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§ I. BBe,nemrn 

C HatraJia I985 ro,n;a HatraJiaCI, IDITeHCIDlHruI paspaOOTKa Teop;m cyrrep

CTPYH, KOTOPM B 6oJiee OT,ll;aJieHHOil rrepcrreKTHB.e MOlKeT IIpHBeCTH K cos,n;a
HHID IIOCJie,n;oBaTeJibHOH e,D;HHOli TeopHH Bcex B3aHMO,n;eilcTBHH, BKJIID'IM rpa
BHTau;mo. Ha cero,ll;H.II cyII1eCTByeT MHOlKeCTBO paOOT, B KOTOp!DC pa3BHBaIDT
CR pa3JIH'!Hlle cpH3HtrecKHe IIO,ll;XO,ll;ll K TeopHH cyrrepCTPYH H HCIIOJib3Y8TCR 
CJIOlKHllli ll Ma.7!O 3HaKOMllli cpH3HKaM MaTeMaTHtrecKHil arrrrapaT. IlOIIllTKH rrpo
HHKHOBeHHR HOBH'!Ka B STY CBOeo6pa3HYID o6JiaCTI, TeopeTH'!eCKOil (pH3HKH 
eII1e OOJiee OCJIOJKHRIDTCR TeM OOCTOR:TeJII,CTBOM, 'ITO IIPHHUHIIHaJII,Hlle OCHOBll 
KBaHTOBOil TeopHH CTPYHll BllRCHeHll IIJIOXO, a BO3MOlKHO,H He BIIOJIHe ycTa-

\l HOBJieHll. Eo.n:ee Toro' IIOIIllTKH IIOCTPOHTI, KBaHTOBYID TeopHID CTQVHHoro IIO-. 
:!ill BllRBHJIH orrpe,n;eJieHHYID He3aBeprueHHOCTI, OCHOB o6lltIHOil KB8HTOBOH Te-
OPHH IIOJIR, oco6eHHo B "TO'!Ke rrepexo,n;a" OT O,ll;HO'!aCTH'IHOtt K8PTHHH K IIO
JieBoil. PMoTa co CTPYHaMH TpeoyeT rrepecTpOilKH 3THX OCHOB, 

Ilpe,n;JiaraeM11e JieRUHH*B 6OJII,llie:li CTerreHH OpHeHTHpOBaHll Ha O3HaKOM
JieHHe C OCHOBaMH TeopHH CTPYHll, IIPHTOM C rrpocTettrnHMM. Eo.n:ee TeXHHtrec
KHe acrreKTll H IIPHJIOJKeHHR HYlKHO HCKaTI, B OpHrHHaJII,HIDC pa6oTax H OO3O
pax. KpaTKHe peKOMeH,n;aUHH K ,ll;aJibHettrueMY '!TeHHID ,n;aHll B KOHUe JieKuiril. 
ABTOP ,n;OJIJKeH Ta.Rllte CO3HaTbCR, 'ITO HHKaKOli IIOIIllTKH ,n;aTI, ,ll;OCTaTO'!HO IIOJI
HOe H3JIOJKeHHe rrpe,D;MeTa s,n;ec1, He ,n;eJiaeTcR:, O,n;HaKo, Te rrpoOJieMll, KOTO
pue IIOIIaJIH B 3TH JieK:u;im,oocyJK,IJ;aIDTCR OTHOCHTeJII,HO rro,n;po6Ho. 

HatrHeM C IIOIIllTKH otrepTHTI, MeCTO, saHHMaeMoe Teopueil cyrrepCTPYHll 
B COBpeMeHHott cpH3HKe,H rrorrpo6yeM OO'.b.fICHHTb, satreM ee CJie,n;yeT H3ytraTI,, 

B HacTO.fIIIlee BpeMii TBep,n;o ycTaHOBJieHO, 'ITO ITOCJie,n;oBaTeJII,HaJI TeOpHR 
traCTHU H HX B3aHMO,n;eilcTBHH ,n;OJIJKHa 011Tb T8K HJIH HHatre CBR:3aHa C .KaJIHO
poBO'!HllM IIPIDIUHIIOM. TeH,n;eHUHR 06'.be,n;HHeHHR pa3JIH'!HllX B3aHMo,n;ettCTBHli 
B paMKax 6oJiee OOIIlHX KaJIHOpOBO'illllX TeOpHil OTOOpaJKeHa Ha pHCyHRe. KalKeT
CR BeCl>Ma BepoR:THllM, 'ITO IIPH aHeprHR:X Mt.V'I' ;:: roI5_ raB IIPOHCXO,ll;HT 
OO'.be,D;HHeHHe CW!bHllX H 3JieKTpoMarHHTHO - CJia6ux B3aHMO,n;eilcTBHil Ha oc
HOBe RaJIH6poBotrHott rpyrrrr11 BeJIHKoro O61,e,D;HHe~:rur bfur , oIIHc11BaeMoe 
rrepeHopr,rnpyeMolt, acHMIITOTH'ieCKH CBOOO,ll;HOll KaJIHOpoBO'!HOH Teopneil: riOJIR. 
HeHsBeCTHO, HeT Jill MeJK,IJ;y OOJiaCTbID ~mo raB J.1 OOJiaCTI,ID Mt;V'I'":' roI5 raB 

*aTI-! JieRUHI-! 6wm npotmTaHI,r Ha MeJK,IzyHapo,n;Hotf mROJie Ull-!3HROB B .L(y6He 
/,n;eRa6po IY86 P./. 
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KaKoro-To rrpoMelKYTO'l'.HOro 061,e,ll;IDleHIDI. HeHCHO TaIO!te, KaKOBa rpynrra 
G &ll'r • Han6oJiee cep1,e8Hlle .KaH.mU(aTll Gt;IIT = su!i ' 5040 MR 

£, . B paMKax aTmc n,n;eit coBepmeHHo HerrorurrHo, .KaK rrponaoit,n;eT 
061,e,ll;IDleHHe Bcex B8aHMO,IJ;eHCTBHit C rpaBRTauneil ( B OTJill'lle OT ,n;pyrmc 
B8anMO,IJ;eHCTBRH rpaBRTal.llIB CM8aHa C IlOJieM crrnHa 2, Il08TOMY OHa 
HerrepeHopM1IpyeMa n Blllla.n;aeT na o6meit cxeMll BeJIHKOro 061,e,n;mieHIDI). 
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Mpt~I018 TuB 

Ha pncyHKe cxeMaTli'IeCKH Y.Ka8aHO,.KaK, napaJIJieJII,HO C 061,e,n;mieHHeM 
B8aliMO,ll;6HCTBHH, ITPOHCXO,ll;MO llSMeHeHHe npe,n;cTaBJieHHH O qiyH,IJ;aM6HT8JII,
HIDC '!aCTliU8X, COCTaBJIJIKmHX BemecTBO (OT "KoprrycKyJI" ,ll;O ICBapKOB H 
JI6IlTOHOB).,llyaJIRSM "tiaCTRD;a-B8aHMO,ll;6HCTBHe"- O,IJ;ml na JI6HTMOTHBOB ~li-
8HKH, li B paaHHe rrepHO,ll;ll Ha rrepBlltt IJJiaH Bll,ll;BHraJIOCI, JIH6o O,ll;HO, JIH6o 
,n;pyroe rroHHTne. HarrpHMep, .n;7IJI .D:e.KapTa n MaKcBeJIJia rJiaBHllM B .KaPTRHe 
MHpa 6wro BaanMo,n;ettcTBne, a .wtH HbIOToHa u Jiopemr.a - 'IacTnIJ;El. Brrpo
'IeM, aTn rJiy6oKHe MllCJIHT6JIH 6WIR BeCI,Ma OCTOPOlKHll li CaMH He rrpoBO,ll;li
JIH peaKott rpaHH MeJK,Izy 'l;aCTliIJ,aMH ll B8aHMo,IJ;eitcTBIDl'.Mll. CYII!6CTBOBaJIO TaK
xe H CTpeMIIeHHe K 6,ll;IDIOH Teopnn '!aCTHU li B8anMO,IJ;ettcTBHtt (OT Py,n;xe-
pa BOillKOBW.:ia ,ll;O 8ttHmTettHa). !Io Mepe Toro .KaK OTKPllBaJIHCI, rrepeHOC~KH 
B8aHMO,ll;6HCTBlitt, rpaHI, MeJK,Izy '!aCTHIJ,aMll ll B8aHMo,IJ;ettcTBIDIMll CTaHOBHJiaCI, 
Bee 60Jiee 8ll6Koi1:. Ce~ac, noCJie Toro .KaK cyrrepcHMMeTpM 061,e,ll;llHHeT 
B 6,ll;HHlle Mj'JII,THIJJI6Tll ~epMROHll (Tpa,ll;liIUIOHHlle '!aCTRUl:1) n 6oaoHll (Tpa
,ll;lilUIOHHll6 areHTll, B8aRMO,IJ;ettcTBlitt) ' Mll 6oJiee ITO,IJ;roTOBJieHH K MllCJIH ,, ll:TO 
rro-HaCTOJIDl6MY ~YH,IJ;aMeHTaJII,HM T60PMYCTpottcTBa BceJieHHott ,IJ;OJIXHa 6llTI, 
6,ll;liHOtt Teopuett Bcex B8anMO,IJ;ettcTBllil H Bcex 'IaCTHU, H8 ROTOPIDC ITOCTpoe
HO BemecTBO. Ilo-BH,ll;llMOMY, ITOHHTM 'IaCTHU H B8aHMO,ll;6HCTBHH KaR OT,IJ;eJII,
HllX CTPYRTYPHllX SJieMeHTOB peaJII,HOCTH IlOTepmoT CMllCJI n ,ll;OJilKHll 6llTI, 
aaMeHeHll HOBllMII CTPYRTYPHllMII 6,ll;liHHD;aMII, rropox.n;aICl!lllMH 8HaKOMlle HaM 
'IaCTHUl:1 H B8aHMO,IJ;ei1:cTBM JlllillI, B HeROTOpoM rrpn6JilixeHHH. 

.n:ocTaTO'l'.HO HCHO, 'ITO TeopRH BeJIHROro 061,e,IJ;HHeHIDI (TBO), paape
illHBillM MHOI'He aara,IJ;KH (J}H8HKH SJieMeHTapHIDC 'IacTHU H acTpO(JJHSHRU, He 
MOXeT rrpeTeH,IJ;OB8TI, Ha MeCTO TaRott qiyH,IJ;aMeHTaJII,HOtt Teopnn. CymecTBY
DT, o,IJ;HaRo, :a 6oJiee ROHRpeTime, 60Jiee "~nan'IHI:le" y.KaaaHM Ha ee He
,n;ocTaTo'l'.HocTb. Ilepe~CJIHM HeROTOplle rrpo6JieMll, KOTOplle B npliHD;ri!II6 
He MoryT 6llTI, pemeHll B TBO. llx MOXHO rro,n;paa,n;eJIHTI, Ha TPH rpyllITll. 

I. IIpo6JieMll cRMMeTpnLu rroKOJien~tt 

I) Bo-rrepBllX, HeT TeopeTH'I8CKOro rrpRHunrra, no ROTOpoMY orrpe~e-
JIHeTCH .KaJIR6poBo'l'.HM rpyrrrra G 1;

11
.,. • 2) IIpe,n;cTaBJieHM, B ROTOpllX 

.pa8MelllamTCH RBapKH ll JieITTOHH, TaIO!te rro,n;6npamTcH ~OTO 8MllllpH'IeCKH 
(oco6eHHo aara.n;o'l'.Ha KHPaJibHM acHMMeTpM Ramero MRpa). 3) IIpo6JieMa 
ITOBTopeHru! ITOROJieHHtt RBapROB H JI8IlTOHOB He RMeeT HH.KaROro T80p0TH'!ec
.Roro pemeHIDI. 4) HaROHeu, rrpn COITOCTaBJ18HHH .KaJIH6poBO'IIWX MO,IJ;eJiett 

BSJIHROro 061,e,IJ;HHeHM C ,ll;aHHllMII OITllTa IlpHXO,ll;HTCH IlO,IJ;roIUITI, 60JII,il08 
~CJIO 6eapaaMepHIDC napaMeTpoB, TaR .KaR llCXO,ll;HM CHMMeTpM rrpn HH8RHX 
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3H9PI'RlIX IIO~Tli'I IIOJIHOCThll paapymeHa (HanpRMep, MaCCH KBapKOB He BH
'lllCJIJlllTCJl, 8 IIO~HmOTCSI) • .. 

II. IlpoMeMH Hapymemm CllMMeTpllH H npo6JieM!l KSJIH600BO~IDC 
Hepap:m:11 

I) "CnycK" oT 1mepl'lillt M Gvr ~ roI5 TuB . .no sKcnepHMeH
r.raJihHO .n:ocTyIIHl:IX sHepl'lillt Mwe,..,, IOO TuB - o,nna H3 · HSH6oJiee Tpy,naHX 
npo6JieM COBpeMeHH0:11 ~3HRlI. neJIO H8 TOJihKO B TOM, ~TO Ha 3TOM I'OJ!O
BOKpyDTeJihHOM. cnycKe rjimo npll:,I(j'MHB8Th KaRlI8-TO MeXaHH3Mli paapyme-
mm CHMM8Tpg (;GIJT ,no·. SUt ><. SLJ{ X UJ • D!aBH08, HeIIOHSITHO 
CaMO IIp0HCXO~eHHe orpOMH0:11 "BHCOTH" 3TOI'O cnycKa -MGvrlM we. .... 10

15
. 

Borrpoc o rrp,po,n;e nponcxo~eHHSI no,n;o6HIDC orpoMHHX 'lllCeJI no BceJieHHo:11 
BII8pBH8 6WI IIOCT8BJI8H nnpaKOM ("ripo6JI8Ma 60JihmHX 'lllC8JI"). B KOHTeKC
T8 neJm:Koro o6~e,nnHeHHSI 3TO - TaK.HaaunaeMSSI rrpo6JieMa RSJin6pono~mc; 
nepapxn:11. ' 

2) BoJree T8XHH~8CRlI:11 acneKT 8TOft ripo6JieMH - KaK rrpe,n;oxpaHHTh 
yxe YCT8HOBJI8HHYD nepap:mD OT paapymemm KBSHTOBHMH norrpaBKaMH, He
H36eimo CMeIIIHBaJWn™H COCTOJIHruI C 60JihllUIIW'( H MaJIHMH MaOCSMH (o6MeH 
BHPTYSJ!bHHMH ~acTHIJ,8Ml'.I, IIOJISipnaaIJ;WI naeyYMa). EcTeCTBeHHoe,He Tpe6y
ll!llee CII8nl{aJihH0:11To~oa IIO~HRlI rrapaMeTpOB pemeHHe ~acTH 3T0:11 rrpo6-
JieMH MOlmO IIOJIY'lllTh Ha IIYTH cynepcHMM8TJ)l!381lm1°l'BO. 

06cy,nnM 3TO HeMHOI'O IIO,Ili)06He:11. SiCHO' ~TO'' IIOMeCTHB :irnrrcOBbl CKa
JIJIPH B O,nnH cyrrepM9JihTHIJJl8T C qiepMHOHaMH, MO'Ji.H006~CHHTh, Il0~8MY 

M H « MGVT, M Pt·. , eCJIH MH yxe o~cHR1IH ~ocTh Macau .~ep~oHoB 
(HanpnMSp, C IIOMOIIU>D KHpaJihH0:11 CHMM8Tpnn). Tpy,nnee peIIIHTh-60Jiee.ToH
KyD npo6JieM.Y, KOTOPYIO MOlmO,IIOSICHHTh'HS rrpHMepe HapymeHHSI CHMMBTPllH 

G~vr = 5V
5 

: B BT0:11 Teopg MaCCH :irnrrcoHOB ,n:mTcR cooTHomeHHeM 

(f) (2) · (Mo+2M1) >"1ou 8 1 · Z • ,., f<J 
Mo 1 + M1 -i = Mo:3M -------·· 
. t -3 , 

1 ~ 1 DD r:18 . 

Moimo,· KoHe~o, ,n;o6nThCSI, ~o6u SU3 - TpmrJieT 6WI cnepxTsmeJIHM, 
~ IO TuB, a SUa. - ,ny6JieT JierKRM ( ~ IOO TuB). o.nna~. ~ 

8TOI'O Tpe6yeTCJl "cnepxTOHKaSI H8CTpo:11Ka" MaCCOBHX rrapaMeTpoB M. H M,f : 

I :: - l I ~ 10 -s ( !) . 

ncTBCTB8HHOI'O,_ll8 Tp06YJ)lll8I'O TSKOft HSCTpo:11Kn M9XSHH3Ma pememm 3T0:11 
ri,Po6.neMH nepapxn:11 B pSMKSX nemutoro (cynep) o6~e,nnHemm HalTn He y,n;a-

Jtoo:r.. 

. -6 .1 

.:)'.~~~-~~!~i!f- ~ --·-

J~ 
1f 

3) HSH60Jiee Tpy,nna.a: n rJIY60Ka.a: rrpo6JieMa cB.R:aaHa c aHeprnea 
BS.eyyMa. lpaBHTSIJ;WI B38HMO,n;e:11cTByeT co BCBMH BH.n;aMH aHepm, H Ha
JIH'llle HenyJieBol IJJIOTHOCTH BHepm·BSKYYMS orrpe,n;eJIHT HeHyJieBOI KOC
MOJIOrH~eCRlI:11 ~eH Ac B ypaaHe!flIB 81HmTelHa: 

I?,o, = 8rrGN ~,., -1\c Br' , 

r.n:e 'T',...,., - T8H30p IJJIOTHOCTH BHepm-HMnyJihCa, c;N' - rpaBHTSnl{OH-
HSSI IIOCTOSIHHM, (;K,;:, 6, 7 X I0-39 raB-2• PaayMHo OT~8CTBHTh Ac/9,rGN 
C IJJIOTHOCThlO BHepm BBKYYMS E 

O 
(rpaBHTHPYKlllH8 Baeyyll!Hue KBaHTO

BHB guryKTyanan). C .lli>YI'OI cTopoHu, oneHey Ha Ac Mo'Ji.Ho rr~Th, 
cpaBHHBaSI pa3JIR~e KOCMOJIOI'l'I'I8CKH8 MO,n;eJIR C Ha6JID~8T8JihHHMH .n:an
HHMH acTpoHOMllH. B ~SCTHOCTH, ,n;aHHlle O pa3Mepax H B03paCTe BceJieH
HOit II03BOJIJDDT' KaK H3BeCTHO, IIOJIY'll!Th oneHey HS 11" : 

,1 < {0-5'6c -2 ,,. e c <: /o-4'6 .!- 10-·ltr (r-;,B) ~, 
/ 't ~ .,u ' - 4 0 ,._ --

RlllI (MH IIPHHH.7IH aa 8,ItRHHey ,JµIHHH I TuB-I) 

,1 <= fO -121 M z e <: 10 -12 2 M t 
11 c: ~ Pl J c.o ~ Pl . 

B Teopnn CB060,nHHX: IIOJiett IJJIOTHOCTh 3Hepm BaeyyMa (BCIIOMHHM O .n:o-
6aBK9 ½ #; Cc) ~ 6030HOB n -f fi w ~ qiepMROHOB I) MO'Ji.HO 
rpy6o oneIDITh : 

c ~ ~ L(--)F ·JM oflfr. Vk2·+rna 
o L 2- (2rrf3 . 

( F = 0 ~ 6oaoHoB, F = I .wi.a: qiepMHoHoB) .ECJIH B Teopnn ecTh 
cynepcHMMBTpn.H, TO MOlltHO IIOJIY'll!T!, CO = o. O,nnaKO cynepcHMMeTpl!JI 
,n;oJIJUla 6HTh.CIIOHTaHHO HapymeHHoit, B CHJIY ~ero, KaK H3B8CTHO (:e: Jier-
KO ,n;OKa38Th), IJJIOTHOCTh aHepnm :saeyyMa ,n;oJilma 6HTh llOJIO.lltlIT8JihHOI. 
B03HHKaeT BOllpoc, KSK c,n;eJiaTh·ee MeHhme !□46 --;- I□-47 TuB4? 
l!T06!l IIOHSITh MaCillTS6H Heo6XO,n;nMHX OOKpa!lleHH:11, ~OCTSTO~O HSMHOI'O 
"rronrpaTh" C 'lllMSMH, Y'll!THBM, ~TO ,lJ,1UI xapaKTepHo:11 MSCCbl 

· M B.KJia,n; cooTBeTcTBYmtnX ~acTnn n naanMo~eitcTnn:11 B £ 0 

llOp!I,n;.Ka M" . Tor.n:a B Kan Co,,.,, ro-I5 raB4 , B KX.Il Co ,.J 

ro-3crsB) 4, n Teopg Dramoy - BattH6epra - CaJISMa s
0 
~ ra8(TuB) 4 n 

T.II. 

KoHe"llio, rrpnne,n;eHHHe oneHKH rpy61l, IIPHMHTHBHH n He OTJlllqaDTc.a: 
CTp0I'OCThK>. O,nnaKO ilYTh npo6JieMH OHR OTPaxaDT. B e,nnHol Teopnn Bcex 
~SCTHU H B3anMO~e:11cTBH:11 IIJIOTHOCTh aHepnm BBKYYMS CTaHOBHTCSI BH'mC
JISieMo:11 B8Jlll'llHOll n Mb! o6SI38HH 06~.HCHHTh, noqeMj' OHa CTOJih qy,n;OBIDIIHO 
MaJia. 8Ta npo6JieMa - O,ItHa ll:3 Tpy,nneflnmx 4)YH,n;SMeHTaJihHl:OC rrpo6JieM COB
peMeHHoll ~nanKII- Kor~a y Hae 6y~eT y6e,ItRTeJihHoe n ecTecTBeHHoe ee 
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pemeime, MOlltHO 6y.I(eT C yBepeHHOCTI,ID CKa8aT1>, qTo Mll IlOimMaeM OCHOB
Hlie rrpIDID;lIDli ycTpoilCTBa BceHeHHott. 

4) HcHo, qTo rrepcrreKTllBH pemeHIDI orrncaHHHX 1W~aMeHT8JI1>HHX 
rrpo6neM ~6pOBO~liX nepapxntt orrpe,I(eJIJIIOTCH CT8Il8H1>ID Ramero IlOHnMa
HllH MeXaimSMOB,:wm: "cmrnapneB", HapymeHIDI CllMM8Tpntt. Ilo CYlll8CTBY e.rom
CTBeHHlitt ,I(8T8JI1,HO paspa6oTaHHlitt M8xaHll3M HapymeHIDI CllMM8Tpntt B TBO 
- 8TO M8Xallli3M Xnrrca. B CBH3ll C rrpo6HeMaMll B03HllKHOB8HllH nepapxnil 
n HapJ'.IlleHIDI cyrrepcnMMeTpnn, MOlKeT 6HT·1,,6Mee IDITepecHH pas~ue .im:: 
HaMllqecKne MexaHnsMll, y~THBaxIIUie rrpocTeilmne HerrePTYp6aTnBHHe aqxpeK
TH. ECJin, HarrpnMep, M · ecn Tnrrn~Htt MacmTa6 Teopnn ( cKalKeM, 

M Pt ) , a 9 - Tnrrn~M KOHCTaHTa BsanMo.I(ettcTBM, TO ,romaMnqec
Kne MexaHnSMll (KaK B Teopnn CBepxrrpOBO~OCTll) MOryT rropo.I(HTI, Hapy
meHne cnMMeTpnn Ha MacmTa6ax 

M H ~ exp (- c. / 82. ) M, 

r.I(e 'c: - H8KOTOPM KOHCTaHTa (HarrpnMep, 
HcHO, qTo rrpn MaJillX 3Haqemmx ff MOlltHO 
OTHomeHIDI M H / M . 

41T :wm: qTO-TO B 8TOM po.I(e ). 
IlMY~TD qy.I(OBllJltHO MMHe 

fil. Ilpo6neMll rpaBHTaUIDI ll KOCMOJ.tOI'lm 

YlKe CaM MaCmTa6 M {r//7' ' Ha KOTOPOM rrponcXO,I(lIT BeDKOe 06'I>e'.nn-
HeHne, roBopnT O TOM, qTo rrpo6neMH @!3llKll aJieMSHTapHHX qacTRU n KOC
Mono!'lm ( a sHaqnT,n rpaBnTai:nm) HepaspHBHO rrepeIJJieJmc1,. CyrrepcnMMeT
pnsaIJ;WI lite B8Jll!Koro 06'I>e.romemm sacTaBJIJieT llCKaTI, peaJI1>Hlie rryTn BK.7IID
qeHru[ Be~ Teopnro n rpaBnTai:nm ( B qacTHOcTn~ cyrrepcnMMeTpnsall;ru[ 
CYllleCTBeHHo rrpn6DlitaeT M ,11 ,,. K M Pt ,v ro-I raB). IIepBlitt mar -
rrepexo.I( K Teopnn cyrreprpaBnTai:nm (HOKM1>HM cyrrepcnMMeTpnH). 

313MeqaTen1>HaH oco6eHHocT1> cyrrepcnMMeTp~ Teopd - cMHrqeime 
yn1,Tp.MeTOBHX pacxo~OCTe!. Ente gpqe 8TO CBOilCTBO rrpoHBJIJieTCH B 
cyrreprpaBnTai:nm. 0.I(HaKo Ha.I(e.llt,I(li Ha To, qTo cyrrepcnMMeTp~aH nn_ 
noKM1>Ho cyrrepcnMMeTpn~M TeopnH BeDKoro o6'I>e,romeHIDI pemaT rrpo6neMU 
rpaBnTaIJ;l'IOHHHX pacXO,I(lIMOCTett,B IlOHHOtt Mepe He orrpaB,I(anRCI,. 0Ka38JIOC1, 
He06XO,I(lIMliM ,I(BllraTI,CH B 8TOM HarrpaBHeHnn ,I(aJII,me, K peaJI1>HOMY 06'I>e.I(lI
HeHHID rpaBnTai:nm C OCT8JI1,HliMH BSallMO,I(e!CTBllHMH. 

Kopoqe roBOp!I, HCHO, qTo cyrrepcnMMeTpnsall;ru[ B3anMO.I(eilcTBd -
mar B rrpaBMI,HOM HarrpaBHeHnn (HaMeK Ha e,I(HHCTBO qacTHU n'B3anMO.I(ett
CTBd, c~eHne pacxo~ocTett, rrporpecc B pemeHnn rrpoMeM nepapxntt). 
CyrreponMMeTpnsaIJ;WI rpaBnTai:nm rrosBon:wra rrpo.I(BnHYT1>0H .I(MDme, rrocTa
BnB Ha peaJIDeyro IlO'IBY ll,I(ero rrocTpoeHIDI e.romott Teopnn B08X B3anMO,I(ett
OTBntt. 0.I(HaKO n 3,I(8C1, K peaJincmqecKott Teopnn IlO.I(OilTn He Y.I(8JIOC1,. 

Han60H1>mne ycWIM B rrorruTKax rrocTpoeHIDI o6'I>e,romeHHHX Teopd Bcex 
lISBeOTHHX B38lIMO.I(ettcTBd .I(O KOHIT,a I984 ro.I(a HarrpaBJIHJIJ1[C1, Ha HOKMI,HO 
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cyrrepcnMMeTpn~e Teopnn, o6o6~aronnie 5-MepHyro Teopnro KaJiyuu - Krrefula 
- MaH.I(eM - ~Ka (KIM). (06~0 roBOPJIT o Teopnn KaJiyuu - Krrefula. 
STo He BilOHHe crrpaBeWIJ![BO, TaK KaK COB8TCKll8 @!3llKll r.A. MaH.n;eHI, 
n B.A. ~K orry6DKOBaJin rro.I(P06HYro paspa60TKY Teoplll! T.IJ),S. Kanyuu 
rrpaKTnqec!CII O.I(HOBpeMeHHo C o. KrrefuloM). 0.I(Ha ll3 mm6Mee IlP0.I(BllHY-
TliX IlOilliTOK TaKoro po.I(a - TeopM cyrreprpaBnTai:nm B II-MepHOM rrpocTpaH
CTBe-BpeMeHn. IIpe.I(IlMaraeTCH, qTo qeTHpeXMepHaH TeOpM IlMYqaeTCH 
B pesyH1>TaTe OilOHTaHHO! KOMIIaKTlI@!KaIUm JIIDlllillX C8MlI ll3Mepem. TaKBH 
rrpone.IJ;Ypa B rrpHHD;lIDe .I(OJUtHa orrpe.I(einT1, n KMn6poBoqeyro rpyrrrry (rrpo6-
new I) • 0.I(HaKo, IlOMHMO rrpoMeM O pacxo~OCT.a:Ml!l. B 9TOM IlO.I(XO,I(e 
B03HllK8DT e~e ,I(Be oep1,esHHe TPY.I(HOOTH: I) 60H1>maH KOCMMornqecKSH 
IlOCTOHHHBH; 2) HepeaJilicTnqeoKn! orreKTP ~PMlIOHOB (q,epMlIOHli 0Ka3li
B8DTOH B He.1GtpaJI1,HOM rrpe,I(CTBEHeHnn - TaK HaSHBaeMaH "TeopeMa BnT
TeHa"). 

CTpororoBOp!I, BOSMOlEHOCTll II-MepHHX Teopd cyrreprpaBnTai:nm 
IIOKa B IIOJIHO! Mepe He :e:syqeHH. Hx lICCJie,I(OBaHne yllte rropO.I(WlO MHOro 
HHT8pecma: ll,I(el II ,I(aJIO HaM8Kl'I Ha BOSMOJmlie pemeHnH HeKOTOPHX HS 
rrepeqnCJieHHHX Blillle rrpoMeM. K OOlltaJierum, IlOM:e:MO yllte yrrowmyTHX,B 

d -MepHHX TeopHHX BOSHnKaDT HOBHe rrpo6neMU. KM1, cKOpo MH pemwmo1, 
Blitt'l'll_38 Ilpe.I(eJlli Ramero ecTeCTBeHHOI'O IlpoCTpaHCTBa, He06XO.I(lIMO YKa
saT1> XBKOI-TO TeopeTnqeoKd rrpnHD;lID, IlOSBMJDilll!tlt orrpe,I(eJll!Tl, 3Haqe
Hll8 d , a TaKllte 06'I>HCHHT1>, rroqeMY Rama- "HeKoMIIaKTHoe" rrpocTpaHoT
Bo-BpeMR: qe'l'JiP8XMepHo. HsBeCTHO, qfo IlOCJie,I(oBaTeHl>HYll Teopo cyrrep
rpaBRTaIO,m MO.Z.HO IlOCTpolITl, Jmm1, rrpn cl !5; 11 • 'llnOTO T80,l)8'1'nqecKoro 
apryMeH'l'a, rroqeyY Ha,I(O 6paT1, MaKCllMBJJ:1,HOe SHaqeHne c/ • II, HeT, 
o.I(Haxo, OYll!eOTBYJJT ·coo6paJtemm, yxaSHB8illltR8 Ha TO, qTo rrpx ol < II 
saBe,I(OMO He y.I(aOTOH rrMYqnTI, pe8JIJttcTJ(qecKYD TeOpHID. 

Jta,,ree, 8CJll! Mli OOTaHOBRMCH Ha II-MepHott Teopxx, H806XO.I(J(MO 
o<SucHRTl>, rroqeyY Ham MlIP qeTHpeXMepeH, T.e. Ha,I(O eOT8CTB8HHliM 
crrocoCSoM H868BHT1,CH OT "JmmHJlCC" { J-4) RSMepeHd. IlpoCTBH pe.I(yK
D;ru[, rrpn KOTopol CJie,I( OT JDDIIHllX llSMepeHR! OOTaeTCH Jmm1, B BJ!.I(8 He
KOTopol BHYTPeHHel CHMMeTPlIII rrMett x nx BsaRMo.I(elcTBd, oxasaJiac1, 
H8,I(OOTaTo~ol. Jimmme XSMepeHM, BH.I(lIMO, Heo6XO.I(HMO c~aTI, BIIOHH8 
P88H1>HHMI!, HO "cBepey:emmmc.s:" Ha oqeH1> MaHoe, pasMepa :G M;l , 
KOMIIaKTH08 MHOroo6pasne. B llOCJI8~0BaT8JI1,HOI Teopnn 9TO KOMII8KTH08 
MHorooCSpasxe ,I(OJUtHO orrpe,I(8J11IT1,CH "caMO 00601", XBK H8KOTOpoe C8MO
cor.naooBaHH08 pemeHJtte ocHOBHHX ypaBHeHd. 0.I(HaKo rroxa .I(O &Toro ,I(a
nexo - IIPllXO,I(HCJI 00Ylll8CTBJIJl'r1, KOMIIaKTR4)llX8Il;l'lil Ha H8KOTOpo8 88,I(aH
HOe arr.PHO.PH MHorooCSpasxe. 

B 06111011, H13yq8Hll8 Il-M8PHOI cyrreprpaBJttTai:nm R IlOIIHTKX KOMIIBK
T:itiimtaIOm JimllHla: Jtt9M8p8Hltl llPJ!B8JDI K HHTepecHHM pesyJII>TaTaM. BrrepBHe 
B~ao~ .XQT,I( cs~ Il~tUmlilMI!HM B03MOlltHOOT1, IlOCTpoewm P88.llllCTnqeo-
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KO! Teop:im, o6~8~Hfll00l8! Bee B31ll!MO'AS!CTBIDI, BKJill'iWl rpaBHTalijll). 
06HapylKlIJiaCb npnHIUUm:aJ.lbHM B03MOlKHOCTb 06~.fICHSHIDI pasMepHOCTH Ra
mero MHpa TSM 06CTO.fIT8JibCTBOM, no pasyMHHtt M8XaHR3M CilOHTaHHOtt KOM
naKTHcpRKaD;lm MOlltST 'AS!CTBOBaTb ae B ~Ott pasMepHOCTH. Kopo'ie roBo
PH, B Hanm: PYKR nonaJ.la HSKWI MO'ASJib Toro, KaK Mor 61:l 6UTb ycTpoSH 
MHp. O~aKO, no-B~MOMY,·OH ycTpoeH HS COBCSM TaK. Bo-nepBUX, B 
npo6JISM8 pacxo~OCTett HRKaKoro nporpecca Olm~Tb HS npRXO,I(WIOCb. 
Bo-BTopux, ynoMHHSBmRecH Bume npo6JieMH KHpaJ.lbHOCTH (npn d = II 
HST pe'!H O KRPaJ.lbHOCTH, H IlOJIY'iHTD H3 11:-MepHott cyneprp8BRT8D;lm KH
P8J.lbH0-8CRMM8TpH'iHlitt MHP npn d = 4 HRKOMY noKa He Y'ASJIOCb). Ha
KOHen, HSilOHHTHO,'iTO 'ASJiaTb c npo6JieMott KOCMOJIOrR'iSCKOtt IlOCTOHHHOtt -
BO Bcex BapHaHTax Teopntt KKM~ IlJIOTHOCTb 8H8prRR BaeyyMa BSJIHKa, 

E0 ~ M /,, . · 
.n,m p88BHTRH TSOpHH cynepcTPYHl:l 6UJIR O'i8Hb B8lKHli HCCJIS'AOBaHRH 

IO-MepHott cyneprpBBnai:nm. PasMepHOCTb npocTpaHcTBa-BpeMeHH d = IO, 
B~o. HS CJiyt!ailHO Bll,l(SJieHa H8 'APYrRX- HanpRMep, H8B8CTHO, 'ITO 
4-MepHoe npocTpaHCTBO c npoH3BOJibHOtt IlCSB'AOPRMaHOBOtt MSTPHKOtt MOlKHO 
JIOK8JibHO BJIOllmTb B 10-MepHoe IlC8B'A08BKJIH'AOBO npocTpaHCTBO •. B IO-Mep
HOM npocTpaHCTBe C O'AHOM BpeMeHHOM OCbll Ha cnHHOpl:l MO~HO HaJIOlKIIJTb 0'AHO
Bp8M8HHO yCJIOBRH MaiiopaHl:l (BSillSCTBSHHOCTb) H Be:ltrul: (8TH YCJIOBIDI COB
MSCTHMU npH J == i k + 2. , le '= 0,1, 2; ... . ) • B 06I11eM,B d = IO MOlKHO 
nocTpoHTb peaJIHCTH'iSCKYD MO'ASJib, 0~8KO neHa OK83liB88TC.fI 60JibilloA.T8K, 
~·Toro, '!To6u IlOJIY'iHTb paSYMHYD Teopnn d=4, npHXO'AHTCH oTKasaTbCH oT 
nepBOH8'i8JibHOtt ~eH KIDln1 - reoMeTpH'ieCKOro HCTOJIKOB8HIDI lt8Jll'!6po
BO'lll!,!X nOJiell: KaK KOMIIOHSHT MSTPHKH (H8IlOMHHM, 'ITO B KIDln1 "immme" 
KoMIIoHeHTl:l MeTPH'iecKoro TeHsopa, B~a. , f' = O,I,2,3; a. = 4, •••. 

. J , HCTOJIKOBUBSllTC.fI K8K K8JIH6poBO'llll:le BSKTOPHl:le 6080Hli, 8 gag ~ 
KaK CK8JI.flpHl:l8 6080Hl:l; ~ IlOJiy'ieHrut peaJIHCTH'iSCKOtt TeopHH BJ.= IO 
OT T8KOro cnoco6a IlOJIY'iSHM K8JIH6poBO'lllliX 6o30HOB npRXO'AHTC.fI OTK8-
38TbCH). Bo-BTopux, B IO-Meplil,IX TeopHHX c KHPSJibHUMH ~epMHOHSMH Bos
HHK811T KHpaJibHUS 8HOMSJIHH, KOTopue pa3pym811T He TOJibKO KaJIH6poBO'iHYD 
.fIHr-MHJIJICOBY HHB8PHaHTHOCTb, HOH JIOKSJibHYD JIOpeH11eBy ( H 06I11eKoop
'AHH8THYD) HHB8pHaHTHOCTb. 

TaKHM o6pasoM, aTa Teop:w:i:, T.e. IO-MepHM cyrreprpaBHTSD;Wl 
(CYI'PA),o6~e'AHHeHH8.fI C cynepCRMMSTPH'lllO! IO-MepHo! Teopne! HHra -
M:wurca·(CHM), He MOlltST npeTSH'AOB8Tb Ha pOJib ®'ff'A8M8HT8JibHOI TSOpHH. 
O;lJ;HaKO OK838JI0Cb, 'ITO CYillSCTBYDT B8PHaHTl:l T8KO! TSOpHH, JDlJIJIDitHSC.fI 
HYJISBUMH (HR3K08HSpreTH'i8CKRMH) npH6JIHllteHHJIMH R TSOpmi: cyrrepcTpyHU. 
Tolffiee roBOPH, 6e3MaCCOBl:le COCTOJIHIDI Teopm1 cynepCTPYHl:l B IO-MSPHOM 
rrpocTpaHCTBS-BpeMeHH IlO,l{'llIHJ{B)TC.fI ypaBHSHHHM IO-MepHO! CYI'PA+CHM B 
npe'AeJie, KOr'Aa CTPYHY MOltHO C'!HTaTb TO'ielffiID4 o6~eKTOM (CM. no'Apo6Hee 
Hmte). Mu o'ieHb xpaTRO onnmeM Olf)Iy HS TaRHX TeopHI. B d-MepHOM 
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npooTp8HCTB8 M8TPH'i8CKH! T8H30P ~ MIi ( M,}/ = 0,.1., ... 1 cl-J..) HMSST 
[½{d-f)(J-2) - 1.] He38BHCHM!llC KOMIIOHSHT ( ~ Il0'AC'i8T8 MOltHO npn
H.fITb, 'ITO H838BHOHM!l JIHillb "nonepelffil:le" ROMIIOHSHTl:l, OTHOC.fIIIIHeC.fI R 
(cl-2)-MepHOMY npocTpaHCTBY). Ilpn cl = IO IlOJIY'!SeM 35 KOMIIOHSHT. 
CooTBeTCTBeHHO,aHTllCRMMSTPR'llllitt T8H30p BM# HM88T ½(d-:3)(a-2) 
HS38BHCE:MliX KOMnOHSHT ., T.e. 28 npn d =IO. TaRHM o6paaoM, 60-
soHlil,IX CTSileHe! CB060'AU B cynepMYJibTHilJieTe IO-MepHott CYI'PA Boero 
35 + 28 + I ::::s 64, r'Ae I OTHOCHTC.fI R CKaJIHpHOMY IlOJill (".I(WISTOH"). 
_n,m llO'AC'ieTa ~PMHOHH!,IX CTeneHel CB060'AU HYlltHO HalTH '!HCJIO He38BH
CHMJ,IX ROMilOHSHT rpaBHTHHO ti': ( cnHH 3/2) n cnHHopHoro noJIH Ao1 
(ollHH I/2), Y'AOBJISTBOpm!]ltHX YCJIOBMM Ma!opaHl:l H Be:ltrul:. Y'iHTUBS.fI JIHillb 

"nonepe'ililie" ROMilOHSHTH, paccMaTpHBaeM cnHHopu (d-2) -MSpHoro npocT
paHCTBa. YCJioBHe MailopaHl:l OCT8BJI.fI8T 2<J-2

)/,2. BellleCTBSHHhIX KOMilOHSHT. 
, YCJIOBHS Be:ltrul: OCTSBJIHeT 2cd-~JIZ H838BHOHMUX KOMIIOHeHT. IlpH 
cl = IO IIOJIY'i88M, T8RHM o6p830M, 8 ROMilOHeHT. CilHH-BSKTOp 'fp,1«. 

OIIHCUBaD!tliil rpaBHTHH(?. HM,eeT &-2),_iJ-f)/2 BellleCTBeHHUX ROMIIOHSHT. 0'A
H8KO, K8R H3BeCTHO, He Bee 8TH KOMilOHSHTl:l He38BHCllM!,I, ·TaK KSK 8Ill8 He 
Y'2TeHO RaJIH6pOBO'lll08 YCJIOBHS °l/,-1 4'M = o, y6npa!Olllee eI11e 8 ROMilOHSHT. 
TaKHM o6p830M, OCT88TC.fI 8 + 56 = 64 ~epMHOHHHe H838BHCHMHe· KOMilOHSH
Tl:l. Mil OIIHCSJIH MYJibTHilJIST IO-MepHol CYI'PH ( T8K H83UB8eM8.fI /'/ = I 
CYI'PA). GyrrepAfYJibTHnJieT mf c rpyrrnol (; ecTb ( A~ , i!) , r'Ae a. 
izyMepyeT KOMIIOHSHTl:l npHCOS'AHHeHHoro npe'ACT8BJI8HM. BeRTOpHoe IIOJie 
(npn KSJlt'AOM Q. ) HMSeT ( J- 2) He38BHCHMl:lX KOMilOH8HT, 8 CilHHOpHoe 
llOJie ("KaJIH6pHHo") HMSST 2(t1-i)/!l H83amtcm.m MSMOpaHa - aettJieBhIX 
ROMilOHeHT. ( STa TSO PM flM HastmaeTC.fI N' = I cyrrep- HM, Bee BMeCTe -

Iv' = I CYI'PA + CHM). 
larpaHllmaH TeopHH MOlltHO 38IIHC8Tb B CJ18.IQ'Jllll8M.BH'Ae (88BHCHMOCTb 

OT KaJIH6pOBO'lllOl KOHCTaHTl:l .ito • MOlltHO BOCCTaHOBHTb, IIOJIODB <f' ,=:, 
= ~~3 'f , 38BHCHMOCTb OT rpaBHT8IUIOHHOI!: ROHCTaHTl:l 2,0 MOJtHO 
BOCCTaHOBHTb aH8JIH30M pasMepHOCTel, HarrpRMep, rrpH nepBOM H BTOpoM 

a!;:- , a IIpH TP8TbeM lJJleHax B JiarpaHllmaHe HS'AO Jl8IIHC8Tb MHOlltHTeJib 
- MHOUTSJib :Jt, "2. H T-'A•) : 

_1_ £ = _J. R + l... ( 'd_... 'I' )2. .1 rn-J/z H H HNL 
~ 2 i6 'f -t- 'f T' MNL 

1. -31" C'."" FM/{ i IV r MNL"' /. ., ,,~ - '( 'f rf,,f/tl - 2. 1 M .V,\llW.J TL, + 

+ 1 ~ r M J)M{w) " + 1 =x- a r"'(D,,tfw) ~) Q + 
+ (lJJleHu BSaHMO'AettcTBIDI 'f' A'f, '1-'Y, H,i~~ fq,,';iAF+'ieTupe~epMHoH
Hl:le). 3'A8Cb rM - MaTpHm,! .nti:paKa cl -MepHoro IIpOCTpaHCTBa-BpSMeHH, 
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. rMtJl. - 8HTllClIMM8TPll30BaHHRe IIpoll3B8'A8Hl:IJl MaTpl!Q r M • HaIIpll

Mep, F 113==r'r2r3 ; F,_.~ - o6wmwt T8H30P HaIIpm!t8HHOCTll IIOJU[ A 
cmmOJm'IeCKI!, F ~ JA -t- A 2. , r'Ae A,_ s. A II A ll A paccwTpll-

BaeTCSl .Kalt I -' qiopMa: A"= A'!, JxM • R - citaJ.UipHall ltpl!Bll3Ra, 

COOTB8TCTBYD!lall M8Tpl!lt8 fl r,,tN , a ])foll {IA)) - ltOBapll8HTHR8 npo

ll3BO'Affl,!8 cmmopHllX IIOJIB!, 38BllCHIIUil8 OT cmmopHo! CBll3HOCTll IAJ • 

HanpRMep, 

J)M {w) I\ = ( dM -t wM,AB rAS)). J r AB= t[rA, rs] . 

KoBaPRaHTHRB IIpoH3BO'AHR8 tp H Xa CO'A8Jlllt8T 'AOIIOJIHKT8J!bHRe 

'l.Jl8HR, COOTBBTCTBYRl!U'l8 JiopeHIJ,eBY l!H'ABltCY p ll rpyIIIIOBOMY l!H'A8ltCY 

a. . HaIIOMHllM, 'ITO CimHOBM CBll3HOCTb JJ 8HMOI'K'llla IIOTBHUBa-

JIY HHra - Mwmca A . Ee TaIOJte MOlltHO paccMaTp:imaT» Kalt I-qx>PMY 
· · I H 

co sHati:eHIDIMB: B Mre6pe so(J-J., .1.) (MR $0 (d) ) : W,48 -~,A6 oX • 
'llepe3 STY <I>oPMY·MOXHO BRpa3HTb 2-qx>PMY ltPHBll3HR (TBH30P ltpl!BlI3HR)! 

R .-8 = f R ,.,11 AB dx "'11 J x11 = d w +w 2 , 4J z..,. w A w . IIpn aToM aHMOI'WI 

MeJQ:tY 4J , ' R n A , F C'f'aHdBRTCR coBepmeHHo oti:eBJi'AHO!: 

f .., l.f JxM 1i J.x 11 = dA +Az 
2 MN J 

F -MaTPRQS B rpyIIIIoBoM npocTpaHCTBe. 

HaR60Jiee Heo6wmoe n BalltHoe IIOJie B HaIIRcaHHoM JiarpammaHe -

8HTHCJitMMBTPH'IH08 T8H30pH08 IIOJI8 H MN L • C Hl!M 8CT8CTB8HHO CB.ll3aTD 

3-qiopi,y H • aHMOI'HtJ:HYIO 2-qiopMB HaIIpm!teHHOCTH IIOJU[ fill. Tait Kalt 

H MIIL BXO'A}IT B rpaBHTaUBOHHwt cynepM9JibT~8T, TO Ha H8M He"BHcHT" 

HHitaRHX 'AOIIOJUmTeJI»Hmc l!H'AB.KCOB, ll, Ha ne pBwt B3r.1I.II'A, H ~..,., L 'AOJI.llt-

Ho 6!,!'l'b CBR38HO C COOTB8TCTBYD!lllM IIOT8HD;JllaJIOM f3,.,A/ = -F.3/1/,-r npoc-

Te:lmlma cooTHomeHHeM H = d B , aHMOITDIRM cooTHomeHHIO MB11QtY 

8JI8.K'fpoM8rHHTHRM IIOJI8M H IIOTBHUl!MOM, F== JA (F,...,;c ~,..Av -dvA_,..), 
O'Allaxo xa A x F , TaK -:ae ; .Ka.K ns AJ x R • MolltHo 

IIOCT,POlITb H8TP:HBHM»HR8 3 - qiopr.m, .KOTOPR8 MOryT 'AaTb B.KJIS'A B H 

(c)3 y ~ i'l. (A"F - j A 
1

) J 
w !J. == tit { w R -i w 3 ) . 

3.Iiac» trz. CSepeTCSl no MaTPJillmliM liH,D;eKcaM. HanoMIDW, tJ:To. YMHOllteHHB 

3'ABOJ, MaTPll'IHOB lI BHemHee: AF e A A F ecT:i, 3-qx>pMa o MaTpl!'mW,m 

3HatJ:8BmlMI!, IIOJIYti:aeMRMH IIBP8MHOllt8HH8M M8Tpl!Q A lI F • HaII.PHMBP, 
I . 

; . (A ,, d L I,.,. I" C 1. g d L J. M ol ti : A f ._ J . f I. X /I Of>( AOl){ == A O I., 21 ~ Mt/ X ,1 )( A X • 
I t:l,LMN f • , 
I . 
··-------
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IIOJIJ,3YiiOJ, lI3J!OlltBHHRMH OIIP8'A8JI8JUmMR, HBTPY'AHO H8IIOOp8'ACTB8HHO npo

Bep:HTJ,1 'ITO BHemH:He 'A:Hqip8P8HUBMR qiopM i03y H (v~L BRPWltalOTOSi 

ti:epes oooTBeTCTBYDIO!IB IIOJU[ F n R 

dw -toZ.F 2 Jw =-t.-zR
2

. 5Y - , 3'-

4-qiopMa trr F 2 
- xopomo Rsyti:eHHwt B cBRsH c Kl1lpM:i,HRMH aHo-

Maimm.m HHBaPllaHT; t,_ R~ lIM88T aHMOI'HtJ:Hli! OMllCJI, me RHOr'Aa 

Ha3HB8IOT qiopMaMlI Topaa - Ca:l!:MoHca. IIOJiesHo HanoMHRTJ, 06111YD .KOHCTPY.K

Ul!IO 'l.Jl8HOB 'llepHa - Ca:l!:MoHoa (IIOHTpin'lma). 0IIp8'A8J!llM 

r'Ae 

,( h 

41 = en+ .1) t" { J:t A • Ft ., 
2.n+i 

Fi=- t F +(i'-t) A 2.. 

,t,. Fn-t-< -

, 
TOI''Aa 

d w2n+.J.. 

IloOJie 9THX IIP8'ABaPHTeJIJ,HJ:lX OIIP8'A8JieHH! Mll B 

JIHpoB8Tl, OCHOBHO! pesyJI:i,TaT: 

H =dB -ul3 y 

JH = iri P. z. -

+ w~'- , 
't,z. F2.. 

COCTOJUUD!I oqiopM9-

HM - HHBapHaHT TopHa - Ca:l!:MoHca 6wr Ha!'AeH KB Tpe6oBaHH! oynepcm.1MeT

po JiarpammaHa C-HM+CYrPA. BTopo! TJJieH, ·h R z. , 6WI Ha!'AeH Jim11I, 

B 1984 ro'AY B CBSi3H O pa3BKTH9M T80PHH CTPYHR, 0 .KOTOpoM dY'A8T CRa3a

HO· HHllte. HaimoaHHoe IIP8'ACTaBJieHHe ,wIJI H Tpe6yeT 'A06aBJieHHR B npz-. 

Be'AeHHwt BRmB JiarpammaH KBS'Ap0Tl!'mHX no R 'l.Jl8HOB. TaKl!e 'ltlleHR 

BnepBRe 6wm IIOJIYti:eHR B Teope cynepoTpyH, dJiaro'Aap!l IIM,, Y'AaJioo:i, 

HWK .KOMIIaKTHqll:l:ItaUl!IO 6 JimllHlIX .KOOp'A:HHaT, IIpllBO,ltltlll,YD,R PBSJlll;OTH'IBC

ROI T80PHH B 4-MBPHOM npoc~paHCTB8 MmutoBCKoro. IlO'AtJ:8PRll8M 81118 pas, 

'ITO 8Ta T80prul IIOJU[ OTpaBJieHa HBYOTpaH1IMIDQJ paCXO,ItID,IOCTRMH, H 6e3 

T80pl!H oynepCTPYH Boo6111e He lIM88T CMRCJia. Ee 3Hati:eH:He COOTOH'f JimllI, 

B TOM, 'ITO OHa MOllt8T OIIROHBaTJ, TO'I8'l:Hwt IIP8'A8JI Teope OTPYHR (ROr'Aa 

.n;mmy CTPYHR t MOlltHO O'DITaTJ, Ma.710! IIO opaBHeHHIO co BOeMI! OYIIIBO'f

B8HHRMH ~aMK, T.e. l ~ p-1 
, r'AB p. - HaRMeHJ,uml xapaKTepmtll 

lIMIIy,Uc, e ~ R , r'AB R - eqxpeKTHBliwt pasMep KOMII8KTl!/,PlmH,POB8H-

HOro IIpoCTPaHOTBa). 

J{eOJ1Tml8l)Hall Teopu CYrPA + CSII 6wra, IIO-Bll.ltHMOMY, BHOllllD( 'AOCT:e:

&eHHeM B llOllllTKaX 06~8.ltl!HBHJIIJI Bcex BS8ll:MO'ABIOTBJ!I Ha OOHOB8 llOHJI'l'llll 

0 'r0'18imHX 'UlO'flm,SX J![ oCSH'Ulol KBaHTOBOI Teope IIOJ!Jl (xou H B MHOI'O
ll8l)HOM, .KOMII8.KTllqBIIUIJ)OBaHHOM npocTpaHC'fB8). Ooo68HHO BSDO, 11'1'0 B 9'f~ 
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TeOpR!IX B08HlUt7IS BOSMOlmOCTI, OT6opa .KaJOt6poBO'IHO:lt rpyIIIIH. Ha nepBH:lt 
BSr.7I.ll'A, cep1,esHe:l1nm:lt ,tte~eRT 3THX Teopd COCTOHT B TOM, qTo rpyrma 

G coBepmeHHo npoHSBOJII>Ha. B o6ll'IHo:lt ~eoJiorHH ~ rpyrma G, 
B 8BS~TeJII>HO:lt CTeneHH onpe,tteJIJieTca BH6opoM pasMepHOCTH npocTpaHCTBa. 
3,tteCI,, O,ltHSRO, IIOJIJ! .HHra - Mmmca He CMSSHH HSIIpsIMyJl O npocTpSHCT
BOM-BpeMeHeM,!H HYllteH He.KH:lt HOBH:lt IIPHH~ OT6opa c; . POJII, TSRoro 
npHH~a MOrJIO 6H curpaTI> yCJIOBHe OTCYTOTBM SHOMBJIH:lt. BceM xopomo 
HSBeCTH& "TpeyroJII,HM" SHOMSJIHa, CMSSHHSS: 0 HapymeHHeM Kl!paJII,HO:ll 
CHMMeTpHH B rrponeoce 11'0 ~ Y ( : 

,r•----<L: 
B IO-MepHol CYIPA-CHM BpsMol!Hli mecTeyroJII>HHe SHOMSJIHH 

i*+*+ ... 
8To - rpSBHTSIJ;0:0HHHe (HJIH JiopeHneBH), .KWOt6poBO'IHHe H CMemaHHHe 
SHOMSJIHH, OMSSHHlie O TeM, qTo B IIe'l'Jie paoIIpoOTpSHa8TDa Kll'DaJII>HHit 
~8PMHOH. 8TH SHOMSJIHH CIIOC06HH paspymHTI, He TOJII,RO RaJU116poB0'1HYJl 
ClIMM8TpHJ), HO H JIORSJII,HYJJ JIOpeHn-HHBapHSHTHOCTI,. B OIIp8,lt8JI8HHOM 
OMHOJI8 8TH SHOMBJDm OIISCH88 pacxo,!O'tMOCTel H H8IIOCp8,ttCTB8HHO H8 CM
SSHli O H8II8p8HOPMHPY8MOCTI,D T80pe. ~: 80JIH T80PH:Bl peryJIJiplitSO:S:STI, 
Ha MSJIHX pacooromumx (qTo,BePQaTHo, lit ,tteJiaeorca IIPlit nepexo,tte oT 
qacun K OTpyHSM), SHOMaJil!Ji coxpaHHTDa. ~pMaJII,liO 8HOM81llD( CMSSHli 
C TOIIOJIOJ:'Hqec.KHMH xapaRT8PHCTHRSMH T80PHH qepes ~PMH lJepaa - Cru!MoH~· 
ca. B CJIYqae ,tte caTRMe pHol Teo po - aTo t,. F ' , tr. R ' H T. n. 
KaK noKSsaJIH B I984 r. M. I'pHH lit Jta. lltBapn, B oreope, B KoTopol H 
CO,lt8pmtT JIOp0Hll3BY lI mf-~pMH (A)!L H ""•r, BOSMOltHO CORP8Ill8HH8 SHOMa-
JDdt, eami: G = 5 O Ya. MH G = E.•"' E8 • a. BRTTeH H .ltP· BcRope 
riciKSSSJIH, qTo IIPR 8TOM BOSMOJma H KOMIISKTH@IKSIJ;0:a, IIPH ROTOpol CII8RTP 
6eSMSCCOBHX ( B HYJI8BOM IIpH6JllDlteHHH) COCTOaHH:lt MOlit8T nopo,JJ;RTI, p8SJIHC
T~8CK,,YD T8OpHJ) BeJIRROro o6~8,ltHH8HM O rpyrmol E', Wllt ee IIO,ttrpyII
IIOI (IIPR G = E1 )( ~ 8 ) • IloCJie,ttoBaTeJII>HM, HeIIpoTnope~aa HHTepnpe
Tall;0:a IIO,ttO6HOI 'l'8OPHH BeJIHRoro o6~8,ltHH8HHa BOSMOXHS B T8OPHH oyIIep-

CTPYHH, . 
~ROH'DIM HS 3TOM O8HSROM7I8HH8 C IIpo6JI8MSMH lit ,ltOCTD8HHaMH 8.ltH

EtliX Teopd B8am40,tt8ICTBlll, OCHOBSHHHX Ha IIOWl'l'HaX ToqetmJ:a qacT~ lit 
JIOitaJII,HHX IIOJiel,lit nepel,lteM R OCHOBHHM H.lt8JDI OTPYH, 
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Teopua cyrrepcTpyH o6emaeT o~ y~apoM paspy6HTI> Bec1, yseJI 
OIIllCaHHHX B!IDle rrpo6JieM. OHa He TOJII,KO o6~e.JJ:ll}UieT Bee qacTH~ H BSSHMO
,tte:ltCTBM, HOH Y~HTeJII,HHM o6pasoM CMSHBaeT B e~oe neJioe rJIY60RO 
paSJill'IHHe ll~ell ll MeTO.ltll ~HSll.KI!, M8T8M8TllRll ll KOCMOJIOrHH. (3HTY8ll8CTH 
HasHBruoT Teopmo cyIIepcTpyH 06meit Teopneit Boero (OTB). MH npe~oqTeM 
pacmu~poBSTI, OTB KaK "06mas: Teopna B88llMO~eitcTBHii~. DraBHM ~ea. 
COCTOHT B TOM, ~o Bee Ha~aeMoe MHoroo6paslle qaCTHU ll lIX B38HMO
,tte:llcTBH:lt CBO~Tca K SJieMeHTapHHM B3aHMo~eitcTBllaM rrepB~liX 0,ltHOMep
HHX o6~eKTOB IJJiaHKOBCKoro pasMepa L Pt ~ ( 10-32.-:- 10-!~) CH. 

Y~BHTeJII>Ho, qTo TaKaJI Teopna rrpoTaxeHHux: o6~eKTOB Boo6me cy
mecTByeT~ noJiroe BpeMII cqnTaJioc1,, qTo HerrpoTHBope~oe 06~e.1tHHeHHe 
rrpe~cTaBJieHH:lt Teope OTHOCllT8JII,HOCTH (TO) H RBaHTOBOit M8XaHllRll (KM) 
BOSMOlitHO TOJII,KO B TOM CJiyqae, ROr,tta HCXO.ltHli:lt o6~eKT - TO~ (Ha asHRe 
qaCTllU) llJIH JIOKaJII,HOe KBSHTOBOe IIOJie (Ha asHKe KBSHTOBO:lt Teopl!ll IIOJIJ! 
(KTII)). KaK Mli y6e,1tHJIHCI,, KaMHeM IIpeTKHOBeHM Ha IIYTll o6~e~eHM TO 
lI KM OKa3aJiaCI, rpaBHTa~. Dry60KO lI pa,IJ;i'IRaJII,HO MhlCJIRII111e TeopeTl!Rll 
saMeTwm 3TO YJ!te ,ltaBHO H B KaqecTBe BHXO~a rrpe,IJ;JiaraJIH, HSIIpHMep, OT
Ka38TI,Ca OT MHCJIH o6~e.JJ:ll}UITI, TO lI KM, a BMeCTO 3TOro cymecTBeHHo rre
pe~eJiaTI, KM KBR HaH60Jiee HeIIOHaTHH:lt 8JieMeHT ROHCTPYKIJ;0:ll MHpa. Teopna 
cyrrepcTpYH IIpe.IJ;JiaraeT MeHee pa,Il;i'IKSJII>Hli:lt BHXo~, B TOM CMHCJie, qTo TO 
lI KM OCTamTQa HeSH6JieMllMH, a MeHaJJTCa JlllmI, 8JleMeHTapHHe o6~eKTH, HS 
ROTOPHX IIOCTpoeH MHp, 

Ilpelit,lte qeM rrepex0,1tHTI, R 6oJiee IIOCJie,ttOBaTeJII,HOMY OIIHCaHHJl 8THX 
o6~eKTOB, IIepe~CJIHM, KaKHe IIpo6JieMH pemaeT 11 MOllteT pemHTb OTB. 

I) IIpe~cTaBJIJieTca BepoaTHHM, qTo Teopna, OCHOBaHHM Ha cynepcTpy
Hax, Boo6me He CO,ttepnT pacXO.ltl!MOCTel B COOTBeTCTBYI<Jillen CTPYHHO:lt Teo
PHH BOSMYmeHHil (saMeTllM, qTo B OTJIH~e OT rrepeHOpMHpyeMHX Teopl!:lt .HHra 
-MHJIJica oHa He HMeeT WY~aMeHTaJII>HHX 6espasMepHHX rrapaMeTpoB).2) B To
qetiHoM (JIORSJII,HOM) npe,tteJie, KOr,tta pasMepaMH CTPYHH MOlitHO IIpeHe6peq1,, 
OTB ~aeT Teopnm rpaBHTall;0:H H Teop:im .!IHra - MHJIJica c HeKoTopol rpyrmol 

G :::::> G~ 11,,. • TaKHM o6paaoM,6es rrepe,r;eJioK TO n KM pemaeTca npo6JieMa 
RBBHTOBBHM rpaBHTamm. KpoMe Toro, rpyrrrra G~11.,. ~HRcnpyeToa. 
Tpe60BSHHe corJiaCOBBHM KM c JIORaJII,HOil JiopeHneBo:lt H KaJIH6poBO'IHOI HH
BaPRaHTHOCTI,D, T.e. YCJIOBHe OTCYTCTBIDI aHOMaJilll, OCTaBJIJ!eT B KaqecTB8 
H8H60Jiee BepoaTHOI rprrmu G-~ 11'1' HeRoTopyn rro,ttrpymry E6 • 3) KBSH
TOBM rpaBHT8D;WI H RaJIH6poBO'IHM Teopna IIOJ!BJI.RJOTCa B cyIIepcm.!MeTpHSO
BBHHOM BH.lte, 3aMe~aTeJII,HO, ~o IIOCJie~OBaTeJII>HM Teopna CTPYHH MOllteT 
6HTI, TOJII,RO cyrrepcm.!MeTpH~o!! TaKHM o6pasoM, Bee ITOJieSHoe, qTo ,lt8JJT 

rJI06aJibHM cyrrepcm.~teTpIDI ll cyIIeprp8BHTalll'IJI, e.1tHHM CTPYHHM Teopim 
co~e.PJG!T. 4) IlopaanreJII>Hl:IM o6pasoM Tpe6oBaHHe HeIIpoTnope~ocu 
corJiacoBaHIDI TOH KM B TeopIDI CTPYHH ~HRCHpyeT pa3MepHOCTI, npocTpaHCT-

15 

,i 

j 



I 

,Ji 

BB-BPBMBHR, " = IO. ".Jimnmrn" H3Mepemm ,!J;OJ!lK!ill ROMl18.RTH<fJm.-lHpOBaTbCfl, 
npJ11:qeM ~TPYKTypa KoMITaKTHOro 6-MepHoro npocTpaHCTBa K onpe,D;eJlf.IeT 
oco6eHHOCTH ycTpo:liCTBa CIIBKTpa KBapKOB H .neIITOHOB. reoMeTpHS! H TO-
IIOJIOI'IDI npocTpaHCTBa f< B rrpHHumtB onpe,D;eJimJT B3aID40,IJ;BilCTBHfl 
nplll HR3KHX ::mepr:rui:x. B STOM cMl:lCJie npocTpaHCTBO K Ta.!Clte ,IJ;OC'!'YII-
Ho aKcnepHMeHTaJibHOM,Y nsyqeHlm, B qacTHOCTH, TOIIOJiormi K onpe,D;e

Jlf.IBT qnCJIQ IIOK~BHRtt! 
CKBIITHKH qacTO o6BmuDOT Teopmo cynepCTPYH B qpesMepma: rrpeTBH-

3:ruIX H B OTCYTCTBD Henocpe,D;CTBBHHO rrpoBBpllBMHX Ha OllliT8 npe,D;CK83a
HH:li, 0 qpe3MBPHOCTH rrpeTBH3lll:li roBOPHTb e~e paHO- T80PHH H8XO,!l;HTC.II B 
CTOJ!b IOHOM ! B03pacTe, . qTo YMBCTHBB CK838Tb O 60JibililDC Ha,I-IBJK,IJ;ax, · ECJIH 
xe roBopHTb 06 sKcnepHMBHTax Ha coBpeMeHHux: ycKopnTeJIIDC, TO peaJibHHX 
npe,ncKasaHR:li, KaK H B cyrrepcm.!MBT.PJ11'.qgllX TBOPIDIX, ,IJ;B:liCTBlllTBJibHO, rroqTH 
HBT, HO yxe Ha CJIB,!J;YJOOlBM rroKo.neHD, a7c1topRTe.ne:li Mo~o Oy,IJ;eT peaJI1>Ho 
HCK8Tb ,cyrrepqacTHIJ;li, a TaKllte onpe,D;BJIBHHHB OTKJIOHBHRII OT CTaH,D;8PTHO:li 
Teopo. 3aMeTHM, qTo CTPYHHa.lI TBOpHS! C~BCTBBHHO KOHKPBTH3HPYBT 06-
IIUIB npe,IJ;CKa38HHfl cyrrepCID.l!IIBTPJllqgmc Teopll!ii. KpoMB Toro, Tait KaK B TBOc 
po cynepCTPYH BBCbMa orpaHJllqeH HB TOJ!bKO Bl:l6op rpynn BHYTPBHHB:li CHM
MBTPHH, H0°H Bl:l6op cnoco6oB RX paspymeHH.II, TO B npIDiumtB MOJll'HO Ha
,!l;B.IITbC.11 HaiiTH npoBBpllBMl:lB rrpe,D;cKa3aHHH B 06.nacTH HR3.KRX 8HBprE::li e~e 
,!l;O Toro,KaK 6y,IJ;eT IIOCTpoeHa TBOPHH or;rpyH,li3BBCTHO, qTo OT ,POJit.ItBHRII 
TBOPD ,!l;O e!J nepBWC ll!CIIl:lTaHRil Ha Olll:lTe' 06~0 npoxo,D;HT OKOJIO 30 JlBT 
l1IJllI 60JIB8, CynepOHMMBT.PJ11'.qgaR OTpyHa po,!J;HJ!aOb B I97I·ro,IJ;y, TaK qTo y 
nao eoT1> BpeMli ~ paspa6oTKH ee TeopunpJ11:MepHo ,IJ;o 2000 ro,IJ;a! 

IlosHaKOMHMCJI c an;ee:li CTPYHl:l qyTl> 6o.nee·no,IJ;po6HO, Kalt Mll yxe 
BH,Il;BJlH, T80PHfl cynepCTPYH opraHHqeoKH BKJIDqaeT B ce6a TPH !pyH,!l;aMBHTaJil,

Hl:lB H,Il;8H , 
I) OcHOBHl:lM o6~eKTOM TBOPD HBJlf.IeTCH H8 TO~, a O,!l;HOMeprun!: npo

T.ID!teHrud!: o6~elt'l' -CTpyHa, PasMep CTPYHH onpe,D;eMBTOH xapalt'l'epHHM pasMep-· 

Hl:lM napaMBTpoM Teopo. 
2) IIOCJI8,IJ;OBaTeJI1>Ha.lI Jl8MTHBE:OTOKSR KBaHTOBM T80pHR OTPYHl:l Tp8-

6yeT yBeJm'IBHKll pasMepHOCTlll IIpOOTpSHOTBS, B KOTOPOM OHS oy~eCTBYBT, 
n.limmnl'.en H3MBP8HRH ,IJ;OJI.llWH 6HT1> TeM l1l.1m HHHM orroco6oM O,D;eJiaHH HeHa6.mo-· 

::r.taeMO M8JIHMJII (.KoMIIaKTlll~KaIJ,WI), 
3) IIOCJI8,!l;OBST8Jll>HM TeopHH CTPYHH O He06XO,!l;HMOCTl>D ,IJ;OJD!tH.8 61:lTl> 

oynepoHMMeT.PJ11'.qgot!, BKJIDqaa B ce6a B ,noitaJ!l,HOM npe,D;eJie.cynepo6o'6~eHHH 

Teopo Hllra ·- Mw!Jrca l'I otneprpaBHTamm. 
8'm lt.ltBH, Ha nepBH:li Bsr.11Ji,IJ;, rJIY601to pas.mrcmH H HMBilT pasayD zo

'?Opm>. Yxe OaMO no oe<le BHrmll8HH8 OBH3l'I M8Ji,Jzy Hmm B T80PD OTPYHH. 
IJpe,IJ;OTaB7LS:8TCJI iiec1>Ma saMeqaTeJI1>HHM, PaccMoTpHM RX ClOJiee npnoTaJil>Ho. 

11 11,IJ;Bfi \· nepexo,IJ;a OT HYJil>MepHoro o<l~eKTa (Toqu) K O,IJ;HOMBPHOMY - ca-. 
1.4aJLQULPBJL BnepBHe oHa Clwta BHoKaaana KeJI1>Bl'IHOM npmepHo B I870 r. 
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("Bll!Xp8BH8 STOMl:l") • .AliaJIOI'Jiqga.lI H,Il;B.II 06cyJK,IJ;aJiac1> l1l B HaqaJie Hamero 
CTOJieTl'llI B pa<loTax Jl)K. Jl)K. TOMCOHa l1l ,!l;p, ( ROH'-IBHTPallllfl MeKTpoMar
HHTHOro IIOJlf.I MeKTpoHOB B TOHKlIX "~apa,IJ;eeBUX: Tpy6Kax"). I!oCJie Toro, 
KaK B 50-60-e I'O,nll Ramero BeKa 6wrn OTKPHTH l1l lll8Yqen11 BlllXPlll B CBepx
npoBO,!l;HlllK8X n po,D;a l1l B CBepxTeey'lll!X XH,Il;KOCTJIX, IIOHHTJlle O TOHKOli Tpy6-
Ke, coe,!l;HHJil!llle:li KBapKll!, 6w.ro lllCIIOJib30BaHO B KX,U. MOlKHO oxan;aTb, qTo 
B TeopHH c N niieTaMJll TOJIIIUIHa TaKoii TPY6KH N 1111 , n rrpn u~o<J 
Tpy6Ka rrpeBp~aeTC.II B o6~eKT, IIO,IJ;06Hl:lli CTpyne. H8lll60Jiee BaxHOe CBOR
CTBO TSKO:li Tpy6KH l'IJll1l CTPYHH COCTOlllT B TOM, qTQ H8T.ID!teHRe ee IIOCTO.IIH
HO, He 38Bll!CHT OT ,l-lJll'IHH ( 3TO l'I ,IJ;aeT IIOTeHIWaJI ,.., 't ) , B KOHnB 
60-x ro,IJ;OB T8KOH o6~eKT 6w.r BBe,IJ;eH B H8YKY lll3 COBepmeHHO IDlllX coo6pa
xeHR:li, l'ICTO~KOM KOTOPUX: 6w.rn rrpaBMa oyMM IIPlll HR3KHX 9HepI'lIJIX li 
,IJ;yaJibHa.lI MO,!J;eJ!b BeHermaHo. CTpaHHHB CBO:liCTBa ,IJ;yaJibHWC ,IJ;HarpaMM y.n;a
JIOCb IIOH.l!Tb JIHmb Ha·.II311KB Teopo CTPYHH. OCHOBHOB rrpe,nCK83aHHe CTPYH
HO:li MO,!J;BJllll a,IJ;poHOB - xapaKTepHl:lli CII8KTP COCTO.IIHHli, JIB~ Ha'rrp.!!MO
JIHHeiiHux: TpaeKTO.PRJIX Pe,lJ,llte J = olo + 01.'M 2 C YHlllBepCaJil>HHM H8KJIOHOM 

o(, (B Teopo a,IJ;poHOB c/. 1 - I TuB-2 B OTB, ecTeCTBeHHO, ol..
1~ 

rv M ;,2. ), o6paTHO rrporroprmoHaJil>HHM HaTJDKenmo CTPYHH o1. '~ ~/'T' 
B CTPYHHO:li MO,IJ;eJllll IIJIOTHOCTb COCTO.IIHlllii f (M) 3KCIIOHeHIWaJil>HO pac
TeT c pocToM M 

f{M) 
-& ,_, M exp (aM) , aM>>i.., 

r.ne a "" {;ii , t > 0 . II03TOMY rrporraraTop CTPYHH He OOOTBeT
CTByeT rrporraraTopy KaKO:li-Jll'l60 JIOKaJibHO! IIOJllllHOMHaJI:E,HOI! Teopo llOJlf.I, 
O,!J;HaKO llOB8,!J;8HRe ero crreKTPaJil>HOil: qiyHKIWH IIPlll M --> 00 MOJltHO 
MO,!J;eJllllpoBaT1> B TeO.PRJIX C HellOJIHHOMJllaJibHHM B3aHMO,!J;elCTBH8M Tll!II8 
cli .. t"' exp(-£ 2 1.f':Z.) H T.rr. TaKHe Teopo H8XOMTCJI HS rpaHH~ Mex-
}{'S TaK H83HB8eMl:lMH JIO.KaJilll3YeMl:lMH TeOpHHMH llOJlf.I H HeJIO.KaJilll3YeMl:lMH 
( T. e. rro-HaCT0~8MY HeJIOKaJI1,HHMB:) • 8TO o6CTOJITeJil>C'rBO orrpe.n;eJlf.IeT He
KOTOpHe H3 cepb83HllX OTJm'llllil: Teopo CTPYH OT rrpHBWllillX Teopd IIOJlf.I, 
Ho B TO xe BpeMil rro.n;qepKHBaeT, qTo an;e.11 JIOKaJill!saIWH rrep~ o6~eK
TOB H B3aHMO,IJ;eilcTBJlli! B JtaKO:li-TO Mepe coxpaH.IIeTC.II, 

3aMeTHM, qTo TeOJ)IDl OTPYHl:l 6~ee TeOHO CB.II3aHa He C 06~ 
Teoprun.m KBaHTOBaHHllX IIOJie:li B qeTupeXMepHOM rrpocTpaHCTBe, a C TeOpH
m.m: llQJI.f.[ B ,!J;Bj'MepHOM rrpocTpaHCTB8 -BpeMeHH. I!yCTb KOOp,IJ;HHaTH ToqeK 
CTPYHl:l B d -MepHoM npocTpaHCTBe-BpeMeHH 38,!J;aHH !pyHIIIl;l!SIMH 

X"{s, T) , r.n;e I' = 0,I, ... , (d -I). Ilplll sToM rrapaMeTp G" "HY
MepyeT" Toqq CTPYHH ( 06~0 rrpmmMaDT corJiameHll!e . , qTo o ~ (; ~ 21, ) , 
a ll8PaM8Tp 'C' lllrpaeT pOJib "BpeMeHH", OH II03BOJI.IIeT OIIHC8Tb BBOJIIO
IJ;l!J) CTPYHH (-oO< 7:<+oo). By,IJ;eM ~ orrpe,IJ;eJieHHOCTH C~T8Tl> CTPYHY 
SaMKHyToi!:, T.e. 
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x14 (e-,-r) = J<.,. (G'-t-- 2rr, -r) . 

SBOJIDmm TaKol oTpyHH MOltHO oimoaT:r, pasJmtmm.m .ItBYMepm.u.m no
BepxHooTm.m, BllOllElHHHMlil B d -MepHoe npooTpaHOTBo: 

f 
l 
: .1. 

.2 
. 

~

2. 

( - /2 
J.l~ 

....... _ _..~,!}/)~. ' 

: ~ s ·2 

~ L 
a , 

6 

Ha p:e:oyrute(a) :e:so6pair.eHo npooTeflmee paSBHTHe oo6HTd, np:e: 
ROTOpoM Ha'l{8JlJ,Hasl OTpyHa I He paspimaeTOJI. Ha pHCYHKe (6) HatI8JlbHM 
OTPYHa:11 To-qxe A npeBpa111aeTOJ1 B. ,ItBe, ROTOpHe B To-qxe B BHOBI> 
CJll!BaJJTOJI B Oll];Iy OTPYHY. TaIGIM o6pasoM, B T80p:e:H OTPYHH BMe_cTO Tpa
eKTop:e:I -qaoT:r,m Heo6XO,IO!MO paooMaTp:e:BaTI> ,ItByMepHHe IIOB,pxHOOTH. K 
o-qaoTI>D, OYJlleOTBYBT BeOI>Ma IIOJIHeJI MaTeMaT:e:-qeoRaa: TeOpIDI TaKIDC IIOBepx
HOCTel (TOIIOJioI'Jit'lecReJI :e: ,u;HippepeHD;H8JlI>Ho reoMeTp:e:-qecReJI ltZlacc:e:/J)ll:xa
;mm, aHaJm'?ll:'q80Rld aIIIIapaT Teop:e::e: p:e:MaHOBHlC IlOBepxHOOTel B ROMlllleR
CHOM aHaJmse :e: T • .u;.), a KBaHTOBYD Teop:e:m cTpyH MOJWo, Ka.It MH y~ 
JllDl8, OBlISSTJ, 0 KBSHTOBOI Teop:e:el nOJiel ;c/''(ro, i;) , "mraynuu:" Ha 
8Tmc IIOB8pxHOCTJIX. Ilp:e: 8TOM COOTBeTOTBYJlltasl KBaHTOBM T80PWI .ItJ3YMBp
HHX II0.1181 )(.H(s,-r) He IIpoHSBOJII>Ha, a Bec:r,Ma cneD;H8JlI>H8 H 06.11:~aeT 
MHOI'li!Mlit SaM8'1{8T8Jll>HHMH (,u;air;e YHl!KaJII>Hm.m) CBOICTBaMl![. , , 

~ T80p:e:H ,ItByMepma: IIOJlel MOllWO nepeitTH K IIpe,I!;eJIY 06l!t'lllHlC -qac
TH~. EOJm IIPH. JID60M SHa-qe:im:e: 'z:' BeJDAmlH )(l'(s-,,:;) M8Jl() O~JOI
'qaJJTOJI OT ope,JVD!X SHa-qe:iml 2,r 

xJCc~, = .l.. Sd6' x"(,;,-r::) , 
. 0 21r 0 

TO ,ltBD8HlU[ CTpyHH no,u;o6HH ,ItBD8HR8:M 06Il'llWX '1{80THn, TpaeRTop:e::e: 
KOTOPBX :e:so6paxeHH Ha PHO. (8) H (6) no,u; COOTBeTCTBYJJ!tHMH IIOBepxHoc
TJDGI. ~pM8Jll,HO TaKasl CHT]all;WI: peaJmsyeTOJI np:e: 68CKOHe'qHO 60J11>mOM 
H8TJm8HD CTpyHli 'f' ( T. e. IIPH « I ➔ 0 ) . ~SH'l{eOKH 8TO 08-
Ha-qaeT, 'ITO B OOOTBeTCTBYBl!UDC /J)ll:s:e:-qecKJilX nponeocax paSM8paMl! CTPY
HH MOJOiO npeHe6pe% H C'qll:TSTJ, ee TO'l{etmol. Ilo,u;oelHO TOMY, KaK B Teo
po To-qe'qHIDC ·-qacT:e:n ~PMYmtPYe~OJI ,u;miru,m-qeoKd npeD;HII (npHHD;HII ,u;el
CTBIDI Hllll rru.mJU,TOH:e:aH). IIOSBOJIHllltHI HaxO,IJ;HTl, TpaeRTOPD, OBJISilBaJD
lltHB TO"qKH I :e: 2 B ltZlacc:e:-qecxol Teope wm: Bf.l'qROJ!Ji'l'I> nponaraTopu 
(Bepo.ll'l'liocTH nepexo,u;a) :e:s I B 2 B KBaHToBol Teopo, i.!omio Ha-qaT:r, 
IIOCT!JOBHRe Teop:e::e: CTPYHH C s~amm COOTBeTCTBYJlltero OTpyHHoro .u;:e:Ha
Ml!'ieoKOro IIp:e:HD;HIIa , 
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1IaCTHI.l;li ss = o CTPYHll 

S =-m fJi:./:f:L =-m f d1 
• ,.. - J;,,14 
X = -''?: 

;.2. = i' -d< 0 f-= xi' x.
14 

5 =-_Lr JZA = -..l (JEiclr{-q 
l7ro1') 2rrd1) cl 

LJ. • 2. 8 == a..Q,I. 8ai i [Joe,= X 

- ,z - = X•X/ 9,, - X I 901 - 8tt, 
,. ''" = .1.x"' /~ 6"" 

3,u;ec:r, dz A - MeMeHT wrom!WI HA .ItBYMe~Hott noBepXHocTH, 8aR(.-,c) 
- BHYTP8HHJI/I MeTpHKa Ha 8TOH IlOB8pXHOCTH, HH,u;yll;ll:pOBaHHall MeTpHKOH 
MWHKOBCKoro B o6~eM1IIDIIleM d - MepHoM npocTpaHCTBe. YpaBHeHHJI, BH
TeKamtHe HS HaIIHCaHHOro .IT,7UI CTPYHH ,I(8HCTBIDI,01IHCHB8JOT "MHHHMa.lII>HHe" 
(B M8TPHKe MmiKOBCKOro) IlOB8pxHOCTH. COOTB8TCTBYIOlllM .u;BYMBPHall KBaH
TOBall TeopIDI noJIJI ( npn -oo -<:: S-.< +oo) 6wra BnepBue paccMoTpeHa 
Bap6aIIIOBllM ll TiepHHKOBllM. B !965 ro,u;y WI.II o( = 3. ,U/rJi OIIHCaHID! CTpy
HH KOH8'qHOH ,ll;)IH!lll B 4-MepHOM npOCTpaHCTBe-BpeMeHH 8TO ,I(8HCTBH8 6wro 
npe,IVIOllt8HO B I969 r. HaM6y H roTO • .n,m KB8HTOBaHIDI Teop:m 'l{SCTHIJ; H 
Teop:m CTPYH 6oJiee y,u;o6HH ,I(pyrHe ~PMYJIHp0BKH, KOTOp!le 6y,u;yT pao
CMOTpeH!l IlOSllte. CHa-qan:a Heo6XO.IJ;HMO nosHaKOMHThC.F[ C caMoii 06.wmott 
(HepeJIJITHBHCTCKOll) CTPYHOH, Teopmo KOTopoii Mil rrpe,I(CTaBHM B Hec
KOJIJ,KO HenpHB.wmott ~pMe. 

§ 2. SJreMeHTapHaa: Teoprui: OTPVH!l 

I. HepeJIRTMBMCTCKM CTPYHa 

Ha<ffieM C CaMIDC npoCTl:lX IlOH.fITRii, IIOMHJI, 'ITO B_ceJieHHaa: npe,u;
CTaBJieHa B ".KalK,ll;OH 6WIHHKe". IIpe,u;cTaBJieHa OHa H B xopomo BCeM HSB8CT
HOll CTPYHe .n.' A.11aM6epa, OIIHCl,IB88MOH BOJIHOBHM ypaBH8HH8M 

I •• II/, 
(!Z. X (6"1T) - )I.. lO, 'r) 

r,n;e f<. =ox/d-z:, X
1= dX/36". <I1yHKUIDI 

CTpyH!l OT IlOJIOllteHIDI paBHOBec:wi:, 

=o, 
)(.(6",-r) 

~ o··-." .. -· L 

(2. I) 
OIIHC!lB88T OTKIIOHeHHe 

napaMeTp b - KOop.n:ruraTa KOJie6JII<IU8HC.F[ TO'IKH Ha CTpyHe' '?; napa
MeTpusyeT 3BOJIJOI.UnO BO BpeMeHH. 3Heprrui: MaJil:lX KOJieOaHHii CTPYHH paBHa 
CYMMe KHHeTH'leCKOH ll IlOT8HilHaJII>HOii 8Hep:rnii 
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I 

I ./ 

·-

L 
H ::: 'T'., ( JG (.L X z. + x'z) 

2- ) \1'2. ) 
D 

r,ne '770 - H8T.R:lK8lill8 CTPYHH. CooTB8TCTBYIOlltllil JiarparumaH 

L 

L == ~o ~ JG( ~z ~i - x'.z.) 
0 

(2.2) 

(2.3) 

,naeT Ilpll HCITOJih30B8IDm rrpIDimrna ,neilCTBRII ypaBHeirne (2.I). 
06mee peme!Uie BOJIHoBoro ypaBHeHRII ZMeeT BR.I( 6eryn:ieil: HarrpaBoJf~,x Ha-

JieBo ' f" ' ' BOJIH 

)((~~) = fR(6-tr't:) +ft.(6"+tr-z=), 
(2.4) 

r.ne fR. H f i.. - rrpoH3BOJihHH8 g_Jj'HK~. 8To pemeirne IT03BOM8T 

Hail:TH ,nBRlK8Irn8 CTPYHH C rrpOH3BOJihHHMH H8'I8JihHHMH YCJIOBRIIllm X(s; 0) , 
!-(6"

1 
0) (38,n8'I8 Konm), Teop:mo CTPYHH MOJKHO rrpoKB8HTOB8Th K8HOlill'I8C

KIDA M8TO,nOM. Olia, K8K H3B8CTHO,aKBHB8JI8HTHa'TeOpIDl 6eCKOH8tJ:HOro H8-

6opa H838BHCHMHX OCD;l:!JIJIBTOPOB. JJ:eil:cTBHT8JihHO,p83JIODM )I.. B' ,PlI,n 

i}yphe 

00 -iw,,"t + -iw,,-c) . 
x(s; -z:) = i. I, .~( a" e + ah e Wl(.k"<1), c2•5) 

h~• vn . 

r,ne k
11 

:= ~n , Iv" ==- trk,._ H ncrrOJihSOBaHo rpaHHtJ:Hoe yCJioBHe 

1-{0, -n::: X (L, -z:} = 0 • Ilpn K8HOirn'I8CKOM KB8HTOB8HHll KOaqxpliD,li8HTH a" 
H a! rrepexo,wrr B onepaTOpH Yirn'ITOlK8HRII H pol!r,ll;emm. H3 K8HOHH-

'I8CKIIIX rrepecTaHOBO"llllDC COOTHomelilift ,wIJl )((6,-Z:) ll COOTB8TCTBYIOOl8-

ro K8HOHH'I8CKH corrproKeHHOro HMITYJihC8 JierKO ITOJIY'IHTh CTaH,n8PTHH8 

KOMMYT8TOPH 

[a,. a!,]= f,.", , ta,,,a,,,J = [at, a;,] = O 1 
I (2.6) 

eCJIH B3JITh rrapaMeTp A , HM81!lltllli pasMepHOCTh ,wnnm, A= (iitr hr 'T'c,)~ 
Ilpll 8TOM aHepl'W! (I.2) p8BH8 eywe aHepm H838BHCHMWC OCD,liJIJIJITOpoB 

00 

H = 2 'litu" (a!a.,+f) , ,., - 1TU' n. _." - T . (2.?) 
tt=I 

CocToJnmJI cTpoHM o6H'llWM crroco6oM: 
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., 

11J - ( -+ ) 11,, ( + N.z. ( + )Ni I > I > -o TN,Af.z. .••• - a., . az.) .... al. .... o J a, o - . ,2_8) 

SHeprn:JI COCTOJIHlift, 38 BH'I8TOM 8H8PrIDI HYJI8BWC KOJie6aHHil:, paBHa 

00 C)O 

E.,N. = °"'" tiw /t/. -,.,., :z ··- L... 11 ti. 
11::.:1 

fiw1 I" nN,,,_ 
n=-i 

(2.9) 

OueirnM BHpol!r,ll;eHlle ypoBHeil:. STa sa,natJ:a CBO,nl'.ITCJI K l'.13BeCTHOil M8T8M8TH

'I8CKOil rrpo6JieMe BHtJ:HCJieHR!I 'IHCJia pas6neirnil: f (II) tJ:HCJia /II Ha 

D;eJIHe 'IaCTlI. TfuCJio pas6neHllil paBHO 'IlICJIY pemeHHil YP8BH8Hl'IJI ( E11 e 
== 1iw4 N) : 

11 

IV = L. nNn. 
'l=I 

(2.IO) 

B U8JIWC H80Tpl'.ID;8T8JihHWC ''IHCJiax. 3HatJ:eHHJI p (N) 6HCTpo paCTYT, liarr
pHMep p(2) = 2, p(IO) = 42, p (20) = 27, p (30) = 5604, p (40). • 
= 37338, H T.,n. I!OCTPOHM rrpOlI3BOwmr,yIO 'PYHKD,li!O KOaqxpHD,lieHTOB p(NJ : 

0,0 

P{x) = L pen> Xn. 
l'l=O (2.II) 

HeTpy,nHo rrpoBepHTn, 'ITO 

"° j_ 
P{.x) = n c1-..x")- . 

,t:I (2.12) 

.n,m rrpaKTlI'I8CKOI'O BH'IHCJI8HR!I pCn) MOlKHO l'.ICITOJih30B8Th if;.>OPMYJIY 
Swrepa 

-1 "° oo " (?n2.-n)/2. 2. fi' ;r [P{xij = (7 (f-><c") = l. (-1) x = 1-x -x +X ~x -..... 
ti :o/ l'l=I (2. !3) 

0Tcro~a rroJiytJ:aeM peKyppeHTHOe COOTHOW8HHe 

f( 17) = pC11-J.) i- p(n-2.) - p(n-5") - p(n- 71) + .... 
n 2. . 

+ (-t) p (ri _ 3n ~n) + (-·f) "f(n _ 3'n;-n), 

r~e p{o) = I, p(n) = O rrpH n < O 

3aMetJ:rume. Tol!r,ll;ecTBo 3tt.1repa (2.I2) HMeeT ,naJieKo n,nynme o<5o6me-
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~- HarrpnMep, HMeIOTC.11 Kpacmi1,1e KoMIIaKTHlle g)opMyJill .1VIJI LPCx)J -3
, 

[P {X) r B , [ P{x )] - 2 +- • no IIOBO,IIJ o6men T90pllll IIO.I(06HllX TOllt.I(SCTB 

CM.: n.B. ~YKC. KoroMOJIOI'Hll 6eCKOH9"lHOM9PHl:DC WU'e6p Jm, CTp. 211-
223,"HayKa", M., 1984. HeTIJlIBHaJil,HM CBJlSl, CIISKTpa CTPYllll c aJire6-
paMii Jra, KOTOprur IIPOCMaTpIDlaSTC.11 B IIO.I(06HllX TOllt.I(SCTBax, IIO-BR.I(llMO
MY, 6y.I(eT 1trpaT1> 60Jiee cymecTBeHHYJO poJil> B 6y.I(ylllett Teopim cTpyllll. 

~HKm1ll P(x) rJiy6oKo cBJisaHa c Teop1tett tmceJI. 0,IJ;Ha HS 
rrpocTelillllDC Ta.KHX CBJISeil COCTOHT B TOM, 'ITO (pyHKm1!l'£'(x) = xdx tt, P{)() 

.IIBJIJISTC.11 IIPOHSBO,IUillleil . .1VIJi apltgJM9TPI'l9CKOtt (pyHKJJ;lm 6"(n) 1 QaBHOtt 

cyMMe Bcex .I(9JIRT9JI9i1 tmCJia ti.. (BKII!O'lrut l II rl. ) 

X pl(x) 
p(,<) 

"'° = I. 6'Cn) X 11. 

tt=-~ 
(2. 14) 

3To YTB9pllt.I(9HP!9 JierKO IIPOBSpsiSTC.1111 C ero 1IIOMOI1ll>l0 MOlltHO OUSHP!Tl, acRMII
TOTHK,Y' pen) rrp1t n ~ oo , BocrrOJI1,soBaBIImc1> JierKo orrpe.I(eJI..lleMott 
acHMIITOTRKott 6"(11) • (CM.: M. XOJIJI. Kor.«5RHaTop~Ka. "Mll:p", M., 1970). · 
TaimM CIIOC060M IIOJiytJ:aeTC.11 .I(OBOJI1,HO rpy6M OUSHKa: fo3 pen),., Tr ✓½ n • 
BOJiee TO"llia.11 acRMIITOTHKa llM99T BP!,ll; 

pen 1 ,... ~J n. exp (rr Ji rt-, ) . 
(2.15) 

,nnH pCtt) HSBSCTHO pa3JIOJlt9HP!9 B P.11,lt, cxo,IUilllllttc.11 IIPH 60JI1>11MX SHatJ:e-
HRIDC n, (CM. r. BettTMaH, A. op.I(etbi. BHcnme TpaHCU9H.I(9HTHll9 (pyHKJJ;lm,, 
T. 3 "HayKa", M., 1967, CTp. 204). RaM, O,IJ;HaKo, IIOH8.I(06HTC.II OUSHKa 

KO~IJ;l!eHTOB rrp1t cTerreHHX x B paMOJlteHJm 60Jiee o6me! WYHKmm 

[P Cx>) _J 1 
DP 

+ E p~(n) Xn. 
11=1 (2.16) 

,nnH p ii (II) MOlltHO IIOJIY'll!Tl, CJI9.IlYDl{YJO acm.mTOTR'ISCicylO OUSH.KY: 
. d~3 

r,cn> ~ 2 fl ( 2~") T exp( rr J2t ) . (2.17) 

3Ta qiopM3Jia ,naeT HeIIJioxoe IIP1I6JIID1te:ime .1VIH pC11) =' P1 (n l yxe rrp1t n ,',:. 
IO. _J 

. B (pyHKJJ;lm r p (><) J ~Sl!K JierKO YSH89T 3amIC8HHY!O B .I(pyI'l!X 

06osHa11emmx CT8TCYMM,Y_ ClICTSMil H9BSam.'IO.I(8ftCTBYllllll!X OCIJ;l!JIJI..IITOpoB C 

raMl'LJII,TOlmaHOM - + i i. 
H = t. w1 z 11 a11 a,, . ,. .. , (2.18) 
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leilCTBHT9Jl1,HO, paCCMOTpllM CT8TCYMNfY 

- H oo -13E,. c;,o - 'tie>J, n.. l. = ~I' e ~ = I PJ(t1) e = 2 PJCn) e 1<'T' 
lt=I ,ic:.I 

(2. 191) 

C .I(pyroil CTOPOHll, .1VIJi O,Il;HOI'O copTa OCIJ;l!JIJI.IITOPOB llM99M 

-z. r -t3fl.: o;;- { 1;w, ~ •' 2 
z:;;, = ;;,pe = ~ exp - Jeer' L n-i ,.,,,,, J, 

( •. #,. ... ) ,,, .. , (2.20) 

T8K KaK COCTO.IIHH9 CPICT9Ml1 eCTl, 
J 00 ., 

,n n (a~)IVn 
L=I t,:::/ 

r.I(e IO) - BaKY]M. 06osHatmB 

_t,w, 
r :e e k1r , saIDDIIeM 

Io>, 

'l-;. 

(2.21) 

B Blt.I(e 

00 ~ 

li:= 2 n 
(-11,..~) ,, .. , 

z! II /If,._· (>O rr1n ) n f _ n ( 2 c - m=r i=?' · (2.22) m=• o:sn"- 00 · 

TaK KaK H=E'Hi:,To -Z=5,.e-f!>ZHi • B HTore 

l = n (1 _ e - !~• )-d 
n=• • (2.23) 

MOlltHO 6es Tpy.I(a IIOCTpolITl, TepMO.I(HHaMP!KY KB8HTOBOtt CTPYHH; OHa BIIOJIHe 
06Il"!Ha ( B 'laCTHOCTH, PIS (2.23) MOlltHO ITOJIY'll'!Tl, pacrrpe,I(eJieHP!e Bose-
9funnTei!Ha ,ll;1l.lI 'll'!CeJI sarrOJIHSHIDI COCTO.IIHHH CTPYHHl,IX OCIJ;l!JIJI..IITOpoB). 
Bee Ham1caHH1Ie H8MII q/OPMYJIII 6y,n;yT lICIIOJI1,SOB8Hil B peJI..IITIDll!CTCKOil TSO
pim. 0,IJ;HaKO lIX CM!,!CJI 6y.I(eT COB9plll9HHO IDillM, II B9C1,Ma rroytmT9JI1,HO 
IIpoCJIS.I(P!TI, OTJIH'lP!.11 peJI..IITHBHCTCKOil CTPYHII OT o6Il"!Hoi1. HarrpHMep, B 
peJI..IITP!BPICTCKott Teopim g)opMj'JIII TPIIIa (2.7) .I(aJOT He SHeprmo ClICTeMl,l, 
a KBa~paT ee MaCC!,!. OTCID~a. B tJ:aCTHOCTPI,BIIT9Ka9T Heo6Il"!H09 TepMO
.I(HH8Mlt'l9CKOe IIOB9.I(9HP!9 peJI..IITIDlPICTCKHX CTpyH. 

IlpelK,Il;e 'ISM nepeXO.I(P!Tl, K peJIHTP!BHCTCKOi1 Teopim CTPYHH,B9pH9MCH 
K o6cyllt,I(eHP!JO :mepnm HYJISBl:DC KOJI96aHHli ( CM_. (2. 7)) , KOTOpoli M1,1 .I(O 
CHX rrop BITOJIHe crrpaBSA/IIDlO rrpeHe6peraJIPI. B Teopo peaJI1,HOi1 CTPYHll, 
COCTO.flill9i1 PIS aTOMOB, OHa, eCT9CTB9HHO, KOHS"llia. 0,IJ;HaKO Hae STa 
P9aJil>HM B9Jlll'll'!Ha He HHTepecyeT. naBaiiTe BOCIIplliillMaTl, TSOplI!O CTpy
Hll, OIIpe.1(9Jl.119Mj'lO JiarpaHJltP!aHOM (2.3) lIJIPl raMlIJil>TOHltaHOM (2.2), IIPOCTO 
KaK KB8HTOBY!O Teo PlI!O 0,Il;HOI'O CK8JI..llpHoro IIOJI./I X {Gj 1:) • TeoplI!O IIOJI.11 
9CT9CTB9HHO C'll'!T8T1, Sa.I(aHHOi1 IIPH -oo < G" < +oo . ECJIH Mil paccMaT-
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pmmeM nOJre ;< (6"1 -z:) , orprum'IeHHoe Ha KOHe'IHwi IDITepBaJI O ~ G" :5 I.. 
TO, 6Jiaro;naPfI rpaHil'IHHM s@leKTaM, IlJIOTHOCT:& :meprmI HYJISBHX KOJie-
6rumtt 6y;neT OTJill'IaT:&C.fI OT COOTBSTCTBYDilBil BeJill'IIDIH Ha HeorpaHH'leH
HOM HHT9PBaJI9 (s@leKT Rasnr.mpa). 

3Heprna Ha 6eCKOHe'IHOM IDITepBaJIS' KaK H3B9CTHO; PaBHa Cw= k. C; 

-k = -,rn /l..) c:,e 

E (oo) = _k S w J.w 
2:1rc o · (2.24) 

Ha KOHe'IHOM IDITepBaJIS 

l ~ iii1rC n.. E.(L) = - £- - . 
/., ""'D 2 L (2. 25) 

HeTpy,IOio coo6pasnu, 'ITO qiopMaJII>HO E Ct. ) nepexo;nnT B c Coo J 
npn L ➔ oo , o,IOiaKo o6a BHpaJKeHna 6eccMHCJieHHH ns-sa pacxo
.JU™OCTR. IlpR;na,lU!M RM CMHCJI C IlOMom:&ID HSKOTopott pasyMIIott peryJiapH-
3amm fw

0 
((A)) , r;ne Tt,J.{W) c::::J.. npn WSWo li fwJ"')-=O, w~w,, 

(npn W _,,. 00 L,., { W) := j_ ) : ) • 
o > "T..,o Wo 

E ( 00) = _j_ ( wf~ (w)dw :=:: J_ ~ W dtv. 
t.t.1,, 2,rc le, 0 21rc o (2.26) 

Han60Jiee ecTeCTBeHHa 3KCilOHBHD;l'laJI:&Hasi peryJiapnsaD;l'la 

~ w ~ -!"0-.,_ } -arJ { , 1\71'<! L..Wo c. ro0)=-" t,Je O w E (L)=-£..-ne w
0
l' 

2
.,... ) e,;,, L _

0 
2L. • 

., .. 0 N- . 

BocnOJI:&3YBMC.fI qiopM,YJIOil CYMMllpoBaHli.fI affJI.epa - MaKJiopeHa - A6eJia - IlJJatta 

"° o0 
00 FC t )· FC ·t) . 

2"F(t>)=ff()()dx + i. ~ : 2";-~t clt, 
1'1=0 ° 0 

• (2.27) 

r;ne F(~) - peryJiapHa npn Re.~ "> 0 n y;noBJieTBOPfIST HeKoTopHM 
m,j'I'llM ecTSCTBeHHHM yCJIOBrulM (CM. M.A. EBrpaqioB. AcliMilTOTR'IBCimS 
Oll9HKII H ~eJIHS <PYHKmm• IH~MJI, M., I962, c. 42) • IlOJiara.fI 

FC'~> = ~~ r fw,, c~J, c2.2a> . 

lIOJIY'DDl 
00 

E"'•(l..) =
271
~ ~fw/w)clw _J:.fdw wfwo{w) 

0 - f'C o e"'1""'" - .i 

I 

ul 

I 
41'" ;;; C / 2 J., ~ 

(2.29) 

TaKIIM o6pasoM, B npe;neJie L ~ oo Haxo.JU™ 
qO 

£1AJ
0
(00) = 

2
.!.. l wfw,,(w) dw. 
1rc o 

BH'IRTa.fI H3 [41., (t.) IlOJIY'IRM Ha6.mo,naeM,YID BeJIH'IHHY 

oO 

A£"' (L) = - i, f dw AJ{.,,,{w} 
,, 2rrc o ew/tu,. - J.. 

, 

.KOTOPa.fI KoHe'IHa H npn CH.fITHH peryJiapnsamm ( w 0 ➔ oo ) 

t ( ~ -.!. 
A c (L. ) = - - ) d.w · uJ ( e eu._ - J. ) . 

27rC D 

IlpaBa.fI 'ISCT:& BHpalltaeTC.II 'Iepes 1- 4JYHKUHIO PliMaHa 

00 o<J ·f'-' 
~ (1) == L n -:S =· _L ) J:t -1: R2 -1 -;, o 

11• I f{ 1) 0 e . - i_ I 

OTCR>;na HaxO)U!M 

.6 £(l.) = -
~ 

1i "'t.t; ( 2 ) 
rrc. 

~1f'C 

- - 21//.2. 

KopoTKO roBOPfl, peryJiapE:3aD;l'la CBSJiac:& K TOMY, 'ITO 

00 00 ~ (2) ~ n. = e.m , n-- = ~c-.1)= - L = _.1.. 
£- L 2 2. 12 
n•1 1-+ -.1. 11=1 'fr · 

(2.30) 

(2.31) 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

Ilpn ;npyrmc cnoco6ax peryJiapnsamm nOJiy'IaeTc.fI Ta ~e caMaSI KOHS'IHM , 
'IaCT:&. B ;D;aJibHeillueM MH npocTO IlO~b3YBMC.II ~ - peryJiapnsam1ew,npo-
.lIEJI.IIJl H3B9CTHYID OCTOpOlltHOCT:& npH o6pameHHH C pacxo,n;mitHMHC.fI p.smar.m:. 
Jvr.lI KOHKPBTHHX BWil!CJIBHlitt HaM IlOHa;n;O6HTC.fI TaKllte o6o6meHHa.fI f -<PYHK
D;l'la PHMaHa 

o,O --:i 

-r:;c-:s,,p=LCn+i). 
11=f 

(2.36) 

2. aiieMeHTaOHa.fI TeOpM peJIHTHBHCTCKO.il: CTP,YHb! 

MH 6y;neM, B ocHOBHOM, Hsy'IaT:& 3aM.KHYTY~ CTPYHY, HaE:6oJiee BalKHYID 
MS! npwroxemm K o6mett TBOPHH B3aHMO;neilcTBrul:. IlpocTpaHCTBO~BPBMI! RMeeT 

d H3MepeHR.il:, MeTpHqecKHtt TeHsop f.fuHKOBCKoro 

7/14't' = (-~,+i.,+i) .... ,+l). 
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Koop,ll,llliaTll TO'l8K CTpyHI,t B 8TOM rrpocTpaHCTBe (o~c;<2rr, -o0..::--r <+o<>) 

x,lf {6'1 "t) 
1 

)"-= o,~J ; ... , <d-J.); x,.,(s+21r, 1:) = xJ1 (6"1 -r:) . 

B116:0:paa rrapaMeTpll G", "t' ;n:OJIJKHllM o6pasoM,MOlKHO ;n:06:HT:&CJI, '!T06ll 

xx1= 0 J 
X2 -r X'z =O 

(2.37) 
(Il0JI83HO paccMOTpeT:& KOOp,ll,llliaTll, B KOTOPllX .x0 :=t = r } . 8aMeTHM, 
'ITO nepBoe YCJIOBlie - npoCTO yCJIOB:0:8 IIC8B;n:OOPTOI'OHaJI:&HOCTli KOOp;n:HHaT
HOI C8T.KH Ha noBepxHOCTli, BTopoe 3aM8RllT ycJIOBHHI HOpMlipOBKH, ecnH 

X2+x,1"-,tO, TO 38M8HOI KOOp;n:HH8TllMOlKHO IIOJIY'll!T:& _xt+x 12=0. 
YpaBHeHHe CTPYHll 8CT:& npocTO ypaBH8HH8 .Il' AlaM6epa ( tr = I) 

1--x11 =O 
I 

OSS"'.C:-27r, -oo c::: -r < +ooJ 

1-11 {o, -r) == x H (ii-t-lrr, r:), (2.38) 

HO ;n:oIIOJIHHTeJI:&HI,te YCJIOBRII II03BOJIJIIOT HCMKJl.IHTb ,!IB8 KOMilOH8HThl ,!IBHllte

HHI - BpeMeHHyIO li npo;n:oJI:&HyIO. ~3ll'l8C.Kl'II CMllCJI HM8IOT JIHlltb rrorrepe'!
Hll8 ;n:BmiteHRll CTpyHI,t • .IloIIOJIHHT8JI:&Hlle YCJIOBRII H8 rrpoTllBOpe'laT ypaBHe
HHIO ;n:Bmit8HRII • .I{elCTBliT8JI:&HO, 

J1 /' · 'If 1
Jf 1/4 '" //I 1/1 x"'(s;'t')=fp.(8'-"t).+fL.(6'+-C)J )'. :-fft +ft. I)( :::-f,a+{ I 

2. z.. z. 
• I f' -f'2 •2.+-X'z. = _l_l +f I XX = - X · T1,. ,z. 

I,. ft. J 

ECJIH B H8'laJI:&Hlltt.MOM8HT 
• I •t Z. 
XX =X+-><1 =0, TO 

a 3H&'!HT, li 

.f': (6 I == 0 , f 
,2. 
~ (ft) = 0 J 

z ,z 
f I (6' ,f- 't) : f. (6"- •r') = 0 t. ft .J 

• I •%+vi' - 0 
)( X (',r) == X " - . 

MeTJ)HKB J. -MepHoro rrpocTpaHCTBa RH.DYD;HpyeT Ha ;n:BYMepHol 
llOBepDiOOTH_, 38M8TaeMOI CTpyHOI, MeTpxq:ec.Kl'II T8H30p 

• z. 

Sat == ()':, 
;..,.,) 
'I-',. , h/= PJ<vdx 14 dxlJ = 34 & chqtlt~ 

. (2.39) 

I 

261 
i 

3aMeTHM, 'ITO 9c:1letg"'e <0, T8K KaK Ha IlOBepXHOCTH B JII060H ee TOtJ:Ke 
MOlltHO Bll;n:8JiliT:& KaK rrpocTpaHCTB8HHOe HarrpaBJieHHe,TaK H BpeMeHHoe. 
KaK llOK838HO B Kypcax reoMeTplili ;n:ByMepHllX IlOB8pxHOCTel, Bll60poM 
KOOp,IJ.llliaT (; , 1:: MOlltHO ;n:o6HTI,CH, tJ:T06li MeTpliKa 6:wra (nceB;n:o) 

KOHqx>pMHOH, T.e. 

~at 
'f(G', 't:) 

== e ( -1 O) 
. 0 +i , (2.40) 

0Tcro;n:a H CJI8,!IY8T, "ITO Ha ;n:BIDKeHHH CTPYHll Bcer,!la MOlltHO HaJIOJKliTI, pac
CMOTp8HHlle BllIII8 ;n:onoJIHHT8JI:&Hll8 YCJIOBRII, Ilepexo;n:H K 8BKJIH,!IOBOil: T80-
Plili 3aM8HOH_ 't: --'? i't , MOl!tHO y6e,!IHTbCH, "ITO Haurn: ypaBH8HRII CTPYHll 
COOTB8TCTBYIOT xopomo H3Y'l8HHllM B MaT8M8THKe ypaBH8HHHM MHHHMaJI:&HOH 
IIOBepXHOCTli, T.e. 

")z. 02 ) 
AX)((6', r) ==- ( ')gz + ?,t"- x,.,(s, 1:.) = 0 . (2.4I) 

OTcro;n:a BllTeICaeT CBHSI, Teoplili CTPYHll C Teop:0:eii PliMSHOBllX IIOBepx
HOCTeii, Ha KOTOpoli Mll He MOX8M OCT8H8BJiliB8TI,C.fI. 3aM8TliM TOJI:&KO, 'ITO 
npons:eOJI:&HOMY npoueccy cooTBeTCTByeT ";n:narpaMMa" 

C -t Il8TJIHMH H. tt.- "XBOCTaMH" ( Ha p:0:cyHKe -i = 3, rt. = 4). 
Oco6eHHo rrpocTO .KJiaCCli@UnIPYIOTCH R liSY'laIOTCH BaeyyMHlle ;n:narpaMMll , 

@+@@+ 
KOTOpllM B 06ll'!Hott TeOplili IlOJIH COOTB8TCTBYIOT neTJIR 

O+ G + 0 -t: .. 

9TH 'll8TJIR MOlltHO IIOJIY'!HT:& HerrpepllBHo:I:!: ;n:eqiopMaD;Hel CTpyHHWC ;n:narpaMM 
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• I 

Q+8+ @+ 
ll npe~e~:OHllM nepexo~OM, npll KOTOpoM Tpy6o'!Kll CTaHOBHTCSI 6eCKOH8'Ill0 
TOHKllMH.- :3To IlO3BOM8T YB~8Tb, "'lTO B Teopllll saMKHYTIDC CTPYH OCHOB
HOil npouecc B3allMO~eitCTBllSI CBO~CSI K npeBpameHmo o~oit CTPYHH B 
,IJ;Be. Ha ,n;0:arpaMMaX C TOHKllMH Tpy6otJ:KaMll 8TO O"'l8B~O. B o61!l8M MytJ:ae 

~erKo npoBepllTb, "'lTO npoH3BOm,HYIO TIOB8pxHOCT:E, C h. neT~ MOJKHO 

paspesaT:o Ha ( ~ + i) ,n;0:arpaMM TJ:ITia "naHTMOH" . · 

~ -1 
K :::::>. 

~ 
IIOBepXHOCT:O Topa ( h -== .i) o~llM paspesaHneM MOlltHO npeBpaTllTD B 

Tpy6Ky, a noBepXHOCTb "KpeH~eM" npeBpamaeTCSI TpeMSI paspe38HltJllvm B 

~Ba 8K38~pa "naHTMOH". 
IlpH TaKOM no~o~e KBaHTOBM' TeopllSI CTPYHH CBO,ll;0:TCSI K KBaHTOBOtt 

T8OPllll CBO6O~11X nMeil 1/'(r;;, -z:;) '"lltllBYl!lllX" Ha ,IJ;ByMepHllX pllMaHO
BllX noBepXHOCTSIX. TaK KaK. TIOM IlO~"'lllHSIIOTCSI ,IJ;ByMepHOMY ypaBH8HlllO ]an

~aca, llX MOlKHO paccMaTpllBaT:O KaK aH~Tll"'l8CKll8 cpyHKUIDI K0~8KCHOI'O 
nepeMeHHoro Z c T+ iG , tJ:TO nosBOMeT npJ:IMeHHT:O xopomo paspa6oTaH
HYIO Teopmo qiyHKUilH, aHMJ:ITll"'l8CKllX Ha pllMaHOBllX TIOBepXHOCT.ii:x. ~Y~aMeH
TM:OHM npocTOTa TeopHH CTPYHli onpe~eMeTCSI T8M, '{TO ypaBH8HllSI CTpyH
HllX "no~eil" J:IHBapnaHTHi,l OTHOCllT8~:0HO npOH3BO~bHl1X KOHcpopMHIDC npeo6pa-
30BaHllH r ➔ f{~). B pesy~:oTaTe cpll3ll"'l8CKll8 a~HTY~ 6y~T 3aBll
C8Tb He OT KOHKpeTHOI'O BH~a pHMaHOBOtt TIOB8pxHOCTll ( C sa~aHHOil TO
TIMOrH"'l8CKOil CTPYKTypoil), a ~:E, OT ee KOHcpopMHOI'O Macca (,IJ;Be no
BepXHOCTll npHHa,n118lltaT O~OMY KOH<pOPMHOMY Macey, eMll OHll nepeBO.IUIT
csr ~yr B ~pyra KOHcpopMHllM npeo6pa3oBaHH8M). IIosrcHHM 8TO Ha npocTIDC 
npHMepax. KoHcpopMHHtt Mace pllMaHOBOR TIOBepXHOCTH, TOTIMOrH"'l8CKll 8K
BHBM8HTHOil ~H~PY, onpe~eMeTCSI O~HM B81!l8CTB8HHllM napaMeTpOM. 
nettcTBHT8~:0HO

1 
KaK ll3B8CTHO ll3 KO~8KCHOI'O aHMH3a, IlOB8pXHOCTb 

~~a MOlKHO KOHcpopMHO OT06pa3HTb Ha Ko~eKCHYD MOCKOCT:0 TaK, 

tJ:TO o~a :as rpaHHU nepe~eT B oKpyJKHocT:o pa,roIYca R=.1 , a ~pyrasr 

- B KoHneHTPHtJ:ecKy10 oKpyJKHocT:o pa,I1;0:Yca l < j,,_ • 

~j. 

t>7/~ 

28 

Ilpll 8TOM TO"'lKll IlOBepXHOCTH ~a nepeXO.IUIT B TO"'lKll KM:OU8, a TIOM 
y.l' (~) MOlKHO Tenep:o CtJ:HTaT:O 3~aHHHMH B KM:OU8B()R o6~aCTH MOC

KOCTll. HHKaKHM KOHcpopMHllM npeo6pa3OBaHH8M B8~ll"'lllHY .f ll3M8HHT:E, 
H8~:03SI, TaK "'lTO IlOBepXHOCTH C pa3HHMH 3HatJ:eHMMH e IlpJ:IHa,n118JKaT 
paMH'IllllM KOHcpopMHllM M8CCaM. Bcsr 38BHCHMOCT:E, nponaraTcipa CTPYHH 
OT B~a pHMaHOBOH TIOBepXHOCTH (onpe~eMeMOI'O 6ecKOH8'IllllM tJ:HMOM na
paMeTpoB) CBO,ll;0:TCSI T8M CaMl,IM K 3aBHCllMOCTll OT o~oro BemecTB8HHOI'O 
napaMeTpa. "IIaHTMOHH" MOlKHO KOHcpopMHO OTO6pa3HT:E, Ha o6~aCTb :l
-MOCKOCTH, 

R==1 

onpe~eM8MYIO TpeMSI B81!l8CTB8HHHMH napaMeTpaMH f .i . , et. , p 3 
KOTOpHe H 38~8IOT llX KOH<pOpMHlitt M8CC (BpanteHHe 8TOH KapTJ:IHKll BOKpyr 
TO"'lKl'I O HecymecTB8HHo). ,Il;ruI 38MKHYTOil pllMaHOBOH IlOBepXHOCTH (Ba
KYYMHlie ,n;0:arpaMMll) npn 11 ~ 2 HM88TCSI ~ i-6 B81!l8CTB8HHHX napa
MeTpOB, sa~aIOillHX ee KOHcpopMHlitt Mace, a Mace IlOBepXHOCTll Topa ('=.i) 
onpe~eMeTCSI .u;BY~ B81!l8CTB8HHHMH napaMeTpaMH. 

8TH napaMeTpH, Ha8HBa8M1,18 napaMeTpaMH TeitxMIOJIJiepa,~ MO~M-
MH PHMaHOBOil IlOBepXHOCTR,B KaKoil-TO Mepe aHMOrH'IllH napaMeTpaM, 
BO3HHKalOIIUIM TIPH Bl,l1{HM8HHH 06H'IllHX ,n;0:arpaMM ~ttHMaHa B TeOpllH TIOM, 
O~aKO _B MytJ:ae CTPYHH llX 3H8"'l8HH8 Ky~a 6Mee Ball!HO. ~TO6H npotJ:yBCT
BOBaT:O 8TO H8MHOI'O ~"'lille, IlO3HaKOMHMCSI C 6Mee TO'Il!Ott <pOPMY~llPOBKOil 
TeOpHll CTPYHH. 

Bllllle Mli ccpopMYJIBpoBMH Teopmo CTPYHH Ha OCHOB8 ypaBHeHM l'A.1IaM-
6epa, ~ono~eHHoro CBH3S!Mll. ~pMM:OHO 8TO MOlKHO BHpa3llT:O, saTIHCaB 
~eilcTBlle B.Bll~e 

s r--: r J~J-z:; [.LcxZ.~x'z.) + tt{xx') + i rx,..+-x'' u · 
) .2. 1 

(2.42) 

r~e A (6', 't) , )A (r;, ?: ) - MHOJ!tllT8JIB ]arpaHllta. :3To ~eilCTBlle MOlKHO 
nepeTIHcaT:o B B~e 

$ ~ rJ;-J-r 1-J 8a''dax"'dgxJt, (2.43) 

aQ -(i+.,.U ~ ) 
~ - ~ )A-1 J 

r~e 

(
)-4-:t. -A ) -i 

3a~ = -A f'-H · (l->,.'L_i) ,(2.44) 
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.1 I 

IIpR'I8M ./ 

I ...L - I .L Q' a-=~ a"'' - ~: = {Jl->/·-1.)-:i.. 
(2. 45) 

By,n;eM C'!RTaTl> Tenepl> MHOl!CllTeJIJIMH JiarpaH.llta 
caMrul o6~M "MeTpl!Ita" 9a1. RMeeT B~ 

Sai • 8aMeTRM, 'ITO 

~ cp-:i. -A ) 
gaJ = /'-1.._,._1.._i. -A JA+i. . (2.46) 

. r: a al 
O~aKO IIpoR8Be,n;eHRe ~-s O He saBRCRT OT µ, IlOJil>8YHCl> 
HOBOI 8aimCl>D,MOlltHO ,n;aTl> TeopRR CTPYHH reoMeTPR'!eCKOe RCTOJIKOBa

~e. paccMaTpRBasi: 9Qi ItaK HaCTO~ MeTpR'I8CKRI T8H80P Ha ~YM8P-
HOI IIOBepxHOCTR. ECJil'I C'!RTaTl>. 'ITO MeTpRKa jJ ~~pyeTCH MeT
pHKOH IICeB~OeBKlIR,Il;OBa o6~eMlI10lqero npocTpaltCTBa, T.e. 

• t. 

3J = ( ;,:, 

TO Ma IIOJIY'I88M ,n;elcTBRe 

xx') = 1.x/1 a,x,,, , 
X'z. 

f Jc: oh· q = 

(2.47) 

s ..., tf J.-J-r: q 8
4

' 9a4 
f/; (2.48) 

== . f J,.. J-c:. [c_xx'f- xi.x,z.J :i.. 

B 9TOI <J/opM8 ~elCTBll:8 IIpRo6peTaeT HCH!d1 'reoM8Tpwl8CW CMHOJI s ... SJ~., 
H IIpmi~ ~elcTBRJI Tpe6yeT, 'IT06H IIJIO~a,IU, llOB8pxHOCTR, 8aM8T88MOI . 
CTPYHOI, C!wra 9KCTp8M8Jll,HOI, Il7Io~a.zu, O'I8B~O H8 88BHCRT OT BH6opa 
KOOp~aT " • 'z; • IloeTOMY ~elcTBH8 (2.48) HHBBPHBHTHO OTHOCH-
TeJil,HO npoH8BOJll,HHX npeo6pasoBBHRI (,ItHqxl)eOMOpp}!8MOB) . 

't -+ f ( r, ~ > , 6" ~ 1 ( .. , -r:) · (2.49) 

Jier.KO Ha!TB, 'ITO JiarpaHJlt8BH YpaBH8HRJI ~ ~elCTBRJI (2.48) 

maem ~ 

a~ r: ;-d, r: =O , 

p; = -aJ p~ - ,i. 
(2.50) 

1x' I - ox.JA • ,.. 

. 30 

Bapna~ Ha KOHIJaX ,n;ruoT (~ oTKPHTott c-rpyHH IIOJIOlKllM o ~ G"' s. 7r ) 

p: C-r, O) = F'~ C-r:, 7r) = 0. (2.5I) 

( B CJiy'!ae 8aMKHYTOtt CTPYHH 9Tll rpaHR'!HHe YCJIOBlifI 88M8HHDTCH YCJIOBH
eM nepno,ItH'IHOCTll), JierKo IIpoBepllTl>, 'ITO r:, r: y,n;oBJ.IeTBOPHDT yc
JIOBHHM 

( 2-rrol' Ft:± x') 2. 

· ( 2rroL I pr:, ±. x. )2 

=O 

=D 

) (2.52a) 

(2.52) 

HcIIOJil>8YH llHBapnaHTHOCTl, ,n;ettcTBRJI (2.48) OTHOCRT8Jil>HO npeo6pa80BaHRH 
IlyaHKape. MOlltHO HattTR nOJIHHtt l!MIIYJil>C 

,r 

p" = ) i" r: 
0 

R IIOJIHlitt MOM8HT CTpyHH: 

v 'fr a/ 
M-~ = f ck (Y. 14 f't - xJJlp-r:). 

0 

B "OPTOI'OHaJ.ll>HOH" ItaJIR6poBKe, Kor,n;a • )2. (J<±X' =O, 

21T"d. I f>I" ::: )( /1 
[T .J 2,rct If': = - X1 J'I , 

a 1,-lf(vr, 7:) IIO,n;'IRHH8TCH ypaBHeHmO .Il'An:BM6epa 

x-x"=O I 
I ( I "'r IJ,T) =X/' (tr,-c) =O. 

(2.53) 

(2.54) 

RMeeM 

(2.55) 

(2.56) 

IlpR nepexo,n;e K KBaHTOBOtt TeOpRR OCHOBH08 OTJIR'Il!8 OT T80PRR Hepe
JIHTHBHCTCKOtt CTPYHH CM88HO C TeM, 'ITO B08HR!i.1IR ,IJ;OIIOJIHHTeJil>HH8 YCJIO
BRH, HeJIRHeih!ue IIO )(/1 • C IIOMO~D ,IJ;OIIOJIHRTeJil>HHX YCJIOBd (CM8ett) 
MOJIIHO llCKJm'IlITl, ".1IlilllHHe" KOMIIOHeHTH ;<" • Tor,n;a NIJI OCT.8BIIIHXCH KOM
llOHeHT MOlltHO BOCIIOJil>80B8Tl,CJl CTBH,n;BPTHHM HepeJIHTRBRCTCKRM KBBHTOBa-
HReM. OC!H'!Ho BH6npaDT KOop,n;miatH ~ n ~ CJI8,Il;YDIIHM o6pasoM. 

Onpe.zteJllIM ~ JIJX5oro Be.ttTopa VI" KOMIIoHeHTH V :t:: 
vr = V":t:.vJ.-, Vo= v++v- vJ-t = v+-v-

...fi: I n J fl (2.57) 
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1/ , I 

--. 

Tor~a ,wra c.Ka.IDipHoro rrponsBe~ernm HMeeM 

v-v = U· v - u+ v - - u- v +. 
(2.58) 

➔ + 
KoMnoHeHTR V 6y~eM HasRBaT:& rrorrepelffillMH, a V- - rrpo~oJI:&Hl1Mli,-
Paso6:&eM '1-1( (fi, "C) n p.{ (i;, r:) Ha rrorrepelffi11e n rrpo~oJI:&HRe KoMnoHeH
TR ll B~CITOJI:&8Y0MCJI rrpoll8BOJIOM (2. 49) ,wlH ~Kcamm KOOp~aT (o ll -z:: 

.x+c~, ,:) = -c ) P-t(G', 'l:'),;,. ~ = d;-, , p/ =O. 
(2.59) 

3aMeTHM, 'ITO BTopoe YCJIOBlle H0COBM0CTHMO C BR6opoM llHTepBaJia O ~ 
~ b ~?f" ' BM0CTO 8TOro B08:&M0M O ~\;' ~ bo • Tor~a ll8 (2.53) 

rroJiy'IHM P + = rr. 6'. , T. e • 
0 o 

0 ~ G' ~ 
p+ 

<f'o (2.60) 

TaKaH rrapaMeTpnsallWI O'!eH:& y~o6Ha ,wlH OilliCaHHH B8aHMo~e:ltcTBM CTPYH 
TaK KaK 11,wIHHa" CTPYHR rrporroplll'!OHaJI:&Ha ee HMnYJI:&cy. HartpHMep, rrpons
BOJI:&Hlltt rrpouecc B8aHM0~0HCTBM CTpJH B 8THX KOOp~aTax (Ha811BaeMWC 
KOOp~aTaMH CBeTOBOro KOHyca) MOlKHO nso6pasnT:& ,JJ;liarpaM1110:lt. 

4 ~ ~ 
o r ' I I 11 111 ti O II 

I 2 I I rt 'T <J I I 

g" J, l . e 'v,•'====i , , , , e c , , 
I I 11 I I 
I fl 1111 ti \81 

I I 111 t C' ii 
\ I ~ \,' !/ { I., 't 

A • V -

G ~ 
, rrpn 3,nec:& B MOMeHT 't' = T.:, nMeeTCJI ,103e cTpyHR: AB n BC' 

8TOM A 8 = ~+l'T'o ' BC= P/ I rr O ' r~E! P.+ ll p: - KOMilOHeH
Tll BeKTopa aHepr:im-nMITyJI:&ca .wIH KruK,IJ;OH cTpyHR, rrpn'IeM p+ == Pt+ P/ 
PaspesR f3 ll &c COOTB0TCTBYIOT rreTJIHM, II T.~. . 
EcJIH CTPYHR 8aMKHYTRe, TO Heo6xo~o ITO,wIOlltllT:& eme 0~ 8K8eMnJIHp 

I I · JIIIcTa AC'JJ A c paspesaMH II rrpoIIsBeCTll cooTBeTCTBYIOOUle oToxr,necTBJie-
, / A' I HID! 1tpaeB pa8pe80B II rpaHIIU-- C. J) , 8, ... (rryHKTIIp). 3aMeTIIM, 

'ITO aTOH rrpoCTOH KapTHHKe MO.iKHO rrp~aTJ:, BITOJIHe TO'IHR:lt CM!lCJI II 
corrocTaBHT:& e:lt orrpe~eJieHHRe aHaJillTll'l8CKIIe BllpaJKeHIDI ,wlH aMITJIIITY~ 

pacceHHM CTpyH. 
TolffiM TeOpM OCHOBRBaeTCJI Ha TOM, 'ITO rrpII yKasaHHOM BR6ope 

K00P~.8T ~e:ltCTBIIe MOlKHO npe~cTaBHT:& B (popMe 

s::: ; 0 ~d~ ~~Zoci.i- x'2
), (2.61) 
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a 'AOTIOJllmT8JI:&HRe YCJIOBM BllpaxaJOT KOOI>,ItmlaTy 

ItOOp~aTR: 

x- 'Iepea rronepe'!Hl1e 

. 
~ - = ½ ( i 2 + x'z.) J 

, 
x- = 

..,,, ':f' 

)(.. " 
(2.62) 

TaKllM o6paaoM, Mil npmwm B TotIHocTH R cTpyHe ll'.A.7IaM6epa, c TeM, Ha 
nepmrlt B8rJIJJ.It, H860JI:&nmM 'AOTIOJIHeHHeM, 'ITO 11,wIHHa" CTP.VHR CBH88Ha C 
(+) -ROMilOH8HTO:lt B8RTOpa ~Hepnm ~ HMTIYJI:&ca. B 8TOM (popMaJIH8M~ 
(-) - ItOMilOHeHTa OTOJK,n80TBJIJI0TCH C raMWI:&TOHHaHOM ( ~ = 'l"o 1 ) : 

p+/7; P1/% . -r 
- ( J F( - .!.. ( d ( 4 -;t.2 m .... ,z) P :::: ~ 6' ,; - 2, J 6' if. t'i; + 1o X = Ho , (2.63) 

O O o 

8TOT raMWI:&TOHHaH llM08T o6ll'lliltlt B~, HO YCJIOBHe, 'ITO KOMilOH0HTl1 
p+ , p - , p 'AOJDltHll o6pasoBRB8T:& J -Me pH~ BeRTop, B0'A0T R 

HeTpllBHaJI:&HHM CJI0'ACTBHHM, B '!8CTHOCTll, eCJIH BOCTIOJI:&80B8T:&CH ROMilO
B0HTaMH p+ , p- , p ,wIH llOCTpoeHM onepaTopa llOJIHOro MO
MeHTa CTPYHR (reHepaTopa JiopeHUSBWC Bpamem) ITO g)OPMYJie (2.54), TO 
MOlKHO y6e'AHT:&CH B TOM, 'ITO Bee rrepecTaHOBO'!Hlle COOTHomeHH.R: MH one-

, JAIi 
pa To poB M BllITOJIHHIOTCJI aBTOMaTH'!ecRH, aa ncKJIIO'!eHHeM ROMMYTaTopa 

[Mi-, Mi-J, 
B KOTopoM TIOHB1IJIIOTCH aHOMaJI:&HRe, Hapymruooine JIOpeH4-nHBapHaHTHOCTb 
'l.lieH11. 8TH 'l.lieHR o6pamaJOT,PH B lfYJI:& JIHm:& npn cl = 26, 'ITO o6wmo 
KpaTKO ll BllpalltaJOT YTBepill'.,Il;eHHetf O B03MOlKHOCTH llOCJI0,ll;OB8TeJI:&HOi!: Teo
PHH peJIJITltBHCTOKO:lt 6030HHO:lt CTPYHR JIHm:& B 26-MepHOM npocTpaHCTBe -
BpeMeHH. Bwm:CJieHM KOMMYTBTopoB onepaTopoB MJC" Bec:&Ma rpoM03'ARH 
(CM. JIHTepaTypHRe YR838HH.R: B ROHUe 8TWC Jierumil:). O'AHaRO, eCJIH 
He Tpe60B8T:& oco6o:lt CTporoCTH, npnpo'AJ 8TOro 88Me'laTeJI:&HOro YCJIO
BHJI MOlltl!O TIOHJIT:&, BOCTIOJI:&30B8BmHC:& 60Jiee npoCTRMll paccyxr,neHH.lllm. 

PaccMoTpHM MH onpe'AeJieHHoCTH SaMRHYTYIO cTpy:iry. 3aMeTHM, tITO 
(popMYJIH (2.6I) - (2. 63) rrpHMeHllMR BO Bcex CJIY'IMX, OTJIH'l!Ul'rCH JIHm:& 

rp8HHtIHlle YCJIOBHJI 

x'(o,i::) = x1Cs-o,-rJ =0 (OTKIJHTBJI), 

)((o1 -r) = X{r,,,,-r) (38MRHj'TBJI). 

-+ 
KBaHTOBaHHe KOOP'AHHaT X Tenep:& MOlKHO rrpoBeCTH COBepmeHHO CTaH-
MPTHo. 8aMe'l'HM TOJI:&RO, 'lTO B 'l'eOpHH peJIJITHBHCTCROit C'l'pyHll BM8C'l'O 
CT8H,lt8PTHWc onepaTopoB pollf,ItBHHJi H YHH'!TOllteHIDI HCITOJI:&sym onepaTOPR, 
Y,ll;OBJieTBoPJDJ!tRe nepeCTaHOBO'lHHM COOTHOmeHHHM 
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I • I 

I 

j 

l t j]_ri.j C' 
oln. 1 ol trt - 0 n. Om +n,o [ ... ' ci j J 

- o(h.J "' J (2.64) 

rrpn:qeM 

➔t ➔ 
o(n : O(_h , 

!::,.t ~ 
o<n = IX_n. (2.65) 

➔ 
HyJieBM KOMIIOHBHT8 ol O CB.ll3HB88TCJI C BBKTOpoM IIOJIHoro HMITYJil:>-

ca p . Ilolvll!MO STOro ecTl:> BBKTOP, OIIHCHBaIOIIllii1 IIOJIOJKBill!e IJ;eHTpa ...,. 
M8CC CTPYH!:l q,.., H K8HOill!qecroi: corrpJIJKeHill:le .iwyr lIJ)yry BBJiliqIJ:lil:l 

p+ H 'J,- . KaK JICHO HS rrpe,nIWlllBro, OCTaJil:>Hl:lB rrepeMeHill:le Bl:lpa-

JltaIDTCJI qepes rrepeqn:CJieHill:le. 

Ilp1rne~eM pasJiolKeill!e X H H0 = p- B ll!pe,mmrepoBcRoil Kap-

THHe (lpHRCHPY81l' 't' = 0) 

imc./(oe'P+) ':;. -im11/(ot'P+) 
1 (~) = t + l {f L (~me + o<1t1 e ), (2.66) 

m~o 

- - - ' ➔2, 2- ➔+ ➔ .➔+ ➔ - .J!.::.._ 00 ,v~ '2} 
H -P -p+f P + °'' L. n.( a,. a., + an an) 6o<., . 

2 """' . (2.67) 

➔ • ➔ / 
aztecl:> a.,-= LoC.,/{n;, YI > 0 , a IIOCJie.nmut qJIBH B (2.67) paBeH 

peryJIJipR30B8HHOa :meprHH HYJIBBHlC ROJiedaHJ,Iil (KBR B nepeJIJITRBHCTCROM 

CJrYqae) , B03llllltaDllBil IIPH HOPM8Jll>HOM yrro~oqemm orrepaTOpoB On. J,I a!: 
oo l oo --6 Res{ 2,(d:-2)2 n.J = ~ (d-2)lim X n =-

c,4 11=1 o( ~-.l n=1 

J 2. . (2.68) 

= .Z.(cl-2) ((-i) = ..! (ol-2) (--.1....)= - _:_ 
fl..' ol. 1 .12 6«' 

(HaIIOMlmM, 'iTO cd-.2) -STO 'll'ICJIO H83aBJ,ICHMHJC rrorrepe'iHWC OCD;WIJlJITO- II 

poB). OcHOBHoe cocToJllllie cTpyH!:l Io, p > orrpe~eJIJieTCJI odH'!Hl:lMl'[ 

YCJIOBWIMH 
~ ... ➔p .... ... .. 

a"lo,p>=-a.,10,p)-==O, 1°,p>=f'l0,P>. (2.69) 

Bosd~eHHl:lB COCTO.a:Hwr CTpo&TCJI TO'iHO TBR xe,KaK J,I B HepeJIJITR-

BJ,ICTCROM CJrY'iae. HarrpRMep, a.+ I 01 ~ > , R T -~- C noMOIItI,ID (2.67) 
JierRO onpe~eJIJ,ITl, M8CC!:l 3TlDC COCTOJlllliil : 
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M 2 = - pa. = 2 p+ p - - p z = 

()0 ~~ '2. 2 , ➔+ 7 .,. + - ) OI -
=-; L 11 (a.,u" +an Q11 - 6o(, 

()( n:4 
(2. 70) 

MoJKHo IIOR838Tl:>, 'iTO B CJiy'lae 38MRHYTOil CTPYH!:l qIJ:CJia npaBHlC H JIBBl:lX 

rrorrepe'iHWC Bosdy~eill!il ~oJIJKH!:l dl:lTl:> paBHl:lMIZI. IloaToMY rrepBoe Bosdy~eH-+ • + • 
HOB COCTOJllllIB ecTl:> a/ a/ JO) , JierKO IIOR838Tl:>, qTo 

M1 /o>=- J-2 {o) M:z.~,?fiJo>=(.i.-J-2 )a1'ff/lo>. 
f,,:1.' , -f (I..' 60(' (2.7I) 

TaIDIM odpasoM, OCHOBHOB COCTOJllllie - 3TO CRaJIJipHl:lil T8XltOH (npR "'>2), 
Bosdy~eHHoe COCTOJllllie pacn~aeTCJI Ha COCTOJIHHJI, HBIIPHBO.JmM!:lB IIO 

"nonepe~oil" rpyrrrre S0(d-2) : decwrrypoBllil CHMMeTpR'lH!:lil TeHsop, 

aHTHClIMMeTp:II'illl:lil TBH3Op H CKaJIJip, T.e. 

J;= [(fdiCJ_ct-1)-1) +fJ.LcJ.£.-1)+1], J.J..==ol-2 . c2.n) 

Cm!MeTpR'ilillil TeHsop c [½d.J.(J.J.+1) - i] KOMIIOHeHTrum B d-MepHoM 

npocTpaHCTBe MOJKBT dl:lTl:> TOJil:>RO de3M8CCOBl:lM COCTOJIIllIBM co CIIHHOM 2, 
T,e. rpaBRToHoM (HarrpID11ep, rrpR cl = 4 IDl!eeM d(cl-3)/2 = 2). B 
CJiy'lae OTRP!:lTOR° CTPYH!:l Ml:l IIOJIY'lli.7m nepBoe BOsdylK,ll;eHHoe COCTOJllllie 

B BII,Ite ( d - .2. ) - ROMIIOHBHTHoro BeKTopa rpyIIII!:l 5 0 ( cl- :Z..) , ROT6-

pl:lil B d -MepHoM npocTpaHCTBe MOJKeT OIIHCHBaTl:> JimIII, desMaccoBylD qac

TRllY CO CIIHHOM I (<poTOH). IlpR llTOM 

2,-1. (' J-2 )+.:I> 
M a,: I o > = , ;; "- 2'1°'-' a n o • < 2. 73) 

Oda YCJIOBIDi de3M8CCOBOCTJ,I MoryT dl:lTJ:, Bl:lIIOJIHBH!:l JimIII, npH J = 26 • 
Mli B:i't,1:l;HM, 'iTO llTO YCJIOBHe BO3Ill!R88T B CMY Tpe6oBaHJ,IJI peJIHTJ,IBJ,ICTCROtt 

mrnapHaHTHOCTH CIIeRTpa. XOTJI Ham aHaJIJ,13 MOJKBT IIOR838Tl:>CJI HeIIOJlllllM 

J,I HBCTpo!'lIM, ero MOJKHO ~OCT8TO'iHO ~eTKO odOCHOB8Tl:>. Mu IIPB'AOCTa-

BJ,IM llTO 'iHTaTeJIID B Ra'iBCTBe yrrpaJKHeHllJI. 

KoHe'ilio, llTJ,I nopaSJ,ITBJil:>Hl:le ~KT!:l - IIOJIBJieill!e desMaCCOBHlC 'l8CTJ,Ill; 

CO CIIHHOM 2 J,I I lI BOSHHRHOBBill!e YCJIOBJ,IJI cJ = 26 - aHaJIH3HpoBaJIHCl:> 

C MHormc CTOpoH •. B qacTHOCTH, B reoMeTpR3OB8HHOM <popM8JIJ,ISMe, J,ICIIOJIJ:,-

SYJallBM JiarpaHJKeBu MHouTeJIJ,I 8 aS , Bee aTo Bl:lrJIJi,D;J,IT HecROJil:>-

RO HHa'ie. JiarpawmaH (2. 43) ·J,IMeeT, IIO!vll!MO ClIMMBTPHil OTHOCHTBJil:>HO 

(2.49) H rrpeodpasoBaHHil lJyaHKape, eme CIIBll;ll'.aJil:>HYID ClIMMBTPHID Beitrur. 
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, I 

ID.:::,~ .. 

q n ~ e'f a aaR e-rp clg 
aao c1a8 , (J ~ 0 ' 

x+x, 

CBJI38HHYRJ C TeM, 'ITO JI8rp8HllteBWC MHOJKHTeJieil: Boero 2, 8 TeH30p 8 .s 
3aBllCllT OT Tpex ITpo~3BOJil,HllX !pyHKIJ;IIJ.t. B 0TOli <I>oPMYJillpoBite KJIJO'leBoJ.t 
OKa3HB8eTCJ{ llMeHHO CllMMBTPll!I BeJ.tJIJI. YCJIOBlle coxpaHeHIIJ.fI'ee B KBaHTO
BOJ.t Teop~ /:18BT d = 26 n Bee ocTaJibHHe oco6eHHocTn peJIJ1TllBllCTCKO! 
cTpyHH. B 9a.1, --cpopMaJill3Me ecTeCTBeHHo C'lllTan SJ HoBm.m HesaBncn
MHMll ITepeMeHHUMll ll OITP8/:18JIJ1Tb cpe'Alille KaK KOHTllHYaJibHli8 llHTerpaJIH 
ITO BCeM ITepeMeHHHM (llCITOJlb3yeM 8BRJIIIJ):IOBY MeTpmey): 

< 'J:'> = )[2lxJ[2l8 J 'f ,{ Xj 8} exp(-S fx; 81). 
(2.74) 

ECJill er = i , TO MR ITOJIY'l88M BaeyyMHHJ.t !pyHKIJ;IIOHaJI 'l. . Jt)Ili 
BwmCJieHll!I aMIIJillTY/::1· S -MaTpllIJ,!i He06XO/:lllMO CH8'laJI8 ITOCTpollTb COOT
BeTCTBYJOOtHB Bepmmurne oITepaTopu. H8ITpHMep, aMIIJillTY/::18 p8cceJIHJll.fI ~ 

N TaxllOHOB r1jr,. 
A(p, .... p,.,) = ~) 

ri . 
N P11-t 

BHpwmeTcJI <repes Bepmmurae oITepaTopu 

V(x) = f J6"d't .fi" 6cJ>cx-xce-.--c:>)., 
II 

:wm B llMIIYJibCHOM ITP8/:ICT8BJiemm: A (P1 ... P11t1) =< D, V(p,:)) 

-ipxc~-i:) 
V (p> = f J"J1: -ij e 

(2.75) 

I'paBHTOHHHil: BApumHH1rtt OITepaTOp,. 80Tb 

" B "' " -ipx VI" = f }J;- J-c q- a"' l,c..H o, x e (2·. 76) 

.AHa:llOITmO CTpoJITCJ{ Bepmmurne OIT8paTOpH 1f,7UI mrnx 'laCTllD;, C0/:18J)llta
lllllXCll B CIT8KTP8 CTpyHli. Heo6XO,ItlIM08 'IHCJIO JIOP8BD;8BHX HH,lt8KCOB na6n
paeTOJI O ITOMODtJ,D ITpoll3B8/:18mul 'ABYM8PHO-KOB8Pll8HTHHX (OTHOCllTeJifillO ITp8-
o6paaoBamu1 (2. 49)) ITpoll3BO,ItHHX OT ~ • 'ITO OdeCIT8'1llB88T lilHBaPll-

; 36 i, 

8HTHOCTb ITO OTHomeHIDO K TpaHCJIJID;WIM )()f - XJ( +-a-"'• ,Il:ByMepHHe 

lfim8KCli CBOpa'lllBamTCJl C ITOMOmbRl /:IBYMep~ T8H30poB gat ll 

2 qi / ~ , 'ITO o6ecITe'lllB88T llHB8PllaHTHOCTb BepTeKC8 VI',)', ... (Gljt:) 

OTHOCllTeJ!bHO (2.49). 
I'op83/:IO Tpy,nHee ITOCTpollTb Bepmmurae OIT8P8Topu, OIIllCHB8JClllll8 

polK,Il;eime CTpyH (T.e. deCKOHe'Il!HJ.t Hadop COCTOJIHllli 'l8CTllU C ITpOll3BOJlbHO 
dOJibfilllMll CIIllHaMII ll MaCCaMll) • 8T8 38/::18'18 ITO.Ra ITO cymecTBY He pemeH8. 
TeM He MeHee ~ OITllC8Hll!I ITponeccoB, B H8'IaJ!bHllX ll KoHe'Il!HX COCTOJ{
Hll!IX KOTOPllX llM8DTCJ{ TOJlbKO 'l8CTllIJ,li, 0TOro BITOJIHe /:IOCT8TO'IHO. AMrrJm-
TYlIS }./ - 'l8CTll'IHOro rrponecc8 C fi. IT8TJIJ1Mll MOJR.HO ll306pa3l1Tb 

KaPTllHK0:11, 

• V(P1) • 

CY .... 
• V(&.) 

rAe BHKOJ.!OTH8 Ha ITOBepxHOCTll TO'IKl'I COOTBSTCTBYRJT BBPmllHHHM OITepaTOpaM. 
KaK yxe roBOPRIIOCb BIIDle, KOHTllHYaJibHli8.llHTerpaJIU CBO~CJ{ K 

OdWilillM MHOroMepHHM mITerpaJiaM ITO ITapaMeTpaM TeHXMIOJIJiepa. 8Toro MOJR.HO 
'AOCTll'lb 'ABYM!I CITOCOiaMII· I) BHIIOJIHllM llHTerpnpoBaHlle ITO Jiarp8HllteBliM 
MHODT.eJIJIM ff g Q n ITepe:l1/:leM K KOOP/:lllH8TaM cBeTo:soro KOHYca x :t:.. 
IIpeUMYmeCTBO TaKoro ITO/:IX0/::18 COCTOll'l' B TOM, 'ITO OCTaRJTCJ{ Jil1filb @13ll'l8C
Kl[S llOIT9p9'IHH8 CTeITeHll CBOdO/:lli. HeAOCT8TKl'I - ITOTSPJI JIBH0:11 JiopeHn;eBOli 
llHBapnaHTHOCTll ll HSKOTOplie TeXHll'leCKl[e HBY/:IOdcTBa B p860Te C ITepeMeH
HllMll CBSTOBoro KOHYC8 ITPll 'IHCJie ITSTeJib I, ?;. 2. 

. ' If' (O] 
2) SaipnKcnpyeM MeTpney ITOBepxnocTn B BH.Ite g,,8 =e SQ& , rAe 

MBTPllK8 ~ ~, 3aBllOllT OT HSCKOJlbKllX ITapaMeTpoB, xapaKTepR3YIO-
mnx ITOBepxHocu. IlHTerpnpoBaime [!D 80&] B pesyJIMaTe CBO,nllTCJ{ 
K llHTerpnpoBaHll!O ITO 0TllM ITapaMeTpaM ll K llHTerpnpoBaHllm ['llcp] ,Ko
TOpoe,KaK BITepBHe ITOKa3aJI IlOJIJ1KoB,0Ka3ImaeTCJ{ TPllBllaJ!bHliM Jil1filb ITpll 

.BHIIOJIHemm ITOJIY'ISHHUX B!IDle YCJIOBllit ( " = 26 ll 6e3MaCCOBliJ.t "rpaBn
TOH"). 8aM8TllM, qTo ITPR 0TOM COCTOJ{HllJ{ C OTPllIJ;aTenHott MSTpnKOJ.t (He
ITOITepe'IHlie "ooD;1t1IJIJITopu") 0TmeIIJimOTCJ1 OT !plt3R'lecKnX aMIIJillTY'A (Hando
Jiee_y'Aodmrtt q>OPMaJill3M CBJ13aH C BB9/:18Hll8M /:IYXOB ~8/:1/:188B8 - IloITOBa,CM. 
lllll!te). 

B 38KmJqeHl!e OTMSTllM, qTO sa,naqa O ITOCTpoemm MHoroITeTJISBUX 
CTPYHHHX aMILlillTY'A C 'la,CTRIJ,aMll B Ha'laJ!bHllX ll KOHe'lllUX COCTOJ{HllJ{X B 
npmunme pemena, Ho JIBHHe BllpaxeHll!I Harrncrum Jillilb AO 4 ITEiTeJib. Hc
llOJII,eyeMil:11 ITPH 9TOM aIIIIapaT KOMIJJISKCgoro aHWlll3a ITOKa MaJIO 3H8KOM 

~SllKaM, ll 1f,7UI ero ll3JIOJltellllB: TpedyeTc.a: OT'AEl.lII,Hll:11 _ KYPC JieKil;lI:11. B COOT-
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B8TCTBJm C Wl8M8HTapHHM, BBO,IJ;HHM xapaKTepoM BTlIX Jieru:m:n, Mil nocrurrlt
Jllt noCJie,n:HHil: lIX pa3'A8Jl npoacHeruno OCHOB Teop:im peMTllBRCTCKOil CTpy
Jlll. 

l!To6H Hame lt3JIOX8Hlt8 npHo6peJio H8KOTOPYID 38KOH'l8HHOCTD, npmie
'A8M Bee xe o6mee BHpaxeHlte .u.rur BaJtYYMHOI'O WYH.KmlOHaJia n KorutpeT
Hwt pesyJIDTaT .u.rur o~oneTJieBoro BM~a. HanoMHiIM onpe'AeJieHlte z: 

l= f [0)(J[2)3J exr(-S{x,a¼), 

r'Ae Han60Jiee o6mee BHpaxeHlte .u.rur S { x, 9 J HMeeT B~ 

5 = fJ.J-z; ff { f 8
JQx dgX + "~Rs + ;i; ~. 

(2.77) 
3.I(ecD A. 0 ll µ 0 - HeKoTopHe napaMeTpH, Ri - KPRBH3Ha ~yMep
HOil noBepxHOCTlt. B CYIJIY TeopeM!l raycpa - BoHHe .IT)ll{ 3aMKHYTOil noBepx-
HOCTll 

j_ r JS' J-r {i R - = 2 - 2 It. = x (M J, 
'111" ~ ·-, 

r'Ae /i - tJ:RCJIO neTeJID,MH TonOJIOI'll'l'.ec!GUl PO'A noBepxHOCTll M 
;t(M) -ee sitJiepoBa xapaKT8PHCTllK8. TaimM o6pa30M, BTOpoit tJJieH 

nOJIHOCTDID onpe'AeMeTCH TOnOJIOritett noBepxHOCTlt~ TpeTnil: tJJieH nponop
~OHaJieH Mom~ · noBepxHOCTll M ll REHO HapymaeT BeHJJeBy' mraapltaHT
HOCTD: IIPH " :: 26 MOXHO, o~aKO, TaK BH6paTD 3H8"18Hll8 n~paMeTpa 

}'o , 'ITO BM~ BTOI'O tJJieHa COKpamaeT Hapymamtl?le BeHJJeBy' mraapltaHT
HOCTD ~aKTOPH, B03Hlt.K8!0Ilnl8 nplt HHTerpllpoBamm no ;cl" • 0603H8"ll!B 
nepBHil tJJieH B (2.77) "lepes $ 0 , HeTpy~o noKasaTD, 'ITO 

f[2>x ... ]e-Sofx;V3={ 2Tr ale.t'L:l. l-J/2, 
fd.cl-z; If 8 J ' (2.78) 

r'Ae A 
3 

- JiaMacHaH Ha noBepxHocTn M . c MeTpnKott [J. , a mTpnx 
03Ha"laeT, 'ITO ero HYJI8BHe MO'A!i nplt BH"lllCJieHHH 'A8TepMHHaHTa OT6pacH
BamCH. He ytJ:RTHBamca TaroKe eyJieBHe MO'AH B X fl , OIIHCHB8!llltR8 'ABRXe
Hlte UBHTpa Mace CTPYHH (ucnOJID3Y8TCH HHBapllaHTHOCTD OTHOOHT8JIDH0 
TpaH~il; X14 ~ X" +- Q J,f ) • 0npe'AeJI8Hlt8 M8pH [2)xJi] OCHOBaHO 
Ha 8CT8CTB8HHOM JIOpeH~-HHBapliaHTHOM ll 'ABYMepHo-mraapltaHTHOM onpe
'AeJiemm HopM!l B npocTpaHcTBe MaJIHX cMemeHnil Jx/4 : 

II Sx)C II 2. = f Jir J-c ff bX,,, txJA . (2. 79) 
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8Ta HOPM8 He mraapUaHTHa OTHOCHT8JIDH0 npeo6pasoBaHHit Bewm. EcTeCTBeH
HM HOPM8 B npocTpaHCTBe MaJIHX 'A8~PM8~it MeTpltKH, ~ ➔ 3 +-c5i , eCTD 

// 8jQ8 U.t = f Js- J-r; /f ~oi: ~tel J~aC J3cJ . 
M (2~80) 

OHa TaIOKe UHBapltaHTHa OTHOCl!TeJIDHO ~yMepHHX ~eOMO~ll3MOB (2.49), 
HO He HHBapHaHTHa OTHOCHT8JIDH0 npeo6pa3oBaHHil Bewm. 

06mee onpe'AeJieHHe ;i;. npH d = 26 MoXHo sallltcaTD TenepD 
B B~e 

l_= t z, = f J U>9a,J[YJ;c)<] 
exp ~ - S { J<; 8 J 5 

Vol, (fl);ff+ M) Voe
1
(wevt) I 

(2.8I) 

r'Ae CYMMHPOBaHHe npoBO'Al!TCH no BCeM TOnOJIOrHHM 38MKHYTHX ;:o,yMepHHX 
noBepxHocTett, T.e. no "IRCJIY neTeJID 17, , a CHMBOJIH Voi,(1>1•ff+ M) 
ll Voe, (We.11e) o603H8"18IDT 6ecK0He1IHHe 06'1:,8MH COOTBeTCTBYJODmX 
6eCKOHe"!HHX rpynn • .IJ;eJieHHe Ha HlIX ll OCTaBJIHeT B llTOre KOHe"lHOKpaT
HHe llHTerpaJIH no napaMeTpaM Te~epa.,nrur O'AHOH neTJill pesyJIDT8T 
MOXHO Bllpa3llTD B O"leHD npocTOM B~e 

t = rJt, rl.ti. (21rt f12. e ,4,rt:z. J n (i - e2rri nt) ,-'tB 
:t 'rrrt-: 2 

•=1 , (2.82) 

r'Ae i: = t,c t- ii a, , a llHTerpltpoBaHlte BllllOJIHHeTCH no o6JiaCTll! 
t,

2 
+t; ~ i , -1/2. ~ t-f ,E 112, • B 6eCKOHe"lHOM npolt3Be'AeHHH JierKo 

ysHaTD npoHsBo.rvmzyro ipy~ cneKTpa npocToro oc~Topa. CTeneHD 
48 CBH38Ra C TeM, 'ITO HMeeTCH 26 -2 = .2'f OC~Topa. oTOT 
pesyJIDT8T 6WI noJiy~8H JieT llHTH~IJ,aTD Has~ COBepmeHHo 3Jl8MeHTapllll
MH, HO 'AOBOJIDHO rpoM03'AKllMH BH"IllbJieHltHMH. IIPeHMYmeCTBO nO'AXO'Aa, 
Olll!CaHHoro 3'AeCD B CaMHX o6mnx "lePTax, saK1IID1IaeTCH B TOM, 'ITO ero, 
B np~ne, MOXHO npHMeHltTD .IT)ll{ BH"lllCJieHIDI 'l1, nplt JIID60M 1, 

§ 3. Kamr6poBO"lHM ®PMYJIHOOBKa Teop:im peMTllBllCTC.KHX 
'IaCTHil li CTOVH 

TeopHH peMTHBllCTCKOtt CTPYHH BHrJl.fUHT CYmecTBeHHo OTJlll"!HOft OT 
. TeopHH peMTllBllCTC.KHX "laCTHU. B nepByIO oi:repe'AD 3TO CBH3aHo C TeM, 

'ITO TeOpHH peJIHTIDlllCTC.KHX "laCTHU 06ll"IHO ~PMYJIHpyeTCH Ha H3HK8 IOlaH
TOBOtt Teop:im nOM, a He Ha R3HKe TpaeKTOpHtt. IloaTOMY, Ha nepBHtt 
B3rJlJI,Il;, B TeOplilt "laCTHU HeT np!IMHX aHaJIOroB CTOJID BaXHHX B TeopHH 
CTPYHH noHHTHil,KaK penapaMeTpHsaunoHHM ltHBapHaHTHOCTD (2.49), CllM
MeTpHH Bettrui: H T.n. K TOMY xe nOllHTIGI nocTpoHTD .KBaHTOBYID Teopmo 
noJIH CTpyH ITO aHaJIOrHH C 06U"lHott .KBaHTOBOit TeOpHeil nQM noKa He 
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IIl)lIB8Jm K IIOJIHOM,Y ycrrexy. Bec1,Ma BOSMOlltHO, 'l:TO ~ Ha'l8Jla CJI8;IJ;OB8JIO 
6H rrepeCMOTpeTI>, IIO Kpattlieft Mepe, HBKOTOpHe RS OCHOBHl:lX KOHCTpyru:ni;il 

06H'l:HOtt KBBHTOBOtt TeopmI IIOJIJI. . 
8,n;ec1, rrpe.It,1IaraeTCJ1 HBCKO.nl>KO Heo6H'l:HHtt IIO,ItXO;IJ; R TBOPIDI peJ!JiTB

BBCTCKBX 'l:aCTBU.- KOTOplitt .nerKO rrepeHOCBTCJI Ha Teop:im CTpyH. OCHOBHBJI 
QeJib·~ HarlHCBTb o6e TeOpHH B CTBH;u;apTHOH K8JIH6pOBOqHQH q>apMe H B onpe
;u;e.neHHOM CMHCJI8 "BW38CTB 11 Teop:im CTPYHH, OIIBPBJIOI, Ha rrpBHmm KBJm6-
POBO'lHOil BHBapBBHTHOCTB. CHa'l:aJia paOCMOTPRM Teopmo 'l:aCTBU. 

B CTBH,ItapTHOM IIO,ltXO;IJ;e Bee OCHOBY MOlltHO rro.noDTI> ;u;ettoTBBe 
't' 

rf (fl ,--.;- •t • • 
~ = - m J a't v-;.2. J x == x" X;o 

-r-, 
BBo;u;sI o6o6meHHHe HMIIY.n1>0H 

· _ oi 
p,.. - 'd~r 

rro.ny-qaeM CBIISI, 

. 
Vl1 X,. 

..J-~& 

p2. + m2. = o. 

(3.I) 

(3.2) 

(3.3) 

YpaBHemm ;u;Bmtemm RMBDT TPBBB8Jil>Hlitt BB.It p = o. ·:,,m ypaBHemm ;u;BR
llt8Hlm BMeCTe co CBJISl,10 MOlltHO rro.ny'l:RTI, :e:s ,Iij)yroro BapzaD;HOHHOro rrpBHtm-
rra. zcrro.n1,sy.11 B Ka'l:ecTBe rrepeMeHHHX p :e: )I. • BH'l:e:CJIRM q>apMaJI1>HO 

II.nOTHOCTI> r8MWil>TOHB8Ha 

'Jl = p x - I. = ...L ✓-x z. ( p
2 

-t m J. ) 111 . . (3.4) 

R BCIIOMHBM, 'l:TO x 2. ecT1> BH;IJ;YD;HpoBBHHBJI Ha Tpae
0

RTOPIDI 'lBCTRD;l,l "MBT-
P™" 800 = )<2. (cp. C (2.39)). IIPR 8TOM .J-/,.& MOXHO paocMBT-

pBBaTI> KBR V-S • r;u;e 8 = cL..t j . = S 0; == x a. • KaR B B c.ny-qae 
CTPYHH. 6y.n;eM II09TOM,Y C'l:e:TaTI> ,l. E 2 ,t::{i& /m. HOBOil rrepeM8HHO!. Ill)lI 
.ztR!MeOMOJXPBSMaX J 't' = f (=f) • ~ ci:) rrpeo6pasyeTCJI · 

- . . 
,f('t) = £(f) / .f (=f) 1 fCE) > 0 f (3.5) 

TaK 'l:TO f{'t) d't BHBal)lIBRTHO. TaK KBR mmyno r 
TO mmapz8RT8H B rru.mJ!l,TOHl!aH 

H = { J-i: df == i" f J.-r .el-r.>{P'L t- m ~) . 

Ilepexo.IJ;.11 rrpeo6pasoBrumBM JielltaH.IJ;pa 

£. = p~ -1f{p,L) = px -ft(p 2-tm-i) 
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BHBapRaH!'&H, 

(3.6) 

(3.7) 

K HOBOM,Y .narparumaey • B KOTOPOM p • )I. , e - H838BllCHM!l8 rrepe-
M8HHH8, rro.ny-qaeM Teopmo. IIOJIHOCTl,JO 8KBHB8JI8HTHYIO (3.I). ECJI:a HCK7.IIO
"illTI, f' :o )C / e, IIMY"iliM JiarparumaH 

.p ;_a. ~ 2.. 

o.. = 2e. - .2 m . (3.8) 

HCK1IIO'l:RB e = V- X 'L. / m , MOlltHO BB PHYTl>CJI K llCXO.IJ;HOM,Y .narparumaHy 
(~.!). ieilCTBRe, COOTB8TCTBYJOIIi88 (3.7) llJm (3.8), BHBBpllaHTHO OTHO
CRT8.nl>HO .IJ;Rqxp8_0MOJ)pll3MOB "r =' f~) . RpoMe Toro. COOTB8TCTBy~e 
ypaBH8HllJI ;u;BIDlt8HllJI .nBHefuIH IIO p ll X • iOIIO.nHRTB.nl>HOe rrpellM,Y-
mecTBO HOBOil q>Op.M,Y.nllpoBRH - B03MOlltHOCTI, OIIHCHBBTI, 6eSMaCCOBUe "i8CTR
D;I,[ ( B (3.7) :a (3.8) MOlltHO rrpocTo rro.nOlltlITI, m.. = 0). 

JtnJI ne.nett 0606meHRJ1 y;u;o6Ho paccM0TpeT1> 6ecKoHe'l:Ho MaJIHe .IJ;RqxIJe
oMopp:asw 

~=-c-:~fr.), r='t+hfr). (3. 9) 

TaK KBK jc:(i;) = X(-r) • TO 

~)(. = X(-r) -)'-('C) =hi< . (3.IO) 

.AHaJior:a'l:Ho rrpeo6pasyeTCJ1 pCr:) : 

& p = p(-c) -p('t) = -1,p. 
(3.II) 

0.IJ;HaKO e(,:;) , KBK CJI8.IJ;Y8T HS (3.5), 1Ipeo6pasyeTCJI BHatJ:e: 

ie = lc-cJ -ec-r:>=cier 
(3.!2) 

8T:aM rrpeo6pasoBaHIDIM MOlltHO IIPll.IJ:BTb O"i8HI, IIpOCTOil Bll.IJ:, SaMBTRB, 'l:TO 
.ITPR {£ = 0, B CWIY TOJ!i,ll;8CTBa 

rt 11. r- ot 
o = !p O p + C),C 'oX. , (3.13) 

~arp8Hllt:e:8H (3.7) BHBap:aaHTeH OTHOCHTe.n1>HO rrpeo6pasoBaHHR 

Tait KBK 

bx=-i~t., Sp={ai op ca.x . 

di. • ll ) - = (x - r,p 'dp 
'1i. = - p J ) ox 

To, BHIIOJIHJU[ rrpeo6pas0Brum51 (3.I0)-(3.!2) ll (3.14), 
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Sp= o) S-x=tRp~ se = (~er 
(3.16) 

8aMeHM: {e-> e., , npmco,IU!M K a6e~eBy .KWIH6poBo'IHoMY npeo6paaoBamm . 
Jp= 0 J f X = ~p J ~e "" ~ . (3.17) 

T 
. ECJIR 06'!>0,ItlllmTl> p R X B 'o/° =(p., X) , TO npeo6paaoBaIDie JIIM00T 
BR,IJ; • 

'Y+SY=(t1)Y, t+se-t+-h. (3.18) 

!erxo BR,IJ;~Tl>, qTo 'AelcTime, cooTBeTCTBYIOlllee ~arpammaHY (3.7), mraapR
aHTHO He TMI,KO OTHOCRTe~l>HO 6eCKOHe'IHO MSJIWC npeo6paaoBam (3.18), 
Ho R OTHOCRTe~1>Ho KoHe'Il!wc npeo6paaoBamtlt, T.e. h(-r) MOlltHo c~TaT1> 
COBepmeHHO npoR3BO~l,HOtt ~qxpepeHn;apyeMol lpyHKD;ael. 

8aMeTRM, ~o npeo6pa30BSlll'll! (3.17) H~ (3.18) 8KBHMeHTHli npo
li3BMl>HHM ~qxpeOMOJXPR3M.aM "'C:: f('e) , O,IJ,Haxo :WC CMl:lCJI HeCKMl>KO m101. 
Mli R368B~Cl, OT H3MeHeHIDI napaMeTpa "t", OCTaBRB Jlltllll, BapRamm 
~ru.mqecIWX nepeMSHHWC pc-r) • X(-r:) R let:) .. 8aMeTJIIM TaKllte, 
~o 'AO c:ia: nop Mil He o6pam~ BHJIIMSlU!l! Ha rpaIDI"!HHe yCJioB:rui: R c~Ta
~, ·qTo 'AelCTBlle RHBapIIaHTHO, ec.,m J£ ecTl> Il~a.JI npoli3BO,IJ,H8.ll. 
IIPR yqeTe rpammmx: YCJIOBlll 06HapyuTCJI, •qTo CTpyKTypa ~6poBO'IHOil 
rpymm (3.18) He CTMl> TpRBRMl>Ha, KSK 8TO .Kal!CeTCJI Ha nepBHI Bar.mm. 

!erxo HalTR, qTo Ilp1i npeo6paaoB8IDIR (3.10) 'AelcTBRe, COOTBeT
CTBYJlllee (3.71 CTporo roBO,PII, He mtBapHaHTHO, a npRo6peTaeT 'A068B-
KY 

SB =f(p~-mz) ~(-r) {~ . (3.19) 

(3'Aec1, R B 'AaJ!bHelmeM Mil nMaraeM "t'" = 0, 1:f = I. 3To He orpa
HlI'llraaeT 061IlliOCTR, TaK KSK napaMeryRaaIJ;HH TpB8KTOpm! npoR3BMl>Ha). 
E,lti!tHcTBeHHHI cnoco6 06paTn1> 6S B HY~l> cocTORT B TOM, qT061,1 
Il0Tp060B8Tl> 

~{o) = {(J.) =0. 
(3.20) 

OTc~a cpaay CJiemreT, qTo 4 ~ 4 . 1 s ~,: ce + se) = f J,: ftt>+ R(i)-{(oJ = f dT f{t:) J 
0 o 0 

T.8. ( . t !:E ~J-rf(-c) 
0 (3.21) 
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npR xamr6poBO'IHWC npeo6paaoBaHWIX He ME)HJ1eTCJ1. Ta.KUM o6paaoM Bee 
.!CWIH6poBKR paCilS'AaDTCJI Ha KJiaCcH, HYMepyeMl:le 3HaqeIDieM napaMeTpa e

0 

IIpRHa,lZlle.llUllitlle O,IJ,HOMY li TOMY :ate Macey lpyHKIJlm !fr) R :e ('C) MOJltHO 
nep~BeCTR 'APYr B 'APYra .KWIH6poBO!ffi!,!M npeo6paaoBrumeM, 'AOCTaTO'IHO 
B3JITI, "C 

A(-r:)= fch'(f(-z:') -e{i:'J). 
- 0 

Ec.,m :ate fi> R e0 pa3~"!HH, TO ~6poBO'IHoro npeo6pa30BaHW!, 
Y'AOMeTBO!)lmllero YCJIOBHIIM (3.20). He cymecTBYeT, T.e. KMR6poBKR lc-c) 
R £(r;) HeaKBRBMeHTHH. Ta.IGIM o6pasoM, napaMeTp !0 aHMornqeH na
paMeTpaM Te:ll::x:r,ooJIJ.tepa B TeopRR cTpyHH. Ha l0 HaKJI8'A!,!BaeTcJI ecTeCTBeH
HOe ·orpaIDiqeHHe f o > 0 (no CMHCJIY ££,;) B KJiaccRqecxol TeopRR 
CJie'AoBMo 6a. c~TaT1> -Uc) > O , o,IJ,Haxo B KBaHTOBol TeopRR aTo 
orprumqeHRe MO:ateT OK83aTl>CJI CJiml!ROM ClIJII,HHM, R Mil OT ero HCilMl,30-
BaHRJI B03'AepJltllMCJI). 

HTaK, Mil Ilplilll/m K npocTol ~6poBO"!HOI Teopo. ,ItlIJI ee KB8HTOBa
HRJI, KaK R3BeCTHO, Heo6xo.Ji;IIMo sa~KCRPOBaTl> ~6poBy.y, HOB TO :ate 
BpeMlI nosa60TRTI,CJI, qTo6H ~3~eCKRe pesy~l>TSTH 6wm KMR6poBO'IHO-RH
BapRaHTHID.m. 0~ R3 cnoco6oB KBSHTOBaHRJI, KSK RB Teopo CTPYHH, 
eoeTORT B TOM, qTo Bee He~aRqeeKRe nepeMeHHa:e HeKJI10qaJOTeJ1. 3To H8R3-
6e:atHo npRBO~T K IlOTepe JIBHOI ~opeHJ:~-HHBapHaHTHOeTR. ,ItlIJI ee eoXPaHe
HM BB8'A8M, KSK B JIJ06ol .Ka.lll[6poBO'IHOI T80PRR,'JJJXR ~S'A'A88Ba ~ IIonoBa 
(~II). C'Ae~aeM 8TO, IlM1>3YJleI, 4JOPMaJllll:3MOM EaT~a - BwlKOBHeKoro -
~PS'AKmta (BBi}). Y Hae eeTI, O,IJ,Ha eBJI31, R HYlltHO BBeeu 0,Il,HO ~6poBoq
H08 YCJIOBRe • .ItoeTaTO'IHO o6~ee YCJIOBRe, ~KeHpYIOlllee .KWIH6poBy.y, MOlt
HO 3anReaTl> B BR,IJ;e: . . e- F(;<,p, e> =o. (3.22) 

SaMeTRM, qTo eaMoe npoeToe yCJioBlle IlMYti:aeTCJI npR F == 0 . 3To, Ko
He"!H('i, 'Aa8T e = ,011~ t , O'AHaKO B3JITI, IlOJIHOeTI,JO qJRKeRpoB8HH08 3Haqe-
Hl'.18 {. , eKS:ateM, e = j_ , MH He M0'1t8M li3-3a Tpe60BaHHJI eOXpaHeH:rui: 

to . Kwm6poBO'IH08 YCJIOBRe BB8'A8M B ~arpaHlmaH e IlOMO~I,JO ~arpaH
XeBa MHODT~ kc~). CBepx aToro BBe'AeM rpaceMaHOBH nepeMeHHHe 

j , JS , lo , ~ • Bee nepeM8HHHe R306pa3RM e IlOMO~I,J'.) "KY6H-
Ka 'JJJXOB" (38M8TJIIM, qTO CJ/'=}(~ ) 

f y > 6" 

r.. 

Qj~(J>,G") := +i • 'JJJXR 

Q"r.(1>,i,k,t) =O 
~~•(r}:: -i , aHTl!,ItyXH 
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( G 
9
h - 13.IWITllBHHli ",eyxoBwill aapim). B Bepx11e:il tiaCTll - JICXo~e 

,nmraMKtJ:ec.lGle rrepeMeHHHe pea.n:nHoro waaoBoro rrpocTpaHCTBa. no~ HllMK -
BcrroMoraTeRnHHe rrepeMeHHHe pacnmpeHHoro waaoBoro rrpocTpaHCTBa EB~. 
I'paccMaHoBH (WBPMH - cTaTRCTllCa) rrepeMeHHHe o6oanatieHH rpetieCIDlMll 
6yRBaMH, a 6o80HHHe rrepeMBHHHe - RaTJIHC.IGlMll. Ha ReBo:il rpaHJI - 0606-
meHHHe HMITYRncH, Ha rrpaBoil o6o6meHHHe Koop,nmraTH. 06oaHatieHHII Haµo-
MHHaIOT 06. 8TOM (rrapH p , 'l, ; p J ~ ; f,G;. k,e ) . JiarpaHDaH 
(3,7) 06R~aeT Ol!eB~Oli CHMM8T!)H8H OTHOCJITB~nHO rrpeo6paaOBaHllli 

Sp= o, c5q., =. i1:0p. ) cSe = te:s, (3.23) 

KoTopue rro.11ytia10TcJI Ra (3.16) aaMeHoil A = iEGC'r:). Ilpll aToM e 
-ITOCTOJIHHwi rpaccMaHOB rrapaMeTp, f, = o,. £ 2 = o, KOTO!)Hli aHTJIKOM
MYTJipyeT C lo ll OCT8JinHHMll rpaccMaHOBHMH rrepeMeHHHMII. MHo.lltllT8Rn 

i· B8JIT ,IJi.7IJI Toro, l!T06H rrapaMeTp i.ES 6WI 8!)1\filTOBHM 

(iE6')+ = -i.fS+e:.-+ = -i.6£. = iEG', 

fipR WRKCatmll K8JIR6poBKll K ~arpruumaHy ~o6aBRJieTCJI "tJJieH 

k ( f - F (P, i, f)). 

HoBHil Rarp8H.lltllaH y~e He RHBaPRaHTEffOTHocHTe~bHO rrpeo6paaoB8HH:il 
(3.23). IloaToMY WUKCatmJI KaRH6poBKll ocymecT~eTCJI TaK, l!T06H 
RarpaH.lKHaH 6WI RHB8!)li8HT8H ITPll rrpeo6paaOBaHliJIX (3.23), ~OITORH~HHHX 
rrpeo6paaoBammMll ~rRX rrepeMeHHHX. 

06mnil MeTO~ KOHCTP.YHPOBalil'!JI TaKOI'O RarpaHDaHa OCHOBaH Ha orr-
pe~eRemm BPC - aa.PH,I{a _Q • qT06H orrpe~eDU ero Ha MaCClil!BCKOM 
ypoBHe, orrpe~eJIHM cyrrepcKo6KJI IIyaccoHa, _KOTOpHe rrpR RBaHTOBaHRH 
rrepefb:tyT B KOMMYTaTopH ~ aHTllKOMM.}"TaTOPH 

EX,Y3-+L[X,Y} 
(3.24) 

MJI rrponaBORhliHX WYHKmtlt ,nmraMR'ie CKRX rre peMeHHHX P,: = { f',.., J, f, le 3 
R Gi =-f i': G,,, e f . IlMODM 

E )( = o, BMR 

Ex = I, eCJllI 

X - 6oae-rrepeMeHHaJI, 

X - wePMR-rrepeMBHHM, 

R orrpe~eDM cyrrepcKo6KJI IIyaccoHa (CCII) 

f.X,Y3=I(1'x 6t..y .... (-t)E,cE~ c)RY c)LX) 
t o9i. oCi1c ?J9,: )q!.: · 
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(3.25) 

8To orrpe~BJieHJ21e MJI 6oae-rrepeMeHHHX coBrr~aeT c o6WDWM • 
. ReTBOp.lIBT KOMMYTSD;l'IOHHOMY YMOBH!O 

fxEv _, 
E X, Y 3 = - (- 1) t 'i., X ) 

OHo y~oB-

(3.26) 

JI cyrre!)TOJr,ItBCTBY HKo6JI 
£,Ea "I Ea.E1 E c 3 E.sfz. . . .J 

C-> tEX
1
,Xa.3.,X

1
, +C-) cXz,X~3JX1 +(-> EfX.,,X13,X = 

= 0. (3.27) 

IloRB8HO IT!)l!l BHl!l!MBHIDJX llCITMn80B8Tn COOTHomeHJie 

l,cE 
EX, Yi 3 = f x, t 3 c + c-> '( Y f X, l 3 (3.28) 

C ITOMO~ID HaITllCaHHHX Ollpe~eRemu! RerKO ITO~l!l!Tb CCn .IJi.)1.1! OCHOB
HHX ,nmrru.mqeoKJIX rrepeMeHHHX: 

EPJt,tt-"'3=-o:, Ek,U=.i, EJ,ir3:::.i.,E.f,'fs3=.i., cs.29) 

E.~,. n.)=b .. t:{J..:::::rp· PJ-kJ Q-:={a"~,s,e' cs.so> 
. I UC J J LJ J 1, "J /41 JI I I C. If I J' 

EPC!- aapim ~ reHB!)aTOP ,JJ:y'XOBOtt CliMMBTPim, onpe~BJIS:eTOJ! 
TaK, 'l:T06H OH rropo3,1ta.n: rrpeo6paaoBamm: (3.23), HMBJI ~,A -= + .:i JI 
Y'AOBJIBTBOpsrJI Y01IOBl2DD HMI,ITOT8HTHOOTR 

E J2., J2.. 3 = O. 
(3.31) 

Ifs BTOporo YCJIOBHR: M8~8T, '!TO Jl mmettlio BaBllOllT OT ]' H 6' . 
llepooe Tpe6yeT, 'l:T06H B Jl co~e~ca: "tJJieH 8'( pz. -t- m ~) • Tor~a 
rrpeo6paaoB8Jillte, KOTOpoe B o6meM Bl!,Il;e MOlKHO OITPB'AB~L KaK 

. + + t S X = 1:. c £J2 X 3 J'l =J2. E =E (f:J2.) = -(E'J2.) 2,C ./ / / I , (3.32) 

'A88T i p =O , c5'ci, = iE lrP. 
~OJDl8a· 6HTL tJJieH, · JmReA:rudt no k . 

tzT06H 6WIO ~ t -:f:0 , B J2. 
EOTBCTBBHHO ll08TOM;Y llOJIODTb 

Jl = i.kf ;-1o(p
1 +m2.). (3.33) 

Il!)l!l &TOM Jf •½ (Ep , 'lTO He COBIUVt88'f 6yitBaJILRO O (3.23) • IIH, 
O~aKO, OJQ,lt88M:, 'iTO 060611l8BHHI llMIJ.YJibO 6Y'ABT rrponop1DIOHU8H fr • 
Ceflllao MH YJm.ItHM eTo, HO cina1i8.J!a 'AOBe~eM 'ABJIO 'AO mma. 

Jierxo Bl'f.It8Tl>, 'lTO NIH. (3.33) yo.noBiie eJ'2.. , J2.3 -o BHIIOJI-

45 



/ 

/ 

H8HO. OTO 3HatiHT. 'ITO rrpeo6pa30B8Hl!8 (3. 32) HH.7I1,!IOT8HTHO. 1IoJII>3Y.fIC1, 
TOlK,I(8CTBOM HK06H H (3.26), OTcro.n;a MOlKHO BllB8CTH, 'ITO 

5EJ2.,X3=o 
(3.34) 

,Il)I.fI Jiro6o:ii gjyHKJ:mH rrepeMeHHllX g> H ~ 
'l8CTB8 raMl'L1II>TOHl!aHa B3.fITI, 

B 'l8CTHOCTH, 8CJIH B Ka- -

'Jl, = t J2_ / Ji_~ j / 
-+ -
&,. =-JL,., (3.35) 

r.n;e .ii., HM88T Q.,h=--i ( c..ii,:'. i), TO 3TOT raMl'L1II>TOHl!aH 6y.n;eT HH-
BapHaHTHllM !IpH Jiro60M BH6ope JZ., • T.e. 

c J2., 3-! 3 =a. 
(3.36) 

KoHcTpy.Etll)iUI .n;ettcTBH.fl T8!Iep:r, .fICHa: 

i i -
S= fJ-c{ri+ke +6J+~y-JlJ = ~J.t(Q.9'-;f), 

(3.37) 
0 

r.n;e 'Jl O!Ipe.IJ;8JI.fl8TC.fl B (3.37). 3aMeTHM, 'ITO ,Il)I.fI 3PMHTOBOCTH .n;ett
CTBH.fl Heo6XO,Il;ID,18 aHTH3PMHTOBOCTJ, aHTHKOMM,YTHPYKX!lHX IIM!IYJII>COB f , y . 
IDlBapHaHTHOCTJ, Kllli8TH'l8CKO:ii '!aCTH .n;ettcTBH.fl H3 Boero rrpe.ItU,IJylllero He 
o'le~a. ~To6R rrpoBepHTI> ee,H~eM rrpeo6pasoBaHHe Bcex rrepeMeHHRX 

Jr:=i.Esr, Sp=O, Jf=-fey I ~J=t£(p2+mz.),~==--tek.. 
(3.38) 

OcTaJII>HRe rrepeMeHHue He ITOJIY'laIDT rrpHpaIJleHlltt. B~CJIHB Bapua~ .n;ettcT
BH.fl, Haxo~ 

• .L 6S = ...!:.. E [1o(p2
- m 2.)] 2 0 , 

(3.39) 
OTK,Y.na CJI8JJ.YIDT rprumlfHR8 YCJIOBH.fl ,Il)I.fI 8"' ('C) 

G'{O) == (;{.i) = D, (3.40) 

COOTBeTCTB,YBllllle rpaHlllfHllM YCJIOBMM ,Il)I.fI -1, {-i;.) • .no CRX rrop HBHWi 
B~ raMHJII>TOHHaHa He HC!IOJI1,30BaJIC.fI, IIpocTeiinilrli !IOJIY'llITC.fI, 8CJIR 
B3.fITI, • 

:il.1=i{F, tl=f.n,Jz,3= i1r +t2Cp2
+m1-). 

(3. 4I) 
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J{ettcTBRe Tor.na RM8eT B~ 

{ ' 

r1 - SJ't [fr + i k + iJ + ~y-l_rj- 2l Cr2.+m 2
)] • 

;::> - . 0 V 2. (3.42) 

MOJKHO HC.KJIIO'!RTI> .J H } , !IOJII>3Y.fICI, ypaBH8Hl!.fIMH 

f=-2i6', j =2i.i, (3.43) 

H !I0;7fl'!RT1, o6li'!HWi JiarparumaH c ~II - JJ.YXSMH H KaJIH6poBO'IHllM YCJIOBH-

eM f.te = 0, 
MoxeT B03HHKHYTI> BO!Ipoc, !IO'leMY Bli6paH .naHHRtt rropimoK paccTa-

HOBKH G' j> , a He rrpoTRBorroJioll!.Hllll J> e- . SToT rrop,moK cM-
saH C orrpe.n;eJieHHeM CCII. lIPH T8KOM yrropimo'leHRR raMHJII>TOHOBli ypaBHe
HR.fl ):\BUeHR.fl RMeIDT CT~ap-Tmai B~: 

• iiLJI • 3 d~1( J = E 'Ji, P 3 = -~ , G" = E ;J(I 6' = 'd y · 

KpoMe Toro, rrpeo6pa30B8Hl!8 (3.32), (3.33) .n;aeT ;IJ,1UI 'f., , f> H e 
rrpaBR7II,H08 BlipaE8Hl!8 (3.23). MOEeT, KOH8lfHO, B03Hl!KHYTI> H 60Jiee 06-
nmtt Borrpoc - a 3a'leM BCe 3TO HyJKHo? HeJIJ,3.fI JIH 060:iiTHCI, 683 JJ.YXOB . 
H JllillllilIX rrepeMeHHllX ? KoHe'!Ho, MOlKHO, O.n;HaKO rrpRBe.neHHM 3.Il;801, rrpo
~e;,zypa !IOCTpo8HR.fl 0606llleHHoro W830BOro !IpOCTpaHCTB8 O'leH:r, o6Jier'laeT 
D3HL rrpH pemeHRR 60Jiee TPY.n;HRX 38.Ita'l, .no rrpe.n;eJia aBTOMaTH3HPYJI rrpo
Uf3JJ.YPY KBaHTOBaHR.fl. B .nettCTBHH (3.42) Bee rrepeMeHHRe COBepmeHHO He-
3aBHCHMli, H Mli MOXeM Bli!IOJIHHTI, KBaHTOBaHRe, rrpocTo 3aMeHHB CCII Ha 
KOMM,YTaTOPli HJIH aHTHKOMM,YTaTOPli,.YMHOXeHHRe Ha i. nna OT6opa WH-
3H'leCKRX COCTOJIHH:ii .n;ocTaTotiHo HaJIOUTI, YCJIOBH.fl 

A 
Ji/ P~:,'-!) ~OJ 

r.n;e J2 - orrepaTop, cooTBeTCTBYIOOlHii MaccH'lecKo:ii WYHK!mH J2. . Yc
JIOBHe . f Jl, Jt 3 =- O rrepexo.n;HT B KBaHTOBOM CJiy'!ae,..B .ft.2. = O. 
lIPH 3TOM B03HHKaeT rrpo6JieMa yrropimo'leHR.fl orrepaTopoB B JZ. • B HameM 
!IpOCTOM CJIY'lae eTa rrpo6JieMa pemaeTCJI TPHBHaJII,HO, O.n;HaKo B 60Jiee 06-

"'Z 
llleM CJiy'lae 113 E J2. 1 J2. 3 = O He o6a3aTeJII>Ho CJie;,zyeT , 'ITO .R. = O. B 

A&. 
'l8CTHOCTH, B T80pHH 6030HHO:ii CTPYHli YCJIOBH8 Jl = 0 Bli!IOJIH8HO 
JIHmJ, rrpn J = 26. HR1I:r,rroTeHTHocTI> orrepaTopa jz HMeeT, Tam 
o6pa30M, gjy~8MeHTaJIJ,H08 3Ha'!eHHe. TOJII>KO !IPH ycJIOBHH HR1l1,!IOTeHTHOC
TH MOXHO !IOCJie~OB8T8JII,HO HC.KJIIO'!RTI, Bee H8WH3H'!ecKHe CTerreHH CB060.n;R 
rrp11 coxpaHeHHH YHHTapHOCTH, BoJiee rro.n;po6Hoe o6cylK,I(eHHe eToro Borrpo
ca, 8 TaKllte ,IlaJIBKO HJJ.YIIUI8 06061l1BHH.fl H3JIOXeHHoil !IpoJ.Jf3JJ.YPli MOXHO Hatt
TH B JIHTepaType, !IPHB8.Il;8HHO:ii B KOHU8 3TRX Jierum:tt. 
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3,neeb Mli noJiy'!HM .n;eileTBlle (3.42) eme O'AJlliM, 60Jiee KOPOTKliM eno
eo6oM, KOTop!ltt noHeHHeT npouexoll!,Il;eHlle paenmpeHHOI'O ~a3OBOI'O npoeT

paHeTBa. HeXO'AHO8 .n;etteTBHe 

S cl't: [ rel, - J 2(p~+-m-z. >] 
llHB8PllaHTHO OTHOeHT8JIDHO npeo6pasoBaHHH (3.23). IlpoeTOH enoeo6 eox
paHHTD STY HHB8PllaHTHOeTb npu ~HKeamm ~ll6poBKH eoeTOHT B TOM, 
~TO6H .n;o6aBHTD K JiarpaH.lltllaHY ~eH 

-S[26'(t-F)]; 
,;'\ 

( $ = E o ). 

Ecmr onepanmo ~ onpe.n;e~TD TaK, ~TO OH8 HllJIDnOT8HTHa, T.e. J.!', ~E;:O 
( STO eooTBeTeTByeT HllJIDnOTeHTHOeTH J2. ) ' TO .n;o6aBKa K .n;eiieTBIDO 
6y.n;eT 8BTOMaTH~eeKH llHBapuaHTHa, ll Mli nOJiy~aeM EPC-HHBapuaHTHOe 
.n;eil:eTBHe. IlOJIOllmM O €-::-~E. k ' & e = i E rf;-. Tor.n;a .n;o6aBKa paE-

Ha 
k e - 2£~i-. 

BBOAff o6o6meHHHe llMilYJIDeH (ep. (3.43» 

J = 'a:/ =-2,El-
. dii" ' }- "'ti 

0~ 

• 
= 2i.~ J 

Hail:'AeM rru.mJIDTOHllaH 

'Jl = ir + ek + ip + i1-t = i Jt-f2(t+m-z.), 

no KOTOp0MY epasy BoeeTaHa~aeTCJI .n;etteTBlle (3.37). IlPl'[ TaKOM no.n;-
xo.n;e MU, O'AJ{aKo, He sHaeM reHepaTopa npeo6pasoB8HllH ~ , y Hae 
eeTb JllilllI, yCJIOBlle HllJIDnoTeHTHOeTll ~ Se Ge = 0 . H:wu.noTeHTHoeTb Ha 

q,, , e ll ~ .n;aeT Sf.=~ J.,.. .S k. =2,.0 • C llOMO~IO (3.42) MOlKHO 
H!iltTll ll & f , ,wIJI STOI'O HylKHO BOenOJID3OBaTDCJI ypaBHeHHeM 'ABRlKeHHH 

- k = -fCp7-+m7-). 

TaKHM o6pasoM, Mli BoeeTaHOBRTm Bee npeo6pa3OBaHllH (3.38) R MO:HteM Hail:
TR no,ItXo~ reHepaTop Jl . KoHe'll!o, Taxott cnoco6 T.PY'AHO npn
MeHHTD B 60Jiee CJIOlKHOM MY~ae, HO no,ItXo.n;, CBJl:38Hliliit C llOCTpoeHReM 

J2. , Jier.KO o6o6maeTc.a:. · 
Iloxa OTJIOlltRM 8TH o6o6meHWI R noKallteM KaR BlARCJIRTD nponaraTop 

~aCTmtH. CTaH.n;apTHOe BHPa:HteHRe ~nponaraTopa Ha H3HK8 ROHTl!HYaJ!bHHX 
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RHTerpaJIOB MOlliHO 3alllle8Tb epasy; 

G(a. a·)= ( [~x"][1Jp-"]['llt][~lc.J[1J-]~ji][9J~] ['Dy] e 
1

~ 
vr,11, J (3.44) 

IDITerp:apoBaHRe npoBO.n;RTCJI no BeeM <pyHKIWJIM, y.n;oBJieTBO,PJm!IRM Heo6xo.n;n
MHM rpaHR'lHHM yCJIOBIDIM. M!l llX He O6CYll!,Il;MR, 3aMeTHM JllilllI,, ~TO o {o)-= 'I,, 

• • y ~ 

<µil='l,t, p(o)= p(i)=O H ~TO rpaH'!I'll!He YCJIOBM He 'AOJilltHH Hapy-
1118TD EPC - HHBapllaHTHOeTb. ,lvIJI BWll'!CJieHUH HHTerpaJia y.n;o6Ho pa3JIODTD 
Bee nepeMeHHue B p!W,l ~ypbe f OO D , 

=- £., + ~ t." s-m (rrn-r), 
11=1 

oO 

i}f= ci::+cci,~-'l,f)-z: +2'{!: ~(7rn-z:)., ... (3.45) 
11:01 

Bee RHTerpaJIH BWll'!CJIJnDTeH TpHBllaJIDHO,R noJIY~aeM 
00 . 

G(if,ci,,)~ fl',p.; f Jt exp{-ip;('l-4-q,)_... -}fo(P
1
+m 1

Jj,(3.46) 
0 

IlOJiaraH m1~m2.- ~ £ , Haxo.n;HM CTaH.n;aPTHoe BHpaxeHRe ~ nporraraTo
pa 

· ( 1cJ1 
G(,c ) ~ l DI Po 

. 
e -,pox 
Po'+ mz.-,£ (3.47) 

HeTPY'AHO nOHHTD,ItaR nQJIY~Tb pa.n;nai:moHHUe nonpaBKR. HarrpHMep, 

- ~-xf X;, ~ ~

. 

X + x, f + , ... 

Ilpn: 9TOM HYlltHO .n;oroBOPRTDCJI, 'll:TO BepillllliaM .n;narpaMM COOTBeTCTByeT O.n;HH 
R TOT :ate ~RTOP ~ • Hll:OT.Kj'.n;a, O'AHaKO, He CJie.n;yeT, ~TO B Bepnnuax 
;BcTpetmm'CJI TOJII,~; TPH ~aeTRD;!l :wm ~TO BeplllIDlHidt ~Top HB .n;OJDJteH 
co.n;e,PlltaTD npoRSBO'AHHX no )(. i,. • BHyTpR CaMOtt TeOpHR He BO9HRRaeT 
CYllleCTBeHHUX orpaHl{qeHR.tt Ha BH.n; BSaHMo.n;etteTBM (Tpe60B8HRH CXO.n;RMOC
Tll: llJIR nepeHOPMH.PYeMOCTH, ROTOpHe own.Ho orp~aJDT BU6op BepillllH, 
He CBB:SWlli O oeHOBaMH TeOPllli, JIBJI.IDDTCJI BHBIIIHlIMl!I). B TeOpHR CT.PYH, B 
OT.Jmtme OT STOI'O, Bepmmra onpe.n;eJIHIOTCJI noll:TH O'AHOSH8'1HO, HO -no.Eta .n;oe
TaTO'iHO npoeTYIO ROHCT.PYRIJ;l!IO BepmmIH nOJIY~Tb He y.n;aJIOCb. 

IloH.IITHe o BPC - sa,PSJ.Ite o6o6maeTc.a: Ha Hea6eJieBH CltMMBTPHR• ,lvIJI 
ero onpe.n;eJieHWI .n;oeTaTo'lllo sHaTb KOMMYTamtoHHUe cooTHomemm MeJ!.!tY 
reHepaTopru.m .KaJm6poBo'lllo:ll rpyllllli (aJire6py cBB:se:ll) 

""'] IC" [ Li 1 i.,, = f i.j Lk (3.48) 

I 
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(pa,IJ;R rrpoeTOTH orprum:tIHMell o6wmHMH KOMMYTaTopru.ru:, HeTpy,n;IiO 0606-
IIIRTJ, rroeTpoeHRe Ha MY'lail eyrrepa.11re6pH) • BBe,IJ;eM ,JJ;y'D'I. 6' i. , aHTH-,. 
,IJ;y'D'I. } i, 1 y.noB1IeTBO.PJU!IIUI8 KOMMYTammHHHM eOOTHOmeHRSIM 

,i.. ~ L 
{ 6'" .P· ) = s. I J J J , 

~ ~+ ~ 
r.ne .f,: 6y.neM Terrep1, etIHTaTJ, apMHTOBHMH, fi. = .Pi. 

(3.49) 
HeTpy,n;Iio 

rroruisaT1>, 'ITO orrepaTop 

A LL ,f K ~ "'i"'j 
J2_ :: <o i. - 2 f ij ji< G G (3.50) 

HHJIJ,IIOTeHTeH (rrpH ,Il;OKa8aTe~1>eTBe Ha,JJ;O HeITMJ,3OBaTJ, TOJK,IJ;eeTBO .ffKo6u 
WU! f i.j ) . CTpyKTypa BTOporo <JJieHa B (3.50) TaKllte O'leHJ, rrpoeTa. 
Orrpe.ne~M ",n;yxoBHe" reHepaTopH 

;\ ~ fl'tl"tt 
't'L 5 _f,,, Ln G' , 

A ,,. f k 
[1:i:,1:j] = i.j r.._. 

(3.5I) 
A 

Tor.na Jl MOlltHO rrpe.neTaBHTJ, B BH,IJ;e eYMMH ,IJ;BYX <JJieHOB 

A A A A• 

J2. = ( l i. + f -c £ ) 6 '"., 
(3.52) ,,.. 

T. e. eMSH L;. MR 611 rrpuo6peTWDT '!HeTo ".IIYXOBYD" .no6rurny. JierRo 
o6o6l!lWDTeR EPC-rrpeo6pasoBaHHH ',n;yxa 6' H "aHTlI,JJ;yxa".} : 

"'1 A , A 
_. A " / _f' I< A • '\ • r A .( A. 3 .'\ f'f 

~b-1(;-f J2,6'~j =-2 Tij 6''6"J I <>Jic. = J2.,Ji& =_L,,. +T,c. = 0/<,. 

(3.53) 
,' HeTpy,ll;llo rrpoBepHTJ,, 'ITO 

A A t 
[ t, 1 le. ] = f ilc 1 t , 

;\ 

[J2., di,.] =O. 
(3.54) 

Bee 8TH orrpe.ne~eHHH lI peay~1>TaTl1 He saBHeHT OT ,Il;HHaMHKH. E~ Y 
Hae eeTJ, XMrume llM1>3OBaT1>el1 paemHpeHHHM ~3OBl1M rrpoeTpaHeTBOM 
H o6m:m,m ~6poBO'll:IHMH YMOBlllIMlI THITa (3.22), 8TO ~erRo e.ne~aT1>, 

BBe.nH rrepeMeHHlle ki: , t ~ , ~ i: 1' l H .no6aBHB R Ji 
. k I I ._ ,P ~ • HanoMHliM, t!TO ,nJ!ll ITO,!1Hl1Tl1l1 11 onyeKaHlill rpyrrnOBblX liH,IJ;eKeOB 

MOlltHO HellMJ,3OBaTJ, eTaH,n8PTHYD rpyIIITOBYD M8TPHRY 

9ij = t: fj:. (3.55) 
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,Itnst TeopHH qiepMHOHHOil eTPYHll HYlKHa 6o~ee O6l!lM ROHeTpyrunm 
"" EBi. IIyeT1> Li - eMSH (reaepaTopH eHMMeTpuil), y.noMeTBO,Plmlllie 

KOMMYTaD;IIOHHHM :wm aHTHKOMMYTaD;IIOHHHM eoOTHomeHR!IM 
I'\ "1 I( A 

. [ Ll I Lj f = fij L k. 
;\ (3.56) 

roBOPflT, '!To Lt o6paayroT rpa,n;yHpOBaHHYIO Mre6py JIH, e~ RalK,Il;OMY 
reaepaTopy L • eooTBeTeTByeT tIHMo E.,= £(Li.}==o MH I, rrpn'!eM 

... ,1 &. ol e([L· L·Z)-=c•+E· • mo 2 • H c., J 1 " J ' 

[

A ,\ A /\ 

li.,lj5 = L,-Lj c- 1/ .. cj zj zi. ~ (3.57) 

A"') E·E·["'"' [ L i 
1 
L jJ = _, ( - 1) ' .1 L c:, L j J . (3.58) 

JierKO IIMY'!HTJ, TOJK,IJ;eeTBO HRO6H 
f~£J ,,. ,,. A. ) 

2. C-1) [ L,
1
[Lj,Li..J1 =O (3.59) 

11epec:T. 

u aHMOr eOOTHomeHHH (3.28). Kopo'!e, Bee eBoileTBa orrepaIJlIH (3.56) 
B TOlffiOeTH eOOTBeTeTBYDT eBo!eTBaM eyrrepeKO60R IIyaeeoHa. Ha paBHHX 
OeHOBaHHllX MOlltHO IIMJ,30BaT1>eH TeMH ll .npyrHMH. IlyeTJ, raMHJIJ,TOHHaH 
HM8eT Bll,Il; ,. . "" 

d'l 0 = l LL;., 
(3.60) 

Tor.na MOlltHO•IIOeTpoHTJ, EPC - aap!I.I( 

A A,A £, f<~-'•A' 
J2. = r;"L. -.l.'-4) '"f·· J'- "' GJ r. 2. , . .- tJ Ir. J 

AZ. 
J2 ==O, 

(3.6I) 
lI EPC- HHBapHaHTHldt raMHJIJ,TOHHaH 

,. "' C 
'Jl = r n, J2.1 J J 

,,. ,,.. 
. [ ;tl ' J2_ J = 0. 

(3.p2) 
A 

SpMHTOBH orrepaTOPH 
eOOTHomeHHHM 

A, 
,y' y~ y,noMeTBOPflDT rrepeeTaHOBO'll!HM 

A ,A ~ , 

[ 6',:, ,- '1 = s. 
' J J J , ........ 

T.e. ft 1 '} - qiepMHOHH, 8MH Ei. = O,H 6O3OHH 1 8MH 8;_ = I. 
KaK YKa3aHO BHme, STY ROHeTpyRD;IID MOlltHO paemHpHTJ,, .no6aBHB rrepeM!!HHHe 
if,:, y• , ki, 

(3.63) 
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Toro, ~TO CKa3aHo 3,IteCL O lJ.YXBX R EPC- CRMMeTpo, BTIOJIHe ,noc
TaTo~o ;II,1Ui T8XIm~8CKRX TIPR:IOllteHRtt B Teopo CTPYH RB .EtaJm6poBO'UWX 
TeopRIDC TIOJLII. MollteT 6h!TL, CTORT OCTBHOBRTLCH ellle pas Ha TIOJie3HOC
TR R .naxe Heo6XO,nRMOCTR BBe,IteHIDI 8TRX TIOH.fITRtt. 06~0 C~Ta.DT, ~TO 
BBe,IteHRe lJ.YXOB - 8TO ~OTO BCTIOMoraTeJILHlitt MaTeMaT~8CKHtt TipReM, 
6e3 KOToporo MOXHO 6WIO 6u o6ottTRCL, Bh!C!RpaH, HaIIpRMep, .KaJmC!poBey, 
B KOTopott HST H8@{3R~ecKRX CTeTieHett CBOC!O'AU, 

I) 3BM8TRM, ~TO TaKRe .EtaJm6pOBKR ,ItaJI8KO He Bcer.na y,naeTCH Hatt
TR, .naxe B oe!~ott MeKTJ)O'ARHBMRKe. ECJra MH, HaIIpRMep, B~CJUieM 
KBaHTOBh!e qiJiyKTyamm B sa.na~e C RCTO~KBMR Rnli C HeTpnBRaJILHHMR 
rpaHR~ {aqqieKT Ka3RMHpa), RCRJIIO~TJ, Bee H8q!II3R~8CKR8 CT8TI8HR CB0-
60,Ithl, TIO M8HLmett Mepe, 3aTPY'AHRT8:TILHO. 

2) EPC- CRMMBTPRH B :,rJ06ott KaJIRC!poBo~ott TeopRR TI03BOJLII8T TIOJIY
~TJ, TOxt,D;8CTBa Yop,na - CJIBBHOBa ;II,1Ui qiyruumtt IpRHa R T8M CaMHM Hatt
TR Bee 0.CHOBHhle (llR3R~8CKR8 M8,ItCTBRH KMRC!poBo~ott RHBapnaHTHOCTR, 
MoXHO CKa3aTL, ~TO B KBaHTOBOtt TeopRR EPC-CRMMBTPRH TIOJIHOCTLID 3aMeH.fI~ 
BT KMR6poBo~ym CRMMeTpRID. XoTH 8TO R He OC!IlleTipRHHTBH TO~Ka speHIDI, 
H pemyc1, YTB8Pll!J];aTL, ~TO EPC - CRMMBTPRH CTOJIJ, lite qlj'H'AaMeHTaJILHa 
KaK R .EtaJIBC!poBO~aH. 

3) B TIO,ItTBepJl!JJ;8HR8 aTott TO~KR speHIDI MOXHO ,no6:aBRTL, ~TO C 
TIOMOil!bID BPC -CRMMeTpRR y,naeTCH TIOJIY~TJ, B8CJ,Ma TIOJIHYID KJIQCCR@!KaUIDD 
aHOMMRtt B .EtaJm6poBO~liX T80pRIDC, 

4) HaKoHe~. KaK MH BR'Ae:TIR, EPC -c~eTpRH TIOJIHOCTLID q,op~:,rnpyeT
CH H Ha H3Wte KJiaccn~ecKott Teopo. BOJiee Toro, pacmnpRB o6~oe 
TipocTpaHCTBO - BpeM!I ,noC!aMeHReM rpaccMaHOBHX KOOP'ARHaT, MOXHO TIPR
,naTL lJ.YXaM H EPC-cRMMeTpD reoMeTp~ecm CMHM, 

O~elib KpaTKO oIIRmeM BTY RHTepTipeTaumo. PaccMOTPRM ( d +2) -Mep
Hoe TipocTpaHCTBO ( )( >' 1 8 J 8 ) , r,ne )Cl' 6_ ,.cl j ·9, 9 - B8Ill8CTB8Hlili8 
rpaccMaHoBH xoop'ARHaTH ( 62.= e,. c 88 + ! s = o), n BBe,neM I--q,op~ 
CBH3HOCTR 

Al' == A,. Jx.JC + Asrle + A J Je, (3.64) · 

r.ne 

A/4-== A~. Ao. , AIJ =A: Aa ., A~ =-A~ Aa, 

~·-~ - reHepaTopH HeKOTopoa KOMllaKTHOI aJire6pH JlJiJ: • Bas:ao- ', · 
Jll{8 wc>PMH J.,i' QHTRKOM?zyTaTRBHH OTHOCHTeJILHO BHemaero YMHOllteHRII, 

d~" A l,. 11--J1-"A ,Ix.I''. a J.() . a - KOMMYTBTRBHH, TQK 
itaK 61 I -rpaccMaHOBH (aTo BBXHol). OC!~o K8Jlll6poBo~aa Teo,PRH 
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paccMaT1)HBaeTcH KaK TeopIDI cBH3HocTH A = A,,,.Jxf'- Ha rnaBHOM pac
c:,roeHRR c rpyTITiott G R 6asoil /RJ ( MJ) . IIpH aTOM TIOJie F ecTL 
q,opMa KPID3H3Hhl, F = J.A + f [A,AJ. BHe111Heo ).\H@,epem.c,ipoBaHRe J = JxJ4 JI"' 
CBlI3aHO co CMemeHIDIMH B )( -TipoCTpaHCTBe, ropH30HTaJILHOe CMellle
HHe B TipoCTpaHCTBe pacc:,roeHRH onpe,neJIReTCR KOBapnaHTHliM .ItH@)epeH-
D;HpOBBHReM .D = cl + A . OTie pau;HH d · HMLTIOTeHTHa, ol z. = O . EMH 
K1)HBH3Ha paBHa HYJIID, F = 0, To HMLIIOTeHTHa H oIIepaIJ;HHD(yc:,ro
BHe ])2. = O aKBHBaJieHTHO cooTHomeHRID JA =-f [A,A] ; BHpaxeHHe 
;II,1Ui F RJIH 8TO COOTHomeHHe RHOr,na H83HBaroT CTPYKTYPHHM ypaBHeHReM 
Maypepa - KapTaHa). \liopMH C = Ae J.9 H C = Ae J.a ecTeCTBeH
HO CBlI3aTL C ,ItyXaMH ll aHTHJJYXaMH (TIOM A: ll AD CKBMPHil, HO 
TIO,It'IlllIHIDTCH CTaTRCTHKe ~epMH), CMemeHIDIM TIO HaTipaMeHRHM 1:7 ll 8 
cooTBeTcTBYIDT HMLTIOTeHTHhle oTiepaTopu ".ItH@lepeHIJ;HpoBaHRR" b = Je d 8 , 
t = d,B 'de , a COOTBeTCTBYIOOIH8 KOBapnaHTHh!e TipOH3BO,ItH!le paBHH 

])8 = 6 + c R ])II' = $ + c . IIOJIH'!!i oTiepaTop .ItH@lepeHIJ;HpoBBHIDI 
B cyTiepTipOCTpaHCTBe paBeH. A =a+ S + o , a COOTBeTCTBY!OllUlil KOBapnaHT
HHH oTiepaTop ecT:E, ~=.A+ A . HcTIOJIL3YH BBe,neHHHe TIOHHTIDI, MOlltHO 
TIOTih!TaTLCH TIOCTPOHTL KaJIHC!poBo~yIO TeOpHID IIOJIJI KaK TeopHID CBH3HOCTH 
B cyTiepTipocTpaHCTBe. IIpH 8TOM ecTeCTBeHHO TIOTpeC!oBaTL, qToC!H TIOJIHOe 
"TioJie HHra - Mr1.1mca" !J:=A.A+f [.:A,AJ He aaBHceno OT cMemeHntt TIO 
Heq!II3H~ecKHM HaTipaMeHIDIM 9, , 8 , T.e. Cg:'(,A) = Fvl). 8TO H 
TipRBO,ItHT K EPCT - Cl'IMMBTPRR 

hA,u = :Dre ., Sc =-1 [c,cJ _; 
(3.65) 

HaTipm,iep, TIOMe,ItHee YMOBHe TIOJiyqaeTCH KaK Me,ItCTBHe oC!pameHIDI B HYJIL 
He@I3HqecKHX ( B 8 -HaTipaMeHRR) KOMIIOHeHT q,opMhl KPHBH3Hhl cyTiepTipOCT
paHCTBa. 3aMeTHM, ~TO B TaKoil HHTepTipeTamm lJ.YXH C H aHTII,eyXH C 
BXO,ItRT B TeOpHID CHMMeTpH'IHO, H COOTBeTCTBeHHO MOlltHO BBeCTH ,ItBa EPCT -
sapH,Ita, JI._ H . ji ( 3TO OTiepaTophl, COOTBeTCTBYIOillH8 TipeoC!pa30BaHIDIM 

s H b ). 
B03MOlltHO, qTo OTIHCaHHM KOHCTPYKIJ;HJI oC!o6meHRJI KaJIHC!poBo~oil Teo

p:mr, TI03BOMID!llM C caMoro HaqaJia BBeCTH lJ.YXH,He 8,!iMHCTBeHHa. MaTeMaTH
KBMH 3TO TIOCTpoeHHe, TIO-BH,ItHMOMY, He HayqeHO, H ToqHHil CMHM YTBePlK,ll;e
HRR, qTo EPCT - CHMMeTPIDI 8KBHBaJieHTHa OC!h!'IHOH KaJIH6poBO~OH,TIOKa He 
BTIOJIHe JICeH. \lil'I3H~ecKoe HCTOJIKOBa!'IHe .Teop:mr C TaKRMH 11R3Ha~MLHh!MH" 
lI.YXBMH Ta!O!te Tpe6yeT .ItOTIOJIHHTeJILHh!X pa3MHm:TieHHil. lix po:TIJ, B Tiepexo,ne OT 
Teopn ~aCTHU K Teop:mr TIOJIJI HOT o6~oil TeOpHH CT.PYHH K CT.PYHHOtt Teo
PHH TIOJIJI KaJKeTCJI H8CKOJILKO MHCTH~eCKOH. BTipo~eM, HB·RCRJIIO~eHo, qTo 
TPY.ItHOCT:b 3aKorraHa rJiy6JKe, TaK KBK CBlI3J, Mext,n;y KBBHTOBOH Teopnett ~ac
THU ("TiepBH'IHO" KBBHTOBaHHaH TeopM) H KBaHTOBOH Teopneil TIOJIH ("BTop~-
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Hoe" KB8HTOBaHl'le) TaK;H He 6Wia .no KOHIJ,a BlllICHeHa co BpeMeHH OCHO
BOUOJiaraKl!lllX pa6oT rattseH6epra, IIayJIH, .I(HpaKa, ~Ka n .np. B 30-e 
ro,n;u. 

wail:HMaH, IIIBmi:rep n ToMoHara B 50-ero,n;u nonuTaJmCb rJIY6xe paso6- -
panCJI B STOit CBJI3H, H STO IIOMOrJio BUOCJie,IJ;CTBllll nocTpolITb KBaHTOBYIO 
TeOplIIO Hea6eJieBUX KaJIH6poB01IllllX IlOJieil (HanoMHHM, qTo "JJSll 6Win OTKpll
Tll B ~eitHMaHOBCKOM npe,n;cTaBJiemm Teop:im C UOMOl!lb!O KOHTlIHYaJlbHllX IDI
TerpaJIOB). CTpyHa ycTpaIIBaeT HOBuil: 3K3aMeH HaIIIeMY IlOllliM8HIDO STOli 
rrpo6JieMU lIJlll, B 60Jiee o6meM IlJlaHe, HaIIIeMY IlOHllMaHl'IIO HeTplIBllaJlbHllX 
CBJI3eit MeX"JfS ClIMMeTpIDIMH ll KBaHTOBUMH ycJIOBR!iMH. Ha STOT pas MU 
BOopyxeHu 3HaHHeM 'reop:im "JJSXOB lI Teop:im aHOMaJIHir), KOTopue, BepoaT
HO, curpaIOT K1.IJOqeByIO pOJib B nocTpoemm He!IpoTIIBOpe~ott KBaHTOBOH 
Teo po !IOJlj{ CTPYHll. 0IlHC8HHllii TOJIM,O qTo ~PMaJlll'.3M, IlO-Bll.IJ;lIMOMY, 
y,n;acTCH nepeHeCTll B CTPYHHYIO TeOplIIO UOJlj{, BO BCJIKOM CJ!Yqae, c,n;eJiaHll 
nepBUema!'H B STOM HanpaBJieHim. Bo3MOXHO Ta.EOKe, qTo "JfSXJII. lI BPCT 
Il03BOJIHT COBepmeHHO no-HOBOMY IlOHHTb ~epMHOHHYJO CTPYHY lI ee cynep
ClIMMeTpnIO. He lICK1.IIOqeHo, qTo B Teop:im, co,n;ep)lt811leil rpaccMaHOBll ll3Mepe
HlIH, ~epMHOHHlle CTenelilf CB06o.n;u, CBJI3aHHlle C 6oaoHHw.m, MOryT IlOHBlITb-
CH BeCbMa ecTeCTBeHHO. 

BepHeMCH Terrepb K K1.1acc11qecKotl T80PlllI peJIHTHBlICTCKOil qacTllll;ll. 
IIpn,n;a,n;nM en HBHO KaJIH6poBO~O-lIHBapnaHTHuil: BlI.IJ;, a saTeM o606mnM Ha 
CJiyqatt qacTlIU co ClllIHOM. Mu c,n;eJiaeM ,IJ;WJte HeCKOJlbKO 60JI~me - IlOJ!Yl!lIM 
peJIHTlllllICTCKJIO TeoplIIO 113 HepeJIHTlIBlICTCKOil, npl'!MeHHB.rrpmtD;HII JIOKaJm3a
nim K KaHoHHqecKOH cIDJJMeTpllll llCXO,IJ;HOro ,n;eiiCTBlIH. IIpocTettmnil KBa,n;pa
T~llff no CKOpoCTHM JiarpaHXllaH IIMeeT BlI.IJ; 

-I' ' ·Jf•v 
d-o = 2 ?;o' X X I (3.66) 

r,n;e f~~ - HeKaH IIOCTOHHHM MaTpnrr,a-. HcilOJlb3YH JIHHeilHue rrpeo6paao-
BaHM 11 HCKJIIOqaa JI:HmHlle nepeMeHHUe, MOXHO IlplIBeCTH p 14t1 K 'AH8r0HaJib-

HOMY BB.DY f/''I =(-11-.J...rJ-fJ+ir•,+9~ 

-I ,.,,. -1.•2 
d.,, := 2 )( X 14 = 2 X • (3.67) 

Ilepexo,ll;ll, .KaK 11 Bum_e, K ~p.MaJmSMY rrepBoro IIOPR,It.Ka, nepe!IllilleM £0 

B BlI,IJ;e ( CJ-" 3; )(;,,) 

to:::; l (pif.-ri> -fp2 +f crJt. (3.68) 

C TO~OCTblO .no rprumtlllllX YCJIOBllil, KOTopue Hae ceffqac He IDITepecym, 

x} Crum Ha3BaHlUI ""JJSXJ/I." 11 aHOMaJlll'.ll 'A1lJi CTOJlb <pyH,IJ;aMeHTaJibHHX IlOHJITd 
rrpe~cTaBJ!JDlTCH cero.IJ;HH Hey,n;a~w.m. 
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!IOJIHYIO !IpoH3BO.IJ;HYIO t (pii,)
0 

MOXHO OT6pocnn. PaCCMOTPlIM rrpeo6pa-
30BaHHH, OTHOCHTeJlbHO KOTOPUX ,n;eitcTBHe IDIBapllaHTHO. KaK ll3BeCTHO, 

. llX MOXHO rrpe,n;CTaBRTb B ~pMe 

a·p = -<:t } $i = ~: , G- = "-CP, q_j a.). 
(3.69) 

~ecb a., - HeKoTopue rrapaMeTpu, KOTopue cHaqaJia rrpe,n;rrOJiaramCH 
He saBllClIIIIHMI'I OT 't • Hx 3aBllCRMOCTb OT 't: rrpIIBe.n;eT K Hapyme-
Hll!O mIBapllaHTHOCTR, rrpnqeM 

$.,;to == k[i(pd,. +f~'J,)G -GJ +a,~ 
(3.70) 

B qacTHOM CJ!Yqae O.IJ;HOPO.n:HllX .KaHO~eCKHX rrpeo6paaoBaHllil { OTHOCllTeJib
. Ho ~oTopux nHBap11aHTHa n ~PMa f(pq,, -p 'l-)), paaMepHoCTb r;. 
paBHa 2, TaK qTo 

I.' .p ,,;,;_ • i)~ (pop+IJ,'dct,)G-=2"-, c)d,.o - a .. - . 
. ~a.. (3.?I). 

Cocpe,n;oTol!lIMcH Terrepb Ha JIIDietlHux rrpeo6pasoBaHRHX. OH11 nopoli,Il;a
IOTCH KBa.IJ;PaTH~Otl no p n 'l, cpymame:ll G , ee o6mn:ll Bn.n: 

r '1 2 , 2. 
~ .= 2 a.,p + 'l2 (pep + 2Q3 'l,. (3.72) 

COOTBeTCTBYJllllee IDl~HHllTe3RMaJibH08 .KaHO~ecKoe rrpeo6paaoBaHHe 80Tb 

&p=-q2p-aa'i-J $ i = 0-4 F' + "2 'I,-. 
(3. 73) 

T 
ECJIR IlOJIOlmTb "f'=(p,q,) , TOSTO rrpeo6pa30B8Hll8 MOXHO 8aITRC8Tb 
B MaTp~oM BlI,IJ;e 

~'lf'"-FY F= 2 3 (
-a -a ) 

- ' a., a.2, · (3.74) 
~ecb F - nponaBOJibHM Be11tecTBeHHaa 6ecCJie.IJ;Haa MaTpnna. Taue 
reHepaTopu rropox,n;amT rpyrrny SL(2,R)--SU(1,1). JierKo BR.IJ;eTb, qTo .11arpaH
llltaH ;to RHBapllaHT8H JIIDill, OTHOCHTeJibHO ee a6eJieBotl rro.n;rpyIIIIH, orrpe~e
JIHeMol YCJIOBlleM 6 p = 0, T. e. 

Sp == o , Jci, = a.f/=>. 

ECJIR Terrepb rrpe.IJ;IIOJIOlmTb, qTo a., 3aBRCHT OT 
(3. 70), IIOJIY~ f>£0 =-f Q1 p:l. • ,1t7lJi KOMIIeHcanim 
RaJm6poB01IHoe IIOJie l,. . HoButt .11arpaHJE1IaH · 

i., =J.{pi,-p~) -~l-1Pz 
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(3.75) 
-r: , TO, oor.11acHo 

STO:ll ~06aB.KR.BBe,IJ;eM 

(3.76) 

' i 
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HHBap:irnHTeH OTHOCHT8JII,HO rrpeo6pa3OBaHllii (3. 75) C rrpoll3BOJI!,HOH (p.YHK
IJ;lrntt Gt-1 ( -c) , e CJm rrpn 3TOM 

se,. = a.,. 
(3.77) 

Ilpoue,n;ype rrepexo~a OT JiarpaHJK:rraHa (3.68) K KaJIH6poBO"IHO-HHBapnaHT
HOM.Y JiarpailllliaHY (3.76) rrocpe~CTBOM JioKaJIHsauim rrpeo6pasoBaHR!I 
(3. 75) MOlKHO rrpn~aTI, COBepIIIeHHO CTa~apTlfYIO (J?OPM.Y. rrepermcaB KllH8Tll-
1J:8CKYIO 11:aCTI, JiarpaHJK:rraHa ~o B Bll,ll;e 

.p 1(T. dv ·Jvr, 'llr)-t- • {O<) 
d-o =r ,P-tloz.J7: - cJ.-c L62T ... ,1.6"2.=l-/0 ,(3.78) 

r~e fo~ - CTaH~apTHM MaTpnua IlayJIH. TaK KaK reHepaTop rrpeo6pasoBa-· 
HIDI (3.75) ecT1, MaTpmi;a F1 =a◄ G"- , r~e G'_=f-(6"1-iG'z), To, BBO,ll;ll 
KaJIH6poBo"IHoe rrOJie A-= f4 G"- H "YWIHHJDI" rrpoH3BOMYIO B (3. 78), 
IIOJIY1IllM KaJIH6poBO"IHO-HHBapnaHTH!lli JiarpailllliaH 

t◄ =~ { Y irt2.(/-., -A)Y - [(f-r:-A)Y]~G',_ tff, c3•79) 

COBII~alOllllltt C (3.76). Ka7m6poBO"IHlle rrpeo6pa3OBaHR!I Terrep1, HMeIOT TaK-
/ 

.lKe CT~apTHlltt Bll~. n,m JIHHeiiHRX KaHOHll1J:8CKRX rrpeo6pa3OBaHlltt 'o/ =C/'f 
HMeeM UTii;2 V = i 6"2 • OTcro~a· CJie,n;yeT, 11:TO JiarpaH.lKllaH (3. 79) HHBa
PllaHTeH OTHOCHT8JII,HO 3TllX rrpeo6pa30BaHllil, eCJIH 

A' = UA u-1. + u v-.1._ 
(3.80) 

B HaIIIeM rrpOCTOM CJiy1J:ae KOHe"!Hoe rrpeo6pa3OBaHlle COBII~aeT C (3.75), 
ll ero MaTp:iuzy V = V 1. JI er Ko HarmcaT1, : 

( i O) -, ( 1 0 ) u, = i + a" G' ... : a., 1 ., u◄ = i - a" 6"_ = -a., .i . 

MR Bll,ll;llM, 11:TO JiarpailllliaH (3.77) ~aeT TeopHIO peJIJITHBllCTCKOtt CKaJIJip
HOtt 11:acTHIJ;l,I C HyJieBOii Maccoil. ~erKO TaIOKe IIOHJITI,, 1J:TO rrpouecc 
JIOKaJIH3aIJ;lm rJIO6aJII,HllX CllMMeTpllii B 3TOM CJIY1Iae MOlKHO rrpo~OJI.lKllTI,. 
ie:li1CTBHT8JII,HO, JiarpaIUlillaH (3.76) HHBapHaHTeH OTHOCHT8JII,HO eme OMO:lit 
rro~rpyrrrru rpyIIIIR SL (21 R) , eCJIH ~orrycTHTl> JIHHettHoe rrpeo6pasoBa-
HHe KaJIH6poBO"IHOro 11IIOT8HIJ;liaJia" _ !~ : . 

~p=-a2 p) c5'i=a2 q,.) se1 ... 2a:z.t .... (3.8I) 

B 8TOM rrpeo6pa3OBaHllll JierKO Y3HaTI, pacTJDKeHIDI, OTHOCRT8JI!,HO KOTOPRX 
p , 'l, ll e.i. _ llM8IOT COOTB8TCTB8HHO pa3M8pHOCTR -I, +I, ' 
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+2. EoKaJIR3aIJ;WI 3TOro rrpeo6pa3OBaHR!I IIPHBO~T B llTOre K Teopllll 
C KaJIH6poBO"IHllM IIOJI8M 

A = ~i r;_ - f z G"3 ( -e,. o) 
= e., f ,z. , 

KoTopoe rrpeo6pasyeTcR corJiacHo o6meM.Y rrpaBMY (3.80) 

~Q r;; ( ~Qz V = e 2 3 1 + a1 e 6'_) = (
e-az o ) 
0-4 e 0

z. • 

~erKO HailTll, 1J:TO JiarpailllliaH (3.79) CBO~TCR K 

f,z. = ~ (Pei -pci,) -ft, p:z. - f2 (p'l,,). 

(3.82) 
c MaTpnuett 

(3.83) 

(3.84) 

KaK BHMO ns (3.83), 3Ta TeopM Hea6eJieBa, rrpocTo rrpeo6pasyeTCR 
JillIII!, KaJIH6poBO"IHlltt IIOT8HIJ;liaJI l2. : H2 = q,_ J Jt, = a, T 2(a.,_ e, -a, f2l 

Hea6eJieBy KaJIH6poBOl!HYIO TeOpll!O (3.84) MOlKHO KBaHTOBaTI, CTaH
~apTHRMH M8TO~aMll. Han60Jiee y~o6Ho BOCITOJI~3OBaTl>CR ormcaHHllM BllIIIe 
KBaHTOBaHneM B pacII1HpeHHOM ipa3OBOM rrpocTpaHCTBe. BBH.IJY BO3MOlKHOCTll 
IIORBJI8HIDI aHOMaJillii, TaKM TeopM 3aCJiy.JKHBaeT OT~eJil>Horo pacCMOTpeHM. 
Ilpe,wIO.lK8HHlltt IIO~O~ MOlKHO IIOIIRTaTl>CR llCIIOJI!,3OBaTI, ~ O!IlICaHR!I Mac
ClIBHllX peJIRTHBHCTCKHX 1J:aCTHU, a TaKJKe ~ KaJIH6poBo"IHott (J?OpM,YJIHpoB
Kll peJIRTllBllCTCKOii 3~a1J:ll ,IUIYX TeJI (HaIIpHMep, eCJIH ~o6aBHTI, K (3.68) 
tIJieH ½ /c.x 2 , MOlKHO IIPllHTll K KaJill6poBO"IHOi1 T8OPllll peJIRTllBllCTCKoro 
OCIJ;IWJUITopa, 8CT8CTB8HHO o6o6maeMOH Ha CJIY'Iaii ~BYX 11:acTHU). TaK KaK 
HaIIIa OCHOBHaR U8JII, - CTpyHa, MR OCTaBJIReM 3TH BO3MOlKHOCTll B CTOPOHe. 

CqlopM,YJillpoBaHHlltt BllIIIe rro~o~ JierKo IIPllM8HllTI, K TeopHH 1l:aCTllU 
co ClllIHOM. IlpocTeiiIIIllii JiarpailllillaH HMeeT Bll,ll; 

..p ,( ( • .. " • 1 2 
d-o =2 P'l,-P'j,) -; 'l'lf' -zP, (3.85) 

r~e Y.,14 - rpaccMaHOB!l rrepeMeHHRe (O~OKOMIIOH8HTHlle lIJIH ~YXKOMIIOH8HT
Hlle). I'pyrrrra JIHHettHux KaHOHH1J:ecKHX rrpeo6pasoBaHHii B 3TOM CJiy11:ae 
eon OS,. ( -1,l I 2) x). ~oKaJinsaIJ;WI rrpeo6pasoBaHnil BRIIOJIMeTCR TO"IHO 
TaK .lKe, KaK H B CJiyqae cKaJIJipHoii 11:acTHIJ;l,I. BBe~eM 1fFT = ( P, ii, 

1 
Y.,) 

MH VT= (p, ii,, '1-'41 'f2-) n saMeHHM B (78) MaTpmiy l.6"2. Ha MaTpn-
uy 

_ ( i.62 D ) r - o -i1 . 

x)A.1rre6pa 3TOi1 rpyrrrru nrpaeT qpe3Bll1J:aiiHo BaJKHYIO pOJII, B HOBllX KOHCTPYK
IJ;liRX rrepexo~a OT TeOpllll 1IaCTllU K TeopHH IIOJIR. 
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ITocTpollB cynepMaTpni:zy npeo6pasoBaID!H cHMMeTpllll JiarparumaHa (3.85) 

n BBe,niI cooTBeTcTBYranee RaJin6poBO"<IHoe rroJie' A , Mo.lKHo IIOJIY"lllTI> 

cyrrepKMH6poBO"<IHO-HHBapHaHTHIDi JiarparumaH. B npocTeliIIIeM CJIY"<Iae, 

KOr,na r - O,IUIOKOMIIOHeHTHaJI rpaCCMaHOBa rrepeMeHHaJI, H8XO,nHM Jiar

PaHllCII8H 

;[,. = t (Pi -pci,) -½ 'l''f' - ~ ip2 
- ½ X (pt)) (3.86) 

r.ne X - rpaccMaHOBa "!8CTI, RaJIH6poBO"<IHOro TIOJUI • .AHaJIOrH"!Ho CTpollT-

CR ll 60Jiee o6maJI cyrrepRaJIH6poBO"!HaJI TeOpM WIJI .nBYXKOMIIOHeHTHHX 

rpaCCMaHOBHX BeJIR"lllH t14 . K:BaHTOBYJO TeopRJO MOlKHO IIOCTpollTl> orm

CaHHID/1 B JieKIJ;IDIX MeTO.ll;OM. TeopRIO C wepMROHHHMll CTeIIeH.ffMH CB060,nll 

MO.lKHO 0606mRTI> Ha CJIY"l8H 6OJII>mero "<IRCJia rpaCCMaHOBHX KOMIIOHeHT 'r(" 
. ~ 

i =- L , ... , N . faMRJII>TOID!aH MOlKHO Harmcau B BR,ne 

'Jl = t e1 P2 + e'l c P'f.t J + i % ,, c p "'") - J ir,,, e,,.,, r,,. (3.87) 

3,neCI> -t-1, e2 , tmn = - e,,m - 6O30HHHe KOMIIOHeHTH RaJIR6po-
BO'IHOro IIOM, a ',XII - ero W8PMROHHHe KOMIIOHeHTH. CaMO RaJIR6poBo"<I-

Hoe TIOJie no-npe.lKHeM,Y He RMeeT KHHeTH"<IeCKIDC "<DieHOB (O,nHOMepHOCTI>!). 
. ,M 

Ilpll pocTe N tn!CJIO ,nllHaMR"<IeCKIDC nepeMeHHHX 1/-;. pacTeT KaK ~N, 
a "<IRCJIO cBSisett pacTeT KaK ,., Na. • JlcHo, "<ITO npn ,nocTaTo"<IHo 60JII>moM 

3Ha'IeHllll N Bee ,nHHaMR"<Iecrorn rrepeMeHHHe "C'be,naJOTCR" CMsm.m. 

3a6aBHo, 'ITO B J = 4 aTo rrpoHcxo,nnT npn II= 8. HanoMHRM, "<ITO 

(3.87) eCTI, "o,IUIOMepHaJI" cyneprpaBHTau;ru:I, MeTpll.Eta ip,...,- IJJIOC.EtaR. 

JIJ06OIIHTHO, 'ITO CTPYKTypa KBaHTOBOH TeOpllll, COOTBeTCTBYKinett (3.87), 
38BllCHT OT CllrHaTYpH MeTpllKH. B TeOpllll CTPYHH aHaJIOI'll'IHa.'I 28BllOll

MOCTI, eme 60Jiee cymeCTBeHHa. BO3MO.lKHO, 'ITO Clll'HaTypy KaK ll pasMep

HOCTI, o&.beM7IlO!Uero npocTpaHCTBa, MO.lKHO 38qlliKCllpoBaTI>, Tpe6OBaID!eM 

B~yTpeHHett HeIIpOTllBOpe'IllBOCTll KBaHTOBOH Teope CTpyHH. 

BepHeMM, HaKoHen, K cTpyHaM • .II;ettcTBYR no aHaJiore c HamHM 

rro.u;xo,noM K peJUITRBHCTCRnM 'IaCTHIJ;3M, · Ha"<IHeM c JiarpammaHa .II;• AJiar116epa 

-Jo =.i(;.1-x,-z.) = p; -½(pz.-t-1/2), p=#. 
. 2 (3.88) 

He npe,ncTaBJUieT Tpy,na HattTR mmettHHe CRMMeTpe aToro JiarpammaHa 

Sp= (f.P +f:,.x 1
)

1 
, Jx = f._p +f.x'. 

(3.89) 
IIOJiarM 'If/' T = ( 'V., 1 'fl"2. ) = , ( P, x ) , o = d /3 • , sanmneM STR 

npeo6pasol38Hl!R: B BR,ne 
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b"i'= a..-F,o_ ~ ~+=(;f) 'd_.:: (!~)) 

F =(-f1+1) 
' h f1 · 

(3.90) 

(3.9I) 
ITO.Eta f1 R f.2 paccMaTpllBaIOTCR KaK napaMeTpH, He 3aBRCJimHe OT 

1:: R lo , Y.Eta38HHHH B (3.89) R (3.90) IIO,Pll:.nOK pacCTaHOBKll 

rrpoll3BO,W!Oil O HecymecTBeHeH. 1ITo6H 38WllKCHpoBaTI> ero B TOM CJIY"<Iae, 

Kor.na f 1 ll f 2 - <PYH.Klllm -r: n G , HaJIO2KllM Ha onepamno 

& rpyrmoBoe YCJIOBlle B BR,ne Tpe6oBaHHR BaMHKaHHR mx noCJie,no-

BaTeJII>HHX npeo6pa3OBaID!H: KOMM,YTaTop !!,Peo6pa80B8Hllil & li f , 
COOTBeTCTBYJOmRX @'HKIJ;WIM f1 1 f:1. ll f1 1 fz. , .JJ;OJDKeH II~,nCT8BJllITI, 

co6ott rrpeo6pasoBaHHe Toro xe BR,na • .1vIJI (3.90) JierKo rro.EtasaTI>, "<ITO 

[6, 6 j = d+ F [S,JJ d_ 1 Fr:,,&J = F, F; - F, F; , 
IIPll"<IeM MaTpnrr,a Frs,IJ m.1eeT TaKoil xe B:u,n KaK (3.9I}: 

(3.92) 

( Fr,,i1 )oo = C+dr' -f1fi') +Cf:1.1:-+,.f:) = ( Fr,,,1 )1-1 > 

(3.93) 
( Fr&ilJ )01 = (Fr.1,Ilto =(f,f:-f:1.f-:) + (fz.f:-f .. t:). 

IIpn .npyroil paccTaHOBKe onepaTopa d B (3.89) wrre6pa npeo6paso
B8Hliil ( 3. 89) He 3a.MbIKaeTC.fI. 

EcTeCTBeHHo BBeCTll KaJIB6poBO'IHHil IIOTeHIJ;HaJI 

v4 = 1+ Ad_ , A = ( A-1 A2. ) 
A2. AL . (3.94) 

Ka.1m6poBo"<IHo-HHBapnaHTHIDi JiarpaHlEllaH R .KaJm6poBo'IHHe npeo6pasoBaHRS1 

sarmcHBaJOTCR Tenep1, B KOMIIaKTHOM BR,ne 

r=(o1) 
-, 0 ' 

T 
;t_ = t r r c d-r + .A ) o/, 

JA=f + [v4-/i], 'J' =·d+ F d_. 

JiarparomaH (3.95) MOmto nepermcau B o6H'IHott qioprire 

t. = px + A1 (px') + fA2.CPr.+x 12
). 
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(3.95) 

(3.96) 

(3.97) 



BBe,wl "HMifYJII,Cll" p" = ( P0
, p") ' r,n;e p

0 
==- p ' p., = o.i I()')(', 

MOlltHO rrpllB0CTll 3TO ,n;eRCTBll0 K Cl'!MM0Tpll'Il!OMY KBa3lll'aMl'!JII,TOHOBY Bll.n:Y 

(~cz.=(O~, d.)) : II 
-I' Qd )( l r;. " e 
cl..~ = P a - 2 aB P P J (3.98) 

r,n;e 

Goe = J.. (CA~ -A~ ) 
A~ -A1 

-A1) 
.:1.. J 

cl.e:r G=ae =-1. 
(3.99) 

Y,n;o6HO BB0OTll TaKJKe o6paTHYID MaTPllllY 

rag - - i ( i A 1 J r;acG n = Sas 
\:r' - - z 2.) , Ctl • 

A2. At (A, -A2 (3.IO0) 

JiarpaHilllaHY (3.98) MOlKHO ,naTI> llHBapllaHTHO0 I'00M0Tpll'I0CK00 llCTOJIKOBa-

Hll0 , IlOJIOJKl'IB 

,,.a8 _ r-=. aa8 
1.7 - v-~ <I ' 

G-ag =~~a& , Jet ~a& = 8. (3.IOI) 

,II;eTepMllHaHT CID/il.10TPll'IllOii Ma·rplll.lll 8a& rrponsBoJieH, ll oHa aaBllCllT OT 

Tpex rrponsBOJII>HllX (jJYHKIJ;liR, HarrpnMep, OT A, J Ai u ~ MU OT A11 A2. 
ll 1 H • 3aMeTllM, 'ITO 

800 I _LA 80-1 J.. s A - -= ~ ' - = - Z p . (3. I02) 
8,• S1, . 

MaTPllllY 3 ae MOlKHO BHpasnTI, 'lepes ~-3 ll nHBapnaHTll MaTpllUbl A 
oTHOCHTeJII>HO rrpousBOJil>HllX HecHHrYMPHllX rrpeo6pasoBaHllii (A~ LA L-

1 
): 

r,n;e 

~00 = ~ 
Fi /.f'--lfJ 

, 8-~, 2 So-, 1 ../ = :r , -:-r---:::- =-✓- J (3.I03) -s ~Z.-tci( v-a, •~.2-'f I 

1 = Sp A= 2A ~ , J == kt A = A: -A~. (3. I04) 

IlpoHCXOJlt,n;0Hll0 ClIMM0TPllll Beiirul Terrepl> CTaJIO B K8KOti-TO cTerreHR 
IIOIDITHllM. Mli JIOK8Jlli3OB8JIB mrne1l:H110 K8HOHR'l0C.Kll0 CllMM0TPlllI JiarparumaHa 
(3,88)HrrOJIY'!Mll TaKllM crroco6oM K8JIB6poBO'IllO-llHBapnaHTHYD Teopmo CTPY
HH. CHMMeTpM BeitruI Terrepl> crui:saHa rrpocTo c ,n;o6aBJieHneM JmlllHllX rrepe
M0HRWC (Tpll ~HKUlilt ~a&, BM8CTO JJ:B!X, At ll A z. ) • Ta
ItllM o6pasoM, CUMM0TPWI Belt7m eCTl> rrpocTO CJI8,ll;CTBH0 RaJm6poBO'Ill011 
UHBapllaHTHOCTll T8OPllll• )I,3rn: KBaHTOBaHRf( CTPYHH MOJKHO Terrepl> BOCITOJII,30-

60 

'l■ll 

,. 

BaTI,CH arrrrapaTOM KBaHTOBaHUH Hea6eJieBUX KaJill6poBO'lH11X Teopuii IlOJIH, 
B 'laCTHOCTll, MOlKHO CTaH,ll;apTHUM crroco6oM BB0CTH .n:YX ll BPC - CllMM0Tpm:l. 

K q>epMHOHHOil CTpyHe MOlKHO rrpUMeHHTI, COBepmeHHO aHaJIOrH'!Huti rro,n;
xo,n;. CHa'!aJia BBe,neM Ha CTpyHe HOBIIe rrepeMeHHIIe, OilHCIIBaJOlltll8 pacrrpe,n;e
JI0Hll0 B,ll;OJII, Hee CITHHa. Ilo aHaJIOrlllI C Teopnen peJIHTllBllCTCKOil 'l8CTHUb[ 
co CilllHOM BBe,n;eM C 3TOli U0JII,ID rpaccMaHOBll JJ:BYXKOMITOH0HTHIIe rrepeMeH
Hlle 'r( , t = I,2. PaCCMOTpHM "saTpaBO'Illuti" JiarpammaH 

3,D;ec1, 

;J,
0 

= - i da X •) a X - J if 't a dq f , 
~ = q..,+ 'l{o, 

a = 0,1. 

'to=-i52 , °t ,f = 6' .i .J '(.5,, = - 't"'t,4.. = 6"3 

B COOTB0TCTBllll C BU6opoM BemecTBeHHoro (MattopaHOBCKOro) 
HRH )J,1Ul ,n;ByMepHUX ( -MaTpll~ KOMITOH0HTII IlOJIH 1f'{

44
(6,'l:) 

+ T" 
BemecTBeHHIIMll, T,e. 'I')' = 'f'/< . IIepellllmeM JiarpammaH 
6oJiee rrpllBH'IHOfi ;rr;ur Hae qiopMe: 

to =t{x2 -x12
) + !cY:i+~6:,'r 1

). 

(3.I05) 

(3.!06) 

rrpe,n;cTaBJie
MOlKHo B3HTI, 
(3.!05) B 

(3.!07) 

3aMeTHM, 'ITO eCJill rrepefiTH K rrepeMeHHUM . u:j: =S ±"C ' TO, KaK 
H B CJIY'lae 'lllCTO 6O8OHHOff CTPYHII, ,ll;HHaMHKa pacrra,n;aeTCH Ha ,n;Ba Hesa
BllCllMHX ceKTopa - JI0BlllC H rrpaBUX BO36yJK.,UeHntt. 3To .lire OTHOCHTCH ll .K 
~6poBo'!Ho-mrnapnaHTHOMY JiarparumaHy cTPYHII. 

HCKaTI, CHMMeTpllll 3Toro JiarpammaHa MOlKHO MeTO,ll;OM, ll3JIOllt0HHUM 
BIIme. TiTO6II He ,n;eJiaTI, JIHillHHX Bll'!llCJieHUtt, IlOJI03HO IlOMHllTl> O paaMepHOC
THX 

-1 . O .,o -2 [ -f/2. 
[ p ] =- L ., [ x ] = L , [ d- ] = L , ~ 1 = L • < s-. 108) 

B KatJeCTBe Yilpa.lKHBHllH npe.n,n:araeTCH IlOKa3aTI>, 'ITO JiarparumaH (3.I07) 
mmapHaHTeH ( C TO'IHOCTI,D ,n;o IlOJIHOff rrpo:e:SBO.n;HOtt) OTHOCllT0JII,HO rrpeo6-
P83OB8Hllft 

~F' =-i.(yr"
3
'r'), &'f- =-f>V-t-X

1
6'3 V, cSx=i.Ptr. (3.!09) 

Momo Ta!Olte y6e,ll;l'1Tl>CH, 'ITO coxpaimeTCH llHBaPHaHTHOCTb OTHOCRT8JII,HQ 
6osoHHoro npeo6paaoBaHllH (3.89). O.n;HaKo yCJioBne 3aMllK8IiRII npeo6paao
Bami:! (3.89) H (3.!09) Tpe6yeT He60JI1,moro pacmRpeHHH (3.89), B.lt1IJl'la»-
111ero npeo6pasoBamm (3. 89) • Te lite ycJIOBHH SllMIIJ(aHIDI orrpe,n;eJJJIRJT Iiop~oK 
pacCT8HOBKR npoR3BO.I(HlllC O . CooTBBTCTB,YIIIIKB BWOICJIBHM ,I(OCTaTO"IHO 

I 
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rpOM03.D;KII, H M11 RX s.nec1, He ITplIBO.D;HM. BBe,wt .KaJIH6poBO'lH.lle ITOJllI 

A f' A 1. J ~ J ' X .2. ' COOTBeTCTBY!OII1lle .KaJIH6poBO'lHl:IM qlyHKIJ;ru!M f .s. .I 

fz., Y1 I JI~ ' H yp,.mrnHH ITpoH3BO.D;HYJO 0-c ' KaK 8TO ,neJiaJIOCl, Bllllle' MOJK--, 
HO B KOHUS KOHUOB ITOJIY'IBTI, .KaJIHdpoBO'lHO-HHBapn:aHTHllil JiarpaHJKHaH. OH 

coBITa.n;aeT c JiarpaHJKHaHOM Mo.n;eJIH HeBe - inaaprr.a - PaMaHa (HllIP). 
CITeKTP COCTORHHil CTPYHll HllIP cymecTBeHHO 3aBHCHT OT rpaHH'lHllX 

YCJIOBHii Ha 't',ll(Ei, -r ) , KOTOplle MOryT 6HTI, .ltJllI ipepMHOHHOil ITepeMeHHOil 

ITe PHO)ni'le C.KIIMH 
lf','f (~ ,:) = tlf(G'+7Tj -r) (PaMOH) 

HJIH aHTHITBpHO)ni'leC.KIIMll 

't'/f (6-.-C') =-iyl'(Ei +1T", 'C) (HeBe - IItBapu) • 

J];rrJl CJIY'lM PaMOHa OCHOBHOe COCTORHHe HMeeT ITOJfyUeJiml: CIIHH, a .D;JllI 

HilI - ueJI!rlt. CoOTBeTCTBeHHo Bee B036ylK,ll;eHHlle COCTORHHR 6Y'/JST 6o30HHll
Mll HJIH ipepMHOHHHMH. Jer'le Boero ITOMTI, 8TOT BaJKHllil !pBKT Ha ITPOCTOil 

MO.D;eJIH O.D;HOMepHoro aHTHipeppOMarHeTHKa. 

t t t t t t J S . J J l i 

a 

t t 1 1 t t i 1 ' s ; s J: 

6 

B CJiy'lae 'l8THOro '!HCJia CITHHOB (pn:c. a), OCHOBHOe COCTORHHe,o'leBH.D;HO, 
HMeeT UeJilltt CITHH. ilepeBopa'llIBaHHe JIJ06oro·'!HCJia CIIHHOB OCTaBJIReT COC
TORHHe 6030HHHM •. B CJiy'lae He'leTHOro '!HCJia CITHHOB B ueITO'lKe OCHOBHOe 
COCTORHHe H Bee B036ylK,ll;eHHlle HMeJOT ITOJiyUeJilltt CIIHH. rpaHH'lH.lle YCJIOBM 
.D;JllI TaKoil ueIToqKH COOTBeTCTBYJOT YCJIOBHJO HeBe- ll!Baprm. B CJIY'lae(a) 
H YCJIOBHIO PaMoHa B CJiy'lae(6). 3aMeTHM, 'ITO aHaJIOrn:R C aHTH!p8ppoMar-

HeTHKOM saCJiyJKHBaeT 6oJiee ITo.n;po6Horo nsy'leHM. 
B ceKTope HeBe - IIIBaprm. HMeeTcR TaxnoH, .ltJllI KoToporo o{'Mf=-cl-i. 

Ha YCJIOBM peJllITHBlICTCKOtt HHBapn:aHTHOCTH CJIB'/JSeT T8.EOKe' 'ITO 
1
' 

i
2 

= ol 
O 
= - 0(' M z.= !!=..2, T • e • d = IO. EHJio ITO KasaHo , 'ITO peJllITHBH CT-

16 of CKM KBaHTOBM TeOpHR MO.D;eJieit H - Ill l'I PaMoHa cymecTByeT JIHlllb ITpH = 
= IO. Ilpl'I 8TOM, ITPH COBMeCTHOM paccMoTpeHIDI ipepMHOHHOro ll 6030HHOro 
ceKTOpoB, 'laCTI, crreKTpa, co.ne~'KBmM TaxHOH,MOlitBT 6HTI, OT6pomeHa (OT
mewmeTCR), a ITOJfy'leHHM B pesyJI1>TaTe TBOPM He co.nepxmT TaXHOHOB l'I· 
RBJIRBTCR cyITepcm~~eTpH'lHOH. Ha OCHOBe 8TOro pesyJI1>TaTa rpn:H ll IIIBapu 
IT03.D;HBB ITOCTpollJIH MO.D;eJII, RBHO cyITepCHMMBTPH'lHOil CTPYHll, BOo6me He 
co.n;epllt8meil TaxIIOHHOro ceKTOpa, ee ll Ha3B8.JIH cyITepcTpyHott. KaK l'I MO
,neJII, HeBe - IIIBaprm. - PaMoHa, eyrrepcTpyHa I'pRHa - IIIBapua cymecTByeT 
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Jimn1, rrp:a J = IO. BepoRTHo, '!To cTpyHu H - Ill n: r - Ill ·MoryT 
6HTI, ITOJfy'leHll ll3 HBKOTOpott 6oJiee o6meit TeOpHH. B 'laCTHOCTH, He llCiiJIJO
'leHO, 'ITO TBOPM cyITepcTpyH MOliteT 6llTI, ITOJiy'leHa H3 Teop:im 6030HHOit 
CTPYHll C ITOMOIJ11,JO COOTBeTCTBYJOllleit KOMITaKTH!pllKaUHH I6 H3MepeHHit. 

3aKaH'lHBM o6sop aJieMeHTapHott Teopn CTPYHll, CTOHT CKa3aTI, Hec
KOJII,KO CJIOB O B03MOJKHOCTH 'IHCTO aJire6pa:a'leCKOro ITo.nxo.na K·ee ITOCTpoe
JIBJO. no cn:x rrop Ml1 60JI1>me rro,nqepK11BaJIH reoMeTpn'lecKHe acrreKTll CTPYHH. 
I'eoMeTpn:'leCKM TpaKTOBKa CTPYHll, KOHe'lH.o, O'leHI, BaJKHa .wm 60Jiee rJfy-
6oKoro IIOHHMBHHR ee ITpn:po.D;ll. 0.D;HaKo, c TO'lKH speHM sa.n;a'!H ITOCTpoeHM 
CTPYHHOit TeOPHH IIOJllI,aJire6pan:'leCKHit rro.nxo.n He MeHee BruKBH. K TOMY JKe 

HCTOPH'leCKH OH rrpe.D;llleCTBOBaJI reoMeTpn:'leCKOli Teop:im. CHa'laJia 6wrn: rrpn:

'/JSMaHll '/JSaJII,Hlle aMITJIHTY.ltll, 3aTeM 6wrn: Hatt.n;eHll .D;JllI HHX oCUMJIBTOPHlle 
rrpe,ncTaBJieHHR, R TOJII,KO ITOCJie 3TOro Y.JtaJIOCI, 3aMeTHTI,, 'ITO 8TH OClll'lJI
JllITOPll Oirn:CllBaJOT B036ylK,ll;eHHR peJllITRBRCTCKOit CTPYHll. OTJIH'IM peJllITH
BllCTCKOit CTPYHll OT HepeJllITRBllCTCKOH Han6oJiee RCHO Bll,IUIH B KaJIH6poBO'l
HOM ITO.D;XO.D;e. PeJIRTlIBHCT.CKM CTpyHa OTJIH'laeTCR OT HepeJIRTllllRCTCKOit Ha
JIR'!HeM CM3eit xx'= 0 =xz.-t-X 12. (HJIH lite (X ± x') 2 = 0 ) ' KaJin:6po
BO'lH.llX rroJie:li A11 A2 n: '/JSXOB. ECJin: ITOJIOlKl'ITl> ( B .D;aJIIiHe:limeM Mll rroJio
JKRM 2c1,.'= .i ) 

p~ = (x1-x'J}4 =d"x)'I, 
p,:_ = (X -X') J4 = d., i<,14, (3.IIO). 

r.ne IA =- 't' + 6 , <T' =- 'C' - G , TO CM3R MOJKHO sarmcaTI, B T8KOil lite ipop--
Me, KaK ,IJ,lUI 6e3MaCCOBOil peJIRTlIBRCTCKOil qacTn:I~: f>,?- = p: = 0 . KaK 
HeO.D;HOKpaTHO rro,nqepKllllaJIOCI,, JieBlle R rrpaBlle B036ylK,ll;eHM MOJKHO H3Y
'laTI, COBepmeHHO He3aBHCHMO. PacCMOTPHM O.D;Hll JieBlle B036ylK,ll;eHM, 3aBn:
CRIJ1He TOJII,KO OT U, 

If ,, i, , 'I fl -b,u 
x"'tu) = "0 -t-p;-z: + 2 ,£.. n c,(11 e , 

"-1>0 

I" - I# ot o - Po , 
oO . 

/f - ' o(}( e-,nu. Pu - L 11 J 
n=-t:><> 

(3.III) 

(aHaJIOrR'lHO - ,IJ,lUI ITpaBllX B036yllt,D;eHHii, OTMe'laeMHX RHor.na TR7II>.D;Ott). Bu-
pa3HB p; 'lepes orrepaTopu oln. , Ha:li.n;eM 1pyp1,e-Koaq$IUKeHTll orrepa-
Topa p; : 

oO 

L - .!.. ',.J . ol .. 
Ill - :z_ L... V' 111- 11 " • 

-c,O 

(3.II2) 

IDc 06ll'!Ho H83llBamT OIIepaTOpaMH Bn:pacopo, XOTR BrrepBlle OHH 6wm: BBe.ne
Hll Eap6amoBHM lI 1IepHrutOBl:IM B I965 l'O'/JS, B pa6oTe ITO HeJDIBeihlott TeOpmI 
IIOJIR,8KBlIB8JleHTHOil reoMeTplI'leCKOI TBOPIDI CTPYHll 6eCKOH8'lHOft W!lIHll, .D;BlI

JltYIIlelCR B TpeXMepHOM IIpocTpaHCTBe. 
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HaIIOMIUIM, tJ:TO o(n. y.n;oBJieTBOJ)JilOT KOMM,YTall;llOHHUM COOTHOmeHH!IM 

[ ..i P "' ., ] - /I'll r + - . 
I.Am J t-<n - n '7 ° m+n1 o 1 o(" - o<._n • 

IlpH YI > 0 STO orrepaTOpll YHHtJ:TOlKeHRII, a IIPH n ~0 -polK,ll;eHRII. 
OrrepaTopu lm J m > 0 , JierKo sarr:ucllBaIOTM B yrropimotJ:eHHoil: qiop
Me (orrepaTOPll YHHtJ:TOJKeH:im crrpaBa). Ilp:u yrropimotJ:eHIDI orrepaTopa lo 
B03HHKaeT paCXO,Jl;fil!IMCR CYMMa,KOTOpyro MOlKHO peryJIHpH30BaTb MeTO,Jl;OM §- 2. 
M!:!,o.n;HaKo, rrpocTo rrpHMeM B KatJ:eCTBe orrpe.n;eJieH:im 

c,,o 

Lo = : ot; i" L Oi_m • ol m . 
111=1 

(3.II3) 

HeTpy.n;Ho y6e,Jl;HTI,C.fl, tJ:TO 

[ l,,,' L,,] = (m-n) L,,,+n + 1~ m(m-z.-.i) £"'~", o . (3.II4) 

.lvI.fl BlltJ:HCJieHH.fl ITOCJie.n;Hero tJ:JieHa (aHOMaJIHH) rrpo~e Boero IIO,ll;CtJ:HTaTb 
BllpaJKeHHe 

(of L~L-mlo>, 
BKIIB,ll; B KOTO poe .n;aIOT JI:umb KOHetJ:HUe cyMMll OT tt. = I ,no n = ,n - i • ECJIH 
sa6UTb 06 aHOMa.JILHOil: .n;o6aBKe B KOMMyTaTop, TO aJire6pa orrepaTopoB L~ · 
HMeeT CTaH.n;apTH1!i1 BH,ll; aJire6pu JI:u, HOC 6ecKOHetJ:HUM tJ:HCJIOM reHepaTo
poB. Ee CTPYK~ypHlle KOHCTaHTll,otJ:eBH,ll;HO,paBH1! 

f l<. = (m-n) (;" m+n• 
~,i I (3. II5) 

HeTpy.n;HO IIOKa3aTb, tJ:TO STO eCTb aJire6pa rpyrrrru ,ll;Hqxi>eoMOWJH3MOB 
oKpyJKHocT:u,'D;H(S•). IloJioiitHM e'lf ==? :u paccMoTpHM rna.n;KHe oTo6-
paxeH:u.fl $ f ➔ Sf (2 ➔ 8 (2)) C 3aKOHOM KOMII03HIJ;llll 

~4 O S1Cc-) = S-1 Ci:i(:z)), (3.II6) 

Orrpe.n;eJIHM rrpe.n;cTaBJieH:ue 1J;{f(s•) Ha qiyHKIJWDC f(c) 

'l>, f = f Cs (c~) 2)J/l>a,_ f ·= f(9foga (c)). (3.II7) 

IIpe.n;cT3BHB OT06 pa;i{8HHe • 6JIH3KOe K e.n;lIHHtJ:HOMY. B BH,ll;e 
. i.E(~) C . ) 3 ('i:) = i! e = 2- ,f +L£('i!:)+ ... ' (3.IIB) 

64 

noJiytJ:aeM 
~If(~) = f{~) -f;- iEC:) ct~ t(ll-) + ..... 

(3. II9) 

IIoJiarM 
"'° s;;;- -11 ~ n • 

e(i!:) = L ell~ = L C..nZ: J . €" = E-11, (3.I20) 
"=--

rroJiytJ:HM rrpe.n;cTaMeH:ue ~j B BH.ne · 

. ~8 f(~) = [ ~ - i ~ E-n (-/.,."i-a )] f ('~). (3.I2I) 

TaKHM o6pasoM, reHepaTOPll $;ff( s () B STOM rrpe.n;cTaBJieHHH paBH1! 

L 
1+n J • i.11 u d =-~ -=Le -

n d~ ou (3.I22) 

3TH reHepaTopu, KaK JierKO BH,ll;eTb, y.n;oBJieTBOJ)JilOT rrepecTaHOBOtJ:HllM COOT
HOmeHH.flM aJire6pu B:upacopo 6es aHOMa.JlbHOil: .n;o6aBKH, 061!1:J:HO Ha3llB3eMoil: 
ueHTpaJibHUM pacm:upeHHeM (UeHTpaJibHUM, TaK KaK .n;o6aBKa KOMM,YTHpyeT co 
BCeMH L,,, ) . 

y aJire6pu B:upacopo eCTb BaJKH3.fl rro.n;aJire6pa, H8tJ:YBCTBHTeJibHaJl K 
pacm:upeHHIO. Ee o6pasyIOT reHepaTopu L0 , L.1., L_1,., KoTopue y.n;oBJieT
BOP.fl!OT rrepecTaHOBOtJ:HUM COOTHomeHRl!M aJire6pu ~U(4,t)~~f{1). 3Ta aJire6pa 
CB.flsaHa c rro.n;rpyrrrron crremraJibHIDC .n;po6Ho-JI:uHeil:Hux rrpeo6pasoBaHHi1 B rpyrr
rre CZ>i-f.f (s•) : 

8Cr> = a1: +t • 
t'r +a* 

/Qt 2. -/ 8 I z. = :1.. , (3.I23) 

KOTOpa.fl HrPaJI~ BaJKHym poJib YlKe B CTapoil: ;n:yaJibHOil: Teop:im. TecHO .CB.fl3aH-
H1!e c Heil: rpymru n J I , s L ( 2 c ) : a, ", c, E C,· (ad - b c J = J. 

• a:+ b ' 
i ➔Cr+d j SL(2,Z)~ a,a,c,cJ E,Zj c3.I24) 

:urpruoT q>yH,ll;aMeHT8JlbHYID poJib B COBpeMeHHoil: reoMeTpHtJ:eCKO! Teop:im CTPY
HU • .lII06oIWTHO, 'ITO B HameM IIO)PCO,ll;e Ka.7W6poBOtJ:HaJl rpymra tJ:aCTHUU :u 
CTPYH1! ITOJiytIHJiaCb JIOKaJIH3aIWei1 rro.n;rpyrrrr JIIDieimux KaHOHHtJ:eC.KWC (:wm IDC 
cynepo606111eHHtt) cHMMeTpntt SU(11 4) . BosMOJKHo, tJ:TO sTo o6cTO.flTeJib
cTBo HMeeT RaKoil-TO rJIY60Kll:tt CMUCJI, ITOKa He pacm:uqipoBall!IHtt • 

llepHeMcsi: K aJire6pe BRpacopo. IIo o6~eMY npaBHJIY BBe,neM ;n:y:x:n fl" , 
aHT1I.DYX1I Jf,. H rrocTpoHM orrepaTop EPC - sapima (a.n;ecb .JcrX1I onpe.n;eJie
HU TSK, tJ:TO r;,t:<;_ 111 .J>'t=-J'K ,~6',,,,f,,~=$,n•n,l: 
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-

,,. 

1 ' ti< -J2 = 2 ~m L -rrl - .2. t- mt! G'_m G"_n .f1<. · 
m ",'", tt ( 3. I25) 

'Z. 
B KJI3CCH"IeCKOH Teopmr J2. = 0 ' O,nHaKo B KB3HTOBOH Teopmr YCJIOBHe 

,JL'-= 0 BIDIOJIIDleTC.fl He Bcer,IJ;a. CHatJ:aJia ,ll;OOIIpe,IJ;eJIHM J2. , YIIOplI.ll;O"IHB 

orrepaTopbl, H BBe,IJ;eM rrpoH3BOJII>HYIO IIOKa KOHCT3HTY Co : 

fl.=~~m (Lrn-l'obm,o)-; I (m~n):G_mG'-nYm+tt: (3.I26) 
M ~tt 

IlP.flMblMll,HO ,ll;OCT3TO"IHO rpoM03,ll;KliMH BlitJ:HCJieHID!Ml1 MOlltHO IIOK383TI,, "ITO 
pO 

Jl.t= .L~ [cJ-26)n 3 +(2-d+24c .. )n]~tG"11 , 

1!2. tt-=I . 

2. 
T • e • Jt = 0 IIpll YCJIOBMX cl =26 , C0 =I, HarroM!IBM, "ITO B3KYYM 

to> orrpe.IJ;eJieH yCJIOBH.flMH 

ol.,/o)=O, G'n/o)==O 1 .f11 lo)=O, 11>0 j.Polo>=O., (3.I27) 

Bb160p YCJIOBHH 3HHHrHJI.fllllm BaeyyMa .IJ;YXOBHMH orrepaTopaMH, IIPHIDITHH 3,IJ;ecn, 

He e,IJ;HHCTBeHeH, B03MOlKHbl .D;pyrHe: IIPH ,ll;3HHOM Bbl6ope IIOJiytJ:aeTC.fl Co= I. 
Orrpe,ll;eJI.fl.fl cpH3HtJ:ecKHe COCTO.flHH.fl YCJIOBHeM J'2. f 1f,i~3.) =0 , MOJKHO IIOK3-

33TI>, "ITO rrpoHSBOJII>Hoe WH3HtJ:ecKoe cocTO.flHHe rrpe,IJ;cTaBHMO B BH,IJ;e 

I cpua. > = I nonep. > + J2 I . . .. > ) (3.I28) 

r,IJ;e Jnone~)- COCTO.flHHe, B KOTOpoM eCTI, TOJII>KO rrorrepetJ:Hble B036ylK,ll;eHH.fl, 

a COCTO.flHlie JZ./ ... ) HMeeT HyJieByIO HOPMY, T3K KaK J2.2. = o. B cpH3HtJ:ec

KHe BeJIH'mHbl 8TH COCTO.flHH.fl BKJI3,ll;3 He ,ll;3IOT, BcrroMIDIM, "ITO J2. reHe

pnpyeT EPC-rrpeo6pa30B3HH.fl, saMeH.fllOlJlHe B KB3HTOBOtt Teopmr KaJIH6pOBO"IHble, 

MOJl!HO IIOIIblT3TI,C.fl paccMaTpRBaTI> (3.I28) KaK 3HaJIOr KaJIH6pOBOtJ:HOro rrpeo6-

pa30B3HR.fl B rrpocTp3HCTBe COCTO.flHHtt. 3Ta Mb!CJII, Jiel!WT B OCHOBe HeKOTO

pb!X HOBblX IIO,ll;XO,ll;OB K IIOCT.poeHHIO CTPYHHOtt Teopmr ITOJI.fl. 

OTMeTRM eme O,nHO sauetJ:aTeJII>HOe o6CTO.flTeJII,QTBO: IIPH J = 26 H 

Co = I MOJKHO orrpe,IJ;eJIHTI, odo61ileHHble orrepaTOpbl Bnpacopo, 33BHC.fllllHe OT 

.IJ;YXOBblX rrepeMeHHblX H y.IJ;oBJieTBopmomne KJI3CCHtJ:ecKott aJire6pe BHpacopo 

(des aHoMaJIIDI!). IIo o6merzy orrpe,IJ;eJieHmo (3. 53) rrocTponu orrepaTop1,1 

Jm = {Sl,.PmJ = (L,,,-Co rm,o) + 1°(111- 11):f'"+"~": (3.I29) 

Bli"IHCJUDI KOMMYT3TOp:I, H3XO,ll;l!M (Ha CaMOM ,IJ;eJie H3,ll;O Bbl'll!CJIHTI, JilIIllI, aHo-

MaJUIIO IIPH '11 +- ti := 0 ) 
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[ '1 rt ] = (m-n) '1 + { .im(m1-.1..) +;!:-m(4-t3 m&)+2c,,m~&'m+n 0• <1'"• dn C,n,,..n 12. o . , 

(3.130) 

IIepmd!: tJJ.IeH B aHOMBJiml OCTaJIC.fl OT orrepaTopoB L m , a HOBlie Bos

muum oT .IJ;o6aBo.K .K L"' • IIp;i: ol = 26 II C0 = I aHoMaJIM o6pa
maeTC.fl B lfYJII, lI orrepaTOPbl 'J,,. MOJltHO C"Il!T8TI, rrpe,IJ;CT3BJI8HlI8M reHepa

TOpoB KJiaCClI"l:80.KOI rpyIIIIH ,ll;H@)eoMOI$13MOB OltPYlltHOCTR. 

Bblllie YIIOMHHMOOI, 0 CB.fl8H TeOpHII CTPYH C KOMIIJieltOHHM 8HaJilI30M, 

B 'lSOTHOOTlI, ·o CBll3lI OTpyHHWC ,IJ;HarpaMM C Teopnett PlIM8HOBblX IIOBSpxHOC

Tel lI aH8JIHTlI"I80KiDC <pyHrumit,orrpe,IJ;eJI8HHblX H8_HHX, B COOTBeTCTBHlI C 

aTHM rrOJieaHa HecROJII>Ko :imaa: mtTeprrpeTamtir orrepaTopoB L'" II r/'" , 
otJ:eHh B8lltHM Taltllte WI.fl lICTOJiltoBaHM Teop:im CTPYHH KaK KOHWCPMHO

:imBapliaHTHOit TeoplIH_IIOJI.fl B .IJ;BYM8PHOM rrpocTpaHOTBe-BpeMeHl!. B COOT

Homemm r=e'14 = e'lr+'1a,D;eJiaeM rrepexo,IJ; K eBKJIH,IJ;OBol ·MeTpII.Ke -r+-it", 
lI 6y.IJ;eM paCCMaTPlIB8TI, <pyHltlllm .KOMIIJISKCHOfl: rrepeMeHHott i!-= e '(:,fo j(; • 

.AHanorntJ:Ho rrepeff.IteM OT a-ceiu- 1t i!-ce"I:-ilii ~ Tor,IJ;a .110Ho,tJ:To 

L,,,=-if,'" J/Je MOltHO O"Il!T8Th reHepaTopaMH KOHWCPMHHX rrpeo6paaoBSHd, 

T.e. npeo6paaoB8Hl!I, IIpolI3BO,ll;HMb!X rOJIOMO~ (aHaJilITHtJ:eCKIIMl'!) OT06-

pallt8HlI.flMH • ...,.f(;a.) (aHanOITIHO lIOIIOJII,3YJJTC.fl 8HTl!roJIOMOI:$:llie OT06-

pallt8HlI.fl ~-,.. tc•) o reHepaTopaMII Z: m ) • B eTol mITeprrpeTamm: 

MOlltHO IIOCT8Bl!TI, BOIIpoc 06 orrpeieJiem aJire6pbl BHpacopo Ha pl!MaHOBblX 

IIOBSpxHOCT.flX, O,ItH8KO IIPlICYTOTBlI8 aHOM8.7Jd 3H8"Il!T8JII,HO OCJIOJltHJI8T ,ll;8-

JIO. B03MOJKHO, "ITO B .IJ;YXOBOM B8PlI8HT8 rrpe,IJ;cTaBJieHH.fl aJire6pH BHpaoopo 

(T.e. reHepaTOpaMII 'J,,. ) . IIO.D:06HYJJ 33,ll;a-qy rrooTaBIITh II pellllITh He TOJih

KO JiertJ:e. HO lI IIOJI83Hefl:. Ilolt8 8Jll'e6pa orrepaTOpoB ';J'" MBJIO HOIIOJII,-

30BM8CI, Kalt cpH3lIK3MlI, T8lt lI MaT8MaTlIK3MlI. 0TM8THM, "ITO 'Jo MOllllO 

paocMaTPJmaTI, Ka.It rru.mJihTOHIIaH cTpyHbl o .IJ;YX8Ml!. IIPII eToM, .Ka.It lI .D:OJI

JKHO 6HTI,, BltJia,IJ;H .IJ;YXOB ltOMII8HOlIP.YJ>T BKJia,IJ;H H8ITOIIepe'llWX OCm'IJL)IKTOpoB. 

Hanpl!Mep, Bll'm- 11CT8TOYMMY" WI.fl ·raMWII>TOHlI8H8 'Jo , .KOTOpaJI, 

B 'lSCTHOCTlI, ,ll;88T WIOTHOCTI, "Il!CJia rrpoMelltYTO'llWX COCTomml B O,ItHOII8T- · 

JieBOfl: ,IJ;HarpaMMe 

"'° i('l,) = Sp( 't,3o) = .1.. n (1-f' f2,+.2 
ci, ""'1 

(3.I3I) 

~SCI, 'J,-J.-07' C0 =,i, 2 - BKJI8,ll; .IJ;YXOB, 26 - BKJI3,ll; d -MeplWX 00-

IG!JIJI.fiTOpoB npH d = 26. MH Blf,IOW, "ITO ocTaJIC.fl .mmn, Blt7I8,ll; norrepe'lHHX 

COCTO.flHd; B CB.fl3lI C 9TlIM HHOI',Il;8 roBOpliT 06 "oTplII~TeJII,HOI pa3M8pHOO-

TlI" ,ll;yXOBHX ne peMeHHblX. . 

Bee, "ITO CK333HO O 6oaommx CTpyHax, MOlKHO rrepeH8CTlI Ha ipepMHOH

HHe CTPYHH, KaK lI B CJIY"Iae 6030HHO! CTPYHbl, orpaHlI"Il!MC.fl JI8BliMl! B086yx

,Il;8HIDIMII:, Tor,IJ;a BM8CTO YCJIOBlI.11 p! = 0 H3,ll;O 33IIlIC3TI, YCJIOBlI8 
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P"2 + i. ta .. t = o. 
RpoMe Toro, IIOJIBJI.ll8TCH 8!ll8 O,IUIO YCJIOBMe, aHaJIOrwIHOe CBII3M 
B Teopnn qacTnu: 

p.,· 'r =O. 

Ilpn 3TOl/l 'r = 4' ~ mm t = 'r'.#s 

' -inu ' -i.ru. lf ,t:: L o<"' e ; t .vs = L Pr e 
n~z P~CZ+-i) 

(3.I32) 

(3.I33) 

(3.I34) 

Orrpe.n;eJIJUI reHepaTopu L,, , F" n G-., RaK qiyp:&e-o6paau CB.llaeii 
( 3. I32) n ( 3. I33) ( F ,IJ;JIR $l n r;. ,IJ;JIR .,Al S ) , 1/IOJ!UIO 
rroJiy~TI> cyrrepo6o6!lleHnJI aJire6pu Bnpacopo B CJiyqae HeBe - !llBaprr,9.: 

J . 
[ L111 L,,,] = (r,-m)l,,+-m + 8 n (n 2

-~) ~n+m,o .J 

{ c;:"t,G-P~ = 2l7.+P + i (i2-.J:-) J,z.+,.,o i 
, (3.I35) 

[L11,G-'?] =(~ -'Z-)G- 11 +-z.; p,'l E(Z+f)i m,nt:Z; 

n B CJIYqae PaMoHa: 
. J 3 · 

[L.,
1 

L,,.] =(n-m) L "+m + g n & 11+-m, o , 

{F11,PJ11J = 2 Lnt-m d 11"- r · + 2 11-t-"1,0 J 
(3.I36) 

_ [L11, F...,] = c; -m) F,,T,,, j m, tt e Z. 

OrrepaTopaM Ln cTaBJITCH B COOTB8TCTBne ~epr.meBCKn8 .n;y:irn, a orrepaTo
PaM G- H F - 6oseBcKne .n;yn cP , g P H C! 11, 'l,. . no 8J.lre6paM 
(3.I35) H(3.I36) JierKO IIOCTPOMTJ, COOTBeTCTBYJ!)lltlle orrepaTOPH J2. . 
HarrpnMep, ,IJ;JIR (3.I35) 

J2 = 2 G',. (L,, - c(n,o) + L Cp c;_p - f L ~m-n)iG'_.,G:.,,P"'+.,: 
(3.I37) 

+ L(! n+ P ): l,.c111-pr;;_,,: - 2 c"'c,. g_'t.-p 
HarroMimM, 'lTo f c. - 6oseBcKne orrepaTOPH : 

I 

[cp,Ci,] = rI,,, l,,,J =0.) [c,.., 'ft,]=Spt-f,,O. (3.I38) 
Z I · 

Y'OJIOBH8 J2 = 0 BHIIOJIH8HO rrpn o1 = IO, C = I/2. Ilpn 3TOM orrepaTO~ 
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pH 

;1" = { &,J>" i , ~" = -l J2, lrl 
(3.I39) 

y.n;oBJieTBOpsmT 8J.lre6pe (3.I35Y 6es aHOM8Jllftt • .AJire6pa (3.I36) CTaHOBMT
CH, rrplI COOTB8TCTBY!)lll8M orrpe.n;eJieHlIJI d,, lI F,,, He aHOMaJIJ,HOtt, 
eCJill: J = IO lI ~ = o. 3aMeTMM, qTO OCHOBHOe COCTOHHIIe B CeKTOpe 
PaMOHa lIM98T HyJieBy:IO Macey. a B C8KTcipe H - m - T_aXE:OH (TaK KaK C =I/2). 
BceM' COCTOJIHIDIM CTpyHl,I H - lli MOJltHO_IIPIIIIlICaTJ, orrpe.n;eJieHHoe 3HaqeHIIe NfYJIJ,
TIDIJll!KaTlIBHO-COXprui.lm!leroCH KBaHTOBOro ~CJia "G- - qeTHOCTlI". ~ oc
HOBHOro COOTOJml!'JI ., 0 ~s c; = -.i , WlJI CJI8,Il;YIO!llero COCTOJml!'JI (; = ~ .1. 
( ~~Vi. lo> B OTKPHTOil OT,PYHe lW'I p.:a ~.: .. , o> 381/lKHYTOtt ) lI .T.~. 

3aMeqaTeJIDH08 o6CTOHTeJIJ,CTBO COCTOlIT B TOM, ~o: a) COCTOHHlIJI C 
G- = -I IIOJIHOCTJ,IO "OT!ll8IIJUIIOTCH" lI rue MOlK.HO BH6pocnTi lI3 CII8KTpa; 

6) crreKTP COCTOHHntt OTPYHl:l H - m-p c G- = +I (6030HHHe) ll B036ylK,I(eHlI
.fIMlI PaMoHa (cpepr.moHHHe) cynepcIIMMeTpJiqeH. 3To n rroaBoJIHeT c~pNfYJIIIpo
BaTI> Teopmo cyrrepCTPYHH, He co.n;ep)ltalllett B crreKTpe TaXE:OH. TucTO cyrrep
CTPYHOtt MII oyrrepcTpyHott l'pIIHa - 111Baprr,9. H83llBaIOT .n;pyryIO MO,IJ;8JIJ,, B KO
TOpOH nMeeTCJI RBHM IO~MepHM cyrrepcnMMeTpnn.Ha ypOBHe .n;peBeCHHX ,o;nar
pa.MM CTpyHH H - lli - PH r - lli 3KBMB8JI8HTHH, O~HaKO ~OKasaTeJibCTBO 
Toro,~o OID1 IIOJIHOOTJ,IO 3KBIIB8JI8HTHH,IIOKa He HatmeHo. Tpy,IJ;HOCTJ, COCTO
lIT B TOM, qTo He Y.IJ:8.7.lOCJ, HattTH HCHYIO reoMeTpliqecKYIO ~PNfYJIIIpoBKY Teo..: 
po r - ill • 3Ta TPY.IJ:HOCTJ,, KaK lI MHOI'lI8 .n;pyI'lie IIpo6JieMH TeopmI CTpyHH ,, 
IIO-Blit,Il;IDJIONfY,OB.!I3aHa O H8IlllIM H8,Il;OCTaTO~HM IIOHHMaHIIeM CB.ll3ett Me21!,IJ;Y .IJ:BY
MepHott reoMeTpIIett IIOBepxHOCTett, 3aMeTaeMWC CTpyHoit, M reoMeTpIIett J -Mep
HOI'O IIpooTpaHOTBa, BKOTOpoM OHlI "DBYT". aTlI CBII3II,HeCOMH8HHO,CYllt8CT
BYIJT, C lDC IIpoHBJieHlIJIMli MH CT8.7IKlIB88MCJI Ha .Kallr,Il;OM wary, HO HCTIIHHaH 
mt rqmpo,n;a OOTaeTCH H8BWICH8HHOtt. 

§ 4. 8aRJIJOqeHne lI 08KOM8HJiarom K lI8J.ll>H8:llmeM.V 'ITeIUm 

T80PRflCT,PYH - (.PltBJiq8CRaH Teoprui:, XOTH OHa lI CBHSaHa C OOBpeMeH
HOtt MaTeMaTlIROff H8lI3MePMMO OlIJIJ,Hee lI rJIY6.lKe, qeM JII06M ,n;pyrM. Ilo8TOMY 
rJiaBHH:ll: Rp:l!Tepd 88 llpaml'JIDHOCTlI - He BHYTPeHHlt!I corJiaCOBaHHOOTJ, lI M8-
T8MaTlI'I8CRasl KpacoTa, a ee corJiaCHe c .n;aHHHMlI oIIHTa. B caMO;\f rpy6oM 
IIPJI6Jlmtemm __ T80PRfl CTPYH IIpoIWia rrepBHe lICIIHTaHRII ycrrelIIHO. Ha cero,n;wr 

.Olla - 8,Il;lIHCTB8HHM Teoprui:, B IIplIHn;m:I8 CIIOC06HM ,Il;8TJ, HeIIpoTIIBopeqJIBOe 
OIIIIorume Boex BSanMo.n;eitcTmdl l'l pelIIKTD rrpodJieMH; o6cylK,I(aBIIIlI8CH B rrepBHX 
Jie.tantiDc •. 8.IteoD MH IIOIIHTaeMCJI COBC8M RpaTKO Ha6pocaT1>,Ha KaKOM IIYTlI 

· MOO!l!O Ha,n:8.IITi.CJI CIIYCTllTDCH O H8MHCJIID/IO BHCOIWX 3Heprrul lI H8MHCJillMO a6-
CTJ)aRTHHX MaT8MaTJiq8CKlIX IIOHHTd K Belll8M, ,Il;OCTYJIHHM BKOII8Pl'IMBHTY B He,n;a -
JieROM 6~.IJ:YJ!leM. 

Ha~eM O nepe~CJI8HIIH OOHOBHHX TlIIIOB l'l3B8CTHHX Ha cero,n;wr OTpyH. 
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I) Eo30HHaJ! eTpyHa B d.. = 26 (OTKPllTaJ! lI 3aMKHYTaJI). B ee erreKTpe 
eeTb TOJibKO 0030HHlle B036y~eHR!I, a oeHOBHOe eoeTomme - TaxlIOH. C 
TO"Iltll speHIDI OOMeHeHR!I eBoiteTB HaOJIIO,n;aeMoro MHpa OHa eoBepmeHHO 
oeerreperreKTlIBHa. O~aKo eY111eeT:syIOT ,n;oeTaTO'lHO eepbe3Hlle oeHOBaHR!I etm
TaTb, 'ITO rroepe,n;eTBOM KOMIIaKTlI(PlI.KaIJ;lllI, qiepM!10HH3a.J..IHH H T.rr. H3 Hee 
MOlKHO IIOJIY'IlITb Bee oeTaJ.lbHlle TlIIIH eTpyH. 

2) CyrrepeTpyHa H - ill - P B J. = IO (OTKPllTaJ! lI 3aMKHYTaJI). Ee 
eyrrepelIMMeTplI'lHaJI. BeperuI (pe'Ib ~eT o d = IO eyrrepelIMMeTPlilii Ha ~y
MepHoit IIOBepXHOeTlI, 3aMeTaeMoi1 eTpyHoit,e eaMoro Ha'IaJia eeTb ~O.KaJ.lbHaJ! 
eyrrepelIMMeTpruI) He eo,n;epimT B erreKTpe TaxlIOHa. OTKpllTaJ! eTpyHa MOllteT 
OllTb e:rut3aH8 e .KaJ.llIOpoBO'lHOit rpyrmott so (32). B 3TOM lI TO~b.KO B 
3TOM MY'I8e IIpolieXO~T eoKpa1lleH1Ie aHOMBJid, 0 KOTOpoM nma pellb B § I. 

3) 8aMKHYTlle eyrrepeTpyHll B J = IO. B TO'Ie'lHoM rrpe,n;e~e OHlI ,n;aJDT N == 
= 2 CYIPA B ~yx B8p1IaHTax: A) BeKTOpHorro,n;oOHlle \"pepMHOHll, B) ImpaJib
Hlle \"pepMHOHll. B My'Iae A IIO~'IaeTCJI CYIPA, KOTOPaf! B03HlI.KaeT lI3 0 = 
= ff CYIPA TplIBliaJ.lbHOit pa3MepHOit pe~KD;lleft. XoTH B 3TlIX TeOplIHX HeT 
8HOMSJmit, IlpsrMOro OTHOilleHR!I K Ha6JnmaeMOM,Y HS OIIHTe MHPY, OHlI, IIO
BlI,ltHMOM,Y, He lIMeXJT. 

4) H8lI60Jiee BaJKHSH wm rrpWioxeHliil - TeoPM rnop~ott (Ml! reTepoH,IJ;Iloit) 
eTpyHll e .KaJIHOpoBO'lHOH e1IMMeTp1Iei1 EgX e,. MlI S 0(32) . Mll eeii'Iae 
II03H8KOMl!IMCJI e Hett lJ:YTb rro,n;po6Hei1, HO eHS'IaJ.18 38.KOH'IlIM rrepelJ:lIMeHlie 
:e:sy'IeHHWC Ha eero,n;HH THIIOB eTPYH. 

5) YnowmyTSH rnop~M eTpyHa eynepe1IMMeTpH'lHa. B d = IO·eY111eeTBY-
1>T I'HO~e eTpyHll ,n;pyroro TlIIIa, He oo~a,n;amtHe eynepe1IMMe'l'p1Iett, e 
.KaJIHOpoBO'lHOit rpyrmoil 0(1,)JC 0({') . Hs-sa OTeyTeTBHH eynepelIMMeTplilI 
B Ta.KHX MO,n;~ KOeMO~OrlilJ:ee.KSH rroeTOHHHSH OlJ:elll, Be~ H II03TOM,Y 
ITO.Ka He B~O, .Ka.It HX MO.litHO HeIIOJib30B8Tb W!H ormeaHlIH pea.nbHOro MH-
pa. HsBeeTHll paMH'lH!le THIIH rn6pH,n;HNX CTPYH, lltHBYlllHe B pa3.7llI'lHWC 
paaMepHOCTHX. B 'ISeTHOCTH, MOlltHO noeTpo:e:n TeopHH B "= 4. ITO.Ka B 
HlIX He y,n;aJIOCb ormeaTb B3alIMO,n;e!eTBKII CTPYH. BlI,ltHMo, HeOOXO.n;RMO :e:c-
.KaTb OOJiee OOlllHil no,n;xo,n; K TeopHH CTPYH, B .KOTOpoM Bee -ynowmyTlle 
eTpyHHlle MO,D;MH B03HHKaJ.IH Oil .KaK paMH'lH!le "BaKJYM!l" o~oa qiy}maMeHTaJ.lb
HO! Teopim CTPYHll• 

Coepe,n;oT04HMeR Terrepb Ha rH6pH,n;HOH eTpyHe e Ka.nH6pOB04HOH rpyrrrrofi 
E1 )( E, , .KOTOPaf! HaHOOJiee np~e.KaTMnHa c TO'UGI apemm ormcamm 

P8aJ.ll,llQCTH. B .KaJIHOpo_BKe eBeTOBOro KOHYea ee ~arpammaH r.l>DO sarm-
08Tb B BB,tte 

;1 = ~- X l -;)" xi -t-Oa XI d« )( r + i s )' ~o-c+a .. )S. .(3.I40) 

70 

~ 

r,n;e j, =.i, .. , J 8 j T = :1., . .. , H,; S - 8 -KOMIIOHeHTHllit IIpaBllit MaitOpaHa -
Bei17IeBCim! emmop, ){ I 38BlICJIT ~ OT "r + 6 • TaKlIM o6pa30M, Itl>l'
Bllil eeKTOP '. TeopHH - 3aMKHyTrur qiepMHOHHrur eTpyHa B d = IO, a ~eBllil 
eeKTOP - 3aMKHYTaR 6030HHaR eTpyHa B " = 26. Koop,n;mt8Tll .x :r KOM
naKTlI\PlllllIPYIITCJI Ha I6-MBpHlltt TOP 'T'" MaHKOBeKoro pa3Mepa. Ha 
IIePBllil B3r.71fJ.l];, 3TO ,n;aeT .KaJIHOpoBO'lHYJ) rpyrmy £ tr :1.J f6 • 0.Ka3llB8eTCJI, 
o~aKO, 'ITO Ha 3aMKHYTOtt CTpyHe, "H8BlIBaIOOletteH" HS TOP 'T''', eY1I1eeT
BYIOT 480 Oe3MaCeOBWC BeKTOPHWC B030~eHd CO~lITOHHOro THIIa. IDc 
npolieXo~eIDie HarJlfJ.l];Ho CBH38HO C TeM, 'ITO eTpyHa MOllteT 00BlIB8Tb 
TOP pa~lJ:HllMH CIIOCOOSMH,HYMepyeMllMH ~CKpeTHllM lIH,IteKeOM, KOTOPllii 
O.Ka3llB8eTCH CBH38HHllM C onpe,n;e~eHHoil KOMII8KTHOi1 rpyrrn6i1 .Im. BMecTe 
C I6 Oe3MaCCOBllMH BeKTOPHllMH (OTHOeHTe~bHO IO-MBpHoro npoeTpaHCTBa) 
Me30HaMH KaJ.lyD.ll - KneilHa,oHH o6pa3YJOT 496 BeKTOpHhIX Me30HOB, npeo6pa-
3YJO[IllIXCJI no np:e:eoe,n;mteHHOM,Y npe,n;eTaMeHHIO rpyIIllll E,1< c6 . Ml! so (J2 ). 

STa .KOHOTPYKillIH B BllOmeil CTeIIeIDI lIHTepecHa H KpaelIBa. OcoOYJO po~b B 
Hett ll:rpaIOT pasMepHOOTlI 26 ·:e: IO :e: To, 'l:To_26 =IO+ I6. PaOOTaJOllllie B 
3TOtt KOHCTpyKil;lllI HeTPHBHaJ.lblll,le CBH3lI Mell!,I(y ~yMepHO! H MHOroMepHoil 
MaTeMaTH.KOil HecoMHeHHo 38MYlltl!BaJDT Oo~ee r~OOKOro OCMHMeHID!. ITO.Ka 
MHOroe BllrJlfJ.l];HT .Kalt PH.It -qy,n;ecHWC COBIIa,n;eHlitt, HO 38 8THMH COBIIa,n;eHR!I
MH, BepoHTHo,.cKpllB8DTCJI ellle OOJibll!He -qy,n;eea. 

. IW3lI'IecKd cneKTP rnop~oa CTPYHll 06pasy10T II!)HMlle_npo:e:sBe,n;eHID! 
coeToHHd npaBoil \"pepMHoHHo! CTPYHll lI ~eBoil 6osoHHo! I ot)R • I~~. IIPH 
3TOM lIMIIY~bell, eOOTBeTOTBYJIIIHe KOMII8KTlig)RllltpoBaHHllM KOOp,n;ml8TaM, 
IIPlIHlIMa!OT ~CKpeTHlle 3H8'I8HRII, npHH~ellt81llHe ~~O'DtMeHHo! pemeTKe : 

f' . 
pr == Z t1ti e[ I s: J.

1 
•• , U, , ti l E Z , ( pr >1 e-(2.l) • 

i _, J 

ITp:e: y'IeTe He.KOTop:wc ,n;onOJIHlITe~nHWC orpaHH'IeH:e:tt, Ha KoTop:wc Mil H~ MO

xeM oeT8H8MHB8Tb~.H, B lITOre IIOJIY'ISeTCJI, 'ITO Hammsm:e:e COCTOJUUm B 
orreKTpe lIM8IOT Macey HY~n. ST:e: cocTomum BKJilllJ:81!T I28 -MeJ d Q IO 
CYIPA :e: oyrrepM,Y~n~eT KaJIKOpoBO'lHllX oosoHoB H KaJIK6pmi:o ( no 8 
He38BHeHMWC . ~opeH~BWC KOMIIOHeHT), lIPlIH~elltalllHX npReoe,n;mteHHOM,Y 
npe,n;cTaMeHHIO, (I,248) + (248,I), rpyIIl!ll ~,< E8 • B HlI3K03Hepre
TH'IecKoM npe,n;e~e, Kor,n;a eTpyHll MOlltHO e'DtT8Tb TO'ie'IHHMII tmCTlI~, 
WlH OIIHCBHlIH 8THX Oe3MaCeOBWC eoeTOHIDitt MOlltHO IIO~b30B8TbCJI ~arpaH
lltH8HOM, IIplIBe,n;eHHllM B § I. O~aKO 3\"p\"peKTll KOH,n;eHeamm, .n;aDIUie Hapy
meHHH pa~ ClIMMeTpllil, KOMII8KTH\PH.KamtH lI 8HO~lIH onpe,n;~TCJI 
B3aHMO,n;eilcTBHHM:e: Ha pa3HWC MaCmTa6ax, B TOM tmMe lI Ha pacoTOmmHX 

M-, ~ Pt. • Bee 8TlI eqxlieKTll He y,n;aeTCJI OIIHe8Tb .KaKlIM-Jlll:00 0~ 9\P\P8K-
THBHllM IIOJieB!lM ~arpaHlltliaHOM. IT03TOM,Y He Me~eT Y~TbCJI, 'ITO B 
JllITepaType npn oocy~eIDIH paaHWC npoo~eM lIOIIO~b3YJOTCJI pa3Hlle eqxlieK- ' 
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TlIBHHe JiarpammaHI,I, .Kall!,I(llll ll3 ROTOPHX RMeeT BeCI,MB. orp8HII'leHHYIO 
o6JiaCTl> rrpRMeHeHIDI. EoJiee Toro, MO:ateT OK83aTI,CJI, 'IITO HII3RO9HepreT1I-
11ec.KIDl: rrpe'AeJI HeJil>3H IIOJIHOCTI,!O IIOCJie'AOBaTeJil>HO OITIIC8TI, He TOJil>KO Ha 
H3W<e ~KTlIBHOit TeopIIII rroJIH, HO l'I C IIOMOIIU>IO KOHe"ll!oro "Dl:C.718 CTpyH
HIDC ~arpaMM. llHm.m CJIOBaMII, BO3MOXHO, 'IITO MR OITIICaHJIH H86JIIO,I(aeMWC 
~e.RTOB B o6JiaCTl'I E::, 17'9 8 Heo6xo~o y11ecT1> HerrePTypOaTIIBHHe 
ajxpe.RTH B CTpyHHoit TeopIIII IIOJIH. B ~CTHOCTH, BeCl>MB. BepoHTHO, ~o 
Bee OCHOBHHe MB.CillTa6u,orrpe'AeJI.lIIOOlHe B ~He"ll!OM C'lleTe ycTpoitCTBO HII3KO-
9HepreTJI'lleCKOro crre.RTpa H B38RMO'AeitCTBHit, IIpRMepHO paBHH 

M G-11'1' ,v M comp. ,v J;; . ~ M Pt .J 

lI 'IITO OCHOBHOe COCTOHHll8 C 6 ROMIT8RTHHMH H3MepeHRIIMll: cy~eCTByeT JIIDlll, 

B peXRMe CWll>HOit CBH3H. ·CymecTBYJOlll'.lie q>eHOMeHOJIO~eCKl'[e MO'AeJIH OCHO
BaHH Ha rrpe~OJio:ateHIIH, 'IITO M comp.~.};:; ~Mpt, n rrpe~oJiaraIOT 
CJia6yIO CBH3I, • 

B HaII60Jiee rrorryJIHpHoit MO'AeJIR sa ocHoBy 6epyT cl = IO CYIPA. + 
ClIM c R8.7IR6poBo"llloit rpyrrrroit E8 X E8 , B ROTopoit BOSMOXHO coKpa!lle
HRe 8HOMB.Jll'Iit (cM. § I). MexaHJISM KOMII8KTHqllIK8~ IIO'A6HpaeTCH HS Tpe-
6oB8HRII, 11TO6H IIPH HIISKRX saeprMX IIOJIY118.718Cl> P83YMHM 4-MepHM 
TeOPRH. T{To STO SHa"Dl:T? BCIIOMRHM o6CYX'A8HM § I, MOXHO ccI>oPMYJIRpo
BaTl', C.718,IzyJOlll'.lie Tpe6oBaHJIH (IIOJlteJiaHJIH). 

I) l{eCHTHM8PHO8 rrpocTpaHCTBO-BpeMII 'AOJIXHO paCII8'A8Tl'>CH B IIPflMO8 IIpoH3-
B8'A8HR8 KOMil8KTHOro 6-MepHoro rrpocTp8HCTB8 K, H rrpocTpaHCTBa Mwi
KOBOROro M" . 
2) IIPR 9TOM 'AOJDltHH BI:DltRBaTl', 6eSMB.CCOBHe IIOJIH, BXO~e B cynepcm,t-
MeTPR"lllH8 M;YJil>TmJJ.IeTH. 

3) IloCJie KOMIT8KTH@IK8~ 'AOJIXH8 BlilmTI, ('/ = I oynepORMM8TPWl:, . Hapy
meHRe KOTOpoit IIp0HCXO~T mmn, Ha MacmTa6ax ;S i'1'eB • 

4) CII8KTP 683MB.CCOBHX ~epMROHOB 'AOJIJEe~ 6HTl'> Impa.7I~(? __ ~CDN8TPH1DWll.-i 

5) KoOMOJIO~eO.KaJt IIOC'l'OJIHHM 'AOJJXH8 OOT8B8Tl'>CH paBHOI: liYJlll• B 
'tSCTHOOTll, OK8JIB'.p KplIBHSHH MHoroo6pamm: K6 'AOJIXeH 06paI11aT1,osi: B :eyJU, 
(Ta.K Ka.It OH paBeH HYJJll MR Mfo H M It ) • 

8TB 'l'p06OB8HHH ORaSHB8DTOJ{ O118Hl'> OBJil>HHMR 11 B SHS"Dl:T8JII,HOI: OT8-
II8HR <lJHKO11pym Bll'A MHoroo6pas:m K, . OKasHBaeTOJt, 'IITO K, .Ito.D
ao 6ir.r1>: 

a) ,Pll1l1IH - IJJioc.KHM, T.e. TeHsop PJlirol Ri; {K,) paBeli HYDJ, 

6) .KU8p0BlDl1 T.8. /<, M0.101O O11itT8Tl'> ROMIJJI8.KOHHM MHOI'OodpaSH8M 0 
,MUJ191 J!8 Hlb1 1t8.718poBOI MQTPRKOla 
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B) C rpyrrrrott rOJIOI!OMllll 5113 (npn II8PaJIJI8Jll>HOM rrepeHoce K8C8TeJI1>Horo 
B8KTdpa IIO 38MKHYTOI II8TeJI1>Ke OH rrepexo~T B 'APYroit Be.RTop, COOT
BeTCTBYIIIllM rpyrrrra npeo6pasoBaHIII. 'A8itC'l'BY~M B KaCSTeJil'>HOM rrpocT
paHCTBe K, , Ha~HBaeTM rpyrrrroit rOJIOHOMllll; MR I<, MB.RCllM8JI1>
HM rpyIIIIa rOJIOHOMllll 8CT!, so (6) ~ SU {'I) J orpaHll'i8HR8 STOit rpyrr
IIH 'AO 5 U z - O'lleHl'> CBJil>HOe Tp860BSHR8). 

Cy~eC'l'BOBSHRe MHoroo6pasHI, Y'AOBJieTBO.PJDO~ BC8M 9TWA YCJIOBruIM, 
6wro 'AOKasaHo JilllllI, H8'A8BHO (rHIIoTesa, BHCK838HHM 8. Ka.!Ia6n, 6wra 
'AOR838H8 B pa6oTax c. Hy, IIOS'l'OMY Ta.rme MHoroo6pasmr H83HB8IOT 
rrpocTpaHcTBaMR Ka.!Ia611 - Hy). 8TB MHoroo6pasmr Bec1>MB. CJiolltHH, Harr
PllMeP, rJIO68Jll'>HO orrpe'AeJieHHM Ha HHX PllMB.HOBa MeTpllKa Helt3B8CTHa. 
O'AH8KO ~oms pesyJil'>T8'l'H,llHTepecHHe C ~H3ll'i8CK0:11 TO'II.KI! speHM, 
MOXHO IIOJIY"Dl:Tl> 118 reoMeTpll'ieCIWX rpyIIIIOBHX 11 TOIIOJIOrll'i8C.Kl!X coo6pa
Jlt8HJI:11. HarrPHMep, "Dl:CJIO rro.1tOJieHRI ~PMROHOB Ilg orrpe'AeJIHeTCH sii:
JiepoBol xapa.RT8pHCTHKOit MHoroo6pas:im: 

N1 = 1 /x(K,)I. 
06~8 CBOICTB8 M8XSHR3M8 .KOMIISRTltqllIKa~ OIIP8'A8.7IHIOT 11 <;.~,,.,. . 

MmmMan:1,HH:11 B8plt8HT - G-t-vr= E& , T • e • IIPH ROMII8KTHqlll.Ka~ /;8x e., 
paspymaeTcis: 'AO E, >< E8 , a ~epMRoHH BXO'AHT B N,_ 27 -IIJieToB 
rpyIIIIH £, • C~eCTBYJOT H 'APYI'R8 Bap118HTH paspymeHJIH Cl!MM8TPJilI 

• 'AO KaKol-Jm6o IIO'ArPYIIIlll EG , H8IIPHM8P S U8 )1.5112 x ti~ X l/4 ll.7IR 

s V3 ;< SIJ2 )( (v4 ) 
3 • TorrOJiorH'iec.KHe cBoilcTBa K, nosBOJIHIOT rrpe'A

cKasaT1, l'I H8.KOTOpHe 'APYI'll8 IIPllHillIIIHaJil>HO H86JIIO,I(aewe Be.7IR11HHH, Harr
PllMeP IOK8BCKlt8 KOHCT8HTH CBJ!Sll. IlO'A118pKHeM, O'AH8KO, 'IITO STll IIP8'ACR8-
38HltS{ IIOKa, !IO c~eCTBY, H8 BllB8'A8HH ll3 T8OPRH OT.PYH. OHR roBO,Pl:[T 
JIHillI, 0 H8KOTOp0M MHCJillMOM, BOSMOXHOM ycTpottoTBe Ramero 'Mltpa, 11 T8M 
C8MHM ltM81lT rpy6o IIP8'AB8PllTeJil>HH:1111 B SH811HT8Jll'>HOI OT8II8HR crreeyJIH
TIIBHH:11 xapaKTep. HarrpllMep, T8OpeTll'iecK1te coo6pa:ateHM He IIOSBOJIHIOT 
Bli11HCJIRTl> B8JJFIIDIY Jt (K, ) , a sHa"Dl:T, n O'AHO3Ha"lllo rrpe'AoKasaT1> 

N1 • IloKa Y'AMoc1, JIHmI, yKasaTl'> MeX8HII3M, 'AeJiamtd sHa'lleHRe 
IIP1IeM1teMo MaJim4 (He 60.711,me 4). 8TOT MeXSHRSM CBH88H C .KOJm8HC8IU!8:11 
K8.7IH6poB011HHX IIOJiel, KOTOpaH IIpHBO~T .K TOIIOJIOrll'i8C.KO! H8O'AHOCBJI8-
HOCTll MHoroo6pasmr K, .. llpesB~o llHTepecHo, 'IITO IIPR IIOIIHT.Rax 
IIOJlY'll!(Tl'> K, c npneM.JieMHM sHa'!eHReM "Dl:CJia rroKOJieHH:11 ,V,. , KWm6poB011-
HM rpy·IIIIa E, paspymaeTCH rro11T11 'AO CT8H'A8PTHoil. 

0118Hl', llHTepeceH '1'8!0l8 IIO'ACK8SHBaeMHI Teop11eil M8xaml3M Hapyme
llltf! oynepcllMM8TPJilI IIPR HR3.Kl!X 0H8prMX. BTOpaH rpyIIIIa E.a OCT88TOJl: 
HepaspymeHHol, 11 Ha6JIIO,I(aeMUe HSMR 'IaCTll~ !IO Heit He S8ps::at8Jll:{ (CHH
I'Jl8TH) • SapsmeHHHe IIO 9'1'0:11 "np11spa11Hol" rpyrrrre Cs 'llaCTHilli MOryT 
B88llMO'A8ICTBOBaTl'> 0 . HalllllM ( OllHI'Jl8THHM) MHp0M. TOJI!,KO rpaBHT8IllIOHHO 
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("ITpllI3pa-rmrur BoeJieHHrut"). 0,IOiaKO OaMO oy~eOTBOBaHJIIe ITPJII3pa-rmoro MJII

pa, 00 OBe pxo:wn,HHM B3EmMO'AeiloTBJIIeM BHYTPJII Hero, MOJ!teT ORa3aTI> oy
~eOTB8HHOe BJIIDIJille Ha yoTpoilOTBO Ramero, Ha6JIIO'AaeMOro Mll!pa. Ko~eH
oaJJ;WI ITPllI3pa"illHX RaJIJII6pmi:o JI! rpaBJIITaD;l'IOHHOe B38JIIMO'AeiloTBJIIe KO~eH
oaTa MOllteT npIDleOTlI K o6pa30BaHlIIO MaOOli y rpaBJIITllIHO, ORallteM, rv I TaB, 
a 3Hai:mT,llI K HapymeHJIIIO oyITepoJ1IMMeTp1IJ1I npll! aHeprmDC ~ I TaB. 8aMe
'laTeJI1>Hoe OBOilOTBO TaKoro MeXaHJII3Ma HapymeHM oyITepom&eTplIJII OOOTOJIIT 
B TOM, 'ITO 8I'Q MOJKHO eoTeOTBeHHo oorJiaooBaTI> 0 A,o, ... = o. KoHe-rmo, 
BHOIDJ/Ie OTpyHHHe ITpJ1I6JIIIllteHm1: MOryT pa3pyIDJ1ITI, 8TO IIpMTHoe OBOilOTBO 
TeOpllIJII, HO 8TO yxe OT'AeJII>Hliil BOITpoo, OHa'!aJia HYJKHO Hayi:rn:TI>CJI lIX 

Bli'm CJI.liTI, • 

CaMruI TPY.IOIM ITpo6JieMa Ha oero,nHll - Ha.HTH npoBep.fleMble Ha on@Te 
npe'AOKa3aHM TeoplIJII OTpyH. 06lllJIIX TeopeTJII'l80Itl/IX 0006pallteHJ1Itl, roBOpiI
mmc O TOM, no OTPYHHlitl ITO~O'A K 06~e'Ami:eHJ1Iro 'l80TJIIIJ; JI! B3EmMO'AeiloT
BJIItl, K o~oHeHllilO yoTpoiloTBa Ha6JIIO'AaeMoil BoeJieHHoil B ITpllIHD;i'IITe ITpaBlI
JieH, ITpe'AOOT8TO"!HO. EoJiee Toro, no aM6llIUWIM Y TeoplIJII OTPYH B006~e HeT 
KOHeypeHTOB, H1I O.IO{a 'APYrM Teop:wi: He MO.llteT npeTe~oBaTI, Ha TO, 'ITO 
OYJIJIIT Hau OTPYHHM HayRa, 0,IOiaKO KOHRpeTHHX, IIpoBepiieMWC ITpe'AOKa3a
Hlliil IIO.Ka O'!eHI>'MaJIO. CRallteM,0~80TBOBaHJIIe 'AOIIOJIHJIITeJII>HliX Heff'rpaJII>HHX 
TOKOB ITPJII aHeprmDC "' I TaB, CJie'AU oynepoJIIMMeTpllIJII, MO.llteT 6HTI>, 
RaKJIIe-To (ITO.Ka He ITOJiy'leHHHe) 'mCTO OTPYHHHe aqxiieKTli B paOIT8'Ae ITpoTo
Ha (ITO.Ka He Ha6JIIO'AaBmeMCJI) • 8To H8 ryoTO, JI! TeM He M8Hee B:ifYTpeIµlflf! ' 
KpaooTa,Boeo6~eMJJ10111H8 xapaKTep TeopHH,HeOl!CH'AaHHHe H Heo6!:lllHHe·no,I1XO'AH 
K "Henpo6:HBaeMHM" o 'APYI'HX HanpaBJieHH8 npo6JieMaM ~a.JOT H8'Aellt,Ily Ha TO, 
qTo 8Ta TeOpH.fl - peaJibHHtt mar Ha IIYTH K 06'blIOHeHHID yoTpo8oTBa BoeJieHHOtt, 
0 KOTOpoM Me'!TaJIJII MHOrJII8 IIOKOJieHM (pl/I3JIIKOB. . 

B 3a.ltllll'l8Hl/Ie ITOilliTaeMCJI KpaTKO ccj)opM;yJIJIIpoBaTI, OOHOBH118 'AOOTmKe
HM llI ITpo6JieMl:l: oynepoTpyHH, 

!OOTID!t8HWI: I) Bo3MOJKHOOTI, ITOOTpoeHM CXO.ItlDlleilCJI T80PJIIJII Boex 
B38JIIMO'A8ilOTBl!il,B ooo6eHHOOTJII,B.ltllll'l8HJII8 B 8'AIDIYID cxeM;y rpaBJIITaUJIIJII, 

IIo~epIWeM, 'ITO paCXO'Al/IMOOTJII' B TeOplIJII CTPYHH JIIMeroT J1IH(ppa1tpa0Hlitl 
xapaKTep, llI ycTpaIDIJJTCJI npaBHJII,HHM Bli60poM OOHOBHoro OOOTomum:. OT 
YJibTp~OJieTOBl:DC paoXO'A:HMOOTe8 TeOpH.fl OTPYH, B·epO.f!THO, OB060~Ha.·21B03MO~
HOOTb O~H03HaqHoro npe~OK838HH.fl rpynIIH OHMMeTpH~_B o6~e'A:HHeHHOH TeOpHH 
Boex B38JIIMO'A8ilOTBlliil, o6MOHeHJII8 ITOBTopeHM ITOKOJieHJ/Itl llI Hapymemm CJIIM
MeTplliil, 3) OTKpllBaJOTO.fl: ooBepmeHHo HOBlie OM3JII M8JE,Ity pa3HliMJII B3aJIIMO
~etloTBMMJII llI OJIIMMeTprun.m. "Kamt6pooo-rmrur" rpyIIIla Teopmi: CTPYHli OTOJII, 
06IDJ1IpHa, no o~a noTeHD;l'laJII>HO CO'AB.IJll!HT He TOJII>KO rpyllllli BeyTpeHHIIX • 
llI JIOKaJII>HO-JIOP3HIJ;eBHX OJIIMMeTplliil, HO lI oynepoJ1IMMeTpJ1Itmyro CBJISI, Me1KlfY 
6osoHaMJII n cpepMIIoHaMJII. IlpllI 3TOM cpepMJIIOHli MOlltHO, B ITPllIHD;l'IIl8, ITOJIY'mTI, 
113 6030HOB. B Teopim rm:lpH,IUIOtl OTPYHli BHYTpeHHHe OJIIMM8TPJIIJII ITOJIY'laJOTC.fl 
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38 o~eT OOJIJIITOHHl:DC Bos6ylK,Il;eHJIIil OTPYHH ( B AfXe H.JJ;ett KeJII>BllIHa). Kopo
qe, TeOplIJI OTPYHli o6~e'AJIIH.fleT He TOJII,KO 'laOTlIIJ;!l lI BSalIMO'AettoTBlIJI, HO 
llI OOBepmeHHO pasHHe ('IaOTO rJiy60KO pa3JIJII-rmlie) MaTeMaTJII'leoKJIIe lI (pll!SJII
qeoKlle KOHIJ;eIIUJIIJII, Yllte oeil:'lao BJII,IO{O, 'ITO aTa TeOpM JIIOK1IXl'mTeJII,HO rJiy-
60.Ka.lI, llI ee HaOTO.fflllee JIIOCJie'AOBaHJIIe TOJII,KO Ha"mHaeTCJI. 

Ilpo6JieMH: I) UeHTpaJII>HM npo6JieMa - noCJie'AOBaTeJII>Hoe llI oTporoe 
o6~JiOHeHJIIe KOMIIaKTllI(pll!Kall;JIIJII. XoTJI, RaK roBOPllIJIOOI, BHme, MOJKHO OlltH.JJ;aTI>, 
'ITO ITpo6JieMH 11epapXJ1Itt 11 KOOMOJIOrll!'!eoKott rrooToJIHHott 6YAfT ITOHHTH B 
Teopmr OTPYHH, 'AO ITpaKTJII'leOKOro pemeHM ITO.Ka 'AaJieKO, ooo6eHHO O KOO
MOJIOrR'!eOKOil ITOOTOJIHHOtt. 2) IloCJie'AOBaTeJII>Hoe perueHJIIe 8TlIX rrpo6JieM, 
OKopee Boero, ORallteTOJi HeBOSMOlltHHM B TeOpllIJII B03MYJ!leHllitt, KOToprur Ha 
oero,nHll oooTaBJIJieT OOHOBY TeOpllIJII OTPYHli. 3aMeTlIM, 'ITO, OTporo roBopiI, 
ITOKa He O'AeJIBHa llI TeopM BOSMYJ!leHJIItl. PasyMeeTOJi, Heo6XO'Al/IMO Hayi:mTI>OJi 
Bli'mCJIJITI> MHoroITeTJieBue 'AJIIarpaMMH, o)iI!aKo He CJie'A]eT H8'AeJITI>OJI, no 
aTo ITOSBOJlllIT peIDJIITI> H8JII60Jiee TPY.IOIHe rrpo6JieMH. 3) qTo611 oy~ecTBeHHo 
OTOPBaTI>OJi OT ITOHJiTM HeB38JIIMO'AettoTBYJOOU!X' OTPYH, Ha KOTOpoM ITORa Boe 
'Ae.IJll!HTOJi, He06XO'Al/IMO ITOOTpolITI, ITOCJie~oBaTeJII>HYID Teopnro OTpyHHoro rro
JIJI. IloCJie 8TOro MOlltHO 6HJIO 611 IIOOTaBlITI> Borrpoo O HeTpIDllliaJII>HHX OOHOB
HHX COOTOJiHJIIJiX CTPYHHOI'O ITOJ!Ji, B OCHOBe Tar<of!: TeopllillI, ITO-BH.JJ;lIMOMY, 
'AOJillteH OKpHBaTI>CJI HOBlitl llI BeOI>Ma rJIY60KJIIf!: reoMeTpJII'leCKJ/If!: rrpmi:D;l'IIl, co
.iiepllt8llt0:tt B oe6e KaJIJII6poBOtmlitl ITPmID;l'IIT, (JIOKaJII>eyro) JIOpeHu;eay llIHBa
PllIBHTHOOTI, llI MHoroe 'AP~~~- Teop:wi: BOSMYillBHJIItl OIIIIpaeTCJI Ha 'ABYMBPHYD 
reoMeTpHro H TOIIOJIOrHro IIOBepXHOOTeH,BJIO~eHHllX B IIJIOOKOe MHorouepHOe npo
OTpaHOTBO.MO~HO BKJia'AHBaTb 8TH TIOBepXHOOTH B HOKpHBJieHHOe npoorpaHOTBO 
c ~HKCHpOBaHHOH reoMeTp:HeH.8Toro,o~HaKO,MaJIO.B HaOTO.fl~ett Teop:HH reoMeT
PJIIJi 8TOro rrpooTpaHOTBa, BepoJITHO, oaMa orrpe~eJ!JieTOJi OTPYHHHM ITOJieM, 
TaKM "oTpyHHM" reoMeTpll!Ji MOllteT OKaSaTI>CJi Henoxozett Ha JIISBeOTHlie HaM 
reoMeTPllIJII ('Aallt8 reoMeTpM H8B38JIIMO'AeHCTBYIDlllllIX OTPYH 'AOOT8TOTIBO OBoeo6-
pa3Ha, o Hett OBJISaHH He o6H-rmHe aJire6pu JIH, a aJire6p11 Bllipaoopo :wm 
Rau.a - M,Y'Al/I). · 4) flOHO, 'ITO TeOpll!Ji OTpyHHoro ITOJ!Ji 6y'AeT· HeKOTopotl Ra
JilI6poBo-rmoa TeOpJIIett. 0,IOiaKO KaJilI6poBo'!Hrur rpyIIIla 8TOtl T80PJIIJII ITORa 
~o KOHIJ,a He BliJIBJieHa. HMeJI KaJil1I6poBO'IHO-llIHBapJ1I8HTHYID Teopnro OTpyHHoro 
ITOJIJI, MOl!QIO 6HJIO 6H IIOITliTaTI>CJI OTpollITI, HenepTYp6aTJIIBHlie pemeHM llI 
lIOKaTI, ITpoBepJieMl:l:e Ha orw:Te ITpe'ACKaSaHim TeoplIJII, He 'AOJ!tH.JJ;aJIOI, IIORa 
MaTBMaTJIIKllI o6'h!IcH.f!T · HaM reoMeTpmo oTPYH, TeopllIJi oyITepcTpyH -
(pli3H'l80KM T80pll.fl, llI ee oy'AI,6y B KOHIJ;e KOHIJ;OB peIDJIIT JilillII, 8KOITepllIMeHT. 
.no 8Toro, o~aKo, H8'AO. ITpoilTllI 'AOJirll!f!: llI TPY.IOiliil rryTI>, · 

B 8THX JieKUWIX He saTpoHYTli RJllI paoo.KasaHu BOKOJII,3!, MHOrl/Ie 
BOIIpoou, OOBepmeHHO Heo6XO'AJIIMl:l:e .n;1IJ1 IIOHllIMBHM TeopllIJII OTpyH. 3.n;eoI> Ji 
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IIPllBe,ey Jilllil1, 1rn6prurnu:e, Han6oJiee .ItOCTYimHe 06sop1,1 H pa6oTH* .1 Co· cTapotl 
. TeOplle.l! CTpyH/ IIOJ188HO TI08HaKOMHTbCR IIO 0630paM / I-5/ /B npeKpacHOM 
o6sope illepKa 21 ,ItOBOJlbHO MHOI'O MeJI.KHX one'ffiTOK, HO saTO Bee BH'Il:ICJie
HH.II BllllOJIHeHH IlO,Itpo6Ho). C Teopnetl BeJIHKOI'O o6~e,D;HHeHHJI, cynepcI:IMMeT
pnetl H cyITeprpaBHTamtett MOEHO IT03HaKOMl!ITbCR ITOAeKmtRM OI'HeBeworo, 
CoKatreBa H Py6aKOB8 H ~- Ha ITpe~l!le:lt WKOJie 6/(CM. TaKllte / 7 ). 
XopoWHM BBe,IteHI:IeM B WH8Htrec.KHe ITporaeMH cyrrepcHMMeTpI:IH H TeOPI:IH 
RMK~ MoryT ITDCJIY.lKHTb pa6oTH BHTTeHa 81. IlOJiesHo IT08H8KOMl!lTbCR co 
CT8PHMl!l pa60T8Ml!l ITO KOMil8KTHWH?imtH / 9/. 06 aHOMaJIIDDC CM./l0-I2/. Q 
,IteCRTHMepHotl CYI'PA CM. pa60TH 13 , 141. Xopomee H8JIOllteHI:Ie 06l!lett TeopI:IH 
KBaHTOBaHHR CHCTeM co CM8RMH MOiO 'attTH B pa6oTe ~~eeBa 1151 H 
B o6sope BMKOBHCKoro H ~pa,ItKHHa 16 • 06'ncITOJib80BaHI:IH .IzyXOB B Teo
PHH cTpyHu cr/17 •181. 06l!leMY ,eyxoBOMY ITO.ItXO.Izy K TeopHH KBBHTOBaHHJI 
ITOCB.IIIIl8HH o6sopH /I9 , 2o/. ¥,130.It ITOJIHOI'O JiarpaHEHaHa W8PMl!IOHHOtl CTpy
HH MOEHO HatlTH B P,a6oTe 12 • TeopHJI KB8HTOB8HHJI CTPYHH HillP ITO,Itpo6-

HO H8JIOXeHa B / 227. locTyIIHoe H 06CTORTeJibHOe '8JIOllteHHe TeOpHH CTpy
HH B ITO,ItXO,Ite IlOJIRKOBa MOEHO HatlTH B pa6oTe 123 • CBRsaHHHe c Teo~nett 
CTPYijll BOITP,OCl,l ~yMepHHX KOHWQPMHHX Teopntl ITOJIR 06C,YJmaIOTCR B pado
Tax 124- 267. 0 HOBOtt TeOpHH CTPYHHHX ~arpaMM CM. 127- 291. TeopIDI 
rn6pR.IUiotl cTpyiiu rto,Itpo6Ho H8JIOllteHa B pa6oTax / 3o/. KoMnaKTH~RaUM 
Ha ITpocT:,CTBa ~a6H-Hy H MeX8HH8M!l HapymeHHJI Cl!IMMeTpntl ITpe,nnOllteHH 
B pa6oTax 31•32 • O ~eHoMeHOJIOrH~ecKIDC'MO.i:teJIJIX, OCHOBaHHHX Ha Teo
PHH cyITepcTPYH, CM., HaITpHMel,33- 351. aixPeKTHBHOe HH8Jg8He~reTH'l:ec
KOe .i:tettcTBHe TeoI1HH CTPYHH paccMaTpHBaeTCR B pa6oTax 36 •3 I. CTPYH
HM Teo~ ITgr B JieKUW{X He 8aTparHBaJI8Cb, ITPlD38,It8M Jimlib H8KOTOpHe 
CCWIKH 38- 40 •. HOBHe THIIH CTPYH H KOMilSKTJIWHRamtH 06CYJmaIOTCR B 
pa60Tax/44 , 45/_ ffBH/8 BllpSllteHHR WlR H8KOTOPHX MHOI'OITeTJI8BHX ~arpaMM 
rrpHBe,IteHH B pa6oTe 461. laJibHettmI:Ie JIHTepaTypHHe yRasaHHJI MOlltHo 
HalTlit B mtTHpoBaHHWC pa6oTax. . . _. · 

9TH JI8Kmtll BHpOCJIH l:!8 ,ItORJia,Ita -SBTOpa / 47/, B KOTOpoM ,ItaH 60JI88 
ITOJµIHI CIIHCOK JIHTepaTypu. IloCJie TOI'O,RaK 9TH JieKmtH 6WIH ITpo'l:HTaHH, 
6WIH o~6Jm:KOB8HH JI8Kmtll MoposoBa, l{y,IU1!03neBa H JimraTOBS B WKOJI8 
.mfil<b I I, JieKmtn MoposoBa oco6eHHo 6JIHs.KH K ,ItaHHHM

0

Jie.ttnrum ITO co.i:tep
lltaHlll) li ITOCTP,Oerm• IlORBWI8Cb T8Kllt8 KHHra ITO TeOpI:IH,CTpyH Bap6SWOB8 
n HecTepeHml 49 , B ROTopott BeObMB ITO,Itpo6Ho lit8.llaraeTo.e: KJiaocH'l:eO.KWI 
T8O,PJIJI CTPYH• 

KaJm6poBO'iHHI ITO,ItXO,It K T8Opmt peJIJITlD3litOTOIGtX 'IaOTlitU lit OT,H 
BIT8PBH8 litBJIOllt8H. SBTOpoM B 9TlitX Jl81tUIIJIX, CM. T8.ltll8 pa60TY / 50, B 
Hal MOlltHO HaitTH ooWIKH Ha 60J1ee paHHlite CTSTblit, B XO'l'O.PJ,IX ITOJUI 
6Wlll BB8,It8HH B T80pHD peJIRTlUraOTOKiX llaO'l'Jrm WiiI 0680IIB1JSBBS: IU1,Pml8'1'-. 

*06sop_JJHTepaTypll COCTaBJieH B8CHO.l! 1987 r. 
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pnsamtoHHotl HHBapnaHTHOCTH, HO _CBR8li He BHBO~Ob, a yr8,ItllBaJIHCb. 
Han6oJiee 6Jm8KO ITO,ItOWJm K Wo~J1JlPOBR8 KaJIH6poBO'IHOI'O ITPHHmtITa B 
TeOPI:IH CTPYHH nesep li 8yMRHc/2 • 

gaKOHen, i TeKCT8 JieKnntl YITOM!IHYTH MaJIOH3B8CTHH8 pa60TH MaH,Ite
d5I/ n ~Ka 52/, a TaKllte Bap6amoBa H 'tlepHHKOBa 1531. C IICTOP,Heit 
pa8BlITI:IR T80PHH KMK~ MOEHO TaKllte IT08HSKOMl!lTbCR ITO KHHre PyMepa7541. 
PaHHRR liCTOpl:IR CTpyHH 0Tpallt8H8 B KHIIre / 49/_ 06 HCTOPHH TeOplIH BHX
peil:, ITOCJIYlltlIBWIIX WII8Htreo.KHMnp)06JBOOM CTPYHH II 06 HCTOPIIH paspa6oTKH 
MaTeMaT,'l:8CKOil: TeopHH KOJie6aHHil: CTpyHH MOEHO ITpotreCTb B ITOrryJIRpHo:11 
KHmltKe 55/, T8M Jlt8 MOltHO IT08H8KOMl!ITbCR C OCHOBHHMl!l ITpe,ItoTaBJieHlIRMl!l 0 
cOJmTOHax. l1IR cepb88HOI'O ITOHHMaHHR TeOplIH CTPYH Heo6XO,ItHMO HeKOTOpoe 
SHSKOMCTBO C ITOHRTHRMlI COBpeMeHHoil: reoMeTplIH, TOIT°JO~ li KOMIIJieKC
HOI'O 8H8Jm88. nocTyIIHO ~ ~SlIKOB HSIIHCSHa KHI:Ira 56 (CM. T8Kllt8 
RJI8CCH'I_eoK08 PYKOBO,ItCTBO 5 ) • MaT8MaT1Iqec~ opIIeHT'~'aHHOI'O 'IH

TaTeJIR '. MOllt8T SamITepecoBaTh OCHOBOIT~araJOOlM pa6oTa no T80PHH 
ITPDCTpaHOT:S KaJia61I - Ry. Ha.KOH8Q, HeOOXO,ItHMO 88M8THTJ,, llTO q>opMYJIH
poBRa TeOplIH CTPYHH, lISJIOJlteHHM B ST~ JI8KUMX, 6JIHsRa ITO qiopMe .K 
raMHJihTOHOBOil: T80PI:IH, ITpe~OllteHHott B 59/. 
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