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IIPFJU1CJIOBME 

AHrnH~CKH~ ~H3HK ToHH XHnToH POHn CKKpM (!923-!987) ocTaBHn 

qpesa~a~O ffPKH~ cne~ B COBpeMeHHO~ ~H3HK6 ~pa H sneMeHTapHUX ~ac
T~. llo.nyqHa MaTeMaTi.ttlecKoe o6pasoBaHHe B KeM6p~ll:e, oti MHoro neT pa-

6oTan a o6nacTH TeopeTHtlecKo~ ~epHo~ ~H3HKH a aTOMHOM QeHTpe Xapy~ 
anna. CneQHanHCTaM-~ep~HKaM xopomo H3B6CTH~ s~KTHB~ HJKnOH-HyR

noHH~ noTeHQHan CK!ipMa /I/, a TaKJKe . aome~M a yqe6HHKH TeopeMa · · 

BeTe-Poysa-3nHOTTa-CKHpMa /2/, OTHOC~ru!Cfi K o6onoqe~o~ OC~HnnfiTOp
HOtl Mo~enH ~pa. B KOHI.~e 50-x ro~oa CKHpMOM 6~ paspa6oTaH opHrHHMb

~~ no~xo~ K ~H3HKe ~acTH~,onKparo~~~cH Ha rny6oKHe Tononor~ecKHe 
~eH •. Caoeo6pasHe sToro no~xo~a 6~o HacTonbKO pasHTenb~, tlTO 6onee 
~Byx ~eCHTHneTH~ OH pasBHBMCfi JIHmb CaMHM CKHpMOM H HeMHOrOtlHCJie~- • 

. MH ero nocne~oaaTeJIHMH. ToJibKO a 80-e ro~H 6~no ycTrutoBJieHo, tlTO Mo

~enb CKKpMa M0'!1:6T paccMaTpHBaTbCfi KaK npe~eJibH~ c;ryq~ KBaHTOBoR· 

xpOMO~HHaMHKH, ~TO HH~HKpOBMO noa~eH~ HHTepec K M0~9JIH, 06HXO~-

' ~ CTan TepMHH "CKKpMHOH", CHMBOnH3HpyT01JlH~ o6pas npOTHJK9HHOrO 6apHO

Ha, paCCMaTpHBaeMOI"O KaK ~pMHOH, TIOCTpOeHHH~ H3 6030HOB~ H OTIHC~Bae
MOI"O KaK COnHTOH, H~eJieH~ H6KOTOpHMH TOnonorHtl6CKHMH xapaKTSpHCTH

KaMH. CooTBeTcTayro~HR Tononor~ecKHR sap~ HHTepnpeTHpoaancH CKKp-. 

MOM KaK 6apHOH~. 

HccJie~oBaHHH no MO~enH CKHpMa,a~oJIHe~e a nocne~He ro~H,noKa-

3MH qpe3B~a~Hyro DnO,D,OTBOpHOCTb TOTIOJIOr~eCKHX M9TO~OB B ~H3HK6'tlaC

TH~ H npaaHJibHOCTb ~Hs~ecKHX_~e~. B~BHHJTHX CKHpMOM. Mo~enb CKKp7 

Ma OTHOCHTCfi K TaK Ha3~BaeMHM H9JIHHe~ CHrMa-MO~eJIRM CO CTIOHTaHHO 

HapymeHHott KHpMbHOR cHMMeTPHeR. KaK 6~o noKasaHo a p~a· pa6oT, 

KDaHTOBaff xpOMO~HHaMHKa. B npe~eJie 60JibmOrO ~CJia ~eTOB OKa3~BaeTCfi 

3KBHBaJI6HTHOR M930HHOR T90pHH, KOTOpru! B HH3K03HepreT~6CKOM npe~eJie 

3~6KTHBHO annpOKCHMHpyeTCfi H6JIHHeRHoR Clii"Ma~Mo~enbD. 
KpaTKo· MOJKHO CKasaTb, ~To MO~Mb CKHpMa oKasanacb o~eHb y~a~w 

06pa30M HH3K03HepreT~6CKOR ~H3HKH CHJib~ B3aHMO~eRcTBHR, npaBHJibHO 

CXBaT~BaiD!llHM·ee OCHOB~e ~epT~. B paMKax 3TOR MO~eJIH y~aeTCHCpaBHH-

·T6JibHO npocTHMH cpe~CTBaMH y~oaJieTaopHTenbHO onHcaTb asam&o~eRcTBHe 

HJKJIOHOB, OCHOBHhle CTaTHCT~6CKHe CBO~CTaa'6apHOHOB. qTO l!t6 KacaeTCfi 

M630H-6apHOHHUX B3aHMO~eRCTBHR, TO S~6Cb COrJiaCH9 Jimiib.KatleCTB6HHOe, 

tlTO e!lle pas ·no~t~epKHBaeTMO~eJibH~R xapaKTep 3TOR cxew. O~HaKo HHTe

pec K M0~6JIH CKHpMa HCKJIDtlHT9JibHO B9JIHK H 06ofiCHfi9TCfi TaM, tlTO 3TO . 

nepBru! peaJIHCT~eCKM M0~9Jib, KOTOpru!, 6y~H OTHOCHT9JibHO npOCTOR, 

B QeJIOM aepHo cxaaT~aeT cHMMeTPHA~e H CTPJKTyp~e caoRcTaa ~epHoR 

lf!HSHKH ·• 

· Uenb, KOTopyro npecne~T HacTofillllie JieKqKH, cocTOHT a TOM, tlT06~ 
npOCTHMH MaTeMaTHtl6CKHMH cpe~CTBaMH ~OH9CTH ~0 cnymaTeneR-~H3HKOB rny-
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60KOe CO~ep~aHHe ~e~ CKHpMa, BHRBHTb HX BHyTpeHHee e~HHCTBO H no
KaaaTb 6oraT~e B03MO~OCTH HX pa3BHTHR. Bee TOHKHe MaTeMaTHqeCKHe 
~OKa3aTe~bCTBa H BUK~~KH, a TaK~e HeKOTOpHe BCUOMOI'aTe~bHHe CBe~e
HHR H3 KypCOB7 He,BXO~HmHX B npOrpaMMy UO~I'OTOBKH ~H3HKOB, B~eCeHH 
HaMH B ~OUOnHeHHR, qT06H He neperp~aTb OCHOBHOH T9KCT ~eK~H~ •. llpe~
~e qeM nepeXO~HTb K OUHCaHHD CaMOH MO~e~H CKHpMa H ee CBOHCTB, H~ 
npe~CTaB~ReTCR He6e3HHTepeCHHM npoc~e~HTb sa HCTOpHqeCKID~ paaBHTHeM 
~e~, npHBe~HX K OKOHqaTe~bHO~ ~OpMy~HpOBKe MO~e~H, T.e.npOB9CTH 
KpaTKH~ peTpocneKTHB~ o6sop pa60Thl CKHpMa/3-12/. 

§ I. MO,II;FJlb CIOO?MA: MCTOKH M 3B0.1.liOUID1 

ilOUHTaeMCR BhlRCHHTb Te HCXO~HHe ~H3~eCKHe ~eH, KOTOpHe npH
Be~H T.X:P.CKHpMa K HTOI'OBO~ ~OpMy~HpOBKe ero MO~~~H 6apHOHOB /3,4/. 
~R STOI'O 06paTHMCR K CpaBH~Te~bHO pe~KO ~HTHpyeMhlM paHHHM pa60TaM' 
CKHpMa /5-11/, no KOTOpbN npoc~e~HM noc~e~OBaTe~bHyiD SBO~D~HD npe~
CTaB~eHH~ aBTOpa MO~e~H 0 CTpOeHHH ~epHO~ MaTepHH.B STHX pa60Tax 
CO~ep~aTCR OpHI'HH~bHhle I'HnOT93hl H ~or~KH (rHnOTesa "~epHOtt ~eMOK
paTHH11, ~eR CO~HTOiiHOI'O MeXaHH3Ma H ~p.), .HI'PaD!llH9 CY!llecTB9HHyiD 
po~b B COBpeMeHHOH TeOpHH C~bHhlX B3aHMO~eHCTBH~. 

llepByD nonHTKY nocTpoeHHR Mo~e~H ~epHo~ MaTepHH CKHPM npe~npH
~ 5 Haqane 5~x ro~os, nocTaBHB nepe~ co6oU s~aqy ~aTb xoTR 6H 
KaqecTBeHHoe oC>l,RcHeHHe ussecTHID: !( TOMy speMeHH ::JKcnepHMeHT~bHhlX 
~Tos d cTPoeHHH R~pa. B qacTHOCTH, ~H nHT~cR HaHTH oTaeT Ha sori
poc: noqeMy 3KcnepHMeHT~bHhle HsMepeHHR p~Hyca ~pa paa~~HHMH Me
To~aMH npHBO~RT K CY!lleCTBeHHo pasHHM pesy~bTaTaM. B aKcnepHMeHTax 
no oC. - pacn~ H no pacceRHHD Tmte~HX ~ep 6~~o ycTaxos~eHo ,_ qTo 
p~HYC R~pa MOl!t8T 6HTb ·Bhlp8.l!teH ciJOJ>My~o~ ,R: ~5rf-1f., ·-f0f5GM-, 

· r~e A - qHc~o HyK~OHOB B ~pe. 13 TO lite speM.R: sKcnepHMeHTN no 
pacceRHHD 6~CTphlX S~9KTpOHOB Ha ~pax H cneKTpOCttOnHlleCKMe HCC~e~o
BaHHR MesoaTOMOB npHBO~H~H K CY!lleCTBeHHO M9HbmeMy 3HaqeHHD ~~R pa
~HYCOB ·~ep- R~ -1.2·A.f/.,·-IO-f3 CM. B pa6oTe 1954 ro~a /5/ CKHpM 
TIOKa3HBaeT,KaKHM 06paaoM MOl!tHO 060CHOBaTb Ha6nm~aeMoe paa~HqHe B 
paMKaX MO~S~H "nHOHHO~ l!t~KOCTH11 , K paCCMOTpeHHD KOTOpOI\ Mhl H nepe
XO~HM. 

1.1. Mo~e~b "nHoHHoA l!t~KOCTH" 

CKHpM npe~~O~ paCCMaTpHBaTb ~po KaK HeKOTOpyD H9Cl!tHMaeMyD 
3~8KTp~eCKH H91\Tp~bHyiD11nHOHHyD l!t~KOCTb nlt:), 3anO~Hml!llYD mapoo6;-

*)llO-BlW!MOMy, CKRpi! noHHMaJI no~ lien xo~eHcHpoBaHHyJD llJasy .fi" 11 

£+- fL- , •B ltOTOpO:li WIOTHOCTH ./1i*"· H :;r- paBHH B ItaJK,ItO:li TO'llte. 
I 
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pasHyro odnaCTb p~ca R . B It~o:li To'llte npocTpaHCTBa 3TY ~OCTb 

MO~O xapaKT9pH30BaTb HeKOTOpol\ CK~RpHOI\ TI~OTHOCTbD H HSKOTOpHM 
aeKTopoM B npocTpaHCTBe HsocnHHa. B l!t~KOCTb norp~eHH HYK~OHHhle Hc
TOq}{HKH,cHRbHO B3aHMO~etiCTByD!llH8 C TIHOHaMH VI 3aH~aD~e 06~aCTb MeHb-· 
mero p~Hyca ;?' . IToaToMy B 3~cnepHMeHTax nepaoro THna, r~e CY!llecT
BeHHhlM RB~ReTCR B3aHMO~etiCTBHe· C TIVIOHaMH, Mhl nonyqaeM 3HaqeHHe /(, 
a B 3KCnepHMeHTax C 3~eKTpHqecKH sap.R:l!tSHHHMR qacTH~aMH, r~e ~aKTHqec

/ 
KH npORBnfleTCR pacnpe~eneHHe aneKTpHqecKOI'O sap~a B ~pe, - }? i 

T.e. cpe~HeKB~paTHq}{hlH sap.R:~oahlfi p~Hyc. 
0nHpaRCb Ha 3TH npe~cTas~eHVIR, a pa6oTax ;5; H /6/ CKHpM y6e~H

Te.i!bHO npo~eMOHCTpHpOB~KaqecTBeHHOe COI'~acHe MO~e~H 11 TIHOHHOH l!t~

KOCTH11 c HaaecTHHMH oKcnepjiMeHT~bHHMH ~axi-ibtl;iH o6 o6onoqeqHcli c.TpyK
Type .R:~pa; 0 KOnneKTHBHhlX ~B-Hl!t9HHRX B . ~pax, a TaKl!te C .R:BH8HHeM Ha- _ 

ChlllleHH.R: R~epHHXrFHn, B pa6oTe /6/ OH npe,IVIOJKHn MaTeMaTHqecKyD ~opMy
HHpOBKY MO~enH 11UHOHHO~ l!t~KOCTH11 , Bb!6paB B KatieCTBS HCXO~HO!i CTaH
~apTHyD n~OTHOCTb ~aHrpSHmMaHa ~ OIIHCaHRa B3aHM0~9:liCTBH:li IIOH9:li HYit-
nOHOB c nces~ocK~RpHbNH nHOHHHMH nonRMH /13/: · 

0 

X~- 1 [(~it/ +Ka.!J_'""J-lii (i-(110'" +i-~tsZ ·$.) ~ . (I. 1J 

3~eCb no~qepKHBaHHe CHH3Y yKa3HBaeT Ha.npHH~nel!tHOCTb BSKTOpa ~ , 
OTIHCbTBaD!llei'O TIHOHHOe none, H30TOUHti9CKOMy npOCTpaHCTBy; J;. _:. H30-

CTIHHOBhl8 MaTpH~H fiay~H, CTIHH0p-H30CTIHH0p iJt OTIHChlBaeT non,e HyK
ROHOB. 0TMSTHM, tiTO B Bhlpa~eHHH (1.1) OTCYTCTByeT MaCCOBbill q~eH "ro
RhlX11HyKnOHOB, T.K. CKnpM npep,nonmKHn, tiTO Macca HYK~OHOB HMeeT HYK
nOHHoe npOHCXO~eHHe H B03HHKaeT 3a CtieT iflJIYKTY~HH TII10HHhlX none~\ 
(iflJiyKTY~HM nnOTHOCTH 11TII10HHOI\ l!tH.Jl,~oCTH"). flOXOlKe, tiTO 3TO O~Ha H3 ::> 

nepBb!X ~OpMy~HpOBOK ~eM "conHTOHHOI'O M8XaHH3Ma~' CYTb KOTOporo HaH-
6o~ee OTtieTnHBO c~opMy~HpO~aHa ~~99BHM /36/ H 3~9TCH B TOM, 
~TO CHnbHO B3aHMO~eHCTByD~8 tiaCTH~ B paMKaX HenHHeliHOH. TeOpHH TIO~R 
MO~O OTII1CHBaTb KaK KOn~eKTHBHhle B036~eHHR B CHCTeMe cna6o CBR3aH
HhlX ~~aMeHT~bHhlX none~\: ilpH 3TOM narpaHlKHaH TaRO~ TeOpHH ~omteH 
CO~epl!taTb ~Hrub HSCKOnbKO ~~aMeHT~bHhlX no~el\ H ~onycKaTb C~~ecT
BOBaHI1e tiaCTH~eno~06HhlX (conHTOHHhlX)pemeHH!i, KOTOphle H 6y~T OTIHC~~ 
BaTb BCD cneKTpOCKOTIHD Ha6RD~aeMhlX tiaCTH~ H HepapXHD HX B3aiDdO~el\CT-

, BHti. ~.R: pe~Hs~HH caoen ~eH CKHpM Hcno~bsoa~ npeo6pasoBaHHe HyK-

nOHHoro TIOnfl B~~ . J -~ ,,, ' e ( . 011 r:- ,1, '1 ( • c:- , l 
't' .. ==- xp -t--zros~·.fl-)'t'=V2: -1-t.rs~·!J..)ijl. (1.2) 
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I',IIe .!1. = fE!,iJ ~ e,IIHHI1trnbl~ nceB,IIOBeKTOp B H30CnHHOBOM npOCTpa.HCT-
Be. B peay~bTaTe HyK~OHHaa qacTb ~arpa.H~eeoti n~OTHOCTH (I.I) npHo6-

peTaeT"Maccoeyro" ,II06aeKy £.~?# nHOHHOI'O ITp011CXOl!t,I\eHI1R 

t.Jf.tfrJM~ .,.i'P+f(!·t~:.+rs){~cJJ'f('£ :aJJ J/.1, 
( 1.3) 

r,IIe f fk / = ¢' - CKMRpHaa "n~oTHOCTb ni10HHoti lKH,I\KOCTH", fj 
KOHCTaHTa CBR3H ni10HOB. flpeo6pa30B8HI1e (~.2), KOTOpoe CK11pM Ha3b!Ba

eT 6eaMaccoebiM npeo6pa3oeru-meM llio~.H, no CYTH, RB~ReTcR K.HpaJibHhiM 

npeo6pa30Ba.HI18M. ~eHHO C OC03HaHI1eM Ba~OCTH KHpMbHOti CI1MM8TpHH 

B !fl.H311Ke ~pOHOB CBR3a.Ha noc~e.I\yJOfi!aR. MO,I111!fJHKaQHR MO,I\8~11 "n.HOHHOH 
~H,I\KOCTH''. 

v I, 

I.2. KHpMbHaR MO,I\H!fJHKaQHR MO,I\8~11 

~eR paCm11p8HHR H30CDHHOBOH CHMMeTp11H HyK~OHOB.,I\0 KHpMbHO~ 
enepBble, nO-BH,II.HMOMy, 06C~MaCb B Heony6~HKOBa.HHhlX HCC~8,I\OB8HI1RX 
B.llay~11 11 q,ffHra, a 3aTeM 6~a pa3BI1Ta e pa6oTax A.llattca, M.re~R~ 
Ma.HHa, .P .~etiHMaHa, IO.IDe.HHrepa 11 .LIP· ( no,I~po6Hoe 113~011\eH.He .I\aHO e KHI1-

re /14/, KpaTKI1H oqepK H,IIetf KHpMbHOH CHMMeTpi1H ITpHB8,I\8H B ~OnO~He
HHH A·.) •. CKHpM YJKe e I9o8 ro.I\Y e pa6oTe /8/ npHXO.I\HT K KHpMbH0-11H

eap11a.HTHott MO,I\H!fJMKaQ11H ~.W,I\8~11 ~'ni10HHOti JKH,I\KOCTH" V. !flaKT11qecKI1 CTp0-

11T O.I\HY 113 nepBbiX He~I1HetiHwx peMI13aQHtt KHpMbHOti rpyniTbl Sl1{2.}~.. ~ 
5U (2)R-He~HHetiHyJO (} - MO,I\8~b. B ,I\OnomieH118 K Tpl1n~eTy n110H..:. 

HhlX no~eti OH BBO,I\HT no~e ¢0 11 HaK~~b!BaeT Ha ITO~R C/Jp: (t/Jo 
1 
!/;} 

CBR3b 

f ¢: = ¢o 2 -t- !/1.' = 02, ( 1.4) 

I',I\8. ~ - KOHCTaHTa pa3M8pHOCTI1 MaCCbl 11~11 o6paTHOti ,I\~HHbl .B CHCTe
Me 8.JJ,11HI1Q C =f. :::: i . . . flpH 3TOM TepReT CMb!C~ 8CT8CTB8HHOe o6o6-

.f c n,.Z .f 2 n,:l. . !Jl8HHe nHOHHOI'O MaCCOBOI'O q~eH_a 2. /( 1:;-*". - e 1\ ~ 'f'p B JI~paH-
JKI18He (I. I) 11 CKHpM paccMaTp11BaeT . .I\11JieMMy: ~1160 BBO.I\11Tb B JiarpammaH 
q~eH qeTBepToro nopR,I\Ka no ni10HHblM no~RM . : 0 2 ~ ¢-; , ~1160 
cqHTaTb, qTo Macca ni10HOB reHep11pyeTCR 3a cqeT B3a.HMO,I\8HCTBI1R C H~
JIO~, Bnoc~e,IICTBI111 3Ta noc~e,I\HRR B03MOJKHOCTb BMecTe c paHee Bb!CKa-

3aHHb!M ITpe,I\nO~OlK8HHeM 0 ni10HHOM npOHCXOl!t,I\8HI111 MaCCbl HyK~OHOB 6b!~a 
ITOHF:Ta Kil.K O,I\HO 113 ITpORB~8HI1H TaK Ha3b!BaeMOH "R,IIepHOH ,I\8MOKpaTI111", t ~> ' • • • • ·-

cor~aCHO KOTOpoti, B tlaCTHOCTI1, !f>Jr~TyaQI111 nMOHHhlX·no~ett_nopalK,IIB.DT 
Maccu HyK~OHOB, a ITI10Hbl np1106peTaroT Macey B peay~bTaTe B3a.HMO,I\8HCT
BI1R C HyK~OHOM. 

B !8! CKHpM OCTa.HaB~I1BaeTcR Ha eee,I~eHI1H B JiarpammaH ~aHa 4-ro 
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nopR,I\Ka no noJIRM ¢~ 11 BbiiTHCb!BaeT KHpMbH0:-11HBapl1aHTHblti Jiar_l?aH- . 
'KI1aH · B BH,I\8 

'X=-1 f{r~ct>pl+ i a~¢./]-j[i(fi(Jfl+tj(¢o+i.J$~~}]f/1. ( 1.5) 

ITo,I\po6~ aHMI13 aoaMo~ux c~e,I\CTB11ti. Teop1111.c JiarpaHXHaHOM (I.5),npo

Be,I\eHHblti a pa6oTe 8/ 11 npo,I~o~eHHb!ti e pa6oTe /9/, noKasan,KaK.HM o6-

paaoM.B paMKaX MO,I\8~11 MOJKHO ITO~yqi1Tb KaqeCTB8HHOe OnHCa.HI18 ITI10HOB 11 

HyKJIOHoa, a TaKJKe cTpaHHbiX qacTHQ - KaoHoB 11 r11nepoHoe. Mu He eTa

HeM BOCnpOH3BO,I\11Tb peay~bTaTbl 3TOI'O a.HMI13a, a HHTepeCyJOfl!11XCR qi1Ta

Te~eti OTOm~eM K pa60TaM /8/ 11 /9/. ~R Hamero paCCMOTp9HHR 6o~ee cy

fl!8CTB8HHO TO, qTQ1 0C03HaB CTeneHb C~OJKHOCTI1 ,1\MbHetimero 113yq9H11II MO

,I\~H, CK11pM nepeme~ K 11CC~e,I\OBaH.Hn B03MOJKHbiX ynpO!Jl8HHti 11 OCTa.HOBI1JICII 

Ha' .I\BYM8pHOM Bap11a.HTe JiarpammaHa' (I. 5) ,orpailJilmBllillCI:. li;3yrm ROMIIOH9H
TaMH H30B9KTOpa ¢o 11 ¢-f • 

· 0rMeTHM. BC9 'K8 HHTepeCHyiO HHTepnpeTaQHn, ITp8,I\JIOJK8HHyiD B pa60Te 

/9/ H n03BOJIII!Ofl!yJO BKJIJOqHTb B CXeMy MO,I\8JIH "nHOHHOH ~H,I\KOCTI1"KaOHbl, 
CKHpM npe,I\JiaraeT HHTepnpeTHpOBaTb KaOHbl KaK BOJIHbl, COOTB8TCTBYJO~He 
!f>JryKTyaQ11RM.n~OTHOCTI1 ¢ "nHOHHOH 1KI1,I\KOCTI1", ITHOHbl- KaK OCQHJI-

Jlm:(Wi HanpaBJI8HHH 1130138KTOpa $& , a HyKJIOHbl - KaK HeKOTOpb!e 

CHHI'yJIRpHOCT.Il C ,I\8T8pMHHHp0BaHHb!MH 3aKOHaMI1 ,I\BHJK8HHII
7 

B3aHMO,I\eHCT-
BYJ0ll!H8 C i:JHOHHb!M nOJI8M. • 

I.3 . .ILBYMepHsoBaHHaa MO.I\eJII:. (mmyc-rop.n;oH) 

B c;ryqae .n;eyx HaocnHHoawx KOMnoHeHT yc;roa.Hn ( 1.4) MOl!Uro Y.I\OB
~eTaopHTb, no;raraR 

rPo = C cos B(X;l} j ¢., = C st..n 8 (X, t.). 
( 1.6) 

Tor,I~a MeaoHHaa llaCTb ;rarpaHlKeBoti nJIOTHoc:H ( 1.5) np11~6peTaeT BH.I\ 

X= J: al(~&)2 -(Bx &}2
- f 11

(i- eos 4eJ], 
(I. 7) 

11 cooTBeTcTBYJO!Jlee ypaaHeHI1e 3tt;repa-]arap~a 
_'12 .z ' 
O'x B- d-e 8- K.2Sii1B=O 

( 1.8) 

8CTb CHHyC-POp,I\OH ypaBH8H118, B03H11Kmee nepBOHaqaJibHO B I'80M8Tp1111 

KaK ypaBH8HHe B~01K8H11II ITJIOCKOCTI1 ]o6aqeBCKOI'O B _TpeXMepHOe ~BKrr.ll
..I\OBO npocTpa.HcTao. B ¢H311KY sTo ypaeHeHHe 6~o BBe,IIeHo H.~eHKe~eM 
~ T.kaHTopoeoti /15/ KaK ypaeHeHI1e pacrrpocTPaHeHHR ,I\HCJIOKaQ11R e O.I\-
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HOMepHOM KpHCTanne. ITos~Hee 6un o6Hap~eH YHHBepcanbHMA xapaKTep 

I'O ypaBHemm. C eJ;"O nOMO!Ilb!O OmiCb!BaJOTCJJ 11 pacnpocTpaHeHHe Mai'HHTHOI'O 

noToKa B ~~oseiflcoHOBCKHX KClHTa'<Tax H ~BIDKeHHe 6JioxoscKHX cTeHoK B 

Ma!'HHTHUX KpHCTannax, H p~ ~pyrHX ifJHswqeCKHX RBneHHA /I6, I7/. 

B pa6oTax /8, IO, II/ CKHpM HameJI TPH THna pemeHHA CHHYc-rop~oH 
ypasHeHHR ( B cospeMeHHol!: TepMHHOnorHH OHH HasbiBaJOTCR 2'iT -KHHKOM, 

6HOHOM 1'1 6pH3epOM) 0 iflaKTHtleCKH B KOHI.~e 50-X - H8lffiJI9 60-X ro~OB 

nocTpOHB nepBYJO HHTei'pHpyeMYJO MO~enb TeOpHH nonJJ. B 3THX lite pa6oTax 

CKHpM. np~naraeT cxeMY .u;JIJI KBaHTOBaHHR rrpe,II)IOJKSHH!:lX KnaccHt~ec
KHX MO~enel!:. HpH 3TOM B pa6oTe./8/ OH BbiCKa3b1BaeT.9l!l9 O~y I'HUOTesy; 

cornaCHO KOTOpoA npH 3Hat~eH>UIX KOHCTaHTbl·. CBR3H C =h C/C! KBaHTOBhle 

conHTOHU CRHyc-rop~OHa, B03HHK8l0l!ll'l9 B CYI!l6CTB9HHO 6030ltHOtf nones ott 

TSOpHH, MOI'YT 6b!Tb 3KBHBaJieHTHbl iflepMHOHaM, yqaCTBYJOI!lHM B tl6Tb!peXiflep
MHOHHOM ssamm~el!:~TBHH. CKHpM nb!Tancn no~TBep~HTb BUKn~KaMH sTy 

I'HllOTesy B pa6oTe /IO/,O~aKO ee no~TBep~eHHeM en~~eT, no-B~HMO
My, CtlHTaTb pesynbTaT C.KoynMeHa, nonyqeHHutt B I975 ro~ /18/. B 
paMKax Teop>m B03MYI!leHHl!: KoynMeH ~oKasan SKBHBMeHTHOCTb·KBaHTOBol!: 

CHHyc-I'op~OH MO~enH CSKTOpy C HYJISBUM sap~OMMaCCHBHOl!: MO~enH THp
pHHI'a il ( J.+.l) HSMepeHHRx, onHcblsaeM!:lX· JiarpaH.llWaHOM 

- · - 4 - n -
X= ilji (~ (}"" 1/J - m,: 1/J.t/1- e ~ ( 1/J { f/1){1/l(l'f 1/J), (I. 9) 

r~e L/J · - iflefUI'IOHHoe noJie. 

B pa6oTe /II/ cosMecTHo c ~.ITeppi'IHroM CKHpM t~HcneHHo l'lccJie
~osan pac.ce.f!HHe KHHKOB 1'1 nOKMM, tlTO OHH COXpaHRIOT CBOIO iflopMy 1'1 

CKOpOCTb noCJIS CTOJ!KHOBSHHfl, T.e. OOHap~I'IB8lOT xapaKTepHue t~epTU 

nose~eHI'IR COJ!HTOHOB B CBeTe COBpeMeHH!:lX npe~cTaBJieHI'Itf. 0~HaKO HaH-

6oJiee CYI!leCTBeHHyiO pOJib B ,IJ,MbHel!:mel!: MO~I'Iifli'IKa.QHH nepBOHatlaJibHOtf 

(3+IJ-MepHOit MO~SJII'I CKHpMa cur>pano TO 06CTOJJTeJ!bCTBO, tlTO B'~ByMe
pR30BaHHO~ BepcRR csoel!: Mo~eJIH CKHPM o6Hap~HJI HanHt~He coxpaHRIO-
IIlerocn TOKa J. J# ( ;'1 ::. q -1) c KOMnoHeHTaMif 

o .( dB 
J =.zrr ax ; j ·t_ -1 ae a. -~, 

- 27T &t. i 'f'IJ =Cl, 
(I. IOJ 

COOTBSTCTBYJOIIll'll!: 3aKOH CmqiaHeHHH BUUOJIHHSTCH H63aBI'ICHMO OT ypasHe
HT'!H (I .8J, a TOJibKO B CMy HenpepHBHoCTH yrJTosoil nepeMeHHol!: 8 (X, t:) 
.HiiTei'~hHYJO coxpaHSrniitYJO BeJiwqi'IHy . . 

Q::. J j 0 
d X = 2~ { 8 (coo, t;) - 8 (- oo, t) j (I. II) --*~3TOMID:H 1'1 He no~ospeBaJI tlTO C00TB9TCTBYJOI!llf9 3TY.M pemefilfRM 

nces~ocifJepwqecKI'Ie nosepxHOCTI'I lnosepXHOCTif 3HHenepa c nocTORHHott 
Kpi'IBH3HOl!:) 6unlf OnlfCaHU 6l!l9 B I936 I'O~ I'60MeTpOM WTOl!:pBaJib~OM. 
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CKHpM npe,nJIO'KHJI HHTcpnpeTHpODaTb KaK "t~m!Jio t~aqTH~" no aHMOI'HH · c 

KJiaccHt~ecKol!: Mcxanimotl:, r~e 3aKOH coxpaneHHH t~lfCJia .tlaCTH~ MOJKHO csfi

saTb c ~enpepb!BHOCTbiO TpaeKTJpHH t~acTHQ. TaK~ o6pasoM, napanJieJibHO 

c ~.~HHKeJibmTel!:HOM u q.MHsHepoM /I9/ CKMPM BBCJI B ifl»s»Ky TonoJIOI'H~ 
tlCCKYJO KJiaCCHifJHKa.QHIO pemeHHA ypaBH6HHM .UOJIH 1'1 HOBUM THn 3aKOHOB COX
paHeHHH, UOJiytlHBillHX Ha3BaHH9 "rOMOTOnwqecKMe" 1'111H "TOUOJIOf'HtleCKHe" 

saKOHbl coxpaHeHMH. BoJTee no~po6Ho 3TH saKOHbl 6yAJT o6c~aTbCH a cJie

~llleM naparpaifle, Heo6xo~HMUe KpaTKHe cse~eHHH 1'13 anre6paut~ecKol!: TO

IIOJIOI'HH v.sJTarruoTca B _nonoJTHeHH~ B. 

I.4. Mo~eJib CKMpMa: MTOI'OBaR ifJopMyJI.HpOBKa 

IToRBJieHue· B ~ByMepusoBaHHott MO~eJIH seJT:tt~HHbl ( I. II J , J<OTopan 

COXp8.HH9.TCff HasaBHCHMO OT ~J/IH8MHKH MO~CJJH H MOlKeT Ob!Tb HHTepnpeTH

pOilaHa KaK pasHOCTb t~McJia "qacTu~" 11 "anTmacTH~". no6y~HJIO CKupMa 

. K nOHCKil.\'1 MO~HlPI'IKa~HH ( 3o I J-MepHOtf MO~eJIH ( !.5), ~onyCK8lO!lleA aHaJIO:_ 

I'HtlHbll!: 3aKOH COXpaHeHJilH. _neJIO B TOM, tlTO ~e ·a CBOHX nepB!:lX pa60T8.X 

/5-:-7/ C~tupri AonycKan, t~TO MOASJib "nHOHHOA lK~KOCTH" npuroAHa ~nR 
onJ/lCaHI'IH He TOJ!bKO Jt~pa, HO J/l OT~8JibHO B3HTOI'O 6apHOHa. K TOMY Bpe

MeHJ/l BbiHCHJ/lJIOCb, tlTO BO BCeX npo~eccax, o6ycJIOBJieHHh~ CHJibHbiMH,CJia-

6biMH 1'1 :3JI6KTpOMai'HH'rHUMH B3aJ/lMo~ei1CTBY.HMH~ C0Xp8.HH9TCH pasHOCTb tiJ/l

CCJI oapHOHOB 11 aHTM6apuoHoB. ITpu :'lTOM saKOH coxpaneHHH 6apHOHHoro 

t~Mcml., .BBe~eHHbltt E~BHrHepoM H E.WTtoKeJib6eproM ¢opMaJibHO ~JIH orpanu

lleHua B03M01KHbrx THUOB peaK~HM M8'K,I\Y 6apV.CHBMI'I, Tp~H~HOHHO CBH3b!Ba

JIH C CHMMCTpHetl COOTBCTCTB,YJO!Jli'IX JJaPpaH'KHa:nOB OTHOC>IT6JibHO KaJIH6po

BOilHbiX npeo6pa30BaHHM (no aHaJIOI'Hli C 3aKOHOM COXpaHCHHH 6neKTplitl9C

Y.OPO 38.pH~8.). \f?OpMMbHOCTb TaKOI'O HO~XO~a no~qepKHBaeTCH Y1fte TeM; 

tlTO Me'K,I\Y 3JieKTpHil9CKHM.3apR~OM 1'1 6apHOHHbiM tlHCJIOM HMCIOTCH CYI!l60T

B9HHb!e ifJH3Htl9CKHe pa3J!Htli'IH. B TO BpeMH KaK 3JI6KTpHil8CKHtf sapH~. BXO

~HT B onpe~eJieHHe KOHCTaHTbl 3JI9KTpOMai'HHTHbiX B3aJ/lMO~el!:CTBHH, KOHC

TaHTa CJ/lJibHbiX B38.HMO~etfCTBHM He 3aBHCHT OT 3HatleHHH 6apHOHHOI'O tli'ICJJa, 

T;e·. 6apHOHHOe tlHCJIO He onpe~eJIRCT ~>1H8MHKY 6BpHOHOB. fl03TOMy KpaAHe ' 

HCKYCCTBCHHb~ Bb!I'JIH~HT CBH3~BaHHe 3aKOHa COxpaHeHHH 3TOI'O ifJOpMaJibHO-· 
PO tli'ICJI·a ( U~BKCa) C JJarpaH1KI!aHOM Teop;m J/l ero CHMMeTpY.HMH. 

ITpJ/l KOHCTpyHpOBaHHH aHaJiora BeJ!Htli'IH~ (I.II) B (3+I)~epHOM 
CJJyqae Ci<HpM saMeTHJI, t~To Bb!paJKeHlie ~na co)l:panmoiJ1eAca seJIHtli'IHM 4. 
B ~ByMepH:3osanHol1 Mo~eJiu MO'KHO nepenl'lcaTb B B~e 

-1 .... 
(}.:::. d/T J /)x8dx, (I. I2) --
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f'~e ~ fJ - ffKOOifllli nepexo~a OT ~eKapTOBOti KOOp~llliaTbl X K 

YT'JIOBOti nepeMeHHOH 8 . Ha crflepe s-t ' onpe~eJIReMOtl ( I.6). 
nocKOJibKY noJie ¢ = ( ¢o I~} B CHJiy ycJIOBHff (I. 4) npHmw.aeT SHa-

tteHHff Ha MHOT'006pa3HH TpexMepHOti ·ccpepbl S 5
J H30MOP<fJHoti rpynne 

~ll(~} , TO ~Jiff nepexo~a K yr~o~b!M nepeMeHHblM B TpeXMepHOM cny
ttae y~o6Ho aocnoJib30BaTbCff KBaTepHHOHHblM npe~cTaaJieHHeM rpynnbl S U(2). 
llyCTb lf - e~HHHl.lHblti KBaTepHHOH C napaMeTpH3aqHetl 

Zf = f/;0 + i J; · !/J. . 
(I. 13) 

'+ Tor~a ycJIOBHe ( l. 4) 3KBHBaJieHTHO paaeHCTBY [J{/ = -:1 , ecJIH 

C = -1 • TpeXMepHb!M aHaJIOi'OM yrJioaotl nepeMeHHolt B (X, t) a 3TOM 
. 8&1' 

CJiyttae 6y~T BeJIHl.lHHbl . ./'f , Onpe~eJiffeMbie COOTHOWBHHffMH 

!JI'f [/ = i,'l:qB';,·Y; Cl= 7,2,3 ; 
(I. 14) 

. ct -1 ("I ( +. a ::J ) ::J a' Act' &l't!C 'l d. 8.1'1 = 2.L vp {/ Z: v/"l/ =¢,,vl'ft/J -y; cll"ft/J.,-c ¢8 u/"Y'C • (I. I5) 

Y CJIOBHe HHTerpHpyeMOCT.H ypaaHeHHff ( I. I 4) 3anHcblaaeTCff KaK To~ecT
aeHHoe paBeHCTBO HYJIIO KOBapHaHTHOT'O pOTOpa 

::J cr !'l a e~./a .& · c 
o~ B"" - utv 8 11 -2 .e B I" B 11 = o ( I.16) 

l.lTO CJie~eT H3 CJ,MCJvV= ~8.1'1 [/' H (l.I4). 
'4epe3 aae~eHHhle yr.10Bble nepeMeHHble B ~ MO'KHO Bb!pa3HTb 

COXpaHff!O~HHCff·TOK . 
11...(1" { c~HJJ)..f ct Bet J c 
J = - IE7T2 c c a8c v 8 ,l B .J> = 

~ 

-1 .HJJA.P cr "' .B r S 
. = -e w~ e c.c.fitli ¢ aJI ¢ OA ¢ cl.P ¢ , (I. I?) 

nepeMBHHM KOMrJOHBHTa KOTOpOT'O 3~aeT rJJIOTHOCTb COXpaHff!OI!lBT'OCJl 
. TOrJOJIOT'Hl.l9CKOT'O aap~a 

j '-lod3 .f j Q'} .3 Q= v X=-C?7Te det(Bt- d X 

==- _:f__·jSLh "' 8(1/J,,J/Jz.,I/J,J d3K 
167T.t 'tli!. t1 (XI y, z.) ' 

(I. IS) 

KOTOpb!tl CKHpM npe~ZO~HJI llliTepnpeTHpOBaTb KaK 6apHOHHOe l.lHCJIO. 
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YrJibl tfJ,, t/J;!J J/1 5 a Bb!pa'!teHHH (I. 18) Boammam B cliJiy ec-

TeCTBeHHOtl napaMeTpH3~HH e~~Hl.lHOT'O.~BaTepHMOHa Yf'JI?MH 3tinepa: 
. . . ~ .·. L L 

lf(p,,¢-z,l/13 ) =exp(-;rr:~,t/J )exp{2~t/J~~.)exf(2~t/J~), 

T'~e cz:"£. - H30CrJilliOBble MaTpHI.U>~ flayJIH 1/J, C. [a ./fff) j i/J2£.[0,71J,'f/J.3€/ft21}~ 
]arpaH~eay rJJIOTHOCTh Mo~epHH3HpOBaHHOti.Mo~eJIH CKHpM 3anHCaJI a 

BM9 

-v e ( .f a a z q' Q') 
0\. ::- l.f?T.e. T c j'1V c I"'J) -r K B I" 8 ,.. ) ' ( I.I9) · 

f'~e C - KOHCTaHTa, 3a,I(aiO~M 3H9pT'9THl.l8CKI'lti MaCmTa6, a /( 

o6paTHaff, ~JII'IHa.· BeJIHl.llllia qc;._J} onpe~eJieHa COOTHOill8HHeM 

C "' -1 /'.-? a '1 8 a) ale It 13 a 
~" ~ = e- I uv B /"f - u .1'-f JJ = e B ~"' ~~ , ( I.20) 

a 
T. e. , ecJII'l. paccMaTpuaaTh B I"' KaK aeKTOpHoe H30BeKTOpHoe noJie, 

TO C~v - aHTI'ICI'IMMeTpHttHblti TeH30p 3Toro noJIJl. MoJKHo 6b1JIO 6bl no 

aHanOT'HI'l C T'MpO~I'IHaMHKOtl I'IHTepnpeTHpOBaTb i3~ KaK BeKTOp o6o6-
rqeHHOti cKopocTH "mmHHoti JKMKOCTH" a H3ocrrxrnoaoM npocTpaHcTae, TOT'-

~a KaK l.lJIBH C ;.,£/ - ~aK "o6o6~eHHJ'? 3aBHXp9HHOCTb B mtOHHOtl 

f'li,I\pO~HHBMHKe". 

l'J.!.I\pO~HH.a.MI'll.leCKHe aHaJIOT'I'll'l Tpa,I(Iil~I'IOHHO'HCriOJib3yiOTCJl B MO~eJIRX 

~epHoro ae~ecTaa. B KattecTae KnJIIOCTpaQHH.paccMOTpHM HeJIHHetiHoe 

ypaaHeHHe Wpe~xrnrepa B MO~eJII'l t¥ 'I - * 6 
: 

Vot ¥ + 11t t\1 + ol ~ + ~ ( 1¥12
;... ltf\4 )= 0 < I.2IJ. 

1'1 rJOK~eM ef'O 3KBI'IBaJieHTHOCTb ~epHOti T'MpO~HHaMHKe C CI'IJIBMI'l Tl'lria 

CKHpMa. ~Jl 3TOT'O BOCrJOJib3Y9MCJl 06bll.lHb!M.llp9~CTaBJieH~eM KOMllJieKCHbiX 
l.lHCeJI 

¥(x,t) == ~ exp{i~.()(;Ol 
H onpe~eJIHM T'MpO~HHaMHtteCKHe BeJIHl.lHHbl - rJJIOTHOCTb H CKOpOCTb -
ttepes 

f ~ 1+1
2 

'l)" ::'?)X~ • ( I.22) 

flocJie H9CJIOJKHb!X, HO ~OBOJibHO T'pOM03~KKX Bbll.lHCJI9HHti MOlKHO rJOKa3aTh 

/20, 2I/, l.lTO ypaBHeHHe (I.2I) CBO~HTCJl K CHCTeMe.ypaBHeHHti ~epHOti 
,T'~pO~HHaMHKH 
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fdt f + 2 '(}X ( f 1J") = 0 

[ ..!..o_ _j_rr. ."\~7 r; (1.23) 
tOt 1T + 2 ~ 7T = '~x 2f XX f-~f 2 (o~f.J J-lr;}xi.<f"f.¥3f1o'~-lA)j; 

fo:>O_j 2f.+ A >Oj A= ft[-{-4 +z-!)~2~/fJ+'tD(]jd~-J. 
TaKOBa HTOPOBaR BepcHR: MO~enH CKMpMa, KOTOpaR H 6y~eT npe~eTOM 

HayqeHHR Ha npoTmr.:eHHH ~aHHoro QHKna neKQHti. DHa 6~a crfJOpl.iynMpoBa
Ha B pa6oTax /3, 4/, H TB.M '11:8 l;KMpM nonyqnn ~enbiA p~ nHOH8pCKHX pe
aynhTaTOB, KOTOp~e 3aT8M H80~HOKpaTHO llOBTOpR:nHCh. Tiepeqv.cnHM 3TH 

peaynhTaTH, npe~e qeM · llO~XO~HTh K no.~p06HOMY H3ytl8HHIC CBOHCTB M0~8nH. 
I, ITpe~no:>KeH "elKOB~A ruta~", Haab!BaeM~tl B coBpeMenHOf:t JIHTepaTy

pe "cKHpMHOHOM" : 

¢'~;~-= QOS {)(r) ;. </>,.· = ;ta,i? fJ[r)ji= ~~5,(I.24J. 
r~e (""' - p~HanbHaR nepeM8HHaR. Ka.K 6y~eT yCTaHOBn8HO HWKS, TB.KHe 
pemeHHff peanH3YIDT MHHHMYM 3Heprv.H B Knacce none~ c e~HHH~HM TOITO
nOP;{q8CKMM aap~oM: Q ='::!: 1.. 

2. fiOKa3aHO, qTo Ha pemeHHRX B~a ( 1.21) iflyHK~HOHan 3HeprHH 

Mo~enH orpaHHqeH CHH3Y qepea TononorHqecKHA aap~ ~ n, TaKMM 
o6paaOM, CKHpMHOH RBnReTCff ycTotiqHBHM COCTORHHeM*). Bonpoc 0 CYU18CT

BOBaHHH TaKOJ'O po,n;a pe!ll8HHA CKMpM H8 paCCMaTpHBan, HO Hamen HX tJHC
neHHO, O~eHMB 3HepPHD COCTORHHR C 8,IJ;HHM~bM aap~OM. 

3. B pa6oTe /4/ CKHpM paccMOTpen Bonpoc o B:?aMMO~eticTBHM CKMp
MHOHOB H npe~Y.OlKAn ,IJ;nH OTIHCBHHH ~ByxqaCT~~ COCTOHHHti TaR Ha3b!Bae

Mhfit 11rlpO~aKT-aH3~11 • 
06paTHM BHHMaHH8 qnTaTenen Ha pa6oTy 1971 ro,n;a /12/, B KOTOpOti 

CKHpM npe~naraeT CTIOC06 BBe~eHHH KOnneKTMB~ KOOp,D;HHaT ~nH OnHca
HHR ~BHlKSHMH CKMpMHOHOB B pB.MKax KBMHKnaCC;{qeCKOJ'O TIO,IJ;XO~a. oTa pa-
6oTa HBnaeTCH 3aKRDqMTenhHOH pa60TOti aBTOpa MO,IJ;enH H.TIOCB~8Ha npo6-

neM~ BBe~eHHH TIOHHTMH CnHHa ~na CKHpMHOHa, TIOnytteWrlblA MM peaynhTaT, 
TIO-BH,IJ;HMOMy, HeJih3H cqv.TaTb pemeHH8M TIOCTaBJieHHOJ'O BOnpoca, HO TeM 
He MeHee CKHpMy y,n;aeTCR TIOKa3aTb, qTO B HHlKHMX nop~Kax TeOpHH B03-
Myl!leHHti ,D;BIDIC8HMe CKHpMHOHa OilHCb!BaeTCH ypaBHeHHffMH THna ,1:\HpaKa. flpo6-
JI8MOti BBe~eHHH CITHHa ~a npome~ee BpeMH 3aHHMaflOCb 3HaqHTeJibHOe qHc

.JIO HCCJie,IJ;OBaTeJieti, HO y~OBJreTBOpHTeJlbH08 pemeHHe STOtt npo6JieMbl 6bTJIO 
f ; ~ . 
·rrpe,n;JIOJKeHo TOJibKo a !983 Pd~ E.BHTTeHOM /22, 23/. 
*) . B ,n;eAcTBHT8JibHOCTM, aToro orpaHnqeHMR e~e He ~ocTaTo~o ~JIH ycTo~~ 

qHBOCTH CKHpMHOHa, He06XO~HMO TaKlKe, qTOO~ OH ,IJ;OCTaBJI3JI MHHHMyM 
¢YHKQHOHaJiy 3HeprHH, CM. § 6. 
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!lORBneHMS 3TMX pa60T B. 3HaqMT8nbHOri Mepe CTMMynMpOBanO B03pOC

IDM~ MHTepec K M0~8RM CKMpMa B Haqane 80-x J'O~OB. M~ o6cy~MM 3TH pe

aynbTaTN B O~HOH M3 nocne~~MX neK~MV.. 

§ 2. TOMOTOIIWiECiiliE 3AKOHH COXP AHEHWi 

HapR~ c Hea6eneBHMH KanM6poaoqHHMH TeopHHMH MOAenb CKMpMa,RBH~ 
nacb caoeo6pa3HhlM KaTannaaTopoM npHMeHeHMH annapaTa Teopnn roMoTonv.~ 

, H ~pyrHX MSTO~OB anre6panqeCKOti TOITOnOrMH K 3~aqaM H8nHHStiHOH T80-
.pHM nona. ITv.oHepcKaR ~eH nccneAoBaHHR Mo~enn CKnpMa B 3TOM.HanpaB~ 

neHHH npHH~nelKHT _n;~HHKeirhmTetiHy.M l!.MH3Hepy /19/, npe~nOlKHB!IJMM 
TpaKTOBKY 3aKOHOB coxpaHeHHff HOBOPO THITa (cM~l.l0) Ha ff3~Ke TeopHH 

roMOTOITH~. TeopHH roMOTOnHH nanaraeTcR B CTaH~apTH~ pyKoBo~c~aax 
./24, 25/, O~HaKO ~nH rfJH3HKOB 6onee npHPO~HO H3nOi1':8HH8 OCHOB 3TOti 
'IeOp~H B COBpeueHHhiX yqe6HHKax /26/ M /27/·. YKa'KSM TaKiKS HSCKOnhKO 
o6aopoB /28-32/, HaiTHCaH~ na OCHOBe ~HKnOB neK~HH, npoqHTaHH~ no 
.~aHHOMY npe~eTy crie~v.anhHO ~nn rflH3HKOB. KpoMe Taro, ace Heo6xo~n
M~e ~!Iff ITOHMMaHHR: MaTepnana naparp~rfla ~aRT~ H3.T80pHH POMOTOnHf:t H 
·~pyrnx paa~enoB anre6panqecKoti Tononornn npv.se~eH~ B ,nononHeHHH B, 
r~e HanaraeTcR: H pR~ TexHv.qecKHX ~e.Tanef:t. 

2.1. TeopHR UOJIR C TOqKH 3p9HHR TeOpHH POMOTOITHM 

CiflopMynnpyeM HeKOTOpbte npHB~Hble B TeOpHH TIOnR TIOHHTHH Ha R3~K8 
.TeOpHH J'OMOTOITHM, 3aHHMaiD~etica H3ytl8HHeM C~H3HOCTH TOnonorHqecKHX 

npoc~paHCTB H OT06pa'KSHHtl M81K,IJ;Y MHOroo6pa3IDIMH. . 
KnaccnqecKHe nona rp (X) , npHHHMaiD~He 3HaqeHHa B H8KOTOpOM 

MHOP006pa3HH 'f1 . , KOTOpOe 6y~eM Ha3!>1BaTb noneBblM MHOP006paaHeM, 
MOlKHO paccMaTpHBaTb KaK rn~Y.He OT06pB.JKeHHH npOCTpaHCTBa-BpeM6HH 

X = {X, f J . Ha MHOroo6paane cp · 
¢(x): X -c::p. · (2. I l 

J:t.:cJIH cp = Ri - ae~ec'IBeHHaH och, TO ¢(x) - cKanRpHoe none; 
n . 

ecJIH · 9? = R , ro ¢(x) - aeKTOpHoe none H T .,n;. 
B pBMKax cT~apTHOtl cxeMbl KJTaccnqecKot\ TeopnH nona nonaraeM, 

qTQ ~HHrudHKa llOJieti 3~aeTCff H9KOT0pb1M rflyHK~HOHaROM ~encTBHR ~ , 
a 3BORD~HH nona ¢(X) BO BpeMeHM no~qHHHeTC~ COOTB9TCTBYD~e~y 
.ypaBHe~UD otiJiepa-]arpaHJKa, nonyqaeMOMy Ha OCHOBe npHH~Hna HaHM9Hh
mero ,n;e~cTBHH. llycTh a MoMeHT apeMeHH l, cocTORHHe cHcTeMbl 

. onnc~aaeTCH !flyHK~v.eti · ¢..,(X)= ¢(X, l.J , . a B nocne~~HA MOMeHT 
apeMeHn · ~ - rfJyHK~neA m. (x) = n.r.x i ) . Tor~a ®'HK~HH 

J ' "f"2 - 'f' I 2 ' 
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COCTOIDU!lt paccMaTp11BaeMOVo CI1CTeMbl 

MOJKHO aa,n;aTb KB.K OT06pa1KeHI1e 

rrpocTpaHcTsa R~={xlt= const.j 
B noJiesoe MHoroo6paa11e cp : 

6 

t. 
x) 

n. - .3 '+'a(X) I? ._cp. (2.2> 
Henpepb!BHoe pemeHHe tp(i, i) 
ypaBHeHI1R UOJIR CBR3b!BaeT Me~ 

co6oil cocTORHHR 

~ 

1 
¢(X, b) 4 

¢dx) "' ¢c. (i) 

¢{i,!:.}= ·{ ¢(~. ~1J: (A_rx!; 
¢(x,t)= ¢~(x); 

t., 

Puc.I 

T.e. ,n;etfCTBI1TeJibHO OUI1CbiB'leT BpeMeHHYJO 3BOJIIO~I1JO CI1CTeMbl. 

. ,rxJ 

(2.3) 

Ha R3h!Ke · Teop1111 roMOTOn11tf Te 'Ke rpaKTbl 3BytiaT CJie,ll;YJOrllMM o6pa3oM: 

,ll;Bfl: Henpepb!BHhiX OTo6pa1KeHI1R ( 2. 2) ¢-~. (X) 11 . ¢,e ( i) roMOTOnHhl 

Me~ co6otf ( ¢1 ......, ¢ 2 ) B TOM CJiytiae, ecJIH cyrqecTsyeT He-

!WTopan Herrpepb!BHaR rpyHK~MR ¢ (X, t.) - ~~.nepeso,n;mqan 
oTo6pa>KeHI1e t/)1 (X} B oTo6pa~KeHI1e ¢z. (X) . ,l{pyrMMI1 CJIOBB.MI1, 

CYilleC-:>Bye<: Henpepb!BHM ,n;erpOpMa~I1R, nepeBO,ll;Jll!laR TOtiKy ¢_, (X) B 

~ ( i) 11 3a,n;asaeMan KaK oTo6pa>KeHI1e • 

¢(x
1 
b): R 3 ®T ..-c:p. (2.4) 

( r,n;e T= [ i., J i 2 ] - oTpeaoK speMeHHOtf oc11) TaKoe, 4'J.'O 

¢ri, t1; =- ¢.., (x); ¢ rx,t2 ) = rA rx;. (2.5) 

B MaTeMaTI1t<ecKnx pyKoso,n;cTnax /2I, ~~/ ,n;oKa3b!BaeTcR peifl.neKCI1B

·HOCTb, C11MMeTpi14HOCTb 11 TpaH311TI1BHOCTb POHOTOU11tl (~.4) 11 Ha STOM 

OCHOBaHI1H AeJiaeTCR 3aKJIIOt<eHHe 0 TOM, t<TO Ha MH01KeCTBe OT06p~eH11tl 

(2.2) 38,ll;aH11e I'OMOTOUHI1 paBHOCHJibHO 3~aHHIO OTHOill9HHR 3KBMBaJIBHTHOC-
. - a Tl1 •. 3TO 03Hat<aeT, t<TO Bee npocTpaHCTBO OT06pa'KeH11tl I'IClp (R ,ct::J) , 

nof,Jt<aeMoe 113 MH01KeCTBa OT06pa1KeHHW (2.2) UOCRe 3MaHHR Ha HeM KOM

ilaKTHO-OTKpUTOtl TOUOJIOI'HH,_ MOJKHO pas6HTb Ha KJiaCCbl 3KBHBaJieHTHOCTI1, 

na3b!BaeMble B 3TOM CJiyt<ae rOMOTOil114eCKHMI1 KJiaCC8MI1 HJII1 KJiaCC8MI1 
4epHa-ilOHTpRI'I1Ha: . 

11ilp (R~cp)= lf[R3/:P]._ I (2.6) 

14 

r,n;e ,n;JIR i. -·ro I'OMOTOfl11tleCKOI'O KJiacca npHHRTO CTruQ:tapTHOe- 0603-

Hat<eHI1e [R~ to/='Ji.. • HaJimHe paa6HermR' (2~6) 03HatlaeT, ·'tlTO ecJIH 

H~t<aJibHaR rpyHK~HR cocTOnHHR HeKoTopotl CI1CTeMh! rrpHHa,n;Jiel!(HT o~oMy 113 

I'OMOTOflHtlBCKifX 'KJiaCCOB 11 BpeMeHHaR 3BOJIIO~HR CI1CTeMbl HerrpepHBHa, TO 
BO see nocJie,n;YJ0~9 MOMBHTbl BpeM9HH ~K~HR COCTORHHR 6~eT rrpHHa,n;

Jiell:!lTb TOMY l!t9 KJiaqcy, H Herrpepb!BHYJO ,IJ;EllPOpM~~ CHCTeMbt 113 O~OI'O 
COCTORHHR B ,n;pyroe (rOMOTOflHIO) 6y,n;eT OCYIII9CTBJIRTb HerrpepHBH09 peme~ 

HH9 ypaBHeHHR ,ll;HHaMHKI1 CHCT9Mbl • 
.Ha rrp11B9,ll;9HHWC paCC~9H11tl CJI9,1J;Y9T 3KBI1BaJI9HTHOCTb aa,n;a'tll1 06 

OTb!CKaHI1H I'OMOTOUHI1 3a,n;a-qe UOHCKa pemeHHtl ypaBH9HHR flOJIR~TeapHR I'O-, 

MOTOUHtf He ,n;aeT OTBeTa H8..BOnpa~K8.K 11CKaTb pemeHRaypaBH9H11tl, HO 
OTBet<aeT Ha BOIIpOC 0 TOM, KaKI1e p~WBHHR CJie,n;yeT 11CKaTb. ~0My.l13. 
I'OMOTOflH49CKHX KJiaCCOB pas611eHI1R (_2.6) COOTBeTCTByeT Herrpepb!BHOe 

pemeHHe ypaBH9HI1R flOJIR, 11 He C~eCTByeT Herrpepb!BHbiX pemeHI1~, CBff3bl-

98lO!IlHX M91K,IJ;Y co6otl cpyHK~I111 COCTORHI1R CI1CT9Mbl.l13 paSHbiX I'OMOTOflHtleC

KHX · KJiaCCOB. B ,IJ;aJibHet!meM Mbl yBH,n;HM1 KaK 4HCTO TOUOJIOI'H49CKHMI1 M9TO

,IJ;aMI1 pemaeTCR BOIIpOC 0 B03MOJKHOCTH' CYIII9CTBOBaHHR pM(hi9HHff Tl1na 

(~.6} ,ll;Hff 38,ll;aHHOI'O npOCTpaHCTBa OT06p~9HHR (naHe~). 
OTMeTHM_e~e o,n;Ho o6cTaRTeJibCTBa. ~R rpH3114eCKI1X npHJio~eHI1~ HH

TepeCHhl He BCe B03MO~ble OTOOp~eHI1R THna (2.2), a JIHmb HBKOTOpOe 

HX no,n;npOCTpaHCTBO ~£1~0(}(~~), 3JI9M9HTbl KOTOpOI'O y,n;osneTBOpRDT 

rpaHHtlH~ YCJIOBI1RM, Bb160p KOTOpb!X ~11KTYBTCH Tp960B8liHRMI1 KOH94HOCTI1 

3HeprHI1, JIOKaJII13~HK rpH3mecKI1x noRetl a rrpocTpaHcTse 11 ,n;p. HaH-

6oHee tlaCTO BCTpet<aroTCR rpaHHtlHble yCJIOBI1R BH,n;a 

¢(X) - ¢o 1 nPl/ /i/-9- oo 
(2. 7) 

r~e cf>o - 3MaHHaR TOtlKa Ha MHOI'OOCipa31111 cp . 
I'paHI14HOe YCJIOBHe THna ( ~. 7) rrp11B0~11T K 3!IxfleKTHBHOtl KOMflaKTH

cp11K~HI1 o6JiaCTI1 onpe,n;eJieHHR - eBK~osa rrpocTpaHCTBa • R 3 , T.K •. 

6ecKOH94HO y,n;aneHHHe TO~KI1 3TOI'O npOCTPaH9TBa {~) . nepeBO,ll;RTCR 

aTo6p~eH11RMH 113 Nap ( R3
, cp) a rpHKCHpaBaHHYJO ( OTMetleHHyi> > Tat<-

Ky rA,,ecp . Ilpoo6paa R.3f/ [ 00} OTa6p~eHHtl (2.2) B 

.TaKOM CJiyt<ae TOflOJIOI'11tl9CKK 3KBI1BaJI9HT9H 3-MepHOtl ccpepe $ .3 

3KBI1BaJI9HTHOCTb JIBI'KO yCTaHOBI1Tb np11 flOMO~ _CTepeorpacpHtlSCKOtl npo-
9K~liK: 

U·- .zx.:. · U = r2._._, · i..::. ..f.E 3 
~-- ,..,,._ +--f J If /"'JI. + --1 } I I 

S3={(~ w.,): U2
+ Ul/2 = -f}; R3={:r.,,;x:.2.~x3} i ,.__,X/. 

· lloaTaMy BMBCTO OTOop~9H11tl (2.2) C YCJIOBI19M (~.7) MOl!tHO paccMaTpH-
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q 

BaTb 3KBHBaneHTHN9 OT06p~9HHR 

¢: s~- cp. (2.8) 

no~R H3 Pa3HNX I'OMOTOn~eCKHX K~accoB MO~O pas~~aTb, ec~H 
nOCTaBHTb B COOTB9TCTBH9 Ka~OMy K~accy 3HaqeHH9 H9KOTOpOM xapaKT9-
pHCTHKH, Gf , KOTOpaR 6y~eT OCTaBaTbCR nOCtORHHO~ npH nD60~ Henpe

pNBHO~ ~e~OPMruqHH, T.e. 6y~eT COxpaHRTbCR BO BpeMeHH He3aBHCHMO OT 

~HHaMHKH no~e~, ~Hmb B CH~ HenpepNBHOCTH HX 3BOnDQHH. TaKHM Oopa-
30M, MN npHXO~HM K noHRTmJ "Tono~or~eCKOI'O 3ap~a", COXp'lH.fiiOII!ei'OCR 
TO~eCTBeHHO. , 

Ha ecTeCTB9HHU~ BOnpOC 0 TOM, B KaRl~ c~yqaRX pa60TaeT H3~0-
llteHHaR CXeMa, MOlltHO no~yqHTb OTBeT Ha OCHOBe B~HC~eHHR I'OMOTOni~-
qeCKHX rpynn no~eBNX MHoroo6pasH~ t:p : .5(; (c;c:>1 • Ho npe~e MN 

npOH~CTpHpyeM yKa3aHHJID CXeMy Ha Hai'~~HOM npHMepe ~BJMepH30BaH
HOR MO~e~H. 

2.2. roMOTOn~eCKH9 K~aCChl CHHyc-rop~OH M0~9RH 

KaK OTMeqanOCb B pas~e~e !.3, y~OBHe (!.4) OKBHBaneHTHO BhlOOpy 
B KaqeCTBe no~eBOI'O MHOI'OOOpa3HR ~ B ~BJMepH30BaHHOR MO~e~H 

' ' ~ ' ' 

OKpy.KHOCTH .~ • KnaccHqeCKHM no~eM M0~9~H RBnReTCR ~yHKQHR . 

¢ ( x; t) = ex.p{?B(K, -l:-)} , ocYIIlecTB~RIOII!aR B Ka'K,l\hl~ ~HKcHp<;>~aHHhli-1 
MOMeHT BpeMeHH OTOOpa~eHHe 

¢_(x): R1
- so(. (2.9) 

Hs Tpe6oB~HR KOHeqHoCTH 3HeprHH, OTBeqarollleH ~arpaHlltHaHy·(f.7), 

8[B]~jd::c(J (I{Bf+f (&x8)~~(1-cos8)}, 
-oo (2.!0) 

npHXO~HM K rprut~HOMY yc~OBHD THna ( 2. 7) : 

B()() -o(rnoc:/2T),nPII/X/-+ co, (2.Il) 

B 3anHCH KOTOpOI'O OTp~eHa He0~03Ha~OCTb B onpe~e~eHHH yr~OBOH ne~ 
peMeHHO~ l?(x) • ~ ycTpaHeHHR ~Oc~e~e~ c~e~eT OT~9CTBRTb 
yr~. OT~aiOII!HeCR Ha 29in ' r~e n - ue~oe qv.c~o. Yc~OBI!e 
(2.!!) npHBO~HT K KOMnaKTH~HKaQHH Beii!eCTBeHHOH OCH ~( , T.K. 
TOtl:KH X:::.± DC OTOOpalltaiOTCR. B "ceBepHNH nonDC 11 OKpyl!tHOCTH 

, $ 1 
• JI03TOMy R.1lf{ocj= S'f' H OTOOpllllteHHe (2.9), (2.!I) 

MOlltHO 3aMeHHTb Ha H306pa11teHHe S.,- $., 
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B 3ToM cmruae Mo~o no~HTb Har~~HYro KapTHHY pas6HeHHR npocT-
..J .• ' or ( 

paHCTBa oTo6pa1teHH~ /1crp R~ S ) Ha roMOTOnKtJ:eCKHe K~accN. 
J!:cnH rfJyHKUHR CJ( J() npHHHMa9T B TOtiKaX . X :=. ± 00 .. · Hy~e
aoe sHaqeHHe, tl:TO COOTBeTCTByeT pemeHHIO CHHyc.:.rop~OH yPaBHeHHR TKna 

6erYII!HX ao~ HnH 6pHsepoB, TO o6pasoM ocH · R 1 
Ha no~eaoM MHoro

o6paaHI1 S 1 ' npv. OT06paJKeHI1V. (2.9) 6y~eT 38MKHYTaR neTM, He 

oxaaTbiBaiOl!lafl no~OCTbPl oKpyl!tHOCTI1 s.f (CM.p:ac.2a). Trutaa neTJIJI 

MOllteT Ol:lrb nenpepbiBHbiM o6pa30M CTRHyTa · B TOqKy Ha 8 
1 

• J!:c~11 
&(-oo}=O,. a 6J(+00 )-&E:Jf, ·ro o6paso.M R"' Ha S

1 

., . 
6y~eT neT~R. oxaaTNBaiOl!laR tr no~HOCTbiO, 11 ee YM9 H9Rb3R Henpe
pbiBHw.t cnoco60M CTRHYTb B TOqKy. TaKHe OTOCipaJKeHHR COOTB6TCTBYJOT 

2% -KHHKOBOMY pememm cHHyc-'l'op.n.oH ypaaHeHI1R (cM~p:ac.26). llp:a 

Bb160p9 rpaHI'Itl:HNX yCJIOBH~ B BH,IJ.e! 8(- 00
) =0 , 6J (+oo): t/JT , 

o6paa oc~1 · R 1 .~aa~bl "HaMaTblaaeTcR" Ha no~esoe MHo;:ooo6paal1e S., 
H TaK09 OT06paJK9HH8 He MOllteT 6b1Tb CBe~eHO Hl1 K nepBOMy, HH KO BTO

pOMY c~aro. · CooTBeTCTBYJOII!afi cHTyaQI'IR oTp~eHa Ha p:ac.2B, oHa OT

aeqaeT 6110HHOMY pemeHHD, T.e. coaoKynHOCTH .n.syx KHHKOB. 
Bee paccMoTpeHHUe oTo6p~eHI1R np11H~~elltaT K pasHHM roMOTOUKqSC~ 

KHM KnaCCaM, H B K'aqecTB9 xapaKT6pHCT11KI1 . a ( I'OMOTOnHqeCKO~ nepe

MeHHOH,) c~e~eT Bb16paTb tiHC~o "HaMaTb!BaHI1R" o6pasa R'f Ha MHor-oo6-
pasHe .9 f qpH OT06paJKeHI111 ( 2.1:1) ( ~aMaTbiBaHJ!e ''HrtTKH" /? 1 

Ha 
1 · "KaTymKy" S ) • fipH 3TOM K O~HOMY H TOMY ·lite K~accy c~e,JzyeT OTI.iO-

CHTb H8MOTKI1 C pasnHtl:HOH ~~HHO~ H ~OpMOA neT9~b (fie3 y3~0B). 
K aHanorl1qHoMy BbiBO~ Mo~o npHHTH, paccMaTp11BaR BMecTo oTo6-

pa11teHH~ (2.9) 3KBHBaneHTHble B CH~Y rpaHHqHbiX ycnOBH~ (2.!1) OT06pa-

lKeHHR OKpyl!tHOCT9~ $ .f- $of : , 

¢[c<..(x)J =e:x:p(i-8["'-(X)]j :S 1 --S-r. <2 •12 > 

3~ecb oC (X) - o6paTHaR cTepeorp~ntJ:ecKaR npoeKUV.R I? "'- S 
1 

, 

IIap8MeTpH3HpYJOIIl~ OKpyl!tHOCTb S 1 
• 0ro6p~eHI18 ( 2. !2) HenpepbiB

HO npv. yc~OBHI1 

B (2!li)=B(o)+2ffn; ( 2. 13) 

I'~e n - ~e~Oe tl:I1C~O,, yKa3NBaiOlll96 Ha tl:HC~O 11H8MaTbiB8HI1~ 11 
Ha 8

1 

np11 OTo6pallteHI1H. 8 , Ha3biBaeMoe cTeneHbD oTo6pallteHKR (2.~2). CTe
neHb OT06pallt9HI1R onpe~enReTCR ~~ HenpepbiBHNX ,OTOOp~9HI1ll CBR3HNX 
KOMnaKTHhrX MHOI'006pa3Hll 11 B c~ae. CjO = $ n RBnReTCR no~HbiM I'O
MOTOnKtieCitHM HHBapHaHTOM ( onpe,11,9~9HH6. CTSII9HI1 np11Be~eHO B ,ltono~e
HH:H · B) • Oro6paJKe~IHR . c o~HHaKOBO~ cTeneHbll roMOTOnHN Me1K,Izy co6olt, c 

~rr:~=·:~::-~~~;;;;;-:-,· 1 ::~;.-:---', j'ii'"'j 
~ :.....-\Jd':o.r~.~jj\; ·~IJoj,._...ol ... ·.\..:t.a-. J'' 

~ ttlV~!'H1~i.c~ E·~C.UeEDn?J.~~i.i 
~ '"'I'$ l;JO..I ·~· '0< _,... • i b·:~~'11Ji~IU I Er\i\ 
'~~ 
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/ 

~ 
-~-

Pnc.2 

Q=O 

Q: 1. 

Q:2 

e a 

e 6 

e B 

pa3HO~ CT9ll9HbD- ITpKH~e~aT K pa3HhlM POMOTOnHqecKv.M K~aCCaM. Tax, 

9CTeCTB9HHhlM 00pa30M B03HHKaeT B npocTe~e~ CHTyaQHH POMOTOllJIIqec

Ka.F! nepeM'3HH8.F! Q - CTeneHb OTOOpa~eHHH, npHHHM8lO!Il8.F! orrpe,D.e~eHHhle 
46JIQqJIICJr6HH!¥9 3HaqeHHH.Ha K~OM H3 POMOTOllHqecKHX K~aCCOB. ~aKTH
qecKH Mbl _ITp1111l~H K'H,JJ.ee aJIP90paH3aQHH TOllO~OP~eCKHX 3B,Il,aq, npHB6,JJ.III9A 

A.flyaHKape K C03,JJ.aHHID OCHOB a.JIPe6paJN6CKO~ TOUOJIOPHH. ~e~CTBHT9JibHO, 

npHB6,JJ.9HHbl9 rpaKT!¥ MOr'yT Ol¥Tb paCCMOTpeHbl C H9CKO~bKO HHO~ TQqKH 3pe

HHJI •. Ha MHOlK9CTBe, 3~9M9HTaMH'KOTOporo 6y,JJ.yT cqHTaTb'POMOTOllHll9CKH9 
~ ' ' 

K~accbl [" S 
1 

q::> J i , MOlKHO 3B,IJ,B.Tb aJire6paHqecKHA 3aKOH KOMn03H-

4HH, npeapam8lO!IlHA JKa3aHHOe MHOlK9CTBO B rpynny C TQqKJII 3peHHH a.JIPe6-

pb1: Tax HaahiBaeMyiD WYH8aM9HTaJI:&HYJO !:EiilllY llyaHKape ~ (ct:J) • 3a
,JJ.aqa BblliHC~eHJffi 3TOA Ppynnbl CBO,JJ.HTCJI K ycTaHOBJI9HHID H30MOp¢H3Ma C 

~pynnol:t (HJIH no,JJ.Ppynnol:t) 4e~biX qHceJI ~ • 'tl ~noJIHeHHH E npHBO,JJ.HT

CH O,JJ.HH H3 CllOCOOOB 3B,IJ,aHHH 3aKOHa KOMll03H4HH Ha MHOlK9CTBe KJiaCCOB 

[rs~ S fJj, OOJIB,IJ,8l0li19PO CBOI:tCTBOM accoqHaTHBHOCTH, a TaK~e e,JJ.H-

HJIIqHblw. H OOpaTHhlM 3JI9M9HTaMH. roMOTOn~eCKaH nepeMeHHaH ~ 3B,Il,a-. 

6T B !IBHOM BH,JJ.9 H30MOprpH3M 

&:~(s)-z 

VI MClK9T rJb!Tb npe,JJ.CTaB~eHa B HBHOM BV~e : 
-1 ~1i dB 

a=- E7r J do<.. c/o( I 
D 

18 
~ 

(2.I4>· 

qTO coana,IJ,aeT c Bblpa'KeHllleM ( L I2). B cJie,JJ.yJOlJ\9M paa,D.Me Mb! pacCMoT

pHM roMoTon~ecKHe rpynnhl BbiCWHX paa~epHoc-r.ett. H Bb!JlCHHM aonpoc·o 

3
a,IJ,aHHH B .f!BHOM BH,JJ.6 Vl30MOp¢H3MOB 3THX Ppynrt C PpyilllaMH 46JibiX qJIIC6JI 
~ , qTO ll03BOJIJIIT HaM HaxO,JJ.HTb HBHble Bh~a'K9HJII!l )J.RH TOllOJIOr'Hqec-

KJIIX 3apH,ll,OB. 

2.3. fOMOTOll~9CKH6 Ppyilnbl VI TOllOJIOPJIIt{9CKHe 3apH,D.!¥ 

B OCHOBHOM HaC 6y,JJ.YT HHTepeCOBaTb MHOlK9CTBa POMOTOTIHqecKHX 

~aCCOB { [ $ ~ cp J} OT06palK9HV.J.l TV!lla ( 2. 8) , KOTOph!e noc~e 3a,IJ,aHHJl 

COOTB6TCTByiDlJ\9PO 3aKOHa KOMll03H4HH 06JIB,IJ,8lOT CT,PyKTYPOI:t rpynllbl $_; (¢)
TpeTbeA roMoTonHqecKo~ rpynnhl MHoroo6paaHH • 9D .. CYlJ\ecTByiDT MeTO,JJ.hl. 

B~HCJI6HH!l r'OMOTOTIHqeCKHX rpynn BbiCWHX paaMepHOCTel:t /33/, O,JJ.HaKO 

npHM9H9HH9 3TJIIX MeTO,JJ.OB ,JJ.JI!l'KOHKpeTHbiX MHOroo6pa3HJ.l COnpHlK9HO CO 

3HatmTeJib!ih!MH Tpy,D.HOCTHMH. TeM He MeHee ,JJ.JIH 6oJihmHHcTaa lflH3~ecKH 
HHTepeCHblX MH0r'000pa3HA CJ:> : clflep S 17 

, KJiacc~eCKHX rpynn JlH 
G ~ npoeKl'HBHbiX npocTpaHCTB RP" H cPn 3TJII PpyTITihl 

s~HcJieHhl H pe3YJibTaThl B~HCJieHHA npHBO,JJ.HTCH B ~onoJIHeHHH E. ~aKTH-, 
qecKH B~HCJieHH6 I'OMOTOTI~eCKOJ.l Ppynnhl ~ (cp) ,JJ.aeT OTB9T Ha BOnpOC 

0 TOM, no KaKOA apHrpM6THKe CJie,JJ.YeT.CKJia,JJ.hiBaTb COOTB9TCTByiD!IlH6 r'OMO

·Ton~eCKHe KJiaCChi •. ECJIH ~(q,): ~ , TO r'OMOTOn~eCKHe KJiaCChl 

CKJIB,Il,hiB8lOTCH KaK OO~hle 49Jih!e tl:HCJia, 9CJIH ~ (c;o) : 2'2 , TO KaK . 

qeJlhle tl:HCJI8. no MO,JJ.YJIID.2 H T.,JJ.. 
fipH llOCTpOeHHH MO,JJ.eJieJ.l KJiaCC~eCKOJ.l T90pHH llOJIH C TOTIOJIOr'Htl:SC

KHMH aapll,D.aMH, KaK npaBHJIO, pe3JJibTaTaMH·B~HCJISHHJ.l r'OMOTOllJIIqeCK~ 
rpynn noJih3yiDT~H npH ah!6ope noJieaoro MHoroo6paaHH MO,JJ.eJIH ~ · 
TaKHM o6paaoM, tl:TOO!:l .;;; (cp) ='Z ; roMOTOn~eCKM nepeMeHHM 0 
OCYlJ\6CTBJI!liDlJ\8.ll 3TOT H30MOplflH3M, VIrpaeT B TaKmC CJIYtl:a.fiX pOJib TOllOJIO

r~eCKOr'O 3apJI,JJ.a, H TI03TOMY'B8XHOJ.l 3B,IJ,atl:eJ.l HBJIHeTCH ycTaHOBJI9HHe HB

HOr'O BH,JJ.a 3TOr'O H30MOplflH3Ma, qTO 3KBHBaH6HTHO 3a,JJ.aHHD HBHOr'O BHPa

~eHHH ,JJ.JIJI TOllOJIOr'Htl:6CKOr'O 3apJI,JJ.a. ~H.peme~HH 3TOJ.l 3a,JJ.atl:H MO~O BOC

llOJib30BaTbCJI anropHTMOM A~eMa /34/ (eM. TaKMe /35/~ r,JJ.e sKcnJiyaTH

pyeTcH CYlJ\SCTByiDlJ\aH CBH3b Me~ r'OMOTOllHtl:SCKHMH rpynnaMH ~· (~} 
H COOTB6TCTByiDlJ\HMH rpynnaMH KOr'OMOJIOr'HJ.l J./11(t:p; /(). ilOCJie,JJ.HHe MOlK

HO onpe,JJ.eJIHTb KaK cJ)aKTOP-:-llpOCTpaHCTBO 3aM1UtyThiX ,JJ.Hifillep6H4HaJibHbiX 
q,GpM no TIO,D.npOCTpaHCTBY TO~ lflopM, T.e. 3JieMeHT8MH rpynn KOr'OMOJIO

r'HA.HBJIRDTCH KJiaCCY 3KBHBaJI6HTHOCTH (KOPOMOJIOPH~OCTH) 3aMKHYThiX 
q,DpM. H3Jio~eHHe TeopHH roMoJiorHA H KoroMoJiorHJ.l~ paccqHTaHHOe Ha lflH-

3HKoa, Mo~o Hai.lTH a JieK4HHX H.C.WanHpo H M.A. 0JihmaHe4Koro /36/, 
a TaK~e BO BTOpOJ.l ttaCTH Kypca "CospeMeHHM' reoM~p~U111 

E.A.J\y6pOBKHa, 

C.Il.HoBHKoaa, A.T.~oMeHKO /37/. · 
, KaK y-«e OTMBtl:aJIOCb, llOJIH ct} B MO,JJ.eJIH CKiq)Ma npHHHMaKlT 3Ha:-
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4eHHR Iia rroneaoM MHoroo6pasHH 

My YCJIOBHID 

c;6 : S ¥5 H IJQ~qHHJIDTCfl I'DaHH4HD-· 

( ¢
0

, r/1}(x)- ( ~ o ), nptl IX!- oo 7 ( 2.15) 

reHepaTop rpynm• ll~(s 3,· R) npimHMa~T BM 

11-: Lt:¥ '" ,c e. d n ~l m .£.· lnm'LetLS ,c -'~ - . 
[/']2:ca6c .e.'Jn'-'mdX A X- 1\'-'X = et6e.C . ~ ,w,.,a .K.(2.21) 

H3 TeOpHH KOI'OMO~OI'H~ H3BeCTHO, 4TO COOTBeTCTByro~v.e ~BYM OT06pa~e-

qTO o6eciie4HBaeT KOHe4HO:!Tb i'PJHKI.\HOHMa SHepnm H IJOSBOJIReT KOMIIaK-~ HHHM ( 2. 16) lj rl V · 3-<!JOpMhl lf f< .f2 Y. V ""..f2. · KOI'OMOJIOI'H4Hhl 

THtpHI.\HpOBaTb . 06JiaCTb Oirpe~eJieHHfl 1(3 B $.3.:: R3 C/ {oc j . .[!,nR . Ha . S 3 TO I'~& H TO~bKO TOI'~a, KOI'~a OHH OT~H48lOTCfl Ha IIOJIHYID 

~MbHenml~ paCCMOTpeHH~ HaM 6y~eT y~o6HO BMeCTO IJOJie~ (OT06p~eHHn) ~HaepreHI.\HID, T.e. KOI'~a COBII~BlOT HX rrepHO~hl 
¢: S~ ~ S 3 

HCIIOJib30BaTb r~aBHhle KIDJMbHhle IIO~ l/(X}sS7J('t2) 
OC~eCTBJIRD~He OT06p~eHHfl 

V{¢(xJ): s 3
- svr~r, (2.16) 

a IIOJIR ~(X} pacCMaTpHBaTb B KaqecTBC rrapaMeTpOB 3JieMeHTa lf 
rpYIJIIhl . Sl/ (~} a cooTaeorcTBHH c Bblp~eHHeM • .<I. 13). Tor~a ¢.::SV(.
- I'pyrrrra JlH, a B TaKOM cnyqae HH<fJOpM~Hfl 0 CBfl3HOCTH tpyliKI.\HOHMbiiO

I'O IIpOCTpaHCTBa OT06p~eHH~, IIpHHOCHM8fl I'pyiiii8MH KOrOMOJIOI'Hn 

II n ( G; R) _ , a T04HOCTH coarr~aeT c TeMH cae~eHmn.m' · o cansiioc

TH, KOTOpa.R: CO~eplltHTCfl B I'OMOTOIJHqecKHX rpyrrrrax /3'7/. fiOCKOJibKy 

IIpH BbltlHCJieHHH rpyrrrr KOI'OMOJIOI'Hn MH MOllteM BOCIIOJib30BaTbCfl armapa.

TOM BHeillHY.X ~H<fJ<PepeHI.\HMbHhiX tpopM, TO pa6oTaTb c STHMH rpyrrnBMH 

~e, qeM c ~ ( G) . CyTb. anropHTMa Al:lweMa cocTOHT a nepexo~e oT 

(2.!6) K HH~pyeMOMy 3THM OT06pa~eHH6M I'OMOMOptpHSMy I'pyiiii KOI'OMO

JIOI'Hn C.Be~eCTBeHHh!MH K03<P<fJHI.\HeHTaMH 

v•: /1 5 (Sl/(eJ;R)..,;;.JI$(8&,.R). <2.17! 

3aTeM cTpOHTCR reHepa.Top rpyrrrrhl 1/4 (Sl/(C}; R) KaK Sll(~) 
HHBapHaHTHa.R: 3-tpOpMa Ha 8 ll( .2) : t:¥ . /. [] • • • 

.. 11 = Cq6c ur~ l(/6~ urc:C:q.fc ji Ji. jKd¢~d¢Jt1d¢~ (2.18! 

r~e w'et - 6asHCHhle neBOHHBapHaHTHhle 1-tp~pMhl 
uf&t:: J: d (/': [( ~Q' + re;!~ ) ¢o r C D'Ce.'¢c]d ¢ i.. (2.19) 

Bonee rro~po6Ho 3TH BHKJI~KH.rrpHBe~eHhl a ~orroJIHeHHH B (cM.TaKllte /38/ 

C IIOMO~bD OT06p~eHHfl (2.17) IIO.llJ'tleHHHn I'eHepaTOp (2 •. 18) YBJieKaeTCH 

B rpyrrrry. Ha ( S 3
; R) , TaK qTo cooTBeTCTBYID~a.R: · yaneqeHHa.R: <flopMa un CTaHOBHTCfl reHepaTopOM rpyrrrm. B TepMHHax neBbiX KHPMIIII 

HhiX TOKOB. _, 

·. L [!- -" 0 · c:- Let ·c- j"" _., '-. r : f7 r : t- La /"' = '- '-'a ,;. ~ ~ (2.20) 
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1 u*Jl.:: 1 v~. 
:S3 s3 (2.22) 

Ho ,B · TaKoM cnyqae H~HpOBaHHhle oTo6pa'KeHHH coan~aKlT [/ * = Y • . , 
a IJOCKOJibKY rpynna Sl/(i!) lt()MilaK'fH·a, TO H:? coan~eHHfl l/.,. .: v• 
cJie~eT roMOTOIIHOCTb OT06pallteHHfl lj" H V : V,.., V (eM. §4 

pa6oTu /34/). TaKHM o6pasoM, Mhl noKas~~H, 4TO HHTerpaJI (2.22) RB~R
e·rcn I'uMOTOIIH4eCIHIM HHBapHa.HTOM, H IIOCKOJibKY f.1.3 rs.s J

0 R) ~ R' HH-

aapHaH'l' 

tl ['v] = J d?: (v ".fl.) (2.23) 

rrpHHHMaeT sHa4eHHH Ha aemecTBeHHoA ocH R . Ho Hamen l.\6JibD 6u~a 
peMH3~Hfl H30MOptpH3Ma JJj ( $ l/"(~) = Z 7 T. e. OThiCKaHHe Y.HBa-

pHaHTa C 46JIOqHCJI6HHNMH 3Ha4eHHHMH. Jl,nH 3TOfO_ BOCITOJib3yeMCfl Teope

Mon 0 3aMeHe K03~Hl.\H9HTOB (CM. /33/, CTp.!58), COI'JI8CHO KOTOpOA 

v.MeeT MeCTO H30MOptpH3M . 

· - f!·YG;R)=R®fl.j{Gj:Z) <2.24> 

H CYJlleCTByeT TaKoe qHcno .fob. R , q'fo 3-tpopMa .P~.J2. 6y~eT 
reHepaTopoM rpyrrnu HJ ( S lJ (a.} j z) = Z. Mo~H<fJHI.\HJ>YR cooTBeTCTBYID

- ~HM 06pasoM BMpa~eHHe (2;23), IJOJiy48~ roMOTOITH4e~KHn HHBapHaHT

.TOIJOJIOI'!I4eCKHn ~ 

tl["O] =Jd~{!7*(.foSL)} 7 (2.25) 

_peMH3YJ01JIHt\ HCKOMhlA H30MOptpH3M J/3 ($l/'f.eJ) :. !Z 
TorronorH4eCKHA sap~ 6? ocTaeTcR coxpaHHD1Jiencn aenHqHHOA 

H npM nepexo~e K paccMoTpeHHD oTo6pa'KeHHri (nonenJ, saaHc~Hx oT. 

BpeMeHH: 

W:: V( ¢ rx,t:.J): S3~R.,- SV(~}, (2.26) 
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r~e R I .,. BpeMeHHaJI OCb. B 3TOM c.nyqae reHepaTop rpynrrbl 1(.3(.9~· 
liMeeT B~ 

W* (Po.Q) =cq6c:Po L: L~L; olxJ)ttdx>.l\dx/, 
.(2.27) 

H, npHMeHHH onepa~HID AYa~H3~HH * (saes~oqKy Xo~a), rro~yqaeM 
AYMbHYJO I-<fJopMy 

r~e 

;/ = *" W {p0 fl) ::- J.M dx14, 

"''I" f'1J,)J.f' . 1oLG t./ 
u =foe co6ct...JI ..t '.1' 

(2.28) 

(2.29) . 

- TO!IO~OI'H46CKH~ TOK, 3aKOH COXpaHeHHfi KO~Oporo 
_'} '.1'1 CJI ';j ::0 

(2.30) 

P.~eAYeT H3 iflaKTa 38MKHyTOCTH 3-ifJOpMbl }Jo.Q , a ero BpeMeHHaJI KOM
IIOHeHTa · ~o eCTb II~OTHOCTb TOIIO~OPH4eCKOI'O 3ap~a 

0= J d&x ;J". 
(2.31)' 

ffOHKpeTHble pa604He iflopMy~hl ~~H TOIIO~OI'H4ecKOI'O aap~a 6yAYT 
rrpHBe~eHhl a c~e~IlleM rraparpaifle. 

§ 3. IIP.MH!..U1Illi liOCTPOEHlli.I MO,lLE'JIEii C TOliOJIOI'IffiX:Killvill 3APH,llA-
~ ·' 

lipH IIOCTpOeHHH HBHOPO B~a TO!IO~OP,HQeCKOI'O sap~a B npe~~eM 
rraparpaifle Mrl HH 3 KOeH Mepe He HC!IO~b30BaJIH ~HHaMHKy MO~eRH, C~eCT-

~· neHHhiM MOMeHTOM ~~H Hac 6bl~ Bb16op ~oJieaoro MHoroo6paaHa C/J • O~Ha
Ko 6C~H MH XOTHM O!IHCbiBaTb B p8MKax MO~eiH !IpOTR~eHHble 48CTH~, TO 
~o~iruh! rro3a60THTbCH 0 TaKOM i3bl6ope ~a'rpaHJKHB.Ha MO~e~H·, 4'1'06bl COOT

BeTCTBYJO~e ypaBHeHHH IIO~H ~OnyCKaJIH pery~RpHble 4aCTHQerro~o6Hble pe
meHHH C KOH9trnY.!H ~HHaMH48CKHMH XapaKTepHCTHKBMH. B COBpeMeHHO~ ~H
TepaType TaKHe pemeHHH H~biBBmT CO~HTOHaMH, H Mbl 6y~eM HHTepeCOBaTb-· 

.pR IlpllliQH!IaMH IIOCTpOeHHH MO~e~et\, ~orryCKBlOI!lHX MHOPOMepHI:le CO~HTOH-
1Hhle peweHHR c He.TpHBHaJibHbiMH Tono~orw<ec.KHMH sap~avH. Mo~e~b CKHpt~.a 
RBHr.aCb HCTOpH4eCKH nepBbiM !IpHMepOM MO~e~e~ !I0~06HO~O pO~a, H !lOS- · 
TOMY Mbl !IO!IbiTaeMCR IIOHHTb, B 4eM 3aKRD4aeTCH B~e~eHHOCTb 3TOH MO~e
~l:. 

Bnepaue 3TH BO!IpOC!:l o6c~aJIHCb B pa6oTax n.~.~~eeaa /39,40/, 
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r~e 6~H 38JIO~eH!:l OCHOBH!:le IlpHH~H!Ibl !IOHCKa MHOI'OMepHbiX .COJIHTOHOB. 
B HameM Hsno~eHHH M!:l 6~eM c~e~oaaTb STHM pa6oTaM. OcHOBHble Tpe6o
aaHHH, HaK~~biBaeMble Ha HCKOMhltl ~arpa.HlKHa.H, MOI'yT 6!:lTb Bl:l6pa.Hb1 CJie

~l!lHM o6paaoM: 
1°. RopeH~-HHBapHa.HTHOCTb H KHpBJibHaR HHBapHa.HTHOCTb ~arpa.H~H-

aHa. 
20. ~onycTm-~ocTb MacmTa6HbiX npeo6paaoBa.HHH (yc~OBHe Xo6apTa-

~~). 
3°. HaJIH4He 0~8HKH ~K~HOHaJia 3H6pi'HH CHH3Y qepe3 TOIIO~OI'H4eC

KH~ aap~_(TO!IO~OI'H4eCKaH yCTOll4HBOCTb). 

3. I: lU!:paJibHO-HHBapHa.HTHble ~arpa.H~HBHbl 

Tpe60BBHHe KHpaJibHOH HHBapHB.HTHOCTH OTBeqaeT COBpeMeHHbiM npe~
CTaB~eHHID~ 0 CHMM6TpHH OCHOBHbiX COCTORHHV. C~bHOB3aHMO~eHCTBYJOI!lHX 
qacT~. l103TOMy H ~arpaHJKHBH MO~eJIH ~o~eH CTpOHTbCH H.3 HHBap11a.HTOB 

OTHOCHTe~bHO npeo6pa30BBHI1J:i KHpaJrbHO~ rpyn!Ibl . .!Jl/ (tV 1. ~ $ l/ ( /'1 )R, • 
lipo6~eMa !IOCTpOeHHH TaKHX HHBapHaHTOB aKTHBHO 06C~aJiaCb B ~HTepa
Type B CBH3H C H3Y'-IeHH8M He~HHe~HbiX peaJIH3~H~ KHpaJibHO~ CliM:>IleTpHH, 
HaQHHaH c pa60TI:l c.~H6epra /41/, IIOCTpOHBmero 3iflifleKTHBH~ ~arpaH

lKIJBH B3ai!MO~etlcTBHR MRI'KHX IIHOHOB TaKJ.!M ,o6pa30M,. tfTO B·Hlr13WHX nop~
Kax TeOpHH B03MYI!l9HHH B TOtrnOCTH BO!IpOH3BO~~HCb pesy~bT8Tbl aJire6pb1 
TOKOB !IpH HH3Klr1X 3Heprlr1RX. H !IOC~e~OBaBWeH 3a 3Tlr1M cepHH ifJH3!r14eCKlr1X 

·/42-48/ H MaTeMaTH4eCKHX /39-51/ pa6oT 6ano cos~a.Ho Hoaoe Hanpaa~e-
HHe B ifJH3HKe CH~bHbiX B3aHMO~eHCTBY.H, IIO~,YllHBWee Ha3BBHI1e M8TO~a srp
<fleKTHBHbiX H~H ipeHoMeHo~or~ecKHx ~arpBHJKHBHoa.B pa6oTax A.A.C~aaHo
aa 1r1 n.~.~~eeaa /52, 53/ 6bl~a pasBHTa noc~e~oaaTe~bHaR cxeMa KBaH
TOBaHHR TaKHx ~arpaH1Klr1a.Hoa. HaM 3TH pa6oTbl 6yAYT no~esHbl no Ton rrpH-
4HHe, 4To B paMKax 3Toro· no;a,xo~a 6wm Bbi4Hc~eHbl HHTepecyx>rqHe Hac 
KllpaJibHble HHBapHaHTbl lr1 paspa60TaH BeCbMa y~o6Hb1H ~JIR ~aJibHetlmero H3-
~0JKeH!r1R H3b1K ( CM., HanpliMep, /52/). . • . 

B Ka4eCTBe OCHOBHOI'O 06oeKTa 6y~eM paccMaTpHBaTb I'~aBHOe KH
paJibHOe no~e, npHHHMaiOillee sHimem~e Ha MHOroo6paaHH rpyn!Ibl Sl/ II?) . 
Era y~o6Ho napaMeTpH3HpOBaTb. c~e~!JlHM o6pasoM: . 

V {XI -I:.J= ex:p(ina'l:a ~(x,6J}1 a~ .f,2,3; (3.Il 

I'~e .. (9: EJ (X,i_) :_ KHpaJibH~ yroJI, nq - e~HHH4HI:lH BeKTOp B H30-

Ilp0CTpa.HcTBe, · cz:-;:y.:_ MaTpHI.~ ITay~H. Caasb c rrpe~~eti napaMe~pHsa-
~Hen (1.13) trepes !Ilr10HHble IIO~H ~;:y 384aeTCH COOTHOWeHHRMH .. 

ncr= ¢ cr/ /.t,l i .sin 8 =- :t: I~ I. 
(3.2) 
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KpoMe Toro, aae~eM e~e BeKTOpHoe noJie ~~ - JI8B~ KHpBJibHIDI TO_li 

Lr = v--t ~ v = i z:-.,.,t. _:: (3.3) 

CO 3Ha~eHHRMH B BJire6pe Jm, KOTOpiD! RBJIR6TCR TIOJIH~ aHBJIOPOM yrJIOBhlX 

nepeMeHHNX· C3~ (I.I5) B pa6oTax CKHpMa. YcJioBHe corJiacosaHHOCTH 

onpe~eJieHHR {3.3) Tpe6yeT paBeHCTBil. CMeWaHHBX ~pOH3BO~hlX 
Q'ff q, lf: dy£91" ~ OTKy~a 

~Lv- rJJI L/'4 -r[/..1"'~'-~~] ::.'o. (3.4) 

B TepMHHax KHpBJibHoro yrJia 8 H BeKTOpa 
Q 

n KOMTIOHeHThl 

TOita npv.o6peT8lOT B~ 

/..,; =nac7}t8 +sin8 cos8_tf}tn17
-r8cr

6c Si.n8 n& tJ;.. n~. (3.5) 

l1s TOKOB lr' MOPYT 6h!Tb, nocTpoeHhl KHpaJibHh!e HHsap_HaHTh!. U.n.HH ns 

MeTO~OB HX nocTpOeHHR, OCHOBaHHID! Ha HCnO~b30BaHHH MaTpHqb! DopmH 

/42/, npe~JIO~eH B pa60Te /54/, r~e BhlnHC~hl RBHhle Bhlp~8HHR HHBBpH

aHTOB KHpaJI&Ho~ rp:ynnhl Sl/(t!.}J. ~Sl/(t?.}R. , 2-ro H 4-ro nopR,JJ,
KOB no TOKSM '-r· ~HHCTB8HHbl~ HHBapHaHT 2-ro nop~a sanHCh!BaeTCH 

B B~e. , . . 

'Xf,1J = Sp (L~L./') =-!! ( L; /= -z {(rf, & /+sirf8(rf,n/ l, 
. ' (3.6) 

T.e. npe~CTaBJifleT C060~ JIHHe~HIDI 3JieMeHT noaepxHOCTH C~ephl B H30TO
n~eCKOM,npOcTpaHCTBe. 3,IJ.eCb ~p , ~ CJie,IJ. B npHCOe,IJ.HHeHHOM npe,IJ.

CTaBJieHHH aJire6pb! Jln. CooTBeTCTBYJ0111H~ HHBapHaHTY (3.6) npocTe~~t\ 
KHpMbHb!ti JiarpBHl!tV.aH , 

Lr&.) =-: jcfK.J'p { /..~Lf'l) (3.7} 

H3BeCTeH B MaTeMaTHKe KaK ~yHK~HOHaJI ~pHXJie H ~OCTaTO~HO no~p06HO 

ns~eH. B ~H3HKe TaKO~ Jiarpa.HllU1aH npe.n.JiaraJicH ~.Ilopmn /55, 56/ ~JIH 
onHCaHY.H CHJibHOPO B3aHMO~e~CTBHH nHOHOB, a Bhlp~eHHe (3.7) COOTB6TCT

ByeT 38nHCH B TaK Ha3hiB8.eMO~ TOKOBO~ ~OpMe Cyrasapbl. TaKaH MO,IJ.eJib 
06.j!l,ll,aeT CT8.TH~eCKHMH .pemeHHRMH C KOHe~HOlt 3HeprHe~ TOJib~O B CJI~ae 
.n.sy-..< npocTPaHCTBeHMNX H3MepeHH~. lfa ,IJ.OKasaTeJI&CTBe aToro YTBep~e
HKH Mhl npo,IJ.eMOHCTPHpYeM ripHMeHeHHe TeopeMhl Xo6apT~-~ppHKa B CJie.n.yn

~eM nyHKTe. TaM 11te·6y~eT noKasaHo, ~To a TpeXMepHOM c~ae JiarpB.H-
110iaH (3. 7) npHBO,IJ.HT K 3HepreTH~eCKH HeycTOlt~HB~ COCTOHHHRM. C TQq-

KH speHHH C.Ba~H6epra /57/ JiarpB.H:KHaH (3.7), aocnponsao.n.~Hl1 a ".n.pe

aecHOM" npH6JHIJ!teHim pe3yJibTaTbl KHpaJil:HOH il.Jire6phl TOKOB npH HH3KHX 

aHeprHHX, Mo~o paccMaTpnaaTb a KaqecTae nepaoro qJieHa paaJiol!teHHH 

( pa3JI01!t6HHH Bal1H6epra) no CT•1neHRM KHpaJibHhlX HHBapHaHTOB. Tio3TOMY ,IJ.JIR 

TIOJI~eHHH 3HepreTH~8CKH ycTo~qHBhiX COCTOHHH~ B TpeXMepHOM CJI~ae ec-

·T6CTB8HHO paC(!!,lOTpeTb CJie.JJ,yiO~e ~JieHhl pa3JI01!teHHR, T.e. KHpaJibHble HH

aapHaHT!l 6oJiee Bblcocoro nopn,nKa: 
JlHHeHHO He38.BHCaMhiX HHBapHaHTOB •1-ro llOpH,IJ.Ka HaCqJ1ThiBaeTCH J11(e 

Tpn: 

i;tf#J:: d..Sp(4t /.~)(Lp/.. j) )+ )3Sp(Ltt/..11!.."'t/) + i' Sp (Oft L Pl, c 3. B> 

r~e .,(. , _ft H 0 - HeKOTOpb!e KOHCTm!Tbl. 8cTpe~8lO~HeCH B JIH

TepaType ,IJ.pyrHe Bhlpa'lteHHH ,IJ.JIH 3THX HHBapHaHTOB MCPyT 6h!Tb llOJI~eHhl C 

I~cnoJibSOBaHHeM cooTHomeHHH ( 3. 4) • Bee TPH HHBapnl'iHTa y.u.oaJieTaopRIOT 

Tpe6oaB.HHl'!M JiopeH~-J·Ha~pHaHTHOCTH, ~eTHOCTH H G -qeTHOCTH, T.e. 

C TO~KH speHHH CBOM~TB CHMMeTpHH HeJij3R OT,IJ.8.Tb npe~nO~TeHHe HK O,IJ.HO

MY H3 HHX. U~aKo,ecJIH llOTpe6oaaTb, ~T06bl MO,IJ.eJib 6biJia peJIHTHEHCTC

KH - HHBapHrutTHOH, TO ,IJ.JIR llOJIO)I(HTeJibHO~ onpe,IJ.eJleHHOCTH 3HeiJPHH Mbl ,IJ.OJI1!t

Hhl nosa60THTbCH 0 TOM, qTo6bl BpeMeHHhle npOH3BO,IJ.Hhle TIOJie~ (apeMeHHble 

KOMnoHeHTbl KHpBJI&HhiX TOKOB Lr ) axo,IJ.HJIH a JiarpaH)I(HaH MO,IJ.eJiv. KBM

paT~HhlM o6pa30M. ~HOMY TP,e6oBaHH~ y,IJ.OBJieTBOpHeT e,IJ.HHCTBeHHaH H3 

B03MO~hiX KOM6Y.HaQH~ (3.8):. 

iir"J =S'pL;,L~ -Sp(Lf'ILv)~=- j .fp[Lf'I,Lvl~ (3.9) 

B ToqHQCTH COBTI~8lOI!laH C qJieHOM, ,IJ.06a.BJieHHblM CKHpMOM /3/ K CTaH,IJ.apT

HOMy TIHOHHOMY JiarpaH'ItHaHy (3.7). ~H Taro, qT06hl y6e,IJ.HTbCR B 3TOM, 

,IJ.OCTaTO~O npe~cTaBHTb HHBapHaHThl B HBHOM B~e, HCTIOJib3yH, HanpHMep, 

na_PaMeTpH3aQHIO (3.1). tl 3TOM CHhiCJie M01KHO POBOpHTb 0 Bhi,IJ.eJieHHOC'TY. 

~JieHa CKHpMa cpe.n.n acex ao~Mo1KHhiX nonpasoK 4-ro nopR,IJ.Ka a pasJio)l(eHHH 

Ba!:iH6epra. tl cJie.JJ,yiO~eM pas.n.aJie Mhl y6e.n.:.~McH B TOM, qTo "no,r,npaaJieHHhl~" 
TaKHM o6pa30M KHpaJibHhl~ Y.arpaH)I(HaH o6ecneqHBaeT CTa6HJIH3~HID 3HeprHH 

cTaTnttecKHX KOH~Hrypar-\Hit. OTHOCHTeii&Ho MacmTa6HNX npeo6p~OBaHHil. 

3.2. TeopeMa Xo6apTa-~eppHKa 

lloJI~eHHOe B pa6oTax /59,'60/ ycJIOBHe HeyCTQ~qHBO:!TH CT8.THtlec

Y.HX pemeHH~ HeJIHHe~HhiX TIOJieBbiX ypaBHeHH~ OTHOCHTCH K ~HCJIY He06-

XO,l!,HMhlX KpHTepUeB U HBJIHeTCH qaCTHblM CJI~aeM TeOpeMhl BHpHBJia (eM., 

HanpHMep, /6I, 62/. 
llyCTb ¢=¢(X) - CT8.TJ1~eCKOe pemeHile ypaBHeHHH TIOJIH, no-



RyqaeMOPO H3 HeKOTOpOPO Bap~aQHOHHOPO npHH4HTia 

rST.r¢J =0. (3.10) 

IIpouaBe,IJ.eM npeo6pa3DBaHlle MacmTa~a X._ ).. X· . , npH IWTopoM 

¢ .-¢}. = ¢ ().. 
1 
X) . Tor.n.a H3 ( 3. I 0) CRe.IJ..YeT cooTHOIIIeHHe 

o[[¢).1-. d_T£¢ (...\ xJJI. · cfA =D. (3 II> 
- . &.A. . ').=-! . . 

PaccMaTpHBM if>YHK4HDHM .i.T ¢fA X) J KaK rf>YHRl\IDO .f 0) 
Ta6Horo napaMeTpa A H noJiarrur ee i<ycoliHo-o,IJ.Hopo,IJ.Ho1l, 

n., 
IOJ = Z ztv) OJ 

. JJ=~n, . I 

Macw-

aanY.llleM 

(3.12) 

- (V) I . I 
r,JJ,e J.. ( A1 - o~Hopo,D.Hrut ¢YI!K4HH OT 1\ cTeneHH V. IIo.o.-

CTaHDBKa (3.12) B (3.11) npHBO,JJ,HT K TO~eCTBJ Bllplla~HOPO THna 

O'Io.J 1 =Evifv)(t)=o. 
CJ ...\ . ...1 =:'f . JJ=-n, (3.13) 

Jla COOTHC!UeHH.fi ( 3. 13) BH,JJ,HO, liTO ycJIOB:.ie Xo6apTa-,L(eppHRa .fiBJIR6TC.fi 

CJI6.IJ.CTBH8M ypaBHeHHtl ,JJ,BH:KeHKR MO,JJ,eJlll,,e~JIUOrpaHllli11TbC.f! B03MYJII6-

HH.f!MI1 noJietl T~ma MacwTa6Hh!X pacTH:KeHH!i. 

IloitaJKeM, .. liTO JiaPpa.HiKllaH ( 3. 7) nplmO,JJ,HT K . CTaTHlieCRHM ROHijJHrypa-

4ll.fiM TOJibRO B CJIYtiae ,JJ,B~~epHDtl TeDp11H. ~.f! 3TOPO nepenumeM ere ~na 
npOH3BOJibHOH pa3MepHDCTll L) , HCfi0Rb3Y.f! Bupa*eHHe (3.20) ,IJ.R.f! Rll-

pMbHbiX TOKOB: . 

. . J D C/J ct i, Jl;~,i }dD ? ¢." ~J 
LM= d xji J~¢ Cl <r = Xffi.it7~ dlf/, (3.14) 

r,IJ.e g;~J =j: j'J - MeTpHlieCRHH TeHa?t> Ha MHoroo6paauu· rpymm 

. .SU(~) • CooTBeTCTByiOr~utl cTaTHlieCKHtl. if>YHK4HOHM !3Hepruu 

Cr~1[¢] =}d0
X ~i.J ~¢'-tlK ¢) (3. 15) 

. . . 
npH MacmTa6HoM npeo6paaoarum11 ¢J'·(x)-¢';. = ¢ 1

(Ai) nepexo,JJ,HT B 

i, D • • c ['"" 1 ..;JJ (}.x) ·l tlt/OiJ ch/JtAx) .z-.D [¢.1 
(a.) "rA ~ )..D ~ij a(AX"') lJ{AX") :.A Cre) :..t:3.16) 

Ma (2.J6) CJieAYeT, liTO npu l):~ TeOpH.f! MacmTa6HO HHBapHaHTHa 

H .IJ.OfiyCKa6T CYJ!IeCTBOBaHHe CTaTHtieCRHX pemeHHtl ( 6eap8.3JIHtiHOe paBHOBe

CHe) • lipH D ~ 3 Mhl acer.n;a HMeeM B03MOJKHOCTb c noMDi!lbiO MacmTa6Horo 

npeo6pa30Ba.HH.fi nDHH3HTb 3HalieHHe !flYHR4HOHMa :meprHH·, T.e~ MHHHMyM 

OTCJrycTByeT. MHHHMaJibHa.f! 3HeprH.f! ,IJ.OCTHraeTC.f! npH CTpeMR€HHH MaCmTa6-

HOPO napaMeTpa .A K 6ecioHemtocTH, Kor,o.a tracTJ.U.\a. Ko.MancHpyeT · 

.n;o Hyneaoro pa,o.Hyca. , 
C~TYaQH.f! He y~aeTC.f! UpH ,o.o6aaJieHHH K (3~!5) cTrut,JJ,apTHott no-

TeH~HaJlbHOtl 3HeprHH BH,IJ.a 

Vr¢1-= J dt>x. F(¢cx)), 
T.R. B 3TOM Cnytiae npH MaCmTa6HOM npeo6pa30BaHHH 

Vf¢1-+ vr¢,.J .. A-l> J c/1)()lx)F(¢).)= iDV[¢) 

H cyMMapHrur sHeprH.f! Ka.K if>JHK4H.f! MacmTa6Horo. napaMeTpa .A 
BH,D, 

~ 2-t> ~ -oy 
0 ("A.) = A eor2.) + i\ . 

IIpHMeH.f!.f! TeopeMy BHpHaJia (3.I3J,nonytiaeM 

fdG(A) I = /g_ D'6. - DV A= .t ( • '/ {!) I 

OTicy.n;a cJie.IJ..YeT cooTHomeHHe Me~ G (2.) H . Y: 

Y - (2.~D) ~ 
- D Cc>(.t) • 

(3.!7) 

(3.!8) 

HMeeT 

(3.!9) 

(3.20) 

(3.21) 

IIpH D-= 2 H3 cooTHomeHHH (3.2!) CJie.IJ..YeT V = 0 . IIpH D ~· .3 
ycJIOBHe (3.2!) He B~DnH.f!eTcR ,O.JI.f! noJio*HTeJibHO onpe,JJ,eneHHbiX 1f~C> , 
T.e. B 3TOM Cnytiae CORHTOHHble pemeHHff OTCyTCTByiOT. lipH 3Ha.KOnepeMeH

P.hlX v COJIH'lOHHble pememl.f! MOPJT CYJ!IeCTBOBaTb, HO BCe • OHH 6'y,IJ.YT 
HeycTOtltiHBbl. ~.f! aHaJIH3a YCTOtltiHBOCTH CJie.n;yeT npoaepHTb fiOJIO*HTeRb

HOCTb BTopol1 aapH~HH QwHKl\HO~ana 3HeprHH · · S 2 (f, ~ 0 , n~H BTOpoi.l · 

npOH3BO,JJ,HOtl ('7Jz.G/1JAr. )}.,._1 npH paCCMOTpeHHH QwHR~HOHMa ~ [¢.} 
Rax if>YHK4HH fiN (i\) oT. MacmTa6Horo napaMeTpa: 

~2 G (A) I = (2- D){1~ D)G(z.) + D{J)+j)Y. (3.22) 
A=i · 

C ytieTOM COOTHOilleHH.f! (3.21) H (3.22) fiOnytiaeM 

~ f v 



t9.ec- I 
.9).2./J.=-t = i!.(t:Z-J)}erz) -:-o, npw D?f::.3; (3.23) 

11 noaTOMY BCe B03MO~~e CORI1TOHHNe pemeHHfl B TaKHX MO~eRHX 6y~T 
aHepreTI1qecKI1 HeycToltq11B~I1. ~pyr11e npHMephl aHan11sa K11panbHb~ Mo~e
nen Ha OCHOBS MSTO~a Xo6apTa-~eppHKa MO~O Hai:!TI1 B /63/. 

KaK yKa38HO B pa6oTax /59, 64/, O~HHM H3 B03MO~ nyTeH npeo

~ORSHHfl ~aHHoi:! Tpy~ocTI1 aanaeTca ~o6aaneHHe qneHOB 6onee BHCOKoro 

nop~Ka no npOH3BOA~ OT nonei:!. TaKan B03MO~OCTb peannsyeTCfl B M0-

~8RflX c narp8.HlK11aHaMH THna . CK11pMa 

L =JiiJY {-;t;e; -r;;tflf)J, (3.24) 

KOTOpbiM COOTBSTCTByeT q,yHKtzylfl ~(J) B~a 

.J:! · 1 2-.IJ ~ 1 11-D-"' 
C {A) = II C.. (c) +II '- (.I{) (3.25) 

~ei:!CTBI1T8RbHO, npHM~e B~I1CR8HI1fl 

O'cj 1 1l e, D-t:Z 
o?J ).=-f =(tE-D)Cre> "~-t'I-J);BrttJ =O.i (lfJ =~-b C[c)j(3.26) 

i~l . . -
c9 )J! ).:,., =(t2-!J)(1-D)c~)t-('1-J) ){3-f))Er") =2([)-tE)C'rt!J, (3.27) 

I"~e nocne,JJ,H88 COOTHOID8HI18 nonyqeHO C yqeTOM (3.26),noKa3HBa.IOT, qTo 

np11 D2:.3 : (&ll.c/t9.J. 2);.=.,>o , T.e. TaKI1e Mo~en11 ~onycKa.IOT 
3H8p1"8T~8CKI1 ycToltq11BH8 CORHTOHHHS pemeHI1fl. 

Cne~eT OTM8TI1Tb, qTo BCSM ycnOBI1flM, HaKR~BaSMbJM Ha KHpanb

HHe HHBapHaHTbl, y,JJ,oBneTBOpaeT HHBapHaHT 6-ro nop~Ka no TOKaM Ll"' , 
3anHCHBaeMHH KaK KB~paT TOnOROJ"I1qecKOI"O TOKa Jf (CM.2.29): 

Xrt:J = Sp(~:J"'J. (3~28) 

~06aBR8HI18 (~.28) K (3.29) np11BO)J,HT K MO~en11, y,JJ,OBRSTBOpHID~SH KpH

Tepmo "MacmTa6HoA ycToltq11BOCTH", 11 npH 3TOM apeMeHHNS np011SBO~H~e 
h· . . ' 
IIORSlt BXO~flT B COOTB8TCTBYJO'Jli1H 1"8MMbTOHI18H BO BTOpOH CTeiiSHH. Ta-

Kafi B03MO~OCTb M0~11~HK~HI1 M0~8RI1 CKI1pMa paCCMaTpHBanacb B pa60T8 

A . .DiKeKcoHa c. coTpy~HKaMH /65/. rioMHMo narp8.HlKHaHOB Tl1na ( 3. 24) yc
Toi:!qHBHe CORI1TOHH~8 p8ID8HHfl ~OnyCKBJOT H TaR Ha3hlBaeMH8 113K30THqec..,. 
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Kl1e" narpaH'ltHaHH C nROTHOCTflMH B~a 

~% = {Sp (LI" L "'Jj.Jk. (3.29) 

C nOMO'JlblO BblKR~KI-t TUna (3. 16) Rel"KO y6e~H:Z:bCfl, qTQ Ra!"pamt118H (3.29) 

Ilp11B0~11T K MaCruTa6HO-H8i:!TpaRbHOH TeOp11~ (cTeiieHb 3/2 Bb1611paeTCfl 3~eCb 
HMeHHo 11s aTI1x coo6pa~eHni:!). TaKne narpamt11aHN 11syqan11cb a pa6oTax 

/66, 67/. 

3.3. TononorltqecKM ycToi:!qi1BOCTb 

K11paRbHHe M0~8RI1, Rai"p8.HlKH~ KOTOpNX co~ep~aT KaK MI1HHMYM 11H

napH8HThl 2-ro a 4-ro nop~a, o6JI~a.IOT eiJle O,ll,HHM secbMa aa'K~ 

CBOHCTBOM. 3Hepr:aa CTaT:aqecK!rlX perueH~-tA B TaKI1X MO)J,SRHX MOJKST 6b1Tb 

o~eHeHa CHI13Y qepes TOIIOROJ"I-tqecKI1A sap~. floaTOMY B Ka~OM I"OMOTOIII1-
qecKOM KJiacce 3Hep1"11fl HMeeT H~HIOIO rpaHb. EcJII1 aTa H~flfl rpaHb ~oc
TI1!"aeTCfl Ha HeKOTOpOM pel118HI111 ypaBHeHI1M IIOJifl, TO ,JJ,aHHOS pemeHHS yc

TOMql-tBO B CMblcJie JianyH:oBa~ KaK 6HJio OTMeqeHo JI.~.~~eeBbiM /40/, Ta

Koro po,JJ,a Oq8HKI1 )J,Jifl HemmetiHNX !flyHKql-tOHanOB, 3~8HHNX. Hll npOCTpaHCT

Be !flyHK~11H, ~OIIyCKa.IOIJlHX I"OMOTOIII1qecKYJO K.iraCCH~I1Kaqmo, ~aBHO 11 ycnem

HO HCIIOJib3YJOTCfl B MaTeMaTI1Ke np11 OIIHCaHHH rapMOHHqecKI1X OT06pa1KeH11ti 

M8'K,Il,Y pHMaHOBbJMH MHOI"006pa3HflMH /68, 69/ •. J13B8CTHO, qTo p8l118HI18 3TI1X 

a~aq CT~apTHbiM annapaTO~ TeDp11H ycToltq11BOCTI1 COIIpHJKSHO C 60JibillH~ 

MH TPY,JJ,HOCTHM11,. noaToMy CTaHOBReHne TaKHXoqeHOK 113 TOIIOJIOI"I1qecKI1X. 

coo6palKeH11ti BeCbMa BalKHO B HCCJie,JJ,OB8HHI1 MO)J,eJieA. . . . 

B !fJ113HqecKHX 3~aqax MSTO,iJ, 11CIIOJib30BaHI1fl TOIIOJIOJ"HqecK11X o~eHOK 
)J,Jifl IIOHH'K8HI1fl nop~Ka IIOJieBHX ypaBHeHI1A 6~JI npe,JJ,JIO'KeH E.BorOMOJibHbiM 

/20/, O,JJ,HaJW ~Jifl MHOI"OMepHbi"{ KHpaRbHHX MO,JJ,eJielt Ilp11eM BOI"OMOJibHOI"O 
He BCer~a np11BO)J,HT K ycnexy, T.K. 3~aBa8Mafl TOIIOJIOJ"I1qecKHM sap~OM 

HJ.I'IKHflfl OqeHKa )J,Jifl $YHK1~110HaJia :'1Hep1"11H He I'ICe!"JJ,a ~OCTH'Ki-l'"'a; 0TMeTHM, 
qTo np11eM BoroMOJibHoro np11so~11T K pe~qHJ.I noJieBHX ypaaHeHI1A a ypas

neHHH CaMO~aJibHOCTH, a pemeHHfl IIOCR8)J,HI1X COI"JiaCJIOTCfl C rpaHJ.IqHbiMJ.I 

yCJIOBI1HMH q~e scero B cJiyqae MacmTa6Ho-HeATpaJibHHX MO~enelt. K co-

lKBJ!SHHIO, HaM HeH.3B8CTHN CTp01"118 TeopeMhl nO,JJ,06HOI"O po,JJ,a. . 

,IJ.nH JiarpaHJK118HOB THIIa CKHpMa (3.24) oqeHKa CTaTJ.IqecKOi:! 3H8p1"11H 

CHI13Y qepe3 TOrtOJIOPI-tqecKI1H aap~ MOJKS'l' 6HTb IIOJiyqeHa 113 CRe~TJll-tX 

npocThlX coo6pa1Kmmn ( CM. , HanpHMep, /34/, . /38/) • HocKOJibKY KHpanb

iible HHBapHaHTbl (3.6) 11 (3.9) rpynnbl Sll(d) . MoryT 6b1Tb npe~c.:.. ·' 

TaBJI8H~ B B~e aJI!"e6paaqeCKI1X !flyHKqJ.Ifi OT KOMIIOHeHT KHpaJibHOI"O TOKa 

L 41" ( 3. 3) c noMOII\hlO mwBoJia KpoHeKepa ( TeHsopa KapTaHa-KnJimmra 

~Jifl rpynllhl .J {J (2)) H. CHMBOJia JleBH-4eBI1Ta ( CTpyKTypH~X KOHCT8HT 
SUra>):· 
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X =J" Lf}f Llrt. ~ =cdc~a&a[.. .L"L 'v 
f.Z} a& I" 1 (if} &!f d cp'-'e ~ 

(3.30) 

· TO H3 HepaBeHCTBa 

(LQ;, -;./ct:dceijKLjL:) 2~o ~ (3.31) 

I:',IJ.e lf - npOH3B011bHbiK MHO'KHTeJib, llOCJie pacKpblTHll CKOClOK llOJiytlHM 

r / a )2 . R L' I c L ( L i- - E.JfBt¥4C t:JijK [,i. i/...1( ..,.. 

.z 6 d Lc 1 s J 
+ 2 .1' Stc eQde L, . .f... I( Ll ~ ?:-- 0 

(3.32) 

Hcn011b3Yll Bb~a'KeHHe (2.29) ,ll.Jill llJIOTHOCTH TOllOJIOI'HqecKOI'O TOKa,nepe

nHIDeM (3.32) B BH,IJ.e 

( 
cr)2 2 £! , L gL elLa L e !) -f o 

Lc.. . +c;tt "aSC c ade t. t. "' K ~ C;4f.f'o ::1 • (3 •33 ) 

HHTei'pHpOBaHHe B~a~eHHll (3.33) no BCeMY npocTpaHCTBy ,IJ.aeT HCKOMyD 

.o~eHKy 

·e[¢} =BreJf¢]+-cr~J[¢1 ~c/O/. (3.34) 

B paelOTe /34/ npHBe,IJ.eHbl H ,D.pyrv.e BapHaHTbl HCXO,IJ.HbiX HepaBeHCTB (3.3!). 

3aMeTHM, o.o.HaKo, qTo nocKoJI&Ky B ::1() KOMnoHeHTW Lj BXO.D.HT 
B TpeT&eit CTeneHH, TO ,ll.Jill llOJiytteHHll O~eHKH (3.34) Ha OCHOBBHHH He
paBeHCTBa a' 2 + (32. ~tf! /c:t!J/, KaK MHHHMyM 7 HeOClXO,IJ.HMbl HHBa

pHBHTbl 2-1:'0 H 4-1:'0 nopll,ll.Ka. ilpHeM BOI'OMOJ!bHOI'O B Ta.KHX MO,IJ.eJillX He 

paeloTaeT, T. K. ll011ytl~!Jieecll ypaBHeHHe. CaMO,IJ.Ya11bHOCTH HeCOBM9CTHO C 
YCJIOBHeM (3.4) /26/; . 

§ 4. METO.!Ul llOHCKA MHOrOMEPHHX COJI11TOHOB MO,UEJTII CKMPMA 

TeMa, oc>oaHaqeHHaH B aarnaBHH, HacT011bKO MHororpauHa, qTo B 
paMKaX O,IJ.HOI'O naparpa¢a Mbl CMO'KeM TOJibKO o6cy,IJ.HTb OCHOBHble HanpaB-
11eHHll llOHCKa MHOI'OMepHbiX COJIHTOHOB~ ·KOHKpeTHOe H31IO'KeHHe MeTO,IJ.OB H 

peayn&TaToB 6y.o.eT ,IJ.BHO BTpex nocne.D.yDIIIHX naparpilif>ax. Cne.o.yeT oT
MeTHTh, qTo noMHMO peayn&TaTa CKv.pMa, npe,D.JIO'KHBruero perueHHe THna 

"e~" /3/, KOTOpoe pea11H3yeT MHHHMyM <lJYHKJ.tHOHaJia 3H9pi'HH B nepBOM 
~PMOTonuqecKoM Knacce, noa'Ke y.o.anoc& ycTaHOBHTh, qTo n Bblcruv.x roMo

TonuqecKv.x KJiaccax MHHHMyM AOCTHraeTCll Ha aKCV.aJibHO-Cv.MMeTpHqHOM 
aHaa~e. Bonee no.o.po6Ho o6 aToM peayn&TaTe 6y.o.eT coo6111eHo B § 7, OT
MeTHM TOJI&Ko, qTo ecnu pemeHv.e CKv.pMa, HaaunaeMoe ceaqac B qecT& 
aBTOpa 11 CKHpMV.OHOM", ll03B011ll9T Bb(qJ.iCJillTb MaCChi H ,D.pyrv.e ,IJ.HHaMHqecKHe 
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xapaKTepV.CTHKH 6apHOHOB, TO aKCHanbHO~Cv.MMeTpHqH09 pemeHH9 HCll011b-

3yeTCll noKa TOJibKO Ha ypOBHe npo6HbiX <lJyHKqHa. 
TaKOe OTCYTCTBHe ycneXOB He11b3ll OClollCHHTb HeBHHMaHH9M K MO,IJ.e11H 

CO CTOpOHbl HCC119,1l.OBaTe11eit. ilpaB,IJ.a, ,IJ.O Haqana 80-X I'O,IJ.OB H3ytl9HHD 
MO,IJ.SJIH CKHpMa Clb1110 llOCBHIIl9HO He 601199 20- pa60T,H TOJibKO noc11e pa-

6oT 3.BHTTeHa /22, 23/ B 3TOK 061JaCT~ HaqaJICll HaCTO~Ha 6yM H ~HCJIO 
ony6JIHKOBBHHbiX cTaTeit v.cqHC11ll9TCR Y'Ke COTHllMHo TeM H9 M9H99_ 3a,D.aq~ 
no"cKa pemeHv.it B MO,IJ.e11H CKHpMa e!Jie oqeHb .o.aneKa OT aasepmeHHll~ v. 
npv.qv.Ha 3TOI'O KpOeTCll B CJIO'KHOCTH BapH~HOHHbiX np0611eM, B03HHK8IDIIIHX 
B 3TOK MO,IJ.e11H. PaccMaTpHBaeMble <lJYHKqHOHaJibl, llOMHMO TOI'O, qTo OHH aa
,IJ.aHbl Ha llOJillX C HeKOMnaKTHOK o611aCTbiD onpe,IJ.e11eHHll, OKa3b1BaiDTCll e!Jie 

V. H9BblllyK11~H no npOH3BO,IJ.~. B TaKHX CJiytlaHX; KaK H3B9CTHO, He 
pa60T8IDT npHMble MeTO,IJ.bl BapH~HOHHOI'O v.cqv.c11eHHll V. MaTeMaTv.qecKHH an~ 
napaT ,IJ.1lll H3ytteHHll TaKHX 3a,IJ.aq HaxO,IJ.HTCll B HaqaJibHOa CTa,IJ.HH paapa-

60TKH, MOEHo 6b11IO 6bl nepeqv.CJIHTb v. PM .o.pyrv.x TPY.D.HOCTea, cBH3aHHux 
C HaxO~eHHeM KpHTV.qecKHX TOqeK (MHOI'OMepHbiX COJIHTOHOB) <lJYHK~HOHaJia 
CKv.pMa, HeKOTOpble v.a HV.X yKaaHBaiDTCll B pa6oTe O.A.na.o.~eHcKoA v. 
].B.KanHTBHCKOI'O /7I/, O,IJ.HaKO Mbl CKOHqeHTpv.pyeM CBOe BHHMaHHe Ha 
TOM, qTQ y,IJ.aeTCll C,IJ.eJiaTb B 3TOa MO,IJ.e11H1 H ,IJ.Jill Haqana npv.Be,IJ.~M H9KOTO
pyiD CBO,IJ.KY OCHCBHbiX <lJOpMyJI, KOTOpble 6y,IJ.eM HCll011b30BaTb B ,IJ.aJibHenrueM. 

4. I. Mo.o.enb CKv.pMa: ()CHOBHble <lJopMYJibl 

]~qrpa'KeBa llJIOTHOCTb MO,IJ.e11H 3anHCbiBaeTCll B BH,IJ.e 
-1 1!. . . c.z . 2 

'::f..=..., I{ ;...z S'pLtt + 76 Sp [L~,LvJ (4.I) 

r.o.e L 
11 

- KHpa11bHPie TOKH, B v. A - MacmTa6Hble napaMeTpbl. To-

nonorv.qecKHa coxpaHHID~v.acH_ToK (2.29) npencTaBHM B sv..o.e 

vi'( · 1 pPAf $ / . r1 
v =- 4'&~ e . P1 L~.~[L;.,Lfl; 

·. 1 l'fVAf "' -6 c 
=- 1C.JF 8 Cq6e Lv LA '-.1 , (4.2) 

.Po = -(-fC.r)--1 nb16paH v.a yCJioBHll qenoqv.cneH- · 

6? , sa.o.asaeMoro <lJopMyHoA (2.3I). Ecnv. nocnonbaosaTb

cst B~allteHHeM (3.5) ,IJ.Jill KOMllOHeHT KHpaJibHOI'O TOKa j_~ trepe3 
KHpaJibHbiA yro11 t9 (X-: i.) H e,IJ.HHv.qHbla BeKTOp . n ~ TO TOK 

r,IJ.e MHO'IKHTe11b 
HOCTH sapll,ll.a 

(4.2) nepenv.meTcst B nv..o.e 
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.N -1' ,.,)JA.O LY • ~L"b B &I_? . '_., I! ~/ · _ _ _ c: ;,- c;;;_ ~ .St.n o(7v n o-..1 n (7D n . v· - /ffil!. aDt: . . _, , (4.3) 

H eMy COOTBeTCTByeT Bup~eHHe ~RH TOTIOROPH~eCKOPO 3ap~a 
. el-.i~< 

fJ = J tf1x ~o =- ~gri'2 J da-r Sp ('-i.fLJ,41) 
=- e'-./1< e C¥6C. jd"X Si.ni!BtJ.· 8 ;/"f?il18rJK'nc. 

I(Jii! (.. " 
(4.4) 

raMRnbTOHHaH MO~enH 

J.1 = J ofx{t/xzSp (L! + L._e) +f 
2 
S p{[Lo,L'-]~ f [(LJ<]2)j (4.5) 

O~eHHBaeTCH CHH3Y ~epe3 TOTIOROPH~SCKH~ sap~ B C~ HepaBeHCTBa 

-e -~ ' -a + 6 ~ c1(a· t,)/: 

H7/ -j'd~{lxz SpLf + ~: Sp{L._)JJ}=-jd1{~~lSpLf + 

+ f: Sp(ct.jK.[L.;),.Jj > lf~jd}jSp{ce:.J~<L;.[LiLI(Jf-yfVEl LfBYI/fl/ 

,_ 

H fi03TOMy CTipaBe~RHBa OQeHKa 

H 7' 61/2 w-z-f- I a I (4.6) 

)l,nR CHCTeMbl C narpa.HJKHaHOM (4.!) RSPKO BbiiiHCaTb ypaBHSHHe 3~nepa
Jlarpa.H"!Ka. Y~HThiBan onpe~eneHHe (3.3) MH KHpMbHbiX TOKOB L fW , 

~v 1 v-'ru v-., ·· ' a TaKJKS COOTHOWeHHe U - :- 0 • MR KHpMbHbiX nonet! 
1 

H~eM 

cfjd'lx X =-Jdl(x Sp{a-'oll[ ~ 8t'LI'- ~ tlt~fLviL':L'J]}=o. 

B HTore npHXo~HM K ypaaHeHmo 

rl;r(Lt'- e.;).~[LviL~Lvl})=o, 
(4.7) 

HM8lllllleMJ BH,It ROKMbHOPO 3aKOHa COXpaHeHHH (3TO 3aKOH COXpaHeHHH 
H30CTIHHa). 1 

Bupa'll:eHHe B CKOoKax (4. 7) B cTaT~ecKOM cn~ae MO'II:HO npHpaa-
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HHTb pOTOpy HeKOTOpOPO BeKTOpHOPO TIOJIH; T.e. TIORb3YHCb TepMHHORO
rHe~ §l1 TpaKTOBaTb KaK BHXpb 'o~TIHOHHO~ 'II:H,ItKOCTH 11 ,0TIHCb1BaeMO~ B Tep

MHiiaX 11 0000!J1eHHbiX CKOpOCTe~" 1../f • HaHHTyHTHBHOM ypOBHe BOnpoc 0 
C~QeCTBOBaHHH TaKHX BHXpetl B H8TpHBHMbHbiX POMOTOn~eCKHX Knaccax 

MO'ICHO flOHCHHTb Ha OCHOBe npOCTbiX TOTIORQPHqSCKHX COOopa'll:eHH£1. flo

CKORbKY TOKH '-'r CJTb BeKTOpHOe none, 3~aHHOe Ha cl'f>epe 9 3 B 
H30TOTIH~eCKOM npocTpaHCTBe, B~eneHHOtl ycnOBHeM (1.4), TO COPJiaCHO 

"TeopeMe o aonocaToM mape" TaKoe noJie ~omtHO co~ep'll:aTb xo:rH obi o~Hy 
ocooeHHOCTb (a CMblcne Heonpe~eJieHHOCTH HanpaaJieHHH). Ha npocToM H3bi

Ke sTo osHa~aeT, ~To "aoJiocaTblti map" HenhsH "npH~ecaTb" TaKHM oopa'

soM, ~TOObl a "npH~ecKe" He oopasoaanacb XOTH obi o~Ha "MaKymKa". C ho

MOIIIhlll sTo~ TeopeMbl ~oaonbHO npocTo o6oHCHHSTCH, rio~eMy a aTMoc¢epe 

3eMnH oofisaTeJibHO ~OJI'!CeH CytlleCTB~BaTb XOTH 5bl o~HH ~HKROH. B c.rijtJae 

MO~enH CKHpMa poJib "MaKymKH" Ha c¢epe B H30TOnH~ecKOM npocTpaHCTBe 

cne~eT OTBeCTH BHXplll B 11 TIHOHHOti 1KH,ItKOCTH11
, KOTOphlti H oy,neT HeKOTO

pb!M o6pa30M HyKJIOHa, COPnaCHO PHTIOT83e CKHpMa. 

B ~anbHetimeM Mbi,MOJKeM orpaH~HTbCH paccMoTpeHHeM cTaTHtieCKHX 

nonen a cHJIY cnpaae.n.nHBOCTH cJie~n1ero yxaep~eHHH: 

YTBe~eHHe 4.1. . -~nvflt (4.5) peanHsyeTCH B Knacce 
CTaTH~eCKHX none£~. 

~OKa3aTeRbCTBO 3TOPO yTBep~eHHH TpHBHMbHO, O~aKO ~nH_flORHO
Tbl H3R01KeHHH OHO 6y.n;eT llp.11B9,IJ;8HO B ,llOUOJIH9HID1 B. 

EcnH_BocnonbsoaaTbCH napaMeTpH3~Heti ~HHH~Horo BeKTopa 

n =(sinfi(i} C'OSJ"(X}J Sin.ft(i}Si.nr/(X)J COS)3(i), (4.8) 

TO Bb!palKeHHe ~ CTaTnqeCKOrO PaMHJibTOHHaHa npHOopeTaeT BH,It 

~ =Jd"X(if~[(vB/+sin'!B(rvflf+sin~(~rlJ + <4.9> 

+~.?.sulB[rve · fJ3Jt?.+sf17:S1f B· P J')il +sin.?_ftsineaufivrllj 
llpHBe~eM TaKlKe Bb!palKeHHe ~nH TononorH~ecKoro sap~a 67- a Tl!j.pa-
MeTpH3~HH (4.8) : . 

a= -liz) d x sLn a sin.f>(fB {"ffi. v tl). (4. I()) 

llOCKOJibKY ypaaHeHHe onnepa-]arpaH1Ka (4.7) He no~aeTCH pemeHHIO, 

_To pasyMHo nocTaBHTb aonpoc-o CYIIIecTBOBaHHH ero pemeHH~. Pe~h H,IteT, 

TaKHM Oopa30M, 0 CYIIISCTBOBaHHH CT~HOHapHbiX TO~eK HSBNTIJKROPO ¢JHK
QHOHana (4.9), 3~aHHOPO Ha nonHX 8(X) , j3 (X) H ((X) C 
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HeKOMIIB.KTHOH OCiJiaCTbiO OITpe,IJ;BJl9HiiH np11 H9KOTOpOM 'ilJ!1KCV.pOBaHHOM 3Hatle-
Hl1l1 TOnOJIOrJ1q9CKOrO 3apR,IJ;a ~. fiepeql1CJ!l1M H3BeCTH~e B Jll1TepaTy-

pe MeTO,IJ;I>l pemeHHH TaKoro po.n;a 3a.n;aq. CYJ11ecTBJx>T MeTO,ll,bl pacuiHpeHHH 
!1CXO,IJ;HOl1 sap11ari11oHHOH 3a,IJ;aql1, CBfl3aHHble C "OB~JI9Hl19M" l1CXO,IJ;HOrO 

@'HK~HuHaJia /72, 73/. Bonpoc o npl1MeHl1MOCTl1 3Tl1X MeTO,IJ;OB.K·ilJJHK~Ho
HaJIY CKHpMa noKa OTKpbiT. npyrl1M HanpaBJieHHeM B l13yqeHl1!1 TaKoro po.n;a 

cpyHK~l10HaJIOB MO'IlliO cqJ1TaTb MO,IJ;l1ipl1K~l110 np.A:Mb!X MSTO,Il;OB BapH~l10HHOrO 

!1Cql1C.li9Hl1H, OCHOBaHHyD Ha M9TO,IJ;9 KOH~9HTp11p0BaHHOU KOM!la.KTHOCTH 

IT.]HoHca /74, 75/. Ha OCHOBe sToro MeTo.n;a B paCioTe M.3cTe6aHa /76/ 

.Up0BO,IJ;l1TCH ,IJ;OKa3aTeJibCTBO CYJlleCTBOBaHH.A: Ml1HHMyMa ~yHK~l10HaJia (4.9), 
npas.n;a, up11 secbMa orpaHH<UtTeJibHbiX npe.n;noJIOJKeHHHX. TpeTbe HanpasJieHHe 

!1CCJie.n.oBaHHfi so::~HHKJIO 113. ilJ113!1'!ectmx pa6oT C.KoyJIMeHa /77/ 11 JI.q)a.n;

.n;eesa /l!U/ l1 CB.A:3aHO C l1CnOJib30BaHHeM CBOkiCTB 11HBap!1aHTHOCTl1 M11Hl1MH-

311pJ9MOrO cpyHK~HOHaJia. B MaTeMaTHqecKHX paCioTax /?I, 78/ 3TOT no.n;xo.n; 

noJiyql1JI CTporoe oOucHOBaHHe 11 6y.u,eT l13JIO~eH B c~e.n;yJOmeM pa3.n;eJie. 

HaxoHe~, CYJ119CTBJ9T MeTO,IJ;, OCHOBaHH~ H~ Cl1MMeTpl1~~H11 lliTeftHepa R 99 

pa3HOB!1,IJ;HOCTHX, U03BOJ!.A:IOIIll1f'l yKa3biBaTb KJiaCC ilJyHK~l1f'l, Ha KOTO(Jb!X pea

Jll13yeTC.A: aocoJIIOTHb!ti MHHHMyM ~YHK~HOHaJia ( 4. ~ 1. B npl1MeHeHl111 K .n;pyrl1M 
sap11~!10HHbiM 3a,IJ;aqaM'3TOT MeTO,ll, l1CnOJib30BaJICff B pai50TBX /79, 80/. 

tl Tp9Tb9M pas,IJ;eJie ,IJ;aHHOrO naparpaipa 11 B ~ 5 Mbl llpHMeHHM 3TOT MeTO,IJ; 

,IJ;JIH .n;oKaaaTeJibCTBa Taro, qTu a6COJIIOTHblf'l Ml1hi1MyM raMMJ!bTOHHaHa CKHp

Ma (4.9) B I18pBOM roMOTOfiJ1qeCKOM KJiacce peaJI113J9TC.A: Ha "e~OBOM" aH-

3~9. 

4.2. TeopeMa KoyJIMeHa-IlaJie 11 rpynna !1HBap!1aHTHOCTl1 

raM!1JlbTOH!1aHa CKHpMa 

B np11JI01KeH!1!1 4 K cBol1M JieK~HRM (/77/, CTp.396-398J C.KoyJIMeH 

npe.n;JI01Kl1JI npaKT!1qe.cK!1ti MeTo.n; no11cKa no.n;cTaHOBOK ,IJ;JIH pemeHHH HeJIH

HeifHbiX 3a,IJ;a'!, OCHOBaHHbiH Ha CJie.IJ.Y!OmeM. npOCTOM 3BMeqaHJ1!1. ECJI!1 Gl 
HeKOTOpa.A: no.n;rpynna nOJIHOH rp~nbl l1HBapl1aHTHOCTl1 ilJyHK~l10HaJia, TO JII0-

6oe noJ!e MOlKHO pa36!1Tb Ha l1HBap11aHTHYJO, (TOqHee,3KB!1Bap!1aHTHYJO), U 

Hesap!1aHTHYJO qacTH s OTHomeHl1!1 npeo6pasosaHnti H3 .n;aHHoif no.n;rpynnbl. 

EcJIH no.n;cTaBHTb Taxue pa3JI01K9Hl1e s ¢JHK~HOHaJI 3Heprl1l1, TO Mo~o ycTa

HOBHTb, 4TO OH He 6y.n;eT co.n;ep:>KaTb '!JI9HOB, Jil1H9HHbiX no l1HBap!1aHTHOH . 

'!aCT!1. Ilo3TOMy ~yHK~l10HaJI 3Hepr11l1, Bbl'll1CJI9HHbiM ,IJ;JIJ'I Cl1MMeTpJ1qHOH no~ 

JI9BOH KOH¢l1r~~l1l1, 6y.n;eT aBTOMaTH'l9CKH CTa~HOHapeH B OTHOID9Hl1l1 Ba

pH~if no l1HBapHaHTHbiM nOJIRM. ~fl nOHCKa CHMM9TpH'!HbiX CTaTH'l9CKl1X pe

~~9HHH ,IJ;OCTaTO'!HO no.n;CTaBTl1b B ~yHK~l1~HaJI l1HBapl1aHTHOe noJie 11 pemaTb 

pe~HpOBaHHYJO Bap!1~l10HHYJO 3a,IJ;a'ly, He 3a60TJ'!Cb 0 Hel1HBap!1aHTHbiX B03-
MYJ119Hl1HX. 

].A.~~ees /37/ nepe~OpMyJI!1pOBaJI np11B9,IJ;9HHb19 Bb!ille 3aM9'laHl1.A: B 
"np11H~11n KoyJIMeHa", .noJie3Hb!if ,IJ;JIR no11cKa no.n;cTaHOBOK s ·cJiyqae !1HBa-
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p11aHTllbiX ~yHK~l10HaJIOB: 9CJI11. ¢JHK~l10HaJI 3Heprmt C r ¢ J !1HBap!1aHT9H 

OTHOCHT9JibHO npeo6pasOBaHl1H 113 Henpepb!BHOH rpynoo. ({{: ¢,?- (k.,.) iii "!i #tJ<) 
( r.n;e '} E: Gj , a TJ" ~ - COOTB9TCTBYJOml1if onepaTOp npe,IJ;CTaBJI9Hl1fl 

rpynnhl Gl ) , TO 3KCTp9MyM ~yHK~l10HaJia G (sz$0
] , peaJIH3YeMb!tf 

Ha !1HBap!1aHTHbiX llOJIJ'IX ¢ 0
, .,._ ¢o , 6y.n;eT 3KCTpeMyMOM l1 no OTHOme

Hl110 K H9!1HBap!1aHTHbiM B03MJIIl9HH.A:M. H pa6oTax /73/ l1 /40/ He ITpl1BO,IJ;l1-

JIOCb .n;oKasaTeJibCTB 3Tl1X yTsep~eHHA, a 6b!JIH ,IJ;aHbl TOJibKO HJIJIIDCTpaTHB

H~e np11Mepb!. ITepsoe cTporoe .n;oKasaTeJibCTBO co.n;epl!OfTCfl s pa6oTe P.liaJie 

/78/, KOTOpb!H yKa3aJI Ta.I\ate pR.n; OPpaHl1'!9Hl1H Ha ITpl1M9Hl1MOCTb 3TOPO Me

TO,IJ;a s o6IIleM cJiyqae. HeKOTopoe o6o6IIleHl1e TeopeMb! KoyJIMeHa-TiaJie .n;aHo 

s pa6oTe ].B.Kanl1TaHCKoro H O.A.~~eHcKoif /73/. Mbl socnoJib3yeMcR 

~OpMyJIHpOBKOH TeopeMbl B J!9K~J'IX /6I/: 
. TeopeMa 4.2. (KoyJIMeH-llaJie). TiycTb F C91 - @'HK~HOHaJI, !1HBa

p11aHTHhiH OTHOCl1T9J!bHO .n;eifcTBl1fl Herr?epb!BHOH rpynnhl Q_: F cg. ¢1 :==

= F [tPJ i Cf: • {¢ 0
} -MHOllteCTBO !1Hsap!1aHTHbiX noJ!eif, P.- conpflllteHHOe 

eMy MHO~eCTBO, T.e. MH01K9CTBO HHBap!1aHTHbiX BeKTOpHb!X llOJ!eif. Tor.n;a, 

ecJ!H noJ!e ¢ 0 
E Po .HBJ!ReTCfl 3KCTpeMaJihJO <fJYHK~OHaJia F C~J Ha 

!1HBapl1aHTHOM MHOrooopa3H11 CP.. , TO O,IJ;HOBpeM9HHO OH flBJifleTCfl '11c-. 

Tl1HHOH 3KCTp9MaJibiO, T.e. 3KCTpeMaJibiO no OTHOW9Hl110 K H9!1HBap!1aHTHbiM 

B03MJIIl9Hl1RM, np11 ycJ!OBHH, 'ITO MHoroo6pasl1e q:>o 11 ero BBHYJ!flTOp 

~* HMeJOT nycToe nepece'!eHHe (no noso.n;y .n;oKasaTeJ!bCTBa cM.~ono~
HeHHe B). . . ~ * 

Kax noKasaJI P. TIMe /77 I, HenepeceKaeMocTb MHOJKeCTB • • 11 CP. 
HMeeT MecTo He ,IJ;JIR scex rpynn Gt : • Ho. s cJ!yqae KOMnaKTHbiX rpynn, 

yHHTapHbiX npe,IJ,CTaBJ!9Hl1H H9KOM!l!lltTHbiX rpynn, riOJ!ynpOCTbiX rpynn, a 

TaKJKe B c~yqae pHMaHOBbiX MHOroo6pasl1~ ycJ!OBHe HenepeceKaeMOCTl1 Bbl

llOJ!HSHO, T.e. npl1H~Hn KoyJIMeHa cnpase,IJ;JIHB ,IJ;J!fl 60J!bml1HCTBa ¢l13!1'lecKl1 

HHTepeCHbiX CJ!yt~aeB. 

Tipo.n;eMoHcTp!1pyeM npHMeHeHHe TeopeMbi Ha npHMepe Mo.n;eJ!H CKHpMa -

,IJ;J!fl CTaT!1CT!1'!6CKOro raMl1J!bTOH!1aHa (4.5): 

~ : H$t .. - J dJx {A& Sr L,z .+ kl s,.[L;, ljl}. (4.IlJ 

fio llOCTp06Hl110, J!ai'paHlKHaH ( 4. I). H COOTB9TCTB9HHO <fJYHK~l10HaJI 
( 4. II) !1HBap!1aHTHbl OTHOCHTeJ!hHO npeo6pasoBaHHH K!1paJihHOil rpynnbl 

S'U(2)1. ~SlT(2)R Bl1,Il;a · · · 
. . J 

v{)() = v. uc~)w- , <4.12) 

r.n;e U(x) - Kl1paJibHOe noJ!e, V 11 W :- npol13BOJ!bHble SU{Z)-MaTpH

'-\bl. O.n;Haxo saxyyMHoe cocToHHHe V= I He RBJ!ReTcH l1HBapHaHTHw, 
KaK Bl1,Il;HO 113 {4. I2), eCJIH V :f W . TaxHM o6paaOM, MaKCHMaJibHOR BHyT

peHHel1 rpynnoH CHMMeTpHH KOH~Hryp~HOHHOrO npocrpaHcTBa 

35 



( 

.... *) 
MO~enK RBRReTCfl rpynna 

G = clia'~(SYrRjL~ sur.z~)~ Sllt.:zlj=SOt.5Jz, c4 • 13> 

T.e. rpynna K30TOnKtleCKKX BpaTqeHKtt. IlOCKORbKY BeKTOpHb!X noJiett, KHBa-

pKaHTHb!X OTHOCKTenbHO S0(.5).r , He c~ecTByeT, TO o6De~KHKM 
1130TOnWI8C~118 BparqeH11fl C npOCTpaHCTB8HHbiM11; 113 rpymlbl $0 (.3)5 , K 

paccMOTpHM rpynny 

G' =- dii:I~["S0(.3)r fi' S0(3)s]· (4.14) 

3anHrueM ycnOB118 HHBap11aHTHOCT11 OTHOCKTSnbHO rpynnM (4.14): 

¢
8

(x):= T~¢(~-rx} =¢fx),~e.G'; (4.15) 

C ytiSTOM HBHOrO B~EL reHepaTOpOB npOCTpaHCTBeHHOrO 11 K30TonKqeCKOro 

. nOBOpOTOB: 

-i[£ ·W] V(X.) -r{~f2·l/(XJj=o. (4.16) 

Ilo~cTaBKM n (4. 16) KHpaJibHOe none V B napa.MeTP113~K11 V=¢0+iZ'Q ¢"' 
11 pacn•~eM nonyq:eHH~e Bh~~eH11e no KOMnoHeHTa.M: 

' . e' ijl( d. ,t.. c- /..L"ijl< ., ,ner .t: i.,ta ,.r, ) 
-t. ~- I< 'f/o + Z...al c. X; Cll<'f' -'-- 'f'e ::0 " (4. 17) 

OTKy~acne~eT 

C i.JK Xj 6'.< f/;0 ::: 0 ; (4. 18a) 

ci.jK d A,t:r s;:ila n, · .. 
~ Xj K 'f/ -c.. 't'e ::0 · (4.186) 

Csopaq11BM (4.IS6) c ¢a , HaxO~HM t/Ja~ rpa Ci..j~X.j, =0, 
OTKy~a BMBO~KM ¢a8K ¢'"'.;:. XKlf rr) 11JI11 ¢a ::e ".fr r), 
r,IJ,e e01 - e~KHKqHMlt BeKTOp, 3aTeM CBOpaq11BaeM ( 4, !86) C X; . ·ea -
K npHXO~KM K S" ¢e::ci.::O, OTKy.n.a 

¢a=- Xa K(r-} = ~j(r). (4.19) 

113 KOToporo CJie.n;yeT 

*)Mbl nonbayeMCH CTB1:1)J,apTHbiM OCl03HaqeH11eM ~G\~ ca1® ~z.1 ~nfl 
no~rpynnM G\ s. ® ~ '1. ,KOTOQaH llOJiyqaeTCJl OT~9CTBJI9Hl19M napaMeT-
pOB npeo6pa.aoBaH11lt G; s. K Gu. . · 
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VIs (4. 19) cne~eT, qTo eer:: ::Caff"' , T.e. 

tjf~ = ;J (I"), r-= /:X:/· (4.20) 

AHaJIOrK~hJM o6pa.aoM 113 (4. I8a) rronyq:aeM: tPo = (/'(!"). 
B rrapa~eTp113a~1111 (3.I) 3TO COOTBeTCTayeT K11panbHOMy IIOJID 

ll(r) = exp(i. z:a,..:X::.IJ(r)}, (4.21) 

T.e. 11HBap11aHTHM8 IIOnfl KMS!OT B11~ "elKOBOro" a.H3~a CK11pMa /3/, 

3a.Me'l'KM, qTo noCKOnbKy !lJYHK~Y-QHaJI ( 4. I I) 3aB11C11T TOnbKO OT KOM-

IIOHeHT pa3JJO:>KeH11R K11panbHMX TOKOB La,; • no 6a311cy Sl/(2) -
anre6pbl, TO 113 ycnOB11fl 11HBap11aHTHOCTK (4, I6), 3aii11CaHHOr·o ,IJ,nfl KOMIIO-

HSHT TOKa L ~ , cne~eT 11HBap11a.HTHOe Bblpa'KeH11e 

a J"a xer .;t:: • ) .xar ;x; . r CCYiKX~ 
L i. = ( i. - . !'- a"' J., + 1'-e t.- h + Yf?. J ( 4. 22) 

' ' 

I'~e Jt- = j;_ ( ~) - c¢ep11qecK11-CHMMeTp11qHble !lJyHK~1111. H111Ke Mhl y6e~KM-
CH, qTQ Ha nonHX B~a (4,20) - (4,22) p8aJJ113yeTCfl aelCOniOTHbl~ M11H11-

MYM ¢yHK~110Hana (4.II) rrp11 3a,IJ,aHHOM 3HaqeH1111 TorronorJ1qeCKoro aap~a 

6(. ~fl AOKaaaTeJJbCTBa'3TOrO M~'IKHO BOCnORb30BaTbCfl M8TO,ll,aM11 

rrpro.Wl1 M11HKM113a~11V., paccMaTp11Ba8MhJM11 B CJJe~IOI!I8M pa3~eJJe. 

4.3. MeTO,IJ, npRMolt M11HHMH3a~1111 

B KaqecTBe 11CXO~HOro B03hMeM·¢yHKQ110HaJI 3Hepr1111 B B~e (4.9) 11 

B03bM8M B KaqeCTBS Oc50ClllleHHMX KOOp~11HaT yrROBh!S KOOp~>IHaThl [WJ "= 

:::. { 8(i),ft(x)) tY (X) } : Ha ccpepe S !> • IlepeH,n,eM s pacw11-

peHHoe !lJa30B08 npOCTpaHCTBO, BBO~fl 1136h!TOqHbl8 ¢8.30BM8 nepeMeHHble 

{ 6'j - yrnbl Me~ rpa,IJ,11eH'!'a.M11 VB, r j3, V a-: [lf, L/l ,J j, 
KOTOphle Ha ~CKOMOM peW8H11K 6y~T H8KOTOphiM11 ¢yHKQ11flM11 nepBOHaqaJJbHhiX 

!lJa30Bh!X nepeMeHHMX: {j = tJ ( { WJ 1 [fi W j) . flBHMS Bb!pa1KeH11fl ,li,JIH. 

3T11X 4JyHKQ11lt MOlKHO nonyct11Tb C IIOMOrqb!O 4JopMyJI c4Jep11qecKolt Tp11rOHOMeT-

p1111 11 pv.c.3, KaK sTo npo~enaHo B pa6oTe /38/. 

~OIIOnH11TeRbHhl8 rrepeMeHHhl8 6y~eM paCCMaTp11BaTb KaK H83aB11CKMMe, 

TOr~a1 0603Haq11B.qepe3 ~~ IIJJOTHOCTb ¢.yHKQMOHaJia 3Hepr1111, MO'IKHO 

3amtcaTb oqes~Hoe HepaseHCTBO 

minjdJ,x c{{w}) ~ minjd3X min c({w},[u}) 
[U>j '[W} . {d"j. ' 
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TeopeMa 4.3. Ec~H c~qecTsyeT e~HHCTBeHHhln MHHHMYM ~yHK~HoHana 

B npaBO~ ~aCTH Hep~BeHCTBa(4.23), T.e. e~HHCTBeHH~ MHHHMyM ~yHK-
~HOHaJJa, HHTerpaHT KOTOporo c([w},[ <ij) npe~aapHTe~bHO 
npOMHHHMH3HpOBaH no nepeMeHHhlM [_ (j j , H ec~H STOT MHHHM,)I'M COB-

n~aeT C MHHHMyMOM nepBOHa~aJibHOrO ~yHK~HOHaJJa j d 3 X C ( [ W]) , TO 

TaKa~ MHHHMyM stB~steTcst a6co~IDTHb~. 
fu~CTpaTHBHhltl npHMep: MHHHMH3~Hfl C~OlKHOtl ~yHKl,<iH no "MeTO~ 

osparoa" 1-i.M.re~b~aH~a. 

Pa?CMOTpHM CJIOlKHJID ~yHK~HID f(x) = j(X I 'I rxJ)' r~e :J(X)-
3~aHHM rJI~KaH ~yHK~Hfl. BMeCTO Henocpe~CTBeHHO~ MHHHMH3~HH f=(X) 

KaK ~yHK~HH O~Otl nepeMeHHO~ X Mbl npe~ITO'lHTaeM MHHHMl13HpOBaTb 

ee Ke.K ~yHK~ ~Byx: ITepeMeHHbiX )( l1 y .. Tor~a MOlKHO C~HTaTb' 
~TO Mhl pacmHpH~H llHC~O nepeMeHHb!X B a~aqe, a COBOKyiiHOC';b[X,Yj 

HaaBaTb "pacmHpeHHhlMH ITepeMeHHhlMH". CHTY~Hst, o6c~aeMaa B Teope-

Me I, OTBe~aeT c~e,D,YJO'Iletl KapTHHKe (cM.pRc.4) ITpoipHJib ~yHK~HH 
.!, (X, 'I) . KaK ITOBepXHOCTH B TpeXMepHOM ITpOCTpaHCTBe 

. (>C, lJ ,.f) ~O~lKeH co~eplKaTb "ospar". B ITpOTHBHOM c~yqae 
.r (X, fJ) He HMeeT MHHHMyMa ITO pacmHpe'iHO~ ITepeMeHHOtl "y". 

,Linst HeiTOCpe~CTBeHHOrO . OThiCKaHHff MHHHMyMa HeOOiCOli,HMO · ~BHraTb-

. Cff B~O~b · KpHBOtl ~ :: f/ (X) H_ Ha~TH MHHHMaJibHJID TO~KY Ha np~HJie 
_ C MD , OTBe~aiDTqeM ~BHlKeHIIJO B~O~b ITYTH f1 = !f (X). · O~Ha-
KO MOlKHO l136paTb l1 ~pyrJID CTpaTerHID: CIJYCTHTbCfl Ha "~0 oapara" (ITpO-

~HJlb AM B Ha pRo. 4) 11 OThlcKaTb MHHHMaJJbHJID TO~Ky, ITpo~BH-

raacb ITO "~Hy OBpara", T.e. B~O~b ~HHHH ff: l/J(X) • ~K~Hff 
$j ::= l.f' (X) HaXC~HTCff KaK pemeHHe vPaBHeHHff. 
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X 
Pllc.4 

rlJ (x, VJ/;fl = o (4.24) 

H-Mhl TPe6yeM e~HHCTBeHHOCTH ~Taro pemeHHst, oTaeq~e~o MHHHMH3~H 

j(X,y.) ITO H36HTO~Otl ITepeMeHHOtl ''f/ 11 
•• IlpH 3TOM B03M01KHhl 

~Be CHTy~HH: 

! 0 • KpHBble V=if(X} H Jl='f(x} nepeceKBJOTCff ~0 Taro, 

KaK MH ~OCTHraeM MHHHMaJibHOlt TOllKH /1 , ~BHrrutCb BAO~b · ~HHHH 
AMB , H mi-n Rx:J 6y~eT paciTo~araTbCst Ha "cK~oHe ospara" • 

· 2°. KpHBHe fl=lj(X) H 'if :.lf (X) nepeceKBJOTCst B TOtiKe 

MHHHMyMa 1'1 • CHTY~Hst, Kor~a KpHBHe He nepeceKax>TCst aoo6!1le, Hac 

He HHTepecyeT. 1.fT06ll HCKJIDllHTb HellteJiaTeJibHJID CHTy~HD ! 0
, MH ~0~, 

BHat~ane ~BHraHcb B~OJib A MB , H~TH MHHHMaJJbHJID TOllKJ M , a 

3aTeM ITpOBepHTb, 6y~eT JIH 3Ta TOtiKa peaJIH30BaTb MHHHMyM ~~HH 
!=(1<) ='.f (X, Y(XJ). 
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B CHTy~li!H, OnHCb!BaeMOI\ TeopeMOI\ 4.3, pOJib "x" BbiOOJIHiUOT cfla30-

Bble nepeMeHHble [ W}, a poJib ·"y" - H36biTOtiHh!e .nepeMeHHbte ~([wj, 
{flwj), 11HTerpaHT c({Wj 1 [(J"j). MOlKHO paCC.\laTpi1BaTb KaK · 

aHaJIOr _f (X, 'rf) , · MI1H11MH3aq1110 HHTerpaHTa C ({CO} 1 [ V W J) 
MOlKHO OC~eCTBHTb 06blt!Hb!M nyTeM /35/,.yt.IHT~Baff TO, t!TO OH He CO~ep

lKHT IIpOH3BO~HbiX OT yrJIOB (Cf1)C, i..p), T.e. no 3TI1M nepeMeHHbiM 

C ([~J,[d'}) MHHI1MH3HpyeTCfl KaK 06blt!Hafl ~yHKqV.fl MHOrHX nepeMeHHbiX. 

AHaJIOroM ypaBHeHHfl (4.24) 6yAYT ypaBHeHHH 

cJc. 
8'( = o; c?c. 

8.f ::0 j d6 
cll/J =0 ,· (4.25) 

H Henocpe~CTB8HHb!M pact.IeTOM y6e~aeMCR B e~HHCTB8HHOCTii! pemeHHfl, 

COBM8CTHOrO . C rpaHHtiHb!M ycJIOBI18M f9 ( 00) = 0: 

lf-== .f" = '-P = -% ' (4.26) 

t!TO paBHOCHJibHO YCJIOBI1~ 

r v a. ? J3 J = r vel v r; = r v fi · v r J = o . (4.27) 

B cnpaBe~JIHBOCTH pemeHHH (4.27) MO~HO y6e~HTbCR H 6e3 ~oJirHx BNt.IHC

JieHHI\, ecJIH B (4.II) npOH3B8CTH C~BHr Ha nOCTOflHH~, nporropqHOHaJib

H~ /6{/ , BB8CTH 0603Hat.IeHHfl 

_,.. _., J . 

f = v8,· Y =sin B v'J3; 2:. = SU18sinfi i7 j'; 'c.=E.SfnO (4.28) 

H 3anHCll'Ib COOTB8TCTB.yt0i!1HH <fJYHKI.\110HaJI KaK CyMMY KB~paTOB. 

lis~,_ -tE7i2c Ia! ==Jdx '(:...L x +c'[Y.iJ)2.+ A VF L )..If;£ I 
(4.29) 

+ (A~ y+c'[~xJ/+(;./zl.+t'[x,VJ)j. 

lf3 CTpyKTypbl BupaJKeHHfl (4.29) B")J.HO, t!TO MHHI1MyM TaKOrO <fJyHKqHOHaJia 

peaJIH3yeTCfl B CJiytrae aHTHrrapaJIJI8JibHOCTH nap BeKTOpOB ~ Iii 

["Y, i] ' v . Ji[ [f, f 1 ' z Ji[ [X, Y] ' tiTO 3KBii!BaJI8HT
HO ycJiosw.o (4.27). Ytrli!Tb!BaH ero, rreperrHWeM (4.11) B Bli!~e 

40 

•' 

Jlst.=J d);{(vBl[2~z +c2sin<fl(c"ffif-rsin~(vtl)J t . 

+ 5~'?:8 [(v fif+sin~ (vrlJ+c2si.n 4Bsin:S(ftJ>lr~tl-= <4.3o> 

:=jci3x [ffi B/ F (IV .f3Uv ttB,fi) +G(Iffii/Vf/, B,fi}j. 

flo T8pM11HOJIOrHJi! HJI~CTpaTHBHOrO IIp11Mepa Mbl riOKa TOJibKO nCITYCTHJIHCb 

Ha ~HO OBpara" Iii Terrepb ~O~bl npO~BJi!raTbCR no HeMy Iii HCKaTb MUHii!

MaJibH~ TOtiKy, ~fl OC~8CTBJI8Hii!R 3TOrO y~o6HO HCIIOJib30BaTb TaK Ha-
• . • ,. I 

3biBaeM~ c<Pepli!trecKytO nepecTpOitKy, tiTO Mbt H rrpo.n,eJiaeM B cJie~rqeM 
rraparprupe. 

§ 5. AECQ.Jil()'l'}Iill MliHIDIIYM 3HEPI'.Illi MO.llEilli CliliPMA 

BHa~aJie nOHCHI1M BaJKHOCTb BOIIpOCa 06 a6COJI~THOM MHHI1MyM8 3Hep

rHii! MO~eJIH B CBeTe B03M01KHOit HHTeprrpeTaqHH CKHpMHOHa KaK 6apHOHa. 

ECJIIi! MO~eJib ~onycKaeT C~8CTBOBaHH8 OCHOBHOrO COCTOflHHR C Hai1MeHbiD8it 

MaCCOit ~R H30B8KTOpHbiX riOJiet\, llpHH~JieJKa~Ji!X IIepBOMy·roMOTOTIHtieCKOMy 

KJiaccy, TO 3TO RBJIReTCR rrpRMb!M rro~TBep~eHii!eM rli!nOTe3bl CKii!pMa. Ha

noMHI1M XOpOIDO H3B8CTHblt\ <fJaKT, 'tiTO IIpOTOH- Hali!60Jiee ~OJirO~HBYJllafl 

CHJibHOB3ai1Mo~el\cTB~~an tracTHI.\a - 11MeeT Hai1MeHbill~ Macey cpe~H scex 

tracTii!q c HeTpli!BHaJibHbTM 6apli!OHHbTM tiHCJIOM. H~e 6y~eT rroKa3aHO, tiTO 

CKii!pMHOH ~ei\CTBii!T8JibHO peaJIH3Y8T a6COJI~THbtl\ MHHI1MyM 3Heprli!Ji! B nepBOM 

POMOTOnli!ti8C~OM KJiacce. ~pyrol\ BaJKHH~ ~Jifl HHTeprrpeT~Ii!li! BOripOC 0 B03-
MO~HOCTii! <fJepMHOHHOPO OllHCaHHfl CKHpMii!OHa 6y~eT paCCMOTP8H HHlK8-B § 8. 

5.1. MeTo~ c<fJepli!qecKoit rrepecTpoi\KH· 

O~HHM H3 MeTo~oB perueHH~ sKCTpeMaJibHbiX 3~aq B reoMeTpli!trecKol\ 

TeOpHii! <flyHKqHI\ RBJIR8TCR M8T08 cm~eTpli!3aQHH, BOCXO~~Ji!t\ K fl.illTeitHepy . 

/81, 82/. qaCTHb!M cJiytraeM o6~ero MeTo~a cHMMeTpli!3~1i!li! illTei\Hepa RBJIH

eTcR M8TO~ Cd\epHti8CKOt\ IIepecTpO!lKJi!, 3aK~tiBJ011llilitCH B nepeXO~e OT 

tPyHKI.\HH j' (X) ·K c<fJepHtrecKJi!-ci1MMeTpli!tiHOA MOHOTOHHoA <fJYHKqHH 

fR. (r) ' r~e r::.f X/ ' npli! ycJIOBHH, t!TO ~R ~60PO Hanepe~ 
3~aHHoro tiii!CJia M>-0 

mes[x :j'(X}?:-Mj = mes[r-~(r)i/-Hj,. 
) 

(5.!) 
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!· 

. r~e m BS - Mepa Jle6era. llp11 3TOM' eCJII1· 11CXO~HaJI cpJHK~I1.fi .1' (x) -
HeOTpUI~aTeJibHaJI, MOHOTOHHO CTpeM.fi!llaJIC.fi K HyJIIO Ha llpOCTpaHCTBeHHOH 

6eCKOH6~HOCTI1, TO COOTB6TCTByro~aJI ccpep11~eCKaH rrepeCTpOHKa ~R(r} 
HasmaeTc.fi· y6b!Bruo~ea. AHaJiorli~HhlM o6pa30M, ecJII1 .f (X) - Mo~w-
TOHHO B03pacTruorqaJI cflyHK~I1.fi rrp11 If? I -·c:t:;) . , TO· cooTBeTCTByro!JiaJI 

.1 ~ ( r) 6y~eT HashlBaT!:>cil B03pacTruorqeli ccpep~ecKotl rrepecTpotiKoli. Y c

r.oal1e (5.I) ecTb ycnOBI16 3KBI1113M6pHMOCTI1 11 MO~eT 6b1Tb 3alli1CaHO ~epe3 

CTyrre~aTyro cfJYHK~I1ID 

®(t.l} = 

CJI6AVD!J111M oopa30M; 

·f.-1, -uvo 
l 0, Y< 0 

j cl 3x r&(.f (X) -M) = jdJX@ {_{(r)-M). 

llp0~11cpcpepeH~11pyeM (5.2) llO fl1 

.(5.2) 

j d3x 5"(H-JrxJ) =jd3x S' (f/1-,k (r}), (5.3> 

a saTeM ~OMHO*I1M Ha llp0113BOJibHyro IDyHK~ j:(pt)· .11 llp011HTerp11-

pyeM no }1 . B pe3yJibTaTe rrp~eM K rioJie3HOMY COOTHOW6HI1~ 

.jd3x F(.frxJ) =JcrxF(hr~"J), (5.4) 

BbrpalKruorqeMy rrpuHqr~rr Ka.BaJibep11. B ,L(orroJIHeHI111 B ~aHa I1JIJIIOCTpa~l1.fi Me

To~a ccpep11~ecKoti riepecTpOtiK11 Ha rrp11Mepe ~oKasaTeJibCTBa HepaseHCTBa 

j d~ jv j (xJ(~ j c/~x/r;;.,h (rJ/~ (5.5) 

r~e V,- - p8,11,11aJibHaJI ~aCTb orrepaTopa V 
Terrepb Mhl roTOBhl rrpncTyrri1Tb K rrposepKe Tpe6oBaHH!i TeopeMbl 4.3. 

HarroMHHM, ~To B rrpe~bi,IIYilleM rraparpacpe MHH11M113~11eli rro H30b!TO~HhiM rrepe-

~HHb_!!:f { r} - yrJiaM ( lf, X 1 L/J ) · Me~ rpa,u,HeHTaMH V 8, 
V.f;, V J' - Mhl orrycTMJII1Cb Ha "~Ho ospara", orr11cmaeMoe cpJHK~HOHaJIOM 
(4.30) .• 

B~e~eM c~~ll\He s_crroMoraTeJib!We cpJHK11.1111: B. -) 
U(x) = B(x} i w;rxJ =-case ~t: ~ ;_ ~ { x )=cos" Jx ; 
v;rxJ = ( ~ + Ltce(vB/) si.n~ &~x1f(Vfll+sinfi(f(l} · 

l{(x) =16 ccsin'f 8S.i} si.n~ (?fll"(v f)~ 
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(5.6) 

Ka.K .. llOKa3blBaeT aHaJII13 llOBe~eHH.fi peweH11ti ypaBHSHI1.fi ~BWKSHI1.fi {) (x) J 

see cpJHK~MI1 . Wi- (X) OKasHBaJOTC.fi MOHOTOHHO B03paCTaiOlJli1MI1 Ha 11H-

TepBaJI6 8 e. £0,7/ J 
1 

a cpJHK~MI1 u/i. (X} - MOHOTOHHO y6maro-

IqHMI1. 

TeopeMa 5. I. <noJIHa-Cere) /79, 8I/. PaccMOTpiD.t Tpl1 CKaJ!Jl.PHHe 

HeOTp~aTeJI:&HHe cflyHK~1111 U(X)~O j V( X)"~O; W"(X) ~0 1 

ccpep~ecKHe rrepecTpO!iKH KOTOphlX • "U'~(~"); ~ (r) BhlOHpaeM MOHOTOHHO 

yObiBBl011\11Ml1, a U/H. (r) - MOHOTOHHO B03pacT.:tiorqelt cfJYHK~e!i OT apryMeH

T& f":./i / . Tor~a HMe~T MecTo cne~rqHe HepaBeHCTBa: 

J d 3x fv-u /.? ~ J, d~x fv" ~ ;e, 
(5.7) 

j o/3x l/(x)W(x}~jd~~(r) t/{(r). 
(5~8) 

,L(n.ff llpHMeHeHH.fi TeopeMb! 5.I K cflyHK~I10HaJIY (4.30) BOCilOJib3YeMC.fi 

cpJHK~H.fiMI1 (5.6), B T·epMMHax KOTOphlX cflyHK~HO!JaJI (4.30) DpH06peTaeT 

a~ flst=J'd~4~z /vu/+~(x/uJ;(i)+!£fxiu{(x)j)/ 
j -~; t! . . . 

~Jcl-x[.rxz v'" ~/ -r~(r)LIJ;Il (l")+~fr-J~rrJj. <5 ~ 9 > 

TaKHM oopasoM, ocyrqecTBJI.fi.fi y6b!Baroll\YID ccpep~ecKyro rrepecTpotiKy, Mhl 

noHR*aeM 3Ha~eHHe cpyHK~HOHaJia 3HeprHH MO~eJIH CKHpMa. Cnpase~JIHBOCTb 

HepaBeHCTBa, (5:9) BhlTeKaeT 113 B~a cfJYHK~Hti (5.6) .11 HepaseHCTB (5.7), 
(5.8), TaK KaK ycJIOBH.fi TeopeMb! 5.I BbiDOJIHeHbl llpH 6Js/)7,7ij .. 

lis B~a cfJYHK~Hti u; (X) .11 ~(X) cJieeyeT, ~To ,IJ,OCTaTOtrnhiMH 

YCJIOBI1.fiMM ~JI.fi ocyrqeCTBJIBHH.fi ccpepH~6CKOti rrepecTpOtiKH lJiJi)•lfu.fr} 
6yeyT 

{ 
(v fi l" = ft2trJ ] 

,z• t2 . 2. 

s~n".A (V(} =fe (r} .. 

· (5. IO) 

(5. II) 

CyMMHpy.fi BCe CKa3aHH06 Bhlme, Mbl MO*eM YTBep~aTb, ~TO llpl1 COBMeCT

HOti pa3p8WHMOCTH ycJIOBHH (5.I0), (5.II) H (4.27) cflyHK~OHaJI B rrpa

BOH ~aCTI1 HepaseHCTBa (4.23) o6JI~aeT e~MHCTBeHHhlM MHHHMJMOM. TaKHM 

00pa30M, AH.fi peweHHR BOilpoca 0. CyrqeCTBOBaHI1H a6COJIIOTHOI'O MHHHMyMa 

aHeprHH B Mo~en11 CKHpMa ~ocTaTotrno ycTaHOBHTb pa3peww&ocTb 3THX yc

JIOBH!i 11 llpOBepMTb COBil8,11,6HI16 .rro;ryqeHHOrO MHHHMyMa C MHHHMyMOM JI6BOH 

~aCTH (4.23). 3THM Mhl 11 3atiMeMC.fi B cne~:qeM pas~eJie. 
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5.2. CKHpMHOH Kax a,6coJIIOTHhltl MHHHMYM ifJYJ-IIU.IHOHa;ra :meprHH 

-a - -3anHCh!BaeM I'p~HeHTbl . V , f7 jj .H V Q · B CiflepHtieCKHX KOOp-

~MHaTaX H no~cTaBJI.FieM HX B ycJIOBHR opToroHBJibHOCTH (4.2'7). B peayJib-

TaTe ITOJiyqHM, qTO·iflaaOBbl~ nepeMeHHhle JS. H ~ ~O~Hhl 6b1Tb iflYHK~ 
QHRMH TOJibKO OT yrJIOB ~ H ol , T.e. 

fi =j>(~,oG)j d=cf(.l',,cC). (5. 12) 

llo~CTaHOBKa 3THX ¢yHKqHtl B, (5.11) H (5.10) npHBO~HT K ypaBH6HH-
.fiM . . . · · l~)~ :-f (,9,6 ) 2 e 2 ,., . 

16'~ + st.nAv; c9c{ . = .ft (~"}!" = const:. =Go " (5.13) 

,· . ..JJ f(_k_/ 1 ( ;J' J2j c .! . ~t.-n:fo L I tl VI r SUJI!.Vl, . -;;-;z-; =.B. (r-)r- :const=4<5. 14) 

11:3 (5. !3) CJie~eT, qTo r11) = const = Ce . ' T.e. 

( tl.6).e- c- -EL 
t9·~ . . -: o st.n~'t-1 . 

(5.15) 

Ho ITOCTO.FIHHYID · £7.2. CJie~eT ITOJIO~HTb paBHOtl HyJIIO, T.K. B npOTHB-

HOM cJiyqae npH .Sin rJ; = 0 B03HHKaeT CHHryJI.FipHOCTb a nocJie~HeM qJie-

He. B l.fTOre npHX~~HM K qiyHKqHH fi =c.!.~ +C'I • Y~OBJieTBOpmo-
rqett BCeM · COOTHOW6HHRM. fu YCJIOBH.FI ( ~ j3 

1 
fT J') = 0 CJie~eT paaeHCT

BO 

tl..t> ..& -1. tlJ5 ~r 
i:PzJ? . t7'~ + Si.n;l.~ U'oC . c:9d- ; 0. 

BTOpotl qJieH B 3TOM Bb!pa~eHHH paBeH HyJIIO, T.e. ~~~~) , l.f IT03TOMy 

J"=r(..<,} . B peayJibTaTe (5.14) CBO~HTC.fi K COOTHOW6HHRM: 

{ ff£ = oonst = Cs ; 
sin~= t;;sW:~J 

(5. 16a) . 

(5.166) 

flOCKOJibKy fl £:.[~Ji] 1 ~ €. [' 0, 7/} , TO H3 (5. 166) CJie,JzyeT 

C!6 = i H fi =Vi . KpoMe Toro, H3 cooTHomeHH.FI (5. I6a) · B~HM, 
qTO C TOqHOCTbJO ~0 ITOCTO.FIHHOPO ITOBOpOTa J"= 1?7,(, ·· , r~e 171 

QeJible qHCJia~ CYMMHpy.FI, 3aKJI!OqaeM, qTo (5.I0), (5.1!) H (4.27) COB
MSCTHbl Ha qiyH~qH.FIX B~a 

8 = 8(r-),J3=TPr, J'= meC. 
(5.I7) 
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llo~cTaBHM qiyHKllHH (5. !7), ITOJiara.FI /": cAX , B Bb!pa~eHHe 
~JI.fi 3H6pPHH (4.9): 

C = Jl[c jc:lx[(B'/({
2

-r(mt?.+-t)sin•o)+ '71sit/!l+ m:,;zin"oj (
5

.!8) 
D 

H Tono.irorHqecKoro aap.FI,!4a ( 4. I 0) .: 

. . 8 ( t>O) '1i ,: 'ii 1'77 

0=- 2 frc} dB si.n.t8J d-rl,sin-rP,J de<,. 
8(o} 0 • D 

(5;I9) 

113 ycJIOBH.fi cyrqeCTBOBaHH.fi ciflepHqe,cKott nepecTpOAKH fl (X)~ 81( (I') . B 

Teope>,fe 5. I cJie~eT, qTo B ( i') - MoHoToHHo y6hiB8J!J1JlM !fu'HKqim, 
• 1.(~, ,;z . 

a H3 Tpe60BeJJH.fi peryJI.FipHOCTH qJieHa St-.n e7/K B (5.I8) cJie~eT,. 
liTO 8,.,.,.,.X = n Y/ t P~e n · - ll6J!Oe qHCJIO. flpH 3TOM TOITOJIOPH·-· 

qecKHtt sap~ Q.:: mn 
IToJiyqaeTC.FI, qTo. B MO'KeT npMHHMaTb JII06h!e l!eJioqHcJieHHbie 

3HaqeHH.FI. Ho <flyHKI.-IHH ~R H w;~ 6y)lyT MOHOTOHHO B03paCTaJOU1H-

MU TOJibKO npH YCJIOBHH j) e.['t7,7iJ , CJ!e~oBaTeJibHO, ~JI.fi TOPO, qT06h! 

y~oeJieTaopHrb ycJIOBHRM TeopeMhi 5. I, cJieweT noJiaraTb n .= -1 , T. e; 

Bb16HpaTb rpaHHqHble YCJIOBH.fi Ha <fJYJ-IKllH!O f:} (X) B B~e 

B(o) -::.57", Jl(oo) =0. . (5.20) 

HerKo B~eTb, qTo HCKOMhiA MHHHMYM 6y~eT e~HHCTBeHHh!M TOJibKO npH 

{]: m: -1 • ECJIH, HanpHMep /]:2 , TO 6CTb KOH!fJHryp~H.fi C n?=i!. 
H O~HHM MaKCHMYMOM iflyHKQHH 8(K} , paBHbiM > :JT , HO TaK)I(6 H KOH-

<fJHrypaQH.FI c ~BYM.FI MaKCHMYMaMH B = # H n? = -1 . (~aa 6eeKoHeqHo paa-
~eJieHHhTX CKHpMHOHii C /) = -f ) • 

C ITOMOrqbiO TeopeMbl 4.2. KoyJTh~eHa-llaJie MO'KHO TBK~e noKasaTb, qTo 

mi.nc 6y~eT HHBapHaHTHhiM ToJibKo npH m=-t . AIIR aToro a ycJio

BHe HHBapHaHTHOCTH (4.I6) ITO~CTaBHM KMpanbHOe ITOJie B napaMeTpH3~HH 
(3. I). r~e B Bb!pa'!teHHe ;qJI.fi B6KTOpa n (4.8) BHeceHhl q'>yHKQHH . 

(5.!7). flpli 3TOM OKa3h!BaeTC.FI, qTO YCJIOBHe HHBapHaHTHOCTH BbiiTOJIH.fi-

eTC.FI TOJibKO npH rn = 1 ~ TaKHM o6paaoM, see Tpe6oaaHH.FI TeopeMh! 4.3 
MO~Ho C'IIHTaTb Bhi~OJIHeHHh!MH /38, 83/. · ' . 

BNBoA: Ha ciflepHqecKH-CHMMeTp~hlx ¢.yHKQH.fiX 

- X ~-~. B = B (r), n .:: ~ " r-= X , (5.2!) 

Y~OBJ!eTsop~mc rpaHHqHhiM ycJIOBH.FIM (5.20) · H B ToqHocTH cosn~BJO!flHX 
c "e~oB!.IM" aHaaqeM CKHpMa (cKHpMHOH) ~· perumayeTc.FI a6coJIIOTHhiR MHHHMVM 

¢.yHKllHOHaJia 3HeprHH Mo~eJIH CKHpMa, cooTBeTCTBYKJ~Htt e~HHHqHoMy Tono

JIOrH'IecKoMY sap.rmy Q = 1 . 
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B CJIS,IzyiO!J19M pM~eJie Mhl ahimmmM ypaaHeHHH 8t!;repa-J!b.rpa.H1Ka ~JIH 
~K~HOHaJia (5.I8) H o6cy~m~ caot!cTaa ero peweHHt!. Borrpoc o cy.qecT
BOBaHHH pemeHHt! 6y~eT Bh!HCHSH a· § 6. 

~. 3. YpaBHeHHe noJIH ~JIH cK:1pMHOHa 

M3 ~K~HOHaJia (5.I8) npH 1'17=-:f· Bb!BO~HM ypaBHSHHS 8t!Jiepa-
Jiarpa!i'Ka · · · 

· ,r . · ~ Rsi.n~l , 8//(xz.r- Lfsi.J:/8} = :Sini'Bri-EB + ~ J-2KB. (5 •22 ) 

PeweHHe 3Toro ypaaHeHHH c rpaHR4Hh!M ycJIOBHeM ( 5. 20) MO'KeT 6biTh noJiy

~eHo TOJibKO ~HCJISHHbiM nyTeM. CTpyKTypa ero 6biJia yCTaHOEJieHa 9lJ19 

CKHpMOM /4/ H 3aTeM HeO~HOKpaTHO BOCITpOH3BO~HJiaCb pa3Hb!MI1 aBTOpa!AH 
(CM.p:ac. 5). . . . 

fJ(:rJ 

.:Ji 
~ 

2 

-f .~ .,3 # 5" X 

PHc.5 

AcHMnOTH~ecKoe noae~eHMe q)yHK~MM 8 (X} npM X -+-oo 

JISI'KO HaXO~HTCH 113 npe~eJihHOI'O rrpH ty~(? ypaBHSHHH 

X
2B'' + tExB'-cza =0, (5.23> 

HM~IOqero peweHHe a (X) - x-ez . AHaJIOI'HtiHh!M o6pa30M npH X -o . 
noJI.ytraeM . 8(K}-:Ji- 8 x . B ~HcJieHHhiX MCCJie~OBaHHHX B.ll.llilcH'4eHKO 
/84/ 6biJia 06Hap~eHa HHTepecHaH 3aBHCHMOCTb cneKTpa 3H9pi'HH ~JIH pe~ 
weHHt! ypaBHSHHH (5.22) c. I'paHH~HhiM YCJIOBHSM. !l(o)=NJi • B(c::o)=O. 
OT aeJIH'4HHhl TonoJiorHt~ecKoro aap~a 0= N, .. BhlnOJIHHIO!J1MCH c BhiCOKOt! 
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TOtiHOCThiO (I%). rrpu He60JihmHx 3Hat~eHHHX N<:-fCJ 

C ,..., N(N+-1) ~ 
IV -f! r...,-1 , (5~24) 

r~e (;N - 3HatleHH9 3H9pi'HH Ha cq}epHt19CKH-CMMM9TpH~HOtl no~CTaHOBKe· 
B CJI~ae tl==N , C_, - 3H9tJI'HH OCHOBHOI'O COCTOHHHH C tl=-1.: 
3anHcHMOCTh C:(Q) no~po6Ho H3~aJiacb B paooTe E.B.BoroMOJihHoro 
H B.A.~aTeeaa /85/, KOTOpb!e nDKa3aJIH, ~TO COOTHOWSHHe (5.24) npH 

N - Qc!) ~OJL'KHO 6b!Th aa\feHeHo Ha cJie,IzyiO!Ilee: 

CN =a;, N 2
-t-C1-tN +a'~ + 0(-lfl'{). (5.25) 

Ann BhltiHCJISHHH nepBhiX KoaqxpH~HeHTOB pMJIO'KSHHH (5.25) HMH 6h!JI rrpe~
JIO'KeH OpHI'HHaJihHhltl MSTO~ Orrpe~eJISHHH I'JiaBHOI'O ~JieHa acHMnTOTHKH, 

OCHOBaHHhltl Ha Bhi~SJISHHH "6biCTph!X11 H 11Me~JI9HHbiX11 nepeMSHHb!X B iflJHK

~HOHaJie :meprHH. B HTore 6h!Jio noJI~eHo: 0'
0 

=-~ -155; cr, = :3,626. 

§ 6. CYIQmTBOBAiillE C~EPlPIECim-CJ1MME'I'PWllr ClillPMHOHOB 

B ~aHHOM naparpaifle 6y~ 'paCCMOTpSHbl HSKOTOphle TOHKHS BOrrpOCbl 

cpH3HKH CKHpMHOHOB, CBH3aHHble C H3~9HH9M 3HaKOOnpe~eJISHHO.CTH BTOpat!· 

BapHa~HH 3H9pi'HH B OKpeCTHOCTH COJIHTOHHOI'O pemeHHH. 3Ta 3~aqa TSC

HO CBH3aHa C rrpo6JieMOtl JCTOtltiHBOCTH COJIHTOHOB, HM9IOlJ19tl nepBOCTeneH

HOe 3HatiSHHe rrpH HX KBaHTOBaHHH. B CaMOM ~eJie, HaH60Jiee.pa3pa60TaH

HbiM MeTo~oM KBaHTOBaHHH coJIHTOHOB HBJIHSTCH KBa3HKJI~CCH'4ecKHt! MeTa~ 
(eM. § I 0) , · B ocHoBe KOToporo JISJKHT. pacCMoTpeHHe MaJI~ KBaHTOBh!X 

iflJIYJ<Tya~Htl B6JIH3M 3~aHHOI'O KJiaCCH'49CKOI'O COJIHTOHHOI'O peWeHHH, a 

TaKJKS KOJIJISKTHBHb!X B036YJK,D;eH.Iiii THna llpruqaTSJihHh!X MO~. fipo6JieMa yc

TOtl~BOCTH B.03HHKaeT TaKJKe H rrpH OnHCaHHH B3aHMO~etlCTBHH CKHpMHOHOB 
( COJIHTOHOB ) • . , 

6.I. CTpyKTypa BTOpOtl BapHa~HH CT~HOHapHh!X ~K~OHaJIOB 
(o6o6!J1eHHe TeopeMh! Xo6apTa-~eppHKa) 

B ~aHHOM pM~eJie Mhl paccMoTpHM 6oJYee o6lJ1He, ~eM cTaTH~eCKHe, 
COJIHTOHHhle pemeHHH, TaK H83h!BaeMOI'O CT~HOHapHOI'O THna. 3T.Ii pe-

WSHHH 6y~T BKJIIO~aTb B C96H KaK tlaCTHhltl CJI~at! pemeH~H, 3aBHCHmH9 

OT Bp9M9HH no rapMOHHtiSCKOMy 3aKOHy. fipH 3TOM noJie ~ CtiHTaeTCH 
\'\.. - KOMnOHSHTHbiM. i. 

Onpe,neJieHHe 6. I. CoJIHTOHHoe pemeHHe % (i,~ X) Hash!aaeTCH 
CT~HOHapHh!M, 9CJIH OHO y~OB~STBOpHeT BapH~HOHHb!M ypaBHSHHHM 

c5'cp/5C:, =o,. s-cp/8'i.f =o" · (6.r> 
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r~e 

,n,a 

~~~~ - ~HTHBHHti TpaHCnRQHOHHO~HHBapHaHT~ ¢yHKQHOHaR BH-

ct>=jci}F(~~q~~ i=-1'_&!,3. (6.2) 

flOCKORbKy nepB06 ypaBH6HH6 B (6.!) YCTaHaBnHBaeT H6KOTOpJID 

CBR3b M6:>K,Izy l{ H lf , Xapa.KTepHym ~R rapMOHM46CICHX no Bp6M6Hii 

none~ 0 · TO CTaQHOHapHble pemeHHR BICJIJOtJaiDT B ce6R f'apMOHH46CICH6, ICaK 

qacTHhlti cnyqa~ •· 

B Ka46CTB6 linniDCTpaTHBHOI"O npHMepa paCCMOTpliM ICOMnneKCH06 CKa

nRpH06 none 1../' (c) K) , y~o:sneTBOPRIOTIIee ypaBH6HIOO 

0 lf = J'r!ttl~(/ (6.3) 

H HMeDTII66 CTpyKTypy 

Lfo (t-, x). = v (xJ ~-lwt . .. (6.4) 

HeTpy~Ho B~eTb, tJTO sTa ¢yHKQHR RBJIReTCR KpHTHtJeCKO~ cTaQHOHapHOti 

TOtJKoti cpyHKQHOHana ct:>=S -tv& , r~e c H Cl , cooTBeTcT

BeHHo, 3H6pi"Hfl li aapR,ll; nonR. BblllliCbiBM 3TOT !f>Yl!ICQHOHM B RBHOM B~e 

cp =} clx{l<l'/c+/fllfr +./(l!.f/'- ?tO(t/~-ti~tt)j, (6.5) 

y6elK,IJ,aeMCR, tJTO Oji OTHOCHTCR IC THny (6.2) 1i COOTB6TCTBJIDTIIIi6 ypaBHe
Hiifl (6, I) 

d'¢ = u + i-w 'I =0 
St:t* ' . 
%P_ =-A LIJ -t..w'f -r/{itt!) tt=o . otf'* 7 

(6.6) 

(6.7) 

,ll;etiCTBHT6JibHO ycTaHaBJIHBB.lOT CBR3b M61K,JJ,Y 'I H 'i , Xapa.KT6pHyD 

~nR none~ C I"apMOHH46CKOJ.i 3aBHCHMOCTbD OT Bp6M6HH. 

Harnett qeJibD 6y,n,eT o6o6~eHHe Ha cnyqatt CTaQHOHapHHX coJIHTOHOB 

TeopeMH Xo6apTa-~eppHKa, KOTOpM, KaK H3BeCTHO, ycTaHaBnHBaeT 3Hep

I"6THtJeCKJID HeyCTOJ.iqiiJBOCTb CTaTmecKHX COnHTOHHbiX pemeHHJ.i t/o ::V(X) 
\. ypaBH6HHR a Lf = J ( C,f) • HanOMHHM. tJTO B 3TOA TeopeMe I"OBOpHTCR 

06 OTpHQaTenbHOCTH BTOpO~ BapHaQHii 3Hepf'IUI B 0Kp9CTHOCTH CTaTH46CKHX . ~ [, 
COnHTOHHbiX pemeHHti OTHOCHTMbHO MaCmTa6HbiX B03MY11i6HHit 0 'f: X tf Zf. 

Mbl npHMeM, tJTO CY11i6CTByeT CTaqHOHapHOe COnHTOHHOe pemeHHe 

~= zt~1 )?), RBJimo~eecR KpHTHtJecKoti TOtJKOti ¢yHKQHOHana (6.2) 

H HMelO!Jl8t:: ~OCTaTO~O ObiCTpO Cll~aiDLqH6 npH ,.. -+ <><:> llp0H3BO,ll;Hb16: 

I vu/"" C/(,.-{'£-~ool) )~ ci>O. (6.8} 

Tor~a cnpal:ie,n,JIHBa cJie~~M TeopeMa, ~oKaaaTenbC'l'BO KOTopoft nplise,n,e-

HO B )loHOJ!H6H11U r. . 
TeopeMa 6.1. /86, 87/. EcJIH cTaQHOHapHoe cOJIHTOHHoe pemeHHe. 

cpo -:: 1/ f!BJlReTCR KpHTHtJeCKOH TOtJICOt\ cpyHKQHOHaRa (6.2). TO BTOpM 

8 apHaQHR rrocJie~Hero a TOtJKe 'fo 3Ha.KonepeMeHHa. 

Ha TeopeMbl 6.1 BbiTeKaeT, tJTO.eCJIH orpaHHtJHTbCR ~HTHBHbiMH cpyHK

q11oHaJiaMH .futnyHOBa B~a (6.2) (a cpyHICQHOHaR .futnyHO!la C He06XO~HMOCTbD 

~o~eH 6b1Tb nonO~HT6JlbHO orrpe~eJieH B O!CpeCTHOCTH YCTOtitJHBOf'O pemeHHR~ 
TO MOf'YT C~eCTBOBaTb TOJ!b!CO ycJIOBHO-YCTOtitJHBble MHOI"OMepHble CTaQHO-· 

HapHble COnHTOHbl. 3TO 03HatJaeT, tJTO YCTOtitJHBO:!Tb COnHTOHOB B03MOJKHa 

nHmb llpli H6KOTOpbiX ~OllOnHHTenbHh~ Of'paHHtJeHHP.X Ha HatJaRbHble B03~e

HHR. 
3aMeTHM, tJTO B TOM BamHOM cnyqae, KOf'~a CORHTOH H~eneH TOllOnO

f'H46CKHM aapR,IJ;OM; llO,ll;06HOe OI"paHHtJ6Hii9 Ha HatJaJibHble ycnOBHR B03HHKaeT 

CaMO co6oti. B peaynbTaTe, ~nR MO,IJ;eneti, 3Hepf'Hfl B ICOTOpbiX OQeHHBaeTCR 

CHH3Y HeKOTOpOit rrono~HTenbHOJ.i ¢yHKQHeti OT TOllOnOf'HtJeCKOI"O 3apR,ll;a 

(cM.(4.6)), conHTOHbl, peaJIH3JID!JlHe HHJKHD!O rpffiib 3Hepf'Hii 1 6y,n,yT YCTOti

tJHBbl. Ha rrepabtti aarJIM a To rrpe,n,cTaBnReTcR npoTHBopetJar.qHM TeopeMe 6. I, 
rrocKonbKY TorronorHtJeCKHti aapR,ll; He MeHReTCR rrpH HerrpephlBHbiX ~ecpopMa
QHP.X llOnR, H ero cpHICCaqHR, Ka3aROCb 6bl, He llpHBO,IJ;HT K KaKHM-nH60 Of'

paHHtleHHRM Ha ~·oaM~eHHR. O~HaKO :"ITO aepHo nHmb )lnR 6e·cKoHetJHO MaJibiX 

B03M~eHHit, ICOTOpble He BbiBO~RT H3 3~aHHOI"O f'OMOTOllHtJeCKOf'O Knacca 

H MoPyT 6b1Tb HerrpepbiBHhM o6paaoM ~ecpopMHpOBaHbl B HYJib. B To ~e apeMR 

ICOHetJHbiMH B<?3M:YJI1eHHRMH TOllOnOf'HtJeCKHlf aapR,ll; MO~eT 6b1Tb.H3MeHeH, li Ta....; 

KHe B03MY!JleHHR He 3anpeTIIeHbl g, ycnOBHRX TeopeMbl 6.!, llOCKORbKy B Heti 

HayqaeTCR CTpyKTypa BTopotl aapHBiiHH 5 2 cp , RBnmoTlletlcR o~Hopo~
HhM !f>YHKQIIfOHaROM •. TaKHM o6paaoM, cpHKCaQHR- .Z.ononormecKoPo sapR,ll;a cy

!Jl6CTBeHHO BnHR6T Ha 3HaKOOllpe~eneHHOCTb-.BTOpOit. BapllfaQHIIf cpyHKQIIJOHaJia 
llitiTyHoaa, qeM H paapemaeTcR yKa3aHHoe shru!e l{a.ey;:qeecR rrpoT~mopetiHe. 

flOllbiTaeMCR T6ll6pb OTB6THTb Ha BOllpOC 0 TOM, ~OCTH~HMa J!H B 3a-
> 

~aHHOM f'OMOTOllHtJeCKOM Knacce H~HRR_f'paHb f'aM~nbTOHHaHa B MO~enH 
CKlipMa. HaJIHtJHe oqeHKii (4.~) noaaonReT rrpHMeHHTb ~nR OTBeTa Ha Hero 

·llpRMble MeTO,IJ;bl aapH8UHOHHOT'O HCtJHCReHHR. 

6.2. flpRMble MeTO)l~ aapHaQHOHHOPO HCtJHCn6Hiifl 

llocKonbKY ~aHHhlA paa,n,en co,n,ep~T HeKOTOpble cae,n,eHHR H3 Kypcoa 

MaTeMaTHqecKoro aHaJIH3a, To Mbl rronbayeMCR llpHB~biMH ,n,nR BHaJIHsa 
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t< 

o6oaHal:l:e!iHRMH, PaccMOTPHM HeKOTOpb!tt ¢YHK~HoHa.n .f(x}, a~aHHutt a 
6aHaxoaoM npocTpaHCTBe X 3 x . Ey,IJ.eM HCKaTb MHHl1MyM SToro rfJYHK~Ho
HaJJ.a. B OCHOBe npe,IJ.naraeMOI'O npRMOI'O MeTO,IJ.a Re~HT o6o6~eHHe KRaCCH
l:l:eCKOti TeopeMH BettepruTpacca o TOM, l:l:TO Herrpepb!BHaR ~HK~HR ,IJ.OCTHraeT 
CB08I'O MHHHMyMa Ha KOMITaKTHOM MHO~eCTBe. 3~al:l:a 3aKRrol:l:aeTCR B HaxO~
,IJ.eHHV. YCROBV.ti, npli KOTOphlX STa TeopeMa OKa3b!BaeTCR npHMeHHMOti K ~HK
~OHaJJ.aM. EcnH rfJYHK~HOHa.n /fx) orpaHH~eH CHHsy, T.e. Hali,neTCR 
ITOCTORHHaR Cl 1 TaKaa, l:l:TO j(X)>CT , TO STO 03Ha4aeT, qTQ cy
mecTByeT HH~HRff rpaHb rfJYHK~HOHaJJ.a 

~;.!c j (X) = fo ; (6 . g) 

OTC~,IJ.a ~e CRe,IJ.yeT, l:l:TO CYmeCTByeT MHHHMH3Hpyromaa ITOCRe,IJ.OBaTeRbHOCTb 

(_ x)7]) Xn eX . TaKaa. l:l:TO 

, et:.m j (X ) =fo . (6.10) 
n+oo · n • 

fl03TOMy nepBaR 3~aqa, KOTOpaR BCTaeT nepe,IJ. HaMH, 3aKn~qaeTCR B 

ITOCTpOeHHH MHHHMI13HpyiD~eti TIOCRS,IJ.OBaTeJibHOCTH { )( .,J , T. e. B HaXO~e
HHH HeKOToporo MHOJr.ecTBa HeX c TCM caottcTBOM, l:l:TO :;f;

17
<;;;H H 

nocne,IJ.oBaTeRbHOCTb { X
17

} ·cxo,IJ.HTCR B H B HeKoTopoM CMhlcJie. Kopo
l:l:e I'OBOpR,' CR8,IJ.y8T ycTaHOBHTb CYm8CTBOBaHHe npe,D.eRbHOti TQqKH (rfJYHK

~HH) X0 s M y nocJie,IJ.OBaTeJibHOcTH [ X11 } • 

M, HaKOHe~. ocTaeTCff Bb!RCHHTb nocne,IJ.HHtt aonpoc, Bb!ITOJIHffSTCR JIM 

paBeHCTBO 

j(Xo} =}o. (6. II) 

~R Henpepb!BHhlX rfJYHK~Hti paBeHCTBO (6.11) acer,IJ.a aepHo. 0,IJ.HaKO ,IJ.RR 

.rfJYHK~HOHaJIOB Tpe60BaHH6 Henpepb!BHOCTH RBRReTCR CJIHlliKOM orpaH114HT8Rb
Hh!M. KaK aaueTHR ]e6er, ,IJ.JIR Bb!ITOJIHeHHR (6.11) anoJIHe ,IJ.OCTaTol:l:Ho 6oJiee 
cn!i6oro TPe6oaaHHR - noRYHenpepbiBHOCTH j (X) CHH3Y a" TOl:l:Ke >to • 
Han6MHHM, l:l:To HenpephlBHOCTb ~(X} 3KBHBa.neHTHa HepaaeHcTBY 

1./(.-rD+h)-./(Xo)/<c) /h/<~(c). (6.12) 

B cao~ oqepe,IJ.b, (6.12) sKauaa.neHTHO ,IJ.ByM HepaaeHCTBaM 

-c c:..f (%0 +h)-j(A'o}<c (6.13) 

Orrpe,IJ,eJieHue 6.2. ~K~Hff .f (x) Haah!BaeTcst noRYHenpepb!BHott 
CHH3Y B TOl:l:Ke X 0 , 8CJIH Bb!ITOJIHReTC.R J!Hllib nepBOe li3 HepaaeHCTD 
(6.13), HRH 
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•• "·"<"' .<o'J• :• ~ • I 

eim .f (Xn) ~ .f (X<>). 
n-oo 

(6.14) 

floKa~eM, qTo li3 (6.14)· Bb!TeKaeT (6.11). B CBMOM ,IJ.eJie, H3 onpe
,IJ.eJieHHR (6,!0) MHHHMH3Hp~ett llOCJIS,IJ.OBaTSHbHOCTH CRe,IJ.yeT,.qTQ 

-tim j (X17 ) =.fo ~ j (xo), 
n-oo · 

(6.!5). 

nocKOJibKy 
,IJ.HM 

}o HIDKHRR I'paHb .f (X). 0,IJ.HOBpeMeHBO H3 (6. !4) Bb!BO-

tim j(x,) =.fo ~./(Xo). 
n-oo . . 

CpaaHeH«e (6.15) H (6.!6) noKaa~>I:eaeT, qTo ./(X0 ) = }o 
(6. II). 

(6.!6) 

, T.e. 

MTaK, npRMOti M8TO,IJ. COCTOHT H3:. 
I) nocTpoeHHR.MHHHMH3Hpyro~ett nocJie,IJ.oaaTeJibHOCTH 
2) ,IJ.OKa3aTeRbCTBa CXO,IJ.HMOCTH llOCJIS,IJ.OBaTanbHOCTR 
npe,IJ.eJibHott ToqKe X0 s H ; 

(,X,],Xne:M 
~X~J K H8KOTOpOti 

3) ,IJ.OKaaaTeRbCTBa TIOJIYHenpepb!BHOCTH tPYHK4l10HaJJ.a j(X) B npe,D.eJibHOti 
TQqKe. 

BalKHb!M l:l:aCTHb!M CJiyqae~ RBJisteTcR paccMoTpeHHe· cJ!YHK4HOHa.noa .f {x), 
onpe,IJ.eJieHHMX Ha rHJib6epTOBOM npocTpaHCTBe, cK~eM i~ . EcJIH Bb!-
6paTb B Kal:l:eCTBe Me-Lt! map. II x//:::.1 • TO, KaK li3B8CTHO, MHOJKeCT
BO M · cJia6o KOMnaKTHO ( TeopeMa EaHaxa-AJraorny /89/), T. e. cy

mecTayeT nocJie,IJ.oBaTeJibHOCTb . (X,}, Xn E: M '· CJia6o cxo,IJ.~aaca K. HeKo
TOpoMy BeKTOpy X D e Jl1 • HanoMHHM. l:l:TO nocJie,IJ.OBaTeJibHOCTb . { x,j 
Haab!Bae~cR CJia6o cxo,IJ.~llca (o6osHaqaeT,cst X, -- X0 ) , ecJIH ,IJ.JIR nro-

6oro 17 e /., ,z, Um ( h 1 X, )=t~.t;.)? cBR3H c 3THM npH noHcKe MHHHMyMa 
~KqHOH~a '-y{;j Heo6XO,IJ.HMO npOBepRTb He npOCTO ero TIORYHenpe
pb!BHOCTb, a 6oJiee TOHKOe CBOtlCTBO - CJia6yro TIOJIYHenpep~HOCTb, T.e. 
HepaaeHCTBO (6.I4) ,IJ.J!R CJia6o CXO,IJ.~HXC.ft TIOCJIS~OBaTeJibHOCTett. flpH 
STOM 0Ka3b!BaeTC.R nOJI83HOtl CJIS,IJ.yro!JlM . 

TeopeMa 6.2. lloJIOlltHTSJibHoe CKan:R{moe npoHsBe,IJ.eHHe (X, V) A~yx 
BeKTopoa 113 Lt:? · cJia6o nOJIYHenpepb!BHO CHH3Y. 

~oKaaaTeJibCTBO. PacCMOTpHM ,IJ.Be no~o~uTeJibHhle cJia6o cxo,IJ.~Heca 
nocJie,IJ.osaTeJioHOcTu Ha 1...2 : X

17
--.)(0 _,V,--/Io . HBM HyatHO noKa

aaTb, qTo 

Um (Y,, f/17} :t:- (io,jo}. ,_00 . . (6.!7) 

3aMeTHM, qTQ noCJie,IJ.OBaTeJibHOCTH (X,j H ( tj,j acer,IJ.a MOlltHO cqu
TaTb MOHOTOHHO B03paCTaD!JlHMH; TaK KaK HX MOJKHO nepeonpeAeJIHT:b CJie-
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AYilfllHM o6pasOM:. . 

X~= ':,?J(X,/m~h}, y,* =· i:;J( Ym/ m?:- nj. 

Bocno~&syeMcn To~ecTBoM • 

( X11 ,JI,) ; (xo/fo) -r(X,-Xo,Vn :...~a) -t

-r f,r,., -X01 '/~>l -r (xo,~., -ro) 

H SBMeTHM, liTO :e CH.Jt'.f Ma6o!! cxo~HMOCTH )( _,._ X
0 

Ll- -v 
, . J (J ., (/0 

(X, - Xo 1 ~0 ) ~ 0; ( Ao 1 ~ 17 
-,Yo} -+ 0 • 

!I OSTOMy 

.Cim . Urn/ )"(. ) ~ (~.~,)= -;;:::;:;; 1tt;,-x",v,.-vD + Xa)~D • <6.18> 

Tax KB.K B CMy MOHOTOHHOCTH Xn,::: Xo )~~~flo , TO HS (6.18) Bbi-
TeKaeT (6.17). TeopeMa ~oKasaHa. 

B ~~&He~eM •. npHMeHRR TeopeMy (6.2), Mbl 6y~eM CTapaT&cn npe~-
. CTaB~RTb ~KqHOHanbl 1!1 B~e CJMMbl DO~O~HTe~bHNx CK~RpHbiX np0H3Be~e

HH£i. 

6.3. ~OK8.3aTe~bCTBO CYfll9CTBOBaHHR C~pHlleCKH-CHMMeTpHliHbiX 
CKHpMHOHOB 

PaccMoTpHM I'BMMbTOHHaH (4. 9) Mo~e~w CimpMa Ha eJJtoBoit no~cTa
HOBKe (4.i!); OTB9llaJOfll6it TOTIO~OI'Hll8CKOMy sapR,~zy Q:: n . ,[tnR 3TOI'O 

c~e~aeM sBMeHy nepeMeHHott X c ,.\ = r- H npHBe~eM CTaTHtleCKHli ra

MMbTOHHaH K B~ II'~+= 47i(C:. f;.)I[B], r~e no~oJKeko 

J[BJ =}dx( t9'.2(~ +2 :Sin'll)+si.n~B + .s~a j. · <6.19> 

Ilpw STOM KHp~bHhlli yro~ & /x) y~oBJieTBopneT I'paHHqlibiM yMOBHRM 

B(o) = nJi, B (~)=O. (6.20> 

Bocno~&syeMcn npRMhiM BapHaQHOHHbiM MeTo~oM H ~OKaJKeM ~OCT~H
MOCTb :Jn.f I[Oj B K.n:acce ~KI:(Hti, y~oMeTBopmofllHX I'paHUlllibiM yMo

BHRM (6.20). Ilpe~apHTMbHO YCTaHOBHM H6KOT0pble anpHOpHhle OI:(9HKH Ha 

iwmti:lrno B(K} • IloKaJit~M, B tiacTHOCTH, liTO 

/8 '(o)j < tJ < oa. (6.21) 
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liTo I B'(x)f+ oo npH 'x -a. ~1fl STOI'O npe~nO~OJitHM npOTHBHOe, 

Jlo~ar'M $-8 =j-·0 npH X -+0 
xo,qHM 

, H3 ypasHeHHR 3ltJiepa-RarpaH11!a Ha-

JJ" + J' 2 
= J.zlx~.. (6.22) 

PemeHHe ypasHeHHR (6.22), HclleSruofllee npu X= o , ecT& J :C'x . 
oTO npCTHBOpeqnT nepBO!iall~bHOMY ~onJliteHW.O 0 TOM, qTo J'fO}:: oo _' 

TaKHM o6pasoM, anpHOpHM oi:(eHKa (6.21) ~cKasaHa. . 

YcTaHOBHM e:qe orpaHwqeHHR Ha noBe~eiD!e B(x) H B(x) npH ...f'-.oo. 
)VIR 3TOI'O CHaq~a 38M9THM, liTO tflyHKI:(I'IOH~ .lfBJ OI'paHHlleH CBepxy, 

TaK KaK, CTpOR MI1HHMI'I31'1pYJO'IIJ'10 TIOCJie~OBaTeJibHOCTb, MOJit!iO B3RTb, HanpH

Mep, GJ.,(x) = nF_e-x , t.ITo ~aeT I LCfJ-.:: oo • JlosToMy HMeeT MecTo 

HepaBeHCTBO ..., 

. j <! L"l"! .J n.e -
X 0' cr X ~ '-0 < ""'. (6.23) 

0 

Orc10~a np11 8 >-. 0 ·B CH~y HepaseHCTBa l!laapl:(a HMeelvi 

I 8(6}/~Jie'fdx ~(/oo ~~) 
1

~ (/~2 8 1 dx)%< ~ B-~. 
6 t 6 --

Ta.KHM oClpasoM, npH X ?;/ f3 > 0 , BhillOJIHR9TCR HepaBeHCTBO 

j&(X)j<L;,X-~. (6.24) 

~ee sruAeTHM, t.ITO ypaBHeHHR SltJiepa-RaPpaHJKa ~~R ~HKI:(HOH~a 
(6.19) MOJKHO nepeDHCaTb B B~e. 

[: cl,:(x 2~L;sineB)- X .Sw&(lr S'~2B)j': 
_, '.2 I • A. ) ==- F X

2
B . +Sin2B (t?B'J. + S'~ 'B -1 . (6.25) 

JlpOHHTei'pHpyeM COOTHOIIleHHe (6.25) B npe~e~~ OT CT ~0 ~ 

[ fEJ'2(.r2.+/isin~&) -x svlB(-1-r s~.e67)] = 
= J~ cixf ;[x118~,: +sin<!l (st;J.tl +c? EJ'i!_ -t)J 

q 

(6.26) 

IloJiaran a (6.26) C7 --o, -6 >>-t , Ha~eM c yqeTOM (6.21) H (6.2.!1) 

/& 1
(&)/ = 0 (8-.3/.z). (6.27). 

Bo~ee TDHKoe noBe~eHHe CY(X) np11 )(~ co · BOCCTaHaB~HBaeTcn 
flPH DOMO~H HHT9I'p~bHOn tflopMhl ypasHeHHR on~epa-RarpaH~a: 
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11 

•, 

00 · .. 

8(x) =jets G(x,s)(~ +'lsWBF-t[t! si/7/!B(B/s)'-
0 ,? 

-2 Sin2B(&'I!- s~'B) t-Si..niJB-cBj, 

r~e HCnORb30BaHa ~K4HR fpHHa RHHeapH30BaHHO~ 3~aqa 

s~ ·{ Sfxz x ?"S; 
G ( x,.r) == - 3 Xfs ~ : x "7 s . 

-3;.! fiORb3YRCb oqeHKOti (6.27), 113 (6.28) Bb/BO~HM, qTo /J::O (8 ') , 
nocne noBTOpHoro npHMeHeHI1R 

fJ(t3) = 0 ( t -.e),~/&'(~)/ = 0 ( t3 -J). 

(6.28) 

a 

(6.29) 

· Tenepb Mh! HMeeM B03MO'KHOCTb npHMeHHTb npRMott aapaaqHOHHhli'! MeTo~, 
3aiTHCaB tPYHKI:!HOHaJI ·II B Bl1~e . • . . 

Um g ei.m 1/ == o, ~ o j:J!dx = a--o 1/ct& . . 6 ... .,., Q 6 _.,., 

CHaqa.na paCCMOTpHM BapHaq110HHyro 3~aqy Ha KOHeqHOM HHTepaa.ne [a; 6 J 
C ~KI:!I10HaJIOM Ala8 H I'paHH~H YCROBI1RM11 

B(a) = 173"
1 

8(6) =0. 
(6.30) 

B ~TOM cnyqae 113 .oqeHoK (6.2I), (6.23) H (6.29) nonyqaeM, qTo MO~Ho 
CTpOHTb MHHHMH311pyro1JtYIO ITOCRe~o·aaTeRbHOCTb [ 6{-j I'Ra,I(KHX ~KI:!11~, 
y~oaneTaopmo~Hx rpaHI1qHh!M ycnoaHRM (6.30) H npi1H~ReJK~Hx npocTpaHcT
ay Co6oReaa If.. fer, 6) c HOpMo~ 

11 81! = f j cl% x"B"< -r- a( -r)) 14 ,~ a< -7 < 6 ~ 
q 

qTo qo3aonneT npoaecTu ~oKa3aTen&cTao cy.qecTaoaaHHR perynnpHoro pe
meHHR npRM~ aap11aqHOHH~ MeTO~OM (~eTaJIH ~OKa9aTeRbCTBa CM. B ~0: 
ITORHeHH11 r, a TaKll\e B /90/). 

§ 7. MYJThTiffiAPMOHiillE COCTDmiiDI 

B 3TOM naparpa<Pe Mbl 3anMeMCR H3yqeHHeM COCTORHHtf C.Bb/CWHMH TO
ITOROI'HqecKHMH 3ap~aMH. HMeD~ancn s~ecb HH<PopMaqHn o CTPYKType CKHp
MHOHoa ropas~o 6onee 6e~Han, qeM ~nn nepaoro roMOTOnHqecKoro Knacca, 
TaK KaK yrnoaue nepeMeHHue a o6~eM cnyqae He OT~eRnmTcn, O~aKo y~a
eTcn YCTaHOBHTb,qTO COCTORHHR C HaHMeHbWetf 3HeprHetf RBRRIOTCH aKCI1aJI?

H0-CHMMeTp~HNMH. ~eTcH o6~ee o6ocHOBaHHe sToro pe9yRbTaTa Ha npH-
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Mepe MHH11MH3aqUH HeKOTOpOI'O HHBapH!!HTHOI'O ~KI:!HOHaJia. (raMHRbTOHHa
Ha). 3aKa}fqHBaeTCH naparpa<P OITHCaHHeM CTPYKTypU BpruqaiD~el'OCH CKH~ 
MHOHa. 

7. I. MHHHM,YM raMHRbTOHHaHa CKHpMa B Bh!cmmc roMOTonuqecKmc 
RRaccax 

BHOBb BOCITORb3yeMCH MeTO~OM paCmHpeHI1R lPasOBOI'O npOCTpaHCTBa, 

au6paa a KaqecTBe pacurnpeHHh!X nepeMeHHUX yrm "'X, Lj.J (cM.p11c.3). 
~11KC11pyeM TOnOROJ'HqeCKI1tf,3ap~ t(=IV 11, yqHTb!BaR oqeHKy (4.6), 

cocTaBHM cTaTuqecK11l-l tflyHKI:!HOHaJI 11-jl I 1)/ corn~cHo (4. 9) 11 (4. IO), 
r~e jf = 6 :h

12JIF cj,.1. B~eRHM .S HeM TY qacTb, HHTerpaHTa, KOTOpaR 
saBHCI1T OT YI'ROB: 

j:: - t! (cost; eos.7 -r sinysin/cos¢) 12+ 

+ Ci'Jin.ec.;> +6SinJr -dd ~tnf/Si/7_/ Sillf/J 
1 

(7. I) 

r~e o6osHaqeHo 

cr=casin<&(fiB)~(VfiJ~· 6 =cRsulB sin~(v6')~(?rf)i!; 

C=c:Sil? ¥.9 Jil?~ (f,_P)~(f?J')~: c/ =.t;z Ji11W .Jin~!f8!/Pfl!!fl!. 

3aMeTHM Tenepb, qTO 113 HHTepnpeTaqi1H TOnORoraqeCKOI'O sap~a 
ifJ = /{:/:./) RaK CTeneHH OT06pa'P(8HI1H /?3-.fJ Bh!TeRaeT 

cJie~rqee B8.l1tHOe cao!-lcTao yrnoBb!X nepeMeHHh!X Ha c<Pepe SJ • l1Metrno: 
eCRI1 BOCnORb30BaTbCH ccpepuqecKHMI1 KOOp~HHaTaMI1 ~I Zf I .c. J TO e 
11 .) ~ORl!tHbl Clb!Tb nepl10~!1q8CRHMH tPYHKI:!I1RMH OT. c(. , a tf' ~0~0 
y~oaneTBopiTb rpaHHqHoMy ycnoBHD 

a(ot, rCJJ/)=J'"(,A,)t-tE5?tn;mb.'Jl 1 (7.2) 

03HaqBIO~eMy, qTo crpepa S .3 o6xo~HTCH, no KpattHeA Mepe, 177 pas : 
ll3 (7 .2) Bh!TeKaeT, qTo q::~+f!'e , r~e q;:: 177,(, , a de 
nepi10~HqeCKM no r;(. cflyHKqHH, He ~BIO~M E!KR~a B . !2 

H~eM cHaqa.na Rpi1THqecRMe ToqKM <PYHKI:!I1H (7. I) no ·.}' 11 rp 
Tax KB.K o~HOBpeMeHHo sTo ~OJD!tHbT Clh!Tb H KpHTHqeCKI1e TOqi{l1 raMHRbTOHH
aHa, TO B (7.!) ~OCTaTOqJfO.nOROli\HTb c;C:O , qTo npHBO~HT R ypaBHe-
HHRM . • 

Ssinc,/ -ce emcf"(stnc;'eos_J<costp- cost,PsV?;:)-=O 

tJOSd S'tntj' .J'Ln/ Sin f/J =0 J tJ'a.scJ:;: C0Stjltla5_l'+J't/l$PSVJ.)'CCJ:!I/J. 
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l,l 

IIocKoJibKY f¥.; o, To sin'/ Sin.J! Jin fV r- o, 
~oe pemeHHe 3THX yp8BHeHI1~ ecTb 

11 e~HHCTBeHHOe 

eo.s .!' = CV'J ~ =o 
(7.3) 

11JIH 

(r ~ vcrJ = (rvB: r rJ =o. 
(7.4) 

C ytteToM (7.4) !jiyHK~oHa.rr H -fi /0/ npHHHMaeT a~ 
H-.f! /I(/ =Jc/3-r (m[(f 6') 12-r J"i/7t!!B(?fi)7+ 

(7.5) + (v rt; +f ~)
12

Jin2&.rWfi/kre. +c12(tPB/-~-sin?.lffJJ/)J-~
+ctfsin.zB["vB, 'P fi];z+ ~ sin2EJ$infi(i?B·iifiJ v J;)j. 

PaccYJK):leHHRM11, aHB.JIOI'HtiHb!M11 npoae~eHHb!M a pa.a~eJie 5~3, y6~aeMca, 
qTo MI1HHMl_M !jiyHKI.{~HaJia ( 7. 5) OTHOCHTeJibHO ~ ~0CTI1I'aeTC.fi, eCJII1 

B8KT0ph! Ji' Qi 11 £7 /; aHTHnapa;rJieJibHh!, T. e. , 8CJII1 

"!'~/"("'). 
fu (7.4) H (7.6) Bh!BO~HM, qTo ~fi = t!J.t61=0 
HHe 3itJiepa-Jla.rpa.mta ~JI.fi rJ' ( #(..} eCTb ;J.{-I"= 0 
a.KCHB.JibHO-CY.MMeTpHt!HO~ KOHqJHI'ypal.{HI1 

(7.6) 

, H II03TOMy ypaBHe

' qTQ IIpHBO~HT K 

tl=fJ(r-,t!;), fi =fi(r; VJ), J"=m~. C7.n 

B aToM CJiyt<ae _ 0= rn;, , r~e n= 171CYA(bY71). 
HaM ocTaeTcR TOJibKo npoaepHTb, qTo ~YHKI.{11R (7.I) ~eticTBHTeJibHO 

HMeeT MHIDIM:YM B TQqKe ( 7. 3) . .l!JrR 3TOI'O COCTaBHM BTOpyn !!apHal.{HJO ./ 
OTHOCHTeJibHO .J! H cjJ : ' 

f cr-y= (Oj)i!( d.fi.nlj'- & -{'eosCt,P) + 

+ ( tftj/ jtE ( cl.fin7P-C SW'-f)- cf}otp C Si.J?r!{/, 

Yc;ro~He IIOJIO~TeJibHOCTI1 ~8HHOH K8~paTI1qnoR ~pMh! HMeeT B~ 
2clsinf/ > 6 ~ o ~(-6.e+ C2+~&c cosd~)~ 

Ere He06XO~HMO npoaep.f!Tb JIOKaJibHO, IIO~CTaBHB HCKOMOe COJIHTOHHOe pe
meHHe. 

IIOCMOTpHM Tenepb, Ka.Koe MeCTO cpe~11 KOH~11l'ypal.{Hti (7.7) 38HHMaeT 

e'Koah!H ansaq (4.2!). B aToM CJiyt<ae, Ka.K Mh! a~eJIH panbme (c.-&. § 5), , 
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8=8(;•-) / fi =.t.f1/ rf"=r£_, 

a TonoJiorHqecKHil sap~ paaeH ( ll /57)- = 8 (o) I • 
({ =17 =mCYX _I< IT 

Komfmrypal.{HR ('7 .8) OTBetrae'r KpHTHqecKoti ToqKe £1= '% 
CY'f{eHHOH H9. 06JiaCTb (7.3): .··

2 
. . 

· j /if) = C/ .f'c-n tfl + 6 -t:.: d .rin '1-

CooTBeTcTBYJOIJ1M BTOpM aapwal.{HR paima 

cf'l = tE ( of/')c? (ci-a) 

H yCJIOBHO 88 riOJIO~HTeJibHOCTH CBO~HTC.fi K HepaBSHCTBy 

d ?0'. 

(7.8) 

~YHKI.{I111 ( 7. I), 

(7.9) 

KaK noKashiBillOT qwcJieHHh!e ~BHHh!e no npo<)JHJIIO <)JyHKI.{HH 8(1") ,_. HepaaeH-

CTBO ( 7. 9) Bh!IIOJIHReTcR TOJibito ~JIR CK11pMHOHOB c sap~ oM / t1 /-= :1. 
3TO 03HaqaeT, qTO a6COJliOTHh!A MHHHM}'M 3Hepi'I1H pea.rrHsyeTC.fi ~JI.fi Bh!Cilli1X 

I'OMOTOITHqecKHX KnaCCOB TOJibKO Ha aKCH,a.JihHO-CHMMeTpl{qHhJX IIO~.fiX (7.7) 

C /77 ~ -f /9I/. JVrH fl ::::2 (~w6apHOHh!) STOT qlaxT 6h!JI npoaepeH 

qwcJieHHo, 11 6h!JIO noJiytteHo sHaqeHHe sHeprHH I, 92 a e~HHHI.{ax · ?-:f 
("elK", {( ~ -1 ) /92, 93/. · 

7.2. O.KpHTwqecKHX ToqKax HHBapHaHTHh~ ~KI.{I10HaJIOB 

06Hap}'J!teHHOe H!lMH CBDACTBO aKCHB.JibH0-CHMM8TpHtiHh!X KOH~Hrypal.{H£1 
('7.7) 6hlTb COCTORHHHMH C MHHHMaJibHOti 3HeprHeA He .fiBJI.fieTC.fi CJiyqaAH~, 
a, CKOpee 1 riO,IJ;TBep~aeT. ~OBOJibHO OeltcyiO. 3aKOHOMepHOCTb 

1 
KOTOpYJO Mh! H 

nocTapaeMcH c~opMyJIHpOBaTb /9Il. ~eno B TOM, qTo ao MHOI'Hx 3~aqax 
TeopeTlfqeCKOti qJH3HKH ITpi1XO~HTC.fi paah!CKUBaTb KpHTHqecKHe TOqKH qlYHK

QHOHB.JIOB H /:l.! J THna 3Hepri1H, o6JI~IllOTJ1HX ~ocTaToqHo Bh!COK0!1 CTe

neHb!O CHMMeTpHH. TaKHe ~KI.{HOHaJih! o6hJqHO HHBapHaHTHh! OTHOCHTeRbHO 

~etiCTBH.fi HeKOTOpOti KOMIIa.KTHOtt I'pyriiih! tJ1 , BKn!OqlllOllleti B ce6R JIU60 
rpyrrny npocTpaHcTBeHHh!X BplllljeHHti .90(3)s , JIH6o eo no~rpynny' 

SO (2) s . , a TaKllte HeKoTopyro BHYTpeHHIOIO rpynny, B qacTHOCTH SO(.j )I 
HJI11 J'O{ti) 1 • Tor~a oKa3h!BaeTc.FI, qTo cpe~11 noJiett, peB.JIH3YJOIJtHX ":Jn.f H , 
Bhl,D;eJI.fiiOTCR 11HBapH8HTHhle . IIOJI.fi t;;, (X) . CO CBOtiCTBOM (eM. ( 4. 16) ) : · . 

t~o(?J = 7R ~r~--:fx)J ~G: e," 
r~e. '7? · - onepaTop npe~cTaBJieHH.fi rpynnh! Gr • 

·s7 
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0cOClYJO pOJib llpH nOHCKe HHBap.HaHTHbiX KpHTWieCKHX TOlieK IU'p8lOT ,JJ,Be 

rpynribl: ,' 

~-t ==clioj[.J0(3)_, ~.Ftl(J)_rf/· ~ = clioj[J'O(£~@ .Ftlfr?J.sl 

onpe,neJimor.qHe COOTBeTCTBeHHO c¢epWieCKH-CID.!MeTpHliHhle H aKCHaJibHO-CHM

MeTpHliHhle noJijr. DKB.3hiBaeTc.II, liTo rpynn11 G
1 

11 G~ .IIBJimoTc.II MaK

CHMe.JibHhiMH KOMnaKTHhiMH rpynn&m, . HHBap.HaHTHhle nOJI.II KOTOpb!X OClJia,ll,BlOT 

HeTpHBHaJibHhiMH TonoJiorHlieCKHMH aap~aMH /94, 95/. B nepsoM CJiyqae no

Jiesoe MHOI'OOClpaa.He BKJIDliaeT J 3 
, a aap.IIJI. eCTb CTeneHb OTOClp~eHH.II. 

Bo BTopoM cJiyqae HMeeTC.II e111e o,nHo MHHHMaJibHoe MHorooC5pB.3.He S I! , .11 

COOTBeTCTBYJOJliH~ aap.II,ll, - HH,ll,eKC Xompa OTOClpaateHH.II J' .3 - J' I! /95/. 
TeopeMa 7.1. /91/ TiycTb 67 - HHBapHaHTHoe noJie ~ peaJIH-

ayeT min II a HHBap.HaHTHOM KJiacce. Tor,na, ecJIH !flyHK~HOHaJI If 
BblTIYJCJihl!i no npOH3BO,ll,HhiM B TOliKe l.fo , TO n6Jie ~ peaJIHayeT HCTHH-

Hhl~ MHHHMyM f/ , T. e. MHHI-!MyM H no OTHOWeHmo K HeHHBapHa.HTHhiM 

B03MyrileHH.flM. 

,noKB.3aTeJibCTBO. Coc.TaBHM BTOPYJO sapHa~mo 

S1/ =(J/ K(x/J)~ J =Jtt, LI-t~.:_, 
II B TOliKe lfo 

" npe,ncTaBHB ee a BH,ll,e CKaJI.fiPHOro npcHaae,neHH.II B Li!. , r,ne ,.f 
onepaTop HKoClH ~K~HOHaJia fl. . l1a sunyKJIOCTH fl no npoHaBOJI.iibiM 

BhiTeRaeT, liTO K - 3JIJilmTWiecim11~. onepaTop". l1a 0, - HHBapHa.HTHOCTH 

H cJie.nyeT cooTHomeHHe: K(x)=7'~tf'(;---tx-) ~-j 
A 

Bbip~8lOJllee cr· - HHBapHa.HTHOCTb onepaTopa ~. ilOCJie,ll,Hee 03-
A A 

HaliaeT, ·liTO K BbipaJKaeTC.II liepea onepaTOphl MaHMHpa C.t. 
rpynn11 6t • TaK, ,ll,JI.II rpynnbl q4 reHepaTopbl npe,I\CTa:9JieHH.II HMeiOT 

A A A 4 ' A 

BHJI. H;_ = ./i r Ii , I',I\e 0; - reHepaTOpbi rpynm1 apruqeHHil , . a Ji. -
BH,YTpeHH.He I'eHepaTOphl. il03TOMy ,ll,Jl.II qf onepaTOp KaaHM.Hpa eCTb 

II A .2 , 

c"' =N i. , 
. ~ee, B CHJIY ~JIJIHllTWIHOCTH ouepaTopa K OH ,I\OJI'KeH MOHOTOHHO 

BaBHCeTb OT · Co<.. il03TOMy eJ'O COClCTBeHHhle 3HalieHH.II ). paCTyT 

C pOCTOM COClCTB6HHbiX 3HalieHH!i ~K onepaTOpOB Ka3HM.Hpa C, HJIH 

d)./ cl.~ = 0 , npH cl:: ""0 . C ,ll,pyroil cTopoHhl, ,I\JI.II HHBap.Ha.HTHO~ 
"-'< ' A Jtj 

COClCTBeHHO~ qlyHK~HH Jo HMeeM ~f 
0 

=0 , TalC KaK 'fi.}o::. 0 
B TO BpeM~ KaK ,I\JI.II HeHHBapHaHTHhiX COClCTBeHHhiX qlyHKqH~ Jf~ A Cly,I\eM 

.. f"IMeTb COOTHOmeH.He tl-<-}K = tX-KJ ~ (a CHJiy 3JIJ!Hl1TWIHOCTH . K ,I\OC-

l TaTOliHO paccMOTpeTb noJIOl!UtTeJibHYJO aeTBb cneKTpa d" "'c> ) • TiocKOJib-

" KY !10 YCJIOBHIO TeopeMbl B HHBapHa.HTHOM KJiacce cneKTp A( 
T.e •. A o > 0 , TO A > Ao. ;> 0 • TeopeMa ,ll,OKB.3a.Ha. . 

nOJIOlltHTeJieH, 

· llpHMeH.II.II TeopeMy ( 7. I) K Mo,neJIH CKHIJ<!a npH / tr / = 1 , MOJmO 
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aH,neTb, liTO mmYKJIOCTb 4JyHK~HOHaJia 1/-.}1 / Q I no npoHsBOJI.HhiM Mu 

ycTaHaBJIHBaJIH JIHClO MeTO,I\OM pacmHpeHH.II ~OBOI'O npOCTpaHCTBa, JIHClO 

np!IMO~ MHHHMH3~He~ ( §5) • Hanwme JKe .._MHHHMyMa R HHBapHaHTHOM KJiaCCe 

Mbl JI.OKa3biBaJIH BRpH~I{OHHhiM MeTO,I\OM ( §6). llTO KacaeT.C.II COCTO.IIHH~ C 

· JQ/;;.1 ~ T.e. G~ - KHBapHimT·HhiX noJie!i, TO ace YJCasaHHhle nYHK

Thl e111e npe,ll,CTOHT npoaepHTb. O,nHaKo ace JKe MOlltHO yTBepJK,I\aTb, liTO ec

J!H aKCHaJibHO-CHV~feTpHliHhle pemeHH.II (7.1) CyrileCTBYJOT, TO OHH peaJIH3YJOT 

MHHHMyM raMHJibTOHHaHa. 

CJre.nyeT nO,ll,liepKHyTb, liTO npH pacmHpeHHH BHyTpeHHeli rpynl1H MO.J:\e~ 
JIH (HanpHMep, ,I\0 JO (3) ) B03MOJKHOCTH ,I\JI.II nOCTpOeHH.II HHBapHaHTHbiX 

noJI·e~ pesKo yaeJIWIHBaiOTC.II. TiycTb, cKaJKeM, 0 fZS [/ (.3) . Tor,na yCJioaHe 

{;,1 - HHBapHaHTHOCTli ( CM. ( 4. !6)) llpHHHMaeT BH,I\ 

-i[x· vJ orxJ +[A-_ i7J = o , ,(7.!0) 

!'.J:\e Jl. - reHepaTopu cooTBeTCTBYJOJllero npe,I\CTaBJ!eHH.a Stl (3)1 . 
l-fMeiOTC.II ,I\Ba He3KBHBaJieHT~ Haelopa TaKHX reHepaTOpOB: 

A:= (A,Iel A.~4) A3/z) /X:= (~~/As-} A?) }: 
I',qe ;I"' - MaTpM~ reJIJI-MaHHa. B nepBOM CJiytiae peineHHe ypaBHeHH.II 

(7.10) ~eeT BHJI. 

«- =exp(i Y¥' (~'-) exP[i(.A, ij !'" -~(r)] ~ (7. n> 

I')J,e 3 V = dia~f."-1, 1, -dJ , K 3a,ll,aeTC.II ,I\ByM.II crpepHlieCKH-CID.!MeTpHtmbiMH 

~SOOI t.frr) H &!~") . 3,ll,acb sap.IIJI. Q=n , acJIH 6'(())::11%/ 
6lfo) = 0 . TiosToMy ( 7. II) ecTb npHMoe o6o6JlleHHe eJKoBoro aHs~a 
(4.21). Bo BTopoM JKe CJIYliae pemeHHe ypaaHeHH.II (7.J0) HBJI.IIeTcH 6oJiee 

cJio;mw , H 6ww HesaaHcHMo H8.it.n.eHo B paCioTax /96, 97/. OHo HMeeT BH.J:\ 

0.. ·= e i..IIJ + i. A e -L f!)(e ·Silly +..A..2. (e-ir.p& cas. n- e it.p 1 c ..11- • . o/' I, ( 7. 12) 

l',I\e A=(A1 ~}1'"--t, a ¢' H . .)( cyTb pa,nHaJibHhle tPYHK~HH. llpH 

3TOM.TOUOJIOI'HlieCKHil 38.p.II,ll, p11B9H 

&=dL.J'(o)-X(oo)Jh, =~If', /(E:z 

TaKHM oopasoM, MKHI-!MaJibHW 38.p.II,ll, ,ll,JI.II KOHqJHryp~HH ( 7. !2) paaeH ,I\ByM 

. (,o;KClapHOH). · 

7~3. Bp~~C.II CKHpMHOH 

fipe,I\B11p.IIH CO,I\ep~aHH9 § IO,oT~aTm.f, liTO B OCHOBe paClOT, B KOTO-

S9 



. pHX ~enanHCb nonHTKH OnHCaTb CTaTKq8CKH8 CBO«CTBa 6apHOHOB B paMKaX 

MO~enH CKHpMa, H8'!tHT .KBa3HKnaCCKq8CK~ MSTO~ KBaHTOBaHHR /98, 99/, 
nossonJmrqHR ~o6HTbCR pacxo~eHHR c OnHTOM B cpe.~eM OKano 15. %. CyTb 

MSTO~a COCTOHT B OnHCaHHH Bp~aTSHbHNX 3036~eHHR CKHpMHOHa C no

MO~bn no~CTaHOBKH BHTTeHa 

l!ft,x) ;A(t){fo(i}A--r(-t}, <7.13> . . 

r~e A(t}fZ SU(e:J, ~(x)- e~oa~ aH3~ (4.23)~ O~aKo, no~o6HM 
peanH3~HR Bp~eHHR CKHpMHOHa o6n~aeT p~OM C~8CTB8HHHX HS~OCTaT

KOB. Tipe~e acero, o6pas He~e~opMHpOBaHHoro Tena, HcnonbsyeMH« B 

( 7·. 13), nnoxo cornacyeTcR c Mo~enb!l "nHoHHoR llt~KOCTH", ne'l!t~eR B oc

Hoae HCXO~ pacc~eHH« CKHpMa, H iHaKOHeq, no~CTaHOBKa ( 7. 13) He 

RBn.fr8TCR pemeHHeM ypaBHSHHR ~BKlt8HHR /!00/. 
B pasBHTHe ~THX 3aMetJrutHR .w nomrraeMcR pacct.coTpeTb Bp8J11eHne 

· CKKpMHOHa, COI'naCOBaHH08 C ypaBH8HHRMH ~B~8HHR H np~BO~~ee _K ~e

~pMaqHH cTaTHtJecKoR KOH~HI'ypaqHH. KoHKpeTHOR peanHs~HeR TaKoro 

~B~8HHR MOJ!t8T Cnyl!tHTb CT~HOHapH08 Bp~8HH8 BOKpyr OCH i! , 3~a-
Ba8M08 no~CTaHOBKOR ~ =- &.<Jd.i • HHH r;;(,.-r£-wt . ~KTHBHO 
3TO npHBO~HT K cne~~eMY npeo6pasoBaHHn narp~HaHa: 

':i=-fifil +ct!stn2B.st.n~ (t..P·sfne~- w2.)}+. 

X { ( ~ 8 j< + 't,e (tlu,B )e +Sine&( /{ft / + ~ ( cP-urJ3 /)]-
. .d._ . -1 2 n?/1. 

- 2N Si..rl&sin:,S(z.~si/7~ -Wj- ;.: (-f-(:vs8}- (7.14l 

- C'i~ Sint?& ( { Bo?-u,B- t9z._;8c9-ur.&) ~ 

I'~e {l H fi - cflyHKqHR OT Z:, ~ • KpoMe TOI'O, K narpa!f'ltHaHY 

~o6aaneH MaCCHBHbiR nHO~ tJneH' nponopqHOHaHbHbiR (-I- eos 8) . Ero 

Heo6xo~HMOCTb 6y~eT B~a ns ~anbHeRmero. 

Hs cTpJKTypbl narpaHl!tHaHa (7.14) B~o, tJTO nocne nepexo~a ~ 6es

pasMepHHM nepeMSHHHM 

~ --.'l-eA· w ...... w/c:-.A · m.,. ~m/cA 
I I '' .1 

2. t! . t?...tl.. ' 
BO:lHHKaeT THnHt!HaH KOM6HHaqHR 1- &<J Z. .Jf-.17 7 , CO~epl!t~aH uJ 2 

• 

::ho 03HatJaeT,<OtJTO ~HR 2:. c:x: UJ--1 MO'KHO BOCnOHb30BaTbCR pa.3HO'!t8-

HH8M no w e KaK no M~OMY napaMeTpy, Bbl6paa. B KatrecTae eyneaoro 

rrpH6HHl!t8HHR c¢epKq8CKH- CHMM8Tp~ COnHTOH: 
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I; 

B~flo("t.)+ui!lr(r.1 :1).}::::-c.f +uJ~~(z., -df}: ( 7. 15J 

fipH qTOM B03MY'I\8HiiH tJ1 H j3 1 M01tHO npe~CTaBHTb B B~e pas-, 

JI0'!1:8HH.f! ITO noJIHHOMaM Jle"taHJ~pa: ·, . 

81 =;;::. 0',(~) ~n (ztr) / P-t : i:: ;B,(i} P;~ (-zf}. 

EcJIH orpaHHtiHTbC.f! JIHmb KB~paTHtrnHMH no tln 6, tJneHaMH B nar

" paH'KHaH8, TO OKa3blBa8TC.f!, 11TO 8~HHCTB8HHblMH HeTpHBHaHbHHMH &mnHTy~a-

MH .f!BJI.f!IOT~.f! Cf.0 C/.1 13.1 • TaKHM o6pasoM, B 8TOM npH6JIID~teHHH ~rn-" ) . 
~eKTHBHO OT~en.f!lOTC.f! yrnOBNe IT8p8M8"Hhl8. 

HaKoHeq, OTMeTHM, tJTO M.f! Z:. ">")" t<J--t · ypaBHeHH.f! ~~IDKeHHR 6nHs-. 

KH It nHHeltHbiM. TioaTOMY BbliTOnHHM 38M8HJ nepeMeHHbTX 

f = s/..n 6' cos.}J _/ Y-- ji171l.ri17~ 

H orpaHH~HMC.f! B JiarpaH1tHaH8 ~neHaMH tJeTBepTOil CTSITeHH ITO X,Y. 
TipH 3TOM. pemeHHe ( 7. I5) corJiacyeTcH c acHMITTOTH~ecKHM noBe,JJ,eHI1eM · 

BH~a 

X =t'OJ' ~ (q+ 6 cos<'-u:yh Y::Ji17Vj(e+c/eo.l-ef)<7. !6) 

I')J,e O> 61 C1 c( - p~HMbHble ~yHKQHH, TaKHe, tJTO 'ITpH '2:. ~oo 

X"'eXP(-mz.)iz.; Y~exP(-m'z.)/7--j 1771::(m.l.-cv')f/.e. 

CmHBa.f! ITOn.f! ( 7 ~ 15) H ( 7. 16) Ha HeKOTOpOM p~~~Ce 2:. = 'Z:0 , MO'!tHO 

~06HTbC.f! xopomel\ arrnpOKCHM~HH 11CTHHHOil ITOJISB,Oil KOHcflHI'ypaQHH. _ 

Cne~eT ITO~tiepKHJTb, ~TO CKHpMHOH ~O~eH Bp~qaTbC.f! ~OCTaTO~HO 
Me)J,JISHHO, otJT06hl 6h!no U) < m , TaK KaK B ITpOTHBH.OM cJiy-qae KOH~Hry
paqHR CTaHOBHTCR H8CTa6HJibHOti (HatJHHaSTC.f! }f3nYtJ8HHSJ'. ):\eilCTBHTenbHO, 

npH uJ ;;- 177 B03HJ1KaeT THn~tJHaH pa)J.Haq~OHHaH aCI1MITTOTHKa . 

Y"' (m''-z:}--1 e'J:P(im"z~ m''=( af-rn':) -t/e. 
TaK KaK nOn.f! C TaKOl\ aCHMITTOTHKOR He RBn.f!IOTC.f! KB~paTHtJHO HHT8I'p11pye-

Mb!MI1, TO npH C{) ;;-17} COJIHTOHHaH KOH~HI'yp~HR. H8B03MO'KHa ( l'!Hepl'H.f! 

nonR 6ecKoHetJHa). aTo ,03HatJaeT; ~To B TrutOM KPHTI1tJecttoM pe'ltHMe CKHp

MHOH Hec'ra6HneH 11 Haimmi.eT Hsny-qaTb nHoHbl. Cne~eT no~tiepKHJTb, tJTO 

B 3H8pi'HID Bpa~aTenbHOI'O BOa6~8HHR 3HatJHT8nbHNI\ BKn~ ~aeT o6naCTb 

6onbmHx paccTO.f!HHR. KpHTKqHOCTb 3Toro. BKn~a oco6eHHo 38M-8THa npH . ' ,. . - ··-- . 
U) ._1?7. , KOI'~a rr7 -0 , H CK.npMHOH HMeeT HaHMeHbmyD y6blBaD-
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;\. 

~ aCKMTITOT~Ky ~~fl KOMITOHeHTU )f. ilO~B~ill~OMY,~~fl HYK~OHa MO~-
HO Ctl~TaTb G.c) << 1r/ , TaK KaK aC~MITTOTHKa e '"" e-,e.p (- m~)~~ 
cor~acyeTCR c rroTeHQ~aJIOM o.~orr~OHHoro o6MeHa. qTO lKe KacaeTCR 6o;ree 

BUCOKHX B030ylK,IJ;eH~M. ( ~ - pe30HaHC), TO 3~eCb ~e Ct) £: h7 ~ 
yc~OB~e 113~eH~ CTaHOB~TCR C~eqTBeKffiill4 OI'paH!itl~BfD~ ~aKTOpOM. 

MolKHO BUCKaaaTb H~ellt)zy, '!ITO ~CITOJrb30BaJ-Il1:e BO BpaJlalo'lleMCR aH3~6 
BHTTeHa ( 7. 13) BMeCTO 7.f;. (X J. omtCaHHOM Bhlllle aKCI1aJibHO-C~MMeTp11tl-
HOM CTpy-rtTypU ~e~opr.mpOBaHHOI'O CK~M~OHa Y.nytru!HT cor~ac~e rrpe.D,CKaaa

H~M Mo~eJI~ CK~p!Aa c OIIbiTOM. 

§ 8. CIDIPMHOH KA.K <liERlliOH 

Bonpoc 0 CITI1H6 CK~pM~OHa RB~ReTCR KRID'!leBhlM B.n~aHe B03M01KHhlX 

~113~tleCKHX ~HTeprrpeT~H~ MO~e~~. ~encTB~Te~bHO, ~JIR TOI'O, tlTOOU B 

paMKax MO~eJI~ CK~pMa IT0~11Tb paaywme Orr~CaH~e OCHOBHblX xapaKTep11C

TI1K 6ap110HOB, Mhl ~OR'!tHhl nOHRTb, B KaKOM CMbzC~e CO.ir~TOH, BOSHHK8.10!Jli1M 

KaK KO~~eKT~BHOe B030~eH~e 0030HHhlX nonet!,MOlKHOpaCCMaTp~BaTb KaK 

~ep~OH. 

Oco3HaBM BaJKHOCTb :>Taro aonpoca, CK~M o6pa!qaeTCR K HeMy ~e 
a ~ByMepn30BaHHot! MO~e~l1 11, npe~aocxi1IJlM pe3yJibTaT C~KoyJIMeHa /18/, 
ycTaHaBnHaaeT cooTseTCTBHe Me:w 6o30HHh!MM no~JIMM cJ.!iiyc-rop~oH MO~en11 
11 ~epMHOHHHMI1 rr0~m~11 MaCCI1BHOM MO~eJII1 Tlipp11HI'a /10/. llocJie ITORB~eH~fl 
TOno~OI'I1tl?cKO~ TpaKTOBKI1 cmrna - "cnMHOpHhlX CTPYKTYP" Ha noneBOM MHO

roo6paiml1 no ~.~~HKeJibmTet!ey /101, 108/, CKHpM soaapa.;qaeTCR K sorrpocy 

o cmme cK~MI10Ha. OH tCOHCYJibT11pyeT no "ITOit npo6JieMe ,[CK.YJibRMCa, Bbl-

. ITOJIHmo:J1ero ~11nJIOMHy!O paOOTy /I03/ no CTPOI'OMY ~OKMaTeJibCTBY C~eCT
BOB8HI1R cni1HOpHOM CTpy-rtTyphl B TpeXMepHOH MO~eJIH, a 3aTeM B paOOTe 

/12/ YKMhiBaeT CnOCOO 3agaHI1fl KO~JieKTI1BHb1X KOOp.IJ.11HaT, fl03BOJIJII()IJli1M B 

. HI13Illi1X nopR,qKax TeOpl111 B03My;T1eH11M nOJ1J"!li1Tb B KaqeCTDe KBa:3l'[KJiaCCI1tleC

KOI'O ypaBHeH~fl ~B~·«etili.fl CK~MI10Ha ypaBHeHMe Tlina ,l(HpaKa. 

. KoHCTPYKTI1BHhiM OTBeT Ha aonpoc o CnHHe CK11pM~OHa Obi~ ~aH B pa-

6oTax E.BiiTTeHa /22, 23/ (cM.TaKl!\e pa6oTy /I04/), KOTOpb!M nocTpOim B 

l'IBHOM B~.D,e .IJ.BY3HatiHble ~yHK~~OHaJihl ~.~11HKeJibillTet!Ha Ha OCHOBe tiJieHa 

Becca-3YMHHO. 3To nocTpoerme. 11 6y~eT o~HOBHhlM npe~eTOM ~aHHoro na

parprupa, HO BHatlaJie OOCY~IiM TpaKTOBKY cn11Ha no ~.~HHKeJibillTeitHy. 

. 8. I. ~yaHatlHhle ~YHK~~OHaJihl WI1HKe~bmTet!Ha 

MaccHtieCKI1e no~R, paccMaTp11aaewe KaK OT06prut~~UR (2.!), ~oJl'lt
H}J Ob!Tb O~H03HatlHhlMI1 OTHOC~TeJibHO rrpeo6pa30BaHI1M 113 rpynnu fiyaHKape 

~, B tiaCTHOCTI1, OTHOCI1TeJibHO npOCTpaHCTBeHHbiX .90 ( 3)- Bp8.1JleH11it. 

B TO 'lite Bpeim Cni1H0pb1 xapaKTep113YJOTCR ~BY3Ha:rtHOCTb!O OTHOC~Te~bHO 
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noaopOTOB Ha yrOJI ~J' . C TO'IlK~ 3p6HI1R.T60p1111 I'OMOTO~t! HaJI~~e 
CIT~HOpHblX BOJIHOBblX ~yHK~11M CB.fi3aHO C ~TOM ~BYCB.fl3HOCT~ PpyiTITbl 

SIJ(3} , T.e. . . 
.!if(So(sJ)=7lz , (8.!) 

r~e ~(s0f3)} - <flyH~aMeHTaJipHa.fi rpynna neTeJib (aaMKHYTllX nyTeii) 

Ha MHoroo6paa11~ SO(~) , 72 :- a6eJiesa rpynna ~eJib1X tii1ceJI no 

MO.IJ.YJIIO 2, COCTOifi\al'I 113 :3JieMeHTOB {I,7I} , '!ITO COOTBeTCTByeT 

l-\ByM B03Mo·mocTJIM KBaHTOBaH~.fi no 11epMI1-',l(HpaKy ~ Boae-3!1HlllTei1Hy. 

llepeXOl-\l'I K KBaHTOBoii Teop~11, Mbl roaopHM,· '!ITO a<\m~~Ty~a sepOl'IT

HOCTI1 noJiytiiiTb B leayJibTaTe 113MepeHI1fl B MOMeHT BpeMeHI1 t 3Ha-

'lletme noJIR rj (X} Bb!pa'KaeTcJ:r KOMnneKCHOaHatiHblM iflyHK~I10HaJIOM 
l/f[ ¢ rx; t)] , HerrpephiBHhlM no ~ • oBORID~IiiO KBaHTOBOll CliCTe-

Mbl MO'!tHO onpe~emtTb no ~t!HMaHy: 

'J/f[¢{i;t)]=J~[tf]exp[f/rlt ~[ pl}¢[? aoJJ, (8.2) 

r~e ~[~] - KJiacc~eCKI1ti JiarpB.H1K~aH; ~l~.l - ~yHK~OHMbHM 
KBa311Mepa, 11 HHTerp11p0BaHI1e Be~eTCR no BOSM npe~biCTOp11RM, KOTOpue 

Haqi1HaiOTCR Ha KOHQlHI'yP~ml ¢(X, tJ) 11 3aKaHtri1B8.10TCR KOHqll1ry-

p~11eA t,l fi; t} . BcnOMI1HM. onpe~eJieHI1e roMOTOnl111 113 § 2, nerKo no

H.f!Tb, '!ITO BK~~ B BNpal!\eHI1e (8.2) oy~T ~aBaTb HI1Illb nOHR, POMOTOITHhle 

noJiro ¢ ( K tJ} 
1 

T. e ~ rrp~~Jie'KalJlne , o~oMy 113 ro~oTonl1tieCKI1X 
KJiaccoatt;cp.J. . 

~.~~KeJibillTeHH /101/ npe~JIO'KUJI CtlHTaTb. iflyHK~OHaJihl ~~~(~t)jr 
.IJ.BY3HatrHhlMH B CJie.D,YJOnteM CMbiCJie: nycTb ~ E[A; '/>};. , TOI'~a B 3TOM 

I'OMOTOnl1tleCKOM KJiacce ~OJNteH C~eCTBOBaTb rryTb ? , Ha';J~8.10rql1itCR 
11 3aKaHtinBruo•ql1licR Ha oTo6pa~eHnl1 ¢{ , TaKot!, '!ITO sHatieHHe ~yHK
~~oHana .· 2j!{pj B~OJib . f=' MeH.fiSTCR Henpepl:lBHhlM o6paaOM 11 He. B03B

pruqaeTCR K CBOeMy nepBOHatlaJibHOMy 3HatleH1110 B KOHetiHOti TO'!lKe rryTI1. 

O~HaKo, ecJIH Buq!1C~HTb.3HatieHI1~· ~~~jr. , npn o6xo~e 3~oro.nyTH 
.D,Ba~hl, T. e. rrp11 rrpOXO'I(.D,SHH~ rryTH f'., , Mbl ~O~'KHU nOJiyti11Tb nepao.,.. 

HatlaJibHOe 3HatreHHe 2/tC¢J . ~pyrHMH CJIOBaMH, B J:X,cp] ;_ ~OJIJ!CeH 
CY!IIeCTBOBaTb HeTp~liMbHblti {He C'l'JU'HBaeM!lii B 'l'Otmy) ny'l'L ,P , Ta

KOM, '!ITO rryTb pJt - TPI1BHaJieH. 3To HanoM~aeT CTaH,ll.apTHYJO CHTY~HIO, • 
KOr~a ~pMHOHHOe noJie H3MeHR8T CBOA '3HaK npH.nOBOpOT8 Ha ~J', a 

0030HHOe noJie, COCTaBJISHHOe 113 ~Byx qepMHOHH!lX, 3HaKa He H3M8HReT. 

Ha nepBblti B3I'JIR,q, TIOHHTHe 0 ~BY3HatrHb!X, a B.06~eM cnytrae MHO

I'03HatrHb!X iflyHK~JrX H iflyHK~OHaJiaJC ITpOTHBOpetiHT HaDII!M Tpag~OHHbiM 

npe~CTaBJieHHRM. O~HaKO, KaK. BWICHMOCb, HeOOXO~HMOCTb BBe~e~ TaKHX. 
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nOHRTHtl !l03HHKaeT BO MHOI'HX lf!H3Htl9CKHX 3~atlax, KOI'~a nOJI9Bbl9 ypaB
H9HHR TeopHH KaJIH6poBOtlHo-HHsapHaHTHbl, a cooTBeTcTBJID~~ HM JiarpaH

DaH - HeT. B 3THX CJiyt<amc ~9£\CTBHe $' .fiBJIH9TC.fl MHOI'03HatnruM !)lyHK

qHOHaJIOM H OTKpblTHe 3TOI'O 3~KTa npHH~ne~HT C.ll.HOBHKOBy /105/, 
nocTpOHBmeMy ~ TaKHX ~KqHOHaJIOB aHaJIOI' TeopHH Mopca. P~ ~H3H
tl9CKHX npHMepOB TaKOI'O po~a npHBO~HTC.fl B 9I'O o6aope /106/. Tpe6osa

HHe KaJIH6pOBOtlHOH HHBapHaHTHOCTH 3KCnOHSHTbl OT MHOI'03HatlHOI'O ~etlcT-
BH.fl J' npHBO~HT K 3~9KTy, KBaHTOBaHH.fl napBMeTpOB, 3~810'llHX Ka-

JIH6pOBOtlHOe npeo6paaOBaHH9 /107/. MIX no~p06HO OCTaHOBHMC.fl Ha O~OM 
H3 TaKHX npMidepos .~ cJie,rr,yio;.qeM Pa3~eJI~. OTMeTY.M e•11e, tlTO MHOI'03HatlHble 

~JHK~HOHaJibl npeBp~aiOTCR B 0~03HatlHble,npH nepexo~e OT I'OMOTOUHtlec

KHX KJiaccos [ X1 fP]f. K HX YHHBepcaJibHW HaKpDITH.fiM O{CK,9'JJ. 
.3JISM9HTBMH KOTOpblX ffBJIHIDTC.fl KJiaCCbl 3KBHBaJI9HTHb!X nyTetl (cM.Onpe~eJie
HHe HaKph!Ba.ro!qei'o rrpocTpliHcTaa B ,[lonoJIHeHHH B). 

Ka.K YJKe I'OBOpHJioeb B §2 (cM.TaK"lte AOUOJIHeHHe .B), CTpyrtTypa ny

Teti B I'OMOTOilHtleCKOM KJiacce !X1 q) J l. . ; XapaKTepH3Y9TC.fi qly!ma."AeH

TaJibHOH I'pynno~ ~{!:X, Cf:JJ1.. . llpH 3TOM a c1my TeopeMbl YattTXe)J,a 

M9VJ.Y ~aMeHTaJibHblMH Ppynna.'AH paaHb!X I'OMOTOUHtleCKHX KJiaCCOB HMeeT 
MeCTO H30MOP4JH3M 

J;(fX,'P} t.)::: .T.t(fK,cp.l.J)' ,· ~ j . (8.3) 

fl03TOMy HaM ~OCTaTOtlHO'Bbl.fiCHHTb CHTYBillOO BO~HOM H3KJiaccos, HanpH-'-

Mep, B fX,cpj~ !!. r::;~ . . . 
Ka1~ noKaaan ,[!. WHHKeJib!IJTetiH /95/, Heo6xon;HMhlM H ~OCTaTOtlHDIM yc

JIOBHeM CY]9CTBOBaHH.fi )J,ByaHatlHblX ffiyHKgHOHaJIOB Ha z=~ .fiBJI.fi9TC.fi HaJIH-
tlHe H30MOp~H3Ma . 

~fz:.~)::::. ~. (8.4) 

O~aKo qToro erqe He~ocTaTOllHO ,!VI.fi HaJIHtlH.fl "cnHHOpHoti cpyKT;r>hl". BTo

pb!M YCJIOBHeM RBJI.fieTC.fl HeTpHBHaJibHOCTb nyTeti, HattHna.ro:qHXcR H aaRaHttH-

saror HXC.fi B. TOtlKe f G: ~ ~ KOTO ble COOTBeTCTB T B r 9Hl00 Ha 

yroJI PJI • llpH 3TOM H3 BTOpOI'O ycJIOBH.fi CJie~eT HaJIHtme H30MOP4JH3Ma 

(8.4), O,JJ.HaKo ycJIOBHe (8.4) JierRo nposepReTc.fl Henocpe~cTseuHo.· 
B CHJiy TeopeMb! YatiTxe~a (8.3) BbltlHCJieHiie,I'pynm,y .Jf;(z=f) Mo

l!teT 6UTb cse.r~elio K BhltlV.cJieHIOO I'pynnu ~(r.,) , r.r~e I::
0 

- roMo

TOnHtlecKHti KJiacc OTo6pa"ltemt.ti c TpHBHaJibHblM aap.fi.IIOM. K KJiaccy .Z:: o 

llpHHB,!VIe'lltaT, B llaCTHOCTH, ilOCTOJIHHhle OT06pa'Xemm B ~HKCHpOBaHHYJO 
Tc~my ¢ o e t;O : 

p fxJ: R 3 -¢o.~ -vx e.-R~ · 
(8.5) 

C .r~pyro~ CTopoHb!, B~HCJieHHe ~~~o) MO~o cseCTH K B~HcJieHHID 
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rpynmr ~{CO) , T.e. 

B cJiyttae Mo~eJIH C~tHpr.m 
K Tai'5JIH:trHOMy pe3yJibTaTy- ( CM • .I{OUOJIH9HHe ,[\). 

c:p == S .3 , .:J/"1 { S .5) =' z; , CJI9,!10BaTeJrbHO, 

::Jlf ( ZJ, ) = .2"2 , T. e. · f,fO~eJib ~OilYCRaeT CYJl9CTBOEaHHe ~BY3HatlHbiX. 
'fu'HKW'!OHaJIOB. 

Bb!KJI~KH, He06XO~H~~re ~JI.fi nposepKH BTOpOI'O ycJIOBH.fl, BOCITpOH3BO

~.fiTC.fi corJiacuo pa6oTe YHJib.fiMca /103/ s ADrror.ueHHv. ,[!. ilpa 3TOM aaMKHy-

TJ:Jtl nyTb B :!}', orrpe.n;cJIHeTCJI ·Ka.'{ HellpephiBfia.fi nocJie.r~osaTeJibHOCTb 
OTOopaJKeHHti Tlma ( 2. 8) : 

p ("A) = ~ ('>.) -+ i :t · $i (>.), <a.6> 
I'.n;e i\. - rrapa:.feTp, a r;{, (~) l'l ~t:l(>.) orrpe.r~eJIHIDTCR ttepea CTepeo-

rpa!lJ.u'!eCKYJO rrpoe!tqillO: • b 

_.,_ 2 r/ n X o 4& . 
,I {>.)- r - ro . 4 (.A) = ~,.. . Q (.;\) (8. 7) 
'f"'o - r z. + r. :z. 1 

;:: 2. _,. r. "- · 
na8 

3.n;ecb I'\- - M8.Tpl11:~a 3-MepHb!X · Bpa'T{SHI'!It. 0J\a3aJIOCb, llTO TaK OITI'l-

CaHHbiM nyTb, COOTB9TCTBYJO·I\Hti Bpa•qeHH£0 Ha yi'O.'I 2 :ff , . 6y,I~eT HeTpH

BWl.JlbHblM JIHmb rrplt A = 1. I 2. 

B 8TOM COCTOHT T0!10JIOI'HtreCJWe .I\OKa3aTeJibCTBO TOI'O, tiTO C!tHp~.fHOH 
Oi5JI!3,ll.aeT 

11 !10Jiy~eJibN CITHHO:f.'', T. e, era MOJKHO TpaKTOBaTb KaK tPePMHOH. 

0TMeTHM, ttTo nocTpoeHHR ~.~HReJibWTe~Ha H Yl'!Jib.fiMCa s panuolt Mepe MOJK

Ho CtlHTaTb ,!10Ka3UT9JlbCTBOM CY'1{9CTBOBaHH.fi "no~eJIOI'O Cill1Ha" B JII06biX 

(j -MO,!IeJIRX c noJieBbiM MHoroo6pll.3HeM cp = 3 .5c Slf(2}, T. K • .fiBHhl~ BH~ 
.riai'paH'>KHaua CimpMa HHr.n;e ~1e Hcno.Jib30BaJICff. He 6bTJIO ,!laHO H RBHOI'o BH,!Ia 

.IIBY3HattHb!X ~yHKqHOHaJIOB. BHTTeH /22/ rioRaaaJI, KaK ~Ta 3~atta MOJKeT . 

6b1Tb peiiieHa ITO aHaJIOI'Hl'l C 3~atteti 0 H8."<0~9HHI'l ,!19MCTBJ.I.fi ~JI.fi 3Jl9KTpOHa 

B ilOJie MOHOilOji.fi AupaRa. OTOT rrpHMep Mbl H o6cy.n;HM B CJie~~eM paa,IJ,eJie. 

8. 2. MuoroaHatlHoe .r~eticTBHe ~JI.fi '>JJeltTpoua 

~ noJie MOHonoJIR .I{Hp~Ka · 

3~aqa 0 ~BH"'\9HHH '1Jl9KTpOHa C 3UPMOM. -e B ilJJie . MOHOllOJIJl ~
paRa c Mai'H!ITHhJM "sap.fi.IIOM" ?- nopO,L\HJiu s cpH3HKe ~eJiblti PM HOBbiX 

ITOHRTHfi n H,I~etl. llpelK,!Ie scero, yiTOMRHeM peayJibTaT H.E.TBMMa /108/, KO

TOphrtl, HCXO,!J,.fl H3 ypaBHSHH.fi lllpe,L\YIHI'epa, llOKaaaJI, tiTO CllCTeMa 11 3JISKTpOH

MOHOITOJib" 06HapymmaeT y-Ke B HepeJI.fiTHBHCTCKOM CJiyttae !fJepMHOHHOe ilOBe

,!19HHe (ooJiau.aeT !10JI~eJibJM YI'JIOBbiM MOM9HTOM) llpH ycJIOBHH, llTO er ... * . 
HccJie.n;osaHHR T.By H q.flHI'a /109/ npHBeJIH.K nOHRTHro HeHHTei'pHpyeMoi'o 

r~aaosoro MHO;JmTeJIR, a TaKJKe npo.n;eMOHCTpnposa.rrH ycnemHoe npHMeHeHHe a 

rpll3HKe . TeOpliH paCCJr09HHb!X llpOCTpaHCTB. ,[\JI.fi HaC '"!Ta 3~atta rrpe.n;-

CTaB.'I.fiST I1HTepec TeM, tlTo s uen anepsble 6wm sse.n;eHh! s 1J!i31IKY 

MHOr03Ha'!HHe !IJYHKUnOHaJIH. 
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fly~Tb ~~eKTpOH ~BH~eTCR ITO e~HHH~Oti c~pe ~e=~ B OTCYTCT

.BR9 Mal'IDITHoro no~n ( B = 0 ) . Tor~a K~a~cwmcKuti ~arpaH'KHaH TaKoti 
CHCTeMhl 

-1 ~~ . -t:! 
X=- 7 rn~ .+?(~ -~).~ 

r~e 'Z - MHO'li:HTe~b JiarpaH"ta. CooTaeT:::TBYJO'!lHe ypaaHeHHR ~awteHHR 
(noc~e HCKJI!Otl9HHR ~ ) ITpHHYilAaJOT BU,D, 

•• :$ ot!) mx;.. -r mx. (z:: xi. =o. " ~=-~ . (B. d) 

YpaBH9HHe (d.d) HHBapHaHTHO OTHOCHT9~bHO OTpa'KeHHH rrpOCTpaHCTBeHHbk 

KOOp,l],HHaT H BpeMeHM ITO OT11,9JibHOCTH : 

P:t ---i:; X· --x· t- t-. (8.9) 
~2 • 

MarHMTHhli1 MOHOITOJJb C03n,aeT Ha !'cfleoe ~ = -1 MarHHTHOe ITOJJ9 - -/ - ..... ~/ 
8 "'= .J'-1 1"/ ~ .:;j/ ~'-o , r~e ~:/''/I'" 1 . tlTO ITpHBOli,HT K ~06aBJJ9HHIO 

CMJJhl flopeHqa a ·rrpaayro qacTb {d.8): 
., ~.2 ...!.. -... 0 

mxi. +-mx._(~ / =e[~"1 B.l : o/f(..;K XjXK. (d. 10) 

HeTpy,n,HO BH~eTb·, tlTO ypaBH9HHe (8, 10) MHBapHaHTHO y-Ke TOJJbKO OTHOCH

TeJJbHO KOMOHHHpOBaHHOH tl9THOCTH, T.e. O~HOBpeMefffihlX rrpeo6pa30BaHMH 
(8.9). 

MHorosHatlHhlti ~YHKQMOHaJJ ~ellcTaun aosH»KaeT.s~ecb npu rrOIThiTKe 

BOC'!TaHOBMTb. ~arpa.H'i<:W3.H ITO ypamieHJ.!JO (d. 10). ,Li06.3.BKa IIpOCTefiUJell KOM-

6UH8.QUH aan,a c L.. • K X,:. X; x"' . He rrpuao~uT K yenexy, T. K. o~ ITOITpoc-

TY TpHBMaJJbHa. ffo"lTOMy ODbNHo na_o~nT BeKTopH!Jfi noTeHqMan A ITo 
rrpaauJJy 

B=-{v,AJ (B. Ill 

J1 TOr,n,a COOTBeTCTByro~ee (d.IQ) nellCTBHe M0'!1:9T 6h!Tb 3aiiJ1CaHO B B~e 

S ,jclt(f mft2 
-r ljf~.z- i) + e ( ft ·A)}. {8.12) 

flOCKOJJbKy Mbl paccMaTpuaaeM ITO~R MOHOITOJJR, TO V· B :f: 0. Ho TOr~a 
B CHJJY (a. II) llOTeHquan A CHHry~npeH Ha R 3 ( HMTb ,LiMpaKa) • 

Dim ~:!TO!i! OKa3J1BaeTcn, tlTO ypaaHeHMe (8. 10), KaK co~ep~arqee iJ 
HetlyB~TBH.Te~bHO K rp~HeHTHWI. ITpeo6pa30BaHJ1RM 

if'=- A- + v LjJ, (8. 13> 
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XOTR COOTBeTCTBJIO'll99 ~efiCTBMe $ .. He RBJIR9TCR KaJJM6pOBOtlHO-HHBa-. 

pMaHTHb!M H ITpM rrpeo6pa30BaHJ1f!X (8. 13) H3M9HR9TCJI: 

5':: .5' -r ej ( ft/1 ·dF) =-S -r ej'd tjJ. ·<a. I4> 

K:!JJH B ImaccMtiecKoll rpMsHKe TaKM Hel-maapHaHTHOCTh HecYIIleCTBeHHa,. T.K. 

BCR MHrpOpMaQMR 0 CHCTeMe CO~ep~MTCR B ypaBHeHMH ~B~eHHR, TO B KBaH

TOB OM CJJytiae 'aMITJJUTy~a rrepexo~a (no ~tiHMaHy) Bl1pa'ltaeTCR iflyHKqHClHaJJb-

H'>llA HHTerpaJJOM "f!(~) . 

z(t~--t~)=J'p;z.Hrt;~~t-.,J =) f!Jf?ft)Jex;o(t f[~(tJ]j <s.15> 
. ii!jt.,) . 

U OTBeT cyrqeCTBeHHO saBHCMT OT Bhl6opa KaJJH6pOBKH. 

,LiJIR oqeHKH HeO~H03Ha~OCTH ~eriCTBHR (8.12) paCCMOTpHM,3aMKHyTblll 

nyTb 'lJJeKTpOHa Ha crpepe, no~OlltHB j:' (6
4

) :"F (tJ , H BhltlHCJJHM 

BKJJa,r~ asaHM0,!\9tiCTBHH flopeHqa a ~elfcTBHe a ~ayx pasJJiillHhlX Kaim6poaKax. 
~eeM ~ • 

eJ dc(P.,{(~)) = e j(;i(j; ;CI~. 
~ r .. 

r~e ~ - 3aMKHyThlH KOHTyp, ~e'l':a~MH Ha 3aMKHyTOH noaepXHOCTH 

(CM.pRc.6). KOHTyp r orpaHMtiH

BaeT o6~aCTb D-r e s~ . a npif Bhl-

6ope IlpOTHBOITOJIO~O~ OpHeHT~HH OsPa~ 
HHtlMBaeT o6JJaCTb D : J'.e.= D l/ D . 
.LiJJR.BhltlHC~eHHR.HHTerpan~ B (8.!6) 
IlpHMeHHM TeopeMy CTOKCa H CBe~eM· 

KOHTypHhJH HHTerpan K noaepXHOCT-

HOMy. O~a.Ko 'lTO B03MO'l':HO; eCJIH 

no.zumTerpam.Hoe Bl1pa'!':eHue He . co-

. PRc.6 

(B.16) 

~eplltHT oco6eHHOCTeH. 3To·o6CTORTe~bCT
BO H orrpe~e~neT Tpe6yeMWt. Bh!6op · KaJJH6.:.. 

pOBOK: Mhl Bhl6HpaeM KaJJH6pOBKy TaKHM o6-
pasOM, tlTO see o"co6eHHOCTH' A. ~el!taJJH B ·. D- '.a HHTerpHpyeM 

no L)r HJIH lite nOCTynaeM Haoo6opOT.· 7or~a·MH HMeeM IlpaBO 3anHCaTb 

ej(A: ·d/1 = ejf dl.·r-qti;) =e I (d.f-. B;}_~· 
t1' D+ . tSr . 

ej(i; ·di:)= ef.(ci.J'-.rot,4-):::~e/(ds-.tf) ·. (8.!7> 
IF . i! . IT · 1 

(/" . . ' . . 
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r~e sHaK MHHyc ao BTOpOM coOTHomeHHH (8.!7) canaan c n~6opoM npOTH

aorro.JioJKHolt opHeHT~H. Ha OCHOBaHHH (8. 17) Haxo~HM H3MeHeHHe ieitcT-

BHR ~ ripH nepexo~e OT O~HOH KanH6pOBKH K ~pyroif: 

..1 J' =af(d.f--8-};;ejcl3r-c/t::v-iJ = Lr:Te.Jlf, <8•18) 
. lJ+vD- -v · 

r~e v - o6'DeM' orpaHHtieHHiilf noaepXHOCTbiO se. DoOTBeTCTBeHHO' 

UO~CTaBJIRR (8.!7) B (8.!5) H CtrnT!lJ!:, tn'O B oeieHX Ka.JIHCipOBKax Mb1 

~0~ rJOnyqHTb H9ilpOTHBOp9trnBHe OTBeTH, HMeeM o~eB~Oe ycJIOBHe 

exp( f: j (c/?. B)j = exp(- ~e/(ciT-8)} <8 •19 > 
~+ D 

e.xp(te.](dS-·B)j = exp(f 11 S) =1. 
JJ+viF 

HJIH 

Orc10~a H H3 (8. 18) CJie~eT yCJIOBHe KBaHTOBaHHR ){Hp'axa 

-1 (' n 
""f: L1 0 = 2ffn;" tytt = T ft.. (8.20) 

TaKHM OCipasOM, MH ~eHCTBHTeJibHO yeie~HJIHCb B TOM, ~TO MHOI'03HaqHHe 

~YHKqHOHaJIH THITa (8.12) MOI'YT B03HHKaTb B npOCTeniDHX ~3Hq~CKHX CH

TY~RX, eCJIH ~elfCTBHe He OCiJI~aeT KaJIHCipOBOQHOlf CHMMeTpHelf COOT

B9TCTBYJOl!lHX KJiaCCH~eCKHX yPaBH9HHlt. IlpH 3TOM 9CT9CTB9HHHM oeipasOM . . 

B03HHKaeT ycJioaue KBaHTOBaHHH ~H3H~eCKHX napaMeTpOB ( e~ ), SaAaiO

~ KaJIHCipOBOQHOe npeoeipasOBaHHe. 

B cJie~~eM pas~eJie.Mbl, cJieAYR BHTTeHY /22/, pacnpocTpaHHM Hs

Jio~eHHYIO cxeMy Ha cxyqait MQ~eJIH CKHpMa. 

C~eJiaeM e~e p~ saMeqanult TOITOJioruqecKoro xapaKTepa. 

!. ~R KOppeKTHOI'O onpe~eJieHHR BeKTOpHOI'O ITOTSHqHaJia MOHOITOJIR 

A HaM noH~OCiHJIOCb paccMaTpHBaTb oeiJiaCTH D+ H D- · c ~BYMR 
pa3JIHQHHMH KanHCipOBKa~H. 3TO OTpa~eHHe H3B9CTHOI'O ~Ta, qTO aTJiaC 

Ha MHOI'OOCipaaHH C~pH $ d .{lOJL'KeH COCTORTb KaK MHHHMYM H3 ~Byx · 
KapT. YCJIOBHe KMH6pOBOQHOH HHBapHa!iTHOCTH' Bhipa'ltaeT Tpe60BaHHe I'JiaA

KOlt COI'JiaCOBaHHOCTH 3THX KapT B aTJiace. 
. . ~ 
2. 3aMKHYTHH nyTb q Ha MHOI'006pasHH C~pH J' MOJKHO 

paCCMaTpHBaTb KaK o6pa3 OKpYJKHOCTH .J 'f • Ka.Jiu6pOBOQHHe npeo6paso-

B,~I1:R V(t} = exp{i.t/J(~ (t)J oeipasYIOT rpyrrrry f/(-t)z .J'O(~), 
!"lJ!eMeHThl KOTOpOH, 3aBHm1!ilble OT f. , MOJKHO paCCMaTpHBaTb KaK , OT06pa-

'KeHHR S., (KOMIIaKTHQJm~upoarumoa apeMeHHOH ocu R-f ) B rpyrrrry 

Sl7(~} • CansHOCTb npocTpaHCTBa TaKHX OT06p~eHHH (cM.~orro~eHue B) 

onpe~eJineTCR ~YH.{laMeHTanbHOi-1 rpyrrnoi-1 71., (SO(/!)):::= r;& , , T. e. KaJK

~OMy I'OMOTOITHqecKOMY KJiaccy TaKHX OT06pa'KeHHH Mbl MOJKeM CQITOCTaBHTb 
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~eJioe ~ucJio Cl=n (eTerreHb oTo6paxeHHR iloHTp.ilruHa-llepHa) •· HMeHHo 

~TH ~eJIHe ~cJia u npucyTCTB.YX>T a ycJionuu KBaHTOBaHHR ~pa.Ka (8.20), 
I1 COOTBeTCTBYJO·qee 38MKHJT!oiM rry~RM MHOI'03HaQHOe ~eltCTBHe (d. !4) MO'ICHO 
sanucaTb·B Brt~e 

s' = S' + e:j'd tp = .J' rt:E?lfte a. 

8. 3. lL'IeH Becca-3,Yl-fi1Ho H peannsa~HR ,naysHaQHHX 

QJYHK~HOH~on ~HK:JibmTeitH~ no BuTTeHy 

(8.2!) 

HeciWJJbKO sa6eran arrepe,!!, H BToprancb. a MaTepuan cJieJzyJOI!Iei'o na

parpa(jla, paCCK'l.'KeM 0 TOM, Ka.K Bi1TT9H 06Hapyin1J! B KBaHTOBOH Xpor.w,nu

HilMHKe npo6JieMy, aHaJIOI'JIQHYJO usyqeHHoit a npe.Ili".Il.YilJeM pas.{leJie. 

B 1974 I'OAY T'Xo(j'JT /IIO/ noKas~~. ~To 6espasMepHHM napaMeTpOM 

,!.VIR Teopuu nosMy;IleHYIH ·B HH3KOsHepreTuqecKofi o6JiacTH KXD- MO)!{eT 

CJIJ1K11Tb 1/ Ne , I'~e I'Ve - ttHcJio ~BeTon, 11 ~To a rrpe~eJie 6oJib-

moro ~HCJJil ~BeTOB ( 11{. _,. o.o ) /(X .D MO'KeT paCCMaTpY!BaTbCR KaK 

HeKOTOpan llOJ!eBaR Me30HHaR TeOpHR, ~KBHBaJieHTHaR B HY!3K03Hepi'eTHtteC

KOH 06JJaCTH H9J!I1H9ilHOi1 CHI'Ma-MO,neJIH CO CITO!iTaHHO HapymeHHOil CJIMMeT

p11eit. 3To no6y~uJio BHTTeHa /22f K. H3yti8HHIO CYIMMeTpHtl o -MO.{leJII1, . 

n OH o6Hap}'7!{nJI, ttTo npocTeHillan iis. HHX, c Jiai'pammaHOM Tuna ( CM. ( 3. 7) ) 

. .J 3 P~ r L<!. J 
/.. ::: ;;c(tE) cl X.=- T ,/ .Sp ,/lc//f, <8.22) 

~onycKaeT H36hlTO~HYJO CI1MMeTpJI!O, KOTOpOit He 6blJJO B 11CXO.l\HOM J!ai'paH'it11-

aHe K X .D • B K X .D UHOHbT TpaKTYJOTCR Ka.K rrcen.{lOCKMf!pbr, . T. e. 
rrpv. rrpeo6pasoaaHJf11 TieTHOCTH · · · . . 

p: $q(%; t~ ~- $&4'(-i;t.)' 
<t3.23) 

By,L\eM paccMaTpwnaTb CT~napTHYJO KXD c TpeMn apoMaTaMY!. B 
3TOM cxyqae. JiarpammaH (8.22) J!HBapHaHTeH OTHOCHTeJibHO I'JI06MbHOH 
rpyrrnhl l/(5), Gel l/ (3)~ . ' . 

K11pB.JibH;e ITOJJe o(x; i.) npHHJIMaeT Terrepb 3HatteHMR B S'l/(3) 

{/( ,f, t) = exp(~ ;/ '7-q (,fi)j/ a='-~_~, ... 8, 
(8.24l 

lq . 

I',D,e II - MaTpm.~ PeJIJI-IAaHHa, P:r ..;. KOHCTaHTa flHOHHOI'O pacn~a, 
(7i'"'(.i_ i)j - nceB):\OCKMRpHhlit O!{TeT Me30HOB (JJe;J7~ z,K,° K~ Kr) 
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.11s (8.23) 11: orrpe,IJ.eJieHHII (8.24) cJie,cyeT 

PI/ (X, t) P --~:: 1/-~-/-X:t). (8.25) 

Mol!tHo paccMaTpHBaTb onep~ro P Ra.K RoMommponaHizyro tJSTHOCTb: 

- - t rr 7r-+ -~ p:% -'- -X; -t ,· v - v :: 1/ ; (8.26> 

B TOM CMHCJie, tJTO OHa COCTOHT J.f3 ,IJ.Byx onep~H: 

P:A, (--t)~ ,·Po : F --X, t ~t~f--r)~: l/-l/~ (8.27) 

06osHatJeHHe (- -i) Nil ,IJ.JIII BTOpOH pnep~H treTHOCTH CBII3aHO C TeM, 

qTO Hs paaJio~eHHfi (8.24) B p~ • 

l/ ({t.) :: -1 + ~: ~ ,t.Tq + 
r./1 Q•.f . 

7r [/+ rrQ v-er 
CJie,nyeT; tJTO onep~HII V - 3RBHBaJieHTHa J'/ ....,. - .:p ' , T. e • 

3TO onep~JI, llO,IJ.CtrHTb!BaiO~M tJHCJIO 0030HOB no MO,nyJDO 2, OTCIO,ll,a J.f 

oooaHatJeHHe (- -f)N8 , r,IJ.e N8 - tJHCJIO oosoHos. 

Trut lite, Rrut H s sa,I\atJe o 3ap~e B noJie MOHonoJIII, Jiarpru-rnmaH 

(8.22) HHBI!I.pl'laHTeH OTHOCHTElJibHO !(~OrO 1'13 rrpeo6pa30BaJIHH tJeTHOCTll 

P0 H (- -i) Na • llcxO,IJ.Hblil :Jte JiarpaHl!tHaH KX /J HHBapHaHTeH TOJibRO 

OTHOCHTeJibHO KOM6HHHp0BaHHOA treTHOCTH p . ,[\Jm HCKJIIOtreHHJI H3Clbi

TOtrliblX CHMMeTpl'ltt BHTT9H /22/ rrpeAJ!OlltHJI BOCllOJib30BaTbCJI TeM lite rrpHe

MOM, T.e. ,IJ.06aBHTb B ypasHeHHe ,IJ.BHllt9HHJI .· 0 -MO,It9JIH 

; F/ ( ~ 1..'/ ::o (8.28) 

TaRO it [/ (3) 1- l'fP [/!?)I( - l'lHBapHaHT, qTo6U HtlpymHJil'lCb H36UTOtrHbl9 

Po l'l (--f) & cHMMeTpHH, uo coxpauHnacb CHMMeTpH.II OTHOCHTeJib-

Ho • P . .l4n.11 3TOro ecTeCTBeHHo socnoJibaosaTbC.II TeH3opuoA' nJIOTHOC- . 
.J:'#V)I.o 

TbiO ]eBH-qeBHTn ~ r , T.e. BM9CTO (8.28) BN6paTb ypaBH9HHe 

BH,IJ.a c-_ 
-~ ~ fi .J'(L J)z ,.~ .P B FT o/fJ.., + I(C ,ttfPA;'J L L =0. 

(8.29a) 

~ilCTBHTeJibHO, !!pH 3TOM Po -CHMMeTpH.II HapymaeTC.II, T.K. 
- - . . jltl)o~ () _'),/¥ ,/"' 

i' X --X· · c .uv..l., - - c · v.u - C7 ,_ - L 
• ) ./' 'J ,.J /' I /"f 

H ypaBHBHHe (8.29) rrpeo6paayeTCH B 
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~ r; 'P" L1 - t.c Jt"A.p 41' LJI L ') L1 ::: o . <8.296>. 

. IV. 
B TO :Ke speMII, npHMeH.IIff onep~ro (- -1) l! . 

5lcr--..._5fcr> V((i:} -1/+(.f;i.)J· ~- ~::-VL,NC/+i 

c ytreTOM COOTHOIDeHH.II _I).Jll /J tJ" tf'.J!IL lf' i- =0 
(;7' ~ + :;<1 

113 (8~296) npi1XO,IJ.HM K (8.29a). TrutHM o6pa3m.f, H36b!TOtrHile CHMMeTpHH 

,IJ.eilCTBHTeJibHO HapymaroTCH, a Tpe6yeMaff HOM6HHHp0BaHHM_tr9THOCTb COX

paH.119TC.II. Tax lite, ~aK H B 3~ll,atre npe~~ero paa,IJ.eJia,3~eCb B03HHKa

eT np06JieMa BOCCTaHOBJieHHff no ypaBHeHH~ (8.29a) COOTB9TCTByro~ero . 

,IJ.eACTBli.ll, T.K. npOCTeHmHH tJReH, KOTOpb!it MO~O 6b!JIO 6hl ,IJ.06aBHTb K 
(8.22) 

c~'~J)~'~.i5f{2JtLv L>. L
1
,], (8.30) 

TPYIBHaJieH B ( 3 -f -f) - H3MepeHHH. B ca.MoM ,IJ.eJie s Bhlpa;!teHHH no.n. 

sHaKo~ SJ' ,IJ.OrrycTHMa ~HKJIHtrecKaR nepecTaHosn:a TOKOB, a TeHaop jtf}.))...p - . . 
C 'J llOJIHOCTb!O aHTHCHMMeTp>ttreH. 

.LVIII rrocTpoeHIUI lieTpHBHaJibHoro .~efi(:TBHII, OTaetra.ro'llero ,IJ.06asotJHoMy 

trReHy B (8.29), CRe,nyii Bl1TTeHy /22/, BBe~eM ifJHKTHBHOe 5-e 113MepeHH8 

li 6y,ll,eM CtrHTaTb, trTO Ha!lla 6"' :-MO~eJib BRO'KeHa B. 5-MepHOe IIpOCTpaH-

CTBO. . 

Tor,IJ.a aHaJIOI'OM nyTH .J-f Ha S't? B 3~atte "3aprur-MoHononb" 

6yll,eT cifJepa S' I{ Ha MHOI'006p8.3l1li J'!). Ha Ca.MOM ,IJ.eJie CRe,IJ.OBaJIO 

6bl pacCMaTpHBaTb RBa3HC!flepy Jl 3 c1l> .S'-t , KOTOpM llOJI.YtJaeTCff KOMll8.K

Tl1ifJHK~eA npocTpMcTaa MHHKOBCI<oro .. R3~R 1 : T.K. V(i;i)...,..o , 
npu IX/-- oo , To!( 3V[ ooj = s_·J, a T.K. 0 (x7 oo) ==l/(f·""), 
TO /?f l/ [ oo j : .5' f. 0,li,Ha.J<O • liam y!!pOIIleHiib!H BapHaHT li3JI01KeHli.fl IIO-

Tpet1yeT MeHbmero rrpl1BRetreHHff iflaKTOB H3 TOllOJIOI'HH, _HO !!pHBe~eT It Te.M 

JKe peayJibTaTaM~ Mb! ctrnTaei.!, qTo· KHpaJibfrue noJIII sa,I\aHu Ha .JI 36P S-f= S'q 
11 paccMaTpHsaeM l1X Ka.K OT06p~1K9liliff 

C/(x): j~ ..:- 'J'l/ (3). (8.3!) 

IlpH pacmHpeHHH Ha 5-e l13'11epeHwe oclJiaCTbromc onpe,rteReHHff 6y,IJ.eT ccpepa 
~ . S , T.e. 

V(-t; .f) S'5"- .f'/7 (3). 
(8.32) 
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,lVI.R TOro, tlTOOb! Ta.<coe pat::!!mpeH>W MO'KHO OLTJ!O OCY,i\eCTBllTb, OKasuaaeTC.R 

ey>KHo noTpe6oaaTb, tlTo6u IIOJI.R (B.3I) 6v;m r:oMOTOIIHbl nocTO.HHHO:>~y OTo6-

pa1KeHmo a HeFWTOP.YJO TOtmy HP.. Sl/(3) ·. oTo yc:.11oaHe aosHHKaeT no 

cJie,n,yxr:qrn.l coo6pa"KeHH.HM. Gq>e"pa .J'I "[Ja36Haa_rT J'S" _ Ha .u.ae o6JI2.CTH, 

!3TH!.IH OOJiaCT.HMVI .HBJiffiOTC.H 5-:>{eiJH!>Ie ,JJ.HCKM .{) S H £) S , T. e. B03HHRa-

eT KapTllHna, aHaJIOrHtlHa.H pHC.6. 

B · mo6oM H3 '3THX .!l;I1CROB HY'KHO nocTpOllTb Henpepb!B:-I.YJO noc;re.n;oaa

TeJibHOCTb crpep, HatlnHa.a c rpamnv·•, Jl" , Ro~opb!e MO:KHO paccJIOP.Th 

Ha c4Jep11 .J a , nocJie,JJ.yiO'Jlne - f!a cipepu S .t v. T • .n;. 11,0 cipepb! so 
( TOG:KH). 3HatleHH.H U(x} Ha Ka~oii v.s c!flep. :'lTOti nocJie,ll,oBaTeJibHOCTU 

o6ecrreqaT HenpephiBHy-.o ,JJ,eiflopM~mo (roMoTonniO) rroJI.Ft l7 (x), aan,aHHoro 

Ha J'l/. , B IIOCTO.ft~HOe liOJie ~ Ha J' 0 
• Apyrill.tH CJIOBaMH, 

rpyrma -~ (Q:J} .JJ;OJN\Ha ObTTb· TpUBHa.JibH:l, qTo H )J,OCTl'!raeTC.ft au6o-
poM cp :J'/7(3) , T.K. 

J!;, ( S'{/ (3}) = L). (a.33) 

~ 

ilepeXO.JJ;.H K paC!!IHpeHHhlM OT06pa1K8Hl-!.HM ( 8,32), OOH9.py1KHBaeM B CUJIY H30-

MOpPH3MA. 

.!is ( S l/ (.3)) ~ 'Z., Ccl.34) 

tlTC Ha !3THX liOJI.ftX MO'RHO "liOCT])Ol!Tb rOMOTOfiHqecKUf:i HHBaplll.aHT, peaJIH-

3.YJ011Hf:i v.sm~oprp>tsM CB.34), no aHaJIOrHH c nocTpoeHHeM .FtBHoro BH,JJ.a TO

no;rorHqecKoro sapMa (eM.§ 2, paa,JJ.eJI 2;3 H .I(orroJIHeHHe B). B pe3yJib'

TaTe IIpV.XO,ll,ID~ K Bb!pa'KeHmo 

=)_ 5" o ·c"PJIAfiY .!" ,r; I J lls-=,; d-x ';,14" =-L. ~qO;p? ;; &/ X ~Pt. /.J.I' /Jjl.l.;. J..,Lif' ' (8.35) 
J' • . .f . 

J;z =/-!/ tOs =-fi./ alr ; 
..orS" P!r 

(8.37) 

r)\e fi - H9KOTOp!-lf:i tlHCJIOBOli . MHOJ!tHT8Jlb, Mbl IIpiDCO,ll,HM -K Bb!p8.1t8H>lkl ,JJ,JI.H 

,l\e£kTBH.ft Becca-3YMHHO /II2/, KO':t'Opoe • srBJI.fteTC.ft J'V(.s.J. ~ .s'/7{5).{ -
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- HHBI.!.pHaHTOM no liOCTpOeHmo. YtlHTb!Ba.H COOTHOmeHHe. 

S'{t~_pv).ftr Sp(L..MlP L;. Lf L~)} = 

:5c~v-lf'rr ~Sp (!f1ol//..11L~Lf'L,). 

H npHMeH.H.H TeopeMJ CTorwa, ,JJ.JISI aapH~H .n.ettCTBH.H Becca-3JMHHO (8.37) 
HMeeM 

f rwz. =- ;:;<?. j c!':Yc ftJ/Af J'p(f/-fJ'l/L.jttL~LJ./.,p). (8.:38> 

.. 

Ha OCHOBaHHH !3TOI'O Mbl MO"!teM yTB8pliQ:IaTb, tlTO HCKOMblf:i qiyHKQHOHM 

,JJ,8t\CTBHSI rr -MO,IJ.eJIH. c CHMM6TpH.HMH KrlJ . MOl!CHO 3MHCaTb B BH,JJ,e 

s; =- ,~: ]d"x gpL~. j; I~~fr~fcl{ c!fliAFf-{LI' Lvl>.L,La):(e.S9) 
D'1: s 

·l1s aapH~oHHoro IIpHHQIDJa h.f =0 ,IJ.JIR ,JJ,eRCTBH.ft (8.39) C ytteTOM 

(8.38) cJie,JJ,yeT ypaaHeHHe (8.29). ·TipH aToM napaMeTpbl tz H, .J1 casr-

3aHbl COOTHOW6HH6M 'f, = ijlf t; 8 ;pt . ,IVrsr TOI'O, tlT01bl Bb!pallteHHe ,JJ,JI.H 

S He 3aBHC8JIO OT BbiOOpa KOJiKP6THOrO ,IJ.HCKa .1) s HJIH ..0; 1 

HaKJI~biBaeM ycJIOBHe, aHaJiorwmoe (8.!9): exP(iS+) ::BXP(i-S-}, 

CBO,JJ..ftll\88C.ft K 

.JI· (J tOs + j 'w5) =.JI! t!J!) = cfyt =2 ia/· nez. 
ZJ'" .JJs 1J;V~>s . . 

5 . . . . '·, ' 

(8.40) 

0TCIO,JJ.a CJie,JJ,y~T, tlTO fi ,JJ.OJIJ!tHO IIpHHHMaTb ~eJIOtlHCJieHHble 3Hatlei;IHfl, 

T.e. OllflTb BCTpeqaeMC.ft C K~aHTOB~HeM napaMeTpa. 

B.cJie~eM naparp~e noKaaaHo, KaKHM o6paaoM tlJieH Becca-3JMHHO 

B03HHKaeT Ha HaJIR~o~H.ft s K X .D · · .. axcHaJibHOf:i aHOMaJIHH .A,JJ..nepa-Bap,JJ.HHa. 

Kax noKasaJI BHTTeH /22/, npH Bbloope n =- N... ( Nc - tlHCJIO QBeToB 

B K X .f) ) .n.ef:icTBHe Becca-3JMHHO a TOG:HOCTH socnpoH3BO,JJ.HT ace aHO

MaJibHble sqxpeKTEi KJCD a HH3KOSHepreTHG:ecKon o6JiaCTH. 

OcHOBbiBa.Hcb Ha qJieHe Becca-3JMHHO, BHTTeH noKaaaJI /2:3/ KaK M01K

HO peaJIH30BaTb H,ll,9H ~eJibmTet\Ha. ,lVI.ft HJIJIJOCTp~H 3TOrO paC.CMOTpHM 

aMIIJIHTY,JJ,Y aeposrTHOCTH BaKYYM-BaKyyMHoro nepexo.n.a ,JJ,JI.H rioKO.ftll\erocsr 
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CKHpMHOHa: 

' . 
.c::Sk(r)/Sk(O)> :: BXP(- ~ MT)(-~-t-0(4)), (8.41) 

r~e J'1 - I'aMHJibTOHHaH CHCTBM!l, 'r - 0Tpe30K Bp8MBHI1. 3aTe~ a,IJ,Ha-

6aTWI8CKI1 riOBe-pHeM CKHpMHOH .Ha yr"O!I 2 JT • 11:3 KBaHTOBOtl MBXaHHKll. M~ 
3HUBM, qTQ npH 3TOM B03HHKaeT <lJa.30B~ MHO~HTeJib BH,~a expfi2;r;o/f._), 
T'~e {)' - CTIHH CKiipMHOHa: 

<.f'/((r)jJ'k(o/~77 =eXP(- f. JIT)exp(-j_ t??7.7)11'-rO(~)Jca. 42 ) 

ciaaoBblll MHO'KHTBJib onpe,neJIHeTCH KJiaCcJ.tqecKHM ~e~CTBI-f9M a,IJ,Ha6aTWieCl{H 

riOBepHJTOI'O COJIHTOHa 11 ~JIH ero BuqHcJieHHR, B CHRY Tp~BHanbHOCTH rwz 
,nJIH SU(2) (cM.(8.30)),BJIOJI(HM .SV(2.)- CKJ.tPMHDH (4.23) B SV(~ 
T.e. paccMoTpHM .S l/{.3)- noJie B~a 

0 
exp ( i. £'« ,rq flf;c)l o) · 

~"" I o 
!/(x) =--- ------ _,_ . 

0 0 ·(· 
(8.431. 

·,lVm riOBBpHJTOI'O COJIHTOHa 3aTII1III9M 
,;, 

V(X: -t:) =A+('-) ll(i} A(t) (B.44J 

r.ne A (i} - Sl/(3) - MaTpH~a noBopoTa BOKpyr HeKoTopoA ocH. CooT- . 

BBTCTBJID~aH aMTIJIHTy,na BuqJ1CJIHeTCH C riOMO~biD ~et!HMaHOBCKOI'O HHTerpana 

r.ne 

t=7j A+l7A 

< St (r) /.f'k (o);;; == j £Jfu (~ t)] exP( f. .Y )) 
. ·t.:o, f/(i) · ' . 

f-i} M- . 1 a .0 · n 
J' = -NT + t:L/OP ~j uP t e /; 
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(8.45) 

(8~46) '.· 

f1 - r.mcca cimpr.moHa, a t.. Bbl'll1C.'IHBT~.f! Ha nDJI.f!X (o.44). B pe

~YJibTUT8 BillH1CJIP.Hlli1, ~pi!Be.f\eHHbiX B ,[(onoJIHeHHH B, riOJ!y'!aeM 

i'~OE.z ~+ Jp(es;J ::%8, 
s . 

JTKy.~a cJie~eT 

<Sk(r)/J'k (o)~r = exp( f t17J exp(ille aJJj(-1+ Of~)). cs..rn 

CpllBHHBaf! e ca. 42)' HaxO.IJ,l1M ,TI,JIH CriHHa CKY.pMHOHa (a = -1) 
Jt.• 

Y=-;r#c, (8.4c3) 

T. e. JJ,JIH 'IBTHOI'O ti11CJia ~B6TOB CriHH CiU!pMlWH!l f48Jlh!H, a ~JIH HBtiBTHOI'O-

IiOJiytiBJibliL 0p,HaKO ;ITO He OTHOCHTCH K :~JI;yt!aJO lYe =i£ , T.K; B riOC•· 

Jiep,HeM t:~JieH Becca-3JryiJmci TPIIBWUieH. 

§ 9. MO,IJ;EJib CIDIPMA H KBAHTOBAH XPOMO,I(illlAMHKA 

B ~ayx nocJie~H~E naprtrpaiflax cocpe,'\DTO'II1rd H3llle BHMM&Hne Ha Borr

pocax npaRTI1'!8CKOT'O 11CriOJib30B8.HIIH M0,~8Jil1 C:KI1pr.m B rp113HK.e B,!l,pOHOB. 

HeeMoTpH Ha HacTOH'rJHii 6yM, uoamrKmHii a "'Toii. o6JiacTI1 nocJie nHoHepcKl1X 

pa6oT BltTTeHa. /22, ,z'3/, . cJie.nyeT oTMeTHTb, tl'TO uaJiaraeMble peayJibTaTbi 

HOCHT riOKa npe~BapHT8JlbH~ii xapaKTep. 3~eCb.MHOI'O H8HCHUX BOripOCOB H 

Otl'eHb MaJID CTpOP.HX peayJibTaTOB. MN C03HaTBJibHO OCT8.BJIHBM B CTOPOHe 

e~e O,nHy 06JiaCTb B03MO~NX rip11MBHBHHii MO~eJII1 CKHpMa: ~113HKy KOH,neH

CHpOBaHHbiX cpe~. riOCKOJibi<y ~TO HanpaBJieHHe TOJibKO aapo~aeTCH /!I3, 

II 4/. liHTaTeJIHM, HHTepecyrorJlHMCst onHCaHHeM nHoH.:..HyKJIOHt!1JX peaK~Hii Ha 

OCHOBe npe~CTaBJIBHHH o· 6apHOHe KaK CK11pMI10HB, . MO;niO nopeKOJ\:eH.n,oaaTb 

He~aBHO Bh1lllB,!!,IIIHe 0630p!I /Il5-Ii'7, !60/. Mb!. He 6y~eM paCCMaTpHBaTb 

3TH BOllpOCH BB~ OI'paHWICHIIOCTI1 06oeMa JI8K~l1~. 

9.I. 3Kcnpecc-o6aop coapeMeHHoro cTaTyca I~ 

. B03Hl1KIIlM B Ha:qane 70-x ro~OB . KBaHTOBaH xpOMO~I1HaMHKa ( i«,[() -
J7lf(3)- KaJI116pOBO'IHaH T90p11H KBapKOB 11 I'JIDOHOB, paCCMaTpHBaeTCH 

B HacToroqee BpeMn KaK HaH6oJiee peanbHb!~ K~~aT· Ha poJib Teop11H CHJib

HIDC B3aHMo,netlcTBI1ii. IIpe~noJiaraeTCH, 'ITO B ee paMKax ~OJI,mo noJiyt:~aTb
crr OmtcaHHe BCBI'O MHOI'006p8.3HH HBJieH11tl B H,IJ,epHOH ~H3HKe. Ilo~TOMY 

Tpy~HO ce6e npe~CTaBJ1Tb, 'IT06~ CTOJib CJIO~aq HayKa 6uJia TOtl'HO pemae-
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./ 

MOM, a CJie,IJ;OBaTeJibHO, .Il,JIJ'! ITOJIYlHllfV.J'! ROJIJ.!l.leCTBeHHLIX OTBeTOB 113 1v:,n 
Tpe6yeTCR HeROTOPM pacll'eTHM cxet.~a T_HITa TeOpJ:!11 IJ03My;IJeHvttl:. B o6Jia(!
Ta BbJCORHX '>Hepr11tl:, ROI'.IJ,a KBapKu 11 I'•1100Hhl Ha:<O,IJ;f!TCH Ha MaJihlX paccToH
H11HX .Il,pyr OT . .n;pyra, ICKA, HBJIHHCb Hea~eJieaotl: RaJI116poaoll'Hotl: Teop11etl:, 
06JI~aeT CBOHCTBOM ~CaMITTOTJ1l.I~CKQ.il.J:.!!_060!1~· 3TO IT03BOJIHeT Cll'HTaTb 
RBapRH ITOll'TJf CB060.IJ,HHMH (Me~ HID~a .IJ,e~CTByeT ~BeTOBOR ITOTeH~HaJI TH-
ITa RyJIOHOBP.ROI'O oC.s/1'- ) , a 6eryr~M KOHCTBHTa CBJ'!3H ~S , .JIOI'apH<fJ-
MHll'eCKH y6hTBa!O'JlM c YMeHhmeHHeM paccTOHHHH r Me'w KaapKaMH, 
oKaa~BaeTCH ecTeCTBe~ ITapaMeTpoM paa;ro~eHHff. B .IJ,BHHOA o6;racTH -

ITepTyp6aTHBH~~ ~- ~y~eCTByeT pePyJIHpHaH B~HCJIHTeJibHaH CXeMa, IT03-
BOJiffiO'JlaH MeTO~a~H peHOpMrpyrriTOBOI'O 8HaJIH3a H TeopHH B03M~~eHHH ITO 

oC~ paccll'HTaTb rrpo~eccu r;ry6oKoHeyrrpyroro JieiTTOH-HyKJIOHHOro pac
ceHHHH. Ilpaa.IJ,a, coBIT~eHHe c ::JKCITepmAeHTaJibHhlMH .IJ,aHHhJMH cKopee ITOJiy
KOJIHll'eCTBeHHoe, B OTJ!Hll'ae OT pacll'eTOB B KB8HTOBOR ~JieRTpO.Il,J!HaMJtKe, 

r.n;e coarr~eHHe .IJ,OcTuraeT ~eCHTRa aHaxoa IToc;re aarrHTotl:. Ho 6oJihmero 
OT Teopaa, KaKOR HBJIHeTCJ'! ~. O~Jf.Il,aTb He rrpaXO.Il,HTCH (cM.ITO.Il,p06HOCTHr 
B /liS, II9/). . . . 

3Hall'HTeJibHO X~e ITOJIO~eHHe .Il,eJI B.~~~6aTI1BHOH o6JiaCTH ~' 
I'.IJ,e.~BeTOBOe B3aaMO.IJ,eHCTBHe KBapKOB J'!BJIHeTCJ'! ITO-HaCTOm~eMy CHJibHHM 
H IT03TOMy CT8HOBHTCH HeCOCTOHTeJibHOH TeOpHH B03M~~eHHH ITO oC5 . 
MMeHHO ::JTa o6iacTb RXA. r.n;e KBapKH Haxo.n;HTCfl a ~e ROH~AHMeHTa, 
.Il,OJI~a CO.IJ,ep.taTb HHcpopMaW!JO 06 OCHOBHhlX CBOtl:CTBax ~pOHOB: CITeKTpe 

MaCe, ROHCT8HTaX B3aHMO.Il,eACTBHH, Mai'HHTHhlX.MOMeHTax, aapfl.Il,OBhlX pa
.n;eycax H .IJ,p. ffaK H3BJietth BCIO 3TY HHrfJOpMaqHJO H3 tPYH.Il,aMeHTaJibHOI'O Jiai'
p8H1!tH8Ha ~1 ITOKa He J'!CHO. Ilpaa.Il,a,. er~e .Il,O ITOHBJieHHJ'! KX.zt 6h!JI pa3BHT 

MeTO.Il, 3~eKTHBHhlX KHpaJibHhlX A3I'p8H~H8HOB /46/, ROTOphJR Y.Il,OBJieTBOpH
TeJibHO OITHChlBaJI HH3K03HepreTHll'eCKYJO ¢113HKy Me30HOB H ~pOHOB, T.e. 
IT03BOJIHJI ITOJiyl.l'aTb pa3yMHhle OTBeTU B'3TOH 06JiaCTH. 

TaKHM o6pa30M, B03HHKaeT CHTyaqHH, C KOTOpOA.¢H3HKH ~e BcTpe
ll'aJIHCb B Hall'a;re aeKa, HarrpHMep, ITpH OITHCBHHH H3JIYlfeHHH a6COJIIOTHO ll'ep
Horo.TeJia HJIH TSITJIOeMKOCTH TBep.Il,OI'O TeJia: C~eCTBYJOT MeTO.Il,hl, XOpOWO 
pa60Ta!OllJHe Kal!t.Il,UA B CBOeA 06JiaCTH, HO He CThlKYJOJ1lHeCH Me~ co6oA. · 
~R Toro,· ll'T06u cmHTh o6JiacTb acHMITTOTHll'ecKoA caooo.n;u c HH3KOaHepre

THll'ecKoA ~HHaMHKoA Ha ocHoae ¢yH.Il,aMeHTaJihHoro ;rarp~uaHa HXA. 
BHTTeH /III/ rrpe.Il,JIOl!tHJI HCITOJib30BaTb'H.Il,eJO T'XO!fn'a /IIO/ 06 0606!1leHHH 

KX,Lt· Ha CJIYlfaA 6o;rhmoro ll'HcJia qaeToa ;Yc • DKaaanoch, ll'To rrpH cTpeM-:-

JieHHH N" -- <><;> JCKA CY!IleCTBeHHo yrrpolllae,TcH H · CTBHOBHTCH aKBHBaJieHT-
• HoA a~KTHBHoA TeopHH MeaoHOB H rJIJ06o;roa. T'Xo~ rrpHmeJI K H,IJ;ee o6o6-

f1leHHH KX~ ·Ha CJIYlfaA 6o;rbmoro ll'HCJia # 0 , ImT~Ch HaRTH HeHBHh!A na-:
paMeTp pa3JI01!teHHH B.HH3K03HepreTHll'9CKOA 06JiaCTH no 8HaJIOI'HHC aTOMHOH 

¢H3HKOA. KaK 6y.Il,eT nOKa38HO B CJie.Il,YJOJ1leM paa.Il,eJie, B pR.Il,e a~all' aTOMHOA 
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tf>H3HKH TaKl!(e OTCYTCTByeT HBHhlA napaMeTp pa3JIOlteHHH, HO nepeXO.Il, OT 
3 npocTpBHCTBeHHhlX HaMepeHHA K · N HaMepeHHRM H, cooTBeTCTBeHHo; 
OT 0(3) - CHMMeTpHH K of N) - CHMMeTpHH; IT03l'lOJIHeT B Kall'eCTBe HElJ'!B
HOI'O ITapaMeTpa paa;ro~eHHH paccMaTpHBaTh aeJIHll'HffJT -t /IV . IlpH ·aToM 
Tpe6yeTcH, ll'T06bl TeopHH rrpH· 6oJihWHX tY 6u;ra [{aqecTBeHHo H KOJIH

ll'eCTBeHHo 6JIH3Ka K 3-MepHOA TeOpH.H; T. e. .Il,OJil!teH C~eCTBOBaTb HenpephlB
HbJA nepexo.11, OT 6oJibWJUC N K 3 -MepHOMY CJIYlfBJO. KpoMe' Toro, rrpH 6om>-· 
mHX N TeopHH .n;o~a yrrpOJ1laThCSI, T.e. cTaHOBHT:&CJI paape&oii. Oa:a
aanoch, ll'TO B HHI'-wmJICOBCRoll TeOpHH rrpH nepeXO.Il,e K 60JibWOMY ttHCJiy 
~BeTHhlX CTeneHett CB060.Il,hl (. Nc -- 00 

) KapTHHa 8HMOI'Hll'Ha: Me30Hhl 
H PJI1060JIU CTaHOBJ'!TCJ'! CB060.Il,HHMH H CTa6HJibHh!MH. B CHJiy 3TOI'O rrpH BU
ll'HCJieHHH COCTORHHA Cy-MMHpOBaHHe Tpe6yeTCff ITpOBO~HTb He nO.BceM B03~ 
MO'KHhiM .IJ,HarpaMMaM, a no 6o;ree yaKOMY HX 'KJiaccy - ITO TaR HaauaaeMh!M 
"ITJiaHapHhlM .IJ,HarpaMMaM". TeM He MeHee · OKOHll'aTeJibHhlX OTBeTOB B 3TOM 
HaUpaBJieHHH He nOJIYlf9HO .11,0 CHX nop, DOCKOJiblty Cy-MMHpOBaHHe ITJI!lHapHb!X: 
~HarpaMM y.n;a;roch rrpoaecTH TOJihKO a HYJihMepHOM H o.n;HoMepHOM CJIYlfaRX 
HJIH B MO.Il,eJIHX, P~e nJIBHapHue .Il,Hai'paMMhl CBO.Il,SlTCH K "p~h!M" (2-Mep
HaH xpOMO~HHaMHKa). B CJ!yl.l'ae MaTpHll'HhlX MO.Il,eJietl:, K KOTOphiM OTHOCJ'!TCH 
Bee RHpaJibHUe MO.Il,eJIH, 3Ta 3~all'a .Il,O CHX nop H9 pemeHa /120/; Hn03-

TOMY OTCyTCTByeT ITOCJie.Il,OBaTeJihHaH CXeMa 7/IV- paa;ro~eHHH, KOTOpaSI 
IT03BOJIHJia 6bl nOJiyl.l'HTb H3 ~ J'!BHbllt.BH.Il, arppeK;HBHOI'O Me30HHOI'O ;rar

p~HaHa. K aTHM rrpo6JieMBM Mu aepHeMcH a TpeTheM paa.n;eRe, a noRa o6-
cy.n;HM 6o;ree .IJ,eTaJihHo H,IJ;eJO. ·I /N . - paaJiolll:eHHH; · c;re.n;y.rr pa6oTe ji2I/. 

9.2. ·~/IV - paa;ro~eHHe 

llpeACTaaJieHHSI o TOM, ll'TO TeopHH aoa~eHHH MO~eT CTPOKThCJI He Tonb

KO no KOHCTaHTe CBR3H HJIH aapH,Izy, . HO H no pfl.Il,Y .Il,pyrHX ¢H3Hll'9CKHX na
p8M9TpOB, B03HHKJIH B tlJH3HKe ellle B 50-x I'O.Il,ax /I22/ H WHpOKO HCn~Jib:._. 
30BaJIHCh rrpH pemeHHH a~aq CTaTHCTHll9CKOA.tf>H3HKH./I23/ •. B He~~~op~ 
CJiyl.l'aRX TeO"(lHff Ii03~eHHA DO ~OHCTBHTe CBH3H norrpOCTy. JIHmeHa CMhlMa. 
~eACTBHTeJihHO, ecJIH B I'aMHJibTOHHaHe aTOMa BO.Il,OpO.Il,a 

p2 e.z II - - - - (9.I) 
- . .!m "'" 

Cll'HTaTb nOTe~HaJibHYJO 3HeprHJO - elf/" MaJihlM B03~eHHeM BBH.Il,Y Ma
JIOCTH e 2 , TO, BO-nepBhlX, ee. He HBJIHeTCH 6eapaaMepHOtt BeJIH
ll'HHOA H no 3TO!i rrpHtrnHe He MOlll:eT CJiy"![HTb napaMeTpOM pa3JIO~eHHJI, a,
BO-BTOphiX, C noMO!IlbD MaCWTa6HOI'O rrpeo6paaOBaHHH: /'"- r--/rn eZ ; 

p ._ .o · rn e 2 Bb!pa~eHHe ( 9. IJ rrpeo6paayeTcH K aH.Il,}r 
. 'q( ,oz. if 

H = /778 T - -;>:)) C9.2J 
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I',ll.9 KOHCTaHTa CB.fi3H e t!! BXO,II.HT B BH,II.9 06!Jl9I'O MH0101T9JI.fi ·H. MO'lt9T 

c~HTb TOJibKO ,II.JIR 3a,ll.aHH.fi sHepreT~ecxon mKaJihl. B CHTY~HRX, aHaJIO~ 

rwmwc (9.2J, OTCYTCTByeT ca·o6o,II.Hbrl1 napaMeTp, np~~:ro,11.1mJ;t .D.JIR nocTpoe

HH.fi TeOpHH B03M~9HHH H ero npHXO,II.HTC.fi npH,II.yMhlBaTb, 9CJIH 3a,ll.aqa He 

CTOJib npOCTa, Ka.K B C.rrytrae aTOMa BO,II.OpO,II.a (9.IJ, H Mil He M01K9M Ha

,11.9.fiTbC.fi Ha fiOCTp09HHe TO~OI'O pemeHH.fi. 

~e.fi 4/Af - pa3JI0~9HH.fi KaK pas H COCTOHT B B03MO~OCTH nocT

pOeHH.fi TeOpHH B03MYJq9HHtl no H9.fiBHOMy -napaMeTpy, Ta.KOMY KaK .paaMep

HOCTb ~H3~ecxoro npocTpaHCTBa, HanpHMep. Pe~enT nocTpoeHHR ,II.OCTaToq

HO npocT: BM9CTO aTOMa BO,II.OpO,II.a B 3 H3MepeHH.fiX paccMaTpHBaeM 3a,ll.a-

qy a N H3MepeHHRX c, rpynnoA cHMMeTpHH 0 ( N) • Ha coo6pa1Ke-

HHA np~CT~T!l 3anHmeM_ ypaBKeHHe.illpe,II.HHI'epa ,II.JI.fi S - COOTORHHR, T.e. 

6e3 yqeTa opCiHTaJI&ROI'O yrJIOBOI'O MOM9HTa. H 38.BHCY.MOCTH ~ • OT yrJIOB: 

r_ · _, ·r cft!! (N-1 2 c1)· de 1 ,/, E ·,I · 
CtEm . d~ + ~ c/r- - --;:;::-J<t"(~'-)= 1/J(~'/. · (9.3> 

4J!eH C nepBOR npOH3BO,II.HOR 8 I'aMHJibTOHHaHe (9.3} MO~O HCKJIDqHTb·npe-

o6pasOBaHHeM 

fl . - "' ·..l!t.=:L II N -7 
I :1 /"--

. ~ , l? 

HJIH 3KBH~aJI9HTHmf nepeonpe,ll.eJieHHeM BOJIHOBOA ¢yliK~H t/J - /':' ~--1 t/J . 
B pe3yJihTaTe ll:MeeM 

[- . -1 d 2 (N-t)J.. et2 J · 
- t:m c:l~ + !m~e.-~ 1/1(1") = EI/J(r-). (9.4J 

C noMo~blO MacmTaOHoro npeoCipaaoBaHH.fi f'"= (N-1).z I( (9.4) npeo6pa-

ayeTC.fi B ypaBHeHHe 

-1 . f -1 
(IY--1}~ - tE.m(N-.f).l 

d 2 . -1 _ e2. . . . . · 
d,€l. t- !mi(Z T}f/!(tf) =£f/(~), (9.5J 

KOTOpOe MO~O pacCMaTpHBaTb Ka.K ypa.BHeHHe ,II.BHl!teHH.fi tlaCTH~ C sqxpeK

THBHOtl Mact::oA H =m (N-.1).2 B none c 3rPPeKTHBlruM noTeH~aJIOM 
T/ -1 e2 

Ye.f/=· Jml?z -T. (9.6} 

Ha (9.5) JI9I'KO BH,II.9Tb, llTO 3a,ll.alla CYm9CT89HHO ynpo~aeTC.fi npH 

6oJihmHX aHaqeHKRX IV ', T.K. -qacTH~a 6y,11.eT o6Jia,~~.aTb 6oJibmett sqxpeK-

THBHOA Maccott ~ , H.MH He co:eepmHM· c~ecT:eeHHott o~6KH, noJiaraR, 

'qTO OHa 6y,11.eT nOKOHTbC.fi Ha ,II.He fiOTeHqKaJibHOR .fiMH (9.6). flpH aTOM OC-
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HOBHOA 3HepreT~9CKHH ypOB9Hb 6y,11.eT COBnS,II.aTb C a6COJIDTHNM MHHHMy-

MOM noTeHqHaJia Vej.f , a aoa6J'"l(.D..eHHhle ypoBHH 1.mryT 6b1Tb no.rryqeHhl 

nyTeM paaJio'lteHH.fi no -f / N B6JIH3H MHHHMJMa Yejf . B qacTHOCTH, 

;:VIR llbl'-H!CJI9HIHI :'lH9pi'HI1 CB.fi3H aTOMa BO,II.OpO,II.a MO'KHO OI'paHHtiWrbC.fi KBa,ll.-

. paTl!'IHb!M npH6mNteHH9M · . · 
-1 q -e? rna If 4' ( d . .3 } E=Tme ·f/(IV-1} ::~· /v't! -1+;;;--t-tvc-+ ..• 1 

E ~ q 
H3 IWTOpOf'O np11 /II:: 3 llOJiy<JaeM 3Hal!eHHe = g rr7d , MaJIO OTJIH-

-1 
qaTO~eecn OT 3Hal!eHHR E = T n.,e"' n3 TOqHoti T~OpHH~ Ey,11.eM. Ha,[\e.fiTbC!l, 

<ITO U3 8TOf'O npOCT::Jf'O npHMepa HaM YJJ;aJIOCb yRCHIITb OCHOBHble ll9pT!l . 

I/ N -. pa3JI0"1teHll.fi 11 nocMoTpMM, K• tieMy · npnBO,II.HT TaKoti no.IJ;xo~ 8 ~. 
BJ-nepabr-::, OTMeTMM, ·~To B Hl:mepTy:5aTJ1BHOi1 KX,I~ lWHCTaHTa CB1t3H 

MO,{eT 1b1Tb BblHeCeHa 8 811,11.9 o0:il9i'O MHtl''\HT9JIH, T.e· •. TaK '!':9, Ka!t 11 B 

3'1[\alle o"i !lTOMe BOJJ;•Jpo J;a, pas.11o:'!teH11e n0 3apH.JW ( B cJiyqae KX)l. - t~BeT

I!OMy) JIUI!leHO CMbiCJia. 3TOT pe3yJibTaT CJ19!J;Y9T H3 peHOpMrpynnOBOf'O_'llia

Jill3a 11, llOC!\OJibKy OH llpHBO,II.liTCR B JIIU60M GTaHJ(apTHOM H3JI01K9HI1ll OCHOB 

!{X,U, Mhl He 6y,11.eM ·ocTaH1.BJU!BaTbCJI Ha 9f'O BOCllpOl-i3Be.[\eHHI1. 

Bo-eTop,,rv.:, Teopvm cy:'leCTBeHHo yrrpo·qaen.R np11 nepexo):le K 60Jib:UoMy 

llMCJIY qneToB ( Na - ~ ) • IIpwnma Tarwro ynpo·qemm 3ao:JirottaeTc.fi II c.;re

,JJ,Yl01leM (cr1./IIO/, /III/, /I2I/l. IIepexo):l 1\ cJiytJaro .. Na llBeTOB cpop

MaJibHO COCT011T. ~ paCC!~OTpSHl-111 • J' !/ (IV) - KaJI116pOBOt:mo!1 T90p1H1, f' ,11.8 

KBapKOBbre CJ'- 1-1 rurTHKBaprWBble ij;... _ 'noJift' o6m1~~aroT N i. 
IWMilOHeHT8MI1, a r.moOHHhre noJIR onHCblB::UOTCR · N X N - r.taTp11f.leH A ,11· 

a . . 
C ( N - -f ) KOMilOHeHTaMI'I, T. K. MaTpHI.l'>l 113 aJII'e6pbi I'pyllll!J Sl/ (IV) 
,II.O.'l'illibl OJ,!Tb 6eCCJI9,11.0oblMI1. IIosTOMy npu ormcaHHH JII06b!X llpOf.leCCOB B i{\)l. . 
,ll.a"Ke llOCJie ~HKCallltM llB9THb!X KBaHTOBbJX lll1CeJI HaqaJibHOI'O H l<OHetiHOI'O 

cocTOIIHim 11MeeTC.fi 6oJib:JIOH BH6op (KaK tvmHMMyr>~ NJ B03MO'ii:JibTX 3Hat.eHI1!1 · 

,II.JI.fi KBaHTOBf>IX tiHceJI rrpoMe"K}'ToqHwc r.'liOOHHbTX noJiei1. B pe3yJibTaTe cyu-. '. . . . . 
MHpOBaHH.fi no BCeM B03MO"\HbiM npoMe"KyTOllHbiM COCTO.fii!H.fiM cpe!lHMaHOBC!n!e 

,II.Harpru!Mbl np11o6peTruOT KOM6HHaTOpHbTe MHO''\HTeJIH. KoHKpenrue aHat!eHJ.IIl 

:'lTHX MH01KHT9.ll9H 3aBHC.fiT, I\aK 6y,11.eT OOKa3aHO Ha npOCTOM npHMepe HH·'\e, 

OT •mcJTa 3aMKHYT!o!X r.moHHbJX neTeJib, CO)\ep·<ta''I~Xcll n .!.\WH'p3MMe. 

PaccMoTpm1 ,II.HarpaMMY O,II.HoneTJieaoro BKJia,~~.a f'JllilOHHh!X noJief.i B no

mrpn3aqmo BaKyytm (pRe.?). ~ CTaH.I:\apTmr;.:(a) H ,1:\BYJIJ.IHewHhlX (6) o6os

HatmHHHX T • Xo:fJTa-BHTTeHa. 

Bae,neHHb!e B /105/ .D.BYJIHH9HH!.Je o603HaqeHHH ,[\9JI::UOT 6o.'!ee Hai'JI.fi,[\

ma~ BhillHcJimme xoM6HHaTopHHX MHO'KHTeJie:\. Bo3Hm<aroT OHH H3 ·cne,JJ,YTO'IIHX 

C006pa''teHJ.IH: OOCKOJibJ{y PJIDOHHIJe ll_DJIH . Aj.i CO,II.ep·m'l' 0,(\HH BepXHIIfi 

HH,r~eRC ( l\~ 11 KBapROBOe ITOJie tj/. ) H O,II.HH HJ.f"':HI1f.i H!iJJ,eKC ( KaK H aH-

. TI1KB11pK Cfj ) , TO B ItoM6l!HilTOpHKe ( H TOJibRO B. Hell) MO'l\HO cqV.T9.Tb 
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' I· 

'!!Iii -~ ~\ ~L 
~\V~ J ~ J 

A~j A'-3 

·a. b 

Pnc.7 

A ·,; i -. 
I'JIJOOH KBA.pK-aHTHKBS.pKOBbl'JI o6pa30BaHHe:.t: :,_M j_"" If CJJ . Jt!ao6pamf! 

KBapKOB•Jll rrponara.Top npm~oti co c:Tpe:uwn (y aHTmmapK!l cTpeJI!ca oy,:~.eT 
CH0Tp9Tb B IIpOTI1BOITOJI0-:>(HJ!O CTOpOHy), ~Jlfl I'JIIOOHHbJ"X_ ITpOnaraTOpO!l YIJ,OO

HO BB9CTI1 ~BYJII1H9HHhiC o'5oaHa•leHI1fi • 

I'JllOOH 
t.. 

K!!apK .aHTI1K!!apK · 

i :;- s-

B .JJ,Harpaw.te Ha pnc. 7 M"J w~eeM ,ll,Be TpexrJiroOHHble BeprU11J:Ibl c )KJia,IJ,OM 
At. .J _, . K 

Sp 11)'11/vt!J _,q ,4 v · 11m'! B MaTplrtm:,rx: o6oami•mmmx: If~./ -4vK t7.t~Av i 

T. e. HKKHI1H '11H'\9KC. y nepBOH I'JIJOOHHOH MaTp11!.\LI CBOpat:!I-!BaeTCfi . 

C B9pXIDIM llH,ll;9K~OM CJie,Jzyi<J:qeii: M8TPHWI R T.,ll.. Ha ,li.ByJllUieii:Ho:ll: 
· ,IJ,I1ai'p9.W.m :.:JTO H306pa~!':B.9TCfi T9M, '~TO Ka·K_r~hlli Bb!XO,IJ,.ff!Jtl1li ( aHTI-!KBapKOBI>l'li) 

l1H,Il,9KC CBf!aaH C BXO,Il,JL'~I-!M I-!H,Il,9KCOM CJ19,1l,yro~lj9I'O I'JIJOOHHOI'O TIOJ!f!. Gt:JHT~l 
Hat:JaJibHOe 11 KOHet:JHOe 00CTOfiHI1R Ha ,ll,Harpru~e 3~aHHb~l1, Mbl MO~eM ~HK-
~HpOBaTb 3Hat:JeHHf! H~ll,9KCOB ~ H .J' . ilpH 3TOM B ~eHTpe ,IJ,Hai'paM~hl 
o6pa3yeTCR 3&1KHJTaH J!KHijff C HH,Il,9KCOM K , npo6eral<Y1ji1M BCe B03MOoK-

Hhl9 N 3Hat:JeHHtl. -CyMMI1p0Bil.HH9 ITO BC9M :.:JTHM COCTOffiUIHM H rropo~aeT 

KOM6HHaTOpHhiA MHO:KHT9Jlb ,IJ.HarpaMMhl, paBHbiA N • 
,4-•m cyn~ecTBOBa.HHH Henpepusaoro nepexo,IJ.a npli 6oJibWHX. N Mhl 

,IJ.OJI~Hhl KOMTI9HCHpOl!aTb :.:JTOT MHO~I1T9Jlb, TaK KaK B npOTHBHOM CJiyt:Jae 

!ICe. TaKHe ,IJ.HIH''paMMhl 6y,IJ.yT pacXO,Il,HTbCf! ,..... N , H M~l He CJMeeM ITOCT-

pOHTb KXA c 6oJibWHM t:JHCJIOM ~!!eToB. ITocKOJibKY BKJia,IJ, Ka~oA BepmHHU 

. ,IJ.HaPpaMMhl CO,IJ,ep~HT B BH,IJ.e MHO~HT9Jlf! ~BeTHO!l aapfi,ll. -~· , TO ,li.Jlf! HCK-

JIJOt:JeHHf! MHO~TeJIR ·N Mhl MO~eM nepeonpe.n;eJIHTb STY KOHCTa.HTY B3al1-· 

. MO,IJ.eAcTBHR: ~ ~ ?ff7T (npH _IV- 00 
, 3Hat:JeHHe f}- ctm-

l; TaeM cpHKCHpOBaHHblM). B peayJibTaTe ITOJ!ytlaeM MHOl!UITeJib fi/J17iT}-N=-i12, 

He aaBH~.fflq11ll OT IV ; t:JTO o6ecnet:~I1BaeT HaJIHt:JI1e Herrp~phiBHoro nepexo

,Ii,a npYi ·N- oa. 

BecbMa Ba:KHoe HaeiJIIOJJ.e~He np11Ha,IJ,Jie:ltHT T'X<;>tfJTY /IICT/. 3aKJ!lOt:JaeTcn 

OHO B TOM, . liTO rrp11 TB...'tOM riO,IJ.XOJJ,e "a'wti1BaeT" TOJ!bKO t:JQCTb 113 ll03M01lt-
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HhtK IJ,HarpaMM , 06JIB,Il,8!01qi1X ,li.OCTaTOt:JHO 60JibWI-!MI1 KOM611HaTOpHb1MH MHOlltH

TeJIHMH. TaK, HanpHMep, 11a. ,IJ.Byx TpexneiJieBhlX ,IJ.Harp~ · (pnc.8) 

a 6 
Pnc.a 

o6Jia,u.aiO:q11X 6 BepiliHHaMH H, COOTBSTCTBeHHo, MHOiit11TeJieM (~I Y'iiT) 6 
. 

& 
BhroKI1BaeT TOJ!blto JieBM ,IJ.Hai'pBMMB. (a} C KOMOHHaTOpHbiM MHOl!UlTeJieM ·/Y , 
T .It. (? / J/"'/V"} 6 N 3 = ~ 6 He 3aBI1CI1T OT IY ~ 3,IJ.ecb 3 cTeneHb B KOM-

611HaTopHoM MHOlltHTeJie CBf!3aHa·c CJMMHpOBaHHeM ITO TpeM neTJIRM, t:JTO OT

t:JeTJIHBO BH,IJ.HO B ,li.BYflHHeflHOM H306pa1iteHl111 3TOK ,IJ.Hai'paMMhT (pRC. 9a). 

~ 
~ 

a 6 

PHc.9 

HanpoT!'lB, BKJiaiJ, OT ,IJ.I1arpaMMhT (6) uct:~e3a!OO!e MaJI rrp11 IV~ oo , noc·;..;· 

KOJ!bKY npH HaJIHt:JHl'l 6 Bepill11H 1 OHa HMeeT TOJ!bKO 0~ 3IDAKHyTJ!O 

neTJIIO (npaB,Il,!l., BeCbMa 3aMbJCJIOBaTyro). Al-farpaMMa mv~eeT nopfi,ll.mt 

f;Jt7Vjt51'(:: 5J-O/!V2 . H ee BKJ!a,IJ, yowaeT KaK -t/,¥2. npl'l ,.y-..oo 
Jt!c-:re38!01ll9 MaJiblflBKJia,r( ,ll,aiOT 11 RBapKOBhle neTJIU Tl1na pRC.IQ, 

He co.n;e~e HR o~oii: s~oi ~eTHO~ neT~ n B czny aToro 

( Cf 1 vfif· = ~ ~;¥ y6ImaXJitRe 1ta1t 1/ /J • 

~

~ 
Pnc.IO · 
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0cHOB!1BMCb Ha a.Ha.JIH39 BCeX B03MO'itHbr'A BH,IJ,OB ,IJ,Hai'piDAM, T' XorpT 

Bl1,Il,eJIHJI KJiacc TaK Hasb!BaeMbiX nJia.HapHhiX .guarpaMM, KOTOpb!e He Hcqe-

3aiOT npH /ll-. oo ~ TaKHe .IJ,HarpaMM!1 uso6pa'KaiOTCf! Ha miOCK?CTH JIHHIU!MH 

6ea BHXO,IJ,a B. TpeTDe naMepeBRe (cM.pnc.Sa, 9a). Bee HennaaapHHe 

,IJ,KarpaMMhl (eM. pnc. B6, 96), co,IJ,ep"ta!llHe Ta.Koti.abJ'm~, y6blaaxiT KaK 

-1/ N..e , a ,IJ,HarpaMMhl c BHyTpeHHKMH KBapKOBbiMH .neTJIRMH y6h!Ba.IOT Katt 

7/ IV ·• llooToMy B npe,IJ,eJie 6oJibmoro m{cJia ~aeToB ( 1Ya ~.,., ) KX.n 
ynpo~a9TCf!, T.K •. HaM H9T H906XO.IJ,HMOCTH yqHTUBaTb BKJI~ BC9X B03MO'K

HbiX ,IJ,Harp8MM , a MO'm!O orpa.HWlHTbCfl a.Ha.JIH30M !JoJiee Y3KOI'O KJiacca IIJia

Hapm,rx .IJ,HarpaMM. 0.IJ,HaKO 3TO 9!qe H9 BCe npeHMyrqeCTBa, ,IJ,OCTHPaeMhl9 B 

TaKOM IIO,IJ,XO~e. CJI9.IJ,y!O'!i99 ynp01Jl9HH9 Bb!TeKaeT H3 npe,nnOJIO'lt9HHf!, tlTO B 

rrpe,IJ,eJie 6oJibmme aHal:<eHHJ:l Nc , TaK ~e Ka..« H B cJiyqae ;Yo :: 3 , KX)J. 
I . 

06JI~aeT CBOHCTBOM KOH(£ailHM9HTa, T. e. liTO Ha6JIRJ,~a9M':>IMH 6y,IJ,YT TOJibKO 

6 ect~BeTHh!e' cocTORHHfl. AAaJIH3. ,IJ,OMHHHpYJOI!IIfX IIJia.HapHbrx ,IJ,Harp!'lMM, ,neTa.JIH 

KOTOporo H3JIO'KeHu B /II!/, ITpHBO,IJ,HT K cJie,IJ,yiO~HM yTsep~eHHR1~: a) npH 

60JiblUHX lYe - oo Me30Hbl Moimo paCCMaTpHBaTb KaK ~TafiHJibHhie H 

HeBsaKMo,neiicTByiOlJllie l:<aCTH~. l!HcJio MesoHHhiX cocTOflHHti KOHettHOj 

6 J aMITJlHTJ,Il,l:l pacn~ Me3oHo~ HMeiOT nopJt.IJ,OK -1 I JI'N;: ; aMIIJIHTY.IJ,H 

ynpyroro pacceRHHR MesoHa· Ha · MeaoHe J1Me10T nop~oK i INa H onpe

,IJ,eJifliOTCfl CJMMOil BKJl~OB TOJibKO .,Il,peB9CHhiX :~11arp8MM ( co,nepJKa!lliDC 06MeH!1 

He KBapKaMH H I'JIIOOHaMH, a TQJibKO Me3ClHaMH). ,IWyrHMH CJIOBilMH, rpH311Ka 

Me30HOB B npe.IJ,eJie 6oJiblnKX ll{, · . OIIW~biBaeTC.fi ,Il,pSBeCHhlMH ,IJ,HarpaMMaMH 

oifxfleKTHBHoro MesoHHoro JtarpaHlltHSHa. 0,IJ,HaKO Macchi Me30HOB ~H HX KoHc ... , 

TaHThl saaiD.!o.IJ,eilcTBHfl npH 3TOM ocTaiOTCR Heonpe,IJ,eJieHHhlMH. AHa.Jiorwrnble 

yTBe~eHHR H!AeroT MecTo H ,IJ,JIR ~JIIOooJios. Bee 3To nossoJIHJio T'XorpTy 

C.IJ,e.llaTb IIp9.IJ,IIOJIO'IteHHe 0 TOM, '~:<TO B. npe,IJ,eJie 60JibWHX /Vc . KX}J. 6y,IJ,eT · 

3KBHBaJieHTHa TeOpHH M930HHhiX IIOJieti H I'JII060JIOB C 3~eKTHBHhlM B3aKMO

~etiCTBHeM nopR,IJ,Ka 1/ N~ . 
CJie.IJ,YIOlllHil mar B BhiRCHeHHH !pHsHKH · HH3K03HepreTHtiecKoro ceKTopa 

.lOC,q 6blJI C,Il,9JiaH BHTT9HOM /!II/. 0cHOB!1BMCb Ha a.Ha.JIOI'HH ·c·MOHOIIOJieM 

T'Xo4JTa-llOJIRKOBa, KOTOphlti B03HHKaeT B TeOpHH fiOJieJ;l.c MaJIOi:l KOHCTa.H

TOi:l csisH KaK'cocTOflHHe c MaccoR nopfl.IJ,Ka o6paTHO~ KOHCTaHTH ssaH

MO.IJ,ei:lcTBHH, BHTTeH noKasair, ttTo CSap~oH MO'IteT B03HHKaTb B TeopHH Me-

30HHHX noJiei:l KaK coJtHTOHHOe cocToRHHe c Mace oR nopR,IJ,Ka . -1' I IVc • 
TaKHM ot5pasoM, Ciumi sospo~eHa H,IJ,e.fi CKHpMa o 6apHoHe KaK o coJIHTOH- . 

HOM COCTO.fiHHH, B03HHKaiO~eM KaK KO~JI8KTHBHOe B036~eHHe:Me3~HHHX IIO~ 

Jiel!:. ~bHe~ee npo,IJ,B~eHHe·a aToM HanpasJieHHH Tpet5yeT BHBO,IJ,a .fiBHoro 

BH,IJ,a a¢4eKTHBHoro MeaoHHoro Jiarp~a.Ha Ha ~aMeHTaJibHoro JiarpaH

l!tHaHa KX)J,. Ho ,IJ,JIR aToro ~o npocJMMHpOBaTb BK~~H s:Cex .-IIJia.HapH!1X 

,Il,HarpaMM, '~:<TO, KaK Jl!te OTM8tlaJIOCb BbiiUe, smJI.Il9TCJl ,IJ,O C.llX. nap He pemeH

HOi:l npo6JieMo~ s ~ae ~faTpHtiHl1X Mo,IJ,eJteil. B cJte,IJ,yiO~eM pas,IJ,eJie MH. o.6~ . . 
CY,IJ,HM HeKOTOpHe H3 B03MO~HX IIO,IJ,XO,IJ,OB K pemeHHIO 3TOi:l BeCbMa aKTyaJib-

. HOR 38,1\at~H .• 
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9. 3. 8qyfleKTHBH!1i:l KHpaJibHHj;! Jiai'pruRHaH K3 KX}J, 

~aMeHTa.JibHhrH ~arp~HaH I{X,lt. sanHcHBaeTCfl B BH,IJ,e 

v --1 /. ro') - /· /(_ . 1 
o<.,,nso == --;;- .f'p I ~)16- ./ 7 tff t-~(' -/?7)9-/ (9.7) 

q 
r,IJ,e KBapKOBUe IIOJ!.fi tj.; npeo6pa3yiOTCfl no ~aMeHTaJibHOMy npe,IJ,-

• cTaBIIeBRIO J.tB9THoii rpynm1 Sl/(3)c v., o,IJ,Ho&peMeHHo, cfJJiej;!sopHott 

rpyniihl S l!" (IV_.;) j cr = -1', .:?, 3 i i.. :: ~ /!, ·. · · Nr • f'JIIOOHHHe BeKTopHHe no-

JIH Att=A';/t),~{Ac, cd, ... ,g -.reHepaTopu ~eTHoR ~pyniihl S'l/(3)c) 
npHHHMaiOT sHaqeHH.fi .B aJire6pe rpynrli,i Sl/(~)0 jG :v=~A';)-0!..,;; + 

,.fqi<JAB 4e: · · · /. ~ · // r f.t /"1 /'( J)- T9HSOp Haiip.fillteHHOCTH rJIIOOHHhiX. noJieA. ,1)/'f"' '7¥" ~~ '/'!'.;;. 
KOBapHa.HTHM IIpOH3BO,IJ,HM, ~ - KqHCTaHTa ~B9TOBOI'O B3aHMO,IJ,9i:lCT!!H.fi, 

n7 - MaCCOBafl MaTpH~a TOKOBHX KBapKOB~ 

KBapKOBlle li T'JIIOOHHUe CTeiieHH CB060.IJ,i:>l, B Tep.tHHax KOTOphiX BHIIHCaH 

narpa~HaH ( 9. 7), npoill!Jii!DTC.F! JlHrnb Ha ol:<eHb MaJihiX paccTO.fiHHf!X nopR,IJ,-

• Ka 0,3 qu, T.e. !I nepTypoaTHBf:!Oi:l o6JiaCTH KX)J,. Ha paccToflHHRX I-2 qt.f, 
XapaKTepHhl'< .IJ,JI.fi MHpa ~pOHOB, CTa.HOBflTCfl CJiqeCTBeHHhlMH HeriepTyp6a~ 

THBHble 3ifxfleKT!1 - KOHrfla.!1HMeHT ~BeTa H CfiOHTaHHOe HapymeKHe KHpaJibHOii 

CHMI~9Tpmf, II03TOMY OIIHCaHHe B TepMHHaX KBapKOB H I'JIIOOHOB nepecTaeT 

Ob!Tb acfxiJenTHBHhlM. 3n;ech. YMeCTHa a.Ha.JIOI'HH c onHCa.HHeM ,;HH3KOaHepreTH

ttecKol!:" !pHsHKH TBep,IJ,oro TeJia /I24/, r,IJ,e rpyH~aMeHTa.JibHhlMH o6-oeKTaMlf 

flBJifliOTCf! a~eKTpOHU H R,IJ,pa B ya~ax pemeTKlf, B311HMO,IJ,8HCTBYI0l~e IIO 3aKO

Hy KyJIOHa, a ~eKBaTHOe OIIHCa.HHe RBJieHHll ,IJ,aeTCJI ~ T'9p,!HHaX 3JieKTp0-

HOB C 3ifxfJ9KTHBHOi:l MaC CO~ H cfJoHOHOB. llpHMeqaTeJibHO, liTO :'3TH a<MJeKTHB

HHe CT9II9HH·CB060,IJ,b! B03HHKaiOT BCJl9,IJ,CTBHe CITOHTaHHOrO HapymP.HH.F!.TpaHC

~fll~OHHOA HHBapHaHTHOCTH CHCTeMH. 

B npe,IJ,~eM pas,IJ,eJie Mhl J'l(e Bhl.fiCHHJIH c noMO'!IhiO 1/110 - paaJio- • 

'lteHHR, qTo B npe.IJ,eJie 6oJiblnHX Nc . KX,.IJ, ~eKBaTHO OIIHChi!'JaeTCR Me30H

Hb!MH CTeiieHRMH CB060IJ,bl. 0JViaKO OCTaJICfl OTKpb!ThlM BOIIpOC 0 . .fiBHOM BH.IJ,e 

o~~THDHoro MesOHHoro Jiarp~HaHa. B HH3K0:1HepreTY.4eCKOA o6JiaCTH 

I\X}J, MO'!CHO paCCMOTpeTb KHpaJibHblil npe,IJ,eJI, cqHTa..<! KBapKH 6esMaCCOBhlMH. 

OcHoBa.H.IieM ,IJ,Jl.fi 3TOI'O CJIY'II:HT ,TO, ttTo MaCChi TOitoBbiX tt- H cl -KBap-' 

KOB ( 17?~..,... 4 MaB, 117&(;,·? MaB) n, 8 Mefihme!l cTeneHH, Macca S -
KBapKa (/7l,J ...... !30 MaB) Ma.JIH ITO cpaBH9HHIO <' xapa!tT8pHhlM .IJ,Jlfl .JtaHHOA 

o!'lJiaCTH KX)J, MacmTa6miM nap.-iMeTpOM ..A... '"'"' ~00 MaB. lloaToMy 6esMac-

COBhlit npe,IJ,eJI 0Ka3b1DaeTCR, ,IJ,OCTaTOtiHO XOpOmKM IIpH6JIIf"t8HHeM K peaJibHOC

TH H, KaK II.OKa3b!BaiOT paCti9Tbl, MaCChi 6apHOHOB H IIOQTH BCeX Me30HOB' IIpH 

.3TOM IIpaKTHtieCKH He H3M9Hf!IOTC.fi. McKJIIOQeHHe COCTaBJif!IOT JIHmb ~ -M830~ 

H!-l, KOTOpHe. CTaHOBf!TCJ'I B KHpaJI!>HOM IIp9J~eJie 6esMaCCOBhlMH B CHJiy· COOT--
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1:, 

HomeHim 1'77_r ...... V(177Jf' +n?a'.).A. • :llarpamma.H (9.7)'s 3TOM c;ryqae 

6y,Il.eT 06JIIl,Il.aTb I'JIO!'JaJI&HO~ V/.;i).<. ® V{.f}~ - Cl11.!MeTpHeii OTHOCH-

TeJibHO OT)\9JibHO Jl9Rb!Y. H OT.~eJibHO rrpaBWC Bpa'Jl9HI1~ B ifl.neilBOpHOM IIpOCT

pa.HCTBe 11JII1, 60Jiee TO~O, OTHOCHTeJibHO rrP906pa30Ba.HI1fi 113 ·rpynnu 

l/(..3)~.@ V" (.3),re .:; Sl/(.31_ @ .5'!/(3)/?f£) V/'-r).~- (}PU(-4}~ = 

=- .SV(s~ (}') S'V(3)1? ~ V('.;)v ~!7(7}19 ; 
(9.8) 

-r~e t/(;.)v' 11 V;'-r) _, - o~Honapru~eTpw.ecKI1e no.~rpynmr aeKTOpHb!" 

11 aKCI1aJ!bHO-:-BeH:TOpHbTlC rrpeo6pa301'!a.HI1fi COOTB9TC'rBeHHO, · C reHepaTOpa- · 

Ml1, paBHI,JMI1 noJiycY'~e 11 no.nypMHOCTH reHepaTopoa no.nrpynn V(., )~. 11 

l/(.;)1{ {cM.no,npo6HOCTH a )~onoJIHeHI1H AJ. Ha KBa.HTOBoM· yposHe V(.,;JA-

- CHMMeTp11.!I OKa3~aeTCfl HapymeHKOit, T.e. COOT1!9TCTB.YIO!f111~ TOK He C0"(

pa.HJI9TCJI B CI1Jiy a.HOMaJIHH ~;repa-:BeJIJia-_nltaKHBa I II8- i20I 

.:Jft /- ) __E:! . _.M'VAf"' // • , l 
v· f tj/"ft/$- 'f. -= -1'67;-l c. .::>/)(GJ'd oAf;· (9.9) 

OcTaBmMcJI CHMMeTplffl 

l/(Jl ~·??~)1?/li(I}A := J'tf(.J)I- @ . .YZ/(3) ~ ~ Vf-1).,_ ( 9. IO) 

orrpe,neJIJieTcH rrpeo6pa3oBaHHeM Tl1na 

9: exp(i/5 .7iQ~q) 9-
(9.II) 

nepenyT!:lBaiOT!li1MY. COCTORHHJI C pa3HO!l tleTHOCTbiO; I',I:ie ~Q' - reHepaTOp!1 

· SU (..3} ; .Yfa - KHpaJibHble tPa3!1. 

~R JieB~ 11 npaBwc KBapKOBhlX·noJie!l 

. Cf = !ft. + 91( ; } 1-J"~ = : (7 :f:./5) 9- (9.12J 

npeo6pa30Ba.HI1e (9,111 MO~O rrpe,nqTaBHTb B B~e 

. . ~ -~ . 

f - _{/ f:. + (/ . r;~ ./ [/ " exp / i. JF"'rz: 'V. (9.13} 

Cn_oHTBHHOe HapYmeHlie I'JIOOaJ!b~Oft .SZ((.! )t. t81 S'l/{.J)"< - CHMMeTpHH 

03HatmeT; liTO. IIpOHCXO.~I1T JIOKaJibHM qli1:KC~I1fl OTHOCHT9JibJti>IX . KHpaJibmtX 

Qla3 Jl9DUX If rrpaBWC ttsapKOB, H Qla30Bble <flyHKI.IHH . Jf"t7 (X} · MOlKHO CBH-
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c 

:,t 

aaTb C I'OJI,I:iCTOyHOBCKHMH 6030HBMH - OKT9'l'OM nceB,Il.OCKaJ!HpHI>IX M930HOB 

(.JiCJ$x, 'l, K~ K:!:.J £<>) • .IlettcTBHTenbao, mi. rrpocTpa.HcTaeJ!HoR 6ecKo-

He-:mocTH I X I- - nHOHHble noJIJI .7/Q (X): 0 · , ¥'1'0 sKBKBaJieHT-

HO ycJIOBH!l 

&:./77 l7 :::'[' 
~--. (9.14) 

3~9Cb j' - e~HHHtlHaR 3 X 3 - Ma'l'plilla• 0rHOCHT9RbHO KHpaJibHOfl rpyn-

nbl G=Sl7~)t..t!i7Sl/(3}R. KlipaJibfioe noRe V(x)' rrpeo6pMyeTca 

no 3aKOHY /7- vvw·-f, I',Il.e VeSV(.3)1{, We$/7(.3}~- , 
Bm'eKruorqeMy H3 npeo6pa30Ba.HHtl KBapKOBWC nORei.t: tj;.- W'tjJ. ; 9~-..~J:rtjll •. 
0,Il.HaKO, KaK cne,rzye'l' H3 (9. 14), B~JYMH09 COC'l'Oi!HH9 VeZ HHBapHa.H

THO O'l'HOCH'l'9JlbHO TaKHX npeo6paaOBE»fHtl JIHmb IIpH ycJIOBHH V = W , T.·e. 

OTHOCHT9JibHO rrpeo6pa'30Ba.HHti 1-13 BeKTOpHOf.t no,nPpynnbl 

6,_, = di.ap ["Sl/f..3L@ Sl/(J);e]z_S,l/(3}_;- • . (9~I5) 

K aHanorHtlHor.iy Bblao,rzy Mo»fo rrpHti'l'H, · e!:JIH paccMoT~e'l'b o6p~OBBHHa··aa
KYJMHoro (KBapKOBOI'O) _ KOH,I:i9HCaTa < ~i t}j /'-" ytf'iJ<tj- fj>, KOTO

pbl!l HeHHaapHSHTeH OTHOCHTeJibHO rrpeo6pa30Ba.HHfl ( 9. II) if a cwiy siooro 

TaKllte ·BOSHHKae'l' cnOHTa.HHOe HapymeHHe KHpMbHcitl CHMM9TpRH:. 

S/J(J]JPS!/(3)"<~ .SP(J). llpH 3'l'OM, rioRe v a~ae'l' op6wry rpynoo G 
~ . . 

rrpoxo,nmeytO tlepe3 e,nltHHI.IY I 1-1 TeM CBMDIM npHHHMae'l' 3HatleHHH a. o,n-

aopo,nHQM rrpocTpa.HC'l'Be G!Gy Z:.Sl/(3) . . ~PYI'HMH cnoBBMH, B03HHKaeT 

BSaliMHO O)tHOSHa-.:moa, COOTB9TCTBH9 MaJ!r,ey CJiaO.w.m (<lJaSOB.w.nt) BOSOYJK,Ita-

HHRMH BaRYJ'Ma, napaMeTpHSHpYJO!!!MMH nOR,f3 l/(X) , B CHJ.ty (9,13), H 3JI9-

M9HTBMH MHOI'Oo6pa3Hfl rpynnb! .. Sll (3) . llo:iTOMy HH3K03Hepre'l'HtleCKYJO 

,I:iHHBMRKy RX,n MO~o ~eKBaTHHM o6paaoM onHcb!BaTb a '1'9pMHHax I'JiaBHoro 

KlfPaJibKoro noJIJI {/ (x) . H e,nHKC'l'BeHHblMH cYJqeCTBeHHblMH · ~HHBMHtleCKH-
. MH nepeMeHHbiMH a · oToR o6;racT~ KY.,ll OKMb!BiUoTca nHOHHble. noJia .Jl&f (x) , 
KOTOpble y,no6Ho" paCCMa'I'pHBaTb .KaK napBM9TpH3~ml I'JlaBHOioO KlipaJibHOI"O 

noJia l7(x) -~ .HanoMHHM (CM.§2), tlTO 'HMe"Ko TaKoe noire, rrpaa,na,co 

SHatleHHRMH B J'{/(;:?) - MI-WI'006pa3HH, 6biJIO OCHOBHbJM 06'!.eKTOM B MO,I:i9JIH 

CKHp.fa. llooToMy He 6y,neT HHtlero y,nHBHTeJibHoro, ecJIH. B pe3yJibTaTe MI1K

pocKonHtlecKoro Bb!BO,I:ia SifxiJeKTHBHOI'O M930HHOI'O JiaPpa.HlU!a.Ha H3 (9. 7) Ml:l 

npH,neM K H9JIHH9llHOti :~ -MO,Il.9JIH CO -CnOHTaHHO HapymeHHOti CHMM9Tpliell, 

K KOTOpo!l, KaK H3B9CTHO, O'l'HOCHTC~ H~MO,I:ieJib GKHpMa. 

: _nanbHelmiHtl CI.IeHapHti Bb!BO,Il.a 3ifxiJeKTHBHOI'O RaPpatf1!Ha.Ha lflopMaJibHO 

Mo~o caecTH K sBMeHe nepeMeHHWC B KOHTHHYaJibHOM HH'l'erpa;re no-Kaap

KBM_Ii I'JIIOOHBM, B pe3yJib'l'a'l'e KOTOpotl H nocJie HHT9I'plip0Ba.HHJI flO BCeM 

«PePMHI;lHHWMcTeneHRM cao6o,Il.!1 w ,noJI:ItHbl rrpHi.tTH K Bb!pMeHHJO, r,ne ·6y.nyT 

qmryplipOBaTb TOJibKO nOJIJI l7(x) H HX IIpOH3BO,I:iHb19, T.e. 
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I 

i 

Jc1Ad9-oltr exp[-Jax ~Kx() (A,1-,r;.J} 
=}tif/exP{jdx ;tejj(V)j. (9.16) 

K HacTo.FrqeMy npeMeHH B .nv.TepaTJ'Pe /128-I4I/ Hsneo::THbl pa.'3.TIJNHble 

pea.TIHS~HH TB.Koro c·~eHapH.II, ITpH"C<eM ~a'l::e B rrpocTe~ rrpe~e.TibH!dX -c.Tiy

qaJIX 3TO ~OITpJillt9HO C 60.IIbU!HM o6oeMOM Bbi'C<HC.II9HHil. il03TOMy Mbl OCTaHO- -

BHMCJ'! T!Hmb Ha KJIIDQ9Bb!X MOM9HTax rrpo~e~bl BbiBOAa 3~KTHBHOro .Tiar

p~HaHa, a sa no~p06HOCTJ'!MH OT0Ul.II9M qHTaTe.IIR K·OpHrHHaJibH~ pa60TaM. 

3a6eral'! H9CKO.IIbKO Bnepe~, SaM9THM, qTO B m~60M HS HSB9CTHbiX no~
XO~OB ~OCTaTO'C<HO H~9'1tHO BOCITpOHSBO,~J'!TC!i TO.IIbiW '1.1!9Hbl HHSUlero nopm~
Ka !10 ITpOHSBO~ffi.n.r tJ J'f V . , T, e, 3~KTHBHOe.. ,!{9V.CTBH9 ( 8,:39) , K KO

TOpOMy npHmnU BaJiaqaHApaH /128/ H BHTT9H /22/ Ha OCHOB9 yqeTa CHM

M9TpHAHhlX C90tl~TB ~ (cM.pas~e.II 8.3 ITp9~hT,IO"Jl9rO naparprufla). 

~9Hbl 60.1!99 BbiCOKOrO nop~Ka BOCIIpOHSBO~RTCJ'! .IIHUlb Ha.OCHOBe ~o
nOJIHHT9JibHh!X , M0~9.1IbmtX rrpe~O.JIOl!C9HHtf. 3~9Cb HaH60Jibmero . ITpO~Bmt9HHH 
y~aeTC.fi ~OCTW<b Ha ocHone MeTo~a_KHpaJibHoil 6osoHH3~H AH~pHaHona

Honol!CHJIOna·/I29-I32/, C nOMO~bD KOTOporo 6bi.JIH Bbi'C<HC.II9Hbl qJie~~ 4-ro 

nop.~Ka no rrpoHsBO,IUruM n~a 

'i£,_,(0}= 5~p. S'p(['-fi,L}J]'!-c(Lf'ILf'l)~-r 
-r t; / t7/- t7 i)~ Z;--..--lj L = C/ --t i1A z;r . 

( ''/"( JJ . I J '.11· ~ .J 

(9.17) 

r;o;e nOMHMO CKHpMOBCKOrO qJieHa, He06XO~HMOro ,rvi.fi CY'fl6CTBOBaHHJ'! CTa-

6HJibHh!X co.TIHTOHOB, coo;ep'!taTcH TaxHOHHble ,o;o6anKH , rrpHBo,o;RrqHe K Ha

pymeHHD noJIOl!CHTeJibHoil orrpe~eJieHHOCTH ~~ROHana sHeprHH. B paOoTax 

APYrHX anTopon /I36-I39/ OTBeT nonyqaeTc.fi B HecKOJibKO HHOM n~e, qTo 

CB~9T9.1IbCTByeT 0 TOM, qTO-BOITpOC 06 3~KTHBHOM Jiarp~HaHe ,lVIJ'!. 

HR3KOI}H9preTH'l9CROii . 100l OCTaeTCfi ,1\0 HaCTOmqero Bp9M9HH OTKpbiTb!M H 

Tpe6yeT ,o;onOJIHHT9JibHbiX HCC.II9,1\0BaHHil. 

ffiut6oJiee nOCJie,o;osaTeJibHblil, C Hameil TO'C<KH 3peHHJ'!, MHKpOCKOnH'C<ec

KHit Bb!BO~ pasBHT B pa6oTe Ka.pqena H CJiaBHOBa /I4I/, r,o;e B .KaqecTBe 

HCXO,o;Hdro Bb16HpMCst l/( ~)@ t/tN/) - HHBapHaHTHblit JiarpaiD(HaH 

C S'l/(~} rpyrrrroil ~9THOP. CHMM9TpHH 

~- Nc q a ·-,;Y 
ot..: = .... 11~.z. G,;wv 6',/Vv +t,~r LJ-'"'9/ <9.18) 
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a ffBH09 Bbl,l\9JI9HHe KHpa.JibHOil ¢a3b1 KBapKOB OC~eCTB.liJ'!JIOCb Ha O~HOBe_ 
rrpo~e.zypbl ~~eena-llonona. · Bb!ITOJIHHB saMeHy · nepeMeHHbiX . 

u 7J' u-2 . - u .:... ;,.z -
1- - 7- : '}- = 9-R + 9.-l. ; '{ '" c;..Lv + 7--.e (9.19) o 

B rrpOH3BO,!I.ftrl!9M rfJyHKI.{l!OHaJie THITa ( 9. I6) ,rvrsr JiarpaHJKHaHa ( 9 .!H) , no;ry-' 

'!a eM BHpaJKeHRe, co~ep1!1:arqee mco6HaH . :7 rrpeo6paaosaHHR ( 9. I9) • 

BwmcJieHHe mco6HaHa I I4I/ rrp~BO~HT K IJTBeTy .. . 

tn ()'-=- i:~z J c/q(.j clxcpYAJ' J'P(L!)(~)Lfi(~}Lv ~)L;, M)Lf'UJ} 
t..JftEN.J' 

0 
('1 I /'-I /7 6- ,;'(11Af D/) . 

+ ··· upJG/%O~v(X) .y(..r)c .f/(A' J (9.20) .· 

Y(X,c<.j ::: eKP(i-diJ(. :iia-z-qJ./ L.l'f( A, o(.) = Y _., cj,.d'" ,· 
r~e --t(. ) !J ( Ls (X. o<) = V ,(, &(: v-<- V X, r;(_), 

HeTpy~Ho s~eTb, QTO nepBil.A.qJieH B (9.~0) eCTb a TOqHOCTH qJieH 

Becca-3YMHHO (cM.pas,o;eJI 8.3 npe~~ero naparprupa) H K03~H~H9HT ne

pe~ HHM COOTBSTC'l'ByeT pesyJibl'aTy BHTTeHa n • #a , T. e. ll03BOJist9T BOC_; 

rrpo111ano~HTb aHOMaJibHble cnotlcTna JtarpaH:>KHaHa KX,l{ (9. 18). BTopoA qJieH 

B (9.20) o6ycJIOBJieH a6e;renoif r.TIIDoHHo~ aHOMa.JIHeil ~;repa-EeJ?Ia-~'KaKHaa 
H He CYJqecTneHeH B rJianHoM nop~e no No . 1'aKHM o6paaoM, Ha nep

BOM 3TaiT9 Sa cqeT nepexo~a OT KBapKOBbiX H rRDOHHbiX K nHOHH~ CTene

H.fiM CB060,o;bJ Mbl ifJa,KTH'C<6CKH 3apa6aTb1Ba!>M ~JIH KOHeqHOI'O 3~6KTlfBHOI'O 
JiarpaHl!CHBHa TOJibKO qJieH Becca~3YMHHo. 

CJie,lzy!Orl{Hil 3Tan ITpO!.l9~bl COCTOHT . B IIIHTerpHpOBaHHH ( ycpe~HSHJIIH) 
no BCeM ~6THblM nepeMeHHuM, flpK 3TOM no rJIDOHHb!M nOJIJIM HHT6rpHpoBa

H11e y,o;aeTCff ITpOBecnr TO'C<HO, a lfHT9rpHp0BaHHe no KBapKOBbiM nOJI.fiM Bbl~ 
nOJIHqeTCH C nOMO~bD cne~HaJibHOil,TeXHHKH, KOTOpaa HBJIH6TCH no C~~CT
By ~OPMa.JIHsa~Heil ,o;nyJIHHeAHbix ,o;HarpaMM T'Xo~Ta-BHTTeHa /I42, I43/. · 

,q,zfl OCT!lBIDei'OCst HHTerpa.Jia no ,!zyXOBbJM H BCnOMoraTeJibHblM nOJI.fiM CTpOHT-· 

CJ'! ~;f~ - pasJIOl!CeHHe - KBMHK.IIaCcH'C<eCKOe pMJIOl!CeHHe no .KOJIJieKTHB-

HbiM ClfHrJieTHb!M nepe!leHHbiM B OKpeCTHOCTH CTaJ~OHapHOH TOqKH -3cjlf>eKTHB

HOro noTeH~H~. .1\a.I{ H a c~ae aTor.m no.o;opo.rta a ·rrpe~!l.IzyuteM pas_o;ene, 

3~aqa C~9CTB9HHO yrrpo~aeTCff , H B HH3K03HepreTJIIqecKOM ITpH6.1IHl!C6HHH 

ITpHXO~HM K CJie,Izyl!rqeMy Bhlpa'!eHHD ,1\JIH :lrppeKTHBHOrO KHpa.JibHOrO Jiai'paH-
lmaHa: . · 

- ;ze.J; "' - * ..fp ('-pl.#)+ J{,(.JF<>)-
~ . . . 

N. j j ".1-1"'-'!r . ,;; : I - -q;}7z. dct dx c .fpt.'f.sLftLJJL~L.rJ_, 
0 (9.2!) 
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\' 

r~e F,r - KOHCTa.HTa pa~na,I\a mwHoB ( ~=.r .z ~90 H .?8 ) , 5r 0 
.:. 

KOMrtOHBHTa rtHOHHOI"O ~~~bTHnneTa, COOTBBTCTDyiD~afl reHepaTopy 

2" 0= Vel~ I. 
To'4HOe aupa"':eHHe ~mr . Vo ( Jl") B ( 9. 2! l M010-!0 nojly-qlfTb Cj'MMif

poBa.HHBM nmmapHbPC I'JIIOOHH!IX ~narpru.IM, O~HaKO, KaK y>ce I'OBOpHnOCb pa
Hee, sTa 3~a'4a ~o cux nop ocTaeT~ff HepemeHHon. B c~y-qae ycnexa a 
paMK~{ TaKOI'O MHKpOCKOITH48CKOI'O ITO~XO~a y~~OCb Q!l Bhl4HCnHTb D TBpMH
HaV: Imaim-rJIIOOHIDr< rrapa.MeTpoa lWHCTaHTY F:ti • a Truooce HaiiTH Ehl
pa"teHHff ~Jrff q.r.eHOB "lo~ee Bb!COKOI"O nop;tll,Ka If· KO'l•'fr.>Hlllf8HTbl npH ~lTifX 

'4JieHax. 
MMeHHO Ha 3TOM nyT~t l.to·'ilio HD~eaTbCH ITOJIY4lfTb OKQHqaT8jlbHbiH OT-

BBT Ha Bonpoc 0 T0!-1, B Ka:wti uepe MO!l,BJ!b CKHpMa M0'"(8T cqi1T5.TbCP. 

ID-IBRY!lB~ OTHOUIBHHB K HH3l<03H8pi"eTH4eCKO~ ,IJ,I1H3WiK8 1\X,i.(. 'l'eM • He MeHee 
.. y:~te cetjqac ITOHHTHO, '4TO 3Ta MO,.'J,BJ!b RBJiiiBTCff ~06pOTHh!M ITOmii'OHOM .ll,JIH 

anpo6HpOBaHHff B03MO?!"Ji!iX M8TO~OB l<BaHTOBaHJo!ff~ OITHC9.HllfJ ITPOI.IBCCOB 
asa~orAo,IJ,et:lc·raHa rrpOTR~eH.HhllC o6'he:'<TOB H T.~. B cne.n,ylO•:jeM nap9.rprupe H'>l 
OQCY.I\IfM cxer,!y KBa3HKJiaCCJ1qer:!<OrO KB8.HTOB8.Hifff CKHpMHOHvB, a TaK'Ite B'll-

0 • ' ' • 

'41fCneHHe·ocHOBHb!X ~11HilMJolqecKHX xapa_KTBpHCTHK. 

§ IO. KBA3i1KJIACCWIECKOE .lffiAHTQBAiillE H 
CTATIFIECKHE CBOHCTBA CIOO'MHOHA 

KaK Y!{B He pas yrtOMHH~OCb B npe,JJ;l1AY'J1l1X, naparprupaX, HaH60~bll!H~i 

npaKTHgecK~l:l HHTepec K MO,~BJIH Cl<HpMa B03HI1K noc,1e TOI'O' KaK B paM
KaX Kaa:imKJ!accHqecttoro KBaH~OBaHim /98/ o(;Jiap~~noc~, · qTo Mo~e~b no
saoJiaeT nocnpoHaao~HTb OCHOBHb~e Cj30«cTBa 6api.roHOB c TO'QHOCTbiO 30%. 
B 4e~oM p~e ~a6oT,3TOT peay~oTaT_nh!T~Hco.YJIJ'4WifTb KaK aa C'QeT yqe
Ta .~onommTe~bHhTX '.f~eHOB, TaK H sa c'4eT nepeof!MhtcneHHR npo~e.eypu 
KBaHTOBaHHff, HO 0 C}"qer.TBeHHOM rrporpecce B !'!TOM HanpaB~9HHif rOBOpHTb 

IIOKa He npwconHTCfl. flO!'lTOUY Mbl H3~0'!tHNI npoqe.njrpy RBa.HTOBaHHff CKHp
MifOHOB B TOM BHne, B KOTOpOM OHa npe~CTaB~RBTCR HillA Half60~ee rtOCHB
~OBaTe~bHO~, yKa3hlBarr no XO~ H3~0~8Hifff Te acrreKThl, KOTOpble HB~OC-. 
TaTQqHQ r~60KO H3yti8Hhl. 

flocrto~bK;' 3tpDBKTHBHbl~ ~arpa.H'itHa.H (9.20) Bbl'llfC~ffBTCff H3 KlC,l\ Ha 

ocHoae 1 IN0 - paaHo'lteHHR, TO npH 6onbll!HX: Nc Mbl HMeeM ~e~o 
ITO CYTH.C 6apHOHOM, COCTO~ID~ H3 6o~blll01"0 q11c~a KBapKOE. C~e~OBa

TB~bHO, Mbl He Clf~bHO norpeli!HM rtpOTifB JtCTHHbl, t3C~H 6y~eM paCCMaTpH
BaTb 3TY qaCTJ1liY oqeHb MaCCHBHO~ H npiWeHffTb CX:eMy KB~J1XJiaCCI1ti8CKO
l"O KBaHTOBruiHff /!44/. ITocKo~bKY aorrpoc o q~eHa~ 4-ro nop~Ka no npo-
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H3BOnH~ ( ~ l/) B 3~KTI1BHOM ~arp~ane (9.2QJ He HM89T no
Ka CTpOI"Oro OTBBTa, TO B~e~ 3a 6o~bll!HHCTBOM aBTOpOB Mb1 0I"pa.HI1tiHMCR 

~Hmb yqeTOM CKHpMHOHOBCKOro q~eHa H B KaqeCTBe HCXO~OI"O Bb16epeM 
~e~cTnne 

S = SsK -r S J-Vz. oo.n' 

~ff ITO~BHifff pac~enHeHHff B cneKTPB Mace HIDd nOTpe6yeTCR e~e U HeRO
TOphi~ MaCCUBHblf:t q~eH. Era B~ Mbl 06cy~HM B COOTBBTCTBytO:JtBM MBCTe, B 
ocHJBHOM, MH' 6y~eM c~e~OBaTb pa6oTaM rpymru B!Ulaq~pana. /!45-!47/, 
o6p.!!.T!laRCb no Mepe Ha,qo6HOCTH K !flaKT.aM H3 pa6oT /9tl, 99, I~I5I/. 

IO.I. MeTo~ KORHeKTHBHhiX nepeMeHHb!X H.H.Boronn6oaa 

3aMeTHM, qTO MBTO~ KO~HBKTHBHbiX KOOp~HHaT nnepBble 6~ C~OPMYEH
pOBaH H.H.Boronro6oab!M /!52/ B npHMeHeHifl1 R sa,qaqe o no~oHe. Ec~ 
rtpO~OJVll:aTb aHaJIOrJ.!!Q C "Hif3K03HepreTJ1ti9CKOf:t" cpH3HKOti TBep~OI'O TeHa, 
0 KOTOpOi1 ynOMJ1H8..1!0Cb B § 9; TO a.HaJIO!'OM HyXJIDHil B TBep~OM TeKe 6y:.. 
~aT no~apOH - ~0KaJIH30Ba.HHOe COCTORHHe 3~BKTpOHa C 3~KTHBHO~ Mac
cott B CaMOCOI'~aCOBa.HHOM none KOJI86a.HHi1 pellleTKH. ~~CTBHTe~bHO, B KH
pllnbHOM npe~ene HyK~OH,MO~O paCCMI!.TpHBI!.Tb K~~ ~0KaJIH30Ba.HHOe CBR-
3a.HHOe COCTORHife Tpex KBapKOB C ~11HaMHqeCKOft, MllCCOJ.l Jl1 B C&IO

cornacOB8HHOM no~e nlfOHOB /!34/. C 3TOi1 TO,liKH ·3p8HHR rtpHMeHeHHe M6TO
·~a KO~JISKTHBHbiX nepeMeHHbiX K KBa.HTOBa.HI1!0 CKHpMHOHil npe~CTI!.B~ffBTC~ 
BITO~He 6CT6CTB9HHHM, 

CYTb MBTO~a COCTOHT B TOM, qTo KBa.HTOBble ~yKTy~HH B OKpBCT
HOCTH K~accnqecKoro pemeHHR Mo~o pas6nTb Ha ~Ba KJiacca: MO,Jl;bl, reHe

PJ.IPY9Mble CHMMBTpHRMH ~eilCTBHff HnH raMHnbTOHifa.Hil CHCTBMbl, H OpToro

HilnbHble K HHM. CHMMeTpJ1tffible Mo~u n~eHeHbl TeM o6cTORTe~bCTBOM, qTo . 
~~R HX B036~eHHR Tpe6yeTCR CKO~b YI"O~HO .MaJIM 3Hepriur, BMB~CTBife 
qero. OHH xapB.KTepH3ytOTCR aifaqlfTe.JIBHWH. OTK~OHBHifHMH (cfl.nyKTY8.lllfRMH) 

OT KJia~cKqecKoro pemeHHff. ITosTOMY B 6y~eM nop~Ke TOJibKO sTn.Mo~w· 
CJmeCTB9HWd B KBaHTOBOM OITnCaHHH, H OHH Bb16HpaDTCff B KaqeCTBe ~
THBIDiX RoopAHHaT. ITpeo6paaoaanHe Boro~6oaa cocTOHT a a~e~eHHH Kon
JieKTHBHb!X nepeMeHIDilC, HMeiO~ CM~M napaMeTpOB ·I"pynnbl CHMM9TpHH ra
Mif~bTOHHaHa CHCT8Mbl •. CoapeMBHHOe H3~0~9Hife MeTO~ H era o6o6~eHHR B 
TeopHH CH~bHO~ caaaw Mo~o HaRTH a pa6oTax /I53, I54/. B npHMeHeHHH-

- K Monemt CKHpMa H!Ui6o~ee OTti.e'l'mfBO 3TOT MeTO~ ~a.H B pa6oTax /!55, 
ffiW. · . 

BwmlllleM ell{e paa RBHillt a~ qHeHoB a ncxo~oM ~ef:tCTBHK ( IO. I) 
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SsK :::.j.d:x-(- :: . .e SpL~ + 3~'?- SpfL.It~J .. vJ&?}; 

c< i-IVc } . ·!>- · Jlll,f.fO' r 1. ) 
vrs;-.z =- tFIO?i' d X c vPrZjiLJJL>.L.fLr , 

.Ds 

( I0.2) 

(10 . .3) 

r,[\e Fr = I86 MaB - KOHCTa.HTa pacn~a mwfic.a; ~ - lWHCTa.HTa CKHpMa, 

3!-lat~emm KOTopof! 6y,n.eT onpe,I:\eJieHo II03,[\Hee; DS' - 5 - L\HCK: · _ 

~Ds =-X - IIpOCTpa.HCTBO 'MHHKOBCKOI'O. MaCCH'tlaCKOe pemeHHe l-f, (XJ 
oTaet~aeT MHHI1MYMY ¢JHKWfOHMa 3Heprww H Y.J\OBJieTaop.creT ecTeCTBeHHoMy 

rpaHH'tiHOMy ycJIOBHn 

o;,(x)-I, nPu/X/-- , CIOA> 

_nn!'! OTb!CKaHHfi · KOJIJial{TI1BHh!X nepeMeHHb!X•paCCMOTpHM 8'qe pas CHM

MeTpHH MO,[\aJIH (IO.IJ. ):(e~CTBHe· (IO.IJ - (10.~) HHBapHaHTHO OTHOCH

TSJibHO npeo6pasoarumlt Ha KHpMbHOI! rpYJJilbl Sl/(.5jL Gi' SV(.J)fl: 
{/I.:: vvw-"1' ' r.n.e v, We. Sl/(.3). . nosTOMY B o6rqeM· 

CJiytiae p8.3JIOV.eHHe KHpll.JibHOI'O IIOJ!.fl l7 no CHMMeTpMt!Hblli! MO,[\BM B OK

peCTHDCTH KJiaccl1'tlecKoro pemeHHR ~(X) HMeeT BH.~ V( x, -t.).: 
V(£} Vofi)W--f(-b} . Q~aKo a CHJiy (I0.4) Hac .!tOJl!tHhl HHTepecoaa.Tb 

Jrnlllb Te qmyKTYa.ttKU, ,!VI.ff KOTOp:.nc v (.i, t;)-- I, . IIpH I X/- 00 1 

T.e. cooTBeTCTBYJO'Jllfe ,1:\Hai'OHMbHOj;J: no.n.rpynne .s'll'/3), Iwr.n.a V/.-6):= 
= W (i}:: A ( i.}. 'l'aKHM o6pasoM, MbT orpaH11tiHBaeMC.fi :lmYKTYaWf.liMH 

Bli)J.Il 

v ( i; t.) =A (t) l!;, (x) A _.,.(-t), 
(IO.b) 

H Ma'rpi1Qbl A (-t)b.: Sl/ (.5) 6y,J:\YT KoJiJieKTHBHh~.ur nepeMeHHhlMH a 

HruneM c.nyqae. S' 1/ (5) - KJiaccmecKoe pemeHHe ,1:\JI.ff CKHpMHOHa, KM 

~e OTM9'tla.JI0Cb B (8,43), MO"lliO IIp8,1l.CTaBHTb B BH,[\e BJIO'!teHH.ff $ l/,1g) 
CKHpMHOHil B J [/ (.5) ' - MaTpHizy . 

( . 

l/. /.i) = (~x_P(i _Kt &(,-)~~) . 
o ( • . . o o I 1 • ( I0.6J 
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]erKO 3rui!eTHTb, qTO Cf0 ·(£'} rrepeCTaHOBO'tiHO C IIpeo6pasOBaHH

RMH H3 c~Horrapa'-!eTpHqecKott no~rpynnM rurrepsap~a 17 (t.) = BXP(iot.~)Y~ 
p_qe Y-= "/sdictpt:-t,i-t:EJ. B CHJ!Y sToro MaTpw..tr,r A'(i:..)=A(t.)h/t..) 
u MaTpHllbl .4 ( l) _IIpHBO,ITFIT K O,.!tHWA H TeM "'(8 QuiJKTYilltH.ffM: 

A '(t} 0o (i)A'- 1
(-t) = A(t)h(i}!/o (i)h--rf9A--t /t..} = 

=A (-t.} Vo (x/A-"'(i)=V(~ t), 

T.e. IW.'IJIBKTUBHbJe rrepeMeHHBe 11
1
(1..) li A{!:..} ~KBiiBMeHTHb!. llos7' 

TOMY KOHrpHrypa.ttHOHH!,JIJ IlpOCTpllHCTBOI_,. IIepeMBHHb!X ~JIH $ V (3) . - MO~e
Jiil CKHpMa 6y,[\eT He 8-napaMBTpH'tleCKOe ~l/(3} - MHOI'006pasHe, a 
'7-napBMeTpuqecKoe S [/ (3) / !/ (-t )-MHoroo6pasHe. · 

ITo,I:\CTaHOBKa (I0.5) B .~eticTnHe (IO.l'J-(10.3) IIpHBO~HT K atppeK

THBHOMY ~e~CTBHID B TBpMHH~X KOJIJieKTHBHUX KOOp~HHilT~ 

r.r~e 

~K(l/) =SsK (l{,} rJclt ~K (A, A)~; 

XSI( (A, A)= l~fi (!I;,}(A--rA).c, (A-(A)fi ~· 

(A--tAl._= -fj.E JP(A(-c)-tcl4(t}/clt·).")-

_ (I0.7) 

KOMTIOHeHTa "Y'f'J!OBOti CKOpOCTH" CKHpMHOH/1 B TepMHHax KOnJieKTHBHbiX rre-

peMeHHT,rx , a .1:._,8 ( l/,) - TeHSOp "MOMeHTil 11Hepi.tH11": 

1 -- 1 &? - (<!} - -1' -flo'}( ) . --'.,s - T '$- 1-..,s (l{,} -{6e' .1-'fi L{, ; 

1-.:;; =jd'} (2J;fi -SpjA"~(R; -rL~)Jj1• Uo.a> 

.!. :;) =Jd"X J'p[ LA.(,- c%-1' ..1-<- l{ L. 0J[A~ -v.,-"A.,&l/o,/.,:1} 
L 0 a-"_, v:.· D . . 2 -~ 

r,~~e :.,.5 = o . O'fi o ; 1(.8 = .l/;, ~ !{, . 
3~ecb A.c - MaTpHqa PeJIJI-MaHHa, HOpMHpOBilHHM ycJIOBHe:.t 

S,o()..)rfi} =·'CJ:.fi; ~/.fi=< ~ .. ,t!. 

HcnoJI&sosaHHe TepMHHOJioruH BpaiJiaTe.JibHoro .liBH'IteHHJt o6'LJtCHJteTcJt 

TeM, .'tiTO IIpeo6pasOBaHHe ( !0.5) MO'!i:HO TpllKTOB/lTb KM: HeKOTOpoe "TBep

, ll;OTeJibHOe" Bpa:qeHHe CKHpMHOHil ( CpaBHHTe C pas~eJIOM 7, 3). 
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i·, 
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L 

~ B~HcReHHfl ~~KTHBHoro AettcTBHfl Becca-3JMHHO YA06Ho ase~TH He- , 
BOHHBapuaH~e ~~~u Maypepa-KapTaHa 

()' =- A --( d A • u = v: -f c/ !/, 
1-f)Vf 0 _OJ 

rAe d '- BH9illHHt\ .qHqxpepeHWia.JI, '1: BOCITORb30BaTbCfl BHAOM 
(8.46). TorAa 

~ H3 vwz. 

Swz. (U} =Swz (Yo)- t:~j SPt13(C!+V:~~), 
77)( 

(I0.9) 

COOTBeTCTBeHHO 

~wz. (AlA}=- i.~ 1((1/.,)(A--t.tf)-. 
1 ( IO. IO) 

r~e BBeAeHo o6oaHaqeHHe 

K-. (b:) = C:J~~ j ~x Jpj~ t/.;· t{, (A~ ,..z;:-(A~ l'o)J . 

~bHenman KOHKpeTU3aqHfl 3~KTHBHOrO Rarp~HaHa 3aKH~yaeTCn 
a BbltlUCReHHH HBHoro BHAa MaTpj.fqHbiX aJieMeHTOB I.<.~ , I.._.# u K"'-
Ha KHaccuqecKOM pemeHHH (10.6). B peayHbTaTe no~HM /146/: 

00 • 

[ 
~e Ji) ol!" l"~.sinc8(r)l o<- :.) = 1.1!.3; 

_(c) {/. - 0 

..toe.fi (. ")- tf% jdrt-<( 1-CI/.J' 8(/")) g(.=._fi = ~ s, 6~?; < 
o · . 10.11) 

1/ ot=-"'=J· I .,I';J • J 

-fLt} . (, 2{6/dl"~ sir/&(6/.z+ st;:8/ ~ =-.fi = -1,~,6/ 
I - o.., . .! -.t.~ ( !/.,) - AC ") ....!/" ,_&! / nt,: -i- ~St-n '8) _., r> • d 8 1 -::A_ (10. !2) 

. IU// {AI I (C7 /'--! jc;.o>l-/7 y,""-:.r--,='1, ... ?_/ 
D I . . 

0 I c(_,::.,fi=J. 

}J.nn K"" (v;,), ytiHTb!Bafl Jf>opMyRu (2.!0), (2.25) AHfl TOIIOJioruqecKoro 

aapffAa tZ , npiDCOAHM K aupa'KeHmo 

*',c(V,)=- Y; t((tJ;}8;,4. (!0.13) 

~CJI9HHU~ pacqeT HHTerpa.JIOB B npaaott qacTH ~pMyJI (10.11), 
( IO. 12) noasomteT npuaecTu aqifleKTliBHUll .JiarpaH«HaH MO~eJIH K a~ 
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,,. 

Cl.(A,A}::-: cr(v;,}(A--tA)~. (A"''~A)._- <IO.I4> 

- : tJ (v;)(A --~AJ~ (A --tl)a -- Vf i ~ !](A-1)
1

, 

·rAe i = 1.2 3 · ct = L! !J- 6'. ::1 • Cl /~).:!:. 11.39 /,.c;: ec. · 
1, 1 , 1 1 r 1 f• o ./'Y? / 

o(v..) ~ tsJj;=7ie..e. 

Tenepb M~ MO~eM nepeXOAHTb HenocpeACTBeHHo K npoqe~e KBaHTOBaHHfl, 

T.e. BBeCTH KaHQHl[qeCKUe nepeMeHHU~ H 3anHCaTb B 3THX nepeMeHHNX ra

MHJibTOHHaH. flpH 3TOM KBaHTOBUe COCTOHHHfl qaCTH~, COOTBeTCTBJD~eR 
KRaccuqeCKOMy pemeHUID (CKHPMHOHy), B03HHKHYT KaK C06CTBeHHUe ~K
qHU raMMHbTOHHaHa. 

10.2. RaHoHuqecKoe KBaHTOBaHHe CKHpMHOHa 

llocKOJibKY KomreKTuamre nepeMeHHbre A (6} 6. S l/ {.3} , TO JIOK/lJibHO 

Mhl Mm~teM napaMeTpusoaaTb A (i} Ha6opoM ua ~ napBMeTpoa(f"- (-e)j ; 
o<.. :o -1, ... & • HecMoTpn Ha 3KBHBa.JieHTHOCTb A (6}:: A (t.} h {-6} i1 

A ( t), rAe h (!:. }- runepaapffAOBqe BpB.!qeHue, i.n. MOll{eM cquTaTb ace na-

paMeTpu J ri, ( i:; j H93aBHCHMUMH; a OTMeqeHHyio HHBapHaHTHOCTb yqTeM 

Ha.JIOl!teHHeM CBR3H. Jiarp8.ffiltHaH ( IO. 14) aanumeTCR B KOOpAHHaTax } -<.. 
ITOCJie IIO~CTaHOBKH . . · 

. J.4 ' . • 
A (t} ~AIJ"(t;}}) I (t.)'"' t1J~j-<.ft}= tl.t,l/'j.t-. <IO.I5) 

ffaaoHuqeCKHe HMnyHbCU IIO~BmTCfl CTaH~apTHb~ o6paaoM: 

~:: :t = -ct(l/,}(A--tl)i.(A--ttl"'A)t.- .6(t;)(A~l)~(A-~AJ~ 
fl.(.. _:!.. ~-1 d ) (10.I6) 

- V3 lYe t.? (A ;,c: A t1 
1 

KaK H CK06KH llyaCCOHa : 

(j~, ~j =id;_fil~~j_,/=(P-<-, P.&j =0. 
(10.!7) 

nocKOHbKy Mbl paccMaTpHBaeM BpaJ!!am~quRcn CKHpMHOH, TO ecTeCTBeHHO noJia

raTb, qTO COOTBeTCTBYtq!IIHR. raMHJibTOHUaH ~HarOHa.JIHayeTCJI B "yi'JIOBb1X11 

nepeMeHHb!X, a OT HMllyJibCOB (10.!6) CJie~eT nepeRTH K MOMeHTBM HM-

_nyJibCOB, Taxon nepexoA Mo~o oc~eCTBHTb c rroMO~biD HecKHryHJIPHOR MaT

P»qhr .IV'"'-~ ( J) ( cYDlecTsoaaHue KOTopott AOKaamaeTeJI B ~onoJIHeHHH 
!), YAOBJieTaopnro~ett COOTHomeHuro 

u/1 'AJ-
dl~ ~..c = L.. 

11
"- • (I0.18) 
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i 
I 

l 

l' 

I 
.!i 
ft· 

il. 
'i 

AHa.noroM MOMeHTa m.myJibca 6y,zyT nepeMeHHUe 

jft~ = - fJ.B N .-8~' <IO. I9l 

,IJ.JIH KOTOpb!X 113 ( IO. 17) BW!I1CJIRJOTCH CJie,IJ.yiO~.qHe CK06Jnt flyacCOHa: 

{A"-); Aro-J =O; (lf'lt.toAf!'JJJ =i(AA,~.)1.13 1 

( 11-"t~/ fh,flJ = -t!..ffi" m,. 
H3 (10.16) 11 (10.!9) ,IJ.JIR ~~ no~aeTCH B~pa~eHI1e 

lfl.t =ia' (1/,)(A-~')._ ~i +i6(z;;)(A -~)"~ -r 

Nc C"" 
-r fi (io"-1 • 

. rar.rMJibTOHliaH CI1CTeW.~ • 
II"' ·P~j" -!£ 

,IJ.I1arOHaJII13yeTCH B nepeMeHHHX 
..e 

HZ 1(, 11 np11H11MaeT Bl~ 
I! ' 

lfZq II= 1/"t.;., + 
i!. a ( V:.) 26 (l/"'7 

(10.~01 

(10.2Il 

(10.22) 

0,IJ.HaKO Mbl ,i:tomruhl ellle yttecTh MHBapHaHTHOCTb nepeMeHHbTX II ft.} 
' . 

OTHOCI'JT9JibHO rHnep3apR,IJ.OBOrO Bpa~eHHH HJIH, ~TO 3KBI1BaJieHTHO, OTHO-

CHTeJibHO npeo6pasoBaHHH A f (t) ;: A ( t.} eX P( i.fi (i) ).,). B CHJiy 

COOTHODleHHH . , • . 

( .tr1l): = (A-1A)" + ; SP(A,~.A.&)j (t-) =-fA-"'i)" (oe.;i J) 
( -fO)J ( -fO) • A A 8 = A-A 1 +i.)(6} 

nepsb!e ,IJ.Bii trJieHa B JiarpaH'lrnaH9 ( IO. 14) MHBapHaHTH!l OTHOCHT9JibiiO Ta

KOrO npeo6pa30BaHHH, a ITOCJI9,JJ.Hl1H ~JieH - H911HBapHaHTeH ; 

i IY£ /J ( --t o) i-Nc / --t o) .!!t:. • /) - VJ L-f 1 A A-- va &rA Ad t- ,g-~t'- .. (I0.23) 

lf3 (10.2!) CJie,zyeT, ~TO K03cMll.fi.\H6HT npH .tl (t.) B (10.23) eCTb B 

TO~OCTH ~J ;- BH~RHRT93HManDHHi reHepaTop rHnep3apHJJ.OBOrO 

nosopoTa. ;;t. (A, A } 6y.n.eT MHBapHaHTOM oTHOCHTeJibHO TaKHX npe-

o6pasoaaHH~ npH ycJIOBHH 

l = IP't.J + ~ & =tJ. (10.24) 
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'!'aKHM o6pa30M, Hama CHCT6Ma RBJIHeTCII CHCTeMOH CO CBff3flMH H, COOT

aeTCTBeHHO, 6y,IJ.eT DITHC~aTbCR raMHJibTOHHaHOM 

- Itt 7, lfl,. .z -r 
fl- dot(~) -t 2-&k) fl/', (10.25) 

r.n.e ./f - Heonpe.f\eJieHHUtt MHO'KlfTeJib Jlarpal-t'lta. npoBepKa ITOKa.:msaeT, 

trTO ( H, p J = 0 , T. e. CBH3h ( 10.24) RBJIReTC.FI CBH3biD I-ro pou.a 
JIO KJI'lCCHifJHK8.L~l!H. ~paKa. 

Co6CTBeHHO npoqe.n.ypa KBilliTOBaHHR COCTOHT B TOM, ~TO rrepeMeHHhle 

Atifi 11 lf'l.t paccMaTpHBa.tOTC.f! KaK orrepa.TOphl Ad(~ M /h" B . 

HeKoTopoM rHJib6epTOBOM npocTpaHcTBe • 011 , CK06KH IIyaccona B (I0.20J 
aa'AeHRJOTC.fi Ha KOWyTaTOphl · 

[A";B, A"rl=~·[ th,_~ A~"} =-fA ,i.t-).411 /[~, Qz~}:-2;j~"'#z.cro.26J . . ? 

· u cTpOHTCR peaJIHaaqMfl aJiret5pbr (I 0. 26) a :fl . 
PaccMOTpHM I'HJihCiepTOBO npocTpa.HcTao '(f/ qiyHK~Htl Ha S'ZI(3}

MHOroo6pa3HH CO CKaJIRpHb!M npOH3Be,IJ.eHHeM 

(1/1; ¢) =- J;ufJJ!D(Y) lf/'(v)¢tvj , (·10.27) 

' 
r,ne ~(oJ- MHaapHaHTHM Mepa Ha .ft/(3}. OrrepaTaph! "yrJIOBh!X:" nepe
MeHHbTX peaJIHayeM KaK Jieaoe JMHO~enne 

( ,4«-.13 'f/) ( V) = l/c<..& t.p ( tr) ~ 

a DnepaTOpb! "yrJIOBb!X MOMeHTOB'!..npH flOMOTJtU COOTHODieHHH 
A 

[ exP(il{,m.-<-)1/f} (v)"' '/l[t/exP(-i61_;/,)j) 

(10~28) 

(10.29) 

r){e B.,c - neKOTOpb!e KOHCTaH'rbl •• TaKoii Bb!t5op. peaJIH3a.qHH onepaTopoa 

MO'!aio o6ocHOBaTb Iicxo.n.n us pea.JIHa~n cliMMeTp~lt .n.elfcTBH.f! ( 10. I J -

(!0.3) B KOHrf>liryp~OIDiOM npOCTpaHCTBe KOJIJieKTHBHb!X rrepeMeHHbJX /!42/; 

HaJIHtrHe CB113H (10.24) npHBO,IJ.MT. K cy>~~eHHID rrmboepToaa. npocTpaHcTaa 

0'1 Ha no.n.rrpocTpancTao Ott s v fs) rpynKl\Hi1, y.n.oaJieTaopmo!IIHX yc-
JIOBHIO 

·,lJf[vexP(-if!rAJ)j = exP(-i -?fa~). cro.30> 

-llocKoJibKy Ha BH,IJ.a A & ~ 1/ V"S cl 0 f £ ~ -1. -~ J cJie,zyeT, ~To 
eKP(-it:!/111:3 A&)= 1, . To ycJioaHe (10.30) Bb!ITOJIH.FieTcn JIHDib npH 

tteJ111X 3Ha~eHHRX Nc • .nrurnoe pacc~eHHe MOlKHO pacCMaTpHBaTb. KaK 
·8JibTepHaTHBH~ ITO,IJ.XO,IJ. K ITOJiytreHHID peayJibTaTa BHTTeHa /22/. 
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BoJiee ,u.eTaJibHoe M3JlleHI1e cneKTpa cocTommi% cl1cTeMbl Tpe6yeT aa

,JJ.aHI1ff ciaa11~a B d/Sl/(.3) 11 3,JJ.9Cb MO'KHO BO:!flOJib30BaTbCfi aHaJ!Ol'Meii 

C 38,1\a~eti 0 11 CMMM9Tp11~0M BOJI~Ke" /I57/. raM:.fJibTOHI1a.H (I0.25) OOJia

,u.aeT cMMMeTpnei.l OTHOCI1TeJibHO npeo6paaoaaHI1ti Bl1,II.a A - VA W , r,u.e 

ve SV(3) • a w - 3JieMeHT O,JJ.HOti 113 no,u.rpynn Sl/(3): Sl/(2) 
ltJIM l/ ( -t) /I5I/. AHa;ror~hiMI1 cm.1MeTp11HMU o6.'!8,!\aeT BOJitWK, y KO

Toporo C0Bfla,I\8IDT ,JJ.Ba M3 Tp9X l'JiaBHHX MOM9HTOB MHep~Hti. POJib KOJIJieK

THBHHX KOOp,JJ.HH9.T BO~a BblllOJIH.fiiOT $1/(r!} MaTpU~T, 11 I'8MHJibTOHMaH 

CHMM9Tp~eH OTHOCMTSJihHO aHaJ!Ol'M~HUX npeo6pa30Ba.HMti, TOJihKO 1feStf(2), 
a W €. V ( -t). . CJ.~M;\19Tpmr OTHOCMT9JibHO YMHD'K9Hllfl Ha W cnpaaa 

CBR3aH8 !'! rpopMOti BOJitrKa. COCTORHMn BOJitrKa OflMCblB8IDTC.fi MaTpw:uruMI1 . 

aJieMeHTaMH D:::.,m' (c<.,,8, rt) MaTpH~ i/1(o<.,.fi-J), o6pa3JIO!Jili;; 

( c? :J + 1) - r.~epHoe HenpHBO,JJ.MMDe npe,u.cTaBJieHMe rpynnhl epa-

l:l9HHil. 3,u.ecb r£- , fi , Y - yrJihl 3ti.rrepa, mf,II.eKc m - co6cTBeH-. u ·~ 

Hoe aHa~emm onepaTopa W = t2 x P( iPS). IlpH 3TDM .D 177177 '. -

co6cTB~HHM lflyHK~HR KllK raMMJihTOHMa.Ha, Ta.K 11 "Kea.n;paTa yrJioeoro MO-
. A I? , 

MeHTa 1:/ , KOT0pb19 MOI'YT Ob!Tb ~Haf'OHaJ!l'I30Ba!ib! O,U.HOBpeMeHHO. 

B HameM cJiyqae Mbl HHTepecyeMC.fi Henpuao,U.MMhiMH rrpe.u.cTaBJieHM.fiMI1 

8!/ (.5) , peaJIH3Y9MbiMM B Bl1,!1.9 09CCJI8li;0Bh!X T9H30p0B C P !<OBa-

pH9.HTHbNl'l ¥. lf KOHTpaaapllaHTHbll'.m HH):\8KC8MM D PIJ- fv) 
P~o6cTaeHHL~Al1 ~K~HffMM r~MMJihTOHMaHa 6yf\YT MaTpHtlHhie ::~JieMeHTbi 

D"'-~ ( V) . MH.u.eKcbl oG. 11 ~ >lMeJOT npH "'TOM co6Hpe.TeJihHhlti 

CMbJCJI, T.K. B $!/ (3)- CJiytlae HeaaBUCHMO MO'fi:HO ,'\11al'OHaJil1'30BaTb 
·~ A I - onepaTop Kea,u.paTa HaocnMHa, I 3 - 3-KOMITOHeHTy H30CITI1-. 

4 ' 
Ha u y - onepaTop rwnepaapn,u.a. Ilo"'TDMY 6aaMc a npocTpaHcTBe 

(1/Jt/ ( 3 ) rJyizyT o6pa.30BbTB3.Th M3.TpMt1Hhl9 3JI9M9HTI:J Bl1,~a 

.f) p~ - )( -,./ -./. ') ( !/)/ 
f.L.,J 3 , Y .1,.!. 3 ,Y (I0.3IJ 

r.u.e I, Ia , Y - co6cTaeHHble aHa:t~eHHH yKaaaHHHX aooe onepaTopoa. 

O::TaeTClt B>,JRCHHTh rpnaw;ecKMif r:Mb!CJI 3TM·x 11H,JJ.eKcoa. ' 
. . . . I ' 

PaccMoTpwu npeo6paaoaaHwe tfule!ieopHoti cHM•AeTp>m a~a l/{x) ~ 
.=: V{/(x) v--t . veS!/(3). B npOCTl?aHCTBe J{QJIJI9KT11BHhlX nepeMeHHbiX, 

Kai{ JierKo Bl1,II.eTh U' (X} = V ( 1/ lfo A-"') V-t = (VA) lfo ( Y .4) --r , T.e. 

u.eHcTawe ~etieopHotl no~rpynnH s nepeMeHHhfA A ~aeTcR JieBh~ 
~Ho-.;eHI!~"L. A 1 =VA . CJie,JJ.oeaTeJihHO, JieBM Tpo!1Ka HH~eKcoa a 

i: ( I::J.3I) HBJif!eTCR tfJ.ne~aopHoi1. 
,Uei1cTBY.e ( I 0. I ) - ( IO. 3) MHBapMa.H'l'HO OTHOCMTe.TibHD npocTpaHCTBeH--, -

· mrc .apa'JleHv.tl X = R )( ·· B KOJIJieKTMBHbr.< nepeMeHHbiX ::lTD npORBJif!-

eTcn ~e,Ii.yn·qMM o6paaoM: . V(R~-!:.)::.A(-t)Vo(l?i}A-'/6). Ho cKHpMHOH 

VO (X) - >tHaapMaHT rpynflhl di-aif.SOf.s}_z. {i') .S0(3)s]. rJJ,e 
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riOBOpOThl B ITpOCTp8HCTBe 11 l130ITpOCTpaHCTBe OT~eC~CH. 3TOT ~T 
MD"tHO nepenwcaTb a BM~e ?"0 (I( X)= ~Yo (R) V ~~, r~e 

-( exp (i.e{,~ ·Z) :g) . 
~- -;--~o--,T 1 

. ~~ = ( ~~~ c<-.! ~ o<..~) .~· B (l(,t = o& ~ 
MaTpH~a nosopoToa aanMCclBaeTc.fi ~epea ~i B Blf,II.e 

D <" t:? o(, i .tJ • I! ..C "'-..: • · /1tr/ -=o.:jCOSdo(, + .c_t! &no<. -'-i}K 7 St-nc!e;(. 

CJie.n;oeaTeJihHO, . 

v (I? x, -c. J ::: A ~ 0, ( x) ~--r A --r ~ 

= (A V~) Vo (.f)(A t'R)--(: A I~ (i)A'-f~ 
T.e. 3~K!_gQQ~~HHoro ap~eHY.f! rrpoRBJif!eTcR a npaaoM fMHo~e-
HHH A'= A v ~. Ho v~ ._ s l/ (t?) - MaTpi1lla. BJI0~9HHM B. Sl/(J} • 
;.e. f'eHepaTOphl npaBhlX ~lf~)- rrpeo6pa30BaHHH B npOCTpaHCTBS·KOJI

JISKTHBHblX nepeMeHHb!X CYTb reHepaTOphr apallleHMtl. IloaTOMy ,u.sa 113 Tpex · 

rrpaBblX l'IH~eKCOB B (I0.3I) CJie,l\yeT ~~9CTBR!~ CO CDHHOBHM ~exca
MH .r · ,'f;JIR Yf\06CTBa nepeo6oaHatn!Tb .L = ;)' , l 

3 
: ~. 

~3~9CKMfi CMhlCJI ITOCJI9,u.H6l'O HH,JJ.eKca B npaBOtl TpDtlKe CJie,l\yeT H3 

Cl~eTpl'll1 COCTORHHtl 0THOCHT9JibHO npaaoro l'HriepaapR,JJ.OBOI"O ITOBOpOTa 

PIJ r -it914.i) r?- -i..~l(fy' 
.o fl;~,Y)IJ,~, Y) 1 ve. -=lJfJJJ, Y) ff~~r') ·cro.3~) 

. CorJiacHo (I0.30) npH C.YJKSHMH l'HJib6epTosa ~OCTpaHcTaa ;;t( Ha Otfstr(.J) 
B CtrJiy HaJI~Hfl CBR3H (I0.24) ,JJ.OJil!ffiO 6b!Tb BblllOJIHeHo p~BeHCTBO .3 Y'=N#. 

B HHTepeCJIOlllSM Hac c.nyqae ~11CJIO LtB9TOB /Yc .:: 3 , TOITOJIOI'I1-n 1 · 
tlecKul% aapR,JJ. 4' = -t , noaToMy Y-= 1 . 3To ycJIOBHe Ha.KJI8,JJ,blaaeT orpaHH-

·tleHHe Ha Bbl6op npe,u.cTaaJieHHtl Sll(3),u.JIR onHCaHHR Bp~aTeJibHUX coc-· 

TOfl:HH~ CKHpMHOHa. Ifs Teop;rn I1p9,JJ.CT8.BJISHH~ rpynm.J J l/ (.Jj(cM., HB.!IpH

liep, /I5I/_rJI.9, IO) cJie,[\yeT, ~To H3 Bcex qzyHK~Htt .D~"'9-(v)Mhl 
~OJI~~ OTo6paTb JIHmb Te, AHfl KOTOpb!X 

p + 2 tj = 0 ( 1770c/ .3)-
(I0.33) 

HaHMeHbWKMH Hs ,u.o~cTHMHX MyJibTHUJieToa B TaKOM cnyqae 6y,u.eT OK-

TeT1 a .,_,D(i,t) (I,I) H ,JJ.eKyiiJieT 10=-.1)~• 0 (3,_0). YCJIOBH~ 
y :: -f H8.KJI~aeT OI'paH~SHHe · H Ha B03M0mible 3Ha~eHHi{ CITHHa .J 
;y = -( 1.?. .u.Jia OKTeTa § H ;y = :1 It:? AHR .zieKynJieT~ ro. IlpH i:IOBO-

PDTe Ha yroJI 2 '11 I!IOKpyr TpeThett H30TOfll'ltlecKott ocH co6cTBeHHble 
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~q~m 11s · ';1/Sl/ (:3) npHo6peTruoT MHO"«HTeJio exP ( i j AJ ·tZ fi}-= 
:BXP(i'ii ff), 4}. B ClfJiy ( 10.32) 3TO OSHatiaeT, tiTO see BOJIHOBble <fJJHKL\lfH 

lf3 ;;{ SV ( S) . lfSMeH.!IIOT 3HaK Ha TipOTHBOl10JIO'!Oihr~, T. e. COOTBeTCTBYJOT 

<flepMHOHHbiM COCTORHHB.\1. 

HTaK, Mbl y6e~HJIHCb B TOM,·tiTO ~o6aeJieHHe ~etlcTBHH Hecca~3yMHHO 

(10.3) K ~eiicTBJOO CKHpMa. (10.2) nossoJIHeT noJiyqliTo KatteCTBeHHo npa

BHJioHYJO KJiaCCHqJHKI\1.\HIO 8,!\pOHHbiX COCTORHJ.ftl. 0CTM0Cb BbiHCHnTb, Ka.KI.fe 

KOJIHtieCTBeHHble pesyJibTaTbl MO'!QiO l10JiytiH~b B paMK8X TaKOPO. l10~XO~a. 

8THM Mbl H sanMeMcR B cJie~~eM pas~eJie*>. · 

. 10.3. CneKTp Mace 6apHOHOB B Mo~eJIH CK~!pMa 

B OCHOBHOM, Mb1 6y~eM CR6~0BitTb pa60TaM KaHasaBbl /99/, /159/, 
HaH60Jiee OTtieTJIHBWd B MeTO~HtieCKOM OTHOcreHHH. 

CneKTJ? Mace onpe~emreTc.<i: co6cTBeHmlMH"3HatieHHmm PaMHJibTOHHa

Ha (10.22), KOTOpbln y~o6HO npe~CTaBHTb B B~~e 

-1 (.' ;1 c 4 ~) I 1 _:f_) 3 At? 
H =- HSK + JJ~Il/) (f;. fl/l"' - #Z,~ r ( 214' - 2 6 l; lilt. . . 

o o<.-'f ,__-f . ( IO. 34) 

.{ (" All)(--/ f)At:? 
== HsK + d B . ~ - .3 V "';,_ q - 6 ,J / 

r~e B Bb!pa'l':eHHe (10.22) .n,o6aBJieHa Macca KJiaCCHti6CKOPO CK>1pM110Ha 

HsK, lc=C~ (.S V(3}) "'i!- KBB,I~paTHtiHblti onepaTop Ka3m.mpa qmen-

eopHo:\ PpyriTibl si/(3) / .J - onepaTop KasHMHpa S'l/(t:?} - l1011,-

PpY]1Tibl, COBnll,ll,a!OIT\1-1~ C onepaTOpOM KBll,TI,paTa TIOJIHOPO yPJIOBOPO MOMeHTa 

Y 1 '= "/ vy i/t 
8 

- onepaTop npaaoi1 PHnepsa.pJI,IJ,oaon no~rpynnbl · l/ (-t) . 
llo.~CTaHOBKa B ( !0.34) C06CTBeHHI-1X 3HatieHHi1 onepaTOpOB ~JIH ( p, /j) -
npe~cTaBJieHHH npHBO~liT K MaCCOBOH qx>pMy.1!e 

H(P,'f}:J,Y' =_HSK+(-j- t )~::t(:Y+-1)+ 
.( l/ t? i! ' ' 

+ 2t>f3(P +g r3(P+!j)+Pljj-5y't!j. 
(10.35) 

*)fuJ!oo~eHHYJO CXeMJ KBaHTOBaHHII MO'!U!O CipopMyJIHpOBaTb B TepMlffiaX yHii
BepCaJibHOPO HaKRMBaromero npOCTpaHCTBa, T.e. B ~e TIHOHepcKHX ~etl 
~KeJibl!ITefuta. lfHTepeCYJO!qHMCH tiUTaTeJIIIM MO'ItHO 110peKOMeH.n,OBn'I b pa6oTy 
BaJiatiaH,D.paHa /14'7 I. · · 
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CooTBSTCTReHHo JJ;JIR cpe.~Hetl Mar~cr,r OKTeTa l;! · = (I, I) 
rNee:,f 

H M .3 3 
1 == sl( + 2Cifi;;} + 8rVoJ ; 

::J. ,l\Jif! cpe.nHe~ .\la~c"r ,[leKynJieTa IO ·= (3, 0); ;; = 3/c , Y '= -1 

1S' 3 /11 -M +- +-

(IC.36J 

Haf1AeM 

UO.~l7J !£ - .SK · 2cr(l£} 8( 0:.} · 

IlocKOJ1bi(J Mu Mc·<o,~uml us 3f4JeKTMBHoro ll,ellcTanrr ( IO. I) a KitpMb

HO!_. nplf!JJI>l'itSHI.fH (MaCChi KBapKOB It, ::!OOTBS'l'~TBSHHO, ~fS3LlE09 Ctilt;MHCb 

paamem HyJ!lO) , TO u:sr He J~.io"(eM IIOJiytiMT•b pa :::rqerrJieHlm no Ma:::cAM · B paM

Kax '~YJihTMnJieTon. AITH rronyqeHnrr pac·!jenJieHMH Tpe6yeTCH BBeCTM B Jiar

pll.H"(I.fffif MaCCUl'IHblfl tJJieH, HBHbUd o6p!l30M Hapymaro•IjHtl KllpM~Hyro CHMMeTpM!O. 

H triJ.CTHOCTU, Tll.KOtf tJJieH MO"UIO B'JJ6paTb B B~e /1b9/ 

~m =-;! m.z.Jp(v-+zr:-2)- :J A m:SP[A
1
(lfrl/-)}, 

~- -1( .? < . c)• t!. t? < 
c :w. ~m> 

r.11e. m.. ~ T JmTi t-'f'/77-'( ·"'/77
7 1 

Al7? =m~ -mv 

BTopotl trJieH B (10.38\ He06XOJJ;HM I\~R yqeTa Ha~Jiro~aeMOPO pac~errJieHHR 
MaGe no rHnepsapflAY (CM.p.Hc.II). 

y 
1 :J:O ;; = 1/2. N(9J9) ~ 

;, = J / 2 "' f -t£3e) 1 +-t 

0 

0 

. -1 

-1 

~ 

PHc.n 

B pe3YJibTaTe TaKoit MO,~HrpMKIU.lHH KitpMbH!UI CIIMMeTpurr S !./ (.3)L ~ 
Sl/(3)1?. HapymaeTcrr 11,0 cliof(J'l/(aJ.~Sl/(3)-'?)~J'l/(3]y 

H liHO~l CTBHOBRTCH MaCCHBHbNH, a B PaMHJibTOHH8HS (!0.34) liORBJ!FreTCII 
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· dff <1m2 · ( ad 1 ) 
T F,.e3 M 1-D81 tA) / (10.3~1 

00 

r~e H = j c/ X x.! ( 1- COS 8 ( x)) / X = G: ~I. 
0 

'I/yHK~Hfl fJ ()() )J.OJI'10-i8. Y.U.OBJieT!!OpHTb. :B 3TOM CJI~fll"a6 COOTB6TC~YJ01\61l 
MO)J.H:fJ:.tKa~>HI ypa!!H6Hitll (5.22). B ( 10.39) BXO)J.llT onepaTOp .D~J ( Jl) , 
aoaHHi!aiO~HM o'! cpaxTopa (J.. 8 A t\1 A-"), o6ycJio:eJieHHoro BTOphiM I 

liJieHOM 11 (10.38). B pe3yJibTaTe npnxo.u.HM K cJie)J.YJOqeMy pacTqermemno 

· uacc : .3 . . , -1 . 
fl1"' =HI --to rn J M...A.-"' fl1s :- 4o 177;. · - ~ -HE~ H8 +-;om;" Hz. =1'18 +''1-m; 

' . - .f - (10.40) 
HA ::. lim - T m; M z:z '*"= 1'119 ; 

. . I. . .. ./ 
f12 t= H12 + 8 m; HS2.. =1110 + 71 m/ 

·2r;:- 2f:.V · r.u.e m = :3 ~I IJm :;;l'l. OTMeTHM, '4TO !lnepBh!e T8.K06 pac,~enJieHHe ·noJiy-

liVIJI I'yan,ai'HllHH /141/, HCnOJib3YR HHOri !!ll)J. M8.CCHBHOI'O liJie.Ha. ,ll,nfl cpaB

HeHHlf UOJIY'46HHOI'O Cil6KTpa MliCC 6apWJHOB C )J.aHHhlMH ~KcnepVIM6HTa MbT 

.n.oJIJKHbl KOHKpeTVI3vtpoBaTb 3HalieHHa F'ii, e ; A 1'1 ::: H !..Q - fLfa , 
a TaR".e Hat\TM C llOMO~:bJO 3B.l. tmCJia C1 (V:,), f3( ll;.) -VI .fiT , onpe

)1.6Jifl6Mb16 !lbl60p0M HCXO)J.HOil MO)J.6JII,l. UOHf!THO, '4TO 3JJ,6Cb BOSMO'!CHhl B8.pVIaH

Thl, T.e. KaKHe-TO Vl3 3THX sHali6HllM MOlKHO ~V!KCV!pOBaTb no )J.aHHHM ~K 
pHMeHTOB' a .U.PYI'Iie IlOJIY'4VITb c nor~Olllbll pac'4eTO!l •· PesyJJbT8.Thl pa3JIVI'4Hb!X 

pac'-ieToa ·GM.U.emi B Ta~e I ,I:\onoJIHeHH.FJ E, P,~e yKasnHo,npVI Ka.KHX 

ucxo)iHllX npe,n.noJim~temmx OHH rioJiyqeHhl. Ha116onee 6JIM3KVIe K '3KcnepHMeH

Ta.JibHbTM ~Ha'4eHIIlfl Me.cc · 6apHOHOB. noJIY'~6Hbl B pa60Ta:JC /159/, /14Cl/. IlpH 

3TOM B pa60T6 /159/ B raUHJibTOHIIl8.'i '(10.34) BBO,JJ,V!JIHCb.,D,OnOJIHHTeJibHbl6 . . ' 
'4JI6Hbl, CY1J~9CTB8HHbl8 B KBaHTO~OM CJiytJae li HC'483810il~He B KJiaCCVIli8CKOM 

npe~eJie. 3a no,n.po6HOCTHMH OTC~JiaeM qHT8.T6Jifl K pa6oTe /159/. 
Ha ocHose Mo,n.eJIH GKvtpMa c qJieHOM Becca-3JMHHO MO'KHO nposecTH 

pac'4eT!lH',n.pyrVIX. CT8.TW-l8CKHX Ha6JIIO,D,aeMb!X ,D,JIR 6apHOHOB: ~JieKTpw.!eCKO
I'O HM8.I'HHTHOro 38.pR,D,OB~X pa,n.HyCOB, M8.!'HHTHbiX MOM9HTOB, KOHCTaHT 

3ll VI T.~. flo cyTH, 3TO lllfCTO BU'4HCJ!VI~6JibHaH pa60T8., He CO~ep~B.lllafl 
KHX:-TO HOBb!X H,D,Stt no cpaBH9Hll!O CO CTB.H,D,apTHbiMVI KB8HTOBO-M9XaHH'I9CltHYt 

pac'4eTBMVI. noaTor.~y Mhl yKa~eM pa60T!l /99/, /156/, r,n.e co~o,ep~VITCH noc-

·Jie,n.osaTeJihHaH cxeMa npose~eHHa TaKIIlX pacqeToB; a B AonoJIHeHHH E ITP"
ae,n.eM Ta6JIHQy 2 ·c pesyJibTaTru~VI pacqeTOB. IIoCJie,n.HHe cs~eTeJihCTByroT 
0 TOM, liTO paCCMaTpV1Bli6MaJI M0~6Jlb, B OCHOBHOM, npaBVIJibHO BOCnpOH~BO
)J.llT 3KCnepiDA8HTaJibH!l9 ,U.a.HHH6, H llpVI ,JJ,OCT8.TOqHOfi HaCTO~HBOCTVI MO~O 
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,n.osecTH pacxo~eHHR. c 3KcnepHMeHTOM_,n.o 10-15%. 3To npsBOJ!ReT Ha,n.eRTb

cR Ha To,-, '4TO. MO.JJ;9J1b CKHpMa: Mo~eT cJI~RTb xopoiirnM noJIRI'OHOM KaK .U.JIR 

npoBepKR npHMeHHMOCTll HOBb!X paC'49THbiX CXCM, llpHI'O)J.Hb!X ,U.J!.fl OnvtCaHVI.fl 

RBJieHHfi B HerrepTy6aTHBHon 06JiaCTH RX~, T8.K H·,U.JI.fl aDp06RpOBaBEa HOBHX 

:{ll,efi. MK H3B8~THO, ITOffBJieHHe M_o,D,eJIH .Jhr B KBaHTOBOil ~JieKTPOltHHaMHKe 
BO MHOI'Ol.t CITOC06CTBOBaJIO ee nporpeccy. BnOJIHe B03M01KHO, qTQ MO,U.BJib 

GKHpMa CMO~eT C!lrpaTb UO,U.06Hyro pOJib :0.JIR·HenepTy6aTHBHOM KBaHTOBOfi 

xpOMO.lJ,llHaMHKif, B KOTOpOfi 9!1!6 0'4eHb MHOI'O HepemeHHb!X npo6JieM. 

• 
3.AKJli01IEHHE 

Bbmre MhT CTOJib )J.OJII'O H ITO)J.p06HO OITHC!lBaJIH MO)J.6Jlb CKvtpMa He TOJib

KO ITOTOMy, '4TO B He}i llpOffBUJ!HCb '4BpT!l '~ITOJIHI'OHa" ~JIR. MO,U.eJIHpOBaHll.fl 

H.lll3ytl'eHHR HenepTy6aTHBHb!X ripoqeccoa 8 ~; BH11MaTeJtbHb!il '4V!TaTeJib 
. . 

Blf,ti,11MO Y'II:B 3aM6TVIJ!, '4TO ,U.JIR nOJiytl6Hlffl COI'JiaCHJ{ C ~KCnepV!MeHTaJibHh!Mll 

naHHb.'Mil 8.BTOpb! ,,Pa3Bl!BaBilm9 MO,U.BJIIf B llpllKJI~HOM Hanpa~neHHH, IrpH6era

Jllll it pasHoro po,n.a (oripaa~ 11 He oqeHb) yxmqpeHHRM. B '41:l,CTHocTu:, 

Bb!XO)J.HJ!ll 38. pah!KH HCXO,ti,HOfi MO)J,BJIH, BBO,U.HJIH ,JJ,OnOJIHHTenblible tiJieHh!, na

paM~TpbT, orpa.H11'4eHHH If T.,u;; IIpH ,n.oc;aToqHoM ~eH~~ w Tpy,n.oJII06Jm Ha 

3T0t.l ITY<J::H Y,!T,MTC.ff .JJ;OCTJ1'4b BilOJIHe BneliaTJI.FJ!OIIJHX pesyJibTaTOB, ,n.'a'!te He

CMOTpR HB. TO, '4TO Bee B03MO'KHOCTH MO,U.BJIH He TOJibKO He VICUOJib3yroTca,. 

HO eiqe )1.0 KOHQa, He ll3ytl8Hbl (Mbl Ha,o,eeMCH, liTO cr-for.mt y6e,tJ,HTb liHTaTeJI.tl 
B '3TOM). ' . . . 

Hru!OOJiee qlyH.n.aMeHTaJibHbl(;i, . Ha Ham B3PJIR,JJ,, HTOI' HI!CJI9,D,OBaHHil M0-

~6JIH CKvtpMa OCHOBB.H Ha TOM Ha6niD,D,6HHH, qTo BCe ll3BBCTHbl9 ~pMHOH!l 
H8,I1,6JieHbl H9KO'I'Opb!M 3apa,n.oM He.lJ,HHaMVI'4eCKOit llpllpO)J,bl - JienTOHHWA HJIH 6a

pHOHHblM~ OTO nos_.~OJIReT BbTCK8.38.Tb npas,n.on6,n.o6Hyro )J,OI'a,tJ,Ky 0 TOITOJIOI'H- . 

'4BCKOM xapaKTepe 3THX sapggoa.- B TB.KOM. cJiyqae MO'!CHO npHHRTb, B .n.yxe 

6pHTBbl 0KKilMa, liTO 6or (npvtpon;a.) He ~aeTCH B HM6peTeHHH ,U.Byx TH

ITOB qlyH.n.aMeHTSJibHbiX noJien: 6030HHb!X· 11 ~~AHOHHhlX. BnoiHe Mo~o o6oii
TRc& O.JJ;HV!M J~ HRX, qT06bl nocTpOHTb OCTaJibHhTB. ,1.\eACTBKTeJ!bHO, 113. 60"' 
~OHHoro_no~a MO~O C nOMOlllb!O COJ!HTOHHOI'O M9XaRif3Ma 11 H9TPVIBI1aJ!bHOA 

TOITO~O!'Hif nOCTPOHTb rpepMVIOHbl, a lf3 'flepMHOHOBCTaJ-iAapTHbiM CITOC060M 

CcnapHBaHVIeM) ~apa6oTaTb CioaOH!l. B pe~yJibTaTe npHXO,U.11M K pacunmeHHIO 

noH.tlTH.tl 5JlepHofi ~eMoKpaTHif ,o;o "cynep,o;eMOKJ?tl.THH". oTOT Bb!BO,JJ, npe,n.CT!l.B

~fleTcJ!: HaM aecbMa aaJttHblM, OXOTH w OT,n.aeM ce6e oTqeT, liTO OH HOCHT 

noRa qJ.ICTO YMO~pRTe~bH!lA X!!.pi!.KTep H MO~eT HI!.P.Tll MH0~9CTBO OUITOH6HTOB. 
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.UonOJniemxe A. KMP.A.IIbHAH CWviMETPWI 

11CTOpHt19CKH H,IteH KHpa.JibHO~ CHMM6TPHH B ifJH3HKe a,I!.pOHOB noJiyqH-· . 

JIH llpH3HaHH6 nOCJie OTKpUTKR H6COxpaH9HHfl ~eTHOCTH B CJia6ux B3aHMO

~eACTBHRX. B 40-e ro~H a si(cnepHMeHTax c.KocMH~ecKHMH ~aMH CiunH o6-

HapYJ!teHH "CTPaHHHe" e- H z-.:.M630HH, Ha3BSHHH6 TaK nOTOMY, ~TO 
d 

pO~aJIHCb B peayJibTaTe CHJibHO!'O B3aHM0~9ACTBHfl a,I!.pOHOB npH BHCOKHX 

sHeprHmc, a pacna,n.a.JIHcb mmHH cJia6biM. o6paaoM. llpH 3TOM tJ -MeaoH pac-

na,n.a.JICH, KaK npaawro, Ha'~Ba. mioHa; ·a MeaoH £" - Ha TPH nHoHa. 

~Ta.JibHOe H3j'1I6HH6 3THX pacna,IJ.OB noKaSaJIO, ~TO apeMeHa ~H3HH, MaCCH 

H ~pyrHe. xapaKT9pHCTHKH · t9- PI_ .~ 'l'-:-M630HOB COBn~B.IOT B npe~eJiax 
oJJIH6oK sKcnepHMeHTa. BosHHK ecTecTBeHHbl~.sonpoc: HBJiffiOTCH .riH 3TH npo

QeccH pacna,IJ.aMH ~Byx pa3HHX qaCTHQ C 6JIH3KHMH xapaKTepHCTHKaMH.HJIH 

npe~cTaBJimoT co~o~ ~sa pa3JIHtiHHX KaHa.Jia pacna,n.a o~on. H TOA ~e ~ac
TP!QH. B.ce r'OBOpHJIO B nOJib3Y BTOporo, BapHaHTa, sa HCKJIIO~eHHeM O~HOI'O 
o6CTOHT6JlbCTBa: 8- H .:<z;" :_M630Hhl pa3JIHti~HCb 'npOCTPaHC.TB6HHOB ~eT.,-

• HOCTbJO, ~'l'O cJie,IzyeT H3 xapaKTepa .Hx pacna,n.oa.· 

Ce~tlac Mbl xopomo' 3HaeM •. KaK CiHJI pa3pemeH 3.TOT .. 6' - Z' -napa-:-

~OKC" •. B 1956 r., npoaHa.JIH3HpOBaB ~a.Hm,re aKcnepHMeHTOB, T.,!Ph-t' H · 

l!..f!Hr' llpHmJIH K 3aKJII0~9HHI0~
1 

~TO 3aKOH ioxp~eHHH ~eTHOCTH B CJia6UX 

B3aHM0~6HCTBH.fiX HHKO!'~a He npoaepHJICH 3KCnepHMeHT8JlbH~H npe~JIO~HJIH. 
cnoco6 TaKO~ npoaepKH. 8KcnepHMeHTH 1957 r. rpynnH ~.C.By CiJieCTH~e 
no~TBep~HJIH r'HllOTeay 0 HeCOxpaHeHHH ~eTHOCTH B, .CJia6biX pacna,n.ax,H 0~

HOBpeMeHHO 6b!JIO CHHTO nocJie~Hee B03pallt6HHe npOTHB TOI'O, qT06bl pac~. 
cMaTpHBaTb 8- H 'i'-Me3o~ KaK O.u,Hy. ~acnnzy, no.nyqHBmyJO Ha3BaHHe 

K-Me3oH. B CBH3H c aTHM aoa~HK aonpoc ci pacmHpeHHH HaoTonH~ecKoA · 

rpynmi BHyTpeHHeA CHMMeTpHH a,n.pOHOB TaKHM. o6pa30M, , ~TOCiH nOM HMO Tpex 

S V (&!) -r'eHepaTopoa Hao.J:.onii~.eclmx · aparqeHH~ · I i , , He npHBO~ffil\HX · K. 

H3M9HeHmo ~STHOCTH COCTOHmiA, 3Ta rpynna. BKmO~a.Jia B ceOH TpH reHepa-. 

Topa npeoCipMoaa.lmn,. nepenyrrbiaruo!JlH~ cocToHHHR 'c pMJI~Ho~ · ~~THocTbJO. ' 

BoaMo~ocTb TaK~ro pacmHpeHH~ H30TOJiWieckoli · CHMMeTpHH CHJibHHX B3aH

MO~e~cTBHA BitepBb!e H3~a.JiaCb A.llaAcOM /161,' 162/ H no~HJI~ Ha3BaHHe 

~JmMbHoR _ cliMMeTJJHH a,n.poHoa. Hai-Th!~· BH.It KHi>a.JibHoro · npeo6pMoaaHHH, 

nepenyTb!BB.IOtqero COCTOHHHH C pa3JI~O~ ~eTHOCTb!O ( OS -:-npeo6pa30B8-:

HHe), Cih!JI npe~no1tteH B.TymeKoM /163i, a a paOoTe.C.BaT8Ha6e /!64/ 6h!-

JIO noKa3aHO, ~TO OS" -onepaTOp. HBJIH.eTch npocTellinHM ~3 onepaTOpO~, 
aHTHKOMMJTHpy!O!IIHX C onepaTOpOM ~eTHOCTH •. ' . . . . ., . ' 

DTMeTHM, ~To TepMHH"KHpa.JibHOcTb" HCnoJihaoaa.Jicn a lfHaHKe ~ocTa

To~o ~aaHo. E!lle a 1899 ro,~zy Y. ToMcOH <KeJibBHH) HCnOJib30Ban 3TOT Tep

MHH MH OnHCaHKR OpHeHTaQHH BHxpeA ( 11 0B8JIOB" f!eJibBHHa) B CBOe~ 3Ha

M9HHTO~ paCioTe "0 BHxpeBOM ~BHllteHHH". ITo CyTH, KHpaJibHafl CHMMeTpHH 

·cBH3aHa C XOpOmO H3BeCTHhiM B r'60M6~H ~TOM HaJIHQHH TOJibKO ~Byx, 
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'ao3MO'KHhiX OpHeHTaQH£1:. B n 
JieB0£1:. flo rpelleCKH 11KHpa" 

pHH· 

-MepHOM 6BKJIH,ItOBOM llpOCTpaHCTBe! llpaBO~-H. 

- pyKa, OTCIO~~ H llp0H30WJIO Ha3BaHH6 CHMM~T-

B coapeMeHHo£1: JIHTepaType.no~ KHpa.JibHOR cHMMeTpHeR npHHHTo noHH

vaTb HHBapHaHTHOCTb Jl6BO- H npaBocnHpa.JibHhiX cnHHOpHb!X noJieR no OT

,neJibHOCTH OTHOCHTeJibHO H30TOnH~eCKHX.npeoOpE!.30BaHHA. B CJiyqae 063-• 

MaCCOBhiX llaCTHQ C KHpa.JibH0£1: CHMMeTpHeil: CBHSaH~ COXpaHffiO!llaHCH XapaK

T6pHCTHKa - Cn!ip~!?_~, KOTOpM onpe,neJIHeTCH-KaK y~B06HHM llp06K-

1.1HH cnHHa Ha HanpaaJieHHe HMnyJibca ~acTHtlhl - ( rr · p) /I P/. ECJIH cnHH 

HallpaBJI6H llpOTHB HMnyJibCa ~a~THtlhl, TO.CnHp~bHOCTb CQHTaeTCfl.JI6BOH 

( L J , a ecJIH HanpaaJieHHe HMnyJibca H cnHHa coana,n.ruoT, TO cnHpa.JibHOCTb 

~~ ( R ) • I'pynny npeo6pMOBaHHtl:, ,ii,e~CTBJIO!J1HX Ha npaah!e H Jieai.e 

cocTOHHHH HeaaaHcHMo, o6osHa~ruoT Sl/(2)'- ® 8l/(.Z)R H Ha3b!BB.IOT !Q!
'QI!JlbHo£1: rpynnon. B o6!J1eM cJiyqae BMecTo H30TonHtiecKoA rpymru Sl/ (..2} 

B03MO~eH B~6op HHO~ r'pynllbl BHJTp6HHHX CHMMeTpH£1: t' ,·TO!'~a KH~ 
paJibH~e npeoOpa30BaHHH Ciy,~zyT aJieMeHTaMH rpynllhl 8" 0 ~ . 

MHTeHCltBHOe HCITOJlb30BaHHe H,IteA KHpaJibHOR CHMMeTpHH B ifJH3HKe B~
COKHX aHeprHR Ci~Jio cTHMYJIHpOBaHo paOoTon P.~eil:HMaHa H M.reJIJI-MaHHa 

/165/, a KoTopon B~CKMaHa H,IteH .o6 ymiaepcaJibHon V-A - cTpyKType 

3apH'!teHHb!X TOKOB B CJia6b!X B3aHMo,neACTBHflX. Ha fl3b!Ke KHpa.JibHOR CHMMeT..,. 

pHH 3TO 03Ha~aeT, ~TO BCe JienTOH~ BXO~HT B CJiaCi~e TOKH CBOHM~ JI6B~H 
CnHpa.JibH~H COCTOHHHHMH, a aHTH'.laCTHtlhl - llpaB~H. ,nan:bH6Rwee _pa3BH:

THe 3'fHX H,Itef.i ntJHB6JIO K B03HHKHOB6HHIO TaKHX ~eHTa.JibH~X Hanpaa:

JieHH£1: B cPH3HRe 3JieMeHTapHHX llaCTHq,. KaK a.JireOpa TOKOB reJIJI.-MaHH~.· Me

TO~ q,eHOM6HOJIOI'HQ6CKHX Jiai'paH~HaHOB, KHpa.JibHhl6 q- -M0~6JIH H ~p. 
lfuaecTHO TaK'Ite, ~TO paCWHp6HH6 H30TOnHtleCROH.CHMMeTpHH Ha CJiyqa£1: 

cTpBHHb!X ~acTuq npHBeJio M.reJIJI-MaHHa /166/ K YHHTapHon 8!/(.3)-cHM
MeTpHu, H,Itee KBapKOB H, B KOH6~HOM HTOI'e, K C03~aHHIO .OCHOB KBaHTOBon 

·xpOMO~HHaMHKH (~). H3JIO'!t6HH6 3THX BOnpOCOB ~HTaTeJib MO'!t6T Hail:TH B 

·MOHOI'pa(fJHHX /14/, /167-169/, a TaK~e B He yTpaTHBmeM aKTya.JibHOCTb 06~ 
30pe /46/. Mhl llpHBO~HM JIHmb Ha~a.JibH~e CBe~eHHH H3 3TOH o6mHpHeil:wef.i 

06JiaCTH, HSOCiXO~HMhle MH nOHHMa!-tHH OCHOBHOI'O T6KCra. 
. ,. ' '·' 

A.1.·AJI~e6paHtieCKH_e ~cneKThi·KHpaJibHOf.i CHMMeTpHH 

IIocKOJibKy npocTetbnan KHpa.JibHM rpynna S!/t:!)~Sl/[t:)HBJIHeTCR. 
mecTanapaMeTpHtiecito£1:, H He CY!llecTayeT JIKHeil:Horo npe~cTa~JieHHH aToil: 

rpynnu B TpeXMepHOM H30TOITHQ6CKO~ llpOCTpaHCTBe, TO·Mhl MO~eM JIHOO pac

-mapHTb H30llpOCTpaHCTBO ~0 ~6ThlpeXMepHOI'O, JIH6o CTpOHTb H6JIHH6HHYJO 

P98JlH3aqHJO RHpa.JibHOil: rpynllhl B 3-H30llpOCTpaHCTBe. B nepBOM CJiyqae MO'It

li~ nocTynHTb no aHaJIDI'HH c TeM; KaK rpynna apa'lieHH£1: TpeXMepH6'ro npo

CTPBHcTaa pacmHpHeTcH ~o o~Hopo~Ho~ rpynllhl ]opeHqa: ~oCiaaJIHeTcH ~eT-
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sepTrut Koop,D.HHaTa X 
0 

H, noMHMO Tpex reHepaTopos nosopoTOB .)i 
BOKpyr ITpOCTPaHCTB8HHNX ocen, B rpynny BK~~aiDTCfl TPH reHepaTopa ~0-
pSHI.\-TIOBOpOTOB ( 6ycTOB) Ai a nnocKocTax (X, , Xi ) . To~Ho 
TaKHM ~e o6pa30M 3-H30B8KT0p ~ ,D.OITO~Hfl8M ~8TB8pTOA KOMITOH8H-
TOn ¢, H paccMaTpHsaeM KaK seKTOp a 4-Hsonpoc'l'paHcTBe. Tor,D.a re
HepaTopH H30ITOBOpOTOB Jr~ 6y,IJ.YT nepeMeWHBaTb TOJibKO KOMITOH6HT~ 
~ H OCTaB~flTb 6e3 H3M8H8HHfl ~" , B TO BpeMa, KaK reHepaTOpH 

KHpMbHHX 6ycToB Ki 6yp,;r- nepeMemHsaTb ¢, c KOMnoHeHTaMH 

~-
reHepaTOpH li H Ki.,. o6pasYJOT anre6py BH,D.a 

[I;..,.J;.J =l.cLJx IK; l"Ii., /(;] = i c iJ~K,K ;(K, JV]; <A. I> 
= t-£~.)k~) 

JIOKMbHO H30MOpQJHylo anre6pe Jll.t rpynnH 0 ('I) . MO'IlliO BB8CTH ~esue H 

npaaue reHepaTOpH 

/..i ~ j (Jli -Ki_}; Rt. -~ 1 fL :....ki)) (A.2J 

,D.na koTopbrx KOMMYT~HOHHb!e cooTHOmeHHa npHHHMaiDT BH,D. 

[L;_/LJ}=- ici.,ji<L~e~1Ri., /?.;} = ici.../1( ~~ ,·[J.;., ~] :o, <A.3> 

~TO CBH,D.eTeJibCTByeT 0 paCI!16M6HHH anre6pb! (A.I) Ha ,D.B8-H83aBHCHMbl8 
no,D.anre6pH, Ka'K,D.rut H3 KOTopux H30Mop¢Ha S!J(.E) -anre6pe. 0TCIO,D.a 

H npoHcxo,D.HT o6osHa~eHHe Sl'/2)"' ~ S!/ (d) I? ,D.~a impanbHOA rpyrr-

ITH. 
flo ITOCTpoeHHIO reHepaTOpb!_ jfi Bp~eHHn B H30ITpOCTp8HCTB8 

,D.On~ KOMMYTHpOBaTb c onepaTopoM ~eTHOCTH 1), a reHepaTopu 
. . 

KHpMbHUX ITOBOpOTOB - aHTHKOMMYTHpOBaTb; 

{P,}/;j=O j {P, 1(_}+ =0. (A.4) 

B seKTopuoM npe,D.cTaa~eHHH KHpMbHOA rpynnH Sl/(.E}@Sl/(2}~0('-') 
BC8M nepe~HC~eUUUM B~e Tpe60BaHHflM y,D.OBJ18TBOpHIOT C~8,D.YJOII1H8 nepecTa
HOBO~e COOTHOW8HHfl reHepaTOpOB C KOMITOH8HTaMH 4-H30B8KTOpa 

¢'"(¢o, fl} 
[JL, rt.J = ici./J< f/JI<; fll~ rJol =O 

["Ki., ~J=-ilf;;;fbo 1.[K;., ¢,]:i~'-
(A.5) 

(A.6). 

3,rr.ecb L H ~· npe,D.cTaanHIOT co6on HHTerpa.mJ ,D.BIDKeHHa, 
T.e. ~YHKQ~OHMU OT no~eA H KaHOHH~8CKHX HMnyJibCOB, CTpyKTypa KOTOpUX 
onpe,D.e~aeTca TeopeMon HeTep. llpH 3TOM a KnaccH~ecKoA TeopHH cKo6Ka ~ 
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[ 
1 

] noHHMaeTca KaK cKo61ta ITyac~oH~, ,D.e~eUHa.n ua 
KBaHTOBOA T80pHH - KaK KOMMyTaTop. 

. 
'- ; a B 

,Jlna npHMepa ITpHB8,D.8M BmHM8HHe nepsoro H3 COOTHOW8HHn (A.5) 
8 Knacc~ecKoA TeopHH 6e3Maccosux seKTopHb!X-nonen c ~arp~esoA 
JJJIOTHOCTbiO 

-1 ~.;II 
~p=y ~~v ~ (A.7) 

BunHmeM KaHOH~ecKHA HMny~bc 

d'X,¢ . # 

JT~ ~~ =~ 
<A.t:l) 

H H30CIT~ 

1(. = j d
3
K ~ [" ~ i- ~ ftk ~ j q~ ~ c Kt-177 bie JfmfA. ~) 

= CKi./77/ d~. ~·.¢"' 

H BmHC~HM- CK06Ky flyacc~OH~ fll .£..2.;_. d]l: f)¢,_ • ) 
Llf;_·, ~j "} tf X ( ~ t. ;-Jf, - {f'ffrt- -if,;= 

= tcPx'(cc . t'fl £ rt(i-" ';'=c.~ ~ . s <A.IOJ· 
J Sun r m .it Z. '/ . v'-m Y'm 

AHanorH~HO BmHCJifl!OTCfl nepeCTBHOBO~e COOTHOW8HM KOMITOH8HT (<fo,i) 
C ~eBblMH H npaBb!MH KHpMbHb!MH reHepaTopaMH (A.2): . 

[L;_, ¢o]=.- t ¢o;{L~.~·}= f. (tfi;¢, r-c<-Jx¢~<) 
[l?t.,¢o}:-j- t/Joj[l?t-~rAJ=-: (cf.;¢o-cti/l< ¢K). 

<A; II) 

(A.I2J 

M'x: MOJKHO nepenHCaTb B KOMITaKTHOM BH,D.e', 8MH BOCITO~b30BaTbCfl MaTpH~
Hon 3aiTHCbiO 4-H30B8KTOpa 

l/=¢o·+i~J;, (A. I3J 

r,D.e .%:, -HsocnHHosue MaTPHQ!>I llayJIH. IlpH 3TOM WOPMYJIH (A. II) H· 
(A. 12) ITpHHHMaiDT BH,D. 

. £:· ' cz:. 
r L . Vj= !/ -=- . r !(.. l7 7 = _ --..k 0' . . -L.~'-J C!..JL 1 ,,J te (A.I4J 

~OCITHHOpHble ITOJifl ~ 
K0MIIOH9HTH 

MOlKHO pas,D.eJIHTb Ha ~esHe H npaaue 

1/Jt. = f ( 1'-~}f/J; L/JR = f (-t-rrfS-)1/J, (A.I5J 
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l 

rrpeo6paaYJO:JlM9CR no ~8M9HT8.JibHblM rrpe~CTaBJI9HM.f!M ( I/2, 0) M ( 0, I/2) 
rpynm1 

2::· 
[ /., ;_, t./J L 1"" - 2" 1/Jt. / [ /(:_ 'tft.l = !J_, 

[ 
rz:. 

R· '"]=-~t-/J · r~.-. ''']::;o. ~..,..,..,!( ~ P.; L.• .. ,'-"1~ 

(A.l6J 

(A.I7J~ 

llpM Bb16ope HeJIMHeRHow pea.JIMaagMli KMpa.JibHOI'l cHMMeTpMM Sllfd)~Sl/p) 
Ha KOMllOH9HTbl 4-M30B9KTOpa ¢ "( ¢ 0 , ~) HaKJI~b!BaeTCR ~OllOJIHM-
TeJibHOe YCJIOBMe ¢: + i ·.2 = 1, 

T.e. JIMH91'JHO-H93aBMCMMblMM OCTaDTCR TOJibKO 3 KOMnOH9HTbl 

pble corJiacHo C.tlawH6epry /I70/ rrpeo6paaYJOTCR HeJIMHe~HHM 

rrpeo6pa30BaHMRX, -PeHepMpyeMbiX KMpa.JibHblMM 6yCT8MM: 

[K;_JI!;·l = -i{J;;Jff~'"J +¢i·~·i r.IJJ. 

(A.I8) 

¢L. , KOTO-

o6pa30M npM 

(A.I9} 

;j~ecb j ( !1.2) - rrpOM3BOJibHM pePyJIRpHM !flyHKQMR, a i- ( £') 3blpa

JKaeTCR t<epe3 j ( !/l) B COOTB9TCTBMM C T01!{,ll;9CTBOM flK06H ~JIR KOMMyTa

TOpOB! 

~ tE}(rl').J'( @..Z) 
i (t/=1-!- j ( !lJ.) -t! !J.Z.f{ 1!) (A.20J 

J '(If~ oaHatiaeT ~HqxpepeHQMpOBaHHe no ~ • KoMMyTaQMOHHbJe cooT

HomeHMR (A.IJ M (A.5) OCTaDTCR 6e3 H3MeHeHMW, a cnMHOpHb19 nOJIR KOMMY

TMpy;<JT c K i no rrpaBMJiy 

[iK.. /;, 7 - c. i.it< 'i:; ¢ K. / J. 
t-J 'T""..J- _///A~J /11,-.J.o -ul~{. (A.2I) 

fipH&e~eM erqe H9CKOJibKO !flopMyJI, KOTOpble MOPYT 6b1Tb I:OJI93Hbl npM 

tiTeHMH OCHOBHOPO T9KCTa. CBR3b (A.I8} aBTOMaTMtl9CKM ytiHTbiBaeTCR I!pH 

o6oe~MH9HHM noJieW ( ¢0 1 g2 ) B e~MHMt<HbiW KBaTepHMOH B COOTB9TCT-

BHM c (A. I3): 

V(~i}= ¢o(X:i)-ri!£."2(X"_I); Vl/"; 1.. (A.22> 

Ey~eM CliMTaTb, OCHOBbiBMCb Ha C006palKeHMRX, I!pMBe~e~ B paa~eJie 

I.4 o TpeXMepHoM aHB.Jiore yrJioaoA nepeMeHHOA, qTo KMpaJibHO-HHBapMaHT

HM JiaPpaH~eBa nJIOTHOCTb aaBMCHT OT nepBbiX rrpOM3BO~HbiX ~l/ • 
B TaKOM CJiyqae BblnHmeM Bblpa~e~Me ~JIR HeTepOBCKMX TOKOB, CBR3aHr~ C 

cHMMeTpH.HMH JiarpaHl!maHa: 

;;P_ ( tl ~ ;-_ [/ t9 ;c £ Y"' 
/{.-. Sp tfl(~O} K T- Cl!ifoOj "' /, (A.23) 

p~~ J: l/ - 113M9H9HHe !flyHK~H l/ ( .i; i:_) rrpH rrpeo6p8.30BaHUI1 

cHMMeTpMM; COOTB9TCTB9HHO 0: l/ '~--= -!/rd;l(·'z/-1- . 3aKOH COxp81{9HMR 

STHX TOKOB CJie~eT 113 ypaBH9HMI'l 8Riepa-Rarp~a·11 MHBapHaHTHOCTH Jia~ 
rp~HaHa 0THOCHT9JibHO rrpeo6paaOBaHM~ CHMMeTpHH! 

IJ d ~ v"~-t7. · tl '£.. l/ r_o. 
Oj'l tJ(~!7) i- '/-' d/~ __ 7ft-J - • (A.24) 

HaH60JibmMli MHTepec ~R .Hac 6y~ npe~CTaBJIRTb TOKH, _CBR3aHHble 

C BHyTpeHHeP. KMpa.JibHOA CHMMeTpHeti, T.e. C rrpeo6paaOBaHH.f!MH H3 rpynoo 

S1/(~}£JS'l/(d} , KOTOpble B o6IlleM cJiyqae ~eRcTBYJOT Ha noJie. V 
cJie~rJ!MM o6paaoM: 

v' = B·l/ . .o-~ 
·I (A.25) 

r~e 8 H .f) - rrpOM3BOJibHble Sl/(e)- MaTpHQbi. HanoMHHM, qTo JII06YJO 

Sl/(d}- MaTpHQY MO~o napaMeTpRaoaaT&JleAcTBHTeJibHb!MH nap8MeTpaMH 

.}: H aanMcaTb a BJ.f.I\e . ex P ( i fi· CZ: I tE) • Tor)~a reaepaTopb! 

HSOTOnMtrecKRX ap~eHRA IJ< lffi,lzyl.lMpYJOT · H3MeHeHHR noJIR · lT · Ha 
' ( .. -. . . ' 

~v . . £' . 
OK l/ =if i!K' l/J/ (A.26) 

H 11M 6y~eT COOTB9TCTBOBaTb COxpaHRD~HACR H30B9KTOpHblti TOK 

p . . ( t9X. _r-V ). 
VI( ==/! SP t!Jftf}ctbj o,..l/ · (A.27> ,. 

M COxpaHRDlJlii(ACR sap~ {iJ K , KOTOpbiA MOJ!CHO MHTeprrpeTMpOBaTb KaK 
lt30CnMH; 

a:~ -ijc/3~ SP (§f. fr;::"' !7])~ .. ( A.28) 

AHaJiorMtlHb!M·o6paaoM reHepaTop8M KHpaJibHNX 6ycToa 
O':'BeqaTb H3M9H9HHR. llOJIR [,T'_ Ha· 

KL, 6y~T 

tS;/ 17 = i£ ~K 1 if}+} 
<A.29) 

coxpaHRDIIIHHCR aKCHaJibHbiH TOK . . .·· tJ ~ s A. . ) .. . 

A.#: tZ J'P (tJ( 4-tZIJ K !/ 
I( • . (A.30) 
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H BXCHaJibHbl~ sap~ 

. .4 •j J / rJ£[. rl) 
a~.,. -L-. c/x SPt rJu 'Z:'KJ Vj+. 

3~ecb Hcni:JJib30BaHO o6o3HatreliHe d, V: V. . 
(A.3I) 

Caoe H3JIO~eHHe MH.HJinD~TpHpOBaJIH Ha npHMepe HaH60Jiee nonyJIHpHO~ 

S V(t!!}® Sl/ (.r!} - KHpaJibHO~ cHMMeTPHH. OTMeTHM, trTo BWI1CaHHOie 

<PoiJMYJihl Jierxo nepenHcHBruoTc.ff ~JI.ff CJlY'IM .5'1/(N} ~ Sl/(N) - CI1MMeT

pHH H, a o6!IIeM CJIYtlae, ~JI.ff G ~ G- cHMMeTpHH. Pe~enT nepenHcHBaHI1R 

npocT: BMBCTO reHepa'l'opoa 11 cTpyKTypHhiX KOHCTaHT rpynoo S!/(,B}~Sl/(d) 
CJie~eT no~CTaBHTb COOTBeTCTByx>!IIHB reHepaTOphl H CTpyi<.TypHhle KOHCTaH

TH HHTepeCyx>!IIetl: HaC KHpaJibHOtl: rpynnhl H COOTBBTCTByx>tliHM o6pa30M 113Me-

HHTb tiHCJIO ~B.MeHTaJibHbiX TIOJIBtl: (eM., HanpHMep, /49-51/). . 

A.2. reoMeTpHtrBCKHe acneKTH KHpaJibHOti CHMMeTpH11 .. 
ITpo6JieMa TIOCTpOeHI1.ff HeJII1Hef1HhiX peaJII13~Htl: rpynn BHyTpeHHetl: CI1M

MeTp1111 TeCHO CB.ff3aHa C reoMeTpHetl: HCKp11BJieHH¥X npOCTpaHCTB. BnepBM8 

Ha 3TY CB.ff3b o6paTI1JI BHHMaHI1e 3.KapTaH /I?I/, npe~JIOlKI1Bnil1~ MeTO~ 

ll0~BI1~0I'O penepa, Ha OCHOB8 KOTOporo H8Jli1H8~HH8 peaJIIf3a~l1~f CHMMeT

p11~ CTpOSITCR KBX npe~CTaBJieHH.ff rpynn B pHMaHOBhiX npocTpaHCTBax. 113 

(A. ra) CJie~eT. tlTO nOJI.ff ( ¢o I ~) npHHHMBIOT :matreHH.ff Ha MHOI'O-

o6pas>m 3-c!lJepH J' 6 B treTHp8XMepHOM GBKllli,II;OBOM npOCTpaHCTBe, KO

TOpoe Ha3HBBIOT noJieBHM MHOI'OOClpasHeM. C ~pyrotl: CTOpOHhl, c!lJepy J? 3 . 
MO~O paCCMaTpHBaTb KBX MHOI'006pa3HO H30TOUHtreCKOtl: rpynn01 ~lf{dj ,' 
Ka~liln s-'IeMeHT KOTopon napaMeTp11syeTca c noMO!JtbiO Ha6opa noJieti ( ¢o,.fi.) 
B COOTBeTCTBI111 C !lJOpMyJiotl: (A.22). B 3TOM CJiytrae B KatreCTBe llOJieBO£\' 

nepeMeHHOti ecTeCTBeHHO paCCMaTpHBaTb noJie [/ (X-, i) , np11HHMBIO!II8e 

sHatreHHe Ha Sl/(i!)- MHoroo6pas11H, ,D,JIR KoToporo npi-ntRTO Has.BaHHe :.. . 

rJiaaHoe KHpaJibHOe noJie. B o6tlleM cJiytrae rJiaBHHMH KHpaJibHHMH noJIRMit 

Ha3HBBIOT TIOJI.ff, npHHHMBIOIIIIte 3Hatremm Ha MHOI'000pa31111 KOMnaKTHOtl: rpyn-

00 G· 11JII1 B o~Hopo~oM npocTpaHcTBe B / f( , r~e II 
·cT~I10HapHM no~rpynna. 

Ilo-B~HMOMJ, CY!IIecTsyeT CB.ff3b Me~ TonoJiorl1trecKHM. caotl:cTBOM 

MHOI'OOClpa311.ff- OpHeHTI1pYeMOCTbiO, tlTO U03BOJI.ffeT pa3JIHtraTb.Ha MHOI'006-

pa3HH JI8BHe H npaaHe CHCTeMOI KOOp~HHaT, .r.eBHe 11 npaBH8 BI1HTOI,' CnH

paJIH H T.~., V.: B03MO~OCTb!O 38)J.aHH.ff Ha HeM ~etl:CTBHR Km:>aJibHOtl: rpynn01 

Bt.. e!J G R • Bo BCRKOM CJiytrae, Ha opHeHTHpyeMOM Sl/(2) -MHoroo6-

pa3HH ~el\CTBHe KHpaJibHOR rpynoo J'// (te~ @ S'f/(d}R. OCYtlleCTBJI.ffeTC.ff 

JieBHMH 11 npaBHMit C,IJ,BHI'aMH 

o;_ 17 = o-; ·o; J; l/ =- Y·07_ J cs;_v--~= -ri1fj; ~!/; -~lf~ <A.32) 

108. 

3~eCb !/ e J'V (2) , Jj H ~ - llHqJIUlliT93llMaJibHll9 3JI8MBHTH H3 aJI-

re6phl liH S/J (c!) •. Ha rpynne $V(2) CYtlleCTByx>T e~HHCTBeHHble pHMa- . 

HOBa M8TpHKa H p~laHOBa CB.ff3HOCTb, HHBapHaHTHHe OTHOCHTeJibHO npeo6-

pa30BaHHt! H3 SV(t?)@ S'l/(e!?};t( • .ffBHb!tl: a~ MeTpHKH no.'IytraeTC.ff H3 Jieao

HHBapHaHTHOtl: !lJOpMbl Ha .fl/(e) : 
e.(V:cllf} = v--~ c/17, 

(Ji..33) 

r~e c/ t/ - MaTpl1qa, COCTaBJIBHHM H3 ,li,U~peHqHaJIOB 3JieMeHTOB MaT

pH~ lf . JleBOHHBapHaHTHOCTb (A.33) ~ e"' 0 CJie~eT H3 

(A.32), a OTHOCHTeJibHO npaBbiX C,li,BHI'OB HMeeM 3aY.OH npeo6pa30BaHH.ff . 
~e -=-~ ·V_.,.·clv + y-~c~vo-1 =fe,bttl. 

(A.34J 

[K aHaJIOrHqHOMy pe3yJibTaTy MOlKHO npHt!TH, HCXO~R H 113 rrpaBOHHBa
pHaHTHOtl !lJopMH Ha ~l/(i!): 

<e{V,ciV)=df/.l/-~·J;_ 't-=[0)', 't],· ~ ~ =o]. 

B napruvreTpHaa~HH (A.22), ytrHTHBM CBR3h (A. IS) H H3EeCTHoe npaBHJio 

JMHO~eHM.ff MaTpHq IIayJIH 

,_.L ~ • ~ c- r-
a t8 = t; ~c,!c l-c -r 0C~-J' J 

~JIR !lJopMhl (A.33J noJiytraeM Bb!pa~eHHe 

e(V: dt/) =V--7cll/: ( ¢, -icz:;.¢c;(d¢o +i~cl¢~:: 
· r.- or/ .r- · ¢<¥ ¢") d · · ffi. s lc/dt. · c- 00 qc 

= &'? L I ClaL.· + ¢l Y'o i"Co8i. r J. >" =-1.-Z. U/; A.'35) 

. • ,,("q <:0" cl~.: 
f'~e Q'/ L. .: -i, d, 3/ vv = tf i. Y' • - 6a3HCHlle JieBOHHBapH-

8HTHUe I~¢opMH, 3a.IJ.aiOtliHe ~eaoHHsapHaHTHHn penep Ha ~zr~} - MHoroo6-

pa3HR B COOTBBTCTBI1H C H33eCTHO£t TeopeMOtl.O HaJIHtlHH /7 JIHHet!HO 

He3aBHCHMhiX Jieso-(npaao) HHBapHaHTHhiX I-!lJopM Ha rpynne .1fu paHra n 
(cM./172/ CTp.4I), ~ee BHUHCHBaeM KBa.IJ.paTHtrHyx> !lJOpMy ,IJ,U#epeHqHa
~OB HapTaHa-KHJIJIHHra 

ct.s<!:::i;J(¢)d¢'-dtJ.i=J'!j;clpiti¢J"=-; .fp e~ <A.36> 

liHBapHaHTHyx> OTHOCHT8JlbHO KaK JieBbiX, TaK H npaBbiX C,li,BHI'OB 

or~y~a c~e~eT .ffBHoe BHpa~eHHe ,IJ,JIR KOMIIOHe~T MeTpHtrecKoro 

Ha Sl/(c?) - MHoroo6pasHH: 
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t2 '1711 q Cl (" ¢·¢.· C'- 171·.0· 
~0 - ~ 171. - r~.. 

CA.37) ([ iJ ( '~'"/ ='j ;, jJ = oij + :;, f' = o i..i -r ...:e..~ • 
B~a~eHHH (A.35), CA.37) Hcno~b30BanHCb a §§2.3, 3.2 H 3.3. AHanoruq

HbiM o6pa30M ( qepe3 <fJopMy e.(v,dV) onpe,IJ,e~HeTCH H pHMaHODa CBfl3HOCTb 

- KoaapHaHTHM npoH3BO,IJ,Hafl aeKTOpHbiX no~e~ Ha SV(c): 

.f1 e.(8) = A f, (8) -r : [ e.(A), t (B)}/ (A.38l 

r,IJ,e A - aeKTOpHoe no~e,B HanpaaneHHH KOToporo BHllHCnHeTcfl npoH3-

BO,IJ,Hafl, e (B) - 3HatieHHe <fJopMhl (A.33J Ha BeKTOpHOM none B . 
llo,IJ,p06Hble Bb!Kna,IJ.KH CM. B paelorax /52, 1'70, 173/. 0TMeTHM, qTO ,IJ,ei'\CTBHe 

KHpanbHOi'l rpyrnru Sl/~)t. ®S'l/(t?}R. nocpe,IJ,cTBOM ~eab!X u npaBbiX 

c,IJ,aHroa (A,;j2) Ha MHoroo6pa3HH g 3 z SV(t?}-q; SV(t:?.) /$!/(c) · 
OTBeqaeT <fJaKTY c~eCTBOBaHHH ,IJ,Byx BH,IJ,OB a6COJIIOTHOrO napannenH3Ma·Ha 

"3aMeqaTenbHb!X" ciflepax: S' 0 
, J' 1 , SJ n J' P (neMMa 1\,IJ,aMca, eM. 

/174/), napaMeTpli3YCMbiX, COOTBeTCTBeHHO, ,IJ,CHCTBY.TenbHbiMH, KOMll~eKC
HbiMH '<HCnaMV., KBaTepHHOHaMH H OKTOHHOHaMH. 

lfTaK-, Mbl 06Jla,n.aeM H80.6XO,li,HMb!M MHHHMyMOM reoMeTpW~eCKHX CBe,IJ,eHlit:\ 

p;nH !lOCTpOeHHH KlipanbHO-liHBap!iaHTHbiX narpaH1KHaHOB. llp!t 3TOM BV.8CTO 

ifJopM t t( ~ y,11,06HO nonb30BaTbCH liX aHanoraMi-1 - BeKTOpHb!Mli nonHMli 

Lft = l/--t(x)~V(X)/ R/'1 =~ V(X). V--t(fi}, (A. 39; 

3HatieHHH KOT0phl1C npH KalK,li,OM ./1 npHHa,n.ne~aT anre6pe Jlli J t/ (&?) 
Jleammaapv.aHTHOe aeKTOpHoe none /.. )1 npH ~eBb!X l/(x) ~ VV(x) 
l1 npaBb!X U(X}-V(X/ V c,li,BHrax, r,11,e Y <:=: Sl/ (t?) - rno6anbHblll 

H30TonuqecKull noaopoT (vv--r=-1; 0-tV=O) 1 npeo6paayeTcH no 

npaBHnaM 

L.H - (V V}--t? (Vl/) = V-.,v-"~vif.J! =- t/1 ; 
t./'f~(vrt-rtJ~(vY)= v--rl/ --r ?V·V= v-~~.-;v v. 

(A.40) 

AnH BOCCTaHOBn8Hlifl no !lOniO /.. /' ( 3neMeHTY anre6pb1) KHpanbHOrO nonfl 

lf('x) (3neMeHTa rpynnbl) Heo6xo.n;RMo u ,li,OCTaTotiHo noTpeooaaTb a~o~-~ 
HeHHH ycnOBHfl ( ~ tip V: Clp cJ/"V) 

o/.tl.v- ~ L,H +[ L;v, LJJ] ~ 0, (A.'llJ 

·RMeiO~ero CMblcn cTpyKTypHoro ypaaHeHHH Maypepa-KapTaHa Hnli ycnoBHH 
Hyneaon Kpv.BH3Hbl. B napaMeTPR3aquu (A.22) 1.-_;.t - npe,ll,cTaanfleTCH., B 

ali)l;e paano~eHlifl no 6a3HCHbiM z-Q - MaTPHI-\aM 
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L . c- za- . Q Q ~ • 
',If == L.- t-q ./'(I L/'( ""/;. tf'X/Y / t1=--/,.!,o. (A.42) 

-q 

B napaMeTpH3aqRH ( 3 .I) KOMllOHeHTbl I. /'f npuo6peTaiOT ali)l; (3. 5). 

B TepMHHax nonell L,H npocTe~nma KHpanbH~ HHBapHaHT 

Z
12

; :-- t SP (J./VL .iY) CA.43J 

flBnHeTCR ecTeCTBeH~ o6o6~eHH8M Kaa,n.paT~ narp~HaHOa )l;Jlfl"~HHen
HhlX nonei.l, qTO OTqeTnHDO a~o H3 3KBHBaneHTHon B cuny (A.37) H (A.42) 

3aiTHCH · 
-1 .o · i '>A' ·~ -1 cr u .:2ft./ J/la-).t 

F£(2): T jij(¢)~¢ (7 {IJ:: F I:;./ '/o/¢ = ;I7f.fA:44) 

Wcnonh3YH HaHbli.l ali)l; MeTpHKH i i./ (' ¢) 1 H3 (A. 37) nonyqHM e~e 
OAHO BblpBJlteHHe : 

tV _.::!. ~ Air}~'~~~,·+ .:f. ¢i. ¢J 0t¢'-'dhrJ-1 
~r.eJ-e :IY Y' )V e (1- ¢/) (A.45) 

3aMeHflfl nOnfl )z5 i- nOJlflMR $i , OC~eCTBJimll~H CTepeorpa4JH-

tiE;!CKYJO npoeK~ c¢epb! ,p.& Ha eBitlm,ll;oBo npocTpaHcTao Es (eM. 

§ 2 .I) npuxo.n;RM K KHpanbHOMY narpaHl!Uiaey BallH6epra I 4I/: 

"-1 I . tfh.Jit..(Jfi)J/ R .,.. t.. 

CJ!,fe)::; IF (7-r ;;;.!)_.!! J J7 -=- -R.:» • <A.46) 

Jlarp~HaHbl aH,IJ,a (A.43) 'H3yqanHcb a Mo.n;enu Cyraaapb! /175/, r.n;e I..J'f 
HPpaiOT pOJlb COxpaHmo~CR TOKOB a· CRHy HHaapHaHTHOCTH OTHOCHT8JlbHO 

~eBblX c.n;auroa. no 3Ton npRt!RHe B JlHTepaType aa BeKTOpHbiMH nonRMH L~ 
3B.Kpemt1I0Cb Ha3BaHH9 JlBBDI8 K!!panbHble TOKH. ~ 

nocTpoeHRO RHBapHBHTOa donee ablCOKOro nopfl)l;Ka no TOKaM L~ H 

cooTaeTcTaYJO!IlliX KHpanbHb!X narpaHllUiaHOB p;nR rpynn S l/ ( n} €.> Sl/ (n) 
OKa3anocb ,li,OcTaTotiHo HenpocTon a~aqe!l, H 6b!JlH npe.n;no~eHbl paan~e 

nyTu ee pemeHRH /44, 45, 5!, 54, !69, 170/. HaHCionee npocTon anro

PHTM (H~e~O paelOTSD!IlliR a OCl~eM cnyqae). OCHOaaH Ha HCnOJlb30aaHHR 

MaTp~ I'JopiiiH I 42/: · 
l/. A: ( ~/- l'a) Tr f ( 1 - qs-. ) 1/-7 e v ;z ' <A.47> 

-rAe .n;HR l/ aDI6paHa napaMeTpH3B.Izylfl (3.1), (3.2). Tax, ace 

.)> [/ (t:!} rill J' t/ (c?.) - HHBapHBHTHbl9 JiarpaHllUiaHb! nOnytiSDTCSI KOMClH__: 

Hl!poaaHHeMoelJlOKOa- U.M 0 H-lfX npoR3aO)l;HblX /5!/, a )l;JIR odecne-. 

· lleJmsr .)1 l/ (t:?. )- H nopeHQ-HHBapHaHTHOCTH )l;OCTaTOtiHO -B3.1iTb IIInYP OT 

TB.KHX KOM6HH~tt- H noTpe6oBaTb, ~T06DI no BCeM BC~~CR B HHX 
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HH,IteKCaM. r) '\) ,.. . . npOBO,IIHJIOCb CJMMHpOBaHKe. B pesyJibTaTe BbftU1CJie
HKR "/54/ BHflCHHJIOCb, ~TO JIKHeRHO-H83aBY.CKMHX KHpaJibHHX KHBapKaHTOB 
4-ro nopH,I~Ka no L,. acero TpK (eM. (3.8)). ):tpyr:11e cnoco6u nocT
poeHKfl KHpaJibHHX KHBapKaHTOB l13JIO~eHbi.B paoOTax /45, !68, .J70/. 

,l(onoJIHeHKe B. KPATKHE CBEiUEHIDI ll3 .AJII'EBP.AWIECKo11 
TOITMOIIDI 

BHa~ane IIOflCHKM, KaKKM .06pasOM B TeOpKK SJI8M8HTapHHX ~aCTH~ B03-. 
HKKJia IIOTp80HOCTb B M8TO,II8X anreopaK~eCKOR TOIIOJIOI'HK. B 50-x I'O,II8X 
Ob!JIH no;ryt:reHH SKCnepHMeHTaJihHbie ,IIaHHble 0 TOM, ~TO a,J:~pOHbl HeJib3fl 
npe,IICTaBJiflTb KaK TO~e~e o6oeKTH, IIOCKOJibKy OHH OOJia,J:IaiDT KOHe~H@MH ; 
pasMepaMK K BHYTpeHHeR CTpyKTypoR. lloHa,J:~o6KJICfl MaTeMaTK"lleCKHR anna
paT onHcaHKfl npoT~eHHHX o6oeKTOB a paMKax TeopHK noJIH. ~ocTaTo~o 
OHCTpO BblflCHHJIOCb, ~TO Tpa,IIK~OHHHe CIIOCOOU OIIHCaHHfl JIKHeRHHX T80pKti, 
OCHOBaHHble Ha M8TO,II8X TeOpHH B03~eHHR,HenpHI'O,IIH~,IIJifl STHX ~eJieR 
(eM., HanpKMep, /19/, /176/ rn.4). HesqxpeKTHBH@MK OKasanHcb If npHauq

Hble ,IIJI!i !f>K3KKOB MeTO,IIH aH~HTmeCKOR K ,IIKqxpepeH~aJibHOH I'eOMeTpKH 
eBKJI:I1,IIObUX npocTpaHCTB. BosHHKJia 3a,J:~a~a nocTpoeHHfl c~~ecTBeHHo-HeJIH
Hei1HHX T80pHR IIOJifl, l1CCJI8,IIOBaHKfl KpKTK~eCKHX TO"lleK.MHOI'OMepHwC!f>yHK-• 
~m)HaJIOB K, COOTBeTCTBeHHO,. IIOTpeOHOCTb B MHOI'OMepHUX OOOOl!leHKHX IIO
HflTHH JIHHHH.K IIOBepXHOCTH. ECJIK B JIKHeRHux TeOpHHX IIOJifl MHO~eCTBY SHa

·-qeHHR IIOJieBHX !f>yHK~H BC8I',IIa MO~O COIIOCTaBHTb OOJiaCTb "llKCJIOBOI'O 
npocTpaHCTBa ( IR"'") K, TaKHM o6pasoM, aaecTH rno6anbHyTO napaMeTpHsa
qKID IIOJifl, TO B H8JIKH8HHUX TeOpH!iX TaKoe COIIOCTaBJI8HHe OKa3aJIOCb B03- . 
MO'KH@M TOJibKO JIOKBJibHO. .Llpyi'KMH CJIOB8MK, "npOCTpaHCTBO COCTO!iHKi1" He- · 
JIKHeRHon noneaon TeopKH .r~onycKaeT JIHmb JIOKaJihHyro napaMeTpHsaqHD. 

.llnH nepeao.r~a acex npHae.r~eHHHX Bblllle ifla.KTOB·Ha !f>opManbHUR MaTeMa
TmecKHR !13~ HaH6onee a,J:~eKBaTH@M rrpe.r~cTaaJIHeTcfl annapaT anre6paK"llec
KOR TOIIOJIOI'HK. Ero 06mHpHHe B03MO~HOCTH 1 · KaK IIOKa3aHO B ~eJIOM pH,I~e 
HCCJie,IIOBaHHR, IIOJIHOCTb!O OTBe"llaiDT B03HKK8ID'Ill1M npu pemeHHK "HeJIKHeRHHX 
npo6JieM !f>K3HKH TpeOOBaHKflM. 

B.!. rJia,J:IKKe MHOI'006pa3H!i 

ECJIH CTpOHTb TeOpHD IIOJifl TaKHM o6paso~,-"llTO IIOJieBUe ~K~K 
npHHKMaiDT sHa"lleHHfl He a IR" , a Ha noneaoM MHoroo6pasKH cp , TO 

yltasUBaeTCfl, ~TO B TaKYJO CXeMy yKJI8,IIbJBaiDTC!i KaK Bee. JIKHeRHhle TeOpHW 
THna sJieKTpO,J:IKHaMHKH MB.KcaeJIJia, TaK H CJ'llleCTBeHHo-HeJIKHeRH!le, np:11ro.r~-. 
Hhle ,IIJI!i OIIHCaHK!i npoT~eHHUX 06~eKTOB. 

HanOMHHM, ~TO MHOI'OOopasKe ~ 3TO TOIIOJIOI'K"lleCKOe npOCTpaHCTBO, 
YCTpOeHHoe no aHaJIOI'HH C J,e~ B OKpeCTHOCTH K~OH CBOeR TOqKH. 

112' 

EoJiee CTpOI'O MHOI'OOopasHe onpe,J:~eJIReTC!i 3a,J:IaHHeM KOH8~0I'O HJIH C"lleT

HOI'O Haoopa nepeK{lHBaJOTilHXC!i KapT ( u~ J 'fi. ) ' I' ,lie V;, - OKpeCTHOCTb 
tf E: q::> , a !f< - roMeoMop!f>HsM 1J.: Ha o6nacTb Vi E IR .._ 

(cM.pnc.I2). 

Pnc.I2 

06~e,IIHH8HMe TaKKX KapT • ui. l \h l lp.~) , IIOJIHOCTb!O IIOKpb!BaiD'l!ee cp , 
Ha3h!BaeTC!i aTJiaCOM*. ~K~H tp~~ S~aiDT B lJt JIOKaJibHYJO 

nap8MeTpH3aQHD (CHCTeMy KOOp,J:IHHaT), a B OOJiaCTM nepeKpb!TM!i ,IIByx KapT 

1J;, (\ VI( ,IIOJI'KH!l 6HTb _onpe.r~eJieHu ~K~K nepexo.r~a ( saMeHH KOOp,J:IMHaT) 

tO . -~ 
~~IC;: <fi.'~K -~ -i 

t{>i.k • \f'l< = <fi. tpK· 't.pK : <.p~ • (B.!) 

3~qaHHeM aTJiaca Ha ct) onpe.r~eJIReTcH I'JI~KaR CTPyRTypa, co
BoKynHocTb <:p H 3a,IIaHH<;>R Ha HeM I'JI~KOi1 CTpyKTyphl Ha3UBaeTC!i 
I'JIMKHM nmfx)lepeHgKBJibH@M MHOI'006pasMeM~ KJracc I'Jia,J:IKOCTM MHOI'OOi5pasHfl 
onpe,qeJifleTC!i I'Jia,J:IKOCTb!O !f>yHK~HR nepexo.r~a CB.l)' eCJIH lf i. >( E c m -
KJiaccy nL pas ,IIKqxpepeH~HpyeMHX ~K~KR, TO COOTBeTCTBYJO~ee MHO
I'006pasHe KJiacca C m • PasJIH~e I'Jia,J:IKKe CTpyKTypu Ha MHoroo6pasH
!iX TMIIa pMMaHOBOH I'80M8TpHH, I'eOMeTpKH aOCOJIIOTHOI'O napanJieJIHSMa, KOH
~OPMHOR CB!i3HOCTK, KOMIIJieKCHUX H CHMI1JI8KTM"ll8CKHX CTpyKTyp !iBJIRDTC!i 

npe.I~MeToM Hsy-qeHK!i AH4>4JepeH~aJihHoR reoMeTpHH MHoroo6pasHR. Bae.r~eHHe 
JIOKaJibHUX KOOp,J:IHHaT II03BOJI!i9T HCI10Jib30BaTb OOU"llHble onepaQHH aHaJIH3a 

Ha MHOI'006pasH!iX, T. e. onpe,J:~eJI!iTb IIOH!iTHe ~K~H, CTpOHTb KaCaTe.Jib
H!ie·BeKTOphl, onepaTOphl ,IIK!fJPepeH~OBaHH!i H T.,J:I. 

* TePMHHonorHn aae.r~eHa K.~.rayccoM npH pemeHHH sa,I~a"llH KapTorp~-
poaaHH!i 38MHOR.noaepXHOCTH. 
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C :oTon TOm<H ap8HH.It .B8ll\8CTB8HH08 IR.,. H KOMITJI8KCH08 C "-
npocTpa.HcTBa .ltBJl.ltlOTC.It TpHBHaJibHbiMH MHOI'006paaHHMH, ITOCKOJibKJ HX aT

JiaCH MOI'JT cocTO.ItTh H3 8~HHCTB8HHon KapTH (rJio6aJihHaH ~8KapToBa CHC~ 
T8Ma KOOp~HHaT). IlpOCT81ilJIIH8 H8TpHBHaJibHH8 MHOI'006pa3H.It 3TO c!flepa S ... , 
rpynnu .llH SU" (11.), .SO(tt..), npo8KTHBHHe npocTpa.HCTBa R P"' H CP" 
HMeHHO OHH H HX npOH3B8~eHH.It CJI~aT ITOJI8BHMH MHOI'006Va3H.ItMH KBa.HTO

BO~ xpoMo~HHaMHKH, TeOpHH BanH68pra-CanaMa, HeJIHH8HHHX () -M0~8JI8A 
H T.~. rJio6aJibHOH CHCT8MH KOOp~HHaT 683 oco6HX T0~8K ~JI.It TaKHX MHOI'O

o6paaH~ He C~8CTBJ8T, T.e. HX aTJiaCH ~0~ C0~8p~aTb KaK MHHHMyM . ,. 
~Be KapThl. . 11. ll~l IlpHB8~eM npHMep. cT~apTHOI'O a't'Jraca c!flepu S , a~a.HHO~ B R 
ypaBH8HH8M ' z % .:1 X,_ + X,_ + . .. . o~- Xtt+·, = (B.2) 

~OKaJibHhl8 KOOp~HHaThl Ha ~11. MO~O BBeCTH, eCJIH.BhiKOJIOTb KaKyiD-JIH60 

TO~KY c!flepbl. Tor~a B3aHMHO O~H03Ha~oe COOTBeTCTBH8 Me~ OCTaBIDHMH
C.It TO~KaMH S... H npocTpaHCTBOM IR ... ycTa.HaBJIHBa8TC.It npu noMo~qH CT8-

peorp~~8CKO~ npo8K~HH. IlpH Bb16paCb1Ba.HHH·c8B8pHOI'O ITOJIIDCa ~ .. C 
KOOp~HHaTaMH. XN ~ { 0, • • •, J} .Ka~O~ TO~K8 S"' '- {/r'} C ITOMOll\biD 

~a, BHXO~roq8ro H3 N H npoxo~.lt'l\8I'O trep83 a~a.HHyro TO~KY X , 

CTaBHTC.It . TO~Ka Z N C KOOp~HHaTaMH Z,., : { Z,:. J • • • z;; j . H3 ~KBaTO-
pHaJibHOH ITJIOCKOCTH ( X l1+t. = 0) (pHC.I3). 

'n+!. 
~ 

N:(O, ... ,!) 

S,; (C,.,,.i,'-i) .c 

PHc.I3 

_tp 11 . a~aeTC.It B n~e 
~ )( i. • . . . . z,., = , ·,c.: i, .. ,"n, (B 3) 

· ·1 - x"'~s. · · · , 

Koop~HHaT~ roMeoMo~H3M 

l{> I{ ; ( S 11.' {I(})-+ R"" 
~"' 
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'1'.8. HM88~ Kapzy (V,v 
1 

cp,.,) c JIOKaJihHbiMH Koop~HHaT~H (Z!,, .. ,ZN~. 
AHa.JIOI'~O KOOp~HHaTH B KapTe · ( 1& 1 Cfs ) onpe~eJI.ItlOTC.It npoeK~e~ H3 
~OI'O BhiKOJIOTOI'O ITOJIIDCa 

( S .,_ { } ) ~~'~"" • z ,· Xi. • !. 
W5 : ' S ~ IK • .s = ; c.= r·• n.. (B 3) J. f+X11+f . ' 

ATJiac ( VN , V.S} noKpunaeT BCIO ctiJepy, H B o6JiaCTH n8p8ItphiTH.It 

KapT y N n "U.S onpe~8Jl8HH WHK~H nep8XO~a 

l1J .w-!· z~ _ Xi(Zs) _ Z'. [z}-2· 
Til' T.S • IV - - ~ ..s • 1- X 11 -~o 1 (Zs) 

(B.4) 

-1 Cfk <ft.~ : Z ' -s -
X&(ZN) = z~ I z~J-2 <s.5> 

1 +. x,+, (z,) ~ z. ' .. • 

r~8 r.p;": xi.= z~~·~ . ;• xl\-t,.= ~t.: ~ ; Z3.oz.= ~(z"st; 
·c.p,; 1

: q>;:" Cs-N). 
HKo6Ha.HH !flyHK~HH nep8xo~a (B.4) H (B.5) noJio~TeJihHH, ~o CBH

~8T8JibCTByeT o6 opH8HTHpoBa.HHOCTH S lt.. • B o6ll\8M c~ae MHoroo6-

paane ~ opH8HTKpOBa.HO, ecJIH .ltK06Ka.HH_WHK~H IT8p8XO~a 
(B.6) :) cl.J> = dei: ( "l X~ j'{) X ~Jo) > 0 

no BC8X o6JiaCT.ItX nep8ce~8HH.It RapT ( U"o( , 'Pol ) , ( ~ , Cfp ) • EcJIH 

J < 0 , TO COOTB8TCTByiDll\H8 rrepeC8K8.10ll\HeC.It KapTH H~eJI8HH CHC

T8MaMH KOOp~HHaT C ITpOTHBOITOJIO~OH Op~8HT~8H (HanpKMep, JI8Bhle_H 

npanue TpOHKJII KOOp~HHaT npH n = 3). OpneHTKpyeMOCTb MHOI'006pa3H.It 

.ltBJIHeTC.It TOITOJIOI'~eCKH HHBapHaHTHHM.CBOHCTBOM, T.e. He HaM8H.IteTC.It 

npH BCeB03MO~ Henp8pHBHHX OT06p~8HJII.ItX. 

~yrKM Ba~ TOITO~Or~eCKK. HHBapHaHTHhiM CBOHCTBOM_HBJI.IteTC.It 

CBHSHOCTb. TonOJIOI'H~8CKOe npOCTpaHCTBO ~' eCJIJII el'O H8Jlb3.1t npe~

CTaBHTb B B~e o6~e~HeHH.It ~Byx 3aMKHyTHX, Henep8CeK8.10ll\HXC.It HenyCTHX 

MHO:l!:8CTB. ~H MHOI'006p8.3H.It (o6'beKTOB) B.BO~HTC.It ITOH.ItTHe JIHH8HHOH CBH3-

!!Q£!!!, KOI'~a ~Be · JII06He TO~H MHOI'006p8.3HH MOlKHO COe,qKHHTb nyTeM • 

(!lvTh - 3TO H8rrpepb1BHOe OT06palteHHe 0Tp83Ka (0, I] ~CJIOBOij OCH ~ l 
B MHDI'006paaHe Cp ) . Arui MHOP006pa3Hll , JIICOOJib3J8MhiX B cpH3~eCKHX 
llpHJI0~8HH.ItX, OOH.ItTKH_CB.It3HOCTH H JIHHeHHOH CB.It3HOCTH MOlKHO He pa3JIH

~aTb, E.CJIH MHOI'006paaHe c:J? CB.It3HO ll: OpHeHTHpyeMO, TO ero BCer~a 
MO~o OpHeHTKpOBaTb ~BJM.It CITOC06aMH (/37/, ~, Il, §!), T.e. 3~aTb 

~~e P8.3HH8 opneHT~H • 
IlOCKOJibKY B 09HOBHOM TeKCTe MH ~OCTaTO~O HHTeHCHBHO HCOOKb30Ba

. JIJII CBoRcTaa rpynn .llH SlT(2.) , .SU (.5) H S0(-5) , TO yuecTHO npHBec

TH HeKOTOpHe cpaxTH 0 CTpOeHHH 3TKX rpynn KaK MHOI'006pa3HH •. 
IlocKOJibKy SO(~t-) c H StT(1c.) -_ uaTpHtlHble rpyiiiJb!, TO OHH .1tBJUmTC.1t 

Tono~QI'~8CKHMH rrpOCTpaHCTBaMH C H8ITp8phiBHHMH onepaqHRNH yMHO.eHH.It H 
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BSHTHH o6paTHoro aJieMeHTa. B npocTpaHCTBe napaMeTpoB R h. .e MaTpHli-

HhlX n X )1. npeo6pasoBaHHH rpyrmy SO(,._) MOlltHO paccMaTpHBaTb 

KaK riOBSpxHOCTb, onpe~eJIHSMJID yp~BHSHHHMH 

A ·AT= I ~ 
cLe.t A··~ 1 . (B.7) 

2 
Taxmo~ o6pasoM,H3 o6J!1ero t~HcJia )1, napa'v!eTpos HesasHCHMblMH, B 

CHJIY ycJIOJmii (B.7), ocTruoTCH )t.(J-L-t)/2 napaMeTpos. B 3TOM 

cMblcJie SO(~o.)- n(n-t)/2-napa>.~eTpHt~eci<oe MHoroo6pasHe, H K~OMY 
~JieMeHTY A E .SO (,.,) MOlltHO conocTaBHTh m = n. (11- f ) /2 · 
napaMeTpOB ( ~ t, ~ 2 • • • a."'-) . AHaJior:wtiHb!M o6pasoM, S 7.T (k.) -

'r. If)£ t 
TIOBepXHOCTb B ({! h. &::: pr;; "- , s~asaeMM ypaBHSHH.fiMH 

1J. vt = I i cld ·1;- =- 1 (B. B) 

H d,·,., SU{ta) = h ~- 1. • YKa.JKeM Teneph o6nzyiO cxeMY nocTpoeHHH 

Jiaca Ha TaKHX rpynnosh!X MHoroo6pasHHX. Bse~eM IIH\IJmmTeSEMaJll>HHS 

paTopht - reHepaTopbi rpynrru G! !JO npaBWIY . 

aT

one-

~ ::: 
t. (~~i )L~=o -, i = 1>2 .• climC:.-<B.9) 

) ) 

Tor~a B oKpecTHOCTH e~HHHtiHoro 3JieMeHTa IE G; npH MaJih!X Q.. 

TIOJIYtfHM B JIHHSHHOM npH6mm:eHHH BblpaJKSHHS ·~Jlf! 3JISM8HTa Q (HHtPH

. HHT83HMaJibHbl8 SJISMSHT) 

A = I-+ a·· r~- (B.IO) 

MaTpmzy a ,; a i ri eCTSCTBSHHO paCCMaTpHBaTb KaK 3Jl8M8HT JIHHeH

HOro npOCTpaHCTBa, 6asHC KOTOporo COCTaBJIHIDT reHepaTOpbt { f?i}. Bo

Jiee TOtfHO 3TO KaCaTSJlbHOe TipOCTpaHCTBO B TOtfl\8 JC. , H~SJISHHOS 
CTpyXTypoii aJire6pbt ~. HO o6 sTOM 6oJiee no~po6Ho Mbl 6y~eM rosopHTh 

B CJIS~J!ISM pas~eJie. ~H nocTpOSHHH atJ1aca Ha 67 ~Jlf! HaC cy

J!ISCTBSHHO TO, tfTO C nOMOJ!IbiD 3KCnOHSHTbt OT MaTpHqbt CL 
. -

e!X!p (a.) = e::x!p (a' T,:)= Z a./~! 
, = C>. . 

(B. II) 

1~ MO~eM ~pOBaTb CHCTSMY KOOp~HHaT (JIOKaJibHYID napaM8TpH3a~ID) 
B OKpeCTHOCTH JC 1 T.e. TIOCTpOHTb'B 3TOH TOtfKe KapTy •. ~ee 3Ta 

KapTa pa3HOCHTCH B npOH3BOJibHyiO TOtfKY G: C noMOJ!Ib!O npeo6paso-

1faHHH ~ € G1 H no~YtfaeM aTJiac, corJiacosa.HHbtll· c rpynnosolt cTpyK-

·TYPolt (no~p06Hee, CM./!77/, rJI.3, §3). !vlbt npHBSJIH TOJibKO CXSMY no

CTpOeHHf! aTJiaca Ha rpynnax ~. Ee KOHKpeTHM peaJIH3~f! OCYJ!ISCTBJIH- · 

STCH.TIOCTpOeHHSM O~OMepHh!X TIO~rpynn ~Jlf! !\~OrO reHepaTOpa C YtfSTOM 

Taro, 'ITO JIID60H 3JleMeHT rpynnht JIH60 HBJIHS'l'OH 3Jl8MSHTOM O~onapaMeTpH
'18CKOH no~rpynnhT, JIH60 npe~CTaDJIHSTCH B BH~e llpOH3B8~8HHH ~aKHX 3JI8~ 
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MeHTOB (TeopeMa J1H). ITocJie~Hee o6cTOHTSJihCTBO cy~eCTBeHHO np:w aoccTa

HOBJieHHH ~HCKpSTHbTX no~rpynn /!78/. 

B.2. Ka.caTSJibHble npOCTpaHCTBa, BSKTOpHble nOJIH 

H aJire6pht JI:w 

By,n;eM CtiHTaTb, 'ITO Mhl HaytiHJIHCb ·s~aBaTb 11 CHCT8Mhl KOOp~HHaT" Ha 

MHOroo6pasHHX. CJIS~!!!HM ruaroM ~OJilKHO 6bTTb BBe~eHHe qlyHK~lt H one

paQHH aHaJIHsa, TaKHX KaK rp~eHT, npOH3BO~HM no HanpaBJISHH!O H T.~. 

IToHHTHO, 'ITO Ha MHOroo6pasHHX TaKue nOHHTHH CJie~eT BBO~HTb JIOKaJib

HO, a saTSM pacnpOCTpaHHTb Ha MHOroo6pa3H8 B ~SJIOM C TIOMOHjbiD aTJiaCa. 

3~aTb mYHKYHID Ha MHOroo6pa3HH ~- 03Hat~aeT yxasaTb npaBHJIO, no KO-

TOpOMY Ka~oa TOtfl\8 p € CJ=> conOCTaB.iiHeTCH HSKOTOpoe tfHCJIO. 

ITycT<> ( ¢ .t, ._ •• , ¥ ... ) - JIOKaJihHaJI napaMeTpH3~H TO'IKH r;5 , no-

JIYtfeHHM C noMO'.IjbiD KOOp~HHaTHOro rOMSOMOpif>HSMa Cf> Ha 06JiaCTb. 

V C 112 .._ • Tor~a qJyHK~HH f ( ~) npespaJlaeTCH B iflyHK~HID Ha R.''·: 
f ( }( 1, X~ , . . . x ..... ) H ecJIH oHa ~H~epeH~HpyeMa a 12 "" ; 

TO f(tP) - ~H~peH~HpyeMM tPyHKU}fH Ha c;p, KaCBTSJlbHbTM BSKTOpOM 

B TOtfl\8 r;/ € cp K MHOroo6pasmO cp Ha3bTBaeTCH BSKTOp·. C KOMnO-

HSHTaMH ( ~4}i B JIOKaJibHOti CHCTeMe KOOp~HHaT { X 4}i , r~e ·c.· -
HH~eKC KapTbt. B 06JiaCTH nepej<pb!THH ~Byx KapT v; .. fl 'lJ"'I" KOMnOHSHTbt 

BSKTOpa ~OJimHbt nepeCtiHTNBaTbCH no qJOPMYJIS 

~qi = z ('OXq'.) ~ ~ (B.I2) 
,._, 'Ox~ . 

HeTpy~o B~STb, qTo 3TO 06bttfH08 'o6o6~eHHe nOHHTHH BSKTOpa a·eBKJIH

~OBOM npOCTpaHCTBe. 06o6rqeHHe llpOH3BO~Olt no ~anpaBJISHHID llpHBO~HT K 

nOHHTHID BSKTOpHoro nOJIH Ha MHOroo6pa3HH, KOTOpoe onpe~SJIHSTCH KaK Ha-

6op ripOI13BO~ !10 HanpaBJieHHIO [ ~Q (x) .'0 ~x"}, B3HTh!X B K~OH 
TOl:i:Ke MHOroo6pa3HH cp .. 

KacaTeJibHbiM !!pOCTpaHCTBOM 'T'¢{cp) Ha3bTBae~CH ·11. -MepHOS 

BSKTOpHOe npOCTpaHCTBO, o6pasOBaHHOe KacaTeJibHbiMH BSKTOpaMH B TOtfKe 

(j5E: cp KO BCSM rJI~HM KpHBb!M, npOXO~fl!lli1M t18p83 TOtfKy r;5. . 
CYJ!1eCTByeT erqe o~o 3KBHBaJieHTHoe unpe~eJ!eHHe xacaTan:DHoro aeK

Topa KaK Oriep~H ~H~peH~OBaHHH rJI~KHX tPyHK~lt B TOtfl\e j6 
MHoroo6pasHH CF' • B t~aCTHOCTH, onep~v t~acTHoro ~HqJqJspe~Hpo
BaHHH '71 /'7> X q MOlltHO npe~CTaBHTb KaK KaCaTSJibHbllt BSKTOp C KOMnOHeH

TaMH ( 0, ••• ! , ••• 0) B JIOKaJibHOti CHCTSMS KOOp~HHaT ( X f , • • • • 
1 

X .... ) , 

r~e I CTOHT Ha MeCTe 'c HO!v!SPOM Q. /!79,. !80/. IT03TOMY KaCaTeJibHbiS. 

BSKTopb! { '7> /'?> x"~ J o6pasyiOT 6as11c Tszf (cp) H JIID6oR KacaTeJibHhlll 

BeKTOp npe~CTaBHM B B~e $ = Z ~4-rctAx"· . 
Bcv COBOKynHOCTb KaCaTeJibHh!XaaeKTOpOB K MHOroo6pasHD ~ MO~

HO qJOpMaJibHO 3anHCaTb B B~e o6De~HHSHHH .Lu TJ (cp) - Kaca-
}"'Ecp r --
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TeJJhHOI'O paccJJoeHHH, CJJO.RMH KOToporo CJIY1KaT Tf (cp) ·. llocJJe,IJ,HHH 

KOHCTpyK~fl ecTb oooorrteHHe noHrrTHH npm.wro (,IJ,eKapToBa) . npowsae,IJ,e

HHH npocTpaHCTB, HO Mhl He'6y,IJ,eM s,IJ,ech Ha ~TOM ocTaHaBJJHBaTbCH, TaR. 

KaK B OCHOBHOM T8KCT8 TeOpHH pacCJJOelrnHX npocTpaHCTB npaKTHtt8CKH He· 

wcnoJJh30BaJJacb.HawooJJee wsaecTHUM npHMepoM KacaTeJJhHOI'O npocTpaHcTaa 

RBJIH8TCJt npOCTpaHCTBO 0000l!l8HHIDC CKOpOCTei1 { i t _, • • • , ct..._) B KJiaC

CHttSCKOti M8XaHHKe, I',IJ,e I'Jia,J:\KHe MHOI'006pasHJt B03HHKBJOT :taR KOmfmrypa

~OHHbl8 npocTpaHCTBa MexauutteCKHX CHCTeM, a o6o6I!leHHh!e rcoop,IJ,lmaTh! 

[ q,_', .... , 't "-j sa,J:\BJOT JJOKaJJhHYJO napa.MeTpHs~ TaKHX t.rnorooopa

sHR. 

BepHeMCH K aeKTOpHh!M noJJJtM Ha MHoroo6pasnn (f) . CoaorcynHOCTh 

r~a,J:\KHX llOJJeti Ha '1), KOTOph!e MO~O paCCMaTpHBaTb KaK I'Jia,J:\KHe 

oTo6pa'KeHHJt X : cp-+ T (cp) , o6pasyeT aeKTOpHoe npocTpaHCTBO H~ 
R "-- , T.e. ,IJ,JJH HHX onpe,IJ,eJJeHh! onep~H cJJo:tteun~, JMHOJKeHHH Ha ttHc-

JJO o( € /12 f 11 Ha I'JJa,L\KYJO WHKI.\IDO f: . · 
(X:~ Y)~ = X,; -~o Yf i (a X)f = o<Xf.; (fX)sD=f6JJXf 

JJdKaJJhH; a JIJ06oii Toqrce -s£ E cp . KpoMe Toro, oTHOCHTeJJbHO oHJJH

HeiiHoii onep~11 (rcoMMyTaTopa) 

[X,Y] =- XY-YX (B.I3) 

CO CBOitCTBaMI'I 

{X,X]=O; {X'[Y,Z]]-# {Y[Z,X]j+[ZfX,YJ}=o<B.I
4

> 

BeKTOpHhle llOJIH Ha C1[> 
re6ph! J'fu, ,[(eltCTBHTeJJhHO, 

ooJJa,J:\BJOT cTpyKTypoii 6ecrcouettHOMepuoi1 aJJ~ 

pacnHCh!BaH ~TH llOJIH B JJOKaJJbHh!X KOOp,ll,HHaTax 

~a tO 
X = ::; raxQ. . y- l?gi?J 

, . - ' t?Jxg ' 
(B. !5) 

y6e~aeMCH, ttTO KOMMyTaTOp llOJI8H 

[ . (>q ~h g q 'd~)'() 
x,Y] = ~ ~q-? tt)xa ?Jx' 

HBJJfleTCH BeKTOpHh!M llOJJ8M Ha ~ 

(B.I6) 

TaKJKe 

Bae,IJ,eHHe anre6pawttecrcwx cTpyKTyp CJilleCTBeHHO ynpolllaeT nsyqeuwe 

CJJO'!tHh!X · reoMeTpwqecKHX 06'0eKTOB, noCitoJJbKY ll03BOJJfl9T HCllOJJbSOBaTb MOI!l

Hhllt pactteTHhltl annapaT aJJI'e6ph!. B 3TOM HaxO,IJ,HT CBOe OTpal!tSHHS 06I!lM 

TeH,IJ,SH~fl 11 aJJI'e6paH3~H" MaTeMaTHKH. Mh! HaMepeHHO no,IJ,pOClHO OCTaHaB

JJHBaeMCfl Ha 3TOM BOnpoce B H~S1!t,ll,e nO,IJ,I'OTOBHTb ttHTaTeJJH K BOCllpHHTIDO 

OCHOBHOR H,IJ,eH aJII'e6pawqeCKOA TOnOJJOI'HH-COnOCTaBJISHHH llpOCTpaHCTBSM 

OTOOp~eHHA 6ecKOHeQuOlt cepHH rpynn I'OMOJIOI'Hlt. 
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.ITJJO,IJ,OTBOpHOCTb H,IJ,eH "aJJI'e6paH3aqHH" HaH60Jiee OTtteTJIHBO. llpOHBJIH

eTCfl npH Hs,yttSHHH MHOI'006pasHlt I'pyTin ]H nyTeM CB8,ll,8HHH HX K 60Jiee 

. npocTh!M CTpyKTypaM - aJII'eClpaM .lJH (HHqumHT83HMaJJbliiDt MeTO,IJ,). fiOKMeM 

sTo Ha npHMepe rpynnhl SV(~) , KOTopym Mhl aKTHBHo HcnoJI~>soaaJIH a 

OCHOBHOM TeKCTe. 

AJire6py Jhl: S U (3) MOl!tHO CttHTaTb JIHHeRHblM nd,IJ,llpOCTpaHCTBOM 

3x3 MaTpHQ C JMHO'KeHHeM ( CK00KOI0 JJ.w B BH,IJ,e KOMMyTaTopa (B. !3). 1fu 
ycJJOBHfl (B.8), npHMSHSHHOI'O K. HHrpHHHTe3HMaJJbHOMJ 3JJSMeHTY (B. 10), no

nyqaeM, ttTO 3JI8M8HTaMH S U ( .3) flBJISDlTCfl aHTH3pMHTOBhl 6eCCJI8,IJ,OBhl9 

.3x3 MaTPHI~ ( A = - At, Sp· A : 0 ) . BasHCHh!MH sJieMeHTaMH HBJJsmTCH 

reHepaTOphl I'pynnhl SU(3) - ro{ (ol= 1,2, .• ,g) ' BhlttHCJieHHh!e no )lpa
BHJJY (B. 9) H y,IJ,OBJI8TBOpHililllf8 COO'tHOmSHHHM . 

. [ pol , ~~ ]' = i fotfo rr· ' (B. I?) 

I',IJ,e f a{fl r - C.TJlYKTypHI.!e KOHCTaHTbl (,IJ,eJ:iCTBHT8JibHhl9 nOJIHOCTb!O aHTH

C.HMM9Tp>fqHh!9 no HH,ll,SKCaM C.HMBOJihl). ~aMeHTaJibHh!M HBJ!fl8TCH npe,IJ,CTaB

JI9HH8 g_ c reHepaTopaMH · ~of = A ol/2 , r,IJ,e A q' - apMHTOBhl· dec

cJJe,IJ,oacre MaTpHqhl reJJ~-MaHHa. ,[(onOJIHHH yKaaaHHhJlt Ha6op MaTpHI.\Slt . 

Ao =J2/3'I, nonyqHM 6aswe aJJI'e6ph! Jill rpynnhl 1T(.3): {A i j ,i. = 
: tl ~.1., E , ,IJ,JIH KOToporo · cnpaae,IJ,JIHBcr cooTHomeHHH 

[A;:,). j 1 = 2 ~·f;iK AKi ['A,)\]+= j ~~·+2di.i'CAI(; 
Sp()., Aj) = ES:·.i; sr(>..-[>.j,~·cl} = .~t,·fq~r; <B.rs) 

Sp(>.; ['>.j, ).I(]+)= 4,·d,.il(; 3f' /\ot = o. 

3,IJ,9Cb [ . 1 + - aHTHKOMMyTaTop; d.,·_/k - CHMMSTp>fqHhJJ:l UO ,ll,BJM HH:-

' ,ll,SKCaM CHMBOJI, 3HatteHHH KOTOpOI'O Bb!IIHCaHhl, HanpHMep, B /!I8/, Ta6JJ:. 
2.3. 

Ha,aJire6pawqecKOM ypoaHe JJerKo pemaeTCH aonpoc o enoco6ax BJio

'lteHHH S 7f ( 2) - no,IJ,rpynn B rpynny ',g 7/{3) , KOTOphllt 6h!JI C.JillSCT

BeHHUM ,IJ,JJfl Hae B §§?.2 H IO.I. ~J:iCTBHTeJibHO, Ha BOCbMH Jt -MaT

PHI:l reJIJJ-MaHHa M01!tHO.o6pa3oBaTb TpH TpOJ:iKH reHepaTopoB: 

i. {)..4., 'A~. A!.]; :z • .fJ.~t,?.s,; ('A.s+f3).g)j; 

{
. · "(. . } (B.I9) 

.3. A, , 'A 7 , 2· .fS'A._ 1 -A.s) , 
AHH KOTOpcrx 6y,IJ,yT BhlllOJIHHTbCH KOMMJT~OHHh!e COOTHOmeHHH aJII'e6ph!· 
.St/(2): . . 

[ '1"4, 7'c} = ,· e~h CZ'"c; Q = 1, 2, ..3 • (B.20) 
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EcTeCTBeHHHM o6paaoM B03HHKaeT H napaMeTpH3~R SReMeHTa rpynnH szrr~J 
qepe3 o6o6lllemrue Yr-mi 3itRepa H p8.3ROl!teHHe Haacaabl V" c: V:WV~ r~e 
Y 1 V , H V/ onpe~e.liRIDTCR COOTHOmeHHRMH . . 

V = e::l:!f .f~i ~'A~) e~p {-if J.t.)e:xy~[-if ).3 ) j 

. 1 [ . ')) ] (B.2l) V = e.~ [- ,· S"')..., e~ _,1/S Ag ; 

v, = v ( o(;)) 0 ~ ~', j/, f) j 

npH OrpaHHt19HHJIX 

o~o(; o~~~~; 0$ 0 ~2.1i; o.sd"sf;o~v~.33i. 

llpH H3ROl!tetmH MO~eJIH CKHpMa Mhl noJib30BaRHCb·JieBhlMH KHpaJibHhlMH 

TOKBMH L,.. , KOTopble B CHJiy caoero onpe~eJielilfR (3.2) RBJifl!lTCR 

JI9BOHHBapHaHTHblMH B9KTOpHhlMlf IIOJIRMH Ha 61 = 3.7/'(2). ~R MHOl!teCTBa 

TaKHX IIOJie!i ~ = { l/'} cnpaBe~JIHBbl ryaep~eHHR (CM./18!(, I'JI.3): 

I. · ;;e - aeKTOpHoe npocTpaHCTBO Ha,n; IR · . OT~6pal!teHHe ~ 
¥: ~ t-+ GjT ( ~(l•r):: J.fi(I)), r~e Gir.- CBR3HM KOMIIOH9HTa 

e~HHwrnoro sJieMeHTa I e r;; , 38,D;aeT H3,0MOp¢H3M MeJK,ey . 'X H Kaca-

TeJibHhlM npocTpaHCTBOM Tx (t;) K MHoroo6p8.3mo · 6? B e~HHHqe 
dim .:£ =. · d4'rn C?x = d,:rn 6i' . 

2. ~60e HHBapHaHTHOe B9KTOpH06 IIOJie I'R8,D;K09. 

3. CKo6KH.Jh.t [ lr,tvl € ::e. 
4. 0(. 06p8.3yeT aJII'e6py Jh.t OTHOCHTCJibHO onep~H CK060K Jill. 

Ha 1IpHMepe·cBH3H Mel!(,ey rpynnaMH 1:'! aJII'e6pa~ Jh.t IIORCHHM H~ero 

lia!filhlBaiDilJero npocTpaHCTBa , o KOTopoM Mhl ynoMUHaJIH B §8. ~nee THO, · · 

tlTO o~Ha H Ta l!te aJire6pa Jh.t · cnoco6Ha reHepHponaTb HeCitORbKO rpynn 

Jh.t,. OTJIHtlHblX IIO CBOHM TOIIOJIOI'Htl8CKHM CBOi!CTB8M. B tiaCTHOqTH, aJII'e6pa 

JIH c KOMMJTaTopoM (B.20) reHepHpyeT KaK rpynny .SU(2) , TaK l'i rpyn

ny 9(3), npH COOTB9TCTByiD!IleM Bbl6ope reHepa~OpOB r:· , 06e I'pyTIIIbl / 

KOMIIaKTHhle, HO npn sTOM S V(2) o~ocanaHa, Tor~a KaR. 0(3) ~By
CBR3Ha ( noMHMO CBR3HOj;l KOMnoHeHThl I c ole t A ,; 1 . co~ep'KHT 
KOMnoHeHTY c c&..t A= - i ) . B o6!1leM c.nyqae, cpe~ acex rpyim, reHe

pHpyeMb!X 3a,ItaHHOit aJII'e6pO!i Jh.t, HMeeTCR JIHmb o~a O~HOCBSI3HM rpynna, 

KOTOpyro H8.3blBaroT·HaKpb!BaDlll9it no OTHOilleHHlO KO BCeM ~pyrUM, 'reHepHpye-

i .. MhlM sToR aJiree5pon. U~oCBR3HOCTb. .S U(2.J JierKo ycTaHaammaeTcR H3 

TOI'O qia.KTa, tlTO MHOI'006p8.3H9 S U'(Z)-::: g:s , a g:s - O~OCBSI3HOe 
MHOI'006p8.3He. B 3TOM M01KHO y6e~ItTbCR.IIpOCTOi1 BblKJI~KOit Ha OCHOBe OII-. 

pe~eJietmR <B. B): 1J E' S 1r(2) : ·uv+ ""I., 
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v c ( _'&. ~.) :~kt v~ 1 a.1' .. 1 € I'= i,' xt =:£. <B.22) 

PaccMaTpnaaeM~ npHMep SIBJIHeTcR qacTHhlM cJiyqaeM ~ByJIHCTHoro ~ 

caJibHoro*HaKphlTHJt ,3a,n;aaaeMoro oTo6pa'lteHHeM f : S H.- 1R P... . 
oTO OTOC5pa'lteHHe OT0~9CTBHH9T ~9TpanbHO DpOTHBOUOROXHH9 TO~ ~9-
pb! .S ,._ , B peayJibTaTe tlei'O llOJiytlaeTCR npoeKTHBHOe IIpOCTpaHCTBO 

IRP)L • ~pyrHMn cJionBMH, UMeeT MecTo cpaKTopn3~st RP"' =- S"-/Z
2 

, 

r~e z% = {I' -'I} - qeHTp • .YCTaHOBJieHHe TaKOI'O po~a COOTHometmA 

M6J!C,Izy MHOI'OOC5pa3HRMH CyYl{eCTBeHHO. ~JIR BlltlHCJieHH.IJ I'OMOTOIIUtl9CKHX .. rpynn 

(cM:paa,l\. B.5) n !f>opMaJIH3Me TOtlHblX nocJie~oBaTeJibHOCTeA. 

B. 3. ~!MJepeHqnaJibHble !f>opMH 

llollblTKa pacnpOCTpaH6HHR ~H!f>lf>epeHgHaJibHOI'O HCtlHCJieHHR Ha MHOI'OOC5-

pa3HRX Ha TeH30pHble nOJIR npORSBonDHOrO paara Tp~OHHHM DyT9M He 

DpRBO.I\RT K R9JI89MllM p93YJil.T8TaM, llpRtm:HH 3~9C:b M9,DyXIill:I9: 

~ I > Mbl ~OJilltHbl cpaaf:maaTb · TeH30pHHe noJIR a 6JIH3KHX ~pyr I< ~pyry TOtlHax 

MHOI'006pa3HSI, T.e. CpaBHHBa~b 06~9KTbl, IIpKH8,II;JI6'1t~e pa3HblM KaCaTeJib

HblM IIpOCTpaHCTBaM, tlTO 3aqacTyro JIHm6HO I'60M9TpHtl9CKOI'O CMblCJia; 

2) aHaJIH3 IIpHM9H9HlfR K TeH30pHblM llOJIRM Ha MHOI'006pa3HJIX CT~apTHOI'O 
· Ha6opa aJII'96pantleCKHX onepa.qHA (cJIOl!teHH.R, JMHOllteHHIJ Ha I'JI~KJ!l lf>yHK

qmo, nepeCTaHOBKH H~eKCOB, CBepTKH no ~eKCaM, T9H30pHOI'O IIpOH3Be

~eHHR, IIO~HRTHH H,OIIYCKaHHR H~eKCOB, CHMMeTpHpOBaHHH, aJibTepHHpOBa

HHR) nOK8.3h!BaeT, tlTO He rice ~TH onepaqHH ·. cmqiaHrmT T9H3opHhli1 xapaK

Tep IIpH,3aMeHe KOOp~HHaT B OC5JiaCTH nepeceqeHHR KapT (no~p06HOCTH .MO~
HO HaitTH B /176/ I'JI .• 7 H B /!79/ I'JI.5). 

Bb!Xo~ 6h!JI Ha~eH B paccMoTPeHnH cnegHaJibHoro KJiacca TeH30pHhlX 

liOJiei1·- aHTHCHMM9TpHtlHb!X KOBapHaHTHblX T9H30pHblX IIOJieA, KOTOphle MOI'JT 

6h!Tb onpe~eJieHbl IIpH HaJIHtlHH ·pHMaHOBO!i MeTpHKH Ha MHOI'006p8.3HH cp , 
HJIH B 6oJiee o6~eM c.nyqae, npH HaJIHtlHH HSBb!pO~eHHOI'O TeH30pHOI'O p~JISI 
THna (0, 2) HJIH (2.0). HanoMHHM, t~To pHMaHoaa MeTpHKa Ha rJia,n;KoM 

MHOI'006p8.3HH cp MOl!teT. 6b!Tb 38,IJ;aHa KaK CeMe.ltCTBO liOJIO:v!TeJibHO on

pe~eJieHHblX CKaJIRpHblX (BHJTpeHHnx)npOH3Be~eHHA ~R K~OI'O KacaTeJib-
HOI'O npocTpaHCTBa Tp(cp) . • • 

' . . · rf. fJ -= Z. ~·;·(IJ 'J' ?J, <B.23> 
. ·~ * HaKphlTHe, 38,D;aBaeMoe OTo6pal!teHHeM f : M- N 

1 
H8.3HaaeTCR 

Y!iHBepcaJibHblM ~ eMH M - o.~OCBSI3HO. 
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I'~e MaTpH~a tj ij ( ¢) flBJI.fieTCH I'Jia,IJ,KOtl ¢yllK~etl JIOKaJibHbiX KOOp,I\H

HaT B ~6otl KapTe Ha.C7). 

~ o6JiacTax nepeRp~THa RapT MaTpH~ ~~·(91) ~o~~ nepec~H
~BaTbca no npaBHJIY · z,_ 'PXc(t?X.J ( 

Cjy(¢) = ~ct.l((j5)r;J-qi ·~·r(j _, B.24) 
ct1_$•1 .· (/ . (7 

I'~e {X o{ 1 H { lf 'J - JIOKaJib~e ROOp~HHaT!1 nepeKp~BaiOIIJHXCH RapT. a 
~acTHOCTH, ~Jia I'pynnoB!1X MHOI'oo6pa.:mV. 80("-) H Sl/"(~t..) HMeeM, cooT

BeTCTB6HH01CRaJiap~e rrpOH3B6~6HHR 

<A, E> = Sp(A B7
); (zr, rr/-= Sr(uvt) cs.25l 

Tenepb M~ HM66M B03MO:>!tHOCTb COllOCTaBHTb Ra'K,I(Oti TO~Re, ;f E t:p He 

TOJibRO .RacaTeJibHOe npocTpaHc;ao . T~ (cp) , HO H. ~aJibHOe R HeMy 

B6RTOpH06 ITpOCTpaHCTBO r p5 ( cp) - ITpOCTpaHCTBO ROB6KTOpOB , 

(I-~opM), 3~aHH!1X RaR JIHHellHUe ~K~HOHaJibT Ha BeKTOpH!1X noJiax. Ba-. 

3HC B. r;(cp)- { ei.j ~OJI:'K6H cl~Tb ~aJibH~ K •6a3HCY B 'rf(C?)-
{ £ i j , T. e. onpe~eJIRTbCH H3 YCJIOBHH 

< E, , ej> = "'· J o, J 
(B.26) 

I'~e ~'-j -.CHMBOJI KpoHeKepa. B CJI~ae HnTypaJI&HOI'O 6asHca 

{ '?J h x ,·} B Tp (cp) ~BollCTBeH~ R HeMy aBJiaeTca 6asHc ~wfxPe-. 
peH~I1aJIOB ROOP,D;HHB.THbiX ~R~fi { dX ') , B CH.'IY (B.26). 3TO nos

BOJIR6T npe~CTaBHTb ITpOH3BOJibH06 KOBeKTOpH08 noJie B BH,l\6 lc) = {(),· cf X,· , 

. ).Vra ~H3HKOB H,D;6R KOKaCaT6JibHOI'O ITpOCTpaHCTBa npHB~Ra, nOCROJib

KY Hapfl.I\Y c npocTpaHCTBOM cRopocTen (KacaTeJib~ npocTpaHCTBOM R KOH~ 
~HI'ypa~C)HHOMy) 'a KJiaCCH~6CR0!1 M6XaHHRe Tp~H~I10HHO paCCMaTp11Ba6TCH: 

npocTpaHCTBO · HMnyJibCOB c KOBeKTOpH~H ITOJIRMH p.- d q/ . 3Ta H~eJI Ha

xo,n;HT 3aTeM pa35HTH6 B nepexo,n;e R HMnyJibCHOMY npe,D;CT8.BJI6HHID B RBaH

TOBOti TeOpHH nOJIJI H T.,D;. 

B o6rqeM CJI~ae ~Hifxi>epeH~aJibH!1e ~opM~ onpe~eJIJIIDTCR RaR aJire6paH

qecRHe ~yHK~HH.OT ,1l;H~epeH~aJIOB KOOp,D;HHaT. Cpe~H HHX HaC 6y,1l;YT HH

TepecoBaTb B ~aHbHellmeM J!Hmb BH6mHH6 WOPM!1 BH,I\a 

"'·' - Cc). • /,.tt ,.<") e/~~'1\ 1\ l...(c~ (B.2?) 
I..V - 'll'"•'p{<jJJ ... '/" 'f" .... c::t}'J J 

r~e d cP £J .II. • • • • • I\ d ¢ i. P - BHemHee npol-isae,neHHe ~H~epeH~aJIOB 
JIORaJibH!1X KOOp,n;HHaT Ha CfJ B TO~e JD • BHemHee npOH3Be,geHH6 6b!JIO' 

BB6~6HO PpoCCMaHOM B Ka~eCTBe onep~H BHemHell aJII'e6p!1, OITHCb!BaiDIIJ6ll . 

nopo~eHHe MHOI'OMepHbiX npocTpaHCTB owroMepHbiMH. OHo o6JI~aeT caoltcT

BaMH ~HCTpH6yTHBHOCTH H acco~a:THBHOCTH, H ~JIR ~Byx ~OpM w.~, H Wz. 
cnpaBe~JIHBO COOTHOmeHH6 
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:.) 

,:f 

UJ, 1\ Wz = (-1 )d2j f.l, d"Jr.;~o, ~z. A Cc).t. '· 
(B.28) 

p~e d t?j {.,) - .CTeneHb ( paHI') ~Oplt.bl, onpe~6JIR6Ml1!1 IIO qHCJiy COMHOl!Gf

TeJiell BO BH6mH6M ITpOH3B6~6HHH. B ~aCTHOCTH, ~OpMyJia (B.27) COOTB6TCT

ByeT HOpMe. Ko:)~~HeHrn cUi, •... , cp 6y~eM c~TaTb IIOJIHOCTbiD 

aHTHCHMMeTpH~H IIO HH,1l;6RCaM I!JI~KHMH ~K~RMH, 'l'OI'~a ~OpM~ (B,'27) 

6y,1l;YT HaxO,D;HTbCR BO B38.HMHO O~H03HaquoM COOTB6TCTBHH C aHTHCHMM6TpHq

Hb~H T6H30pH~H IIOJIRMH.~OpM!1 0,1l;HHaROBbiX CTeneHell IIpHHRTO paCCMaTpH

BaTb B BH,D;e MHO:KeCTBa _A._P .. A~(cp), H~eJieHHoro c•Bol!cTBB.MH aeR

TopHOI'O npocTpaHCTBa. ECJIH dc'm q:J= h. , TO pa.3MepHOCTb TaRoro npo-

CTpa.HCTBa onpe~eJiaeTCJI no ~.~PMy~e .. I 
J\ p . , ... 

(B.29) dim.. JL = p!(n..-p)/ 

'Y:epe3 C 
00 

( .A_.t') 0603HaqHM IIpOCTpaHCTBO I'JI~ItHX p-4JopM BH,D;a 

(B.27}. HeTpy,D;HO COCTaBHTb CJ!6,1l;yiDIIJYID Ta6JIRqKy ~JIR TaRHX npOCTpaHCTB 

C yKa3aHH6M pasMepHO.CTH H XapaRT6pHoro npe~CTaBHT6J!R /32/ 

C 00 
( JL ) = { cJ ( x ) J ; dim ::. i ; 

Coo(~) = { rA· dx''] ; dt'm. =- h.; 

Ceo(_£) = { c.J,'j(><)dx~·Adxj}; ~;m. = n.(n-J) 
2..' ) 

Coo(£) = { GJ'1'~e ( x) dx''ll. dxJAofx~~e) ·~in= n..(h..-J)(~t- 2) • 
J ::cl ) 

Coo( Ah.-l): { cJ: •· (x)dx'·,,. Adx'"-d·dt"m=/1..• 
JL •1 • • ' • •11-1 " • • • • J J .J 

c - ' ' L1 Lit • 0U WI: . Co( .... ) [ . ' . J . ,, 1 ...!l - c.J,r ..... ,.._(><)c/x.l\ .... .1\dx , . · 

TaRHM o6pasoM, 0-qJopMI:l - o6blq}i!1e ~HcJioaue ~R~H Ha cp co sfia

qeHHRMH B ~~ ; 1-4JopM!1 - KOB6KTOpb1, ..A_~(q:>): 1'/{'P); h. -4Jopw -

~opw MaRCHMaJibHOI'O -pSHra Ha cp · (~opMbl o61>eMa). Mol!tHo onpe~eJIHTb 
IIJ>OCTpaHCTBO 

J1.. * = ...A.. o ~ ;.A._t !1) • ... e .A. .... (B.30) 
.J 

KOTOpoe 3aMKHyTO OTHOCHT6JibHO onep~H BHSmH6I'O JMH0~6HHR H H8.3!1Ba-

6TCR acco~aTHBHoa rp~oaaHHoll BHemuell aJII'e6poll KapTaHa c reHepa-

:opa'lH -A..o, ..A.' H yCJIOBHeM rp~oBaHHoa KOMMYTaTHBHOCTH(B.28). 
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Ha BHemHax ~opMax BBO~RTCR c~e~~~e aH~or~ ~v.~epeHqH~bHhlX 
BeKTopHHX onepaqv.a. 

I. BHemHHn 8~!MlepeHg~~ d - onepa~mt, nepeBo~srllM p--4JopMy 

B (p+ 1)- ~OPMY 
'?JcJ • d.: c C>O(.A0

) ~ c-(.A.1 ); d(CtJ{x)) = '7/xt olx• = cluJ ; 
J ~ C 00(.A..I.)- c-(.A.2

)· d/tiJ.dx 1)- '?JCtJi dxil\dx,· q · · , 1' c - '?Jxi • 

llpM :3TOM llpMHRTO COI'~ame~e, liTO HOBhJij ~~~epeH~U~ ~OMHOl!\aSTCR BHeU!

HID.f o6pMOM C~eBa M Bn~a.,I\ ~aroT n!1l!lb a.HT~C~MMeTpHltHh!e liaCT~ np0~3BO~-

HHX (?J Wi /?J::t!i) ~ B o6;J~eM Mytiae MoJKHo aanv.caTb ~JIR (B.27) 

dw "" dw. · 1\ dx··,l\ .. .11.dxii- = 1,· : ,· elx'~Arix';ll.f.dx~ c, ... Lp p . . J4o•t•• (> ~ 
r~e f . . . i "5" ( )s '£__ cu . . . . ( 

~.l, •. Lp= p'"'"+l ~ -1 '?J.xis '····'s-t '."-+J··· '-p. B.3~) s .. o 

BHeliiH~n ~u~epeH~M~ o6Jia.,I\aeT c~e~IIIIDAM caoticTBaMM : 

d(dw) = 0 (~eMMa IlyaH~ape) > (B.32) 

d(cJfJ\c.Jq): dtiJpJ\c.J'/,+(-J)"c.Jpt.J(()'/, (npaBM~O Jieft6HHQa}. (B.33) 

B KalieCTBe H~JIIDCTpaqHM np~Be~eM COOTHOllleHMR, CBR3h!B8.I01!1He BBel!IHMe ~op-
Mbl c o6hltiHh!MH onepaqv..RMH BeKTOpHoro HCliHCJieHMR B /R 3 • B ~eKapTo-
BhlX Koop~uHaTax: (X 1 

, .)( 
2 ~ x .5 ) = X · 

I. . . __,. d. -
(.J

0
: j('Ji) j Cc) : w,· dx• : CU (x)• X ; 

w:t = !=', dx'-A dx 3 + ~ dx:sA olx' + ~ olx '.1.dxz. = ?.ds; 
w3 = p dx' ;\ dx'l." dx 3 = p dV. 

I. d .. z J I. ~. \ .s .. d z. Tor~a cooTHOllleHMR w = w , ciJ = atiJ , CAJ = . CtJ npv.-

o6peTaroT np,!:!!lWmhlti Bll~ c;5 (x) = i-rad /(x) ; f! = r;.o-t i3 ; 
f = oliv F . CooTHomeHHe (B.32) aKBHB~eHTHO B ~ aeKTOpHh!M 

TO~eCTBaM rot rac:/ f(lc) = 0 j cfA'v rot(;)::. 0 • 

2. OnepaTop nvenbHOro corrp~eHMR * (aaea~oqka Xo~l!\a) 
Ha ~OPMY~ (8.29) H CO~TaBJieHHOH Ha ee OCHOBe Ta6JIH~ CJie~eT, 

liTO liHC~O He3aBMCHMb!X WltKqHH B llpOCTpa.HCTBax C 00 (...;f_P) M C ...,(.A_ li-p) 
O~llHaKOBO, T.e. !'lTV. llpOCTpaHCTBa MOlltHO paCCMaTpMBaTb KaK ~~bHh!e 

~pyr K ~pyry. v. BBeCTM npeo6paaoa~e AY~bHOCTH no npaav.Jiy 

* : c. ..... (.A..P) -Jo c -y .IL It-f) j p < 1-t.. (B.34) 

Pacmv.~pyeM (B.34) Ha npHMepe p-¢opMhl 
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c.J = r 
1 S2 . . 

- . . ,, 'I' p! c,; .• ,,. dx 1\ ••• 1\ dx 

AY~bH'J!O K KOTOpOti ( It - p ) - ~opMy onpe~eJIHM KaK 
' 

(B.35) 

1i' cJ = 1 .12. . c/xi' 1\ AJxi"-P (B.36) 
- p (11.-p)! J•···J11-:P • • • I • 

r~e .llj, .. . j,_p - TeHaop, ~~bHhlti K S2c:, ... ,·P B (B.35) 
v. aMaBaeMhlil rpopMyJioil · 

.12..- 1 ~C) c · ; · · n '~ · ,· (B 37) . · =-; VCJ jt···j~t-pt., ... t.,...JL •• r . 
}1 .. •/lot~f' p. I 

(n08HRTHe llH~eKCOB Y TeHaopa .J2 (
1 
••• t•p OCJ!lleCTBJIReTCR C nOMOI!IblO 

MeTpHtteCKOI'O TeH30pa · 'iJ ( j j "i <!_ jr •• . j,.,.p t
1 
••• C.p - K03~HqHeHT-

Hh!e ~yHKUHM n. - ~opMb! o6oeMa Ha MHoroo6paaHM ~ ) • Ha. ocHoaa.., 

HMH orrpo~eJieHMR (B.34)-(B.36) ~ei'KO yCTaHOBHTb CnpaBe~JIMBOCTb COOTHO-
rueHMR 

** cJP -= (-1 )p(h.--p) C<J .,. ' CB.39) 

a Tai<lKe llpOBepHTb, liTO C IIOMOT!lb!O 

CK~RpHOe llpOH3Be~eHMe p--4JO~M 
* -onepaTopa MOl!\HO onpe~e~MTb 

< wr, w; > = S.,o w,.." * c.v; , (B.40) 

n03BOJI.mOlqee CBepTb!BaTb ~OpMhl ~pyr C ~pyroM. 

3. BHemHMH K~J;$J!epeHip!aJI ~ . 

.. Ilpv. H~lltiHll MeTpMKH ~'J · Ha ~ MOl!\HO BBeCTll onepaqMIO, nOHll-
lKaiDuzyiO paHI' ~OpMbl Ha e~HHMey 

8': Qoo(..A_P)- C":"C..Jt..P-1) 
no npaBnJiy 

b'c.c:>r = (-i)~Cp+i)+1 (B.4I) 

OnepaTOphl d H 0 
* ol * wr 

conproKeHtt, T.e. 

· d < <" (B.42) . < c..JP. 1 'l P-• > -= 0 wr 1 '"t'r-•>) 
KpoMe Toro, ~JIR orrepaTopa b cnpaae~MB aH~or ~eMMh! Ilya.HKape 

s- (ow) = ± * dol* w = o. cs.43> 

4. OrrepaTop Jlarmaca - ,ne PBMa /1 
KaK v. ~Be npe~h!~e onepaqv.v., onepaTop.]BnJiaca- ~e PaMa Mo~eT 

OLITb BBe~eH npv. HB.JIHtiMH MeTpMKH Ha.MHoroo6paauv. ~ KaK oTo6paJKeHHe· 

125 



C ITOMO;"Jtb!O rpOpMy.m/ 

.1 = ( d + 8") 2 = o/S' + ?) c/ (B.44) 

0H CBMOCOI!p.fl-KSH If KO!V:MYTlfpyeT CO BCSMH npe~h~lf orrepaTOp3.\!lf, ArrR 
HSI'O Bhl!IOJIHRSTCR CJI9AYJO!lt99 COOTHOlllSHHe: 

<wP, ~wp>=- <s-wp,o~JP> + <olcup,dwp)~o.CB.45> 
Ha OCHOBaHlflf BBel(eHHb!X orrepa.qm1: MOlKHO Bhl.lJ,eJIHTb H9KOT0phl9 BB.lmble KJiac,... 
Cbl rpopM: 

3aMKHYThle <)JopMhl: d c.) ::. 0 
Tol.lHhle <)JopMhl: d o( :: w j 

( COOTB9TCTB9HHO, K038MKHYThle C c..) ::. 0 If KOTOlffihle i2 :. ~ cJ ) . 
rapMOHI1tl9CIWe <)JopMhl: /1'Cv ::. 0 . 

TeopeMa Xon~a: Ha KOMrraKTHOM MHoroo6paau11 6ea rpaHuqw .mo6aR rpopMaGU 

M0*9T 6b!Tb IJPSI(CTaBJieHa 9I(HHCTB9HHblM o6paao~ B B~e CJMMb! T04HOH, KO
TOlffiOH M rapMOHlftleCKOM rpopM, T.e. 

CK46l U)p = o( o(p-1+ bf-:.p-t-1+ OP. 
Terrepb MbT o6Jia.r~aeM TeM M11HMMaJibHh!M aarracoM cae~eHHti o AHifxPepeHI.~lfaJib
HOM MCtlHCJISHMlf Ha MHOI'006paaHRX, KOTOpoe P.e06XO~HMO I(JIR BOC!IplfRTlfR 

HI(SH MHTePp!!pOBaHMR Ha MHOI'006pa3HRX If IIOCTpOSHHR OCHOBHb!X TOI!OJIOI'H

qecn:HX MHBapHaHTOB: I'pyrrn I'OMOJIOI'Hti, KOI'OMOJIOI'lftl, I'OMOTOI!Mtl9CKHX 
.rpyrrrr, xapa¥.TepucTHtlecn:wx KJiaccoa w T.~. 

B. 4. viHTei'pi-fPOB!l.HHe Ha ~moroo6paaHHX w 

n:oroMoJiorwu ,o;e Pa.Ma 

,[lo CMX i10p Mb! MHTepe'!OBaJil1Cb JIOKaJibH!ill,JM CBOticTBWV!H I'JI3,0:ffl1X 

MHOI'006paal1ti, C03Hil.BB..H, 4TO llp}'! p8!U8HHM p~a 3a.D;aq, CBR3aHHh!X CO 

CBOlfcTBaMH MHOI'006paaHR B !.19JIOtiC, H!lM ITOTpe6yeTCR HS!WTOp~Itt aHaJIOI' 

l1HTez"paJibHOI'O MCtl11CJI8HMR. 0CHOBOllOJiaf'8JQ:izy!O pOJib B paaBJ1T>fl1 !WHqerrqvm 

11HTei'paJia Ha MHOf'006paaHH 11 il0CTpOeHI111 TOII0.1WI'I1tl9C!GfX MHBap.HaHTOB 

·~urpa;ra HI(eR A. fiyaHitape paccMaTpHBaTb llOI(llHTerpa.m:,Hhle · BLipa'KemtR Ka.K 

BH9UIHI1e rjiOpMhl. 3Ta H,o;en nepBOHa'-laJibHO P9aJlil.SOBaJ.rac:r:. B llOCTpoemm HH

Tei'paJibH::JI'O HHaapHilHTa IIyrumape-napTaHa .J = p cl. 't. - 1-1 c1 t. , a aa:

TeM Tpll.HC!j>OpMI1pOBa1IaCb B IIOCTpOeHae nepBOHaqa..1bHOI'O aapMaHTa TeOpHl1 
I'O!,IOJIOf'MH - I'0M0•1::Jf'Hti ITOJIU!1~p0B. 

iJh! OCTaHOBM"'CR Jil1lllb Ha OCHOBHOM HI(ee !3THX I!OCTp09HHl1, T.K. IIO~
p06HO~TH MOlKHo HattTu a rrpen:paCHh!X noco611RX /36,37/. IIpw HHTerpwpoaa

HHH 1JYHKQ11ti, 3a.n;aHHb!X Ha HSKOTOpoti 0Kp9CTHOCTH 9BK1lli,I{OBa llpOCTpaH

CTBa, OCHOBHhlM Tpe60BaHH9M !WppeKTHOI'O OI!p9~9JI9HHR l1HT9I'paJia RBJIRSTCR 

126 

HeaaBHCHMOCTb rrpe~eJia HHTSI'paJibHb!X CJMM OT Xapa.KTepa paa6l19HHR 06Jiac

TI1 orrpel(9.1I9Hl1R ifJyrJKql1M Ha 6eCKOH9tlHO Ma.Jib!e KJI9TKl1. B KaqeCTBe "CTpOH

TSJibHhlX 6JIOKOB" ~JIR ITOCTp09HMR 06JiaCTM HHTSl'pHpOBaHMR p-cfJOpM IlyaH

Kape aa6paJI CI1M:rJieKcbl - rrpocTet'mme Bhr.Iyn:.~Ibie MHOrorpaHHMKI1 a R tJ... (eM. 
pnc.I4). 

p .. Po PJ. 

0-MepHbrif I-MepHh!ti 

P.t 

p./ip. 
2-MepHh!H 

P.nc.I4 

p~ 

[)~? 
ro~ :t. 

p, 
3-MepHb!H 

EcJIM t6 p - p - CMMIIJISKC, TO 9f'O I'paHHqa ':0 ~ · p -

qiopMaJibHM CJMMa (~- 1) -CMMIIJISKCc;>B C !.19Jib!MH K03qxpHqHSHTBMJf. Jfu .f::. p 

cTpORTcR p-qen11 Cp = Za;,.6f, c rpaHHqBMu"aC.r= Z.atoll~ , 
rrpw 3TOM '7J ('7J c r ') -= 0 . CoaOKyrrHOCTb CMMIIJI:eKCOB I!pOHSBOJrbHOR pas-

M9pHOCTI1 o6paayroT ci1MrrJIMI.1HaJibHhlil IWMrrJieRc. Ecmr M MOlKHo npel(cTaBHTb 

· B B~e CMMIIJIHI:~HaJibHOI'O KOMIT.liSKCa TaKlfX CMMITJISKCOB, TO M "- Tpl1aHI'y

JI11pyeMo*). 8TO ITOHRTHe CJIYl!UfT. HeKOTOpb!M aHaJIOf'OM "xopornero" paa6He

HI1R 9BKJII1I(OBOH 06JiaCT¥f, 11, B TO lKS Bp9MR, Mbl IIO.JiytlaeM annapaT I(JIR 

Bh!HcHeHVIR r;ro6a;rbHh!X caottcTa tJHorooo6pasvrti a;rreopauqecKMM nyTeM. ·3a

MeTvrM, qTo ecJIH Q.~ € IR, ~ 1 Z MJIH .mo6ott ~pyroti a6eJieaott rpyrrne 

no CJIO:'KeHmo, TO a qen11 o6paa,yiDTa6eJieay rpyrrny. MolKHo paccMOTpeTb 

Q11KJihl z. f Ka.K qemr c. r c Tpl1BMaJibHOH. PpaHMqeit ( '0 c,. "' 0 ) • Tor~a 
~sa QVIKJia 'E p l1 2r_; 6yl(yT 3RBl1B8..1I9HTHb! ( I'OMOJIOf'HtlHh[), 9CJIH 0Hl1 OT-· 

JIHtlaJOTCR Ha HeKOTOpyro f'PaJi,MI:zy '?J (! p-+ J. , T.e. ~f =. Zf' +'OCf'-ll, 
MH01K9CTBa !.1HRJIOB Z! p ':: { a r J H rpaHl1q B r = f 1l c r +I j TaKJKe o6-
Jla,IIa.IOT rpyrrrroaott CTPYffTypoti, a. lfla.KToprpyrrna 

"2 . 
l-Ip (~,F).,. .I/ ~p , (B.47) 

3.1I9M9HTa\m KOTOpoit RBJimOTCR KJIB.CCb! I'OMOJI0f'HJ1 !.1HKJIOB, Ha3b!Ba9TCR £I?.Yrr
rrott I'OMOJIOI'Htl M, I'I(e F = IR 1 <t 1 Z . CooTHorneHvre MSlf\o:Y rpyrrnBMw · 

H ~ ( M; F) rrpw paaHOM .Bhi6ope K03cfxMJHI.1HeHToa, ycTaHaaJIHBaeTcR c 

IIOMO~bro YHHBepCaJibHOit TeopeMb! 0 3aM9H9 K03¢cfJl1!.1l1eHTOB. 

Hr(H;/R) = Hp(M,Z) ® fR; 
(B.48) H P ( M ; <C ) = l-l r ( H.; lR) ® C = H/ M; Z) ® ~ . 

* . 
C11MrrJIHI.1HMbHM Tpl1aHf'YJIRQHR RBJIRSTCR qacTHh!M cJiyqaeM 6o;ree o6~en 
KJieTotlHott TpHaH~JlRl.111H (cM.i4 I 37/). 
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oJieMeHTBMH H: ~ ( M ~ R) 6yll:fT KJiaCchl KOI'OMOJiorv.lt, SBMKHyTbJX \flopM c 
TO~OCTbiD AO TO~ 

wr ..... w; : w;_ = wr;.._ ol.dp-1 . CB.4s) 
B cv..rry OTMetJeHHolt AYMI>HocTv. 1-1 p · ( N ~ F) « J..l f' ( t1 ·, F ) AJIR 

3JI6ME'mTOB 3TIDC npocTpaHCTB MOlKHO BBeCTH BHyTpeHHee ( CKaJIRpHoe) npo

H3BeA6HHe 38MKHyToll tflopMb! w,. t i! p M 4HKJia c r E E p ' no 
WlaJIOI'HH· c (B.26) 

1' { c,. ,w,.) = ) c.vr, <B.5o> 
Cp 

'T(cp,Wp) Hasb!BaroT nep:m.noM q'JopMbr w,. no 4tfK.rry Cp. EcJiv. 4HKJI 

Cf' a MHoroo6pasHv. M"" 38,1\aaaTb c noMO!JlbiD f'Jia,l!Koro oTo6pB.l!teHHH 

~-~ MP __.. M':-p$11, T.e. Cp:: (MP,-f), TO onpe,qeJieHim nepuo,qa 
(B,50) COBII~aeT C HCIIOJib3Y6MhiM B §2 OCHOBHOI'O T6KCTa. 

IlpHB6A6M 6es AOKa3aTeJibCTBa p~ !flaKTOB H3 TeOpHV. KOI'OMOJIOI'Hti. 

Ha R3b!Ke !flop~ HHTerpaJibHble \flopMy~ Ho~TOHa-~ell~HH4a, raycca-OcTpo

Pp~CKOI'O, CTOKCa H I'pm'!a 0606ll!aJOTCR B O,qHy TeopeMy t:TOKCa: 

IlycTb M - ~ - MepHoe opv.eHTHpoaaHHoe MHoroo6pasv.e c npaeM 

'0 M . W - ~ -!flopMa c KOMnaKTHhiM HOCI1TeJieM. · TorAa 

) dw = ~ w. <B.5I> 
M oM 

IIoA KpaeM n -MepHOI'O MHOI'006pasH.fi M TIOHHMB.!OT COBOKyriHOCTb .TO-

tJeK H3 ~ , ~JI.FI KOTOphlX H6Jib3.fi YKMaTb 0Kp9CTHOCTH, TOTIOJIOI'HtJeCKH 3K-

BHBaJI6HTHOlt IR"' , T.e. ( '11.-1 )-MepHoe noAMHoroo6pasHe. IlpHMepoM 

MHOI'006pasH.FI C KpaeM HBRHeTC.FI map f)~ , KpaeM KOTOpOI'O .FIBJI.FI6TC.FI 

cifJepa S \1.-l • HHTerpaJI B neaoli tzaCTH (B.5I J CJie,qyeT nOHHMaTb a CMhiC-
Jie 

-~ w ~ z ) tp at w 
M c< lJo< > (B. 52) 

r~e { <f..c.} - pas6HeHH.R e~HHH4b!, no,qtJHHeHHoe aTJiacy . { V.., J Ha 

MHoroo6pasHH M. H <f>opMyJie (B.5I) 'a M H~eJieHo ~HpOBaHHolt 
OpH6HT~elt, 

rJI~Koe 0T06pa'l!eHHe MHOI'006pasHll f : M 1 .... M 2 ~HpyeT 
OTo6pB.lll:eHHe \flopM W-tt"'(c.J) TaKoe, tJTo d.(-fl(H)=-f.""(c/w), T.e. 

.3aMKHyTble \flopMH II9peXOA.RT B 3aMKHyTble, a TOtJHHe OCTB.!OTC.FI TO~hiMH. B 
CHJiy 3TOI'O KJiaCCI\l KOI'OMOJIOI'Hll nepeXO,q.RT ,l(pyr B ,l(pyra npH OTOCipMe

HHH t ~ , KOTOpoe 3~aeT f'OMOMOpPH3M rpynn KOI'OMOJIOI'Hll 

f*: HP(r·f:z.~R)-. JiP(M1;R). 
(B. 53) 
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B CCHOB6 llJIPOpHTMa Ai1meMa (CM.§2.3) JI6'1U1T CJI6JzylO!Jl66 YTBep~eHHe, ,IIO

'i:8.3aT6JibCTBO KOTOpOPO ,IIaHO B /37/51: .eCJIH ,IIBa f'JIB,l\KHX OT06pa'KeHHR 

ti. : Mi- M2. ; f .. : M2 - Mi <B.54> 
f'OMOTOliHbl M8'1\IJ,y C06ot\, 'PO HH.ItJ'WlpOBa.HHble OT06paJKeHH.fi rpynn KOI'OMOJIO-

.tA +11' • PHil Jl H 2 COBllat:(BJOT. 

t~-= t:: Hp(M2; IR)--" Hp(M1:R). (B· 55 ) 

)j,aa MHOP006pa3H.fi Ha3hlBB.!OTC.fi f'OMOTO!II1l:J6CKH 3KB~~~I:!.THhiMH, 6CJIH Halt-

.QYTC.FI TaKife oTo6paJKeHHH (B. 54), llTO cynepriosm~HH f,•t.t : H-z- H
2 

H 

·h:\, : M1 - M1 roMOTonm.r ,TO'l'(~CTBeHHblM OTo6paJR:eHHHM. Ha OCHOBaHHH 

3TOI'O .I:(OKa3bTBaeTCFI yTBep~eHHe: I'OMOTO!IW16CKH 3KBHBaJI6HTHble MHOI'006-

@~HH HM6lO~_Q,!!HHa!WBbl6 rpyn!Ibl KOI'OMOJIOI'Hi_!. J1mt"AH ;JIOBBMH, HH,IIy4HpO

BaHHb!e POMOMoprpH3Mbl q,or1 )*= t:•f; H (f.: L)-= t~·t:J!BJIRJOTC.fi 
TOJ!V\6CTB8HHD!MH f'OMOh10prpH3MaMH rpynn KOI'OMOJIOI'Hfi 

Id = r:·t> I-IP(M2~1R)-·d-lr(M 2 :~); IJ=f;·f>H{M.)-tH(~B.56> 
T. e. CaMH f'OMOMOpifJH3Mbl 

f~ =(~i)-1. 
f; H +: . - H30MOp!pH3Mbl, npH ~TOM 

llpHBe,qeHHhle qJaKTbl CYJ!I6CTB6HHO ynpO!J18lOT Ka.K npoqecc BbltJHCJI6HH.fi 

rpyll!I KOI'OMOJIOI'Hfi, Tal{ H llOCTpOeHHe HBHOI'O BH,IIa TOIIOJIOI'Hl:J8CKHX HHBa
pHa.HTOB. 

Mhr ellle eepHeMCH K :JTHM aonpocaM, a rroKa rrpo)l,eMOHCTpv.pyeM HeKo

TOpbre B03MO'KHOCTJ! pa3BHTOPO annapaTa. B TeOpi'IH KOI'OMOJWI'I'IH MOlKHO nO

.llyliHTb TOllHh!H OTBeT Ha BOnpoc, IIpH KaKHX yCJIOBH.fiX f'JIB,.rtKM p-QOpMa 

C0 reHepupyeTO.fi (p-I) -!f>opMott d.. : cJ == d ~ . .J.'I;r.FI OTBeTa Ha 

3TOT BO!IpOC Tp~HQ~OHHb!M nyTeM Tpe6yeTC.fi pemaTb CHCTeMy ypaBH6HHll B 

"tlaCTHhlX 1IpOH3BO,IIHb!X, tJTO HenpOCTO ,qaJR:e B CJryl:Jae 1-rpOpM (cM,/179/rJI,6). 

B TepMHHax KOI'OMOJIOPHtl OTBeT .I:(aeTCH TeopeMott CYJqeCTBOBaHHR ge PaMa: 

I'JIB,l\KM <f>OpMa UJ r TO~a TOI',IIa H TOJlbKO TOI',IIa, KOP,IIa ac..)r= 0 (JIO-

KB.JibHOe yc~oBHe) H ee nepv.o,qbl no eceM QHK.IlBM ~ Cwp, Q.p)-= o (rJio-

68.JibHoe YC.IlOBHe)' T. e. Kor,qa K.Jiacc KOI'OMOJIOI'Htl r w,.] '" H p(M) paaeii 
Hy.JOO. 

KaK YJR:e OTMeqaJiocb, rpynrra H P ( M ~ IR ) H~e.lleHa CTpyKTypoil 

B6KTOpHoronpocTpaHcTaa. PasMepHOCTb sToro npocTpaHCTBa HashlaaeTc.FI 

l:JMCJIOM BeTTH MHOI'006pa3H.fi M H HBJIR6TC.fi TO!IOJIOI'Htl6CKHM HHBapHaHTOM 

~P = rL"-r.,I-IP(M.,R) <B.57) 

Pacc>JoTpHM npousaoJibHOe MHoroo6pasHe M , d..\~ M ::. \'1. • ,l:l.nR 

rpynn KOPOMOJIOI'Hfi H P ( M ·, IR ) HMeeM: H" ( M ~ IR)::: IR , ecJIH M' -
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CBR3HO, Ao {H) -:: 1 ; H 0 
( M·,fR) = /R K , 6CJ!If M '= U Jl1i, (I{-CBH3-

HO), go Cf'i).,. k j H H.(M~~}=I<, eCJIIf M- KOMllaKTHO; .. ~ CBR3HO. 

H0 (1R."'):: \R 1 HP(~")=O npH p >o • 

B cJIJrtiae M : S. "'- .~R BWIHCJieHHH H P ( S"" ) aocnoJib-

syeMcn TeopeMoti Xo~lKa (B.46). EcJIH t.U - 3aMKHYTa, TO d 8' fi> = 6 , 
T. K ~ d 

2 
o{ = 0 , a tflopMa Q - I'apMOHI1tlHM ( 113 flO :. 0 11 KOMr.!y

TaTI1BHOCTI1 clt>. = Ad cJie.IweT ol 0 = 0 ) . llo:JTOMy 3aMKHYTI1e !flopMU 

Bhi~6Jl.f!IOTCll ( KM110pOBOtt"'HbllJI) YCJIOBHeM 0 ~ -:: 0 I T. e. cJ = cftt. -4- r. 
B cH;ry onpe~eJieHim (B.49) Hax0~11M, trTo K~Wl KJia.:!c I'OMOJIOI'Ht! B H"CM) 
co~epKHT a TOtrHOCTH o~Hy rapMOHHtrecKyro ~PopMy H c~ecTsyeT HsOMop-

¢H3M Mellr,ey H P ( M ·, R ) H MHO'K9CTBOM rapMOHHtreCKHX P-¢opM 

Ho.mt(M;IR). TaK, Ha sk. onpe~eJieHh! Jli1IIIb ~Be I'apMOHHtrecime !flopMbl: 

0- 11 \1\. -!flo:pMa (!flopMa o6oeMa). C.lle~oaa.TeJibHO, H0 (S"'; IR)::. IR; 
H'''·<s"~IR.). ~; HP(s"";~)-= o ( p,;. o,k.). 

CB9,I\9HHll 0 I'pynnax I'OMOJIOI'H!l K_ KOI'OM~JIOI'H!l MHOI'OOOpa311R ll03BOJIR

IDT Cy,I\11Tb 0 HaJIHtri1H, CBO~CTBax 11 trHCJie He3aBHCHMhlX peweHHH ypaBHeHHR 

' e~e ~0 TOI'O, KaK 3TO ypaBH6Hife BhliTifCaHO B HBHOM Blf~e. ~6HCTBifT6JlbHO, 
ecJIH M"' - KOMIIaKTHoe op11eHTHpyeMoe pHManoao MHoroo6pasHe, TO 

a) trMcJio BeTTH ~ p( M) KOHetrHo « paaHo tr«c;ry mme:t!Ho HesaBl1:

~HMbiX peJieHl1tl ypasHeHHll A W :. 0 ; 

6) IDJieeT MecTo ~BO:t!CTBeHHOCTb ITyaHKape 

Hp(M) = H""-P(M) ; gp(M) = ~11.-p(M). (B.58) 

KpoMe Taro, 3Ta RH!flopMaqHH rrosao;rneT oqeHHTb CHI1sy trHcJio KpHTH

tre~KHX TOtreK 1JJHR4H:tl If ¢yHKqHOHaJIOB B saBMCHMOCTH OT MHOI'006pasM:tl, 

Ha KOTOphiX OHH 3~a.Hbl, BbiRBl1Tb HaJIHtrHe OC069HHOCTetl y B6KTOpH!1X H 

T6H30pHb!X llOJietl Ha fvf H T.,I\. /36/. nrut OTM6traJIOCb B §2 l1 6y,I\eT llOKa-

3aHO B cJie.IWJOIIIeM pas,I\e.!!:e 1 rpymru KOI'OMOJIOI'Hl\ l1CriOJib3.)'10TCH KaK MOJilHOe 

TeXHHtr6CKOe cpe~CTBO npH llOCTPOeHl1H I'OIJIOTOllHtr9CKIDC HBBapHaHTOB. 

B.5. ~JH.I\aMeHTaJibHa;r rpyrrrra, I'OMOTOrrlfQecKHe rpyrrrr11 

If .~pyrMe TOllOJIOI'MtreCKHe llliBapHaHThl 

!dh! llO,I\pOOHO OCTaHaB.JiliBaJil1Cb mi BOnpocax llpHMeHeHHll TeOpHH I'OMO

TOllHH llpl-f li3ytr6Hl.U'! TOnOJIOI'HtreCJ<IDC CBOtiCTB Henpep11BHI1X. OT06pa'lteHH:tl 

(1JH31itreCJtmc rroJie!t) s §2. ·3~ecb npHBe,I\eM JIJ11llb o6elllaHHhle yTotrHeHHJt. 

3aKOH KOMll03Kl\liH Ha llHOllteCTBe { [S'~ Cf>J} • llycTb tj: (S!N)_. 
~ (cp, ¢.) , r~e N - ceaep1rutt rromoc S 1 , f!!o - OTMetreH-

HaR Totr~ta 'P . 06pasoM S 1 
Ha cp 6y~eT 3aMKHYT!1ti llYTb ,(neT

JIH/ C HatrliJIOM H KOHqOM B TOtrKe rio (pHc.I5a) 
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PHc.I5 

0To0pa'KeHMe tP I'OMOTOllHO OT06pa'K9Hliro .;? , H9Tp11BH-

0 ~ (} .$. ::Jr . B CHJIY HaJIHtrM.R I'OMOTOllKH aJibHOMY Ha llOJIYOKpYJKHOCTM 

F~(9) = { 1(~e):'o~B$2J1v; 52{: Q:.v~9~2:n}: 
nepeao,o,Ruietl 9-= Fs (9) ,(v = i) B ¢' ::: r 112. (e),('ll: ~). llpH S:TOM 

¢cer = { ¢C2B),npH o~ef> ar; f/>o, np11 :rr$ e~ 2:n- )' • 
· PaccMoTpHM OT06palK,eHHe !h : (.S ', N) ~ (c:p, ¢.), c:toHqeHTpMpyeM ero 

Ha TIOJIYOKp.YJKHOCTH .n- .:; e ~ 2Tl B.HaJIOI'Htr!ih,'M o6pasoM J.( o6os-

Hatrl1M trepe3 LjJ (pHC.I50). .nOMII03HQHIO ¢ K tP OIIpe~eJIHM 
rro npaBHJIY · 

lfi·1U~) = { ~ c e > I np11 o $ e ~ :Jl' ; 
$ (8), np11 :rr $ e .s -?:n ., 

(B.59) 

T.e. Mbl npo6eraeM c y.n,soeHHoii CKopocTbiO, BHatrane no i -rreTJie, a 

saTeM rio 2j! -rreTJie. HeTpy~Ho npoaepuTb, qTo ecJIH F~(e) 11 G)/ (8)-
I'OMOTorrmi, rrepeBO~Hil(l16 ¢ ,If 41 B . $6 H iji COOTB8TCTB9H-

HO, TO u HX KOI.ffi03H~HH G '~~ * F' v ( 9) , HH,JJjrJ~upoaanHan paseHC'l'

BOM CB.59), 6y~eT I'OMOT.OllHetl.B pesyJibTaTe, HMeeM saKOH KOMII03H4HH Ha 

MHO'II:eCTBe I'OMOTOllHtreCKHX K-!JaCCOB { [ ¢)} : 

[cj.!Jt] -;:: rc? J .. [t!JJ , (B.60) 

CHa6'!taro'JlHtt { [ c;6] } rpynrroao!\ cTpyKTypott. E.~HHlitffih'M sJieMeHTOM rpyrr-

rru .RBJIH8TCH I'OMOTOlll1tr8CKHil K.llaCC IJOCTOJIHHOI'O OT00pa'1t6Hl!Jt ¢. (fl) ; 
S' ~~ . 

.~• , T.K. , , . 

. . cPo 0 cp = ~ (,.. ¢) => [ ¥oJ * [ ¢] :. [ s6J. 
06paTHU!;l 3Jl8MeHT K ' ( <P 1 onpe,I\8JlH8TCJt KaK I'OMOTOllUqecKK!t KJiaCC 

0T06pa"te'1uft [cj6-1(G)] = [~(h-EnJ:: C¢r1
' rrpo6ei'aJOllll!X Ty ilte ¢ -
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neT.IIIO, HO B oCSpaTHOM HanpaBJISHJIIJII. flpoaepJIIM, liTO c;zS-.t. ~ (9) -p.(B). 
~R 3TOI'O ~0CTaT04HO rrpe~nRBHTb COOTBBTCTBYJO~ I'OMOTOITMD 

{
. p. ,rrp11o~e~J;2,-1,~e~2r; 

F,{B) = rJ (2()- Y). rrpH ~ .$ f) s :Ji; (B.6I) 

f (11z- ~ - 2. e > , rrp11 91 .s. e $ 27i - f ; 
cBRsb!Bruo~ Fo (e)= ,p-J. tjce)JII F2s (& )= $2{ • ITpH v = Ji, F

3
(e) 

rrpoCSeraeT JlHmh ITOJIOB~ ~ -ITBTJIH, a saTeM B03Bp~eTCR 06paTHO K 

¢. ~ rrp~ v = 3"f2. , f:" !Y/.z. ( 9) rrpo6eraeT JIHmh tieTaepTh tJ5 -
neTJIH, a saTeM noaopatiHBaeT K ~. • Bee ~To c~egyeT Hs (B.6IJ. MHo-

JKeCTBo · [ [ rp}} C SaKOHOM KOMITOSJIIWUI (B. 60) HMh!BaeTCR cPYH,ga\leH-

TaJihHOit rpynrroit MHOI'006pas~m cp C OTM8ti8HHOit TOtiKOit ¢• ~ Ill 

o6osHatiaeTci ::Jr1 ( cp, t/.) . B c.rryqae JIHHet!Ho CBR..moro Cf=> ··.~a-
MeHTMhHh!e rpymru B pasJIJIItiHh!X TOtiKax tj!. E cp HSOMOI$Thr c TOqHOCTbiO 

~o BHyTpeHHero HSOMOpPHsMa. EcJIH ~ (e!p, tf•) - a6eJieBa rpynna, To 

1130MOpPH3M e~HHCTB9H6H. Ill rpynrrh! :Jr,(cp,¢•) BO BC6X.TOtiKax cp 
OTOllteCTBJIRIOTCR H o6osHatiax>TCR ·.Jr, (ep) . . PacCMOTpJIIM rro~po6Hee c:rry

tiait cp "' S 
1 

., . 3~aBM S'a · MHO'KBCTBe KOM!lJI8KCHbiX tii•ICeJI ypaBH8HJII6M 

I -zt,. ! . 0To6pa'KeHHe t : S 1 
... S. J oc~ecTBJI.A:eTc.A: rJI~I<ait <PJHKI.l'fetl 

f(i:) = Z!'"' , r~e tt. - qeJioe tiHcJio. Jlro6M TOtiKa gJ pery-

J!RpHa OTHOCHTSJrbHO OT06pallteHHR -t , T.K. rrpoo6pas f-.l ( Zo) · Jl!O-
S J . 

6ott TO'CIKH ~., t COCTOJIIT ~fS 1-\. TO'Cl8K - KOpHeit CT8ll8HH h.. 

Hs Z.;. . , a RK06HaH OTo6pa'lteHH.A: -f JIIMeeT paHr· I. Pas6He-

HMe Ha I'OMOTO!lHtl8CKMe KJiaCCH llO~p06HO o6cy:I(,IlaJIOCb B §2.2, 3~8Cb Mhl 

JIHmh Y'l'04HJIIM, B ItaKOM CMb!CJie 'CIHCJIO '1-1, . , peaJII13YJO!J168 JII30MOpPH3M 

.1r t ( S 
1 

) ::- Z , RBJIRSTCR CT8ll8Hhl0 OT06prut8HHR. 
. ' ~ ~ ~ 

ITo orrpe~eJieHroc (/27 I, t~. 3 §2) , . cTeneHbD OTo6pa-.ceHHR T : M """N 
~yx CB.RsHmC oplfeHTHpoaammx MHoroo6pas11tt B peryJIRpi!Oit TOtiKe CV E N 
I'~e llOJimrit rrpoo6pas f' ( '\1) COCTOHT 113 KOH64HOI'O 'CIKC.Ila TO'Cl8K p~ 
HMb!BaeTC.R CJMMa ot· 

Q :: cleo. ( ~) =· L s~)\. det (~~. y.). (B.b~) 
a cv p;. ~ 1-'(q...) . <J .. 

3~8Cb (X 
1
, • •• 1 X ... ) , ('a 1;. • • • ~ \ ) - JIOKaJibHhle KOOp~HHaTbl B 0Kp8CTHOC-

TK Totnrn q, € N ... H TO'IleK pi. E: f'Cq,) € M"" cooi'aeTCTBeHHo. 

06h!4Ho TpeOYJlT, •.rTo6u M"' tih!Jio KOMnaKTHHM MHoroo6pasKeM, .Ho a To 

Tp960BaHKe MOlKHO CHRTh, paCCMaTpKBM TaK HMllBaeMtie. C06CTB6liH!18 OTOO
P8.l!t9Hl'JR ( CM ./27 I' CTp. 253) • 

Ha rrpaKTHKe ~Jill Bh!tlHCJieHHR cTerreHK OTo6p8.l!teHH.n Q ucnoJibsy

eTCR CioJiee rrpocTM r1JoPMy.na. Bc.nn w "" W(x) olx' 1\ •• •. 1\diC"'-k- <flop-
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Ma Ha Nk.. , TO 

T.e. 

~ f 4
(w) =(de3-f) 1 cu 

ole~+ = ~ t~(~)/} Cc) 
.M M 

(B. 53) 

- (B.64) 

r~ . 
r~e j . - J1H,Izyl.lHp0BaHHOe OT06pa?KeHHe <flopM, ITpH aTOM 06b!4HO HaKJI~bl.:.. 

aaeTCff ycJIOBHe HOpMHpOBKH ~~ "' ~ • I .· t . 

BepHeMCR K OT06palKeHY.AJ t : s (e) -o s (<9) B JIOKaJibHOH (yrJio-

BOH) napa\leTpHsaqMH. HBHb!H B~ WHKI.li1H c.p ": t (e) . ,qoJ!Jll:eH Y~OBJieT-. 
BOpffTh ycJIOBHIO t ( e-+ 2:n) '"' t ( 8)' + Q Ji k-, OT0-~9CTBJIRIO~eMy TO'CIKJII, 

oTJIHtlalOI!li18C.fi Ha 2JT"'- , r.n.e "---. qeJioe tiHCJIO. B tiaCTHOCTlf, paccMOT-

p11M ~ ( 9) :. "'- 9 H 3~~MM !~!flop~ ( "06'heMa" ~ Ha S .1 '- 'c.) i:: cJ e ~ 
Tor~a 

t"Cc.u) "'d{f(9)) = l'l.·c( e = 'nw j • 

~ t*Cw)'"' h-) w~ h.,. ),Y'Cw)Jis co·, <B.65> 
ls• s• · s s• 

T. e. '.'\, € 'z. ~eti:CTBI1T9JibHO CTeneHb OT06palKSHHR g f ""'* S .l , a 

a CHJiy (B.53) t* peaJIHsyeT roMoMop<flMsM H'(S') ..... H'(S') 
Bcmwe KOMrraKTHoe opMeHTHpoaaimoe MHoroo6pasHe M "" OTBetia-

eT seeM Tpe6oaaHHRM orrpe~eJiemia .,_ -l.lHKJia. CooTBeTCTBYIDI!lHtl KJiacc ro-

MOJIOI'l!tl: [J.tl I'eHepHpyeT rpynny I'OMOJIOP11ti ~~ ( Jl1) , T.K. ,JV11I 'JII06oro 

csasHoro M KJiacc roMoJiorult '-1. -~KJIOB KpaTeH [M] . Ilo~TOMy B TepMHHax 

TeopHH roMoJiorutt cTeneHh oTo6pa'KeHHR f : M 1 - M 2. MOJKHO orrpe~e-
JIJIITh <flopMyJIOtl · . . 

t(fH,1J-: (ole}\){ M2] ·, ded~ .. f,.([H,]VrM&l·<B.66) 

06paTI1MC.R Tenepb K CllOC06aM BbltiJIICJI9HK.R · Bb!CmHX I'OMOTOllHtiBCKUX rpynn 

..Jr"- ( cp) Jll TOllOJIOI'HtiBCKHX JIIHBapKaHTOB ~Jill MHOI'006pasKit I'pynrr 

~0(\\) 11 5 vc .... ) .. c<flep S"' 11 O~HOpO~h!X rrpocTpaHCTB Gl/H. 
Bb!cliiJIIe roMoTonHtiecKue rpymn.r Jr"' (. cp) orrpe~eJIRIOTC.R rro aHaJIOI'KK. c 

<fJJH,qaM€HTaJihHOtl rpynnotf llJT9M 3~aHH.R 3aitOHa KOMil03111.lKK Ha MHO~eCTBe 
roMoTOlllfll.ecKKX . KJiaccos. [ ( ~"' , cp)) . EcJIJII . cp ... Q - rpynna .IlK, 
TO. j'MHOlii:BHHe B !J\'..,_ ( cp ) s~aeTC.R C llOMO!IlbD YMHOlltBHH.R B Q . )4,"I.R 

T01lOJIOI'KtieCKH.3KBHBaJI8HTHh!X MHOI'006pasKtl HX I'OMOT0lllftl8CKJI!e rpymn.r COB

IT~II!lT. MHOI'006paslfe ~ O~OCB.A:3HO, 9CJIK Jr, (cp) = 0 o T.K. JID60t:\ 

KOHTyp Ha 11) MOllll{O CT.RHyTh a TOtr.<y (Hanp11Mep, c:p = ~ ... , S"' (tt.">..-2) ). 
Q~aKO, S 1 H90~0CBR3Ha, T. K. Jr1 (_ S 1 

) ::- Z, H60~0CB.R36H. H TOp . 

'T'"2. .. S.' (g) S 1 
, T.K. Jf1('1'L) ... Z q,z , T.e. Top ,qaycB.RseH. 

3aMeT!iM, 'CITO Jr1 ( ~lT(2.)).,. Jr1 {. S~) = 0. , B TO BpeM.A: KaK Jr1 (SO(!>))=Zz. 
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-: 

3To e!Jle OMiO Bb!pa.Jr.SHHe Toro ipaKTa, 't!TO S U( 2) ~B~hl noKpuaaeT 

so(.!>). . 
fiOCKO.IibKY {f>H3HK8.M pe,li.KO npKXO,ll.liTC.II 3aHHMaTbCH HSIIOCpe~CTBSHHhlM 

BbltiHCJISHI18M H8H3!l8CTHhiX rpynn Jr" (cp) , liTO .IIBJifiSTCH B OCiGlSM CJiy

"ttae CJIO"!OiOH 38,!\a"tteli, TO, CJI8,!1.Y.fi paiSOTe /29/, yKa.l!tSM Il0Jl83Hh!H CIJOCOIS 

Bhlpa.Jr.8HJ.IH Hf3J.I3B8CTHbiX rpynn Jr 't (Cfl) "ttepe3 H3B8CTHhl8. IlyCTb Ha il/ 
,!1.8HCTByeT rpynne. npeoCipasOBaHHl\ Gl , TOI',ll.a,OTHOCH'l'SJlbHO ,!1.8HCTBHH 

Gl, cp pas6HBaeTC.fi Ha KJiaccu :1KBHBaJieHTHOCTH cp / r;; . Km<,ll.hlli ns 

KJiaCCOB ~KBHBaJISHTHOCTii HDJ!HSTC.fi opiSHTOfi rpynilbl ~ , a OTO~pa.Jr.SHJ.Ie 
fl , CTaB.fiii188 B COOTB8TCTBI1e TOqKe t;zS ~ cp ee opOHTy 0'€ cp/Q 1 

Haab!aaeTCH npoeKLV~Sli n: cp-'+ c:p /Gj . KpoMe npoenJ4HH MOlKHO paCCMOT-

peTb BJI01KSH"A8 i., Op6H'i'hl . rpynilhl c;:: B MHOI'006pa3jf8 cp 
i. : (f ...... cp . EcJIH + : X -+ cp · - Henpepb!BHOe O'l'o!SpallteHHe, TO CYJ18CT

ayeT I'OMOMOpPH3M I'OMCTOIJJ.I'qSCKJ.IX rpynrr: 

* f : Jr"' ( X ) - .Jj""' (~) I 
(B.6'7) 

J.l COOTB8TCTBYJO'Ilafl IlOCJIS,li.OBaTSJibHOCTb I'OMOMOpPJ.I3MOB 

.Jr~ (0") ~ Ji~ (cp) ~ Jr"' (Cl>/c;) (B.68) 

EcJIYI sTy nocJie,li.OBaTeJibHOCTh rtpO,li.OJI'KY.Th c noMO'JlhlO rpaHV.'t!Horo roMoMop-

cpH3Mli d ! ol 
Ji~ (Cf>/~ ') ~ Jf\o\~1 c &) ' 

TO IIOCJIS,li.OBaTeJibHOCTb CTaHOBHTC\ TOtiHOH. HanOMHHM, 't!TO.IIO«;:JIO,li.OBaTeJih

HOCTb roMoMOp<jl113MOB · A ~ ~ -+ C H3.3b!BaeTCH TOtiHoli a B TOr,ll.a H 

TOJibKO TOI',ll.a, KOI',ll.a ~WI ~ -::. K'e.r- Qv , I'JJ,e ~hi! = t(I\)E; & -
o6pas A a S, a K'e..t- ~ - MHO'KSCTBO ToqeK 113 B, oTo6pa'KaeMhiX B HOJib 

llHO'ItSCTBa C (CM.pHc.J6) 

e> c. 

Pnc.I6 
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~H HaC 6y,li.ST Ba"!OiiDA CJl8,li.YlO!ll88 CBO~TBO TO't!HhiX IIOCJIS,li.OBaTSJibHOCTSli: 

nocJieJJ,oBaTeJihHOCTb e -. A .±. & - C ... e , TO't!HaR TOI',ll.a H TOJibKO 

TOr,ll.a, KOI',ll.a C = &/Jwrf • EcJIH C ·~ B/ A - !fJa,KTop-rpynna, TO 

e- A .f. & ! c. - e - TO't!HaR nocJie,ll.oaaTeJibHocTb. 3,ll.ecb e 
e.n11Hifl.!Hhl8 SJieMeHTbl. 

I1pHB8,!1.8M npmtep!l TO't!HhiX IlOCJI8,li.OBaTeJibHOCT8lt I'OMOMOpcp113MOB. 

r:, e, .i Zz. !A:. SV(2) ~ SO(~)~ e2. . (B.69) 

~ech t: - BJ!O".KSHMS 8,li.HHH't!HOH MaTp~ e 1 -::. c:l.; Q.c;} ( .1 ,1) B 

7L2..-::. { e1 ,-e,J; . ~ - BJIO:KeHHe rpyrnru . z,_ B 31f(!.!) C 

sJieMeHTBMH (.='-~ f!>O() ; ~ l - CTep~orpacpJ.I'tt~CKafl npoeK~.!l· ,!1.p06HO-

JIHHSi1:HOI'O rrpeoo.pasonaHH.fi s ~ : Z-+ c('Z- @> a SO(!.)_ ; \( -.. . ~Z+~ . 
OT06pa'KSHV.e :'lJieMeHTOD SO(:,"') B e 2. = oU~ (..,' 1' i) : B Ka-

't!SCTBS C.'IS,li.CTB!i.II HM88M 

S.O(o) = S V(2.)/ Z 1. (B.70) 

2: -t . <}. t . \( 
e.~._,. SU"("-) ~. V('11-) - 1J(1)·- e 1 • (B. 7I) 

3JJ,eCh <t - BJIOlltSHHe 5 V( 'k.) 
cl.e.t : de. t dE. U"(1) ; r,1;e 

B V(k.) ; 
ca- €. 'lr(;.,) • 

-R. - OT06prur.eHHe Bl1,ll.a 

B Ka"ttecTae cJie~CTBH.!l HMeeM 

V(1) = -lrc"")/ ~;v-("") (B.72) 

ITpHMeHHM Teneph TO't!HYD nocJie,ll.oaaTeJihHOCTh 

~ :rr"'(Cr) ~ Ji~(t+>) ~ .Jr"'(cp/~) L Jr\ll-t(&)~(B.73) 
,li.Jl.II OTHCKtl.HH.!l Jf ~ ( cp) • 
I. C!pepy S"' npe~cTaBHM KaX O,lJ.HOpo,li.Hoe npocorpBHCTBO S"" :: 
:. SO(t~~+ 1)/SO("). llpH l1 > 2 : :Jr 1 ( S ") = 0, Jr 1 (~1"0. Tor,ll.a 

0 = :ll"z.(S ... ) :_. Jr1 (~0("-))'~.T,(SO("+t))..,n :i,(Sn)=O. 
0TKy,ll.a CJie,li.YeT 

Ji
1 

( ~O(k.Y) -= Jr, (~0("~ 1) ). (B.74) 

·2. He"tteTHouepHB.H ccpepa S 2.i1-i = ·sv("')/S.1I('11-1),tr~2npHJ30,li.HT K 

IlOCJie,li.OBaTeJibHOCTH 

1 · o1 . i. .n ( 211-1 ) · 
0 = lTz.(~ t~- 1 ) ~ J,(Slr(h-t))~JrlSV("'))_,.Jr, ~ ::. 0. 

DTKy,ll.a CJie,li.YeT: :rr 1 ( S 11"("')) = 0 , T. e. S 1T ( "") - o~ocaHsHa. • 

3. Hs COOTHOmeHH.II (B. 72) HMeeM TOtrnyll IIOCJie,li.OBaTeJibHOCTb _npH k > i ; 
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l 
j! 
:1 
J.l 

li 
fi 
!i 
i! 
I 

li 
l! 
il 
I[ 

!I· 
! . 

Ta6.mm;a I. Pe3yJlbT&Tii .BwmCJieHHR rowoTomtttecxHx rpynn CWeP 

H JUiaCCHtteCKHX rpynn JlH 

cp 3", Ji:., Ji.!> jj" lis I Ji, I Jr7 I :r.~ I :Jr\( ' \(:> 2. . - . --- ·---- .. 

gl :II' lC ( s,1 ) = 0 , l< > i . 
) 

z 

·2:~1 z.~J z1_1! 
. ---·-

s2. 0 .z z .JI'te (S2
) = 0, 'I(' >6 

s!> 0 0 z ~IC (S~) ::- Jl'~e (S.z.), K ;>3 
--------------··-- ...... 

s" Jr (S"')=O k<h. · '1\ , , Ji'" ( 5") =. ;z; YM1 (S")= Jf"u(S")=]1 

('1'1>3). Jrm(S")=Ji'"' ... (s,.,+'), m<2t~-1; 'Jl''h+3.(S")= Z2zt; 

Jr\'\~zt t S,")-= o, Y\ ~ {,; Ji"'-tS(s") = o," ~ 7; Jr4n_1 (S
2
") = Z. 

S,O(~) -~ 0 z z, :rr>c (SO(!.))= Jr~e (S,!•), 1( ,. i 

~~~ " 7sZ Z,s~ JriC(s.o(4))= .Jr~e(S~)~J1'1C(S3),1<>1 ~0(4) .............. 
........ '?" 

~o(s) 
. "$l ~~ Z z.. 32> (so( .. )) ..,. z, n ~ s; Jr" (so(")) =0,11>s ........ 0 0 Cl) 

~0(\'1) 
r.IJ .......... ..._, 

JT (S.O(t~)); JT (SO)- CTI\6UAbHCI<;l i < k ~ l'l- 2 
('1'175) l=f ~::;"' IC IC fPY 110~ • "' 

£:,0 . z2. 0 z o o 1 o 1 z 1 z~. T Jrk~.,. c~o)=Ji.l~) 
U'(i) Ji,._ (VCt.)) :: 0 1 ~ > l ; Jt, (lT(\)) = z 
e.1r(1) 0 0 zj J[K (<;"U'(t)) -= :Jil< ( S:!.) 1 \< :> i 

~1T(~) 0 0 z 0 Z-1 .Jrq(SU( .... )) = 0 , ~ ~ ~ 
~11(\..) Jt1 (S'\f(t~))-= 0 ~ '"- ~ 1 ) Jj'2. ( ~'\T("")) = 0, '1'1. ':>,.. 1 

Jil>(S'\T('III.))-=- 2, 'Ill.~ 2. ; =rr'lt(SlJ("-)) = :J:,_(V(-.)), k;.i 

V("') Jt1 (V("-)) -= Z 
7 

"'- _.,. i i 
J!~ (V("')) = Jt'lt (V)- CTr"p~~~~ltA'A ; 1~ k ~ Q'tl-i 

v z 0 Ji 'lt-t'2. (V) .... Ji ~ (lT) 

g.·r(") Ji,(Sp('-)) = 0, \\. ~ 1 i .Jr:!o(Sp('-)) ~ Z, \17.-1 

xl((c;p("'))= z2.,- \1\.>i 
:iit((~p('-)) : :I (~p) ·, JrK-~o~(Sp) = Jf'< (~!_) ' -----
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. . ol . • il .. . 
0-= JTK-+1 (V(\)) ~ JT~t (SV("')) ~ Jr.c(V("'))!...t JI'I<(V(•)):-~. 

C;re.n;oaaTeJibHO, 

JtK ( S.l.r("'))"" Jf~e (V("')). (B.75) 

TipHae)l,eM e!!le Ph.-1:\ qia.•tToa ns Teopml Korm~o;rornn rpyrm J'lM, KOTOp'Oie Hc

noJib30BaJIHch npH ITOCTp08HliH RBHOPO Blil\-'1 TOITO.'!OP!iti9CKOPO 3ap1Q:la. B f2.3 . 
B KattecTBe reHepaTopll rpy:um H 3 

( S 1J( 2.) ; JR.) Bhi6HpaJiacb S U(2) -
HHBapHa.HTHM rpOp!'.!a (2. 18)-(2. !9) Ha OC!IOB8 o6n~ero ITOJIOl!t8HHR, qTQ KOPO

HOJio'nm O)l;HOpO~Hb!X npOCTpa.HCTB KOMITa.KTHOn CBR3HO!:i rpymn,r Jill MOPJT , 

6bTTh. Bh!T!¥.CJISHl>l c ntmoiii&ID TOJibKO mmapnaP.THb!X rpopM ( /37 I, §I) . Jho6aR 

K0Mlla.KTH8.fl rpynna .Jin ~ ItBJIRSTCR, KpOM8 TOPO, CHM!t.eTpl1tt8CKHM. 

ITpOCTpaHCTBOM rpyiTllbl ~ ® ~ ; ,nencTBYJO IteH ITO ITpE.BHJiy . 

'rcra-,t)(x) = ~·X·R.- 1 • (B.76) 

llo3TOMY cnpaBe)J,JIHBhJ yTaep;w,emur: a) .mo6a.n: sa.MKHJTM qiopMa J-!a 6; 
KOPOMOJIOPI1'4'Ha UHr!ap118.HTHOii; 6) JII06M HHBap!-!aHTHM rpopMa Ha Gr 
3&1KHyTa; B) HHBapHaHTHaR (HeHyJieaa.n:) QOpMa HHKOP)l;a He KOPOMOJIOPHqHa 

HyJIIO. B CHJiy TOPO, qTo H:l. <;:: ' cyu~eCTBYCT HHBapH8H'I'P.M M8Tpm:a 

KHJIJillHra, TO MO'KHO onp8)J,9JII1Tb HOpMHpOBa.HHblti V.HBapHa.HTHbli1: 3JI8M8HT o6o

eMa d ~Cca-). Tor,o;a ~OH saMKHJT?ti tflopMe CV MO:~tHO conocTaBHTb 

HHBapHa.HTHYJO !pOpMy W no tfJOpMy.rre 

;;s = 5 <; r:r* w d /'1 r3>. (s. 77 > 

B c.rryqae KOMITa.KTHOi1: rpyiTllbl Q HHEapH8.HTHbl8 !f.OpMhl W - ')TO 

, ~BYCTOpOI-IHe HHBapi1aHTHb18 ( OTHOCHT8JibHO npaBb!X 11 JieBbiX C,ll;BHPOB) :fJCpMhl. 

Mbl ITOJib30BaJIUCb HaJIWmeM Ha G; JISBOHHBapHa.HTHO!:\ I-¢op1~bl cU = s-l ol '} , rip11HliW'UOII1eli 3HaqeHH.fl B aJire6pe Jin rpyrrllbl . cr . flp11 npaBbiX 

C~BHrax Ha ~-t 3Ta cpOpMa npeo6paayeTCR ITO npaBHJiy W - l.V': 
= ~ C0 ~-i • CooTaeTCTBeHHo, .ecJIH rpop:.!a W ~msapHaHTHa OTHO-

CHTeJibHo DHyTp8HHHX aBTOMOJXPY-3MOB, TO CHa ~BYCTOpOHH8 HHBapHaHTHa. 

TaKHe tflopMH HaxOARTC.fl BO B3aa~O O~H03HaqHOM COOTBeTCTBHP. C aHTHCHY-

l'leTpHtiHb!MH ITOJ!liJIJUi:efuib!MH tPYHK~H.f!MH Ha aJire6pe .Jht ~ . rpyrrm.r G; , , 
~IHBapHaHTHHMH OTHOCI1TeJibHO BHyTpeHHHX aBTOMOppH3MOB.B ttaCTHOCTH, rrpH

MepoM TaKHX qiyHKqHR C~T 3-JIHHenHa.fl ¢y!IKqHR Ha BSKTOpHHX ITOJIRX E aJI

r.e6pe JlM, cocTaBJieHHB.R c ITOMOII1b!O rpopMhl KHJIJIHHra ua o/ 
< X , [ Y , Z 1/ :. 1 otNf X~ Y ~ Z o. <B. 78) 

B cJiyqae G. = SV(2.) c ytteToM (B.25), cooTaeTCTBYJOUJeR liOpMH-

P0BKn H Toro, qTo KHpaJibHble TOKH . L f1 38,1l;aJOT peru:ns8.I.\HIO 8Jlre6pb! 

St.( (2), npHXO~IIM It .fiBHOMy BU,ey TOnOJIOPHqecKOPO_ 3apfQ:la (4.4); 
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B 3a.KJIIOtierme npHBeAeM BhltiHCneHH.II ti.'IeHa Becca-3JMHHO B cpopeyne 

(8:46). flOCKOnbKY (A)S. B (8.36) 38MKHyra.II (popr.ra ( dc.'JS = 0) ~a 
A11CKe l)+S , TO ~n.II ee Bhltil1CneHl1.1I BOCIIOnb3yeMCH npeACTaBneHHeM 

D~ .... S 3 X s'IC [0,11 H paC!UI-ryHM none 1J(i,+)-+Y(x, tip) TA.Klitf 

o6paaoM, tiTo6w Ha rpaHH~e npocTpaHcTaa MHHKOBC!toro V( x 1 t , p = 1 ): 
=. l.T(i, t-) • B c11ny o~Hoca.rr3HOCTI1 SV{3) (:JTj (S'IT{3)) = 0 )11 nepHOAHlinoc

Tl1 . A(+) a (8.44) Taxue pacm11peHJ18 Mo:mo Bb16paTb a m~e 

V(x,t,p)= A+(t)p) V{x)A{t,f). <s.?g> 

flpeHe6perrur qneHaMH, He Aa!OUlJilMl'l aKna,u,a a liJiea Becca-3JMMHO, sammieM 

e,r>J>.fa- Sp [ Lr L J) L>. L 
1 

Lcr] = S8.o_.gc.c.'i'Sp [L,~ l.J·, Lq l,~]= 

=- 5 e.D.k. c.e'/ ~ [ L,· Li A Vfuq ~·ll~.B Vlf~ UA~ <~.eo, 
f'Ae Q 1g1C - r!pCCTpaHCTBeHiihle J.:H,JJ;eKChl, a t' I j • YIH,ll,eKCbl, CBfl3aHHble 

C nap.'3MeTp8.MH t Vl f , 8 CHny MHBap11aHTHOCTI1 OTHOCI1T8nbHO npOCT

paH,~TBeHHHX: Bpa.!ll8Hli~ cpOpMbl W S HaM H8T He06XOAHMOCTl1 BhltrnCnRTb ee 

3HaT.IeHHlt EO BCeX TOt<KaX: S 3 
, AOCTaTOliHO HatiTM :1~11 3HatieHHlt ,IJ,nH 0~:.. 

:wro H3 HarrpaBJiemrn, HanpliMep, Ha oc11 z ( x = (o, o, 'l)}. 
Torga 11MeeM Anlt (8.4~) 

v( x >.- V('2) = Ms Bc2J + L. 13 s-,·n.. er'l.J 

ro, 2 v ... ,· 7',. 1 a·711 B ; uf13 7F = t' r.J e / 
J 'Z. 

(B.8I) 

11 B pesynbTaTe Bbl'mcneHHi1 Ha'CO,UI!IM 

c ah zr+ fdQ 71' 7J'Ttpi vvtroe 7F = F{'l)·I. (B.82) 

. Jl~CTaBI1M nonyl!eHHH8 3Hat!8HI11I B (B.80) 

_l_) ~ c~S'): iQ )~2Xe~j 
2ltOJT'L c+ P 2 t) s 2 

r,IJ,e ~ - ?onoJIOf'HtJ:ecKI1~ 3apflA. ABYM8PHHi1 AI1Cn 

napaMeTpwsyeM "!10JII!pH'>!MI1" KOOp]\HHaTaMY. p 
:-!MeeT CMHC.ii p~11yca, t - yrnOB9J! nepeM8HHaJt, 

Sp ['D, A+?>j A}, <B.83l 

D:~. ': [0,11)1 (OI21i} 
i1 t TaK, liTO .P. 
TOf',IJ,a 

( 
\ o_a o ) 
o ~e -J 1-~L 
o -{1-p~. ?ett 

Ac~,t;-= (B.84) 

B pesynhTaTe ITO,l!,CTa.HOBKI1 B (B • .ilj) HaJCOAHM 
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e~i Sp ['i'i A+oj A]-=- 2ip, 
no:>TOMY 1 2.'ij 

l 

~1. ) + ~(t S") = Q~pdr~olt =:;rQ. 
bs . 0 0 

,nouoJIHeH»e B. HEKOTOPHE METO,IO:l: PWKI-U111 KffPA.lihHHX 
JIAI'P AHlilHAHOB 

(B.85) 

3AeCb Mbl np11BO,Il,I1M Ha6pocKa AOKasaTeJibCTB » MJIJIIOCTp~1111 PRAa· yT- · 

Bep'K,Il,9HMti H3 §§ 4,5 OCHOBHOf'O T8KCTa, flOSBOnmoiTjHX CJ3HTb Kpyr B03MOllt

HHX no.n.cTaHOBoK npH OTHCKaHHH ~~oB WYH~oHanoB B KHpanDHHX Mo.n.e

ni!X. B tiaCTHOCTH, npa.KTI1li8CKH BC8f',IJ,B. MOJKHO Or'paHI1tiHBaTbC.f! KnaCCOM CTa

Tl1t!8CKHX rronen, 8CJII1 ~I.IHOHaJI KB~paTI1t!8H ITO Bp8M8HHb!M npOH3BO,Il,HHM; 

~To MU 11 AeMOHCTp11pyeM Ha npHMepe ~Kqi10Hana CKHpMa (4.5). Ecn11 ~YHK
~HOHaJI 11HM.pHaHT8H OTHOCI1T8nbHO npeo6pa30Batmll 113 rpynilbl Q , TO COP

nacHO TeopeMe KoyJIMeHa-ITane M'HlrnMJM ero cJie,IJ,yeT JicKaTb cpe,IJ,H Gj -
Y!HBap>raHTHb!X noJieti. B pas.n.ene B.2 113naraeTC.f! u;~eii AOKB.SaTeJibCTBa 11 

.n.aeTCJt KOHTPfiPMMep,rrpOltCH~UjJillt CYm9CTB8HHOCTb YCJIOBHlt STOlt T90p8MU, 

H plt,Il,e c;ryqaes II.W:KHO B pesynbTaTe pe,IJ,YKqvm rrpHltTH K ifJYHK1.1110HaJiy, y,IJ,OB

.ri:eTsopmo!lleMy ycnoa>r.HM TeopeMb1.4.3. Tor,IJ,a MeTo~oM ccpep.rqecKoti nepecT

po.tiKl'l MOlKHO Ilb!TaTbC.fi OTb!CKaTb aH38Q, p.9aJIVl3YfOl!l'lll a6COJIIOTHblti Ml1HJ.1MYM 

tPYHKI.Il10Ha.Jia. MJIJIIOCTpawm M8TOAa ccpepl1tieCKOti nepeC'rpO!btH AaHa B 3a.KJI!Olll1-

l!tU8JlhHOM pa3.n.ene. TaxHM o6pa30M, npocl4aTpi1BaeTcrr HeKOTOpM cx:eMa no

cJieAOBaTeJibHOi1 pe,IJ,yK~l'llt ifJYHKI.IHOHaJIOB, KOTOpaii MOJK8T 6b!Tb HCIIOJib30BaHa 

rrp11 peruemm APYP11X sa,~aq. 

B.I. Pe,IJ,YK1.111Jt K cTaTHlieCKHM noJLmf 

llpv.ae.~eM Bh!Kn~KH, TIOATBep~a!OUlJile aHOHCHpOBaHHoe B §4. I yTaepllt-

.n.eHae, tiTo Jto~f H (4.5) pea.JIV!3yerCH Ha Knacce' cTaTHtiecKux noJiei1. 

IlO,l!,CTaBI!IM (3.3) 11 (3,5) B (4.5) Vl Bhllii1CniW: !Unypb!. llp11XOA11M'K Bbl
pa'KeHmo /90/ 

H = ~d~xf2~~[("bo9f+(o,Gt+ si"~e((oo~Y·+(~,~)L)] + 

-_ + e2~\'\1.9 [(~o~)Ya,9)1 +C-a,~SCooe)'"+ ("bi.~)2.(-a~eG)'"+ 
. . 1.9 (. . 2. '1 1. i 1( )1 
- + ~h (oo~oc~~h) -(~.~,o,~)+2(7l,!:!:) D1<~- <B.r> 

- ~ (~~~-~I(~Y)- 2),9~~G(~o~·o~n)-('),9ai(G)('b.:!l·aK~)]j. 
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PaccNaTpHBM (B. I} KIUC cflyH~ OT ("~. !l) H ( ~. () ) , NHHHNH3Hpyew 

ee no 3THN nepeNe!UWN. IlpHXOAHN K CKCTeNe 

(a) {~.~ [ 2~ .. + e.~.h~ J .. e.t~, ~ ( 1_ .. ,k~) ; 
~.e [ 2~ .... E.1 h~d = e'to,e(h ... b.i). <6> 

}:tONHOllM ypaBHeHHe {a) Ha £li ~. $-,'11. '-6 , a ypaBHeHHe (C)) Ha '(Jc" e, 
H CKJia,IUmM, npHXOAHN K, paseHCTBY 

( L .. · Li.) = o. - - (B.2) 

H3 (a) H (IS) 3aKJIIlllaeN, liTO 2o!!; = o.fJ=O HJIH /.., .. = 0 , 'ITO H 

nOATBepliAaeT BYCKa38.HHOe YTBepJIAeHHe. HeTpyAHO l3~eTHTb, 'ITO aHaJIO

rHmme YTBepliAeium !5yAYT cnpaseAJIHBY AJI.H JII)6oro ~OHaJia, KB8,I!,pa-

. TH'lHOrO no BpeNe!UWN npOH3BO,ItHYN. 

B.2 .. Pe~.H K G -HHeapHaHTmlN noJI.HN 

(B.3) 

3A6Cb HCnOJib30BaH CHMBOJI CKaJI.HPHOro·npOH3BeAeHKR AJI.H 0603HalleHH.H JIH

HeAHoro ~HOHaJia Ha C?o . 
. · C ,~tpyroA cTopoHY, H3 Gf -HHeapHaHTHOCTH cflyHK~OHaJia I= [ szf 1 

CJie,IU'8T, 'ITO 

b" F -= (X,~~) = (X~,~¢'~), (B.4) 

rAe X} H 0 s61 - CYT& BeJIHtlMHY X H ·b fb , npeo6pasoe&HHYe 

noA AeAcTBHeM :'IJieMeHTa ~ rpynny Q . 3aMeTHM, 'ITO 

'0 I= : F [ ¢ .. + '8 s6] - F [ ¢".1 = F ( d f.+~¥;} 1 -
- FC¥.1 ~ F [<f .. +'b<f}1-F[sz{.],.. (X ,bs£d). 

(B.5) 

CpasHeHHe (B.3) H (B.4) noxasYBaeT, ~To (X~-X, 'b ~~) = 0 H, a cHJIY 

npOH3BOBbHOCTH, HaftAeN 

X} -= X . (B.6) 

CooTHomeHHe (B.6) psHallaeT, 'ITO X HHeapHaHTHO noA .I\!tACTBK~M 
rpynny. OcSosHallHN MHOlleCTBO HHBapHaHTHYX none!! X llepes ~ 
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fioAqepKHeM pasJIH'lHe MHOlleCTB .c:P. H Po , TaK KaK a conp.lllleHHON 

npocTpaHCTBe,. K KOTOPOMY npiDiawrelilliT X , rpynna Q Moll:eT AeAcT
aoeaT& HHalle, qeM Ha ocHOBHOM noneaoM MHoroo!5pasHH. 

HaxoHeq, cooTHomeHHe (B.3) osHaqaeT, 'ITO X . npHH8,I!,Jieli:H'1' aH

fiYJII'ITOpy MHOlleCTBa · 'P.. , T. e. X E · <P., * . <>TcJJAa HeTpyAHo 3aKJII)

qHrb, tlTO S F = 0 HJIH X= 0 , ecJIH 

c$0 n cpo1t -= ~· (B.7> 
- nycToe MHOll:ecTao. TeopeMa AOKasaHa. 

UpoHJIJOOCTpHpyew cyiqecTBeHHoCTb ycJIOBH.H (B.?) npitMepoM, npHH8,I!,Jie

li:8IJtW.f O.A.JI~eHcxoR. PaccMOTpHM Ha nJtocxocTH !it'= { x: x '} ~~o
HaJI l cflyHKQHil) F [ ¢ ] = f ( x 1), KHBapHaHTHYR OTHOCJITeJI&Ho AeRc'l'BH.Pr 

rpynnY G; ~ ~ : 
rp :. { x~, ::1! '"} ~ ~ f = { ~' + '7: x \ ::c &} , 

a8,ll,aeaeMoro napaMeTpoM 'L E· !/?... 1 
• MHaapHaHTHoe MHotrecTBO ec'l'& <P.. = 

:: [.r:: 0] . fiOCTpOHM MHO~eCTBa Cf! H c::P, * . ,ltJI.~t 3TOrO CHil'llaJia BY.IrC

HHM, KaK A6ACTByeT rpynna Q B COnp.lllleHHON npOCTpaHCTBe BeKTOpHYX 

riOJieA bF'f~¥ E {X,X1 /. 3anHIDeM ycJIOBHe HHBapHaHTHOCTH.qJyHKqHOHaJII:L 

X <:" I X ~ t - X/~ 't X , ~ 't 
. 1 o.:X:: + zO::C • I o~ + z.O.:I:: I 

rAe b':x{l"' o~· + '1: O:l!z, &'.:r.'L .. b"x'· . 
0TCIJA11 BYBOAHM 3aKOH IIpeOOpa30BaHH.Ir 

X: = X, ~ X; : X, - 't" Xs . 
fi03TOMy HHBapHaHTHOe MHOllteCTBO cp., B COnp1!lKeHHOM negcTpaHCTBe 

HMeeT CTpYKTypy: X 1 = 0 , X 2. - npoH3BOJI&Ho, 'l'.e. ~ ,.. [ 0, X!/ • 
HaxoHeq, aHHyJl.PrTop 'P. * · . H&XOAHM H3 ycnoBH.H 

~Fico -= (X, b".xl) = o, 
'-o , 

HJIH cpo*"" { 0 , X 1.J = cpo . OTcnAa B~o, 'ITO ycJIOBHe (B. 7 J He BYDOJIH.Pr

eTc.Pr, H TeopeMa KoyJIMeHa-Uaxe He pa6oTaeT. ~eRcTBHTan&Ho, ecJIH 

f '( o) 'f: 0 , TO, xoT~r Ha HHBapHaHTHON MHOllteCTBe CPo "' { ~: o} HMe

eM dt lcpo = 0 , OAlfiUCO riOJIHYR ~HilxflepeHQHaJI af(o):~'(o)d::x:t#O· 

B. 3. · MeTo~ ccpepwqecxoR nepec.TpoftKH ( no~rcHHTan&HYR 
. npHMepJ 

fipHNSJ1eHHe NeTO~a. ccpeplftleCKOlll nepeCTpOltKH npOHJIJII)CTpJ!PyeM ~OKa-
3aTeJI&CTBOM HepaeeHCTBa (5.5/,r~e ¢JYHKqM f( x) - HeQTpHqaTeJibHM 
H YC5llBSXII!ta.H. BBeAeM o!SosHalleHH.H 

F(M)::o ~ lv{l 1ol~x; FR(M):L lvoz{Riof~x <B~B> 
~>H ~R>M 
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H nepeiiHIIIeM ycJIOBHe ( 5. I) B s~e 

) cPx ·-= S c:Px ..1~~ Y. (B.9) 

t:>H . 1R>M 
3JieMeHTH DJIO!q~eH nosepXHocTeR ypoBHH f ( X:) = H , f R = M oMsHa-
qHfo( liepea d g M H d SRH coOTBeTCTBeHHo, HOpMaJUDlH K aTHM nosepx-

HOCTJD.f 6YlJYT· V f H V-z fR , 3JieMeHT OO'beMa o/V 3aiiHIII9M B B~e 

d. v = f d s 11 • d R. ( ~) J 

a npHp~eHHe ypoBHH d M (cM.pHc.I?): 

d M " \ vf I c:l ~(x) ..; co~s.t. (B.IO) 

BBe~eHHHe 0003Hali9HHfl D03BOJIRDT 3aDHCaTb COOTHOWeHHe 

.
1 
civ 

1 
1 d sH or~ .r r1 s.H _ f d sRH • 

tll M = ~ I vf JcH .. = ~H lvfl - '1 \'V~·h\ (B. II> 
AHaJIOI'HtlHLIM oOpaaoM H3, (B.8) cJie,~zyeT g.RH 

I d F(M)I - .c.. \v r\ d g . I dFR(M),_ .t IV~flllcl.SRt1" (8 I2) 
dM. -~ r. H• o/M -'-¥ ------.... • · 

fiepeMHOMHM BHpaMeHHH (B.II) H (B.I2). 

Tor~a a cHJiy HepaaeHcTBa illBavqa 

I J.vl·l·~l= ..c. ~x-
dM dM 'f Jvfl 

x~lvf ldSM ~-~~dS 11 J\ <B.I3> 

1 d v·1: 1 d F R 1 = ..t. o1 s 11 R x 
~ M ol M 'r \~ozhl 

. z (B.I4) 

"q\~oz. tR \J~RI1-:: ~~~$R11\ • 

PHc.I? 

3HaK paBeHCTBa B (B.I4) CJie~eT H3 TOI'O, liTO \7'l. fRj:COhsl B~OJib 
noBepXHOCTM f R -= M -= c.o" ~ t . no nocTpoeHim. Ho noBep~ocTH ypoB
HH f -=- M H f 2 = M orpaHHtiHBB.IlT B CHJIY (B. 9) o~MHaKOBYit o(TheM, 

a npH lfMK~HpOBm:n'OM o61>6M9 c4lepa flBJIHeTCfl HaHMeHbmeR H3 DOBepXHOCTeR, 

ero orparur<rn:Baia!IHX, T. e. 

c;, of SH ~ 9 cl SRH'' (8. I5) 

3To osHaliaeT, liTO 

\dv\·14£1>- [·J.YlldFR\-Ic:lFI:>.Ic:lFR} dM dN .,. o(M aM.' o(M ?' dM .. 
(8~16) 

HHTerpHpyH nocJieMfee HepaaeHCTBO B npe~eJiax OT M=O ~o M ~Qic, DOJIY

qaSM HCKOMoe HepaaeHcTBO (5.5). 
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,/lonoJIHeHHe r. ]lOKA3ATElffiCTBA TEOPEM CYIIlECTBOB.Alllffi 
. ' COJlliTOIIBIDC :PEliEllllli B M0.1LEIDf CKHPMA 

BHaliaJie DpHBe~eM ~oKaaaTeJI&CTBO o~oO~eHHoR TeopeMH XoGapTa-~ 
pHKa ( TeopeMa 6. I J, cy~qecTBeHHolit npH BHJICHeHHH aonpoca oo ycToRqnoc
TH COJIHTOHHYX pemeHHA B H9JIMHeRHwc MOAf3JIHX /86, 9I/. 

r. I. ,ItoKaaaTeJibCTBO o6o61l!eHHoR Teope~m XooapTa-neppmta 

3anHilleM ypaaHeHM ( 6. I J ~ DOJIH 'U 

v; = 0, 1fs -'D,·V/:: 0 • s"' 1 ~11. I lr.I> 

' -I'~9 ~Jifl y~06CTBa HCDOJib30BaHH 0603HaqeHHR 

"Tr• ?J V/ · s -.r~ 'lJ V/ /i s . v;, _ ~%cos <r.::!J 
Vs"' /?'f 1 VS ,. f1Jt'iJ&fj)) I ',S - T • 

.B!rntcJIHM BTopyn BapH~ !flyHKqHOHaJia v lcM.cpopMyny(6.2)) B TOqKeU 

~;'-VBJ ... I (jJ)( [Us·; iss '2 + 2 "lfs~ g .s s2: + v.;~ ~s ~ ~ + <r.3) 

21!. •1. ·s >t V:'.k t. s 2 v:.,· l .s] 
+ H ~ ~,· ::J + 2S 'de s ~IC j + t.s 'j)l ~ ! • 

IIo~cTaBMM Tenep& a (r.3} liacTmre B03MYDt9HHH · 

~s ~ fj('i)~j u:S, $s= fJ(;z;~-us 
H c y-qeTOM ypaBHeHHR ( r. I) npeo6paayeM. ~ 2 v K BW 

'StY[ f] "'~d~x r~,ft Ale~ ~ .. fi+(ra,~~tj-o,f;ft) &~ttr.4' 
r~e o6o3HalieHo 

A ~\c 't,l"'i.k .s 
t· =1.u v'tso·u J ~ J 

Bi \ ,'!"~ 'L 

1 2 j t '=- 2 B,tr(ofj Voz. 'tllA • (r~5) 

3SMeTHM, qTo BTopoe cJiaraeMoe a <r.4) HBHf? aHaxonepeMeHHo, a a 
CHJIY ypaaHeHHA < r. r > awoJIHfleTcsr paaeHcTao · 

~ n.~ _ <r.o> 
II~ 0 j ~ - 0 

H3 KOTOpOI'O CJieAY8T IIpe~CTaBJieHHe 

· 2 r>i. _ l'i.k,...,"'l. a . <r.7> 
D· t. - c. Clk ""J l 1 J • 

r,qe DOJIOllteHo . . u t. ·('2 '·) 
4 k r u , DJ ( -

Um·t. = 2-c,...~c.:"' )"' x )"1-0Z'\ . cr.a> 
j Jt . - -

y"qHTYBM ( r. 7) H HHTerpHpyH B. ( r • 4) IJO qacTm&, H~eM 

;otV[fJ :: ~ot~x [o,tt(A~~ + eLktr~att~jt)'t)l<.p]_ <r.9> 
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Tenepb HaM ~ocTaTo~o Hccne~oaaTb sHaxoonpe~eneHHOCTb rro~Ter

panbHOI'O BHp8lKeHWI B { r. 9'. PaccMO'l'pHM' B qacTHOCTH' acHMITTOTHtleCKYJl 

oei.naCTb · '"2 _... oa • Tor~a H3 l{lopyyJIY {6.8) OCHOBHOI'O TEiKCTa H {r.3) 
BYBO~HM, tlTO 

'&~t-.:: Q[~-(3-+2cl)]. 
J <r.ro> 

ll03TOMY H3 <r.8> nerKO no.nyqHTb, tlTO a.,.,j! -.:: O(z-;, I'~e v = ..:s 
npH d. '> i 12. H ')} = 2 ( 1 + c( ) npH a <. -f/2. • B CaM OM ~ene' CHatlana 

113 (6.8) H (r.6) IJyTeM HHTei'pHpOBaHWI no qacTm.t BYBO~ TO~eCTBO 

~ol~x P>ljl = 0, <r.rr> 
C yqeTOM KOTOpOI'O PaBeHCTBO ( r .8) MO~O nepeiTHCaTb B/ BH,qe 

. 1 t' . \( r ·~ ' n ~ ( ') ( 1 ..1. ) 
al>tjl "'" 2 li·c.""k'7> }C\ x ojt. ~ l~-.1' 1 - ~ • <r.8a) 

H3 (6.8) BHTeKaeT, tlTO ,1Vm JllleiOI'O KOHe"lffiOI'O Q.. BepHa OI.\eHKa 

'"Ole )ct~x' e:,ijt(l')C'21-'Z'\- ~)-= 0(-z-!>) 
('1.'<Gl) . - - , 

H nOSTOt.ty OCTaeTC.II paCCMOTpeTb BKn~ B (r.8a) OCiJiaCTH '2 '> Q. 

< r. I2> 

j) cJ!•x ~\t(:?.'>C'ti- 'l'l - ~) < 
('t'>Q) - -

C ~ d~ '('i'>-(3+2ot)f i _ ..LJ = M(oz.)." 
.<: J x loz-:rl 'Z. 

(~';.a) . -

< r~ I3> 

ByqJI!CJIHM HHT8I'pM B npasoft qaCTH ( r. I3) : 

M(rt) = _i ct 
1- 2.c( + -z-(2a-+ 1) (CoC~ 1)21-2o<_ 1 _ 2 1-2~]<r.r4 ) 

2:~rC · . rzoa 2.c(-1 o<(1-+Qo() 1-2.c • 

Hs ( r. I4) cpasy lite cne,nyeT HYJI!Ha.II 01:.\eHKa ·~.II Q mJ e . Ee cpas

HeHHe c Ol.\eHKoft A~j -= 0['2.-(3 +2cil)j, aHTeK~eit Ha (6.8) H <r.5) no

KaaYBaeT, tlTO BTOpoe cnaraewoe a (r.9) npeaocxo~HT nepaoe. aTo caH,qe

TenbcTayeT 0 3HaKOnepeM8HHOCTH KB~paT~Oft l{lopMY ,B ( r. 9). 
3BMeTHM, · tlTO npHae~eHHoe ~oKasaTen&corao Teopew l6. I) nerKo pac-. 

npOC'1'p8HHTb Ha c.nyqaft COJIHTOHOB a frPOCTp8HCTBe pa3M8pHOCTH q = #+2?:-2. 
fipH 3TOM aMeCTO (r.7) H lr.8) Ciy~eM HM8Tb npe~CTaBJieHH.II 

2 &~ = C. ~k ot', ••• tlw?J Q . n • <r.I5) 
J t . · IC 0( t ••• o(,_ J t 1 

Qc(, ... cl,je-:: ;! ei~<ti, ... d 11 11<~dN-+~,~(!-3')&~.l(1'),<r.I6) 
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r~e ~ (! -!') -~ l'pHHa cl -MepHoro ypasHeJOOi Jlannaca. 

r.2. ~OK&aaTenbCTaO cy~CTaOBBHH.II peryJI.IIpHOI'O pemeHWJ 
a Mo~enH CKKpMa · 

B §6.3 OCHOBHoro TeKcTa MH YJKe asenH ace Heoeixo~HMWe onpe~eJieHH.II 
~ ~OKa3aTeJibCTBa TeopeMH c~ecTaOBaHH.II peryJI.IIPHHX pemeHKft. 3~eCb 
MY npHBO~HM T8XHHtl8CKHe ~eT&nH 3TOI'O ~OK&3a~eJibCTBa /83, 90/, HCnon&
sy.II 0603HaqeHH.II H3 OCHOaHOI'O TeKCTa. 

BHatlane ~oKueM cnaeiYJl nonyHenpepwBHOCTb ¢lYHKI.\HOHana H Q & a 

rHJI&CiepTOBOM npocTpBHcTae de 1 (a 1 g) • ,lVI.II 3Toro npe~cTaBHM H a & e BH

~e CJMMH CK&n.IIpHHX npOH3Be~eHHft 

" n 2 
HCI& '= z 11"-tt.JI ...... ) 

r~e nonol!CeHo 

~' = ~ e'!fi 
R.~"' ~""e 

~ z. = .J2 S·lrt (}. (}I 1 

~lf .. ,.,-.,:q9/x 

cr. I?> 

< r. I8> 

Bocnon&syeMC.II Tenepb !pSKTOM anoJKeHH.II npocTpBHcTaa df1 (a,&) a 

npOC'1'p8HCTaO HeiTpepYBHHX ¢yHKQHft /!82/: 

~ 1 (a, g) c;_. C (a,~). 
3TO .OSHatlaeT, tlTO nocne~oaaTen&BDCTb. { $,. (~)) CJiaeio CXO~HTC.II a 

d-e 1 ( Q , @.) H cHJI&Ho a C ( ct 1 t) K HeKoTopoft npe~eJlhHOJI IPYHKI.\HH 6{3:). 
Ho ¢yHKI.\HH ~ ~ H ~., HenpepwBHY no () H nosToMy TOJI[e cxo-

~.IITCH K COOTBeTCTaYJlrqHM npe~enaM. ,ltanee, e~ (:r) CJiaCiO CXO~HTC.II K (}' 

a l. 1 (q,f.), H noaToMY lttCe~) cnaeio cxo~HTC.II a L
2

(q,g) K ~1 (61). 
Ha.KoHeq, R.1(91()" .[2 ~·l'lg ... e~. H nocne~oa:&TeJibHOCTb { R.z(O.,J]npe~
CTa.Bn.IIeT coeioa npoHsae~eHHe ~ayx noCJie~oaaTeJI&HOCTeft: { {2 @:) - cna

Cio cxo~ltc.II a L2 (a,g) H [s.·~~.£9,ci:. cM&Ho cxo~eftcn a C(a,8). 
llo<~TOMy [ R, 1 ( (},. ) J CJiaeio cxo~HTC.II a L 2 (a 

1 
g) • · 

T&KHM o6paaow, ace aeKTopw R.,.,, m2 i,lt cnaeio cxo~.IITC.II alz(a,t), 
H, SHatlHT, IP,yHKQHOHM Hat cnaCio noJiyHenpepYBeH CHHsy a de, (a,&) 
a COOTB6TCTBHH C TeOpeMOft 6.2. . 

0KOHtlaTeJibHh!A pesynbTaT DOJIYtlaeTC.II npe~eJibHWM nepexo~OM 
Q -t 0 • & -o 

00 
• llpH 3TOM tWHKI.\HOHM 1-1 Q (!, HenpepyaeH, TaK KSX B CH-

Jry ~0Ka38HHWX a OCHOaHOM TeKCTe OQeHOK (6.2IJ H (6.29) HM981l 

~Q. 0 .!. s... (. -1 
~ de cl. ::c = (a ) , e. d-e J!X! -= 0 g J. <r.I9> 

HT&K, ~OK&aBHa CJiaeiarr ~OCTHJKHMOCTb Hmmeft rpBHH tl't f 1-l a npocorpBH-
Q ..... 
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t: 

CTBe ~ 1 ( 0 ) 00 ) • 0MfaKO MY C'rpOHJIH nocJie~oBaTeJibHOCTb { fJ1c j Ha 

MHO~eCTBe rJI~HX -~KqHM H n03TOMY ~O~W ~OKa3aTb peryJIHpHOCTb CJia-

6oro pemeHWI ypaaHeHHg noJU! /83, 90/ · 

. e I/ = F ( r¥! } {) I e , ) ' ( r. 20) 

r~e 

F "" (:l:.t4- 4 ~· ... 2.efi { ~·l1 ee(1- z e'1 
..... 21n'"'te!x'L)-2x~. 

3aMeTHM, tlTO ~Jill HeKOTOpOi"O ct ::> 0 

no~TOMY F t L,(a,oo) H ypaaHeHHe <r.20) 

:::1:..8', s,·,_, 9E L1 (a}«>). 

3KBHBaJI8HTHO CJie~eMy: 
00 

e'c~) =-) Fot~ -x. ~ a > o. <r.2r> 
!):. 

H3 (r.2!) CJie~eT orpaHHtleHHOCTb (}
1
(x) npH X~ Q. , a TaKM:e H 

orpaHHtl8HHOCTb F . Ho TOr~a e, H F Henpepm!tm npH :x:~a . 
HaxoHe~. H3 <r.20) Btn'eKaeT rJI~OCTb e', F H ()" npH x~a. B 

HTore Haxo~, tlTO ()(.r.)~ C(a,&). YcTpeMJI.Hll Q-t 0 H JtlHTHBM(6.2I 

YCTaHaBJIHBaeM peryJI!tpHOCTb 'npe~eJibHOM ~KqHH. · 

HTax, oKoH-qaTeJibHO ycTaHOBJieHo c~ecTBOBSHHe c~pH'!leCKH-cHMMeT- · 

pHtlliWC CKHpMHOHOB C JII>6JM 3HatleHHeM TOnOJIOrHtleCKOrO aap~a Q = Jt. . 

B §7 noKa3aHO, ~ro aTH cocTOllHHll HeycTOMtlHBH npH l Q / > 1. • 

.l{onoJIHeHHe .!{. "CllliHOPilliE CTPYKTYPH" q)J.1HKE.Ill>llJTEltHA
YH.JThf!MCA 

Y6e~HMc~t, cJie~ll pa6oTe /!03/, tlTO sy-qHcJieHHe ~aMeHTaJI&Hoa 
rpynm.t :Jf1 ( Zo) MOM:HO csecTH K sy-qHcJieHHJ> :Till (cp) , T.e. yc- · 

TSHOBHM H30MO~H3M Me~ 3JI8M8HTaMH 3THX rpynn.·B KatleCTBe npe~cTa-
BHTeJill . KJiacca z-.. paCCMO'rpHM OT06palll:eHH8 . 

(: /R f ~ Zo ; f(-oo): f(+oo): ff'o, (,!{.!) 

r~e cro - !flHKCHpOB8HHM TOtlKa z. ' B KOTOpoM HallHHaeTCll H 

aaKBHtlH~aeTCll nyTb ? S 2J o • Onpe~eJIHM OT06palll:eHHe 

F : 1R "·-- cp ; F.'(x, s") = t 7Cs)) (x). <.!{.2> 

3aMeTHM, tlTO F ( x 1 !; ) - i t cp npH c-rpeMJieHHH JII>6oro H3 apryMeH

TOB \ i \ HJIH \~ I K 6ecxoHetlHoCTH. TaxHM o6pa30M 1ycTSHOBJieao 

COOTHOmeHHe Me~ nyTstMH l.l{.l) H OT06palll:eHH.HMH ():{.2). Ho OT06pa1![eHH8 

F (.!{.2) npHHa,I\Jie'I![HT OMfOMY H3 rOMoTOnHtlecKHX KJiaccoB - ~Jieweaory 
rpymm :J 't (q>). flOCKOJlbKY 'rpHBHaJibHOCTb HJIH HeTpHBHaJibHOCTb nyTH J. a 2!. 
aaaHCHT OT Toro, TpHBHaJibHO HJIH aeT oTo6pSllteHHe F , TO rpynnu. 
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Ji1(Z.)H Jr,..(cp) naoMo~. Hano~HM, _tlTO TPHBHMbHYII!llBJismTM oTo-

6palll:eHH.H THna ( 8. 5) • llpHse~eM Tenep& BHKJI~H YHJI&!lMca /I03/, no~T
sep~Bll!llHe H8'rpHBHEUibHOCTb nyTeit, HatrHHaJ:llqHXCll H 3aKaatlHBBDJitHXCll B, 

TOtlK8 ¢.1. ~- 2J 5. H OTB8'q8J)~ Bp~eHHJ> COJIHTOlfiiOrO COC'l'OllHHll Ha 

yroJI 2 Ta l OM. Ta!(1![e. /58/) • M!i ~OJI'I![Hbl .ItJlll 3TOro BHt'SpaTb OT06palll:e-

HH8 Ha 2, { cp, : R4~ S3
; de~(tf,)=~J. aanpHMep, aa,J\aaM <p,<in = 

: ( cPo, tP1, tPL 1 ~), .r_qe ( tf• 1 ~'9 - KOMI10H8HTH CT9peorpa.¢Htl9CKOJt npOeK

qHif (8. 7) c R .. '(>-)=I. BpaJlleHHe .xvi~t npocTOTH 6y~eM pacCMaorpHBa'l'b oT-

f!OCHTeJibHO ocH :z : X· c;; ·tR 3 

Xi- X;..,; R.:j (>.) Xj;. IIQ~i (~)IJ -~ tC.O'!. 2li >. Sil12f~ l 
\-i~ 21r>. codtl o 

0 0 j .!{.3) 

llpH npo6erSHuH napaMeTpou )\ aaatleHHit OT 0 ~o I w noJiy-qa-

eM aerrpep!iBHJD nocJie~osaTeJI&HOCTb OT06pSllteHHa (8.6), (8.7), onpe~e
Jif!!Olll.Yll 3aMKHj"l'Wr nyTb ( neTmoJ a· :Z i • )4ir!l nposepKH HeTpliBHaJibHOCTH 

. . . . . •. . ~ 3 
3TOrO nyTH y~OCiHO npe~CTaBH'l'b t () i KaK OT06palll:eHH6 c~p S -t S , 

. . . T - ,_ ~'!. ~':!. 
_TOnOJIOrHlleCKH 3KBHBSJieHTH08. TO~eCT~HHOM¥ tf:'t : ~ ..... ..;> , KOTOpOe 

MOM:HO onpe~eJIHTb KaK J¢" :.llJ~ 1 a= 1, ~; ¢o.,. z}l.\, r~e ( L/Jo, LPt:t) -
TotlKa c¢epu-npoo6pa3a, cooTBeTCTBeHHo ( Po,¢'<~) - TOtlKa ccpepu-oo'pa- · 

aa~ Tor~a nyTb Ha C~pe-~6paae '8 '!. nOJiy-qHM, OTOClpalKM ( l/Jo 1 L/J."") 
C nOMO!Ilbll tp i , a a a TaM J 38,1\aBM Bp8Jll8lfHe cc!Jep!i-rrp000pa3a · C UOMO!l{bll .. 

M~Tp~ R i. j ( >-.) , cJie~HM aa sunoJIHeHHeM cooTBeTCTBWI TOtleK o0pa3a H 

npoo6pa3a: 

rPo. = R'l& (>.)tPt • ·, ?o: tPo ) ·Q, & =G. ():{.4) 

fioC~OJibKY c¢epy-odpa3 MO~O 3XBMB8JieHTHNM 06paaOM paCCMa'l'pHBaTt K8K 

rpynny ~1J"(2.) , a JIJmeMHO-CBll3HHe KOMilOHeHT!i TODOJIOrHtleCKOR rpynnu 

roMeOMOp¢Hii Me~ COOOJII, TO H rOMOTOnHtl6CKHe KJIS.CC!i. Z t . 6y)IYT ro

M60MO~ ~pyr ~yry. Tor~a nyTb (,1(.4) B Z i MOl!OiO 3anHCa'l'b B B~e 
YHHTapaott wa-rpHqu 

V( )- (t:/>o-+lrpJ. iz+i~J.\_(~.+iR~ttPt ~r.~t+t~&~&' 
), =. -~z.""i.rfi, r/.-i.~!J.I- tQ.zf,~"+~R,,.~, ~o·-l~~'~"j:~·5 ' 

C not.iolllbll no~o~.ll!llero rOMeoMOPt»t3Ma nyTb a 21 i wol!Oio npeo6pa3o-

BaT& B nyTb & 2! o • Tax oR roweoMop!flHaw CTpOHTCll ~OMHQ'I![eHHeM 1J ( >.) 
(,1(.5) Ha lJ-1(o): 

1 -u- ( o) V(>-) '=- (
<f.· i <f, </. + <</, \. 

-: ~2 ~ i. r/J cf>o - i (1.~ } (.!{.6) 
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.JierKO B~8Tb, '!.ITO 3TO nyTb B 2J o 0 OTOJK,It9CTBJI9lffillMii HatlaJIOM H 

Ko~oM, OTBetltmiqHX • sHatleHJUIM .A =0, I: · · 

· v-t(o)V(o) =V-!(o)"\T(i)-= I:::(~~), <;It.?) 

'!.ITO COOTB8TCTByeT nOCTO.ItHHOMy OT06pa~emm tPo = 1 1 ~a = 0 • 3anHCbiBaJI 

(,l{.5J B .RBHOM B~e, HaxO,ttHN BblpB.llteHWI ,IVIJl (c;t.,¢<t): 

<J1. = ijJo[ tlt,(co!..2T)I ~1.) + zfJ2 'ln~-t 2Jr},]-~"'f~,~\'12t-~+~J.~tl-~ 
~l. := ~. (-~, "Fi~2r">. + 4t:,.(eo!.2t~~1)} +~~ [ z{J, (eo!.2'i~-1)+~1 ~.,2,1\),cn.a> 

~!> = ~ (~~ +*~) 1n'h 2Ji'A •, i>o = 1-" ( ~:+zP~)(ccs2.)-1). 
B COOTBeTCTBHH C (){.2) C nyTeM (){.8) MO~O CBH3aTb OT06pB.llteHHe 

f : ~.It - s 3. (,It.9) 

npH STOM napSMeTp A HrpaeT pon& ~onoJIHHTeJibHOIII'" nl:lpeMeHHoR, no xo-

TopoJt S 't paccJiaHBaeTcn Ha. c!flepY . S!. • llyT& ( ,l{. 8) Oy~e'l' HeTpH-

BHaJieH .. B 2 o npH yCJIOBHH, tl'l'O HeTpHBHaJibHO OT06pB.llteHHe ( .n~ 9) • flo

CKOJibKY . Jr"' ( S,!.) = 71 , TO HM88'l'CH JIHIIIb ~Ba l'OMOTOllHlleCKHX KJiacca 
~, ~, . 
..t.J 0 H .c.. 1 , a BC8 HeTpHBHaJibHhl8 OT06pB.llteHwt ~OJIJmY llpHHa,IVIe-

llta'l'b ~: • · BH6HpM B (,It~ B) i\ : 112. , tiaxo~HM 

{
cPJ =- 2 ( t{J.~.- LjJ!'>~1) ~ 
<f,. -r. .. 2.( t{t. t{l1 + ~!>~t) j (;lt.IO) 

. t(;. = 1 - 2 ( t!J,1 '+ $ ~ ) . 
3. . 1 

My nOJ!YllHM HSBeCTHOe HeTpHBHaJibHOe oTo6pa1teHHe Xoni!Ja J.1 : S - S. , 
. :Ii '!> C 9. :a.) =- ~ H Ha ocHoBrumH sToro SaKJIIltlaeM, '!.ITO H OTo6pa:JKeHHe 

. f · ( ,n. 9) , HBJI.AlOIIIeecn no~nTHeM H , HeTpHBHaJI&Ho. oTo H .RBJIHe'l'cn 

~oKasaTeJI&CTBoM c~ecTBOBaHHn no~enoro cnHHa no YHJI&HMcy-~HHKeJI&m• 
TeftHy. · 

,llonoJIHeHHe E~ CTATWIECKHE HAB1liQltAThlli A,IU>OHOB KAK 
KBAHTOBAHHI:lX CIOOIDl:OHOB 

~n HallaJia npHBe~aM ~oKasaTeJI&CTBO c~ecTBOBaHHn HecHHrynnpHoft 

MaTpH~ No~.r- ,nosBOJI.fiDIIeR oc~ecTBHT& nepexo~ oT HMnyJI&coB ( 10. 16) 
,IC MOMeHTBM HMnyJibCa (10.19) B CXaMe KaHOHH'tleCKOI'O KBaHTOBaHHH {§10.2), 
CJie~R pa6oTe /183/. 

E. I. C~ecTBoarume HecHHrynnpHoft MaTpH~ N J. f> 
llapaM8TpK3&.Vm KOJIJI9KT .. BHhiX nepeweHI:UilC ACt) E ~nr (~) oo.i5) 
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M01tH0 3KBHBaJieHTHNM o6pa30M nepenHCaTb B B~e 

A[~(~)]= e~p(i.Ac<8.c)A[~];'.-$(o):j, (E.I) 

r~e ~(9)= (\(e),~z.(e), .. : ~,.(e}j G::.(e,, .. eg)_ Ha6opy 

lf>YHKLIMA H napaMe'l'pOB, ?\co~, { o( = 1r;,K) - reHepaTopy Slf(3) . ,ltHI)
!f!epeH~Hpyn (E. I) no eo{ H llOJI~M. B HTOI'e 6(. =0, fiOJIJllaeM ' 

i ) « A f 51 = -a A f:? 1 . H. (>) . 
rz, .J.1- . 'fo< ~.-' (E.2) 

Af« (sJ = ~.! :Se) It~ ::o . <E.3> 

HecmtrynnpHOC'l'~ MaTpH~ J./ot p · MKasYBaeTcn MeTo~oM OT npoTHBHoro. 

Ey~eM nona:aTb, llTO tvc<f>. - cHHrynnpHa, T •. e. detN:O. Tor~a cy;;. 

IJl9CTByeT .TaKOM Ha6op. { .::r:ol] , cpe.ziH KOTOpbiX He Bee paBHhl. HjJIIl, llTO 

;1/.f o( • ~o< = 0. (E.4) 
).{OMHO~HM (E.2) Ha Xo<.: 

. A/ ~A [lJ. . 
(. ::C.c~ Ac( A [J)= Xc~JV~p: ~=0, (E.5) 

. ,. 
o'i'Ky~a cne~e'l', llTO :Ylo( /\ o( = 0 . Ho 3To npoTHBope'llHT JIHHeftHoft He-

3aBHCHMOCTH reHepaTopoB A« · , T.e. B!mOJIH.f!eTcn JIHillb npH ycJIOBHH, 

qTo Bee xo( =0. TaxHM o6pasoM' npHXO~HM K llpOTHBOpellHD c . BYCKa3aHHNM 

IIpe~llOJIO:!teHHeM (E.4), ll'l'O H ~OKMbiBaeT. HeCHHI'YJIHpHOC'l'b MaTpH~ .N'cot'J 
H3 (E.3). . 

E.2. PacqeTHYe ~OpMyJIY H 3HalleHHn ~JI.f! cTaTHlleCKHx 

Ha6nD~ae~ ~pOHOB 

B §I0.3 6wt nplm·e~e~ aJiropHTM paclleTa cneKTpa Mace 6apHOHOB Ha 

OCHOBe. MO~eJIH CKHpMa. B Ta6JI. 2, B3.flTOii . H3 pa6o'l'bl /159/, npHBe

~eHhl pe3yJibTaTY paclle'l'OB cneKTpa Mace 6apHOHOB, r~e B·Kall9CTBe HCXO~
l1hiX: tiHceJI ( 3~aBaeMbiX PYKBMH) BY6HpaJIHCb cJie,IzyDiqHe BeJIH'tiHHY: cpe~He 
Macey OKTeTa M ?. = i 1 S i Me.Y , ~eKynneTa - M 

10 
= 1 ~! 2 MeV; . 

'm 7 : fltQH~Y H tnK :A59MeV. Ha HX OCHOBe nepecmrTYBaJIHCb SHalleHim: 

F Jr , € H a- , Bxo~e B B!ipa:JKeHHe ( 10. 38) , no cfloPMYJISM 

ot = 

D.M = 

iii~/r-z. EJ. , 'Wla= m1- Z.llma. 
r:~r .. J 3 .· 1 

. . 9 FJrE' 
M .o~o - M 1 = -;;- -

- - -.:n .JL . 

Mt = 1i F.ll M + AM(1. j_ .A.)+}. ~-m'"M. 
- 2. E Sic T + ~ Q . 2 .A.. A H 
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3~ech HcnonhaOBaHH cne~e o6oaHaqeHHH: 
coo ' 00 }._: f d>C ~ra· .. /{}{x.,_-+ Lf1n·11.ce -~o it xt. B'~)= fd:x:..A.(x); 

a· · o 

G: = Jdx (1-eos.e){xz.of xr.B'2 .,. 2 11·"t(}j = jd:~e Q{:x:). 
0 

0 

~ y~o6cTBa aHaqeHHt~ KOHCTaHT F:11 , E H o TB.KlKe npHBe~eHu B 

TaCinHQe ~H orpax cnyqaeB: I) SU(3)- cHMMeTpHH (~h1 2=0 ); 2) HBHO 

HapymeHHofl SU{!>)- cHMMeTpHH ( AM
1¥0 ) H 3) c KBaHTOBOft ~o6aBKOR K 

' ' , 
raMMbTOHHaHy ( !~;34), Hcqe381lllteA DpH nepexo~e K KnaCCHKe J-l = 
1-t + (2 o/~) F.:{ 1#' . B CK06Kax yKa3aHa OTHOCHTMbHaH norpeiiiHOCTb 

DO cpaBHeHHD C 3KCDepHMeHTBnbHNMH ~aHHNMH; B DpOQ~HTax. 

Ta6.mm;a 2. CneKTp Mace 6apHOHOB SlY(:!>) MO~emt CKHpMa ~MeV) 

liaCTMQa · Am
2 =0 A"rna'/:.0; 

S=o . 
t.m.,_.;& o 
o-=·- 7. .&2 .. 

oKcnepm.teHT 

N II!6 (I8,8J !065(13,4) !026(9,3) 939 

A II39 (2,0J II22( 0,5J IIIO (-0,5) Il16 

z II63 (-2,5) II80 (-I ,'I J II92 (OJ Il93 
...... II74 <-io, 9) 1208(-8,3) 1234(-6,4J 1318 ' 
L 
A · 1367( II , 0) 13,46(9~3) I330(S,O) 1232 
z• !382(-0,2) 1382(-0,2). !382(-0,2) ' 1385 ...... 1397(-8,7) 1417(-7 ,4} ' 1433( ~.3) 1530 L· 
.n.. . I44IC-I3,8) I454C-I3.0J 14S6(~II, I) 1672 

----------------------------------
0 !,82 0,49 Q,I95 
E 4,27 5,!0 3,86 
F:~r 51,5 56!! !86 ( HCXOatf. ) 

~H pacqeTa 3HaqeHHft CTaTHqeCKMX Ha6nm~aeMI:JX ~pOHOB HCnOnbayeT• 

en cne,ll.,YlOu{M cT~apTH~ cxeM~ /98, 99, II6, II?, !56, I59t: ~nn He:.. 

XOAAOro Jiarp~HaHa no ¢QpMYJI~ (A.23), (A.26) - (A.3l) B~KCJI.ReTC.fl 
HBHHJI B~ BeKTOpHI:Jlt H aKCHanbHi:ix (VI" ~ A I') TOKOB. 3JieKTpOMal'HHT-

HI:JA TOK B. SV(~).:. _cnyqae, HanpiD4ep, aamtcYBaeTCR B B~e 

EH V,·~ 1 yt 
Yr = "" + ...rs. " . <E.?> 

3aTeM TOKH nepeDHCI:JBWDTCH B TepMHHax KOxneKTHBHI:JX nepeMeHHI:JX, T.e. 

, ~aK ipyHKQKH oT A-s. A · (cM.~IO), H BblpMBilTC.fl. qe'(lea Aotf> H tho(. 
' CTaTKqecKHe Ha6~aeMI:Je onpe~eJIJ'IDTC~ qepe3 KOMnOHeHTI:J TOKOB CJie~ 

1JtHM o6paaoM: 1 (' _ 2 V q 

3apMOBI:lR pa,tiKyc (r-~) = ) c:Px r o .(!:) ; (E.8) 
MarHKTH!lft MOMeHT . (1-l ~ ': i Sd&x [rIC yaj IC ; (E.9) 
MarHHTHllft aapH,qOBlm pa,gKyc (r-~)\"' ]: ScPx r

2 [r "ya]K. (E.IO) 
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Ka~an H7 aa6JID~aeMI:JX (E.8)-(E. IO) npe~cTaamreTcn KaK onepaTop B 

. rHJib6epTOBOM DpOCTpaHCTBe H COOTBeTCTB~He MaTp~ 3neMeHTI:J, BH

qHCJieHHI:le ~.fl BOJIHOBI:JX !flyHK~ft HyKnOHOB (nO,Iq>06Hee CM./!59/) ~Bil'l' 
cJie~~He pacqeTHue !flopMyJII:J. 

I) ,IJ.rui aJieKorp~ecKoro H MBrHHTHoro aapl!,!lOBhtX P~HYCOB: 

. 1 . -~ -~ ·.x .3 c· c; , K') . 
<rE > ~ = o = a~ F; [ 'IO X + 5 Q"-+ ~ 1 j (E. Ill 

a 1 ~X. .i.(c:;' K)) <re >:r ... 1 = e.z.t=; ( 10 X + s ~ +-;:- ; (E.I2> 

<'~~ ... - ': _L~ [..L + E"K_ (fi-t-...::!h\1Af~ \~E.I3) ... -o .~~..F.. 1o -:xs.JLx .tto 1o<VJ.A. \(i,..~J> 
< ~. _ ...L r-:t- e,'! JL c 9 . 7-./L.)~~cs ~E.I4) 

'":"
11
/I ... i ~ €aF:il1o::Jr!...A..Jo.: ~o-+1oc;?.'1..A. r-t:r: .. 1r 

r~e DOMHMO (E.7) Hcnonb30BaJIHCb 0603Ha~eHH.fl . - ' .... 
JL= ~alx:x, 1 ~z. ~-Q.'·= ~oh<x"C:(x); 

...,. o o.;., (E.I5) 
, ~ '1. • 2.e I. I (' _l zt tg 1 

\( : - ) c;( 'X X ~ l1 e ; \-(" : - ) ~X X ~·l1 ' e j 
0 > - .lt3i A. - - 0\'riAf 

~ - g --~ '" N - --.:;- • . -
r. . F~E- . A.n /, 

llpH 3TOM ( Y"11) p, \-\. = [<r~ >r·o· t'fJ:•o ± (r-~)I•t" f".r-.t1t2{'ip,lt · 
2) ,nrui MarHHTHI:JX MOMeHTOB B e~f!HHqax l!,!lepHOrO MarHeTOHa: .. 

- [" ·e~c 1<(21 ..A..)J {"t"I =o - --~ 10 + 'JI'~ .A.r. 40 + 1~ j (E.!6) 
It . 

/1.( i - :;. [ 7 -t 'E. K' ( 9 1..4.),1 . 
1.!.. - .:> 'fO 'i:i .A! 4c) + 10a" ~, (E.!7) 

MpA""(S • !/,) -= - .~ [ 1 + e" .lL] · (E.18) 
' . il z. . v s . Jr.S ..,(_a ' 

r AH (S 2 :o/,_)-:: ~ ~ [ 1 + ~ ;: l (1+ ~t)J. (E.I9) 

MamHTHhle. MOMeHTH OK'l'eTa 6apHOHOB DO~qHHeHI:J COOTHomeHHBM : 

(lt z- = ('i c;- =- {"'l.ao = -(f-.,+ ~r) ~ (E.20) 

("E" = 2(14..J\. = - 2 ('-izo = ("f" ·, {4z+ = ~ P . 

~ pacqeTa KOHCTSHT CB.fi3K HCDOnb3Y8TC.fl aCHMnTOTHqecKoe DOBe~e
HHe DpocflHJibHOf! !flyHK~ CKHpMHOHa e (X}: e (X)=. ol e::~ep (- ~ ~), B pe
aynbTaTe ~.a DHOHHNX nonett HMeeM 

:JTQ(r) = 2~. D!'< %i.. e-'M:rrr-, (E.2!) 
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' 

< p 1 Jl!>(.-)\ P>s
2 

.. K ::: ~ :n Nil !!!!' r! ·e- ~'f r; (E.22) 
.&Ji 'r'nN r 

.· 1 2..J2 f"' -mJfr-
<At I JT.!.(r)IP>sz:: Yt. -=: ·~1i 3 2 ~:~rNA :: r';. e ' . (E.23) 

~ pacqeTa aKCHanbHOR KOHCTaHTU CBR3H HCDOnb30B8HO CTSHAapTHOe CO-

OTHOJDeHKe 

<a A < ~q <rl) 1./-= < ~o(~x A~ (~))1'/ J (E.24) 

r,D,e A qi. - KOMDOHeHm axcHaJibHoro TOKa. B HTore npHxoww K pac-

qe~ ~{JMY.n'm. ,IVI.fr aTHX icoiicTaHT : . 

' ~~. Ji . ' ( . ' ~ l-1 \ . 
~A = - 4S E~ E 1 .... Jr~ ~ E- ) ) (E.25) 

~:nNN 
: 1lt Ji '!!2J1 o{ ; Q :JT W A = 

1 s 'h'\'lf E: (J • 
~ ..f'10 £t:nNN'(E.26) 

+ (J ' ' 

r,~~,e E-= )d)( )("-[(91+2 ~-.;e.)+4(1r\~2 e e' 1 + 

fl • 'I.e I n · ~1'1 e() II r I ( 1\( t (E.27) 
+ Ltl)(."'... e + L.t'at.')(.~(!.&)) ) H: J":x 1-eo~e/ f.x9-·~\149). 

B Ta6n. 3., B3RTOH H3 pa60.TY /99/ npHB9,11,9HY qHcneHHYe 3HaqeHHR 
CTaT}!q9CKHX Ha6no,D,aeMHX, nonyqeHHUe Ha OCHOB8HHH qHcneHHOI'O pemeHHR 

MO,D,H!f>H4lfpOBaHHOI'O ypaBHeHM (5.22). ~ cp8.BH8HM DpHBO,Il,RTCR TaKJit~ 
peayn&TaTu pa6oTu /98/ ,D,M SV"( 2)- MO,D,~nH. B CK06Kax ,D,aeTcR OTHO-

CHTen&HaR norpemHOCTb pacqeTHHX 3HaqeHHR no OTHOmeHHD K 3KcnepHMeH

Ta.JibHh1M ,D,aHHhlM, B npo~eHTax. 
fipHB9,11,8HHUe peayn&TaTY U03BOnmDT cy,D,HTb 0 B03MO~OCTRX MO,D,enH 

CKHpMa ,D,nR onHCaHHR Ha ee OCHOBe CTaT}!q9CKHX xapaKTepHCTHK S,Il,pOHOB. 

3BMeTHM, qTO C noMOiltbll pa3HOI'O po,D,a yxHIItP8HHft (CM./99/) 3TH pesy.ii&
TaTY M~o, no-sH,D,HMoyy, c~ecTBeHHO npH6nH3HTb K ,D,aHHYM 3KCnepHMeH

Ta·; HO 3TO; noJKanyR, 6y,D,eT i.leHee HHTepecHo, lleM Cionee TOHKoe Ha~eHHe 
npHpO,Il,Y CKHpMHOHa. 

x) 
KpaTKHe 6Horp~HlleCKHe cBe,D,eHHR o T.X.P.CKHpMe 

TOHH XHnTOH Ponn CKKPM pO,D,HnCR 5 ,D,eKa6pR 1922 r .. llonyqKB mKOnb

HOe OCipaSOB8HH8 B r.HTOHe, DOCTyUHn B TpHHHTH-Konne,D,JK HeM6p~CKOI'O 
J'HHB8pCHT9Ta, KOTOPYft OKOHllHn B 1943 r. C 1943 no 1946 I'I'~ 'paCiOTaJI B 
Jloc AJiaMoce (CIIIAJHa,I\ MaHXaTTeHcKHM npoeKTOM B KailecTBe !f>HaHKa-Teope
THKa. flo B03Bp~eHHH B AHrnHil B TeqeHHB,TpeX neT 6yn CTHne~HaTOM 

X)ABTO.PH np:aaHaTElJI:&Hll A;H.Top,D,eeBy(Y)lll), B3SIBmetg Ha ce6n TPY,D, OTHCKa-
. HWl Cl:aorpaiba'ieCRRX MaTepRaJ.IoB o npO\IJeccope T. CIGipMe BO BpeMR ero npe-

6HBaHRR B RMnep:aan Kcnne~e KeM6p~cKoro YHRBepc:aTeTa. · 
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Ta~a 3. MarHHTHYe MOMeHTY, aapR,D,OBYe ~~cy H 
KOHCTaHTY CBR3H a,D,pOHOB 

Ha6no,D,aeMbte 
qac'l'H~ 

Am"=o Am"#o 
o=o &'Ill"~ 0 9.1T (2)- 3KcnepHM. 

'0 ., - 7.J2 MO,D,en& ,D,aHHble 

(4 r 2,33(-16,5) 2,50(-10,4) 1,82(-34;8> 1,97(-29,4) 2, 79 

{"f "- -!,48(-22,51 -1,50(-21,9) -1,28(-33,0)-1,24(-35,~)-I, 91 

Ci z -0,85(23,2> -0,99(43,5> -o,54<-2r, 7> --- -0,69 
"\i"i .. /l"''rl 0,63(-8,7) 0,64(-7,3). 0,70(!,4) 0,63(-8,7) 0,69 

1 t"tA~/~rl I;H-6,8) I,0(-15;3) I,H-6,8) 1,2( I, 7) 1,18 

r<A .. YUi'r.,.2,I I,9 ·. 1,9 --- 1,7-:-2,4 
r~ r(f,..~)O,a2(I7,l) 1,85(4,3) 0,62C-II,4) 0,77(10) . 0,70 
r•' ~ -0,09(-18,1) -0,16(63,6) -0,06(-45,5)-0,31( !81,8)-0,II 
;~·. p !,24(74,6) 1,97(177,5) 0, 72( 1,4) 1,05(47,9) 0, 7I 
r~,"'- 1,28(68,4) 1,87(146,() 0,76(0) !,12(47,4) 0,76 

------------------------------·----
KoHcTaHTN, CBR3H 

~A 0,83(-32,5). 
~·ll N,oJ 72,8( 439,3) 

ca Jr N'A 98, 7( 386,2) 
F.71' 51,5(-72,3) 

o,ao<-35,0) 
7,9(-41,5) 
10,7(-47,3) 
56,0(-70). 

0,96(-22,0) 0,65(-47,2) 1,23 

13,5(0) II;9C-II,9) 13,5 
18,3(-9,9) I7,9(-II,8) 20,3 
I86(HCXO,D,H.)I08(-4I,9) 186 

TpHHHTH Ko;rne,Il,lKa H . HMeHHO B 3TO speMn 38HMCR Teopem-qecRilMl! nccne

,D,OBaHH.RMH B o6nacTH R,D,epaoA !f>H3HKH. B I950-I96I rr. BoarJiaBJIRJI rpynny 

no npo6JieMSM R,D,epaoft ~H3HKH B TeopeTHqecKOM OT,D,ene HayqHo-Hccne,D,oaa• 
Ten&cKoro ~eHTpa no aToMHo~ 3H~prHH B r.Xapyanne (AarnHn). B 3TOT ne

PHO,D, HM H 6YnH BblnOnHeHY OCHOBOnOJiai'ruD~He pa6oTY no C03,11,8HHm MO,D,enH 
R,Il,~pHOI'O Be~eCTBa H, B qaCTHOCTH, MO,Il,BnH 6apHOHa, mHpOKO H3B9CTHO~ B 

HacTomqee speMR KaK MO,D,enH Cl(HpMa. C 1962 I'. ToHH CKHpM nocsmqaeT ce-
6n, B OCHOBHOM, npeno,D,aBaTen~CKOR ,11,9RTen&HOCTH. B TeqeHHe ,D,Byx neT 

pa6oTaeT aa Ka!f>e,D,pe MaTeMaTHKH ManaRcKoro YHHBepcHTeTa B Kyana~JlYMny
pe, a B 1964 I'. B03Bp~aeTCR B AHrnHn H ,11,0 KOH~a CBOHX ,D,HeR pa6oTaeT 
s BHpMHHreMCKOM YHHBepcHTeTe, BHa'ia.Jie KaK npo~ccop H aaae,D,yll~HR Ka
~,D,poR MaTeMaTHqeCKOM !f>H3HKH, a 3aTeM KaK np04leccop Ka4e~py·npHKna,D,
H.O~ MaTeMaTHKH. 

B !985 r. Kopo.nescKoe o6~ecTBO BenHKo6pHT8HHH Harpa,I\HnO npoq,ec;.; 
copa T. CKHpMa Me~an&n X&n.aa B a'Hax npH3H8HHR ero BKna,I\a B · pa3BJITHe 
Teopna 3JI9M9HT8pHHX ~aCT~ R 8TOMHOrO ~· 
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YMep T.X.P.CKKpM 25 HDHH I987 r. Ha 65-M roAY ~H3HH. B HeKponore 

oTMeliaeTcH, liTO KonnerK H yqeHHKH np~ccopa CKHpMa scer~a socx~a~ 
nHCb. ero mHpOKOA spy~qHeft, rny60KHM npOHHKHOB9HH9M B cymecTBO ~H3H-
3~eCKRX npo6neM, ~e~OCTHOCTbD H npHMOTOft ero xapaKTepa B COli9TaHHH 

C HCTHHHOft HHTennHreHTHOCTb!l • .l{!ll!te B T9X cnyqaHX, KOr~a Ha ceMHHapax 
~oKn~anHc& pe3yn&TaTH1 oTHoc~ecH K o6nacTH ~H3HKH, ~aneKofi OT 

ero Henocpe~CTB9HHHX HHT9p9COB, OH 3~aBaH BOnpOCY, CB~eT9HbCTByD

!JlH9 0 rny60KOM OOHIDI.aHHH HM CyTH npo6neMI:l, H TeM C8MblM OKa3~BaH ~OK:

H~liHKBM H90~9HHMyD OOMO~b. 

Kax.HeKTOp, np~ccop T.CKHpM OTHHliaHCH yMSHHeM no~aTb MaTepHan 

B H90Jit~aHHOM paxypce, ero neKqHH H306HHOBaHH MaCCOft HHT9p9CHWc HaxO

~OK, liTO ~enano H3J.IO~eHHe secbMa TPY~HX sonpocoa npocTbiM H ~ocTyn
HNM. llpH 5TOM OH HHKOr~a He npHOHC~an 3TH HaxO~KH ce6e , a 06H3a

TenbHO CCYnancH Ha KOrO-HH6y~b H3 KOHner. ~BOCTb ero yua H OC'rpOTa 
MYmn9HHH HHKOr~a He OO~aBHHnH CTy~eHTOB, TaK KBR OH yMeH OO~BeCTH ~a
lite BeCbMa cna6HX yqeHHKOB K C8MOCTOHT9HbHOMY pemeHHD 3~aliH, KOTOpbiM 

OHH m~.enH npaso rop~HTbCH • .l{Bepb ~oMa npo~ccopa T.CKHpMa scer~a 6Y

na OTKpYTa ~nH TeX, KTO ~ancH B ero llOMO~H KHH npOCTO yqaCTHH. 
TaxHM 6WI B li!H3HH aBTOp J,w~eJlH 6apHOHOB; B tteCTb KOToporo !lJep

MHOHY,COCTaBJleHHYe H3.6030HOB, OOHyqHHH OTHYH9 Ha3BaHHe- CKHpMHOHY. 
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TpeeloBaHWi, npe,It"L.fm1UleMHe K cepiDI ClpollllDp 

0 "Jie~n ,ltJIJ1 MMO.IUDC J'1iSHWC OUilli" 

CepWI ClpoUIIlp ".IIeKitWI wm WOJIO,IUDC. yqeHUX onmr· .liS,ItaeTCJl c ~eJlLi). 

DOBHmSHHH HayqHO-np~eCC.IiOHBXLHOrO Kpyrosopa .11 ypOBHJl ~OJIO,ltUX yqeHUX 

Iii CDSIUIWDICTOB Ollffil B alC'l'Ywn.HHX OelJraC'l'JIX HCCJIS,ItOBB.Hd, BS.ItYJilRXCH no 

TeUaTHX9 ~CTHTYTa. EUfiyCKH ,ItaHZHH npe,ItCTaBRfi!~ coelo! SaKOHqeHHHe 

ItliiKJIH Jie.Iatd, npou-ramn.ie B OIDIH .11 op.119HTlipOBamiUe npe~e Bcero Ha 

waxo~ coTpy.naHXoB ~cTHTYTa. 

JieKIUIIil .nOJDIH.!l IDleTL xapaKTep yqeelaoro nocoe!HH, npe.InJaSHaqeJmorri 

)1,}IJl nepsoro 03HaKOM1I9HHH c pacCAiaTpHBaeuo! npoe!JreMO!, ao Ta.Klle co.nep

:18Tb Oelaop ee COBpeMeHHOrO COOTORHW'!. Olm ,ItOJillUil:l 6UTl> CHaelJKeHH no.Ii

po6Hw.t orJiaBJieHReM.H OCHOBHOii JIKTepaTYPOii. EoJn;mue naparp~!l peKOM9H

JlY9TCJl paaelnBaTl> aa no.u;naparp8lf!u c BmieceHlWMI! B orJiaBJieHHe no.naaro

JIOBKBM.Ii. 
BeCl> TSKCT, BKJIXlqaJI OT,IteJILHHe rJiaBH H naparpaipH, C.li9JlY9T neqa

TaTJ., 3aiiOJIHJll!. Rali,Iij'l) CTpaHHitY ~eJlHKOM. 

PylcOnHCI> ,ItOJrllla CIHTL uaneqaTaHa Ha CIISIUianHHX C!JraHKax:, I!p9.Inla.3-

Baqemna ,ltJIJ1 npai40ro penpo~BaHKII, KOTOpue MOliHO IIOJIYqHTL B H3-

,ttaTeJILCKOI4 OT.IteJie. Bee !Pop&yJIH .11 cxew .JtO.IDIHH 6uT:D BnHCarut aKKypamo 

Iii acHo TYIIII>J> wm qepntnaiOI 'iepaoro nseTa. PaSMeTKa IPDOO"JI se npoas

BOJtliiTCH, JilX ByYS~ ,ttOJrllla BSXO,It.liTLCJi ~ KOHI1:e CTpoK.Ii CnpaBa B 

Kpyl'JIHX cxo6Kax. TeKCT JI~ neqaTaeTCJi Ha uammme c qepao! (He ce

pol) JI9BTOI 'iepe& I,5 BHTepBMa. '06'biiM .II~ HS ,lt0Jm9H npeBHlllaTl> 

IOO CTJ>mUIIt lofBIIIlmOnHCHOro TSKCTa. 

PyKOimCl> npe,ItcTru:mreTCJl B Pe.naxiti!olilWil COB9T cepWl 6pOilllDp "JieK

ItWl }I;1Jl MOJIO,ltWC Y'i9HWC Qllffil" COBSTOM MClliO,ItWC Y'i9HWC .11 CIISitBMRCTOB . 

OHHH .11 CoBeTaMH MOJIO.ItWC Y'iSHHX H cneitBaJIHCTOB JiaelopaTopH! HHcTKTYTa. 

Pe,It~OHHHn COBST IIpHHHMa~T OKOH'i8TeJILH09 pemeHHe 0 ~eJISCOOClpaaHO

CTK ee ny6JIJ4KartHK. 

Pe~oHHutt·coseT 
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