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llPfJtHCJIOBHE 

PenRTHBHcTcKa~ xsaaTosaJtwexSHHxa.cncTeM c 3~aaHb!M qnc.nou·qac-
. THq (o6o3H8ti88M8JI ~SJiee X8K Pl(M) y 60XblllHH<?TB8 ciJi3HKOB He ll0Jlb3Y8TCJI 
nonyJIKpHOCTbD 1 llOCKOJibKY 06yqHO CtiHT8eTC.!!, tiTO npaBHJibHOA peJIJITHBHCT
.CKOA KBaHTOBOJ\ T80pKel\ MOll8T 6LITb JIKIDb. JIOK8JibH8JI TeopHJt llOJIJI1 B KO- . · 
TopoR, xax H3BeCTHO, tiKCJIO qacT~ He MOJteT coxpaH.!!TbC.!!. Kpowe Toro, 
oTpKqaTeJibHoe oTHomeHKe HexoTopLIX illH3KKOB x PHM 6w10, Ha Ham B3rn~, 
BLI3B8HO TeM 1 tiTO BO MHOrHX p860T8X 3T8 TeopH.!! HM9HOB8JI8Cb .TeOpKel\ 
pe.ii.!!TKBHCTCKKX np.!!MLIX B38HM0~8J\CTBKft. 3TO C03~8B8JIO ·snetlaT.iiBHKe,tiTO 
petlb HA8T o xaKHX-TO 3K30THtleCKHX B3aHMo~eAcTBKRX, xo'ropwe sp~ JIH 

C~eCTByDT B npHpo~e. 
HCXO,IUI K3 CK83aHHOI'O B H8"'8JJ8 p'aOOTll np.l'lBO,IUITC.!! aprYMBHTll B ll0Jil>-

3Y TOI'O,~TO npz Hn3KRX 3H8pl'HJIX Pill~ HB rrpOTllBOpB~T KBaHTOBOit TBOpnR 
nOJISI. B TO lKe BpaMSI B TeXHR'i:BCKOM IJJiaaa PMK HaMHoro npollla. KBaHTOBOit 
T90pRH ITOJIH R ll03TOMY ~BTCJI Y~OOHllM ·anrrapaTOM ~JI p8C'i:9TOB pa3Jill'i:
HLIX peJIJITHBKCTCKKX ~KTOB npK HK3KHX 3HeprHJIX. 

B OCHOBHOR ti8CTH. pa6oTLI'MLI n6~po6Ho o6c~aeM M8TO~ na~ 
onepaTopoB Coxoxosa, KOTOpLIR npeAnKCLIBaeT, KSK nocTpOKTb reaepaTopLI 
npe~CTSBJieHKR rpynnY Qyaaxape, .t1T06LI ycXOBHJI peJIJITHBKCTCKOJ\ KHB8-
pK8HTHOCTH H KJI8CTepHol\ cenapa6eJibHOCTK .BLIITOJIH.!!JIHCb 8BTOM8TKti9CKK. 
BoJibmoe BHKMSHHe y~eJieHo T&KJte RBHOMY BNtiKCJieHKm. rBMKJibTOHHBHa 
N- qacTKtiHoA cKcTew s npKCSJIHlleHHH I/c~ · . 

YaTepKSJI rJiaBLI 2 MOll9Tnpe~CT8BHTb HHTepec AX.!! TeopeTKKOB, KH-
' TepeC~CJI HeTp~qKOHHLIMH M8T0~8MH KB8HTOBOA TeOpHH. B OCHOBHOM 
liB K3JIOll9HK8 opKeHTKpOBaHO H8 ~3KKOB, 38HHM~C.!! p8Cti8TBMK KOH
KpeTHLIX npoqecCOB B MSJIOHyKJIOHHLIX CHCT8M8X. llpe~OJI8r88TC.!! 1 tiTO tiK
T8TeJim H3B8CTHLI OCHOBHHe ~KTLI 1 KaC~BCJI YHRTapHHX npe~CTaB-

. JieH:d rpyiiiiH IJyaaxape ·(a, paaYMeeTcR, .oo~ru1 KBBHTOBSR MexaHHKa) • 
. )J,na ITOHHM8HKR npHHqHnKaJibHLIX BOllpOCOB p8CCM8TpKB88MOft TeOpKK 

CSoxbmoe 3H8tleHKe KMeJIH .u.nx aBTOP8 WiorotiKc~eHinie o6c~eHK.!! c 
JI.A.Ko~paTI!KOM K C.H. CoKOJIOBYM, xoTopbiM as'rop BHp8llaeT r.ny6oxyn 
CSxaro~apHOCTb. ABTop 6xaro~apeH Y.My~e 38 KOHCTpyKTKBHym nepenHCKY· 
Kpoue Toro, s H8CTO~ pa6oTY sxnmt~eHo axerBHTHoe pemeHKe s~atiK 
0 CJIO:&eHKH B38KMO~el\CTBKI\, C0~8pll8IIl88C.!! B O~OM H3 nKCeM Y. tiyorqe 
aeTopy. 3a. oCScY!tAeHKe pa3JIHtiHLIX npo6JieM PKM H ~3KKH MSJIOHyKJIOHHLIX 
cKcTew asTop npH3HaTe.neH TaKJte B.JI.Baxxepy, B.B.BeJI11eey, P.n.r~e, 
H.ll.KxenKKOBy, B.H.KyxYJIKHY, H.M.Hapo~eqxoyY. D.A. CHMoHosy, B.B.Co
.nosbesy, 1Jli.JI. ~al\apy H · A.H .mameyY, a 38 oprBHH3aqlm 3THX ne~R -

.·. B.B.Bexxesy H r.M.raspHJieHKO. 
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rJIABA I • BBFJWillE 

§ I.I. llpo6HeMa onHcaHHH penstTHBHCTCKHX ~KTOB B 

lJ,li,SpHO~ cpH3HK8 

B Tp~qHOHHO~ lJ,ll,6pHO~ ~3KKe lJ,ll,pO paCCMaTpHB86TCH KSK CHCTS

Ma.HepeHHTHBHCTCKHX HyKHOHOB 1 H rrpH OITHCBHHH 3TO!:t CHCT81~ 1 KBK rrpa

BHnO, ytmTbiBaJOT JIHI:lb rrapHb!e aaaHMo,u.encoraHst Mellt,IJY HyKnOHaMH. HecMOTP.!l 

Ha 6onb~e ycrreXH i,u.epHOH cpH3HKH 1 OCTBeTCH plJ,ll, rrpo6neM,.KOTOpHe ·a 

paMKSX Tp~qHOHHOI'O ITO,U.XO,U.8 He pemeHH. . .. 

CaMo~ RasecTHO~ R3 STRx rrpo6JieM stBn.!leTCH rrpo6neMa Ma~RTHoro 
MOMeHTS ,u.enTpOHaj cyTb 3TOH rrpo6neMH OITHCaHB BO MHOI'Hx yqe6HHKax H 

MoHorpa~Jix (eM. , HanpnMep ,MoHorpaQJruof'I/) • ,IJ.pyrol:t npo6net .. f0l:t, RsaecTHOH 

6onee ySKOMY Kpyry crreqHaHHCTOB·, HBHH6TCJ'l T8K H83biBBeMM npo6neMB : 

He,U.OCB.!l3KH nert~aHWHX lJ,ll,ep. 0Ha 38KmDtlBeTCJ'l B TOM 1 qTQ 3HeprRH·CBJ'l3H 

lJ,ll,ep 3 1J . 1 
3 f-le 1 4Jk 1 BH'!HCJieHHHe ,tJ.nJ'l paSJIHtnn.Ix peMHCTHtl6CKHX 

ITOTeH~HBnOB (c yqeTOM JIHWb rrapH~ eRn), C~eCTBeHHO MeHbme KX 3KCITe

pHMeHTBJlbHOI'O SHa~eHR,. TaK,HBrrpKMep, rrpR a~RcneHRR GHeprRR caa3R 

TpHTOHa B pa6pTax' 2•3 ,U.ruKe rrpH yqeTe 34-X K8H8HOB OKB3MOCb 1 tlTO 

SHeprH.!l CB.!l3H ,tJ.nJ'l HSBeCTH~ peanHCTHtleCKHX HyKJIOH-HyKJIOHHHX ITOTeH

qHBJIOB He npeBbiiii86T 3H8'!8IDm 7, 7 MaD, B TO apeMK KBK 3KCrrepliMeHT8Hb

HOe 3HatleHRe cocTaanaeT 8,48 ·t,~aD. HcKJIIOtleHRel1~anaeTca pesyJibTBT 

8,33 Mal} }l.JJ' 60HHCKOI'O ITOTeHqHana (CM.pa6oTJ" ) 1 O,tJ.HBK0 1 KBK OTM6~ 
qeHO B 5,6 ,·. 3TO CBJ'l38HO C TeM, tlTO 60HHCKH~ .noTeHqHM yr~.e tlBCTHtl

HO ytmTHBaeT penaTRBHCTCKHe sqxi>eKTH. , He.u.ocBliSKa AAPB · 
3 He · HMeej · 

TSKO~ :~~e noplJ,li,OK aenRtlHHbl, tlTO H .u.na lJ,ll,pa 3 H (eM., Hanp!tDi.eJ
7 ) , 

a ,tJ.nJ'l S!.tJ.PB I( JU. 60JibmHHCTBO paCtlSTOB .U.aKJT H?OCBHSKY noplJ,li,KB Hec

KOJibKHX MaD. TaK,HarrpHMep, pacqeT pa6oTbi/S . .u.an sHaqeHR.R 2I,l MaD 
R 2I,2 MaB .u.na noTeHJ.\HMB PH,D.a R mipiDtcKoro rroTeHqHMa cooTBeTCTBeH

Ho, B.To speMR KBK sKcrrepm.ieHTMbHoe s!-iaqeHHe cocTaBJI.ReT 28,3·MaD. 
.. HaaecTHo, tlTO pacxo!l,l!.eHHa r.ieli(Jiy TeopHen R aKcnepHMeHTOM HMSIOT

ca H ,tJ.nJ'l T8KHX HH3K03HepreTHtl8CKHX napaMeTpOB 1 KBK JJ.HHHH HyKJIOH

,u.et:\TpOHHOI'O pacce~iHJ'l 1 cpe,u.HSKBS.U.pBTH'!litHe sap. lJ,li,OB';e ~~CH 3 
J-/ . , 

3 He 1 KX M8I'HHTHb18 MOMeHTH H T .,u.. ( CM ., HanpHMeif,? 1 
) • 

B CBJ'l3H C yKB38HH~ npo6neMaMH B ~H3Htl8CKO!:t HRTepaTYPe H Ha 

MHOrHX M8llt,IJYHBpo,u.HHX H BHyTpHCOI03HHX KOH~epe~.RX HHT8HCHBHO 06CyrF.

,U.aKlTCJ'l aonpocbl o6 yqe~e MeaoHHHX H xaapKoBHX cTeneHeA cso6o,l1.bt B 

JJ.tJ.PSX R o ponR TpeXHyKJioHHHX aaaHYo,u.eilcTBH~. HecMoTpa Ha 6onburne 

Tpj~OCTH, s,u.ecb HM88TC.R C~eCTBe~ nporpecc B llOHHMaHHH ~SHKH 
J'IBneHR!:t, O,tJ.HBKO y,u.oaneTBOpHTeJibHOe cornacRe TeOpHH C 3KCnepHMeHTOM 

9111e He· .u.ocTHI'HyTO .' BMe.cTe c TeM · .. HYeeTCII cpaBHHTeJibHO YMOe tmcno 

pa6oT, B KOTOpHx ytmTbiBB8TCII BtulS.U. pMJriRBKCTCKHX ~KTOB. 8~0. 
ca.RsaHo '· Ha Ham asrnlJ,ll,, c HecKOHbKKMH o6cTo.RTenbCTBaMH. Ilpe!l,l!.e 

•· BCero Ct!HT88TCft 1 tlTO yqeT peH.RTRBHSMB C Heo6xo,n,ID.!ocTbiO TipHBO,IU'IT 

K KBBHTOBOrroneBOMY onR~a~ •. TO SCTb. K yqeTy 6eCKOHet~Horo tmcna 

CTeneHe~ CB060,tJ.ll~ ll03TOMY He.irb3.!l Bbl,tJ.SJIHTb OT,U.eJibHO BKJla,Il.bl peiistTHBHCT

CKHX 3~KTOB H BKJia,Il.b1 1 CB.I!:SaHHble C Me30HHUMH H KB8pKOBUMH.CTeneH.RMH 

cao6o.tJ.b!. ,IJ.pyrol:t npR~~HHoA, TecHo CBH3SHHon c TonbKO qTo yxaaaHHoA, 

HSn.sreTClt T0 1 . qTQ B KBSHTOBO~ xpOMO,IU'IHBMHKe (KX,IJ.) 1 HB,HmJlet:\cfi rnaB

Hb!M KaH,IJ.H,u.aTriM ila ponb ~sRt~ecKol:t TeopRli cHnhHb!X asaHMo,u.el:tcTBH~, 
OITHCBHHe rrpOHCXO,U.HT HB RSHKe KBBpKOB ~ I'JIIOOHOB,· H rrepeXO.U. OT TaKOI'O 

. OITHC8HHH K OITHCBHHIO HB J'l3HK8 HyKJIOHOB H Me30HOB CB.Ii3aH C 60JiblllHMH 

TPY.tJ.HOCTitMH. 3a.u.aqy o6 onpe,IteJieHRR HyMOH-HyKJioHHoro noTeHqHBJia,Rc

xo,n..R H3 JI~I'p8Hlm8H8 KX,lJ., MOl!Oio CttHTBTb I'HBBHO!:t rrpo6~8MO!:t lJ,ll,epf!OA ~:H
SHKH. TeM 6onee cnmmoR HBJiaeTcn sa,u.aqa o TOM, qT06bi RS narpammaHa 

.. KX,lJ. onpe,U.eJIHTb He TOJibK() Hyl(HOH;_HyMOHHbl£:1 noTeH~BJI 1 HO H pen.RTHBHCT

CRHe rrorrpaBKH K HSMY• 

· TaKKM o<5pasoM, c nepaoro BsrnlJ,ll,a, ·sa,u.aqa o6 yqeTe pen.RTRBHCT

CKRX 3q$lKTOB B S!.tJ.PSX MOllteT ITOK838TbC.Ii HeBoo<5pa3HMO CJIOlltHOA~ 0,tJ.HaKO 

<5onee. BHHMaTeJibHHA BHMRS nriitasHBaeT, tlTO HMeeTCII HeCKOJibKO riyTeR : 

o6xo.n.a orrRCSHHNx Bblme Tpy~ocTeA. fipez.u.e ecero OTMeTRM 1 qTo .u.nn a~ep
rRA:cB.srsH, aneKTpocTaTR~ecKHX napaMeTpos H pasJIHqHHX HRSKoaHepreTH

qecKioc X8p8KT8pRCTHK.pBCCellHH.I!: yqeT peJI.RTHBHSMB B nepBOM npu(5JriateHHR 

no I/~ , no-BH,IU'IMONY, .u.ocTaoro~eH. · Rs anenpo,n.HHaMHKH ( KJiaccMt~ecxciA · H 

KBSHTOBOA) W 3HSeM 1 qTo CHCTeMY 38pill!teHHHX tl8CT~ 1 ,U.Bu:ytllKXCR CO 

CKOpOCT.RMK 1 Ma.inam ITO cpaBH.eHHIO CO CKOpOCTbiO CB8T8 1 MOlKHO. pBCCMOTpeTbj 

He BHX?~II Sa pBMKH ·TeOpHR C KOHStlmlM.t!HCHOM CTerreHeft CB0<50,11.bt~ He· . 

TOJibKO B HepeJI.RTHBHCTCKOM rrpH6JIIDt8HHH 1 HO H B npH<5JIHlleHHR I/f! .Ec
TeCTBeHHO npe,u.nOJIOlltHTb1 H HHllte W npHBeAeM COOTB8TCTB~e apryMeHTH 1 

t~To ~na cHcTew we,u.HeHHHX HyKJioHoB aHanorRqHoe yTaepzAeHHe Ta~e RMe

eT MeCTO. lloaorowy OCHOBHa.R . TPY.tJ.HOCTb, CBIISBHHS11 c . yqeToM 6ecxc>HetiHo

ro ql{CHB .· CTeneHel:t CB060,U.H, B .U.BHHOM cnyqae OTrra,u.aeT. 0'ft48THM TSltlte 1 

~TO,C TOqKH 3p8HHl! KB8HTOBOA TeOpHR nOJI$1 1 B8CbM8 He0<5Ht~Hol:t ftsJI.ReTC.R 

3KCrrepHMeHTMbHBII CHTY~ll B HyKHOH-HyKnOHHOM paccei!HHR _c HH3lllHMH 

rrap{\HMbirnMH BOJIHSMH 1 KOr,U.a HeynpyrOCTH B !Jlasax pacce.RHHII HBtlHHBilT · 

rrpoHBJx.I!:TbC.I!: JIH!Db C 3HeprHA. I + !,5 faB, TO eCTb, HBMHOI'O Bblme nopo-

. ra po!l,l!.eHHII 7T- 14esoHa. llo3TOMY BOSMOJmo, ~TO yqeT JIHIDb RoHetlHoro· 

IIHCJia cTeneHeA CBo6o,II.ll 6y,u.eT ,n.aBaTb xopoll!He pesyJibTBTbl R B o6nacT.RX 

"sanpe!lleHHHX" c TO~ sp.»HHn o6wnmx ·npe.u.cTaBJieHHR. · 

BaR,n.y orpalUl.tJemroro o6'beMa . HacTo.ameA p8.<5oTbl w He cMollteM pac

CMOTpeTb S)l.eCb sa,u.aqy 0 peJIJtTHBHCTCKOA nonpaBKe K MBI'HHTHOMY MOMeH-

TY ,u.eATpOHS1 IT03TONY C,U.eJiaeM .nmiJb HeKOTOpb!e SaMetlaHHJt. ,II.Jist B~CJISHHJ'l 
TaKoA norrpaBKH Heo6xo,tJ.HMo 1 ·npellt,tJ.e acero, nocTpOHTb B H'JTI.HOM npR<5JIHllte~ 
HRH onepaTop aneKTPOMBI'HHTHoro Toita .u.el:tTpoHa, y.u.oaneTBOpmlllHA ycnoaH.RM 

·. c~xpaHeHRJt Taxa, xoaapRaHTHOCTR.R noKanhHOCTR. MoKHo noKasaTb,· qTo 
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8CJIH HCXO.ItHTb H3 061NHbJ?C BOJIHOBhiX @'H~H~ t onpe,neJI8HHhiX Ha npOCTpaH
CTB8HHOnono6HO~ noBepXHOCTH f=t:otz.d, TO He06XO,nHMO B:bilruCJIHTb JIH60 . ~ . . 3 
npocTpaHcTBeHH,YID KOl~oHeHTY_onepaTo~a TaKa B npH6~eHHH I/0 , JIH6o 
BpeMeHH,YID KOM!loHeHTY c TomtocT~IO I/ c. B ,naHHOM CJ!ytlae; BKJI~ BHpTY
aJibHbiX HYKJIOH-8HT~IHYKJIOHHhiX nap CYilleCTB8H . BO BC8X KOM!lOHeHT8X TOKa, 

a npeHe6pe~eHH8 3THM BKJI~OM npHEe,neT K HapymeHHD nOK8JibHOCTH H/jgj
paHeHHa TOKa. Bh!Xo.n H3 yKa3aHHoro noJio~eHHa npe.nno~eH B pa6oTe . , 
r,ne nOKa3aHO, l.ITO eCJIH HCnOJib30BaTb TaK H83biBaeMYJl ",nmtBMHKY CB8TOBO
I'O iflpOHTa", TO ,nJia HaX0~8HHa T8K H83biBa8MOf'i "6\)JibmoA" KOM!lOHeHTbl . 
TOK8 MO~O npeHe6petlb BHpTyaJJbHNM po~eHHeM HYKJJOH-aHTHHYKJIOHHbtX nap 
H orpaHHtlHTbCa JIHWb o6JiaCTb!O HepeJiaTHBHCTCKHX OTHOCHTenbHhiX HMnynb- . 
coB npoToHa H HeRTpOHa. TaKHM o6pa3oM, w onaTb·Mo~eM orpaHHl.IHTbCa 
paccMoTpeHHeM JIHWb KOHet~Horo l.IHCJia CTeneHeR cEo6o,nbl, Ho npH 3TOM cHc
TeMY B3am&o,neRcTBYJOlJlHX npOTOH8 H He~TpOHa MbT .ltOJI~blpacCMaTpHB8Tb B 
pBMKax !JipoHTOEoR !Jiopry 8JJiaTHBHCTCKoA ,n>~HBMHKH (eM. § !.4). Pact~eT, 
npoae.neHHI>TR a pa6oTe. I , noKa3an, t1TO c yqeTOM penaTHBHCTCKoA non
paEKH_pacxo~eHHe Me~ TeopHeR H 3KCnepHM8HTOM y.M8HbWaeTCa npHMepHO 
B 2 pasa. · 

. lfcxo,nf! H3 CK838HHOI'O t ~ BH,n>IM t l.ITO ,nJia lfCCne,nOB8HH.II HHTepecyn
IIllfX Hac penaTHBHCTCKHX ~KTOB y,no6HbTM annapaTOM .IIBJI.IIeTca He KBBH
ToEaa TeOpHa nona, a peJIRTHBifCTCKaa KB8HTOBaa MeXaHHKa (PKM), .TO 
8CTb TeopHar OTIIfCbTB810lJl8a ClfCT8Mbt H3 38,n8HHOI'O tllfCJIS B3SHMO,neACTBYIOIIlHX 
t~acTH~ •. c TOtlKif 3peHHa KBBHToaoR Teop~H nona P~d He. Mci~eT 6bl!b TOmtoR 
TeOpHeR, O,nHaKo, K8K MbT BH,neJIH BbTW8 1 npH pa3JIHtffibiX ycnOBif.IIX OH8 MO~eT 
pa60T8Tb C xopomeR TOtlHOCTh!O. IloCKOnhey B PHM He paccMaTplrtB8JOTC.II CTe
neHH CB060,nbt, CBa38HHble C noJieM, nepe.nalOIIlHM B3aKMo,neRCTBHe, a B3aKMO
~eRCTBife OnlfCbTBaeTCfl JllfWh B"T8~HaX 38,n8HHOI'O l.IHCJia tl8CT~, 3TY TeO
pmo t~acTo Ha3uBaiOT TeopHeR npaMh!X B:;Ja~Mo,netkTRV!tl (a sapy6el!GioA .$!Tepa
TYPe ynoTpe6naeTca TepMnll . "direct interaction'"). KaK w oTMeTHJIH 
B llpe,n>~cnoaHJrt, 5To Ha3aamw r.pe.ncTaBJifieTca HaM Hey,nal.!Hh!M. Ha3BaHMe 
1!18 "peJJfiTifBifCTCK8fl KBaHTOB8fl M8X8HJrtKa" noKa3biB8eT, l.ITO TeOpHfi CTpOHT
ca no 8H8JJOI'Iflf C n6bttlHoR KB8HTOBOR MeX8HifKOR, HO rpynnoR lfHBapHaHT-
HOCTif fiBJif18T:!fl lie rpynna raJJHJJea, a rpynna Ily8HK8pe. . 

§ !.2. 0 npt~6JJMJKeHHH I/~ B a,nepHoR ~PHsHKe 

llpelK,IJ.e tleM neoeATH K H3JioJKeHif!O PKM 11 ee npHJio~eHH~, ubi npHae,nr>M 
a?rYMeHTbl B noJJh3y· Taro, tiTO eTa ieopHa HMeeT "ne~ecet~eHHe" c KB8HTo-
a·on . TeopHeR nona no KpaAHeA Mepe B npH6JIH~eHHH I/ 

0
• · 

B iwaHToaoA aneKTpo,nHHaMHKe yqeT KoHet~Horo t~ncna cTeneHeA cao6o
·.nhl B npH6JJHReHHH I/~ n6ocHoar,maeTcf! .ltBYMa· o6CTOfiT8JJhCTBaMH. llpe~e 
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BCei'O OTM8tla8TC.IIt l.ITO npor~eCCbt H3nytl8HHa CT8HOBaTC.II CYlJl8CTB8HHNMH 
mtmb B npH6JJH~eHHH I/~. 3To cne.nyeT H3 Taro !JiaKTa; liTo nonepel.!Haa 
KOMnOHBHTa HepBJJfiTHBHCTCKOI'O onepaTopa 3JieKTpOM81'HHTHOI'O TOKS HM89T 
nopa,noK I/ 0 • BTopw o6cToaTenbCTBOM nanaeTcJt To, t~To Mo~o aaecTH 
,nayxqaCTHl.IHblR TIOTBH~aJit TaKa~, l.ITO .ltByXtiaCTHtlHaa s -MaTpH~a (K8K 
B o6JJ8CT!rt pacce.RHH~t T8K H B o6JiaCTH CBa38HHhiX COCTOfiHH~) B npH6n~e
HHH I/; MO~eT 6blTb Bbll.IHCneHa KaK s -MaTpH~a TIOT8H41rt8JibHOI'O B381fMO
,neRCTBHfl c 3THM noTeH~HanoM. OTMeTKM, l.ITO .nnn BblTIOJIHeHHH sToro.ycnoBJrt.ll 
oTCJ'TCTBHe H3nyt~eHHa B npH6~eHHH I/~asnaeTca Heo6xo.n-. HO He 
.ltOCTaTOl.IHNM. 

Hs xopomo H3BeCTHhiX Bblp~eHHR .nna pa,nHa~HOHHhiX norrpaBoK K aep
mHHHbTM ®'JI~HM H @'H~HfiM fpHHa (CM, ,Hallpl'!Mep,Killll'.I1/II-I3/) JI8I'KO 
BH~9Tb, l.ITO B HepeJJRTHBHCTCKOR 06JI8CTH 3TH nonpaBKH m&eDT nopH,nOK 
I/0 • IIosToMY ecJJH orpaHHt~HTbC.II npH6JJ~eHHeM I/~, TO B iflet:\HMSHOBCKHX 
,n>~arpaMMax, onpe,neJI.fiDIIlHX BMnJJHTYAY .nsyxqacTHl.IHoro pacce.RHH.R,,nocTaTo~
HO paccMaTpHBaTb JJHmb o6blt1Hble aepmHHbl 1rt nponaraTopbl. Cpe,n>~ 3THX ,n>~a
rpaMM HMeJOTC.II ,n>~al'paMMbt JieCTHHl.IHOI'O THna ( CM, PRO. I) . H ,n>~arpar.im.r 
THna pRC.2, B KOTOphiX B DpOMeJICYTOl.IHOM COCTO~H HM88TC.II ClOJJee. ~eM 2 
qacTH~. EcTeCTBSHHO olirn.naTb, ~To B npH6JIH~eHHH I/; noTeH~an ·a3am.!o
~eftcTBH.II CYlJl9CTByeT, eCJIH B 3TOM npH6JJH~eHHH BKJJ8,n .ltaDT JJHWb ,nH8I'p8M~ 
Mbl BH,na pRe. I. B KBSHToBoft sneKTpo,n>~HaMifKe 3To .neAcTBHTSJJbHO Tait 1 · 

eCJIH !lJOTOHHblR /¥W8I'8TOp BbJ6paTb B KYJJOHOB~R KOJJH6poBKe (CM.~HaupltlMep, · .. 
§ I22 B KHHI'e ),HO B CJJYtlae npOH3BOJibHOft KaJIH6pOBKJrt, BCJie,nCTBHe . 
TIOJIDCOB B ~OTOHHblX nponaraTopax, BKJI~ ,nHarpaMM BH,na'pHc.2·a npK6JIH
~eHHH I/; Heo6xo,n>~Mo ytmTblBaTb. Pa3;YMeeTca, 3TH nOJJIOCa ,nruoT BKJI~ .11 

B ,nHSI'paMMbt THna S, & H T ,,n. Ha pHC ~I, H Cym.tapHa.ll !U.fnJIHTY.na He 3a
BHCHT OT BH6opa KaJJH6pOBKH ~1.11 fOTOHHOI'O nponaraTopa. 

lfCXOAft M3 CKa3aHHOI'O, MO~O 3aKJJDtlHTb, l.ITO B ,npyrKx TeopH.IIX B 
npH6JJ~eHHH I/; H906XO,nHMO, B006~e I'OBOPflt YtllfTblB8Tb KaK ,n>~arpSMMH 
BH,na pac.I, TSK H ,nHarp8MMbl BH,na pac.2. TaKHM o6pasoM, aoo6IIle roaop.11, 

HeT rap8HTHH, l.ITO B npH6~eHHH I/~ noTeH~HaJI B'8HNO~RCTBH_JI_BC9I',ll.8 
CYilleCTByeT. OTMeTHM, t~To B H3Be~THblX yqe6HHKax II,I npH H3JI9~eHHH -
aonpoca o noTe~aJie B KBSHTOBoft sneKTPO,nHHBMHKe B npH6n~eHHH I/~ 
HMeSTCa CJI9.nyJllil8.11 HeTOl.IHOC'tb. ~TBe~aeTC.flt l.ITO TIOT9H~8JI MOl!CHO Onpe
.lt9JJHTb no. ,D,HarpBMMau BH,na p.11c. Ia. Ha caMoM ~e .nene, no T8KHM ,D,HarpBM
MaM MOlltHO onpe,neJIHTb MaTpHl.IHYB 3JI9MeHTbl onepaT.opa B38.IDIO,ll.9RCTBH.II 

. . ... , _, 
(noTeH~HaJia) JJHmb B IPif3tftl9CKol!_,o6JJ~,tH, a HMeHHo: ecJIH fo H p1 -

HMnyJibCbl Ha~aJibHhiX ~acT~, a p.f H p1 - .Wnynhcbl KOHetlHhiX t~acT~, TO 

.nH.,!IJ!aMMbl -~~a pHC,Ia ,nrmT B03MOl!CHOCTb onpe,n.enHTb MaTpH~ 3feM;HTh 
(P,P,/Vfp_,p1 ) JIHDib npH.yCJioBHH coxp8HeHH.II 4-HMnYJibca: f.,-1-fl=P,-1-P,. 
B TO ~e apeMfi noTeH~HaJI \7 onpe.nenaeTCfi noJJHOCTbD, JJHmb ecJJH H3-
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fiBJ!fiBTCH ~H3H~BCKH ~BKB8THUM annapaTOM AnH onpe~BJIBHHH pBJIHTHBHCT-
CKHX ~KTOB B N8JIOHyKJIOHHNX.CHCTeM~. _ 

_ B nocne~ee apeMsi (cM.,I-ianpHMep, 261) pennHBHCTCKHe ~KTl>l 
ytiHTUBWDTCH -B paMKBX T8K -H83hlBaeMoA nOJIYPMJI'l'HBHCTCKOR IIO~enH COCTSB

HNX KB8pKOB 1 -npHIIBHHBNOfi ~H pac~eTOK CnBKTpOCKODHH 6apHOHOB H NB30-
_HOB. B 3TOA MO~enH penHTHBH3yeTCH onepaTop KHHe~ecxoA 3HeprMH, a 
onepSTOp noTeHQHMbHOfi_3Hepi'HH OCT89TCH HBpBJIHTHBHCTCKHM.·B 3TOA CBH3H 
OTMBTHM 1 ~TO, K8K yK83!»BMOCb MHOI'HIIH 8BTOp8W11 npOH3BO~BIIDIIIH pacqeT 
penHTHBHCTCKOA nonpaBKH K 3HBpi'HH CBH3H TpHTOH8 (paCCII8TpHB8BMOI'O 
K8K TpeXHyKnOHH8H CHCTeMa) 1 penHTHBHCTCKHB nonpaBKH K onepaTOpiM KHHe
TH~eCKOA H DOTeHGHMbHOfi 3HBpi'HH ~WDT BKJ!SAY p83HOI'O 3H8K8 H B pe-
3YJ!bT8TB C~BCTBeHHO KOMDBHCHPYDT ~pyr ,npyrs. DciSTOyY HaM npe~CT8BJIH
eTCH1 ~TO BCTBCTBBHHI»M CnOC060M ytiBT8 penJI'l'HBH3M8 B p8CCM8TpHB8eMOM 
cnyqae 6~»no 6u paccMoTpeHHe a paMKax PKM. 

§ !.3~ MaTeMaTH~ecKHA annapaT PKM. noHHTHe o csoRCTBB 
Kn8CTepH~A cenapa6enbHOCTH K 0 ~puax penJI'l'HBHCTKOR 
~SMHKH. 

CornaCHO OCHOBHI»M DOJIOMeHHRII KB8HTOBOR TBOpHHi Anfi ODHC8HHH pac
CM8TpHB8BMOR CHCTBMH ~8CTHG HnH KBSHTOBSHHHX noneft HB06XO~O DOCT
pOHTb I'HJ!b6epTCiBO npOCTpaHCTBO COCTOHHHR CHCTBW H YHlfT8pHOB npe~-
CT8BJ!eHH_e rpynm CHMMBTpHH B 3TOY npOCTp8HCTBB • B KBSHTOBOA TBOpHH 
nona,_ r,ne OCHOBHW o6'0BKTOM HBnHBTC$1 KOB8pH8HTHHA ·J!a.l'p8HlKH8H 1. I'eHepa
Topu npe,nCT8BJ!eHHH rpynnu CHMMeTpHH CTpOHTCH1 K8K HHTBI'panH OT TeH-
30pOB 3HeprHH-HMnyJ!bC8 H MOMBHTOB DO DpOCTp8HCTBBHHO-n0~06HYM o6nac
'l'HM, Ba-nteAlllHM cf:M3H~ecKHM Tpe6oaaHHeu HBnfieTCII To; t~To reHepaTopu 
npe,nCTaBneHHH rpynnu CHMMBTpHH ~OJ!MHH y~OBJ!eTBOpRTb KO~T8QHOHHI»M 
COOTHOWeHHHM -AnH I'eHepaTOpOB npe~CTSBneHHH anre6pH !H 3TOR rpynm. 
B KBSHTOBOfi TBOpHH nOJIH 3TO o6ecnetii'IB8BTCH KOB8pH8HTHOCTbD narpSHEHa
H8, BaMHo noHHMSTb, o~axo,· t~To narpBHEHaH HBnaeTca nHmb Y8TeM8TH
qecKHM DOHHTHeM 1 B TO BpeMH K8K I'eHepSTOpH npe~CT8BJIBHHH I'pyDDH CHM
MeTpHH1 6y~ CaMOCODpRMeHHHYH onep8T0p8MH B I'Hnb6epTOBOM npOCTpaH

CTBe,onpe~enRDT COOTBeTCTB~e H11 ~3HtleCKHB BeJ!Htii'IHH~ Ha ~'pe 
nonynapHofi B HSCTO~BB BpeMR TBOpHH cynepCTpYH (c~,HanpHIIep1 2? ) -
~3HKH y6e~nHCb 1 tiTO HY»!HB KONMY'1'8QHOHHJ,Ie COOTHODIBHHII MOI')'T BHDOJI
HHTbCH H B C~ae, KOI'~a KOB8pH8HTHHA JI8I'p8HliH8H DOCTPOHTb HeJ!b3R •. 
(' i B PKM HMBJOT ,neno JIHWb C I'HJ!b6epTOBHM npOCTp8HCTBOII COCTOHHHR 

CHCTeMH H I'eHepaTOpaMH npe~CT8BJIBHHH I'pynnH CHMMeTpHH B 3TOM npOCT
pSHCTBe, B TeOpHH C 3~8HHW qHCJIOM qaCTHG STH reHepSTOpH He MOryT 
6I»Tb_nocTpoeHH Hcxo.na H3 xaxoro-nH6o noxanbHoro narpaH.Haaa. TaKHM 

o6paaoM, ~~ aBnfieTca Heno~anbHOR TeopHeR,H B annapaTe PKM HeT nar

pamrn.SHa n RoaapnSHTHllX ypaaHemlli. 

• ':f 

HenoxanbHOCTb TeopHH ~e He oaHaqaeT ee He~3lillHOCT!f, noc
KOJ!bKY B8MHO RHWb 1 t1T06H HeJIOKMbHOCTb He npOHBHJI8Cb B M8KpOCKODH
qeCKI'IX MacmTa6ax. 06ntee Hccne~oaaHHe xapaKTepa HenoK&nbHOCTH B PHM 
38Tpy~HTeJ!bHO, B qaCTHOCTH,nO TeM npRt:!HHBM, llTO H8HCHO, K8K~3H
qeCKH onpe~enHTb cTeneHh HenoxanbHOCTH. H3BecTHo, HanpHMep, t:ITO B 
penHTHBHCTcxon TeopHH HeT onepaTopa, o6n~ruontero aceMH HYMHHMH 
cBoRcTBaMH onepaTopa xoop~aT~. fl03TOMY B PKM MOMHo.Hccne~6BaTb 
nHmb_Te ~HaHt~ecxue Tpe6oaaHHa, KoTop~e ~PMYRHpyroTcH a TepMHHax 
rHJ!b6epTOBIDC TlpOCTp8HCTB H onepaTOpOB B HHX. 8 3Ton CBH3K O~HM·H3 
Brutmb!X HBJ!HeTCH DOHHTHe 0 CBoncTBe Kn8CTepHOfi cenapa6eJ!bHOCTH. 

~3Ht:!eCKHR CMUCJI 3TOI'O nOHHTHR 38KJIIDt18eTCH B TOM~ llTO npH au-: 
KniDt:IBHHH B38HMOAefiCTBHn MBM,ny p83nl'lllHUMH no~CHCTeMSMH p8CCM8TpHB8B
MOn CHCT8M~ MU ~ORMHH nO~Tb ODHC8HH8, KOI',na BCe 4M3Ht:!eCKH8 X8-
-p8KT8pHCTHKH ~JIH K8li\,D;OR rto~CHCTeMU He 38BI'ICHT· OT 4M3HqBCKHX X8p8KT8-
pHCTHK ocTanbHIDC no~cHCTetd. Kax c¢opMYR11poaaTb 3To yTaepJ!':,ll.eHHe Ma
TeMaT,qecxHJ BnepBble 3TO 6uno c~enaHo, no-BHAHMOMY, B pa6oTax Coxo
nosa 2£3, 29 • Mb! ,n~ T8KYJO ¢oPMY.11HpOBKy, B KOTOpofi HeBa»JO~. pac
CM8TpHB86M RH MU CHCTeMY C KOHet:IHb!M HJIH 6eCKOHet:IHblM tii'ICJIOM CT-eneHeli 
CB060~U 1 T_.e. p8CCM8TpHB86M nH MU_ CHCTeMy ti8CTHG HnH -KBaHTOBaHHHX 
nonen. 

B KBaHTOBOit TeopHH· rHnb6epToao npocTpaHCTBo cocToHHHfi H MH 
BCei\ CHCTeMU CTpOHTCfl K8K TeH30pH08 npOH3BB~6HHe npOCTp8HCTBt HBJIHID
ntHXCH npocTpaHCTBaMH npe~cTaaneHHH rpynn~ cHMMeTpHH AJ!H 6onee ~- · 
AaMBHTMbHIDC o6'06KTOB - 3JieMeHT8pHUX t:18CTHQ HJIH nonefi qacT~ ~aHHOI'O 
COpTa. no oripe~eJieHHJ0 1 3JI8MBHT8pH8H ll8CTHQ8 ODHCHB8BTCII HenpHBO~
MW npe~CT8BJIBHHeM rpynn~ IlYaHKape (HCKJIIOlleHHeM HBJ!HeTCH ~TOH, KOTO
pHA ODHCI»BaeTCH HenpHBO~ npe~CT8BJ!eHHeM pacmHpeHHoA rpynDH 
Qf8HR8pe 1 co~ePM~eR onep&QHH OTpSMeHHII npOCTp8HCTB8 H BpeMeHH),flQ- _ 
ne qacTHQ ~aHHoro· co pTa, no onpe~eneHmo, onHch!BaeTCH npm~on CJ'MNOA 
n -qacTHllHHJC npe~CTSBJieHHR (cpoKOBCKHM CTOJIQOM). r~e n = I ,2, •••• 

11 KBJK,V.Oe n -qaCTHllH08. npe~CT8BJieHHe IIBJ!HeTCH T8H30pHLil npOH3Be~eHHBM 
It O~OllSCTHtlHHX npe~CT8BJI9HHfi t CHMMeTpH30B8HHbiX B COOTB8TCTBHH CO 

CT8THCTHKOA p8CCM8TpHB8eMHX ti8CTHQ. . 
IlycTb. paccMaTpHaaeMaa CHCTeMa cocTOHT H3 N o61>eRTOB. I ,2... IV. 

B 6nHESRmee apeMH ~na Hac 6y~eT Hec~ecTBeHHI»M, RBJIRDTCR JIM 3TH 
o61>eKTH qacTHGSMH MH noJIJ!MH qacTHQ ~SHHoro copTa. C~ecTBBHHLIM 
6y~eT' Jllillll, TO 1 llTO K8llt,Q,HA o6'0BXT i ODHCHB8BTCJI HeKOTOpYM YJiHT8pHHM 
npe,ncTasneHKeM rpynnu IlyaHKape 9- tL, (j> 8 rHnb6epToBoY npocTpaH-

CTBe Hi· . . · 
no onpe~eneHHJO, o6'08KTN I,2 ••• AI He B3aHMO~eACTBYJOT ~pyr c 

~YI'OM, ecnH npe~CT8BneHKe I'pynnH Qyaaxape Anfi Been CHCTBMH HBnfieTCII 
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TeH30pHbiM npO>i3Be,D.eHH8M npe,n.cTaBJI8H>il1 j-.;.../i.·(fJ) t i =1,2. •• !V. 
EcJIH K8KJ.Ie-JI>i60 >13 o6~eKTOB it.BJIHDTCH TO~eCTBeHH~m qaCT>i~aMJ.1 1 TO 
acer,n.a npe,D.TIOJiaraeTCH. 1 qTQ T8H30pHoe npo>i3Be,D.eHHe ·C>iMMeTp>i30BaHO B 
cooTBeTCTBl.fJ.I C HX CTaTHCTJ.IKOl1, flpe,D.CTaBJieHHe, OnHCb!B~ee CHCTeMY 

N nea3aHMo,n.ettc:ayroll!HX o6~eKToB, 6y,n.eT o6o3na1mTbCH. !/ _,. (j {gJ. B 
o61l!eM cnyqae, npH HaJIHtlHH asaHMo,n.etlcTBHH Me~·o6~eKTaMH, npe,n.no-· 
JiaraeTcH, qTo npocTpaHcTBO npe,n.cTaBJieHHH H ocTaeTCH TeM, JKe, qTo 

H ,D.JIH. npe,D.CT8BJI8Hllfl ff-/L(:J) 1 Ho onepaTopb! npe,n.cTaBJieHJ.Ui fl-+U(?) 
oTJ!llqaJOTC11_ oT onepaTopoB npe,n.cTaBJieHHH · fj- !f{j) . Pa3YMeeTcH., ec
JIH Mbl paccr,mTpHaaeM H8KOTOpyiO IlO,D.CJ.ICTeMY paccMaTpHB8eMOtl CJ.ICTeMH -
(cocToroeyro, otieBH)J.Ho, He 6oJiee qeM H3 ;V- I o6~KTOB) ,-To MoJKHo 
I'OBOpllTb 0 B38llMO,D.eifiCTBllflX B 3TOl1 ID,D.C!HCTeMe tiH8JIOI'J.I1.!HbiM o6pa30M. 

flpHBe,D.eHHhte onpe,D.eJieHHit Bb!palKaJOT Ha fl3b!Ke TeOpllH npe,D.CTaBJieHl1l1-
rpynrr TaKHe !J!l13HtleCKllEl IlOHitTllit 1 RaK HaJIHtlJ.Ie J.IJIH OTCYTCTBJ.Ie B3aHMO,D.el1-
CTBJ.Ist. . . , . 

. KaR cJie,n.yeT 113 onpe,rieJ!el:rnit Te,3o~noro npoHsae,n.Ei"J;?IH npe,n.cTaBJie-
HHl1.rpyrrn. (CM.,HanpHMep,rJiaBy 5 B 30 ), reHepaTOpb! TaKOI'O npe,D.CT8B
JI8Hllit paBllbl CYMMBM reHepaTOpOB i KalK,D.blit J.l3 KOTOpbiX ,D.efiCTByeT HeTpH
BJ.I8JibHO JIHIDb no nepeMeHHb!M"o)J.Horo o6~eRTa, a no nepeMeHHb!M dcTaJib
Hb!X o6~eKTOB ,D.8l1CTByeT.K8K TO~eCTB8HHNl1 onepaTop. flo3TOMY CTaH,n.apT
Hhll1_cnoco6 BBe,D.eHllit B38llMO,D.efiCTBJ.Ifl 3aKJIIOqaeTCfl B TOM 1 qTO B Bb!paJKe:
HJ.Ifi )J.JIH reHepaTOpOB H8B3aHMO,D.el1CTByiOillel1 CJ.ICT8Mbl BBO,D.itTCH T8K H83bl
B8eMhle onepaTOpb! B3aHMO,D.el1CTBHH.1 ,D.efiCTB~He HeTpHBJ.I8JibHO llO ~epe
MeHHbiM no·i<pa!1Hel1 Mepe ,n.ayx o6~eRTOB. OnepaTopb! asaHMo,n.eAc'raHH.He 
npOH3BOJibHbl 1 noCKOJibKY HOBBit CHCTeMa reHepaTopoa 1 K8K.H CTapaH. 1 ,D.OJilK

H8 y,n.oBJieTBOpHTb KO~T8~J.IOHHb!M COOTHOWeHHHM ~it reHep8TOpOB npe,n.-· 

CT8BJieHHit rpynmt IlyaHKape. 
ftrcTb CL - HeROTopoe pa36HeHHe cHcTeMhl· N o6~eRTOB Ha fl. no,n.

CHCTeM d.1 t cit .. • oLn. • flo onpe,n.eJieffioo, B38HMOA8l1CTBHit MeJPYJY · 
3THMH IlO,D.CllCTeMaMJ.I CtlJ.IT81lTCit BHKJDOqeHHNMH 1 ecmL_ BCe onep8TOpb! B38J.I
MO)J.el1CTBllit1 ,n.el1CTB~He HeTpHBH8JibHO no nepeMeHHbiM no RpatlHefi"Mepe 
,D.Byx IlO)J.CHCTeM,IlOJIOJKeHbl paBHHMH HyJDO. QqeBH,n.HO, tlTO CHCT8M8 H3 .n 
T8KHX nO,D.CHCTeM OnHCb!B88TCit npe,D.CT8BJieHJ.IeM /J_.il,:J.., ... tf,. {fl-)s /L( f-j a) t 

paBHblM TeH30pHOMY. npOH3Be,n.emm yHHT8pHb!X .{lpe)J.CT8BJieHHft ff- lfct, (j). 
,D.JIH. IlO)J.CHCTe~. IlyCTb npe,n.cTaBJieHHit ~-/Lei;. ( j) ,ll)Iit BCeX nO)J.CHCTeM 

p8CCM8TpHB8eMol1 CHCT8Mhl H3BeCTHN1 a g.:..... fj_(p) - IlpOH3BOJibHOe 
yHHT8pHOe npe,D.CT8BJieHHe rpynnbl ftraHKape ~it. BCel1 CHCTeMb!,AEcJIH ,D.Jlit 

JD09oro a. onepaTopb! npe,n.cTaBJieHHH. ~- [/,{y) nepexo,n.srr B /Li. ... d,. (f!) 
IlpH Bb!KJDOtieHHH B38HMO,n.etlCTBHH. Me~ COOTBeTCTB~HMH IlO)J.CHCTeMaMH, 
TO I'OBOpitTi qTQ BHnOJIHit8TCit (aJire6paHqeCKOe) CBOtlCTBO KJiaCTepHotl ce

napa6eJibHOCTH HJIH p83)J.eJIHMOCTH. 

~,. 

B_4MaHtiecKol1 JIHTepaType_ ¢oPMYJIHpoaaJ!llcb 6oJiee _CHJibHble caoR-
CTBa · pas,n.eJIHMOCTH 1 Bb!p8l!C8JO!IlHe MaTeMBTHtieCKH TOT !lJaK~ 1 . qTO B3aHMo,n.el1-
CTBHe MeJK,Jzy no,n.CHCTeMaMH ,D.OJ!l!':HO UC"tleaaTb npH HX pa3~e,n.uneHHH na 6oJib

mne paccToHHHst HJIH npv. 6oJibiDHX apeM72~· CaoMCTBa apeMeHHol1 pas,n.emt-
. MOCT~ · 6b!JIJ.I ·ci%JopMyJIHpOB8Hbl _ B ~~60T8 : 1 a CBOl1CTB8 npOCTp8HCTBeH-

HOfi pa3,D.eJIHMOCTH B pa6oT8X ,3!,3 
J.l ,n.p. C TOqKH 3peH>iit ~ -M8T-

pH1.!HOI'O no~o,n.a, ,D.OCT8T01.!HO CYil!eCTBOB8HHH MHOI'OKaHaJibHOfi ~ - M8TpH~. 
· AOKa3aTeJibCTBo CYil!eCTBOBaH>iit S -·MaTp>i~ MOJKeT 6b!Tb npoae,n.eno ~mb 

a KOHRpeTHb!X uo,n.eJiflX npH H8JIOl!CeHHH onpe,n.eJieHHb!X Tpe6oaaHHl1 na orrepa
Topb! asaHMo,n.eficTBHH.. EcTeCTBeHHo ,D.YMaTb 1 "liTO (aJire6p8>iqecKoe) caon
cTBO KJiaCTepHol1 cenapa6eJibHOCTH H.BJIHeTCit O)J.HHM H3 Heo6xo,D.Hm'rx: Tpe-
60B8HHA. 8TO CBOtlCTBO MOM8T-6HTb HCCJie,D.OBaHO npH ,D.OBOJibHO o6~HX . 

npe,n.noJiol!CeHHHX 6e3 ·aHBHHH ~eTanbH0!1 ~!lJopMa~H o6 onepaTopax ssa>i

MO,n.eAcTBHit. 
nerKO BR,D.eTb 1 tlTO B JIOK8JibHOl1 KB8HTOBOl1 T80pHH.nonfi CB0!1CTBO 

KJI8CT~pHoA cenapa6eJibHOCTR Bb!IlOJIHHEiTCit aBTOM8TJ.IqeCKH 1 eCJIH IlOJIH~~ 
JI8Pp8HliC>i8H B38HMO~e~CTBRit Bbl6HpaeTCit B BH)J.e CyMMbl J18Pp8HlKH8HOB B38H
MO,D.el1CTBHH · ,II.JIH pa3JIH1.!HbiX pO,D.CHCTeM. 0,D.H8KO B · peJIHTHBHCTCKOR KB8HT?- . 
BOA MeXaH>iKe (COOTBeTCTByn~etl CJiyqBD, KOr,n.a BCe o6beKTbl itBJIHDTCit 
aJieMeHTapHb!M>i ~acTH~aMR),y,n.oaJieTBOpHTb 3TOMY caoRcTBY BecbMa ne

npocTo YJ!C8 H.,II.JIH CJIY1.!8H Tpe~ TeJI (eM. H>i~e). 
flepeR,n.eu Tenepb K llOHHTRD 0 ~opM8X peJiitTHBRCTCKOl1 ,D.HH8MHKH. 

_ftrCTb paCCM8Tp~BaeM8,H B3aHMO,D.el1CT,Bymi8H. CHCTeMa OilHCb!B8eTCit npe,D.CTaB-

"'JI8HHeM "·ff-- f/{f!) rpyrrnu· ftraHKape. _ · _ · ·- ·· •: 
renepaTOpb! T8KOI'O npe~CT8BJieHHH y,n.oBJieTBOp!OOT H3BeCTHb!M KOMMY

T~OHHblM COOTHOmeHRHM 
A _ A 1\ _ 1\ - . . A )\ -- A 

[ ~. P)~ o ; MprM~J<; f ~-J7J-i (f;./n!Jf~); 

f MJ",. Np6 1--d fl;.,f4,_._ 1-.~,-rv.i6,- fflJ' ~.J 
A ~ (I.I) 

r,n.e f}u_ - onepaTopu HMnyJibCa~ M-vp - onepaTopb! MOMeHTOB, a MeT-

pHqecKHI1 TeH30p j),l-J ,ll,lf8I'OH8JieH, npHtleM ff••=-ff11=- f!u=- j 33 =I. . 
·H3 COOTHOme.HHfi (l.I) B~Ot tlTO ecJIH onepaTOpb! B38>iMO,D.el1CTBHH co,n.ep-

l!C8TCit B I'8MllJibTOHH8He. ~ t TO OHH 06it38TeJibHO ,D.OJ!l!CHhl CO,D.8pl!C8TbCH. 
H a HeKoTopb!X",n.pyrHX reH~paTopax npe,n.cTaaJieHHH. !eJiaTeJibHo BBO,D.HTb 
onepaTOphl B38HMO,D.el1cTBHH B . B03MOl!CHO MeHhmee tiHCJIO. reHepaTopoB. B . 

MI'HOBeHHOl1 !lJopMe, no orrpe,D.eJieHHD 1 onepaTopu·B38HMO,D.el1CTBHH BXO,D.itT 
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B I'8MHJ!bTOHH8H Po ~ onepaTOpbl JIOpeH~BBCIG!X. 6yCTOB Hoi k=/,Z,J) ,a 

onepaTopbl HMTIYJJbCa p H npocTpaHCTBeHHbiX Bp8Il{eHHI1 Mi~ (i,K=I,t3) 
CB060)J.Hbl OT B38HMOp;e!1CTBHfl, B TOll8trn~!1 tlJOpMe DnepaTOpbl B38HMOp;eflC,.T

BHfl ·axo.n;HT a onepaTopbl 4-nMnyJibca {3.. , a onepaToph! MOMeHTOB M~ 
CBOClO.n,Hhl OT B38HMOJI;ei1CTBHH. Bo tlJpOHTOBOf\ tlJopMe C Bhl,ll.eJieHHOf\ OCbl!l r 
BH8ll8Jie nepeXO.II;flT K "+" 11 "-" KOMTIOH8HT8M B6KT!lpDB COI'JI8CHO COOTHO

lll8HHI!l 

P-1-= i_ {po-1-pJ} 
ff. 

p-~_j_ fp'"-p' 
. ff ' 

(!.2) 
(OTM6THM, liTO TipH onycK8HI1H HH.II;BKCOB "+" nepeXOJI;HT B "-;: H. HaOClO

p~T ).. ~ 3TOH tlJopMe B38HMO.II;6HCTBHe. BXO.II;HT B on epa TOphi p- H 

M1 {j= 1,2) , a ocTaJibHhle I'eHepaTopbl CBOClO.n;HI:l OT B3anMo.n;eiicTBU.fi. 

TaKMM o6paaoM, B, MrHoaeHHoii .11 TOtietrno~ tlJopMax nnepaTopbl B38H

IIIO.n;eP.cTBMR npHcyTCTBYJOT ·a tl8Tb!p8X I'8Hep8TOp8X npep;CTilBJI6HHSI I'pynnoi, 

llyaHKape, a so ~poHToaon - B TPeX. B TO ~e apeMSI JierKo BH.II;eTbs liTO 

BO ~pOHTOBOH·~OpMe onepaTop~, COOTB6TCTB~Me OTpSieHHI!l npOCTp8HCT-

B8 H Bp8M8H11,.II;OJilKHbl 38BHC8Tb OT B38HMO.II;e~kTBMfl, -" A 

.B JioKaJibHoR KBBHT.osoil ~eopHM noJISI orrepaTOpbl ~ M ft£.J nony-
tlSIOTcn CJIBAYJOIJlHM o6pasoM. llycTb ;;[( U, , Ui~) - rTJIOTHDCTb Jiai'paH- · 

;KH8Ha, KBK lflyHK~Hfl OT JlOK8JibHO-TIOJI8Bb!JC onepaTOpOB /L;.{x) (l=/,!, ... ;Y}H 
HX 'npOH3BO)J.HbiX Ui;)". = () U; (X) I '0 xfi .Onpe.n;eJIHM T6H30p 

3HeprHH-MMnyJJbC8 

Tu ... -f.(~ .()a,)- ir;J 
)'- ·. ~ oU·. ox,# J-l 

t=f l,i) 

(!.3) 

H TBH30p MOH8HTOB 

IV 

.P) ' o'£ Ai ~ lfr, {)!L,,, 'I'"Uj M
p . J 

J =(x~ ~- ~ 
'? 

(!.4) 

J . 
I'p;e A~J - HeKoTopbie· 1\IJHCTBHTbl, onpep;eJifll!l,ecJ TpaHC~pMB~HOHHh!Mll 
caoRcTBaMM WHKiiHil lli {:d (cM.,I:ianpHMep, KHMI'Y 13 • llpH ,l<B8HTOB8HHI1 

((3THf JBH30pOB TIOJ!YtiBPJTCft JIOK8JibHO-TIOJI6Bbl8 onepaTOpbl r; ( :J;) H 

M~ (x) . ToP.n;a (eM., HanpHMep/!3/) · . 
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B. ~It; (x) do,ix) , 

fVkf f/~{x) d~lx), 
(1.5) 

I'AB d ~(X) - 3JI6M6HT 06'beMa HeKOTOpoA npOCTp8HCTB6HHOnop;o6HoA I'Hnep-

nosepXHOCTH (1 1 .1:) :: 7: , · 
B JIOK8JibHOA KB8HTOBOA TeOpHH nOJIR RBHhiA B~ I'eHepaTOpOB npep;

CT8Bn9HHS rpynnu uY8HKape saBHCHT OT su6opa rHnepnoaepXHOCTH, no xo
TopoA npOH3BOp;HTCS HHTei'pHpOBaHHe B·~§jYJIBX (1.5). il03TOyY. B HeKO

TOpbJX pa!SOTax, K8K H B pa!SoTe ~paKa 3 
1 B KOTOpoA noHJ'ITHe.o ~p

MBX )J.HHSWIKH paCCM8'l'PHBaJIOCb BnepB~e: ~pMa .II;HHaMHKH CBS3biB8n8Cb C 

OJipe.n;eneHHhiM sH6opoM I'Hnepnose~XHOCTM. )\onycTMM, qTo nai'l'BHllHBH ; · 

;!_ ( XJ npe,U.CT8BJIBH B. BH.II;6 £ ( ::t:) + ;t i.J (X) t I'.II;e ;;f{xr- CB0-

60,ll.Hh!A JI8I'p8HllHaH 1 8 JI8I'p8HJGI8H B3aHMO.II;6ACTBHR dq.t{x) 38BHCHT JIHWb 

• oT { Ud H He saaHcHT oT {()u,/ox/'1·J Tor.n;a Hs...- (I .3) H {L4) 
~Jie.eyeT, qTo KBaHTOBBHHble onepaTopbl TJ' (:x) H ~(x) MOl!HO npe.n;-

~ CT8BHTb B BH.n;e . 

·~ 
..:::t--

~ 
A,~ ~ ' ~ 

T {x)= T (x)- ;tint (x) ~ 
)L. )f . . 

~p J . p y 
MJL~ (x)= M;;.~(z:)- tint (x)(x~~- ~ o~) · 

~ p . . {!.6) 
I',U.e !:fz) H ~~{;t) O:!l~aqaDT T~nepb KBaHTOBaHH~e onep8TOpH npH 

OTCYTCTBHH BS8HNO.II;6RCTBHJI. 3JI6U6HT 061>6M8 dff~ {X) B ~pMYJJax (!.5) 
MOJIHO npe,I!.CT8BHTb B BH,l1.6 tfo~ (X}::: A~ o{(}..,x)-T)d~X. TOI',tta C yqeTOM 

(!.5) H (!.6) no~aeM · · 

· pf'-= p.u~ AJL JtU&t (x) ~((.A,x)---r)d~x , · 

. MJL~= M'"il- Jtitd(x)(X~.A'~'- xJ'i)~{(1,x)--r)d4x U.?> 

· C~ao, Kor,u.a MHTerpHpOBaHHe se,u.eTCJt:· no · o6Htiliowy TpeD~Howy · 
npocTpaHcTay, cooTaeTcTByeT BeKTop A , TSKoR, qTo J.. = I, 1· .. 0. 

I' 
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Tor.na, KaK CJJe,nye'!' H3 (I. 7), Mbl no.nyqaeM CHC'l'eMy reHepaTopoB a 
MI"HOB8HH0!1 q)opue. . 

~OHTOB8JI rpopMa MOJKCT 6b!Tb q)OpMaJJbHO ITOJ!yt1.8H8 H3 (I. 7) CJJewro

lllkfM o6pa3~M •. PaccMoTpHM BeKTop A c KDMnoHeH'l'aMH A'::. lfrl-v-l)-1,%, ). -== 

-V'/(1-1.fl)~J/=Of;'.,.f,!). nepexo.n.R a (1.7) K npe.n.eJiy 11- I, no.nyqaeM 

A ·. 

P"= Y"- u/'f :t,.dxJ s r x"'-M'x • 

)'- ;u) J ·p . J +- l.t f'1 ~ M .,. ;/wJx)(x w -x-"u;~d&: )d x, 
"'i) 1 

(I .8) + . 
!',Il,8 BCKTOp (J} HM8CT KOMITOH8H'l'bl UF = I, UJ =- UJ} = 0. reHep8TOpb1 

( 1.8) RBJI.ffiO'l'CR, otteBH.!l.-90, reHepa'l'opru.m· i{lpoHTOBO~ rpopr.m. TaKHM o6pa-
3DM, C :noll tlJOpMOH MOlKHO CBJI38Tb "noBepxHOCTb C•B8TOBOI'O tlJpOHTa", 
onpe,IJ,CJIR8MYJO YCJIOB>f8M x+- = 0. 

qTO ~e K8C88TCJI TOti8tiHO!l tlJOpMb!," TO Bonpoc 0 CBJI3H C TCOpHeH 

noJJR s.n.ecb cJJoJKHee. B. pa6oTe ,ll;HpaKa 133/_c TottettHon ¢opMoi1;ca~rablaa-. l _, ;: ___ . .J ' 

JJ8Cb rHnepnosepxHocTL · { -x = ~ 4 0, i > 0 , o,IJ,HaKo, KaK 

· DOK838HO B pa6oTe CoKOJJOB8 /
34/, C TOtteqHO!l q)opMO~ ,IJ,O~a CBi!3biBUTb

Cii I"HnepnJJOCKOCTb, opTOI'OH8JibH8ii B8KTOpy 4-C~OpOCTH CMCT8Mbl. 

§ I.4. KpaTKHi1 o6aop paaBMTMR peJJJITMBHCTCKOi1 KBaHToBo!l 

MCXaHHKH 

KaK YK83biB8JJOCb B § I.I.,· PKM ti8CTO Tp8KTY8TCR K8K TeopHR npJI

MOI'O B38HMO,IJ,C!lCTBHJI, B ¢"3Hti8CKO!l JIHTepaTYPe HMCCTCH MHOI'O pa6oT, 

B KOTOpbiX KOH48IT4HR npRMOI"O B38HMO,IJ,e!lCTBHR 06C~,IJ,88TCR C KJJ8CCM

tt8CK0!1 TOqK>J apeHHR. TiocKOJJhKy-Mbl paccMa'I'pHBaeM PHM JJHmb KaK·npH6JIH

Ji<eHHYJO Teopmo, Mbl He 6y.n.eM o6~aTb-·3TH pa6oTbl. B He,l!,aBHo Bhlme~men 
KHHre BJia,IJ,HMHpoaa H TYPhlrHHa o6c~aeTcR, B OCHOBHoM,- sonpoc o 

tllopMYJIHpOBKC KJI8CCHqeCK0!1 3JJ8KTpO,IJ,HHa!!HKH H 06lll81\ TeOpHH OTHOCHTCJ!b

HOCTH B TepMHHax TCOpHH npRMOI'O B38l!MO,IJ,8~CTBHR. Pa3JIHtiHbl8 ITPHH4!1-

ITH8JJbHb18 BOITpOCbl KJI8CCHti8CK0!1 TeopHH ITpRMbiX B38MMO,IJ,8!1CTBM!1 (KJJ8CCH

qeCKOI\ p8JJRTMBHCTCK0!1 M8XaHHKH) paCCM8TpHB~TCR B pa6oTax ra~, · 

1] KJJeDHKoaa, KJooqKoBcKoro, Manoposa, CoKoJJosa, TpeT!..Hl\a, IllaTHero u 

MHOI'HX HHOCTpaHHbiX 8BTOpOB, ~T8T8Jib~ HHTepeCYDlllHI\CR 3T~rn BOITpOCSMH, 

MO~eT o6paTHTbCR K pa6oT~ / 35-4!/H K pa60T8M
1 

TaM'qHTHpyeMb!M, 

K )JJlyroii C9pll.U OTHOCRTCR pa60TU, B KOTOpbiX HCCJJ8.Izy8'l'Cff, 

18 

• KSK peJJi!T.HBHCTCK08 KBaHTODM8XaHMti8CKOe OITHC8HH9 ~0~8T.6b1Tb DOJiyqCHO 

. H3 KBaHToaon TeopHH rronK. HaH6onee rronHhle_peaynhTaTbi-3,IJ,ecb I1Me~TCR 
,Il,JIR CJ!yti.8R ,IJ,Byx Q8CTHQ, ,Il,HHSMHK8 KOTOpbiX onpe,Il,eJJR8TCR "tieTblp8XXBOCT

HOn" aeplllHHHon clJYHK4Hen. PaaJ!MtiljN~aBHeHHR ,Il,JIR aTon clJYH~ qpe.n.

noJteHhl B pa6q';\'~ BeTe~oJinHTepal'"' , Jlo~oBa - Taax.~H,IJ,ae 43/ ,Ka
~eBcKoro /441, BJ18HK8H6eKJJepa-~rap~4b/, rpocca146/ 1 .TO,Il,OpOBa /47/ 

H ,IJ,pyrHX aBTOpOB. ,ltHHaMHK8 ,Il,Byxtl8CTHqHOR CHCTCMbl BO tlJpoiiTOBOR rpopMe, 

DOJ!yt1.8HH8R H3 paCCMOTpCHHR ¢QnHM8HOBCKHX ,Il,H8I'p8MM B ~CjeMe C 6eCKO-

. HetiHw HM%JJ/CoM, paccMaTpHBaJJ,Cb l pa6oTax Bann6epral'
48 

1 JEo,cKoro 

· H Jlen8llta '19 , HaMblc,oscKoro 
50 

, ~BHK!lJypTa H CTpHKMBHa . I 1 KoH,IJ,

pa~Ka H TepeHTbeBa 5 21 H ~HX aBTopos. B cooTBeTCTB~en TeopHH 

B03MYlll8HH!1 BCe ti8CTHQbl H8XO,Il,RTCR H8 M8CCOBrin.noaepXHOCTH 1 HO B BepmH-
_, 2 + 

Hax COXp8H.I!IlTCR JIHllib KOMITOHeHTbl HMIIyJlbC8 f J p , p . . , BoJiee 06lll8H 

H K TOyY ~e KOBapH8HTH8R TeopHH B03MYlll8HHR 1 B KOTOpoR npoMe~TOtiH~e 
qac~·H8XO,Il,RTCR H8 M8CCOBOR noBepXHOCTM,npe,Il,JI0~8HB ~eacKHMf53{ 
HCXO,Il,R H3 I'aMHJibTOH,BOR ~JPMYJJHpOBKH KBaHTOBOR TeOpHH nOJifl, 1\aK .. , 

DOK83BHO B pa6oTax 5415 
1 B paMKax 3TOI'O DO,Il,XOA8·T8KE8 MO~eT 6b!Tb 

BbiBe,IJ,eHO KB83HDOT8HQHaJibHOe ypaBHeHHC JloryHoBa-TaaxeJIH,IJ,3e. llpHMeHeHHe. 

Jte TeXHHKH ~eBCKOI'O ,Il,JJR OnHC8HHR ,Il,HHSMHKH B CHCTeMe 6eCKOHe~OI'O 

HMnyJibCa paccMaTpHBaJIOCb B . pa6oTax KapMaHoBa /56/. H~.n.asHo ~.noW 5? I 
6b1Jl npe,lJ,Xo~eH T8KoA·BapH8HT·KOBapHaHTH0R"TeopHH B03~eHHA H8 CBCTO

BOM q)pOHTe t B KOTOpOM 1 B OTJ!HtiHC OT nO,IJ,XO,Il,8 1\a,u.blmeBCKOI'O 1 ,IJ,H8I'paMMbi 

'He CO,IJ,epJt8T mnypHOHOB • Elqe O,Il,HH .BapH8HT KOBapH8HTHOA TeOpHH B03MYllle

HHA1 B KOTOpOR tiBCTHQbl H8XO,Il,RTCR H8 M8CCOBOn ITOBepXHOCTH 1 a B npOMe

JtYTOqHb!X COCTOIIHH.RX COXp8HReT]g 4-c,opOCTb CHCT8Mbl 1 paCCMOTpeH B . 

pa6oTax ~RrpoKa H .n.e rpooTa 58,59 • 3TOT aapHaHT npHBo~T K Toqe-q-

HoR lf?opMe ,Il,HH8MHKH. . 

qTO Jte KacaeTCR peJIKTHBH30B8HHbiX " ypaBH8HHA ~eesa ,Il,JJR Tpex 

tiaCTH~ T~ HX neps~ aapHBHT npe,Il,Jio~eH, no-BH,D,HMOyY 1 AXM8,1J,38,1l.exOM H 

qOHOM 
60 

1 o~~o. 6onb~ nonyJJfiPHOCTb npHo6pen sapHaHT AapoHa, 

· AM8,1l.o H BHra 6 • 0Ka3aJIOCb1 o,IJ,HaKo, tiTO H 3T"oT aapHaHT HMeeT He.n.o

craTKH,H noaTOMY pasnHtiHYe MOAH~KaqHH PeJJR'!'HBHCTCKHX ypasHeHHA ~a.n.

.n.eeaa paccMaTpKBaJIHCb MHOI'HMH 8BToy~· Cpe,IJ,H nocnmHX P,e60T H8 

3'cy T~/TMeTHM pa6oTbl Ca4JpOHOBa 
6 . ' rapcHJI830 1641 H. 

~,Il,bl .• 

llpH Bblso.n.e peJiiiTHBHCTCKHX 'I'pe:ictlacTHtiHhiX ypaBHeHHA B ,IJ,Harp&tMHoM 

ITO,Il,XO,IJ,e 06yqHO HCXO,Il,RT Ht ,IJ,OITOJJHRTeJJbHbiX npe~OJI0Jt8HHA 0 MaJJOCTH 

. BKJI8,11.8 T8X RJIH HHb1X ,Il,H8I'p8101 Wm 0 MSJJOCTH BKJI8,1l.8 TeX HJIH RHbiX OC06eH

HOCTeR B y-qHTbiB8eWX ,IJ,Harpawax. KoppeKTHOCTb 3THX npe,Il,JJOllteHHA, KBK 

np8BHII0 1 He OtieBR,IJ,Ha1 H nOS'l'OyY HeHCHo,6y,IJ,eT JIH no.nyqeHHoe ypaBHeHRe 

y,IJ,oBJJe'l'aopJITb HYJtHm( ~3HtieCKRM Tpe6oBSHHJDI (CM., HanpHMep, o6cyJr,U,eHHe 
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a pa6oore 165/). Mhl yaH,I!.HM HHllte., qoro a no.Iixo,l!.e PKM eo. scm<ow c.nyqae 
B~OnHBDTCH TaKHe CBOACTBa 1 KaK penHTHBHCTCKaH HHBapHaHTHOCTbt Tpex
MepHOCTb ypaBHeHHA 1 npaBHnbHID! HepeJIHTHBHCTCima npe,l!.eJI 1 ,qsyx- H 
TpeXtlaCTHtlHaH yHI1TapHOCTb 1 a Ta!Oite KJiacorepHan 'cenapa6eJibHOCTb. IJoc
Jie,ll,Hee CBOACTBO B~OJIHHeTCH He BO BCeX DO,l!.X~aj· TaK,HanpHMep, 
HeaepHNM HBJIHeorcn yoraepM,I!.eHHe HaMNcnoacKoro' 00 , qoro, acne,ll.CTBHe 
cne4H~qecKoro au6opa nepeMeHHHX B ~8MI1Ke caeoroaoro ~oHora, 3TO 
CBOACTBO B~OJzHHeTCR 3,l!.eCb B DOJIHOA aHaJIOI'HHC HepeJinTHBHCTCKOA KBaH
TOBOR M9XaHHKoA. AHanorHH He MOJteT 6h!Tb DOJIHOR 1 T8K K8K B peJISTH
BHCTCKOM cnyqae onepaoropH B38HMO,l!.eACTBHS BXO,l!.HT He TOJibKO B I'aMHJibTO
HHaH1 HO H B ,I!.pyrHe reHepaoropH npe,I!.CT8BJieHHH rpynnH QyaHKape,H o6ec
netll1jb yas,ll.eJIHMOCTb B 3THX reHepSTOpax ,l!.aJI9KO He npOCTO (CM.1 HanpH- . 
Mep, 66 ).B 3TOA CBff3H OTM9THM,~TO YCJIOBH9 paS,l!.~OCTH BC9X ,l1.9CHTH 
reHepaiopoB ~eTCH,KaK npaBHJio,6~ee c~bHHM,~9M yCJioBHe pas,l!.~o
CTH 8 -M8Tp~ ,paQCMBTpHBa9M09 B ,I!.HBrpaMMHOM TIO,l!.XO,l1.9 .MOJKHO TipHB9CTH 
apryYeHTN1 liTO MHOI'He Bap118HTH TpeXtl8CTHtlHNX yp8BHeHJdl 1 DOJIY'l9HHbte 

B ,l!.M8I'p8MMHOM DO,l!.XO,ll.e1 He COOTBeTCTBYDT p83,l!.eJIHMOCTH BO BCeX ,l!.eC'TH 
reHepaTopax. B § 3.6 MN o6cy,l!.HM a 3ToA·cansH aapHaHT rapcHJiaao 631, 
a B 6onee no,I!.po6HoA pa6oTe, B KOTopoA 6y,ll.eT pacCMOTpeHa '~BMHKa 
TpeXtlSCTHtlHOR CHCTeMN Ha CBeTOBOM ~OHT91 - B8pH8HT ~~ • B TO 
Jle BpeMn, ,l!.MarpaMMHID! DO,l!.XO,l!. D03BOJIJileT 1 B np~ne 1 ODPe,l!.eJIHTb .TP9X
qacTHtlHOe B38HMO,l!.eACTBHe 1 TOr,l!.a KaK Th!K, J"IHTI:lBM .7IRIIIl> CBOii

CTBa HHBapHaHTHOCTH H pa3,l!.eJIHMOCTH 1 onpe,I!.eJIHTb 3TO B38HMO,l1.9ACTBHe 
He MOlleT. Hcxo,ll.n H3 pe3yJibTaToB aoroA·pa6oTN HSM npe,l!.CTSBJIHeTcn, tlTO. 
TpexqaCTHtlHNe ypaBHeHI1R 1 BNBe,l!.eHHNe B pSMKax PKY,RBnHmTCS H8H60Jiee 
o6o.CHOB8HHNMI1 1 O,ll,HaKO KOHKpe'l'Hl:.IA BH,l!. TpeXtlaCTHtlHOI'O B38HUO,ll.eAcTBHR 
B HI1X ,l!.O~eH 6NTb onpe,ll.eJieH .11CXO,ll.n 113 ,l!.HSI'pSMMHOI'O HJIH ,l!.pyrHX DO,ll.
XO,l!.OB. 

· KaK HBM npe,I!.cTaanneTcn, no.nxo,l!. PKM HMeeT H TO npe~ecTao, qoro oH 

o6o6~aeTcn Ha .cnyqaA npoH3BOJibHoro tlHcJia qacTHQ ropa3,l!.O npo~e. qeM 
DO,l!.X0~ 1 OCHOBSHHNe-Ha KBaHTOBOR TeOpHH.DOJIR1 H1, KpOMe TOI'0 1 peJIHTI1-
BI1CTCKHe MHOI'Otl8CTHtlHNe ypaBH9HHR BNBO,l!.HTCR 3,ll.eCb no TOR Jte CX9M9 1 tlTO 
H B 06NtlHOR KBSHTOBOR MeX8HI1Ke. P83yYeeTCH1 npH npHMeH9HHI1 3THX ypaB
HeHI1R B KOHKpeTHNX CJiyqanx He06XO,l!.lO(O HM9Tb B BH,l!.y 1 KSKHe 4Jt3Htl9CKHe 
npe,l!.DOJIOllteHI1n 3aJIOllteHN a PKM 11, cooTaeTcTBeHHo, Ha KBKYD TOtlHOCTb 

MOJIHO paCCtlHTNBaTb. 
Hcxo,l!.n H3 cKa3aHHoro, w y,l!.eJIHM Tenepb BHHMaHHe JIHmb TeM pa6o

TBM, B KOTOpNX ,l!.HH8MHK8 CI1CT9MN 113 3M8HHOI'O tlHCJI8 qacTHQ p8CCM8T-
('\ pHBaJISCb Henocpe,l!.cTaeHHo a pBMKax PlQl, TO ecTb 6wtH nocTpoeHN .reHe

pa6ciTN npe,ll.coraaneHHn rpymm I{yBHKape. OTMeTHM JIHmb, tlTO .a nocne,ll,Hee 
BpeMH peJIHTHBH3M HYKJIOHOB H KBSpKOB ytlHTNBSeTCJI[ TSIO!te B p8MK8X ypaB

HeHHH ~8K8 ~H KBa3HHe38BHCHMNX HyKJIOHOB H KBSpKOB, B pSMKax 
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"KBSHToaoR XMPO,l!.HHSMHKH" H T.,l!.~ ~~aTeJib 1 HHTepecYJliiiHRcn 3THMH aon-

6 
/67-00 "l2/ . "' ' pOCBMH MOJteT 0 paTHTbCH K · 1 H K pauOT8M1 TaM 4HTHpyeMNM. , 

Hjqano pa6oTBM no PKM 6wto noJIOllteHo ynoMHHaameAcn CTSTbeA ~pa
KB /33 1 .B KOTOpOI\1 B qaCTHOCTH 1 BBe,l!.eHO DOH.IlTHe 0 orpex OCHOBHNX. · 

qopMax penHTHBHCTCKOA ,l1.HHBMI1KH. IIepaoe naHoe nocTpoeHHe reH~paTopoa 

npe,l!.CTSBJieHHH rpynnN QyaHKSpe ~H CHCTe~ ~Byx B38HMO,l!.eAcTB~ 
qacorH~ 6NJio ,ll.SHO BaK~BHOM H ToM~COM 70 B MrHoBeHHoA ~opMe. ~311-
qecKHA CWCJI DOCTpOeHHH BaK8M,I!,1lt8H8-TOM8C8 f6CYJI,l1.8JICH 38TeM B pa3nHq
HNX pa60TaX. B tl8CTHOCTH 1 ~OHI'. H 3,yxep / 7! DOKa3aJIH1 qoro B 3TOR MO

,l!.eJIH c~eCTByeT penHTHBHCTCKH-HHB8pH8HTH8h J- MaTpH~8 1 a ~3HqecKHA 
cMHCJI pen~BHCTCKOI'O OTHOCHTeJibHOI'O pa,I!.HYC8-B9KTOpa RCCJI9,l!.OB8JI 
Oc6opH /72 • B TO lite apeMn 6wto ,ll.OBOJibHO 6NcTpo··noHnTo, tlTO nepexo,l!. 

K cnyqam orpex H 6onee qacTHQ aecDMa•Henpocor B cansH c TeM, tlTO Heo6-
xo,l!.HMO a~oJIHeHHe yOJIOBI1H KJiacTepHoA cenapa6eJibHOCTH. · . . 

' IIepaNA aapHSHT pemeHI111 3Matll1 Tpex Ten npeAJiollteH K3cTepoM 173
/ 

B MrHOBeHHOA qopMe 1 ·O,Il,HSKO, B 3TOA pa6oTe HMeeTCH HeTOtlHOCTb (CM• §3.2) 
H

1 
KpoMe TOI'0

1 
HCDOJib3yeldNA MeTO,l!. npHMeHHM JIHmb B cnyqae 'rpeX TeJI. 

IIpHtf4HDHSJibHO HOBNR no,l!.XO,l!. K 3Maqe Tpex H 6oJiee TeJI 6NJI ,ll.SH CoKOJIO

BNM,_KOTOpiD! npe~o~JI TaK Ha3NBaeldNA MeTOA na~HX onepaTopoB. 
oTOT M9TO,l!. HBJineorc~. c O,ll,HOA CTOpOHN, AOBOJibHO npocTNM, a c ,l!.pyl'OA· 
CTOpOHN

1 
B9CbM8 3JI9I'aHTHW. K COlltaJieHHII1 3TOT-MeTO,l!. 3H8KOM JIHmb He

MHOI'HM ~311K8Mo I1o~B11,l!.HM0~ 1 T8KaR CI1Ty84HH CJIOJIHJiaCb 113-38 TOI'O,q'l'O 

M9TO,l!. COKOJIOB8 CBR3NB8JICR JIHmb c. C~eCTBOBSHI1eM npRMNX B38HMO,I!.eRcT

BI1A. 
B·pa~oTax /29,74/, r,l!.e paccMoTpeHHe ae,l!.eTcn B pawKax TOtletlHoA 

· ~puN. MeTO,l!. na~x onepaTopoB ·npo,l!.eMOHCTHpoaaH CoKOJIOBNM ,l!.JI~ 
c.nyqaeB Tpex qaCTH~ H MHOI'HX qacTH~ COOTB9TCTBeHHO • EcJIH B c.nyqae 

. ' 

Tpex qaCTHQ pe3yJibT8TN RBJIRDTCR 1 B npHHqHDHaJibHON DJIBHe, HCqepnNBaD-
11tHMH1 T0

1 
KSK OK83aJIOCJ;1 B cnyqae qeorNpeX H 60Jibmero tli1CJI8 tl8CTHQ 

B03HI1KaDT HOB~e yCJIOE9HHHo 8To CBft38HO CO CBOACTBOM CHMMeTpHH naKYD
~X onepSTOpOB OTHOCKTeJibHO DOpflAK8t B KOTOpoM npOHSBO,l!.KTC~ BHKJimtle
HHe B8BHNO,l!.eRcTBKR M~ no,l!.cKCTeMBMH. MN no,I!.po6Ho paccwoTpHM &TO 

CBORCTBO B r~aBe 2. · 
. HeaaBHcHNo oT pa6oT Co,~oaa, a pa6oorax TepeH'l'beBa /76/ K Be-· 

pec1oeqxoro H TepeHTbesa 176 · ~Hno npe~olleHo ,l!.pyrOe HanpaueHHe, B 

KOTOpON CHCTeM8 113 3MaHHOrO 'lHCJI8 'Q8CTHQ OnHCNB89'1'CR B ~~ax ~OH-
TOBOA ~pMH ,l!.HHaMHKK._B pa6oTax ijQ~aTDKa H TepeHTbeBa H . 
BaKKepa, KoH,tqlBTDKa H TepeHTbeaa''1 , pa8BHBBDitHX aTO'l' no,l!.Xo)t, ~NJIH 
no~eHH T~Xtl8CTHtlHNe yp8BH8HHR H CHCTeMa reHepa'l'OpOB ~X TpeX 

qac~, YAOBJI8TBOp~e CBOilC'l'BaN pei~H~CTCKOA HHB8pHaH'l'HOC'l'H H 
p88,l!.eJIJDiocTH. B ,l!.aJibHeAmeM oKaaaJioCb 76 , qTo 3'1'K pesyJibT8TN wo-
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i. 

ry-r 6b1Tb -ra101te nOJiyqeHbl a pm~ we-ro.n;a naKyllliiHX onepa-ropoa Coxo
~oaa. 0Ka3~0Cb TSIO!te (CM. 66 )~ qoro Tpy~OCTH 1 CBH3aHHble CO · 
CBOACTBOM CHMMe'rpHH nSKyllliiHX onepaoropOB npH nepexo.n;e K 60~bWeyY·qHC
ny Te~ oc-rao-rca H BO WPqH-roaoA WopMe. 

B CBH3H C TeM1 qTO HMeDTCH OnHCSHHH CHCT8M B3aHMO,IJ;eACTB~ 
qaCTH4 B pa3~Htnn.IX WOPMSX 1 B03HHKSBT CJteAYDI!Hfi npHHI.tHnHSJibHbiA BOnpOC. 
fiB~RDTCH ~H pa~HqHble WoPMbi ~3HqecKH 3KBHBSJieHTHNNH ~H ~SK~H ~60 
H3 HHX 6o~ee npe~oqTHT~bHa2.B pa6oTe Coxo~oaa H illaTHero/79 pac
CMSTpHBa~oc.h onHCSHHe CHCTeMbl TpeX TeJI B pa3JIHtiHWC lfJOpMSX. BWIH no
CTpOeHbl ~TapHble onepaTopbl, nepeBoMl!IHe 011JiY lflopMy B JJ.PYryrJ H coxpa
HtmJtHe J - Ma-rpHuy. TaKHM o6pasow, no xpaAHeA wepe B cnyqae Tpe:ic 
TM 1 BCe WoPMb! HBJIRDTCH ~3Hqeclm 3KBHBSJieHTHbiMH. BoJiee TOI'O 1 MOlBHO 
nOKS38Tb (3TO 6y.n;eT C,Il;8JISHO SBTOpOM B O'l'A~bHOA pa6oTe}, qTo pe,e
HHR~H T~exqacTHqHblX MSCCOBblX onepaTOpOB 1 H~8ijHble B.pa60TSX 73 • 
29 t ,31' 2,80/ ( C yqeTOM HBTOqHOCTH pad om /73/ )

1 
YHHTSpHO 3KBHBS.:_ 

~eHTHbl .n;pyr .n;pyry. M~ TBM SBTOpbi 3THX pa6oT HCXO,II.HJIH JIHWb HS 
ycJIOBHA peJIHTHSHCTCKoA HHBapHSHTHOCTH H KnSCTBpHOA cenapa6eJibHOCTH. 
Il03TO!lj' B0.3HHKSBT· BOnpoc, HBJIJDOTCH JIH 3TH yciiJBH~ .IJ;OCTSTO'IlHblMH H 
c~ecTBYDT JIH APYrHe pemeHHH. KaK noKasaHo B 80 , HCXOAH JIHWb H3 
peJIHTHBHCTCKOA HHBSpHSHTHOCTH H ~aCT8pHOA cenapa6e~bHOCTH 1 MOZHO 
nOJiyqHTb 6eCKOHBqHOe MHOllteCTBO pemeHHA 1 npHBOMl!IHX K paSJIHqHbiM 4M-
3HqecKHM cne.n;cTBHHM. llpv. aToM oKasSJiocb, qTo TOJibKo o.IJ,Ho· pemeHHe 
o6ecneqHBSeT awoJIHeHHe WHASMeHTSJibHoro caoAcTBa, qTo aJieKTpKqe.cKHA 
3SpM CHC.TeMbl paBeH Cj'MMe 3JieKTpHqecKHX 3SpMOB COC'l'S~~ H t KaK 

MOJtijO noKa3S'l'b 1 3TO pemeHKe COO'l'BB'l'C'l'Bye'l' pe3yJib'l'a'l'SMrt3, t 77,31,32,80/. 

To, q'l'o ycJIOBHR peJiaTHBHC'l'CKoA HHBSpHaHTHOC'l'H H KnacTepHoA cen~
pa6~bHOC'l'K 'B~'l'CH He.n;ocT''l'~blMH, oTMeqanocb TaKae CoKo~o~ 129 , 
KoHApaTmKOM 8 H rpoccoM . 8 • Bonee '!'oro, B o6sope.rpocca182/ 
3~SeTCR CJie~A Bonpoc: "KaKoe 3HaqeHHe HMeD'l' 'l'SKHB ypaBHeHHH 1 

Kor.n;a ~~Ka noJIHOCTbD npoHsBOJibHa?". Cne.QyH pa6o'l'e Kac'l'epa H 
BH!>HHI'a 83 

1 rpocc CqH'l'ae'l' 1 qTo ·nO,IUtoA 1 OCHOBSHHblA Ha .PKM MOlltB'l' .n;a
BS'l'b JIHmb KaqecTBBHHO BeJIH~ ~JIHTHBHC'l'CKHX adxflEIK'l'OB. Mbt YBHAHM 
HHllte, qTO pemeHHH, HaAAeHHble B 173 •29,??,31,32,BO~ BhJAeJieHu cpeAH 

OC'l'~bHblX pemeHHA '1'8M 1 qTO OHH COOTBeTC'l'BymT KBSH'l'OBOA TeopHH nOJIH 1 

no KpaAHeA Mepe, a. npH6JIHJteHHH I/~. lloaTowy MH CqHTaeM, q'l'o yCJioBHH 
pe~HTHBHCTCKOR HHBSpHaHTHOC'l'H 1 cenapa6eJibHOCTH H COOTBe'l'C'l'BHRC T~0-

1 pHeA nOJIH MOryT npHBOAHTb He TOJibKO. I< KaqeCTBeHHbiM 1 HO H K BnOJIHe 
( HSAelltHbiM KOJIHqeCTBeHHbiM pesyJibTaTaM. 

HTaK, w BHAHM, qTo annoTb .n;o nocJiep.Hero. apeMeHH .<SW!a acecTo
poHHe HCCJieAOBSHa 3SAaqa 'l'pex '1'~. B SSAa'le llt8 'lSTBp8X R 60Jiee TeJI BM8-

JIOC:& pameHz.e ,Hail.IteHHoe WOJIAR R Kpait'D!l<6t/
84/ B Ml'HOBSHHo! WOINe B 

' 
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npu6JIIDKeHID1 I/~.IlO.Iijl06H08 llCCJI8.IJ;OBaHll8 RJI8CCll'I8CKOii ll KBBHTOBOil: Teopun 
MHOI'HX T8JI B 3TOM npH6~Hllt8HHH npoae.n;eHO B 063ope ra~39/. 4TO lite· 
xacaeTq~ TOqHOI'O pemeHHH 1 TO s.n;ecb no.n;xo.n;, npe.n;JIOllteHHbiA Coxo.ito-
BbiM /74/ npHBO,II.HT K ,II.HJieMMe: HSATH ~H. BHaqaJie. npOH3BOJibHOe pemeHHe 
.n;JIR na~ onepaTOpOB H 3aTeM CHMM8TpH30BaTb ero OTHOCHTeJibHO pa3-
JIHqHbiX CllOC060B BbiKJIDqeHHH B3aHMO,IJ;eACTBHH Me~ nO,IJ;CHCTeMSMH 1 HJIH 
HaaTH cpasy pemeHHe, AJIH KOTopor/ c~eTpH3aJ.\HR gsnileTcH· v.snv.uiHen •. 

B pa6oTe KacTepa H IloJiHsoy 31 . pemeHHe AJIH naeyDitHX onepaTopoa 
. v.cKanocb Hcxo.n;a. H3 MHOI'OKSHSJibHOR TElOpHH pacceaHHH1 a saTeM 6b!Jl · npe,D.
~oJteH HBHhiA cqo~6 cHMMeTpH3~H aT~ I'D pemeHHst. ,[lpyroe pemeHHe 6hi.no · 
HaA.n;eHO MyT~e' 3 , H HM TaKllte npe.n;JiollteH aBHhiA cnoco6 cHMMe>rpH3aJ.\HH ~ 
B pa6oTe lite 785/ 6blJID HaAAeHo pemeHHe, ~e o6na.n;~ee aceMH HYli!:Hb!MH 
CBOACTBSMH cHMMeTp~·;Pb!JIO noKa3aHO Ta!Oite 1 q~o 3TO pemeHHe COBn~aeT 
C pemeHHeM pa6oTbl 31 , H no3TO~ CHMMeTpH384HH 1 nllOBe~eHHaR.B /31~ 
aaJIHe;rcH, Ha Ham B3I'JIM1 H3JIHWHeA. He.n;aBHC MyT4;/

867 6b!Jlo npeAnollte
HO npOJTOe g_reHHe,. HCnOJib3YDJiee He pS3JIOllteHHe B npRMOA HHTerpSJI 1 . 

KSK B 31,8 
1 

a CBORCTBa onepaTopa llOJIOllteHHSI HbDTOHS-BH~epa •. B 
CJiyt~ae, KOI'~a.pa3JIOllteH'e B n~HMOR HHTei'p~ 3SKOHH0 1 pemeHHe MyT~ef86/ 
coana.n;aeT c pemeHHRMH 31 •85 H TaKllte o6na.n;aeT aceMH HYJtHb!MH caoilcT
BaMR CHMM8TpRH. KpOM8 TOrO,K8K Mb1 yBH.n;RM B ~JiaB9 2,pemeHBBi3I,85,86/ 
HSXO.n;HTCH B ~OOTB9TCTB.I1.11 C T90pHeil IIOJISI ITO KpaiiHeft . ·.Mapa B .. 
npH6JIHJteHHH I/ c • llosTo~ Mbl CqHTSeM, qTo ceRqac Yl'e HMeeTCH Ha,D.e.>!t
HaH TeOpeTHqecKaH OCHOBS .n;JIH pacqeTa peJIRTHBHCTCKHX 3~KTOB B 
MHOI'OtiSCTHqHblX 3SAaqax. . . • . . 

§ !.5. PasnHt~Hble peSJIHSS4HH YHHTapHoro HenpHBO,li.HJdoro · · 
npe.D;CTaBJieHHS rpynnb! QyaHKape C nOJIOlltHTeJibHOR 

MSCCOA 

O,II,HoA H3 ocHOBHblX ~~en npe,JJ.bl,ll,YIItero HSJiollteHHx CSblJio y6eAHTb qH
'l'aTeJIH, cTo~ero Ha nosHqHRX KBSHTOBOA TeopHH nOJIH, qTo PKM HBJiaeTCH 
.BIIOJIHe DpR8MJI8MOil lfJH3HqeCKOR TeOpHeA. Ilepe.n; TeM 1 KSK HaqaTb H3JIOlltB
HHe 3'l'OA TeopHH 1 npHBe,IJ;elll Te cae.n;eHHR 06 YHH'l'apHblX HenpHBO,II.HMhiX npe.n;
C'l'8BJieHVJRX rpynnb! QyaHKape, KO'l'Opl>le nOHSA06HTCSI Haw B ~SJibHeRmrs· 
IloAP06Hoe H3JIOllteHH'e HMeeTCSI BO MHOI'HX yqe6HHKSX (cY.,HanpHMep, 

87/r. 
0TMe'l'HM

1 
qTO B KB8HTOBOA TeopHH nona 3JieMeHTapHaH qacTH4a OnHCblBSeT

CH .He 'l'OJibKO YHHTal»fllJM HenpHBOAHMbiM npe.D;CTaBJieHHeM 1 HO H HeKOTOpbiM 
HeyuHTapHbiM npe~C'l'aBJieH~eM, KOTOpOe OllHCbiBaeTCR KOBapHSHTHbiM ypaB
HeHHeM (KJieAHa-rop.n;oHa, AHpSKa H T • .n;.). B PKM lite HMell'l' .n;eJto· JIHmb 

c YHHTapHb!KH npe~c'l'aBJieHHSWH· 
Xopomo_v.saecTHo, qTo BKBaHToaoA TeopHHHSAO pa6oTB'l'b He c cSMoA 
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rpynnoJ:t IlyaHRape, a c ee O,li,HOCBSI3HoJ:t HaRp~BamteJ:t JL(!,C}8>Y, 
l',tl,8 g} 03HatlaeTnonynpSIM08 npOH3B8,ti,8HHe, a !)'- rpYrux8 C,ti,BHI'OB 

qeTHpeXMepHoro npocTpaHCTBa MHHRoBcRoro. B ,t~,anbHeAmeM, roaopSI o 

rpynne ~aHKape, w 6y,t~,eM acer,t~,a HM. eTb B a!f.DY rpyrmy G=JL(ZC)?JY: 
I'pynna JL{?,C} co,t~,ep7ltHT no,t~,rpynny Jtf(f} , SIBJI.HIIeyi)7SI H8RpNBBD-

1118ll JJ.JISI rpynnu BP81118HHR. · 

EcJIH t t Sl{2,C} J Toqepea L(t} 6y,t~,eM o6oaHatl8Tb 3JieMeHT 

rpynm.1 JlopeHl.l8t COOTB8TCTBYJ)IIIHA t . 4-HMnyJibC tlaCTHllY f MOlP\8T 
l= 1/.t npHHHMaTb 3HaqeHHSI H8 I'Hnep6oJIOH,IJ.8 t onpe,t1,8JISI8MOM YCJIOBHJDm P /- , 

P 0 

~ ji , . l',tl,8 ft - M8CC8 tlaCTHI.lblo ,IVISI. SIBHOI'O 38,1J.8HHR onepaTOpOB 

npe,t~,cTaBJieHH.It rpynnu IlyaHKape Heo6xo,IJ.Hldo R8llt,li.Oil ToqKe rKnep6oJioH,IJ.a 

p nocTaBHTb a cooTBeTCTBHe 3JieMeHT X[p} £ SL(!,C), TSK tlTO 

LjxqiJ) p{o} == p . .3,t~,ecb pM- 4-aeKTop c RowioHeHTBMH p"=,ft, 
p = 0 .IlyCTb ~--/L(Z} - HenpHBO,IJ.HMOe np8,t!,CT8BJI8HH8 rpynm,t 

Sli (2) co CnHHOM S • Tor,t~,a npe,t~,cTaBJieHHe rpynnu Ily8HKape fi,Ps 
OnHCbiBBDIII88 3JI8M8HTapJiYil qaCTHJ.zy' C MaCcoR )l H CnHHOM S 1 MOJ!:ST 

6!lTb SIBHO peanH30B8HO MHOI'HMH 3RBHB8JI8HTHbiMH CnOC06aMH, Mbl paCCMOT

pHM TpH H3 HHX, KOTOp!le HCnOJib3yDTC.It B MI'HOB8HHOR, TOtl8tlHOR H ~OHTO

BOJ:t ~pMax Jl.HH8MHKH. llyCTb (t, p) e Sff (p) - qiaKTOp, onpe,tl,eJISieM!iA H3 

COOTHOWSHHH 

!xrpJ:: x(L(t)p) (l,p), 
(!.9) 

a # ... § - HOpMa B npOCTp8HCTB8 npe,ti,CTaBJieHHSI 1'--+ /L("£) 
Tor,t~,a TpSN.It yKa3aHH!lMH cnoco6BNH ·' SIBJIJDJTCH cJiep,yD~~He. 

I. ,B KaqecTae rHJib6epToBa npocTp8HCTBa P.JIH npe,ti,CTSBJieHH.It ~s 
. Bbi6HpaeTC.It JIHHel\Hoe npOCTp8HCTBO !WHKI.lHR Ha I'Hnep60JIOH,IJ.e f{l(p} CO 

3HaqeHH.ItNH B npocTp8HCTBe npe,ti,CT8BJI8HH.It z- IL('l) H TSRKMH, qTo 

fNow'lp < oo . 

(I.IO) 

B KaqecTae :X(p) au6HpaeTC.It MSTPHI.la 

. p_ - t(pJ+-jL+-pfi 
d~}- r~ .. / ·-· ,711, 1 

. (I.II) 

l -t)1i -r,t~,e ErpJ=f)i. +-P , a { 6} - MSTPHI.lll IlayJm. Tor,t~,a 3JieMeHTy 

(!,a) H3 rpynnu ily8HK8pe COOTBSTCTByeT onepaTOp {/,)t.S(I,a) t T8-

KOJ:t, tlTO 

flwrtaY ~Yp~J= fVXPfi(LftJa,pJJ lfi~;o~Y\ 
r- f)tt_,_f'l 

X U( (t-,p)/J lf(p? . 

-1 (ut. -'t)~ flit . -l)--1), (I.I2) 
r,tl,e p'= L ( tr p .MHo7ltHTeJib Y"" "+ p 1 r C/-p 1 a 

(!.!2) B03HHK H3-38 TOI'O, qTO B R8tl8CTB8 Mep!l H8 I'Hne~OJIO~e Mil 
3-. ~t ~ 

sbl6panH ae peJISITHBHCTCRH.;.HHBapH8HTHYJl Mepy d p / {1-+-f7) t, a 

o6bltlHYil Mepy. d?J · )l 
ilpSIM08 BhlqHCJI8HH8 nOR83biB88T.ttlTO•reHepaTOpbl npe,ti,CT8BJI8HHH 

(1.!2), HM81lT BH,tl, 

__.. 

P=fi; E = !J1- t- ptlJ ; 
-N=/(p)+S; 

· - [ ~t -14 0 l ~lf~ + . J X p . N = -tf'L-~--P; 0 ft 0 =~-p J JL -S-!fit-+- f/Jifl 

- . - () (I.I3) 
r,11,e p - onepaTop ywHOllteHH.~t_.Ha p, /(p)=-tf xojj. -.one-

paTop op6HTanbHoro MoMeHTa, S - onepaTop cnHHa 1 ·p - onepaTop HM-

nyJibca, f - onepaTop 3Hep;v.H • • M= { M1~ N~~ N11J,' IV= {;tfD: Mo~ M0J. 
n. B K8tl8CTB8 rHJib6epTOB8 npocTp8HCTB8 ~K npe,ti,CT8BJI8HHH tl~s 

B!l6Hp88TCH JIKHeAHoe npOCTp8HCTBO !IJyHKI.lHR lf( ff) CO 3H8ti~HKJIMH B npo-. 

CTpaHCTBe npe,ti,CT8BJI8HHSI - 'Z-. t/. ( '(.) H T8RHMH t tlTO 

J Nrpl tjPr ffJ < ""'. • 
(I.I4) 



r.u.e ff= P(}L - 4-cxopocTb qacT~, j - npocorpaHCTBeHHble KOM
noHeHT~ BeKTOpa ~ , 8 penHB~CTCKH KHB~~8HTH8~ Mepa ~~)- ~eeT 
B~,D. , 

d)tr;J= .§J!d
3

0
- ;. jo= (/+ j?"J · 

! . (1.15} 
8 xaqeCTBe ~{JO} B~~paeTC~ M8Tp~~a (!.1!), KOTOpa~ Tenepb npe,D.CT8B-
JI~eTc~ a- BH,ll,e 

ff· + f+ j fi 
d.. ( j)= [ 2 {f-t-f)]1fl (I.I6) 

Tor.u.a 3JieMeHTy(l'.a) H3 rpynn~ nYaHxape cooTBeTCTByeT onepaTop 
li)LS ( f, a) 1 TSKOii, qTO 

. • --1 

~s(~a) lffj)=f!IX{Jfijt{L(f)a,ff)ju((t-~~)) lf(j'), 

_, . , _
1 

(1.1?) 
I',D.e ~ - npocTp8HCTBe:HH8H KOMnOH8HT8 4:-BeKTOpa ~ = t (t) /I • 
ilpHMOe B~CJieHHe nOK83HB8eT, qTO I'eHepaTOpH npe,D.CT8BJieHH~ ~eDT 
BH,D. 

P=JLff M-lfj)+]; 

s"i· IV- . 0 () -1-

=-~[J oj 1+ffo 
(I.18) 

lli. B KaqecTBe r~Jib6epToaa npocTpaHCTBa ,11.Jl~ npe.u.cTaBJieHH~ ~s 
B~~paeTC~ Jl~HeiiHoe npOCTpaHCTBO ~~A V'(~,j)~) CO 3HaqeH~~~ 
MH B npoCTpaHCTBe npe,D.CT8BJieHM 7_- tf('l) H T8KHMH 1 liTO 

d! .... d + 
p.L p < ~ 
!p+ . 

j IWA.F'i 
(I.I9) 
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I',l1.8 j_ 03H8tl88T npoe~ _BeKTOpa H8 nJIOCKOCTb . {!,2] • 
B xattecTBe ~~)B~~paeTCH MaTP~~a-

·. ~ ·p~ f --_· -~p~l'. OJ 
(.(--,- _= ... 1 . . 

}' JL 2rJL(p"'-p'}r , · , .. _-- --· . . . p+.-tp . JL 
Tor.u.a 3JieMeHTY ~a) H3 rpynnH QyaHKape cooTBeTCTayeT onepaTop' 
li)IS(!,a) , T8KOii, qi'o -

-~s (f,a) lffA,p~)= exp{i(Lf!)a,pJl" _ · · 
. . . U( ([~p)T"'lf(p~,p'~), 

(!.20) 

(1.2!) 
- ~~ -,~ I ,)--/ 

I',D.e P.L H p . - KOMnOHeHTH 4-BeKTOpa P =l(t; P. ilpHMOe BH- :. . . . . 

qHCJieHHe np~BO,D.HT K CJie~eMY BHp~eHHD ,11.JI~ I'eHepaTOpOB npe,D.CT8BJieH~~ 

2=pJ_; + p =p+; 
-....z 

P- - mt+ P.J. .. 
=p = I . _(} -1-

. . - £f· . 

. . . . . {2 .. - . 

f\1~1=-t/J-~-~; M =~(f.J+s3 .~ · 

- . opJ - ... . -
M~-~ tP~ro:+ 

M-1=- i ( p~;2-~--p-~)- ~ ( )lSt+ p's3) 
7Jp+_ 7Jpl p~ --

(!.22) 
r.u.e j,! .. 1,2, Eje HMeeT xoMnoHeHT~ [ 12 =.- [

11 
'"' I, Ew= Eu = O,a · 

no noBTop~c~ ~eKCBM npe.u.nonaraeTc~ cyYMHpoaaHHe. 
PaccMoTpeHHbiM onHcaHH.RM npe,D.CTaBJieHH.R · .!i~s MOlltHO . .U.aTb cJie,D.yD!lY".:J 
KHTepnpeTa~. POJib nepeMeHHbiX, OnHCI:lBampDC "BHyTpeHHee" COCTOHHHe 
qac~,HI'pSDT CnKHOBHe nepeMeHHHe, a B xaqecorae Ha6opa, onHCI:lB~e
ro "ilHelllHee" ~BHJteHHe,a~HpaeTc~ { pl, { jl HJIH { ~, P-~-.1 • Bbl6op 
MaTpH~ · X ( p) noxa3HBaeT, qTo -!racT~~a c m.myJibcou p , no 
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il 

onpe,IJ.eJieHHlll, RMeeT.TO lite 11 BHYTpeHHee"COCTORHRe, qTo H TIOKOmltBRC.R: 
qaCTR~a, eCJIH COCTO.R:HHe C HMnyJibCOM f' TIOJiyqaeTC.R: H3 COCTORHHR 
noKOR npeo6paaoBaHHeM ~(p) . oTOMY noH.R:THD MOl!tHo ,IJ.BTb o6ocHOBaHHe 
Ha na~Ke np.R:Moro RHTerpaJia (eM. § 2.3). 

B CJiyqBHX I H IT, xax JierKo BH,IJ.eTb, qacTH~a c HMnyJibCOM f' 
HMeeT TO lte "BHyTpeHHee"COCTOI!Hliet qTo H TIOKOBDta.R:C.R: qacT~a, eCJIH 
aTH COCTO.R:HH.R: noJiyqeH~ ,IJ.pyr.H3 ,11.pyra qRCTO JIOpe~eBCKHM 6yCTOM. 
TaKoB swop X(p) (KaHOHHqecKHJt swop) y,IJ.oeieH so MHormc sonpocax, 

O~BKO JIOpeH~eBCKHe 6ycT~ He o6p83YJ>T rpynny. il03TONy B CJiyqBHX 
I H IT O,li.HHBKOB~e 11 BHyTpeHHHe" COCTORHHR C npOH3BOJibHHMH HMnyJibCSMH 
canaa~ npeo6paaosaHHeM, KOTopoe, aoo6~e roBOpg,·He RBJI.R:eTC.R: nopeH~ 

~eBCKHM 6ycToM. llpeo6paaosaHH.R: lite (1.20) o6pa3YJ>T B SLJ2, C) 
TIO,ll.rpynny MBTpH~ BH,li.B 

trJ.zH: 1~~. d>O 

(I.23). 

reHepaTopaMH npe,li.CTEiBJieHH.R: 3TOB no,IJ.rpynn~ RBJ!m>TC.R: N+~ ' M4i . 
MaTpHI~SM t{ d, r.) cooTBeTCTsyeT npeo6paaoBSHHe · L ( t( d, z)) , KOTo- · 
po~ onpe,IJ.enneTC.R: ~opNyJISMH . 

p'.,.=dtp+; p''=p'+ffdxp•; p't=pt+ffdfp+, (1.24) 

. I 

r,IJ.e l ~ X+ l y . IloaTOMY ,li.JI.R: npOH3BOJibHhDC HMnyJibCOB p H p 
Mol!Oio 11~ ~p~J!lU! (! .27) HaRTH napaMeTpbl MaTp~ {( {/, l) , 
TaxoR, qTo p =:: lf I( d,I)) p . By,IJ.eM o6o3HaqaTb TaKYJ> MBTPHIJY tfp-p?. 
Tor,IJ.a H3 rpynnosoro caoRcTaa MaTpH~ (I.23} cne,IJ.yeT, qTo 

p_ I p'+) ii P+) tf ~'- =t(p--p1!(-=,-· . 
)1 )l ')L )l (1.25) 

3TO CBORCTBO C~eCTB8HHO HCTIO~b3yeTCR BO ~pOHTOBOR ~pue ,li.HHaMHKH 
. . /02/ 

(eM., HanpHMep, } • 
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rJIABA 2. CJIOJIIDME B3AHMO~TBMA B · PFJIH'lliBMC'ICKOA 
KBAHTOBOA TIDPHM 

B aToA rnaae H3JiaraeTCR o6~B no~o.D. K aa,~~.aqe cnollteHHH aaaHMo

,IJ.eRcTBHA B paMKax M8TO,IJ.a na~ onepaTOpOB COKOJIOBB~·C M8TO,IJ.Hqec
KOA ToqKH apeHHR, aoaMol!tHo, cne,IJ.OBaJIO 6bl npe,IJ.sapHTeJibHO o6cy,IJ.HTb 
OnHCaHH.R: CHCTeM ,IJ.Byx H Tpex qacTH~ B pa3JIHqHbiX ~pMax H TF,Y~OCTH 
npH nepexo,IJ.e B 60JibW8MY qRCJIY qacT~. 0,IJ.HaKO BBH,IJ.y orpaHHqeHHA HB 
o6~eM HaCTOm~teA pa60Tbl TaKOA cnoco6 H3JIOllt8HH.R: H8llpR8Mn8M. ABTOp 
Ha,IJ.8eTCR

1
0,IJ.HaKO, qTo, no KpaAHeR Mepe ,li.JI.R: HeKoTnpbiX qHTBTeneA, 

npHH.R:TblA cnoco6 H3JIOllteHHR oKallteTCH AaEe 6onee no~O.D.JilltHM· KaK HaM· 
npe,li.CTaBJI.R:eTCR, OCHOBH8.R: Tpy,li.HOCTb B TIOHHMaHRR MaTepHaJia rJIBB~ 
MOl!teT B03HHKHYTb JIHIDb H3 ero HeKOTOpoR He06blqHOCTH, a cepbe3Hb1X TeX
HHqeCKHX npo6JieM soaHHKHYTb He ,IJ.OJil!tH·o. Hame paccMoTpeHHe .R:BJI.R:eTcn, 
no C~~eCTBYt qHCTO aJireeipaHqeCKHM. qTO lite KacaeTCH HHTerpaJIOB no 
onepaTOpHOR Mepe H rrp.R:Mb!X HHTerpaJIOB, TO C ~3HqeCKOR TOqKH 3peHH.R: 
HX KOHCTp~.R: TIOH.R:THa, a BOTipOCbl, CBH3aHHble C OCiOCHOBaHHeM MOl!tHO, 

rrpH llteJiaHHH, onyCTHTb. . 
Mbi paCCM8TpHB88M TaKYJ) TIOCTaHOBKY 3a,IJ.aqH, KOr,IJ.a HeBal!tH0 1 KBKOBa 

npHpO,li.B oei~eKTOB t COCTaBJI.f'IDIIHX Hamy CHCTeMY. B ,ll.aHHOM CJiyqae ,li.JIR 
HBC 6y,IJ.eT HeBal!tHbiM, qTO OCi~eKTaMH .R:BJim>TC.R: qaCTH~t H B KaqeCTBe 
oei~eKTOB MOrYT Ci~Tb H KBaHTOBaH~e. TIOJI.R:. 0K83~BaeTCR, qTO.B p8MK8X 
TBKOro 00~0,11.8 ,li.JIR rra~x onepaTOpOB B MrHOBeHHOA ~pMe HMeeTCR .. . . 
ecTeCTBBHHOe pemeHHe, KOTOpoe Y.D.OBJIBTBOp.R:eT BCeM HYJ!tHbiM CBORCTBSM 
CHMMeTpHH. Bonpoc lltB 0 TOM, HMeeTCR JIH TBKOB pemeHHe B ~yrHX ~p
MBX,OCTBBTCH OTKp~TbiM H HHllte, B rJiaBe 3, Mbl paCCM8TpHB8eM JIHmb 38-
,IJ.aqy MHorHx Ten s MrHoBeHHoR ~pMe PKM. lloaTOMY npH qTeHHH HacT.O.R:
~eR rJIBB~ qRT8T8Jib 1 HHTepecyillltHRCH JIHWb npi!JIOllteHHHMH 1 MOllteT onyc
THTb BCe BOnpoc~, CBH3aH~e C ToqeqHOJt H ~pOHTOBOA ~OpMBMH. 

§ 2.I. 06~BH ~pNyJIHpOBKa MeTO,IJ.a TIBKJ'Il~ onepaTOpOB 

CoKonoaa 

B § I.3 Mbl c~puynHpOBBJIH TIOHHTHe 0 CBOACTBe KJiaCTepHOA cenapa
CieJibHOCTH. B HameA ~opNyJIHpoaKe npe,IJ.noJiaraJIOCb, qTo paccMaTpHaaeMaR 
cHc.Tewa cocToH'r H3 N o6~eKTOB I 12, ••• JV , a caoAcTaa yHHTapHhDC 
npe,li.CTaBJieHHR g-+ /lj_{j) (t= 1,!, ... 1}1) ,onHC~B~ 3TH oei~eKTbl, 
,li.JIH Hac He HMenH 3Hat~eHH.R:. B o6~eM cJiyqae aa,~~.aqy o cnollteHHH BllaHMO

,IJ.eAcTBHA MOlltHO C~pNyJIHpOBaTb CJie~ o6pa30M. 
~CTb ,li.JIH BCeX .PO,IJ.CHCTeM d paCCM8TpHB88MOR CHCTeMbl 3a,IJ.aHbl . 

npe,IJ.cTaBJieHHH r;- t/cl {g) , Y.D.OBJieTBOpRDlllte caoACTIJ.Y KJIBCTepHoA 

Cenapa6eJibHOCTH. KaK TIOCTpOHTb npe,li.CTBBJieHHe ~- t/ (?J ,li.JIH BCeA 
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CHCTeMN, KOTOpoe T8KEe y~OBHeTBOpReT CBOACTBY Kn8CTepHoA cenapa6enb-· 
HOCTH? 

MN OTMeqanH B § I.3, qTo CBoAcTBO KnacTepHoA cenapa6enbHOCTH 
MOMeT 6NTb c¢opMYHHpOB8HO H.Ha R3NKe reHepaTopoB npe~CT8BHeHHn. C 
M8TeM8THqeCKOA TOqKH 3peHHR CBR3b Mel!,lly npe~CT8BHeHHSIMH rpynnu JlH H 
COOTB6TCTB~eA anre6p& JlH B cnyqae 6eCKOHe~OMepHNX npe~CT8BHeHHA 
He BCer~a 0~03Ha~a,· HO MN1 K8K 3TO 06~0 npHHHMaeTCR B ~3HKe 1 
6y~eM C~T8Tb 1 qTQ BUITOHH6HN BCe YCHOBHR.~HR Taro, qT06N 3~8HHOe 
npe~CT8BH6HHe anre6pu JlH Morna 6NTb 0~03H8~0 npOHHTerpHpOB8HO ~0 
npe~cT~BneHHR cooTBeTCTB~eA rpynnu JlH {cM.,HanpHMep,rnaBy II KHH-
rn !30!). . . 

. . Ilepe~eM Tenepb K pemeHHD s~a~ o cnoMe~H B311HMo~eAcTBHA. Ilo- . 
CKOHbKY HaM H3B6CTHN BCe npe~CTJ!BneHHR JJ-Ilcl. (jj) 1 TO HaM H3BeCTHbl 
T8KMe H BCe npe~CTaBneHHR fl- fl:x.~ .. .'tl,.fj) = t/(j; a){ CM. § I .3) 1 OnHCbi
BaJOli!He fl HeB38HMO~elkTBYJOli!HX no~CHCTeM ci_,, ... d,. : npe~CT8Bn6HH~ 
g-- {j ( ff-; a) paBHO TeH30pHOMY npOH3Be~eHH!l npe~CT8BHeHRA 1-lidi (j) 
( i=.f, 2, ... n) • ilyCTb { r{a)} - Ha6op H3 ~6CRTH reHep8TOpOB npe~CT8B-

H6HHR 9- L/(ff;a) • CornacHo ~ee MeTo~a na~HX onepaTopoB, BMec
To Ha6opa { f(aJ] paccMaTpHBaeM Ha6op na IO onepaTopoB ·{ E, F(a), Nfaj, 
T8K qTQ o6a Ha6opa CBR38Hbl Mel!,lly C06oA B3aHMHO ·0~03HaqHo 1 )\l(a) -
M8CCOB~ onepaTOp 1 onpe~eneH~ KaK non03HTeHbH~ KB~p8TH~ KOp6Hb 
H3 onepaTopa j)(a)!, a Cpe~ OCTaHbHNX ~eBRTH onepaTOpOB qaCTb
onepaTopbl [:·- HBHRDTCR reHepaTOpBMH, KOTOpble B ~aHHoA ~opMe CB0-
6o~u OT B3aHMO~eACTBHR 1 a OCTaHbHble onepaTOpN ;-(a)co~epMaT B38HMO
~eACTBHe. Bonpoc 0 TOM 1 K8KHe onep8TOpbl BN6HpaJOTCR B KaqeCTBe ~(a), 
pemaeTCR no-pa3HOMY B K~OA KOHKpeTHoA ¢opye ~H8MHKH. 

.Mbi YBH~HM HI1Jite 1 qTQ ,ItJllt B38HMHO 0~03Ha~oro COOTBeTCTBHR Mel!,lly 
Ha6opaMH { f(a)] { E, ;-(a.); Mfa)} Bo B~ex Tpex ~pMax 
~ocTaTo~o noTpe6oBaTb, qTo6u onepaTop ftf(a) 6un cTporo nono3HTeneH, 
T.e. qT06N ero HID!tHM rpaHb mo Y~OBH6TBOpMa ycnOBH!l /n

0
) Q 

B ~anbHeAmeM 3TO ycnoBHe npHHHMaeTCR 6es oroBopoK. 3aMeTHM TaKMe, qTo 
TaK KaK onepaTop M(a) KO~THpyeT co BCeMH reH~paTopaMH npe~cTaane
HHR' TO OH KOMLfYTHpyeT c E H r (a) : 

~ 
It 

[ M(a), f] =[ Mfa), ((a)]= 0. 
_nonyCTHM 1 W HamHH yHHT8pHNe onepaTOpN Jl (a) 1 TaKHe

1 

./l.(a) E::: E Jl(a) ; ./l(aJr ./!(al1
= rraJ, 

(2.I) 

~0 

(2.2) 

r~e ~- 3TO Te ~e onepaTOpN. ~(a), HOB. cnyqae, KOrAa BCe B38H
MO~eACTBHR B p8CCM8TpHBaeMoA CHCTeMe BbiRnDqeHN. _nnn TOro qTo6u 

c~pyYnHpOB8Tb CBOACTBS CHMMeTpHH onepaTopoBJ.?Uz) OTHOCHT6HbHO 
nopAAKa BblKJI))qeHHR B38HMO~eACTBHA, Mbl 1 cne~R K:3cTepy H IlOHH30/3I/ 1 

BBe~eM cne~He o6oaHaqeHHR. IlycTb t oaHaqaeT paa6neHHe paccMaT
pHBaeMoA CHCT6W Ha H6B3aHMO~eACTB~He no~CHCTeM& fi, ... Jle • Tor~a 
no~ an -6 nOHHM86TCR pa36HeHH6 Ha H6B38HMO~eACTBYJOli!H6 nO~CHCTeMbl, 
nonyqeHHOe npH BbiKnJ)qeHHH B38HMO~eAcTBHA KaK Mel!,lly no~CHCT6MBMH 
d-1, ... dn , TaK H MeJi,uy no~cHCTeMaMH J3.,, ... jJe • ilycTb ~anee, (J' 
oaHaqaeT HeKoTop&A onepaTop, onpe~eneH~ no onepaTopaM npe~cTaBneHHR 
ff.- !1(9-} • Tor~a (h oaHaqaeT onepaTop, nonyqeHH~ H3 O npH 

BblKJI))qeHHH saaHMo~eAcTBHA Me7JJIY no~cHcTeMaMH .fl,, ... jJe • OnepaTopb! 
F(a) n M(a) , no nocTpoeHHD, y~oaneTBOpS!DT ycnoBHRM 

{{a)t= {(ant) . M(a)d = M(a() t) <2.3> 

,ItJIH JI))6 WC. a H t • 
Mu noTPe6yeM, qTo6u onepaTopbl J?(a) y~oBneTBopnnn TaKOMY ~e 
ycnoaHD: 

Jl(a)t=Jl(a!J t). (2.4) .. 
Tor~a pemeHHe s~a~ o cnu~eHHH BaSHMo~eAcTBHA MO~eT 6&Tb npoBe~eHo B 

[£., rraJ 1 /11(a)] 
TpH 3Talu:l • 

I) Ilpe~cTaBnneM see Ha6opu 
./NaJ{ E, r, f/raJl Ararl, r~e 

B B~e 

f\1 (a)= ./!(aT" ftf(a) /! (a) · (2.5) 

To~~a BcnoworaTenbHNe Ha6opu { [, F, Mfa)} y~oBneTBOpRJ:JT KowyTa
WfOHHNM cooTHomeHHIIM (1.1}_, H M (a) KOMMyT:Kpye!_ c E H F ·~ ~ 

2) Ha onepaTopoB M(a) CTpOHM onepaTop M , Ta~oA, qTo Ma=M(a) 
.ItJIH JI))6oro a 

1 
H ~Bo~ BcnoMoraTenbHNR Ha6op { E, {, M] . C yqeTOM 

Taro, qTo_Bce M(aJ KOMMyTHPYJlT c £ H ~F , cnoco6 nocTpoeHHR one
paTopa M ~oJillteH 6&Tb Ta~, qTo6u M TaKJ(e KOMMyTHpoBan c f H r . Tor~a Ha6op { E, r: MJ y~osneTBopneT ~liiM KOMlofYTSQHOHHNM 
COOTHomeHHRM (l.I). c 

3) Hs onepaTopoB .//(a) CTpoiD.t onepaTop 4 !fKofl, qTo J!a=Jiftt} 
H .//£ =[Jl (eM. 2.2). Tor~a Ha6op ./1. { [, {, ftf}./l y~osneTBOpReT 
HymihlM KOMMyTSQHOHHhlM COOTHOmeHH.IIM 1 CBOACTBY KHSCTepHOA cenapa6enb
HOCTH,H1 Kpoue Taro, s~aqa 0 cno~eHHH B38HMO~eACTBHA pemaeTCB He 
B~OM 3a p8MKH .3~8HHOA ~pw ~8MHKH. 

.Mbi B~ 
1 

qTO . KOWHHHpOB8Tb. pasn~e B38HMO~eACTBHR W MOlleM 
nHmb B Ha6ope { £, F, /J(a) , nonyqeHHOM HS tia6opa {E,F(a), M(a)j 



{1 

rrpH rroMOlllH era "yrraKOBKH" orrepaTop&m .Jr/zJ. lloaTQMy CoKonoa H Haa

aan eBO~ MeTO~ MeTO~OM rra~~ OriepaTOpOB. 8 HepenRTHBHeTeKOM npe

~ene naKyDillHe orrepaTopbl ./{(a) o6pBil!BDTell a eW~HHey H, ene~oaaTen&Ho, 
ynaKOBKa eTaHOBHTell TpHBHBnbHO~. 

~ PemeHHe YKaSBHHoR KOM6HHaT~HoA 3~atGI 0 KOHeTpy~ onepaTopoa 
M H Jl 6Hno ~BHo foKonoBbiM 4/ (eM. TaKXe pa6oTbl 3!,32/). B 
KaqeeTae onepaTopa M Mo~o BaRT&, HanpHMep, onepaTop 

~ ~ -M = .L_f-1) K {K-IJ/ M,K) -t- J~, 
k=i 

{2.6) 

r~e ~- nonHoeTbiO eBII3BHHa.Fl qaeT& opepaTopa M { JV - qaeTHq
Hoe" B3BHMo~elleTBHe), a 

M = \ RraJ= \ R 
(K) L. L d_, ... d/( 

dima.:K d.1>'"cfK (2.?) 

r~e eYMMJipOBBHHe npoHeXOW!T no BeeM paa6HeHH.FlM HH~eKeOB !,2 ••• ;t/ 
Ha k rpynn r/_ 11 ... ell< 1 npHqeM f!OPMOK ~eKeOB ~,.~aK He yqHTbl
saeTen. OnepaTop \f,y , oqes~o, He ~onzeH aaBnce~b OT cnoco6a HYMe

P~H 06'1>eKTOB I ,2 • • • IV ' a M.Fl KOMNy'l'~H N c E H r ' 
OH, oqeBH,I!,Ho, 'l'aKXe ~o.IIJI(eH KOMMyTHpoBaTb c E H r . HcHo, qTo B 

qacTHOM cnyqae V.v c: 0 3'1'0 yenoBHe BI:IDOJJ!:IRe'l'C.Fl aB'l'OMaTHqeCKH, 

llpelK,Ae qeM ~oKaaaTb, qTo onepaTop M _ , O_!!pe~eJieHHJ:iR tlx>IJMY
JIBMH (2.6) H (2.?),y~oBJieTBOplle'l' YCJIOBHD /11

4 
= ftl(a) Mil Jlll6oro 

" a " ' o6CYW!M no~po6Hee YCJIOBHe 

M(a}t == M(a/7!)' 
(2.8) 

CJie,D,ylOOlee H3 (2.3) - (2.5). PaCCMOTpHM onepaTop ;fl., ' .COO'l'Be'l'

C'l'B~HR enyqav, KOI'~a paceMaTpHB8eM8.Fl eHC'l'eMa /11 06DeK'l'OB pas6H'l'a 

Ha HeB38HMO~eRCTB~He flO~CHC'l'eNH ol H ~ • QfCTb 'l'enepb nOACHC'l'e-

Ma c1 , B CBOil oqepe~b, paa6Hsae'l'C11 Ha HaB38HWOAelcTBYJIIIHe no~-
, p . - -

CHC'l'eMbl cL H cL • B 3'1'0M cnyqae w awec'l'o MJ.p nHmew Mc~.'d."ft 
Pas6HeHHe CHC'l'eMbl /V o6~eK'l'OB Ha HeBaBHMoAeAcTB~e noAcHCTeMN 

ct , d* H j3 MO~O,. OtleBH,ItHO, nO~'l'b npH APYJ'OM nOpJW(e BWU!Il-

tleHH.Fl B3aHMO~ellcTBHA: BH&tlaJie BHKnlltlH'l'b B38HYO~eAC'l'BHe M~ flOACHC

'l'eMOll d' H no~CHC'l'eMoR J3' , coc'l'0$1111HeA H3 ci 6 
H Jl • a sa'l'eM BY-
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KnDtlHTb saB}!_Mo~eAcTBHe MeJK,Izy no~cHcTeMBMH o{ 
11 

H _fJ • AHBJioi'HtlHO, 

onepaTop M ti, ... dt<. , cooTBeTeTBYJJ!I{HA OTCYTCTBHIO BaaHMo~eRcTBH.Fl Mel!(
JJY no~eHCTeMaMH d1, ... dK> MO~O nOJ!YtlHTb ripH paMHtlHOM nopJQtKe BbiKJIIOtle

HHII saaHMo~eAeT~HR Me~ 3THKH no~cHeTeMaMH. YcJIOBHe (2.8) oaHat~aeT, 
tlTO onepaTop M cJ, ... c/.c He aaBHCH'l' OT nopMKa BbiKJllltleHHII aaaHMo~e~
CTBH~ MeJr,JJ,y f!O~CHCTeMaMH d41 ... dK HJIH 1 HHatle I'OBOp.Fl, 3TOT.OnepaTop 

eHMMeTpHt~eH OTHOCHTeJibHO Jlll6biX nepeCT~OBO!L H~eKCOB d1,... cJK 
JV!.Fl ~oKaaa'l'eJibCTBa COOTHOmeHH.Fl. Ma = M (a) ~OCTaTOtlHO' OtleB~O I 

f!OK838Tb 0 tlTO npH BbiKJIIltleHHH B3BHM~~e~CTBHII Me~ no~eHeTeMaifH d. 
H J3 onepaTop (2.6) nepexoW~'l' i3 Motp • By~eM o6oaHat~aTb t~epea £4,...dn 
paaJIHtlHble no~eHc'l'eMbl cHCTeMbl d , a t~epea ft, ... J1~ -:- paaJIHtlHbie noA

cHcTeMbl eHCTeMbl J3 ~. IlyeT& d..,, ... cfrt, jJ1, ... ft . 3~8Hbl. BbltlHeJJHM K03ifl

(I)HI.iHeHT1 c KOTopbiM Mc~. •... (l,.p, ... fl~ BXOWIT B CYMMY (2.6) npH BbiKnDt~e-
. HHH aaaHMo~eAcTBHA Me~ no~cHeTeMaMH cL H jJ .• ,l\ony~THM, Mil 

onpe,ir.eJieHHOCTH, 'liTO . n~ t, n')J! • Jlei'KO y6eW!'l'bC.Fl B TOM1 tlTO . 

M r:L, ... J,.ft
4

.:_ Pt · MOl!leT noJ!YtlH'l'bell TOJibKO Ha Tex tlJ!eHOB B ey..Me (2.6)' 
,!1.JIII KOTOpYX _.!} ' I< f n +- f . ,l\anee, JierKO y6e,I!.H:rbCf B _TOM, tlTO, B 

cy..Me Mil M(m-t-J) - {eM. (2.?) ) HMeiOTC.Fl Cn. Ces!. ~qJieHos, 
KO'l'Opble npH yKa38HHOM BYKJllltleHHH BSaHMO~e~CTBH.Fl nepeXOM~ B fttt. __ J.f,..ft , 
il03TOMY HHTepeC~H~ HaC K03~eHT paBeH ' 

. 1 ~ . . 
~- h-1-!-.S . . s s 
L(-1) . , (n+-1-s-JJ! Cn Ct s! ~ 
5=0 

fl 
It+-_ t I \ ~ s( e--1 /'> s 

=(-f) · n _! (t-1). ~ (- I) t+-n-s-1 Le 
'J:O 

(2.9) 
B KoMt'SHHaTopHKe HssecTHo, t~'l'O ey..Ma B npaaoR VaeTH aToll tlx>PMYJ!bl 
pasHa HYJIIl (cu., HanpHMep, eTp. 2?3 s KHHre /~ ) • TaKHM o6pasoM, s 

CYMMe (2.6)- ocTBD'l'CII JIHmb tlJ!eHbl e /Z= I. !: I .. Ho npH paccMaT;:.. 

PHBaeNOM BWU!IltleHHH . B3aHMO~ellcTBHR HS 3;HX tlJ!aHOB OCTae'l'CH . JIHmb Mot, 
CJie~oBa'l'eJI&Ho, HyJtHoe y'l'Be{lllt.neHHe ~oKasaH~ _ · 

Ot~es~o, t~To KpoNe (2.6)·, ycJioBHD Ma == Nfa) MolKfio y~oBJieT:
sopHT& · MHOI'HMH enoco6aMH. HanpHMep, BMeCTO ~OpMYJibl (2.6) MO~o 

CKJI~8Tb BHBJIOI'HtlHO KB~paTY M8CCOBYX onepaTOpOB H CtlH_!~Tb t . 'liTO 
nonyt~eHH!iA TaKHM o6paaoM onepa'l'op sran11eTC1I onepaTopoM M . . TaKHM 

- o6pa30M 1 Mbl e~e pas y6e~aeMe.Fl B TOM, _'liTO HCXOM JIHmb H3 CBOACTB 

pen.FlTHBHC'l'eKoR HHBapHaHTHOe'l'H H KJI8CTepHOR cenapa6eJibHOC'l'H,MOJ!(H0 

non~Tb 6eCtlHCJieHHOe MHOJteCTBO pemeHHA. 
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n 

ITo aHanorHH c ~opM,Ynoa (2.6) MOMHO nocTpoHTb H "pas~enHMoe 
npoHsae.o.eHHe", onpe.o.emm~ee onepaTop ./1 , TaKoR, ·qTo .ita.= ./!(a) 
HanpHMep, npe,ll.CT8BHM )/(a) B BH,Il.e -e;xp (i8(a)) • onpe.o.enHM 

N. 

B =L{--I)K (k-:-1)! B(K)+ Bl( 
K=l. '(2.1Q) 

r.o.e · B N - HeKOTOpl:lR " N- tl8CTHtlHI:lR onepaTop" ~ a 

B(J<J =I B(a) 
c/.ima~K (2.II) 

llocne aToro nonol!CHM JZ = ~( i 8) -~~Ho, tlTO ace HyJKHI:le caoRcTBa 
6Y1JYT awmnHeHI:l, ecnH Blr' KOMM,YTHpYeT c onepaTopaMH E , B 
tl8CTHOCTH, OHH 8BTOM8THtleCKH Bl:lnOnHeHI:l npH 8N = 0. 

B Jiwrepa'rype o6cYJ~r,D./2Hcb M~rHe cnoco61:l nocTpoeHHSI onepaTopa 
./l (CM.,.HanpHMep,pa60TI:l 29 •31, ) 1 HO Mbl He 6y,ll.eM'H8 HHX OCTaH8B-' 
nHB8TbCHo 0TMeTHM TOnbK0 1 qTo ecnM MCXO~Th XHWb H3 CBORCTB penHTH
BHCTCKOR HHB8pH8HTHOCTH H Kn8CTepHOR cenapa6enbHOCTH 1 T0 1 p83YMeeTCH, 
Henbsn npe.o.notleCTb KaKoR-nH6o H3 aTHX cnoco6oa APYrHM. 

§ 2.2. Cno~eHHe B38HMO,Il.eRCTBHR B Tpex OCHOBHI:lX 
. ~OpM8X ~HaMHKH 

B TOtletlHoR ~pMe B KatleCTBe onepaTspoB L: Bl:lCTYTISDT reHepa
TOpl:l npe.o.cTaaneHHH rpynnl:l Jlope~a M_tt ·, a B KaqecTBe onepaTopoa 
{fa) MOJIQ).O a~paTh npocTpaHCTBeHHYJl qacTb onepaTopa 4-cKopocTH: . 
b-(a.J=Pfa)/ Mfa) .flcHo, qTo ecnH onepaTJopjf{a) CTporo nonol!CH-
TeneH, To Ha6opl:l { M)d, P(a)] H { M-"', G-fa) , MfaY CBJ!sa-
HI:l YeE,Dy co6oR B38HMHO ·O.II,H03HStlHO. )tJIJ! pemeHHH 38,1!.8tlH 0 cnOlleHHH 
B38HYO,Il.eRcTBHR, H8,1l.O HaRTH onepaTOpl:l Jl (a) , TaKHe, · qTo . 

i) - 1 - - . .. . . 

[fl.{ a), MfiJ=:O; ./l(a){;./l(aT= Cfa); Jl.(a)t'f=Afant). c2.12> 

Bo IPI?EHTqsoa f~pMe, ~~ Kaq~c;:Tse. ~nepaTopoB £ · Bblc~amT. one-. 
paTopl:l P , p;, M 

1 
M • M "J () = 1, !J , a B KaqecTBe onepaTo-

pos rr a) BWHpaJlTCH ~ {«.) u :Jz (a) • orw_e,u.ennewe qepes -reHepaTO-
pl:l cne~HM o6pasoM: 
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J.i f aJ=,/ra/Wra/-pi .Z} (F;, tJ (2.13} 

,.. ~'Jf'"'o 
r.o.e W;t= f e-'Jf5' M I!~ -:,_ onepaTOP ITaynH-JlD6aHb~K2r?· a !h 
onpe.o.enneTcn KSK :h-::::: W / P . lls BblpaJKeHHSI .o.nn W nerKo y6e-

"'+ 
~TbCH B TOM, qTO BO ~pOHTOBOR.~pMe onepaTOP. w. He 3aBHCHT OT 
B38HMO,Il.eRcTBHJI, H no3TOMY J3 TaJOKe H'e 3aBHCHT OT B3aHMO,Il.eRcTilHH •. 

·Xopomo H3BeCTHO (H 3TO MOMHO npoBepKTb Henocpe,ll.CTBeHHI:lM BbltlHCneHKeM), 
tlTO H3 KOMM,YTaqKOHHI:lX cooTHomeHHit ~n reHepaTopoa npe.o.cTasneHHH 
rpynnl:l !JyaHKape cne,nyeT, ·'ll~Q Ha6op { J,(a), Jfa); ZI y.o.osneTBOp.lleT 
KOMM,YT8qHOHHbiM COOTHOWeHHHM ,ll.nH onepaTOpOB CllHH8. ,ltiUl pemeHHH 38,1l.atlH 
o CJIO~eHKH B38HMO,Il.eRCTBKR BO ~OHTOBOij ~OpMe H8,1l.O HaRTH onepaTOpl:l 

Jl(a). TaKHe, tlTo 
I 

[Jl (a), E]== 0_; ./l(a]JJ.!l faT
1

=:j;{a); ./!fa~= .llfaJJIJ.,2.14> 

)tJin cKcTeMI:l H3 t~empex H 6onbmero tlHcna. -qacTHq naeymtHe onepa-. 
TOpbt B TOtletiHOR ~pMe 6HnH HSi\IJ.eHI:l B pa6oTe· (?4/ t O.II,H8KO 3TH one-:-. • 
paTopl:l y.o.oaneTBOpJU)T nHmb nepBbiM .ll.BYM ycnoBHHM (2.12) 1 a 'l'peTbe ycno:-:
BHe .o.nn .UgJ He Bl:lnOnHaerrcn. AHanorHqHo,. B cnytlae ~oHToaon ~pw B. . 
pa6oTe /O 6HnH Hai\l!.eHI:l nHmb. onepaTopbt~ y.o.osneTBOp.fllllltHe nepBI:lM .U.BYM 
yCJIOBHJ!M (2.14), HO TpeTbe ycnoBH~ ,ll.nH HHX T8Kze He Bbln0nHH9TCH. . 
llD3TOMY 38,1!.8tl8 nocTpOeHHH reHepaTOpOB ,ll.nH CHCTeMI:l tieTI:lpeX H 6onee 
Ten B ToqetiHoR H'~pOHTOBOR ~OpM~· noKaVe~e· OKOHtiarrenbHO He pemeHa, 
BOnpeKH yTBep~eHH.IlM ·a pa60T8X 31,50 • KaK-H B pacCMOTpeHHOM BblWe 
cnY.tlae Maccoaoro onepaTopa 1 ycnoaHe (2.4) osHatlaeT., 'liTO onepaTop 

Jl cJ
4 

... d,. He .o.o~eH suHceTb · o-t nopSJ,Il.Ka, B KOTopoM npoii3ao,ll.HTCH ~hl
KJOOtleHHe asaHMo.o.eRcTaHn Meli,II.Y no.o.cHcTeMBMH cl, ... dn . B cnY'Ilae ~e 
Tpex tl8CTH{\ pa36HeHHe CHCTeMI:l H8 TpH HeB38HMO,Il.eRCTB~e no,ll.CHCTeMI:l 
o3Hat~aerr BhiKJUltleHHe acex BSaHMO,Il.eRcTBHR, naKYDJIHe onepaTopl:lo6p~a
DTCH B ,ll.aHHOM cnY'tlae B e~HHQY,H.yCnOBHe (2.4) Bl:lnOnH.IleTCH aBTOMaTH-

tieCKH.. - -+ 

· · B MrHoBeHHoR ~pMe ponb onepaTopoa £ HrpallT P H M = . 
{Ml3

, M~/lf2J:a Katlecrrae ~e {(a) Bbl6HpBDT onepaTopl:l non~eHHH HbiOTo
Ha-BKrHepa, KOTOpl:le BbtpaEallTCH tiepe3.reHepaTOpl:l npe,ll.CTaBneHHH cne~-

lltHM o6pa3oM: . . - · .p.... i:J 1 ) - -
- · j_ • -1 -+ · . . x YV l a · · . 
X(a)::-2 { P(a) 'N(aJ}+ M(aJP(a)[Mft~-)~PD(a)] 

(2.15) 
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r 

tt 

r.n.e JV:: { M0~N°1, M03
}' W= r w~ w; W7 .EcJIH JJB9CTH 

onepaTopbl 

J (a)~ M- X{a)xp, (2.16) 

io onepaTOPhl AftQMocyT 6b1Tb BblpaJP:9Hbl -qepea X{a) npH noMOIIIIi cooT-

HOW9HIHl . . -+ 

- . 1 o - :J(a) x p 
/V(a)=- I {Pta), Xra)j+ MraJ+PtaJ · <

2
•
17

> 

TatmM o6paaoM, M9i!,IJY Ha6opmrn { MP, #raJ.P{a)j H l M.lxraJNfaJ} 
HM99TCR B38HMHO O,Il.H03H8'1lH09 COOTB9TCTBHe. -

CBOltCTBa BB9,Il.9HHOI'O TSKHM o6pa30M onep,Topa ~{a) p8CCM8TpHB8-

JJHCb BO MHOI'IDC pa6oTax (cM.,HanpHMep, pa6oTbl S9';90 •· Hcxo,IJ.R H3 KOM

MYT~OHHbiX COOTHOW9HHR ,Il.Jifi I'9H9p8TOpOB npe,D.CT8BJJ9HHK 1 MOmHO fiOK838Tb 1 

llTO onepaTop (2.15) Y.U.OBJI9TBOpR9T KaHOHH'Il9CKHM KO~TBqHOHHbiM COOT-

HOW9HHRM ,Il.JIH onepaTopa KOOp,D.HHSTbl: 

[X( . i /(J [ i KJ . c:;iK 
· a) , X (a) = 0 ; X (a) , P = t o 

).VIR pemeHHR 38,1!.8'1lH 0 CJIOllt9HH~ B3aHMO~eltCTBHA B Ml'HOB9HHOA 

!lJ<>pMe HaM H8,1!.0 HaATH onepaTOp ./l.{a) , TaKoA, 'llTO 

[ Jl(a),M}-[./I(a},P}=O, - -1-./l(aJX/I(aJ = X(aJ. 

./l(a)t =- ./l(afJ 6). 

(2.18) 

... ., nl nJ (2.19} 

PacCMOTpHM Ha6op onepaTopoB P=1 p' t' 1 r 7 .fbrCTb ll-E (IJ) 
- CIT9KTpaJJbHM Mepa, COOTB9TCTByDI(M 3TON,Y Ha6opy, TElK" 'llTO KIU(AON,Y . 

R3 . 
MHOll9CTBY _6 B npoCTpaHCTB9 HJmYJibCOB COO'l'B9'1'CTByeT npoeK-

TOp £ ( Ll) • Ha KOJo!MYT84HOHHHX cooTKomeHHA M9li'JIY onepaTop&MH. M H J5 H H3 (2.18) MOmHO no.nytlHTb cTaH,D.apTHLIM cnoco6ow, 'llTO 

/J(z)f{tJJ !ifzTJ= E ( Lr~J/1), 
(2.20) 
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-MP r i XraJf) E (!!.)exp(-t: xraJfi)= E (tj+pJ, (2.21) 

r.u.e z e 511 {!), L (/[) fJ ~aHaqaeT MHollteCTBo, nonyqeHHoe Ha f). . apa-

llleHHeM L ( tz:) , a Ll+ P - MHOllteCTBO, rronyqeHHoe · npH6aaneHHeM xo 

aceM B9KTOpaM H3 ,.1 BeKT~a f . liCHO ,_liTO 9CJIH 6h! B !lJ<>pM,YJISX 

(2.18) H (2.21) Mbl B3RJIH X BM9CTO. X (a.) • TO ifloPMYJihl OCTaJJJ:li!b 

6bl TaKHMH lite. 3.n.ecb aamHo Tci, llTO B Ml'HoBeHHoA !lJ<>pwe · onepaTopbl p 
CB060,IJ.Hbl OT B38HMO,D.9ltCTBHR,H IT03TOM,Y CIT9KTpaJJbH8fi Mepa T8Kl!t9 He 38-

Bl'ICHT OT B3al'IMO,D.9ltCTB~R. 113 ~OpM,YJJhl (2.2!} TOI',D.a J19l'KO CJie.n.yeT, llTO 

npH JIJ06HX /). H p 

e 
i Xfa)p _£Xp .. . • iX{a)p -iXp 
· e E r 11) = E r 11) e e 

(2.22) 

PaccMOTPHM onepaTop 

J (a)=J d[{p) e i'ira!P e-~ Xp 

(2.23) 

3,D.9Cb l'lHT9I'paJJ ITOHHM89TCR K8K npe,D.eJJ pl'!MaHOBbiX l'lHT9I'paJJbKbiX CyMM BH,Il.8 L f(!J.)e-' XraJP, /Xp .. 
I< 

r.ne MHOlll:eCTBa fjk He nepeceKBI)TCII H PK t Lli • ,ll,nn tntTaTenn, lll:e-

JI~ero HM9Tb CTp01'09 M8T9M8THll9CK09 o60CHOB8HH9oOTM9THM 1 liTO BH8'1l8JI9 

HHTerpan ·onpe.n.en~teTcn no orpaHH'IleHHbiM MHOlll:eCTBBM S B R1 
• llpH · 

3TOM MOlltHO ITOK838Tb CTaH,D.apTHNM'CITOC060M, liTO npe,IJ.eJI pHMaKOBhiX HHTer

paJJbHbiX.CYMM C~9CTByeT B CMbiCJJ9 paBHOM9pHO~ CXO,IJ.HMOCTH onepaTOpOB. , 

3aTeM HHTel'paJJ (2.23} onpe;.eJIR9TCH KSK Cl'!JibHbrl\ npe,D.eJJ HHT9I'paJJ8 ITO 

MHOllt9CTBY s 1 KOI',Il.8 .) B rrpe,D.eJie 3aiTOJIHR9T BC9 TpeXMepH09 npo-o3 . 
~Tp8HCTBO HMfiYJibCOB ~ • 
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llcnonb3YH (2.22), MO~O nOK838Tb CT8H~BpTHHM cnoco60M~ qTQ 

onepaTop {2.23) HBnReTCH yHHTBpHNN. ll3 "~3HqeCKHX" ~e C006p~eHHR 
3TO HCHO H3 CaMero cnoco6a nOCTp08HHH onepaTopa- ./l (a) • ,l{eRCTBH
TenbHO, H3 (2.23) BMHO, tiTO onepaTOp .1/(a) CTpOHTCJI Me)J,YJJ!!tiw 
o6paaoM. Bee npocTp8HCTBO H. pas6:HBaeTCJI Ha no~pocTpaHCTBa }lfP) · 
c onpe~eneHHbiM aHa:JeHHeM :HMeynbca ... ft.. , H_._!l K~OM /l(pJ · ~ea
CTByeT ymtTapHbrlt onepaTop exp(i XfaJp)ep(-iXp). CTporoe onpe~ene
HHe npocTp8HCTB 1/(p} MO~eT 61:iTb ~8HO HB JI3HKe npmmro :HHTerpMa 
(CM. § 2.3). 

lls ~PMYn (2.20) - (2.23) cneAYeT, t~To 

{/!(a),{/frlj=[ Jl(a),[(il)]= 0, 
...... ... 

./!(a)e' Xf .!l(aT-1== e i X{a}p 

3 (2.24) 
~H J006blX ?: G Sli (f) • fi, Ll e R . il03TOMY onepaTop Jl (a} y~oMeT
BO~HeT nepBbiM TpeM ycnoBHRM (2.!9) • BhiiiOJIH:HMOCTh ~e' ycnoBHJI ./1 (a)/= 
Jf { a/J 6) cneAYeT H3 (2.3).• · 

llpHBe~eHHoe pemeHHe ~JI onepaTopa ./I (a} 6bi.no npe~o~eHo MyT4e 1861. 
0HO BHrn~T B8CbMa npHBneKaTenbHO C 3CTeTH't18CKOR TO'tiKH 3peH:HJI H 
npOCTO ~H nOHHMBHHJI 0 TBK KBK no cymeCTBY BCH KOHCTPYK4:HJI JIBnJieTCJI 

t~HCTO anre6pa:Ht~eci<oR. KpoMe Tore, Tpy~o ce6e npe~cTaB:HTh, t~To ~JI · 
onepaTopa ](a) Mo~eT cymecTBOBaTb pemeH:~o~e, 6onee npocToe, t~eM (2.23). 
O~aKo HeCMOTpJI Ha To, t~To ~opMYna (2.23) nonHOGThD pemaeT s~aqy 
B npHH4HnHanbHOM nnaHe~Ha Hey~o6Ha B npaKTH~~cKHX Buq:HcneHHJIX, 
nocKOnhKy onepaTop no~o~eHHJI HbiDTOHa-BHrHepa )((a) Bup~aeTCJI t~epea 
reHepaTopH npe~cTaBneHHJI cno~biM o6pasoM (eM. 2.~5) ). B § 2.4 MH ~a
~:HM pemeH:He ~nn )/.(a) , He Hcnonh3YJO!l{ee onepaTop_ X (a) , o~aKo HaM 
npMeTCJI :HCnonb30BBTb ~OpMMH3M npJIMoro HHTerpMa.· 

B 3BKJOOqeH:He 3Toro naparpa~ oTMeTKM 1 t~To B TOt~et~HoR :H ~poHTOBoR 
~pMax BHMorHt~HHH nop,Jm~ I< Haxo~eHHID onepaTopa ./l (a) He npoxo~T. 
,l{eRcTBHTenbHo, ecnH MH paccMoTpHM, H~pHMep, Tot~e'tiHYID ~olMY• TO ~ne 
paTopoM, K_BHoH~t~ecKH-+ ccinpmtelilillM c {;(a) 1 a~ecb 6y~eT /Ua}~Mfa)Xfa), 
:H B Ha6ope {(;.(a), R (aJ} Bee onepaTopH, Boo6me roBopn, aaBHCJIT OT 
B3aHMO~eHCTBHJI, BOTnH'tiHe OT TOR C:HTY84HH 0 KOTOpaJI :HMenacb B MrHOBeH

HOt iflopMe. 
\ . 

\, 

§ 2.3. PaanH'tiHHe paano~eHHJI npocTpBHCTBa·H 

B 3TOM :H cnepynmeM naparpa~ s~at~a o cno~eHHH B3BHMo~eHcT
BHR 6y~eT pBCCMOTpeHa . B ~pMM:H3Me npRMoro HHTerpMB. ilpH 3TOM ~H 
na~ onepaTopoB 6y~T ~BHH ~PMYnH, KOTOpHe B ~anbHeniDeM Heno
cpe~cTBeHHo np:HMeHJIDTCJI ~JI KOHKpeTHbiX pact~eToB. MH yaH~M Ta~,t~To 
3~8'tl8 0 cno~eHHH B38HMO~eHCTBHR T8CHO CBJI38HB C BonpOCOM 0 p83~ene-

. HHH ~B:H~eHHR Ha 11JlH8WHee" :H 11BHyTpeHHee". . 

Izy-CTb g- {i (fl} yHHTBpHOe npe~CTaBneHHe rpynnH Izy-BHKBpe B 
I'R1Ib6epTOBOM npocTpaHCTBe J-1 • B npo4ecce Harnero paccMoTpeHHJI Mbl 

6y~eM HMBr8Tb HB onepaTOpH 3TOro npe~CTBBneHHJI HeKOTOpbie ecTeCT
B8HHbi~ycnOBHJI1 O~BKO MN He 6y~eM npe~nonaraTb, 'tiTO npe~CTBBneHHe 

ff-/L(j) a~aHo B KaKoR-n:~o~6o ~~pMe ~BMHKH. TaKHM o6paaoM, Bee IO 
reHepaTopoB npe~cTaMeHHH j-/i (!f) MOryT, Boo6me roBopn, oTnH

t~aTbCR OT .reHepaTOpOB npe~CTBBneHHJI ff-li(j) npH OTCyTCTBHH 
B38HMO~eRCTBHJI. ~ . 

PaccMoTpHM BHBt~Me c~eH:He npe~cTaBJieHHJI j-1/{j) Ha rpynny 

C~BHrOB 06HqHOrO TpeXMepHoro npoCTp8HCTB8~ reHepaTopru.m C~OTBeTCTBYID

I!lero npe~cTaBneH:HJI 6yAYT KOMnOHeHTH onepaTopa mmynbCB .. p . 3TH 

onepaTopH o~oaHa'tiHo onpe~enJIIDTCJI npe~cTaBneHHeM p- /Lfj) , nocKonh
ey, KBK XOpomo H3BeCTHO (CM.,Hanp:HMep,j9lj), yHHTBpHoe npe~CTBBneH..,He 
KOMMYTBTHBHoli rpynoo o~o3Ha't1Ho onpe~enJieT cneKTpMbHYID Mepy tJ.-E(A). 
B ~BHHOM c~ae 3Ta Mepa s~Wia Ha npocTpaHCTBe :HMnyJihCOB /( 3 • 

ilpe~ono~, tiTO 3T8 ~epa a6cci~THO.HenpepbiBH8 OTHOCHTenbHO o6Ht~HoR 
eBI<nMOBoR MepH Ha R , 11-1){ A) • Tor~a ~H ~6blX l, ? C H cy

l!leCTByeT WHK4HH /(p; I, p) TaKan, t~To ~JI J006oro (6openeBoro) 
MH0~8CTB8 tJ. 

(fr!J)J,? )= J trp; J,p)dp 
Ll 

r~e ( , ) - CKBXJIPHOe npOH3Be~eHHe·B 
onpe~eneHa (not~TH BCDAY no eBI<nH~oaoR. Mepe Ha 
P~oHa-HHKo~a 

. fCd,? )= lim (fr/JJI,? J 
p .1-0 J(A) 

(2.25) 

H . ~!<4HJI /(/;~?) 
A(3 

) KBK npOHSBO~BJI 

(2.26) 

r~e npe~en 6epeTCJI no MHOJteCTBBM, 1::::. , co~ep~Bill:HM Tot~ey j5 H CTJI-

rHB~CJI K 3TOR TO'tiKe. 

Izy-CTb 1 ( p) - TBKOe no~pOCTp8HCTBO B Jl t tiTO /(p; J, J) 



cyntecTayeT ,IJ.JI.R acex J e Xfp) . ~KWf.R f(j)J,p) sa,o.aeT Ha.l(f) 
nonycK8RffPH08 rrpOH3Be~eHHe H nopo~aeT eCT~CTBeHH~ o6pa30M C~aR.ftP
HOe npousae~eHHe B 4Ja.KTOp-npocTFaHCTBe X(p)j /V(p) , r~e /V'(p)= 
{J: f(j5;J,J)=0] • Onpe~eRHM Hfp) KaK nononHeHHe X(p)/ ;Y@) , " 
a f(j)) -_KaK KOMn03H~D ~Byx K8HOHHqeCKHX I"JMOMOp~3MOB;r~-:~~~jiV¢iJ, 
PasYMeeTc.R, o6pas JJp') npu oTo6pBllteHHH,. J ( P}.. MoTeH a 1/(p) • 
Onpe~enHM runb6epToao npocTpaHCTBO J (J)Hfp) d 'P,.. 3neMeHTBMH aToro 

npocTpaHcTBa- llBR.RDTC.R Ha6opbl. { l(p)J , J( PJt H(ftJ, KOTopNe y]i.oa- f 2/ 
ReTBOp.RDT-T8K H83UB88MOMY yCROBHD ;f - H3MepHMOCTH (cM.1 H8npHM8PJg ) 

H ycROBHD 

f //J(p)U~(p}dp L. o0 , (2~27) 

J\ 

r~e // ... H fl(p} ecTb HOpMa a Hfp} , a HHTerpHpoaaHHe a (2.27)..,ae-

~eTCll no acew TpeXMepHoMY npocTpaHCTBY. YHHT8pHb1R onepaTop 7{ us 

-'I-/ _ a f tJj H Cp) d3p onpe~en.ReTCH cne,eyKllltHM o6pasoi.t: ,IJ.JI.R mo6oro 

Je H, lfJ={J(pJJ] (Hs ~KasaHHoro Bhi!De cne~eT, qTo_ ](pJJ on,-

pe.n.eneHo noqTH npu acex p ) . " -_,. 
- TaK·KaK Maccoa~ onepaTop P1. KO~THpyeT c ~(~) , TO, no 

TeopeMe ci>oH Hei\MaHa (cM.,HanpHMep/91 •_?3 
]• a npe.n.~T~BReHHH H=JmftfP)dp 

oH .RBR.ReTc.R pasnol!tHMW~ onepaTopoM { m ( p'Jj , r.n.e mrp)- onepaTop a Hfp), 
H ecRH £ ()L) - cneKTpaRbHB.ft,.. ~KQH.ft onepaTopa M ' a e(j!;p) - cneK

Tp8RbH8H ~KQHH onepaTopa f.n(p) , TO 

JrpJEfJLH=; e()l;pJJ(pJJ . (2.28) 

IlycTb h=J{p}J .Tor.n.a us (2.28) cne~eT, qTO 

ffh~;pl ~fJ( k!jL;foJh.h)jd{ff5; EpJJ,f) (2.29) 

~HTerpaRH B (2.29)AHBR.RDTC.ft HHTerpanBMH CTHRbTb8C8 no cneKTPY onepa--
~ - -

TOpOB m(p) H M COOTBeTCTBeHHO. 
06osHa'4HM Hfo)=H(pJ npH p = 0. ljameR cne~l!leR sa,o.~qeR 

_6y.n.eT n~cTpoeHHe yH»TapHoro onep!Topa '/L(p) us H(o} a fl(p} npH 

('RD60M P . 06osHaql1M qepes dJp'}l) M8TpHuy (!.I!) H onpe.n.eRHM 

onopaTop {((f)1 [/(rJ.rjJ)dff;'J 
(2.30) 

4-0 

KBK CHRbHIDl npe;wn c~oTBeTCTBYDlllHX pHMaHOBb!X HHTerpaRbHbiX CYMM. TaK 

KaK onepaTopbi Lf(dJPjt)) YHHTapHbl, TO MOl!tHO CTBH.n.ap-THbiM o6pasoM 

y6e.n.I-_!.TbCH a TOM_z qTo onepaTop-(2.30) TBJOKe-,yHHTapeH. ~ae~eH,. one_pa

TOp B(p} = {f+: P}/Mt)"/t, H onpe.n.enHM H?,_BbiR onepaTop Lf(fJ=B(fJ/f(/) 
Tenepb Mbi MOl!teM onpe.n.enHTb onepaTop 1f(p) cne~ o6pasoM. 

;-.. " . 

11 (pJh =f(p)(jJp)J ' . 
. (2.31) 

ecJIR h= J(o JJ . Hcrronbsy.R <Poprqnbl (2.26) H (2.29), Mol!tHo noKasaTb 

CTaH.n.apTHblM -abi'4HCR8,liHeM, qTo ff VIpJhJ H(pJ = H hH Hfo) . 
IToaTOMy onepaTop Z{(ji) KoppeKTHo onpe~eneH cl>oPMYJIO~ (2.31) H Hso

MeTpHqeH. OTOT onepaTop HMeeT o6paTH~! 

· VrfT1
h '=ffoJitrftr~p (2.32) 

. -, "" 
ec_.RH h-= ](p~2 . ilOSTQMY '!if;} HBR.R8TC.R yHRT8pHblM o~epaTopoM H3 

H (O) a H(p} . Heo6xo.IJ.HMOCTb aae~eHH.R onepaTopa Bfp} CBHSBHa 
C TeM.XOpOWO H3B8CTHbiM R3 TeOpHH O.IJ.HOqBCTHqHbiX npe~CT8BR8HH~ cl>SKTOM, 

qTo prumTHBHCTCKII-nHBapRaHTHO:ll Mepoil .RBRSieTCH He d 3 p ,ad'§6tp~~ 
r~e Jn - Macca qacT~. ... 

PaccMoTpHM Tenepb orpaHHqeHHe npe~cTaBJieHHH 1-t/ (j} Ha 

r~ynny SlL(2) . ITo aHanorHH c .n.oKasaTeRb~TBOM YHHTapHocTH orrepaTopoa 

?J,(pJ Mbi MOl!leM ~oKasaTb, '4TO onepaTopbl ll.. ( t) , onpe.n.enHeMble ci>op-

MYROR 
/' 

uftJh= ](o)/}lrt)l, (2.33) 

r.n.e 'l € Stiff}. h=ffo}J~ onpe~eRJDlT yHHTapHoe npe~cTaBJieHHe rpynnbl 

5f1{2)a{;(o} . 
~3 CBO:llCTB HHTe~~a CTHJI?TbeCa (TaK ~83biB88MOR ~epBOA TeopeMbl 

XeJIRH (cu., HanpHMep. ) ) cJie~eT, qTo orrepa_;op~ /i(p} , onpe~e-
neHHble cl>oPM;YJIO~ (2.30), CHJibHO HerrpepHBHbl no p . lla3TOMJ' Ha6op. 

onepaTOpOB {Z{fjiff-1
HMeeT ~BORCTB8 H3MepHMOCTH 1 ~OCT8TOQHH8 AJISI 

Taro, qTo6bl onepaTop 

u-·~J $ v(j5r'd'f (2.34) 

JIBJIJUICSI yHHT8pHbiM onepaTOpOM H3 feH(pJd~ B . Lt {p) ® Hfo), 
r,lle L/ p) - npocTpaHCTBo KONilJieKcHbiX 4J.yH~A o-r p , KBB.J\P8T 
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MOAYRR KOTOpNX HHTerpHpyeM no Mepe J (no~po6Hoe paceMOTpeHHe 
TeOpHH npRMNX onepaTOpHNX HHTerpanOB HMeeTeg B. KHHre ~KeMbe /93/). 

""--1 ..... Tor~a o11epaTop U 7T RBn.!IeTeR yHHTapHI:iiM onepaTopoM H3 H B 

4fp)@/{[o). 
MH no~omnH K oe~oBHon s~aqe sToro nyHKTa: onpe~eneHHD B~a 

npe~eTaBneHHR ff- {i(j) B npoeTpaHeTBe L1 (p}®/I(O) • C,ztenaeM 
ene~ee npe~ono~eHne: B npoeTpaHeTBe fl e~eeTByeT nnoTHoe,..no~
nJloeTpaHeTBo _x 1 HHBapH8HTHOe OTHOeHTe:LbHO Beex onepaTOpOB L/fj) 1 

E !/'-) H TSKoe 1 qTo eenn J e .X 1 TO /(p;J,J) HenpephiBHo no 
p . Mo~o DOK838Tb 1 .qTO B KaqeeTBe, A MO~O B3.R:Tb 1 HanpHMep, 

npoeTpaHeTBO 6eeK~e~O-,II.H~peHL\HpYeMNX BeKTOpOB ~~ (eM., HanpHMep 1 

rnaBy II B KHHre 30 ) , HO Mbl He 6y~eM Ha 3TOM oeTaHaBnHBB'l'be.R: •. B. 

npHROMeHH.IIX o6~HO .R:eHo 1 · K8KOe npoeTpaHeTBO BN6p8Tb B KaqeeTBe ;r 
(eM. rnaBy 3). "' 

IlyeTb J e X • 2== !ll1JJ . Tor~a e yqeTOM (2.30) H (2.3!) 

NjJ~ HpJft~JJ ~ ft rp; H o) f &-~-4Y' !l f rffPJt · 
. - . JL ')'-

"' .1\ 

(JJ g:JdE (;P->I . 
(2.35) 

ilpe~eTaBHM l;; e_G- B ll~~e (!, ~) I r~e t t SL (!,C) • fL € :r 
Tor,Il.a -r (i{PJL-):,d(P~) ( e-, p) 1 r~e 4Ja,KTop onpe~eneH B 
(!.9) 1 a BeKTop p - B (!.!2). Tor~a 

prpJ= fi(fJj{o) f Jf fttl (jj::J')"' arrr:pJt, 
1\ ... , .{ " _, .{ -t -# 

/i(Uarpl a) /L(dr}J( fi}J I 
'. 

. (2.36) 
Tenepb Mbl BoenonbsyeMeSI (2.28) H BHeeeM I (O} B no,ll,biHTerpMbHoe Bhl

p~eHne (2.36). Mbi He 6y~eM 38HHM8TbeSI M8TeM8THqeeKHM o60eHOB8HHeM 

~~Ton onepal\HH 1 0~8KO OTMeTHM 1 qTo OHO He eoBexM npoe10e 1 T8K K8K 

](O) He RBn.R:eTe.R: orpaHnqeHHh!M onepaTopoM ns H B Hfo}; TeM He 

MeHee 1 MO~O ,Il.OK838Tb 1 qTO onepaTop .I { 0) SIBRSieTe.R: B Hel<OTOpOM . 
eMblene SBMKHYThlM H BHeeeHHe era B riO,Il,biHTerpMbHOe Bhlp~eHHe' (2:36) 
38KOHHO. 
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Hexo,DJI H3 <P<>PMYR {!,!2) 1 (1 1 13) 1 (2.32) - (2;34) H (2.36),?~1 

Mo~eivf Tenepb saKJI!lqHTb eJie...!lf'~:~· Arer:pa_rofib! n_p_~,Il.;Ta~neHHII ?_~It(?.) 
M~~O ,..npe,Il.eTaBHlb B BH~e r =: Jr ur (p;m,j) !f, l[ (t.=f-{.-.. fO) 1 r~e 
m= m(O) •.j -... re~epaTOpbl npeACTaBneHHII Z-lj(1:JB lf(O) • a 
onepaTophl rlfp;m,j) ; ~eikTBYJOlllUe B Lrfftl~/I(O},m.!e'lJT BH,Il. 

.1\ A A _.. )\• 12 _,. - _. 
P= p; E=(ml+ftJ ; N~ ttpJ-~-i; 

~ ~ 

N= -t"&zi.t-f)~ 2_ rm!_,_ft?~ + ! )(! -+l 1 

~ 'Op m.+(m~p ~~ _ <2.3?) 

r,Il.e N- reHepaTopbi npe~eTaaneHHII rpynnhl S/1(!), /V - reHepaTopbi no
peHL\EmeKHX ClyCTOB, a 38BHeHMOeTb OT liz , KaK 06blqHO, DOHJ.l!.fBeTCfl 

B BH,Il.e eneKTpBnbHoro pasno~eHH.R:. 
Mbi BH~, qTO reHepaTOpb! (2.37) HMeiDT TOT ~e B~1 qTo H reHepa

TOphl O~oqaeTHqHOrO npe,Il.eTaBneHH!I B (1.13) 1 HOB (2.3?) BMeCTO MaC-" ,. 
Cbl qaCTHqbl BXO,II.HT uaeeOBbl£\ onepaTOp /n B /-1 ( 0) 1 a BMeeTO reHepaTO-

pOB ennHa- reHepaT:>pb! npe~eTaan_;HnR. '£.-+tl(.z)a Hfo) . TaKHM o6pa
soM, nepeXO,Il. K npoeTpaHeTBY £1 (p)@/lfo) ~3HqeeKH eB!I38H e p83,Il.ene
HHeM nepeMeHHHX Ha BHe~He H BHYTPeHHHe. BHemH!IR rrepeMeHHB.II onpe,Il.e

n.R:eTe!I no 3-HMnynbey P 1 a BHYTpeHHHMH nepeMeHHbiMH !IBR.II'lJTe!I nepe-

·MeHHble npocTpaHeTBa H(o) . B pen!ITHBHeTeKoR TeopHH a KaqeeTBe one

paTopa, onHebiB~ero ~B~eHHe eHeTeMhl KBK 4enoro, M0~0 1 o~aKo 1 
abl6npaTb H ~yrHe Ha6opb1 Tpex KOMMYTHP~HX eaMoeonpREeHHNX onepaTo

poa. CooTBeTeTBeHHO,H ~pyrRM 6y~eT pasno~eHHe npoeTpaHeTBa fl 
~e Mbi OnHebiB8eM T8KOe pasno~eHHe e~e B ~Byx e~yqa.R:X. 

Bo3bMeM, BHaqane B KaqeeTBe "BHeiDHeR nepeMeHHoR",onepaTop 
"' "' . A ;A"t . • 

4~eKopoeTH G = pI M . Tax KaK G = 1 1 To SieHo, ll'l'O ¥ cauo~ 
,ll.ene He3aBHeHMhiMH IIRRSID'l'e.R: nHmb TpH onepa'l'opa 1 HanpHMep. C.= J5 I M 
Ha6op onepaTopoB t G- onpe~en!IeT eneKTPBnbHYJl Mepy · A-+£ ( !J) Ha 
rnnep6ono~e A = I. IlyeTb sTa M~a a6eoJIB)THO HenpephiBHB oTHOeH-
TenbHO Mepbl dv().)= d 3J I {1+1)1ft .Tor~a ~ Mo~~M pea-. 

nH30B§Tb H B BH,Il.e J l91J(J.}dd{J.) • 06osHaqHM H(o)= H{).) 
npH 1 = 0. PasyweeTe.R: 1 aTo npoeTpaHeTBO o'l'nzqaeTeR oT npoe'l'paHeTBa 

{/ ( 0) 1 paeeMOTpeHHoro Bbi!De. ~eeb H ~Mee Mbl 1 0~8KO 1 6y~eM He

Il0Rb30B8'l'b Te ~e 0603HaqeHHK 1 ll'l'O H Bbi!De 1 ~II TOro, ~T06bl 8HBJIOrHR 

M~ paeeM8'l'pHB86WYYH enyqBSIMH BblrRli,Il.ena 6onee RBHOA. " 
· KaK H Bblllle, Mb1 MOlleM noeTpOH'l'b YHHT8pHbdt onepaTOp 11{1) H3 

· H (o) B {t {J.) • _TaK xaK M~pa diJ { 1),. .R:BnReTen peJIJmtBHeTeKH HHBapHaHT

HoR 1 TO ~.II noeTp08HI'JI onepaTOpOB u (1) ~OeTB'l'OtUiO JlleiiDnb30B8Tb 
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A A 

JIHillb onepaTopht (j { d..(l)) , a H~ s onenaTopax _2:'Hna 8 fpJ He 
sosHHKaeT. CYJKa.R onepaTophl M H {i(r.) Ha 1-/(0)~w MOllteM, KaK 
H awe, onpe,p.eJIHTb onepaTOpbl m- H U(-t)A. - - .A 

,. fJyTb 7{ peaJIHsyeT H B BHp,e j (f) fi(.A)dJf }..) ,A a 'If= 
s~u().JdJ(J} • ~orfa"lJ,Jif' _;eHJP'!TOP<;!B _,n!JllP,CT8BJieHH11 g-/1{j) 
Mbl HMeeM {.' = Jr Zt r (A; f71. •J ) f_[ 7{ t a SIBHbrlt BHlJ. one-
paTOpOB r (i; '"-i) -B Lt ( i) Q9 H (0) CJie,IJYlllllldt (cp.c 

(LIB)): 
1\ 

P=mJ 
~ .. "' , M..:: t {J.J-l-l~ 

"' 

N-=:- i 1 1.._+ l xj 
vAo _..., --o.A 1+). 

npHqeM Lt(j)_ npocTpaHCTBO ~~R Ha rHnep6oJioHp,e, TaKHX, qTo 

(2.38) 

J /fWl' di!IJ.)<oa. 

PaccMo~peHH~e _swe pasJiollteHH.fl npocTpaHCTBa Jl npHMeH.fiiOTC.fl, _KaK 
Mhl ysHlJ.HM s p,aJibHeRmeM, P.JI.fl cJiollteHH.fl B3aHMop,eRcTBHR s MrHOBeHHOR H 
TOqeqHoR qopMax COOTBeTCTBeHHO. OnHmeM e~e OlJ,HO pasnollteHHe, KOTOpoe 
npHMeH.ReTC.fl so tllpoHTOBoR tllopMeA •. BA !aqecTse "sHemHeR nepeMeHHoR" -
sp,ecb Bbi6HpatoTC.fl onepaTopbl { {JJ, P } ( j = -( 2) , a B KaqecTse Mephl 

H8 npOCTpaHCTBe HMnyJI~COB - di){p.L,p+)= dt.p.J.dp-1-ffp+- • Il03T,PM? M_2lltH': 
nocTpoHTb onepaTop ,}f , peaJIH3yto!llHR 11 a. BH,ll.e J. ~H(p.L,p JdiJ~.~.p+-J • 
B KaqecTse aHaJiora H ( 0) MolltHo sbl6paTb npocTpaHCTBO H ( p.J. ,j+) c 
p~ = 0 H npoHSBOJibHhiM 3HaqeHHeM p'~ > 0 • Tor,ll.a onepaTopbl' VJ/IL,p+) 

MOlltHO onpe,ll.eJIHTb ¢oPMYJIOR 
A A 

~~ (A,p+Jh= /{p_j_,p-~-)U ( trp~pJ)J •. 
(2-.39) 

-r,ll.e h = J(P,:,p'~)J, a MaTpm~a tfp'-p) onpep,eJI.ReTC.fl no aHaJIOrHH 

l c (1.23)' (I.24) .,. 
_ OnepaTopbl J onpep,eJI.flllTC.fl B ,ll.aHHOM cnyqae CJie,IJYDllHM o6pasoM. 

TaK KaK onepaTop IlayJIH-RD6aHbCKoro KOMMYTHpyeT c onepaTopoM 4-HM
nyJibca, TO B npe,li.CTB:BJieHHH J ${/(p.i_,p.f-) du(p.J.,p.f-) OH pa3JIOlltHM. 

4-4-

A 1\ A A 

06osHa~ qepes }o }z u h CYJF>eHH.fl Ha H(O,p'+-) onepaTopos 
WYrCt ,}l! M Hl~r'jp+cooTseTcTBeHHo (cp.c (2.13) ). Torp,a Ha6op 
1"' ;" ;· J yp,osJieTBop.ReT KOMMYT8Ql!OHHhiM cooTHomeHH.fiM P,JI.fl onepa.-th 1 l' J .. 
TOpOB CIIlJ,f-1;8. ferJ?8T9P~ lite.._ np_..eP.E_T8Blle~~.fl f}-!L (j) MOJI'.HO 38Ill1C8T:O 
B sHp,e [£= 7(- Uf'(P..L,P ; m,j) l[ 7r , rp,e reH~paTopu npep,-
cTaBJieHH.fl ['(A_,p+-;liz,l) p,eRcTsytoT s L2 (;i.,p+-J~H(o,p' ... )H 

HMeiDT B 3TOM npoCTpaHCTBe B~ (cp. C {1.22) ) 
A . 

1\ l .... t m -+- f.i. P~P+,_ 
1\ 

P-= B==~ !p-I-
/1 . 

AJ-l-- o 
1 y' . = ip-4-op-~- ) 

A • C\ A 

M+j . + u MfZ II:•) ':' =-lp· -. ; = tsffo. -t-j.1 ()pi 

M-"-j . '0 p"'- ()) £-~.;-· 1\ ~--=-L{rJ -+- -. - ::J!:. 1tni +-p-i ) r 7Jp-~o ·of' p+ ~e tf3 

A A 1\ 
(2.40) 

r,ll.e m - CYJ!teHHe M H8 II ( 0, p'+-). 
HTaK, w paccMoTpeJIH TpH pa3JiollteHH.fl npocTpaHCTBa /1 . 06!1lHM 

y 3THX pa3JIOllteHHA SIBJI~eTC.fl TO, ~TO H3 10 reHepaTOpOB npeP,CT8BJieHH.fl 
rpyiliThl fJyaHKape ff- !1 (j) w BlllJ.ei!HJIH MaccosbiR onepaTop M , , 
~eKoTopbiR 3-BeKTOpHbiR onepaTop K ~ 3ll,I\8JOOlHA pasJiollteHHe Jl= j q; , · 
J/(j()cfV{k) no HeKOTOpoR Mepe i) . , TpexnapaMeTpHqeCKO~ CeMeACTBO 
onepaTopos, HcnoJibsyeMoe P.JI.fl nocTpoeHH.fl onepaTopos '!JJx). H Tpexna
paMeTpHqecKoe .. ceMeAcTBo onepaTopos, HcnoJibsyeMoe P.JIII nocTpoeHHSI 
onepaTopos J . PaccMoTpHM TaiOICe npep,cTaBJieHHe g.-+ !/ { ff) H 

~onycTHM~ qTo no STOMY npep,cTaBJieHHJJ MOJ!tijo orrpep,eJIHTb pasJiollteH!e 
H = S l9 Hf iJdM K) no Toll lite t.tepe i) M onepaTOpbl U {K) H j _ . 

AorwcTHM, HaM yp,aJI~cb_JiaA,:'K TaiioR yHHTapHhiR. onepaTop A H3 H(o) 
· s II {O) , qTo Aj A = j .Torp,a, KaK cJie.eyeT H3 nposep,eHHUX . 

rrocTpoeHHA, onepaTop 

Jl= f-' t J $ ilmA ur;r'di!mJlT 
(2.4!) 

OcymeCTBJISieT yHHT8pH,YD 3KBHBBJieHTHOCTb t.te~ reHepaTopaNH npe~-
CTSBJieHHSI 1 ~ [L( ff) H onep8TOp8MH 
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fi=: 7!-" u rir;; ;n; lJ u-"7[ , 
(2.42) 

r,u.e iii= A-" m A . Ha 3TOH lflopMyJibl H H3 !l>OPMYJI (2.37) t (2.38) H 
(2.40) cJie,u.yeT, ~To ,U.JIH c~aH TPeX nocJie,u.oaaTeJibH~ paaJioxeHHA,pac
CMOTpeHH~ Burne, M~ MOXeM noJiyqHTb T8KHM o6p830M YHHT8pff,YD 3KBHB8-
JieHTHOCTb reHepaTOpOB npOH3BOJibHOI'O npe,U.CT8BJISHHH H npe,U.CT8BJISHHH, 
38,!J.8HHOI'O COOTBeTCTBSHHO B MI'HOBSHHOA, TO~eqHol! H q>pOHTOBOH lfJopMax. 
B o6~eM c~ae, O,!J.HaKo, ~He BH,!J.HM 1 KaKol! ecTeCTBeHHNn onepaTop 
MOXeT npeTeH,!J.OB8Tb H8 poJib Jl 1 H U03TOMY BOnpoe OeTaeTeH OTKp~NM. 
KpoMe Taro, YHHTapHan 3KBHBaJieHTHoeTb ,u.ayx npe,u.eTaBJieHHI! e~e He 
oaHa~aeT HX q>HaHqeeKon 3KBHBaJieHTHOeTH. Heo6xo~o, ~o6~ onepaTop, 
OC~eeTBJI~HH 3KBHB8JieHTH07Tb,eBH3~8JI TSKXe .5 - M8TpH~ B 060HX 
npe,u.eTaBJieHHRX(eM1HanpHMep. 79/), 

, § 2.4. CJio~eHHe B3aHMo,u.eAeTBHA a q>opMaJIH3M~ 
npHMOI'O HHTei'paJia 

IlpH HeUOJib30B8HHH pa3JIO~eHHA, OnHeaHH~ Burne, Mbl MO~eM ,IJ)IH K~
,!J.OI'O npe,u.eT_ilBJieHHH 9- {J.(9;a) (eM. § 2.!) noeTPOHTb onepaTOpbl 7f(a), 
9}.('K; a) 

1 
j (a), m (a) H npocTpaHeTaa H(i(; a) , TaKHe, 

~To npe,u.cTaBJieHHe ~- U( ~;a) peaJIH3yeTCR B npocTpaHeTBe J&fi{K;aX/V(k), 
r,u.e fj.~ v(tl)- HeKOTOpan Mepa. Mhl npe,u.noJiaraeM, ~0 Mepa t~- V(A) 
a~6paHa O,!J.HHaKoaoA npH acex a . B TO Me BpeMR yKa3aH~e BNme 
onep8TOp~ H npOCTpaHCTB8 npH p83JIHqHbiX a_ t B006~e I'PBOpH 1 OTJIH-
qaJOTCR ,u.pyr oT ,u.pyra. HcHo,' ~To onepa4ID0 nepexo,u.a oT· () K ()8 , 
OTIHe8HHyD·B § 2.!, MO~O npHMeHHTb H K OnepaTOpaM, H K npOCTp8HCTB8M 
1-/(K;a.l . TaK KaK U(9;a)8 .;,.{i(tj;antJ (eM.§ 2.!),To ace 

onepaTop~ H npocTpaHeTaa, nocTpoeHH~e no npe,u.cTaBJieHHJO 'j-/l(f; a), 
T8KMe 06Jia,u.aJOT T8KHM eBOHCTBOM.. , . 

,nonycTHM, HaM y,u.aJioeh HaRTH yHHTapH~e onepaTopN Afa) H3 1/(0} 
a 1/(0;a), KOTop~e y,u.oBJieTaopHJOT yeJioBHHM 

A (a) J AI aT~= j-( a) , Afa)t= Ar an tJ. 
(2.43) 

Tor,u.a, HCXO,!J.R H3 pe3yJibT8TOB §. 2.3, Mbl MOJKeM npe,u.eTaBHTb reHepaTOp~ 
1 npe,U.CT8BJieHHH 9- u ( Q i a) B BH,!J.e 
t • ~. If ~ r' (a)= Jl (a) rL(a) fl. (aT· ( i= 1, 2, ... 10) , 

{2.44) 
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r}J.e (cp.c {4.4!), (4.42) ) 

./l(a)= l!(ar~tjte 1/(laJAlaJVr;r"dJ(i(J/Jr. 

r~il ) _., tl!(i( ... ~ -~) or"T 
I a = 7{ U K; trt (a), j U 11 

fii (a)= A ( aT.(mraJ A (a) . 

Ha (2.43) H eKa3aHHoro BNme CJie,u.ye~, qTo 

./l(a)g= /l(a!J t); m(a.)t= mran tJ. 

(2.45) 

(2.46) 

(2.47) 

{2.48) 

Il03TOMY MH MOMeM no TO!! ll\e exeMe 1 ~TO H B § 2.! 1 H3 onepaTOpOB m(a) 
TIOCTpOHTb fii t a H3 . onepaTOpOB j(a) noeTpOHTb .II t T8K ~TO 

fiia = iii ( Cl:) Jl = Jl {a) a (2.49) 

Tor,u.a q>opt.tyJia ti = Jl t' Jl--f I (2.50) 

1',1!,9 

Fi == lf--~ ur' ti; m,J-J u-"lf . (2~5!) 

,U.8eT pemeHHe 3a,!J.8~H 0 cnOZeHHH B38HMO,U.el!eTBHA 1 npH KOTOpOM BHnOnHR
eTC~ ycnOBHS peJIRTHBHCTCKOA HHBapHaHTHOCTH H eenapa~eJibHOCTH. 

- HanoWHHM t llTO XOTJ! NH He KOHKpeTH3HpyeM K8xyJl-JIH6o H3 q>opw ,!J.H
HSMHKH, Ha,u.O HM9Tb B BH,!J.y, qorp B 3TOM naparp~ NH p8CCM8TpHB8eM · 
38,!J.8~ 0 CJIOll\eHKH B38HMO,U.eReTBHA B K8KOA-HH6y,U.b onpe,u.eJieHHOA q>opMe. 
B K~oA q>opue CB060~ OT B88HMO,U.eACTBHJ! J!Bnl!DTCJ! I'eHep8TOpH npK · 
T8KHX i 1 npH KOTOpHX {'(KJii,j) He 38BHCH'l' PT fii (CM, (2.37), 
(2.38) t (2.40) ) • flo3TOyY eCJIH ,!VIR K9,1tOA ~OpNH MH ~y,u.ew HCTIOJib3P
B8Tb COOTBeTCTBYJllllee paSJIO&eHHe B np.RMOA HHTSI'pM (CM, §2.3) t TOt. 
K_!i~ cne.eye";" H3 (2.44) H (2.4.6), npH STHX i onepaTopH .//(a) H 
f' (a)::: f' KOJoOIY'l'HpyilT ,u.py1' C ,u.pyl'OM. fioSTOyY 1 K81t CJIS,!J.YeT H3 
(2.50) H (2.5!) 1 sa,u.aqa 0 CJIO&eHHH BSaHMP,U.eftCTBJdt pemaeTCJII, T8KHM 

OClpa30M, .He B~O,!J.II 3a paMKR ,u.aHHOH WOpM!l. 
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06ey~ renepb,KaK KOHKpeTHO H3no~eHHaR Bume cxeMa pa6oraer B 
KBJK,noti H3 Tpex OCHOBHb!X !flopM ,li,HHBMHKH. . 

B TO'lletlHoti ti>opMe Bee npocTpaHerBa 1/(0; a) Boo61l{e roBopsr 1 pas

nHtlHW. Cne.o.oBarenbHo, Bee oneparopH i{(l;a) TaKMe 1 Boo61l{e roBopsr, 

pa3nH'llHhl, XOTII OHH nopOJK.naJOTest O,li,HHM H TeM ll\e onepaTOpOM !/(a(]J) , 
He aasHe~HM or B3aHMO,ll,eticrBHst~ CoorsereTBeHHo, Bee oneparopwj-(a) , 
B0061l{e I'OB0pst,OTRH'll8DTCII OT j ~- ilo3TOMy HBXO~eHHe onepaTopa 

A (a) Ha H[o) H3 Hfo;a) 1 xoropwtt y.u.osnerBopsteT (2.43), SIBnnercst 
B o61l{eM CRYtlSe HenpOCTOH 38,!1,8tleti, 

Bo iflpoHTOBoti !flopMe Bee npocTpaHeTBa Hfii.,p"'ia) npH pasnHtlHHX 

II a II COBIIa,ll,aJOT .o.pyr c .o.pyroMI T.e. H(f_t.,p+-; a.)= /lffo,p+) • 7{/tz)::-lf. 
Bee oneparopw rJ ( fo, p+; a) TBKll\e O,li,HHaKoBw npH pa3JIH~ " a " H 

COBII8,!1,8KlT C 'li{ ~,p+), qTO ll\e KaeaeTest onepaTOpOB ~ (a) 1 TO 

B~e OHH ,ll,etiCTBYDT B O,li,HOM npoeTpaHeTBe 1/(0,p'+-) H npH Beex " a " 
j3(a)=)J ,O,li,HaKo onepaTopbl jda) H j1(a) npH pasnH'llHI:lX " a ", 
B0061l{e I'OBOpSI, OTRH'llaDTCSI ,ll,pyr OT ,li,P,YI'8, AJin pemeHHSI 38,!1,8'llH 0 eJIOll\e

HHH B3BHMO,ll,eReTBHti Ha,li,O HaRTH oneparopbl A (a) B /I(O,p'+) ,y.u.oaneT

aopSIDII{He (2.43). HeHo, 'llTO B o61l{eM CJ~Ytlae 3Ta aa.u.a'lla .u.anexo He 

npoeran. . 

B MI'HOBeHHoti !flopMe Bee npoeTpaHcraa H fp; a) npH pasnHtlHHX 

"a" T8Kll\e. COBIIa,ll,aJOT .u.pyr c .u.pyroM, T.e. H(p;a)~ }l(p) I l!fa}=lf. 
OnepaTOpbl ll\e t{{j);a) 38BHCSIT OT B38HMO,ll,eHCTBHSI, O,li,HSKO T8K KSK OHH 

38BHestT RHWb OT onepaTOpOB npe,li,CT8BJieHHSI fl- f/(fj;a) 1 TO t/(P,a~= 
?L{ p; an 8) • TaK KSK onepaTOpb! npe,ll,eT8BJieHHSI I'pynnbl J!/(!) He 38-

BHeSIT OT _aaaHMo.o.elkTBHst H H{O; a)= Hfo) , To, o'lleBH,li,Ho, ace one

paT~bl- j {a) ,ll,eHeTBYDT B O,li,HOM H TOM ll\e npOCTp8HCTBe H COBIIa,ll,aDT 

C j , il03TOMy 38,!1,8'll8 0 CROll\eHHH B3aHMO,ll,eHCTBHH IIOJIHOCTbKl pemaeTest, 

eenH .u.nn seex " a" nonoll\HTb Afa)= I. 
BapHSHT A (a) = I B MI'HOBeHHOH !flopMe COOTBeTCTByeT cne,eyiOIIleMy. 

Mw 6epeM Maecoawe oneparopw Mfa) , CYJ!\aeM HX Ha npocTpaHCTBo Hfo) 
H IIOJ!Ytl88M oneparopb' /n(a) •. JocJie,li,HHe YJ!\e 6e3 BCSIKOH YJySKOBKH BXO,li,SIT 

B ifloPMYRbl THna (2.6), (2.7). B TO'lletlHOH H !flpOHTOBOH iflopMax·Mbl He 

MOJKeM·nonOll\HTb Afa) =I. aro, KOHetlHo, ell{e He 03H8'll88T, 'llT0.3TH iflop

Mbl "xyJKe" MI'HoBeHHA. B TO ll\e apeMn Mbl BH,li,HM, 'llTo,a. MI'HOBeHHoR iflopMe 

Mbl MOll\eM nocTpOHTb HYJ!\HOe YHHTSpHoe npeo6paaoaaHHe B "o,li,HH npHeM", 

He HCII0Rb3YSI II8xyDII{HX onepSTOpoB ,li,JISI IIO,li,CHCTeM, a B03MOlKHOCTb TSKOI'O 

IIOCTpOeHHSI B TO'll8'llHOH H !flpOHTOBOtl tPDPMBX IIOKS ell{e He BIIOJIHe SICHa, 

B MI'HOBeHHOH !flopMe Mb1 MOJKeM npH,!1,8Tb 38KOHY CJIOll\eHHSI B38HMO,ll,eR

CTBHH B MBCCOBOM onepaTOpe T8KOH JKe BH,ll,, KSK H HepeJistTHBHCTCKOA 

KBaHTOBOH MeX8HHKe. 
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.l{eReTBHTeJibHOI o~eparopbl mc~ .... ci,. paBHbl Cy;1teHHD Ha /I(O) A 

uaccoamc onepaTopoB Md,·-1• 1 cooTBeTCTBYDII{HX npe.u.eraaneHHD j--/(;._d, ~). 
B caoD. O'llepe.u.b 1 CYJ!\8HHe Mel ri Ha /If 0) , oqeaH,li,Ho, coBna.u.aer c cy

lKeHHeM Ha H ( 0) oneparoga ~si-!Ehir!!H E cJ1 .__.. "'" • llocne,li,HHA ~e o6na.u.aer 

eBOHeTBOM 8,ll,ll,HTHBHOeTH: Ed ..... rJ,. = Eci-1 .l-• •• Er~,._ • ll03TOMY Mbl MO~eM 
·aaeeTH orreparopb1 1 · Y'llHTbiBB.JJ!IlHe ".o.syxt~aCTH'llHble", "Tpex'llaCTHtnible" H 

T.,ll,. B38HMO,ll,etleTBHSI, llMeHHO, 38HYMepyeM BCe o6~eKTbl B CHCTeMe KH
,ll,eKCaMH I 1 2 ••• IV . Onpe.o.enHM 

)\ " -" 

\{,e ~EKe- Ek- Ee , 

A /'0 ,A /'o 

\{ftn = EK!m- Ke- ~m- Vem- f~-[t- [m 
~ (2.52) 

H TSK ,ll,aRee. t:Kt 03Ha~aeT 3,ll,eeb onepaTop 3Hepi'HH eHCTeMbl, eOCTOSIII{eH 

H3 o6~eKTOB k H t 1 EKI'm - oneparop 3HeprHH eHcTeMbl1 cocTo~eA H3 

o6~eKTOB K I I H m· H T.,I{. Oneparopbl \{t.~!m H T.,ll, •• O'lleBH,li,HOI 

KOMMYTHPYDT c j5 • llosroMy B rrpe.u.craaneHHH H= f$H(pJdp · oHH 

stBJimoTC.Ii pa3JIOll\HMbiMH orreparopauH. 06oaHatlHM VKe 
1 

'/J;!m H r • .u.·. · HX 

CYJt8HHSI H8 H{O) • 06o3H8'llHM Tenepb· 'llepe3 m eYJ!\eHHe eao6o,li,Horo 
Maccoaoro orreparopa Ha f/{ 0) • Tor.u.a oneparop . 

I' -1\ -~~ . 
m ... m .... 1 L v;., ~ 1 L U-tm +... 11"' . z. Kt<l J. K~t•m (2.53) 

6y.u.eT y.u.oanersopstTb seeM ~biM·Tpe6oaaHHSIM. 
B MI'HOBeHHOA ~pMe MOlKHO ,!1,8Tb TSKJKe 6oJiee npOCTOH BH,ll, ,li,Jist 38KO

H8 CJ!Ollt8HHSI B38HMO,ll,eHeTBHH B onepaTope ./l , ilOCKOJibKy onepaTop 7Tf a) 
. He 38BHCHT OT 

11 a" B 3TOH 4JopMe, Mbl MOll\eM IIOROll\HTb 7{(a) = I, T.e, 

· epasy etlHTSTb, 'llTO npocrpaHCTBo H YJ!\e peanH30BaHo KSK {$H(p)d3p. 
Tor.u.a BMecro (2.45) Mbl HMeeM npH Afa) = I · 

./Hal=f(J) Vrp,aJ vrpr'JP~fdJ 'Yfp,aJd'p • 
(2.54) 

r.u.e 7Jf(p; a),. Z/{p;a) 1/fPT
1

nnnercsr orreparopoM s H(p} • flpH Ktut

.U.OM P Mbl MOll\eM H3 YHHTapHIDC onepaTopoB 'IJJ(p;a)noCTpOHTb "p83,ll,eJIH

MOe IlpOH3Be,ll,eHHe" llf(p) t KSK OnHeaHO Bblme 1 a 38TeM npeACTSBHTb 
oneparop Jl B BH,ll,e 
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t1 

:/1.; ft zr'. ?2 ~fm VrpJdP, 
A A 

Z/(pJ= (jf(pJ VfPJ · 
(2.55) 

KaK OTMeqaJIOCb B § T.3,-'B KBa.HTOBO~ TeOplU! llOJUi MI'HOBeHHBJJ 
<P<JpMa nonyqaeTC.Il npH sb!Ciope rHnepnosepXHOCTH c A = I, 1 = 0. 
ll03TOMV ecJIH noJIHHft JIBI'p8~8H B3a.HMOAellcTBH.Il ~Ud(~) npeACTSBHTb -v. . ( ] 

B BHAe Cyw.n,t BCeX 113JI9M9HT8pHb!X11 JIBI'pB.HlltHBHOB B3a.HMOAeACTBH.Il ;;! ,j (~) t · 

TO H3 (L ?) Mb1 llOJiytl.HM 

A I o o (n) 3 P=P-'l;_ ';l.,)xldx. 
(2.56) 

TaK K8K c~eHH.Il onepaTOpOB 3HeprHH H MBCCOBOI'O onepaTopa HB npOCTpBH
CTBO Hfo) cosnBAaJOT APYI' c ApyroM, 11 npocTpBHcTso Hfo) s MrHoseHHoR 
~opMe He aaBHCHT OT saaHMOAellcTBHH, TO HCHo, ·'ITO,CYJKS.Il (2.56) Ha HfO)t 
Mbl llOJiytl.HM ~opuyny (2.53), llo3TPMY B KB8HTOBOR TeOpHH nOJI.Il Ta~e 
Bbi6HpaeTC.Il Jlfa) = I, npHqeM Maceo able onepaTopbl CKJia,IJ.biBaJOTC.Il B noJIHb!R 
MBCCOBbJR onepaTOp.JIHHeRHo. Haxo~eHHe ~e .IIBHOI'O BHAB onepaTOpOB J.?(a) 
H·3BKOH8 HX CJIO~eHH.Il B onepaTOp .!l 3A8Cb T8XHH\18CKH AaJI9KO H9 
npocToe. 

PaccMoTpeHHbiR B § 2.3 H .,a 3TOM naparpa~ no.u.xoA B ~pMaJIH3Me np.H
Moro .HHTerpaJia MO~eT llOK838TbC.Il I'Op83AO 60Jiee CJIO~biM, '19M H3JIO~eH
HhiR s § 2~3. Ha caMoM ~e AeJie ocHOBHble cno~ocTH aaKJIDtlaDTC.Il JIHmb 
B MBT9MBT.HlleCKOM o60CHOBBHHH A9ACTBHR C np.IIMbiMH HHTerpaJIBMH, 8 ~3H
qecK.Hi\ CMb!CJI naeyDI!IHX'onepaTopos 3AeCb secbMa npoapaqeH. TaK,HMpH
Mep,·B MI'HOB9HHOR ~pMe Mbl CB.Il3NBQ8M npOCTpBHCTBO /{(0) ~.II HyJ19BOI'O 
m.mynbca c npocTpaHCTBOM H(p) npH noMontH o6wmoro nope~eBcKoro · 
6yCT8, 8 He06XOA,HMOCTb BB9A8HH.Il na~ onepaTOpOB 3A9Cb CB.Il38H8 C 
T9M, 1lTO onepaTOpbl 6yCTOB 38BHCBT OT B3a.HMOA9RCTBH.fl, C T9XHH1l9CKO!l 
ll9 TO'IKH 3peHH.Il, llO,U.XOA B ~pMaJIH3Me np.HMOI'O .HHTerpana ll03BOJl.ll9T . 
CB9CTH 3SABqy Haxo~eHH.Il onepaTopa ./l (a) , YAOBJ19TBOP.Iillllt9I'O ycJIOBH.IIM 
(2.2) H. (2.4), K 6onee npocr.roA aSAaqe o Haxo~eHHH onepaTopa A (a) , 
YAOBJier.rsop.IDllltero JIHmb yCJioBH.HM (2.43). TaKHM o6paaoM, w nepexoAHM 
OT BC9I'O npocTpaHCTB8 H K 6oJiee Y3KOMY npocTpaHCTBY H{O; a) • 
OllHCbiBaJ!Jllt9MY JIHWb BHyTpeHHHe nepeMeHHble. 
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· B aaKJID1leHHe 3Toro naparpa~ cpaBHHM Ha~~Hoe pemeHHe s . 
MI'HOBe~on ~pMe c:pemeHHeM K3cTepa H llonHaoy 311 H c peme,HeM . 
MyTQe 86/, onHCBHHbiM B naparpaifle 2.2. K3cTe~ H lloJIHaoy 131 TaKJKe .· 
.HcnoJib3yDT paano~eH.He B npRMoA .HHTerpaJI H::J$H(pJdp · . OHH pa6oTa
IDT B ~pMBJIH3M9 MHOI'OKaHaJibHOR TeOpHH pacce.HHH.Il H BBOA.IIT AOllOJIHH
T9JibH09 npOCTpaHCTBO !¥=fofltfi5Jdsp ,KOTOpoe .IIBJI.Il8TC.Il npRMOf\ CJ'MMOA 
KBHaJibHbiX npOCTp8_!!CTB. ,[taJi~~ Q!IH. CB.Il3biB8DT npOCJP8HCTB8 f!jpJ H ~tp) 
Me!t,IIy_.co6oR .. Hfp)= ~ (-tp X(a.)J.H(o} , H;(P)=Mp(-ipXt)JI1 (o), 
rAe X(a) H XI - onepaTopbl HbDToHa-BHrHepa B H H H1 cooTBeTCTBeH
Ho. 3TH paBeHCTB8 HBAO ITOHHM8Tb B CMb!CJie ~OPMYJibl (2.31): 

[j'(p; a)/r, = J(p}exp ( ip Xfa)}J, 

'll; (fJ h1 ~ 11 rpJ e«f1 rif~)y . 
(2.5?) 

eCJIH h=lfo)J t h,=~{O)Ji • ~aJiee K3cTep H lloJIHaoy paccMaTpHBBDT 
AB8 p83JIOllHMbiX BOJIHOBbiX onepaTopa H3 fit· B f/ 

fUaJ~J(f)jl{f5; a)tl'P • . ii=f{fdirpJd'j>' 
(2.58) 

rAe 

Jl.(p; a)= V(p; aJfl(o; a} Zft'fpF~. 

-fl (p)= 2/fp)Jl{O; a) u;tpT"# (2.59) 

np.Hli~£HHJteKCbl · ± y 3THX onepaTopoB ~ onycxaew. BuecTo onepaTopa 
Jlra) Hs (2.5,!), KacTep H lloJIHaoy 131 pem8DT a~aqy npH nowontH 
onepaTopa B=flfl~ (cw. cflopuyny (3.6?) H3 HX pa6oTbl). B npe,li1loJioilte
HHH llOJIHOTbl BOJIHOBbiX onepaTOpOB HS (2,58) H (2.59) TOI'A& CJie~eT, 
QTO 

B( a)= fm 'fj'(p} 'litp; ar'd3P. 
(2.60) 
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TaKHM o6paaoM, w .IIBHO noKaaa.n~, 'ITO aenoMoraTeJibHOe npoeTPaHeTBO 

Hf ~ KaHaJibHble BOJIHOBble onepaTopy,t MOryT 6bl'l'b l!eKJlllt~eHbl H3 oTBeTa -
pe3yJibTaT, oTMet~eHHbl~ K3eTepoM ~ llonHaoy so Bae~eHHH HX pa6oTbl. 

lia <Ix>PMYJIH (2.60) no.nyt~aeM, 'ITO 

Jl {aJ={19 V.'fp,aJ ?lrpr'JjJ 
(2~61) 

113 onpe~eJieH~.R onepaTopoa tf '(p; a) B (2.57) nerKo a~eTb, 'ITO 

KOI'~a pa3JIOXeHHe B npRMO~ HHTel'paJI 38KOHHO, onepaTOp (2,23) T8KXe 

MOXHO npe~eTaB~Tb B B~e (2.6!), ll03TOMY eeJIH p'3JI~eHHe B ~~0~ 
HHTerpa.n 38KOHHO, TO pemeHH.R K3eTepa H flOnH30Y ,3! H MyTQ/ eoB-

na~SDT ~pyr e ~pyroM. · · · 

lloKaxeM Tenepb, t~To onepaTopbl V {f: a) , onpe~e.neHHble IP<>PMYJIOR 

(2.3!), eoan~avT e onepaTopaMH t{'(p; a) • TaK KaK onepaTop HbDTOHa

B~rHepa,_noeTpoeHHHM no reHepaTopaM .. ~2.37) 1 ~~eT,.e!a~apmbrl\ B~ 
ld/ W5 . ' TO ~3 npe~eTSBJJeH~fl r :: _U[.(p; m,;) tf -1 .· 

a MrnoaeHHo~ !l>opMe (w _et~~TaeM, t~To 7r = I) ene~eT, 'ITO 

- . '{) .. 

X(a)= ~{(a) { i -::-!~((at-~_. 
op <2~62> 

EcJIH npoeTPaHeTao If yxe pea.n~30BSHo B BH~e J(J)H(p)d3p H ane-
MeHT J t H onpe~I3JI.ReTe.R HaisopoM J= { UpJJ ,· TO np~ f t X 
(eM, § 2.3) W, OtieB~O, HMeeM 

]'(p')J =: Up'J . (2~63) 

Jlel'KO .B~eTb TSKXe, 'ITO eCJIH onepaTop x~ B Lz{p)& Hfq) HMeeT .. 

B~ iO/{)p t TO 

exp f ip'Xal f HpJ]= { L rpJ] 

r~e l, (p)= Up-p') . no~TOMY eeJIH J= { J(pJ] -
TO 
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(2.64) 

1',11.9 I{p)t 1/fp), 

eip'Xo (j (aT1l = [ ?1 (pJ] I 
(2.65) 

r~e 2/p) ~ ? (ii-p? , a ?r p)= t/(ft; aT~UpJ , ll03TOMYt KSK 
CJie~eT H3 (2.62), 

i-p'X{a) · e l={Vfp;aJ2/ftY, 
(2.66) 

8 H3 (2,57) H (2.63) Tenepb eJie~eT 1 'ITO 

. 2/{p; a)J (0)= ?1 (p; a)p
1
-(f'J · 

(2.67) 

Ho,otrea~o, 'ITO 2.Jft'J= "f(O) , TaK KSK,no onpe~eJieHHil onepaTopoa 
1fj{p; a) t {/(0; a) :;: l. ·flo3TOMY,.U.e£leTBHT9JlbHO, ?f'(p;a):: ?/(/;tt), 

H eeJIH p83JIOX9HHe B npRM0£1 HHT6l'p8JI 38KOHH0 1 TO HSR,IJ.eHHOe B 3TOM 

naparpa~Pe pemeHHe c Afa) = I (anepable oHJ HanoxeHo a ya6oTdB5,95/) 

eoan~aeT e pemeHHRMH Kaej9&' H lloJIH3oy 317 H .MyTQe 86/, MoXHo no.:. 
K838Tb TSKXe (eM. pa60Ty ), tlTO 3TO pemeHH9'MOX9T 6b1Tb o6o6~eHO
Ha CJIJ:Iail, KOr,U.a T90pRll SlBJI.fl9TC.fl He TOJII>KO ilyaHKape-, HO II cynep

IJy~pe-IIHBapllaHTHO~ 

§ 2.5. 3SAatra paece.RHH.R B pe.n.RT~BHCTCKoR KBaHTOBo~ 
MeXSHHKe 

lloene Toro KaK nocTpoeHo npe~cTaBJieHHe rpynnbl flWaHKape, OnHCbl

B81lll!ee, ~ paccwaTpH~aeyYD cH~TeMY, Heo6xo~o _HaRTH S - MaTpHey H: · 
y6~TbC.R B- TOW 1 tlTO OH8 peJIRTMBHCTCKH-:HHB8pHaHTHa. Mb1 p8CCMOTPHM

1 

~.R npocTOTH, nocTSHOBKy a~atlH paece.RHHII a PKM, -Kor.u.a o61.eKTbl, coc-' 
T8BJI~e eHeTeMy,.RBJI.RDTC.R tl8CTHQSMH, 

flWCTb · r:J_ . 03H8tl89T KSHM 1 B KOTOpOM HM9DTC11 H9B38HMO,U.eReTB~e 
no,U.eHCTeW d..4 , d1, ••. d.. I< 1 npHtleM tl8CTHQH 1 COCT8BJIJDJqHe K8lr,lzyll no,u.- . 

CHCTeMy,HSXO,II..RTCJI B CB.R38HHOM COCTO.RHHH. 0603H8tlHM ncJ. :.. npoeKTOp 

Ha CCeTO.RHH.R T8KOI'O K8HaJI8. PaCCMOTpHM nHmb CJiyqaA_Wl'HOBeHHOft li>opMH. 

B HeR .JtHH~Ka onpe,u.enJieTC.R onepaTopoM aHepl'HH, H KaHSJibHblR .BoJIHoaoR 
onepaTop npe~cTaBJI.ReTen a a~e 
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w : s-lim .yxp (i jft) -e;xp{-i p·(~)l) n , 
d~ t-~~ . ~ (2.68) 

I',Ite S-lim 03H8ti8eT CHJibHh!tl rrpe,IteJI 1 8 n a " COOTBeTCTByeT pa36Hemuo 

H8 ITO,ItCHCTeMbl. d4, ••• dl< • ilp>t 7f = l rpopMJ'JIY (2.68) C yqeTOM (2.54) l1 

(2.55) M0~0 1 OtieBH,ItH0 1 npe,ItCT8BHTb B BH,Ite 

~t: == s- fun {/ -e;xp (if fJ {;-~ Zl (a) ~ 
t--±oO 

"-0Xf (-iEc~.tJ nd. 11 faT1 
y 

(2.69) 

I',Ite, c yqeTOM (2.37) 
_,.. 11 

E . /'!. ... t.)7t 
=(m +p E -( mt + -ilt c1. - d4 ... dl( p , 

nd. == Ufa) (L vrar~ 
(2.70) 

BeJIHQHHB md4··· d,u0'18BH)l;HO ,Blf'UlCJIJl8TOSl Kai< Maoca ~BOdO,ItHOR C~CT9Mll ll.3 

qac~ c 148CC8MH md.., md.t... m <:tl( ,-. • OnepaTOpH E' Ed. H not ,~teR-
CTByDT B L2 tp)® f.l(o) • npHtleM not. MOliHO npe,ItCTBBHTb B BH,Ite 

.......... 

ncJ. ~ 1 ~ nd. , (2.?!) 

I',Ite n.L.- onepaTop B H (o) I KOMMYTHpyDitHA c l H mti4···tif(· ,I:tonyCTHM, 

tiTO BHITOJIHHeTCH cne~ee ycnosHe paa,~tenHMoCTH na~ onepaTopos 

s-~ [Pi-"Ufa)-1]e_i£d.t Fi =0. 
l--±oO d. (2.72) 

~ Tor,~ta HS (2.69) cne,ItyeT, tlTO 
/' ,..._ ,1\ 1 

~= = U W,i:l- (E,(J U(aT (2.73) 
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r.~te 

------
\.1 ff~~~& vvd= i-±-

i Et -tEo~t -
e e nd. 

(2.74). 

ITn·nycTHM 1 tlTO BHnonuseTCSl np:r.nfWUI HHBapH8HTHOCTH BOJIHOBWC onepaTopoB 
~ ,.. - (::i EtJ· ~ "'"t tl ~ "t t ) Wct=(E,~)=J~ E, c1. • OqesH,ItHo, tlTo ~~(E,£.t;=Jift(m,m"•···"k. 
TioaTOMY Wc~.t (£,Ed.)={@ wd,. ' I',Ite W&,i- ,~teRCTByeT B HfO) H 

onpe,~tenseTCH ~PMYJIOR 

W 
·- d· . i~t -l.m f d.± - s- {M11 e e . a .... cl./( . 

i--±- . nd. 

(2.75) 
fJyCTb . .P - K8HaJI C pa36HeHH9M Ha ITO,ItCHCTeMbl jJ-1··· J3e H c;-tl(ff:t) 

- COOTB9TCTBYJ:llll99 npe,ItCT8BJieHHe. ftaK 06HtiHo, onpe,IteJIHM aJieMeHT s -M8T"pH~ ,It.IIH nepexo,Ita H3 KaHaJia cf_ B KaHaJI J iPoPMJ'JIOR 

s)'ct= w,B: wd~ . 
(2.76) 

Tor,~ta H3 (2.73) - (2.76) cne,ItyeT, tlTO 

sll./" i{(}J(1 &Sftd-) 'IJ{rl( 
(2.77) 

r,~te . S13c~.= w;_ W.t- .. . s . . 
YcnoBHe pensTHBHCTCKoR HHBSpHaHTHOCTH · - MaTp~ 3SXJ~D~aeTcs 

B ToM, tlTO ~aTpHtlHble .aneM~HTbl onepaTopa S_uMell'i,lzy cocoroHHHHMH cp.P H. 

4>~ ,ltO~H_6biTb paBHH M8TpHtlHbiM 3JI8M9HTaM 1 B~~HHbiM M~ COCTOH

HH$00!, . nonyqeHHbiMH lia 4>~. H • 4>d. . o,ItHHM H TeM lite. npeo6paaoBaHHeM 

rpymm fJyaHKape •. TaKHM o6paa~M, .ItJIH Jll06 oro aneMeHTa 9- H3 rpynnbl 

fJySHKape ',ItOJilaiO 6b1Tb 

( cp,/51~1 c?~)=(U (9; t)t!ft} s,JJ Urg;a) tPct). 
(2.78) 
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Cne,IJ.oaaTeJibHO ,ycnoaHe pensrTHBHCTCKolt HHBapHaHTHOCTH · S - MSTPHl\l:l 
HMeeT BH,IJ. 

sftd = {j{g; tr/ s,d Ltf;p a) 
(2.'79) ' 

OqeaH.nHo, qTo /J ~;o) MO~o npe,IJ.CTSBHTb a BH,IJ.e 

L/fr a)= ?/(a)/l(j{m"4···""'J' ff) 2/(af~' 
- • {2.80} 

r,IJ.e onepaTopY npe.n.cTaBJie~HH 9- {f(p;hlcl
4 

... tiJ(.j.j) onpe,IJ.enmoTC.R: 
no I'eHepaTopay(2.37) C m= ma

4 
... d.K • fl03TOMY H3 (2. 77) H {2. '79) 

CJte,IJ.yeT, qTo YCJIOBHe peJI.R:THBHCTCKOlt HHB8pH8HTHOCTH .5 - M8TpHql:l Bl:l
TIOJIHBH01 ecJIH ,IJ.JI.R: nD6olt OI'paHHqeHHOlt ~~H J'(~) 

Spc~.ffmc~.1 .. c~.,)= ffmA·-J) s1:1 • 

(2.81) 

ilTBK, Ml:l BH,IJ.HM 1 qTo 060CHOB8HHe 38,11.8q!1 pacCeftHHH B MI'HOBBHHOR 
¢opMe ,11.0~0 npoao,IJ.HTbC.R: cne.IJ.YDIIHM o6pasoM. BHat~aJie H8.IJ.O ,IJ.OK838Tb,-·· 
qTo Bl:lnOJIHHBTC.R: YCJIOBHe p83,1J.BJIHMOCTH na~HX onepaTOpOB (2.?2). 
llocne 3Toro Ml:l MOl!CeM paccMoTpeTb aa,u.aqy _a npoCT"QaHCTBe ~l,fftl® Hfo). 

,__ ,. !;_ A_J z 
)!anee, ecnH Bl:lnOJIH.ReTcsr npHHQHn HHBSpHBHTHocTH Wa* (E,Ed.)=W:J_'l:(E,~), ·-
TO 38,11.8tl8 CBO,IJ.HTCH K onpe,IJ.eJieHKD .s - M8TpH~ 11BHYTPSHHBI'O ,IJ.BHl!CeHH.R11

1 

T.e. K onpe,IJ.eJieHHD onepaTopoB s,~ B H(o). KaK H B HepenHTHBHCT
CKOR TBOpHH, He06XO,IJ.HMO ,IJ.OK838Tb 1 qTO onepaTop Sp~ YHHTapeH H 

Bl:lnOJIH.RBTC.R (2.81). Tor,IJ.a .5 - MSTp~a 6yAeT YHHTapHoR H pensrTHBHCT
CKH-HHBapHaHTHoR. 

3aMetl8HHe: EcJIH Ml:l 113 t-:8100C-JIH6o coo6p8l!C9HHlt yaepeHI:l B TOM, 

qTo s -M8TpHQ8 pBJI..RT.IiB.UCTCKH-IDIBapHaHTB8, TO n!lpm.teTpl:l MHTepeCYJl
~BI'O H8C npo~ecca MO~O Bl:lqHCJIRTb B JID6oR CHCTeMe OTCtl9T8, HanpHMep 
B CHCTeMe ~BHTpa HHBpQRH. TOI',IJ.a, K8K CJie,IJ.yeT 113 (2.7?), HaM ,IJ.OCT8-
TOqHo 3H8Tb SJJ<~- ,a sHa'!eiDie -onepaTopoa ?J.{aJ He06.1I3&'l'eJibHo, TSK K8K 
{[{p'40)= 1 • 0,IJ.H8KO 3TO He 3H8tiHT, qTO onepaTOpY Ufp) HI'p81)T 

JIH!Db tPotJMMbHYJl p0Jib 1 T8K KSK Sftol. 38BHCHT OT onep8TOpOB 'lidJp) 
.1 .,IJ.Jl.R BC9B03MO~I:lX TIO,IJ.CHCTeM _paCCM8TpHB88MOR CHCTeW. 
t flo SHMOI'HH c npoBe,IJ.eHHW paccwoorpeHHew. · Mol!Ofo paso6paT:& 3a,IJ.a-

qy pacceftHnsr H B .IJ.PYI'HX ¢opyax ,IJ.HHSMHKH. Bo acex ¢opwax CY!IlBCTBeHHo 
HCnOJib3YJlTC.II YCJIOBH.II p&3,1J.eJIHMOCTH na~ onepSTOpOB H npHHqKn HH
B8p118HTHOCTll BOJIHOBIDC onepaTopos. Ha Heo6xo,IJ.HMOCTb ycnmsxA pa3AeJIH-
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MOCTH n~HX onepaTopoa anepal:le 61:lJlo yKa3aHo CoKOJIOBI:lM /29/. B. 
pa6oTe 6l:lJIO TIOK838HO, qTo 3TO YCJIOBHe He HBJIHeTCH OC06eHHO 
OI'paHHqHTeJlbHI:lM1 T8K K8K OHO Bl:lnOJIH.R:eTCH ,IJ.JllriDHpOKOI'O KJI8CC8 naKyD
~ onepaTOpOB. fi03TOMY MO~O ~8Tb 1 qTO OCHOBH8.R: CJIO~OCTb B MSTe
MSTHqeCKOM o6ocH.OB8HHH TeOpHH pacce.R:HH.R: 6y,IJ.eT 38KJI!lq8TbCsl B ,IJ.OK8-

38TeJibCTBe CBOJ;\CTB s -M8TpH~ 11BHyTpeHHei'O ,IJ.BHl!CeHH.R:11
• C H,IJ.el;\HoJ;t 

TOqKH 3peHHH ,IJ.OK838TeJibCTBO CBOltCT~ s -M8Tp11~ 11BHyTpeHHei'O ,IJ.BHJ!Ce-
. HH.R:" MOl!CeT npoBO,IJ.HTbC.R: no ToR liCe cxeMe, qTo a pa6oTax ~8,1J.,IJ.eeaa 11 

,IJ.py!'HX 8BTOpOB. C TeXHHqeCKOlt liCe TO~ 3peHHH peJI.R:THBHCTCKHlt CJiyqalt 
HBJIHeTC.R: 6onee CJIO~I:lM 1 qey HepeJIHTHBHCTCKHR 1 nOCKOJlbKy1 BCJie,IJ.CTBHe 
peJIHTHBHCTCKOlt KHHeM8THKH 1 CB.R:3b Me~ p83JIHqHI:lMH H860p8MH BHYTPBHHHX 
nepeMeHHI:lX 3H8qHTeJibHO CJIOliCHee, qey B HepeJIHTHBHCTCKOM CJiyqae 
(CM.,HanpHMep,§ 3.6). 
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B KB~eCTBe npOCTp8HCTB8;r (CM. § 2.3) MOEHO B3fiTbt H8npKMep, 
npocTpaHCTBO HenpepuBHbiX lflyHKQHA B If . EcJIH_ lite Mbl XOTKM, KpoMe 
Taro, t~To6u Ha )r 6~o onpeAeJieHo npeACTBBJieHHe aJire6pu ~ rpynnu 
flyBHKape, TO B Ka~eCTBe _x MOlKHO B3fiTb npOCTPBHCTBO fi:miHTHbiX 6eCKO
He4HOAJiqxpepeHI.\HpyeMbiX %'HRliHA • .D.n11 HeKoTopbiX ~enen a Kat~ecTBe X 
MO~O riu6p8Tb e~e 6oJiee Y3ROe npOCTpaHCTBO, KOTOpoe TeM He MeHee 
nJioT/-Io B H , Ho M' He 6yAeM o6CYJI(A8Tb 3TOT aonpoc (eM., HanpKMep, 
I"JiaBy II B KHJIII'e 130 ) • Ha lflyHK~mc H3 X onepaTop I r j5) orrpeAe
JIHeTCR cpopMyJIOA 

] (p) lf( f5. ~~--- ~. 5;, ... s~)= Cf(P,f. .... ~~ q;, ... oJ 
(3.8) 

0TMeTHM, ~To AeAcTBHe onepaTopa ]{O)MolltHo npeACTaBHTb B BHAB 

J (o) ~{A,6;, ... p,,sJ~ <f(~.~, ... ;N,rs,;) . 

(3.9) 

flpH au6ope B OAH0~8CTH~OM npOCTpaHCTBe peJIRTJIIBHCTCKH-HHB8pH8HT
HOA Mepu (3.2) onepaTopu OAHO~BCTH~OI'O npeACTSBJieHHfi HMeDT BHA 
(cp. c (!.!2) ) 

Um.$, (t,a) lfJpJ~ €IXfJ { i ( L(t}a,pJ}x 

y JJ sYf( -: pt)/
1

lft fpJ, 

<?\Si . <'II (3. IO) 
I"Jte <L/ (t) - MBTPHtta HenpHBO,IUOIOI'O npeACT8BJieHHJI rpynnu Ju(t) CO 
CnHHOM S, , cooTBeTCTBYJX!IM 'l t. 5U(2), p; = Lf!Tp< .nocKOJibKY 
eCJIH ~aCT~ He B38HMOAeitCTBYDT 1 TO OHH OOHCYBBDTC.fl TeH30pHHM npOH3-
BeAeHHeM OAHOtlaCTHtmbiX npeACT8BJieHHA 1 MY MOJteM 'l'enepb 1 HCXO,IUI ll3 
cpopwyJI (2.30), (2.3!), (3.8) H (3.!0) 1 HaRTH BHA onepaTopoa ?i(p} 

BHAeN M8'fPJII\Y 

t;( P, ~)=d.{ Pi)-~ d( PJ ri( ~). m m, 111i m m, 
(3.II) 
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Ee nBHult BRA CJie,eyJOIIlHA: 

~(P, R,)= (E+m)(Et-~-m.-J-J- PK.-~-t 6 r ;5)(;.) 
Ill . trl· ! I!J I - )l-fh ' !{E+m){E;+mJ{[ f;r~- Pk.+-nzm)1 

(3.!2) 

. -+l1J -
rAe £ = (m t-1- P ) , E, = Ci ( K;) ._nencTBHe Ee onepaTopa 
U ( p) ABeTcn !lJopMynon 

... ~ 1/ 
... {() 4 .... () p )'If( 

fj(p) TC~·-·· K,.,) = l''~ mz X 

N n s· p- -y )( ' . . k;. ""': _. . J) {!:( m I m) <tr ~ .... KN, ~, ... o,v) I 

L=1 

Cf'.S· 
rAe oLJ ' AencTayeT JIHmb no cnHHoaon nepeMeHHon 6i;. 

Ha 4>DPMYJI (2.33) H (3.9) nerKo cJieAYeT TaKllte, t~To ecnH a 
Be N-f !:ie3aBHCKMbiX HMnyJibCOB B H( O) B3RTb ~' K;, ... ~--1 
onepaTOp j (eM. § 2.3) HMeeT_ CTSHA8pTHbln BJII.A 

l-=z t(~)~ ... •l(KN)-1-~+ ... +SN • 

(3.!3) 

Ka~ecT

, TO 

(3.!4) 

I'Ae s. . - onepaTop cnHHa i -A t18CTH~. reHepaTop~ Ee npeACT8BJieHHH 
rpynnu llyaHKape B npocTpaHCTBe L2 {p) ~ H(O) HMeDT BHA (2.37), rAe liz 
38MeHeHo H8 m= tn(~·-·· K,,J==Ei~')+ ... -+- E.,.. (it}/) • 

§ 3.2. CHCTeMbl AByx H Tpex B38HMOAeACTBYD~ ~8CTHQ B 
MI'HOBeHHOA ~OpMe'AJiHaMHKH 

CornacHo o6~HM npaBHJISM 1 anHcaHHblM a § 2.4, aaeAeHHe aaaHMoAen
CTBHn B CJIICTeM,Y AByx t18CTH~ ITpOH3BOAJiTCfi npH flOMO~ 38MeHbl onepaTopa 
m B IUo}- H8 A m I+. npH nowo~ 38MeHbl o~epaTopoa . 1J(pJ HeKO_TOpblMH 

onepaTopBMil ZUp) . llpH .3TOM onepaTop m AOJillteH KOMMyTHpOB8Tb c 
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j , a U = ]t» fLtpJd3p - e onepaTopaMH P H 1/(t) ('U JI/{!J) 
Anfl Taro, ~T06U He HBpymH~Heb KOMM,YT~HOHHHe eOOTHOWeHHR H ~06hl 
w He BhllllJIH aa paMKH MrHoBeHHafi ~pw. By.n.eM. etruTaTb, ttTO hz=/12+- iii 
r.n.e rn~c4 (K}+-ft(K} 1 j(,=~ , a .n.efieTBHe iiJ , KaK MHTerpanbHOro 
onepaTapa,.n.aeTea ~PMY~on (eM. (3.6) ) 

dK J 
3-.' 

f} lf(K. ~,G'z):: wri,~,f>; d<: u;: ~')tffK,'o_,: f5t') 1; c.,r;?c;r;; 
(3.I5} 

- _, .... , I t 

r.n.e W ( K, 6;, 6; ; k, 6.;, 6.; ) - MPO onepaTapa 'lff , a no noBTOE_JllOIIlHMea 
HH,II.eKeaM npaHaBO,II.HTea eYJviMHpaeaHHe. Ma ye~aBHR KOMMYTSWiH Iff e 
onepaTopoM (3.I4) e~e.n.yeT, a-..eBH,II.Ha, ~To MPO iilriK'J , paeeMaTpHeae
Mae KaK onepaTOp no enHHOBUM nepeMeHHNM," ,II.O~O 3aBHeeTb ~Wb OT 
eKB~RDHNX npOH3Be,II.eHHH TpexMepHUX BeKTOpOB, COeTaB~eHHNX H3 BeKTOpOB -t .,.)- .... 

k, K H onepaTopae enHHa. TaKHM a6paaoM, Ha MPO onepaTopa 
HB~8,II.UBSIDTea TBKHe ~e ye~OBHa,·KaK H B HSpBnRTKBRCTCKOH RBaHTOBOH 
MexaHHKe~ 

]erKO BH,II.eTb, ~TO ypBBHeHHe Ha ca6eTBeHH~e 3HatteHHR MaeeOBOro 
anepaTopa eoana.n.aeT e ypaBH6HHeM THna ]aryHOBB - Taaxe~H,II.3e /43/, 
npHti6M onepaTap B3BHMO,II.efieTBHR, B OT~HttHe OT KBa3HnaTeHWiaJia B ypaBHe
HHK ]oryHOBa~T8BXe~H,II.3e, He KMeeT MHKMOfi ttaeTK M He 3aBHeKT OT 3Hep
rKH. 8ro, OtleBH,II.H0 1 HB~HeTea ene,II.eTBK6M Tara, tiTO MH npe,I!.nORO~RH ~3H
~eCKYD a.n.eKBaTHOCTb PKM npK HH3KHX aHeprHHX (eM. o6c~eHHe a rnaae I). 
B03HMK8eT T8Ka8 ene~KH BOnpoe: KMeDTeH ~ K8KHe-HK6y,II.b~,II.OnORHH
T6RhHHe yenOBH' ~OTOpHM ,II.O~eH y,II.OBR8TBOpRTb onepaTop ~ • 

B pa6oTe ~5 B Ka-..eeTBe "BHyTpeHHero" aneueHTa o61>eMa .U.II.It 
ttaeTHQ paBHOfi MBCebl BNeCTO (3.6) BWHpanoeb tJ1K/c(K} (E(i(}::£,(K}=~{K)}, 
tiTO nponopQHOHanbHO penHTKBKeTeKH-MHB8pHaHTHO~~ aneMeHTY 06'beNa ,I1.nH 

qaeTHQ e waeeon ~= ml H mmynbCON K • ajo ,a6JIIl,II.eHKe .n.ano 
TORtiOK 60RbWOfi eegHH pa6aT, B KOTOpNX K8K H B 55 , npH llOMO~ npeo6-
p830BBHHH illanHpO Jg7f 6uno BBS,II.eHO penaTHBHCTCKOe KOOp,I!.MHBTHOe npo
CTpaHeTBO, a 3aTeM CtiHTanOeb, tiTO penHTHBHeTeKHft onepaTOp B38HMO,II.eft
eTBHH HMeeT B 3TOM npOCTpaHCTBe TaKOft ae BH,I1. 1 tiTO H HepenHTHBHeTCKHfi 
onepaTOp B3aKMO,II.6ftCTBKH B 06bltiHOM ngoeTE9~CTB6. 

B pa6oTax PlJRrpaKa H ,I1.6 I'paaTi58• , B KOTOpNX q)opM8 ,II.MHSMHKH 
t!RBJUieTest TOtl6tiHOR, B K8ti6CTBe "BHYTpeHHeil" nepeweHHoR BWKpaeTCst He 

HUDYRbCH8st1 a CKOpOeTHast nepeweHHast H et~KT86TCst, tiTO onepaTOp B3BKMO
,II.6ftCTBHst ROKaneH B TaKOM npoeTp8HCTB8. 

TonbKO ttTO pacewoTpeHHhle H .n.pyrMe enoco61>1 penHTHBH38WiH uoryT 

6b1Tb npHBR6KaTeRbHH e MaTeMBTHti6CKOfi H T6XHHtleCKOfi TOti6K 3p6HHst, 
o,II.HaKo, KSK acao H3 o6CYJE.IleHHst B rnaae I, HeT ~3HtteeKHx npHtruH AnR 

TOrO, ttT06bl npe,II.nOt16CTb K8KOfi-nH6a H3 HHX. EcnH HeXO,II.HTb H3 KBBHTO
BOft TeopMK nonst, To, HanpKMep, pasnHtiH~e penaTHBH38WiM KYROHOBCKoro 
noTe"Wiana .n.o~u y.n.oeneTBOpHTb He TORhKO ycnoBHD nepexo.n.a a o6Ht~H~ 
KYROHOBCKKfi noTeHWiaJl B HepenRTHBHeTeKOM npe.n.ene, HO H yenoBHD nepe
Jro.l{a a 6pefiToBeKHR noTeMQHan B npH6nHllteHHH I/~.B pa6oTax xe/55,58,59/ 
3TO llOCJ18~88 YCJIOBRS He BWIOJIHllSTC.fi. . . 

· qTO lite KaeaeTeR anepaTOpOB lt(p} , TO~HX BH,II. He eKB3hiB8eTea Ha 
.n.syxqacTHtiHoR · S -MaTpHqe, ·a,II.HaKo swap ?JJp)_ CytlleeTBeH , eenH 
paceMBTpHBaeM8st ,II.ByxttBeTHtiHBst eHeTeMB RBnsteTea eoeTaBHOfi ttaCTbD 60-
nee enOEHOR eKeTeMbl (OM. 3aMettaHHe B § 2.5). 0,II.Ha H3 B03MOlltHOeTefi 
aaKJIIlttaeTest ·B TOJ:f, t1T06bl He BBO,II.HTb B3SHMO,II.eficTBHst B onepaTOpbl ?j{p}1 

T.e. noiioJKHTb U(p}= t/(p} . Ha asb!K .. e MeTo.n.a nSKYDJilHX onepaTopoa . 
COKOROBS MOEHO eKa3aTb, tiTO BWOp fjjp)= f/(p}, eoOTBeTeT,ByeT TO
MY, t~To B .n.eyxttaeTHtiHOM eny-qae naKYX>IllHe onepaTop~ Bbi6HpBDTCR paBHbiM". 
e,II.MHHQe (eM. ~PMYRY (2.55). TaKoR aooop npe.n.eTaBnJieTeSI eeTeCTBeH
HbiM, ao oH Tpe6yeT lflH3Ktteelioro o6oeHoBaHHst. Mhl paecMOTpKM 3TOT eon
poe a § 3.3. CeAttae lite npoeTo npRMeM, ttTO {t{p)= ?Jfp) . 

HpH ab16ope {L(p)-= fl[p} Mbl RMeeM H3 (2.37), ttTo onepaTop 
3HeprHH ,I!.nfl eHeTeW ,II.Byx B38KMO~ef\eTB~'lO~X ttaCTHQ HMeeT e~eyiO~fi BH,II. 
B npocTpaHeTae H : · . : 

II 

P 0

-= V (m e.J- Pll/z u-1
, 

(3.I6) 
.,.. ~ 

B eenH m = fn-+- 1ff t TO 

fY= ((m4- W)2+Pj
1

~, W= 11 ii tl-1 

(3.I7) 

CornacHo (3.5) H (3.6); .n.eyxttacTH~oe ~ocTpaHeTBO )I MolltHo peanH-
aoaaTb KaK npocTpaHCTBO WHKWifi l.f{ p, i, 6;, 6l) , TBKHX, 
ttTO 

· - 2 r d i m.tiJ Lf . d3j) 3 

o. .-, / W P, k, 0.. r;;)/ Wf>J t, rKJ <t m z oa , 

.... ( .. t. ... t.).fh ' . (3.~8) 
I'~e E (p):: mod +P . . Tor.n.a, KaK cne.n.yeT H3 {3.I3) H (3.I7}, 
m;po onepaTopa iiJ , paeeMaTpHBaeMoe KBK o~epaTop no enHHOBbiM nepe-



rJIABA 3. CV!CTE1AA MlfOrnX TEll B MT'HOBEHHOtl i.IDPME 
PFJIHTI1Bl1C'lt:KO!l ~ 

a onHCaHHoli a rnaae 2 cxeMe pemeHHx a~aQH o cno~eHHH aaaHMo~eR

CTBHli HHK8K He HCTIORb30B3nHCb KOHKpeTHSe CBOJ1CTB8 3THX B38HMO~eRcT

BHl1. fl03TOMY pe3yRbT8T9 rnaBS 2 MOP,yT, B npHH~ne, npHMeHHTbCR.K8K 

B ROKSRbHHX, T8K H B HeROKSRbHSX TeOpHRX, npH~eM QHCRO ~ac~ MO~eT, 

aoo6~e roaopx, MeHHTbCR. Tenepb M9 o6cy~ KOHKpeTHo c~an PKM. 

3aMeTHM, ~TO OTIHCaHHSR CXeMa MO~eT npHMeHHTbCH KSK ~~~ cn~eHMR, T8K 

H ~H BBe~eHMH B38HMO~el1CTBHH B CMCTeMY (~eH C Y'# B ~OPMY-
ne (2.6) ). 

§ 3. I. PeanHaa~x npe~cTaaneHHH rpynns IlySHKape ~H 
CHCTeMS HeB38HMO~e~CTB~ ~8CTH4 

B PHM npocTpSHCTBoM npe~cTaBJieHHn ~x cHcTeM!l IV cao6o~N:: liRH 

B38MMO~el1CTB~ ~CTM4 RBJIH6TCH T6H30pHoe npoH3Be~eHHe 0~0~8CTM~

HhiX npocTpaHCTB. 3aHYMepyeM ~acT~ IDi,D.eKc&rn I ,2 ••• IV . CocTORHHe 

K~on ~acTH49 6y~eM xapaKTepHaosaTb ee HMTIYJibCOM ~ H npoeK~~n 
Cm!Ha (5i • B KS~eCTBe MSTPM4 X(p} (eM. § !.5) 6y~eM BEI6Hp8Tb ci(Pi/m) 
(cu. (!.II). B OTJIHQHe OT (1.10), HaM 6y~eT y~o6HO CQHTSTb Tenepb, 

~TO 0~0~8CTM~oe npe~CTSMeHHe ~eACTByeT B npOCTPSHCTBe 4JyH~a-· 
lp (Pi 1 0;) TBKMX ,~TO 

4.-. I /lf(p,,oidD(f)<~ 
(3.1), 

r~e 

3'""' d Pi 
dU{(>J= l E£ (pJ Edp)={mt~-pt)"lt 

(3.2) -

Tor~a npocTpaHCTBO H ~~~ N ~acTH4 SIBJISieTCH npocTpSHCTBOM 4JyHK-

~A lftp,,O.,, ... p", S,v) • TSKHX, \ITO 
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L frwp,.~ .. p,; o,JtdNP,J .. dJ(ji..J < = . 

~---fiN (3.3) 
0T nep6M6HHHX p. nepe~eM K HOBbiM nepeMeHHbiM. 0603H8QHM 

f5 = p,~ A~-~- • PN , a ~epea ( o6oaHa~ npcicTpaHcTBeHJ-iyiO ~aCTb 
4-BeKTOpa 

-
K = 1\ { d ( t T} p, , 

(3.4) 

- i )t -r~e M = (p.,--1-... +p,v • a fi - 4-mmyJihC cso6o~on qacTH4S i. 
JierKo BH_FeTb, ~To ~+ .. : + i(N:O, M=E.,(i?)+ ... + E,v(K..,) • B nepe-

MeHHHX P, k1 , ... k" npocTpaHCTBo H peanHayeTcn KaK npocTpaHCTBO 

4IYHK4HA <f(P, K,, .. : K11 , 61, ... o.~J, TaKHX, ~To 

\ J (Pe .. d6(ud)/wf5. ~- r...a.. 6,Jt< oL>. 

L H+ P',) (3.5) ~ ... o,v - M 
r~e 

d3- d3.... (3) 

du(idJ= ~... k: 6 (k,~ ... -~-;,) 
.Z~r~J Zt,yrk,.J 

(3.6) 
KaK CJieAYeT H3 (3.5), npOCTpaHCTBO If MO~O peaJIH30B8Tb B B~e 

J.l==fGJJ-/(p)d3p , r~e npocTpaHCTBO Hfp} npH ~HKCHpoaaHHOM p 
JJBJIJJ6TCH npOCTpaHCTBOM cflyHK~R l.f(k,, ... KN ,(5.

1 
••• 01,) t .D.JIH, KOTOpboc 

~f dd(ini) ., ~ ..... !. 

L q + PZ)-t~ lf(K1,"' k~. 0,1"" 6'J/ ( oO. 

5:, ... ON l' Mt. 
•' (3. ?) 

B tlSCTHOCTH, H ( 0) JJBJIJJeTCJJ npocTpaHCTBOM cflyH~R OT J<:, __ ~. 6.;, ... o,v , 
KB~paT MOAYJISI KOTOpHX HHTei'pHpyeM no Mepe . diJ ( itJ_) - npH KWK,nOM 
·o .. , ... oN . 
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·n 

MeHHbiU 1 HMeeT BH)J. 

,_ - -' ) (31 - - )/_ E E)' "l ..... ... 1 

ZJ/P,iJJ. K' = S fP-P1mm'. Z/(P,;)ifrk.K? l/(P,iT , 

(3.19) 
P)J.e (cp. c (2. 76) ) · _ 

'IJ( P. i)= i)s1(~ ( !· ~ )) J)sYJ;rt,-~ )) ~ 
-z ~ ' -·.q12 

m-== mrRJ. m '== mri1. E =(tn 1+P) 7
, [ = (tn''+P ; · (3.20) 

06o3HaqHM liepe3 liJ .n.eHCTBHe onepaTopa fij B c.nyliae, Kor.n.a 
- :1 lUlT8PpHpOB8Hlfe npOH3BO)J.HTCH 110 Mepe d1Pt/k (BMeCTO (3.!8) ) 1 8 

qepe3 W - .n.e~cTBHe o11epaTopa iif , Kor.n.a HHTePpHpoarume a /I(O) 
Be)J.eTCH He 110 Mepe dJ(inf} (eM. (3.6) ), a 110 d3k . TOP)J.8 Mbl 
HMC8M 1 Oli8BH)J.HO, 

CJ, r!p- .... p-'-·)
WI. K; ,K-

1 

iJJrP, ;; P,';)(mm?f/z • 
" { E E't, {Klf:(K)ET(i)[z(R'Y</z 

...-.. ... -,, 
W(k,k 

W(R.k'J = Lf{£
1
(iJt;rKJf

1
(k')tzrk'J/fz 

fl03TOMY 113 (3.!9) H (3.2!) CJie,IJyeT, liTO 

. WfPx)= h(jfP-P) urP,r)wrK.tJ ?J(P, xT/. 

(3.21) 

(3.22) 

HTaK, Mbl HMeeM, liTO B 11pocTpaHCTBe <flyHJU.tHA l.f(f5,;, 6:;, Sz) • 
T8KHX 1 liTO 

~J llff Ri<.~.~)fd3Pd3R , 
s. 6't 

(3.23) 

011epaTop 3Hepi'HH )J.Byxli8CTHqHOA CHCTeNH npe,D.CTaBJI~eTCK B BH)J.e 

p:ErPJ~ V; 
. "' 

V=[(m+ li!)'+Pj" -(tn'+P'f' 

(3.24) 
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PaccMoTpHM Tel1epb CHCTeMY TPeX Ten. llpe)J.Ilono~, liTO TPexlia
CTHqHOe a3aHMo.n.eAcTBHe B ~pMyne (2.53) ·oTCYTCTByeT. Tor.n.a, KaK 
cJie,uyeT H3 3TOA ifx>pMY.IINt TpeXtlaCTHtlHllit M8CCOBID\ 011epaTop tn B 
TpeXt~aCTHtiHOM npocTpBHCTBe H ( 0) HMeeT BH.D. · 

frz= mr~.Kz.~J-~- v;(~7!31-~-v;3,. 
(3.25) 

r.n.e m(K,,~,~)= E.,(~)+ Et.(~) ... E3 {~)' , a o11epaTopbl lJd (cL,; 
!2, 3!, 23) paBHli . CYJ!temno Ha II ( 0) o11epaTopoa VaL , o11pe.n.eneHHbiX 
B (3.24) •. EcJIH Mbl He BbiXO)J.HM 38 paMKH 38)J.8liH Tpex Ten, TO HaM )J.0-
CT8TOliHO 3HaT~ JIHllib ~pe~8CTHliHb!A M8CCOB~~ 011epaTOp 1 a BH)J. TpeXtlaC
THqHbJX ol1epaTpoB fj,(p} HaM He B8.llteH (eM. 3aMeliaHHe B § 2.5). 

IlpH CYJ!teHH.!l H8 TpeXli8CTHqHOe npocTpaHCTBO H ( 0 r )J.By-Xtl8CTHtt-
H~ Ol1e_RaT~_P p ,II)IK CHCTeMbl {! 1 2} 11e!!eXO,D.HT 1 OlieB~O, B 
Q

12 
= k

1
.j.. kl , a .D.By-XtlaCTHqHb!A HMilyJibc K - a seKTop K12 

paBH~ npOCTp8HCTBeHHOA ~8CTH 4-BeKTOpa (cp. C (3.4)), 

- Q \r" k1l-Lf d( ~)j ki, 
m.,z 

' (3,26) 
1. r. 2 

r.n.e m.,z = l/(1-1- K'z) . 
MoMHO y6e,D.HTbCH B TOM, qTo HaA)J.eHHOe BNp8.llteHHe ,D.IIH TpeXli,C

THliHOI'O MSCCOBOI'O 011epaTopa COBI18)J.aeT ~ pe3yfbT,TOM CoKOJIOBa 29/ 
B TOlieqHO~.iflopMe (110,D.p06Hee CIA. T'Kllte § 8 B 80 ), C peayJibTaTOM 
BaKKepa, Ko~jTDKa· H TepeHTbeBa 77/BJ iflpoHToao' ~pMe H c peaynbTa-
TOM KacTepa· 1 KacTepa H flOJIH3oy /31 H ~~e 3 B MI'HOBeHHOA 
ipopMe (c ytieTOM HeTOtUiOCTH pa6oTbl / 73/ 1 B KOTOpO~ He 6b!JI yttTeH BKJia)J. 
o11epaTopoa 'lf ( p) ) . 

§ 3.3. 011epaTop 3Hepi'HH CHCTeMH )J.~ li8CTHQ B 
11pH6JIHJ!teHHH I/~ 

8 npe~eM 118p8I'p8ifle MY nOK83aJIH 1 liTO HCXO)J.K H3 38KOHa 
CJIO~eHHK B38HMO)J.eRCTBHA,·'oi1HC8HHOI'O B § 2.4 1 ~K TpeXtl8CTI1qHOI'O 
M8CCOBOI'O 011epaTopa 110~8eTCna873YJibT8T 1 COBI18)J.~HR C peayJibTaTa
MH pa6oT /73, 29, 77, 31, 32, I. Bo3HHKaeT ao11poc, HMeeT JIH no-· 
JiytleHHbiA peaynbTaT ifll13HlieCKOe o6ocHOBaHHe. Mbl oTMeliaJIH B § 2.4, 
qTO JIHHe~ 38KOH B CJIO~eHHK B38HMO)J.e~CTBHR B M8CCOBOM 011epaTope 
H sl:ol6op A (a) = I Haxo.n.HTCn B cooTBeTcTBHH c noKaJibHOR KBaHToaoR 
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It 

TeopHen nona. llosTOMY e~HCTBeHHoe npe~ono~eHHe, -CAenaHHoe 6es 
060CHOBaHHa 1 38KJIJOtl88TCa B TOM 1 tlTO B3BJ!MOAencTBHe He BXO~T B AByx
tl8CTHtlHb18 onepaTopu (L (p} , T.e. VJft)·4/f;J) (eM. o6cy1t,0,eHHe B §3.2). 
~a TOI'O tlT061:l Bl:lHCHHTb 1 HBCKOnbKO 3TO npe~OROE8HH8 COOTB8TCTByeT 
T80~HH nona, Ml:l Ha~eM onepaTOp 3H8prHH AByx tl8CTH~ B npH6n~eHHH 
I/C , nOCKORbKy B STOM npH6n~eHHH MOEHO CpSBHHTb pesynhTBT C TeM 1 

KOTopun nonyqaeTca B TeopHH nona. (cu. § I.2). 
HcHo, t~To penaTHBHCTCKHe nonpaBKH K onepaTopy KHHeTHt~ecKon 3Hep

I'HH £()5) yqHTI:lBaJOTca sneMeHTapHo, nosTOMY Ml:l BbltlHCnHM nHmh onepa
Top B3aHMOAeRcTBHa (eM. (3.24) ) B npH6n~eHHH I/c2· 

B HepenaTHBHCTCKOM npH6n~eHHH t((p} = I. llosToMY, KaK cne~eT 
~3 (3.I2) H (3.!3), B npH6~8HHH I/ C2 AByxqaCTHtlHblfi onepaTop tl~} 
MOEHO np8ACT8BHTb B BHA8 

/' -l 'ft. - .... 

U~p_.)==~+ P;)~(1+ _Lrpxi<)(S1_ St)+pB j 
Me !M. m1 mz • 

(3.27) 

I'Ae M. = m~-~-ml , a B - H8KOTOpblfi BeKTOpHblfi onepaTop no BHyT
peHHHM nepeM8HHbiM 1 yqHTI:lBSiallHn BKJiaA B3aHMOA8RCTBHH B ?2 ( p) . IlpH 
yqeTe 3TOI'O DKJiaAa onepaTop 3H8pi'HH B3BJ!MOAencTBHH ADyx tl8CTH~, D 
OTnHt~He OT onepaTopa (3.24), Bl:lr~T, O~eB~O, KaK 

V { . ,. "' .{ ye .... J ~ -.t 1. 

· = (m-t-1JwU-;+P -(mt+P)~. 

C yqeToM (3.27) nerKo nonyqHTh, t~To n npH6nn~eHHH I/c2 
-t 

v~ w(f-~t)"-!~[ (fx;){~-J), wj+ 

+ P[B, Mf +w}. 
Zm,m~. 

(3.28) 

• 

(3.29) 

8TOT onepaTop AencTByeT B npocTpaHCTBe·~~n, YAOBneTnop~ yc-
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' 

) 

noBHD (3.23). lloCKOnhKY Ml:l XOTHM BbltlHCnHTb nonpaBKy B onepaTope \/ 
no cpanHeHHJO c _ero HepenaTHBHCTCKHM BupaEeHHeM,MI:l AOnEHI:l Hcnonbso
naTh TY X8 HOpMHpOBKy, tlTO H B HepenaTHBHCTC~Ofi T80pHH 1 a HM8HHO,MI:l 
AOnEHI:l pa60T8Tb B npocTp8HCTB8 ~~n If( P, cr 6;,6,;) ., TaKHX, tlTO 

If! WJ5. if, 5;,6i)(li5J'q , 
~Gi 

(3.30) 

a OTHOCHTGnbHI:lfi HMnyRhC ~ B HepenaTHBHCTCKOR TeOpHH onpeAenaeTca 
KaK 

' - .f I q==Mo lmtfi-m1fz) 

(3.3!) 

8 TO ~e BpeMa, KSK Cn8AY8T H3 (3.4), penaTHBHCTCKHfi OTHOCHT8nbHi:JR 
HMnynhc K BblpaESeTca qepes fi H A cne,IJyJOlllHM o6pasoM : 

-- · rn .. )p p .. ) rr_J'A
k-= A-m f,fA + m(E+m) 

(3.32) 

CpaBHHBaa (3.3I) H (3.32), nerKo BHA8Th, t~To B npH6n~eHHH I/c2 
B8KTOpbl ~ H }( CBH3aHI:l COOTHOW8HH8M 

K-== q'- f_L/_1 _i.)- (Pri)P 
!Mo (m1 mz ! Mf 

0 (3.33) 

Hs 3T~fi qopMYnl:l nei'KO CR8AY8T 1 tlTO HK06HaH npeo6pa30B8HHH OT nepeMeH
HbiX k K nepeMeHHbiM q a'npH6n~eHHH I/c2 paBeH 

I ?lij p_. p-2 

)= . ---::- == 1- L!ll 1_}__)- - . 
7/ q Mo (in1 mt !ft{ · 

(3.34) 
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':! 

\l 

06oaHa~KM ~epea tr· onepaTop, KOTopu~ B npocTpaHCTBe ~~n 
(3.30) ~e~CTByeT TSK ~e, KSK onepaTop ~ B npOCTpaHCTBe ~~~ 
(3.23). TaKHM o6pasoM, Mhl ctmTaeM, ~To onepaTop if ~e~cTByeT B npo
cTpaHcTae cpyHK~~ (3.30) CJIB.IJ.YlOlltKM 06pa30M: 

vlf(f5.qJ~f1!r{.f7 W/5, fi'ld'fi'. 
(3.35) 

npH~eM if( i{ f)== Zlf ( f, if'J • Tor~a 113 cpopMyJI (3.33) " (3.34) cne;zyeT, 
~To ~encTBHe onepaTopa (3.29) a npocTpaHCTBe ~K~H~ (3.30) onpe~eJifieT-1 
Cfi onepaTopoM c ~poM 

v r P. f; P.'rJ~ s(Jrft-tJ ll rP. r; !(?/, 
(j (p- 0. p~ 5) = ll(- n'J{/- P~ rP, q+f) /I_ 1)~ 7_ 

I 7 I , 7 q I 7 Ml !l M { m1 ml '1 
~ 0 

_}!_I I _ _i)1f 0t. ()ur q, fJ-+- a'l 'Ollrf,tq_ -
CJAJ lin mz 17 r:. - 7 ... , 
~~~'· 1 uq 7Jq 
-

- 2_ [p- -) 07J(q, fJ -f-d) -') 07!({. fJ 1 + 
!Mz[L q 9- lrq ?J-· J 

0 q q 

(3.36) 

+ j_ rP X a)(~- ~) 1! (- ... ')- j__ 7!( ..... ,~Px .. /( 1_1)+ 
~~ 1 tn1 tnt · ~·"1 !frl 1·1!1 q m1 fnt 

+ Mo{ql-q'i) P_.B_.. {- -+'}+ P ..... B ..... { ....... ,) 
Z 

q,q 1 q,q , 
m-~mr. 

r~e Bfi,il- ~po oneJl':TOP.f7 .. P ' s (q, f) - ~po omp~~opa. & =!8, vr. 
B cpopMYJie ]J,]Ifi (j { P, q; P, l{ j Mbi CtmTaeM, ~To lH q, tiJ -,RBJIHeTCH one-
paTopoM no CnHHOBUM nepeMeHHUM l'l ytmTUBSBM 1 T0 1 ~TO p .. p, 

KaK CJie,IzyeT 113 (3.36) t onepaTOp v C TOtlHOCTbD I/C 2 MOlKHO 
npe~CTSBHTb B BH~e 

-t. .... . . . 

V . f!_ p 1-1 _ d)lf[ ..;.!. o; ~1 
= 7J -l!!fr{ -,IIi l in1 mz Z I 'I' ?Jq 'VJ-

-~~~frPqJfPro~ ). v}+ z~JrP·if)( ~-~). u}"

+ M f i(.B]"- PB, 
fm1ml 

(3.3?) 

OTO BupaEeHHe MH ~OJI~H Tenepb cpaBHHTb C TeM, KOTOpoe no~aeT
CH B KBaHTOBO~ TeopMH DOJIR B npH6JIKMeHHH !/c2• ~H CJiy~aH 06MeHa 
~OTOHOM,OTBBT Xopomo M3BeCTeH M3 KBSHTOBO~ 3JIBKTpO~HSMHKM. EcJIH qac
T~U-HMBDT cnHH I/2 H 3JieKTpH~ecKHe sap~ e., 11 tt , To aeJIMtmHy 
{i(P,i;Pyf} MOlltHO npe~CTSBHTb B BH,!te (cM.1 HanpHMep, cpopMy.ny (83.9) 
a KHHre 1 ) , 

IJ(P, q;P,'q)=1f(ijq'J+ 1JIUf'(1,fJ[rP, f-f)l j_~ 

+ rP, H'J!i~.~·'}(1- f)- rP.q~;:~i~ij')+N.' 
!~I ~-ql m~ mt !No (in1· ~ 

+t.L (j5x(ij-q'! ){ &, - fr.).l/. , (3.38) 

'. 'WID . · m1 m!. 1 
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t1 

r~e 1Ju;,(ii,q').= I;7Te.fel. I I il-:if.'/1 , a llepea 7/(tj,j'J 
Mbl o6oaHa/HJII1 B~M; ·He co~ePJK811{11il . p • MolltHo y6e~'l'bCsr B 'l'.OM (eM.,, 
Hanp11Mep, ! 4-!6 . )·, liTO. ,11,1Isr CKSJISlpHOil CBSl311 TSIO!te noJiy-qaeTCSl lPDPMYJIB 
(3.38) c . vu.t ( qifJ, =- ff[ e.fel I lq- q'Jl .-. HO c ~pyrHM Bbip8!teHI1eM 

,11,1Ifi U ( q, fJ, :3Toro CJie~oBaJio OlK11,148Tb, TaK KaK BKJIM B 1/{ tf f1 
onpe~eJif!eTCfi peJISITI1BI1CTCK11M11 nonp8BK8MI1 B MaCCOBOM pnepaTope, T.e. 
11MeeT ~HHEiMI1llecKoe npo11CXOl!(,l{eHI1e. B. liBCT~oC'l'l1, B lf(ij tj') 'anT BKJIM 
8HHI1I'I1JI~OHHNe ~a~paMMH, eCJII1 OHI1 HMeDTCfi (cM,,HanpHMep, !2/), 
BKJIM lite liJieHOB. c· p , olleB11,1l,Ho, ~oJillteH onpe~ElJifiTbCfi JII1mb Hep9JlllTRBH
c'l'CRHM onepaTOpOM B3a11Mo~efiCTBHfi H peJif!THBI1C'l'CKOfi KHHeMaTHKOfi, 

Ha IPDPMYJIU (3.38) CJie~eT, liTO onepaTop \f· MOlltHo npe~cTaBHTb 
B B~e 

. -t .. . . . ' -

V p . 1 ft ~ _.: -1_ ;· p ( 1 1 )! -:7-
= v- ;M,t-!M,tJIP1)(P -oq ), ll !M. ~m,-"" v; 91 

_. 

_ f_ I 1 _ 1 )l-t { l.J}-+- _L ~p-"' -)( ~ ~ ) j 
8Mo {in~ mt 1·q ' 1!, oq ~M)ll q m.,- m1 '1f 

(3.39) 

CpaBHI1B8fi (3.37) 11 (3.39) , noJiy-qaeM, liTO a npHClJIHllteHHH I/ c 2 ·· 

-
B..., m!-m., {v l_j 

~Mt '?J9 
-· . 0 (3.40) 

- fipH 3TOM 1 KBK nei'KO BH~eTb, B HHTepeC~eM HaC npHClJIHllteHHH 
81 = 0, TIOCKOJibKY B HepensrTI1BHCTCKOM npHClJIHXeHHH OnepB'l'Op zr He 38511-. . ' ' 

CHT OT CTIHHOB 11 .RBJif!eTCSl onepao:t:OPOM THna CBepTKH B HMnyJibCHOM npe~CTaB- ,, 
JI9HI111 (onepBTOpOM YMH~SHHfi Ha ~KqKD B KOOp~HBTHOM npe~C'l'aBJieHHH), 

EcJI11 onepa'l'op . . B He a·aBHCHT oT p .J a lf~ He 3BBI1CHT OT 
CnHHOB, TO TIO.FIBJieHHe M.!IOJI[HTeJI.R ( m[mf) B B MOlltHO Oel'I>SlCHHTb CJie,IzyiO
~HM ... o6pa3oM. TaK KaK B HMee'l' nop~oK I/c, a y!Uf - I/ ~ , TO 
B B ~OJllltHB Clb!Tb BeJIHliHHa 1> I 'j)q t HMe~af! nop~oK .. c • Ho np11 
nepeC'l'aHOBKe liBCTI1~ 'O;'~q MeHf!eT aHaK, a ~nepaTop B . H~ ~OJillteH Me
H~Tbcsr np11 TBKoR nepecTaHOBKe. lloaTOMY B B ~oJillteH Clb!Tb MHoiHTeJib. 

c mcmf >. 

HTBK, Mbl MOllteM 38KnDtiHTb, liTO ,11,1Ifi li8CTH~ C O~HBKOBOA MBCCOil 
npe~OJIOllt9HHe. (L (p}= Z/{j} aBJisreTC.II ~OCTBTOtiHO 06IIU!M ~ 11 B ~SJib~_ettmeM 
TBK09 npe~OJIOllteHHe npHHHM89TC.II 6ea OI'OBOpOK, Tor~a, KBK CJie~eT 
113 (3.37), onepaTOp 3Hepi'HI1-B38HMO~eACTBI1.11 ~Byx llaCT~ C MBCCBMH 

m -=ln. =111. B np116JIHllteHI1H I/c2 MOlltHO np~cTaBHTb B a~e · 
f ~ . 

-l 

V= v-u p_ _ _i_!;pa)(p-· ~) .v]+ 
tm; 8m;1U 1 ~1 ' 

+o/~,'kf5xf){~-~), 1!} • 
(3.4!) 

06~Hil_BH~ onepaTopa 3Hepi'HI1 ~Byx liSCT~M B npH6JIHllteH11H.!/c2 , 
anepBble p8CCM8Tpi1B8JIC.II ~ pa~Te lliHpOKOBB / 9 v, HOB 3TOA paeloTe.He· 

6wr y-qTeH BKJI~ on7roopa B . 3aTeM aTo,i- aonpoc paccuaTpHsaJica , 
~OJI)ll1 H KpaAtiHKOM :1 H OCOCleHHO ~eTBJibHO B pa6oTe ra~W>t /39/. B "' . 3TOA paelOTe npOBHBJII13HpOB8H np0113BOJI B KJI8CCHli9CKOM rBMHJibTOHHBHe, a 
KBaH.TOBE>Ift onepaTop TIO.IlytleH H3 HEli'O npH TIOMO~H KBaH'l'OBBHH.II. llpH 3TOM 
Heonpe~eJieHHOCTb KBBHTOBOI'O I'BM11JibTOHH8H8 onpe~en~eTC.II HeOnpe~eJieH
HOCTbD npo~e~bl KB8HTOB8HH.fl 11 HeKOTOpoft ~~ett ~z ._llOCKOJibKY B 
Hamew no~o~e Heonpe~eJieHHOCTb onpe~en.ReTC.II onepaTopoM B , TO Heno
cpe~CTBeHHoe cpaaHeHHe o6oHX no~o~oa aaTpy~HTSJibHo. MolltHo y6e~TbC.R, 
O~BKO, liTO DO KpaAHett Mepe B CJiy-qae, KOI'~a HepeJI.RTI1BHC'l'CKHft TIOTeH~ 
~HBJI JIOK~eH. H He 3aBHCI1T OT CTIHHOB, Oela TIO~O~a 70Br~BmT npH 
sb16ope B B a~e (3.40)t.nocKOJibKY, KBK noKa3BHO B 39 , a aTOM 
cJiy-qae lf-12 = 0. BE>I6op B a a~e (3.40) cooTBeTCTByeT TaKllte KBaHTo
nonoJieBb!M M0~9JI.IIM 1 B KOTOpb!X li8C~ CO CnHHOM !/2 OelN~BBD1C.II CKa
JlSipHb!MH HJI11 BeKTOpHI>DIH li8CTH~~ (cu., HanpHMep, paelOTbl !4-!6 • 

_ B C.llytlae /aCTH~ paa'wc uacc peayJibTST (3.4!) coBnMaeT c pe3yJib-
. T~TBMH_paelOT 98 , 8 1 39 1 JOC~OJibKY B 3TOM C.llytlae ME>! CtiHT8eM 1 liTO · 

B = o, a ~~.II lf1z a 39 ora101te pasHa HyJIIl. OTMeTHM, t~To a pau
Kax npOCTOR KBaHTOBOTIOJieBOft MO~eJIH raMHJibTOHHaH B3BHIIO~eACTBHfi . a· 

npn~eHHR I/~ HCCJie~OBBJIC.II j~e B paeloTe /!9/, B KOTOpott Clb!JII1 
YK83aHbl tiJI9Hbl1 OTCYTCTBYJJIIP'le B • O~aKo pellb ~eT JIHIDb o CB.113H 
Mell,IJ.y onepaTop&WH 1Jup H 7! , a t~JteHbl, aaaHc~e .oT P, a~ecb TBKllte 
COI'JIBCYJ)TC.II C (3.4!). .-. 

B 3BKJIIllieHHe 3Toro naparpa~Pa Mbl noKBllteu, liTO s!>l6op B a a~e . 
(3~40) COI'JiacyeTC.II C TBKHMH KJiaCCI1lleCKHMH TeOpH.RMI1 1 KaK 3JI9KTpo~a-



' "!\ 

n 

MHKa H OTO. ,ll,e£1cTBHTeJibHO, ecJIH if;., ~- ,Z ,onepa'rop paccTOSIHHH 
M9lii,IIY tt8CTHQaMH - K8HOHHtt9CKii conpmr;eHHbiA C ii 1 a lJ!Uf' nporiopQHOHaJib
HO onepaTopy YMHOllteHHst Ha 1f I if , TO H3 (3.47) li (3.40) HM HMeeM, 

ttTO a npH6JIHllteHHH I/c2. 
-l - t.. - . 

V= v-- l!P _ (PiiJ ?J_ PI (_i)(ff,lf}+{qK,nKlit;J)+ 
. !Mz !N!. _ ~No lin~ ml . . .. 

0 0 . 

i[p- )s- -) J +- ( X - _]__. St m. ·. q rm, m, '7J ' 
(3.42) 

r.o.e fi"" iII i I . B KJiaccHtteCKOM npe.o.ene KOMMYTaTop a aToA IP<>PMYJie 
HctteaaeT, a aHTHKOMMYTBTop MOlltHO aaMeHHTb y.o.aoeHHNM npoHaae.n.eHHeM. 

TioaTOMY a KJiaccHtteCKOM npe.n.ene a npH6JllillteHHH I/c2 

V= 1{~ :; I f5'+!Pntl-z~. ~.-~)7! ""kP1 Hf5mrqnY . 
0 . . 

(3~43) 

. B KJiaccHttecKol1 aneKTpo,D.HHSMHKe I'aMHJibTOHHSH .n.ayx~jaclHQ a npH6JIH-
llteHHH I/~ paaeH (eM., HanpHMep, <Jiopwyny (65.8) a KHHI'e 18 ) . . 

'--! -t. _.I; -~ ' 

H 
A Pt. A Pt IUf' 7!1Uf ~ -- ...... -11 

-= -+- -- -3- -3+7] -~ -l(P,!Jt)+-(f1nJ(fJr_nJ 
!m~ Zm~. 3m, 8m~. . !m~m~. 

(3.44) 

a a OTO (cM.,HanpHMep, IP<>PMYJIY (!06,!?) a KHHI'e /IS/) 
' -2. -t -It -" . z 2 . ,. 

II= A+ !i __ B__ fi_+yiUf' +17!1/Af( A+ A)_, /1 q o3CJ3 · 9 2 z 2tn
1 

t.tn1 Dm, omt .__ m1 m1 

(3.45) 

v-U-ef [ 
- ltn,m,_ 7 (ji. ~)+ $. iiJ(f,ii1 • 
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r.o.e v-~ =- 't mJml I ljl ' a_} - rpaBHTaQHOHH8f! nocTOstHH8f!. Bcrp8lltaf! 
· p

1 
. H Pt ttepea p H q , MolltHo y6e,IJ.HTbC.ft, ttTo KaK (3.44), TSK 

li (3.45) cornacyeTCH c (3.43). B KJiaccHttecKoA aJieKTPO.D.HHaMHKe H a 
QID aeJIHttHH!I 7J_H 1J!Uf' CBH38H!I ,lijlYI' C ,D.pyroM no-pa3HCMj', O,Il.H8KO .ttJI9H!I 1 

38BHCJm4H9 OT p, Bb!p8llt8lOTCH ttepe3 l!IU{' 0,1\HHSKOBO • 3Toro CJI9,1\0Ba.ll0 Ollill
,[l,8Tb, nOCKOJibKYt K8K noKa38HO B pa60T9 ~a,IJ.,I\eeBa / 99/, eCJIH KOMnOHeH
T!I M9TpHtt9CKOI'O TeH30p8 H CBJI3HOCTH ,1\0CTSTOttHO 6UCTpO _CTp9MHTCJI Ha 
6ecKoHettHOCTH K TeM 3H8tteHHJIM1 KOTOpHe OHH HM9DT B npOCTpaHCTBe l4HH
KOBCKOI'O, TO ,IJ.HHSMHttecKol1 rpynnoR CHMMeTpHH a OTO HBJIHeTCH rpynna · 

IJyaHKape. 

§ 3.4. ilpHHQHn MHHHM8JlbHOI'O peJI.ftTHBH3M8 
~ 

PacCMOTpHM Tenepb CHCTeMj' ,1\Byx B38HMO,Il,eACTBYJJIIIHX HyKJIOHOB t npH
tteM p83HOCTbD M8CC np0T.OH8 H HeftTpOH8 6y,IJ.eM npeHe6pei'8Tb. EcJIH CHC
TeM8 ,IJ.Byx·HYKJIOHOB paCCM8TpHB89TCH B HX C.Q.H. 1 TO, K8K CJI9,1\y9T H3 
(3.33), nepeMeHHHe k H if coana.o.ruoT .n.pyr c .n.pyroM. TioaTOMY, KSK 
CJie.o.yeT H3 onpe,D.eJISHHH onepaTopa 1f ( CM. ( 3. 35) t M8(!COB!Il1 One~8TOp 
,1\ByxHYKJIOHHO~i CHCT9Mbl HM99T BH,IJ. tn= 2£Cq)+-1f (c(fiJ=(m.Z+qZJ t)~ 
H aTOT onepaTop .o.eAcTsyeT s npocTpaHCTBe 4JyHKQHtl Cf( q, ~, fiz) 
y.o.oaneTaop~ruc, KaK H a HepeJIHTHBHCTCKon TeopHH, ycnoBHD 

Ij ilf(q,o;,sl d'q <: "" 

~6z (3.46) 

uYCTb onepaTOp 1f~ H8XO,Il.HTC.ft H3 ycJIOBHH 1 ~TO 3TOT onepaTOp 
npaBHJibHO OTIHC!IB8eT 3KCnepHMeHT8JlbHH9 ,I\8HHH9 1 9CJIH HCXO,IJ.HTb H3 06Htt

Horo yp8BH9HHH llipe,[l,HHI'epa 

_.z z • ( £+ 1!~) Cf(qJ= ~ '!YfJ, 
(3.4?) 

r.o.e ~ - a6COJIDTH8.ft B9JIHttHH8 OTHOCHT9JlbHOrO HMnyJibC8 ~Byx HYKJIOHOB 
B IDe C.Q.H. Q(So3H8ttHM Tenepb ttepea 7.JJ p83HOCTb MEllr,lly KBa,u.paTOM MBC
COBOI'O onepaTopa H KB8,1!.p8TOM CB060,D.HOI'O MaCCOBOI'O onepaTopa. TaKHM 

,. . . .. t /, .. t 
Ovpaaow t no. onpe,D.eJI9HHil onepaTopa 1JJ. m : 'f E( q) ~ w . B. peJIJIITHBHCT-
CKoft TeopH!i BMeCTO ypaBHeHHg IDpe,[l,HHI'epa ~ ,I\OJI3HH pemaTb ypaBHeHHe 

. ~ 

Ha C06CTB9HH!Ie 3H8tt9HHg onepaTopa f<n • . 
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it 

TaKoe ypaBHeHne, o~ea~o, MOJKHO npe~cTaBHTb B an~e 

rr/ lf(q)= ~ ( mo -1- ::t/} 'f[rJ. 
(3.48) 

Tor~a, KOK cneAYeT na onpe~eneHnn onepaTopa ~ , sTo ypaaHeHne Mo~
Ho npe~CT8BllTb B Bll~e 

( if~ w) rrrr:; 
mo 4mo 

~z lf({J 
mo 

(3.49) 

TaKHM o6paaoM, Mhl onRTb npniiiJrn K o6wmoMy ypaaHeHmo Dlpe~repa (3.47), 
r~e ponb U~ n:rpaeT onepaTop ZtJ I 4 mD • ~aKT, liTO ecnn MR llaCTH~ 
O~HaKOBOn M8CCU BBO~llTb B3allMO~enCTBlle a~TRBHO B KB~paT MSCCOBO- : 
I"O onepaTopa, TO peRRTllBllCTCKOe ypaBHeHne COBn~aeT C ypaBHeHHeM 
llipe~re~a, ll~BeCTeH KaK "npllH~ MHHllM8RbHOI"O peRSITllBH3M8" (CM., 
HanpHMep(,I,BI/) . 

tis onpe~eneHnR onepaTopoa 7f H W cneAYeT, OlleB~o, ~To 

Zu = { Z E ( q7, V J-+- 1Jz • 
(3.50) 

ITosTOMy B npn6n~eHHn I/~ 

1ff = 4 m. v- 4- -;i { 1J, fl+-1Jt. 
(3.5!) 

Cne~oaaTeJibHO, CBR3b Meli(,D,y onepaTopaMH 1J H ?f~ ~aeTcn rpopMyJion 

lJ !Uf= Y-~- .L {u. q .... zr~- 11~. . 
4m: ' 4mo (3.52) 

ITosToMy B npn6nn~eHHH I/c2 onepaTop sHeprHn B3aHMo~encTBHn ~ayx HyK~ , 
JIOHOB (CM. (3.4!) ) ~aeTCH rpoPMyJIOA 

V-= 7JIU/'- .1JIUfz_ L {uiUf' (4 q .... i p)LLfrfi-tvfi 0 J, 7/'~'LL-y?6}li~.·~ 
4mo 16m: ' 'l 8m:prql(r 7Jq1 /'Sm.t4 'Vf~WV) 

(3.53), 
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(HSTIOMHHM 1 liTO onepliTOpbl 'lf!Uf H j5 KOMMyTHpYJOT ~pyr C ~pyroM) • 
ti:TaK 1 npH HCflOJib30BaHHH npH~na MllHHMSRbHOrO peJIRTHBH3Ma Mbl 

aupaaHJIH onepaTop V llepea onepaTop 'lf ./Uf , KoTopun ~oJiilteH 
HSXO~TbCH no 3KCnepHMeHT8JibHbiM ~aHHbiM, nyTeM pemeHHH o6paTHon 3a
~a~ ~n ypaBHeHHR llipe~Hrepa (3.47). Bo H36~~aHHe He~opaaYMeHnn 
oTMeTHM t qTO HH~eKC "IUf' " 03HaqaeT JIHWb, qTO onepaTop 1f I<Of' ~OJil!teH 
HSxO~TbCR H3 yp8BHeHnn llipe~Hrepa, HO MR HSWHX ~eJien OH ~O~eH 
6b!Tb onpe~eJieH H3 3TOI"O ypaBHeHHR He C HepeJIRTHBHCTCKon TOqHOCTb~t 
a a npH6n~eHHH I/c

2• OTMeTHM TaKl!te, qTo B npasyn liSCTb ~aBHeHHR 
(3.47) BXO~T BMHqlfHa del/m, t KOTOpan B npH6nHJKeHHH !/C OTJIH
qaeTCR OT }£- fmo t I"~e)i - C06CTBeHHoe 3HaqeHHe M8CCOBOI"O onepaTo
pa. CopTHomeHne MeJK,ey 3THMH BeJIHtiHHaMH, oqea~o, CJie,IzyJJ!llee : 

J?' . 
mO =(j;.-zmJ ( 1+ )!_-fmD) 

4m" 
(3.54) 

ilo3TOMy MOl!teT CJIOEHTbC~ BneqaTJieHHe, qTQ npH pacqeTax penRTHBHCT
CKHX nonpaBOK- HeJib3R HCTIOJib30B8Tb B KaqeCTBe .zr~ H3BeCTHble 
peMH~THqecKHe flOTeH~8Jibl (PH,Ita, JCaM~a-AlKoHCTOHa, napiDKCKllH H 

T.~.), noCKOJibK,Y OHH nonyqeHbl Hcxo~ H3 ypaaHeHHn llipe~H:repa, B 
KOTOpoe BMeCTO ::£.'lm. BXO~T }J--/?m, • 3aMeTHM

1 
O,!Ui8K0

1 
qTo pea

RHCTHqecKHe flOTeH~anbl XOpOWO OnHCbiB8JlT 3KCnepHMeHTMhHble ~aHHble 
npn HH3KHX KHHeTHqeCKHX sHeprHnx, a npH sHeprHnx T = 400 Mas, 
KOI"~a {+- ,g.-zm.-;::: .f, 1 t llOI'peWHOCTb OllHCaHHSI 3~Be~OMO O'OJihme 4m. . 
~eM IQ%. llosTo~ c Ton TOtiHOCTbD, c KoTopon onpe~eJieHbl peanHCTH
qecKne llOTeH~8Jibl 1 MOJ\:HO CtiHT8Tb, qTo OHH onpe~MeHll no ypaB~eHHD 
(3.47),H MOmtO OTOJ(,D.eCTBHTb HX C 7J!Uf • 

C H~enHon TOqKH·apeHHR HBM6onee nocJie~oaaTeJibHHW HBJIHeTcn no~
xo~. Ko:r~a onepaTop 7J!Uf aoo6ute 'He BBO~Tcn, a onepaTop 1f , 
BXOAADtnn B (3.4!), Haxo~TCSI Ha pemeHnn o6paTHon a~aqn MSI ypasHe
HHsr 

{! [{ijJ+- v-} Cf( qJ=)L lf{q) . 
(3.55) 

8 3TOA CBSI3H OTMeTHM, qTo Hccne~OBaHHe peJIHTHBHCJCKO~ ~~8CTHq
~on oO'paTHoR a~atiH ITPOBe~eHo a pa6oTe CoKoJioBa IOO • 

C TOtiHOCTbD I/~ ypaBHeHHe (3.55) MOKHO npe~CT8BHTb B 
B~e · 
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, if~ v-- f,Jtrr ii' ~fJL- tm. mq) 
m. ~m. 

•t (3.56) 
Ilo3TOMJ' eCJUI iflopMaJibHO C?Dpe,U.eJU!Tb 1JH1' KSK ?J- fms , qT06bl ID.IMO 

.MecTo ypanHeHHe llipe,IJ.llHrepa c )l-!n1. n npano~ qa~TH, To TaR onpe.u.e
JieHHbll1 onepaTop V' !Uf'. , .u.W!te npH BblJbmqemrn. BaaHMo,u.e~cTBHII MeE.IJY 
HYKnOHSMll, He o6pwnaeTCII n 0, a co.u.e~T onepaTop qeTBepTo~ npoHano.u.
Hol1 B KOOp,u.llHSTHOM npe,U.CTaBneHHll. B H3BeCTHble peaJIHCTHqeCKlle DOTeH
~HaRbl T8Klle onepSTOpbl He BBO,IJ.IJTCR. ilo3TOMJ' eCRH Mbl XOTllM BOCDORb-
30B8TbCIJ ~e nonyqeHHblMll peaynbTSTSMll ,IJ.nll peaJIHCTHqeCKllX noTeH~aJIOB, 
To, cornacHo cKaaaHHOMY Bbllle, 6onee onpan,u.aHHblM IJBnlleTCR llX oTo~e-
cTnneHHe C onepaTOpOM 7JIU{' , BXO,IJ.11111llM B (3.53)• 

§ 3.5. PennTHBHCTCKan nonpanKa K aHeprHH CB113H Tpex 
HYKROHOB 

PaCCMOTpllM MSCCOB~ onepaTOp TpeXH,YKnOHHOR CHCTeMbl B npH6n~eHHH 
.I/0

2• QyCTb U-~- onepaTop, onpe,u.eneHHbl~, KSK ODHC8HO B npe,IJ.b~AYmeM 
naparpaifle, ,u.n11 cncTeMbl { I,2] • 06oaHaqHJ.~ ~';" ero CYJteHHe Ha 
npocTpaHCTBO U(o) ,u.nn Tpex qacTH~. AHaJiorHqHo onpe.u.enHM onepaTopbl 
1J:;: ( c{ = I2, 31, 23 ) ,u.nn .u.pyrruc d.. • 06oaHa~ TSKllte qepea lf.t 
H (.k CYJteHHII Ha H( O) . cooTBeTCTBYJl!IIllX onepaTopon q H p . Tor.u.a na 
(3,25) H (3,53) nei'KO BH,IJ.eTb, qTQ B npH6nnxeHHH l/C2 MSCCOB~ onepa
TOp TpeXHYKnOHH0!1 CHCTeMbl ,u.aeTCIJ ifJOpMJ'R0!1 

m= m~+ r'~~ v: 
r.u.e 

d. 

m ~.,.3m.,+ TIU{' 4-L)la.IU{'' 
d. 

rr· !Up: .d.. ( ~2. +1{/) 
. m. q_,z ~ 1z 

(3.5?) 
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T, 1 rz .. * .. l Q-t !t O)t . go ... "] . 
=-Smo3l ~ ttz + Chz -1z + lfhz 11. + 8 1z ' 

f . . 

\7' v: IUf' 1 ·r . -12. ,7 . 
Yc1. =- ~~. ~ 1Gm; 71;;.~, {'tqr~.z+ Qd.}-

1 ff- . ... I)) 1 . f /f . ....... . (J - IUf t .... ~ _. 
-smz ra~. qJ(Qd. 0- ' ~ + iZ ~(Qri~q), ~kJfJ ' 

o qr:L -. Dm. 
(3.58) 

npnqeM B nocne,IJ.He~ ~opM,Yne CYMMHPOBaHne noel He npe,u.nonaraeTcx, qepea 
612 o6oaHaqeHo ~- ffz , H aHaJIOI'HqHO onpe.u.emmTcst ,u.pyrHe ~ 
Be;mqHHa T' nnnneTcx, oqeBM,IJ.Ho, pennTHBHCTCKoR nonpanxol1 K onepaTo-

"py KHHeTHqeCKOR 3Hepi'HH Tpex qaCTH~ B HX C.~.H. 
QycTb 'f. - HepeJ.ISITRBRCTCKSJI BOJIHOBSJi clJyma.tWl CB113SHHoro cocToSIHWl 

TpeXH,YKnOHH0!1 CHCTeMbl 1 HSR,IJ.eHHSH pemeHHeM ypSBHeHHIJ 

m!Uf lf=~mo + EJ'f, 
(3.59) 

r.u.e f. ( t. <. 0) - HepemiTHBHCTCKan aHeprHn CB113H, Tor,u.a, KSK 
cne.u.yeT H3 £3.5!) 1 peRRTHBHCTCK8Jl nonpaBKS K 3Hepi'HH CBH3H B npH6-
JIHJteHHH I/ C . ,IJ.88TCR clJopMYJIO! ' · ·. 

.1 £ = < <f I T '-~-2: v; I lf) . 
r:J. (3.60). 

.l{onyCTHM 1 qTo ~~~~ lf HllteTCH HCXO,IJ.R H3 CHCTeMbl ypaBHeHHR 
,IJ.nR ~eeBCKHX KOMnOHeHT 
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(TIU/'- fo ){fd ~- 1JcL~ {f 

<d.= 12, 31, 23) , (3.61) 

r,ne Lf= lf,z*" lf31*" lfz3 .,Tor,na H3 (3.58), (3.60). H (3.61) 

nOJJytl88M 

-

M = ('fiT'/ lf)+ 'I { ¥~.' Re(Cff(T'~ E.)(zq: .. Q)'f.;)-
d.. 

- 4~. (~I (T'""-- E}flf)+ ft:,,/m(Cf/~(QJ..i[,'/f'!t.)!t)+ 

+ q~;R.,(!f/(0-. {j){ OJ.; )(T""-E. )/trd.>I 
• . . f1 d. '• . i~ ' _, 

(3.62) 

TaKHM o6paaoM, peJJ.RTHBHCTCKa.R nonpaBKa K sHeprHH CB.RSH·Tpex HyK
JJOHOB nOJJHOCTbD onpe,neJJ.R8TC.fl ~eeBCKHMH KOMnOHeHTBMH HepeJJ.RTHBHCT

CKO~ BOJJHOBoR 4JyHK~H . H HepeJJ.RTHBHCTCKoR. 3HeprHe~ · CB.F13H [
0 
=- It" I ; 

fl03TOMy, 3H,S.fl .3~H BeJJHtlHHN, MOll\HO Ha~TH peJt.FITHBHCTC~ nOffi'laBKY K 3Hep-' 
I'HH CB.R3H no tPoPMyJJe (3.62). 8 pa6oTax lite /10!, !02, 83, 193/.nJJ.fl 

pacqeTa TSKO~ nonpaBKH npHXOAHJJOCb .FIBHO Bu6HP8Tb MO,neJib HyxnOH-HyKJlOH~ 
HOI'O B3aHMO,ne~CTBH.F1 1 H n03TOMy pacqeT~ OK838JlHCb ,noCTBTOtlHO CJJOlltH~H 

. ,nSllte npH ytlSTe JlHWb HOJJHOCTbD CHMMeTpHtiHOI'O s -COCTO.FIHH.R B TpeXHyK- · 
JJOHHoR BOJIHOBoR 4JyHKq:HH. B sToA CB.F13H oTMeTHM, ~To, KaK ncHo Ha· 
(3.62) t OCHOBHOA BKJJB,n B /jf ,naeTC.R B~COKOHMnYJibCHO~ tlSCTbD BOJIHO
BOt\ 4JyHKq:HH,H H03TOMy BKJJB,n BhlCWHX ·nap~SJtbH~ BOJIH ,nonxeH 6~b cy
II{~~TBeHH~. DTMeTHM TSKllte, tiTO B pa6oTax /IOI-!03 , S3/ 6~ swmcJieH~ 
He Bee nonpaBKH; . TSK. KSK He 6WI ytiTeH BKJJB,n CrmHOB~ 3q$lKTOB _H 
sKJJa.n, cs.FiaaHii~ c oTJIHt~Hei! seKTopos i< H q (eM·.· § 3.3). 3TH BKJia

~ COOTBeTCTBYDT HOCJie~HM ,nByM t~JJeHaM B (3.53) H (3.62). 
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u: 

§ 3.6. PeJI.FITHBHCTCK~e TpexqacTHt.ffihle ypaBHeHH.fl 

B npe,ll,bl,ll,YilteM nap~rpaqie w noKaaanH, tlTO MH swmcJieHH.fl pM.FITHBHCT

cKo~ nonpaBKH K 3H8pi'HHCB.F13H TpeXHyKJJOHHOt\ CHCT~.AOCTSTOtlHO HCnOJJb
SOBBTb o6~~e HepeJI.FITHBHCTCKHe ypaBH8HH.fl ~a,n.neesa, acH~ B peJJ.RTH
BH30B~ ypasHeHH.fiX ~a,n.neesa He B03HHKaeT. O~aKo . ripH swmcJieHHH 

peJJ.FITHBHCTCKHX nOnpaBOK K .nJJHHaM·p~CC8.FIHH.fl H ,npyrHM HH3K03H8pi'eTH
qeCKHM xapaKTepHCTHK8M.Heo6xo~o HM8Tb ,neJJO C peJJHTHBHCTCKHM.BBpHaH
TOM ypaBH8HHA !Iia.n.o.eesa. PaayMeeTC.fl, 'ecJJH HSC HHTepecyeT JIHWb np~-t6JIHllte
HHe I/

0
2, TO, HCXOA.fl H3 B~SllteHH.fl (3.57} ,nJJ.fl Tp8Xtl8CTH~OI'O MSCCOBOI'O 

onepaTopa, Mhl MOllteM H8nHC8Tb peJI.FITHBHCTCKHe ypaBHeHH.fl ~a,nAeeBa B noJI
HOA aHaJIOI'HH c HepeJJ.fiTHBHCTCKmrn. O,IJ.HaKo npH KOHKPe~ pacqeTax Ha.no 
6y,neT. HMSTb B BHJlY, tlTO tPopMY~ (3.58) .RBJIIDoTC.R npaBHJibH~ JJHWb 5 
o6JiaC~}{ I qtL {L.L m, t I Qtt.fl.~ m, t H noaTOMy B_ o6JIBCT~ I if), I Oc:~.f~ ln. 
H806XO,nHMO BBO,nHTb o6pe3aHHe. llpH BbltUiCJl8HHH peJI.FITHBHCTCKOA nonpaBKH 
K sHeprHH CB.F13H Tpex HyKJJOHOB .fiBHoe sse,neHH! o6p238HH.fl 6hlJlo H3JIHmHHM, 
noCKOJJbKY B cpopMyJie (3.62) BKJJB,n o6JiaCTH I qr:l/.1 O.J~ mil o6pe388TC.fl c. 

HepeJI.fiTHBHCTCKOR BOJJHOBOR ¢WH~eA CB.fi38HHOI'O COCTO.FIHH.fl. 8 CJ1ytl88 lite 
pacqeTOB B Henpep~BHOM cneKTpe HOJlb30BBTbC.fl B~BllteHH.FIMH (3.57) H 

(3.58) 6ea o6peaaHH.fl HeJib3.fl •. 
B 3TOM naparpacpe Mhl npHBe,neM.cpopMyJIHpoBKY TOt~HoA aa,nat~H Tpex TeJI 

B peJI.FITHBHCTCKO~ KBaHTOBoA M@XaHHKe. Aallte ecJIH cqHTSTb, tlTO PHM HMeeT 

CMHCJI Jmllll) B np:a~eHWi I/~, TO TOtlHM a~a-qa ~oJKeT pacCMaTpHBSTb~.fl 
KBK O,nHH H3 BapHaHTOB o6pe38HH.fl o6JIBCTH I qd.l' I Q~f ~ m •. '. KpoMe TOI'O, 
B03MOXHO, qTo npH tiHCJieHHOM pacqeTe peJI.RTHBHCTCK,YD 3B,nSqy JIYtlille pe
W8Tb HeaasHcru.io OT HepeJI.FITHBHCTCKol:l. Ae~cTB.HTeJihHO ,, · ecJIH paccqHTW~Tb 
peJIHTHBHCTCKHe ypaBHeHHJI. iDa.n,neeBa no T80pHH B03MYII{eHHA, CtiHTS.fl HepeJUI

THBHCTCKHe ypaBHeHH.fl OCHOBHI>IM np~6JIHllt8HHeM, TO Heo6XO,nHMO C ClOJibWOt\ 
TOtlHOCTbD 3H8Tb pe30nbBeHTY H8peJI.FITHBHCTCKOI'O I'aMHJibTOHHaHa, onpe,neJieH
HYD H3 pemeHH.fl o6~~ ypaBHeHHR ~B,nAeesa. KpoMe Toro, c TeXHH3ecxoA 

TOqKH _..3PEWHH, MOl!eT 6~Tb,y,ll.o6Hee pa6o~Tb_C nepeMeH~H (K.L I o~J • a 

He (qcl.,QrJ.) • CB.FI3b Mel!,lzy Ha6op~ (}d.' Qd.) npH pa3JIH~ d HJ _.. 
TaK npocTa, KaK Yel!,lzy HaelopBMH ( qc~.,Go), o~aKo B ne,peMe~ (kr:J.,Qcf.) 
He HB,nO HNeTb ,neJIO C npOH3BO~~ OT HepeJI.fiTHBHCTCKOI'O onepaTopa B38H

MO,neACTBH.R (cp.c (3.58) ). 
Hcxo,n.FI H3 3THX pe3yJibT8TOB § 3.2 HeTPYAHO ccpopyYJJHpOB8Tb COOTBeT

CTBYDII{He Tp8Xtl8CTHtlHhle ypaBHeHH.R. iloCKOJibKY 3TOT naparpacp a,npecyeTC.R, 
B OCHOBHOM, TeM, KTO·npe,nHOJlai'SeT npOBO,nHTb tiHCJieHH~e pac-qe~ peJI.FITH
B.HCTCKHX.ypSBHeHHA iDa,n.neeBa, MH npHBe,neM. cpaay peaynbTB~·H ccpopMy

JIHpyeM HX TaK, t~To6~ aHaKoucTso t~HTaTemi c npe~ ifaorepH8Jio~o~ <SWio 

He06.R38TeJibH~. 
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By~eM CQHTBTh, ~To ace Tpu paccMaTpHBaeMHe ~acTH~ HMeDT CITHH 

!/2 H O,ll,HHBKOBble MBCCbl m, . )J.JISI. pemeHHSl Tp8Xtl8CTH~bllC yP8BH8HHA 

He06XO~HMO BHa~ane onpe~enHTb ~ByxqaCTH~ble nnepaTOpbl B3aHMO~eRCTBHSl 1 
HCXO~ H3 3KCnepHMSHTanbHbllC ~aHHbiX,· a 38T6M 3TH onepaTOpbl no~CTBBHTb 

B TpexqaCTH~Hble ypaBHeHHSl. 

IJycTb q-= {p1- Pz)/ f. - OTHOCHTSRbHbJR HMnyRbC ~Byx ~aCTHlh a 

(J. . H Ot - Hx npoeKQHH cnHHa. ~ayxqacTHqHbJR .onepaTop.B3aHMo,D;eR-

cT~BHfl 'lf ~ORJKSH onpe~eRSITbCSl H3 yCROBHSl, -~TO ero fi,lq)O U(q,ifJ t 

paccMaTpHBae~oe KaK onepaTop no CITKHOBbiM nepeMeHHNM, ~oHMHo y~oB

neTBOpfiTb ypaBHeHHID 

· 2 u fJ W q J + fwq. qJ ~~if'! d'ii' ")1 wq; (3.63) 

I'~e E ( iiJ;, (m;~ crth ' a p - co6CTBeHHO~ 3Ha~eHHe MBCCbl ,JJ.JISl 

O.:HCTeMhl ~Byx ttBCTH~. Q6bJqHO BMeCTO MBCCbl HCnORb3YIDT KHHeTHtieCKYID 

aHeprHID T cHcTeMH ~ayx ~acT~ a c.~.H., paaHYif fjl-lm.: ,Tor~a. 
BMeCTo (3.63), Mbl, o~ea~o, 'HMeeM · 

l(E (ijl- mo) lf!qJ+ J ~(Hi Wf! d'ij', T Y'Uji . 
(3.64) 

B <PopMynax (3.63) H · (3.64) !PYHKQHfl lf(qJ SIBRJteTCH cnHHopoM no o6eHM 

cnHHOBbiM nepeMeHHbiM 0:, H Oz 
YiOpMYRbl. (3.63) HRH (3;64) ~OHMHbl paCCMBTpHBBTbCSl KaK o6paTHble 

a~aQH ,JJ.Jia onpe;neneHHH· onepa~opa 1!·· • ' 
. Ilepe~eM Tenepb K. a~aqe Tpex 1en. -3Ta s~a~a 6y~eT pacqMaTpH-

.. aaTbcSI· B npocTpaHCTBe !PYHKQHR lf ( k1 , K2 ·• kj 1 0.,, Oz, 63) , TaKHX, ~-;-o 

Lf 1w k •. ~. ~ .... "·· 6,)/'dp ;,d) < ,., . 
~~~ . - (3.65) 

!: 
. d1... d1... d3-+ . (1) 

df1(W)=: ___!j_ _&. K~ ~ (K+t+K.) 
/ lEc~J !E(Kz) tu~J -

1 ~. "' 
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flcHO, ~TO ~ Ka-i!eCJ'Be He3~BHCHMbllC MOlltHO BWp8Tb- mo6ble ~Ba H3 Tpex 

BeKTOpOB k
1 

t f<:. H f<3. ; · -
IJyCTb B Kaq~CTBe He38BHCHMbllC BeKTOpOB ·abJ6pamr ~ H ~ 

Bae~eM BeKTOpbl Q.tt. H ~z. , CBS13BHHble c ~ H Kz. iPoPMYRBMH 

-
Q1Z-= ~~ kz; 

...... ~. 

k =: kl-
12 

UK,l Q + {)., (i(,, Q") 
N,z 12 .M1z (E.,z~ ~z) 

(3.66) 
. M · {[ .. J . _ az 0-l J"a E ... . ... 
r~e 12 = f(~ .J. ECKz">J- 12 ' 12""' EjK., )-1- E(Kr). 

BeKTOpbl ~- H Kz BbJPEUtBIDTCH tiepes 012 H ~z. cne,Izyi!XqHM 

o6pasoM: 

..... - •. 1.0 .... +a. + k1"" k1Z 2 12 

-+ 
.... ... lQ -- + -kz- K1z 2 1l · 

.· Q_,z ( ~z 01) 

M1zf E~z-~-~2) 
- ... 
0,2 { K~2 Q1z) 

N12 (E,z+ 012) 
. ' 

I : -+t.)·~h 
r~e M_,2 "" 2 E( ~t) , £-12: t'ft11z +_ Q_,t • BenH~HHa 
B (3.65) B nepeMeHHbllC Q-IZ H k1z. ~aeTCJt lPDPJ.IYROR 

-+ ... 

djl r udJ = pr Q1z, ~J (PQ~z d
3

~z • 

P( Q1ZI~)= { ~E1Z£(Q1Z)E(~ZJ_}-f 

(3.67) 

djtfini) 

... (3.68) 
AHanol'HqHo MOlltHo onpe~enHTb nepe~eHHble { Q d_, kc1.) , r~e ~eKe rL . 
npo6eraeT sHaqeHHSI 12, 3!, 23; Nc= 2E(i?,;.J, EcJ.=(MJ_,_Q;)'Vt.· 
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BB8,IJ;8M MaTp:uny 

~( Qci, (, g)= (6+ Moc)(t-~-mJ-J. Oc~. ~ + i~ ( Qcl x KJ 
Mr~. mo ··· 

r.n;e 6 
on epa Top 

- M8Tpl!I.\bl ilaym1, £. = £ ( kcJ ,0ITpe,neJIHM yHHT8pHbiH 

11 -== v( Q12, ~z, ~)Y.{ Q., ,_ K.. ,6:) 
1Z 0. M m -1 ° M mo t. 

12 ° ft 

(3.69) 

(3.70) 

r.n;e ~ .n;et\cTayeT ITo nepeMeHHon 6.; , a 6:; - ITO nepeMeH-

Hon ot . AHaJIOI'HtiHO OITpe,neJirooTCJI onepaTOpbl lict ITpH .n;pyi'HX ci . 
B CHCTeMe Tpex 1.!8CTHI.\ UMelOTCJI KaHaJibl1 KOI',IJ;B BCe tiBCTHl.\bl CBOClO,IJ;

Hbl1 KOI',IJ;B eCTb CBJI38HH08 COCTOJIHHe ,IJ;Byx tiBCTHI.\ 1 8 Tp8Tb.ll 1.!8CTHI.\8 
CBOClO,IJ;H8,l1 1 H8KOHel.\, KOI',IJ;a eCTb CBJI3aHHOe COCTOJIHHe BCeX Tpex 

tiBCTHI.\o 
BOJIHOBue ~HK~HH B KaHaJie, I',IJ;e BCe ~8CTl11\bl CBOClO,IJ;Hb1 1 MO~O 

paaJiaraTb no ~Kl.\HJIM 

1
-+1 ·_,.1 : I ')- J(3(Q-Q)J(gh-KJ 
Q, K, B;,Sz,G; - b{::"c- 1 ~0. o.' 3G: o,' u4 o4 Z 1, '3 ~ 

(3.7!) 

TBK ~TO 

" _.. 1 (S ...,.,, _., \.: 
... . n II I' ...,, I I I ,..P _., 

( 
-+" ) rgJ 

Q,k.~,~~~JQ,k,~,~.~)=~ (Q-Q)S (K-K)~ 
(3. 72) 

~c:-'r:' Eo.''o.' ou.'<J.'. l?t I)~ :: :z s J 
_,.. .... ,. .., 

1' 3,Ir.ec~ rrepeMeHHble Q 1 K 11 !fJHKcHpoBaHHble BeKTOpbi · Q, K; Q, K' 
MOryT ClbiTb B3HTH C JI!OelbiM HH,tJ.eKCOM cf._ • 

BoJIHOBble ~Kl.\HH ~H COCTOJlHHn, KOI',IJ;B ,IJ;Be ~BCTHl.\bl CBJI38Hbl (nycTb 
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sTo , .n;JIH onpe.n;eJieHHOCTR, ~acTHl.\bl I 11 2), a TPeTbJI ~aCTHI.\B cao6o.n;Ha, 
,IJ;O~bl p83JIBI'BTbCH no ~Kl.\HHM 

. (sJ - ·-, . 

·r 0-, . , ') ~ $ . r o-~z-o J u ~ r K: ) F i 

_ 1 f-, 5; - .P( o.: k_,,)'Vz -fZ . ~z 1Z 63 63 I (3.?3) 

r,ne ( - Haelop KBaHTOBbiX ~CeJI, XBpBKTepH3YJO~HX CBJI3aHHOe COCTOH
HHe, a l.f

12 
( K

12
) - BOJIHOBBR ~Kl.\HH CBR3BHHoro cocTOHHRR, RBJI~BJICJI 

pemeHHeM ypaBHeHHH ( 3. 63) npu )1 = l m. -1- E.' £., (E. < 0) -
3Hepi'HH CBJI3H, ~HKI.\HH (3,73) HOpMHpOBBHbl TBK 1 tiTO 

"( _, , .... , . ) <;; [3} -+If .-+) ~ <: a 1 (, ~tr Q, i', o;' = 0 (Q-0 0;/i' 063'63' 
(3.?4) 

IJycTb ~ - onepa~op c MPOM 

. ~ (s)r ad.- &J _ u r~, k;_) • 
.\i ( o,L:f,; 0~. rJ" [p(().l,KJP(Q,,;;j14 " 

(3.?5} 
npH~eM H,D;pO paCCMBTpUBaeTCH KBK onepaTOp ITO CllHHOBUM nepeMeHHhlM 1 
a 7Jd. (k.t_, K~} onpe,neJIReTCR ~H cooTBeTCTB~eR napbl ua ypaBHeHHn 
(3.63) HJIH (3,64). QyCTb . . 

,..._ _., 
\i.: (j~ ~ (j~ ' 

(/\At+ .... t )~~ 
tl VI ct. Qci ' 

\6={(Ncl+W.)~3:t-

(3. 76) 

Tor,na MBCCOBhln onepaTOp ~H CHCTeMbl TpeX ~BCTHQ C napHbiMH B3BHMO,IJ;eR
CTBlHIMK paBeH 
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!: 

-.: 

f1=M+~~~ 
cl- (3. '7?) 

r.n.e M.; £d.+£ ( Q) . 
TaK K8K M8CCOBblfi onepaTop npe)l,CT8BJISieTCSI B BH)l,e CYMMbi CB060)l,HO

ro Maccoaoro onepaTopa H onepaTopoa napHb!X aaam~o.n.e£1CTBHfl, TO peJist
THBHCTCKHe yp8BHeimst <Jla.n..n.eeBa- MOryT 6b!Tb H8TIHC8HH B TIOJIHOA aHaJiorHH 
C HepeJISJTHBHCTCKHMH. Hanpm~ep, B CJiyqae pacCeKHHSI tl8CT~ 3 H8 CBSI-
38HHOM COCTOSIHHH tl8CTHL\ I ~~ 2 ypaBH9HI1SJ <l)~eeBa MOryT 6b!Tb 3aTIHCaHH 
B BH)l,e (cp. C ~OPMYJIOR (2.!0) H3 KHH"1 /IO ) 

1f =I Q 1 

i', 63)+ Go (l) ~2 {l) (1f;+ ~J) I 
12 12.' 

111;1= Co{l) 01{l.) (%+1Vz3) • 

~3 = Go (z) ~3 {l) ( 'lf;z +'lfjJ ' (3. ?B) 

r.n.e co ( l) "' (t_- f.,f)-1 
1 Q_,~ , i: ~ 1 

- KB8HTOBble tlHCJI8 H8tl8JibHOrO 

COCTOSIHHSJ (CM, (3. 73)-) 1 a onepaTOpH T.:t_ ( Z!) Y.IJ.OBJieTBOpS!XlT ypaB-
HeHHSIM 

1: (z)= ~ + ~ Co (t.) J: (i!) 
(3.'79) 

88lltHO TIOHHM8Tb, tlTO onepaTOpH vc{ CB$138HH C -~ ,onpe)l,aJisteMHMH 
H3 (3.63) HJI~ (3.64) )l,OBOJibHO cno~HM o6p830M (CM, ~PMYJIH (3.75) H 

(3, 76), a paBeHCTBO Vc~. = 1!~ HMeeT MecTo JIHWb B HepeiiSITHBHCTCKOM 
npe)l,eJie. Il03TOMY onepaTopH rd. (t') He B!ip8lt81lTCSJ Henocpe)l,CTBeHHO 
t~epe3 "BHYTpeHHHe" )l,ByxtlBCTHtlHHe onepaTopbl td. (r) ,TaKHe, tlTO 

C. (-r)~ 1Jd. + ~{ r- f E(~)r~ (J. (~) 
(3~80) 

EcJIH 38nHC8Tb (3,'79) K8K HHTerpaJibHOe yp8BHeHHe B npOCTPSHCTBe 

<llYHKL\HR OT k</.. t TO He06XO)l,HMO y-qHTHB8Tb 1 tlTO SJ.D.PO onepaTopa Vc( 
38BHCHT OT Q.,/. , K8K nap8MeTp8 (cy, (3.75), (3.76) ), 
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MJ:l OTMS~aJill B § !.4, tlTO B H8CTO~ee BpeMSJ B JIHTepaTYPe pac

CMBTpHB81lTCSI pa3JIHtlHble B8pH8HTbl peJISITHBHCTCKHX yp8BHeHH!i <lla.n..n.eeBa, 
0m1 oTJIHtl81lTCst .n.pyr oT .n.pyra ab16opoM Bb!pBJKeHHSJ .D.JISJ ~ ( l) H ypaa

HeHI1st )l,JISi. rd. ( l) . Ha Be ex npHMeHsteMbiX Bb!pBJKeH~R )l,JISJ. CJz) 
Hame SJBJISJeTCSI H8H60Jiee npOCTblM. KaK O)l,HH H3 BapHBHTOB B pe.IJ.YKL\HH 
ypaaHeHI1i:r BeTe-CoJinHTepa, oHo 6b!JIO no.nyqeHo B pa6oor_e I 45/. tiTo xe 

KacaeTCSI WBHeHI1R .D.JISJ Tr1 ( i)' TO, KBK OTMet~e,eTcst B pa-
6oTax /62- t HX o6l:ltlHO- npHMeHSJeMble ~pMb! npHBO)l,HJIH K HeJKeJiaT~bHr 
CJie)l,CTBHSIM. Ilo3TOMY B O)l,HOft H3 CBOHX llOCJie)l,HHX pa60T rapCHJI830 63 
npe)l,JlaraeT )l,JISJ fri (z) yp8BHeHI1e (3. '79) 1 B KOTopoe, O)l,H8KO, BMeCTO 

\1.,/. BXO)l,HT ~~ , 8 CHJIY CK83aHHOrO BHme,. B03HHK8eT HeSICHOCTb 1 

COBMeCTHM JIH T8KOft B8pHaHT C p83)l,eJIHMOCTbD BCeX )l,eCSITH reHepaTOpOB 

npe.n.cTaBJieHHSI rpynnH IlyaHKape.. • _ _ . _ _ 
' KaK HaM npe)l,CT8BJISieTCst 1 BHBO)l, peJISITHBHCTCKHX ypaBHeHHfi <lla.n..n.eeBa 

a paMKax PKM stBJisteTcst 6onee nocJie.n.osaTeJibHblM, qeM Hcxo.D.SJ H3 )l,Har- -
paMM, nOCKOJibK,Y; npHHSIB npe)l,nOJIO~eHHe 0 ~H3HtleCKpfl 8)l,eKB8THOCTH Prod 

npH HH3KHX 3HeprnstX 1 Mbl TIOJiyqaeM )l,HHBMHtleCKOe OTIHC8HHe 1 H3 KOTOporo 
ypaaHeHHst <lla.n..n.eeaa Bbi~O.IJ.SJTCSJ YMe 6ea .n.onoJIHHTeJibHblX npe.n.noJio~eHHR. 

BnepBble peJistTHBHCTCKHe ypaBHeHHSJ 'a~eeaa B pBMKax PKM 6b!JIH BHTIH
CaHH BO ~OHTOBOR tflopMe B pa6oTe 7 , H npH 3TOM 6b!JIO YK838HO Ha 

OTJIHtUte onepaTOpOB TUna vd. OT 1fd. • B TOtletlHoR tfloPMe 
-ypaaHeHHSJ <lla.n..n.eeaa o6c~aJIHCb s /SO/. IlocKOJibK,Y, KBK YMe OTMe
qaJiocb, peayJibTBTbl )l,Jlst TpeXtlayTHtlHoro Maccosoro onepaTopa·a/77 • 80/ 
MO~O npe)l,CT8BHTb B TOM ~e BH)l,e, tlTO H B § 3.2, TO COOTBeTCTB~e 
ypaBHeHHSJ <l)a.n..n.eeBa MOMHO npe)l,CT8BHTb B TOM ~e BH)l,e, tlTO H BJ:lWe, 

§ 3.7. One~aTop 3HeprHH CKCTeMb!Tpex HyKJIOHOB,B npH6JI~eHHH 
I/c H peJISJTHBHCTCKast nonpasKa K aHeprHH CBS13H MHo~ 
roHyKJIOHHOR CHCTeMbl 

~SJ nocTpoeHHSJ Maccosoro onepaTopa cHcT~Mbl t~eTupex H 6oJiee.TeJI 
He06XO)l,m!O 3H8Tb·onepaTOp aHeprHH )l,JISJ CHCTeMbl Tpex TeJI. ilOCJie.IJ.aHR, 
B CBOD Otlepe)l,b 1 onpe)l,eJISJeTcst'He TOJibKO onepaTOpaMH napHb!X B38HYO-

- )l,el\CTBHR vd. t HO H_ TpeXtl8CTHtlHblMH onepaTOpaMH ft (p) . • 
KaK o6bltlHo, 6y.n.eM CtlHTBTb, tlTO rpexqacTHtlHOe npocT~aHCTBo J/_ 

~e peaJIH30BaHO B BH)l,e H= J$J./(p)d3i} - . IlyCTb E- - onepa:.. 
Top ~HeprnH TpexqacTHtlHoft cHcTew, a · £ ( p) - ero cyzeHHe Ha · 
1-/ ( P) • CorJiacHo pe3yJibTSTaM § 2.4 (eM. tfloPMYJIH,..(2.44), . 
(2.52), (2.53), (2.55), ~~~ Haxollt,ll.eHHst onepaTopa £ ( p) Mbl: 

_.n.o~ BHat~ane pacCMoTpeTb onepaTop 
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. 

A 

E = E -~-~ vd-
cL . 

(3.8I) 

r~e ~- onepaTop aHeurna ~fi cHcTeMN Tpex HeBaaRMo~eRcTB~ ~ac
TH~. 3aTeM, CYJK"Bfi ,.£ Ha H{O) , MN )!OJI~aeM Tpe~acTHtnn:.tl\ Macc;:o
arnt onepaTop m = E ( 0) , a onepaTop £ ( p) ~oJDKeH 6wb onpe~e-
JieH K8K 

f rfJ= VfPJ rmt-S-fttJ1ft tt rfr~ . 
(3.82) 

BoaHHKaeT cne~un aonpoc. EcJIH B3fiTb onepaTop (3.81) H cpa3y 

cyaHTb ero Ha H( p) , To 6y~eT JIH no~eHfruR TBKHM o6paaoM onepa
Top g { p) OTJIH~aTbCfi oT E ( p) . lfua~e roaopR, 6y~eT JIH 

KOMMYTUTHBHoR cJie~~afi ~HarpaMMa 

t. T(P) f-/{P) 

Iloll ~) 
Hfo) · 

Puc. 3 . 

· 8Ta ~arpaMMa noKa3b!BaeT, ~To onepaTop £ { P) B H ( PJ MN 

no~aeM, cpa3y npHMeHRfi J( p} , a onepaTop E ( PJ - iipH nOMOI!lH " . . 
cyxteHHH f. Ha H(O) u npHMeHeHHH <fx>PMYJibl (3.82). lf3 ... caoR~T~a 
K.iracTepHoR cenapa6eJibHOCTH RCHO, ~To ecJIH onepaTopbl £ (P} H E ( p) ' 
OTJI~B!lTCH ~pyl' OT ~pyra, TO pa3HOCTb MeJK,ey HHMH ,I!.OJilt:HB TpaKTOBBTbCSI, 
KBK onepaTop TpeX~BCTH~HOro B3BHMO~eRCTBHH. 

Ann onpe~eJieHHH onepaTopoB U (p) Heo6xo~o pelllHTb, KBK 3TH 
onepaTopbl ~O.mmbl 6wb cocTaaJieHl:l H3 onepaTopoa '/1Cp ; a) (CM. 

V§ 2.4). B ~BHHOM cJI~ae y Hac eCTb TPH onepaTopa Z{(p;a) • nyeTb 

Uu 3 ( p) 03Ha~aeT onepaTop rl/Jp; a) npu " a. ", cooTBeTeTByn~teM 
pa36HeHHD HB H6B38HMO~eRCTB~e no~eHeTeUH {I,2} H {3} 
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AHaJiorH~O onpe~eJIHM onepaTopbl lis1,./p) H f/23,/pJ • ·ITo onepaTopaM 
1J(p;a) · noeTpom.! onepaTopbl W{p;a.) (eM. lPOPMYJIY '(2.54). ~K .·· 

yKa3b1BaJI"OCb B § 2.4, H3 3THX onepaTopo~ ~oJIJKeH 6b!Tb nocTpoeH one-
. paTop {)}{p) , a 3aTeM H onepaTop U (p) ,.no <fx>PMYJie (2.55). B o6-
~eM e~ae· a~a~a o nocTpoeHHH onepaTopa UJ(j)} Mo~eT 6b!Tb perueHa 
MHOrHMH cnoco6BMH (eM. § 2.3). O~aKo eeJIH Mbl pa6oTaeM B npH6JI~eHHH 

I/c~ TO W(p; a) MOJtHo npe~cTaBHTb a a~e 

W{p;a)~ {+ 8(p;a), 

(3.83) 

r~e •onepaTop 8(p;a) BHTHapMHTOB H' HMeeT nopMOK . I/ e 2 :· 
H3 ycJIOBH~ BHTHJP~TOBOCTH H MaJIOCTH onepaTOpOB .ts(#;a.) . CJie,I!.YeT, 
liTO onepaTOp llJ(p) MOJtHO eoeTaBHTb 113 onepaTOpOB 8{p; O.J e~-
_eTBeHHO B03MOMHb!M o6pa~oM, c~Taa, ~To B npu6JI~eHHH I/c2 

1\ • 

UJ(p)=f-~-02,3(p)-'- B31,Z(p)-4- Bt3,JpJ. 
(3.84) 

OnepaTopbl 8{p;a) o~o3Hatmo onpe~eJimJTCfi npe~cTaBJieHHeM 
g-+ IJ (j; a) , paBHb!M TeH3opHoMy ripoH3Be~eHim npe.itcTaBJieHHR .rvui · no~euc_
TeM, COOTBeTCTBYJllllHM pa36HeHHD " " • B HarueM e~ae npe~CTBBJieHHe 
~- ~~,1 (I) paBHO TeH3~pHOMY npOH3Be~eHHil il'fle~CTBBJieHHR t onHCblBBIOlllHX 
B38HMO~eRCTByxmzyiO eHCTeMy {I ,2} H CB06o~ym qaCTHizy { 3} • 06a . 

3TH npe~eTaBJieHHfi yxte OnHCBHbl Bb!We. ll03TOMY HBXO~eHHe onepaTopa . 

B~M (p) HBJI~teTcn JIHWb ~eJioM TeXHHKH. BBH,I!.Y BaJtHOCTH peayJIM'aTa MN 
npuae~eM HeKoTopble noRCHeHHn K cxeMe a~cJieHHfi 3Toro onepaTopa. 

)tnR HBXO~eHHH ~eRCTBHfi onepaTopa 'll-123 (p) Ha ·!lJYH~ 
.xr;.,~,~) t HCo) (cnHHOBble HMeKCbl onycKaeM) Mbl ~OJilntbl B3fiTb He-

KOTOpYJ) lPYHK~. 'tV( A, Pz, ~) .c ,:_aKYJO, ~To ] (O) '\f/ =X , aaTeM Bbi-
~CJIHTb ~eRcTBHe onepaTopa {1 (p) (eM. (2.30) ) Ha ~ ·"V H onpe-

~eJIHTb u/t,l (p) npH nOMOU!H (2.3I). B onepaTope u (p) H~O ~Tbi
BBTb. ~TO Tpex~BCTH~bln MBCCOBID\ onepaTOp 38BHCHT OT B38HMO~enCTBHfi. 
Me~ ~aCTH~BMH i H 2 • · M = M ( M/z) , r~e M~ ..c Liaccoahli\ on epa Top 
~JIH B3BHMo~e£lcTByrxiteft cucTeMbl {I,2} . Ey~eM o6oaH.a~aTb ~epea 
~a- CB06o~b!R MBCCOBb!R onepaTOp ~fi eHCTeMbl {I, 2} , a ~epe3 
('vf-== M(N~t.) - eao6o~b!R Tpe)NaeTH~blR MaccoBbiR onepaTop. IlpH a~cJie-
HHH '/L23 (p~J ,KaK H·npH a~cJieHHH onepaTopa U(p .. ~ B § 3.1, BCTpe-

', {. -ot )~' y . . . ~BJJTCH MHO~TeJIH THna ~1+ ~ 1~ H O - MBTpH~. IloCKOJibKY 
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,, 

3TH aeJIHtnmH OTJIHqalOTC.II oT e~~ Ha ttJieHH nopH,nKa I/ c 2 , npH 
eyqHcJieHHH c To~ocT&lO I/0

2 . MY MoxeM.npeHe6peq& eaaHMo~eAcTBHeM 
qacTHQ I H 2 B 3THX qJieHaX,H 1 cne~oBaTeJibH0 1 peayJI&TaT ~.II HHX 6y

~eT TSKOA JKe t KSK H npH Bll[qHCJieHHH onepaTopa 11 (p) . ,ltJI.11 KpBT_l(OCTH 

qJieHH TaKoro THna 6y~eM o6oaHaqaT& KBK (.~.). llocKOJibKy~1~}~~1~)~~) 
TO CHMBOnHqeCKH C yqeTOM (I.I2) MO~O HanHC8Tb 

/Jid(P)\)11/1 .. - .. )'( Jj lh(frR)J.(. ),11/1.--tn' 4
' ... 1/1' ~1 ... ,\ 

U (C M 'J rrp,,f>t,f) = ···f1+ !M M p··· r tAtt;21KJ,fl rt;,_,K/,fsJ, 
12 (3.85) .. 

r~e jiZ - onepaTOp (3.I4) ,11,1J.II ~ByxtlBCTH~OA CHCTeMH, 

-· .. p - p(#P,) 
P3=~-ME3ffJJ)+ !Mz ) 

n' 0 P.( ,. t ::. )-~~ 
r1Z = r12 - M Mz -l- ~: + 

.. 
p(f~) 
!Mz (3.86) 

npHqeM MY pa60T88M B np>H6JIHJleHHH I/0 
2 , H 38BHCHMOCTb OT onepaTopa~ > 

~K o6YQHo, noHHMaeM B cMHcJie cneKTpaJI&Horo pasJ!oxeKKa, KpoMe Toro. 

p · !! K. - aTo ~&cw, onpeAeJieHHWe Bhllll8 ~.~~ cHcTew {I,2}_ , a 

f, ( P,2 1 i):. H Pz ( P,2 ,K) - ewpueHHJI.,.JIMilYJibCOB fi,, A, qepea P,
2

, k. 
flCHO j tlTO ttll8}iW, CO. CTIHHa.ut B .. )fl. •. MOJIHO_. ~KJIIl'IUITb B ( ~ ~,) t a 

llJieH c. {(i) npHBo~T·x aaweHe ·k fia . . . 

-· .. (P"R:)"f K=l<-1- .· 
!M~z (3.8'7) 

flo3TOiw!Y cfloPMYJIY (3.85) MO~O npe~CT8BHTb B B~e 

I' .... • . :. . . .· 

Uf d.(~ ))frfi.A.~l= {.. l W~ r~.r?.M~.h p;) 
(3.88) 

Tenep&, .u.nn Haxo~eHH.II ri1v { p) , w ~oJIJIHW, corJ!acKo (=!,8), 
. BLlp83HTb A. Pz. I~ qepe3 , e.~ 1 (,_, K, • a 38TeM noJIODTb p .. p. 

YqTeM To, tlTo(c TO~OCTbD Ilc2 ) 
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o(R ;<)=i<~ EJR)n +riA~.JRz 
J1 f";z, M '1z !Ml 

. 12 

-tii ~) __ -~ Ez(KJ;) _ (RRz)Az 
fzl!fz,K;- k "" 11z !Ml 

1r1n, IJ// .. }Y,.. .. J3.89) 
H TO, tlTO !J!opyYJiy (3.!3) MOm!O npe~CTBBHTb B BRite Ulp!AU!;,t1A:;)= . 
( .. J X ( ~~ kz,, K.,) • Tor~a, c yqeToM (3,86), (3.88), (3.89) Mbi 
HMeeM 

?i12. 3 ~rxr~,~~~>=:(.)X~-mm;_(?z_Q. \ kz-M14z_ ~t) 
1 ~4-mz M M / ~-~-mzfiJ p/)' 

- .. (I -1)1) 
JG- m3 p M -N J <3.9o) 

H C TO~OCTbD I/C2 MY MOXeM 3anHC8Tb CHMBQJIHqeCKHt tlTO 

o; 1 ( ... 111 ......... )-( )XI .. _ m3(fl-~P if: f _ m,mlp if · 
{)_1/,J PJ ~~~~,l<j - ··· ~~ (/l{+~)N.2 {Z' l (ff?+mt.JN.2 {2 t 

.. --
.. P"!, v;z_ )·-· .,., 
kJ+: A r~ 

D {3.91) 

r~e . v;z - cyxemte ~z H8 TpeX!l8CTHtlHOe npOCTpB!WTBO J/(0), ~fo::lfl/ITI,-1-/1!.1" 
H .. ... ... . Q .. 

BKOKeth nepe~ OT /(41 Kz 1 KJ ~ nepeMeHHbiN. 1t H /(-It . 1 MW 

B~, tlTO H3 (3.9I) CJieAYeT, qTQ 

·B· - !Ed ~ 2._ . 
. 1Z,3 (p)=- Mz v;2o0 . 

- o lZ (3.92) 

_ .£tn11 60JibmeA 11CHOCTH W npHBeJIH CXeM,y BllltlHCJieHHJI1 He npe~OJI8r8..11 1 
tlTO m~-= mz. ~- Ha,Ito HMeTb' B BHAY' O,I!,H8KO, tlTO npH mf ... mz ~eyxqac
TH~e onepaTOpH Zl{p) 1 aoo6~e rOBOp.11 1 He ~OJIZHW COBn~Tb.C tlfp) 
(eM. § 3.3). 
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llpHMeHHM Tenepb pe3y~bTBT (3.92) ~~ a~cneHH~ onepaTopa 
sHeprHH TpexHyKnOHHoR c:HcTeMH a·npH6nHEeHHH I/c?• C yqeToM·(3.8I) 
(3.84) ~erKO a~eTb 1 qTO 

f(PJ~[(p)-~- ~ziPJ. 
\ I ( .... ) p ~[ --- o r-] v1z3 P -=-- L ~--:., ~-. . ,9mo d.#:J oQd, (3.93) 

llocKORbKY onepaTop ~z,(J5)~e HMeeT M~OCTb I/c2 
1 TO H3 (3.93) c~eAYeT, 

qTo a npH6~KKeHHH I/c2 

E~E+~V+'1 
~ "- v123 

..... 

V =- _E_ I_) vel oQ_ , vfl] 
. 1Z3 9mo rl*J o ct . (3.94) 

MH a~, qTo ,l!.aJte e~H Me..,zy qacTH~aNH HMellTC~ ~mb naplible 
a38HMO,ll.eAcTaH~, T.e. HHKBKOrO TpexqacTHqHOro aSSHMO,l!.eftCTa~ a MBCCO
abllt onepaTop He aao,l!.HTc~:..(cM~-'4x>PI'YJIY (~25) 1 TO B onepaTope saeprHH 
nOfta~neTCft a o6~eM c~yqae Tpexq8CTHqH08 a3aKMO,l!.8ftCTaHe, KOTOpOe 
onpe,ll.e~l!eTC~ 4JoPMY~SMH (3.93) H. (3.94). EcnH MH He aHXO,l!.HM 38 paMKH 
TpexqaCTHqHOft 38,l!.8qH 1 TO 3TO asaHMO,ll.eftCTaHe HeC~eCTaeHHO, TBK KBK 
V ifZJ ( 0) = 0 . O,l!.HaKo ec~H MH paccwaTpHsaeM 38ABtiY 'lle'l'blpex H 6onee 
T9JI, TO TpeX'IlBCTHqHHS a38HYO,ll.9ftCTaH~ CT8HOB~Cil C~eCTaeHHUMH· (cp. 
c 3aweqaHHeM. a § 2.5). BosHHKHoaeHHe TpexqacTHr~ BsaHMo.u.eAcT,HA/ 
a MHOrO'Il8CTHqHOft CHCTeMe BnepBHe OTYe'll~OCb a (CM. T8Ka6 39 • 

B npH6~HJJteHHH I/ c 2 , B KalteCTBe onepaTopos V"d- , axo~ a 
(3.94)

1 
MO~O a3~Tb o6~e HepeJI~HaHCTCKHe onepaTOpH B38HMO,ll.eft

CTBHH. B KB8HTOaOft 3JieKTpO,l!.HH8MHK6 3TH onepBTOpH JIOK~blibl K He saaH-
. c~ OT CnHHOB. Cne.u.oaaTeJibHO, Bee onepaTopu V"c£ KOMM;YTHpyllT .n.pyr 
c ,IWyrow H c onepaTopaMH io/()Qp , nocKoJibKY nocne,ll.HKe KsnftllTC~ 
onepaTOpaMH yMHO:&eHH~ HB COOTaeTCTaymtHA KOOp.IJ,IDiaTiibiA B6K~Op. ilo3TOMj' 
B KaBHTOBOft 3R9KTpO,l!.HHSMKKe TpexqBCTHqHblX CHJI yKB38HHOrO THn8 He 
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ao3HHKB9T. no TeM :&e npH'Il:HHaM, HX HeT H a OTO~ PaayYeeTCHi 3TO He 
npoTHa6peqHT TOMYi 'llTO TpexqacTH'IlHHfi Maccoauft onepaTop MOlleT co.u.ep
lltBTb. TpexqacTHqHHe .asaHMo.u.eAcTBHH. HanpHMep, B c~~ae OTO a~ sToro 
B38KMO,ll.eRCTBHH HCeH H3 ~opwynH (106,17) a KHHre 718/. . . 

B c~ae ayKnoH-HyKJIOHHoro·aaaHMO,ll.eficTBHH onepaTopu V., aoo6~e . . ~ 

roaopH, HeROK~bHH H 38BHC~ OT CnHHOB. fio3TOMj' npH aU'IlHCJieHHH peJIHTH-
aHCTCKHX nonpaaoK a MHOrOHyKnOHHblX 38AB'Il8X -~nepaTOpbl THnB ~ZS t , 

aoo6~e roaopn, HeTpHaHBJibHH H HMe!lT .. nop.R,D.OK 1/e: 2 •. EcnH onepaTopbl 1J.£. 
~OKaJibHH, HO 3BaHC~ OT CnHHOB 1 TO a·(3.93), (3.94) MO~O ab!HeCTH . 
0 I oQ<:l 3B ,rsa, KOMMj'TBTOpa,H Tor.u.a Mbl npH,l!.eM !( 4JoPMYJiel KCnonbsye

MOA B pa6oTe 83 AJI~ pacqeTB peJI~THaHCTCKOA nonpaaKH K 3HeprHH -
.ca~sH .R,D.pa ¥ f..Le. • Hcao TBKlle, 'llTO onepaTopbi ~23 .u.o~ axo,l!.HTb H 
a pac~eTH MHOrOKBBpKOabiX CHCTeM a paMKBX MO,ll.e~eft THna pe~RTHaHCTCKHX 
COCTBaHHX KB8pKOB 1 nqcKOJibKy: onepaTOpbl 'lfol. a 3TOM C~ae ,11.9fiCT
ayDT HeTpHaHaJibHO no ~aeTHHM HH,l!.9KC8M. 

. . B c~yqae qeTupex' a3aHMo.u.eAc:aYIOlJ.lHX qacTH~ MH, no BHaJiorHH c 
TpexqBCTH'IlHHM C~BeM, ,l!.O~H aHB'IlaJI9 COCTBaHTb 

A 

E=E+L ~+ L \{ (3.95) 
. d. r 

r.u.e f. - oriepaTop saeprHH -qeTh!Pe:ic aeasaHMo.n.eAcTaymtHX qacTH~, 
HH,II.eKc · d HyYepyeT' ace ·napu qacT~ (oH npo6eraeT saaqeHHH 12, 
13, 14, 23, 24, 34), a HH,l!.eKc ¥ · - ~ce_TpoRKH qacTH~ (oH npo6e~aeT 
3Ha'lleHHH 123, 12"!- 134, 234) • nYc Tb t ( P) -... CY!eHH_e onepaTopa [ a a 
npocTpaHCTao /.f(PJ AJI~ qeTupex qacTH~ 1 a £ ( p) - CYJlteHHe ~a ~To 
npocTpaHCTao qeTupexqacTHqHoro onepaTopa saeprHH. OnepaTop E { P ). 
KBK H a TpexqacTHqHOM cnyqae, nonyqaeTCH npH noMo~ cy:&eHH~· C:-
Ha H ( 0) H npHMeHeHHJi 4x>PMY~ (3 .82) • lis xBORCTaa · KnacTepaoR cena-. 
pa6eJibHOCTH cne?YeT, t~To pasHoCTb Me~··· [(P) V.}_({>) · HBJIHeTcn 
onepaTopoM t~eTupexqacTHtmoro asa:HMo.n.eRcTaHn. Mo~o y6e,l!.HTbC~ B TOM·, 
tlTO qeTupexqacTJI'IlHoe asaHMo.n.eAcTaHe 6y.n.eT CYIIleCTaeHHHM ~inb B npH6nH
~e~HH 6onee aucoKoM, qeM 1/0F. AH~or~'llHO, B sa.u.aqe MHOrHX Te~ a 
npH6JI!tlll9HHH I/0

2 He 6~ c~eCTaeHHHMH nnTH'IlBCTH'Illible·H T;,l!.. B38H
MO,II.eRCTBHft. fi03TONy B npH6JIHllteHHH 1/0

2 onepaTOp 3HeprHH An~ CHCTeMH 
HE3 JIJ)(Soro qHCJia qacTHq MO~eT 6mb npe.n.cTaaJieH 4JoPMYJIOA (3.95), r.u.e 

- onepaTop SHeprHH COOTaeTCTB~eR cao60,Il.HOft CH~TeMH 1 HH,l!.eKC 
d. HyMepyeT Bee napu qacTHih a HH,l!.eKc . 0 .. :... ace TpORKH ~acT~· 

An11 CHCTeuH H3 38,1l.aHHOrO 'll:HCJia B38HMO,l!.eAcTaycmHX ayKJIOHOB 
onepaTop SHeprHH a npH6J!HlleHHH 1/c2 , KaK CJie.n.yeT H3 4JopMYJI (3.53), 
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(3.94) t (3.95) t npe,I\CT8BJUi9TCR B BJ{Ae 
1\ 

[=!Vm.-~- r~~ r'-~-Z~~ \.!·1f/lft-~-j_~;f!15t_,_~~}7-~-
d. ~ 1mo' 16m42}l 7rL c1./j 

._t~.~AiiJf~ o~), ~"1-s~:f~rP._·~), ~"1}-
- j_ \ i5 {·7i#Uf 0 ~1 
~ L rr ud. roo , VJ 1 

mon,d.-t8. . 'd. 
I iuf (3.96) 

r,I\e N - tmcno HYKJIOHDB, T - HepeJIJl'l'HBHCTCKHA onepaTop KHHeTH

qecxoA 3Hepl'HH, r' - pemrrHBHCTCK8J! nonp8BK8 K Her.ty,. rf._ H } . B 

nocnep,Helt cyMMe HyMepYJlT napN, so:sMolltHNe Al!J! ,1\aHHOI'O o , a eCJIH 

oL 03H8'18eT napy Q8CT~ L H K t TO 

..... 
n - -rd.= pi.+ P/(: 

- - -ocl-== o.- 6K. ~~ y(pi-A); 
(3.9?) 

llyCTb lf- HepemrrKBHCTCK8J! · BOJIHOB8J! 4JYHKI.\KJI CBJ!38HHOI'O COCTOJI

HHJI MHOI'OHYKJIOHHOR CHCTeMH, KOTOP8JI.Y.I\OBJieTBOpJ!eT yp8BHeHHD mp~HI'epa 

(T~~£7!c~.~)lf= £
0 

<f 
c(. (3.98) 

I',I\e f 
0 

- HepeJIJl'l'HBHCTcxoe 3H&'IeHHe 3Hepl'HH CBMH ( f. ~ 0 ) • Tor,I\a, 

xax cne.nyeT H3 (3.96) H (3.53), pe.IIJ!THBHCTCKM nonpasKa x aHepmH 

CB!r3H B npH6JIHllteHHH I/ c 2 ABeTC.Il 41oJllo!YJtOA · . 

~£ ~ (lf/T'+ L v;-~-I Yr /tf), 
d. . r . (3.99) 

1. npH'IeM SAeCb H ,1\aJtee MN npe.u.nonaraeM, trro sce_.onepaTopN ys.e cys.eHN · 

Ha npoCTPaHCTBo HfO) AJIJI N - qacTKt~HoA CHcTew. Kax H B c.nyt~ae 
TpeX qaCT~~ MOJtHO BMeCTO (3.98) t paCCMOTPetb CHCTeyY ypaBHeHHit ,11,1IJ! 

~eeBCKHX KOMflOHeHT 
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.· ·JUf 

(T -t ) 'f =- u ct; 
0 d. . d. . 

lf=Z ~. 
. (3.!00) cJ. 

OAJiaKOt X8K H3BeCTHO (cw •• HanpHMep, pa6oTN /IOO, I06, !04/) 1 npH tY.)q 
SBeAeHHe KOMnOHeHT lp ~ etqe He 06ecnetmB8eT !WeAJ'OJtbMO!IOCTH CHC'l'eMN1 

H ,11,1IJI no.nytleHHJ! !WeAf'OJibMOBOA ·CHCTeNN He06XOAHMOt !I CBOil oqepe,I\bj 

npe,I\CT8BHTb KD,eyll H3 ~~ <fd.. B0 BJ{Ae cyMMN. HeKOTOpNX 4JYH~A. ~ 
l.f ria • EcJ1H YY peiiiHK K8Kj'll;_JIH6o CHCTeM;Y ypaBHeHHA ,11,1IJ! 4JYHKI¢t 'f~Q, 

TO HaM 6y.nyT H3!1eCTHN H 4JylixqHH lf d.. t a TOI',I\8 1 K8K CJ!e.tij'8T H3 

(3.96), (3.99), H (3.!00), peJIJ!TH!IHCTCKM nonpaBK8 X 3Hepl'HH CBJISH B 

npH6nHEeHHH I/0
2 

MO&eT 6HTb n~CTaBJeHa B CJte~eN BJ{Ae · · 

M ~ ( !f/T'I 'f > + R 'fiRe ( ~l(r "! c_Xl i'+ Q) 'f.)-

- fno ( l.frJ./(T IUf_ E./Jifd.) + ]m ( £f / ~ ( Q c1. x qJ(T ~«~£)/ 'f<i)+ 

- - (}' l«f 
+ ~(<f/(Q~ qJ.)(Qd.~- )(T -EJ!<fel)-

vqr}. ~. 
(3~!01) 

·- .
9
2 2JlrReN.'/(T""--E')7)0 crk'f_ f)IVJ> 

. m. r,J..fl . .d.. -
rAe Q~ - mmynbc TpOIKH ~ ~ c.Q.H •. cHcTew /Y ~acTHQ. ;opua.uao, 

Wo~•a (3.!0!) COBn~eT C (3.62), 38 HCKnJlqeHHeN TOI'0 1 QfO B HeA . 

HN&e'l'CJl lrOCJia,QJIJ!J! CYNN8 t C!IJIS8HH8JI C BKJISAON TpexqaCTHliHHX !138HNO- . · 

AeACTBHI 1 o<Scy~~AaBimaCX BHIIIe. • . 

Ha if}o~mr (3.!0!) cne.nyet, q-ro, npoBeAJ! HaPeJIJITHBHCTCXHA pacqeT 

3Hepi'HH C!IJ!3H H ~ee!ICKHX KOMnOHeHT, MO&H0 1 K8K H B Tpexq&CTHQHOM. 

c~ae, !IHQHCJIHTh peJIJ!THBHCTC~ nonpasxy K eaepi'HH CBJ!3H npH nowo

lltH Ot1JAHoro HHTai'pHpO!IaHHJl. Heo<SXO,II,HNO HNeTb B !IH.ny t O.QJiaKO, QfO 

nPH nepexoAe ot cnyq8JI N~3 x Mv cnomocTb pacqetoJS s ~ees;,. 
CKON nOAXOAe SH8'1HT8RbHO !108p8CT8aT 1 B TO BpeNJI1 K8K npH p8CQ8T8X 

_. ,tqlYI'HNH NaTOAIUOI (HanpHNep,NeTO,I\OM C~pHqecKHX I'8puOHHK) cnyqal ;11 ... ~ 
- HeHSMHoro eno.aee, qew ·N=3 . DoaToMY B o6~qew C.nytlae peJIJITH!IHCT

cxaJI nonpasxa x aHepmH C!IJ13H s npH6JtHEeHHH Ifc2 uoaeT <SHTb sYQHc

Jieaa_ npH noNoDtH if}op~o~ymr ( 3. 99) • 
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rJIABA 4. OFCYM,LtEl-illE PE3YJibTATOB H BHOO,I\H , 

fiepetmCJUIM BKpSTI.\8 OCHOBHblB peayJibT8TH H8CTOmiteft pacloTH. B I'JI8-
Be 2 npoBe~eH no~poclH~ 8H8JIH3 npoclJieMH CJIOXBHHH B38HMO~eACTBHR B 
pSMKax MeTo~a naKj1J)IIIHX onepaTopos Coxonosa. lloxaaSHo, trro B MI'HoBeH
aoA qopMe HMeeTCR ecTeCTBeHRoe pemeHHe. Oao_cornacyeTCH c KBSHTOBOA 
TeopHeA UOJIR B TOM CMblCJie 1 tlTO.B UOCJie~eR CJIOEBHHe B38HMO~eftCTBHR 
Ta~e cooTBeTCTByeT sapHaH'ry · A {a)= 1 H nHHeRaoR KOM!IOSHI.\HH uac
COBbiX onepaTopoB (eM. rf>OPMYJIH (2.6) H (2.7) ). B.§ 3.3 YH oC5cy~H 

oC5111HR BH~ cinepaTopa aReprHH ~ByxHyKJIOHHOA CHCTeMbl B npHClJIKXeHHH Ilc2 

H npHBBJIH apryMeHTbl B UOJ!b3Y BCTBCTBBHHOI'O BN6opa BNpaEBHHH ~g 3TO
I'O onepaTopa. 3aTeM 3TOT peayJibT8T ClHJI OC50C5~eH H8·C~aA npOH3BOJib~ 

Roro QKCJia eyKJioRoB. Mbl onHcSJIH Ta~e pennTHBHCTCKHe TpexqacTHtntble 
yp8BHBHHR H oei'cy~JIH 1 B llBM HX OCHOBHble OTJIHQHH OT HepeJIHTHBHCT~ 
CKHX. 

C yqeTOM UOJIYQBHHblX pe3yJibT8TOB 1 HaM npe~CT8BJIHBTCH1 llTO 3~8tl8 
OC5 OUHC8HHH MHOI'OfiYKJIOHHOA CHCTeMbl B npHC5JIHX8HHH•I/C2 -Tenepb OclOCHO
B8H8 UOtlTH TBX ~8 H~8XHO,K8K H OC5bltnt8H HepeJIRTHBHCTCK8H S~aqa. 
EcJIH yqHTblBSTb JIHWb napHblB B38HMO~eftCTBHH Me~ JiYKnOHSMH 1 TO H3JIO
EBHH8H BHWe TeOpHH npe~HCblB88T 1 K8KHM oC5pa30M onepaTop fiYKJIOH-ayKJIOH
HOI'O B38HMO~eftCTBHR ~OJ!.BH clHTb onpe~eJieH H3 ~ByxtlSCTHtlHb!X ~aHHHX _B npH
cl~BHHH !/C2 H K8K OH BXO~T B I'aMHJibTOHH8H MHOI'OHYKJIOHHblOA CHCTBMH 
B 3TOM npHC5JIHX8HHH. llpH 3TOM HCUOJih3YDTCR JIHmb CBMHe OcliiiH~ CBOft-
CTB8 yHliT8pHb!X npe~CT8BJI8HHA rpynnH QySHKape H CBOftCTBO p83~eJIHMOCTH. 
qTO EB K8C88TCR qHCTO·Tp8Xtl8CTHtlHb!X B38HMO~eftCTBHA (BXO~HX B M8C
COBblft onepaTOp TpBXfiYKJIOHHOA QHCTeMH) 1 TO B C50JibWHHCTBe UO,IOCO~OB 
OHH HMBDT peJIHTHBHCTCKOB np/¥CXO~~e H Ta~e ~BDT BKJI~ nop~K8 
I/c2 (cu.,aanpHMep,paC5oTu 107•3 ). B·oTJIHtme oT aa~eHHb!X BNme 
"KHHeM8THtl8CKHX" tlJIBHOB B MHOI'OfiYKJIOHBOM I'BMHJibTOHHSHe Tp8Xtl8CTHtlable 
B38KMO~BACTBHH MOrYT C5b!Tb onpe~eJI8Hbl 1 HCXO~H JIHmb H3 K8KOft-J!HclO KOH~ . 
xpeTROA ~HSMKtlecKoA cxew. . .. • · .. 

Ha OCHOBBHHH CK838HHOI'O §!.I H.H3 pesyJihT8TOB H8CTORII!BR paC5oTbl 
npe~CT8BJIXBTCH BBEHblM Bb!HCHHTb 1 NOEBT JIH npOC5Jieua H~OCBH3KH 1 XOTH 
C5H'I8CTHtlH0 1 oC5'bHCHHT:bcs BKJI~ou penHTHBHCTCKHX 34xPexToB. B npos~ea
HLIX ~0 CHX nop p8Ctl8T8X peJIJI'l'HBHCTCKOft noqpaBKH X ~~~eprHH CB.f13H3/ 
~ep 3 H H 3 Jl.e (cu., HanpKMep, pa6oTH /lOS · -. · II4' H oe5aop /II ) 
aTa BeJ!HtlHHa, xaK npaBHJI0 1 He npeBH!118.lla SHatleHHe nop~K8. 0,2· MaB, 

(kll fl03TOyY 1 BOSMO:KHO 1 CJIOEHJJOCb BnetlSTJieHHe t 'ITO pOJib peJI-™BHCTCKHX 
3~KTOB B npOclJieMe H8~0CBX3KH H83H8'1HTeJibH8. lJpH 8TOU OTUe'I8JIOCb, 
'ITO nonp&BKH B KHHBTHtleCKOI H UOTeHqH8JibHOft 3H8pi'HH C811H DO Cecle cy
~eCTBBHHbl1 H0 1 BCJie~CTBHB KX CHJibHOI'O CO!tpSIIIeHHfit peay"JibTHpylllltidt 

94 

· ~KT ·oxaawaeTCH uSJ~HU. 3To Jte CSHJio oTMelleHo H s pa6oTJIOI,IO~ 
rAe npoBoAKJJCft pact~eT penBTHBHCTCKOA nonpaBKH K 3aeprHH cBsau xaK 
Tpex t T8K H 'IBTWpBX HYKJIOHOB • lJpH 3TOM OK838JIOCb • 'ITO ~ ~a I{ /I.e 
peayJibTHPYDJlHA 8~KT He npeBI>III!88T - 015 MaB. B pBcsoTe . 83 CSHJIO 
cooCS~eHo o pacqeTe, B KOTopou penXTHBHCTcxas nonpasKa K aReprHH 
CBH3H .fUtP8 s H . COCT8BHJI8 oxo:no It 5 MaB •. a K a'ew CB~SH .fUtP8 
~Itt- oKono 6MaB. O~axo s ~U&He~u B paCSoTe I . (B xoTopoA 
yqaCTBOB8JI O,D.HH H3 8BTOpOB paclO'l'H a~)) yTBe~aeTCftt tlTO KOJIHtl6CT
seHHO pe~RTHBHCTCKHe a~xTH ftBJiftDTcn u8Jib!MH,H, ~tpoue Toro, 8X Hen&as 
sHllHCJJftT&·npH nou~ paaJJoJteHHR 'no cTeneHRM Ilc

2
• · · 

B yxasaHHHX TOJJbKO tlTO paCSoTax yqHTHB8JIOCb JIHWb DOJJHOCTDD CHMMeT
pHllHOS s -COCTOftHHB B BOJJHOBOA ~KqHH H He y'18THB8JIHCb CnHHOBble 
a~xTH. Jlea:,11,y TeM1 K!JK cJie~'' i!s rf>o~n (3.62) H. (3.IOI) {BHBe~eH- · 
Hb1X B paCSOT8X 8BTOpefll4tl ) 1 BKJI~ BHCOKOKMflYJibCHOA KOMnOHeHTH 
BO~HOBOft ~KqKH ~OJIJtBH.CSHTb C~eCTB6HHblM Hr c~e~OB8T8JibH0 1 ~onxeH 
CSHT& c~ecTBeHHblM J!KJ!a,~t BHCIDHX napqHaJibHblX BOJJH. He~aBHO JI .A. Ko~
pamx; B.B. ConosbeB H aBTop npoBeJIH pact~eT pensTHBHCTCKoR nonpaBKH 
K 3H8pi'HH CBHSH TpHTCH8 B UO~eJIH PMJ:ta C MIII'KHM KOpOM. HcnOJib30B8JIOCb 
8H8JIHTHtl6CK08 Bbtp8Jt8HH8 Aa' weeBCKHX KO~OHeHT B flHTHK8H8.llbHOM npH-. 
CS.mmeHHH, ~SHHoe s pae5oTe I 6 • llpH_ aToM BeJ!HtlHHa M. s {3.62) 
oxasaJJac& pasaoA ·- O,I MaB B AByxKSHaJibHOM npHCS.~JHEeHHH, - 0,5 MaB s 
Tp6XK8H8JibHOM H - 0 154 MaB .B U-™K8H8JihHOM (HepeJJRTHBHCTCKOe 3Haqe- . 
HHe 3HeprHH ·csssH B 8TOI uo~eJIH cpcTaBJIHeT npHUepHO 7,0 JlaB). Cne~o
BaTeJibHO, peJISTHBHCTCKaft nonp&BK8 OK83HB8eTCH C~eCTBBHHOI H npH 3TOU1 

B nRTHK8H.8JibHOM npHCSJIHJtBHHHt OCHOBHOA. BKJI~ ~aeT :/) - BOJJHa. B 8TOA 
CBHSH OTMeTHU, tlTO B peJiftTHBHCTCKOA nonpaBKB K M&rHHT'O~ MOMeHTy 
~eATpoaa, BllllHCJieHHol _paHee KoH,IJ.paT.lxou H CTpHKMSHOU IO_, xax yxasa
HO &BTOp811H 1 OCHOBHOit BIU18A 'l'&KJte ~aeT · :J) - BOJJH8t XOTH ee DOJJHaft 
BepOSTHOCTb B AB.TpOHe He npeBHmaeT SH&lleHHft nop~K8 ~. 

B cssaH c npo15.aeuol He,ttacBssKH, CSHJio npoBe~eHo woro pacqeToB 
3H8pi'HH CBXSH TpHTO•a C yqeTOU TpexHyXJJOHHHX B38HMO~eACTBHA, ~g 
OUHC8HHR KJTOp~ tl81118 Bcero BHC5H?SeTCR MeX8HH3U ~ByxnHOHHOI'O oCSueRa. 
B paCSoTax 2, 3/ TaXHe pacqeTH npoBo~cb ~s cnyqas 34-x KSH8JioB. 
OpH aTou, c yqeTou TpeXHYJUIOHHLIX cHJI, TpHTOH oxaawaeTc~~:.~aite nepe- . 
CBR38HHb!U

1 
O~SKO peay'JibTBT f?HJibHO 38BHCHT .OT B~B napaNeTpa oCSpe-

38HHft rf>opuWS.xTopa s 7r N N - sepmHHe. Bee hila cy~~teciseHHYl aKa38JIOCb 
H TOt tlTO ~ft BKJI8A8 Tp8Xtl8CTH1UOOC B3~0~eiC'l'SHA BKJISAH DOCJie~ 
K8H8JIOB Cp&BHIOGI C BIU1~8111l nepBHX. 0o3TOyY H B pacqeTe peJIRTHBHCT
CXOA nonpaBKH sUSAN swcoXKX K8H8JIOB, no-BHAHUauy, c~ecTBeHHbl. qT_O 

· Ze KSC&eTCS yqeT& KB&pKOBYX CTeneHel csoCSo~, '1'0 1 H8CKOJib~O H3B8CTHO 
a&Topy,B CCCP. pacqe~ aHepi'HH cs~raH Tpex- H qeTHP~oHHoA cHcTewH 
Ana p88JIHC~eCKKX BS&HMOAeltCTBHI H C yqeTOY MHOrHX K8HUOB DpOBO~-
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t1 

en B HacTo~ee speMn rpynnon HapoAeqxoro ·s HT3m H_rpynnoA ~nHHa 
B IDrnH~ MrY. B 't18CTHOCTH, Ha npol!IJioro,IUfeM Mtm,eyHapO.tUfOM cos~B.Him 
no !lM3HKe ManotlacTH'tiHblX cHc.TeM B AY6He HapoAeqKHM -6wio . AOnollteHo o 
peaynbTB.Te 8,1 MsB B mrrHKB.HMbHOM pactleTe AJ(.II 'rpHToHa. 

HHCKOJibKO He yYMRR BaJIIHOCTH HCC.Il9AOB8HH.II BKJIS,ItOB 'rp9XHYKJIOH-
HblX B3SHMOAeAcTBHA H xsapxosHX cTeneHeA cso6o~, aBTOV , TeM He MeHee, 
npeACT8BJIR9T t 'ITO B TeopeTH'tiSCKOM aH8JIH39 pe.ll.IITHBHCTCKHX nonpaBOK 
HMSDTC.IIMSHbllJHe HeonpeASJISHHOCTH. fi03TOyY'.npeACT8BJl.II9TCII B9CbM8 BaJEHW 
npoBeAeHHe paC't19TOB HH3K03HepreTH't19CKHX TpSX- H 'tiSTHpeXHyKJ[OHHHX na
paMeTpOB B npH6JlKESHHH l/C2 

1 HCXOA,R H3 pe3y.llbT8TOB 1 H3n0llt9HHHX B 3TOA 
pa6oTe. llpH aToM nepsoot'i:epe,IUfoA 3eAat~eA MY CtlHTB.eM npoBeAeHHe pact~e- . 
T8 peJI.IITHBHCTCKOA nonpaBKH K 3HeprHH CBII3H Tpex- H tl9TNp9XHyKJ[OHHOA:-~ 
CHCTeMY no_ fllopyYJ18M §§ 3.51 3.7 AJ(j! HepeJIIITHBHCTCKHX BOJlHOBHX 4lYHKqHlt 1 

BH'IlHCJieHHHX c peanHCTHtleCKHMH noTeHqHanaMH npH yqeTe 6onbmoro tlHcJia 
KB.Hanos, Becbwa BBEHNM npeACTB.BJIII~Tc.ll TaKllte pact~eT BKJI~a pe.n.IITHBHcT~ 
CKHX ~KTOB B AJ(HH~ Aid - pacce~H.II 1 oco6eHHO C yqeTOM MaJIOCTH 
p,nHmt ,u,y6JieTHoro pacceRHH.II. · 3Aecb, TaK JKe KaK 'h B CJIY-..ae' sHeprnn · 
cBII3H 1 BaJEHO yqHT~BaTb B~c!liHe napL\HMbH~e BO.IlHY. B npHHL\Hne, p,JI.II 
p8Ctl9T8 AJ(HH pacce.RHH.II MOlltHO HcnO.Ilb30B8Tb yp8BH9HH.II (3,78), 0,1Uf8KO 
TeXHHtlSCKHe TpY,IUfOCTH 3A9Cb 1 nO-BHAHNOyY 1 rop&3AO 6onee 3H8tlHTeJibml9 1 

tlSM B HepeJI.IITHBHCTCKOM CJiyqae. 
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CepHR <lpolllllp n .lieKltiDI ,!WI UOJIO,Itla YlleHHX OIDni" BS.l!tl.BTCJi C ~eJILil 
noBumeaBR aayqRo-n~ccaoaaJibHoro xpyrosopa a ypoBHa MOJio~ YlleHHX 

B CIIeiUI8Jl)ICTOB 0Hffii B 8.KTy8JWILIX 06JiaCTJJX BCCJI6~0B8Hd • B6.ltYIIPIXCJi IIO 

TeMa'l'BK8 JtiOTBTyT8~ lfmyCKH ~OJmHH npe~CTBJIJUI!It codol 88KOHll61UW6 

IU1KJJH JleJCI.td. JJPOUTEIHWie B OHID:t li opleHTlfPOBBHHHe npe~e scero aa 
MOJIO~ coTpy~BKos HHCTITyTa. 

JleKIUm ~OJmHH BMeTL :xapaxTep Ylle6Horo noco<l,BR. npe.~niaBHa'leHBoro 
.MH nepsoro oaHaxolrUieHBR c paccuaTpBBaeuol npo6JISMo!, a TaKJte co~eP
mTL 0630p 9B COBp8M6HHOrO, COOTOJIHBJl. Om! ~~ 6HTl> CH86JK9HH no~
po6HI:H Or.II8.RileWl8M 11 OCHOBHOit JIHT9p8TfPO!. Eo.lu.!mte naparpwp.H p9I<OM9H

~8TCJi paa<lHBSTL Ha no~parpaWH o BHHeceHHHMH B orJiasneHBe no~aaro
JIOBKSMH. 

BecL TexcT, BlUlJlllaJi oT~eJlloHHe rJiaBH • naparpa~y, CJie~eT ne'Ul
'l'au, sanOJDUIIl JC8X,ey]J OT~ ~eJIHlCOM • 

.l7KOWIOJ. ~ODHa 6HTJ. B&ne~T8H8 &a CII8IUJU.LHHX 6Jiamcax, !Ip8.IlH83-

B8'191111HX AllJI Dp/D(OI'O p9I!pO.JtYitiiPOBaHUo KOTOpue UOJIHO IIOJIYUTlo B lii3-

,Jt8T9.1[LCKOII OU9J19. Bee !J)oJU1JIIi B O.X9Uii J{OJDIBH 6HTlo BWIC8HH ai<KypaTHO 

Jl RCHO TyiiiLil JLIUI 119p!JLll810( 'leproro ItJ~eTa. Pa811eTI<a !J)oJU1JI He IlpOIB

BO,JtliiTOJI, KX ByuepaQlll.ll JtODHa BUO,Jtlll'l'J.OR Jl Komte OTpoKH Cnp8Ba B 

XPJ'l'.Da OKo6Kax. TeKCT JleKigd D8'18T89TCJI 88 11811111mce c '19JHOI (He ce

pol) .18BTOI '18P98 1,5 IIITepBUa. 06-J.Iiu .119KIUJI He J{OJia9B !Ip8BH1118.TJ. 

100 CTpaHBQ U8IIIJIHOIUICBOI'O T8KCT8. 

P,vl<OIDICJ. npe~CTBJIJUI9TCJi B Pe~~OHHHI COlleT cepHH 6p01111lp "JI&K

qHH AU MOJlOlua Y"ieHHX, OHIDf" CoseT OM UOJIO,JUCC yqeHHX H CII8Iiji&IDICTOB 

OHRH 11 CoseTSMK MOJiomoc Yll8HYX • oneiUianzoToB JiadopaTopHI HHcTKTyTa. 

Pe~oHH!il OOB9T IIpHHHMa9T OKOH'I8TBXLH08 pemeHHe 0 ~9JI8C006pasao
CTH ee ny~a. 

Pe~OHH!il OOB9T 
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