
ARNOWITT-DESER-MISNER FORMALISM

In the Arnowitt–Deser–Misner formalism the four dimensional metric

gµν is parametrized by the three-metric hij and the lapse and shift func-

tions N and N i, which describe the evolution of time-like hypersurfaces,

g00 = −N 2 + hijNiNj, g0i = gi0 = Ni, gij = hij. (1)

The action for the inflaton scalar field with potential V (φ) in the ADM

formalism has the form

S =
∫

d4x
√−g





1

2κ2
R − 1

2
(∂φ)2 − V (φ)





=
∫

d4xN
√

h





1

2κ2

(

(3)R + KijK
ij−K2

)

+
1

2

[

(Πφ)2−φ|iφ
|i]−V (φ)



 ,

(2)

where κ2 = 8π G = 8π/M 2
P is the gravitational coupling defining the

Planck mass and Πφ is the scalar-field’s conjugate momentum

Πφ =
1

N
(φ̇ − N iφ|i) . (3)

Vertical bars denote three-space-covariant derivatives with connections

derived from hij;
(3)R is the three-space curvature associated with the

metric hij, and Kij is the extrinsic curvature three-tensor

Kij =
1

2N
(Ni|j + Nj|i − ḣij), (4)

where a dot denotes differentiation with respect to the time coordinate.

The traceless part of a tensor is denoted by an overbar. In particular,

K̄ij = Kij −
1

3
Khij, K = K i

i =
1

N

[

Ni|i − ∂t ln
√

h
]

. (5)

The trace K is a generalization of the Hubble parameter, as will be shown

below. Variation of the action with respect to N and N i yields the energy

and momentum constraint equations respectively

−(3)R + K̄ijK̄
ij − 2

3
K2 + 2κ2 ρ = 0 ,

K̄j
i|j −

2

3
K|i + κ2 Πφφ|i = 0 .

(6)



Variation with respect to hij gives the dynamical gravitational field

equations, which can be separated into the trace and traceless parts

K̇ − N iK|i = − N
|i
|i + N







1

4
(3)R +

3

4
K̄ijK̄

ij +
1

2
K2 +

κ2

2
T





 , (7)

˙̄K i
j − NkK̄ i

j|k + N i
|kK̄

k
j − Nk

|jK̄
i
k = −N

|i
|j +

1

3
N

|k
|k δi

j

+ N
(

(3)R̄i
j + KK̄ i

j − κ2 T̄ i
j

)

.
(8)

Variation with respect to φ gives the scalar-field’s equation of motion

1

N
(Π̇φ − N iΠφ

|i) − KΠφ − 1

N
N|iφ

|i − φ
|i
|i +

∂V

∂φ
= 0 . (9)

The energy density on a constant-time hypersurface is

ρ =
1

2

[

(Πφ)2 + φ|iφ
|i] + V (φ), (10)

and the stress three-tensor

Tij = φ|iφ|j + hij





1

2

[

(Πφ)2 − φ|kφ
|k]

− V (φ)



 . (11)

It is extremely difficult to solve these highly nonlinear coupled equa-

tions in a cosmological scenario without making some approximations.

The usual approach is to assume homogeneity of the fields to give a

background solution and then linearize the equations to study deviations

from spatial uniformity. The smallness of cosmic microwave background

anisotropies gives some justification for this perturbative approach at

least in our local part of the Universe. However, there is no reason to

believe it will be valid on much larger scales. In fact, the stochastic ap-

proach to inflation suggests that the Universe is extremely inhomogeneous

on very large scales. Fortunately, in this framework one can coarse-grain

over a horizon distance and separate the short- from the long-distance

behavior of the fields, where the former communicates with the latter

through stochastic forces. The equations for the long-wavelength back-

ground fields are obtained by neglecting large-scale gradients, leading to

a self-consistent set of equations, as we will discuss in the next section.



SPATIAL GRADIENT EXPANSION

It is reasonable to expand in spatial gradients whenever the forces aris-

ing from time variations of the fields are much larger than forces from

spatial gradients. In linear perturbation theory one solves the perturba-

tion equations for evolution outside of the horizon: a typical time scale

is the Hubble time H−1, which is assumed to exceed the gradient scale

a/k, where k is the comoving wave number of the perturbation. Since

we are interested in structures on scales larger than the horizon, it is

reasonable to expand in k/(aH). In particular, for inflation this is an

appropriate parameter of expansion since spatial gradients become ex-

ponentially negligible after a few e-folds of expansion beyond horizon

crossing, k = aH .

It is therefore useful to split the field φ into coarse-grained long-

wavelength background fields φ(t, xj) and residual short-wavelength fluc-

tuating fields δφ(t, xj). There is a preferred timelike hypersurface within

the stochastic inflation approach in which the splitting can be made con-

sistently, but the definition of the background field will depend on the

choice of hypersurface, i.e. the smoothing is not gauge invariant. For

stochastic inflation the natural smoothing scale is the comoving Hubble

length (aH)−1 and the natural hypersurfaces are those on which aH is

constant. In that case a fundamental difference between between φ and

δφ is that the short-wavelength components are essentially uncorrelated

at different times, while long-wavelength components are deterministi-

cally correlated through the equations of motion.

In order to solve the equations for the background fields, we will have

to make suitable approximations. The idea is to expand in the spatial

gradients of φ and to treat the terms that depend on the fluctuating fields

as stochastic forces describing the connection between short- and long-

wavelength components. In this Section we will neglect the stochastic

forces due to quantum fluctuations of the scalar fields and will derive the

approximate equation of motion for the background fields. We retain only

those terms that are at most first order in spatial gradients, neglecting

such terms as φ
|i
|i , φ|iφ

|i, (3)R, (3)Rj
i , and T̄ j

i .



We will also choose the simplifying gauge N i = 0 [Note that for the

evolution during inflation this is a consequence of the rapid expansion,

more than a gauge choice]. The evolution equation (8) for the traceless

part of the extrinsic curvature is then ˙̄K i
j = NKK̄ i

j. Using NK =

−∂t ln
√

h from (5), we find the solution K̄ i
j ∝ h−1/2, where h is the

determinant of hij. During inflation h−1/2 ≡ a−3, with a the overall

expansion factor, therefore K̄ i
j decays extremely rapidly and can be set

to zero in the approximate equations. The most general form of the

three-metric with vanishing K̄ i
j is

hij = a2(t, xk) γij(x
k), a(t, xk) ≡ exp[α(t, xk)], (12)

where the time-dependent conformal factor is interpreted as a space-

dependent expansion factor. The time-independent three-metric γij, of

unit determinant, describes the three-geometry of the conformally trans-

formed space. Since a(t, xk) is interpreted as a scale factor, we can sub-

stitute the trace K of the extrinsic curvature for the Hubble parameter

H(t, xi) ≡ 1

N(t, xi)
α̇(t, xi) = −1

3
K(t, xi). (13)

The energy and momentum constraint equations (6) can now be writ-

ten as

H2 =
κ2

3





1

2
(Πφ)2 + V (φ)



 , (14)

H|i = −κ2

2
Πφφ|i , (15)

together with the evolution equation (7)

− 1

N
Ḣ =

3

2
H2 +

κ2

6
T =

κ2

2
(Πφ)2 , (16)

where T = 3
(

1
2
(Πφ)2 − V (φ)

)

.

In general, H is a function of the scalar field and time, H(t, xi) ≡
H(φ(t, xi), t). From the momentum constraint (15) we find that the

scalar-field’s momentum must obey

Πφ = − 2

κ2





∂H

∂φ





t

. (17)



Comparing Eq. (16) with the time derivative of H(φ, t),

1

N





∂H

∂t





x
= Πφ





∂H

∂φ





t

+
1

N





∂H

∂t





φ

= −κ2

2
(Πφ)2 +

1

N





∂H

∂t





φ
,

(18)

we find





∂H

∂t





φ
= 0.

In fact, we should not be surprised since this is actually a consequence

of the general covariance of the theory.

On the other hand, the scalar field’s equation (9) can be written to

first order in spatial gradients as

1

N
Π̇φ + 3HΠφ +

∂V

∂φ
= 0 . (19)

We can also show that the conjugate momentum Πφ does not depend

explicitly on time, its only dependence comes through φ. For this, differ-

entiate Eq. (14) w.r.t. φ to obtain

Πφ







∂Πφ

∂φ







t

+ 3H Πφ +
∂V

∂φ
= 0

and compare with (19), where

1

N
Π̇φ = Πφ







∂Πφ

∂φ







t

+







∂Πφ

∂t







φ

, (20)

which implies







∂Πφ

∂t







φ

= 0.



HAMILTON-JACOBI FORMALISM

We can now summarise what we have learned. The evolution of a

general foliation of space-time in the presence of a scalar field fluid can

be described solely in terms of the rate of expansion, which is a function

of the scalar field only, H ≡ H(φ(t, xi)), satisfying the Hamiltonian

constraint equation:

3H2(φ) =
2

κ2





∂H

∂φ





2

+ κ2 V (φ) , (21)

together with the momentum constraint and the evolution of the scale

factor,

1

N
φ̇ = − κ2

2





∂H

∂φ



 = Πφ (22)

1

N
α̇ = H(φ) , (23)

as well as the dynamical gravitational and scalar field evolution equations

1

N
Ḣ = − 2

κ2





∂H

∂φ





2

= − κ2

2
(Πφ)2 , (24)

1

N
Π̇φ = − 3H Πφ − V ′(φ) . (25)

Therefore, H(φ) is all you need to specify (to second order in field

gradients) the evolution of the scale factor and the scalar field during

inflation.

These equations are still too complicated to solve for arbitrary po-

tentials V (φ). In the next section we will find solutions to them in the

slow-roll approximation.



SLOW-ROLL APPROXIMATION AND ATTRACTOR

Given the complete set of constraints and evolution equations (21) -

(25), we can construct the following parameters,

ε ≡ − Ḣ

H2
=

2

κ2







H ′(φ)

H(φ)







2

= − ∂ ln H

∂ ln a
, (26)

δ ≡ − φ̈

Hφ̇
=

2

κ2







H ′′(φ)

H(φ)





 = − ∂ ln H ′

∂ ln a
, (27)

in terms of which we can define the number of e-folds Ne as

Ne ≡ ln
aend

a(t)
=

∫ tend

t
Hdt = −κ2

2

∫ φend

φ

H(φ)dφ

H ′(φ)
. (28)

In order for inflation to be predictive, you need to ensure that inflation

is independent of initial conditions. That is, one should ensure that there

is an attractor solution to the dynamics, such that differences between

solutions corresponding to different initial conditions rapidly vanish.

Let H0(φ) be an exact, particular, solution of the constraint equation

(21), either inflationary or not. Add to it a homogeneous linear pertur-

bation δH(φ), and substitute into (21). The linear perturbation equation

reads H ′
0(φ) δH ′(φ) = (3κ2/2) H0δH , whose general solution is

δH(φ) = δH(φi) exp







3κ2

2

∫ φ

φi

H0(φ)dφ

H ′
0(φ)





 = δH(φi) exp(−3∆N) ,

(29)

where ∆N = Ni − N > 0, and we have used (28) with the particular

solution H0(φ). This means that very quickly any deviation from the

attractor dies away. This ensures that we can effectively reduce our two-

dimensional space (φ, Πφ) to just a single trajectory in phase space.

As a consequence, regardless of the initial condition, the attractor

behaviour implies that late-time solutions are the same up to a constant

time shift, which cannot be measured.



AN EXAMPLE: POWER-LAW INFLATION

An exponential potential is a particular case where the attractor can

be found explicitly and one can study the approach to it, for an arbitrary

initial condition.

Consider the inflationary potential

V (φ) = V0 e−βκφ , (30)

with β � 1 for inflation to proceed. A particular solution to the Hamil-

tonian constraint equation (21) is

Hatt(φ) = H0 e−
1

2
βκφ , (31)

H2
0 =

κ2

3
V0





1 − β2

6







−1

. (32)

This model corresponds to an inflationary universe with a scale factor

that grows like

a(t) ∼ tp , p =
2

β2
� 1 . (33)

The slow-roll parameters are both constant,

ε =
2

κ2







H ′(φ)

H(φ)







2

=
β2

2
=

1

p
� 1 , (34)

δ =
2

κ2







H ′′(φ)

H(φ)





 =
β2

2
=

1

p
� 1 . (35)

All trajectories tend to the attractor (31), while we can also write down

the solution corresponding to the slow-roll approximation, ε = δ = 0,

H2
SR(φ) =

κ2

3
V0 e−βκφ , (36)

which differs from the actual attractor by a tiny constant factor, 3p/(3p−
1) ' 1, responsible for a constant time-shift which cannot be measured.



HOMOGENEOUS SCALAR FIELD DYNAMICS

Singlet minimally coupled scalar field φ, with effective potential V (φ)

Sinf =
∫

d4x
√−gLinf , Linf = −1

2
gµν∂µφ∂νφ − V (φ) . (1)

Its evolution equation in a Friedmann-Robertson-Walker metric:

φ̈ − 1

a2
∇2φ + 3Hφ̇ + V ′(φ) = 0 , (2)

together with the Einstein equations,

H2 =
κ2

3





1

2
φ̇2 +

1

2a2
(∇φ)2 + V (φ)



 , (3)

Ḣ = −κ2

2
φ̇2 , (4)

where κ2 ≡ 8πG. The inflation dynamics described as a perfect fluid

with a time-dependent pressure and energy density given by

ρ =
1

2
φ̇2 +

1

2a2
(∇φ)2 + V (φ) , (5)

p =
1

2
φ̇2 − 1

6a2
(∇φ)2 − V (φ) . (6)

The field evolution equation (2) implies the energy conservation equation,

ρ̇ + 3H(ρ + p) = 0 . (7)

If the potential energy density of the scalar field dominates the kinetic

and gradient energy, V (φ) � φ̇2, 1
a2(∇φ)2, then

p ' −ρ ⇒ ρ ' const. ⇒ H(φ) ' const. , (8)

which leads to the solution

a(t) ∼ exp(Ht) ⇒ ä

a
> 0 accelerated expansion . (9)

Definition: number of e-folds,

N ≡ ln(a/ai) ⇒ a(N) = ai exp(N)



THE SLOW-ROLL APPROXIMATION

During inflation, the scalar field evolves very slowly down its effective

potential. We can then define the slow-roll parameters,

ε ≡ − Ḣ

H2
=

κ2

2

φ̇2

H2
� 1 , (10)

δ ≡ − φ̈

Hφ̇
� 1 . (11)

The condition which characterizes inflation is

ε < 1 ⇐⇒ ä

a
> 0 , (12)

i.e. horizon distance dH ∼ H−1 grows more slowly than scale factor a.

The number of e-folds during inflation:

N = ln
aend

ai
=

∫ te

ti
Hdt =

∫ φe

φi

κdφ
√

2ε(φ)
. (13)

The evolution equations (2) and (3) become

H2
(

1 − ε

3

)

' H2 =
κ2

3
V (φ) , (14)

3Hφ̇



1 − δ

3



 ' 3Hφ̇ = −V ′(φ) . (15)

Phase space reduction for single-field inflation, H(φ, φ̇) → H(φ) .

ε =
1

2κ2







V ′(φ)

V (φ)







2

� 1 ,

η =
1

κ2

V ′′(φ)

V (φ)
� 1 ,

N = κ2
∫ φe

φi

V (φ) dφ

V ′(φ)
.



GAUGE INVARIANT LINEAR PERTURBATION THEORY

The unperturbed (background) FRW metric can be described by a

scale factor a(t) and a homogeneous scalar field φ(t),

ds2 = a2(η)[−dη2 + γij dxidxj] , (16)

φ = φ(η) , (17)

where η is the conformal time η =
∫ dt

a(t)
and the background equations of motion can be written as

H2 =
κ2

3





1

2
φ′2 + a2V (φ)



 , (18)

H′ −H2 =
κ2

2
φ′2 , (19)

φ′′ + 2Hφ′ + a2V ′(φ) = 0 , (20)

where H = aH and φ′ = aφ̇.

During inflation, the quantum fluctuations of the scalar field will in-

duce metric perturbations which will backreact on the scalar field.

The most general line element, in linear perturbation theory, with

both scalar and tensor metric perturbations [inflation cannot generate,

to linear order, a vector perturbation], is given by

ds2 = a2(η)
[

−(1 + 2A)dη2 + 2B|idxidη

+ {(1 + 2R)γij + 2E|ij + 2hij}dxidxj
]

, (21)

φ = φ(η) + δφ(η, xi) . (22)

The indices {i, j} label the three-dimensional spatial coordinates with

metric γij, and the |i denotes covariant derivative with respect to that

metric. The gauge-invariant tensor perturbation hij corresponds to a

transverse traceless gravitational wave, ∇ihij = hi
i = 0.



GAUGE INVARIANT GRAVITATIONAL POTENTIALS

The four scalar metric perturbations (A, B,R, E) and the field per-

turbation δφ are all gauge dependent functions of (η, xi). The tensor

perturbation hij is gauge independent.

Under a general coordinate (gauge) transformation

η̃ = η + ξ0(η, xi) , (23)

x̃i = xi + γij ξ|j(η, xi) , (24)

with arbitrary functions (ξ0, ξ), the scalar and tensor perturbations trans-

form, to linear order, as

Ã = A − ξ0′ −Hξ0 , B̃ = B + ξ0 − ξ′ , (25)

R̃ = R−Hξ0 , Ẽ = E − ξ , (26)

h̃ij = hij , (27)

(where primes denote derivatives with respect to conformal time).

Possible to construct two gauge-invariant gravitational potentials,

Φ = A + (B − E ′)′ + H(B − E ′) , (28)

Ψ = R + H(B − E ′) , (29)

which are related through the perturbed Einstein equations,

Φ = −Ψ , (30)

k2

a2
Ψ = 4π G δρ , (Poisson) (31)

where δρ is the gauge-invariant density perturbation corresponding to

the scalar field.



Consider the action (1) with line element

ds2 = a(η)2
[

−(1 + 2Φ)dη2 + (1 − 2Φ)dx2
]

in the Longitudinal gauge, where Φ is the gauge-invariant gravitational

potential (28). Then the gauge-invariant equations for the perturbations

on comoving hypersurfaces (constant energy density hypersurfaces) are

Φ′′ + 3HΦ′ + (H′ + H2)Φ =
κ2

2
[φ′δφ′ − a2V ′(φ)δφ] , (32)

−∇2Φ + 3HΦ′ + (H′ + H2)Φ = −κ2

2
[φ′δφ′ + a2V ′(φ)δφ] , (33)

Φ′ + HΦ =
κ2

2
φ′δφ , (34)

δφ′′ + 2Hδφ′ −∇2δφ = 4φ′Φ′ − 2a2V ′(φ)Φ − a2V ′′(φ)δφ .

This system of equations seem too difficult to solve at first sight.

However, there is a gauge invariant combination of Mukhanov variables

u ≡ aδφ + zΦ ,

z ≡ a
φ′

H .

for which the above equations simplify enormously,

u′′ −∇2u − z′′

z
u = 0 ,

∇2Φ =
κ2

2

H
a2

(zu′ − z′u) ,






a2Φ

H







′
=

κ2

2
zu .

From these, we can find a solution u(z), which can be integrated to give

Φ(z), and together allow us to obtain δφ(z).



QUANTUM FIELD THEORY IN CURVED SPACE-TIME

We should consider the perturbations Φ and δφ as quantum field fluc-

tuations. Note that the perturbed action for the scalar mode u can be

written as

δS =
1

2

∫

d3x dη





(u′)2 − (∇u)2 +
z′′

z
u2





 . (35)

Quantize the field u in the curved background: write the operator

û(η,x) =
∫ d3

k

(2π)3/2

[

uk(η) âk eik·x + u∗
k(η) â†

k e−ik·x] , (36)

with

[âk, â
†
k′] = δ3(k − k

′) , âk|0〉 = 0 . (37)

Each mode uk(η) decouples in linear perturbation theory,

u′′
k +





k2 − z′′

z





uk = 0

This is a Schrödinger-like equation with potential U(η) = z ′′/z.

We will use the slow-roll parameters (10),

ε = 1 − H′

H2
=

κ2

2

z2

a2
' const. � 1 , (38)

δ = 1 − φ′′

Hφ′ = 1 + ε − z′

Hz
' const. � 1 . (39)

In terms of these parameters, the conformal time and the effective po-

tential for the uk mode can be written as

η =
−1

H
1

1 − ε
, (40)

z′′

z
=

1

η2



ν2 − 1

4



 , where ν =
1 + ε − δ

1 − ε
+

1

2
. (41)



EXACT SOLUTIONS

In the slow-roll approximation, the effective potential is z ′′/z ' 2H2.

The exact solutions are (Hankel: H (1)

3/2(x) = −eix
√

2/πx(1 + i/x)),

uk(η) =

√
π

2
ei(ν+1

2)π

2 (−η)1/2 H (1)
ν (−kη) , (42)

De Sitter Event horizon H−1 sets the physical scale,

uk =
1√
2k

e−ikη k � aH , (Minkowsky vacuum)

uk = C1 z k � aH . (superhorizon modes)

In the superhorizon limit kη → 0, the solution becomes

|uk| '
1√
2k





k

aH





1
2−ν

, for ε, δ � 1 . (43)

Φk = C1(k)



1 − H
a2

∫

a2dη



 + C2(k)
H
a2

, (44)

δφk =
C1(k)

a2

∫

a2dη − C2(k)

a2
. (45)

where C1(k) ⇒ growing solution, C2(k) ⇒ decaying solution.

For adiabatic perturbations, we can find a gauge invariant quantity

that is also constant for superhorizon modes,

ζ ≡ Φ +
1

εH (Φ′ + HΦ) =
u

z
' Rc , for k � aH

Rc = gauge-invariant curvature perturbation on comoving hypersurfaces.

Can evaluate Φk when perturbation reenters the horizon during radi-

ation/matter eras in terms of the curvature perturbation Rk when it left

the Hubble scale during inflation,

Φk =



1 − H
a2

∫

a2dη



 Rk =
3 + 3ω

5 + 3ω
Rk =















2
3
Rk radiation era ,

3
5 Rk matter era .



GRAVITATIONAL WAVE PERTURBATIONS

The action for the tensor perturbation hij as quantum field

δS =
1

2

∫

d3x dη
a2

2κ2

[

(h′
ij)

2 − (∇hij)
2
]

, (46)

ĥij(η,x) =
∫ d3

k

(2π)3/2

∑

λ=1,2

[

hk(η) eij(k, λ) âk,λ eik·x + h.c.
]

, (47)

where eij(k, λ) are the two symmetric eij = eji, transverse kieij = 0, and

traceless eii = 0 polarization tensors, eij(−k, λ) = e∗ij(k, λ), satisfying
∑

λ e∗ij(k, λ)eij(k, λ) = 4. Redefine the gauge invariant tensor mode,

vk(η) =
a√
2κ

hk(η) , (48)

satisfying decoupled evolution equations, in linear perturbation theory,

v′′k +





k2 − a′′

a





 vk = 0 . (49)

For constant slow-roll parameters, the potential becomes

a′′

a
= 2H2

(

1 − ε

2

)

=
1

η2



µ2 − 1

4



 , µ =
1

1 − ε
+

1

2
.

We can solve equation (49) exactly in terms of the Hankel function (42)

with ν → µ. In the two asymptotic regimes,

vk =
1√
2k

e−ikη k � aH , (Minkowsky vacuum)

vk = C a k � aH . (superhorizon modes)

In the superhorizon limit kη → 0, the solution becomes

|vk| =
1√
2k





k

aH





1
2−µ

. (50)

Since hk is constant on superhorizon scales, we can evaluate the tensor

metric perturbation when it reentered during the radiation/matter eras

directly in terms of its value during inflation.



POWER SPECTRA OF SCALAR AND TENSOR METRIC

PERTURBATIONS

Let us consider first the scalar (density) metric perturbations Rk,

which enter the horizon at a = k/H . Its two-point correlation func-

tion is given by

〈0|R∗
kRk′|0〉 =

|uk|2
z2

δ3(k − k
′) ≡ PR(k)

4πk3
(2π)3 δ3(k − k

′) , (51)

PR(k) =
k3

2π2

|uk|2
z2

=
κ2

2ε





H

2π





2 



k

aH





3−2ν

≡ A2
S





k

aH





n−1

(52)

This equation determines the power spectrum in terms of its amplitude

at horizon-crossing, AS, and a tilt,

n − 1 ≡ d lnPR(k)

d ln k
= 3 − 2ν = 2





δ − 2ε

1 − ε



 ' 2η − 6ε , (53)

It is possible, in principle, to obtain from inflation a scalar tilt which is

either positive (n > 1) or negative (n < 1). Furthermore, depending

on the particular inflationary model, we can have significant departures

from scale invariance.

Let us consider now the tensor (gravitational wave) metric perturba-

tion, which enter the horizon at a = k/H ,

∑

λ
〈0|h∗

k,λhk′,λ|0〉 =
8κ2

a2
|vk|2δ3(k − k

′) ≡ Pg(k)

4πk3
(2π)3 δ3(k− k

′)(54)

Pg(k) = 8κ2




H

2π





2 



k

aH





3−2µ

≡ A2
T





k

aH





nT

. (55)

Therefore, the power spectrum can be approximated by a power-law

expression, with amplitude AT and tilt

nT ≡ d lnPg(k)

d ln k
= 3 − 2µ = −





2ε

1 − ε



 ' −2ε < 0 , (56)

which is always negative. In the slow-roll approximation, ε � 1, the

tensor power spectrum is approximately scale invariant.
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ANISOTROPIES OF THE MICROWAVE BACKGROUND

The Universe just before recombination is a very tightly coupled fluid,

due to the large electromagnetic Thomson cross section. Photons scat-

ter off charged particles (protons and electrons), and carry energy, so

they feel the gravitational potential associated with the perturbations

imprinted in the metric during inflation. An overdensity of baryons (pro-

tons and neutrons) does not collapse under the effect of gravity until it

enters the causal Hubble radius. The perturbation continues to grow until

radiation pressure opposes gravity and sets up acoustic oscillations in the

plasma. Since overdensities of the same size will enter the Hubble radius

at the same time, they will oscillate in phase. Moreover, since photons

scatter off these baryons, the acoustic oscillations occur also in the pho-

ton field and induces a pattern of peaks in the temperature anisotropies

in the sky, at different angular scales.

Three different effects determine the temperature anisotropies we ob-

serve in the microwave background:

Gravity: photons fall in and escape off gravitational potential wells,

characterized by Φ in the comoving gauge, and as a consequence their

frequency is gravitationally blue- or red-shifted, δν/ν = Φ. If the gravi-

tational potential is not constant, the photons will escape from a larger

or smaller potential well than they fell in, so their frequency is also blue-

or red-shifted, a phenomenon known as the Rees-Sciama effect.

Pressure: photons scatter off baryons which fall into gravitational

potential wells, and radiation pressure creates a restoring force inducing

acoustic waves of compression and rarefaction.

Velocity: baryons accelerate as they fall into potential wells. They

have minimum velocity at maximum compression and rarefaction. That

is, their velocity wave is exactly 90◦ off-phase with the acoustic compres-

sion waves. These waves induce a Doppler effect on the frequency of the

photons.



The temperature anisotropy induced by these three effects is therefore

given by

δT

T
(r) = Φ(r, tdec) + 2

∫ t0

tdec

Φ̇(r, t)dt +
1

3

δρ

ρ
(r, tdec) −

r · v

c
. (1)

Metric perturbations of different wavelengths enter the horizon at differ-

ent times. The largest wavelengths, of size comparable to our present

horizon, are entering now. There are perturbations with wavelengths

comparable to the size of the horizon at the time of last scattering, of

projected size about 1◦ in the sky today, which entered precisely at de-

coupling. And there are perturbations with wavelengths much smaller

than the size of the horizon at last scattering, that entered much earlier

than decoupling, during the radiation era, which have gone through sev-

eral acoustic oscillations before last scattering. All these perturbations

of different wavelengths leave their imprint in the CMB anisotropies.

The baryons at the time of decoupling do not feel the gravitational

attraction of perturbations with wavelength greater than the size of the

horizon at last scattering, because of causality. Perturbations with ex-

actly that wavelength are undergoing their first contraction, or acoustic

compression, at decoupling. Those perturbations induce a large peak in

the temperature anisotropies power spectrum. Perturbations with wave-

lengths smaller than these will have gone, after they entered the Hubble

scale, through a series of acoustic compressions and rarefactions, which

can be seen as secondary peaks in the power spectrum. Since the surface

of last scattering is not a sharp discontinuity, but a region of ∆z ∼ 100,

there will be scales for which photons, travelling from one energy con-

centration to another, will erase the perturbation on that scale, similarly

to what neutrinos or HDM do for structure on small scales. That is

the reason why we don’t see all the acoustic oscillations with the same

amplitude, but in fact they decay exponentialy towards smaller angular

scales, an effect known as Silk damping, due to photon diffusion.



THE SACHS-WOLFE EFFECT

The anisotropies corresponding to large angular scales are only gen-

erated via gravitational red-shift and density perturbations through the

Einstein equations, δρ/ρ = −2Φ (for adiabatic perturbations); we can

ignore the Doppler contribution, since the perturbation is non-causal. In

that case, the temperature anisotropy in the sky today is given by

δT

T
(θ, φ) =

1

3
Φ(ηLS) Q(η0, θ, φ) + 2

∫ η0

ηLS

dr Φ′(η0 − r) Q(r, θ, φ) , (2)

where η0 is the coordinate distance to the surface of last scattering,

i.e. the present conformal time, while ηLS ' 0 determines its comoving

hypersurface. The Sachs-Wolfe effect (2) contains two parts, the intrinsic

and the Integrated Sachs-Wolfe (ISW) effect, due to the integration along

the line of sight of time variations in the gravitational potential.

In linear perturbation theory, the scalar metric perturbations can be

separated into Φ(η,x) ≡ Φ(η) Q(x), where Q(x) are the scalar harmon-

ics, eigenfunctions of the Laplacian in three dimensions,

∇2Qklm(r, θ, φ) = −k2 Qklm(r, θ, φ).

These functions have the general form

Qklm(r, θ, φ) = Πkl(r) Ylm(θ, φ) , (3)

where Ylm(θ, φ) are the usual spherical harmonics, and the radial parts

can be written (in a flat Universe) in terms of spherical Bessel functions,

Πkl(r) =
√

2
π
k jl(kr). On the other hand, the time evolution of the metric

perturbation during the matter era is given by

Φ′′ + 3HΦ′ + a2Λ Φ − 2K Φ = 0 . (4)

In the case of a flat universe (K = 0) without cosmological constant,

the Newtonian potential Φ remains constant during the matter era and

only the intrinsic SW effect contributes to δT/T . In case of a non-

vanishing Λ, since its contribution is negligible in the past, most of the

photon’s trajectory towards us is unperturbed. We will consider here the

approximation Φ ' constant during the matter era.



The growing mode solution of the metric perturbation that left the

Hubble scale during inflation contributes to the temperature anisotropies

on large scales as

δT

T
(θ, φ) =

1

3
Φ(ηLS) Q =

1

5
RQ(η0, θ, φ) ≡

∞
∑

l=2

l
∑

m=−l
alm Ylm(θ, φ) ,

(5)

where we have used the fact that, at horizon reentry during the matter

era, the gauge-invariant Newtonian potential Φ = 3
5R is related to the

curvature perturbation R at Hubble-crossing during inflation.

We can now compute the two-point correlation function or angular

power spectrum, C(θ), of the CMB anisotropies on large scales, defined

as an expansion in multipole number,

C(θ) =
〈δT

T

∗

(n)
δT

T
(n′)

〉

n·n′=cos θ
=

1

4π

∞
∑

l=2
(2l + 1) Cl Pl(cos θ) , (6)

where Pl(z) are the Legendre polynomials, and we have averaged over

different universe realizations. Since the coefficients alm are isotropic (to

first order), we can compute the Cl = 〈|alm|
2〉 as

C
(S)
l =

4π

25

∫ ∞

0

dk

k
PR(k) j2

l (kη0) . (7)

In the case of scalar metric perturbation produced during inflation, the

scalar power spectrum at reentry is given by PR(k) = A2
S(kη0)

n−1, in

the power-law approximation. In that case, one can integrate (7) to give

C
(S)
l =

2π

25
A2

S

Γ[32] Γ[1 − n−1
2 ] Γ[l + n−1

2 ]

Γ[3
2
− n−1

2
] Γ[l + 2 − n−1

2
]
, (8)

l(l + 1) C
(S)
l

2π
=

A2
S

25
= constant , for n = 1 . (9)

This last expression corresponds to what is known as the Sachs-Wolfe

plateau, and is the reason why the coefficients Cl are always plotted

multiplied by l(l + 1).



THE TENSOR PERTURBATION SACHS-WOLFE EFFECT

Tensor metric perturbations also contribute with an approximately

constant angular power spectrum, l(l + 1)Cl. The Sachs-Wolfe effect for

a gauge-invariant tensor perturbation is given by

δT

T
(θ, φ) =

∫ η0

ηLS

dr h′(η0 − r) Qrr(r, θ, φ) , (10)

where Qrr is the rr-component of the tensor harmonic along the line of

sight. The tensor perturbation hk(η) during the matter era satisfies

h′′
k + 3H h′

k + (k2 + 2K) hk = 0 , (11)

which depends on the wavenumber k, contrary to what happens with the

scalar modes, see Eq. (4). For a flat (K = 0) universe, the solution to

this equation is hk(η) = h Gk(η), where h is the constant tensor metric

perturbation at horizon crossing and Gk(η) = 3 j1(kη)/kη, normalized

so that Gk(0) = 1 at the surface of last scattering. The radial part of the

tensor harmonic Qrr in a flat universe can be written as

Qrr
kl(r) =







(l − 1)l(l + 1)(l + 2)

πk2







1/2
jl(kr)

r2
. (12)

The tensor angular power spectrum can finally be expressed as

C
(T )
l =

9π

4
(l − 1)l(l + 1)(l + 2)

∫ ∞

0

dk

k
Pg(k) I2

kl , (13)

Ikl =
∫ x0

0
dx

j2(x0 − x)jl(x)

(x0 − x)x2
, (14)

where x ≡ kη, and Pg(k) is the primordial tensor spectrum. For a scale

invariant spectrum, nT = 0, we can integrate (13) to give

l(l + 1) C
(T )
l =

π

36
(1 +

48π2

385
) A2

T Bl , (15)

with Bl = (1.1184, 0.8789, . . . , 1.00) for l = 2, 3, . . . , 30. Therefore,

l(l+1) C
(T )
l also becomes constant for large l. Beyond l ∼ 30, the Sachs-

Wolfe expression is not a good approximation and the tensor angular

power spectrum decays very quickly at large l.



THE CONSISTENCY CONDITION

In spite of the success of inflation in predicting a homogeneous and

isotropic background on which to imprint a scale-invariant spectrum of

inhomogeneities, it is difficult to test the idea of inflation. Before the

1980s anyone would have argued that ad hoc initial conditions could

have been at the origin of the homogeneity and flatness of the universe

on large scales, while most cosmologists would have agreed with Harri-

son and Zel’dovich that the most natural spectrum needed to explain

the formation of structure was a scale-invariant spectrum. The surprise

was that inflation incorporated an understanding of both the globally ho-

mogeneous and spatially flat background, and the approximately scale-

invariant spectrum of perturbations in the same formalism. But that

could have been a coincidence.

What is unique to inflation is the fact that inflation determines not just

one but two primordial spectra, corresponding to the scalar (density) and

tensor (gravitational waves) metric perturbations, from a single continu-

ous function, the inflaton potential V (φ). In the slow-roll approximation,

one determines, from V (φ), two continuous functions, PR(k) and Pg(k),

that in the power-law approximation reduces to two amplitudes, AS and

AT , and two tilts, n and nT . It is clear that there must be a relation

between the four parameters. Indeed, one can see from Eqs. (15) and (9)

that the ratio of the tensor to scalar contribution to the angular power

spectrum is proportional to the tensor tilt,

R ≡
C

(T )
l

C
(S)
l

=
25

9
(1 +

48π2

385
) 2ε ' −2π nT . (16)

This is a unique prediction of inflation, which could not have been pos-

tulated a priori. If we finally observe a tensor spectrum of anisotropies in

the CMB, or a stochastic gravitational wave background in laser interfer-

ometers like LIGO or VIRGO, with sufficient accuracy to determine their

spectral tilt, one might have some chance to test the idea of inflation, via

the consistency relation (16).



For the moment, observations of the microwave background anisotro-

pies suggest that the Sachs-Wolfe plateau exists, but it is still premature

to determine the tensor contribution. Perhaps in the near future, from

the analysis of polarization as well as temperature anisotropies, with the

CMB satellites MAP and Planck, we might have a chance of determining

the validity of the consistency relation.

Assuming that the scalar contribution dominates over the tensor on

large scales, i.e. R � 1, one can actually give a measure of the amplitude

of the scalar metric perturbation from the observations of the Sachs-Wolfe

plateau in the angular power spectrum,









l(l + 1) C
(S)
l

2π









1/2

=
AS

5
= (1.03 ± 0.07) × 10−5 , (17)

n = 1.02 ± 0.12 . (18)

These measurements can be used to normalize the primordial spectrum

and determine the parameters of the model of inflation. In the near

future these parameters will be determined with much better accuracy.



THE ACOUSTIC PEAKS

Before decoupling, the photons and the baryons are tightly coupled

via Thomson scattering. The dynamis of the photon-baryon fluid is

described by a forced and damped harmonic oscillator equation for the

baryon density contrast,

δ′′k + H
R

1 + R
δ′k + k2 c2

s δk = F (Φk) , (19)

where R = 3ρB/4ργ is the baryon-to-photon ratio, c2
s = c2/3(1 + R)

is the sound speed of the plasma, and F (Φk) is the external force due

to the gravitational effect of dark matter and neutrinos. Baryons tend

to collapse due to self-gravitation, while radiation pressure provides the

restoring force, setting up acoustic oscillations in the plasma. Because of

tight coupling, δk = 3Θ0(k, η), and the baryon oscillations give rise to

oscillations in the temperature fluctuations Θ0. The higher the baryon

fraction R, the higher the amplitude of the oscillations. The external

gravitational force displaces the zero-point of oscillations, which makes

higher the amplitude of compressions versus rarefactions.

At decoupling there is a freeze out of the oscillations. The microwave

background is like a snapshot of the instant of last scattering, where each

mode k is at a different stage of oscillation,

Θ0(k, η) ∝ (1 + R)−1/4











Φk(0) cos krs adiabatic ,

Sk(0) sin krs isocurvature ,
(20)

where rs =
∫ ηdec

0 csdη ' cs ηdec is the sound horizon at decoupling. These

fluctuations induce acoustic peaks in the Angular Power Spectrum that

correspond to maxima and minima of oscillations. For adiabatic and

isocurvature perturbations, the harmonic peaks appear at wavenumber

k(A)
n = nπ/csηdec and k(I)

n = (n + 1/2)π/csηdec, respectively. In particu-

lar, the angle subtended by the sound horizon at decoupling, θs = rs/dA,

corresponds to a multipole number (e.g. for adiabatic perturbations)

ln ≈
nπ

θs
=

nπ

2cs







ΩM

|ΩK|







1/2

sinn
∫ zdec

0

(1 + zdec)
1/2|ΩK|

1/2dz

[ΩΛ + ΩM(1 + z)3 + ΩK(1 + z)2]1/2
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Outline:

• Basics of inflation

• Particle creation in classical backgrounds

• General Theory

• Some analytical solutions

? Parametric resonance

? Parabolic cylinder functions

• Applications to cosmology

• Gravitational particle creation in expanding

Universe.

• Efficiency of particle creation as function of

coupling and mass. Hartree approximation.

• Stochastic resonance

• Transition to classical regime.

• General Theory.



• Lattice results.

• Efficiency of particle creation

• Non-thermal phase transitions.

• Thermalization. Turbulence.

• Fermions.

• General Theory.

• Comparison of Fermi and Bose cases.

• Some possible extra discussion

• Possibility of baryogenesis.

• Generation of gravitational waves.

• Tachionic preheating.

• Particle creation during inflation.



QFT in time-dependent background

Lagrangian

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2 ,

Hamiltonian

H = πφ̇− L =
1

2

[

π2 + (∇φ)2 +m2φ2
]

,

where

π(x, t) =
δL

δφ̇(x, t)
= φ̇(x, t) ,

and
[φ(x, t), π(y, t)] = iδ(x− y) . (1)

With

φ(x, t) =
1

(2π)3

∫

d3kφk(t)eikx .

equation of motion reduces to

φ̈k + ω2
kφk = 0 ,

where
ω2
k = k2 +m2 .



Constraintφk = φ∗−k can be solved explicitly by

φk(t) ≡ (2π)3/2√
2ωk

(

ak(t) + a†−k(t)
)

. (2)

Now we want to substitute the pair{φ, π} by the pair
{a, a†}. Decomposition forπ which complements (2)
is

π(x, t) = i

∫

d3k

(2π)3/2

√

ωk
2

(a†−k − ak)eikx , (3)

and canonical commuitation relations (1) will be satis-
fied if

[

ak(t), a†p(t)
]

= δ(k− p) .

The Hamiltonian in terms of theak anda†k operators
becomes

H =
1

2

∫

d3kωk(a
†
kak + aka

†
k) .

This can be written asH ≡ Hpart +Hvac(t), where

Hpart ≡
∫

d3kωka
†
kak ,

Hvac(t) ≡
V

(2π)3

∫

d3k
ωk
2
.



The Fock space

Let us introduce the vacuum state|0t〉 which has the
property

ak(t)|0t〉 = 0 ,

and〈0t|0t〉 = 1. Heret is some specified (but arbitrary
at this point) moment of time.

The state
|nk〉 = (a†k)nk |0t〉

can be interpreted as a state which containsnk parti-
cles, each with energyωk. Indeed

Hpart|nk〉 = nkωk|nk〉 .

and

N =

∫

d3pa†pap

counts the number of particles,N |nk〉 = nk|nk〉.
In the vacuum state,|0t〉, the energy takes its lowest

possible value at this moment of time

Hvac(t) ≡ 〈0t|H|0t〉 .

All this procedure goes through even ifω is time
dependent.



Equations of motion

dak
dt

=
∂ak
∂t

+ i[H, ak] . (4)

Let us invert relations (2) and (3)

ak =
1√
2

∫

d3x

(2π)3/2
e−ikx

(√
ωkφ+ i

π√
ωk

)

,

a†−k =
1√
2

∫

d3x

(2π)3/2
e−ikx

(√
ωkφ− i

π√
ωk

)

.

The original canonical variables{φ, π} do not have ex-
plicit time dependence,∂φ/∂t = ∂π/∂t = 0, but the
ωk can be time-dependent. We find

dak
dt

= −iωkak +
1

2

ω̇k
ωk

a†−k . (5)

We see that the solution of the equations of motion
for operators can be parametrized as

ak(t) = αk(t)ak(0) + βk(t)a
†
−k(0) ,

a†k(t) = α∗
k(t)a

†
k(0) + β∗

k(t)a−k(0) , (6)

with the initial conditionsαk(0) = 1, βk(0) = 0. The
commutation relations should be satisfied at any mo-
ment of time, thereforeα andβ obey the constraint

|αk|2 − |βk|2 = 1 . (7)



An immediate consequence of the relations (6) is
that the system which was in vacuum initially,ak(0)|0〉 =
01, will not remain in vacuum as the time goes by

ak(t)|0〉 = βk(t)a
†
−k(0)|0〉 6= 0

In particular, the number density of particles cre-
ated from the vacuum is

n(t) =
1

V
〈0|N |0〉 =

1

(2π)3

∫

d3k|βk(t)|2 , (8)

To find these quantities explicitly, we need to know
the functionsβk(t). To get this function we need only
to substitute Eq. (6) into Eq. (5), which gives

α̇k = −iωkαk +
1

2

ω̇k
ωk

β∗
k ,

β̇k = −iωkβk +
1

2

ω̇k
ωk

α∗
k . (9)

With intial conditionsαk(0) = 1, βk(0) = 0 and the
functionωk(t) being given explicitly, one can directly
solve this system of four ordinary differential equations
(say on the computer).

This is it for the general theory !

1In situations like this, when the initial state of the systemwas
specified to be the vacuum, I omit corresponding subscript for the
vacuum vector, i.e.|0〉 ≡ |0t=0〉.



Adiabaticity condition

The number of particles created during the time
∆t ∼ ω−1

k is

∣

∣∆|βk|2
∣

∣ <
1

4

(

ω̇k
ω2
k

)2

.

The particle number is conserved approximately if
∣

∣

∣

∣

ω̇k
ω2
k

∣

∣

∣

∣

� 1 . (10)

Such approximately conserved quantities are called adi-
abatic invariants.



In and out states

One can do field decomposition over time independent
operators as well

φ(x, t) =

∫

d3k

(2π)3/2
(

gk(t) ak(0) eikx + h.c.
)

.

Equation of motion for the mode functions

g̈k + ω2
kgk = 0 .

Comparing to decomposition ofφ(x, t) over a(t) we
find immideately

β∗
k =

ωkgk − iġk√
2ωk

,

αk =
ωkgk + iġk√

2ωk
. (11)

This gives in particular

|βk|2 =
|ġk|2 + ω2

k|gk|2
2ω

− 1

2
. (12)



Diagonalization of the Hamiltonian

H =

∫

d3k [Ek(t)
(

a†k(0)ak(0) + ak(0)a†k(0)
)

+Fk(t)ak(0)a−k(0) + F ∗
k (t)a†k(0)a−k(0)† ] ,

where

Ek(t) =
1

2

(

|ġk|2 + ω2
k|gk|2

)

,

Fk(t) =
1

2

(

ġ2
k + ω2

kg
2
k

)

.

Bogolyubov’s transformation:

ak = αkbk + βkb
†
−k ,

a†k = α∗
kb

†
k + β∗

kb−k .

|βk|2 =
2Ek − ωk

2ωk
. (13)



Examples. Parametric resonance.

Vint(φ, ϕ) =
1

2
g2ϕ2φ2 ,

ϕ(t) = ϕ0 cos(Mt) ,

ω2
k(t) = k2 +m2 +

1

2
g2ϕ2

0 +
1

2
g2ϕ2

0 cos(2Mt)

Equation for the mode functions can be reduced to
the standard form of the Mathieu equation

g′′k + [Ak − 2q cos 2z]gk = 0 , (14)

where

q ≡ g2ϕ2
0

4M2
,

Ak ≡ k2 +m2

M2
+ 2q .

A > 2q (15)



Examples.
Parabolic Cylinder Functions.

Analytical solutions of a large class of problems of par-
ticle creation in time varying background can be ex-
pressed in terms of the well studied parabolic cylinder
functions. These are solutions of the equation

d2y

dτ2
+ (

1

4
τ2 + ν)y = 0 . (16)

0.1 Particle creation during “short” non-
adiabatic interval.

Assumeω(t) goes through a minimum.

ω2
k(t) = ω2

k(t∗) +
1

2
ω2
k
′′(t∗)(t− t∗)

2 + . . .

Let us change the time variable to

τ ≡
[

2ω2
k
′′(t∗)

]
1

4 (t− t∗) .

Equation for mode functions reduces to Eq. (16) with

νk ≡ ω2
k(t∗)

√

2ω2
k
′′(t∗)

.

The answer:

|βk|2 = e−2πνk .



0.2 Gravitational particle production in
an expanding Friedmann Universe

In conformal reference frame

ds2 = a2(t)(dτ2 − dx2)

φ ≡ χ/a

the frequency is

ω2
k = k2 +m2a2 − a′′

a
(1 − 6ξ) ,

whereξ is coupling to curvature,1
2
ξRφ.

In radiation dominated universea′′ = 0 anda(η) =
H0τ (assuminga(τ0) = 1). We again obtain equation
for Parabolic Cylinder Functions with

νk ≡ k2

2mH0

.

Therefore

n = 1.495 × 10−3 (mH0)
3

2

a3
.

The adiabatic regime starts atτ = τ∗ = 1/
√
mH0.

Therefore, particles are created whenH > m. In gen-
eral,

n =
m3

a3
C .



Schroedinger picture of
the evolution

FindU(t) such that

ak(t) = U †(t)ak(0)U(t) .

Solution of the Schroedinger equations of motion

|ψ(t)〉 = U(t)|ψ(0)〉 .

(Note,|ψ(t)〉 is called Squeezed state.)
Clearly, vacuum at timet is given by

|0t〉 = U †(t)|0〉 .

Schroedinger picture of the evolution

Since we knowa(t), we can also find

Uak(0)U
† = α∗

k ak(0) − βka
†
−k(0) .

This product annihilates|ψ(t)〉. Substitutinga for the
field and the conjugate momenta gives

Uak(0)U
† =

(α∗
k − βk)ωkφk + i(α∗

k + βk)πk√
2ωk

.

(note:φk andπk should be taken at the initial moment
of time.)



Therefore,|ψ(t)〉 satisfies Schroedinger equation

(Ωkφk + iπk) |ψ(t)〉 = 0 ,

where

Ωk ≡ α∗
k − βk
α∗
k + βk

ωk ,

and

πk = −i ∂

∂φ−k

,

This equation is easy to solve

ψ(φk, t) = e−Ωkφ−kφk = e−Ωk|φk|
2

.

In particular, this gives for the probability distribution
of field values

P (φk, t) = |ψ(φk, t)|2 = e−|φk|
2/|gk|

2

.



Fermions

Heisenberg equations of motion give

α̇k = −iωkαk +
kṁ

2ω2
k

β∗
k ,

β̇k = −iωkβk −
kṁ

2ω2
k

α∗
k .

In terms of mode functions:

Ü± + (ω2
k ± iṁ)U± = 0 .

we have

|βk|2 =
ωk ±m+ Im(U∗

±U̇±)

2ωk
.



Examples. Coupling to the classical
scalar field.

LY = gφψ̄ψ.

The effective mass of the fermion field

meff(t) = mψ + gφ(t) .

Since creation occurs atmeff = mX + gφ(η) = 0, we
can disregard details of evolution and write

meff = gφ∗
′ η

Equation for mode function reduces to

u′′ + (p2 − i+ τ2)u = 0

wherep ≡ k/
√

gφ′∗, τ ≡ η
√

gφ′∗, and ′ = d/dτ .
Solutions are Parabolic Cylinder functions. Using its
properties we find

n(k) = exp
(

−πk2/gφ′∗
)

E.g., for harmonic oscillations in flat space-time this
gives

n(k) = exp





−πk2

m2
φ

√

4q −m2
X/m

2
φ







Figure 1: Solid line: numerical integration of complete
problem withq = 104, mX/mφ = 100. Dotted line:
analytical approximation based on Parabolic Cylinder
functions.

q ≡ g2φ2(0)

4m2
φ

.
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