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HeCT8HJlBPTHhl8 anre6pbl KBBHTOB0--M8X8HH'i8CKHX Ha6n10.aaeMbIX 

8 KB8HTOBOA: M8XBHHK8 Hat5nro,ilaeMbJ8 OOHCblBBIOTCSl C OOMOUiblO onepaTO­

poe, fiOll'lH·ffsnomn:xc51, KBK H3BeCTHo, accounaTHBHOMY 38KOHy YMHO>K8HHst 

A(BC) ~ (AB)C. B neKUHllX o5cy)l(i:taeTCH B03M0)l(H0CTb onecaHHH KBaHToso­
MeXaHn'lecKHX aat5nron.aeMblX C IlOMOIIlblO H8KOTOpbIX HeaccouuaTHBHbIX anre6p. 
PaccMaTpe:earoTcs refiaea5ep~oecxe:e·ypaBHeHua llBH>Keae:s .ansz rapMOHH'leCKo­
ro H aHrapMOHll':18CKOI"O OCUHnnstTopoe. noK83bIB88TCH, IITO 3TH ypaBH8HHR 

HM8JOT P8lJl8HHSI TOnbKO npe: onpeaeneHHOM Bb16ope anret5pbl. 

Pa5oTa BhmonHeHa a na5opaTopHH TeopeTH'IeCKoli ¢H3HKH OHHH. 

ITpenpHHT 06bellHHeHHoro HHCTHTyTa l!Jl8PHhlX HCCnenosaHaa. ny6Ha 1978 

Kapuszik E. 
P4 - 11497 

Non-Standard Algebras of Quantunr-Mechanical Observables 

As is well-known, in quantum mechanics the observables are 
rescribed by op.,rators with. associative multiplication law A(BC)• 
•(AB)C. In the lecture note the possibility of describing the 

~

bservables by means of some nonassociative algebras is discussec1·' 
The. Heisenberg equations .. of motion for harmonic and anha.rmonic 
scillators are considered. It is shown that these equations have 
olutlons only under a definite choice of the algebra. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1978 
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l • ,a_]Ul_A.J! H H --e_ 

B CT8H'A8PTHOH KB8HTOBOH 11exaHue 4)HauqeCKiQI. H86llllA88MWJI co­
llOCT8BllRllTCH caxoconpHEeHHHe onepSTOPli, AeijCTBYll111,116 B r•n-6epTO­
BOII npOCTp8HCTBe COCTOll~HH p8CCM8TPHB86110H qiRaHqeCKOU CHCT81111,1. 
HaCTOllllU'Ie Jl6Kil,HH OOCBll~eHli alII'eC5paxqecKOH~ 00,Itl;O;zu', OCBOBlil,II 
HASH KOToporo COCTORT B cne,icym~eM. ~HaxqecKHII HS6JmA881lWM cono­
CT8B1UlDTCll aneMeHTH H6KOTOpoA anre6pH, He o6R38T8ll,HO AOllYCS81>­
~eU npeACT8BJieHH6 B BHAe anre6pH onepaTOPOB B,r•m.6epTOBOM npo­
CTp8HCTB8. KOHKp8THliA BHA anre6pli )t0U8H onpeminsnca B86DIA88;.. 
IIHIIH CBOHCTBSNH pacc11aTpllB86JIOA qi11axqecx0St CHCT8NS. Paau'IIIQI 
qiHaaqec1ta11 cHcTe11a11 11oryT cootBeTcuoBau • paaull!We aJil'e6pw. 
Cnoco6 OllHC8Hl!H COCTOHHHA B STOii no;ztXOAe 6nH30K K H3B8CTHOJIY, 
OOHCSRHll B T6PIIHH8X IISTPIIUli nnoTHOCTH/I/. 

IloTp86HOCTD B anre6paaqeCKOII llO;llXOA6 o6ycnoBneH8 !811, uo 
B PRA6 qiHaaqeCKHX 38A8q pa11KH Teopu, HCll0llD3Yll•eSt llO!UlTK8 r•:iii,­
C5e !)TOB8 npocTp8HCTB8, a'BruillTCll H8)tOCT8T01UlilllH AU 8A8KJIHHOro 
onHCSHHB 4)HaaqeCKOH CHTYSIUIH. IlpH118Pli 110:llHO HSITll B r.uaBe I KHll­

rH 3J1Xa/21. 
HCTOPHll 8Jil'e6paHqecKoro ll0.ltl('.OA8 H8llllH86TCll C OCHOBono1arao­

~eA paC5oTH reaaeHC5epra 1925 r.13/, r;ite BnepBHe 6uno npe:itnozeuo 
OilHCHB8TD 4)HaHqecKH8 HSC5llllA861W6 C 00110~1) BeKOTOPO~ a1re6pw, 8 

·' 
Hll6HHO anre6pli C5eCKOHeqHOll6PHHX 118TPH~. TaKOU llO;itXOA nonyqH 
ASJIDHeAmee paaBHTHe B paC5oTax reilaeu6epra, Eopua,· Hop;itaHa/4/ • 
IlaynH/S/ B 1928 r., a T8KJ:e B 60:aee ae5CT~8KTHOII BHAe B pa6orax 
napaKa/6/. O,lUlaKo nocne pa6oT filpeAKHrepa/ I H oco6eHHo \PCB Hellla­
ual8/, KB8HTOB8a 11.6X8HHK8 uaqana p83BHB8T1,Cll B Apyro11 Hanpau:eHU, 
npRHHB B 1932 r. CBOH COBpe11eHHHH BXll./9/. 

Ho H nocne 1932 ro~a :wwcn. oo aJ1reOpaJ1qecxou nOAIO~e x 
KBa.H?OBOI ueXa.HHKe He ITOKJ!,1{8.Jla ~H3HKOB, xors B xe npxsie­
K8Jl8 oco6eHHOro BHBK8Hl!ll. B I934 ro~ nonHTKy ~8To qHCTO a1re6pa­
zqecKyll qiopuynHpOBKY KBSHTOBOU 118X8HHKH npeAnpllHHXK Bop;itaH, WoH 
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HeHMaH H BHrHefJIO/. ABJioHettmee pasBHTHe 3TOT nowco:zt uamen B pa-
6orax CHrana/I / H I!lepL18Hal12/. EoJioWYID >'13BeCTHOCTD IlOJIYtJIIJI 8Jire-
6paHtJeCKHtt no,zpco;zt 6naro;napH ero npHMeHeHHHM K KB8HTOBOH TeopHH 
IlOJIH/I3/. 

B 3THX JieKUHHX no;zt anre6pott, COilOCT8BJifleMOH H86JI1D;zt8eMuu, Mh1 

. 61:zteM IlOHHM8To B C8MOLI o6meu BH;zte HeKylD YHHBepC8JioHYID anre6pyx) 
/ 

4
/. B tJ8CTHOCTH, Mbl ;ztonycKaeu, tJTO MHOXeCTBY BCex H86JIIO;zt8eMblX 

MOllteT C5blTo COilOCT8BJieHa::..HeaccouHaTHBH8H C51rnapH8H ll 60Jiee OC5!Il8H 
n -apHall aJire C5pa.; , 

· .. ,., HeaCCOUH8TllBHUe anre6pbl yxe• BCTpetJSJIHCo, BO LIHOrHx pa60T8X 
-,, Il(f K:B8HTO:So£l: ueX8HliKe. YnOMHHeM .HOp;ztaHOBy. anre6pyf15/ · H OKTOHHOH­

Hy10· SJII'e6py, ·'npHMeHHeMyro :a noc:ne:ztHee BpeMH B pa6oTaxl16/. _ 
; , '.fi:,rH Toro ·tJTo6u c;ztenan• HB!l!H .. paccya:;ztemrn nOHHTHblMH .:ztJIR 6onee 

WHpOKOro -Kpyra. -tJJ4T8TeJieli, Mbl 6y;neM H36er8To npm1eHeHi1H Cl!OlKHblX 
·anre6p8HtJ8CKHX MeTO;ztOB. BMeCTO, aToro-, .· Bee BpeMH.6y;zteM pa60T8TD 
C onpe;zt8JI8HHblll' npe;ztCT8BJI8HHeu p8CCM8TPHBaewx. anre6p H86JIID;zt8eMblX, 
pea1rnsye1i1i.x c· .. no11omoro 6eCKOHetJHOM8pHi.x MBTPllU_ C Heo6UtJHblM 38KOHOM 
YMHOJll:8HHH • .ZlJIH IlOJIHOTbl CH8tJ8JI8,BKp8TUe HBilOMHllM OCHOBHU8 CBe­
]t8Hlrn- o nepBOH8tJ8JlDHOLI no;ztxo;zte rettseH6epra B -1925 r. K KBaHIOBOil 
MeX8HHKe. 

B 3THX neKUHllX MU -He KacaeMCll .. npoOneuw OilHCa.HHll_ COCTO~ 
llHHil,a o6CylK;zt8eM TOJIDKO anre6p8HtJeCKyro CTPYKTYPY MHOJll:eCTBa H86JIBJ­

-~8eMblX C ueJIDID ]t8To tJHTBTeJIID npe;ztCT8BJI8HHe O npHMeHeHHH Heonepa- · 
TOpHUX anree5p ]tJIH OilHCBHHH ~H3HtJeCKHX CHCT8M. 

I. KBBHTOBBH MeX8HHK8 rettaeH6epra 

B KJIBCCHtJeCKOH MeX8HHKe ~H3HtJ8CKH8 H8C5JIIO;zt8eMUe (HanpHMep, 
TBKHe, K8K Koop~HHaTa H 'HMilYJIDC tJ8CTHUU) 0IlHCUB81DTCH C IlOMO!IlolO 
~YHKUHtt 0

1

T Bpeueau. 3H8tJ8HHll 3TRX~~YHKUHti B ;!lBHHblH' MOM8HT Bpeu.e­
HH H onpe~eJIRDT 3HatJeHHll Ha6JID;ztaeui.x B 3TOT xe MOM8HT BP8M8HH.re~-
3_eH6epr/3/ noKaaan; tJTO :a 1,rnpe BTOMHblX HBneuutt ueoe5xo;ztHMo BH;nO-' 

x) B yuHBepcanoHolii anre6p_e, Kpou.e _onepauan c11oxeHH,H H C5HHBpHott 
onepauHH YHHOXeHHH ~BYX an~H6HTOB, uoryT C5U~o onpe~eJieHbl H 
;ztpyr1te He3aBHCHMble onepaUHH, 38TparHBBll!IlHe C5onome qew ;ztBa 
aneueaTa. 9To TaK H831:1BBeMue n. -apu1:1e anreopaHtiecKHe onepa-

- - . - . 
nHH, KOTopue JI1J6m,1 n ane,ueHTBM anree5pu B KatleCTBe peaynD-
TBTa onepauHH CT8BHT B COOTBeTCTBHe HeKH« ( n +I)-~ 3JieHeHT. 
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H3H8HHTD TOKOe onHCBH.118 ~HSHtJeCKHX ua6nDA881WX H npe~noun !pllSH­
qecKyD Ha6nD~aeuyD aneKTPOH8 Q. OrutCl:IB8TI, He ~YHICnHelt OT Bpe­
MeHH, 8 COBOKynHOCTLD B6JIHqHH THI18 

ri { lWmnt } ~ = 9,mn e e ; q,m • {I.I) 

8A6CD m H n npMHaAne:ar .HHoxecTBy 1 Bcex nenux nonou­
Tem,HUx tmcen; m H n uy11ei1yDT ,lUICKpeTIW6 COCTOHHHH A8HHOro 
8TOH8. llHcna q,m p8BHl:I cpeAHHII BH8tJ8HHHll Ha6nIOA88HOlt Q B 
COCTOHHHH C HOJtepou m ~ IIHcna Wmn P8BHl:I qaCTOT811 aan:yqe­
HHH, CBH38HHoro C nepeXOAOH STOHS HB COCTOHHHH C HOHepou m B 

COCTOHHHe C HOKepou n. (no onpeA8JI8HHD Wmn=-Wnm ) a,ua­
KOHen, KOW1118KCBl:l8 'll1C;rJ8 q,mn = q:',.m cnyxaT AJIH Bl:ltlHCJJ:6HHfl BHC­
l!IHX CT8THCTHqeCKHX HOH8HTOB Ha6nDA86HOtt Q (cu. HHXO).BnocneA­
CTBHH Eopx H ~o~ul4/o6parnra BHHllaJm8 Ha TO,tlTO :u:ao:eCTBO (I.I) 
npe~CTaB~seT co6oB He tlTO HHOO MK 6eCKOHOtJHOH8PHYD KBa,J;PllTHy!l 
IISTPHIU' C sneueH'1'8KH . 4mneXpLWmnt, rAe q,mm= 'tm, H no­
xaaamt, 'll'?o Bee wop1,1,ym,, B pa6ore rettaeH6epra uoxao YA06u1:1u 06pa­
ao:11 nepen11car1, B 11arp1mfou BH].le. l!Y ue 6yAeH npaueHHTii armc uoT­
p11qu1,1x o6oaHaqeaan a coxpauHY nepBoaaqsm,uym aanHCL npeACTSBHTe­
nH K8%;1tOi !pllSHqecKoA HS6n:1>iaeuoi B BHAe HHOZ8CTB8 (I.I).,9ro CBH-
38HO C TeH, qro paCCK8TplUIS81WO H8Wl anro6py H8621IlA80Kl:IX O'fmlqa­
l)TCH no CB08A CTPYKType OT HSTPBtJHHX anre6p,H 6onee YA06HOA noa­
roxy RllrutHCH 88nHCI, {I .I), .OTAerut1>1!181l Cp8A!Ut8. eueqeHH!l q,m 
H86JIIJJt88KOit Q OT Apyrmc Be1IHIIIIH 1 np8ACT8B11fllll!{IDC ~8HHYI> Ha6nm­
ASIIMyD. O!HO!D 3AeCDt qro npeACTBBH!emt BHA8 (I.I) Bcex aa6n1JJta­
e1WX, onHcllDa11~x ~SHHYD ipaaqecnym cxcTeuy, co~ep:ar Bee nsnyqa­
eWile K nornOl!l801WO CHC!8110lt qaCTO'llil. 

lmi Knecca UHOJtecTB {I.I) renaea6epr onpeAennn cneAYDUUte 
!PB OCHOBIWO onepauu: 

I) onepaIU11> ,1tlilq>g/ElpeHUHPOBBHHH no Bpsuoaa 

d J LWmnt } {· iwmnt ol atl q.mn€ ; q,rn = tWmn~mne - ; J 
2) onepaurw cnoxeaua 

d Q +~Y = t ,~q.,,,n-t~~mn)eiWmn\ (c<~m+fl~m)}. 
naAerutD!IlYD,lt.lacc (I.I) crpyKrypolt mmelaoro npocrpeucT»a; 
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(I.3) 



3) onepauHD YMHOXeHHH ABYX IIHOX6CTB THna (I.I) 

QoY=f (6 q,mk~kn+q,mymn+ynq,mn)etWmn\ · 

L OmkUKm+~mYm} 
kEZ -v J • 

(I.4) 

npeBpa~aDeyll Knacc IIHOZ6CTB (I.I) B 8CCOUH8THBH06, HO He B KOII­
IIYT8THBHOe KOlll>UO. 

OnpeA6llHB 8TH onepauHH, reaaeH6epr uor p6W8Tl> YP8BH6HHH 
ABHX6HHH THna 

Q = f (Q), (I.5) 

H1161l~e T8KOA ze BH6WHHH BHA, qTo H YP8BH6HHH ABHZ6HHH Kll8CCHqe­
CKOA 116X8HHKH, HO COA6PZ8~H6 yze COBepmeHHO APYryll ~H3HqecKyll 
HH~PMBUHD. Kpoue Toro, anre6paHqecKHe onepanHH THna (I.3) H 
(I.4) Il03BOnHDT BblqHCrutTI> BblCWHe CT8THCTHqeCKH6 IIOK6HTbl A8HBOI 
H86llllA86MOff. Hanpnep, cornaCHO (I.41 CP6AB66 KB8AP8THqHoe OTKno­
H6HH6 H86HDAB6MOA Q B COCTOHHHH C HOM6pOM 1'n A86TCH Bblpa-
Z6HH6M 

t-r-) \ i (Q-Q m=L lomkl. 
kE.Z -y (I.6) 

OnpeAeneHH6 (I.4) onepauuH YMHOZ6HHH T6CHO eBH38HO C T8K Ha-
3blB88MHM np8BHllOM PHA6epra-PHTU8 AnH H86HllA86MblX qaeToT, HM61llll66 
BHA 

Wm.n = Wmk + Wkn 
(I.?) 

AllH npoHaBOllI>HblX uouepoB m, n H k . }leltcTBHTen1>uo, nerKo 
BHJt6TI>, qTo eOOTHOW6HHe (I.?) H606XOAHMO H AOeTaToquo ARH Toro, 
qT06bl onep8nffH (I.2), (I.3) H (I.4) YAOBllBTBOPHllH T8KOMY ~YHA8-
M8HT8lll>HOMY 38KOHy )tJ[41W6p8HIU18lll>HOro xcqKcneuu,KaKHII HBJIH8TCH 
38KOH Jiel6HHUa: 

tt {QoY)= !f oY +Qo4f_ (I.8) 

COOTHOmeaxe (I.?} RBllH8TCH eneACTBH811 H3B8eTHOII WoPKYJiii :Sopa 

( fl. Wmn = Em - En), BO He Bee nonyqae111,1e no BTOit ~puy.11e 11ae­
TOTM BBJlllllTea H86l!llA88JlMKK. 
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lerKO ABTI> np!Dlepbl ql48HqecKHX CHeTeK, AnH KOTOPblX H86llllA88-
llbl8 qaeTO'-'bl Wmn He YAOBll6TBOPHllT eOOTHOW6HHII (I.?)• Cauw 
npOCTblK npHKepou TBKOI eHCT6Kbl HBnH6TeH KB8HT0Bbll rapKOBHqeeKwt 
OCnHllllHTOp. lia ero YPBBH6BHH ABHX6BHH THna (I.5} eneAyeT, 11TO 
8)UIHCTB6BBOI aa6nllA86MOl qaeTOTOI HBnHeTeH qaeTOTB OenHllllHTOpa 
W, H Il08TOIIY H86llllABeMble qaeTOTbl He uoryT YAOBneTBOPHTl> eoOTHO­
mBHHO (I.?}. l{nH Toro 11T06bl enacTH nonozeaHe, B 06bl11BOII IlOAXOAe 
K KBBBTOBOA 116X8BHKe BBOAHTCH B TeopHll :see Kp8THble n W OCnHllllH­
TOpHOI 118CTOTY W 1 11TO C OAHOI eTopOBbl npHBOAHT K HapymeHHll 
ynOKHHyToro H811H npHBUHil8,,Tpe6yD~ero, 11T06bl B MHoxeeTB8X THna 
(I.I} npHCyTeTBOB8nH TOlll>KO H86llllA8eUHe qaeTOTbl, a C APYrol 
- x 3Haquren1>uo11y pacmHpeHHD uacca Ha6nDAae11wx. Hoe, B 
rnaBe 3, 111,1 o6CYAHK Apyrol BlilXOA H3 8TOro nonoxeHHH, nyTell H311e­
H8BHH onepanHH (1.4) TBK, 11T06bl.H8 BBOAH A068BOqHblx qaCTOT H He 
pacmHpHH Knaeca H86llllA86KblX,He HapymaTI> (I.8). 

l{pyrwm npHuepBMH 4)H3HqeeKHX eHCTeM, AnH KOTOPblX yenoBHe 
(I.?) Be YA0Bll8TBOPH6TeH, HBnHDTCH eucTeMbl, OnHCb1Baeuae,ra11Hn1>TO­
HH8H81lH THUS 

, 1 l ~ --Q~c( H = 2.M -p + L.. ~al , 
. . c,(st 

(I.9) 

TSK KSK AllH BCex STHX CHCT8K H86llDA8DTeH TOlll>KO TBKH6 qaeTOTbl 
Wmn, ;itnH KOTopax qaeno Im .;;n I HeqeTHoe. Cyuua ABYX TBKHX 

11acToT HBUeTCH qacToTol, ;itna KOTopol.t I rn - n I · 11e THO, H nosTo­
uy ycnoBHe' (I.?) TBKze He BblnOnHeHO. HanpHMep, AnH aHrapuoHHqe­
eKoro ocnannHTOpa, AllH KOTOporo OTnHqHblKH OT HynH HBnHDTeH TOnD­
KO A1 H .>i1 BKecro (I.?), a11eeT uecTo Apyroe cooTaomeHHe 
1,tnH Ha6nDA88MblX qaeTOT 

Wrnn:: Wmk +W1<t +Wtn (I.IO) 

;itnH npo.11sBonaax HOMepoB m, n., k H l • B STOK enyqae, qT061,1 
He BBOAHTI> APJrHX H6H86llllA88MblX qaeTOT, Tpe6yDTCH 6onee ey~eeT­
BeHHbl8 H3M6HeHHR \l}opu.anH3MS•reaaea6epra.aaK11DqallD1HeeH B TOK, 11TO 
BM8CTO 6HHapxol onepaIUIH yuHOZ8HHA BBO~KTCA TepHapaaa onepauHa,on­
p8A8XAD•a• npOH3B6A8BH8 Tpex MHOZ8CTB THna (I.I). Ilpxuep T8KOl.t 
KBBHTOBOI anre6pbl paceKOTpHK B rnaBe s. 

Ilp11118HHB ~puyny (I.4) K cnyqal) Q o Q , BHJUIK, qTo onpe~ 
AeneHB8H reKaeH6eprou enepau•• JKHOZeHHH aueeT e111,1cn TOnI>KO AllH 
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KJI8CC8 H86JIDA8eum:, AJIH KOTOPLIX cpe,lUlee KB8AP8TnqHoe OTKJIOHeHHe 
(I.6) KOHeqHoe. ~JIH npOCTLIX ~nanqecKHX CllCTell 3TO ycnonne ncerAB 
BLIIlOJIHHeTCH, HO nocneAHee e~e He 03HaqaeT ero YHHBepCa.JILHOCTH. 
TaK, Hanpnuep, AnH cncTeM c 6ecK0HeqHL11& qncnou cTeneHett cno60ALI 
ycnOBHe KOHeqHOCTH (I.6) HapymaeTCH. PaCCll8TpHB8eJWe H811H anre6-
pLI H86JIDA88MLIX He Tpe6yIDT KOHeqHOCTH (I.6). 

IlpelltAe qeY. npHCTynaTI, K KOHKPeTHLIII BLIKJI8AK811,BKpaTne oxapaK­
Tepnayeu nyTL, KOTopouy 6yAeM CJieAOB8TL,H yKallteM CXOACTB8 H OTJIH­
qna OT 06L1qHoli M8TpnqHoi KB8HTOBOH uexaHHKH. nonyqeHHLle rettaeH-
6eproM B 1925 r. peaynLTBTLI connann C TeMH peayJILT8T811H, KOTOpLle 
y'Jie p8HLme BliBOAHJIHCL Ha. OCHOBe T8K H88LIBBe11ott CTapoll Teopnn 
KBaHTOB,n aro nocnp:HJio ocHoBoR ~na BL1BO,l(a o rou,qro npnHataa reR­
aeHOeprou crpyKrypa anreOpw aa6nn,l(aeuwx aun.11erc.11 npaBnnLHoR c ~nan­
qecKott Toqm1 apeHHH. 0AH8KO OCTBJICH e~e Bonpoc O 8AHHCTBeHHOCTH 
onpe,l(eJieHHR reRseH6epra, KOTOpLltt ,l(O·CHX nop T8K H OCT8JICH He­
peweHH!iH. Caw reaaea6epr nncan o Tou, qTo He HCKJIDqeH!i n Apyrne 
BOSMOEH!ie BHA!i anre6panqeCKHX onepannn, HO ewy OHH He IlOH8A06H­
JIHCL AJIH BliBOA8 xenaeJWX peayJILT8TOB. 3TO CBH88HO C Te», qTo BO 
BpellH ~OPMHPOB8HHH KB8HTOBOtt 118X8HHKH eAHHCTB6HH!iMH 8KCnepHMeH­
T8JILH!iMH A8HHWH, OTHOCH~HMHCH K MHKpounpy, 6HJIH ABHH!ie, K8C81llllH­
ecH 8TOMHHX HBJieHntt. Celiqac H8BeCTH!i a'AepH!ie, CJI86!ie H npoqne 
B88HMOAettcTBHH, KOTOpLle Bee o6cy'JiA81lTCH B p811K8X TOI xe TeopHH. 
IlpH 8TOM 1 OAH8K0 1 IlOHBJIHllTCH H8BeCTHli6 TPYAHOCTH. BOSMOEHO, qTO 
Oonee a,J;eKBaTHWH HOBW .IIBR8HHJD,( OKa.JCYTCff HeKOTOpwe ~pyrne 
a.JILT8pHaTHBHL18 a.JireOpw Ha0nll.l(a8MWX. 

Pacc»aTpHBaewe aa»n B ABJILHettme» anre6pLI Ha6nDABeML1x, aa 
HCKJifOll8HH8M OAHOtt, npHH8,l(JieaaT K TOMY ze CBMOMY Knaccy 6HH8PHLIX 
anre6p, qTo n anre6pa renaeH6epra. EnHapaaa anre6panqec1taa onepa­
Ulffl AoB o6~ero BHAB coAepuT HeKoTopi.tt Ha6op anpnopn He ~HK­
cnpoBBHHLIX CTPYKTYPHLIX KOHCT8HT,H HBma 38,l(Bqa 88KJIDqaeTCH B COOT­
BeTCTBYll~811 BL160pe 8THX KOHCT8HT. 0AHHM HS B03MOEHLIX BL160pOB HB­
JIHeTCH BIJ6op' CAe JI8HHlitt reAaeH6e pro». BLlme H8 npHMepe HeKOTDPLIX 
~naJiqecKHX cncTe1111L1 noitaaann,qro ra1tol Bildop npnBOAHT K HeoClxo­
AHKOCTH BBe,l(eHHH B TeOpHll STHX CHCT811 AOllOJIHHT8JILHLIX 1 H8H8CiJIDA8-
eML1X1qaCTOTo MLI TpeClyeu, qTOCILI npeACT8BHT8JIH HaCinnaaeMHX He co­
A8}lE8JIH HeH86JIDA8611LIX qacTOT. MLI YBHAHII~ qTo STO npHBOAHT·K aeac­
COUHBTHBHOCTH nonyqaD~eRCH BJI~eCipLI HB6JIDA88MLIX. Kpo11e Toro, H8-
6JIDA8611L18 He 'CIYAYT BBTOll8THqecKH 06JI8A8TL IIHOrHIIH CBOICTB811H, KO-
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TOpliMH OHH OCIJI8A81lT B oCluqHol onepaTopHOR KB8HTOBOR 11exaHHK8. 
BLlllOJIH8HH8 H8KOTOPLIX HS STHX CBOilCTB,OAH8KO•MOEHO AOllOJIHHTBJILHO 

llOTpe60B8TL1 H MLI 5TO CAe1I86llo . 
Bo-nepBIIX, noTpeClye», qTOCILI K8HOHnqeCKHe nepeCT8HOBOqHL1e 

COOTHOmeHHH IIOZHO Cluno aannCUB8TL H8 H3LIK6 HOBLIX anreClp. nanee 
OK8Z8TCH He06XOAHl41,III noTpeCioB8TL, qToCILI paCCll8TPHB8811Ll8 anreCipLI 
00JI8A8JIH ecTeCTB8HHLIII 8,l(HHHtUILIM 5Jiell8HTOII. HaKOHen, llOCJI8AH88 
TpeCIOB8HHe, KOTOpoe B rel!aeHCl8proBCKOM cnyqae 8BTOM8THtl8CKH BLl­
noJIHHBTCH, 5TO Tp8CIOB8HH6 BLIIlOJIHeHRH H3BeCTHoro COOTHOmeHHH Eopa, 
CBH8LIB81l~ero H867IDA88ML16 qaCTOTLI C SHeprHHMH COCTOHHHtt 8TOM8. 

B peaynLT8T8 MW npnxo~JDL K H8EOTOPW Herett3eHOeproB­
CKHII anreClpall H8CIJID,1(86MLIX. 3TH anreClpLI, H8CIIOTPH H8 HX Heacconna­
THBHOCTL, He oCIJI8A81lT Tott CTeneHLID YHHBepcaJILHOCTH,KaKOI oOn~a­
eT anre6pa rel38H6epra.3~eCL aueeTCff B BH,l(Y TO 06CTOHT8RbCTBO,qTO 
B anre6pe rel38H0epra BCe ypaBHBHHff ,l(BHE8HHff(l.5),no KpaRHel uepe, 
B pawtax TIOJ)HH B03UYJll8HHl,oOna,J;allT pemeHHffllX,B TO Bpe11a K!IJt ~ff 
HerenaeuCleproBCKHX anreClp pemeHHe A8HHOrO yp8BH8HHH .JlllH%8HHH cy­
~eCTByeT TOJILKO npH onpeAeJieHHOU BLICiope_CTPYKTypHUX KOHCTBHT T80-
pHH, KOTOpue OK88LIB8DTCH p88HUMH AJIH p88HLIX ypaBH8HHll ABHX6HHH. 

2. OCloCl~eHH8 KB8HTOB0-118X8HHqecKoD onepaunn YIIHOZ6HHH 
H8Cinll.ll881WX 

PBCCIIOTPHII KJI8CC BC8X IIHOE8CTB Tl4Il8 (I~I), _npeACT8BJifiil~D 
BC6 ~8Htl8CKH8 HBCiJIDABeJWe. nJIH Toro, qTOCILI H8A6J!HTL STOT KJIBCC 
CTPYKTypott anreCipLI~ HYEHO, cornaCHO OCi!llllll 118TOA811 anreClpu, onpe­
A8JIHTL npanuno,conoCT8BJIHD~ee JIDCIOU nape IIHOEBCTB THll8 (I.I) 
TP8TL8 IIHOZ8CTBO Toro xe Tnna. B T8KOII cnyqae B KJI8CC8 IIHOEBCTB 

· THll8 (I.I) CiyAeT onpe~eneua· H8KOTOP8H CiliH8pH8fi anreCip8HtleCKBH 

onepa~HH, H88LIB88M8H npOH8B8AeHH8llo 
nJIH Toro tlTOCIU IIHOZ8CTBO °R THll8 (!.!) HBJIHnOCL npOH8B8-

A8HH811 IIHOlt6CTB Q _ H - Y THna (I .I) 1 aneMeHTLI 1'mn H. 1"'m 
11HoxecTB8 "R AODHLI CiHJIHHettnuu 06paao11 aaBHCeTL OT- aneueHTOB · 

IIHOEBCTB Q H Y 

'1"mn =L. Amnkls11 °kt Usu+ L.Bmnkls Ok Uis + 
klsu --y ;::, k(S r J 

+ fu C mnkls ~k 9,ts + .z; .Dmnkl ~K ~l , 
(2.I) 
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tr'm = L am.ktSLl '1kl ~SU + L bmkL qk Ut + 
kts~ kl J 

+ L Cmkts 9,k Yts + L. dmkls yk O ts. (2 ,2) . kls kts -y 
9TO He06XOAHIIO H ltOCTBTOqHo ltlIH Toro, qTo6ll BllllOJIHHnOCD anre6paH­
qeCK08 COOTHOW8HH8 BHAa: 

Qo·(o<Y1+~Yi):- o<Qo¼ +~0. 0 Y2- (2.3) 

B npe,nCT8BlI8HBH 'l'Hll8 (I.I) AHH Ha6n11,nae11ol, qHcna q.mn, 

!:J mn H 1"mn BCer,na YMHOJtEIHI,i HB exp i Wmn t . IloaTOKY 
8CT6CTB8HHO llO'l'pe6oB8TD, qT06H nocne IlO,ltCTBHOBKH B (2.I) H (2.2) 
4 Mn exp i <Jmn t H Y mn exp l Wmn t BK8CTO q,mn H 
~ mn. y q11een 'tmn IlOHBHnBCD 61l "np8BHHDH8H 11 3KCilOH8HT8, 

T,8. exp l Wmn t C T611H Jt8 HOll6p8MH m H n , H qT06ll 
H6 IlOHBJIHJICH 3KCilOHeHnHBHDHHlr1 ql8KTOP y queen 'l"m • 9TO Tp660B8-
HH8 6y,ner y,noBneTBoPeHo, ecnu 

dmkls = Cmkls = Dmnkl = 0 

,nnH BC8X aaaqeaHlr1 HH]t8KCOB, H 

O.mktsl.l = O.mkl Ost bl.lk 

(2.4) 

J3mnkls =.:Bmnk btm.Ssn (2.5) 

C mnkls = Crnnk blm Osn., 
r,ne bst, o6oaaaqaeT o6HqHult CHKBon Kpouexepa. Kpo11e Toro, noa»-
JIH_ll'l'CH H ycnoBHH 'AJIH K034)q>HnBeHTOB Amn kt su. , KO'l'OpHe, 
O'AHBKO,CBlIDHO SBBBCHT OT cy~eC'l'BYll~HX COOTHOW8HHA H6x,Jty H86llll]t88-
llllMH. qacTOTBIIH. 9TB ycnoB~H 06cy,1tHH nosxe, a Il0K8 npoeH ClI8AYll­
UJ,11l,1 BBlt o6~el 6Bnapnol onepanu KBSHTo»oro yuaoxeHHH: 

(QoY)mn= L. Amnklsu. (}kt Usu +.LBmnkOkUmn+ 
klsu. J k -y J 

+; Cmnk Yk 9,mn <2
•
6> 
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la0Y)rn = ~ O.mkl 9,Kl ~tk + ~ bmkl q,k YL . (2. 7) 

Koaif!qHnH8HTH A rnnklsu., .Bmkl I CmkL , O.mkL H bmkt B 
,nanDHelr1we11 6y,ne11 HaaHBBTD CTPYKTYPHHMH KOHCTBHTa1111 TeopHH. IlpH 
STOii oqeBH,ltHO, qTO 3TH K03~HnH8HTH ]t011JtHH onpe'AenHToCH HS qlHSH­
qecKHX coo6paxeHHlr1, CTpyKTYPHll8 KOHCTSHTH relr1sea6epra HllellT cne-

'AYll~Hkl BB]t: 

A mnkls11 = bmk bLs b11n. 

Bmnk = Omk 

Crnnk = bnk 

O.mkl = hmk (2.8) 
brnkl = bmk 0ml, 

llo,1tqepKH8II, qTO BO BCex cnyqaax, KOr'AB CTpyKTYPHH6 KOHCTBHTH OT­
JIBq81lTCH OT (2.8), nonyqaeHHe anre6pH H86n11,nae11HX He 6Y'AYT COOT­
B8TCTBOB8TD Hlll(8KOI onepaTOPHOlr1 anre6pe, qTO CHlloHllll o6p830H aa-

TPYAHH6T BCCJI8AOB8HH8 8THX anre6p. 
06CYAHK cnaqana CTPYKTYPHH8 KOHCTBHTH B if!OpMyne (2.7). 

Knecc IIHO:ateCTB THll8 

{ q,mn=O; q,m} (2.9) 

HBrul8'l'CH IlO'AKlIBCCOK BC8X pacc11aTp11Bae11llX MHOXeCTB, 8 T8KX8 onpe­
]t8Jlfl6'1' He 88BKCHUUle OT Bp8H6HH H86nllA8611.He, T.e. BCe KOHCTBHTll 
AllllX8BIUl, ltnfi KOTOPYX ecTeCTBeHHO Tpe60B8TD BllllOJIH8HXH COOTHome-

HX!I 

{~rnn=O;~ll\}o{~mn=O; ~m }= ~ (QoY)m:O; ~mym J, (2.IO) 

1,rxo -~8TD, qTO 8'1'0 COOTHO■en•e 6yAe'l' BWOlIHftftCK TO&DKO TOrAa, 

mr;i;a 

bmkl = bmk bml, (2.Il) 

TISO o6pasoM, yuoxea■e B UOAKX8CCI (2.9) COBll8X88T c yllHOX8U­

IM r11a1a61pra. 
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Kpoue onepaIU1H yuHozeHHH, re~seH6epr onpe~enun e~e u cBoeo6-
pasHoe ycnoBHe KB8HTOB8HHH B D~e cne)lyll~ero npaBHna CYW4 

I:,_ Wkm I Xmkl;t = l~ ' (2.12) 
kE.2 

r~e ua6n1J~ae1,1aa 

X { elWrnnt } = Xmn ; Xm (2.13) 

cooTBeTCTByer xoop~HHare aneKTpoua B aroue H M - aro Hacca 
aneKTpOH8. KaK H8B6CTH0/4/, npaBHnO CYMM (2.12) 8KBHBaneHTHO KS­
HOHHqecKHH COOTHOW6HHHM KOWIYTS~HH. YcnOBHe (2.12) 6uno o6aapy­
E6HO B pesynr,TaTe uccne~OBSHHH noBe~eHHH 8TOHOB BO BH6WH61l aneK­
TpouarHHTHOM none. IlpH BHBO'Ae (2.12) npe'Anonaranocr,, qTo CTSTHC­
THqecKue B6C8 Bcex 8TOUHHX COCTOHHHR O~HHSKOBH. TaK R8K 8TOT 
qiau 8KCnepm1eHT8HI,HO npoBepeH TOllI>KO numr, 'AM 8TOMHHX CHCTeu, !1!0 

YW BnpaBe BBeCTH HeKOTOpoe oaoa~eHHe ycnOBHff (2.12) B BH~e 

. lp l. L WkrnlXmkl rk = ~, 
kfl 

.(2.!4) 

ll03BOHHIJ~ee yqeCTI, B03MOEHOCTI, p83HHX CT8THCTHqeCKHX B6COB 'AM 
paSHl:lX COCTOHHHR CHCT6MH. B 06HqHQl,l (f>opuaruiaue re«aeH6epra T8K08 
ycnOBHe KB8HTOB8HHH COOTB6TCTByeT cne)lyll~euy nepeCT8HOBOqHoyY 
COOTHOW6HHIJ 

--P/ X - xr P = i1i, (2.15) 

r'Ae { HBnHeTCH 'AHSrOHSHI,H!,11,l onepaTopou C co6CTB8HHH1Ut 3H.8ll81m­
lllffl lk ; t> u. 0. -, o6wuwe onepa-ropu nnynr,ca H nono:aeuna. 

Cne)lyH renaeu6epry, noTpe6yex renepb, llT06H neBaH cTopona 
(2.14) 88IIHCHB8nacr, B TepKHH8X o6o6~6HHOI onepa~HH YMH0%8HHfi~ rro­
CKOm.Ky qopuyna (2.14) CO'A6p:aHT TOHI,KO O'AHH CB060'AHHI HH~6KC m, 
BTO Tpe 60B8HH6 MOJtHO Y'AOBJI6TBOPHTI, TOnHO C UOJIO~I,I) qJOPKYnH (2. 7). 
BHllHCmlfi no aTol qiopuyne 'AHBrouanr,uyll ttacTr, KOHMYTSTopa PoX-X~P,, 
nonyttaeu 

(1'0x-·xo'P)m = i M ~ ( amkt-amtk)Wtk I XkL I~ (2.16) 
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rJte 

-n M dX {' M ·eiWmnt O} r= a.t = L WmnXmn ; • (2.17) 

qTo xacaeTCH H8JtHarouanr,Hol qacTH KOuuyTaropa -PoX-Xo-P , TO 
nocne onpe]teneHHH OCT8HI,Hl:lX CTPYKTYPHHX KOHCT8HT H8~0 6y]teT ero 
BHqHCJIHTI, H npoBepHTI,, BHllOHHH6TCH JlH paBeHCTBO 

? 0 X-X 0 "P = i'hI , (2.18) 

r'Ae I . o6oaaattaeT uHoxecTBO 

I = { q, mn = 0 ; q,m = 1} . (2.19) 

Cyl4ll8 B (2.16) 6y]teT p8BH8 cyuue B (2.14) npH npOH3BOHI,HHX 3Haqe-

HHHX qacTOT Wrnn , ecnu 

Umkt - Umtk = {t bmk -Jk bmt, (2.20) 

OTKYAB onpe'AenHeTCH 0HTHCHMM8TpHqB8H qaCTI, CTPYKTYPHHX KOHCTBHT 
a.mkl • 0JtHHM HS BOSMOEHHX pemeHHtt ycnOBHH (2.20) HBml6TCH 

BH60p 

Omkt = {t bmk, (2.21) 

c~enaHHHtt rettseH6apro11 Ami cnyqaa {L = 1 . HH:ae yBH'AHM, qTo 
STOT BH6op B03M0ll'.6H TOJII,KO B cnyqae, KOr]ta BCe OCT8HI,HH8 CTPYK-. 
TYPHH6 KOHCTSHTH T60PHH TOllt6 paBHH CTPYKTYPH!,1)1 KOHCT8HT8K renaeH-

6epra. 
T8KHK o6paaou, MH npHmnH K BHBO'AY, qTO BO BC8X 8JII'86pax 

H86Hll]t06UHX ]tOUIIO 6HU 

( Q 0Y)m = "t ~ Om1<d 9,Kl ~lk + Ykt '}tk) + 
(2.22) 

+ 1 ~ tk{qml<~krn-~mk9,km)+ ~m.,Yrn,. 
rAe CHl4M6TpHqH8H qaCTI, CTPYKTYPHHX KOHCTSHT Omkt , no::-npexaewy 
OCT88TCll npoHSBOHI,HOI. HH:lte l!H ll0It8Jlt6J,,!, 'IITO c1rnMeTpHqHH8 qacf.: 
O.mkt itO:aHO OAH03H8'11HO onpe,li8JIHTI,, ecnu llOTpe60B8Tn, qT06H 

co6CTB6HHH8 SHaqeHHH £ n raMHnhTOHH0H8 pacc11.aTpltB88UOil CHC-

T8KH YJiOBneTBOPHIDI COOTHOm6HHD Eopa: 
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Em - En= fl Wmn. (2.23) 

Ilepe"-1{eM Tenept, K CTPYKTYPHUM KOHCT8HT8M B ~opuyne (2.6). 
IlepBoe Tpe60B8HHe AIDI 8THX KOHCT8HT COCTOHT B TOM, qTo6u YMHOEe­
HHe npOH8BOHbHOH Ha6nfilA86MOtt H8 ~HaHqecKyfil KOHCT8HTY He M6HRno 

BHAa 8TOtt HadnDAaeuon. TaK KaK ~HaaqeCKHe KOHCTaHTW npeACTaBnffDT­
CH MHOX6CTB&!H (2.9), AHR KOTOpwc 

q, rn = c.on.st, 
TO 8TO Tpe60B8HHe p8BHOCHHI,HQ TOMY, qTo6u MHOX6CTBO J 
(2.I9) 6UHO 6AHHHqHUM 8H6M6HTOM p8CCM8TpHB86MOH'KB8HTOBOtt 
pu. ]erxo BHA6Tb, qTo TBKHM o6paaou nonyqaeu ycnoBnR 

L Bmnk = L Cmnk = 1 
k k 

BHA8 
anre6-

(2.24) 

AHR npOH8BOHbHUX HHA6KCOB ffi H n . QqeBHAHO, qTO cy~eCTByeT 
66CKOH6qffQ MHOro cnoco60B YAOBH6TBopeHHH COOTHOmeHHH (2.24). 

EAHHCTB6HHUII nyHKTOII TeopHH, B KOTOPOII cy~eCTB6HHyn pO.llI, Hr­
panT COOTHOmeHHR 118EAY H86HDA8611UIIH qacTOT811H, HBHReTCR 116TOA on-
P6A6H8HHH CTpyKTYPHHX KOHCT8HT A mn kl su. • 8TH KOHCT8HTU 
AOmtHU onpeAeIDITbCH T8K, qTo6u nocne HCllOHb80B8HHH ~PIIYHH (2.6) 
AHR 8H6118HTOB nepe11HOE86MHX JIHOE6CTB C BP6116HHUIIH 8KCilOH6HUH8Jib-
HHllH ~aKTopalffl, aJ1e11eHT ( Q o Y)m.n conpoBo~ancR TOHbKO ~ax-

Topo11 exp t Wmn t • ]erxo y6eAHTDCR B TOM, 'IITO B 88BHCHllO­
CTH OT BHA8 COOTHOfil6HHH 116EAY '118CTOT81lH nonytI8DTCH p88HUe OTB6TH 

AHR CTpyKTYPHHX KOHCTBHT A mn. kl su. H noaTowy MN B Aan1,­

Hettme11 B OTA61IDHOCTH 06cy,11Hll H6KOTopue KS HKX. 

C 118T6118THqecxon TO'IIKH apeHHR BCe p8CCll8TPKBSe11ue KB8HTOBUe 
anre6pu C 6KH8PHOH onepauaen YllHOE6HHH HBIDIDTCH KOJII,U811K. B 06~e11 
cnyqae 8TH KOJibU8 6y]tyT H88CCOUH8THBHHllH H H6KOMIIYT8THBHHHH. OT­
CYTCTBKe 8CCOUH8THBHOCTH cepb68HettmHll 06paao11 88TPYAHH6T IICCH6AO­
B8HKH BC8X llpeACT8BH6HHH nonyqaeawx Konen HS-88 Toro, 'IITO 8TH 
K0.JII,U8 He 11oryT 6LJTI, peanH80B8HU B BHAe 8BT01l0p~H8MOB B6KTOPHlilX 
npOCTp8!:!CTB. IlOSTOllY MU orp8HH'IIHB86MCH KOHKpeTHUIIH np.1111epaMH 

~B8HTOBJ,IX anre6p, He AOilYCK8DlllHX peaHH88UKtt B BH,?te onepaTOpHIDC 
TeopaA B rHJib68pTOBUX npocrpaHCTB8X. 
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3 • .trnre6pa Ha6mo:n;ae1mx :ztHH c11cTeM 6ea CBHaen MeE:ztJ 
'118CTOT8MH 

PaCCllOTpHM CH8'118H8 Knacc ~H8H'116CKHX CHCTe11, xapaKTepaayn~HX­
CH OTCYTCTBH6M BCHKHX CBaaen 116E]ty H80HDA8e11H11H '118CTOT81lK. IlOA­

CT8BIDIH B npaByn '118CTI, (2.6) '¼-m.n.expiWmnt K ':Jmne.x.piwmnt 
BM6CTO 'ymn H Ymn , n0Hyt1ae11: 

L AmnkLsu q,kl ysLt e L ( lJkt + Wsu)t + 
klsu 

t f (Bmnkqkymn+Cmnk~k~mn) eiWmn; (3.I) 

8 T8K K8K H86HDA861ll,le qacTOTU He YAOBJI6TBOpHDT HHK8KOIIY COOTHOme­

HKD THil8 COOTHOfil6HHH PHACiepra-PHTU8,TO 8KCUOH8HIU!MbHl,lt1 qJa.KTOp B 

nepBott cy1111e, npa aeHyJieBux CTpyKTYPHblX KOHCT8HT8X Amnl<l su. 

HHK8K H6Hb8R CB8CTK K ~SKTopy exp i Wmn t ' B KO'l'OpOII npa­
cyTCTBYeT TOHbKO qaCTOT8 Wmn • IloaTOIIY AHR p8CCll8TPHB86-

IIUX CHCTeM Bee CTPYKTypaue KOHCT8HTU A mnklsu. .-0.11:uw Hct1e-
88TL. ]erKO T8KE8 BHA8TI,, 'IITO HC'll88HOB6HH6 BCex CTPYKTYPHHX KOH-
C'1'8HT A mn kl su. B pacc1taTpHBae1to11 CJ1yt1ae, HBnHeTCH He-
o6xo,llHMUll H AOCT8TO'IIHl,lll YCHOBH811 AHH BUllOHH6HHH 88KOH8 ]et16Haua 
(I.8). 

nJlH Toro 'll'l'06U CiYTI, YB6P6HHUll, qTO AHR p8CCM8TpHB881lUX ~H8K­
'116CKHX CHCT811 B AellCTBKT6JlbHOCTH HeT HHK8KBX COOTHOmeHHi AIDI H8-
CinnxaeKHx qaCTO'l', H806XOAHIIO orpaaHqHTI.CH TSKHIIH CHCTell811H, AIDI 
KOTopux H86JIDX8D'l'CH nepeXOAU TOHbKO 11ew COC6XHHYH ypOBHHMH. B 
npo'l'HBHOII CJiyqae npaKTHtieCKH BC6rA8 p68HH8y8TCH K8KOe-To COOTHO­

■eaae M6KAY qaCTOT81Ul Tana COO'l'HOW6HHH {I-7) KJIH (I.IO). 
tJTo6u B (I.I) He llOHBnfiUCb '118CTOTl,I Wm.n C m.;/:n±1. 

aeo6XO)UDIO, qro6u 'l'OJII,KO CJ,m, m:t 1 6Yllll OTUqllJ,I 0'1' Hyna. 
S'l'o oaaaqaeT, qTo Oyxe• pacc111Tpe1T» aaoznxae11111e Tan• 

Q-{ 6 eLWm,,,, .. t c iwnt1,nt } C ) 
- CJ.m,rn+t rn♦1,n +q,nt,,nOm,l'ltte ; 'l,m. • 3.2 

H8TPJAHO yOe~•TaCH, qTo AU T8Kll MHOK8CTB IPOPMYIU (2.6) • (2.7) 
AZH npo■3B8AIHHH npao6peT8DT BIIX! 
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(Q0Y)n,nti: r B~k qk ~n,nti ff c~k ~K ~n,rit1 

(Q0Y)ra1,n=;; B1

~kqkynt1,n+ f c~k~k~nH,n 

(Q0Yt= 1 f a~k(~K,k+1Yktt,k+yk,k+1q,kt1,k)+ 

+ i }n+1 (q,n,nft ~ntt,n - ~n,nti C},nt-1,n) + 

+ i {n-1 ( ~n,n·i~n-1,n -yn,n-1 ~n-Vi) + ~n ~n, 

r,Jte Wil BB6JIH cne,1lj'IO!IUl6 OCi03H8'I6lUIH: 

.B~k = :Bn.,nH1k 

(~k = Cn,nti,k 

II 

j J3nk = .Bn+1,n,k 

c~k = CnH,n,k 

0
1

nk = O.n,k,k+i + Un,k+1,k. 

(3.3) 

{3~4) 

{3.5) 

(3.6) 

C M8T6M8TH'I6CKOll TO'IKH apeHHH KB8HTOB8H anre6pa C YMHOZeHHeM 

(3.3)-(3.5) HB1IH6TCH H68CCOIUl8THBHUM H H6KOMMYT8THBHUM K01lbUOM. 

OTCYTCTBHe c:soncTBS 8CCOUH8THBHOCTH He Il03B01lH8T OAH03H8'IHO onpe­

,Jt6JIBTb H61IHHenHue 'I118HU B ypaBH6HHHX ABHX6HHH. K C'I8CTbIO, B npaK­
TH'I6CKH BSZHUX cnyqaax B TSKHX H61IHHellHUX 'I116H8X BCTpe'IBIOTCH 

T01lbKO CTeneHH 0,JtHOll H861IIOA86MOll H Il08TOMY nau AOCT8TO'IHO Ciuno 
6u n0Tpe60B8Tb 8CCOIUl8THBHOCTH CT6Il6Hett. 0K88UB86TCH, 'ITO H 8TOMY 
Tpe60B8HHIO H61lb8H YAOB118TBOpHTb A1IH BC6X H861IIO,Jt88MHX THil8 (3.2). 
Il08TOMY MH orpSHH'IHMCH T8KHM BHCiopoy CTPYKTypHUX KOHCTSHT, KOTO­
pun o6ecnetJHT BHnonHeHHe c11e~10~HX ABYX ycno:sffll 

{ Q oQ)oQ:: Q o ( QoQ) 
(3.7) 

H 

[ {QoQ)oQ]oQ={QoQ)o(QoQ) 
{3.8) 
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,Jt1IH T6X H861Ill,Jt86MHX, ,Jt1IH KOTOpmc BC8 q,m = 0 . 0K88UB88TCH, 'ITO 

T01lbKO A1IH T8KHX H861lll,Jt86MWC ycnOBHH (3.7) H (3.8) MOryT CiUTb Y.JtO­

B116TBOpeHU. He O'I6Hb C1IOZHU6 p8C'I6TU IlOK83UB8IOT, 'ITO ycnOBHH (3.7) 
H (3.8) TpeCiyllT, 'IT06U 

~· n» c· c" r ..Dnk =.D nk = nk =- nk = Onk 

U
1

nl( = On bnl< 
' 

(3.9) 

r,Jte Un' - npOH8B01lbHU8 KOHCT8HTH. TaKHM oCipaaoM, ~opuynu (3.3)­
-(3.5) nepexo,JtHT B ~opuynu 

(Q O Y)n,n+1 = CJ,n Yn,n+1 + Yn 9,n,n.+1 
(3.10) 

( QoYJn+i,n = q.n yn+1,n + yn. 9,n+1,n, 
{3.II) 

1 . 
{ Q 0 Y) n. = l On. { ~n.,n+i Ynt11n. + Yn,n+1 q,n.+1,n.) + 

' ,f ' 

+ I Jnd ( ~n.,n+1 yn-+1,n. - ~n,1n.t1 ~n+t,n) + 
+ t /n.·1 ( ~n.,n.·1 ~n.-1,n -yn.,n.·1 q,n-1,n.) + '1,n. Yn • 

{3.12) 

llpez,Jte 'ISM nepe«TH K H6KOTOPHH npHM8P8H,88H8THM, 'ITO B 
Knacce MHOX6CTB THil8 (3.2) HOZHO HBHUM o6p880M pewHTb ycnOBHe 

KBSHTOBSHH.H {2.14) • .l{eitcTBHTenbHO, n_erKo y6e.1tHTLCH, 'ITO HS aT_oro 
ycnoBHH cne~eT, 'ITO 

,_ ii. ' n. • 

lxn,n.+1I = 2, M w f f • L iJ. (3.13) ntt1n. n. n.H J =o 

llpHCTynHM Tenepb K p8CCMOTP8HHIO npHMepa rapHOHH'I8CKoro oc­

~HH1IHTOpa. Ero ypaBH8HH8 ABH~8HHH 

X +wiX=O (3.14) 

He 3aBHCHT OT npHHHK86UOi1 H8T8H8TH'I6CKOI CTPYKTYPH anre6pu H 
Bcer~a HOX8T CiHTb pemeHo. KaK H8B8CTHol17/, 8TO pemeHH8 HK88T 

BH~ (3.2), npH'I8K 
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Xn.=O 

Wn-u,n.= - Wn,nH = W, (3.15) 

a uo,eynL qHcen Xn.,n+i noeyqaeu Ha ~opuy111,1 (3.13). 
Anre6paHqeCK8H CTPJKTypa TeOpHH BCTynaer B Hrpy, KOrAa Ha­

qHgaeM p8CCM8TPHB8TI, rauanbTOHH8H CHCT6Mli 

, 1 Mw1 

rl= lM PoP + -;z.- XoX. {3.16) 

BuqHcnHH npaByD qacrL aroro BupaxeHHH cornacHo q,opuynau (3.I0)­
-(3.12~ ydexAaeMCH, qTQ raMHnbTOHH8H HBnHeTCH AH8rOH8nbHliM MHOXe­
CTBOM,H CP8AHee 3HaqeHHe aHeprHH B COCTOHHHH n paBHO 

E _ an1iw ~ p. 
n. - lJnfn.♦1 • 7=i TJ, 

C Apyroil CTOPOHU, ycnOBHe Eopa (2.23) ABeT 

En= E0 + n1iw, 

{3.17) 

{3.18) 

rAe Eo HBnHeTCH npoH3BOnLHHM 3gaqeHHeM aHeprHH OCHOBHoro co­
CTOHHHH. B STOM uecre CTOHT OTMeTHTb, qro CT8HA8PTHOe 3H8tJeHHe 

Eo = fti.w, 
KBK,YBHAHM HHxe, HBnHeTCH_peaynbT8TOM npHHHMaeuoro B TeOpHH 38-
KOHa YMHO~eHHH. , 

Ra cpaBHeHHH q,opuyn {3.17) H {3.18) nonyqaeu onpeAeneHHUe . . 

3H8tl6HHH CTpyKTYPHliX KOHCT8HT On B BHA6 

a.= l ( t,E~ + ll) J. f "" ( t, f S: (3.19) 

B O6Ut1HOM cnyqae' KOrAa BCe Jn = 1 ' 8TH CTpyKTYPHlie KOHCT8HTU 
6YAYT H638BHCHMUMH OT n.. nHWb TO1lbKO npH ycnOBHH, qTo 

E0 = ft.w. 
llepe«AeM Tene.pb K rip~cie~me11y aHrapMOHHt1ecaouy oc1.urnnaropy 

co C116AYDlllHM ypaBH8HH6M ABH~eHHH: 
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-1\ 

\· 
I t 
~ I 

MX = -A (XoX)oX. (3.20) 

BuqzcnHH npaByo·cTopoHy aToro ypaBHeHHH cornacHo q,opuynau {3.I0)­
~(3.12) H llOJib3YHCI, YCJIOBH6M (3.13),, nonytIHM HS (3.20) Cll.6AYDlllYD 
q,opuyny AllH qaCTOT: 

Wn.u,n. -

3 /--. -~-ft_a._n __ -_-L_n. ___ --., 
2. M1 /n fn+i j=O f J · 

A Tpe6ya, tITO6U r8MH11bTOHH8H 

· 1 . >i · H = lM -pop+ T (XoX)o(XoX) 
A8B8ll 3H8tl6HHH aHeprHH B BHAe 

n--t 

En = f O + "ti 1-= Wj.1,J' 
J::0 I 

{3.21) 

(3.22) 

(3.23) 

nonytIHll 3H8tl6HHH CTpyKTYPliliX KOHCT8HT an . CnerKa YTOMHT6llb-
Hue pactJeTU A8DT 

8 3 n. )-i 
an == 3 oCn Jn{n♦1 ( ~ fj , 

rAe { c<n} HB11H6TOH nocneAOB8T6JibHOCTI,D tJHcen, 
HS peKyppeHTHOro COOTHOW6HHH 

n.-1 

. cl..n.4 = <io + I= ~J· 
J=O 

]tnH n.)-1 • 3 
Eo{/3FiP 

do=rVm. 

{3.24) 

nonyqaeuux 

{3.25) 

{3.26) 

IlOAOT8BJIRH (3.24) B {3.2It nonyqaeM npociwe topMyml ~•a qacTOT 

otn l:o 
Wn.♦ 1,n. ::. ~o 1i. • (3.27) 

HeTPYAHO y6eA■TiOH, qTO pexyppeHTHOe COOTKO■eu■e (3.25) onpeAelJl-
8! paCTy~yD nocauoBaTenaocti ucen,· ■ qTo uecxo•••o n1pBwx ue-
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HOB 3TOH nocneAOB8TCllbHOCTH HMCIOT BHA 

~ r;;-1 ~ f,r;-, I oCo ;vlc<o, ·1,c:A0 +v2cio , ... (3.28) 

HS KOTOpblX BH~o, qTo HeHyneBoe peweHH6 38A8qH cy~eCTDyeT TOllbKO 

'Allfl ueay.neBoro aaaqeHHfl SHeprHH OCHOBHOro COCTOf!Hl'lfl E o o Kpo-
Me aToro, Ha BblnHcaaaux qiopMyn cneAyeT, qTo 

E0 =h W1,o• 

AaanorHquo MOlltHO p8CCMOTpCTb H APYrHe YP8Bll6HIUI ABl'llt61!HH. 

Ho yllte H8 OCHOBe ABYX paCCMOTpeHHHX npHuepoB MOlltHO BHACTb, qTo 

CTpyKTYPHble KOHCT8HTbl, onpeAe llfllO~He BHA 38ItOH8 YMHOllt6HHH, ClUlb­

HblM o6p830M aa~HCHT OT CHCTCMbl. 3TOT ~8KT HB.llHCTCH COBepmeHHO HO­
BblM 'Allfl HepenHTHBHCTCKO~ KB8HTOBOH M6X8HHKH, T8K K8K C T8KHM HB­
llE!HHCM Mbl BCTpeqa.nHCb AO CHX nop HCKJIJOqHT6llbHO D p8MK8X KB8HTOBOH 

Teop1rn penHTHBHCTCKl!X noneii, rAe K8llt.z1Ni'\ THU B38HUOA6HCTBl'lfl onpe­

A6.llfl6T OTA6.llbHYIO anre6pazqecKyJO CTPYKTYPY nepeHOPMHPOB8HHOH Teo-
pm/18/. . 

MH 38K8HlfflB86M H8 3TOM o6Cyllt,1i8HH8 anre6pbl H86lllO'A88MblX A.llfl 
CHCTeM 6es COOTHOW6HHH M8llt.ztY H86llIDA88MblW1 qaCTOT8Mll. EHllO IlOK838-
HO, qTo Tpe60B8HH8 npHCyTCTBHH B TeopHll TOllbKO H86JIJOA86MblX qacTOT 
H8.IIS66ll!HO np.llBOAH'l' K paBeHCTBY HYJIIO H8I(O'l'OpblX CTPYKTYPHHX KOH­
CT8HT, onp8A8JlfllO~llX 38KOH YHHOE8HHH H86.llJOA86MblX. 3TO B CBOIO oqe­
P6Ab B.neqe'l' 38 co6oii OTCYTCTBH8 CBOttCTB8 8CCOUH8THBHOCTH YMHOllt8-
HIUI. qaCTHqaoe BOCCT8HOB.ll6Hlle 3Toro CBOtiCTB8 AJIH H8KOTOPHX npOH3-

B8A8HHH Ollp8A8.llfl6T BHA noqTH BC6X OCT8.llbHblX CTPYKTYPHHX KOH­
CT8HT, 38 HCKJIJOqeHH8M KOHCT8HT THil8 a.n. • 3TH OCT8BWH8CH CTpyK­
TypHble KOHCT8HTbl Kbl IlOA6HpaeM T8K, qTo6bl YAOBll8TBOpflllOCb COOTHOme­
HH6 Eopa, CBH3blB8JO~ee H86.llJOA86llbl6 qacTOTH C SHeprHHMH CHCT6Mbl. 
TaK K8K 3TOT IlOC.ll6AHHH mar HCilOllbSyeT HBHblH BHA raUHllbTOHH8H8 

CHCT6Mbl, npHmnocb npoBepHTb, S8BHCHT JIH nonyqeHHW6 TaK CTpyKTyp­
Hl:16 KOHCT8HTbl OT paccuaTpHBaeuoa CHCT6J.!N. 0K8S8JIOCI,, qTo 
'A6llCTBHT6.llbHO 38BHCf!To 

KoHequo, Mbl paccuoTpemt 3A8CI, llHWL H8MHOrHe CBOHCTB8 HOBOH 
anre6p1,1 H86JilOA8814liX il HH B K8KOH uepe He HcqepnaJrn HX. 
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4. 06o6meHH6 KB8HTOBOR M8X8HHKH rett38H68pra 

B 3TOtt rnaBe Mb! o6cyAHM H8KOTOpble CBOt!CTB8 o6~ero 38KOH8 

KB8HTOBO-M8X8HHqecKoro Y11HOE8HHH B cnyqae KB8HTOBOH M8X8HHKH, B 

OCHOB8 KOTopott CT8BHTCH 06blqHoe COOTHOW8HH8 PHA6epra-PHTU8 {I.?). 
0K8SblB86TCH, qTo npW18HHH T8KOH ze cnoco6, K8K B Haqane npeAHAY­

~eA rnaBH, MOllHO nonyqHTb, qTo 

Amnklsu = Amn.l< brnk bts bun+ Dmnk bms bukbtn , (4.I) 

H S8KOH YMHOX6HHH (2.6) 'Allfl H8AH8rOH8llbHblX 3ll6M8HTOB npno6peT88T 

BHA 

{ Qo Y)n,n = ~ ( Amn k ~mk Ykn + Bmnk ~k ymn + 

+ Cnink Yk q,mn + Dmnk_ymk (}kn), (4.2) 

Cp8BH8HH8 3TOR ~opuynbl C qiopMynon (I.4) HCHO IlOK8SblB88T orpaaH­

qeHHHA xap8KT6P OilP8'A8.ll8HHfl renseH6epra. 
B 06~8M cnyqae qiopuyna (4.2) BM8CT6 C (2.22) OilP6'A6Hfl6T H8-

8CCOUH8THBHHA S8KOH YMHOE8HHH. 0AH8KO, B OTJlHqHe OT KB8HTOBOtt 

anre6pu,paccMOTP8HHOH B IlP8Ali'AY~ea rnaBe, H8 3TOT pas cy~eCTByeT 
Bbl60p CTPYKTYPHHX KOHCT8HT H CTSTHCTH,qecKHX B6COB .,.k , AHH KO­

Toporo 38KOH YMHOE6HHH HBIDl6TCH 8CCOUH8THBHOH onepauHett. H, K8K 
nerKO BHAHO, 3TOT BH6op COBil8A86T C Bbl6opoM, CA6.ll8HHHM B 1925 ro­

AY reaseH6eprou. B peaynLT8T8 3TOro, Cp8AH BC8X KB8HTOBl:IX anre6p 

xonLKO anre6pa rettaea6epra HsouopwHa HeKoTopoA anre6pe onepaTopoB 
B rHn1,6epTOBOM npoCTP8HCTB8. 9TOT W8KT CHXLHettmHM o6p8SOM CKasan­
CH H8 BC8M paaBHTHH KB8HTOBOR M6X8HHKH, T8K K8K OH npHo6pen paHr 

YHHBepcanLHoro S8KOH8 IlPHPO'Ablo Ilpuepbl ApyrHX KB8HTOBHX anre6p, 
paCCM8TpHB88MliX B 3THX H8KUHHX, HCHO CBH'A8T8llLCTBYDT 06 omn6oq­
HOCTH T8KOrO BSrllH'A8• Ha C8MOM A8H6 cy~8CTBY8T rop8S'AO 60nbme 
BOSMOEHOCT6R OilHCBHJ!H HBll8HHH npHpOAH,H nonaoe HX HCilOllLSOB8HH6 

AOllEHO llpHB6CTH K 6onee rny60KOMY IlOHMM8HHD cy~8CTB8 @!SHqeCKRX 
f!BH8HHA. Ho, K8K YE8 6uno CK8S8HO, OTCYTCTBH8 CBOHCTB8 8CCOLIH8-
THBHOCTH CT8HOBHTCH C~8CTB8HHHM npenHTCTBH8M H8 3TOM nyTH. Iloa­
TOMY HBWH H8CTOHDU16 p8CCYE'A8HHH H HBXOAHTCH B T8KOM 3aqaToqHoM 

COCTOHHHH. 
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i' : I 

.I(JIH HJIJillCTPSU~H B03MOZHOCTell oOOOUleHHOt! KB8HTOBOl1 KeXSHllKH 
rel138H0epra pacriYoTplni aarapKOHHtleCKHll OC~JIIDiTOP 

', .. · ' ' ). 
X -i-w1X = - M XoX, (4.3) 

· TaKoll npl!Yep Bnona'e .llOCTaToqeH .llJIH HSDlliX uenell. l/la-sa ~enHHeliao­
ro xapaKTepa ypaBHSHHll (4:3) H8WH paccyll:,ll6HHH orpaHH'l0HU YeTO­
,llOM TeopHH B03MYltl8HHl1, npH'leM ,llJlfl Kp8TKOCTH Bl:lnHmeu TOJll>KO qneHl:l 
HH3WHX nopH,llKOB. 

C,llenaey 6lll6 TpH ynpOUl8DlllHX npe,llilOJIOE6HHll. B 001:lqHoM ilJOPM8-
JIH8Me KBBHToBoll wexaHHKH anre6pa IH nopoz.lleHa anreOpot renaea­
Oepra H onpe,lleJIBeT CBOl1CTB8 CHYMSTPHH p8CCMBTPHB80MNX q,HaHqeCKHX 
CHCTeM. BOT noaTOMY H noTpeOyey COBil8,lleHHH anre6p RH, nopoll,lleH­
Hl:lX anre0pol1 renaeHOepra.H p8CCMBTPHB8eMOl1 HBMH anreOpl:l. STD 03-
HaqaeT, qTO Oy,lleM rpe60BSTI, BUilOJIHeHHll COOTHOmeHHH 

QoY-YoG.= QY-YQ (4.4) 

.llJlll Bcex paccwaTpHBaeMl:lX HaOJID,llBeMl:lX, r,lle GY oOoaHaqaeT 
OOJ:lqHoe Y8TpHqH06 YMHOll:6HHe reuaeHOepra (I.4). 0K831:lB68TCll, qTo 
T8K06 6CT0CTB6HHOe Tpe60BSHHe Y.llOBJieTBOpHeTCH TOJII,KO B cnyqae, 
xor,lla 

{K:1 

Amnk = 1 + .Di-nnk 

'Bmnk = bmk 

Cmok = hnk. 
8BKOH YMHOK6HHH (4.2) BCJ10,llCTBH6 8TOro KM88T BK,I( 

(Qo Y)mn, = ( Q Y)mn + ~ Dmnk ( q,mk ~kn t Y~k CJ,kn) • 

(4.5) 

(4.6) 

Ilpe~onouM Tenep1,, qTo nonpa1xa B ~p1,1yne (4.6) ylllOlepcan0ua • 
•weer M6CTO K .llllll ~•arOBSJII,Hl:lX 8Jl8M8HTOB. 9TO 08HSqaer, qTO 
CTpynyp111,1e KOHCHHTW Qm SU B (2.22) Kll81lT Ba.I( 

Umsu. = bms ( 1 + :Dmsu). (4• 7) 

Haxoaeu, .llrul O,l(HOBHBlfflOCTK onpe,lleneHHH CTeneue!, npaweM pexyp-
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peHTHOe COOTIIOWeHl'le 

n xn-1 X X xn-1 ·X·-· ;)o = o~ • • • - • lo • • (4.8) 

r,lle, Hanpmrnp, : fl.: osHaqaer 
OTBSTCTBYIOillHX anre6p !H, ycnoBRe 

X o X • 1/la-aa coBna.z,;emm co- , 
(4.8) 3KBHB8Jl6HTHO ycnOBUIO 

I\ • 

: xn: = Z oef {X) X~ 
• J:O 

(4.9) 

r,lle X J - oOLJqHBH uarpl'ltlHSH creneHl> HBTPHUl:l X , a 1:os!lJ<til1-
u11e HTl:l ci f (X) HBJIHIOTCH o.z,;11opo,l\HhlMH qiymtumurn ( n-j) -roro 
nopH,n;Ka aneMeHTOB MBTPKUl:l X . Bes,lle 6y.n;e11 npe.z,;nonaraTb, 'ITO 

d~(X)=1.· (4.10) 

IUIH 

MeTO,D; Teop,m B03MYllt6Hl1H COCTOHT B TOM, 'ITO peweHHe ypa.B11e­
,llBH~8HHfl (4.3) aannmeu B BH,lle ilJOPMOJII,HOro pa.z,;a 

00 • 

X = ~ "J X(j), (4.II) 

r,l\e 

X(j) = { Xmn(j)ei Wmn(j)t j Xm(j}}. (4.12) 

B ayneBOH nopH,D;KC reopMH B03YY~6HHi ypaBHCHH8 ,l\BH~eHHH (4.3) COB­
Il8A88T C YP8BH6HH6M rapMOHH'leCKoro OCUHJIJ!HTOpa H nosTOMY B STOY 
cnyqae YOXCK H8IlHC8TI, 

Xmn ( 0) = Xm bmt1 n + Xn brn,n+1, 
I 

(4.13) 

rAe, K8K 001:lllllO, 

x! = :i.~w ( m+1). (4.14) 

CornacHO npHHHTOMY HSKH cnoco6y, norpeOyeM Tenepb, 'ITOOl:l raMHJII,-
TOHHSH 

11 = .J-- :-Pl· + Mw
1

. x~- + }_ ·X3· n ~M • l. • • 3 ' • (4.15) 

onpe,llenan B K8XAOM llOPllAKC T80PHH B03MYlll8HHil T8KH8 ~e YPOBHH 
s11eprHH, qTo H YP8BH0HH!l ,!U3ZX8HHH. IlOSTOKY, B HyneBOK nop!lAKe 
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(4.15) AOmteH 6UTh AH8rOH8n&HOH M8TpH~ett c C06CTB8HHUMH 3HaqeHH­
HMH 

En= E0 +nfi.w, (4.16) 

rAe E0 - npoH3B01lhH8H aHepr11H OCHOBHoro cocTOHHHH. B o6uqHoM 
xe ~opM811H3M8 KB8HTOBOH M8X8HHKH 

E
0
= {1i.w, (4.17) 

HO 3T0 1 K8K e~e YBHAHM, C118AY8T T01l&KO B cnyqae M8X8HHKH I'ett38H-
6epra. 

IlOACTaBnHH (4.13) B (4.15), nonyqaeM 

~~-P); o<!(~Mw~ = Eo-}1tw. (4.18) 
' ; ,, 

(} ;Ltpyr'ott CTOpOHU, C HCllOnh30BaHH8M (4.6) C~8~8T 1

1 
'IITO 

ci; (xr~ ~ ( Dm,m,mt1 x! ·+ nm,m,m-1 Xn7-1) .' 

o<!("P)= M1 ~/oe! (X), 
B TO BP8MH K8K ycnoBHe (4.10) AaeT 

·· ,.Dm,m-t1,m+1. = Dm+1,·m;mi1 = 0. 
0TCll,zta HM88M ~, · · 

' • ·•· • • 
1 Ea ~·· 

Dm,m,m♦ 1 = - ])m,m,m-1 = ti w - r 
HnH. '· 

c<! ( x) = < x1>o ( !~ -1) 
O\! (1'): <~l\ { ~ -1), 

rAe (' A)o • ' 03Ha~l88T ~P~AH~e 3Ha'tleHHe H86~~AaeMOit 
HOBHOM COCTOHHHH. 0KOH'll8T8nhHO nony'tlaeK 

·: X t : = X 2, + ( X 1)o ( ~ ~ 1) . , , ... 
• ''•· /J ·t,,' ,'.,»:: .'~ ..... : . ~· , .. ,·. , 'c··'~ ,, -.·'·c 

'·J·:' 1
· 'tl'l'">.\ 
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A 
\, 

.... ! • 

(4.19) 

. , (4.20) 

'· ;. (4.21) 

(4.22) 

BOC-

:-P'l.~ = 1':t + (P'-)0 ( ~~0 -1), 
P0 X=l'X, 

X0 -P =X-P • {4.23) 

OTCDAa BHAHO, 'IITO Ham 3aKOB yHHOX6HHH B TO'IIHOCTH COBil8A88T C yM­
HOX8BH6M rettaea6epra, ecnH npe.ztnonoXHTh (4.17). TaKHY o6paao», 
KU nony'IIHJIH BSZBHit peayn&TaT, COCTOH~ff B YTB8PEA8HHH, qro Heo6-
XOAHMHM H, npH H6KOTOpux A06aBO'qHHX ycnoBHHX, T8Kae H ,!tOCTaTO'IIHliY 
ycnOBH8M acco~HaTHBHOCTH ~B8HTOBO-M8X8HH'll8CKOro 3aKOB8 YMHOE8HHH 
HBnHeTCH ycnOBH6 (4.17). 

Bonee Toro, KB8HTOB8H H8X8HHKa C ycnoBHeU (4.17) BCerA8 
npe.ztCKa3UB86T 6eCKOH8'tlHOe 3HaqeHH8 aueprHH OCHOBHOro COCTOHHHH 
AnH CHCT8U c 6eCKOHe'qHUM qHcnou CTeneHett CB060.ztli. H 8TO 6eCKOHeq­
H08 .3H8'q8HH8 npHXOAHTCH ycrpaHHT& C nouo~&ll npo~e.ztypu nepeHOpMH­
POBOK. lerno llOKa3aT&, 'qTO 8TOro UOXHO H36eaaT& B cnyqae Hamett 
0606~eHHOtt WOPKY11HpOBKH KBaHTOBOtt M8X8HHKH1 H T8U C8UUM BUHCHH8T­
CH npemty~eCTBO T8Koro llOAXOAa. ~ettCTBHTen&HO, paccuaTpHB8H Blime­
YK838HHUU cnoco6ou CHCTeMy, cocraBneHHYll xa N rap»oHH'leCKHX 
oc~nnHTOPOB, Uli llPHA8M K Tell xe wcpuynaw, HO TOn&KO B ~opuynax 
(4.23) 6y.zteT HaXOAHT&CH ~aKTOp 

rAe Eo 
N ➔ oo 

2.Eo 1 
Nfl.w - , 

- nom1aa 8HeprHH OCHOBHoro COCTOHHHH. B npeAene, KOrAa 
, AnH KOH8'1Horo aHa'leHHH Eo nony'laeM, 'ITO 

:X1:=X1
- <X'")a, 

T.8. TO'IHO TaK ze, KBK H B cnyqae HOpManr.Horo ynopH.ztO'l8HHOro no 
BHKY npOH8BeA8HHH. TO'IHO T8KOtt llt8 peaynhTaT nonyqHH, ecnH C cauo­
ro aaqana nono:s:au £0=0 • Ilocne.ztHee yKaaUBaer Ha To, 'ITO Ton&­
KO HyJieBoe aaaqeHHe nonHott SHeprHH OCHOBHor'o COCTOHHHH CHCTeMU C 
6eCKOHeqHHU lfflCnOM CTeneuett CB060Ali HBnHeTCH AOllYCTmtUM. 

Ilony'l8HHUe 3H8'18HHfi CTPYKTYPHHX KOHCTaHT (4.20) H (4.21) no-
3BOJIHDT BHIWC11HTL npaByD qac,T& ypaBHeHHfi (4.3) B nepBOH llOPHAK8 
TeOpHH B03MY~8HHit H pemHT& 8TO ypaBHeHHe B 3TOll IlOPHAKe. PacqeTH 
AallT cneAyll~HM OTBeT: 
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· fl ( Eo) c 
Xmh (1) = - M1w~ mt 'h,IJ Omn + 

+ 3 ~wt ( XmXmt1 bm-t:i.,n +XnXn♦ 1 Sm,n+2.), 

Wmn,m {1)= 2 W, 

Wm♦1,m (i)= Wm,m+i. ( 1). 
IlOACT8BJIHH (4.24) B (4.I5), nonyqaeM 3HaqeHHH APYrHX 

KOHCT8HT: 

.Dn,n-tJ,n..1=.Dn,nt3,nt2. =])n,nt11n-1 = Dn,n-t1,n+1 = 0 

H 

1 (1 lEo) 
.Dn,n+1,n♦ 1 = 2 - rw ' 

(4.24) 

CTpyKTypHHX 

(4 .25) 

(4.26) 

8 Bli~Cll8HH8H C IlOMOIJlbD 3THX CTpyKTypHUX KOHCT8HT Tp8TbH CT8Il8Hb 

HM88T BHA 

: X3
: = X3 + 3 < x21o ( t: -1) X, (4.27) , 

q'fo onan CBOAHTCH K npoHaBeAeHHD BHKa .a cnyqae £0 = 0 . 
AHanoraqHUM cnoco6oM MOX8M pacc■o'fp8Tb K BHCmHe nopHAKH 

TeopHH B08MYIJl8HH" H nony1ll1Tb 3HaqeHHH APYrHX CTPYKTYPIWX KOH­
CT8HT. C pOC'fOM nopHAK8 TeopHH B03MYIJl8HllA p8CT8'f H CllOXHOCTb BH­
tUICll8BKA. Il03TOMY orpSHKqlOlC!l 3A8Co BHilHCKOA JUlmo qeTBepToA CTe­

neHH: 

. X4· • • X4 + 6 < X'')o ( ¥.;-1) xl + 

t 3 < X1>: ( ~ -1) • 
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(4.28) 

5. TepHapH8H onepaµHH YMHOX8HHH H86lll088eMUX 

B OCHOBe BCex AO CHX nop paCCMOTpeHHUX H8MH anre6p KB8HTOBUX 
H86llDAaeuux 6una HeKOTopaH 6HH8pH8H onepauHH YMH0~8HHH, onpeAe­
Jl8HH8H ~opuynauu THil8 (2.6) H (2.?). ~JIH WH3HqecKHX CHCTeM, AJIH 
KOTOPHX BM8CTO COOTHOWeHHH PHA6epra-PHTU8 AJIH H86llDA8euux qacTOT 
pe8JIH3YJOTCH Apyrue COOTHOWeHHH, 6HH8PH8H anre6paHqeCK8H onepauua 
yxe H6AOCT8TOqHa AJIH Toro, qTo6u HHWOPM8UHD 06 3THX COOTHOWeHHHX 
BKnmqHTb B anre6pauqecKyJO CTpyKTYPY MHOXeCTB8 H80ll!OABeMux. Kotteq­
HO, MH HM68M 3A6Cb B BHAY TOllbKO JIHH6MHUe COOTHOW6HHH M6XAY H8-
6JIJOA86MHMH qacTOT8MH, T8K K8K AJIH HellHHeHHUX COOTHOW8HHit IlOAXOA 
reaaeH6epra Boo61J1e Henp.aweHHM. 

BHXOA 38 p8MKH npeAUAYIJIHX anreopaaqeCKHX IlOCTpOeHHll Heooxo­
AHM, B qaCTHOCTH, B cnyqae CHCT6M, AllH KOTOpux pea11HayeTCH COOT­
HOW6HHe THil8 (I.IO). 3TO COOTHOWeHHe YTBepXA86T, qTQ cyuua Tpex 
H86JlllA86MUX qaCTOT, B3HTUX B onpeAeneHHOM nopa.zu<e, HBllH6TCH H8-
6JIDABeuoa qacTOTOA, HO HHK8K8H cyuwa AByx·qaCTOT He H80JIDA86TCH. 
~nH Toro qTo6u HHWOPM8UHD O T8KOM COOTHOW6HHH AJIH qacTOT BKnDqHTb 
B anre6pa14qecKyD CTPYKTypy MHOX6CTB8 H86JIIOA86MUX, HSM HYXHO 
BB6CTH B KB8HTOBYD M6XOHHKY IlOHHTH8 T6pHapHOit anre6paxqecKOM one­
POUHH. 3TB onepau:irn onpeAeJIH6T "npOH3B6,ll6HH6 11 Tpex COKHOltrn:Tenea, 
He CBO,llHM06 K OHHSPHUM npOH3B8A6HHHM. CTOH'f O'fM8TH'fo, qTQ BO Bpe­
MH ~OpMHpOBSHHH CT8HA8PTHOA KBSHTOBOA M6X8HHKH cqHTOJIOCb o6aaa-
1'8JlbHUM Allli BC8X anre6p8Hll8CKHX 011epauuil 6b1Tb OHHSPHUJIH. CerOAHH 
nonoxeHHe H3M6HHJIOCo, TSK KOK B M8T6M8THK8 ,llOCTSTOllHO p83BHT8 Teo­
PHH yHuepcanbHUX anreo/I4/, B Koropoa paccuaTpHBBJOTCH anre6paH­
qecKHe onep81.UfH JID60il apHOCTH, np.aqeJI JID68H n -apH8H onep8UHH 
IlOHHM88TCH B CMUCJie OT06paxeHHH, CT8BH~ero B. COOTB8TCTBH8 JIDOOMY 
H86opy n 3Jl6M6HTOB H8KHA ( n+ 1 )-it aneMeHT. rroaTOMY Bll011H8 
8CT8CTB6HHO IlOC'f8BHTb Bonpoc O llP.IUl6HHMOCTH H60HH8PHHX anre6p B 
~H3HKe. IlO-BHAIIXOHY, ro, qTo 6yAeT HSXOX6HO HHze, HB11H8'fCH nepBHM 
npuepo11 npueHeHHH 1'8KHX anre6p B TeopeTllll6CKOH ~H3HK6. 

Herpy~Ho HBllKCBTo OOl!!Kit »KA iepHapHol anreopaxqecxol onepa­
UHH. Paccyx.ztaH T8K xe, KOK H B uaqane rnaBU 2, npHXOAHII K CJI8.ltj'D­
~e11y BH.ltY 3TOI onep8UHH: 
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\ '{ (12.3) (Q(1)oQ(2)oQ(3~=L_ L A Qmk(1)akl(2)otnl3)+ 
mn S (42.)) kl mnkL 7 ; ], 

+ ]3~::: q,k(1)~L(2)q,mn13) t (~~:~ ~kt(1)~ Lk(l) ~mn (3) 1, 

( Q(1)oQl2)oQ(3))m =.L La~~~>L ~su(1)qusW'J,t (3)t 
S(i23) sul 

+ q,ml1)'im(l)qm (3), , 

(5.I) 

(5.2) 

r.ite ?,11~ o608HaqaeT cywmpOB8Hl48 no BCeM nepeCT8HOBK81,1 HH­
,lt8KCOB (I,2,3). T8Kl4M oop880M, T8K08 onpeAeJieHHe KB8HTOBO!t anre6-
PH TpeoyeT 8A8Cb 88A8HHH 24 copTOB CTPYKTYPHHX KOHCT8HT 14 T8K xe, 
K8K B npeAHAYUU!X npuuepax, MOEHO OXHA8Tb, qTO AHR p88JIJ4qHux !pHSH­
qecKHX CHCT8M 8TH KOHCT8HTH MoryT 6HTb p88HHMH. 06UU!M CBOilCTBOM 
8Tl4X CTpyKTYPHHX KOHCT8HT HBllHBTCH TO, qTO OHH 6y,1tyT OTllJ4qHHIIR OT 
HY nH Tonuo Tor.ita, KOrAB I '!1-nl - HeqeTHoe qucno. 8To BHSBBHO 
T8M, qTO BCe 8JIBM8HTbl <imn , p8CCll8TpHB88Ml:JX l,IHOlltBCTB, AO:U:Hbl 
saffYHHTbCH AJIH qeTHHX I m-nl , TBK KBK HHaqe 6yAeT peanusoB11-
B8TbCH COOTHOmeHHe (I.7) AllH p8CCM8TPHB88MHx,qaCTOT Wmn • K 
COllt8JI8HHll, Kpoue T8Koro CBOltCTB8 CTpyKTYPHNX KOHCT8HT, TPYAHO 
ycMOTp8Tb KaKoe-nHOO ,1tpyroe oO~ee ~na HHX CBOltCTBO. 

PaCCllOTPHM Tenepb npHMep 8Hr8pMOHHqecKoro OCUHJIJIHTopa C 

yp8BH8HH6M ABl4llt8HHH 

X t w1X = -11X0 X0 X (5.3) 

HHS sToM npa1,1epe o6cy;itHM OAHH us cnocoOoB onpeAeneiIHH cTpyKTYP"'." 

HUX KOHCT8HT~ 
flCHO, qTO KBX;itHil'cnoco6'onpeA8JI8HHH,Ilp8BOit'qacTH ypaBli8HHH 

(5.3)'COA8Plll4T HBKOTOPYll anpHOPHYll HH4}0pil.auaii o iipo~eccax, OIIHCl:J.:. 
B881,11:JX 8THM yp8BH8Hl48M. Hanpu1,1ep, 06HqH08 MSTpHqHoe npaBHllO yMHO.:. 
E8HHH T8CHO CBH88HO: c''. anpioplt!iM p8BHOnpa'B11e11 :ece:ic :B08MOJEHHX npo-
1,1e:,;yTOtlHHX cocTo!iHHit. H STOT ipaKT ·.a:enHeTCH 'npenHTCTBHell )~lIH Ha­
XOXA8Hl4H Toqm1x pemeHHlt ypa:eHeHHH (5.3). c iipyron cTopoHH, nll6oR 
npH6JIHllt8HHHR MBTO,lt pemeHHH HapymaeT T8K08 pa:eaonp8BH8. ~nH Toro 
tlT06H H808llt8Tb T8KOR CHTY81UIH, npe,1tnonOlltl4M, qTO CTpyKTYPHHe KOH-

2ar. 

CTBHTll A mn kl oTnHtlHU OT Hyna TOnliKo Tor.its, Kor.its sHaqeHHH 
HH,lt8KCOB k H l HSXOMTCH 1(8:SAY SHaqeHHHl,IH HHA8KCOB m H 

n • TaKoe IlP8AilOJIO:E8HH8 OSH8tl88T, tlTO B npouecce nepeXOA8 OT 
B8tl8nI,BOro COCTOHHHH c( K KOH8tlHOMy COCTOHHHJJ fl ,ltOCTHr81lT­
CH T01lbKO Te npoMe:r.yTOtlHH8 COCTOHHHH,'KOTOpHe JI8Jl8T Mez.ity COCTO-
HHHHllH r:I. H (l • C HBTYHTHBHOit TOqKJ4 speHHH TSKOe npe,itnonoJte-
HHe 06 "sKOHOMHH" B npoueccax nepexo,ita K8llt8TCH Bll01IH8 8CT8CTBeH­
HII)I. 

~JIH npoCTOTH p8CCKOTPHM TOJILKO Te pemeHHH (5.3), y KOTOPHX 
:ece ,ltH8rOH8nI,HHe sneueHTH Xm PBBHH aynll, TSK K8K 8TH pemeHHH 
He 88BHCHT OT CTpyKTYPHHX KOHCTSHT TJ,Jll8 :B H a. • llpHHHTOe Ha­
MH npeAnono:r.eHHe O M8X8HH8Me nepeXOAOB 08H8tt8eT, qTo 

(5.4) Am,m:tt,k,L = Q 
AnH Bcex sHatteHH~ k H l • Hs YP8BH8HHH ,ltBHEBHHH (5.3) nony-
qaeu, ttTo ttHcna Xm,m+1 
HynH T01lbKO TOr)ta, KOr.ita 

(HnH Xm♦1,m ) 6y,ityT OTnHqHH OT 

w!♦1,m : w'J, + A ~ Cm+1,m,k,L XktXuc. (5.5) 

T!Hcna Xm,m+1 H Xm♦-t,m He onpe,itenHllTCH HS YPBBH8HHH 
,ltBHX8HHH. EcTectBCHHO Tenepb ll0Tpe60B8Tb, tlTOc:5H tl8CTOTH Wm♦1,m. 
He 88BHCenH 01' ,itpyrHx tlHCen Xmn, Kpoue Tex, ,ltnH KOTOPllX 
m = 11+'1 au m+ 1 = n • nocne)!Hee osHattaeT, qTo oTnuq­

Hmm OT Hyna cpe.itH CTPYKTypHux KOHCTBHT Cm+i,m,k,l HBnHJJT-
ca TOnLKO KOHCTBHTli Cm+1,m.,m,rn+1 H Cm+1,m.,m+i1m, 
Oc:5oaHaqe HX cyWAy ttepea Cm. , nonyquK HS (5.5), ttTO 

1 . t C I 11 
Wm+i m = W + A ,n Xm♦1,rn , ', 

(5.6) 

TBKHM oc:5paso11, SHBHHe tlHcen Xrn.+1, m. H ttBCTOT Wm+4
1
m 

(aanpHKeP, HS 8KCll8pHMeHT8) llOSBO.JIHCT onpe.itenHTb CTPYKTYPHHC KOH­
CTSHTH Crn • 

Ha COOTHomeHHH (I.IO) nonyqaeK COOTHomeHHe 
1CI\ 

W _ \ , ~, • • (5. 7) 
m+1e<+1,m. - f..__ 1.oVm.+Jti,m+j. 

. J=O 
ll08BOllHJJ!l{ee B.ll''lHCnHTb BCe tl8CTOTN no HSB8CTHHl4 q8CTOT811 WmH,m.. 
llocne 8Toro H8 yp8BH8HHH J(BHZCHHH 110:1811 BHqffCnHTb OCT8HbHH6 Heay­
neBHe l!HCJlS x,,.,. , B tl8CTHOCTH, nonyqaex 
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_ 'X Am+3,m,m+:i.,mtt Xmt3,m+2. Xmt2.1rn+1 Xm-tt,m. 
Xmni1n.- 2. .z. ~ 

wm+3,tn - W - L Cm.o,m.,k,t x,<t Xtk 
Kl 

(5.8) 

li3 3TOil qiopMynu·BH,ltHO, '\ITO MOEHO 6es llOTepH o6m;HOCTH 38HynHTh 
BC6 CTpyKTYPHH6 KOHCT8HTH Cm+2.cit1,m,k,L ,Itllfl ~)0, 
TSK KSK ,itOCTSTO'\IHO KOHCTSHT Am+2.<l+1,m,k,L ,ItnH llOArOmtH 
suaqeHHil '\!Reen Xm.+ 1,0 1,m. • TaKHM o6pasow, nony1,1aew cne-

,Ityllm;He qiopMynu: 

X = A A Xm+31m+1 Xm+L,.:n+1 Xm+1,m. 
m.+3,rn. m.+3,m,mt1,mt1 W %. _ w2. 

rn+3,m (5.9) 

Xm+S,m = W 2. SA - wJ. f Am+5,rn,m+'i,m+3 Xm+s,rn+lf.Xm+.li,m+3 Xm-H,m + 
mt ,m 

+ Arn+5,m,m+li,m+1 X1n+S,m+'1 Xm+'t,mti Xm+1,m t 

+ Am+5,m,mt1,mt1 Xm+5',m+2 Xm+11mt1 Xm+1,m + 

+ Am+5,m,_m+1,mt3 Xm+~,1n+1 Xmu,m+1Xm+J,m 1. (5.10) 

BHAHO, '\ITO ,ItnHH8 nony'\186MHX qiopwyn 6HCTpO pacTeT. 0,itH8KO CTOHT 
3,It6Ch OTM6TIIU CXOACTBO nonyqaeuux qiopuyn .)!;EI Xml'\ C qiopwy;as­
MK T80PHH BOSMym;eHHI 06H'\IHOA KB8HTOBOI M8XSHHKH. 8TO, no-BJl)UUlO­
MY, o6~HCHH6T xa•y~ICH napaAOKC8JlhHHM q>8KT, '\ITO p8CXOAH~KICH 
PIA Taopu Bosuym;au•i •o•eT xopo■o oucwBSTb axcnapoau,axb•wa 

J,;8HHH8 •. 
no CHX nop MU H8 KCllOXh30B8JIJI ycnOBK8 KB8HTOB8HKH (2.14). 

H8TPYJtHO y6a..-ThCH, '\ITO K3 8TOro YCXOB■H cneJ,;yeT COOTH0■8H■e 
fl'I - (la+.flj~O 

Ix. ·1" - h" 1i ) j ID ~m-('ldtt)j 

m♦lci+1,m - l M Wm+1d+11in lrn+UH fm (5.II) 
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c npoHsBon1>Hott nocne.ztoBaTe n1>HOCT1>IO '\IHCen h" , y.ztoBneTBOPHJOm;en 
ycnomu:i 00 

L h01=1. 
ce:O (5.12) 

COOTHOW6HH8 (5.II) ,llJIH c(:0 BM8CT8 C (5.5) npe.ztOCT8BJIB8T HBIJ. 
YP8BH8HHe TP8T1>8il CT6ll6HH ,llJIH tJBCTOT Wmt1,m B B.H,Ite 

3 l. . 
Wm♦1,m = W Wmtt,m + o<rn 

r.ite m. 

c(m. = A ho-Ji C 
lM m. 

~-/j 
/m /m+1. 

Ma (5.13) H (5.14) BH,ItHO, tJTO 3H8HH8 '\18CTOT Wm+1,m 
COB f 1< noaBonHeT onpe.ztenHTI> CTPYKTYPHH8 KOHCT8HTH Cm 
H8o6opoT, 8H8H Cm H /k , lll.OliCHO BH'\IHCJI.HTI> Wm♦t,m 
aTore nony1,1se1i1. 

-v 2. lic.,6, 
oCm ± ~rn. - ""'IT + 

l. 

w1 

t f'/ 3 V c<M ± ~ c<! -W' 

(5.13) 

(5.14) 

H Be­
• H 

• B 

{5.15) 

Hs aToff g)opuyJW MOltHO nony'\IHTI> 0'\18Hh Baznoe ycnoBHe cauocornaco­
Bauuocta teopHH B BK.ite 

2. 4w 6 
c(rn~ -n-- (5.16) 

~l!H Bcex snatieH.Hil '}i=J:.O • A .Ha Hero cne~yeT, tJTO peweHHH aarap­
uonuqecxoro OCIUIJ11IBTOp8 H68H811HTH'\IHH B TOtJl(6 ;\ = 0 • IlOBTOMY 
llPHK6H8HH8 M6TO~OB Teopuu BOSMym;eHHil HBJIH8TCH H838KOHHHM. Kpo11e 
Toro, HS (5.I5) CJI8.ztY6T, '\ITO 

l 
Wm♦1,m ~ Vj' W, {5.17) 

x noaToMy B npe.itene A ➔ 0 1 Wmt◄,m ae nepexo~n l! w. 
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W 3H8fl BC6 ll8CTOTH· Wrn+2.d+1, m , H3 (5.II) .ltOJt6.lt 

. onpeA6Jil,1TI, BC6 11HCll8 )( mt-l.d.+1
1 

m C T011!10CTI>ll AO BH60p8 
111:1ceJI h(j (aeaaBHCH.ltHX OT m ). C APYrOH cTopoHH, qiopuynH THna 
(5.9) H (5.10) T0Jt6 onpeA6l!flllT 8TH llHCll8, H noaTOMY T60PHfl 6yA6T 
C8.ltOCOrJiaCOB8HHOtt TOlll>KO npH OAHOM BH6ope CTPYKTYPHHX KOHCT8HT 

Amnl<l• 
06CYAH.lt TenepI> .lt6TOA OilP6A8ll6HHfl CTpyKTYPHllX KOHCT8HT THil8 

.B H a • CorJiacHo TeopHH ymrnepcaJI1>HHX anre6p, BCHKaH anre-
6pa1:111ecKaH onepaUHH onpeAenReT pHA BTopHqHHx onepauHn/

141. B qacT­
HOCTH, C no.110~1,I) T6PH8pHOtt onepauHH .110~6.lt onpeA6l!HTI, 6HH8pHYll one­
p8UHll, 38qJHKCHpOB8B OAHH H3 apry.1t6HTOB Tepaapaott onepauHH. B He­
me.It cnyqae 6YA6T H8H6onee 8CT6CTB6HHH.lt B3f1Tl> B KaqeCTBe T8Koro 
38qJHKCHPOB8HHOrO apry.1teHT8 6AHHHqHyll M8TpHey l H nonoJEHTI>, llTO 

QoY= QoYol=G.oloY::IoQoY, (5.18) 

IlPH.lt8HflH K (5.18) qiop.1tynH (5.I) H (5.2), .ltOllHO y6eAHTl>CH B TO.It, 

llTO 6HH8pH8H onepauHH (5.18) C0Bll8A86T c 6HH8pHOtt onepauHett, pac­
C.ltOTP8HHOtt B rnaBe 3. ll 8TO nerKO llOHHTI>, T8K ·K8K nepeXOAH OT 
A8HHOtt TepH8pHott onep8UHH K 6HH8PHOtt, .ltH H8 C8.lt0.lt A6ll8 TepHe.lt HH­

qiop.1t8UHD O cy~eCTBOB8HHH COOTHOmeHHH (I.IO). 
,lll!fl nonylleHHH BHA8 CTPYKTYPHHX; KOHCT8HT THll8 J3 14 C1 .110-

xe.11 npH.lt8HHTI> TY xe llPOU8AYPY, llTO H B l'll8_B8 3. B qaCTHOCTH, npH­
A8PllHB8flCI, np8AfiOll0:&6HHfl 06 HCKllllllHT8!l>HOii pOllH llHCell Xm♦1,m 
It X m,mt1 , 11.0XHO BH6p8Tl> KOHCT8HTH Omsu.l T8K 1 llT061,1 
TOlll>KO 8TH qHCll8 A8B8l!H BKn8A B BHp8X8HH6 AIDi ra.1tHlll>TOHH8H8. Tor-

A8 nonyllHM 

m•t 

8 WmH,m ( Eo + t,_ fu Wj+i,j }Jm Jrn+1 

am= ho'h(_3 w~♦1,m+_wi)tJj , cs.19) 

rA8 qacTOTH Wm+t m A8DTCfl qiop11.ynoii (5.15). 
J' • ,i . ) ' ' '. ,. '. .. . : 'f '. '' s ' ' 

Bee, qTO 6Hl!O CK838HO'O pacc11.aTpHB8e.1toii anre6pe H86llllA86MHX, 

HOCHT HCKl[l)qHT8l!l>HO qipal'l(eHtaJ)HWB xapaKTep, He Il03BOllflD~Htt e~e 
CYAHTI> 0 BCeX B03.lt0J:HOCTHX 06cya:Aae11oro qiop.11amia11a. CAell8HHHA HS­
IIH BH6op CTPYKTYPHHX KOHCTSHT npecneAoBan TOllI>KO Hl!nDCTPBTHBHYD 
U8lll>o _,ll,,He .~C~n~~~H8 ,B03MOJ:HOCT_I>, qTO _B IlJJ8KTJ4qe_qK,_H,_B8~HH~ ,CllY,ll,8-:-; 
HX aTOT BH6op AODeH AenaTI>Cfl 1i1Haqe. · 
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6. 0606S6HH06 ODHC8HH8 HHepIJHH Ten B p8.1tK8X KB8HTOBOii 
.lt6X8HHKH 

,llo CHX nop MH IlOllTH HCKl!llqHT61Il>HO o6cyJ;A81IH KB8HTOBO-M6X8HH­
qecKmt 38KOH yi,tHOX6HHH. Koaeqao, 8TO He 6AHHCTB6HH06 M8CTO TeopHH, 
KOTOpoe MOXHO o6o6~TI,. 06cyAH.lt Tenep1, APyroro POA8 ooo6~6HH6, 
AOnycKaewoe 4JOP.lt8JIB3MO.lt KB8HTOBOA M6X8HHKH. A HM8HHO, o6o6~HM 
cnoco6 OilHC8HHfl HHepUH8lll>HHX CBOACTB o6~6KTOB. ~TOOl,I qeTKO BHAHH 
6Hl!H BHAOH3M6H6HHH peayn1>T8TOB, BH3B8HHHe T8KHM 0606~eHH6.1t, npeA­
IlOl!OJtHM, qTQ pa60Tae.11 B 06Hqaott anre6paHqecKoA KB8HTOBOA cxeMe 
rettaea6epra. Eol!ee Toro, orpaaHqHMCH Ton1>Ko npHllepou npocToro 
rap.1tOHHqeCKOro OCUHllllflTOpa, llTO BilOllH6 AOCT8TOllHO Al!H H8WHX ue­
neM. 

88A8'1l8 HepenflTHBHCTCKOro rap.1tOHHqecKoro OCUHllllflTOpa BilOJIH6 
onp6A8ll6H8 ABYMfl IlP6AilOllOllt6HHfl.1tH: 

I. HMnyn1,c T6ll8 llHH8iiHO 38BHCHT OT ero CKOpOCTH 
2. CHJI8, A6ttCTBYD~8H H8,T6l!O, 1IHH6iiHO 38BHCHT OT OTKllOH6HHH 

T8JI8 OT COCTOHHHH P8BHOB8CHH • 

B pSKKBX KX8CCUl!6CKOA qJH3HKH 8TH npeAnOl!Ollt6HHH peanHBYllTCH xopo-• 
mo H3B6CTHHM 6AHHCTB6HHH.lt cnoco60.11. B PBKKBX M8X8HHKH renaen6ep­
ra H8T T8KOtt 6AHHCTB6HHOCTH, T8K K8K Kpoue 06HqHoro cnoco6a 110-
xe.11,STH ll.P8AilOllOX6HHH pe8l!H30B8Tl> T8KK6 B BHAe: 

-P = 1: (MV+VM) (6.I) 

F =-i(KX +XK), (6.2) 

rAe M H K - MBTPHUH, OllHCHB8DU6 COOTB6TCTB6HHO HHepuH-
8lll>HH6 H ynpyne CBOACTB8_0CUHllllflTOP8. B 061!16)4 cny-qae 3TH MBTPH­
UH H8 06H38HH 6HTI, Kp8THHHH 8AHHHqHoll MBTPHU6, K8K STO 06HqHo 
Heo60CHOB8HHO·npeAnonaraeTCH. TOT ~8KT, qTo HH6PUH8lll>HH6 H-ynpy­
rHe CBOliCTBB AOlIXHH., OllHCHBSTI,CH ·KOHCT8HT8MH ABHJt8HHH, B Hamel& 
cnyqae oanaqaeT: 

[ E,M] = [ £,k] =0, (6.3) 

r~e E - uaTpaua aaeprnH. CooraomeHHe 

[M,K]:0 (6.4) 
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ne cne11YeT H3 ~YBA8M8HT8nbHblX npHHUHllOB, H Il03TOMY B o6~eM cny­
qae MSTPHUH M H K He o6asaTellbBD .itonxHH 6HT:& O,itBOBpeuea­
HO ,ItH8rOH8JII,HblMH M8TPHU8KH. lnH npOCTOTH, OAH8KO, np8,lU10llOllH11, 
qTo cooTHomeHHe (6.4) BHnonnaeTcH. B sTOM cnyqae MSTPHUH E,M 
H J,{ OAHOBpeMeHHO MOllHO AH8rOB8llH30B8T:&, B peayll:&T8T8 qero 

aaaqHTen:&BO ynpoCTHTCH paccyZ,It8BHH. 
Yp8BB8HH8 ,ltBU8BHH . 

-P=F (6.5) 

OllP8A8llH8T BHA MBTPHUH X B BH,lt8 

Xmn = Xm bm+i,n + Xn 8m,n+1 (6.6) 

C npOH3BOll:&HHKH qHCll8KH Xm • OHO onpe,It8IDl8T T8KZ8 co6CTB8HHH8 

aaaqeHHH saeprHH B BHA8 

n-1. 

En=E1+ttz= 
J=O 

Kj t Kj+t 
I 

Mj t Mj+t , (6. 7) 

r.ite Kj H Mj - COOTB8TCTBYD~He AH8rOH8Jq,HH8 sneM8HTH MST-

PHU K H M 
nna onpe,It8ll8HHH qHC8n Xm H8M HYZHO e~e O,ltHO COOTHOmeHH8, 

CBH3HBam~ee MBTPHUY X c ,itpyrHKH uaTpHUBMH. TaKD cooTHomeBH­
eu HBID18TCH ~YHKUHOH8ll:&H8H 38BHCHKOCTb MBTPHUH SHeprHH OT M8TPHU 

)( 11 V • B Hameu cnyqae 'tBKYE ecTeCTBeHHYD aaBHCHMOCT:& 

,itaeT BHpaxeHHe 

E = t(MV1 tV 1M +lVMV -I-

+ xxi +X1K + 1X KX)~ (6.8) 

IloACTaBnHH CDAB uaTpHUH X H V , BH.itwt, o,ItBaKo, qTo sTo 
DHP8ll8HHe H8 HBllH8TCH ,ltH8rOH8ll:&HOA M8TPHU81, H llOSTOMY HYllHO 
B8Kll8,ltHB8T:& A068BQqH08 ycnOBHe HCq8SHOB8HHH Hl~HarOHaJl»Hlll: sne­

M8BTOB. 8TO ycnoBH8 HK88T cne.itYEIIUII BB.it: 

Kn t A Kn♦1 + Kn+t -

Mn+l Mn♦1+Mn+1 -
(Kn+ Kn+1H Kn+1 + Kn+1} 
(Mn+ Mn♦1}( Mn♦1 + Mn+2.} , 
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(6.9) 

B STOY K8CT8 H8tUIH88TCH HHTepeCH8H qacT:& 06Cy:&,llaeworo o6o6~eHHH 
KB8HTOBOI M8X8HHKH, T8K K8K OK83HB8eTCH, qTo ycnoBHe (6.9) HMeeT 
ABB pem8HHH. IlepBoe peweHH8 38KnvqaeTCH B TOM, qTo OTHOmeHH8 

Kn+ Kn+4 = wi. 
Mn+ Mn+1 

(6.10) 

He 38BHCHT OT HH,lteKca n 
1W o6oaHaqHJIH qepea wl. 
~OPMYllY 

t H IlOSTOMY ero IlOCTOHHHOe 3HaqeHHe 
• Tor.its BMecTo (6.7) nollyqaeu o6uqHyD 

En= E1 + (n.;.1)1iw, (6.II) 

xoTH KaTpH4a M HueeT npoHsBoll:&HHe co6cTBeHHHe sHaqeHHH. OTllH­
qae M8llAY H8WHM o6o6~8HHHM H 06HqHHM rapMOHHqeCKHM OC4Hlll1HTOPOM 
IlOHBJIH8TCH B BHpa:m:eHHHX AllH lll!C8n Xm '· IlOllyqaeMHX H3 ,ItHaro-
H8ll:&HHX 3ll8M8HTOB MBTPHUH (6.8). Y HBC nonyqaeTCH 

x2. - nii. 
n - (Mn♦1+Mn}W (6.I2a) 

Aliff n qeTHHX, H 

x~ = i ( fMn♦1+Mn)wt E1+ ni_
1
hw) (6.!2B) 

Aliff n aeqeTHblX. HHTepeCHO OTMeTHT:&, qTo Aliff 6on:&WHX 3HaqeHHI 
n BHpazeHHff (6.12) COBil8,lt8DT C BHpazeHHHMH AnH 06HqHoro OCUHn­

IDlTOpa, H IlOSTOMy B 060HX cnyqaffx BHDOllHH8TCH 06HqaHI npHHUHil co­
OTB8TCTBHff. 

Buqxcllllff xouyirHop [P,X] y6ezAaeuca, qTo OH He KPBTHHI . > 
8,ltKHHQHOI M8TpHue. Tpe60B8HK8 K8HOHKqecKHX COOTHOW8HHI KOMMYTBUHH 
MOZeT 6HT:& YAOBll8TBOP8HO TOll:&KO TOr,Ita, KOr,Ita 

Mn=Mn+2. 
Aliff BC8X n . T8KHK o6paaow, BCe ~opwynu nep8XO,lUIT B'~opwym,i 
06HqHol KBSHfOBOI MeXSRHKH c TeM TOllbKO OTnHqHeM, qTo BM8CTO 
o6uqaof waccw M y Hae noHBJIHe~cH cpe,ltHee saaqeHKe 
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M= M..,+M1 
-l 

OnHCJ,lll8eUBR H8UH·MeX8HHK8 OTnHqaeTCR OT o6uqHott TeH, qTO uacco­
B8R U8TpH1(8 He KOHHYTHpyeT C ll8TPHU8Jffl nonozeHHH H Hunynbca, HO 
HenerKO yK838Tb BUTeKSllllU!e OTCllA8 cneACTBHR. 

PaccuoTpHu Tenepo DTopoe pemeHHe ycnoBHH (6.9), saKn11qa11~e-

eca B TOM, qTo npoHSBeAeHHe 

{ Kn +Kn+1)(Mn+MnH) = 4 w1M
1 

(6.I3) 

AOllEHO OUTD llOCTOHHH!iU, He S8BHCHl!lllH OT Yl • TorAS nonyqaeu 
cneAYllll!ee BUpa~eHHe AnH ypODHett 8HeprP.n: 

n-1. 

En=E1+L 
. j=1 

:twMfi 
Mj tMj+1 

8 tmcna 'X n. ABllTCR qiopuynaHH: 

2. Mn+ Mn+1 
Xn = wM 

nh, 

L_ M2.j-1+M2,i 
}=1 'J 

1i 

;lt11H qeTHUX n H 

X
1 _ Mn+Mn+1 (_I!_ 
n- WM lwM 

·llr­
+L 

j:1 

•(6.I4) 

(6.I5a) 

M•j:Mtj,f) (6.I5B) 

;itnH HeqeTHHX n • KowyTBTOP [ X ,'"P] RBnaeTCR ;ttHaroHanu!)tt 
HBTPHUeR, HO He KPBTHOR e;ttHB,Hqaoa U8TpHue. Ero co6CTBeBHUe, auaqe-

BHR p8BBH 
. { l l. ) . 

-lL wM Xn -Xn-1 • 

EU!e B I950 ro;tty a.BxrHep o6p8THn BBHKBHHe HB 8TO o6CTOBTem.cTBO 
B p8KK8X o6uqHoR KB8HTOB01t uexaHHKH/I9/. B TBKHX c;nyqaax KOKyYTB­
TOP l'P, X] He SKBHBaneBTeH ycnoBHll KBBHTOBalIHR (2.6). 

topiiyna (6.14) llOK88HB86t,' qTO o60Ci11!8H B pauax KB8BTOB0ll 
11eX8HHKII llOHHTHe JIBCCii, npa COOTB6TCTBYllUU!X C06cTB6HlWX 8HaiieHH-
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ax Mn , uoxHo nonyqHTb nro6ott aHepreTaqecKHtt cnexTp. HHTepec­
HO 8AeCb TO OCiCTOffTenoCTBO, trrO STOT peaynoTaT He Tpe6yeT paccuo­
TpeHHff KaKHX-TO cno~H!iX BSaHUOAettcTBKtt. B qaCTHOCTH, HBJI KSZeTCH, 
qTo ~opuyna (6.14) uo~eT 6!iTo oqen• ~oneaua AnR BWHCHeUJI nonpo­
ca O aanHpBHHH KBapKOB, T.e. 06 OTC:,TCTBllH B llPKPOAe CB060~~ 
KBapKOB. KaK npaBHno, KBapxau npHnHCWB81lT TOqHo TBKHe CBOnCTBB, 
KaK H ~pyrHu HaCinIDAaeuHM qacxauaK. ~opuyna (6.14) yKa8UB8eT HB 
cneAYD~Hii.BosuouHn-Mexanaau aanapaBHH KBape:oB: aaepraa, coo611!ae­
uaa CHCTeue CBH3aHHHX KBapKOB,MOzeT 88TpaqHBaTbCR as· yBeJlllqeaae 
M8CC!i KBapKOB, a He Ha paapymeHHe CHCTeuu. 

MoxeT noKaaancH, tzTO paccuaTpHBaeuoe oelo6~eHae KBBHTOBOlt 
MexaHHKH oCinaAaeT Manoli npeACKaayeuoCToD. Ho 8TO He TaK, llOCKOnb­
KY nD6aH wnanqecKaH TeOpllH A011XH8 HcnonoaoBaTo HeKyD axcnepneH­
TannHYID HH~OpU8UHD, nonyqaeuyD OT OAHKX ~aaqeCKIIX CHCT8JI, qTO6H 
MO~HO 6uno_OlltHA8To KaKHX-TO npeACK888HHH AnH APYrHX CHCTeM. Toq­
HO TaKaH :ate CHTyau1m aueeTCR H y H8C, TaK KBK HS H86nJJ,JteBHl onpe­
AeJIBeU aHaqeHHH uacc Mn a noTou nonoayeMCH STHKH aaaqeHJIHKH 
B APYrHX BHqacneHHHX. IlOSTOUY cnoco6HOCTo npeACK888HHH o0o6~eu­
HOH KB8HTOBOH MexaHHKH B TOqHOCTH TSKaH xe, KaK H 06fiqHOI •. 

3aKnDqeHHe 

Uenoll HaCTOH~HX neKUHtt RBnHnOCo xenaHH8 llOK888To, qTo Kpoue 
OCi~qHott KBaHTOBOH MeX8HHKH cy~eCTByeT mHpOKHli Knacc KB8HTOBWX 
anre6p C cy~eCTBeHHO OTnHq}l!,IJIH CTpyKTYPBMH~ Hame AOKaaaTenoCTBO 
aneueHT8pHO H no cy~eCTBY OllHp88TCH T011bKO Ha pa60TY relaeH6ep­
ra. Cy~eCTBOB8HHe APyrHX KBaHTOBHX a~re6p oauaqaeT 8B811aTeniHOe 
pacmHpeaHe B03MOZHOCTett KBaHTOBoro OllHCBHHH npHpo;ttH. Ho HS 8ToM· 

nyTH, KaK 6uno noe:aaaHo, cy~eCTByeT PH.it TeXBHqeCKHX TPY~OCT6I 
uaTeUaTHqecKoro xapaKTepa. Cne,ltj'eT a.iteCo BHpaSHTo Ha.itell.Q', qTo 
B 6yAy~eu 8TH TPYAHOCTH 6YAYT ycnemao npeo.itoneHH. H TOrA8 Y H8C 
IlOHBHTCH B08UOEHOCTo accne.itOB8To q11axqecKoe COAepxaHXe o6cyx..aB­
mHXCR HaUH oCioCi~eHHtt KBSHTOBOH MeXBHHKH. 

B aaKnDqeHHe BupaxaD CBOD 6naro.itapHocTb M.~.illHPOKOBY aa 
nouo~o B llOArOTOBKe T6KCTa. 
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