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In 2003-2004 the collaboration NA48/2 at the CERN SPS collected
a large amount of data (~ 6 x 107) on the decay K* — 7*7%x°.
The dependence of the distribution on the invariant mass of two neu-
tral pions Mo (Fig. 1) shows a cusp-like anomaly in the vicinity of
charged pions threshold Myo = 2m. [1,2].

As was pointed out by N.Cabibbo [3] this anomaly is a result of
charge exchange process 777~ — %70 in the decay K+ — n¥atn—
The amplitude of the decay KT — 77 7%#° reads:

T =Ty + 2ia,kTy; ag(ntn™ — 7%720) = f2 ; aO; (1)

To(KT — ntn%70); Ty (KT — ntn~nt) — unperturbed (without fi-
nal state interaction) amplitudes; ag, az — s-wave 77 scattering lengths
in the isospin I = 0 and I = 2 states; k = ++/MZ2, — 4m? - the rela-
tive momentum of charged pion in the reaction 7t + 7~ — 70 + #0.

Under charged pions threshold this momentum becomes imagi-
nary k = ik thus

_ 2k2
IT|? = T2 + 4%T1;M§0 > 4m?,
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Fig. 1: Decay rate vs Mgo

o

Above the threshold MZ, > 4m? the decay rate is proportional to
the square of scattering lengths difference (ap — az)?, the fact known
for many years [4] while under threshold Mg, < 4m? the decay rate
acquires interference term linear in (ap —az). Such irregular behavior
of the decay rate at threshold allows one to extract the value of the
difference (ap — a) fitting the experimental data [1,2] on the rate of
K* = 757970 decay.

For many years the semileptonic decay K* — 7t n~etv (K4 de-
cay) was seen as a cleanest method for measurement of 7 scattering
lengths due to only two pions in the final state and well known connec-
tion between the pions phases difference in s and p- wave states with
scattering lengths [5]. In addition it is desirable to know scattering
lengths values with highest possible accuracy as at present the Chiral
Perturbation Theory (ChPT) predicts their values with unusual for
strong interaction precision (~ 2%).

The discovery of cusp effect by NA48/2 collaboration open a new
challenges for precise determination of scattering lengths. The fit
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Fig. 2: A=(data-fit)/data versus MZ,: a — fit without pionium formation; b — fit
including the electromagnetic effects

of the experimental distribution making use of two theoretical mod-
els [6, 7] being the extension of Cabibbo approach to higher order in
scattering lengths (~ a?) allows to determine the them with accuracy
comparable to theoretical predictions [1,2].

Nevertheless there are two issues unsolved in the above models.
At charged pions threshold one has to account for electromagnetic
interaction of pions, leading to bound states (pionium atoms) just
under threshold. In Fig. 2(a) the result of the fit without electromag-
netic effects is shown [1]. The discrepancy at charged pions threshold
is a result of neglect of this effect in the theoretical approaches. The
better fit can be obtained (Fig. 2(b)), when the authors add a free
parameter relevant to a term describing the expected formation of pi-
onium atoms decaying to 7°7° at threshold. However the extracted in
such a way probability of pionium atom creation K+ — 7+ + A 4, -
normalized to the K* — n¥7T7~ decay rate turn out to be twice
larger than the theoretical prediction [8].
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The second problem closely connected to the bound state forma-
tion is the absence of a reliable way in upgraded approaches [6,7]
to estimate the contribution of higher order terms in strong interac-
tion. To account for electromagnetic interaction leading to unstable
bound states one needs expressions for decay amplitudes including the
strong interaction between pions in all orders,the task which can’t be
obtained in the framework of two mentioned above [6, 7] theoretical
models.

To resolve these challenges, we make use the well known methods
of non-relativistic quantum mechanics. The amplitudes of kaon decay
to two pions can be presented as the convolution of the unperturbed
amplitude My(r) with the two pions wave functions describing strong
interactions in the 7t7—; 7%7° states and appear to be a solution of
couple Shrédinger equations [9]:

M.(K »7ntn) = /\I’j(r)MO(r)d3r;

M, (K — n°n°%) = /\I/I(T)Mo(r)d%; (3)

—ATV (1) + U (r) + Uen ¥y (r) = 2T (r);
—AT,(r) + Upn U (r) + Unc¥e(r) = E2T, (7). (4)

Here k., k,, are pions relative momenta in charge 777~ and neutral
7070 pairs, while Uy, are relative potentials in 77 elastic and charge
exchange interaction. Assuming that only s-wave scattering wm scat-
tering take place and strong potentials with sharp boundary U, >
ki(n), making use the known asymptotic behavior of wave functions
and unitarity constrains we obtain a set of relations expressing the
decay amplitudes through unperturbed one My., My,, and 77 scatter-
ing amplitudes f, (777~ — 7%7%), fo(ztr —7T77), fu(xl7® —
m070)

. ) ace(1 — iknany,) + ikna?
M. = MOC(]' + lkcfcc) + tknMon fo;  fee = z;

D )

_ . . 2

Moy = Mo (1 + ik fon) + iheMoc o fo = 2ol hellee) ket
fo=2: D=(1-iketce)(l — iknany) + knkea2. (5)
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In the case of exact isospin symmetry in the vicinity of threshold
these amplitudes manifest itself through the scattering lengths:

_az—ag _ap + 2as _ 2ap +a:

Qg = 3 y OGnn = 3 y o Qee = 6 (6)

To account for electromagnetic interaction among the pions we took
advantage of well known receipt [11]. It turn out that to include the
electromagnetic interaction in the considered approach it is sufficient

to do a substitution: ik, — 7 = dlog[GO(k;ZHFO(kT)] where Fy, Gy

T=7ro
are the regular and irregular solutions of the Coulomb problem (Hy-
pergeometric functions). In relevant region kro < 1 (ro — strong
potential radius):

T =ik — am [log(—2ikrg) + 2y + ¥ (1 — i€)];

Re = —am log(2kr) + 2y + Re(1 = i6)] € = 5

Im 7= kA2, A= exp (%£>|F(1+z’§)|. (7)

Here v = 0.5772 is the Euler constant while (&) = 'ﬂoiig(g)—di—
gamma function.

Inclusion of the electromagnetic interactions in a such way leads
to the bound state in the very narrow region under charged pions
threshold and correctly accounts for the electromagnetic interaction
in all kinematical region [10]. It seems that the difference between
predicted rate for creation of pionium atoms and fit result at thresh-
old is due to the fact that in the vicinity of threshold besides the
bound states there are contribution from unbound pairs, whose elec-
tromagnetic interaction gives almost the same size contribution as
the pionium decay [12].

Another place where the developed approach can be applied is
the K.4 decay. As was mentioned above it is ideally suited for deter-
mination of w7 scattering lengths. From experimental data on K4
decay the phases difference between s and p pions states § = §; — dp,
can be extracted.
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The preliminary analysis of the experimental data obtained by
NA48/2 collaboration leads to large discrepancy between the predic-
tion for the value of scattering length ao from ChPT and its value
obtained from experimental data [13] on K4 decay.

As was shown in works [14,15] this discrepancy is due to the
neglect of isospin breaking effects in the experimental data processing.
Account [14] for the electromagnetic interaction between the pions
in the decay K* — nt7w ev and isospin breaking effects due to
the possibility of charge exchange reaction among the pions in the
final state [15] allows to adjust the data for scattering lengths from
NA48/2 and theoretical predictions.

The considered approach can be applied to the wide class of the
decays with two or more hadrons in the final state, leading to better
understanding of strong interaction and giving the unique possibil-
ity to check different theoretical models predictions for meson-meson
interactions at low energies.
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