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AHHaMHKa 

a B lla6opaTOPfflif TeopeTHqeCKOH ~Jif3HKJif 

P2-88-150 

Quantum Dynamics 

are devoted to the problem of indetermi
ective chance in physics. A general dis

s problem is carried out, including a bri 
tch. The mathematical and physical origin 

established, and, on this basis, 
quantum dynamics is built up, containing 
th~ory and the irreve~sibility theory. 

(\. 

tigation has been performed at the Labora
Physics, JINR. 
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CTpOii!Hel!mHe MOCTI:l, CJiaBHeilimHe CTpoeH:&fl, 
YBI:l, xoTH 61:l pas cpaBHHJIHC:& c rpaAoM · TeM, 
~To H3 He6ecHI:lX TJl! E03BO~HT Cny-qaif!-reHHili ••• 
H TynHJIHC:& rnasa, yapeBmHe 9AeM. 

llPEnlriC]OBaE 

illapJI:&_EOAJiep. 
.nepeBoA MapHHI:l UBeTaeBon 

HacToHmHe neKnHH AJIH MOJIOAblX yl!eHI:lX nocBH!lleHI:l npo6neMe HHAeTepMH
HH3Ma, T.e. 06~eKTHBHOtl CJiy-qaiaHOCTH B ~HSHKe. 0HH COAepxaT o6mee o6-
cyxAeHHe STOll npo6Jiel4hl, BKJIJOqaiOl!lee KpaTKHi1,HCTOpnqecKHia oqepK, H oc-: 
HOBaHHOe H!i pa6oTax aBTOpa HSJIOllteHHe HHAeTepMHHHCTCKOtl KBaHTOBOIA AH
HaKHKH H ee npHJI0~6HHIA.K KBaHTOBI:lM H3!.1BpeHHHM H Heo6paTHMOCTH. 

XOTH H.SJIOXeHHe BBAeTCH Ha TeopeTHKO-iJ)H3HqeCKO!.I ypoBHe CTpOrOCTH, 
mHpOKO HCUOJII:.3YIOTCH_(H paS~HCHHIOTCR) OCHOBHbl6 llOHHTHH.H pesyJI:&TaTbl 
TOUOJIOrHH, anre6pl:l H ~YHKUHOHaJI:&Horo aHaJIH3a. TaK06.HCUOJI:b30BaHHe 
u:ue.eT cBoen· I.teJI:&IO He nonyqeHHe· cTporHx AOKaaaTeJI:ocTB H, TeM donee, He 
npHAaHHe TeopHH a6cTpaKTHO MaTeMaTHqecKotl ~opMI:l. lrlcnon:oayewe MaTeMa
THqecKHe cpeACTBa HBJifliOTCH 6CT6CTgeHHI:lM H H63aM6HHMbiM H3b1KOM H3Jiarae-
MOfA T6 0 pHH. . . 

fipH H3JIOllt6HHH ToqeK speHHR KJiliCCHKOB HayKH H B6AYIIIHX !fJH3HKOB-T60-
peTHKOB.TaM~ rM STO I.t6JI6C006paSHO, npHBOAflTCR nHTaTI:l H3 HX p8.60T. 

_ABTOp HCKpeHHe npH3HaTeJieH H.A.CMopOAHHCKOMY sa !.IHoroKpaTHble_ UJIO
AOTBOpHble 06CYJ1t~eHHR OCHOBHwC HA61A H peayJI:&TaTOB, H.B.MaxaJIAHaHH H 
y-qacTHHKBll era ceMHHapa sa noneaHble ]lHci<yccHH H B. TRMMepMaH.HY sa pfi.n 
B~HI:lX aaMeqaHun no pyKonHcH. Oco6yi0·6naro,napHocT:o_aBTop Bblp~aeT 
.E.~.KocTeHKO - opraHHSaTopy STHX JI6KI.tHi1 H JIHAepy AHCKyccutt. . . . 

BBEnEHHE •. 
I . 

CTeneH:& ]leTepMHHHpOBaHHOCTH RBJI6HHi1 npHpO]ll:l xapaKTepH3yeTCfl TaKH-
MH.COOTHOCHT6JI:&HI:lMH ~HJIOCO~CKHMH KaTerOpHRMH, KaK He06XOAHMOCT:& H CJiy
qafAH~CT:&. K~]lafl RS 3THX KaTeropHR npe]lCTaBJIR6T co6oR onpeAeJieHHbli1 
cnoco6 npeBpameHHR BOSMO~HOCTH B AetlcTBHTeJI:&HocT:o. Heo6xo,nHMOCT:& -

·CUOC06, npH KOTOpOM B AaHHI:lX ycJIOBHRX HM66TCfl TOJibKO OAHa BOSMOXHOCT:&, 
npeBpamaiOl!laflCfl B A6llCTBHT6JibHOCT:& •. Cnyqai1HOCT:& - c.noco6, npH KOTOpO!.I 
B ]laHHb!X yCJIOBHRX HM66TCfl H6CKOJI:&KO pa3JIHqHb!X BOSMOXHOCTei1, npHqeM B 
AefACTBHTeJI:&HOCT:& npeBpamaeTCR 0]\Ha H3 HHX. 

ITpo6neMa Heo6xo]IHMOCTH H cnyqatlHOCTH BOSHHKJia H paspa6aTb!Banac:o 
B ~HJIOCO~HH c AP6BHOCTH • 

CnyqatlHOCT:&, B CB~IO oqepe]l:&, UO]lpas]l6JIH6TCR Ha cy6~eKTHBHYIO H 
06~eKTHBHyJO. IlOA CJiyqatlHOCT:&IO ITOHHMaeTCR Henpe;zicKaayeMOCT:D KaKOrO-JIH-
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60 co6RTHH, B qacTHOCTH, - peaynETaTa OITRTa. Cy6~eKTHBHaR cnyqaliHOCTE 
CBH3aHa C HeiTOHHOTOli, He~OCTaToqHOCTED HH~OpKaQHH 1 OTHOCHmeliCH K ycno
BHHK, onpe~enaDmHM C06RTHB. ilOITOHHeHHe, yBenHqeaxe HH~OpKaqKH IT03BOHH
eT H36aBHTECH,OT cy6~eKTHBHOli cnyqaMHOCTH. 06 06~eKTHBHOli cnyqaliHOCTH 
o6uqHo rOBOpHT 1 KOr~a HeB03MOXHO O~H03Haqao ITpe~CKa3aTE peayHETaT OITR
Ta ~axe npH HaHHqHH ITOHHOli HH~OpKaqHH. 

llpo6neKa o6~eKTHBHoli cnyqaliHOCTH - oqeaE TPY~HaH npo6neKa, CBH
aaHHaH C O~HHM H3 CaMRX ~yH~aKeHTaHEHUx CBOJ!CTB BceneHHOti; HBHHDTCH 
HH ynpaBHHIDmKe ee ITOBe~eHHeK 3aKOHR ~eTepMHHHCTCKHKH HnH HH~eTepKH-
HHCTCKHKH ? , , 

CymecTBOBaHxe cy6~eKTHBHoti cnyqaliHocTH ITOHHTHo. BocnpHHHTE cyme-
. CTBoBaHHe o6~eKTHBHoli cnyqatiaocTH ncxxonorxqecKH Tpy~~o: KasanocE· 6u, 

eCJUf BCe YCHOBHH H3B-eCTHR Toqao, TO peaynETaT ~ODeH 6RTE O~H03HaqHHK. 
flOSTOKy npez~e BCero B03HHKaeT BOITpoc: cymeCTByeT HH 06MKTHBHaH cny
qaMHOCTE1 HHH xa~eTepMHHH3M, .B npHpo~e ? TaKxu o6paaoK, nepBaH qacTE 
npo6new HH~eTepKHHH3Ma- STO 'npo6neKa cymeCTBOBaH!HHH~eTepKHHH3Ka. 

B, ~H3HKe npo6neMa He06XO~HMOCTH H cnyqaliHOCTH 06RqHo BRCTynaeT B 
~OpKe npo6neMU ~HHaMHqecKHX H CTaTHCTHqeCKHX 3aKOHOKepHOCTeli. lOTH Be
pOHTHOCTHRe, CTaTHCTHqeCKHe MeTO~R OITHCaHHH ~H3HqeCKHX HBHeHKR MHpOKO 
npxMeHHHHCL yxe B paMKax KnaccHqecKOft CTaTHCTHqecKoA ~H3HKH 1 fipo6neMa 
aeo6xo~KKOCTH x_ cnyqaliHOCTH H, B oco6eHHOCTH, xa~eTepKHHHSKa npxo6pe- · 
na oco6yiD rny6HHY H,OCTpOTy nocne C03~aHHH,KBaHTOBOA KexaHHKK. STO 

CBHaaao c TeK, qTo, cornacao ToqKe apeaxa no~aBnfimmero 6oJILluHHCTBa ~·-
3HKOB-TeopeTxKoB, BepOHTHOCTH, ~HrypHpymmxe B-KBaHTOBOJl ~H3HKe, OellT 
~YH~a»eaTanEaun, o6~eKTHBHRA xapaKTep x Te» CaKHK npHBqanHanLHo oTJIH
-i{allTca·oT BepOHTHOCTeA, HCITOHEayewa: B KJiaCCHqecKoA <lJHSHKe H OTpa.:&aD-
mJI:ic HeiTOJIHOTY HH~OpMaqHH, o CHCTeMe /I-7/. , 

KonL cKopo npxHHMaeTcH noJIOXHTeJILauA OTBeT Ha Bonpoc o CYJIIecnoBa-
- HHH 06~eKTHBHOJl ~JiyqaliHOCTH 1 -B03HHKaeT BTOpaH qacTL npo6JieKU HB~eTep

KHHH3Ma - ITp06JieMa ITpHpO~R HH~eTepKHHH3Ma. flpH paCCMOTpeHHH STOR npo
OJieKU B paMKax ~JI3JiqecKOH TeopHH, ITOCKOJILKy CYJIIeCTBeHHeAmel.qacTED 
UOCJie~HeiHBJIHeTCH ee MaTeMaTxqeCKHR anriapaT1 B03HHKaeT MaTeMaTxqec
KHR-acneKT yxaaaaa~n npo6JieMH. C TeopeTHRO~HaxqecKoA Toqxx apeHHH 
x»eaao aToT acneKT HrpaeT onpe~eJIHDmym ponL. KaTeMaT}fqecxxl acnexT 
KOXeT 6RTL C~OpKyJIHpOBaH B B~e CJie~yiDmHX ITYHKTOB. 

I. Baeceaxe CJI~anaoro aJieMeHTa, HJIH noTepH HH~opMaqHH B MaTe»a
THqecKym qacu ~HaHqecKoli TeopHH. 

1,' 2. KaTeMaTHqecKoe o-npe~eneHHe cy6~eKTHBHoli H o6~eKTHBHoli cJiyqaM
HOCTH. 

3. YcTaHOBJieaxe MaTeMaTRqecKoli npxpo~u HH~eTepKHHHaMa B ~H3JIKe, a 
HKeHH0 1 B KBaHTOBOA,TeopHH. 

- 4. BKJimqeaxe 06~eKTHBHOH CJiyqaliHOCTH B MaTeMaT}fqeCKyll·qaCTE KBaH-
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TOBoli TeopxH, T.e. rrocTpoeHxe HH~eTepMHHHCTcKoli KBaHTOBoli ~HHauHK-x. 
Baxaennmn:acneKT npo6;reMH KBaHTOBoro HH~eTepMHHHSMa, T~e. HH~eTep

MHHHaMa B KBaHTOBOH ~H3Hke, - 3TO npo6JieMa H3MepeHHH. ilOCJie~HHH BOa-· 
HHKJia cpaay UOCJie C03~aHHH KBaH_TOBOH MeXaHHKH H OKaaanacE CaMOH Tp~
HOH npo6JieMOH KBaHTOBOH TeOpHH. CyTL npo6neMR H3MepeHHH COCTOHT B npo-
THBopeqHK Mex~y HH~eTepMHHHpOBaHHOCTEil npoqecca H3MepeHHH H ~eTepMHHH
pOBaHHOCTLil ~HHaMHKH~ T.e. BpeMeHHOH 3BOH~qHH B opTO~OKCaJILHOH KBaHTO
BOH TeOpHH. ll03TOMY O~HH H3 OCHOBHRX peayJIETaTOB1 OXH~aeMUX OT HH~e
TepMHHHCTCKOJl_~HHaMHKH1 - 3TO ITOCTpoeaxe ~HHaMHqecKOH TeopHH H3Mepe~ 

f HHH, T.e. TeOpHH 1 B KOTOpOft H3MepeHlie paCCMaTpHBaeTCH KaK peaHLHRti 

~HaxqecKHA npouecc~ 

HH O~HH H3 ITO~O~OB K pemeHHD np06JieMR H3MepeHHH 1 npe~JIOXeHHHX ~0 
aaqana 80-x ro~oB, He npHBeJI K nocne~oBaTeJIEHoli Teopxx, onHCRBammen 
npoqecc:HaKepeHHH. 06aop H aHaHH3 COCTOHHHH npo6JieMR K Cepe~HHe 70-X 
ro~OB CO~epxKTCH B KHHre ~•ScnaHLH /8/; Ha pyCCKHH H3RK nepeBe~eH o6-
30p TaKa6aHCH /9/, OXBaTHBa~HA TOT Xe nepHO~ BpeMeHH. 

roBOpH 0 Tpy~HOCTHX OpTO~OKCaHLHOH KBaHTOBOti TeOpHH 1 HeHE3H ITpOHTH 
KHIIOKOlliKH lllpe):lHHrepa H ,11pyra BHrHepa - H3BeCTHRX nap~OKCOB.-0HH Ka
CallTriH KaK npo6JreMH HSMepeHHH (oco6eHHo nocne~HHA), TaR if npo6JieMH 
KOrepeHTHOCTH COCTOHHHA MaKp006~eKTOB (oco6eHHO nepBRli). 

Haxoaeq, yxe B paMRax KJiaccxqecKoA ~H3HKH B03HHKJia npo6neMa Heo6-
paTHMocTx, KOTOpaH BITOCJie~CTBHH OKaaanacE CBH3aHHOA CO cnyqaJ!HOCTLil 
B006me H _C HH~eTepMHHH3MOM B. qacTHOCTH'. fl03TOMy eme O~HO H3 OCHOBHRX 
npHJIOxeHHH HH~eTepMHHHCTCKOH ~HHaMHKH ~OJilltHO OTHOCJ/ITECH K ~HHaMHqeCKOA 
TeOpHH Heo6paTHMOCTH~ 

K nepeqHcJieHHRM BHme nyHKTaM !-4, KaCaiDmHMCH OCHOBaHHH TeOpHH 1 
MOXHO TenepL ~o6aBHTL nyHKTR1 OTHOCHmHeCH K rnaBHHM ITpHJIOZeHHHM. 

5. flOCTpOeHHe KBaHTOBO~HHaMHqecKOH TeOpHH H3MepeHHH. 
'. 6. PacCMOTpeHHe Heo6paTHMWc npoqeccoB. 

7. HCCJie~OBaHHe CBOHCTB KorepeHTHOCTH COCTOHHHH MaRpoo6~eKTOB. 
PemeHxe nocTaBneaaux npo6JieM I-7,-npe~nozeaaoe B pa6oTax aBTopa 

(Clio /!0~!4/ H HMeDmHeCH TaM CCRHKH),· BKpaTqe COCTOHT B CJie~yDmeM. 
I. Baeceaxe cJiyqatiaoro aJieMeHTa B MaTewaTHqecKyiD qacn ~HaxqecKoli 

TeOpHH OCHOBRBaeTCH Ha CJie~yiDmeM XOpomo H3BeCTHOM ITOJIOXeHHH: 3HaqeHHe 
HenpepHBHOli ~H3HqecKOH BeJIHqHHR ae'MOXeT 6UTL onpe~eneHO a6COJIIDTHO
TOqao. B RaqecTBe,o6o6meHHH H ~OpMaJIH3aqHH STOrO ITOJIOZeHHH BBO~HTCH 
UpHHqHIT HenpepRBHOCTH BepOHTHOCTH 1 KOTOpRH OTpazaeT B03MOXHOCTH-~H3H
qecRol.t peanxaaqxxBepoHTHOCTHRX Mep Ha TononorxqecKHX npocTpaacTBax. 
Ycpe~HeHHe no' yRa3aHHRM MepaM BHOCHT CJiyqaHHRH SJieMeHT 1 HJIH UOTepll -
HH~OpKaqxx. 

2. lOTH HeToqHOCTE O~pe~eJieHHH HenpepuBHOH BenHqJI!fiR OTJIHqHa.OT 
HYJIH, B.npHHqHne_oHa MoxeT 6uTL c~eJiaHa CKOJIL yro~Ho MaJIO"· (llo~qepR-
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HeY, qTo paCCYaTpHBaeuaH HeTO'lHOCTh He HKeeT OTHOIIleHHH K_ ~OOTHOIIleHHD 
·Heonpe~eJieHHOCTeil.) STo oClcTOHTeJibCTBO ti>opMaJIHsyeTca noHHTHeK ~-yc
pe~HeHHH. PaccuaTpHBaeTCH nocJie~oBaTeJihHOCTh.(HJIH, ClOJiee oCl~e, HanpaB~ 
JieHHOCT:&) :BepOHTHOCTH!llC Mep, TaKaH, qTo nepeceqeHHe HOCHTeJieil Kep 
npe~CTaBJIHeT COClOil KHHHMaJihHOe HSYepHilOe llHOlleCTll.O (ll npOCTelimell CJiy
'lae TO'lKy) • llpe~eJI:&HHil ne.pexo~ B ycpe~HeHHH no STHil KepaK npHllO~HT K 
d-ycpe~HeHHIO. TaKHil oopasou, ll TO :Bpeua KaK ycpe~HeHHe no_tl>HKCHpo

BaHHOR uepe npe~cTaBJIHeT coooa·KpynHocTpyKTypaoe ycpe~HeHHe, B~ycpeA
HeHHe TaKOBHM He HBJIHeTCH. 

Ycpe~HeHHe JiasHBaeTcH ycTpaHHYHM HJIH HeycTpaHHKHK ll sa:BHCHKOCTH oT 
Toro, coBn~aeT HJIH He coBn~aeT peayJihTaT nocJie d' -ycpe~HeHHH. c pe
syJihTaTou ll OTCyTCTBHe BCHKOrO ycpe~HeHHH. CJiyqailHOCT:&, COOT:BeTCTllyD
~aH ycTpaHHIIOIIy ycpe~HeiUUOi HBJIHeTCH, no. onpe~eJieHHD, cyCll>eKTHBHOli, 
CJiyqailHOCT:&, COOTBBTCTllyiD~aH HeycTpaHHMOMy ycpe~HeHHD, - OCll>eKTHllHOD. 

·3. YaTeMaTHqecKaH npHpO~a· HH~eTepMHHHSMa ll rlJHSHKe SaKJIJOqaeTCH ll 
HeycTpaHHIIOCTH ycpe~HeHHH no Ha'laJI:&HOily COCTOHHHIO PI no :BpelleHH ll CJiy
qae COCTOHHHli KllaHTOBOli CHCTeMH, OnHCH:BaelllllC :BeKTOpallH HecenapaCleJI:&HHX 
rHJihClepTOBHX. npOCTpaHCTll. (HecenapaCleJihHHM HaSHBaeTCH rHJI:&ClepTOllO npo
CTpaHCTBO C HeC'leTHHil ClaSHCOM.) roBOpH KOpO'le, HH~eTepllHHHSil OOyCJIOll~ 
JieH.HeycTpaHHYHM ycpe~HeHHel.! B HecenapaCleJI:&HOM rHJI:&ClepTOBOM npocTpan
CT:Be. Tell CaMHM HH~eTepMHHHSM HllJIHeTCH qptCTO KBaH~OBHil SrlJrlJeKTOil. 

HecenapaCleJihHHe rHJihClepToBH npocTpaHCT:Ba noHBJIHJOTCH ecTeCT:BeHHHM 
OClpaSOil B aJireClpaH'leCKOH K:BaHTOBOil TeOpHH. . . 

llo~'lepKHeu, 'ITO· KOHUenUHH HH~eTepMHHHSila, OnHpaD~aHCH Ha npe~CTall
JieHHe 0 BOSIIOJI:HOCTH aClCOJIIOTHO TO'lHOro OllHCaHHH CHCTeMH, T.e. B031lOllH9-· 
CTH aClCOJIIOTHO nOJIHOli HHrlJOpMaUHI'I, He~eKBaTHa. llpHpo~a HHAeTepllHHH.Sila 
cBasaHa c oTcyTCTBHeM TaKon BosuoxHcicTH. Sro·T ti>aKT ~ocTaT_o.qHo TPHBHa
JieH. HeTpHBHaJihHHM HBJIHeTca· TO, 'ITO HHKaKoe YTO'lHeHHe OllHCaHHH, .T.eo 
HHKaKOe nonOJIHeHHe HHrlJOp!.laUHH, He YCTpaHHeT CJiyqai1HOCT:&.· 

ToJI:&Ko :B KJiaccH'lecKon rlJHSHKe, r~e ycpe~HeHHe ycTpaHHKo, npe~cTa:B
JieHHe 0 BOSMOllHOCTH aClCOJIIOTHO TOqHoro OnHCaHHH, HJIH aClCOJIDT~O llOJIHOli 
HHrlJOpMaUHH, ~onyCTHIIO. 

4. llH~eTepllHHHCTCKaH KBaHTOBaH ~HHallHKa CTpOHTCH nyTeM npHBHeceHHH 
HeycTpaHHMOro ycpe~HeHHH ll ·a;rreClpaH'leCKYD KBaHTOByJO TeOpHD. PaccllaTpH
BaeTCH·KaK rJIOClaJihHaa; TaK H HHtl>HHHTeSHilaJihHaH BpeweHHaH SllOJIDUHH. no
CJie~HHH OnHCHBaeTCH ypaBH6HH6M ~BHll6HHH, KOTOpoe npe~CTaBJIHeT COClOli 
OClOCl~eHHe KBaHTOBOrO ypaBHeHHH ~HYllHJIJIH, HJIH ypa:BHeHHH rlJOH HelillaHa ~JIH 
CTaTHCTH'16CKOrO onepaTopa. llH~eTepMHHHCTCKaH ~HHallHKa llKJIJOqaeT KaK 

trCTHHil .CJiyqali OClH'lHYIO. ("opTO~OKCaJI:&Hyro") ~eTepllHHHCTCKYD KllaHTOllYD 
~HHammy. B c;ryqae cenapaCleJihHoro rHJihClepTo:Ba npocTpaHcTBa ycpe~HeHHe 
ycTpaHHMO H.HH~eTepMHHHSM OTCyTCTByeT~ 

5. Jia O.CHO:Be HH~eTepMHHHCTCKOil ~HHaMHKH CTpOHTCH KBaHTOllO~HHaKH-
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1JeCKaH TeOpHH HSilepeHHH. PaccllaTpHBaiOTCH HSMepeHHH HaClJIID~aeMOil H rH
nepHaClJIID~aeMOH (o6o6~eHHOli HaClJIJO~aeuon). llcc;re~yroTca npa1.1oe, pacmHpeH
Hoe H KOCBeHHOe HSilepeHHH H HSMepeHHH nepBoro H BTOporo po~a. 
. 6. llH~eTepMHHHCTCKaH ~HHa!.IHKa eCT6CTB6HHHM OClpaSOM npHBO~HT K He

.oClpaTHMHY npoueccau. ~OpllyJIHpyeTCH SaKOH BOSpaCTaHHH HH~~TepMHHHpOBaH
HOCTH. Ero 'laCTHHM CJiyqaeM HBJIHeTCH SaKOH BOSpacTaHHH SHTpOnHH. 

7 • llCCJieAyiDTCH KBaHTOBHe CHCTeMH C Cle.CKOHe'lHHM 'IHCJIOM CTeneHeli 
.CBOClO~H. PacCMO~peHHe OCHOBHBaeTCH Ha KOHCTPYKUHH 6eCKOH6'1HOrO TeHSOp

HOrO npOHSBe~eHHH rHJI:&ClepTOB!llC npOCTpaHCTB. n~e B CJiyqae cenapaOeJih
HOrO rHJihClepTOBa npOCTpaHCTBa K~AOH CTeneHH CBOClOAH rHJihClepTOBO npo
CTpaHCTBO BCei1 CHCTeMH.HBJIHeTCH HecenapaCleJihHHM. HeyCTpaHHMOCTh ycpeA
HeHHH npHBO~HT K HeKorepeHTHOCTH MaKpOCKOnH'16CKH paSJIH'lHHX KBaHTOB!llC 
COCTOHHHH; STO pemaeT nap~OKC KOIDKH llipeAHHrepa. 

TaKHM OClpaSOM 0 HHAeTepMHHHCTCKaH KBaHTOBaH AHHaMHKa BKJIIO'laeT KaK 
KBaHTOBYID uexaHHKY C TeOpHeli HSMepeHHH, TaR H KBaHTOByiD CTaTHCTHKy. 

rJIABA I. llPOEJJEMA HHnETEPMllHll3MA 

§ I. llPOEJJEMA CYIUECTBOBAHllil HHnETEPMllHll3MA 
llpOClJieMa cyll(eCTBOBaHHH HH~eTepMHHHSMa, T.e •. OCl'beKTHBHOH CJiy'laHHOC

TH B HBJieHHHX npHp0~1 B03HHKJia OKOJIO ~Byx C ITOJIOBHHOH THCH'l JI6T TOMY 
HaS~. Illpe~HHrep B CTaTbe 112400 JieT KBaHTOBOH TeopHH11 /IS/ ITHII!6T CJie
~yro~ee. "BnepBHe wcJIHTeJih.CTOJIKHynca c TPYAHO npeoAoJieBaeMoli npo6;re
uon, KOTopaa c Tex nap B pasJIH'lHHX BapHaHTax npecJieAyeT ero, HHKOrAa 
He OTnycKaH! KaK CO'leTaTb CBOClOAY BOJIH, TpeClyeMyiO HpaBCTB6HHOil OTBe_T
CTBeHHOCThiD, co cTporHMH saKoHouepHOCTHMH npHpOAH ? KTo BMecTe c HaMH 
paSA6JIHeT MHeHHe, 'ITO Ha STOT BODpOC He·cymeCTByeT 'IHCTO 6CTeCTBeHHO
Hay'lHOrO OTBe.Ta, TOT Cly~eT BOCXHll(aTbCH neMOKpHTO!.I ITOTOMY! 'ITO OH He 
HCKaJI KOMITpOMHCCHOrO pemeHHH, a CleCCTpamHO ITpHAepmHBaJICH CTpororo ~e
TepMHHHSMa OCl'beKTHBHOrO XO~a HBJieHHH B npHpOAe. Te, KTO_ lllJIH Henocpe~
CTBeHHO no ero·cJieAaM, ~YMaJIH HHa'le. KaK rOBOpHT, MHCJih 0 TOM, 'ITO Ha 
STOll OCHOBaHHH, T.e. p~H cnaceHHH CBOClOA!l BOJIH, CJieAyeT ~onycKaTl> He
ClOJihlllHe, HO ClecnpecTaHH!le HapymeHHH ~ClCOJIIOTHOH SaKOHOMepHOCTH AB~eHHH 
BTOilOB, BOCXO~HT eme K SnHKypy.n . 

B.KJiaCCH'leCKOil rlJHSHKe npoClJieua Cl!lJia pemeHa B ITOJihSY AeTepMHHHSila. 
B KJiaCCH'leCKOil MeXaHHKe H SJieKTpO~HHaMHKe, BKJIIO'laH TeOpH!O OTHOCHTeJih
HOCTH_, HeT MeeT a OCl'beKTHimoi1 c;ryqailHOCTH. lllleH AOCTaTO'lHO ITOJIHYID HH
rlJopllaUHIO 0 rlJHSH'leCKOH CHCTeue, llOllHO CKOJih yrOAHO TO'IHO npeACKaSaTh 
noBe~eHHe STOli CHC~eMH. B wexaHHKe STO ITOJIO~eHHe Cl!lJIO HBHO C~opuyJIH-
pOBaHO ~anJiaCOil·(JiaiTJiaCOBCKHH ~eTepMHHHSM). . 

'BepOHTHOCTH, HCITOJihayeMHe B KJiaCCH'leCKOH rlJHS~Ke, He CBHSaH!l opra
HH'leCKH C COOTBeTCTBYIOJllHMH ~HHaMH'leCKHMH TeOpHHMH, T.e. C M6XaHHKOH H 
3JieKTpO~HHaMHKOil. YKaSaHH!le BepOHTHOCTH OTp~aiDT HeiTOJIHOTY HamHX 3Ha-
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H~ o CHCT6M6 H B'3TOM CMHCne HOCRT cy6~6KTHBHHH xapaKTep. ~OH HeAMaH 
nHmeT TIO 3TOKY TIOBO~y /4/: "KnaCCHli6CKaR K6XaHHKa npe~cTaBnReT COOOA 
npHliHHHYil ~HCIUI.TinHHy, T.e. ecnH COCTOHHHe OTIHCHBa6KOH. eD CHCTeW HS
BeCTHO CO Bceij TIO~po6HOCTbil1 - ~nR llero B cnyqae ~ CTeneaeA CBOOO~H· 
HeOOXO~HKO s~aTb~£ liHCen ••• , -TO SHalleHHe nDOOH ~HSHli6CKOH B6nHliH
HH ••• woxHo onpe~enHTb e~HHCTB6HHHK o6pasoK M liHcneHao TOliHO. HecKOTPR 
Ha 3TO, cymeCTByeT H CTaTMCTMlleCKHH KeTO~ HCC~e~OBaHMR KnaCC~eCKOH Ke~ 
xaHMKH, HO OH RBnH6TCR 1 TaR CKaSaTb 1 nMIDb pOCKOIDbD MnM TipHnpaBOH. A 
MMeHHO, ecnu HaM MSBeCTHH He Bcei£ ·~HKCMPYDmHX cocTORHHe napaweTpa ••• , 
HO nMmb llaCTb HS HHX (npulleM ~aJB:e 3TH TIOCne~HMe MoryT OHTb HSBeCTHH 
He TOliHO), TO MOEH0 1 ycpe~HRR KaKHM-HM6y~b CTIOCOOOM no napaKeTpall, OC
TaBIDHMCR H6MSBeCTHHMH 1 c~enan no KpaiiHeH Mepe CTaTMCTHli6CKHe_yTBepJt
~6HHR OTHOCMT6nbHO BCeX ~HSMli6CKHX BenHliMH. STO xe cnpaBe~nMBO H ~HR 

npomnHX Hnl'I 6y~ymmc COCTORHHH CHCTeMH. ••" 
Bo BTOpOH nonOBHH6 ~eBRTH~UaToro Be.Ka, H6CMOTpR Ha cymeCTBOBaHM6 

TOnbKO KnaccMlleCKOH WHSHKH, cwopMHpOBanHCb ~HnOCO~CKHe H~eH, OCHOBaH
HH6 Ha 'npHSHaHHH o6~eKTMBHOH cnyqaHHOCTH /I6i. 3~6Cb• npex~e BCero cne
~yeT HasBaTb KypHo, KOTOpHit CliMTan, liTO caMotl ~HSMllecKotl peanbHOCTH 
npHcy~a .KOHTMHreHTHOCTb (cnyqaitHOCTb). B ~anbHettmeM ~~~noco~HR ecTe
CTBOSHaHHR, OCHOBaHHaR Ha nOHRTHH KOHTMHr6HTHOCTH 1 paSBHBanaCb B Tpy
~ax PeHyBbe, EyTpy, KbepKeropa, rew~~MHra. OTKaS OT KnaCCHlleCKoro ~e
TepMHHHSMa xapaKTepeH TaKEe ~nR ~HnOCO~CKOH CHCT6MH.llHpCa (TeOpMR TH

XHSMa, T.e. cnyqaAHOCTH). 
]lo BOSHHKHOBeHMR KBaHTOBOH MeXaHMKH 3TH H~eH He nonyqHnH no~ep

XKH cpe~H ~HSMKOB. HCKniDli6HH6M 6Hn SKCHep, KOTOpHA rOBOpllk 0 BepORT
HOCTHHX npoqeccax Ha cy6MHKpOCKOnHli6CKOM ypOBHe. 

]lxewep B KHMre /16/ nO~ll6pKMBaeT npMHUHnManl>HHH xapaitTep noHRTHR 
KOHTMHr6HTHOCTH: 11 KaK COBepmeaHO Oli6BM~H0 1 B6pORTHOCTHHe KOHU6TIUMH 1 . 

TI0~00HH6 B~BMraBmHMCR EyTpy HnM SKCH6pOM 1 B KOpHe OTnHllaDTCR OT Tpa
~HUHOHHOrO nOHRTMH B6pORTHOCTH 1 ucnon:osyeMoro, HanpMMep, B KnaCCHli6C
KOH CTaTRCTHllecKotl MeXaHHKe. B KnacculleCKOH wusuKe BepoRTHOCTBHe yT
.Bepx~eBMR 6HnM Bcero numb BHpaJB:eHMeM Hamero· He~Haaua Bcex ~eTaneA oT
~eibaoro COOUTMH 1 6y~b 3TO HeSHaHHe o6ycnoBneHO H6~0CTaTOliHO BHCOKOH 
_paspeman~ea cnoco6HocTI>ID usuepRTenbHoA annapaTypH unM orpcwaHM liHcnow 
no~nex~ux paccwoTpeauiO coc5HTRilj HO oT~enbHHA wusulleCKHA npoqecc Bcer
~a CliHTanCR CTporo no~llHHHID~HMCH npMliHHHO-cne~CTBeHHOMY SaKOHy;·a HC
XO~ ero - O).lHOSHallHO onpe~eneHHHK. HanpOTHB, HOBaR KOHileTIUHH B6pO.HT

HO~TH He TOnbKO npMHMMana, liTO MaKpOCKOnHlleCKMH ~eTepllHHHSM RBHR6TCR . 
CTaTHCTHlleCKHM 3~6KTOM 1 HO H nonarana, liTO OT~enbHOe llHKpOCKo'nRll6CKOe 
HHH CyOMMKpOCKOnMlleCKOe COClb!TH6 RBnReTCH liMCTO KOHTMHreHTHb!M. 11 

B KBaHTOBOH MeXaHHKe npoc5neMa cymeCTBOBaHMR HH~eTepllHHHSMa pemaeT~ 
en nono~uTenbHO. MHoroKpaTHoe. noBTopeHMe o~Horo M Toro xe onHTa c MHK-
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pollaCTMU6H B O~HHaKOBHX ycnOBHRX ~aeT paSRHllHU6 pesynTaTU. ]lHR Ka.Jit
~oro OT~enl>HOrO BOSMOEHOrO pesynl>TaTa TeOpHR npe~CKaSHBaeT ero BepORT
HOCTb• STH BepOHTHOCTHHe, HnH CTaTHCTHli6CKHe npe~CKaSaHHH TeOpHH TOliHO 

COBn~aiDT C onUTOM. 
cornacHo TOliKe speHMH no~aBnHID~ero c5ox:omRHCTBa ~HSHKOB-TeopeTM

itoB - KaK anOXH B03HHKHOBeHHH H pa3BHTHH KBaHTOBOH MeXaHMKH 1 TaK H CO

BpeMeHHHX - BepoHTHOCTH, WRrypupyiD~Re B KBaHTOBOH WH3MKe, HOCHT ~YH~a
ueHTanl>HHH, o6~6KTHBHHH xapaKTep 11 1 COCTaBRHH HHTepnpeTaUHOHHYID llaCTl> 
T60pMH, HepaspHBHO CBH3aHU C MaTeMaTHlleCKOH llaCTl>ID COOTBeTCTBYID~HX ~~~
HaKHlleCKHX TeOpMit 1 T.e. KBaHTOBOH MeXaHHKH H KBaHTOBOH T60pHH nonH. 
HeMHOrOliHCn6HHHMH npOTHBHMKaMH TaKOH TOliKH 3peHMH HBRHIDTCR llpMBepE6HUH 
u~eM cKpHTHX napaweTpoB. 06pMcoBaHHoe noxoxeHMe Be~en o6cyx~anocb Be
~ymHMM ~HSHKaMH-TeopeTHKaMH. llpMBeieM a~eCb-pH~ BHCKa3UBaHHH. 

EopH /I/: "~H3HKa CllHTaeTcH cauoA TOllHoit_HayKoit, oc5pasqou ycTaHoB
neHMH TOliHHX saKOHOB 1 ynpaBRHDmHX XO~OM COClUTHH npRpO~bl. 

Tell He MeHee,yxe CTO neT, KaK B ~HSHK6 HallaRH HrpaTl> BaJB:HyiD ponl> 
CTaTMCTHlleCKMe MeTo)tu ••• Tena COCTOHT MS MOneKyR H aTOMOB ••• Ee~KOHeli
HOe llHCnO llaCTMil ~enaeT HeB03MOXHb!M HHKaKOe ~eTepMMHHCTHlleCKOe onMca
HHe H BHHyE~aeT HaC npHMeHHTb CTaTHCTHlleCKMe MeTO~U. 

PaHbme· 3TH ueTo~u 6HnH ~OBOHl>HO cna6o CBH3aHH c nocTpoeHMeM wexa

H~ecKHX H 3n6KTpO~HHallHlleCKHX TeOpHH. Cero~HR KBaHTOBaR T60pMH npMBe
na HaC K 6onee rnyc50KOMY nOHMMaHHil: OHa ycTaHOBHna 6onee T6CHYID CBRSl> 

ll6E~Y CTaTMCTMKOH H _OCHOBaMH ~H3HKM. ' 
STO HBnHeTCR COClUTMell B MCTOpMM llenOBelleCKOrO MHmneHHR 1 3HalleHMe 

KOToporo BHXO~HT sa npe~eHH CaMOH HayKH ••• 

~e~o~T~O£T~ - ~TQ ~liA~M~H~~b~O~ EO~H~~~~ ~~~~~~~~~. 3aKOHH cTaTMC
TMKH RBHRIOTCR SaKOHaMM llpMpO:ztH, KaK H BCHKI!e ~pyrMe." 

reA3eH6epr /2/: "HaM6onee BaEHHM 6UHO BBe~eHMe BepOHTHOCTM B Ka
lleCTB6 HOBoro B~a "o6_~eKTMBHoit" WMSMlleCKOH peanbHOCTM. 8To noHRTMe 
BepOHTHOCTH TeCHO CBR3aHO C nOHRTH6M B03MOXHOCTH ( 11 llOTeH!lMH11

) B HaTyp.;. 
~unoco~HM TaKHX aHTMliHHX WRHoco~oB, KaK ApMCTOTen:o; OHO RBHReTCR B MS
BeCTHOM cwcxe npeBp~eHuew cTaporo noHliTHR 11 noTeH!lHH" HS KalleCTBeHHo
ro npe~CTaMeHHR .B KOHHli6CTBeHHOe. 11 

Eop /3/: "lloBTopeHue o~Horo H Toro lite onHTa ••• ,1taeio, Booc5~e roBo

pH,~j,!ijie OTC"ieTH ••• ; aTOT ~T aenocpe,ItCTBeHHo np:IIBo.ItRT R · ~o.n;y o TOM, 
liTO 0006~anmaa ~OPMYXMPOBKa nonyqeHH!tX 113 onUTa pesyXbTaTOB B 3T01l 00-
naCTH ~OHXHa BHpalltaTbCH B WOpMe CTaTMCTHlleCKHX (BepORTHOCTHHX) SaKe
HOB. EJI;Ba HM HYJtHO OCOClO nO~llepKMBaTb 1 liTO MH HMeeM S~eCb ~6HO OTHIO~b 
Be C llell~HHOO aHanOrHllHHM OelHliHOMy npHMeH6HHID CTaTHCTHKH K OnHCaHMil 
~HS~eCKMX cucTew, llepecllyp cnoxHux ~na Toro, l1Toc5u MOEHO 6Hno npaKTM
"iecKH ~aTb TIOXHOe onpe~e~eHHe HX COCTOHHMR, ~OCTaTOllHOe ~HR ~eTepMH-
HHCTCKOrO 0TIMCaHMR. 11 • 
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~OH HeauaH /4/: "••• XOTH MH cqHTaeu, ••• qTo a~aHHe ~ nonHOCTLD 
onpe~enHeT COCTOHHHe, OHO TeM He MeHee ~enaeT B03MOXHHM HHWL CTaTHCTH
qecKHe yTBepx~eHHH 0 3HaqeHHHX ~H3HqeCKHX BenHqHH ••• 

EcnH xenaTL o6~HCHHTL aKayaanLH&M xapaKTep c:sHaH uex~y ~ H aHaqe
HHHMH ~H3HqecKHX :senHqHH no npHMepy KHaCCHqecKO~ MeXaHHKH, T0 0 oqe:s~
HO, ecTeCTBeHHO nOHHMaTL ero Cne~yD~HM o6pa30M: Ha CaMOM ~ene ~ BOBCe 
He onpe~enHeT COCTOHHHH BO BCeX ~eTaHHX, HanpOTHB, .qTo6& yaHaTL ero 
nonHOCTLD, He06XO~HMO 3~aTL ~OnOHHHTeHLHUe qHcna. llHHMH CHOBaMH, y 
CHCTeMH, nOMHMO ~ , HMeDTCH e~e H ~pyrHe xapaKTepH3YD~He ee napaMeTpU 

HHH KOOp~HHaTH ••• 
Q(juqHO 3TH rHnOTeTHqecKHe ~ononHHTeHLHUe KOOp~HHaTU Ha3UBaDT 

11 CKpUTHMH napaMeTpaMH11 HHH 11 CKpHThiMH KOOp~HHaTaMH11 ••• 06~HCHeHHe C no
MO~LD CKpHThiX napaMeTpOB ~e CBeno B KnaCcHqecKO~ MeXaHHKe HeKOTOpue, 
Ka3aHOCL 6U1 CTaTHCTHqeCKHe, COOTHOllieHHH K npHqHHHhiM OCHOBaHHHM MexaHH
KH: xapaKTepHUM npHMepoM HBRHeTCH KHHeTHqecKaH TeOpHH raao:s ••• 

BonpOC 0 TOM, B03MOXHO HH 06~HCHeHHe 3TOrO THna C nOMO~LD CKpHThiX 
napaMeTpOB B KBaHTOBO~ MeXaHHKe, 06Cyx~aHCH He O~HH paa. TOT B3rHH~, 
qTo Ha 3TOT BOnpoc KOr~a-HHCiy~L 6y~eT nonyqeH·nonOXHTeHLHUfi OTBeT, 
HMeeT H ce~qac Bhl~aro~HXCH npe~cTaBHTene~ ••• 

HHXe 6y~eT noKaaaHo ••• , qTO_BBe~eHHe CKp&ThiX napaMeTpOB aa:se~OMO 
HeB03MOXH0 0 BO_BCHKOM cnyqae 6ea ~YH~aMeHTaHLHhiX H3MeHeHH~ cy~eCTByro
~e~ TeOpHH. •. 

3TO TIOHHMaHHe KBaHTOBOH MeXaHHKH, npHHHMan~ee ee CTaTHCTHqeCKHe 
YTBepx~eHHH aa HCTHHHyiD ~OpMy aaKOHOB TipHpO~hl H OTKa3UBaD~eeCH OT 
TipHHQHna·npHqHHHOCTH, H eCTL TaK Ha3h!BaeMaH CTaTHCTHqecKaH HHTepnpe
TaQHH.11 

3aMeTHM, qTO TepMHHhl 11 aKay3aHLHhiH 11 H "npHHQHn npHqHHHOCTH11 3~eCL 

3KBHBaneHTHhl TepMHHaM 11 HH~eTepM~IHHCTCKHH11 H 11~eTepMHHH3M11 COOTBeTCTBeH
HO. Boo6~e, B npexHHx_pa6oTax ro:sopHnH o HapymeHHH npHqHHHOCTH, aTe
nepL o6uqHo ro:sopHT o6 HH~eTepMHHHaue; 3TO 6onee a~eKBaTHO. 

' ' ( 

IlaynH /5/: 11 TOHLKO BOHHOBaH, HHH KBaHTOBaH~ MeXaHHKa n03BOHHna 

yT:sepx~aTL o cy~eCTBOBaHHH B aaKoHax npHpo~u QeQB~q~hl! !eQO~T~O£T~~. 
He CBO~HMhiX C nOMO~LID BCTIOMOraTeHLHHX rHTIOTe3 K ~eTepKHHHCTCKHM aaKO- . 
HaM, B OTnf!qHe, HaTipHMep, OT TepMO~HHaMHqeCKHX BepOHTHOCTe~ RHaCCH-

. qeCKO~ ~H3HKH. Ilo~aBRHID~ee 60RLWHHCTBO ~H3HKOB-TeopeTHKOB ••• cqHTaeT 
3TOT BhiBO~ OKOHqaTeHLHhiM. • 

3TOMy BHBO~Y BCer~a cy~eCTBOBaHa OTITI03HQHH, HO OHa 6ecnnO~HO aa-
9TPHHa Ha CT~HH perpeCCHBHhiX H~ellt~." 
!'' ~OK /6/: 11IlOHHTHe BepoHTHOCTH paccMaTpHBaHOCL H B KnaccHqecK011 ~H-
3HKe, HO OHO HMe;IO TaM ~pyro~ CMUCH. B KnaccHqecKol1 ~HSHKe BepOHTHOCTH 
BBO~HHHCL TOr~a, KOr~a YCHOBH!i a~aqH 6h!HH He nOHHOCTl>D H3BeCTHU, H no 
HeHSBeCTHUM napaMeTpaM npHXO~HROCL npOH3BO~HTL ycpe~HeHHe. IlpH 3TOM 0 
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o~HaKo, npe~nonaranocL, qTo B npHHQHne ycpe~HeHHe Heo6HaaTenLHO H qTo 
:scer~a B03MOXHO TaKOe ~OyToqHeHHe YCHOBH~, KOTOpoe 6U noaBOHHHO yTBep
llt~aTL, qTQ O~HH H3 B03MOXHhiX peaynLTaTOB HaCTynHT C ~OCTOBepHOCTLID, a 
~pyrHe He ·HacTynHT co:sceu. TaKHM o6paaoM, B KnaccHqecKofi !J.>>JSHKe :sepo
HTHOCTH OTpa%aHH HenoHHOTY ~OpMynHpOBKH a~aqH, HenOHHOTy, 6UTL MOXeT, 

npaKTHqecKH HeHa6eXHyD, HO B npHHQHne ycTpaHHMyiD. • 
Co:sceM ~pyroM xapaKTep HMeroT :sepoHTHOCTH B KBaHTOBofi ~H3HKe. TaM 

OHH He06XO~HMH no c~eCTBy, H BBe~eHHe HX OTpaxaeT He HenOHHOTY ycno
BHfi, a o6~eKTHBH0 C~eCTBYD~He npH ~aHHhiX ycnOBHHX noTeHQHaHLHUe B03-

MOlltHOCTH.11 
flyx /7/: 11BepOHTHOCTH, KOTOpUe BCTpeqaJOTCH B KiraccHqecKOfi ~H3HKe, 

HHTepn.peTHpyDTCH KaK o6ycno:sneHHHe HenonHOH ~eTaRH3aQHefi HCCne~yeMh!X 
CHCTeM, BU3BaHHOfi HaHHqHeM orpaHHqeHHOCTH~Hamero 3HaHHH 0 ~eTaHLHOfi 
CTpyKType H pa3BHTHH 3THX CHCTeM. TaKHM o6pa30M 0 3TH BepOHTHOCTH ~OH

XHH 6UTL HHTepnpeTHpOBaHH KaK HMe~He £YQ~~K~H!H~ID npHpO~y. 
B KBaHTOBOH MeXaHHKe 3Ta HHTepnpeTaQHH BepOHTHOCTHhiX yT:sepx~eHHH 

.TepHeT'CHHY B RD60M CBOeM nOHHMaHHH, TIOTOMY qTo He cy~eCTByeT B03MOX
HOCTeH onpe~enHTL HH~pacTpyKTypy, 3HaHHe KOTOpOH 06~HCHHHO 6hl TIOHBne
HHe :sepOHTHOCTefi Ha ypOBHe Ha6nro~eHHH. XOTH TaKHe TeOpHH CO 11 CKpHTHMH 
napaMeTpaMH11 paCCMaTpHBaHHCL MHOrHMH ~H3HKaMH,· HX TIOnHTKH He ~anH no
ne3Hh!X peaynLTaToB. Cne~o:saTenLHo, Mhl npHHHMaeM a~ecl> npoTHBononoxHyn 
TQqKy apeHHH, cornaCHO KOTOpOfi BepOHTHOCTH B KBaHTOBOH MeXaHHKe HMeiDT 
~yH~aMeHTaHLHhlfi xapaKTep, rny60KO KOpeHH~HHCH B o6~eKTHBHOH CTpyKType 

peanbHoro MHpa. ·Mu uoxeu no3TOMY Haa:saTL. HX Q6!e~T!B~hi~H :sepoHTHOCTH

MH." 
llanoXeHHe 6y~eT HeTIOHHhiM 0 ecnH He OCTaHOBHTLCH Ha OTHOllieHHH 3fiH

lliTefiHa K rrpo6neMe cy~eCTBOBaHHH HH~eTepMHHH3Ma. 3HHlliTeHH HeO~HOKpaTHO 
BHCKa3UBan TOqKy apeHHH 0 cornaCHO KOTOpOH CTaTHCTHqecKaH"HHTepnpeTaQHH 
KBaHTOBOfi MexaHHKH CBH~eTeHLCTByeT 0 HenonHOTe nocne~Hefi. IlpOUHTHpyeK . 

Eopaa /17/: "Kor~a :s 1926 ro~y 6una paaBHTa KBaHTOBaH MexaHHKa, H ~a
~eHncH, KOHeqHo, qTQ 3HHWTefiH rrpH~eT K COrnaCHID C rrpHHHThiM TORKOBaHH
eM KBaHTOBOfi MeXaHHKH, HO 6un paaoqapoBaH. IlpHBOXY Bhl~epxKy H3 ero 

TIHCLMa OT 12 ~eKa6pH !926 ro~a: 
"KBaHTOBaH MexaHHKa - TeOpHH, BHylllaD~aH 6imLmoe y:saxeHHe. Ho BHyT

peHHHH ronoc rOBOpHT MHe, qT~ 3TO .e~e He HaCTOHmHfi llaKOB. 3Ta TeOpHH 
~aeT MHora, HO e~:sa HH OHa no~BO~HT HaC 6nHXe K TafiHe npe~KOB. Bo BCH

KOM Cnyqae H y6el!t~eH, qTo HHKTO He HrpaeT B KOCTH. • •11 

••• IlepBaH qacTL TOHLKO qTo npOUHTHpOBaHHOro TIHCLMa OTHOCHTCH K 
OTKaay 3HHWTefiHa npHHHTL CTaTHCTHqecKHe aaKOHhl B ~H3HKe KaK OKOHqa
TeHLl!Ue; OH rOBOpHT 06. o6paae Hrparo~ero B KOCTH 6ora - :BhlpaxeHHe, KO
TOpoe OH noa~Hee oqeHL qacTO rrpHMeHHH B ~HCKYCCHHX H nHCLMax." 

XoTenocL 6u no~qepKHYTL, .o~HaKo, qTo noaHUHH 3fiHmTefiHa 6una ueaee 
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KaTeropH'IH0~ 1 .'!ell STO 06H'IHO llpHHHTO C'IHTaTJ>, 06 STOll Cll.H.zteTeJl:&CTllyeT 
llU,ltepxKa :113 ero CTaT:&H 1940 ro.zta /18/: "KaK y6e.ztHTeJl:&HO llOKa3aJI rett
aeH6epr, llCHKOe YTllepx.zteHHe ·o CTporo ~eTepMHHHCTCKO~ CTpyKType llpHpO.ztU 
C SllllHpHt!eC~OR TO'IKH apeHHH OKOH'IaTeJl:&HO HCKJlD'IaeTCH H3-3a aTOIIHCTH
tleCKOrO CTpoeHHH llpH60pOll, ·llPH!leHHeKHX 1l Hamax SKCnepH!leHTax, fiO-llH,ltH
MOMy, HHKaKoe 6y.ztlmee ll03HaHHe He CIIOEeT 3aCTallHTl> ~H3HK01l OKa3aT:&CH 

. OT Hamero COllpeMeHHOrO CTaTHCTH'!eCKOrO OCHOllaHHH ~H3HKH 1l ll0Jl:&3y .zte
TepKHHHCTCKOrO OCHOllaHHH, KOTOpoe· HlleJlO 6U .zteJIO Henocpe.ztCTlleHHO C ~H-
3H'IeCKOR peaJI:&HocT:&m." Bnpot~eM, .ztaJI:&me 11 STott xe cTaTJ>e SRHmTeRH cHo
lla ll031lpamaeTCH K KpHTH'IeCKOR ll03Hquu:· "HeKOTopue ~H3HKH 1 1l TOM 'IHCJle 
H H CaM, He llOryT llOBepHTl> 1 'ITO MH paa H Hallcer.zta ,ltOJlXHU OTKaaaTJ>CH 
OT H.zteH npHMOro H306paxeHHH ~ll3H'IeCKOH peaJI:&HOCTH 1l npOCTpaHCTlle H 
llpeMeHH HJlH 'ITO wu .zton~HH cornacHT:&CH c MHeHHeK, 6y.ztTo Hll.lleHHH 11 npa
po.zte ll0,1106HU aaapTHHM HrpaM, 11 . 

§ 2, nroEJIEMA ITPIIIPO,Ubl IIIHJ!ETEPMJ/1Hll3MA 
CornaCHO CKa3aHHOMy llHllle,ecT:& CaMHe lleCKHe OCHOllaHHH C'IHTaT:&

1 
'ITO 

HH.zteTepMHHH3ll 1 T,e, 06~eKTHllHaH CJly'laHHOCTl> 1 - HeOT~eMJieMoe CllORCTllO 

BceneHHoR. 0,11HaKo HMemTcH ot~eH:& 6on:om:~~e TPY.11HOCTH 11 o6ocHollaHHH cyme
CTllOllaHHH 06~eKTHllHOH CJly'laHHOCTH 1l paMKax ~H3H'IeCKOR TeOpHH, 3.zteCJ, 
MH CT.aJIKHllaeMCH C llp06JleMott ~H3H'IeCKOH .H MaTeMaTH'IeCKOR npHpO.zt!l HH,1le
TepMHHH3Ma, 

Ha nep11utt ll3r.llHJl pemeH:~~e npo6new TPHllHaJI:&Ho: TaK ycTpoeHa Bcenen
HaH. Ho .11JlH.~H3HKH 3TOT OTlleT Hey,1lOllJleTllOpHTeneH: 'ITO aHat~HT "TaK"? 
Heo6xo.ztHKa uaTeMaTHt~ecKaH Mo.zten:r,, l!To6!l no,1lt~epKHYTI> STOT KOMeHT, npo;.. 
qHTHpyew SRHmTeRHa /18/: "To, 'ITO :aw Haau11aeu ~H3HKoR, OXllaTu:BaeT 
rpynny ecTeCTlleHHUX HayK, OCHOllHllaDmHX'CllOH llOHHTHH Ha H3KepeHHHX

1 

np:~~t~eK npe.ztcTallJieHHH H YTllep~.zteHHH ~H3HKH uoryT 6UTI> c~opKynHpollaHu 
waTeMaTHt~eCKH. CJie~ollaTeJl:&Ho, ee o6JiacT:r.m HllJIHeTCH Ta t~aCTI> o6mett cyx-· 
XU Hamero 3HSHHH 1 KOTopym MO~HO ll!lpa3HTJ, 1l MaTeMaTH'IeCKHX TepKHHax,n 

~HaH'IeCKaH TeOpHH COCTOHT H3 llaTeMaTH'!eCKOR 'laCTH 1 C0,1lepxamett Be
KOTOpue BeJlH'IHHU.H CllH3HllaDmHe HX ypaBHeHHH 1 H HHTepnpeTaqHOHHOR 'lac-. 

TH,.COOTHOCHmeA STH lleJlH'IHHH C peaJIJ>HUM MHpOM, Tpy,11BOCTH 1l 060CHOBaHU 
HH,1leTepKHHH3Ua o6yCJlOllJleHH TeM, 'ITO KaTeMaTH'IeCKaH '!aCT:& OpTO,ltOKCSJll>
HOR KllaHTOllOH TeOpHH ,1leTepMHHHCTH'IHa, BOT 'ITO llHllleT 06 STOll BHrBep~: 
"••• He.ll:&3H llOJlyt!HT:& llOJlHOrO OllHCaHHH HS6JlD,lteHHH 1 llOCKOJll>Ky KllaHTOllO
KeXaHH'IeCKHe ypa:BHeHHH,ltllHEeHHH npH'IHHHU H He CO.ztepxaT CTaTHCTHqecKOrO 
sneMeHTa, 11 To 11peMH KaK HaMepeHHe co.ztepxu ero." 

.. 06H'!HO HH,1leTepMHHHCTCKHH XapaKTep KllaHTOllOR ~H3HKH CllH3UllaeTCH C 
t• . • 

ll03KOZHOCTJ,D npe:BpameHHH 'IHCTOrO COCTOHHHH 3aKKHYTOR CHCTeMU 1l CKemau-
HOe, KOTOpoe pe.ztyqapyeTCH K O,ltHOMy H3 COCTallJlHDmHX ero qHCTHX COCTOH
HHR, 0.11HaKo yKaaanBoe npeBpameHHe He uo~eT 6!lTJ> llUlle,1leHo ~ KaTeKaTH-
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tleCKOK ~opMaJIH3Me OpTO,ltOKCaJI:&HOH KllaHTOllOH ,1lHHaMHKH 1 r,1le . .ztonycKaDTCH 

JlHllll; y_HHTapnue npeo6paao11aHHH. SToT uouimT o6c~.1taJI KlKalla /20/: "roBo
pHT, 'ITO B MoMeHT H3MepeHHH pacnJIH:BmaHCH llOJIHa llepoHTHOCTH CHJl:&Ho cxH-

u:aeTCH ••• 
· Paa11e He Y.ztHllHTeJl:&Ho TaKoe MrHolleHHoe cxaTHe 1 MHe KaEeTcH, ot~eHJ>. 
STa CJlOEHaH np06JleMa Cll0,11HTCH 1l KOHUe KOHUOll K TOMy, 'ITO H3MepeHHH 
llHOCHT CHJl:&HHe CKa'IK006pa3BHe H31leHeHHH 1l COCTOHHHe CHCTeMU, fionyqaeT
CH, 'ITO ypallHeHHe llipe.ztHHrepa KaK 6U CTpa,1laeT, He3allepllleHHOCT:&ID H He 
nOSllOJlHeT HHTepnpeTHpOllaT:& peaJI:&HOCTl> 1l paMKax HenpepUllHUX npoqeCCOll, 
Ha6nm.zteHHe llHOCHT paapu11u 11 HenpepullHOe Tet~eHHe np:~~po.ztHUX HllJleHHR, ll!l
aUEaH 6UCTpHe H3Y:eHeHHH 1l Y.ztaJieHH!lX MeCTax. MOEHO JlH CKa3aT:& 1 'ITO Ta
KHil o6pa30M MH ll03HaeM npHpO.ztY ? ECJlH .zta, TO STO ll03HaHHe qepea qyll
CTlleHHOe llOCllpHHTHe ,· nocpe.ztCTllOM omymeHHJ,i: J(axe· eCJlH C'IHTaT:& 1 .qTO MH 

~· . 
ee ll03HaeM, Ha,110 OTMeTHT:& OTCyTCTBHe 3,1leKBaTHoro OllHCaHHH C llOMom:&m 
MaTellaTHt~eCKHX ~opMyn aToro '~YllCTBeHHoro :BocnpHHTHH npHpo.ztu, B KOHqe 
KOHqOB 1 3,lt~CJ,. W CTaJIKHBaeMCH C np06JleMOR H3MepeHHH._,. 

·••• SRHmTeHH 6HJl tleJlOlleKOM HOMep O,ltHH 1l HayKe, H OH yTBepx.ztaJI, 
qTo KBaHTOllaH MexaHHKa. eme He.nonHa. H JIH'IHO, yqHTHBaH ee .HH.zteTepMH
HHCTCKHR CT3THCTH'IeCKHR xapaKTep1 He C'IHTaD KllaHTOllYID MexaHHKY HellOJl
HOR TeOpHe~. Ho BCe ze 1l 3TOM BOllpOCe OCTaeTCH KaKaH-TO HeHCHOCTl> 1 H 
MeHH TOXe He llOKH.ztaeT omymeHHe, qTo r.zte-TO Ha HOllOR CT3,11HH llOHBHTCH · 
3allepmeHHaH H llOJlHaH, BO BCHKOM CJlyqae, HeCKOJl:&KO HHaH TeOpHH, 11 

He.ztOCT3TO'IHOCT:b 1 Hey.ztOBJleTBOpHTeJliHOCT:& llpOCTOR KOHCTaTaqHH cyme
CTBOBaHHH KBaHTOllOrO HH.zteTepKHHH3Ma llO.zt'lepKHBaeT YH.llep /21/: 11H~HO Jll4 
cnpaliiHB3Tl> 1 HMeeT JlH KllaHTOBHH npHHqHll KaKoe-JIH60 OTHOllleHHe K CTpOeHHD 
MHpa? B.HaCTOHmee BpeMH M!l npHBHKJlH K HCllOJl:&30BaHHD MeTO.zta raMHJl:&TOHa 
,ltJlH aTOMOB, qacTHU H noneJ,l H HaCTOJl:&KO XOpOliiO 3HaKOM!l C llpHMeHeHHeM 
CTaH.ztapTHUX MeTO,ltOll KllaHTOBOR MeXaHHKH 1 H3BJleKaDmHX CJle,ltCTBHH· H3 COOT
BeTCTllYDmHX ~aMHJl:&TOHHaHOll 1 'ITO JlerKO MO~HO llO,ltyMaTb 1 6y.ztTO MHp ~H3H~ 
qeCKHX 33KOHOB H raKHJl:&TOHHaHOll 11~e 3,lteC:&11

1 a KllaHTOBaH MeXaHHKa CJly
ltHT "cwaaKott" .ztJlH sToro ~e cymecTBymmero ·MexaHH3Ma. O.ztHaKo .ztJIH 6oJiee 
llHHMaTe.ll:&Horo paccMOTpeHHH c:~~TyaqHH y.zto6Ho nepeHBCTH BHHMaHHe c KBaH
TOBou:exaHHt~ecKoro ~OpMaJIH3Ma Ha HeqTo 6onee rny6oKoe - na KBaHTOllHR 

.npHHqHn, 'OH rOBOpHT 0 TOM 1 'ITO MO~eT 6HT:& H3MepeHO; a qTo HeT. STO 
paCCKa3 0 ,ltOllOJlHHTeJlJ>HOCTH H HH.zteTepMHHH3Me, 9TO HaH60Jiee CTpaHHaH 
oco6eHHOCTJ> sTott cTpaHHoil BceneHHoil. 

MH sHaeM, KaK pesDMHpoBaT:r. llCHKYD ,11pyrym :BeJlHKYID H,1leD ~H3HKH Hec
KO.ll:&KHMH llpOCTHMH CJlOBaMH 1 HO TOJl:&KO He H.zteiD KBaHTa • .l(JlH MHOrHX ,1laEe 
cer~,11HH H,lteH KllaHTa npe,11CTallJIHeTCH CTpaHHOH H He~eJlaTeJl:&HOR H KaEeTCH 
npHllHOCHY:Ott H31lHe llpOTHB HameR llOJlH, HanpOTHB 1 eCJlH KTO-JlH60 ,1leRCTllH
Te.ll:&HO llOHHJl ee cymHOCT~ H He06XO,ltHMOCT:& ,ltJlH llOCTpOeHHH MHpa, OH ,110Jl
EeH 6RTJ> 1l COCTOHHHH C~OpMy.llHpOllaTJ> ee 1l llH.zte 0,1lHOro HCHOrO H npOCTOrO 
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npe~noxeHHflo lloKa Mhl He YEH~HM KEaHTOEU~ npHHqHn EO ECeR ero npOCTOTe, 
MH MoxeM cqnTaT:&, qTo He aHaeM cauoro rnaEHoro o BceneHHoR, o Hac·ca
MIDC H o HameM MecTe EO BceneHHoil." 

§ 3. ITPOEJIEMA HEOEPATMMOCTH 
llpo6neMa He06paTHMOCTH E03HHKRa yxe E paMKax KnaccnqecKOH ~H3HKH. 

C~eCTBOBaHHe Heo6paTHMOCTH 6uno C~OpMynHpOBaHO B EH~e BTOporo Haqana 
TepMO~HHaMHKH, HRH 3aKOHa B03pacTaHHfl_3HTpOOHH. llo OOBO~y HCTOpHH CO
mneMCfl Ha ryrreHreilMa /22/: "BTOP?H 3aKOH TepMO~HHaMHKH npe~qyBCTBOEan 
yxe KapHo (1824); BnepBue aToT 3aKOH 6un HCHO c~opMynnpoBaH Knayany
coM (1850), KOTOpoMy Mhl 06fl3aHH H CaMHM OOHflTHeM 3HTpOOHH. A6conDTHafl 
mKana TeMnepaTyp BBe~eHa Ken:&BHHOM (1848), KoTopun npoBoarnacnn BTopon 
aaKoH TepMo~HHaMHKH HeaaBHCHMO OT Knayanyca (1851)." 

CBH3Ii He~6paTHMOCTH CO cny~aHHOCTI>D Be~eT CBOe Haqano OT pa6oT 
MaKCBenna H Eon:&uMaHa. B 1859 r. MaKcEennoM nonyqeHo paBHOBecaoe pac
npe~eJreane CKOpOCTeil MOReKyn rasa. B 1872 r. Eon:&qMaHOil ~OKasaHa H
TeopeMa, B 1877 r.' ycTaHOBJieHa CBH3:& 3HTponHH c l}.epoHTHOCTHJ.!H. TepMHH 
cTaTHCTnqecJtaH MexaHHKa BnepBHe noHBHncH y MaJtcBenna B 1878 r. 

B o6uqa~n ~opMynnpOBKe npo6neMa aeo6paTHMOCTH cocTOHT B cornacoBa
HHH MaKpOCKOnHqecKOH Heo6paTHMOCTH C MHKpOCKOnHqecKOH 06paTHMOCTI>D 
HRH, 6onee 06~e, BO BBe~eHHH OOHflTHfl Heo6paTHI40CTH B ~HHaMHKy. llpH 
3TOM OCHOBHYD pon:& HrpaeT KpynHOCTpyKTypHOe ycpe~HeHHe. OcTaHOBHMCfl 
Ha HeM.· 

B JtnaccnqecJtoil cTaTHCTnqecJtoil ue~aHHKe ~HrypnpyeT ~YHKUHH pacnpe
~eneHHH fcx, t), r~e x - ToqJta ~aaoBoro npocTpaHCTBa, t - BpeMH. MnK-;
pocJtonnqecJt_aH 3HTponHH 

· . Om.Wto =- ~ y(X, t) 1_a J (X, t) dx (1.3.1) 

He 3aBHCHT OT BpeMeHH. C qen:&IO 11 HCnpaBneHHH11 nonoXeHHfl BBO~HTCfl orpy6-
neHHafl (KpynHOCTpyKTypHaH) ~YHKUHH pacnpe~eneHHH /23/ 

£ tl (xJ) = f -J ~ {t) 11<-(x)> (1.3.2) 

r~e 

. f~(t)==-' ~ f(x,i)dx, Ll-(~)=J f npH XE L1X.: (1>3•3) 
' · /lX.;_f'Jr.;, ' l 0 npH Xfj.IJ.X-;. .1. 

11x.: :- o6:r,eu i-n. fiqeilKH ~aaoBoro npocTpaHCTBa. MaJtpocJtonnqecKaH SHTpo-

nHH ~l\ '/!, ~ 
orruww =- J f (x, t) in f\x, t )dJ: = -{- f Jt) Llx, -ln. f i. (f) (1.3.4) . 

yxe 3aBHCHT OT BpeMeHH H, HanpHMep, ~RH nepeMeiDHBaiO~ero ~BHXeHHH pac
TeT CO BpeMeHeM. 

B KBaHTOBOM cnyqae pon:& ~YHKUHH pacnpe~eneHHH HrpaeT CTaTHCT~ec
KHH onepaTop (MaTpnua nnoTHOCTH) 
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_p(t) ==k urm Prn.(t), Pm{tJ =1m, t ><m, t 1 ._ cr.3 •5) 

llpoeKTOP P~ onHCHBaeT qncToe cocTOHHHe.c aMnnHTy~on lnt,t/, MHoxecTBO 
£ufm1 onHCHEaeT p~cnpe~eneHHe EepOHTHOCTH no qncTHM (MHKpOCKOnHqecKHM) 
COCTOHHHHil. MHKpOCKOnHqecJtafl 3HTpOOHH · 

B'nu:c:w = - Tr- f pm ln.._p(t)] = -:~ wm. in wrn (I.3.6) 

He aaBHCHT OT BpeMeHH. KpynHOC~YKTypHoe.ycpe~HeHHe BBO~HTCH cne~yiO~Hil 
o6paaoll /4/. llycu{Jl}- uaoxecTBO npoeJtTopoB, TaKHX, qTo.{- !(=I , 
Tri p. .:::: 5· :;:-> f • 3~ec:& I - e~HHHqaun onepaTop; HepaEeHCTBO oTpaxaeT . 

' < (';:) MaKpocJtonHqHoCT:& npoeJtTopa :.J;_ , nrpa10~ero pon:& aqeilKH l1x.: • MolltHO sanH-
Cl ~~ I I f I· caT:& :I,: == T Pi ~ Tr-Pj ==- , ~ F'i = I • KpynHocTpyKTypaoe pacnpe~ene-

HHe BEO~HTCH cornacao J 
L1 . /!,(1) . • 

WJ {l) = J_ w, (f)L\i (J}, (1.3.7) 
L 

r~e 

wtu>==-~,-rr-[p(tJ~l, !1Jj)= Tr{Jlp;}==[ 6 ~~:J1E:~::~.<r.3.8) 
· . MaitpocJtonHqecJtaH aHTponHH. 

orna.ow fi) ;, - f- uif (0 -in wf"rt.J=-f w/uf05, tn w~MIJ(t J; (1.3.9) 

ee BoapacTaHHe paccMoTpeHo E /4/. 
~H3HqecKHH CMUCR KpynHOCTpyKTypHOrO ycpe~HeHHH COCTOHT B TOM, qTo 

OHO OTpal!taeT orpaHHqeHHOCTii B03MOXHOCTeil MaKpOCKOnlftiecJtOrO Ha6niO~aTe
nH. 'YKa3aHHOe ·ycpe~HeHHe MOXeT npHBeCTH K xaOTHqHOCTH. nqBe~eHHH yxe 
npocTe~mmc KnaccHqt:cKHX MexaHnqecKHX cncTeM (~HHaMHqecJtHil xaoc )' /24-
26/. 

KoHtienuna KpynHOCTPYKTypHoro ycpe~HeHHH no~Bepranac:& H npo~onxaeT 
no~EepraTbCH KpHTHKe. llpHEe~eM EhiCKa3UEaHHe llpHrOlltHHa /27/: "••• tiaCTO 
YTBepx~aiOT, qTo OOHHTHe He06paTHMOCTH MOlltHO BEeCTH B ~HHallHKY TORI>KO 
E TOM CRyqae, ecnH B ~OOORHeHHe K H3EeCTHUM 3aKOHaM ~HHaMHKH ~onyCTHTii 
cnpaEe~RHEOCTii 0 "rpy60M 3epHeHHH CHCTeMU':. MHe BCer~a · 6blRO Tpy~HO CO
rnaCHTI>Cfl CO cnpaEe~RHEOCTI>IO 3TOrO 3aKnDqeHHH, B OC06eHHOCTH BCne~- • 
CTB_He KOHCTpyKTHBHOll pORH, HrpaeMOll l!eo6paTHMhiMH. npoqeccaMH~ MoryT 
nn ~HccnnaTHBHhle CTPYKTypu 6HT:& peaynbTaToM own6oK ?" 

B KHHre RaH~ay H Rn~wnua /28/ npn o6cYJ!t~eHHH aaJtoHa BoapacTaHHH 
3HTpOOHH OTMeqaiOTCH CRe~yiO~He MOMeHTbl: "••• CBH3UBaHHe ~H3HqecKHX aa
KOHOE CO CEOHCTBa¥H Ha6RIO~aTenH, paayMeeTCH, COBepweHHO _He~onyCTHMO. 

Bpa~ nn c~opu:ynnpoBaHHhlil TaKHM o6paaoM aaJtoH BoapacTaHHH aHTponnn 
B006~e MOr 6H 6UTI> EUBe~eH Ha OCHOBe KRaccnqecKOll MeXaHHKH ••• 

_ ••• Bonpoc 0 ~H3HqeCKHX OCHOBaHHHX 3aKOHa MOHOTOHHOrO B03paCTaHHH 
3HTpOOHH OCTaeTCH, TaKHM-o6pa30M, OTKpUTblM. 11 

. 06HqHo OOHHTHe Heo6paTHMOCTH aCCOUHHpyeTCH C 3aKOHOM E03paCTaHHH 
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SHTpODHH. O~HaKO npHMeHeHHe STOro SaKOHa orpaHHlleHO ~BYMH 06CTOHTe~»
CTBBJ.!H. IlepBOe COCTOHT B TOM, liTO B'ospacTaHHe SHTpOnHH npe~CTaB~HeT 
co6oit ~Hm» He06XO~HMOe YC~OBHe BOSMOEHOCTH nepexo~a H3 O~Horo COCTOH
HHfi'B ~pyroe B c~yqae ~Ha6aTHllecKoro npo~ecca. BTopoe o6cToaTe~»cT~O 
aa~DllaeTCH B CymeCTBOBaHHH COCTOHHHi\ 1 ~~fl KOTOpRX SHTponHfl paBHHeTCfl 
6ecKoHeliHOCTH. TaK, nycT» cTaTHCTHlleCKHit onepaTop 

- . G . 
.P -::. L wm I rn)(rn\' W"m = (m d) 11 ( ) I. a.> 1., (1.3.10) 

. 111-"' 0 -t tn.. -t a. 
r~e C - KOHCTaHTa HOpMHpOBKH. II pH STOll 0 ::=. - ~ Zlf~ fn. UT'm = 00 

. m.-0 
IIOSTOKY Xe~aTe~»HO HanTH 6o~ee 06~Hi\ 3aKOH1 KOTOpai\ npe~cTaB~fl~ 6H 

C060it KpHTepHit (T.e. He06XO~HMOe H ~OCTaTOliHOe yc~OBHe) B03KOXHOCTH 
nepexo~a .uex~y ~ID6UMH napaMH cocTOHHHit, ~HrypHpyiD~HX B npo6~e11e Heo6-
paTHMOCTH. 

§ 4. IIPOEJIEMA R3MEPEHlm 

Ilpo6~eMa HH~eTepMHHH3Ma B KBaHTOBOH MeXaHHKe B03HHK~a Cpaay noc~e 
coa~aHHfl noc~e~Heit, npHlleM B03HHK~a B ~opMe npo6~ew.HaKepeHHH. Ilo
CKO~»KY H3MepeHHe npe~cTaBnHeT co6oit pea~:&Hai\ \I)H3HllecRHit npo~ecc, no~
Hafl TeOpHH J.(OUHa OnHCUBaT:& H3MepeHile· B pruo!Kax ~HHaKHKH 1 T·.e. UaTeMa- : 

THlleCKOit llaCTH TeOpHH 1 - no KpanHei\ Mepe, Ha KOH~enTy~:&HOK ypOBHe. 
~pyrHKH C~OBaMH 1 TeOpHH H3MepeHHfl ~O~XHa 6HT:& ~HHaKHlleCKOit. B opTO~OK
C~:&HOi\ KBaHTOBOit TeopHH STO Tpe60BaHHe He BUDO~HHeTCH! H3KepeHHe onH
CUBaeTCH B paKKax HHTepnpeTa~HOHHOi\ llaCTH TeOpHH. Eo~ee TOro, opTO~OK
C~:&Hafl KBaHTOBaH ~HHaMHKa flMHeTCH ~eTepKHHHCTCKOi\ 1 a KBaHTOllOe H3Ke
peHHe npe~CTaB~HeT C06oi\ BepOHTHOCTHUH 1 HH~eTepKHHHpOBaHHUI npo~ecc. 

HKeHHO STO npOTHBOpeliHe npHBO~HT K npo6~eKe H3MepeHHfl. 

OnHCaHHe H3KepeHHfl KaK ~H3HlleCKOro npo~ecca 6uno ~aHO reAaeH6eprOK 
B KHHre /29/! 11HauepeHHe HeKOTOpOit ~H3HlleCKOH;Be~HliHHH~ COCTOHT 1 B0-

06~e rOBOpfl 1 B TOK 1 liTO 1m Ha6~ID~aeKyiD CHCTeKy, KOTOpol Be~HliHHa ~. 
nepe~ H3KepeHHeM COnOCTaB~eHa C HeTOliHOCT:&D~tZ 1 H3KeHfleK TaK 1 liTO 
noc~e HaKepeHHfl s~a Be~HliHHa KoxeT 6aT:& eA conocTaMeHa c KeH:omei\ He
TOliHocn.il /l.2 2 < jjf Z • 3TOT npo~"ecc H3KepeHHfl 1 cor~aCHO CKa3aHHOKY, ~OJI
zeH 6aT:& paa~eJieH Ha ~Ba cTporo paa~Hllae~tae aKTa. IlepBaA mar HaKepeHHH 
COCTOHT B TOK 1 ~TO CHCTeMa no~BepraeTCH BHemHeKy 1 !f)H3HlleCKH_ pe~:&HOKy 1 

H3KeHHxi~eKy XO~ C06UTHH B03~ei\CTBHil 1 HanpHIIep! OCBel!leBHe CBeT.OII JIJIH 

. BKJII)qeHHe DOJifl. 3TO·B03~ei\cTBHe ·npHBO~HT K TOlly, liTO·Ha6JIIl~aeKafl CHC
TeKa nepeXO~HT B 11 CKeC:&11 COCTOflHHi\ 1 B006~e rOBOpH,· 6eCKOHeliHO IIHOrHX, 
HO. ~~fl KOTOpRX OCTaeTCfl TO 1 liTO .Be~HliHHa ~ JIO:ateT. 6aT» IlK COnOCTaBJieHa 
C ~yTOUOCT:&Il !J..2 2 • . 

BTopoi\ aKT H3MepeHHH BU6HpaeT 113 6eCKOHeliHO 60JI»moro lliiCJia COCTOH
HHI CMeCH HeKOTopoe BDO~He onpe~e~eHHOe~. KaK ~eiCTBHTeJI:&HO pe~H30BaH
Hoe. 3ToT BTOpoi\ mar npe~cTaBJIHeT co6oi\ npo~ecc, xoTopui\ caM He.Boa~ 
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~eitCTByeT Ha XO~ C06UTHi\ 1 HO KOTOpui\ TO~:&KO H3MeHHeT Hame 3HaHHe pe

a~:&HRX COOTHOmeHHi\. 11 

Ilpo6~ewa COCTOHT B nocTpoeHHH ~eKBaTHOH STOMY OnHCaHHID TeOpHH. 
IlpH STOM nepBait mar H3MepeHHH ~oueH onHCHBaT:&CH ~~~H~MHKoit. PemaiD~aH 
Tpy~HOCT:& aaR~IDqaeTCH B nepexo~e OT liHCTOro COCTOHHHH K CMemaHHOMy, 
T.e. B HClle3HOBeHHH HHTe~epeH~HOHHRX ll~eHOB. Paa~HliHae no~o~a K pe
meHHil npo6~eMa H3MepeHHH OTHiillaiDTCH. cnoco6aMH 11 H36aB~eHHH11 OT HHTep

~epeH~HOHHRX ll~eHOB. 
HH o~HH H3 no~o~oB, npe~~oxeHHRX ~o Hall~a 80-x ro~oB, He npHBe~ 

K noc~e~oBaTe~:&Hoit TeopHH, onHCHBaiD~en npo~ecc HaMepeHHH. Ilo~po6Hai\ 
0630p H T~aTe~:&Hiffi aH~H3 COCTOHHHH npo6~eMH K cepe~HHe 70-X rO~OB 
npoBe~ ~•3cnaH:&H B KHHre /8/. MO:atHO peKOMeH~OBaT:& TaK:ate o6aop TaKa-
6aHCH /9/ 1 OXBaTUBa~Hit TOT :ate nepHO~ BpeMeHH. OcTaHOBHMCH Ha.OCHOB

HRX no~xo~ax. 
HcTopHlleCKH nepBait H ~o CHX nop·Ha~~6o~ee nonynapHNi\ no~xo~- sTo 

TaK Ha3HBaeKaH KOneHrareHCKaH HHTepnpeTa~Hfl KBaHTOBOi\ MeXaHHKH (Eop, 
rei\aeH6epr) • ~eH COCT.OHT B C~e~y.ID~eM •. HH~eTepMHHH3M npOHB~HeTCH B 

H3MepeHHHX,· npOBO~HMRX H~ MHKpOllaCTH~eit. H3MepeHHe OCy~eCTB~HeTCH C 
nOMOIII:&ID npH60pa. IlpH60p onHCUBaeTCH B TepMHHax K~aCCHlleCKOit ~H3HKH 
(B STOll CyT:& H~eH) 1 H3 llero CJie~yeT HeB03MOlltHOCT:& TOliHOrO ylleTa ero 
B03~eli1CTBHH Ha MHKp0061:1eKT 1 nO~liHHH~HHCH KBaHTOBHM aaKOHaK •. 9TO npH
BO~HT. K BepOHTHOCTHOMy xapaKT~py peay~:&TaTOB H3Mepe'HHH. Pe~Haa~Hfl 0~
HOrO H3 B03110lltHRX peay~:&TaTOB npOHCXO~HT aa ClleT TOrO, .liTO npH60p 
BCer~a HaxO~HTCH B onpe~eJieHHOM K~aCCHlleCKOM COCTOHHHH. XOTH ~0 CHX 
nop KoneHrareHCKaH HHTepnpeT~HH CllHTaeTCH 11 0pTO~OKC~:&HOit11 , OHa BU-
3HBaeT cepieaHae BoapaxeHHH. HaM~peHHe npe~cTaB~HeT co6oi\ ~H3HlleCKHit 
(a He yuoapHTeJI:&HHi) npo~eCC 1 KOTOpait B noc~e~oBaTeJI:&HOH UO~HOH TeOpHH 
~OJIXeH OnHCUBaT:&Cfl He Ha C~OBeCHOM ypOBHe 1 a B MaTeMaTIIlleCKOi\ llaCT.H 
TeOpHH. KpoKe Toro, 11 COCy~eCTBOBaHHe11 KBaHTOBRX H K~aCCH'leCKHX 061>eK
TOB B paMKaxO~HOJii TeOpHH He~onyCTHMO! TaKaH TeopHH BHyTpeHHe npOTHBO
peliHBa /30/. B CaMOM ~e~e, ec~H ~onycTHT:& cy~ecTBOBaHHe KJia.ccH~tecKott' 
~~~a~parw, TO H3MepHB c ee noMOIII:&il KOOMHHaTyX SJieKTpOHa, HMeiO~ero 
onpe~eneHHait Hlmyn:oc p , a TaK:ate onpe~eJIHB no oT~alle ~Ha!f)paruu Ha.we-. 
HeHHe HMnyJI:&Ca S~eKTpOHa, KOlltHO nOJIYliHT:& COCTOHHHe· nocJie~Hero CO CKO~:& 

yro~Ho K~aK aHalleHHeK npoHaBe~eHHH Heonpe~eJieHHOCTei\ Dr· D P • 
BTopolii no~o~ 6un npe~noxeH ~oH HeitMaHoM. P~ccMoTpeHHe sToro no~

xo~a OC06eHHO noJie3HO nOTOMy, liTO OHO n03BOJIHeT YTOliHHT:& 1 0 KaKHX HH
Te~epeH~HOHHRX ll~eHax ~~~eT. pell:& B npo6~eMe HaMepeHHH. MaTeMaTHllecitaH 
llaCT:& TeOpHH ~OH HeitMaHa COCTOHT B c~e~yiDI!IeM. 0603HaliHM CHCTeKy, B KO
Topoi\ npOBO~HTCH H3MepeHHe 1 npH60p H .HX 061:1e~HHeHlle llepe3 m 1 a, H L 
COOTBeTCTBeHHO. 0THece~ Hali~:&HOe COCTOHHHe K MOMeHTY BpeMeHH t =0 
TOI'~a 
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12.) t =O> =I m, t = o > ~H a/ t = O) / 

/m)EJf~ ja)EJf_a_ }'L)EJ.{~- . Jem..®Ject. (1•
4

•
1

) 
/ . / - m 

de ·- rHJI.D6epTOBo npocTpaHCTBo. llycT.D Hawepaewo~ BeJIHliHHe X .. c co6-. . m. 
CTBeHHHMH 3HalleHHHMH j(j COOTBeTCTByeT nOJIHaH OpTOHOpMHpOBaHHaH CXCTe-
Ma C06CTBeHHUX- BeHTOpOB 

. {tm.j):j =~±1.~±2/ ... J. (1.4.2) 
.BBe~eM nOJIHY~ OpTOHOpMHpOBaHHYID CHCTeMy ~JIH npH6ppa 

{jaK): K= ~ ~ 1, ±c2.~ ... }, (1.4.3) 
npHlleM 6y~eM CliHTaT.b . 

·!a-,t=O> = fa.O>. (1.4.4) 
llyCT.b nepBH£1 aHT H3MepeHHH no reilaeH6epry npOHCXO~HT Ha HHTepBane Bpe-
MeHH (a_ t) 1 . TOr~a .. ' . 

· 1-L.~t>= Utso)IL..)-t=o~ cr.4.5) 
r~e U{-;o) - yHHTapHuil onepaTop BpeMeHHoil 3BOJIIDUHH. Onpe~eJIHM nocne~-
HHil cornacHo· ·. . 

U{t,O)Jmj)®)a.K>== lntj)®fa K+J)/ J,K=-~±~:!:..2, .... (1.4.6) 

PaaJIOlltHM B6HTOp HallaJI.bHOrO COCTOHHHH HCCJie~yeuon CHCTeMU no 6a3H:-
cy (1.4.2): (m,t==O):::.~C;/mj>"' C;=(mjJm,t=O) .BBH~y . d u 
(1.4.6),(1.4.4) nonyllaeM ua (1.4.5) . 

IZ:, t) = f c1 I m.J >~ 1a.; > · (1.4.7) 
~OpMyJia (1.4.7) npe~CTaBJIHeT C060il OCHOBHOil peayJILTaT MaTeMaTH

lleCH0£1 llaCTH TeopHH .lf3MepeHHH WOH HeilMaHa. STa wopMyJia ycTaHaBJIHBaeT 
B3aHMHO-O~H03HaliHOe COOTBeTCTBHe Mellt~y COCTOHHHHMH HCCJie~yewon CHCTe
MH .If npH6opa. ECJIH OHameTcH; liTO np.H60p HaxO~HTCH B COCTOHHHH C aYnJIH
Ty~oil !a.j) 1 3TO 6y~eT 03HallaT.D 1 liTO HCCJie~yeMaH CHCTeMa HaxO~HTCH B 
cocTOHHHH c awnnHTy~oil I rnj > , a HawepHeMaH BeJIHliHHa X,.. HweeT alialleHHe 
Xj~ o STOT peayJILTaT MOlltHO C~OpMyJIHpOBaT.b e~e H TaH. llyCT.b )a.K) - C06-,. ' ya. . C( 

CTB6HHHn B6HTOp BeJIHliHHH 1 npHH~Jiellt~Hil C06CTBeHHOKY 3HalleHH!l 1K. o 

Tor~am. noHa3aHHIO npH60pa tt COOTB6TCTByeT 3HalleHHe H3KepHeMOil B6JIHliH- · 
HH Xj • · . 

Ho ecnH cHcTeMa L Haxo~HTCH B liHCTOM cocTOHHHH c awllJIHTy~oil 
(1.4.7), npH60p He HaxO~HTCH B COCTOHHHH C onpe~eJieHHHK 3HalleHH6M 
BeJIHliHHU ya.. ]lJIH nepexo~a npH6opa B TaHOe COCTOHHHe npe:a:~e BCero 
He06XO~HM0 1 liT06U COCTOHHHe CHCTeKU ;[ 6HJIO cwemaHHHKo 

BBe~ew npe~cTaBneaHe o cocTOHHHH HaH o WYHHQHOHane aa KHOllteCTBe 
onepaTOpOB B rRJI.D6epTOBOM npOCTpaHCTBe. TaHOe npe~CTaBJI6HHe HCnOJI.b
ayeTCH B ~1re6paHllecHon TeopHH. B ~HpaHOBCHoil wopwyJIHPOBHe cocTOHHHe, 
0 nHCUBaeuoe aMnJIHTy~olt I) ' o6oaHallaeTCH .P = 1><1 .If npe~cTaBJIHeT co6ol1 
npoeHTop. CocTOHHRe HaH WYHHQHOHan o6oaHaliHW co==- (1·1 > . llpH a Tow cpe~,;, 
Hee aHalleHHe onepaTopa A B cocTOHHHH w ecT.D w(A) =<I A I> . B cnyqae 
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CMemaHHOrO COCTOHHHH 
.f=Z.vfd·lj>(jf"' W=Z:uii<il·l(), p~ Wj (1.4.8) 

J I u · 

cpe~Hee aHalleHHe w(A)=f~<i!Aij-) = TrfpA} 
CorJiaCHO CHaaaHHOMY BNme, peayJI.DTaTOM nepBOrO aK~a H3MepeHHH ~OJillt

HO 6NT.b He liHCTOe COCTOflHHe 

<Z.)ti·I.L.~t> ==JF c/ci<m/l·lrn.f>~<a/l·la.cf>/ cr.4.9) 
HaK 3TO noJiyllaeTCfl B OpTO~OHCaJI.bHOn ~HHaMHHe, a CMeillaHHOe COCTOHHHe 

w'2- = f I ci 1
3 

<mj 1·1 ~j >® <aj 1·/ aj > . · · (!.4.10) 
Tor~a BTOpon aHT H3MepeHHH COCTOHT B TOM, liTO peanH3yeTCH (BH6H

paeTCH H3 CMeCH) HeHOTOpOe COCTOHHHe mp = (mj /•/ m,j )®(a-} )·I a,j) 
:/.. . " ~ c .BepoRTHOCTLIO Wj = I Cj I =I< mJ I m; t = o / I - B cooTBeTCTBHH 

CO CTaTHCTHlleCHOn HHTepnpeTaUHen HBaHTOBOl1 MeXaHHHH. 
CMemaHHOe COCTOHHHe (1.4.10) TIOJiyllaeTCH H3 liHCTOrO COCTOHHHH 

(1.4.9) BNllepHHBaHHeM He~HarOHaJI.bHUX 1 HJIH HHTepwepeHQHOHHHX liJieHOB 
j'*j • B TeopHH woH Hel1MaHa CliHTaeTcH, liTo yHHliTo~eHHe HHTepwepeH

UHOHHHX liJieHOB npOHCXO~·HT aa ClleT C03HaHHH Ha6JIIO~aTeJIH. MOlKHO BBeCTH 
CHCTeMyC- C03HaHHe. AHaJIOrHliHO npe~hl~ymeMy llOJiyqaeTCH aMllJIHTy~a 

COCTOHHHH CHCTeMN 2. 1
;, m +a.+ C. 

lz:::t>==~Cjlmj)®laj)®/cj> · cr.4.n) 
(aTo npocTeilmHl1 BapH~HT TaH HaauBaeMol1 HepapxHH WOH HeilMaHa). l\anee 

CliHTaeTCfl, liTO ~JIH coaHaHHfl liJieHhl < c / 1· I c j > , i' * j oTcyTCTBYJOT. 
O~HaHo HcnonLaoBaHHe coaHaHHH B HaqecTBe sneMeHTa WH3HllecKol1 Teo

PHH BH3NBaeT cep.De3Hhle B03pameHHfl. HanOMHHM Bhl~eplKKY H3 KHHrH ]aH~ay 

H ]HWillHUa /28/, npHBe~eHHYJO B npe~u~ymeM naparpawe. Uenecoo6paaHo TaK
llte npHBeCTH UHTaTy H3 CTaT.DH ]erreTTa /3!/, BHJIIOlleHHOil B HHHry "SH
~HHJIOne~HH HeaHaHHH": "EoJI.DillHHCTBO ylleHux-ecTeCTBeHHHKoB, BepoHTHO, 
HMeeT rJiy60HO yHopeHHBillYIOCH Bepy 1 liTO ~OJIJKHO 6bJT.b B03MO~HhlM ~aTD non
HOe OnHCaHHe aaHOHOB npHpO~N 6ea flBHOH CChlJIHH Ha lleJIOBelleCHOe C03Ha
HHe HJIH lleJioBellecHoe BMemaTeJILCTBo. O~HaHo B caMoM cep~ne WH3HHH -
H~OJirO 06paane ~Jiff ecTeCTBeHHO" HayHH -.JieJKaT ~Be npo6JieMH, r~e 3TO 
~ony~eHHe ~0 CHX nop nO~Bepr~eTCH flpOCTH~M ~e6aTaM~ O~Ha - 3TO BOllpOC 
o "cTpene BpeMeHH", HnH, 6onee TOliHo, olleBH~HaH acHMMeTpHfl w~r~aHlleCHHX 
npoQeCCOB OTHOCHTeJILHO BpeMeHH 1 ~pyrafl - STO npo6neMa H3MepeHHH B 
HBaHTOBOH MeXaHHKe." 

TpeTHn no~xo~, npe~JiollteHHHil SBepeTToM, ocHOBaH Ha H~ee "BeTBfl~eil
CH BCeJieHHon". llpe~nonaraeTCfl_,liTO B JII060M OllUTe O~HOBpeMeHHO peanHay
IOTCH BC6 B03MOlltHUe peayJILTaTN 1 npHlleM Hallt~OMY H3 HHX OTBellaeT CBOH 
C06CTBeHHafl BCeJieHHaH. ]lpyrHMH CJIOBaMH 1 npH BCHHOM H3MepeHHH llpOHCXO
~HT pac~enJieHHe BC6JieHHOH Ha MHOllteCTBO OT~eRLHNX SH3eMllJIHpOB. flo MHe
HHIO TaHa6aHCH /9/. TaHaH HHTepnpeTaUHH KBaHTOEOl1 MeXaHHHH MOrna B03HHH-

.· . ' . 
HyT.b TOJILHO OT llOJIHOrO OTllaHHHfl nepe~ Tpy~HOCTflMH llp06JieMH H3MepeHHH. 
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B a;ztpec TeopHII SBepeTTa. HanpamHBaeTCH cJie,llyllll!ee 3au:e'iaHHeo Mozno 
HcnoJI:&30BaT:& BhlpallteHHe (I.4o?)o KaK BeKTOp IL: -t), TaK H oT,lleJI:&Hhle BeK
TOPhl Jmj'>@faj), npHHa,llJielltaT O,llHOMy .II TOllY ze 'r.i!JI:&6epTOllY npOCTpaHCTBY 
Je'L = 'Jerrt-® Jea. , OnHChiBaJOIIleWy COCTOHHHH CHCTeW L ll paKKax: O,llHOlt BCe
JieHHOHo llo3TOKY paCIIlenJieHHe rHJI:&6epTOBa npOCTpaHCTBa .i1 BKecTe C H.i!K 
BCeJieHHOlt BeC:&Ma npoH3BOJI:&HOo _ 

Tp.i! paccu:oTpeHHhiX no~o,lla nhiTaJOTCH pemHT:& npo6Jieu:y H3MepeHHH ll 
pau:xax: HHTepnpeTa~HOHHOH qacTH TeopHHo Bceu: no~O.llaK TaKoro po,lla npH
CYIIl.il cJie.llYIDIIlHe ,llBa npHH~HnHaJI:&HhiX He~ocTaTKao Bo-nep:BhiX, ll paWKax: Teo
PHH He KOXeT 6h!T:& pemeH BOnpoc, ll KaKOU: CJiyqae llpeWeHHaH Sl!OJIID~HH ,llOJI
XHa 6h!T:& ,lleTepKHH.i!CTCKOd H ll KaROL! - HH,lleTepWmHCTCKOlto (HaKepeHHe OT
HOC.i!TCH KO llTOpou:y CJiy'iaiDo) BO-BTOphiX, ll.CJiyqae HH,lleTepKHHHCTCKOlt 3l!O
JIID~H.il TeOp.i!H He KOll:eT O,llHOSHa'iHO yKaSaT:& 1 ll KaKOe CMemaHHOe COCTOHHHe 
npeBpalllaeTCH HCXO,llHOe 'iHCTOe COCTOHHHe; TeW CaMhlll HeT O,llHOSHa'iHOrO pe
~enTa ,llJIH onpe,lleJieHHH MHOllteCT:Ba ll03MOliCHhiX KOHe'iHhiX COCTOHH.i!lto 

llpe,llnpHHHL!aJIHC:& TaKllte nOllhiTK.il OnHCaT:& npo~eCC .ii3MepeHHH ll pawKax: 
KaTeMaTH'ieCKOlt 'iaCT.il I\liaHTOl!Olt TeOp.i!.i1 1 Toe o nOCTpOHTi ,ll.i!HaKH'ieCKYID 
TeOp.i!ID .i13MepeHHHo B HHX HCXO,llHhiM nyHKTOM HllJIHeTCH MaKpOCKOnH'iHOCT:& 
npH6opa, Toeo TO, 'iTO OH COCTOHT .113 orpOKHOrO 'i.iiCJia qacTH~o 0,llHaKO 
11 HSrHaT:&11 ,lleTepMHH.i13M 1 npHCYIIlHlt MaTeMaTH'ieCKOMY annapaTy OpTO,llOKCaJI:L.,-. 
Holt KBaHTOBolt TeopHH, He Y.llaJIOC:& /8/. B ,llonoJIHeHHe K /8/ OTKeTHK a,llec:& 
TeOp.i!ID Ma'iH,lla-HaMHK.il /32,33/, KOTOpaH npe,llCTal!JIHeTCH H6a;ll6KllaTHOlt ·no 
cJie,llyJOIIlelt npH'iHHe. Y'iHThi:BaJOTCH TOJI:&Ko MaKpocKonH'ieCKHe Ha6JIID,llaewhle 
np.1160pa, KOTOphle nO,ll'iHHHIDTCH npallHJiy cynepoT6opa .II yCJIOll.illD rJiaiKOCTH. 
llOCKOJI:&Ky nocJie,llHee ycJIOBHe He MOll:eT 6h!Tl> qJOpMa.irHSOllaHO (He'l.' qJHSH'ieC
KOlt rpaHH~ ,llJIH. llOSMOlltHhiX BapHa~Hlt) 1 Up.i! t-. oo H6,llHarOHaJI:&Hhle 3JI6KeHTii 
(T.e. HHTep!lJepeH~HOHHhle 'iJieHhl) CTpewaTcH K HYJIID Hepa:BHouepHo OTHOCH-
'l'6JII>HO KHOlltecT:Ba 'Ha6JIJO,lla6Mh!Xo llOSTOKy npH JIJ060K t< 00 HH'l'ep!lJepeH~IriOH
Hhle 'iJieHhl OC'l.'aiDTCH. 

HaKoae~, llpe,llnpHHHMaJIHC:& H npo,lloDaiDT npe,llnpHHHKaT:&cH nonhl'l'KH.no
C'l'pOHT:& ,lle'l.'epKHH!riCTCKyJO T60p.i110 KllaH'l.'OllhiX CHCTeK. 8TH nonhiTK!rl CllHSaHhl 
C llll6,lleH!rleK CKphiThiX napaMeTpOll H.nOCTpOeH!r16K Ha STOlt OCHOlle TeOpH.il HS:_-j 

-KepeHHH. STOT no~O,ll noJiy'iHJI HaH60JI66 ,lleTaJI:&HOe paSll.il'l.'He ll.pa6o'l.'ax: 
Eowa. 0,llHaxo nocTpOHT:&·JIOrHqecKH nocJie,llo:BaTeJI:&HyiD TeopHD co CKphiThiKH 
riapau:e'l.'pau:H_He Y.llaJIOc:& /8,9/o 

B 3aKJIJO'i6HH6 o6aopa no npo6JieKe HSKepeHHH CJie,llyeT•O'l.'KeT!rl'l'l>1 ~'l'O . 
CaliO CYIIl6CTl!OllaH!rle STOlt np06Jiellhl He HllJIHe'l.'CH 061IlenpH3HaHHIIIK. llpe,llOC'l'a
JllriK 'CJIOllO .ll' ScnaH:&.H /8/: 11llpo6JieMa lriSKepeHHH ll KllaHTOJlOlt KeXaHHKe CllH-,., . . 
Tae~CH HeCyllleCTllYIDIIleH .i!JIH TPHll.ilaJI:&HOlt llHYIDHT6JI:&HhiK 'iHCJIOK qJ!riS!riKOll
'l.'eopeTHKOll H npe,llCTaBJIHIDIIlelt noqTH HenpeO,llOJIHKhle 'l'PY.llHOCTH.HeCKOJI:&KO 
MeH:&mHK, HO noCTOHHHO paCTYIIl.iiM 'i.i!CJIOK HX KOJIJier." 
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§ 5. KOll!KA lliPEJlHHI'EPA H ;llPYr BHrHEPA: llPOEJIEMA CYllEPllOSIHUm 
;llJIH MAKPOOEDEKTOB 

KaK np.11 llOSHHKHOBeHHH KBaHTOBhiX H,llelt, TaK .~~·npH coa~aHHH .11 paa:BH
THH KJlaHTOl!Olt TeOp.i!H pemaJOIIlYID pOJI:& HrpaJIO paCCMOTpeHHe KaK M.i!KpOCKO-

·nH'ieCKHX, TaK .11 MaKpocxonHqecxHX o6:neKTOllo Cau:a H.ll6H KBaHTOJloroonH
caHHH OC~.iiJIJIHTOpa, Toeo C.i!C'l.'ellhl C O,llHOlt CTeneH:&ID CB060,llhl, 6h!Jia BBe,lle
Ha llJiaHKOL! C ~eJII>ID noJiyqeHHH npall.iiJil>HhiX CBOltCTB pa:BHO:BeCHOrO .i!SJiyqe
HHH, T.eo CHC'l'ellhl C 6eCKOHe'iHhiM 'i.i!CJIOM CTeneHelt CJl060,llhlo KllaHTOllaH 
MeXaHHKa 6biJia COS,llaHa reltaeH6eprOM .II ll!pe,llHHrepOM npellt,lle l!Cero ,llJIH 
onHcaHHH npocTeltmHX MHKpocHcTeu:; O,llHHM.il HS BaliCHeltmHX ee· ,llOCTHllteHHlt 
Hll.i!JI.il~:& TeoprH.TenJIOeMKOCTH Tllep,llhiX TeJI, CBepxnpOBO,ll.iiMOCT.il H CBepxTe
Ky'ieCTH, T.e. TeOpHH CBOltCTB MaKpOCKOJIH'ieCKHX CHCTeMo 

llpH OUHCaHHH MaKp006lleKTOB KBaHTOBaHiTeOpHH H,lleT no TOMY lite nyTH, 

'iTO H KJiaCCH'ieCKaH TeOpHH: CBOltCTBa MaKpoo6:neKTOB BhiBO,llHTCH HS CBOltCTll 
COCTaBJIHIDIIl.iiX .iiX MHKpOo6:neKTOBo B CBHS.il C STHM ecTeCTBeHHO BOSHHKaeT 
CJie,llyJOIIl.i!lt BOlll>OC: OCTaJOTCH JI.il B CHJie 061IlHe np.i!H~Hnhl, JielltalllHe B OCHOlle 
TeopHH KHKpoo6:neKTOB, npH.nepexo,lle K waKpoo6:neKTaM? 0,llHolt Ha HaH6oJiee 
BalltHhiX H OCTphiX npo6JieM ll STOM nJiaHe HBJIHeTCH npo6JieMa UpHH~Hna cynep
nOSH~HH ,llJIH KaKpOCKOUH'ieCK.il paSJI.il'iHhiX KBaHTOBhiX COCTOHHHH 1 T.e. TaKHX 
cocToHHHlt KaKpoo6:neKTOll, KOTopue OTJIH'iaJOTCH c MaKpOCKOnHqecxolt TO'iKH' 

Sp6HHH. 
0,llHHL! HS qJyH,llaKeHTaJil>HhiX nOJIO:ZeHHH OpTO,llOKCaJI.:&HOH KBaHTOBOlt Teo

p.i!.il HBJIH6TCH np.i!H~Hn cynepn03.il~.i!H.· COCTOHH.ile KBaHTOl!Olt .C.iiCTeMhl OnHChi

BaeTCH C UOMOIIll>IO aMUJIHTY.llhl COCTOHHHH - :BeKTOpa ~ rHJI:&6epTOBa npo
CTpaHCTBa. (3,lleC:& ,llJIH pa3H006paSHH 'H6 .i!CnOJI:&3yJOTCH ,llHpaKOBCK!rle 0603-
Ha'ieHHH; ll ,llaJI:&HeltmeM 0603Ha'i6HHH, npHHHThle B MaTeMaTHKe, 6y,llyT 6oJiee 
Y.ll06Hhl.) llp.i!H~Hn cynepn03.il~.il.il COCTO.i!T.ll yTBepllt,lleHHH, 'iTO eCJIH C.i!CTeMa 
MOllt6T Hax:O,ll.i!T:&CH.B KaJE,llOK .113 ,llByx COCTOHH.i!H C aMnJIHTy,llaM!rl ~ H 12 CO
OTBeTCTBeHH01 TO OHa MOllt6T HaxO,llHT:&CH ll COCTOHH.il.il C aMnJIHTY.llOlt 

'f= c1 ~ +C2 't, IC,f.i+ JC~I~= ( (I.5ol) 

r,lle C1 , C.z - KOMnJieKCHhle 'iHCJia. B TaKolt !fJOpMyJIHpOBK~ npim~Hn cynepno-
3H~H.il OTHOCHTCH K npO.i!3BOJI:&HOil KBaHTOBOlt CHCTeMe - KaK KHKpOCKOnHqec
KOlt, TaK .i1 KaKpOCKOU.il'i6CKOlto llOS'l'OLIY B paMKax: OpTO,llOKCaJI:&HOlt KBaHTO-· 
BOlt TeopH.i! He npe,llCTaBJIH6TCH B03KO:ZHhiW nO,llBepraT:& COMHeHHID npHMeHH
WOCT:& sToro npHH~Hna K waxpoo6:neKTaK. C ,llpyrolt cTopoHH, npaK:aKa He 
,llaeT npHKepoll npoHBJieHHH sToro npHH~Hna ll MaKpowHpeo TaKHM o6paaoM, 
6C'l':& .OCHOBaHHH C'iHTaT:&, 'iTO HKeeTCH npOT.illlOpeqHe Mellt,lly npe,llCKa3aHHHMH 
OpTO,llOKCaJI:&HOlt KBaHTOllOH Teop.i!H H Ha6JIJO,lla6MhiW.il Ha OnhiTe Cl!OltCTBaKH 

ilaKpoo6:neK'l.'OB. 
06oaHa'iHK W'V :=.('/('f) COCTOHHHe C aMfiJIHTY.llOH 'f o Ilp.i! STOM cpe,ll

Hee aHa'ienxe w-Y (A} = (~ A 'f) • SaweTHM, 'iTO a,llec:& .11 BCID.llY ll ,llaJii-
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H~mell. CKa.JIHpHoe npoH:3Be,l{eHHe (~, 'ft) JIHHeHHO no 'f{ H aHTHJIHHetiHO no 
1,2. : 

(~ a!'f'' + a"'t'") = a.-'('1-:, '!'')+a'(~ 'f'lt), 

(a.''f''+a.f-r~'.-r) = d:c-r:'tJ + i!t:'(r~ '+'). 
·cocTOHHHe C aMnJIHTYAOH {1.5.1) 

.2 . 2 ... * 
w'f' = IC, 1 w'/1 +I C.1 1 a>~ + ctc.t ('1'1, • 'f.:d + c.2 c1 ('1'.2_, • 'f~). 

B OTCyTCTBHe npHHnuna·cynepnOSHUHH 

(1.5.2) 

(I.5.3) 

w"' == I c~ lot w"'~ + I C.:z 1'
2 

w'/'.2 (I .5.4) 
IlepeXO,l{ OT (1.5.3) K (1.5.4) OSHa'laeT·BWiepKHBaHHe HHTeJli1!epeHUHOHHllX 
'IJieHOB. Il03TOMY paCCMaTpHBaeMaH Tip06JieMa OTHOCHTCH K TOMy xe Kpyry 
BOTipOCOB 1 'ITO H TipOClJieMH HSMepeHHH 1 He06paTHMOCTH H HH,l{eTepMHHHSMa 
BOOClll!e. 

YKasaHHoe Bume·npoTHBope'IHe 6uno paccMorpeHo B 1935 r. llipe,l{HHre
poM B paCloTe /34/ 1 OTHOCHII!etiCR K nepHOAY 11 nepBOti BOJIHH11 KpHTHl:H op
TO,l{OKCa.Jl:bHOH KBaHTOBOH MeXaHHKH. ffipe,l{HHrep O~HCa.Jl CHTyaQHW, TIOJiyl!HB
myiD BTIOCJie,l{CTBHH HaSBaHHe napa,l{OKC ROillRH·ffipe,l{HHrepa. 8Ta CHTyaQHH Ta
KOBa. 

IHBaH KOWKa SaKJIID'IeHa B CTa.Jll>HYID RaMepy, H BMecTe C Heti B KaMepy 
TIOMell!eHa a,l{CKaH MalliHHa, ycTpOeHHaH CJie,l{yiDII!HM o6paSOM. B C'IBT'IHKe reti
repa HaxO,l{HTCH HH'ITO~HOe KOJIH'IeCTBO pa.l{HOaKTHBHOrO Bell!eCTBa, TaK 'ITO 
Ha TipOTHXeHHH QeJioro l!aca paCTia,l{aeTCH 1 ClHT:b MO~BT 1 TOJI:bKO O,l{HH HS aTO-

. MOB, HO C TaKOH ~e BepOHTHOCT:bXl He paCTia,l{aeTCH HH O,l{HOrO aTOMa. ECJIH 
XOT:b.O,l{HH aTOM TIO,l{BeprHeTCH pacna.l{y, C'leT'IHK OTMeTHT 3TOT pacTia,l{1 H 
llepes TIOCpe,l{CTBO peJie MOJIOTO'IeK yna,l{eT Ha KOJIClO'IKy C CHHHJI:bHOH KHCJIO
TOH H paso6I>eT ee. ECJIH npe,l{OCTaBHT:b 3Ty CHCTell.y CaMOti ce6e B Te'leHHB 
O,l{HOro l!aca, TO MO~HO CKasaT:b1 'ITO KOlliKa 6y,l{eT ell!e XHBa, 6CJIH sa 3TOT 
CpOK He'paCTia,l{eTCH HH O,l{HH pa.l{HOaKTHBHHH aToM; paCTia,l{ XOTH ClH TOJI:bKO 
O,l{Horo·aToMa yxe oTpaBHJI 6H ee. 

EcnH KOWKa paccMaTpHBaeTCH KaR KBaHTOBaH CHCTeMa H .OTIHCHBaeTCH 
BOJIHOBOH WYHKQHeti, TO KOHe'IHOe COCTOHHHe OTIHCHBaeTCH aMTIJIHTy,l{Oti, npe,l{
CTaBJIHDII!BH C060ti KBaHTOBYID cynepTIOSHQHD aMTIJIHTYA COCTOHHHti ZHBOti H 
wepTBoti KomKH. TaKoe noJio~eHHe ,l{eJI npo,l{oJIZaercH ,l{O rex nop, noKa 
BHeillHHH HaClJID,l{aTeJI:b He OTKpOeT KaMepy H He sarJIHHeT BHY.Tp:b 1 TaK KaK 

TOJII>Ko nocJie,l{HHti npo~ecc npHBO.l{HT K pe.l{yKUHH BOJIHOBoti WYHKUHH. 8Ta 
pe.l{yKQHH npHBO,l{HT K TOMy, 'ITO B O,l{HOM HS .l{Byx CJiyl!aeB KOmKa OKaSHBa-

·eTCH y6HTOH. . . . . . . 

. TaKoe OTIHCamte 1 ,l{etiCTBHTeJIJJHO 1 npe,l{CTaBJIHeTCH napa,l{OKCa.Jl:bHHM1 TaR 
KaK .l{aze nepe.l{ TeM, KaK B Hrpy·BcTynaer BHemHHti Ha6JIXJ.l{aTeJII>, HweercH 
cyll!ecrBo, AirH KoToporo Ha6JI.JO,l{aeuaH "KomKa XHBaH" HJrH 11 KOmKa uepTBaH" 
HMeeT BTIOJIHe onpe,l{eJieHHoe sHa'leHHe, no KpatiHeti 11.epe, B noJIOBHHe CJiy
'laeB. STo cyll!eCTBo, pasyMeercH, - ca~~.a KOmKa. 
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Ilapa.l{OKC KOmRR illpe,l{HHrepa HBJIHeTCH O,l{HHM HS cauux SHaMeHHTllX na
pa.l{OKCOB B OCHOBaHHHX KBaHTOBOH TeOpHHo llall!e BCero OT.aToro napa,l{OKCa 
OTMaxHBaXJTCH C yJIHClKOHo HHOr,l{a BOSpaEaiDT1 'ITO KOillKY·CJie,l{yeT onHCHBaT:b 
He BOJIHOBoti WYHKQHeti, a craTHCTH'IeCKHM oneparopoM, nocKoJII>KY oHa Ha
XO.l{HTCH B cMemaHHOM cocTOHHHH. 0.l{HaKo, KaK noRaSaJIH woH HetiMaH /4/ H 
BHrHep /19/1 B OpTO,l{OKCaJI:bHOH KBaHTOBOH MeXaHHKe CMemaHHOCT:b Ha'laJI:bHO
ro COCTOHHHH npH6opa He npHBO,l{HT K Tpe6yeMOH CTaTHCTHKe pesyJII>TaTOB 
HSMepeHHH. TaKHM o6paSOM1 yl!eT CMemaHHOCTH Ha'laJI:bHOrO COCTOHHHH KOillKH 

He TipHBO,l{HT K pemeHHXl napa,l{OKCa. 
B Hal!aJie.60-x ro,l{OB BnrHepoM ClhiJia no.l{HHTa 11 BTopaH BOJIHa11 KpHTHKH 

opTO,l{OKCaJII>HOH KBaHTOBOH MexaHHKl'l B CBHSH C npo6JieMOH HSMepeHl'IH. B 
l!acTHOCTH, B pa6oTe /35/ OH npRAaJI HecKOJII>Ko HHYID wopMy napa,l{oRcy 

KOillKH. ·~ 

IlyCT:bnt- KBaHTOBOMeXaHH'IeCKaH CHCTeMa 1 B KOTOpOH llpOBO,l{HTCH HS
MepeHHe BeJIH'IHHI:l X , 0 - Ha6JIXJ,l{aTeJI:r,, :f - npH6op HJIH .l{pyr Ha6Jiw,l{a
TeJIH, KOTOporo TIOCJie,l{HHH TIOllpOCHJI BblllOJIHHT:b HSMepeHHe. IlyCT:b )( HMeeT 
,l{Ba COClCTBeHHHX SHa'leHHH X 0 1 X 1 1 KOTOpbiM COOTBeTCTByiDT C06CTB9HHI:le 

~ ~ . 
BeKTOpbl ~ 1 '1'1 • Xap~KTep HSMepeHHH TaKOB, 'ITO B CJiy'lae X 1 CHCTeMa t 
perHCTpHpyeT CHrHaJI 1 B CJiyl!ae X 0 perHCTpaQHH OTCYTCTByeT. AMTIJIHTy,l{a 

~ . . f 
Ha'la.JI:bHOrO COCTOHHHH CHCTeMH f eCT:b ~ 1 aMTIJIHTy,l{a KOHe'IHOrO - t 1 
HJIH tctcoOTBeTCTBeHHO. ECJIH aMTIJIHTy,l{a Ha'laJI:bHOrO COCTOHHHH CHCTeMH rrL 

eCT:b if~ j = Q 1 1 TOr,l{a aMTIJJHTy,l{a KOHe'IHOrO COCTOHHHH CHCTeMH m-1- T 
eCT:b 't'j ® 'f'/ • Il03TOMY MO~HO, CKaSaT:b 1 'ITO CHCTeMa t JIHClO saperHCTpH
pOBaJia, JIHClO He saperHCTpHpOBaJia CHrHaJI HJIH B Ka'I9CTB9 ~yra noane~ 
JIH6o BH,l{eJI CHrHaJI, JIH6o He BH,l{eJI. Kor,l{a Ha6JIID,l{aTeJIL OcMoTpHT Ha f 
HJIH CJiymaeT COOClll!eHHe f 1 OH llpOCTO TIOJiy'laeT HH~OpMaQHID 0 COOTBeT
CTBYJOII!eM WaKTe. Ho BCJIH Ha'laJI:bHOe COCTOHHHe CHCTeMU nt HMeeT aMnJIHTy-

m. m ..v m 
AY 'f' ~ C0 ~0 + C1 1 1 1 aMTIJIHTy,l{a KOHe'IHOro COCTOHHHH CHCTeMH 
nt. + f eCT:b 'f' rn.H- = C0 't' ~ ® 'f' ~ + C1 'f'1rrt.@ 'f'/ • Tenep:r, HaClJIID,l{aTeJII> 
C) He MO~eT YTBep~,l{aTI>, 'ITO CHCTeMOH f CHrHaJI JIHClO saperHCTpHpOBaH, 

JIHClO He saperHCTpHpOBaH. TOR:bKO TIOCJie Taro, KaK Cl TIOCMOTpHT Ha f 
HJIH RaK ,1:1pyr BbiCJiymaeT, erp 1 (} MO~eT HCTIOJibSOBaTD TaKOe OTIHCa-

HHe. 
Ily~TI> f - .l{pyr, a He npH6op. Tor.l{a 0 MOllteT cnpocHTb era, 'ITO 

OH (Apyr) 'IYBCTBOBaJI,· KOr,l{a BSaHMO,l{eHCTBOBaJI C CHCTeMOH rn • ECJIH 
f TOH ~e CaMOH llpHpO,l{bl1 'ITO H c/ 1 OH ,l{OJillteH ClbiJI ,1{0 3TOrO BOllpoca 

HMeT:b BTIOJIHe onpe,l{eJieHHOe OII!YII!eHHe. 0H liYBCTBOBaJI, 'ITO JIHClO BH,l{eJI CHr
HaJI1 JIHClO He BH,l{eJI. Ho eCJIH (} BepHT B cnpaBe,l{JIHBOCTD npHHUHTia cynep
TIOSHQHH1 OH He MO~eT ,l{OTIYCTHT:b 1 'ITO ero .l{pyr f 1 TIO,l{OClHO eMy CaMOMy, 
BO BCeX CJiy'laHX TIOJiy'laeT onpe,l{eJieHHble BneqaTJieHHH OT OKpygaiOII!ero MH
pa. STO SaKJIJOqeHHe npe,l{CTaBJIHeT COelOM HeKHH BapHaHT COJIHTICHSMa. 

nJIH TOro, 'ITOClbl HSCle~aTI> TaKOrO SaKJIIOqeHHH 1 yRaSbiBaeT BHrHep, He-
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06~0~HMO MO~HWHUHpOBaTb KBaHTOBym MeXaHHKy, a HM6HHo1·0TKa3aTbCfi OT 
RHHeHHOCTH BpeMeHHOH 3BORIDUHH, (Peqb H~eT 0 RHH6HHOCTH no aMfinHTy~e.) 
STo MOrRo 6u npHBecTu ,K YHHqToxeHHD HHTePWepeHUHOHHUX qHeHoB. KaKOBU 
HBHeHHH1 Hapyma~He RHHeHHOCTb ? qHCTO lj)H3HqecKH6 HBHeHHfi TaKoro po~a 
HeH3BeCTHU, ll03TOMy BHrHep npe~nORaraeT, qTo HHHeHHOCTb HapymaeTCH 
C03HaHHeM, 8TO COOTBeTCTByeT paCCMOTpeHHOH B npe~u~ymeM naparpalj)e 
ToqKe apeHHH lj)oH HeilMaHa, KoTopaH 6URa BUCKaaaHa HM eme paH»me /4/. 

llapa,14oKc".llpyra'BnrHepa"no~qepKHBaeT CBH3» npo6HeMu cynepnoaHUHH c 
npo6HeM_olt uaMepeHHH u aaTparnBaeT rHy6oKHe lj)nRocolj)cKne Bonpocu, OTHO
cHmuecH K poHH coaHaHnH B npouecce H3MepeHHH. TaKnM o6paaow, napa,140K
cu"KomKu illpe~uHrepa"u~pyra BnrHepa"uwemT cauoe npHwoe oTHomeHne K 
lj)yH~aMeHTMbHUM npo6HeMaM lj)U3HKH H lj)HHOCO\PHH, 

Ha HOBUX ny6HnKauun, KacammnxcH pOHH MUCHHJllero Ha6Hm~aTeHH, Haao
BeM KHHry ,lleBHCa /36/. 
· · Heo~HOKpaTHue nonuTKH pemeHHH npo6HeMh! MaKpocKonuqecKolt cynepno

aunuu He npnBeHH K ycnexy. 06aop uueeTcH B KHHre ~·scnaH»H /8/, a o6-
·cYJ!t~eHHe iJ)HHOCOij)CKHX acneKTOB np06HeMU-. TaKllte B ero .KHHre /37/. 

B nocHe~HHe ro~u Ha pH~ acneKTOB npo6Heuu cynepnoannHn B MaKpoMH
pe o6paTnH BHHMaHHe RerreTT /38/. OH no~qepKHyH, qTo TaKHe MaKpocKo
nuqecKHe KBaHTOBUe HBHeHHH 1 KaK CBepxnpOBO~HMOCTb H CBepxTeKyqeCT»,He· 
HMeiDT OTHOilleHHH K STOll npo6HeMe, B yKaaaHHUX HBHeHHHX iJ)HrypupyeT.aM-

"ttT .01 ( ,. I II If) . 
nHHTy~a COCTOHHHH BH~a I "" J Cj 'f"j + C; 'f',; 1 r~e J' HyMepyeT CTe-

_neHb CB060~U 1 B TO BpeMH KaK np06HeMa CBH3aHa C aMllRHTY~Olt B~a 'fT. : 
I ,1,1 If ,,,f _ = c ® rd· + c. ~ r; •' Kpoue Toro, RerreTT o6cy~HR HeKOTOpble OTHOCH-

' 6 • ' . lllHeCH K np06HeMe 3KCnepHMeHTMbHble B03MOXHOCTH, 

§ 6, llATEMAT~ECKillt ACllEKT IIPOBREM!l HH,llETEPMHHH8MA 
Tpe6oBaHne onucaHHH HH~eTepMHHnawa B pawKax uaTeMaTuqecKolt qacTH 

iJ)HanqecKoil TeopHH npnBo~nT K MaTeuaTuqecKouy acneKTy npo6HeMH HH~e
TepMHHHaua. STOT acneKT MOXeT 6UTb 'clj)OpMyHHpOBaH B BH~e CHe~ymmHX 
nyHKTOB, • 

L Baecemte cHyqailHoro aHeMeHTa, HHH noTepH HHQJopwanHH B MaTeua
TuqecKym qacT» iJ)HaHqecKolt TeopHH. 

2. MaTeMaTuqecKoe onpe~eHeHHe cy6~eKTHBHOlt u o6~eKTHBHolt CHyqalt
HocTH. 

3, YCTaHOBHeHHe MaTeMaTHqecKolt npHpO~bl HH~eTepMHHH3Ma B iJ)H3HKe, 
a HlteHHO, .B KBaHTOBOlt TeOpHH, 

4, B~HIDqeHHe 06~eKTHBHOlt CHyqaltHOCTH B MaTeMaTuqecKyD qacT» KBaH
TO::JOlt TeOpHH1 T.e. nocTpOeHHe HH~eTepMHHHCTCKOlt KBaHTOBOIIt ~HHaMHKH, 

. fl• . 
' 5, iiOCTpOeHHe KBaHTOBO~HHaJ.IHqeCKOJa TeOpHH H3Me·peHHH, 

6. PaccwoTpeHHe aeo6paTHMux npoueccoB. 
7, HCCHe~OBaHHe CBOHCTB KOrepeHTHOCTH COCTOHHHll MaKp006~eKTOB, 
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8TH np06HeMU cymeCTBeHHO OTRHqaiDTCH no Tpy~HOCTH, llo~O~ K peme
HHID nepBUX ~Byx H3 HHX ~OCTaToqao oqeBH~eH, 

CHyqaHHUH _aHeMeHT BHOCHTCH B MaTeMaTu~ecKyiD qacTb lj)U3HqecKOH Teo~ 
pHH nyTeM HeKOTOpOrO ycpe~HeHHH, TaR, B ~HHaMUKe peqb MOXeT H~TH 06 
ycpe~HeHHH no HaqaRbHUM yCHOBUHM H no BpeMeHH, B 06JlleM CHyqae ycpe~He
HHe npe~CTaBHHeT C060H HHTerpupoBaHHe no BepOHTHOCTHOH Mepe, ll03TOMy 
pemeaue nepBolt npo6neuu CBO~HTCH K BBe~eHHID HeKoToporo lj)uauqecKoro 
orpaHHqeHHH Ha BepoHTHOCTHUe Mepbl, 

B OCHOBe pemeHHH BTOpOH npo6HeMbl HeXaT CHe~yiDJlllle C006paxeHHH. HH
TerpHpOBaHHe no iJ)HKCHpOBaHHOH BepOHTHOCTHOH Mepe npe~CTaBRfieT C060H 
Kpyn}\OCTpyKTypHOe ycpe;llHeHHe 1 o'TpaEaiOJllee HenOHHOTY HHij)OpMaUlrfll 0 QJH3H;_ 
qeCKOH CHCTeMe. II03TOMY OTBeqaromaH TaKOMy ycpe~HeHHKl CJiyqaHHOCTD HB
RileTCil cy6~eKTHBHOH, YBeHuqeHHID HHiJ)OpMaUHH COOTBeTCTByeT yMeHbilleHHe 
HOCHTeHH Mepbl,· T,e, MHOXeCTBa, Ha KOTOpOM COCpe;llOTOqeHa Mepa. JlRH 
noHHoro ycTpaHeHHH cy6~eKTHBHoro aHeMeHTa cne~yeT paccwaTpnBaT» npe
~eR»Hbllii nepexo~ K MHHHMa.Ji»HOMY aocuTeHm. B npocTeltmeM cHyqae TaKOBhiM 
HBRileTCil TOqKa. CHyqaltHO~Tb 1 OCTaiDJllaHCil nOCJie TaKoro npe~eHbHOrO ne
peXO;lla1 ;llOJIXHa HHTepnpeTHpOBaTbCH KaK 06~eKTHBHaH, 

C TpeT»elt npo6neuoil ~eHo o6cTOHT uaaqe, 8~ec» aeo6xo~HM aHMHS 
KOHKpe.THUX lj)H3HqecKHX TeOpHH - B CMUCJie BJIHiiHHil onucaHHOrO ycpe;llHeHHil 
u npe~en»Horo nepexo;lla. 

Pemeaue qeTBepTolt npo6HeMbl ~9JIEHO onupaT»cH' aa pemeaue TpeT»elii. 
HaKOHeu, pemeHHe llOCJie;llHHX Tpex npo6JieM COCTOUT B pa3BHTUH TeO-

pun, . 
TaKH¥ o6paaou, neHTPM»HOH npo6neMoil HBJIHeTcH TpeT»H - npo6newa 

¥aTeJ.IaTuqecKOlt npHpO;llbl HH;lleTepMHHH3Ma. 0CHOBHblM Xe peayHbTaTOM ;llOREHO 
iiBHTbCil pemeHHe qeTBepTOll npo6JieMbl - nOCTpOeHHe ~HHaMHKH, 

rRABA 2. TIPHPO,llA HH.llETEPilllliH81lA 

§ I. llATEMAT~ECKillt H !l>H8MECKillt KOHTHHYYM 
06ocHOBaHHe ·BaeceHHH cnyqaltaoro aneMeHTa'B MaTeMaTaqecKym qacT» 

lj)HSHqecKOH TeOpHH MOXeT 6blTb nonyqeHO nyTeu·aaanuaa npe~cTaBJieHHH 0 
MaTeMaTaqecKOM H QJH3nqecKOM KOHTHHyywe, TaKOH aHaRU3 6blJI npoBe~eH 
TiyaHKape /39/. OcTaHOBHMCH Ha ocHOBHUX woweHTax. UeHTpaJI»HHM a;llec» 
HBJIHeTCH BOnpoc, He SaHMCTBOBaHO RH noHHTHe MaTeMaTaqecKOH HenpepblB
HOCTH Henocpe;llCTB6HHO H3 OllUTa, Ha nepBblH B3rJIH~ 1 eCJIH OCHOBblBaTbCil 
Ha SaKOHe !l>exHepa, cornacao KoTopouy omymeaae nponopnuoHM»Ho nora
paq>My pa3;llp8ll:eHHH, OTBeT iiBJiileTCil llOJIOXHTeJibHblM, Ho Ha CaMOII ~eJie 

peayJI»TaTU onb!TOB ~eXHepa llpHBO;lliiT K COBepmeHHO npOTHBOllOJIOEHOMY aa
KJIJOqeHHD, 

Tiycu A , B , C - TpH Beca, paBHHe IO, II, 12 rpauwau cooTBeT
CTBeHHo. BblJlo aaueqeHo, -~To A a B nponaBo~HT TOE;lleCTBeHHble omymeHHH, 
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paBHo KaK H B. H C • ]{pyrHMH cJioBaMH, A HeJII>3H OTJIWIHTI>. oT·B • a B -
oT C • B To xe BpeMH A JierKo OTJIH~HTI> oT C • TaKHM o6pa30M, Henocpe~
CTBeHHue pe3yJII>TaTu cinuTa MOlltHO 3anacaTI> B BH~e cooTHomeHHll A= B • 
B= C , A< C • STH cooTHomeHHH MoxHo c~aTaTI> onpe~eJieHHeM. tlJH3·a~ecKolt 
HenpepuBHOCTH: · Mellt~Y ~BYMH pa3JIH~HUMH BeJIH~HHaMH A , C Haxo~HTCH 
TpeTI>H BeJIHqHHaB, He OTJIHqHMaH OT Kallt~Olt H3 HHX. ilOCJie~Hee CBOitCTBO 
OTpa:BtaeT H~eiD HenpepUBHOCTH. Ho C_MaTeMaTHqecKOlt TOqKH 3peHRH He~o
nyCTHM00 ~T06U ~Be BeJIH~HHU, paBHUe TpeTI>elt, He paBHHJIHCl> ~pyr ~pyry: 
H3 A =- B H B = C ~oJilKHo cJie~oBaTI> A=- C • STo 3acTaBJIHeT npe~noJioJB:HTI>, 
qTo A oTJIH~aeTcH oT B H B oTJm~aeTcH oT C , a JIHini> HecoBepmeHCTBO Ha
mHX ~YBCTB He ll03BOJIHeT 3aMeTHT1> .3TH OTJIWIHH. HcnOJI1>30BaHHe npa6opa, 
6oJiee coBepmeHHoro, ~eM ~eJIOBe~ecKae OIIIYll!eHWl, no3BOJIHT pa3JIR~HTI> A H 
B , HO Mellt~y HHMH noLteCTHTCH D , KOTopoe HeJII>3H. OTJIH~RTI> HH oT A , 

HH OT.£ • KaKae· 6h! COBepmeHHUe np.H6opu H;MeTO~U He HCnOJI1>30BaJIHC1> 0 He
. nocpe~cTBeHHhle pe.3yJII>TaThl onuTa 6y~yT Bcer~a o6JI~aTI> cBoltcTBaMH WH3H
qecKolt HenpepUBHOCTH c npacy~HM ell npoTHBopeqaeL!. Heo6xo~HMOCTI> H36e
:BtaTI> 3TOro IIpOTHBOpeqHH npHBeJia K H~ee MaTeL!aTH~eCKOlt HenpepUBHOCTH. 
0CB060llt~eHHe OT npOTHBOpeql'Jfl COCTOHT B llOMe~eHHH HOBUX qJieHOB Mellt~y 

qJieHaMH,· ;Yxe paapemeHHhlMH, H llpO~OJIJiteHHH 3TOlt onepa~liH ~0 6e_CKOHeq
HOCTH. 

0TJIH~He <lJH3HqeCKOro KOHTHHyyMa OT MaTeMaTHqecKoro no~~epKHBaJIOCl> 
TaK:Bte r.BeiiJieM /40/: "Ml:l H~eeMCH, ~TO npaeMJieMo TaKoe OllHCaHHe KOH
THHyywa: !) OH ~eJIHTCH Ha ~aCTH; 2) HO ero ~aCTH He 11 0Tpy6JieHI:l O~Ha 
OT ~pyrolt _TOllOpOU11 0 HX JIOKaJIH3a~HH H rpaHH~l:l ~eH36elltHO Heqe~KH; 
3) O~HaKO MaTeMaTHK 0 JKeJiaH 6l:lT1> rOTOBUM K JIID60lt HeOlltH~aHHOCTH, noJia
raeT, ~TO !o!OiJtHO npeB30£iTH JIID6ym ~OCTl!rHyTyiD paHee CTeneHI> TOqHQCTH H 
qeTKOCTH: ~enemm. "· 

llpHBe~eHHUe C006pallteHHH He 03Ha~aDT 0 ~TO B ~H3HKe CJie~yeT OTKa-
3aTI>CH QT HCnOJI1>30BaHHH L!aTeMaTH~eCKOrO nOHHTHH Henpep!:IBHOCTH 0 B ~aCT
HOCTH, OT llOHHTHH MaTeMaTHqecKoii TOqKH. Ho 3TH C006pa:BteHHH HeJI1>3H Hr
HOpHpOBaTI>. llpaBHJ!l>Hl:lH nyTI> COCTOHT BO BBe~eHHH BepOHTHOCTHI:lX npe~

.CTaBJieHH£i. BopH no 3TOMY IIOBO.ICV Illllll9T TaR: /4!/: 11YTBep:Bt~eHHH 0 
no~o6HI:le cJie~ym~eMy: BenHqaHaJC HMeeT noJIHOCTl>ID onpe~eneHHoe 3HaqeHHe 
{BUpa:Btae.woe ~e£iCTBHTeJII>Hl:lM ql'ICJIOM l'l npe~CTaBJIHeMOe TOqKolt B MaTeMaTH
~eCKOM KOHTHHyyw.e), KalltYTCH MHe He HMeiD~HMH WH3H~ecKoro CMI:lCJia •. Co
BpeMeHHaH WH3HK& ~OCTHrJia BeJiaqa£imHX ycnexoB c no11o~I>ID MeTo~oJiorHt~ec

Koro npHH~Hna, aaKJIID~am~erOCH B TOM, qTo noHHTHH 0 npHMeHeHHe KOTOpUX 
.. ~pe6yeT npHH~HUitaJil>HO HeHa6JIID~aeMUX pa3.JIRlllrll, · HBJIHIDTCH 6eCCMI:lCJieH-

. ( HUMH H ~OJilltHU 6HTI> ycTpaHeHU. • • llpo6JieMa HenpepUBHOCTH Tpe6yeT npH
MeHeHHH -Taro lite ca~~oro npHHI.lHna. · YTBep:Bt~eHHe ;·cno~o6aoe X.=· 7r c.M. , 

HMeJio 6U.WH3HqecKH£i CMHCJI TOJil>KO B TOM CJiyqae, eCJIH 6U MOlltHO 6UJIO OT
JIHqHTl> ero oT X= 11;;. CM. ~JIH JI.J06oro n. , r~e 1fn. ecTI> npa6JineHHe 7f c no-
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MO~I>ID. nepBux~ ~ecHTH~Hux 3HaKoB. O~HaKo aTo aeB03MOlltHo, H ~a:Bte ecJIH 
MU npe~nOJIOlltHM, ~TO TO~HOCTl> H3MepeHHH B 6y~y~eM 6y~eT yBeJIH~HBaTl>CH, 
~ BCer~a. MOlltHO Bhl6paTI> TaKHM 60Jil>lllHM 0 ~TO HeB03MOlltHO HHKaK06 3KCne

pHMeHTaJil>HOe pa3JIH~He. 

KoHeqHo, H He HaMepeBamci> aaroHHTI> aa <lJH3HKH noHHTHe ~eltcTBHTeJII>
Horo ~acna. OHo Heo6xo~HMO ~JIH npaueaeHHH aHaJIH30B. Ho H HMeJO B _BH~y, 
~TO ti>aaaqecKaH CHTya~HH ~oJI:BtHa onacuBaTI>CH nocpe~CTBOM ~eltcTBHTeJII>Hux 
~HCeJI TaKHM 06pa30M 0 ~T06U BO BCeX·HaqJim~eHHflX 6CTeCTBeHHaH HeToqHOCTl> 

npHHHMaJiaCI> BO BHRMaHHe. 
Y:Bte nHTI>~eCHT JieT Haaa~ ~eJIRKC KJieltH noTpe6oBaJI, ~To6u no~o6ault 

mar 6uJI npe~npRHHT B reoMeTpHH. HapH~y c a6cTpaKTHolt, ToqHolt reoMeT
paen•oH llOllteJiaJI HMeTI> npaKTH~eCKYID reoMeTpHID, B KOTOpOlt TO~Ka 3aM6HH
eTCH MaJieHI>KHM nHTHOM, npHMHe JIRHHH.- yaKHMH noJiocaMH H T.~. O~HaKo 
H3 3TOrO He noJiyqHJIOCl> HH~ero 3Ha~HTeJII>HOrO. TeM BpeMeHeM <llH3HKa He-
3aBHCHMO pa3pa6oTaJia Heo6xo~aMHlt HHCTpyMeHT, a HMeHHO WH3H~ecKyJO cTa
TRCTRKY • YTBep:Bt~eHHe "X paBHO ~eltCTBHTeJII>HOMJ ~HCJiy11 3aMeHHeTCH CJie
~yiD~HM: 11 BepoHTHOCTI> Toro, qTo X JielltHT :B HHTepBaJie .X 1 <X< x.il.. , ecTI> 
p(x1 /:X./ XJ) 11 • 3~eCI> X 0 .X1 0 X:~ , P MOlltHO paccMaTpHBaTl> KaK ~eltCTBH
TeJII>HUe ~HCJia, nOCKOJil>KY aHaJIHTH~6CKH 3TO y~o6H0 0 noKa He 3aTparaBa
eTCH B03MOlltHOCT1> TOqHoro H3MepeHHH B6JIH~RH;P Be~!> npe~cTaBJIHeT JIHllll> 
npR6JIH3HTeJII>HOe OlltH~aHHe, KOr~a no~cqHTUBaiDTCH CJiyqaH, ~JIH KOTOpUX 
L orpaHH~eHO npH6JIH3HTeJII>HO X 1 H X~ • ]{pyrHMH CJIOBaMH, ~eltCTBHTeJII>
HOlt ti>aaaqecKolt nepeMeHHOlt HBJIHeTcH UJIOTHOCT:b BepoHTHOCTH P ( x) • " 

~YHK~HH Be~eCTBeHHOll nepeMeHHOH f (X) 3aMeHH6TCH cpe~HHM 3HaqeHHeM 

j-(:x.)~ f~ ==- sd;_'w.x:(x.')j(:r'), (2.I.I) 

r~e W.x.. (x!)- nnoTHOCTI> BepoHTHOCTH. 

§ 2. llPHHUHll HEllPEP~BHOCTH BEPOHTHOCTH 
PaccMoTpeHHe, npoBe~eaaoe B npe~u~y~eM naparpati>e, noKaauBaeT ae

o6xo~HMOCTI> BH8C6HHH CJiy~altHOrO 3JieMeHTa, HJIH llOTepH HH<lJOpMa~HH B Ma
TeMaTaqecKyiD ~acTI> waaa~ecKolt Teopaa •. 3ToT sneMeHT BHOCHTCH nyTeM yc
pe~HeHHH no H6KOTOpOMY pacnpe~eJieHHID B6pOHTHOCTH 0 T.e. nyTeM HHTerpH
pOBaHHH no BepOHTHOCTHOlt Mepe."TaKHM o6pa30M 0 nepBaH npo6JieMa {rJI.I, 
§ 6) CBO~HTCH K BU6opy ~onycTHMUX C tl>H3HqecKOM TQqKa:apeHHH BepoHT
HOCTHUX Mep. B cnyqae BeJiaqaau, npRHHMam~elt aenpeph!BHOe MHOllteCTBO Be
~ecTBeHHux aaaqeaalt, pemeaae yKa3aHo BopHoM. ]{onycTHMhl TOJII>KO qacTo 
aenpepuBHhle Mepu. Mepa ]{apaKa (To~eqaaH Mepa) 03HaqaJia 6u oTcyTCTBHe 
ycpe~HeHRH. STOT npOCTOH CJiy~ati MOlltHO cy~eCTBeHHO o6o6~HT1> • 

HanoMHHM HeKoTopue onpe~eJieHriH. H3MepHMhlM npocTpaacTBOM Ha3uBaeT
CH napa (X_, Jt), r~e X -.H.enycToe MHOllteCTBO, Jl - H~KoTopaH .6 -aJI
re6pa ero no~MHOllteCTB. MHOllteCTBa H3 J/: Ha3UBaiOTCH H3MepHMhlMH. llo on
pe~eJieHHI00 5 -aJire6pa .BKJimqaeT X , nycToe MHo:BteCTBO ¢ H aaMKHyTa 
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OTHOCHTe~»HO onepaQR~ BUqRTaHRH,· nepeceqeHRH napu MHOXeCTB H cqeTHOrO 
06~e~RHeHHH MHOXeCTB. 

BepoHTHOCTHOH uepo~ Ha~ HaauBaeTcH cqeTHo ~~HT~BHaH ~YHKQHH 
·p:Jl~[o)i], TaKan, qToP{¢)=0, P(X)=--1. roBopnT TaKXe, qToP -
uepa Ha (X-' Jt) , Him uepa B X • 

TpoHKa (X, Jt) P) HaauBaeTcH BepoHTHOCTHUM npocTpaHcTBoM. 
B o6meu c~yqae peq» H~eT o6 ycpe~HeHRH no·BepoHTHOCTHOH uepe: 

J(X)-- f! ==- S Px (d:x:.') f(x'), x_, x' E-X · (2.2.1) 
. S~aqa COCTOHT B H8XOX~eHHH HeKOToporo orpaHHqeHHH Ha K~acc BepOHT
HOCTHuX Mep, OCHOBaHHoro Ha ~R3Hqe6KHX C006paxeHRHX. Ec~H BepOHTHOCT
HaH Mepa 3~aHa Ha H3MepRMOM npOCTpaHCTBe, He H~e~eHHOM KaKOLl-~H60 
~OnO~HHTe~»HOH CTpyKTypoLt, TO BBeCTH ~H3HqeCKHe orpaHHqeHHH Ha 3Ty 
uepy He npe~cTaB~HeTcH BoauoxHuM. YKaaaHHue orpaHuqenHH ~o~zHu 6UTh 

CBHaanu c TPY~HOCThJO paa~HqeHHH ~ocTaToqno 6~R3KHX a~eueHTOB H3L!epH
uoro npOCTpaHCTBa. llOHHTRe 6~H30CTH HB~HeTCH TOllO~OrHqecKHL! •. ll03TOL!Y 
ecTeCTBeHHO orpaHHqHThCH BepOHTHOCTHUMH uepaMH HB_TOllO~OrHqeCKHX npo
CTpaHCTBax. 

Tono~orHqecKoe npocTpancTBO - a To napa (X~ ff), r~e X - nenycToe 
MHozecTBO, fJ - Tono~ormi, T. e. ceu:eLtcTBO no~u:Ho:ateCTB X , Blt~JOqaJJmee 
)( 1 ~ H 3aL!ltHYTOe OTHOCHTe~hHO KOHeqHux nepeceqeHHLl H npOH3BO~LHUX 

06~e~HHeHHLl. MHOXeCTBa H3 ff Ha3UBaJOTCH OT!tpUTUMH. nono~HeHHe OTltpU
TOrO MHOZeCTBa Ha3UBaeTCH 3aMKHYTUM MHOXeCTBOL!. Ec~H or 3~aHa, TO-
no~orHqecitHL! npOCTpaHCTEOM Ha3UBaJOT TaKXe CaL!O )( • . 

HaHueHhman o -Mre6pa 13 no~unozecTB X , co~epJtaman 5' ( J3 :=J [J ) , 
Ha3UBaeTCH 6ope~eBCltOH. 

Eope~eBCKaH BepOHTHOCTHaH Liepa - 3TO BepOHTHOCTHaH uepa Ha H3Me
pHL!OL! npocTpaHCTBe ()(, 23) , r~e )C- Tono~orHqecitoe npocTpancTBo, 
i3 - 6opeJieBcitan 6 -a~re6pa. 

~H3HqeCitHe orpaHHqeHRH 6y~yT BBe~eHU Ha 6ope~eBCitHe BepOHTHOCTHUe 
uepu. BTH orpanHqenHH CBHaanu co CBoLlcTBauH.nenpepuBHOCTH uepu. Oc
HOBHYD pO~h ~~H ~H3HqecKHX npH~OllteHHLl 6y~eT HrpaTh CBOHCTBO HH~~HHTe-
3HL!MLHOLl Henpepl:lBHOCTR. . 

HanoMHHM, qTo no~MHoxecTBO \1 Tono~orHqecRoro npocTpaHCTBa )( na-
3l:lBaeTcn oKpecTHOCTLJO ToqKH .:x: E X , ec~H cymecTByeT OTitpuToe unoJte-
CTBo U 1 TaKoe, qTo X. E- U C V • . 

Eope~eBcityJO BepoHTHOCTHyJO uepy P B. Tono~or~ecitou npocTpancTBe 
X 6y~eu naal:lBan HH~RHHTeaHL!MhHO nenpepuBnoLt B Toqite :x:. E X 1 ec~• 

,lt~H lta:at~oro E>·Q cymecTByeT OKpeCTHOCTh V. TOqltH X i TaltaH 1 qTo .JtJIR 

K~oLt napu B1 , B.:~ nenycTux 6ope~eBCKHX no~MnozecTB V Bl:lno~nneTcH 
cooTHomenHe I P(B,)- P(B~)I < E • Eope~eBCRYil BepoaTHOCTHYil uepy 6y~eu 
Ha31:lBaTh HH~HHHTe3RMMLHO Henpepl:lBHOLl, ec~H OHa HE~H6TCH TaitOBOLl B 
lta!UtOI T01Dte. 
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BBe~eM eme CBOHCTBO r~o6MhHOH Henpepl:lBHOCTH L!epl:l. llpH 3TOM RC
no~h3YJOTCH C~6~1011lH6·nOHHTHH 1 OTHOCHIIlHeCH It TOllO~OrHqeCKOMY npOCTpaH
CTBY )( • SaL!I:lKaHHeL! unoxecTBa A HaauBaeTcH HaHueHhmee aaMKHyToe 
uHoxecTBO, co~epxamee A • BHyTpeHHOCThJO MHoxecTBa A HaauBaeTcH HaH-
6o~hmee OTKpUTOe MHOX6CTBO, co~epxameeca B A • rpaHHQeLt MHoxec•na 
Ha31:lBaeTcH nepeceqeHue aauuitaHHLl aTor.o uHoxecTBa R ero ~ono~HeHHH. 

3aMHHYTOe MHOllteCTBO 6y~eL! Ha3UBaTL 3aMKHyTUM B cede, ec~H OHO 
COBn~aeT C 3aMHKaHHeM CBOeH BHyTpeHHOCTR • 

MnoxecTBO Ac J( HaauBaeTCH L!HoxecTBOM HenpepUBHOCTH uepu P , 
ec~H uepa rpaHHQU A paBHa Hy~JO. 

Eope~eBcKyJO BepoaTHOCTHyJO u:epy p- B TononorHqecKoM npocTpaHCTBe 
.6y~e11 HaauBaTh r~o6MhHO HenpepuBHoLt, ·ec~H Kax~~e aauKHyToe E ce6e 
MHOllteCTBO HB~HeTCH L!HOllteCTBOM HenpepUBHOCTH MepU p • 

Eope~eBCKyJO BepOHTHOCTHYJO L!epy 6y~eu Ha3UBaTh BllO~He HenpepUBHOH 1 

eC~H OHa 06~~aeT CBOLlCTBaMH HH~HHHTe3HMMhHOLl H r~06MLHOLl HenpepUB
HOCTH; 

Teneph c~op~~;y~Hpyeu 
flp~HYHll liBllP~gBgOQT~ ~e£OliTliOQT~. ~H3HqecKH peMH3yeu:aH 6ope~eB

CKaH BepOHTHOCTHaH uepa BnO~He HenpepUBHa. 
9ToT·npHHQHn npe~cTaB~HeT co6oll HCKou:oe orpanHqeHHe Ha K~acc Be

poHTHOCTHUX Mep, o6yC~OB~eHHOe ~H3HqecitHMH C006pa:ateHHHL!H. 
0TMeTHM ~Ba·c~e~CTBHH CBOLlCTBa. HH~HHHTe3HMMhHOLl HenpepUBHOCTH. 

llycTh · ~~H HauepHuoro MHoxecTBa BE 5!> cymecTByeT Toqita x E: X , TaKan, 
qTQ Ka:at~aH OKpeCTHOCTh STOLl TOqKH CO~eplltHT 6eCKOHeqHoe ceu:eLlCTBO Hene
peceKaJOIIlHXCfl HauepHMUX unoxecTB, BK~JOqaJOmee B • Tor~a P(B) == 0 : 

HanouHHM, qTo ToqKa x E: X naauBaeTcH npe~e~LHOLl ToqKoLt unoxecTBa 
A c X , ec~H Kax~aa oKpecTHOCTL x BK~JOqaeT ToqKy ua A , oTmaqnym 
OT X o 

llycTh Ka:at~oe o~HoToqeqnoe uHoxecTBo fr}c X aaMitHYTO {Tor~a X 
ecTL T, - npocTpaHCTBO) H, c~e~oBaTe~LHo, uau:epHII.!O. Tor~a,ec~H x E:X -
npe~ennaR ToqKa woxecTBa X , ·P(fx}) = 0 · . TaRHM o6paaou, CBOLlCTBO 
HH~HHHT63HL!MhHOLl. HenpepUBHOCTH HCK~JOqaeT ToqeqHI:le u:epu, cocpe~oToqeH
HUe B npe~enHux ToqKax. Kpoue Taro, P([i;) · RMHeTcR nenpepuBHOLl · 
~yHitQHeLt TOqKH. . 

Tpy~HOCTh BOCfipHHTHH CTaTHCTHqecKOLl HHTepnpeTaQHH KBaHTOBOLl·TeOpHH, 
T.e. cymeCTBOBaHHH HH~eTepU:HHH3Ma 1 BU3UBMa, ItaK yxe OTI\.!eqMOCL 1 Heo~

HOKpaTHUe fiOllUTKH BBe~eHHH CKpUTUX napaMeTpOB 1 T.e. B03BpallleHHH K ~e-
- TepMHHH3L!y • 9Ta Tpy~HOCTb o6yc~OMeHa TeM, qTo B pauKax ·opTO~OKCML

Horo. fiO~O~a CTaTRCTHqecKaH HHTepnpeTaQHH aCCOQHHpyeTCH CO C~e~yJOIIlHM 

fiO~OZeHHeL!! npH TOqHO 3~aHHUX naqM»HOM COCTOHHHH H yc~OBHHX qepe3 
Toqno s~aHHI:lLt npouexyToK Bpeu:eHH peay~LTaTu, Boo6me roBopn, paa~Hqnu. 
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C TaKHM noJIOJiteHHeM, ,lieilcTBHTeJI:oHo, TPY.liHO npHMHpu_:ocH. llpe,linrecTBYIOIJlee 
paCCMOTpeHHe nOKa3NBaeT, '-lTD yKaaaHHOe nOJIOXeHHe, T.e. npe,liCTaBJieHHe 
o B03MOXHOCTH noJIHOil HHtflopMal!HH, HJIH a6coJIIOTHO TO'-lHoro onHCaHHH tflHaH
qecKoil CHCTeMH, Hea,lieKBaTHO. 

§ 3. d -YCPE.llHEHHE 

BBe,lieHHe B MaTeMaTH'-lecKyiO qacT:o WH3H1.lecKoil TeopHH cJiyqailHoro aJie
MeHTa nyTeM HHTerpHpOBaHHH.no BnOJIHe HenpepUBHOil BepOHTHOCTHOil Mepe 
npe,liCTaBJIHeT C060H KpynHOCTpyKTypHoe ycpe,!iHeHHe. 06cyX,lieHHe, npoBe,lieH
HOe_B rJI.I, § 3, noKaauBaer, '-lTo npH nocTpoeHHH WYH.ziaMeHTaJI:oHoil tflHaH
qecKoil TeopHH HcnoJI:oaoBaT:o TaKoe ycpe,!iHeHHe no MeH:omen Mepe KpailHe 
HeXeJiaTeJI:OHO. llOBNDieHHe TO'-lHOCTH H3llepeHHH, B npHHl!Hne, H·e orpaHH'-le

HO. STo o6cTOHTeJI:oCTBo OTMe'-laJI tfloH HeilMaH /4/: "B CBOHCTBeHHOM KJiaccH
tiecKoil MeXaHHKe MeTO,lie paCCMOTpeHHIJ (6ea KaKHX 6u TO HH 6UJIO KBaHTO

BNX YCJIOBHil) XOTH H npHnHCNBaiOT Kax,lioil BeJIH'-lHHe ••• B JII060M COCTOHHHH 
COBepmeHHO onpe,!ieJieHHOe 3Ha1.leHHe, HO B TO Xe BpeMH C'-lHTaiOT, '-lTD JII060H 
MNCHHMNil H3MepHTeJI:oHuil annapaT ••• MoxeT ,liaT:o aTo aHa'-leHHe JIMm:o B npe
,lieJiax neKoTopoil, HHKOr,lia He Mcqeaaromen, omH6KH. llpaB.lia, npe,lieJiu aToil 
ODIH6KH y,liaeTCH Sa cqeT ,liOCTaTO'-lHOrO yTO'-lHeHHH MeTO,lia HSMepeHHIJ C,liBH
HYT:O CKOJI:O yrO,liHO 6JIH3KO K 0 , HO TO'-lHO HyJieM OHH HHKOr,lia He 6y,liyT. 
MOEHO OXH,liaT:o, '-lTD 3TO 6y,li'eT TaKllte H B KBaHTOBOil TeOpHH ,liJIH Tex' Be
JIH'-lHH ••• , KOTOpNe, COrJiaCHO CJIOXHBDIHMCH ,liJIIJ HHX (B OC06eHHOCTH ,liD OT
KpNTHH KBaHTOBOil MeXaHHKH) HarJIH,liHNM npe,liCTaBJieHHIIM, He KBal!TOBaHU, 
HanpHMep, . .ziJIH ,lieKapTOBUx KOOp,liHHaT 3JieKTpOHa CKOTOpUe MoryT npHHHMaT:O ' . 

JII06Ue 3Ha1.lel!lm OT- 00 ,liD + 00 H OnepaTOpN KOTOpUX HMeJOT HenpepNBHNil 
cneKTp)." · 

0TCIO,lia BUTeKaeT, '-lTD nOCJie npoBe,lieHHIJ KpynHOCTpyKTypHOrO ycpe,liHe
HHH CJie,liyeT nepeXO,liHT:O K COOTBeTCTBYIOIJleMy npe,lieJiy. TaK, B CJiyqae He
npepNBHOil BemeCTBeHHOil BeJIH'-lHHN ycpe,liHeHHe (2.I~I) npOBO,liHTCIJ no Be

pOHTHOCTHOtl llepe C nJIOTl!OCT:OIO BepOIITHOCTH W'x_ (X'} , COCpe,liOTO'-leHHOtl 
OKOJIO TO'-lKH X • llpe,lieJI:OHhiM nepeXO,liOM HBJIIIeTCH nepeXO,li K d -tflyHKtiHH: 

W';r_(X.
1

) ~ d(X- X') • EoJiee TO'-lHO 3TOT npe,lieJI:OHNil nepeXO,li COCTOHT 
B cJie,liyromeu. HcnoJI:oayeM ceKBeHliHaJI:OHNil no,liXO.zi K onpe,lieJieHHIO J-tflyHK
liHH, npH KOJOpOM nOCJie,liHHH OnHCUBaeTCH nocJie,liOBaTeJI:OHOCT:OIO ~YHKl!Hil 
[ W':x.. n (X')_, tt = ~ il, ._ .. } · •• Tor.zta ~HrypHpyeT npe;zieJI:oHuil nepexo.zt 

~ ~ ix.' wx.n. (:x!) f (x') • Ha nep:suil BSrJia,li aTo uoxeT noKaaauca 
6eCCMUCJieHHNM: eCJIH £- HenpepNBHa Ji TO'-lKe X , TO npe.zteJI paBeH ftx) , a 
eCJIH HenpepNBHOCT:O OTCYTCTByeT, TO npe.zteJI, B0061Jle rOBOpH, He cyme
CTByeT. Ho nycu f == f1+ f3., r.zte f 1 HenpepNBHa, a f-2 OTJIH'-lHa OT HYJIH 

il JIHID:O Ha MHOXeCTBe Mepu HYJI:O. Tor.zta J dx' u&_11 {X.'} J.1 (X.') = 0 H Hy
JieJioe aHa'-leHne coxpaHlieTCH · nocJie nepexo,lia K npe.zteJiy n ~ oo • B ,liaJI:o

HeilmeM O~axeTCH, '-lTD HMeHHO 3TOT SWWeKT ilpHBO,llHT K HC'-leSHOBeHHIO HH
Tep~epeHl!HOHHNX qneHOB. 
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HMeH B BH.ztY paCCMOTpel!HNH npe,lieJI:OHNH nepexo.zt, 6y.zteM roBOpHT:O 0 
d -ycpe,liHeHHH. • 

OnHCaHHUil npocTeilnrHH CJiyqail HYllt,liaeTCH B o6o6meHHH B Tpex OTHODie
HHHX. Bo-nepBUX, B o6meM CJiyqae BMeCTO_ilJIOTHOCTH BepOHTHOCTH CJie.ztyeT 
paccMaTpHBaT:O BilOJIHe Henpeph!BHYIO 6opeJieBCKYIO BepOHTHOCTHYIO Mepy r: 

BO-BTOpNX, B 061JleM CJiyqae BMeCTO ilOCJie,liOBaTeJI:OHOCTH He06XO,llHMO 
HCilOJI:OSOBaT:O HanpaBJieHHOCT:O. 

MHOEeCTEO r H~SNBaeTCH HanpaBJieHHNM, eCJIH Ha HeM Sa,llaHO 6HHapHOe 
OTHOD!el!He npe,linOpH,liKa :<: (,!iJIH /{ , o' , (f 

11 
E: r BblilOJIHHeTCH: 0 2: (( ; 

HS /{2- ~~ n 't 11
2- ({ cJie,liyeT 't 11

2-l5' ), Y.ztDBJieTBOpHIOIJlee ycJioBHIO: ,liJIH Kax.ztoil 
naphl .r~ /{ 11 f r cymecTByeT 3JieMeHT IJ E: r TaKOH. '-lTO 0~ If I H ?f?:.. '6

11
• Ha

npaBJieHHOC~~ - 3TO WYHKliHH c o6JiaCT~~ onpe,lleJieHHH r . llpe.zteJI B .MeTpH
qecKOM npOCTpaHCTBe onpe,lieJIHeTCH C ilOMOIJl:OIO llOCJie,llOBaTeJI:OHOCTH, a B 
npOHSBOJI:OHOM TOnOJIOrH'-leCKOM npOCTpaHCTBe - C ilOMOIJl:OIO HanpaBJieHHOCTH. 
llOSTOMY HanpaBJieHHOCTH 6y,liyT D!HpOKO HCilOJI:030BaT:OCH B .ztaJI:OllieilmeM. 

HTaK, HCilOJI:03yeTCH HanpaBJiel!HOCT:O BilOJIHe HenpepbiBHNX 6opeJieBCKHX 

BepOHTHOCTHNX Mep £ Pzr '· 0' E r} • COOTBeTCTBeHHO paccMaTpHBaeTCH npe- . 

.zteJI m s PI( (d:x.) f(x) .PaBel!CTBO 1-tr ifr :=. :f ' r.zte :A ' 'I - TO'-lKH 
TonoJiorM'-lecKoro npocTpaHCTBa, oaHaqaeT, no onpe,lieJieHHIO npe.zteJia, cJie
.ziYIOillee: ,liJIH Kax,llOH OKpeCTHOCTH TO'-lKH .y cymecTByeT J 'E: f TaKoe, '-lTD 
,liJIH Kax,liOrO ?)

11
?:.. ?f

1 TO'-lKa ;/l{tt npHHa,llJieJKHT 3TOH OKpeCTHOCTH. 
EcJIH O,liHOTOqe'-lHoe MHOJKBCTBO £ x. }c X aaMKHYTO, HcnoJI:oayeTca Ha

npaBJieHHOCT:O Mep, nepeceqeHHe HOCHTeJ!eil KOTOpb!X eCT:o {X.} • (HOCHTeJI:O 
MepN - 3TO HaHMeH:Omee SaMKHYTOe MHOllteCTBO, Mepa I{QTOporo paBHa e,liH-
HHl!e.) , 

TpeT:Oe 06o6meHHe: B Ka'-leCTBe nepeceqeHHH HOCHTeJieil ~HrypHpyeT MH
HHMaJI:OHOe SaMKHYTOe MHOllteCTBO, ,llOnycKaeMoe TOilOJIOrHeil. 'B 3TOM CJiyqae 
TaKllte . 6y,lieM HCilOJI:OSOBaT:o TepMHH d -ycpe,ZI,HeHHe. TO'-lKH MHHHMaJI:OHOrO 
MHOEeCTBa TOilOJIOrH'-leCKH HeOT,lieJIHMhl ,llpyr OT ,ZI,pyra, H HX MOlltHO npe,li~ 

CTaBJIHT:b ce6e 11 CKJieeH.HW4H11 . B O,ZI,Hy TO'-lKY • 

. BBe,lieM TaKllte TepMHH L\ -ycpe,liHeHHe, 03Ha1.laiOmHtl He d -ycpe,ZI,HeHHe. 
~HSH'-leCKH 6-ycpe.n.HeHHe oaHa'-laeT noTepro HHWOpMal!HH, HJIH HeTO'-lHOCT:O 

B OilHCaHHH CHCTeMN, a nepeXO,li K d -ycpe,ZI,HeHHIO 03Ha1.laeT npe.zteJI:OHO BO.S
MOXHOe yBeJIH'-leHHe HHtflopMal!HH, HJIH TO'-lHocTH onHcaHHH. Tio.n.qepKHeM~ '-lTo 
CO'-leTaHHe npHHl!Hila HenpepUBHOCTH BepOHTHOCTH H d -ycpe,ZI,HeHHH ·aBJIHeTCH 
He npORBJieHHeM orpaHH'-leHHOCTH BOSMOlltHOCTeH MaKpOCKOilH'-leCKOrO Ha6JIIO,ZI,a
TeJIH, a OTpaxeHHeM 06~eKTHBHUX CBOHCTB npHpO,ZI,N. 

§ 4. CYEliEKTHBHAH H OE:OEKTHBHAH C.JIYIIMHOCTH 
PemeHHe BTOpOil np06JieMN (rJI.I, § 6), COCTOH!IIeil B MaTeMaTH'-leCKOM 

onpe.zteJieHHH cy6~eKTHBHOH H 06~eKTHBHOH CJIY'-lafiHOCTefi,HBJIHeTCH Tenep:r, 

048BH,liHhlM. 
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TiycTb B_pauxax ~aHHo~ WHSH~ecKo~ TeopHH npoBO~HTCH Cf-ycpe~HeHHe 
no HanpaBJieHH.OCTH BnOJIHe Henpep!IBHbiX 6opeJieBCKHX BepOHTHOCTHbiX Mep. 
ECJIH peayJibTaT!I nocJie (}-ycpe~HeHHfi OTJIH~aDTCfi OT COOTBeTCTBY~HX pe
ayJIDTaTOB B OTCYTCTBHe BCHKOrO ycpe~HeHHH, 6y~ell rOBOpHTD; ~TO d -yc
pe~He~He awweKTHBHo; B npOTHBHOM CJI~ae - ~TO OHO HeawweKTHBHO. B 
CJiy~ae awweKTHBHOro <f-ycpe~HeHHfi 6y~eM rOBOpHTb, ~TO ycpe~HeHHe He
ycTpaHHMOi B CJI~ae HeswweKTHBHOrO d-ycpe~HeHHfi 6y~ell rOBOpHTb, ~TO 
ycpe~HeHHe YCTpaHHilO. 

Ycpe~HeHHe no WHKCHpoBaHHo~ BnOJIHe Henpep!IBHO~ BepoHTHOCTHO~ llepe 
(6ea nepexo~a K d-ycpe~HeHHID) 6y~eM HaaiiBaTb HenpepiiBHIIIl. lD6oe 
~~ycpe~HeHHe (B ~aCTHOCTH, Henpep!IBHOe), B006~e .rOBOpH, npHBO~HT K 

CJiy~ailtHOCTH. 

flo onpe~eJieHHD, 06~eKTHBHaH CJiy~a~HOCTb, T.e. HH~eTepllHHH31l, CO
OTBeTCTByeT HeycTpaHHMOMy ycpe~HeHHID. 8TO onpe~eJieHHe.corJiacyeTCH C 
HHTYHTHBH!IM npe~CTaBJieHHeM 0~ 06~eKTHBHO~ CJI~a~HOCTH. ECJIH ycpe~He
HHe ycTpaHHMO, eMy, no onpe~eJieHHD, COOTBeTCTByeT cy6~eKTHBHafi CJiy
~a~HOCTb. Henpep!IBHoe HeycTpaHHMoe ycpe~HeHHe npHBO~HT KaK K cy6~eK
THBHoilt, TaK H K 06~eKTHBHOilt CJiy~allHOCTHi npH npe~eJibHOM nepexo~e K 
d -ycpe~HeHHID OCTaeTCH TOJibKO 06~eKTHBHaH CJI~a~HOCTb. 

§ 5. OTIPFJlMEmfE' illl.UETEPMHHHCTCKO~ .llilliAMHKl/1 

CJI~a~HOCTb B WHSHKe npoHBJIHeTcH B ~HHaMHKe, T.e. BO BpelleHHott. 
SBOJIDQHH. B. STOll CBHSH HanOMHHM, ~TO .HSMepeHHe Mli HaMepeHII.paCCilaT-. 
pHBaTb KaK ~HHaMH~eCKHii npoQecc. ~HSH~eCKaH CHCTella OnHCHBaeTCH_ B 
TepllHH8X ~HHaMH~eCKHX nepeMeHHbiX (B ~aCTHOCTH, Ha6JIID~aellb1X) H COCTOH
HHif. BpelleHHBJI SBOJIIOQHH eCTb HSMeHeHH,e BO BpeMeHH JIH60 COCTOHHHH 
(KapTHHa ~HYBHJIJIH B KJiaCCH~eCKOilt MeXaHHKe, KapTHHa llipe~HHrepa - B 
KBaHTOBOii), JIH60 iHHaMH~eCKHX nepelleHH!IX (KapTHHa raMHJibTOHa B KJiaC
CH~eCKOll MeXaHHKe, KapTHHa reiltaeH6epra - B KBaHTOBOiiti. 

· llpH paCCMOTpeHHH npo6JieM!I CJiy~ai1HOCTH·y~06Hee HCnOJib30BaTb-KapTH
HY ~HYBHJIJIH-llipe~HHrepa. Ycpe~HeHHe npoBo~HTCH no BpeueHH'(nocKOJibKY 
STO Henpep!IBHaH BeJIH~HHa) H no Ha~aJibH!IIl YCJIOBHHM, T.e. no Ha~aJibHOMy 
COCTOHHHD. Ycpe~HeHHe npe~cTaBJIHeT C060ll HHTerpHpOBaHHe no BnOJIHe-He
npep!IBHOii BepOHTHOCTHOilt Mepe Ha TOnOJIOrH~eCKOM npoCTpaHCTBe. fipH yc
pe~HeHHH no BpelleHH, Hcxo~H Ha wxax~eCKHX coo6paxeHHilt, cne~yeT HC
noJib30BaTb ecTeCTBeHHYJO TOnOJIOrHD Ha Be~eCTBeHHOll BpelleHHOH OCH (T.e. 
06!I~HYJO MeTpHKy). llpH ycpe~HeHHH no Ha~aJibHOily COCTOHHHD BOnpoc 0 B!I-

4 6ope TOnOJIOrHH Ha MHOl!teCTBe COCTOHHHiL~OJil!teH pelllaTDCH B K~Oil KOH
li xpeTHOil cny~ae Ha ocHoBe wxax~eCKHX coo6paJB:eHHilt. 

Tenepb MOl!tHO BBeCTH onpe~eJieHH~ HH~eTepMHHHCTCKOll ~HHaJIIdKH. 0Ha 
XapaKTepHayeTCH Tell, ~TO o6~eKTHBHaH CJI~aiiHOCTb npOHBJIHeTCH BO Bpe-

MeHHOH SBOJIIDQHH: 8-ycpe~HeHHe no Ha~aJibHOMy COCTOHHHIO_H no BpeMeHH 
cKaSIIBaeTC~ Ha HSMeHeHHH COCTOHHHH BO BpeMeHH - B CM!ICJie B03HHKHOBe
HHH o6~eKTHBHOH CJiy~aMHOCTH. 

Wo 

CKaaaHHoe MOl!tHO cxeMaTH~ecKH npe~cTaBHTb cne~yromnu o6paaou. TiycTb 
- COCTOHHHe B Ha~aJibH!I~ MOMeHT BpeMeHH f=O, GO-B MOMeHT f , 

TaK ~TO BpeMeHHOll nepexo~ OnHC!IBaeTCH COOTHOllieHHeM 

UJ
0 

- (JJ ::::: W(W0 , t ~. (2.5.I) 

Ey~eM 0603Ha~aT:b !J. - H 0 -ycpe~HeHHe COOTBeTCTBYIOII{HMH HH~eKCaMH. C 
y~eTOM !J. -ycpe~HeHHH noW0 H t H3 (2.5.I) noJiy~HM 

(.JJ!J.- w(wil, til)===- ( P(dwo) cit l"'(t) W(Wo, t}.J (2.5.2) 
()<, 0 .} 

r~e l"'(t) - nJIOTHOCTb BepOHTHOCTH. llepexo~ K d -ycpe~HeHHID ~aeT 
wf ~ w(wf, tcf) == w(w~, t 4Jfll.- rS • (2.5.3) 

Tenepb aaMeTHM, ~TO cpe~Hee 3Ha~eHHe u;cl'(A) cymecTByeT, BOo6me ro
BOpH, He ~JIH Bcex ~HHaMH~ecKHX nepeMeHHHX A : npe~en, cooTBeTCTBYIO
mxn nepexo~y K d -ycpe~HeHHIO, He cymecTByeT ~JIH paap!IBH!IX BeJIH~HH. 
Hanpnuep, nycTb uJ - cocTOHHHe c WHKCHpoBaHH!IM aHa~eHHeM Koop~HHaTII 
Xo t A = e (X- Xo) t r~e e - CTyneH~aTaH WYHKUHH. Tor~a o.l (A J He onpe
~eJieHO. TaKHM o6paaou, wS=t-w • Bnpo~eM, sTo paann~ne He o~eHb BeJIH
KO: corJiacHo Teopeue JlyanHa, ~JIH Kax~oro E. 0>-. 0 cymecTByeT HenpepuBHaH 
WYHKUHH, OTJIH~aiOmaHcH oT ~aHHoilt Ha MHoxecTBe, Mepa KOToporo MeHbme E • 

Ey~eM nncaTb WJ'~ W , eCJIH GOcf(A)=W(A) npH ycJIOBHH, ~TO w6(A) 
cymecTByeT. Tor~a s~eKTHBHOCTb Cl -ycpe~HeHHH oaHa~aeT, ~To 

. w(wf,-tcf)t w(~0_,i). (2.5.4) 

HH~eTepMHHHCTCKYIO ~HHaMHKY MOl!tHO oxapaKTepHSOBaTb ~e~yJOmHM o6-
pa30M: cymeCTByeT ~HCTOe COCTOHHHe UJp t TaKoe, ~TO Wp ~ Wp H 
w ( wL i cl') ~ a) m t r~e Wm. - CMelliaHHOe COCTOHHHe. 

Kax 6!IJIO CKaa·aHO B rn.I, § 6, pemeHHe Tpeueii! np06JieMII, COCTOH
meilt B ycTaHoBJieHHH MaTeMaTH~ecKoilt npnpo~u HH~eTepMHHHSMa B wxanKe, 
Tpe6yeT aHaJIHaa KOHKpeTHUX wxaH~ecKHX TeopHiil. 8TOT aHaJIHS CBO~HTCH 
K B!IHBJieHHD HH~eTepMHHHCTCKOM ~HHaMHKH. . 

§ 6. .UETEPMilliHRJBAHHOCT:b KJIACCWIECKOlil .lll1HAMHKH. .llilliAMWIECKH!il XAOC 
CHat~aJia paCCMOTpHM C TOtiKH-SpeHHH paSBHTOrO BUnie no~o~a KJiaCCH-

. ~eCKYID ~HHaMRKy. Ha MHOl!teCTBe COCTOHHHll KJiaCCH~eCKOM CHCTeM!I MOl!tHO 
S~aTb MeTpHtieCKYID TOnOJIOrHD, T.e. TOllOJIOrHID, onpe~eJIHeMyJO MeTpHKOilt. 
(OTKp!IT!Ie MHoxecTBa HBJIHDTCH o6~e~HHeHHHMH OTKp!ITHX mapoB.) B Kat~e
CTBe HOCHTe~H BllOJIHe Henpep!IBHOll BepoHTHOCTHOM Mepu, COCpe~OTOtleHHOM 

. OKOJIO H!lKOTOpoii! TOtiKH npocTpaHCTBa'cocTOHHHiii," MOXHO Bb16paTI, 3IDJKHyT!Iilt 
map C QeHTpOM B STOM TOtiKe. kiHTerpHpOBaHHe no TaKOM Mepe 03Ha~aeT·He
npep!IBHOe IJ. -ycp~~HeHHe llO Ha~aJibHOMY COCTOHHHD. fiepexo~ K d -ycpe~-
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HBHHID. peanHayeTcff cTpeMneHHeM K Hy~m p~Hyca mapa~·nycTD paccMaTpH
:BaeTcH SBO~IDI.IHff Ha npOH8BO~DHOM 1 HO QJHKCHpOBaHHOM npoMeXyTKB Bp6116HH 
[ 0, T] . Tor;zta p~Hyc mapa npH t = 0 IIOlltHo Bb16paTD TaK, liTO ;ztJIH ~m6o-

. ro f: f: [0, T] paaMepbl 06~aCTH 1 COOTBBTCTBYIDDIBH COCTOHHHID B MOilBHT f: , 
6y;ztyT ll8HDlli8 a~aHHoro r-- 0 • BpelleHHOe ycpe;ztHBHHe no Liepe, HOCHTB~D 
KaTopon t.f ;ztacTaTaliHO Man, ue MeHRer sTaT peayJIDTar. Sro oanaliaeT, 
liTO s -ycpe;ztHBHHB no HaliaJIDHOMy COCTOHHHID H 'no· Bp8MBHH npHBO;llHT K 
d -ycpe;ztHeHHID no cocraRHHIO .B ~106on MOMBHT i > 0 : 

. J J') J •t ) . ( .L.) 
W{W0 .) t. . = wfwo, ~ UJ wo> ~ . {2.6.!) 

TaKHM o6paSOM, B K~aCCHliBCKOH ;llHHaMHKe ycpe;ztHBHHB no HaliaJIDHbiM yc~o
BHffll H no Bp8MBHH ycrpaHHMO, TaK liTO yKaaaHHaff ;llHHaMHKa ;ll6T6pMHHH
CTHliHa. 

3;zt8CD CJIB;ztyeT OCTaHOBHTDCff Ha C~yliae HBYCTOHliHBOrO ;llBHlltBHHff,. KOr
;zta MaJible H8M8H8HHff HalianLHOrO COCTOffHHff YBBJIHliHBaiDTCff CO BpBMBHBM. B 
STOll C~yliae p~Hyc mapa'a B HaliaJILHbiH MOMBHT Bp8MBHH, rpe6yeMb1R ;llJiff 
o6ecnelieHHH E Ha npowexyTKe [ 0, T J , cymecrBelUio aaBHCHT or T , cTpe

MHCL K HY~ID c pOCTOL! T : ro (E, T) T~ 0 • .ltJIH coxpaHeHHff a~aHHOR 
HBTOliHOCTH E. CO Bp8MBH8M HBTOliHOCTD i 0 B HaliaJILHbiH MOIIBHT npHXO;llHTCff 
Heorpa~HliBHHO yMeHLmarL. 

llpocTon npHwep TaKara po;zta npHBe;zteH EopHoL! /4I/. qaCTHI.Ia ;ztBHllteTcff · 
6ea Tp8HHH Ha 0Tp88K8 0 <.X< l OCH X H ynpyro OTpalltaeTCff Ha KOHI.Iax 
STOrO OTpeaKa. Koap;ztHHaTaX OCTa8TCff B yKaSaHHOM KOHBliHOII HHTBpBane 

;ll~ff JIID6oro HaliaJILHOrO COCTOffHHff { X 0 i Vo ) , CKOpOCTL ?f OCTaeTCff naCTO
HHHOR, HO OTKJIOH8HH6 ilX paCTBT CO Bp6MBH8M .{.dl: = !::.X

0 
+f. ll ~) H npHHH

MaeT npOHSBO~LHO 60~DlliHB SHaliBHHff no HCT8liBHHH ;llOCTaTOliHO 60JILlliOrO 
npoMelltyTKa BpeMeHH. TaKHM o6paao11, ;ztBHllteHHe HeycTaRliHBo. llocJ!e Taro 

KaK ;llOCTHraeTCff KpHTHliBCKOe BpBMff tc == t /Ll zJ;; , Heonpe;zteJieHHOCTL CTaHO
BHTCff !::.X> ( H MaTepHaJI.LHyiD TOliKY MOlltHO HaHTH r;zte yrO;ztHO B HHT8pBane 

0 <X< l • RHalie raBOpH, npH f: > tc KOH8liHOe llO~OlltBHHe ffB~ff8TCff He;zte
TepMHHHpOBaHHbiL!. Ho npH a~aHHbiX T H t=Ax 3HalieHHe ~ = 4 if

0 
= ~x = ~ 

066Cll8liHBaeT .Tpe6yeMyiO TOliHOCTD. 0 -ycpe;ztHBHH8 03HaliaeT T;,-> 0 i llpH .. 
STOLl T _,. 00 • 

Eme 6onee CHJIDHaff aaBHCHMOCTL ~ oTT HMeeT MecTo B cnyqae sKcno
HBHI.IHanLHo paCXO;llfflJIHXCff TpaeKTOpHH, KOr;zta BOSHHKaeT ;llHHauHliBCKaff CTO
XaCTHlJHOCTD /24-26/. 3;ll8CL / 0 = C e- T/T , r;zte T - H8KOTOpoe xa

paKT8pHoe Bp8Mff. KpoMe Taro, XOTff pemeHHB llOJIHOCTLID onpe;ztBJiff8TCff Ha
liaJILHbiMH YCJIOBHHMH, OHO C TBli8HH8M Bp8M8HH M8Hff8TCH lip83BblliaRHO Hepe
ryJIRpHbiM o6paaoM {AHHaMHliBCKHR xaoc). O;ztHaKo BbiBO;zt o Hes~~eKTHBHOCTH 
0 -ycpe;ztHBHHff OCTaeTCff B CHJie • .ltHHaMHli8CKHR xaoc, xapaKT6pHbiR ;llJiff 

;ll8T8pMHHHpOBaHHOro HenepHO;llHli8CKOro flOTOKa, HB~HBTCH XaOCOM TO~LKO 
;llJiff Ha6JIIO;ztaTBJIH, CJI6;llfflJI8rO 3a rpy6biMH CBOHCTBaiiH CHCT8Mbl /42/. 
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Cnei.IHWHKa, B03HHKaiOJllaH B CJiyliae HeycTantJHBOrO ;llBHllt8HHH, CBHSaHa C 
TeM,· liTO aaBHCHMOCTD c( r'o) npH WHKCHpaBaHHOM T HBJIH8TCH HenpepbiBHaii, 
HO Ha HHTBpBane 0< T < 00 OTCyTCTBYBT paBHOMBpHaH Henpepb!BHOCTL • 

llTaK, B.KJiaCCHliBCKan ;llHHaMHK8 HH;ll8T8pMHHH8M OTCYTCTBYBT. STO XO

pomo H3B8CTHO {rn.I, §I), H COOTBBTCTBYIOJJIBB paCCMOTpBHHB 6b!JIO 3;ll8CD 
npaB8;ll8HO TO~LKO ;llJIH yHCH8HHH llOCTaHOBKH 3a;ztaliH. 

§ 7. OCHOBHO~ TE3llC: HEYCTPAHMMOCTb YCPEnHEHRH B HECEITAPAEEAbHOM' 

fllAbEEPTOBOM llPOCTPAHCTBE 
llH;zt8T8pMHHH3M 1 8CT8CTBBHH0 1 CJIBAYBT HCKaTL B paMKax KBaHTOBOH ;llH

HaMHKH. 0CHOBHOH pe3yJILTaT 3THX llOHCKOB MOlltHO CWOPMYJIHpOBaTL B BH;llB 
CJI8AYIDlll8rO T83HCa: B c~yliae COCTOHHHn KBaHTOBOn CHCT8Mbl, anHCb!Ba8MbiX 
BeKTOpaMH aecenapa6eJILHaro rHJIL6ep~Ba npocTpaHCTBa, ycpe;ztHeHHe no 
HaliaJILHbiM ycJIOBHHM H no Bp8M8HH HeycTpaHHMO. STO 03HaliaeT CJIBAYIOJJ188 
pemeHH8 Tp8TL8H npo6JI8Mbl rn.I, § 6: npHpO;lla HH;ll8T8pMHHH3Ma COCTOHT 
B HBYCTpaHHMOCTH ycpe;ztH8HHH B Hecenapa6eJILHb!X rHJIL6epTOBb!X npOCTpa~

CTBax. 
.z:tanLaeiimee co;lleplltaHHe AaHHon rnaBu aaKJIIOtJaerca B pacmnwpoBKe H 

;llOKa3aTBJILCTB8 npHB6;ll6HHOrO T83HCa: BO-nepBb!X, CJIBAYBT OCTaHOBHTLCH 
Ha aecenapa6e~LHb!X rHJIL6epTOBb!X npOCTpaHCTBaX, BO-BTOpb!X, H606XO;llHMO 
Bb!HCHHTL 1 KaK OHM naHBJIHIOTCH B KBaHTOBon TeopHH H KaKyiO pOJIL MrpaiOT 
B Heii, B-Tp8TLHX 1 - M STO rJiaBH06 - ;llOKa3aTL T63HC. 

§ 8. HECEllAPAEEAbHOE fiiJAbEEPTOBO ITPOCTPAHCTBO 
KoMnJieKcHoe BBKTapHoe npocrpaHCTBO Je HaauBaercH yaHTapHhlM · (HJIH 

npe;llrHJIL6epTOBb!M) npOCTpaHCTBOM, 8CJIH Ha HeM 3a;llaHO CKaJIHpHoe npOH3-
B6;ll8HHe ('fj, 'i-'.2.), '1'1 , 'f'.2 E: 'J£. GKanHpHOe npOH3B8;ll8HHe CliHTaeTCH JIHH8HHb!M 
no BTOpaMy B8KTapy M aHTHJillHenHb!M no nepBOMY (I. 5.2). 0HO nO;llliHHHeTCH 
YCJIOBHHM 
('f'1 , 'f'.2. ):= ('f.2, 'f'1 )~ ('f, 'f')?:. 0 > ('f; 'f')=0sKBHBaJieHTHO 'f= Q. (2.8.!) 

BeJIHliHHa II'!' II= ('Y, '1')'1.2.?:. 0 onpe;lleJIHeT aopMy: BblnOJIHHIOTCH yc-. 
JIOBHH 
1\C'f'l\=lc.\·1\'f'l\, il~+'tii~IJf,l/t/l'f'.t/1, //'P/1=0sKBHBaJieHTHO'f'==0. (2.8.2). 
HopMa onpe;lleJIHeT MeTpHKY d. ('/'1, 'f'.2) =:. 11-f; - 'i-'.2.1/ • MerpHliecKoe npo
cTpaHCTBO Ha3b!BaeTCH nOJIHb!M, BCJIH ~ HeM Kallt;llaH naCJI8;llOBaT8JILHOCTL . 
Komu CXO;llHTCH K HeKOTOpon era TOliKe. llaJIHOe yHHTapHOe npocTpaHCTBO 
Ha8b!Ba6TCH rHJIL6epTOBb!M npOCTpaHCTBOM. 

Ea3HCOM rHJIL6epTOBa npocTpaHCTBa Ha3h!BaeTCH MaKCHMaJILHOe opTOHOp
MHpOBaHHOe MHoxec.TBO BBKTopoB f 't' az. : ~ ~ KJ. MaKCHMaJILHOCTL oaHaliaeT, 
liTO H3 (~'/'a«.)"" 0 AJIH Kallt;llaro £Eo K cne;ztyer 'f'=:: 0 • fHJIL6eproBo npo
CTpaacTBo HaSb!BaeTCH ~napa6eJIDHb!M 1 eCJIH OHO HMeeT Cli8THhlH 6a3HC, 
r.e. K = .X0 • 3;ztecL K ...: MOJJIHOCTL MHOJKeCTBa K , .X0 - MOJJIHOCTL clieT
Horo MHOJKeCTBa, T.e. MHOlKeCTBa HaTypanLHb!X liHC8JI •. fHJIL6epTOBO npo-
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t1 

C!paHcTBo aaauBaeTcfl aecenapa6eJI:&HWl, ecmr ero 6aaHc aectJeTHblit, T.e. 

~~~t r~e ~- MO~HOCTl> KOHTHHyyMa, T.e. MHOXeCTBa Be~eCTBeHHbiX tJH
CSJI. 

B ~aJI:&HeumeM BaEHyD poJI:& 6y~eT HrpaT:& cJie~yD~HH HaBeCTHuit ~aKT: 
pa3JIOEeHHe npOH3BOJil>HOro BeKTOpa 'f't Je no 6a3HCy BKJIDtJaeT He ClOJiee 
tJeM CtJeTHOS MHOXeCTBO CJiaraeMbiX. 0CTaHOBHMCfl Ha STOll no~p06Hee. ~Op
MaJil>HO 

i' = L. ('t'i£, ~) 'f'i£ . (2 8 3) 
<FE- K . • • 

B c;ryqae Hecenapa6eJJ:&Horo J£ , T.e. aectJeTaoro K , aeo6xo~HYO onpe-

~eJIHT:& ~HrypHpyD~yD 3~ec:& cywwy. PaCCMOTpHM STOT BOnpoc B 06~eM BH~e. 
Ilycu Z - TonoJiorHqecxoe BeKTopaoe npocTpaHcTBo, K - npmraBOJII>

aoe. MHoxecTBo HH~excoB, i!:<£ t: Z , ~E K • Onpe~eJieHHD no~JieXHT £K.r'l! • 
06oaHatJHM T = { F c. K : F KoJieqaoe} ceueilcTBo Bcex xoaetJHbiX no~
MHoxecTB YHOXeCTBa }( • BBe~eM tJaCTHtJHOe ynOpfi~QqeHHe CeMeitCTBa ~ no 
OTHomeHHD BKJIIOtJeHHH: F" ~ F 1 

SKBHBilJieHTHo F" ~ F' • Tor~a MHOJB:ecTBo . 

':J' CTaHOBHTCfl HanpaBJJeHHbiM. BBe~eM KOHetJHble QYMMbl i: F =!if c~ 
1 

. 

F t: Y: , H HanpaBJieHHocu TaKmc cyMM [ i'F ) F E: ~} • ECJIH cy~ecTBy
eT npe~eJI STOit HanpaBJJeHHOCTH i! = -t.m_ i'F .) ~ E 2 t TO, no onpe-

F E- 3" ~eJieHHD, CyMMa Lv c<£ CXO,l(HTCfl H 
a!E.~ . 

L. ca!. = z. . (2 8 4) a: E. K • • 
IlyCTl> C = jl+- MHOllteCTBO HeOTpHrtaTeJI:&HbiX Be~eCTBeHHbiX tJHCeJI. Tor-

~a CXO~fl~af!Cfl CyMMa (2.8.4) BKJIDtJaeT He ClOJiee tJeM CtJeTHOe MHOXeCTBO 
CJJaraellbiX. neitCTBHTeJII>HO, nyCTl> ntn - tJHCJIO CJiaraellbiX, npeBblillaD~HX 

~n.. t n = (!, 1)9. ... • 0tJSBH~HO t KaE~Oe mn. KOHetlHO, n. = q 0 .f2J ... HCtJepnu
BaeT Bee CJJaraeMHe; OCl~S~HHeHHB CtJeTHOrO CeMeHCTBa KOHetJHbiX MHOXeCTB 
CtJeTHO. . :1 . .:1. 

Ha (2.8.3) c;re~yeT ll'fll =~K /('f<I!J '+)I • BBH~Y KoaettaocTH. 
II 't' II cyuua BKJIIOqaeT He 6oJiee t~ew ctJeTHoe MHoxecTBo c;raraeubiX. TaKHII 

06pa30M, (2.8.3) CBO,l(HT~fl K 

't'= ~ ('f'a:.) 'V) 'f<£_. 

IlOfiBJieHHe Hecenapa6~~l>Hb1X :HJI:&6epTOB~ npOCTpaHCTB yxe B KBaHTO-. 
BOil MeXaHHKe, T.e. B TeOpHH KBaHTOBbiX CHCTeM C KOHetJHbiM tJHCJIOil CTene
Heit CBOClO,l(bl, npo~e BCero nOHfiTI>, paCCMOTpeB BODpOC 06 ODHCaHHH Henpe
pbiBHOrO cneKTpa. Ha6JID~aewe CHCTeMbl C KOHetJHbiM tJHCJIOM CTeneaeit CBO-. 
60~1>1 B OpTO~OKCaJil>HOH KBaHTOBOit uexaHHKe Dpe,l(CTaBJIHIOTCfl CaMOCOnpf!XeH-· 
HbiMH onepaTOpaMH Ha cenapa6eJI:&HOM rHJII>6epTOBOM npocTpaHCTBe J£

5 
OnepaTop C TOtletJHWof cneKTpOM HMeeT.COClCTBBHHble BeKTOpbl, npHHa,l(Jiexa
~He J.€5 • STHM BeKTOpaM OTBetJaDT COClCTBeHHble COCTOHHHfl Ha6JID~aeuoit .. 
O~HaKO onepaTop C HenpepbiBHbiM cneKTpOM He HMeeT COClCTBeHHbiX BeKTOpoB 

(2.8.5) 

B J£5 • nJifl OnHCaHHfl COClCTBeHHbiX COCTOfiHHH TaKOrO onepaTopa HCnOJil>-
3YDTCfl ~Be C~BCTBeHHO paaJIHtJHble KOHCTPYKI:IHH. 
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IIepBafl KOHCTPYKJ:IHfl 6biJia BBe~eHa nHpaKoM. TotlKaM HenpepbiBHOro 
cneKTpaX conOCTaBJifiDTCfl o6o6~eHHb16 BeKTOpbl IX} < (STO OCl03HatJeHHe 
no,ntJepKHBaeT OTJIHTJHe o6o6~eHHoro BeKTopa oT o6bltlHoro BeKTopa I> t: Jes • ) 
YKa3aHHble BeKTOpbl He npHHa,l(JielltaT Jes H B006~e KaKOMy-JIHClO rHJI:&6epTOBY 
npocTpaHCTBY H HOpMHpyiOTCfl Ha 0 -<l>YHKJ:IHD! t X' I X"}= J (x.'-_ :X.

11
) • .BnocJie~

CTBHH STOT no~XO~ ClbiJI MaTeMaTHtleCKH CTporo O~OpMJieH B BH,l(e KOHCTpyK
J:IHH OCH~eHHOrO rHJI:&ClepToBa npoCTpaH~TBa /43,44/. Kpowe ~s paccMaTpH
BaeTCfl HeKOTOpOe era TOnOJIOrHtleCKOe no~npocTpaHCTBO gp H C;npHllteHHOe 
K9P npocTpaHCTEO 1?*, T.e. MHOllteCTBO HenpepbiBHbiX JIHHeilHbiX ~YHKJ:IHOHa
JIOB Ha cp • HueeT MeCTO c:p C d£5 C cp* • J.es H30MO~O MHOJKBCTBY 
KOMnJieKCH03HatJHbiX ~yHKI:IHH Ha Be~eCTBBHHOH OCH, KBa,npaTHtlHO HHTerpH
pyeMbiX no ]e6ery. IlpH STOM ~ - MHOEeCTBO ~OCTaTOtlHO rJia.ztKHX ~YHKJ:IHHo 
TpoitKa ( P , Jt5 , 'Plf) aaauBaeTcfl ocHa.ri!eHHbiM rHJI:&6epTOBbiM npocTpaH..:. 
cTBOM. 06o6~eHHble BeKTopu HBJifiDTCfl sJieMeHTa.MH <l?lt: I} E-1?*. OcH~eane 
npOBO~HTCH TOJil>KO ,l(Jlfl cenapa6eJI:&HOrO rHJil>ClepTOBa npOCTpaHCTBa. 

BTopaH KOHCTPYKI:IHfl peaJIHayeTCfl B aJire6paHtleCKOH KBaHTOBOH TeOpHH 
/45,46,43/. TOtlKaM Henpepb!BHOrO cneKTpa conocTaBJifiDTCfl BeKTOpbl rHJil>-
6epTOBa npOCTpaHCTBa Jens. t OTJIHtJHOrO OT J£5 • BBH~Y OpTOrOHaJil>HOCTH 
BeKTOpOB, npHHa,l(JieE~HX pa3HbiM COClCTBeHHbiM 3HatleHHfiM, f!CHO, tl'J:'O 'Jf.,ns 
aecenapa6eJI:&HO. Pa3Hb1M onepaTOpaM COOTBeTCTBYIOT, BOOCl~e rOBOpH, paa
Hble Jln-s • C06CTBeHHble BBKTOp!l B Henpepb!BHOM cneKTpe HOpMHpyDTCfl Ha 

e~HHHI:IY• , 
B ~aJI:&Heitmeu HcnoJI:&ayeTCH a;rre6paHt~ecKHH no~xo~. TaKoit Bbl6op .ztHK

TyeTCfl CJie~yD~HMH C006pallteHHfiMH. O~Ha H3 OCHOBHbiX aa,naq HH,l(eTepMH
HHCTCKOH ~HHaMHKH - nOCTpOeHne ~HHaMHtleCKOH TeOpHH H3MepeHHfl (nHTafl 
npo6Jieua rJI.I, § 6). IlyCTl> B COCTOHHHH, npHHa,l(JieJKa~eM TOtlBtJHOMY cneKT
py (aMnJIHTy~a STOrO COCTOfiHHfl I)E J£5 ), H3MepHeTCfl HaClJIIO~aeMafl C He
npepbiBHbiM cneKTpOMo PeayJI:&TaTOM 6y,neT COClCTBeHHOe COCTOfiHHe B Henpe
pb!BHOM cneKTpe. B KOHCTpyKrtHH ocH~eHHoro rnJI:&6epToBa npocTpaHCTBa 
HOpMHpOBKa COCTOfiHHfl MeHf!eTCfl. Ho Tpy~HO npe,ncTaBHTl>, KaK OnHCaTI> H3-

·weHeHHe HOpMHpOBKH B ~HHaMHKe. ~ aJire6paHtleCKOH KOHCTpyKI:IHH TaKOil 
Tpy~HOCTH He B03HHKaeT. 

Kpowe Tore, Hecenapa6eJI:&Hoe rHJII>6epTOBO npocTpaHCTBO noHBJifleTCfl . 
ecTeCTBeHHb!M 06pa30M npH paCCMOTpeHHH CHCTeMbl C 6eoKOHetlHbiM,tJHCJIOM 
CTeneHeit CBOClO~bl. . 

§ 9. SJIEMEHThl A]rEEPAWIECKOtl KBAHTOBOtl TEOPI1l1 
IlocKoJI:&Ky ~aJII>Heitmee paccMoTpeHHe 6y~eT ocHoBaHo aa a;rre6paHtJec

KOM no,nxo~e, OnHmeM OCHOBHble SJieMeHTbl SToro no,nxo~a. 0H fiBJifleTCfl ro
paa~o 6oJiee ecTeCTBeHHb!M, tJeM UCnOJII>SyeWH B. OClbltlHOH .KBaHTOBOil. TeO.;. 
PHH. 

PaccMaTpHBaeTCfl npOH3BOJI:&Hafl ~H3HtJeCKafl CHCTeMa: KJiaCCHtJecKafl 
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HRH KBaHTOBaH, e KOHe4HHM HRH 6eeKOHe4HHM 4HeROK eTeneHeH eB060~H. 
CHeTeMa ODHeHBaeTeH T_QOih\OH (.iJ. , .Q , Jl} ) , r~e cil - KHOllteeTBO ~HHa
KH4eeKHX nepe!o!eHHI:lX, Sc - MHOllteeTBO eoeTOHHHti, {J) - ~HHaMHKa, T,e, 
KapTHHa BpeMeHHOti 3BORD~HH, 

Peayn»TaToM HSMepeHHfi HBnHeTeH epe~Hee aHa4eHue ~HHaKH4eeKo« ne
peueHHo« A E: .iJ. B eoeTOHHHH WE .Q • YKaaaHHOe epe~Hee o6oaHa<iHK w(A). 
Te!o! eaMUK eoeTOHHHe onpe~enHeTeH KaK ~yHK~HOHan (T,e, KOKnneKeH03Ha4-
HaH ~YHK~HH) Ha MHollteeTBe ~HHaMH4eeKHX nepeMeHHI:lX: w: cil- ~' A .-w(AJ 
(~- llHOllteeTBO KOllllneKeHI:lX queen), lloeKOR»Ky Henoepe~eTBeHHHH ~H3H
qeeKHti CKHen npHDHeHBaeTeH RHili» BeRH4HHe ~(A) , ene~yeT e4HTaT», qTo 
MHOllteeTBa dJ. H .Q BSaHMHo paa~enHilT ~pyr ~pyra: eenH A1 "4=- Aa. , ey
llleeTByeT wE-.Q ., TaKoe, qTo w(At)=t-w(A 2 ); eenM Wt=F w~ , eyllleeTByeT 

• AE- .il. , TaKoe, 4TO W1 {A)4:~{A), BBe~eHHHe yenoBHH HBnHDTeH, no 
eyTH, onpe~eneHHHMH pa3RH4HH eOOTBeTeTBYDIIlHX sneMeHTOB, 

BenH4HHH w( A) aaBHeHT OT Bpei.!eHH t . STy aaBHeHMOeT» MOlltHO onH
eaT» BpeMeHHOH 3BORD~He« n1160 eoeTOHHHH (KapTHHa HHYBHRRH - Wpe~HHre
pa), RH60 ~HHaMH4eeKHX nepeMeHHI:lX (KapTHHa ra~HR»TOHa - re«aeH6epra), 

llpH sTou[w(Al]t= WI:(A) = w(A~:J, .l(anee, aJt~=.5t,,t/.<Ji,' AtJ=o<.t
1
,t:

1 
At,, 

r~e S H a< - HeKoTopue npeo6paaoBaHHH • .llHHaMHKa onpe~enHeTeH KaK 
eeue«eTBo eooTBeTeTBYDIIlHX npeo6paaoBaHHfi: . 

;(Jr.= f st t : t,, i-:.. E Ji J (2.9.1) 
.;)C: 2..J 1 .) 

9)~ = f o<.t t : t 1 , f3. E Jl} (2,9,2) 
~ l 1., 1 

( Jt - BellleeTBeHHaH oe»), 

HTaK, Jd. - HeKoTopoe MHOJKeeTBo, .Q - MHOllteeTBo ~YHK~>lOHanoB Ha 
:fl , ~ - MHOllteeTBO npeo6paaoBaHHH, HRH OT06pallteHHH, jQ HRH .Q B 

ee6H, OnHeaHHe eHeTeMH Ha 3TOM ypOBHe HBRHeTeH 04eH» 061IlHll, HO HMe~HO 
ll03TOMY RHilieHHHM KaKOH 6H TO HH 6uno rny6HHH, COOTBeTeTBYDIIlaH TeopHH 
TpHBHaR»Ha, .l(nH ~OeTHllteHHH HeTpHBHaR»HOeTH He06XO~HMO H~enHT» MHO- . 

llteeTBa J(j_ , .Q H :lJ KaKHMH-TO eTpyKTypmm, llpH STOll qeu 6oraqe eTpyK
Typa; Te!l TeopHH MeHee 06ll!a, HO.SaTO 6onee HeTpHBHan»Ha, S~ee» B03HH
KaeT THDH4HaH eHTya~HH: 6op»6a Mellt~y 061IlHOeT»D H HeTpHBHan»HOeT»D, · 
Bu6op eTpyKTyp ~ORllteH 6un B KaKOH-TO eTeneHH OllTHMan»HHll, llo B0.3KOllt
HOeTH 3TOT,BH60p ~ORllteH OeHOBhlBaT»eH Ha ~H3H4eeKHX eoo6pallteHHHX, 

B MaTeKaTHKe HSBeeTHH eTpyKTypu Tpex THnoB: anre6paH4eeKHe, Tono
norH4eeKHe H eTpyKTypu nopH~Ka, 

Ha4Heu e MHoxeeTBa~. BBe~eu B Heu anre6paHqeeKyD.eTpyKTypy. 
.l(HHaMH4eeKHe nepeMeHHHe MOlltHO eKR~HBaT» H YllHOlltaT» Ha KOKDneKeHHe 

4Hena, STO H~enHeT~ eTpYKTYPOH KOMnneKeHoro RHHeiiHoro DpOCTpaBC~!a, 
.l(anee, ~HHaMH4eCKHe nepeMeHHHe MOlltHO nepeMHOlltaT»~ STO npeBpalllaeTva 
B anre6py, C4HTaeu ee aeeo~HaTHBHOH, HO, yqHTHBaH OllHT.KBaHTOBOH Ke-
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xaHHKH,. B0061Ile roBopH, HeKOMMyTaTHBHoii. KoMMyTaTHBHaH anre6pa omwu
·BaeT KnaeeH4eeKHe·eHeTeMH, HeKOMMyTaTHBHaH- KBaHTOBhlBi noene~HHH 
enyqaii npe~eTaBnHeT oeHOBHOii HHTepee inH ~an»Heiimero. . . 

KoHeTaHTa - qaeTHhlii enyqaii nepeMeHHOii, ll03TOMY BKRD4aeM B ~ e~H
HH4HI:ill sneMeHT I :AI"' I A = A ~nH Kallt~oro A E: J(J • TaKHM o6paaoM, 

J1 - anre6pa e e~HHH~eii. 
BB~Y HHTepnpeT~HH uu(AJ KaK epe~Hero 3Ha4eHHH, e anre6paHqeeKOH 

eTpyKTypoii MHOllteeTBaJt eeTeeTBe~HO .eBH3HBaDTeH HeKOTOpHe eBOiieTBa 
eoeTOHHHH H eTpyKTypa MHOllteeTBaJ2 , Cpe~Hee KOHeTaHTH eeT» eaMa KOH-

eTaHTa, D03TOMY 
w(l) = 1. {2.9.3) . 

TaKHM o6pa30M, B anre6paHqeeKOH TeOpHH Bee eoeTOHHHH HOpMHpyDTeH Ha 

e~HHH~Y· • 
.l(nH B03MOlltHOeTH npHMeHeHHH TeOpHH BepOHTHOeTeii ~YHK~HOHan W 

Heo6xo~uuo e4HTaTD nHHeiiHHM: o.J( A1 + c A:~.)= w(At)+ c w( All). 
EenuW

1 
H Wll- pa3RH4HUe eoeTOHHHH 1 TO MOlltHO BBeeTH HOBOe eoeTOH-

HHe 
w = w1 w1 + w2 W.z ~ · w~, wJZ > 0, w; + ~ = 1. (2 •9 , 4 ) 

~HauqeeKaH HHTepnpeTa~HH TaKOBa. HHwopMa~HH o eueTeMe, HaxO~HIIleiieH 
B eOCTOHHHHW, HBRHeTCH HenonHoii: CHCTeMa HaxO~HTCH B O~HOM 113 CO
CTOHHHH UJ

1 
H W.1 e BepOHTHOCT»Il ufi H 1-U.f/ COOTBeTCTBeHHO, COOTHOilieHHe 

(2 ,9 ,4) OSHaqaeT 1 4TO MHOllieCTBO ~ BbinYKJJOe, 
Tenep» BBO~HTCH llOHHTHe 4HCTOrO H CMelliaHHOrO COCTOHHHH, EcnH CO

CTOHHHe (..(.) ~onycKaeT npe~cTaB.lleHHe .Bl1~a (2, 9,4) C (..()~of= uJ1 1 OHO HaSH-· 
.BaeTCH-CMelliaHHhlMi ecnH TaKoe npe~cTa.BneHHe He.B03MOlltH0 1 COCTOHHHe.W 
HaSHBaeTCH 4HCTHM, MH~OpMa~HH 0 CHCTeMe, HaXO~HIIleiiCH B 411CTOM COCTOH

HHH1 HBRHeTCH llORHOH, 
BepHeMCH K anre6paR4eCKOH CTpyKType MHOllteCT.Ba J1 , AHanorOM KOM

nneKeHoro GOllpHllteHHH HBRHeTCH HHBORIO~HH 1 T,e, onepa~!1H * 1 HBRHIO
IIlaHCH 6HeK~Heii MHOllteCT.BaJd Ha ce6H H o6na~aJOll!aH CBOHCTBaMH 

(A*): =A, (A 1 A~)* =A: A7 ·' (cA,+ A,1)~ ~ t. A;+ A:, (2.9.~) 
r~e C - KOMnneKCHOe 4HCR0 1 C - KOMnneKCHO COllpHllteHHOe, TaKHM o6pa-

30M1 cJ1 - HHBORDTH.BHaH anre6pa, 
SneMeHT A= A* uaau.aaeTcH caMoconpHllteHHUM, CaMoconpHllteHHaH ~H

HaMH4ecKaH nepeMeHHaH npe~eTa.BnHeT co6oii Ha6nJO~aeMyD, 
SneMeHT A -f E: j1. HaauBaeTcH o6paTHblM ~nH sneMeHTa A 1 ecnH A A- f = 

= K( A =I • 
BaxHyll pon» B anre6pauqecKo~ cTpyKType urpaeT noHHTRe.cneKTpa 

sneMeHTa. KoMnneKCHOe 4HCRO a npHH~ne~HT cneKTPY sneMeHTa A I ecnH 
sneMeHT A- a. I He HMeeT o6paTHoro, B ~an»He~meM OKa:~~teTca; 4TO cneKTP 
Ha6nJO~aeMOH npe~CTaBnHeT C060ii MHOXeCTBO ee C06CTBeHHUX 3Ha48HHHI 

T.e. pe3yJJbTaTOB ee H3M8p8HHff. 
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Cy~eCTByeT @HaHqecKoe npe~cTaB~eHHe o 6~H30CTH, H~H M~OCTH paa
~HqHff ~HHaMHqeCKHX nepeMeHHHX. 9TO llOHHTHe @OpM~HayeTCff BBe~eHHeY 
B MHOJJtecTBe rA Tono~orHqecKoiri CTpyKTypu. 06oaHaqHu II A II 
= ~.Q. I w (A) I < oo MaKCHM~:&HyJO Be~HqHHy Mo~y~a cpe~Hero aHaqeHHH 
~HHauHqecKoiri nepeueHHoiri. HepaBeHCTBO oaHaqaeT, qTo paccuaTpHBaiOTca 
TO~:&Ko orpaHHqeHHI:le ~HHauHqecKHe nepeueHHI:le. Ha ~HHeiriHOCTH uu c~e~yeT 

/ICAII=Ic(·/IAII, IIAt+A.oii~IIAdi+IIA.I'/1, 11011= o. (2.9.6) 

Hai/AII=O BHTeKaeT w(A)"O ~~H Ka.Jlt~oro .(.()E-.Q , T.e. A =0. HaKoH.e!l, 
ecTeCTBeHHO cqHTaT:&, qTO 

IIAtA.,211 ~ IIAtll·IIA.d. (2.9.7) 
IIepeqHc~eHHI:le CBOHCTBa Be~HqHHH II A II oaHaqaJOT, qTo aT a Be~HqHHa ecT:& 
Hopua A • 

llOCKO~:&Ky .j} - ~HHeiriHOe npOCTpaHCTBO, HOpYa onpe~e~HeT lleTpHKy 
d( A1, A~)= IIA 1 - A.:~ II. (2.9.8) 

IIpH a~aHHoiri ToqHoCTH HauepeHHH ~ocTaToqHo 6~H3KHe ~HHauHqecKHe nepe
MeHHHe HepaS~HqHMI:lo 9TO ll03BO~HeT cqHTaT:& MeTpHqecKoe npOCTpaHCTBO 
. cfi no~HI:lll. Tor~a .iJ. - 6aHaxoBa ~re6pa. 

E~e O~HH cy~eCTBeHHllH mar: Ha HOpMy HaK~~HBaeTCff yc~OBHe 
II A*'A II= II A ll:l. (2.9.9). 

MHOllteCTBO J4 1 06~~a10~ee OllHCaHHOH Bl:lllie a~re6paHqeCKOH H TOllO~OrH
qecKOH CTpyKTypoiri, Ha31:lBaeTCff c:~re6poiri. HayqeHHe TaKHX ~re6p 6u~o 
HaqaTo re~:&@aH~OM H HairiuapKOM /47/ H CHr~ou /48/. 

BaJtHYJO po~:& HrpaeT K~acc no~OlltHTe~:&HHX a~eYeHTOll c":.~re6pu. IIo-. 
~OlltHTe~:&HI:lM ·HaauBaeTc~ a~eMeHT llH~a A~A. CooTBeTCTlleHHo Ha cocToHHHH 
HaK~~I:lBaeTCff YC~OBHe 

w{A"'A) ~o ~~a Ka.Jlt~oro A E .iJ.. (2.9.10) 
TaKoiri WYHK!lHOH~ uu HaauEaeTca no~OlltHTe~:&HI:lY. TaKHM o6paaou, cocTOH
HHe- no~olltHTe~:&HI:liri ~HHeiriHI:liri WYHK!lHOH~·Ha~, HOpMHpOBaHHI:liri Ha e~H
HHllY· IIo~OlltHTe~:&HI:lH ~HHeHHI:ln WYHK!lHOH~ Ha c~~re6pe Henpepl:llleH. ~H-
3HqeCKH STO 03HaqaeT 6~H30CT:& cpe~HHX 3HaqeHHH 6~H3KHX-~HHaMHqecKHX 
nepeueHHHX. 

Tenep:& B~ ll03HHK~a cTpyKTypa nopH~Ka. qaCTHqHoe ynopH~oqeHHe 
onpe~e~HeTcH yc~OBHeM: 

A,p ~ A1 SKllHll~eHTHO w(A.!l)~w(A,) ~~H KB.Z){oro uu E .Q. (2.9.II) 
C @HaHqecRon ToqKH apeHHH 6~HaocT:& ~HHaMHqecKHX nepeueHHHX acco

llHHpyeTca C 6~H30CT:&IO cpe~HHX 3HaqeHHH B paa~HqHHX COCTOHHHHX, npHqey 
pe~:&HI:le HaMepeHHH MoryT·6uT:& npoBe~eHH ~~a ~106oro KOHeqHoro uHo~e
CTlla COCTOHHHH. 9TO npHBO~HT ecTeCTlleHHI:lM o6pa30M K lllle~eHHD ll KHO-. 
xecTBe~ KpoMe Tono~orHH c MeTpHKoiri (2.9.8) e~e o~Hoiri Tono~orHqec
Koiri CTpyKTypu, a HMeHHO, pallHOMepHOCTH. 
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BBe~eM WYHKUHIO d--w: .Jl. x .YJ _... ~t- -' 

cLw (Au A/J.) = I w( At)- w( A_:z) I. (2.9.12) 
QHa o6~MaeT llCeL!H CllOtiCTllaMH MeTpHKH, KpOMe O~Horo: B03MOJKHO 
d.tj AfJ A.:~.};;. 0 npH A 1 =I A2. • ~YHK!lHH c TaKHi.m CBOHCTllaMH HaauBaeTCH 
nceB~oueTpHKOiri. Ce~owiricTllO ncell~OYeTpHK l cLeo: wE 52} paa~e~aeT ToqKH &l 
~~H Kallt~Oiri napu A1+-A~ cy~ecTByeT cl-w , TaKaH, qTo d-fAJ{At, AJl)#O~ 

CeueiricTllO ncell~OileTpHK { c/.,_p;: .f> E B J, paa~eJIHID!Ilee ToqKH MHOJKecTBa 
){ , HaauBaeTCH paBHouepHOCT:&JO. MHoJJteCTllo, Ha KoTopoM a~aHa pallHO

uepHOCT:&, Haaull8eTcH paBHouepHI:lM npocTpaHCTllOM. PallHOMepHocT~ nopoJK
~aeT P.aBHOMepHyJO TOllO~OrHJO. lloc~e~Hffff onpe~e~HeTCff OKpeCTHOCTffllH TO-

"·< . ' 
qeK, 3M8llaeYHMH KOHeqHllMH MHOEeCTBallH nceB~OMeTpHK, -. TOqHQ TaR lite, 
KaK B MeTpHqeCKOH TOllO~OrHH OKpeCTHOCTH aa~aiDTCff O~HOtl MeTplriKOt\: 

u(f.l· E.·)}.rz. (X):::::.fx': clpJx::x.)<&c.) '-=f,9., ... -' n}. (2.9.13) 
z r"') (... ":::::.1 

Ec~H ncell~OMeTpHKH a~aJOTCff @yHK!lHOH~aMH - KaK ll {2.9.12), COOTlleT-
CTllYJO!Ilaff paBHOMepHaH Tono~orHH HaauBaeTCH c~a6oiri, H~H Uf-Tono~orHeiri. 

HanpaB~eHHOCT:& { :x.(JJ 0~ n ToqeK paBHOMepHoro npocTpaHCTBa X Haau
iaeTCff HanpaBJieHHOCT:&IO KomH, ec~H 

"'b.r;t r ~ (:x.l{'' xlf")=O ~~ff Ka.Jlt~oro .fl E- B. (2.9.14) 
o, If E-

PaBHOMepHoe npocTpaHCTBO HaauBaeTCH no~HI:lM, ec~H Ka.Jlt~aff Hanpall~eH-

HOCTh KomH CXO~HTCff K TOqKe STOrO npOCTpaHCTlla. 
MHolltecTllO s1 Hll~HeTca paBHoue'pHHM npocTpaHCTBou. Ha @HaRqecKHX 

coo6paJJteHHiri ecTecTBeHHO cqHTaT:& aTo npocTpaHCTBO no~HI:lM. Tor~a ..fl. 

npe~cTaMHeT co6oiri w:~re6py' H~H ~re6'py @OH Het!MaHa, - c!~re6py 
cne!lH~:&Hdro llH~a. 

HTaK, B ~~:&Heirimeu cqHTaeTca, qTo MHOEeCTllO ~HHaMHqecKHX nepeMeH
HHX Jf/.· eCT:& w~~re6pa 1 a llHOllteCTBO COCTOffHHtl _Q eCT:& MHOJ!te.CTBO llO
~OlltHTe~:&HI:lX ~HHeiriHI:lX,HOpMHpoBaHHI:lX Ha e~HHHUY @yHKUHOH~Oll Ha aToiri 
~re6pe. B Tex c~yqaHX, r~e peay~:&TaTH cnpalle~~HBI:l He TO~:&Ko ~~H 

Wl!.~re6pl:l, HO H ~Jlff npOH3BO~:&HOt\ c~~re6pb1 1 OHH 06hlqHO @opMy~H-
py!OTCff. ~~H noc~e~Heiri. • · '* 

~HaHqecKHtl CMhiC~ cauoconpa~eHHI:lX a~eMeHTOll C-a~re6pu~ KaK Ha-
6~io~aeMWC no~qepKHBaeTcH c~e~YIO!IlHMH peay~:&TaTaMH. IlycT:& A'~= A E-- .Y1 
CneKTp A HB~HeTca lle!lleCTlleHHI:lM (T.e. ToqKH cneKTpa - lle!lleCTlleHHhle 
qHc~a). 

Tenep:& MOJKHO llBeCTH llOHHTHe C06CTBeHHOro COCTOHHHH H C06CTBeHHOro 
aHaqeHHH Ha6~m~aeMoit A • Ec~H 

w {A) :::. a. J w (A :l) ==- al, a. E- .:it J (2.9.15) 
To w Haah!BaeTcH co6cTBeHHhiM cocTOHHHeM A , npHH~~eJKa!llHM co6cTlleH
Houy aHaqeHHJO a, • B cocTOHHHH w Ha6~ro~aeMaH A HMeer aHaqeHHe a. , no-

. ~) ll. cKoir:&Ky ~HcnepCHH pallHa Hy~m: w( A = [ w (A)] • 
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].!JIH KaJit,l\ott TO'l:KH ct.- crieKTpa Ha6JIIO,llaeu:ott A cy!lleCTByeT 'l:HcToe co6-
CTBeHHoe cocTOHHHe A , npHHa,l\Jiex~ee co6cTBeHHoMy aHa'l:eHHIOa. 06-
paTHo, Kallt,lloe co6CTBeHHoe aHa'l:eHHe ecTL TO'l:Ka cneKTpa. TaKH!l o6paaou:, 
Cll6KTp 6CTL MHOE6CTBO C06CTB6HHHX 3Ha'l:6.HHH. llO,l\'l:6pKH6M

0 
'ITO C06CTB6H

HHe COCTOHHHH 0 llpHHa,l\JI6E~He TO'l:Ka!l HenpepHBHOro Cll6KTpa, KaK H BCe 
COCTOHHHH, HOpMHpOBaHH Ha e,l\HHHUY B CllHCJie (2.9.3). 

llepeti,llelri·K paCCMOTpeHHKl OPTO,l\OKCaJILH0£1 ,l\HHaMHKH. 0Ha OCHOBHBaeTCH 
Ha WH3H'leCKH ecTeCTBeHHHX ,l\OllY!lleHHHX. Bo-nepBHX C'l:HTaeTcH, 'ITO ceMett-
CTBa (2.9.1),(2.9.2) HBJIHIOTCH rpynnau:H: Q 

.Q st3 , t.:~. sij,t, = st3:t, , st,e .st~t == st,t = r (2.9.16) 
( I - TOE,l\eCTBeHHoe npeo6paaoBaHne MH6xecTBa .Q Ha ce6H); ,l\JIH <X -:

aHanorn'l:Ho. BO-BTOpHX, C'l:HTaeTCH 0 'ITO S - CH!l!leTpHH, a o( - COOTBeT
CTBYIOJliHR ell B CMHCJie [Swj(A) == W{o< A) ttop,llaHOB *-aBTOl.IOPWH3M. 

GHMMeTpHHS eCTL aWWHHHaH CJia6o* HenpepHBHaH 6HeKUHH MHOEeCTBa 
SJ Ha ce6H. GBOilCTBO aWWHHHOCTH: , 

S[Aw1 + (f-A.)W.z] = A5(.()1 + (1-i\)S(.().:z , .. 0< A< ( w,.~~Q.(2.9.17) 
GJia6aH* HenpepHBHOCTL - STO HenpepHBHOCTL B 1if~TOnOJIOrHH Ha MHOEeCTBe 
52 , KOTOpaH onpe,lleJIHeTCH C6M6HCTBOM llC6B,l\OMeTpHK 

f dA(w1,~.11): A f:: J{J} ' ciA (wl, w.~~) = iUJ,(A)- Waz(A)I. (2.9.18) 
GHMMeTpHH npeo6paayeT 'l:HCTHe COCTOHHHH B 'l:HCTHe. 

Hop,llaHOB * -aBTOMOPWH3M o< ecTL 6neKUHH MHoxecTBa~ Ha ce6H, o6mi.
,l\aiO!llaH cJie,llyJOiliHMH cBoilcTBau:H: JIHHel.IHoCTL, o( A .Jt- = ( o(. A)~ , 

o< (A 1 A.2. + A.11 A i) = (<X Ad ( ot Aaz ) ~ (a{ A .II ) (><' A 1) ~ 
BpeMeHHaH SBOJIIOUHH B opTO.I\OKCaJILHoR TeopnH o6paTHMa. OpTO.I\OKCaJIL

HaH ,l\HHaMHKa HBJIH6TCH ,l\eTepMHHHCTCK0£1. 

BalltHeilmHM CJiy'l:aeM-HBJIHeTCH BHyTpeHHHH 0 HJIH YHHTapHaH ,l\HHaMHKa. 

B Hell O(i:vit A= ut;,1

t, A Utl,tl J StJ.,t, w = w(ut::t,. ut.,,t,), 
r,lle u - YHHTapHHH aJieMeHT .)f-anre6pu..Jil : U"U ==VU'~ = I, u-1 == u~ 
Hop,llaHOB * -aBTOMOPWH3M CBO.I\HTCH K o6H'l:HOMY * -aBTOMOPWHau:y: o<( At A.!)= 
= o< (A,) a{ (A"' ) . 

B CJiy'l:ae aBTOHOMHOLi CHCTeMH, T.e. CHCTeMH, H8XO,l\HJlleRcH B He 
CHJliHX OT BpeMeHH. BHeWHHX YCJIOBHHX 0 napa BpeMeHHHX napaMeTpOB t, 
CBO,l\HTCH K O,l\HOMY - HX pa3HOCTH 'l' = t.:z.- f

1 
• 

§ 10. rHG~KOHGTPYKUMH 

3aBH

t~ 

UeHTpaJILHyiO poJIL B aJire6pan'l:ecKoR TeopHH HrpaeT rHG-KoHCTPYKUHH. 
(rHG 03Ha'l:aeT reJILWaH,ll, HailMapK, GHraJI.) STO Teopeu:a, KOTOpaH ycTa
HaBJIHBaeT CBH3L anre6paH'l:ecKoro onucaHHH WH3H'l:ecKofi CHCTeMH c onHca
HHeM B TepMHHax rHJIL6epTOBHX llpOCTpaHCTB, T.e. CBH3L aJire6paH'leCKO£l 
KBaHTOBOLi TeOpHH C 11 06H'l:H0£\ 11 KBaHTOB0£1 ~eOpHeR. lliteHHO 6JiarO,llapH 
rHG-KOHCTpyKUHH ~e ,l\JIH CHCT6MH C KOH6'l:HHM 'l:HCJIOM CTeneHeR CB060,l\& 
llOHBJIHIOTCH Hecenapa6eJILH&e rHJIL6epTOB& npOCTpaHCTBa. 
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Ha'l:HeM c HeK~opmc onpe,lleJieHH£1 H npe,liBapnTeJILHHX_peayJILTaToB. 
npe,llcTaBJieHne . C -anre6pu c:f1 - aTo napa (Jf, If) , r,lle Jl -rHJIL6epToBo 
npocTpaHCTBO, If: J1- J3(df.) - * -rOMOMOPWH3M -Jt -anre6pi:I cJl B MHOEeCTBO 
J3(Jl) orpaHH'l:eHHHX JIHH6HHHX OllepaTOpOB HaJt , T.e. OT06pallt6HH6 0 CO

xpaHHIOJll6e cTpyKTYPY * -anre6pu: 
Ji(ol AI +Ail)== oCif{ A,)+ 71( A2), 1T(AtA.:J= F{AI)n{A:l, 7T( A Jfl == [n ( AJ]*j (2 .10.1) 

Kpou:e Taro, npe,llnoJiaraeTcH, '!To Ti ( 0 = I • TaKHM o6paaoM, lf( A) f:: J3(U) , 
[n(A)]*- (apMHTOBO) conpHxeHHHH onepaTop. ~acTo npe,llcTaBJieHneM Haau

BaiOT OT06paJiteHH6 Ti • llpe,liCTaBJI6HH6 7f HaSHBaeTCH UHKJIH'l:6CKHM, eCJIH cy
Jli6CTB¥6T B6KTOp 'ff'J£ , TaK0£1, 'ITO SaMHKaHlte MHOllt6CTBa B6KTOpOB Ti{J(})'f' 
COBna,l\aeT cJ£ i 'f HaSHBaeTCH UHKJIH'l6CKHM BeKTOpOM npe,liCTaBJI6HHH. 

MHoxecTBO orpaHH'l:eHHJ:IX onepaTopo~ B rHJIL6epTOBOM npocTpaHCTBeJe 
HenpHBO,l\HMO, 6CJIH 6,l\HHCTB6HH!:IMH no,llnpOCTpaHCTBaMH, HHBapHaHTHHMH OT
HOCHT6JILHO STOrO MHOE6CTBa 0 HBJIHIOTCH TpHBHaJILHJ:Ie no,llnpOCTpaHCTBa {Q} 
n Je • llpe,llcTaBJieHne (iff, Ti) C~anre6pu cJ1 Haab!BaeTCH HenpHBO.I\HMHM, 

ecJIH MHOlK6CTBO iT ( J(}_) HenpHBO,l\HMO B ;}f. • 
IlycTL f (Jf'£, 71'£ ): Je e K} - ceMeficTBO npe,llcTaBJieHHii.Jl • IlpHMaH 

cyu:Ma aToro ceMeilcTBa ecTL npe,llcTaBJieHHe (Je,a} , r,ll~ 
Jl:;£~KJer£, 7T(A)=:£ff~fA):~eK}, Ae.il. (2.10.2) 

Ilpe,liCTaBJieHHH {Jli, Tl,j H { Jl3 ,Tio2) (yHl'!TapHO) SKEHBaJieHTHH, eCJIH cy
!li6CTByeT H30MOPWHSM U: J£1 --. Je1 , TaKoil, 'ITO U Hi {A) U _, == iT ( Ao2). 

BaxHOCTL UHKJIH'l:eCKHX npe,liCTaBJieHHi1 BHTeKaeT H8 CJie,llyiO!llero peayJIL
TaTa.· AJIH Kax,lloro npe,llcTaBJieHHHiT cymecTByeT ceMei1cTBO UHKJIH'l:eCKHX 

npe,liCTaBJieHHi1 f7i~: ~ E: K J , TaKoe, _'!To Tf H ~' K 7T~ ·SKBHBaJieHTHbl. 
TenepL MoEeT 6HTL cwopu:ynnpoBaHa ~ · 

!:H.Q.-l!_Ol!,C!PlK!lH.!!.• IlycTL cJl - C~anre6pa c e,l\HHHUett. 
I. ].!JIH Kallt,l\OrO COCTOHHHH W Ha &1 cymeCTByeT UHKJIH'l6CKOe npe,li

CTaBJieHHe (iffw,1fw)anre6p& Jl C e,l\HHH'l:Hb!M UHKJIH'l6CKHM BeKTOpOM fw 
TaKoe, 'ITO 

w( A J == ( '+'w 1 lfw (A) f w ) . (2.10.3) 
2. Kax,lloe UHKJIH'l:ecKoe npe,llc~aBJieHHe /J{ ir) c UHKJIH'l:ecKHM BeKTopoM, 

'/' , TaKoe, 'ITO . 
('+',if(AJ'f')=w(A) ,l\JIH HeKoToporo we:Q H KaJit,lloro A~: .il, (2.10.4) 

SKBHBaJieHTHO npe,liCTaBJI6HHIO (Jlw 1 1fw} • 
BaEH~ nO,ll'l:epKHyTL, 'ITO paSJIH'l:H!:IM COCTOHHHHM COOTBeTCTBYIOT 0 B006!lle 

rOBOpH, H6SKBHBaJieHTHHe npe,liCTaBJieHHH, T.e. paSJIHt!HHe - B STOM CMbiC
Jie - rnnLC5epTOBH npocTpaHCTBa. IloaToMy B anre6paH'l:ecKoi1 TeopHl'I <Pnry
pHpyeT He O,l\HO rHJIL.6epTOBO npOCTpaHCTBO, KaK B 06bl'l:HOi1 TeOpHH, a ce

MeilCTBO rHJIL6epTOBHX npOCTpaHCTB. 
B CMH~Jie rHG-KoHCTPYKUHH . 

W = Cf'w 
1 

• 'fw) 
1 

T.e. W (A)= ('fw, Ttw( A) 'fw)· (2.10.5) 
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t1 

EcJIH :ztJIH tL\ "'~ npe;ztcTaBJieHHH SKBHBMeHTHbl, MOlltHO C~HTaT·l> c7{wi" dew,t. Tpr:zta 

. ('f'w.t," 'f'w.t.) =f=. ('f'wp' 'f'wf), T~e~ 'f'wil =f. e'" 'fw 1 (2.!0~6} 
- BeKTOpbl 'f'w

1 
H 'f'u~2 He npHHa;ztJieJKaT O;ztHOMy Jiyqy • 

qHCTOMY COCTOHHHID COOTBeTCTByeT HenpHBO;ztHMOe npe;ztCTaBJieHHe, CMe

maHHOMy - llpHBO;ztHMOe. 

HeOOXO;ztHMO no;ztqepKHyTI>, qTo COCTOHHHe (J) , OnHCbiBaeMoe aMllJIHTY:ztOi 

fw cornacHo (2.!0.5), - He o6HsaTeJI:&Ho qHcToe. B TaKOM BH:zte npe:ztcTa

BHMO JIIDOOe COCTOHHHe. 

ilycT:&iftw - rHJI:&OepTOBO npOCTpaHCTBO HeKOTOpOrO npe;ztCTaBJieHHH. 

Tor:zta Ka:at:ztbiH e:ztHHHqHbiH BeKTop 'Vc iftw ecT:& aMllJIHTy;zta HeKoToporo co

CTOHHHH (~ • 'f)=(.()'/' E .Q • 
llycT:& w - coocTBeHHoe cocTOHHHe aa6JIID:ztaeMOH A , npHHa;ztJie:atflllee coo

CTBeHHOMY 3HaqeHHID a. lii3 (2.9.!5) noJiyqaeM ('fwJ1C,(A}-a.lw] 'f'w) = 
= 0, r:zte Iw - e:ztHHHqHbiH onepaTop Ha dew • BBH:ztY caMoconpH:ateHHOCTH onepa~ 
Topa7(jA) OTCID:zta cne:ztyeT ([1iw(A)-alwltwJ['ilw{A)- alw] fw)= 0, 
T.e. Tiw(A)'f'UJ =a 'f'w • TaKHM o6pa30M, aMnJIHT_,Y:zta COOCTBeHHOro ·co

CTOHHHH HaOJIID:ztaeMOlt eCT:& COOCTBeHHbllt. BeKTOp COOTBeTCTByiDmero onepa

TOpa. 

Tenep:& nerKo noHHT:& noHBJieHHe Hecenapaoen:&HbiX rHJII>oepToBux npo

cTpaHCTB. llycT:& A - Ha6JIID:ztae~mH c HenpepbiBHbiM cneKTpou, .QA :... uao

:atecTBO co6cTBeHHbiX cocTOHHHlt A ·' · £ 'fw : w c QA J -· cooTBeTCTByiOmee 

MHOJKeCTBO COOCTBeHHbiX BeKTOpOB. B.CJiyqae HeKOMMyTaTHBHOlt arrreopbl DO~ 

CJie:ztHee MHOllteCTBO MOJKeT npHHa;ztJie:ataT:& rHJI:&OepTOBY npOCTpaHCTBY Jl_ He

~pldBO;l{ldMOrO npe:ztCTaBJieHHH. ilOCKOJI:&Ky COOCTBeHHble BeKTOpbl, npHHa;ztJie:ata

mHe pa3JIHqHbiM-COOCTBeHHbiM.3HaqeHHHM, OpTOrOHM:&Hbi,Jt HecenapaoeJI:&HO: 
~ 

MOmHOCT:& ero Oa3HCa He MeH:&Ille :){ • · 

Ka:at:ztaH ['!t_anreopa ld30MOpqlHa HeKOTOpOMY no:ztMHOllteCTBY aJireopbl J3(Jt), 
T.e. 3JieMeHTbl c~-aJireopbl MOJKHO cqHTaT:& orpaHHqeHHbiMH JIHHeiHbiM!d onepa

TOpaMH Ha HeKOTOpOM rHJI:&OepTOBOM npocTpaHCTBe Jl • B KaqecTBe Jl L!Ollt

HO HCnOJI:&30BaT:& rHJI:&OepTOBO npOCTpaHCTBO yHHBepcaJI:&HOrO npe:ztCTaBJie

HHH: 

7lu_ = ffi ifw , dtu. = EB Jlw · (2.!0. ?) WEQ ~En 

MHo:atecTBo cocToHHHH C~Mreopu o611a;ztaeT cJI~yiOmHM Ba:atHHM c wusH

qecKolt TOqKH speHHH CBOiCTBOM. ilyCTl>~ eCT:& C -DO:ztaJire6pa IIHOXeCTBa 

J3(Jf) orpaHHqeHHbiX onepaTOpOB Ha (}£. • (HeTpHBHaJI:&Hblll HBJIH8TCH CJiyqai 

Je. =f:-"Jf,u.•) 0003HaqldM !l.;;e F MHOJKeCTBO COCTOHHH!t BH:zta 

w == t~ '1 (iJ , · ·'lj > _, 'lj e: Je, · n= 1• JZ.'" .. " (2.io.a) 
T.e. KOHeqaux BblnyKJibiX JIHHeHHbiX · KOM6HHaitHlt COCTOHHH!t ('t' '/'), 'fc ;}£ • 
S{,JeF ecT:& no:ztMHOJKeCTBO _Q • 3aMHKaHHe __QJeF B W'~TODOJIOrH-'! 1 T.e. 

B paBHOMepHOM llpOCTpaHCTBe .Q C paBHOMepHOCT:&IO, 3a;ztaHHOlt ceueltCTBOM 

nceB.ztOMeTpldK (2.9 .!8), COBna;ztaeT C J2 • STO 3HaqJdT, .qTo ;l{JIH Ka:at:ztoro 
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COCTOHHRH (.() E 52- cymeCTByeT HanpaBJieHHOCT:& [ W lf €:- .Q(}e. F, .Y(: r j COCTOH

HH!t HS J2JeF, TaKaH, qTO 

w~ w~ft,= wit J (2..!0.9) 

r:zte w~ _t.m. - npe:zteJI B ur'tTonoJiorHH. ;llpyrHMR CJIOBaMH, w (A) = 
::: ~~ Wr( A), A E- .iJ. • TaKHM oopasoM, Ka:at:ztoe cocToHHHe w c Q 
MOlltHO annpOKCHM!dpOBaT:& COCTOHHHHMH BH:zta (2.!0.8). 

QTMeTRM eme, qTo 3aMHKaHHe J2~F no'HopMe COBna;ztaeT C MHO:ateCTBOM 

BCeX COCTOHHH!t, OnHCbiBaeMHX CTaTHCT~eCKHMH onepaTOpaMH Ha Jt ; 
_ ;llo CRX nop cneitHif.>RKa W*" He if.>HrypHpOBaJia. 0Ha COCTOHT B TOM, qTo 

~~aJireo~a, paccuaTpHBaeuaH KaK MHo:atecTBO onepaTopoB·Ha rHJII>oepTo

BOM npocTpaHCTBe, COBna:ztaeT CO CBOHM BTOpbiM KOMMyTaHTOM. ilpH TaKOM 

onHCaHHH VJ~~aJire6pa Ha3b1BaeTCH aJireopoH ~OH HeHMaHa. ;llJIH ;l{aJI:&HeHIJiero 

cymecTBeHHO c11e:zty10mee cBoltcTBO aJireopu if>oH HeltMaHa Ji : ecnH A - ca

uoconpHJJteHHHlt sneMeHT .J1 , TO J!l. BKJIJOqaeT Bee ero cneRTpaJI:&Hble npoeK

Topu. KaK CJie;l{CTBHe, npoeKTOpbl H3 &J. ·nopOJK:ztaJOT nnoTHOe no HOpMe B Jt1 
no:ztnpocTpaHCTBO. 

B TepMHHax I'HC-KoHCTPYKitKH :ztHHaMHKa npHoopeTaeT "oouqHult" BH:zt. 

llipe:ztHHrepOBCKaH KapTRHa npe:ztCTaBJIHeTCH KaK SBOJIIOilHH aMnJIHTY:zt• B CJiy

qae BHyTpeHHelt ;l{IIIHaMHKH, onycRaH RH:zteRC W , no11yqaeM 'f't = 7f ('Ut t )f.t o 
. . ~ ~· f f 

§ II. CllCTEMA C KOHEqHUM qHCnOM CTEllEHE~ CBOEO;llU 

PaCCMOTpHM CJiyqalt CHCTeMH C KOHeqHbiM qi/ICJIOM CTeneaelt CB060:ztbl. B 
cooTBeTCTBHH c opTo:ztoKCaJI:&Holt RBaHTo:Bolt MexaHIIIKOlt cqi/ITaeu:, qTo W!aJI

reopa .iJ, orpaHHqeHHbiX ;l{I/IHaMHqeCKI/IX nepeMeHHbiX ecT:& MHOllteCTBO ,B (Jes) 
Bcex orpaHHqeHHHX.JIIIIHeltHux onepaTopoB Ha cenapaoeJI:&HOM riiiJI:&6epTOBOM 

npOCTpaHCTBe Jf-s • j3 (Je,s) BKJIIOqaeT SpMIIITOBbl, T.e. orpaHIIIqeHHble CaMO

COllpHllteHHble onepaTOpbl C HenpepbiBHbiM cneKTpOM. u03TOMY ceMeltcTBO 

f 'Jl~ : ~ c 52} BKJIJOqaeT Hecenapaoen:&Hhle rlllni>6epTOBbl npocTpaHCTBa. Pac

cMoTpHM npHMep TaRoro npocTpaHCTBa. 
llycT:& Q , P - napa (HeorpaHHqeHHHX) KaHOHIIIqecKIII conpHJKeHHHX one

paTopoB B Je
5 

, [ Q, P J ==- i I { fL = i) • OnepaTopu Q_, P 4= J3(dls) =- s9. • 
C Ite~:&IO annpOKCI/IMaitiiiH (i BBe:zteM CeMeltCTBO if>yHRiliiiH BemeCTBeHHOlt nepe

MeHHOlt - oo < C{ <. oO 

· _ { ~ npH - n < ~ < It rt. = f, !J.,... . 
Fn.(~)- 0 npu .l~(~tL , (2.II.I) 

OqellH:ztHo, F IL =- Fn. ( Q) E- f?J(Je5 ) • STo ceMeltcTBo annpoKCRM!dpyeT Q 
OoosHaqHu: w~ coocTBeHHoe cocToHHI/Ie Ra:at:ztolt HaonJO~aeMolt Fn. , npHHa:zt

neJJtamee coocTBeHHOMY sHaqeHRIO ~ npH 1 ~ 1 < n.. 111 0 np111 1 ~ 1 ~ n. • llo11yq111M 

· MliO:ateCTBO pa3JIJdqHbiX COCTOHHH!t [(.()'f. : ~ E Jl.} • MolKH.o cqi/ITaT:&, qTQ STO . 

C06CTBeHHble COCTOHHIIIH HaOJIJO:ztaeMOlt Q • 0qeBI/I;l{HO, e-~:tP f J3(Jt5 ). :/ E Jl, • 

PaccL!oTpiiiM npe:ztcTaBneHI/Ie (Jlw'l- _,IT~) • OoosHaqi/IM 'Ji f 'Jtc.u aMnniiiTY:ztY aJ'f. • 
HYeeT uecTo ~ 
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Tlu;le-i!-P)tr-,= 'rp,f. (2.-II.2) 

Tenep:& HCHO, 'QTO" Jtw1 B_KJIJO'QaeT 'f'~t ;14JIH Ka.Jit;l40rO '{ 1 E Jl .. ].lpyrRMH CJIOBa
MH, onepaTopl:l c,nBRra e-i(JP. "nepenyTI:lBaJOT" paaJIR'QHRe Je{.()'l • TaKHM o6pa
aoM, RMeeTcH npe,ncTaBJieHRe (de-~ u).~ .'If fJe ,nnH KaJB:;l4oro · 7 E- .11 , 

-( -LJ p) ..v W . "3) 
II e . 1'1 ~ 'f-+1 . . (2.II. 

llpocTpaHCTBO de Hecenapa6eJii.Ho, ('f'-v~ 'f-/1'}=~,_, . · llo,nqepKHeM, 'QTO 
3;14eC:& ·qmrypRpyeT 0 -CHLIBOJI, a He d -{flyHK~HH. 

llycT:& Q . - KOOP:z4HHaTa, p - HMllyJI:&C • B COCTOHHHH (.()'! KOOp;l4HHaTa 
HMeeT 3Ha'QeHHe ~ t HMnyJI:&C COBepmeHHO He onpe,neJieH. 

COCTOHHHe aJ1 annpOKCI1!.!HpyeTCH B C!.lbiCJie (2 .10.9) COCTOHHHHLIH BH
_na ('/j ·'f), 'f €- 'JC5 • ].lpyrHMR CJIOBaMH, ~ annpOKCH!.!HpyeTCH BOJIHO~bii.!R 
naKeTai.!H 1 CEHMaJOmHMHCH K TO'QKe ~ • Ho npe,neJI HaxO;l4HTCH He Bifes t a 
ll Je • . . 

§ 12. ].lOKA3ATEJibCTBO OCHOBHOID TE3HCA: HEYCTPAHHMOCT:b YCPEJ.lHEHilll 
B HECEllAPAEEJibHOM rHJI:bEEPTOBOM llPOCTPAHCTB,E 

Tenep:& no,nroTOBJieHa noqBa ,nJIH noJiy'QeHHH aaoac.~rpoBaHHoro B § 7 
aTo~ rnaBI:l peayJI:&TaTa. llycT:& (Jt~ II) - npe,ncTaBnea.~re anre6pbl orpaH.~r'QeH-
HIDc ;14HHaMR'QeCKHX nepeMeHHRX .Jl , npH'QeM rHJi:&6epTOBO npocnpaHCTBO · 
aecenapa6eJI:&Ho, · · . 

f 'fl. E Jf : :f ~ Jt } :J ( '/J1 , 'f:;.2) == cr;,:t.2 (2 .!2 .I) 
- OpTOHOpMHpOBaHHOe MHOEeCTBO BeKTOpOB (He 06H3aTeJI:&HO MaKCHMaJI:&HOe), 
Je:x - rHJI:&6epTOBO npocTpaHCTB0 1 HaTHHyToe Ha STO MHOEeCTBO H HMeiOmee 
pa3MepHOCT:& KOHTHHyyMa •. PaaMepHOCT:&JO rHJI:&6epTOBa npOCTpaHCTBa Ha3bi
BaeTCH MOmHOCT:& ero 6aa.~rca, a LIHOEeCTBO (2.12.1) ecT:& 6a3HC Jt~ • 
Ey,neM C'QHTaT:& ,n.~rHaMHKY aBTOHOMHO~ H o6oaaa'QHM . t == r =:=- S, - t1 • llycT:& 
;14HHa!.IHKa BHyTpeHHHH H aa_.naeTCH CeMe~CTBOI.!.yHHTapHbiX'3Jie!.leHTOB 

f Ue E- jJ,: tE-Jt}, np.~rqeM IT(Ut) 'r.¥- E: JeJi. ~ :t-<=-Ji. Bl:l6epeM B KaqecTBe 
Ha'QaJI:&HOrO COCTOHHHH ( i = 0 ) 6e3 yqeTa ,1 -ycpe,nHeHHH no Ha'QaJI:&Hbll.l 
YCJIOBHHM U{ = O = (f.!f, · 'f:t ) • Tor,na COCTOHHRe B LIOl.leHT i > 0 6ea 
yqeTa A -ycpe,nHeHHH no BpeMeHR, B coOTBeTcTBHH c (2.5.1), 

W=W(U!c==o' t)=(7T('C.J;J'fl,• li(~J'fJ-)==- W(j~l:}. (2.12.2) 

Tenep:& npoBe,neM .1-ycpe,nHea.~re. B paccMaTpHBaeuo~ cxeMe, Korona 
· W(uJt=O' f.)= W{:!.J t} t OHO CBO;l4HTCH K ycpe;l4H6!lHIO no BemeCTBeHHI:ll.l ne-

peMeHHbiM :f 
1 

(; : . . . 

c;.!(Wt~OJ f/•} = W{)f~ t 4 ) = ~dJ U} OJ') c{C.' ~ (t'J W(lf: t
1

}, . (2.12.3) 
fi . 

r,ne uf, t - COOTBeTCTByJOmHe llJIOTHOCTH.BepOHTHOCTH. liTaK, 

w(~~ iA)=~df~(ifJdtl~(t')(TT(l{,J'fJ,, · 7T(Ut:')'/j,). (2.12.4) 

Pa3JIOEHM BeKTOp 7f('C{,J'f;, E JeX no 6aa.~rcy (2.I2~I}:BBH:z4Y (2.8.5) nony-

-qaeM 
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1T(~)'i;t =-r Cj(!f,t:)'f'<Y/if>t)' ... <if-1 <Yo<. .!11 <... (2.!2.5) 

(a,nec:& y,no6Hee TaKaH HyMep~Hfl 3JI8MeHTOB C'Q8THOrO MHOE8CTBa), Cj = 
= ('IJ.., ii(Ut-) 'f:t) • llpH no,nCTaHOBK8 (2.!2.5) B (2.12.4) nOJIY'QHM , . 0, ., • 
,nBO~HyJO cywy no J , J • lloKa.JiteM, 'QTO cnaraewe c 1 I J , T .e. HHTep-
~epeH~HOHHI:le qneHI:l, oc5pamaJOTCH B Hyn:&. C aToH ~en:&JO paccMoTpHM cpe,n
Hee aHa'QeHHe npoH3BOJI:&Ho~ .n»HaMH'QeCKOH nepeMeHHO~ AE-JQ B cocTOHHRH 

(2.12.4): -= 
· [w(if~t"'J1(A) =?;. r;;' ' 

• . j II' (2.12.6) 

zj/; ~ Jt ~ Of')di! tf:(t'Jti'(¥>'Jc/t£:('fy;,(:f~ ~:'J, tr(A}~ 01·; t'J). (2 .12. 7) 

llOKa.JiteM, 'QTO 
Edt' = 0 np.~r j'=l=i · · (2.!2.8) 

C,nenael.l aaMeHy nepeMeHHI:lX HHTerp.~rpoliaHHH ;{t' ~ J.=:/;. ('J;i!) :f,:, "-.,( ;;; t'l." /"'1·• J J >J"' '" 
llpe,nnonaraeTCH, 'QTO HKo6.~raa.npeo6paaoBaHHH D OTJIH'QeH OT HYJIH B oKpe-
CTHOCTH TO'QKH (~i) • llo~yqaeM 

. *-

Z:jJ' = ~<I1i d;~'/ IDI ~ rt ci' cd ('f.:ti', 1i(AJ 'f:li ). c2 •12 •9) 

3a~HKCHpyeM :f; H paccMoTpHM . .lfHTerpan no 'ti'. BeKTop iT( A) ~j E Jf. ::> Je J{ , 

TaK 'QTO BeJIH'QHHa ( '+'y .. , 71( A) 'f!J. ) npH ~HKc.~rpoBaHHOM ;/; OTJIH'QHa OT 
d <7t) u v . 

HyJIH He 6oJiee 'QeM Ha C'Q8THOM MHOEeCTB8 3Ha'QeHHH ~j' • llOSTOMY HHTerpH-
poBaHHe•nO ~· ,naeT HYJib. CooTHomea.~re (2.!2.8) ,noKaaaao. B (2.!2.6) 
OCTaJOTCH .TOJI:&KO ;14HaroHa~:&Hble 'QJieHR. 

TaKHLI o6pa30l.l 1 COCTOHHHe (2.!2.4) HMeeT BH~ 

w(~~ t .i) == -.,e= ~ d.j'-' ~(t) cl.t' ft(t'JI cj ( ~; t'Jj~ GLJJ?/1; t) ~ (2.!2 .IO) 
.t 

r.ne BBe,neHo o6oaHa'QeHHe W;; == ( '+':t, · 'f1} • llepexo;14 K d' -ycpe,nHeHHJO 
oaHa'QaeT npe,neJibHI:l~ nepexo.n Ufj.Of') ~o(i-J-) , ft(i')- cS(t'- t) 
BB.~r,ny HaJIH'QHH HHTerp.~rpoBaHHH no ;/ npe,neJI:&HbiLl ne pexo;14 ,nJIH ft ( t ') 
uoxao Bl:lnonHHT:&. Tor.na 

W(Jt~ i') = -loo ~eli Uj (~)I Si (y; -t)l~ w;f;OI~ t) . {2 .!2 .II) 
. J 

llepexo,n K cf ..:.ycp~,nHeHHJO no :1 · ,naeT 
d J -co, oo .{ 

W( ~ J t ) = :?- ll·Uf~ i)/ W:~,.(l!::J (2.!2.12) 
. . J " 

C ,npyro~ CTOpOHbl, B OTCyTCTBHe ycpe;14HeHHH no Bpel.I8HH 
d. -ooJ o0 

, W( (f, t) = ?; ~-,(y, t:) ci ( lf, t) (~l (~,tJ, · ~"· OfJ-tJJ! & .J (2.12.13) 
JJ y. 
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r]le HH]leKc oaHatiaeT o -ycpe]lHeHHe .no )f • Hepa:aeHcT:ao 

wr;;f -t/'} -~ w(!f, tJJ (2.12.14) 
HBnfiiD~eeCH tiaCTHHM CRytiaeM Hepa:aeHCTlla (2.5.4), 03HatiaeT a~eKT.I'Ill

HOCTD d'-ycpe]lHeHHH JlRH paccMoTpeHHoro :apeweHHoro nepexo]la. ~pyrHMH 
cRo:aaMH, npH HaRHtiHH ycpe]lHeHHH no HatiaRDHHM ycno:aHHM ycpe]lHeHHe no . . 

:apeMeHH HeycTpaH.I'IMO, 

Tenepb noHHTHo, KaKo:aa paRD Hecenapa6enDHOCTH rHnb6epTo:aa npo
cTpaHcT:aa: OHO CO]leP*HT KOHTHHyaRDHOe MHOXeCTllO OpTOHOpMHpOllaHHHX 
:aeKTOpOll, no KOTOpOMy :ae.zteTCfl .I'IHTerpHpOllaHHe, T.e. ycpe]lHeHHe. liHTep
!IJepeHUHOHHHe tiHeHH .1'1Ctie3aiDT llCHe]lCTll.l'le TOro, tiTO ll paanozeHHe npOH3-
ll0HDHOrO :aeKTOpa no yKaaaHHOMY MHOXeCTlly llXO]l.I'IT He 6onee _tieM CtieTHOe 
MHOXeCTllO cnaraeMHX, 

CTOHT no.zttiepKHYTD, tiTo a!IJ!IJeKT HctieaHo:aeHHH HHTep!IJepeH~HOHHHX 
tineHo:a HMeeT uecTo He 6naro.ztapa nepexo]ly or A-ycpe]lHeHHH K cl-ycpe]l
HeHHID, a HeCMOTpH Ha TaKOW nepeXO,ll. 

B .KnaccHtieCKOM cnytiae aRre6pa 'JlHHaMHtieCKHX neiJeMeHHHX cil KOMMY
TaTH:aHa. B THC-KOHCTpyK~HH :ace onepaTopH HllHHIDTCH oneparopaMH yMHO

. JKeHHH. Bee HenpHBO.ztHMhle npe.ztcra:aneHHH O.ztHOMepim, T.e. peaRH3YIDTCH :a. 
O.ztHOMepHHX rHHD6epTOllHX npocTpaHcT:aax. STo noa:aonaeT rny6ze noHHTD, 
notieMy HH.zteTepMHHH3M - tiHCTO KllaHTOllOe flllHeHHe, 

3aMeTHM ll Cllfl3.1'1 C 3THM, tiTO npe.zteHDHHW nepe~O.zt h--> 0 CylJieCTllyeT 
He :acer.zta: npH HID6ou t # 0 aRre6pa J)J. HeKoMMyTaTHllHa H ee HenpHllO.ztH
MHe npe.ztCTallHeH.I'Ifl He flllHHIDTCfl O]lHOMepHbiMH, KaK ll CHytiae fi "':. 0 • 

S!IJ!IJeKT HCtieaHOlleHHfl .I'IHTep!lJepeH~.I'IOHHHX tiHeHOE llp.l'l d -ycpe.ztHeHH.I'I 
OTCyTCTllyeT B 6eCKOHetiHOMepHOM, 'HO cenapa6eHDHOM rHHD6epTOllOM npo
CTpaHCTlle Jes , Ha OCHOlle KOTOporo CTpOHTCH KllaHTOllaH TeOp.I'IH CHCTeMH 

C KOHetiHHM tiHCHOM CTeneHew Cll060.ztH (npe.ztbi.ztYJli.I'IW naparpa!IJ). il03TOMy .ztH
HaMHKa ll cenapa6eHhHOM rHHh6epTOllOM llpOCTpaHCTlle .zteTepMHHHCTCKaH. 

B CllH3.1'1 c nocne.ztHHM o6CTOHTeHhCTllOM MOZeT ll03H.I'IKHYTD :aonpoc 0 
Tow, Hac_KOHhKO WK3HtiecKH peMhHhl cocTOHHHH, onHcbl:aaeMble :aeKTOpaMH 

Hecenapa6enDHHX rHnD6epTOllHX npocTpaHcT:a Je~s· OT:aeT cocTOHT :a cne~ 
.ztYIDJlleM, Bo-nep:abiX, ll KHacc TaKHX COCTOHH.I'IW BXO,llflT C06CTlleHHHe COCTOH
H.I'Ifl ll HenpepHllHOM ClleKTpe, HanpHMep, C06CTlleHHble COCTOHH.I'Ifl KOOp.ztHHa
TH, .I'IMllYHDCa .1'1 3Hepr.I'IH (ll CHytiae HenpepHllHOrO cneKTpa). TaKHe COCTOH
HHH CaKbiM lli.l'lpOKHM 06pa30M .1'1Cll0Hh3YIDTCH .1'1 ll 06HtiHOW KllaHTOllOH MexaHH
Ke (TOHDKO C .ztpyroii HOpMHpOllKOH). BO-llTOpHX, - .1'1 3TO rnallHOe - CO
rnaCHO COOTHameHHID (2.10.9) .1'1 CKa3aHHOMy ll KOH~e npe]lH.ztYlllero napa
fPa!IJa, COCTOHHHH, COOTlleTCTllYIDJJIHe Jen..s, annpOKC.I'IMHpyiDTCfi COCTOfiHHH-

·"'····-~~t _o_r_:aetiaiDJJIHM.I'I d-e5 , H noaTouy c WH3HtiecKoii TOtiKH apeHHH rpaHH~a 
..... Me~y KiHiCCaM.I'I 3THX COCTOflHHii OTCYTCTllyeT. . 
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§ 13. HHnETEPMHHHSM H HEOBPATHMOCTb 
PaccwoTpeHHHW :a npe.ztH.ztYllleM naparpa!IJe nepexo.zt woxHo npe.ztcTa:aHTD 

:a llH.zte S - oO, oo S 
. [ w:t] ~. ~ Wj [ m:li] , 

J 

. ,~ Wj == ICj(y,t) . (2.13.1) 

STOT nepeXO.zt fiBnfieTCH HH.zteTepMHHHpOllaHHHM. llyCTh .ztHH npOCTOTH COCTOH-
HHH UJ:t , :J E 5t , tiHCTHe. Tor.zta :a pe~yn»TaTe nepexo.zta cHcTewa oKaaH:aa
eTcH,· c TOtiHOCTDID .ztO cr -ycpe.ztHeHHH, B O,liHOM .1'13 tiHCTbiX COCTOHHHH 6Uyi . 
C :aepOHTHOCTDD~ • liH!iJOpM~Hfi ll OllHCaHH.I'I HatiMhHOro COCTOHHHH H".ztH
HaMHKH MaKC.I'IMaRhHO ll03MOJKHaH (HO He a6COHIDTHO llOHHaHJ): HeTOtiHOCTH 
ll Ha'IaRDHHX YCHOll.I'IHX !J.:f .1'1 llO :apeMeHH td CTpeMHTCfl K HYHID. 

~nH nytimero noHHMaHHH npHpO.ztH HH.zteTepMHHH3Ma cne.ztyeT HMeTh :a llH.zty, 
tiTO CKOHD yrO]lHO MMHW OTHHtiHbiH OT ByHH 0Tpe30K ~l CO.zteplKHT KOHTHHy
aHDHOe MHOEeCTllO ll3a.I'IMHO OpTOrOHaRhHHX OpTOll, T,e, pa3HHtiHHX COCTOH

HHHo 
Tenepb noKaxeM, KaK B paMKax HCll0Hb30llaHHOn· CXeMbl ll03HHKaeT He

o6paTHMOCTD, C l.leHhiD-fillHOrO OllHCaHHfi Heo6paTHMOro nepexo.zta paCCllOT

p.l'lll HatiaRDHO~ COCTOHHHe':aK.zta 

[a>t=o]A ==J cl-~ -wc:x:) ('t',:cJJ. 'f'c""J )~ .xE: Jt-> (2.13.2) 
-oc; 00 ' 

't:x:> = y at(~) 'f:~t (xJ • (2.13.3) 

B KolleHT :apeweHH t 

W(W_/=O J ttl):;:-. Jd.X 7ff(X) cJ.{/ r; (t')(7f([{,) 'fcx)J ' 7T(~,) '/(x)), (2 .13.4) 

Haxo.ztHK 
-oO_.oo , -~oo 

1f(q)'t_x)::: f a.,(:x:) iT(Cfc)".Yl(:X:)::::. tj a./x)C/Yt_{X~ i-)~{~(x~-t}2.13.5) 
qHeHH C ( l,j) =f:. (f~ f) ll (2 .13 .4) o6p~aiDTCH ll HYHD t TaK liTO llOC~e ne

pexo.zta K 8 -ycpe.ztHeHHID no :apeKeHH nonytiaeK 
A J -oo,oo ~ ' .:l _ · .:l . . 

w(wf:=oJ )== g y1x w(x)lal(x>IICi(Yt(x},f)l a>~/~<x.),-tJ.(2.13:6) 
BHna.zteHHe !IJaa :aeHHtiHH ltf 03HatiaeT, liTO ll O.ztHO .1'1 TO JKe_KOHetiHOe CO
CTOHHHe (2.13.6) nepeXO,liHT :ace COCTOHHHH llH.zta (2.13.2) C paanHtiHHM.I'I 

3HatieH.I'IflllH was ctl • TaKoe npeo6paao:aaHHe Ha3H:aaeTCH HeHH~eKTHllHblll. 

HeHH~eKTH:aHoe npeo6paao:aaHHe, otie:aK.ztHO, Heo6paTHMO. HTaK, nepexo.zt 
W Ll -+ W( W A t d') Heo6paTHM. 

i=O.. . .. . '-'C":O ~ . . 
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rJIABA 3. SJIEMEH TAPHAH TEO Pllil H3MEPEHIDI 

§ I. H3MEPEHHE HAEJIIO,I{AEMO~ C IIIDCT!iM TOTimH!iM CIIEKTIDM . 
IlonytleHHUe pesyRI>TaTU CRy~aT OCHOBOH ~RH.llOCTpOeHHH o6mett HH~e-

TepMHHHCTCKOH ~HHaMHKH. O~HaKo npe~~e t!eM npHCTyllHTI> K TaKOMY no
CTpOeHHRi, qenecooCipaSHO- C MeTO~HtleCKOH TOt!KH SpeHHH -·paCCMOTpeTI> 
qacTHutt cnyqatt, ~a~mHtt npuHqHnHani>Hoe pemeHHe. npoeineuu usMepeHHH~ , m . 

PaccMoTpHM HSMepenue naCin~~aeMott X , 'oTHOcHmettcH K cucTewe m 
C KOHet!HUM t!HCROM CTeneHett CBOCiO~ H HMe~mett npOCTOH TOtlet!HHH cneKTp. 
CoriraCHO rn.2, § II xm- SpMHTOB onepaTop Ha cenapa6eRI>HOM r.I'IRI>-
6epTOBOM llpOCTpaHCTBe J/!'; • . 

CneKTp onepaTopa HaSUBaeTCH TOtlet!HUM 1 ·ecn.l'l K~~aH ero TOt!Ka HB
RHeTCH coCicTBeHHUM .sHat~eHueM, KoTopoMy npHH~Rellt.I'IT co6cTBeHHHH. BeK
Top HS Jes (a. He HS ~pyroro rHRI>CiepTOBa npocTpaHCTBa rHC-KOHCTPYKqH.I'I). 
Tot!et!HUH cneKTp HaSNBaeTCH npOCTUM 1 eCR.I'I KpaTHOCTI> K~~oro C06CTBeH
HOrO SHatleHHH paBHa e~HHHqe, T.e. K~~OMy COCiCTBeHHOMy SHat!eH.I'I~ llp.I'I
H~RelltHT pOBHO O~HH BeKTOp. 

m _,/m_ • 1 ~ • 
OCiosHat!HM XJ,. T i , J' ~ , , .. • , co6cTBeHHHe sHatleHHH H coCicTBeH-. xm xm- 'f'rn "'- '!'"" £ "' . J Hble BeKTOpH : i ::::: X j j • MHOllteCTBO '/" · :. J .= {, Jl,... eCTI> 

~om . J Cias.l'lc B dl. 5 • 

·IlyCTI> COCTOHHHe CHCTeMH m 1 B KOTOpOMCRe~yeT llpOBeCT.I'I .I'ISMepe
H.I'Ie, T.e. COCTOHHHe nepe~ .I'ISMepeH.I'IeM, HR.I'I HatlaRI>HOe COCTOHH.I'Ie, HBRH- • 
eTCH t!HCTUM H OnHCJ:'IBaeTCH aMnRHTy~OH B Je7/: ! 

m m ( nt m.) ·m.. "iPm. 
wt~o == wo = '~"o_,. 'f'o ' 'f'o E: aL .s . (3.I.I) 

B KatleCTBe npu6opa HCnORI>SyeM CHCTeMy Cl C KOH8t!HbiM t!HCROM CTe
neae« CBoCio~u, B KatleCTBe Hatlani>Horo cocTOHHHH np.l'l6opa 6es yt~eTa 
Ll-ycpe~HeH.I'IH BNCiepeM C06CTBeHHOe COCTOHH.I'Ie KaHOHHtleCKOH nepeJleHHOit 
Qa.. , npuH~ReJKamee coCicT.BeHHOMy sHatieHH~ £{

0 
. q, a a.. «.) a a. 

W l = 'o ""' ()) t:t, =- ('flu , • 'f'a , 'fa E · Jf n s ' a.. 0 vo • 11'0 11'0 

r~e Je tL5 - necenapaCieni>Hoe runi>6epToBo npocTpaHCTBO Je npe~cTaBRe
HHH II , paccMoTpeHaoro B rn.2, § II. 

(3.1•2) 

0CiOSHat!HJ4 ~ = m +a. COCTaBHY~ CHCTeMy 1 COCTOHmyKi HS m .1'1 a. • 
Hat!aRI>Hoe COCTOHH.I'Ie ~ 

.I'IR.I'I 

L. 
())t= 0 

wL. 
0 

rrt a. 
= wo 181 w~o (3.!.3) 

W~ _ 'jJ Z::: • ~ ) Z. _ m a. '1 p 'i: _ 'Y rn a. 
1 ; o-( o:. 'f'o _, 'Y0 - '+'0 ®y0 Emn5 -(JL

5
®Jfns·(3.I.4) 

IlycTI> ~HHaM.I'IKa C.I'ICTeMu L ·HBRHeTCH BHyTpeHHett .1'1 s~aeTCH ceMeit
CTBOII 
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f E } . L : xrn PeLt ut : t?::. 0 ) ut = e-i.p & J (3.!.5) 

a.. a.. 
r~e P - KaHOH.I'It~ecKaH nepeMeHHaH, conpHJKeHHaH K Q • Ees yt~eTa 
Ll -ycpe~HeHHH no BpeMeH.I'I 

W~=('VJ,·'f-'{-), '+':=7T2:(U/)'t'~~ (3.!.6) 

r~e JTL - npe~CTaBReHHe J9_ !'. B rHHI>6epTOBOM llpOCTpaHCTBe u-::5 • 
Pasnollt.I'IM 'l'0m. no coCicTBeHHNM BeKTopaM Xm.: '+"0"' == f- C; 'lj"'; cj =('fj7 'l(J. 

Haxo~.I'IM, c yqeToM (2.II.3), 

·'f-'.2:. = 7T'L(e-i.f->X""® Pcx.t) ~c. 't'.m 0 't:cx. ·.::::: 
i. · I 1 J 'to 

· xinPa.t) a. · 
== 'L c. 't'.r>t® ua.(e-'P i '+"a = ~c.'/-'~® 'Ya. , . (3.!.7) 

J 1. J vo J J J '?i 

r~e ~ = ~(c)= C{,0 + y,t X J • TaK.I'IM OCipaSOM 1 COCTOHHHe CHCTeMb! L B 
MOMeHT i 6es yqeTa Ll-ycpe~HeHHH . 

z::: ~ nt r>\) ( a. ct) U)L = X. C.,[. ('~"·I J • 'f', ® 'f'. • 'f' • (3.I.8) 
10 jj' ~ J d r} '1-j I I 'tj 

Ycpe~HeH.I'Ie no HatlaRI>HOMy COCTOHHH~ CBO~HTCH K ycpe~HeHH~ ITO ~0 • 

~ -ycpe~HeH.I'Ie no ~0 .1'1 t npHBO~HT, cornacHo rn.2, § !2, K yH.I'It!ToJKe
H.I'I~ .I'IHTep<llepeHqHOHHHX tiRe HOB j'-4c j • Ilepexo~H K d -ycpe~HeH.I'I~, llORYti~U.l 

L: 8 s) . m [ . a. Js w ('to, t . = 2.. w; {.(ji ® w'l· .I (3.!.9) 
m ,.._ m} J · I 

r~e w. = ('Y. • 'f/. , 
J I> rJ 

.!1. I. 1'1\. m.)l:z . IR -u;j· ==I C; l = ('Yj J 'f0 , J = ' ;, ... · (3.I.IO) 

CMemaHHOe COCTOHH.I'Ie (3.!.9) pe~yqupyeTCH K O~HOMY HS COCTOHHHH 
[ WJ ]" = W J 8) [ W i· ] d' C BepOHTHOCTD~ ~ • B STOM CMNCRe npaBy~ . 
tlaCTI> (3.!.9) MOlii:HO~aMeHHTD MHOJKeCTBOM nap(Wj~~): · 

L: d' J') [ ( ~J' ) · · I } oJ ( Cf-0 , t = . W j '. Wj · J = . , :l) · .. . ( 3. f. II) 

3anHCI> (3.!.9) Y~OCiHa C TOt!KH SpeHHH HaxOJK~eHHH Cpe~HHX 1 SallHCI> 
(3.I.II) Harnij~Ha c TOt!KH speH.I'IH pe~yKQHH. HHTepnpeTaQHH cMemaHHoro 
COCTOHH.I'IH B TepMHHax pe~yKQH~ He HBRHeTCH cneqHWHtleCKH KBaHTOBOU: 
OHa COOTBeTCTByeT OCiHt!HOU TeOpHH BepOHTHOCTeU. 

IlOKaSaH~e npu6opa eCTI> ~j 1 COOTBeTCTBY~mee SHatleHHe HSMepHeMo« 
BeR.I'Iti.I'IHbl :X:.. j =[~·(t)- ro] lj /; . • BpeMH HSMepeHHH t MO~eT 6UTI> R~6HM1 
B TOll t!HCRe .1'1 CKORI> yro~HO MaRbiM. Ho C pOCTOM t yMeHI>maeTCH om~6Ka 

rn . 
B xi • 

3HatleHHe JC~ nonyqaeTcH c BepoHTHOCTI>~ UJ , onpe~enHeMo« Bb!pa~ 
llteH.I'IeM (3.I.IO). 8To cTaTHCTHtlecK.I'I« npuHqHn EopHa. TaK.I'IM o6pasoM, 
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CTaTMCTMtleCKaH MHTeprrpeTaQMH KBaHTOBO~ MeXaHMKM eCTD cne~CTBMe MH~e
TepMMHMCTCKOH ~MHaMHKM H CTaH~apTHO~ BepOHTHOCTHOH HHTeprrpeTaQMH CUe
maHHOrO COCTOHHHH. 

.Una npn6opa Bennquaa Qa. onpe~eneHa c TO'IHOCTDJO ~o J -ycpe~HeHHH 
(~0 H3MepeHMHa. lf% 1 nocne ll3MepeHHH - lff ) 1 BTOpaH KaHOHMtleCKaH 
rrepeueHHaH P coBepmeHHO He onpe~eneHa. B aTou cMHcne npH6op uolltHO . a. 
HaaBaTD nonyKnaccnt~eCKHM o6~eKTOM (crreKTp Gl HenpepuBea; B006~e, Ka-
HOHHtlecKaH nepeMeHHaH ~OCTaTO'IHO KHaCCllt!Ha) • JlonHaH KnaCCH'IHOCTD He 
HYJ!tHa (n HeB03MOlltHa). STo noneaHo HMeTD B BM~Y B nnaae oQeHKM Konea
rareHCKOH MHTepnpeTaQMM. 

HaKoHeQ, paccMoTpeHHUI.i npn6op MOlltHO aaaBaTD KaaoauqecKHM. 

§ 2. H,UEAJI:OHhlkt OIIhiT DITEPHA-I'EPJIAXA 
CTaH~apTHUM rrpHMepoM, ~nrypHpym~HM B pa6oTax, nocBH~eHHUX npo6ne

Me H3MepeHHH 1 HBHHeTCH OITUT lliTepaa-repnaxa. ~CCHe~yeMO~ CMCTeMOH rrt 
HBnHeTCH CnMHOBaH CTeiTeHD CB060~U 1 ll3MepHeMOH BeHH'IHHO~ )(~_ npoeK
QHH cnHHa 6~ • no~ n~eanDHUM orruToM DlTepHa-repnaxa a~ecD no~paayue
BaeTcH cnytlaH 1 KOr~a HatlaHDHOe COCTOHHHe QeHTpa MaCe aTOMa HHH HeH
TpOHa (OITHT C nYt!KOM HefiTpOHOB peanH30BaH·B /49/) eCTD COCTOHHHe C 
orrpe~eneHHUM 3HatleHHeM llMITYHDCa. B 3TOM CHYtlae pOHD npH6opa ct HrpaeT 
QeHTP Mace. MarHHTHoe none HanpaBneHo no ocH ~ , npHt!eM HarrpallteH
HOCTD ITpOITOpQMOHaHDHa Z • 

raMHHDTOHHaH nom{ofi CHCTeJ.W :;[ ""' m + a. 
~ p-2 

H = - - f3 crz Z 1 (3.2.I) 
. /1/"\ I 

r~e P , Z - onepaTopu MMrrynDca M Koop~MHaTu QeHTpa Mace. B o6aaHat~e
HHHX npe~u~y111ero naparpa~a X"'-== or , P a.== - Z, Q a. = P . HanK
tiMe B H:r: cnaraeuoro, aaBIWHIJiero OT Qa. , He cKaauBaeTca Ha peaynD.,.. . 
TaTax npe~~y111ero rraparpa~a, rrocKOHDKY HMeeT AleCTo o6o6111a101J1aH (2.II.3-) I 
~opMyna 

I -if(Q)-iJP)..u _ i..o(d./ 
lfte 11 - e T'f+t , (3.2.2) 

(_o( 

r~e e - ~a30BHH MHOlltMTenD, He CyiJieCTBeHHHH ~HH 
KCtle3HOBeHHH HHTe~epeHQMOHHUX tlneHOBo 

peayHDTaTOB BBK~Y 

Hat!aHDHOe COCTOHHHe 6ea YtieTa ycpe~HeHHH 
X: rn a. 

Wo == Wa 18> WPo (3.2.3) 

.r~e Po - HatlanDHOe aaat~eane z -cocTaBnHJOIJiefi HMnynDca qeHTpa Mace; 
lltOH6t!HOe COCTOHHHe C ytleTOM d -ycpe~HeHKH ~0 pe~yKQHK 

}:.r 6 .sJ 1"'1. [ a. 1 .s I "'- m.J I il. w n i .= L. ur. w. ® wp· -w: = ( -r. '¥ lo 1 • 1 J 1 .J 1 1 .> o .J 

m. J 
Wj - C06CTB6HHOe COCTOHHHe Oi' 1 OTBetlaK>IJiee 3HatleHKXl SJ 

(3.2.4) 

z -npoeK-
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qMK cnHHa, Pj = Po -+ .:lJ t, fj = J S; 
BenH'IHHa fj HMeeT CJ.WCH CHHU1 ~eHCTBYJOIIIe~ Ha UeHTp Mace B j -M 

nyt~Ke, T.e. B llYt!Ke, COOTBeTCTBYIOIJieM npoeKUllll CITHHa 5; • 
B HHTepaType paccMaTpHBaHCH Ta~ Ha3HBaeMUH MHCHeHHHH OnHT lliTepHa

repnaxa /19,50/, B KOTOpOM BHatlane HCXO~HHH rryt!OK paCIJieiTnfieTCH 1 a . 
aaTeM BCe.nYtiKH CBO~HTCH CHOBa B O~HH ny'IOK, TaKO~ OnHT B HCCne~OBaH~ 
HOM 3~6CD H~eaHDHOM CHYtiae ITpHBen OH K CMemaHHOMY COCTOHHHIO 

· :£( b td)· ( ·m) [ a. ]6 w Po J t. = T ~ wi ® (.<)Po .J (3.2.5) 

B .KOTOpOM qeHTp Mace HaxO~KTCH B t!HCTOM (C TO'IHOCTblO ~0 d-ycpe~HeHHH) 
C9CTOHHKH co aHatleHHeM HMrrynDca Po , a cnnHoBaH no~cHcTeMa H~O~HTCH 
B CMemaHHOM COCTOHHHH, cnaraeMHe KUTOporo .OTBetlaJOT pa3HH'IHHM 3Hatle
HHHM.npoeKQHH CnHHa Sj o STO o6yCHOBHeHO HeKorepeHTHOCTDIO nyt!KOB B 
(3.2.4), T.e. nocne rrepBoii t~aCTM onHTa. 

§ 3. PEAJI:OH~ OTI~T DITEPHA-rEPJIAXA 
B peanDHoM'orruTe DlTepaa-repnaxa Hcxo~aufi nyt~oK orpaant~ea B rrpo

cTpaHCTBe. PaCCMOTpeHHe'TaKoro CHYtiaH npe~CTaBnHeT 60HDWOH HHTepec, 
Teu 6onee, ·'ITO ~nH aero peamiaoBan "MHcneHHHH" (TerrepD YJ!te B KaBHti
Kax) onHT DlTepHa-repnaxa /49/. Kpoue Toro,. ero aaanHa noaBonHeT rny6-
llte nOHHTD annpOKCHMa!lMIO COCTOHHHJ.i HenpepHBHOrO cneKTpa COCTOHHH~UH C 
aunnHTY~aMH.B cenapa6enDH0M rHHD6epTOBOM npocTpaHCTBe J.es • llpH OnH-· 
caHHH ~aKTH'IeCKH peanHayeMofi cnTyaqHH cne~yeT npOBO~HTD ~-ycpe~HeHKe 
6ea nepexo~a K d -ycpe~HeHKIO, STO COOTBeTCTByeT HeTO'IHOCTHM B peMD-
HOM onuTe, . 

llycu Ha'lanDHOe ·cocTOHHHe :L ·-cncTeMH 6ea yt~eTa _6..;.ycpe~iieHHH 
~ . m . ct a. ·'( a.. a..} a. '11J a. ( ) 

Wo =Wo®o.Jo 1 Wo= 'fo>''l'o-' 'Yo E- ffL-s .> . 3•3•1 

npHtieM aMnnHTy~a 'P0~ COCTOHHKH UeHTpa Mace npe~CTaBnHeT C060J.i MHHM
MH3HpyiOIJIHJ.i BOnHoBofi naKeT /SI/. B Koop~HHaTHOM npe~cTaBneHHM ( fL = I ) 

a. 1 [·- . (2-- z>~ j to (c)= (.fl;r)1fq (D2)11.t ex.p t.f~ .- lf(D~):z • (3.3.2). 

3~ecD i! , p - cpe~HHe aHatleHHH Koop~HHa'l'H n HMnynD.ca, D.2: - Heonpe-
~eneHHOCTD KOOp~MHaTH. COOTBeTCTBYIOIJiaH Heonpe~eneHHOCTD HMllYHDCa 1 . .. . 
Dp= .ilDl. • B MoMeHT t 

~ .t: " m a ( l"'l rn} 
t. == j s· 'fi ® i'jt .J cj = 'Yj J 'Vo. '· (3.3.3) 

.j - HOU~p nyt!Ka, .:1. 

a. - i ( P /2M - f. e) t a.. ru (~) = e . J ...yo (6)· (3.3.4) 

OnepaTopHaH aKcnoHeHTa pacnyTuBaeTcH /52/: 
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ei.lfic- i.(t/.QM)P:t ~ ( _L ~ 3 
- e)(p - 6M fj t: )>< 

x. eit.fiZg-i(fii:~:lf\)P -i{C/:lM)P2
. e . (3.3.5) 

. -Z(t/9M)p-2 . , 
QnepaTOp e OnHCiiBaeT CB060,llHOe ,llBID!teHHe; peayJI:&TaT ,llei1CTBI1fl 

onepaTopa HaxO,llHTCfl MeTO;zJ;OM /5I/ • 3KcnoHeHTa e-<(f;t')t1t-t)P HBJIHeTCfl one

paTOpOM c:n:BHra z:- z- S; l:Yil.M. HaKmiert, e<ttz,.z - onepaTop yMHOJlteHHH. 

B peayJI:&TaTe noJiyqaeM i~· 

a. e ' 
~j t- (z) = (:ln} lfq ( DL c )lf.t x 

[ .- . . Mf;/fl ( --).fl.- (Z~ ~il] 
xexp "P;l + t t!l+ 4M.2(D~)~ c zi 4(Dt.c)J. . (3.3.6) 

. f/.2 
3:n:ec:&oLj- waaa, KOTOPY~ He BhlnHChiBaeM, Dtz: =[(Di!).t_+(t/.2MDz:).1 1 , 
- - - - pt J·til 
P. = P * r t z. == c. + ~ + :!.1.::- • • 
I I > I · M -.f/M :i: ;t: · 2:.) 

,1-ycpe,llHeHHe .COCTOflHHfl W L :=: ( 'V t; > • 't' & npOBO;zJ;HTCfl no Be-

Jll1ql1HaM Z 1 p (HeToqHOCT:& HaqaJI:&HhiX yCJIOllHi1) 1 f l1 j> (HeToqHOCT:& 

3HaqeHHfl MarHHTHoro nOJIH). , 

Qnpe,lleJIHM YCJIOBHH 1 npH KOTOpi:DC fl -ycpe,llHeHHe nJJHBO,llHT K Hapyme

HI'IIO KorepeHTHOCTH nyqKoB. YcJIOBHe npocTpaHCTBeHHoro paa:n:eJieHHfl nyq-

KoB: 'j3 t~~ M >> Dt i! , OTKy:n:a 

i >> ( /l M D ~ ) t/:Z + _I -· . 
}' jD~ 

(3.3.7) 

JlJifl HapymeH~fl KOrepeHTHOCTH nyqKOB ,llOCTaTOqHO 1 qTOC51:l BeJIHqHHI:l p j 1 

Pj' , j'=t=j, H~3aBHCHMO MeHHJIHC:& B HHTepBaJiax . .1 ~·,j' >> ~~D z , 
qTo·npHBO,llHT K t ' 

ilp> ..1(j3tJ '>> .2[(Del-+(tl.iJMDcflJ'1:z {3.3.8) 

3,lleC:& /1 - HeToqHOCTJJ B peaJI:&HOM Onl:lTe. 

llpe:n:eJI:&HI:li1 nepexo:n: K H,lleaJI:&HoMy onuTy oaHaqaeT Dp~O. llpH aTOM 

B03MOJEeH nOCJie,llyiOli!Ht:i npe,lleJI:&HI:li1 nepeXO,ll fl~ Q 1 T.e. nepeXO,ll OT 

/!,. -ycpe,llHeHHfl K d -ycpe,llHeHHIO~ 
YcJIOBHe (3.3.8) aaBe:n:oMo Bl:lllOJIHHeTCH np11 :n:ocTaToqHo C5oJIJJWHX t , 

T.e. llpH ,llOCTaToqHo C50JI:&WllX pa3Be,lleHHHX nyqKOB. ~l13HqecKH 3TO oC5yc

JlOBJ!eHO pacnJih!BaHHeM BOJIHOBOrO naKeTa. (HanOMHHM, qTo B CJiyqae 3JieK

TpowarHHTHOi1 BOJ!HI:l TaKoe pacnJII:lBaHHe OTCYTCTByeT.) 
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rJIABA 4. IDIJlETEPMilliHCTCKAH JliDIAMHKA 

§ I. PAHJlOM-CHMMETPI.ffi 
qaCTHI:le CJ!yqaH l1H;zJ;eTepMHHHCTCKOi1 ,lll1HaMHKl1 C5h!JIH paCCMOTpeHI:l B 

rn.2, § I2 11 B rn.3, § I. llpe,llCTaBHM COOTBeTCTBYIOli!He peayJI:&TaTI:l B 

<lJopMe, y:n:oe5Hoi1 .llJIH oC5oe5meHHH. 

llepeXO,ll OT COCTOfiHHfl W B MOMeHT Bpel4eHH t{ K COCTOHHHIO B MOMeHT 

iJ. Jr!OllteT C5h!T:& OnHCaH CJ!e,llyiOli!HM o'C5paaoM. CoCTOflHHe aJ = ('ij · 'f), 'f' E 'Jen 5, 

. r:n:e dln.5 - Hecenapa6eJI:&Hoe rHJI:&C5epTOBO npocTpaHCTBO, :iJHaqaJie npeoC5pa

ayeTCH corJiaciio w -7 ,S w = ('+'5 , · '+':5 ) , ..Y5 E Jl n 5 , r:n:e S -. cHi4-

MeTpHH (rJI.2, § 9) • BeKTOp COCTOflHHfl 'fs pacKJia;zJ;h!BaeTCfl no HeKOTOpO

KY 6aaHcy npocTpaHCTBaJe~5 ; BalltHO no:n:qepKHyT:&, qTo aTOT 6asHc aaBH

CHT OT 5 · : 
~c = L. c

1
. 'f', 'f: ~ -v,S C· = ( <11. v1c). {4.I.I) 

OJ i J > I I > I TJJ r~ ' 
COOTBeTCTBeHHO 

S w == J; c;, ci ("J·, · 'ij). (4.I.2) 
IJ 

HaKOHert, d -ycpe,llHeHHe .no HaqaJI:&HOMY COCTOHHHIO H no BpeMeHH llpl1BO,lll1T 

K yH~To~eHHIO HHTep<lJepeHrtllOHHI:lX qneHoB: 

?,.,Zj'cj ('lj,,· 'fi) ~ f IC;l:t ('ij,· 'IJ·). (4.!.3) 
Jl v 

lloc~e,llHHi1 nepeXO,ll <lJopMaJIJJHO MO~HO OllHCaTJJ KaK peayJIJJTaT paH,llOMHSartHH 

<lJa3 pa3JillqHhiX BeKTOpOB ~ • COOTBeTCTBeHHO BBe,lleM onepaTOp paH,llOMl1-

3artHH1 HJIH paH,llOMH3aTop R = R$ : · 
.1\ .) ~ 

R?,: c,cj ('f'i',. '1'
1
· = ~ 1ci1 (-fj,· 'f!1·). (4.I.4) 

J( d • •J 
Tenep:o paccMaTpHBaeMI:li1 BpeMeHHoi1 nepexo:n: ( ~ ~. t,2 ) Mo~Ho npe:n:cTa-

BHT:& B BH,lle 

u./ ~ R 5 ws 
t, t.t, l1 t-2> t, t, 

(4.1.5) 

PaH,llOMHSaTop R t.r_,t, no:n:pasyweBaeT J -ycpe:n:HeHlle no BpeMeHH. BBO.llfl 

COCTOflHHe Wt.! B MOMeHT i:z. 1 .noJiyqHM 

' J 8 J J 
wt.(wt. t,, t.l) == Rt t St t wt · 

-c 1 './.J 1 ;lJ '· f 
(4.I.6) 

B ,llaJI:&Hei1meM ,llJIH KpaTKOCTll C5y:n:eM onycKaT:& llH,lleKc -J-ycpe:n:HeHHfl. Tor:n:a 

wt = Rt t St t wt . (4.I.7) 
.1 . . v1 .vt , . 

llocKoJI:&Ky S - cHweTpHH, a R - paH,llOMH3aTop, npeoC5pasoBaHlle R S . 
KOlltHO Ha3BaTJJ paH,llOM-CHMMeTpHeirt. 

Jlan:&HeirtmaH aa:n:aqa cocToHT B onpe:n:eJieHHH paH,llOMHSaTopa oe5mero BH

:n:a. HeoC5xo:n:mwcT:& o6oe5meHHH cTaHOBHTCfl oqeBH,llHOirt npn paccMoTpeHHH 

l13MepeHHfl Ha6JIIO,llaewoi1 C HenpephiBHI:lM cneKTpOM. ECJIH aMllJIHTy;n;a HCXO,ll-
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HOrO COCTOHH.I'IH C.I'JCTeMH, B KOTOpO!i npOBO,lt.I'JTCH .1'13MepeH.I'Ie, np.I'IHa,ltJielK.I'IT 
cenapa6enDHOMY rRnD6epToBy npocTpaHCTBY Jes , TO .ztonxHo wRrypRpoBaTh 
ee pa3noJKeH.I'Ie no BeKTopaM .ztpyroro, Hecenapa6enDHoro<r.l'lnh6epToBa npo
cTpaHCTBa. TaKOe pa3nO_JKeH.I'Ie B I'HC-KOHCTPYKit.l'l.l'l ,ltOHJKHO HBHHThCH aHMO
roM o6uqaoro .I'IHTerpanDHoro pa3noxeH.I'IH no o6o6~eHHUM BeKTopaM B KOH
CTPYKit.l'l.l'l oc~~eHHoro r.l'lnh6epToBa npocTpaHCTBa: 'f':: Sc<:x:> 'f:x. clx.- , 

<r.zte 'f'E-if£5 ; 'fx.,:.c.E:Jl. t- 06o6~eHHUe BeKTOpU C HOpM.I'IpOBKOli Ha d-
WYHKJ:t.I'IIO (rn.2, § 8). < 

CooTHomeH.I'Ie (4.1.1) npe.ztcTaBnHeT co6oli qacTHuli cnyqaH cneKTpanh
Horo pa3noxeH.I'IH. IToaToMy cne,ztyeT paccMoTpeTh cneKTpanhHoe pa3noxeH.I'Ie 
B o6~eM cnyqae. 

§ 2. CITEKTPA]bHAH MEPA 
CneKTpanDHOe pa3noxeH.I'Ie ocHOBUBaeTcH Ha BBe.zteHHoli WOH Heliuaaow 

KOHCTPYKJ:t.l'l.l'l o6o6meHHoli npaMoli cyMMU rRnD6epTOBUX npocTpaHCTB /53/.< 
3Ta KOHCTpyKit.I'IH .I'ICTIOHh3yeT cneKTpMDHYIO Mepy, .I'IH.I'J pa3HOJKeH.I'Ie e.zt.I'IH.I'IltUo 

CHaqana HanoMH.I'IM noHHT.I'Ie pa3noxeH.I'IH e.zt.I'IH.I'IJ:tl:l .zt.ltH ( JL , J£ ) , r.zte 
.!Pu - Be~ecTBeHHaH npHMaH, J£ - rRn6epToBo npocTpaHCTBo. Pa3noxeH.I'Ie 

e,zt.I'IH.I'IItU ecTh ceMelicTBO npoeKTopoB E aa J£ 
c :=: { EA. : A E- Jl}, (4.2.1) 

y,ztoBneTBopHIO~ee ycnoB.I'IHM: 
B3 ll~ > A- 1 cne,ztyeT E ).J ::-:_ E A-, , (4.2.2) 

T.e. ('f', (E.;t-1- EA,) 't) ~ Q ,ltHH KaJK.ztoro 'f f Je 

£ll+O = E;.. ' (4.2.3) 

lim ('f'_,EHE't')~('f'_,E-71~), 
c-HO · 

'YE-Jtj T.e. 

bm. EA.:=: 0 fim E.A =I (4.2.4) 
k-•-oc> ' A-->+"" ~ 

T. e. '-bm. ( 'f', Ex 't') = 0 lirn ( ~ E). 'I') = II 'V ll.t 't' E: U ; 
,\,-t-oo , J A->+oo J 

E., E == £, E = E-;._ npn i\. 1 ~ A...t · 
".t ll( /lt >-,: . { 

~anee, MOJKHO onpe.zten.I'!Th 

E((A,,A,t]) = E)\.~.- E,t, J 

E(P,}) = Ell.- EA-o 

-oo< ll, < A..t << ex:> 
-' 

(4.2.5) 

(4.2.6) 

(4.2.7) 

H npo.ztOHJK.I'ITh WYHKJ:t.I'IIO E Ha ceMelicTBO Bcex H3Mep.I'IMUX no.ztwHoxecTB Jt • 
STo npHBO.ztHT K cneKTpanDHoli Mepe KaK npoeKTopHo3aaqaoli WYHKitH.I'I Ha 
yKa3aHHoM ceMelicTBe. CBolicTBa aToli WYHKit.l'l.l'l BUTeKaiDT .1'13 CBOliCTB ce
MelicTBa.(4.2.I), npe.ztcTaBnHro~ero co6oli cyxeH.I'Ie WYHKit.I'IH Ha ceuelicTBO 
MHOJKeCTB B.l'l,lta (- ooJ ,t] : E,._ = E ((- oo) }._]) 
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HueeT MeCTO ~3a.I'IMHO-O,ltH03HaqHoe COOTBeTCTBHe MeJK~Y MHOJKeCTBaMH 
• pa3HOJKeHHli e,ztHHHtiU .1'1 cauoconpHJKeHHUX onepaTopoB A . Ha ae : 

A= S E(d.q i\. . (4.2.8) 
Teneph nerKo nepeliTH K cneKTpanhHOli uepe o6~ero BH.zta. ITycTD 

(X>.ft)- .1'13MepHMOe npOCTpaHCTBO (rn.2, § 2), Jt _- rHnh6epTOBO npo
CTpaHCTBO. CneKTpanhHaH Mepa ,lt.liH ( X , Jl:. , Je ) ecu npoeKTOpHo-
3HaqHaH· WYHKitHH E.. c o6nacu10 onpe.lieneHHH Jf: (T.e. 3a.ztaHHaH Ha .1'13Me
pHMUX MHoxecTBax ME Jt ) , y,zto:sneTBoparo~aH ycnoBHHM: E ( ¢) == 0 , 
E(X)= I ; E(M,nM.:zl=E(Mf)E(M.tJ ; ecnaM 1 ,M.2 , ••• -
cqe~HOe CeMeli£TBO nonapHO HenepeceKaiO~HXCH .1'13Mep.I'IMUX MHOJKeCTB 1 TO 
E(JL

1 
M;) ::= ~~ E.(Mi) , cxo.ztHMOCTD nocne,ztaeli cyMw noHHMaeTCH B 

mmcne cpe.ztHHX ( -Y, • '1'). t E- c1t • • 
ITycTh f :X~~ <- orpaHH'IeHHaH .1'13MepHMaH WYHKitRH. Tor.zta 

A = S E (dx..) :f(x) (4.2.9) 
- apM.I'ITOB onepaTop Ha J-t • . 

CneKTpanhHOli Mepe E .1'1 e.ztHHHqHoL!y BeKTopy 'f'E-:/£ cooTBeTCTByeT 
BepOHTHOCTHaH L!epa(f,E~) Ha .1'13L!epHWOM npOCTpaHCTBe ( ){ 1 ~ ). 

HMeH B BH.ztY HCTIOHD30BaH.I'Ie npHHrtHna HenpepHBHOCT.I'I BepOHTHOCTH (rn.2, 
§ 2), orpaHlfq.I'JJ.ICH 6openeBCK.I'IMH cneKTpMDHUMH L!epaM.I'I, T.e. cnyqaeLI 
( X , J:J ) , r.zte X.- TononorHqeci!oe npocTpaHCTBo, J3 - 6openeBcKaH 
· 6' -anre6pa. QqeBH.ztH0 1 . B aTOM cnyqae o6nacTh HHTer!mpoBaHHll B (4.2.9) 
eCTh juppE - HOCHTeHh ~epu, T.e. Ha.I'IMeHDIDee 3aMKHYTOe WHOJKeCTBO, 
Mepa KOToporo paBHa I . 

§ <3. OEOEIIlEHHAH TIPHMAH CYMMA rH]bEEPTOB!li ITPOCTPAHCTB 
KoHCTPYKitHll o6o6~eHHoli npHL!Oli cyL!MH rHnD6epTOBux npocTpaHcTB co~ 

CTOHT B cne.ztyiO~eM. llycTh E - cneKTpanhHaH Mepa .ztnH ( X , J3 , Jt ). 
KaJK.ztuli BeKTOp 'VEJC MOEeT 6UTh npe,ztCTaBneH B BH.zte 

'f=SffiV('t,E(dx.)'f'} 'f'x J 'fx.f- iflx., ('1-'x.J'fx)= ( (4.3.!) 

r.zte Jix , :x:E: ~ E, - rHnD6epTOBU npocTpaHCTBa. BeKTop 'Yx 3aBHCHT 
OT f t HO KaJK,ztoe 'Jtx O,ltHO H TO • JKe ,ltHH BCeX< 'f'E- d-£ • 

Cwucn npe.ztcTaBneHHH (4.3.1) noKoraeT noHHTh cne.zty~ee. llocKOHDKY 
~ E (<i:r.)== I , HKeeT wecTo 't', == S E(c{r.)'f' (TaR Ha3Ullaewaa TeopeKa o6 
o6~eK pa3JIOXeHHH). BBe.zteK wopKMDHO E(dx)t= V('/; E(dx.)'f). t ' r.zte 
'1-'x = E(dx)'f' /v('-f' E(dx) 'f') • STo npHBO.ztHT K (4.3~1). 

) (f) (/1.) 
~HH Ka.JI,ltO!i napl:l lleKTOpOB 'f' , 'f' e fJt cy~ecTByeT BepOHTHOCTHaH . 

Kepa P Ha (X , .J3 ), TaKaH, qTo Kepu ('f~iJE 'f'ciJ)) t.'=-1.-:t. , a6coniDT
HO HenpepRBHH OTHOCHTenhHO P < , T.e • .1'13 P(B)=O cne.ztyeT(t-~'JE(B) 'f'"')=O, 

BE S?J • llpH STOLl 
· c<J d .v c<)t 

( 
<i) (o)) ('f'.J E-( :J:.) I I p li) 

'f', E(dx)'Y. = Pf.lv\ {dx)o=.j (x.JP{dx.) (4.3.2) 
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H CKanHpHOe npOH3BeAeHHe 

('P<~' 't'<11
) = ~Pc«x.>vfs<''(x)f<~J(x) (~c:!~ 'f~0}. (4.3.3) 

CHMBOJIH'IeCKH 3aUHllieM ( 4 • 3.1) B BHAe 

Je. = S EB VE(dx) Je:x_ • (4 3 4) 
~E . • • 

CooTHomeHHe (4.3.1) (RriH (4.3.4)) ecTD cneKTpanhHOe paaJioxeHHe. 

§ 4. CllEKTPA~bH~~ PAaQOMH3ATOP 
Teneph BBeAeM cneKTpanhHUH paHAOMH3aTOp o6mero BHAa. llyCTh uJ -

cocTOHHlie W~anre6pu .Ji , (Jew , Ttw ) - npeAcTaBJieHne B I'HC-KoHcTpyK

UHH, Ew - cneKTpanhHaH Mepa AJIH (X , :J5 , Jtw ), TaKaH~ 'ITO AJIH 

KaJKAoro BE J?J npoeKTop E.w(B) ecTD o6pa3 npoeKTopa E (B) H3 .Jil. : 
E.w{B)=-ifw(E(B))., E(B)E.)QJ E+= EJ E~= E. ;i{JIH aMUJIHTYAll 

'f'w COCTOHHHH W llOJiy'laeM , 

(fwJ Ew 'fw) = (fw, TI;_u(E)'f-'w) = w(E)J (4.4.1) 

w( E) - BepoHTHOCTHaH Mepa Ha ( X , ~ ) . • 
CneKTpaJihHoe paaJioxeHHe (4.3.i) AJIH ~w npHHHMaeT BHA 

'f'w = J $1} w{E(J.:x.)) 'f'w x . (4.4.2) 

llpH 3TOM npeAUOJiaraeTcH, 'ITO Jlx.. AJIH KaJKAoro x. ~ #fP E ecTh rHJih6epTo

BO npOCTpaHCTBO HGKOTOporo npeACTaBJIGHHH B I'HC-KOHCTPYKUHH. 

CneKTpaJihHOMY pa3JIOilteHHIO aMUJIHTYAll ~CJJ OTBe'laeT npeACTaBJieHHe CO

CTOHHHH 

W~(fwJ· ~w)=~@Vw(E(ci~)w(E(b:~)) ('fwx'>. 'f'wx). (4.4.3) 

CneKTpanhHuil paHAOMH3aTop R = R E. , cooTBeTcTBYIOlJIHH cneKTpanhHo£1 lle

pe E , ecTh onepaTop Ha npocTpaHCTBe cocTOHHH£1 .Q , onpeAeJieHHll£1 

corJiacHo 

REuJ==- \w(E-(cl.x.J)wz., (4.4.4) 

rAe Wx = ('f'wx~' 'fwx} - COCTOHHHe C aMUJIHTYAOH 'f'wx j ero 

MOEHO Ha3BaTh CllGKTpaJihH!lM COCTOHHHeM, UOpOXAGHHUM COCTOHHHeM W • 
CneKTpanhHllil paHAOMH3aTop HBJIHeTcH HAeMnoTeHTH!lM .onepaTopoM: 

R~~. = R R = R • 
§ 5. r~OEA~bHAH ]lHHAMMKA 

·rJio6aJihHaH AHHaMHKa onpeAeJIHeT H3MeHeHHe COCTOHHHH 3a KOHG'IHNH . . 
npoMeXyTOK BpeMeHH. COOTBGTCTBYJOmee ypaBHGHHe BpeMeHHOH SBOJIJOUHH 

HM88T BHA (4.1.7): 

w - R t S wt .) tot - t.tJ { t:J., t, ' 

rAe s,.t- CHMMeTpmi, Rt J = Rf5 t 
.· :t> ( o2J .. , .1> { 

t.t > t, .) 

Rt:~ 
{4.5.1) 

REs 
f~,t, 
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cneKTpanhHll£1 paHAOMH3aTop, E~t t - cneKTpanhHaH Mepa, KOTopaH 
~ , . cf' 

aaBHCHT OT sf t." HanoMHHM, 'ITO B ypaBHeHHH (4.5.1) onymeH HHAeKC -.z, f 
ycpeAHGHHH. 

CorJiaCHO rJI.2, § 13 SBOJIIOUHH, OllHC!lBaeMaH ypaBHGHHGM (4.5.1), HB

JIHeTCH, BOo6me rOBOpH, Heo6paTHMOH. fl03TOMy CeMeHCTBO paH~OM-CHMMeT-
E E C. 

pHil T:t J.. = Rt t tJ+c +c · B o6meM cJiy'lae He o6JI~aeT rpynnoB!lM 
J.J'-1 tl~ I .v f 

CB0£1CTBOM. ECTeCTBGHHO BBGCTH llOJIY.rpynnOBOe CBOHCTBO 

T , T, =- T t 2 ?.. 1:' > t 1 • (4.5.2) 
t.~., t +) t f i.t., t { J 

lloJIOEHB 3AeCh f'=-t,, H yqTH, 'ITO 5tt = 1
52

{2.9.!6), noJiy'IHM cooTHome-, 
HHe 

R . R 
t.~_, t:z tc.~., t, = Rt-4""1 . (4.5.3) 

B CJiy'lae aBTOHOMHOll ~HHaMHKH 3aBHCHMOCTh OT 61 , t:z CBOAHTCH K 

3aBHCHMOCTH OT pa3HOCTHOrO BpeMeHH 'l= ~- c1 • lloJiaraH C1 = 0 H 0603Ha

'laH r= T , llOJiy'laeM ypaBHeHHe BpeMeHJ~Oll 3BOJIJO)lHH B BRAG 

ale.=:: Rt $two , t > 0 · (4.5.4) 

B~eJIHM eme cJiyt~a£1 ·cTaUHOHapHo£1 paHAOMH3aUI'IH, Kor~a E 5 t He aa
BHCHT OT i 

wt = R St w0 , 
t > 0. (4.5.5) 

§ 6. HH~HHHTE3HMA~bHAH ]lHHAMHKA. HH;nETEPMHHHCTCKOE YPABHEHHE 
]lBHJKEHHH 

HCXOAH H3 rJio6aJihHOro, HJIH HHTerpaJihHOro OllHCaHHH BpeMeHHOH 3BO

JIIOUHH (4.5.1), llOJIY'IHM ~mflilJepeH)lHaJihHO~ ypaBHGHHe ABHJKeHHH, onpe~e-· 
JIHromee HHWHHHTe3HMaJihHyro AHHaMHKy. llycTh Ha'laJihHoe cocTOHHHe a~aHo 
llpH t'= to • C'IHTaeM t,~. '> t,,. fo ~ BBHAY COOTHOlliGHHH (4.5.3) MOEHO aanH
CaTh 

(()t = Rt -' Wt . 
{ IJ c1 I (4 .6.!) 

Haxo~HM • 
W-w·=R S R. w -R.' UJ = t.:z t, t.1,l{ t.~.,-t, l,,t,. t., t,,t, t, 

= R S R w - R R w +(R - R. )R w = t.:z, t( f,t, ,, t,, -lt ~ l:, t, t(, t, t, t.~., t{ tf, t, t,, t, t, 

= Rt,~.,t,(5t,~.,i:,- I.Q)Rt,,t, wt,:(Rt.~,t,-R.t(Jt,)wt1 • 

lloJiaraH r = t.?- t:1 > 0 , noJiyt~aeM 

...L(i::o - w )= .i-(R - R )w + T t,+ -r t, T t,+ T:, t, t1, t, t1 

+..LP. (c -I.Q.)R· w 
T 1:1 +1:,/. 1 iJt1+T,t, i 1,t1 .t, 

. 61 

(4.6.2) 

(4 .6.3) 



llepexo,zJ.HM K npe.n.e11y T __. + o , cqHTaH, qTo yKasaHHI:lH npe.n.e11 cyl!leCTEyeT 
B ur~-TonoJiorHH (r11~2, § 10), - aaaJiorHqao c11yqaiD .n.eTepMHHHCTCKOH ,zJ.H
HaMHKH /46/. Tor.n.a 

cLwt, _ ( o Rt' t,l w + b.m _L. R (:5 - ISL) 
d-t~-- 'dt.: lt'=t~ tl T->+or tott t/T,tj Rt,_t-,wt:, (4.6.4) 

ll01IOJKHM ~ ~ t l'l BBe,zJ.eM 0003HaqeHHH 

Kf = lim. 0 it Rt L (SJ_,_.!lt t - In.) Rt-/:; ' (4.6.5) 
.!J.t---> + :..rv L _, J 

fV1 ~(a'R-t',t) + Kt (4.6.6) 
1: ()t' '-'"'" f 

;llonycKaH' npe.n.eJI:&HbiH nepexo.n. t ~ t
0
+-0, noJiyqaeM ypaBHeHHe 

-~~t .::: Mt (J.)t ' t ~ to+ 0, (4~6.7) 

c HaqaJI:&HbiM ycJIOBHeM 

w == R w . • t:.,+ 0 i 0 , t 0 to • (4.6.8) 
B TOqKe {:"' t 0 COCTOHHHe MeHHeTCH CKaqKQM OT Wt; ,li.O U)t +O o 8TO 

' 0 0 

'MOJKHO yqecT:&, SallHCaB BMeCTO (4.6.7) ypaBHeHHe 
ci Wt: M"" w t > -!:--err-== t C' - O> 

r-J Q) (4.6.9) 
Mt = Mt + J'(-t-to) ( Rt.,to- I 

c HaqaJI:&HbiM cocTOHHHeM Wto • Ho y.n.ooaee HcnoJI:&SoBaT:& ypaEHeHHe 
(4.6.7) c aaqaJI:&HbiM ycJIOBHeM (4.6.8). 

YpaBHeHHe (4.6.7) npe,li.CTaBJIHeT cooon l'IH,ll.eTepMHHHCTCKOe KBaHTOEOe 
ypaBHeHHe ,li.BHJKeHHH. (SnHTeT 11 KBaHTOBoe" s.n.ec:o no cyTH H31IHilleH, HOO 
KJiaccHqecKHe ypaBHeHHH ,li.Bl'IJKeHl'IH .n.eTepMHHHCTCKHe.) OnepaTop Mt HBJIH
eTcH l'IH~l'IHHTe3HMaJI:&HbiM reHepaTOpOM. 

B cJiyqae aBTOHOMHOH ,zJ.HHaMHKH nepBoe cJiaraeMoe npaBOH qacTH 
(4.6.6) CBO,li.HTCH K 

( d.Rt) :::. (•<i'Rt.) , (4.6.10) 
Jt o Jt t. = ·o · 

KpoMe Toro, 

K == lim_ ..L R (S - I .n.) R . K 
t IH _, + 0 IJ.i. o t.t o = 

-TaKHM oCipasoM, 

M t = M = ( ~ J-t )o + K . 

dwt _ M ,., t ~ + o 
-- - l.Vt ' ' d.i 

w 
+0 Ro wo 
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(4.6.II) 

(4.6.12) 

(4 .6.13) 

HaKOHeq, B CJiyqae CTaqHOHapHOH paH,zJ.OMH3aUHH 

M = K = .t.m. .J_ R (5 - I .Q.) R 
. f'\ M:->+0 IJt l1l • 

(4.6.14) 

§ 7 •. ]lETEPMIDIHCTCKAH ;lll!HAMHKA 
OpTO,li.OKCaJI:&HaH, T.e • .n.eTepMHHHCTCKaH ,li.HHaMHKa HBJIHeTcH qacTHI:lM 

C1IyqaeM llOCTpOeHHOll Bl:lllle l'IH,ll.eTepMHH~CTCKOH ,li.HHaMHKH. 8TOT CJiyqaH 
peaJIHsyeTCH npH cneKTpaJI:&Hoii wepe cJie,zJ.yiDI!lero BH,zJ.a. llycT:& )( =Jt 
Eel!leCTBeHHaH oc:o, a paaJioJKeHHe e.n.HHHUI:l (4.2.1) onpe.n.eJIHeTCH cor11acHo 

E _ f· 0 npH :x: < 0 
:l:.- I npH x?!:. 0 . (4.7.I) 

Tor.n.a 
w( S )= f 0 npH . x < {) 

l f npH :C..?!:. o . (4.7.2) 

CneKTpaJI:&HOe pa31IOJKeHHe (4.4.2) CBO,li.HTCH K 'f'w=: 'f'wo , T.e. K TOJit
,zJ.eCTBy 'f'w :o 'f'w • 0TCID,ll.a CJie,zJ.yeT, qTO cneKTpaJI:&HNll paH,li.OMH3aTOp CBO
,li.HTCH K e,zJ.HHHqHOMy onepaTOpy Ha .Q : 

. . . .Q. 

R == I . 
COOTBeTCTBeHHO ypaBHeHHe (4.5.1) npHHHMaeT Bl'l,ll. 

. wt = S"' t Wt · 
:l "-2> f ( 

0Ho onpe.n.eJIHeT opTO,li.OKCaJI:&HyD .n.eTepMHHHCTCKYID ,zJ.HHaMHKy. 
]laJiee, ' 

A'A - M - ·K - lim. -1 (S - In)- L . 
~"'t -. t- /;- /J.t-'>0 11t t+!Jt,t - t' 

(4.7.3) 

(4. 7.4) 

{4.7.5) 

r.n.e L t -JIHYBl1JIJIHaH. TaKHil o6pasoM, HH~HHHTeSHMaJI:&HI:lll reHepaTop CBO
,li.HTCH K JIHYBHJIJIHaHy.YpaBHeHHH )J;BHJiteHlm {4.6.7) l'l {4.6.9) CBO,li.HTCH K 
OpTO,li.OKCaJI:&HOMY ypaBHeHHD ,li.BREeHHH 

dwt. 1 (['t = ul: Wt · (4.7.6) 

B cJiyqae ,li.HHaMHKH, sa.n.aBaeMoii raMHJI:&TOHHaHoM H"" H.t , 1IHYBH1I1IHaH 
onpe,zJ.eJIHeTCH COOTHOilleHHeM • . 

L (.() = i. [ aJ ( H . ) - (,() (· H J] . ( 4. 7. 7) 
B STOll CJiyqae ypaBHeHHe {4.7.6) COOTBeTCTByeT ypaBHeHHD ~OH HeiiMaHa 
,li.JIH cTaTHCTHqecKoro onepaTopa _p 

dJ . dT=i(_pH-Hy). (4.7.8) 

OpTO,li.OKCa.JI:&HaH ,zJ.H.HaMHKa aaBe,zJ.oMo p~aJIHsyeTcH B. cJiyqae cocTOHHHii, 
OllHCI:lBaelll:lX aMllJIHTY,ll.aMH B cenapa6eJI:&HOM rHJI:&ClepTOBOM npOCTpaHCT_Be. 

HTru(, HH~eTepMHHHCTCKOe ypaBHeHHe ,li.BHJKeHHH HBJIHeTCH 06061!le.HHell 
KBaHTOBOrO ypaBHeHHH ~HYBH1I1IH HJIH ypaBHeHHH ~OH HeHMaHa ,li.1IH CTaTHCTH-
qeCKOro onepaTopa. · . 
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§ B. BEPOHTHOCTHAH illiTEIDPETAUilll KBAHTOBO~ TEOP.t1.11 . 

B rJI.3, § I BepOHTHOCTHaH HHTepnpeTanHH KBaHTOEOH TeOpHH 6wra 
paCCMOTpeHa B llaCTHOM CJiyqae. 06~HH CJIJllaH OCHOBUBaTCH Ha cneKTpaJI~
HOM pa3JIOXeHHH COCTOHHHH (4,4,4), llycT~ 

(4.8.I) 
w=S W{E(d~))Wx, 

~W(c) 

r,lle -!«fPW(E} - HOCHTeJI~ BepOHTHOCTHOH Mepu W(£) • llO,llllepKHeM, liTO 3TO 
cneKTpaJibHOe pa3JIOmeHHe COCTOHHHH, a He aMnJIHTJ,llU. 

BepOHTHOCTHaH HHTepnpeTanHH COCTOHHHH aJ (4,8.I) 3aKJIIDllaeTCH B 

cJI~.llYID~eu. BBe,lleM B paccMoTpeHne ceueticTBO H3Mepnuux nO,llMHoxecTB ~ 
MHOXeCTBa ~ w(E) , TaKHX, liTO W{E(M))-'F 0 : 

JU! = [~E-.?.>: Me 1vfP w(E)J w( E{M)) :P 0} . (4.8.2) 

Tor,lla C BepOHTHOCT~ID w(E(M)) CHCTeMa HaxO,llHTCH B COCTOHHHH 

{ s E 
WM = w(E(Mll M w(E(d:x.J) w:x. .llJIH KaE,lloro M ~ J\.(.v . (4.8.3) 

,IlpyrHMH CJIOBaMH, COCTOHHHe W pe,llynnpyeTCH C Bep;HTHOCTbiD W(E (M)) 
It COCTOHHHID GUM • ll03TOMy ,llaHHJID HHTepnpeTaQHID MOXHO Ha3BaT~ npHH
I.IHnOM pe,llyKQHH, 

Bo na6exaHne He,llopaayMeHHH OTMeTHM, liTO B JIHTepaType, r,lle pe,llyK
QHH paCCMaTpHBaeTCH Ha CJIOBeCHOM ypOBHe, OHa 06UliHO OTHOCHTCH It npe
Bp~eHHID O,llHOro liHCTOro COCTOHHHH B ,llpyroe - llepe3 npoMeXyTOliHOe 
CMellaHHOe COCTOHHHe, 3,lleCb ~e npHHQHll pe,llylti.IHH OTHOCHTCH It_CneKTpaJib-
HOMy pa3JIOXeHHID CMeillaHHOro COCTOHHHH, . 

COCTOHHHe GUM , B CBOID Ollepe,ll~, MOXHO pe,llyQHpOBaT~ It COCTOHHHID 

cuM M1 cM , H TaR .llaJiee. 0,llHaKo Heo6xO,llHMo no,llllepKHJTb cJie,llyro~ee. rtj' 

·YTBepm,lleHHe, liTO CHCTeMa HaxO,llHTCH B COCTOHHHH WMo 
1 

TaKOM, •liTO 

W ( E ( M 
0

)) = 0 1 He HMeeT CMUCJia, TaHOe COCTOHHHe ilJH3HlleCKH He peaJIH
ayeMO, ,Ilony~eHHe peaJIH3aQHH TaltHX COCTOHHHH llpHBeJIO 6u It npOTHBOpe
liHID c npHHQHnoM HenpepuBHOCTH BepoHTHOCTH. YKaaaHHuti npnHnnn no,llpaay
MeEaeT, liTO C06UTHe, BepOHTHOCTb KOTOporo paBHa HyJIID, HeB03MOXHO, 
HanOMHHM, liTO B TeOpHH BepOHTHOCTeti 06UliHO CliHTaeTCH, liTO BepOHTHOCT~ 
HeB03MOmHoro C06UTHH paBHa HJJIID 1 HO He Hao6opOT, 

YCTaHOBHM CEH3b BepOHTHOCTHOH HHTepnpeTaQHH C Ha6JIID,llaeMUMH. llycT~ 
onepaTop {4 .2 .9) HBJIHeTcH o6paaoM Ha6JIID,llaeMoi.l A E .Jrl (B cMuc;re 
I'HC-KoHcTpyKQHH). Tor,lla .llJIH .:x. E 1<--f'P E 

Wx{A)=+1:_(E(d.r.'))f(.r.') = L.Jw:x.(E(d:x:'))=fx.w.x.(E(XJ) = fx, {4.8.4) 

(r.lle f:x:.. llpHHa,llJieJUT npe,lleJibHOMJ MHOXeCTBy f B TOliKe X. • AHaJIOrHliHO 

w.r.(A~)= r:; {4.8.5) 

CJie,lloBaTeJI~Ho, uJ~-co6cTBeHHoe cocTOHHHe Ha6JIID,llaeuoi.l A , npHHa,llJiema
~ee co6cTBeHHouy aHalleHHID f.r. • TaKHM o6paaou, cneKTpaJibHOe paa;roxe-
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HHe COCTOHHHH 1 Ha KOTOpOM OCHOEUBaeTCH BepOHTHOCTHaH HHTepnpeTaQHH, 
eCT~ pa3JIOEeHHe no C06CTBeHHUM COCTOHHHHM Ha6JIID,llaeuuX, COOTBeTCTEJID

~HX EC8E03MOEHUM ilJYHRI.IHHM t B {4.2.9). 
3au:eTHll CJie,llyBl~ee. Pa3JIOE8HH8 CMellaHHOrO COCTOHHHH no 'IHCTUM CO

CTOHHHHM MOEeT 6uT~ HeO,llH03HaliHUM0 ,llaEe eCJIH aMllJIHTJ,llU nocJie,llHHX 
opTOrOHaJI~HU. 3TO HMeeT M8CTO B CJiyqae BUpOm,lleHHH: 

W ""'.f (.(}f + J-{.()~ = ;{w: + f w~ J ('f'w/~w.t) :::= ('fw;, 'fw;) == 0, (4.8.6) 

BeKTOpU '/J w~ - JIHHei.lHUe KOM6HHanHH BeltTOpOB 'f' w· • B 3TOM CJiyt~ae pe-
' ' .llYKnHH Heo,llH03HatiHa. CEH3~ pe,llyKJ.IHH co cneKTPaJI~HuM paanoxeHneu ycTpa-

HHeT 3TY HeO,llH03HaliHOCT~. 
KaK yme OTMellaJIOC~ B r;r.3, § I, cy~ecTBeHHo, liTO cTaTHCTHllecKaH 

HHTepnpeTanHH npOBO,llHTCH B paMKax 06Ut!HOH TeOpHH BepOHTHOCTei.l. qT06U 
nO,llt!epKHYT~ 3T0 1 Ha30EeM BepOHTHOCTHYBl Mepy W(E), ,llJIH KOTOpoi.l EunoJI
HHeTCH COOTHOWeHHe {4.8.I), pe,llyQHpyeMOH Mepoi.l: OHa OnHCUEaeT pac
npe,lleJieHHe BepOHTHOCTH ,llJIH pe,llyJ.IHpyeMOrO COCTOHHHH {4.8.I). ,I{JIH npo-
H3BOJibHOH Mepu w(E.) BUnOJIHHeTCH JIHill~ COOTHOilleHHe (4 ,4 ,4) • . 

§ 9. TQqEqHAH MH,IlETEPM.t1H.t1POBAHHOCTb 
PaCCMOTpHM CJiyllai.l TOlleliHOH HH,lleTepMHHHpOBaHHOCTH 1 HJIH TOlleliHO 

HH,lleTepMHHHpOBaHHOH ,llHHaMHKH, T,e, CJiyllai.l, KOr,lla HH,lleTepMHHHpOBaH
HOCT~ B03HHKaeT B H30JIHpOBaHHUX TOliKax BpeMeHHOH OCH. 

llyCTb ,llJIH CHMMeTpHH BUnOJIHHeTCH no;ryrpynnOBOe CBOHCTBO 

stJ,t' st;t
1 

== st.l,-t:, t.t ~ t''?...t,. , (4.9.I) 
Tor.11a ycpe,llHeHne no npoMexyTOliHOMY·MOMeHTY BpeMeHH t Buna,llaeT: 

ScLt.ldi'cLi, rt (t.,Jre(t')ft (l,JSt- -t, 5-.-
:1 f .! ' £} t:, 

=Sit.~. cLi'dt, rt (f:Jr;,(PJI£ (t,J c.t_ t- -== 
'J. < I ;::J J, I 

(4.9.2) == SJi.t c.L:t, rt/41 '-t,(t;J"St.,,-rl · 
3TO 3HaliHT 1 liTO HH,lleTepMHHHpOBaHHOCTb B03HHKaeT TOJibKO B HallaJibHUH H 

KOHeliHUH MOMeHTU BpeMeHH. 
B TepMHHax paH,llOM-CHMMeTpHH noJiyllaeM COOTHOilleHHe 

Rt. -t'/3 ___ -t' R~'t St.'t R~ t ~ Rt. -t St ~· 5t't Rt tc (4.9.3) 
._, ""l1 l. .1 f, J t "L11 1 -.~ I ,t._, .1 I , fJ 1 

0HO BUnOJIHHeTCH, eCJIH MOmHO onycTHTb npoMemyTOliHJID paH,llOMH3aJ.IHBl 

Rl't. H CliHTaT~ Rt t.' = R~ t- ::: Rt f. Tor,lla 
" I J.,~ J,~ 1 J.,~ .1.. 

. Wt :: R-t i 5t i Rt t Wt . {4.9.4) 
ol t..~ 1. 3.,~ I 1.1 t I 

B CJiyllae aBTOHOMHOH ,llHHaMHKH BpeMeHHOe ycpe,llHeHHe OTHOCHTCH K 
t B St • MOlltHO CliHTaTb 1 ~TO HH,lleTepMHHHpOBaHHOCT~ E03HHKaeT TOJIDKO B 

HallaJI~HUH M~MeHT, a npH t '> 0 3EOJIBlJ.IHH ;neTepMHHHpOBaHHaH: 

wt = 5t Ro wo {4.9.5) 
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/ 

rAABA 5. OEmAH TEOPllH ~SMEPEHllH 

§ I. s~q~ TEOP~~ ~SMEPEHllH 
XoTH peayRhTaTu, noRyqeHHHe B rR.3, ~aroT npnH~HnHaRDHOe pemeHne 

npo6ReMH HSMepeHHH, OHH ~aReKO He ucqepnHBaiDT ee. Bo-nepBHX, pac
CMaTpHBaRaCh TORhKO HaORID~aeMaHj B OO!lleM CRyqae MOXHO HSMepHTh OOOO
meHHYID HaORID~aeMyiD /54,55/, llRll rnnepHaORID~a.eMyiD. (Bee BBO~HMHe B 
STOM naparpawe llOHHTllff 6y~yT onpe~eReHH B AaRhHeHmeM.) BO-BTOpux, 
paCCMaTpHBaRCff TORhKO npOCTOH ToqeqHHH CDeKTp; OO!llllM ffBRHeTCff CRyqaH 
nponaBORhHoro cneKTpa. B-TpeTbHX, paccMaTpHBaROCh TORhKO npHMoe ua
MepeHue; B03MOXHH TaKXe pacmupeHHOe H KOCBeHHOe H3MepeHllff /54,55/. 
B-qeTBepTux, paccMaTpnBaROCh TORhKO uaMepeHne nepBoro poAa, HRH n~e
aRhHOe HSMepeHue; OORee OO!llllM ffBRHeTCff ll3MepeHHe BTOporo po~a, HRH 
Hen~eaRhHoe uaMepeHue /8/. B-nHTHX, paccMaTpHBaRCH npuoop qacTHoro 
BHAa. 

TaKHM OOpaaoM, OO!llaff KBaHTOBO~HHaMuqecKaff T~OpHH H3MepeHHff AORXHa 
BKRroqaTh pemeHne cRe~yromux aaAaq: uaMepeHne nponaBORhHOH runepHa6Rro
~aeMoH, B qacTHOCTH, HaORID~aeMOH C npOll3BORhHHM cneKTpOMi npHMOe, 
pacmupeHHOe H KOCBeHHOe H3MepeHHffj He~eaRhHOe H, B qacTHOCTH, ~e
aRhHOe naMepeHne; uaMepeHue npu6opoM o6mero B~a. 

llocTpoeHue Teopuu YA06Ho ocymecTBHTh cRe~yromnM oopaaoM: BHaqaRe 
BBeCTH llOHHTHe runepHaORID~aeMOH 1 aaTeM npoBeCTH KRaCCHWHKaUHID H3Me
peHHH1 ~aRee paccMoTpeTh npHMoe naMepeHue runepHa6nro~aeMoiii; peayRhTa
TH STOrO paCCMOTpeHHH nexaT B OCHOBe pemeHHff BCeX OCTanhHHX aa~aq. 

§ 2. HAEJIIO,UAEMAH. ~ r~EPHAEJIIO,UAEMAH 
OrpaHuqeHHaH HaoniDAaeMaH npe~cTaBnHeT cooon caMoconpHxeHHHH ane

MeHT W*-aRreopu .11 AHHaMnqecKHX nepeMeHHHX. Haonro~aewon A BaanMHo
OAHOaHaqHo COOTBeTCTByeT paanoxeHHe e~HHH~ - COrRaCHO (4.2.9): 

. A- e ==- { E}l. to Y1 = " E: fL} . {5.2.r) 
ilOCKOnhKY paccMaTpHBaeTCff Yf~aRreopa, cqnTaeTCH, qTo npoeKTOpH Ha 

J.t t WHrypnpyromne B (4.2.1), HMeiDT npoo6paau B ,iJ. • BHD01IHHIDTCH CO
OTHOilleHHff THlla (4.2.2)-(4.2.4): 

na A~>A 1 cneAyeT E.11.- Ell. ?.. 0 (5.2.2) 
*" ~ 1 

(nonoxnTenhHHH aneMeHT C -anreopu onpeAeneH B rn.2, § 9); 

cymecTBYIDT A.,.,un , i\.max , TaKne, qTo 
E ~ { 0 npn A.< A. ,.,:n • (5.2.3) 

A. I npn A. > A.l11.<tX -' 

w(EH 0 )= w(E.li.)J wE: ~2-. {5.2.4) 

Bcne~cTBne STHX cooTHomeHHH WYHK~HH ~ ()L) = w( Ell) HB1IHeTcH WYHK~Hen 
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pacnpeAenemm, onpe~emiromen BepoHTHOCTHYIO Mepy w(E(BJ) , rAe E. -
cneKTpanhHaH wepa (rn.4, §§ 2,4). 

TeopnH uawepeHHH A01l~Ha AaTb cne~yromun peaynhTaT: 
Ww(A~A.):=w(E.;t) • (5.2.5) 

eCT~ BepOHTHOCTD Toro, qTQ npH H3MepeHHH Ha01liD~aeMOH A B COCTOHHHH 
w 6y~eT nonyqeHo aHaqeHue, .He npeBocxo~Hmee A. • 

Kpowe cooTHomeHHH (5.2.2)-(5.2~4),BunonHHeTCH Ta~e ycnoBne opTo~ 
roHa1IhHOCTH (4.2.5): 

ua A.:.~ "- 1 cne~yeo:r E,..J. E,~.1 == E-t, E,~_J. = E,t,. (5.2.6) 
BB~Y (5.2.1) KOEHO cquTaTDt qTo Ha61liD~aeMaff npe~cTaB1lffeT COOOH 

paanoxeHue e~HHH~H. 06o6meHHaH Haonro~aeMaH /55/ onpe~enHeTCH KaK 
QOOO!lleHHOe pa31lOXeHHe e~HHH~ /56/ • 

~ = {~to~ : A. E: J1..} ~ (5.2.7) 

r~e ~ y~OBneTBOpHIOT COOTHOilleHHHM: 

H3 A.J. ~A{ cneAyeT F )...t ~ F Aj 

cymecTBYJOT A.,.in , A.lfU(..x. , TaKue, qTo 
F- _ . f 0 npH A < A. m.<n • 

).. - I npu 'A. > ?.. m.a.x ' 

(5~2.8) 

(5.2.9) 

w( FA.:~o) = w( F~)) ~ ~ .Q . (5.2.10) 
B ~anDHenmeM 6y~eM ~nH KpaTKOC~H HaauBaTh o6oomeHHYID Haonro~aewyro 
runepHaonro~aewon. · • 

B OT1lHqHe OT Ha6nJO~aeMOH 1 runepHa01liO~aeMaH He CBO~HTCH K .OAHOMY 
CaMOCODpHXeHHOMY 31leMeHTY W':anre6pH J{L : XOTH MOlltHO .BBeCTH 31leMeHT 
A= A If E: Jf1 , TaKOH, qTo A = S d ~ A. , npu aTcl4, Booome roBOPH , 
A I! =f:. S cL FA. )... ~ • TaK.IfM o6paaow, runepHaonroAaewaH ecTh, no onpe~ene-

HHJO, ceMeHCTBO (5.2.7). 
rHnepHa61lJO~aeMaH npuo6peTeT CTaTyC H3MepHMOH Be1lHqHHH 1 ecnH B 

Teopnu uaMep~HHH WYHK~HH pacnpe~eneHHH 
Ww ('1 (=. )L ).~ w( Fi) . (5~2.II) 

nonyquT H~1lellta!llyl0 BepOHTHOCTHYIO HHTepnpe~a~HIO. 
runepHa61lJO~aeMaH g: CBO~HTCH K H301liD~aeMoit t- A B cnyqae. KOr~a 

BHD01lHHeTCH yC1lOBHe OpTOrOHa1IhHOCTH , 
F}l. F.._ = F, . F~ :::. F. npu "-1 (=_ "- .fJ.. J. I "I I'J. "f 

(5.2.12) 

§ 3. TKUU HSMEPEH~ 
O~Ha K1laCCHWllK~HH H3MepeHHH CBHSaHa C ~eTO~OM, H1IH CDOCOOOM H3-

MepeHHH. B HeR pa31lHqaJOTCH qpHMOe, paClliHpeHHOe H KOCBeHHOe H3MepeHHH. 
IlyCTD H3MepHeTCH rnnepH301lJO~aeMaH 'Jm. B HCC1le~yeMOH CHCTeMe m • 

B cnyqae npHMOrO H3MepeHHH AHHaMHqeCKHH npo~ecc npoHCXOAHT B CH-
CTeMe ~ = m-+ a , co:cTOH!lleH ua uccne~yeMoiii cncTeMH 111- u npu6opa a. • 
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IlpH6opoM Henocpe.ncTBeHHo H3MepHeTcH rHnepHa6mo.naeMaH y:m. 
B CRyqaHX paClliHpeHHOro H KOCBeHHOro H3MepeHHM ,l\HHaMHqeCKHtt TipO

IjeCC npoHcxo.nHT B CI1CTeMe L. = m + a.wx + a_ , r.ne tU.I.IX - HeKoTopaH 
BCTIOMOraTeRI.HaH CHCTeMa. 

PacmHpeHHOe H3MepeHHe rHnepHa6mo.naeMOM g:m CBO,liHTCH K TipHMOMy 
~ .()1'11..-l-a=t:. ifl-+= H3MepeHHID TipH60pOM CL Ha6RID,llaeM911 c ~ )( B CHCTeMe 

m +aw.:t 1 COCTOHI!1eM H3 HCCRe,llyeMOM CHCTeM!l m M BCTIOMOraTeRI.HOH CM
CTeMbl awr. • 

B cnyqae KOCBeHHOro H3MepeHHH r>rnepHa6RID,llaeMOH 5rWLBHaqane TipO
HCXO,l\HT ,l\MHaMHqeCJmM TipOijeCC B CHCTeMe m-+ ltWX 

1 
a 3aT.eM TipH60pOM CL 

TipOBO,liMTCH TipHMOe H3MepeHMe Ha6RID,llaeMOH )(awx BO BCTIOMOraTeRI.HOM 
CHCTeMe au.:x: • MRH, qTo TO JKe, Ha6niD.naeMOH xm.+a.w.x:= I m® x= 
B CHCTeMe m + CLULl: • 

~pyraH KRaCCMWHKallHH H3MepeHHM CBH3aHa C pacnpe,lleReHMeM BepOHT
HOCTH H3MepHeMOM (runep)Ha6RID,llaeMOM B COCTOHHHH CHCTeMbl n1 TIOCRe ,liH
HaMHqecKoro nepeXO,lla B CHCTeMe ~ 1 HO ,l\0 pe,llyK~HI1. ECRH yKa3aHHOe 
pacnpe,lleReHHe COBTia,llaeT C TaKOBb!M B COCTOHHH11 CMCTeMbl rrt ,l\0 H3Mepe
HHH1 rOBOpHT 06 H3MepeHHH nepBOro p0,11a, HRM H,lleaRI.HOM H3MepeHHH 1 B 
TipOTHBHOM cnyqae - 06 H3MepeHHH BTOporo p0,11a, HRH HeH~eaRI.HOM M3Me
peHH11. 

KaK 6y,lleT BH,l\HO H3 ,llaRI.Hetlmero, H,lleaRI.HOe H3MepeHHe B03MOJKHO 
TOR!.KO ,l\RH Ha6RID,llaeMOH. 

§ 4. IIPHMOE HSMEPEHHE rHIIEPHAER~~AEMO~ 
B OCHOBe BCetl KBaHTOBO,l\HHaMHqecKOH TeOpHI1 M3MepeHHH RelK11T pac

CMOTpeHHe TipHMOro H3MepeHHH rHnepHa6RID,llaeMOH. 

3aTIHllieM COOTHOllieHHe (4.5.1), OTIHC!lBaiDmee ,l\HHaMI1qecKHH nepeXO,l\
1 ,l\RH CHCTeMbl 2: == nt ~a B BH,lle 

wL. = RL. SL. w;; (5.4.I) 
~ L 

GV0 - COCTOHHHe ~ -CHCTeM!l ,l\0 H3MepeHHH, W - TIOCRe ,li~HaMHqecKO-
ro nepexo.na, COOTBeTCTBYIDmero H3MepeHHID1 HO ,l\0 pe,llyKllHH. COCTOHHHe 

E m. a. m 
,l\0 M3MepeHHH W 0 =: W 0 ® W 0 1 r.ne ((} 0 - HaqM!.HOe COCTOHHHe HC-
CRe,llyeMOH CI1CTeMbl, uu: - HaqaRI.HOe COCTOHHHe TipH6opa. COCTOHHHe TipH-
6opa w; OTIHC!lBaeTCH BeKTOpOM ~cv~ Hecenapa6eRI.HOrO rHRI.6epTOBa 
npocTpaHCTBa Jf. wa. • 0 

a. 0 

11ycTI. X f ~a. - Ha6niD.naeMaH npH6opa (ee aHaqeHHe ecTI. noKaaaHHe 
npH6opa), C."-= [ E ~: x. E- Jt. J ...... X a. - cooTBeTCTBYIDmee paanm!teHHe 

"e,liHHMUbl. BBe,lleM Ha6niD.naeMyiD L: -CHCTeMbl X J.: (aJ = I m ® X a. 11 cooT-
1.BeTCTBYIDmee efi raanoJKeHHe e.nnHHll!l 

t_L("-) = f E'E.(a). (;)} E:E(a) nt ct 
L ;x: . X E- J?.. ) .X. = I 0 E :X:. • (5.4.2) 
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CHMMeTpHH 52: BU6HpaeTCH TaK, qT06!l cneKTpaRI.HHH paH,liOMH3aTOp HMeR 

B~ 

Rz5 = RL = RL.ca..>= RL. EE<"-J == RE2c~> 
(5.4.3) 

r.ne · E Z.(a.J - cneKTpMI.HaH Mepa, onpe.nenHeMaH paanol!teHHeM e.nHHHllll 

(5.4.2) (rn.4, § 2}. 
Uen!. ,l\MI.Hefimero paccMoTpeHHH cocTOHT B ycraHoBReHHH cne.nyiDmero: 

npH 3a,llaHHOH CHMMeTpHH 5;:[ H COOTBeTCTByiDmeM CTI8KTpM!.HOM paH,l\OMH-
~~ a. aaTope R noKaaaHHH np116opa, T.e. aHaqeHHH Ha6niD.naewott ]( , co-

oTBeTCTBYIDT 3HaqeHHHM H8KOTOpOH runepHa6RID,llaeMOll g:rn CHCTeMI:i m • 
BBe.neM o6oaHaqeHHe 

L. ,52 :L WS = GV
0 

(5.4.4) 

.l\RH cocToHHHH, nonyqaiDmerocH B peayni.TaTe .neilcTBHH cnMMeTpHH SL Ha 
L. E.~(«-l :L 

HaqMI.Hoe cocTOHHHe. Tor.na w = R w 5 • BB~Y ( 4 .4 .4) nony-

qa\)M 

wL. = S w~ ( E 1:("-J (dx)) wXx 
(5 .• 4.5} 

• L COCTOHHHe TipH60pa, COOTBeTCTByiDmee COCTOHHHID W CHCT8Mbl ~ 1 

w"-=w'L(I"'-®·) , T.e. w"-(Att)=wL(I"'®Aa), AaEJ\Qa.. 
CornaCHO (5.4 .. 5)

1 
W g x. - cneKTpaRI.HOe COCTOHHHe L -CHCT81.!1l 1 

TIOpOJK,lleHHOe COCTOHHHeM WS ·• ilOKaJKeM, qTQ 

. LVff"x (Im® ·) = w~, (5.4.6) 
a. . . . 

r.ne UU.x. - CTI8KTpaRI.HOe COCTOHHHe npH6opa, TIOpOJK,lleHHOe COCTOHHHeM 
w a. • B cnyqae cneKTpM!.HOM Mepbl E , cooTBeTCTByiDmetl paanoJKeHHID 

e.nHHHllbl Ex. , HMeeT MecTo xapaKTepHcTnqecKoe CBOMCTBO w:x.' ( Ex.) = 
= e+ (:x.- x') • r.ne CTyneHqaTaH WYHKUHH . 

e+(x)- I 1 npH X 2: 0 
- L ·0 npH x. < o. (5.4. ?) 

Haxo,liHM 

WL. (Im.® ["'~·)= wL. (EL.("-J)= e+(x.'-x), 
S X, .I:' ,5 X J:.' 

(5.4.8} 

qTQ OTBeqaeT (5.4.6). TaKHM o6pa30M 1 

wa =) w~(EL.<a.J(clx.)) w~ (5.4.9} 

~anee, 

wa(E_;_) =- J w~ ( EL. (a!( dx.'))w.z:~(E:J =- ~ w: ( E L(aJ(dx'J) ()+(x-x') = 

(5 .4 .IO} = WL.(EL(il-J) 
;; X. • 
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CJie,lloBaTeJII>Ho, 
a. ( a( ct.. ) <l. UJ = J (,() E (d.x.) (()X • (5.4.II) 

L a 
Terre pi> HCHO t 'ITO W 5 :x. - G<! ;x_ H BepOHTHOCT!llie HHTeprrpeTallliH 

CIIeKTpaJI:bHIDC pa3JIOllt8HHi1 ,llJIH w=>= (5.4.5) H w«- (5.4.II) 3KBllBaJI8HTHllo 
ilOSTOMY B B8pOHTHOCTHOi1 llHTeprrpeTaQllll MOlltHO llCIIOJI:b30BaT:b rrpn6op. 

¢yHKQHH pacrrpe,lleJieHnH rroKaaaHnH rrpn6opa, T.e. aHa'leHnH Ha6JIID,llae
Moi1 Xa. rrocJie ,llllHaMH'lecKoro rrepexo,lla (Ho J!O pe,llyKQJ.m), BBllJ!Y (5.4.II), 

W a._ a }- a..{ <z.) 
..X.= W(J)a.{X ~X - w E~ . 

(5.4.12) 
llycn Be Jt - 6opeJieBcKoe MHOllteCTBo, TOrJ!a 

W'\B) ==- Ww01.(Xa_~ B)== wa.( E'~{B)). 
(5.4.13) 

COCTOffHHe HCCJie,llyeMoi1 CllCT8M!i m t COOTB8TCTBYIDI!l88 COCTQHHHID WL 

CllCTeMH L , Wm = w=>=(· ® Ia.) , HJIH BBHJ!Y (~.4.5),(5.4.10) 
UJm.= ~ wa(Ea.(dx.>) al~ > (5.4.14) 

-m ~ · a) -m 
r,lle w x · = ws x ( • ® I . 06oaHa'leHne IIO,ll'lepKHBaeT, 'lTq Wx. He 
HBJIH8TCH CIIeKTpaJII>HhlM COCTOflHHeM, IIOpOllt,ll8HH!iM COCTOHHHeMUJm: Qj~~W~ 

·cocTOHHHe Wm 8CT:b peayJII>TaT ,llei1CTBHH H8KOTOpOi1 OIIepaQHll Ha Ha-
m . m . ""-( rrl ) m. "'-(r.:>.) 'laJI:bHOe COCTOHHHe m -CHCT8Mll W 0 : W = (f' J<- Gc.J 

0 
t r,lle 'f h -

TaK Ha3UBaeMaH H8C8JI8KTMBHaH OIIepaQHH /55/, HeceJieKTHBHOCT:b COOTB8T-
CTByeT COCTOHHlliD ,llO pe,llyKQllH, 

BBe,lleM B paccMoTpeHne <IlYHKQHOHaJI Ha cJJ m 

~ a/\Ea.(d:x.})w;: = lf'm.(B)uu:> (5.4.15) 
m. B 

r,lle (f' (B) - CeJieKTHBHaH OIIepaQHH, CeJieKTHBHOCT:b COOTBeTCTByeT 'laC-
TH'lHOti pe,llyKQHH. B3HB paBeHCTBO (5.4~15) ,llJifl 8,llHHH'lHOro aJieMeHTa rm t 

rroJiy'laeM w C(( E "(B J)"' [ 'f"'-(B) w: J (l '") • ;Aanee, [ 'f(B)w]{I)"' w( ~(B) I) , 
r,lle ~~ - OIIepaQHH Ha MHOllt8CTBe ,llHHaMH'l8CKHX IIepeMeHHHX ~ t COOTB8T
CTBYIDIIlaH orrepaQnH 'f Ha MHOllteCTBe cocTOHHHi1 Q • 06oaHa'lnM F 11l( B) = 
= 'f.lil"'(B) I m , Fm( B) E- .)'} m • Tor,lla 

w:(Fm(BJ)= wa.(Ea.(BJ). (5.4.16) 

IIaO~w;;\Fm(BJ)<O.f, w;;' E- .Qm , CJie,llyeT, 'ITO aJieMeHT Fm(B) 
YJ!OBJieTBOpHeT 0"' ~ F tn.( B) £=- I m • 

06oaHa'lnM F>..m = Fm((-oo, A.]) • JierKo Bll,lleTD, 'ITO ceMei1cTBO 

ym = [ F~ : A f- Jl} (5.4.1?) 
rrpe,llcTaBJIHeT co6oi1 rHrrepHa6Jiro~aeMyro HCCJie,llyeMoi1 CHCTeMu m . 

3aMeTHM, 'ITO BllTeKaiDIIlee H3 (5,4.16),(5.4.10) COOTHOlli8HHe GV:(F~= 
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L :>:.(a}) , · · ' = w 5 (Ex OTBe'laeT BBe,lleHHott HattMapKOM KOHCTpyitQHH BJiollteHHH rHJII>-
6epTOBa IIpOCTpaHCTBa _J£ w:J' B. rHJI:b6epTOBO IIpOCTpaHCTBO Jt wf /56/ • 

Ifa (5.4.16),(5.4.13) 

W'\B)= w:(F"'(B)); (5.4.IB) 

B 'laCTHOCTH, 
' Wa = wm( Fm} 

X. 0 :J:. • (5.4.19) 

TeM caMHM WYHKQHH pacrrpe,lleJieHHH (5.2.II) rroJiy'lHJia J!OJilKHYID HHTeprrpe

TaQHID. 
TaKHM o6paaoM, B pacCMOTpeHHOti cxeMe rrpn6op CJIYJKHT ,llJIH H3MepeHHH 

rHrrepHa6JIJO,llaeMott 'fm (5.4.17) HCCJie,llyeMott cHcTellli m • YKaaaHHaH 
• SL rHII8pHa6JIJO,llaeMaH OIIpe,lleJIH8TCH CHMMeTpHeti H COOTBeTCTBYIOIIlHM ett 

El:(o\1 . 
CII8KTpaJI:bHllM paH,llOMH3aTOpOM ~ , 06paTHO, OCHOBHBaHC:b Ha peayJII>-
TaTax /55/, MOlKHO IIOKa3aTI> 1 'ITO CYIIl8CTByeT IIpH60p ,llJIH H3MepeHHH 3a
,llaHHOti rHrrepHa6JIJO,llaeMOti C JIID60ti TO'lHOCT:biD, 

B rJI.3, § I 6uJI orrHcaH KaHoHn'leCKHti npH6op. B o61IleM cJiyqae rrpH-
6op - STO a -CHCTeMa B ·paCCMOTpeHHOit ~XeMe, llO,ll'l8pKH8M 1 'ITO KOJI:b 
CKOpO peaJIH3yeTCH 3Ta O'l8H:b 061!laff CXeMa, IIpOHCXO,llHT H3MepeHH8 - ITO 

orrpeJ!eJieHHID rrocJie,llHero. 
BBH.l!Y (5.4.16) BllpallteHHe (5.4.14) MOlKHO rrepeTIHCaT:b B BH,lle 

wm== J w:{.Fm(dxJ} w;:, (5.4.20) 

a COOTHOmeHHe (5.4.15) - B BHJ!8 

m m \ m(Fm. )-m 'f (B) w
0 

= J w 0 (d:xJ wx. . (5.4.2I) 
~ B 

lloJiolltHM B=cx-E.,x]. llpH E-+0 rroJiyqaeM 

lfm((x-e., xJ)w;; = w';;-(Frn((x-E, x])) w;-, (5.4.22) 

OTKYJ!a 

Wm. = !;_m \f:((x: E, x]) W ~ > x.E ~f'P w:( Fm_), (5.4.23) 
x c-t+-0 W 0 (F ((x-E_,x])) 

H>Pw;:( Frn-J - HOCHT8JI:b uepbl w:(F,.), 06oaHa'llUI 

Wm 'f -' /;_m <frn((x-E, x])w~ 
0 x - E-..J.-0 w';( r:"'((x-£, x])) ' 

(5.4.24) 

Tor,lla 

W · = · w · F (d:x-) w -m ~·1'1'1( m- ) m'f 
o ox· 

(5.4.25) ... 
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§ 5. HAEJIIO,llAEMAH KAK l1,I{EAJibHAH rVIIIEPHAEJIIO,llAEMAH . 
IlDKa.JKeM, liTO l'llll8pHa6JIIO,llaeMaH, .llOllYCKaJOII.laH H,ll88.JI1>HOe H3M8p8Hll8, 

npe,llCTaHRH8T C060H Ha6RJO,llaeMyJO. B 3TOM CMUCRe Ha6RJO,llaeMyJO MOXHO Ha-
3HaT:& H,ll88.JI1>HOH l'llll8pHa6RJO,lla8MOH. 

.l(RH KpaTKOCTll OllYCTHM HH,ll8KC ffL B 0603Ha'l8HHHX, OTHOCflll.lHXCH K 
nt -cucTeMe. CornacHo onpe,lleneHHJO H.llea.JI:&Horo HSMepeHHH rHnepHa6RJO.lla
eMoH :f , ,llRH llOCR8,llH8l'O ,llORJKHO HNllORHHTl>CH 

w(F(BJ)= W 0 (FCB>), BE- 53(11.), wot:-S2, 
(5:5.1) 

l',lle J){Ji)- 6opeR8HCKaH 6' -anre6pa, T. e. C8M8HCTHO 6openeHCKHX llO,llMHO-

JK8CTH Hell.lecTHeHHoH ocu :Ji. BHH.llY (5.4.25) w=Swo( F(dxJ)wor 
TaK 'ITO paH8HCTHO (5.5.1) llpllHHMaeT Hll.ll 

J W0 (F(dx))W0~ (F(B)) == W
0

{F(B)). (5.5.2) 
0TCJO,lla CRe,llyeT YCROHHe 

W0~ (F (B))= A_B (x), • (5~5.3) 
l'.lle ;(B(x)- xapaKTepHcTutiecKaH <l>YHKUHH MHoxecTHa. B 

-y (x) _ { f npH x E- B 
!LB - 0 npu x4 B. . (5.5.4) 

BHH.llY (5.4.24) .llRH R8HOH 'laCTH (5.5.3) HaxO,llllM. 

lim [ 'f'((x-E,x])wo](F(B)) = !;.m_ W 0 (<f.;t ((x-E, x]) F(B)) 
E-->tO W0 (F((J:.-E,x])) t->+0 W0 {F({x-E_,:x])) 

=&m Wo(lf'Sl_((x-E,x])IF(B))_-tm wo{F((x-E,x])F(B)) J 

E->-+0 W0 {F((:t:-C:, xJ)) c->+0 Wo(F((X-£, xJ)) (
5

•
5

•
5

) 

TaK 'ITO (5.5.3) CHO,llllTCH K 

f<m uJo(F{(x-E., XJ) F(B)) 
X. (x.). £-H 0 W0 (F((:c-£, x])) B 

Bu6epeM B = (x'- «., :c'] , TDI'.lla 

Lm W0 ( F((X-E., x]) F((x.'- o<, x' J)) _ . 
W0 

( F((X-E, x])) - X(:t:'-.x, :t:'] (:X). E-+0 

BHH,lly f.-> t 0, MOXHO C'lHTaTI> 

(x-£, xJlc: (.:r.'-o<, .x' J npH .x E rx'- «, :x.'] 

L¢ (x'-o<, X'] npH .x.¢. (x'-o<., x..'] 
IlORYtiaeM 

npa (x-E,xJn(x'-o<,x']=c,;1 

(5.5.6) 

(5.5.7) 

(5.5.8) 

F((:c-E,·x])F((x'-~x'])=I -1. 
0 

1-~(l:.-E,x.]) npH {x-E., x] c (x'-o<, x'] {5.5.9) 
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- yCROHH8 OpTOl'OHa.Jil>HOCTH, SKBHHa.JI8HTH08 (5.2.12). TaKHM o6pa30M, 
F d E , T.e. :F = B • . 

§ 6. II PHMOE HSMEPEHHE HAEJIIO,llAEMOil 
B onHCaHHH npHMoro H3MepeHHH Ha6RJO,llaeMoH MOJKHO cyll.leCTBeHHO npo

.zlHHHyT:&CH, Hcnon:&syH cneKTpa.JI:&Hoe pasnoxeHHe aMllRHTY.llN cocTOHHHH 

(4.4.2) •. 
IIycT:& HSMepHeMaH Ha6nJO,llaeuaH 

(5.6.1) Am~€m=[E;:-: AEJl}, 
H8KTOp Hal!Ml>HOI'O COCTOHHHH m -CHCT8MN. 'f'

0
m=:: 'f:.,m , B8KTOp Ha'la.Jil>HOl'O 

q . ~o 

COCTOHHHH npH6opa fo = ~W~ , H8KTOp Ha'la.JII>HOI'O COCTOHHHH CllCTeMN 
2= m.+a. 

~L: _ w _ wm ~ a. 
0 - I WI: - 1 0 ® 'f' o ' 

. 0 
(5.6.2) 

IlyCTI>, KaK H B § 4, llOKa3aH~e llpH60pa COOTBBTCTHyeT Ha6RJO,lla8MOH 

XO-__. i,a.===£E;:: XEJ'i}. (5.6.3) 

SanHmeM cneKTpan:&Hoe pa3noxeHHe HeKTopa ~onL no cneKTpan:&HOH Mepe E~ , 
OTBe'laJOl!I8H C m. ! 

~·:=Seqlw;(E"\dA)) --r;A. (5.6.4) 

BH8,ll8M CTpOl'O H03pacTaJOl!l88 OT06paJK8HH8 

J- : :,u_/1' E ~ ~ ~ E ~ A ~ X == f( >-) (5.6~5) 

HOCHTeJIH Em. ~ HOCHTen:& Ea. • II yeTI> CHMMeTpuH SL: TaKoHa, 'lTD aMnnH

Ty.lla COCTOHHHH W ~ (5 .4 .4) 
~ \ ._, 1.---- -m ct 

\f'c.:::::. t ~ = JEB vw;;(E"YdA.)) 'f;\ ® 'f,C"-J :. (5.6.6) 
a. tJ ul,s . a J 

r,lle 'V x. - co6cTHeHHNiil BeKTop Ha6nJO,llaeuoiil X (B cMNcne rHC-KOHCTpyK-
UHH), npHHa,llne~all.lKiil co6CTH8HHOMY 3HaqeHHJOX. B o611.leM cnytiae ~,.m He 
HMH8TCH co6CTB8HHUM BeKTopoM Am, TaK 'lTD, H006l!le l'OHOpH, ('V;;, ~;_;')I 
I cf.u..' • 

CocTOHHHe L -cHcTeMN nocne .llHHaMH'lecKoro nepexo,lla, onHCUBaeMoro 
paH.ztOM-CHMMeTpHeiil R EHa.J 51: , HO .110 pe.llYKUHH 

L oEL(ct) L ( rn. m )-l'n a. 
w = r-- w ~ == J w 

0 
( E ( d ;\.) uJ "- ® W W·) · (5.6.7) 

" -L -m a. 
P8.llYKUHH llpHBO.llHT B npe,llene K. COCTOHHHJO W A. = uJ >- . ® W f ()..) 
(HallOMHHM, 'ITO HH,ll8KC d -ycpe,llH8HHfl. onycKaeTCH.) IlOKa3aHH8 llpH6opa 
8CT1> X. ,;_ f( A) ; · eMy COOTH8TCTBY8T 3Ha'l8HH8 lt. H3M8pH8MOil H8RH'lHHN. 

OnHCaHHOe H3M8peHH8 HHJIH8TC~ H8H.llElM1>HhlM, HRH H3MepeHH8M-BTOp01'0 
po,na. 

H,llean:&Hoe H3MepeHHe, unK HSMepeHue nepHoro po,lla npe,llcTaBnHeT co-
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' ti 

60~ qacTHbiH CRyqait, KOr~a BbiiTORHHBTCH 
wm m_ -m m 
T A = 't' OA ) w ..\. = wo )L (5.6.8) 

T.e. KOr~a COCTOHHHe HCCRe~yeMOH CHCT8Mbl ITOCRe rrpe~eRbHOH pe~yKqHH 

BCTb C06CTB8HH08 COCTOHHHe H3M8pH8MO~ Ha6RID~aeMOH - C TQqHQCTbiD ~0 
d -ycpe~HBHRH. 

§ 7. PACillllPEHHOE llSMEPEHllE 

PacmnpeHHoe nauepeHne rnrrepHa6nro~aeuoit ~rn nnn, B qacTHOCTH, 
Ha6nro~aeMOH £'n._. Xrn. B liCCRe~yeMOH CHCTBMe m rrpe~cTaBRHBT co6oit 

IT pH MOe H3M8p8HI18 B CL!CT8Me 5 = m -~cawr; 1 r~e Cl.UIX. - HBKOTopaH BCITOMOra-
TBRbHaH CliCTeMa, Ha6nro~a8MOH 

Xs~t:s=fE~: A.E-Jl}. (5.7.1) 
s m = HaqanbHOe COCTOHHRe 5 -CHCT8Mbl W 0 =· W 

0 
® G<J 0 • llaMepeHHe Ha6RIO-

~aeMOH (5.7.1) ITpOBO~HTCH C ITOMO~biD rrpn6opa DO , T.e. peannayeTCH 
cxeua rrpe~u~y~ero rraparpalj}a c aaMeHoii m Ha s • . 

0CHOBUBaHCb Ha peayRbTaTax /54/, CL!CTBMY (U.I..(L t Ha6RID~aeMyiD g_'=' 
= H COCTOHHHe W 0 MOJKHO Bb16paTb TaK, qTQ 

w: ( E ~ ) = w;; ( F ~ } ~na KaJK~oro w ;-E Q m. 
n-m. 5 

8TO 03HaqaeT, qTQ H3MepeHH8 -~ CBe~eHO K 113Mep8HHID ~ ~ 

(5.7.2) 
xs . 

§ 8. KOCBEHHOE llSMEPEHllE 

llOHHTHe KOCBBHHOrO 113M8p8Hiiff Ha6niD~aeMOH 6URO BB8~8HO MaH~8Rb
illTaMOM /57/. KOCBBHHOe H3MepeHHe rnrrepHa6niD~aeMOH ~m (RRH Ha6nro~ae
MOH B_ITL ) B CL!CT8M8 m COCTOHT B CRe~yro~eM. llCITORb3Y8TCH CHCTeMa 

S = m + CW!.l:. • HaqanbHOe COCTOHHHB 5 -CHCTBMU W~= W'; ® W~ • B 
CHCTeMe 5 ITpOHCXO~HT ~HHaMuqecKUH rrepexo~ w;-> Wi 1 TaKOH, qTo 

·s( s(aw.x:)) _· m( Fm_) 
w 1 E JL -:- w o ;._ .~ (5.8.1) 

5 ( cW/.I-) m. aw.r 
r~e E A = I ® E A • SaTeM c rrouo~»ID rrpn6opa a. rrpo:so-
-~HTCH ITpHMOe H3MepeHHe Ha6nro~aeMOH 

X s(=o:J <-+ f!._ s ( awx) == [ Es (au.a:} ; A E: Jt} 
. ..\. (5.8.2) 

B CHCTeMe 5 1 HaxO~ff~BHCH B COCTOHHHH w: 1 RRH, qTQ TO :Ee, - npmLOe 
naMepeHRe Ha6nro~aeMoi1 

X = C<.Wl:. l a.ua: } ~ 'E = E;._: iLE-.11. (5.8.3) 
u aw.x: 5( m. ) B CHCT8Me a.wr. , HaxO~ff~811Cff B COCTOHHHH W t ::::: W i I ® • 

COOTHOillBHRe (5.8.1) 03HaqaeT, qTo 113MepeHH8 ~m CBe~eHO K R3-
MepeHHID e_aw:x. 1 ITOCKORbKY W~{ E ~ )-== w

1
5 (E. 5 \=J) • 

0CHOBUBaHCb Ha pe3yRbTaTax /55/, MOJKHO ITOKa3aTb 1 qTQ KOCBBHHOe 
H3MepeHne rnnepHa6nro~aeMoi1 pean11ayeuo c nro6oi1 cTeneH»ID ToqHocTH. 
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rnABA 6. TEOPllH HEOEPATllMOCTll 

§ I. ITPOEJIEMA HEBOSMYIItAIOI!lELl ;llOCTlllllMOCTll 
ITepe~~eM K paccMOTpeHHID Kpyra Eorrpoco:s, OTHOCH~nxca K Teopnn He

o6paTHMOCTR. llpellt~e :scero cne~yeT .qeTKO clj}opMyRHpo:saT» rrpo6neuy He
o6paTHMOCTH R, 6onee o6~e, - ~ocTHJK~MdCTH. CHaqana o6pncyeM npo6ReMy 
B o6~HX qepTax, a aaTeM BHeceM Heo6xo~nMue yToqHeHHH. 

ilyCTb W t 1 W£ - paannqHue COCTOHHHH paCCMaTpHBaeMO~ CHCT8Wo 
Tiepexo;ll W 1 .- C.U~ Haau:saeTCH Heo6paTHI4biM, ecnn nepexo~ w.i! _,. WI He
:soauoxeH. Ey~eM rOBOpHTb 1 qTQ COCTOHHHB W~ ~OCTHJKHMO H3 COCTOHHHH . a-
w, 1 8CRH B03MOJ!t8H nepeXO~ W 1--> (J):l • 0603HaqHM JG (W} MHOJ!t8CTBO 

COCTOHHHH 1 ~OCTHJKHMUX H3 COCTOHHHH W '• I1po6neMa ~OCTHJ!tliMOCTH COCTOHT 
B orrpe~eneHHH MHOJKecTB ~oCTL!lltHMOCTH .Q(j..(wJ ~RH :scex wE-.Q • HeRo, 

qTQ np06ReMa H806paTHMOCTH CBO~HTCH K llp06ReMe ~OCT~lltHMOCTH: H806pa
THMOCTb rrepexo~a W1-> ~ 3KBHBaR8HTHa HB~OCTHJKHMOCTH COCTOHHiifl W 1 

H3 COCTOHHHH uJ~ • 

Heo6xo~HKOCTb yToqHe~HH B03HHKaeT·B cnyqae,· Kor~a paccMaTpHBae
MaH CHCTeMa S HMHBTCH qaCTbiD 11 COCTaBHOR'.1 CHCTBMU L "'- S+ S 1 r~e S -
HBKOTOpaH ~pyraH CHCTeMa ( 11 oKpyllt8HH811 GHCT8Mbl 5 ). PaCCMaTpHBaeTCH 
rrpoqecc, B KOTOpOM COCTOHHHB OKpyJKBHHH MOJ!t8T M8HHTbCH 1 R Tpe6yeTCH 
nHm», qTo6u KoHeqHoe cocToHHHe oKpYJ!teHHH coBna~ano c Haqan»HbiM. B 
THITHqHQK onpe~eneHHH /58/ Heo6paTHMUM Ha3UBaeTCH 11 npoqecc, BblllORH8H
HuH TaKHM.o6paaoM, qTo B aaxnroqeHHe npoqecca CHCTeMa He MOJKeT 6UTb 

B03Bp~eHa B ee HaqanbHOe COCTOHHH8 6e3 KaKHX-RH60 H3M8H8HHH B OCTaRb

HOH qacTH :sceneHHOii11
• 

0;llHaKo TaKoe onpe;lleneHHe He;llOCTaToqHo: cne;llyH euy, MOJKHO nonyqHTb 
npOTHBOpeqHe C 3aKOHOM B03pacTaHHH SHTpOITHH. 11pi1B8;ll8M cne;llyiD~HH npH
Mep. ilyCTb aKITRHTY~bl GOCTOHHHH CHCT8M 5 1 S npHHa:zlRBlltaT cenapa6enb~ 
HbiM rMi>6epTOBbiM npOCTpaHCTBaM Je5 

1 Je.S COOT:SBTCTBBHHO 1 t 'f~ : 11- = 
=0,::tf;±5l, ... ] 1 t'f'!: n,c0,:!:-1,:!:£, ... } - 6a3HCbl B STHX ITpOCTpaHCTBax. 
Onpe;llenHK yHHTapHblit onepaTop :speMeHHoii s:sonroq11n 2: -cHcTeMu·corRacHo 

U 5 wS 5 s 
~' tf 'f' nt~tt ®I ~ = 'f' tn ~ t' 11-.J 

m.) n.= Q, :': f, ic2) ... (6.1.1) 

Bu6epeK_HaqanbHOe COCTOHHHe 

w'L == 2.. ur w 5 ® w5 
i{ It /1. . tn+fl fl ) 

(.{) .SJ 5 == ( 'f' s, 5 . 'f' S, 5) 
/1. n J n • (6.1.2) 

HaqMbHble COCTOHHHH CHCTBM 5 5 COOTBBTCTBBHHO 

(6.1.3) -

(6.1.4) 

·(JJS == L Uf WS 
t, 1'\. n_ m.+tz. .J 

B MOWeHT Bp8K8HH t .2 

w~ == W 5 ® L: w w~ 
t.! m. tt. /!. IL ' 

s 5 
o.Jt . == L.wwn .. r n I( 

5 s s 5 
wt =W wt = wt 

J m ' "' t 
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Ta.KI1M o6pa30M, COCTOHHI1e CliCTeMb! S (OKpyJKeH11H) He R3MeHI1J!OC:O, a CO

CTO!lHRe CI'ICTeW s npeBpaTI'IJioc:o R3 cMemaHHoro wf1 B '111CToe w,t . 
llp11 3TOM 3HTpOITI1!l CI'ICTeMb! S yMeH:Ollii1Jiac:o: 

ot5 = 0 < - L_ wn.. -ln. wrr- :=: o ~ . (6.I.5) 
~ ~ Lf 

lloJiy'leHHOe rrpOTI'IBOpeql'!e o6yCJIOBJieHO He~~I1TI'IBHOCT:OID 3HTpOITI'II1 B 

HaqaJJ:OHOM CO.CTOHHI'II'I: s 5 
0 :z: :=: - L w in ur. =/:- - £ L. uJ -ln. w = f5" + 6-t . (6.I.6) 

i, ·. fL /t. It n. 1\. /1.. I I 

9Ta HeaA~I1T11BHOCT:O Bhi3BaHa KOppeJIIipOBaHHOCT:OID CliCTeM S 11 S B COCTO!l
HI111 (6.!.2). llp11 HaJJHqRI'I TaKOH KOppeJIRpOBaHHOCTR CJie~yeT paccMaTpRBaT:O 

3HTpOITI1ID COCTaBHOll CHCTeMbl: 
o:z: - 6:£.. • 

t~ - t{ 

- KaK TOJI:OKO R MO~eT 6b!T:O B ~eTepMI'IHI'ICTCKOH ~11HaMl'IKe. 

(6.1. 7) 

CJie~yeT orpaH11qi'IT:OC!l CJiyqaeM, KOr~a B Ha'laJI:OHOM 11 KOHeqHQM CO

CTOHHHHX KOppeJI!lUI'I11 CHCTeMbl 1'1 OKpyJKeHR!l OTCYTCTBYIDT. 
llycT:O L -CHCTeMa Hax0~11TCH B COCTOHHHI1 WL. • Ilp11 3TOM COCTOHHI1H 

CI'ICTeM 5 t S w 5 ==w2..(· ®I 5 ), w5:=:wL.(I~®·). 
CocTO!lHI1e w5 6y~eM Ha3b!BaTI> oT~eJII'!Mb!M, ecJII1 

w2- = cus@ ws. 

(6.I.8) 

(6.I.9) 
s s . 

llycT:O 00
1 

, {.()~ - OT~eJIRMb!e COCTO!JHI1fl CliCTeMbl S (He 06H3aTeJI:OHO 

pa3JI11qHue). llepexo~ wf~GVl ecT:o peayJI:oTaT nepexo~a B cocTaBHOti 

CRCTeMe s s s s 
W 1 ® UJ

1 
~ W ~ @ (J.)~ • (6.I.IO) 

. s s 5 s 
llepexo~ WI~ w.2 6y~eM Ha3b!BaTD HeB03MYIJiaiOIJli1M, eCJII1 (.().2 = (/}{ .. Ta-
KI1M o6paaoM, HeBoa~ylllaiOIJllill nepexo~ - sTo nepexo~ Me~~Y oT~eJII1Mb!MI1 co
cTO!lHR!lMR, B peayJII>TaTe KOTOpOrO COCT9!1HI1e OKpyJKeHR!l He MeHHeTCH. 

· Tio~qepKHeM, qTo B npouecce HeBoaMylllaiDmero nepexo~a,. T.e. ~JIR npo
Me~yToqHb!X COCTOHHI1H, YCJIOBI1e (6.!.9) MOXeT HapymaT:OC!l. Tpe6yeTCR 
JIHID:O, 'IT06bl 3TO ycJIOBI1e Bb!ITOJIH!JJIOC:O ~Jill HaqaJJ:&HOrO 11 KOHeqHoro COCTO
HHHH 11 'IT06b! COBIT~aJII1 HaqaJJ:&HOe 11 KOHeqHoe COCTOHHI1e OKpyJKeHR!l. 

IlpoClJieMa COCTORT B HaxO~~eHI1~ Kpl'ITepH!l HeB03MYillaiOIJieH ~OCTHXI1MOC
TI1, · T.e. iloaMoxHocTR HeB03MYillaiDIJlero nepexo~a w(--> w] , HJIH, ~pyrH
MI1 CJIOBaMI1, B onpe~eJieHRI'I MHo~ecTBa HeB03MYIJlaiDillen ~ocTR~HMOCTH S2d(w). 

§ 2. MHOJKECTBO HEB03MYillAIO!UEt1 .li.OCT!tllK11MOCT!tl 
Ey~eM cqi'!TaT:o, qTo pean11ayeMa npoH3BOJI:&Ha!l HH~erepMHHHCTcKaR ~I'I

HaMI1Ka. TaKI1M o6paaoM, o6ycJIOBJieHHb!e KaKRMH-JIR6o ~onoJIHI1TeJI:&Hb!MH ~H-
3H'IecKRMI1 C006p~eHI1flMI1 orpaHI1qeHHH - ecJIH TaKOBb!e 11MeiDTC!l - He yq11-

Tb!BaiDTCH. 
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CHa'lana paccMOTpl'IM cJiy'laH cTaTHCTH'IecKI1 1130JII1poBaHHoti cRcTeMb!, 
T.e. CHCTeMb!, JIHIDeHHOH OKpyJKeHRH. Ilp11 3TOM CliCTeMa MO~eT 6b!T:O He3aM
KHyTOH 11 ~~e HeaBTOHOMHOH: BHeiDHRe YCJIOBI1H MoryT 3aBI1CeT:O OT BpeMe
HI1, HO JII1ID:& a~aHHb!M o6paaoM. Ilpoueccbl B TaKoil c11cTeMe- sTO·~I1a6a
TH'IecK11e npoueccu: B aTOM cJiy-qa_e B03MoxeH nepexo~ (4.5.I), onpe~eJIR
ewn paH~OM-CI1MMeTpl1eH: 

E 
w, .-"' {)).2 = R 5. (J.)J • ( 6.2 .I) 

ECJII1 aMITJII1Ty~a COCTOHHI1!l GU1 ITpi1Ha~Jie~I1T cerrapa6eJI:OHOMY ri1JI:06epTOBy 
npocTpaHcTBY, TO cneKT'pan:&Hb!H. paH~OMR3aTop R E paBeH e~I1HI1qHoMy one

paTopy (4.7.3)
1

11 nepeXO:!l (6.2.!) HBJIReTC!l ~eTepMI1HI1CTCKI1M: W{~·5W{ • 

!IOJIOXeHHe Kap~HHaJJ:OHO MeHReTCH rrp11 HaJ111q1111 OKpyJKeHH!l. 06paTHM,C!l 
K peayJI:&TaTaM rJI.5, § 6. IlycT:& <).11CTeMa S 11rpaeT pOJI:O 11CCJie~yeMOH 

' - & 
c11cTeMb! m , oKpyJKeHHe 5 - poJI:o rrp116opa a , rrp11qeM W 0 - co6-
cTBeHHoe COCTOHHI1e Xa: (5.6.3) t 11 113MepeH11e HBJI!leTC!l 11~eaJJ:OHb!M. IlycT:& 
Ha'IM:&Hoe cocTOHHI1e cRcTeMbl S OT~eJII1MO, TaK qTo Ha'laJJ:&Hoe cocTOHHI1e 
COCTaBHOH CHCTeMb! ;[ = S + S 

/,,2:: _ w s ws · 
vvf- t 0 f" 

PaccMOTpi1M ~Ba ITOCJie~oBaTeJI:OHb!X IT~pexo~a. 

(6.2.2) 

• (.(Js® ws== wL..- REL.. (5)SL. wL. ~ REusJ(Sz:..)-tREI.(s~L. L. , 
1 1 1 . ' 1 ;:J w, . ( 6.2. 3) 

.IJ.JIH peayJI:&TI1PYIOIJiero COCTO!lHI1!l ITOJiy'laeM _ 

E'£..(5)( z:)-f\ 5( s(-1 ) s s -RE.L(s)~ s 5 ) s ·:s R · S Jw1 E u,?-) w1i\®cuf(i\l- JWt{E(d.\)~..1.®~=-
. 5 s 
= w-2 ® w1 .) (6.2.4) 

r~e 

w; == ~ wf ( E5(d~l) w: i\ = REs w~ (6.2.5) 

TaKI1M o6paaoM, rrp11 HaJJI1q1111'0KpyJKeHI1R HeBoaMyiJlaiDIJli1H nepexo~ c HeTpi1-
BI1aJJ:&Hb!M CITeKTpaJJ:OHb!M paH~OMI13aTOpOM B03MO~eH B CJIYq?e cerrapa6eJI:OHO-
ro rHJI:o6epToBarrpocTpaHcTBa. · 

Yqi1ThiBaH Bee S 11 E , rroJiyqi1M MHOJiteCTBO cocroHH11H 

[RES.w: S 11 E JII06ue}) (6.2.6) 

~OCT~I1Mb!X 113 COCTO!JH11!l W • Ho 3TO MHO~eCTBO He !lBJI!leTC!l MaKCI1MaJJ:O-. *' 
Hb!M. lila ~11311'1eCKI1X C006p~eHI1H ero CJie~yeT aaMKHYTD B W' -TOITOJIOrl111 
npocTpaHCTBa co.cTO!lHHti .Q (rJI.2, § IO). TaKI1M o6paaoM,. MHoncTBO 
HeB03MYIJiaiOIJlen ~OCTI1~11MOCTI1 ~JIH COCTOHHHH W 

.Q(~J== 2u*:.cl {RESw: 5 11 E JIID6ue}"' 
* D . ,.r* r~e. W - c...{, - CI1MBOJI 3aMb!KaHH!l B w -TOITOJIOrRH. 

{6.2.7) 
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§ 3. 3AKOH B03PACTAHHR fiHAETEPMHHHPOBAHHOCTH 
BupaEeHHe (6.2.7) ~aeT perueHHe npo6neMH HeEoaMy~ammen ~ocTHXH-

MOCTH: STOMY perueHHIO ~o6Ho npn~aTI> HecKon:r:.Ko HHYIO lflopMy. · 
. Q . 

. Ecmt CU.z E- .Q (w,) , 6y_~eM roEopHT:&I '!TO HH~eTepMHHHpoEaHHOCT:& co-
. CTOHHHH (!)~ 6on:r:.rue HH~eTepMHHHpOEaHHOCTH COCTOHHHH UJ1 • BEe~eM OTHO

rueHHe npe~nopH~Ka no HH~eTepMHHHpOEaHHOCTH Ha MHOXeCTEe COCTOHHHn S2 : 
. . a.. 

w
3 
~ UJ 1 , ecJIH H TOJI:&KO ecnn W:_ E- S2 (w,) · (6.3.1) 

~RH OTHOIDeHHH npe~nopH~Ka EHnORHHeTCH ycJIOEHe pelfJJieKCHEHOCTH 

W £ aJ , aJ E S2 (6.3.2) 

H TpaH3HTHEHOCTH; . . . 

na w.:l iw
1 

H W
3 
~ cv£ cne~yeT W3 ~ wt, wt, w.:l> w::. E- i2: (6.3.3) . ; 

YCJIOEHe aHTHCHMMeTpH'lHOCTH He EHllOJIHHeTCH: E03MOEH~ GV~ ~ 6U1 H 
W 1 k. w.2 npn CV:t =f::. cv1 • 

OTHorueHHe npe~nopH~Ka nopox~a.eT OTHorueHHe aKEHEMeHTHOCTH: 
~ ~ L 

W:t /V UJ1 eCJIH H TOR:&KO eCJIH W.i ~ W1 H W1 ~ W.Q • (6.3.4) 

. ECJIH W1 H W.: npHH~JielltaT O~HOMY Knaccy SKEHEaneHTHOCTH no HH~eTep
MHHHpOEaHHOCTH, 6y~eM rOEOpHT:&, '!TO HH~eTepMHHHpOEaHHOCTH STHX CO
CTOHHHH paEHH. 

llo~qepKHeM, '!TO HH~eTepMHHHpOEaHHOCT:& He HEJIHeTCH _'lHCJIOM HRH llHO-. 
EeCTEOil 'lHCeJI; STO noHHTHe onpe~enHeTCH EEe~eHHHMH OTHOIDeHHHMH npe~
nopH~Ka H SKEHEaJieHTHOCTH. 

ClflopMyJIHpyeM noJiyqeHHHe peayJI:&TaTH cne~yro~HM o6paaoM. 
g~o~ !O~~c!a~H~ ~HAe!e]M~H~PQE~H~O£T~. KpHTepHeM HeEoauy~aro~en 

~OCTHlKHMOCTH HEJIHeTCH E03pacTaHHe HH~eTepMHHHpOEaHHOCTH. KpHTepHeM 
o6paTHMOCTH HeE03My~aiO~ero nepexo~a HEJIHeTCH COXpaHeHHe HH~eTepMHHH-· 
pOEaHHOCTH. 

§ 4. PEAYUHPYEMAH MEPA CO C~ETH~M HOCHTEREM 
PaCCMOTpHM CJIY'laH pe~yqHpyeMon MepH GU(E) CO C'leTHHil HOCHTeJiell, 

T • e • omd [ ~ W ( E ) ] ~ .X 0 , r~e CAJtcl. - KaMHHaJI:&HOe 'lHCRO, HJIH 
. MO~HOCT:&. STOT CJIY'laH EaxeH KaK CaM no ce6e, TaK H E CEH3H C paCCilOT-

peHHOH B rJI•2; § 10 annpoKCHMaqHeH (2.10.9). . 
C TO'lKH-3peHHH HH~eTepMHHHpOBaHHOCTH COCTOHHHH OCHOEHOH HHTepec 

npe~cTaBJIHeT HaMeHeHHe nocJie~Hero, o6ycnoBJieHHoe cneKTpaJI:&HOH p~~o
llRaaqnen. PaccMOTpHM nepexo~ 

' E 

llycT:& · 
K K Wt==f"W, w1 

w
1 

__. w~ = R W 1 • 

W K - ("' K -vI() 
I - T.l J • I 1 1 
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(6.4.1) 

K K'J (' ('f1 1 '¥1 = 9KK' ) (6.4.2) 

H cneKTpaJI:&HHH paH~OMH3aTOp 3~aeTCH COOTHOIDeHHeM 

E l l) Rw=Lw(E:_·E.t 1 a.H:.0., (6.4.3) 
l l • { l 

r~e E.g_ - npoeKTOp Ha opT 'f',_ , npH'leM f E3 =I , I - e~HHH'lHHH 
onepaTop. lloJiyqaeM 

1 
, 

w = L.1J.Jl wl wl=('/'t.\l/l) ('Y 'f')= d,l,, (6.4.4) 
',2 l J of J ;,t .fl> T.t_ ' . :/> :J. 1. . 

. npH'leM 
UJ/ = L _glK WK. 
~ K I ) (6.4.5) 

r~e .g'K= I('Y/'>-v}JI~. (6.4.6) 

06oaHaqHM K=:£K: w;K=t 0}_, L = fl: wj=F 0} • MHOJiteCTEaK H 
L He 6oJiee qeM cqeo:c~ue; Ta~HMH xe 1iEJIHIOTCH HOCHTeJIH pe~yqHpyeMHX 

uep:B (6.4.2),(6.4.4). 
1 

\ SJielleHTH uaTpHqH (I> K)KEK, l<- 1. 

I l h ?.. 0, L.. g tK. = i ," 
lEL. •. 

Y~OEneTEOpHIOT COOTHOWeHHHM 

L. g'/( ~ {. 
KEK 

(6.4.7) 

BTopoe COOTHOrueHHe ecT:& cne~CTEHe HOpMHpOBKH ~RH pacnpe~eJieHHH Be-
pOHTHOCTH 

. W1 = [ w/ : K E K L ~ = [ wj : l E: L } . (6.4.8) 

lla COOTHOrueHHH (6.4.7) ENTeKaiOT cne~yiOmHe CBOHCTEa STHX pacnpe~e
neHHH. 

CBOHCTEO "crJiaxHEaHHH11 pacnpe~eJieHHH: 

w} ~ mKcw:. [ u.r;] . (6.4.9) 

CBOHCTBO Hey6HEaHHH qHCJia KOilllOHeHT pacnpe~eneHHH: 
= = 
L ?.. K 

( K - llOIIlHOCT:& llHOEeCTEa K ) • ]leMcTBHTeJI:r:.Ho, 

(6.4.10) 

"C" ' f) fK = b: · 
L L tl == X. 1 =:: K . I. 2_ t 5:. I. f = L . (6.4.II) 
KEK lf!, l(tK . ) lEL: l<fK lEl 

9TH CBOHCTBa ~eMOHCTpHpyDT CllHCJI E03pacTaHHH HH~eTepllHHHpOBaHHOC~ 
TH •. 

PaCCMOTpHil ~Ba COCTOHHHH w., , W-2 C pacnpe~eneHHHilH 

~ '=[1/,fl, 1/.2} J ~ = {3/lf, -1/&, 118}.' (6.4.12) 
lifa YCJIOBHH CrJiaXHEaHHH BHTeKaeT HeE03MOXHOCT:& nepexo~a W

1 
..... W.i 1 

H3 YCJIOBHH Hey6HBaHHH 'lHCHa KOilllOHeHT - H6B03MOEHOC~:& nepexo~a £1 ... Wf • 

. Tun o6paaow, npH HeBoauymaJlll!HX nepexo~ax cymecTBym :aaaHilHO He~o
CTKEHilHe COCTOHHHH. 
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§ 5. 3AKOH B03PACTAHllH SHTPOTIHH 
llyCTI> cyuieCTByeT 3HTpOlll1fl Hatla.JL&HOrO COCTOHHHH uJ1 B (6,4.1): 

6, ::: -I_ ur" fn WK.< 00 • {6 5 I) 
K I 1 . • • 

Tor)la H3 COOTHOIDeHHll (6.4.7) BhlTeKaeT 3aKOH B03pacTaHH!I 3HTpOTIHH: 

6'.Q "'- 6{ . (6.5.2) 

BhlBOA npHBeAeH, HanpHMep, B /4,59/, npH~eM.BMecTo HepaBeHCTBa B 
TpeT:r.eu cooTHomeHHH (6.4.7) WHrypHpyeT paBeHCTBO. 0AHaKo HepaBeHCTBO 
RHIDI> yCHRHBaeT (6,5.2), 

0)lHaKO 3aKOH B03pacTaHHH 3HTpOllHH He AaeT )lOCTaTO~HOrO yCROBHH 
B03MO~HOCTH nepeXO)la 0U1 ~ 6U£ Me~AY COCTO!IHH!IMH, xapaKTepnayeMHMH 
pacnpe)leReHH!IMH ~ , W.2. (6,4.8), llycT:r. 

~ ==[-l/.2, f/.2], "%== £1/1{-~ f/4- ~> 1/,H~.r'J J Q<. ~< f/4 . (6.5.3) 

Tipn ~ocTaTo~Ho MMOM t 4= 0 Bb!TIORHHeTCH 6'J. > 0{ • Ho nepexoA al1 _. ou.:l 

HeB03MO~eH BBHAY CBOllCTBa CrR~HBaHHflo 
TaKHM o6paaoM, aaKOH BoapacTaHHH SHTponHH B ri~opMe.' 

eCRH ~ < co , TO ~ ?::. €51 (6,5.4) 

!IBR!IeTC!I RHIDb He06XOAl!MHM yCROBHeM HeB03MYil!aiOIJ{eiit )lOCTH~HMOCTH, 
llTaK, aaKoH BoapacTaHHH HHAeTepMHHnpoBaHHOCTH npeACTaBRHeT co6oiit 

ClORee CHRbHOe, ~eM 3aKOH B03pacTaHH!I 3HTpOllHH, yTBep~AeHHe, npyrHMH 
CROBaMH, llOHHTHe 3HTpOTIHH 8Ctb-~aCTHhlH CRy~aiit ClORee 061l{ero llOH!ITHH 
HH)leTepMHHHpOBaHHOCTH, 

§ 6. Qll3llqECKAH llHTEPUPETAUllH 3AKOHA B03PACTAHllH 

HHnETEPMllHllPOBAHHOCTll 
XoTH WH3H~ecKaH HHTepnpeTa~HH aaKoHa BoapacTaHnH HHAeTepMnHnpo

BaHaocTH HBRHeTCH 0~8BHAHhlM CRe)lCTBH8M BepOHTHOCTHOH HHTepnpeTa~HH 
KBaHTOBOll TeOpHH, HRH TipHH~Hna pe)lyK~HH (rR.4, § 8), Ha STOLl CReA
CTBHH HMeeT CMb!CR OCTaHOBH~bCH llO)lp06Hee, BoapacTaHH8 HH)leTepMHHH
pOBaHHOCTH.He 03Ha~aeT nepeXO)la B COCTOHHHe,KOTOpOe B ~eM-TO llpHH~H
llHaJII>HO OTRH~aeTCH OT HCXOAHOrO COCTOHHHH. BoapaCTaHHe HH)leTepMHHH
pOBaHHOCTH oaaa~aeT noTepiO HHWOpMa~nH. TaK, nycT:r. n~oHCXOAHT nepexoA 

W 1 = w/ ~ ~ = L w} w}, ~ = f1 L ~"" f w}: l e: L J . (6,6.1) 
l 

CorRacHo npHH~nny peAyK~HH1 MOJKHO c~HTaT:r., ~To 11 B AeiitcTBHTeR:r.HoCTH11 

npOH30IDeR nepeXO)l"B O)lHO H3 COCTOHHHiit w; , lt:b , - C BepO!ITHOCTI>IO 
-uri • TepMHH 11 B Aei1.CTBHT8RbHOCTH11 B3HT B KaBhl~KH llOTOifY, liTO COOT

BeTCTByiOIJ{ee llOH~THe B paMKax npOBO)lHMOrO paCCMOTpeHHH !IBRHeTC!I nep

.BI1liHhlM, He .CBO)li{Mh!M.K )lpyrHM llOH!ITHHM, 
.B.sToli clllicRe IiliAeTepMnanpoBaHHocT:r., KaK H, B ~acTHocTH, sHTpo

n~t~H, HOCHT cy6~eKTHBHhlll xapaKTep •. YKa3aHHhliit xapaKTep 3HTpOllH11 llO)l-
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~epKHBM TiayRH /5/: "llepBoe np~t~MeHeHHe TeopHH BepoHTHOCTH B wnanKe, 
HMeiOIJ{ee WYHAaMeHTMbHOe 3Hat~eHHe ARH ·Hamer a noHnMainm aaKoaoB nimpo
Jlhl, Mh1 HaxO)lHM B OCHOBaHHOH EORI>~MaHOM H r~t~66COM 061l{eiit CTaTHCTHlleCKOi1. 
TeOpHH TellROThl, KaK H3BeCTHO, 3HTpOllHH ecTeCTBeHHO HCTORKOBhlBaeTC!I 
3TOi1. TeOpHeiit KaK nepeMeHHaH COCTO!IHHH, KOTOpaH, B OTRH'IHe OT SHeprHH, 
3aBHCHT OT HaiDHX ~H~H~i1. 0 CHCT8M8, ECRH 3TH 3HaHH!I CaMHe llOHHhle, Ka
KHe TORbKO B0061l{e )lOllYCKaiOTCH 3aKOHaMH llpHpO)lhl (MHKpOCOCTOHHHe), TO 
SHTpOllHH paBHa BCer)la HyHIO. 11 • • 

Ho 3aKOH B03paCTaHH!I HH)l8TepMI1HHpOBaHHOCTH, KaK H 3aKOH B03pacTa
HHH 3HTpOllHH, HBHH8TCH OCl~eKTHBHhlM 3aKOHOM npHpO)lhl. 

0CTaHOBHMCH ell{e Ha paBHOBeCHOM COCTOHHHH, KOTOpoe B03MOJKHO B CRy
~ae aBTOHOMHOil )lHHaMHKH, 3anHIDeM ero B BH)l8 (4,8,!): 

We = s GlJe ( E (dx)) Wx. . {6.6.2) 

llo onpe)leneHHIO paBHOBeCHOrO COCTO!IHHH, 6Ue HHBapHaHTHO OTHOCHTeRI>HO 
BpeMeHHOH SBOHIO~HH: Wet = CVeo = we • CornacHo npHH~Hny peAyK~HH, 
CHCTeMa, OllHC!naeMaH COCTOHHH8ll (6~6.2), C BepO!ITHOCTI>IO We (E (MJ} 
HaxO)lHTCH B COCTOHHHH 

WM :=: ~ ~we (E.(ci~))C.Ux. J 

E 
ME J1(.v . {6.6.3) 

e 

llyCTI> uJM - COCTOHHH8 B MOMeHT BpeMeHH 0 , Tor)la COCTOHHHe B MOMeHT C 

C.UML = J WMi (E(d.x_))W:x. J {6.6.4) 

npH~eM iu-f>P U)Mi (E) C tuff We (E), . llepeXO)lbl uJM->WMt• fl1 f.JU.~ 
onpe)leHHIOT paBHOB8CHYIO KHH8THKy. OlleBH)lHO, CUM, - <V e . e 

. 1.. i~oo • 

§ 7. HETIPEPllliHAH IDmETEPMllHHroBAHHOCT:b 
PaccMoTpHM np~t~Mep HenpephlBHo HH)leTepMHHHpoBaHHoiit aBTOHOMHOiit AHHa

MHKH, T,e. AHHaMHKH, llpH KOTOpOil HH)leTepMHHHpOBaHHOCTI> B03pac~aeT CO 
BpeMeHeM HenpephlBHO. 

ITycT:r. Jt -Hecenapa6en:r.Hoe rHR:r.ClepToBo npocTpaHCTBO rHC-KoHcTpyK
~HH (HHA8KC (J) onycKaeM) C 6a3HCOM 

{'fyEJe: :fE(-a.,-t)U{o}U({a)L cv> t"7 0. (6.7.1) 

ilepeiitAeM C llOMOIJ{l>IO CTporo MOHOTOHHOrO B03pacTaiOil!8rO ClneKTHBHOrO 
OTOClpaJKeHHH 

. (-ct.,-£) ..... (- oe,- £ J, [0}-. fa}, (-8, a)~(~ ao) (6.7.2) 

K Apyroil, 6onee YA06Hoil HyMepa~HH opToB Claa~t~ca 

['f':xt:Jf.: rE(-=,-£)U[o]U(~oo)}. (6.7.3) 

.. lly9T:& 5t - BHY!P8 .. HHHH CHMMeTp_HH, OTip8AeRH8MaH yHnTapHb!M onep~TO-
. ·paM Ut···;. KOTOphJil 3a)laH COrHaCHO - '.. . 
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't' =(I- at/~ 't + (?ftJ'I-2 ll; 
0 0 T C+r.t 

r f/2_ 1/2_ ' 

-15-K.i :::::: (H) '!;, -(1-1ft) '!f+d 

'fx_ = 'f'x+d npH X<-§- K t HJIH :X:> t 
(6.7.4) 

1T(Ut) 

'f-':x. = 'l:;,._+.flgtd npH- -8- Jd <X<- 8J 

r,ne O<?ft< I (HYJKHbl TOJI:OKO 3Ha<reHHHif(C{}npH f__,.+-0), K> 0. 
OnepaTop ff{C'tJ npeBpa~aeT no,nnpOCTpaHCTB0 1 HaTHHYTOe Ha BeKTOpbl 

'f'-t-Kt, ~0 1 B no,nnpOCTpaHCTBO, HaTflHYTOe Ha BeKTOpbl ~-' ~8tKc • 
HeTpy,nHo BH,l{eT:o, <rTo paH,nOMH3aUHfl flBJIHeTCfl cTaUHOHapHo~ (rJI.4, 

§ 5), npH<reM cneKTpaJI:oHaH Mepa E5 onpe,neJIHeTCfl TpeKH npoeKTopaMH 
Ha no,nnpOCTpaHCTBa C 6a3HCaMH t 'f'x : X < {, j t { 'f0 } H { 'f' :x:. ; X > g j 
COOTBeTCTBeHHO. 

0603Ha<rHM W(x) =:: ( '/' :x.> • 'i'x) • Haxo,nHM 
W(O) ==- (1- /lt)w(O)+/lt w({,+-Kt-) 

. GV{-8-Kt)::::: of W{O) + (f-~t)oJ(-t+d:) 
RSi 

W(X) ::::: UJ(X+Kf) npH X.<.- -t -Jd HJIH :X > t 
W(x.) · = w(x+J!+ Kt) npH- t- K.t < :x: <- 8 

(6.7.5) 

IlOCKOJI:OKy COrJiaCHO (6. 7.4) CeMe~CTBO [ Sto : t ~ 0} He 06Jia,naeT noJiy
rpynnOBbiM CBO~CTBOM 1 paH,l{OM-CHMMeTpH!I R Si HMeeT CWCJI JIHm:E. npH f -->1- 0 • 

IlpH ~r«f ypaBHeHHe (4.6.12) C y<reTOM '(4.6.14) npH6JIHXeHHO 3anH-
meM B BH.l{e 

wt+T- wt. =.L R(S- ISl)Rw 
T. 7: T t 

. Il pHHHMafl BO BHHMaHHe ( 4 • 6. I) 1 OTCIO,l{a noJiyqaeM 

w.t + T = R 5?:' wt . 
§ 8. HEKOI'EPEHTH~ PACIIAJl 
PaCCMOTpHM CJiy'l:~ Ha'l:aJI:OHOrO COCTOflHHfl 

W
0 

= W(O). 

H3 (6.7.7) nocJie,l{OBaTeJI:OHO HaxO,l{HM 1 HCnOJI:03yfl (6.7.5), 

U)T = (1- /JT)W(O) + o7:'W(t +KT), 

W-2-r = (f- ~Tl (1)(0) t (i- I(T) aT' W{f+ KT} + ?f T aJ{ f + ~K T )-' 
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(6.7.6) 

(6.7.7) 

(6.8.1) 

(6.8.2) 

(6.8.3) 

-{ 

(j)rz_ -z; =(1-1{7:')"-w(O}+KT{(I- ~r)Jt-iW{g+ KT) + ( {-aT)n-.flW(-8+;zK'L}+ ... + 

-+ ( 1-KT) w( .C + (n-t)K 7} + w(t +ILK r)] = 
. . rt m 

::::: (1- ¥'L)rt [ W(O) + j'T },JI- aT)- UJ(t + Km T' J] . (6.8.4) 
IloJIOEHK n. -r':- t H nepeil,neM K npeiteJiy T --> 0 J n ___.. co, t: =- C<ind • 3aMe'-
HHM B (6.8.4) CYMMy no n1 Ha HHTerpaJI: . 

n n . . 

I. ( 1- ?r -r)-: m. w ( g T " trt '!' J ~ 5 d; ( 1- ;r ?:) -rt w ( t + K /1 r J . 
m={ 1 

(6.8.5) 

IloJiytiaell n. 
()) = w =(1...:. ~T)n rw(o) + t-rS c/11, ({';' ;r-rf"' w(t+~<,t rJ] = t . nT Ll r " 

. t! [ & U./7: ,1 (6.8.6) 
=-(1-t'L) T w(o)+t~clu.(f-.YT)- w(i+Kf:<)JJ 

OTKy_na, nepeXO,l{fl K npe,neJiy '£--o 0 1 HaxO,l{HM 
-'ift t wt = e [ wfo) + ;r 5 du. ea--u. w(6' + Ku..)].~ (6._8. 7) 

0 . 
HJIH 

-~i:: t J"'(U..- f) tJ ) 
Wt:=e W(O)'t-·a"ld£Le CiJ(o+KU; (6 ~ 8 • 8) 

IlpoBepHM, <rTo ~opMaJI:OHO noJiyqeHHoe BblpaxeHHe ,nJifl GUt y,noBJieTBO
p!IeT ypanHeHHD ,nnHXeHHfl (4.6.IZ). Ha (6.8.7) Haxo,nHM 

'd . ' 
· cl~t. =- cY~ + ((W(i+ Kf) · (6.8.9) 

C ,npyroK CTOpOHb1 1 

litn _!. R ( 5 - rQ) uJ = e-?fi [t.m {: (ST- I"~) W(o} + ' 
T-->+0 T Tt t t"->t-0 . • , (6.8.I0) 

+I!' 5du. e~t .fLm. R (5"- I .n.) w(t+ Ku.U. 
o . T->i-0 

HcnOJI:E.3yfl (6.?.6), noJiy'l:HM Bb!paxeHHe 
e-ot lim .J._ I (1- ((T) W(O) + .YT w{t + 1<.7:) 7" w{o) + 

T->-tO T ~ 

+ x S du.e t«-[ w(6' +Kit+ K'L}..:. w(6'+ Ku..)]} = 
0 ' 

-Itt · t · lfU. dw( 6 +K u.) } =e {--:aw(oJ+aw{t)+tJciue d.u.. 

HHTerpHpyH no traCTflM 1 npHXO,l{HM K BblpaxeHHIO . 

(6.8.II) 

t . -/; ' -/; /fU. .1} e- ~ f -~wto) + ~w(C)+x[etuw(G+Ku)l - .Y Jdu.e w{ g+Ku.)J_ = 
i: 0 0 

= e-/{t[- tw(o)-if Sdu.e¥LL w{f+Ku.) + oeYt- w{t+-K.-b)} == 
0 . 

=- {(wt + :llw(B + Kt).) 

KOTopoe COBn~aeT c (6.8.9). 
(6.8.12) 
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i! 

H8M~eHHoe perneHne (6.8.8)_ypaBHeHnH (4.6.12) onncuBaeT pacn~ Ha
qarrbHoro COCTOHHHH W(O) • ilpll pacn~e HH~eTepMllHllpOB8HHOCTb HenpepNB
HO BoapacTaeT BO BpeMeHn, TaK qTo npoqecc pacn~a Heo6paTnM. 

llo~qepKHeM, qTQ HenpepNBHOCTb B03p8CT8HllH HH~eTepMHHllpOB8HHOCTll 
o6yCJIOBJieHa OTCYTCTBHeM rpynnOBOro CBOt!CTBa y ceMefiCTBa [56 : t: E- fl} o 

3~ecb 6NJI paccMoTpeH HeKorepeHTHNfi pacn~: HaqarrbHoe cocTOHHne 
(nepBoe cJiaraeMoe npaBofi qacTH (6.8.8)) n cocTOHHHe, B03HHKaromee B 
peayJibTaTe pacn~a (BTOpoe CJiaraeMoe), HeKorepeHTHN. llo~po6H06 pac
CMOTpeHne KorepeHTHoro pacn~a co~e~nTCH B /60/. 

r]ABA 7.-CHCTEMH C EECKOHEqH~ qHCROM CTEnEH~ CBOEOn~ 

§ I. MAKPOCKO!l~ECKAH CHCTEMA 
KaK 6NJIO OTMeqeHO B Haqarre § 9 rJI.2, o6mee paCCMOTpeHne OTHOCHTCH 

K CllCTeMaM K8K C KOHeqHNM, TaK ll C 6eCKOHeqHNM qucJIOM CTeneHefi CB060-
~N. B nocJie~HeM cJiyqae, ecTe_cTBeHHO, B03HllKaiDT cneqnlj)uqecKne MOMeHTN, 
KOTOpNe H HBJIHIDTCH npe~MeTOM ~8HHOfi rJiaBNo 

Ilp06JieMa cynepn03ll[lllH, HJIH KOrepeHTHOCTll COCTOHHHfi MaKpOCKonnqec
KOH CHCTeMN, o6c~~8Bill8HCH B rJI.!, § 5, HBJ!HeTCH qacTbiD 6oJiee o6mefi 
np06JieMN KB8HTOBOro OnllC8Hllfl M8Kpoo6~eKTa. llepBNH BOnpoc, B03HHK8ID
mntl B CBH3H C 3TOfi nocJie~Hefi, COCTOHT B onpe~eJieHHH MaKpOCKonnqecKOfi 
CHCTeMN. B arrre6panqecKofi KB8HTOBOfi Teopnn, 6Jiaro~apH rHC-~OHCTpyK

[lHH, CHCTeMy MO~HO OnHChlB8Tb B TepMRHax rHJ!b6epTOBNX npOCTpaHCTB -
KaK H B opTO~OKC8JibHOH KB8HTOBOH Teopnn. 3~eCb Ha C[l6HY-BNCTynaeT ce
napa6eJibHOCTb H, B CBH3ll C Hefi, - qnCJIO CTeneHefi CB060~hl. nnHaMHqec
KH6 nepeMeHHNe CHCTeMN C KOHeqHhlM qHCJIOM CTeneHetl CB060~N OnHCNB8IDTCH 
B cenapa6eJibHOM rHJib6epTOBOM npOCTpaHCTBe. CHCT6Ma, COCTOHmaH H3 HeC
KOJ!bKHX qacTetl (nO~CHCTeM)! OnHCNBaeTCH B TepMHHax TeH30pHoro npOH3-
Be~eHHH rHJ!b6epTOBUX npOCTpaHCTB, OTHOCHmHXCH K OT~eJ!bHNM qaCTHM. 

06oaHaqHM I'L qucJIO CTeneHefi CB06d~U. MaKpOCKOnnqecKyiD CHCT6MY 
MO~HO nNT8TbCH onpe~eJIRTb O~HHM H3 Tpex cnOC060B! J'L>>{, n-><XJ , n=oo. 

06cy~HM 3TH B03MO~HOCTH. 
Onpe~eJieHne n>>i He noaBOJIHeT BN~eJIHTb KaKne-Jin6o cneqnlj)nqecKne 

OC06eHHOCTll MaKpOCKOnHqecKOH CHCTeMUo rJ!aBH8H npnqnHa COCTOHT B TOM, 
qTo TeHaopHoe nponaBe~eHne nponaBOJ!bHoro KOHeqHoro qucJia_cenapa6eJ!b
HNX rnJin6epTOBNX npocTpaHCTB npe~cTaBJIHeT co6ofi Ta~e cenapa6eJ!bHoe 
rHJ!b6epTOBO npOCTpaHCTBO. il03TOMY C TQqKH apeHHH nO~XO~a, B KOTOpOM 
HeKorepeHTHOCTb COCTOHHHfi (T.e. ncqeaHOB6HH6 HHTeplj)epeHQHOHHNX qJ!eHOB) 
MOllteT B03HHKHYTb TOJ!bKO 38 cqeT Hecenapa6eJ!bHOCTH, onpe~eJ!eHH6 n >> { 

Henpnro~Ho. EoJ!ee Taro, Bee cenapa6eJ!bHUe rHJ!b6epTOBU npocTpaHCTBa 
naoMOplj)HN. llosToMy B o6metl Teopnn KOHKpeTHOe aHaqeHne qncJia cTeneHefi 
CB060~N, KOJ!b CKOpO OHO KOHeqHo, He nrpaeT pOJIH. 
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Onpe~eJ!eHne n ..... oo CTp~aeT .TeM He~OCTaTKOM, qTo TpeC5yeT ycTaHOBJ!e
HHH CMUCJ!a npe~eJ!bHOrO nepexo~a B OnHC8HHH KB8HTOBOH CHCTeMU B T6pMH
Hax rHJ!bC5epTOBNX npOCTpaHCTBo llpll JIID60M KOHeqHOM r1 COOTBeTCTByromee 
rnJ!b6epTOBO npocTpaHCTBO cenapa6eJ!bHO, TaK qTo nepexo~ K Hecenapa-
6eJ!bHOCTH oaHaqarr 6u CKaqoK. llocJ!e~Hee o6cTOHTeJ!bCTBo aaTpy~HHeT npn
~aHne cMNc~a npe~eJ!bHOMy nepexo~y. 

llpnBe~eHHNe coo6p~eHHH ~eJ!aiDT qeJ!ecoo6pa3HNM Bu6op onpe~eJ!eHHH 
n=oa • TaKHM 06pa30M, B COOTB6TCTBHH C o6menpHHHTOfi.ToqKOfi apeHHH 
/37/, MaKpOCKOnnqecKaH CHCTeMa onpe~eJ!HeTCH K8K CHCTeMa C 6eCKOHeq
HNM qHCJIOM CTeneHefi CB060~hl. ilOCJI6~HHH onHCNBaeTCH B TepMHHax 6ec
KOHeqHOrO TeHaopHoro nponaBe~eHHH rnJib6epTOBUX npocTpaHCTB. 

§ 2. EECKOHEqH~E TEH30PH~E ITFQH3BEnEHMH rHRbEEPTOBUX ITPOCTPAHCTB 
H3JIO~HM OCHOBHNe nOHHTHH ll H8H60J!ee B~Hhle pe3yJ!bT8Thl BBe~eHHOfi 

lj)OH HefiLiaHOM /61/ KOHCTpyK[lHH 6eCKOHeqHNX TeH30pHNX npOHaBe~eHHfi rHJ!b-
6epTOBNX npOCTp8HCTBo 

~--B~CliOlie~H~e_ClM!hl_H_n~0!3~e~elill~. !lpe~~e BCero BBO~HTCH nOHH
THe CXO~HMOCTH CYLIMU ?-EJ i!:J H npOHSBe~eHHH .n . i!:j , r~e i!

4
- - KOMllJI6KCHN6 

. J d•J 
qHCJ!a, B CJ!yqae, KOr~a MH0~6CTBO HH~eKCOB J HMeeT npoH3BOJ!bHYID MOm-
HOCTb J . CyMMa ~e paCCM8TpHB8JI8Cb B rJI.2, § 8. nJIH Y~06CTB8 HanoM
HHM cooTBeTc~ByJOmne onpe~eJ!eHnH. 06oaHaqnM '] = t F c. J : F lj)HHH~Ho} 
CeMefiCTBO BC6X KOHeqHUX nO~MHOXeCTB MHO~eCTB8 HH~eKCOB J o Ha MHOXe-

. F/' I 1/· I 
CTBe 1 a~aHo HanpaBJ!eHne ~ .: ?: F 3KBHBarreHTHO F :::> F . , TaK qTo 
~ - HanpaBJ!eHHoe MHoxecTBo. BBe~eM KOHeqHue cyMMhl n nponaBe~eHHH 
2'~ == ?., l; t 3Fn = n l.j. t FE y. .• Tor~a, no onpe~eJieHHlO, 

JE F . J~ F 

L 2. == um. 3: L. n z. = fi.m ~ n 
jE.J J Fef F ' jO J FE- :f F 

npn YCJIOBHH, qTo COOTBeTCTBYJOmHfi npe~eJI cymeCTByeT. 

(7.2.1) 

nJIH npOH3Be~eHllfl BBO~HTCH llOHHTHe KB83ll-CXO~llMOCTHo llpOH3Be~eHHe 

iQJ i!j HBJ!HeTcH KBaancxo~amnMcH, ecJIH n TOJ!bKO ecJIH cxo~nTcH pJ 1."'; I • 
3HaqeHne KBaancxo~amerocH npon3Be~eHnH onpe~eJ!HeTCH corJiaCHO 

n i· ::: {="(,'} i!. F npll• HaiTllqHH CXO~llMOC_TH 
{ 

n. n 

JEJ ~ . Q B OTCYTCTBHe CXO~llMOCTll. (7.2.2) 

TaKnM o6paaoM, BBe~eHo CJ!e~yJOmee corJiarneHne: ecJIH ~J lz,( cxo~HTCH, ·Ho 
.n 'l; = n ~~d-1 e c '1 He CXO~llTCH BCJ!e~CTBlle CJ!llillKOM CllJ!bHUX OCQllJIJIH-
JO v J(.J · 
qnfi <I.>aau, TO nponaBe~eHniQ npnnncuBaeTcH aHaqeHne 0 • 

3aMeTHM, qTo BBe~eHHoe <I.>oH HefiMaHoM corJiailleHne HBJifleTCH oqeBn~
HNM CJ!e~CTBll6M ycpe~~eHHH, T.e. npHH[lHna HenpepNBHOCTll BepOHTHOCTll. 
Ycpe~HeHne BeJ!nqnH e''i'j, jfl, no RHTepBarraM <I.>aa Ll'lj =E!'f;LE<<.f , T.e. 
~ -ycpe~HeHne, npnBe~eT K 

(n )A= n (i!.(ei~ :WtEI'f;J = o 
jfJ JEJ 1 cl'+';l 

B OTCYTCTBlle 
CXO~HMOCTH (7.2.2). (7.2.3) 
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r: 

llepeXO,l( K 0-ycpe.l(HeHHJO c~O ,l(aeT ,l(}m(Ql;J'fpe3y11I:.TaT· (7.2.2). 0TMe

THM ell!e, '!TO ycpe,l(HeHHe Be11H'!HH I~ I y~TpaHHMo BBH.l(Y cxo,l(HMOCTH J2J l"-'i I • 
Q._ll£11~0~ ,!e~3Qp~o~ QPQH~B~~H~e. llyCTb{Jej:jEJ}- CeMellCTBO 

rH11b6epToBUX: npocTpaHCTll, [ '/jE: Jei, J<=JJ- WYHK~HH HaJ B H;Jli , H11H 

(B TepMHH0110rHH q>oH HeilMaHa) noc11e,l(oBaTe11bHOCTb BeKTopoB. (3,l(ecb Tep

MHH TIOC11e,l(OBaTe11bHOCTb He 03Haqa.e'l'., '!TO MHOl!CeCTBO J C'!eTHOe.) He 

npe,l(TI011araeTcH II 'fj II= 1 • 
llOC11e,l(OBaTe11biiOCTb ['lj, j E: J} ecT:& C -TIOC11e,l(OBaTe11bHOCTb, eC11H H 

T011bKO ec11H flJ II 'f; II CXO,l(HTCH. . 

BBe,l(eM wopMallbHNH o6~eKT - BeKTop-nponaBe,l(eHne 

l:.I.T ®C 
I = _® '/j -> (7.2.4) 

JO 
cooTBeTCTBYIO!llHH C -noc11e,l(oBaTe11bHOCTH { 'lj) j E= J] , WDPMallbHJIO 11HHeilHyro 

KOM6HHa~HIO BeKTOp-TipOH3Be,l(eHHll - BeKTOp 

y0f = £ c y®c 
K=1 I< K (7.2.5) 

H CKa1!HpHoe TipOH3Be,l(eHHe BeKTOpOB 

( y&c(:Z) y ®c(l)) = n ('t'.<.:ZJ '{<(1)). (7.2.6) 
) ,jE=J J ) d 

BeKTopHoe npocTpaHCTBo c a11eMeHTaMH (7.2.5} H cKanHpHUM.nponaBe,l(eHHeM 

(7.2.6) npe,l(cTaB11HeT co6oil npe.l(rH11b6epToBo npocTpaHCTBo. Ero nono11He-

HHe 0603HaqaeTCH :Je~ = j~J Jej l1 Ha3b!BaeTCH TI011HUM TeH30pH!lM TipOH3-

Be,l(eHaeM rH11b6epToBux npocTpaHCTB Jej) i E: J • BeKTopu npocTpaHCTBa Je® 
0603Ha'!aJOTCH Y ® · • 

]!._H~TI£11~0~ ,!e~3QP!!O~ !!P.Q.H~B~~H~e. llOC11e,l(OBaTe11bHOCTb f 'fJ; j E J.} 
ecTb q, -noc11e,l(oBaTe11bHOCTb, ec11a H T011bKo ec11n cyMMa J:- Ill '-1'

1
·11- I I cxo-c C JtJ 

,l(l1TCH. Kal!C,l(aH o-TIOC11e,l(OBaTe11bHOCTb eCTb -TIOC11e,l(OBaTe11bHOCTb. Kal!C-

,l(aH c -TIOC11e,l(OBaTeJibHOCT:b c .®J t:,· =F 0 • T. e. c nJ /{ 'iJ II ;f. 0 ' eCTb . co-
JE- • Jf 

TIOC11e,l(OBaTe11bHOCTb. . 

C f (<) } [ (.t) J ,l!Be 0 ..;TIOC11e,l(OBaTe11bHOCTH 'lj, j E J H 'fi; j E: J 3KBl1Ba1!eHTH!l
1 

eC11l1 

a T011bKo ec11R cyMMa .fi. J I N/>V/11
>)- t I cxo,l(aTca. OTHomeHae. aKBHBaneHT

HocTH paa6nBaeT MHOlKeCTBO Bcex C0 -noc11e,l(oBaTe11bHOCTen Ha K1Iaccu 3KBl1-

Ba11eHTHOCTH. 0603Ha'!HM Q:; =-~[£'~); j £=JJ] K11aCC 3KBl1Ba1!eHTHOCTH, r -
MHOl!CeCTBO yKa3aHH!lX.K11aCCOB. K11aCC!l 3KBl1Ba1!eHTHOCTH B3al1MHO OpToro

HallbH!l. ·.UBe C0 -noc11e,l(OBaTe11bHOCTH aa O,l(Horo K11acca opToroHallbH!l TOr,l(a 

l1 T011bKO TOr,l(a, KOr,l(a ,1!11H HeKOTOporo j B!lTI011HH.eTCH ( '/-' ~~ 'f.<~))= 0 • 
I J llyCTb Q:; E: r - K11aCC 3KBl1Ba11eHTHOCTH, 

It ~ 
Jl = @ J£. (7.2.7) 

jtJ I 
- 3aMKHJTOe 11HHellHOe TipOCTpaHCTBO, TIOpOl!C,IleHHOe MHOl!CeCTBOM BeKTOp-TipO-

H3Be,IleHHll I 18) 'fj : £ 'H,·) J E J J E: ~ 1 . rH11b6epTOBO npocTpaHCTBO I Eel 
(7.2.7) Ha3b!BaeTCH (Qr -8,1!H'!6CKl1M) H6TI011H!lM T6H30pH!lM TipOH3B6,1!6Hl16M 

rl11lb6epTOB!lX TipOCTpaHCTB Je j _, j E J 

86 

HeTI011H!le T6H30pH!le TipOH3B6,1!6HHH B3al!MHO OpTOrOHallbH!li TI011HOe TeH~ 
30pHOe TipOl13B6,1!6Hl1e HB11H6TCH l1X OpTOrOHallbHOll CJMMofi: 

fie os; - cB 'Jt~ 
-ItE-r · (7.2.8) 

IIycTb f 'lj~ j d} f g , npHtieM U 'I'/ II==- f , j d • Tor,Ila ;;tf!: ecTb 

3aMKHJTOe 1IHH6llHOe npOCTpaHCTBO·, TIOpOl!C,1!6HHOe BC6Ml1 4 -TIOC11_6,1lOBaTe11b

HOCTHKH, TaKHMII, ,l(11H KOTOpllX ij F~0 
T01lbKO ,1!11H KOH6'!HOrO MHOl!C6CTBa 

aHaqeHRn j • · . 
IlyCTb J<j - pasMepHOCTbJej (T.e. MOIIIHOCTb 6aaaca B Jf;_ ), J{j -

MHO:I:6CTBO HH,l(6KGOB, l1M6Kllllee MOIIIHOCTb Xj , llp:Hqey 0E:J0 , { '/jlJ,t:- J(i} -
6a3HC B aej •. IlyCTb 1 - WYHKitHH c 06JiaCTbiO onpe,1!6116Hl1H J • TaKaa. qTo 

. '<f( j) (:-10 1 TipH'!eM ij(j}f:: 0 T01lbKO ,l(11H~ KOH6'!HOrO MHOJ!t6C?-'Ba 3Ha'!eHl1ll j • 
06oanaqHM 'Y MHOl!C6CTBO 3Tl1X WYHK~an; Tor,Ila [ nJ" 'IJ:J(J) ; /I f cy} -
6a3HC B df.c;t o . 

,l!Ba TIOC11e,l(HHX a6aa~ta B!lHCHHDT CTpyKTypy H6TI011HOrO TeH30pHoro npo

H3B6,l(6HHH, B TO BpeMH KaK COOTHOID6HH6 (7.2.8) TIOKa3!lBaeT, KaK TI011HOe 

TipOH3B6,l(6HHe TIOCTpOeHO.H3 H6TI011HilX. 

£._Cl!,aQO_H~TI.Q.11~0~ .!_6~3QP!!O~ .!!PQH.2_B~H~e. ,l!Be ( 0 -TIOC116,l(OBaTeJib

HOCTH ['f.C
1J j E J} H [ 'I'Jl] j d} cJia6o 3KBHBa11eHTH!l, ec11n cyll!eCTByeT nocJie

.IlOBaTe11~HocT:& KOIITI116KCH!lX qHce11 [lj) t.e;l =I; j E- J} , TaKaa, qTo C
0
-no

CJie,l(oBaTe1lbHOCU { i!i 'IJ (I~ j f: J}aK:Bl1Ba1!6HTHa TIOC116,1lOBaTe11bHOCTl1 { 'f';':/ i E J} o 

Kp.HTep.HeU C1Ja60ll 3KBl1BaJI6HTHOC~H HE11H6TCH. CXO,l(HMOCTb CJMK!l 
" I '') ..vc.t)'l 11 .. . 
?.- I ('f'J. J ·1; 1 - • OTHomeHHe c11a6olt 3KBHBaneHTHOCTH paa6HBaeT MHOllte-
J~J • . . 
CTBO BC6X ~-TIOC116,1lOBaTe1lbHOCTeit Ha K11aCC!l C11a60H 3KBHBa1!6HTHOCTH. 

06oaHaqnu Gtw ~ @;1({ H'!J) i E-111 K11acc C11a6on 3KBHBa1!6HTHOCTH, r'W' - MHO-

EeCTBO yKa3aHH!lX KJiaCCOBo 

;lt11H Ka:l:.l(OrO (!; E r HKeeT MeCTO fl C: G!:w ,l(11H TO'!HO O,l(HOro (JW' f. rw ; 
Ka:l:,l(blll KJiaCC g'UJ E /; 6CTb. CYKMa BC6X (it E r , TaKHX, qTo @: C rlw 

IlyCTb 

Je(S;w = ®~w Je. 
jd I . . (7.2.9) 

- 3aKKHYTOe JIHH6llHOe TipOCTpaHCTBO, TIOpOl!C~eHHOe KHOl!C6CTBOK B6KTOp-

. TIPOH3BE!~6Hidt f ® f:J. ; f '/';J·-' j e J} E- {J 1<1 } • ra11b6epTOBO TipOCTpaHCTBO 
/t:J 

(7.2.9) 6y~eU Ha3!lBaTb CJia6o HeTI011HWl T6H30pH!lM npOH3Be~eHH6U rH1lb":' 

6epToma: npocTpB.HCTB Jl i J J E: J • (~oH HenKaH a ToT TepMHH He BBO,l(H11.) 

C11a6o nenoJIHoe TeHaopHoe npo.HaBe,l(eHHe HB11HeTCH opToroHallbHOlt 

cyuuon COOTBeTCTBYIOIIIHX H6TI011HllX TeH30pH!lX npOHBBe,IleHHit: 

Jf(fw = EB Jl~ 
~ E: r(Q;w) / 

(7.2.10) 
. r~e 

n~w) =f Q:;; re c Q:UJ J. (7 .2.II) 
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llp.l'l STOM I= L r: I(@:,.,-) {KaK 06nr<IHo, CyMMOi1 o603HatiaeTCH 06:0-g-w E- '" • • 
e~HHeH.Ife HenepeceKaiD~.IfXCH MHOReCTB.) 

llORHOe TeH30pHOe !IpO.If3Be~eH.Ife HBRHeTCH OpTOrOHaRbHOH CyMMOH CRa6o 
He!IORHb!X TeH30pHh!X npO.If3Be~eH.Ifi1: . 

'10 ® - E9 7PrJw 
dL - rr r'<JL . (7.2.12) 

. ~,.,.E lw 
lla {7.2.12),(7.2.10) CRe~yeT COOTHOIDeH.Ife 

. ® ~ ~ 

Je. ==@:~Er,.r ~~l(g'w) Jt :g. tf (7.2.13) 
r~e BBe~eHO 0603HatieH.Ife df ..r =:: (j{_ , @; E- J (€rur) • COOTHOIDeH.Ife 
(7.2.13) COOTBeTCTByeT COOTHOIDeH.IfiD (7.2.8). ~ 

~--~~3QBgl1_oge£a!O£. BBe~eM yHHTapHul1 onepaTop Ha Je 

u~c = .& u, .. ' tf == £ lf,·) j f J L -7/ < 'f; ~ TG {7.2.14) 
T '.tEJ r; 

r~e U. -i.'P-1 -i.'f. L· (7 2 IS) 
'P· = (? I . = (!. I I • • 
I I J ®C 

lj - e~HH.If'IHhll1 onepaTop Ha Jfi • .Uel1cTBHe U VJ Ha BeKTop-npoHaBe~eHHe 
'f"' ®c(7 .2 .4) aa~aeTcH cor nacHo 

®C ®C -ill'· 'f 
U'f · o/ = ~ U'f, Y': = .~ {? I j (7.2.16) 

-i'f'· 4EJ J J JE] 
flpH ~TOM [e . ''lj, jEJ} - C -nocne,lloBaTeRbHOCTb. Ey~eM Ha3niBaTb 
lJ~ waaOBb!M onepaTOpOM. . 

ECR.If fl e-i. 'Pi CXO,ll.lfTeH .If paBHHeTeH e -c <f.L , TO onepaTOp (7 .2.14) 
JU U!Sic · 'f ® ~ . 

nponop~HOHaReH e,llHHH'lHOMy: "' = e-< :I: I® , I - e,llHHHIIHul1 one-
paTop Ha Je ® • lloaTOMy OeHOBHOW .lfHTepec npe~eTaBRHeT enyqal1, KOr,lla 
!IpO.I'l3Be,lleH.Ife n1 e-<~ He eXO,ll.lfTeH, T.e. HBRHeTCH KBa3.1fCXO~H~.IfMeH K Hy-

dE uec '1JJ@: GJ' 'TOG[. ~II If rjl RID. B 3TOM enyqae 'I' OT06paRaeT <1L 1<1 Ha aT. v e @; 'f- ~ • 
~--P~age£HQC!M_TQH~O£Hgx_n£0!3~e~eliH!. Bee HenonHh!e TeH32PHhle 

npO.If3Be~eH.IfH JlrJ: .lfMeiDT O.llHY .If TY Re paaMepHoen: cU.m JeEr== 'Y, (§; E- r 
r~e :Y - MHORecTBo WYHK~.Ifti, BBe,lleHHoe B ~HKTe B • Ecn.lf Bee ifej ce-
napa6eRbHhl, a MHO~eeTBO J e'leTHOe, TO J£ cenapa6eRbHO. 

ECR.If J KOHe'lHO, TO J .If f.;q BKRID'laiDT TO'lHO O,ll.lfH 3ReMEJHT - MHO
ReeTBO Be ex C0 -noene,lloBaTeRbHO£,Tel1 [ 'iJ d c- J] • 

EeR.If J 6eCKOHe'lHO, TOr,lla l(gur)=,iJJ , @;WE rw ~ J ~=:l<- 0 , 
r,lle .l\0 - MOlJ!!!OCT:& C'leTHOrO MHOReCTBa. llp.lf 3TOM J.irn Jelrw == ~ · ,2 J . ' 
llOeKORbKy ,i)J li!J- - MO~HOCTD KOHTHHyyMa, ena6o He!IORHOe TeH30pHOe npo-
.lf3Be,lleH.Ife Hecenapa6eRbHO. _ 

_ llMeeT MeeTo F == r ((~;' w) . Fllf • . ® = = 
PaaMepHQCTb rronHoro TeHaopHoro npoRaBe~eH.IfH cli.m Jf. = Y· I = 

= '51· iJ. Fur , T 2 :xa = 
llyCTb MHOReeTBO HeO,llHOMepHb!X Jf.j 6eeJ:COHe'lHO. Tor,lla r W ::0:. .X 

B npoT.IfBHOM cnyqae ~ = I. 
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§ 3. MAKPOCKOllWIECKll PA3JIWIH!lE COCTOHHllil 
C ~eRbiD onpe~eReH.IfH Mai:CpOCI:CO!I.If'leCK.If pa3R.If'lHb!X eOCTOHH.IfH BBe~eM 

noHHT.Ife ynbTpacna6ol1 oKB.IfBaReHTHOCT.If. llycTb 

f'-J-'j)<X~ JE-J}EQ:':):J ll'ft'"'~</l==fJ JEJ, ·K=1,!il, (7.3.1) 

· {I) fi(.t) . 
r~e Q; •. r 1 ~1.<1 - KRaCCbl CRa6ol1 SI:CB.IfBaReHTHOCT.If (He 06H3aTeRbH.O paa-

w_ ~ . 

RH'lHUe), o<K - HH~eJ:Cc noene,llOBaTeRbHOCT.If .1'!3 Knaeea fl w • BBe~eM WYHK...; 

uro . 
d (Q;(i) Q;' (.'/.)) = z.nt 1Vf II 'Y~''o(~- 'f ~~J"".t II== in.f w.r ll'~'~''o(~ 'f~.!)"'.J_/1. · · 

'WJ 1lf o<
1 

jf=J. J J rX.IIjtJ J J .(7.3.2) . 
MoxHo ripoBepHTD; TITO sTa WYHK~.IfH HBRHeTcH nceB,llOMeTp.l'lKOl1 (rn.2,.§ 9) 
Ha MHOXeCTBe ru, KRaCeOB ena6ol1 SKB.IfBaReHTHOeT.If. O~HaKO ci He HBRHeT
.CHMeTp.l'lKOi1: B03MOEHO,c.{(g-~> €f:r.VJ=0, HO L [1-l('f-'~1!"'1 'f.(JJot.t)jj 

t:r<il {1"(:) jE:] • J J d 
He CXO~.IfTCH 1 T.e. ~'W i= ~11/ • 

KaK 06U'lH0 1 llCeB,llOM~Tp.I'!Ka cL pa36.1fBaeT MHOReCTBO rw Ha KRaCeU • 

3KB.IfBaReHTHOCT.If. HaaoBeM sTy SKBHBaReHTHOeTb ynbTpacna6o~. TaKHM o6-
paa?M• ,2 , · <4) · <.V 1 
f!~H {JW YRDTpacna6o SKB.IfBaReHTHhl, eCR.If .If TORbi:CO eCR.If d(rJurJ (.J_w;= 0 • 

. {7.3.3) 
0603Ha'l.lfM fiEu.w:::: GE'u..w[Q:,.,-]KRaCe ,YRbTpaena6oti 3KB.IfBaReHTHOCT.If 1 r<Lw 
MHOReCTBO yKa3aHHUX KRaeeOB 1 

lw ((J;uw) ==[ gw E- rw ; (!~ c gu..l.<f}) 

:Je!Juw = ED . Jfr!w 
. rJ.,.,.E- rur((J ... w) 

- ynbTpaena6o HenonHoe TeHaopHoe npoHaBe,lleH.Ife. llp.l'l aToM 

Ha MHoxecTBe luw 
lleTp.I'!Ky: 

Jf_ ® = E!) Je ftu. ur 
c;rlt 111 E- rlt 10 

J:CnaeeoB yRbTpacna6ol1 aKBHBaneHTHOCTH. d 

(7.3.4) 

(7.3.5) 

. (7 .3.6) 

nopox;z(aeT 

d. ( ~~~~) a~~ J == d (r.i (I) g ( J)) (K} (K) . · · 

Q;ur c (Ju111' K ~ {,rfl. (7.3.7) I&UfJ w , 

llpe~CTaB.IfM yCROB.Ife ynTpaena6ol1 SI:CB.IfBaReHTHOCT.If (7.3.3) B ,llpyroM 
B~e. HanOIIHHM,:'lTO llO,llMHOXeCTBO MHO~eeTBa Ha3b!BaeTCH I:COHWRH.IfTHb!M 1 

·ecnH ero ~ononHeHHe WHH.IfTHO. 06oaHa'lHM ~ = { G- c 1: G-- KOHWHHHTHO} 
ceue~cTBO Beex KOHW.IfHHTHb!X no~MHOReCTB MHORecTBa HH~eKcoB·J. Ha MHO-: 

~ . . r II > G' G-. '' G' JlteCTBe .J . 3~~.1fM HanpaBReH.Ife ~ : u- - SKB.IfBaReHTHO C . 1 

TaJ:C '!TO !J - HanpaBReHHOe MHOReCTBO. 0603Ha'l.lfM 

m~ I ~ ~ oo w PG = .~fJ 1-IC"J 1 'Y
1
- JI\J £\f'., jt:J}f@;w 1 r.==-~:l. (7.3.8) 

J tG I 
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i· 
I 

' ,. 

. I!OCKOJI:&Ky ,11JIH e,11HHliqHbiX EeKTOpOB 'f'' 1 'f 11 

II 'l''- 'f"fl == ff [t- w..p [('~-~ 'f"JI] 11: 

r,11e ('¥~ -¥")= e'-f' IC'I'~ 'l''~l, noJiyqaeu 

d ((J''1 
g{ll) J = in_t ~ ff [t -I('+'~~'~· 'f' ~.vc<.:-; I] l/3.. 

1Af J 711 .x, jE J . d ! 

( onep~HH z:; IT03BOJIHeT CIIHTaT:& lffi j3 ~ f ) • I!OSTOMy 

(7.3.9) 

(7.3.10) 

· ct) (.'ll) 0 · t_ <1WlJ 0 
d.(gw-> fJ.., ~ ,aKEHEaJieHTHO G/Y PG- = · (7.3.II) 

Tenep:& ecTeCTEeHHO Onpe,11eJIHT:& MaKpOCKOITHI!eCKH pa3JIHqHue COCTOH
HHH KaK COCTOHHHH, OTHOCH~HeCH K pa3JIHqHUM yJI:&TpacJia6o HeiTOJIHULI TeH-
30pHHM npOH3Ee,11eHHHM Je~~71f • B CaMOM ,11eJie, COCTOHHHH, OTHOCHmHeCH ~ 
0,11HOMy H TOMy lite Je E!:u..w , He OTJIHqaiOTCH Ha MaKpOCKOfiHqecKOM ypOEHe B 
CJie,11yiO~eM CMhlCJie: C JII060H CTeneH:&IO TOqHOCTH MOlltHO cqHTaT:&

1 
qTO ,11JIH 

HHX pa3JIHIIaiOTC!l COCTOHHHH TOJI:&KO KOHeiiHOrO IIHCJia CTeneHeH CB060,11hl. o. -- (f)(ll) 

,lleHCTBHTeJI:&Ho, ~ P G- = 0 oaHaiiaeT, liTO .IIJIH Kallt.I~Oro E > 0 cy~e-
CTEyeTGE-~ 'TaKoe, liTO /f-(('lj'~) -rr)l( <E.J J E- G • .l!JIH co-. 
CTOHHHH lite 1 OTHOCH~HXCH K pa3JIHIIlihlM df €f:u..ur 1 pa3JIHIIaiOTCH COCTOHHHH 
6eCKOHeqHoro IIHCJia CTeneHeH CE060,11U. 

TaKHM o6pa30M 1 MaKpOCKOfiHqecKaH HeSKBHEaJieHTHOCT:& COCTOHHHH onpe
,11eJIHeTCH KaK yJI:&TpaCJia6aH He3KBHEaJieHTHOCT:&. 

MHOllteCTBO KJI§9COB MaKpOCKOITHIIeCKH pa3JIHqHbiX COCTOHHHH ecT:& ~ur 
- " HaH,11eM MO~HOCT:& ~~711 STOro MHOllteCTEa. IlycT:& x' ~ ::t..o' :1 ~ :t. !:: X • Ilo-

CKOJI:&Ky .xX'==(:J.Xo).X' = ~.Xo·X' =:t.:i..' 'HMeeT MeCTO cx?'JX'=i!:X' 
npu I2 ~ .X" ==. X, X'~ Xo • Ilycu Kallt.I~Oe Jej cenapa6eJI:&Ho. Tor,lla B 

BeKTOp-npOH3Be,lleHHHj~J~ Kallt,11hlH BeKTOp ~ LIOllteT 6UT:&=Bhl6paH [e MeHee 
qeu .l!EYMH H He 6oJiee qeu X x0 =-X cnoco6aMH~ IloaTouy luw = fl.J • B 
IIaCTHOCTH, E CJiyiiae CIIeTI;IOro MHOllteCTBa CTeneHeH CE060,11U ru..w HMeeT 
MO~HOCT:& KOHTHHyyMa. 

§ 4. OrPAHWlEHHbiE ,lll1HAMVJqECKVIE IIEPEMEHHbiE 

B ·cJiyqae CHCTeMU C KOHeqHUM qHCJIOM CTeneHeH CE060,llhl MHOllteCTBO 
orpaHHqeHHhiX ,llHHaMuqecKHX nepeueHHhiX ~ ecT:& MHOllteCTEO J3(Jes)orpa
HHIIeHHhiX JIHHeHHbiX OnepaTOpOE Ha cenapa6eJI:&HOM'rHJI:&6epTOEOM npOCTpaH
CTBe J£5 • B CJiyqae CHCTeMU C 6eCKOHeiiHUM qHCJIOM CTeneHeH CE060,llhl. 
ITOJIOllteHHe HHOe: MHOllteCTEO orpaHuqeHHbiX ,llHHaMHqecKHX nepeMeHHbiX HEJIH
eTCH co6cTneHHUM ITO.llMHOlltecTEOM MHallteCTEa P/3(Jf0 ) orpaHHqeHHhiX JIHHen
HhiX onepaTOpOB Ha Je ® • 8TO CBH3aHO C TeM, qTO ,11HHaMHqecKHe nepeMeH-

\HUe CHCTeMU CO MHOrHMH CTeneHHMH CB060,llhl CTpOHTCH H3 ,llHHaMHqeCKHX ne
peMel;ll;lbiX OT.lleJI:&HhiX cTeneHeH cno6o,llu nyTeM anre6pauqecKoro npo!lecca H 
npoJ:lecca nonoJI~;~e~;~uH /6I/. 

Bl3e,11eM orpaHHIIe~;~~;~un onepaTop-npouaBe,lle~;~ue 1;1a Je & 

B®C = .® Bj .) Bj E J3j (df.j).; (7.4.I) 
IE J 0 
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,11eHCTl3He KOTOporo 1;1a EeKTOp-npOH3l3e,llei;IHe (7.2.4).3a,11aeTCH corJiaCI;IO 

BGIC ®C 'Y = ® B· '1': • (7 4. 2) Jt-J J J •• 

. I! pH STOLl f B.;'/';> j E-Jj - C -ITOCJie,1IOEaTeJI:&HOCT:& •. ]{Mee BBe,lleM mmeHHOe 
npocTpaHCTB0 1 nopOllt,11eHHOe onepaTbpaMH (7.4.I), H ITOITOJIHHM era OTHO
CHTeJI:&HO CJia6oH onepaTOpHOH TOITOJIOrHH 1 T.e. pal3HOMepHOH TOITOJIOrHH 

(rn.2, § 9), nopOllt,11eHHOH ceMeHCTl30M·ncel3,110MeTpi4K . . 
d ®(B® B®)= j(Y 0 [B0 -BsjY01l Y®EJe. 0 B3 

E J3 ®r;;e_®). · <7 •4 ·3> ':!:' 0 ~ ) I ~ I ) ) 1,2. . ur 
06oaHaquu nonyqa10meecH npH aToM MHoxecTBO onepaTopoB j3 . 

B cnyqae, KOr,lla J .KoHeqHo, J31JJ = J3 ® -/6I/. B CJiy~Iae 6ecitoHeqHo- • 
1Af • • 

ro J 3TO COOTHOIDeHHe HapymaeTCH! .f:J ~ J3 ® • 

Kallt.llhlH onepaTop B w f J3w KOMMyTHpyeT c Kallt,11hlM waaOBhlM onepaTopoM 
®C . 

U <f (7.2.I4): 

Bv.Ju ®c u®c w o If - · B = . (7 .4.4 > 
lf ' 

§ 5. ~l1HV!THbiE ]{l1HAMWIECKV!E llEPEMEHHbiE 

BBe.I~eM onepaTop 

®C f B B . B == lfJ j ) j =- Ij ,11JIH J t-G E & ~ (7.5.I) 

B®cf .-a ur oqeJ3H,11H0
1 

~ 3~ • ,llanee l3l30,11HM JIHHellHOe npOCTpaHCTl30 1 nopOllt,11eH-

HOe onepaTopaMH. BH.lla (7.5.I), H nononHHeM era oTHOCHTeJI:&Ho cna6ofi . 
onepaTOpHon TOITOJIOrHH •. CJie,11yH /6I/, o603Haq!4M nony'iaiO~eeCH MHOllteCTBO 

. onepaTopoB $3'"' • OnepaTopu B* E- $# 6y,11eu Haaunau il>HHHTHUMH . (~oH 
HenuaH aToT TepuHH He BB0.1114JI.) · 

Kallt,110e HeiTOJIHOe TeH30pHpe np0!43l3e,lleHHe J£~ HHBapHaHTHO OTHOCH-

TeJI:&HO MHOllteCTBa qJHHHTHUX onepaTOpOB /6I/: 

B* Je~ c J£~, B*t- .53#_; .:8# Jee = Jtr§; g t- r. (7.5.2) 

8TO xapaKTepHCTHqecKoe CEOHCTBO ilJHHHTHUX onepaTOpOB. 

§ 6. TOIIOJIOr!.ffi B MHOIECTBE 'KJIACCOB SKB!tlliAJIEHTHOCTU r (([ur) 
liMeH l3 l314.11Y ITOCJie,11yiOmee npHMeHeHHe npHHJ:lHITa HtlnpepU:BHOCTH BepOHT':'" 

HOCTH
1 

l3Be,11eK TOITOJIOrHIO l3 MHOllteCTBe r(gw) (7~2..II) •. Kallt.IIOKY (J f. r(€fw) 
KOZHO l33aHKH0':'"0.11H03HaqHO COITOCTaBHT~ qJa30l3YIO ITOCJie,llOBaTeJI:&HOCT:& 
'f = £ 'Pj, J E J} If. a aT eM BBeCTH TOITOJIOrHIO l3 MHOllteCTBe yKa3aHHbiX ITO-

CJie,110l3aTeJI:&HOCTeH . 

<? = [ 'f: <f ~ €I}; (7 .6.1) 
- 0 

Ba6epeM HeKOTOpOe (J (: r(g'ul) H ITOJI0llti4M 

('f= 0) == £ lf'i = 0, j EcJ} ..--. _U
0
®c = l ®. (7.6.2.} 
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Tenep1> 

g ~ tp .- u ®C u ®C 7/Jr!w €Jo- '1D@:1JJ.(J: 
<p> <p(JL -(JL • (7.6.3) 

OCioaHa'!HM 

d(lf~iJ lf~~'J·== mi.rt[f'f.(IJ_cp~~~/ .iliT-I'f:iJ_ lf.c./1)11 
J' I · 4 J ) c1 J j 

. . 
JierKo npoBepnn BblllOJIHeHne HepaBeHCTBa TpeyroJil>HHKa 

(7 .6.4) 

d(<p.co £P.(3)) ~ ci.(£P~tJ tp_{~J) + d(lf.c.'l]"lf.c3J). 
J J d d ' J · J 1 1 (7 .6.5) 

TOllOJIOrHJO B MHOllteCTBe P BBO,l\HM C llOMOIIIl>IO Ciaa OKpeCTHOCTeH TO'!eK 

[{('f)=[ <(I': cymecTByeT G-E~ TaKoe, '!TO ~ d.(lf/, ~·)<E}. (7.6.6) 
• JtG 

MOlltHO npoBepHTl>, 'ITO YCJIOBHH ,ll;J!H Ciaabl OKpeCTHOCTeH TO'!KH·BblllOJ!HHIOTCH. 
OCioaHa'!HM 

I co, c.'lJ d ( l.f(i) 'f c.'lJ) 
G = ~ i ' t · (7 .6. 7) 

JE G . 
BBe,n;eM llOHHTHe KOHWHHHTHOH 3KBHBaJieHTHOCTH waaOBUX llOCJie,l\oBaTeJI:bHOC-

(1) c:J o ... _ co,uv 0 Ten: <f' n If KOHWHHHTHO-aKBHBaJieHTHbl, ecJIH n TOJil>Ko ecJin ~ r G- = .• 
~ Gt~ 

OCioaua'!nM -r :J =cpa- ('I') KJiacc KOHWHHHTHOH SKBHBaJieHTHOCTH, fj 
MHOJ!teCTBO yKaaaHHhlX KJiaCCOB. MeTO,ll;OM /61/ HeTpy,l\HO ycTaHOBHT:b 

= J 
fff = ,2_ • (7 .6.8) 

IlycT:b 'f'E <P1 • Tor,11a Plf c L{ (lf} ,n;JIH KaJK,l\oro E> 0 • TaKHM oCipaaoM, 
BO BBe,n;eHHOll TOllOJIOrnn TO'!KH llpOCTpaHCTBa p , llpHHa,l\JielltamHe 0,1\HOMy 

H TOMy lite 9?1 , HeOT,ll;eJIHMbi, To~KH, llpHHa,11JielltamHe paaJIH'!HbiM 9?~ , OT
,n;eJIHMbl, 

MHOJ!teCTBO ~g 3aMKHyTO KaK ,1\0llOJIHeHHe K·OCi~e,ll;HHeHHIO TeX OTKpb!TUX 
OKpeCTHOCTe£t TO'!eK lff: p, 'N <_P:J , KOTOpbie He nepeceKaiOTCH C p~ • 

TonoJiorn'!ecKoe npocTpaHCTBO r ( g-ur) roMeO!lOPWHO npocTpaHCTBy cp -
corJiacuo (7.6.3). 

§ 7. HEIIPEPI:ffiHAH BEPOHTHOCTHAH MEPA B IIPOCTPAHCTBE r{ rJ u1) 
IlyCT:b p - CiopeJieBCKaH BepOHTHOCTHaH Mepa ( rJI.2, § 2) B TOllOJIO

rn'!eCKOM llpOCTpaHCTBe cp H, TeM CaMbiM 1 - B r ( {[1JI) • MHOJ!teCTBa 1[, f. r; t 

Ciy,l\y'!H 3aMKHyTbiMH 1 H3MepHMbl. Pa3JIH'!Hble MHOJ!teCTBa cp<'f He nepeceKaiOT-' 

Cfl: <P; ncr; = ¢ npH 'f'j * cp;' • PacCMOTpHM ~ ('t'} • U: <P1 • 
0KpecTHOCT1> C'c (<f) co.n;epJKHT ':P1 n, KaK HeTpy,n;Ho ycTaHOBHTl> c noMOIIIl>JO 
MeTO,l\a /61/, CieCKOHe'!HOe MHOllteCTBO ,n;pyrHX ~; • 3TO cnpaBe,l\JIHBO llpH 
JIIOCioM E > 0 • Ilc aToMy HaJIOlltHB Ha Mepy P ycJIOBHe HHWHHHTe3HMaJI1>Ho£t 
Henpep!lBHOCTH (rJI.2, § 2), llOJIY'!HM P(Py.)= 0, cp3 ~ r,. 0,1\HOTO
'le'!Hoe MHOJ!teCTBO ( ":} C p:J , ll03TOMy 
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·' 

P(lcrJ) =:o 0 J 'fr: 1', . (7.7.1) 

BllOJIHe HenpepbiBHaH BepOHTHOCTHaH Mepa O,ll;HOTO'!e'!HOro MHOllteCTBa B 
npocTpaHCTBe 1? paBHa uyJIIO. 3aueTHM, '!TO cymecTBOBaHne BllOJIHe Henpe
pb!BH0£1 BepOHTHOCTHOH Mepb! B npocTpaHCTBe- 1? B03MOJ!tHO llOTOMy, '!TO 
BBH.n;y (7 .6.8) ~ ~ Y.. npH J ~ .X 0 • . 

~J!H npOCTpaHCTBa r(gw) COOTHOllieHHe (7.7.1) llpHHHMaeT BH,ll; 

P(f@'J)=OJ Q;E:r(<!rwJ· (7.7.2) 

§ 8. HEKOrEPEHTHOCTb PA3JI~~ax HEIIOJIH~X TEH30PHax ITPO~SB~EH~ 
llpo6JieMa KOrepeHTHOCTH COCTOf!HHli, OllHCiliBaeMh!X BeKTopaMH ':V ®(I) 

'f ®C./1) E 'Jf. ® t eCT:b, B ,n;pyrHX TepMHHax, npo6JI8Ma CBfi3HOCTH COCTOf!-
HHH, OllHCUBaeMoro cynepn03HQHe£l 

'f® = CC1)':f®(i) + CC£)':f®(~} 
. . (7.8.1) 

IlyCTl>, KaK OCibi'!H0 1 Wy® = ( ':J! ~. 'f ®) - COCTOf!HHe C aMllJ!HTy,n;o£t 

~® • HecBH3HOCT1> cocTOHHHH, onHCh!BaeMoro cynepnoannnen (7.8.1), 
03Ha'!aeT, '!TO 

wy® 
.:/. (~) .2. 

= I c (t) I w"i'" ®(If + I c · I w'Y ®(.z> (7 .8.2) 

T.e: '!TO B ai':f'® oTcyTCTBYIOT, HHTePWepeHUHOHHhle '!JieHhl (rJI.1, § 5). 
PaCCMOTpHM cynepll03HUHIO BeKTOpOB, OTHOCfiiiiHXCfl K pa3JIH'!HUM HellOJI-

Hb!M TeH30pHhiM llpOH3Be,118HHf!M 1 
. . (Q (J) 

'±'" 181 ==- c (1J '±:'" g- + cc~J 'Y I! , (1) (~) ~ '10rf 
g =F@; , ':f' E c/1.- • (7.8.3) 

BBn,n;y (7.2.10) BeKTOp (7.8.3) MOlKHO aanncaTb B BH,ll;e 

Qll I 11"(1) 1/ l'f"(~) 
'f = C Ul'-1! @:w <.::'> + C C.J.)'f' g,., e-, Q'u~ Q:(JJ '_VGfw (J t- '10(!U! (!; (7 .8.4) · 

' !TL ) 

It', IT''' rr' ,, r,11e ,1\0llyCKaeTCH KaK ~ Ul =f: ~'lif• ,t TaR H \BI W' = {;[ uJ 

PaccMoTpHM cpe,11uee auaqeune 

wo/® (B ®) .= ('Y~ B ~ '[' 0 
), (7.8.5) 

® .. . ® til®( '10 ®) 
r,n;e ":V aa,n;aeTcH BhlpaJKeHHeM (7. 8.4), B E- :f:J 111. · • (8,n;ec1> 

HeT He06XO,ll;HMOCTH orpaHH'!HBaT:bCfl MHOJ!t8CTBOM JOU!). BeJIH'!HHY (7~8.5) 
· pctJ pun CJie,n;yeT ycpe,n;HHT:b no Henpepb!BHUM BepOHTHOCTHUM MepaM H B 

npocTpaHCTBax r ( (;[~) H r ( Q;~) .COOTBeTCTBeHHO. YKa3aHHble npocTpaH
CTBa MoryT, B '!aCTHOCTH, COBna,n;aT:b, ~OCTaTO'!HO yqecT:b O,ll;HO ycpe,11H8-
HHe. nJ!fl HHTePWepeHUHOHHOro '!JieHa llOJiyqaeM BUpallteHHe 
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s p {I) ( d<J (I)) ('Y cg-~ <J(') B ® :J_Tf!::., @,(.2)) • 

. ' {7.8.6) 

~OKa3aTe~bCTBO paBeHCTBa 3TOro BUpaieHHff Hy~ID aH~OrnqHO ~OKa3aTe~b-
i!' r;J;<tJ fl) I ) CTBY COOTHOilleHHff (2 .12 .8), Pa3m1qHue BeKTOpU 'Y ur c;} f f ( (iJ w no-

~ If <:t.) napHo opToroHa~bHu. TioaToMy CK~HpHoe nponaBe~eHne BeKTopa B181 'Ye:r..,g gt ~(I) 

Ha BeKTOpU 'fT 14 
· OT~HqHo OT HY~ff He 6o~ee qeu ~~ff cqeTHOrO MHO-

~eCTBa noc~e~HHX, Ho Mepa TaKoro MHO~eCTBa, BBH~y (7.7,2), paBHa Hy
~ID. TaKnM o6paaoM, Bup~eHne (7.8.6) paBHO HY~ID. 

8TOT peay~bTaT crrpaBe~~llB ~~ff ~ID60M BnO~He HeripepHBHOM BepOHT
HOCTHOll Mepu, qTo oaHaqaeT HeycTpaHnMOCTb ycpe~HeHna. PaBeHCTBo HY~ID 

- B® HHTePWepeH~llOHHoro q~eHa ~na rrponaBO~bHoro onepaTopa oaHaqaeT 
HeCBff3HOCTb COCTOffHHff, OnHCUBaeMOrO BeKTOpOM (7.8,4), 

TaKnM o6paaoM, paa~nqHue Heno~Hue TeHaopHue nponaBe~eHna Je~ no-
napHo HeKorepeHTHH, <f , g: g" 

113 COOTHOilleHllll ( 7.4 .4) ll U: c. Jf. 7JJ (J' = Jf.. • w C yqeTOM 
®C ~ 

YHllTapHOCTH U <f' C~e~yeT, qTo paa~nqHHe Jf_ , OTHOCffllllleCH K O~HOMy 
ll TOMy ~e Q;'UJ , qmanqecKH 3KBllBa~eHTHH: 

(o/crw~'' Bur'Y.!$,.(1;") =(U®c.Y,<_gw€f' Bwif®cYo@:wc:!:')= 
1 ) .[2 <p 1 J <f' J. 

=('fg'"~,riJ'·(U®c)!t-Bw U®c 'f:Gfwfr')::::. 
1 ) 'f 'P .Q 

= (\Jf g., g' B w 'f: g"' rJ' ) 
lj ) il • 

(7.8.7) 
r; DTCID~a, c yqeToM HeKorepeHTHOCTH paa~nqHux J£ , c~e~yeT, qro c ' 

WH3nqeCKOll TOqKH 3peHllff K~acc ~w npe~CTaB~eH O~HHM H3 K~aCCOB 
g c €tw • 

§ 9. <llHHHTHOCTb ~HHAMWIECKllX TIEPEMEHH!ll 

HeKorepeHTHOCTb paa~nqHux Heno~Hux TeH30pHux nponaBe~eHnil Jl~ 
o6yc~o~eHHaH HeycrpaHHMUM ycpe~HeHneu, oaHaqaeT, qTo c yqeTOM yKaaaH
Horo ycpe~HeHnH B KaqecTBe orpaHnqeHHHX ~nHaMnqecKnx nepeueHHux c~e
~yer paCCMaTpHBaTb TO~bKO onepaTOpH, OTHOCHTe~.bHO KOTOpUX Je€' HH
BapnaHTHH, r.e., BB~y (7.5.2), WHHHTHue oneparopu. 

Ilo~yqHM 3TOT peay~·bTaT ellle O~HHM nyTeM
1 

a HMeHHO nOKilllteM, qTO 
UeycrpaHHMOe ycpe~HeHne npHBO~HT K o6p~eHHID B HY~b MaTpnqHUX S~eMeH-,. . .. w 
TOB HeWHHHTHoro oneparopa B . Paccuorpnu uarpHqHuit s~eMeHT 

(o/®(~J Bur'f0(1J )) y0UJ,(.2JE- Jf. ~ Bl<TE J!JW: 
(7.9.1) 

® MHOllteCTBO BeKTOpOB Bll~a (7.2,5) ffB~ffeTCff BCID~y MOT.HUM B Je 
1 

a . . 
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MHOXeCTBO ~HHeHHUX KOM6HHa~Hll oneparop-npOH3Be~eHHH ~7.4,1) BCID~y 
n~OTHO B $;)~ 1 n03TOMY MO~HO orpaHHqHTbCff MaTpHqHUMH a~eMeHTaMH 

(-r- ®C(.2) B ®C 'Y ®C(I') = .n C'+'~-2~ B· r.u'). 
J . cf<=l d J J 

(7.9.2) 

BBe~eu o6oaHaqeHHH 

i!. = ( 'Y. (.!J B. 'f.uJ) 
J J) J J. ) 

~ ==-[Z.;J j f:J}) nc~> = n z.j .~ 
. j E-J 

(7.9.3) 

TaKHM 06pa30M 0 ~ - noc~e~OBaTe~bHOCTb 0 n(r) - COOTBeTCTBYIDillHll MaT
pnqHUH S~eMeHT. 0603HaqHM ;i 00 

MHOXeCTBO BCeX noc~e~OBaTe~bHOCTeil, 
o6~~aiDillHX c~e~yiDillHM cBoitcrBou: cyllleCTBYIDT E = E<~J> 0 n G = G<c-) f .Y 
TaKHe' qro I ('·v,r; B j rt')- ( I > E. J '> = I,:!..) ~~H Kai~oro i E- G 
PaccuorpeHne Y:HOlltecTBa J:. 00 HCK~IDllaer cilyqafi B; = I; ~~H J t:- G E ~ , 

r.e. c~yqail WHHHTHoro oneparopa.· BBe~eu rono~orHID B MHOlltecrBe ~~ 
C nOMOillbiD 6a3 OKpeCTHOCTeH roqeK 

Q.(t)=[z': cyl!leCTByer G E ~, raKoe, qro ~ I cj- 2j I< E J . (7 .9.4) 
c • JE G 

8Ta TOnO~OrHH aH~OrHqHa BBe~eHHOH B § 6, 
~~H noc~e~oBarenbHOCTH z o> = I z.i = f, j E J } 

n (,~.Ctl)"" f • Ila·c~e~OBaTe~bHOCTb Z. 1 ~~H KOTOpOH 
3KBHB~8HTHa noc~e~OBaTe~bHOCTH i!Ct) 

uarpnqHuit s~eueHT 
n(~J# 0 , KOH~HHHTHO 

t.m -MLP I Z; - 2 r' I = 0 npH . n zj f:. 0 : ( 7. 9 • 5) . 
GE~ jEG JE:J 

TaKHM o6paaou, noc~e~oBare~bHOCTH; ~~H Koropb!X uarpnqHue s~eweHTH 
OT~HqHU OT HY~H, npHH~~elltaT K~accy KOH~llHHTHOH 3KBHBa~eHTHOCTH 

':I "" - ":1 00 [ (1) J celt - pe3' z. • 
Bno~He HenpepHBHaH 6ope~eBcKaH BepoHTHOCTHaH uepaP Ha paccuar-

pH:ilaeuou TOnO~OrHti8CKOM npocrpaHCTBe :J- 00 
06~~aeT CBOHCTBOM 

P ( .1;) == 0 • OrciD~a BepoHTHOCTb roro, qro uarpnqHail s~eueHT 
OT~nqeH OT Hy~H, paBHa HY~ID: P.(f z: n (~) ~ 0}) = 0 • Ycpe~-
HeHHe uarpnqHoro s~eueHra ·n(z) (7.9.3) no raxoil uepe ~aer HY~b. 
8TO 08Haqaer, qro C wnanqeCKOH roqKH apeHHH HeWHHHTHHH oneparop 
paBeH HY~ID. . 

Tew CaMHM, MHOllteCTBOM wnanqecKnx orpaHHqeHHHX ~nHaunqecKnx'nepe-
rr># . 

ueHHux HB~HeTCH MHOllteCTBO :f"J WHHHTHux oneparopoB. . r:t 
0TCD~a, B CBOID oqepe~b 1 c~e~yeT HeKorepeHTHOCTb paa~nqHux·Je 

§ 10 •. HEKOI'EPEHTHOCTb MAKPOCKOIIWIECKH PASJIWIH!ll COCTOHHill! 
COCTOHHHH 1 OnHCHBaeuue BeKTOpaMH H8 paa~HqHHX Jfg'llf H1 T8M 60-

~ee, Ha paa~H-imux Je€bu:w , coorBeT~TBYIDT paa~nqHau ;;ecr. H nosrouy 
HeKorepeHTHH. Taxnu o6pasou, MaKpocKonnqecKH paa~nqHue cocTOHHHH He-
KorepeHTHhl • 
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8TOT pe3yRbTaT OCHOBaH Ha OIIpe~eReHHH MaKpOCKOTIHqecKon CHCTeMH 
KaK CHCTeMH C 6eCKOHeqHUM qHCROM CTeTieHew CB060~U. Ho yqeT Taro, qTO 
B RJ060M peaRbHOM OTIUTe lj)HrypupyeT He d.:., a .£1-ycpe~HeHHe, IIpHBO~HT 
K BUBO~y 0 npaKTHqeCKOM Hcqe3HOBeHHH MaKpOCKOTIHqecKoi:t KorepeHTHOCTH 
B cnyqae CH~eMU C KOHeqHUM, HO ~OCTaTQqHQ 60RblliHM qHCROM CTeTieHeil 

CB060~hl n = J • 3~ec:o HMeeTCH B BH~y L1 -ycpe~HeHHe ~RH Ka.Jlt~Oll CTeiieHH 
CB06o~u, HarrpuMep, THIIa ycpe~HeHHH B (7.2.3). Paanuque cnyqaeB n=oo 
H n » f aHMOrHqHQ pa3R.I1ql'IIO H~eM:OHOro .11 peM:OHOro O!Ib!TOB llJTepHa
repJiaxa - C TeM, O~HaKo, cymeCTBeHHbiM OTRHqHeM, _qTO CJiyqafi n= oo CaM 
rro ce6e peaneH. 

Ecn.11 paccMaTpHBan rrpe~en:oHuil rrepexo~ n-> 00 ~o rrepexo.n;a OT L1 -
ycpe~HeHHH K cf-ycpe~HeHHID, TO BUBO~ 0 HeKorepeHTHOCTH MaKpOCKOIIH
qecKH pa3RHqHb!X COCTOHHHn C!IpaBe~RHB B cnyqae It__, oo • 

§ II. 0 nKHAMMKE CMCTEM C EECKOHEqH~M qMCHOM CTEITEH~ CBOEOn~ 
0cTaHOBHMCH Ha HeKOTOPb!X.OC06eHHOCTHX ~HHaMHKH CHCTeM C 6eCKOHeq

HbiM qHCROM CTeiieHeil CB060~bl. nHHaMHKa OIIpe.n;eJIHeTCH CHMMeTpHHMH, KOTO-
pb!M B 06II!eM CJiyqae COOTBeTCTBYIDT IIpeo6pa30BaHHH Ha BCeM Je ® t a 

He TOR:OKO Ha OT~eR:OHb!X J£ (§: • 8TO o6yCROBReHO TeM, qTo !IpH !IOCTpoe-
HHH .l(HHaMHKH CHMMeTpHH BBO~HTCH ~0 ycpe~HeHHH. TaKHM o6pa30M, ~HHaMH
Ka .l(OIIYCKaeT rrepexo~bl Me~~y COCTOHHHHMH, COOTBeTCTBYIDII!HMH pa3R.I1qHbiM 
KJiaCCaM CJia6ofi.3KBHBaJieHTHOCTH, .11 1 B qaCTHOCTH, Me~~y pa3JIHqHbiMH KJiaC-
CaMH YJI:OTpacJia6ofi 3KBHBaJieHTHOCT.I1 (!; ~lif t T. e • MeJK~y MaKpOCKOIIHqecKH 
pa3JIHqHbiMH COCTOHHHHMH. B CJiyqae yKa3aHHh!X rrepexo~OB HH~eTepMHHHpO
BaHHOCT:o· B03HHKaeT ~a~e 6ea yqeTa ycpe~HeHHH IIO BpeMeHH. IlocJie~Hee 
cymecTBeHHo .n;nH HH~eTepMHHHpOBaHHOCTH, B03HHKaromen BHYTPH ~ 

KaK IIQ~qepKHBaJIOC:O, HerrpepUBHOe B03paCTaHHe HH~eTepMHHHpOBaHHOCTH 
BO BpeMeHH, paCCMOTpeHHOe B rn.6, §§ 7,8, o6ycROBJieHO OTCYTCTBHeM 
rpyrrrroBoro CBOHCTBa y CeMeHCTBa CHMMeTpHll L st : f E: Jl} • 8To CBH-

3aHo c cymecTBeHHocnro cf -ycpe.n;HeHHH rro BpeMeHH. B cnyqae 6ecKoHeq
Horo qucna cTerreHeil.cBo6o~u rronoJKeHue ~en MeHHeTcH: rpynrroBoe cBoil
CTBo CeMeHCTBa CIIMMeTpHH He !IpeiiHTCTByeT Herrpepb!BHOMY B03pacTaHHID 
HH.l(eTepMHHHpOBaHHOCTH BO BpeMeHH. 

HecKon:oKo cnoB o TaK HaauBaeMoil TerrnoBoil CMepTH Bcene~Hoil. C lj)H-. 
3.11qeCKOH TQqKH .apeHHH peq:o H~eT 0 paBHOBeCHOM COCTOHHHH CHCTeMbl C 
6eCKOHeqHbiM qHCJIOM CTeiieHeil CB060~bl. PaBHOBeCHOe COCTOHHHe IIpOH3BORb
HOH CHCTeMH OIIHCaHO B rn.6, § 6 H HMeeT B~ (6.6.2) 

We== 5 u.:e ( E(ci.:x: .. )) Wx. · (7.II.I) 

B CJiyqae CHCTeMK C 6eCKOHeqHbiM qHCROM CTeiieHeil CB060~bl MHO~eCTBO CO-
CTOHHHH { W::r. ; X E iUf1J We (E)} BMIDqaeT MaKpOCKOIIHqecKH pa3JI.I1qHble 
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cocTOHHHH. GornacHo BepoHTHOCTHon HHTeprrpeTaquu lj)opMynu (7 .ILI)~ cuc
TeMa coBepmaeT HH.l(eTepMHHHpoBaHHble (Herrpe~cKaayeMble) rrepexo.n;u MeJK~Y 
TaKHMH COCTOHHHHMH. IlpH 3TOM, BBH.l(y !IpHH!lHIIa HerrpepblilHOCTH BepOHT
HOCTH, BepOHTHOCTb Taro, qTO COCTOHHHe !IpHHa.l(ReJKHT TOqHQ O!Ipe.n;eJieH
HOMY Knaccy @;IL?ff E- I:w- t paBHa HyRID, T.e. TaKOe COCTOHHHe HepeMH
ayeMO. BpH,11; RH TepMHH 11 TeiiJIOBaH CMepTb11 ?-.l(eKBaTeH TaKOll KapTHHe. 

3AKHD1!EHME 

B CBOeil CYII!HOCTH ~ID6aH KBaHTOBaH TeOpHH ,1l;OJIJKHa 6b!T:O HH~eTepMH
HHCTCKOH. XOTH OpTO.l(OKCaR:OHaH TeOpHH y.l(OBJieTBOpHeT 3TOMY YCROBHID, 
OHa HeTIOJIHa, !IOCKOR:OKy CO.l(epJKHT HH,11;eTepMHHII3M TOR:OKO B HHTeprrpeTa
JlHOHHOn qaCTH. 8TO o6yCROBReHO TeM, qTQ B OpTO~OKCM:OHOll TeOpllll Rllllib 
KOHCTaTHpyeTCH Cyll!eCTBOBaHIIe IIH~eTepMHH113Ma B peaR:OHOM MHpe, HO He 
paccMaTpHBaeTcH ero MaTeMaTHqecKaH (11 TeM caMh!M lj)uaHqecKaH) rrpupo.n;a. 
ITo 3TOH IIpHqHHe B OpTO.l(OKCM:OHOH TeOpllll KBaHTOBaH MeXaHHKa .11 CTaTIIC~ 

THqecKaH KBaHTOBaH MeXaHIIKa cymeCTBYIDT.B 3HaqiiTeR:OHOH Mepe He3aBIICII
MO .n;pyr·OT .n;pyra, XOTH ecTeCTBeHHO ~yMaT:o, qTQ Hanuqlle BepOHTHOCTHOi:t 
IIHTepnpeTaqHII .l(OJIJKHO Hepa3pb!BHO CBH3h!BaTb HX. 

llMeHHO TaK 06CTOHT .n;eno B HH.l(eTepMIIHIICTC!Wll ,11;11HaMIIKe, KOTOpyiD 
MOJKHO 6b!RO 6bl Ha3BaT:o TeOpHei:t HH~eTepMHHH3Ma. Yc.TaHOBJieHHe llpllpO~bl 
.11H,11;eTepMHHH3Ma, T.e. Bbl6op a,l(eKBaTHOH MaTeMaTIIqecKoi:t MO~eJIH IIOaBO~ 
RHeT !IOCTpOHTb e.n;HHYID TeOpHID, BKJIIDqaromyro KaK KBaHTOBYID MeXaHIIKY (c 
TeOpHei:t H3MepeHHH), TaK H CTaTHC~HqecKyiD KBaHTOBYID MeXaHHKy. BKnroqe
HHe IIOCJie.n;Hei:t o6ecneqHBaeTCH TeM, qTQ .113 3aKOHa B03pacTaHHH HH~eTep
MHHHpO~aHHOCTH BUTeKaeT 3aKOH B03pacTaHHH 3HTpO!IHII, KOTOpui:t, B CBOID 
oqepe.l(bt !IpHBO~HT K KaHOHHqecKOMY pacrrpe~eJieHHID. 

3aKaHqHBaH H3ROJKeHHe, eme paa rro.n;qepKHeM, qTo MaTeMaTHqecKaH 
uo)!enb HH.n;eTepMHHH3Ma (rrpH.H!lHri HerrpepUBHOCTII BepoHTHOCTH .11 CBH3aHHoe 
C HHM 0 -ycpe.n;HeHHe) He !IpH,11;yMalia ad hoc, a HBJIHeTCH OTpallteHHeM 
CBOHCTB iJ)H3HqecKOrO KOHTHHyyua, T.e. o6~eKTHBHbiX CBOHCTB !Ip.ltpO.l(bl. 
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