to the case E = Al, with
V the flat connexion:

Af = =g (VMAf()) = —g¥ (VMAf(e;)) = —g" ([VMdf] (c;)) 2.8)
=—g" (0:0; —Ttoy) f, feA.
(Note that one has

= 0:0;f — OpfThda? | (2.9)
and, as an immediate consequence of (2.8):
Alfg)=fA(g)—2(df,dg)+gA(f), fgeA. (2.10)

B.2 Remarks

(i) The coherence of definition (2.4) is a consequence of the Al-linearity of
the tensor product of connexions. Alternatively it follows from the “tensor
property”:

VfX,gY = fgvX,Ya X7 Y ¢ X(M)a f7 g S A ) (211)
resulting from:

VixVgy — fgVxVy = f(Xg)Vy
V¥gY — fgVYY = f(Xg)Y X, YexM), f geA.
Vv%gy - fgvVXMy = f(Xg)VY
(2.12)
1 1
(ii): With Vj_gy = 3 (vay + VYVX) and V}’Y = 3 (VXVY - VyVX)

one has:

AV — _ngb’;,au 7 (2.13)
whilst )
Vxy = iRXY =[Vx,Vy] = Vixy] - (2.14)
(iii): One has:
—ioy(dv) = [v,AV] = 2WVgrady — Lv, vEA, (2.15)
i.e. AV determines in turn V as follows:
1
Vugraudv o {[v, Y] + &w} (2.16)

thus the connection and the connection-Laplacian are one-to-one: we have a
bijection: ConnE > V <+ AV € ConnlaplE.
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Proof: Check of (2.5): with € E one has Vn = dz* ® V1, thus, using the
fact that VMdz® = =I'%,dat ® da”:

(VM ®id+1id ® V) Vn=di"@dz" @V, V,n— I dz" @dz” @ Van ,
(2.17)
whence (2.5), applying —g(.,.) ® id.
Check of (i): (2.11) follows from (2.12), checked as follows: we have, using
the derivation rules Vxg = gVx + Xg, VMg =gVM + Xg,:

VixVgy = fVxgVy = fgVxVy + f(Xg)Vy
VY = [VgY = fgVRTY + f(Xg)Y . (2.18)
Vv%gy =VeMy pixgy = [9VeMy + f(X9)Vy
Check of (ii): (2.13) holds owing to g"” = ¢g”*. Check of (2.14): we have, since
the torsion VMY — VM X — [X,Y] vanishes:
1
T2
Check of (iii): we have:

1
(vay — VYVX) + *VVMY — V)A(/IY

2 Vx . (2.19)
1 1
sVixy) = §RX,Y

VX,Y =

1
\% -R —
x,v]+ glixy — 5

[v, AV ] = [g" (V. V, = T3, Va) 0] = g" {[V,Vy,0] = I, [Va, 0]}
=g {Vu[V,0] + [V, 0]V, = T, [Va,v]}
=g {V,0,v + vV, — F;fyé)av}
=g {00V, + 8,0V, + 0,0,v — F;;;aav}
= 2¢"0,vV, — Av = (gradv)"V, — Av =2V Av

(2.20)

We now show that besides the above bijection between connections and

connection-Laplacians (cf. [B.2] we have a bijection between connections and
generalized Laplacians modulo endomorphisms.

gradv —

B.3 Proposition-Definition

Let € be a smooth vector-bundle over M, with Al-module of smooth section E.
And let H € LaplE. Then, identifying elements of Al with their multiplicative
action on E:

(i): H determines both:

— a connection V¥ of E called the horizontal connection of H, specified
by:

vthllgmdv: %u {[v, H]+ A0} (: %u {—io2(H) (dv)—i—Av}) s u, veEA,
(B.20)

where /\ denotes the scalar Laplacian;
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— an element 7 € EndAI called the endomorphism of H, given by the
difference:
H
o =g - AV . (2.21)

(ii): In fact the splitting H = AV 4 pH s unique: one has the implication:

H=A+& with A € ConnlaplE, & € EndA — A=AY", =0 .
(2.22)

(iii): Consequently LapE is a fiber with basis the bijectively related ConnE =

ConnlaplE = oy(LapE), and fiber EndAl acting on LapE by translation:

LapE> A > A+ .

For the proof we need the following result which we proved in (cf. [2]).

B.4 Lemma

Let E be a projective-finite Al-module, and let ¢ be a C-linear map:
Al — Endg E fulfilling:

o(fg) = folg) +go(f), f,geA. (2.23)

Then with x(M) the Lee algebra of vectors fields on M: (1): there is a: Al-linear
map ®: x(M) > X — &y € Endg E:

¢(f) = @gradfa f S AI: (hence g¢(f) = gngradfa f € AI) 5 (224)
(ii): moreover:

— &x is a X-deriwation of E for all X € x(M) ( i.e. @ is a connection of
E) iff ¢ fulfills:

[¢(f),a] = (df,da), [, a€A; (2.25)
— &x is Al-linear for all X € x(M) (i.e. ?x € End g4E) (iff ¢ is Al-linear):
[6(f),al =0 . (2.26)

Proof of [B.3]:
1
(i): With ¢(u) = 3 {Au—[H,u]} u € A, the preceding Lemma reduces the
proof to checking the properties (2.24) and (2.25). Now we have, using (2.2):
[H,wv] = u[H,v] + [H,u]v = u[H,v] + v[H,u] + [[H,u],v] (2.27)
= u[H,v] +v[H,u] — 2(du,df), u, ve A, (2.28)
whilst (2.29) said that:
Awv) =u N (v) +v A (u) —2(du, dv) , (2.29)

property (2.19) then follows by difference. As for property (2.25), since multi-
plication by Aw is Al-linear, it boils down to (2.2). Now H and AV have the
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same horizontal connection V#, thus o9 (H) = JQ(AVH), and the difference
H— AY" commutes with every f € Al and thus lies in End Al
(i) H= A+ & = AV" + ®H implies that the connexion-Laplacians A

and AV"” have the same horizontal connection: they must thus coincide by
[B.2](iii).

B.5 Proposition (Local Description of [B.3])
In the coordinate patch {z,} where
H=—g",0, + B"9, +C (2.30)
we have
1 v 1 v (6%
5 (v = [H ]} = (0" 0,0) 09 + 5 [(9" I, = B*) Ouv] ¥
1
= (dradv)"0d, v + 3 [(9°°Tap,. — By) (gradv)”] ¢, ¢ € E (2.31)

thus the canonical decomposition H = AV" 4+ ®H with:

. 1, 1
VI =08, +®, with®, = 3 (9" T — By, "= —5 (B = B")
(2.32)
and:
oM =C+ g" (0,9, + &P, — g T, D0 (2.33)
Proof

With H = —¢"¥0,,0, + B*0,, + C we have, for ¢ € E:
[H, v] ¢ = [-g"" 0,0, + B"Ouv] ¢
= vg"" 0,0, — g"" 0,0, (V) + B"0,,(vy)) — vB" 0,9
= 9" [v0,0,¢ = 8, ((8,v)Y + vO,P)] + (B0 0)¢
= g"[v0,0,¢ — (0,0,0)Y — (0,v)0u) — (0,v)0p) — v0, 0,0 + (B V)Y
= —9"[(8,0,0) + 2(9,0) 0, Y] + (B 9 0)y (2.34)
whilst, by (2.8): (Av)y = —g"” (8,0,v — I'%,0v) ¥, whence (2.32) by diffe-

rence. Since Vf = Vgi, we then obtain by choosing v such that
gradv =0, <& (gradv), =6, & dv=gd,=goudz® . (2.35)
1
Check of (2.18): we now have reminding that ¢ = 5 (Fgﬁ — B“):
H

AV =g (VAVE — 18 VH) = — g [(8,+3,) (0, + D))~ T2, (9a + Pa)]

= —g"" [0,0y + 0,D,+D,0,+D,0,+D, D, —T5,00— I, Do

= =" 0,0, + (90Tl = 20") O — g [0,B, + BBy — g T, o]

= —g" 0,0, + B"8,, — ¢"[0,P, + DD, — g"" T2, P,
=H~-C—g"[0,P, + P, P, — g"' T2, D,] . (2.36)
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C Clifford Modules. Clifford Connections. Bochner
and Lichnerowicz Formulae

C.1

A Clifford module (IE, ¢) over a Riemannian spin manifold M is a finite-
projective Z /2-graded C°°(M)-module which is a graded C1(M)-module
with C1(M)-action ¢ ( C*°(M) is considered as the zero-grade part of @
(M)).*2 A Clifford connection V of the Clifford module (IE,c) is a connec-
tion W of IE which: (a): is even and (b): fulfills:

Ve =y (VM) Ae et (3.1)

The corresponding Dirac operator DV is then defined by the local expression
V _.n no— Iz —
DY =ic'Vpu, ' =~(ds"), V, =V,, .

Examples:

— the module of section $(M) of the spin bundle of M acted upon by C1(M).
The spin connexion is then a Clifford connection:

VW =7 (V). Aemt (32)

— given a Z/2-graded C*(M)-module E, the twisted module $(M)
®COO(M)E ( by the twisting module E), equipped with the tensor-product

Z [2-grading and the Clifford action:

c(Y(N) = v(\) @idg, v(A) € CL(M), XA € 2(M) . (3.3)

With VE an even connexion of E, one the gets the Clifford compound
connexion:

V = Vaidg +idgn) @V Ve = Ve@idg +idgag, © V¢ (3.4)

for each vector field &.

42 Clifford modules are the modules of sections of Clifford bundles, the two noti-
ons being equivalent.
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C.2

Let DY = ic*W u be the Dirac operator on the Clifford bundle (I, ¢) asso-
ciated with a Clifford connection ¥ with curvature IR: one has the Bochner
formula:

1
D2=AV - gc(R), where ¢(R) =c'c"Ry, . (3.5)
Proof: one has

D? = (1c*V,)(ic"V,) = ="V, V¥, — H[V,,, "]V,
="V, N, + IV,

= f% (e + )V, V, — % (e’ =)V, V,

+ % (" + i) F[L"VVu

=—g"(V,V, I, V,) - %c“c” (V,V,-V,V,)

= " (V,V, —T,V,) - %c“c”IR(aw 9,) (3.6)
where we took account of the facts that [0,,0,] = 0, and

(V] = (con)(VMda") = —(coy)(Tpda®™) = —Tc™ . (3.7)

Qo o

C.3

For the Dirac operator ]DV7 acting on the twisted bundle $(M) ® E asso-
ciated to the compound connection V = V @ idg + id$(M) & VE, vE 4
connection of E with curvature R we have the Lichnerowicz formula:

1.1 .
D2=nV 4 51— 5e (RE) with ¢(RE) = vind  @RE(e;,¢;) (3.8)

where s is the scalar curvature, and {e;, e’ }i1 g @local orthonormal frame.
Proof: Plugging R = RE 4 Rin (3.5), we get:
1 1 E 1 /~
0= b= (1)1 )
5¢ (R) 5¢ R 5¢ R

:A+§c (F )_gRijmnc c*c'd (3.9)

taking account of the fact that:

Royn = §Rijmn5’ Ne? = Rijmn(e' @e? —e? ®e') = Rijmne' @€’ , (3.10)
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o ~ 1 o
whence ¢ (Rppn) = Rijmnc'¢?, whence ¢ (R) = ZRijmncmc”clcj. Now, owing
to the orthonormality of the %, and to the Clifford relation we have that:*3

Mt = 6 Z X(U)camconcaz _griegm g gmign _ gmn i 7 (311)

implying
Rijmnc™c"c'cd = Ryppijc™c"c'dd = Rypii[—0™c™ + 6™ "]
= 2Rmnij(smicncJ = Rmmj(S””(c"cj + Can)
= —2Rynijg™'g"™ = 2R = —2s | (3.12)

which turns (3.9) into (3.8) (we took account of the relations Rynij + Rnim; +
Rimnj = 0 and Rmnij + Rpmi; = 0 making the first, resp. the last term of
(3.12) ineffective; and also of the fact that R;,,; is symmetric in n and j).

D  Weyl Tensor

M is in what follows a d-dimensional smooth manifold for which we use the
notation of [4.3].
D.1 Definition

Denoting respectively by R, r and s the respective Riemann-Christoffel ten-
sor, Ricci-tensor, and scalar curvature; and with

ehg = Oh05 — 000G ie.  Euap = Guadup — Gvadus (4.1)
we define the Weyl tensor C as follows:

CZ; = RZ; + Angg + BSEZE

1 1

WlthA:_d*27B:(d71)(d72) , (4.2)

i.e.
Cuyaﬁ = Ruyag + An,uuaﬁ + BSijag s (4.3)

where

Moy = Thoj — 100 + 150k — rigdy (4.4)

ie.
Nuvap = Ypadvp — Tvaus + Tvpdua — Tupfva (4.5)

43 One verifies that this holds (i): for m, n, 4 all different (r.h.s. reducing to its first
term); (ii): for m # n = ¢ (r.h.s. reducing to its second term); (iii): for n #m =1
(r.h.s. reducing to its third term); (iv): for ¢ # m = n (r.h.s. reducing to its fourth
term).
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D.2 Lemma

The Weyl tensor C has the same symmetry properties as R:

Cuvap = —Cuuap = Cuvpa = Capur (4.6)
C;waﬁ + Cuaﬁv + Cuﬁua =0

Proof: The symmetry properties are obvious for the first and last term r.h.s.
of (4.3). And we have, on the one hand:

0" = Yuagus = Tvadus + Tusdua — Tusdra
=Tpadvp — Yvadus — (B < v) (4.7)
=Tpagup — Tvadus — (< 3) (4.8
=TpaguB — Tvalus (o< v,B) ; (4.9

and on the other:

,r,;u/aﬂ + nuaﬁl/ + npﬁya = ruaguﬁ_rl/aguﬁ""ruﬁgua_ruﬂguoz
=Tug9ar —TapYuv TTav9us —Tuvas
=T 98a —TBrYua+T8aduw —Tpagsy =0 (4.10)

D.3 Lemma (Square of the Weyl Tensor)
We have, with R? = RHV&QR“”W, r? = riry
C? = C,apCH P = RP4-8A(A+1)r2 +4(A%+B+12AB+12B%)s? . (4.11)

In particular, for d=4, we have:

1
C*=R?-2r? + gs2 : (4.12)
Proof:
We have for any 4-tensor 7"
€T = (Guaup — Gvagus) TP = Th —Th (4.13)
hence
swags“”aﬁ = el —eb, = 2ehy = 2(04,6, —0,,0)) =2(d-d—d) =2d(d-1) ,
(4.14)
EuvapR!" Y =R =25 | (4.15)
and
EuuaﬁRuyaﬂ = 2,’755 = (1‘555 - rzéz,f + rly/(;;f - rl;é'l’j)
=2(4s—s+4s—s)=12s . (4.16)

On the other hand we have:
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npuaﬁnuyaﬁ = T]Z;nﬁg

= [ehof — vhoh + xhoh — rhor][reol —x36) +l6 —rl6p]

= rhShrns) — vl +risn —rhos] — rhol[re] — 3o + )6y — 6y

+14 61268 — r26P 4 B — rP5e] — rho¥ [r?68 — r26P 4 B — P59
BYalt pYv vou v nov BYalt v vou v nov

=rtr®§" — r“§"rfj + iy — iy — f

a VS VoV Vo
a~p v a®p prv v arﬂ +ra§uru r/l,r/l,+rl/r/l,

+ryrl, — T, T+ rgdﬁrf - rgrg +ryr), +rhr) — rgrg + r%éﬁrﬁ
=4(2r? +5%) = 8r? +4s% . (4.17)

Rm/aﬁnuyaﬁ _ R;wa,@ [ruaguﬁ o ruaguﬁ + ruﬁgua o r;tﬁgua]
_ B B 7
= Rﬂaﬁr“a — Ryaﬁr”a + RWﬁr"ﬁRZVﬁr“ﬂ

— Rﬁﬁarﬂa _ Rfﬁarua 4 RﬁuﬁrVﬁRZVﬁrP«ﬁ

=Ty +ryer’ + rygr”ﬁrugr“ﬂ =4r? . (4.18)

We have then, since Cl; = R{[; — Anl; + Bses:

C? = C,0pCHP
= [Rywap + AN ap + Bsepvas][RP + An P 4 Bselv?]
= RuasR"™ Y 4+ 24R 10" P + 2BR 05596 P
+A277,Wa377”m6 + 2ABnMyaﬁss””aﬂ + BQSQSHVQ,QE“VQB
=R?+2A-4r’+2Bs-2s+ A% (8r* +4s?) +2ABs - 12s + 2d(d — 1) B?s?
=R*+(8A+8A%)r? + (4B + 4A% + 24AB + 2d(d — 1) B?)s?
=R?+8A(A+ 1)r’> + 4(B + A® + 6AB + 6B%)s? . (4.19)

yielding (4.12) for d=4.
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An Introduction to Noncommutative
Geometry

J. Madore

LPT, Batiment 211, Université de Paris-Sud
F-91405 Orsay (France)

Abstract. A review is made of some recent results in noncommutative geometry,
including its use as a regularization procedure. Efforts to add a gravitational field
to noncommutative models of space-time are also reviewed. Special emphasis is
placed on the case which could be considered as the noncommutative analogue of
a parallelizable space-time.

1 Introduction and Motivation

Simply stated, a noncommutative space-time is a space-time in which the
‘coordinates’ do not commute. One typically replaces the four Minkowski
coordinates z* by four generators ¢* of a noncommutative algebra which
satisfy commutation relations of the form

[¢",¢"] = ikg". (1.1)

The parameter % is a fundamental area scale which we shall suppose to be of
the order of the Planck area:

ke~ up? = Gh.

There is however no need for this assumption; the experimental bounds would
be much larger. Equation (1.1) contains little information about the algebra.
If the right-hand side does not vanish it states that at least some of the
¢" do not commute. It states also that it is possible to identify the original
coordinates with the generators ¢* in the limit & — 0:
lim ¢ = xt. 1.2
lim ¢ =2 (1.2)
For mathematical simplicity we shall suppose this to be the case although
one could include a singular ‘renormalization constant’ Z and replace (1.2)
by an equation of the form
lim ¢ = Z x*. 1.3
lim ¢ T (1.3)
If, as we shall argue, gravity acts as a universal regulator for ultraviolet
divergences then one could reasonably expect the limit & — 0 to be a singular
limit.

H. Gausterer, H. Grosse, and L. Pittner (Eds.): Proceedings 1999, LNP 543, pp. 231-273, 2000.
[ Springer-Verlag Berlin Heidelberg 2000
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Perhaps not the simplest but certainly the most familiar example of a
noncommutative ‘space’ is the quantized version of a 2-dimensional phase
space, described by the ‘coordinates’ p and ¢. This example has the advantage
of illustrating what is for us the essential interest of the relation of the form
(1.1) as expressed in the Heisenberg uncertainty relations. Since one cannot
measure simultaneously p and ¢ to arbitrary precision quantum phase space
has no longer a notion of a point. It can however be thought of as divided into
cells of volume 27h. If the classical phase space is of finite total volume there
will be a finite number of cells and the quantum system will have a finite
number of possible states. A ‘function’ then on quantum phase space will
be defined by a finite number of values and can be represented by a matrix.
Since points have been replaced by cells we shall refer to a noncommutative
‘space’ as a ‘fuzzy space’.

By analogy with quantum mechanics we shall suppose that the generators
q" can be represented as hermitian operators on some complex Hilbert space.
The presence of the factor ¢ in (1.1) implies that the ¢" are also hermitian
operators. The ¢g* have real eigenvalues but because of the relations (1.1) they
cannot be simultaneously diagonalized; points are ill-defined and space-time
consists of elementary cells of volume (27%)2. Now when a physicist calculates
a Feynman diagram he is forced to place a cut-off A on the momentum
variables in the integrand. This means that he renounces any interest in
regions of space-time of volume less than A~ As A becomes larger and
larger the forbidden region becomes smaller and smaller but it can never be
made to vanish. There is a fundamental length scale, much larger than the
Planck length, below which the notion of a point is of no practical importance.
The simplest and most elegant, if certainly not the only, way of introducing
such a scale in a Lorentz-invariant way is through the introduction of the
‘coordinates’ ¢. The analogues of the Heisenberg uncertainty relations imply
then that

Ak <1

The existence of a forbidden region around each point in space-time means
that the standard description of Minkowski space as a 4-dimensional con-
tinuum is redundant; there are too many points. Heisenberg already in the
early days of quantum field theory proposed to replace the continuum by a
lattice structure. A lattice however breaks Poincaré invariance and can hardly
be considered as fundamental. It was Snyder [119] who first had the idea of
using non-commuting coordinates to mimic a discrete structure in a covariant
way.

As a simple illustration of how a ‘space’ can be ‘discrete’ in some sense
and still covariant under the action of a continuous symmetry group one can
consider the ordinary round 2-sphere, which has acting on it the rotational
group SOs3. As a simple example of a lattice structure one can consider two
points on the sphere, for example the north and south poles. One immediately
notices of course that by choosing the two points one has broken the rotational
invariance. It can be restored at the expense of commutativity. The set of
functions on the two points can be identified with the algebra of diagonal
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2 x 2 matrices, each of the two entries on the diagonal corresponding to a
possible value of a function at one of the two points. Now an action of a
group on the lattice is equivalent to an action of the group on the matrices
and there can obviously be no non-trivial action of the group SOj3 on the
algebra of diagonal 2 x 2 matrices. However if one extends the algebra to the
noncommutative algebra of all 2 x 2 matrices one recovers the invariance. The
two points, so to speak, have been smeared out over the surface of a sphere;
they are replaced by two cells. An ‘observable’ is an hermitian 2 x 2 matrix
and has therefore two real eigenvalues, which are its values on the two cells.
Although what we have just done has nothing to do with Planck’s constant
it is similar to the procedure of replacing a classical spin which can take
two values by a quantum spin of total spin 1/2. Only the latter is invariant
under the rotation group. By replacing the spin 1/2 by arbitrary spin s one
can describe a ‘lattice structure’ of n = 2s 4+ 1 points in an SOs-invariant
manner. The algebra becomes then the algebra M, of n xn complex matrices.

It is to be stressed that we shall here modify the structure of Minkowski
space-time but maintain covariance under the action of the Poincaré group. A
fuzzy space-time looks then like a solid which has a homogeneous distribution
of dislocations but no disclinations. We can pursue this solid-state analogy
and think of the ordinary Minkowski coordinates as macroscopic order pa-
rameters obtained by coarse-graining over scales less than the fundamental
scale. They break down and must be replaced by elements of some noncom-
mutative algebra when one considers phenomena on these scales. It might be
argued that since we have made space-time ‘noncommutative’ we ought to
do the same with the Poincaré group. This logic leads naturally to the notion
of a g-deformed Poincaré (or Lorentz) group which act on a very particular
noncommutative version of Minkowski space called g-Minkowski space.

It has also been argued, for conceptual as well as practical, numerical
reasons, that a lattice version of space-time or of space is quite satisfactory
if one uses a random lattice structure or graph. The most widely used and
successful modification of space-time is in fact what is called the lattice appro-
ximation. From this point of view the Lorentz group is a classical invariance
group and is not valid at the microscopic level. Historically the first attempt
to make a finite approximation to a curved manifold was due to Regge and
this developed into what is now known as the Regge calculus. The idea is
based on the fact that the Euler number of a surface can be expressed as
an integral of the gaussian curvature. If one applies this to a flat cone with
a smooth vertex then one finds a relation between the defect angle and the
mean curvature of the vertex. The latter is encoded in the former. In recent
years there has been a burst of activity in this direction, inspired by nume-
rical and theoretical calculations of critical exponents of phase transitions
on random surfaces. One chooses a random triangulation of a surface with
triangles of constant fixed length, the lattice parameter. If a given point is
the vertex of exactly six triangles then the curvature at the point is flat; if
there are less than six the curvature is positive; it there are more than six
the curvature is negative. Non-integer values of curvature appear through
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statistical fluctuation. Attempts have been made to generalize this idea to
three dimensions using tetrahedra instead of triangles and indeed also to four
dimensions, with euclidean signature. The main problem, apart from consi-
derations of the physical relevance of a theory of euclidean gravity, is that of
a proper identification of the curvature invariants as a combination of defect
angles. On the other hand some authors have investigated random lattices
from the point of view of noncommutative geometry. For an introduction to
the lattice theory of gravity from these two different points of view we re-
fer to the books by Ambjgrn & Jonsson [4] and by Landi [77]. The work of
Kaku [63] comes closest to bridging the gap. Compare also the loop-space
approach to quantum gravity, for example in the monographs by Baez &
Muniain [7] and by Gambini et al. [52].

Let Ax be the algebra generated in some sense by the elements ¢*. We
shall be here working on a formal level so that one can think of Ay as an
algebra of polynomials in the ¢* although we shall implicitly suppose that
there are enough elements to generate smooth functions on space-time in
the commutative limit. Since we have identified the generators as hermitian
operators on some Hilbert space we can identify Ay as a subalgebra of the
algebra of all operators on the Hilbert space. We have added the subscript &
to underline the dependence on this parameter but of course the commutation
relations (1.1) do not determine the structure of Az, We in fact conjecture
that every possible gravitational field can be considered as the commutative
limit of a noncommutative equivalent and that the latter is strongly restricted
if not determined by the structure of the algebra Ax. We must have then a
large number of algebras Ay for each value of %.

We mentioned above that the noncommutative structure gives rise to an
ultraviolet cut-off. This idea has been developed by several authors [62], [84],
[41] [70], [69], [23] since the original work of Snyder [119], [120]. It is the
right-hand arrow of the diagram

4 1) (1.4)
Cut-off Gravity

We shall define and discuss it in Section 2. The top arrow is a mathematical
triviality; the £2*(Ag) is what gives a differential structure to the algebra. We
shall define and discuss it in Section 4. We have argued elsewhere [85], not
quite successfully, that each gravitational field is the unique ‘shadow’ in the
limit & — 0 of some differential structure over some noncommutative algebra.
This would define the left-hand arrow of the diagram. The composition of the
three arrows is an expression of an old idea due to Pauli that perturbative
ultraviolet divergences will one day be regularized by the gravitational field.
For a recent review we refer to Garay [54]. The possibility we consider here
is that the mechanism by which this works is through the introduction of
noncommuting ‘coordinates’ such as the ¢*. A hand-waving argument can
be given [87] which allows one to think of the noncommutative structure of
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space-time as being due to quantum fluctuations of the light-cone in ordinary
4-dimensional space-time. This relies on the existence of quantum gravita-
tional fluctuations. A purely classical argument based on the formation of
black-holes has been also given [41]. In both cases the classical gravitational
field is to be considered as regularizing the ultraviolet divergences through
the introduction of the noncommutative structure of space-time. This can be
strengthened as the conjecture that the classical gravitational field and the
noncommutative nature of space-time are two aspects of the same thing.

2 Ultraviolet Regularization

One example from which one can seek inspiration in looking for examples
of noncommutative geometries is quantized phase space, which had been
already studied from a noncommutative point of view by Dirac [40]. In par-
ticular it is instructive to consider the phase space of a particle in a plane:
(¢', ¢, p1,p2). In classical mechanics one has four commuting operators; in
quantum mechanics one has the commutation relations

[¢" 1) =ik,  [¢°,pa] = ih. (2.5)

The points of classical phase space have been replaced by ‘Bohr cells’ of area
2mh. Consider the divergent integral

dp1dps
I:/ o P> =pi+ps

If one introduces a magnetic field B normal to the plane then the appropria-
tely modified gauge-covariant momenta no longer commute:

[p1,p2] = iheB.

The points of momentum space have been replaced by ‘Landau cells’ of area
heB. This serves in general as an infrared cut-off:

p? > heB.

The noncommutative algebra generated by the (p1,p2) is of importance in
the physics of the quantum Hall effect [117] and it has been studied in this
respect from the point of view of noncommutative geometry [11]. If one were
to replace the magnetic field by a gaussian curvature K, eB — hK then one
would have the same effect; curvature in general acts as a mass.

In this example ‘quantizing’ position-space coordinates consists in repla-
cing them by two operators which satisfy a commutation relation of the form

l¢", ¢%] = ikq">.

Ipso facto the points of position space are replaced by ‘Planck cells’ of area
27k and the integral I is completely regularized:
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I ~ log(kK).

This vague idea can actually be implemented by explicit calculations [120],
[41], [47], [69], [17], [98], [23], [73]. In general consider any *-algebra A with
a trivial center, in some representation with a partial trace and let A be a
linear operator on A with a set of eigenvectors ¢, € A and corresponding
real eigenvalues \,.:

A¢r = )\r(br-

The parameter r here designates a point in some parameter space and we
write the integral on this space as a sum over r. The corresponding classical
action is

S=Tr(¢"Ap), o€ A (2.6)

The trace here must be defined in some representation of A. We shall assume
that with respect to this trace

Tr (¢:¢é) = 0ps (2.7)

and we define the Hilbert space H C A of 1-particle states to be
H= {¢ = Zar¢r | Z |ar|2 < OO}

As usual the a, become operators when the field is quantized. For f € H the
completeness condition can be written as

¢ = ¢ Tr(¢0).

If we introduce the element

W=> ¢

then the completeness condition can also be written
Tro(W-1®¢)=0¢®1.

The tensor product is here over the complex numbers and the subscript on
the trace indicates that it is taken over the second factor. The element W
is therefore the noncommutative generalization of the Dirac distribution in
the commutative case; it is not an element of H ® H. We introduce also the
element G defined by the formal sum

G=> \'o @

Since obviously AG = W this element generalizes the propagator correspon-
ding to A. We wish to discuss the conditions under which the sum converges
and G can be considered as a well-defined element of a weak closure of H&@H.
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We shall restrict our attention to algebras which are generated by a set
q", 1 < pu < n, of n elements. We shall suppose that A is represented as an
algebra of operators on a Hilbert space L?(V, ) and we fix an orthonormal
basis |7). We can write then

g"fi) =Y _ Qfili)

J

for some set of n matrices Q};. If the algebra is commutative then Q}; = ¢;'di;.

As above, the symbol X here can represent a sum or an integral depending
on the basis |¢) it is convenient to choose. The index 4 belongs again to some
parameter space which of course is not to be confused with the space to
which 7 and s belong. The symbol d;; can represent therefore the Kronecker
or Dirac delta.

Consider the differential d,, of the universal calculus, defined in Section 4.
It is a map of A into A® A given by d,f = 1® f — f ® 1. We define the
‘variation’ d¢* of the generator ¢* as

1 1
d¢" = 5dug" = 5(1®¢" — " ®1). (2.8)

We identify ¢* = ¢* ® 1 in the tensor product and we set ¢*’ = 1 ® ¢*. Thus

we can write !

5(61‘“ —q").

It follows from the commutation rules of the algebra that

ogh =

1
[6¢",0¢"] = Jik(¢" ©@ 1 +1® ¢*").

Suppose that a set of elements g* of A® A can be found such that 4 ® A is
generated by the set {g", d¢*} and such that

[",6¢"] = 0. (2.9)
Then we can write the tensor product L?(V, u) ® L?(V, ) in the form
L*V,p) @ L*(V,u) D@ F (2.10)
where g* acts on D and dg* on F. We shall choose accordingly a basis
i k) = i) @ ke

of L2(V, )@ L?(V, ). If ¢** lies in the center of the algebra then the elements

1
" = 5(¢" +¢")

are such that Equation (2.9) is satisfied. Further one has

¢ =q"—d¢", ¢ =q"+q"
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and with the obvious identifications
1 1
0,0 = 5ika™,  [00",60"] = Sike". 2.11)

The tensor product in the definition of G' is now to be considered as a tensor
product of a ‘diagonal’ algebra A, acting on D and a ‘variation’ 6.4, acting
on F. That is, we rewrite

A A=A®5A (2.12)

in accordance with (2.10). If (2.9) is not satisfied the factorization (2.10)
can still be of interest if dg" acts only on F. In general then g* will act
non-trivially on the complete tensor product D ® F. We shall suppose that
the definition (2.8) of d¢* in terms of the tensor product coincides with the

intuitive notion of the ‘variation of a coordinate’. One can introduce a new
differential calculus (£2*(A), d) defined by

dg" = 6q". (2.13)

One would like this new calculus to be isomorphic to the original one if dg#
and dg* are to be thought of as ‘infinitesimal variations’ [23].

Let C(M) be an algebra of functions on a space M. Let f be a map of M
into itself and let f* be the induced map of C(M) into itself. We set ¢’ = f*(¢)
and define d¢ = ¢’ — ¢. The ordinary propagator is a function of two points,
an element of C(M) ® C(M) and we are interested in the limit when the two
points coincide. This limit must be taken with care since the partial derivative
of a function after the limit and the limit of the derived function with respect
to one of the variables are not in general equal. We are interested in the latter
since the Laplace operator which defines the propagator acts only on one of
the variables. If we set 6z = 2’ — x where 2’ = f(z) then we can express
the limit éxz — 0 as d¢ — 0. We wish to study the element G(g*;¢"’) of
the tensor product H ® H most particularly in the limit ¢*' — ¢*. The ¢*
are however fixed generators of the algebra and this limit must be defined
otherwise. As a possible added complication, which will however not appear
explicitly in the examples we shall consider, the generators ¢* are in general
unbounded operators. We shall give a formal definition of the limit as a weak
limit within the tensor product in terms of variations of the basis vectors |i).
We shall use a tensor product which is not braided. We shall return to his
assumption later.

Using the representation of A4 the propagator G = G(g";¢"’") can be
expressed as a map

G: LX(V,p) @ L2(V,p) = LAV, 1) @ L*(V, ).

It can be defined in terms of its (classical) matrix elements (4,7’ |G(g"; ¢*')|2, ¢').
In the commutative limit £ — 0 one would find

(4, 7'|G(g"; ¢"")i,i") — G(g";¢"") 8ij6irj0
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with
¢“li) = q'li)y,  q”'i") = q'|i")
and so, at least in a quasicommutative approximation, we can identify ¢*

with a point ¢ € V = R” and ¢" with 7/ € V = R". We shall therefore
represent graphically G(g"; ¢"') as a line between ¢ and ¢':

-/

J J
o o (2.14)
1 i’

The extra pair of indices (j,j') is present because in general G acts as an
operator on each end of the line. An ordinary propagator on a manifold
diverges in the limit ¢*/ — ¢*. This limit can be redefined as the limit

i) = [i).

It makes sense now in the noncommutative case but it cannot be attained as
we shall see below. We shall use therefore the identification (2.10) to express
the limit as

i, k) — |i,0) = |7). (2.15)

In the graph (2.14) this means that the two ends of the line almost close to
form a circle.

It is here that the representation, especially the representation of the
tensor product, becomes of importance. We shall describe the second copy F
of the Hilbert space using creation and annihilation operators. We choose then
the basis |k)r with k& € Z. The states |i,0) are those in which collectively
the operators dg" take their minimum value. In the language of quantum
mechanics such a state is an example of a coherent state.

We introduce a set of n annihilation operators a; with their adjoints a,
such that, as in quantum mechanics

la;, ap,] = Kdim. (2.16)

We shall see that each a; annihilates and each a; creates a unit of separation.
The quantum mechanical analogue of this separation would be the energy
of the harmonic oscillator. By analogy then we define a diagonal state to be
a state annihilated by all the a;. We define as usual the action of a; on the
diagonal basis element |i,0) € D ® F by the condition a;]7,0) = 0 and we set
recursively

aflivki, .. ki, ke = VEVk + 1[5k, . ki + 1, k) e

The coincidence limit is attained on elements of L?(V, u) ® L?(V, ) of the
form |4, 0).

The analogue of the integral I defined in the Introduction is defined then
by the equation

(G1G(a":q")]i) = G (Fp?)]i).



240 J. Madore

Here p is a parameter in the operator A with the dimension of mass. In
general I(ku?) is an operator acting on D. In the example we shall consider
however the space is homogeneous and it reduces to a constant. We can write
then

(1G(a"sq"i) = 1(Ru®) G 1).
To calculate (j|G(g"; ¢"")|i) we must express G in terms of the a; and their
adjoints. For this we write

n

5" =Y (Jl'ar+ Jfap) (2.17)
=1

and from (2.11) we conclude that
g _ 1
STl = Sid"". (2.18)
=1

The J/' appear here as the components of a symplectomorphism. They are
fixed only to within a redefinition of the a; and contain therefore 2n? + n
free parameters. This is the number of elements of GL(2n,R) which leave
invariant the right-hand side of (2.18). If we interpret d¢* as a ‘string’ joining
two ‘points’ ¢* and ¢*’ then each a; creates a longitudinal displacement. They
would correspond to the rigid longitudinal vibrational modes of the string.
Since it requires no energy to separate two points the string tension would
be zero.

If the differential calculus (£2*(A),d) defined in (2.13) has a frame 6% =
0%(q") dg* then it would seem more appropriate to expand the variation in
the form

n
05(a") 6q* =) (e + ji*a). (2.19)
1=1
We are motivated here by the desire to make dg" as similar as possible to
the element dg* of the differential calculus. This would suggest, in particular,
that the condition (2.9) is fulfilled only if the geometry is flat.
The ‘non-local’ modification we shall find in the propagator is to be asso-

ciated not with the propagator but rather with the vertices at its end points.
To see this we consider now the matrix elements

<j7j/|G(qM;qp/)|i7i/><l/7l|G(q0/;qy)|klvk> =
(le'le e GeGl) @) k) k) (2.20)

of the tensor product of two copies of the propagator, which we represent by
the graph
j J U l
O

(2.21)

@
S\
e
>0
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To form a vertex we must ‘join’ the ‘point’ k&’ to the ‘point’ ¢’. Following the
prescription (2.15) this means that we replace the basis element

i") @ k') € L*(V, 1) @ L*(V, p)
by the basis element - -
li'y = |i',0) e D® F.

We are prompted then to introduce the projection

L2V, ) ® LA (V) @ LAV, 1) @ L2V, p1) -5 L2(V, ) @ D @ L2(V, o)

defined by
P = Z |r, 7, s)(r, 7, s

=
r,r,s

and to define the propagator Ga(q",¢”',¢") in terms of the matrix elements

<j7.;l7 l|G2|iag/7 k> =

S GG A @), s) (7 sl(1e1) @ Gli, i k) =

=
rr,s

S GLT1G @ U, 7) 8166, (7, |1 @ G k) =

w!
r, 7,8

> 6. 71G @ 1, 7)1 @ G k) (2.22)

T‘/
which we represent by the graph
J

[e]

(2.23)

= ) .
o

We could have also included the dummy multiplication index and written

. 1o

J Jr

o O o
i k

We have used the identifications
GeG=G(1®1)-11)®G
and the fact that
GeGe(AA)®ARA) =AR(ARA) A=A (DR F)® A.
Since P projects D @ F onto D we see that
G € AD® A
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In the commutative limit £ — 0 one would find
(j, ' UGali, ' kY — Go ;64 /01
on the left-hand side of (2.22) and
(4, 7'|G @ 1|i,7") = G ;6,1

on the right-hand side. One would normally choose as basis the eigenvectors
of the position operator so that ¢/|i) = ¢/'|¢) and one would normally drop
the extra index on ¢*. The preceeding two limits would be written then

respectively - -
<ja jl7 l|G2|l, i/v k> — G2((I“, qp/7 qV)

and -
(7,7 |G @ 1|i,7") — G(g¢",q”").

The graph (2.23) in turn can be cut into the two graphs

j J 7 !
o - D o (2.24)
i 7 4! k

which represent respectively the factors
(4,7’ |G & 1]i, "), (7,1 ® Gl k).

We are prompted by this to introduce also the graph

o~

(2.25)

.U S
N

to represent the matrix elements
(J,I1 ® G ®1i, k).

This is the propagator with ‘fuzzy’ vertices. It is obtained by joining (i, 7)
to (k,1) in the graph (2.23) and cutting it as in (2.24). To obtain an p-point
vertex one would need a tensor product of 2p copies of the space L(V, u).
Of these p would describe the free end points of the lines and the remaining
p would be rewritten as a factor of one copy of D to describe the ‘mean
position’ of the vertex and p — 1 copies of F to describe the ‘fuzz’ [23].

As an example we consider a scalar field on the noncommutative flat
plane. The noncommutative flat plane is the algebra Az generated by two
hermitian elements ¢' = x and ¢? = y which satisfy the commutation relation
[x,y] = ik and which has the associated differential calculus 2*(Az) given
by [¢*, dq"] = 0. The flatness is a consequence of the fact that dg¢* is a frame
as we shall define this word in Section 4. If we introduce the two derivations

1 1

el = —ﬁady, ey = %adx
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then an appropriate generalization [89] of the Laplace operator A with mass
W is given by
A=A +p®  Ap=—(e +63).

For each couple (ki1, ko) € R? we introduce the unitary elements u(k; ), v(k2) €
A defined by ‘ _
u(ky) = etf1® v(kg) = e'F2v.

They satisfy the commutation relations
u(k1)v(ka) = " F2F o (ko )u(ky), g=¢e "
A basis for the Hilbert space H is given by the eigenvectors
o = u(k1)v(kz), k= (k1,k2)
of A. The corresponding eigenvalues are
e = K% 4 12, E* =k + k2.

The element G can be written then

Gz, y;2',y) = / (K +1*) "o @ dpdk,  dk = dkydk,.

1
(2m)2
We must introduce a partial trace on Ag. This can be done only through
a representation. The only properties which we shall need however are the
identities

Tr (u”(ky)u(kr)) = 270(ky — k1), Tr (v (ky)v(ke)) = 2m0(ky — ka).

That is:
Tr (¢5:01) = (2m)26 P (K — k).

The commutation relations (2.11) become in this case
_ 1 1.
[Z,7] = 5@7{:, [0z, 6y] = 5@7%. (2.26)

As in (2.17) we write
or = Jra+ J*a*, Sy = J%a + J*a*. (2.27)

With (2.16) satisfied we have JI1.J2* = 1ig!2. By a redefinition of a we can
choose 1 1
1 2 .
J =3 J =5 a =0z + idy.
The freedom here is SL(2,R), the symplectomorphism group in dimension 2.
By a renormalization of k& we can also choose ¢'? = 1.

We set p = (p1, p2) and introduce the basis |p, k) p = |p) p®|k) F according
to the prescription (2.10) of the previous section. We shall also re-express the
tensor product according to (2.12) and drop the tensor-product symbol. We
have then



244 J. Madore

ul*(k1)|p/> — e—ikl;;;’ ‘25/> — e—ikl(i+6w)|pl>'
Since T and dx commute we can write this as
u’*(k1)|]3’) _ e—ik1a’ce—ik1(a+a*)/2|ﬁ/>.
Using the Baker-Campbell-Hausdorff formula

eaa+ﬂa — e,@a e(xae(xﬂk/Q — eaae,ﬁa e—aﬁk/Q

we find that ,
u/*(kl)‘ﬁ/> _ efzkrliefklk/Sefzkla /2|]3/>

and therefore

) ro_ = 12 . *
/*|]§I>:6 lk?gye l’ﬁlﬂe klk/Se ikia /2|

k P)

L omikel ik k8 ghaa’ /2 —kaa/2—ik1a /2| )
_ e_ik2ge—ik1fe—kk2/8€ik1ka/4€(k2_ikl)a* /2|]5/>-
Similarly we find
Bi|p) = e kel T kK2 /8 gikikak /4 o= (ko —iki)a” /2| )

From these last two equations we deduce that

(b, © $31P) = e /2 | p). (2.28)

The product here is the tensor product (2.12). Since the Ay factor reduces
in fact to the identity, the product depends only on the second factor §.A.
We have dropped the prime on ¢, since the information is contained in the
position in the tensor product.

The Fourier transform is the map

a(k) = ﬁn (61 ) (2.20)

from H to the momentum space L?(R?,dk) and the map
¢ = /¢k Q?)(k)dk — /eilmyeiklzefiklkzk (Jg(k)dk (230)

from L?(R?,dk) to H. The Plancherel theorem is the completeness relation
for the set of ¢. We have the unitary map
- 1 -
D= T (67 | Bk) o k)
o) = ™ (01 [ by

from L?(R?,dk) onto itself and the unitary map
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¢®1=ﬁ/m<¢k®¢z-1®¢)

of 1 ® H onto H ® 1. The Fourier transform defines the map

- 1 1
ok k') = WTI" (Pr ©@ dpr - 9@ P) = W”ﬁ (% ) Tx (0, )

from H ® H to L?(R?,dk) @ L?(R?, dk) and the map
PR P = /m @ ¢ Ok, k") dkdk'

from L?(R?, dk) ® L*(R?,dk) to H @ H. If we write ¢ ® ¢ = ¢ ® §¢ as in
(2.12) then (2.28) states that the Fourier transform of the diagonal factor of
o1 ® ¢y is a constant function and that the projection onto the ground-state
in F produces an exponential damping in momentum space.

We are now in a position to calculate the coincidence limit of the propa-
gator. We have

G,y o) |p) = (2% / (K + 1) (7|6 © Slp)dk

1 e—kk?/2 .
=—— [ ——= (9’ | p)dk.
(QWQ)/kQHL2 (0| p)

The Feynman rules here are the same as the commutative ones except for an

extra factor e‘kkz/ 4 at each end of a propagator of momentum k to account
for the projection onto the ground state in F. We find then

(G (. y:2",y)|p) = 1(kps?) (p| )

where I(kp?) is given by the integral [126], [102], [41], [17], [23]

) 1 e—kE?/2
I(kp*) = ——dk. 2.31
) = o5z | o (231)
With a change of variable it can be written as
1 e e " 1 2
I(kp?) = — —dx = —— M PEI(—kp? /2
) = 1= | e =~ PR 2),

where Ei(x) is the exponential-integral function. When ku? — 0 one finds

1 1
1(03%) = — ((— log(ku®) +log2 — 7 — Shu* log(ky) + o(ku?)

and when Eu? — oo,

1
I(kp?) = kp®)7?).
(h02) = s +ol(0) )
In this example the commutator ¢'? was a real constant and the gravitational
field was trivial [37], [89]. Other examples, with non-vanishing curvature, have
been considered [23].
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3 Finite-Dimensional Algebras

Before giving the formal definition of a differential calculus and other geo-
metric quantities it is important to have a few simple examples in mind to
which one can refer. We mention here some finite-dimensional algebras over
which noncommutative geometries have been constructed. They are all more
or less based on the algebras M,,. The algebra M, is ‘smooth’; it has sufficient
derivations

Der(M,,) = {X c My, — M, | X(fg) = ng+fXg}'

By ‘sufficient’ we mean that if X f = 0 for all X € Der(M,,) then f o 1.
It is obvious that derivations are the natural noncommutative generalization
of vector fields. An important difference is the fact that derivations in ge-
neral do not form a left module over the algebra. That is, if X € Der(A)
and f € A then in general fX ¢ Der(A). This accounts for the fact that in
noncommutative geometry the derivations play a relatively secondary role.
This will become clear when we define a metric later. Consider the decom-
position C* = C™ & C"~™ of the vector space C" and the corresponding

decomposition
M,, M’ _
Mn: (M—I/Mn > :M:GaMn
of M,,, where M,; = M,, x M,,_,,, and M, = M,”" UM, ". We shall consider
below the cases n =2, m =1 and n =3, m =1 [30], [34].

A second family of examples [83], [84], [85] which is of interest is given by
the same algebra as above but considered as generated by 3 special matrices
x® which are a basis of an irreducible representation of the Lie algebra of
5031

M, = M, (z%) = {2 | 2* = kr—'J%}
where

[Jav‘]b] = i€aqped JoJ* = (712_1)/4:T4/k2'
If we write the Casimir relation as gqgz%z® = 2 we find that

47r?
T oonk

With the generators ¢ and the associated derivations

€q = ; kad T
the algebra M,, describes the ‘fuzzy sphere’ we described in the Introduction.
Graded extensions of these models have been also proposed [60], [58] and
various field theories studied on them [55], [57, [59].
A third family of examples is given by the algebra M,, of the previous
family but considered with a different set of generators:

M, = Aijn = My (u,v) = {(u,v) |u™ =" =1}
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with ‘
uv = quu, qg=¢é>m  a=1/n.
In these examples we set
B (27r)?
ok

Two representations [125] of A, /,, are given by the bases {|7)1}, {|k)2} € C"

with the actions ) . , )
uli)1 =@ |7)1,  vlihi =17+ D,

ulk)y = |k —1)2, vlk)2 = ¢*|k)2

of u and v. There is a ‘Fourier transformation’ [116]

n—1 n—1
1 . 1 )
=== a7 k), [k)a=—=D ¢ "ih

between the two bases. One deduces immediately the relations given above
for u and v. If we introduce hermitian matrices « and y by

r|j) = ;JIJ>1, ylk)2 = ;k|k>z

we find that )
u= eiz/r7 v = eiy/r’ q= 6ik/r )
Consider the derivations
1

e = %ady, = f%adx.

The action of e; and ey on the generators is given by
eru = ir tu(l —nP,), ejv =0,
eau =0, eav = ir tv(l —nPp)
where
Py =10)2(0l, Po=|n—1)1({n—1].
Because of the projector terms one finds
equ =0, e =0, [er,e2]=0.

We refer to the algebra M,,(u,v) as the fuzzy torus. Recall that the 2-torus,
with @ = €'*/", © = e'/" as generators of the algebra of smooth functions,
has the two vector fields (derivations) é; f = 03 f, eaf = 0y f with

= 0’
=ir~1o.

If we replace the torus by a lattice approximation we can impose " = 1, ?" =
1 but the resulting algebra will have then no derivations. From these families
of examples one sees that the same algebra can take on different aspects
depending on the set of generators one uses and consequently on the set of
derivations one considers as special.
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4 Differential Calculi

Consider an associative algebra A and a graded algebra

27 (A) =P A, 2°A)=A
i>0
which is a direct sum of a family of A-bimodules; if the grading is a Zy-
grading we write 27(A) = A. A differential d is a graded derivation of
2*(A) with d? = 0; if o € 2°(A) and 3 € 27(A) then aff € 217 (A) and
d(ap) € 27T (A) with

d(af) = daf + (—1)'adB.

A differential algebra is a graded algebra with a differential. One says that
2*(A) is a differential calculus over A and the elements of 27(A) are known
as p-forms.

Over any algebra A, including the algebra of continuous functions on a
compact manifold, one can define the universal calculus §2;(A). As usual
29(A) = A. The 2L(A) C A® A is defined to be the A-bimodule generated
by the map

A% A0 A

given on an element f € A by

We use the symbol f here to emphasis the role of the algebra as algebra of
‘functions’. The algebra £2/(A) is the free algebra generated by the 21(A).
The map d,, has a unique extension as a differential to all of 2} (A).

There exists a construction of a differential calculus over A uniquely de-
termined by the bimodule 2%(A). Define

0L(A) 25 0Y(A)

by

¢1(duf) = df.
Because d1 = 0 the map is well defined. We have

AL 0L

I ol

AL 0tA)
and we can write

2'(A) = Q4(A)Ker 6.

Every bimodule of 1-forms can be in fact so expressed. There exists a con-
struction [25], [27], [37], [89] which defines a differential calculus as the largest
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differential algebra consistent with the module structure of the 1-forms. In
particular the map ¢; can be extended to a map

(A 25 027(A)

uniquely defined by the bimodule 2'(A). We shall use mainly 1-forms but
on occasion 2-forms and so we must mention the product

QYA @4 2 (A) T 22(A).

As an example let A = C(V) and 21(A) = Q1(V). If f € A then d,f is
the function of 2 variables

duf(z,y) = fy) = f(2).

Choose a local system z*(z) of coordinates. The corresponding de Rham 1-
form is df = O\ fdx>. Expand the function f(y) about the point x:

Fy) = f@) + (@ (y) = 2 (@) f + .
The map ¢, is given by

p1(z*(y) — 2Mz)) = da.

It annihilates all f(x,y) € £21(A) of second order in x — y. One such form is
fdug - dugf:

(fdug — dugf)(z,y) = —(f(y) — f(2))(9(y) — g9(z)).

This does not vanish in §2!(.A) but its image in 2'(A) under ¢; is equal to
zero

The de Rham differential calculus £2*(V') over a manifold V' can be based
on the above construction using the Dirac operator to define the differential.
Consider in fact Py = iv* Dy, € H, where

Dz( 0 D_>, H=HtOH,

Dt 0
That is
Dy =Dryt + Dy, DEGE e HF
Introduce a moving frame e, and its dual 0% 0%(eg) = d5. The e, are

derivations of the algebra C(V') of smooth functions on V' and the 6 are
elements of 21(V). For simplicity we assume that V is parallelizable. From
the Leibniz rule

D(f) = (ieaf )y + fDp
we find that
eafy" = _i[w’ f]

Consider now the map v — 6% and write
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df = e f0° = —ilD, f].
If the commutator is taken to be graded we have
cf=-p*f, d#0. (4.32)

The map 7 — #® is not an algebra isomorphism since ¥y 4 48~ = g*f.
This explains the presence of the Laplace operator 1)? on the right-hand side
of (4.32) and it is the reason why d? # 0. One can reproduce the de Rham
forms using the construction outlined above. The set (A, H,D) is called a
spectral triple [27]. It is conjectured that it characterizes the manifold V' if the
latter is compact [28], [72], [103]. We refer to Varilly [121] for an elementary
discussion of the extra assumptions which one must make for this to be so.

Over all the finite-dimension algebras of the previous section one can
construct differential calculi. As a first example write C2 = C! @ C! and
decompose M, = M, @ M, as before. The commutative algebra M, is the
algebra of functions on 2 points. Introduce a graded derivation daof a € M,
by A

do = —[n,al, neM,.

The bracket is graded and 7 is antihermitian. We find that afn = —272 and
that d?a = [?,a]. If we choose 1 such that 72 = —1 then d? = 0. We set
d = d. Then 27 = M> is a differential calculus over M, . Since for all p we
have 227 = My and 227+ = M, we can identify

* _ O+ — + _ +
Q) =07 ® 0, Q7 = M;
and consider the calculus as Z-graded. Notice that
dn+n*=1. (4.33)

The spectral triple here is (M, C2,in). The differential calculus of this ex-
ample is not based on derivations; it can however be considered [91] as a
singular contraction of a ‘smooth’ differential calculus.

As a variation of the above example write C3 = C? @ C! and decompose

M; = Mj & M; .

The algebra ]\/[3Jr = M, x M; can be considered as an algebra of functions
on two points with an extra structure on one of them. Introduce a graded

derivation da = —[n, ] of a € M,, with
0 0 ay
n= 0 0 a2 | € M, .

* *
—ay —a3; O

We have §2) = M and Q) = My . Tt is not possible now to have d? = 0. We
define
22 = My /Tmd* = M, 20=0,p>3.
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The algebra (2 is a differential calculus over M. Notice that (4.33) is again

satisfied. The spectral triple here is (M;", C3,in).
As another set of examples we consider the algebra M,, with an antiher-
mitian basis A, of SU,, and define the elements

6% = MAd, N
in 21 (M,,). Then one can show that
05f = fo;, feM,.
We construct an algebra £2*(M,,) by imposing the relations
020" = —0%0*, 6 =0

and a differential d as the restriction of d,,. It is easily seen that

and one can show that 1
do* = —50%091796.

Introduce 8 = —\,0%. Then one sees that
df =10, f]
and that
do + 62 = 0.

There is an obvious similarity between 2*(M,,) and the algebra of de Rham
differential forms on the group SU,,. The spectral triple here is (M,,,C",i0).
Differential calculi can be also constructed over M,, which are adapted to the
bases (%) [83], [56], [13] and (u, v) [92] which were introduced in the previous
section.

Almost all examples which have been studied in any detail belong to a
special class of differential calculi which could be considered as the noncom-
mutative generalization of a parallelizable manifold. The module 2!(A) is
free as a left or right A-module and has a special basis % with

[f,0]=0, 1<a<d (4.34)
which is dual to a set of derivations e, = ad \,:
df:eafﬂa = [)‘aaf]eazf[e,f]a 0= —X0".

We refer to 0% as a frame or Stehbein. The ‘Dirac operator’ 6 generates £2%(A)
as a bimodule; it is not a free bimodule. The A\, must satisfy the consistency
condition [37], [89]

22N Py — NeFCap — Koy = 0. (4.35)
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The P°?,;, define the product in the algebra of forms:
070" = 7(6° ® %) = P 40° @ 0°.

The F¢,;, are related to the 2-form d6°:

1
(Fe — 22 P9, )00

P a—
2

The K, are related to the curvature of the ‘Dirac operator’:
2 1 anb
d0+0 - §Kab9 0 .
All the coefficients lie in the center Z(.A) of the algebra. When
ac 1 a $b a b
P cd = 5(5c5d75d5c)
the F¢,, are hermitian and the K, are anti-hermitian.

Using the derivations it is straightforward to impose a reality condition
on the differential d:

(df)*(ea) = (df(el))*,  ebf = (eaf")".

It is easy to see that e} = e, if and only if \¥ = —\,. For general f € A and
¢ € 2'(A) one has then

(O =¢r, €N =r¢.
There are 1%°.; € Z(A) such that
(0°6°)" = 1(6°6%) = 1 4907

and J .4 € Z(A) such that

(07 @ 6°)* = 12(0* ® 6°) = J® 46° @ 67,
The reality condition is compatible with the product if

TOjJg =10T.
It follows that (¢n)* = —n*&*. One finds also the relations
(fem™ = @Em)f*  (fE@n)" = (E@n) [

If one has a representation [27] of the algebra and the differential calculus as

von Neumann algebras then one can use the modular conjugation operator
J to introduce a reality condition [28] under more general conditions.
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5 Yang-Mills Connections

We recall that one of the possible definitions [75] of a connection in differential
geometry is in terms of a covariant derivative, a map

D(da*) = —I'),dat @ da”

from the module £2'(V) of de Rham 1-forms to 2'(V) ® 2'(V). The I},
are called Christoffel symbols. This definition can be readily carried over to
noncommutative geometry [27]. We define a left connection (or Yang-Mills
connection) on a left A-module H as the map

H -2 YA @uH
with a left Leibniz rule

D(fY)=df @+ fDy,  feA et
It has an extension:
Q(A) @A H 2 27 (A) ouH
given by
D(a®) =da®p+ (—1)’a® D, «€ 2P(A).

We shall normally drop the tensor product symbol. In particular one verifies
that

D*(fy) = fD*.

This means that if we define the curvature as Curv(y) = D%y then it is left
linear.
As a first example consider M~ with the differential calculus 27 and

choose for H the bimodule ]\/[3Jr . A covariant derivative is given by

Dy = —np.

In fact one sees that

Do) (f) = —=nfip = —fnv + df .

The most general D is necessarily of the form

Dy =—np — o
where ¢ is a right-module morphism of H. One can write Dy = dy + wv in
terms of a ‘connection form’ w which transforms as

1

W' =g lwg+gtdg, g€ Uy xUy.

In particular: 7’ = n; therefore
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w=n+¢, ¢ =g '¢g.

The curvature is
R=do+w?>=1+¢>=1—|¢

and the analogue of the electromagnetic action is given by

V(o) = ;Tr(1—[oP)?

We emphasize the fact that it is electromagnetism; the geometry has changed
not the theory being studied. Because of the noncommutativity however the
result often looks more like nonabelian Yang-Mills theory and so we rather
refer to it as such.

As a second example consider the differential calculus 2*(M,,) over M,
introduced above and choose for H the bimodule M,,. A special covariant
derivative is given by

Dy = -0y

and the most general one is of the form

D = 04 — g

One can again express D in terms of a ‘connection form’ which transforms
as

W' =g lwg+gtdg, geU,.

In particular 6’ = 6; therefore

w=0+¢, ¢ =g '¢g.

The curvature is

Q=dw+w?= %Qabeaab

where
Qab = [(ybaa ¢b] - Ccab ¢c~

The C¢,; is a sort of ‘Christoffel symbol’; we shall see below in (6.39) that M,
with the present differential calculus is ‘curved’ as a geometry. The analogue
of the electromagnetic action is

V(p) = iﬂ (245029).

Again, as above, this action describes ‘electromagnetism’ on a noncommuta-
tive ‘space’. By radically changing the ‘space’ we have radically changed the
aspect of a well-known theory.



An Introduction to Noncommutative Geometry 255
6 Metrics and Linear Connections

Let M be an A-bimodule and 2*(.A) a differential calculus over some algebra
A. Consider a covariant derivative xcovariant derivative

M L5 QY (A) 04 M
as in the preceding section but with in addition a right Leibniz rule and a
flip
M@ 2N A) L 2V A) @4 M.
The right Leibniz rule is defined using the flip
D(f) =o(§@df)+ (DS)/. (6.36)

The o ‘brings’ d to the left where it belongs without changing the order of
the factors. In general 02 # 1. The de Rham o is necessarily of the form

o@n) =nx¢.

The flip is in all cases necessarily A-bilinear. We define a bimodule .4-
connection as the couple (D,o). In the special case when M = 2'(A) we
speak of a linear connection [99], [43], [44], [67].

We define the torsion map

O0: ' (A) = 2%(A)
by © =d—mo D. It is left-linear and
O)f —O(f) =mo(1+0)(§ @ df).
We shall impose the condition
mo(oc+1)=0 (6.37)

in order to assure that the torsion is bilinear. We shall find below other
consequences of this condition.
We shall define a metric as a bilinear map

QYA @4 21 A) L A
which satisfies the symmetry condition
gox goo. (6.38)

This is a ‘conservative’ definition, a straightforward generalization of one of
the possible definitions of a metric in ordinary differential geometry. The
usual definition of a metric in the commutative case is a bilinear map
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where X is the C(V')-bimodule of vector fields on V. This definition is not
suitable in the noncommutative case since the set of derivations of the algebra,
which is the generalization of X', has no natural structure as an A-module.
The linearity condition is equivalent to a locality condition for the metric; the
length of a vector at a given point depends only on the value of the metric
and the vector field at that point. In the noncommutative case bilinearity is
the natural (and only possible) expression of locality. It would exclude, for
example, a metric in ordinary geometry defined by a map of the form

g(avﬁ)(x):/‘/gz(am,ﬁy)G(I,y)dy-

Here o, 3 € 21(V) and g, is a metric on the tangent space at the point = € V.
The function G(z,y) is an arbitrary smooth function of z and y and dy is
the measure on V induced by the metric. Other definitions of a metric have
been given, some of which are similar to that given above but which weaken
the locality condition [15], [16] and one [31], [12] which defines a metric on
the associated space of pure states.

Using o one can also construct an extension

M@AM 2 0V (A) @4 M4 M

by
Dy(§®@n) =DE@n+ (0@ 1) 0 (§® Dn).

The linear connection is said to be metric compatible if
(l®g)oDy=dog.

This is a straightforward generalization of the usual definition of metric com-
patibility.
As an example consider the differential calculus {2) over M. 4 [90]. Because
of the bimodule identification
1 1_ g+
QW ®Mj QU = M3

we can conclude that o = diag(u, s, —1) with p € C. Introduce the matrix

0 0 a
m=|(0 0 a2
0 0 O
and define
n=m-=ny, N =19n, (=n .
Then

o(nij) = pmij,  o(¢) =—1.

The unique bilinear metric is given by

g(nij) =mmj € My, g(¢) = —e € M.
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It is real on 7;; and imaginary on ¢. The unique covariant derivative is given
by [90]
DE¢=-n®+o(E@n).

The torsion vanishes and the connection is metric compatible if p = 1.
If the geometry is parallelizable in the sense of Section 4 then the covariant
derivative can be defined in terms of the basis:

DO = —w, 0" © 6°, W € A,
o (0% ® 0%) = Sb40° ® 01, Sb., € Z(A).

The metric must be of the form g(#?®6°) = ¢g** with g?* € Z(A). A particular
linear connection is given by

DO* = -0 0%+ 0(0°®0).
It is metric-compatible [37] if
wbag™ + w® S png"? = 0.

As an example consider M, as algebra and introduce a metric by setting
g(0% ® 0°) = g%, the components of the SU, Killing metric. The linear
connection defined by

1
DO = —w ®60°, W= =50 0° (6.39)

has vanishing torsion and is compatible with the metric. With this connection
the geometry of M, looks like the invariant geometry of the group SU,,. Since
the elements of the algebra commute with the frame 6%, we can define D on
all of 2*(M,,) using the left Leibniz rule. The map o is necessarily given by

(0% ®0%) = 0 0. (6.40)

It follows that D satisfies also the right Leibniz rule (6.36) and the metric
satisfies the symmetry condition (6.38). We can suppose a general linear
connection to be of the form

DO = —w%,. 0° ® 6°

with w®p. arbitrary elements of M,,. Suppose that o is given by (6.40). From
the Leibniz rules we find that

0= D([f,6%]) = [f, D6"]

and so the w®. must be all in the center of M,,. They are complex numbers.
If we require that the torsion vanish then we have

wWbe] = C%e-

If we impose the condition that the connection be metric-compatible we find
that
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wa(bc) =0.

The linear connection (6.39) is the unique torsion-free metric connection on
21(M,,). If % = 1 then o is necessarily given by (6.40).
The condition that D be real can be written

Dg" = (DE)", (W) = wae(J %)
From the Leibniz rules and the equalities
(D(f€)" = D((f&)") = D(Ef)
for all f one finds the conditions [48]
(fDE)" = (DE)f™, E@n*=cn*®L).

We see than that the flip was necessary also to define a reality condition. The
reality condition for the metric becomes

g((E@n)*) =(gE@n)*, 5%y = (g")".

Although it is not a completely satisfactory object in noncommutative
geometry one can define the curvature as the map

Curv: 2'(A) — 2%(A) @4 2'(A)

given by
Curv = D2 = 12 OD2 oD.

The appropriate reality condition is the equality
Curv(£*) = (Curv(§))™.
We shall impose the stronger condition
Da(@n)” = (Da(E@n))"
There are J%¢,.; € Z(A) such that
(0" ® 0° @ 6°)* = Jabcdefad ®0°® of.
We find then that
T g p = JOO JPC G JU = Y, T, TPy,

The second equality is the Yang-Baxter equation; it becomes the braid equa-
tion for the map o:

012023012 = 023012023.

We have set here 012 = 0 ®1 and 025 = 1 ® 0. We refer to the litterature [94]
for more details of these equations.
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7 Infinite-Dimensional Models

An important family of infinite-dimensional models are based on the algebras
Cy and R} introduced by Faddeev et al. [45]. These are defined to be invari-
ant under a generalization SO,4(n) of the Lie group SO(n, C) which is known
as a quantum group [124], [95], [96]. The structure of SO4(n) is determined

by a braid matrix R which has a decomposition
R=qP,—q 'Pi+q" P,
with the P;, P,, P; mutually orthogonal and
P,+P,+PFP =1
For example Py = (¢™"gmn) 19" gr1  and
gil Rillhjk = Rﬂhlzj Gik,
gl RFVIk, — RFL, gl

The g;; is the g-deformed euclidean metric. The g-euclidean ‘space’ Cj has

n generators ' with -
P, gakal = 0. (7.41)

The real g-euclidean ‘spaces’ Ry are obtained by imposing ¢q € R* and

(a')" = a7 gji.

The ‘length’ squared r? = g;;2'z7 = (2')*z° generates the center of Ry. We

shall extend R} by adding the square rood r of 7# as well as its inverse. r~!.
We shall also add an extra element A called the dilatator [100], [112], [93]

which satisfies the conditions
z'A = qAx’, A=At

The center is now trivial. We shall choose differential calculi with dA = 0. This
is unsatisfactory from the point of view of the formalism which we described
in Section 4 since we have an element which does not lie in the center and
which has nevertheless a vanishing differential. This would be the equivalent
in ordinary geometry of having a function which is not constant but such
that all derivatives of it vanished. It would correspond to the geometry of a
hyper-surface. We can consider the geometries described below as those of a
‘hyper-surface’ defined, very symbolically, by ‘A = const.’.

There are two natural SO, (n)-covariant differential calculi over R} given
by

a'¢) = qRijkzékxl

for & € N'(R}) and

xigj —_ q—lR—lijklgkxl
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for & € !_Zl(Rg). There is no real calculus compatible with the coaction of
the quantum group. One can extend the involution to 2'(A) @ 2'(A) by
setting ‘ .

(&) =& g5
There exists a frame [48] (0%, %) with (62)* = 0°gy,.

As an example consider Ré. This ‘space’ has been studied from several
points of view and has served as basis for several models [115], [114], [61],
[46], [15], [16]. The algebra R} consists of two generators x and A with x4 =
gAz. We choose z hermitian and ¢ € (1,00) We introduce also an element y
through the equation « = ¢¥. It follows that A~'yA = y + 1. The differential
calculus 2*(R}) is defined by the module structure

rdx = qdrz, dxA = gAdzx.
If we introduce z = ¢~(¢ — 1) > 0 and choose
)\1 = —Z_l/l

then we find that the calculus is defined by e; = ad A;. Since A is unitary e;
is not real. The second differential calculus £2*(R}), with

zdx = ¢ 'dzx, dzA = qAdx

is based on the derivation &; = eJ{.
The dual frames ' and ' are given by

o' = 0tde, 61 = A"zt
T
Consider the element
Ari = (A, A1) =271 (=4,471)

of Ré X R}]. The associated derivation er; = ad Ag; is real. Using it one can

construct a differential calculus
Qp(R;) C 2°(Ry) x 2°(Ry)
whose structure is given by the relations
drbr =0, (05)*>=0.

The forms 6, 8 and 0}, are all exact.

A rather straightforward calculation yields the result that there are two
torsion-free connections [15], one of which is compatible with the unique local
metric:

9(0r ®0R) = 1.

The flip is given by cg = 1 and the covariant derivatives are real.
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One can represent [61], [46], [113], [15] R} on a Hilbert space Ry = {|k)}
by
alk) = "|k),  Alk) =k +1)

The element y has then the representation
ylk) = k[k)
The representation can be extended to the differential calculi by setting
o' =1, 0'=1, 0L=1.

The action of the two elements dz and dz is given then by

dolk) = ¢* Mk +1),  dxlk) = ¢k —1)
and the real differential dgx can be represented by the operator

dralk) = ¢"(qglk + 1) + [k — 1))

We have placed a bar over the second copy of R,.

We have an interpretation of the metric in terms of observables since
we have a representation of z and drz on the Hilbert space R,. In this
representation the distance s along the ‘line’ z is given by the expression

ds(k) = |/ gh1dra (k) + k)| = 05 (1k) + k).

‘We have used here
g = g(drz ® drz) = (ep17)?g(0}, @ OF).
We find that

ds(k) = [[ k) + k) [ =1

The ‘space’ is discrete and the spacing between ‘points’ is uniform. One other,
nonlocal, metric, associated to the second covariant derivative mentioned
above, has been studied on R} [115], [61], [46], [16]. It gives a more exotic
structure to the lattice of points.

As a second example consider the algebra RZ’. It has three generators

2’ = (z7,y,2"). Introduce the parameter h = /g — 1/,/q. The defining
relations (7.41) can be written as

ry=qyx ,

aty =q tyat,

[zF,27] = hy?.
The metric matrix is given by g;; = ¢* with

0 01/\/q

Va0 0
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Three linearly independent, hermitian generators (y7) can be obtained as
combinations of the z*, given by

o o (10 e
y = At Al = 7 0v2 0 |. (7.42)
i 0 —i/q

With respect to the new generators the metric is given by

N 1 g+1 0i(g—1)
gkl = g”/lf/lé» =5 0 2 0
—i(g—1)0 g+1

It is hermitian but no longer real. In the limit ¢ — 1 one sees that gk — §*.
Except when considering the commutative limit it is more convenient to
remain with the original ‘coordinates’ and a real metric.

The equations (4.34) admit to within a linear transformation a unique
solution given by

0= = A"l
00 = AN (Jalg + )y~ et +£0),
0t = A" (Vaalg + )y~ (@)% + (g + Dated —yet).

An analogous expression can be found for the frame 6% of the differential
calculus £2*(R2). From the relations

[(6{1)*7][*] = _[9a7f]* =0, fe R37

it follows that (6%)* can be written in terms of §°. We choose the second
frame so that the relation

(0“)* _ e_bgba
is satisfied. By direct calculation one finds that

Ptabcdeced — 0’ Psabcdeced —0.

Therefore we can conclude that the coefficients P .4 of (4.35) are equal to
the coefficients P(a)“bcd of (7.41):

P g = Pay®ea.
Consider the elements A\, € Rg with

Ao = +h7 gy~ tat,

Ao = —h~t/qAy 1 r,
Ay = —h 1Ay~ ta—.

The 6° are dual to the derivations e, = ad \;. The commutation relations of
the A\, are identical to those of z*:
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A_Xo = q>‘0>\—7
Aydo = ¢ P hoAy,
A A] = h(Xo)?

These equations can be rewritten more compactly in the form
P®cqhaXy = 0.
This is the consistency relation (4.35) of the frame formalism with
C% . =0, Fu=0.

In the commutative limit the frame becomes a moving frame in the sense
of Cartan. We shall suppose that the constant Z of (1.3) is given by

Z =1.

That is, we suppose that the generators of the algebra tend to their naive
natural limit as (complex) coordinates on a real manifold and that the frame
tends to the corresponding limit of a moving frame on this manifold. In the
coordinates
(2,y,2) = §* = lim ¢
q—1

one finds [49]

0! = (yr) "' (rdx — xdr + izdr),
62 = (yr) " (rdr — izdz + izdzx), (7.43)
03 = (yr) " (rdz — izdr — zdr).

Although in the commutative limit the differential is real, we see that the
frame is not. From (7.43) we find that in the commutative limit the metric
is given by the line element

ds? = Z(Ga)2 = r2(dz? 4 dy? + dz?). (7.44)

a

If one uses spherical polar coordinates then one sees immediately that the
Riemannian space is S? x R with logr the preferred coordinate along the
line. The radius of the sphere is equal to 1. It is often found in specific
calculations in general relativity that it is more convenient to use a complex
frame to calculate real curvature invariants. We can see however no property
of the above frame which makes it particularly adapted to study the space
52 x R. An interesting feature of this example is that there is a unique linear
connection which is flat; it is equal to the Levi-Civita connection of a flat
metric conformally equivalent to the one which we have found. The problem
we are considering here lies in fact a little outside the range of the general
theory because of the element A which is not in the center but which has
nevertheless a vanishing differential. If one could in some way eliminate the
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A then r would lie in the center and any line element related to (7.44) by a
conformal factor, function of r, would be local. This would of course include
the flat metric.

As a final example we consider a noncommutative version of the Lobachev-
sky plane [79], defined as the set of points

V ={(z,9) € R* § > 0}.

A moving frame is given by

o' = g ldz, 0% = g 1dy.
Introduce the algebra A;, with hermitian generators (x,y) and relation

[x,y] = —2ihy.

A real frame is given by

o' =y tdz, 0% =y~ 'dy.
The structure of the differential calculus £2*(.A) is given by

)2 =0, (0**=0, 0'9*+06%" =0

This algebra and differential calculus are invariant under the coaction of what
is known as the Jordanian deformation [101], [76], [2], [3], [71], [22] SL#(2,C)
of the special linear group S L. To within a normalization the unique metric is
given by g(0* ® 6°) = g®°, where on the right-hand side are the components
of the euclidean metric on R?. The unique torsion-free, metric-compatible
linear connection is given by [71], [22]

DO' = 6' © 62, D6? = —0' 26",
The curvature map becomes
Curv(0') = 0'6? ® 62, Curv(#?) = —0'6* @ 6*.

That is, it satisfies R1212 = —1, exactly as the commutative counterpart.

To construct a representation of A, one can introduce (£,n) with [£, 7] =

2ih and write

r=~&n—th, y=¢
A representation of ¢ and n will yield a representation of Ay. If one defines
A = €™ and ¢ = e 2" then yA = qAy, which defines R} again but with
another differential calculus.

There are many other infinite-dimensional algebras with associated diffe-
rential calculi which have served as basis for exploring the possible applica-
tions of noncommutative geometry to physics. We mention in particular the
noncommutative torus or rotation algebra [108], [109], [32], [27] which ex-
tends the noncommutative or fuzzy torus we defined in Section 3, the quan-
tum plane [95], [96], [123], the quantum sphere [104] as well as ‘quantum’
deformations of Minkowski space [5], [105], [106], [14], [6], [74].
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8 Gravity

The classical gravitational field is normally supposed to be described by a
torsion-free, metric-compatible linear connection on a smooth manifold. One
might suppose that it is possible to formulate a noncommutative theory of
(classical/quantum) gravity by replacing the algebra of functions by a more
general algebra and by choosing an appropriate differential calculus. We recall
that the classical gravitational action is given by

Slg] = pupAe +u?a/R-

In the noncommutative case there is a natural definition of the integral
[32], [26], [27] but there does not seem to be a natural generalization of the
Ricci scalar. One of the problems is the one we touched upon in Section 6:
the natural generalization of the curvature form is in general not right-linear
in the noncommutative case. The Ricci scalar then will not be local. One
way of circumventing this problem is to consider classical gravity as an effec-
tive theory and the Einstein-Hilbert action as an induced action. There is an
interesting theory of gravity, due to Sakharov [110], [111]. and popularized
by Wheeler, called induced gravity, in which the gravitational field is a phe-
nomenological coarse-graining of more fundamental fields. Flat Minkowski
space-time is to be considered as a sort of perfect crystal and curvature as a
manifestation of elastic tension, or possibly of defects, in this structure. A de-
formation in the crystal produces a variation in the vacuum energy which we
perceive as gravitational energy. ‘Gravitation is to particle physics as elasti-
city is to chemical physics: merely a statistical measure of residual energies.’
The description of the gravitational field which we are attempting to formu-
late using noncommutative geometry is not far from this. We have noticed
that the use of noncommuting coordinates is a convenient way of making a
discrete structure like a lattice invariant under the action of a continuous
group. In this sense what we would like to propose is a Lorentz-invariant
version of Sakharov’s crystal. Each coordinate can be separately measured
and found to have a distribution of eigenvalues similar to the distribution of
atoms in a crystal. The gravitational field is to be considered as a measure
of the variation of this distribution just as elastic energy is a measure of the
variation in the density of atoms in a crystal. The idea then is to identify
the gravitational action with the quantum corrections to a classical field in a
curved background. If Alg] is the operator which describes the propagation
of a given mode in presence of a metric g then one finds that, with a cut-off
A, the effective action is given by

I'lg] x Tr log Alg] ~
A*Vol(V)[g] + A*Si[g] + (log A)Sa[g] + -+

If one identifies A = pp then one finds that Si[g] is the Einstein-Hilbert
action. A problem with this is that it can be only properly defined on a
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compact manifold with a metric of euclidean signature and Wick rotation on
a curved space-time is a rather delicate if not dubious procedure. Another
problem with this theory, as indeed with the gravitational field in general,
is that it predicts an extremely large cosmological constant. The expression
Tr log Alg] has a natural generalization to the noncommutative case [64], [1],
[29], [19]. See also Example 7.3.5 of Madore [85].

We have defined gravity using a linear connection, which required the
full bimodule structure of the A-module of 1-forms. We argued that this was
necessary to obtain a satisfactory definition of locality as well as a reality
condition. It is possible to relax these requirements and define gravity as a
Yang-Mills field [18], [118], [78], [20], [24], [51] or as a couple of left and right
connections [35], [36]. If the algebra is commutative (but not an algebra of
smooth functions) then to a certain extent all definitions coincide [38], [39],
[77], [8].

One of the first, obvious applications of noncommutative geometry is as
an alternative hidden structure of Kaluza-Klein theory [81], [82]. This means
that one leaves space-time as it is and one modifies only the extra dimen-
sions; one replaces their algebra of functions by a noncommutative algebra,
usually of finite dimension to avoid the infinite tower of massive states of
traditional Kaluza-Klein theory. Because of this restriction and because the
extra dimensions are purely algebraic in nature the length scale associated
with them can be arbitrary [86], indeed as large as the Compton wave length
of a typical massive particle.

The algebra of Kaluza-Klein theory is therefore, for example, a product
algebra of the form

A=C(V)® M,.

Normally V' would be chosen to be a manifold of dimension four, but since
much of the formalism which we shall outline is identical to that of the
M (atrix)-theory of D-branes [10], [53], [33] we shall leave the dimension un-
specified. We mention first electromagnetism and then gravity.

Let 0° = (6%,0%) be a frame over A with #% a moving frame on V. This
means that we suppose that V is parallelizable. The matrix factor is also
parallelizable with a differential calculus such that

for some integer d. The interesting case is when
n>d.
We write 2'(A) as a direct sum
QY (A) = 2, © 12,

with
QF =NV @ M, 2L =c(V) e 24 (M,).

v
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The differential df of an element f of A is given by
df = dhf + dvf

In terms of the frame 6% we have as usual
dnf =eaf0%,  dof =eaf0" =—[0, f].
We introduce a torsion-free linear connection, compatible with the frame.
do" + w67 =0
with 0% + w%g 6% =0, and w*, = —%F“bc 0¢. Referring back to Section 4.2

we see that the electromagnetic action for the potential w = A + (0 + ¢) is
given by

siael = [ e = 11 [ 200
= iTr /FaﬁFW - %T& /Da¢aDa¢“ — /V(¢)
where [50], [97], [21], [42], [82]
V(p) = —iﬂ(gabmb).

As an example choose d = 3 and
F o .—1
abc =T “€abc-

The hidden ‘space’ is a fuzzy sphere of radius r. The potential V' (¢) vanishes
when ¢ lies on a gauge orbit of a representation of SU,. There are

(n) _ eﬂ\/QTL/?)
b o 4n\/3

such orbits.

If one replaces the matrix algebra by the algebra of the Connes-Lott model
then one obtains a family of theories which includes the standard model
of the electroweak interactions. It, and its extensions to include the strong
interactions, have been extensively studied [30], [9], [65], [122], [80], [107]. For
a recent review we refer to the Schladming lecture notes by Kastler [66].

For the simple models with a matrix extension one can use as gravitational
action the Einstein-Hilbert action in ‘dimension’ 4 4 d, including possibly
Gauss-Bonnet terms [82], [86], [85], [87], [68], [88].
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Geometric Properties of Transport in
Quantum Hall Systems

Th. Richter and R. Seiler

Fachbereich Mathematik, TU-Berlin, Germany

1 Review

1.1 Introduction

In this first section, we present a short review of theoretical approaches to
the quantum Hall effect. For an in depth coverage, we refer to the recent
book D. J. Thouless (1998), as well as to M. Stone (1992). Let us recall how
a quantum Hall system in a laboratory looks like: a strong magnetic field runs
perpendicular through a probe of a conductor or semiconductor, forming a
two-dimensional system; this setup is typically realized as inversion layers in
field effect transistors, formed at the interface between an insolator and a
semiconductor under the influence of an electric field perpendicular to the
interface. If the temperature of the system is near zero, the electrons are bo-
und by a deep potential well, forming a two-dimensional system. We identify
this inversion layer with the z-y plane, hence B is parallel to the z-axis.

Fig. 1. The physical setup of the QHE

If we apply an external electric field F, in the y-direction, the system will,
due to the magnetic field, develop a current j, in x direction, perpendicular
to the magnetic field and the driving force E,. The current j, and E, are,
for small values of £, related by “Ohm’s Law”

H. Gausterer, H. Grosse, and L. Pittner (Eds.): Proceedings 1999, LNP 543, pp. 275-310, 2000.
[ Springer-Verlag Berlin Heidelberg 2000
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= ) (1)
E, PH PL Jy
where we consider only the isotropic case for simplicity. Here py, is the usual
longitudinal resitance due to dissipative processes in the conductor, and py
is the Hall resistance. The inverse of the resistance matrix is called the con-
ductivity matrix! of the system, and the off-diagonal elements of it are the
Hall conductance oy.

Even though this is how we want to consider the Hall effect mathemati-
cally, this is not how the concrete experiments are run; for practical reasons,
one usually applies the current j, and measures the potential difference V.

If we close now the system by two external loops connecting the opposite
edges of the system we’re able to relate the electric field F, to the change
of a first flux through the first handle and the current j, to a mangetic flux
through the second handle. Hence, the topology of the sytem in this model
will be torus-like.

Another well-studied model of the Hall setup — and even the model first
looked at by Laughlin to explain the quantum Hall effect — is that of a
cylinder. This corresponds — with regard to the configuration put up in
Fig. 2 — to an identification of opposite edges in z-direction, resulting in
a cylinder geometry, with its related flux running in axis direction of the
cylinder. The magnetic field perpendicular to through the surface is assumed
to be constant.

Classically, the Hall resistance is expected to be proportional to the ma-
gnetic field, and this is just what was found by experimental physicists for
the non-quantum mechanical Hall effect, say at room temperature (E. H. Hall
(1879)). However, when K. von Klitzing, G. Dorda, M. Pepper (1980) applied
a very strong magnetic field to a Hall system in a field effect transistor at
very low temperature, they were puzzled by finding that the Hall conduc-
tivity of this system was indeed quantized: the Hall conductivity op as a
function of the magnetic field was not at all linear, but a step functions with
plateaus of an unexpected precision of 1078, cf. Fig. 3. It was observed, too,
that the longitudinal resistance py, vanish for magnetic field giving rise to
the plateaus. The conductivity og is, in terms of natural units of €?/h, an
integer. This phenomen is called the “integral quantum Hall effect”, and a
first model of understanding it was presented by Laughlin, using the cylinder
geometry system.

Later on, more experiments where run using a variety of systems, and
in some of them plateaus of fractional conducitivity p/q were found. In
most of these systems p and ¢ are small integers, and ¢ is usually an odd

! The “conductivity” is the ratio of the current density to the electric field, whereas
“conductance” is the ratio of current to voltage. The dimensions of “conductance”
and “conductivity” are identical for two-dimensional systems, namely 271, so we
no longer want to stress the difference between them.
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Fig. 2. The Laughlin model

number (D. C. Tsui, H. L. Stormer, A. C. Gossard (1982), R. G. Clark et al.
(1988), A. M. Chang, J. E. Cunningham (1989), J. A. Simmons et al. (1989)).

1.2 The Laughlin Argument

The first model for a quantum Hall system was invented by R. Laughlin
(1981); it uses the cylinder geometry, as shown in Fig. 2, where the magnetic
fields B points in normal direction of the cylinder. If the magnetic flux @
through the cylinder changes in time by 27, i.e. one flux quantum, there is
a corresponding Hall current I(¢) in the direction of the cylinder axis. This
can be easely seen in an effective one-particle theory: Laughlin consideres the
usual isotropic effective-mass Hamiltonian

1
2m*

H =

(p - SA)Q +eVi(y)  V(y) =Eoy , (2)

where Ej is the applied electric field and ¥ is the coordinate in cylinder axis
direction. Using the Landau gauge for A, it is quite simple to calculate the
eigenstates: They are — up to a phase factor — given by shifted harmonic
oscillator eigenfunctions. The eigenstates are affected by a change of @ only in
the location of their centers, giving rise to a charge transport in cylinder axis
direction. It is now easy to calculate the current I around the loop: it is given
by the adiabatic derivative of the total energy of the system with respect to
the magnetic flux. Due to the transport of states against the external electric
field Ey, adjusting the flux goes along with an energy increase. One finds by

direct computation:

2V 62

I=n— =opg=n— 3
. H =N (3)
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Fig. 3. The Hall resistance and the longitudinal resistance as a function of the
magnetic field B

where n is the number of states transported from one edge of the system to
the other under adiabatic change of ®.

Laughlin does not discuss the dirty interacting system rigorously; we are
therefore not following his arguments right here.

We close this section with a remark: If the Hall conductance oy is quanti-
zed in natural units of (27)~!, the charge Q transported by the Hall current
I under an increase of the flux by 27 is an integer as well:

dd n dd

1.3 Thouless, Kohomoto, Nightingale, and den Nijs

In 1982, Thouless, Kohomoto, Nightingale and den Nijs discovered a re-
markable connection between the Hall resistence and a geometric object
(D. J .Thouless, M. Kohmoto, P. Nightingale, M. den Nijs (1982)) which tur-
ned out to be a chern number. Their model is given by a one-electron Hamil-

tonian 1
H= 51}2 + W(z,y) (5)
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describing a two-dimensional electron gas. Here, v is the velocity operator
h
v=—d—Az,y) (6)
i

with the vector potential A due to an external homogenous magnetic field
B = curl A, perpendicular to the z-y plane, and W is a periodic background
potential with lattice periods ¢-a and b. The magnetic flux through one lattice
period is supposed to be rational, i.e.  := abB = p/q, p, q € Z. Even though
it is important to recognize that this defines intrinsically a torus geometry
— by identifying the edges of the lattice sides — it is the torus geometry of
the Brillouin zone that plays the eminent role in calculations.

B
AB 7

Fig. 4. The torus geometry of the physical space

Due to the external magnetic field, the ordinary momenta do no longer
commute with H. They have to be replaced by the so-called quasi-momenta
k1, ko which are given by the phase factor relating the eigenfunctions of H
at one edge compared to the same eigenfuntion taken at the opposite edge.
More precisely, exp(izk;) and exp(iyks) are the eigenvalues of the so-called
“magnetic shift operators” T, and T}, which move the eigenfunctions by one
lattice period and multiply them with a phase. This phase has to be defined
such that 7, and T, do commute with H. Therefore, we can choose the
eigenfunctions to satisfy the following “generalized Bloch condition”, defining
]{31 and le

Uy ko (T + qa, y) = exp(2mipy /b + ikiqa)p, k, (2,y)
wkl,kz (ma ) + b) = eXp(ika)kakz (337 y) .
Mathematically speaking, this is the definition of a U(1) line bundle family

over the torus, parametrized by the quasi momenta; the Hamiltonian is a
direct integral over the Brillouin zone.
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The Hall conductivity is now calculated in terms of linear response theory,
using the “Kubo Formula”. It can be rewritten in terms of an integral over
the eigenfunctions of the Hamiltonian H:

”'2m§:/<mﬂmﬂ>dhA%z <pl>=1, ()

where we integrate over the Brillouin zone B spanned by k; and ks, and the
sum has to be taken over the occupied electron sub-bands, i.e. all bands up
to the Fermi-level.
This integral can be rewritten, by using the Stoke’s Formula, as an integral
over the boundary of the Brillouin zone:
ie?
oH =5 <¢Idw>—<dw|¢> : (8)
21h
If the bands do not overlap, v is known to be a single-valued analytic function
everywhere within the unit cell. It is now easely seen that this integral is just
the change of the phase of the wave function around the unit cell, which
has to be an integer. Hence, the Hall conductance is given in terms of a
simple geometric entity, the phase difference of the eigenfunctions of the
Hamiltonian. This winding number is well known in differential geometry, it
is called the “Chern number” of the line bundle defined by the wave functions.

1.4 J. Avron, R. Seiler, Q. Niu, D. J. Thouless

In this model, interacting particles are considered (J. E. Avron, R. Seiler
(1985), Q. Niu, D.J. Thouless (1987), J.E. Avron, R. Seiler, L.G. Yaffe(1987)).
The configuration space is a compact domain in the two dimensional plain
with two holes, with two Aharonov-Bohm fluxes ¢; and &5 running through
the holes, and again a strong magnetic field B perpendicular to the plane, see
Fig. 1.4. Unlike the model discussed before, the Hamiltonian is a many-body
Hamiltonian with an incompressibility condition, i.e. the spectrum is sup-
posed to fulfill a gap condition. Apart from that, the Hamiltonian is rather
general:

1
H(q)hQSQ):iZ(vj—@lal(x]) @2@2 J?] +Z ‘ — |+ZW .13]
j jak 1Tk
where v; is the velocity operator of the j-th particle

v =245~ Alw;) ()

with the vector potential A of the magnetic field B = curl A and W is a
background potential. The coulombic particle-particle interaction could be
replaced by any other potential with rather mild regularity conditions. The
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Fig. 5. The punctured plane model

expressions $;a;(x;) describe the vector potential of the Aharonov-Bohm
fluxes as introduced above, requiring that the one-forms a; are “dual” to the
boundary of the domain, i.e.

/ ay :517j 5 (10)
.

J

where +; is a closed loop around the j-th hole of the system.

The Hall voltage of this system is meant to be induced by the first flux,
ie. Vg = %, using Faraday’s law; the flux @5, however, is generated by the
current flowing around the second hole, relating the Hall conductance to the
fluxes.

We will now argue in section 3 that the averaged Hall conductance of
this system is given by the Chern number, up to an infinitely small error
term in Vy, and hence an integer. The argument is — as we shall see —
based on the adiabatic theorem of quantum mechanics. The basic reason
why this theorem is relevant in this context is the following: in Ohm’s law
the limit Vg — 0 is considered. Hence, the dependence on time due to 9;®;
is approximately zero, which is the so called “adiabatic limit”.

In this setup one important condition is put in “by hand”, namely the
incompressibility of the system; or — in mathematical terms — the separation
of the ground state energy of the system by gap from the rest of the spectrum.
This assumption, which is expected to hold for quantum Hall systems, is
however difficult to derive for many body systems. It can be analyzed in
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a satisfactory manner in an effective one-particle theory where the concept
and mechanism of localization of states are well understood, cf. M. Aizenman,
G. M. Graf (1998).

1.5 J. Bellissard, H. Schulz Baldes, A. Connes

A different approach was introduced by J. Bellisard (1987) and developed fur-
ther by J. Bellissard, A. van Elst, H. Schulz-Baldes (1994) and M. Aizenman,
G. M. Graf (1998).

The geometry is here just given by the IR? or the Z? and a constant ma-
gnetic field B perpendicular to that plane. The approach is an effective one-
particle theory, with the Hamiltonian given by the Landau Hamiltonian plus
a random disorder potential W,,. It is discussed by means of non-commutative
geometry (cf. A. Connes (1994)).

The great advantage of this model is that it solves one of the difficul-
ties of the Laughlin argument: one cannot explain the plateaus of the Hall
conductivity as a function of the filling factor, and hence of the magnetic
field, without the assumption of localized states in the spectral gaps of the
unperturbed Landau Hamiltonian.

The starting point of the calculation is a generalized “Chern-Kubo for-
mula”, written by means of the projection P onto eigenfunctions of the Ha-
miltonian of energies below the Fermi level

e 1 ) e? I
O‘H(P) = ﬁ%T(P[GlP, 82P]) = ZC (P) 5 (11)
where 7T is the trace per unit volume. However, since the quasi-momenta
k1 and ko are no longer well-defined due to the disorder, the derivations
with respect to ki resp. ko have to be replaced by their non-commutative
counterparts, the commutator with the position operator Xj:

8jA = 7i[XjaA] ) (12)

and — for the same reason — the trace can’t be written in terms of an
integral over the Brillouin zone anymore.

By a formula given by A. Connes (1985), the non-commutative Chern
character is given by an average over the disorder with respect to a propability
measure P on the disorder configuration space. To show that the Chern
character — and hence the Hall conductance — is an integer, one has to
compute that this average is the index of a Fredholm operator, namely

) (13)
range P,

where X; are again the position operators. This formula holds whenever the
states at the Fermi level are dynamically localized.

) X1 +1iXs
h(P,) = ind P,
C ( ) m ex( |X1 —|—ZX2‘
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The required calculations have been greatly simplified later on in
J. E. Avron, R. Seiler, B. Simon (1994a), avoiding the language of non-com-
mutative geometry completely. Note that the operator U defined by multi-

plication with

X1 +iXo

U= 14

| X1 +iXo| (14)
is the gauge transformation related to unit flux tube piercing the IR* at the
origin. The above Fredholm index compares therefore the projections P and
Q := UPU™!. We therefore define the so called “relative index” of P and Q
by the Fredholm index above

index(P, Q) := index( PU| where Q := UPU™! . (15)

range P)

This relative index can be easely computed if the difference P — @ is in one
of the Schatten ideals S?"~1) ie. (P — Q)% ! is of trace class. Then

index(P,Q) =tr (P —Q)*™~! forallm >n . (16)

Especially, this expression does not depend on m provided m is large enough
to make (P — Q)*™~1! trace class.

Physically speaking, the relative index compares the dimensions of the
kernels of P and Q). It can be seen that, by adding a flux tube, some eigen-
states of H are “driven to infinity”. For example, taking for P and @ the
ground state projections, the kernels of P and @ should “differ by some sta-
tes” and their relative index is therefore an integer, counting the “deficiency”.
In particular, this integer is one in the perturbed Landau Hamiltonian case.

1.6 J. Frohlich, Q. Niu, X. G. Wen, A. Zee

Another approach to the quantum Hall effect is that of using methods of
quantum field theory and Chern-Simons theory. This setup has been used
by several authors, in particular by X. G. Wen (1989), J. Frohlich, T. Kerler
(1991) and X. G. Wen, A. Zee (1992). We shall, however, only scratch on
this threory and show — using an argument by J. Fréhlich — that abelian
Chern-Simons theory appears quite naturally in this context.

If one writes the Ohm Hall law for one of the observed plateaus where the
longitudinal resistances vanishes, one finds for the current j and the electric
field E

j=ou-cE 6:(_013) , (17)

where o € IR is the Hall conductivity. Additionally, we make use of the
following more fundamental laws: for first the charge conservation
9j

-0
o Tdivi=0, (18)
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where 5° is the charge density, and Faraday’s induction law

0
%E+CurlE:O B=|0] . (19)
t B

By combining these three equations, one finds simply by integration
i®=0oyB . (20)

It is now more convenient to write these equations in terms of the field
tensor of (2 + 1) dimensional electrodynamics

0 E, B,
F:=|-E, 0 -B (21)
~E, B 0

to obtain the following reformulation of the equations above:

0
J = (jj ) = —oxF from (20) (22)
dJ =0 charge conservation (23)
dF =0 induction law (24)

If the confinement domain {2 of the system is contractible, the last two
equations can be integrated by introducing two one-forms a and b such that

J=db F=da . (25)
Rewriting (22) in terms of a and b yields
db = —opgda . (26)

This equation is the Euler-Lagrange equation derived from an action principle
of a Chern-Simons type action S, on the space-time domain A := 2 x IR,
varied with respect to the dymanical variable b:

1 1 1
Sy = bAdb+ — ANdb+ —T; 27
A 47T0'H/A + 271'/Aa toptons (27)

where the last term is a boundary term arising to make the equation gauge-
invariant, related to the edge-currents mentioned above.

This action principle allows now an obvious quantization using Feynman
path integrals. A close investigation of this quantization results in the obser-
vation that the quantum Hall conductivity oy must be a rational number.
The required computations can be carried out explicitly in case the domain
2 is a disk: the term Iy, is the generating functional of connected Green’s
functions of a chiral U(1) current circulating around the boundary 942 of the
system. Using the requirements that the total action S, is gauge-invariant
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and that every localizable excitation of finite energy and charge +1 obeys
Fermi statistics, one finds that

N

oH = Z (K™Y (28)

i,j=1
where N is an integer — the number of chiral currents — and
K;;€e2Z+1foralli, and K;;€Zforalli, j . (29)

Hence, o is necessarely a rational number. Moreover, for N = 1 one has

T 2A+1
i.e. fractions with odd denominator.

An alternative approach would start again from the action integral S,
and would use results of topological Chern-Simons theory.

2 Adiabatics

2.1 The Adiabatic Setup

We aim now at the adiabatic theorem of quantum mechanics, following the
article J. E. Avron, R. Seiler, L. G. Yaffe (1987). Even though the theorem it-
self is rather old — its first formulation goes back to Born and Fock (M. Born,
V. Fock (1928)) — its proper formulation was found years later by T. Kato
(1950) in the context of pertubation theory of linear operators. The general
setup is that of non-relativistic quantum mechanics. One consideres explicitly
time dependent quantum systems, whose dynamics are given in terms of a
time-dependent Hamiltonian H(-). Furthermore, we introduce a time scale
T'. Hence, including this time scale, the Schrédinger equation looks like this:

i, (t) = H(t)T)Wr(t) (31)

We’re now interested at the limit 7" — oo, hence in the limit of “infinitely
slow” change of the Hamiltonian. This is called the “adiabatic limit” of the
system.

To formulate our adiabatic theorem, some more assumptions have to be
made: first, we require that the Hamiltonian H(s) is continuously differen-
tiable in s in the strong sense. Furthermore, we assume that the spectrum
of the Hamiltonian H(s) — where s := t/T is the external parameter — is
separated by a gap such that the size of the gap is uniformely bounded from
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Fig. 6. The gap condition

below?. Hence, we may define the projection P(s) onto one part of the spec-
trum, as separated by the gap. Our third assumption is that this projection
is of finite rank.

If we start now the time evolution with a state within this part of the
spectrum, i.e. Ur(0) € P(0), the adiabatic theorem tells us that the state
Up(t) for a later time ¢ of order T is still within this part of the spectrum up
to a small error term, which is controlled by the time-scale T' and the width
of the gap. Morally, very little of the state ¥ “leaks out” to different parts
of the spectrum, where the size of the gap defines a typical time scale since
energy is related to time by Planck’s constant.

2.2 Kato’s Equation

If we want to make this statement more precise, we somehow have to compare
the real, physical time evolution by some kind of ideal evolution that does
not “leak” at all. Hence, the unitary time evolution operator Uap(s) of this
dynamics — called the adiabatic dynamics for that reason — would have
to map P(0) into P(s), or would have to fulfill the following intertwining
condition

P(s) = Uap(s) P(0)Uxp(s) (32)

< UAD(S)P(O) = P(S)UAD(S) .
2 Some more recent adiabatic theorems work without this condition. It is sufficient
to have, for example, an embedded eigenvalue in a continous spectrum of H.

However, there is no control of the error in terms of 7" anymore, cf. J. E. Avron,
A. Elgart (1998).
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For example, if we put

Hyato(s) = T[P(s),P(s)] , (33)

where the dot denotes the derivative with respect to the parameter s, we
easely find that a solution of the Schrédinger equation of this Hamiltonian

i0,W(s) = i[P(s), P(s)]¥(s)
w(0) € P(0)

fulfills indeed ¥(s) € P(s). This is straightforewards to calculate and uses
not much more than just

P%(s) = 1_3(5) PL(S?P(S) = P(s)P*(s) =0
= P(s) = P(s)P(s)P*(s) + PL(s)P(s)P(s) , (34)

where P*(s) = 1 — P(s) is the projection onto the orthogonal complement
of the image of P(s).

It turns out that there is a complete family of Hamiltonians whose time
evolution fulfills the intertwining property. For example, we may add any
operator that commutes with H(s)3. Hence, another choice of a generator
for the adiabatic time evolution would be

Ha(s) := H(s) + = [P(s), P(s)] (35)

The importance of this choice for H amongst the family of Hamiltonians
fulfilling the intertwining property is that the dynamics given in terms of Hy
is “closest” — in some sense — to the true physical dynamics of the system.
The first choice, however, can be given a nice geometric interpretation as
well. With a little algebra, check that a solution of the Schrédinger equation
of Kato’s Hamiltonian with ¥(0) € P(0) can be written in another nice way,

namely by
Pd¥ =0 (36)

where d denotes the exterial differentiation with respect to the parameter s.
It is easely checked that the operator V := Pd defined in this way fulfills all
axioms of a connection - a well studied object in differential geometry which
is the nearest-possible analogon of exterior derivation in curved space:

1. The operator V is C-linear, i.e. for all A and u € C, we have
V(A + px) = AV + uVx (37)
2. It fulfills the Leibnitz identity
V¥ =dfy + fV¥ feC™ (38)

3 or even any operator that commutes with P(s), even though this is usually not
considered.
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This connection acts as an operator in a vector bundle which is defined by
projecting out the sub-bundle P(s) from a trivial L?-bundle over the para-
meter space of H. Even though this connection looks absolutely simple - just
taking the derivative and brute-force projection down to the bundle where
we want to have its image - this construction is more natural than it might
seem to. The reader should be reminded of the Levi-Civita connection of the
tangent bundle of an embedded surface in IR? which works the like, but looks
more complicated in local coordinates.

Ex(t)

v /

Fig. 7. The problem of a horizontal lift

Hence, solving the adiabatic evolution Pd¥ = V¥ = 0 is nothing but
parallel transport of the vector ¥(s) along the curve described by s in the
parameter space of the Hamiltonian H, within the bundle defined by P(s), or
in more modern language, of finding a “horizontal lift” of ¥ along the curve
the Hamiltonian describes in parameter space. The adiabatic time-evolution
Uap(s) is the “explicit” solution of this differential equation and hence the
operator that performs the parallel transport.

2.3 The Adiabatic Theorem

In terms of the notation introduced above, we’re now able to formulate the
adiabatic theorem. It’s basic contents, however, can be summarized as follows:
In the adiabatic limit, quantum mechanics becomes geometric.

Theorem 1 Let H(s) be a (smooth) one-parameter family of Hamiltonians
such that the gap-condition holds uniformly in s. Let Ur(s) the physical time
evolution, parametrized in the rescaled time s = t/T, i.e. let Ur(s) be the
solution of

i0sUr(s) =T - H(s)Up(s) . (39)

Let P(s) be the projection onto the states below the gap. Comparing the pro-
jection and its time evolution, we have
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Ur(s)P(0) Uyt (s) = P(s) + O(T71) . (40)

The size of the error term depends on the size of the gap and on the time
scale T

Moreover, if 0 and s are not in the support of dsH(s), we get a much
better error estimate:

Ur(s)P(0) U (s) = P(s) + O(T~) , (41)
i.e. the error term is of infinitesimal order.

We don’t want to give a full proof of this theorem, but prefer to sketch
the general idea. For first, define the “wave operator”:

Q(s) = U pUr(s) (42)

It measures — as in scattering theory — the difference between the “ideal”*
time evolution Upp and the physical time evolution Ur. Using the adiabatic
time evolution, we see that (2(s) is the solution of the “Volterra” integral
equation:

=1- / K(s )ds'  with (43)
K(s) i= Upb(s)[P(s), P(s)]Uan(s) (44)
This integral equation can be used to start an iteration, by putting

29(s) :==1 as first approximation (45)
and  £2;( / K(s (s')ds" . (46)

By using these definitions, we can check now that

N
=2 2 =0T"") . (47)
j=0

The proof of this statement builds on the following key-lemma, using mainly
integration by parts:

Lemma 2 Let R(s,z) be the resolvent of H(s) and define for a bounded
operator X (s), continously differentiable in s in the strong sense, the “twiddle
operation” by

% / R(s,2)X(s)R(s,z)dz (48)

4 In scattering theory, Uap would be the time evolution without the scattering
potential.
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where I' is a path in the complex plane enclosing the part of the spectrum
P(s) projects onto. Note that, due to the gap condition, this integral is well
defined.

Let Y (s) be another bounded operator family, again continously differen-
tiable in the strong sense. Then, the following equation holds:

PHO) [ VR0 X (Urp() POY (s)ds =

= %P(O)L {UX}%(S)X(S)UAD(S)P(O)Y(S) !

0

_ /O Uk ()X (s)Uap (s) P(0)Y (s)ds

- [ VRN X6 Uan () POV (5)ds] (49)

This lemma is now applied to the operators X(s) := K(s) and Y(s) =
£2(s). The additonal P(0) in the left-hand side of (49) is for free due to (34).
Analyzing the resulting right-hand side shows

c
1925l < 75 sup (1925 (s)1] 1€25(s)1I) - (50)

Inserting now (2/(s) = — K (s)§2;(s) and using that £2;(s) and K are bounded
reveals

C
19254211 < = sup ([192;()1l, 1251 (s)1]) (51)
0<s<t

which is enough to prove the claim.

2.4 Adiabatic Curvature and Applications

As we’ve seen, the adiabatic time evolution is mainly “geometric”. Solving
the adiabatic equation is equivalent to integrating the connection Pd, or fin-
ding the parallel transport of the wave function along the curve of H(s) in
parameter space.

To give an application for this machinery, let us look at the torus geome-
try system introduced before: the Hamiltonian is parametrized by the two
magnetic fluxes ¢ and ¢5 through the handles of the torus system. This pa-
rameter space forms — by using gauge equivalence — itself a torus, namely

& :=1R?*/(2rZ?) , (52)

which is called the “flux torus”.

Furthermore, let P(¢1, ¢2) be the projection onto the ground state of the
Hamiltonian H (¢, ¢2). By this construction, we get a vector bundle E > @
over the flux torus whose fibre is the image of P(¢1,¢2), i.e. we define this
bundle in terms of a projection as sub-bundle of the trivial bundle L2 x &.
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We equip this bundle with the natural connection V = Pd, describing the
adiabatic transport. This is all we need to calculate an important bundle
invariant, the (first) Chern number. It is given by

1

Cl(E) = % (ptl“ VQ (53)
1

= — P(dP P)P 4

5mi ), T PAP)A(AP)P (54)

where the trace has to be taken over the fibre.

3 Chern Number Approach

In this section, we want to show how the chern number defined in the last
section relates to the transport coefficients of quantum Hall systems.

3.1 The QHE for Interacting Fermion Systems

We start — as an example — with the following Hamiltonian by J. E. Avron,
R. Seiler (1985) as already mentioned in the introduction, cf. Fig. 1.4.

It is the model Hamiltonian for an interacting fermion system in a compact
configuration space, which is by definition a subset of IR? with two holes. On
the boundary, we impose Dirichlet conditions. A constant magnetic field B
runs through the plane, and two magnetic fluxes ¢; and ¢o flow through the
holes of the domain. The Hamiltonian is defined by

N N N

1 9 1
H(é1,62) = 5 ;(vi—gblal(x)—d)gag(x)) +§ er; W(z;) . (55)
The operator v; := (—id+A) is the velocity operator, A is the vector potential
of the external magnetic field, i.e dA = Bdx A dy and W is a background
potential. The terms ¢ja; resp. ¢goas describe the fluxes, where a; is a closed

one-form fulfilling
/ 0 =00 . (56)
.

J
The loop ; encircles the j-th hole of the plane. We furthermore assume that
the gap condition holds.

The Hall voltage is applied by making ¢, and hence H, explicitly time
dependent; therefore, it is given by Vg = ¢1. Hence, the adiabatic limit of
slow time dependence is now the limit of small voltages V. To apply the
adiabatic theorem, we select a “switch” function for ¢;: the flux remains
turned off for negative times, is then adiabatically increased by one flux unit
with slope Vi and is then again held constant. We furthermore introduce
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Fig. 8. A “switch function”

the rescaled time s = % = Vyt. In this time scale, the Schrodinger equation

reads:

10,0 (5, 62) = ViHle(s),@)U(s,@) (57)

U0,¢2) =1 (58)

Since ¢1(s) is a monotonically increasing function of s, we may make a
variable transform and use ¢; as independent variable instead of s. In a slight
abuse of notation, we write now U(¢1, ¢2) instead of U(s(¢1), ¢2) etc., and
consider in the following all quantities as functions of ¢; and ®s.

Let us now denote the projection onto the ground state of H by P(¢1, ¢2),
as before, and the physical, time evolved state by p(¢1, ¢2)

Q=R =

D, 62) = ~ P, 62) = %U«m,¢2>P<0,¢2>U—1<¢1,¢2> (59)

(0, ¢2) := —=P(0,¢2) q:=tr P(0,¢2) . (60)

Furthermore, we denote its energy expectation value by

B(é1,n) = étr Pr, 62)H 1, 03) - (61)

Since H is periodic in ¢o up to a gauge transformation, F is periodic in ¢s.
The current is now given by the expectation of the current operator, the
derivative of H by ¢s:
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OH (41, ¢2)

Je (@1, $2) 1= tr p(@1, d2) Do (62)
= g%%ltr P(p1,02)U " (1, $2)0p, U (1, 62) . (63)

This expression can be rewritten in terms of the so called “persistent-current”
formula:

Goddt A dey = gE

P2

(61, 62)dt A dy + étr P(AP) A (AP)P (¢1,62)  (64)

The last term looks very like the adiabatic curvature term: it is of order Vg
and hence vanishes linearly in the adiabatic limit. The first term, however,
can be shown to persist in the limit, i.e. is of order O(1). However, since
it is periodic, this term will vanish if we integrate this equation over ¢o for
calculating an averaged transport.

To make the last term the curvature, we need to replace the physical
projection p(¢1,¢2) by the adiabatically transported projection P(¢1, ¢2).
According to the adiabatic theorem, this can be done up to a small error in
powers of the time scale, or — equivalently — in powers of the voltage Vy.

We calculate now the ¢o-averaged current transport @ when switching on
¢1 as described above. This yields:

- 1 27 2
Q:= o / Jz do1 A dego (65)
™ Jo 0

7 N A Al A
= — tr P(dP dP)P
3ra oot PaP) A (@P) (66)

because the first term is cancled by periodicity. By means of the adiabatic
theorem, we may now replace P by P and obtain the desired result

14

Q= 5% tr P(AP) A (dP)P + O(V5®) | (67)
namely, that the averaged charge transport is given by the first chern number
of the ground state bundle of H.

3.2 Fluctuations and Quillen’s Formula

Besides the interpretation as curvature, are we able to calculate tr P(dP) A
(dP)P more explictly? Moreover, since the above formula speaks only about
the average of this expression, what about the fluctuations of the trace?
They can be calculated in a different model, indeed (J. E. Avron, R. Seiler,
P.G. Zograf (1994)).

The base of the vector bundle defined by P is here a (two-dimensional)
Riemann surface X' of genus g, with g magnetic fluxes through the handles
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of the surface and a “constant” magnetic field; since X' is by construction a
curved space, we have to be make clear what we mean by this:

In terms of the complex local coordinates z, the surface comes with a
conformal metric ds? = p(z, z)dz dz. This metric defines naturally the volume
form of the surface, namely o = %pdz A dz, and the Hodge-star operator *.
Since we can identify magnetic fields with two-forms, we call a magnetic field
“constant” if it is a constant multiple of the volume form. To allow a geometric
interpretation of the system, we furthermore impose “Dirac quantization”,
the integral of the magnetic field two-form over the surface area is 27i times
an integer:

/Z B = 2rif (68)

This ensures that we may later on interpret our wave-function as sections in
a U(1)-bundle over the surface X.

1 2

Fig. 9. The fundamental cycles of a Riemann surface

To introduce the fluxes, we make use of the DeRham theorem: it gua-
rantees the existence of a basis of 2¢ real harmonic® one-forms dual to the
fundamental cycles 71, ..., Y24, enclosing pairwise the handles of the surface.

/wi:m w; € NY(X) (69)
Tk

A little calculation shows that each (real) vector A potential giving rise
to the same magnetic field B, i.e. dA = B, can be written in the following
way:

29
A=Ag+) wi¢’ + 9 'dg. (70)
j=1

Here, ¢! to ¢29 are 2g magnetic Aharonov-Bohm fluxes through the handles of

the surface, defined modulo 27Z, and g € C>°(X) is a gauge-transformation.

5 i.e. closed and co-closed, dw = d * w = 0.
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A is an arbitrary “origin” in this space with dAg = B. Hence, the space
of vector potentials modulo gauge-transformations forms a 2g affine torus
& = R* /(2nZ?9), parametrized by the magnetic fluxes, therefore called the
“flux torus”®

This space can be given a natural symplectic and a natural Riemannian
structure by

g
2:=) d¢/ Adg'T (71)
j=1
Gi,j 2:/ wi N\ *wj (72)
X

where x denotes the Hod