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ULTRA PURE PLUTONIUM-237. 
PRODUCTION AND CHARACTERISTICS 

Yu.Ts.Oganessian, S.N.Dmitriev, G.V.Buklanov, 
Yu.P.Kharitonov, A.F.Novgorodov, L.l.Salamatin, 
G.Ya.Starodub, S.V.Shishkin, Yu.V.Yushkevich 

The 237J>u was obtained in the reaction 235U ( 4He, 2n) at the hig -current 

heavy ion accelerator U-200. 235U of the 99,99% isotopic purity was used as a 
target. The dependences of 236J>u, 237J>u, 238pu yields on the energy f the ion 

beams were studied. Plutonium was isolated from the irradiated target by using 
the anion-exchange chromatography. An additional isotppic enrichment pf the 
237Pu was carried out with an electromagnetic mass-separator YASNAPP-2. The 
preparation obtained with 236J>ui237J>ul238pu ratio e ual to 

2.10-7 I 11 :S3.10-7 (BqiBq) is the purest one among the preparation reported 

to date by different Laboratories. The preparation with the above purity is 
practically harmless for the volunteer's organism at the metabolism study i11 vivo. 

The investigation has been performed at the Flerov Laboratory of Nuclear 

Reactions and at the Laboratory of Nuclear Problems, JINR. 

Y JlbTpa4HCTbiH nJiyTOHHH-237. 

0oJiy4eHHe H xapaKTepHCTHKH 

IO.LJ..OraHecsiH H ~p. 

OnyTOHitit-237 nony'leH 8 peaKU.HH 235U (4He, 2n) np11 o6ny'ICHHH MltlliC­

HH 113 8biCOKo00or3UJ.eHHOI'O 235U (99,99%) Ha 8biCOKOTO'IHOM yCKOpHTeJIC 

Y -200. HccJJCJI08aHa 3a8HCHMOCTb 8biXOJia 236J>u, 237J>u, 238pu OT 3HeprnH 

4He. BbiJICJICHHC llJIYTOHitllltJ OOJIY'ICHHOH MltlliCHH npOBOJIHJIOCb C UCI10Jib30-
BaHHCM aHHOHoOOMCIIIIOH xpoMaTOrpaQJHH . )J,OilOJIHHTCJibHOC 1130TO HOC 000-
r3W.CHHC 237J>u npOBOJIHJIOCb Ha 3JICKTpoMarHHTHOM MaCC-CenapaTOpC 

.siCHA00-2. Oony'ICHHbiH npenapaT llJIYTOHitll-237 C OTHOUJCHHCM aKTit8HO­
CTCH 236J>ui237Pul238pu = 2 · JQ-7 I I 13 · JQ-7 (BqiBq) llBJI!ICTC!I cyw.ecTseu-

110 OOJICC lJHCTbiM 110 CpaBHCHHIO C aHBJIOrH'IHbiMH npenapaTaMH, npOH3BCJiell ­
llbiMH 8 JlpyrHx na6opaT0p1111x . OpenapaT yKaaauHoit 'IHCTOTbl !IBJI!ICTCil 
npaKTH'ICCKit 6e3onaCHbiM JIJI!I Opr3HH3Ma lJCJIOBCKa Hplt npOBCJICIIHH HCCJICJ10-
B3HHH MCTaOOJ1113Ma llJIYTOHH!I in vivo. 

Pa60Ta BblllOJIHCIIa 8 Jla6opaTOpH1111J1CpHbiX peaKU.HH HMCHH r .H .<f>nep08a 
11 8 Jla6opaTOpHH !IJICPIIbiX npo6neM OH.siH . 
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The considerable interest to the problem of the production of 237 Pu is 
based on the fact that it is the only Pu isotope which answers the medical 

requirements to the metabolism research in vivo. A 237 Pu preparation used 
for injection to human body must be substantially free from alpha-emitting 
plutonium isotopes. Some works have reported on the methods of preparing 
237Pu in the following reactions: 235U, <4He, 2n) [ 1-4 ), 238 U <4He, 4n) 15 [, 
235u (3He, n) and 238u (3He, 4n) [6,7 ). The purest 237 Pu ~reparation was 
obtained by Pelevin et at. [41 at irradiating an enriched 35u (99,99%> 
target with alpha-particles of 24 MeV at the cyclotron U 200 of FLNR. The 
ratios of the Pu isotopes activity (Bq/Bq) in this preparation were 

1.7 ·10-5 (
236Pu/ 237 Pu) and 1.1 ·10-4 e38 Pu/ 237 Pu). That was a high, but 

insufficient purity. The calculated committed effective doses (mSv /kBq) for 

Pu isotopes a re: 182 <
236Pu), 0.001 (237 Pu), 504 <

238 Pu) 181, i.e. I kBq of 

the above prepa ration has about 0.060 mSv, from which 237 Pu gives only 1.5%. 
The main goal of this work was the elaboration of the method of 

producing a radiochemically and isotopically ultra pure 237Pu prepara­
tion. A simple calculation shows that the ratios of the activities of 
236Pu and 238Pu to that of the 237Pu must be less than 10-6 for the 
effective dose of the Pu preparation to be formed in the main by the 
237 Pu. To ach ieve this goal the optimal irradiation conditions were deter­

mined and .an additional enrichment of 237 Pu with a mass-separator was 

used. The in itial 237 Pu ~reparation was produced in 235U <4He, 2n) 
reaction with a n enriched 35Pu (99,993%) target at the cyclotron U-200. 

Experim e ntal 

Target . preparation and irradiation. The isotopically enriched 
235U <99, 993 % ) as an oxide was converted to a nitrate form. The uranyl 
nitrate was spread on the aluminium target block with the cylindrical 
surface, which was then heated to convert the uranium to the oxide 
form. The thickness of the uranium targets was 1.0 (eight targets) and 

5.0 mg.cm - 2
. The 235U tar§ets were irradiated in the inner channel of 

the cyclotron U-200 at the He-ions energy from 22.0 up to 26.5 MeV. 
Isolation of Pu from the target. After cooling for 3 days, the irradiated 

uranium targets on aluminium backings were dissolved from the backings 
with the 12 M nitric acid. Plutonium was then reduced to Pu (IV) with 
a sodium nitn te and the preliminary separation of Pu(IV) from uranium 
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was carried out by the lanthanium fluorid method. The sediment was 
dissolved with the 7.5 M HN0

3
- 0.1 M NaN02 solution and the solu-

tion containing Pu(IV) was introduced into the anion exchange column 
filled with the Dowcx I x 8 200/400 mesh resin. The residua l uranium, 
the activation and the fission products were eluted from the columns 
with a large volume of 7.5 M HN0

3
- 0.1 M NaN02 solutio and then 

with 9.0 M HCI. The plutonium fraction was obtained from the column 
by elution with the 9.0 M HCI - 0.1 M N H

4
1 solution. The s lution was 

then evaporated to dryness and burnt on a hot-plate untill the decom­
position of ammonium iodide. After that the sediment was di ssolved with 
a small volume of the 7.5 HN0

3
- 0.1 M KBr0

3 
solution, which was 

introduced into a microcolumn filled with the Dowcx I x8 200/400 mesh 
resin. The potassium bromate eluted with 9.0 M HCI and plutonium 
was then eluted with a small volume <2-3 drops) of 2.0 M HCI solution. 
This solution was used to prepare the sources for the alpha-spectrometric 
analysis and for the production of mass-separator targets. 

Separation of Pu isotopes was carried out with the elec tromagnetic 
mass-separator ISOL-Fasility YASNAPP-2 of LNP 191. The h.igh tem­
perature ion source with surface ionization was used. The ionizer is a 
hollow tungsten ampoule (the external diameter is 5 mm, the walls are 
I mm thick, mass is 6 g) heated by the electron bombard ment. The 
ions arc extracted through a hole (0.15-0.20 mm in diameter) at the 
end of the ampoule. The parallel monoenergetic ion beam enters the 
analysing magnet, where it is mass-separated and focussed vertically 
and horizontally. the dimensions of the ion beam cross section in the 
focal plane of the collector chamber arc I mm vertically and 2 mm 
horizontally. The cathode power of the ionizer is generally 550-650 W. 
The mylar foils (II mm wide and 50 mm long) were used as collectors. 

The 235u and the 238u isotopes were used as tracers. 

Alpha and X-ray spectrometry of the Pu preparation were carried out 
before and after the mass separation. 

Before separation. The aliquots from the Pu fraction obtained from 
·. the elution of plutonium by the ion exchange were tested by using a 

Gc(Li) detector of 80 cm3 (full width at the half maxim m intensity 
<FWHM) = 3.0 keV at 1.33 MeV) and using a Si<Au) surface barrier 

detector of 300 mm 2 with the resolution of about 35 kcV. T he activity 

of 237 Pu has been calculated from the Np- Ka
1 

X-ray pea k intensity, 

the ratios of the activities (Bq/Bq) 236Pu to 237 Pu and of 23 Pu to 237 Pu 
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were calcula ted from the alpha peak intensities. The value of a total 
-3 alpha-branching of 4,2 · 10 %was used ( 10 j. The sources for the alpha 

spectromet ry were obtained by the clectrodeposition. 

After separation. The mylar foils after the separation (in analogy 
with the a bove described) were analyzed by the X-ray spectrometry to 
determine the full activity of 237 Pu. Then the foils were placed into 
special shie lding cassettes the bottom of which had a I mm wide trans­
verse slot. T he cassettes were equipped with a device which allowed one 
to move the m above the slot. Inside the cassette the foil length was 
scanned by Ge(Li) detector at a step of I mm between the observable 

«Spots>> of separated 235 U and 2311 U. Basing on the results of scanning 

the location of the 237 Pu activity maximum was defined (:::::: 2 mm over 

the foil length) which was cut out. The obtained samples of 237 Pu were 
thoroughly investigated using X-ray, gamma and alpha spectrometry. 
Low background Ge-detector of <FWHM = 1.2 keY at 122 keY), Ge(Li)-

detector of 40 cm3 (FWHM = 3 keY at 1.33 MeV) and Si(Au) detectors 

with the resolution of 35 keY (300 mm 2
) and 12 keY (7 mm 2

) were 
used. 

Results and Discussion 

As indica ted above the aim of this work is the elaboration of the 

methods of producing the 237 Pu preparation with the ratio 
236Pu/ 237 Pu/ 238Pu= :s 10-6/1/ :s 10-6 (Bq/Bq). Besides, this method 

is to produce high activity ultra pure 237 Pu (at least 100 kBq) to attract 
practical in terest. As was shown in the preliminary experiments, the 

average efficiency of separating 237 Pu from 236Pu and from 238Pu with 

the YASN APP-2 mass-separator would be about 8-10·102 and 

2-4 ·102 correspondingly. The separation yield of 237 Pu varied from 20 

to 40%. 

With the account of the above requirements and the mass-separator 
possibilities , the conditions of the uranium target irradiation are to ensu-

re the prod uction of the 237 Pu preparation with a high yield and with 

the ratios 23Pu/ 237 Pu and 2311 Pu/ 237 Pu of about 10-4 (Bq/Bq). 
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Table I. The results or target irradiation 

Target Energy of ion 237 
Pu 23bPu/237Pu 238Pu/237Pu 

MeV kBq Bq/Bq Bq/Bq 

U-1 22.0 5.0 10-5 8.5 · 10-4 

U- 2 22.4 11.0 10-5 6.0 · 10-4 

U-3 23 .5 9.0 1.0 · 10-4 2.5 ·10-4 

U- 4 24.0 27 .5 1.6 · 10- 4 2.0·10-4 

U-S 24.5 32.5 2.0 · 10-4 1.5 ·10- 4 

U-6 25.2 37.5 3.4 · 10- 4 1.4: 10- 4 

U-7 25.8 35.0 2.5 · 10- 4 2.5 · 10-4 

U- 8 26.5 38.0 7.5·10- 3 3.0 · 10- 4 

The experimental results given in Table 1 show the activity of 
237 Pu and the above ratios in the uranium targets. The total charge of 

the ions for each target was of about 2.0 · 105 ftC. 
As can be seen for the I mg·cm- 2 uranium targets the maximum 

activity of 237 Pu was observed at the 4He-ions energy from 24.0 to 
26.5 MeV (targets U4-U8). As was indicated above we used a target 
block with a cylindrical surface. In this case the calcula tion of the 
237 Pu yield per 1 mg of the 235U is difficult since the exact data about 
the change of the incident angle of the beam to the targets surface are 
absent. 

The targets U 1-US were irradiated, however; in identical conditions 
and, thus, the results obtained for the targets U4-U8 indicate that 
:::::24.0 MeV is the lower end-point energy for producing the high activity 
237Pu. The ratios of the activities (8q/8q) of the 236Pu and 238Pu to 
237 Pu , which satisfied the above requirements were obs rved in the 
energy range of 23.5-25.2 MeV. With the account of these results, the 
energy range 24.5-25.0 MeV was chosen for the production of the 
237 Pu for the mass-separation. 

T he 235u (99.993%> target 5 mg ·cm - 2 was irradiated with 4He-ions 
with the initial energy of 25 MeV at the ion-beam current of about 

30 flA during 70 hours. The activity of the 237Pu in the solution after 
the first anion-exchange column was about 1.5 MBq and the ratio of 

9 



Table 2. Energy and relative intensity of a -line 237Pu-preparation 

Count Intensity (%% ) 
<Stnt ERR) 

237Pu 

I. 5654.6 2729 7.8 0 .2 
118.3 ± 5 

I 2. 5614.6 2619 7.5 0.2 

3. 5562.8 1031 2.9 0.1 

4. 5354.7 2012 5.7 0.2 

5. 5334.0 15825 45.1 0.6 64.1 ± 1.1 

6. 5300.9 4764 13.6 0.3 

7. 5256.7 949 2.7 0.1 

8. 5150.8 3784 10.8 0.2 

9. 5086.3 287 0.8 0.1 97 '/'n 

10. 5370.0 260 0.7 

II. 5220.0 243 0.7 I 

2* 12. 5205.0 213 0.6 

13. 5190.0 136 0.4 

14. 5173.0 119 0.3 

15. 5018.0 78 0.2 3% ' 

Pu-238 + Pu237? 
3 5498.6 328 

5448.3 67 1.1% 

Pu-236 
4 5767.6 109 

5718.1 29 0.4% 

2* - Estima ed value 

Pu isotopes was 1.6·10-4 <236Pu/ 237 Pu) and 1.3·10-4 (238Pu/ 237Pu). 

After the fina l anion-exchange column the solution with the activity of 
1.2 MBq was obtained. 

Two sources with the activity of about 500 kBq each were prepared 
for the mass-separation. Subsequently two mylar foils were obtained af­
ter the separa tion. The activity of each foil was about 200 kBq, i.e. the 

separation yield of 237 Pu was ::::: 40%. The foils were scanned by the 

X-ray spectrometry as was described in the experimental part and sam-

10 
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pies of 237 Pu (pieces of the foils, 2 mm long) were obtained. The activity 
of each sample was about 150 kBq. These samples were carefully tested 
by using Ge, Ge(Li) and Si (Au) detectors. The X-ray and gamma spect-

rum of 237 Pu preparation arc given in Figs. I ,2. The ratio of Pu isotopes 

was 2 · 10-7 e36Pu/ 237Pu) and 3 · 10- 7 e38 Pu/ 237 Pu). 
It should be noted that the determination of the ratios of the plu­

tonium isotope activities was carried out by direct measurements of the 
alpha-spectra. At using a low background Si (Au) detector of 300 mm 2 

with a resolution of 35 keY the measurement time to obtain the statistics 

necessary for the calculation of isotopic ratio (- n ·I 03 counts) was from 

1 to 4 hr. The analysis of the alpha spectra of the ultra pure 237 Pu 
showed tha t the number of alpha lines and especially of their relative 
intensities differ essentially from the data reported before Ill 1. For 

more correct determination, the sample of the ultra pure 237 Pu with an 
activity of 140 kBq was tested using a low background Si (Au) detector 
of 7 mm2 with a resolution of 12 keY. The resulting spectrum obtained 
a t the 70 hr measurement is given in Fig.3. The value of the energy 

and the rela tive intensity normalized over the sum of all the 237 Pu alpha 

lines is given in Table 2. This 237 Pu sample was remeasured 45 days 
later. The a bsolute intensities of all the alpha line given in Table 2 for 

the 237P~ were decre'!sed approximately twofold , the relative intensities 
remained constant. 

Conclu s ion 

A techniques for producing radiochemically and isotopically ultra pure 
237 Pu was developed. The optimal conditions for irradiating the 235 U 
(99,993%) targets at the cyclotron U-200 and for the subsequent sepa­
ration of the Pu isotopes by the electromagnetic mass-separator 
Y ASNAPP-2 were determined. 

The 237Pu preparation obtained with 236Pu/ 237 Pu/ 238 Pu ratio equal 

to 2 · 10- 7/1 I :s 3 · 10- 7 (Bq/Bq) is the purest one among the prepara­
tions reported to date by different Laboratories. The effective dose of 
this pre para lions is only 0.0012 mSv /kBq, which is practically equal to 

that of the monoisotopic 237 Pu. The preparation with the above ratio of 
the alpha-active Pu isotopes is practically harmless for the volunteer's 
organism at the metabolism study. 

14 



This 237 Pu preparation (about -100 kBq) was passed over to the 
Harwell Biochemical Research Department <Harwell Laboratory . UK) 
for a metabolism study . 
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In th is paper the problem of searching for the design of the magnetic system 
for crea tion of a magnetic field with the required characteristics in the given area 
is solved. On the basis of the analysis of the mathematical model of the magnetic 
system rather a general approach is proposed to the solving of the inverse problem, 
which is written by the Fredholm equation: 

lf(z) = J J(s) G(z, s) ds, z E U, s E S, 
s 

where J(s) is a distributed density function of current in the system, G(z, s) is a 
Green function, the analytical form of the function depending on the current 
source geometry and on z point, falling into the definition area of field H . It was 
necessary to define the current density distribution function J(s) and the existing 
winding geometry for creation of a required magnetic field. It is known that such 
problems arc incorrect ones. In the paper a method of solving those by means of 
regularized iterative processes is proposed . On the base of the concrete magnetic 
system we perform the numerical study of influence of different factors on the 
charac ter of the magnetic field being designed. 

The investigation has been performed at the Laboratory of Computing Tech­
niques and Automation, JINR. 

KoHCTpywposaHHC MarHHTHOH CHCTCMbl 

npH OOMOJ.JJ.H pewCHHSI oopaTHOH 3a~a4H MarHHTOCTaTHKH 

E.n. )K~Kos "'~p. 

8 ,llaHHOH pa6<ne pcwaeTCII 3a,11a•m 11011CK3 KOHCTpyKL\1111 M3rt111TIIOH CHC­
TeMbl JIJIII C03,llaHHII ManiHTIIOI'O llOJIII C Tpe6yeMbiMI1 xapaKTepHCTHKaMI1 II 
Ja,llaHHOH o6JiaCTH. Ha OCHose aHaJIH3a MaTeMaTI1'1CCKOH MOJICJIH ManmTHOH 
CI1CTeMbl npeJIJlaraeTC!I ,liOCTaTO•IIIO o6U(I1H 110/tXO,ll K peweHI110 lleJII11leHIIOH 
o6paniOH 3a,11a•111, KOTOpall 01111CblllaCTCII ypa1111Cill1eM <l>pe,lii'OJihMa: 

1/(z) = J J(s) G(z, s) ds, z E U, s E S, 
s 

r,11e J(s ) - <j>yHKI~I111 pacnpe,liCJieiiHII llJIOTIIOCTH TOKU II CHCTeMe, G(z, S) -
<j>)'IIKL\1111 rpHHa, aHM11TI1 11eCKI1H 8111\ KOTOpOH 3aUHCI1T OT reOMeTp1111 HCT04-
1111KOB TOKa 11 OT TO'IK11 z, npHuaJIJle>KaLL(eli OOJiaCTI1 onpe,11eJ1eH11!1 nOJIII II. 
HeOOXOJ111MO onpe,lleJII1Tb pacnpc,11eJ1e1111e IIJIOTHOCTI1 TOKa J(s), a TaK>Ke paC­
CTaHOBK)' 11CT041111Koo TOKa JIJIII C03AaHI111 nOJIII H . J.1JsecTHO, 4TO TaKHe Ja)ta411 
OTHOCIITCII K KJiaCC)' HeKOppeKTIIbiX 3a)ta4. B paOOTe 11pcJIJlaraeTC!I MeTO,ll pewe-
111111 ::JTI1 X 3a)ta•l C IIOMOLL(biO peryJI11p1130BallllbiX 11Tepai.\110HHbiX npOI..IeCCOB. Ha 



11pHMCpC KOIIKpCTIIO~I M31'11HTIIOH CHCTCMhl npOBO,[IHTCW 'IHCJieHHOC HCCJ1C,[IOB3-

HHC BJIHWIUtW pa3JIH'IIIbiX QlaKTOpOB 113 xapaKTCp C03,[1383CMOI'O MarHHTHOI'O 

IIOJIW . 

Pa6oTa llhlllOJIIICita 8 Jla6opanJpmt Bbi'UICJIHTCJlbiiOH TCXHHKH H aBTOMaTH -

3aLIH~t OIHIH . 

I. Introduction 

When designing magnetic system, it is necessary to solve the inverse 
problem, that is, via a given magnetic field to define current parameters, 
or its geometrical characteristics, or all that simultaneously. 

The definition of the beam density distribution in the magnetic sys­
tem, in which the geometry is known, is a linear inverse problem for 
the given field. 

When the required field must be created with the help of conductors, 
in which the value of the curent varies similar to the coordinates of 
their position, providing the current in all the conductors is the same, 
we come to the solving of the inverse problem. 

In this paper we consider the construction of a mathematical model 
of the magnetic system for this kind of the problem and the methods 
and numerical algorithms for their solution by using the Tikhonov regu­
larization methods. 

Because a magnetic field is supposed to be given by one of its 
(H , H , H) components depending on a specific problem, s further H 

X y Z 

sample will be used for notation. 

2. Mathematical Model 
of the Magnetic System 

Let in a region U with the help of the sources of current, distributed 
in the region S, a field H should be created with the given cha racteristics 
(for example, the whole homogeneous field in the region U). It is known 
[I I that the field in any point z of set U is defined by the expression 

H(z) = f J(s) G (z, s) ds, z E U, s E S, s (1) 

where J(s) is a distributed density function of the current in the system, 
G (z, s) is a Green function, that analytically depends both on the geo­
metry of the source of the magnetic system and on the poin t z E U. 

17 



The inverse problem, namely, a definition over the given density of 
distribution of current in the magnetic system with the known geometry, 
is a linear inverse problem (model I) . 

Then the mathematical problem reduces to the solution of the Fred­
holm linear integral equation of the first order with unknown function 
J(s). 

If the composition of the magnetic field includes not only variant 
density of current and arrangement source of current, then we must 
solve the nonlinear inverse problem (model 2) with unknown J(s) and 
s E S. 

3. Met hod of Solution 
of t h e Inverse Problem (Model I) 

It is known that the problem of solution of the first order Fredholm 
integral equation (1) is related to the non-correct defined class of the 
problems, because the large changing in the J(s) solution can correspond 
to the small changing of the input data H(z). To obtain a stable solution 
of the non-correct defined problem, A.N. Tikhonov developed a regu­
larized algorithm [2 1- I 4 1. 

Here we will use the second order method of a regularization in order 
to solve .the problem .. 

For this , we construct a smooth parametric functional 

fP [J(s), H(z) I = <I> [J(s), H(z) I +a Q [J(s) I, (2) 

where 

<I> [J(s), H(z) I = J [H(z) - J J(s) G(z,s) ds )2 dz (3) 
u s 

is the quadratic deviation of the operator A [z, J(s) J = 
= J J(s) G (z, s) ds of function H(z), and s 

Q [J(s) I = J J 2(s)ds (4) s 

is the regularizational functional, or a stable one, and a is a numeric 
parameter of the regularization (a> 0). 

Theorem 1. For any function H(z) E L
2 

and for any a > 0 there exists 

one and only one 2 (n + I) differential function ~ (s), which realizes 

the minimum of the smooth functional fP [J(s), H(z) I, of the form (2). 
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Theorem 2. If H(z) = Alz, J(s) I, J(s) E c(ll+l), then for any E > 0 and 
auxiliary values 0 < y

1 
< y

2 
there exists 6 (t:, y

1
, y

2
, J) so that, if 

I. -II 11.5 (z)- *H(z) II L :s 6, where R.5(z) E L2; 
l 

2. -a =a (6) has the order 6 2
; 

62 
2 

3. - Y, :Sa (6) :S y , 

then .r;, 
11 

(s) is a minimum of F,; I~ (s), H .5 (z) I and 

ll.t: (s)(i)- J* (s)(i)ll :S E , s E S, i =I, 2, ... ,n 
o,ll 

with 6<6
0

(e,y 1,y2'J). 

For this theorem we inference that there exists a functio n .fl, that 
II 

is a minimum of functional fP in the form (2) which reduces to the 
II 

solution of the equation (I) J(s). The complete demonstration of this 
and other conditions one finds in 141. 

When applying the regularization method, the sdection of parameter 
a is one of the main problems. 

The point is that not always for the obtained smooth solution the 
discrepancy principle is being fulfilled, i.e. there exists the inequality 

I I 11.5 - H*l I :s 6, (5) 

where 6 is precision of the approximate input data Rb, H* is t e precise 

value of the input data. 
In practice, for the solution of the non-correct problem it is necessary 

to find the solution, that satisfies the required precisio . In 151 
V.A.Morozov suggested, as the main quality criteria, to select the regu­
larization parameter of the deflection principle. 

Discrepancy Principle. Set any 0 < d :s <50 and any 0 < h :s h
0 

with con-

dition 

where {3 (<5, h) is a positive function, such th::~t limb, h .... 0 {3 (6, h) = 0, and 

.rx is the solution obtained for the minimum of functional F' (J, H). 
Then there exists at least one value of the regularization parameter 

a =a (d, h)> 0, so that 

p.5h (a (0, h))= x2 (h, 0, J), 
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and 

lim ,r;h = fi and .r; = .r; (b. h) 
b, h .... 0 bh bh . 

4. Nu m erical Algorithm for the Solution 
of t he Problem of Model l 

In the expression (2), if presenting the integral in the form of sums, 
we obtain 

N 

FP = 2: 
j=l [

Hj (z) - ~ Ji (s;) Kij (zi' s;)]

2 

i= I 

M 

11 zj +a L J~ (s;) 11si, 
i =I 

(6) 

where N is a number of points from the set U, M is a number of points 
from the set S, M ~ N and K .. = f G (z., s) ds. 

11 I'll 1 
i 

Suppose 11s . = 11s = const, 11z. = 11z = const. 
I 1 

The condition of the minimum of the functional fP is 

alP alP alP 
.aJ =0, aJ =0, ... , ~=0. 

I 2 M 
(7) 

Taking in to account (6), we obtain 

afP N N M 

aJ =- L H.Kl'l1z+ L L JiKI'Ki"l1z+aJps=O, 
I j=J 

1 1 
j=li=l 

1 1 

l = l + M. (8) 

In such a way we have a system M linear algebraic equations with 
the unknowns N of the J 1 form: 

M N N 

L Ji L Kl'Ki.l1z+aJ111s= L H.Kl'11z, l= l +M. (9) 
i=l j=l J J j=l 1 J 

Supposing a 11 s =a' 11 z, we obtain 
M N N 

L Ji L Kl'Ki. +a'J111s= L H . Kl'' l= l +M. (10) 
i = l j=l J 1 j=l 

1 I 
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Obviously, a' serves the meaning of arbitrary coefficient a , therefore 
the system of equations for J 

1 
we can write finally definitively in the 

form 
M N N 

L Ji L Kl"Ki" +aJ1= L H .Kl", L= l +M. (ll) 
i=l j=l J J j=l J J 

If the magnetic system is a discrete set of coils, the the field 
H(z) in any point z E U is defined in the following way: 

M 

H(z) = L J . J G (z, s) ds, (12) 
i = I 

1 
!lsi 

where M is a number of coils, J . is the current density in the i-th coil, 
l 

tu. is the selection of the i-th coil. 
I 

Having solved the system of equations ( 11), we obtain a discrete set 
Jl' L = 1+ M, that is a solution of the problem (1). Similar to that, we 

define the distribution of the current density in the magnetic system 
for creation of field H(z.), j = 1 + N, z. E U. 

J J 

5. Particular Case of the Mathematical Model 2 

Let in some region S with a disposition M of conductors with the 
same current 10, the field H be created. 

In the system H(z), z E U we have 

M 

H(z) = 10 L G (s;, z), 
i= I 

where G (s . z) is the Green function for the i-th conductor. 
I, 

(13) 

Both a current 10 and the coordinates si of the conductors, which 

would provide the given field H(z), z E U in a best way, should be 
defined. 

The function G (s. z) is usually a nonlinear one concerning the co-
l, 

ordinate of the conductors s ., therefore the analysed problem is a non-
1 

linear inverse problem. 
Additional difficulty in the solving of the inverse problem is the res­

triction in the parameters [6 ]. However in any particular case one can 
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efficiently find a solution for the given condition of the problem. Let 
us consider this case. 

Let a parameter of the conductors disposition in the region S be only 
one coordina te, for example x, the region of disposition of the con­
ductors in the axis x being known, x1 s x; s x2• 

Then the equation (13) will have the form: 

M 

H(z) = /0 L G(x;, z), z E u, XIs X; s x2. 
i =I 

(14) 

We must define 10, xi to create the field H(z), z E U, in the magnetic 

system. The problem (14) is a non-linear inverse problem. 

6. Num e ric Algorithm of the Solution 
of th e Problem in Model 2 

The solution of the problem (14) was divided into two steps. In the 
first step, the current density in the twisters is continuously distributed 
in the range of the given problem. The equation (13) has the form 

x2 
H(z) = J J(x) G (x, z) dx. 

x. 
This problem and 1he algorithm of its solution was analysed in the 

points 2, 3. To select the solution .fX(x), (a is the regularization para­
meter) we calculate the following conditions of the problem: 

I. The precision of the calculation of H(z) cannot be worse than the 
required precision of the magnetic field in the created magnetic system; 

2. For all permissible interval (x1, x
2

), a function .fX(x) must keep 

the sign; 

3. l.fX(x) I s J dop is the permissible current density. 

Suppose, that there exists a continuous solution .fX(x), that satisfies 
all three conditions. 

In the second step, we divide the interval (x
1
, x

2
) in M subintervals 

(x; , x~ ), i = l + M . 

Then 
M X~ 

H(z) = L J ; .fX(x) G (x, z) dx, z E U. 
i= I XI 

(15) 
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For each subinterval lx~, x~ I, the conditions of the theor ms about 

the mean value (as function f 1(x) was chosen) are satisfied , therefore 
i 

M X 

H(z.) = 2: G (.~, z.) f ~ .f'(x)dx, J = I + N, (16) 
1 i = I I 1 XI 

where N is a number of points in the region U, in which field H is 

analysed, .\1 is a point in the i-th intervals. The limits x~, x~, were 

chosen in order to 
i+l 

X X 

f ~ fl(x)dx = f ~+• .f\'C)dx = 10 , i.e., 
x. x. 

~ (17} f .f\x)dx 
x. 

then 
M 

H(z.) = 10 2: G (J., z.). 
1 i =I I 1 

(18) 

Obviously, for different z. there exists its point .~. but ba ed on the 
1 I 

theorem of the mean values it always is in the intervals lx; , x~ 1. This 

means that unknown coordinate x . is too in the i-th interval and it is 
I 

defined from the condition of minimum of the functional 

N 

cp(x;) = 2: 
j =I 

acp(x .) N 
_I= 2: 

dXi j= I 
/: f 1 (x) G (x, z.) dx- J

0
G (x ., z.)] X 

x
1 

1 I 1 

aG(x., z.) 
X I 1 = 0. 

ax. 
I 

(19) 

(20) 
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Then the solution of the problem is reduced to the solving of M 
sequential nonlinear equations in the form (20) with one unknown, mo­
reover, the limits of the existence of the solution are know n. 

Note that we have analyzed the algorithms for creating a magnetic 
system with infinite thin conductor. 

It's easy to demonstrate that for the finite size of the conductor the 
algorithms completely keep, only in this case the Green f nction goes 
under the sign of integration by the section of the conductor. 

When the permissible geometrical region of arranging th e conductor 
defines as the nonlinear one, the density does not involve particular 
difficulties, too, and can be described by the similar algorithm. 

7. Example of a Numerical 
Calculation of Real Magnetic System 

Let us see an example of practically developed a·pplication or"the algo­
rithm to create non-metallic superconductor (SP> of the bipolar magnet, 
that was composed by triangular winding of excitement (i ts geometry 
is shown in Fig. I). 

From Fig.! it is obvious that the magnetic system was c mposed by 
triangular winding and it has a perimeter dimension of the aperture of 
magnet. 

Using the developed numerical algorithm for the nonlinear inverse 
solution we calculate the mathematical model of the system, with a 
homogeneous field in which 80% of the aperture represent 

10-s + 10-6 for the magnitude of file 4-5. 

The mathematical problem was set in the following mode. 

Let in some region (see Fig.la) an homogeneous field H(z), z EU be 
created, using an arrangement M of the conductors of the triangular 
section in the given limited region S with condition that the current 
10 for all conductors is the same. For this magnetic system 

M 

H(z) = 10 L G (s;, z), si E S, z EU. 
i= I 

In Descartes system of coordinates si = {x;, Y;}' z = {x, y} 

(21) 

25 



26 

' d 

d't 

·• J, 

2 3 

I, 

a 

c>'-10 - · '· = 10'
0 

M •1.8 

X 

d:to ·• £. :IQ- 6 

M:48 

2 2 3 I, 

b 

Fig.2 a, b. The continuous distribution Ja(s) and the approximation Ja(s) or the 
constant subinterval runction «blocks,. 



y _ y. + b (x- xi+ a)2 + (y- yi + b)
2 <22) 

G (s., z) = ; In 2 2 + 
1 (x- x.- a) + (y- y. + b) 

I I 

y- y.- b (x- x . - a) 2 + (y- y . - b/ 
+ I In I 2 I 2 + 

2 (X - X. + a) + (y - Y. - b) 
I I 

x - xi + a x - ·\ + a 
+ (x - xi + a) x arctg b - arctg + b + 

Y- Yi- Y- Yi 

x - xi - a x - xi - a 
+ (x - xi - a) x arctg + b - arctg b 

Y- Yi Y- Yi-

where a is the half-dimension of the tire along x, is the half-d imension 
of the tire along y, is the Green function for the triangular tire in the 
Descartes system of coordinates II 1. 

=N +N 
X y' 

N is the number of the creep tire of axis x, N is the number of the 
X )' 

creep tire of axis y, or 
k 

M = L Nl' 
i=l 

k is the number of the winding blocks, and N1 is the number of the 

creeps in the 1-th blocks. 
We must define not only 10, but undctermine the block configuration 

that forms the homogeneous field H(z) for every point z E U with a 

precision non less 10- 5 - 10- 6. 

In Fig.2 continuous distribution .t_; a nd <~~ for M = 48 creep and the 

approximation of its continuous <<blocks>> function for each s bintcrval 
arc given . 

The Table contains the numerical calculation for the optimal variant 
of the magnet, an in Fig. I b the scheme of this magnet is presented. 

8 . Conclusion 

I. In this paper we analyze the method of solving the nonl inear in­
verse problems which arc necessary for the description of the mathe­
ma tical model of magnetic system of some class. 
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2. The developed numerical algorithm, based on the method of regu­
larization of the solution of non-correct problems with restrictions in 
the searched parameters , is reduced to the nonlinear type of problem 
(14) for the solution of M sequential nonlinear equations with one in­
cognita. It permits one to avoid difficulties, related to the solution of 
the system of the nonlinear equations. This solution is frequently redu­
ced to the inverse problem . 

3. To realize the proposed method in a computer a numerical algo­
rithm was developed and a Fortran programs package was written. 

4. Using this complex program, some practical problems [71, [8 I were 
solved, one of those was analyzed as an example in section 7. 

5. The results of the numerical modeling of some real system were 
used for designing and creating the supperconducting accelera tor of High 
Energy Laboratory, JINR. 
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NEW EFFECTIVE MASS IN ADIABATIC APPROACH FOR THE 
MUONIC THREE-BODY PROBLEM 

I.V.Puzynin , T.P.Puzynina, Yu.S.Smirnov, S.I.Vinitsky 

The method for the construction of the adiabatic equation describing the 
discrete and continuous spectra of the mesic molecule systems by means of the 
general ization of the concept of the effective mass is presented. 

The investigation has been performed at the Laboratory of Computing Tech­
niques and Automation, JINR. 

HosaSJ 3Q><t>eKTHBHaSJ Macca s aAHa6aTH'IeCKOM noAXOAe 
AJISJ MIOOHHOH 3aAa'IH Tpex TeJI 

J.1.B.ny3biHHH, T.n.ny3biHHHa, IO.C.CMHpHos, 
C.J.1.8HHHU.KHH 

npe}.\JIO>KeH MeT0/1 nOCTpOCHI111 ai1Ha6aTH4eCKOI'O ypasHeHHII }.\Jill Olli1CaHI111 
/111CKpeTHOI'O 11 HenpepbiBHOI'O cneKTpOB Me30MOJ1eKyJ111pHbiX CHCTeM nyTeM 
OOOOW.eHHII nOHIITHII 3Ql<PeKTHBHOH MaCCbl . 

Pa6oTa BblnOJlHeua oJia6opaTopHH Bbi411CJ1HTeJ1bllOH TexHHKHH aoTOMaTH-
3aUHH munt. · 

In this work we discuss our numerical experiments on calculating the 
energy levels of mesic molecules and mesic atoms cross sections in the 
framework of some adiabatic approaches. The performed analysis, first, has 
to explain the known disagreements between adiabatic and variational 
calculations of the energy levels of the weakly bound states of ddfl and d(ft 
molecules and , second, to give the basis for the construction of new effective 
adiabatic equations describing adequately both discrete and continuous 
spectra of mesic molecular systems. We called the above disagreement «the 
white hole>> in the history of flCF theory II 1. Let us remember this 
disagreement. In 1984 we obtained the following values of the weakly bound 
states energy in the three-body adiabatic representation 
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-e11 (ddfl) 

1.956±0.001 (eV) 

-e 11 (dtfl) 

0.656±0.001 (eV). 



We used 884 states of the two centers probl em, in particular , 52 states 
of the discrete spectrum and 832 states of the continuous on . Our adia­
batic results have stimulated the direct variational calculation 121. How­
ever later in our variational calculations we obtained the more accurate 
values 

-E II (ddp) 

1.97475 (eV) 

-E II (dt!t) 

0 .6600 (eV). 

In these calculations 131 we used about 2660 variationa l functions. 
Since up to now we have <<a monopoly >> in adiabatic calcula tions of the 
binding states of mesic molecules , we suggest the explana tio n of the 
disagreements mentioned above. We think that this will be useful for 
the correct applications of adiabatic approaches in the muonic three-body 
scattering problem and other problems . 

The adiabatic representation 141 is based on the expansion of the 
Shroedingcr three-body wave function tJJ(R, T) over a complete set of 

two center problem solutions 

tJJ(R, T) = ~ <ll . (r, R) R- 1x. (R). 4.- J J 

(I) 

J 

Using formally the Kantorovich method for reducin a partial 
differential equation to a set of ordinary ones we obtain the infinite 
system of radial equations 

[ 
d

2

2 
+2M£- U .. (R)]x .(R) = ..£, U .. (R)x.(R) . 

IR II I 4 . If J 
( l = j 

(2) 

Here 

2 t./. I AD J(J + I)- 2m 
;; (R) =2M£; (R) + R + H;; (R) + R2 , 

J d d J 
Vii = Hii (R) + dR Qii (R) + 2Qii dR + Bii (R). 

We have proposed the boundary conditions of radial wave functions 
for bound states and the scattering problem, which allows the same 
treatment for both problems as a nonlinear functional equation. For 
solving this equation we have constructed a new numerical method 12 I, 
that is a generalization of the continuous Newton method . 
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X 
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0 .5 

20 

-0.5 

40 60 

R 
80 

Fig. I. The radial wave functions I -
X\ I) for the open and 2 - X~ I ) for the 

closed channels in the reaction of the 
resonant scattering (l!t)n= 1 + cl -+ 

~ (t!t)n= 1 + d with orbital momentum 

J=l 

- Is -l II ' / Our first adiabatic 
calculations were performed in 
the two level approximation. In 

- 2 5 ~ v 1975 first we obtained the qua-
sy-stationary state of the dt11 

molecule wit h the total orbital momentum J = I and M = 10.894 (in 

this units of reduced mass m• = 202.024m ). For this mass we found ,. 
the energy 

-c = E = 0.68 eV (£ = E- £ 1(oo)) 

and the widt 
r = 10.87 eV. 

The radia l wave functions x~l) (R) for the open channel and 

x~1 ) (R) for the closed channel in the case of the clastic scattering 

8 

6 . 

:1 \, 

·f 
-2 
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I 

I 

M 

( (f1) Is + d -+ ( f,U) Is + d 

arc displayed in fig.l. 
This result however was not 

published in ref. [51. Now we 
have reproduced the transfor­
mation of this state to the 
weakly bound state when the 

Fig. 2. The dependence of the energy E 
(eV) and width r (eV) of the dl!t -mesic 
molecule (} = I , v = I) on the ellective 
mass M 



Fig. 3. The radial wave functions I -
x\ll and 2 - x~1 l for the J = I and 

the zero collision energy E = 0 

0 .8 

,(t!•)n=l+d-+ (f!<)n=l +d 0 .6 

effective mass M increases as 
parameter. 

0. 4 

0 .2 

X 

--Figure 2 shows the depend­
ence of the energy E and the 
width r on such a mass. For the 
mass value M:::.:: 11.01 we have 

- 0.0 .W"TT"'~....,.,rn-,..,....,..,....rrrrrrrrrTTT"TT""T"TT""T~R 

-0.2 

the state with the zero energy 
and the zero width. The radial _

0 4
. 

functions of such case arc 
presented in fig.3. The function 

20 40 60 80 

I of the open channel is decreasing slowly in comparis n with the 
function 2 of the closed channel. As the mass M increases, the dlf.-l 
system is transferred to the bound state. For the value M :::.:: . 11.12 eV 
we have obtained the «symmetrical>> value of the energy E = -0.68 eV. 
Therefore we can expect that the weakly bound state (J = l, v = )) 
exists and the value of the binding energy is similar to th is one if we 
take into account all the non-adiabatic corrections to the energy level. 
Indeed, our adiabatic and variational results are near to this value. We 
have the function E = E(M) and we can find for the <<exact>> value 
E = -0.66 eY the corresponding value of the effective mass M :::.:: II. II. 
The radial functions of this state arc presented in fig.4. 

Thus we have reproduced the 
variational energy level by 
choosing the effective mass M 
in the two level adiabatic appro­
ximation. 

We have performed the cal­
culations of the cross-section of 
the reaction 

( lf.-i) Is + d -+ ( lf.-i) Is + d 

fig. 4. The rafjial wave functions I -
x\ 1) and 2 - x~1 ) of the bound state 

(J = I, v = I) of the dt1<-mesic mole­
cule 

X 
0 .8 

0 .4 

-0.4 

20 
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a'\1( 1 o-20cm2
) 

80.0 .-- --------------, 

1=3 

60.0 

tj.L + d - tj.t + d 

40.0 
I= 1 

20.0 

o.ol ''''""' ,,..,;;;= '''""' ''''""~I 
0 .001 0 .01 0 . 1 10 

Energy(eV) 

x~2) corresponding to the reactions 

Fig. 5. Partia l eleastic scattering cross 
sections of 111 -atoms on deuterium nuclei 

using corresponding value of M. 
Our results of calculating partial 

(a~ 
1
) and total (a

11
) elastic 

scattering cross sections of 1f.l -
atoms on deuterium nuclei d 
(see figs.5,6) agree with other 
multichannel calculations 161 
and reproduce the known 
resonance for J = 3 
E::::: 21 eV. The radial 

form 
and 

wave 

functions x(l) x(l) and x< 2) 
I ' 2 I ' 

(t11) 1s + d _. (t,u) 15 + d 

and 
(d~-t)ls + t _. d + (lf.l)ls 

are presen,ted in figs.7;-8. 
A natural generalization of 

a 11 ( 10-20cm 2
) 

effective mass as a variable parameter 
appeared in the new effective 

120.0 ~----------·---------, 

two level approximation when 
we take into account non-adia­
batic corrections truly. We have 
obtained them by means of a 
canonical operator transformati­
on T =T(R, d/dR). This trans­
formation excludes nondiagonal 
terms in the right-hand side of 

100.0 

80.0 'I t~Ll· d - t!L+d 

60 .0 

40.0 

20.0 

the equation (2), including the 
operator terms 2Q(R) d/ dR. 
Thus, the above transformation 

0 0 1 ' " .... , . 
o.oo1 o.o1 o. 1 1 1o F1g. 6. Total eleastic scattering cross sec-

Energy( eV) lions of 111-atoms on deuterium nuclei 
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Fig . 7. The radial wave functions 
I - ~,Ill and 2 - ~~~ll for the 

I = 0 corresponding to the scattering 

pron:~s (11•) + d with two open 
channels at the collision energy 
F: = 0.3 eV (ahove the second thre­
shold) 

1.50 .,.-----------------, 

Fig. X. The radial wave functions 
I - ~,Ill and 2 - ~~~l) for the 

l = 0 corresponding to the scattering 

process (dl<) + t with two open 
channels at the same collision energy 
E = 0.3 eV 
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is the generalization of the known Best Adiabatic Appro'ximation 171. 
Finally we have obtained the new system of equations 

I d
2 

- d - '2 
{dMft - (R) dR 2 -JM 12Q(R, M) dR + V (R, M) I + ji} X (R, ji) = 0. (3) 

Here ji = 2Me is the matrix of channel momenta, 

Q(R, M) = Q(R) + (2M)- 1 ~Q(R), 

V(R, M) = V(R, M) + (2M)- 1 ~V(R) 
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0 

1=2 

R 

Fig. 9. The behaviour of the matr ix cle­
ments Q(R) relating 10 continuous spectrum 

arc the new potentials; 

f..l - 1(R) = I + (2M) - 1 ~u - 1 (R) 

is the new effective mass de­
pending on R and satisfying the 
asymptotic condition 

~Mft - 1 (R)-+l (4) 

if R -+ oo. No te, that ~M = M/ M is the matrix 
the Jacobi M and the adiabatic M masses; 

of corrections between 

00 

- 1( 4 ~ - 1 -~ii R) = LJ Qi/R)QJR)(E/R) - E/R)) 
j"#i 

(5) 

are diagonal corrections to unit. The re lation (5) is valid onl y if the 
sum is complete. Since in the calculations this sum has a finit e number 
of terms, the relation (4} is not valid exactly. 

On the othe r hand we have the approximate relation 

f..l - 1(oo) = I - (2M) - l i::::: 0.973 

(2M) - I ::::: 0.05339 (exactly for ddf..l ). 

(6) 

If we use only the finite number of states of the continuous spectrum, 
then we have the following value 

,T 1(oo) = I - (2M) - 10.28 = 0.985. (7 ) 

We explain this fact by the specific behaviour of the matrix elements 
relating to th e continuous spectrum. This behaviour is schematically 
shown in fig .9. 

Therefore if L is fixed and R -+ oo, the contribution of the continuous 
spectrum is lost in formula (6) since it is a locally incomplete set. 

As a result we have 

I (u- 1(oo)- ,U- 1(oo))/f..l - l(oo)l :::::I%. 
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Fig. 10. The cross section a~ 1 (I0-19 cm2) 

for reaction fJ!t ( F = 0) + p -+ 

-+ fJ!t ( F' = 0) + p, s = I I 2 

The relative difference between 
variational and adiabatic results 
is also about l% for both ddf1 
and dt11 weakly bound states. 

0 .1 

0 .01 

0.001 

The simplest variant of the 
proposed approach consists in 0 _0001 

using the relation (4) on whole 
interval 0 :S R < oo. o.oooo1 +-......... ~ ....... .,....,..TTn"...-~~,-~~,.--1 

Then we obtain a two level ap- 0
"
001 0 .01 

proximation 

0 .1 10 

Energy(eV) 

d2 d (8) 
{dR2 - (JM !2Q(R) dR + V(R, M) 1 + j)2} x(R, P) + o, 

where (JM is a variable parameter. 
Note that we can find this parameter with a fit of the d iscrete spect­

rum and then usc the equation (8) for the calculation of the cross sec­
tions of mesic atoms. 

We have considered the more complicated case for using the new 
effective mass. We have calculated the cross section of the scattering 
process 

P.U(t~)+p-+pf1 (t~)+p 

and obtained the true treshold 
behaviour as on fig. tO. For this 
example in fig.ll, 12 we de­
monstrate also the correspon­
ding behaviour of the new effec­
tive mass and the potential from 
the eq.(3). 

1.00 ,..---------- -----, 

We intend now to solve the 
inverse spectral problem in two­
level adiabatic approximation 

0.99 

0.98 

0.97 

0.96 

Fig. II. The effective mass ,u- 1 (R) of the 0.95 -h--.-..--r...-,.-,-,.-.-...,--,.,..,_.....,....,:r..,...,...,~...,__,.-,--,..-.,-~ 

mesic molecul pfJ!t for J = 0 °·00 5 .00 10 .00 15.00 

R 
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-
1.00 ,------,-- ---------------, Fig. 12. The effective V and adiabatic V 

potentials of the mesic molecule ppp, 
J = 0 V•l o-' 
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THE EXPERIMENTAL POSSIBILITY OF MEASURING 
THE MAGNETIC MOMENT OF NEUTRINO 

UP TO lO-ll OF BOHR MAGNETON 
WITH A NEUTRINO SOURCE 

O.A.Zaimidoroga 

It is shown that neutrino magnetic moment can be sensitively investigated by 
neutrino-electron scattering using high intensity artificial neutrino source . 

The investigation has been performed at the Particle Physics Laboratory, 
JINR. 

3KcnepHMCHTaJlhHble 803M0)KH0CTH H3MepCHH.!I 

MarHHTHOI'O MOMCHTa HelfTpHHO AO I o-Il MarHeTOHOB fiopa 
OT HeHTpHHHOI'O HCT04HHKa 

O.A.3aHMHAOpora 

HccJteJJ.OBaHI111 ucihpHHO-:MeKTpOinwro pacceMHI111 o•teHb ttyscTBI1TCJtbHbt 
K BKJta)l.y paCCCIIHI111, OOyCJtOBJtetiHOI'O Mai'HI1THbiM MOMCHTOM HCihp11HO. no­
Ka3att0, 'ITO Mai'HI1THbiH MOMCHT HCHTp11HO MO>KCT 6htTb 113MCpeH Ha 110)1.3CMHOH 
ycTaHOBKC JiopCKCmtO C IIOMO!llbiO BbiCOKOHIITCHCI1BHOI'O 11CKYCCTBCHIIOI'O HC­
TO'IHHKa uei'npmw. 

Pa60Ta BbtrtOJmeua o Jla6opaTOpH11 csepxubtCOKHx :mepr11ii OH SI H. 

The existence of magnetic moment of neutrino is already beyond the 
Standard Model <SM is QCD + electroweak theory). The leptons in SM are 
left-handed chirality. The alternative way to the SM is the generalisation of 
SM in a way to include a right-handed chirality states I I J. This leads for 
neutrino to have a magnetic moments and it docs not depend n the neutrino 
having or having not a mass. Also there are the sensitivity to the type of 
neutrino: 

- Dirac neutrino has a right-handed singlets and magnetic moment 
is proportional to the mass of neutrino; 

- Majorana type of neutrino has no singlets and magnetic moment 
is equal to zero. 

There are two experimental facts which arc in the favour of the ex­
istence of magnetic moment of neutrino. 
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- Deficit of neutrino flux from the Sun. 

- Anticorrelation of neutrino flux with the Sun activity. 

If the sola r neutrino flux is correlated with the solar cycle, the most 
viable scenarios advanced so far have built upon a large neutrino mag-

netic momen t. The Standard Model predicts p
1
, -10- 19 ,u 8" For solar sce-

narios, values of the order of I o-Il 11
11 

arc desired. The discovery of 

such a moment would thus clearly compel new physics beyond the SM. 
Serious theoretical efforts arc being made to explore new concepts lea­
ding to a large magnetic moment combined with a small neutrino mass 
12,3,41. At present, laboratory measurements limit the value of 11v less 

than 4 x 10- IO 11
8

. 

The key points for the explanation of the experimental facts are the 
following. T he passage of Dirac neutrinos with (diagonal) neutrino mag­
netic momen t through distances of the order of the convection zone of 
the Sun in the presence of a magnetic field can induce a spin precession 
resulting in a right-handed neutrino. Since this object is normally con­
sidered steri le, hence undetectable at Homcstakc, a change in the neu­
trino flux would result. With a magnetic field correlated with the solar 
cycle, the neutrino flux could follow suit via this mechanism. A Majorana 
neutrino transition magnetic moment, with only off-diagonal clements, 
interacting with a solar magnetic field, converts both spin and flavor. 
This effec.t must therefore be considered in a coupled fashion with the 
MSW effect. 

The impl ications of such a scenario arc: a moment - 10- 11 11 11 to-

gether with a magnetic field of - 104 gauss in the convection zone of 

the Sun and a field - 106 to 107 gauss in the center of Sun are ne­

cessary. Th is scenario is valid for !:!.m 2 < 10- 9 eV2
, thus, neutrino 

mass/ mixing parameters or the MSW effect play no role. 

Neutrino magnetic moments can be sensitively investigated by neu­
trino-electron scattering using a strong radioactive sources of antineu­
trinos and neutrinos. The presence of a magnetic moment adds a new 
component to the scattering cross-section. 

Weak elastic antineutrino-electron scattering is 

d~ 2 2 T meT 

[ 

2 

dT(q)~~. Q,+Q,(I-q) -Q,Q,-1} 
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h .l: 88 3 10-46 2· Q . 2 0 . Q 1 . 2 0 w ere u0 = . x em , i = srn w' r = 2 + sm w; me' mass 

of electron; T, recoil energy of electron; q, energy or antineutrino; Ow' 

angle of Weinberg. For ve-scattering Qi= i+ sin2 0w and Qr= sin2 0w. 

The electromagnetic cross-section is: 

where a is a fine structure constant. 

The recoil electron spectrum rises rapidly at low energies unlike the 
flat profile of weak v-e scattering, consequently, the cross-section is lar­
ger, the smaller the lower cut-off on the recoil energy. Furthermore, 
the recoil spectral profile in scattering provides a diagn stic magnetic 
signature by the liT dependence. 

c ... 
"' CQ 

(ii r 
"''lt'l4 :-..!.. . 

• • 0 

. !0 

z 
0 
E= 
~~~ 
Vl 

I 
Vl 
Vl 
0 
~12 
u , 

o L ............... l ..... ,~, 
0.1 

•.•. 1 •• , ••. 1 .. .... 1 •.• .... l . .. ,.,l ...... l •••... .t.,,,,, ,t, ,,,,.,I ... ,.,J,., ... .t. ,, , . . , I .. . ,,,!,, . ,,,,,,,.,, J. ,,,, , ,f,,,,,, , ,, ,,, j. , , ,,, .l, ,,,,,,,,. ,,,,.,., 

0.4 o.e 0.1 t 1.2 

RECOIL ELECTRON ENERGY, MeV 

Fig. l . Electromagnetic and weak cross-section as a Function or recoil electron energy 
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In Fig.l the comparison of the weak and magnetic v-e scattering 

cross-section with llv = 1.5 x 10-IO ll 
8 

as a function of the electron recoil 

kinetic energy T is presented. 
To detect such low energy recoil energy of electron we arc going to 

use the Borexino detector at the Gran Sasso Underground Laboratories 
in Italy [5]. T he Borexino will provide a high quality low-energy neu­
trino spectrometry with a low threshold (;?:: 0.2 MeV). We plan to 
investigate an tineutrino-electron scattering using a laboratory radioactive 

source of Sr90 - Y90, which emits antineutrino. The proposal to use a 
neutrino source to measure a magnetic moment of neutrino was pre­
sented in Singapore XXY Conference on High Energy Physics by 
R.Raghavanm P.Raghavan and the author [6). With such a source the 
low energy scattering signal in Borexino also can be calibrated. A 

l Mci Sr90 source placed just outside the fiducial volume of detector will 
induce a signal of the same order as a Sun. Besides that an important 
advantage of the source measurement is its differential nature (source 
«Om> - source «Of») so that the background concerns are peripheral. 
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Sr90 (T112 = 28 y, E = 0.56 MeV) max andY90 (T 112 = 64 h, £max+ 

+ 2.27 MeV) emit 2 ve's/Sr decay at equilibrium. Both {r -decays are 
unique forbidden types with precisely calculable shapes. The v-spectrum 
from this source of I Mci is shown in Fig.2. The scattering cross-section 
averaged in the energy region 0.2 to 0.8 MeV (the usual low energy 

signal window in Borexino) is calculated to be equal to 21 x 10- 46 cm2
• 

I Mci source (10 16 v/sec) placed near fiducial volume <3.5 m from center 
of Borexino) can produce ave- signal of 72 events/day d ue to a weak 
interaction. With a half year's exposure , the ve - cross-section can be 
measured to a precision of a few percent. 

The presence of a magnetic moment of the order - 10- to can be 
easily detected in Borexino. 

The signal enhancement due to magnetic neutrino sca ttering as a 
function of ft is shown in Fig.3. This curve indicates tha t with a pre-,, 
cision of a few percent of the scattering cross section, a upper limit 
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... 

of 2 x 10- ll can be set in Borexino. This value is by a factor of ten 
below the present limits. 

So, in conclusion, using a neutrino source we will be able to estimate 
an electromagnetic scattering in ve-scattering, to put a limit for right­
handed helicity states of neutrino. 

From the detector's point of view the V--source would allow one to 
evaluate a background, to prove a convolution method of pattern recog­
nition of v-e events and to study a possible systematic errors. 
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THE PRELIMINARY STUDY OF PRESSURIZED DRIFT T UBES 
AS A DETECTOR FOR PRECISION MUON TRACKING 

G.D.Aiekseev, S.A.Baranov, Yu.E.Bonushkin, G.A.Shelkov, 
B.Fialovski, G.V.Karpenko, N.N.Khovansky, Z.V.Krumstein , 
V.L.Malyshev, Yu.V.Sedykh, V.V.Tokmenin 

The pressurized cylindrical drift tubes are proposed as a detector for precision 
muon tracking. Such a detector is suitable where high individual c ordinate 
accuracy (well below I 00 microns) is needed and it helps to decrease remarkably 
a number of detecting layers. The preliminary results include an accuracy versus 
gas pressure dependence obtained with the system of stainless stee tubes of 
0 .2 mm wall thickness, 20 mm in diameter and 40 em long opera ted in the 
self-quenching streamer mode, using Ar/CH4/C4HI()-75/8/17 gas mixture. 

The investigation has been performed at the Laboratory of Nuclear Problems, 
JINR. 

J.1JylJeHHe ~peH<I>oBbiX TpyOOK flOBbiWeHHOro ~aBJieHHSI B KalJe­
CTBe TOlJHOro ~eTeKTOpa ~JISI MJOOHHbiX CHCTeM 

r.D,.AJieKceeB H AP· 

UHJIHHAPH'IecKHe Ape~HpOBbie Tpy6KH nooblweuuoro AaBJieHH!I n e/I.IIO>Ke­
Hbi B Ka'leCTBe TO'IHOI'O /leTeKTOpa IIJI!I MIOOHHblX CHCTeM. TaKOH AeTeKTOp 
lleOOXO/IHM B CJIY'Iae 110Tpe6HOCTH 8 KOOp/IHHaTHOH TO'IHOCTH JIY'IWe 100 MHK­
pOH, ou TaK>Ke noJoonlleT JHa'IHTeJibHO yMeHbWHTb 'IHCJIO AeTeKntpyiOw,Hx 
CJIOeB. npC/IIlapHTeJibHble pe3yJibTaTbl BKJIIO'IalOT 3aBHCHMOCTb pa3peweHH!I OT 
AaBJieHHII, IIOJiy'leHHYIO Ha CHCTCMe Tpy6oK 113 Hep>Ka8eiOw,ei1 CT3JIH C TOJI­
LU,HHOH CTeHOK 0,2 MM, 20 MM 8 AH3MeTpe H IIJIHHOH 40 CM, KOTOpble 
pa60T3JIH B C3MOr3CIILU,eMC!I CTpHMepHOM pe>KHMe 113 ra30BOH CMeCH 
Ar/CH4/CHI()-75/8/17. 

Pa6oTa Bbmonucua 8 Jla6opaTopHH !IAepubix npo6neM OIUUI. 

I. Introduction 

The investigation of an accuracy versus gas pressure dependence was 
done with the system of stainless steel tubes 20 mm in diameter ope­
rating in self-quenching streamer mode at different voltages. The tubes 
were exposed at the electron beam of Serpukhov accelerator. 

The main idea of the study is to measure the achievable coordinate 
accuracy with a tube of relatively large diameter. The re ults obtained 
with <<Straw>> tubes I I I indicate that with small diameter (few mm) and 
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in streamer mode of operation one can improve accuracy with pressure 
roughly as I I p. At such a diameter the statistics of primary ionization 
has an important contribution to an accuracy. With increasing diameter 
(few em) the diffusion plays increasing role and one could try to mini­
mize it varyi ng mode of operation, readout scheme, etc. 

Coming from analogy with <<straw» tubes let us call this detector 
"bamboo" tubes because of bigger diameter and more regidity. 

This detector was proposed )2,3 I as a good candidate for precise 
muon tracking for spectrometers with ironless muon systems. 

The present study is performed following the JINR research plan 
item <<Development of detectors for installation to be used with future 
colliderS>> and as a part of common R&D of Laboratory of Nuclear Prob­
lems JINR (Dubna) and Max Plank Institute (Munich) on precise muon 
tracking. 

2. Exper imental Setup 

Bamboo tu bes were 40 em long, 20 mm in diameter with stainless 
s teel wall 0.2 mm thick and gold-plated tungsten wire 50 microns in 
diameter, strung with 400 g. The chamber includes 4 parallel tubes, 
the forth one is shifted by 8 mm (fig. I). The tubes are blown in parallel 
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from a common volume which also 
contains high voltage circuit. 

The measurements were done 
S2 making use of very high intensities 

2•10••4 and 1•10••4 l/s per em 

it of anode wire for 10 and 15 GeV 
-- electron beam, respectively. 

Tracks were selected by coinciden­
ce of two scintillators and three 

I 

S2 

unshifted tubes. XP I 020 photo­
multiplier (S I) provided good tim­
ing signal for start in drift time 
measurements. 

tr eeeo. _ it-- -T4 are «bam-- • 1 of setup: Tl . 
-- - Fig. I. U.yoo -S2 ore ~ioto\l"o~ 

Tubes were operated in the 
self-quenching streamer mode with 
signal average amplitude ranged 

Tl T2 T3 T4 boo,. tubes, Sl 
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from 50 to 150 mV on 50 Ohm impedance. Current prea mplifiers we 
used had the gain equal to 20. After passing 50 m long cables the 
signals from 4 tubes and timing photomultiplier Sl were shaped (shaper 
threshold was set equal to 30 mV) and connected to the input of LeCroy 
TDC model 2228 A, which sensitivity was set equal to 170 psec/bin. 

We used gas mixture Argon/Methane/lsobutane = 75 /8/17 which 
provides an average drift velocity about 45 microns/ ns . 

3. Measurements and Results 

We measured a spatial resolution at absolute pressures from 1 to 
7 atm for several operation voltages (average signal amplit des) at each­
point. 

The value (Tl+T3)/2-T2 was monitored during the run, where T is 
the drift time, as well as the correlation in time for different pairs of 
unshifted tubes. The typical correlation plot for drift time of two tubes 
is given in Fig.2. 

Ru n= 203 .Type= I,Pres.sur· -:- = 

* 10 
2. 

Ul 

~ 1.75 -
:J 

• 1 .5 !-

f! 
ro 1 .25 !-

Q) I . 1-e 
...-4 .... 
.... 0.75 1-
~ ...... 0.5 --8 
E-1 0 . 2~- 1-

0. I I 
0. 0.5 1. 

T2 drift time (arb. unit s ) 

fig. 2. Correlation plot of drift times for two tubes 
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Fig. 4. Average resolution versus absolute pressure 

To reject background events in off-line data processing we used simp­
le algorithm: we took 2-dimensional plots of time correlations between 
the tubes l and 2, l and 3, 2 and 3 (which look like in fig.2) and 
rejected all bins with content less than 10% of maximal bin content. 

The drift time-to-distance function was calculated for ach meaning 
of pressure-voltage. For that we computed the convolution of drift velo­
city dependence on electric field [4) with field strength in cylindrical 
geometry. 

Spatial resolution R of a single tube was obtained under assumption 
of equal accuracy of all tubes from expression: 

R = sqrt(2/3)•((rl + r3)/2 - r2), 

where <<r» is the drift distance from track to the wire. As the beam was 
quasi-parallel to the axis of setup and had a small divergence (see cor­
relation plot in fig.2) we could easily produce the dependence of spatial 
accuracy on drift distance. For that purpose the drift distance along the 
radius of the tubes was cut into small «slices>> and for each slice quan­
tity R was computed. An example of obtained spatial resolutions for 15 
GeV electrons is presented in fig.3. 
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Figure 4 shows the behaviour of coordinate accuracy (averaged over 
the tube rad ius) with increasing pressure for 15 GeV electrons. 

The above data (in figures 3 and 4) are given with voltages providing 
the best (mi nimal) mean spatial resolution after the voltage scan at di­
fferent pressures. 

We observed also a remarkable change of signal shape with pressure 
increase. The duration of signal (at 10% level of amplitude height equal 
roughly to 100 mY I 50 Ohm) decreased from more than 200 ns at nor­
mal pressure to less than 50 ns at 8-10 atm. Being a known pheno­
menon it gives nevertheless an additional argument to the idea of pres­
surization as it minimizes an occupancy time per wire. 

4. Co nclusion 

The spatia l resolution below 100 microns was achieved with fast gas 
mixture and with tube of relatively big diameter for absolute pressures 
2 atm and above. That resolution was obtained at very high counting 
rate, close to a counting rate limit in streamer mode, so we may hope 
for even better accuracy at normal conditions. 

The resolution improves with pressure, which gives one a simple way 
to control a necessary level of coordinate accuracy of apparatus and to 
minimize the number of detecting layers. 

Note, that such type of detector was chosen for precise muon tracking 
by the AS~OT project.at LHC, and is being considered as a candidate 
for muon tracking in united ASCOT /EAGLE project at LHC, and in 
GEM collaboration at SSC. We expect this results to be of importance 
to our work on development of muon systems for the future colliders. 

Further investigations are required to understand in detail the pro­
cesses which influence the spatial resolution at high pressure. 

The authors are grateful to F.Dydak of MPI (Munich) for support 
and providing a necessary equipment, and to V.Obraztsov, V.Lapin, 
A.Petrukhin a nd T.Lomtadze of IHEP (Protvino) for their help in beam 
measurements. 
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KINETIC EQUATIONS FOR THE QUARK CONDENSATE 
IN THE NJL TYPE MODELS 

M.A. Kuptsov*, A. V. Prozorkevich, S.A.Smolyanskii*, V. D. Toneev 

In the self- consistent mean field approximation, the Vlasov ty e kinetic 
equation is derived within a schematic four-fermion superconducting model o.f the 
Nambu- Jona- Losinio type for an arbitrary group of internal symmetry. The 
Eguchi- Sugawara equation is generalized to the case of finite temperature and 
density resulting in the Ginzburg- Landau type equation. Perspect ves of the 
implementation of these kinetic equations for describing dynamics of the meson 
evolution in heavy ion collisions at relativistic energies are discussed. 

The investigation has been performed at the Laboratory of Theore tical Phy ­
sics, J\NR and at the Saratov State University. 

KwHent4eCKHe ypasHeHHSI AJISI KsapKosoro kOHAeHcaTa 
s MOAeJISIX nma HaM6y - Y1oHa - JlaJHHHO 

K.A.Kynu,os 11 AP· 

B paMKaX CXeMaTWieCKO~i 4-(jlepMUOIIIIOii cuepxnpODOJIIIU\eft MO teJHt THlla 
llaM6y- l1011a- Jla3HHHO 1\.1111 11p0~13DOJ1hll0~1 rpynllbl CHMMeTpHH B npH6JIH­
>KeiiHH caMocorJiacosaiiiiOro 1101111 nOJIY'IeiiO KHIIeTwleCKOe ypanue11ue B11aco­

ua. IIOJIY'Iello TaK>Ke ypam1e1me nma JlaiiJtay- r~un6ypra, KOTopoe llllJIIIeTCII 
o6o6u.tei1HeM ypau11e11H11 Ery•111- Cyrauaphllla CJiy•m~t Koue•lllbiX TeMnepaTyp 
11 UJIOTIIOCTeH. 06Cy>KJtaKJTCII 11CpC11eKH11lh111pHMelleiU111 3TIIX ypa mleHHH )1,.1111 
OIIHCliiU111 }\HHaMHKH :JDOJIIOilHH Me30IIOB 11p11 CTOJIKIIOUeiiHH TII>KeJthiX HOIIOII 
u o611aCTH peJIIITHBHCTCKHx 311epr11~1. 

Pa6oTa nt.lllOJIIICIIa u Jla6opaTOpHH Teopent•leCKOH (jJHJHKu OIH II1 u Ca­
paTOIICKOM I'OCYJ\llpCTDeiiiiOM YIIHBepnneTe. 

A microscopic study of the dymanics of heavy-ion collisions is a central 
problem in the modern relativistic nuclear physics. In the last time much 
attention has been paid to the derivation of kinetic equation for describing 
the evolution of hot and compressed hadronir nuclear mallet. These results 
arc based mainly on the Walecka model but obtained by u ing a different 
technique II 1. A procedure to derive kinetic equations <KE) is not simple 

*Physics Department, Saratov State Uniwrsity, Astrakhanskaya 1!3 410071 SaratiJv, 
Russia 
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and, in this connection, the non-equilibrium statistical operator method 
introduced by D.N .Zubarev 12 I has some advantage because it permits one 
to overcome a large part of the path of deriving KE in a very general form 
without any specification of the interacting system. Recently, the relativistic­
invariant gen eralization of the Zubarev method has been carried out in paper 
131. where wi thin perturbation theory the quantum KE with collision integ­
rals of the firs t and second order in the interaction coupling were obtained. 
In particular the KE for the baryonic sector of the Walecka model were 
considered and the collision integrals of the first <Vlasov's type) and second 
(Bloch's type) order were investigated in the slowly changing field appro­
ximation. Spin effects have been involved into consideration naturally. These 
results can be easily generalized to other kinds of interaction with vertices of 
the 'three-tai ls" type and it has been done in 13 I for the case of chiral 
symmetry theory. 

In this pa per we shall take the method of ref.[31 as a starting point 
for deriving the KE of Vlasov's type for the quark condensate within 
the Nambu - Jona - Losinio (NJL) type models at finite temperature 
and density. As the first step, we consider the simplest version of the 
NJL model with the only kind of fermions and with chiral and transla­
tional symmetry breaking, the so-called Eguchi - Sugawara version of 
the NJL model 14). The more realistic quark SU(N) NJL model which 
may serve as an approximation of QCD in the long-wave length limit 
will be discussed in other paper. It is noteworthy that in the original 
paper lSI, .the translation symmetry theory at zero temperature has only 
been considered. The extension of the NJL model to the case of non­
zero temperature can be find in papers 161-191. The Eguchi - Suga­
wara model 14 1 takes into account both chiral and translational symmet­
ry breaking but at zero temperature. In the present paper this version 
of the NJL type models will be extended to temperatures different from 
zero. 

The initial Lagrangian density of the NJL type model with two kinds 
of the coupling constants has the following form 141: 

(x) = ljiiyVtp + g l(ljitp)2- (1hs1/')21- g' l(ljiy"tp)2 + (ljiysyntp)2). 

In the Hartree - Fock approximation, we get from here the Eguchi 
- Sugawara Lagrangian density 

ES (x) = 1ji (x) [iy- ~(x) Jtp, (I) 

where 
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;;,(x) = ms(x)I + iy5mP(x) + y11 m~(x) + y"m~(x) + y5y11m~(x), 

ms(x) = -2g Sp ( ~(x)lp(x)) , 
r 

mp (x) = - 2ig Spy 5 ( ~(x)tp(x) )r , 

m ~(x) = ( 4g' + g) Sp y
11 

( ~(x)lp(x) )r , 

m~(x) = (4g' -g) Sp y5y
11 

( ~(x)lp(x) )r. (2) 

Unlike ref.l4), the averaging in these expressions is performed by using 
the non-equilibrium statistical operator p(r), i.e. ( ... ) = Sp ... p(r). 

T 

This operator introduces the local temperature T(x) in this model. 
Equations (2) define a set of the non-equilibrium order parameters of 
the theory which are considered as a measure of the chiral symmetry 
breaking. 

Formally, the Lagrangian density (I) corresponds t the quasi-free 
motion of a particle with the translation non-invariant «mass}> matrix 
A 

m(x). According to eq. ( l), the quadrical equation of motion is given by 

(/ = al(x)l ax") 
,II 

2 II"' II A "'2 (3) {V - iy m.
11
(x) - )y , m(x) I V

11 
- m (x)} 1/'(x) = 0. 

Following ref. [3) and taking into account this quasi-free motion 
equation, the general KE can be written down in the approximation (2) 
as follows 

X ( l~p (x + y/2) 1/' a (x - y/2), H ES I )r. (4) 

Here the Hamiltonian H ES corresponds to the Lagrangian density ( 1) 

for the Eguchi - Sugawara model and lap (x, p) is the relativistic 

Wigner function 

lap (x, p) = (2n) - 4f d4y e -ipy ( -;pp (x + y/2) 1/' a (x - y/2) )r. (5) 

Keeping the first order terms in coupling counstants in eq. (4), one can 
get the resulting KE of the Vlasov type in the Wigner representation, 
to be nonlocal equation for (5). In the long-wave approximation, it reads: 
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,, at 1 {f "' 11}} i {f "' } 1 at a~ P -~~ = 4 , {m,
11

, Y + 2 , lm, pyl -4 1-a-, l-11 , py I I-
ax P,1 ax 

"'2 1 i "'2 - _l_ { at am } + _l_ ,_a_, [~, Yn I I + 2 (f, m I. 
4 ap ' ax11 4 ax11 

I! 

(6) 

Here the order parameters (2) can be expressed through the Wigner 
function (5) 

m (x) = Sp r I d 4
p I (x, p), a a 

(7) 

where the index enumerates the order parameters from the set (2). The 

matrix ra consists of a combination of corresponding coupling constant 
a nd y-matrices. So, the correlations (7) mean that the KE (6) is a 
system of nonlinear integro-differential equations for the Wigner 
function and i ts zero moments. 

Discussing the final KE (6), one should note that the system under 
consideration will be translationally invariant at thermodynamical 
equilibrium. T his leads to the following requirement for the equilibrium 

Wigner function t<0>: 
(0) "'2 {f(O) "' } _ 0 (8) 

(f , m(O) I + , [m(O)' JY'/ I - . 

T he matrix st ructure of the equilibrium order parameter is defined in 

ref. [9 1: ~(O) = mT I+ OJ.ty0
, where ~ft is the chemical potential cor­

rection and m T is the scalar mass at finite temperature. We have 

mT-+ moo at T -+ 0, where moo is the mass of a condensate boson in 

the NJL model at T = 0. The last relation for the ~(O) agrees with a 

general structure of the Wigner / 0) =a/+ b y 11 function [ 10 ). After 
II 

substitution of ~(O) and f (O) into eq. (8) we get the equality a = b 

assuming b = b(p)p . Below we shall consider a simpler case when there n n 
is no vector fields, which results in the zero changing of the chemical 
potential in the equilibrium state, ~ft = 0. 

In this case it is possible to derive a closed system of equations for 
weakly non-equilibrium order parameters ~~ = ~ - ~(O)" Let us assume 

that ~! (x, p) = f (x, p) - t<0>(p) is also small and substitute o~ and 
~I (x, p) into eq. (6) restricting ourselves by linear terms for small 
deviations from an equilibrium state. After carrying out the Fourier 
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transformation, we arrive at the following system of equa tions for non­
equilibrium order parameters: 

~ma(k) =I Sp J d 4
p :~(I {!(0)(p), {~~(k), ky}}-

" I iJ/(O)(p) " 
- {f(O)(p), l~m(k), fl'l' I} - 2 lk ap , l~m(k), l'Y II -

aj (O\p) " . " (0) 
- mT {k iJp , iJm(k)} - 2mT [am, f (p) [). (9) 

These equations can be considered as a certain analogy of the gap 
equations for the non-equilibrium state. 

The initial model L1grangian is independent of interna l symmetry of 
fields involved. So, the KE (6) and (9) based on this Lagrangian are 
valid for any SU(N) version of the NJL model. In this sense the above­
derived KE (6) and (9} can be considered as genera lized KE. In 
particular, the vector meson degrees of freedom iri (x) may be 
eliminated by the Ficrz transformation. 

The Vlasov type K E (6) is reasonable in ·the self-consistent field 
approximation. It is not very hard to get the collision integral of the 
Bloch type to be second order in the coupling constant (see ref. [3 ]). It 
is noteworthy that in this case a quasiparticle scatten ng should be 
expressed in terms of «residual>> interaction, i.e. for t e Lagrangian 
- . = . - V.~'l'· By constructing ~. we have C . ). in the Har-

tll Ill Ill II 

tree - Fock approximation. 
In this sense, a free motion is not yet a foundation of the perturbation 

theory in the NJ L type models. However, it docs be so when considered 
with the Lagrangian density (I). In this case the mass shell equation 

is given by l = m;. and depends on T(x). 

Eq.(6) describes the kinetic stage of the system evoluti n when a fast 
motion is eliminated from consideration. However, the exact equation 
of motion for the Wigner function (5) can be derived by means of the 
method of ref.[!! ). In the Hartrcc - Fock approximation for (I), it 
results in the following equation: 

II i a 1 a a " < 10> 
y (P + -

2 
-)J(x, p) = exp (- -

2 
---a ) m(x) f(x, p). 

II a II i) II p 
X Xl110 II 

The sign (m) means that the operator iJ/<Jx(',) acts onl. on the matrix 

;;(x). It is of interest that cq.(IO) may serve as a basis for deriving a 
closed system of wave equations in fields (7). These equations arc a 
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straightforward generalization of the Eguchi - Sugawara wave equations 
for the case of finite temperature. In the limiting case p -+ 0 and 
T-+ 0 we have pT-+ f-l

00 
and our equation of the Ginzburg - L1ndau 

type is reduced to that of rcf.l41. 
Eqs. (6), (9) and (I 0) may be used for extracting the inform a lion of 

various kinds about a meson subsystem of nuclear matter. So, their 
solution for the Wigner function can provide the canonical kinetic des­
cription of <<bozonized>> quark systems (as well as hydrodynamical 
description, problems of the proper frequency and decrement constants 
etc.). Particula rity of this description is the presence of the order 

"' parameters m(x). In some cases, it is possible to write down a closed 
system of equa tions for bosonic degrees of freedom without any refer­
ence to a fermionic subsystem. Therefore, eqs. (6), (9) and (I 0) seem 
to be quite promising for the description of dynamical phase transition 
of the chiral symmetry restoration in a bosonic subsystem and for the 
study of meson properties in hot and dense nuclear matter. 
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THE OBSERVATION OF THE HEAVY STABLE 
POSITIVELY CHARGED fi+ (S= -2) DIBARYON 

B.A.Shahbazian, T.A.Volokhovskaya, A.S.Martynov 

We have succeeded in observing an event which is unambiguously interpreted 
as the weak decay of the heavy stable positively charged 11+ (S= - 2) dibaryon. 

Its mass, equal to Mif+ = (2377 .5 ± 9.5) MeV /c2 is in fair agreement whh the 

masses of the two heavy stable (S= - 2) neutral dibaryons, (2408.9 ± 11.2) and 

(2384.9 ± 31.0) MeV/c2, recently found. 

The investigation has been performed at the Laboratory of Hi h Energies, 
JINR . 

Ha6JIJOAeHne TSDKeJioro cTa6HJihHOro, 

nOJIO)I(HTeJihHO 3apSI)I(eHHOro Jj+ (S= - 2) AH6apHOHa 

S.A.Wax6a3SIH, T.A.BoJioxoscKaSI, A.C.MapThiHOB 

HaM yAaJJOCb o6uapy>KHTb co6biTHe, KOTopoe OAH03Ha'IHO HHTepnpeTHpy­
eTCII KaK CJJa6biH pacna11 TII>KeJIOI'O CTa6HJihHOI'O, llOJIO>KHTeJibiiO 3ap11>KeHHOI'O 
ii+(S= -2) JIH6apHoua. Macca er'O, paoHall Mif+ = (2377,5 ± 9,5) MsB/c2, 

uaXOJIHTC!I 8 XOpoWeM COrJJaCHH C MaCCaMH JIDYX He)laBHO HaH)IeHHbiX TII>KeJibiX 
CTa6HJJbHbrx (S= -2) uei'tTpaJJbllbiX AH6apHOftOB, (2408,9 ±II ,2) H 

(2384, 9 ± 31 ,0> MsB/ c2 . 

Pa6oTa obmOJJueua u Jla6opaTOpHH BhiCOKHx JHeprHH OH~H . 

Recently we have reported [I ,2,3 I on two events, found on photographs 
of the JINR 2m propane bubble chamber exposed to 10 GeV /c proton beam 
of the Synchrophasotron, which were inte!.Preted as the prod uction and weak 
decays of the heavy neutral stable H (S= -2) dibaryons of masses 
(2408.9 ± 11.2) and (2384.9 ± 31.0) MeV /c2

, coinciding with each other 
within the limits of errors. Moreover, the masses of these tw events are very 

close to the lowest state of S= -2 dibaryons, I= I, J :rr. = 0+, {f} = {10*} 
stable with respect to strong decays of a mass 2370 MeV /c2

, predicted by the 
Callan- Klebanov- Kunz- Mulders soliton Skyrme-like model [4). 

Fortunately, the propane bubble chamber technique makes it possible 
to search for all the three charge triplet components sim ultaneously, via 
weak decay modes 
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Jl+-+ p + 1\, 1\-+p+n -
(I) 

P + 1\ +no, 1\-+p+n -
(2) 

p+l\ +n++n-, 1\-+p+n -
(3) 

p + p + K-, (4) etc. 

H -+ p + L- , L--+ n + n - (5) 

H - -+p+l\ + n - +n-, 1\-+P+n - (6) etc. 

Therefore we have started with the search for the charged heavy 
stable dibaryons in the sample of events, compatible with the 
topologies (1) - ( 4). 
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The if'" dibaryon suffering weak decay if+ -+ p + 1\ + n°, 1\-+ p + n 
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On the I Oth of January 1992 a noteworthy event was found in this 
sample (Figure). A beam proton produces a four-prong s tar of a total 
electric charge Q = +4. The most intriguing in this star is the black 
kinked track. The appearance of its first part, 1.14 em long, situated 
between the star and the kink - vertices, suggests that it is due to a 
very slow heavily ionizing positively charged massive part icle, suffering 
violent scattering in propane. The second part is certainly d ue to a slow 

proton, p = (261.5 ± 5.7) MeV /c, which stops in propane. A slow Y 0-
P 

particle is clearly seen ncar the star. The black track of the positively 
charged decay particle is due to a slow proton of p = (259.7 ± 

p 

5.8) MeV /c momentum, which stops in propane. The second decay track 
is due to a slow negative pion of p - = - (100.8 ± 2.2) MeV /c , which 

1l 

also stops in propane, is captured by a carbon nucleus, which de-exci-

tates, evaporating two short-range protons. Thus, the Y 0 can be due 
to the weak decay of a lambda-hyperon only. Indeed, the invariant mass 

of the (p, n-) pair is (1114.5 ± 1.5) MeV /c2
. The hypoth esis on emis­

sion of this lambda from the primary interactioh vertex fa ils to fit the 

event with x2
( I V - 3 C) = 50.4. This negative result is d ue to a large 

noncoplanarity angle, 1J = (0.36312 ± 0.03254) radians, f rmed by the 
supposed line of flight, connecting the interaction and d ecay vertices, 
with the decay plane. Contrary to this, the hypothesis o n emission of 
the lambda hyperon from the kink-vertex fits well th e event with 

/ov -3C> = 2.92, C.L.= 40.5%, "" = (263.4 ± 6.1) MeV/c. The pro­

ton and negative pion transversal momenta p = (97 .4 ± 4.5) and p 

pn - = - (98.2 ± 5.0) MeV /c coincide within the limits of errors. 

Thus there arized the problem of the identification of the very slow 
massive particle able to produce two baryons, a lambda yperon and a 
proton, at least. It should be noted that the best meas rement of its 
momentum for the proton hypothesis was performed with a relative error 
of 80%. There are measurements, also with large errors, ascribing ne­
gative charge to the particle, e.g. pK- = - (101.7 ± 98 .6) MeV /c for 

the K- -hypothesis. Therefore we had to examine all pos ·iblc imitating 
reactions induced by both positively and n~gativcly charged particles. 

(i) Of all very slow positively charged particles only th e L+ hyperon 
is able to create a lambda hyperon and a proton. The hypothesis on 

the reaction sequence L+ + n -+ i\. + p, i\.-+ p + n- fai led to fit the 

event with l (2V - 6C) = 645.8. Here one has only two unmeasurable 
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parameters, the I\ and :r+ momenta. There were no (2V-4C) fits for 

the hypotheses on the reaction sequences :r+ + n-+ p +I\+ n° , 

I\-+ p +n- a nd :r+ + (2n)-+ p +I\+ n, I\-+ p + n-, M(2n) = 2M
11

, as 

well. 
(ii) No successful (2V-4C) fits of the reactions 

K- + (2p) -+ p + I\ + n°, I\ -+ p + n-, M(2p) = 2M 
p 

K-+(2pn)-+p+I\+NJ/1':!.0 , 1\-+p+n-, M(2pn)=2M +M 
p II 

:r- + (2p)-+ p +I\+ NJ I!':!. 0, I\-+ p + n-, M(2p) +2M 
p 

have been obtained . By NJ and !':!. 0 the neutron and all known 
neutral N- a nd !':!.-baryons are meant. 

(iii) The only alternative remains the hypothesis on weak decay mo­
des of a posi tively charged stable dibaryon. The hypothesis on two-body 

weak decays if+-+ p +I\, I\-+ p + n- failed to fit the event with 

i<2V-6C) = 95.9. 
-+ Only the hypothesis on the three-body weak decay H -+ p + 

+I\+ n°, I\ -+ p + n- fits well the event with x2<2V-3C) = 3.24, 
C.L. = 35.6 % .The best-fit parameters are: Mil+= (2377.5 ± 

± 9.5) MeV / c2
, Pif+ = (50.0 ± 40,6) MeV/c, tgaif+ = 0.47661 ± 

± 0.27837, /3if+ = 0.93508 ± 0.12774) radians. Here ail+ and /3if+ 

are the dip and azimuthal angles, respectively. The large errors are due 

to the violen t scattering of if+ in propane. 

Finally, one cannot exclude that the weak decay if+ -+ p + I\ + n° 
took place a t rest. In this case one is deprived of the possibility of 

performing the kinematical fit except the ( 1 V -3C> fit on I\ -+ p + n­
hypothesis. T hen, using the fitted parameters of the lambda and four 

constraint equations, one can compute the mass of the if+ dibaryon 
and the three components of the neutral pion momentum. The mass 
obtained in this way, Mif+ = 2378.2 MeV /c2 is in excellent agreement 

with the above cited value. 
Our attempts to perform exclusive multivertex kinematical analysis of 

the production (both on a proton and multibaryon targets) and the weak 

decay of the if+, were not successful. We ascribe this failure to the 
obscuring effect of the nuclear cascade process. In the recent article (3 I 
we arrived a t the conclusion, that both the heavy (M11 - 2Mr,) and light 
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(Mfl <2M!\) dibaryons with the accompanying two ka ns of S = +1 

strangeness have appeared as a result of the phase transition of the 
nonstrange quark-gluon plasma <QGP) formed in the moment of the 
collision of 10 GeV /c protons with carbon nuclei. Thus the stable di­
baryons serve as signatures of the QGP. 

This new mechanism of the stable dibaryon formatio fits well our 
empirical hypercharge selection rule: <<The hypercharge f free hadrons 
(the exotic ones including) cannot exceed unity: Y :5 l>> ( [5] and the 
earlier papers cited therein). 

Now, it should be noted, that the quite unsufficient precision of the 
contemporary methods of the time interval measurement (~ t = 
= 9.11- 11 s) do not permit one to discriminate the creation of the 

H (- 10- 22 s) against the substantial background of K + -mesons pro­
duced together with hyperons or antikaons in nuclear ca cade processes 

(- 10-22 sec). This circumstance depreciates the tagging by the 

K--+ K+ strangeness exchange (~ S = +2) process, used in the expe­
riments [ 6, 7 ). Therefore the reliable identification of the weak decay 
of the stable dibaryons H, if+, if, if- - iurns into a· problem of 
paramount importance. The urgency of this statement bee mes quite evi­
dent for the production of dibaryons via phase transition mechanism, 
for the realization of which the collisions of relativistic ions with nuclei 

are best suited. But the backgrounds of any kinds, the K+ mesons inclu­
ding, due to nuclear cascade and fragmentation processes are the highest 
possible ones in this case, as well. Therefore we are doomed to scru­
pulous multivertex kinematical analysis of a candidate for stable diba­
ryon weak decay observed, like the one, developed in [ 1 ,2,3] and this 
article. And the more dense is the material of the detector used (pro­
pane, fibre scintilla tors, nuclear emulsions), the more imperative is the 
necessity of such an analysis, irrespective of the projectile used. 

Thus we have succeeded in observing an event of weak decay of a 

heavy stable positively charged dibaryon, if+-+ p +A+ n°, 

A-+ P + :n;-, of a mass Mif+ = (2377.5 ± 9.5) MeV /c2• This value within 

the limits of errors coincides with the masses of two neutral heavy di­
baryons (2408.9 ± 11.2) [2] and (2384.9 ± 31.0) MeV /c2 [3 ), observed 
earlier. For the present, at the cited errors one cannot speak of 
electromagnetic mass splitting. The mass, averaged over the three 
events, is (2390.4 ± 17.2) MeV /c2

, i.e. -2Mr: The formally estimated 

effective cross section of the if+ production in p12C collisions at 
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10 GeV /c is 100 nb. The time of flight before the weak decay of the 

if+ is 1.8 · 10- 9 s. 

Of all 1f+ weak decay modes (1)-(4) the simplest topology belongs 
to the mode (4). Note, that within the limits of errors Mjj+ = M K - + 

+2M . Then the laboratory proton and K- -meson momenta arc p = p p 

= MP (/3 Y)if+ and pK- = M K- (f3 Y)if+ · The weak decay via this mode 

would look out as a narrow trident with the radius of curvature of the 

K- trajectory in a magnetic field equal to RK- = (MK- /MP) RP. 

Perhaps th ts decay mode is best suited for the counter experiments 
with live targets. But even in this case for an unambiguous identification 

of the Jf+ one needs for either (IV -3C) or (2V - 4C) kinematical ana­

lysis, depending on coordinates (the K - momentum) of the K - decay 
-+ - --vertex. The search for H, H , H, H -dibaryons is in progress . 
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