CHAPTER 14
HAMILTONIAN MECHANICS

14.1 Introduction

The hamiltonian equations of motion are of deep theoretical interest. Having established
that, I am bound to say that I have not been able to think of a problem in classical
mechanics that I can solve more easily by hamiltonian methods than by newtonian or
lagrangian methods. That is not to say that real problems cannot be solved by
hamiltonian methods. What I have been looking for is a problem which I can solve easily
by hamiltonian methods but which is more difficult to solve by other methods. So far, I
have not found one. Having said that, doubt not that hamiltonian mechanics is of deep
theoretical significance.

Having expressed that mild degree of cynicism, let it be admitted that Hamilton theory —
or more particularly its extension the Hamilton-Jacobi equations — does have applications
is celestial mechanics, and of course hamiltonian operators play a major part in quantum
mechanics, although it is doubtful whether Sir William would have recognized his
authorship in that connection.

14.2 A Thermodynamics Analogy

Readers may have noticed from time to time — particularly in Chapter 9 — that I have
perceived some connection between parts of classical mechanics and thermodynamics. [
perceive such an analogy in developing hamiltonian dynamics. Those who are familiar
with thermodynamics may also recognize the analogy. Those who are not can skip this
section without seriously prejudicing their understanding of subsequent sections.

Please do not misunderstand: The hamiltonian in mechanics is not at all the same thing
as enthalpy in thermodynamics, even though we use the same symbol, H. Yet there are
similarities in the way we can introduce these concepts.

In thermodynamics we can describe the state of the system by its internal energy, defined
in such a way that when heat is supplied to a system and the system does external work,
the increase in internal energy of the system is equal to the heat supplied to the system
minus the work done by the system:

dU =TdS - PdV. 14.2.1

From this point of view we are saying that the internal energy is a function of the entropy
and the volume:

U=U(S,7) 142.2
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However, it is sometimes convenient to change the basis of the description of the state of
a system from S and V' to S and P by defining a quantity called the enthalpy H defined by

H=UH+ PV. 14.2.6

In that case, if the state of the system changes, then

dH = dU + PdV +V dP 14.2.7
=T7dS — PdV + PdV +V dP. 14.2.8
Le. dH =TdS +VdP. 14.2.9

Thus we see that, if heat is added to a system held at constant volume, the increase in the
internal energy is equal to the heat added; whereas if heat is added to a system held at
constant pressure, the increase in the enthalpy is equal to the heat added.

From this point of view we are saying that enthalpy is a function of entropy and pressure:

H=H(S, P) 14.2.10
so that dH :(G_Hj as + (8—Hj dP, 14.2.11
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from which we see that
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None of this has anything to do with hamiltonian dynamics, so let’s move on.

14.3 Hamilton’s Equations of Motion

In classical mechanics we can describe the state of a system by its lagrangian:

L = L(q;,9) 14.3.2



(I am deliberately numbering this equation 14.3.2, to maintain an analogy between this
section and section 14.2.)

If the coordinates and the velocities change, the corresponding change in the lagrangian is

oL oL
dL = Y —dqg.+ Y —dg.. 14.3.3
2, 1% 2 g,
Definition: The generalized momentum p; associated with the generalized coordinate g; is
defined as

p, = 6_L . 14.3.4
aq,
. . . doL oL .
It follows from the lagrangian equation of motion ——— = — (equation 13.4.14) that
dt 04,  0q,
p, = oL . 14.3.5
aq,
Thus dL = p,dg, + Y p,dq, . 14.3.1

(I am deliberately numbering this equation 14.3.1, to maintain an analogy between this
section and section 14.2.)

However, it is sometimes convenient to change the basis of the description of the state of
a system from ¢; andg, to ¢; and p, by defining a quantity called the hamiltonian H

defined by

H = Zpi q, — L. Definition 14.3.6

In that case, if the state of the system changes, then

dH = Zpiin + zq'idpi - dL 14.3.7
= Zpiin + Zqidpi - Zp,-dq,- - Zp,-dq',-. 14.3.8

Le. dH = ) gdp, — Y pdg;. 14.2.9



We are regarding the hamiltonian as a function of the generalized coordinates and
generalized momenta:

H = H(q,,p,), 14.3.10
OH OH
so that dH = Y —dg.+ Y —dp,, 14.3.11
Zaqi @ Zapi v
from which we see that
-p, = a—H and ¢, = a—H 14.3.12,13
oq; op;

In summary, then, equations 14.3.4,5,12 and 13:
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which I personally find impossible to commit accurately to memory (although note that
there is one dot in each equation) except when using them frequently, may be regarded as
Hamilton’s equations of motion. I’ll refer to these equations as A, B, C and D.

Note that, in the second equation, if the lagrangian is independent of the coordinate g;, the
coordinate ¢; is referred to as an “ignorable coordinate”. 1 suppose it is called
“ignorable” because you can ignore it when calculating the lagrangian, but in fact a
fomenannte “ignorable” coordinate is usually a very interesting coordinate indeed, because
it means (look at the second equation) that the corresponding generalized momentum is
conserved.

Now the kinetic energy of a system is given by 7 = Ez p.q; (for example, 1 movv),
and the hamiltonian (equation 14.3.6) is defined as H = Z p;q;, — L. For a

conservative system, L = T — V, and hence, for a conservative system, H = T + V. If
you are asked in an examination to explain what is meant by the hamiltonian, by all
means say it is 7 + V. That’s fine for a conservative system, and you’ll probably get



half marks. That’s 50% - a D grade, and you’ve passed. If you want an A+, however, I
recommend equation 14.3.6.

14.4 Examples

I’'ll do two examples by hamiltonian methods — the simple harmonic oscillator and the
soap slithering in a conical basin. Both are conservative systems, and we can write the
hamiltonian as 7 + V, but we need to remember that we are regarding the hamiltonian as
a function of the generalized coordinates and momenta. Thus we shall generally write

translational kinetic energy as p*/(2m) rather than as %mv2 , and rotational kinetic energy
as L*/(2]) rather than as 1 /.

Simple harmonic oscillator

The potential energy is %kxz, so the hamiltonian is

From equation D, we find that x = p/m, from which, by differentiation with respect to
the time, p = mX. And from equation C, we find that p = —kx. Hence we obtain the
equation of motion mX = —kx.

Conical basin

We refer to section 13.6 of chapter 13.

T=1m@ +7r’ sin” o ¢?),

V = mgrcosa,

L= 1m@ +r’sin® a’) — mgrecosa,
H

= Lm@P* + r’sin® a.¢’) + mgrcosa.

But, in the hamiltonian formulation, we have to write the hamiltonian in terms of the
generalized momenta, and we need to know what they are. We can get them from the
lagrangian and equation A applied to each coordinate in turn. Thus

= % =mr  and p, = AL _ wrsin’a b. 14.4.12
-

P, o6

Thus the hamiltonian is



2 2
H=2 v P\ grcosa. 1443
2m 2mr”sin” o
Now we can obtain the equations of motion by applying equation D in turn to » and ¢ and
then equation C in turn to » and ¢:

gt _ b 14.4.4

op, m
b= _ P 1445

op, mr”sin” o
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p, = _oH = 3pfb S— — mgcosa. 14.4.6
or mr”sin” o
Dy = on =0 14.4.7
o
Equations 14.4.2 and 7 tell us that mr>sin® a.¢ is constant and therefore that

*¢ is constant, = /, say. 14.4.8

This is one of the equations that we arrived at from the lagrangian formulation, and it
expresses constancy of angular momentum.

By differentiation of equation 14.4.1 with respect to time, we see that the left hand side of
equation 14.4.6 i1s mi. On the right hand side of equation 14.4.6, we have p,, which is
constant and equal to mhsin” o.. Equation 14.4.6 therefore becomes

2 22
po SO osa, 14.4.9
r

which we also derived from the lagrangian formulation.



