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1

Introduction and Overview

1.1 Lagrangian and Hamiltonian Formalisms

Mechanics deals with the dynamics of particles, rigid bodies, continuous
media (fluid, plasma, and elastic materials), and field theories such as elec-
tromagnetism and gravity. This theory plays a crucial role in quantum me-
chanics, control theory, and other areas of physics, engineering, and even
chemistry and biology. Clearly, mechanics is a large subject that plays a
fundamental role in science. Mechanics also played a key part in the devel-
opment of mathematics. Starting with the creation of calculus stimulated
by Newton’s mechanics, it continues today with exciting developments in
group representations, geometry, and topology; these mathematical devel-
opments in turn are being applied to interesting problems in physics and
engineering.

Symmetry plays an important role in mechanics, from fundamental for-
mulations of basic principles to concrete applications, such as stability cri-
teria for rotating structures. The theme of this book is to emphasize the
role of symmetry in various aspects of mechanics.

This introduction treats a collection of topics fairly rapidly. The student
should not expect to understand everything perfectly at this stage. We will
return to many of the topics in subsequent chapters.

Lagrangian and Hamiltonian Mechanics. Mechanics has two main
points of view, Lagrangian mechanics and Hamiltonian mechanics.
In one sense, Lagrangian mechanics is more fundamental, since it is based
on variational principles and it is what generalizes most directly to the gen-
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2 1. Introduction and Overview

eral relativistic context. In another sense, Hamiltonian mechanics is more
fundamental, since it is based directly on the energy concept and it is what
is more closely tied to quantum mechanics. Fortunately, in many cases these
branches are equivalent, as we shall see in detail in Chapter 7. Needless to
say, the merger of quantum mechanics and general relativity remains one
of the main outstanding problems of mechanics. In fact, the methods of
mechanics and symmetry are important ingredients in the developments of
string theory, which has attempted this merger.

Lagrangian Mechanics. The Lagrangian formulation of mechanics is
based on the observation that there are variational principles behind the
fundamental laws of force balance as given by Newton’s law F = ma.
One chooses a configuration space Q with coordinates ¢, i = 1,...,n,
that describe the configuration of the system under study. Then one
introduces the Lagrangian L(q', %, t), which is shorthand notation for
L(q*, ... ,q" ¢, ..., 4" t). Usually, L is the kinetic minus the potential
energy of the system, and one takes ¢* = dq'/dt to be the system velocity.
The wvariational principle of Hamilton states

b
5/ L(q', 4", t)dt = 0. (1.1.1)

In this principle, we choose curves ¢*(t) joining two fixed points in @ over
a fixed time interval [a, b] and calculate the integral regarded as a function
of this curve. Hamilton’s principle states that this function has a critical
point at a solution within the space of curves. If we let §¢° be a variation,
that is, the derivative of a family of curves with respect to a parameter,
then by the chain rule, (1.1.1) is equivalent to

Z/ (—5 +§L15 >dt() (1.1.2)

for all variations dq°’.
Using equality of mixed partials, one finds that

d .
5§ = ~6q".
q dtq

Using this, integrating the second term of (1.1.2) by parts, and employing
the boundary conditions d¢" = 0 at t = a and b, (1.1.2) becomes

Z/ [ <§CIL>} 5q'dt = 0. (1.1.3)

Since dq® is arbitrary (apart from being zero at the endpoints), (1.1.2) is
equivalent to the Fuler—Lagrange equations
d oL 0L
dt d¢t  dgt

i=1,...,n (1.1.4)
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As Hamilton [1834] realized, one can gain valuable information by not im-
posing the fixed endpoint conditions. We will have a deeper look at such
issues in Chapters 7 and 8.

For a system of N particles moving in Euclidean 3-space, we choose the
configuration space to be Q = R*¥ =R3 x ... x R? (N times), and L often
has the form of kinetic minus potential energy:

N
. 1 .
L(q;, qi, ) = §Zmi”qi||2 —Vi(q), (1.1.5)
=1

where we write points in @ as qi,...,qn, where q; € R3. In this case the
Euler-Lagrange equations (1.1.4) reduce to Newton’s second law

d ) ov.
E(miqi)f—aqi, i=1,...,N, (1.1.6)

that is, F = ma for the motion of particles in the potential V. As we shall
see later, in many examples more general Lagrangians are needed.
Generally, in Lagrangian mechanics, one identifies a configuration space
Q (with coordinates (¢!, ..., ¢")) and then forms the velocity phase space
TQ, also called the tangent bundle of Q. Coordinates on T'Q) are denoted
by
(qlv cee 7qn7q17 cee ’qn)v

and the Lagrangian is regarded as a function L : TQ) — R.

Already at this stage, interesting links with geometry are possible. If
95 (q) is a given metric tensor or mass matriz (for now, just think of this
as a g-dependent positive definite symmetric n x n matrix) and we consider
the kinetic energy Lagrangian

o 1 < o
L(¢"d") = 5 > gi(a)d'd, (L.1.7)
i,j=1

then the Euler—Lagrange equations are equivalent to the equations of geode-
sic motion, as can be directly verified (see §7.5 for details). Conservation
laws that are a result of symmetry in a mechanical context can then be
applied to yield interesting geometric facts. For instance, theorems about
geodesics on surfaces of revolution can be readily proved this way.

The Lagrangian formalism can be extended to the infinite-dimensional
case. One view (but not the only one) is to replace the ¢* by fields ¢!, ..., o™
that are, for example, functions of spatial points z* and time. Then L
is a function of ¢!, ... ™, ¢!, ... ,¢™ and the spatial derivatives of the
fields. We shall deal with various examples of this later, but we emphasize
that properly interpreted, the variational principle and the Euler-Lagrange
equations remain intact. One replaces the partial derivatives in the Euler—
Lagrange equations by functional derivatives defined below.
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Hamiltonian Mechanics. To pass to the Hamiltonian formalism, in-
troduce the conjugate momenta

= i=1,....n, 1.1.8
pi=g i n (1.1.8)

0’

make the change of variables (¢°, ¢*) — (¢%, p;), and introduce the Hamil-
tonian

n
H(q',pi,t) = > _pi¢’ — L(¢', ¢, ). (1.1.9)
j=1

Remembering the change of variables, we make the following computations
using the chain rule:

OH .. < ¢ AL IF\
op, 4 +) (pj .~ 35 3pi> =4 (1.1.10)

and

3_H_zn: .%,%,i@aqj_,ai
TP 9y 9~ og’

(1.1.11)
j=1

where (1.1.8) has been used twice. Using (1.1.4) and (1.1.8), we see that
(1.1.11) is equivalent to

OH _i .
aqt att

(1.1.12)

Thus, the Euler—Lagrange equations are equivalent to Hamilton’s equa-
tions

dq _ OH
dt — op;’
! 1.1.13

dat — 9q"’
where ¢ = 1,... ,n. The analogous Hamiltonian partial differential equa-
tions for time-dependent fields ¢!, ..., o™ and their conjugate momenta
Ty .v. My are

Op®  o0H

ot my’

o, SH (1.1.14)

ot oo’
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where a = 1,...,m, H is a functional of the fields % and 7., and the
variational, or functional, derivatives are defined by the equation
0H

1
1 gn_. _ 1 1 1 2 m
[ B 6ot =t LA et e )

_H(@17S027.,.7S0m77('17...,Wm)]7 (1115)

and similarly for 6H /52, ... ;0 H/67,,. Equations (1.1.13) and (1.1.14) can
be recast in Poisson bracket form:

F={F H}, (1.1.16)

where the brackets in the respective cases are given by

" (OF 0G  OF 9G
{F,G} = ; (3_q’36_pi — a_p,»a_cﬁ> (1.1.17)

and

" SF 6G  OF 6G
F = — . 1.1.1
e ; /R" (5‘pa 0mq  0mq 580a> e ( )

Associated to any configuration space @ (coordinatized by (¢',...,q"))
is a phase space T*(@ called the cotangent bundle of @, which has coordi-
nates (¢',...,q"%, p1,...,pn). On this space, the canonical bracket (1.1.17)
is intrinsically defined in the sense that the value of {F,G} is indepen-
dent of the choice of coordinates. Because the Poisson bracket satisfies
{F,G} = —{G, F} and in particular {H, H} = 0, we see from (1.1.16) that
H = 0; that is, energy is conserved. This is the most elementary of many
deep and beautiful conservation properties of mechanical systems.

There is also a variational principle on the Hamiltonian side. For the
Euler-Lagrange equations, we deal with curves in g-space (configuration
space), whereas for Hamilton’s equations we deal with curves in (g, p)-space
(momentum phase space). The principle is

b n
5/ [Z pid’ = H(qj»pj)] dt =0, (1.1.19)
@ Li=1

as is readily verified; one requires p;d¢’ = 0 at the endpoints.

This formalism is the basis for the analysis of many important systems
in particle dynamics and field theory, as described in standard texts such
as Whittaker [1927], Goldstein [1980], Arnold [1989], Thirring [1978], and
Abraham and Marsden [1978]. The underlying geometric structures that are
important for this formalism are those of symplectic and Poisson geometry.
How these structures are related to the Euler—Lagrange equations and vari-
ational principles via the Legendre transformation is an essential ingredient
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of the story. Furthermore, in the infinite-dimensional case it is fairly well
understood how to deal rigorously with many of the functional analytic
difficulties that arise; see, for example, Chernoff and Marsden [1974] and
Marsden and Hughes [1983].

Exercises

1.1-1. Show by direct calculation that the classical Poisson bracket sat-
isfies the Jacobi identity. That is, if I and K are both functions of the
2n variables (¢!, q¢2,... ,¢", p1,P2,--- ,Pn) and we define

" /OF 0K 0K OF
=3 (G5 G o)

i=1

then the identity {L,{F,K}} + {K,{L, F}} + {F,{K, L}} = 0 holds.

1.2 The Rigid Body

It was already clear in the 19th century that certain mechanical systems
resist the canonical formalism outlined in §1.1. For example, to obtain a
Hamiltonian description for fluids, Clebsch [1857, 1859] found it necessary
to introduce certain nonphysical potentials.! We will discuss fluids in §1.4
below.

Euler’s Rigid-Body Equations. In the absence of external forces, the
Euler equations for the rotational dynamics of a rigid body about its cen-
ter of mass are usually written as follows, as we shall derive in detail in
Chapter 15:

L = (I — I3)Q00s,
I = (Is — 1), (1.2.1)
I3 = (I — 1) Qo,

where Q = (24,9, Q3) is the body angular velocity vector (the angular
velocity of the rigid body as seen from a frame fixed in the body) and
Iy, Iy, I3 are constants depending on the shape and mass distribution of
the body—the principal moments of inertia of the rigid body.

Are equations (1.2.1) Lagrangian or Hamiltonian in any sense? Since
there is an odd number of equations, they obviously cannot be put in canon-
ical Hamiltonian form in the sense of equations (1.1.13).

1For a geometric account of Clebsch potentials and further references, see Marsden
and Weinstein [1983], Marsden, Ratiu, and Weinstein [1984a, 1984b], Cendra and Mars-
den [1987], and Cendra, Ibort, and Marsden [1987].
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A classical way to see the Lagrangian (or Hamiltonian) structure of the
rigid-body equations is to use a description of the orientation of the body
in terms of three Euler angles denoted by 6, ¢, ¥ and their velocities 6, ¢, ¥
(or conjugate momenta pg, Py, Py ), relative to which the equations are in
Euler-Lagrange (or canonical Hamiltonian) form. However, this procedure
requires using six equations, while many questions are easier to study using
the three equations (1.2.1).

Lagrangian Form. To see the sense in which (1.2.1) are Lagrangian,
introduce the Lagrangian

1
L(Q) = 5 (h0] + 123 + I05), (1.2.2)

which, as we will see in detail in Chapter 15, is the (rotational) kinetic
energy of the rigid body. We then write (1.2.1) as

d oL 0L
490~ 90 x Q. (1.2.3)
These equations appear explicitly in Lagrange [1788, Volume 2, p. 212]
and were generalized to arbitrary Lie algebras by Poincaré [1901b]. We will
discuss these general FEuler—Poincaré equations in Chapter 13. We can
also write a variational principle for (1.2.3) that is analogous to that for the
Euler-Lagrange equations but is written directly in terms of €. Namely,
(1.2.3) is equivalent to

b
5/ Ldt =0, (1.2.4)

where variations of € are restricted to be of the form
N=T+QxX, (1.2.5)

where ¥ is a curve in R? that vanishes at the endpoints. This may be
proved in the same way as we proved that the variational principle (1.1.1)
is equivalent to the Euler-Lagrange equations (1.1.4); see Exercise 1.2-2.
In fact, later on, in Chapter 13, we shall see how to derive this variational
principle from the more “primitive” one (1.1.1).

Hamiltonian Form. If instead of variational principles we concentrate
on Poisson brackets and drop the requirement that they be in the canon-
ical form (1.1.17), then there is also a simple and beautiful Hamiltonian
structure for the rigid-body equations. To state it, introduce the angular
momenta

i=1,2,3, (1.2.6)
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so that the Euler equations become

I — I3
II;, = TI,11
1 12[3 2113,
: Is -1,
II, = TI511 1.2.
2 Lo, aths (1.2.7)
. I — I
I3 = 11,11
3 11[2 1112,
that is,
I1=1II x Q. (1.2.8)

Introduce the rigid-body Poisson bracket on functions of the IT’s,
{F,G}(II) = —II- (VF x VG), (1.2.9)
and the Hamiltonian

1 /12 12 12
H=-(-L14+=22423). 1.2.10
2 <11 + I, + 13> ( )

One checks (Exercise 1.2-3) that Euler’s equations (1.2.7) are equivalent
to?

F={F H}. (1.2.11)

For any equation of the form (1.2.11), conservation of total angular mo-
mentum holds regardless of the Hamiltonian; indeed, with

1
C(IT) = 5 (1T} + 115 + IT5),
we have VC(IT) = II, and so
d1
EE(Hf + 112 + 113) = {C, H}(IT) (1.2.12)
= —II-(VC x VH) (1.2.13)
= _—II- (Il x VH) = 0. (1.2.14)

The same calculation shows that {C, F'} = 0 for any F. Functions such
as these that Poisson commute with every function are called Casimir
functions; they play an important role in the study of stability, as we
shall see later.3

2This Hamiltonian formulation of rigid body mechanics is implicit in many works,
such as Arnold [1966a, 1969], and is given explicitly in this Poisson bracket form in
Sudarshan and Mukunda [1974]. (Some preliminary versions were given by Pauli [1953],
Martin [1959], and Nambu [1973].) On the other hand, the variational form (1.2.4)
appears implicitly in Poincaré [1901b] and Hamel [1904]. It is given explicitly for fluids in
Newcomb [1962] and Bretherton [1970] and in the general case in Marsden and Scheurle
[1993a, 1993b].

3H. B. G. Casimir was a student of P. Ehrenfest and wrote a brilliant thesis on
the quantum mechanics of the rigid body, a problem that has not been adequately
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Exercises

1.2-1. Show by direct calculation that the rigid-body Poisson bracket
satisfies the Jacobi identity. That is, if F and K are both functions of
(114,15, IT3) and we define

{F,K}(II) = -II- (VF x VK),
then the identity {L,{F,K}} + {K,{L,F}} + {F,{K,L}} = 0 holds.
1.2-2. Verify directly that the Euler equations for a rigid body are equiv-

alent to
1) / Ldt=0

for variations of the form 62 = 3 + Q x 3, where X vanishes at the
endpoints.

1.2-3. Verify directly that the Euler equations for a rigid body are equiv-
alent to the equations

d
—F={FH
dt {F H,
where {, } is the rigid-body Poisson bracket and H is the rigid-body Hamil-
tonian.

1.2-4.

(a) Show that the rotation group SO(3) can be identified with the Poin-
caré sphere, that is, the unit circle bundle of the two-sphere S?,
defined to be the set of unit tangent vectors to the two-sphere in R3.

(b) Using the known fact from basic topology that any (continuous) vec-
tor field on S? must vanish somewhere, show that SO(3) cannot be
written as S2 x St

1.3 Lie—Poisson Brackets,
Poisson Manifolds, Momentum Maps

The rigid-body variational principle and the rigid-body Poisson bracket
are special cases of general constructions associated to any Lie algebra

addressed in the detail that would be desirable, even today. Ehrenfest in turn wrote his
thesis under Boltzmann around 1900 on variational principles in fluid dynamics and was
one of the first to study fluids from this point of view in material, rather than Clebsch,
representation. Curiously, Ehrenfest used the Gauss—Hertz principle of least curvature
rather than the more elementary Hamilton principle. This is a seed for many important
ideas in this book.
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g, that is, a vector space together with a bilinear, antisymmetric bracket
[€, 1] satisfying Jacobi’s identity:

[[&m), ¢+ [[¢, &lm] + [[1,¢], €] =0 (1.3.1)

for all £,m,( € g. For example, the Lie algebra associated to the rotation
group is g = R3 with bracket [¢,7] = & x n, the ordinary vector cross
product.

The Euler—Poincaré Equations. The construction of a variational
principle on g replaces

=+ Qx% by 6=0n+n¢.

The resulting general equations on g, which we will study in detail in Chap-
ter 13, are called the Fuler—Poincaré equations. These equations are
valid for either finite- or infinite-dimensional Lie algebras. To state them in
the finite-dimensional case, we use the following notation. Choosing a basis
e1,... e of g (so dim g = r), the structure constants C¢, are defined
by the equation

lea, €] = Z Civea, (1.3.2)
d=1

where a,b run from 1 to r. If £ is an element of the Lie algebra, its com-
ponents relative to this basis are denoted by £ so that & = Y| _, {%e,.
If e',... ,e" is the corresponding dual basis, then the components of the
differential of the Lagrangian L are the partial derivatives OL/9¢*. Then
the Euler—Poincaré equations are

d oL <~ . OL ,
i aél Cada—gbg . (1.3.3)

The coordinate-free version reads
d OL . OL
—_— = = adg e
dt 0& o€

where adg : g — g is the linear map n ~— [¢,7], and ad; : g* — g* is its
dual. For example, for L : R?® — R, the Euler-Poincaré equations become

d oL 0L y

dtoQ  oQ ’
which generalize the Euler equations for rigid-body motion. As we men-
tioned earlier, these equations were written down for a fairly general class
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of L by Lagrange [1788, Volume 2, equation A, p. 212], while it was Poincaré
[1901b] who generalized them to any Lie algebra.

The generalization of the rigid-body variational principle states that the
Euler—Poincaré equations are equivalent to

5/Ldt =0 (1.3.4)

for all variations of the form 0§ = 1 + [, n] for some curve n in g that
vanishes at the endpoints.

The Lie—Poisson Equations. We can also generalize the rigid-body
Poisson bracket as follows: Let F, G be defined on the dual space g*. De-
noting elements of g* by u, let the functional derivative of F at p be
the unique element 6 F/du of g defined by

ti 2P+ 200 - £ = (6. 5 ) (1.3.5)

for all ép € g*, where (,) denotes the pairing between g* and g. This
definition (1.3.5) is consistent with the definition of 6 F'/dp given in (1.1.15)
when g and g* are chosen to be appropriate spaces of fields. Define the (+)
Lie—Poisson brackets by

(G =+ (|30 50 | ). (1.3.6)

Using the coordinate notation introduced above, the (4) Lie—Poisson brack-
ets become

- OF 0G
F.G =4 Cptg=————, 1.3.7
{F,G}e(p) a,b%::l o (1.3.7)
where p = pqe®.

Poisson Manifolds. The Lie-Poisson bracket and the canonical brackets
from the last section have four simple but crucial properties:

PB1 {F,G} is real bilinear in F' and G.
PB2 ({F,G}=—{G,F}, antisymmetry.
PB3 {{F.G},H}+{{H,F},G}+{{G,H},F} =0,
Jacobi identity.
PB4 {FG,H}=F{G,H}+{F H}G, Leibniz identity.
A manifold (that is, an n—dimensional “smooth surface”) P together

with a bracket operation on F(P), the space of smooth functions on P,
and satisfying properties PB1-PB4, is called a Poisson manifold. In
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particular, g* is a Poisson manifold. In Chapter 10 we will study the general
concept of a Poisson manifold.

For example, if we choose g = R? with the bracket taken to be the cross
product [x,y] = x X y, and identify g* with g using the dot product on
R3 (so (IT,x) = IT - x is the usual dot product), then the (—) Lie-Poisson
bracket becomes the rigid-body bracket.

Hamiltonian Vector Fields. On a Poisson manifold (P, {-,}), associ-
ated to any function H there is a vector field, denoted by Xy, which has
the property that for any smooth function F': P — R we have the identity

(dF, Xy)=dF - Xy = {F,H},

where dF is the differential of F' and dF - Xy denotes the derivative of
F' in the direction Xpgy. We say that the vector field Xy is generated by
the function H, or that Xy is the Hamiltonian vector field associated
with H. We also define the associated dynamical system whose points z
in phase space evolve in time by the differential equation

L= Xp(2). (1.3.8)

This definition is consistent with the equations in Poisson bracket form
(1.1.16). The function H may have the interpretation of the energy of the
system, but of course the definition (1.3.8) makes sense for any function.
For canonical systems with the Poisson bracket given by (1.1.17), Xp is
given by the formula

: 0OH 0OH
Xulq,p:) = it I 1.3.9
wa ) = (G5 ) (13.9)
whereas for the rigid-body bracket given on R?® by (1.2.9),
Xp () = I x VH(II). (1.3.10)

The general Lie-Poisson equations, determined by F= {F,H}, read

0H

.a::F Cg—v
2% ZMd bam)

b,c=1
or intrinsically,
1= Fadsy s, p1- (1.3.11)

Reduction. There is an important feature of the rigid-body bracket that
also carries over to more general Lie algebras, namely, Lie—Poisson brackets
arise from canonical brackets on the cotangent bundle (phase space) T*G
associated with a Lie group G that has g as its associated Lie algebra. (The
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general theory of Lie groups is presented in Chapter 9.) Specifically, there
is a general construction underlying the association

(07g07¢ap97ptp7p1ﬂ) = (H17H2an3) (1312)
defined by
1 . _
= Sine[(p“o — py cos 0) sintp + pg sin 6 cos Y],
1
I, = 5 9[(1790 — py cos ) cos i) — pg sin @ sin ], (1.3.13)
in
II5 = py.

This rigid-body map takes the canonical bracket in the variables (0, ¢, 1)
and their conjugate momenta (pg, p,, py) to the (—) Lie-Poisson bracket in
the following sense. If F' and K are functions of Iy, Il5, I3, they determine
functions of (6, p, %, pg, Py, py) by substituting (1.3.13). Then a (tedious
but straightforward) exercise using the chain rule shows that

{F, K}(f){LiefPoisson} = {Fa K}Canonical- (1314)

We say that the map defined by (1.3.13) is a canonical map or a
Poisson map and that the (—) Lie-Poisson bracket has been obtained
from the canonical bracket by reduction.

For a rigid body free to rotate about its center of mass, G is the (proper)
rotation group SO(3), and the Euler angles and their conjugate momenta
are coordinates for T*G. The choice of T*G as the primitive phase space is
made according to the classical procedures of mechanics: The configuration
space SO(3) is chosen, since each element A € SO(3) describes the orien-
tation of the rigid body relative to a reference configuration, that is, the
rotation A maps the reference configuration to the current configuration.
For the description using Lagrangian mechanics, one forms the velocity—
phase space T'SO(3) with coordinates (&(p,?/},é,gb,i/}). The Hamiltonian
description is obtained as in §1.1 by using the Legendre transform that
maps TG to T*G.

The passage from T*G to the space of IT’s (body angular momentum
space) given by (1.3.13) turns out to be determined by left translation on
the group. This mapping is an example of a momentum map, that is, a
mapping whose components are the “Noether quantities” associated with
a symmetry group. That the map (1.3.13) is a Poisson (canonical) map
(see equation (1.3.14)) is a general fact about momentum maps proved in
§12.6. To get to space coordinates one would use right translations and the
(+) bracket. This is what is done to get the standard description of fluid
dynamics.

Momentum Maps and Coadjoint Orbits. From the general rigid-
body equations, IT = IT x VH, we see that

d
—|ItT1)|? = 0.
dtll [
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In other words, Lie—Poisson systems on R? conserve the total angular mo-
menta, that is, they leave the spheres in Il-space invariant. The gener-
alization of these objects associated to arbitrary Lie algebras are called
coadjoint orbits.

Coadjoint orbits are submanifolds of g* with the property that any Lie—
Poisson system F = {F, H} leaves them invariant. We shall also see how
these spaces are Poisson manifolds in their own right and are related to the
right (4) or left (—) invariance of the system regarded on T*G, and the
corresponding conserved Noether quantities.

On a general Poisson manifold (P, {-,-}), the definition of a momentum
map is as follows. We assume that a Lie group G with Lie algebra g acts on
P by canonical transformations. As we shall review later (see Chapter 9),
the infinitesimal way of specifying the action is to associate to each Lie
algebra element ¢ € g a vector field {p on P. A momentum map is a
map J : P — g* with the property that for every £ € g, the function (J,§)
(the pairing of the g*-valued function J with the vector &) generates the
vector field £p; that is,

X =&p

As we shall see later, this definition generalizes the usual notions of linear
and angular momentum. The rigid body shows that the notion has much
wider interest. A fundamental fact about momentum maps is that if the
Hamiltonian H is invariant under the action of the group G, then the
vector-valued function J is a constant of the motion for the dynamics of
the Hamiltonian vector field Xy associated to H.

One of the important notions related to momentum maps is that of
infinitesimal equivariance, or the classical commutation relations,
which state that

{(3,6), (J,m} = (J, (&) (1.3.15)

for all Lie algebra elements ¢ and 7. Relations like this are well known
for the angular momentum and can be directly checked using the Lie al-
gebra of the rotation group. Later, in Chapter 12, we shall see that the
relations (1.3.15) hold for a large important class of momentum maps that
are given by computable formulas. Remarkably, it is the condition (1.3.15)
that is exactly what is needed to prove that J is, in fact, a Poisson map.
It is via this route that one gets an intellectually satisfying generalization
of the fact that the map defined by equations (1.3.13) is a Poisson map;
that is, equation (1.3.14) holds.

Some History. The Lie-Poisson bracket was discovered by Sophus Lie
(Lie [1890, Vol. II, p. 237]). However, Lie’s bracket and his related work was
not given much attention until the work of Kirillov, Kostant, and Souriau
(and others) revived it in the mid-1960s. Meanwhile, it was noticed by Pauli
and Martin around 1950 that the rigid-body equations are in Hamiltonian
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form using the rigid-body bracket, but they were apparently unaware of the
underlying Lie theory. Meanwhile, the generalization of the Euler equations
to any Lie algebra g by Poincaré [1901b] (and picked up by Hamel [1904])
proceeded as well, but without much contact with Lie’s work until recently.
The symplectic structure on coadjoint orbits also has a complicated history
and itself goes back to Lie (Lie [1890, Ch. 20]).

The general notion of a Poisson manifold also goes back to Lie. However,
the four defining properties of the Poisson bracket have been isolated by
many authors such as Dirac [1964, p. 10]. The term “Poisson manifold” was
coined by Lichnerowicz [1977]. We shall give more historical information
on Poisson manifolds in §10.3.

The notion of the momentum map (the English translation of the French
words “application moment”) also has roots going back to the work of Lie.*

Momentum maps have found an astounding array of applications be-
yond those already mentioned. For instance, they are used in the study of
the space of all solutions of a relativistic field theory (see Arms, Marsden,
and Moncrief [1982]) and in the study of singularities in algebraic geom-
etry (see Atiyah [1983] and Kirwan [1984]). They also enter into convex
analysis in many interesting ways, such as the Schur-Horn theorem (Schur
[1923], Horn [1954]) and its generalizations (Kostant [1973]) and in the
theory of integrable systems (Bloch, Brockett, and Ratiu [1990, 1992] and
Bloch, Flaschka, and Ratiu [1990, 1993]). It turns out that the image of
the momentum map has remarkable convexity properties: see Atiyah [1982],
Guillemin and Sternberg [1982, 1984], Kirwan [1984], Delzant [1988], and
Lu and Ratiu [1991].

Exercises

1.3-1. A linear operator D on the space of smooth functions on R" is
called a derivation if it satisfies the Leibniz identity: D(FG) = (DF)G +
F(DG). Accept the fact from the theory of manifolds (see Chapter 4) that
in local coordinates the expression of DF' takes the form

(DF)(@) = Y a' (@) g (&)

for some smooth functions a',... ,a".

4Many authors use the words “moment map” for what we call the “momentum map.”
In English, unlike French, one does not use the phrases “linear moment” or “angular
moment of a particle,” and correspondingly, we prefer to use “momentum map.” We
shall give some comments on the history of momentum maps in §11.2.
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(a) Use the fact just stated to prove that for any bilinear operation {, }
on F(R™) which is a derivation in each of its arguments, we have

" . . OF 0G
— 0]
{F7G}_ § {33,33 }8(EZ8.’I}-7

ij=1

(b) Show that the Jacobi identity holds for any operation {, } on F(R™)
as in (a), if and only if it holds for the coordinate functions.

¢ 1.3-2. Define, for a fixed function f :R? — R,
{F,K}; =Vf-(VF xVK).
(a) Show that this is a Poisson bracket.

(b) Locate the bracket in part (a) in Nambu [1973].
¢ 1.3-3.  Verify directly that (1.3.13) defines a Poisson map.
¢ 1.3-4. Show that a bracket satisfying the Leibniz identity also satisfies

F{K,L} - {FK,L} = {F,K}L — {F,KL}.

1.4 The Heavy Top

The equations of motion for a rigid body with a fixed point in a gravita-
tional field provide another interesting example of a system that is Hamil-
tonian relative to a Lie—Poisson bracket. See Figure 1.4.1.

The underlying Lie algebra comnsists of the algebra of infinitesimal Eu-
clidean motions in R3. (These do not arise as Euclidean motions of the
body, since the body has a fixed point.) As we shall see, there is a close
parallel with the Poisson structure for compressible fluids.

The basic phase space we start with is again 7% SO(3), coordinatized by
Euler angles and their conjugate momenta. In these variables, the equations
are in canonical Hamiltonian form; however, the presence of gravity breaks
the symmetry, and the system is no longer SO(3) invariant, so it cannot
be written entirely in terms of the body angular momentum IT. One also
needs to keep track of T', the “direction of gravity” as seen from the body.
This is defined by I' = A 'k, where k points upward and A is the element
of SO(3) describing the current configuration of the body. The equations
of motion are

. L1

M = Z——TI0T5 + Mgl(T°x* - T%)%),
IA

o I3 1T f

Iy = 2 LI + Mgl(TP ' — T, (1.4.1)
I3h

T Il _IQ 1.2 2.1

I3 = Il + Mgl(I" X~ = Tx ),

LI,
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M = total mass

g = gravitational
acceleration center of mass

Q = body angular
velocity of top

[ = distance from fixed
point to center of mass

fixed poin

FIGURE 1.4.1. Heavy top

and
I'=TxQ, (1.4.2)

where M is the body’s mass, g is the acceleration of gravity, x is the body
fixed unit vector on the line segment connecting the fixed point with the
body’s center of mass, and [ is the length of this segment. See Figure 1.4.1.

The Lie algebra of the Euclidean group is se(3) = R3 x R3 with the Lie
bracket

[(§;0), (n, V)] = (§ xn,§ x v —m xu) (1.4.3)

We identify the dual space with pairs (IL,T'); the corresponding (—) Lie—
Poisson bracket, called the heavy top bracket, is

{F,G}ILT)=-II- (VaF x VuQ)
—TI' - (VnF x VrG — VG x VrF). (1.4.4)
The above equations for II, T" can be checked to be equivalent to
F ={F H}, (1.4.5)
where the heavy top Hamiltonian

1 /112 112 112
HILT) =< (-t + 2+ 2 )+ Mgl - x (1.4.6)
o\ L I
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is the total energy of the body (Sudarshan and Mukunda [1974]).

The Lie algebra of the Euclidean group has a structure that is a special
case of what is called a semidirect product. Here it is the product of the
group of rotations with the translation group. It turns out that semidirect
products occur under rather general circumstances when the symmetry in
T*G is broken. The general theory for semidirect products was developed
by Sudarshan and Mukunda [1974], Ratiu [1980, 1981, 1982], Guillemin and
Sternberg [1982], Marsden, Weinstein, Ratiu, Schmid, and Spencer [1983],
Marsden, Ratiu, and Weinstein [1984a, 1984b], and Holm and Kupershmidt
[1983]. The Lagrangian approach to this and related problems is given in
Holm, Marsden, and Ratiu [1998a].

Exercises

1.4-1. Verify that F = {F, H} is equivalent to the heavy top equations
using the heavy top Hamiltonian and bracket.

1.4-2. Work out the Euler—Poincaré equations on se(3). Show that with

L(Q,T) = - (L,Q% + 1,03 + [;03) — MgIT - x,

1
2

the Euler—Poincaré equations are not the heavy top equations.

1.5 Incompressible Fluids

Arnold [1966a, 1969] showed that the Euler equations for an incompress-
ible fluid could be given a Lagrangian and Hamiltonian description similar
to that for the rigid body. His approach® has the appealing feature that
one sets things up just the way Lagrange and Hamilton would have done:
One begins with a configuration space ) and forms a Lagrangian L on
the velocity phase space T'QQ and then H on the momentum phase space
T*Q, just as was outlined in §1.1. Thus, one automatically has variational
principles, etc. For ideal fluids, @ = G is the group Diff,1(2) of volume-
preserving transformations of the fluid container (a region € in R? or R3,
or a Riemannian manifold in general, possibly with boundary). Group mul-
tiplication in G is composition.

Kinematics of a Fluid. The reason we select G = Diffy1(Q2) as the
configuration space is similar to that for the rigid body; namely, each ¢
in G is a mapping of 2 to Q) that takes a reference point X € Q to a

5 Arnold’s approach is consistent with what appears in the thesis of Ehrenfest from
around 1904; see Klein [1970]. However, Ehrenfest bases his principles on the more
sophisticated curvature principles of Gauss and Hertz.
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current point = p(X) € Q; thus, knowing ¢ tells us where each particle
of fluid goes and hence gives us the fluid configuration. We ask that ¢
be a diffeomorphism to exclude discontinuities, cavitation, and fluid inter-
penetration, and we ask that ¢ be volume-preserving to correspond to the
assumption of incompressibility.

A motion of a fluid is a family of time-dependent elements of GG, which
we write as © = (X, t). The material velocity field is defined by

0p(X,t)

V(X1 = £,

and the spatial velocity field is defined by v(x,t) = V(X,t), where z
and X are related by z = ¢(X,t). If we suppress “t” and write ¢ for V,
note that

v=gopl e, v :Vtogpt_l, (1.5.1)

where ¢ (z) = p(X, ). See Figure 1.5.1.

trajectory of fluid particle

v(x,1)

FI1GURE 1.5.1. The trajectory and velocity of a fluid particle.

We can regard (1.5.1) as a map from the space of (¢, ¢) (material or La-
grangian description) to the space of v’s (spatial or Eulerian description).
Like the rigid body, the material to spatial map (1.5.1) takes the canonical
bracket to a Lie-Poisson bracket; one of our goals is to understand this re-
duction. Notice that if we replace ¢ by ¢ on for a fixed (time-independent)
n € Diff,1(2), then ¢ o =1 is independent of n; this reflects the right
invariance of the Eulerian description (v is invariant under composition of
© by 1 on the right). This is also called the particle relabeling symme-
try of fluid dynamics. The spaces TG and T*G represent the Lagrangian
(material) description, and we pass to the Eulerian (spatial) description by
right translations and use the (+) Lie-Poisson bracket. One of the things we
want to do later is to better understand the reason for the switch between
right and left in going from the rigid body to fluids.
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Dynamics of a Fluid. The Fuler equations for an ideal, incompress-
ible, homogeneous fluid moving in the region () are

v +(v-V)v=-Vp (1.5.2)
ot
with the constraint div v = 0 and the boundary condition that v is tangent
to the boundary, 0f.

The pressure p is determined implicitly by the divergence-free (volume-
preserving) constraint div v = 0. (See Chorin and Marsden [1993] for basic
information on the derivation of Euler’s equations.) The associated Lie al-
gebra g is the space of all divergence-free vector fields tangent to the bound-
ary. This Lie algebra is endowed with the negative Jacobi—Lie bracket
of vector fields given by

; = oK Sow’
[’l)/lU}L = Zl <w]@ — UJw) . (153)
j=

(The subscript L on [-,-] refers to the fact that it is the left Lie algebra
bracket on g. The most common convention for the Jacobi-Lie bracket of
vector fields, also the one we adopt, has the opposite sign.) We identify g
and g* using the pairing

V. W) = V'W3l'. RN
(v, w) /Q d (1.5.4)

Hamiltonian Structure. Introduce the (4) Lie-Poisson bracket, called
the ideal fluid bracket, on functions of v by

B OF 0G|
{F,G}(V) = \/QV' |:(S_V’5_V:|Ld Z, (155)
where 0F/0v is defined by
.1 SF\ 4
8121(1) E[F(V +edv) — F(v)] = /Q <6v : (5_v> d’x. (1.5.6)

With the energy function chosen to be the kinetic energy,

H(v) = %/an\\?d%, (15.7)

one can verify that the Euler equations (1.5.2) are equivalent to the Poisson
bracket equations

F={F H} (1.5.8)
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for all functions F on g. To see this, it is convenient to use the orthogonal
decomposition w = Pw 4 Vp of a vector field w into a divergence-free part
Pw in g and a gradient. The Euler equations can be written

ov
o TR(v-vv)=0. (1.5.9)

One can express the Hamiltonian structure in terms of the vorticity as a
basic dynamic variable and show that the preservation of coadjoint orbits
amounts to Kelvin’s circulation theorem. Marsden and Weinstein [1983]
show that the Hamiltonian structure in terms of Clebsch potentials fits
naturally into this Lie-Poisson scheme, and that Kirchhoff’s Hamiltonian
description of point vortex dynamics, vortex filaments, and vortex patches
can be derived in a natural way from the Hamiltonian structure described
above.

Lagrangian Structure. The general framework of the Euler—Poincaré
and the Lie-Poisson equations gives other insights as well. For example,
this general theory shows that the Euler equations are derivable from the

“variational principle”
b ,
5[] 3vPEas=o
a JQ 2

which is to hold for all variations év of the form
v =u+[v,ulr

(sometimes called Lin constraints), where u is a vector field (represent-
ing the infinitesimal particle displacement) vanishing at the temporal end-
points.%

There are important functional-analytic differences between working in
material representation (that is, on 7*G) and in Eulerian representation
(that is, on g*) that are important for proving existence and uniqueness
theorems, theorems on the limit of zero viscosity, and the convergence of
numerical algorithms (see Ebin and Marsden [1970], Marsden, Ebin, and
Fischer [1972], and Chorin, Hughes, Marsden, and McCracken [1978]). Fi-
nally, we note that for two-dimensional flow, a collection of Casimir func-
tions is given by

Clw) = /Q (w(z)) dz (1.5.10)

for ® : R — R any (smooth) function, where wk = V x v is the vorticity.
For three-dimensional flow, (1.5.10) is no longer a Casimir.

6As mentioned earlier, this form of the variational (strictly speaking, a Lagrange—
d’Alembert type) principle is due to Newcomb [1962]; see also Bretherton [1970]. For
the case of general Lie algebras, it is due to Marsden and Scheurle [1993b]; see also
Cendra and Marsden [1987].
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Exercises

1.5-1.  Show that any divergence-free vector field X on R? can be written
globally as a curl of another vector field and, away from equilibrium points,
can locally be written as

X =Vf x Vg,

where f and g are real-valued functions on R3. Assume that this (so-called
Clebsch—Monge) representation also holds globally. Particles of fluid follow
trajectories satisfying the equation & = X (z). Show that these trajectories
can be described by a Hamiltonian system with a bracket in the form of
Exercise 1.3-2.

1.6 The Maxwell-Vlasov System

Plasma physics provides another beautiful application area for the tech-
niques discussed in the preceding sections. We shall briefly indicate these
in this section. The period 1970-1980 saw the development of noncanonical
Hamiltonian structures for the Korteweg—de Vries (KdV) equation (due to
Gardner, Kruskal, Miura, and others; see Gardner [1971]) and other soli-
ton equations. This quickly became entangled with the attempts to un-
derstand integrability of Hamiltonian systems and the development of the
algebraic approach; see, for example, Gelfand and Dorfman [1979], Manin
[1979] and references therein. More recently, these approaches have come to-
gether again; see, for instance, Reyman and Semenov-Tian-Shansky [1990],
Moser and Veselov [1991]. KdV type models are usually derived from or
are approximations to more fundamental fluid models, and it seems fair to
say that the reasons for their complete integrability are not yet completely
understood.

Some History. For fluid and plasma systems, some of the key early
works on Poisson bracket structures were Dashen and Sharp [1968], Goldin
[1971], Iwiinski and Turski [1976], Dzyaloshinskii and Volovick [1980], Mor-
rison and Greene [1980], and Morrison [1980]. In Sudarshan and Mukunda
[1974], Guillemin and Sternberg [1982], and Ratiu [1980, 1982], a general
theory for Lie—Poisson structures for special kinds of Lie algebras, called
semidirect products, was begun. This was quickly recognized (see, for ex-
ample, Marsden [1982], Marsden, Weinstein, Ratiu, Schmid, and Spencer
[1983], Holm and Kupershmidt [1983], and Marsden, Ratiu, and Weinstein
[1984a, 1984b]) to be relevant to the brackets for compressible flow; see §1.7
below.

Derivation of Poisson Structures. A rational scheme for systemati-
cally deriving brackets is needed since for one thing, a direct verification
of Jacobi’s identity can be inefficient and time—consuming. Here we out-
line a derivation of the Maxwell-Vlasov bracket by Marsden and Weinstein
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[1982]. The method is similar to Arnold’s, namely by performing a reduc-
tion starting with:

(i) canonical brackets in a material representation for the plasma; and
(ii) a potential representation for the electromagnetic field.

One then identifies the symmetry group and carries out reduction by this
group in a manner similar to that we described for Lie—Poisson systems.

For plasmas, the physically correct material description is actually slightly
more complicated; we refer to Cendra, Holm, Hoyle, and Marsden [1998]
for a full account.

Parallel developments can be given for many other brackets, such as the
charged fluid bracket by Spencer and Kaufman [1982]. Another method,
based primarily on Clebsch potentials, was developed in a series of papers
by Holm and Kupershmidt (for example, Holm and Kupershmidt [1983])
and applied to a number of interesting systems, including superfluids and
superconductors. They also pointed out that semidirect products are ap-
propriate for the MHD bracket of Morrison and Greene [1980].

The Maxwell-Vlasov System. The Maxwell-Vlasov equations for a
collisionless plasma are the fundamental equations in plasma physics.” In
Euclidean space, the basic dynamical variables are

f(x,v,t) : the plasma particle number density per phase space
volume d3x d3v;
E(x,t) : the electric field;
B(x,t) : the magnetic field.

The equations for a collisionless plasma for the case of a single species
of particles with mass m and charge e are

of of e 1 af
ot JrV'aerm(EJFCVXB)'av0’
10B
EE 7*CUI'1E,
10E 1,
T =curl B — A (1.6.1)
diVE:pf,
divB = 0.

The current defined by f is given by

ir= e/vf(x,v,t)dgv

7See, for example, Clemmow and Dougherty [1959], van Kampen and Felderhof [1967],
Krall and Trivelpiece [1973], Davidson [1972], Ichimaru [1973], and Chen [1974].
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and the charge density by

Py ze/f(x,v,t)dgv.

Also, 9f/0x and Jf/0v denote the gradients of f with respect to x and
v, respectively, and c is the speed of light. The evolution equation for f
results from the Lorentz force law and standard transport assumptions.
The remaining equations are the standard Maxwell equations with charge
density py and current j¢ produced by the plasma.

Two limiting cases will aid our discussions. First, if the plasma is con-
strained to be static, that is, f is concentrated at v = 0 and ¢-independent,
we get the charge-driven Maxwell equations:

10B

EE = —curl :E7

10E = curl B, (1.6.2)
c Ot

div E=p, and divB=0.

Second, if we let ¢ — oo, electrodynamics becomes electrostatics, and we
get the Poisson—Vliasov equation

of [, 0F edey OF (1.6.3)

where ~VZ2¢p ¢ = py- In this context, the name “Poisson-Vlasov” seems
quite appropriate. The equation is, however, formally the same as the earlier
Jeans [1919] equation of stellar dynamics. Henon [1982] has proposed calling
it the “collisionless Boltzmann equation.”

Maxwell’s Equations. For simplicity, we let m = e = ¢ = 1. As the
basic configuration space we take the space A of vector potentials A on R3
(for the Yang—Mills equations this is generalized to the space of connections
on a principal bundle over space). The corresponding phase space T*A is
identified with the set of pairs (A,Y), where Y is also a vector field on R3.
The canonical Poisson bracket is used on T%A :

[ (SF 3G SF G\ g

The electric fieldis E = —Y, and the magnetic field is B = curl A.
With the Hamiltonian

HAY) =5 [+ BIP) =, (1.6.5)

Hamilton’s canonical field equations (1.1.14) are checked to give the equa-
tions for OE/0t and 0A /9t, which imply the vacuum Maxwell’s equations.
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Alternatively, one can begin with T'A and the Lagrangian
. 1 .
L(A,A) =3 / (||A\|2 — IV x A||2) &z (1.6.6)

and use the Euler—Lagrange equations and variational principles.

It is of interest to incorporate the equation div E = p and, correspond-
ingly, to use directly the field strengths E and B, rather than E and A. To
do this, we introduce the gauge group G, the additive group of real-valued
functions ¢ : R*> — R. Each 1) € G transforms the fields according to the
rule

(A,E) — (A + Vi, E). (1.6.7)

Each such transformation leaves the Hamiltonian H invariant and is a
canonical transformation, that is, it leaves Poisson brackets intact. In this
situation, as above, there will be a corresponding conserved quantity, or
momentum map, in the same sense as in §1.3. As mentioned there, some
simple general formulas for computing momentum maps will be studied in
detail in Chapter 12. For the action (1.6.7) of G on T*A, the associated
momentum map is

J(A,Y) = div E, (1.6.8)

so we recover the fact that div E is preserved by Maxwell’s equations (this
is easy to verify directly using the identity div curl = 0). Thus we see that
we can incorporate the equation div E = p by restricting our attention to
the set J=1(p). The theory of reduction is a general process whereby one
reduces the dimension of a phase space by exploiting conserved quantities
and symmetry groups. In the present case, the reduced space is J~1(p)/G,
which is identified with Max,, the space of E’s and B’s satisfying divE = p
and divB = 0.

The space Max, inherits a Poisson structure as follows. If " and K are
functions on Max,, we substitute E = —Y and B = V x A to express F
and K as functionals of (A,Y). Then we compute the canonical brackets
on T* A and express the result in terms of E and B. Carrying this out using
the chain rule gives

SF 6K K 6F\ ,
{F,K}—/<E~Curlﬁ—ﬁ-curlﬁ> d Z, (169)

where 0F/0E and §F/dB are vector fields, with dF/éB divergence-free.
These are defined in the usual way; for example,

1 F
lim ~[F(E + 0B, B) - F(E, B)] = g—E - 0E d3z. (1.6.10)

This bracket makes Max,, into a Poisson manifold and the map (A,Y) —
(=Y,V x A) into a Poisson map. The bracket (1.6.9) was discovered (by
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a different procedure) by Pauli [1933] and Born and Infeld [1935]. We refer
to (1.6.9) as the Pauli-Born—Infeld bracket or the Maxwell-Poisson
bracket for Maxwell’s equations.

With the energy H given by (1.6.5) regarded as a function of E and B,
Hamilton’s equations in bracket form F' = {F, H} on Max, capture the full
set of Maxwell’s equations (with external charge density p).

The Poisson—Vlasov Equation. The papers Iwiinski and Turski [1976]
and Morrison [1980] showed that the Poisson—Vlasov equations form a
Hamiltonian system with

1 1
B =5 [ IMPfcvdado s s [19gPas o)
and the Poisson—Vliasov bracket
oF 6G
F.G} = — Sy d? 1.6.12
{F,G} /f{5f75f}xvdxdv, (1.6.12)

where {, }xy is the canonical bracket on (x,v)-space. As was observed in
Gibbons [1981] and Marsden and Weinstein [1982], this is the (4) Lie-
Poisson bracket associated with the Lie algebra g of functions of (x,v)
with Lie bracket the canonical Poisson bracket.

According to the general theory, this Lie—Poisson structure is obtained
by reduction from canonical brackets on the cotangent bundle of the group
underlying g, just as was the case for the rigid body and incompressible
fluids. This time, the group G = Diff,, is the group of canonical transfor-
mations of (x,v)-space. The Poisson—Vlasov equations can equally well be
written in canonical form on T*G. This is related to the Lagrangian and
Hamiltonian description of a plasma that goes back to Low [1958], Katz
[1961], and Lundgren [1963]. Thus, one can start with the particle descrip-
tion with canonical brackets and, through reduction, derive the brackets
here. See Cendra, Holm, Hoyle, and Marsden [1998] for exactly how this
goes. There are other approaches to the Hamiltonian formulation using ana-
logues of Clebsch potentials; see, for instance, Su [1961], Zakharov [1971],
and Gibbons, Holm, and Kupershmidt [1982].

The Poisson—Vlaslov to Compressible Flow Map. Before going on
to the Maxwell-Vlasov equations, we point out a remarkable connection be-
tween the Poisson—Vlasov bracket (1.6.12) and the bracket for compressible
flow.

The Euler equations for compressible flow in a region Q in R3 are

p <8—V t(v- V)v> = —Vp (1.6.13)
ot
and
dp .
— +div(pv) =0, (1.6.14)

ot
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with the boundary condition
v tangent to 0f.

Here the pressure p is determined from an internal energy function per
unit mass given by p = p?w’(p), where w = w(p) is the constitutive relation.
(We ignore entropy for the present discussion—its inclusion is straightfor-
ward to deal with.) The compressible fluid Hamiltonian is

1
H= —/p|\v||2d3x+/pw(p) dz. (1.6.15)
2 Ja Q

The relevant Poisson bracket is most easily expressed if we use the mo-
mentum density M = pv and density p as our basic variables. The com-
pressible fluid bracket is

0G oF OF 0G| 5
{F’G}_/QM' [(51\/1 'V) oM (5M 'V) 5M] "
0G OF OF 0G] 4
+/Qp[<6M-V) 5 <5M~V) 5p}d:¢. (1.6.16)

Notice the similarities in structure between the Poisson bracket (1.6.16)
for compressible flow and (1.4.4). For compressible flow it is the density
that prevents a full Diff(Q2) invariance; the Hamiltonian is invariant only
under those diffeomorphisms that preserve the density.

The space of (M, p)’s can be shown to be the dual of a semidirect product
Lie algebra and it can also be shown that the preceding bracket is the as-
sociated (4) Lie-Poisson bracket (see Marsden, Weinstein, Ratiu, Schmid,
and Spencer [1983], Holm and Kupershmidt [1983], and Marsden, Ratiu,
and Weinstein [1984a, 1984b)).

The relationship with the Poisson—Vlasov bracket is this: Suppressing
the time variable, define the map f — (M, p) by

M(x):/ﬂvf(x,v)d?’v and p(x):/Qf(x,v)dSU. (1.6.17)

Remarkably, this plasma to fluid map is a Poisson map taking the Poisson—
Vlasov bracket (1.6.12) to the compressible fluid bracket (1.6.16). In fact,
this map is a momentum map (Marsden, Weinstein, Ratiu, Schmid, and
Spencer [1983]). The Poisson-Vlasov Hamiltonian is not invariant under
the associated group action, however.

The Maxwell-Vlasov Bracket. A bracket for the Maxwell-Vlasov
equations was given by Iwiinski and Turski [1976] and Morrison [1980].
Marsden and Weinstein [1982] used systematic procedures involving reduc-
tion and momentum maps to derive (and correct) the bracket starting with
a canonical bracket.
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The procedure starts with the material description® of the plasma as
the cotangent bundle of the group Diff ., of canonical transformations of
(x,p)-space and the space T*A for Maxwell’s equations. We justify this
by noticing that the motion of a charged particle in a fixed (but possibly
time-dependent) electromagnetic field via the Lorentz force law defines a
(time-dependent) canonical transformation. On 7% Diff .., xT*A we put
the sum of the two canonical brackets, and then we reduce. First we reduce
by Diff,,, which acts on T Diff ., by right translation but does not act on
T*A. Thus we end up with densities fiom (X, P,t) on position-momentum
space and with the space T*A used for the Maxwell equations. On this
space we get the (+) Lie—Poisson bracket, plus the canonical bracket on
T*A. Recalling that p is related to v and A by p = v + A, we let the
gauge group G of electromagnetism act on this space by

(mem(X’ p’ t)7A(X7 t)’Y(X’ t)) s
(fmom (X, P+ Vp(x),t), A(x,t) + Vo(z), Y (x,t)). (1.6.18)

The momentum map associated with this action is computed to be
J(fiom, AY) =div E — /fmom(x,p) dp. (1.6.19)

This corresponds to div E — py if we write f(x,v,t) = fmom(X,p —
A t). This reduced space J=1(0)/G can be identified with the space MV
of triples (f,E,B) satisfying div E = p; and div B = 0. The bracket on
MYV is computed by the same procedure as for Maxwell’s equations. These
computations yield the following Mazwell-Vlasov bracket:

(F,K}(/,E,B) = /f{‘s—F,‘S—K} i dy

of " of
5F 0K 5K 6F 3

_|_/ oF 6_f5_K_5_K 6f6F d3x dv -
JE ov of OE ov 6f

0 0F 0 0K

B.(—— 3., 13

+/f (E)véf ov 5f)d dv

With the Maxwell-Vilasov Hamiltonian
H(f,E,B) /an v t) d o
1
+5 [UB@OIE + 1B O] . (16.21)

8 As shown in Cendra, Holm, Hoyle, and Marsden [1998], the correct physical descrip-
tion of the material representation of a plasma is a bit more complicated than simply
Diffcan; however the end result is the same.
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the Maxwell-Vlasov equations take the Hamiltonian form
F={F H} (1.6.22)

on the Poisson manifold MV.

Exercises

1.6-1. Verify that one obtains the Maxwell equations from the Maxwell—
Poisson bracket.

1.6-2. Verify that the action (1.6.7) has the momentum map J(A,Y) =
div E in the sense given in §1.3.

1.7 Nonlinear Stability

There are various meanings that can be given to the word “stability.” In-
tuitively, stability means that small disturbances do not grow large as time
passes. Being more precise about this notion is not just capricious math-
ematical nitpicking; indeed, different interpretations of the word stability
can lead to different stability criteria. Examples like the double spherical
pendulum and stratified shear flows, which are sometimes used to model
oceanographic phenomena show that one can get different criteria if one
uses linearized or nonlinear analyses (see Marsden and Scheurle [1993a] and
Abarbanel, Holm, Marsden, and Ratiu [1986]).

Some History. The history of stability theory in mechanics is very com-
plex, but certainly has its roots in the work of Riemann [1860, 1861],
Routh [1877], Thomson and Tait [1879], Poincaré [1885, 1892], and Lia-
punov [1892, 1897].

Since these early references, the literature has become too vast to even
survey roughly. We do mention, however, that a guide to the large Soviet
literature may be found in Mikhailov and Parton [1990].

The basis of the nonlinear stability method discussed below was origi-
nally given by Arnold [1965b, 1966b] and applied to two-dimensional ideal
fluid flow, substantially augmenting the pioneering work of Rayleigh [1880].
Related methods were also found in the plasma physics literature, notably
by Newcomb [1958], Fowler [1963], and Rosenbluth [1964]. However, these
works did not provide a general setting or key convexity estimates needed to
deal with the nonlinear nature of the problem. In retrospect, we may view
other stability results, such as the stability of solitons in the Korteweg—de
Vries (KdV) equation (Benjamin [1972] and Bona [1975]) as being instances
of the same method used by Arnold. A crucial part of the method exploits
the fact that the basic equations of nondissipative fluid and plasma dynam-
ics are Hamiltonian in character. We shall explain below how the Hamilto-
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nian structures discussed in the previous sections are used in the stability
analysis.

Dynamics and Stability. Stability is a dynamical concept. To explain
it, we shall use some fundamental notions from the theory of dynamical
systems (see, for example, Hirsch and Smale [1974] and Guckenheimer and
Holmes [1983]). The laws of dynamics are usually presented as equations
of motion, which we write in the abstract form of a dynamical system:

i = X (u). (1.7.1)

Here, u is a variable describing the state of the system under study, X
is a system-specific function of w, and @ = du/dt, where t is time. The
set of all allowed u’s forms the state, or phase space P. We usually view
X as a vector field on P. For a classical mechanical system, u is often a
2n-tuple (¢',...,q", p1,... ,pn) of positions and momenta, and for fluids,
u is a velocity field in physical space.

As time evolves, the state of the system changes; the state follows a curve
u(t) in P. The trajectory u(t) is assumed to be uniquely determined if its
initial condition ug = u(0) is specified. An equilibrium state is a state u,
such that X (u.) = 0. The unique trajectory starting at wu. is u, itself; that
is, u, does not move in time.

The language of dynamics has been an extraordinarily useful tool in the
physical and biological sciences, especially during the last few decades. The
study of systems that develop spontaneous oscillations through a mecha-
nism called the Poincaré—Andronov—Hopf bifurcation is an example of such
a tool (see Marsden and McCracken [1976], Carr [1981], and Chow and Hale
[1982], for example). More recently, the concept of “chaotic dynamics” has
sparked a resurgence of interest in dynamical systems. This occurs when
dynamical systems possess trajectories that are so complex that they be-
have as if they were, in some sense, random. Some believe that the theory
of turbulence will use such notions in its future development. We are not
concerned with chaos directly, although it plays a role in some of what
follows. In particular, we remark that in the definition of stability below,
stability does not preclude chaos. In other words, the trajectories near a
stable point can still be temporally very complex; stability just prevents
them from moving very far from equilibrium.

To define stability, we choose a measure of nearness in P using a “metric”
d. For two points u; and us in P, d determines a positive number denoted by
d(uy,us), the distance from u; to ug. In the course of a stability analysis, it
is necessary to specify, or construct, a metric appropriate for the problem
at hand. In this setting, one says that an equilibrium state u. is stable
when trajectories that start near u, remain near u, for all t > 0. In precise
terms, given any number e > 0, there is 6 > 0 such that if d(ug,u.) < 9,
then d(u(t),u.) < e for all t > 0 . Figure 1.7.1 shows examples of stable and
unstable equilibria for dynamical systems whose state space is the plane.
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FIGURE 1.7.1. The equilibrium point (a) is unstable because the trajectory u(t)
does not remain near u.. Similarly, (b) is unstable, since most trajectories (even-
tually) move away from u.. The equilibria in (c) and (d) are stable because all
trajectories near u. stay near ue.

Fluids can be stable relative to one distance measure and, simultaneously,
unstable relative to another. This seeming pathology actually reflects im-
portant physical processes; see Wan and Pulvirente [1984].

Rigid-Body Stability. A physical example illustrating the definition of
stability is the motion of a free rigid body. This system can be simulated
by tossing a book, held shut with a rubber band, into the air. It rotates
stably when spun about its longest and shortest axes, but unstably when
spun about the middle axis (Figure 1.7.2). One possible choice of a distance
measure defining stability in this example is a metric in body angular mo-
mentum space. We shall return to this example in detail in Chapter 15
when we study rigid-body stability.

() (b) (©)

FIGURE 1.7.2. If you toss a book into the air, you can make it spin stably about
its shortest axis (a), and its longest axis (b), but it is unstable when it rotates
about its middle axis (c).
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Linearized and Spectral Stability. There are two other ways of treat-
ing stability. First of all, one can linearize equation (1.7.1); if du denotes a
variation in u and X’(u) denotes the linearization of X at u,. (the matrix
of partial derivatives in the case of finitely many degrees of freedom), the
linearized equations describe the time evolution of “infinitesimal” distur-
bances of u,:

4

g (0u) = X'(ue) - du. (1.7.2)

Equation (1.7.1), on the other hand, describes the nonlinear evolution of
finite disturbances Au = u—u,.. We say that u, is linearly stable if (1.7.2)
is stable at du = 0, in the sense defined above. Intuitively, this means that
there are no infinitesimal disturbances that are growing in time. If (du)o is
an eigenfunction of X'(u.), that is, if

X' (ue) - (6u)o = A(du)o (1.7.3)

for a complex number A, then the corresponding solution of (1.7.2) with
initial condition (du)g is

Su = e (du)o. (1.7.4)

The right side of this equation is growing when A\ has positive real part.
This leads us to the third notion of stability: We say that (1.7.1) or (1.7.2)
is spectrally stable if the eigenvalues (more precisely, points in the spec-
trum) all have nonpositive real parts. In finite dimensions and, under ap-
propriate technical conditions in infinite dimensions, one has the following
implications:

(stability) = (spectral stability)
and
(linear stability) = (spectral stability).

If the eigenvalues all lie strictly in the left half-plane, then a classical re-
sult of Liapunov guarantees stability. (See, for instance, Hirsch and Smale
[1974] for the finite-dimensional case and Marsden and McCracken [1976]
or Abraham, Marsden, and Ratiu [1988] for the infinite-dimensional case.)
However, in many systems of interest, the dissipation is very small and are
modeled as being conservative. For such systems the eigenvalues must be
symmetrically distributed under reflection in the real and imaginary axes
(We prove this later in the text). This implies that the only possibility
for spectral stability occurs when the eigenvalues lie exactly on the imagi-
nary axis. Thus, this version of the Liapunov theorem is of no help in the
Hamiltonian case.

Spectral stability need not imply stability; instabilities can be generated
(even in Hamiltonian systems) through, for example, resonance. Thus, to
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obtain general stability results, one must use other techniques to augment
or replace the linearized theory. We give such a technique below.

Here is a planar example of a system that is spectrally stable at the
origin but that is unstable there. In polar coordinates (r, ), consider the
evolution of u = (r,0) given by

F=7r>(1—-7%) and 0=1. (1.7.5)
In (z,y) coordinates this system takes the form

i =a(+y*) (1 -2 - ) -y,
g=yx®+y*)(1 - 22—y + 2.

The eigenvalues of the linearized system at the origin are readily verified
to be +v/—1, so the origin is spectrally stable; however, the phase portrait,
shown in Figure 1.7.3, shows that the origin is unstable. (We include the
factor 1 —r? to give the system an attractive periodic orbit—this is merely
to enrich the example and show how a stable periodic orbit can attract
the orbits expelled by an unstable equilibrium.) This is not, however, a
conservative system; next, we give two examples of Hamiltonian systems
with similar features.

FIGURE 1.7.3. The phase portrait for 7+ = r3(1 — r?), 6 =1.

Resonance Example. The linear system in R? whose Hamiltonian is
given by

1 1
H(g,p) = §p2 + 5(12 +pq

has zero as a double eigenvalue, so it is spectrally stable. On the other
hand,

q(t) = (qo +po)t +qo and p(t) = —(qo + po)t + po
is the solution of this system with initial condition (gg,po), which clearly

leaves any neighborhood of the origin no matter how close to it (qo, po) is.
Thus, spectral stability need not imply even linear stability. An even simpler
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example of the same phenomenon is given by the free particle Hamiltonian
H(q,p) =p?/2.

Another higher-dimensional example with resonance in R® is given by
the linear system whose Hamiltonian is

H = q2p1 — q1p2 + qups — 3P4 + G24s3-
The general solution with initial condition (¢?, ... ,pY) is given by

q1(t) = gf cost + gy sint,

02(t) = —q sint + ¢ cost,
q3(t) = ggcost + i sint,
qa(t) = —g3 sint + ¢ cost,

and

0 0
pi(t) = —%Btsint + %(tcost —sint) + p? cost + pYsint,
a5 a1
pa(t) = —g(tcost—i—sint) - étsint —p{sint + p cost,
a a5
ps(t) = étsint - %(tcost—I—sint) + pJ cost + p) sint,

0 0
pa(t) = %l(tcost —sint) + %tsint — pysint + pj cost.

One sees that p;(t) leaves any neighborhood of the origin, no matter how
close to the origin the initial conditions (¢?, ..., p}) are; that is, the system
is linearly unstable. On the other hand, all eigenvalues of this linear system
are +i, each a quadruple eigenvalue. Thus, this linear system is spectrally
stable.

Cherry’s Example (Cherry [1959, 1968]). This example is a Hamil-
tonian system that is spectrally stable and linearly stable but is nonlinearly
unstable. Consider the Hamiltonian on R* given by

1 1
H = 5(qi +p1) = (¢ +03) + 5p2(p] = ¢) — o1 (1.7.6)

This system has an equilibrium at the origin, which is linearly stable, since
the linearized system consists of two uncoupled oscillators in the (dg2, 0p2)
and (dq1,0p;) variables, respectively, with frequencies in the ratio 2:1 (the
eigenvalues are +4 and 421, so the frequencies are in resonance). A family
of solutions (parametrized by a constant 7) of Hamilton’s equations for
(1.7.6) is given by

cos(t — 7 cos2(t—r1
o=, 2T
t—T t—T1
(1.7.7)
sin(t — 7 sin2(t— 7
p1=\/§7( )7 p2=7( )~

t—T1 t—T1
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The solutions (1.7.7) clearly blow up in finite time; however, they start at
time ¢ = 0 at a distance \/§/T from the origin, so by choosing 7 large,
we can find solutions starting arbitrarily close to the origin, yet going to
infinity in a finite time, so the origin is nonlinearly unstable.

Despite the above situation relating the linear and nonlinear theories,
there has been much effort devoted to the development of spectral stability
methods. When instabilities are present, spectral estimates give important
information on growth rates. As far as stability goes, spectral stability
gives necessary, but not sufficient, conditions for stability. In other words,
for the nonlinear problems spectral instability can predict instability, but
not stability. This is a basic result of Liapunov; see Abraham, Marsden,
and Ratiu [1988], for example. Our immediate purpose is the opposite: to
describe sufficient conditions for stability.

Casimir Functions. Besides the energy, there are other conserved quan-
tities associated with group symmetries such as linear and angular mo-
mentum. Some of these are associated with the group that underlies the
passages from material to spatial or body coordinates. These are called
Casimir functions; such a quantity, denoted by C, is characterized by
the fact that it Poisson commutes with every function, that is,

{C,F} =0 (1.7.8)

for all functions F' on phase space P. We shall study such functions and
their relation with momentum maps in Chapters 10 and 11. For example,
if ® is any function of one variable, the quantity

C(II) = o(||II|f?) (1.7.9)

is a Casimir function for the rigid-body bracket, as is seen by using the
chain rule. Likewise,

C(w):/Qq)(w) dx dy (1.7.10)

is a Casimir function for the two-dimensional ideal fluid bracket. (This
calculation ignores boundary terms that arise in an integration by parts—
see Lewis, Marsden, Montgomery, and Ratiu [1986] for a treatment of these
boundary terms.)

Casimir functions are conserved by the dynamics associated with any
Hamiltonian H, since C' = {C, H} = 0. Conservation of (1.7.9) corresponds
to conservation of total angular momentum for the rigid body, while con-
servation of (1.7.10) represents Kelvin’s circulation theorem for the Euler
equations. It provides infinitely many independent constants of the motion
that mutually Poisson commute; that is, {C1,Cy} = 0, but this does not
imply that these equations are integrable.
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Lagrange—Dirichlet Criterion. For Hamiltonian systems in canonical
form, an equilibrium point (ge, p.) is a point at which the partial derivatives
of H vanish, that is, it is a critical point of H. If the 2n x 2n matriz §2H
of second partial derivatives evaluated at (qe,pe) is positive or negative
definite (that is, all the eigenvalues of 5 H (qe, pe) have the same sign), then
(gey pe) 1s stable. This follows from conservation of energy and the fact from
calculus that the level sets of H near (¢.,p.) are approximately ellipsoids.
As mentioned earlier, this condition implies, but is not implied by, spectral
stability. The KAM (Kolmogorov, Arnold, Moser) theorem, which gives
stability of periodic solutions for two-degree-of-freedom systems, and the

Lagrange—Dirichlet theorem are the most basic general stability theorems
for equilibria of Hamiltonian systems.

For example, let us apply the Lagrange—Dirichlet theorem to a classical
mechanical system whose Hamiltonian has the form kinetic plus potential
energy. If (ge, pe) is an equilibrium, it follows that p,. is zero. Moreover, the
matrix 02H of second-order partial derivatives of H evaluated at (ge,pe)
block diagonalizes, with one of the blocks being the matrix of the quadratic
form of the kinetic energy, which is always positive definite. Therefore, if
5% H is definite, it must be positive definite, and this in turn happens if and
only if §2V is positive definite at g., where V is the potential energy of the
system. We conclude that for a mechanical system whose Lagrangian is
kinetic minus potential energy, (g, 0) is a stable equilibrium, provided that
the matriz 5V (q.) of second-order partial derivatives of the potential V at
qe 18 positive definite (or, more generally, q. is a strict local minimum for
V). If 5V at q. has a negative definite direction, then q. is an unstable
equilibrium.

The second statement is seen in the following way. The linearized Hamil-
tonian system at (ge,0) is again a Hamiltonian system whose Hamiltonian
is of the form kinetic plus potential energy, the potential energy being given
by the quadratic form §2V (g, ). From a standard theorem in linear algebra,
which states that two quadratic forms, one of which is positive definite, can
be simultaneously diagonalized, we conclude that the linearized Hamilto-
nian system decouples into a family of Hamiltonian systems of the form

4
dt

a4

opr) = —crdg”
(0px) CLoq -, dt

1
6q") = —30
(q) mkpk7

where 1/my, > 0 are the eigenvalues of the positive definite quadratic form
given by the kinetic energy in the variables dp;, and c;, are the eigenvalues
of 62V (q.). Thus the eigenvalues of the linearized system are given by
++/—ck/my. Therefore, if some ¢ is negative, the linearized system has
at least one positive eigenvalue, and thus (g.,0) is spectrally and hence
linearly and nonlinearly unstable. For generalizations of this, see Oh [1987],
Grillakis, Shatah, and Strauss [1987], Chern [1997] and references therein.
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The Energy—Casimir Method. This is a generalization of the classical
Lagrange-Dirichlet method. Given an equilibrium w, for @ = Xpg(u) on a
Poisson manifold P, it proceeds in the following steps.

To test an equilibrium (satisfying Xp(z.) = 0) for stability:

Step 1. Find a conserved function C (C will typically be a Casimir

function plus other conserved quantities) such that the first
variation vanishes:

Step 2. Calculate the second variation
82(H + C)(ze).

Step 3. If 6°(H + C)(z.) is definite (either positive or negative),
then z. is called formally stable.

With regard to Step 3, we point out that an equilibrium solution need
not be a critical point of H alone; in general, §H(z.) # 0. An example
where this occurs is a rigid body spinning about one of its principal axes
of inertia. In this case, a critical point of H alone would have zero angular
velocity; but a critical point of H + C' is a (nontrivial) stationary rotation
about one of the principal axes.

The argument used to establish the Lagrange-Dirichlet test formally
works in infinite dimensions too. Unfortunately, for systems with infinitely
many degrees of freedom (like fluids and plasmas), there is a serious techni-
cal snag. The calculus argument used before runs into problems; one might
think that these are just technical and that we just need to be more careful
with the calculus arguments. In fact, there is widespread belief in this “en-
ergy criterion” (see, for instance, the discussion and references in Marsden
and Hughes [1983, Chapter 6], and Potier-Ferry [1982]). However, Ball and
Marsden [1984] have shown using an example from elasticity theory that
the difficulty is genuine: They produce a critical point of H at which §2H
is positive definite, yet this point is not a local minimum of H. On the
other hand, Potier-Ferry [1982] shows that asymptotic stability is restored
if suitable dissipation is added. Another way to overcome this difficulty is
to modify Step 3 using a convexity argument of Arnold [1966b].

Modified Step 3. Assume that P is a linear space.
(a) Let Au=u— u, denote a finite variation in phase space.
(b) Find quadratic functions Q1 and Q2 such that
Q1(Au) < H(ue + Au) — H(ue) — 6H (ue) - Au
and

Q2(Au) < Clue + Au) — Clue) — 6C(ue) - Au,
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(¢) Require Q1(Au) + Q2(Au) > 0 for all Au # 0.

(d) Introduce the norm ||Aul| by
1Au]* = Qi(Au) + Q2(Au),

so ||Aul| is a measure of the distance from wu to ue; that is, we choose
d(u, ue) = ||Aul|.

(e) Require
[H (ue + Au) — H(uc)| < Cr|Auf|
and
|C(ue + Au) = Clue)| < Cof Aul|
for constants o, C1,Co > 0 and ||Au|| sufficiently small.

These conditions guarantee stability of u, and provide the distance mea-
sure relative to which stability is defined. The key part of the proof is
simply the observation that if we add the two inequalities in (b), we get

|Au|* < H(ue + Au) + Clue + Au) — H(ue) — C(ue)

using the fact that § H (u.) - Au and 6C(u.) - Au add up to zero by Step 1.
But H and C' are constant in time, so

||(Au)time:t||2 < [H(ue + Au) + C(ue + Au) — H(ue) — C(ue)]

|time:0 :

Now employ the inequalities in (e) to get
||<Au)time:t||2 < (Cl + CQ)H(Au)time:OHa-

This estimate bounds the temporal growth of finite perturbations in
terms of initial perturbations, which is what is needed for stability. For
a survey of this method, additional references, and numerous examples, see
Holm, Marsden, Ratiu, and Weinstein [1985].

There are some situations (such as the stability of elastic rods) in which
the above techniques do not apply. The chief reason is that there may be a
lack of sufficiently many Casimir functions to achieve even the first step. For
this reason a modified (but more sophisticated) method has been developed
called the “energy-momentum method.” The key to the method is to avoid
the use of Casimir functions by applying the method before any reduction
has taken place. This method was developed in a series of papers of Simo,
Posbergh, and Marsden [1990, 1991] and Simo, Lewis, and Marsden [1991].
A discussion and additional references are found later in this section.
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Gyroscopic Systems. The distinctions between “stability by energy
methods,” that is, energetics and “spectral stability” become especially
interesting when one adds dissipation. In fact, building on the classical
work of Kelvin and Chetaev, one can prove that if 62H is indefinite, yet
the spectrum is on the imaginary axis, then adding dissipation necessarily
makes the system linearly unstable. That is, at least one pair of eigenval-
ues of the linearized equations move into the right half-plane. This is a
phenomenon called dissipation-induced instability. This result, along
with related developments, is proved in Bloch, Krishnaprasad, Marsden,
and Ratiu [1991, 1994, 1996]. For example, consider the linear gyroscopic
system

M+ Sq+Vq=0, (1.7.11)

where q € R", M is a positive definite symmetric n X n matrix, S is skew,
and V is symmetric. This system is Hamiltonian (Exercise 1.7-2). If V" has
negative eigenvalues, then (1.7.11) is formally unstable. However, due to
S, the system can be spectrally stable. However, if R is positive definite
symmetric and € > 0 is small, the system with friction

M+ Sq+eRq+Vq=0 (1.7.12)

is linearly unstable. A specific example is given in Exercise 1.7-4.

Outline of the Energy—Momentum Method. The energy momen-
tum method is an extension of the Arnold (or energy—Casimir) method for
the study of stability of relative equilibria, which was developed for Lie—
Poisson systems on duals of Lie algebras, especially those of fluid dynamical
type. In addition, the method extends and refines the fundamental stability
techniques going back to Routh, Liapunov, and, in more recent times, to
the work of Smale.

The motivation for these extensions is threefold.

First of all, the energy—momentum method can deal with Lie-Poisson
systems for which there are not sufficient Casimir functions available, such
as 3-D ideal flow and certain problems in elasticity. In fact, Abarbanel
and Holm [1987] use what can be recognized retrospectively as the energy—
momentum method to show that 3-D equilibria for ideal flow are generally
formally unstable due to vortex stretching. Other fluid and plasma situ-
ations, such as those considered by Chern and Marsden [1990] for ABC
flows and certain multiple-hump situations in plasma dynamics (see Holm,
Marsden, Ratiu, and Weinstein [1985] and Morrison [1987], for example),
provided additional motivation in the Lie-Poisson setting.

A second motivation is to extend the method to systems that need not be
Lie—Poisson and still make use of the powerful idea of using reduced spaces,
as in the original Arnold method. Examples such as rigid bodies with vi-
brating antennas (Sreenath, Oh, Krishnaprasad, and Marsden [1988], Oh,



40 1. Introduction and Overview

Sreenath, Krishnaprasad, and Marsden [1989], Krishnaprasad and Mars-
den [1987]) and coupled rigid bodies (Patrick [1989]) motivated the need
for such an extension of the theory.

Finally, it gives sharper stability conclusions in material representation
and links with geometric phases.

The Idea of the Energy—Momentum Method. The setting of the
energy—momentum method is that of a mechanical system with symmetry
with a configuration space ) and phase space T*Q and a symmetry group
G acting, with a standard momentum map J : T*Q — g*, where g* is the
Lie algebra of G. Of course, one gets the Lie—Poisson case when @ = G.

The rough idea for the energy momentum method is first to formulate
the problem directly on the unreduced space. Here, relative equilibria as-
sociated with a Lie algebra element £ are critical points of the augmented
Hamiltonian He := H —(J,¢). The idea is now to compute the second vari-
ation of H¢ at a relative equilibrium z, with momentum value p. subject to
the constraint J = p. and on a space transverse to the action of G, the
subgroup of GG that leaves . fixed. Although the augmented Hamiltonian
plays the role of H+C' in the Arnold method, notice that Casimir functions
are not required to carry out the calculations.

The surprising thing is that the second variation of H¢ at the relative
equilibrium can be arranged to be block diagonal, using splittings that are
based on the mechanical connection, while at the same time, the symplectic
structure also has a simple block structure, so that the linearized equations
are put into a useful canonical form. Even in the Lie-Poisson setting, this
leads to situations in which one gets much simpler second variations. This
block diagonal structure is what gives the method its computational power.

The general theory for carrying out this procedure was developed in
Simo, Posbergh, and Marsden [1990, 1991] and Simo, Lewis, and Marsden
[1991]. An exposition of the method may be found, along with additional
references, in Marsden [1992]. Tt is of interest to extend this to the singular
case, which is the subject of ongoing work; see Ortega and Ratiu [1997,
1998] and references therein.

The energy—momentum method may also be usefully formulated in the
Lagrangian setting, which is very convenient for the calculations in many
examples. The general theory for this was developed in Lewis [1992] and
Wang and Krishnaprasad [1992]. This Lagrangian setting is closely related
to the general theory of Lagrangian reduction. In this context one reduces
variational principles rather than symplectic and Poisson structures, and
for the case of reducing the tangent bundle of a Lie group, this leads to the
Euler—Poincaré equations rather than the Lie—Poisson equations.

Effectiveness in Examples. The energy—momentum method has proven
its effectiveness in a number of examples. For instance, Lewis and Simo
[1990] were able to deal with the stability problem for pseudo-rigid bodies,
which was thought up to that time to be analytically intractable.
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The energy—momentum method can sometimes be used in contexts where
the reduced space is singular or at nongeneric points in the dual of the
Lie algebra. This is done at singular points in Lewis, Ratiu, Simo, and
Marsden [1992], who analyze the heavy top in great detail and, in the
Lie—Poisson setting for compact groups at nongeneric points in the dual
of the Lie algebra, in Patrick [1992, 1995]. One of the key things is to
keep track of group drifts, because the isotropy group G, can change for
nearby points, and these are important for the reconstruction process and
for understanding the Hannay-Berry phase in the context of reduction
(see Marsden, Montgomery, and Ratiu [1990] and references therein). For
noncompact groups and an application to the dynamics of rigid bodies in
fluids (underwater vehicles), see Leonard and Marsden [1997]. Additional
work in this area is still needed in the context of singular reduction.

The Benjamin-Bona theorem on stability of solitons for the KdV equa-
tion can be viewed as an instance of the energy momentum method, see
also Maddocks and Sachs [1993], and for example, Oh [1987] and Grillakis,
Shatah, and Strauss [1987], although there are many subtleties in the PDE
context.

Hamiltonian Bifurcations. The energy-momentum method has also
been used in the context of Hamiltonian bifurcation problems. We shall
give some simple examples of this in §1.8. One such context is that of free
boundary problems building on the work of Lewis, Marsden, Montgomery,
and Ratiu [1986], which gives a Hamiltonian structure for dynamic free
boundary problems (surface waves, liquid drops, etc.), generalizing Hamil-
tonian structures found by Zakharov. Along with the Arnold method itself,
this is used for a study of the bifurcations of such problems in Lewis, Mars-
den, and Ratiu [1987], Lewis [1989, 1992], Kruse, Marsden, and Scheurle
[1993], and other references cited therein.

Converse to the Energy—Momentum Method. Because of the block
structure mentioned, it has also been possible to prove, in a sense, a con-
verse of the energy-momentum method. That is, if the second variation
is indefinite, then the system is unstable. One cannot, of course, hope to
do this literally as stated, since there are many systems (e.g., gyroscopic
system mentioned earlier—an explicit example is given in Exercise 1.7-4)
that are formally unstable, and yet their linearizations have eigenvalues
lying on the imaginary axis. Most of these are presumably unstable due
to “Arnold diffusion,” but of course this is a very delicate situation to
prove analytically. Instead, the technique is to show that with the addition
of dissipation, the system is destabilized. This idea of dissipation-induced
instability goes back to Thomson and Tait in the last century. In the con-
text of the energy-momentum method, Bloch, Krishnaprasad, Marsden,
and Ratiu [1994, 1996] show that with the addition of appropriate dissipa-
tion, the indefiniteness of the second variation is sufficient to induce linear
instability in the problem.
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There are related eigenvalue movement formulas (going back to Krein)
that are used to study non-Hamiltonian perturbations of Hamiltonian nor-
mal forms in Kirk, Marsden, and Silber [1996]. There are interesting ana-
logues of this for reversible systems in O’Reilly, Malhotra, and Namam-
chchivaya [1996].

Extension to Nonholonomic Systems. It is possible to partially ex-
tend the energy—momentum method to the case of nonholonomic systems.
Building on the work on nonholonomic systems in Arnold [1988], Bates and
Sniatycki [1993] and Bloch, Krishnaprasad, Marsden, and Murray [1996],
on the example of the Routh problem in Zenkov [1995], and on the large
Russian literature in this area, Zenkov, Bloch, and Marsden [1998] show
that there is a generalization to this setting. The method is effective in the
sense that it applies to a wide variety of interesting examples, such as the
rolling disk, a three-wheeled vehicle known as the the roller racer and the
rattleback.

Exercises

o 1.7-1.  Work out Cherry’s example of the Hamiltonian system in R* whose
energy function is given by (1.7.6). Show explicitly that the origin is a
linearly and spectrally stable equilibrium but that it is nonlinearly unstable
by proving that (1.7.7) is a solution for every 7 > 0 that can be chosen to
start arbitrarily close to the origin and that goes to infinity for ¢t — 7.

¢ 1.7-2.  Show that (1.7.11) is Hamiltonian with p = Mq,

1 1
H(q,p) = §p-M‘lp+§q~Vq,
and
{F’K}_a_Fa_K_a_Kﬁ_F_SijaFaK

" 0q¢' dp;  dq dp; dpi Op;”

¢ 1.7-3. Show that (up to an overall factor) the characteristic polynomial
for the linear system (1.7.11) is

p(\) = det[\>M + \S + V]

and that this actually is a polynomial of degree n in \2.

o 1.7-4. Consider the two-degree-of-freedom system

T—gy+yt+axr=0,
i+ gt + 0y + Py = 0.

(a) Write it in the form (1.7.12).
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(b) For v = 4§ = 0 show:

(i) it is spectrally stable if a > 0, 8 > 0;
(ii) for af < 0, it is spectrally unstable;

(iii) for « < 0, B < 0, it is formally unstable (that is, the energy
function, which is a quadratic form, is indefinite); and

A.if D := (¢ + a + )% — 4a8 < 0, then there are two roots
in the right half-plane and two in the left; the system is
spectrally unstable;

B. if D =0 and ¢g> +a+ 3 > 0, the system is spectrally stable,
but if g2 + o + 3 < 0 then it is spectrally unstable; and

C. if D > 0 and ¢g> +a+ 3 > 0, the system is spectrally stable,
but if g2 + o + 3 < 0, then it is spectrally unstable.

(c) For a polynomial p(A) = A* + p1 A3 + p2A? + p3) + ps, the Routh—
Hurwitz criterion (see Gantmacher [1959, Volume 2]) says that the
number of right half-plane zeros of p is the number of sign changes
of the sequence

{1 p1p2 — p3 p3pLp2 — P3 — pap? }
» P15 ) s P4 (-
P1 P1P2 — P3

Apply this to the case in which a <0, 3<0, g?+a+3>0, v >0,
and § > 0 to show that the system is spectrally unstable.

1.8 Bifurcation

When the energy—momentum or energy—Casimir method indicates that
an instability might be possible, techniques of bifurcation theory can be
brought to bear to determine the emerging dynamical complexities such as
the development of multiple equilibria and periodic orbits.

Ball in a Rotating Hoop. For example, consider a particle moving
with no friction in a rotating hoop (Figure 1.8.1).

In §2.8 we derive the equations and study the phase portraits for this
system. One finds that as w increases past \/g/R, the stable equilibrium at
0 = 0 becomes unstable through a Hamiltonian pitchfork bifurcation and
two new solutions are created. These solutions are symmetric in the vertical
axis, a reflection of the original Zs symmetry of the mechanical system in
Figure 1.8.1. Breaking this symmetry by, for example, putting the rotation
axis slightly off center is an interesting topic that we shall discuss in §2.8.
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g = acceleration
due to gravity

FIGURE 1.8.1. A particle moving in a hoop rotating with angular velocity w.

Rotating Liquid Drop. The system consists of the two-dimensional
Euler equations for an ideal fluid with a free boundary. An equilibrium
solution consists of a rigidly rotating circular drop. The energy—Casimir
method shows stability, provided that

Q<2 %. (1.8.1)
In this formula, € is the angular velocity of the circular drop, R is its
radius, and 7 is the surface tension, a constant. As 2 increases and (1.8.1)
is violated, the stability of the circular solution is lost and is picked up by
elliptical-like solutions with Zs X Zs symmetry. The bifurcation is actually
subcritical relative to the angular velocity Q (that is, the new solutions
occur below the critical value of ) and is supercritical (the new solutions
occur above criticality) relative to the angular momentum. This is proved in
Lewis, Marsden, and Ratiu [1987] and Lewis [1989], where other references
may also be found (see Figure 1.8.2).

For the ball in the hoop, the eigenvalue evolution for the linearized equa-
tions is shown in Figure 1.8.3(a). For the rotating liquid drop, the movement
of eigenvalues is the same: They are constrained to stay on the imaginary
axis because of the symmetry of the problem. Without this symmetry,
eigenvalues typically split, as in Figure 1.8.3(b). These are examples of a
general theory of the movement of such eigenvalues given in Golubitsky
and Stewart [1987], Dellnitz, Melbourne, and Marsden [1992], Knobloch,
Mahalov, and Marsden [1994], and Kirk, Marsden, and Silber [1996].
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circular stable solutions uniformly rotating elliptical-like solutions

FIGURE 1.8.2. A circular liquid drop losing its stability and its symmetry.

x .

(a) with symmetry (b) without symmetry

FIGURE 1.8.3. The movement of eigenvalues in bifurcation of equilibria.

More Examples. Another example is the heavy top: a rigid body with
one point fixed, moving in a gravitational field. When the top makes the
transition from a fast top to a slow top, the angular velocity w decreases
past the critical value

2/ Mqll, 182)
A 8.

We =

stability is lost, and a resonance bifurcation occurs. Here, when the
bifurcation occurs, the eigenvalues of the equations linearized at the equi-
librium behave as in Figure 1.8.4.

For an extensive study of bifurcations and stability in the dynamics of
a heavy top, see Lewis, Ratiu, Simo, and Marsden [1992]. Behavior of this
sort is sometimes called a Hamiltonian Krein—Hopf bifurcation, or a
gyroscopic instability (see van der Meer [1985, 1990]). Here more com-
plex dynamic behavior ensues, including periodic and chaotic motions (see
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C y fast-slow y C
transition
- 0 o —>
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0 o —>

FIGURE 1.8.4. Eigenvalue movement in the Hamiltonian Hopf bifurcation.

Holmes and Marsden [1983]). In some systems with symmetry, the eigen-
values can pass as well as split, as has been shown by Dellnitz, Melbourne,
and Marsden [1992] and references therein.

More sophisticated examples, such as the dynamics of two coupled three-
dimensional rigid bodies, requires a systematic development of the basic
theory of Golubitsky and Schaeffer [1985] and Golubitsky, Stewart, and
Schaeffer [1988]. This theory is begun in, for example, Duistermaat [1983],
Lewis, Marsden, and Ratiu [1987], Lewis [1989], Patrick [1989], Meyer and
Hall [1992], Broer, Chow, Kim, and Vegter [1993], and Golubitsky, Mars-
den, Stewart, and Dellnitz [1995]. For bifurcations in the double spher-
ical pendulum (which includes a Hamiltonian—Krein—Hopf bifurcation),
see Dellnitz, Marsden, Melbourne, and Scheurle [1992] and Marsden and
Scheurle [1993a].

Exercises

1.8-1. Study the bifurcations (changes in the phase portrait) for the equa-
tion

i4+pr+22=0

as pu passes through zero. Use the second derivative test on the potential
energy.

1.8-2. Repeat Exercise 1.8-1 for
i pr+ad=0

as [ passes through zero.
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1.9 The Poincaré—Melnikov Method

The Forced Pendulum. To begin with a simple example, consider the
equation of a forced pendulum:

b + sin ¢ = e coswt. (1.9.1)

Here w is a constant angular forcing frequency and e is a small parameter.
Systems of this or a similar nature arise in many interesting situations.
For example, a double planar pendulum and other “executive toys” exhibit
chaotic motion that is analogous to the behavior of this equation; see Burov
[1986] and Shinbrot, Grebogi, Wisdom, and Yorke [1992].

For e = 0 (1.9.1) has the phase portrait of a simple pendulum (the same
as shown later in Figure 2.8.2a). For € small but nonzero, (1.9.1) possesses
no analytic integrals of the motion. In fact, it possesses transversal inter-
secting stable and unstable manifolds (separatrices); that is, the Poincaré
map P, : R? — R? defined as the map that advance solutions by one
period T = 27 /w starting at time ¢y possess transversal homoclinic points.
This type of dynamic behavior has several consequences, besides precluding
the existence of analytic integrals, that lead one to use the term “chaotic.”
For example, (1.9.1) has infinitely many periodic solutions of arbitrarily
high period. Also, using the shadowing lemma, one sees that given any
bi-infinite sequence of zeros and ones?, there exists a corresponding solu-
tion of (1.9.1) that successively crosses the plane ¢ = 0 (the pendulum’s
vertically downward configuration) with ¢ > 0 corresponding to a zero and
¢ < 0 corresponding to a one. The origin of this chaos on an intuitive
level lies in the motion of the pendulum near its unperturbed homoclinic
orbit, the orbit that does one revolution in infinite time. Near the top of
its motion (where ¢ = 4) small nudges from the forcing term can cause
the pendulum to fall to the left or right in a temporally complex way.

The dynamical systems theory needed to justify the preceding statements
is available in Smale [1967], Moser [1973], Guckenheimer and Holmes [1983],
and Wiggins [1988, 1990]. Some key people responsible for the development
of the basic theory are Poincaré, Birkhoff, Kolmogorov, Melnikov, Arnold,
Smale, and Moser. The idea of transversal intersecting separatrices comes
from Poincaré’s famous paper on the three-body problem (Poincaré [1890]).
His goal, not quite achieved for reasons we shall comment on later, was to
prove the nonintegrability of the restricted three-body problem and that
various series expansions used up to that point diverged (he began the
theory of asymptotic expansions and dynamical systems in the course of

9For example, build such a sequence out of digits from the binary expansion of 7
and e using the former for the left infinite sequence and the latter for the right infinite
sequence.
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this work). See Diacu and Holmes [1996] for additional information about
Poincaré’s work.

Although Poincaré had all the essential tools needed to prove that equa-
tions like (1.9.1) are not integrable (in the sense of having no analytic
integrals), his interests lay with harder problems, and he did not develop
the easier basic theory very much. Important contributions were made by
Melnikov [1963] and Arnold [1964] that lead to a simple procedure for
proving that (1.9.1) is not integrable. The Poincaré—Melnikov method was
revived by Chirikov [1979], Holmes [1980b], and Chow, Hale, and Mallet-
Paret [1980]. We shall give the method for Hamiltonian systems. We refer
to Guckenheimer and Holmes [1983] and to Wiggins [1988, 1990] for gen-
eralizations and further references.

The Poincaré—Melnikov Method. This method proceeds as follows:

1. Write the dynamical equation to be studied in the form
&= Xo(x) + Xy (x,t), (1.9.2)

where z € R?, X; is a Hamiltonian vector field with energy Hy,
X is periodic with period T and is Hamiltonian with energy a 7T—
periodic function H;. Assume that X, has a homoclinic orbit Z(¢),
so T(t) — xo, a hyperbolic saddle point, as t — +o0.

2. Compute the Poincaré—Melnikov function defined by
o0
M(tg) = / {Ho, H }(ZT(t — tg), t) dt, (1.9.3)
where {, } denotes the Poisson bracket.

If M(tp) has simple zeros as a function of tg, then (1.9.2) has, for
sufficiently small €, homoclinic chaos in the sense of transversal in-
tersecting separatrices (in the sense of Poincaré maps as mentioned
above).

We shall prove this result in §2.11. To apply it to equation (1.9.1) one
proceeds as follows. Let = = (¢, ¢), so we get

dlo] é 0
E[qﬁ}_[—sinqb}—’—e[coswt]'

The homoclinic orbits for e = 0 are given by (see Exercise 1.9-1)

(1) = { o } - [ s G ] »
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and one has
Ho(¢,¢) = %(]52 —cos¢ and Hy(¢p,h,t) = pcoswt. (1.9.4)

Hence (1.9.3) gives

[ (0HyOH, OHyOH,\ _,,
M(t‘))_/ (&b 26 09 8¢>(x(t fo), ) di

:—/ Gt — to) coswt dt

— 00

= :F/ [2 sech(t — tg) cos wt] dt.

— 00

Changing variables and using the fact that sech is even and sin is odd, we
get

o0
M(tg) = F2 (/ sech t coswt dt) cos(wtp).
—o0

The integral is evaluated by residues (see Exercise 1.9-2):
Tw
M (ty) = F2m sech (7) cos(wtp), (1.9.5)

which clearly has simple zeros. Thus, this equation has chaos for e small
enough.

Exercises

1.9-1.  Verify directly that the homoclinic orbits for the simple pendulum
equation ¢ + sin ¢ = 0 are given by ¢(t) = +2tan~!(sinht).

1.9-2. Evaluate the integral fix;o sech t coswt dt to prove (1.9.5) as fol-

lows. Write sech t = 2/(e! + e™%) and note that there is a simple pole
of

e’LOJZ + e—’LUJZ

e e~ %

f(z) =

in the complex plane at z = wi/2. Evaluate the residue there and apply
Cauchy’s theorem.'°

10Consult a book on complex variables such as Marsden and Hoffman, Basic Complex
Analysis, Third Edition, Freeman, 1998.
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1.10 Resonances, Geometric Phases, and
Control

The work of Smale [1970] shows that topology plays an important role
in mechanics. Smale’s work employs Morse theory applied to conserved
quantities such as the energy—momentum map. In this section we point out
other ways in which geometry and topology enter mechanical problems.

The One-to-One Resonance. When one considers resonant systems,
one often encounters Hamiltonians of the form

1 A
H = 5((]% +p?) + §(q§ + p3) + higher-order terms. (1.10.1)

The quadratic terms describe two oscillators that have the same frequency
when A\ = 1, which is why one speaks of a one-to-one resonance. To analyze
the dynamics of H, it is important to utilize a good geometric picture for
the critical case

1
Hy = Q(qf +pi+q5+p3). (1.10.2)

The energy level Hy = constant is the three-sphere S C R*. If we think of
Hyj as a function on complex two-space C2? by letting

z1 =q1+ip1 and 2z = g2 +ip2,

then Hy = (|21|> + |22]?)/2, so Hy is left-invariant by the action of SU(2),
the group of complex 2 x 2 unitary matrices of determinant one. The cor-
responding conserved quantities are

Wi =2(q192 + p1p2),
Wa = 2(g2p1 — q1p2), (1.10.3)
W3 = qi +pt — a5 — p3,
which comprise the components of a (momentum) map
J:R* - R3. (1.10.4)

From the readily verified relation 4H3 = W2 + W3 + W2, one finds that
J restricted to S® gives a map

j: 8% — 82 (1.10.5)

The fibers j~!(point) are circles, and the trajectories for the dynamics of
Hy move along these circles. The map j is the Hopf fibration, which
describes S? as a topologically nontrivial circle bundle over S2. The role of
the Hopf fibration in mechanics was known to Reeb [1949].
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One also finds that the study of systems like (1.10.1) that are close to
Hj can, to a good approximation, be reduced to dynamics on S2. These
dynamics are in fact Lie-Poisson and S? sits as a coadjoint orbit in so(3)*,
so the evolution is of rigid-body type, just with a different Hamiltonian.
For a computer study of the Hopf fibration in the one-to-one resonance,
see Kocak, Bisshopp, Banchoff, and Laidlaw [1986].

The Hopf Fibration in Rigid-Body Mechanics. When doing reduc-
tion for the rigid body, one studies the reduced space

I () /G = 37 ()™,

which in this case is the sphere S2. As we shall see in Chapter 15, J~*(u)
is topologically the same as the rotation group SO(3), which in turn is the
same as S°/Zy. Thus, the reduction map is a map of SO(3) to S2. Such a
map is given explicitly by taking an orthogonal matrix A and mapping it
to the vector on the sphere given by Ak, where k is the unit vector along
the z-axis. This map, which does the projection, is in fact a restriction of
a momentum map and is, when composed with the map of $% = SU(2) to
SO(3), just the Hopf fibration again. Thus, not only does the Hopf fibration
occur in the one-to-one resonance, it occurs in the rigid body in a natural
way as the reduction map from material to body representation!

Geometric Phases. The history of this concept is complex. We refer
to Berry [1990] for a discussion of the history, going back to Bortolotti in
1926, Vladimirskii and Rytov in 1938 in the study of polarized light, Kato
in 1950, and Longuet-Higgins and others in 1958 in atomic physics. Some
additional historical comments regarding phases in rigid-body mechanics
are given below.

We pick up the story with the classical example of the Foucault pendu-
lum. The Foucault pendulum gives an interesting phase shift (a shift in the
angle of the plane of the pendulum’s swing) when the overall system un-
dergoes a cyclic evolution (the pendulum is carried in a circular motion due
to the Earth’s rotation). This phase shift is geometric in character: If one
parallel transports an orthonormal frame along the same line of latitude,
it returns with a phase shift equaling that of the Foucault pendulum. This
phase shift A = 2w cosa (where « is the co-latitude) has the geometric
meaning shown in Figure 1.10.1.

In geometry, when an orthonormal frame returns to its original position
after traversing a closed path but is rotated, the rotation is referred to as
holonomy (or anholonomy). This is a unifying mathematical concept
that underlies many geometric phases in systems such as fiber optics, MRI
(magnetic resonance imaging), amoeba propulsion, molecular dynamics,
and micromotors. These applications represent one reason the subject is of
such current interest.

In the quantum case a seminal paper on geometric phases is Kato [1950].
It was Berry [1984, 1985], Simon [1983], Hannay [1985], and Berry and
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FIGURE 1.10.1. The geometric interpretation of the Foucault pendulum phase
shift.

Hannay [1988] who realized that holonomy is the crucial geometric unify-
ing thread. On the other hand, Golin, Knauf, and Marmi [1989], Mont-
gomery [1988], and Marsden, Montgomery, and Ratiu [1989, 1990] demon-
strated that averaging connections and reduction of mechanical systems
with symmetry also plays an important role, both classically and quantum-
mechanically. Aharonov and Anandan [1987] have shown that the geomet-
ric phase for a closed loop in projectivized complex Hilbert space occurring
in quantum mechanics equals the exponential of the symplectic area of a
two—dimensional manifold whose boundary is the given loop. The symplec-
tic form in question is naturally induced on the projective space from the
canonical symplectic form of complex Hilbert space (minus the imaginary
part of the inner product) via reduction. Marsden, Montgomery, and Ratiu
[1990] show that this formula is the holonomy of the closed loop relative to
a principal S'-connection on the unit ball of complex Hilbert space and is
a particular case of the holonomy formula in principal bundles with abelian
structure group.

Geometric Phases and Locomotion. Geometric phases naturally oc-
cur in families of integrable systems depending on parameters. Consider an
integrable system with action-angle variables

(117[27 oo 7I’n7917927 oo :en)v

assume that the Hamiltonian H (I, Io, ... , I,;m) depends on a parameter
m € M. This just means that we have a Hamiltonian independent of the
angular variables  and we can identify the configuration space with an n-
torus T™. Let ¢ be a loop based at a point mg in M. We want to compare the
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angular variables in the torus over mg, while the system is slowly changed
as the parameters traverse the circuit c. Since the dynamics in the fiber vary
as we move along ¢, even if the actions vary by a negligible amount, there
will be a shift in the angle variables due to the frequencies w® = 9H/0I* of
the integrable system; correspondingly, one defines

1
dynamic phase :/ W' (I,c(t)) dt.
0

Here we assume that the loop is contained in a neighborhood whose stan-
dard action coordinates are defined. In completing the circuit ¢, we return
to the same torus, so a comparison between the angles makes sense. The
actual shift in the angular variables during the circuit is the dynamic
phase plus a correction term called the geometric phase. One of the key
results is that this geometric phase is the holonomy of an appropriately
constructed connection (called the Hannay—Berry connection) on the
torus bundle over M that is constructed from the action—angle variables.
The corresponding angular shift, computed by Hannay [1985], is called
Hannay’s angles, so the actual phase shift is given by

A0 = dynamic phases + Hannay’s angles.

The geometric construction of the Hannay—Berry connection for classical
systems is given in terms of momentum maps and averaging in Golin,
Knauf, and Marmi [1989] and Montgomery [1988]. Weinstein [1990] makes
precise the geometric structures that make possible a definition of the Han-
nay angles for a cycle in the space of Lagrangian submanifolds, even with-
out the presence of an integrable system. Berry’s phase is then seen as a
“primitive” for the Hannay angles. A summary of this work is given in
Woodhouse [1992].

Another class of examples where geometric phases naturally arise is the
dynamics of coupled rigid bodies. The three-dimensional single rigid body
is discussed below. For several coupled rigid bodies, the dynamics can be
quite complex. For instance, even for three coupled bodies in the plane, the
dynamics are known to be chaotic, despite the presence of stable relative
equilibria; see Oh, Sreenath, Krishnaprasad, and Marsden [1989]. Geomet-
ric phase phenomena for this type of example are quite interesting as they
are in some of the work of Wilczek and Shapere on locomotion in microor-
ganisms. (See, for example, Shapere and Wilczek [1987, 1989] and Wilczek
and Shapere [1989].) In this problem, control of the system’s internal or
shape variables can lead to phase changes in the external or group variables.
These choices of variables are related to the variables in the reduced and
the unreduced phase spaces. In this setting one can formulate interesting
questions of optimal control such as “When a falling cat turns itself over
in mid-flight (all the time with zero angular momentum!), does it do so
with optimal efficiency in terms of, say, energy expended?” There are in-
teresting answers to these questions that are related to the dynamics of
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Yang—Mills particles moving in the associated gauge field of the problem.
See Montgomery [1984, 1990] and references therein.

We give two simple examples of geometric phases for linked rigid bodies.
Additional details can be found in Marsden, Montgomery, and Ratiu [1990].
First, consider three uniform coupled bars (or coupled planar rigid bodies)
linked together with pivot (or pin) joints, so the bars are free to rotate
relative to each other. Assume that the bars are moving freely in the plane
with no external forces and that the angular momentum is zero. However,
assume that the joint angles can be controlled with, say, motors in the
joints. Figure 1.10.2 shows how the joints can be manipulated, each one
going through an angle of 27 and yet the overall assemblage rotates through

an angle 7.
O S —>> \/—»
R <\/ -~

FI1GURE 1.10.2. Manipulating the joint angles can lead to an overall rotation of
the system.

}’
v

Here we assume that the moments of inertia of the two outside bars
(about an axis through their centers of mass and perpendicular to the
page) are each one-half that of the middle bar. The statement is verified
by examining the equation for zero angular momentum (see, for example
Sreenath, Oh, Krishnaprasad, and Marsden [1988] and Oh, Sreenath, Kr-
ishnaprasad, and Marsden [1989]). General formulas for the reconstruction
phase applicable to examples of this type are given in Krishnaprasad [1989].

A second example is the dynamics of linkages. This type of example is
considered in Krishnaprasad [1989], Yang and Krishnaprasad [1990], includ-
ing comments on the relation with the three-manifold theory of Thurston.
Here one considers a linkage of rods, say four rods linked by pivot joints as
in Figure 1.10.3.

The system is free to rotate without external forces or torques, but there
are assumed to be torques at the joints. When one turns the small “crank”
the whole assemblage turns, even though the angular momentum, as in the
previous example, stays zero.
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overall phase
rotation of
the assemblage

FI1GURE 1.10.3. Turning the crank can lead to an overall phase shift.

For an overview of how geometric phases are used in robotic locomotion
problems, see Marsden and Ostrowski [1998]. (This paper is available at
http://www.cds.caltech.edu/ marsden.)

Phases in Rigid-Body Dynamics. As we shall see in Chapter 15, the
motion of a rigid body is a geodesic with respect to a left-invariant Rieman-
nian metric (the inertia tensor) on the rotation group SO(3). The corre-
sponding phase space is P = T* SO(3) and the momentum map J : P — R3
for the left SO(3) action is right translation to the identity. We identify
50(3)* with so0(3) via the standard inner product and identify R® with
s0(3) via the map v — 0, where O(w) = v X w, X being the standard cross
product. Points in s0(3)* are regarded as the left reduction of T* SO(3) by
G = SO(3) and are the angular momenta as seen from a body-fized frame.

The reduced spaces P, = J~!(1)/G,, are identified with spheres in R? of
Euclidean radius ||x||, with their symplectic form w,, = —dS/||u||, where dS
is the standard area form on a sphere of radius ||i|| and where G, consists
of rotations about the p-axis. The trajectories of the reduced dynamics
are obtained by intersecting a family of homothetic ellipsoids (the energy
ellipsoids) with the angular momentum spheres. In particular, all but at
most four of the reduced trajectories are periodic. These four exceptional
trajectories are the well-known homoclinic trajectories; we shall determine
them explicitly in §15.8.

Suppose a reduced trajectory IL(t) is given on P,, with period T'. After
time T, by how much has the rigid body rotated in space? The spatial an-
gular momentum is m = p = gIlI, which is the conserved value of J. Here
g € SO(3) is the attitude of the rigid body and ITI is the body angular
momentum. If TI(0) = II(7T), then

1= g(O)TI(0) = g(T)TI(T),

and so g(T) "'y = g(0)~'p, that is, g(T)g(0)~'u = p, so g(T)g(0)~" is a
rotation about the axis u. We want to give the angle of this rotation.
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To determine this angle, let c¢(t) be the corresponding trajectory in
J=1(p) C P. Identify T* SO(3) with SO(3) x R? by left trivialization, so c(t)
gets identified with (g(¢),II(t)). Since the reduced trajectory II(¢) closes
after time T, we recover the fact that ¢(T") = gc¢(0) for some g € G,,. Here,
g=9g(T)g(0)~! in the preceding notation. Thus, we can write

g = exp[(A0)(], (1.10.6)

where ¢ = p/||p| identifies g, with R by a( +— a, for a € R. Let D be one
of the two spherical caps on S? enclosed by the reduced trajectory, let A be
the corresponding oriented solid angle, that is, |A| = (area D)/|pu||?, and
let H,, be the energy of the reduced trajectory. See Figure 1.10.4. All norms
are taken relative to the Euclidean metric of R®. Montgomery [1991a] and
Marsden, Montgomery, and Ratiu [1990] show that modulo 2w, we have
the rigid-body phase formula

1 2H,T
A@:—{/w +2H, T}:—A+—“. (1.10.7)
el W ™" g [l
P true trajectory

dynamic phase — horizontal lift

geometric phase ~

p———— / reduced trajectory

FIGURE 1.10.4. The geometry of the rigid-body phase formula.



1.10 Resonances, Geometric Phases, and Control 57

More History. The history of the rigid-body phase formula is quite
interesting and seems to have proceeded independently of the other devel-
opments above.'! The formula has its roots in work of MacCullagh dating
back to 1840 and Thomson and Tait [1867, §§123, 126]. (See Zhuravlev
[1996] and O’Reilly [1997] for a discussion and extensions.) A special case
of formula (1.10.7) is given in Ishlinskii [1952]; see also Ishlinskii [1963].12
The formula referred to covers a special case in which only the geometric
phase is present. For example, in certain precessional motions in which,
up to a certain order in averaging, one can ignore the dynamic phase, and
only the geometric phase survives. Even though Ishlinskii found only spe-
cial cases of the result, he recognized that it is related to the geometric
concept of parallel transport. A formula like the one above was found by
Goodman and Robinson [1958] in the context of drift in gyroscopes; their
proof is based on the Gauss-Bonnet theorem. Another interesting approach
to formulas of this sort, also based on averaging and solid angles, is given in
Goldreich and Toomre [1969], who applied it to the interesting geophysical
problem of polar wander (see also Poincaré [1910]!).

The special case of the above formula for a symmetric free rigid body
was given by Hannay [1985] and Anandan [1988, formula (20)]. The proof
of the general formula based on the theory of connections and the formula
for holonomy in terms of curvature was given by Montgomery [1991a] and
Marsden, Montgomery, and Ratiu [1990]. The approach using the Gauss—
Bonnet theorem and its relation to the Poinsot construction along with
additional results is taken up by Levi [1993]. For applications to general
resonance problems (such as the three-wave interaction) and nonlinear op-
tics, see Alber, Luther, Marsden and Robbins [1998].

An analogue of the rigid-body phase formula for the heavy top and the
Lagrange top (symmetric heavy top) was given in Marsden, Montgomery,
and Ratiu [1990]. Links with vortex filament configurations were given in
Fukumoto and Miyajima [1996] and Fukumoto [1997].

Satellites with Rotors and Underwater Vehicles. Another example
that naturally gives rise to geometric phases is the rigid body with one or
more internal rotors. Figure 1.10.5 illustrates the system considered. To
specify the position of this system we need an element of the group of rigid
motions of R? to place the center of mass and the attitude of the carrier,
and an angle (element of S') to position each rotor. Thus the configuration
space is Q = SE(3) x S* x S x S1. The equations of motion of this system
are an extension of Euler’s equations of motion for a freely spinning rotor.
Just as holding a spinning bicycle wheel while sitting on a swivel chair can
affect the carrier’s motion, so the spinning rotors can affect the dynamics

11We thank V. Arnold for valuable help with these comments.
120n page 195 of Ishlinskii [1976], a later book on mechanics, it is stated that “the
formula was found by the author in 1943 and was published in Ishlinskii [1952].”
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rigid carrier

spinning rotors

F1GURE 1.10.5. The rigid body with internal rotors.

of the rigid carrier.

In this example, one can analyze equilibria and their stability in much the
same way as one can with the rigid body. However, what one often wants to
do is to forcibly spin, or control, the rotors so that one can achieve attitude
control of the structure in the same spirit that a falling cat has control
of its attitude by manipulating its body parts while falling. For example,
one can attempt to prescribe a relation between the rotor dynamics and
the rigid-body dynamics by means of a feedback law. This has the property
that the total system angular momentum is still preserved and that the
resulting dynamic equations can be expressed entirely in terms of the free
rigid-body variable. (A falling cat has zero angular momentum even though
it is able to turn over!) In some cases the resulting equations are again
Hamiltonian on the invariant momentum sphere. Using this fact, one can
compute the geometric phase for the problem generalizing the free rigid-
body phase formula. (See Bloch, Krishnaprasad, Marsden, and Sénchez de
Alvarez [1992] and Bloch, Leonard, and Marsden [1997, 1998] for details.)
This type of analysis is useful in designing and understanding attitude
control devices.

Another example that combines some features of the satellite and the
heavy top is the underwater vehicle. This is in the realm of the dynamics
of rigid bodies in fluids, a subject going back to Kirchhoff in the late 1800s.
We refer to Leonard and Marsden [1997] and Holmes, Jenkins, and Leonard
[1998] for modern accounts and many references.

Miscellaneous Links. There are many continuum-mechanical examples
to which the techniques of geometric mechanics apply. Some of those are
free boundary problems (Lewis, Marsden, Montgomery, and Ratiu [1986],
Montgomery, Marsden, and Ratiu [1984], Mazer and Ratiu [1989)]), space-
craft with flexible attachments (Krishnaprasad and Marsden [1987]), elas-
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ticity (Holm and Kupershmidt [1983], Kupershmidt and Ratiu [1983], Mars-
den, Ratiu, and Weinstein [1984a, 1984b], Simo, Marsden, and Krishnaprasad
[1988]), and reduced MHD (Morrison and Hazeltine [1984] and Marsden
and Morrison [1984]). We also wish to look at these theories from both the
spatial (Eulerian) and body (convective) points of view as reductions of
the canonical material picture. These two reductions are, in an appropriate
sense, dual to each other.

The geometric-analytic approach to mechanics finds use in a number of
other diverse areas as well. We mention just a few samples.

e Integrable systems (Moser [1980], Perelomov [1990], Adams, Harnad, and
Previato [1988], Fomenko and Trofimov [1989], Fomenko [1988a, 1988b],
Reyman and Semenov-Tian-Shansky [1990], and Moser and Veselov [1991]).

e Applications of integrable systems to numerical analysis (like the QR algo-
rithm and sorting algorithms); see Deift and Li [1989] and Bloch, Brockett,
and Ratiu [1990, 1992].

e Numerical integration (Sanz-Serna and Calvo [1994], Marsden, Patrick, and
Shadwick [1996], Wendlandt and Marsden [1997], Marsden, Patrick, and
Shkoller [1998]).

e Hamiltonian chaos (Arnold [1964], Ziglin [1980a, 1980b, 1981], Holmes and
Marsden [1981, 1982a, 1982b, 1983], Wiggins [1988]).

e Averaging (Cushman and Rod [1982], Iwai [1982, 1985], Ercolani, Forest,
McLaughlin, and Montgomery [1987]).

e Hamiltonian bifurcations (van der Meer [1985], Golubitsky and Schaeffer
[1985], Golubitsky and Stewart [1987], Golubitsky, Stewart, and Schaeffer
[1988], Lewis, Marsden, and Ratiu [1987], Lewis, Ratiu, Simo, and Mars-
den [1992], Montaldi, Roberts, and Stewart [1988], Golubitsky, Marsden,
Stewart, and Dellnitz [1995]).

e Algebraic geometry (Atiyah [1982, 1983], Kirwan [1984, 1985 1998]).
o Celestial mechanics (Deprit [1983], Meyer and Hall [1992]).

e Vortex dynamics (Ziglin [1980b], Koiller, Soares, and Melo Neto [1985],
Wan and Pulvirente [1984], Wan [1986, 1988a, 1988b, 1988c], Kirwan [1988],
Szeri and Holmes [1988], Newton [1994], Pekarsky and Marsden [1998]).

e Solitons (Flaschka, Newell, and Ratiu [1983a, 1983b], Newell [1985], Kovacic
and Wiggins [1992], Alber and Marsden [1992]).

e Multisymplectic geometry, PDEs, and nonlinear waves (Gotay, Isenberg,
and Marsden [1997], Bridges [1994, 1997], Marsden and Shkoller [1999],
and Marsden, Patrick, and Shkoller [1998]).

e Relativity and Yang—Mills theory (Fischer and Marsden [1972, 1979], Arms
[1981], Arms, Marsden, and Moncrief [1981, 1982]).
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e Fluid variational principles using Clebsch variables and “Lin constraints”
(Seliger and Whitham [1968], Cendra and Marsden [1987], Cendra, Ibort,
and Marsden [1987], Holm, Marsden, and Ratiu [1998a]).

e Control, stabilization, satellite and underwater vehicle dynamics (Krish-
naprasad [1985], van der Schaft and Crouch [1987], Aeyels and Szafranski
[1988], Bloch, Krishnaprasad, Marsden, and Sdnchez de Alvarez [1992],
Wang, Krishnaprasad, and Maddocks [1991], Leonard [1997], Leonard and
Marsden [1997]), Bloch, Leonard, and Marsden [1998], and Holmes, Jenk-
ins, and Leonard [1998]).

e Nonholonomic systems (Naimark and Fufaev [1972], Koiller [1992], Bates
and Sniatycki [1993], Bloch, Krishnaprasad, Marsden, and Murray [1996],
Koon and Marsden [1997a, 1997b, 1998], Zenkov, Bloch, and Marsden
[1998]).

Reduction theory for mechanical systems with symmetry is a natural
historical continuation of the works of Liouville (for integrals in involution)
and of Jacobi (for angular momentum) for reducing the phase space dimen-
sion in the presence of first integrals. It is intimately connected with work on
momentum maps, and its forerunners appear already in Jacobi [1866], Lie
[1890], Cartan [1922], and Whittaker [1927]. It was developed later in Kir-
illov [1962], Arnold [1966a], Kostant [1970], Souriau [1970], Smale [1970],
Nekhoroshev [1977], Meyer [1973], and Marsden and Weinstein [1974]. See
also Guillemin and Sternberg [1984] and Marsden and Ratiu [1986] for the
Poisson case and Sjamaar and Lerman [1991] for basic work on the singular
symplectic case.
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2

Hamiltonian Systems on Linear
Symplectic Spaces

A natural arena for Hamiltonian mechanics is a symplectic or Poisson mani-
fold. The next few chapters concentrate on the symplectic case, while Chap-
ter 10 introduces the Poisson case. The symplectic context focuses on the
symplectic two-form > dg* A dp; and its infinite-dimensional analogues,
while the Poisson context looks at the Poisson bracket as the fundamental
object.

To facilitate an understanding of a number of points, we begin this chap-
ter with the theory in linear spaces in which case the symplectic form
becomes a skew-symmetric bilinear form that can be studied by means of
linear-algebraic methods. This linear setting is already adequate for a num-
ber of interesting examples such as the wave equation and Schrodinger’s
equation.

Later, in Chapter 4, we make the transition to manifolds, and we gen-
eralize symplectic structures to manifolds in Chapters 5 and 6. In Chap-
ters 7 and 8 we study the basics of Lagrangian mechanics, which are based
primarily on variational principles rather than on symplectic or Poisson
structures. This apparently very different approach is, however, shown to
be equivalent to the Hamiltonian one under appropriate hypotheses.

2.1 Introduction

To motivate the introduction of symplectic geometry in mechanics, we
briefly recall from §1.1 the classical transition from Newton’s second law to
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the Lagrange and Hamilton equations. Newton’s second law for a parti-
cle moving in Euclidean three-space R?, under the influence of a potential
energy V(q), is

F = ma, (2.1.1)

where q € R3, F(q) = —VV/(q) is the force, m is the mass of the particle,
and a = d?q/dt? is the acceleration (assuming that we start in a postulated
privileged coordinate frame called an inertial frame)!'. The potential en-
ergy V is introduced through the notion of work and the assumption that
the force field is conservative as shown in most books on vector calculus.
The introduction of the kinetic energy

1 dq 2
K=>m|<2
Qdet

is through the power, or rate of work, equation

LS
dt

=m(q,q) = (q,F),

where (,) denotes the inner product on R?.
The Lagrangian is defined by

L(¢'.d) = Flal” - V(a). (2.1.2)

and one checks by direct calculation that Newton’s second law is equivalent
to the Fuler—Lagrange equations

d 0L 0L

dt 0¢*  0q*

which are second-order differential equations in ¢*; the equations (2.1.3) are
worthy of independent study for a general L, since they are the equations
for stationary values of the action integral

to
) L(¢', ") dt = 0, (2.1.4)

t1

as will be discussed in detail later. These variational principles play a
fundamental role throughout mechanics—both in particle mechanics and
field theory.

INewton and subsequent workers in mechanics thought of this inertial frame as one
“fixed relative to the distant stars.” While this raises serious questions about what this
could really mean mathematically or physically, it remains a good starting point. Deeper
insight is found in Chapter 8 and in courses in general relativity.
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It is easily verified that dE/dt = 0, where E is the total energy:
1 .
E=gmlldl”+V(a).

Lagrange and Hamilton observed that it is convenient to introduce the
momentum p; = mq* and rewrite E as a function of p; and ¢* by letting

2
P
i(ap) = P54 y(g) (2.15)
for then Newton’s second law is equivalent to Hamilton’s canonical
equations

. OH OH
= = — 2.1.6
¢=5 P o (2.1.6)

which is a first-order system in (q, p)-space, or phase space.

Matrix Notation. For a deeper understanding of Hamilton’s equations,
we recall some matrix notation (see Abraham, Marsden, and Ratiu [1988,
Section 5.1] for more details). Let E be a real vector space and E* its dual
space. Let ey, ... ,e, be a basis of E¥ with the associated dual basis for £*
denoted by e', ..., e"; that is, €’ is defined by

(e',ej) == €'(ej) = 6;-,

which equals 1 if i = j and 0 if i # j. Vectors v € E are written v = v'e;
(a sum on i is understood) and covectors a € E* as a = a;e’; v and oy
are the components of v and «a, respectively.

If A: F — Fis a linear transformation, its matriz relative to bases
€1,...,e, of Eand f1,..., fm of F is denoted by A’; and is defined by

Ale)) = Alfs ie, [Aw)) = Aot (2.1.7)

Thus, the columns of the matrix of A are A(ey),... , A(e,); the upper index
is the row index, and the lower index is the column index. For other linear
transformations, we place the indices in their corresponding places. For
example, if A : E* — F is a linear transformation, its matrix A% satisfies
A(e?) = A" f;; that is, [A(a)]' = A¥q;.

If B: Ex F — R is a bilinear form, that is, it is linear separately in each
factor, its matriz B;; is defined by

Bi; = Blei, fj); ie., B(v,w)=v"Bjw. (2.1.8)
Define the associated linear map B” : E — F* by

B (v)(w) = B(v, w)
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and observe that B’(e;) = B;;f7. Since B’(e;) is the ith column of the
matrix representing the linear map B’ it follows that the matriz of B® in
the bases e1,... e, f ..., f™ is the transpose of Bj; that is,

[B");i = Bij. (2.1.9)

Let Z denote the vector space of (¢,p)’s and write z = (¢, p). Let the
coordinates ¢7, p; be collectively denoted by z!, I = 1,... ,2n. One reason
for the notation z is that if one thinks of z as a complex variable z = q+ip,
then Hamilton’s equations are equivalent to the following complex form of
Hamilton’s equations (see Exercise 2.1-1):

oH

i=—2

where 9/0% := (0/0q + 10/0p) /2.

Symplectic and Poisson Structures. We can view Hamilton’s equa-
tions (2.1.6) as follows. Think of the operation

OH OH OH O0H

which forms a vector field X, called the Hamsiltonian vector field, from
the differential of H, as the composition of the linear map

R:Z*—Z

with the differential dH (z) of H. The matrix of R is

[R4P] = [ _01 (1) ] =7, (2.1.12)

where we write J for the specific matrix (2.1.12) sometimes called the sym-
plectic matrixz. Here, 0 is the n x n zero matrix and 1 is the n x n identity
matrix. Thus,

Xp(z)=R-dH(2) (2.1.13)
or, if the components of Xy are denoted by X', I =1,... ,2n,
H
X! = RIJ%, ie., Xy=IVH, (2.1.14)
o

where VH is the naive gradient of H, that is, the row vector dH but
regarded as a column vector.

Let B(o,8) = (a, R(8)) be the bilinear form associated to R, where
(,) denotes the canonical pairing between Z* and Z. One calls either the
bilinear form B or its associated linear map R the Poisson structure. The
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classical Poisson bracket (consistent with what we defined in Chapter 1)
is defined by

{F,G} = B(dF,dG) = dF - JVG. (2.1.15)

The symplectic structure §) is the bilinear form associated to R™! :

Z — Z*, that is, Q(v,w) = <R_1(v),w>, or, equivalently, Q” = R~!. The
matrix of 2 is J in the sense that

Qv,w) = v Jw. (2.1.16)

To unify notation we shall sometimes write

Q  for the symplectic form, ZxZ—R with matrix J,
2  for the associated linear map, 7z — 7* with matrix J7,
QF  for the inverse map (Q°)"' =R, Z* —Z with matrix J,
B for the Poisson form, Z* x Z* - R with matrix J .

Hamilton’s equations may be written
2= Xpg(z) = Q' dH(2). (2.1.17)
Multiplying both sides by Q°, we get
DXy (z) = dH(2). (2.1.18)
In terms of the symplectic form, (2.1.18) reads
U Xp(z),v)=dH(z) v (2.1.19)

for all z,v € Z.

Problems such as rigid-body dynamics, quantum mechanics as a Hamil-
tonian system, and the motion of a particle in a rotating reference frame
motivate the need to generalize these concepts. We shall do this in sub-
sequent chapters and deal with both symplectic and Poisson structures in
due course.

Exercises

o 2.1-1. Writing z = g+ ip, show that Hamilton’s equations are equivalent
to

7]
Give a plausible definition of the right-hand side as part of your answer (or
consult a book on complex variables theory).

o 2.1-2. Write the harmonic oscillator mz + kx = 0 in the form of Euler—
Lagrange equations, as Hamilton’s equations, and finally, in the complex
form (2.1.10).

¢ 2.1-3. Repeat Exercise 2.1-2 for the nonlinear oscillator m& + kxz 4+ ax® =
0.
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2.2 Symplectic Forms on Vector Spaces

Let Z be a real Banach space, possibly infinite-dimensional, and let € :
Z x Z — R be a continuous bilinear form on Z. The form (2 is said to
be nondegenerate (or weakly nondegenerate) if Q(zy, z3) = 0 for all
zo € Z implies z; = 0. As in §2.1, the induced continuous linear mapping
O : Z — Z* is defined by

QD (21)(22) = Q(21, 22). (2.2.1)

Nondegeneracy of € is equivalent to injectivity of €°, that is, to the
condition “Q"(z) = 0 implies z = 0.” The form € is said to be strongly
nondegenerate if Q’ is an isomorphism, that is, Q” is onto as well as being
injective. The open mapping theorem guarantees that if Z is a Banach space
and Q° is one-to-one and onto, then its inverse is continuous. In most of
the infinite-dimensional examples discussed in this book Q will be only
(weakly) nondegenerate.

A linear map between finite-dimensional spaces of the same dimension
is one-to-one if and only if it is onto. Hence, when Z is finite-dimensional,
weak nondegeneracy and strong nondegeneracy are equivalent. If Z is finite-
dimensional, the matrix elements of 2 relative to a basis {e;} are defined
by

Qry =Q(er, eg).
If {e’} denotes the basis for Z* that is dual to {e;}, that is, (¢, e;) = &7,
and if we write z = zle; and w = w'ey, then
Qz,w) = 2'Qryw’  (sum over I,.J).
Since the matrix of Q" relative to the bases {e;} and {e’} equals the
transpose of the matrix of Q relative to {e;}, that is (2°);; = Q;, non-
degeneracy is equivalent to det[Q;;] # 0. In particular, if Q is skew and

nondegenerate, then 7 is even-dimensional, since the determinant of a skew-
symmetric matrix with an odd number of rows (and columns) is zero.

Definition 2.2.1. A symplectic form Q on a vector space Z is a non-
degenerate skew-symmetric bilinear form on Z. The pair (Z,Q) is called a
symplectic vector space. If Q) is strongly nondegenerate, (Z,) is called
a strong symplectic vector space.

Examples
We now develop some basic examples of symplectic forms.

(a) Canonical Forms. Let W be a vector space, and let Z = W x W*.
Define the canonical symplectic form () on Z by

Q((wl, 041), (UIQ, a2)> = 012(11}1) — (’wg), (2.2.2)
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where wq,ws € W and aq,ay € W,

More generally, let W and W’ be two vector spaces in duality, that is,
there is a weakly nondegenerate pairing (,) : W’ x W — R. Then on
W x W',

Q((w1, a1), (w2, a2)) = (a2, w1) — (a1, w2) (2.2.3)
is a weak symplectic form. ¢

(b) The Space of Functions. Let F(R?) be the space of smooth func-
tions ¢ : R* — R, and let Den.(R?) be the space of smooth densities on
R3 with compact support. We write a density 7 € Den.(R?) as a function
7' € F(R3) with compact support times the volume element d3z on R?
as m = 7’ d®r. The spaces F and Den, are in weak nondegenerate dual-
ity by the pairing (¢, 7) = [¢@n’d®z. Therefore, from (2.2.3) we get the
symplectic form 2 on the vector space Z = F(R3) x Den,(R3):

Q(p1,m1), (@2, m2)) = /

o P17 — /R3 PoTy. (2.2.4)

We choose densities with compact support so that the integrals in this
formula will be finite. Other choices of spaces could be used as well. ¢

(c) Finite-Dimensional Canonical Form. Suppose that W is a real
vector space of dimension n. Let {e;} be a basis of W, and let {e'} be the
dual basis of W*. With Z = W x W* and defining 2 : Z x Z — R as in
(2.2.2), one computes that the matrix of 2 in the basis

{(e1,0),...,(en,0),(0,e"),...,(0,e™)}

is

0 1
J= [ 1 0 } , (2.2.5)
where 1 and 0 are the n x n identity and zero matrices. ¢

(d) Symplectic Form Associated to an Inner Product Space. If
(W, (,)) is a real inner product space, W is in duality with itself, so we
obtain a symplectic form on Z = W x W from (2.2.3):

Q(w1,w2), (21, 22)) = (22, w1) — (21, w2) - (2.2.6)

As a special case of (2.2.6), let W = R3 with the usual inner product

3
(@v)=q-v=> ¢’
=1
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The corresponding symplectic form on RS is given by

Q((a1, vi), (@2, v2)) = v2 a1 — vi - qz, (2.2.7)

where qi,qa, vi, Vo € R3. This coincides with  defined in Example (c) for
W = R3, provided that R? is identified with (R?)*. ¢

Bringing € to canonical form using elementary linear algebra results
in the following statement. If (Z,Q) is a p-dimensional symplectic vector
space, then p is even. Furthermore, Z 1s, as a vector space, isomorphic to
one of the standard examples, namely W x W*, and there is a basis of W
in which the matriz of ) is J. Such a basis is called canonical, as are the
corresponding coordinates. See Exercise 2.2-3.

(e) Symplectic Form on C". Write elements of complex n-space C™
as n-tuples z = (z1,..., z,) of complex numbers. The Hermitian inner
product is

(zw) = 25 = (wuj +yjv) +i (w5 — viz;),
j=1

Jj=1 j=1

where z; = z; + iy; and w; = u; + 4v;. Thus, Re (z,w) is the real inner
product and —Im (z,w) is the symplectic form if C" is identified with
R™ x R™, ¢

(f) Quantum-Mechanical Symplectic Form. We now discuss an in-
teresting symplectic vector space that arises in quantum mechanics, as we
shall further explain in Chapter 3. Recall that a Hermitian inner prod-
uct {,) : H x H — C on a complex Hilbert space H is linear in its first
argument and antilinear in its second, and (11, ¥9) is the complex conjugate

of (a,11), where 11,19 € H.
Set

Q(d)lv 1/)2) = —2hIm <1/’1, ¢2>’

where £ is Planck’s constant. One checks that € is a strong symplectic form
on H.

There is another view of this symplectic form motivated by the preceding
Example (d) that is interesting. Let H be the complexification of a real
Hilbert space H, so the complex Hilbert space H is identified with H x H,
and the Hermitian inner product is given by

((ur,uz), (v1,v2)) = (u1,v1) + (uz, v2) +i({uz, v1) — (u1,v2)).

The imaginary part of this form coincides with that in (2.2.6).
There is yet another view related to the interpretation of a wave function
1 and its conjugate 1) being conjugate variables. Namely, we consider the
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embedding of H into H x H* via ¥ +— (i1h, 7). Then one checks that the
restriction of A times the canonical symplectic form (2.2.6) on H x H*,
namely,

(1, 01), (P2, 2)) = hRe[(p2,11) — (1, %2)],

coincides with €. ¢

Exercises

2.2-1.  Verify that the formula for the symplectic form for R?" as a matrix,

namely,
0 1
NER

coincides with the definition of the symplectic form as the canonical form
on R?" regarded as the product R™ x (R™)*.

2.2-2. Let (Z,) be a finite-dimensional symplectic vector space and let
V' C Z be a linear subspace. Assume that V is symplectic; that is, 2
restricted to V' x V is nondegenerate. Let

VE={2€Z|Q(zv)=0forallveV}.

Show that V* is symplectic and Z =V & V.

2.2-3. Find a canonical basis for a symplectic form 2 on Z as follows. Let
e1 € Z,e1 #0. Find ey € Z with Q(eq,e2) # 0. By rescaling eq, assume
Q(ey,e2) = 1. Let V be the span of e; and es. Apply Exercise 2.2-2 and
repeat this construction on V.

2.2-4. Let (Z,Q) be a finite-dimensional symplectic vector space and V' C
Z a subspace. Define V¢ as in Exercise 2.2-2. Show that Z/V and V* are
isomorphic vector spaces.

2.3 Canonical Transformations, or
Symplectic Maps

To motivate the definition of symplectic maps (synonymous with canonical
transformations), start with Hamilton’s equations

OH OH
= = — 2.3.1
o P o (2.3.1)

3

q

and a transformation ¢ : Z — Z of phase space to itself. Write

(4,p) = ¢(g,p),
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that is,
zZ=p(2). (2.3.2)
Assume that z(t) = (q(¢t),p(t)) satisfies Hamilton’s equations, that is,
2(t) = Xpg(2(t) = Q*dH(2(t)), (2.3.3)

where Qf : Z* — Z is the linear map with matrix J whose entries we denote
by B’K. By the chain rule, Z = ¢(2) satisfies

I
- g%% — Al (2.3.4)

(sum on J). Substituting (2.3.3) into (2.3.4), employing coordinate nota-
tion, and using the chain rule, we conclude that

5= AIJBJK;)Z—?{ = AIJBJKALK%. (2.3.5)
Thus, the equations (2.3.5) are Hamiltonian if and only if
AL BIK AL = BT, (2.3.6)
which in matrix notation reads
AJAT =]. (2.3.7)
In terms of composition of linear maps, (2.3.6) means
Ao Qfo AT = QF, (2.3.8)

since the matrix of QF in canonical coordinates is J (see §2.1). A transfor-
mation satisfying (2.3.6) is called a canonical transformation, a sym-
plectic transformation, or a Poisson transformation.?

Taking determinants of (2.3.7) shows that det A = +1 (we will see in
Chapter 9 that det A = 1 is the only possibility) and in particular that A
is invertible; taking the inverse of (2.3.8) gives

(AT)_l oQb ° A—l _ Qb7
that is,

AT o 0 A=, (2.3.9)

2In Chapter 10, where Poisson structures can be different from symplectic ones, we
will see that (2.3.8) generalizes to the Poisson context.
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which has the matrix form
ATJA =], (2.3.10)

since the matrix of Q° in canonical coordinates is —J (see §2.1). Note that
(2.3.7) and (2.3.10) are equivalent (the inverse of one gives the other). As
bilinear forms, (2.3.9) reads

Q(Dp(2) - 21, Dp(2) - 22) = Q(z1, 22), (2.3.11)

where Dy is the derivative of ¢ (the Jacobian matrix in finite dimensions).
With (2.3.11) as a guideline, we next write the general condition for a map
to be symplectic.

Definition 2.3.1. If (Z,9Q) and (Y,Z) are symplectic vector spaces, a
smooth map f : Z —'Y is called symplectic or canonical if it preserves
the symplectic forms, that is, if

forall z,z1,29 € Z.

We next introduce some notation that will help us write (2.3.12) in a
compact and efficient way.

Pull-Back Notation

We introduce a convenient notation for these sorts of transformations.

*f  pull-back of a function: o*f = fop.

0.9  push-forward of a function: v.g=go p~'.

w«X  push-forward of a vector field X by :
(0« X)(p(2)) = Dp(2) - X (2);

in components,

o I
(- X) = S5 7.

©*Y  pull-back of a vector fieldY by ¢: ¢*Y = (¢~ 1),V

©*Q  pull-back of a bilinear form ) on Z gives a bilinear
form ¢*Q2 depending on the point z € Z:

(¢"Q)2(21, 22) = QDp(2) - 21, Dep(2) - 22);
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in components,

. I dp*
(¢" W1 = 57 57 OKLs

p«Z  push-forward of a bilinear form = by ¢ equals the

*=

pull-back by the inverse: .= = (¢~ 1)*=.

In this pull-back notation, (2.3.12) reads (f*Z), = Q,, or f*= = Q for
short.

The Symplectic Group. It is simple to verify that if (Z,€) is a finite-
dimensional symplectic vector space, the set of all linear symplectic map-
pings T : Z — Z forms a group under composition. It is called the sym-
plectic group and is denoted by Sp(Z, §2). As we have seen, in a canonical
basis, a matrix A is symplectic if and only if

ATJA =17, (2.3.13)

where A7 is the transpose of A. For Z = W x W* and a canonical basis,
if A has the matrix

A= [ Aaq jqp } , (2.3.14)
rq rp

then one checks (Exercise 2.3-2) that (2.3.13) is equivalent to either of the
following two conditions:

(1) AgAL, and Ay, Al are symmetric and Ag Al — A, Al = 1;
(2) AT Ayq and AT A, are symmetric and AT A,, — AL A, = 1.

In infinite dimensions Sp(Z, Q) is, by definition, the set of elements of
GL(Z) (the group of invertible bounded linear operators of Z to Z) that
leave (2 fixed.

Symplectic Orthogonal Complements. If (7, ) is a (weak) symplec-
tic space and E and F' are subspaces of Z, we define

E={2€Z|Q(z,e)=0forallec E},

called the symplectic orthogonal complement of E. We leave it to the
reader to check that

(i) E% is closed;
(ii) E C F implies F'! C E%;

(i) EYNFY = (E+ F)*%
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(iv) if Z is finite-dimensional, then dim E + dim E = dim Z (to show
this, use the fact that E* = ker(i* o Q°), where i : E — Z is the in-
clusion and ¢* : Z* — E* is its dual, i*(«) = «o4, which is surjective;
alternatively, use Exercise 2.2-4);

(v) if Z is finite-dimensional, E*® = E (this is also true in infinite di-
mensions if E is closed); and

(vi) if E and F are closed, then (E N F)? = E + F (to prove this use

(iii) and (v)).

Exercises

¢ 2.3-1. Show that a transformation ¢ : R?" — R?" is symplectic in the
sense that its derivative matrix A = D¢(z) satisfies the condition ATJA =
J if and only if the condition

Q(A,Zl, AZQ) = Q(Zl, ZQ)

holds for all z1, zo € R?™.

o 2.3-2. Let Z=W xW*, let A:Z — Z be a linear transformation, and,
using canonical coordinates, write the matrix of A as

A A
A= aq ap } )
{ Apg App

Show that A being symplectic is equivalent to either of the two following
conditions:

(i) AgqAl, and Ay, Al are symmetric and Ag Al — A, AL =1,

(i) AT, Agq and AL A, are symmetric and Al A, — AT A, = 1. (Here
1 denotes the n x n identity.)

¢ 2.3-3. Let f be a given function of q = (¢',¢?,... ,¢"). Define the map
¢ : R?" — R?" by ¢(q,p) = (q,p + df(q)). Show that ¢ is a canonical
(symplectic) transformation.

o 2.3-4.
(a) Let A € GL(n,R) be an invertible linear transformation. Show that

the map ¢ : R?" — R2" given by (q,p) — (Aq, (A~1)Tp) is a canon-
ical transformation.

(b) If R is a rotation in R?, show that the map (q,p) — (Rq, Rp) is a
canonical transformation.



74 2. Hamiltonian Systems on Linear Symplectic Spaces

2.3-5. Let (Z,Q) be a finite-dimensional symplectic vector space. A sub-
space E C Z is called isotropic, coisotropic, and Lagrangianif E C E®,
E® C B, and E = E*, respectively. Note that E is Lagrangian if and only
if it is isotropic and coisotropic at the same time. Show that:

(a) An isotropic (coisotropic) subspace E is Lagrangian if and only if
dim E = dim E®. In this case necessarily 2dim E = dim Z.

(b) Every isotropic (coisotropic) subspace is contained in (contains) a
Lagrangian subspace.

(¢) An isotropic (coisotropic) subspace is Lagrangian if and only if it is
a maximal isotropic (minimal coisotropic) subspace.

2.4 The General Hamilton Equations

The concrete form of Hamilton’s equations we have already encountered is
a special case of a construction on symplectic spaces. Here, we discuss this
formulation for systems whose phase space is linear; in subsequent sections
we will generalize the setting to phase spaces that are symplectic manifolds
and in Chapter 10 to spaces where only a Poisson bracket is given. These
generalizations will all be important in our study of specific examples.

Definition 2.4.1. Let (Z,9Q) be a symplectic vector space. A vector field
X : Z — Z is called Hamiltonian if

(X (2)) = dH(z), (2.4.1)

for all z € Z, for some C' function H : Z — R. Here dH(z) = DH(z) is
alternative notation for the derivative of H. If such an H ezists, we write
X = Xy and call H a Hamiltonian function, or energy function, for
the vector field X .

In a number of important examples, especially infinite-dimensional ones,
H need not be defined on all of Z. We shall briefly discuss in §3.3 some of
the technicalities involved.

If Z is finite-dimensional, nondegeneracy of  implies that Q° : Z — Z* is
an isomorphism, which guarantees that Xy exists for any given function H.
However, if Z is infinite-dimensional and (2 is only weakly nondegenerate,
we do not know a priori that Xpgy exists for a given H. If it does exist, it
is unique, since O’ is one-to-one.

The set of Hamiltonian vector fields on Z is denoted by Xmgam(Z), or
simply Xpgam. Thus, Xy € Xpam is the vector field determined by the
condition

N Xp(2),02z) =dH(z) -6z forall 2,0z € Z. (2.4.2)
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If X is a vector field, the interior product ix 2 (also denoted by X _I )
is defined to be the dual vector (also called, a one-form) given at a point
z € Z as follows:

(ixQ). € 7% (ix02).(v) = QX (2),v),
for all v € Z. Then condition (2.4.1) or (2.4.2) may be written as
ixQ=dH; ie, X_1Q=dH. (2.4.3)
To express H in terms of Xy and €2, we integrate the identity
dH(tz) -z = Q(Xg(tz), 2)
from ¢ = 0 to ¢t = 1. The fundamental theorem of calculus gives

1 P 1
H(z)—H(O):/O dfig )dt:/o dH(t2) - = dt

- /1 QX (tz), 2) dt. (2.4.4)
0

Let us now abstract the calculation we did in arriving at (2.3.7).

Proposition 2.4.2. Let (Z,Q) and (Y, E) be symplectic vector spaces and
f:Z =Y a diffeomorphism. Then f is a symplectic transformation if and
only if for all Hamiltonian vector fields X on'Y, we have f, Xpor = Xp,
that is,

Df(z) - Xnof(2) = Xu(f(2))- (2.4.5)
Proof. Note that for v € Z,
Q(Xnog(2),v) =d(H o f)(2) - v =dH(f(2)) - Df(z) -v
=E(Xu(f(2),Df(2) - v). (2.4.6)
If f is symplectic, then
E(Df(2)  Xnos(2),Df(2) - v) = UXnos(2),v),

and thus by nondegeneracy of = and the fact that D f(z) - v is an arbitrary
element of Y (because f is a diffecomorphism and hence D f(z) is an iso-
morphism), (2.4.5) holds. Conversely, if (2.4.5) holds, then (2.4.6) implies

E(Df(2) - Xbof(2),Df(2) - v) = UXHor(2),v)

for any v € Z and any C' map H : Y — R. However, Xpo¢(2) equals an
arbitrary element w € Z for a correct choice of the Hamiltonian function
H, namely, (H o f)(z) = Q(w, z). Thus, f is symplectic. |

Definition 2.4.3. Hamilton’s equations for H is the system of differ-
ential equations defined by Xy. Letting ¢ : R — Z be a curve, they are the
equations
de(t)
dt

= Xy (c(t)). (2.4.7)
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The Classical Hamilton Equations. We now relate the abstract form
(2.4.7) to the classical form of Hamilton’s equations. In the following, an
n-tuple (¢', ... ,q¢") will be denoted simply by (¢*).

Proposition 2.4.4. Suppose that (Z,Q) is a 2n-dimensional symplectic
vector space, and let (¢',p;) = (¢*,...,q",p1,...,pn) denote canonical
coordinates, with respect to which Q0 has matriz J. Then in this coordinate
system, Xg : Z — Z is given by
O0H 0OH
Xy= (22 22 ) —1.vA. 2.4.8

" (apz‘ 86]’) ( )
Thus, Hamilton’s equations in canonical coordinates are

dq _OH dp;  OH

dt — 9p;’ dt  O¢'
More generally, if Z =V xV', (-,-): VXV’ — R is a weakly nondegenerate
pairing, and Q((e1, aq), (e2,a2)) = (a2, e1) — (a1, e2), then

0H O6H
X =—,——
H(eva) ((50&’ (5(3)’

where 0H/éow € V' and §H/de € V' are the partial functional deriva-
tives defined by

(2.4.9)

(2.4.10)

DoH(e,a) - = <g, i—g> (2.4.11)

for any B € V' and similarly for 0H/de; in (2.4.10) it is assumed that the
functional derivatives exist.

Proof. If (f,5) € V x V', then
0H O0H 0H 0H
=DyH(e,a) - f+D1H(e,a) - f
= (dH(e, ), (f,0))- L

Proposition 2.4.5 (Conservation of Energy). Let ¢(t) be an integral cur-
ve of Xy. Then H(c(t)) is constant in t. If ¢r denotes the flow of Xp,
that is, p(z) is the solution of (2.4.7) with initial conditions z € Z, then
Hop,=H.

Proof. By the chain rule,
SHC0) = AH(E(0) - elt) = (Xulett). )

dt
= Q(Xp(c(t)), Xu(c(t)) =0,
where the final equality follows from the skew-symmetry of . |
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Exercises

2.4-1. Let the skew-symmetric bilinear form € on R?" have the matrix

B 1

-1 0|’
where B = [B;;] is a skew-symmetric n x n matrix, and 1 is the identity
matrix.

(a) Show that € is nondegenerate and hence a symplectic form on R?",

ow tha amilton’s equations with respect to € are, in standar
b) Show that Hamilton’ ti ith t to Q in standard
coordinates,

d  0H dpi  OH OH

dt — op; At og Yap;

2.5 When Are Equations Hamiltonian?

Having seen how to derive Hamilton’s equations on (Z,() given H, it is
natural to consider the converse: When is a given set of equations

dz

— =X 2.5.1
© —X(2), (25.1)
where X : Z — Z is a given vector field, Hamilton’s equations for some H?
If X is linear, the answer is given by the following.

Proposition 2.5.1. Let the vector field A : Z — Z be linear. Then A is
Hamiltonian if and only if A is Q-skew, that is,

Q(A,Zl, 22) = —Q(Zl, AZQ)

for all z1, zo € Z. Furthermore, in this case one can take H(z) = 3Q(Az, z).
Proof. Differentiating the defining relation
A Xp(z),v)=dH(z) v (2.5.2)

with respect to z in the direction v and using bilinearity of €2, one gets
QDXg(2) - u,v) = D2H(2)(v,u). (2.5.3)
From this and the symmetry of the second partial derivatives, we get

QDX (2) - u,v) = D*H(2)(u,v) = ADXg(2) - v,u)
=—-Q(u,DXg(z) - v). (2.5.4)
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If A= Xy for some H, then DXf(z) = A, and (2.5.4) becomes Q(Au,v) =
—Q(u, Av); hence A is Q-skew.

Conversely, suppose that A is Q-skew. Defining H(z) = %Q(Az,z), we
claim that A = Xpg. Indeed,

dH(z) - u= 1Q(Au,z) + $Q(Az,u)
= —1Q(u, Az) + 3Q(Az,u)
Q(Az,u) + 3Q(Az,u) = Q(Az, ). [ |

1
2

In canonical coordinates, where Q has matrix J, Q-skewness of A is
equivalent to symmetry of the matrix JA; that is, JA + ATJ = 0. The
vector space of all linear transformations of Z satisfying this condition is
denoted by sp(Z, 1), and its elements are called infinitesimal symplectic
transformations. In canonical coordinates, if Z = W x W* and if A has
the matrix

A= [ Agg Agp } , (2.5.5)

Pq pp

then one checks that A is infinitesimally symplectic if and only if Ay and
Apq are both symmetric and Al + Ay, = 0 (see Exercise 2.5-1).

In the complex linear case, we use Example (f) in §2.2 (2h times the
negative imaginary part of a Hermitian inner product (,) is the symplectic
form) to arrive at the following.

Corollary 2.5.2. Let 'H be a complex Hilbert space with Hermaitian inner
product (,) and let Q(¢1,12) = —2h Im (¢y,102). Let A : H — H be a
complex linear operator. There exists an H : H — R such that A = Xy if
and only if 1A is symmetric or, equivalently, satisfies

(1AY1,2) = (Y1, iA1s) . (2.5.6)

In this case, H may be taken to be H(y) = h(iAy,¢). We let Hyp, =
thA, and thus Hamilton’s equation v = A becomes the Schrédinger
equation’

o,
ma—‘f = Hop). (2.5.7)

Proof. The operator A is Q2-skew if and only if the condition

Im (A1, 1p2) = —Im (1, Arhg)

3Strictly speaking, equation (2.5.6) is required to hold only on the domain of the
operator A, which need not be all of H. We shall ignore these issues for simplicity. This
example is continued in §2.6 and in §3.2.
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holds for all 1,19 € H. Replacing t¢; by i1y and using the relation
Tm(iz) = Re z, this condition is equivalent to Re (A1, 1p2) = — Re (1)1, A1ba).
Since

<iA1/J1, ’(/J2> = —Im <14’¢17 ¢2> +1 Re <14’¢17 ¢2> (258)

and

(V1,1A%2) = +1Im (1, Apa) — i Re (11, Avp) (2.5.9)

we see that )-skewness of A is equivalent to iA being symmetric. Finally,

. ) 1
h(idy,¥) = hRei(AY, ¥) = —hIm (A, ¢) = SQ(AY, ),
and the corollary follows from Proposition 2.5.1. |

For nonlinear differential equations, the analogue of Proposition 2.5.1 is
the following.

Proposition 2.5.3. Let X : Z — Z be a (smooth) vector field on a
symplectic vector space (Z,Q0). Then X = Xy for some H : Z — R if and
only if DX (z) is Q-skew for all z.

Proof. We have seen the “only if” part in the proof of Proposition 2.5.1.
Conversely, if DX (2) is Q-skew, define?

H(z) = /0 L (X (t2), 2) dit + constant; (2.5.10)
we claim that X = Xpy. Indeed,
dH(2) v = /0 DX (12) - 0, 2) + QX (12),0)] i
- AI[Q(tDX(tz) 2 0) + QX (2), 0)] dt

_9 ( /O DX () 2+ X(12)] dt,v)
o (/01 %[tX(tz)] dt,v) — Q(X(2),v). s

An interesting characterization of Hamiltonian vector fields involves the
Cayley transform. Let (Z, Q) be a symplectic vector space and A: Z — Z a

4Looking ahead to Chapter 4 on differential forms, one can check that (2.5.10) for H
is reproduced by the proof of the Poincaré lemma applied to the one-form ix 2. That
DX (z) is Q-skew is equivalent to d(ix2) = 0.
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linear transformation such that I — A is invertible. Then A is Hamiltonian if
and only if its Cayley transform C = (I+A)(I—A)~! is symplectic. See
Exercise 2.5-2. For applications, see Laub and Meyer [1974], Paneitz [1981],
Feng [1986], and Austin and Krishnaprasad [1993]. The Cayley transform
is useful in some Hamiltonian numerical algorithms, as this last reference
and Marsden [1992] show.

Exercises

2.5-1. Let Z =W x W* and use a canonical basis to write the matrix of
the linear map A: Z — Z as

A A
A= aq ap } ]
{ Apg App

Show that A is infinitesimally symplectic, that is, JA + ATJ = 0, if and
only if Ay, and A, are both symmetric and AqTq +A,, =0.

2.5-2. Let (Z, ) be a symplectic vector space. Let A : Z — Z be a linear
map and assume that (I — A) is invertible. Show that A is Hamiltonian if
and only if its Cayley transform

(I+A4)I-A)""
is symplectic. Give an example of a linear Hamiltonian vector field such
that (I — A) is not invertible.

2.5-3.  Suppose that (Z, Q) is a finite-dimensional symplectic vector space
and let ¢ : Z — Z be a linear symplectic map with det ¢ = 1 (as mentioned
in the text, this assumption is superfluous, as will be shown later). If A
is an eigenvalue of multiplicity k, then so is 1/A. Prove this using the
characteristic polynomial of .

2.5-4. Suppose that (Z, Q) is a finite-dimensional symplectic vector space
and let A: Z — Z be a Hamiltonian vector field.

(a) Show that the generalized kernel of A, defined to be the set
{z€ Z| A"z = 0 for some integer k > 1},
is a symplectic subspace.

(b) In general, the literal kernel ker A is not a symplectic subspace of
(Z,8). Give a counter example.
2.6 Hamiltonian Flows

This subsection discusses flows of Hamiltonian vector fields a little further.
The next subsection gives the abstract definition of the Poisson bracket,
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relates it to the classical definitions, and then shows how it may be used in
describing the dynamics. Later on, Poisson brackets will play an increas-
ingly important role.

Let X be a Hamiltonian vector field on a symplectic vector space (Z, )
with Hamiltonian H : Z — R. The flow of Xy is the collection of maps
¢ Z — Z satistying

d

a”
for each z € Z and real ¢ and ¢g(z) = z. Here and in the following, all
statements concerning the map ¢; : Z — Z are to be considered only

for those z and ¢ such that o;(z) is defined, as determined by differential
equations theory.

(2) = Xu(pi(2)) (2.6.1)

Linear Flows. First consider the case in which A is a (bounded) linear

vector field. The flow of A may be written as ¢; = e*4; that is, the solution

of dz/dt = Az with initial condition 2 is given by z(t) = @¢(20) = €' 2.

Proposition 2.6.1. The flow p; of a linear vector field A : Z — Z con-
sists of (linear) canonical transformations if and only if A is Hamiltonian.

Proof. For all u,v € Z we have

L) 0) = L0(pu(u),uv)
d

=Q (%%(U)a%(v)) + (‘Pt(u)v %‘Pt(v)>
= Q(Api(u), @i (v)) + Qe (u), Api(v)).

Therefore, A is Q-skew, that is, A is Hamiltonian, if and only if each ¢ is
a linear canonical transformation. |

Nonlinear Flows. For nonlinear flows, there is a corresponding result.

Proposition 2.6.2. The flow ¢: of a (nonlinear) Hamiltonian vector
field Xy consists of canonical transformations. Conversely, if the flow of a
vector field X consists of canonical transformations, then it is Hamiltonian.

Proof. Let ¢; be the flow of a vector field X. By (2.6.1) and the chain
rule,

d d

GIDi) 11 =D | fa)| -0 = DX () - (D) ).

which is called the first variation equation. Using this, we get

L(Dpi(2) -1, Dgi(2) - v) = ADX (pu(2)) - Digu(2) - ], Du(2) -v)
+Q(De(=) - u, DX (2u(2) - [Dpe(2) o)),
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If X = Xy, then DX (p4(2)) is Q-skew by Proposition 2.5.3, so
Q(Dp¢(z) - u, Dpy(z) - v) = constant.

At ¢t = 0 this equals Q(u, v), so p;Q = Q. Conversely, if ¢; is canonical, this
calculation shows that DX (¢;(2)) is Q-skew, whence by Proposition 2.5.3,
X = Xp for some H. |

Later on, we give another proof of Proposition 2.6.2 using differential
forms.

Example: The Schrodinger Equation

Recall that if H is a complex Hilbert space, a complex linear map U : H —
‘H is called unitary if it preserves the Hermitian inner product.

Proposition 2.6.3. Let A:H — H be a complex linear map on a com-
plex Hilbert space H. The flow ¢, of A is canonical, that is, consists of
canonical transformations with respect to the symplectic form Q defined in
Ezample (f) of §2.2, if and only if ¢t is unitary.

Proof. By definition,

Q(dﬁﬂﬂz) = —2hIm <¢1a¢2>7

SO
Qpeh1, prip2) = —2R1Im (ps)1, prib2)

for 11,19 € H. Thus, ¢; is canonical if and only if Im (psth1, prihe) =
Im (1,15), and this in turn is equivalent to unitarity by complex linearity

of @y, since (1, 12) = —Im (i1, 1) + i Im (Y1, 1) . |

This shows that the flow of the Schrédinger equation i) = Ay is
canonical and unitary and so preserves the probability amplitude of any
wave function that is a solution. In other words, we have

<90t7ff; <Pt1/)> = <w7 1/’) )

where ¢, is the flow of A. Later we shall see how this conservation of the
norm also results from a symmetry-induced conservation law.

2.7 Poisson Brackets

Definition 2.7.1.  Given a symplectic vector space (Z,) and two func-
tions F\G : Z — R, the Poisson bracket {F,G} : Z — R of F and G is
defined by

[F,G}(2) = UXr(2), Xa(2)). (2.7.1)
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Using the definition of a Hamiltonian vector field, we find that equivalent
expressions are

{F,G}(z) =dF(z) - Xg(2) = —dG(z) - Xr(z). (2.7.2)
In (2.7.2) we write £x,F = dF - X¢ for the derivative of F in the
direction Xg.

Lie Derivative Notation. The Lie derivative of f along X, £xf =
df-X,is the directional derivative of f in the direction X . In coordinates
it is given by

_ 9F i
£Xf—8ZIX (sum on 7).

Functions F, G such that {F,G} = 0 are said to be in involution or to
Poisson commute.

Examples

Now we turn to some examples of Poisson brackets.

(a) Canonical Bracket. Suppose that Z is 2n-dimensional. Then in

canonical coordinates (¢',... ,q", p1,... ,pn) We have
oG
OF OF Opi
FG}=|—,——|1J
e [52% aql} 0G
oq’
_oFoG  9F oG (sum on 7). (2.7.3)

"~ 0q’ Opi Op; Og’
From this we get the fundamental Poisson brackets
{¢.¢’} =0, {pip;} =0, and {¢',p;} =5} (2.7.4)

In terms of the Poisson structure, that is, the bilinear form B from §2.1,
the Poisson bracket takes the form

{F,G} = B(dF,dG). (2.7.5)
¢

(b) The Space of Functions. Let (Z,) be defined as in Example (b)
of §2.2 and let F,G : Z — R. Using equations (2.4.10) and (2.7.1) above,
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we get

{F.G} = QXp,Xg) = Q ((fg—i—%) ’ (%‘%))

[ (6G6F  SFGN ,
_/Rs (M = w)d z. (2.7.6)

This example will be used in the next chapter when we study classical field
theory. ¢

The Jacobi-Lie Bracket. The Jacobi-Lie bracket [X,Y] of two vec-
tor fields X and Y on a vector space Z is defined by demanding that

df - [X,Y]=ddf Y) X —-d(df - X) Y
for all real-valued functions f. In Lie derivative notation, this reads
Lixyvif=LxLyf—LyLxf.
One checks that this condition becomes, in vector analysis notation,
[X,)Y]=(X-V)Y — (Y V)X,

and in coordinates,

0 0
J T J T J
(X, Y] =X azIY -Y GZIX .

Proposition 2.7.2. Let [,] denote the Jacobi-Lie bracket of vector fields,
and let F,G € F(Z). Then

Xiray = —[Xr, Xal. (2.7.7)

Proof. We calculate as follows:

UX(pcy(2),u) = A{F, G}(2) - u = d(QUXp(2), Xa(2))) - u
= QDXrp(z) u, Xa(2)) + UXp(2), DXg(2) - u
= QDXp(z) Xa(2),u) - UDXea(z) - Xr(2),u
=QDXp(2)  Xag(z) —DXg(z) - Xrp(2),u)
= Q(—[Xr, Xg](2),u).
Weak nondegeneracy of €2 implies the result. |

Jacobi’s Identity. We are now ready to prove the Jacobi identity in a
fairly general context.
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Proposition 2.7.3. Let (Z,8) be a symplectic vector space. Then the
Poisson bracket {,} : F(Z) x F(Z) — F(Z) makes F(Z) into a Lie
algebra. That is, this bracket is real bilinear, skew-symmetric, and satisfies
Jacobi’s identity, that is,

{FAG H}Y} +{G,{H,F}} + {H {F,G}} = 0.
Proof. To verify Jacobi’s identity note that for F, G, H : Z — R, we have

{F.{G,H}} = —£x,{G.H} = £x,.L£x H,
{G,{H,F}} = —£x {H,F}=—£x,Lx. H,

and
{HAF. G} = £x 00, H,
so that
{FAG HY} +{G{H, F}} + {H{F,G}} = £xp oy H + £1xp x61H.
The result thus follows by (2.7.7). [ |

From Proposition 2.7.2 we see that the Jacobi-Lie bracket of two Hamil-
tonian vector fields is again Hamiltonian. Thus, we obtain the following
corollary.

Corollary 2.7.4. The set of Hamiltonian vector fields Xgam(Z) forms a
Lie subalgebra of X(Z).

Next, we characterize symplectic maps in terms of brackets.

Proposition 2.7.5. Let ¢ : Z — Z be a diffeomorphism. Then ¢ is
symplectic if and only if it preserves Poisson brackets, that is,

{e"F.o"G} = o™{F,G} (2.7.8)
forall F,G: Z — R.
Proof. We use the identity

e (£xf) = Lo x ("),
which follows from the chain rule. Thus,

QD*{Fv G} = 90*£XGF = "€<P*XG(50*F)
and
{"F,0"G} = £xg., (07 F).

Thus, ¢ preserves Poisson brackets if and only if ¢* X¢ = Xgo, for every
G : Z — R, that is, if and only if ¢ is symplectic by Proposition 2.4.2. W
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Proposition 2.7.6. Let Xy be a Hamiltonian vector field on Z, with
Hamiltonian H and flow @;. Then for F: Z — R,

L (Fop)={Fop,H}

dt
={F H}o . (2.7.9)

Proof. By the chain rule and the definition of X,

L1 op)(2)] = dP(u(2) - Xin(o1(2)
= AXr(pu(2), Xnlpi(2))
= (F. H)(@i(2))

By Proposition 2.6.2 and (2.7.8), this equals

{Fopi, Howpi}(2) = {Fop, Hy(2)
by conservation of energy. |

Corollary 2.7.7. Let F,G : Z — R. Then F is constant along integral
curves of X¢ if and only if G is constant along integral curves of Xp, and

this is true if and only if {F,G} = 0.

Proposition 2.7.8. Let A, B : Z — Z be linear Hamiltonian vector fields
with corresponding energy functions

Hy(z) = 5Q(Az,2) and Hp(z) = $Q(Bz, 2).
Letting
[A,B]=AoB—BoA
be the operator commutator, we have
{Ha,Hp} = Hia ). (2.7.10)
Proof. By definition, Xz, = A, and so
{Ha,Hp}(z) = Q(Az, Bz).
Since A and B are (-skew, we get
{Ha,Hp}(z) = $Q(ABz, 2) — 3Q(BAz, 2)

= 10([4, B]z, 2) (2.7.11)
= H[A’B](Z’)- .
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2.8 A Particle in a Rotating Hoop

In this subsection we take a break from the abstract theory to do an ex-
ample the “old-fashioned” way. This and other examples will also serve as
excellent illustrations of the theory we are developing.

Derivation of the Equations. Consider a particle constrained to move
on a circular hoop; for example a bead sliding in a Hula-Hoop. The particle
is assumed to have mass m and to be acted on by gravitational and frictional
forces, as well as constraint forces that keep it on the hoop. The hoop
itself is spun about a vertical axis with constant angular velocity w, as in
Figure 2.8.1.

FIGURE 2.8.1. A particle moving in a hoop rotating with angular velocity w.

The position of the particle in space is specified by the angles 6 and
p, as shown in Figure 2.8.1. We can take ¢ = wt, so the position of the
particle becomes determined by 6 alone. Let the orthonormal frame along
the coordinate directions ey, e,, and e, be as shown.

The forces acting on the particle are:

1. Friction, proportional to the velocity of the particle relative to the
hoop: —vRfey, where v > 0 is a constant.’

5This is a “law of friction” that is more like a viscous fluid friction than a sliding
friction in which v is the ratio of the tangential force to the normal force; in any actual
experimental setup (e.g., involving rolling spheres) a realistic modeling of the friction is
not a trivial task; see, for example, Lewis and Murray [1995].
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2. Gravity: —mgk.

3. Constraint forces in the directions e, and e, to keep the particle in
the hoop.

The equations of motion are derived from Newton’s second law F = ma.
To get them, we need to calculate the acceleration a; here a means the
acceleration relative to the fized inertial frame xyz in space; it does not
mean 6. Relative to this zyz coordinate system, we have

x = Rsinf cos g,
y = Rsinfsin g, (2.8.1)
z = —Rcosd.

Calculating the second derivatives using ¢ = wt and the chain rule gives

i = —w?z — 0%z + (Rcosf cos p)f — 2Rwl cos O sin ¢,
= —wy — 92y + (RcosOsin @)9 + 2Rwh cos O cos ©, (2.8.2)

5= —26° + (Rsin6)h.

If i, j, k, denote unit vectors along the z, y, and z axes, respectively, we
have the easily verified relation

ep = (cos B cos )i+ (cosfsinp)j + sin k. (2.8.3)

Now consider the vector equation F = ma, where F is the sum of the
three forces described earlier and

a = #i+ ijj + k. (2.8.4)

The e, and e, components of F = ma tell us only what the constraint
forces must be; the equation of motion comes from the ey component:

F.ep =ma-ey. (2.8.5)
Using (2.8.3), the left side of (2.8.5) is
F-ey = —vRO — mygsinb, (2.8.6)
while from (2.8.2), (2.8.3), and (2.8.4), the right side of (2.8.5) is

ma - eg = m{Zcosf cosp+ jcosfsiny + Zsin b}
= m{cos 0 cos p[—w?x — 0%z + (R cos 0 cos ©)f — 2Rwh cos fsin ¢
+ cos O sin | —w?y — 6%y + (R cos 0 sin )b + 2Rwb cos 6 cos ¢

+ sin O]—20% + (Rsin 0)4]}.
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Using (2.8.1), this simplifies to

ma-ep = mR{f — w?sinf cosf}. (2.8.7)
Comparing (2.8.5), (2.8.6), and (2.8.7), we get

6 = w?sinf cosh — %9— %sin@ (2.8.8)

as our final equation of motion. Several remarks concerning it are in order:

(i) fw =0 and v =0, (2.8.8) reduces to the pendulum equation
R + gsinf = 0.

In fact, our system can be viewed just as well as a whirling pendu-
lum.

(ii) For v = 0, (2.8.8) is Hamiltonian. This is readily verified using the
variables ¢ = #, p = mR?0, the canonical bracket structure

OF 0K 9K OF

=00 " oo

(2.8.9)

and the Hamiltonian

p? mR2w?

_ 2
=5 —mgRcosf — sin“ 6. (2.8.10)

Derivation as Euler—-Lagrange Equations. We now use Lagrangian
methods to derive (2.8.8). In Figure 2.8.1, the velocity is

v = Rley + (wRsinb)e,,
so the kinetic energy is

m(R%6? + [wRsin 6]?), (2.8.11)

T = mlv]? =}
while the potential energy is
V = —mgRcos#. (2.8.12)

Thus, the Lagrangian is given by
1 5. mRW?
L=T-V = §mR 0 —|—Tsm 6 + mgRcos#, (2.8.13)

and the Euler-Lagrange equations, namely,

4oL _ oL
dt 96 99
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(see §1.1 or §2.1), become
mR%0 = mR%w? sinf cos § — mgRsin 6,

which are the same equations we derived by hand in (2.8.8) for v = 0. The
Legendre transform gives p = mR260 and the Hamiltonian (2.8.10). Notice
that this Hamiltonian is not the kinetic plus potential energy of the particle.
In fact, if one postulated this, then Hamilton’s equations would give the
incorrect equations. This has to do with deeper covariance properties of the
Lagrangian versus Hamiltonian equations.

Equilibria. The equilibrium solutions are solutions satisfying 6 =0,
0 = 0; (2.8.8) gives

Rw?sinf cos @ = gsin 6. (2.8.14)

Certainly, 8 = 0 and 6 = 7 solve (2.8.14) corresponding to the particle at
the bottom or top of the hoop. If § # 0 or 7, (2.8.14) becomes

Rw?cosf = g, (2.8.15)

which has two solutions when g/(Rw?) < 1. The value

. (25.16)

is the eritical rotation rate. Notice that w,. is the frequency of linearized
oscillations for the simple pendulum, that is, for the equation

RO + g6 = 0.

For w < w, there are only two solutions 8 = 0, w, while for w > w, there
are four solutions,

6 =0, £cos ' (%) . (2.8.17)

We say that a bifurcation (or a Hamiltonian pitchfork bifurcation,
to be accurate) has occurred as w crosses w.. We can see this graphically
in computer-generated solutions of (2.8.8). Set = 0, y = 0 and rewrite
(2.8.8) as

T =y,
2.8.18
y:%(acosx—l)sinx—ﬁy, ( )

where

a=Rw?/g and B=v/m.
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a=15 8=0.1

FIGURE 2.8.2. Phase portraits of the ball in the rotating hoop.

Taking g = R for illustration, Figure 2.8.2 shows representative orbits in
the phase portraits of (2.8.18) for various a, (.

This system with v = 0, that is, § = 0, is symmetric in the sense that
the Zq-action given by

0— —0 and 60— —0

leaves the phase portrait invariant. If this Zs symmetry is broken, by setting
the rotation axis a little off center, for example, then one side gets preferred,
as in Figure 2.8.3.

FIGURE 2.8.3. A ball in an off-center rotating hoop.

The evolution of the phase portrait for v = 0 is shown in Figure 2.8.4.
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©—8>

©®

FIGURE 2.8.4. The phase portraits for the ball in the off-center hoop as the
angular velocity increases.

Near 6 = 0, the potential function has changed from the symmetric bi-
furcation in Figure 2.8.5(a) to the unsymmetric one in Figure 2.8.5(b). This
is what is known as the cusp catastrophe; see Golubitsky and Schaeffer
[1985] and Arnold [1968, 1984] for more information.

N\ W

(@) e=0

N VY

FIGURE 2.8.5. The evolution of the potential for the ball in the (a) centered and
(b) off-center hoop as the angular velocity increases.

In (2.8.8), imagine that the hoop is subject to small periodic pulses, say
w = wy + pcos(nt). Using the Melnikov method described in the intro-
duction and in the following section, it is presumably true (but a messy
calculation to prove) that the resulting time-periodic system has horseshoe
chaos if € and v are small (where ¢ measures how off-center the hoop is)
but p/v exceeds a critical value. See Exercise 2.8-3 and §2.8.

Exercises

2.8-1. Derive the equations of motion for a particle in a hoop spinning
about a line a distance € off center. What can you say about the equilibria
as functions of € and w?

2.8-2. Derive the formula of Exercise 1.9-1 for the homoclinic orbit (the
orbit tending to the saddle point as t — +00) of a pendulum ¢ +sin ¢ = 0.
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Do this using conservation of energy, determining the value of the energy
on the homoclinic orbit, solving for 1, and then integrating.

2.8-3. Using the method of the preceding exercise, derive an integral
formula for the homoclinic orbit of the frictionless particle in a rotating
hoop.

2.8-4. Determine all equilibria of Duffing’s equation
& — Pz +az® =0,

where o and [ are positive constants, and study their stability. Derive a
formula for the two homoclinic orbits.

2.8-5. Determine the equations of motion and bifurcations for a ball in
a light rotating hoop, but this time the hoop is not forced to rotate with
constant angular velocity, but rather is free to rotate so that its angular
momentum i is conserved.

2.8-6. Consider the pendulum shown in Figure 2.8.6. It is a planar pen-
dulum whose suspension point is being whirled in a circle with angular
velocity w by means of a vertical shaft, as shown. The plane of the pendu-
lum is orthogonal to the radial arm of length R. Ignore frictional effects.

(i) Using the notation in the figure, find the equations of motion of the
pendulum.

(ii) Regarding w as a parameter, show that a supercritical pitchfork bi-

furcation of equilibria occurs as the angular velocity of the shaft is
increased.

[ = pendulum length C

m = pendulum bob mass

g = gravitational acceleration
R = radius of circle
o = angular velocity of shaft

0 = angle of pendulum from
the downward vertical

FIGURE 2.8.6. A whirling pendulum.
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2.9 The Poincaré—Melnikov Method

Recall from the introduction that in the simplest version of the Poincaré—
Melnikov method we are concerned with dynamical equations that perturb
a planar Hamiltonian system

to one of the form
Z2=Xo(2) + eX1(z,1), (2.9.2)

where € is a small parameter, z € R?, X is a Hamiltonian vector field with
energy Hy, X; is periodic with period T" and is Hamiltonian with energy
a T-periodic function H;. We assume that X has a homoclinic orbit Z(¢),
that is, an orbit such that Z(t) — zo, a hyperbolic saddle point, as t — +oc.
Define the Poincaré—Melnikov function by

M(ty) = /_OO {Ho, H1}(Z(t — tp),t) dt, (2.9.3)

where {, } denotes the Poisson bracket.

There are two convenient ways of visualizing the dynamics of (2.9.2).
Introduce the Poincaré map P? : R? — R? which is the time T map for
(2.9.2) starting at time s. For € = 0, the point zp and the homoclinic orbit
are invariant under P, which is independent of s. The hyperbolic saddle
zp persists as a nearby family of saddles z. for ¢ > 0, small, and we are
interested in whether or not the stable and unstable manifolds of the point
z. for the map P? intersect transversally (if this holds for one s, it holds
for all s). If so, we say that (2.9.2) has horseshoes for e > 0.

The second way to study (2.9.2) is to look directly at the suspended
system on R? x S*, where S! is the circle; (2.9.2) becomes the autonomous
suspended system

2= Xo(2) + eX1(z,0),

i1 (2.9.4)

From this point of view, 0 gets identified with time, and the curve

Yo(t) = (20,1)

is a periodic orbit for (2.9.4). This orbit has stable manifolds and un-
stable manifolds, denoted by W (o) and W () defined as the sets of
points tending exponentially to vy as ¢ — oo and ¢ — —o0o, respectively.
(See Abraham, Marsden, and Ratiu [1988], Guckenheimer and Holmes
[1983], or Wiggins [1988, 1990, 1992] for more details.) In this example,
they coincide:

W5 (o) = We'(70)-
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For ¢ > 0 the (hyperbolic) closed orbit ~y perturbs to a nearby (hy-
perbolic) closed orbit that has stable and unstable manifolds W2 (~.) and
W(~e). If WE(y.) and WH(~,) intersect transversally, we again say that
(2.9.2) has horseshoes. These two definitions of admitting horseshoes are
readily seen to be equivalent.

Theorem 2.9.1 (Poincaré—Melnikov Theorem). Let the Poincaré—Melni-
kov function be defined by (2.9.3). Assume that M (to) has simple zeros as a
T-periodic function of tg. Then for sufficiently small €, equation (2.9.2) has
horseshoes, that is, homoclinic chaos in the sense of transversal intersecting
separatrices.

Idea of the Proof. In the suspended picture, we use the energy function
Hj to measure the first-order movement of W2 (v.) at z(0) at time o as
€ is varied. Note that points of Z(¢) are regular points for Hy, since Hy
is constant on Z(t), and z(0) is not a fixed point. That is, the differential
of Hy does not vanish at Z(0). Thus, the values of Hy give an accurate
measure of the distance from the homoclinic orbit. If (z2(t,to),¢) is the
curve on W#(7) that is an integral curve of the suspended system and has
an condition z?(tg,to) that is the perturbation of

W (7o) N { the plane ¢t =ty }

in the normal direction to the homoclinic orbit, then Hy(z2(to,tp)) mea-
sures the normal distance. But
T+ d
Ho(a2 (7 t0) = HolG2(t0st0) = [ S Ho(a2(0.t0)
¢
s
= {H07H0+€H1}(Z:(t,t0),t) dt.
to
(2.9.5)
From invariant manifold theory one learns that z2(¢,to) converges expo-
nentially to v.(t), a periodic orbit for the perturbed system as t — +oc.
Notice from the right-hand side of the first equality above that if z5(¢,tg)
were replaced by the periodic orbit 7. (), the result would be zero. Since
the convergence is exponential, one concludes that the integral is of order €
for an interval from some large time to infinity. To handle the finite portion
of the integral, we use the fact that z2(¢, o) is e-close to Z(t —ty) (uniformly
as t — 4o00) and that {Hy, Hy} = 0. Therefore, we see that

{Ho, Hy + €H1}(Z§(t,t0),t) = €{H0, Hl}(E(t — to),t) + 0(62).

Using this over a large but finite interval [tg,¢1] and the exponential close-
ness over the remaining interval [t1, 00), we see that (2.9.5) becomes

Ho(2(7+,t0)) — Ho(2{(to,t0))

:6/T+{H0,H1}(z(t—to>,t) dt+0(e), (2.9.6)
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where the error is uniformly small as 7, — oo. Similarly,
Ho(z¢(to, to)) — Ho(z¢ (-, t0))

e/tO{Ho,Hl}(E(tto),t) dt +0(2). (2.9.7)

Again we use the fact that z2(71,%9) — 7.(7+) exponentially fast, a
periodic orbit for the perturbed system as 7, — +00. Notice that since the
orbit is homoclinic, the same periodic orbit can be used for negative times
as well. Using this observation, we can choose 7y and 7_ such that

Ho(2¢(14,t0)) — Ho(2(T—,t0)) — 0

as 74 — oo and 7 — —oo. Adding (2.9.6) and (2.9.7), letting 74 — o0
and 7 — —o0, we get

Ho (2 (to,t0)) — Ho(z{(to,t0))

- 6/_0o {Ho, Hi}(2(t — to),t) dt + O(¢?). (2.9.8)

The integral in this expression is convergent because the curve z(t — tg)
tends exponentially to the saddle point as ¢ — +o0o and because the dif-
ferential of Hy vanishes at this point. Thus, the integrand tends to zero
exponentially fast as t tends to plus and minus infinity.

Since the energy is a “good” measure of the distance between the points
z%(to, to)) and 2 (tg, to)), it follows that if M (¢y) has a simple zero at time
to, then z"(to,t9) and zZ(to,to) intersect transversally near the point z(0)
at time tg. | |

If in (2.9.2) only X, is Hamiltonian, the same conclusion holds if (2.9.3)
is replaced by

M(ty) = / T (Ko x X) (3t — to), ) d (2.9.9)

— 00

where X x X is the (scalar) cross product for planar vector fields. In fact,
X need not even be Hamiltonian if an area expansion factor is inserted.

Example A. Equation (2.9.9) applies to the forced damped Duffing equa-
tion

il — fu + au® = e(ycoswt — 511). (2.9.10)

Here the homoclinic orbits are given by (see Exercise 2.8-4)

u(t) = :t\/?sech(\/@t), (2.9.11)
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and (2.9.9) becomes, after a residue calculation,

3/2
M(ty) = fym,u\/gsech (%) sin(wtg) — 455@ , (2.9.12)

so one has simple zeros and hence chaos of the horseshoe type if

v 2v28%/2 Tw

and e is small. ¢

Example B. Another interesting example, due to Montgomery [1985],
concerns the equations for superfluid 2He. These are the Leggett equations,
and we shall confine ourselves to what is called the A phase for simplicity
(see Montgomery’s paper for additional results). The equations are

1 [ xQ?

and
. '7/2 1
0= (—) s—€ (’yB sinwt + §F sin 29) . (2.9.14)
X
Here s is the spin, 6 an angle (describing the “order parameter”), and
Y, X, - .. are physical constants. The homoclinic orbits for ¢ = 0 are given
by
_ B T 3 Qe:I:QQt
ei = 2tan 1(€iﬂt) — 5 and S4 = iQW (2915)

One calculates the Poincaré—Melnikov function to be

TxwB
S

Mi(to) =F 8y

2
ech (%) cos wt — g%QF, (2.9.16)

so that (2.9.14) has chaos in the sense of horseshoes if

vB 16 Q W
12 22 osh (2 2.9.17
T~ 3rw ™ (29) ( )

and if € is small. ¢

For references and information on higher-dimensional versions of the
method and applications, see Wiggins [1988]. We shall comment on some
aspects of this shortly. There is even a version of the Poincaré-Melnikov
method applicable to PDEs (due to Holmes and Marsden [1981]). One basi-
cally still uses formula (2.9.9) where X x X7 is replaced by the symplectic
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pairing between X, and X;. However, there are two new difficulties in ad-
dition to standard technical analytic problems that arise with PDEs. The
first is that there is a serious problem with resonances. This can be dealt
with using the aid of damping. Second, the problem seems to be not re-
ducible to two dimensions: The horseshoe involves all the modes. Indeed,
the higher modes do seem to be involved in the physical buckling processes
for the beam model discussed next.

Example C. A PDE model for a buckled forced beam is
1
w+w"” +Tw' — & (/ [w']? dz) w” = €(f coswt — dv), (2.9.18)
0

where w(z,t), 0 < z < 1, describes the deflection of the beam,
"=9/0t, '=0/0z,
and I', k, ... are physical constants. For this case, one finds that if

(i) 72 < T < 4p? (first mode is buckled),

(i) 7272%(j%m? —T) # w?, j =2,3,... (resonance condition),

T — 2
(iii) g > W(Qw\/_: ) cosh (2 Fw— w2> (transversal zeros for M (tp)),
(iv) 0 >0,

and e is small, then (2.9.18) has horseshoes. Experiments (see Moon [1987])
showing chaos in a forced buckled beam provided the motivation that led
to the study of (2.9.18). ¢

This kind of result can also be used for a study of chaos in a van der Waals
fluid (Slemrod and Marsden [1985]) and for soliton equations (see Birnir
[1986], Ercolani, Forest, and McLaughlin [1990], and Birnir and Grauer
[1994]). For example, in the damped, forced sine-Gordon equation one has
chaotic transitions between breathers and kink-antikink pairs, and in the
Benjamin—Ono equation one can have chaotic transitions between solutions
with different numbers of poles.

More Degrees of Freedom. For Hamiltonian systems with two-degrees-
of-freedom, Holmes and Marsden [1982a] show how the Melnikov method
may be used to prove the existence of horseshoes on energy surfaces in
nearly integrable systems. The class of systems studied has a Hamiltonian
of the form

H(q,p,0,1) = F(q,p) + G(I) + ef1(q.p,0,1) + O(?), (2.9.19)
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where (6,1) are action-angle coordinates for the oscillator G; we assume
that G(0) = 0, G’ > 0. Tt is also assumed that F' has a homoclinic orbit

z(t) = (q(t), p(t))

and that

o0
M (o) :/ {F, Hy}dt; (2.9.20)
— 00
the integral taken along (ZT(t — to), 2, I) has simple zeros. Then (2.9.19)
has horseshoes on energy surfaces near the surface corresponding to the
homoclinic orbit and small I; the horseshoes are taken relative to a Poincaré
map strobed to the oscillator G. The paper by Holmes and Marsden [1982a]
also studies the effect of positive and negative damping. These results are
related to those for forced one-degree-of-freedom systems, since one can
often reduce a two-degrees-of-freedom Hamiltonian system to a one-degree-

of-freedom forced system.

For some systems in which the variables do not split as in (2.9.19), such
as a nearly symmetric heavy top, one needs to exploit a symmetry of the
system, and this complicates the situation to some extent. The general
theory for this is given in Holmes and Marsden [1983] and was applied to
show the existence of horseshoes in the nearly symmetric heavy top; see
also some closely related results of Ziglin [1980a)].

This theory has been used by Ziglin [1980b] and Koiller [1985] in vor-
tex dynamics, for example, to give a proof of the nonintegrability of the
restricted four-vortex problem. Koiller, Soares, and Melo Neto [1985] give
applications to the dynamics of general relativity showing the existence of
horseshoes in Bianchi IX models. See Oh, Sreenath, Krishnaprasad, and
Marsden [1989] for applications to the dynamics of coupled rigid bodies.

Arnold [1964] extended the Poincaré-Melnikov theory to systems with
several degrees of freedom. In this case the transverse homoclinic manifolds
are based on KAM tori and allow the possibility of chaotic drift from one
torus to another. This drift, sometimes known as Arnold diffusion, is a
much studied topic in Hamiltonian systems, but its theoretical foundations
are still the subject of much study.

Instead of a single Melnikov function, in the multidimensional case one
has a Melnikov vector given schematically by

fjooo{HOa Hl} dt

7 AL, Hy}dt
M = , (2.9.21)

ffooo{fn,Hl}dt

where I, ..., I, are integrals for the unperturbed (completely integrable)
system and where M depends on ¢y and on angles conjugate to I1,... ,I,.
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One requires M to have transversal zeros in the vector sense. This result was
given by Arnold for forced systems and was extended to the autonomous
case by Holmes and Marsden [1982b, 1983]; see also Robinson [1988]. These
results apply to systems such as a pendulum coupled to several oscillators
and the many-vortex problems. It has also been used in power systems by
Salam, Marsden, and Varaiya [1983], building on the horseshoe case treated
by Kopell and Washburn [1982]. See also Salam and Sastry [1985]. There
have been a number of other directions of research on these techniques. For
example, Gruendler [1985] developed a multidimensional version applicable
to the spherical pendulum, and Greenspan and Holmes [1983] showed how
the Melnikov method can be used to study subharmonic bifurcations. See
Wiggins [1988] for more information.

Poincaré and Exponentially Small Terms. In his celebrated memoir
on the three-body problem, Poincaré [1890] introduced the mechanism of
transversal intersection of separatrices that obstructs the integrability of
the system of equations for the three-body problem as well as preventing
the convergence of associated series expansions for the solutions. This idea
has been developed by Birkhoff and Smale using the horseshoe construction
to describe the resulting chaotic dynamics. However, in the region of phase
space studied by Poincaré, it has never been proved (except in some generic
sense that is not easy to interpret in specific cases) that the equations
really are nonintegrable. In fact, Poincaré himself traced the difficulty to
the presence of terms in the separatrix splitting that are exponentially
small. A crucial component of the measure of the splitting is given by the
following formula of Poincaré [1890, p. 223]:

J_ —8m ’

o () + o ()

which is exponentially small (also said to be beyond all orders) in p.
Poincaré was aware of the difficulties that this exponentially small be-
havior causes; on page 224 of his article, he states, “En d’autres termes,
si on regarde p comme un infiniment petit du premier ordre, la distance
BB’, sans étre nulle, est un infiniment petit d’ordre infini. C’est ainsi que la
fonction e~/ est un infiniment petit d’ordre infini sans étre nulle . .. Dans
I’example particulier que nous avons traité plus haut, la distance BB’ est du
meéme ordre de grandeur que lintegral J, c’est & dire que exp(—m/+/2u).”

This is a serious difficulty that arises when one uses the Melnikov method
near an elliptic fixed point in a Hamiltonian system or in bifurcation prob-
lems giving birth to homoclinic orbits. The difficulty is related to those
described by Poincaré. Near elliptic points, one sees homoclinic orbits in
normal forms, and after a temporal rescaling this leads to a rapidly os-
cillatory perturbation that is modeled by the following variation of the
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pendulum equation:
¢ + sin ¢ = e cos (%t) . (2.9.22)
If one-formally computes M (t(), one obtains

M (to,€) = +2m sech (E) cos (w_to) . (2.9.23)
2e €
While this has simple zeros, the proof of the Poincaré—Melnikov theorem is
no longer valid, since M (to, €) is now of order exp(—m/(2¢)), and the error
analysis in the proof gives errors only of order €2. In fact, no expansion in
powers of € can detect exponentially small terms like exp(—m/(2€)).
Holmes, Marsden, and Scheurle [1988] and Delshams and Seara [1991]
show that (2.9.22) has chaos that is, in a suitable sense, exponentially small
in €. The idea is to expand expressions for the stable and unstable manifolds
in a Perron type series whose terms are of order €* exp(—7/(2¢)). To do so,
the extension of the system to complex time plays a crucial role. One can
hope that since such results for (2.9.22) can be proved, it may be possible
to return to Poincaré’s 1890 work and complete the arguments he left
unfinished. In fact, the existence of these exponentially small phenomena
is one reason that the problem of Arnold diffusion is both hard and delicate.
To illustrate how exponentially small phenomena enter bifurcation prob-
lems, consider the problem of a Hamiltonian saddle node bifurcation

i+ pr+a?=0 (2.9.24)
with the addition of higher-order terms and forcing:
i+ px +2? +hot. = 5f(t). (2.9.25)

The phase portrait of (2.9.24) is shown in Figure 2.9.1.
The system (2.9.24) is Hamiltonian with

H(xz,&) = %3’32 + %,uxz + %x‘?’. (2.9.26)
Let us first consider the system without higher-order terms:
&+ pr +a® = 5f(t). (2.9.27)
To study it, we rescale to blow up the singularity; let
x(t) = N(T), (2.9.28)

where A\ = |u| and 7 = tv/\. Letting ’ = d/dr, we get

W2 O (L)
e LA et B

5
£ +e+€ = et <#> 10> 0. (2.9.29)



102 2. Hamiltonian Systems on Linear Symplectic Spaces

u<o0

FIGURE 2.9.1. Phase portraits of & + pz + z® = 0.

The exponentially small estimates of Holmes, Marsden, and Scheurle [1988]
apply to (2.9.29). One gets exponentially small upper and lower estimates
in certain algebraic sectors of the (d, ) plane that depend on the nature
of f. The estimates for the splitting have the form C(8/12) exp(—/~/|p|).
Now consider

&4 px 42 2 = 5f(t). (2.9.30)

With § = 0, there are equilibria at the three points with & = 0 and

x =0, —r, and — E, (2.9.31)
T
where
14+y1-4
r= % (2.9.32)

which is approximately 1 when u ~ 0. The phase portrait of (2.9.30) with
0 =0 and = —1/2 is shown in Figure 2.9.2. As p passes through 0, the
small lobe in Figure 2.9.2 undergoes the same bifurcation as in Figure 2.9.1,
with the large lobe changing only slightly.

Again we rescale, to give

. s
€€+£2ué‘3—ﬁf(\/%—u>, 1<,

. ) T

E+E+E+usP=—f (—) w> 0. (2.9.33)
[CNV/T

Notice that for § = 0, the phase portrait is pu-dependent. The homoclinic

orbit surrounding the small lobe for p < 0 is given explicitly in terms of £
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A

FIGURE 2.9.2. The phase portrait of & — %x +224+ 22 =0.

by

{(r) = (2.9.34)

(+ 37 2

which is p-dependent. An interesting technicality is that without the cubic
term, we get p-independent double poles at t = +im + log2 — log 3 in the
complex 7-plane, while (2.9.34) has a pair of simple poles that splits these
double poles to the pairs of simple poles at

2
T = im + log <§ + NzA) , (2.9.35)

where again A = |p|. (There is no particular significance to the real part,
such as log 2 —log 3 in the case of no cubic term; this can always be gotten
rid of by a shift in the base point £(0).)

If a quartic term z* is added, these pairs of simple poles will split into
quartets of branch points, and so on. Thus, while the analysis of higher-
order terms has this interesting p-dependence, it seems that the basic ex-
ponential part of the estimates, namely

exp | ——— |, 2.9.36
p( \/|7> ( )

remains intact.
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3

An Introduction to
Infinite-Dimensional Systems

A common choice of configuration space for classical field theory is an
infinite-dimensional vector space of functions or tensor fields on space or
spacetime, the elements of which are called fields. Here we relate our
treatment of infinite-dimensional Hamiltonian systems discussed in §2.1
to classical Lagrangian and Hamiltonian field theory and then give exam-
ples. Classical field theory is a large subject with many aspects not covered
here; we treat only a few topics that are basic to subsequent developments;
see Chapters 6 and 7 for additional information and references.

3.1 Lagrange’s and Hamilton’s Equations
for Field Theory

As with finite-dimensional systems, one can begin with a Lagrangian and
a variational principle, and then pass to the Hamiltonian via the Legendre
transformation. At least formally, all the constructions we did in the finite-
dimensional case go over to the infinite-dimensional one.

For instance, suppose we choose our configuration space @ = F(R?) to
be the space of fields ¢ on R3. Our Lagrangian will be a function L(y, ¢)
from @ x @ to R. The variational principle is

§/b L(p,¢)dt =0, (3.1.1)
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which is equivalent to the Euler—Lagrange equations

d oL 4L

= _ = 1.
dtép  dp (3.1.2)
in the usual way. Here,
oL
= — 3.1.3
"= (3.3

is the conjugate momentum, which we regard as a density on R?® as in
Chapter 2. The corresponding Hamiltonian is

H(p,m) = / 6 — L(g, @), (3.1.4)

in accordance with our general theory. We also know that the Hamiltonian
should generate the canonical Hamilton equations. We verify this now.

Proposition 3.1.1. Let Z = F(R?) x Den(R?), with Q defined as in
Ezample (b) of §2.2. Then the Hamiltonian vector field Xy : Z — Z
corresponding to a given energy function H : Z — R is given by

0H O0H

Hamilton’s equations on Z are

dp O0H  On o0H
5—57 E—_%. (3.1.6)

Remarks.
1. The symbols F and Den stand for function spaces included in the space

of all functions and densities, chosen to be appropriate to the functional-
analytic needs of the particular problem. In practice this often means,
among other things, that appropriate conditions at infinity are imposed
to permit integration by parts.

2. The equations of motion for a curve z(t) = (p(t), n(t)) written in the
form Q(dz/dt,dz) = dH (z(t)) - 0z for all §z € Z with compact support are
called the weak form of the equations of motion. They can still be
valid when there is not enough smoothness or decay at infinity to justify
the literal equality dz/dt = Xp(2); this situation can occur, for example,
if one is considering shock waves. ¢

Proof of Proposition 3.1.1. To derive the partial functional deriva-
tives, we use the natural pairing

(,): F(R3) x Den(R?®) — R, where (p,7)= /gmr’ dz,  (3.1.7)
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where we write 7 = 7/d®x € Den. Recalling that 6 H/J¢ is a density, let

0H O0H
x = (22 22
<(57T’ &p)

We need to verify that Q(X (p, ), (dp,0m)) = dH (p,m) - (0p, d7). Indeed,

X (o, (5. 07) = ( (50~ 52 ) @) )

_[OH, ., SHY\' .

0H o0H
~(5om)+ (00 55)
= DTrH(QOa 7T) om + DSOH(<)07 7T) : 6@
= dH(<p7 7T) ’ (5907 67() u

3.2 Examples: Hamilton’s Equations

(a) The Wave Equation. Consider Z = F(R?) x Den(R3) as above.
Let ¢ denote the configuration variable, that is, the first component in
the phase space F(R3) x Den(R?), and interpret ¢ as a measure of the
displacement from equilibrium of a homogeneous elastic medium. Writing
7' = pdp/dt, where p is the mass density, the kinetic energy is

For small displacements ¢, one assumes a linear restoring force such as the
one given by the potential energy

k
5 [ 1vel?

for an (elastic) constant k.

Because we are considering a homogeneous medium, p and k are con-
stants, so let us work in units in which they are unity. Nonlinear effects can
be modeled in a naive way by introducing a nonlinear term, U(y), into the
potential. However, for an elastic medium one really should use constitu-
tive relations based on the principles of continuum mechanics; see Marsden
and Hughes [1983]. For the naive model, the Hamiltonian H : Z — R is
the total energy

Hem = [ 302+ 5190 +U)| @2 @21)
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Using the definition of the functional derivative, we find that

SH , 6H

R (T2 / 3
5= 5o (=V2e+U'(p))d’x. (3.2.2)

Therefore, the equations of motion are

0 on’
a—f B 7TI, E = V2Q0 - U/((p), (323)
or, in second-order form,
0%

Various choices of U correspond to various physical applications. When
U’ = 0, we get the linear wave equation, with unit propagation velocity.
Another choice, U(p) = (1/2)m?p? + \¢*, occurs in the quantum theory
of self-interacting mesons; the parameter m is related to the meson mass,
and ¢* governs the nonlinear part of the interaction. When A = 0, we get

0%
Vi — oz m2, (3.2.5)

which is called the Klein—Gordon equation.

¢

Technical Aside. For the wave equation, one appropriate choice of func-
tion space is Z = H'(R?) x L3 (R?), where H'(R?) denotes the H'-
functions on R3, that is, functions that, along with their first derivatives are
square integrable, and L3 (R?) denotes the space of densities 7 = 7’ d®x,
where the function 7’ on R? is square integrable. Note that the Hamiltonian
vector field

Xu(p,m) = (7', (V2o = U'(p)d’z)

is defined only on the dense subspace H2(R3) x HJ_ (R?) of Z. This is a
common occurrence in the study of Hamiltonian partial differential equa-
tions; we return to this in §3.3. ¢

In the preceding example, 2 was given by the canonical form with the
result that the equations of motion were in the standard form (3.1.5). In
addition, the Hamiltonian function was given by the actual energy of the
system under consideration. We now give examples in which these state-
ments require reinterpretation but that nevertheless fall into the framework
of the general theory developed so far.
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(b) The Schrédinger Equation. Let H be a complex Hilbert space,
for example, the space of complex-valued functions 7 on R3 with the Her-
mitian inner product

(tn, o) = / (@) Ta(a) da,

where the overbar denotes complex conjugation. For a self-adjoint complex-
linear operator Hgp, : H — H, the Schrodinger equation is
N

ihzr = Hopt), (3.2.6)

where h is Planck’s constant. Define

—i
A - ?HOI:”

so that the Schrodinger equation becomes

o

5 Ad. (3.2.7)
The symplectic form on H is given by Q(t1,12) = —2hIm (1, 102) . Self-
adjointness of H,p is a condition stronger than symmetry and is essential
for proving well-posedness of the initial-value problem for (3.2.6); for an
exposition, see, for instance, Abraham, Marsden, and Ratiu [1988]. His-
torically, it was Kato [1950] who established self-adjointness for important
problems such as the hydrogen atom.

From §2.5 we know that since Hop, is symmetric, A is Hamiltonian. The

Hamiltonian is

H(y) = h(iAy,¢) = (Hopt), ) , (3.2.8)

which is the expectation wvalue of H,, at v, defined by (H,p) (¢) =
(Hopth, ). ¢

(c) The Korteweg—de Vries (KdV) Equation. Denote by Z the vec-
tor subspace F(R) consisting of those functions u with |u(z)| decreasing

sufficiently fast as x — +oo that the integrals we will write are defined and

integration by parts is justified. As we shall see later, the Poisson brackets

for the KdV equation are quite simple, and historically they were found

before the symplectic structure (see Gardner [1971] and Zakharov [1971,

1974]). To be consistent with our exposition, we begin with the somewhat

more complicated symplectic structure. Pair Z with itself using the L2

inner product. Let the KAV symplectic structure 2 be defined by

Oy, up) = % ( [ O;[ﬁl(:c)uQ(x) — i (2)un ()] dx) , (3.2.9)
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where @ denotes a primitive of u, that is,
x
= / u(y) dy.
— 00

In §8.5 we shall see a way to construct this form. The form 2 is clearly
skew-symmetric. Note that if u; = dv/0x for some v € Z, then

/ "t (@)un (x) da

— 00

_ / () 8%5") dz

— 00

T /_Z iy () us (x) da
_ </Z 32(;) dm) (/Z us(x) d:v) - /O; iy (2)un () dz
_ <v($)’io) (/O:o s () dac) —~ O:O i (x)us (2

=— /00 Gy (x)ug(z) da.

Thus, if uy(x) = dv(x)/0x, then 2 can be written as

— ﬁl(m)f@(x)‘

) dx

(oo}

Quun, up) = / " i (@)ua(w) dy = / o(@)us () da. (3.2.10)

—00 — 00

To prove weak nondegeneracy of 2, we check that if v # 0, there is a w
such that Q(w,v) # 0. Indeed, if v # 0 and we let w = Jv/dz, then w # 0
because v(x) — 0 as |z| — oco. Hence by (3.2.10),

Qw,v) = Q (%,v) - /O;(U(z))Q dz # 0.

Suppose that a Hamiltonian H : Z — R is given. We claim that the
corresponding Hamiltonian vector field X is given by

Xp(u) = a% (‘;—IZ) . (3.2.11)

Indeed, by (3.2.10),

QXn (). w) = [

h i—?(x)w(x) dex =dH(v) - w.

Tt follows from (3.2.11) that the corresponding Hamilton equations are

0 (0H
U = O (E) , (3.2.12)
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where, in (3.2.12) and in the following, subscripts denote derivatives with
respect to the subscripted variable. As a special case, consider the function

Then

o otty
ox du

= —UUy,

and so (3.2.12) becomes the one-dimensional transport equation
Uy + uty = 0. (3.2.13)

Next, let
(1, s
Hy(u) = JUz — U dx; (3.2.14)
then (3.2.12) becomes

Uy + 06Uty + Ugpre = 0. (3.2.15)

This is the Korteweg—de Vries (KdV') equation that describes shal-
low water waves. For a concise presentation of its famous complete set of
integrals, see Abraham and Marsden [1978], §6.5, and for more information,
see Newell [1985]. The first few of its integrals are given in Exercise 3.3-1.
We will return to this example from time to time in the text, but for now
we will find traveling wave solutions of the KdV equation.

Traveling Waves. If we look for traveling wave solutions of (3.2.15),
that is, u(x,t) = p(x — ct), for a constant ¢ > 0 and a positive function ¢,
we see that u satisfies the KdV equation if and only if ¢ satisfies

cp’ — 6o’ — " = 0. (3.2.16)
Integrating once gives
co— 302 — " =C, (3.2.17)

where C' is a constant. This equation is Hamiltonian in the canonical vari-
ables (¢, ¢') with Hamiltonian function

1 c
hp,¢') = 5(#) = 59" +¢° + Cp. (3.2.18)

From conservation of energy, h(p,¢’) = D, it follows that

¢ = ++/cp? — 203 —2Cp + 2D, (3.2.19)
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or, writing s = x — ct, we get

s::t/ (dgo .
Vep? — 293 —2Cp + 2D

We seek solutions that together with their derivatives vanish at +co. Then
(3.2.17) and (3.2.19) give C' = D =0, so

(3.2.20)

1 ve—2p —
5= i/diw _ b |VeZZeo Vel e (500
V27 Vet Ve gy
for some constant K that will be determined below.
For C = D = 0, the Hamiltonian (3.2.18) becomes
/ 1 2 € o 3
h(p,¢') = S (¢')° — 59" + ¢°, (3.2.22)

2 2

and thus the two equilibria given by 0h/0p = 0 and 0h/Jd¢’ = 0 are (0,0)
and (¢/3,0). The matrix of the linearized Hamiltonian system at these

equilibria is
0 1
+c 0|’

which shows that (0,0) is a saddle and (¢/3,0) is spectrally stable. The
second variation criterion on the potential energy (see §1.10) —cp?/2 + p?
at (¢/3,0) shows that this equilibrium is stable. Thus, if (o(s),¢'(s)) is a
homoclinic orbit emanating and ending at (0,0), the value of the Hamil-
tonian function (3.2.22) on it is H(0,0) = 0. From (3.2.22) it follows that
(¢/2,0) is a point on this homoclinic orbit, and thus (3.2.20) for C = D =0
is its expression. Taking the initial condition of this orbit at s = 0 to be
»(0) =¢/2, ¢’'(0) =0, (3.2.21) forces K = 0, and so

VeTp - e
Ve Ot e

Since ¢ > 0 by hypothesis, the expression in the absolute value is negative,
and thus

= etVes,

e
Ve=2p+/c ’
whose solution is
2cetVes _ c
(14 eEves)2  2cosh?(y/es/2)

This produces the soliton solution

o(s) =

u(z,t) = gsech2 [%(x - ct)] . ¢
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(d) Sine—-Gordon Equation. For functions u(z,t), where z and t are
real variables, the sine—Gordon equation is uy; = Uy, + sinu. Equation
(3.2.4) shows that it is Hamiltonian with the momentum density = = u; dz
(and associated function 7’ = ),

< /1 1
H(u) = / (5“? + iui + cosu) dx, (3.2.23)
and the canonical bracket structure, as in the wave equation. This equation
also has a complete set of integrals; see again Newell [1985]. ¢

(e) Abstract Wave Equation. Let H be a real Hilbert space and B :
H — 'H a linear operator. On H x H put the symplectic structure €2 given
by (2.2.6). One can check that:

(i) A= [ _OB é ] is Q-skew if and only if B is a symmetric operator
on H; and

(ii) if B is symmetric, then a Hamiltonian for A is
1
H(z,y) = 5 (ly|* + {Bz, z)). (3.2.24)

The equations of motion (2.4.10) give the abstract wave equation

T+ Bz = 0. ¢

(f) Linear Elastodynamics. On R? consider the equations
pug = div(c - Vu),

that is,
i O [ ;i OuF
Pl = 55 [C]klw} ) (3.2.25)
where p is a positive function and c is a fourth-order tensor field (the
elasticity tensor) on R? with the symmetries ¢kl = cFlii = ¢Jikl,
On F(R3;R3) x F(R3;R3) (or, more precisely, on
H'(R*R?) x L*(R*;R?)

with suitable decay properties at infinity) define

Q((u,0), (v,v)) = /R3 p(v-u—u-v)dir. (3.2.26)
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The form € is the canonical symplectic form (2.2.3) for fields u and their
conjugate momenta ™ = pu.

On the space of functions u : R? — R3, consider the p-weighted L2-inner
product

(u,v), = / pu-v dz. (3.2.27)
R3

Then the operator Bu = —(1/p) div(c - Vu) is symmetric with respect to
this inner product, and thus by Example (e) above, the operator A(u,u) =
(0, (1/p) div(c - Vu)) is Q-skew.

The equations (3.2.25) of linear elastodynamics are checked to be Hamil-
tonian with respect to Q given by (3.2.26), and with energy

1 1 y
H(u,u) = §/p||1'1||2d3x+ i/c”kleijekl dx, (3.2.28)
where
i = 1 % + aij ‘
Y2\ o ot )
Exercises
o 3.2-1.

(a) Let ¢ : R""1 — R. Show directly that the sine-Gordon equation

32
8—;2'07V290+sin<p:0

is the Euler-Lagrange equation of a suitable Lagrangian.

(b) Let ¢ : R*™! — C. Write the nonlinear Schrédinger equation

0
za—f + V20 + Bolpl? =0

as a Hamiltonian system.

¢ 3.2-2. Find a “soliton” solution for the sine-Gordon equation

2o 0% .
o7 g2 Teme =0

in one spatial dimension.
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o 3.2-3. Consider the complex nonlinear Schrédinger equation in one spa-
tial dimension:
dp Py 2
=+ = =0, 0.
5 T a2 T Ol B #

(a) Show that the function ¢ : R — C defining the traveling wave so-
lution ¢p(z,t) = 9 (x — ct) for ¢ > 0 satisfies a second-order complex
differential equation equivalent to a Hamiltonian system in R* rela-
tive to the noncanonical symplectic form whose matrix is given by

(See Exercise 2.4-1.)

(b) Analyze the equilibria of the resulting Hamiltonian system in R* and
determine their linear stability properties.

(c) Let 1(s) = e***/?a(s) for a real function a(s) and determine a second-
order equation for a(s). Show that the resulting equation is Hamilto-
nian and has heteroclinic orbits for § < 0. Find them.

(d) Find “soliton” solutions for the complex nonlinear Schrodinger equa-
tion.

3.3 Examples: Poisson Brackets and
Conserved Quantities

Before proceeding with infinite-dimensional examples, it is first useful to
recall some basic facts about angular momentum of particles in R®. (The
reader should supply a corresponding discussion for linear momentum.)
Consider a particle moving in R? under the influence of a potential V. Let
the position coordinate be denoted by q, so that Newton’s second law reads

mg =—-VV(q).

Let p = mq be the linear momentum and J = q X p be the angular
momentum. Then

d . .
anqxp+qxp:—quV(q).

If V is radially symmetric, it is a function of ||q|| alone: assume

Via) = f(llal®),
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where f is a smooth function (exclude q = 0 if necessary). Then

VV(q) =2f'(lall*)a,

so that g x VV(q) = 0. Thus, in this case, dJ/dt = 0, so J is conserved.
Alternatively, with

1
H(q,p) = %HPH2 +V(a),

we can check directly that {H, J;} = 0 for [ = 1,2,3, where J = (Jy, Ja, J3).
This also shows that each component .J; is conserved by the Hamiltonian
dynamics determined by H.

Additional insight is gained by looking at the components of J more
closely. For example, consider the scalar function

F(q,p) = J(q,p) - wk,
where w is a constant and k = (0,0, 1). We find that
F(q,p) = w(g'pz — p14?).

The Hamiltonian vector field of F' is

Notap - (OF OF OF _or _or _or
PP = Op Ops 95’ 0¢7 07 o
= (_WQ27WQ1aO7 _WPQaWplaO)-

Note that X is just the vector field corresponding to the flow in the (¢*, ¢*)
plane and the (p1, p2) plane given by rotations about the origin with angular
velocity w. More generally, the Hamiltonian vector field associated with the
scalar function defined by J,, := J -w, where w is a vector in R?, has a flow
consisting of rotations about the axis w. As we shall see in Chapters 11
and 12, this is the basis for understanding the link between conservation
laws and symmetry more generally.
Another identity is worth noting. Namely, for two vectors w; and ws,

{qu sz} = le Xwas

which, as we shall see later, is an important link between the Poisson
bracket structure and the structure of the Lie algebra of the rotation group.

(a) The Schrédinger Bracket. In Example (b) of §3.2, we saw that if
H,, is a self-adjoint complex linear operator on a Hilbert space H, then
A = H,,/(ih) is Hamiltonian, and the corresponding energy function H 4
is the expectation value (H,p) of H,p. Letting Hyp, and K, be two such
operators, and applying the Poisson bracket—commutator correspondence
(2.7.10), or a direct calculation, we get

{<H0p> ) <K0p>} = <[Hop7K0p]> : (3-3~1>
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In other words, the expectation value of the commutator is the Poisson
bracket of the expectation values.

Results like this lead one to statements like “Commutators in quantum
mechanics are not only analogous to Poisson brackets, they are Poisson
brackets.” Even more striking are true statements like this: “Don’t tell me
that quantum mechanics is right and classical mechanics is wrong—after
all, quantum mechanics is a special case of classical mechanics.”

Notice that if we take K1 = 1, the identity operator, the corresponding
Hamiltonian function is p(¢)) = ||4[|?, and from (3.3.1) we see that p is a
conserved quantity for any choice of H,,, a fact that is central to the
probabilistic interpretation of quantum mechanics. Later, we shall see that
p is the conserved quantity associated to the phase symmetry i — e'%4).

More generally, if F and G are two functions on H with 0F/dy = VF,
the gradient of F' taken relative to the real inner product Re (,) on H, one
finds that

1
Xp =52 VF (3.3.2)
and
1
{F,G} = ~2r Im (VF,VG). (3.3.3)

Notice that (3.3.2), (3.3.3), and Im z = — Re(iz) give
1
dF - X¢g =Re(VF, Xg) = o Re(VF,—iVG)

1 .
=5 Re (iVF,VG)

1
= {FvG}

as expected. ¢

(b) KAV Bracket. Using the definition of the bracket (2.7.1), the sym-
plectic structure, and the Hamiltonian vector field formula from Exam-
ple (c) of §3.2, one finds that

“OF 0 (G

for functions F, G of v having functional derivatives that vanish at £oo. ¢

(c) Linear and Angular Momentum for the Wave Equation. The
wave equation on R? discussed in Example (a) of §3.2 has the Hamiltonian

Hem) = [ 5007+ 5IVelP 1 UG . 39
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Define the linear momentum in the z-direction by

Po(p,m) = W'g—i . (3.3.6)

By (3.3.6), 6P, /0w = O¢/0x, and P, /dp = (—07' /0z) d>x, so we get from
(3.2.2)

0P, 0H 6H 6P,
H,P,)}(p,7) = o ot
{H, P} (i, ) /Rs < om dp  om &p)

8_@_ 2 / /8_77/ 3
LG von + w5 | s

/Rs [_W“’g—i - % (U(@) + %(W’)Qﬂ dx
; (3.3.7)

assuming that the fields and U vanish appropriately at co. (The first term
vanishes because it switches sign under integration by parts.) Thus, P,
is conserved. The conservation of P, is connected with invariance of H
under translations in the z-direction. Deeper insights into this connection
are explored later. Of course, similar conservation laws hold in the y- and
z-directions.

Likewise, the angular momenta J = (J,, Jy, J.), where, for example,

o / a o 2 3
J.(p) = /Rgﬂ' <9:a—y y@x) pd’z, (3.3.8)

are constants of the motion. This is proved in an analogous way. (For precise
function spaces in which these operations can be justified, see Chernoff and
Marsden [1974].) ¢

(d) Linear and Angular Momentum: The Schrédinger Equation.

Linear Momentum. In Example (b) of §3.2, assume that H is the space
of complex-valued L2-functions on R? and that the self-adjoint linear oper-
ator Hop: H — H commutes with infinitesimal translations of the argument
by a fixed vector £ € R?, that is, Hop(D(-) - ) = D(Hopt(+)) - € for any
¥ whose derivative is in H. One checks, using (3.3.1), that

Pe(w) = (5Dw-6.0) (33.9)

Poisson commutes with (Hyp). If £ is the unit vector along the z-axis, the
corresponding conserved quantity is
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Angular Momentum. Assume that H.,: H — H commutes with in-
finitesimal rotations by a fixed skew-symmetric 3 x 3 matrix @, that is,

Ho,(DY(z) - wx) = D((Hopth) () - wx (3.3.10)

for every 1 whose derivative is in H, where on the left-hand side, Hop, is
thought of as acting on the function & — D1)(x) - ©x. Then the angular
momentum function

J(@) : z — (iDY(z) - o(z)/hb(@)) (3.3.11)

Poisson commutes with H so is a conserved quantity. If we choose w =
(0,0,1); that is,
0 -1 0
w=1|1 0 0},
0 0 0

this corresponds to an infinitesimal rotation around the z-axis. Explicitly,
the angular momentum around the z'-axis is given by

j 0 0
3w = (5 (7 g~ 55 ) ).

where (4, k,1) is a cyclic permutation of (1,2, 3). ¢

(e) Linear and Angular Momentum for Linear Elastodynamics.
Consider again the equations of linear elastodynamics; see Example (f)
of §3.2. Observe that the Hamiltonian is invariant under translations if
the elasticity tensor c is homogeneous (independent of (z,y, z)); the corre-
sponding conserved linear momentum in the z-direction is

. Ou 4
P, = /RS pa- o d’z. (3.3.12)

Likewise, the Hamiltonian is invariant under rotations if ¢ is isotropic, that
is, invariant under rotations, which is equivalent to ¢ having the form

cijkl _ M(élké]l =+ 51l61k) + )\(51‘76]“,

where p and A are constants (see Marsden and Hughes [1983, Section 4.3]
for the proof). The conserved angular momentum about the z-axis is

B . OJu ou\
J—/Rspu-(xa—y—y%>dx. ¢

In Chapter 11, we will gain a deeper insight into the significance and
construction of these conserved quantities.
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Some Technicalities for Infinite-Dimensional Systems. In general,
unless the symplectic form on the Banach space Z is strong, the Hamil-
tonian vector field Xy is mot defined on the whole of Z but only on a
dense subspace. For example, in the case of the wave equation 9?¢/0t? =
V2p — U'(p), a possible choice of phase space is H'(R?) x L?(R?), but
X is defined only on the dense subspace H?(R?) x H!(R?). It can also
happen that the Hamiltonian H is not even defined on the whole of Z. For
example, if H,, = V2 +V for the Schrédinger equation on L?(R?), then H
could have domain containing H?(R3), that coincides with the domain of
the Hamiltonian vector field i H,p. If V' is singular, the domain need not be
exactly H?(R3). As a quadratic form, H might be extendable to H'(R?).
See Reed and Simon [1974, Volume II] or Kato [1984] for details.

The problem of existence and even uniqueness of solutions can be quite
delicate. For linear systems one often appeals to Stone’s theorem for the
Schrédinger and wave equations, and to the Hille-Yosida theorem in the
case of more general linear systems. We refer to Marsden and Hughes [1983,
Chapter 6], for the theory and examples. In the case of nonlinear Hamilto-
nian systems, the theorems of Segal [1962], Kato [1975], and Hughes, Kato,
and Marsden [1977] are relevant.

For infinite-dimensional nonlinear Hamiltonian systems, technical differ-
entiability conditions on their flows ¢; are needed to ensure that each ¢y is
a symplectic map; see Chernoff and Marsden [1974], and especially Mars-
den and Hughes [1983, Chapter 6]. These technicalities are needed in many
interesting examples. ¢

Exercises

3.3-1. Show that {F;, F;} =0, 4,5 = 0,1, 2, 3, where the Poisson bracket
is the KdV bracket and where

Fi(u) = / §u2 dz,
o 1
Fy(u) = / (—u3 + §(uz)2> dx (the KdV Hamiltonian),
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4

Manifolds, Vector Fields, and
Differential Forms

In preparation for later chapters, it will be necessary for the reader to
learn a little bit about manifold theory. We recall a few basic facts here,
beginning with the finite-dimensional case. (See Abraham, Marsden, and
Ratiu [1988] for a full account.) The reader need not master all of this
material now, but it suffices to read through it for general sense and come
back to it repeatedly as our development of mechanics proceeds.

4.1 Manifolds

Our first goal is to define the notion of a manifold. Manifolds are, roughly
speaking, abstract surfaces that locally look like linear spaces. We shall
assume at first that the linear spaces are R™ for a fixed integer n, which
will be the dimension of the manifold.

Coordinate Charts. Given a set M, a chart on M is a subset U of M
together with a bijective map ¢ : U — ¢(U) C R™. Usually, we denote p(m)
by (z!,...,2™) and call the x' the coordinates of the point m € U C M.
Two charts (U, ¢) and (U’,¢’) such that UNU’ # & are called compat-
ible if p(UNU’) and ¢'(U' NU) are open subsets of R™ and the maps

oo o(UNU"): pUNU") — ' UNU)
and

o ()7 UNU): g (UNU') — oUNT)
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are C°°. Here, ¢’ o~ 1p(UNU’) denotes the restriction of the map ¢’ op~1

to the set (U NU’). See Figure 4.1.1.

xl’l
()
M
©
xl
In
!/ !
©'(U)
1%
Lp,
.’L‘l

FI1GURE 4.1.1. Overlapping charts on a manifold.

We call M a differentiable n-manifold if the following hold:

M1. The set M is covered by a collection of charts, that is, every point is
represented in at least one chart.

M2. M has an atlas; that is, M can be written as a union of compatible
charts.

If a chart is compatible with a given atlas, then it can be included into
the atlas itself to produce a new, larger, atlas. One wants to allow such
charts, thereby enlarging a given atlas, and so one really wants to define a
differentiable structure as a mazximal atlas. We will assume that this
is done and resist the temptation to make this process overly formal.

A simple example will make what we have in mind clear. Suppose one
considers Euclidean three-space R? as a manifold with simply one (iden-
tity) chart. Certainly, we want to allow other charts such as those defined
by spherical coordinates. Allowing all possible charts whose changes of co-
ordinates with the standard Euclidean coordinates are smooth then gives
us a maximal atlas.

A neighborhood of a point m in a manifold M is defined to be the
inverse image of a Euclidean space neighborhood of the point ¢(m) under
a chart map ¢ : U — R". Neighborhoods define open sets, and one checks
that the open sets in M define a topology. Usually, we assume without
ezplicit mention that the topology is Hausdorff: Two different points m,m’
in M have nonintersecting neighborhoods.
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Tangent Vectors. Two curves t — ¢;(t) and ¢t — co(t) in an n-manifold
M are called equivalent at the point m if

c1(0) = 2(0) =m and (poc1)'(0) = (pocz)'(0)

in some chart . Here the prime denotes the differentiation of curves in
Euclidean space. It is easy to check that this definition is chart indepen-
dent and that it defines an equivalence relation. A tangent vector v to a
manifold M at a point m € M is an equivalence class of curves at m.

It is a theorem that the set of tangent vectors to M at m forms a vector
space. It is denoted by T,,M and is called the tangent space to M at
m € M.

Given a curve ¢(t), we denote by ¢/(s) the tangent vector at ¢(s) defined
by the equivalence class of ¢ — c¢(s +t) at ¢ = 0. We have set things up
so that tangent vectors to manifolds are thought of intuitively as tangent
vectors to curves in M.

Let ¢ : U € M — R" be a chart for the manifold M, so that we get as-

sociated coordinates (z!,... ,2™) for points in U. Let v be a tangent vector
to M at m;ie., v € T, M, and let ¢ be a curve that is a representative of
the equivalence class v. The components of v are the numbers v!,... ,v"

defined by taking the derivatives of the components, in Euclidean space, of
the curve p o c:

i

v = E(@Oc)l )

t=0

where i = 1,... ,n. From the definition, the components are independent
of the representative curve chosen, but they do, of course, depend on the
chart chosen.

Tangent Bundles. The tangent bundle of M, denoted by TM, is
the set that is the disjoint union of the tangent spaces to M at the points
m € M, that is,

T™ = | J T.M.
meM

Thus, a point of TM is a vector v that is tangent to M at some point
m € M.

If M is an m-manifold, then T'M is a 2n-manifold. To define the dif-
ferentiable structure on T'M, we need to specify how to construct local

coordinates on TM. To do this, let ', ..., 2" be local coordinates on M
and let v',... ,v"” be components of a tangent vector in this coordinate
system. Then the 2n numbers z',... 2", v', ... o™ give a local coordi-

nate system on T'M. This is the basic idea one uses to prove that indeed
TM is a 2n-manifold.

The natural projection is the map 7a; : TM — M that takes a tangent
vector v to the point m € M at which the vector v is attached (that is,
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v € Ty, M). The inverse image 7, (m) of a point m € M under the natural
projection 7 is the tangent space T, M. This space is called the fiber of
the tangent bundle over the point m € M.

Differentiable Maps and the Chain Rule. Let f: M — N be a map
of a manifold M to a manifold N. We call f differentiable (resp. C*) if in
local coordinates on M and N, the map f is represented by differentiable
(resp. C*) functions. Here, by “represented” we simply mean that coor-
dinate charts are chosen on both M and N so that in these coordinates
f, suitably restricted, becomes a map between Euclidean spaces. One of
course has to check that this notion of smoothness is independent of the
charts chosen—this follows from the chain rule.

The derivative of a differentiable map f : M — N at a point m € M
is defined to be the linear map

Tmf : TmM — Tf(m)N
constructed in the following way. For v € T,,, M, choose a curve ¢ : | —¢, e[ —

M with ¢(0) = m, and associated velocity vector dc/dt|;—o =v. Then
T, f - v is the velocity vector at t = 0 of the curve foc: R — N, that is,

Tof 0= 5 (elt)

t=0

The vector T}, f - v does not depend on the curve ¢ but only on the vector
v, as is seen using the chain rule. If f : M — N is of class C*, then
Tf:TM — TN is a mapping of class C*~!. Note that

de

— Tye- 1.
di 0¢

t=0

If f: M —- N and g : N — P are differentiable maps (or maps of class
Ck), then go f : M — P is differentiable (or of class C*), and the chain
rule holds:

T(gof)=TgoTf.

Diffeomorphisms. A differentiable (or of class C*) map f: M — N is
called a diffeomorphism if it is bijective and its inverse is also differen-
tiable (or of class CF).

ETnf : TywM — Ty N is an isomorphism, the inverse function
theorem states that f is a local diffeomorphism around m € M, that
is, there are open neighborhoods U of m in M and V of f(m) in N such
that f|U : U — V is a diffeomorphism. The set of all diffeomorphisms
f: M — M forms a group under composition, and the chain rule shows
that T(f~1) = (Tf)~"
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Submanifolds and Submersions. A submanifold of M is a subset
S C M with the property that for each s € S there is a chart (U, ¢) in M
with the submanifold property, namely,

SM. ¢:U — R¥ x R" % and p(U N S) = p(U) N (R* x {0}).

The number k is called the dimension of the submanifold S.

This latter notion is in agreement with the definition of dimension for a
general manifold, since S is a manifold in its own right all of whose charts
are of the form (U N S, |(U N S)) for all charts (U, ) of M having the
submanifold property. Note that any open subset of M is a submanifold
and that a submanifold is necessarily locally closed, that is, every point
s € S admits an open neighborhood U of s in M such that U NS is closed
inU.

There are convenient ways to construct submanifolds using smooth map-
pings. If f: M — N is a smooth map, a point m € M is a regular point
if T,,, f is surjective; otherwise, m is a eritical point of f. If C' C M is the
set of critical points of f, then f(C) C N is the set of critical values of
f and N\ f(C) is the set of regular values of f.!

The submersion theorem states that if f : M — N is a smooth map
and n is a regular value of f, then f~1(n) is a smooth submanifold of M
of dimension dim M — dim N and

T (ffl(n)) =kerT,,[.

The local onto theorem states that T, f : Ty, M — Tp(,,) N is surjective
if and only if there are charts ¢ : U € M — U’ at m in M and % :
V¢ N — V' at f(m) in N such that ¢ maps into the product space
Rdim M—dim N Rdim N the image of U’ correspondingly has the form of a
product U’ = U” xV"; the point m gets mapped to the origin ¢(m) = (0, 0),
as does f(m), namely, ¥(f(m)) = 0; and the local representative of f is a
projection:

(o fop )(z,y) =u

In particular, f|U : U — V is onto. If T,,, f is onto for every m € M, then
f is called a submersion. It follows that submersions are open mappings
(the images of open sets are open).

Immersions and Embeddings. A C* map f: M — N is called an im-
mersion if T,, f is injective for every m € M. The local 1-to-1 theorem
states that T}, f is injective if and only if there are charts ¢ : U ¢ M — U’
at min M and ¢ : V C N — V' at f(m) in N such that V' is a product

1Sard’s theorem states that if f : M — N is a Ck-map, k > 1, and if M
has the property that every open covering has a countable subcovering, then if k& >
max(0,dim M — dim N), the set of regular values of f is residual and hence dense in N.
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VI =U'x V" c RUEmM  Rdim N=dim M. hoth 1 and f(m) get sent to zero,
i.e., p(m) = 0 and (f(m)) = (0,0); and the local representative of f is
the inclusion

(o fop)(x) = (x,0).

In particular, f|U : U — V is injective. The immersion theorem states
that T, f is injective if and only if there is a neighborhood U of m in M such
that f(U) is a submanifold of N and f|U : U — f(U) is a diffeomorphism.
It should be noted that this theorem does not say that f(M) is a sub-
manifold of N. For example, f may not be injective and f(M) may thus
have self-intersections. Even if f is an injective immersion, the image f(M)
may not be a submanifold of N. An example is indicated in Figure 4.1.2.

f

/_\

@
315/‘4 7T 7;'5/4
r=cos 20

FIGURE 4.1.2. An injective immersion.

R2
X

The map indicated in the figure (explicitly given by f :]n/4,7n/4[—
R?; 0 — (sin 6 cos 26, cos § cos 26)) is an injective immersion, but the topol-
ogy induced from R? onto its image does not coincide with the usual topol-
ogy of the open interval: Any neighborhood of the origin in the relative
topology consists, in the domain interval, of the union of an open interval
about 7 with two open segments |7/4,7/4 + €[, |7n/4 — €, 7n/4[. Thus,
the image of f is not a submanifold of R?, but an injectively immersed
submanifold.

An immersion f : M — N that is a homeomorphism onto f(M) with
the relative topology induced from N is called an embedding. In this case
f(M) is a submanifold of N and f : M — f(M) is a diffeomorphism. For
example, if f : M — N is an injective immersion and if M is compact,
then f is an embedding. Thus, the example given in the preceding figure
is an example of an injective immersion that is not an embedding (and of
course, M is not compact).

Another example of an injective immersion that is not an embedding
is the linear flow on the torus T? = R?/Z? with irrational slope: f(t) =
(t,at) (mod Z?). However, there is a difference between this injective im-
mersion and the “figure eight” example above: In some sense, the second
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example is better behaved; it has some “uniformity” about its lack of being
an embedding.

An injective immersion f : M — N is called regular if the following
property holds: If g : L — M is any map of the manifold L into M, then
g is C* if and only if fog: L — N is C* for any k > 1. It is easy to see
that all embeddings satisfy this property but that the previous example
also satisfies it, without being an embedding, and that the “figure eight”
example (see Figure 4.1.2) does not satisfy it. Varadarajan [1974] calls such
maps quasi-regular embeddings; they appear below in the Frobenius
theorem and in the study of Lie subgroups.

Vector Fields and Flows. A wvector field X on a manifold M is a map
X : M — TM that assigns a vector X(m) at the point m € M; that is,
Ta © X = identity. The real vector space of vector fields on M is denoted
by X(M). An integral curve of X with initial condition mg at ¢ = 0
is a (differentiable) map ¢ : |a,b] — M such that ]a,b[ is an open interval
containing 0, ¢(0) = mg, and

for all ¢ € Ja, b[. In formal presentations we usually suppress the domain of
definition, even though this is technically important.

The flow of X is the collection of maps ¢, : M — M such that ¢t —
©¢(m) is the integral curve of X with initial condition m. Existence and
uniqueness theorems from ordinary differential equations guarantee that ¢
is smooth in m and ¢ (where defined) if X is. From uniqueness, we get the

flow property
Pt+s = Pt © Ps

along with the initial condition ¢ = identity. The flow property generalizes
the situation where M = V' is a linear space, X (m) = Am for a (bounded)
linear operator A, and where

@i(m) = e“m
to the nonlinear case.

A time-dependent vector field is a map X : M x R — T'M such that
X(m,t) € T, M for each m € M and ¢t € R. An integral curve of X is
a curve ¢(t) in M such that ¢/(¢t) = X(c(t),t). In this case, the flow is the
collection of maps

Yrs: M — M

such that t — ¢ s(m) is the integral curve c(¢) with initial condition
c(s) = m at t = s. Again, the existence and uniqueness theorem from ODE
theory applies, and in particular, uniqueness gives the time-dependent
flow property

Pt,s © Psr = Pt,r-
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If X happens to be time independent, the two notions of flows are related
by Pt,s = Pt—s-

Differentials and Covectors. If f : M — R is a smooth function,
we can differentiate it at any point m € M to obtain a map T,,f :
TimM — TR, Identifying the tangent space of R at any point with
itself (a process we usually do in any vector space), we get a linear map
df(m): T, M — R. That is, df(m) € T, M, the dual of the vector space
TM. We call df the differential of f. For v € T,, M, we call df(m) -v
the directional derivative of f in the direction v. In a coordinate chart or
in linear spaces, this notion coincides with the usual notion of a directional
derivative learned in vector calculus.
Explicitly, in coordinates, the directional derivative is given by

n ow-1) .
df(m)vzza(falf )vz’

i=1

where ¢ is a chart at m. We will employ the summation convention
and drop the summation sign when there are repeated indices.

One can show that specifying the directional derivatives completely de-
termines a vector, and so we can identify a basis of T,,, M using the operators

0/0xt. We write
0 0
{617... ,en}— {@, ,%}

for this basis, so that v = v'9/dz".

If we replace each vector space T,,M with its dual T} M, we obtain a
new 2n-manifold called the cotangent bundle and denoted by T*M. The
dual basis to 9/0z° is denoted by dz’. Thus, relative to a choice of local
coordinates we get the basic formula

_of
n 6$idw

df(z)

for any smooth function f: M — R.

Exercises
4.1-1. Show that the two-sphere S? C R? is a 2-manifold.

4.1-2. If ¢, : S? — S? rotates points on S? about a fixed axis through
an angle ¢, show that ¢, is the flow of a certain vector field on S2.

4.1-3. Let f:S% — R be defined by f(x,y,2) = z. Compute df relative
to spherical coordinates (6, ¢).
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4.2 Differential Forms

We next review some of the basic definitions, properties, and operations
on differential forms, without proofs (see Abraham, Marsden, and Ratiu
[1988] and references therein).

The main idea of differential forms is to provide a generaliza-
tion of the basic operations of vector calculus, div, grad, and
curl, and the integral theorems of Green, Gauss, and Stokes to
manifolds of arbitrary dimension.

Basic Definitions. We have already met one-forms, a term that is used
in two ways—they are either members of a particular cotangent space 75, M
or else, analogous to a vector field, an assignment of a covector in T M
to each m € M. A basic example of a one-form is the differential of a
real-valued function.

A 2-form Q on a manifold M is a function Q(m) : T, M x T,, M — R
that assigns to each point m € M a skew-symmetric bilinear form on the
tangent space T,,M to M at m. More generally, a k-form « (sometimes
called a differential form of degree k) on a manifold M is a function
a(m) : TpyM x -+ X T, M (there are k factors) — R that assigns to each
point m € M a skew-symmetric k-multilinear map on the tangent space
TomM to M at m. Without the skew-symmetry assumption, o would be
called a (0, k)-tensor. A map a: V x --- x V (there are k factors) — R is
multilinear when it is linear in each of its factors, that is,

a(vi,. .. ,av; +bvj, ... vg)
= aa(vy, ..., v5,...,v5) +ba(vr, ..., V5, ug)

for all j with 1 < j < k. A k-multilinear map o : V x ... x V — R is skew
(or alternating) when it changes sign whenever two of its arguments are

interchanged, that is, for all vy,... ,v, € V,
a(vr, .o Uiy 05, V) = —a(UL, o Vg Vi Ug).
Let 2!, ..., 2™ denote coordinates on M, let

{e1,... e,y ={0/02",... 0/0x"™}
be the corresponding basis for T, M, and let
{et, ... e"} = {da",... dz"}

be the dual basis for T}y, M. Then at each m € M, we can write a 2-form as

Q. (v, 0) = Qij(m)v'w!,  where Q;;(m) = Qy, < 8' 0 ) ,

dat’ Oad
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and more generally, a k-form can be written
71 ik

U (V1,0 V) = iy gy (M)VTE - - 0k,

where there is a sum on iq,... , i,

o m) a2 D
1.0k — tim 81”2'17""85&’9 ’

and v; = v/3/z7, with a sum on j understood.

Tensor and Wedge Products. If a is a (0, k)-tensor on a manifold M
and (8 is a (0, [)-tensor, their tensor product a® (3 is the (0, k + [)-tensor
on M defined by

(@@ B)m(v1y. ey Vktt) = am (U1, oo s 08) B (Vg 1y -+ o Uktt) (4.2.1)

at each point m € M.
If ¢ is a (0, p)-tensor, define the alternation operator A acting on ¢ by

1
At)(v1,... ,0p) = o E sgn(T)t(Vr(1), - -+ Vn(p))s (4.2.2)
" mEeS,

where sgn(m) is the sign of the permutation 7,

| +1if mis even,
sgn(m) = { “lif7is odd , (4.2.3)

and S, is the group of all permutations of the set {1,2, ..., p}. The operator
A therefore skew-symmetrizes p-multilinear maps.

If a is a k-form and 3 is an I[-form on M, their wedge product o A ( is
the (k + [)-form on M defined by?

(k +1)!
1!

For example, if @ and 3 are one-forms, then
(a A B)(vi,v2) = afv1)B(v2) — a(v2)B(v1),

while if « is a 2-form and 3 is a 1-form,

alfp=

Ala® p). (4.2.4)

(a A B)(v1,v2,v3) = a(vy,v2)8(v3) + vz, v1)B(ve) + a(va, v3)B(v1).

We state the following without proof:

2The numerical factor in (4.2.4) agrees with the convention of Abraham and Marsden
[1978], Abraham, Marsden, and Ratiu [1988], and Spivak [1976], but not that of Arnold
[1989], Guillemin and Pollack [1974], or Kobayashi and Nomizu [1963]; it is the Bourbaki
[1971] convention.
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Proposition 4.2.1. The wedge product has the following properties:
(i) a A fis associative: a A (BA7y) = (aAB)Anr.
(ii) a A B is bilinear in o, 3 :
(aay +bas) A B = alay A B) + blas A B),
aA(cfr+dfs) =clanBr)+dlanB).
(iii) aAB is anticommutative: a A = (—1)* 3Aa, where a is a k-form
and B is an l-form.
In terms of the dual basis dx?, any k-form can be written locally as
o= ail,,,ikdx“ ARERWN dwi’“,

where the sum is over all i; satisfying i; < --- <.

Pull-Back and Push-Forward. Let ¢ : M — N be a C*™ map from
the manifold M to the manifold N and « be a k-form on N. Define the
pull-back p*a of a by ¢ to be the k-form on M given by

(@ ) m(v1, ... k) = Q) (T - v1,. .., T - ). (4.2.5)

If ¢ is a diffeomorphism, the push-forward ¢, is defined by ¢, =
(™).
Here is another basic property.

Proposition 4.2.2. The pull-back of a wedge product is the wedge prod-
uct of the pull-backs:

P (aNB)=¢ aNe™B. (4.2.6)

Interior Products and Exterior Derivatives. Let a be a k-form on a
manifold M and X a vector field. The interior product ix«a (sometimes
called the contraction of X and « and written, using the “hook” notation,
as X | «) is defined by

(ixa)m(va, ... ,vr) = am(X(m),va, ..., vk). (4.2.7)

Proposition 4.2.3. Let « be a k-form and 8 a 1-form on a manifold M .
Then

ix(aAB) = (ixa) A B+ (—=1)*a A (ixp). (4.2.8)
In the “hook” notation, this proposition reads
XJ(aAB) =X Ja)AB+ (—DFan (X 1p).

The exterior derivative da of a k-form « on a manifold M is the (k+1)-
form on M determined by the following proposition:
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Proposition 4.2.4. There is a unique mapping d from k-forms on M to
(k + 1)-forms on M such that:

(i) If « is a O-form (k = 0), that is, « = f € F(M), then df is the
one-form that is the differential of f.

(ii) da is linear in «, that is, for all real numbers ¢; and co,

d(cia1 + caan) = cidag + codas.

(iii) da satisfies the product rule, that is,
d(aAB)=dan B+ (-1)ardp,
where « is a k-form and (3 is an l-form.
(iv) d%? =0, that is, d(da) = 0 for any k-form a.
(v) d is a local operator, that is, da(m) depends only on o restricted
to any open neighborhood of m; in fact, if U is open in M, then

d(a|U) = (da)|U.

If « is a k-form given in coordinates by

o= ozq;ll__ikdxil Ao Ade™  (sumon iy < - < i),

then the coordinate expression for the exterior derivative is

Oovs , ) ‘
da = 704611.}m dx? Ndx™ A - A dx't
x

(sum on all j and 47 < -+ < ig). (4.2.9)

Formula (4.2.9) can be taken as the definition of the exterior derivative,
provided that one shows that (4.2.9) has the above-described properties
and, correspondingly, is independent of the choice of coordinates.

Next is a useful proposition that in essence rests on the chain rule:

Proposition 4.2.5. FEzterior differentiation commutes with pull-back, that
18,

d(¢*a) = ¢*(da), (4.2.10)
where a is a k-form on a manifold N and ¢ : M — N is a smooth map
between manifolds.

A k-form « is called closed if da = 0 and ezact if there is a (k—1)-form
(3 such that o = df. By Proposition 4.2.4(iv) every exact form is closed.
Exercise 4.4-2 gives an example of a closed nonexact one-form.
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Proposition 4.2.6 (Poincaré Lemma). A closed form is locally exact;

that is, if da = 0, there is a neighborhood about each point on which
a=dg.

See Exercise 4.2-5 for the proof.

The definition and properties of vector-valued forms are direct extensions
of those for usual forms on vector spaces and manifolds. One can think of
a vector-valued form as an array of usual forms (see Abraham, Marsden,
and Ratiu [1988]).

Vector Calculus. The table below entitled “Vector Calculus and Dif-
ferential Forms” summarizes how forms are related to the usual operations
of vector calculus. We now elaborate on a few items in this table. In item
4, note that

0 0 0
a = Ghao+ ay+ iz = rad gy = (917,

which is equivalent to Vf = (df)*.

The Hodge star operator on R maps k-forms to (3 — k)-forms and
is uniquely determined by linearity and the properties in item 2. (This
operator can be defined on general Riemannian manifolds; see Abraham,
Marsden, and Ratiu [1988].)

In item 5, if we let F' = Fe;+ Fres+ Fes, so F* = Fy de+ Fy dy+Fsdz,
then

d(F") = dF, A dx + Fid(dz) + dF; A dy + Fod(dy)
+dF3 Adz + F3d(dz)

8F1 aFl aFl
6F2 aFQ 8F2
8F3 8F3 6F3
— _@dx/\dy—s- @dz/\dx+%dm/\dy—@dyAdz
_ %dz/\dx+%dy/\dz
ox dy
B aFQ 3F1 aFl aFS
_<8x 8y>d:mdy+(az ax)dwdx

+<%@)dy/\dz.
z
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Hence, using item 2,

0F, OF 0F, OF: 0F;  OF:
byy — (222 Y01 el el o8 Y2
*(d(F))<(‘3x 8y)dz+(8z 8x>d +(8y az)dm,

0F;  OF 0F, OF 0F, OF
byt = (=2 222 il S it} i it
((d(F7))) _<8y 3z>el+(8z 8$>e2+(8:v 8y>e3

=curlF =V x F.
With reference to item 6, let F' = Fye; + Fyes + Fies, so
F’ = Fidx + Fydy + Fsdz.
Thus *(F”) = Fy dy A dz + Fy(—dx A dz) + Fydx A dy, and so

d(*(F*)) = dFy Ady Adz — dFy Adz Adz + dF3 Adx A dy

_ (OF 0Fy OF,
= < o dx + ay dy + Ep dz) ANdy A dz

0Fy OF, oF,
— (%dm + 6‘—ydy + Edz) ANdz ANdz

+ %dx—k %dy—i- %dz Adz A dy
ox y 0z

oF,

OF. OF.
= ldzAdyAndz+ —2dz Ady Adz + —>dz Ady A dz
ox dy 0z

%Jr@nL% dx ANdy Ndz = (div F)dx ANdy A dz.
Ox y 0z

Therefore, *(d(*(F*))) =div F =V - F.

Vector Calculus and Differential Forms

1. Sharp and Flat (Using standard coordinates in R?)

(a) v’ = v'dr 4+ v?*dy + v®dz, the one-form corresponding to the
vector v = vle; + v2ey + v3es.

(b) ol = ayeq + ases + ases, the vector corresponding to the one-
form a = oy dz 4+ as dy + asz dz.

2. Hodge Star Operator

(a) *1 =dx Ady Adz.

(b) *dx = dy Ndz, *dy = —dx N\ dz, *xdz = dx A dy,
*(dy A dz) = dz, *(dx N dz) = —dy, *(dz A dy) = dz.
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(¢) *(dz Ndy Ndz) = 1.
3. Cross Product and Dot Product

(a) v x w = [*(v" Aw”))
(b) (v-w)dz Ady Adz =" A x(w).

4. Gradient Vf =grad f = (df)".
5. Curl V x F = curl F = [%(dF")]%.

6. Divergence V- F =div F = *d(xF").
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Exercises

o 4.2-1. Let ¢ : R* — R? be given by ¢(z,y, 2) = (z + z,2y). For
a=e"du+udveQ'(R?) and B=uduAdv,

compute a A B, ¢*a, *3, and p*a A ¢* 3.
o 4.2-2. Given

a = y*dr Adz +sin(zy) de A dy + e dy A dz € Q*(R?)
and
X = 30/0x + cos 20/dy — x%0/0z € X(R?),

compute da and ixa.

o 4.2-3.

(a) Denote by A"(R™) the vector space of all skew-symmetric k-linear
maps on R™. Prove that this space has dimension n!/(k! (n — k)!) by
showing that a basis is given by { et A---Ae®* | iy < ... < iy }, where
{e1,... ,e,} is a basis of R™ and {e!,...,e"} is its dual basis, that

is, e*(e;) = 5.

(b) If u € A"(R") is nonzero, prove that the map v € R" — i,u €

A" (R™) is an isomorphism.

(c) If M is a smooth n-manifold and p € Q"(M) is nowhere-vanishing
(in which case it is called a volume form), show that the map X €

X(M) +—ixp € Q" 1(M) is an isomorphism.
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o 4.2-4. Let o = a; dz’ be a closed one-form in a ball around the origin in
R™. Show that a = df for

1
flzt, ... 2" = / aj(tzl, ot dt.
0
o 4.2-5.

(a) Let U be an open ball around the origin in R” and a € Q*(U) a
closed form. Verify that o = df3, where

1
= </ g e, (tat ta™)a dt> dz' N ANdx't
0
and where the sum is over 11 < - -+ < i,_1. Here,
a=qy, . j, de?t N ANdaTk,

where j; < --- < ji and where « is extended to be skew-symmetric
in its lower indices.

(b) Deduce the Poincaré lemma from (a).

¢ 4.2-6 (Construction of a homotopy operator for a retraction). Let M be
a smooth manifold and N C M a smooth submanifold. A family of smooth
maps 1 : M — M, t € [0,1], is called a retraction of M onto N
if r,|N = identity on N for all ¢t € [0,1], 7 = identity on M, r, is a
diffeomorphism of M with r¢(M) for every ¢ # 0, and ro(M) = N. Let X,
be the time-dependent vector field generated by r;, ¢t # 0. Show that the
operator H : Q¥(M) — QF~1(M) defined by

1
H= / (riix,a)dt
0

satisfies
a — (rja) = dHa 4+ Hda.

(a) Deduce the relative Poincaré lemma from this formula: If « €
QF(M) is closed and a|N = 0, then there is a neighborhood U of N
such that o|U = dg for some 3 € Q*~1(U) and B|N = 0. (Hint: Use
the existence of a tubular neighborhood of N in M.)

(b) Deduce the global Poincaré lemma for contractible manifolds: If
M is contractible, that is, there is a retraction of M to a point, and
if a € QF(M) is closed, then « is exact.
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4.3 The Lie Derivative

Lie Derivative Theorem. The dynamic definition of the Lie derivative
is as follows. Let o be a k-form and let X be a vector field with flow ;.
The Lie derivative of o along X is given by

Lxa= thf(l] ;[(‘Pta) —a] = AR o (4.3.1)

This definition together with properties of pull-backs yields the following.
Theorem 4.3.1 (Lie Derivative Theorem).

d * *
FPO= ¢ £xo. (4.3.2)

This formula holds also for time-dependent vector fields in the sense that

E@r,sa = szs"gxa’

and in the expression £ x« the vector field X is evaluated at time ¢.
If f is a real-valued function on a manifold M and X is a vector field on
M, the Lie derivative of f along X is the directional derivative

Lxf=X[f] =df-X. (4.3.3)

If M is finite-dimensional, then

.0 f
£ = X'—. 4.3.4
xf Dy ( )
For this reason one often writes
.0
X=X"—.
ox*

If Y is a vector field on a manifold N and ¢ : M — N is a diffeomorphism,
the pull-back p*Y is a vector field on M defined by

(@*Y)(m) = (Tne ' oY 0 p) (m). (4.3.5)
Two vector fields X on M and Y on N are said to be p-related if
TooX =Y op. (4.3.6)

Clearly, if ¢ : M — N is a diffeomorphism and Y is a vector field on N,
then ¢*Y and Y are ¢-related. For a diffeomorphism ¢, the push-forward
is defined, as for forms, by ¢, = (¢~ 1)*.



138 4. Manifolds, Vector Fields, and Differential Forms

Jacobi—Lie Brackets. If M is finite-dimensional and C'°°, then the set of
vector fields on M coincides with the set of derivations on F (M ). The same
result is true for C* manifolds and vector fields if k£ > 2. This property is
false for infinite-dimensional manifolds; see Abraham, Marsden, and Ratiu
[1988]. If M is C*° (that is, smooth), then the derivation f +— X[Y[f]] —
Y[X[f]], where X[f] = df- X, determines a unique vector field denoted by
[X,Y] and called the Jacobi—Lie bracket of X and Y. Defining £xY =
[X.,Y] gives the Lie derivative of Y along X. Then the Lie derivative
formula (4.3.2) holds with « replaced by Y, and the pull-back operation
given by (4.3.5).
If M is infinite-dimensional, then one defines the Lie derivative of Y
along X by
d
dt
where ¢, is the flow of X. Then formula (4.3.2) with « replaced by Y
holds, and the action of the vector field £xY on a function f is given by
X[Y[f]] = Y[X]f]], which is denoted, as in the finite-dimensional case, by
[X,Y][f]. As before [X,Y] = £xY is also called the Jacobi-Lie bracket of

vector fields.
If M is finite-dimensional, then

,OYI ,0X7

ox’? ox?
and in general, where we identify X,Y with their local representatives, we
have

t=0

(£xY) =X =(X-V)Y? — (Y- V)X, (4.3.8)

[X,Y]=DY -X —-DX Y. (4.3.9)
The formula for [X,Y] = £xY can be remembered by writing
.0 -0 0Y7 0 0Xt 0
)(2 - }/‘7 — - Xl—, - — J - T
[ ox?’ &Jci} dx? Qx Oz Oz’

Algebraic Definition of the Lie Derivative. The algebraic approach
to the Lie derivative on forms or tensors proceeds as follows. Extend the
definition of the Lie derivative from functions and vector fields to differen-
tial forms, by requiring that the Lie derivative be a derivation; for example,
for one-forms «a, write

£X<04,Y> = <£Xa,Y> + <Oé,.£XY>, (4310)

where X, Y are vector fields and (o, Y) = a(Y). More generally,

k
L£x(a(Yi,... Vi) = (£xa)(Yi,... . Yi) + Y _a(Yi,..., £xYi,... , Yk),
=1

(4.3.11)

where X, Y7,...,Y} are vector fields and « is a k-form.
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Proposition 4.3.2. The dynamic and algebraic definitions of the Lie
derivative of a differential k-form are equivalent.

Cartan’s Magic Formula. A very important formula for the Lie deriva-
tive is given by the following.

Theorem 4.3.3. For X a vector field and a a k-form on a manifold M,
we have

£xa=dixa+ixda, (4312)
or, in the “hook” notation,
£xa=d(X Ja)+ X Jda.

This is proved by a lengthy but straightforward calculation.
Another property of the Lie derivative is the following: If ¢ : M — N is
a diffeomorphism, then

P LyB=Lpye™p

for Y € X(N) and 3 € QF(M). More generally, if X € X(M) and Y € X(N)
are v related, that is, TYpo X =Y o) for ¢ : M — N a smooth map, then
Lxv* B =* £y for all B € QF(N).

There are a number of valuable identities relating the Lie derivative, the
exterior derivative, and the interior product that we record at the end of
this chapter. For example, if © is a one-form and X and Y are vector fields,
identity 6 in the table at the end of §4.4 gives the useful identity

dO(X,Y) = X[O(Y)] - Y[O(X)] — O([X,Y)). (4.3.13)

Volume Forms and Divergence. An n-manifold M is said to be ori-
entable if there is a nowhere-vanishing n-form g on it; p is called a vol-
ume form, and it is a basis of Q" (M) over F(M). Two volume forms
11 and pe on M are said to define the same orientation if there is an
f € F(M) with f > 0 and such that us = fu;. Connected orientable
manifolds admit precisely two orientations. A basis {v1,... ,v,} of T, M
is said to be positively oriented relative to the volume form p on M
if p(m)(v1,...,v,) > 0. Note that the volume forms defining the same
orientation form a convex cone in Q"(M), that is, if @ > 0 and p is a
volume form, then apu is again a volume form, and if ¢ € [0,1] and py, po
are volume forms defining the same orientation, then tu; + (1 — ¢)ug is
again a volume form defining the same orientation as pq or ps. The first
property is obvious. To prove the second, let m € M and let {vy,... ,v,}
be a positively oriented basis of T,, M relative to the orientation defined
by w1, or equivalently (by hypothesis) by ua. Then uq(m)(v1, ... ,v,) >0,
p2(m)(vi,. .. ,v,) > 0, so that their convex combination is again strictly
positive.
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If 1 € Q™(M) is a volume form, since £ xp € Q™ (M), there is a function,
called the divergence of X relative to p and denoted by div,(X) or simply
div(X), such that

£xp=div,(X)pu. (4.3.14)

From the dynamic approach to Lie derivatives it follows that div,(X) =0
if and only if Fy*i1 = p, where F; is the flow of X. This condition says that
F, is volume preserving. If ¢ : M — M, since ¢*u € Q™(M) there is a
function, called the Jacobian of ¢ and denoted by J,(¢) or simply J(¢),
such that

"= Ju(e)p. (4.3.15)

Thus, ¢ is volume preserving if and only if J,(p) = 1. From the inverse
function theorem, we see thal ¢ is a local diffeomorphism if and only if
Ju(p) #0 on M.

Frobenius’ Theorem. We also mention a basic result called Frobenius’
theorem. If E C TM is a vector subbundle, it is said to be involutive
if for any two vector fields X,Y on M with values in F, the Jacobi—Lie
bracket [X,Y] is also a vector field with values in E. The subbundle F is
said to be integrable if for each point m € M there is a local submanifold
of M containing m such that its tangent bundle equals E restricted to this
submanifold. If F is integrable, the local integral manifolds can be extended
to get, through each m € M, a connected maximal integral manifold, which
is unique and is a regularly immersed submanifold of M. The collection of
all maximal integral manifolds through all points of M is said to form a
foliation.

The Frobenius theorem states that the involutivity of E is equivalent to
the integrability of E.

Exercises

¢ 4.3-1. Let M be an n-manifold, p € Q"(M) a volume form, X,Y €
X(M), and f,g : M — R smooth functions such that f(m) # 0 for all m.
Prove the following identities:

(a) divy,(X) = div,(X) + X[f]/f;
(b) div,(9X) = g div,(X) + X[g]; and
(¢) div,([X,Y]) = X[div,(Y)] = Y[div,(X)].

¢ 4.3-2. Show that the partial differential equation

a—;X(z e, T )&Ei
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with initial condition f(x,0) = g(x) has the solution f(z,t) = g(Fi(x)),
where F} is the flow of the vector field (X1,..., X™) in R whose flow is
assumed to exist for all time. Show that the solution is unique. Generalize
this exercise to the equation

of _
ot
for X a vector field on a manifold M.

4.3-3. Show that if M and N are orientable manifolds, so is M x N.

X[f]

4.4 Stokes’ Theorem

The basic idea of the definition of the integral of an n-form p on an oriented
n-manifold M is to pick a covering by coordinate charts and to sum up the
ordinary integrals of f(z!,...,2")dx'---dx™, where
p=f(zt ... x")dat Ao Ada”
is the local representative of u, being careful not to count overlaps twice.
The change of variables formula guarantees that the result, denoted by
Jas s is well-defined.
If one has an oriented manifold with boundary, then the boundary, OM,
inherits a compatible orientation. This proceeds in a way that generalizes

the relation between the orientation of a surface and its boundary in the
classical Stokes’ theorem in R?.

Theorem 4.4.1 (Stokes’ Theorem). Suppose that M is a compact, ori-
ented k-dimensional manifold with boundary OM. Let o be a smooth (k—1)-

form on M. Then
/ daz/ . (4.4.1)
M oM

Special cases of Stokes’ theorem are as follows:

The Integral Theorems of Calculus. Stokes’ theorem generalizes and
synthesizes the classical theorems of calculus:

(a) Fundamental Theorem of Calculus.
b
[ F@is =10 - fa). (1.4.2)

(b) Green’s Theorem. For a region 2 C R?

0Q oP B
//Q (% _ a_y) dxdyf/édez+Qdy. (4.4.3)
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(c) Divergence Theorem. For a region (2 C R?,

///QdideV://aQFmdA. (4.4.4)

(d) Classical Stokes’ Theorem. For a surface S C R?,

TG =52 e

oP OR 0Q 0P
+ (g—%>dz/\dx+ (%_8_y>d$/\dy}

://n-curleA: Pdr+Qdy+ Rdz, (4.4.5)
s s

where F = (P, Q, R).

Notice that the Poincaré lemma generalizes the vector calculus theorems
in R?, saying that if curlF = 0, then F = Vf, and if div F = 0, then
F = V x G. Recall that it states that if « is closed, then locally o is
exact; that is, if da = 0, then locally o = df for some 3. On contractible
manifolds these statements hold globally.

Cohomology. The failure of closed forms to be globally exact leads to
the study of a very important topological invariant of M, the de Rham
cohomology. The kth de Rham cohomology group, denoted by H*(M), is
defined by

ker(d : QF(M) — QFFL(M))
range (d : QF=1(M) — Qk(M))

HY(M) =

The de Rham theorem states that these Abelian groups are isomorphic to
the so-called singular cohomology groups of M defined in algebraic topology
in terms of simplices and that depend only on the topological structure of
M and not on its differentiable structure. The isomorphism is provided
by integration; the fact that the integration map drops to the preceding
quotient is guaranteed by Stokes’ theorem. A useful particular case of this
theorem is the following: If M is an orientable compact boundaryless n-
manifold, then [ = 0if and only if the n-form p is exact. This statement
is equivalent to H"(M) = R for M compact and orientable.

Change of Variables. Another basic result in integration theory is the
global change of variables formula.

Theorem 4.4.2 ( Change of Variables). Let M and N be oriented n-
manifolds and let p : M — N be an orientation-preserving diffeomorphism.
If « is an n-form on N (with, say, compact support), then

/ w*a:/a.
M N
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Identities for Vector Fields and Forms

. Vector fields on M with the bracket [X, Y] form a Lie algebra; that
is, [X,Y] is real bilinear, skew-symmetric, and Jacobi’s identity
holds:

([X,Y], 2] + |2, X],Y] +[[Y, Z], X] = 0.
Locally,
[X,Y]=DY X -DX.Y =(X-V)Y — (Y -V)X
and on functions,
(X Y[f] = X[Y[£]] = YIX[Sf]]-
. For diffeomorphisms ¢ and v,

e[ X, Y] = [0 X, 0.Y] and  (po1). X = puth X

. The forms on a manifold comprise a real associative algebra with A
as multiplication. Furthermore, a A3 = (—1)*3A« for k- and I-forms
«a and [, respectively.

. For maps ¢ and v,

e (anfB)=¢"ane"B and (po)a=¢ e
. d is a real linear map on forms, dda = 0, and
d(aAB)=daAB+(-1)*ands

for «v a k-form.

. For a a k-form and X, ..., X} vector fields,
k . A~
(da)(Xo, ..., Xx) =Y (1) Xi[a(Xo, ..., Xi, ..., X))
i=0
+ Y (DX, X Xo -, Xy Xy X,

0<i<j<k

where )A(l means that X; is omitted. Locally,

k

da(z)(vo, ... ,ve) = Y _(=1)Da(x) - vi(vo, ..., Biy ... ,vg).

i=0
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For a map ¢,
e'da =dp*a.

. Poincaré Lemma. If da = 0, then the k-form « is locally exact;

that is, there is a neighborhood U about each point on which o« = d.
This statement is global on contractible manifolds or more generally
if H*(M) = 0.

. ixa is real bilinear in X, o, and for h : M — R,

ipxo = hixa =ixha.
Also, ixixa =0 and
ix(aAB) =ixaAB+ (—Dfanixp
for a a k-form.
For a diffeomorphism ¢,
pr(ixa) =ip-x(p ), le, ¢"(XJa)=(p'X) (¢ ).
If f: M — N is a mapping and Y is f-related to X, that is,
TfoX =Yolf,

then
ixffa= ffiya; ie, XJ1(ffa)= (Y Ja).

£ xa is real bilinear in X, a and

£X(Ck/\,3)=.£xa/\ﬁ+a/\£xﬁ.

Cartan’s Magic Formula:

£xa=dixa+ixda=d(X Jda)+ X Jda.

For a diffeomorphism ¢,
P Exa= Lo xpTa.
If f: M — N is a mapping and Y is f-related to X, then

ngf*Oé = f*fx(l.
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14 (£xa)(Xi, Xe) = X[a(Xa, o X)

=Y a(Xy, X X X

i=0
Locally,

(£xa)(z) - (v1,...,vk) = (Day - X(2))(v1,... ,0)

k
+ZO@;(U1,... ,DXx"U,L',...
=0

15. The following identities hold:
a) Lyxa= flxa+df Nixe;
b) .f[X)y]Oé = £X£y0z — fyfxa;
( ) i[ny]Oz = £Xiya - iy£XOé;
(d) £xda=d£xq;

)

(e £XiXa = ix£Xa;

(f) £x(anp)=Lxanf+an Lxp.

(
(

C

16. If M is a finite-dimensional manifold, X = X'0/0x!, and
o=, i drt AN dat

where 47 < -+ < 1, then the following formulas hold:

do — (8ai1,,.ik) dxl A dxil A-e- A dl,ik7

ox!
ixa = Xlaliz__iikdmh A Adxte,
£xa =X 0is.cn ) guin . p e
ox!

ox!
Ozt

T Qg iy, (—> dl‘il A\ dﬂ?ir" Ao A d.’l?lk + ..
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Exercises

¢ 4.4-1. Let Q be a closed bounded region in R?. Use Green’s theorem to

show that the area of {2 equals the line integral

1
—/ (xdy — ydx).
2 Joa
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¢ 4.4-2. On R?\{(0,0)} consider the one-form

_zdy —ydz
- z2 + y?

(a) Show that this form is closed.

(b) Using the angle # as a variable on S', compute i*a, where i : ST — R?
is the standard embedding.

(c¢) Show that « is not exact.

¢ 4.4-3 (The Magnetic Monopole). Let B = gr/r? be a vector field on Eu-
clidean three-space minus the origin where r = ||r||. Show that B cannot
be written as the curl of something.
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5

Hamiltonian Systems on Symplectic
Manifolds

Now we are ready to geometrize Hamiltonian mechanics to the context
of manifolds. First we make phase spaces nonlinear, and then we study
Hamiltonian systems in this context.

5.1 Symplectic Manifolds

Definition 5.1.1. A symplectic manifold is a pair (P,$) where P is
a manifold and  is a closed (weakly) nondegenerate two-form on P. If
s strongly nondegenerate, we speak of a strong symplectic manifold.

As in the linear case, strong nondegeneracy of the two-form 2 means that
at each z € P, the bilinear form 2, : T,P x T, P — R is nondegenerate,
that is, 2, defines an isomorphism

Q :T.P—T'P.

For a (weak) symplectic form, the induced map Q° : X(P) — X*(P) be-
tween vector fields and one-forms is one-to-one, but in general is not sur-
jective. We will see later that € is required to be closed, that is, dQ2 = 0,
where d is the exterior derivative, so that the induced Poisson bracket sat-
isfies the Jacobi identity and so that the flows of Hamiltonian vector fields
will consist of canonical transformations. In coordinates z/ on P in the
finite-dimensional case, if Q = Qr;dz! A dz’ (sum over all I < J), then
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d2 = 0 becomes the condition

0Qry  gr 0k
0zK 0z 0z1

= 0. (5.1.1)

Examples

(a) Symplectic Vector Spaces. If (Z,() is a symplectic vector space,
then it is also a symplectic manifold. The requirement d) = 0 is satisfied
automatically, since  is a constant form (that is, Q(z) is independent of
z € 7). ¢

(b) The cylinder S* x R with coordinates (#, p) is a symplectic manifold
with Q = df A dp. ¢

(c) The torus T? with periodic coordinates (6, ¢) is a symplectic manifold
with Q = df A dp. ¢

(d) The two-sphere S? of radius r is symplectic with  the standard area
element Q = r2sinf df A do on the sphere as the symplectic form. ¢

Given a manifold @, we will show in Chapter 6 that the cotangent bun-
dle T*@Q has a natural symplectic structure. When @ is the configura-
tion space of a mechanical system, T*(Q is called the momentum phase
space. This important example generalizes the linear examples with phase
spaces of the form W x W* that we studied in Chapter 2.

Darboux’ Theorem. The next result says that, in principle, every strong
symplectic manifold is, in suitable local coordinates, a symplectic vector
space. (By contrast, a corresponding result for Riemannian manifolds is
not true unless they have zero curvature; that is, are flat.)

Theorem 5.1.2 (Darboux’ Theorem). Let (P,§2) be a strong symplectic
manifold. Then in a neighborhood of each z € P, there is a local coordinate
chart in which € is constant.

Proof. We can assume P = F and z = 0 € F, where E is a Banach
space. Let Q; be the constant form equaling 2(0). Let ' = Q; — Q and
Q= Q+ Y, for 0 < ¢ < 1. For each ¢, the bilinear form Q.(0) = Q(0)
is nondegenerate. Hence by openness of the set of linear isomorphisms of
E to E* and compactness of [0, 1], there is a neighborhood of 0 on which
Q; is strongly nondegenerate for all 0 < ¢t < 1. We can assume that this
neighborhood is a ball. Thus by the Poincaré lemma, € = da for some
one-form «. Replacing o by a — «(0), we can suppose «(0) = 0. Define a
smooth time-dependent vector field X; by

iXt Qt = —q,
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which is possible, since €, is strongly nondegenerate. Since «(0) = 0, we get
X:(0) =0, and so from the local existence theory for ordinary differential
equations, there is a ball on which the integral curves of X; are defined for a
time at least one; see Abraham, Marsden, and Ratiu [1988, Section 4.1], for
the technical theorem. Let F; be the flow of X; starting at Fy = identity.
By the Lie derivative formula for time-dependent vector fields, we have

d * * * d
E(Ft Qt):Ft (.,EXtQt) + Ft EQt

=F/dix,Q + FfQ' = Ff(d(—a) + Q') = 0.

Thus, F{Qy = FiQo = , so F} provides a chart transforming 2 to the
constant form €. [ |

This proof is due to Moser [1965]. As was noted by Weinstein [1971],
this proof generalizes to the infinite-dimensional strong symplectic case.
Unfortunately, many interesting infinite-dimensional symplectic manifolds
are not strong. In fact, the analogue of Darboux’s theorem is not valid for
weak symplectic forms. For an example, see Exercise 5.1-3, and for con-
ditions under which it is valid, see Marsden [1981], Olver [1988], Bambusi
[1999], and references therein. For an equivariant Darboux theorem and
references, see Dellnitz and Melbourne [1993] and the discussion in Chap-
ter 9.

Corollary 5.1.3. If (P,Q) is a finite-dimensional symplectic manifold,
then P is even dimensional, and in a neighborhood of z € P there are local
coordinates (q*,... ,q",p1,.-. ,pn) (where dim P = 2n) such that

Q=" "dq' Adp;. (5.1.2)
i=1

This follows from Darboux’ theorem and the canonical form for linear
symplectic forms. As in the vector space case, coordinates in which Q takes
the above form are called ecanonical coordinates.

Corollary 5.1.4. If(P,Q) is a 2n-dimensional symplectic manifold, then
P is oriented by the Liouville volume form, defined as

(71)n(n71)/2

A= o QA AQ (n times). (5.1.3)
In canonical coordinates (q',... ,q",p1,... ,pn), A has the expression
A=dg' A Adg" Ndpy A--- Ndp,. (5.1.4)

Thus, if (P,9) is a 2n-dimensional symplectic manifold, then (P, A) is
a volume manifold (that is, a manifold with a volume element). The
measure associated to A is called the Liouville measure. The factor
(=1)™»=1/2 /n1 is chosen so that in canonical coordinates, A has the ex-
pression (5.1.4).
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Exercises

5.1-1. Show how to construct (explicitly) canonical coordinates for the
symplectic form Q = fu on S?, where y is the standard area element and
where f : S? — R is a positive function.

5.1-2 (Moser [1965]). Let 1o and pq be two volume elements (nowhere-
vanishing n-forms) on the compact boundaryless n-manifold M giving M
the same orientation. Assume that [, po = [,, p1. Show that there is a
diffeomorphism ¢ : M — M such that ¢*u; = pgp.

5.1-3. (Requires some functional analysis.) Prove that Darboux’ theorem
fails for the following weak symplectic form. Let H be a real Hilbert space
and S : H — H a compact, self-adjoint, and positive operator whose range
is dense in H but not equal to H. Let A, = S + ||z||*I and

g$(67f) = <A$67f>

Let  be the weak symplectic form on H x H associated to g. Show that
there is no coordinate chart about (0,0) € H x H on which € is constant.

5.1-4. Use the method of proof of the Darboux Theorem to show the
following. Assume that Qg and €2, are two symplectic forms on the compact
manifold P such that [Qg] = [Q4], where [Qg], [€21] are the cohomology
classes of g and Q; respectively in H?(P;R). If for every ¢t € [0, 1], the form
Q= (1—1)Qp+¢€2; is non-degenerate, show that there is a diffeomorphism
@ : P — P such that ¢*Q; = Q.

5.1-5. Prove the following relative Darboux theorem. Let S be a
submanifold of P and assume that g and ; are two strong symplectic
forms on P such that Qy|S = ©4|S. Then there is an open neighborhood
V of S'in P and a diffeomorphism ¢ : V. — ¢(V) C P such that ¢|S =
identity on S and ¢*Qy = Qp. (Hint: Use Exercise 4.2-6.)

5.2 Symplectic Transformations

Definition 5.2.1. Let (P1,Q1) and (P2,Q2) be symplectic manifolds. A
C*®-mapping ¢ : P, — P, is called symplectic or canonical if

Recall that Q; = ¢*Qy means that for each z € Py, and all v,w € T, Py,
we have the following identity:

le(vv ’LU) = Q24,0(2) (Tzﬁp v, T ’LU),

where €7, means (2; evaluated at the point z and where T is the tangent
(derivative) of ¢ at z.
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If o : (P1,9Q1) — (P2,82) is canonical, the property o*(a A ) = ¢*a A
©* 0 implies that ¢*A = A; that is, ¢ also preserves the Liouville measure.
Thus we get the following:

Proposition 5.2.2. A smooth canonical transformation between symplec-
tic manifolds of the same dimension is volume preserving and is a local
diffeomorphism.

The last statement comes from the inverse function theorem: If ¢ is
volume preserving, its Jacobian determinant is 1, so ¢ is locally invertible.
It is clear that the set of canonical diffeomorphisms of P form a subgroup
of Diff(P), the group of all diffeomorphisms of P. This group, denoted by
Diff can (P), plays a key role in the study of plasma dynamics.

If Q; and Qs are exact, say 7 = —d©; and Qs = —dOa, then (5.2.1) is
equivalent to

d(p*0, — ©1) = 0. (5.2.2)

Let M C P; be an oriented two-manifold with boundary OM. Then if
(5.2.2) holds, we get

0= / d(¢*"02 —01) = / (¢"O2 — ©1),
M oM

that is,

/ "0y = ©1. (5.2.3)
oM oM

Proposition 5.2.3. The map ¢ : P| — P, is canonical if and only if
(5.2.3) holds for every oriented two-manifold M C Py with boundary OM .

The converse is proved by choosing M to be a small disk in P, and using
the fact that if the integral of a two-form over any small disk vanishes, then
the form is zero. The latter assertion is proved by contradiction, construct-
ing a two-form on a two-disk whose coefficient is a bump function. Equation
(5.2.3) is an example of an integral invariant. For more information, see
Arnold [1989] and Abraham and Marsden [1978].

Exercises

¢ 5.2-1. Let ¢ : R — R?" be a map of the form ¢(q,p) = (¢,p + a(q)).
Use the canonical one-form p;dq’ to determine when ¢ is symplectic.

¢ 5.2-2. Let T be the six-torus with symplectic form

QO =db, Ndby + dis A dby + dOs N dbg.
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Show that if ¢ : TS — T® is symplectic and M C T® is a compact oriented
four-manifold with boundary, then

/ go*(Q/\@):/ ane,
oM oM
where © = 607 dfs + 05 dO, + 05 dbg.

5.2-3. Show that any canonical map between finite-dimensional symplec-
tic manifolds is an immersion.

5.3 Complex Structures and Kahler
Manifolds

This section develops the relation between complex and symplectic geom-
etry a little further. It may be omitted on a first reading.

Complex Structures. We begin with the case of vector spaces. By a
complex structure on a real vector space Z, we mean a linear map J :
Z — Z such that J? = —Identity. Setting iz = J(z) gives Z the structure
of a complex vector space.

Note that if Z is finite-dimensional, the hypothesis on J implies that
(det J)? = (=1)4™mZ 50 dim Z must be an even number, since detJ € R.
The complex dimension of Z is half the real dimension. Conversely, if Z is
a complex vector space, it is also a real vector space by restricting scalar
multiplication to the real numbers. In this case, Jz = iz is the complex
structure on Z. As before, the real dimension of Z is twice the complex
dimension, since the vectors z and iz are linearly independent.

We have already seen that the imaginary part of a complex inner product
is a symplectic form. Conversely, if H is a real Hilbert space and ) is a
skew-symmetric weakly nondegenerate bilinear form on H, then there is a
complex structure J on H and a real inner product s such that

s(z,w) = —Q(Jz,w). (5.3.1)
The expression
h(z,w) = s(z,w) —iQ(z,w) (5.3.2)

defines a Hermitian inner product, and h or s is complete on 'H if and only
if Q is strongly nondegenerate. (See Abraham and Marsden [1978, p. 173]
for the proof.) Moreover, given any two of (s,J,Q), there is at most one
third structure such that (5.3.1) holds.

If we identify C" with R?" and write

z2=(21,...,2n) = (@1 + Y1, ..., Tn +iyn) = ((@1,¥1),- -, (Tn,Yn)),
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then

—Im (21, ,2n), (2], -+ ,20)) = —=Im(21Z] + -+ + 2,Z),)

= —(Tyr —21Y) + -+ TYn — Talp)-
Thus, the canonical symplectic form on R?” may be written
Q(z,2') = —Im(z,2') = Re (iz, 2}, (5.3.3)

which, by (5.3.1), agrees with the convention that J : R?" — R2" is multi-
plication by 1.

An almost complex structure J on a manifold M is a smooth tangent
bundle isomorphism J : TM — T M covering the identity map on M such
that for each point z € M, J, = J(2) : T.M — T, M is a complex structure
on the vector space T, M. A manifold with an almost complex structure is
called an almost complex manifold.

A manifold M is called a complex manifold if it admits an atlas
{(Uq, )} whose charts ¢, : Uy, C M — E map to a complex Banach
space F and the transition functions @gop ! : 0o (UsNUg) — pg(UsNUg)
are holomorphic maps. The complex structure on E (multiplication by )
induces via the chart maps ¢, an almost complex structure on each chart
domain U,. Since the transition functions are biholomorphic diffeomor-
phisms, the almost complex structures on U, N Ug induced by ¢, and @3
coincide. This shows that a complex manifold is also almost complex. The
converse is not true.

If M is an almost complex manifold, T, M is endowed with the struc-
ture of a complex vector space. A Hermatian metric on M is a smooth
assignment of a (possibly weak) complex inner product on T, M for each
z € M. As in the case of vector spaces, the imaginary part of the Hermitian
metric defines a nondegenerate (real) two-form on M. The real part of a
Hermitian metric is a Riemannian metric on M. If the complex inner prod-
uct on each tangent space is strongly nondegenerate, the metric is strong;
in this case both the real and imaginary parts of the Hermitian metric are
strongly nondegenerate over R.

Kiahler Manifolds. An almost complex manifold M with a Hermitian
metric (, ) is called a Kdhler manifold if M is a complex manifold and
the two-form —Im (, ) is a closed two-form on M. There is an equivalent
definition that is often useful: A Kéahler manifold is a smooth manifold
with a Riemannian metric g and an almost complex structure J such that
J. is g-skew for each z € M and such that J is covariantly constant with
respect to g. (One requires some Riemannian geometry to understand this
definition—it will not be required in what follows.) The important fact
used later on is the following;:

Any Kdhler manifold is also symplectic, with symplectic form
given by
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Q. (v, w,) = (J.0,,w,) . (5.3.4)

In this second definition of Kéhler manifolds, the condition d€2 = 0 follows
from J being covariantly constant. A strong Kdhler manifold is a Kahler
manifold whose Hermitian inner product is strong.

Projective Spaces. Any complex Hilbert space H is a strong Kahler
manifold. As an example of a more interesting Kéhler manifold, we shall
consider the projectivization PH of a complex Hilbert space H. In particu-
lar, complex projective n-space CP" will result when this construction
is applied to C™. Recall from Example (f) of §2.3 that H is a symplectic
vector space relative to the quantum-mechanical symplectic form

Q(Y1,1¢2) = —2h Im (1, 92) ,

where (, ) is the Hermitian inner product on H, & is Planck’s constant,
and 11,y € H. Recall also that PH is the space of complex lines through
the origin in H. Denote by 7 : H\{0} — PH the canonical projection that
sends a vector 1 € H\{0} to the complex line it spans, denoted by [¢)] when
thought of as a point in PH and by Ct when interpreted as a subspace of
‘H. The space PH is a smooth complex manifold, 7 is a smooth map, and
the tangent space TjyPH is isomorphic to H/Cty. Thus, the map 7 is a
surjective submersion. (Submersions were discussed in Chapter 4, see also
Abraham, Marsden, and Ratiu [1988, Chapter 3].) Since the kernel of

Tw?‘(’ cH— T[w}PH

is C¢), the map Ty7|(Cy)* is a complex linear isomorphism from (Ct))*
to TyIPH that depends on the chosen representative 1 in [¢].
If U : ' H — 'H is a unitary operator, that is, U is invertible and

(Uthr, Urha) = (1h1,v2)

for all ¢1,12 € H, then the rule [U][¢)] := [Uv] defines a biholomorphic
diffeomorphism on PH.

Proposition 5.3.1.
(1) If [] € PH, |[1]| = 1, and 1,0 € (Cp)*, the formula

(Tym(p1), Tym(p2)) = 2h (p1, P2) (5.3.5)

giwves a well-defined strong Hermitian inner product on Ty, PH, that
is, the left-hand side does not depend on the choice of v in [1p]. The
dependence on [1)] is smooth, and so (5.3.5) defines a Hermitian met-
ric on PH called the Fubini—Study metric. This metric is invariant
under the action of the maps [U], for all unitary operators U on H.
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(i) For[¢] € PH, [[¥ =1, and 1,2 € (Cy)*,

9 (Tym (1), Tym(p2)) = 2hRe (o1, p2) (5.3.6)

defines a strong Riemannian metric on PH invariant under all trans-
formations [U].

(iii) For [1)] € PH, ||| =1, and 1,92 € (Cp)*,

Q) (Tym (1), Tym(p2)) = —2hIm (1, pa) (5.3.7)

defines a strong symplectic form on PH invariant under all transfor-
mations [U].

Proof. We first prove (i).! If A € C\{0}, then m(A(¢) +tp)) = m(¢ +tp),
and since

Satptte) = (Tym)(e)

d
(Taym)(Ap) = EW(MJ +tAp)| =
t=0

t=0
we get (Thym)(Ap) = (Tym)(p). Thus, if | A = ||¢|| = 1, it follows that
|A] = 1. We have, by (5.3.5),

(Tagm) (A1), (Taym) (Ap2)) = 20 (Ap1, Apa) = 2h|A1 (o1, ©2)
=20 (1, p2) = ((Tym)(p1), (Tym)(p2)) -

This shows that the definition (5.3.5) of the Hermitian inner product is
independent of the normalized representative ¢ € [¢)] chosen in order to
define it. This Hermitian inner product is strong, since it coincides with
the inner product on the complex Hilbert space (Cq))+.

A straightforward computation (see Exercise 5.3-3) shows that for ¢ €
H\{0} and @1, p2 € H arbitrary, the Hermitian metric is given by

(Tym (1), Tym(p2)) = 209 [| 2 (1, 02) — 01172 (@1, %) (1, 92)). (5.3.8)

Since the right-hand side is smooth in ¢ € H\{0} and this formula drops
to PH, it follows that (5.3.5) is smooth in [¢].
If U is a unitary map on H and [U] is the induced map on PH, we have

Tiy[U] - Tym(p) = Tiy (U] - %[w +to]| = %[U} [ + to]

t=0

= Tyym(Uep).
t=0

t=0

d
= S+ 1)

LOne can give a conceptually cleaner, but more advanced, approach to this process
using general reduction theory. The proof given here is by a direct argument.
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Therefore, since [|[Uv|| = ||[¢|| =1 and (Uy;, U¥) = 0, we get by (5.3.5),

(T (U] - Tym (1), Ty [U] - Tym(02)) = (Toym(Uepr), Tuym(Upz))
= (Up1,Up2) = (1, p2)
= (Tym(p1), Tym(p2))

which proves the invariance of the Hermitian metric under the action of
the transformation [U].

Part (ii) is obvious as the real part of the Hermitian metric (5.3.5).

Finally, we prove (iii). From the invariance of the metric it follows that
the form 2 is also invariant under the action of unitary maps, that is,
[U]*Q = Q. So, also [U]*dQ2 = dQ. Now consider the unitary map Uy on H
defined by Uptp = v and Uy = —Identity on (Ct)*+. Then from [Up]*Q =
we have for o1, s, 03 € (Cp)*,

dQ(W)(Tym(e1), Ty (p2), Tym(p3))
= dQ([¢])(Tiy) [Uo] - Tym(p1), Ty [Uo] - Typm(p2), Ty [Uo] - Tym(ps))-

But
Ty [Uo] - Tym(p) = Tym(=p) = =Tym(),
which implies by trilinearity of df2 that d2 = 0.
The symplectic form € is strongly nondegenerate, since on Tj,PH it

restricts to the corresponding quantum-mechanical symplectic form on the
Hilbert space (Ci)t. |

The results above prove that PH is an infinite-dimensional Kéhler man-
ifold on which the unitary group U(H) acts by isometries. This can be
generalized to Grassmannian manifolds of finite- (or infinite-) dimensional
subspaces of H, and even more, to flag manifolds (see Besse [1987] and
Pressley and Segal [1986]).

Exercises
5.3-1.  On C", show that Q = —d©, where O(z) - w = 3 Im (2, w).

5.3-2. Let P be a manifold that is both symplectic, with symplectic form
), and Riemannian, with strong metric g.

(a) Show that P has an almost complex structure J such that Q(u,v) =
g(Ju,v) if and only if

QVFE,v) = —g(Xp,v)
for all F' € F(P).

(b) Under the hypothesis of (a), show that a Hamiltonian vector field
Xp is locally a gradient if and only if £v52 = 0.
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¢ 5.3-3. Show that for any vectors ¢1, ps € H and ¢ # 0 the Fubini—Study
metric can be written

(Tym (1), Tym(p2)) = 2h[0] 7> ({pr, 2) = 19172 (01, %) (&, 02)).-

Conclude that the Riemannian metric and symplectic form are given by

) (Tym (1), Tym(p2)) = % Re((p1,92) 9112 = (p1,9) (¥, 02))
and
Q) (Tym (1), Tym(p2)) = ‘@—fﬁ‘* ({1, 02) [911> = (01, 9) (@, p2))-

¢ 5.3-4. Prove that dQ2 = 0 on PH directly without using the invariance
under the maps [U], for U a unitary operator on H.

¢ 5.3-5. For C"*!, show that in a projective chart of CP" the symplectic
form Q is given by

—ih(1+ |2[*)"H(do + (1 +|2|*) "to A T),

where d|z|? = o 4+ 7 (explicitly, o = Y"1 | z;dz;). Use this to show that
dQ = 0. (Use the general formula in Exercise 5.3-3.)

5.4 Hamiltonian Systems
With the geometry of symplectic manifolds now available, we are ready to
study Hamiltonian dynamics in this setting.

Definition 5.4.1. Let (P,2) be a symplectic manifold. A vector field X
on P is called Hamiltonian if there is a function H : P — R such that

ixQ=dH,; (5.4.1)
that is, for all v € T, P, we have the identity
Q. (X(z),v) =dH(z) - v.

In this case we write Xy for X. The set of all Hamiltonian vector fields
on P is denoted by Xpam(P). Hamilton’s equations are the evolution
equations

In finite dimensions, Hamilton’s equations in canonical coordinates are

dq _ OH dp’ B 78H

dt — 9p;’ dt oqt"
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Vector Fields and Flows. A vector field X is called locally Hamilto-
nian if ixQ is closed. This is equivalent to £x = 0, where £ x€) denotes
Lie differentiation of €2 along X, because

L£xQ =ixdQ 4+ dixQ =dixQ.

If X is locally Hamiltonian, it follows from the Poincaré lemma that there
locally exists a function H such that ixQ) = dH, so locally X = X,
and thus the terminology is consistent. In a symplectic vector space, we
have seen in Chapter 2 that the condition that ix€) be closed is equivalent
to DX (z) being Q-skew. Thus, the definition of locally Hamiltonian is an
intrinsic generalization of what we did in the vector space case.

The flow ¢, of a locally Hamiltonian vector field X satisfies ;{2 = €,
since

d * *
E%Q = 99t'£XQ = 07

and thus we have proved the following:

Proposition 5.4.2. The flow ¢, of a vector field X consists of symplectic
transformations (that is, for each t, we have @;Q = Q where defined) if
and only if X is locally Hamiltonian.

A constant vector field on the torus T? gives an example of a locally
Hamiltonian vector field that is not Hamiltonian. (See Exercise 5.4-1.)

Using the straightening out theorem (see, for example, Abraham, Mars-
den, and Ratiu [1988, Section 4.1]) it is easy to see that on an even-
dimensional manifold any vector field is locally Hamiltonian near points
where it is nonzero, relative to some symplectic form. However, it is not so
simple to get a general criterion of this sort that is global, covering singular
points as well.

Energy Conservation. If Xy is Hamiltonian with flow ¢, then by the
chain rule,

(e (=) = dH (7)) - Xu(o1(2)
= U Xnlp@) Xnlp) =0, (542

since () is skew. Thus H oy is constant in t. We have proved the following;:

Proposition 5.4.3 (Conservation of Energy). If ¢ is the flow of Xg on
the symplectic manifold P, then H o @ = H (where defined).

Transformation of Hamiltonian Systems. As in the vector space
case, we have the following results.

Proposition 5.4.4. A diffeomorphism ¢ : P, — Py of symplectic mani-
folds is symplectic if and only if it satisfies

0" X = Xnop (5.4.3)
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for all functions H : U — R (such that Xy is defined) where U is any open
subset of Ps.

Proof. The statement (5.4.3) means that for each z € P,

Tap(z)wil : XH(SD(Z)) = XH0¢(Z),

that is,
XH(%@(Z)) =T.p- XHosa(Z)-
In other words,

Qp(2))(Xu(p(2)), Top - v) = Qp(2))(Tep - Xbop(2), Top - v)
for all v € T, P. If ¢ is symplectic, this becomes
dH(p(2)) - [Top - v] = d(H 0 9)(2) - v,

which is true by the chain rule. Thus, if ¢ is symplectic, then (5.4.3) holds.
The converse is proved in the same way. |

The same qualifications on technicalities pertinent to the infinite-dimen-
sional case that were discussed for vector spaces apply to the present con-
text as well. For instance, given H, there is no a priori guarantee that Xy
exists: We usually assume it abstractly and verify it in examples. Also, we
may wish to deal with Xp’s that have dense domains rather than every-
where defined smooth vector fields. These technicalities are important, but
they do not affect many of the main goals of this book. We shall, for sim-
plicity, deal only with everywhere defined vector fields and refer the reader
to Chernoff and Marsden [1974] and Marsden and Hughes [1983] for the
general case. We shall also tacitly restrict our attention to functions that
have Hamiltonian vector fields. Of course, in the finite-dimensional case
these technical problems disappear.

Exercises

5.4-1. Let X be a constant nonzero vector field on the two-torus. Show
that X is locally Hamiltonian but is not globally Hamiltonian.

5.4-2. Show that the bracket of two locally Hamiltonian vector fields on
a symplectic manifold (P, ) is globally Hamiltonian.

5.4-3. Consider the equations on C? given by
3 = —iwy 21 + ipZo +i21(alz1 > + bl2a]?),
By = —iwgzy +iqZ1 + iza(c|z1|? 4 d|z2|?),
where wy, w2, p, q,a,b,c,d are real. Show that this system is Hamiltonian

if and only if p = ¢ and b = ¢ with

1 a b d
H = 5 (w2\22|2 + 'LU1|21‘2) —p Re(zlzg) — Z|Zl‘4 — §|2122‘2 — Z|22|4.
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5.4-4. Let (P, Q) be a symplectic manifold and ¢ : S — P an immersion.
The immersion ¢ is called a coisotropic immersion if Tsp(T,S) is a
coisotropic subspace of T, P for every s € S. This means that

[Top(T5)] ) € Typ(T,S)

for every s € S (see Exercise 2.3-5). If (P, Q) is a strong symplectic man-
ifold, show that ¢ : S — P is a coisotropic immersion if and only if
Xu(p(s)) € Tsp(TsS) for all s € S, all open neighborhoods U of ¢(s) in
P, and all smooth functions H : U — R satisfying H|p(S)NU = constant.

5.5 Poisson Brackets on Symplectic
Manifolds

Analogous to the vector space treatment, we define the Poisson bracket
of two functions F,G : P — R by

[F,G}(2) = QXp(2), Xa(2)). (5.5.1)

From Proposition 5.4.4 we get (see the proof of Proposition 2.7.5) the
following result.

Proposition 5.5.1. A diffeomorphism ¢ : P; — Ps is symplectic if and
only if

{F,G}op={Fop Goy} (5.5.2)
for all functions F,G € F(U), where U is an arbitrary open subset of Ps.

Using this, Proposition 5.4.2 shows that the following statement holds.

Proposition 5.5.2. If ¢, is the flow of a Hamiltonian vector field Xy
(or a locally Hamiltonian vector field), then

Oi{F, G} = {pi F,0;G}

for all F,G € F(P) (or restricted to an open set if the flow is not everywhere
defined).

Corollary 5.5.3. The following derivation identity holds:
Xul{F, GY) = {XulF], G} + {F. XulGI}, (5.5.3)

where we use the notation Xy|F| = £x, F for the derivative of F in the
direction X .
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Proof. Differentiate the identity

Oi{F, G} = {pi F,0;G}

in t at t = 0, where ¢, is the flow of Xg. The left-hand side clearly gives
the left side of (5.5.3). To evaluate the right-hand side, first notice that

d d
Q= X, = | QX
? {dt =0 %F(Z)] dtl,_g ~ %F(Z)
= 4 4P )
=0 o P d\z

= (dXu[F])(2) = Q(Xx (7 (2))-
Thus,

a
dt

Xorr = Xxy(F)-
t=0

Therefore,

d . . d

S HeiFee = S| 2uXer(2) Xpa(2)
t=0 t=0

= Q. (Xxpr) X6 (2) + Q2 (Xp(2), Xxya)(2))
= {Xu[F],G}(2) + {F, Xu[G]}(2). L

Lie Algebras and Jacobi’s Identity. The above development leads to
important insight into Poisson brackets.

Proposition 5.5.4. The functions F(P) form a Lie algebra under the
Poisson bracket.

Proof. Since {F,G} is obviously real bilinear and skew-symmetric, the
only thing to check is Jacobi’s identity. From

{F,G} =ix,Q(X¢) = dF(Xg) = Xg[F],

we have
{{Fv G}’H} = XH[{Fv G}]v

and so by Corollary 5.5.3 we get

{F.G} HY = {Xu[F], G} +{F, Xu[G]}
= {{F,H},G} +{F,{G,H}}, (5.5.4)

which is Jacobi’s identity. |
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This derivation gives us additional insight: Jacobi’s identity is just the
infinitesimal statement of p; being canonical.

In the same spirit, one can check that if Q0 is a nondegenerate two-form
with the Poisson bracket defined by (5.5.1), then the Poisson bracket satis-
fies the Jacobi identity if and only if Q is closed (see Exercise 5.5-1).

The Potisson bracket—Lie derivative identity

{F,G} = X¢|F] = - XF|G] (5.5.5)
we derived in this proof will be useful.

Proposition 5.5.5. The set of Hamiltonian vector fields Xpam(P) is a
Lie subalgebra of X(P), and in fact,

(Xr, Xa]l = —X(pay- (5.5.6)
Proof. As derivations,

(Xp, X¢|[H] = XpXc[H] — X Xr[H]
= Xp[{H,G}] - Xa[{H, F}]
={{H,G}, F} = {{Hl,F},G}
= —{HAF,G}} = —XipayH],
by Jacobi’s identity. |

Proposition 5.5.6. We have

S Fog) = {Fogn ) = (F.H}og, (5.5.7)

where @; is the flow of Xy and F € F(P).
Proof. By (5.5.5) and the chain rule,

S0 0)(2) = dF(@(2) - Xu(ou(2) = (F, H} (@n(2)).

Since ¢, is symplectic, this becomes

{F O Pt Ho Lpt}(z)a

which also equals {F o ¢y, H}(z) by conservation of energy. This proves
(5.5.7). |

Equations in Poisson Bracket Form. Equation (5.5.7), often written
more compactly as

F={FH}, (5.5.8)

is called the equation of motion in Poisson bracket form. We indi-
cated in Chapter 1 why the formulation (5.5.8) is important.
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Corollary 5.5.7. F € F(P) is a constant of the motion for Xy if and
only if {F,H} = 0.

Proposition 5.5.8. Assume that the functions f, g, and {f,g} are in-
tegrable relative to the Liouville volume A € Q?"(P) on a 2n-dimensional
symplectic manifold (P,). Then

/P{f,g}A=/6Pfing:—/BpginA.

Proof. Since £x,Q = 0, it follows that £x, A = 0, so that div(fX,) =
Xlf1=1{f 9} Therefore by Stokes’ theorem

n= [ (X A= | £pon= | dipgA= | fixA
P P P oP

the second equality following by skew-symmetry of the Poisson bracket. W

Corollary 5.5.9. Assume that f,g,h € F(P) have compact support or
decay fast enough such that they and their Poisson brackets are L* in-
tegrable relative to the Liouwville volume on a 2n-dimensional symplectic
manifold (P,QY). Assume also that at least one of f and g vanish on OP
if OP # @. Then the L?-inner product is bi-invariant on the Lie algebra

(F(P),{,}), that is,
/Pf{g7h}/\=/P{f7g}hA~

Proof. From {hf,g} = h{f,g9} + f{h,g} we get

0= [tnsgpr= [ nirain+ [ rinopn,

However, from Proposition 5.5.8, the integral of {hf, g} over P vanishes,
since one of f or g vanishes on 9P. The corollary then follows. |

Exercises

5.5-1. Let Q be a nondegenerate two-form on a manifold P. Form Hamil-
tonian vector fields and the Poisson bracket using the same definitions as
in the symplectic case. Show that Jacobi’s identity holds if and only if the
two-form 2 is closed.

5.5-2. Let P be a compact boundaryless symplectic manifold. Show that
the space of functions Fo(P) = { f € F(P) | [, fA = 0} is a Lie subalgebra
of (F(P),{,}) isomorphic to the Lie algebra of Hamiltonian vector fields
on P.
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5.5-3. Using the complex notation 27 = ¢/ +ip;, show that the symplectic
form on C™ may be written as

. n
_ ! k p g5k
Q= 3 Z dz" Ndz",
k=1
and the Poisson bracket may be written

(rey=5> grax ~ o507

2 & <8F oG  0G 8F)
k=1

5.5-4. Let J:C? — R be defined by
1
T = - )
Show that
{H,J} =0,

where H is given in Exercise 5.4-3.
5.5-5. Let (P, Q) be a 2n-dimensional symplectic manifold. Show that
the Poisson bracket may be defined by

{F,G}Q" = vdF AdG A Q"1

for a suitable constant ~.

5.5-6. Let ¢ : S — P be a coisotropic immersion (see Exercise 5.4-4).
Let F, H : P — R be smooth functions such that d(¢*F)(s), d(¢*H)(s)
vanish on (T,¢) " ([Tsp(T:S)]*¥ ) for all s € S. Show that p*{F, H}
depends only on ¢*F and p*H.
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6
Cotangent Bundles

In many mechanics problems, the phase space is the cotangent bundle 7@
of a configuration space . There is an “intrinsic” symplectic structure on
T*Q that can be described in various equivalent ways. Assume first that

Q is n-dimensional, and pick local coordinates (¢',...,q") on Q. Since
(dg',...,dq") is a basis of TQ, we can write any a € T;Q as o = p; dg'.
This procedure defines induced local coordinates (¢, ... ,¢", p1,... ,pn) Oon

T*@Q. Define the canonical symplectic form on T*(Q by
Q= dq" A dp;.

This defines a two-form €2, which is clearly closed, and in addition, it can
be checked to be independent of the choice of coordinates (¢',...,q").
Furthermore, observe that ) is locally constant, that is, the coefficient
multiplying the basis forms dq’ A dp;, namely the number 1, does not ex-
plicitly depend on the coordinates (¢',...,q", p1,...,pn) of phase space
points. In this section we show how to construct €2 intrinsically, and then
we will study this canonical symplectic structure in some detail.

6.1 The Linear Case

To motivate a coordinate-independent definition of €2, consider the case in
which @ is a vector space W (which could be infinite-dimensional), so that
T°Q = W x W*. We have already described the canonical two-form on
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W x W*:

Q(w,a)((uvﬂ)v (vv’Y)) = <73 u> - <ﬂa U> ’ (611)

where (w,a) € W x W* is the base point, u,v € W, and 3,7 € W*. This
canonical two-form will be constructed from the canonical one-form O,
defined as follows:

O (w,a)(u, B) = (a, u) . (6.1.2)
The next proposition shows that the canonical two-form (6.1.1) is exact:
Q= —de. (6.1.3)

We begin with a computation that reconciles these formulas with their
coordinate expressions.

Proposition 6.1.1. In the finite-dimensional case the symplectic form )
defined by (6.1.1) can be written Q = dq* Adp; in coordinates ¢*,... ,q" on
W and corresponding dual coordinates pi,... ,p, on W*. The associated
canonical one-form is given by © = p; dq*, and (6.1.3) holds.

Proof. If (¢*,...,q",p1,...,pn) are coordinates on T*W, then

o 9 9 9
oqt” T 0qn Opy’ T Opy,

denotes the induced basis for T\, o) (T*W), and (dq', ... ,dq™, dp,... ,dpy)
denotes the associated dual basis of T7,, (T*W). Write

-0 0
(U,ﬂ) = (UJ%, /Bja_p]>

and similarly for (v, ). Hence

(dqi A dpi)(u},a)«uv 5)7 (Ua ’V)) = (dqZ ® dpi - dpi & dql)((ua ﬁ)? (’U7 7))
= dq' (u, B)dpi(v, ) — dpi(u, B)dq’ (v, )

= u'y; — B
Also, Q0 (1, B), (v,7)) = y(u) — B(v) = viu' — B;vt. Thus,
QO =dq* Adp;.
Similarly,
(i dq") (w,0) (u, B) = i dg' (u, B) = oul,
and

i

O (w,a) (1, B) = alu) = a;u’.
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Comparing, we get © = p; dg’. Therefore,
—dO = —d(p; d¢') = dq" A dp; = Q. [ |

To verify (6.1.3) for the infinite-dimensional case, use (6.1.2) and the
second identity in item 6 of the table at the end of §4.4 to give

dO(w,a)((u1, £1), (u2, 82)) = [DOw,a) - (u1, B1)] - (uz, B2)
— [DO(u,a) - (u2, B2)] - (u1, B1)
= (Br,u2) — (B2, w1),
since DOy ) - (u, B) = (B,-). But this equals —Q,, ) ((u1, B1), (u2, 52)).
To give an intrinsic interpretation to O, let us prove that
Otw,a) - (U, B) = (@, T(w,aymw (u, B)) (6.1.4)

where my : W x W* — W is the projection. Indeed, (6.1.4) coincides with
(6.1.2), since Ty, oymw : W x W* — W is the projection on the first factor.

Exercises

6.1-1 (Jacobi-Haretu Coordinates). Consider the three-particle configu-
ration space Q = R? xR3 x R? with elements denoted by r1, 2, and r3. Call
the conjugate momenta p1, p2, p3 and equip the phase space T*@Q) with the
canonical symplectic structure 2. Let j = p1 + p2 + p3. Let r = ro — 1y
and let s = r3 — 2(r1 4 r2). Show that the form  pulled back to the level
sets of j has the form Q = dr A dw + ds A do, where the variables w and o
are defined by m = %(pg —p1) and 0 = ps.

6.2 The Nonlinear Case

Definition 6.2.1. Let QQ be a manifold. We define Q = —d©O, where ©
is the one-form on T*Q defined analogous to (6.1.4), namely

Op(v) = (8, Tmq - v), (6.2.1)
where 3 € T*Q, v € Tg(T*Q), g : T*Q — Q@ is the projection, and
Trg : T(T*Q) — TQ is the tangent map of mq.

The computations in Proposition 6.1.1 show that (T*Q,Q = —dO) is a
symplectic manifold; indeed, in local coordinates with (w,a) € U x W*,

where U is open in W, and where (u, ), (v,v) € W x W*, the two-form
) = —dO is given by

Qe ((w, B), (v,7)) = 7(u) — B(v). (6.2.2)

Darboux’ theorem and its corollary can be interpreted as asserting that any
(strong) symplectic manifold locally looks like W x W* in suitable local
coordinates.
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Hamiltonian Vector Fields. For a function H : T*Q — R, the Hamil-
tonian vector field Xy on the cotangent bundle T*(@ is given in canonical
cotangent bundle charts U x W*, where U is open in W, by

0H 6H)

XH(U),O[) = (5_017_6_10

(6.2.3)
Indeed, setting Xp(w, «) = (w, a,v,7), for any (u, 5) € W x W* we have

dH(w,(x) ’ (U, /8) = DwH(w,a) “Uu A DaH(w,a) B
oH 0H
=(— — 24
(o) + (2 5m) 624

which, by definition and (6.2.2), equals

Q(w,a) (XH(wv O‘)? (ua 6)) = <ﬁ7 U> - <’Y7 U> : (625)

Comparing (6.2.4) and (6.2.5) gives (6.2.3). In finite dimensions, (6.2.3) is
the familiar right-hand side of Hamilton’s equations.

Poisson Brackets. Formula (6.2.3) and the definition of the Poisson
bracket show that in canonical cotangent bundle charts,

{f,g}(w,a)=<%,§—i>—<§—i,%>, (6.2.6)

which in finite dimensions becomes

" <8f dg  Of 8g>

{f,9}(d" ;i) = Z a_qla_pl - 8_]%8qi (6.2.7)

=1

Pull-Back Characterization. Another characterization of the canoni-
cal one-form that is sometimes useful is the following:

Proposition 6.2.2. © is the unique one-form on T*Q such that
'O =« (6.2.8)

for any local one-form o on Q, where on the left-hand side, « is regarded
as a map (of some open subset of ) Q to T*Q.

Proof. In finite dimensions, if & = «;(¢’) dq* and © = p; dq’, then to
calculate a*© means that we substitute p; = a;(¢?) into ©, a process that
clearly gives back «, so a*© = a. The general argument is as follows. If ©
is the canonical one-form on 7@, and v € T;Q), then

(@"@)q - v=04(y - Tya(v) = <a(q),Ta(q)7rQ(Tqa(v))>
=(a(q), Ty(mq o a)(v)) = al(q) - v,
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since mg o o = identity on Q.

For the converse, assume that © is a one-form on T*@) satisfying (6.2.8).
We will show that it must then be the canonical one-form (6.2.1). In fi-
nite dimensions this is straightforward: If © = A; dq’ + B’ dp; for A;, B
functions of (¢7,p;), then

. _ N A
a’® = (A;0a)dq" + (B oa)da; = <Aj oca+(B'o a)%) dq’,
q.
which equals o = «; dg® if and only if
i Oa;
Ajoa+ (B oa)aq; = qj.
Since this must hold for all o, putting o, ... , a,, constant, it follows that
Ajoa = aj, that is, A; = p;. Therefore, the remaining equation is
; oo
B =0
(5o a) 3
for any «;; choosing a;(q,...,q") :‘qf) + (¢ — ¢4)pY (no sum) implies
0 = (B oa)(qp,.--,qp)p} for all (¢),p}); therefore, B/ = 0 and thus
O = p;dq*.*! |

Exercises

6.2-1. Let N be a submanifold of M and denote by Oy and ©,; the
canonical one-forms on the cotangent bundles 7y : T*N — N and m); :
T*M — M, respectively. Let « : (T*M)|N — T*N be the projection
defined by m(a) = a,|T, N, where n € N and «,, € T;:M. Show that
T*ON = i*Oyy, where i : (T*M)|N — T*M is the inclusion.

6.2-2. Let f:Q — Rand X € X(T*Q). Show that
O(X)odf =X[fong]odf.

n infinite dimensions, the proof is slightly different. We will show that if (6.2.8)
holds, then © is locally given by (6.1.4), and thus it is the canonical one-form. If U C E
is the chart domain in the Banach space E modeling @, then for any v € E we have

(" O)u - (u,v) = O(u, a(w)) - (v, Da(u) - v),
where a is given locally by u — (u,a(u)) for a: U — E*. Thus (6.2.8) is equivalent to

e(u,a(u)) : (Uv Da(u) : U) = <a(u)7 U> ’

which would imply (6.1.4) and hence © being the canonical one-form, provided that we
can show that for prescribed v, 6 € E*, w € U, and v € E, there is an o : U — E* such
that a(u) = v, and Da(u) - v = §. Such a mapping is constructed in the following way.
For v = 0 choose a(u) to equal v for all u. For v # 0, by the Hahn-Banach theorem one
can find a ¢ € E* such that p(v) = 1. Now set a(z) = v — ¢o(u)d + p(z)0.
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6.2-3. Let @ be a given configuration manifold and let the extended

phase space be defined by (T*Q) x R. Given a time-dependent vector

field X on T*Q, extend it to a vector field X on (T*Q) xR by X = (X, 1).
Let H be a (possibly time-dependent) function on (7*Q) x R and set

Qp =Q+dH Adt,

where (2 is the canonical two-form. Show that X is the Hamiltonian vector
field for H with respect to  if and only if

i.Qy =0.

6.2-4. Give an example of a symplectic manifold (P, ), where Q is exact
but P is not a cotangent bundle.

6.3 Cotangent Lifts

We now describe an important way to create symplectic transformations
on cotangent bundles.

Definition 6.3.1. Given two manifolds @Q and S and a diffeomorphism
f:Q — 9, the cotangent lLift T*f : T*S — T*Q of f is defined by

<T*f(()é5), v> = <045, (Tf ' ’U)> ) (631)
where
a, €TSS, veT,Q, and s= f(q).

The importance of this construction is that 7" f is guaranteed to be
symplectic; it is often called a “point transformation” because it arises
from a diffeomorphism on points in configuration space. Notice that while
Tf covers f, T* f covers f~1. Denote by mg : T*Q — Q and 7g : T*S — S
the canonical cotangent bundle projections.

Proposition 6.3.2. A diffeomorphism ¢ : T*S — T*Q preserves the
canonical one-forms ©¢g and Og on T*Q and TS, respectively, if and
only if ¢ is the cotangent lift T* f of some diffeomorphism f:Q — S.

Proof. First assume that f : @ — S is a diffeomorphism. Then for
arbitrary § € T%S and v € Tg(T*S5), we have

(T*f)*©qQ)s v =(Oq)r-f() - TT"f(v)
= (T"f(B), (Trg o TT"f) - v)
= (B, T(fomgoT"f) v)
=(0,Tmg -v) = Ogp - v,



6.3 Cotangent Lifts 171

since fomgoT*f =mg.
Conversely, assume that ¢*©g = Og, that is,

(0(B), T(mq o @)(v)) = (B, Tms(v)) (6.3.2)

for all 3 € T*S and v € T3(T*95). Since ¢ is a diffeomorphism, the range
of Ts(mq o ¢) is Try(p(5)@, s0 that letting = 0 in (6.3.2) implies that
©(0) = 0. Arguing similarly for ¢! instead of ¢, we conclude that ¢
restricted to the zero section S of TS is a diffeomorphism onto the zero
section @Q of T*Q. Define f : Q — S by f = ¢~ 1|Q. We will show below
that ¢ is fiber-preserving, or, equivalently, that fomg = mgo ©~ L. For this
we use the following:

Lemma 6.3.3. Define the flow FtQ on 1T*Q by FtQ(a) =e'a and let Vg
be the vector field it generates. Then

<@Q, VQ> = 0, £VQ®Q = @Q, and iVQ QQ = 7@@. (6.3.3)

Proof. Since FtQ is fiber-preserving, Vy will be tangent to the fibers, and
hence Tmg o Vg = 0. This implies by (6.2.1) that (©¢, Vo) = 0. To prove
the second formula, note that g o FtQ =mq. Let a € T;Q, v € T,(T*Q),
and ©, denote ©g evaluated at a. We have

(FP)©)a v =0p0 ) TF(v)
= (FR(a),(Tmq o TF)(v) )

= (¢'a, T(rq 0 F2)(v))
=e' (o, Trg(v)) = €O, - v,

that is,
(FtQ)*@Q = et@Q.

Taking the derivative relative to ¢ at ¢ = 0 yields the second formula.
Finally, the first two formulas imply

iVQQQ = —iVQd@Q = _£VQ6Q + diVQ@Q = —@Q. v

Continuing the proof of the proposition, note that by (6.3.3) we have

= —p"0g = 05 =iy, Qs,

so that weak nondegeneracy of Q2g implies ¢*Vgy = Vg. Thus ¢ commutes
with the flows FtQ and F, that is, for any 3 € T*S we have ¢(e!3) =
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e'o(B3). Letting t — —oo in this equality implies (po7g)(8) = (7g o )(3),
since '3 — mg(3) and e'p(8) — (7g o v)(B) for t — —oo. Thus
TQop=ypomg, or fomg=mgop ..

Finally, we show that T* f = ¢. For 8 € T*S, v € Tg(T*S5), (6.3.2) gives

(T*f(B), T(mq o) (v)) = (B, T(f omgqop)(v))

= (8,Trs(v)) = (©s)5 - v

= (¢"0q)s v = (0q)y(p)  Tpp(v)
= (p(8), Ts(mq o p)(v)) ,

which shows that T%f = ¢, since the range of Ts(mg o ¢) is the whole
tangent space at (mg o ¢)(8) to Q. |

In finite dimensions, the first part of this proposition can be seen in
coordinates as follows. Write (s!,...,s™) = f(¢',... ,q") and define
0s’
pj = @Tia (6.3.4)
where (¢',...,q", p1,... ,pn) are cotangent bundle coordinates on T*Q
and (s',..., s",rq,...,r,) on T*S. Since f is a diffeomorphism, it deter-
mines the ¢* in terms of the s/, say ¢' = ¢*(s',...,s"), so both ¢’ and Dj
are functions of (s*,...,s",r1,... ,7r,). The map T*f is given by

(st 8" ) = (gt P, D). (6.3.5)

To see that (6.3.5) preserves the canonical one-form, use the chain rule and
(6.3.4):

%

Os

ridst =1 0" dg® = py, dg". (6.3.6)
Note that if f and g are diffeomorphisms of @, then
T*(fog)=T"goT"f, (6.3.7)

that is, the cotangent lift switches the order of composition; in fact, it is
useful to think of T* f as the adjoint of T f; this is because in coordinates
the matrix of T f is the transpose of the matrix of the derivative of f.

Exercises

6.3-1. The Lorentz group L is the group of invertible linear transfor-
mations of R? to itself that preserve the quadratic form z2 + 3% + 22 — ¢?t2,
where c¢ is a constant, the speed of light. Describe all elements of this group.
Let Ay denote one of these transformations. Map L to itself by A — AgA.
Calculate the cotangent lift of this map.
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¢ 6.3-2.  We have shown that a transformation of 7*Q is the cotangent lift
of a diffeomorphism of configuration space if and only if it preserves the
canonical one-form. Find this result in Whittaker’s book.

6.4 Lifts of Actions

A left action of a group G on a manifold M associates to each group
element g € G a diffeomorphism ®, of M such that ®,, = ®, 0 ®;. Thus,
the collection of ®,’s is a group of transformations of M. If we replace the
condition ®4j, = &40 Py, by ¥y, = ¥y, 0 ¥y, we speak of a right action.
We often write ®,(m) = g-m and ¥y(m) =m - g for m € M.

Definition 6.4.1. Let ® be an action of a group G on a manifold Q). The
right lift ®* of the action ® to the symplectic manifold T*Q is the right
action defined by the rule

Br () = (T)-1.,Py) (), (6.4.1)

where g € G, a € T;Q, and T, is the cotangent lift of the diffeomorphism
¢, Q — Q.
By (6.3.7), we see that

=T 0y, = TH(®, 0 ®)) = TPy 0 T By = B} 0 B, (6.4.2)

so ®* is a right action. To get a left action, denoted by ®, and called the
left lift of @, one sets

(@.)g = Ty (By ). (6.4.3)

In either case, these lifted actions are actions by canonical transformations
because of Proposition 6.3.2. We shall return to the study of actions of
groups after we study Lie groups in Chapter 9.

Examples

(a) For a system of N particles in R?, we choose the configuration space
Q = R3N. We write (q;) for an N-tuple of vectors labeled by j =1,... ,N.
Similarly, elements of the momentum phase space P = T*R3Y =~ ROV =~
R3N x R3V are denoted by (qj,p’). Let the additive group G = R3 of
translations act on @ according to

®y(q;) =q; +x, where x € R%. (6.4.4)

Each of the IV position vectors q; is translated by the same vector x.
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Lifting the diffeomorphism @y : Q — @, we obtain an action ®* of G on
P. We assert that

@5 (q;,p’) = (q; — x, ). (6.4.5)

To verify (6.4.5), observe that T®y : TQ — TQ is given by
(qi, ;) — (qi +x,4;), (6.4.6)
so its dual is (q;, p’/) — (q; — %, p’). ¢

(b) Consider the action of GL(n,R), the group of n x n invertible matri-
ces, or, more properly, the group of invertible linear transformations of R™
to itself, on R™ given by

D 4(q) = Aq. (6.4.7)

The group of induced canonical transformations of T*R™ to itself is given
by

®%(q,p) = (A7'q, ATp), (6.4.8)
which is readily verified. Notice that this reduces to the same transforma-
tion of q and p when A is orthogonal. ¢

Exercises

6.4-1. Let the multiplicative group R\ {0} act on R™ by ®,(q) = Aq.
Calculate the cotangent lift of this action.

6.5 Generating Functions

Consider a symplectic diffeomorphism ¢ : T*Q; — T*@Q2 described by
functions

pi = pl(qjv sj)u Ty = Ti(qja Sj)7 (651)

where (¢*, p;) and (s7,r;) are cotangent coordinates on 7*Q; and on T*Qs,
respectively. In other words, assume that we have a map

I Ql X QQ — T*Ql X T*QQ (652)

whose image is the graph of . Let ©1 be the canonical one-form on 7% Q4
and ©s be that on T*Qs. By definition,

d(@l — (p*@g) =0. (653)
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This implies, in view of (6.5.1), that
pidq' —r;ds’ (6.5.4)

is closed. Restated, I'*(©; — ©3) is closed. This condition holds if T*(0; —
©-) is exact, namely,

(0, — ©,) = dS (6.5.5)

for a function S(g, s). In coordinates, (6.5.5) reads

, .08 . 08
pidq' —r;ds’ = o dq" + Bt ds", (6.5.6)
which is equivalent to
a8 a8
p; = 3 ri= o (6.5.7)

One calls S a generating function for the canonical transformation. With
generating functions of this sort, one may run into singularities even with
the identity map! See Exercise 6.5-1.

Presupposed relations other than (6.5.1) lead to conclusions other than
(6.5.7). Point transformations are generated in this sense; if S(¢',r;) =
s7(q)r;, then

;0S8 08
st = or, and p; = oq (6.5.8)

(Here one writes p; dq* + s dr; = dS.)
In general, consider a diffeomorphism ¢ : P, — P of one symplectic
manifold (Py, 1) to another (P, €22) and denote the graph of ¢ by

F((p) CPl XPQ.

Let iy, : I'(¢) — P1 X P be the inclusion and let = 7{Qy — 715Q5, where
m; : Py X Py — P; is the projection. One verifies that ¢ is symplectic if and
only if i7,€2 = 0. Indeed, since 71 o iy, is the projection restricted to T'(p)
and 7y 04, = pom on I'(p), it follows that

i:;Q = (m|T(9))* (21 — 9™ Qa),

and hence 73,0 = 0 if and only if ¢ is symplectic, because (m1|I'())* is
injective. In this case, one says that I'(¢) is an isotropic submanifold of
Py x Py (equipped with the symplectic form Q); in fact, since I'(¢) has
half the dimension of Py x Ps, it is maximally isotropic, or a Lagrangian
manifold.
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Now suppose one chooses a form © such that @ = —d©. Then 3,2 =
—di,© = 0, so locally on I'(¢) there is a function S : I'(p) — R such that

%O = dS. (6.5.9)

This defines the generating function of the canonical transformation .
Since I'(yp) is diffeomorphic to P, and also to Pa, we can regard S as a
function on Py or Py. If P, = T*Q, and P, = T*(@Q2, we can equally well
regard (at least locally) S as defined on Q1 X Q2. In this way, the general
construction of generating functions reduces to the case in equations (6.5.7)
and (6.5.8) above. By making other choices of @, the reader can construct
other generating functions and reproduce formulas in, for instance, Gold-
stein [1980] or Whittaker [1927]. The approach here is based on Sniatycki
and Tulezyjew [1971].

Generating functions play an important role in Hamilton—Jacobi theory,
in the classical-quantum-mechanical relationship (where S plays the role
of the quantum-mechanical phase), and in numerical integration schemes
for Hamiltonian systems. We shall see a few of these aspects later on.

Exercises

6.5-1. Show that

o 1
S(q',s7,t) = lla -]
(s 1) = 5;la—s]

generates a canonical transformation that is the identity at ¢ = 0.

6.5-2 (A first-order symplectic integrator). Given H, let
S(q',rj,t) = rig® — tH(g',r)).

Show that S generates a canonical transformation that is a first-order ap-
proximation to the flow of Xy for small .

6.6 Fiber Translations and Magnetic Terms

Momentum Shifts. We saw above that cotangent lifts provide a ba-
sic construction of canonical transformations. Fiber translations provide a
second.

Proposition 6.6.1 (Momentum Shifting Lemma). Let A be a one-form
on Q and let tg : T*Q — T*Q be defined by oy — g + A(g), where
ag € T;Q. Let © be the canonical one-form on T*Q. Then

50 = 0 + 1HA, (6.6.1)
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where g : T Q) — Q is the projection. Hence
3 =Q —m5dA, (6.6.2)

where = —dO is the canonical symplectic form. Thus, t4 is a canonical
transformation if and only if dA = 0.

Proof. We prove this using a finite-dimensional coordinate computation.
The reader is asked to supply the coordinate-free and infinite-dimensional
proofs as an exercise. In coordinates, t4 is the map

talq',pj) = (¢ ,pj + Aj). (6.6.3)
Thus,
40 =t (pidq") = (p; + A;)dq' = pidq’ + A;dq’, (6.6.4)

which is the coordinate expression for © + 77, A. The remaining assertions
follow directly from this. |

In particular, fiber translation by the differential of a function A = df is
a canonical transformation; in fact, f induces, in the sense of the preceding
section, a generating function (see Exercise 6.6-2). The two basic classes of
canonical transformations, lifts, and fiber translations play an important
part in mechanics.

Magnetic Terms. A symplectic form on 7@ different from the canon-
ical one is obtained in the following way. Let B be a closed two-form on
Q. Then Q — 7B is a closed two-form on 7%, where ) is the canonical
two-form. To see that Q*’fraB is (weakly) nondegenerate, use the fact that
in a local chart this form is given at the point (w, «) by

((u, B), (v,7)) = (v, u) = (B,v) — B(w)(u,v). (6.6.5)
Proposition 6.6.2.

(i) Let Q be the canonical two-form on T*Q and let mg : T*Q — @ be
the projection. If B is a closed two-form on Q, then

Qp=Q-7m,B (6.6.6)
is a (weak) symplectic form on T*Q.

(ii) Let B and B’ be closed two-forms on @Q and assume that B — B’ =
dA. Then the mapping ta (fiber translation by A) is a symplectic
diffeomorphism of (T*Q, Qp) with (T*Q, Qp).



178 6. Cotangent Bundles

Proof. Part (i) follows by an argument similar to that in the momentum
shifting lemma. For (ii), use formula (6.6.2) to get

thQ=Q—-715dA=Q —75B+ 1B, (6.6.7)
so that
th(Q—75B") =Q —n,B,
since mg ota = mq. |

Symplectic forms of the type Qp arise in the reduction process.? In the
following section, we explain why the extra term 7, B is called a magnetic
term.

Exercises
6.6-1. Provide the intrinsic proof of Proposition 6.6.1.

6.6-2. If A = df, use a coordinate calculation to check that S(q’,7;) =
riq' — f(q%) is a generating function for t 4.

6.7 A Particle in a Magnetic Field

Let B be a closed two-form on R3 and let B = B,i + Byj + B.k be the
associated divergence-free vector field, that is,

ip(dz A dy ANdz) = B,
so that
B =B,dyANdz— Bydx Ndz+ B, dx A dy.

Thinking of B as a magnetic field, the equations of motion for a particle
with charge e and mass m are given by the Lorentz force law
dv e
— =-vx B, 6.7.1
" dt cv ( )
where v = (&,7,%). On R? x R3, that is, (x,Vv)-space, consider the sym-
plectic form

. . . €
Qp =m(dx Ndi + dy Ndy+ dz Ndz) — -B, (6.7.2)
C
2Magnetic terms come up in what is called the cotangent bundle reduction the-

orem; see Smale [1970], Abraham and Marsden [1978], Kummer [1981], Nill [1983],
Montgomery, Marsden, and Ratiu [1984], Gozzi and Thacker [1987], and Marsden [1992].
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that is, (6.6.6). As Hamiltonian, take the kinetic energy

H= %(:‘8 + %+ 22). (6.7.3)

Writing X g (u, v, w) = (u,v,w, @, 0, w), the condition
dH =ix, 0z (6.7.4)
is the same as

m(i d + g dj + % d2)
=m(udi —udr+vdy—vdy+wdz —wdz)
— Z[BI’U dz — Bywdy — Byudz + Bywdzr + Byudy — B,vdx],

which is equivalent to u = &, v = g, and w = 2, together with the equations

mi = S(Bzv — Byw),
mo = E(Bmw — B.u),
mw = E(Byu — B,v),
that is, to
mi = Z(Bzy — B,3),
mij = Z(Bwé; ~ B.#), (6.7.5)
mz = (B, - Bj),

which is the same as (6.7.1). Thus the equations of motion for a particle in
a magnetic field are Hamiltonian, with energy equal to the kinetic energy
and with the symplectic form Qp.

If B =dA, that is, B = VxA, where A” = A, then the map ¢, : (x,v)
(x,p), where p = mv + eA/c, pulls back the canonical form to Qp by the
momentum shifting lemma. Thus, equations (6.7.1) are also Hamiltonian
relative to the canonical bracket on (x, p)-space with the Hamiltonian

1 e
Hi=—|p—--A|>% 6.7.6
A 2mllp . | ( )

Remarks.
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1. Not every magnetic field can be written as B = V x A on Euclidean
space. For example, the field of a magnetic monopole of strength
g # 0, namely

r
[l

B(r)=g (6.7.7)
cannot be written this way, since the flux of B through the unit sphere
is 4mg, yet Stokes’ theorem applied to the two-sphere would give zero; see
Exercise 4.4-3. Thus, one might think that the Hamiltonian formulation
involving only B (that is, using Qp and H) is preferable. However, there is
a way to recover the magnetic potential A by regarding it as a connection
on a nontrivial bundle over R3 \ {0}. (This bundle over the sphere S? is
the Hopf fibration S® — S2.) For a readable account of some aspects of
this situation, see Yang [1985].

2. When one studies the motion of a particle in a Yang-Mills field, one
finds a beautiful generalization of this construction and related ideas using
the theory of principal bundles; see Sternberg [1977], Weinstein [1978a],
and Montgomery [1984].

3. In Chapter 8 we study centrifugal and Coriolis forces and will see some
structures analogous to those here. ¢

Exercises
6.7-1. Show that particles in constant magnetic fields move in helixes.

6.7-2. Verify “by hand” that 1m||v||? is conserved for a particle moving
in a magnetic field.

6.7-3. Verify “by hand” that Hamilton’s equations for H 4 are the Lorentz
force law equations (6.7.1).



This is page 181
Printer: Opaque this

7

Lagrangian Mechanics

Our approach so far has emphasized the Hamiltonian point of view. How-
ever, there is an independent point of view, that of Lagrangian mechanics,
based on variational principles. This alternative viewpoint, computational
convenience, and the fact that the Lagrangian is very useful in covariant
relativistic theories can be used as arguments for the importance of the
Lagrangian formulation. Ironically, it was Hamilton [1834] who discovered
the variational basis of Lagrangian mechanics.

7.1 Hamilton’s Principle of Critical Action

Much of mechanics can be based on variational principles. Indeed, it is
the variational formulation that is the most covariant, being useful for
relativistic systems as well. In the next chapter we shall see the utility of the
Lagrangian approach in the study of rotating frames and moving systems,
and we will also use it as an important way to approach Hamilton—Jacobi
theory.

Consider a configuration manifold ) and the velocity phase space
T@Q. We consider a function L : TQ) — R called the Lagrangian. Speaking
informally, Hamilton’s principle of critical action states that

5/L <qi, %) dt =0, (7.1.1)

where we take variations among paths ¢*(¢) in Q with fixed endpoints. (We
will study this process a little more carefully in §8.1.) Taking the variation
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in (7.1.1), the chain rule gives
oL _, 0L d_,
-5q" - —0q"| dt 7.1.2
/b¢q+Wﬁq] 742
for the left-hand side. Integrating the second term by parts and using the

boundary conditions d¢° = 0 at the endpoints of the time interval in ques-
tion, we get

oL d (0L 4
- — — -~ | | d¢" dt = 0. 7.1.3
/bw ﬁ(@)}q )
If this is to hold for all such variations §¢*(t), then
oL d oL
- = — = 1.4
Oqt  dt 8¢t ’ (7.14)

which are the Fuler—Lagrange equations.
We set p; = OL/d¢", assume that the transformation (¢*,¢’) — (q¢*,p;)
is invertible, and define the Hamzltonian by

H(q',p;) = pid" — L(q", d"). (7.1.5)
Note that
. OH
q = ap;’
since
0H o¢ Loy

Op; —1 pjapi _571781?1‘ —1

from (7.1.5) and the chain rule. Likewise,

from (7.1.4) and

o~ "og " 0¢ 93 0¢ g
In other words, the Fuler—Lagrange equations are equivalent to Hamilton’s
equations.

Thus, it is reasonable to explore the geometry of the Euler—Lagrange
equations using the canonical form on T*(Q pulled back to T'Q using p;, =
OL/9d¢". We do this in the next sections.

This is one standard way to approach the geometry of the Euler-Lagrange
equations. Another is to use the variational principle itself. The reader will
notice that the canonical one-form p;dq® appears as the boundary terms
when we take the variations. This can, in fact, be used as a basis for the
introduction of the canonical one-form in Lagrangian mechanics. We shall
develop this approach in Chapter 8. See also Exercise 7.2-2.
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Exercises

7.1-1. Verify that the Euler-Lagrange and Hamilton equations are equiv-
alent, even if L is time-dependent.

7.1-2. Show that the conservation of energy equation results if in Hamil-
ton’s principle, variations corresponding to reparametrizations of the given
curve ¢(t) are chosen.

7.2 The Legendre Transform

Fiber Derivatives. Given a Lagrangian L : T(Q) — R, define a map
FL:TQ — T*Q, called the fiber derivative, by

d

FL(v) -w = P -

L(v + sw), (7.2.1)
where v, w € T,Q. Thus, FL(v)-w is the derivative of L at v along the fiber
T,Q in the direction w. Note that FL is fiber-preserving; that is, it maps
the fiber T,Q to the fiber T7Q. In a local chart U x E for T'Q), where U is
open in the model space E for @), the fiber derivative is given by

FL(u,e) = (u,DaL(u,e)), (7.2.2)

where Dy L denotes the partial derivative of L with respect to its second
argument. For finite-dimensional manifolds, with (¢*) denoting coordinates
on @ and (¢*,¢%) the induced coordinates on T'Q, the fiber derivative has
the expression

o oL
FL qz7 q’l = (ql7 —> 5 723
(i) = (o 55 (723)
that is, FL is given by
oL
= —. 7.2.4
Pi = Ha (7.2.4)

The associated energy function is defined by E(v) = FL(v) - v — L(v).
In many examples it is the relationship (7.2.4) that gives physical mean-
ing to the momentum variables. We call FL the Legendre transform.

Lagrangian Forms. Let @ denote the canonical symplectic form on
T*@Q. Using FL, we obtain a one-form © and a closed two-form ; on
TQ by setting

O, = (FL)*® and Qp = (FL)*Q. (7.2.5)
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We call ©p the Lagrangian one-form and 1 the Lagrangian two-
form. Since d commutes with pull-back, we get Q;, = —d©. Using the
local expressions for © and 2, a straightforward pull-back computation
yields the following local formula for O and Q: If E is the model space
for ), U is the range in F of a chart on ), and U x E is the corresponding
range of the induced chart on 7'Q), then for (u,e) € U x E and tangent
vectors (eq, es), (f1, f2) in E x E, we have

T(u,e)FL : (61, 62)
= (u,DoL(u,e),e;,D1(DaL(u,€e)) - €1 + Da(DaL(u,€)) - e3),
(7.2.6)
so that using the local expression for © and the definition of pull-back,
Or(u,e) - (e1,e2) = DaL(u,e) - e;. (7.2.7)
Similarly, one finds that

QL(uv 6) : ((61’ 62)7 (fla f2))
= Dl(DgL(u, 6) . 61) . fl — Dl(DgL(u, 6) . f1> €1
+ DDy L(u,e) - e1 - fo — DoDaL(u,e) - f1 - e, (7.2.8)
where Dy and D5 denote the first and second partial derivatives. In finite

dimensions, formulae (7.2.6) and (7.2.7) or a direct pull-back of p;dq’* and
dq’ A dp; yields

oL . .
= —dq' 2.
Or gt (7.2.9)
and
2L, S 92L ,
= ———d¢" Nd¢? ——dq' A dg’ 7.2.10
L= gaaqg N e da A dd ( )

(a sum on all 4, j is understood). As a 2n x 2n skew-symmetric matrix,

o7
QL - 82[/ 8(11 aqj )
{_ aq‘iaq'f} !

(7.2.11)

where A is the skew-symmetrization of 9?L/(9¢" 9¢’). From these expres-
sions, it follows that Q is (weakly) nondegenerate if and only if the
quadratic form DsDoL(u,e) is (weakly) nondegenerate. In this case, we
say that L is a regular or nondegenerate Lagrangian. The implicit func-
tion theorem shows that the fiber derivative is locally invertible if and only
if L is regular.
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Exercises
7.2-1. Let

. . .- m L1\ 2 L9\ 2 .3\ 2 . . 3 .9
L(¢". ¢*, ¢ ¢".¢* ¢*) = 5 ((ql) +(*)” + () ) +q'd" + P+ ¢

Calculate O, Qp, and the corresponding Hamiltonian.

7.2-2. Forwv € T,Q, define its vertical lift vl € T,(TQ) to be the tangent
vector to the curve v + tv at ¢ = 0. Show that @ may be defined by

w10y, =" 1dL,

where w € T,,(T'Q) satisfies T'rg - w = v, and where w 1 O, = 1,0y is the
interior product. Also, show that the energy is

E(v) =v' JdL — L(v).
7.2-3 (Abstract Legendre Transform). Let V' be a vector bundle over a
manifold S and let L : V — R. For v € V, let

oL
w=—€cv

ov

denote the fiber derivative. Assume that the map v — w is a local diffeo-
morphism and let H : V* — R be defined by

H(w) = (w,v) — L(v).
Show that

_OH

’U—%.

7.3 Euler—Lagrange Equations

Hyperregular Lagrangians. Given a Lagrangian L, the action of L
is the map A : TQ — R that is defined by A(v) = FL(v) - v, and as we
defined above, the energy of L is E = A — L. In charts,
A(u,e) = DyL(u,e) - e, (7.3.1)
E(u,e) =DoL(u,e) - e — L(u,e),

and in finite dimensions, (7.3.1) and (7.3.2) read

i i . OL i
Ag',d") =4 9g — il (7.3.3)

% i OL i i i i i
E(q',q") = ¢ v L(q",q") = piq" — L(q", ¢")- (7.3.4)
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If L is a Lagrangian such that FL : TQ — T*Q is a diffeomorphism, we
say that L is a hyperregular Lagrangian. In this case, set H = Eo(FL)~!.
Then Xpy and Xg are FL-related, since FL is, by construction, symplectic.
Thus, hyperregular Lagrangians on T'Q) induce Hamiltonian systems on
T*@Q. Conversely, one can show that hyperregular Hamiltonians on 7@
come from Lagrangians on 7'Q) (see §7.4 for definitions and details).

Lagrangian Vector Fields. More generally, a vector field Z on TQ is
called a Lagrangian vector field or a Lagrangian system for L if the
Lagrangian condition

Qr()(Z(v),w) =dE(v) - w (7.3.5)

holds for all v € T,Q and w € T,(TQ). If L is regular, so that Q, is a
(weak) symplectic form, then there would exist at most one such Z, which
would be the Hamiltonian vector field of E with respect to the (weak)
symplectic form Q. In this case we know that F is conserved on the flow
of Z. In fact, the same result holds, even if L is degenerate:

Proposition 7.3.1. Let Z be a Lagrangian vector field for L and let
v(t) € TQ be an integral curve of Z. Then E(v(t)) is constant in t.

Proof. By the chain rule,

%E(v(t)) =dE(v(t)) - 0(t) = dE(v(t)) - Z(v(t))
= QL (v()(Z(v(t))), Z(v(t)) =0 (7.3.6)
by skew-symmetry of €, . [ |

We usually assume that 2 is nondegenerate, but the degenerate case
comes up in the Dirac theory of constraints (see Dirac [1950, 1964], Kunzle
[1969], Hanson, Regge, and Teitelboim [1976], Gotay, Nester, and Hinds
[1979], references therein, and §8.5).

Second-Order Equations. The vector field Z often has a special prop-
erty, namely, that Z is a second-order equation.

Definition 7.3.2. A wector field V on TQ is called a second-order
equation if T'1g oV = identity, where ¢ : TQ — Q is the canonical
projection. If ¢(t) is an integral curve of V', then (1q o ¢)(t) is called the
base integral curve of c(t).

It is easy to see that the condition for V' being second-order is equivalent
to the following: For any chart U x E on TQ, we can write V(u,e) =
((u,e), (e,Va(u,e))), for some map Vo : U x E — E. Thus, the dynamics
are determined by @ = e, and é = V(u, e); that is, i = Va(u, @), a second-
order equation in the standard sense. This local computation also shows
that the base integral curve uniquely determines an integral curve of V'
through a given initial condition in 7'Q.
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The Euler—Lagrange Equations. From the point of view of Lagrangian
vector fields, the main result concerning the Euler-Lagrange equations is
the following.

Theorem 7.3.3. Let Z be a Lagrangian system for L and suppose Z
is a second-order equation. Then in a chart U x E, an integral curve
(u(t),v(t)) € U x E of Z satisfies the Euler—Lagrange equations; that
18,

du(t)
dt - U(t)a
%DQL(U(t),U(t)) ~w =Dy L(u(t),v(t)) - w (7.3.7)

for allw € E. In finite dimensions, the Euler—Lagrange equations take the
form

dqi_,i

dt_q7
d (OL\ AL
— - | = — ,=1,...,n. 7.3.8
dt(aq'z) ag> " (7:38)

If L is regular, that is, Qy, is (weakly) nondegenerate, then Z is auto-
matically second-order, and if it is strongly nondegenerate, then

d>u  dv 1

o [D2Dso L(u,v)] (D1 L(u,v) — D1DoL(u,v) - v),  (7.3.9)
or in finite dimensions,
- [ OL 0’L .
¢ =G"Y - — ———q’ ) =1,... 7.3.10
q <8q’ aqjaqlq>, ihj=1,...,n, ( )
where [GY] is the inverse of the matriz (0°L/0q'0¢7). Thus u(t) and q'(t)
are base integral curves of the Lagrangian vector field Z if and only if they
satisfy the Fuler—Lagrange equations.

Proof. From the definition of the energy E we have the local expression
DE(u,e) - (e1,e2) = D1(DaL(u,e) - e) - e1 + Da(DaL(u,e) - ) - e2

— D L(u,e) - e; (7.3.11)

(the term DyL(u,e) - e has canceled). Locally, we may write
Z(u,e) = (u,e,Y1(u,e), Ya(u,e)).
Using formula (7.2.8) for Qp,, the condition (7.3.5) on Z may be written
DDsL(u,e) - Yi(u,e))-e; — D1 (DoL(u,e) - e1) - Yi(u,e)
+ DsDsL(u,e) - Yi(u,e) - ea — DaDoL(u,e) - e - Ya(u,e)

=Di(DyL(u,e)-e)-e; —DiL(u,e) - eqg + DaDaL(u,e) - e es.
(7.3.12)
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Thus, if Qf, is a weak symplectic form, then DyDsL(u, €) is weakly non-
degenerate, so setting e; = 0 we get Yi(u,e) = e; that is, Z is a second-
order equation. In any case, if we assume that Z is second-order, condition
(7.3.12) becomes

D L(u,e)-e; = Di(DaL(u,e) - e1) - e+ DDy L(u,e) - e - Ya(u,e)
(7.3.13)

for all ey € E. If (u(t),v(t)) is an integral curve of Z, then (using dots to
denote time differentiation) @ = v and 4 = Ya(u,v), so (7.3.13) becomes

DlL(’U,7U) €1 = Dl(DQL(’LL, 'LL) . 61) -Uu+ DQDQL(U,U) €1 U

d
= —DQL(U, U) €1 (7314)
dt
by the chain rule.
The last statement follows by using the chain rule on the left-hand side

of Lagrange’s equation and using nondegeneracy of L to solve for v, that
is, ¢7. [ |

Exercises

7.3-1. Give an explicit example of a degenerate Lagrangian L that has a
second-order Lagrangian system Z.

7.3-2.  Check directly that the validity of the expression (7.3.8) is coor-
dinate independent. In other words, verify directly that the form of the
Euler-Lagrange equations does not depend on the local coordinates chosen
to describe them.

7.4 Hyperregular Lagrangians and
Hamiltonians

Above, we said that a smooth Lagrangian L : TQQ — R is hyperregular
if FL: TQ — T*Q is a diffeomorphism. From (7.2.8) or (7.2.11) it follows
that the symmetric bilinear form DoDsL(u, €) is strongly nondegenerate.
As before, let mg : T"Q — @ and 7g : TQ) — @ denote the canonical
projections.

Proposition 7.4.1. Let L be a hyperregular Lagrangian on T'QQ and let
H = Eo (FL)™! € F(T*Q), where E is the energy of L. Then the La-
grangian vector field Z on TQ and the Hamiltonian vector field Xy on
T*Q are FL-related, that is,

(FL)*Xpy = Z.
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Furthermore, if c(t) is an integral curve of Z and d(t) an integral curve of
Xpg with FL(c(0)) = d(0), then

FL(c(t)) = d(t) and (rgoc)(t) = (7o o d)(®).

The curve (1q o ¢)(t) is called the base integral curve of c(t), and simi-
larly, (mg o d)(t) is the base integral curve of d(t).

Proof. Forv e TQ and w € T,(TQ), we have
Q(FL()(T,FL(Z(v)), T,FL(w)) = (FLY'Q)(0)(Z(v), w)
= Q(0) (Z(v),w)
=dFE() - w
=d(HoFL)(v) w
=dH(FL(v)) - T,FL(w)
— QFL()(Xn (FL(v)), T.FL(w),

so that by weak nondegeneracy of 2 and the fact that T, FL is an isomor-
phism, it follows that

T,FL(Z(v)) = Xy (FL(v)).

Thus TFLo Z = Xy oFL, that is, Z = (FL)*Xg.
If ¢; denotes the flow of Z and v, the flow of Xy, the relation Z =
(FL)*Xpg is equivalent to FL o ¢y = vp; o FL. Thus, if ¢(¢) = ¢¢(v), then
FL(c(t)) = ¢(FL(v))

is an integral curve of Xy that at t = 0 passes through FL(v) = FL(c¢(0)),
whence ¢ (FL(v)) = d(t) by uniqueness of integral curves of smooth vector
fields. Finally, since 79 = mg o FL, we get

(tgoe)(t)=(rgoFLoc)(t) = (mgod)(t). |

The Action. We claim that the action A of L is related to the Lagrangian
vector field Z of L by

A(w) =(©OL(),Z(v)), veTqQ. (7.4.1)

We prove this formula under the assumption that Z is a second-order equa-
tion, even if L is not regular. In fact,

(OL(v), Z(v)) = (FL)"©)(v), Z(v))
= (0(FL(v)), T.FL(Z(v)))
= (FL(v),Tnq - T,FL(Z(v)))
=(FL(v), T, (mq o FL)(Z(v)))
= (FL(v), Ty7q(Z(v))) = (F

~

h
—~
<
=
<
~
I
N
—
<
=
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by definition of a second-order equation and the definition of the action. If
L is hyperregular and H = E o (FL)™!, then

Ao (FL)™' = (0, Xy). (7.4.2)

Indeed, by (7.4.1), the properties of push-forward, and the previous propo-
sition, we have

Ao (FL)™ = (FL).A = (FL).((01, 2)) = (FL).O01, (FL).Z) = (6, Xu).

If H:T*Q — R is a smooth Hamiltonian, the function G : T*@Q — R given
by G = (0, Xp) is called the action of H. Thus, (7.4.2) says that the
push-forward of the action A of L equals the action G of H = Eo (FL)~ .

Hyperregular Hamiltonians. A Hamiltonian H is called hyperregu-
larif FH : T*Q — T'Q, defined by

FH(a) -f= — H(a+ sf), (7.4.3)
s=0

where o, 8 € T;Q, is a diffeomorphism; here we must assume that either
the model space E of @ is reflexive, so that T;*Q = T;Q for all ¢ € @, or
what is more reasonable, that FH («) lies in T,Q C T,*Q. As in the case
of Lagrangians, hyperregularity of H implies the strong nondegeneracy
of DyDoH (u, «), and the curve s — « + s appearing in (7.4.3) can be
replaced by an arbitrary smooth curve a(s) in T, @ such that

a(0)=a and o(0)=p.

Proposition 7.4.2. (i) Let H € F(T*Q) be a hyperregular Hamilto-
nian and define

E=Ho(FH)™', A=Go(FH)™ ", and L=A-FE¢c F(TQ).

Then L is a hyperregular Lagrangian and FL = FH~'. Furthermore,
A is the action of L, and E the energy of L.

(ii) Let L € F(TQ) be a hyperregular Lagrangian and define
H=FEo(FL)™ .
Then H is a hyperregular Hamiltonian and FH = (FL)™!.
Proof. (i) Locally, G(u,a) = (o, DoH (u, @)}, so that
A(u, DaH (u,a)) = (Ao FH)(u, ) = G(u, @) = (a, Do H (u, o)) ,
whence

(LoFH)(u,) = L(u, D2 H (u, ) = {(a, Do H (u, )y — H(u, ).
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Let e = Do(DoH (u,)) - 3, and let e(s) = DoH (u,a + s3) be a curve
that at s = 0 passes through e(0) = D2 H (u,«) and whose derivative at
s =0 equals €¢/(0) = Do(DoH (u, «)) - B = e. Therefore,

(FLoFH)(u,a),e)
= (FL(u,D2H (u, a)), €)

— % . L(u,e(s)) = % . L(u,DoH(u, a + 53))
= 2l s0.DaH w0+ 55) — Hlu,a+59)
s=0

= (o, Do(DoH (u, ) - B) = (a,e) .

Since DoDoH (u, ) is strongly nondegenerate, this implies that e € E is
arbitrary and hence FL o FH = identity. Since FH is a diffeomorphism,
this says that FL = (FH)~! and hence that L is hyperregular.

To see that A is the action of L, note that since FH~! = FL, we have
by definition of G,

A=Go(FH) ' =(0,Xy)oFL,

which by (7.4.2) implies that A is the action of L. Therefore, E = A — L is
the energy of L.

(ii) Locally, since we define H = E o (FL)™!, we have
(HoFL)(u,e) = H(u,DyL(u,e))
= A(u,e) — L(u,e)
=DyL(u,e)-e— L(u,e)

and proceed as before. Let
a =Dy(DoL(u,e)) - f,
where f € E and a(s) = DaL(u, e + sf); then
a(0) = DaL(u,e) and o'(0) = «,
so that

(o, (FH o FL)(u,e)) = (a,FH(u, DsL(u, €)))

d
= H(u,a(s))
_ % H(u, DyL(u, e + sf))

= di [(DoL(u,e+sf),e+sf) — L(u,e + sf)]
S s=0

= (Da(D2L(u,€)) - fre) = (a,e),
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which shows, by strong nondegeneracy of DoDs L, that FH oFL = identity.
Since FL is a diffeomorphism, it follows that FH = (FL)~! and H is
hyperregular. |

The main result is summarized in the following.

Theorem 7.4.3. Hyperregular Lagrangians L € F(T'Q) and hyperregu-
lar Hamiltonians H € F(T*Q) correspond in a bijective manner by the
preceding constructions. The following diagram commutes:

TFH
T(T*Q) T(TQ)
TFL
R
XH XE‘
G A
FL
T TQ—R
Q T Q
H E
R

Proof. Let L be a hyperregular Lagrangian and let H be the associated
hyperregular Hamiltonian, that is,

H=FEo(FL)y'=(A-L)o(FL) ' =G~ LoFH
by Propositions 7.4.1 and 7.4.2. From H we construct a Lagrangian L’ by

L'=Go(FH) '~ Ho (FH)™*
=Go(FH) ' —(G—-LoFH)o (FH)™' = L.

Conversely, if H is a given hyperregular Hamiltonian, then the associated
Lagrangian L is hyperregular and is given by

L=Go(FH) ' —Ho(FH)'!=A— HoFL.
Thus, the corresponding hyperregular Hamiltonian induced by L is

H =FEo(FL) '=(A-L)o(FL)™!
=Ao(FL)™' —(A—HoFL)o (FL)™' = H.

The commutativity of the two diagrams is now a direct consequence of the
above and Propositions 7.4.1 and 7.4.2. [ |
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Neighborhood Theorem for Regular Lagrangians. We now prove
an important theorem for regular Lagrangians that concerns the structure
of solutions near a given one.

Definition 7.4.4. Let q(t) be a given solution of the Fuler—Lagrange
equations, Ty <t <ty. Let g, =q (t1) and g, = q (t2). We say that q(t) is
a nonconjugate solution if there is a neighborhood U of the curve q(t)
and neighborhoods Uy C U of G, and Us C U of Gy such that for all ¢ € Uy
and ga € Us and t1 close to t1, ta close to to, there exists a unique solution
q(t), t1 <t < ta, of the Fuler-Lagrange equations satisfying the following
conditions: q (t1) = q1, q (t2) = q2, and q(t) € U. See Figure 7.4.1.

FIGURE 7.4.1. Neighborhood theorem

To determine conditions guaranteeing that a solution is nonconjugate,
we shall use the following observation. Let 7, = g (1) and Ts = § (2). Let
F; be the flow of the Euler-Lagrange equations on 7'Q). By construction of
Fi(q,v), we have Fy, (G1,71) = (qy, 02)-

Next, we attempt to apply the implicit function theorem to the flow map.
We want to solve

(@ o Fy,) (q1,v1) = g2

for vy, where we regard qi,t1,t2 as parameters. To do this, we form the
linearization

w2 = TU1(7TQ OFEZ) (qlail) s Wy

We require that w; +— wsy be invertible. The right-hand side of this equation
suggests forming the curve

w(t) =Ty, 7@ Fy(qy,01) - w1, (7.4.4)
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which is the solution of the linearized, or first variation, equation of the
Euler-Lagrange equations satisfied by F;(q;,71). Let us work out the equa-
tion satisfied by

w(t) =Ty, 7o Fe(qy,01) - w1

in coordinates. Start with a solution ¢(t) of the Euler-Lagrange equations

ddoL OL

dt 9¢t gt

Given the curve of initial conditions € — (q1, v, +ew;), we get correspond-
ing solutions (g (t), 4= (t)), whose derivative with respect to € we denoted by
(u(t),u(t)). Differentiation of the Euler-Lagrange equations with respect
to ¢ gives

2 2 2 2
d(@L . L j> OL i 2L o (145

_ apd _ - . _ . _
dt\ogos " T agog ") agog " T agoq

which is a second-order equation for u7. This equation evaluated along g(t)
is called the Jacobi equation along q(t). This equation, taken from g(#;)
to q(t2) with initial conditions

u(t1) =0 and u(t;) = wi,

defines the desired linear map w; — wo; that is, wy = u(ts).

Theorem 7.4.5. Assume that L is a reqular Lagrangian. If the linear
map wy — we is an isomorphism, then q(t) is nonconjugate.

Proof. This follows directly from the implicit function theorem. Under
the hypothesis that w; — ws is invertible, there are neighborhoods U; of
Gy, Us of G, and neighborhoods of #; and %5 as well as a smooth function
vy = v1(t1,l2,q1,q2) defined on the product of these four neighborhoods
such that

(mq@ o Ft,) (1, v1(th, b2, 41, ¢2)) = 2 (7.4.6)
is an identity. Then
q(t) := (mq o Fy)(q1, vi(t1, b2, q1, q2))
is a solution of the Euler-Lagrange equations with initial conditions
(q1,v1(t1,t2,q1,q2)) att =t;.

Moreover, q(t2) = g2 by (7.4.6). The fact that vy is close to U1 means that
the geodesic found lies in a neighborhood of the curve g(t); this produces
the neighborhood U. |
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If ¢1 and ¢ are close and if t5 is not much different from ¢;, then by
continuity, 4(t) is approximately constant over [t1,t2], so that

Wo = u(lfg) = (t2 — tl)ﬂ(ﬁ) + O(tz — t1)2 = (tz — tl)wl + O(f,Q — t1)2.
Thus, in these circumstances, the map w; — ws is invertible. Therefore,
we get the following corollary.

Corollary 7.4.6. Let L:TQ xR — R be a given C? regular Lagrangian
and let vg € TQ and ty € R. Then the solution of the Euler—Lagrange equa-
tions with initial condition vy at t = t1 is nonconjugate for a sufficiently
small time interval [ty,t2].

The term “nonconjugate” comes from the study of geodesics, which are
considered in the next section.

Exercises

7.4-1. Write down the Lagrangian and the equations of motion for a
spherical pendulum with S? as configuration space. Convert the equations
to Hamiltonian form using the Legendre transformation. Find the conser-
vation law corresponding to angular momentum about the axis of gravity
by “bare hands” methods.

7.4-2. Let L(q,4) = 2m(q)¢* — V(q) on TR, where m(q) > 0 and V(q)
are smooth. Show that any two points ¢;, g2 € R can be joined by a solution
of the Euler-Lagrange equations. (Hint: Consider the energy equation.)

7.5 Geodesics

Let @ be a weak pseudo-Riemannian manifold whose metric evaluated at
g € Q is denoted interchangeably by (-,-) or g(q) or g,. Consider on 7'Q)
the Lagrangian given by the kinetic energy of the metric, that is,

L(v) = 5 (v,0),, (7.5.1)
or in finite dimensions
L(v) = gi;0"07. (7.5.2)
The fiber derivative of L is given for v,w € T,Q by
FL(v) - w = (v, w) (7.5.3)
or in finite dimensions by

FL(v) - w = gijv'w?, ie., pi=gi;¢. (7.5.4)
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From this equation we see that in any chart U for @,
D>DyL(g,v) - (1, €2) = (e1, €2),,,

where () q denotes the inner product on E induced by the chart. Thus,
L is automatically weakly nondegenerate. Note that the action is given by
A=2L,s0 F = L.

The Lagrangian vector field Z in this case is denoted by S : TQ — T?Q
and is called the Christoffel map or geodesic spray of the metric () ¢
Thus, S is a second-order equation and hence has a local expression of the
form

S(q,v) = ((¢;v), (v,7(g,v))) (7.5.5)

in a chart on Q. To determine the map v : U x E — FE from Lagrange’s
equations, note that

D, L(g,v)-w = iD, (v,0),-w and DsL(g,v) w=(v,w),, (7.5.6)
so that the Euler-Lagrange equations (7.3.7) are
q=v, (7.5.7)
%((v, w),) = iD, (v,0), w. (7.5.8)
Keeping w fixed and expanding the left-hand side of (7.5.8) yields
Dy (v,w), -4+ (0,w),. (7.5.9)
Taking into account ¢ = v, we get
(G, w), = iD, (v,0), - w —Dg (v,w), - v. (7.5.10)
Hence v: U x E — E is defined by the equality
(v(g,v),w), = iD, (v,0), - w — Dg (v,w), - v; (7.5.11)

note that y(¢,v) is a quadratic form in v. If @ is finite-dimensional, we
define the Christoffel symbols I‘;k by putting

7 (g, v) = =T ()7 o (7.5.12)

and demanding that F;k = F};j. With this notation, the relation (7.5.11) is
equivalent to

o 190 . 9ar
fgilf}kvjvkwl = E%v%}kwl — %zﬂwlvk. (7.5.13)
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Taking into account the symmetry of F;k, this gives

1 0951 Ogr  Ogjn
ho_ Lo (995 99k 09
I =59 (aqk + 90 o) (7.5.14)

In infinite dimensions, since the metric (,) is only weakly nondegenerate,
(7.5.11) guarantees the uniqueness of y but not its existence. It exists when-
ever the Lagrangian vector field S exists.

The integral curves of S projected to ) are called geodesics of the metric
g. By (7.5.5), their basic governing equation has the local expression

q=(¢,4), (7.5.15)

which in finite dimensions reads
§' +Tid’d" =0, (7.5.16)
where 4,7,k = 1,... ,n and, as usual, there is a sum on j and k. Note that

the definition of v makes sense in both the finite- and infinite-dimensional
cases, whereas the Christoffel symbols Fék are literally defined only for
finite-dimensional manifolds. Working intrinsically with g provides a way to
deal with geodesics of weak Riemannian (and pseudo-Riemannian) metrics
on infinite-dimensional manifolds.

Taking the Lagrangian approach as basic, we see that the F;k live as
geometric objects in T(T'Q). This is because they encode the principal
part of the Lagrangian vector field Z. If one writes down the transformation
properties of Z on T(T'Q) in natural charts, the classical transformation
rule for the 1"; i Tesults:

0o, oft | or o
Yo o PMoqr 04t 0g' g’

(7.5.17)

where (¢',...,¢"), (3", ... ,q") are two different coordinate systems on an
open set of Q). We leave this calculation to the reader.

The Lagrangian approach leads naturally to invariant manifolds for the
geodesic flow. For example, for each real e > 0, let

Ye={veTQl[ul=e}

be the pseudo-sphere bundle of radius /e in TQ. Then X, is a smooth
submanifold of T'Q) invariant under the geodesic flow. Indeed, if we show
that Y. is a smooth submanifold, its invariance under the geodesic flow,
that is, under the flow of Z, follows by conservation of energy. To show
that 3. is a smooth submanifold we prove that e is a regular value of L for
e > 0. This is done locally by (7.5.6):

DL(u,v) - (wy,ws) = D1 L(u,v) - wy +DoL(u,v) - wsy

= %Du (v,v), - w1 + (v,wa),
= (v, wa),, (7.5.18)
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since (v,v) = 2e = constant. By weak nondegeneracy of the pseudo-metric
(,), this shows that DL(u,v) : E x E — R is a surjective linear map, that
is, e is a regular value of L.

Convex Neighborhoods and Conjugate Points. We proved in the
last section that short arcs of solutions of the Euler-Lagrange equations
are nonconjugate. In the special case of geodesics one can do somewhat
better by exploiting the fact, evident from the quadratic nature of (7.5.16),
that if ¢(¢) is a solution and « > 0, then so is ¢(at), so one can “rescale”
solutions simply by changing the size of the initial velocity. One finds that
locally there are conver neighborhoods, that is, neighborhoods U such that
for any ¢1,q2 € U there is a unique geodesic (up to a scaling) joining ¢,
g2 and lying in U. In Riemannian geometry there is another important
result, the Hopf-Rinow theorem, stating that any two points (in the
same connected component) can be joined by some geodesic.

As one follows a geodesic from a given point, there is a first point after
which nearby geodesics fail to be unique. These are conjugate points.
They are the zeros of the Jacobi equation discussed earlier. For example,
on a great circle on a sphere, pairs of antipodal points are conjugate.

In certain circumstances one can “reduce” the Euler—Lagrange problem
to one of geodesics: See the discussion of the Jacobi metric in §7.7.

Covariant derivatives. We now reconcile the above approach to geode-
sics via Lagrangian systems to a common approach in differential geometry.
Define the covariant derivative

V:iX(Q) xX(Q) —X(Q), (X,)Y)—VyxY
locally by
(VxY)(u) = —y(u)(X (1), Y () + DY (u) - X (u), (7.5.19)

where X, Y are the local representatives of X and Y, and y(u) : ExXxE — E
denotes the symmetric bilinear form defined by the polarization of ~y(u,v),
which is a quadratic form in v. In local coordinates, the preceding equation
becomes

. . 9Yk 8
VyY = X9V, — 4 X9
* og o ogF

(7.5.20)

It is straightforward to check that this definition is chart independent and
that V satisfies the following conditions:

(i) V is R-bilinear;
(i) for f: Q — R,
VixY = fVxY and VxfY = fVxY + X[f]Y;

and
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(iii) for vector fields X and Y,
(VxY = VyX)(u) =DY (u) - X(u) — DX (u) - Y(u)
= [X,Y](u). (7.5.21)

In fact, these three properties characterize covariant derivative operators.
The particular covariant derivative determined by (7.5.14) is called the
Levi- Civita covariant derivative. If ¢(t) is a curve in @ and X € X(Q),

the covariant derivative of X along c is defined by
DX
— =V, X, .5.22
D1 \Y (7.5.22)

where u is a vector field coinciding with ¢(¢) at ¢(¢). This is possible, since by
(7.5.19) or (7.5.20), VxY depends only on the point values of X. Explicitly,
in a local chart, we have

DX d

DR (elt) = e (we(t)), X (e(0) + S X (e(1), (7.5.23)
which shows that DX/Dt depends only on ¢(t) and not on how ¢&(¢) is
extended to a vector field. In finite dimensions,

(%) = Dl (c()& ()X (c(t)) + %Xi(c(t)). (7.5.24)

The vector field X is called autoparallel or parallel transported along
cif DX/Dt = 0. Thus ¢ is autoparallel along ¢ if and only if

&(t) =~ (@)(e(t), ¢(t) =0,
that is, ¢(t) is a geodesic. In finite dimensions, this reads

& 4T =0.

Exercises

7.5-1. Consider the Lagrangian
1 1
L(z,y,z,&,9,%2) = 3 (i,2+y2 +2"2) ~ 5 [1 _ (332 +y2 +Z2)}2

for a particle in R®. Let 7.(¢) be the curve in R? obtained by solving the
Euler-Lagrange equations for L. with the initial conditions xq, vo = 7(0).
Show that

lim v, (¢)

e—0
is a great circle on the two-sphere S2, provided that xo has length one and
that xg - vg = 0.

7.5-2.  Write out the geodesic equations in terms of ¢* and p; and check
directly that Hamilton’s equations are satisfied.
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7.6 The Kaluza—Klein Approach to Charged
Particles

In §6.7 we studied the motion of a charged particle in a magnetic field as
a Hamiltonian system. Here we show that this description is the reduction
of a larger and, in some sense, simpler system called the Kaluza—Klein
system.!

Physically, we are motivated as follows: Since charge is a basic conserved
quantity, we would like to introduce a new cyclic variable whose conjugate
momentum is the charge.? For a charged particle, the resultant system is
in fact geodesic motion!

Recall from §6.7 that if B = V x A is a given magnetic field on R?, then
with respect to canonical variables (q, p), the Hamiltonian is

1 e . |2
H(q,p) = om HP - EAH . (7.6.1)

First we claim that we can obtain (7.6.1) via the Legendre transform if we
choose

) 1 . e .
L(q,q) = 5mal* + A4 (7.6.2)
Indeed, in this case,
oL e
=—=mq+-A 7.6.3
P =g =mat (7.6.3)

and
H(q,p)=p-9q—L(q,q)

. e .1 . e .
= (ma+A)-a-gmlal® - A4
c 2 c

1 .2 1 e 2
1 — L lp— —AH . 6.4
smllall” =5 Hp y (7.6.4)

Thus, the Euler-Lagrange equations for (7.6.2) reproduce the equations for
a particle in a magnetic field.3
Let the configuration space be

Qr =R3 x §* (7.6.5)

LAfter learning reduction theory (see Abraham and Marsden [1978] or Marsden
[1992]), the reader can revisit this construction, but here all the constructions are done
directly.

2This process is applicable to other situations as well; for example, in fluid dynam-
ics one can profitably introduce a variable conjugate to the conserved mass density or
entropy; see Marsden, Ratiu, and Weinstein [1984a, 1984b].

31f an electric field E = —V is also present, one simply subtracts ep from L, treating
ep as a potential energy, as in the next section.
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with variables (q,0). Define A = A’ a one-form on R?, and consider the
one-form

w=A+df (7.6.6)

on Qg called the connection one-form. Let the Kaluza—Klein La-
grangian be defined by

Lica,a,0,0) = gmllal” + 5 || (w (@ a,0.0)) |
= Smllal” + S(A -+ 0 (7.6.7)

The corresponding momenta are
p=md+ (A -q+0)A (7.6.8)
and
p=A-q+90. (7.6.9)

Since L is quadratic and positive definite in q and 6, the Euler—Lagrange
equations are the geodesic equations on R3 x S! for the metric for which
Lk is the kinetic energy. Since p is constant in time, as can be seen from the
Euler-Lagrange equation for (0, 0), we can define the charge e by setting

&
_°. 7.6.10
p=i ( )

then (7.6.8) coincides with (7.6.3). The corresponding Hamiltonian on 7*Q k
endowed with the canonical symplectic form is

1 1
Hi(a,p.0,p) = 5 —|p — PA|* + 5p*, (7.6.11)

With (7.6.10), (7.6.11) differs from (7.6.1) by the constant p?/2.

These constructions generalize to the case of a particle in a Yang—Mills
field, where w becomes the connection of a Yang-Mills field and its
curvature measures the field strength that, for an electromagnetic field,
reproduces the relation B = V x A. Also, the possibility of putting the in-
teraction in the Hamiltonian, or via a momentum shift, into the symplectic
structure, also generalizes. We refer to Wong [1970], Sternberg [1977], We-
instein [1978a], and Montgomery [1984] for details and further references.
Finally, we remark that the relativistic context is the most natural in which
to introduce the full electromagnetic field. In that setting the construction
we have given for the magnetic field will include both electric and mag-
netic effects. Consult Misner, Thorne, and Wheeler [1973] for additional
information.
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Exercises

7.6-1. The bob on a spherical pendulum has a charge e, mass m, and
moves under the influence of a constant gravitational field with acceler-
ation g, and a magnetic field B. Write down the Lagrangian, the Euler—
Lagrange equations, and the variational principle for this system. Trans-
form the system to Hamiltonian form. Find a conserved quantity if the field
B is symmetric about the axis of gravity.

7.7 Motion in a Potential Field

We now generalize geodesic motion to include potentials V' : @ — R. Recall
that the gradient of V is the vector field grad V = VV defined by the
equality

(grad V(q),v), = dV(q) - v, (7.7.1)
for all v € T,Q. In finite dimensions, this definition becomes

OV

(grad V)! = ¢* Bk (7.7.2)

Define the (weakly nondegenerate) Lagrangian L(v) = %<va>q - V(g).

A computation similar to the one in §7.5 shows that the Euler—Lagrange
equations are

4 =(q,q) — grad V(q), (7.7.3)

or in finite dimensions,
§ 4+ T " + g”% =0. (7.7.4)
q
The action of L is given by
A(v) = (v,v), (7.7.5)
so that the energy is
E(v) = A(v) — L(v) = 5 (v, v), +V(q). (7.7.6)
The equations (7.7.3) written as
¢=v, v=7(q,v)—gradV(q) (7.7.7)

are thus Hamiltonian with Hamiltonian function E with respect to the
symplectic form Q.
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Invariant Form. There are several ways to write equations (7.7.7) in
invariant form. Perhaps the simplest is to use the language of covariant
derivatives from the last section and to write

D¢
— =-VV .
i \Y (7.7.8)
or, what is perhaps better,
D¢
b
— =-d .
T V, (7.7.9)

where ¢" : TQ — T*Q is the map associated to the Riemannian metric.
This last equation is the geometric way of writing ma = F.
Another method uses the following terminology:

Definition 7.7.1. Let v, w € T;Q. The vertical lift of w with respect to
v 1s defined by

ver(w,v) = % (v+tw) € T,(TQ).
t=0

The horizontal part of a vector U € T,,(TQ) is T,7q(U) € T,Q. A vector
field is called vertical if its horizontal part is zero.

In charts, if v = (u,e), w = (u, f), and U = ((u, €), (e1, €2)), this defini-
tion says that

ver(w,v) = ((u,e), (0, f)) and T,7q(U) = (u,e1).

Thus, U is vertical iff e; = 0. Thus, any vertical vector U € T,(TQ) is the
vertical lift of some vector w (which in a natural local chart is (u, e2)) with
respect to v.

If S denotes the geodesic spray of the metric (, ) on T'Q, equations (7.7.7)
say that the Lagrangian vector field Z defined by L(v) = % (v, v), = Vi(q),
where v € T,Q, is given by

Z =8 —ver(VV), (7.7.10)
that is,
Z(v) = S(v) —ver((VV)(q),v). (7.7.11)

Remarks. In general, there is no canonical way to take the vertical part
of a vector U € T,,(T'Q)) without extra structure. Having such a structure is
what one means by a connection. In case @ is pseudo-Riemannian, such a
projection can be constructed in the following manner. Suppose, in natural
charts, that U = ((u, €), (€1, €2)). Define

chr - ((U, 6), (O’W(U)(elv 62) + 62))

where y(u) is the bilinear symmetric form associated to the quadratic form
~v(u,e) in e. ¢
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We conclude with some miscellaneous remarks connecting motion in a
potential field with geodesic motion. We confine ourselves to the finite-
dimensional case for simplicity.

Definition 7.7.2. Let g = (,) be a pseudo-Riemannian metric on Q
and let V : Q — R be bounded above. If e >V (q) for all ¢ € Q, define the
Jacobi metric g. by g. = (e — Vg, that is,

ge(v,w) = (e = V(q)) (v, w)
for all v,w € T,Q.

Theorem 7.7.3. Let Q be finite-dimensional. The base integral curves
of the Lagrangian L(v) = 1 (v,v) — V(q) with energy e are the same as
geodesics of the Jacobi metric with energy 1, up to a reparametrization.

The proof is based on the following proposition of separate interest.

Proposition 7.7.4. Let (P,Q) be a (finite-dimensional) symplectic man-
ifold, H, K € F(P), and assume that ¥ = H~'(h) = K=1(k) for h,k € R
regular values of H and K, respectively. Then the integral curves of X g
and X on the invariant submanifold ¥ of both Xy and Xk coincide up
to a reparametrization.

Proof. From Q(Xp(z),v) = dH(z) - v, we see that
Xi(2) € (ker dH (2))? = (T.%)*,

the symplectic orthogonal complement of 77, 3. Since
dim P = dim 7, ¥ + dim(7, %)

(see §2.3) and since T, has codimension one, (7,%)® has dimension one.
Thus, the nonzero vectors X (z) and Xk (z) are multiples of each other at
every point z € 3, that is, there is a smooth nowhere-vanishing function
A Y — R such that Xg(2) = M2)Xk(2) for all z € 3. Let ¢(t) be the
integral curve of X with initial condition ¢(0) = zo € X. The function

/ v dt

p = AT

o (Aoo)(t)

is a smooth monotone function and therefore has an inverse t — @(t) . If

d(t) = (co¢)(t), then d(0) = zy and

d'(t) = " (t)c' (o(t)) = ﬁXK(C(sO(t))) = (Ao c)(p) Xk (d(t))

= AMd() X (d(t)) = X g (d(t)),

that is, the integral curve of Xy through zj is obtained by reparametrizing
the integral curve of X through zg. |
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Proof of Theorem 7.7.3. Let H be the Hamiltonian for L, namely

1
H(g,p) = EHPHQ + V(q),

and let H, be that for the Jacobi metric:

Hela.p) = (e~ V(@) I
The factor (e —V(g)) ! occurs because the inverse metric is used for the
momenta. Clearly, H = e defines the same set as H. = 1, so the result
follows from Proposition 7.7.4 if we show that e is a regular value of H and
1 is a regular value of H,.. Note that if (¢,p) € H~!(e), then p # 0, since
e > V(q) for all ¢ € Q. Therefore, FH(q,p) # 0 for any (¢,p) € H *(e),
and hence dH (q,p) # 0, that is, e is a regular value of H. Since

. 1 _
FHe(q7p) = 5(6 - V(q)) 1FH(q7p)7
this also shows that

FH.(q,p) #0 forall (¢,p) € H_l(e) = H_l(l),

€

and thus 1 is a regular value of H.. |

7.8 The Lagrange—d’Alembert Principle

In this section we study a generalization of Lagrange’s equations for me-
chanical systems with exterior forces. A special class of such forces is dis-
sipative forces, which will be studied at the end of this section.

Force Fields. Let L : TQ — R be a Lagrangian function, let Z be
the Lagrangian vector field associated to L, assumed to be a second-order
equation, and denote by 7o : TQ — (@ the canonical projection. Recall
that a vector field Y on T'Q) is called vertical if T'Tg oY = 0. Such a vector
field Y defines a one-form AY on T'Q by contraction with

AY = —iyQr, =Y 1Qp.

Proposition 7.8.1. If Y is vertical, then AY is a horizontal one-
form, that is, AY (U) = 0 for any vertical vector field U on TQ. Con-
versely, given a horizontal one-form A on TQ, and assuming that L is
reqular, the vector field Y on TQ, defined by A = —iy Q) , is vertical.

Proof. This follows from a straightforward calculation in local coordi-
nates. We use the fact that a vector field Y (u,e) = (Y1(u,e),Ya(u,e)) is
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vertical if and only if the first component Y7 is zero, and the local formula
for Q, derived earlier:

Qr(u,e)(Y1,Ya), (Uy, Uz))
= Dl(DgL(u, e) . Yi) . U1 — D1(D2L(u, 6) . U1) . Y1
+ DQDQL(U, 6) Y, -Us — DQDQL(U, 6) -Uy - Ys. (781)

This shows that (iy$2.)(U) = 0 for all vertical U is equivalent to
DQDQL('LL, €)(U2, Yl) = 0

If Y is vertical, this is clearly true. Conversely, if L is regular and the last
displayed equation is true, then Y7 =0, so Y is vertical. |

Proposition 7.8.2.  Any fiber-preserving map F' : TQ) — T*Q over the
identity induces a horizontal one-form F on TQ by

F(v) -V, = (F(v), Tyrq(Vu)) (7.82)

where v € TQ and V,, € T,(T'Q). Conversely, formula (7.8.2) defines, for
any horizontal one-form F,a fiber-preserving map F' over the identity. Any
such F is called a force field, and thus, in the reqular case, any vertical
vector field Y is induced by a force field.

Proof. Given F, formula (7.8.2) clearly defines a smooth one-form F on
TQ. If V, is vertical, then the right-hand side of formula (7.8.2) vanishes,
and so F' is a horizontal one-form. Conversely, given a horizontal one-form
F on TQ and given v, w € T,Q, let V,, € T,(TQ) be such that T,,7(V,,) = w.
Then define F by formula (7.8.2); that is, (F(v),w) = F(v)-V,. Since F is
horizontal, we see that F' is well-defined, and its expression in charts shows
that it is smooth. [ |

Treating AY as the exterior force one-form acting on a mechanical system
with a Lagrangian L, we now will write the governing equations of motion.

The Lagrange—d’Alembert Principle. First, we recall the definition
from Vershik and Faddeev [1981] and Wang and Krishnaprasad [1992].

Definition 7.8.3. The Lagrangian force associated with a Lagrangian
L and a given second-order vector field (the ultimate equations of motion)
X is the horizontal one-form on TQ defined by

&, (X) =ixQy — dE. (7.8.3)

Given a horizontal one-form w (referred to as the exterior force one-
form), the local Lagrange—d’Alembert principle associated with the
second-order vector field X on T'Q states that

O, (X)+w=0. (7.8.4)



7.8 The Lagrange—d’Alembert Principle 207

It is easy to check that @ (X) is indeed horizontal if X is second-order.
Conversely, if L is regular and if ®(X) is horizontal, then X is second-
order.

One can also formulate an equivalent principle in terms of variational
principles.

Definition 7.8.4. Given a Lagrangian L and a force field F, as defined
in Proposition 7.8.2, the integral Lagrange—d’Alembert principle for
a curve q(t) in Q is

b b
5/ L(q(t),q'(t))dtJr/ F(q(t),q(t)) - dgdt =0, (7.8.5)

where the variation is given by the usual expression

b b oL . 0L d .
L y = . ? : g
5/a (q(t),4(t)) dt / (an(Sq aF el ) dt

b
L d oL\ _,
= /a (8ql — E@Tf) 5(1 dt (786)

for a given variation dq (vanishing at the endpoints).

The two forms of the Lagrange-d’Alembert principle are in fact equiva-
lent. This will follow from the fact that both give the Euler-Lagrange equa-
tions with forcing in local coordinates (provided that Z is second-order).
We shall see this in the following development.

Proposition 7.8.5. Let the exterior force one-form w be associated to a
vertical vector field Y, that is, let w = AY = —iyQp. Then X = Z +Y
satisfies the local Lagrange—d’Alembert principle. Conversely, if, in addi-
tion, L is regular, the only second-order vector field X satisfying the local
Lagrange—d’Alembert principle is X = Z +Y .

Proof. For the first part, the equality ®1,(X)+4w = 0 is a simple verifica-
tion. For the converse, we already know that X is a solution, and uniqueness
is guaranteed by regularity. [ |

To develop the differential equations associated to X = Z + Y, we take
w = —iyQ; and note that in a coordinate chart, Y (q,v) = (0,Y2(q,v)),
since Y is vertical, that is, Y3 = 0. From the local formula for €1, we get

w(qv U) : (U, ’LU) = D2D2L(q7 U) : }/Q(qv U) s u. (787)
Letting X (q,v) = (v, X2(q,v)), one finds that

Pr(X)(q,v) - (u,w)
= (—D1(D2L(q,v)-) - v — D2D3L(q,v) - X2(g,v) + D1L(q,v)) - u.
(7.8.8)
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Thus, the local Lagrange—d’Alembert principle becomes
(=D1(D2L(gq,v)-) - v — D2D2L(g,v) - Xa(q,v) + D1L(q,v)
+ DyDsL(g,v) - Ya(q,v)) =0. (7.8.9)

Setting v = dg/dt and Xs(q,v) = dv/dt, the preceding relation and the
chain rule give

d
EDQL(lLU) - DlL(Qa ’U) = DQDQL(q7U) : Y2(qvv)’ (7810)
which in finite dimensions reads
d (0L oL 0*L .
— (== ) = == = ——=-Y(¢", ¢"). 7.8.11
dt (aqz) ag ~ dgiag) @) (7:8.11)
The force one-form AY is therefore given by
2
AY (¢, ") = ———=YI(¢*, ¢*) dg' 7.8.12
(0", 0) = Gargq ¥ (@ 4) dd’, ( )
and the corresponding force field is
. 9%L .
FY = (¢, ——=-Yi(¢",¢")) . 7.8.13
<q agaq ) (44 )) ( )

Thus, the condition for an integral curve takes the form of the standard
Euler-Lagrange equations with forces:

d (OL\ 0L v, 4 &

Since the integral Lagrange—-d’Alembert principle gives the same equations,
it follows that the two principles are equivalent. From now on, we will refer
to either one as simply the Lagrange—d’Alembert principle.

We summarize the results obtained so far in the following:

Theorem 7.8.6. Given a reqular Lagrangian and a force field F : TQ —
T*Q, for a curve q(t) in Q the following are equivalent:

(i) q(t) satisfies the local Lagrange—d’Alembert principle;
(ii) q(t) satisfies the integral Lagrange—d’Alembert principle; and

(iil) q(t) is the base integral curve of the second-order equation Z +Y,
where Y is the vertical vector field on T'Q inducing the force field I
by (7.8.13), and Z is the Lagrangian vector field on L.

The Lagrange-d’Alembert principle plays a crucial role in monholo-
nomic mechanics, such as mechanical systems with rolling constraints.
See, for example, Bloch, Krishnaprasad, Marsden, and Murray [1996] and
references therein.
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Dissipative Forces. Let E denote the energy defined by L, that is,
E = A— L, where A(v) = (FL(v), v) is the action of L.

Definition 7.8.7. A wvertical vector field Y on T'Q is called weakly dis-
sipative if (AE,Y) < 0 at all points of TQ. If the inequality is strict off
the zero section of T'Q, then Y is called dissipative. A dissipative La-
grangian system on T'Q is a vector field Z+Y , for Z a Lagrangian vector
field and Y a dissipative vector field.

Corollary 7.8.8. A wertical vector field Y on TQ is dissipative if and
only if the force field FY that it induces satisfies (FY (v),v) < 0 for all
nonzero v € TQ (< 0 for the weakly dissipative case).

Proof. Let Y be a vertical vector field. By Proposition 7.8.1, Y induces
a horizontal one-form AY = —iyQ; on TQ, and by Proposition 7.8.2 , AY
in turn induces a force field F'Y given by

(FY (v),w) = AY (v) -V, = =Q(v)(Y (v), V), (7.8.15)

where T'7g(V,) = w and V,, € T,(TQ). If Z denotes the Lagrangian system
defined by L, we get

since Z is a second-order equation. Thus, dE - Y < 0 if and only if
(FY (v),v) <0 for all v € TQ. [ |

Definition 7.8.9. Given a dissipative vector field Y on TQ, let FY :
TQ — T*Q be the induced force field. If there is a function R : TQ — R
such that FY s the fiber derivative of —R, then R is called o Rayleigh
dissipation function.

Note that in this case, Do R(g,v) - v > 0 for the dissipativity of Y. Thus,
if R is linear in the fiber variable, the Rayleigh dissipation function takes
on the classical form (R(q)v,v), where R(q) : TQ — T*Q is a bundle map
over the identity that defines a symmetric positive definite form on each
fiber of T'Q.

Finally, if the force field is given by a Rayleigh dissipation function R,
then the Euler-Lagrange equations with forcing become

d (0L oL OR
EARE ] 8
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Combining Corollary 7.8.8 with the fact that the differential of E along
Z is zero, we find that under the flow of the Euler—-Lagrange equations with
forcing of Rayleigh dissipation type, we have

%E(q,v) = F(v)-v=—-FR(q,v) - v <0. (7.8.17)

Exercises

7.8-1. What is the power or rate of work equation (see §2.1) for a system
with forces on a Riemannian manifold?

7.8-2. Write the equations for a ball in a rotating hoop, including friction,
in the language of this section (see §2.8). Compute the Rayleigh dissipation
function.

7.8-3. Consider a Riemannian manifold @ and a potential function V :
@ — R. Let K denote the kinetic energy function and let w = —dV. Show
that the Lagrange—d’Alembert principle for K with external forces given
by the one-form w produces the same dynamics as the standard kinetic
minus potential Lagrangian.

7.9 The Hamilton—Jacobi Equation

In §6.5 we studied generating functions of canonical transformations. Here
we link them with the flow of a Hamiltonian system via the Hamilton—
Jacobi equation. In this section we approach Hamilton—Jacobi theory from
the point of view of extended phase space. In the next chapter we will have
another look at Hamilton—Jacobi theory from the variational point of view,
as it was originally developed by Jacobi [1866]. In particular, we will show
in that section, roughly speaking, that the integral of the Lagrangian along
solutions of the Euler-Lagrange equations, but thought of as a function of
the endpoints, satisfies the Hamilton—Jacobi equation.

Canonical Transformations and Generating Functions. We con-
sider a symplectic manifold P and form the extended phase space P x R.
For our purposes in this section, we will use the following definition. A
time-dependent canonical transformation is a diffeomorphism

p:PxR—PxR
of the form
p(z7t) = (pt(z)at)v

where for each t € R, p; : P — P is a symplectic diffeomorphism.
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In this section we will specialize to the case of cotangent bundles, so
assume that P = T*Q for a configuration manifold Q. For each fixed t, let
St : Q@ X Q — R be the generating function for a time-dependent symplectic
map, as described in §6.5. Thus, we get a function S : @ x QxR — R defined
by S(q1,q2,t) = Si(q1,q2). As explained in §6.5, one has to be aware that in
general, generating functions are defined only locally, and indeed, the global
theory of generating functions and the associated global Hamilton—Jacobi
theory is more sophisticated. We will give a brief (optional) introduction
to this general theory at the end of this section. See also Abraham and
Marsden [1978, Section 5.3] for more information and references. Since our
goal in the first part of this section is to give an introductory presentation
of the theory, we will do many of the calculations in coordinates.

Recall that in local coordinates, the conditions for a generating function
are written as follows. If the transformation v has the local expression

1/} : (qlvp“t) = (qiapivt)v
with inverse denoted by
¢ : (alaﬁmt) = (qi,pi,t),

and if S(q¢*, @, t) is a generating function for 1), we have the relations

a5 as
D = ——— d p,=—. 7.9.1
po= g and = oo (79.1)
From (7.9.1) it follows that
; ;08 . 08 _,
i dq' =p,; dq" ~dq' + —dq’
pidg' =D q+anQ+aqlq
=7p;dq" — 95 +dS, (7.9.2)
ot
where d.S is the differential of S as a function on @ x @ x R:
os ., 0S8 _, 0S
dS = —dq’ -dq" + —dt.
5= 501 T o T

Let K : T*Q x R — R be an arbitrary function. From (7.9.2) we get the
following basic relationship:

pidg’ = K(¢',pi,t) dt =, dg" — K(¢',p;,t) dt +dS(q',7,1),  (7.9.3)
where K(q',p;,t) = K(¢',ps,t) + 9S(q, 7', t)/0t. If we define
Ok = p;dq' — K dt, (7.9.4)
then (7.9.3) is equivalent to
O =Y 05 +¢¥*dS, (7.9.5)
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where ¢ : T%Q x R — @ x @ x R is the map
(@', pist) = (¢4 (¢, Py 1), 1)
By taking the exterior derivative of (7.9.3) (or (7.9.5)), it follows that
dg' A dp; +dK Adt = dg' A dp; + dK A dt. (7.9.6)
This may be written as
Qg = O, (7.9.7)

where Qi = —dOx = dq’ A dp; + dK A dt.

Recall from Exercise 6.2-3 that given a time-dependent function K and
associated time-dependent vector field X on T*Q, the vector field X =
(Xk,1) on T*@Q x R is uniquely determined (among all vector fields with a
1 in the second component) by the equation i K Qg = 0. From this relation
and (7.9.7), we get

0= ulig, Qx) =1y (2,00 0x =1y, (x,00%

Since 1 is the identity in the second component, that is, it preserves time,
the vector field 1, (X ) has a 1 in the second component, and therefore by
uniqueness of such vector fields we get the identity

. (Xk) = Xz (7.9.8)

The Hamilton—Jacobi Equation. The data we shall need are a Hamil-
tonian H and a generating function S, as above.

Definition 7.9.1. Given a time-dependent Hamiltonian H and a trans-
formation 1 with generating function S as above, we say that the Hamilton—
Jacobi equation holds if

oS oS s, ,
H(q¢,. . ¢ =—,. .., —.t)+—=—(¢" 7, t) =0, 7.9.9

(q, X ’8q”’>+8t(q’q ) (7.9.9)
in which 3S/9q" are evaluated at (¢*,q',t) and in which the @' are regarded
as constants.

The Hamilton-Jacobi equation may be regarded as a nonlinear partial
differential equation for the function S relative to the variables (¢, ... ,¢",t)
depending parametrically on (g',...,g").

Definition 7.9.2.  We say that the map 1 transforms a vector field
X to equilibrium if

. X = (0,1). (7.9.10)
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If ¢ transforms X to equilibrium, then the integral curves of X with
initial conditions (g, pY,to) are given by

(qz(t)7pz(t)7t) = w_l(qi(qéapgat0)7]3i(q67p?7t0>7t + t0)7 (7911>

since the integral curves of the constant vector field (0,1) are just straight
lines in the ¢-direction and since ¢ maps integral curves of X to those of
(0,1). In other words, if a map transforms a vector field X to equilibrium,
the integral curves of X are represented by straight lines in the image space,
and so the vector field has been “integrated.”

Notice that if ¢ is the inverse of ¥, then ¢; is the flow of the vector field
X in the usual sense.

Theorem 7.9.3 (Hamilton—Jacobi).

(i) Suppose that S satisfies the Hamilton—Jacobi equation for a given
time-dependent Hamiltonian H and that S generates a time-dependent
canonical transformation 1. Then 1 transforms Xp to equilibrium.
Thus, as explained above, the solution of Hamilton’s equations for H
are given in terms of ¥ by (7.9.11).

(ii) Conwersely, if v is a time-dependent canonical transformation with
generating function S that transforms Xp to equilibrium, then there
is a function S, which differs from S only by a function of t that also
generates 1, and satisfies the Hamilton—Jacobi equation for H.

Proof. To prove (i), assume that S satisfies the Hamilton—Jacobi equa-
tion. As we explained above, this means that H = 0. From (7.9.8) we get

Ve Xy = Xz = (0,1).

This proves the first statement.
To prove the converse (ii), assume that

¢*XH = (07 1)7
and so, again by (7.9.8),
X5 = Xo = (0,1),

which means that H is a constant relative to the variables (7',p;) (its
Hamiltonian vector field at each instant of time is zero) and thus H = f(t),
a function of time only. We can then modify S to S=85—-F , where
F(t) = ft f(s)ds. This function, differing from S by a function of time
alone, generates the same map . Since

0=H— f(t)=H + 98/t — dF/dt = H + 8S/dt,

and 0S/0q" = a8 /0qt, we see that S satisfies the Hamilton—Jacobi equation
for H. |



214 7. Lagrangian Mechanics

Remarks.

1. In general, the function S develops singularities, or caustics, as time
increases, so it must be used with care. This process is, however, fundamen-
tal in geometric optics and in quantization. Moreover, one has to be careful
with the sense in which S generates the identity at ¢ = 0, as it might have
singular behavior in ¢.

2. Here is another link between the Lagrangian and Hamiltonian view of
the Hamilton—Jacobi theory. Define S for ¢ close to a fixed time ty by the
action integral

S(q 4 1) = / L(q (), d(s), ) ds,

to

where ¢'(s) is the solution of the Euler-Lagrange equation equaling §* at
time ¢ and equaling ¢* at time t. We will show in §8.2 that S satisfies the
Hamilton—Jacobi equation. See Arnold [1989, Section 4.6] and Abraham
and Marsden [1978, Section 5.2] for more information.

3. If H is time-independent and W satisfies the time-independent Ham-
ilton—Jacobi equation
. OW
H(|¢,— |=FE
(527 -

then S(¢,q",t) = W(q",q') — tE satisfies the time-dependent Hamilton—
Jacobi equation, as is easily checked. When using this remark, it is impor-
tant to remember that E is not really a “constant,” but it equals H (g, D),
the energy evaluated at (g, D), which will eventually be the initial condi-
tions. We emphasize that one must generate the time ¢-map using S rather
than W.

4. The Hamilton-Jacobi equation is fundamental in the study of the
quantum-—classical relationship, which is described in the Internet supple-
ment for Chapter 7.

5. The action function S is a key tool used in the proof of the Liouville—
Arnold theorem, which gives the existence of action angle coordinates for
systems with integrals in involution; see Arnold [1989] and Abraham and
Marsden [1978] for details.

6. The Hamilton—Jacobi equation plays an important role in the develop-
ment of numerical integrators that preserve the symplectic structure (see de
Vogelaére [1956], Channell [1983], Feng [1986], Channell and Scovel [1990],
Ge and Marsden [1988], Marsden [1992], and Wendlandt and Marsden
[1997]).
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7. The method of separation of variables. It is sometimes possible
to simplify and even solve the Hamilton—Jacobi equation by what is often
called the method of separation of variables. Assume that in the Hamilton—
Jacobi equation the coordinate ¢! and the term 9S5/dq* appear jointly in
some expression f(q',d5/0q") that does not involve ¢2, ... ,¢",t. That is,
we can write H in the form

H(qlqua"' 7qn7p17p27"~ 7pn) = g(f(qupl),QQ,--- aqn7p2a"' apn)

for some smooth functions f and H. Then one seeks a solution of the
Hamilton—Jacobi equation in the form

S(qzvqlat) = Sl<qlvql) +§(q25 aqnaQQa"- aan)

We then note that if S; solves
051
1 _ C —1
f (q ’—aq1> @)

for an arbitrary function C(g"') and if S solves

a8 aS) 95 _,

H<C(61)vq27-~7qn,8—q2,.‘.,@ +§_

then S solves the original Hamilton—Jacobi equation. In this way, one of
the variables is eliminated, and one tries to repeat the procedure.

A closely related situation occurs when H is independent of time and
one seeks a solution of the form

S(¢" @', t) = W(q',q") + Si ().

The resulting equation for S; has the solution S;(t) = —FEt, and the re-
maining equation for W is the time-independent Hamilton—-Jacobi equation
as in Remark 3.

If ¢' is a cyclic variable, that is, if H does not depend explicitly on
q', then we can choose f(q',p1) = p1, and correspondingly, we can choose
S1(q¢") = C(g*)q". In general, if there are k cyclic coordinates ¢*, ¢, ... , ¢~,
we seek a solution to the Hamilton—Jacobi equation of the form

k
S(ql7ql7t) = ch(qj)q‘] + S(qk+17 A 7qn’ak+17 R 7an7t)7
j=1
with p; = Ci(q"), i = 1,... , k, being the momenta conjugate to the cyclic

variables. ¢
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The Geometry of Hamilton—Jacobi Theory (Optional). Now we
describe briefly and informally some additional geometry connected with
the Hamilton-Jacobi equation (7.9.9). For each = = (¢',t) € Q = Q x
R, dS(z) is an element of the cotangent bundle T*Q. We suppress the
dependence of S on @ for the moment, since it does not play an immediate
role. As z varies in Q, the set {dS(z) | # € Q} defines a submanifold of
T*Q that in terms of coordinates is given by p; = 05/0¢" and p = 8S/0t;
here the variables conjugate to ¢ are denoted by p; and that conjugate to ¢
is denoted by p. We will write §; = p; for i =1,2,... ,n and &,+1 = p. We
call this submanifold the range, or graph, of dS (either term is appropriate,
depending on whether one thinks of dS as a mapping or as a section of a
bundle) and denote it by graph d.S C T*Q. The restriction of the canonical
symplectic form on T*Q to graphdsS is zero, since

n+1 n+1 85 n+1 825

) B ) B ) & B
E da? NdE; = E dx’? /\da—xj = E dz’ A dx DTk 0
j=1 Jj=1 J,k=1

Moreover, the dimension of the submanifold graphdsS is half of the di-
mension of the symplectic manifold T*Q. Such a submanifold is called
Lagrangian, as we already mentioned in connection with generating func-
tions (§6.5). What is important here is that the projection from graphdS
to Q is a diffeomorphism, and even more, the converse holds: If A ¢ T*Q is
a Lagrangian submanifold of T*(Q such that the projection on Q is a diffeo-
morphism in a neighborhood of a point A € A, then in some neighborhood
of A we can write A = graph dy for some function . To show this, notice
that because the projection is a diffeomorphism, A is given (around \) as a
submanifold of the form (z7, pj(x)). The condition for A to be Lagrangian
requires that on A,

n+1

> dad AdE; =0,

Jj=1

that is,

n+1 ap ap
j _ : J E _q.
;:1 dz’ Ndpj(z) =0, ie, 9k D 0;

thus, there is a ¢ such that p; = 9p/0z7, which is the same as A =
graph dy. The conclusion of these remarks is that Lagrangian submanifolds
of T*Q are natural generalizations of graphs of differentials of functions on
Q. Note that Lagrangian submanifolds are defined even if the projection
to Q is not a diffeomorphism. For more information on Lagrangian mani-
folds and generating functions, see Abraham and Marsden [1978], Weinstein
[1977], and Guillemin and Sternberg [1977].
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From the point of view of Lagrangian submanifolds, the graph of the
differential of a solution of the Hamilton—Jacobi equation is a Lagrangian
submanifold of T*Q that is contained in the surface Hy C T*Q defined
by the equation H := p+ H(q',p;,t) = 0. Here, as above, p = &, is the
momentum conjugate to t. This point of view allows one to include solutions
that are singular in the usual context. This is not the only benefit: We also
get more insight in the content of the Hamilton—Jacobi Theorem 7.9.3.
The tangent space to Hy has dimension 1 less than the dimension of the
symplectic manifold T*Q, and it is given by the set of vectors X such
that (dp + dH)(X) = 0. If a vector Y is in the symplectic orthogonal of
T(Jc,g)(ﬁo), that iS,

n+1

> (da? AdE;)(X,Y) =0

j=1
for all X € T(I,g)(go)7 then Y is a multiple of the vector field

0 OH 0
T T T
evaluated at (z,&). Moreover, the integral curves of X 5 projected to (¢, p;)
are the solutions of Hamilton’s equations for H.

The key observation that links Hamilton’s equations and the Hamilton—
Jacobi equation is that the vector field X gz, which is obviously tangent to
Hy, 18, moreover, tangent to any Lagrangian submanifold contained in H,
(the reason for this is a very simple algebraic fact given in Exercise 7.9-

3). This is the same as saying that a solution of Hamilton’s equations for
H is either disjoint from a Lagrangian submanifold contained in Hy or
completely contained in it. This gives a way to construct a solution of
the Hamilton—Jacobi equation starting from an initial condition at ¢t = t,.
Namely, take a Lagrangian submanifold Ay in 7%Q and embed it in 7*Q
at t =ty using

(¢',pi) = ('t = to,pi,p = —H(q", pi, t0)).

The result is an isotropic submanifold Ay C T*Q, that is, a submanifold
on which the canonical form vanishes. Now take all integral curves of X 5
whose initial conditions lie in Ao . The collection of these curves spans a
manifold A whose dimension is one higher than A, . It is obtained by flowing
AO along X 7; that is, A = UsA;, where Ay = (I)t(AO) and ®; is the flow of

. Since X 5 is tangent to Hy and Ay C Hy, we get A, C Hy and hence
A C H. Since the flow ®; of X 7 is a canonical map, it leaves the symplectic
form of T*(Q invariant and therefore takes an isotropic submanifold into an
isotropic one; in particular, A, is an isotropic submanifold of T*Q. The
tangent space of A at some A € A; is a direct sum of the tangent space of
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A, and the subspace generated by X ;. Since the first subspace is contained
in T\ Hy and the second is symplectically orthogonal to T\Hy, we see that
A is also an isotropic submanifold of 7*Q. But its dimension is half that of
T*Q, and therefore A is a Lagrangian submanifold contained in Hy, that
is, it is a solution of the Hamilton—-Jacobi equation with initial condition
AO at t = to.

Using the above point of view it is easy to understand the singularities
of a solution of the Hamilton—Jacobi equation. They correspond to those
points of the Lagrangian manifold solution where the projection to Q is not
a local diffeomorphism. These singularities might be present in the initial
condition (that is, Ag might not locally project diffeomorphically to @), or
they might appear at later times by folding the submanifolds A; as t varies.
The projection of such a singular point to Q is called a caustic point of the
solution. Caustic points are of fundamental importance in geometric optics
and the semiclassical approximation of quantum mechanics. We refer to
Abraham and Marsden [1978, Section 5.3] and Guillemin and Sternberg
[1984] for further information.

Exercises

7.9-1. Solve the Hamilton—Jacobi equation for the harmonic oscillator.
Check directly the validity of the Hamilton—Jacobi theorem (connecting the
solution of the Hamilton—Jacobi equation and the flow of the Hamiltonian
vector field) for this case.

7.9-2. Verify by direct calculation the following. Let W (q,q) and

p2

H(q.p) = om T V(q)

be given, where ¢,p € R. Show that for p # 0,
1

— (W) +V =E

S (W) +

and ¢ = p/m if and only if (¢, W,(q,q)) satisfies Hamilton’s equation with
energy E.

7.9-3. Let (V,Q) be a symplectic vector space and W C V be a linear
subspace. Recall from §2.4 that
We={veV|Quv,w)=0foralwecW}

denotes the symplectic orthogonal of W. A subspace L C V is called La-
grangian if L = L. Show that if L C W is a Lagrangian subspace, then
W cC L.

7.9-4. Solve the Hamilton—Jacobi equation for a central force field. Check
directly the validity of the Hamilton—Jacobi theorem.
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8

Variational Principles, Constraints,
and Rotating Systems

This chapter deals with two related topics: constrained Lagrangian (and
Hamiltonian) systems and rotating systems. Constrained systems are illus-
trated by a particle constrained to move on a sphere. Such constraints that
involve conditions on the configuration variables are called “holonomic.”?
For rotating systems, one needs to distinguish systems that are viewed
from rotating coordinate systems (passively rotating systems) and systems
that themselves are rotated (actively rotating systems—such as a Foucault
pendulum and weather systems rotating with the Earth). We begin with a
more detailed look at variational principles, and then we turn to a version
of the Lagrange multiplier theorem that will be useful for our analysis of
constraints.

8.1 A Return to Variational Principles

In this section we take a closer look at variational principles. Technicalities
involving infinite-dimensional manifolds prevent us from presenting the full
story from that point of view. For these, we refer to, for example, Smale
[1964], Palais [1968], and Klingenberg [1978]. For the classical geometric
theory without the infinite-dimensional framework, the reader may consult,

Hn this volume we shall not discuss “nonholonomic” constraints such as rolling con-
straints. We refer to Bloch, Krishnaprasad, Marsden, and Murray [1996], Koon and
Marsden [1997b], and Zenkov, Bloch, and Marsden [1998] for a discussion of nonholo-
nomic systems and further references.
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for example, Bolza [1973], Whittaker [1927], Gelfand and Fomin [1963], or
Hermann [1968].

Hamilton’s Principle. We begin by setting up the space of paths join-
ing two points.

Definition 8.1.1. Let Q be a manifold and let L : TQ) — R be a regular
Lagrangian. Fiz two points g1 and g2 in Q and an interval [a,b], and define
the path space from q; to g2 by

Q(q1’q27 [avb])
={c:[a,b] = Q| cisaC? curve, cla) = qi, c(b) =q2} (8.1.1)

and the map & : Q(q1, g2, [a,b]) — R by

b
S(c) = / L(c(t), é(t)) dt.

What we shall not prove is that Q(q1, g2, [a, b]) is a smooth infinite-dimen-
sional manifold. This is a special case of a general result in the topic of
manifolds of mappings, wherein spaces of maps from one manifold to an-
other are shown to be smooth infinite-dimensional manifolds. Accepting
this, we can prove the following.

Proposition 8.1.2. The tangent space T.2(q1, g2, [a,b]) to the manifold
Q(q1, g2, [a,b]) at a point, that is, a curve ¢ € Q(q1,qo, [a,b]), is the set of
C? maps v : [a,b] — TQ such that 7gov = ¢ and v(a) = 0, v(b) = 0, where
70 : TQ — Q denotes the canonical projection.

Proof. The tangent space to a manifold consists of tangents to smooth
curves in the manifold. The tangent vector to a curve ¢y € Q(q1, g2, [a, b])
with ¢y = ¢ is

d

V= —-C)

- (8.1.2)

A=0
However, ¢y (t), for each fixed ¢, is a curve through cy(t) = ¢(t). Hence

d
JCA(t)

A=0

is a tangent vector to @ based at c(t). Hence v(t) € T4 @; that is, Tgov = c.
The restrictions c¢y(a) = ¢; and ¢y (b) = ¢o lead to v(a) = 0 and v(b) = 0,
but otherwise v is an arbitrary C? function. |

One refers to v as an infinitesimal variation of the curve ¢ subject to
fixed endpoints, and we use the notation v = dc. See Figure 8.1.1.

Now we can state and sketch the proof of a main result in the calculus
of variations in a form due to Hamilton [1834].
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q(t) dq(1)

FIGURE 8.1.1. The variation d¢g(t) of a curve ¢(t) is a field of vectors tangent to
the configuration manifold along that curve.

Theorem 8.1.3 (Variational Principle of Hamilton). Let L be a Lagrang-
ian on TQ. A curve ¢ : [a,b] — Q joining q1 = co(a) to g = co(b) satisfies
the Euler—Lagrange equations

d (0L oL
Sy =2 (8.1.3)
dt \ 0¢" aq"

if and only if co is a critical point of the function & : Q(q1, g2, [a,b]) — R,

that is, dS(co) = 0. If L is reqular, either condition is equivalent to ¢
being a base integral curve of Xg.

As in §7.1, the condition d&(cp) = 0 is denoted by

b
5 / L(co(t), éo(t)) dt = 0; (8.1.4)

that is, the integral is stationary when it is differentiated with ¢ regarded
as the independent variable.

Proof. We work out d&(c) - v just as in §7.1. Write v as the tangent to
the curve ¢y in Q(q1, g2, [a,b]) as in (8.1.2). By the chain rule,

d d [?
d L= — - ¢
S(e) - v S(cy) T,

d\ Lex(t), ex(t)) dt

(8.1.5)

A=0

Differentiating (8.1.5) under the integral sign, and using local coordinates,?

we get
b
oL , OL
dS(c)-v = /a <8qiv + 8qiv ) dt. (8.1.6)

2If the curve co(t) does not lie in a single coordinate chart, divide the curve ¢(t) into
a finite partition each of whose elements lies in a chart and apply the argument below.
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Since v vanishes at both ends, the second term in (8.1.6) can be integrated
by parts to give
b
oL doL\
dS(c) - v = / (—z - ——_i) v" dt. (8.1.7)
Now, d&(c) = 0 means that d&(c)-v = 0 for all v € T.Q(q1, g2, [a, b]). This

holds if and only if
oL d [(OL
- — — = 1.
i (5 ) =0 (318)

oq* oq*

since the integrand is continuous and v is arbitrary, except for v = 0 at the
ends. (This last assertion was proved in Theorem 7.3.3.) |

The reader can check that Hamilton’s principle proceeds virtually un-
changed for time-dependent Lagrangians. We shall use this remark below.

The Principle of Critical Action. Next we discuss variational prin-
ciples with the constraint of constant energy imposed. To compensate for
this constraint, we let the interval [a, b] be variable.

Definition 8.1.4. Let L be a reqular Lagrangian and let ¥, be a regular
energy surface for the energy E of L, that is, e is a regular value of E
and X, = E71(e). Let q1,q2 € Q and let [a,b] be a given interval. Define
Q(q1,q2, [a,b],e) to be the set of pairs (7,c), where T : [a,b] — R is C?,
satisfies 7 > 0, and where c : [T(a), 7(b)] — Q is a C? curve with

c(r(a)) = q, c(7(b) = g2,

and
E (c((t)),e(r(t)) = e, for all t € [a,b].

Arguing as in Proposition 8.1.2, computation of the derivatives of curves
(T, ) iIn Q(q1, g2, [a, b], ) shows that the tangent space to Q(q1, g2, [a, b], €)
at (7,c) consists of the space of pairs of C? maps

a:la,b) =R and wv:[r(a),7(b)] = TQ

such that v(t) € Te4) @,

(8.1.9)
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Theorem 8.1.5 (Principle of Critical Action). Let co(t) be a solution of
the Fuler-Lagrange equations and let ¢ = co(a) and qa = co(b). Let e be
the energy of co(t) and assume that it is a regular value of E. Define the
map A : Q(q1,q2,[a,b],e) = R by

~(b)
A(r,c) —/() A(c(t), é(t)) dt, (8.1.11)

where A is the action of L. Then
dA(Id, ¢o) = 0, (8.1.12)

where Id is the identity map. Conversely, if (Id,co) is a critical point of
A and co has energy e, a reqular value of E, then ¢y is a solution of the
FEuler—Lagrange equations.

In coordinates, (8.1.11) reads

"0 gr o)
A(T,¢) z/ a,iq'l dt:/ p; dq’, (8.1.13)
7(a) q 7(a)

the integral of the canonical one-form along the curve v = (¢, ¢). Being the
line integral of a one-form, A(r,¢) is independent of the parametrization
7. Thus, one may think of A as defined on the space of (unparametrized)
curves joining ¢; and ¢o.

Proof. If the curve ¢ has energy e, then
7(b) o
Are) = [ Ll +elat
7(a)
Differentiating A with respect to 7 and ¢ by the method of Theorem 8.1.3
gives
dA(1d, cp) - (0, 0)
= a(b) [L(co(b), co(b)) + €] — ala) [L(co(a), éo(a)) + €]

b /oL . i oL ) y
+/a ((“)qi (co(t), co(t))v"(t) + o0 (co(t), co(t))0 (t)) dt. (8.1.14)

Integrating by parts gives
dA(Id, ¢o) - (v, v)

_ [a(t) [L(co(t), éo(t)) + €] + g—;(co(t),éo(t))v"(t)}

b

a

b (0L . d oL . Z_
+/a (aqi (co(t); co(t)) — %@(Co(t)ﬂ:o(t))) vi(t)dt.  (8.1.15)
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Using the boundary conditions v = —¢a, noted in the description of the tan-
gent space T(1q,c,)2(q1, g2, [a, ], e) and the energy constraint (OL/0¢")¢" —
L = e, the boundary terms cancel, leaving

broL  d oL\
dA(Id, co) - (a,v) = / (g_ql - ag_q’> v' dt.

However, we can choose v arbitrarily; notice that the presence of « in the
linearized energy constraint means that no restrictions are placed on the
variations v’ on the open set where ¢ # 0. The result therefore follows. W

(8.1.16)

If L = K-V, where K is the kinetic energy of a Riemannian metric, then
Theorem 8.1.5 states that a curve ¢q is a solution of the Euler-Lagrange
equations if and only if

b
(56/ QK(CQ,éQ) dt = 0, (8.1.17)

where J, indicates a variation holding the energy and endpoints but not the
parametrization fixed; this is symbolic notation for the precise statement
in Theorem 8.1.5. Using the fact that K > 0, a calculation of the Fuler—
Lagrange equations (Exercise 8.1-3) shows that (8.1.17) is the same as

b
56/ V2K (co, éo) dt = 0, (8.1.18)

that is, arc length is extremized (subject to constant energy). This is Ja-
cobi’s form of the principle of “least action” and represents a key to
linking mechanics and geometric optics, which was one of Hamilton’s orig-
inal motivations. In particular, geodesics are characterized as extremals of
arc length. Using the Jacobi metric (see §7.7) one gets yet another varia-
tional principle.?

Phase Space Form of the Variational Principle. The above vari-
ational principles for Lagrangian systems carry over to some extent to
Hamiltonian systems.

Theorem 8.1.6 (Hamilton’s Principle in Phase Space). Consider a Ha-
miltonian H on a given cotangent bundle T*Q. A curve (¢'(t),p;(t)) in
T*Q satisfies Hamilton’s equations iff

b
5/ [pig" — H(q',ps)dt =0 (8.1.19)

for variations over curves (q'(t),pi(t)) in phase space, where ¢¢ = dq*/dt
and where ¢ are fived at the endpoints.

30ther interesting variational principles are those of Gauss, Hertz, Gibbs, and Appell.
A modern account, along with references, is Lewis [1996].
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Proof. Computing as in (8.1.6), we find that

OH .. OH

-0q" — —p; | dt.

aq" 1 Op; P
(8.1.20)

6/ab[piq'i — H(q',pi)] dt = /ab [(fﬁh‘)di +pi(84") —

Since ¢'(t) are fixed at the two ends, we have p;d¢' = 0 at the two ends,
and hence the second term of (8.1.20) can be integrated by parts to give

b
i ooy OH . OH
/a [q (opi) — pi(d¢") a0 dq o op; | dt, (8.1.21)

which vanishes for all dp;, dq* exactly when Hamilton’s equations hold. M

Hamilton’s principle in phase space (8.1.19) on an exact symplectic man-
ifold (P, Q) = —dO) reads

5/b(@ — Hdt) =0, (8.1.22)

again with suitable boundary conditions. Likewise, if we impose the con-
straint H = constant, the principle of least action reads

7(b)
b 0 =0. (8.1.23)
7(a)

In Cendra and Marsden [1987], Cendra, Ibort, and Marsden [1987], Mars-
den and Scheurle [1993a, 1993b], Holm, Marsden, and Ratiu [1998a] and
Marsden, Ratiu, and Scheurle [2000] and Cendra, Marsden, and Ratiu
[2001], it is shown how to form variational principles on certain symplectic
manifolds for which the symplectic form € is not exact and even on some
Poisson manifolds that arise by a reduction process. The variational princi-
ple for the Euler—Poincaré equations that was described in the introduction
and that we shall encounter again in Chapter 13 is a special instance of
this.

The one-form Oy := © — Hdt in (8.1.22), regarded as a one-form on
P x R, is an example of a contact form and plays an important role in
time-dependent and relativistic mechanics. Let

Qp =—-dOy =Q+dH Ndt

and observe that the vector field Xy is characterized by the statement that
its suspension Xy = (Xg, 1), a vector field on P x R, lies in the kernel of
QH:

g, =0.
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Exercises

8.1-1. In Hamilton’s principle, show that the boundary conditions of
fixed g(a) and ¢(b) can be changed to p(b) - dq(b) = p(a) - 6g(a). What
is the corresponding statement for Hamilton’s principle in phase space?

8.1-2. Show that the equations for a particle in a magnetic field B and
a potential V can be written as

6/(K—V)dt:—§/6q-(v><B)dt.

8.1-3. Do the calculation showing that

b
55/ QK(C(), Co) dt =0

and .
(56/ vV 2K(Co,é0) dt =0

are equivalent.

8.2 The Geometry of Variational Principles

In Chapter 7 we derived the “geometry” of Lagrangian systems on 7'Q)
by pulling back the geometry from the Hamiltonian side on 7% Q. Now we
show how all of this basic geometry of Lagrangian systems can be derived
directly from Hamilton’s principle. The exposition below follows Marsden,
Patrick, and Shkoller [1998].

A Brief Review. Recall that given a Lagrangian function L : TQQ — R,
we construct the corresponding action functional & on C? curves ¢(t),
a <t <b, by (using coordinate notation)

&(q()) = / o (q%t), ‘fd—fa)) dt. (8.2.1)

Hamilton’s principle (Theorem 8.1.3) seeks the curves ¢(t) for which the
functional & is stationary under variations of ¢*(¢) with fized endpoints at
fized times. Recall that this calculation gives

(0L  d oL oL
astat)-510) = o0 (50~ G ) 4+

The last term in (8.2.2) vanishes, since dg(a) = dq(b) = 0, so that the
requirement that ¢(t) be stationary for & yields the Euler-Lagrange equa-
tions

b
0q"

(8.2.2)

a

oL  d dL

dq*  dt 0¢ (823)
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Recall that L is called regular when the matrix [0%L/0¢'0¢7] is everywhere
nonsingular, and in this case the Euler-Lagrange equations are second-
order ordinary differential equations for the required curves.

Since the action (8.2.1) is independent of the choice of coordinates,
the Euler-Lagrange equations are coordinate-independent as well. Conse-
quently, it is natural that the Euler—Lagrange equations may be intrinsically
expressed using the language of differential geometry.

Recall that one defines the canonical 1-form © on the 2n-dimensional
cotangent bundle T*Q of @ by

@(aq) Weq, = <aq7Taq7TQ(waq)>7

where a € T;Q, wa, € Ty, T7Q, and mq : T*C) — @ is the projection.
The Lagrangian L defines a fiber-preserving bundle map FL : T'QQ — T*Q,
the Legendre transformation, by fiber differentiation:

d

N E e=0
One normally defines the Lagrange 1-form on T'Q) by pull-back,
Op =FL*0,

FL(vq) - wy L(vg + ewy).

and the Lagrange 2-form by Qp = —dO©p. We then seek a vector field
Xp (called the Lagrange vector field) on T'Q such that Xg 1Q, = dE,
where the energy F is defined by

E(vq) = (FL(vq),vq) — L(vg) = OL(XE)(vg) — L(vg).

If FL is a local diffeomorphism, which is equivalent to L being regular,
then Xp exists and is unique, and its integral curves solve the Euler—
Lagrange equations. The Euler-Lagrange equations are second-order equa-
tions in 7'Q. In addition, the flow F; of X is symplectic, that is, preserves
Qr: FyQp = Qp. These facts were proved using differential forms and Lie
derivatives in the last three chapters.

The Variational Approach. Besides being more faithful to history,
sometimes there are advantages to staying on the “Lagrangian side.” Many
examples can be given, but the theory of Lagrangian reduction (the Euler-
Poincaré equations being an instance) is one example. Other examples are
the direct variational approach to questions in black-hole dynamics given
by Wald [1993] and the development of variational asymptotics (see Holm
[1996], Holm, Marsden, and Ratiu [1998b], and references therein). In such
studies, it is the variational principle that is the center of attention.

The development begins by removing the endpoint condition dq(a) =
dq(b) = 0 from (8.2.2) but still keeping the time interval fixed. Equa-
tion (8.2.2) becomes
b

oL d oL oL ’ (8.2.4)

b
d&(q()) - oq(-) :/ 6q' <a_qi - Ea_qi) dt + 8—(}i5ql

a
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but now the left side operates on more general dq, and correspondingly,
the last term on the right side need not vanish. That last term of (8.2.4)
is a linear pairing of the function dL/9¢’, a function of ¢ and ¢*, with the
tangent vector §g°. Thus, one may consider it a 1-form on 7'Q, namely, the
Lagrange 1-form (0L/0¢%)dq".

Theorem 8.2.1. Given a C* Lagrangian L, k > 2, there exists a unique
C*=2 mapping DL : Q — T*Q, defined on the second-order subman-
ifold

G = {%m) e T(1Q)

q is a C? curve in Q}

of T(TQ), and a unique C*~' 1-form O on TQ, such that for all C?
variations q.(t) (on a fixed t-interval) of q(t), where qo(t) = q(t), we have

b

b d2q dq ~
d@i(q(-))-éq(-)=/ DprL (3 ) dqdt+Or (=) -dq) . (825)
where
d - d d
dq(t) = e_oqe(t)» dq(t) = - ezoaqe(t)'

The 1-form so defined is a called the Lagrange 1-form.

Indeed, uniqueness and local existence follow from the calculation (8.2.2).
The coordinate independence of the action implies the global existence of
Dgr and the 1-form Op.

Thus, using the variational principle, the Lagrange 1-form ©p is the
“boundary part” of the functional derivative of the action when the bound-
ary is varied. The analogue of the symplectic form is the negative exterior
derivative of ©r; that is, QO = —dOp.

Lagrangian Flows Are Symplectic. One of Lagrange’s basic discov-
eries was that the solutions of the Euler-Lagrange equations give rise to a
symplectic map. It is a curious twist of history that he did this without the
machinery of differential forms, the Hamiltonian formalism, or Hamilton’s
principle itself.

Assuming that L is regular, the variational principle gives coordinate-
independent second-order ordinary differential equations. We temporarily
denote the vector field on T'Q) so obtained by X, and its flow by F;. Now con-
sider the restriction of G to the subspace Cy, of solutions of the variational
principle. The space Cy, may be identified with the initial conditions for the
flow; to v, € TQ we associate the integral curve s — Fi(v,), s € [0,¢]. The
value of & on the base integral curve ¢(s) = mg(Fs(vg)) is denoted by &,
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that is,

S, = /0 L(F,(vy)) ds, (8.2.6)

which is again called the action. We regard G, as a real-valued function
on T'Q). Note that by (8.2.6), d&;/dt = L(Fi(v,4)). The fundamental equa-
tion (8.2.5) becomes

d&;(vg) - wy, = O (Ft(vq)) . i

o Fy(vg + ew,,) — Or(vg) - wy,,

e=0

where € — v, + ew,, symbolically represents a curve at v, in T'Q) with
derivative w,,. Note that the first term on the right-hand side of (8.2.5)
vanishes, since we have restricted G to solutions. The second term becomes
the one stated, remembering that now &; is regarded as a function on T'Q.
We have thus derived the equation

d&, = Fy0, - 0y. (8.2.7)

Taking the exterior derivative of (8.2.7) yields the fundamental fact that
the flow of X is symplectic:

0=dd6&; = d(Ft*@L — @L) = *Ft*QL +Qr,

which is equivalent to F;*Qr = Q. Thus, using the variational principle,
the analogue that the evolution is symplectic is the equation d? = 0, applied
to the action restricted to the space of solutions of the variational principle.
Equation (8.2.7) also provides the differential-geometric equations for X.
Indeed, taking one time-derivative of (8.2.7) gives dL = £x©O,, so that

XJQL:—XJd@L:—£X@L+d(XJ@L):d(XJ@L—L)ZdE,

where we define £ = X | ©p — L. Thus, quite naturally, we find that
X =Xg.

The Hamilton—Jacobi Equation. Next, we give a derivation of the
Hamilton—Jacobi equation from variational principles. Allowing L to be
time-dependent, Jacobi [1866] showed that the action integral defined by

t
S(q',q',t) :/ L(q'(s), 4" (s), s) ds,
to

where ¢’(s) is the solution of the Euler-Lagrange equation subject to the
conditions ¢(to) = §' and ¢'(t) = ¢', satisfies the Hamilton-Jacobi equa-
tion. There are several implicit assumptions in Jacobi’s argument: L is
regular and the time |t — tp| is assumed to be small, so that by the con-
vex neighborhood theorem, S is a well-defined function of the endpoints.
We can allow |t — tg| to be large as long as the solution ¢(t) is near a
nonconjugate solution.
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Theorem 8.2.2 (Hamilton—Jacobi). With the above assumptions, the
function S(q,q,t) satisfies the Hamilton—Jacobi equation:

oS 08

Proof. In this equation, g is held fixed. Define v, a tangent vector at g,
implicitly by

moFi(v) = ¢, (8.2.8)

where F; : TQ — TQ is the flow of the Euler-Lagrange equations, as
in Theorem 7.4.5. As before, identifying the space of solutions Cp of the
Euler-Lagrange equations with the set of initial conditions, which is T'Q,
we regard

Si(vg) == S(q,q,t) := /0 L(Fs(vg),s)ds (8.2.9)

as a real-valued function on 7'Q. Thus, by the chain rule and our previous
calculations for &; (see (8.2.7)), equation (8.2.9) gives

as 08, v
o o 98y
— LR+ (e () e, (2 (8.2.10)
— t\U), t L 815 L 8t 3 S L

where Jv/0t is computed by keeping § and ¢ fixed and only changing t.
Notice that in (8.2.10), ¢ and g are held fixed on both sides of the equation;
0S/0t is a partial and not a total time-derivative.

Implicitly differentiating the defining condition (8.2.8) with respect to ¢
gives
ov
ot
Thus, since T'ng - Xg(u) = u by the second-order equation property, we
get

T’JTQ'XE(Ft(U))ﬁLT’lTQ‘TFt' 0.

0 .
Trg - TF, - a—;’ =g
where (g, ¢) = F;(v) € T,Q. Thus,
. ov\ 0L
(FyOr) (E) = 6q’iq .

Also, since the base point of v does not change with ¢, T'rg - (0v/0t) = 0,
so O (0v/0t) = 0. Thus, (8.2.10) becomes

oS oL
= = Llg,4,t) — —¢=—H t
5 (q,4,1) a7 (g,p,1),
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where p = 0L/0q as usual.
It remains only to show that 95/9¢ = p. To do this, we differentiate
(8.2.8) implicitly with respect to ¢ to give

Trg - TF(v) - (Tyv-u) = u. (8.2.11)
Then, from (8.2.9) and (8.2.7),

T,5(¢.G.t) - u=d6&;(v) - (Tqv - u)
= (F;Or) (Tyv-u) — OL(Tyv - u).

As in (8.2.10), the last term vanishes, since the base point g of v is fixed.
Then, letting p = FL(F}(v)), we get, from the definition of © and pull-
back,

(F701) (Tyv-u) = (p, Trg - TF(v) - (Tyv - ) = (p, )
in view of (8.2.11). |

The fact that 95/0¢ = p also follows from the definition of S and the
fundamental formula (8.2.4). Just as we derived p = 95/9q, we can derive
0S/0q = —p; in other words, S is the generating function for the canonical
transformation (q,p) — (q,D).

Some History of the Euler—Lagrange Equations. In the follow-
ing paragraphs we make a few historical remarks concerning the Euler—
Lagrange equations.? Naturally, much of the story focuses on Lagrange.
Section V of Lagrange’s Mécanique Analytique [1788] contains the equations
of motion in Euler-Lagrange form (8.1.3). Lagrange writes Z =T — V for
what we would call the Lagrangian today. In the previous section Lagrange
came to these equations by asking for a coordinate-invariant expression for
mass times acceleration. His conclusion is that it is given (in abbreviated
notation) by (d/dt)(0T/0v) — 9T /0q, which transforms under arbitrary
substitutions of position variables as a one-form. Lagrange does not recog-
nize the equations of motion as being equivalent to the variational principle

6/Ldt=0.

This was observed only a few decades later by Hamilton [1834]. The peculiar
fact about this is that Lagrange did know the general form of the differential
equations for variational problems, and he actually had commented on

4Many of these interesting historical points were conveyed to us by Hans Duistermaat,
to whom we are very grateful. The reader can also profitably consult some of the standard
texts such as those of Whittaker [1927], Wintner [1941], and Lanczos [1949] for additional
interesting historical information.
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Euler’s proof of this—his early work on this in 1759 was admired very
much by Euler. He immediately applied it to give a proof of the Maupertuis
principle of least action, as a consequence of Newton’s equations of motion.
This principle, apparently having its roots in the early work of Leibniz, is a
less natural principle in the sense that the curves are varied only over those
that have a constant energy. It is also Hamilton’s principle that applies in
the time-dependent case, when H is not conserved and that also generalizes
to allow for certain external forces as well.

This discussion in the Mécanique Analytique precedes the equations of
motion in general coordinates, and so is written in the case that the kinetic
energy is of the form ), m;v?, where the m; are positive constants. Wintner
[1941] is also amazed by the fact that the more complicated Maupertuis
principle precedes Hamilton’s principle. One possible explanation is that
Lagrange did not consider L as an interesting physical quantity—for him it
was only a convenient function for writing down the equations of motion in a
coordinate-invariant fashion. The time span between his work on variational
calculus and the Mécanique Analytique (1788, 1808) could also be part of
the explanation—he may not have been thinking of the variational calculus
when he addressed the question of a coordinate-invariant formulation of the
equations of motion.

Section V starts by discussing the evident fact that the position and
velocity at time ¢ depend on the initial position and velocity, which can be
chosen freely. We might write this as (suppressing the coordinate indices
for simplicity) ¢ = q(¢, g0, v0), v = v(t,qo, o), and in modern terminology
we would talk about the flow in x = (g, v)-space. One problem in reading
Lagrange is that he does not explicitly write the variables on which his
quantities depend. In any case, he then makes an infinitesimal variation in
the initial condition and looks at the corresponding variations of position
and velocity at time ¢. In our notation, dz = (9x/dx¢)(t, ¢)dzo. We would
say that he considers the tangent mapping of the flow on the tangent bundle
of X = TQ. Now comes the first interesting result. He makes two such
variations, one denoted by dx and the other by Az, and he writes down a
bilinear form w(dz, Az), in which we recognize w as the pull-back of the
canonical symplectic form on the cotangent bundle of @), by means of the
fiber derivative FL. What he then shows is that this symplectic product is
constant as a function of ¢. This is nothing other than the invariance of the
symplectic form w under the flow in TQ.

It is striking that Lagrange obtains the invariance of the symplectic form
in TQ and not in T*(Q just as we do in the text where this is derived
from Hamilton’s principle. In fact, Lagrange does not look at the equations
of motion in the cotangent bundle via the transformation FL; again it is
Hamilton who observes that these take the canonical Hamiltonian form.
This is retrospectively puzzling, since later on in Section V, Lagrange states
very explicitly that it is useful to pass to the (g, p)-coordinates by means
of the coordinate transformation FL, and one even sees written down a
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system of ordinary differential equations in Hamiltonian form, but with the
total energy function H replaced by some other mysterious function —¢.
Lagrange does use the letter H for the constant value of energy, apparently
in honor of Huygens. He also knew about the conservation of momentum
as a result of translational symmetry.

The part where he does this deals with the case in which he perturbs
the system by perturbing the potential from V'(q) to V(¢q) — Q(q), leaving
the kinetic energy unchanged. To this perturbation problem he applies his
famous method of variation of constants, which is presented here in a truly
nonlinear framework! In our notation, he keeps t — (¢, z¢) as the solution
of the unperturbed system, and then looks at the differential equations for
xo(t) that make ¢t — xz(t,20(t)) a solution of the perturbed system. The
result is that if V' is the vector field of the unperturbed system and V + W
is the vector field of the perturbed system, then

dl‘o

0 — ()W) wo).

In words, xo(t) is the solution of the time-dependent system, the vector
field of which is obtained by pulling back W by means of the flow of V'
after time ¢. In the case that Lagrange considers, the dg/dt-component of
the perturbation is equal to zero, and the dp/dt-component is equal to
092/9q. Thus, it is obviously in a Hamiltonian form; here one does not use
anything about Legendre transformations (which Lagrange does not seem
to know). But Lagrange knows already that the flow of the unperturbed
system preserves the symplectic form, and he shows that the pull-back of
his W under such a transformation is a vector field in Hamiltonian form.
Actually, this is a time-dependent vector field, defined by the function

G(t, 90, p0) = —q(t, g0, p0))-

A potential point of confusion is that Lagrange denotes this by — and
writes down expressions like d€2/dp, and one might first think that these
are zero because () was assumed to depend only on ¢. Lagrange presumably

means that
dao _ 9G — dpo __0G
dt — dpy’ dt  9qo

Most classical textbooks on mechanics, for example Routh [1877, 1884],
correctly point out that Lagrange has the invariance of the symplectic
form in (g, v) coordinates (rather than in the canonical (g, p) coordinates).
Less attention is usually paid to the variation of constants equation in
Hamiltonian form, but it must have been generally known that Lagrange
derived these—see, for example, Weinstein [1981]. In fact, we should point
out that the whole question of linearizing the Euler—-Lagrange and Hamilton
equations and retaining the mechanical structure is remarkably subtle (see
Marsden, Ratiu, and Raugel [1991], for example).
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Lagrange continues by introducing the Poisson brackets for arbitrary
functions, arguing that these are useful in writing the time-derivative of
arbitrary functions of arbitrary variables, along solutions of systems in
Hamiltonian form. He also continues by saying that if {2 is small, then
xo(t) in zero-order approximation is a constant, and he obtains the next-
order approximation by an integration over t; here Lagrange introduces the
first steps of the so-called method of averaging. When Lagrange discovered
(in 1808) the invariance of the symplectic form, the variations-of-constants
equations in Hamiltonian form, and the Poisson brackets, he was already
73 years old. It is quite probable that Lagrange generously gave some of
these bracket ideas to Poisson at this time. In any case, it is clear that
Lagrange had a surprisingly large part of the symplectic picture of classical
mechanics.

Exercises

8.2-1. Derive the Hamilton—Jacobi equation starting with the phase space
version of Hamilton’s principle.

8.3 Constrained Systems

We begin this section with the Lagrange multiplier theorem for purposes
of studying constrained dynamics.

The Lagrange Multiplier Theorem. We state the theorem with a
sketch of the proof, referring to Abraham, Marsden, and Ratiu [1988] for
details. We shall not be absolutely precise about the technicalities (such as
how to interpret dual spaces).

First, consider the case of functions defined on linear spaces. Let V' and
A be Banach spaces and let ¢ : V' — A be a smooth map. Suppose 0 is a
regular value of ¢, so that C := ¢~1(0) is a submanifold. Let h: V — R
be a smooth function and define h: V x A* — R by

h(z,\) = h(x) — (X, p(x)) . (8.3.1)

Theorem 8.3.1 (Lagrange Multiplier Theorem for Linear Spaces). The
following are equivalent conditions on xg € C':

(i) zq is a critical point of h|C; and
(ii) there is a Ao € A* such that (xg,\o) is a critical point of h.

Sketch of Proof. Since

Dh(x0, Ao) - (2, A) = Dh(xo) - & — (Ao, Dip(o) - ) — (A, p(0))
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and ¢(zg) = 0, the condition Dh(zg, \) - (x,\) = 0 is equivalent to
Dh(zg) -z = (Ao, Do(xo) - ) (8.3.2)

for all x € V and A € A*. The tangent space to C at z is ker Dp(zg), so
(8.3.2) implies that h|C has a critical point at zg.

Conversely, if h|C has a critical point at xq, then Dh(z) - 2 = 0 for all
x satisfying Dp(zg) - = 0. By the implicit function theorem, there is a
smooth coordinate change that straightens out C; that is, it allows us to
assume that V=W @ A, g = 0, C is (in a neighborhood of 0) equal to
W, and ¢ (in a neighborhood of the origin) is the projection to A. With
these simplifications, condition (i) means that the first partial derivative
of h vanishes. We choose \g to be Doh(xg) regarded as an element of A*;
then (8.3.2) clearly holds. |

The Lagrange multiplier theorem is a convenient test for constrained
critical points, as we know from calculus. It also leads to a convenient test
for constrained maxima and minima. For instance, to test for a minimum,
let & > 0 be a constant, let (29, Ag) be a critical point of h, and consider

ha(z, ) = h(z) = (X, ¢(2)) + al]A = Ao, (8.3.3)

which also has a critical point at (xg, Ag). Clearly, if h,, has a minimum at
(20, Ao), then h|C' has a minimum at zy. This observation is convenient,
since one can use the unconstrained second derivative test on h,, which
leads to the theory of bordered Hessians. (For an elementary discussion,
see Marsden and Tromba [1996, p. 220ff].)

A second remark concerns the generalization of the Lagrange multiplier
theorem to the case where V' is a manifold but h is still real-valued. Such a
context is as follows. Let M be a manifold and let N C M be a submanifold.
Suppose 7w : E — M is a vector bundle over M and ¢ is a section of F that
is transverse to fibers. Assume N = ¢~ 1(0).

Theorem 8.3.2 (Lagrange Multiplier Theorem for Manifolds).  The fol-
lowing are equivalent for xo € N and h : M — R smooth:

(i) xo is a critical point of h|N; and

(ii) there is a section Ao of the dual bundle E* such that \o(zo) is a
critical point of h : E* — R defined by

In (8.3.4), A\, denotes an arbitrary element of E}. We leave it to the
reader to adapt the proof of the previous theorem to this situation.
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Holonomic Constraints. Many mechanical systems are obtained from
higher-dimensional ones by adding constraints. Rigidity in rigid-body me-
chanics and incompressibility in fluid mechanics are two such examples,
while constraining a free particle to move on a sphere is another.

Typically, constraints are of two types. Holonomic constraints are those
imposed on the configuration space of a system, such as those mentioned
in the preceding paragraph. Others, such as rolling constraints, involve the
conditions on the velocities and are termed nonholonomic.

A holonomic constraint can be defined for our purposes as the specifi-
cation of a submanifold N C @ of a given configuration manifold Q. (More
generally, a holonomic constraint is an integrable subbundle of 7'Q).) Since
we have the natural inclusion TN C T'Q, a given Lagrangian L : TQ — R
can be restricted to T'N to give a Lagrangian Ly. We now have two La-
grangian systems, namely those associated to L and to Ly, assuming that
both are regular. We now relate the associated variational principles and
the Hamiltonian vector fields.

Suppose that N = ¢~1(0) for a section ¢ : Q — E*, the dual of a vector
bundle E over (). The variational principle for Ly can be phrased as

5 / Ln(q,d) dt =0, (8.3.5)

where the variation is over curves with fixed endpoints and subject to
the constraint ¢(¢q(¢)) = 0. By the Lagrange multiplier theorem, (8.3.5) is
equivalent to

5/[L(Q(t),d(t)) — (Mg(®),8),(q(t)))] dt = 0 (8.3.6)

for some function A(g,t) taking values in the bundle E and where the
variation is over curves ¢ in @ and curves A in E.° In coordinates, (8.3.6)
reads

5/[L(qi, q') — A", ) pa(q)] dt = 0. (8.3.7)

The corresponding Euler-Lagrange equations in the variables ¢*, A\* are

dOoL 0L ¢,
495~ o (8.3.8)

and
Pa = 0. (8.3.9)
5This conclusion assumes some regularity in ¢ on the Lagrange multiplier A. One

can check (after the fact) that this assumption is justified by relating A to the forces of
constraint, as in the next theorem.
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They are viewed as equations in the unknowns ¢*(¢) and A\*(¢%,t); if E is a
trivial bundle, we can take A to be a function only of ¢.
We summarize these findings as follows.

Theorem 8.3.3. The Euler—Lagrange equations for Ly on the manifold
N C Q are equivalent to the equations (8.3.8) together with the constraints
p=0.

We interpret the term —\?0y,/0q" as the force of constraint, since it is
the force that is added to the Euler-Lagrange operator (see §7.8) in the
unconstrained space in order to maintain the constraints. In the next section
we will develop the geometric interpretation of these forces of constraint.

Notice that £ = L — A%y, as a Lagrangian in ¢ and X\ is degenerate
in A; that is, the time-derivative of A\ does not appear, so its conjugate
momentum 7, is constrained to be zero. Regarding £ as defined on TF,
the corresponding Hamiltonian on T*E is formally

H(g,p, A\, ) = H(q,p) + \¢a, (8.3.10)

where H is the Hamiltonian corresponding to L.

One has to be a little careful in interpreting Hamilton’s equations, be-
cause L is degenerate; the general theory appropriate for this situation is
the Dirac theory of constraints, which we discuss in §8.5. However, in the
present context this theory is quite simple and proceeds as follows. One
calls C C T*FE defined by m, = 0 the primary constraint set; it is the
image of the Legendre transform, provided that the original L was regular.
The canonical form Q is pulled back to C to give a presymplectic form (a
closed but possibly degenerate two-form) Q¢, and one seeks Xy such that

ix, Q¢ = dH. (8.3.11)

In this case, the degeneracy of Q¢ gives no equation for \; that is, the evolu-
tion of A is indeterminate. The other Hamiltonian equations are equivalent
to (8.3.8) and (8.3.9), so in this sense the Lagrangian and Hamiltonian
pictures are still equivalent.

Exercises

8.3-1. Write out the second derivative of h, at (zo, \o) and relate your
answer to the bordered Hessian.

8.3-2. Derive the equations for a simple pendulum using the Lagrange
multiplier method and compare them with those obtained using generalized
coordinates.

6The combination £ = L — A%, is related to the Routhian construction for a
Lagrangian with cyclic variables; see §8.9.
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¢ 8.3-3 (Neumann [1859)]).

(a) Derive the equations of motion of a particle of unit mass on the sphere
S"~1 under the influence of a quadratic potential Aq - q, q € R",
where A is a fixed real diagonal matrix.

(b) Form the matrices X = (¢'¢’), P = (¢'¢’ — ¢’¢’). Show that the
system in (a) is equivalent to X = [P, X], P = [X, A]. (This was
observed first by K. Uhlenbeck.) Equivalently, show that

(=X + PA\+ AN?) = [-X + PA+ AN} —P — A\
(¢) Verify that
1 o1
E(X,P)= ~1 trace(P<) + 5 trace(AX)

is the total energy of this system.

(d) Verify that for k=1,...,n—1,

k
fk(X, P) = 2]@% trace| — ZAlXAk:_l + Z AlPAJPAl s
( + ) =0 i+jl+l:k)71
4,7,0>0

are conserved on the flow of the C. Neumann problem (Ratiu [1981b]).

8.4 Constrained Motion in a Potential Field

We saw in the preceding section how to write the equations for a constrained
system in terms of variables on the containing space. We continue this line
of investigation here by specializing to the case of motion in a potential
field. In fact, we shall determine by geometric methods the extra terms
that need to be added to the Euler-Lagrange equations, that is, the forces
of constraint, to ensure that the constraints are maintained.

Let @ be a (weak) Riemannian manifold and let N C @ be a submanifold.
Let

P: (TQ)|N — TN (8.4.1)

be the orthogonal projection of T'Q) to T'N defined pointwise on .
Consider a Lagrangian L : T'Q) — R of the form L = K — V o1g, that is,

kinetic minus potential energy. The Riemannian metric associated to the

kinetic energy is denoted by ((,)). The restriction Ly = L|TN is also of
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the form kinetic minus potential, using the metric induced on N and the
potential Viy = V|N. We know from §7.7 that if F is the energy of Ly,
then

Xgy =Sy — ver(VVy), (8.4.2)

where Sy is the spray of the metric on N and ver( ) denotes vertical lift.
Recall that integral curves of (8.4.2) are solutions of the Euler-Lagrange
equations. Let S be the geodesic spray on Q.

First notice that VVy and VV are related in a very simple way: For
g€ N,

VVn(q) =P [VV(q)].
Thus, the main complication is in the geodesic spray.

Proposition 8.4.1. Sy =TPo S at points of TN.

Proof. For the purpose of this proof we can ignore the potential and let
L=K.Let R=TQ|N, so that P: R — TN and therefore

TP:TR—T(TN), S:R—-T(TQ), and Tr7goS = identity,
since S is second-order. But
TR={weT(TQ)|Tro(w) e TN},

so S(TN) C TR, and hence TP o S makes sense at points of T'N.
IfveTq and w € T,(TQ), then Op(v) - w = (v, T,7o(w))). Letting
1 : R — TQ be the inclusion, we claim that

P*Orry =i"OL. (8.4.3)
Indeed, for v € R and w € T, R, the definition of pull-back gives
P07y (v) - w = (Pv, (Trq o TB)(w)) = (Bv, T(rq o P)w)).  (8.44)
Since on R, Tg oP = 7, P* =P, and w € T, R, (8.4.4) becomes

P*OLirn(v) - w = (Pv, Tro(w))) = (v, PTro(w))) = (v, TTo(w)))
=0r(w) -w=("0L)(v) w.
Taking the exterior derivative of (8.4.3) gives

In particular, for v € TN, w € T, R, and z € T,(TN), the definition of
pull-back and (8.4.5) give

Qr(v)(w, 2) = (" Q) (v)(w, 2) = (B* QL) () (w, 2)
= QL|TN(PU (TP(w), TP(z))
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But
dE(v) -z =Qp(v)(S(v), 2) = Qe (v)(Sn (v), 2),

since S and Sy are Hamiltonian vector fields for F and E|T'N, respectively.
From (8.4.6),

Qrirn (0)(TP(S(v)), 2) = Qr(0)(S(v), 2) = QN (V) (SN (v), 2),
so by weak nondegeneracy of Q77 we get the desired relation

Sy =T1TPo S. |

Corollary 8.4.2. Forv e T;N:
(i) (S — Sn)(v) is the vertical lift of a vector Z(v) € T4Q relative to v;
(ii) Z(v) LT,N; and

(iii) Z(v) = —=Vyv 4+ P(Vyv) is minus the normal component of Vv,
where in Vv, v is extended to a vector field on Q) tangent to N.

Proof. (i) Since T'7g(S(v)) = v = T7g(Sn(v)), we have
T1q(S — Sn)(v) =0,

that is, (S — Sy )(v) is vertical. The statement now follows from the com-
ments following Definition 7.7.1.

(ii) For uw € T,Q, we have TP - ver(u,v) = ver(Pu, v), since

d d
ver(Pu,v) = — (v + tPu) = —P(v + tu)
dt o dt —o
=TP - ver(u,v). (8.4.7)

By Part (i), S(v) — Sy(v) = ver(Z(v),v) for some Z(v) € T,Q, so that
using the previous theorem, (8.4.7), and Po P = P, we get

ver(PZ(v),v) = TP - ver(Z(v),v)
=TP(S(v) = Sn(v))
=TP(S(v) —TPo S(v)) = 0.

Therefore, PZ(v) = 0, that is, Z(v) L T,N.

(iii) Let v(¢) be a curve of tangents to N;v(t) = ¢(t), where ¢(t) € N. Then
in a chart,

S(C(t)? U(t>) = (C(t)7 ’U(t), U<t)a Ve(t) (v(t)v U(t)))
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by (7.5.5). Extending v(t) to a vector field v on @ tangent to N we get, in
a standard chart,

d
Vv = —7:(v,v) + Do(c) - v = —7c(v,v) + d_:

by (7.5.19), so on T'N,

S(v) = % —ver(V,v,v).

Since dv/dt € TN, (8.4.7) and the previous proposition give

Sn(v) = TP% —ver(P(Vyv),v) = % — ver(P(V,v),v).

Thus, by part (i),

ver(Z(v),v) = S(v) — Sy(v) = ver(=V,v + PV,v,v). [ |

The map Z : TN — TQ is called the force of constraint. We shall
prove below that if the codimension of IV in @ is one, then

Z(v) = =Vyu+P(Vyv) = —(Vyv,n)n,

where n is the unit normal vector field to IV in @, equals the negative of
the quadratic form associated to the second fundamental form of IV in @), a
result due to Gauss. (We shall define the second fundamental form, which
measures how “curved” N is within @, shortly.) It is not obvious at first
that the expression P(V,v) — V,v depends only on the pointwise values of
v, but this follows from its identification with Z(v).

To prove the above statement, we recall that the Levi-Civita covariant
derivative has the property that for vector fields u, v, w € X(Q) the follow-
ing identity is satisfied:

w[(u,v)] = (Vypu, v) + (u, Vo), (8.4.8)

as may be easily checked. Assume now that u and v are vector fields tangent
to N and n is the unit normal vector field to NV in Q. The identity (8.4.8)
yields

(Vyu,n) + (u, Vyn) = 0. (8.4.9)

The second fundamental form in Riemannian geometry is defined to
be the map

(u,v) = —(Vyn,v) (8.4.10)
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with u, v, n as above. It is a classical result that this bilinear form is sym-
metric and hence is uniquely determined by polarization from its quadratic
form —(V,n,v). In view of equation (8.4.9), this quadratic from has the
alternative expression (V,v,n), which, after multiplication by n, equals
—Z(v), thereby proving the claim above.

As indicated, this discussion of the second fundamental form is under
the assumption that the codimension of NV in @ is one—keep in mind that
our discussion of forces of constraint requires no such restriction.

As before, interpret Z(v) as the constraining force needed to keep par-
ticles in N. Notice that N is totally geodesic (that is, geodesics in N are
geodesics in Q) iff Z = 0.

Some interesting studies in the problem of showing convergence of solu-
tions in the limit of strong constraining forces are Rubin and Ungar [1957],
Ebin [1982], and van Kampen and Lodder [1984].

Exercises

8.4-1. Compute the force of constraint Z and the second fundamental
form for the sphere of radius R in R3.

8.4-2. Assume that L is a regular Lagrangian on 7'QQ and N C Q. Let
i : TN — TQ be the embedding obtained from N C @ and let Q; be
the Lagrange two-form on 7°'Q). Show that ¢*Q); is the Lagrange two-form
Qpry on TN. Assuming that L is hyperregular, show that the Legendre
transform defines a symplectic embedding T*N C T*Q.

8.4-3. In R?, let

1
H(a,p) = 5~ [Ip|* — (P~ @)’] + mgd®,

where q = (q¢',¢?,¢*). Show that Hamilton’s equations in R?® automat-
ically preserve T*S? and give the equations for the spherical pendulum
when restricted to this invariant (symplectic) submanifold. (Hint: Use the
formulation of Lagrange’s equations with constraints in §8.3.)

8.4-4. Redo the C. Neumann problem in Exercise 8.3-3 using Corol-
lary 8.4.2 and the interpretation of the constraining force in terms of the
second fundamental form.

8.5 Dirac Constraints

If (P,Q) is a symplectic manifold, a submanifold S C P is called a sym-
plectic submanifold when w := i*Q) is a symplectic formon S, i: 5 — P
being the inclusion. Thus, S inherits a Poisson bracket structure; its rela-
tionship to the bracket structure on P is given by a formula of Dirac [1950]
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that will be derived in this section. Dirac’s work was motivated by the
study of constrained systems, especially relativistic ones, where one thinks
of S as a constraint subspace of phase space (see Gotay, Isenberg, and
Marsden [1997] and references therein for more information). Let us work
in the finite-dimensional case; the reader is invited to study the intrinsic
infinite-dimensional version using Remark 1 below.

Dirac’s Formula. Let dim P = 2n and dim .S = 2k. In a neighborhood

of a point zg of 9, choose coordinates z!,... , 22" on P such that S is given
by

22—, 22 =0,
and so z!,..., 2?* provide local coordinates for S.

Consider the matrix whose entries are
Ci(z) ={z',27}, i,j=2k+1,...,2n.

Assume that the coordinates are chosen such that C% is an invertible ma-
trix at zp and hence in a neighborhood of zy. (Such coordinates always
exist, as is easy to see.) Let the inverse of C% be denoted by [C;;(z)]. Let
F be a smooth function on P and F'|S its restriction to S. We are interested
in relating Xp|g and Xy as well as the brackets { F, G}|.S and {F|S, G|S}.

Proposition 8.5.1 (Dirac’s Bracket Formula). In a coordinate neighbor-
hood as described above, and for z € S, we have

2n
Xpis(z) = Xp(2) = Y {F.2'}Ci;(2)X.(2) (8.5.1)
i,j=2k+1
and
{F|S,G|S}(2) = {F,G}(2) = Y {F.2'}Ci;(2){z',G}.  (85.2)
i,j=2k-+1

Proof. To verify (8.5.1), we show that the right-hand side satisfies the
condition required for Xp|g(2), namely that it be a vector field on S and
that

w2 (Xps(2),v) = d(F|S). -v (8.5.3)
for v € T, S. Since S is symplectic,
T.5 N (T.5)" = {0},
where (T,5)® denotes the Q-orthogonal complement. Since

dim(7T.,S) + dim(7.5)* = 2n,
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we get
T.P=T.5 @ (T.S)" (8.5.4)

If 7, : T.P — T.S is the associated projection operator, one can verify
that

Xpis(z) =7 - Xr(2), (8.5.5)

so in fact, (8.5.1) is a formula for 7, in coordinates; equivalently,

2n

(Id—m)Xp(z) = Y {F2'}C;(2)X.(2) (8.5.6)
i,j=2k+1

gives the projection to (7,5)%. To verify (8.5.6), we need to check that the
right-hand side

(i) is an element of (7,5)%;
(ii) equals Xp(z) if Xr(2) € (T.9)%; and
(iii) equals 0 if X (z) € T.S.
To prove (i), observe that Xx(2) € (7.9) means
Q(Xk(z),v)=0 for all v € T,.S;

that is,
dK(z)-v=0 for all v € T, S.

But for K =27, j =2k+1,...,2n, K =0 on S, and hence dK(z)-v = 0.
Thus, X_;(2) € (T.5)%, so (i) holds.
For (i), if Xp(2) € (1.5)%, then

dF(z)-v=0 for all v € T, S

and, in particular, for v = 8/92*, i = 1,...,2k. Therefore, for z € S, we

can write
2n )
dF(z) = > a;ds (8.5.7)
j=2k+1
and hence
2n

Xp(z)= Y a;X.(2). (8.5.8)
j=2k+1
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The a; are determined by pairing (8.5.8) with dz%, i = 2k+1,... ,2n, to
give

2n 2n
(A Xp(2)) ={F,2"y = Y a{d. 2" = Y a;07,
j=2k+1 j=2k+1
or
2n )
aj= > {F2'}Cy, (8.5.9)
1=2k-+1

which proves (ii). Finally, for (iii), Xp(z) € 7.5 = ((T.5)*)* means that
Xr(z) is Q orthogonal to each X, j =2k +1,...,2n. Thus, {F, 27} = 0,
so the right-hand side of (8.5.6) vanishes.

Formula (8.5.6) is therefore proved, and so, equivalently, (8.5.1) holds.
Formula (8.5.2) follows by writing {F|S,G|S} = w(Xp|s, Xg|s) and sub-
stituting (8.5.1). In doing this, the last two terms cancel. ]

In (8.5.2) notice that {F|S,G|S}(z) is intrinsic to F|S, G|S, and S.
The bracket does not depend on how F|S and G|S are extended off S to
functions F, G on P. This is not true for just {F, G}(z), which does depend
on the extensions, but the extra term in (8.5.2) cancels this dependence.

Remarks.

1. A coordinate-free way to write (8.5.2) is as follows. Write S = ¢~ (my),
where ¢ : P — M is a submersion on S. For z € S and m = ¢(2), let

Co: TEM x TEM — R (8.5.10)
be given by
Cin(dF,,,dG,,) = {Foy,Go}(z) (8.5.11)
for F,G € F(M). Assume that C,, is invertible, with “inverse”
Copt : TM x T, M — R.

m

Then

(FIS,G|S}(2) = {F,G}(2) — C:NTop - Xp(2), Totb - Xc:(2)).  (8.5.12)
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2.  There is another way to derive and write Dirac’s formula, using com-
plex structures. Suppose ((, ). is an inner product on 7, P and

J,:T,P—-T,P
is an orthogonal transformation satisfying J2 = — Identity and, as in §5.3,
Q. (u,v) = (J.u,v) (8.5.13)

for all u,v € T, P. With the inclusion ¢ : S — P as before, we get corre-
sponding structures induced on S; let

w = i*Q. (8.5.14)

If w is nondegenerate, then (8.5.14) and the induced metric define an as-
sociated complex structure K on S. At a point z € S, suppose one has
arranged to choose J, to map 7.5 to itself, and that K, is the restriction
of J, to T.S. At z, we then get

(TzS)L - (TZS)Qy

and thus symplectic projection coincides with orthogonal projection. From
(8.5.5), and using coordinates as described earlier, but for which the X, (2)
are also orthogonal, we get

2n

XF\S(Z) = XF(Z) - Z <XF(Z)7 ij (Z)> ij (Z)
j=2k—+1

2n
=Xp(2)+ Y. UXrp(2),J7"X.(2) X (8.5.15)
j=2k+1

This is equivalent to (8.5.1) and so also gives (8.5.2); to see this, one shows
that

I'Xa(2) == ) X.(2)Ci5(2). (8.5.16)

i=2k+1

Indeed, the symplectic pairing of each side with X,» gives 5? .

3.  For a relationship between Poisson reduction and Dirac’s formula,
see Marsden and Ratiu [1986].

Examples

(a) Holonomic Constraints. To treat holonomic constraints by the
Dirac formula, proceed as follows. Let N C @ be as in §8.4, so that
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TN C TQ; with i : N — @ the inclusion, one obtains (79)*© = O,
by considering the following commutative diagram:

TN —  TQIN

fia |

T*N «—— T*QIN

projection

This realizes TN as a symplectic submanifold of T'Q, and so Dirac’s
formula can be applied, reproducing (8.4.2). See Exercise 8.4-2. ¢

(b) KAV Equation. Suppose’ one starts with a Lagrangian of the form

L(vq) = {a(q),v) — h(q), (8.5.17)

where « is a one-form on @, and h is a function on . In coordinates,
(8.5.17) reads

L(q', ") = ai(q)q" — h(q"). (8.5.18)
The corresponding momenta are

oL .
Pi = (r“)ql = Q4 L6, p= Oé(q), (8519)

while the Euler-Lagrange equations are

d . oL Oa; ., Oh
“ (I} — —_ J sJ
dt (O‘z(q )) aq' dqi q aqi’
that is,
bl s — 2 8.5.20
OqI ¢ 0q* 1 q" ( )
In other words, with v* = ¢,
i,da = —dh. (8.5.21)

If da is nondegenerate on @, then (8.5.21) defines Hamilton’s equations
for a vector field v on @ with Hamiltonian i and symplectic form €, =
—da.

This collapse, or reduction, from TQ to @ is another instance of the
Dirac theory and how it deals with degenerate Lagrangians in attempting

"We thank P. Morrison and M. Gotay for the following comment on how to view the
KdV equation using constraints; see Gotay [1988].
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to form the corresponding Hamiltonian system. Here the primary constraint
manifold is the graph of a. Note that if we form the Hamiltonian on the
primaries, then

H =piq' — L = o;§’ — s’ + h(q) = h(q), (8.5.22)

that is, H = h, as expected from (8.5.21).

To put the KdV equation u; +6utiy +uzqer = 0 in this context, let u = 1,;
that is, ¢ is an indefinite integral for u. Observe that the KdV equation is
the Euler-Lagrange equation for

L, ¢y) = / [5%ete + 45 — 5(We)?] da, (8.5.23)

that is, 5det = 0 gives Yzt + 6V V0e + VYazee = 0, which is the KdV
equation for u. Here « is given by

(a(¥),¢) = %/wxwdx, (8.5.24)

and so by formula 6 in the table in §4.4,

—da(¥)(P1,v2) = %/(ﬂ)ﬂ/}zz — o)1,) du, (8.5.25)

which equals the KdV symplectic structure (3.2.9). Moreover, (8.5.22) gives
the Hamiltonian

1= [~ ot do= [ (b2 —wlds, (5520

also coinciding with Example (c) of §3.2. ¢

Exercises
8.5-1. Derive formula (8.4.2) from (8.5.1).
8.5-2. Work out Dirac’s formula for

(a) T*S' C T*R?; and

(b) T*S? C T*R3.

In each case, note that the embedding makes use of the metric. Reconcile
your analysis with what you found in Exercise 8.4-2.

8.6 Centrifugal and Coriolis Forces
In this section we discuss, in an elementary way, the basic ideas of centrifu-

gal and Coriolis forces. This section takes the view of rotating observers,
while the next sections take the view of rotating systems.
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Rotating Frames. Let V be a three-dimensional oriented inner product
space that we regard as “inertial space.” Let ¢; be a curve in SO(V), the
group of orientation-preserving orthogonal linear transformations of V' to
V', and let X; be the (possibly time-dependent) vector field generating 1)y;
that is,

Xi(Yu(v)) = %%(V), (8.6.1)
or, equivalently,
Xi(v) = (e oy H)(v). (8.6.2)

Differentiation of the orthogonality condition 1 - 1] = Id shows that X;
is skew-symmetric.

A vector w in three-space defines a skew-symmetric 3 x 3 linear transfor-
mation @ using the cross product; specifically, it is defined by the equation

w(v) =w X V.

Conversely, any skew matrix can be so represented in a unique way. As we

shall see later (see §9.2, especially equation (9.2.4)), this is a fundamental

link between the Lie algebra of the rotation group and the cross product.

This relation also will play a crucial role in the dynamics of a rigid body.
In particular, we can represent the skew matrix X; this way:

Xi(v) =w(t) x v, (8.6.3)

which defines w(t), the instantaneous rotation vector.

Let {e1,e2,e3} be a fixed (inertial) orthonormal frame in V and let
{&, =¢(e;) | i =1,2,3} be the corresponding rotating frame. Given a
point v € V, let q = (¢!, ¢, ¢®) denote the vector in R? defined by v = ¢'e;
and let qr € R? be the corresponding coordinate vector representing the
components of the same vector v in the rotating frame, so v = ¢i¢,. Let
A; = A(t) be the matriz of i, relative to the basis e;, that is, &, = Agej;
then

qa=Aqr, ie, ¢ =Ald, (8.6.4)
and (8.6.2) in matrix notation becomes
W= A A (8.6.5)

Newton’s Law in a Rotating Frame. Assume that the point v(t)
moves in V according to Newton’s second law with a potential energy
U(v). Using U(q) for the corresponding function induced on R?, Newton’s
law reads

mq = -VU(q), (8.6.6)
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which are the Euler-Lagrange equations for

L(a.q) = 5 (4.4) ~ Ula) (8.6.7)

or Hamilton’s equations for

H(q,p) = % (p,p) +U(q). (8.6.8)

To find the equation satisfied by qg, differentiate (8.6.4) with respect to
time,

q=Aqr+ Adr = AtA;lq + A¢qRr, (8.6.9)
that is,
q=w(t) x q+ Aqr, (8.6.10)

where, by abuse of notation, w is also used for the representation of w in
the inertial frame e,. Differentiating (8.6.10),

G=wxq+wxq+ Adar+ Adr
=wxq+twx(wx q+Ath)+AtAt_1Ath+Ath,

that is,
d=wxq+wx(wxq)+2wx Aqr) + Aidr. (8.6.11)
The angular velocity in the rotating frame is (see (8.6.4))
wp=A'w, ie, w=Awg. (8.6.12)
Differentiating (8.6.12) with respect to time gives
W= Awnr + Ajwop = A AT w + Ayor = Ayog, (8.6.13)
since Ay A; 'w = w x w = 0. Multiplying (8.6.11) by A; ! gives
A7'q=wp X qr +wr X (Wg X qg) + 2(wr X 4g) + dr.  (8.6.14)
Since mq = —VU(q), we have
mA;'q = —VUg(qr), (8.6.15)

where the rotated potential Ug is the time-dependent potential defined
by

Ur(ar,t) = U(Aiqr) = U(q), (8.6.16)
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so that VU (q) = A;VUR(qr). Therefore, by (8.6.15), Newton’s equations
(8.6.6) become

qu+2(wR X qu) + mwpr X (wR X qR) + mwp X qr

= _VUR(qR7t)a
that is,
mdr = — VURr(Qr,t) — mwr X (Wg X dr)
— 2m(wR X qR) — me X qR, (8617)

which expresses the equations of motion entirely in terms of rotated quan-
tities.

Ficticious Forces. There are three types of “fictitious forces” that sug-
gest themselves if we try to identify (8.6.17) with ma = F:

(i) Centrifugal force  mwp X (qQr X WR);
(i) Coriolis force 2mdpr X wpr; and
(iil) Euler force mgpr X WR.

Note that the Coriolis force 2mwp X qg is orthogonal to wr and mqg,
while the centrifugal force

mwpg X (wg X qr) = m[(wr - qr)wr — |wr||*ar]

is in the plane of wgr and qr. Also note that the Euler force is due to the
nonuniformity of the rotation rate.

Lagrangian Form. It is of interest to ask the sense in which (8.6.17)
is Lagrangian or Hamiltonian. To answer this, it is useful to begin with
the Lagrangian approach, which, we will see, is simpler. Substitute (8.6.10)
into (8.6.7) to express the Lagrangian in terms of rotated quantities:

m . .
L=§<w><q+Ath,w><q+Ath>—U(q)

m . .
=5 (Wr X ar +dar,wr X ar + d4r) — Ur(ar.t), (8.6.18)

which defines a new (time-dependent!) Lagrangian Lr(qg, qr,t). Remark-
ably, (8.6.17) are precisely the Euler-Lagrange equations for Lg; that is,
(8.6.17) are equivalent to

ddLr _ OLg
dt 9q,  0ql’

as is readily verified. If one thinks about performing a time-dependent
transformation in the variational principle, then in fact, one sees that this
is reasonable.
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Hamiltonian Form. To find the sense in which (8.6.17) is Hamiltonian,
perform a Legendre transformation on L. The conjugate momentum is

oL .
Pr= 5o = m(wn X dr +dr). (8.6.19)
qr
and so the Hamiltonian has the expression

Hgr(dr,Pr) = (PR,4r) — LR

1 1
= ) - e ) U 7t
m (PR, PR — MWR X qR) om (Pr,Pr) + Ur(qr,1)
1
=5 (Pr,Pr) + Ur(Qr,t) — (Pr,Wr X qR) - (8.6.20)

Thus, (8.6.17) are equivalent to Hamilton’s canonical equations with Hamil-
tonian (8.6.20) and with the canonical symplectic form. In general, Hg is
time-dependent. Alternatively, if we perform the momentum shift

PR = PR — MWR X qr = MR, (8.6.21)
then we get

Hr(qr,pr) = Hr(dr. Pr)

1 m
=5 (pr,Pr) + Ur(ar) — E”“—’R x qr|?, (8.6.22)

which is in the usual form of kinetic plus potential energy, but now the
potential is amended by the centrifugal potential m|lwgr x qr|?/2, and the
canonical symplectic structure

Qcan = dq%’ A d(pR)z
gets transformed, by the momentum shifting lemma, or directly, to
dqly Ad(pr)i = dqfy Ad(pr)i + €ijrwhddy A dal,
where €;;;, is the alternating tensor. Note that
QR = Qcan + *Wpg, (8623)

where *wpgr means the two-form associated to the vector wg, and that
(8.6.23) has the same form as the corresponding expression for a particle
in a magnetic field (§6.7).

In general, the momentum shift (8.6.21) is time-dependent, so care is
needed in interpreting the sense in which the equations for pr and qg are
Hamiltonian. In fact, the equations should be computed as follows. Let X g
be a Hamiltonian vector field on P and let (; : P — P be a time-dependent
map with generator Y;:

d
%Q(Z) = Y3 (G (2)). (8.6.24)
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Assume that (; is symplectic for each t¢. If 2(t) = Xpy(2(t)) and we let
w(t) = ((2(¢)), then w satisfies

w =TG- Xp(2(t) + Ye(Ce(2(1)), (8.6.25)
that is,
W= Xg(w) + Yi(w) (8.6.26)

where K = Ho (¢, *. The extra term Y; in (8.6.26) is, in the example under
consideration, the Euler force.

So far we have been considering a fixed system as seen from different
rotating observers. Analogously, one can consider systems that themselves
are subjected to a superimposed rotation, an example being the Foucault
pendulum. It is clear that the physical behavior in the two cases can be
different—in fact, the Foucault pendulum and the example in the next
section show that one can get a real physical effect from rotating a system—
obviously, rotating observers can cause nontrivial changes in the description
of a system but cannot make any physical difference. Nevertheless, the
strategy for the analysis of rotating systems is analogous to the above. The
easiest approach, as we have seen, is to transform the Lagrangian. The
reader may wish to reread §2.10 for an easy and specific instance of this.

Exercises

8.6-1. Generalize the discussion of Newton’s law seen in a rotating frame
to that of a particle moving in a magnetic field as seen from a rotating
observer. Do so first directly and then by Lagrangian methods.

8.7 The Geometric Phase for a Particle in
a Hoop

This discussion follows Berry [1985] with some small modifications (due to
Marsden, Montgomery, and Ratiu [1990]) necessary for a geometric inter-
pretation of the results. Figure 8.7.1, shows a planar hoop (not necessarily
circular) in which a bead slides without friction.

As the bead is sliding, the hoop is rotated in its plane through an angle
0(t) with angular velocity w(t) = 6(t)k. Let s denote the arc length along
the hoop, measured from a reference point on the hoop, and let q(s) be
the vector from the origin to the corresponding point on the hoop; thus the
shape of the hoop is determined by this function q(s). The unit tangent
vector is q'(s), and the position of the reference point q(s(t)) relative to
an inertial frame in space is Rg()q(s(t)), where Ry is the rotation in the
plane of the hoop through an angle 6. Note that

R(;Re_lq:w xq and Ryw =w.
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k

<

Ry q(s)
Rod'(s)

FIGURE 8.7.1. A particle sliding in a rotating hoop.

The Equations of Motion. The configuration space is a fixed closed
curve (the hoop) in the plane with length ¢. The Lagrangian L(s, $,t) is
simply the kinetic energy of the particle. Since

& Raals(1)) = Rogo (5(1)3(0) + Roolwo(t) x al(s(1)]

the Lagrangian is
. 1 / . 2
L(s, 3,t) = §m||q (s)s +w x q~. (8.7.1)
Note that the momentum conjugate to s is p = dL/0s; that is,
p=mq -[q$+w x q = muv, (8.7.2)

where v is the component of the velocity with respect to the inertial frame
tangent to the curve. The Euler-Lagrange equations

doL_o
dt 05  0Os

become

d . ) )
494 [dstwxagl=(dstwxa)(ds+wxd)
Using ||q’||? = 1, its consequence q' - q” = 0, and simplifying, we get

$+4q (wxq)—(wxq) (wxq)=0. (8.7.3)

The second and third terms in (8.7.3) are the Euler and centrifugal forces,
respectively. Since w = 0k, we can rewrite (8.7.3) as

§=0°q-q —fgsina, (8.7.4)

where « is as in Figure 8.7.1 and ¢ = ||q]|.
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Averaging. From (8.7.4) and Taylor’s formula with remainder, we get

() = s +ot + [ (= HOPals(r) - a'(5(7)
— 0(7)q(s(r)) sina(s(r))} dr. (8.7.5)

The angular velocity 6 and acceleration 6 are assumed small with respect
to the particle’s velocity, so by the averaging theorem (see, for example,
Hale [1963]), the s-dependent quantities in (8.7.5) can be replaced by their
averages around the hoop:

t ‘
s(t)wso—&—éot—i—/ (t—m7) {9(7)2%/ q-q ds
0 0

¢
_é<T)Z/O q(s)sina(s) ds} dr.  (8.7.6)

Technical Aside. The essence of averaging in this case can be seen as
follows. Suppose g(t) is a rapidly varying function whose oscillations are
bounded in magnitude by a constant C and f(t) is slowly varying on an
interval [a, b]. Over one period of g, say [, (], we have

/(Xf(t) dtNg/ £ (8.7.7)

_ 1 fF
g—ﬂfa/ag(t)dt

is the average of g. The assumption that the oscillations of g are bounded
by C' means that

where

lg(t) —g| < C forall t € [, 3].

The error in (8.7.7) is ff f(t)(g(t) —g) dt, whose absolute value is bounded
as follows. Let M be the maximum value of f on [, 3] and m be the
minimum. Then

B
/'ﬂmmw—mw

B
| - mlgte) - gas

< (B—a)(M —m)C
< (8- a)’DC,

where D is the maximum of |f/(¢)| for o < ¢ < 3. Now these errors over
each period are added up over [a, b]. Since the error estimate has the square
of B — « as a factor, one still gets something small as the period of g tends
to 0.

In (8.7.5) we change variables from ¢ to s, do the averaging, and then
change back.
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The Phase Formula. The first inner integral in (8.7.6) over s vanishes
(since the integrand is (d/ds)||q(s)||?), and the second is 24, where A is
the area enclosed by the hoop. Integrating by parts,

T T
/ (T — 7)0(7) dr = —T6(0) +/ 0(r)dr = —TH(0) 4+ 27,  (8.7.8)
0 0

assuming that the hoop makes one complete revolution in time 7'. Substi-
tuting (8.7.8) in (8.7.6) gives

24 . 4T A
S(T) = so + 30T + =0T - ”7 (8.7.9)
where 6y = 9(0) The initial velocity of the bead relative to the hoop is 5q,
while its component along the curve relative to the inertial frame is (see
(8.7.2))

vo =4q'(0) - [@'(0)30 + wo X q(0)] = 30 + woq(so) sin a(sp). (8.7.10)

Now we replace $¢ in (8.7.9) by its expression in terms of vy from (8.7.10)
and average over all initial conditions to get

4 A

(s(T') — 59 —voT) = — 7

(8.7.11)
which means that on average, the shift in position is by 4w A/¢ between the
rotated and nonrotated hoop. Note that if 6y = 0 (the situation assumed
by Berry [1985]), then averaging over initial conditions is not necessary.

This extra length 4w A/¢ is sometimes called the geometric phase or the
Berry—-Hannay phase. This example is related to a number of interest-
ing effects, both classically and quantum-mechanically, such as the Foucault
pendulum and the Aharonov—Bohm effect. The effect is known as holonomy
and can be viewed as an instance of reconstruction in the context of symme-
try and reduction. For further information and additional references, see
Aharonov and Anandan [1987], Montgomery [1988], Montgomery [1990],
and Marsden, Montgomery, and Ratiu [1989, 1990]. For related ideas in
soliton dynamics, see Alber and Marsden [1992].

Exercises

8.7-1. Consider the dynamics of a ball in a slowly rotating planar hoop,
as in the text. However, this time, consider rotating the hoop about an axis
that is not perpendicular to the plane of the hoop, but makes an angle 6
with the normal. Compute the geometric phase for this problem.

8.7-2. Study the geometric phase for a particle in a general spatial hoop
that is moved through a closed curve in SO(3).
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o 8.7-3. Consider the dynamics of a ball in a slowly rotating planar hoop,
as in the text. However, this time, consider a charged particle with charge e
and a fixed magnetic field B = V x A in the vicinity of the hoop. Compute
the geometric phase for this problem.

8.8 Moving Systems

The particle in the rotating hoop is an example of a rotated or, more
generally, a moving system. Other examples are a pendulum on a merry-
go-round (Exercise 8.8-4) and a fluid on a rotating sphere (like the Earth’s
ocean and atmosphere). As we have emphasized, systems of this type are
not to be confused with rotating observers! Actually rotating a system
causes real physical effects, such as the trade winds and hurricanes.

This section develops a general context for such systems. Our purpose is
to show how to systematically derive Lagrangians and the resulting equa-
tions of motion for moving systems, like the bead in the hoop of the last
section. This will also prepare the reader who wants to pursue the question
of how moving systems fit in the context of phases (Marsden, Montgomery,
and Ratiu [1990]).

The Lagrangian. Consider a Riemannian manifold S, a submanifold @,
and a space M of embeddings of ) into S. Let m; € M be a given curve. If
a particle in @ is following a curve ¢(t), and if () moves by superposing the
motion my, then the path of the particle in S is given by m;(q(t)). Thus,
its velocity in S is given by

Tyyme - 4(t) + Ze(ma(q(1))), (8.8.1)

where Z;(my(q)) = (d/dt)m(q). Consider a Lagrangian on T'Q) of the usual
form of kinetic minus potential energy:

L, (4:0) = 3| Tyome 0+ Zim@)I? = V(@) - Ulmi(@), (882

where V' is a given potential on ), and U is a given potential on S.

The Hamiltonian. We now compute the Hamiltonian associated to this
Lagrangian by taking the associated Legendre transform. If we take the
derivative of (8.8.2) with respect to v in the direction of w, we obtain

AL,
ov

Cw=pew = <Tq(t)mt v+ Z (mt(q(t)))T s Taeeyme - w> ,
me(q(t))

(8.8.3)

where p - w means the natural pairing between the covector p € T(;‘( 25)62 and
the vector w € T, @, while (, )mt(q(t)) denotes the metric inner product
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on S at the point m;(q(t)) and 7 denotes the orthogonal projection to the
tangent space T'my(Q) using the metric of S at m(q(t)). We endow @ with
the (possibly time-dependent) metric induced by the mapping m;. In other
words, we choose the metric on ) that makes m; into an isometry for each
t. Using this definition, (8.8.3) gives

prw=(v+ (Tym) ™" - 2 (mula(t))” ’w>q<t) ;

that is,

p= (v + (Tyme) {zt (mt(q(t))T])b, (8.8.4)

where b is the index-lowering operation at ¢(t) using the metric on Q.

Physically, if S is R3, then p is the inertial momentum (see the hoop
example in the preceding section). This extra term Z;(my(q))” is associated
with a connection called the Cartan connection on the bundle Q x M —
M , with horizontal lift defined to be Z(m) — (T'm~1-Z(m)?, Z(m)). (See,
for example, Marsden and Hughes [1983] for an account of some aspects of
Cartan’s contributions.)

The corresponding Hamiltonian (given by the standard prescription H =
pv — L) picks up a cross term and takes the form

1 1
Ho,(0,9) = 36l = P(Z) = SIZE 1P + V(@) + Ulmela)),  (585)
where the time-dependent vector field Z; on @ is defined by

Zu(q) = (Tyyme) - [Ze(ma(g)])”

and where P(Z;(¢))(¢,p) = (p,Zi(q)) and Z;j- denotes the component
perpendicular to m¢(Q). The Hamiltonian vector field of this cross term,
namely Xp(z,), represents the noninertial forces and also has the natural
interpretation as a horizontal lift of the vector field Z; relative to a cer-
tain connection on the bundle 7*Q x M — M, naturally derived from the
Cartan connection.

Remarks on Averaging. Let G be a Lie group that acts on 7%Q in a
Hamiltonian fashion and leaves Hy (defined by setting Z = 0 and U = 0 in
(8.8.5)) invariant. (Lie groups are discussed in the next chapter, so these
remarks can be omitted on a first reading.) In our examples, G is either R
acting on T*(Q by the flow of Hy (the hoop), or a subgroup of the isometry
group of @) that leaves V and U invariant, and acts on T*@Q by cotangent
lift (this is appropriate for the Foucault pendulum). In any case, we assume
that G has an invariant measure relative to which we can average.



8.8 Moving Systems 259

Assuming the “averaging principle” (see Arnold [1989], for example) we
replace H,,, by its G-average,

(Ho) (0.) = 3lIpI ~ (P(Z) — 5 ¢

1Zi11%) + V() + ({U(me(q))) -
(8.8.6)

In (8.8.6) we shall assume that the term % (|| Z"?) is small and discard it.
Thus, define

Sl = (P(Z) + V() + (U me(@)))
Ho(a.9) — (P(Z0)) + (U(mi(@))). (887)

Consider the dynamics on T%Q x M given by the vector field

H(q,p,t)

(XH, Zt) = (XHO - X(P(Zt)) + X(Uomt>>Zt)' (888)

The vector field, consisting of the extra terms in this representation due to
the superposed motion of the system, namely

hOI‘(Zt) = (7X<7>(Zt)),Zt), (889)

has a natural interpretation as the horizontal lift of Z; relative to a connec-
tion on T*@Q x M, which is obtained by averaging the Cartan connection
and is called the Cartan—Hannay—Berry connection. The holonomy
of this connection is the Hannay—Berry phase of a slowly moving con-
strained system. For details of this approach, see Marsden, Montgomery,
and Ratiu [1990].

Exercises

o 8.8-1. Consider the particle in a hoop of §8.7. For this problem, identify
all the elements of formula (8.8.2) and use that identification to obtain the
Lagrangian (8.7.1).

o 8.8-2. Consider the particle in a rotating hoop discussed in §2.8.
(a) Use the tools of this section to obtain the Lagrangian given in §2.8.

(b) Suppose that the hoop rotates freely. Can you still use the tools of part
(a)? If so, compute the new Lagrangian and point out the differences
between the two cases.

(c) Analyze, in the same fashion as in §2.8, the equilibria of the free
system. Does this system also bifurcate?

o 8.8-3. Set up the equations for the Foucault pendulum using the ideas
in this section.
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8.8-4. Consider again the mechanical system in Exercise 2.8-6, but this
time hang a spherical pendulum from the rotating arm. Investigate the
geometric phase when the arm is swung once around. (Consider doing the
experiment!) Is the term || Z;*||? really small in this example?

8.9 Routh Reduction

An abelian version of Lagrangian reduction was known to Routh by around
1860. A modern account was given in Arnold [1988], and motivated by that,
Marsden and Scheurle [1993a] gave a geometrization and a generalization
of the Routh procedure to the nonabelian case.

In this section we give an elementary classical description in prepara-
tion for more sophisticated reduction procedures, such as Euler—Poincaré
reduction in Chapter 13.

We assume that @ is a product of a manifold S and a number, say k, of
copies of the circle S, namely Q = S x (S x --- x S1). The factor S, called
shape space, has coordinates denoted by z',...,2™, and coordinates on
the other factors are written 6',...,0%. Some or all of the factors of S*
can be replaced by R if desired, with little change. We assume that the
variables 0%, a = 1, ...k, are cyclic, that is, they do not appear explicitly
in the Lagrangian, although their velocities do.

As we shall see after Chapter 9 is studied, invariance of L under the action
of the abelian group G = S' x --- x 8! is another way to express that fact
that 0 are cyclic variables. That point of view indeed leads ultimately
to deeper insight, but here we focus on some basic calculations done “by
hand” in coordinates.

A basic class of examples (for which Exercises 8.9-1 and 8.9-2 provide
specific instances) are those for which the Lagrangian L has the form kinetic
minus potential energy:

L(z,&,0) = %gag(x)i:o‘icﬁ + Gao ()20 + %gab(z)éaéb —V(z), (89.1)
where there is a sum over «, ( from 1 to m and over a, b from 1 to k. Even
in simple examples, such as the double spherical pendulum or the simple
pendulum on a cart (Exercise 8.9-2), the matrices g3, gaa» gap can depend
on x.

Because 6 are cyclic, the corresponding conjugate momenta

L
90

Pa (8.9.2)
are conserved quantities. In the case of the Lagrangian (8.9.1), these mo-
menta are given by ]

Pa = gaaj:a + gabeb-
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Definition 8.9.1. The classical Routhian is defined by setting p, =
le = constant and performing a partial Legendre transformation in the
variables 6% :

R¢(z,i) = |L(z,#,0) — uaéﬂ}

, (8.9.3)

Pa=Ha
where it is understood that the variable 8% is eliminated using the equation
Pa = fa and pg is regarded as a constant.
Now consider the Euler-Lagrange equations
d 0L oL
dtoze oz
we attempt to write these as Euler-Lagrange equations for a function from
which 0 has been eliminated. We claim that the Routhian R* does the

job. To see this, we compute the Euler-Lagrange expression for R* using
the chain rule:

d (ORM\ ORr _ d 5_L+8_La_9“
dt \ di Oz dt \ 9i  Hpha i
_ 3_L+3_La_9“ _df o6 n 06"
oz " gga oz | dt \Maze | THegpe

The first and third terms vanish by (8.9.4), and the remaining terms vanish
using ftqa = pe. Thus, we have proved the following result.

(8.9.4)

Proposition 8.9.2. The Euler-Lagrange equations (8.9.4) for L(x, x,@)
together with the conservation laws p, = W, are equivalent to the Fuler—
Lagrange equations for the Routhian RM(x, 1) together with p, = i

The Euler-Lagrange equations for R* are called the reduced Euler—
Lagrange equations, since the configuration space ) with variables (z,
0%) has been reduced to the configuration space S with variables z®.

In what follows we shall make the following notational conventions: g
denote the entries of the inverse matrix of the m x m matrix [gq], and
similarly, g’ denote the entries of the inverse of the k x k matrix [gag].
We will not use the entries of the inverse of the whole matrix tensor on Q,
so there is no danger of confusion.

Proposition 8.9.3. For L given by (8.9.1) we have

3 ac,, o 1 ac e
RM@, &) = Gaa g™ ped® + 5 (9ap — Gaag"Gep) & i —V,(z), (8.9.5)

where

1 a
Valw) = V(@) + 59  fratty

is the amended potential.
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Proof. We have p, = gaa@® + gabéb, SO
0 = g°" 1y — 9" g™ (8.9.6)

Substituting this in the definition of R* gives

. 1 o . .
R (x, %) = §gaﬁxaxﬁ + (Gaad™) (gacﬂc - gacgcﬁmﬁ)
1 . .
+ 5 9ab (9" e = 9%°9epi”) (6" pa — 9" gar ")

— tta (9 e — 9% gepd”) — V().
The terms linear in & are

Gaa g  Hed™ = gabg** 11" Gn®” + 1ag*9epi” = Gaag®pci®,
while the terms quadratic in & are

1 o
§(gaﬁ ~ G009 gep) ",

and the terms dependent only on « are —V,(z), as required. |

Note that R has picked up a term linear in the velocity, and the potential
as well as the kinetic energy matrix (the mass matriz) have both been
modified.

The term linear in the velocities has the form A%pu,2®, where A% =

ab

9 gpe,. The Euler-Lagrange expression for this term can be written

d 0 oA 0AY
— A@ — 2 A9 -3 — a B -3
dt a/J’ll al'a ﬂ:uax (8%’8 a$a> Ha™,

(03

which is denoted by Bgﬁ,uax'ﬁ . If we think of the one-form A%dz®, then
B{ s is its exterior derivative. The quantities A7, are called connection
coefficients, and Bg 5 are called the curvature coefficients.

Introducing the modified (simpler) Routhian, obtained by deleting the
terms linear in #,

~ 1 o
R = 3 (908 — Gaag™ gus) %87 — V,(2),

the equations take the form

d OR*  ORM W
T ome ~Bigpai’, (8.9.7)

which is the form that makes intrinsic sense and generalizes to the case
of nonabelian groups. The extra terms have the structure of magnetic, or
Coriolis, terms that we have seen in a variety of earlier contexts.
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The above gives a hint of the large amount of geometry hidden behind
the apparently simple process of Routh reduction. In particular, connec-
tions A% and their curvatures Bos play an important role in more general
theories, such as those involving nonablelian symmetry groups (like the
rotation group).

Another suggestive hint of more general theories is that the kinetic term
in (8.9.5) can be written in the following way:

L o 5\ (9aB  Jab i’
— (2%, —A%% af  Ja s
5 3% (gaﬁ gap ) \—ALE7

which also exhibits its positive definite nature.

Routh himself (in the mid 1800s) was very interested in rotating mechan-
ical systems, such as those possessing an angular momentum conservation
law. In this context, Routh used the term “steady motion” for dynamic
motions that were uniform rotations about a fixed axis. We may identify
these with equilibria of the reduced Euler—Lagrange equations.

Since the Coriolis term does not affect conservation of energy (we have
seen this earlier with the dynamics of a particle in a magnetic field), we
can apply the Lagrange—Dirichlet test to reach the following conclusion:

Proposition 8.9.4 (Routh’s Stability Criterion). Steady motions corres-
pond to critical points x. of the amended potential V,,. If d? Viu(xe) is positive
definite, then the steady motion x. is stable.

When more general symmetry groups are involved, one speaks of relative
equilibria rather than steady motions, a change of terminology due to
Poincaré around 1890. This is the beginning of a more sophisticated theory
of stability, leading up to the energy—momentum method outlined in
81.7.

Exercises
8.9-1. Carry out Routh reduction for the spherical pendulum.
8.9-2. Carry out Routh reduction for the planar pendulum on a cart, as

in Figure 8.9.1.

8.9-3 (Two-body problem). Compute the amended potential for the pla-
nar motion of a particle moving in a central potential V(r). Compare the
result with the “effective potential” found in, for example, Goldstein [1980].

8.9-4. Let L be a Lagrangian on 7T'Q) and let

R"(q,q) = L(q.q) + A& pad®,

where A% is an RF-valued one-form on 7Q and p € R**.
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[ = pendulum length
m = pendulum bob mass

M = cart mass

g = acceleration due to gravity

FI1GURE 8.9.1. A pendulum on a cart.

(a) Write Hamilton’s principle for L as a Lagrange-d’Alembert principle
for RM.

(b) Letting H* be the Hamiltonian associated with R*, show that the
original Euler-Lagrange equations for L can be written as

o OHF
q = e’
. OH* . OHM
Do = o +5aﬁﬂb%-
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An Introduction to Lie Groups

To prepare for the next chapters, we present some basic facts about Lie
groups. Alternative expositions and additional details can be obtained from
Abraham and Marsden [1978], Olver [1986], and Sattinger and Weaver
[1986]. In particular, in this book we shall require only elementary facts
about the general theory and a knowledge of a few of the more basic groups,
such as the rotation and Euclidean groups.

Here are how some of the basic groups occur in mechanics:

Linear and Angular Momentum. These arise as conserved quantities
associated with the groups of translations and rotations in space.

Rigid Body. Consider a free rigid body rotating about its center of mass,
taken to be the origin. “Free” means that there are no external forces, and
“rigid” means that the distance between any two points of the body is
unchanged during the motion. Consider a point X of the body at time
t = 0, and denote its position at time ¢ by f(X,t). Rigidity of the body
and the assumption of a smooth motion imply that f(X,t) = A(t)X, where
A(t) is a proper rotation, that is, A(t) € SO(3), the proper rotation group
of R3, the 3 x 3 orthogonal matrices with determinant 1. The set SO(3)
will be shown to be a three-dimensional Lie group, and since it describes
any possible position of the body, it serves as the configuration space. The
group SO(3) also plays a dual role of a symmetry group, since the same
physical motion is described if we rotate our coordinate axes. Used as a
symmetry group, SO(3) leads to conservation of angular momentum.
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Heavy Top. Consider a rigid body moving with a fixed point but un-
der the influence of gravity. This problem still has a configuration space
SO(3), but the symmetry group is only the circle group S*, consisting of
rotations about the direction of gravity. One says that gravity has broken
the symmetry from SO(3) to S*. This time, “eliminating” the S! symme-
try “mysteriously” leads one to the larger Euclidean group SE(3) of rigid
motion of R3. This is a manifestation of the general theory of semidirect
products (see the Introduction, where we showed that the heavy top equa-
tions are Lie-Poisson for SE(3), and Marsden, Ratiu, and Weinstein [1984a,
1984b)).

Incompressible Fluids. Let © be a region in R? that is filled with
a moving incompressible fluid and is free of external forces. Denote by
n(X,t) the trajectory of a fluid particle that at time ¢ = 0 is at X € Q.
For fixed ¢ the map n; defined by m:(X) = n(X,¢) is a diffeomorphism of
Q. In fact, since the fluid is incompressible, we have n; € Diff,1(2), the
group of volume-preserving diffeomorphisms of €. Thus, the configuration
space for the problem is the infinite-dimensional Lie group Diff,(£2). Using
Diff,1(2) as a symmetry group leads to Kelvin’s circulation theorem as a
conservation law. See Marsden and Weinstein [1983].

Compressible Fluids. In this case the configuration space is the whole
diffeomorphism group Diff(©2). The symmetry group consists of density-
preserving diffeomorphisms Diff ,(2). The density plays a role similar to
that of gravity in the heavy top and again leads to semidirect products, as
does the next example.

Magnetohydrodynamics (MHD). This example is that of a com-
pressible fluid consisting of charged particles with the dominant electro-
magnetic force being the magnetic field produced by the particles them-
selves (possibly together with an external field). The configuration space
remains Diff(2), but the fluid motion is coupled with the magnetic field
(regarded as a two-form on ().

Maxwell-Vlasov Equations. Let f(x,v,t) denote the density function
of a collisionless plasma. The function f evolves in time by means of a
time-dependent canonical transformation on R®, that is, (x,v)-space. In
other words, the evolution of f can be described by f; = 7/ fo, where
fo is the initial value of f, f; its value at time ¢, and 7 is a canonical
transformation. Thus, Diff.,, (R®), the group of canonical transformations,
plays an important role.

Maxwell’s Equations Maxwell’s equations for electrodynamics are in-
variant under gauge transformations that transform the magnetic (or 4)
potential by A +— A + V. This gauge group is an infinite-dimensional Lie
group. The conserved quantity associated with the gauge symmetry in this
case is the charge.
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9.1 Basic Definitions and Properties

Definition 9.1.1. A Lie group is a (Banach) manifold G that has a
group structure consistent with its manifold structure in the sense that
group multiplication

p:GxG—G, (g,h)— gh,

is a C™> map.

The maps Ly : G — G, h — gh, and R), : G — G, g — gh, are called the
left and right translation maps. Note that

Ly oLy, =Ly, and Ry, oRp, = Rp,p,-
If e € G denotes the identity element, then L. = Id = R,, and so
(Lg) ™' =L, and (Rp)™' = Ry-1.
Thus, Ly and Ry, are diffeomorphisms for each g and h. Notice that
Lyo Ry = Ry 0 Ly,
that is, left and right translation commute. By the chain rule,

Tgth—l OTth = Th(Lg—l o Lg) =1d.

Thus, T}, L4 is invertible. Likewise, T, I, is an isomorphism.

We now show that the inversion map I : G — G; g — g~ is C™.
Indeed, consider solving

(g, h) = e

for h as a function of g. The partial derivative with respect to h is just 1}, Ly,
which is an isomorphism. Thus, the solution ¢! is a smooth function of g
by the implicit function theorem:.

Lie groups can be finite- or infinite-dimensional. For a first reading of
this section, the reader may wish to assume that G is finite-dimensional.

Examples

(a) Any Banach space V is an Abelian Lie group with group operations
pw:VxVvV-V pxy=x+y, and I:V -V, I(z)=—-x.

The identity is just the zero vector. We call such a Lie group a wector

group. ¢

'We caution that some interesting infinite-dimensional groups (such as groups of
diffeomorphisms) are not Banach—-Lie groups in the (naive) sense just given.
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(b) The group of linear isomorphisms of R™ to R™ is a Lie group of
dimension n?, called the general linear group and denoted by GL(n,R).
It is a smooth manifold, since it is an open subset of the vector space
L(R™,R™) of all linear maps of R™ to R™. Indeed, GL(n,R) is the inverse
image of R\{0} under the continuous map A — det A of L(R™,R™) to R.
For A, B € GL(n,R), the group operation is composition,

u: GL(n,R) x GL(n,R) — GL(n,R)

given by
(A,B)— Ao B,

and the inversion map is
I:GL(n,R) — GL(n,R)

defined by
I(A)=A"1

Group multiplication is the restriction of the continuous bilinear map
(A,B) € LR",R") x L(R",R") — Ao B € L(R",R").

Thus, p is C*°, and so GL(n,R) is a Lie group.

The group identity element e is the identity map on R"™. If we choose a
basis in R™, we can represent each A € GL(n,R) by an invertible n x n
matrix. The group operation is then matrix multiplication p(A4, B) = AB,
and I(A) = A~! is matrix inversion. The identity element e is the n x
n identity matrix. The group operations are obviously smooth, since the
formulas for the product and inverse of matrices are smooth (rational)
functions of the matrix components. ¢

(c) In the same way, one sees that for a Banach space V, the group
GL(V, V) of invertible elements of L(V,V) is a Banach—Lie group. For the
proof that this is open in L(V, V'), see Abraham, Marsden, and Ratiu [1988].
Further examples are given in the next section. ¢

Charts. Given any local chart on G, one can construct an entire atlas on
the Lie group G by use of left (or right) translations. Suppose, for example,
that (U, ¢) is a chart about e € G, and that ¢ : U — V. Define a chart
(Ug, ¢g) about g € G by letting

Uy =Ly(U)={Lgh|heU}

and defining

pg=¢poLyg1:U;—V, hs (g th).
The set of charts {(Uyg, ¢4)} forms an atlas, provided that one can show
that the transition maps

¥g: © 99;21 =pe° Lgfng opt: Pgo(Ugy NUg,) — 09, (Ug, NUy,)
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are diffeomorphisms (between open sets in a Banach space). But this follows
from the smoothness of group multiplication and inversion.

Invariant Vector Fields. A vector field X on G is called left invariant
if for every g € G we have Ly X = X, that is, if

(ThLg) X (h) = X(gh)
for every h € G. We have the commutative diagram in Figure 9.1.1 and

illustrate the geometry in Figure 9.1.2.

TL,

TG TG

FIGURE 9.1.1. The commutative diagram for a left-invariant vector field.

FIGURE 9.1.2. A left-invariant vector field.

Let X1 (G) denote the set of left-invariant vector fields on G. If g € G
and X,Y € X1(G), then

L;[X,Y] = [L;X, L;Y] =[X,Y],
so [X,Y] € X(G). Therefore, X1, (G) is a Lie subalgebra of X(G), the set

of all vector fields on G.
For each ¢ € T.G, we define a vector field X¢ on G by letting

Xe(g) = TeLy(8).



270 9. An Introduction to Lie Groups

Then
Xe(gh) = TeLgn(§) = Te(Lg o Ln)(§)
= ThLg(TeLn(€)) = ThLy(Xe(R)),
which shows that X¢ is left invariant. The linear maps
G XL(G) = T.G, X X(e)
and
QTG — X(G), & X

satisfy (1 o (2 = idr,¢ and (2 o (1 = idx, (g). Therefore, X(G) and TG
are isomorphic as vector spaces.

The Lie Algebra of a Lie Group. Define the Lie bracket in T.G by

[67 77} = [X§7 Xﬂ](e)v

where &, € T.G and where [X¢, X,] is the Jacobi-Lie bracket of vector
fields. This clearly makes T.G into a Lie algebra. (Lie algebras were defined
in the Introduction.) We say that this defines a bracket in T.G via left
extenston. Note that by construction,

[XﬁvXn] = Xign)

for all &,n € T.G.

Definition 9.1.2.  The vector space T.G with this Lie algebra structure
is called the Lie algebra of G and is denoted by g.

Defining the set Xr(G) of right-invariant vector fields on G in the
analogous way, we get a vector space isomorphism § — Ye, where Yz(g) =
(TeRy)(£), between T, G = g and Xg(G). In this way, each £ € g defines an
element Yy € X(G), and also an element X¢ € X1 (G). We will prove that
a relation between X¢ and Ye is given by

LXe = —Y, (9.1.1)

where I : G — G is the inversion map: I(g) = g~ '. Since I is a dif-
feomorphism, (9.1.1) shows that I, : X.(G) — Xgr(G) is a vector space
isomorphism. To prove (9.1.1) notice first that for u € T,G and v € T},G,
the derivative of the multiplication map has the expression

Tig.myp(u; v) = Ty Lg(v) + Ty R (w). (9.1.2)
In addition, differentiating the map g — u(g, I(g)) = e gives

T(gygfl):“(“a Tyl(u)) =0
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for all uw € T4G. This and (9.1.2) yield
Tel(u) = —(TeRy—1 0 TyLg-1)(u), (9.1.3)
for all u € TyG. Consequently, if £ € g, and g € G, we have
(1.Xe)(g) = (TTo Xe o I71)(g) = Ty 1(Xe(g™"))
= —(TeRg 0 Ty-1Ly)(Xe(9™)) (by (9.1.3))
= —TeRy(§) = —Ye(9) (since Xe(97") = TeLy-1(€))
and (9.1.1) is proved. Hence for £, n € g,
—Yiem) = LXje ) = L[ Xe, Xp] = [LXe, LX)
=[-Ye, =Yy] = [Ye, V3],
so that
_[YE7Y77](6) = Y[E,n](e) = [5,77] = [X&Xn](e)'

Therefore, the Lie algebra bracket [,]% in g defined by right extension
of elements in g,

[f, W]R = [Yﬁa Yn}(e)a

is the negative of the one defined by left extension, that is,

[fﬂ?]R = _[ga 77]

Examples

(a) For avector group V, T,V = V; it is easy to see that the left-invariant
vector field defined by w € T.V is the constant vector field X, (v) = u for
all v € V. Therefore, the Lie algebra of a vector group V is V itself, with
the trivial bracket [v, w] = 0 for all v,w € V. We say that the Lie algebra
is Abelian in this case. ¢

(b) The Lie algebra of GL(n,R) is L(R™,R™), also denoted by gl(n),
the vector space of all linear transformations of R™, with the commutator
bracket

[A,B] = AB — BA.

To see this, we recall that GL(n,R) is open in L(R™ R"™), and so the Lie
algebra, as a vector space, is L(R™, R™). To compute the bracket, note that
for any &£ € L(R",R™),

X¢ : GL(n,R) — L(R",R")

given by A — AE is a left-invariant vector field on GL(n,R) because for
every B € GL(n,R), the map

Lp: GL(n,R) — GL(n,R)
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defined by Lp(A) = BA is a linear mapping, and hence
X¢(LpA) = BA{ = TaLpX¢(A).
Therefore, by the local formula
[X,Y](z) =DY(2) - X(z) — DX (x) - Y(x),
we get
[§,m] = [Xe, Xyl(I) = DXy (1) - Xe(I) = DX () - X, (1)
But X, (A) = An is linear in A, so DX, (I) - B = Bn. Hence
DX, (I) - Xe(I) = &n,

and similarly
DX (1) - Xy (1) = n¢.

Thus, L(R™,R™) has the bracket
[§,m] = &n — €. (9.1.4)
¢

(c) We can also establish (9.1.4) by a coordinate calculation. Choosing a
basis in R™, each A € GL(n,R) is specified by its components A; such that
(Av)" = A%v7 (sum on j). Thus, a vector field X on GL(n,R) has the form
X(A) =3, C;(A)(@/@A;) It is checked to be left invariant, provided
that there is a matrix (£j) such that for all A,

ZAzgﬂ 8Az

.5,k

IfY(4) =34 k773 (8/8/1’) is another left-invariant vector field, we

have
of
= Y igt 5 [ A ]

= Z Al 3 k5tsd n I ;Tfl + (second derivatives)

= Z Al 5;“ #37 + (second derivatives),

where we have used 0AS,/ 8A§ = 6867 . Therefore, the bracket is the left-
invariant vector field [X,Y] given by

of
OAL,’

This shows that the vector field bracket is the usual commutator bracket
of n x n matrices, as before. ¢

XY = (XY =Y X)[f] = Y A&, —nféh)
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One-Parameter Subgroups and the Exponential Map. If X, is the
left-invariant vector field corresponding to £ € g, there is a unique integral
curve 7¢ : R — G of X¢ starting at e, 7¢(0) = e and () = X¢(7¢(t)). We
claim that

Ye(s +1t) = ve(s)ve(t),

which means that 7¢(t) is a smooth one-parameter subgroup. Indeed,
as functions of ¢, both sides equal v¢(s) at ¢ = 0 and both satisfy the
differential equation o’(t) = X¢(o(t)) by left invariance of X, so they are
equal. Left invariance or v¢(t 4+ s) = 7¢(t)7ve(s) also shows that v¢(t) is
defined for all ¢t € R.

Definition 9.1.3. The exponential map exp : g — G is defined by

exp(§) = 7e(1)-

We claim that
exp(s§) = v¢(s).

Indeed, for fixed s € R, the curve ¢ — ~¢(ts), which at ¢ = 0 passes through
e, satisfies the differential equation

d

716 (ts) = sXe(7e(ts)) = Xog (¢ (t5))-

Since ~y,¢(t) satisfies the same differential equation and passes through e at

t =0, it follows that vs¢(t) = 7¢(ts). Putting t = 1 yields exp(s§) = v¢(s).
Hence the exponential mapping maps the line s in g onto the one-

parameter subgroup ~¢(s) of G, which is tangent to § at e. It follows from

left invariance that the flow F* of X¢ satisfies FS(g) = gF(e) = gve(t), so

th(g) = gexp(tf) = Rexptfgc

Let v(t) be a smooth one-parameter subgroup of G, so v(0) = e in partic-
ular. We claim that vy = ¢, where £ = ~/(0). Indeed, taking the derivative
at s = 0 in the relation y(t + s) = y(¢)y(s) gives

dy(t d
DO _ L L () = Teoy (0) = Xelr (1),
s=0

so that v = ¢, since both equal e at t = 0. In other words, all smooth
one-parameter subgroups of G are of the form expté for some £ € g. Since
everything proved above for X¢ can be repeated for Y, it follows that the
exponential map is the same for the left and right Lie algebras of a Lie
group.

From smoothness of the group operations and smoothness of the solu-
tions of differential equations with respect to initial conditions, it follows
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that exp is a €™ map. Differentiating the identity exp(sf) = v¢(s) with
respect to s at s = 0 shows that T exp = idg. Therefore, by the inverse
function theorem, exp is a local diffeomorphism from a neighborhood of
zero in g onto a neighborhood of e in G. In other words, the exponential
map defines a local chart for G at e; in finite dimensions, the coordinates
associated to this chart are called the canonical coordinates of G. By
left translation, this chart provides an atlas for G. (For typical infinite-
dimensional groups like diffeomorphism groups, exp is not locally onto a
neighborhood of the identity. It is also mot true that the exponential map
is a local diffeomorphism at any & # 0, even for finite-dimensional Lie
groups.)

It turns out that the exponential map characterizes not only the smooth
one-parameter subgroups of G, but the continuous ones as well, as given
in the next proposition (see the internet supplement or Varadarajan [1974]
for the proof).

Proposition 9.1.4. Let v: R — G be a continuous one-parameter sub-
group of G. Then v is automatically smooth, and hence (t) = expt§, for
some & € g.

Examples

(a) Let G =V be a vector group, that is, V is a vector space and the
group operation is vector addition. Then g = V and exp : V. — V is the
identity mapping. ¢

(b) Let G = GL(n,R); so g = L(R™,R"™). For every A € L(R",R"), the
mapping y4 : R — GL(n,R) defined by

X 4
7
=0

is a one-parameter subgroup, because y4(0) = I and
, & ti—l )

=0

Therefore, the exponential mapping is given by
exp : L(R",R") — GL(n,R"), A y4(1) = E -
1!
i=0
As is customary, we will write

00 .
Al

eA = E -
1!

=0
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We sometimes write exps : g — G when there is more than one group
involved. ¢

(c) Let G; and G5 be Lie groups with Lie algebras g; and go. Then
G1 X G4 is a Lie group with Lie algebra g; x go, and the exponential map
is given by

exp: gy X g2 — G1 x Ga,  (§1,&) — (expy(§1), expy(&2)). ¢

Computing Brackets. Here is a computationally useful formula for the
bracket. One follows these three steps:

1. Calculate the inner automorphisms

I,: G — G, where I,(h) = ghg™'.

2. Differentiate I;(h) with respect to h at h = e to produce the adjoint
operators
Adg:g—g; Adgn=Tcl,-n.

Note that (see Figure 9.1.3)

Ady =T, 1Ly T.Ry1 -1,

3. Differentiate Adyn with respect to ¢ at e in the direction £ to get
[E’ 77]’ that iS?

Tep - € = [5777]7 (915)

where ¢"(g) = Adyn.

FI1GURE 9.1.3. The adjoint mapping is the linearization of conjugation.

Proposition 9.1.5. Formula (9.1.5) is valid.
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Proof. Denote by ¢:(g9) = gexpt§ = Rexpre g the flow of X¢. Then

6.1] = Xe, X,)(0) = S Thaer X(or(e)

t=0
d
= ETexp t& chp(ftﬁ) XT] (exp té-)
t=0
d
= ETcxp t& Rexp(—t&) Techp te 1)
t=0
d
= %Te(Lexp te O Rexp(ftﬁ))n
t=0
d
= _Adex te 1 ’
dt i P
which is (9.1.5). |
Another way of expressing (9.1.5) is
d d
= ——g(t)h(s)g(t)™" 9.1.6
6= G amohon| (9.16)

where ¢(t) and h(s) are curves in G with g(0) = e, h(0) = e, and where
¢/(0) = € and K'(0) = .

Example. Consider the group GL(n,R). Formula (9.1.4) also follows
from (9.1.5). Here, 4B = ABA™!, and so

Adan = AnA~t.

Differentiating this with respect to A at A = Identity in the direction &
gives

[€,n] = &n —né. ¢

Group Homomorphisms. Some simple facts about Lie group homo-
morphisms will prove useful.

Proposition 9.1.6. Let G and H be Lie groups with Lie algebras g and
h. Let f : G — H be a smooth homomorphism of Lie groups, that is,
f(gh) = f(g)f(h), for all g,h € G. Then T.f : g — b is a Lie algebra
homomorphism, that is, (T.f)[§,n] = [Tef(£), Tef(n)], for all &,n € g. In
addition,

foexps = expy oT.f.
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Proof. Since f is a group homomorphism, f o L, = Ly o f. Thus,
TfoTLy=TLysg oTf, from which it follows that

Xr,16)(f(9)) = Ty f(Xe(9))s

that is, X¢ and X7, ) are f-related. It follows that the vector fields
[Xe, Xy] and [X7, ¢(¢), X1, 5] are also f-related for all §,7 € g (see Abra-
ham, Marsden, and Ratiu [1988, Section 4.2]). Hence

Tef(I€m]) = (Tf o [Xe, Xy])(e) (where e = eg)
= [XTgf(§)7XTgf(7])}(é) (Where e=¢eg = f(e))
= [Tef(£)7Tef(n)]'

Thus, T, f is a Lie algebra homomorphism.

Fixing £ € g, note that a : t — f(exps(t€)) and B : t — expy (tT. f(£))
are one-parameter subgroups of H. Moreover, o/ (0) = T, f(¢) = 3'(0), and
so a = (. In particular, f(exps(€)) = expy(Tef(€)), for all £ € g. |

Example. Proposition 9.1.6 applied to the determinant map gives the
identity
det(exp A) = exp(trace A)

for A € GL(n,R). ¢

Corollary 9.1.7. Assume that f1, fo : G — H are homomorphisms of
Lie groups and that G is connected. If T, f, = T, f2, then f1 = fo.

This follows from Proposition 9.1.6, since a connected Lie group G is
generated by a neighborhood of the identity element. This latter fact may
be proved following these steps:

1. Show that any open subgroup of a Lie group is closed (since its com-
plement is a union of group cosets, each of which is homeomorphic
to the given open subgroup).

2. Show that a subgroup of a Lie group is open if and only if it contains
a neighborhood of the identity element.

3. Conclude that a Lie group is connected if and only if it is generated
by arbitrarily small neighborhoods of the identity element.

From Proposition 9.1.6 and the fact that the inner automorphisms are
group homomorphisms, we get the following corollary.

Corollary 9.1.8.
(i) exp(Ady &) = g(exp&)g™!, for every £ € g and g € G; and
(ll> Adg[fvn] = [Adg gaAdg 77]'
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More Automatic Smoothness Results. There are some interesting
results related in spirit to Proposition 9.1.4 and the preceding discussions.
A striking example of this is the following result proved in the internet
supplement:

Theorem 9.1.9. Any continuous homomorphism of finite-dimensional
Lie groups is smooth.

There is a remarkable consequence of this theorem. If G is a topological
group (that is, the multiplication and inversion maps are continuous), one
could, in principle, have more than one differentiable manifold structure
making G into two nonisomorphic Lie groups (i.e., the manifold structures
are not diffeomorphic) but both inducing the same topological structure.
This phenomenon of “exotic structures” occurs for general manifolds. How-
ever, in view of the theorem above, this cannot happen in the case of Lie
groups. Indeed, since the identity map is a homeomorphism, it must be
a diffeomorphism. Thus, a topological group that is locally Euclidean (i.e.,
there is an open neighborhood of the identity homeomorphic to an open ball
in R™) admits at most one smooth manifold structure relative to which it
s a Lie group.

The existence part of this statement is Hilbert’s famous fifth problem:
Show that a locally Euclidean topological group admits a smooth (actually
analytic) structure making it into a Lie group. The solution of this problem
was achieved by Gleason and, independently, by Montgomery and Zippin
in 1952; see Kaplansky [1971] for an excellent account of this proof.

Abelian Lie Groups. Since any two elements of an Abelian Lie group
G commute, it follows that all adjoint operators Ady, g € G, equal the
identity. Therefore, by equation (9.1.5), the Lie algebra g is Abelian; that

is, [£,m] =0 for all £,n € g.

Examples

(a) Any finite-dimensional vector space, thought of as an Abelian group
under addition, is an Abelian Lie group. The same is true in infinite di-
mensions for any Banach space. The exponential map is the identity. ¢

(b) The unit circle in the complex plane S' = {z € C | |z| = 1} is
an Abelian Lie group under multiplication. The tangent space T,S? is the
imaginary axis, and we identify R with 7,S' by ¢ +— 27it. With this iden-
tification, the exponential map exp : R — S! is given by exp(t) = e*>7.
Note that exp~1(1) = Z. ¢

(¢) The n-dimensional torus T" = S! x --- x S1 (n times) is an Abelian
Lie group. The exponential map exp : R” — T" is given by

(e2nit1 27it,, ).

exp(ty, ... tn) = e



9.1 Basic Definitions and Properties 279

Since S = R/Z , it follows that
™ =R"/Z",
the projection R™ — T"™ being given by exp above. ¢

If G is a connected Lie group whose Lie algebra g is Abelian, the Lie
group homomorphism g € G — Ad, € GL(g) has induced Lie algebra
homomorphism ¢ € g — ade € gl(g) the constant map equal to zero.
Therefore, by Corollary 9.1.7, Ad, = identity on G, for any g € G. Apply
Corollary 9.1.7 again, this time to the conjugation by g on G (whose induced
Lie algebra homomorphism is Ad,), to conclude that it equals the identity
map on G. Thus, g commutes with all elements of GG; since g was arbitrary,
we conclude that G is Abelian. We summarize these observations in the
following proposition.

Proposition 9.1.10. If G is an Abelian Lie group, its Lie algebra g is
also Abelian. Conversely, if G is connected and g is Abelian, then G is
Abelian.

The main structure theorem for Abelian Lie groups is the following,
whose proof can be found in the internet supplement, Varadarajan [1974],
or Knapp [1996].

Theorem 9.1.11. FEwvery connected Abelian n-dimensional Lie group G
is isomorphic to a cylinder, that is, to TF x R*™* for some k=1,...,n.

Lie Subgroups. It is natural to synthesize the subgroup and submani-
fold concepts.

Definition 9.1.12. A Lie subgroup H of a Lie group G is a subgroup
of G that is also an injectively immersed submanifold of G. If H is a sub-
manifold of G, then H is called a regular Lie subgroup.

For example, the one-parameter subgroups of the torus T? that wind
densely on the torus are Lie subgroups that are not regular.

The Lie algebras g and h of G and a Lie subgroup H, respectively, are
related in the following way:

Proposition 9.1.13. Let H be a Lie subgroup of G. Then b is a Lie
subalgebra of g. Moreover,

h={¢cg|expté € H forallt eR}.

Proof. The first statement is a consequence of Proposition 9.1.6, which
also shows that expt£ € H, for all £ € h and ¢t € R. Conversely, if exptf €
H, for all t € R, we have,

d
— expt
7 &P ¢ - €bh,

since H is a Lie subgroup; but this equals £ by definition of the exponential
map. |
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The following is a powerful theorem often used to find Lie subgroups.

Theorem 9.1.14. If H is a closed subgroup of a Lie group G, then H
1s a reqular Lie subgroup. Conversely, if H is a reqular Lie subgroup of G,
then H 1is closed.

The proof of this theorem may be found in the internet supplement,
Abraham and Marsden [1978], Adams [1969], Varadarajan [1974], or Knapp
[1996].

The next result is sometimes called “Lie’s third fundamental theorem.”

Theorem 9.1.15. Let G be a Lie group with Lie algebra g, and let by be
a Lie subalgebra of g. Then there exists a unique connected Lie subgroup H
of G whose Lie algebra is b.

The proof may be found in the internet supplement, Knapp [1996], or
Varadarajan [1974].

We remind the reader that the Lie algebras appropriate to fluid dynamics
and plasma physics are infinite-dimensional. Nevertheless, there is still,
with the appropriate technical conditions, a correspondence between Lie
groups and Lie algebras analogous to the preceding theorems. The reader
should be warned, however, that these theorems do not naively generalize
to the infinite-dimensional situation, and to prove them for special cases,
specialized analytical theorems may be required.

Quotients. If H is a closed subgroup of G, we denote by G/H, the set
of left cosets, that is, the collection {gH | g € G }. Let 7 : G — G/H be
the projection g — gH.

Theorem 9.1.16. There is a unique manifold structure on G/H such
that the projection w : G — G/H is a smooth surjective submersion. (Recall

from Chapter 4 that a smooth map is called a submersion when its derivative
is surjective.)

Again the proof may be found in Abraham and Marsden [1978], Knapp
[1996], or Varadarajan [1974]. One calls the manifold G/H a homogeneous
space.

The Maurer—Cartan Equations. We close this section with a proof
of the Maurer—Cartan structure equations on a Lie group G. Define
A\, p € QY(G; g), the space of g-valued one-forms on G, by

Mug) =TyLg-1(ug), plug) = TgRy—1(uy).

Thus, A\ and p are Lie-algebra-valued one-forms on G that are defined by
left and right translation to the identity, respectively. Define the two-form
[A; Al by

(A Al(u, v) = [Aw), A(v)],
and similarly for [p, p].
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Theorem 9.1.17 (Maurer-Cartan Structure Equations).
dA+ [\ A =0, dp—p,p]=0.

Proof. We use identity 6 from the table in §4.4. Let X, Y € X(G) and let
§=TyLy1(X(g)) and n = TyL,-1(Y (g)) for fixed g € G. Recalling that
X¢ denotes the left invaraint vector field on G equalling £ at the identity,
we have

(AN (Xe, Xp) = Xe[AMXy)] = Xy [AM(Xe)] = A([Xe, X))

Since A(X,,)(h) = Tp L1 (X, (h)) = n is constant, the first term vanishes.
Similarly, the second term vanishes. The third term equals

/\([XEvXTI]) = A(X[ﬁ,n]) = [Ean]a

and hence
(dA)(Xe, Xy) = —[€, 7).
Therefore,
(dA+ [N A]) (Xe, X)) = =[] + [\ A](Xe, Xip)
= —[& 0] + [MXe), AM(Xy)]
=&+ [&n =0.

This proves that
(dA+[XA) (X, Y)(g) = 0.

Since g € G was arbitrary as well as X and Y, it follows that dA+[A, A] = 0.

The second relation is proved in the same way but working with the
right-invariant vector fields Y¢,Y;. The sign in front of the second term
changes, since [Y¢, Y] = Y_i¢ ;- |

Remark. If o is a (0, k)-tensor with values in a Banach space Fy, and 3
is a (0,1)-tensor with values in a Banach space Fs, and if B : Ey X Fy —
Es5 is a bilinear map, then replacing multiplication in (4.2.1) by B, the
same formula defines an E3-valued (0, k + [)-tensor on M. Therefore, using
Definitions 4.2.2-4.2.4, if

acQ¥(M,E)) and g€ QY(M,E,),

then

k!

Recall that the tensor product involves the choice of B. We shall call this
expression the wedge product associated to B and denote it either by
aAg 8 or BMNa, ).

{(’“ + l)!] Ala® B) € QFH (M, By).
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In particular, if £y = Fs = E3 = g and B = [ , ] is the Lie algebra
bracket, then for o, 8 € Q'(M;g), we have

[, 8" (w,v) = [ex(w), B(v)] = [a(v), B(w)] = =[B, 0] (u, v)

for any vectors u,v tangent to M. Thus, alternatively, one can write the
structure equations as

dr+ 3[\MAN =0, dp—ip,p]" =0. ¢

Haar measure. One can characterize Lebesgue measure up to a multi-
plicative constant on R™ by its invariance under translations. Similarly, on
a locally compact group there is a unique (up to a nonzero multiplicative
constant) left-invariant measure, called Haar measure. For Lie groups
the existence of such measures is especially simple.

Proposition 9.1.18. Let G be a Lie group. Then there is a volume form
1, unique up to monzero multiplicative constants, that is left invariant. If
G is compact, p is right invariant as well.

Proof. Pick any n-form p. on T.G that is nonzero and define an n-form
on T,G by

pg(v1, ... 0n) = ple - (TLg-1vy,... ,TLy-1 - vy).

Then g4 is left invariant and smooth. For n = dim G, p. is unique up to a
scalar factor, so 4 is as well.

Fix go € G and consider Ry ;1 = cp for a constant c. If G is compact,
this relationship may be integrated, and by the change of variables formula
we deduce that ¢ = 1. Hence, p is also right invariant. |

Exercises
9.1-1. Verify Ady[¢,n] = [Ad, &, Ady 7] directly for GL(n).

9.1-2. Let G be a Lie group with group operations i : G x G — G and
I : G — G. Show that the tangent bundle T'G is also a Lie group, called
the tangent group of G with group operations Ty : TG xXTG — TG, T1 :
TG — TG.

9.1-3 (Defining a Lie group by a chart at the identity). Let G be a group
and suppose that ¢ : U — V is a one-to-one map from a subset U of G
containing the identity element to an open subset V' in a Banach space (or
Banach manifold). The following conditions are necessary and sufficient for
i to be a chart in a Hausdorff-Banach—Lie group structure on G:
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(a) The set W = {(z,y) € VxV | ¢~ (y) €U} is openin V x V, and
the map (z,y) € W — (o~ (z)p 1 (y)) € V is smooth.

(b) For every g € G, the set V, = p(gUg ' NU) is open in V and the
map z € V, — p(gp~(x)g™") € V is smooth.

¢ 9.1-4 (The Heisenberg group). Let (Z,{) be a symplectic vector space
and define on H := Z x S! the following operation:

(u, expig)(v,expith) = (u+v,expi[g + ¥ + 7~ 'Qu,v)]) .

(a) Verify that this operation gives H the structure of a noncommutative
Lie group.

(b) Show that the Lie algebra of H is given by h = Z xR with the bracket
operation?

[(uv (,25), (Ua d])] - (Oa 2h719(ua U))

(c) Show that [b, [h, b]] = 0, that is, b is nilpotent, and that R lies in the
center of the algebra (i.e., [h,R] = 0); one says that h is a central
extension of 7.

9.2 Some Classical Lie Groups

The Real General Linear Group GL(n,R). In the previous section we
showed that GL(n,R) is a Lie group, that it is an open subset of the vector
space of all linear maps of R™ into itself, and that its Lie algebra is gl(n, R)
with the commutator bracket. Since it is open in L(R™, R™) = gl(n,R), the
group GL(n,R) is not compact. The determinant function det : GL(n,R) —
R is smooth and maps GL(n,R) onto the two components of R\{0}. Thus,
GL(n,R) is not connected.
Define
GLT(n,R) = {A € GL(n,R) | det(4) >0}

and note that it is an open (and hence closed) subgroup of GL(n,R). If
GL™ (n,R) ={ A € GL(n,R) | det(A) <0},

the map A € GLT(n,R) +— IpA € GL™(n,R), where I; is the diagonal
matrix all of whose entries are 1 except the (1,1)-entry, which is —1, is a
diffeomorphism. We will show below that GL*(n,R) is connected, which

2This formula for the bracket, when applied to the space Z = R2™ of the usual p’s
and ¢’s , shows that this algebra is the same as that encountered in elementary quan-
tum mechanics via the Heisenberg commutation relations. Hence the name “Heisenberg
group.”
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will prove that GL™(n,R) is the connected component of the identity in
GL(n,R) and that GL(n,R) has exactly two connected components.

To prove this we need a theorem from linear algebra called the polar de-
composition theorem. To formulate it, recall that a matrix R € GL(n,R) is
orthogonal if RRT = RTR = I. A matrix S € gl(n,R) is called symmet-
ricif ST = S. A symmetric matrix S is called positive definite, denoted
by S > 0, if

(Sv,v) >0

for all v.€ R™, v # 0. Note that S > 0 implies that S is invertible.

Proposition 9.2.1 (Real Polar Decomposition Theorem). For any A €
GL(n,R) there exists a unique orthogonal matriz R and positive definite
matrices Sy, Sa, such that

A=RS, = S>R. (9.2.1)

Proof. Recall first that any positive definite symmetric matrix has a
unique square root: If A1,..., A, > 0 are the eigenvalues of AT A, diagonal-
ize AT A by writing

AT A = Bdiag(\1,...,\)B7Y,
and then define
VAT A = Bdiag(v/ A1, ...,V n)B™h

Let S; = VATA, which is positive definite and symmetric. Define R =
AST! and note that

RTR=S;'ATAS =1,

since S7 = AT A by definition. Since both A and S; are invertible, it follows
that R is invertible and hence RT = R™!, so R is an orthogonal matrix.
Let us prove uniqueness of the decomposition. If A = RSy = RSy, then

ATA =S RTRS, = 52

However, the square root of a positive definite matrix is unique, so S; = 51,
whence also R = R.

Now define Sy = VAAT, and as before, we conclude that A = SoR’
for some orthogonal matrix R’. We prove now that R’ = R. Indeed, A =
SoR' = (R'(RNT)S2R' = R'((R)TSyR') and (R)T S, R’ > 0. By unique-
ness of the prior polar decomposition, we conclude that R’ = R and
(R/)TSQR/ =5 ||
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Now we will use the real polar decomposition theorem to prove that
GL™(n,R) is connected. Let A € GL"(n,R) and decompose it as A = SR,
with S positive definite and R an orthogonal matrix whose determinant is
1. We will prove later that the collection of all orthogonal matrices having
determinant equal to 1 is a connected Lie group. Thus there is a continuous
path R(t) of orthogonal matrices having determinant 1 such that R(0) = I
and R(1) = R. Next, define the continuous path of symmetric matrices
S(t) =1+ t(S —I) and note that S(0) = I and S(1) = S. Moreover,

(S(t)v,v) = (I + (S = I)]v,v)
= |[vI]* + t(Sv,v) —t|v]
= (L= B)IvII* +t{Sv,v) >0,
for all t € [0, 1], since (Sv,v) > 0 by hypothesis. Thus S(¢) is a continuous
path of positive definite matrices connecting I to S. We conclude that
A(t) :== S(t)R(t) is a continuous path of matrices whose determinant is

strictly positive connecting A(0) = S(0)R(0) = I to A(1) = S(1)R(1) =
SR = A. Thus, we have proved the following:

Proposition 9.2.2. The group GL(n,R) is a noncompact disconnected
n?-dimensional Lie group whose Lie algebra gl(n,R) consists of all n x n
matrices with the bracket

(A, B] = AB — BA.

The connected component of the identity is GLT (n,R), and GL(n,R) has
two components.

The Real Special Linear Group SL(n,R). Let det : L(R",R") — R
be the determinant map and recall that

GL(n,R) = { A € L(R",R") | det A £ 0},

so GL(n,R) is open in L(R™ R™). Notice that R\{0} is a group under
multiplication and that

det : GL(n,R) — R\{0}
is a Lie group homomorphism because
det(AB) = (det A)(det B).

Lemma 9.2.3. The map det : GL(n,R) — R\{0} is C*°, and its deriva-
tive is given by Ddet -B = (det A) trace(A~!B).

Proof. The smoothness of det is clear from its formula in terms of matrix
elements. Using the identity

det(A + AB) = (det A) det(I + A" B),
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it suffices to prove
d det(I + AC) trace C
— =tr .
dX A=0

This follows from the identity for the characteristic polynomial

det(I + A\C) =1+ A traceC + --- + A" det C. [ |

Define the real special linear group SL(n,R) by
SL(n,R) = {A € GL(n,R) | det A =1} = det'(1). (9.2.2)

From Theorem 9.1.14 it follows that SL(n,R) is a closed Lie subgroup
of GL(n,R). However, this method invokes a rather subtle result to prove
something that is in reality straightforward. To see this, note that it follows
from Lemma 9.2.3 that det : GL(n,R) — R is a submersion, so SL(n,R) =
det™'(1) is a smooth closed submanifold and hence a closed Lie subgroup.

The tangent space to SL(n,R) at A € SL(n,R) therefore consists of all
matrices B such that trace(A~'B) = 0. In particular, the tangent space at
the identity consists of the matrices with trace zero. We have seen that the
Lie algebra of GL(n,R) is L(R",R") = gl(n,R) with the Lie bracket given
by [A, B] = AB — BA. It follows that the Lie algebra sl(n,R) of SL(n,R)

consists of the set of n X n matrices having trace zero, with the bracket
[A, B = AB — BA.
Since trace(B) = 0 imposes one condition on B, it follows that
dim[sl(n,R)] = n® — 1.

In dealing with classical Lie groups it is useful to introduce the following
inner product on gl(n,R):

(A, B) = trace(ABT). (9.2.3)
Note that
1AI? =" af, (9.24)
ij=1

which shows that this norm on gl(n,R) coincides with the Euclidean norm
on R™".
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We shall use this norm to show that SL(n, R) is not compact. Indeed, all
matrices of the form

1 0 t
0 1 0
0 0 ... 1

are elements of SL(n,R) whose norm equals vn + t2 for any ¢ € R. Thus,
SL(n,R) is not a bounded subset of gl(n,R) and hence is not compact.

Finally, let us prove that SL(n,R) is connected. As before, we shall use
the real polar decomposition theorem and the fact, to be proved later,
that the set of all orthogonal matrices having determinant equal to 1 is a
connected Lie group. If A € SL(n,R), decompose it as A = SR, where R
is an orthogonal matrix having determinant 1 and S is a positive definite
matrix having determinant 1. Since S is symmetric, it can be diagonalized,
that is, S = Bdiag(\1,...,A,)B~! for some orthogonal matrix B and
A1, ..., Ay > 0. Define the continuous path

S(t) = Bdiag ((1 )+ AL,y (1= 1) + tAn1, 1/71:[((1 —t) + t)\i)> B!

i=1

for t € [0, 1] and note that by construction, det S(¢) = 1; S(¢) is symmetric;
S(t) is positive definite, since each entry (1 —¢) +tA; > 0 for t € [0,1];
and S(0) =1, S(1) = S. Now let R(¢) be a continuous path of orthogonal
matrices of determinant 1 such that R(0) = I and R(1) = R. Therefore,
A(t) = S(t)R(t) is a continuous path in SL(n,R) satisfying A(0) = I and
A(1) = SR = A, thereby showing that SL(n,R) is connected.

Proposition 9.2.4. The Lie group SL(n,R) is a noncompact connected
(n? — 1)-dimensional Lie group whose Lie algebra sl(n,R) consists of the
n X n matrices with trace zero (or linear maps of R™ to R™ with trace zero)
with the bracket

[A, B = AB — BA.

The Orthogonal Group O(n). On R™ we use the standard inner prod-
uct

n
(x,y) =Y ="y,
=1

where x = (z!,...,2") € R" and y = (y!,...,y") € R™ Recall that a
linear map A € L(R™,R"™) is orthogonal if
(Ax, Ay) = (x,y) (9.2.5)

for all x,y € R. In terms of the norm ||x| = (x, x>1/2, one sees from the
polarization identity that A is orthogonal iff [|Ax|| = ||x||, for all x € R™,



288 9. An Introduction to Lie Groups

or in terms of the transpose A”, which is defined by (Ax,y) = <X7 ATy>7
we see that A is orthogonal iff AAT = TI.

Let O(n) denote the orthogonal elements of L(R™ R™). For A € O(n),
we see that

1 = det(AAT) = (det A)(det AT) = (det A)?;
hence det A = +1, and so A € GL(n,R). Furthermore, if A, B € O(n), then
(ABx, ABy) = (Bx, By) = (x,y),
and so AB € O(n). Letting X' = A~!'x and y’ = A~ 'y, we see that
(x,y) = (A’ Ay') = (x'y"),
that is,

(x,y) = <A_1X,A_1y>;

hence A= € O(n).

Let S(n) denote the vector space of symmetric linear maps of R™ to itself,
and let 1 : GL(n,R) — S(n) be defined by ¢(A) = AAT. We claim that I
is a regular value of 1. Indeed, if A € ¥ ~1(I) = O(n), the derivative of v

is
Dy (A)- B = ABT + BAT,
which is onto (to hit C, take B = C'A/2). Thus, v~ (I) = O(n) is a closed

Lie subgroup of GL(n,R), called the orthogonal group. The group O(n)
is also bounded in L(R™,R™): The norm of A € O(n) is

Al = [trace(ATA)]1/2 = (trace[)l/2 =/n.

Therefore, O(n) is compact. We shall see in §9.3 that O(n) is not connected,
but has two connected components, one where det = +1 and the other
where det = —1.

The Lie algebra o(n) of O(n) is ker D4)(I), namely, the skew-symmetric
linear maps with the usual commutator bracket [A, B] = AB — BA. The
space of skew-symmetric n x n matrices has dimension equal to the number
of entries above the diagonal, namely, n(n — 1)/2. Thus,

dim[O(n)] = In(n —1).

The special orthogonal group is defined as
SO(n) = O(n) N SL(n,R),
that is,

SO(n) ={AeO(n)|det A=+1}. (9.2.6)
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Since SO(n) is the kernel of det : O(n) — {—1,1}, that is, SO(n) =
det™'(1), it is an open and closed Lie subgroup of O(n), hence is com-
pact. We shall prove in §9.3 that SO(n) is the connected component of
O(n) containing the identity I, and so has the same Lie algebra as O(n).
We summarize:

Proposition 9.2.5. The Lie group O(n) is a compact Lie group of di-
mension n(n — 1)/2. Its Lie algebra o(n) is the space of skew-symmetric
n x n matrices with bracket [A,B] = AB — BA. The connected compo-
nent of the identity in O(n) is the compact Lie group SO(n), which has
the same Lie algebra so(n) = o(n). The Lie group O(n) has two connected
components.

Rotations in the Plane SO(2). We parametrize
St = {x e R? | |x] = 1)

by the polar angle 6, 0 < 0 < 27. For each 0 € [0, 27, let

sinf  cos6

Ay = { cosf —sinf ] ,

using the standard basis of R?. Then Ay € SO(2) represents a counter-
clockwise rotation through the angle 6. Conversely, if

is in SO(2), the relations

2 2 2 2
ai+ay=1, az+a;=1,
a1a3 + agay = 0,

det A = aya4 —asaz =1

show that A = Ay for some 6. Thus, SO(2) can be identified with S!, that
is, with rotations in the plane.

Rotations in Space SO(3). The Lie algebra so(3) of SO(3) may be
identified with R® as follows. We define the vector space isomorphism
R3 — 50(3), called the hat map, by

0 —Vs3 (%]
v = (v1,v9,03) = V= w3 0 —-u |. (9.2.7)
—Vg U1 0

Note that the identity
VW =V X W
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characterizes this isomorphism. We get

(v —va)w=1u(vxw)—v(uxw)
ux (vxw)—vx(uxw)

=(uxv)xw=(uxv) - -w.

Thus, if we put the cross product on R?, ~ becomes a Lie algebra isomor-
phism, and so we can identify s0(3) with R® carrying the cross product as
Lie bracket.

We also note that the standard dot product may be written

v-w =1 trace (VI'w) = —J trace (¥W) .

Theorem 9.2.6 (Euler’s Theorem). FEvery element A € SO(3), A # I,
s a rotation through an angle 8 about an axis w.

To prove this, we use the following lemma:

Lemma 9.2.7. FEvery A € SO(3) has an eigenvalue equal to 1.

Proof. The eigenvalues of A are given by roots of the third-degree poly-
nomial det(A — AI) = 0. Roots occur in conjugate pairs, so at least one is
real. If \ is a real root and z is a nonzero real eigenvector, then Ax = \x,
SO
2 2 2 2 2
[Ax|[" = [|x[|* and [[Ax|[" = [A[" [[x]

imply A = £1. If all three roots are real, they are (1,1,1) or (1,—1,—1),
since det A = 1. If there is one real and two complex conjugate roots, they
are (1,w,), since det A = 1. In any case, one real root must be +1. [ |

Proof of Theorem 9.2.6. By Lemma 9.2.7, the matrix A has an eigen-
vector w with eigenvalue 1, say Aw = w. The line spanned by w is also
invariant under A. Let P be the plane perpendicular to w; that is,

P={y[(w,y)=0}.

Since A is orthogonal, A(P) = P. Let e, e be an orthogonal basis in P.
Then relative to (w, e, es), A has the matrix

1 0 0
A= 0 ayp as
0 asz Q4

Since )
ay a2
as Qg4

lies in SO(2), A is a rotation about the axis w by some angle. [ |
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Corollary 9.2.8. Any A € SO(3) can be written in some orthonormal
basis as the matrix

1 0 0

A= | 0 cosf —sinb
0 sinf cosf

The infinitesimal version of Euler’s theorem is the following:

Proposition 9.2.9. Identifying the Lie algebra so(3) of SO(3) with the
Lie algebra R3, exp(tW) is a rotation about w by the angle t|w||, where
w € R3.

Proof. To simplify the computation, we pick an orthonormal basis {e, es,
e3} of R?, with e; = w/||w|. Relative to this basis, W has the matrix

0 0 0
w=|[w|| 0 0 -1
01 0
Let
1 0 0
c(t)=1| 0 cost|w| —sint||w]|
0 sint||lw| cost|w]|
Then
0 0 0
dt)y=| 0 —lwlsint|w] —[wllcost|w]
0 [lwlcostlw] —[wl| sint|w]

= c(t)W = T L.y (W) = Xe(c(t)),

where Xy is the left-invariant vector field corresponding to w. Therefore,
¢(t) is an integral curve of Xy ; but exp(tw) is also an integral curve of Xy,.
Since both agree at ¢t = 0, exp(tw) = ¢(t), for all t € R. But the matrix
definition of ¢(t) expresses it as a rotation by an angle t||w|| about the
axis w. ]

Despite Euler’s theorem, it might be good to recall now that SO(3) can-
not be written as S? x S!; see Exercise 1.2-4.

Amplifying on Proposition 9.2.9, we give the following explicit formula
for exp &, where ¢ € s0(3), which is called Rodrigues’ formula:

% V2. (9.2.8)

This formula was given by Rodrigues in 1840; see also Exercise 1 in Hel-
gason [1978, p. 249] and see Altmann [1986] for some interesting history of
this formula.
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Proof of Rodrigues’ Formula. By (9.2.7),

Viw = v x (vx w) = (v,w)v — |[v|[*w. (9.2.9)
Consequently, we have the recurrence relations
V= —|[v||?V, v'P=—|v|*?, VO = |v[*v, VO = vtV

Splitting the exponential series in odd and even powers,

. Ivi* vl v )
=7 I — ... —_yntH TR
exp[V] +{ 3 Tl D eyt
Ll vl® vl o
- _ ML
+{2! ZT e I A o T I
sinflvil,  1-cos|lv]_,
=1 2.1
v P 9210

and so the result follows from the identity 2sin?(||v|[/2) = 1 —cos|v|. W

The following alternative expression, equivalent to (9.2.8), is often useful.
Set n = v/||v]|, so that ||n|| = 1. From (9.2.9) and (9.2.10) we obtain

exp[V] = I + (sin||v|)i + (1 — cos ||v|)[n ®@n — I]. (9.2.11)

Here, n ® n is the matrix whose entries are n'n?, or as a bilinear form,
(n®n)(o, ) = n(a)n(F). Therefore, we obtain a rotation about the unit
vector n = v/||v|| of magnitude ||v]|.

The results (9.2.8) and (9.2.11) are useful in computational solid me-
chanics, along with their quaternionic counterparts. We shall return to this
point below in connection with SU(2); see Whittaker [1927] and Simo and
Fox [1989] for more information.

We next give a topological property of SO(3).

Proposition 9.2.10. The rotation group SO(3) is diffeomorphic to the
real projective space RP3.

Proof. To see this, map the unit ball D in R?® to SO(3) by sending
(2,9, 2) to the rotation about (z,y, z) through the angle m+/22 + y2 + 22
(and (0,0,0) to the identity). This mapping is clearly smooth and surjec-
tive. Its restriction to the interior of D is injective. On the boundary of D,
this mapping is 2 to 1, so it induces a smooth bijective map from D, with
antipodal points on the boundary identified, to SO(3). It is a straightfor-
ward exercise to show that the inverse of this map is also smooth. Thus,
SO(3) is diffeomorphic with D, with antipodal points on the boundary
identified.
However, the mapping

(x,y,z)H(%y,z, 1—$2—y2—2’2)
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is a diffeomorphism between D, with antipodal points on the boundary
identified, and the upper unit hemisphere of S? with antipodal points on
the equator identified. The latter space is clearly diffeomorphic to the unit
sphere S3 with antipodal points identified, which coincides with the space
of lines in R* through the origin, that is, with RP3. |

The Real Symplectic Group Sp(2n,R).  Let

J= {_OI é]

Recall that A € L(R?",R?") is symplectic if ATJA = J. Let Sp(2n,R) be
the set of 2n x 2n symplectic matrices. Taking determinants of the condition
ATJA =] gives

1 =detJ = (det A7) - (det AJ) - (det A) = (det A).

Hence,
det A= +1,
and so A € GL(2n,R). Furthermore, if A, B € Sp(2n,R), then
(AB)TJ(AB) = BTATJAB = J.
Hence, AB € Sp(2n,R), and if ATJA = J, then
JA=(AT")"' 7= (A",
S0
J= (A_I)TJA_l, or A~ e Sp(2n,R).

Thus, Sp(2n,R) is a group. If

A= [Z” 2] € GL(2n, R),

then (see Exercise 2.3-2)

a”c and bTd are symmetric and

oTd— Th— 1. (9.2.12)

A € Sp(2n,R) iff {

Define ¢ : GL(2n,R) — s0(2n) by ¢(A) = ATJA. Let us show that J is
a regular value of 1. Indeed, if A € »~1(J) = Sp(2n,R), the derivative of
P is
Dy(A) - B = B"JA+ AT]B.
Now, if C € s0(2n), let
B =-L41C.
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We verify, using the identity A7J = JA~!, that Dt(A) - B = C. Indeed,
BTJA + AT]B = BT(A")T] +JA'B
=(A'B)TI+I(A7'B)
= (—3JC)"I+J(-3IC)
o %CTJTJ . %J]QC
= - iCP-3jI’C=cC,

since J7 = —J and J? = —I. Thus Sp(2n,R) = ¢~1(J) is a closed smooth
submanifold of GL(2n,R) whose Lie algebra is

kerDy(J) = { B e L (R*,R*") | B"]+JB=0}.

The Lie group Sp(2n,R) is called the symplectic group, and its Lie
algebra
sp(2n,R) = {Ae L (R*™ R*™) | AT]+JA=0}

the symplectic algebra. Moreover, if

a b
A= L d] € sl(2n,R),
then

Acsp(2n,R)iff d= —a”, c=c', and b= b". (9.2.13)

The dimension of sp(2n, R) can be readily calculated to be 2n? + n.
Using (9.2.12), it follows that all matrices of the form

I 0

tl 1
are symplectic. However, the norm of such a matrix is equal to v/2n + t2n,
which is unbounded if t € R. Therefore, Sp(2n,R) is not a bounded subset

of gl(2n,R) and hence is not compact. We next summarize what we have
found.

Proposition 9.2.11. The symplectic group
Sp(2n,R) := { A € GL(2n,R) | ATJA =]}

is a noncompact, connected Lie group of dimension 2n? +n. Its Lie algebra
sp(2n, R) consists of the 2n x 2n matrices A satisfying ATJ+JA = 0, where

=)

with I the n X n identity matriz.
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We shall indicate in §9.3 how one proves that Sp(2n,R) is connected.
We are ready to prove that symplectic linear maps have determinant 1,
a fact that we promised in Chapter 2.

Lemma 9.2.12. If A € Sp(n,R), then det A = 1.

Proof. Since ATJA = J and detJ = 1, it follows that (det 4)? = 1.
Unfortunately, this still leaves open the possibility that det A = —1. To
eliminate it, we proceed in the following way.

Define the symplectic form Q on R?" by Q(u,v) = u”? Jv, that is, relative
to the chosen basis of R?", the matrix of Q is J. As we saw in Chapter 5, the
standard volume form z on R?" is given, up to a factor, by p = QAQA---AQ,
or, equivalently,

(Vi ..., Vo) = det (Q(v4,v;)) .

By the definition of the determinant of a linear map, (det A)u = A*u, we
get

(det A (v, ...y van) = (A" ) (vi, ..., Vay)
= pu(Avy, ..., Avy,) = det (Q (Av;, Av;))
= det (Q (vi,V;))

:M(Vla"'v"Qn)?

since A € Sp(2n,R), which is equivalent to Q(Au, Av) = Q(u,v) for all
u, v € R?", Taking vy, ..., Va, to be the standard basis of R?", we conclude
that det A = 1. |

Proposition 9.2.13 (Symplectic Eigenvalue Theorem). If Ay € C is an
eigenvalue of A € Sp(2n,R) of multiplicity k, then 1/, Ao, and 1/Xg
are eigenvalues of A of the same multiplicity k. Moreover, if £1 occur as
eigenvalues, their multiplicities are even.

Proof. Since A is a real matrix, if )\ is an eigenvalue of A of multiplicity
k, so is A\g by elementary algebra.

Let us show that 1/\g is also an eigenvalue of A. If p(A) = det(A — \I)
is the characteristic polynomial of A, since

A = (a7
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detJ=1,J'=-J =J7, and det A = 1 (by Proposition 9.2.11), we get
p(\) = det(A — \I) = det [J(A — AI)J 7]
= det(JAT™ = AI) = det (471 = An)")
= det(A™" — XI) = det (A7' (I — AA))

= det(] — AA) = det <>\ GI - A>>
—Nrdet (11— 4
- A

1
= A?"(—1)*"det (A - XI)

= \?"p (%) . (9.2.14)

Since 0 is not an eigenvalue of A, it follows that p(A) = 0 iff p(1/A) = 0,
and hence, Ao is an eigenvalue of A iff 1/)¢ is an eigenvalue of A.
Now assume that A\g has multiplicity k, that is,

p(N) = (A= X0)"q(A)

for some polynomial g(\) of degree 2n — k satisfying g(Ag) # 0. Since
p(A) = A?"p(1/N), we conclude that

k
PO =p (1) 4 = = 200 = (o) (5 = 5) a0
However,
k
/\QA,L—'le(A)

is a polynomial in 1/, since the degree of ¢(\) is 2n — k, k < 2n. Thus
1/Xo is a root of p(A\) having multiplicity I > k. Reversing the roles of Ao
and 1/Xg, we similarly conclude that k& > [, and hence it follows that k = [.

Finally, note that \g = 1/Ag iff Ay = £1. Thus, since all eigenvalues of
A occur in pairs whose product is 1 and the size of A is 2n x 2n, it follows
that the total number of times +1 and —1 occur as eigenvalues is even.
However, since det A = 1 by Lemma 9.2.12, we conclude that —1 occurs an
even number of times as an eigenvalue of A (if it occurs at all). Therefore,
the multiplicity of 1 as an eigenvalue of A, if it occurs, is also even. [ |

Figure 9.2.1 illustrates the possible configurations of the eigenvalues of
A € Sp(4,R).

Next, we study the eigenvalues of matrices in sp(2n,R). The following
theorem is useful in the stability analysis of relative equilibria. If A €
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° X X
°
complex saddle saddle center
X X
real saddle generic center
y y y
2
X X X
2 “)
degenerate saddle identity degenerate center

FIGURE 9.2.1. Symplectic eigenvalue theorem on R*.

sp(2n,R), then ATJ+ JA = 0, so that if p(\) = det(A — \I) is the charac-
teristic polynomial of A, we have

= det(—ATJ? + \I)
= det(AT + XI) = det(A + \I)
=p(=A).

In particular, notice that trace(A) = 0. Proceeding as before and using this
identity, we conclude the following:

Proposition 9.2.14 (Infinitesimally Symplectic Eigenvalues). If Ao € C
is an eigenvalue of A € sp(2n,R) of multiplicity k, then —Xg, Ao, and —Xg
are eigenvalues of A of the same multiplicity k. Moreover, if 0 is an eigen-
value, it has even multiplicity.

Figure 9.2.2 shows the possible infinitesimally symplectic eigenvalue con-
figurations for A € sp(4,R).
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Yy Yy
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o o
complex saddle saddle center
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@) 2 “
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degenerate saddle identity degenerate center

FIGURE 9.2.2. Infinitesimally symplectic eigenvalue theorem on R*.

The Symplectic Group and Mechanics. Consider a particle of mass
m moving in a potential V(q), where q = (¢!, ¢%, ¢®) € R®. Newton’s second
law states that the particle moves along a curve q(t) in R? in such a way
that mg = —grad V(q). Introduce the momentum p; = mg’, i = 1,2,3,
and the energy

3
1
H(a,p) = 5~ > pi+ V().
=1

Then

oH 1
op, — mPi =1

0H oV )
= = —md' = —p;, and

oq¢t  Oq’

and hence Newton’s law F = ma is equivalent to Hamilton’s equations

. O0H oH
q' = , pi=——7m—, 1=1,2,3.
Op;
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Writing z = (q, p),

o
0 I 0 . :
J-gradH(Z)Z[I 0] 013 =(@p) =2

ap
so Hamilton’s equations read Z = J - grad H(z). Now let
f:R3xR®— R xR3
and write w = f(2). If 2(¢) satisfies Hamilton’s equations
z=7J-grad H(z),

then w(t) = f(z(t)) satisfies w = AT%, where AT = [0w'/027] is the
Jacobian matrix of f. By the chain rule,

w = ATJgrad, H(z) = ATJAgrad, H(z(w)).

Thus, the equations for w(t) have the form of Hamilton’s equations with
energy K (w) = H(z(w)) if and only if ATJA = J, that is, iff A is symplec-
tic. A nonlinear transformation f is canonical iff its Jacobian matrix is
symplectic.

As a special case, consider a linear map A € Sp(2n,R) and let w = Az.
Suppose H is quadratic, that is, of the form H(z) = (z, Bz)/2, where B is
a symmetric 2n x 2n matrix. Then

grad H(z) -0z =

(0z,Bz) + (2, Boz)

;((62',32) + (Bz,0z)) = (§z, Bz),

so grad H(z) = Bz and thus the equations of motion become the linear
equations Z = JBz. Now

W= Az = AJBz = J(AT)"'Bz = J(AT)"'BA™' Az = JBw,
where B’ = (AT)"1BA~1! is symmetric. For the new Hamiltonian we get

H'(w) = 3 (w,(AT)'BA ™ 'w) = 1 (A~'w, BA™'w)
= H(A 'w) = H(z).

Thus, Sp(2n,R) is the linear invariance group of classical mechanics.

The Complex General Linear Group GL(n,C). Many important Lie
groups involve complex matrices. As in the real case,

GL(n,C) = {n x n invertible complex matrices }
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is an open set in L(C™,C™) = { n x n complex matrices }. Clearly, GL(n, C)
is a group under matrix multiplication. Therefore, GL(n, C) is a Lie group
and has the Lie algebra gl(n,C) = { n x n complex matrices } = L(C",C").
Hence GL(n, C) has complex dimension n?, that is, real dimension 2n2.

We shall prove below that GL(n,C) is connected (contrast this with
the fact that GL(n,R) has two components). As in the real case, we will
need a polar decomposition theorem to do this. A matrix U € GL(n,C)
is unitary if UUT = UTU = I, where UT := U'. A matrix P € gl(n,C)
is called Hermitian if Pt = P. A Hermitian matrix P is called positive
definite, denoted by P > 0, if (Pz,z) > 0 for all z € C", z # 0, where
(,) denotes the inner product on C". Note that P > 0 implies that P is
invertible.

Proposition 9.2.15 (Complex Polar Decomposition). For any matriz
A € GL(n,C), there exists a unique unitary matriz U and positive definite
Hermitian matrices Py, Py such that

A=UP, = RU.

The proof is identical to that of Proposition 9.2.1 with the obvious
changes. The only additional property needed is the fact that the eigenval-
ues of a Hermitian matrix are real. As in the proof of the real case, one
needs to use the connectedness of the space of unitary matrices (proved in
£9.3) to conclude the following;:

Proposition 9.2.16. The group GL(n,C) is a complex noncompact con-
nected Lie group of complex dimension n® and real dimension 2n?. Its Lie
algebra gl(n, C) consists of all n xn complex matrices with the commutator
bracket.

On gl(n,C), the inner product is defined by
(A, B) = trace(ABT).
The Complex Special Linear Group. This group is defined by
SL(n,C) :={A € GL(n,C) |det A=1}

and is treated as in the real case. In the proof of its connectedness one uses
the complex polar decomposition theorem and the fact that any Hermitian
matrix can be diagonalized by conjugating it with an appropriate unitary
matrix.

Proposition 9.2.17. The group SL(n,C) is a complex noncompact Lie
group of complex dimension n®> — 1 and real dimension 2(n* — 1). Its Lie
algebra sl(n, C) consists of all n x n complex matrices of trace zero with the
commutator bracket.
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The Unitary Group U(n). Recall that C" has the Hermitian inner
product

n
(x,y) =) ',
=0

where x = (2',...,2") € C", y = (y',... ,y™) € C", and ¥’ denotes the
complex conjugate. Let

U(n) ={A € GL(n,C) | (Ax, Ay) = (x,y) }.
The orthogonality condition (Ax,Ay) = (x,y) is equivalent to AAT =
ATA =1, where AT = AT that is, (Ax,y) = <x, ATy>. From |det A] = 1,
we see that det maps U(n) into the unit circle S* = {2 € C||z| =1}. As

is to be expected by now, U(n) is a closed Lie subgroup of GL(n,C) with
Lie algebra

u(n) ={A € L(C"C") | (Ax,y) = — (x, Ay) }
={Aeg(n,C)| AT = -4}

the proof parallels that for O(n). The elements of u(n) are called skew-
Hermitian matrices. Since the norm of A € U(n) is

IlA] = (trace(ATA))l/2 = (trace 1)/? = /n,
it follows that U(n) is closed and bounded, hence compact, in GL(n,C).
From the definition of u(n) it immediately follows that the real dimension
of U(n) is n?. Thus, even though the entries of the elements of U(n) are
complex, U(n) is a real Lie group.

In the special case n = 1, a complex linear map ¢ : C — C is multiplica-
tion by some complex number z, and ¢ is an isometry if and only if |z| = 1.
In this way the group U(1) is identified with the unit circle S?.

The special unitary group

SU(n)={Ae€U(n)|det A=1} =U(n)NSL(n,C)
is a closed Lie subgroup of U(n) with Lie algebra
su(n) ={A e L(C",C") | (Ax,y) = — (x, Ay) and trace A =0 }.
Hence, SU(n) is compact and has (real) dimension n? — 1.
We shall prove later that both U(n) and SU(n) are connected.

Proposition 9.2.18. The group U(n) is a compact real Lie subgroup of
GL(n,C) of (real) dimension n®. Its Lie algebra u(n) consists of the space
of skew-Hermitian n X n matrices with the commutator bracket. SU(n) is
a closed real Lie subgroup of U(n) of dimension n®> — 1 whose Lie algebra
su(n) consists of all trace zero skew-Hermitian n X n matrices.

In the Internet supplement to this chapter, we shall show that
Sp(2n,R) N O(2n,R) = U(n).

We shall also discuss some beautiful generalizations of this fact.
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The Group SU(2). This group warrants special attention, since it ap-
pears in many physical applications such as the Cayley—Klein parameters
for the free rigid body and in the construction of the (nonabelian) gauge
group for the Yang—Mills equations in elementary particle physics.

From the general formula for the dimension of SU(n) it follows that
dim SU(2) = 3. The group SU(2) is diffeomorphic to the three-sphere 5% =
{z € R* | ||x|| =1}, with the diffeomorphism given by

20 —ix®  —2? —ix!

0,1 .2 .3 3 4
r=(x",x,2°,2°) € S° CR* — . .
("2, 2% 2°) x? — izt 20 4 423

€ SU(2).
(9.2.15)

Therefore, SU(2) is connected and simply connected.

By Euler’s Theorem 9.2.6 every element of SO(3) different from the iden-
tity is determined by a vector v, which we can choose to be a unit vector,
and an angle of rotation 6 about the axis v. The trouble is, the pair (v, 6)
and (—v, —0) represent the same rotation and there is no consistent way
to continuously choose one of these pairs, valid for the entire group SO(3).
Such a choice is called, in physics, a choice of spin. This suggests the exis-
tence of a double cover of SO(3) that, hopefully, should also be a Lie group.
We will show below that SU(2) fulfills these requirements?. This is based
on the following construction.

Let 01, 09,03 be the Pauli spin matrices, defined by

o1 0 PR
Ul_l 0l U2_i E al 03_0 10>

and let o = (01,09, 03). Then one checks that
[01,02] = 2ios (plus cyclic permutations),

from which one finds that the map
1 1 —ix3 —ixt — 2?2
X—X=—X-0= 3 ) ,

where x-o = x'oy + 2209 + 2303, is a Lie algebra isomorphism between R?
and the 2 x 2 skew-Hermitian traceless matrices (the Lie algebra of SU(2));

that is, [X,¥] = (x x y) . Note that

—det(x - o) = ||x[|?, and trace (xy) = —ix-y.

3For any SO(n), it is a theorem that there is a unique simply connected 2:1 covering
group, called the spin group and denoted by Spin(n). We shall, in effect, show below
that Spin(3) = SU(2).
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Define the Lie group homomorphism 7 : SU(2) — GL(3,R) by
(m(A)x) -0 = A(x-0)AT = A(x - o) AL (9.2.16)

A straightforward computation, using the expression (9.2.15), shows that
kerm = {£T}. Therefore, m(A) = n(B) if and only if A = +B. Since

I (A)x][* = — det((r(A)x) - &)
= —det(A(x-a)A™!)

= —det(x-0) = ||x||2,

it follows that
m(SU(2)) € O(3).

But 7(SU(2)) is connected, being the continuous image of a connected
space, and so

7(SU(2)) € SO(3).

Let us show that 7 : SU(2) — SO(3) is a local diffeomorphism. Indeed, if
& € su(2), then

that is, Tem(&) = &. Thus,
Tem : su(2) — s0(3)

1s a Lie algebra isomorphism and hence 7 is a local diffeomorphism in a
neighborhood of the identity. Since 7 is a Lie group homomorphism, it is
a local diffeomorphism around every point.

In particular, 7(SU(2)) is open and hence closed (its complement is a
union of open cosets in SO(3)). Since it is nonempty and SO(3) is connected,
we have 7(SU(2)) = SO(3). Therefore,

7w :SU(2) — SO(3)

is a 2 to 1 surjective submersion. Summarizing, we have the commutative
diagram in Figure 9.2.3.

Proposition 9.2.19. The Lie group SU(2) is the simply connected 2 to
1 covering group of SO(3).
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Q

53 SU(2)
2:1 2:1
RP3 SO(3)

Q

FIGURE 9.2.3. The link between SU(2) and SO(3).

Quaternions. The division ring H (or, by abuse of language, the non-
commutative field) of quaternions is generated over the reals by three ele-
ments i, j, k with the relations

iZ=j72=k*>= -1,
ij=—ji=k, jk=-kj=1i, ki=-ik=].
Quaternionic multiplication is performed in the usual manner (like polyno-
mial multiplication) taking the above relations into account. If a € H, we

write
a=(as,a,) = as +ali+a’j+a’k

for the scalar and vectorial part of the quaternion, where as, al, a2,

a? € R. Quaternions having zero scalar part are also called pure quater-
nions. With this notation, quaternionic multiplication has the expression

ab = (asbs — a, - by, asb, + bsa, +a, x by,).

In addition, every quaternion a = (as,a,) has a conjugate @ := (a5, —a,),

that is, the real numbers are fixed by the conjugation and i = —i, j = —j,
and k = —k. Note that ab = ba. Every quaternion a # 0 has an inverse
given by a~! = @/|a|?, where

la|? := aa@ = @a = a2 + ||a,||*.

In particular, the unit quaternions, which, as a set, equal the unit sphere
S3 in R*, form a group under quaternionic multiplication.

Proposition 9.2.20. The unit quaternions S® = {a € H | |a| =1} form
a Lie group isomorphic to SU(2) via the isomorphism (9.2.15).

Proof. We already noted that (9.2.15) is a diffeomorphism of S* with
SU(2), so all that remains to be shown is that it is a group homomorphism,
which is a straightforward computation. |

Since the Lie algebra of S? is the tangent space at 1, it follows that it
is isomorphic to the pure quaternions R?. We begin by determining the
adjoint action of S® on its Lie algebra.



9.2 Some Classical Lie Groups 305

If a € 83 and b, is a pure quaternion, the derivative of the conjugation
is given by

_ a 1
Ad, b, = abya™! = ava = W(—av by, asb, +a, x by)(as, —a,)

1
= W (0,20/3(31, X bv) + Q(av . bv)av + (ai — Hav||2)bv) .

Therefore, if a(t) = (1,ta,), we have a(0) = 1, a/(0) = a,, so that the Lie
bracket on the pure quaternions R? is given by

[avabv] = % o Ada(t) b,
_ 4 ;(Qt(a x by) + 2t*(a, - b,)a
dt|,_o 1+ t%]|ay? " ! v
+ (1= t*]a,[*)by)
= 2a, X b,.

Thus, the Lie algebra of S is R? relative to the Lie bracket given by twice
the cross product of vectors.
The derivative of the Lie group isomorphism (9.2.15) is given by

3 1 2

—ix —ir —x

—i.’IJl + .’L'2 i.%'3 =2x€ 511(2),

x € R3 —

and is thus a Lie algebra isomorphism from R? with twice the cross product
as bracket to su(2), or equivalently to (R3, x).

Let us return to the commutative diagram in Figure 9.2.3 and determine
explicitly the 2 to 1 surjective map S — SO(3) that associates to a quater-
nion a € S* C H the rotation matrix A € SO(3). To compute this map, let
a € 83 and associate to it the matrix

—

—ay — ia,

as +iad |’
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where a = (as,a,) = (as,al,a2,a3). By (9.2.16), the rotation matrix is

vy v v

given by A = 7(U), namely,

(Ax) -0 = (7(U)x) -0 =U(x-o)U'
B {as —iad —a? — iaﬂ { 3 ol —ix?
- Lag+iad | ot +iz? —x
" [ a52+ iqﬁl aZ + laﬂ
—ay, +1a, as—1ay,
= [(af + (a0)* = (a3)* — (a3)?) 2" + 2(aya; — asay)2®

v v

+2(asal + ayad)z?] oy

+ [2(aha +auad) o+ (@2~ @ + (@) - (@)?) 2
+2 (a%ag - asa,[l)) 5(53] 09
+[2(alal — 0.0?) a' +2 (0.0} + adal)

+ (0l — ()" = (a9)? + (a3)?) 2°] o3,

Thus, taking into account that a2 + (al)? + (a2)? + (a2)? = 1, we get the
expression of the matrix A as

202 +2(al)? =1 2(—asad +ala?) 2(asa? +alad)
2(asal +ata?)  2a%2+2(a?)? -1 2(—asal +aZad)
2(—asal +a2ad)  2(asal +a2ad) 242+ (ad)? -1

’Ua”U
= (202 — 1)I + 2054, +2a, ®a,, (9.2.17)

where a, ® a, is the symmetric matrix whose (i, j) entry equals a’a’. The
map
a€ 8% (2a2 — 1)1 + 20,4, + 2a, ® a,

is called the Fuler—Rodrigues parametrization. It has the advantage,
as opposed to the Euler angles parametrization, which has a coordinate
singularity, of being global. This is of crucial importance in computational
mechanics (see, for example, Marsden and Wendlandt [1997]).

Finally, let us rewrite Rodrigues’ formula (9.2.8) in terms of unit quater-

nions. Let
a=(as,a,) = (cos = (sin —) n)
Sy “v 2 ) 2 )

where w > 0 is an angle and n is a unit vector. Since n
(9.2.8) we get

2=n®n—1, from
exp(wn) = I + (sinw)n + 2 (Sin2 %) n®@n-—1)

= (1 — 2sin? g)]—&—Qcos%sin%ﬁ+2 (sin2 g)n@)n

= (2a — 1) I + 2a,4, + 2a, ® a,.
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This expression then produces a rotation associated to each unit quaternion
a. In addition, using this parametrization, in 1840 Rodrigues found a beau-
tiful way of expressing the product of two rotations exp(winy) - exp(wanz)
in terms of the given data. In fact, this was an early exploration of the
spin group! We refer to Whittaker [1927, Section 7], Altmann [1986], Enos
[1993], Lewis and Simo [1995], and references therein for further informa-
tion.

SU(2) Conjugacy Classes and the Hopf Fibration. We next deter-
mine all conjugacy classes of S% = SU(2). If a € S3, then a=! = @, and a
straightforward computation gives

aba™t = (bs,2(a, - b,)a, + 2as(a, x b,) + (2a2 — 1)b,)

for any b € 83. If b, = £1, that is, b, = 0, then the above formula shows
that aba™' = b for all @ € S3, that is, the classes of I and —1I, where
I = (1,0), each consist of one element, and the center of SU(2) = S3 is
{£I}.

In what follows, assume that bs # 41, or, equivalently, that b, # 0, and
fix this b € S® throughout the following discussion. We shall prove that
given x € R? with ||x|| = ||b, ||, we can find a € S3 such that

2(a, - by)a, + 2a,(a, x b,) + (2¢* — 1)b, = x. (9.2.18)

If x = cb, for some ¢ # 0, then the choice a, = 0 and 2a? = 1 + ¢ satisfies
(9.2.18). Now assume that x and b,, are not collinear. Take the dot product
of (9.2.18) with b, and get

2(a, - by)? 4 2a2||b,||> = ||b,||> + x - b,,.

If |b,||? + x - b, = 0, since b, # 0, it follows that a, - b, = 0 and a, = 0.
Returning to (9.2.18) it follows that —b, = x, which is excluded. Therefore,
x - b, + [|by]|? # 0, and searching for a, € R3 such that a, - b, = 0, it
follows that

s  X-by,+ [[b,]?
at=————-—"—F#0.
° 2([by [

Now take the cross product of (9.2.18) with b,, and recall that we assumed
a, - b, =0 to get
2a4|b,||*a, = b, x x,
whence
by xx
 2a4][by |2
which is allowed, since b, # 0 and as # 0. Note that a = (as,a,) just
determined satisfies a,, - b, = 0 and

Ay

la* = a2 + Jau|* =1,

since [|x[| = ||by]|.
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Proposition 9.2.21.  The conjugacy classes of S* = SU(2) are the two-
spheres

{bv eR? | Hva2 - 1_b§}
for each bs € [—1,1], which degenerate to the north and south poles (£1,0,0,0)
comprising the center of SU(2).

The above proof shows that any unit quaternion is conjugate in S to a
quaternion of the form a, + a’k, as, a® € R, which in terms of matrices
and the isomorphism (9.2.15) says that any SU(2) matriz is conjugate to a
diagonal matriz.

The conjugacy class of k is the unit sphere S?, and the orbit map

7:8% = 82  w(a) = dka,

is the Hopf fibration.
The subgroup

H={a,+akeS®|asaleR}CS

is a closed, one-dimensional Abelian Lie subgroup of S® isomorphic via
(9.2.15) to the set of diagonal matrices in SU(2) and is hence the circle S*.
Note that the isotropy of k in S consists of H, as an easy computation
using (9.2.18) shows. Therefore, since the orbit of k is diffeomorphic to
S3/H, it follows that the fibers of the Hopf fibration equal the left cosets
aH forac S3.

Finally, we shall give an expression of the Hopf fibration in terms of
complex variables. In the representation (9.2.15), set

wy = 22+ ixl, Wo = 20 + ixg,
and note that if
a= (2% 2!, 2% 2%) € S® C H,

then aka corresponds to
20 —ixd —x? —dx'] [—i 0] [ 2043 2% +aat
2?2 —ixt 20 +aad 0 i||—a2+izt 20—i23

=i (|2° it = |2 it ) <26 (2 4 izt) (20 —ia®)

B —2i(2? —izt)(2° + ix3) i (|20 + iz 2 — |22 + it ]?)
Thus, if we consider the diffeomorphisms

0 3 2 .
0 1 2 3 3 r — 1 —I" — 1T
(I,.T,I,CC)GS CH'—}|::I?2—iLL'1 LL’O—F’L'(E?)

1
] € SU(2)

= (—i(a? +it), —i(a® +i2®)) € §* c €2,
the above orbit map, that is, the Hopf fibration, becomes

(wl,wg) S 53 — (211)1@2, |w2|2 — |w1\2) € Sz.
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Exercises

9.2-1. Describe the set of matrices in SO(3) that are also symmetric.
9.2-2. If A € Sp(2n,R), show that AT € Sp(2n,R) as well.

9.2-3. Show that sp(2n,R) is isomorphic, as a Lie algebra, to the space
of homogeneous quadratic functions on R2" under the Poisson bracket.

9.2-4. A map f : R®" — R"™ preserving the distance between any two
points, that is, ||f(x) — f(y)|| = ||lx — y|| for all x,y € R", is called an
tsometry. Show that f is an isometry preserving the origin if and only if

f € 0(n).

9.3 Actions of Lie Groups

In this section we develop some basic facts about actions of Lie groups on
manifolds. One of our main applications later will be the description of
Hamiltonian systems with symmetry groups.

Basic Definitions. We begin with the definition of the action of a Lie
group G on a manifold M.

Definition 9.3.1. Let M be a manifold and let G be a Lie group. A (left)
action of a Lie group G on M is a smooth mapping ® : G x M — M such
that:

(i) ®(e,x) =x for allx € M; and
(ii) @(g, ®(h,z)) = ®(gh,z) for all g,h € G and x € M.

A right action is amap ¥ : M x G — M that satisfies U(z,e) = x and
U(U(x,g),h) = ¥(x,gh). We sometimes use the notation g-z = ®(g,x) for
left actions, and ©-g = ¥(x, g) for right actions. In the infinite-dimensional
case there are important situations where care with the smoothness is
needed. For the formal development we assume that we are in the Banach—
Lie group context.

For every g € G let &, : M — M be given by z — ®(g,x). Then (i)
becomes ®. = idas, while (ii) becomes @4, = @, 0 ®p. Definition 9.3.1
can now be rephrased by saying that the map g — ®, is a homomorphism
of G into Diff (M), the group of diffeomorphisms of M. In the special but
important case where M is a Banach space V' and each ®, : V — V is
a continuous linear transformation, the action ® of G on V is called a
representation of G on V.

Examples

(a) SO(3) acts on R? by (A4,x) — Ax. This action leaves the two-sphere
S?% invariant, so the same formula defines an action of SO(3) on S2. ¢
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(b) GL(n,R) acts on R™ by (4,x) — Ax. ¢

(c) Let X be a complete vector field on M, that is, one for which the
flow F} of X is defined for all ¢t € R. Then F; : M — M defines an action
of R on M. ¢

Orbits and Isotropy. If @ is an action of G on M and = € M, the orbit
of z is defined by

Orb(z) = {®y(z) |ge G} C M.

In finite dimensions one can show that Orb(z) is an immersed submanifold
of M (Abraham and Marsden [1978, p. 265]). For 2 € M, the isotropy (or
stabilizer or symmetry) group of ® at z is given by

G, ={geG|Py(x)=2}CG.

Since the map ®* : G — M defined by ®%(g) = P(g,x) is continuous,

G, = (®*)7(z) is a closed subgroup and hence a Lie subgroup of G.

The manifold structure of Orb(z) is defined by requiring the bijective map

lg] € G/G, — g-x € Orb(x) to be a diffeomorphism. That G/G, is a

smooth manifold follows from Proposition 9.3.2, which is discussed below.
An action is said to be:

1. transitive if there is only one orbit or, equivalently, if for every x,y €
M there is a g € G such that g -z = y;

2. effective (or faithful) if &, = idys implies g = e; that is, g — @, is
one-to-one; and

3. free if it has no fixed points, that is, ®,(z) = = implies g = e or,
equivalently, if for each € M, g — ®4(x) is one-to-one. Note that
an action is free iff G, = {e}, for all z € M and that every free action
is faithful.

Examples

(a) Left translation. L, :G — G, h — gh, defines a transitive and free
action of G on itself. Note that right multiplication R, : G — G, h — hg,
does not define a left action because Ry, = Ry o Ry, so that g — R, is
an antihomomorphism. However, g — R, does define a right action, while
g+ Ry-1 defines a left action of G on itself. ¢

(b) Conjugation. G acts on G by conjugation, as follows: g — I, =
R,-1 0L, The map I, : G — G given by h — ghg~! is the inner auto-
morphism associated with g. Orbits of this action are called conjugacy
classes or, in the case of matrix groups, stmilarity classes. ¢
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(c) Adjoint Action. Differentiating conjugation at e, we get the ad-
joint representation of G on g:

Ady =TI, :T.G=9g—T.G=g.
Explicitly, the adjoint action of G on g is given by
Ad:G xg—g, Adg(§) =Te(Ry-10Lg)E.

For example, for SO(3) we have I4(B) = ABA™!, so differentiating with
respect to B at B = identity gives Ady v = AVA~!. However,

(Ady ¥)(w) = AV(A~'w) = A(v x A 'w) = Av x w,

(Ada ¥) = (Av)"

Identifying s0(3) = R?, we get Ads v = Av. ¢

(d) Coadjoint Action. The coadjoint action of G on g*, the dual of
the Lie algebra g of G, is defined as follows. Let Ad; 1 g" — g* be the dual
of Ady, defined by

<Ad; o, &) = (o, Ady &)

for a € g* and £ € g. Then the map
"G xgt—g" givenby (g,a)— Adj-1a

is the coadjoint action of G on g*. The corresponding coadjoint repre-
sentation of G on g* is denoted by

Ad*: G — GL(g",g"), Ad) 1 = (T.(RgoL,1))".

We will avoid the introduction of yet another * by writing (Adg-1)* or
simply Ad;_l, where * denotes the usual linear-algebraic dual, rather than
Ad*(g), in which * is simply part of the name of the function Ad*. Any
representation of GG on a vector space V' similarly induces a contragredient
representation of G on V*. ¢

Quotient (Orbit) Spaces. An action of ® of G on a manifold M defines
an equivalence relation on M by the relation of belonging to the same orbit;
explicitly, for x,y € M, we write x ~ y if there exists a g € G such that
g-x =y, that is, if y € Orb(z) (and hence z € Orb(y)). We let M /G be the
set of these equivalence classes, that is, the set of orbits, sometimes called
the orbit space. Let

m: M — M/G, x+— Orb(z),

and give M/G the quotient topology by defining U C M/G to be open
if and only if 771(U) is open in M. To guarantee that the orbit space
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M/G has a smooth manifold structure, further conditions on the action
are required.
An action ® : G x M — M is called proper if the mapping

d:GxM— MxM,
defined by

®(g,z) = (z,9(g,2)),

is proper. In finite dimensions this means that if K C M x M is compact,
then @' (K) is compact. In general, this means that if {z, } is a convergent
sequence in M and {®,, (x,,)} converges in M, then {g,} has a convergent
subsequence in G. For instance, if G is compact, this condition is auto-
matically satisfied. Orbits of proper Lie group actions are closed and hence
embedded submanifolds. The next proposition gives a useful sufficient con-
dition for M/G to be a smooth manifold.

Proposition 9.3.2. If®: G x M — M is a proper and free action, then
M/G is a smooth manifold and m: M — M/G is a smooth submersion.

For the proof, see Proposition 4.2.23 in Abraham and Marsden [1978].
(In infinite dimensions one uses these ideas, but additional technicalities
often arise; see Ebin [1970] and Isenberg and Marsden [1982].) The idea
of the chart construction for M/G is based on the following observation.
If € M, then there is an isomorphism ¢, of T (,)(M/G) with the quo-
tient space T, M /T, Orb(x). Moreover, if y = ®,(z), then T, ®, induces an
isomorphism

Yy ToM /T, Orb(z) — T, M /T, Orb(y)

satisfying ¢, 0 ¥y, = @z

Examples
(a) G =R acts on M =R by translations; explicitly,
O:GxM—M, O(s,z)=x+s.

Then for 2 € R, Orb(z) = R. Hence M/G is a single point, and the action
is transitive, proper, and free. ¢

(b) G =8S0(3), M =R3 (= 50(3)*). Consider the action for x € R? and
A € S0(3) given by ® 4x = Ax. Then

Orb(x) = {y € R?* | |ly|| = ||x|| } = a sphere of radius ||x||.
Hence M/G = R*. The set
Rt ={reR|r>0}

is not a manifold because it includes the endpoint r = 0. Indeed, the action
is not free, since it has the fixed point 0 € R3. ¢



9.3 Actions of Lie Groups 313

(c) Let G be Abelian. Then Ad, = idg, Adj-1 = idg~, and the adjoint
and coadjoint orbits of £ € g and « € g*, respectively, are the one-point

sets {¢} and {a}. ¢

We will see later that coadjoint orbits can be natural phase spaces for
some mechanical systems like the rigid body; in particular, they are always
even-dimensional.

Infinitesimal Generators. Next we turn to the infinitesimal description
of an action, which will be a crucial concept for mechanics.

Definition 9.3.3. Suppose ® : G x M — M is an action. For £ € g, the
map ®¢ : R x M — M, defined by

O (t, ) = Bexpte, ),

is an R-action on M. In other words, ®Pexpie : M — M is a flow on M.
The corresponding vector field on M, given by

d

€)= 5| Pespie(a).
t=0

1s called the infinitesimal generator of the action corresponding to &.

Proposition 9.3.4. The tangent space at x to an orbit Orb(xg) is

T, Orb(zo) = {ém(x) | € €9},

where Orb(zg) is endowed with the manifold structure making G/Gz, —
Orb(zg) into a diffeomorphism.

The idea is as follows: Let o¢(t) be a curve in G with 0¢(0) = e that is
tangent to & at ¢ = 0. Then the map ®%¢(t) = ®,, () (x) is a smooth curve
in Orb(zg) with ®¢(0) = 2. Hence by the chain rule (see also Lemma
9.3.7 below),

d d
— @) = —| D, () = En()
dt|,_, dt|,_, °¢®

is a tangent vector at & to Orb(zp). Furthermore, each tangent vector is
obtained in this way, since tangent vectors are equivalence classes of such
curves.

The Lie algebra of the isotropy group G., x € M, called the isotropy
(or stabilizer, or symmetry) algebra at x, equals, by Proposition 9.1.13,

9o ={&€gl&u(z) =0}
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Examples

(a) The infinitesimal generators for the adjoint action are computed as
follows. Let

Ad:Gxg—g, Adg(n)=T(R;10Lg)(n).

For ¢ € g, we compute the corresponding infinitesimal generator &g. By

definition,
d
&a(n) = (&)

By (9.1.5), this equals [£,n]. Thus, for the adjoint action,

Adexp (1)
t=0

&a(n) = (&) (9.3.1)

This important operation deserves a special name. We define the ad op-
erator ade : g — g by 7 — [£,n]. Thus,

§g = ade . ¢

(b) We illustrate (a) for the group SO(3) as follows. Let A(t) = exp(tC),
where C € s0(3); then A(0) = I and A’(0) = C. Thus, with B € so(3),

d
Adexp tC B) =

7| (exp(tC)Blexp(tC)) ™)

t=0

d -1
G| AOBAO™)

= A'(0)BA(0) + A(0)BA~Y(0).

d
ity

Differentiating A(t)A~1(t) = I, we obtain

d, 4 . -1 ’ -1
Z(ATH(1) = —AT A (AT (),

so that
Ail'(O) =-A(0) = -C.

Then the preceding equation becomes
d
— (Adexptc B) = CB — BC = [C, B],
dt|—o

as expected. ¢
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(c) Let Ad": G x g* — g* be the coadjoint action (g, ) — Ady- a. If
£ € g, we compute for v € g* and n € g

) = ( 4

Adzxp(—tﬁ) (a)’ 77>

t=0

d . d
= % o <Adexp(7t§) (Oé),’]]> = E o <aaAdexp(—t§) 77>
d
=\{% a ‘t_o Adexp(—tf) 77>
= (o, —[¢,n]) = — (a, ade(n)) = — (adg(a), n).
Hence
gg* = - a'dZ7 or gg* (a) = - <a7 [6’ ]> . (932)

¢

(d) Identifying so0(3) = (R?, x) and so(3)* = R3", using the pairing given
by the standard Euclidean inner product, (9.3.2) reads

550(3)*(1) =l (€ X ')a
for I € s0(3)* and £ € s0(3). For n € s0(3), we have

<£5o(3)*(l)777> =-l- (f X 77) = _(l X 5) = _<l X 5777%

so that

Cpa(l) = =l xE=¢€ x L.
As expected, &gs(l) € T;0rb(l) is tangent to Orb(l) (see Figure 9.3.1).
Allowing ¢ to vary in s0(3) = R3, one obtains all of 7; Orb(l), consistent
with Proposition 9.3.4. ¢

FIGURE 9.3.1. &a () is tangent to Orb(l).
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Equivariance. A map between two spaces is equivariant when it respects
group actions on these spaces. We state this more precisely:

Definition 9.3.5. Let M and N be manifolds and let G be a Lie group
that acts on M by &y : M — M, and on N by ¥y : N — N. A smooth

map f: M — N is called equivariant with respect to these actions if for
all g € G,

fod,=W,o0f, (9.3.3)

that is, if the diagram in Figure 9.3.2 commutes.

Fi1cURE 9.3.2. Commutative diagram for equivariance.

Setting g = exp(t§) and differentiating (9.3.3) with respect to t at t =0
gives T'f o &y = &y o f. In other words, &y and &y are f-related. In
particular, if f is an equivariant diffeomorphism, then f*{n = &

Also note that if M/G and N/G are both smooth manifolds with the
canonical projections smooth submersions, an equivariant map f : M — N
induces a smooth map fo : M/G — N/G.

Averaging. A useful device for constructing invariant objects is by av-
eraging. For example, let G be a compact group acting on a manifold M
and let « be a differential form on M. Then we form

o= [ @adulo)
G

where p is Haar measure on GG. One checks that @ is invariant. One can do
the same with other tensors, such as Riemannian metrics on M, to obtain
invariant ones.

Brackets of Generators. Now we come to an important formula re-
lating the Jacobi—Lie bracket of two infinitesimal generators with the Lie
algebra bracket.

Proposition 9.3.6. Let the Lie group G act on the left on the manifold
M. Then the infinitesimal generator map & — &y of the Lie algebra g
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of G into the Lie algebra X(M) of vector fields of M is a Lie algebra
antihomomorphism; that is,

(a& +bn)ar = alnr + by
and
(a0 ) = —[& mlm
forall,m € g and a,b € R.
To prove this, we use the following lemma:

Lemma 9.3.7. (i) Let c(t) be a curve in G, ¢(0) = e, ¢(0) =& € g.
Then

Em(z) = —|  Pery().
(ii) For every g € G,
(Adg &) = Dy -1
Proof. (i) Let ®* : G — M be the map ®%(g) = ®(g,x). Since
®* is smooth, the definition of the infinitesimal generator says that

T.®* (&) = &pr(x). Thus, (i) follows by the chain rule.

(ii) We have

(Ady O)ur(a) = | @exp(t Ady €),2)
t=0
_ 4 ®(g(expté)g ", z) (by Corollary 9.1.8)
dt|,_q
d
= . (Pg 0 Pexpr © Py-1())
= Trbgl(m)@g (fM ((I)g*l(x)))
= (®)26u) (@), =

Proof of Proposition 9.3.6. Linearity follows, since &y (z) = Te P, ().
To prove the second relation, put g = exp¢n in (ii) of the lemma to get

(Adexpin §)m = P&

But ®eyp(—ty) is the flow of —nyy, so differentiating at ¢ = 0 the right-hand
side gives [€ar,mar]. The derivative of the left-hand side at t = 0 equals
[, &]ar by the preceding Example (a). [ |
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In view of this proposition one defines a left Lie algebra action of a
manifold M as a Lie algebra antihomomorphism ¢ € g — & € X(M),
such that the mapping (§,z) € g x M — &y (x) € TM is smooth.

Let @ : G x G — G denote the action of G on itself by left translation:
®(g,h) = Lyh. For £ € g, let Y¢ be the corresponding right-invariant vector
field on G. Then

§a(g) = Ye(g) = TeRy(§),

and similarly, the infinitesimal generator of right translation is the left-
invariant vector field g — T.L4(§).

Derivatives of Curves. It is convenient to have formulas for the deriva-
tives of curves associated with the adjoint and coadjoint actions. For ex-
ample, let g(t) be a (smooth) curve in G and 7(t) a (smooth) curve in g.
Let the action be denoted by concatenation:

g9(O)n(t) = Adgey n(t).
Proposition 9.3.8. The following holds:

oo =0 { .m0 + 5} 934

where

Proof. We have

" ., o () = g ., Lstto)lgtio) g 0ln(0)}
= glto) & a0 gm0}

where the first g(¢y) denotes the Ad-action, which is linear. Now, g(to)~tg(t)
is a curve through the identity at ¢ = ¢y with tangent vector £(tp), so the
above becomes

dn(to)

o(to) {[ato),n(to)} n 7} .

Similarly, for the coadjoint action we write

gO)p(t) = Adgyy 1 p(t),
and then, as above, one proves that

%[gawn = g(1) { adg ) nlt) + %} ’
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which we could write, extending our concatenation notation to Lie algebra
actions as well,

d

Slatonuo] = a0 { o + 5 | 9.35)

dt

where £(t) = g(t)~1g(t). For right actions, these become

a1 = {toco + 5 ot (9.86)
and
%[u( )g(t)] = {u(t)é“(t) + Cfl—’:} (t), (9.3.7)

where ((t) = g(t)g(t)",
n(t)g(t) = Adgey-1n(t), and  n(t)C(t) = —[C(2), ()],

and where

n(D)g(t) = Ad%y u(t) and  u(t)C(t) = adigy ().

Connectivity of Some Classical Groups. First we state two facts
about homogeneous spaces:

1. If H is a closed normal subgroup of the Lie group G (that is, if
h € H and g € G, then ghg~' € H), then the quotient G/H is
a Lie group and the natural projection 7 : G — G/H is a smooth
group homomorphism. (This follows from Proposition 9.3.2; see also
Theorem 2.9.6 in Varadarajan [1974, p. 80].) Moreover, if H and
G/H are connected, then G is connected. Similarly, if H and G/H
are simply connected, then G is simply connected.

2. Let G, M be finite-dimensional and second countable and let ® :
G x M — M be a transitive action of G on M, and for z € M, let G,
be the isotropy subgroup of x. Then the map ¢G, — ®4(zx) is a dif-
feomorphism of G/G, onto M. (This follows from Proposition 9.3.2;
see also Theorem 2.9.4 in Varadarajan [1974, p. 77].)

The action
®: GL(n,R) x R" = R", &(A,x) = Az,

restricted to O(n) x S"~! induces a transitive action. The isotropy subgroup
of O(n) at e, € "1 is O(n — 1). Clearly, O(n — 1) is a closed subgroup
of O(n) by embedding any A € O(n — 1) as

- A 0

A= [ 01 } € O(n),
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and the elements of O(n—1) leave e, fixed. On the other hand, if A € O(n)
and Ae, = e,, then A € O(n — 1). It follows from fact 2 above that the
map

O(n)/O(n—1) = S" 1 A.0(n—1)— Ae,,

is a diffeomorphism. By a similar argument, there is a diffeomorphism
St 2~ 80(n)/SO(n — 1).

The natural action of GL(n, C) on C" similarly induces a diffeomorphism
of §2"~1 € R?" with the homogeneous space U(n)/U(n — 1). Moreover, we
get §?"~1 22 SU(n)/SU(n — 1). In particular, since SU(1) consists only of
the 1 x 1 identity matrix, S® is diffeomorphic with SU(2), a fact already
proved at the end of §9.2.

Proposition 9.3.9. Fach of the Lie groups SO(n), SU(n), and U(n) is
connected for n > 1, and O(n) has two components. The group SU(n) is
simply connected.

Proof. The groups SO(1) and SU(1) are connected, since both consist
only of the 1 x 1 identity matrix, and U(1) is connected, since

Ul)={zeC|lz|=1}=8"

That SO(n), SU(n), and U(n) are connected for all n now follows from
fact 1 above, using induction on n and the representation of the spheres as
homogeneous spaces. Since every matrix A in O(n) has determinant +1,
the orthogonal group can be written as the union of two nonempty disjoint
connected open subsets as follows:

O(n) =SO(n) U A-SO(n),
where A = diag(—1,1,1,...,1). Thus, O(n) has two components. [ |

Here is a general strategy for proving the connectivity of the classical
groups; see, for example Knapp [1996, p 72]. This works, in particular,
for Sp(2n,R) (and the groups Sp(2n,C), SP*(2n) discussed in the Internet
supplement). Let G be a subgroup of GL(n,R) (resp. GL(n,C)) defined
as the zero set of a collection of real-valued polynomials in the (real and
imaginary parts) of the matrix entries. Assume also that G is closed under
taking adjoints (see Exercise 9.2-2 for the case of Sp(2n,R)). Let K =
GNO(n) (resp. U(n)) and let p be the set of Hermitian matrices in g. The
polar decomposition says that

(k,§) e K xp— kexp(§) € G

is a homeomorphism. It follows that since ¢ lies in a connected space, G is
connected iff K is connected. For Sp(2m,R) our results above show that
U(m) is connected, so Sp(2m,R) is connected.
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Examples

(a) Isometry groups. Let E be a finite-dimensional vector space with
a bilinear form (,). Let G be the group of isometries of E, that is, F is
an isomorphism of E onto E and (Fe, Fe') = (e,e’), for all e and ¢’ € E.
Then G is a subgroup and a closed submanifold of GL(E). The Lie algebra
of G is

{K e L(E) | (Ke,e') + (e, Ke') =0 for all e,e’ € E }. ¢

(b) Lorentz group. If {,) denotes the Minkowski metric on R*, that is,

3

(w,y) = 'y’ —a'y,

i=1
then the group of linear isometries is called the Lorentz group L. The

dimension of L is six, and L has four connected components. If

(13 0
s_[o _I}GGL(4,R)7

then
L={AcGL(4,R)| ATSA=5},
and so the Lie algebra of L is
[(={AcLR" R | SA+ATS=0}.
The identity component of L is

{AcL|detA>0and Ay >0} =L}

L and L;r are not compact. ¢

(c) Galilean group. Consider the (closed) subgroup G of GL(5,R) that
consists of matrices with the following block structure:

R v a
{R,v,a,7}:=|0 1 7|,
0 0 1
where R € SO(3), v,a € R3, and 7 € R. This group is called the Galilean
group. Its Lie algebra is a subalgebra of L(R® R%) given by the set of

matrices of the form

{w7u’ a79} =

oo
ocoog
o R
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where w,u, a € R3 and # € R. Obviously the Galilean group acts naturally
on R?; moreover, it acts naturally on R* embedded as the following G-
invariant subset of R:

where x € R? and ¢ € R. Concretely, the action of {R,v,a, 7} on (x,t) is
given by

(x,t) — (Rx+tv+a,t+7).

Thus, the Galilean group gives a change of frame of reference (not affecting
the “absolute time” variable) by rotations (R), space translations (a), time
translations (7), and going to a moving frame, or boosts (v). ¢

(d) Unitary Group of Hilbert Space. Another basic example of an
infinite-dimensional group is the unitary group U(H) of a complex Hilbert
space H. If G is a Lie group and p : G — U(H) is a group homomorphism,
we call p a unitary representation. In other words, p is an action of G
on ‘H by unitary maps.

As with the diffeomorphism group, questions of smoothness regarding
U(H) need to be dealt with carefully, and in this book we shall give only
a brief indication of what is involved. The reason for care is, for one thing,
that one ultimately is dealing with PDEs rather than ODEs and the hy-
potheses made must be such that PDEs are not excluded. For example,
for a unitary representation one assumes that for each v, p € H, the map
g — (1, p(g)p) of G to C is continuous. In particular, for G = R one has
the notion of a continuous one-parameter group U (t) of unitary operators4
so that U(0) = identity and

Ut +5) =U(t) o U(s).

Stone’s theorem says that in an appropriate sense we can write U(t) =
e!4) where A is an (unbounded) skew-adjoint operator defined on a dense
domain D(A) C H. See, for example, Abraham, Marsden, and Ratiu [1988,
Section 7.4B] for the proof. Conversely each skew-adjoint operator defines
a one-parameter subgroup. Thus, Stone’s theorem gives precise meaning
to the statement that the Lie algebra u(H) of U(H) consists of the skew-
adjoint operators. The Lie bracket is the commutator, as long as one is
careful with domains.

4In Hilbert space, weak continuity and unitarity implies continuity in the operator
norm; see, for example, Riesz and Nagy [1990] §29.
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If p is a unitary representation of a finite-dimensional Lie group G on
H, then p(exp(t€)) is a one-parameter subgroup of U(H), so Stone’s the-
orem guarantees that there is a map £ — A(&) associating a skew-adjoint
operator A(§) to each £ € g. Formally, we have

[AE), A(n)] = A&, n]-

Results like this are aided by a theorem of Nelson [1959] guaranteeing a
dense subspace Dg C ‘H such that

(i) A(€) is well-defined on D¢,
(ii) A(¢) maps D¢ to D¢, and

(iii) for ¥ € Dg, [exptA(§)]y is C*° in t with derivative at t = 0 given by
A

This space is called an essential G-smooth part of H, and on D¢ the
above commutator relation and the linearity

Alag + On) = aA(§) + BA(n)

become literally true. Moreover, we lose little by using D¢, since A() is
uniquely determined by what it is on Dg.

We identify U(1) with the unit circle in C, and each such complex number
determines an element of U(H) by multiplication. Thus, we regard U(1) C
U(H). As such, it is a normal subgroup (in fact, elements of U(1) commute
with elements of U(H)), so the quotient is a group, called the projective
unitary group of H. We write it as U(PH) = U(H)/U(1). We write
elements of U(PH) as [U] regarded as an equivalence class of U € U(H).
The group U(PH) acts on projective Hilbert space PH = H/C, as in §5.3,
by [Ul[e] = [Ug].

One-parameter subgroups of U(PH) are of the form [U(t)] for a one-
parameter subgroup U (t) of U(H). This is a particularly simple case of the
general problem considered by Bargmann and Wigner of lifting projective
representations, a topic we return to later. In any case, this means that we
can identify the Lie algebra as u(PH) = u(H)/iR, where we identify the
two skew-adjoint operators A and A + \i, for A real.

A projective representation of a group G is a homomorphism 7 :
G — U(PH); we require continuity of g € G — (¢, 7(g9)¢)| € R, which
is well-defined for [¢], [¢] € PH. There is an analogue of Nelson’s theorem
that guarantees an essential G-smooth part PDg of PH with properties
like those of Dg. ¢

Miscellany. We conclude this section with a variety of remarks.
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1. Coadjoint Isotropy. The first remark concerns coadjoint orbit isotro-
py groups. The main result here is the following theorem, due to Duflo and
Vergne [1969]. We give a proof following Rais [1972] in the Internet sup-
plement.

Theorem 9.3.10 (Duflo and Vergne). Letg be a finite-dimensional Lie
algebra with dual g* and let r = min{dimg, | p € g* }. The set { p € g* |
dimg, =r} is open and dense in g*. If dimg, =, then g, is Abelian.

A simple example is the rotation group SO(3) in which the coadjoint
isotropy at each nonzero point is the Abelian group S!, whereas at the
origin it is the nonabelian group SO(3).

2. More on Infinite-Dimensional Groups. We can use a slight rein-
terpretation of the formulae in this section to calculate the Lie algebra
structure of some infinite-dimensional groups. Here we will treat this topic
only formally, that is, we assume that the spaces involved are manifolds and
do not specify the function-space topologies. For the formal calculations,
these structures are not needed, but the reader should be aware that there
is a mathematical gap here. (See Ebin and Marsden [1970] and Adams,
Ratiu, and Schmid [1986a, 1986b] for more information.)

Given a manifold M, let Diff (M) denote the group of all diffeomorphisms
of M. The group operation is composition. The Lie algebra of Diff (M), as
a vector space, consists of vector fields on M; indeed, the flow of a vector
field is a curve in Diff (M), and its tangent vector at ¢ = 0 is the given
vector field.

To determine the Lie algebra bracket, we consider the action of an arbi-
trary Lie group G on M. Such an action of G on M may be regarded as
a homomorphism ® : G — Diff(M). By Proposition 9.1.5, its derivative at
the identity 7.® should be a Lie algebra homomorphism. From the defini-
tion of infinitesimal generator, we see that T, ® - & = £,;. Thus, Proposition
9.1.5 suggests that

[fMa 7]M}Lie bracket — [57 U]M'

However, by Proposition 9.3.6, [£,n]ax = —[ar, nas]- Thus,

[€n1 v Lie bracket = — (€, Mar)-

This suggests that the Lie algebra bracket on X(M) is minus the Jacobi—Lie
bracket.

Another way to arrive at the same conclusion is to use the method of
computing brackets in the table in §9.1. To do this, we first compute, ac-
cording to step 1, the inner automorphism to be

L(p) =nopon'.

By step 2, we differentiate with respect to ¢ to compute the Ad map.
Letting X be the time derivative at ¢ = 0 of a curve ¢, in Diff (M) with
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o = Identity, we have
d

d
Ady(X) = (T.I)(X) = T, I, | = -4
) = @10 =10, | 5] o] = 5| e
-2 (nowion ) =TnoXon ' =n.kX.
dt|,_o

Hence Ad,(X) = n.X. Thus, the adjoint action of Diff (M) on its Lie
algebra is just the push-forward operation on wvector fields. Finally, as in
step 3, we compute the bracket by differentiating Ad, (X) with respect to
1. But by the Lie derivative characterization of brackets and the fact that
push-forward is the inverse of pull-back, we arrive at the same conclusion.
In summary, either method suggests that

The Lie algebra bracket on Diff (M) is minus the Jacobi-Lie
bracket of vector fields.

One can also say that the Jacobi-Lie bracket gives the right (as opposed
to left) Lie algebra structure on Diff (M).

If one restricts to the group of volume-preserving (or symplectic) diffeo-
morphisms, then the Lie bracket is again minus the Jacobi-Lie bracket on
the space of divergence-free (or locally Hamiltonian) vector fields.

Here are three examples of actions of Diff (M). Firstly, Diff (M) acts on M
by evaluation: The action ® : Diff (M)xM — M is given by ® (¢, x) = p(z).
Secondly, the calculations we did for Ad, show that the adjoint action of
Diff (M) on its Lie algebra is given by push-forward. Thirdly, if we identify
the dual space X(M)* with one-form densities by means of integration, then
the change-of-variables formula shows that the coadjoint action is given by
push-forward of one-form densities.

3. Equivariant Darboux Theorem. In Chapter 5 we studied the Dar-
boux theorem. It is natural to ask the sense in which this theorem holds in
the presence of a group action. That is, suppose that one has a Lie group
G (say compact) acting symplectically on a symplectic manifold (P,<2)
and that, for example, the group action leaves a point xzoy € P fixed (one
can consider the more general case of an invariant manifold). We ask to
what extent one can put the symplectic form into a canonical form in an
equivariant way?

This question is best broken up into two parts. The first is whether or not
one can find a local equivariant representation in which the symplectic form
is constant. This is true and can be proved by establishing an equivariant
diffeomorphism between the manifold and its tangent space at z¢ carrying
the constant symplectic form, which is just Q evaluated at T,,P. This
is done by checking that Moser’s proof given in Chapter 5 can be made
equivariant at each stage (see Exercise 9.3-5).

A more subtle question is that of putting the symplectic form into a
canonical form equivariantly. For this, one needs first to understand the
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equivariant classification of normal forms for symplectic structures. This
was done in Dellnitz and Melbourne [1993]. For the related question of
classifying equivariant normal forms for linear Hamiltonian systems, see

Williamson [1936], Melbourne and Dellnitz [1993], and Hérmander [1995].

Exercises

9.3-1. Let a Lie group G act linearly on a vector space V. Define a group
structure on G x V' by

(g1,v1) - (g2,v2) = (9192, g1v2 + v1).

Show that this makes G x V into a Lie group—it is called the semidirect
product and is denoted by G® V. Determine its Lie algebra g® V.

9.3-2.

(a) Show that the Euclidean group E(3) can be written as O(3) ® R? in
the sense of the preceding exercise.

(b) Show that E(3) is isomorphic to the group of 4 x 4 matrices of the
form
A b
o 1|’

9.3-3. Show that the Galilean group may be written as a semidirect prod-
uct G = (SO(3)®R?)®R*. Compute explicitly the inverse of a group
element, and the adjoint and the coadjoint actions.

where A € O(3) and b € R3.

9.3-4. If G is a Lie group, show that T'G is isomorphic (as a Lie group)
with G©® g (see Exercise 9.1-2).

9.3-5. In the relative Darboux theorem of Exercise 5.1-5, assume that a
compact Lie group G acts on P, that S is a G-invariant submanifold, and
that both Qg and €, are G-invariant. Conclude that the diffeomorphism
@ : U — (U) can be chosen to commute with the G-action and that V,
©(U) can be chosen to be a G-invariant.

9.3-6. Verify, using standard vector notation, the four “derivative of
curves” formulas for SO(3).

9.3-7. Use the complex polar decomposition theorem (Proposition 9.2.15)
and simple connectedness of SU(n) to show that SL(n,C) is also simply
connected.

9.3-8. Show that SL(2,C) is the simply connected covering group of the
identity component LJ{ of the Lorentz group.
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Poisson Manifolds

The dual g* of a Lie algebra g carries a Poisson bracket given by

{F.G} (1) = <“7 [%’%D

for u € g*, a formula found by Lie, [1890, Section 75]. As we saw in the In-
troduction, this Lie—Poisson bracket plays an important role in the Hamil-
tonian description of many physical systems. This bracket is not the bracket
associated with any symplectic structure on g*, but is an example of the
more general concept of a Poisson manifold. On the other hand, we do want
to understand how this bracket is associated with a symplectic structure
on coadjoint orbits and with the canonical symplectic structure on T*G.
These facts are developed in Chapters 13 and 14. Chapter 15 shows how
this works in detail for the rigid body.

10.1 The Definition of Poisson Manifolds

This section generalizes the notion of a symplectic manifold by keeping
just enough of the properties of Poisson brackets to describe Hamiltonian
systems. The history of Poisson manifolds is complicated by the fact that
the notion was rediscovered many times under different names; they occur
in the works of Lie [1890], Dirac [1930,1964], Pauli [1953], Martin [1959],
Jost [1964], Arens [1970], Hermann [1973], Sudarshan and Mukunda [1974],
Vinogradov and Krasilshchik [1975], and Lichnerowicz [1975b]. The name

This is page 327
Printer: Opaque this
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Poisson manifold was coined by Lichnerowicz. Further historical comments
are given in §10.3.

Definition 10.1.1. A Poisson bracket (or a Poisson structure) on
a manifold P is a bilinear operation {,} on F(P) = C*(P) such that:

(i) (F(P),{,}) is a Lie algebra; and
(ii) {,} is a derivation in each factor, that is,
{FG,H} ={F,H}G + F{G,H}
for all F, G, and H € F(P).

A manifold P endowed with a Poisson bracket on F(P) is called a Poisson
manifold.

A Poisson manifold is denoted by (P,{,}), or simply by P if there is
no danger of confusion. Note that any manifold has the trivial Poisson
structure, which is defined by setting {F,G} = 0, for all F,G € F(P).
Occasionally, we consider two different Poisson brackets {, }1 and {, }2 on
the same manifold; the two distinct Poisson manifolds are then denoted by
(P,{,}1) and (P,{, }2). The notation {, }p for the bracket on P is also
used when confusion might arise.

Examples

(a) Symplectic Bracket. Any symplectic manifold is a Poisson mani-
fold. The Poisson bracket is defined by the symplectic form, as was shown
in §5.5. Condition (ii) of the definition is satisfied as a consequence of the
derivation property of vector fields:

{FG,H} = Xy [FG] = FXy[G) + GXy[F] = F{G,H} + G{F,H}. ¢

(b) Lie—Poisson Bracket. If g is a Lie algebra, then its dual g* is a
Poisson manifold with respect to each of the Lie—Poisson brackets {, }
and {, }_ defined by

(G == (i |5 52 (10.1.1

for p € g* and F,G € F(g*). The properties of a Poisson bracket can
be easily verified. Bilinearity and skew-symmetry are obvious. The deriva-
tion property of the bracket follows from the Leibniz rule for functional

derivatives 5(FG) 5o S
o F(H)E + EG(M)'
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The Jacobi identity for the Lie—Poisson bracket follows from the Jacobi
identity for the Lie algebra bracket and the formula

5 L [6F 66T, .
i@{F7 G}:I: - |:Ea a] -D F(:LL) (adJG/J/L My )
+D2G(n) (ad}F/(m “, ) : (10.1.2)

where we recall from the preceding chapter that for each { € g, ad¢ : g — g
denotes the map ade¢(n) = [§, 7] and adg : g* — g* is its dual. We give a
different proof that (10.1.1) is a Poisson bracket in Chapter 13. ¢

(c) Rigid-Body Bracket. Specializing Example (b) to the Lie algebra
of the rotation group so(3) = R3 and identifying R® and (R®)* via the
standard inner product, we get the following Poisson structure on R?:

{F,G}_(I) = —~II - (VF x VG), (10.1.3)

where IT € R? and VF, the gradient of F, is evaluated at IL. The Poisson
bracket properties can be verified by direct computation in this case; see
Exercise 1.2-1. We call (10.1.3) the rigid-body bracket. ¢

(d) Ideal Fluid Bracket. Specialize the Lie-Poisson bracket to the Lie
algebra Xgi, () of divergence-free vector fields defined in a region 2 of R?
and tangent to €2, with the Lie bracket being the negative of the Jacobi—
Lie bracket. Identify X3, () with X5, () using the L? pairing

(v,w) = /Qv -wd3z, (10.1.4)

where v - w is the ordinary dot product in R3. Thus, the (+)-Lie-Poisson
bracket is

0F G
F = _ = = 10.1.
meyw) = v 5.5 (10.15)
where the functional derivative 0F'/dv is the element of Xqi,(€2) defined by
.1 OF 3
ig%g[F(v—l—eév)—F(v)]_ QW'(SVCIZJC' ¢

(e) Poisson—Vlasov Bracket. Let (P, {, }p) be a Poisson manifold and
let F(P) be the Lie algebra of functions under the Poisson bracket. Iden-
tify F(P)* with densities f on P. Then the Lie-Poisson bracket has the

expression
OF 6G
{F’G}(f)/pf{ﬁ’ﬁ},; (10.1.6)
¢
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(f) Frozen Lie—Poisson Bracket. Fix (or “freeze”) v € g* and define
for any F,G € F(g*) the bracket

(F,GY.(n) = £ <V, B—Z ‘;—ﬂ > . (10.1.7)

The properties of a Poisson bracket are verified as in the case of the
Lie-Poisson bracket, the only difference being that (10.1.2) is replaced by

6 v 2 * 2 *
5, (F.GYy = -D*F(u) (ad(;G/(;H v, ) + D2G(p) (adéF/w v, ) .
(10.1.8)

This bracket is useful in the description of the Lie—Poisson equations lin-
earized at an equilibrium point.! ¢

(g) KAV Bracket. Let S = [S%]be a symmetric matrix. On F(R", R"),
set

© I\ U [6F d [6G d [5G\ OF
p— 1‘7 _ — -
{F,G}(u) / d's [W e (W) o (—W,) W] dr (10.1.9)

~ =1

for functions F, G satistying 0F/ou and 6G/du — 0 as © — £oo. This is a
Poisson structure that is useful for the KdV equation and for gas dynamics
(see Benjamin [1984]).% If S is invertible and S~! = [S,;], then (10.1.9) is
the Poisson bracket associated with the weak symplectic form

Qu,v) = %/w f: Sij K/y u' () dfﬂ) v (y)

004 5=l o
y . .
- (/ v’ (z) dm) ul(y)} dy. (10.1.10)
This is easily seen by noting that X g (u) is given by
, d 0H
X} =859 ——.
(1) dx dul ¢

(h) Toda Lattice Bracket. Let

P={(ab)eR|a'>0,i=1,...,n}

1See, for example, Abarbanel, Holm, Marsden, and Ratiu [1986].
2This is a particular case of Example (f), the Lie algebra being the pseudo-differential
operators on the line of order < —1 and v = dS/dz.
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and consider the bracket

oG
aF\" (oF\" a
(F,G}(a,b) — (E) , (%) wi e (10.1.11)
b
where (9F/da)" is the row vector (9F/da’, ... ,8F/da™), etc., and
A at 0
0 .
W = { A 0 }, where A = . . (10.1.12)
0 a”

In terms of the coordinate functions a;, b;, the bracket (10.1.11) is given by
{ai, aj} =0,
{v',v/} =0, (10.1.13)
{a", bV} =0 ifi#j,
{a', ¥V} =a" ifi=]j.

This Poisson bracket is determined by the symplectic form
“ 1
Q=-) —da" NdV' 10.1.14
; —da ( )

as an easy verification shows. The mapping (a, b) — (log a=!, b) is a sym-
plectic diffeomorphism of P with R?" endowed with the canonical sym-
plectic structure. This symplectic structure is known as the first Poisson
structure of the non-periodic Toda lattice. We shall not study this example
in any detail in this book, but we point out that its bracket is the restric-
tion of a Lie—Poisson bracket to a certain coadjoint orbit of the group of
lower triangular matrices; we refer the interested reader to §14.5 of Kostant
[1979] and Symes [1980, 1982a, 1982b] for further information. ¢

Exercises

10.1-1. If P, and P, are Poisson manifolds, show how to make P; x P
into a Poisson manifold.

10.1-2. Verify directly that the Lie-Poisson bracket satisfies Jacobi’s
identity.

10.1-3 (A Quadratic Bracket). Let A = [AY] be a skew-symmetric ma-
trix. On R"™, define B = A% x'z7 (no sum). Show that the following defines
a Poisson structure:

Z" ; OF 0G
{r.c} B Ozt Oxd

4,J=1



332 10. Poisson Manifolds

¢ 10.1-4 (A Cubic Bracket). For x = (z!,2% 23) € R3, put
{x17m2} _ ||X||2£C37
{a?, 2%} = ||x[*a",
{a? 2"} = ||x|*2”.

Let BY = {xi,xj}, fori < jand i,j =1,2,3. Set B/ = —B% and define

Z" ; OF 0G
hG) B Oz Q7

ij=1
Check that this makes R3 into a Poisson manifold.
¢ 10.1-5. Let ®: g* — g* be a smooth map and define for F, H : g* — R,
oF 0H
FH =(d — — ).
(Fa )= (2. 5. 50 |)

(a) Show that this rule defines a Poisson bracket on g* if and only if ®
satisfies the following identity:

+(D®(p) - ad (), [¢,n]) =0,

for all £&,n,( € g and all u € g*.

(b) Show that this relation holds if ®(u) = p or ®(p) = v, a fixed element
of g*, thereby obtaining the Lie-Poisson structure (10.1.1) and the
linearized Lie—Poisson structure (10.1.7) on g*. Show that it also holds
if ®(pu) =ap+ v for fixed a € R and v € g*.

(¢) Assume that g has a weakly nondegenerate bilinear form x : g x g —
R. Assume that x is invariant under the Ad action and identify g*
with g using k. If ¥ : g — g is smooth, show that

{F, HYy (§) = (¥(8), [VF(E), VH(E)])

is a Poisson bracket if and only if

+ &(DY(A) - [(A), €], [¢,n]) =0,
for all X\,&,n,¢ € g. Here, VF(§),VH({) € g are the gradients of F'
and H at £ € g relative to k.

Conclude as in (b) that this relation holds if U'(\) = a\+ x for a € R
and xy € g.
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(d) Under the hypothesis of (c), let ¥(A) = Vi (A) for some smooth
1 : g — R. Show that {, }¢ is a Poisson bracket if and only if
D*)(N)([V(N), ], [, €]) = D2 (N (V(N), [¢, [, €])
+ DXV (Ve (A), 1, [€, <)) = DA (V) [n, [€, ¢]])
+D*N) (V). &, [¢ 1) = D2\ (Ve (A, [€, [¢,nll) = 0,

for all \,&,7m,¢ € g. In particular, if D23()\) is an invariant bilinear
form for all A, this condition holds. However, if g = s0(3) and % is
arbitrary, then this condition also holds (see Exercise 1.3-2).

10.2 Hamiltonian Vector Fields and Casimir
Functions

Hamiltonian Vector Fields. We begin by extending the notion of a
Hamiltonian vector field from the symplectic to the Poisson context.

Proposition 10.2.1. Let P be a Poisson manifold. If H € F(P), then
there is a unique vector field Xy on P such that

Xu|G] ={G, H} (10.2.1)
for all G € F(P). We call Xg the Hamiltonian vector field of H.

Proof. This is a consequence of the fact that any derivation on F(P)
is represented by a vector field. Fixing H, the map G — {G,H} is a
derivation, and so it uniquely determines Xy satisfying (10.2.1). (In infi-
nite dimensions some technical conditions are needed for this proof, which
are deliberately ignored here; see Abraham, Marsden, and Ratiu [1988,
Section 4.2].) |

Notice that (10.2.1) agrees with our definition of Poisson brackets in the
symplectic case, so if the Poisson manifold P is symplectic, X defined
here agrees with the definition in §5.5.

Proposition 10.2.2. The map H — Xy of F(P) to X(P) is a Lie alge-
bra antihomomorphism; that is,
(Xu, Xk] = —X(m,x3}-
Proof. Using Jacobi’s identity, we find that
[(Xu, Xk][F] = Xu[Xk([F]] - X[ Xu[F]]
= {{FvK}vH} - {{FvH}vK}
- {Fa {Ha K}}
— X,k [F). |
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Equations of Motion in Poisson Bracket Form. Next, we establish
the equation F' = {F, H} in the Poisson context.

Proposition 10.2.3. Let ¢, be a flow on a Poisson manifold P and let
H : P — R be a smooth function on P. Then

(i) for any F € F(U), U open in P,

d
ﬁ(FO%):{FaH}O%:{FosﬁnH}a

or, for short,
F ={F HY}, for any F € F(U), U open in P,
if and only if vy is the flow of Xp.
(ii) If ¢y is the flow of Xy, then H o oy = H.

Proof. (i) Let z € P. Then

9 Plou() = dF(@(2) - ul2)

and
{F, H}(pi(2)) = dF(oe(2)) - Xu(ee(2))-
The two expressions are equal for any F' € F(U), U open in P, if and only
if
71 °t(2) = X (e(2)),

by the Hahn-Banach theorem. This is equivalent to t — ¢;(2) being the
integral curve of Xy with initial condition z, that is, ¢; is the flow of X .
On the other hand, if ¢; is the flow of Xy, then we have

Xu(pi(2)) = Tope(Xn (2)),

so that by the chain rule,

%F(@t(z)) =dF(p(2)) - Xu(pe(2))
=dF(pi(2)) - Tope(Xn(2))
— d(Fow)(2) - Xu(2)
== {F ] Cpta H}(Z)
(ii) For the proof of (ii), let H = F in (i). u

Corollary 10.2.4. Let G,H € F(P). Then G is constant along the inte-
gral curves of Xp if and only if {G, H} = 0. Either statement is equivalent
to H being constant along the integral curves of Xq.
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Among the elements of F(P) are functions C such that {C,F} = 0 for
all F' € F(P), that is, C' is constant along the flow of all Hamiltonian vector
fields, or, equivalently, X = 0, that is, C' generates trivial dynamics. Such
functions are called Casimir functions of the Poisson structure. They
form the center of the Poisson algebra.® This terminology is used in, for
example, Sudarshan and Mukunda [1974]. H. B. G. Casimir is a prominent
physicist who wrote his thesis (Casimir [1931]) on the quantum mechanics
of the rigid body, under the direction of Paul Ehrenfest. Recall that it was
Ehrenfest who, in his thesis, worked on the variational structure of ideal
flow in Lagrangian or material representation.

Examples

(a) Symplectic Case. On a symplectic manifold P, any Casimir func-
tion is constant on connected components of P. This holds, since in the
symplectic case, X¢ = 0 implies dC = 0, and hence C is locally con-
stant. ¢

(b) Rigid-Body Casimirs. In the context of Example (¢) of §10.1, let
C(IT) = ||TI||?/2. Then VC(II) = II, and by the properties of the triple
product, we have for any F € F(R?),

{C,F}(IT) = —II- (VC x VF) = —II- (IT x VF)
= —VF-(IIxII) = 0.

This shows that C(IT) = ||II||?/2 is a Casimir function. A similar argument
shows that

Ca(TT) =  (4|T1[?) (10.2.2)

is a Casimir function, where ® is an arbitrary (differentiable) function of
one variable; this is proved by noting that

VCo(IT) = @ ($||T1|%) II. ¢

(c) Helicity. In Example (d) of §10.1, the helicity

C(v) = / v (Vxv)dz (10.2.3)
Q
can be checked to be a Casimir function if 0Q) = @. ¢

3The center of a group (or algebra) is the set of elements that commute with all
elements of the group (or algebra).



336 10. Poisson Manifolds

(d) Poisson—Vlasov Casimirs. In Example (e) of §10.1, given a differ-
entiable function ® : R — R, the map C : F(P) — R defined by

o(f) = / (f(q.p)) dq dp (10.2.4)

is a Casimir function. Here we choose P to be symplectic, have written
dq dp = dz for the Liouville measure, and have used it to identify functions
and densities. ¢

Some History of Poisson Structures.? Following from the work of

Lagrange and Poisson discussed at the end of §8.1, the general concept of a
Poisson manifold should be credited to Sophus Lie in his treatise on trans-
formation groups written around 1880 in the chapter on “function groups.”
Lie uses the word “group” for both “group” and “algebra.” For example,
a “function group” should really be translated as “function algebra.”

On page 237, Lie defines what today is called a Poisson structure. The
title of Chapter 19 is The Coadjoint Group, which is explicitly identified
on page 334. Chapter 17, pages 294298, defines a linear Poisson structure
on the dual of a Lie algebra, today called the Lie—Poisson structure, and
“Lie’s third theorem” is proved for the set of regular elements. On page
349, together with a remark on page 367, it is shown that the Lie-Poisson
structure naturally induces a symplectic structure on each coadjoint orbit.
As we shall point out in §11.2, Lie also had many of the ideas of momentum
maps. For many years this work appears to have been forgotten.

Because of the above history, Marsden and Weinstein [1983] coined the
phrase “Lie—Poisson bracket” for this object, and this terminology is now
in common use. However, it is not clear that Lie understood the fact that
the Lie—Poisson bracket is obtained by a simple reduction process, namely,
that it is induced from the canonical cotangent Poisson bracket on T*G
by passing to g* regarded as the quotient T*G/G, as will be explained in
Chapter 13. The link between the closedness of the symplectic form and
the Jacobi identity is a little harder to trace explicitly; some comments in
this direction are given in Souriau [1970], who gives credit to Maxwell.

Lie’s work starts by taking functions F1, ... , F;. on a symplectic manifold
M, with the property that there exist functions G; of r variables such that

{Fi,Fj} = Gij(Fh . 7FT).

In Lie’s time, all functions in sight are implicitly assumed to be analytic.
The collection of all functions ¢ of Fy, ... , F, is the “function group”; it is

4We thank Hans Duistermaat and Alan Weinstein for their help with the comments
in this section; the paper of Weinstein [1983a] should also be consulted by the interested
reader.
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provided with the bracket

[6,] = Z Gijoiy, (10.2.5)
j
where
_ 09 o0y
i = OF; and ¢; = oF,
Considering F' = (Fi,...,F;) as a map from M to an r-dimensional

space P, and ¢ and 1 as functions on P, one may formulate this as saying
that [¢, ] is a Poisson structure on P, with the property that

Foo, ) = {F ¢, F"9}.

Lie writes down the equations for the G;; that follow from the antisym-
metry and the Jacobi identity for the bracket {,} on M. He continues
with the question, If a given system of functions G;; in r variables satisfies
these equations, is it induced, as above, from a function group of functions
of 2n variables? He shows that under suitable rank conditions the answer
is yes. As we shall see below, this result is the precursor to many of the
fundamental results about the geometry of Poisson manifolds.

It is obvious that if G;; is a system that satisfies the equations that Lie
writes down, then (10.2.5) is a Poisson structure in r-dimensional space.
Conversely, for any Poisson structure [¢, ¢], the functions

Gij = [Fi, Fj]

satisfy Lie’s equations.

Lie continues with more remarks, that are not always stated as explicitly
as one would like, on local normal forms of function groups (i.e., of Poisson
structures) under suitable rank conditions. These amount to the following:
A Poisson structure of constant rank is the same as a foliation with sym-
plectic leaves. It is this characterization that Lie uses to get the symplectic
form on the coadjoint orbits. On the other hand, Lie does not apply the
symplectic form on the coadjoint orbits to representation theory.

Representation theory of Lie groups started only later with Schur on
GL(n), and was continued by Elie Cartan with representations of semisim-
ple Lie algebras, and in the 1930s by Weyl with the representation of com-
pact Lie groups. The coadjoint orbit symplectic structure was connected
with representation theory in the work of Kirillov and Kostant. On the
other hand, Lie did apply the Poisson structure on the dual of the Lie alge-
bra to prove that every abstract Lie algebra can be realized as a Lie algebra
of Hamiltonian vector fields, or as a Lie subalgebra of the Poisson algebra
of functions on some symplectic manifold. This is “Lie’s third fundamental
theorem” in the form given by Lie.
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In geometry, people like Engel, Study, and, in particular, Elie Cartan
studied Lie’s work intensely and propagated it very actively. However,
through the tainted glasses of retrospection, Lie’s work on Poisson struc-
tures did not appear to receive as much attention in mechanics as it de-
served; for example, even though Cartan himself did very important work
in mechanics (such as Cartan [1923, 1928a, 1928b]), he did not seem to
realize that the Lie-Poisson bracket was central to the Hamiltonian de-
scription of some of the rotating fluid systems he was studying. However,
others, such as Hamel [1904, 1949], did study Lie intensively and used
his work to make substantial contributions and extensions (such as to the
study of nonholonomic systems, including rolling constraints), but many
other active schools seem to have missed it. Even more surprising in this
context is the contribution of Poincaré [1901b, 1910] to the Lagrangian side
of the story, a tale to which we shall come in Chapter 13.

Exercises

10.2-1. Verify the relation [Xp, Xg] = —X (g k3 directly for the rigid-
body bracket.

10.2-2. Verify that

o(f) = / ((q.p)) da dp.

defines a Casimir function for the Poisson-Vlasov bracket.

10.2-3. Let P be a Poisson manifold and let M C P be a connected sub-
manifold with the property that for each v € T, M there is a Hamiltonian
vector field Xy on P such that v = Xp(z); that is, T, M is spanned by
Hamiltonian vector fields. Prove that any Casimir function is constant on
M.

10.3 Properties of Hamiltonian Flows

Hamiltonian Flows Are Poisson. Now we establish the Poisson ana-
logue of the symplectic nature of the flows of Hamiltonian vector fields.

Proposition 10.3.1. If ¢, is the flow of Xy, then
i {F, G} ={pi F, ¢y G} ;

in other words,
{F,G}opy={Fop;,Gopi}.

Thus, the flows of Hamiltonian vector fields preserve the Poisson structure.



10.3 Properties of Hamiltonian Flows 339

Proof. This is actually true even for time-dependent Hamiltonian sys-
tems (as we will see later), but here we will prove it only in the time-
independent case. Let F, K € F(P) and let ¢; be the flow of Xp. Let

u=A{Fopy, Kopi} —{F K}ogp;.

Because of the bilinearity of the Poisson bracket,

du [ d d d
E{EFO@t,KOSDt}Jr{Fo%a%KO‘Pt}E{F’K}O%'

Using Proposition 10.2.3, this becomes

du
E = {{FO¢t7H}7KO@t}+ {FOSDh{KOLPtaH}} - {{FaK}OSDtaH}a
which, by Jacobi’s identity, gives

d

= = {u, H} = Xplu].
The unique solution of this equation is u; = ug o ¢;. Since ug = 0, we get
u = 0, which is the result. |

As in the symplectic case, with which this is, of course, consistent, this
argument shows how Jacobi’s identity plays a crucial role.

Poisson Maps. A smooth mapping f : P, — P between the two Poisson
manifolds (P, {, },) and (P»,{,},) is called canonical or Poisson if

f*{FaG}zz{f*Rf*G}u

for all F,G € F(P2). Proposition 10.3.1 shows that flows of Hamiltonian
vector fields are canonical maps. We saw already in Chapter 5 that if P;
and P, are symplectic manifolds, a map f : P, — P is canonical if and
only if it is symplectic.

Properties of Poisson Maps. The next proposition shows that Poisson
maps push Hamiltonian flows to Hamiltonian flows.

Proposition 10.3.2. Let f : P, — P, be a Poisson map and let H €
F(Py). If ¢, is the flow of Xg and ¢, is the flow of Xpoys, then

prof=fotyy and TfoXpor=Xpgof.

Conversely, if f is a map from Py to Py and for all H € F(Ps) the Hamil-
tonian vector fields Xpoy € X(P1) and Xg € X(P») are f-related, that
18,

TfoXpoy=Xpof,

then f is canonical.
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Proof. For any G € F(P;) and z € P;, Proposition 10.2.3(i) and the
definition of Poisson maps yield

d d
ZCG(forn)(2)) = 2(Go f)(¥(2))

={Gof,Ho f}(¥u(2)) ={G, H} (f o ¢1)(2),

that is, (fot)(2) is an integral curve of Xy on P, through the point f(z).
Since (pro f)(z) is another such curve, uniqueness of integral curves implies
that

(fot)(z) = (@10 f)(2).
The relation T'f o Xpop = Xp o f follows from f o1, = ¢, o f by taking
the time-derivative.
Conversely, assume that for any H € F(P,) we have T foXpor = Xgof.
Therefore, by the chain rule,

Xpof [Fo f1(2) = dF(f(2)) - T=f(Xnos(2))
=dF(f(2) - Xu(f(2)) = Xu [F](f(2)),
that is, Xpoy [f*F] = f*(Xu [F]). Thus, for G € F(P,),

{G H}of = [*(Xu [G]) = Xuop [f*G] ={Go f,Ho [},

and so f is canonical. |

Exercises

10.3-1. Verify directly that a rotation R : R® — R3 is a Poisson map for
the rigid-body bracket.

10.3-2. If P; and P, are Poisson manifolds, show that the projection
m : Py X P, — Py is a Poisson map. Is the corresponding statement true
for symplectic maps?

10.4 The Poisson Tensor

Definition of the Poisson Tensor. By the derivation property of the
Poisson bracket, the value of the bracket {F,G} at z € P (and thus Xp(z)
as well) depends on F only through dF(z) (see Theorem 4.2.16 in Abraham,
Marsden, and Ratiu [1988] for this type of argument). Thus, there is a
contravariant antisymmetric two-tensor

B:T"PxT*P—R

such that
B(Z)(O‘%ﬁz) = {Fa G} (Z),
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where dF(z) = a, and dG(z) = [, € TSP. This tensor B is called a
cosymplectic or Poisson structure. In local coordinates (z,... ,2"), B
is determined by its matrix elements {zl, z‘]} = B!J(2), and the bracket
becomes

oF 0G

_ nlJ il
{F.G} =B (2) 5555

(10.4.1)

Let Bf : T*P — TP be the vector bundle map associated to B, that is,
B(z)(az, B:) = (az, B2)(5.)) -

Consistent with our conventions, F' = {F, H }, the Hamiltonian vector
field, is given by X (z) = Bf - dH(2). Indeed, F(2) = dF(2) - Xg(z) and

{F.H} (2) = B(z)(dF(2),dH(2)) = (dF (), B*(z)(dH(2))).

Comparing these expressions gives the stated result.

Coordinate Representation. A convenient way to specify a bracket in
finite dimensions is by giving the coordinate relations {z’, 27} = B!/(z).
The Jacobi identity is then implied by the special cases

) B F L B S T )
which are equivalent to the differential equations

K N BLJaBKI N BLKaBIJ _
0zl 0zL 0zL

(the terms are cyclic in I, J, K). Writing Xy [F] = {F, H} in coordinates
gives

0 (10.4.2)

; OF _ i OF 0H

Hp I 0z’ 02K7
and so
O0H
I _ pIJ
Xy =08 97 (10.4.3)

This expression tells us that B!’ should be thought of as the negative
inverse of the symplectic matrix, which is literally correct in the nondegen-
erate case. Indeed, if we write out

AN Xpg,v)=dH -v
in coordinates, we get

oH
Q[‘]XI{I'UJ = @U‘I, i.e., Q[JXIILI =

on
0z7"
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If [217] denotes the inverse of [Qr;], we get

on
0z7’

so comparing (10.4.3) and (10.4.4), we see that

X5 =0/t (10.4.4)

Bl — _qlJ.

Recalling that the matrix of QF is the inverse of that of Q° and that the
matrix of Q° is the negative of that of Q, we see that Bf = QF.

Let us prove this abstractly. The basic link between the Poisson tensor
B and the symplectic form Q is that they give the same Poisson bracket:

{F,H} = B(dF,dH) = Q(XF, Xn),

that is,
(dF,B*dH) = (dF, Xp) .
But
Q(Xpy,v)=dH -v,
and so
<QbXH7U> — (dH,v),
whence

Xy = QfdH,
since Qf = (Qb)_l. Thus, B!{dH = Q4dH, for all H, and thus
B* = QF.

Coordinate Representation of Poisson Maps. We have seen that
the matrix [B!”] of the Poisson tensor B converts the differential
OH
dH = gdzl

of a function to the corresponding Hamiltonian vector field; this is consis-
tent with our treatment in the Introduction and Overview. Another basic
concept, that of a Poisson map, is also worthwhile to work out in coordi-
nates.

Let f : PL — P, be a Poisson map, so {Fo f,Go f}, = {F,G},o0 f.
In coordinates z! on P; and wX on P,, and writing w® = w (2!) for the
map f, this reads

0 0

@(Fof)@

oF 0G
= gk gur D> (@)

(Go f)BY (2)
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By the chain rule, this is equivalent to

OF ow® oG owt OF 0G _ x|
OwK 9z dwL 927 1 (2) = OwK gwl ™ 2 (w).

Since F' and G are arbitrary, f is Poisson iff

owk owt
BI{J(Z)WW = B! (w).
Intrinsically, regarding Bi(z) as a map Bi(z) : TX P, x TX Py — R, this
reads

By (2)(TZ f - 0w, T2 f - Bu) = Ba(w)(ovw, Bu), (10.4.5)

where oy, By € T P> and f(z) = w. In analogy with the case of vector
fields, we shall say that if equation (10.4.5) holds, then B; and By are
f-related and denote it by By ~f Bs. In other words, f is Poisson iff

By ~f By. (10.4.6)

Lie Derivative of the Poisson Tensor. The next proposition is equiv-
alent to the fact that the flows of Hamiltonian vector fields are Poisson
maps.

Proposition 10.4.1. For any function H € F(P), we have £x,B = 0.
Proof. By definition, we have
B(dF,dG) = {F,G} = X¢[F]
for any locally defined functions F' and G on P. Therefore,
£x,(B(dF,dGQ)) = £x,{F,G} ={{F,G} ,H}.
However, since the Lie derivative is a derivation,

£x, (B(dF,dG))
= (£x,B)(dF,dG) + B(£x, dF,dG) + B(dF, £x,dG)
= (£x,B)(dF,dG) + B(d{F,H},dG) + B(dF,d {G, H})
= (£x,B)(dF,dG) + {{F,H},G} + {F.{G, H}}
= (£x,B)(dF.dG) + {{F, G}, H},

by the Jacobi identity. It follows that (£x, B)(dF,dG) = 0 for any locally
defined functions F,G € F(U). Since any element of TP can be written
as dF(z) for some F € F(U), U open in P, it follows that £x,B=0. B
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Pauli—Jost Theorem. Suppose that the Poisson tensor B is strongly
nondegenerate, that is, it defines an isomorphism B* : dF(z) — Xp(z) of
T;P with T, P, for all z € P. Then P is symplectic, and the symplectic
form Q is defined by the formula Q(Xp, X¢) = {F,G} for any locally
defined Hamiltonian vector fields Xp and Xg. One gets d2 = 0 from
Jacobi’s identity—see Exercise 5.5-1. This is the Pauli—Jost theorem,
due to Pauli [1953] and Jost [1964].

One may be tempted to formulate the above nondegeneracy assumption
in a slightly weaker form involving only the Poisson bracket: Suppose that
for every open subset V of P, if F € F(V) and {F,G} =0 for all G € F(U)
and all open subsets U of V, then dF =0 on V, that is, F' is constant on
the connected components of V. This condition does mot imply that P
is symplectic, as the following counterexample shows. Let P = R? with
Poisson bracket

(F.G) (x,y) =y (8F8G 8F8G) .

dr 9y Oy Oz

If {F,G} = 0 for all G, then F must be constant on both the upper and
lower half-planes, and hence by continuity it must be constant on R?. How-
ever, R? with this Poisson structure is clearly not symplectic.

Characteristic Distribution. The subset Bf(T*P) of T'P is called the
characteristic field or distribution of the Poisson structure; it need not
be a subbundle of T'P in general. Note that skew-symmetry of the tensor
B is equivalent to (B*)* = —B*, where (B*)* : T*P — TP is the dual of
B! If P is finite-dimensional, the rank of the Poisson structure at a point
z € P is defined to be the rank of B*(z) : T} P — T, P; in local coordinates,
it is the rank of the matrix [BI 7 (z)] . Since the flows of Hamiltonian vector
fields preserve the Poisson structure, the rank is constant along such a
flow. A Poisson structure for which the rank is everywhere equal to the
dimension of the manifold is nondegenerate and hence symplectic.

Poisson Immersions and Submanifolds. An injectively immersed
submanifold i : S — P is called a Poisson immersion if any Hamil-
tonian vector field defined on an open subset of P containing i(5) is in the
range of T4 at all points i(z) for z € S. This is equivalent to the following
assertion:

Proposition 10.4.2. An immersion i : S — P is Poisson iff it satisfies
the following condition. If F,G : V. C S — R, where V is open in S,
and if F,G : U — R are estensions of Foi~' Goi™t :i(V) — R to
an open neighborhood U of i(V) in P, then {F,G}|i(V) is well-defined
and independent of the extensions. The immersed submanifold S is thus
endowed with an induced Poisson structure, and i : S — P becomes a
Poisson map.
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Proof. Ifi:S — P is an injectively immersed Poisson manifold, then

{F,G}(i(2))

dF(i(2)) - Xg(i(2)) = dF(i(2)) - Txi(v)
d(Foi)(z)-v=dF(z) -,

where v € T, is the unique vector satisfying Xg(i(2)) = T:i(v). Thus,
{F,G}(i(z)) is independent of the extension F of F oi~!. By skew-sym-
metry of the bracket, it is also independent of the extension G of G oi™!.
Then one can define a Poisson structure on S by setting

{F.G} ={F.G}i(V)

for any open subset V' of S. In this way i : S — P becomes a Poisson map,
since by the computation above we have X#(i(2)) = T2i(Xg).

Conversely, assume that the condition on the bracket stated above holds
and let H : U — P be a Hamiltonian defined on an open subset U of P
intersecting #(S). Then by what was already shown, S is a Poisson manifold,
and i : S — P is a Poisson map. Because i is Poisson, if z € S is such that
i(z) € U, we have

X (i(2)) = Toi( Xrroi(2)),

and thus X (i(2)) € range T4, thereby showing that ¢ : S — P is a Poisson
immersion. |

If S C P is a submanifold of P and the inclusion 7 is Poisson, we say that
S is a Poisson submanifold of P. Note that the only immersed Poisson
submanifolds of a symplectic manifold are those whose range in P is open,
since for any (weak) symplectic manifold P, we have

T.P={Xpu(z)| He FU), UopeninP}.

Note that any Hamiltonian vector field must be tangent to a Poisson sub-
manifold. Also note that the only Poisson submanifolds of a symplectic
manifold P are its open sets.

Symplectic Stratifications. Now we come to an important result that
states that every Poisson manifold is a union of symplectic manifolds, each
of which is a Poisson submanifold.

Definition 10.4.3. Let P be a Poisson manifold. We say that z1,29 € P
are on the same symplectic leaf of P if there is a piecewise smooth
curve in P joining z1 and zs, each segment of which is a trajectory of a
locally defined Hamiltonian vector field. This is clearly an equivalence rela-
tion, and an equivalence class is called a symplectic leaf. The symplectic
leaf containing the point z is denoted by 3.

Theorem 10.4.4 (Symplectic Stratification Theorem). Let P be a finite-
dimensional Poisson manifold. Then P is the disjoint union of its sym-
plectic leaves. Each symplectic leaf in P is an injectively immersed Poisson
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submanifold, and the induced Poisson structure on the leaf is symplectic.
The dimension of the leaf through a point z equals the rank of the Poisson
structure at that point, and the tangent space to the leaf at z equals

B#(2)(TP) = {Xg(z) | He€ F(U), U open in P }.
The picture one should have in mind is shown in Figure 10.4.1. Note in

particular that the dimension of the symplectic leaf through a point can
change dimension as the point varies.

span of the Hamiltonian vector fields X, (z)

a two-dimensional symplectic leaf X_

,..w'“"’“"”“'*
zero-dimensional symplectic leaves (points)

FIGURE 10.4.1. The symplectic leaves of a Poisson manifold.

The Poisson bracket on P can be alternatively described as follows.

To evaluate the Poisson bracket of F' and G at z € P, restrict
F and G to the symplectic leaf 3 through z, take their bracket
on % (in the sense of brackets on a symplectic manifold), and
evaluate at z.

Also note that since the Casimir functions have differentials that annihilate
the characteristic field, they are constant on symplectic leaves.

To get a feeling for the geometric content of the symplectic stratification
theorem, let us first prove it under the assumption that the characteristic
field is a smooth vector subbundle of T'P, which is the case considered origi-
nally by Lie [1890]. In finite dimensions, this is guaranteed if the rank of the
Poisson structure is constant. Jacobi’s identity shows that the characteris-
tic field is involutive, and thus by the Frobenius theorem, it is integrable.
Therefore, P is foliated by injectively immersed submanifolds whose tan-
gent space at any point coincides with the subspace of all Hamiltonian
vector fields evaluated at z. Thus, each such leaf ¥ is an immersed Poisson
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submanifold of P. Define the two-form  on ¥ by
Q(2)(Xr(2), Xa(2)) = {F, G} (2)

for any functions F, G defined on a neighborhood of z in P. Note that {2 is
closed by the Jacobi identity (Exercise 5.5-1). Also, if

0=90(2)(Xr(2), Xa(2)) = dF(2) - Xa(2)
for all locally defined G, then
dF(2)|T., X =d(Foi)(z) =0
by the Hahn—-Banach theorem. Therefore,
0= Xroi(z) = Toi(Xp(2)) = Xr(2),

since Y is a Poisson submanifold of P and the inclusion i : 3 — P is a
Poisson map, thus showing that 2 is weakly nondegenerate and thereby
proving the theorem for the constant-rank case.

The general case, proved by Kirillov [1976a], is more subtle, since for
differentiable distributions that are not subbundles, integrability and invo-
lutivity are not equivalent. We shall prove this case in the Internet supple-
ment.

Proposition 10.4.5. If P is a Poisson manifold, ¥ C P is a symplectic
leaf, and C' is a Casimir function, then C is constant on 3.

Proof. If C' were not locally constant on X, then there would exist a
point z € ¥ such that dC(z) - v # 0 for some v € T, X. But 7. X is spanned
by Xk (z) for k € F(P), and hence dC(z) - X (2) = {C, K}(z) = 0, which
implies that dC(z) - v = 0, which is a contradiction. Thus C' is locally
constant on ¥ and hence constant by connectedness of the leaf X. |

Examples

(a) Let P =R? with the rigid-body bracket. Then the symplectic leaves
are spheres centered at the origin. The single point at the origin is the
singular leaf in the sense that the Poisson structure has rank zero there.
As we shall see later, it is true more generally that the symplectic leaves in
g with the Lie—Poisson bracket are the coadjoint orbits. ¢

(b) Symplectic leaves need not be submanifolds, and one cannot conclude
that if all the Casimir functions are constants then the Poisson structure is
nondegenerate. For example, consider the three torus T? with a codimen-
sion 1 foliation with dense leaves, such as obtained by taking the leaves
to be the product of T! with a leaf of the irrational flow on T2. Put the
usual area element on these leaves and define a Poisson structure on T3
by declaring these to be the symplectic leaves. Any Casimir function is
constant, yet the Poisson structure is degenerate. ¢
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Poisson—Darboux Theorem. Related to the stratification theorem is
an analogue of Darboux’ theorem. To state it, first recall from Exercise 10.3-
2 that we define the product Poisson structure on Py X P, where Py, P, are
Poisson manifolds by the requirements that the projections 71 : Py X Py —
P and 7 : Py X P, — P, be Poisson mappings, and 7} (F(P;)) and
75 (F(P2)) be commuting subalgebras of (P, x P3). In terms of coordi-
nates, if bracket relations {z/,z7} = B/(z) and {w!,w’} = C!/(w) are
given on P; and P», respectively, then these define a bracket on functions
of 2! and w’ when augmented by the relations {2/, w’} = 0.

Theorem 10.4.6 (Lie-Weinstein). Let zg be a point in a Poisson man-
ifold P. There is a neighborhood U of zg in P and an isomorphism ¢ =
ps X on U — S x N, where S is symplectic, N is Poisson, and the rank
of N at on(29) is zero. The factors S and N are unique up to local isomor-
phism. Moreover, if the rank of the Poisson manifold is constant near zp,
there are coordinates (q*,... ,q", p1,... ,pr, y*, ... ,y') near zy satisfying
the canonical bracket relations

{d".d} = {pipi} ={d". v} = {pi,v’} =0, {¢".p;} = 0.

When one is proving this theorem, the manifold S can be taken to be the
symplectic leaf of P through zp, and N is, locally, any submanifold of P,
transverse to S, and such that SN N = {z}. In many cases the transverse
structure on N is of Lie-Poisson type. For the proof of this theorem and
related results, see Weinstein [1983b]; the second part of the theorem is due
to Lie [1890]. For the main examples in this book we shall not require a
detailed local analysis of their Poisson structure, so we shall forgo a more
detailed study of the local structure of Poisson manifolds.

Exercises

10.4-1. If H € F(P), where P is a Poisson manifold, show that the flow
¢ of Xy preserves the symplectic leaves of P.

10.4-2. Let (P,{,}) be a Poisson manifold with Poisson tensor B €
QQ(P) Let
B*:T*P - TP, BYdH)= Xy,

be the induced bundle map. We shall denote by the same symbol B :
QY(P) — X(P) the induced map on the sections. The definitions give

B(dF,dH) = (dF,B*dH)) = {F,H}.
Define of := B*(a). Define for any a, 3 € Q'(P),

{a, 8} = £+ £5:00 — d(B(a, B)).
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(a) Show that if the Poisson bracket on P is induced by a symplectic
form €, that is, if Bf = QF, then

B(a, f) = Q(of, 5%).
(b) Show that for any F,G € F(P), we have
{Fa,GB} = FG{a,} — Fof|G)3 + GB*[Fa.

(¢) Show that for any F,G € F(P), we have

d{F,G} = {dF,dG}.

(d) Show that if a, 3 € Q(P) are closed, then {«, 3} = d(B(a, 3)).
(e) Use £x,, B =0 to show that {a, 8} = —[af, B1].

(f) Show that (Q'(P),{, }) is a Lie algebra; that is, prove Jacobi’s iden-
tity.

¢ 10.4-3 (Weinstein [1983b]). Let P be a manifold and X,Y be two lin-
early independent commuting vector fields. Show that

{F. K} = X[FIY[K] - Y[F|X[K]
defines a Poisson bracket on P. Show that
Xp =Y[H|X — X[H]Y.

Show that the symplectic leaves are two-dimensional and that their tangent
spaces are spanned by X and Y. Show how to get Example (b) preceding
Theorem 10.4.6 from this construction.

10.5 Quotients of Poisson Manifolds

Here we shall give the simplest version of a general construction of Poisson
manifolds based on symmetry. This construction represents the first steps
in a general procedure called reduction.

Poisson Reduction Theorem. Suppose that G is a Lie group that acts
on a Poisson manifold and that each map ®, : P — P is a Poisson map.
Let us also suppose that the action is free and proper, so that the quotient
space P/G is a smooth manifold and the projection 7 : P — P/G is a
submersion (see the discussion of this point in §9.3).

Theorem 10.5.1. Under these hypotheses, there is a unique Poisson
structure on P/G such that 7 is a Poisson map. (See Figure 10.5.1.)
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FI1GURE 10.5.1. The quotient of a Poisson manifold by a group action is a Poisson
manifold in a natural way.

Proof. Let us first assume that P/G is Poisson and show uniqueness.
The condition that 7 be Poisson is that for two functions f,k: P/G — R,

{f.k}om={fomkon}, (10.5.1)

where the brackets are on P/G and P, respectively. The function f = for
is the unique G-invariant function that projects to f. In other words, if
[2] € P/G is an equivalence class, whereby ¢ -z and go - z are equivalent, we
let f(g-z) = f([z]) for all g € G. Obviously, this defines f unambiguously,
so that f = f oxw. We can also characterize this as saying that f assigns
the value f([z]) to the whole orbit G - z. We can write (10.5.1) as

{f.k}om={f K}
Since  is onto, this determines {f, k} uniquely.
We can also use (10.5.1) to define {f, k}. First, note that

{F k}g-2) = ({F.F} o D) (2)
={fo Qg ko®y}(2)
= {f,k}(2),
since @, is Poisson and since f and k are constant on orbits. Thus, {f,k}
is constant on orbits, too, and so it defines {f, k} uniquely.
It remains to show that {f,k} so defined satisfies the properties of a

Poisson structure. However, these all follow from their counterparts on P.
For example, if we write Jacobi’s identity on P, namely

0={{f &} 1} + {{I. F}. B} + {{k. 1}, F},
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it gives, by construction,

0={{fktomlom}+{{l,f}omkon}+{{kl}om for}
={fikhom+ {{l, [k om+ {{k, 1}, f} o,

and thus by surjectivity of 7, Jacobi’s identity holds on P/G. |

This construction is just one of many that produce new Poisson and
symplectic manifolds from old ones. We refer to Marsden and Ratiu [1986]
and Vaisman [1996] for generalizations of the construction here.

Reduction of Dynamics. If H is a G-invariant Hamiltonian on P, it
defines a corresponding function h on P/G such that H = hom. Since 7 is
a Poisson map, it transforms Xz on P to X, on P/G; that is, Tmo Xy =
Xy om, or Xy and X}, are m-related. We say that the Hamiltonian system
Xy on P reduces to that on P/G.

As we shall see in the next chapter, G-invariance of H may be associ-
ated with a conserved quantity J : P — R. If it is also G-invariant, the
corresponding function j on P/G is conserved for X, since

{h,jlom={H,J} =0
and so {h,j} =0.
Example. Consider the differential equations on C? given by

Z.l = —iwlzl + 2'6]722 + i21(811|21‘2 + 812|22‘2),

Zo = —lwgZo + 1€qZ] — i22(521|2’1|2 + 522|2’2|2). (1052)

Use the standard Hamiltonian structure obtained by taking the real
and imaginary parts of z; as conjugate variables. For example, we write
z1 = q1 +ip1 and require ¢; = OH/Op; and py = —0H/dq;. Recall from
Chapter 5 that a useful trick in this regard that enables one to work in
complex notation is to write Hamilton’s equations as 2z, = —2i0H/0z.
Using this, one readily finds that (see Exercise 5.4-3) the system (10.5.2)
1s Hamiltonian if and only if s12 = —s21 and p = q. In this case we can
choose

1 S
H(z1,22) = 5 (walzf* +wil ) — ep Re(z122) — %w‘*

s s
— %2|2:12’2|2 + %|22|4. (10.5.3)

Note that for equation (10.5.2) with € = 0 there are two copies of S acting
on z; and 2z independently; corresponding conserved quantities are |z;|?
and |z|%. However, for € # 0, the symmetry action is

(21, 22) — (€921, e 29) (10.5.4)
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with the conserved quantity (Exercise 5.5-4)
J(Zl,ZQ) = %(‘Zl|2 — |22‘2). (1055)

Let ¢ = (7/2)—01—04, where 21 = ry exp(if;), zo = ro exp(ifz). We know
that the Hamiltonian structure for (10.5.2) on C? described above induces
one on C?/S' (exclude points where 71 or ry vanishes), and that the two
integrals (energy and the conserved quantity) descend to the quotient space,
as does the Poisson bracket. The quotient space C2/S! is parametrized by
(r1,7r2,¢), and H and J can be dropped to the quotient; concretely, this
means the following. If F(zy,2) = F(ry,01,72,02) is S* invariant, then it
can be written (uniquely) as a function f of (rq,r2,®).

By Theorem 10.5.1, one can also drop the Poisson bracket to the quo-
tient. Consequently, the equations in (71,72, ¢) can be cast in Hamiltonian
form f = {f,h} for the induced Poisson bracket. This bracket is obtained
by using the chain rule to relate the complex variables and the polar coor-
dinates. One finds that

{f»k}(ﬁﬁza(b)
1((’9f8k 8f8k) 1<8f8k of ok

__ LY (of 9k Of Ok Gr o _ 919 o5
w\omas " osm ars 96 a¢ar2> (10.5.6)

T2

The (noncanonical) Poisson bracket (10.5.6) is, of course, the reduction
of the original canonical Poisson bracket on the space of ¢ and p variables,
written in the new polar coordinate variables. Theorem 10.5.1 shows that
Jacobi’s identity is automatic for this reduced bracket. (See Knobloch, Ma-
halov, and Marsden [1994] for further examples of this type.) ¢

As we shall see in Chapter 13, a key example of the Poisson reduction
given in 10.5.1 is that in which P = T*G and G acts on itself by left
translations. Then P/G = g*, and the reduced Poisson bracket is none
other than the Lie—Poisson bracket!

Exercises

10.5-1. Let R? be equipped with the rigid-body bracket and let G' = S!
act on P = R3\ (z-axis) by rotation about the z-axis. Compute the induced
bracket on P/G.

10.5-2. Compute explicitly the reduced Hamiltonian A in the example in
the text and verify directly that the equations for 71, ig,g.b are Hamiltonian
on C? with Hamiltonian h. Also check that the function j induced by J is
a constant of the motion.
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10.6 The Schouten Bracket

The goal of this section is to express the Jacobi identity for a Poisson struc-
ture in geometric terms analogous to the condition d2 = 0 for symplectic
structures. This will be done in terms of a bracket defined on contravari-
ant antisymmetric tensors generalizing the Lie bracket of vector fields
(see, for example, Schouten [1940], Nijenhuis [1953], Lichnerowicz [1978],
Olver [1984, 1986], Koszul [1985], Libermann and Marle [1987], Bhaskara
and Viswanath [1988], Kosmann-Schwarzbach and Magri [1990], Vaisman
[1994], and references therein).

Multivectors. A contravariant antisymmetric g-tensor on a finite-
dimensional vector space V is a g-linear map

A:V* X V*x--- x V* (g times) — R

that is antisymmetric in each pair of arguments. The space of these ten-
sors will be denoted by A, (V). Thus, each element A (V) is a finite lin-
ear combination of terms of the form v; A --- A vy, called a g-vector,
for v1,...,v, € V. If V is an infinite-dimensional Banach space, we de-
fine /\ (V) to be the span of all elements of the form vy A --- A vy with
V1,...,0q € V, where the exterior product is defined in the usual man-
ner relative to a weakly nondegenerate pairing (,) : V* x V — R. Thus,
No(V) =R and A,(V) = V. If P is a smooth manifold, let

AP = \@.P).

q zeP q

a smooth vector bundle with fiber over z € P equal to A (1% P). Let Q4(P)
denote the smooth sections of A (P), that is, the elements of Q4(P) are
smooth contravariant antisymmetric g-tensor fields on P. Let Q. (P) be the
direct sum of the spaces Q,(P), where Qy(P) = F(P). Note that

Q(P)=0 for ¢ > dim(P),

and that
Q1(P) = X(P)

If Xq,...,X, € X(P), then X3 A--- A X, is called a g-vector field, or a
multivector field.

On the manifold P, consider a (¢ + p)-form « and a contravariant anti-
symmetric g-tensor A. The interior productija of A with « is defined as
follows. If g =0,s0 A € R, let iqjaa = Aa. If g > 1T and if A = vy A--- Ay,
where v; € T,P, i =1,... ,q, define ipa € QP(P) by

(14@)(Vg41s -+ s Vgp) = @(V1, ... , Vgtp) (10.6.1)
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for arbitrary vg41,... ,v¢+p € T-P. One checks that the definition does not
depend on the representation of A as a g-vector, so is« is well-defined on
A q(P) by linear extension. In local coordinates, for finite-dimensional P,

(iAO‘)iq+1-»-iq+p = Ailmiq iy igipo (1062)

where all components are nonstrict; that is, the indices need not be written
in ascending order. If P is finite-dimensional and p = 0, then (10.6.1)
defines an isomorphism of Q,(P) with Q¢(P). If P is a Banach manifold,
then (10.6.1) defines a weakly nondegenerate pairing of Q4 (P) with Q9(P).
If A€ Qg(P), then g is called the degree of A and is denoted by deg A.
One checks that

iA/\Ba = iBiAa. (1063)
The Lie derivative £ x is a derivation relative to A, that is,
£X(A/\B) = (fo)/\B+A/\(£XB)

for any A, B € Q.(P).

The Schouten Bracket. The next theorem produces an interesting
bracket on multivectors.

Theorem 10.6.1 (Schouten Bracket Theorem). There is a unique bilin-
ear operation [,] : Qu(P) X Q. (P) — Q. (P) natural with respect to restric-
tion to open sets®, called the Schouten bracket, that satisfies the following
properties:

(i) It is a biderivation of degree —1, that is, it is bilinear,
deg[A, B] = deg A+ deg B — 1, (10.6.4)
and for A, B,C € Q,(P),

[A,BAC] =[A,B]AC + (—1)deeA+Ddee B A A C].  (10.6.5)

(ii) It is determined on F(P) and X(P) by
(a) [F,G] =0, for all F,G € F(P);
(b) [X,F]=X|[F], for all F € F(P), X € X(P);

(¢) [X,Y] for all X,Y € X(P) is the usual Jacobi-Lie bracket of
vector fields.

(iii) [A, B] = (—1)desAdes B[p 4],

5“Natural with respect to restriction to open sets” means the same as it did in
Proposition 4.2.4(v)



10.6 The Schouten Bracket 355

In addition, the Schouten bracket satisfies the graded Jacobi identity

(_1)degA deg;C[[A7 B}» C] + (_1)degB degAHB’ 0]7 A]
+ (—1)deeC dee B[ A, B] = 0. (10.6.6)

Proof. The proof proceeds in standard fashion and is similar to that
characterizing the exterior or Lie derivative by its properties (see Abra-
ham, Marsden, and Ratiu [1988]): On functions and vector fields it is given
by (ii); then (i) and linear extension determine it on any skew-symmetric
contravariant tensor in the second variable and a function and vector field
in the first; (iii) tells how to switch such variables, and finally (i) again
defines it on any pair of skew-symmetric contravariant tensors. The oper-
ation so defined satisfies (i), (ii), and (iii) by construction. Uniqueness is a
consequence of the fact that the skew-symmetric contravariant tensors are
generated as an exterior algebra locally by functions and vector fields, and
(ii) gives these. The graded Jacobi identity is verified on an arbitrary triple
of g-, p-, and r-vectors using (i), (ii), and (iii) and then invoking trilinearity
of the identity. [ ]

Properties. The following formulas are useful in computing with the
Schouten bracket. If X € X(P) and A € Q,(P), induction on the degree of
A and the use of property (i) show that

[X,A] = £xA. (10.6.7)

An immediate consequence of this formula and the graded Jacobi identity
is the derivation property of the Lie derivative relative to the Schouten
bracket, that is,

£x]A,B] = [£xA, B] +[A, £xB], (10.6.8)

for A € Q,(P),B € Q4(P), and X € X(P). Using induction on the number
of vector fields, (10.6.7), and the properties in Theorem 10.6.1, one can
prove that

Xy A AX A=) (D)X A AXG A A X A (£x,A),
=1

(10.6.9)

where X5, ..., X, € X(P) and X, means that X; has been omitted. The last
formula plus linear extension can be taken as the definition of the Schouten
bracket, and one can deduce Theorem 10.6.1 from it; see Vaisman [1994]
for this approach. If A =Y; A--- AY; for Y3,...,Y; € X(P), the formula



356 10. Poisson Manifolds

above plus the derivation property of the Lie derivative give
[XiA- - AX YA AY]

= (—1)+t i zs:(—l)iﬂ' (X, Vi IAXI A AXiA--

i=1 j=1
AX, AYIA--AY; A AY,. (10.6.10)

Finally, if A € Q,(P), B € Q,(P), and a € QPT9=1(P), the formula
iapa=(-1)"Visdiga + (-1)Pipdise — ipiada (10.6.11)

(which is a direct consequence of (10.6.10) and Cartan’s formula for da)
can be taken as the definition of [A4, B] € Q,44-1(P); this is the approach
taken originally in Nijenhuis [1955].

Coordinate Formulas. In local coordinates, setting 9/0z' = 0;, the
formulas (10.6.9) and (10.6.10) imply that

1. for any function f,

p
[Fo0 AN ) = (=1 (05 f) 0y A ADi A N O;

k=1

p?

where “over a symbol means that it is omitted, and
2. [8“ /\~--/\8ip,6j1 /\---/\(’)jq] =0.
Therefore, if

A= A9, N---NO;, and B = B9, A+ N0

q?

we get

[A, B] = A“l"'”*”“1'“ipagle“'j‘f@il A=A 82-,5_1 AN 81
NOj N+ NOj,
+ (=1)PBYr-de—1ieridag, Ao g AN,
NOjy N NOj,_, NOj, ., N+ NDj, (10.6.12)

Je+1

41

or, more succinctly,

[A B]k2~-~kp+q _ 5],62"',161’,'*"1 ] A€i2~~-ip 9 lequ
! 12.--pJ1---Jq oxt
1o}

+ (_1)p61?2...kp+q . Bé]g]pWA111q7 (10.6.13)
T

’Ll...iij..._]q

where all components are nonstrict. Here

11dptg
J1--Jp+a
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is the Kronecker symbol: 1t is zero if (i1,...,ip1q) # (J1,--- Jp+q)
and is 1 (resp., —1) if j1,... ., Jjptq IS an even (resp., odd) permutation of
iy -

From §10.6 the Poisson tensor B € Qy(P) defined by a Poisson bracket
{,} on P satisfies B(dF,dG) = {F,G} for any F,G € F(P). By (10.6.2),
this can be written

{F,G} =ip(dF AdG), (10.6.14)
or in local coordinates,
g OF 8G
{rar= 921 927

Writing B locally as a sum of terms of the form X AY for some X,Y €
X(P) and taking Z € X(P) arbitrarily, by (10.6.1) we have for F,G, H €
F(P),

ip(dF AdG ANdH)(Z)
= (dF/\dG/\dH)(X Y, Z)
dF(X) dF(Y) dFr(2)
=det | dG(X) ( ) dG(Z)
dH(X ) (Y) dH(Z)
dF( (X) dH(Y)
= det {dG }dH +det{dF(X) dF(Y) dG(2)
+ det [:iif] }
(dF/\dG)dH( ) p(dH ANAF)dG(Z) +ip(dG ANdH)AF(Z),
that is,
ip(dF AdG ANdH)

—ip(dF AdG)dH +ig(dH A dF)dG +ip(dG AdH)AF. (10.6.15)

The Jacobi—Schouten Identity. Equations (10.6.14) and (10.6.15) im-
ply
{F. G}, H}+{{H,F},G} + {{G, H}, F}
=ip(d{F,G} NdH) +ig(d{H,F} NdG) +ig(d{G,H} NdF)
=ipd(ip(dF ANdG)dH +ig(dH ANdF)dG + ip(dG A dH)dF)
=ipdip(dF AdG AdH)
= Lijp,p(dF AdG A dH),

the last equality being a consequence of (10.6.11). We summarize what we
have proved.
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Theorem 10.6.2. The following identity holds:
{r.G}y, 1y + {{H. F},G}+ {{G, H}, F}
1
= §i[B7B](dF ANdG ANdH). (10.6.16)

This result shows that Jacobi’s identity for { , } is equivalent to [B, B] =
0. Thus, a Poisson structure is uniquely defined by a contravariant an-
tisymmetric two-tensor whose Schouten bracket with itself vanishes. The
local formula (10.6.13) becomes

- oB!’ oB'K oBK!
B.B IJK — BLK BLI BLJ
B, Bl Lz_l( A P

which coincides with our earlier expression (10.4.2).

The Lie—Schouten Identity. There is another interesting identity that
gives the Lie derivative of the Poisson tensor along a Hamiltonian vector
field.

Theorem 10.6.3. The following identity holds:

Lx,B=ip pdH. (10.6.17)
Proof. In coordinates,
oB! ox’ ox1!
B — xK _ pglk92 "~ KJ
(£xB) 92K 92K 92K
so if X! = BI/(0H/9z"), this becomes
0B oH

("€XHB)IJ = BX

oH
IK JL
02K 9L -B 92K (B 9zL )

L p/K_ 9 9 ( IL8H>

0K 0z"
oBt’ oB’L OB\ OH
_ [ pKL IK KJ
B (B =K B =K B 02K > 2L
0H .
0 (10.6.17) follows. |

This identity shows how Jacobi’s identity [B, B] = 0 is directly used to
show that the flow py of a Hamiltonian vector field is Poisson. The above
derivation shows that the flow of a time-dependent Hamiltonian vector field
consists of Poisson maps; indeed, even in this case,

d * * * (o
7 (91 B) = ¢} (£x, B) = ¢} (i(p.pdH) =0

is valid.
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Exercises
¢ 10.6-1. Prove the following formulas by the method indicated in the text.
(a) If A€ Qy(P) and X € X(P), then [X, A] = £xA.
(b) If A € Q,(P) and X1,...,X, € X(P), then
Xy A AX Al =D (D)X A AXG A AX A (£x,A).
i=1

(¢) If Xq,...,X,,Y1,...,Y; € X(P), then

X1 A AX YA AY]
= ()Y S ()X YA X A AKX

i=1 j=1
AN AXp AYE A AYjA- - AY.

(d) If A € Q,(P), B € Qu(P), and a € QPT971(P), then
i po = (-1)1"i diga+ (-1)Pipdisa — ipiada.

¢ 10.6-2. Let M be a finite-dimensional manifold. A k-vector field is a
skew-symmetric contravariant tensor field A(z) : Ty M x --- x Ty M — R
(k copies of T} M). Let xg € M be such that A(zg) = 0.

(a) If X € X(M), show that (£LxA)(zo) depends only on X (zg), thereby
defining a map dy A : TpyM — Tpo M A --- ATy M (K times), called
the intrinsic derivative of A at x.

(b) If agy...,ap €TPM, vy,... v, € T, M, show that
(a1 A= ANag,v1 A=+ Aog) = det [(a;,v;)]

defines a nondegenerate pairing between T M A-- - AT M and T, M N
--+AT, M. Conclude that these two spaces are dual to each other, that
the space QF(M) of k-forms is dual to the space of k-contravariant
skew-symmetric tensor fields Q (M), and that the bases

{dai Ao Ada™ | iy < - <y}

0 A A 0
Oz Oz

are dual to each other.

and

¢1<~~<z‘k}
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(c¢) Show that the dual map
(dpy A)* s TE M A - ATE M — T M
is given by
(degA) (ar A Aag) = d(A(Ga, ..., a))(zo),

where ay,...,a € QY(M) are arbitrary one-forms whose values at
To are aq, ... Q.

© 10.6-3 (Weinstein [1983b]). Let (P, {, }) be a finite-dimensional Poisson
manifold with Poisson tensor B € Q(P). Let 2y € P be such that B(zg) =
0. For o, 8 € T} P, define

[, Bl = (dz B)"(a A B) = d(B(a&, B))(z0)

where d., B is the intrinsic derivative of B and a, g e QY(P) are such that
a(z0) = a, P(zg) = B. (See Exercise 10.6-2.) Show that (o, 8) — [, O]B
defines a bilinear skew-symmetric map 77 PxT} P — T7 P. Show that the
Jacobi identity for the Poisson bracket implies that [, |5 is a Lie bracket on
T; P. Since (T} P,[, |p) is a Lie algebra, its dual T, P naturally carries
the induced Lie—Poisson structure, called the linearization of the given
Poisson bracket at zg. Show that the linearization in local coordinates has
the expression

OB (x) OF 0G
{FGHv) = 92k vl o

for F,G:T,,P - Rand v €T, P.

© 10.6-4 (Magri-Weinstein). On the finite-dimensional manifold P, assume
that one has a symplectic form 2 and a Poisson structure B. Define K =
Bf o’ : TP — TP. Show that (Q°)~' 4+ Bf : T*P — TP defines a new
Poisson structure on P if and only if ©° o K™ induces a closed two-form
(called a presymplectic form) on P for all n € N.

10.7 Generalities on Lie—Poisson Structures

The Lie—Poisson Equations. We begin by working out Hamilton’s
equations for the Lie—Poisson bracket.

Proposition 10.7.1. Let G be a Lie group. The equations of motion for
the Hamiltonian H with respect to the + Lie—Poisson brackets on g* are

dp
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Proof. Let F' € F(g*) be an arbitrary function. By the chain rule,

dF F
—— =DF(u) fo=( jr. — 10.7.2
7 (k) - <u, 5u>’ (10.7.2)

while

§F 0H 5F
{F.H}, (p) =+ <u, [57 E} > =+ <u’ —adsr/sp E>

oF
= d — ). 10.7.
$<a SH/ou M 5u> (10.7.3)

Nondegeneracy of the pairing and arbitrariness of I’ imply the result. W

Caution. In infinite dimensions, g* does not necessarily mean the literal
functional-analytic dual of g, but rather a space in (nondegenerate) duality
with g. In this case, care must be taken with the definition of 6F'/du. 4

Formula (10.7.1) says that on g%, the Hamiltonian vector field of H :
g — R is given by

X (p) = Fadsy s, 1 (10.7.4)

For example, for G = SO(3), formula (10.1.3) for the Lie-Poisson bracket
gives

Xy(II) =TI x VH. (10.7.5)

Historical Note. Lagrange devoted a good deal of attention in Volume
2 of Mécanique Analytique to the study of rotational motion of mechanical
systems. In fact, in equation A on page 212 he gives the reduced Lie—
Poisson equations for SO(3) for a rather general Lagrangian. This equation
is essentially the same as (10.7.5). His derivation was just how we would
do it today—Dby reduction from material to spatial representation. Formula
(10.7.5) actually hides a subtle point in that it identifies g and g*. Indeed,
the way Lagrange wrote the equations, they are much more like their coun-
terpart on g, which are called the Fuler—Poincaré equations. We will come
to these in Chapter 13, where additional historical information may be
found.

Coordinate Formulas. In finite dimensions, if &,, a = 1,2,...,[,is a
basis for g, the structure constants C%, are defined by

[0, &) = Cihéa (10.7.6)
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(a sum on “d” is understood). Thus, the Lie—Poisson bracket becomes

OF 0K
F K =+pg—-—C4 10.7.7
{ ) }j: (/’6) Hd a'ua 8/% abs ( )
where p = 1,6%, {€*} is the basis of g* dual to {£,}, and summation on
repeated indices is understood. Taking F' and K to be components of pu,
(10.7.7) becomes

{tta v} = £C% p1a. (10.7.8)
The equations of motion for a Hamiltonian H likewise become
OH
ta = FpgCh—. 10.7.9
ft HaCas g ( )

Poisson Maps. In the Lie-Poisson reduction theorem in Chapter 13 we
will show that the maps from TG to g* (resp., g% ) given by ay — T} Ly-ay
(resp., ag — T} Ry-ay) are Poisson maps. We will show in the next chapter
that this is a general property of momentum maps. Here is another class
of Poisson maps that will also turn out to be momentum maps.

Proposition 10.7.2. Let G and H be Lie groups and let g and § be their
Lie algebras. Let o : g — b be a linear map. The map « is a homomorphism
of Lie algebras if and only if its dual o : b — gi is a (linear) Poisson
map.

Proof. Let F,K € F(g*). To compute 6(F o a*)/ou, we let v = o*(u)
and use the definition of the functional derivative and the chain rule to get

(5.0 0a")0n) =D(F 00") (1) -dn = DF(a” (1) - 0" 0)

) (e ) o

—(Foa")=a - —. (10.7.11)

(n[firean Sasec]

OF 0K

The expression (10.7.12) equals

o ay 013

for all I and K if and only if « is a Lie algebra homomorphism. |

Thus,

Hence,

{Foa®, Koo}, ()
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This theorem applies to the case a« = T.o for 0 : G — H a Lie group
homomorphism, as one may see by studying the reduction diagram in Fig-
ure 10.7.1 (and being cautious that o need not be a diffeomorphism).

T, G Tg(g)H
right right
translate to translate to
identity identity
g% - b
«

Ficure 10.7.1. Lie group homomorphisms induce Poisson maps.

Examples

(a) Plasma to Fluid Poisson Map for the Momentum Variables.
Let G be the group of diffeomorphisms of a manifold @ and let H be the
group of canonical transformations of P = T*@Q. We assume that the topol-
ogy of @ is such that all locally Hamiltonian vector fields on T*@Q are glob-
ally Hamiltonian.® Thus, the Lie algebra b consists of functions on T*Q
modulo constants. Its dual is identified with itself via the L2-inner product
relative to the Liouville measure dgdp on T*Q. Let 0 : G — H be the map
n — T*n~1, which is a group homomorphism, and let « = T.o : g — h. We
claim that o* : F(T*Q)/R — g* is given by

o (F) = /pf(q,p) dp, (10.7.14)

where we regard g* as the space of one-form densities on (), and the integral
denotes fiber integration for each fixed g € @. Indeed, « is the map taking
vector fields X on @ to their lifts Xp(x) on 7*Q. Thus, as a map of X(Q)
to F(T*Q)/R, « is given by X +— P(X). Its dual is given by

(@ (f), X) = (f,a(X)) = / P(X) dqdyp
P
- /P f(¢p)p - X(g) dq dp, (10.7.15)
so o (F) is given by (10.7.14), as claimed. ¢

SFor example, this holds if the first cohomology group H'(Q) is trivial.
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(b) Plasma to Fluid Map for the Density Variable. Let G = F(Q)
regarded as an abelian group and let the map o : G — Diff ., (T*Q) be
given by o(p) = fiber translation by dy. A computation similar to that
above gives the Poisson map

o (f)(q) = /f(q,p) dp (10.7.16)

from F(T*Q) to Den(Q) = F(Q)*. The integral in (10.7.16) denotes the
fiber integration of f(q,p) for fixed ¢ € Q. ¢

Linear Poisson Structures are Lie—Poisson. Next we characterize
Lie—Poisson brackets as the linear ones. Let V* and V be Banach spaces
and let (,) : V* x V — R be a weakly nondegenerate pairing of V* with
V. Think of elements of V' as linear functionals on V*. A Poisson bracket
on V* is called linear if the bracket of any two linear functionals on V* is
again linear. This condition is equivalent to the associated Poisson tensor
B(u) : V. — V* being linear in p € V*.

Proposition 10.7.3. Let (,) : V*xV — R be a (weakly) nondegenerate
pairing of the Banach spaces V* and V', and let V* have a linear Poisson
bracket. Assume that the bracket of any two linear functionals on V* is in
the range of (u, - ) for all w € V* (this condition is automatically satisfied if
V is finite-dimensional). Then V is a Lie algebra, and the Poisson bracket
on V* is the corresponding Lie—Poisson bracket.

Proof. If x € V, we denote by z’ the functional '(u) = (u,z) on V*.
By hypothesis, the Poisson bracket {z’, 3’} is a linear functional on V*. By
assumption this bracket is represented by an element that we denote by
[z,9]" in V, that is, we can write {z’,y'} = [2,]". (The element [z,y] is
unique, since (,) is weakly nondegenerate.) It is straightforward to check
that the operation [,] on V so defined is a Lie algebra bracket. Thus, V'
is a Lie algebra, and one then checks that the given Poisson bracket is the
Lie-Poisson bracket for this algebra. |

Exercises

10.7-1. Let o : SO(3) — GL(3) be the inclusion map. Identify so(3)* =
R3 with the rigid-body bracket and identify gl(3)* with gl(3) using (A, B) =
trace(ABT). Compute the induced map o* : gl(3) — R? and verify directly
that it is Poisson.
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Momentum Maps

In this chapter we show how to obtain conserved quantities for Lagrangian
and Hamiltonian systems with symmetries. This is done using the con-
cept of a momentum mapping, which is a geometric generalization of the
classical linear and angular momentum. This concept is more than a math-
ematical reformulation of a concept that simply describes the well-known
Noether theorem. Rather, it is a rich concept that is ubiquitous in the mod-
ern developments of geometric mechanics. It has led to surprising insights
into many areas of mechanics and geometry.

11.1 Canonical Actions and Their
Infinitesimal Generators

Canonical Actions. Let P be a Poisson manifold, let G be a Lie group,
and let ® : G x P — P be a smooth left action of G on P by canonical
transformations. If we denote the action by g-z = ®,4(z), so that &, : P —
P, then the action being canonical means that

Oy {Fy, F} = { @, F), 9 F, } (11.1.1)

for any Fy, Fy € F(P) and any g € G. If P is a symplectic manifold with
symplectic form 2, then the action is canonical if and only if it is symplectic,
that is, @70 = Q for all g € G.

Infinitesimal Generators. Recall from Chapter 9 on Lie groups that
the infinitesimal generator of the action corresponding to a Lie algebra

This is page 365
Printer: Opaque this



366 11. Momentum Maps

element ¢ € g is the vector field {p on P obtained by differentiating the
action with respect to g at the identity in the direction . By the chain
rule,

ép(z) = % [exp(t€) - 2] . (11.1.2)

We will need two general identities, both of which were proved in Chapter 9.
First, the flow of the vector field {p is

0t = Poxp te- (11.1.3)
Second, we have
;1 {p = (Adg §)p (11.1.4)
and its differentiated companion
[€p,mp] = =& nlp - (11.1.5)

The Rotation Group. To illustrate these identities, consider the action
of SO(3) on R3. As was explained in Chapter 9, the Lie algebra so(3) of
SO(3) is identified with R3, and the Lie bracket is identified with the cross
product. For the action of SO(3) on R? given by rotations, the infinitesimal
generator of w € R3 is

w3 (X) = w X x = W(X). (11.1.6)
Then (11.1.4) becomes the identity
(Aw x x) = A(w x A" 'x) (11.1.7)

for A € SO(3), while (11.1.5) becomes the Jacobi identity for the vector
product.

Poisson Automorphisms. Returning to the general case, differentiate
(11.1.1) with respect to g in the direction &, to give

Ep[{F1, Fo}] = {&p[F1], Fo} + {F1,&p[F2]} - (11.1.8)
In the symplectic case, differentiating ®7€2 = €2 gives
£e,02=0, (11.1.9)

that is, £p is locally Hamiltonian. For Poisson manifolds, a vector field
satisfying (11.1.8) is called an infinitesimal Poisson automorphism.
Such a vector field need not be locally Hamiltonian (that is, locally of the
form Xyr). For example, consider the Poisson structure

OF OH aHa_F)

52 Oy~ 95 By (11.1.10)

{F,H}x(



11.2 Momentum Maps 367

on R? and X = 9/dy in a neighborhood of a point of the y-axis.

We are interested in the case in which £p is globally Hamiltonian, a condi-
tion stronger than (11.1.8). Thus, assume that there is a global Hamiltonian
J(&) € F(P) for {p, that is,

X = Ep. (11.1.11)

Does this equation determine J(£)? Obviously not, for if J;(¢) and J2(&)
both satisfy (11.1.11), then

Xpe)—ne) =0; e, Ji(§) — J2(§) € C(P),

the space of Casimir functions on P. If P is symplectic and connected, then
J(&) is determined by (11.1.11) up to a constant.

Exercises
11.1-1.  Verify (11.1.4), namely, 7 lp = (Ad, &) p and its differentiated
companion (11.1.5) [{p,np] = —[£,n]p, for the action of GL(n) on itself

by conjugation.

11.1-2. Let S* act on S? by rotations about the z-axis. Compute J(£).

11.2 Momentum Maps

Since the right-hand side of (11.1.11) is linear in &, by using a basis in the
finite-dimensional case we can modify any given J(§) so it too is linear in
&, and still retain condition (11.1.11). Indeed, if eq,... ,e, is a basis of g,
let the new map J be defined by J(£) = £%.J(e,).

In equation (11.1.11), we can replace the assumption of a left Lie group
action by a canonical left Lie algebra action £ — £p. In the Poisson manifold
context, canonical means that (11.1.8) is satisfied and, in the symplectic
manifold context, that (11.1.9) is satisfied. (Recall that for a left Lie algebra
action, the map £ € g +— {p € X(P) is a Lie algebra antihomomorphism.)
Thus, we make the following definition:

Definition 11.2.1. Let a Lie algebra g act canonically (on the left) on
the Poisson manifold P. Suppose there is a linear map J : g — F(P) such
that

Xy =¢p (11.2.1)
for all € € g. The map J : P — g* defined by
(J(2), ) = J(&)(2) (11.2.2)

for all§ € g and z € P is called a momentum mapping of the action.
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Angular Momentum. Consider the angular momentum function for a
particle in Euclidean three-space, J(z) = qxp, where z = (q, p). Let £ € R?
and consider the component of J around the axis &, namely, (J(z),&) =
&-(qxp). One checks that Hamilton’s equations determined by this function
of q and p describe infinitesimal rotations about the axis £. This statement
was checked explicitly for ¢ a vector in R? that is of the form wk in §3.3,
preceding example (a). The defining condition (11.2.1) is a generalization
of this elementary statement about angular momentum.

Momentum Maps and Poisson Brackets. Recalling that Xy [F] =
{F, H}, we see that (11.2.1) can be phrased in terms of the Poisson bracket
as follows: For any function F on P and any & € g,

{FJ(€)} =¢&p [F]. (11.2.3)

Equation (11.2.2) defines an isomorphism between the space of smooth
maps J from P to g* and the space of linear maps J from g to F(P). We
think of the collection of functions J(§) as £ varies in g as the components
of J. Denote by

H(P)={XrpeX(P)|FeFP)} (11.2.4)
the Lie algebra of Hamiltonian vector fields on P and by

P(P)={X € X(P) | X[{F1, Fx}] = {X[F], Fo} + {F1, X[F2]} }
(11.2.5)

the Lie algebra of infinitesimal Poisson automorphisms of P. By (11.1.8),
for any £ € g we have £p € P(P). Therefore, giving a momentum map J
is equivalent to specifying a linear map J : g — F(P) making the diagram
in Figure 11.2.1 commute.

F X
F(P) —or

FIGURE 11.2.1. The commutative diagram defining a momentum map.

Since both & — &p and F — Xy are Lie algebra antihomomorphisms,
for &,m € g we get

Xyemn = [&mp = —[€pnp) = = [Xue) Xam)] = Xiu©)um)}>
(11.2.6)
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and so we have the basic identity

Xaen) = X775} (11.2.7)

The preceding development defines momentum maps but does not tell
us how to compute them in examples. We shall concentrate on that aspect
in Chapter 12.

Building on the above commutative diagram, §11.3 discusses an alter-
native approach to the definition of the momentum map, but it will not
be used subsequently in the main text. Rather, we shall give the formulas
that will be most important for later applications; the interested reader is
referred to Souriau [1970], Weinstein [1977], Abraham and Marsden [1978],
Guillemin and Sternberg [1984], and Libermann and Marle [1987] for more
information.

Some History of the Momentum Map The momentum map can be
found in the second volume of Lie [1890], where it appears in the context
of homogeneous canonical transformations, in which case its expression is
given as the contraction of the canonical one-form with the infinitesimal
generator of the action. On page 300 it is shown that the momentum map is
canonical and on page 329 that it is equivariant with respect to some linear
action whose generators are identified on page 331. On page 338 it is proved
that if the momentum map has constant rank (a hypothesis that seems to
be implicit in all of Lie’s work in this area), its image is Ad*-invariant, and
on page 343, actions are classified by Ad*-invariant submanifolds.

We now present the modern history of the momentum map based on
information and references provided to us by B. Kostant and J.-M. Souriau.
We would like to thank them for all their help.

In Kostant’s 1965 Phillips lectures at Haverford (the notes of which were
written by Dale Husemoller), and in the 1965 U.S.—Japan Seminar (see
Kostant [1966]), Kostant introduced the momentum map to generalize a
theorem of Wang and thereby classified all homogeneous symplectic man-
ifolds; this is called today “Kostant’s coadjoint orbit covering theorem.”
These lectures also contained the key points of geometric quantization.
Souriau introduced the momentum map in his 1965 Marseille lecture notes
and put it in print in Souriau [1966]. The momentum map finally got its for-
mal definition and its name, based on its physical interpretation, in Souriau
[1967]. Souriau also studied its properties of equivariance, and formulated
the coadjoint orbit theorem. The momentum map appeared as a key tool in
Kostant’s quantization lectures (see, e.g., Theorem 5.4.1 in Kostant [1970]),
and Souriau [1970] discussed it at length in his book. Kostant and Souriau
realized its importance for linear representations, a fact apparently not
foreseen by Lie (Weinstein [1983a]). Independently, work on the momen-
tum map and the coadjoint orbit covering theorem was done by A. Kirillov.
This is described in Kirillov [1976b]. This book was first published in 1972
and states that his work on the classification theorem was done about five
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years earlier (page 301). The modern formulation of the momentum map
was developed in the context of classical mechanics in the work of Smale
[1970], who applied it extensively in his topological program for the planar
n-body problem. Marsden and Weinstein [1974] and other authors quickly
seized on the treasures of these ideas.

Exercises

11.2-1. Verify that Hamilton’s equations determined by the function
(J(2),&) = £ (q x p) give the infinitesimal generator of rotations about
the £-axis.

11.2-2.  Verify that J([&,n]) = {J(€), J(n)} for angular momentum.
11.2-3.

(a) Let P be a symplectic manifold and G a Lie group acting canonically
on P, with an associated momentum map J : P — g*. Let S be
a symplectic submanifold of P that is invariant under the G-action.
Show that the G-action on S admits a momentum map given by J|g.

(b) Generalize (a) to the case in which P is a Poisson manifold and S is
an immersed G-invariant Poisson submanifold.

11.3 An Algebraic Definition of the
Momentum Map

This section gives an optional approach to momentum maps and may be
skipped on a first reading.! The point of departure is the commutative
diagram in Figure 11.2.1 plus the observation that the following sequence
is exact (that is, the range of each map equals the kernel of the following
one):

* ., ppP) —=— P(P)/H(P) —— 0.

Here, i is the inclusion, 7 the projection, H(F') = Xp, and H(P) denotes
the Lie algebra of globally Hamiltonian vector fields on P. Let us investigate
conditions under which a left Lie algebra action, that is, an antihomomor-
phism p : g — P(P), lifts through H to a linear map J : g — F(P).
As we have already seen, this is equivalent to J being a momentum map.
(The requirement that J be a Lie algebra homomorphism will be discussed
later.)

IThis section assumes that the reader knows some topology and a little more Lie
theory than we have actually covered; this material is not needed later on.
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IfHoJ =p,then mop=moHodJ=0. Conversely, if 7o p = 0, then
p(g) C H(P), so there is a linear map J : g — F(P) such that Ho J = p.
Thus, the obstruction to the existence of J is wo p = 0. If P is symplectic,
then P(P) coincides with the Lie algebra of locally Hamiltonian vector
fields and thus P(P)/H(P) is isomorphic to the first cohomology space
H'(P) regarded as an abelian group. Thus, in the symplectic case, Top =0
if and only if the induced mapping p' : g/ [g,8] — H'(P) vanishes. Here is
a list of cases that guarantee that mo p = 0:

1. P is symplectic and g/[g,g] = 0. By the first Whitehead lemma,
this is the case whenever g is semisimple (see Jacobson [1962] and
Guillemin and Sternberg [1984]).

2. P(P)/H(P) = 0. If P is symplectic, this is equivalent to the vanishing
of the first cohomology group H!(P).

3. If P is exact symplectic, that is, ) = —dO, and O is invariant under
the g action, that is,

£e,0 =0. (11.3.1)

Case 3 occurs, for example, when P = T*(@Q and the action is a lift. In
Case 3, there is an explicit formula for the momentum map. Since

0= £¢,0 =dig, 0 +1i¢,,dO, (11.3.2)
it follows that
d(ig, ©) =i, Q, (11.3.3)

that is, the interior product of {p with © satisfies (11.2.1), and hence the
momentum map J : P — g* is given by

(J(2),€) = (i, 0) (2). (11.3.4)
In coordinates, write © = p; dg' and define A%, and B,; by
.0 0
= aA]a—- aBa'—~ 11.3.5
Ep=¢ o¢ + &£% Baj o) ( )
Then (11.3.4) reads
Ja(4,p) = Pid'a(g,p). (11.3.6)

The following example shows that p’ does not always vanish. Consider
the phase space P = S' x S', with the symplectic form Q = df; A dfs, the
Lie algebra g = R?, and the action

0 0]
p((El,.’EQ) :x16—01+$28—02. (1137)

In this case [g,g] = 0 and p’ : R? — H'(S' x S!) is an isomorphism, as
can be easily checked.
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11.4 Conservation of Momentum Maps

One reason that momentum maps are important in mechanics is that they
are conserved quantities.

Theorem 11.4.1 (Hamiltonian Version of Noether’s Theorem). If the
Lie algebra g acts canonically on the Poisson manifold P and admits a
momentum mapping J : P — g*, and if H € F(P) is g-invariant, that is,
Ep[H] =0 for all £ € g, then J is a constant of the motion for H, that is,

Joyp =17,

where @y is the flow of X g . If the Lie algebra action comes from a canonical
left Lie group action ®, then the invariance hypothesis on H is implied by
the invariance condition H o &, = H for all g € G.

Proof. The condition {p [H] = 0 implies that the Poisson bracket of
J(£), the Hamiltonian function for {p, and H vanishes: {J(§), H} = 0. This
implies that for each Lie algebra element &, J(£) is a conserved quantity
along the flow of X . This means that the values of the corresponding g*-
valued momentum map J are conserved. The last assertion of the theorem
follows by differentiating the condition H o ®, = H with respect to g at
the identity e in the direction £ to obtain {p [H] = 0. |

We dedicate the rest of this section to a list of concrete examples of
momentum maps.

Examples

(a) The Hamiltonian. On a Poisson manifold P, consider the R-action
given by the flow of a complete Hamiltonian vector field X . A correspond-
ing momentum map J : P — R (where we identify R* with R via the usual
dot product) equals H. ¢

(b) Linear Momentum. In §6.4 we discussed the N-particle system
and constructed the cotangent lift of the R*-action on R3*" (translation on
every factor) to be the action on T*R3N = RSV given by

x-(qi,p’) = (q; +x,p’), j=1,...,N. (11.4.1)

We show that this action has a momentum map and compute it from the
definition. In the next chapter, we shall recompute it more easily utilizing
further developments of the theory. Let ¢ € g = R?; the infinitesimal gen-
erator £p at a point (q;, p’) € RN = P is given by differentiating (11.4.1)
with respect to x in the direction ¢:

ép(a;,p) = (£,6....,€0,0,...,0). (11.4.2)
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On the other hand, by definition of the canonical symplectic structure €2
on P, any candidate J(§) has a Hamiltonian vector field given by

Xy(e)(aj,P’) = (85]15? : —%ﬁ?) . (11.4.3)

Then, X j¢) = {p implies that

9J (&)
op’

9J(8)
8qj

=¢ and =0, 1<j5<N. (11.4.4)
Solving these equations and choosing constants such that J is linear, we
get

J(6)(a;.p Zp & de, Japp)=>.p (11.4.5)

j=1

This expression is called the total linear momentum of the N-particle
system. In this example, Noether’s theorem can be deduced directly as
follows. Denote by Ja, ', pl, the ath components of J, q;, and p/, a =
1,2, 3. Given a Hamiltonian H, determining the evolution of the N-particle
system by Hamilton’s equations, we get

dla  dp), OH i )

— , (11.4.6)
Jj=1 Oga

dt = dt gl

The bracket on the right is an operator that evaluates the variation of the
scalar function H under a spatial translation, that is, under the action of
the translation group R? on each of the NV coordinate directions. Obviously,
Jo is conserved if H is translation-invariant, which is exactly the statement
of Noether’s theorem. ¢

(c¢) Angular Momentum. Let SO(3) act on the configuration space
Q = R3 by ®(A,q) = Aq. We show that the lifted action to P = T*R3
has a momentum map and compute it. First note that if (q,v) € TqR3,
then Ty®4(q,v) = (Aq,Av). Let A-(q,p) = Tx,Pa-1(q,p) denote the
lift of the SO(3) action to P, and identify covectors with vectors using the
Euclidean inner product. If (q,p) € T(;*R3, then (Aq,v) € TaqR?, so

(A-(a,p),(Aq,v)) =((q,p ' (Aq,v))
=(p.A >
(

Ap,v) = ((Aq,Ap),(Aq,V)),

that is,

A (q,p) = (Aqg,Ap). (11.4.7)
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Differentiating with respect to A, we find that the infinitesimal generator
corresponding to £ = & € s0(3) is

wp(q,p) = (£q,ép) = (w X q,w X p) . (11.4.8)

As in the previous example, to find the momentum map, we solve

01 _ oo a0

o g~ P (11.4.9)

such that J(§) is linear in £. A solution is given by

J(€)(a,p) =(q) - p=(wxq)-p=(axPp)-w,

so that

J(q,p) =q x p. (11.4.10)
Of course, (11.4.10) is the standard formula for the angular momentum of
a particle.

In this case, Noether’s theorem states that a Hamiltonian that is rota-
tionally invariant has the three components of J as constants of the motion.
This example can be generalized as follows. ¢

(d) Momentum for Matrix Groups. Let G C GL(n,R) be a sub-
group of the general linear group of R™. We let G act on R™ by matrix
multiplication on the left, that is, ®4(q) = Aq. As in the previous exam-
ple, the induced action on P = T*R" is given by

A (q,p) = (Aq,(AT)"'p) (11.4.11)
and the infinitesimal generator corresponding to £ € g by
¢p(a,p) = (€q, —¢7p). (11.4.12)
To find the momentum map, we solve
ag_;g) =¢q and a‘;—ff) =¢Tp, (11.4.13)

which we can do by choosing J(£)(q,p) = (£q) - p, that is,

(J(a,p), &) = (¢a) - p. (11.4.14)
Ifn =3 and G = SO(3), (11.4.14) is equivalent to (11.4.10). In coordinates,
(€q) - p = &4’ pi, s0 |
[J (a,p)]; = a'p;.

If we identify g and g* using (A, B) = trace (ABT)7 then J(q,p) is the
projection of the matrix ¢/p; onto the subspace g. ¢
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(e) Canonical Momentum on g*. Let the Lie group G with Lie alge-
bra g act by the coadjoint action on g* endowed with the + Lie—Poisson
structure. Since Adg-1 : g — g is a Lie algebra isomorphism, its dual
Adj-: : g" — g* is a canonical map by Proposition 10.7.2. Let us prove
this fact directly. A computation shows that

oF § (FoAd;-1)
S(Adgr ) Ady P (11.4.15)
whence
{FvH}j: (Adz;71 /J)
or 6H
=+ (Adi-
< gt § (Ady-1 p) 6 (Ad; - M)]>

* 1) FoAd*ﬂ ) HOAd*,l
_jE<Adg1 o | Ads ( Sp : )’Adg ( Sp ] )]>

5(FoAd ) o(HoAd; )
=+ 1, 5 < , p

K jz

= {FOAdZ—l,HOAd;*l}i (/1’)7

that is, the coadjoint action of G on g* is canonical. From Proposition 10.7.1,
the Hamiltonian vector field for H € F(g*) is given by

Since the infinitesimal generator of the coadjoint action corresponding to
£ € g is given by £ = — adz, it follows that the momentum map of the

coadjoint action, if it exists, must satisfy
Fad(s ey 50 1= —adg p (11.4.17)
for every p € g*, that is, J(&)(u) = £ (i, &), which means that
J = + identity on g*. ¢

(f) Dual of a Lie Algebra Homomorphism. The plasma to fluid map
and averaging over a symmetry group in fluid flows are duals of Lie alge-
bra homomorphisms and provide examples of interesting Poisson maps (see
§1.7). Let us now show that all such maps are momentum maps.

Let H and G be Lie groups, let A : H — G be a Lie group homomor-
phism, and suppose that a : h — g is the induced Lie algebra homomor-
phism, so its dual a* : g* — h* is a Poisson map. We assert that o™ is also
a momentum map. Let H act on g% by

h - o= AdZ(h)—l M,
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that is,

(h-p,&) = (p, Ad gy €)- (11.4.18)

Differentiating (11.4.18) with respect to h at e in the direction n € b gives
the infinitesimal generator

(ng= (1), &) = — (p,adg(y) &) = — <ad§;(,7) u,§> . (11.4.19)
Setting J(p) = (), that is,
J(m) (1) = (I(w),m) = (@™ (1), m) = (p, a(n)) , (11.4.20)
we get
6J(n) _
W = a(n),
and so on g%,
Xy () = —ads i) 6, b= —ady,) 1= mng-(1), (11.4.21)
so we have proved the assertion. ¢

(g) Momentum Maps for Subalgebras. Assume that Jg: P — g* is
a momentum map of a canonical left Lie algebra action of g on the Poisson
manifold P and let h C g be a subalgebra. Then § also acts canonically on
P, and this action admits a momentum map Jy : P — h* given by

Iy (2) = Jg(2)[b. (11.4.22)

Indeed, if n € bh, we have np = X (), since the g-action admits the
momentum map Jg and 1 € g. Therefore, Jy(n) = Jy(n) for all n € b
defines the induced h-momentum map on P. This is equivalent to

<Jh(z)7 77> = <J9(z)7 77>
for all z € P and 7 € g, which proves formula (11.4.22) . ¢

(h) Momentum Maps for Projective Representations. This exam-
ple deals with the momentum map for an action of a finite-dimensional Lie
group GG on projective space that is induced by a unitary representation on
the underlying Hilbert space. Recall from §5.3 that the unitary group U(H)
acts on PH by symplectomorphisms. Due to the difficulties in defining the
Lie algebra of U(H) (see Example (d) at the end of §9.3), we cannot define
the momentum map for the whole unitary group.

Let p : G — U(H) be a unitary representation of G. We can define the
infinitesimal action of its Lie algebra g on PDg, the essential G-smooth
part of PH, by

Eonllv) = FleDEA@N]|  =Ton(A©¥),  (11423)

t=0
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where the infinitesimal generator A(¢) was defined in §9.3, where [¢)] €
PDg, and where the projection is denoted by m : H \ {0} — PH. Let

¢ € (Cy)* and |[¢] = 1. Since A()y — (A(§)¥,9)v € (Cy)*, we have

(160 ) (T () = —2RIm(A(E)) — (A, ¥, )
— —2hIm(A(©)Y, ).

On the other hand, if J : PDg — g* is defined by

@(10D. € = () = TR, (11.421)
then for ¢ € (Cy)* and ||¢|| = 1, a short computation gives
d(J()([¥))(Tym(p)) = %J(ﬁ)(WJrW]) B

= —2hIm(A (€)1, p).

This shows that the map J defined in (11.4.24) is the momentum map
of the G-action on PH. We caution that this momentum map is defined
only on a dense subset of the symplectic manifold. Recall that a similar
thing happened when we discussed the angular momentum for quantum
mechanics in §3.3. ¢

Exercises

11.4-1. For the action of S' on C? given by
e (21, 2) = (€21, 67 2),

show that the momentum map is J = (|z1]? — |22/?)/2. Show that the
Hamiltonian given in equation (10.5.3) is invariant under S, so that The-
orem 11.4.1 applies.

11.4-2 (Momentum Maps Induced by Subgroups). Consider a Poisson
action of a Lie group G on the Poisson manifold P with a momentum map
J and let H be a Lie subgroup of G. Denote by i : h — g the inclusion
between the corresponding Lie algebras and i* : g* — bh* the dual map.
Check that the induced H-action on P has a momentum map given by
K =i*oJ, that is, K = J|h.

11.4-3 (Euclidean Group in the Plane). The special Euclidean group SE(2)
consists of all transformations of R? of the form Az + a, where z,a € R?,
and

A € SO(2) = < matrices of the form Cf)se —sind . (11.4.25)
sinf cosf
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This group is three-dimensional, with the composition law
(A a)- (B,b)=(AB,Ab+a), (11.4.26)

identity element (I,0), and inverse (A,a)_1 = (A‘l,—A_la). We let
SE(2) act on R? by (A,a) -z = Az + a. Let z = (¢, p) denote coordinates
on R2. Since det A = 1, we get <I>’("A7a)(dq Adp) = dq A dp, that is, SE(2)
acts canonically on the symplectic manifold R%. Show that this action has
a momentum map given by J(q,p) = (=1 (¢* + p?),p, —q) .

11.5 Equivariance of Momentum Maps

Infinitesimal Equivariance. Return to the commutative diagram in
§11.2 and the relations (11.2.6). Since two of the maps in the diagram
are Lie algebra antihomomorphisms, it is natural to ask whether J is a
Lie algebra homomorphism. Equivalently, since X e = Xiy(¢),0m)}, it
follows that

J([&n]) = {J(&), J(n)} = 2(&,m)

is a Casimir function on P and hence is constant on every symplectic leaf
of P. As a function on g x g with values in the vector space C(P) of Casimir
functions on P, ¥ is bilinear, antisymmetric, and satisfies

(& <) + 2, [¢€) + 2(C € m]) =0 (11.5.1)

for all &,m,¢ € g. One says that ¥ is a C(P)-valued 2-cocycle of g; see
Souriau [1970] and Guillemin and Sternberg [1984, p. 170], for more infor-
mation.

It is natural to ask when X(&,7) = 0 for all £, 7 € g. In general, this does
not happen, and one is led to the study of this invariant. We shall derive an
equivalent condition for J : g — F(P) to be a Lie algebra homomorphism,
that is, for ¥ = 0, or, in other words, for the following commutation
relations to hold:

J((&n)) = {7 (), J(n)}- (11.5.2)

Differentiating relation (11.2.2) with respect to z in the direction v, €
T.P, we get

d(J(§))(2) - vs = (T.T - v., ) (11.5.3)
forall z € P, v, € T, P, and £ € g. Thus, for {,n € g,

{J(8), T ()} (2) = Xy [T ()] (2) = d(J () (2) - Xy (2)
= <TzJ : Xl(n)<z)a€> = <TzJ : 77P(2>7f> : (11'5'4>
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Note that
(&) () = A=), [6ml) = — (=), ady &) = — (ad, 3(2),€). (115.5)
Consequently, J is a Lie algebra homomorphism if and only if
T.J -np(z) = —ad;, J(z) (11.5.6)

for all n € g, that is, (11.5.2) and (11.5.6) are equivalent. Momentum maps
satisfying (11.5.2) (or (11.5.6)) are called infinitesimally equivariant
momentum maps, and canonical (left) Lie algebra actions admitting in-
finitesimally equivariant momentum maps are called Hamiltonian ac-
tions. With this terminology, we have proved the following theorem:

Theorem 11.5.1. A canonical left Lie algebra action is Hamiltonian if
and only if there is a Lie algebra homomorphism v : g — F(P) such that
Xyy = &p for all § € g. If ¢ exists, an infinitesimally equivariant mo-
mentum map J is determined by J = . Conversely, if J is infinitesimally
equivariant, we can take ¥ = J.

Equivariance. Let us justify the terminology “infinitesimally equivari-
ant momentum map.” Suppose the canonical left Lie algebra action of g on
P arises from a canonical left Lie group action of G on P, where g is the
Lie algebra of G. We say that J is equivariant if

Adfi0J =Jo0d, (11.5.7)

for all g € G, that is, the diagram in Figure 11.5.1 commutes.

F1cUre 11.5.1. Equivariance of momentum maps.

Equivariance can be reformulated as the identity

J(Ady §)(g-2) = J(§)(2) (11.5.8)

forall g € G, £ € g, and z € P. A (left) canonical Lie group action is
called globally Hamiltonian if it has an equivariant momentum map.
Differentiating (11.5.7) with respect to g at g = e in the direction 7 € g
shows that equivariance implies infinitesimal equivariance. We shall see
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shortly that all the preceding examples (except the one in Exercise 11.4-
3) have equivariant momentum maps. Another case of interest occurs in
Yang-Mills theory, where the 2-cocycle X is related to the anomaly (see
Bao and Nair [1985] and references therein). The converse question, “When
does infinitesimal equivariance imply equivariance?” is treated in §12.4.

Momentum Maps for Compact Groups. In the next chapter we shall
see that many momentum maps that occur in examples are equivariant. The
next result shows that for compact groups one can always choose them to
be equivariant.?

Theorem 11.5.2. Let G be a compact Lie group acting in a canonical
fashion on the Poisson manifold P and having a momentum map J : P —
g*. Then J can be changed by addition of an element of L(g,C(P)) such
that the resulting map is an equivariant momentum map. In particular, if
P is symplectic, then J can be changed by the addition of an element of g*
on each connected component so that the resulting map is an equivariant
momentum map.

Proof. For each g € G define J9(2) = Ad,-. J(g7! - 2) or, equivalently,
J9(&) = J(Adg-1§) o ®,-1. Then J9 is also a momentum map for the
G-action on P. Indeed, if z € P, £ € g, and F : P — R, we have

{F, J9(6)}(2) = —=dJ9(§)(2) -XF( )

=—dJ(Ady1 &)(g7"  2) To®, XF( )
= —dJ(Adg— &)(g7" - 2) - (i XF)(g7" - 2)
= —dJ(Adg &)(g7" - 2) - Xasp(g™" - 2)

= {0y F J(Adg— E)}g~ ‘Z)
= (Ady-1 &) P[P FI(g™" - 2)

= (PyEP)[@5F (97" - 2)
=dF(z)-&p(z) = {F, J(O)}(2)-

Therefore, {F, J9(§) — J (&)} = 0 for every F': P — R, that is, J9(§) — J(&)
is a Casimir function on P for every g € G and every £ € g. Now define

@ = [ 34,

where dg denotes the Haar measure on G normalized such that the total
volume of G is 1. Equivalently, this definition states that

wmzéﬁ@@

2A fairly general context in which nonequivariant momentum maps are unavoidable
is given in Marsden, Misiolek, Perlmutter, and Ratiu [1998].
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for every £ € g. By linearity of the Poisson bracket in each factor, it follows
that

(F)©)} = /G (F,J9(6)} dg = /G (F,J()} dg = {F.J(©)}.

Thus (J) is also a momentum map for the G-action on P, and (J)(§) —J(&)
is a Casimir function on P for every & € g, that is, (J) —J € L(g,C(P)).
The momentum map (J) is equivariant. Indeed, noting that

J9(h-z)=Ad; . I"9(2)

and using invariance of the Haar measure on G under translations and
inversion, for any h € G we have, after changing variables ¢ = hk in the
third equality below,

<J>(h-z):/GAd;_th”g(z)dgzAd;;_l/GJh“g(z)dg

— Al /G 35 (2) dk = Ad;_ (3)(2). -

Exercises

11.5-1. Show that the map J : S? — R given by (x,y,2) — z is a
momentum map.

11.5-2. Check directly that angular momentum is an equivariant mo-
mentum map, whereas the momentum map in Exercise 11.4-3 is not equiv-
ariant.

11.5-3. Prove that the momentum map determined by (11.3.4), namely,

(J(2),€) = (ic,©) (),
is equivariant.

11.5-4. Let V(n, k) denote the vector space of complex n x k matrices (n
rows, k columns). If A € V(n, k), we denote by A' its adjoint (transpose
conjugate).

(i) Show that
(A, B) = trace(ABT)

is a Hermitian inner product on V'(n, k).

(ii) Conclude that V(n, k), viewed as a real vector space, is a symplectic
vector space and determine the symplectic form.
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(iii) Show that the action
(U, V)-A=UAV!
of U(n) x U(k) on V(n, k) is a canonical action.
(iv) Compute the infinitesimal generators of this action.
(v) Show that J: V(n,k) — u(n)* x u(k)* given by
1 - 1
(J(A), (&) = 5 trace(AATE) — o trace(AT Ar)
is the momentum map of this action. Identify u(n)* with u(n) by the
pairing
(€1,62) = — Reftrace(£182)] = — trace(§1€2),

and similarly, for u(k)* = u(k); conclude that
J(A) = %(—z’AATJATA) € u(n) x u(k).

(vi) Show that J is equivariant.
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