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Introduction

In this lecture notes, we discuss canonical transformations in the context of Quantum Field
Theory (QFT).

The aim is not that of give a complete and exhaustive treatment of canonical transformations
from a mathematical point of view. Rather, we will try to show, through some concrete examples,
the physical relevance of these transformations in the framework of QFT.

This relevance is on two levels: a formal one, in which canonical transformations are an im-
portant tool for the understanding of basic aspects of QFT, such as the existence of inequivalent
representations of the canonical commutation relations (see §1.2) or the way in which symmetry
breaking occurs, through a (homogeneous or non-homogeneous) condensation mechanism (see
Section 4), On the other hand, they are also useful in the study of specific physical problems,
like the superconductivity (see §2.2) or the field mixing (see Section 5).

In the next we will restrict our attention to two specific (linear) canonical transformations:
the Bogoliubov rotation and the boson translation. The reason for studying these two particular
transformations is that they are of crucial importance in QFT, where they are associated to
various condensation phenomena.

The plan of the lectures is the following: in Section 1 we review briefly canonical transfor-
mations in classical and Quantum Mechanics (QM) and then we discuss some general features
of QFT, showing that there canonical transformations can have non-trivial meaning, whereas in
QM they do not affect the physical level. In Section 2 and 3 we consider some specific prob-
lems as examples: superconductivity, QFT at finite temperature, the quantization of a simple
dissipative system and the quantization of a boson field on a curved background. In all of these
subjects, the ideas and the mathematical tools presented in Section 1 are applied. In Section 4
we show the connection between spontaneous symmetry breakdown and boson translation. We
also show by means of an example, how macroscopic (topological) object can arise in QFT, when
suitable canonical transformations are performed. Finally, Section 5 is devoted to the detailed
study of the field mixing, both in the fermion and in the boson case. As an application, neutrino
oscillations are discussed.



Section 1

Canonical transformations in Quantum Field Theory

1.1 Canonical transformations in Classical and Quantum Mechanics

Let us consider[l, 2| a system described by n independent coordinates (qy, ..., ¢,) together
with their conjugate momenta (p1, ..., pn)-
The Hamilton equations are

B o0H _— _(9H
B Op; ’ b= 0g;
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By introducing a 2n-dimensional phase space with coordinate variables

(7717 vy Mns Thn+1,5 "'777271) = (q17 <oy 4n, P1, 7pn) (12>

the Hamilton equations are rewritten as
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where J;; is a 2n x 2n matrix of the form
0 I
J = 1.4
(%0 (1.4

The transformations which leave the form of Hamilton equations invariant are called canonical

and [ is the n X n identity matrix.

transformations. Let us consider the transformation of variables from 7; to &;. We define the
matrix

0
M;; = —&; 1.5
J 677] ( )
Then we have oH
& = M Jji My, a6, (1.6)



Thus, the condition for the invariance of the Hamilton equations reads
MJM = J (1.7)

The group of linear transformations satisfying the above condition is called the symplectic group.
Let us now introduce the Poisson brackets:

_ af dg 99 9f
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where f and g are function of the canonical variables. By use of the 7; variables eq.(1.2), this
expression can be rewritten as
9f 9g
, = Jijg =— = 1.9
if g}q,p %: J on: O, (1.9)
It is thus quite clear that the Poisson bracket is invariant under canonical transformations. With
this understanding we can delete the p, ¢ subscript from the bracket. From the definition,

{e, 4y =0  Api,pi} =0 Aa,pi} = 3 (1.10)
We can also rewrite the Hamilton equations in terms of the Poisson brackets, as
¢4 = {Qiu H} ) pi = {pm H} (1-11>

The Poisson brackets provide the bridge between classical and quantum mechanics. In QM,
p and ¢ are operators and the Poisson brackets is replaced by the commutator through the
replacement

Ton .
{fo9r — —51f. 4 (1.12)
with [f,g] = fg—gf We have
[Gi,q] =0 ; [pi, D] = 0 ; i, D] = iRy (1.13)

We can also rewrite the Hamilton equations in terms of the Poisson brackets, as

A~ . ~

¢ =la,H ., p=Ip, H (1.14)

1.2 Inequivalent representations of the canonical commutation rela-
tions

The commutation relations defining the set of canonical variables ¢; and p; for a particular
problem, are algebraic relations, essentially independent from the Hamiltonian, i.e. the dynam-
ics. They define completely the system at a given time, in the sense that any physical quantity
can be expressed in terms of them.



However, in order to determine the time evolution of the system, it is necessary to represent
the canonical variables as operators in a Hilbert space. The important point is that in QM, i.e.
for systems with a finite number of degrees of freedom, the choice of representation is inessential
to the physics, since all the irreducible representations of the canonical commutation relations
(CCR) are each other unitarily equivalent: this is the content of the Von Neumann theorem
[3, 4]. Thus the choice of a particular representation in which to work, reduces to a pure matter
of convenience.

The situation changes drastically when we consider systems with an infinite number of degrees
of freedom. This is the case of QFT, where systems with a very large number N of constituents
are considered, and the relevant quantities are those (like for example the density n = N/V)
which remains finite in the thermodynamical limit (N — oo, V — 00).

In contrast to what happens in QM, the Von Neumann theorem does not hold in QFT, and
the choice of a particular representation of the field algebra can have a physical meaning. From
a mathematical point of view, this fact is due to the existence in QFT of unitarily inequivalent
representations of the CCR [5, 6, 4, 7].

In the following we show how inequivalent representation can arise as a result of canonical
transformations in the context of QFT: we consider explicitly two particularly important cases
of linear transformations, namely the boson translation and the Bogoliubov transformation (for
bosons).

e The boson translation

Let us consider first QM. a is an oscillator operator defined by

[a, aq = aa' —ala =1

al0) = 0 (1.15)

We denote by H|[a] the Fock space built on |0) through repeated applications of the operator a':

n) = () a0y H[a]z{ilcn|n>,§|cn|2<oo}. (1.16)

Let us now perform the following transformation on a, called Bogoliubov translation for coherent
states or boson translation:

a — ald) =a+ 0, 6eC (1.17)
This is a canonical transformation, since it preserves the commutation relations (1.15):
la(0),a"(0)] = 1 (1.18)
We observe that a(f) does not annihilate the vacuum |0)
a(0)|0) = 0]0) (1.19)

3



We then define a new vacuum |0(6)), annihilated by a(6), as
a(6)[0(9)) =0 (1.20)

In terms of [0(#)) and {a(f), a(f)'} we have thus constructed a new Fock representation of the
canonical commutation relations.
It is useful to find the generator of the transformation (1.17). We have!

a@) = U@)aU () = a + 0 (1.21)
U(0) = exp[iG(6)] : G(0) = —i(0*a — a) (1.22)

with U unitary UT = U~!, thus the new representation is unitarily equivalent to the original one.
The new vacuum state is given by?:

0(0)) = U(0)]0)

1
= eap| =50

exp {—Haq |0) (1.23)
i.e., |0(F)) is a condensate of a-quanta; The number of a particles in [0(f)) is

(0(6)]a’al0()) = 16/ (1.24)

We now consider QFT. The system has infinitely many degrees of freedom, labelled by k:

a(0),al(0)] =Pk —a) ,  [ak(0),aq(0)] =0
ak|0> = bk|0> =0 (1.25)
We perform the boson translation for each mode separately,
ax — ak(é) =ax + Ok, O el (1.26)
and define the new vacuum
ax(0)]0(8)) =0 vk . (1.27)

As a straightforward extension of eqs.(1.21), (1.22) we can write (since modes with different k
commute among themselves):

ak(Q) = U(G)akal(Q) = akx + ek (128)
U0) = eapliGO)] . G(O) = —i / PG — Oal.) (1.29)

so that we have ]
0(0)) = exp [—2 / d3k|9k|2} eap [— / d3kekaq 10) (1.30)

lsee Appendix
2see Appendix



The number of quanta with momentum k is
(0(0)|akax00)) = [0x[? (1.31)

Consider now the projection of (0| on |0(6)). We have, by using eq.(1.30)

0[0(8)) = exp [—; / d3k|¢9k|2] (1.32)

If it happens that [ d®k|6x|? = oo, then (0]0(6)) = 0 and the two representations are inequivalent.
A situation in which this occurs is for example when 6, = 0§(k): in this case the condensation
is homogeneous, i.e. the spatial distribution of the condensed bosons is uniform. Then we have

/ PR = 625(K) o (1.33)

which is infinite, in the infinite volume limit (V' — c0), since the delta is 6 (k) = (27) 73 [ d3z e** =
(2m) V.

Eq. (1.26) then defines a non-unitary canonical transformation: by acting with U(6) on the
vacuum leads out of the original Hilbert space. Thus the spaces H[a] and H|«/(#)] are orthogonal.
and the representations associated to H[a] and H[«(6)] are said to be unitarily inequivalent.

Note that the total number N = [ d®kny of ay particles in the state |0(6)) is infinite, however
the density remains finite

E — l 3 2 _ -3p2
= = v/d K62 = (27)°% (1.34)

We can write the boson translation at the level of the field, as

(x) = p(x) + f(x) (1.35)

still being a canonical transformation. However (1.35) has a more general meaning of the trans-
formation (1.26) since it includes also the cases for which f(z) is not Fourier transformable and
thus does not reduce to (1.26). The transformation (1.26) is called the boson transformation.

We will see in Section 4 how this transformation plays a central role in the discussion of
symmetry breaking.

e The Bogoliubov transformation

We now consider a different example in which two different modes a and b are involved.
We consider a simple bosonic system as example. The extension to the fermionic case is
straightforward[5].

The canonical commutation relations for the ay and by are:

{ak,au = {bk, b” =6k — p) (1.36)

with all other commutators vanishing.



Denote now with H(a, b) the Fock space obtained by cyclic applications of aL and blT( on the
vacuum |0) defined by
ak|0) = bk’0> =0 (137)

H(a,b) is an irreducible representation of (1.36).
Let us consider the following (Bogoliubov) transformation:

ax(f) = ayx cosh 6 — ka sinh Oy

Bi(0) = by cosh O — al sinh Oy 1.38
k

The Bogoliubov transformation (1.38) is canonical, in the sense that it preserves the CCR (1.36);
we have indeed

o, af] = [Bi, BY] = 6°(k — p) (1.39)

and all the other commutators between the a’s and the (’s vanish.
By defining the vacuum relative to o and (3 as

ax(0)[0(0)) = 4 (0)10(0)) = 0, (1.40)

we can construct the Fock space H(a, 3) by cyclic applications of af and 87 on |0(6)). Since the
transformation (1.38) is a canonical one, also H(c, 3) is an irreducible representation of (1.36).

If now we assume the existence of an unitary operator G(6)* which generates the transfor-
mation (1.38),

a(0) = U®B)acU(0)
Be(0) = UB) b U (0) (1.41)

where?

U@9) = expliG(0)] ., GO =i / K by (ahy — bal,) (1.42)
We have the relation[5, §]
U(f) = exp [—6(0) /d3k log cosh Qk} exp [/ d’k tanh 6y aLbL} exp [— / d’k tanh 6y biay

(1.13)
then we have®

10(6)) = exp [—6(0) /d3k log cosh Qk] exp {/ d®k tanh 6y aLbL} |0) (1.44)

Since §(0) = 0(k)|k=o0 = 00, the above relation implies that |0()) cannot be expressed in terms
of vectors of H(a,b), unless ¢ = 0 for any k. This means that a generic vector of H(a, ()

3This is possible only at finite volume.

4see Appendix

®One can also consider the relation >, — (27)7*V [ d®k to understand naively the appearance of the §(0)
in eq.(1.43).



cannot be expressed in terms of vectors of H(a,b): the spaces H(«,3) and H(a,b) are each
other orthogonal.

In other words: the two irreducible representations of the CCR (1.36), H(«, 5) and H(a,b),
are unitarily inequivalent each other since the transformation (1.38) cannot be generated by
means of an unitary operator G(#).

In more physical terms, one can think to the state |0(6)) as a condensed state of bosons a and
b: since the vacuum should be invariant under translations, it follows that a locally observable
condensation can be obtained only if an infinite number of particles are condensed in it.

1.3 Free fields and interacting fields in QFT

In this Section we consider another aspect of QFT, also connected to the existence of in-
equivalent representations: the difference between physical (free) and Heisenberg (interacting)
fields.

First we clarify what we mean for physical fields. In a scattering process one everytime can
distinguish between a first stage in which the “incoming” (or “in”) particles can be identified
through some measurement; a second stage, in which the particles interact; finally a third stage,
where again the “outgoing” (or “out”) particles can be identified. What one does everytime
observe in such a process is that the sum of the energies of the incoming particles equals that of
the outgoing particles.

Thus in the following we will intend for “physical” or “free” particles just these in or out
particles (and the relative fields)®. It is worth stressing that the word “free” does not mean
non-interacting, but only that the total energy of the system is given by the sum of the energies
of each (observed) particle.

The Fock space of physical particles can be then constructed from the vacuum state |0) by
the action of the creation operators corresponding to the free particles”.

However, the space ‘H so built contains also vectors with an infinite number of particles, and
this implies that the basis on which it is constructed is non-numerable. It is then necessary to
isolate a separable subspace Hy from H to the end of correctly represent the physical system
under consideration. Without entering in the details of such a construction [5], it is here sufficient
to say that H results to be an irreducible representations of the canonical variables obtained
from the physical variables under consideration.

This fact imply the existence of infinite Fock spaces unitarily inequivalent among themselves,
in correspondence of the infinite inequivalent representations of the algebra of the canonical
variables (see §1.2). The choice of the representation is dictated by the physical system under
consideration.

6Tn solid state physics, the physical particles are called quasiparticles.
"Actually, one should work with wave packets: the creation operators indeed map normalizable vectors into
non-normalizable ones. However this point is inessential to the present discussion.
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Let us now consider the set ¢;(z) of the physical fields under examination: they are in general
column vectors and = = (¢,x). These fields will satisfy some linear homogeneous equations of
the kind:

Ai(0) di(x) =0 (1.45)

where the differential operators A;(9) are in general matrices.

Although the physical fields ¢;(z) represent particles which undergo to interaction, it is how-
ever evident that the free field equations (1.45) do not contain any information about interaction.
It is then necessary to introduce other fields v;(z), called Heisenberg fields and the existence of
which is postulated, such that they satisfy the relations for the dynamics. These relations are
the Heisenberg equations and can be formally written as

A(0) () = F [t(a) (1.46)

where A;(0) is the same differential operator of the free field equations (1.45) for the ¢;(x) and
F' is a functional of the v;(x) fields.

1.3.1 The dynamical map

The Heisenberg equations (1.46) are however only formal relations among the 1;(x) operators,
until one represents them on a given vector space.

This means that, in order to give a physical sense to the description in terms of Heisenberg
fields, it is necessary to represent them in the space of the physical states and this in turn requires
to represent them in terms of the physical fields ¢;(z).

The relation between Heisenberg fields and physical fields is called dynamical map [5], and
by use of it, the Heisenberg equation (1.46) can be read as a relation between matrix elements in
the Fock space of the physical particles. Such a kind of relations are also called weak relations,
in the sense that they depend in general on the (Hilbert) space where they are represented.

Then the dynamical map is written as

Y(x) = Flo(x)] (1.47)

where the superscript w denotes a weak equality.

A condition for the determination of the above mapping is that the interacting Hamiltonian,
once rewritten in terms of the physical operators, must have the form of the free Hamiltonian
(plus eventually a c-number).

Thus in general, by denoting with H the interacting Hamiltonian and with Hy the free one,
then the weak relation:

(alH|b) = {alHo|b) + Wolalb), (1.48)

determines the dynamical map. In eq.(1.48) Wy is a c-number and |a), |b) are vectors in the
Fock space of the physical particles.



A general form for the dynamical map is the following:

Gile) = xi + X2 i) +

J

+ Z/d4y1 d'ys Figr(z,51,92) = 5(0n) Gulya) : + . (1.49)
2y}

where 4, j, k are indices for the different physical fields, x; are c-number constants (different from
zero only for spinless fields®), Z;; are c-number constants called renormalization factors, the
double dots denote normal ordering, ¢ denotes both the field and its hermitian conjugate, the
Fiji(x,y1,y2) are c-number functions, and finally the missing terms are normal ordered products
of increasing order. The functions x;, Z;;, Fijx, etc. are the coefficients of the dynamical map
and can be determined in a self-consistent way.

We note that it is not necessary to have a one-to-one correspondence between the sets {t; }
and {¢;}. Indeed, there can be physical fields which do not appear as a linear term in the
dynamical map of any member of {t;}. These particles are said to be composite, and will
appear in the linear term of the dynamical map of some products of Heisenberg field operators.
If for example, n fields v; form such a product, then the composite particle is a n-body bound
state.

1.3.2 The self-consistent method

We have seen how in QFT there exist two levels: on one level there are the physical fields, in
terms of which the experimental observations are described; on another there are the Heisenberg
fields, through which the dynamics of the physical system is described.

We have also seen that is necessary to represent the Heisenberg fields on the Fock space of
physical particles, in order to attach them a physical interpretation: this is possible through the
dynamical map.

For the construction of this Fock space, it is necessary to know the set of the physical
field operators. However, this set is determined by the dynamics, which in turns requires the
knowledge of the Fock space of physical particles!

We are then facing a problem of self-consistence®. The way one proceed is then the following
(self-consistent method) [5]: on the basis of physical considerations and of intuition, one chooses
a given set of physical fields (e.g. “in” fields) as candidates for the description of the physical
system under consideration; then one writes the dynamical map (1.49) in terms of these fields.
The problem is then to determine the coefficients of the map: to this end one considers matrix
elements (on the physical Fock space) of (1.49), leaving undetermined the form of the energy
spectra. The equations for the coefficients of the map are obtained from the Heisenberg equations

8 is related to the square root of the boson condensation density.

9A similar situation is that of the Lehmann-Symanzik-Zimermann formalism [9], where the “in” (resp. “out”)
fields are the asymptotic weak limit of the Heisenberg fields for ¢ — —oco (resp. ¢ — +00). In order to perform
such a limit, it is necessary to know the Fock space of the “in” (resp. “out”) fields.



(1.46), which hold for matrix elements of the 1;(z) fields. Thus both the coefficients of the map
and the energy spectra of the physical particles are determined.

It may however happen that the system of equations under consideration does not admit
consistent solutions: this happens if the set of the physical fields introduced at the beginning is
not complete!?; it is then necessary to conveniently introduce other physical fields and to repeat
the entire procedure.

It is important to note that the Heisenberg equations are not the unique condition one has
to impose for the calculation of the dynamical map. Indeed, it is not necessary to postulate for
the Heisenberg fields the commutation relations, rather one has to calculate them (by using the
dynamical map) and to use as a condition on the coefficients of the map.

As an example of self-consistent calculation, let us consider a dynamics of nucleons[5]. Let
us assume an Heisenberg equation for the nucleon field and an isodoublet of free Dirac fields,
as initial set of physical field. Then, leaving the mass of the physical nucleon undetermined, we
express the nucleon Heisenberg field in terms of normal ordered products of the physical nucleon
field.

At this point we consider the equation for matrix elements (on the Fock space of the physical
particles) of the Heisenberg equation: it is possible to show[5] that a solution does not exist, for
any mass of the physical nucleon, unless another field is introduced in the set of the physical
fields.

This field correspond to a composite particle, the deuteron, which will not appear in the
linear part of the dynamical map for the nucleon.

1.4 Coherent and squeezed states

In §1.2 we have considered two examples of canonical transformations whose effect on the
vacuum was that of producing a condensate of the quanta under consideration. Actually, quanti-
ties like those in eqgs.(1.23), (1.30) and (1.44) represent well known objects from a mathematical
point of view, since they are respectively coherent and squeezed states.

e harmonic oscillator coherent states
In the simplest case, coherent states are defined for the harmonic oscillator. In this case
there are three equivalent definition for the coherent states |6) [10]:

1. as eigenstates of the harmonic-oscillator annihilation operator a:
alf)y = 6|0) (1.50)

with 0 c-number.

10The existence of a complete set of physical fields implies that any other operator, including the Heisenberg
fields, can be expressed in terms of them. The non-completeness of a given set of physical fields can be verified,
for example, by finding a given combination of Heisenberg fields whose asymptotic (weak) limit, e.g. for t — —oo,
does commute with all the “in” fields.

10



2. as the states obtained by the action of a displacement operator U(#) on a reference state
(the vacuum of harmonic oscillator):

U(f) = exp (QGT - Q*a) (1.51)

3. as quantum states of minimum uncertainty:

(P80 = (1.52)

where the coordinate and momentum operators are ¢ = (a + &T> / V2and p = —i (a — aT> / V2
and

(AN =0l (F - ) 1o)
() = (0110) (1.53)

When (Ag) = (Ap) = 1, eq.(1.52) defines coherent states, otherwise we have squeezed states (see
below).
e one mode squeezed states

We now consider one mode squeezed states, generated by

a(@) = U@)aU Y (0) =a cosh § — al sinh @
a'(d) = U®)a"U () =a' cosh § — a sinh 6 (1.54)

with

U(0) = expliG4(0)]
Gs(0) = i(a® — a'?) (1.55)

The squeezed state (the vacuum for the a(f) operators) is defined as
1 1
10(6)) = expl[iGs(0)]0) = exp [—2 log cosh 9} exp {2 tanh Qaﬂ} |0) (1.56)

where a|0) = 0. We have (the () now means expectation value on [0(6))):

(BpP)(A0)?) =
(Ag)?) = ;(cosh 0 + sinh 6)? (1.57)

((Ap)?) = ;(cosh 0 — sinh 6)?

Thus we can reduce (squeeze) the uncertainty in one component, at expense of that in the other
component, which should increase.

11



e two mode squeezed states
In this case we need two sets of operators a and a, commuting among themselves.
They are generated by the following Bogoliubov transformation

a(@) = U(0)aU () =a cosh § — a' sinh @
al() = U@)a'U () =a' cosh @ — a sinh 6 (1.58)

with

Gp(0) =i(ad — a'al) (1.59)
The squeezed state (the vacuum for the a(6) operators) is defined as

10(0)) = expliGp(0)]0) = exp —; log cosh 9} exp B tanh HaTELq |0) (1.60)

12



Section 2

Examples

2.1 Superconductivity

We list here the most characteristic phenomenological features of superconductors, as they
follow from experimental observations.
e A superconductor is a metal that, below a critical temperature T,., and for not too high currents,
behaves as a perfect conductor, i.e. shows zero resistivity. By Ohm’s law

E=pj=0 (2.61)

the electric field vanishes inside the superconductor.

The conductivity remains infinite also when a magnetic field H is applied, provided that
H < H.(T), where H.(T) is the critical magnetic field at temperature 7. Experimentally, one
finds the following dependence on T

H(T) = H0)[1 - (] (2.62)

e From Maxwell equations and eq.(2.61), we get

%]j’ = —¢cVxE =0 (2.63)

i.e., the magnetic field cannot vary with time inside the superconductor. Thus, if we start with
B = 0 and we lower the temperature to a value T' < T, then we can apply an external magnetic
field H < H.(T') and the magnetic field will remain zero inside the material.

However, experimentally one observes also the Meissner effect: by starting from T > T,
with B # 0, and then lowering the temperature below 7., one observes that the magnetic
field is expelled from the superconductor. Thus, for T" < T, it is always B = 0 inside the
superconductor.

e The specific heat C for a superconductor decreases exponentially below T.:

A
C ~exp {— ijOT} (2.64)

13



showing the presence of an energy gap Ay =~ 2kgT: photon absorption occurs only for energies
hw > Ay.

e The condensation energy €., defined as the difference between the ground state energy of the
metal in the superconducting state and ground state energy in the normal state, is of the order
of 1077 — 107® eV per electron. This energy is very small compared with all the other energy
scales of the metal, such as the energy widths or the electron interaction, or the phonon-electron
interaction, which are all around few eV. Thus it is difficult to explain the origin of such a small
scale, especially on the basis of perturbation theory (hierarchical problem).

e A last feature which is worth mentioning here is the isotope effect: it is observed that for
different superconductors the critical temperature 7, is inversely proportional to the mass M of
the lattice ions: M %TC ~ const.. Thus a stronger lattice rigidity (higher ion masses) implies a
worse superconductivity (lower T.): this fact suggests that the electron-phonon interaction is at
the basis of superconductivity.

Let us now see how perfect conductivity implies the appearence of an energy gap in the
quasiparticle spectrum.

An electric current inside the metal can be thought as an overall velocity v, i.e. as a shift
of momentum q common to all the electrons in the material. The ground state energy is then
shifted by %M q?, where M is the total mass of the electron system.

If now the source of the current is switched off, the current flux will in general decrease, the
energy loss manifesting into the creation of elementary excitations with energy spectrum F(p).
We then impose the conservation of energy and momentum as

IMv? = IMv'? + E(p) P’
Mv =MV + p vep 2M+ 9 (2:65)
This equation cannot be satisfied if |v| is smaller than
E E
v, = min <2]19\4 i ?) ~ min;p) (2.66)

since M is very large. This means that for v < v, there cannot be current attenuation and the
material is a perfect conductor.

If now we consider a free electron gas, whose spectrum is of the kind F(p) = (p* — p%)/2m,
we get v, = 0. On the other hand, a relitivistic-like spectrum as

1
E(p) = —1/(p? — p2)2 + 4m2A2 2.
(p) v (p? — pF)? +4m (2.67)

gives v. = A/pp.

2.1.1 The BCS model
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We now consider the BCS model[11, 4], which describes the most important collective effects
at the basis of superconductivity. The BCS Hamiltonian is

H = Hy + W Z U k S$;P, S )¢T(k7 3)¢T(_k>_3)¢(_P7—3/)¢(P7 8/>
k,p,s,s’

Hy = X elp)! (k. )k, s) (2.68)
k,s
where V' is the volume of the system. The potential U(k, s;p,s’) is taken to be real, even
(U(k,p) = U(=k, —p)) and symmetric (U(k,p) = U(p, k)). It also holds U(k, p) = —U(-k, p).
The field 1 represent the electron field, and the Hamiltonian (2.68) can be thought as an
effective Hamiltonian for the system of interacting electrons and phonons[4]: the interaction
term in the BCS Hamiltonian takes into account the dominant effects for superconductivity, i.e.
the two body correlations determined by the electron-electron elastic scattering near the Fermi
surface.
In terms of electron creation and destruction operators, the BCS Hamiltionian reads

k

p
H = Z(% —u)cLsckﬁ 4V Z Uk, s;p,s )ckscik _sCop—sCp.s (2.69)

k,s k,p,s,s’

where 4 is the chemical potential and the fermion operators satisfies {cp s, CLS/} = Opk0ss- The
equations of motion are

d P’
Z%Cp,s@) = %Cp,s( 2V Z U pa 54,8 )C—q,—s’(t)cq,s’(t)CT—p,—s(t) (27())

At this point we observe that the operator Ay (p,s) = ﬁ Yas U, 514, 8)c_q—s(t)cqs (1)
is a c-number in the infinite volume limit!! [4] and then in this limit the dynamics gets linearized:

L) = Zop () + 9ADy5) (0
Zdth’S - 2mcp, g P;S)Cp,—s

From eq.(2.71) we see that the Hamiltonian becomes quadratic

p2
Hepp = D (65— — p)ch ocp.s

—_p 2m

+ I [AP sl s+ Alpes) e icps] + € (2.72)

p?s

with C' a constant. The Hamiltonian (2.72) can be diagonalized by a Bogoliubov transformation.
Considering the simple case in which A(p, s) is real, we have

cps = u(p,s)dps + v(p, )dT—r»
= u(p, s) dprs v(p,s)d_p —s (2.73)

171t is a c-number in any irreducible representation of the algebra generated by the operators v (z), ¥ (z)

15



with u(p, s) and v(p, s) real and satisfying the conditions

U(p,S) = U(_p, _S) ) U(pa S) = _U(_pa _S)
u(p,s)* + v(p,s)’ =1 (2.74)
The second condition is the condition for the canonicity of the Bogoliubov transformation for
fermions.
By requiring that H.; is diagonal when expressed in terms of the quasiparticle operators
dp s, we get!?
2
2 —
u(p,s)* — v(p.s)* = p/2m—p (2.75)
V©2/2m = 1) + ?A(p, )?
A
2u(p, s)u(p,5) = 92D, ) (2.76)
V@2 /2m — p)? + g*A(p, 5)?
Hepp =3 E(p,s)d dps + Eo (2.77)
p,Ss
E(p.s) = \/(p*/2m — p)* + g*A(p, 5)? (2.78)

We thus see how a energy gap has appeared in the spectrum of the quasi-particles. The ground
state of the superconductor is defined as the vacuum for the quasi-particle operators dp ;. We
have

o) = IT [u(p, s) — v(p, s) ch el ] [0)

p?S

dps [to) = 0 (2.79)

where |0) is the vacuum for the ¢ s operators. The representation {|¢g), dp s} is a Fock repre-
sentation for the quasiparticle operators dp, .

We now determine the gap function A(p,s) by using self-consistency. We have seen that
A(p,s) is a c-number in any irreducible representation of the field algebra, when the limit
V — oo is performed. We can thus calculate A(p,s) on any state (for example on |¢)) and
then take the limit. We have

A(p,S) = VIEEOWZUP’S’(L )<w0|ch,fs’cq,s’|¢0>

B 167r2 Z/ @qU(p, s, )u(p, s) v(p. 5) (2.80)

By using eq.(2.76) we get the gap equation:

gA(q,s)
(p?/2m — p)* + g?A(p, 5)*

Apos) =~ 553 [ daU(p.sia. ) y (281

?Use A(p, s) = —A(=p, —3).
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This equation has a trivial solution A(p,s) = 0, corresponding to the metal in the normal
state (no gap, spectrum of free Fermi gas) but also non-trivial solutions, corresponding to the
superconducting phase.

We can make some assumption in order to solve eq.(2.81). Let us first assume the ground
state being invariant under space inversions: this implies that A(p, s) is a function of |p|. If we

put
Alp) = A(lql,s =+) =—A(lq],s = —)
- 1
Ulpa) = o [d2U(p,s=+as=) (2:82)
the gap equation becomes
_ A
) = —% [da? U, o) @ (2:83)

V(g2 /2m — ) + g?A(q)?
In the limit of weak coupling, the integral is dominated by ¢*/2m = pu, i.e. ¢ = qr and we get
1

N_i
Alp) = ~ 500 Ulp.ar) /’d N (2:84)

with K a cutoff which takes into account of the neglection of the contributions for high ¢. For
q = qr we obtain

1
V(@@/2m — )2 + g2A(gp)?

which has solution only for gU(qr, qr) < 0: this means that the interaction favours the formation

(2.85)

g 9 5 K
I = —RQFU(QFJIF)/O dq

of electron pairs close to the Fermi surface. One thus obtains

272
g6l Aar) = ~ et 4 C (2.56)

whith C a constant dependent on the cutoff K, In conclusion

272 ]

_— 2.
|9|WQF U ( 87)

lg|A ~ Cjexp [—

which exhibits the highly non-perturbative character of the gap and explains the origin of a
hierarchically suppressed energy scale.

2.2 Thermo Field Dynamics

Thermo Field Dynamics (TFD) is an operatorial, real time formalism for field theory at finite
temperature. The basic idea of TFD [12] is the transposition of the thermal averages, which
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are traces in statistical mechanics, to ”vacuum” expectation values in a suitable Fock space, by
means of the assumption:

(A) = 27 (B)Tr [e P A] = (0(B)|A]0(8)) (2.88)

where Z =T'r {e‘ﬁH } is the grand-canonical partition function (H includes the chemical poten-
tial), 3 = (kgT)™!, and A is a generic observable.

Thus we are looking for a temperature dependent state |0(3)) (the “thermal vacuum”), which
satisfies

(0(B)1Al0(3)) = Z71(B) Y (nlAlnje= " (2.89)

where
Hn) = E,|n) ) (njm) = dpm (2.90)

Now, if we expand |0(()) in terms of |n) as

0(8)) = >_In) fa(B) (2.91)

n

we get from eq.(2.89):
Fa®)fm(B) = Z7H(B) e b (2.92)

This relation is not satisfied if f,, () are numbers; however it resembles the orthogonality con-
ditions for vectors. We can thus think that |0(3)) “lives” in a larger space with respect to the
Hilbert space { |n) }: this space is obtained by doubling of the degrees of freedom, with the intro-
duction of a fictitious dynamical system identical to the one under consideration. It is denoted
by a tilde and we have:

Hn) =FE,n) , (‘") = 6um (2.93)

Note that the energy is postulated to be the same of the one of the physical particles. The
thermal ground state is then given by

0(8)) = Z273(8) Y e 25 |n, i) (2.94)

n

where |n,n) = |n) ® |n). From eq. (2.94) we note that |0(3)) contains an equal number of
physical and tilde particles. In order to explicitly show some features of the thermal space
{]0(B))}, we treat separately bosons and fermions.

2.2.1 TFD for bosons
The vacuum |0(3)) can be generated by a Bogoliubov transformation. To see this, consider
two commuting sets of bosonic annihilation and creation operators:

[ak, (LT} = Okp , [akaap] =

[&k, &L} = 5k,p ) [Gk, &p]

[ak, CNLP] = [ak, CNLL} =0

o O

(2.95)
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and the corresponding (free) Hamiltonians H = Y wkaLak, H=%, wdedk. Let us now define
the thermal operators by means of the following Bogoliubov transformation

ax(0) G 0e’® = ay cosh Oy — ELL sinh 0y

ar(0) = e %aye’® = @y cosh By — al sinh 6y (2.96)

I
o

where 0y = 0\ (/) is a function of temperature to be determined and the hermitian generator G
is given by
G =i b |akaf — da] (2.97)
k
The total Hamiltonian H is defined as the difference of the physical and the tilde Hamiltonians
and is invariant under the thermal transformation (2.96):

H=H-H, |GH| =0. (2.98)

We notice the minus sign occurring in the total Hamiltonian H. The thermal vacuum is given,
in terms of the original vacuum |0), by

0(0)) = e7“10) =[]

k

cosh Or exp [tanh QkaLdH |0) (2.99)

and is of course annihilated by the thermal operators: ax(6)|0(0)) = ax(0)|0(0)) = 0. Notice that
the form of |0(6)) is that of a SU(1, 1) coherent state[8]. The vacuum |0(€)) is an eigenstate of the
total Hamiltonian H with zero eigenvalue; however it is not eigenstate of the single Hamiltonians
H and H.

In order to identify the above state |0(f)) with the thermal ground state |0(3)) defined in
eq.(2.94), we need an explicit relation giving € as a function of [.

To this end let us consider the following relation

006)) = 2 exp [z ol | 10 = 2 exp [z ddal 10

S=- Z {aLak log sinh? 0 — akaL log cosh? Hk} (2.100)
k

where S can be interpreted as the entropy operator for the physical system (see below).
The number of physical particles in |0(6)) is given by

i = (0(60)]af.ax|0(0)) = sinh? 6y (2.101)

with a similar result for the tilde particles. By minimizing now (with respect to ) the quantity
1
Q= (0(6)] l—ﬁS + H — ,uN] 10(6)) (2.102)
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we finally get (putting wy = € — 1)

1

— anh?2 _
ni = sinh” Oy = o

(2.103)
which is the correct thermal average, i.e. the Bose distribution. Thus we conclude that the
thermal Fock space {|0(/3))} is generated from the free (doubled) Fock space {|0)} by means of
the Bogoliubov transformation (2.96).

Eq.(2.103) makes possible a thermodynamical interpretation: thus 2 is interpreted as the
thermodynamical potential, while S is the entropy (divided by the Boltzmann constant kp),
holding the relation [12]:

(0(0)18]0(8)) = — > _wn logwy,
S w, =1, (2.104)
The physical meaning of the tilde degrees of freedom is shown, for example, by the relation

1 1
10(8)) = iy |0(6 2.1
Coshekak|0( )> sinh 9kak|0( )) ( 05)

which expresses the equivalence, on |0(6)), of the creation of a physical particle with the destruc-
tion of a tilde particle, which thus can be interpreted as the holes for the physical quanta. In
other words, the thermal bath is simulated by a mirror image of the physical system, exchanging
energy with it.

The tilde-symmetry, i.e. the symmetry between physical and tilde worlds, is expressed by a
formal operation, postulated in TFD and called tilde-conjugation rules. Given A and B operators
and «, [ c-numbers, the tilde rules are:

(AB) =

(aA + ﬁB) = o*A+ 3B (2.106)
(4= i

(A)~: A

The vacuum state is composed of equal number of (commuting) tilde and non-tilde operators,
thus being invariant under tilde conjugation: |0(3)y = [0(53)).

2.2.2 Thermal propagators (bosons)
Let us now consider a (boson) real free field in thermal equilibrium. We have:

= —d3k ax(t)e™ + al (t)e **
)= | Gyt 0™ + ok
1 _ d3—k a e—z’kx dT 6z'kx
30) = [ gy (™ + ale™] (2107)
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where ay(t) = e7“*'q) and ay are the operators of eq.(2.95). The above fields have the following

commutation rules:

[p(t,x),0,0(t,x)] = i6*(x — ')

(6(t,%), 9ig(t,x')| = —i0*(x — x) (2.108)

and commute each other.

In TFD, and more in general in a thermal field theory (TFT) [13], the two point functions
(propagators) have a matrix structure, arising from the the various possible combinations of
physical and tilde fields in the vacuum expectation value. Notice that in TFD, although the
physical and tilde particles are not coupled in the Hamiltonian H , nevertheless they do couple

in the vacuum state |0(0)). So, the finite temperature causal propagator for a free (charged)
boson field ¢(z) is

D§" (w,2") = =i(0(O)|T [¢°(x), " (+')] [0(6)) (2.109)

where the zero recalls it is a free field propagator, T' denotes time ordering and the a, b indexes
refers to the thermal doublet ¢ = ¢, ¢2 = ¢'. In the present case of a real field, we will use the
above definition with ¢ = ¢.

A remarkable feature of the above propagator is that it can be casted (in momentum repre-
sentation) in the following form [5]:

1

D% (ko, k) = B!
0 (o, k) & [kg — (wy — i€T3)

2] By, (2.110)

where 73 is the Pauli matrix diag(1,—1). We note that the internal, or ”core” matrix, is diagonal
and coincides with the vacuum Feynman propagator. Thus the thermal propagator is obtained
from the vacuum one by the action of the Bogoliubov matrix (2.96):

coshf, —sinh6,
B, — 2.111
F ( —sinh @, cosh 6y ) ’ ( )

The Bogoliubov matrix does affect only the imaginary part of Dy(k); for example the (1,1)
component is DE(k) = [k2 — (wy, — ier3)?] " — 2mingd(k2 — w?).

Another fundamental property of the matrix propagator (2.109) is that only three elements
are independent, since it holds the linear relation:

D'+ D® - D? - D*=0. (2.112)

This relation can be verified easily by using the inverse of (2.96) and the annihilation of the
thermal operators on |0(/3)). Note also that the above relation has a more general validity, being
true also for a different parameterization (gauge) of the thermal Bogoliubov matrix (see next
Section). 921



2.2.3 TFD for fermions

Consider two sets of fermionic annihilation and creation operators:

{ak,aL} =0kp, {0k, ap}=0
{dw,al} = 0kp, {G1dp} =0 (2.113)

{on, p} = {on, @l } =0
The thermal operators are defined by means of the following Bogoliubov transformation

ax(0) = e e’ = ay cos by — dL sin Oy

ax(0) = e "“aye’® = ay cos By + aL sin 0y (2.114)
with generator G given by
G =i b |afal — dcon (2.115)
K

The thermal vacuum is a SU(2) coherent state [8]:
10(0)) = e79|0) = [T [cos b + sin Gl dl] [0)
ax(0)0(0)) = ax(6)|0(6)) =0 (2.116)
and the entropy operator reads

S = — Z {aLak log sin® Oy + ozkaL log cos? By
k

The number of physical particles in |0(6)) is given by
nye = (0(0)|ofas|0()) = sin® Oy (2.117)

with a similar result for the tilde particles. By a procedure similar to that of eq.(2.102), the
Fermi distribution is obtained as

1
— ain2 _
Nk = sin ek = m (2118)
Relations similar to (2.105) hold as
L a100)) = —L—alj0(0)) (2.119)
cost, ¥ sinf, X '



2.2.4 Non-hermitian representation of TFD
We write the statistical average of a generic observable A by means of a statistical operator

W as
~ Tr[AW]  Tr[W(=) AWe]

) = TriW] — TrWl-awe]

where the cyclic property of the trace and the positiveness of W have been used. The parameter

(2.120)

« is in the range oo = [0, 1].
The operator W can be seen as a vector of a (doubled) Hilbert space, called Liouville space’.

The above thermal average is then rewritten as expectation value in the Liouville space as

(WHAW ™)

="y

(2.121)

where, for a single oscillator, the left and right statistical states are coherent states given by
W) = exp (fa'a’)0,0)
(WH = (0,0 exp (£ aq) . (2.122)
with f = e ?@=#) and |0,0) is the vacuum state of Liouville space, annihilated by the a,a
operators'*. For a = 1/2, we recover the standard TFD: in particular the states |WW#) and
(W] become each other hermitian conjugates. The choice o = 1/2 is called in TFD the

symmetric gauge. Another useful choice is a = 1 (linear gauge).
The thermal (non-hermitian) Bogoliubov transformation is now (for bosons)

b= (1= fi) % [ — f ]
Go= (1= fi)7? [a— fi af] (2.123)

and

& =0— )77 [al — fi" (2.124)
where the & operators satisfy canonical commutation relations
& =g -ge=1, [{&] =1
&&] =0, [¢&] =0 (2.125)
and the thermal state condition:

W) =o0, W) =0, (WHE =0, (WHE=0. (2.126)

13For a detailed description of the properties of Liouville space see ref.[14].
The time evolution in Liouville space is controlled by H = w (aTa — Eﬁ&).
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Again, in case of thermal equilibrium and in the symmetric gauge o = 1/2, the above Bogoliubov
matrix B coincides with that of eq.(2.111), the £ operators with the thermal operators a(f) of
eq.(2.96), and the f conjugation reduces to the usual hermitian { conjugation .
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Section 3

Examples

3.1 Quantization of the damped harmonic oscillator

In this Section we review a recent approach [15], in which the algebraic features of the dho
are emphasized and a consistent quantization scheme is obtained in the QFT framework, relying
on the existence in QFT of inequivalent representations of the canonical commutation relations.

Consider the equation for a one-dimensional damped harmonic oscillator,

mi+yr+rkr=0 . (3.1)

It is known since long time [16] that, in order to derive eq.(3.1) from a variational principle, the
introduction of an additional variable is necessary.

It follows from this [17], that a canonical quantization scheme for the dho system requires
first of all the doubling of the phase-space dimension (i.e. of the degrees of freedom), obtained
by introducing an other variable y, mirror image of the x oscillator variable. Intuitively the y
oscillator represents the (collective) degree of freedom of the bath, in which the energy dissipated
by the oscillator (3.1) flows. The doubled system is of course a closed one, and it is possible to
write down a Lagrangian,

L =miy+ %(azy —Ty) — Kxy . (3.2)

Thus eq.(3.1) is obtained by varying L with respect to y; by variation with respect to = we
obtain instead

my —yy+ry =0, (3.3)

which is the time-reversed image (y — —7) of eq.(3.1), growing as rapidly as the = decays: we
thus can think to the y oscillator as the reservoir (or heat bath) associated to the x oscillator.
The important point in the present approach is that one does not really needs to specify the
details of the reservoir dynamics; the only requirement to be met, in order to set up the canonical
formalism for the system (3.1), is that the reservoir must receive all the energy flux outgoing
from the x system.
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By defining the canonical momenta as p, = % = my — 2fyy Dy = % = mz + %’y:z:, the
Hamiltonian reads
H = pi+py—L

1 1 2
= byt 57 (ypy — aps) + | K — — | zy (3.4)

2m 4dm

At this point it is possible to quantize the system. First we introduce the canonical commutators

[xapx]:[yvpy]:ih ] [x,y]:O:[px,py]:O (3'5>

)

(2;@2 (\% +i\/ﬁQy> . (3.6)

and the corresponding creation and annihilation operators

_<2;Q> (576__“/_%) ! aT_<2ftQ>é<f/)xm
1

bz(m>2<§%—i\/ﬁ(2y) .

with canonical commutators

[a,a’]=[bb]=1 , [a,b]=][a,b]=0 |, (3.7)

In the above equations €2 represent the common frequency of the two oscillators, defined as

< (-]

and it is a real quantity in the case of no overdamping (/i > %)
The quantum Hamiltonian is:

_ t N Y e ) (2
H = hQ (a'b + ab') i (a? = af?) = (0 = )] (3.8)
By using the canonical linear transformations A = ﬁ(a +b), B= T(G —b), the above Hamil-

tonian is rewritten in a more convenient form as

H=H,+H;
Hy=hQ(A'A - B'B) | H;=ihl'(A'B" — AB) | (3.9)
where I' = ;= is the decay constant for the classical variable z(t).

We note that the states generated by BT represent the sink where the energy dissipated by
the quantum damped oscillator flows

The dynamical group structure associated with the system of coupled quantum oscillators is
that of SU(1,1); the two mode realization of the su(1, 1) algebra is indeed generated by:

1
J.o=ABt | J =Jl=4B |, J3=§(ATA+BTB+1) ,

1 1 1
C? = it Ji — §(J+J, +J_Jy) = Z(ATA — B'B)? (3.10)
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where C is the Casimir operator and the commutators are:
[y, J_|=—=2J3 , [J3,Je] =%Js (3.11)
The above form (3.9) of the Hamiltonian is a convenient one; we have indeed:
Hy=2nQC , Hy=ihl'(Jy —J_)=-2nl'Jy (3.12)
and

[Ho, H;] =0 (3.13)

which shows that Hj is the centre of the dynamical algebra.
Let us denote by |0) the vacuum state for the A and B operators: A|0) = B|0) = 0. Its time
evolution is controlled by H; solely (cf. eq.(3.13)):

0) = @@<—;nym::ap(—;Hﬂ>m>

= Coshl(l—‘t) exp (tanh(I't).J,)|0) (3.14)

For finite times ¢ the above equation is formally correct and |0(t)) represents a normalized
((0(t)|0(t)) = 1) generalized SU(1,1) (time dependent) coherent state [8]. However, for ¢ — oo,
the asymptotic state becomes orthogonal to the initial vacuum state:

lim (0(¢)]0) = Jim exp (—Incosh(I't)) — 0 . (3.15)

t—o0

This means that time evolution leads out of the original Hilbert space: the QM framework then
results to be inadequate for the description of the system (3.1) since there the representations of
the CCR are all unitarily equivalent to each other. It is clear that this “pathology” of the quan-
tization of dho can find its cure only in QFT, where many unitarily inequivalent representations
of CCR are allowed (see Section 1).

The obvious generalization of (3.9) to infinite degrees of freedom is

Hy =Y W (ALA, — BLBy)
k

Hy =iY " ADG(ALBL — AuBy) (3.16)
k

and the commutation relations are now
[A, ALl =[Bi, Bl =0xp . [Ax.Bp|=[AxBl]=0 |, (3.17)

For each k, the group structure, denoted by SU(1, 1)y, is the same of that exhibited in the case
of one degree of freedom; the generators of the su(1,1) algebra with different k do commute
each other: this means that the original SU(1, 1) has become now a ®; SU(1,1)x.
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We have also, in parallel to (3.14),

1
o) =] —=— tanh(T't).J%) |0 3.18
00 =TI gy & (tanh(Tut) %) 0) (3.18)
It hold now all the considerations done for eq.(3.14); in particular the large ¢ limit is the same
tlirglo<0(t)|0> = lim exp <— g In cosh(F;J)) o lim exp <—t¥ Fk> =0. (3.19)

provided >°, I'y > 0. Thus, at finite volume, the situation is the same of before; however, in the
infinite volume limit, provided [ d®k T, > 0, we have now

Vlim (0(t)|0) =0 Vt
Vlim ooy =0 ve,t' , t#£E . (3.20)
where we used the relation 3, — (27) 73V [ d’k.

These relations show the unitary inequivalence of the representations labelled by time ¢ (see
Section 1). Thus, at each time we have a copy (automorphism) of the original algebra and of
the Fock space: the time evolution, induced by Hj, transforms {Ay, AL, By, BL; |0)|Vk} into
{Ax(t), AL(®), Bi(t), Bi(t) 5 [0(1)) | VK}.

The annihilation and creation operators at time ¢ are defined by

Ag(t) = e nHIt Aen It — Ay cosh (Tt) — Bjsinh (Tyt)
By(t) = e w1t Byentlit — _ Al sinh (Tt) + By cosh (T'yt) | (3.21)

which is Bogoliubov transformation generated by H; and parameterized by the time ¢. It is clear
that, at each time ¢, the operators A(t) and B(t) are annihilators for |0(¢)):

Ax(0)[0()) = Bk (1)0(t)) = 0. (3.22)

The situation here is very similar, with due changes, to that of Thermo Field Dynamics (TFD)
(see Section 2): the vacuum (3.18) has indeed the same statistical and thermodynamical prop-
erties of the thermal vacuum of TFD as shown by the following relations, also valid in TFD:

e The particle content of the state |0(¢)) is the same for A and B particles,
(0()| AL A|0(2)) = (0(+) | BLBi[0(t)) = sinh® (Tst) (3.23)
showing that the number ny — np is a constant of motion for any k.

e The B modes can be considered as the holes (the tilde operators in TFD) for the modes
A: it hold indeed the relations

AL@)I0(1)) =

BL(t)|0(1)) = cosh (Tt)

which also show the particle content of |0(¢)).

ALO®)) = ——=—=B0(t))

1
cosh (T'xt)
1

BL0()) = ———=—=/A[0(1)) . (3.24)
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e It is possible to introduce formally an entropy operator S (here S generally stand for S,
or S B )

Sa=—3" [ALAxInsinh® (D4t) — ArAl Incosh® (Tyt)| (3.25)
k

and similarly for Sp. It is then possible to write
1 1
|O(t)> = exp <_25A)|]> = exp <—2SB)|]> s
|I) =exp <Z ALBL> 0) (3.26)
k
From this last equation we see how the time evolution can be expressed in terms of only one

subsystem, which is then regarded as an "open” one. The formal interpretation of S as an
entropy finds its justification in the following relations

(0(t)]S]0(¢) §>:OW t) In W, () .
o Wa(t) =1 (3.27)

where the W, (t) are some coefficients [5] (see also Section 2).
Differentiation of eq.(3.26) with respect to time gives

o) = - (35 ) ooy, (329

which shows that 3 h is the generator of time-translations. The fact that the entropy operator .S
controls the time evolutlon is a signal of the irreversibility of such an evolution for the dissipative
system under consideration. This is also clear if we consider the fact that the vacuum |0) is
not invariant under Js, although the Hamiltonian shows such an invariance: we thus have a
spontaneous breakdown of time translational symmetry, which establish a preferential direction
("arrow”) in time'.

The increasing in entropy for the separate subsystems is expressed by the monotonical in-
creasing of (0(¢)|.S|0(¢)) from t = 0 to t = oco: however, the difference of the two entropy operators
S4— Sp does commute with the Hamiltonian, thus resulting to be the conserved entropy for the
complete system.

It is also shown in ref.[15] that it is possible to introduce formally a (time dependent) tem-
perature [3(t), and a free energy F, such that, for example for the A subsystem,

Fa={0(0) (HA - ;s) () (3:29)

15We note how the time-reversal (discrete) symmetry is also broken in the original Lagrangian (3.2).
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In a adiabatic hypothesis (03/0t ~ 0), the minimization of the functional F, with respect to
0 = 't gives Ny, , i.e. the mean number of Ay particles condensed into the vacuum:

where Ej = hf);. Finally, the energetic balance of the A-system is given as
1
dE 4 — BdSA =0 (3.31)

where Sy = (0(t)[Sal0(t)) and Eq = > p ExNa,. Eq.(3.31) expresses the first principle of
thermodynamics for a system coupled with the environment at constant temperature and in
absence of mechanical work: F 4 is then interpreted as the internal energy of the A-system.

In conclusion, in the above scheme of quantization for the dho, the following fundamental line
emerges: the canonical formalism for a dissipative system requires the doubling of the degrees
of freedom in order to close the system and to deal with an isolated system. This is done by
introducing a mirror (time reflected) image of the original oscillator. However, the indefinite
structure of the Hamiltonian (3.9) requires, for the quantization, a larger framework than that
one of QM, where only one Hilbert space is admitted.

The transition to QFT is thus necessary, and there the dissipation is seen, at a fundamental
level, as transition (tunnelling) between unitarily inequivalent representations, parameterized by
the time t.

The statistical nature of the dissipation arise then naturally in the above scheme, and a
consistent picture of the energetic balance is given. Moreover, the strong similarity with the
framework of TF'D shows a deep connection with thermal systems. There is however an impor-
tant difference with respect to TFD, where (see Section 2) the total Hamiltonian is given by the
difference in the system and the reservoir (tilde) Hamiltonians. In contrast, the dho Hamiltonian
H (3.16) contains also a mixed term, i.e. Hj, which turned out to be just the generator of the
Bogoliubov transformation (3.21): it is responsible for the dissipative evolution of the system,
which on the other hand is controlled by the entropy. Thus the thermodynamical interpretation
of H is more that one of a free energy rather than of an energy.

We have also seen that the above quantization scheme naturally contains a breaking of
the time reversal symmetry, resulting in a different physics for forward and backward evolution.
Indeed, in the presence of the damping factor e~'*, the forward time evolution cannot be mapped
into backward time evolution by any operation (as complex conjugation in the non-dissipative
case) except time-reversal ¢ — —t. For dissipative systems, however, one is not allowed to use
time reversal without changing the physics: thus dissipation induces a partition on the time axis
and positive and negative time directions must be associated with separate modes'®. These two
time reversed modes must be considered together, when constructing a canonical system, which
requires to deal with a closed system.

161t is possible to show (see §3.4) that these modes are provided by hyperbolic coordinates.
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+iEt are involved, one can

In the non-dissipative case, where only oscillating factors of type e
actually limit himself to consider, e.g., only forward time direction, the backward time direction
being obtained by complex conjugation operation (or by ¢ — —t¢ which is now allowed since
time-reversal is not broken); this is why one does not need to consider backward and forward

modes as separate modes in the non-dissipative systems.

3.2 Quantization of boson field on a curved background

Let us now consider the problem of field quantization in a curved background. For a scalar
field we have|[18]

0+ m?| ¢(x) =0 (3.32)
06 = (~9) 20, [(~9)29" 0.0 (3.33)

The scalar product needs to be generalized as follows
(61.62) = =i [ 61(x) 9, 63(x) [—gs ()} az* (3:34)

with dX# = ntdX: ¥ is a spacelike hypersurface and d¥ is the element of volume enclosed.
Let us now consider a complete set of orthonormal (in the product (3.34)) solutions of
eq.(3.32), denoted by u;(x):

(ui,uj) = 6ij R (U* U*) = _61']' R (uz,u*) =0 (335)

17 J

Then the field may be expanded in this basis as
P(z) = [aiui(:z:) + aju? (x)} (3.36)

This expansion defines a set of operators ai,aI with canonical commutation relations and a
vacuum, denoted by |0).

However, since the choice of the coordinate system is arbitrary, we can choose a different
basis in which decompose our field. Denoting this new set of modes by @;(x), we can write

o) =Y au,(x) + aju;(x)] (3.37)

J

where now the operators a;, EL;[ are defined with respect a new vacuum |0).
Since both sets are complete, we can relate the modes #; to the u; as follows

u; = Z(ajiui + Bjiuy) (3.38)

aij = (U, u;) ) Bij = —(u;, u}) (3-39)
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These matrices are called the Bogoliubov coefficients and they have the following properties

Y (andly — BuBi) = o (3.40)
k
> (B — Biwagw) = 0 (3.41)
k

Equating the expansions (3.37) and (3.36) and using (3.38) and (3.39), we get the relation
between the two sets of operators:

4y = Y (aja — Bjal) (3.42)

i

This is a canonical (Bogoliubov) transformation.

3.2.1 Rindler spacetime
Let us now consider a specific situation of particular interest, namely the one of an uniformly

accelerated observer.
Consider two-dimensional Minkowski space with metric

ds* = dt* — dz* = dudv (3.43)

where . =t — x and v =t + x are the Minkowski null coordinates.
Now we perform the following coordinate transformation to the Rindler coordinates 7, &:

t=q ! al o3 h 75— _—1l,—au
¢ _16 S & v _Ci c inregion R (3.44)
r = a e coshan av

]

=a e
with a positive constant, —oco < 1,& < oo and u=n—&, v =n+ £. The line element is now
ds® = ¥ (d172 — d52) = *®dudv (3.45)

The coordinates (n,£) cover only the wedge = > [t| of Minkowski space (see Fig.1). Lines of
constant 7 are straight (z oc t) while lines of constant £ are hyperbolae

2 —t* = a"2e** = const = (properacceleration) > (3.46)

representing the world lines of uniformly accelerated observers. It is interesting to note that the
observers’ proper time is given by 7 = e%n.
A second Rindler wedge = < |t| covering another quarter of Minkowski space is defined by

t = —ale®sinhan
— —1_,a€ =
xr = —a~ e coshan

— a—le—au

inregion L (3.47)

S{I ]

— _afleav

Note that the regions R and L are causally disconnected: the rays « =0 and v = 0 (or u = 0o
and v = —00) act as event horizons for the accelerated observer.
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In order to consider quantization, let us look at the simple case of a massless scalar field in
two dimensions. In Minkowski spacetime we have

82
09() = (@ — 92)o(w) = 50 =0 (3.48)
which gives the usual plane wave solutions
U = 1 tkx—iwt <3 49)
" \/47rw€ :
w=[k] >0 ,  —oo<k<oo (3.50)

We denote by [057) the vacuum state associated with the expansion of the ¢ field in the basis
U -

Using the conformal invariance of Rindler space to Minkowski space (and the conformal
invariance of wave equation), we can write it in Rindler coordinates as

0%¢
2a€ (a2 2 _ _
e 0¢(x) = (0, — 0)p(r) = Sude (3.51)
for which we find the solutions
1 ikeion
Uy = ———e""T 3.52
g Viarw ( )
w=|kl>0 : —00 < k < o0 (3.53)
where the upper signs applies in region L and the lower in region R.
We can thus define two sets of operators, each of that is complete only in one region:
1 ikE—iwn in R
Ry, = { Viro© . (3.54)
0 n L
1 1k&+iwn in L
Ly = { Vamo© " (3.55)
0 mn R

We observe also that by making a imaginary, fu, and u; can be analytically continued to
regions F and P: thus they are complete (together) on all of Minkowski space and can be used
for expanding the field. Thus we have:

[e.o]

o) = 3 [ats + aluf] (3.56)
k=—0oc0

= > [beafue + b up + b + b, g (3.57)
k=—0oc0

To these different expansions correspond different vacua: |0/) and |0g) for the modes a; and
bi1, bi 2, respectively.
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We now want to compare the two expansions (3.56) and (3.57). To this end, let us note
that the functions fu; do not go smoothly to Lu, passing from R to L (i.e. crossing the point
u = v = 0), due to the sign change in the exponent at this point (see egs. (3.54), (3.55)). Thus
Ry, and Tuy, are non-analytic at this point.

However, the following combinations

R —nmw/a L, *

up + e ut (3.58)

Byr, + em/aly, (3.59)

are analytic at @ = © = 0. To see this, we use eqs.(3.44) and (3.47) to rewrite ®uy and Lu*, as
follows:

1 1 )
By, = exp|—iwu] = exp[l—wln(—aﬂ)] (3.60)
4w 4rw a
1 1 w
Ly = exp|—iwu] = exp|—In(au 3.61
—k Ao p[ ] \/m p[ a ( )] ( )

We thus see that the only difference is in the sign in the logarithm. Using In(—1) = —im, we

obtain
expl—mw/alfu*, = \/Lr_wexp[(—m)(—iw/a)]exp izln(aﬁ)}
= \/Lr_wea:p i%[ln(aﬂ)—ln(—l)] = \/i%exp [iiln(—au)] (3.62)

The expressions (3.60) and (3.62) are now the same: exp[—7nw/al*u*, can be regarded as an
analytical continuation of fuy to region L. Similarly, one can see that exp[rw/a]luy is the
analytical continuation of fu*, to region L.

The combinations (3.60) and (3.61) share the positive frequency analyticity properties of the
Minkowski mods g, thus they are associated to the same vacuum state |0y/). Let us then write
the normalized combinations

o = No|em/ Puy + Fur,] (3.63)
o, = N,[Muty + e/ Py (3.64)

w

and fix the normalization factors

1 = (¢wa¢w) = Nf} [e2mu/a - 1} ) NS = !

w e2nw/a _ 1

(3.65)

where relations (3.35) have been used. We also get N/, = N,. Then the field ¢(z) can be
expanded as

P(z) = i N, {dk,l [emj/a P + Lu*_k} + di2 [Ruik 4 e/ Luk} + h.c.}

k=—o00
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where now dj.1|0p) = di.2|0x) = 0.
We can now find the relation between the (Rindler) b modes and the (Minkowski) dj modes,

by taking the inner products (¢, Fuy), (¢, Lug), first with ¢ given by (3.57) and then by (3.66).
We thus get

|

bey = (2sinh(mw/a))2 [/ dy, + e ™l ] (3.66)
bz = (2sinh(mw/a))™% [e™/%dy; + ™/, ] (3.67)

This is a Bogoliubov transformation: we thus relate the states |05/) and |0g).

To understand the meaning of the above construction, consider an accelerated observer at
& = const. (for which the proper time is & 7). In the region R, this observer will count particles
(with momentum k) from the Minkowski vacuum as

1
e2rw/a _

(Oar|b] 2bk2|0r) = (3.68)

The same result holds for an accelerated observer in region L. Since this is the Planck spectrum
for a radiation at temperature Ty = a/27ky.

Thus, an accelerated observer in flat space will experience the Minkowski vacuum as a thermal
bath. By conformal transformation, it is possible to relate this result to the thermal bath seen
by an inertial observer in curved space (Hawking effect).
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Section 4

Spontaneous symmetry breaking and macroscopic
objects

4.1 Spontaneous symmetry breaking

In Section 1 we have seen how QFT has a dual structure: on one side there are the funda-
mental entities (Heisenberg fields) in terms of which the dynamics is described, on the other the
observed particles (described by free fields). This dual structure induces a sophisticated mech-
anism for the manifestation of the fundamental invariances of the system at phenomenological
level, in the various phases in which it can be.

The qualifying aspect of a particular phase of the system is its degree of order (symmetry)
with respect to the fundamental invariances of the system itself. The fact that the system can
manifest, at phenomenological level, different symmetries, is a consequence of its invariance
properties.

We have seen indeed that a system with infinitely many degrees of freedom admits the
existence of unitarily inequivalent representations of his dynamics, i.e. of inequivalent vacua,
which non-necessarily share the same invariance properties of the system.

We will see that the mechanism of boson condensation, which generate inequivalent repre-
sentations, is the same at the basis of the spontaneous breakdown of symmetry (SSB) and the
transition among different phases.

Let us consider a concrete example of SSB. A ferromagnet is described by a Hamiltonian
which is rotationally invariant: when it develop a non-zero magnetization, then the vacuum
manifests a directional order and also, since the direction of magnetization is arbitrary, vacua
with different directions are degenerate in energy.

We can immediately recognize two peculiar aspects of this process: the possibility that the
symmetry breaking takes place in any direction, is a sign of the original rotational invariance.
The stability of this order necessitates of correlations between the parts of the system.

The first point indicates that the degenerate vacua are each other connected (at least for-
mally) by the invariance transformations for the dynamics. The second point means that the
magnetization, i.e. the macroscopic order, is stable independently from local deviations: thus
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the deviation of a spin should be reacted by the other spins in a way that globally it is compen-
sated. The way in which such a correction acts is through a wave which propagates on the entire
domain. In QFT this domain is generally infinite, and this means that the mode associated to
the correlation is gapless.

It is important to understand in which cases it does exist a unitary representation of an
invariance transformation for the dynamics. This analysis will let us understand better the
difference between QM and systems with an infinite number of degrees of freedom.

We can define an invariance transformation for the dynamics as an automorphism of the
algebra A of the canonical variables (Heisenberg algebra). By definition, the automorphism does
preserve the algebraic relations (A’B’ = (AB), A" = At etc.) and in particular the commutation
relations, then it is a canonical transformation: the equations of motion, which in the Heisenberg
representation are algebraic relation among the elements of A, are invariant under its action.

A transformation T : H — H in QM is an ezact symmetry if Vo, 3 € H
(e, B)* = (&, 8)] (4.1)

i.e. if it leaves invariant the transition probabilities. It is an important result due to Wigner[19],
that any transformation of exact symmetry can be described in terms of an operator U : H — H
which is unitary or anti-unitary. This implies that the transformation 7" induces a corresponding
transformation 7 in the algebra A of canonical variables

TA: AcA—-A =UAU € A (4.2)

which, due to the unitarity of U, is an automorphism. Thus, in QM any exact symmetry is an
automorphism of the Heisenberg algebra. The point is now if a generic automorphism of A can
be written in the form (4.2). In QM, as a direct consequence of the Von Neumann theorem,
this is always possible[4]: any automorphism of A is an exact symmetry, i.e. it can be expressed
by means of a unitary operator U. The words ezact symmetry and invariance are synonyms in
QM.

The situation is quite different for infinite systems, for which the existence of inequivalent
representations is admitted. The existence of a unitary realization of the automorphism as in
(4.2) is not anymore guaranteed by the Von Neumann theorem, and when it does not exist, we
have spontaneous breakdown of the symmetry.

4.1.1 Spontaneous breakdown of continuous symmetries

The dynamics of a system of Heisenberg fields ¢(z) is determined by the Lagrangian density
L((x), 00 (x)), where ¢ stands for the set of the fields ¢; i = 1...n. If G(0) is a continuous
group in the parameters 6%, of (purely functional) transformations of the fields, then the variation
of L(¢(x),01(x)) under these transformations is given by

g [0 8v
0(0,10) 56°

1 50 = 6L(x) (4.3)
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and the Noether current is

» oL W
JH(I) - (O1p) 60 (4.4)
The observable charges are given by
Q") = [ daji(a) (45)
and we have
Loy = [ #wic) (4.6)
dt ‘

Thus the charges Q* are conserved when L is invariant under the transformations of GG. In this
case we have [H, Q"] = 0, where H is the Hamiltonian.
If G is a compact Lie group, the charges Q* form a basis of the associated Lie algebra

(@, Q"] = CQ (4.7)

where C%¢ are the structure constants.

Now, it is possible to see[4] that necessary and sufficient condition for the transformations of
G to be exact symmetries, is Q*|0) = 0. In such a case, it exist an unitary representation of G
obtained by exponentiation of the charges Q%:

U(0) = explif*Q?] (4.8)

If for some a, @Q|0) # 0 in a representation of 4, then |0) is not anymore invariant under
transformations of G and the symmetry is spontaneously broken. If the vacuum is invariant
under spatial translations we have that the action of ()® on it is not confined to the Hilbert
space of the representation under consideration. We have indeed[20]:

QI) = (01Q%10) = [ @ [ &y (0Liox)jofs)0) (49)

and, using the translational invariance of the vacuum state, i.e. e*|0) = |0), we get (a part
from a phase factor)

Oin(@)io®)I0) = (0l o(0)eF=ejy(0)eF|0)
= (OLia(0)e™ o (0)]0) = Fx— ) (4.10)

and )|0) is not normalizable

1Q[0)]2 = /deF(x) /d3y — (4.11)

On the other hand, such a result is not surprising: in §1.2 we have seen that the action of the
Bogoliubov generator G.(f) on the vacuum has the same effect, and this is to be interpreted as
a change of representation of the canonical variables.

Thus, when the invariance is spontaneously broken, we see how the transformations of G
connect inequivalent and degenerate vacua (representations).
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4.2 SSB and symmetry rearrangement

We have seen that necessary and sufficient condition for having breakdown of the invariance
under a continuous group G in a specific representation built on the vacuum |0) is the following

[H,Q]=0 ,  Q0)#0 (4.12)

As a consequence, the action of G leads out of the Fock space {|0)} and the vacua |0(0)) =
explif*Q?]|0), on which are built the inequivalent representations connected by transformations
of G, are degenerate.

When SSB is present, in the spectrum of the physical particles appear gapless excitations
(Goldstone bosons) which generate the long range correlations necessary for the stability of the
ordered state. It is possible to see that the transition between the inequivalent vacua is controlled
by transformations of the Goldstone fields.

This is the rearrangement of symmetry. In more general terms, this is defined as follows: con-
sider a continuous group G of transformations on Heisenberg fields, under which the Heisenberg
equations are invariant,

() = ' (x) = Gy ()] (4.13)

Let ¥ (x) = ¢[x; ¢] be the dynamical map, through which the Heisenberg fields are expressed
in terms of the physical fields ¢. If then exists a continuous group g of transformations on the
physical fields

¢(x) = ¢'(x) = glo(x)] (4.14)

inducing the transformations GG on the Heisenberg fields in the following way;,

Gl (z)] = ¥l glo(z)]] (4.15)

and if G and g are different groups, then we will say that the invariance G has been rearranged
in terms of the group g.

This means that, in the presence of SSB, the fundamental invariance of the theory is not
lost, but is realized (rearranged) in a different symmetry at the level of the observable fields.
The link between the two different levels of symmetry is provided by the dynamical map.

4.2.1 The rearrangement of symmetry in a phase invariant model
Consider the simple model of a boson complex scalar field exhibiting spontaneous symmetry
breaking. We have

L=-0"p'o + iy + Aly)? (4.16)

The Hamiltonian is given by
H= [ &z [i') = 9pivy - p2ple - Al (4.17)
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This Lagrangian is invariant under global phase transformations:

P(z) — P (z) = e’ Y(x)
=iy, oYt = —il (4.18)

where the second line gives the variation for infinitesimal #. The Noether current associated
with the above invariance is

Ju= it 9,0 (4.19)

The Noether charge @) is also the generator of the above transformation
0= —i / & [l — iy (4.20)

When the vacuum is not invariant under the action of (), we have spontaneous symmetry break-
ing:
Q[0) # 0 (4.21)

Associated with this breaking of symmetry, it appears the (gapless) Goldstone boson x (we have
only one Goldstone since we have only one generator @)

0*x(z) = 0 (4.22)

It is possible to show|[5] by use of path integral, that the general form of the dynamical map
for a theory with phase invariance is

Y(x) = eXOF[p,9y] (4.23)

with F being a functional of the quasiparticle field and of the derivatives (only) of the Goldstone
boson. The field x(x) appears in the phase. This is the rearrangement of symmetry: the phase
transformation of the Heisenberg field ¢(x) is controlled, at the phenomenological level, only by
the boson translation of the Goldstone field x(z):

x(z) — x(z) + (4.24)

We now define @ as the following quantity

1

¢(z) = S(¥(2) + Yi(2)) (4.25)

and yg as

Xir = 0% = L(0() - vl(a) (4.26)

The field xpy is the interpolating Heisenberg field for the Goldstone boson y; we also have
1 = ® —ixy. The order parameter is given by

v = S0IW() + ()]0 (127)
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Thus we have the first terms for the dynamical maps of ® and xg:

(I):v+le+...
Xu = ZaX + - (4.28)

and consequently for i
Y= (v+ Zip) —iZyx + - (4.29)

Here Z; and Z, are renormalization constants.

It is interesting to see which kind of informations can be extracted from the dynamical map
(4.29) in the linear approximation, i.e. when we disregard the dots.

We require that the Hamiltonian (4.17) is diagonalized at operator level (since we consider
a linear approximation) when the expansion (4.29) is used.

We then get the usual relation
2

2 1%
= —— 4.30
v 7 (4.30)

indicating that A should be negative (attractive interaction).
The Hamiltonian becomes

H= [ @[5 = (Vo) + 2220° + % = (VX)) (4.31)

The dynamical map of the generator () has the form
Q= /d3xc>'<(x) (4.32)

since [x(2), ¥(u)hor = i6%(x — y).
Thus, considering 9,7* = 0, and 9*y = 0, we write

Ju = cOux(z) + ... (4.33)

We have seen that this operator induces the boson transformation (4.24) on the Goldstone
field x (rearranged as phase transformation at the level of the Heisenberg field: ¢ — €%4)).

4.3 The boson transformation and the description of macroscopic ob-
jects

Consider an interacting boson field ¢(x) satisfying the following Heisenberg equation:

A@)¥(z) = Jll(z) (4.34)



where x = (t,x) and J is a certain functional of the 1 fields, describing their interactions.
The equations for the physical field ¢(x) is:

AD)p(x) =0 (4.35)
Now, equation (4.34) can be recasted in the following integral form (Yang-Feldman equation):

Y(r) = ¢(z) + A7(9) J[¥](x) (4.36)

The inverse of the free field operator is the Green function for the ¢(z) field. Eq.(4.36) can be
solved by iteration, thus giving an expression for the Heisenberg field ¢(x) in terms of powers
of the ¢(x) field; this is the dynamical map:

U(x) = Fl; ¢l (4.37)

This is expression is however not unique. Consider indeed a c-number function f(z), satisfying
the same equations of the free field:

A(D) f(x) =0 (4.38)
Then the Heisenberg equation (4.34) is satisfied also by

U(x) = o) + fz)+ A7(9) J[¥)(x) (4.39)

whose dynamical map is written as

V() = Flo;p+ f] (4.40)

It is possible to show[12, 5] that this new map is obtained from that in eq.(4.37), by the

boson field transformation
p(r) — p(r) + flz). (4.41)

Eqgs.(4.40), (4.41) express the boson transformation theorem|[12; 5]. It is now clear that a
given dynamics, eq.(4.34), contains an internal freedom, represented by the possible choices of
the function f(z) among the solutions of the free field equations (4.38).

Among these solutions, we can distinguish between Fourier transformable ones and Fourier
non-transformable ones. In the first case, the boson transformation (4.41) essentially give rise
to an homogeneous condensation.

More interesting is the case associated with solutions which are non Fourier transformable,
since in this case the translation (4.41) generate a local (inhomogeneous) condensation, which
can be associated to a macroscopic object. The absence of Fourier transform for the f(z) is
associated to the singularities carried by this function: they can be either divergent singularities
or topological singularities. The first are associated to a divergence of f(z) for |x| = oo, at least
in some direction. The second means that f(x) is not single-valued, i.e. is path dependent.
In this case, the macroscopic object described by the order parameter, will carry a topological
singularity.
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Also notice that the free field equations (4.38) are linear: thus every linear combination of the
solutions is also a valid choice for the boson transformations; these choices are however physically
inequivalent, since they describe, as we will see, different “sectors” for the macroscopic objects.

This is clear when we consider the structure of the Fock space: as we have seen in §1.2,
the boson field translation changes the structure of the original Hilbert space. It is possible to
show[12, 5] that in general, the structure of the Fock space in presence of extended object is
given by |0) ; = |0) ® |0), where |0) is the vacuum for the physical particles and |0), that relative
to the quantum-mechanical operators associated with the macroscopic objects.

The vacuum expectation value of eq.(4.39) gives the classical behaviour of the macroscopic
object:

or(z) = (0]s(2)[0)
= f(z)+ (0| [Afl(a) J[wf](l’)} 0) (4.42)

Notice that the order parameter ¢(x) contains quantum effects, due to the contractions of the
physical fields occurring in the second term of eq.(4.42). One may disregard these contributions
in a first approximation: this is obtained at the tree level, i.e. when a product of normal
ordered products of the p(z) fields is taken equal to a normal product. Thus at the tree level,
the only contributions from the second hand side of eq.(4.42) are from the f(x), since it holds
(0] J[¢4]|0) = J[¢py]. In this limit, ¢(z) given by eq.(4.42) is the solution of the (non-linear)
classical equation:

A0) ¢5(x) = Jlofl(z) (4.43)

Beyond the tree level, in general the form of this equation changes: quantum corrections can
affect the macroscopic level in a relevant way.

When we consider ¢(z) at tree level, the boson method essentially provides a linearization of
eq.(4.43), through eq.(4.42), which becomes a series in f(x) only, since all the terms containing
¢(x) are normal ordered, thus having zero expectation value on |0).

The boson transformation however does not give only the equations for the order parameter,
i.e. eq.(4.43). The dynamical map (4.39) describes indeed, at higher orders, the dynamics of one
or more quantum physical particles in the potential generated by the macroscopic object ¢(z).

To see this, we rewrite the dynamical map in presence of the macroscopic object, eq.(4.40),
by expanding around the classical field ¢(z) (including in general quantum corrections):

o o

Vi(x) = ¢p(z) + /d4y90(y) (Sfé(y)ébf( /d y1d'yz o(11) o(y2) 5f(y1)5f(y2)¢f(x): + ...
= ¢p(x) + V(@) + 2P (@) + . (4.44)

1
2
By acting with [ d'y o(y); (i

77 on eq.(4.43), we get'?
M@ U () — [y Vi(e,y) v (y) = 0

5 o 6G(z) s(z) 8G(z) (1)
st Clo) = [ &2 555 [ d'y o) 5y = [ d'= 555 vy (2)

1"We use [ d*yo(y)
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with  Vy(z.y) = (01 1110) (4.45)

5¢>()

Vi(z,y) is the (self-consistent) potential: it is induced by the macroscopic object which is self-
consistently created in the quantum field system.

Eq.(4.45) describe a particle under the influence of the potential Vi(z,y). It is possible to
derive a complete hierarchy of such equations, describing at higher order, scattering of two or
more particles in the potential of the macroscopic object. For example, the equation of next
order with respect to eq.(4.45) is:

MO (@) — [d'yViley)v®(y) = [ dyrd's Ve ) 6O ) v (1)
0 o
0¢(y1) 06(y2)

with  Vi(x,y1,12) = (0]J]]|0) (4.46)

4.3.1 Solitons in 1 + 1-dimensional \¢* model
In order to show how the above theory works, we consider an exactly solvable mode exhibiting
non-trivial topological solutions, namely the 1+ 1-dimensional A¢* model for a scalar boson field

()

= 0"pos) — ;/ﬂw? — iA Pt (4.47)
The equation of motion reads
(0 + 1) (x) = =AY’ () (4.48)

Here ) is an Heisenberg field. If spontaneous symmetry breaking occurs, we have a non-zero
expectation value for the Heisenberg field, denoted as

= (0[¢(2)0) (4.49)
We then define the Heisenberg operator p(x) as
P(x) = v + p() (4.50)
Then the equation (4.47) is rewritten as
3 1
(=0% =m*)p(x) = Smgp*(x) + 59°p () (4.51)
M? = —p? : g=V2\ : m? = 2\v? (4.52)

We now denote the asymptotic in-field by p(z): by definition it satisfies the free-field equation
associated to (4.51),
0% + m?| p"(x) = 0 (4.53)

Now we consider the dynamical map for the Heisenberg field p(x): this is an expansion in
terms of the field operators of the asymptotic fields, in our case p™(z). We remember that such
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an expansion is valid in a weak sense, i.e. when the expectation value on states of the Fock space
of asymptotic particles are taken.

By using the tree approximation - i.e. we write all products of normal products as normal
products without contractions -, we get

o) = p"(x) — Smgi [ Py —y): W)
0 [Py ) W~ o [ PyleAl - )AL~ 2) ) (454)

where A(z) is the propagator for the free field p™, i.e.: 92A(z) = i6*(x). We now put in eq.(4.51)
the expansion

o) = 3 P () (4.55)

where n denotes the order of the normal products and p(!) = p™. We then get (in the tree
approximation) the recurrence relation'®:

pM(x) = —2mgi / YAz —y): 32 PV W)Y ()
—~ ;gQi / CyAz—y): Z_ P ()9 () p™ (y) : (4.56)

At this point we perform the boson transformation:

P () = p"(2) + fl=) (4.57)
0" + m?| fx) = 0 (4.58)
Denoting by p; the boson-transformed (Heisenberg) field p, we have
(Ol (2)[0) = ¢¢(x) =v + (0lps(x)[0) (4.59)
We consider the static case, then eq.(4.58) becomes
d> 9

and, by taking the vacuum expectation value of the dynamical map eq.(4.54), we get
3
or(@) = v+ f(2) + Smg [dyK(@—y) )

+ 592/dyK($—y)f3(y) + 2m2g2/dyK(x—y)f(y)/de(y—z)fz(z) + (4.61)

8We use the formula (valid for absolutely converging series):

(Zan)kzz Z i, - ag,
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where the Green’s function K (x) is defined by

d2
(dxz — m2> K(x—y) =z —y) (4.62)
The recurrence relation becomes

o) = Smg [dyE@—y) Y o) W)

2 i+j=n

+ ;gQ / dyK (z —y) / dyK(z—y): S P we e (4.63)

i+j+k=n
As a solution of eq.(4.60) we choose f(x) which diverges at x = —oo and is regular at z = oc.
We have
flx) = Ae™ (4.64)
K@) = —9(—1;)”11 sinh(m) (4.65)

Noticing that psfl (z) = f(x), we get from the vacuum expectation value of (4.63)":

P @) = Cle™)" (4.66)

ORI — [3mg SO0+ Y GO L (n>2)  (467)
m*(n* —1) |2 i+j=n 2" ibitE=n

Ci=A

Solving eq.(4.67), and using v = m/g, we have
A n
Cp=2v <> (4.68)

which gives

dr(x) = v+ 2v i (ie_mx>n

n=1
1+ (A/2v)e~™*
- (A/2v)e—m=

(4.69)
By choosing A = —2ve™“, we obtain

¢s(r) = vtanh [Tg(ac — a)] (4.70)

9We use

—mnx

(&

> L. —mn
_‘/Z dygslnh(my)e Y = m
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which is the well known static solution of the non-linear equation

(0% + p*)or(z) = —Adi(x) (4.71)

If on the other hand we choose A = 2ve™?, we get another solution of eq.(4.71):

¢¢(x) = vcoth {Tg(x - a)] (4.72)

Multiple-soliton solutions of eq.(4.71) can be obtained by f which are superposition of f
20

corresponding to single-soliton solutions®.
4.3.2 Vortices in superfluids
The transformation (4.24) can be read as the boson transformation when 6 is interpreted as
the cylindrical angle?!,
x(x) = x(x) + end(z) (4.73)
For a static f indeed, %y = 0 becomes the Laplace eq. for 6, and also the order parameter is

single valued, as should be, since the phase of ¢ = ;(0]1]|0); is €™’ which is single valued.
After the boson transformation, the current becomes

1
Ji==-Vix +nV;0 (4.74)
c
where the dots are ignored. This generates the macroscopic current
Ti@) = ;0jl0); =nVib = "e; , i=1,2 (4.75)
T

This is the superfluid vortex. We have J3 = 0.
The quantization of the flux is expressed as

ds-J =2mn (4.76)
08

or

Qr = /SdSeg (VxJ)=2mn (4.77)

From eq.(4.75) we see that the superfluid current does diverge at r = 0; this however does not
happen in practice since the current should be well defined everywhere, thus it is zero at the
vortex center.

20This is possible due to the linearity of the equation for f.
21Then 0 satisfies V260 = 0.
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Section H

Mixing transformations in Quantum Field Theory

5.1 Fermion mixing

In this Section we will consider the mixing transformations for fermion fields in QFT [22].
Since we have in mind neutrinos, for which we will consider flavour oscillations, we will specialize
in the following discussion to neutrino Dirac fields. However, the scheme has general validity for
any Dirac fields.

Let us consider mixing of two flavour fields [23] (for extension to three flavours see ref.[22])
which we will denote by v.(x), v,(z). The mixing relations, originally proposed by Pontecorvo,
are

Ve(x) = v1(x) cosf + va(z) sind

v, () = —vi(z) sinf + v,(z) cosd, (5.1)

where v.(z) and v,(x) are the (Dirac) neutrino fields with definite flavours. 1v(z) and vy(z)
are the (free) neutrino fields with definite masses m; and ma, respectively. The fields v;(z) and
vo(x) are written as

1 ik-x r T T T .
(@) = = 30 e [ug(Baies +0 O], i=1.2. (5.2)
k,r

where uj ;(t) = e *tup ; and v ,(t) = e“*"p ;, with wy; = /k? +mi. The of ; and the
Bri» i =1,2, r = 1,2 are the annihilation operators for the vacuum state |0); 2 = [0); ® [0)2:

o i10)12 = B ;]0)12 = 0. The anticommutation relations are:

(V2 (@), ) () hiee = 3 (x = ¥)dupdiy .  a,f=1,..,4, (5.3)
and
{aﬁ,zﬁ af;fj} = 5kq57“86ij; {511;,1'7 ﬁ;]:j} = 5kq5T55ij7 27.] = ]-) 2. (54)
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All other anticommutators are zero. The orthonormality and completeness relations are:

DG = UGG = O D = 2o i =
« o
S+ ) = o (5.5)

T

Eqgs.(5.1) (or the ones obtained by inverting them) relate the respective Hamiltonians H; 5 (we
consider only the mass terms) and H. , [23]:

HLQ = My V11 + My Vol (56)

H., = Mee Uele + My Uyl + My (Delly + DUyle) (5.7)

where m.. = my cos? @ + mysin® 6, My, = My sin 20 + my cos? 0 and Mey, = (Mg —my) sinf cos 6.

We have seen in the previous Chapter, that in QFT the basic dynamics, i.e. the Lagrangian
and the resulting field equations, is given in terms of Heisenberg (or interacting) fields. The
physical observables are expressed in terms of asymptotic in- (or out-) fields, also called physical
or free fields. In the LSZ formalism of QFT [9, 7], the free fields, say for definitiveness the
in-fields, are obtained by the weak limit of the Heisenberg fields for time t — —oo. The meaning
of the weak limit is that the realization of the basic dynamics in terms of the in-fields is not
unique so that the limit for ¢ — —oo (or t — +o00 for the out-fields) is representation dependent.

Typical examples are the ones of spontaneously broken symmetry theories, where the same
set of Heisenberg field equations describes the normal (symmetric) phase as well as the symme-
try broken phase. We also observed that, since observables are described in terms of asymp-
totic fields, unitarily inequivalent representations describe different, i.e. physically inequivalent,
phases. It is therefore of crucial importance, in order to get physically meaningful results, to
investigate with much care the mapping among Heisenberg or interacting fields and free fields,
i.e. the dynamical map (see §1.3). Only in a very rude and naive approximation we may assume
that interacting fields and free fields share the same vacuum state and the same Fock space
representation.

With this warnings, mixing relations such as the relations (5.1) deserve a careful analysis,
since they actually represent a dynamical mapping. It is now our purpose to investigate the
structure of the Fock spaces H; 2 and H. , relative to vy (x), v2(z) and ve(x), v,(x), respectively.
In particular we want to study the relation among these spaces in the infinite volume limit. We
expect that H; 2 and H., become orthogonal in such a limit, since they represent the Hilbert
spaces for free and interacting fields, respectively [7]. In the following, as usual, we will perform
all computations at finite volume V' and only at the end we will put V' — oc.

Our first step is the study of the generator of eqs.(5.1) and of the underlying group theoretical
structure.

Egs.(5.1) can be put in the form*? [22]:

v (z) = GH(0,t) v (z) G(O,1)

e

22We use here the notation G(6) for the generator, instead of U(6).
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vi(z) = G71(0,t) v (z) G(0,t) (5.8)
where G(0,t) is given by
G(0,t) = exp [0/d3x (VlT(:E)l/g(x) — Vg(x)l/l(x))} : (5.9)

and is (at finite volume) an unitary operator: G=1(0,t) = G(—0,t) = G'(0,t), preserving the
canonical anticommutation relations (5.3).

2 2 . e e “ .
Eq.(5.9) follows from 5102 Ve = —vd, C;i92V = —vy with the initial conditions v%|g—y = V%,
dge|90—’/2and’/|00_’/2>@u|90 -7

We note the time dependence of the generator G: it represent an important feature and
will be carefully considered in §5.3; in the following however it will be often omitted since it is
inessential to the present discussion.

We also observe that G(f) is an element of SU(2). Indeed, it can be write as

G(0) = expld(S+ — S_)] . (5.10)
with
S, = /dgx vi@)w(z) , S_= /d3x vi(z)(z) = (ST, (5.11)
Sy =2 [ (@)~ ri@m() (5.12)
~ 9 1 2 ) :
together with the Casimir, which is just the total charge,
_1 [ dx (v @y (@) + v @pnl) (5.13)
- ) 1 2 ’ :
closing the su(2) algebra:
[S+7 S*] = 2S3 ) [537 Si] = :l:Si ) [507 53] [So, Si] =0. (514>

It is interesting to look at the momentum expansion of the above generators:

=D SK(1) = 2D (uid (Duia () gl o, + (5.15)
K

kK s
+U£Tk,1<t>uls<,2(t) 5ik,1a18<,2 + Uﬁl (t)vikg(t) 0‘17?1 k2 T v’ k 1(75)Uik,2(t> 6ik,16iTk,2) )

= Z Sk () => > uk2 Jug 1 ( 0422&;1 + (5.16)

k 7,8
+U ot )Uk 1(t) BTy 00 + ulj2(t)vik (1) oy 26 k1 TV k2( )07 41 (t) Bl o iT1<,1) ;

1 T T T 7" T T
S3 = Z S:Ia{ D) Z (OékT104k1 ﬂjk,lﬁ—k,l OészOék,Q + ﬁjk,zﬁ—kz) ) (5.17)
k

k,r
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SO = Z S(l){ = 5 Z (O/l;]tl&ﬁ,l - ﬂﬁk,lﬁik,l + 04;[20471;72 - ﬂik’gﬂikQ) . (518)
k k,r
We observe that the operatorial structure of eqs.(5.15) and (5.16) is the one of the rotation
generator and of the Bogoliubov generator. These structures will be exploited in the following.
Using these expansions it is easy to show that the su(2) algebra does hold for each momentum
component:

(9%, 8] =285, [S5, 88 =+SE , [S5,55] =[5, S5 =0,
(S, 58] = [S5, 58] =[5, 58] =0 , k#p. (5.19)

This means that the original su(2) algebra given in eqgs.(5.14) splits into k disjoint sux(2) alge-
bras, given by eqs.(5.19), i.e. we have the group structure @, SUx(2).

To establish the relation between H;, and H., we consider the generic matrix element
12(alv(2)]|b)1,2 (a similar argument holds for v§(x)), where |a), 2 is the generic element of Hj 5.
By using eq. (5.8), we obtain:

12(alG(0) v (x) GTHO)b)12 = 12(alvf(2)]b)12 - (5.20)

Since the operator field v, is defined on the Hilbert space H. ,, eq.(5.20) shows that G~(6)|a)1 2
is a vector of H.,, so G~1() maps Hia to He,: GH(0) : His — Hey. In particular for the
vacuum |0); » we have (at finite volume V'):

0())e,. = G7H(0,1) [0)12 - (5.21)

|0(%))e,u is the vacuum for H, ,, which we will refer to as the flavour vacuum. Due to the linearity

of G(0,t), we can define the flavour annihilators, relative to the fields v.(z) and v,(x) as®®

Oee(t) = G710, 1) oy G(0,1)

(1) = G740, t) a0 G(0,1)

Bre(t) = G7H(0,1) Biy G(O,1) (5.22)
Bru(t) = G7H(0,1) Bip G(0,1)

(%,8) = 7= € 1, (00f 1) + s (O (1)
v, t) = =30 € (U 2 (B)0f (1) + 045 ()87 (1) (5.23)

Note that the above expansion for a field is a general one for Heisenberg fields [5]. We observe
that G71(0) = exp[0(S_ — S, )] is just the generator for generalized coherent states of SU(2) [8]:

*3The annihilation of the flavour vacuum at each time is expressed as: o, ,(£)[0(t))e,, = G~(6,1) o 10)1,2 = 0.
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the flavour vacuum is therefore an SU(2) (time dependent) coherent state. Let us now obtain
the explicit expression for |0)., and investigate the infinite volume limit of eq.(5.21).
Using the Gaussian decomposition, G(6) can be written as [8]

expld(S_ — Si)| = exp(—tanb S,) exp(—2In cosh Ss) exp(tand S_) (5.24)
where 0 < 6 < 7. Eq.(5.21) then becomes

10)e,. = [T10)%,, = [T exp(—tand S¥)exp(—2in cosd S5) exp(tand S¥)0)y 5 . (5.25)
K K
The final expression for |0), , in terms of Sk and S¥ is [22]:

1
0)e. =1 [1 + sin 6 cos 0 (SE - Sﬁ) + 5 sin® @ cos® 0 ((Slf)2 + (Sfﬁ)z) + (5.26)
k
1 1
—sin? g5k Sk + 5 sin® 0 cos 0 (S¥(S%)? — Sk (5%)?) + 0 sin® «9(5_‘;)2(55)2} 10)15 -
The state |0).,, is normalized to 1 (see eq.(5.21)).
Let us now compute 15(0|0) ,. We obtain

. 1.
1,2<0|0>e”u, = H (1 — Sln2 0 172<O|S_IT_SE|O>1,2 + Z Slfl49 172<0|(S_1T_)2(Sl_()2|0>172>
k

=TI (1 —sin?6 Vi?)” = [[T(k) = €m0, (5.27)
k k

where the function V4 is defined in eq.(5.33) and plotted in Fig.1 . Note that |V;|* depends on
k only through its modulus, it is always in the interval [0, 1] and |V4|?* — 0 when k — oo.
By using the customary continuous limit relation >, — (2%)3 [ d3k, in the infinite volume
limit we obtain R —
Jm 1 5(0[0),, = lim e @’

=0 (5.28)
since I'(k) < 1 for any value of k and of the parameters m; and ms.

Notice that (5.28) shows that the orthogonality between |0). , and |0); 2 is due to the infrared
contributions which are taken in care by the infinite volume limit and therefore high momentum
contributions do not influence the result (for this reason here we do not need to consider the
regularization problem of the UV divergence of the integral of In I'(k)). Of course, this orthog-
onality disappears when § = 0 and/or when m; = msy (because in this case Vi = 0 for any k& and
no mixing occurs in Pontecorvo theory).

Eq.(5.28) expresses the unitary inequivalence (see §1.2) in the infinite volume limit of the
flavour and the mass representations and shows the non-trivial nature of the mixing transforma-
tions (5.1). In other words, the mixing transformations induce a physically non-trivial structure
in the flavour vacuum which indeed turns out to be an SU(2) generalized coherent state. In
§5.3 we will see how such a vacuum structure may lead to phenomenological consequences in the
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neutrino oscillations, which possibly may be experimentally tested. From eq.(5.28) we also see
that eq.(5.21) is a purely formal expression which only holds at finite volume.

Let us now return to the dynamical map, eqs.(5.22): it can be calculated explicitly, thus
giving the flavour annihilation operators

O‘ﬁ,e(t) = cos 0 a£,1 + sinf Z [ulrjl (t)“ig(t) Oéigc,z + “El (t)Uik,z(t) ﬁiTkQ}

S
alrc,p(t) = cosf a£,2 — sinf Z [ULB(t)uiil(t) CVisc,1 + U?g(t)vs—k,ﬂt) 6?1(,1} (5.29)
By o(t) =cost 7y, + sind > [US—TkQ(t)UT—k,l(t) Blxa + uij?(t)vik,l(t) aliTQ}

Brap(t) = cos0 oy — sind 3 [0 (074 ,(8) By + up (D07 4e0(t) 03]

Without loss of generality, we can choose the reference frame such that & = (0,0, |k|). In
this case the spins decouple and we have the simpler expressions:

. o(t) = cosf ay ; + sind (Uﬁ(t) Qo t+ € Vi(t) ﬁﬁkﬁ)
&i,#(t) = cosf oy, — sinf (U (t) gy — € Vil(?) ﬁﬁk 1) (5.30)
Brao(t) = cosf By, + sind (U(t) Blhs — € Vi) aily)

Bliu(t) = cosf By, — sind (U(t) By, + € VAlt) g

where ¢" = (—1)" and

U(t) = uEQ(t)u;l(t) = UiTkJ(t)Uik,Q(t)

Vi) = € ugly ()07 4 5 (t) = —€" uply ()07 14 (2) - (5.31)
We have:
Vie = |Vi| e@rzteont 0 Th = |Uy| e @r2mena)t (5.32)
1
|U | _ <wk’,1+ml>2 (wk,2+m2> ( |]1{|2 )
o =
2w 1 2w 2 (Wi, + mq) (w2 + mo)
: K
VA = (W’“’l - ml) (w’“ - m2> ( ) (5.33)
ka,l 2wk72 u)k ,2 + m2 (wa + m1>
Uil + [Vi* = 1 (5.34)

We thus see that, at the level of annihilation operators, the structure of the mixing transformation
is that of a Bogoliubov transformation nested into a rotation. The two transformations however
cannot be disentangled, thus the mixing transformations (5.30) are essentially different from the
Bogoliubov transformations previously encountered.
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Figure 5.1: The fermion condensation density |V|? in function of k& and for sample values of the
parameters my and mo.

Solid line: my =1, mo = 100

Long-dashed line: m; = 10, my = 100

Short-dashed line: mq = 10, mo = 1000

It is possible to exhibit the full explicit expression of |0)¥, (at time ¢ = 0) in the reference
frame for which k = (0,0, |k|):

0%, =TT [(1 = sin0 [Vi?) — €"sin 6 cos i (o875 + aily870 1)+ (5.35)

+ ¢"sin’ ¢ Vil Ukl (0421 iTk,1 - O‘Qz iTk,2> + sin” 0 |Vk‘2 0421 i1<,204£J[2 TTk,J 0)1,2

We see that the expression of the flavour vacuum |0). ,, appears to be rather complicated, since it
involves four different particle-antiparticle ”couples”, two of which with different masses: this in
particular makes complicated the time dependence of such a state due to the presence of different
phase factors associated to the various terms. It is interesting to compare |0)., with the BCS
superconducting ground state[11], which involves only one kind of couple and is generated by a
simple Bogoliubov transformation (cf. eq.(2.79).

The condensation density is given by

e (Ol 1]0).0 = sin® 6 [Vie|” (5.36)

with a similar result for o o, fi; and Gy ,.
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5.2 Boson mixing

Let us now discuss the case of boson mixing. Consider two charged boson fields ¢;(x), 1 = 1,2
and their conjugate momenta m;(x) = 80¢ZT(Q7), satisfying the usual commutation relations with
non-zero commutators given by:

[61(2), m ()] e = |01 (@), 7l ()], = i6*(x —y)
(s af| = [bri, b, = 8°*(k — p) (5.37)
¢i(x) = / (2&:){31;@ (ares €™ + b, €7 (5.38)

; d3k Wi ik.x —ik.z
m(x):z/@ﬂ)g,/ ; (aLiek' — by e k) (5.39)

with k.x = wt — k - x. Now we define mixing relations as:

pa(x) = ¢p1(x) cosd + Py(z) sind
op(x) = —¢1(x) sin@ + ¢o(x) cosb (5.40)

We generically denote the mixed fields with A and B. As for fermions we put eqgs.(5.40) into
the form:

da(r) = G7H(0,1) ¢1(z) G(0,1)
o5(x) = GH(0,1) ¢a(z) G(0,1) (5.41)

and similar ones for 74, ¢, where G(6,1) is given by
G(0.t) = cap |~ 0 [ d'x (m(2)éae) - m{@)o}(@) — mal@)or (@) + l@)eb(@)| 42

and is (at finite volume) an unitary operator: G1(6,t) = G(—0,t) = G'(6,t). Exactly like in
the fermion case, G(6,t) can be written as

G(0,t) = expld(Sy — S_)] . (5.43)

where now
Si =St =i [dx (m(2)6a(x) - mhlw)ol (@) (5.44)

which together with
S = —21 /dSX (7T1(37)<Z51($) — mo()¢2(x) + Wi@)@(»’“) - ﬂ(@d(iﬁ')) (5.45)
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S(]:CjE

—1
T @x (m(@)or (@) — 7l @06 (2) + mal)nla) ~ mh@)oh(@)  (5.46)
close the su(2) algebra associated to the rotation (5.40): [S4,S_] = 253 , [S3,54] = £S54
[So, S3] = [So, Sx] = 0.

The expansions of S, and S_ are:

S, (t) = / d*k (Uk(t) afyarco — Vi (8) borranea + Vie(t) af bl — Up(8) boieabl ) (5.47)

S_(t) = / Ak (U (t) af sa11 — V() aloob sy + Vi () boseatier — Uit boaeabl i 1) (5.48)

with Uy = |Uy| errmer2)t Vi = [V ] efriter2)l and

1 1
|Uk’ = — ( % + wk’2> ’ |Vk’ = - ( Wg,1 B wk,z) ’
2 Wk,2 Wk, 1 2 W2 Wk 1
Ul* = > =1 (5.49)

Then one can put |Uyx| = coshoy , |Vi| = sinh oy with o = 5 In (z—;)

Like in the fermion case, the generator of boson mixing transformations does not leave
invariant the vacuum of the fields ¢, o(z), say |0);.2, since it induces an SU(2) (bosonic )coherent
state structure resulting in a new state |0) 4 p:

0(t)as =G '(0,t) [0)12 (5.50)

Clearly, the annihilator operators for the vacuum |0(t)) 4 p are given by ax 4 = G™(6,t) ax1 G(6,1),
etc.. We have for example

ag,a(t) = cosf ax; + sind (Uk(t) ako + V(1) bT_kg) : (5.51)

Similar expressions can be obtained for ayx g, bxa and bx p. From eq.(5.51) and similar, we
see how the only difference with respect to fermion mixing, is in the (internal) Bogoliubov
transformation, which now, as due for bosons, has coefficients which satisfy hyperbolic relations
(cf.eq.(5.49)).

The condensation density of the vacuum is given by

12(0]af qax 4|0)12 = sin® 0 [Vi|? = sin? @ sinh? [1 In (c«m)] (5.52)
# et 2\
which appears to be very different from the corresponding quantity in the fermion case. We
observe (see Fig.2) that still the main contribution to the condensate comes from the infrared
region, although now it is maximal at zero and, most important, not limited to be less than one.
It is also interesting to see how the above scheme works in the case of neutral boson fields
¢i(z), i = 1,2 and their conjugate momenta m;(x) = 0y¢;(z), with the following non-zero
commutators:

[6i(2), mi(W)my = 0°(x —y) . |ai ab,] = 8*(k — p) (5.53)
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d’k 1
d)l(x) - / (27‘()% \/2(4)]”

d3k Wk, . —ik.x ik.x
mi(x) _/(27r)§w 2’ z(—ame k. —i—aLiek') (5.55)

The mixing generator is still given by G(0,t) = exp[0(Sy — S_)] and the su(2) operators are
now realized as

(ak,,» e kT 4 aLi e“”) (5.54)

Sy =—1i /d3x m(z)pa(z) , S-=—i /d3x mo ()1 ()
S1= 5 [ Ex(mie)o) - m(@)ale) (5.56)
So=7 [ dx(m()or(e) + ma(a)da(x))

The realization in terms of the creation and annihilation operator is slightly different with
respect to the charged field case, being now

(S, —S5.) = /d3kz (Uk afkvlak,g — Vi a_xiax2 + Vi aLQaT_k’1 — Uy aLQak,O (5.57)

where the hyperbolic coefficients Uy and Vj are the same of the ones defined in eq.(5.49).
Also the annihilator for the mixed field has a similar form to that of eq.(5.51),

ak,a(t) = cosf ax; + siné (Uk(t) axz + Vi(t) aT_kVQ) . (5.58)

The condensation density is exactly the same as in eq.(5.52).

5.3 Green’s functions and neutrino oscillations

e The usual picture for neutrino oscillations (Pontecorvo)

In the original Pontecorvo and collaborators treatment[23], the mixing relations (5.1) are
assumed to hold also at the level of states - i.e. the vacuum is taken to be the same for flavour
and mass eigenstates - :

|Ve) = cosf|vy) + sinf |vs)

lv,) = —sind |vy) + cosf |vg) (5.59)

where the states |v;) , i = 1,2 are eigenstates of the Hamiltonian: H|v;) = w;|v;). Then the
time evolution gives

(1)) = e ™Hu,) = e 7™ cosf |vy) + e 2 sinf |vy)

() = e My,) = —e " sinf |vy) + e cosd |vy) (5.60)
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IV (k,mq,my)[?

‘ 2

Figure 5.2: The boson condensation density |Vi|* in function of k& and for sample values of the
parameters my and mo.
Solid line: mq = 10, my = 100

Dashed line: m; = 10, mgy = 200

We thus have at time ¢, the flavour oscillations
P (t) = [velre(®))
A
= 1 —sin®26 sin? (;t) . (5.61)

The number of electron neutrinos therefore oscillates in time with a frequency given by the
difference Aw = wy — w;. This oscillation is a flavour oscillation since we have at the same time:

PVe_>Vu (t) - |<V,U‘|V€ (t)> |2
A
— sin?20 sin? (;%) (5.62)
The conservation of probability reads as

P (t) + Py, (t) =1 (5.63)

e Neutrino oscillations in QFT
We now consider neutrino oscillations in the framework of QFT. We discuss this by using
Green’s functions. In order to discuss flavour oscillations is sufficient to consider the following
Lagrangian
L=0U0—me)ve+0, (0 0—my)v, — Mey (Telly + Dyle) . (5.64)
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Generalization to a higher number of flavours is straightforward. This Lagrangian can be fully
diagonalized by substituting for the fields the mixing relations

ve(x) = wvi(x) cosh + va(x) sinf
vu(z) = —uvi(z) sinf + vo(z) cosf , (5.65)

where 6 is the mixing angle and m, = m; cos?0 + ms sin® | my, = m sin?0 + my cos6 | Mey =
(mg — my)sinf cosf . vy and vy therefore are non-interacting, free fields, anticommuting with
each other at any space-time point. Their expansions are given in eqs.(5.2)

The fields v, and v, are thus completely determined through eq.(5.65). We have seen that it
is possible to expand the flavour fields v, and v, in the same basis as v; and v»,

vo(x) = G;1<t>u?<x>Ge<t>:v*%z[u; Btar () + 7y e BT ()] €% (5.66)
Vi) = Gyl(t)vs(x) Go(t) = V3 Z[ Bonatal (1) + 07,0 2 3T ()] ¢F(5.67)

by means of the generator (5.9). The flavour annihilation and creation operators are given in
eq.(5.30).

The bilinear mixed term of eq.(5.64) generates four non-zero two point causal Green’s func-
tions for the mixed fields v,, v,. They are compactly written in the matrix form

( Seb(x,y) Sel(x,y) ) _ 0l ( T [ve@)7l(y)] T [ve(@)nd ()]
« « = 1’2 o — o —

Se0(z,y) S2B(,y) @) T [m@y)
where T denotes time ordering. Use of (5.65) gives S, in momentum representation as

+my . K+ my
e k) — 29’%— 0
See(ko, k) = cos W —m? 4 i + sin W —mitio

) 10)12, (5.68)

(5.69)

which is just the weighted sum of the two propagators for the free fields v; and v5. It coincides
with the Feynman propagator obtained by resumming (to all orders) the perturbative series
-1
See = Se (1 + m2, SuSe + ml, SuSeSuSe + ...) = S (1 —m2, SuS.) (5.70)

where the “bare” propagators are defined as S.;, = (£ —m./, +10)~'. In a similar way, one
computes S, and 5.

The transition amplitude for an electronic neutrino created by age at time ¢ = 0 into the
same particle at time ¢ is given by

PrL(k, £) = il et S (k, £) /., (5.71)

Here, SZ.(k,t) denotes the unordered Green’s function (or Wightman function) in mixed (k,t)
representation. The upper script > (or <) is related with the corresponding € function. The
explicit expression for S (k,t) is

SZP(k t) = —ZZ (cos TRt g ﬂk 1+ sin®f e R2t 0 a{"f; ) : (5.72)

39



The probability amplitude (5.71) is independent of the spin orientation and given by
Pee(k,t) = cos’0 + sin® |Uy|> e {@rzwralt (5.73)

For different masses and k # 0, |Ux| is always < 1 (see eq.(5.33 and fig.(5.1)). Notice that
|Ux|> — 1 in the relativistic limit k > /mimy @ only in this limit the squared modulus of
P.e(k,t) reproduces the Pontecorvo oscillation formula.

Of course, it should be lim; g+ Pe.(t) = 1. However, one obtains instead

P..(k,0") = cos®d + sin?0 |Uy|* < 1. (5.74)

This means that the choice of the state |0); 5 in (5.68) and in the computation of the Wightman
function is not the correct one. We thus realize the necessity to work in the correct representation
for the flavour fields, i.e. we have to calculate the Green’s functions on the flavour vacuum |0).,,.

We now show that the correct definition of the Green’s function matrix for the fields v., v,
is the one which involves the non-perturbative vacuum |0)

( GoB(x,y) G(x,y) )
GO (x,y) Gu(x,y)

ey 1.€.

(O(w0) ( Tle@w)] T @)
I @] T ee)

Notice that here the time argument y, (or, equally well, xy) of the flavour ground state, is

)IO(yO)M. (5.75)

chosen to be equal on both sides of the expectation value. We observe that transition matrix
elements of the type ,(0|a. exp [-iHt] al|0). ., where H is the Hamiltonian, do not represent
a physical transition amplitudes: they actually vanish (in the infinite volume limit) due to the
unitary inequivalence of flavour vacua at different times (see below). Therefore the comparison
of states at different times necessitates a parallel transport of these states to a common point
of reference. The definition (5.75) includes this concept of parallel transport, which is a sort of
“gauge fixing”: a rich geometric structure underlying the mixing transformations (5.65) is thus
uncovered. This geometric features include also Berry phase and a gauge structure associated
to the mixing transformations.
In the case of v, — v, propagation, we now have (for k = (0,0, |k|)):

Gee(ko, k) = Sec(ko, k) + 2mi sin®0|[Viel* (J + my) 6(k* — m3)
— [URlIVid 32 (€ p 07 (ko — wa) + €040 T (ko +w2)) |, (5.76)

where we used € = (—1)".

Comparison with eq.(5.69) shows that the difference between the
full and the perturbative propagators is in the imaginary part.

The Wightman functions for an electron neutrino are iG2?(t,x;0,y) = . ,.(0[v2(t,x) 7°(0,¥)[0)e s
and iG;07(t,%;0,y) = ¢, (0[5 (t,x) 77(0,¥)[0)c,u. These are conveniently expressed in terms of

anticommutators at different times as
iG2P (k) = 3 |upap] {og (), opl e et 1 onap {87 (1), il et] (5.77)
I8

iG0 ) = S lws ] {ag, (0, ail f et 1 ong w {87,(0), afl e ](5.78)
T
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Here and in the following age stands for 04;[6(0). These relations show that the definition of the
transition amplitudes singles out one anticommutator by time :

Prk,t) = iul et G2k )7 u, = {ag (1), 01}
—  cos2f +sin20 [‘UkIQQ—i(wka—wa)t_*_ |Vk‘26i(Wk72+Wk’1)t:|, (579>

Prkt) = vl et G2k, 1) up, = {87 (), ail. }

= " |Uy||Vi| sin®6 [e““”“rwk,l)t — e_i(”’“vﬁw’“l)t}, (5.80)

Prolet) = iudye ! G ()1 uy = {ai,, (), ol }
= |Ux| cosf sinf [1 — ei(w’“vQ’”kvl)t], (5.81)

Pge(ka t) = Z.UT—Jrk,Qe_Zw}C’Zﬁ Gie(kv t) ’youﬁ,l = {BiTk,u(t)7 OZIT(TE}

= € |Vk| cosf sinf [1 — e_i(“”“ﬁ“’“)t} : (5.82)

All other anticommutators with o vanish. Notice that in the perturbative case, there were only
two non-zero amplitudes, i.e. P, and P,.. In conclusion, we thus find that the probability
amplitude is now correctly normalized: lim;_o+ Pec(k,t) = 1, and Pee, P, Pre g0 to zero in the
same limit ¢ — 07 . Moreover,

Pr e O+ [PL Ok ) + [P )|+ |Pren)] =1, (5.83)

as the conservation of the total probability requires. We also note that the above transition
probabilities are independent of the spin orientation.

For notational simplicity, we now drop the momentum and spin indices. The momentum
is taken to be aligned along the quantization axis, k = (0,0, |k|). It is also understood that
antiparticles carry opposite momentum to that of the particles. At time t = 0 the vacuum state
is |0).,, and the one electronic neutrino state is

ve) = al[0)e,, = [cosfal + U] sind o} — ¢ [V] sinf alais]] [0)1, (5.84)

In this state a multiparticle component is present, disappearing in the relativistic limit & >
mims: in this limit the (quantum-mechanical) Pontecorvo state is recovered. The time evo-
luted of |v.) is given by |v.(t)) = e *Ht|v,).

Notice that the flavour vacuum |0). , is not eigenstate of the free Hamiltonian H. It “rotates”
under the action of the time evolution generator: one indeed finds limy_.o ¢, (0| 0(%))c, = 0.
Thus at different times we have unitarily inequivalent flavour vacua (in the limit V' — oo): this
expresses the different particle content of these (coherent) states and it is direct consequence of
the fact that flavour states are not mass eigenstates. The flavour content of the time evoluted
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electronic neutrino state is found to be
ve(t)) = {771(75) al + m(t) @L + n3(t) QZOCL@Z + na(t) @Zalﬁl] 10) e, s (5.85)

with ii‘ni(tw = 1. Let |0(¢))e, = e |0)¢, and define the charge operators as Q. =
al/uae/# — ﬁl/,ﬁe/u' We have
e ODQel0())ess = (0| QplO(E))e = 0, (5.86)
2 2
(ve®)|Qelre(t)) = [{ae®),al}|” + [{8(),0l}] (5.87)
weIQulve(d) = [{au(®),al}] + [{81(1). i}

Charge conservation is ensured at any time: (v.(t)| (Qe + Q) |ve(t)) = 1. The oscillation
formula for the flavour charges then readily follows

Prne,t) = b 0,0} + [{87.(0) i}

= 1 —sin*(20) [|Uk|2 sin? (Mt) + | Vi|? sin® (Wtﬂ ,

(5.88)

2

P et) = |{af, @), ai )+ [{87 .0 0id [

= sin?(20) {]Uk|2 sin® (Wt) + |V&|? sin® (Wt)] .

This result is exact. The additional contribution to the usual oscillation formula, does oscil-
late with a frequency which is the sum of the frequencies of the mass components. For particular
values of the masses and/or of the momentum, egs.(5.89), (5.90) show that resonance is possible
in vacuum. In the relativistic limit k > |/m;m; the traditional oscillation formula is recovered.
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Appendix

Derivation of some relations

Derivation of egs.(1.21), (1.22)

From eqgs.(1.21) we have, for 6 real,

d , dG 1y _
—pa(6) = iU(B)[=2,al U (6) = 1 (A.1)

which has (1.17) as a solution, when the initial condition a(#)|gp—o = a is taken.
For # complex, we can redefine the a operator by including in it the phase of 6, then the
proof is the same as above.

Derivation of eq.(1.23)
Eq.(1.23) follows from the following relation:

U(f) = exp (—;|9|2) erp (—QaT) exp (0" a) (A.2)

This can be proved for 6 real, by using eABe™4 = el4" 1B and the definition of U(6) eq.(1.22):

;9 [U(@)e‘ea} = —U(f) et (eeaaTe_ea) = —-U(0) 6_9“;2 <9aT + ;92> (A.3)
Derivation of eq.(1.42)
Consider a(f) as given by eq.(1.41). We have
a(zkak(e) = iU Lciléi’akl U™ = Ui U™ = —pL(6) (A.4)
;;%ak(e) = —iU [;lz,bf(] U™t = a(h) (A.5)

By use of the initial conditions ay(#)|g,—0 = ax and %ak(eﬂek:o = —b}, eq.(A.5) has (1.38) as
solution.
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Derivation of eq.(4.54)
Eq.(4.54) follows from eq.(4.48) after defining the inverse of the differential operator as

(=02 = m?) " Flpla)] = (<) [ d*yAe ~y) : Flo(y)] (A6)

i.e., as the convolution integral with the propagator when acting on a certain functional of the
fields.
Then eq.(4.48) gives, at different levels of iteration,

Q@) = P (A7)
P = )+ Sme(—i) [ @yse—y): PP 0 () [ Pud - ) )
o) = @)+ smg(—i) [ @ya—y): WP e () [ PyA ) W)

Then p’’(z) contains a g2 term coming from the term : [p!(y)]? ::
2

fmg /deA { (y) + mg /d22A —2):p ()]2:+.} : (A.8)

from which we get the third term in the dynamical map eq.(4.54).
Spinor wave functions

r G-k
§ b
up; = A ;U= A
Wk, z+mz ér ér

1
1 0 Wi, +m; | 2 .
== — AZE —_— ’ :1727 :172
& <0>’§2 <1> ’ < 2w ) Z '

—ks ks
Uigu}c,z = _Ui,ﬂi,z = A4y < + )

Wk,1 + ma WE.2 + Mo

. —ky + ik ki — ik
1t 2t 1 \*_ LT S
v —k, 1uk2 = (U—kj,lukf72) - A1A2 (CL)k 1 + my - Wk 2 + m2>
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