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Ilpe,nHCJiomte 

"STY IIOB8CTl> Jl paCCK8Jl!Y BaM B TOM 
BH,Ite, B ROTOpoM Sl CJWmaJl 80 OT 
O,IOlOI'O 'q8JIOB8Ra, CJIHmaB1!18I'O ee 
OT CB08I'O OTIJ,ll 1 ltOTOpwt CJIH1118JI 
ee OT CBoero OTiliEl, a TOT OT 
cBoero H Trut.~e ••• " 

MapK TBeH."Ilpmm H !lHllld" 

8TH JieRmm nOCB8lll8HH pa3,1teJIY M8T8MaTHKH t HO npo'lllfTWIH H H8RHC8-
HH qiHSHROM H ~ qiHSBROB. 0CHOBHH8 IIOH.IITHJI n aIDISpaT Teopim rpyIDI JIB, 
B3B8CTHH8 B M8T8M8Tl!Ke yxe OOJiee CTOJI8TM, B noCJie,IOll!e '18TB8PTl> Be.Ka 
CHI'paJIH OOJil>IDYD po.lll, B pasBHTIDI nepe'AOBOI'O pa8'A8JI8 COBpeMeHHOtt T80-
p8Tlil'l8CKOI qiH3HKB - Teopm1 .KBaHTOBWC nOJie!. BCJie.I(cTmte 3TOI'O qiopwi
JIH3M Teopim HenpepHBHWC rpyIDI K HBCT0Jml8MY BpeMeHH npeBpaTBJICH B 
noBce,nneBHwt pa601mtt HHCTpyMeHT qiHSHRa-TeopeTBKa, pa6~T8Dll8I'O Boo
JISCTH T80pm! 'laCTHn., 

HecMOT.Pfl Ha 06:wme y-qe6Ho! JIHTepa-rypu no rpyIDiaM JIH, .B TOM 'IJJlc
Jie HaIIHCSHHO! cneUHMl>HO. ~ qiH3HKOB, CJie.zzyeT KOHCT8TH!)OB8Tl, OTCYT
CTBK8 ·n.pocToro BBO,ItHOro IcypCa B npe,JtMeT, a,npecoBaHHOI'O CTY'A8HTY 
- H8tmll8llll8MY TeopeT1uey, B yi:i:e6HOM rrJISHe KOToporo T80pml Henpepim
HWC rpynn o6wmo OTCYTCTBY8T. B 8TBX YCJIOBWOC npHXO,nHTCH 'DIIT8Tl, Ta
IQIM CTY'A8HT8M KOpoT.me BCIIOMOr8T8JibHU8 UHMH JI8KIJ:Htt, "!:TO oowmo 'A8-
Jia8TCJl TaRlle 4nlaHRSMH-TeopeTHR&m. IlpewraraeMWt y'le6HW! KYPC B03HJIK 
Ha OCHOB8 no,noOHoro KYPC8 Jie.!til;lla, H80,nHOKpaTHO 'IHTaHHOI'O 8BTOpoM 
CTy~eHTSM MaT8MaTlIKO-qB!3ll'li8CKOI'O <flaKYJil>T8Ta YHlilB8POHT8T8 HM8HB HHa 
A.Moca KoMeHCKOI'O B EpaTHCJiaBe. OKOH"iaTeJibHwt ·BaPHaHT OWI npo'IJJITaH B 
Ra'l8CTB8 JI8RnJlil ,n.lIJI MOJIO,Itl,IX ytieHWC OHml -B 1986 I'O]f3 • 

B JI8Ktn!SDC H3JlaraeTCH BBO,IOiHI KYPC no rpyIDI8M JIH. IlJIHBO,WITCH on
pe,neJieHIUI B Teope141:,1, KOTOpHe "iaCTO l!ICnOJll,SYl)TCH B T80pml .KBallTOBWC 
nOJiett. H3J10lt8Hll8 He IIP8T8JW8T Ha M8T8M8TH"l:8CKYll CTpoI'OCTl>, a ,ltOl't8-
88T8JII,CTBa HOCSIT liWillCTpaTHBHHI xapa.KTep. 

ABTop l!ICKp8HH8 IIpll8H8T8Jil,H8 B.H. OrHBBenKOMY, C.E. repac11-
MOBY, M. IleTpamy, B. Ilru!:Me sa nOJiesHUe ooc~eHlI.fl, a TaRl!te 
.n.B. IIIHpROBY sa IIpO"l:T8HH8 pyxoimCll ll MHOrO'lllCJiemrae 3aM8tta.HllJl 
liI COB8TH. ADTop Ta.ae 6J.Iaro,napHa B.A. Me!llepllltOBY sa no.n:nepuy B pa6o
T8. IlOMOlltl> B IIO,lll'OTOBK8 JI8~ oxasa.n E.H. BaJiyeB. 
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DraBa r. OCHOBH!lE IlOHHTIDI TEOPHH IPYIIlI 

§ r. Onpe.n;eJielllle rpymm 

Mli02'.ecTBO G aJieMeHTOB 9• HasHBaeTCS: rpyrmo:lt,eCJIH BHIIOJIHSmTCS: 

CJI8.IJ.Y.mnt8 YCJIOBlll[ (rpyrmoBHe 8KCKOMH): 

I) 3a,naH 3SKOH KOMII03HJd), KOTop:wt rum,n:o:lt nape 8JI8M8HTOB <J, 
H </1 H3 G CT8Bl!T B. COOTB8TCTBRe TpeT:d 8Jl8M8RT fJ Toro xe MHO-

:&eCTBS: 

'iJ, 0 CJ,_='JJ6b, (I.I) 

2) SaKOH KOMII03HIOOI o6Jra.naeT accollRSTHBHOCTJ,]): .n;JIJI JlllOWC TpeX 

8Jl8M8HTOB 9, , CJ, • CjJ H3 G BWIOJIHJi8TCR: COOTHomeHKe 

'i/1 0 ( 'ti O ?,) = ( CJ-, 0 9.) 0 CJJ • 
(I.2) 

3) B G CYllteCTBYeT e.n;mmua, T.e. TaKOit MeMeHT e , 1iTO 

eo<t=9oe =~ (I.3) 

.n;JIH JIJl6oro aJieMeHTa 9 f G 
4) JtnJI BCSIKOro 8Jl8WIHT8 'i € G 

9'6 G , T.e. TSKOI 8JI8M8HT, 11TO 

cyJ1teCTBY8T o6pa'l'Hltll BJiellBHT, 

-4 -I 
CJ O Cj=';;O't =e, (I.4) 

x)B o6meM c.ny,me MOJKHO BB8CTli OIIp8.zt8Jl8HWl TaR HS3liB88MOro ~ 
BHy;TpeHHeit KOMII03HURH Ha MHOJlt8CTB8 Ji., li 3aROHa BH8Il!H8it KOMII03HIIHll 

Ha .a . 
Onpe,neJie!Ule I 

SaKOH BHYTpeHHett KOMII03HllRll HS J,t, 8CT1> npeo6paso:amme 

f: j{ X ,,U ➔ .,M_ , 

Onpe,neJ1eHBe 2 
SaxoH BH81llH8it KOMII03HIOOI Ha J.t 8CT1> npeo6pa30B8HH8 

f . .AL X C ( .UJlU JR) - ..){, . 
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3aMe11aHH8 

AltCHOMli (I.3) H (I.4) B onpe.zteJieHHH rpymw MOlWO 3aMeHKTI, 60Jiee 

CJia6w.m. ,llOCTSTO~O Tpe60BSTJ:, CY!lleCTBOB8Hllll JieBO:lt e.itmmlll:l H JieBOro 

o6paTHOro MeMeHTa rpymm. Mo.EHO Jier.Ko llOR838Tlo, 11TO JieBWI e.itmmua 

e Jm1111eTCH Ta.Klle H npaBoit e.n;HHHueit, a JieB:wt o6paTHwt MeMeHT 

c;I' K MeMeHTY CJ e: G smJIJ18TCSI TaRXe H npaBw o6paTHliM MeMeH-

TouX>. 

0TM8Tl!M, 1iTO KOMII03HIUJJI B rpyxme He OM38T8JlloHO .KOMM,YT8THBHa. 

ECJIH lie OHS KOMfw!YTSTHBHa, T.e. eCJIH 

<J, 0 'ii = r;2 0 CJ~ 

.n;JIH Jm6IiX aneMeHTOB fl, , ~ E C . , TO rpynna H83HBaeTCSI a68JleB0'1. 

B npoTRBHoM CJIY11ae rpynna HasHBaeTCSI gea6eJieool. 

I'pynna G HasHBaeTCSI goHeqJ{oit, eCJlll oHa co,nepuT KOHeqJ{oe 

'DICJIO aneM8HTOB. B npoTHBHOM CJIY1188 rpynna b H83HB88TCSI ~ 

H8'IltOit. T/HCJIO 8JI8M8HTOB KOH811HOI rpymw Ha3HB88TCS: llODIQI.lSOM rp;yIIIIH. 

3aMe118HI!H 

I) ECJDl 'DICJIO 8JI8M8HTOB B rpyIIIIe G 6eCKOH8qJ{O, HO C118THO, TO 

rpyIIIIY HSSHBSDT 6ec1toHeqJ10A lil!CKpeTHOI rpyllIIoA, 

2) IJycu a e G , npH11eu rpyxma C KOHeqJ{a. Tor.n;a HSKMeJU,-

mee JIOJ[ODT8Jll,HOe 'DICJIO n , .n;JIH KOToporo a" = e , Ha3HBaeT-

CSI nopqROM 8JleMBHTa a, rpyIIIIH G • ECJDl a, - MeMeHT IIO.(llJ.lt-

Ra n , TO a."-k , k = -r, • • •, n npe,ltCTaB1ISDJ'l' pa3H1,18 axe-

M8HTH rpylJIIH (; • CJre,nyeT OTMeTllTlo, 'i'l'O 8CJIH a" ~a.& , TO a"-s=e, 
8 IIOCKOJII,1.ty It -s < n , IIOJJ}"Ul8TCSI DpoTKBOpe'lHe C npe.ztnOIO:&elll!leM, 
'{TO n - IIO.(llJ.lt.OK. 

3) . 31I8118HTH rpyIIIIH G JIBJJJDl'rCSI He3aBICm.ooot. 8CJD!( WI O.IO!H 

][3 HJa He MOUT 6KTI> BHp8.K8H 118.()83 ,npyrne. ECJIH Cj'llt8CT:By8T MHOlteC'l'BO 

H838BHCJOOil: 8JJ8M0HTOB, Tax '{TO .im6ol 8JJ8M8HT <j E G 11):&eT 6HTl> BH-

P8llt8H 11epe3 8JJ81f8HTH STOI'O MHO:&eCTBa, TO IIOCJI8.n;H88 aammam MHO

~CTBOY HesaBHcm.na: reuepaTQPQB rpymm G • T/HCJio am reHepaTopoB 

HasHBaeTcs: ~ rpynnw. 

X)JIOR838T9ACTBO 

I) IIycTz, el H eP - JJeBSR B npaBa.11 e.10m1ull:l rPYIIIIH G , Tor,na 

el O ep ::; ep B eL O ef's eL t OTCll,lt8 CJ!8,Dy8T, 'ITO eL. = ep• 

2) IlycT1> 'J' H r:/ - JJeBHit 11 npaBHI 06paTH1,1e axeMSHTH rPYIIIIH G , 
Or. a t I I I P N H 

T ~ 909=e =>r,fo(~o<j)=((Jo<j)o<j=eo9•<j 
II I ,, ' ,. I I I ,, 

H 9 0 9 = e => ( 9 0 <J) 0 9 = 9 0 ( ~ 0 ~ ) = ~ 0 e = <J, OTCD.na CJI8,Dy8T ~ = 'I ' 
'ITO B T.()860BaJJOClo ~OR838TI,. 
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B Ta6.mur.e I IIOK838HO, B .KBKOII c.ny,me MHOX8C'll30 .A1. IIp]l 38,ItaHllOII 

38KOHe KOMIIO31Ull:!lUIBJlll8TCSl rpynnoH,ttoY, nOJcyrpymtol, rpym,:ol JI a68JI8B01l 

rpynnoa. 

Ta6Jmlll3 I. IIHozecTBO Ji C 38Jt8BHI,N OJtBJD,( BHYT,P8HIDN 38KOHOM 

KOMIIO3Hnlm 

rpynnoHJt 3axoH . KOMIIO3HUlm: 

IIQJIYrpynna AcconaaTB13HWl saKOH: 

I'pymla 

A6e.lel38 
rpynna 

AccoUJ1aTJIBHJd!:.3aKOH 
ROMIIOSJIIIJJI[ + CYlll8CTBO
BaRJl8 8,ItHHJ11lH0I'O 9Jl8-
K8HT8 H O6pBTHOI'O. 
M8MIHT8: 

I'pynnoBHe CBOitCTBB + 
K011MYT8Tl!BHHI SaKOH 
K0MII0Slll\lili: 

I) .!/ '/'J. '(1. € .At, 3 '33 E .,It 
9, 0 'i_:.::.J! 

I)+ 
2) -r <J,, 9i1 'J, € Jt 

<$1, 0 ft) 0 $ = 9, 0 ( f.i O 9J> 
I)+ 2)+ 
3) J e e ;Ai. - , · 9 o e = e o 'i = ~ 

1IJ{1l -v- 'l E .J{ 

4> 3 f € JI. , 9 0 'i' = f O l = e 
1IJ!1l -¥ 9 € J.f, 

I)+2)+3)+4)+ 

5) .y f.J• J 'J2 € ...It 

'J• o 92 = ~I o 91 

S.Ueci, ll!CII0.11LSJ8TOJI PJUt II.PJIWffHX B WlT8MaTH1l80KOI DT8pa'eype co1tpa- , 

1:tem - .tmaHTopo:a: ¥ = "~ Jill6mc". €,. "n~&UT", 3= "cYl!tecT

:ayeT". 
IDm@py 

I.· llQJIYr.PYJIIlli 

I) thioaeono ue.ma: IIOJIOD'f8JII,HHX 'll!C8JI O'lROCl!Te.nHO OII8J)aillm 

OJioxemts: {wm yeoxemm:) B lt81l80TB8 EOYJIOSltlllilr!I; 

2) u:aozec'fBO OCo68HHHX M!lTp:In OTllOOJlTe.nHO OII9pt1Ulm yt.!llon8Dlt 

u:\Tp:!~ { litOMIIOSJlijJilll) • 

II. Tpmlmw,HM rpynna 

STo rpynna G , cooTOm:lM ToJ11»1to :im &J.t!Wlf'mOIO 9.1e12nTa. 

111. Eo01t0neqmze atreJieBH rpymm 

I) f!no:wC'ZEO U8JWX 'll!CBJI OTllOClrrom.Iio OIIDprutlm OJIO:OmilI. 

2) . I!ao:lOC'l'EO ,1.tettcl'Ilin'en.ma: 11:l'ICOJI OfitOOlffonHO OIIOpaI.Cm 111nono

Im,'I(~ , lo\)· 
3) Bee T~QJIJIIUm na npmmn 8DElm,7lO:&3 IIp00TpaROTBS, £4 • 
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IY. Eecironetmaa nea6e.neBa rpymra 

l"pynna Bpa!ll8IDiit B Tpe:mepHOM npocTpaHCTBe. Jllo6ott 8JI8MeHT rpyrmu 
BpanteJmtt OIIp8,1.t8JI8H II8paMeTpru.m ~ , '2>l , n 

Cf,€ <o1 2rt) 1 i=-1,2
1 '1A € <01'lr ). 

Y. KoHetmrui rpynna n - ro nopimKa 

G {. 2 "-•1 = e, a, a, ... , a ; ROMIIO3lrU.lllB: onpe,1.teJIJieTCSI CJie.It.Ymnm o6pa-
3oM: a.kod=ak.-l, ll, Kp01\f8 Toro, o.''= e. 

3aMetJamm 

I. I'pynna, 3JI8M8HTH KOTopo:lt COCTOJIT H3 CT8II8He:A a= e , a. , 
a.2. , aJ , • • • O,1.tHOI'O 8JI8MeHTa Cl:, Ha3llB88TCSl l'.JlUS1llri8CKOit 

royIIIIog. 

2. B CJIYtlae ltOH81lHlllt rpylIIl rpynnoBaR: CTpyKTypa MOEeT 6UTI, Oim

CaHa Ta6Jm,tt YMH~HHS:. TaK, 'A'lJI rpynnu llOpit.IJ;Ka 2, (; = {e, a} , w 
ll()JIY"lHM 

r a. 

a 

STa rpynna IJ;l4l(.JIHtma. 

BJm, 60Jiee npocTo, 

2 
T.e. a= e. 

~ 
a 1--; 

I'pynna noPli,JtKB 3 ecTL C3 , TaK lt8K T86JU1II13 ywo:a:emm MOXBT 
HMBTI, TOJII>KO CJ18,IzyDll!rll BH,tt: 

e I a. b 

alb e 
b e a 

2 J 
, Tax tiTO b = a , a = e H CJ=[e1a,a.2j. 

HTaK, noCT81I8HHO, IIpJ,I llOIIOl!tR TaCSJmU!l YMHOEemm:, MO:ISM IIOCTpolITL Bee 

B03IIOZHl,te rpy1I1IH .nmmoro noPfI,It.Ka. I'pynn 4-ro IIOPH,IUta Bcero ,1.tBe. 

(IlpoBep1>Te ! ) :3To Ul!K1IJAecRaS1 rpymza C,, H TaK Ha3imaeMaR: "rpynna 
llPl'13MH" I>2 . 

el a. b C 

a. b C e 

c,,: b C e a, 

C e Cl b 

[ t 3 C4 = e,a, o.,a} 

paHr rpynnu C+ paBeH I, 
Talt .KBR OHS mree, 0,1.tHH 
reHepaTop. 
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e I a. b c 

a e c. b 
1)2: 

b C e a. 

c I b a. e 

Di = { a I b. 1 b , ab J 
3aKOH IroMIIOSlI:Qm CJie~: 
at= b2

• (ab)t. e , ll a.b- ho.. 

I'pyIIIIa :D.t HM88T pBHr 2,TBlt 'K!Ut 
mmeT ,ItBa reaepaTopa a :ii: b. 



rpymm c" LmteT 6HTl> peamtSOBSHa IIOCJl'.8)'.tOEaT8JII>Hll?.m Bpal!t8~ 
Ha YI'OJI ~/'- • 

l'pyIIIIa 1>1 COOTB8TCT:BY8T CliMMOTpmni no OTHOCOHl!IJJ lt ocma, 
o6paSYJllllll! 'JI.PYr C JUJYI'OM YI'OJI 'll:/2 , IIO,t06HO OCJIM Ox B Dy • 
ECJnI x l!!M8eT 1toMIIOH8HTH (x, Y>, TO rpyIIIIY ])2 IIOJ!Y1llD,I, no.na-
rwi ex•~ , a.l=(-x,y> , b1- cx,-y>, ex'• ->l. 

3aM8tUUme 

Ipymm c~ u 1>2 .llJlJ1IID'rCJt a6eJie:amm. 

YI. Hamrelll,lllel! nea6eJienol rpyIIIIol JmJmeTCJt r'JIYIIIIB nepecTaHono1t 
TpeX 06'1>8ltTOB. ,llJtSI Toro, 11T06H et! .KOMIUUtTHO OID![C8'1'l>, :a:oo.neu cmmoJI 

(~ ~ 3) 
i J k 

o6osna~ IIOPQCTBHO:BRY o6'1>e~a I :a 
IIOJlOJt8Hll8 t t 2 B IIOJl0llt8Hlt8 J l! 
3 - B IIOJIO:Olm8 k • 

Hs OIIP8.lt0Jl8HIDI, B-~CTHOCTH, CJie,cyeT, llTO CmmoJIH 

G ; !) H ( 3 ~ ~) 
k j i 

, 

o6osnatmm ow B ~ ae nepecTaaOBltY• I'pyIIIIOBWI _ ROMIIOSJIIG!JI onpe;1!;8JI8Ha 
8CT8CTB8WWM o6paso1.t: . . 

(
~ ~ 3 ) ( i j k ) = 
i J k ! m n (I 2 3) 

l m n • 

Hcno, llTO ltOMIIOSmtm BCCOUIIBTl!IBHB. E.ttmmnell aBJU!8TCJt 8JI8M8BT 

(
I 2 3) ' ( I 2 3) e = I 2 3 ; o6paTHHM 9JI8MEIHTON 1t a, z 2 I 3 JtBJUieTCJt 

-~ (2 I 3) 8'18M8HT a ,. I 2 3 t l! To.lt• 
B o6~0M 0Jcy~8 nepeCTaBOBltY ltOlmO 3amtCBTl, B CJI8,cyDll8H mu;e: 

'f' "' ( ex:. ol1 • • • cl,,) 
/3, /31 . . . p,, . 

8a.KOH ymozemm nepeCTBHODOlt 1' B Q lW88'1' :mut 

( 

ol, <Xt •• , o(,,) ( ~. (31 , •. (ln) ( «, <i, , •. ot"} 
"PoQ= = I !l1 /ll ' ' ' rn 11, ft ' ' ' t'n fA ft ' • ' fr, 

(

d 1 ol, , : • ol.n) 
e,n;mm:o,a E = oe, at . . . oc., a18M8HT, o6paTHd lt 8JI8MBH~ -p 

Pl= ((3, /lt • .. {1n) ' -{ -( 
c{, dt • • • oln TaK tlTO · 'P • P =.P "P ""£, 

8 

§ 2. 0T06pallt8ID1fl rpyIIII 

IIpne,neM np:iwepH KOH.KpeTHWC rpyIIII, KOTOpHe MOl!tHO IIOHRMaTl, B Ita

tJ8CTB8 pasHIDC pea.,msaUHii o~oii 11 Toil xe rpymm. 
I. l'pyIIIIa BToporo IIOpa:.nKa G = f O 1 ,f} • OTHOCHT8JI1>HO OIIepaUHH 

' . CJIO:&eHIDI IIO MO,D;yll.D 2: 

0 + 0 =.0, 0 +I= I, I+ I= 0, I+O=I, 
. -

2. l'pyIIIIa IIepeCTBHODOK ,n:ayx 06'L8KTOB 

e KO ~) a • ( I 2) 2 I 

3. G!!f+-1,- 4} 

4. G :: f e , a. J 
OTBOCHTeJll,HO onepaUHH npons:ae.nemm tJHceJI. 

, r.ne e - To:r.itecTBeHHoe npeo6pasoll8Hlie, 
a - Bpa1118HlI8 Ha yroJI. "}[ BOltpyr IIpoHSBOJll,

nol ooH :a IJJIOCltOQ'l'll E .t 

CTPY'ff.YPY Bcex 8TKX rpyIIII H>DO 38IIHC8Tl, IIPH IIOMOllt]! o~oi JI Toi "8 

rpyIIIIOBOI Ta6JmD;l,t 
~- = G. eTa 

IIoaTouy oBH JmJrJDJTCJI pewmsaIUilel o~ol n: Toil ze-"a6cTpaKTHOit" rpymm. 
I'oBOp!iT, tJTO rpyIIIIH B IIOitaSBHHHX mane IIpm&epax BSllltNHO ll30YO,Plmi, 

Clre,cyeT pa3Jlll~Ti.: 
I 

a) :asammoe 0To6paaeHJ1e rpyIIII G n G 
6) oTo6paaeHl!le BHYTPH o~oit H Tott xe rpyIIIIH G 

MH pacCMOTp:IM o6a S'l'KX CJIYtIM. 

A. Bsammoe 0To6paze1D1e rpyIIII G n G
1 

• I 

I. ECJD! OT06paz8Bll8 f : G __,. G B3Bm;HO ~,Itll03H8tJH08 ·U 
COXpaHJi8T rpyDIIOBYJ) OIIepailHI), T.e. ll3 (; 3 Cj, - <;/, 6 c. 
u G 3<1• - c;; E c' CJie)O'eT <J,, 0 j, - 9: 0 fj;. ,To 'f .ftBJIJteTCJt_ 
H30MO'OOlH31fj>II, ll. rpymIH G H G BSBHMHO l'ISOYOpliHH1 

CmmOJIH11eca HSOYOpfmsM M9JtY rpyIIIIBMl!I C n c' o6osna<meM 
ClDIBOJIOM (} :,,- C' • 

~-

03 
G 

f 
Pnc. I 

r1· c~>/ 
G' 

9 



n. ECJm oiro6paseHHe f : G - <:
1 

MHorosHa,moa Cir.a. o6Jl-

saao 61ffl, O,Itll03Hatml:D4JmlllJ, l3 O,JtllY ciropou:y) B COXpaBJl8T rpyIDIOl3Yll oIIe

paIUD), TO f .!!BJm8TCJI roNOMOpdiH31f)M, B rpymm G B i;' - roMoMOp}-

BH, tiTO 3atll1Clill8.8'1'CJI l3 mI,ll8 (; ~ (;' • 

3aMellSHB8 

Bee aneY0H'fit rpymlH G , xorops:a o'l'o6paESll'rCJI Ha e~ 

8JI8Y8HT e' € c;' , o6pasym H,ItPO I'OMOMOpq!HSMa C = kern f • 

f 

C= l<ern f 
PHc. 2 

E. OTo6pa:geBB8 J3HYTp:II O,ItHOt! B TOI se rpyIDIH & : 

I) ECJm OTo6paze:ima f: c- G B30m.PllHO B Coxpawt8T rpyIDIOJ3YI) 

OJI8paIUDl 1 TO f BaSHB8eTCJI 813TONOpglHSNQM. 

II) ECJilll OT06pazema:a f : G ➔ G I'OW>MO.PllHO B COXpaBJ18T 

rpymIOBYll OJI8paIIJDl, TO f HM8HY8TCJI 3!UlONOp{fm3MOJI. 

Ilpm.sepH 

I. PaccMOT.PJIM rpyrmy (; c &JI8M8HT8Jlil G =( ~, i 1 -11 -i} , IIPJiN8M 

SUOH .KOMIIOSKIUrlll 80TJ':i 061AH08 yYH0&8HB8 1 B rpyrmy G1 
0 8.718M8HT8-

MH {., ( 11..: 6i, -I ,-ic;;J , l'.1te I B s2 npe.1toTaBJ1Jill'l' 

IISTp:IIIO,I 2 J: 2: 

I • ( 4 o) 
. 0 ~ 

( 
o -i) 

~ = i O ' 

8 89.llX)H S:OllllOSKIUrlll 8CTJ':, ?&1Tp!AB08 JIIHOS8HB8 • BHJtKo, llTO r.PYIDIH G 
ll G1 BSOMO.Plml mr K JJ..PY'cy. HsomppzsM f OJI1)8JleJU{8TOJt CJ[8,10'-

Dltll),I 06paso111: , 
C~ G1

: r; 3 ~ ~ f<~) - Ic C 
I 

G 3 i ~.f<i> = ie5; € C, 

1lTO B TpedOBSJIOOJ':i ,JtOK8S8Tli. 

2. IJyCTJ':i rpymI8 A Dlllt8TCJI IIHO&eCTBOM 8Jl8Y8HTOB 

IO 

a, = ( .n;elcTBBT8JlJ,lll,le 'DICJI8} · . C saI<OHOM .KOMIIOSHinm: - CJIOlleIDteM, 

H rpyIDia B - MHOltBCTBO M8M8HTOB b = [ llOJIOJmTeJiiHHe ,IJ;ellcTmt-

T8JlJ':iHH8 'DICJUl} • B-~.PYIDie] 38I<OHOM,I<OMII03HUlm 6y,IJ;8T YMHOlt8HHe. 

BlJ;tlio,. q,f() rpymn,t A B B H30MO.P4Jlili. 

HsOMOpqiHSM L!OXHO OII1)8,I1;8JlllTJ':i CJle.ItYDJlJIM cnoeo6oM: 

A~B, A ::Ja. -f<a> =ea.= b(a)E B. 

3. PaeeMOTPHM rpynrcy G e MeMeHTBMH, KOTopmm JIBJWJ)TCJI Heoeo-

6eHHH8 MaTpRI0,1 pasMepa nx n HS)t noneM Rx) G={ll·II = n" n. · 

· MaTPHIUi } • KoMIIoam:nm - MaTpH'illoe ywlOllt8HHe. B xa,;zeeT.l3e 

:rpymw :B paeeMOTPHM rpynny C aJI8lll8HTaMI! b = { JtelCT13HTeJIJ':iHHe 

tmCJia}, B KOTopol I<OMIIOSH:a;wl - YMHOZ8HH8 • 

I'pymm G H ] · JmJIJDlTCJI r0MOMOppHID,!H. I'oMOMOpqll,tSM f : 
c ~ B · onpe,D;e.71ID4 CJie.ICYJllll!M oopasoM: 

G 3 11·11 ~ f(il·II) = ci.dll·II €. B. 

OTMBTHM, liTO B JtaHHOM CJIYliae JI.ItpoM rowMOpqmsMa rpyIIIIH C SD3JIJleT-

CJI MHOltBCTBO Maf PHU C det II· JI = ,f • 

·§ 3. Ilo,IJ;rpymm 

. OIIpe.n;eJiemi:e 

· Ilo;ztMHoxecTBO H rpymru G smJIJieTCJI no,IJ;rpyrmol, eCJIH nee Mewm-· 

TH MHOJXec-rna H cw.m no ee6e o6pasym rpynrcy oTHoeHTeJlliHO roro .ie 

: s_a.KOHa KOMIIOSHUBH, I<OToJ)Hit· ucnOJI1isyeTca: B G • Bee HeTpmmanJ':iHHe 

no,D;rpyIIIIll rpyIIIIH G ( T. e. OTJIH11Hlie oT. eaMOI G B ee emum'ilioro 

aJieMeHTa) 'H83HB&lTCJI co6CTBemug.m: nonrpyIIIISMH • .ItMee B8M IIOTpe6ye'l'CSJ: 

O"<leHl, .BSEHHit Mace llO,D;rpyIIII - mmap:.taJITHHe nonrpyIIIIH (Ha31iB8eMUe TaK

ze HOIUBJU,HW4 JteJDITeJieM) • 

x) Onpe,IJ;eJieHlle IIOJIJI 

: IJyCTJ':, Ha MHOlt8CTBe Jt. OIIp0Jt8Jl8Hll ,Il;Ba BHYTpemmx 38KOJ!.8 l«>M-

IIOSHmm. 'IIepBWt 0603H81DD.I • + • B l3Topoit - " 0 • • ECJIU woxec:T-

BO O'l'HOCllTeJIJ':iHO I<OMIIOSHUJm + SIBJI.118TCJI a6eJieBOtt rpyniiott B 

OTHOCR'l'eJil>HO l«>MIIOSBtnm O eCTl> TOXEI a6eJieBS rpynna H, 6o.nee . 

·Toro. OTHOeHTeJII,HO 

T.e. (a+ b).c = a,e + b,c R 

'.l'O .At HasimaeTCJI ~-

OIIp0JteJI8Hll JtBa .IU1eTpH6YTBBHHX 38I<OHa,. 

Co(cub)=CcO..+c,b .TtJIJt -1/a1 b
1
c~Jt, 

IIpID.lepu: I) C - no.ne I<OMIIJleKcHWC 'lll:eeJI. 

2) 'R - nOJie .n;etteTBHTeJIJ':,IllDC 'DleeJI. 

n 



Onpe,neJieHHe 

· Ilo,nrpymm H JmJIJie'l'c.a: mmapmmT11ol no,nrpynnol rpymm 0 , 
eCJIH ~ .Y- x e G BHIIOJIWieTcit yCJI01me £' H x - H , 'l'. e. eCJIB 
,JJ;,lIS: -¥ fi € H m!88T MeOTO x-'ri Xe H , (HlmapzaHTllYJ) no.nrP.YJIIIY 
rpymm: G dy,neM Hl!Z8 0603H8.lla'l':& N ) • 

8aMe1mlUU!: 

I. Henocpe,nOTB8HllllM CJI8JtOTBH811t onpe,neJiemm mmapzaH'l'ROI no,n
rpyIIIIH JmJISteTcit TOT q>aKT, ,rro Bee noJtl'PYmIH adeJieBOI rpymm G e
JIJDlTc.a: mmapmm'l'Bl.D.m no,nrpynnm.m. 

2. XoTJI no,nrpynna no,nrpymm Boer.na eoT:& no,nrpynna rpymm, mma
p:HSHTHBJI no,nrpyrma mmapHSHTHOI no,nrpymm, BOOdnte l'OBOpa:, 118 SDW!8T
OJI mmapzaarHol no,nrpynnol rpymm. 

Ilpm.mps 

I. IlyOT:& -p eCT:& rpynna IlyaHKSpe t lIJ)8JtCTBB1UD:Xlt8JI peaJIJ,HJ:18 JmH.el-
11H8 npeodpaso:eamm B IIp0CTpaHOTB8 MmlKoBOKOl'O 

Xoi ➔ x! = a.o1 + llo1llX/l • 
(I. 5) · 

IlpeodpasoBaH:He (I.5), npe,nOTaBJIJIIXll88 Tpall~ H Bpa!ll8HB8 OOO'l'B8TOT
B8HHO, 06osHa1DIM cm.mOJilt'iecim { a , I\ j • Tor.na saxoH rpymm ROM
nosmmm san:110HBaeTOJ1 B mme 

.{a2i11 2l{a, 1 /\4~ ~ {at ~J\~ao At.Ad (I.6). -
H ,JJ;,lIS: Hero 088T MB OTO aocoI1RaTlilllROO'l':&, a TaKlle E • ( 01 I) • lt 

f a.,A f .. [-A~, /\- 4 l ecT:& o6paTHKl,t 8JI8Mel1T lt fa, A~ 
IlOKBEeM T8II8p:&, t!TO TpaHCJIJtIJJm 

x., ➔ )(: = ao1 -i- )(,( J (I.7) .. 
KOTopue MH odosHatmM { a., I l , odpasym mmapzaHTHYJ> no,nrpynny 
rpymm l!yaHKSpe l' • B caMOM ,neJie, IIYCT:& · f b, A l ecT:& npo:as-
BOJI1>HHI 8Jl8M8HT, IIpmta,ltilelEallld rpynne -p , TOl',nB 

[b,A}{a,IHb,Ar'= [b+i\a,J\1[-K 4
b,A-4

]: 

= f b + J\ Cl. - J\ 1\-
4 
b ) fi._ t ) = { J\ a I I l • 

-4 
Hs IIOCJ.18,nHero Blf,I!;RO, li'?O npeodpasoBBH:He { b,A} {a., IJ f b,J\ J 
'l'OZ8 81lT:& TpaHOJIJDlH.f[, t{TO :H Tpe60BBJIOO:& .nomsaT:&. 

2. B Ra'lecTBe BToporo npmrepa .noxazew CJie,nyJJeyD Teopeuy. 

Teopeua 
H.npo_romMOpfnoro oTo6pagemm 

no.u;rpynna rpymm G • 

12 

G Ha G' ecT:& HHBB,PHaH'l'RM 

Jto.1tas·are.n:&cTBo 

I) C = l<ernf eCT:& rpyIIIIa, TaK .RaK ~ JDJ6wc c,; 
1 

CJ E C 
H3 C,; ~ e', Cj ~ e' BH'l'8.ItaeT c,. (:i----.. e' BCJI8.ItCTBll8 coxpa-
H8Hllil rpynnoBoii KOMIIosHmm. FJtmm'lHHit 8.lieMeHT rpymm G Truate 
,1t0Jllt8H OT06pa3HT:&OJI Ha e', Tax, 'ITO e EC. .lteitCTBHT8Jil,HO, 
eCJIH 6H 8Jl8MeHT e OT06pazaJICJI Ha x' ,f= e', TO c, = C,;e 

OT06paza.l10JI 6s Ha x' e' = x I H Ci ¢ C . 
Tamm .ll8 o6pa:;ioM MOlltHO ,1t0Ra38T:& CYllt8CTBOBrume o6paTHOI'O 8Jl8MaH

Ta. 

· 2) C = l<ernf 

.KOJII.xy 11lfJ! JW6oro 
ec'l'I> mmapJ1aH'l'HaJ1 no.nrpynna rpyIIIIH C , noc-

' ,., 8.lI8MeHT8 X € G , KO'l'Opu1t OTO6palm8'l'OJI Ha X € !7 

G 3 x L x' £ (;', 

De8'1' M8C'l'O oroCSpaaelDle 
4 f I -4 I · f 

x- C x ~ (x) e (x') = e 

TBR ll'fO• 

X-
4C X = C I 

Onpe,neJiem,:e 
~ ..YuG JI 'l'.,n. 

I'pymxa G , He J!MeJIIIWI C060TB8HHHX HHBBpJlaH'l'HHX IIO,nrpynn, Ha3H-
Ba8'l'CJI IIP9CTOit. I'pynna G - IIQ,llYnpocTwt. eCJDr Olla 118 DeeT HeTp:a-
BHaJI:&HHX adeJiema: mmapJISHTHHX no,nrpynn. 

§ 4. PaSJrozeHl(e rpyIIIIH Ha IIO,nMHOZecTBB 

PaSJioDM rpynny G Ha IIO.JtMHOllecT:ea, 11s KOTopux JDJ.Itamle na He 
JIIMellT 06DtHX 3J18M8HTOB, IIPI IlOMOlltH ee C060TBeHHoA no,nrpynnu H • 
.lllIJI 8TOI'O MH paCCMO'l'J)HM Il0ltMHOZ8CTBO H<j,; rpynnu (; , lIPl{-
118?.I H 0603Ha'la8'1' Bee MeMeH'l'H no,nrpymm H ' H 9..: eCTl, qmltCll-

poBalUildt 8JleMeHT rpynnu G • S'l'o lIO,nMHOZ8CTBO HaSHBB8'l'OJI ~ 
CMallllHM MaccoM paSJrozemm H B r; • .AHairorircmo 9, H m!JU{eTCJI 
JieB.1,11( o~ 19Iacc9M paSJiozemm 1-1 n C 

3aMe'lall:ae 

_ .llBa JI,Pama: (Jiema:) cMe:mmc Macca pa3.lio%8mm H B G JIH6o 
coBIIa.I(am, JD160 He HMem RB: o.naoro o6ntero MeMeHra. 

TeopeMa 

ECJIH H ecT1, co6cTBeHHrut no,nrpymra .KOHe'lllo.lt rpyIIIIH C 
t TO 

I :J 



I 

CYIIl8CTJ!Y8T MHOXSCTBO ·M8M8HTOB c;,,'9,., •, • <jn e G • TllltOe, 'IITO 

I) G = H<j, U H11 U • · · U Hj,, .J r.ne </• = e; (I.8) 

2) JID6WI napa npama: (Jl8BHX) CMexHlDC KJISCCOB He D88T 06DtHX M8MBH

TOB l! ~ 1!3 HUX co.nepmrr O,ItBHaKOB08 'II!CJIO M8M8HTOB. lz ·• ltOTO-

poe paBHlleTcg no,Pli.It!\Y·IIoJU'pyIIIIH H 

.IJ;OKa38T8Jl:&CTBO 

r. IlyCTI, H 80'.r:E. co6CTB8BH811 IIO,ltl'pynIIa rpymm G ( H 'f G, 
H + e ) •. BoSI,MBM M8M8HT <J1x)E. G l! 9,.' H • Bea M8MeH-

TH npanoro CMezHoro Macca H91 OTJIH1mH mr OT mra u WI o,ItBH 

JllS Hl!X He CO,lt8PJ[IITCJI B H • 'li:CJIH Hzfi,Uli.1U .•• uf.., t TO, IIpe,ltIIO

urwi:, 'IITO -h,;,91 =fij~1 (i+il• Ml1 i!MeJlll 6H _f;, = l,,i .• C .npyrol CTO

poHH, eCJIH /.;, 91 = ,f,, / 1 TO IIOJIY"ll!M <J1 = ~i 1,,/ € H 1 'IITO npOTW30p81lllT 

ltOJJYllleHlD> (T.e. 92 e C H 91 ¢ H ) • 

2. ECJIJll H :a H91 He BC'liepmmam rpym:ry G , .ito6aBBM HC/a , 
r.ne (JJ € G H <)Jr/ H • H91 • B Tait ltEl,lI88 .no TeX nop, 

IIORa He 6y,JteT BC'liepnaHa BCJI rpyIIIIa G K T.,Jt. 

SaMe~e 

qzCJIO paSBHX IIpama: (JieBHX) CMexHHX .MBCCOB Ha3HBa8TCJt mmeKCOM 

IIOJU'PYIIIIH H B rpyIIIIe C 
TeopeMB Jiarpawga 
Ilopa:,ttOK /1- ROHetJHoA: rpymm b paB8H II,POBSBe.nemm IIOpa:,Itlta f,_ , 

IIOJU'PYIIIIH H rpymm . C B mf,D;8Kcy ti IIOJU'PYIIIIH H rpyIIIIH G ; 
T. e. IL = Ii. n , r.D;e n - IIOJIOJIJ!T8JII>Hoe U8,1Ioe tmCJIO. Henocpe;o:cTBeH

HHe CJ18ltCTBBH T80peM!i Jlarpamm: 

I) nopa:,ttolt Jill6oro 3Jl8M8HTa rpyIIIIH C ecT:& WOllJ!T8Jll, nop!JJtlCa 

rpymm C ; 
2) rpynna, IIOpa:,ItOlt ROTO,POA: 8CTI, II,POCT08 1il!ICJIO, o6s:saT8JWi0 mm,7IH'1, 

Ha; 
3) l3C8 IIOJU'pyIIIIH D,UUllf'l8CKOil rpyIIIIH o6a:saTeJWIO ~-

Tenep:& OIIpe.lte.DM CII8IUIWil>HYJ) rpym:ry, ROTOpWI H83HBa8TCJt diaRTOD- . 

rp;pmott l! ltO'l'OpalI BCIIOJII,SY8TCS: l3 qESHlt8 8ll8M8HTapma: 1mCTJilll (uanpmwp, 
B 8.1Il'86~8CltHX pewmsammx KilpaJII,Hl,IX rpyIIII B T .;o:.) • . 

x>HanollHBM, 'll'l'o 9• = e (COO'l'HOm8Bl!l8 (I.8)). 

14-

Teopeua 

IJycTI> N - mmap:e:aHTHSJI no.nrpyIIIIa rpymru: C • PaccMOTp:e:M pas
JIOJtemi:e xoHetJHott rpymm C l3 cMemwe Maccu 

G = N u N<jt. u ... u N1,, , ( 9~ = e), 
(I.9) 

r;o:e /L = fi. n. B aTOM · cn:ytrae n IIpal3HX liI Jie:awc CMeZHWC KJiaccon 

COBIIB,ZtaBJT B MH0%8CTBO IIpal3HX (lWI JI8BWC) CM8XHWC KJiaccoB N?i (= CJi N ), 

. i = I,2, ••• , o6pasyeT rpym:ry. OHa HaSW3a8TCJt "<l!SKTopHo;t rpyn

not rpynm,1 G · no no.nrpynne N ". ~aRTop-rpyIIIIa 060:maliaeTcs: cm.mOJioM 

G / N B m.reeT Jiopa:,ttoK n = /1./fi • 

.IJ;oxasa'l'eJII>cTBO 

IlocROJII,xy N ecTI> mmapnaHTHM no.n;rpyrma, nOJiytmM 

N9i: ~.N. 

OrcJ:UJ;a IIO npaBWiy YMllO~e:mm CMeJtHWC KJISCCOB liIM88M 

(N9i).(N~i) = NNCJ,•c;J/ = N1k·, 

r,ne <jk ~ Cji • CJ/ • 
3aMeT.HM, '13:TO C/k . He o6Jl38'1'8JII,HO COBIIa.itaeT C O,Il;HliIM B3 9, , 

naxo.IJ;.mlU!Mc.e: l3 paSJIOJJteHBB rpymru G • 0.llHaKO cMelmiitt Mace N9* 
Jl0Jm8H COBIIa,ltSTI, C O.IJ;Hm4 HS CM8l!QIHX K1I8CCOB IIO,ltl'pymru: N , IIOC-

~KY . 9k o6s:saT8.II.bHO CO.IJ;8plmTCJt B 0,llHOM BS . n CM8lltHWC KJiaC-

COB~ Tor.zta, eCJIB OH co;o:epDTCR: B m - M CMeltHOM KJiacce 
I 

lIOJIYlia8M 

Nc;k = Ne;,,.. • oTliIM YCTaHOB1I8Ha BHYTP8HHSili KOMIIOSHUW! (aKCKOMa sa-
MHKaHM) • 

Acc~miaTHBHOCTI, CJI8,D;y8T BS paBeHC'l'Ba 

(Iv~, o NCJj)oNie = N9, o ~i 0 N~t: N(9,•w>•fe= 

= N<j;•<11 c'l~) = N'{, 0 N~i Ore= N~, 0 ( N~i C N7e), 

~ BJieMeHT e CTI> N • 
06paTJlltll 3J.18M8HT It N<j4 8CTI, N~/ 
8aKeliaHBe 

ll T.,It. 

ltaHHoe OIIpe,IteJieHBe (paKTop-rpyIIIIu COXpaHHeT CBJIY KB CJIYliae 6ec
KOH8'lliHX rpyIIII. 

Il,Pm4ep 

IJyCTI, G 8CTI, rpynna RBaT8PHKOHOB. 3Ty rpym:ry 061:l'lllo o603Halia-
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lO'l' Cm.moJIOM Q • Olla mt.88T llOpll,ltOK 8 Hee M8MBH'l'H cyTb 

Q = [ ,/1 -,fl i J - i, J J - j·, k J - k J . 
Taomu:~. YM!iOJtemm lDl88'1' CJie.rtYDJtd mm: 

,1 I - ◄ i ·t 

-4 I ◄ -i i 

i I -i -4 ., 

J 

-J 

k 

-j 

j 

-k 

k 

-k 

j 

-k 
k 

-j 

- '\ i .f -1 -k k -j 1 

Q: j -J -k k -4 -,f i -i 

-j j k -k ,t -,f -i i 

I< I -k 1· -j -i i --1 -1 

-k I k -i j i -i ,f -~ 

Allre6pmN8C.Klll8 COOTH01ll8HM Me11JtY reHepaTo,l)S!m paBHH 

<i{ = uf = (i1·)~, <iJ>-= k. 

IDuiapmmTBOtt llO.JtI'PYIIIIOtt rpyIIIIH Q Jm11Ji8TCSi , Ha!IpJIIM8p, rpyIIII8 
N = {-1

1 
-1 J • Tor,JVl MOlltHO IIOCTpoHTb cJ)altTop-rpymiy Q IN 

Q = NU Ni U NJ° U Nk. 

IIoCTpom.a Ta.dJmlzy yi.moiteJWI cf>aR'l'op-rpymm QIN 

Ni, NJ° NI( 

Ni I N Nk Nj 

Nj I Nk N Ni 

Nk I Nj Ni N 

§ 5. llpm.«>e npo11aBe,neH11e 

Cawl npocrott cnoco6, npe.nocTaBJUmltlll BOSMOllOI.OCTb nocTpoemm: 
60JII,111el rpymn.t lIS 'JJ.BYX ,namwx rpyIIII, COCTOH'? 13 o6paaoB8Blm me IIpm.«)

ro npOHSB8lI8HWI. 
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Onpe.ne.neime 
' 1Ipm40e npon:aBe.ne1me G ® G

1 

rpyIIlI G 
aneMeBTSMn: KOTOpott JiBJIJJll'l'CSI ynopsr,nollemnre napa 

H G 
(x 1 x'> 

ecTl. rpynna, 
c saRO-

HOM KOMIIOSl!lllm 

(x,x') • (Y, y') "' (x • y 1 x'. /) , 

r.ne x, y f G 
I I I 

H x,ye(;, 

YTBe~eHHe 

MaozecTBO r = G @ (; 

1 

.nelC'l'RBT8JIJ,HO Y.ItOBJI8TBOPfl8T BC8M aRCIICloUIM 

rpymm. IIO.!t8D'f8, ll'l'O : 

· I} e~ 8Jl8118HTOM .rm.na:e'l'M napa ( e, e' J ; 
2} odpaTJlllll 8JI8M8HT K (x, x1) 80Tb napa 
~) SaltOH ltOMIIOSllll)D,t dyll,eT acooIJ;HaTltBBHM. 

( -;; 1.4) 
X IX . 

() 8ase11Ellll!lt 
~ ' I. ECJIJI[ 1z. JI /1.

1 
- nopir,noK G a G rpyIIII cooTBeTOTBeHHO, 

/' J ' o nopsrJ401t rpymIH .., ® G 80'l'b IL • it • 

. 2. ~1UIHM 8JI8MeHTOII rpymm r; ®G
1 

JDWI8'l'Clit napa (e,e') • 
' I I 

3. MRozecTBO 3JI8M8H'l'OB (e,</> • r.tte 9 (; G ' 80Tb mmapua-r-
HM no.nrpymxa rpy:iimt C ® c.' , mropag asoNOpJila rpyxme r;' , -:.e~ , , . . 

9 ~ ( e I 9 ) 80Tb B3EWMHO 0,ItB03Ba'qB08 OTOdpaxeHRe. CO.xpawDJll88 SaROH 
1t0MIIosmnm. CJre,nyer O'l'MBTH'l'b, ll'l'O Jllldol aneMeH'l' rpyIIIIH C ® r;' 
r.l:lDO 3a.Ill!CdTb B CJI8lf.Ylll!8M BJJ.lt8: (CJ, e

1
)(e1 c:/) , II ll8,P8C8'1!8JD18 MHOZ8C'l'-

Ba SJI8MBH'l'OB f ( 9, e '>} c MBOUCTBOM SJI8MeHTOB { ( e I i'd paBHO' 
e.mm1r•moMY SJieMeHTY (ell, T.e. 

[C'11e1J}n{(ei~
1

JJ = (e,e'). 

Tpe-rbe saMe"lalllle noaBOJU{eT noKaaaTb, 1t0r,;ta YJJmo rpynny C 
B BHJte npm,;>ro npoKsBell,emm cBO:ra: no.nrpyIIII. 

Teope11a 

aaxmcaTb 

lpytma G 
N4 • N2 

B30MOpqHa _IIp!Dll)yY npoaaBell,emm J1:BYX OBOlitX llO.ztI'PYIIII 
t 8CJDI N4 B N2 JmJL!DlTCliI HHBapmlH'?HHMII[ IIOll,-

rpytIIIar,O[ r; ' .Mil ltOTOp!iX 

N4 n N2 = e i-1 N1 o N~ = G • 

P-- -· ·-•--· 
f;·~'"'i" ~ ~ , . · •~\r-"-·+1,. "' ,t, •~- .. , .. , .. •n-..··.·1 ~, .. 1,,""'1,f'f 

tl (:':c·s•·".· , J 7':JTil!.lm/j l l' "Cs\",; ,.:· ' .. )\ ,·, ·, . ; - : •~:- j -t.a;l~ l" 

.J fa~it,J ,n:._; i E11t, V 
~ ...... ~~"4'•-- V illal~. -



i: 

I 

I 
11,1 
I 
I 

1Ipm48plil 

r •. Pac0110'l'pm,: rpymzy J)2 : 

AJis: reHepaTopoB ROTopott 

BlmOJIWl8'1'0& COO'l'HOm8HK8 

a.2 = fi=(a.b)t-e. 

a. b C (:aj,) 

a. e c b 

b c e a 
c b a e 

HlmapzaHfHJDm IIOltl'IJY]IIISJm rpyIIIIH :D1 smruIIJ'l'CH ,ttBe :n:wtm!1180.RJ[8 IIO.zt-

rpymm N4;efe_ 1 a}11N1,f;1b}. IlOCROJII,ley N4n N2=e JI N4°N1.=l>u TO 

'])1 = N4 Ill Ni ( II C1 © C1) • 

2. B Jta'i8CTl38 BfOporo npm49pa pacCMOTPJ!M rpyn:ay C !! U(n) , T.e. 

rpynny :acex ymITapmn: Ma'l'PJI~ pasMapa n x n , SBltOH KOMIIosmum RO-

iropol ec'l'r. Ma.Tprcmoe YMHOJESHlle. l'pymia Ucn> mme'l' ,ttBe mmapzall'l'-

HH8 IIOltl'PYIDIH: 

' 

[A.:}0 f 1B1}==f~.:®IBf1, i~,112
1 
... ,k; .1 ... .,,,1, ... ,tm. 

CBottC'l'Ba llp!D40l'O llpoRSB8,I1;8Hl!lI Na'l'l)Bll, 

I) OHO He HBJ!SI8TCS: KOMM;yTS'l'JmIWM, Hanpm.mp, 

(

a. b o o) 
AO ab c do o 

( o .~ ) ® ( c· d) = o o a b 
0 0 c d 

(~:J•G :) . G 
0 

a. 
0 

C 

b o) o b 

d o 
0 ci 

a} ~ • SU(hl , I',1];8 SU(n) 8C'l'l> OII8Dl!aJlr.HSH ymITal)llM rpyn- " 
na USTpmt pasiepa h X n C det //•II - ,1 ; 

6) N=U(4} , r.ite · um ecTI. rpynna Bcex ymrrapma rm-: 
.PJiUl lll!l'Jt8 e• ¢ I , 1'.lt8 0 ~ cf, gr , H I - 8,ItmUI1i-

H8'J J.mTpmla. Mll Jm.ItHM, '4'1'0 N4 n N1 = e = I u N4 • Nt - U(h). 
Tor.tta U(n) = SU(nl .z U(,f) • 

Ee.mt Tenepr. G lI 1;' - rpymm tm'l'pmt, TO BX. IIpJ00,[11 IIpJm8B8,lt8-

HH8M .fll!JUl8TCS: rpynna !!aTptm, aJI8M8HfH ltOfOpo:ll IIOJll"UUJTCS: II,P1IMI:D4 npol!S 

B8.D;8BJl8M BC8X MBTpmt rpymm G H rpymm G
1 

• Hanpm.wp, IIp.!m)8 

np0HSB8,Jl8HH8 KlT!)Jm 2-ro IIOPli,lUCS Al H 1B OIIP8Jt8JI8ll0 CJI8JtYl)-

!Ziml 06paso111: 

c··· 
a ••. b0 a41 .b44 ~,~) c~H au) (a c◄4 b41) = Q.44, bH awbu a,i-bu a.,.bu 

a.,1 au bu bu au,b41 a.,,bo au•b,, au,b41 . 
. 

a.tt•bu awbu a.11• b14 G11·bn 

]lyCTI, {Ai} J fB,il, i=,()J) ... ,k j ,i .. ,1,1,, .. , tn ec,r. IIHOJWCTBa MST.Pim 

pasHepa h x n ,· TOI',tta .zta,Itm,4 0.1I8.IIYDll88 

0Ilpe,1t8JI8D8 

I) ll,PIDl:)e (BHJ'TpelDlee) npoDB8JteDe uairpm,; f A\d H f 18,iJ 
80TJ, IIHOJESCTlK> 

f 11.:J ClD {lB,; 1 = { )\48 IB4) ••• I AkGD 'U3d , 8CJIJ( k=""· 
2) Il,PIDl)e (Jm8lllll88) IIpoJitSBe,Jtemte JlllTpJDl [~i) lit {'Bj ~ 

80TJ. IIIIOS8CTllO 

18 

2) (Al ◄ ® A\t) o (18◄ ® IB2) = ( Al ◄ 0 181 ) ® (A\2 °182); 

r,IJ;e , • • - o6wmoe MaTpwmoe yMHoxeIDie. 

PesynTaT a'l'J!X onpe,IJ;eJiem1a ec'l'l:i 

a) dd ( Al ® lB) = det (A\. iB)n , eCJIH ~ , 18 - Ma'l'pmlli 

paSM8,PHOCTH n 1<. n , 

6) s r ( A ~ 1B) ,,, sp tt. • sr 1B , llOCKOJll>R',Y 

( 

a., IB o . . . o) 
Sr (A\® lB) == Sr f a.,~ _'. -. . f 

o ........ a •• 1B 

§ 6. TOllOJIOI'H'l80ltB8 rpyIIIIH 

B HaCTOsmteM IIaparpaqle BB8,Jl8M H8KO'l'OPJi8 IIOHSi'l'RII, KOTOpl:le Hall II0-

11 Ha,ItOMTCH B .itam.He!llleY. PaccmTpm( CJIYW 68CROH8'DWX rpyIIII, .us: 9JI8-

Y8H'l'OB ROTOJ)HX 88.ltBHH 1'80MeTPJA8C!Gl8 CBOICTBa, Ta.KHe, .Kalt 6.JmsOCTI, 

11JJYX T01ieR, CBOIO'l'llS B OltpeCTHOO'l'JI T01i8K, KOMIIaKTHOCTI, J! T.,Jt. Momlo 

cxasau, '4'1'0 MB:O&eOTBO 8.ll8118HTOB rpymm G H8,lt8JI8HO TOllOJIOl'lt81. On-
P8.Ite.mtM llP83,lte Boero 'l'OIIOJIOI'll1i8CR08 npocTpaHCTl30. 
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ii 
:I 

OIIpe,1texemte 

llyOT:r. .,M. - Jlll6oe MHOZ80'l'BO 8JI8M8H'l'OB, B RO'l'OP9M Bll,lt8JI8H8 ClIO-

'l'8Ma IIO,ItMROZ80Tl3 { UiJ , HaSHB88MLIX OKp8CTB.OO'l's:r,mX) '1'011Kli1 Kt; .Jt 11 

Y.D:OBJI8TllO,PSDlt!X OJI8~ BKCJIOMBM: 

!) IlyO'l'08 MHOZ80'l'BO </, ll .-. CSMO MHOllt8CTBO .M. BXO,Wl'r B OHCT8)(Y , 

[ Uij , 'l'.e. TOZ8 Jmmll'l'OfI OKpeOTHOC'l'm.Gt, H Jlll6as: '1'01llt8 Xtq,1 .A.f. 

II~eD'l' B8ltOTOpol OKpeO'l'HOO'l'B U., 

. 2) Bcsmoe IIO,ItMHOX80TBO, CO,t,;8,PE811188 OKpeCTBOO'l'l, U.,; 'l'O'IIGI X , 

TOlt8 JlllJlSi8TOS oxpeoTHOOT:&11 8'1'01 TOtUm. 

3)Ilepece'l:8Hll8 .KOH8"lllOI'O 'IHCJlB OKpeO'l'HOOT81 '1'01UQ1 X 
ze OKpeO'fflOO'l':r. 8TOI 'l'O'IIJGI, '1'.e. 

m 

n llt E { UiJ. 
!=,( 

4) Q6'I,e,mmeHKe JDD6oro 'llIOJIB OKpeCTHOC'l'el TO'lllm X 
J1118TCS OKpeO'l'HOOT:r.D 'l'O"i.KII X : 

00 

U Uk E {uiJ. 
~w4 

80'1':& TBK-

'l'aRlleJtB-

JIJxjaJl TllKWI CIICT8Ma, Y.D:OBJI8TBOplmlla.ll aKCJIIOMaM l -4 , H83HB88'1'0S 12!!2:: 
~ MHOZ80'1'l!a ,M. .: MaoxecTBO ..,tt m48C'1'8 co CBOel TOIIOJ[Ol'.lel 

{Uil o6paaye'l' TOIIOJiorHeoKOe npoc'ipanc'l'BO T= (.At,{u,) ). 3Jie;.. 

Jl8HTR XE ...« HaSHBBDTCS '1'01LlaUGI IIDOCTpaBOTBa T. 
I'oBOPfl'l', "iTO TOIIOJIOI'lt"i80RD8 IIpoOTpaHCTBO ltOMJialt'l'HO , OCJIH 

RalUtWI IIOOJIOJtOBa'l'OJII,HOC'l'I, TO"i8R STOI'O IIp0CTpaHOTB8 COJtOpllil'l' IIOCJI8Jt0-

B8TOJI:r.HOCT:&, CXOND!tYJ)OfI K H8ltOTOpoit '1'01Ut8 8TOI'O IIp0CTpaHCTBa, T.8. 

KSZ,Itoe deCKOB81iB08 MH0.1l8C'l'BO TO"i8R, II~eJtal!IOO TOIIOJIOI'R8CROJJY 

npoC'l'paHOTB)', BM88'1' npe,IteJI:&HYJ) 'l'Otm;Y. KpOMe 8'1'0I'O .,k r.«)Jl8'1' 06-
JIS,ltST:r. Truat8 CBOIC'l'BBlm rpymm. 

OIIpe.tt8Jl8BR8 

MaOJteCTBO .A{ HBSHB88'1'CS 'l'OII9,?tOI'lfl80F.Oit rp;ronoit. 8CJDI Jmltfl:8TCS 

I'pymIOI II 'l'OIIOJIOI'H'IOOKHM IIp0CTpaHC'l'BOJ.1 H 80JIH 38ROH rpyunoBOn KOlmO

sm:um JmJIJroTca nenpepkBmm. 

'l'or,na JIDdm.r JtBYM 8JI8J.C8HTBM lJ.HOlt8CTB8 ,A{ M:m8T 6HT:r. IIOO'l'BBJI8H 

X)OR,P8CTHOOT:r.1>Ui:, TO'IIGI X TOIIOJIOI'R8CKOI'O IIp00'l'paHOTBa T HaSH-

Ba8TOS Bca.KOe O'l'KpH'?Qexx> MHODO'l'BO, COJt8,PE811188 X • 

' xx>Mlioxeo'l'BO .-1{ OT.ltpl,ITO TOI',Ita H 'l'OJII,RO 'l'OI'Jta, RO:r.tta RaQWI TO"ilta 

,c € ..t( Dl88T OKP8C'l'BOC'l':& U i, • 
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B COOTB8TCTBR8 Tp8Tllit 8JI8M8HT, .fil3JIJiD!lRttCfl IDC npoll3B8,ll8HR8M. Ta!WM 

o6pa30M, C mo6w.nt JtBYMSI T01IBSMR XI Y € .M Mli CB1!3blB88M H8KOTOpyiO 

TO"iKY "l = f(xi y) • ECJm g)RKCllp0BBT1> ':_0~ . X , TO KaE,ItOit TO'IK8 

y 6JJt8T COOTB8TCTBOBBT1> TO'iKB Z = fx (Y) • Kallmott TO'l:Ke Y 
TaKllte COOTB8TCTBY8T TO"iKB 1' i) = i~ ' SIBJUDOOlal!CJl ee o6pame~eu. 

ECJm T8II8Pl> OT06p8.ll8HWI f H 9 MHOll8CTBB <At Ha ce611, mt-

.U:.VUHPY8Mll8 rpylIIIOBliMH onepaIJllliMR. HBJlJD)TC.!l: HeIIpepHBHl:lMH, TO MHOJr:8CT-

BO ]I o6pasyeT TOllOJIOI'R'i8CKVD rpynny. 

Ilpoep 

fiYCTI, G ec'l':r. MHOll80TBO B81lt80TB8lllWX 'll108JI H Sa.KOH KOMII03~ 

- CJIOX8mi:8. ECJIH Mil BB8,It8M TOIIOJIOI'D> TatatM o6pa30M, 'i'l'O MH0a8CTBO 
TO'i8lt Xi · YJtOBJI8TBOpl'I8T y6Jiomm _ I Xi - Y;'I < £ , r.ne £ - H8ROTOp08 

IIOJIOD'1'8Jt:r.H08 "iHCJIO. TOI',Ita npeo6pa30BaJUUI f(x,,xJ)"' Xi +Xj. 

11 CJ(Xi) ": -><. aBJIJil)'l'CS HenpepHBHWIJ H rpynna G 80Tb TOIIO-

no:ratreoltWI rpym1a. 

OIIpe,neJiemte 

ECJIH G - mMIIrutTHoe IIpoCTpaHCTBO, To r~a G HasHBSeTM 

XQMIIa.ttTHol. 
Bo:llee IIO,Itp06HO TOIIOJIOI'H"i801GOOI npocTpaHOT:BaMll MY: 3mr.llJ,fST:r.ca. 

He 6y,neM, IIOKSZeM Jillllll,, ltSKDI CIIOC06014 OTHOCJl'l'eJ[LH,O onpe,IteJieBBHX yo

JJ:OBHI MOZHO HBA'rll COOTHOmemte Me~ 8JI8M8HTaMH rpymm JI TO~, 

OIIpe,neJieHHWIJ 3H8'18IDUIYll IISpaM8Tp0B B TOIIOJIOI'.1'180.KOM npocTpaHOTBe. 

K IIp0CTeAll!fu(y Bl'f.IlYTOIIOJIOI'.1'18CKZX rpyUIIOTHOCJlTCS Te, mTOpl,[8 JlOJ:taJI:&

HO 06JI8,?tal)T CBOICTBIUG! E~ 1 ft -M8.PHOI'O 8BK1IH,ll;OBB IIpoCTpaHCT:Ba, 'l'Slt "iTO 

.oxpecTHOCTI, TO'lllm lk>&8T 61iTL uenpepimHO R B3am.4HO O,ItH03HB'iHO OT06pallt8-

Ha B ORpeCTHOCTL TO'lllm npocTpaHCT:Ba E,\ • Ta1toe 'l'OIIOJIOI'.1'180lt08 

IIp0CTpaHCTBO HOCBT·H83BBHH8 n -118p:HOI'O MHOI'006pa3Klis 

Pacclil)TpBM I'PYIIIIY C , 8JI8MBHTH i<a) KOTOp0il B OIIpe,lleJI8H-

HOI OltpBCTHOCTll JDlJUWTCS HenpepHBHl:IWI qJJHK1011IMH /1. -napaM8Tp0B 

a=(a,,ai,··•ia,.) • UyCT1> 9<a>-9<b):c<:j<c> .• r,ne a, b 
C - SHa'iemta Ha6opoB COOTB8TCTBYJ)lltHX napaNeTpoB. Tor,Ita C mi-

JUt8TCJl HeIIpeptmHol qJyHKll;leit napaMeTp0B Cl H b • PaccMBTpHBB.8-

MaH rpyIIIIa G - "l- napm,reTpR"iecltWI rpyuna, a TO'iKll TOIIOJiomec1t0ro 

llpoCTpaHCTBa NO:IHO OTOlr,lt8CTBB'l'1> 0 8JI8MeHT8MH rpylITIH. EcJDt C aB-

JlJl8TCS 8HaJUtTH"i8CROI q,yBltI0!81 IISpaM8Tp0B a JI b , TO rpynna 

G HBaHBaeTca rppmol Jlll. 
Onpe,IteJJ:eHJle 

I'pymra JIH 8CT1, TOllOJIOI'H'l8C!CM rpyIIII8, IIp0CTpaHC'l'BO 8JI8M8HTOB 

KOTopol JmJIJi8TCJl 8HaJm'flA8CJGD,l MHOl'006pa3H814. ,ltJIJI npaK'l'B'l:8CDX BH'mC

Jiemd!: RSM IIOHa,tt06:l!lTca CJl8JtYJlll8SI T80peMa. 

21 



TeopeMa 

IL - napm,reTpnecRSR: rpynna JlBJUl8TCH ROMIISRTJlOI, 8CJm 
06JiacT1> nsueaemm Bcex ee napm,reTpoB orpaHneaax> ii sawwyTaxx>. 

3aMB'll8Hlll8 

Ec,m paccwTpnaeMWI HlillB rpynna ecu rpynna MST,Pml, To oHa 
6y)Xe'f ROM!I8ltTHOtt nim YCJIOBBB, 11TO o6Jiaou B3M8H8HJIII ee 8JI8148H'l'OB 
orpamAeHa n SaJ.IKHJ'Ta. 

llplDle,PH 

I) PacCMO'fpm! rpynny TpaHCJ!.llnd O)XHOMepHOI'O IIpoCTpaHOTBS 
' . X = X + a. 1 1',11;8 X € (- 001 00 ) 1 a. € (-oo Joo) • BB8)X8M O6O3HQT{8Hlil'.8 

x' = x + a ;: Tx • 
-~ 

Tor.1ta Ta.Tb=Ta.~b ; (T.,.Tb)Tc"Ta(TbTc), , I"Ta.Ta., 
IIp}IT{BM T;"-= T.a. ii I= Tc.. T_a. : Ta-c. = 'l;, • TaRl!M o6pa3OM, C:BOitCTBS 

onepaTopoB Ta. YCT8HOB1l8HH. C ~yrol CTOpoHH, MIi r.!>Z8M nso6pa3BTl> 

.KBS,ItO8 npeo6pa3OB8Hlt8 T ~ Kalt reOMeTpnecicyD TO'IKY HS IIplDIOI. 

n111 aT0111 npeo6paso:BaHBe T.,. 6y,neT :1s06pamT1>cs: TOT{ltOI, JiDl8Dllett 
ltOO.P,ItlDISTY a no OTH01ll8Hlilll lt Ha,m.ny ROO.P,Il,BHST • ffa'llal[O ROOp,ztHJlaT 
6y)X8T i1306pazBTl> 8~ 8JI8M8HT T., • ECJDl To. Tb == Tc I TO 
ll)yJuatlm, OCYDt8CTllJlllllll8JI OT06paz8Hlil8 C = {(a.,b) = a+ b ' 6y,zteT 
Henpepmmol CWJlltIUl8it OT a ll b, IlOCltOJll,1!',,V o6JiaCTl> Jll3M8H8HJIII 
II8paM8Tpa a. HeorpaHneHa, rpynna He SlBJUl:8TCJl EOlllnalt'l'HOI. 

2) I'py1IIIa O)XHOMepHWC BP811l8Hd B .ItBYM8PHOM npocTpaHCTBe , 
X1 = )t.-1 Cin'f - Xt m"' If 1 

' X~ = X1 ih"'<f + X.1 cm 'f,) 

r,zte X 4 €(-oo 1oo') 1 x~€(-oo,oo), 

80T:E, rpynna,xapaRT8pH3YDllW!CJl O,JtHBM napaM8Tl)OM {f • MaTpnH8Jl Sanlil'.Cl> 

X 
1 
= Ty X 6y;o;~~ · 

(
x;) ( em<( 
x~ = n-,·,,,,ir 

-(l'l"''f) (X1) 
e.n 'I x.,_ ) 

I',11;8 IIST,Pll~ ~ JlBJUl8TCH SJt8148HTOM rpymIH Bpa!lt8:ad1 T8lt '!{TO. 

x)lm0%80TBO Ha 8BK1mltOBOit MOCEOCTlil z.m B 8BltD,ltOBOM npocTpaHOTB8 Ha-
3HB88TCJI orpamrqeHHJD&, eCJIB orpam111eao Eozecno )Xexapro:ma 1t0op

~T BC8X ero T0T{8lt. 
xx IIHozecno e:aaeorcs: sawmyTw. eCJDI OHO co.tte.PD'f :ace oBO:a npe,1trn 

T01UCH. 
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T.p T'f' = T<f••/ , I"' T,, ' 

B 3TOM CJIY'l88 TO'l{ltR Cf' ii 'f t-ntn 
HH 6JiTJ, OTOx,D;8CTilJI8HH 1 TS.It lt8.K 

T<fd1Tl1 = T'f 

-,4 

T'f = T.'f. 

( n - neJioe tJBCJio) ,n:OJillt-

TaimM o6pa30M, rpynnol30e npocTpaHCTBO RBJIJl8TCH O.KpymiOCTl,IO, ,Umma 
. .Kp:imott ROHe"ll!.a. 3'1'0 npmrep ltOMIISRTHOI rpynm,1. 

3) IlpHMepoM H8.KOWI8.KTHOI rpyIJIW MOJWT CJIYJKllTl, rpynna JiopeHI.ta' 
T.e. rpyrina BpameHRI T{8TlipeDrepHoro llC8B,It08BKJlH,JtOBa npocTpaHCTBa, 

2 1 _,,., , 
COXPBHSmltaJI tJ8TlipeXMepliltlt BHT8pBWI c; t - X = 1nv , I'pynny JiopeHir,a 
MOllHO npe)XCT8BHT:E, CJ18)XyllllltHM o6pasoM. IIpHC08,IUlliIDI K npeo6pa30BaHlIIIM 
nepexo.n:a OT ,1tBHlJtYlll8lCH CRCT8M!,I .K ,Itpyroa 8l!le H IIOBOJ)OTH oce!.t TpeX
M8pHoro 8BKJlH.ltOBOro npocTpaHCTBa, nOJIYlfi!M rpynny MaTPlIU 4 X 4, 3aBH
cmnym OT mecTR .n:effCTBlITEl.?Il,HHX napSMeTpoB. 3lleM8HTH 3TIDC '4 X 4 MaTPHU 
nponopIIJ!OHaJIJ;HH cJ. /3 B ~"-f3 , r.n:e (l = nr/c ( /j.,. - c.KOpocT:Ei 
,1tBD8.HlIJi ClICTeMU OTCtJ8T8 OTHOCRTeJIJ,HO RCXO.ItHO!.t, C - C.KOpoCTJ, CBeTa), 
R,CJie.n:oBaTeJIJ,HO,OHH o6pasym Heorpallll'ieHHoe .MHOJWCTBO. 

KoMIISKTHHe H H8.KOWI8RTHH8 rpyIIIII:l pa3JmtJ8ilTCJI TeM, '!TO B nepBOM 
CJ1yllae·"o6'!,eM rpyIIIW" .KOHetJeH, a BO BTOpoM - 6eCKOHetJeH. I!o)X 1106'!.e
MOM " I.{; rpyI!lIH G no.n:pasyMeBaeTcJI HHTerpWI no Bee ff rpynne ( T. e. 
no BC8M 3H8'l8HIDIM napaMeTpoB a ) 

VG = f et;u1f l , 
G 

r.ne d /H 1' - HHBapRaHTliltlt 06'!.eM, a 

Onpe,n:eJieHBe 

f<jl-Mepa, 

Mepa f-<9) aa rpynne C 
Mil JIX>6oro MHOJ!tecTBa A c G 

H83HB86TCH HHBSpRaHTHOff CJ18Ba, 8CJIR 

R JII06oro 3Jl8M9HTa y t" G l!M88M 

fL(A) = ((~cA), 

3,It8C:Ei 9 < A . -COBOKYllliOCTJ; 3JI8M8HTOB BH,Jta <;j" Cl 

BO.P,IIT, '!TO Mapa ft HHB8pR8HTH8 OTHOCHTeJI:EiHO Jl8BOI'O 
llt8 BWIOJUl.JI8TC!I paBeHCTBO 

VCA) = Y(A 0 9) / 

a €A. (Ib-
c,IlBltra) • ECJin 

TO_ lt.epa \J .Ha rpynne G H83HB88TCJI rornapH8HTHO!.t CIIpaBll, 
B 'laCTHOCTH, 8CJIR fL -BHBapHaIITliaJI CJieBa Ha rpynne G , TO 
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mt'l'erpaJJ: IIO 3TOI M8pe 0Ma,tta8'l' CJI8.ItYDllll!M CBOICTl!OM mmapmmTHOCTlI 

IIp]II .11emoc c~Hrax: • 

f {<<]) df'C~) = [fC<J,, • CJ) d,,.u.<j), 

AliaJIOITmO .It,M npm3ommapRSH'l'HOI Nep!i V HM88M 

j {<j) dV(<j) = /f(CJ • % ) d V('3), 

I')t8 (Jo € (; • 

TeopeMS 

Ha .KOMIIaKTlWX rpynnax_ Mapa, KHl38pJIISHTHBJI CJI8Ba, JIBJIJle'l'CJi TS.De 

mtBap]IISHTHOI B CIIpal38: f-(91 = W~J. 
IDmap]IISHTmtlt 8JieMeH'l' Oeli>eMa rpylIIIU 3~8M B mute 

IL 

cl.u<a) = lf(a,,01 1 •• • ·, a,,lt) JTdai, 
{ q t• ◄ 

r,JJ;e Cf(0.1 1a1 1• .. 1 a;,..) JIBJUleTCJi "~el" Ha rpyIIIIe G , KO'l'Opasi 

onpe,JJ;eJUleTCJi CJI8.1tYDIIHM oelpaso1i1. 

IPYHKIUIJI <f( a11a11 ... , a,. ) HS3I,IB88TCJi <WJ{ltD;Hel Ha rpyIIIIe, eCJilI 

H>DO H8IIBC8'l'li 

<f(a,,a,. 1 •• • ,ci;) = <f{<J), 

'l'Slt Kalt 38,Wllm8 8JI8M8H'l'8 rpyIIIIhl 9 
HaOClOpo'l', 3a,ttaml8 napmreTpoll · a 

HJ!Bap]ll8HTHOC'l'li 8JieM8H'l'8 000.8MB 

CJI8.ztYQl18 e : 

onpe,neMeT napaMeTPH a lI, 

OIIpe,JJ;eJIJtei' 8JI8MeHT <J 
dfi-<?) osHS'lBeT no onpe,ne.nemm 

dt,t (~•~o) = dfi (~).., (I.IO) 

r,l{e C/o - npoH3llOJil>Ha.fI Ma'l'p]lllla HS paccMBTp:al388MOlil HaMlf rpyI1Illi C, 
E 

~, . 
CJm a B a . -IIapa.Me'l'PH JISTp]IIU 9 . B . 9-o , . 'l'O Ma'l'Jm-

I/ji 9-1 
= lj• r;.o Cly11.eT xapaRT8p]1130BS'l'l>CJi ~paMeTpaMlt. a' (a I d"'J, 

I<O'l'O.PH8 JIBJISD)TCJ'[ <WHltUWD,m a B . a~ 1 
•. PaBeHCTBO (I.IO) 03-

Ha'lae'l, wro 

I I I ) /t. I ,. . 

Cf(a,,a1,• • . , a/l)_lT dai ""<f(a,,a1 1 •• • , a,,.)lT ciO.t , 
'·~ '=4 

npn J!ll6ux 
(cl <ol <o) a 4 • Cli , ••• , a,. .. ~ <f(a}> 
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MOmlO Bllpa3HTli qepe3 {f(a) R .fUtoelHSH nepexo,na OT nepeMeHJWX a' 
K nepeMeHHHM a. 

Ilp]IIM8pll 

I. PaCCMOTp]IIM BHBSpllaHTHY!l Mepy B 061.eM rpyIIIIll ym!MO.ztYJI.flpmiX 

(cut ll•i/=.,{), YHBTSPHllX MaTp]llll 2 x 2, T.e. rpymm SU('J.J. 

Hatt.neM llllpaseHBe r.repu df-(CJl 'lepes napaMeTpu rpymm suc2>, 
PaccMOTp]IIM CHS'l8JI8 rpynny C , COCTO.fil!lYI) ll3 H8Blipox,nemurx: MSTp]IIU 

lll!,Jl;S ~~ ~-) • Ee 8JI8M8HTH 3a,ttal'.)TCJi JIJ06m.m napru.m ( ol 1 (.l) 

KOMIJJI8KCHHX tmce.n. Ilp]II YJ,n{Olt8Hml cnpaBS 8Jl8MeHT8 rpyIIIIH & Ha 

8Jl8M8H'l' f-o = r: :~) HS SU ( l) 8JI8M8H'l'll c( , /3 npeoelpa3YJO'l'CH 

JIRHelHo: Po 
( fd/

1
t 1(31

2 =·/J, ' . d - d. = .Xo<X. -('>o/3 1 

I lf 
.{3-(I =/3o~t1Xori, 

. Onpe.JJ:eJmT8Jili ·aToro npeoelpa30BaHB11 paBeH e,ltHHJlue. 

Bllel].eM :BM8C'l'O napaMeTpoB cJ. = <X4 + i cL1 , (3 = {J+ + iflt 

Me'l'pll /!. , <f • ~ , If , CBH38.HHl,18 C <i K f, 
C'l'BSJ,ll!l 

i (If f 1f)/1. 
o( ,, /1. cm llf/1. e 

. . i('l-''lf)/2 
(3 = '1.,/1. Ct.YJ ~11. e 

napa

pm3eH-

. (o(fl) 
Ilp]II /l. "',I Ma'l'PBllB ~ = -p• c(. IIp]IIH8,I!,1leD'l' rpynne s Ult) • B 

Cf - ' (19, • 9' - yrJIH 3lnepa 3'l'OI MSTPJ!l]li. IIpocrolil llO,Jl;C'lleT IIOK83Hll88T, 

wro 
dct. do<!d~ ctl= I 1/tn,,..fLV d/ld.V.d'f'cllf. 

Ilo3TOM;Y mmapKSH'l'HHI :HHTerpaJJ: HS rpyIIII8 SU( 2) 38l].88'l'CJ'[ B yr.11ax att-
Jiepa IP)?,IYJIO~ 

.!'X .!'Ir 'ff 

ff(u)du "'-1~:2 ! J /f('f,~,1/')(>1,.,~dv.cl'fd'lf', 
SU(t) -1,r o o 

c»altTOP f/wx: 1 llHClpaH TSlt, 'iTO Nepa BCeit rpymm SU{2.) • J d,-ur<j)=,f ' 

SHa'Dl'l' 
df(a) = ~ p,..,M d~ ct'-' d ,v 

I ,(G ,rt . 'T T 

B f df <1) = ./ • 
S'Ul!) 

I'pymia SU(2.) JDW[8TCJ'[ .KOMIUUt'mOI, Talt Kalt el! '"06'.&eM" .KOH8118H. 
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2. ECJIH BSJITJ., B Ka'i8CTBe BTOporo npm4epa rpymiy Tpenrepma: 

Bpa!Ile:ima, TO M03HO lIOKa3STL, 1iTO mmap:e:aHTHWI Mepa mreeT Bl'Ut. 

dt {<j-) = 
9 
;. ~ ... ~ cl'l.f d<f J. "f, 

:e:, CJI8,?tOBaTeJIJ.,HO, 06'.bell( rpymw: Bpa!Ilemut TOEe KOH81i8H, T.e. 
. Ur .t,i- 'lt' 

lf = J dr<<i) - a/r:. Jd 'If f d~ fd'f ()'·-..a = ,f. 
S0(3) · o o o · . 

3. PaCCMOTPID4 Tenep1., mmap:e:aHTHYJ) Mepy H 06'.be11l''tmcTO JIOpeHil8BC

KIIX11 C.ztB:HroB B.ItOJIL oc:e: I. Olm onpe,neJieHH CJie.ltYDIIJ,tM npeoCSpasoBaHReM: 
~,, 

' ( el,u. -r-fitt 
. A~'i = -r:;u -~u. 

0 O 

0 

0 

A 

0 

;)· 0 , 

A 

r.ne U=Jt.. ;~::;~ -"O!iCTpoT~'\:e: diu =fl:,'.,· {3:fV'/c, • IlapaMeT-

PH JIBJlJDlTCJi a.n.ztl!Tli!BHliMl!. B CMY 8TOit a.iutl!Tl!BHOCTR MO.'IHO HaimcaTL 

<](U4) '}(Ut) = <j-(U,+U,t) , 

STo CBOICTBO II03BOJIH8T BliOpaTL B Ka1i8CTB8 mmap:e:aHTHOit Mep!i ,wIJI O.ztH0-

1l8paM8Tp.I1i8CKOI rpymw: JlopeHIJi:l .nmMJepeHIUlaJI du. 

0.flj) ;= du • 

Ilpx -.f ~ ~le~ t,f IIapaMeTp 'U · M8HJl8TCJi B npe,n~ax 

-°'3'.!'=U~+oo, 

Taia.w oCSpasoM, oCS'l>eM rpyIIII!i Jiopemia: 

00 

VL = J dfC~) = f du = oo , 
L -0o 

B, CJI8,?tOBBTMl>HO, paccMBTp:e:B88MWI rpymza H8KOMIIaKTHa. 

26 

j 
'I 
I 

' 

I 

I 
I 

:DiaBS II. JIHHEilliHE H YHHT.APHUE BEKTOPHHE IIPOCTPAHCTBA 

BBO.ltll nenpepmume rpyIIII!i, CO<PYC JIB onpe.neJllIJI me aJieMeHTH KaK 

npeoCSpa30B8Hl!JI KOH81iHOMepHOro npocTpaHCTBa. 1103,nHee 0Ka38.7.IOCL, 1iTO 

,wm Jm6olil rpyIIII!i JIB CYIIIBCTByeT :e:soMOp:liHruJ eit rpynna npeo6pasol38Hlll!: 

BeltTOpHOro npocTpaHCTBa. II03TOMY, pa,1tR npoCTOTH, MH 6y,IJ;eM npe,ItIIOJia

raTL, 1iTO ItaJr,ItWt 9JI8L18HT rpyIIII!i JlR ecTL onepaTop, ,Il;8RCTBYJlll]Dt Bon

pe.neJieHHOM B8KTOpHOM npocTpaHCTBe. B 3TOit rJiaBe 0YlJ:YT BBe,IJ;eHH JmHett

HHe H B8.ltTOpHHe npoCTpaHCTBa R onepaIUIR B HIDC. 

§ I. Jimteboe BeltTopHoe IIpoCTpaHCTBO 

- -, ➔ 
MHoxecTBO ,A{ 8JI8M8HTOB <:p , 'If' 1 X. , • • • Ha3HBS8TC.fl 

JIRHetaliHM BeKTOplWM IIOOCTpaHCTBOM Ha.IJ; IIOJieM '/R (1-tt\H (}, a 3Jl8M8HT!i 

MHOJlt8CTBa .Ai Ha3HBallTC.fl B8KTOpar,m, eCJm onpe.IJ;eJieHH ,IJ;Ba 3SKOHa KOM-

ll03~: BHYTpel!lillll "+" ( vn, .M-.M), T.e. BeKTOJ)Hoe CJIOJKeJme, :e: 

BHelllHRtt " • " ( IR C11M1 c) • .M.--.A-t) , T .e. :mHOJKelme Be.KTopa ua cxa-

JJRP, H TaKH8 1 1iTO 

I) .,ft 8CTL a6eJieBa rpyrma no B8KTOpHOM;y CJIOJKeHlDJ: ,wIJI KalU!.Olil 

napH 8JI8M8HTOB ¢ 1 y e:. ,At npocTpaHCTBO ..At CO,JJ;8PQT mt Bex-· 

TO pHyD CY'J6MY ip t o/ R 
~ ·-) ·➔ --> 
q,11f=11'tq,, 
~ ---, ·-> 
cp+O-=¢, 

ft ( iP t x'.} = ( <P f if) ti., 
-') ·➔ --> 
(p+(-¢)=0, 

(2.I) 

r.ne O - ayJieBol BeKTop npocTpaHCTBa ..At , a 

(-cp) - M8M8HT 1 o6paTHH! K M8M8HTY ip 
2) 8CJIH cp - Jm6oit BeKTOp Z3 .11 R d. - JIJOCSol CKBJJJip ll:3 7R 

(HJIR (C ) , TO .At co.nepu:T B8KTOP o(_ cF , T.e. ID/188TC.fl 38MK-

HYTOCTL no OTHomemm K yMHOUHml Ha CKaJI.llp; 

3) ( ol. (3) cp = d. ( (3 ip) - accou:e:aTHBHWi 38KOH YMHOlltel!M Ha CKalISlp; 

4) cl. ( cp + ir) = d. ip' + cl. ij? ] 
.- ➔ -> - ,ItHCTpR6yTRBHH6 

(oi. 4 (3)(p=oi.cp+t3cfl 3SKOHHj (2,2) 

➔ ➔ 

5) ,1 cf, == cp 
3aMeTRM, 'iTO 

-) -> ~ ➔ 

0cp =0 1 H)q> =(-q,)
1 

➔ ➔ 
(-d.)c/J ~-(oC<p). 

,llaJiee JmHeaitoe BeKTopHoe npocTpaHCTBO 6y.neu o6osuaqaTL cm.moJioM V 
Onpe.neJieHRe -> """1 ➔ 

MHol!ecTBo BeKTopoB ~> cf,21 ••• i cp., c V Ha31ID88TC.fl JtWlll11li9 He 3BBJJ-
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cm.mM, eCJm coomomemi:e mma 
n . 

. -> 

LO<\ cpk =O 

"= ◄ (2.3) 

B03MOllli0 JIHllll, IT.PH ol.• = o(t-= ••• = cl., = o • . (B npoTHBHOM CJIYll88 
~ ➔ ~ .. 

BeKTopa: <P., , cpl , • .. , qi., c V naaHBBDTcs: JmHeP.Ho 3BB1tcmnnm) • 

PB3M81)HOCTI, B8ItTOPHOl'O npocTpaHCTBB V onep8,ll8JI8HB .1mCJIOM Jm
HeP.Ho H83BB1tcm.mx BBKTOpoB B npoCTpaHCTBe. ECJilt :WC.'lll:CJIO KOHetmo, TO 

V HB3UBB8TCSI KOH8'1IHOM80Hmll, B npoTlitBHOM CJIYll88- decKOH8'1HOM8PHID.f, 

§ 2. YHHTBl)H08 npocTpaHCTBO 

Onpe,lleJI8HJ[8 

PBCCMOTPDI JmHeP.Hoe B8KTOpH08 npoCTpaHCTBO V , B KOTOpoM Kml

.noA nape B8KTOP0B llOCTBBJJ:8HO B 'COOTB8TCTB1{8 KOMM8KCH08 tm:CJIO ( cp, ii'), 
04'Ia.zt8Illl88 CBOf.lCTBBMII:, . ➔ 

--> '"" .... ➔ * ',4.. -) 
I) ( q> 1 ,P ) = ( 1f I q>) , B tJBCTHOCTB, ( '+' 1 cp) B81118CTB8HHO; 

2> c~ir~x>:ccf,irJ+c<P,i>, <2-4> 
-> ➔ ➔ ➔ 

3) ( cf> I ol 1/') = d. ( cp I 1/-') ,wm Jilldoro ROMIIJI8KCHOl'O tm:CJIB o( 
➔➔ .. -

4) (cfj 1 cp) ~ o , nprm.t (<f, 1</>)=o TOJIDKo np1t cf= o. 
TaKOe npoCTpaHCTBO V aa:nmaeTCSI YHHTBl)HHM (:wm npeJtrn7I1,68J)TOBHM) 

lt Od03HBtJ88TCJI ClitMBOJlOM H , 'D!CJIO ( cf, iy) lDIBHY8TCJI CKBJISiplllDII 

npolt3B8,ll8HJ[8M. 

8BM8'lBHH8 

I) C nOMOllUiD cKBJillpnoro npo1tsBe.neHR11 B _H MOltHO BB8CTlt ~ 

-Vciicf> = II <P II, (2.5) 

noCJie 'l:ero H CTBHOBltTCJI JD!HetbiHM HODMlt~B8BlllD,f npocTpaHCTBOM. 

2) ECJilt H tleCKOH8'l:HOM8PHO H ~~o BB8.It8HHOI HOl)Ma, TO 

ono :aaaHBaeTCSI rg.,u,gevroBHM npocTpaHCTBOM; cDIBOJIH'l:ec.m odoaHatmM ero ';/l, 

x)ECJIH B HOJ)MJIJ)OBSHHOM npoC'l'paHCTB8 H KBS,ttM ipy:a,ltaM8HT8Jll,Ha.l~ 

noCJI8,ItOBa'l'eJU,llOCTI, CXO.JlltTCJI K H8KOTOp0yY B8KTOPY TOI'O X8 npocTpaHCT-

Ba, TO 1-1 HB3HBB8TCJI IIOJIHHM. 

XX)IlOCJI8,ItOB8T8Jil>HOCTI, TO'l:8X { X n J HOpMIIIPO:eaHHOl'O IIP0CTpaHCTBa H 
H83HB88'l'CJI <WB,JlBM8HT8Jll,HOI, eCD ,M.11 JDJ6oro £ >O CYJ]t8CTBj'8T 

HaT]pa1II,H08 'l:JICJIO N = N (€) , Talt08, 'l:'1'0 H Xm - X,, II< £; IT.PK 

m 1n?:.N• 
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ECJIH OPTOHOPMHJ)OBBHH08 MHOllt8CTBO B8KTOp0B ¢, 1 cf2) • · • 1 in 6 1-/ 1 
. -➔ ·➔ 

( <P, I r:fii)-= c!ii nOJIHOCTI,I) onpe,lle.JIJi8T BeKTopnoe npocTpaHCTBO, TO 

I'OBOpirr, 'iTO 3TO MHO:EeCTBO SlllJIJt8TCJI OOTOHOpMHOOBBHHHM 683:HCOM npocT-

paHCTBa V • Tor.na JJD6of.l BeKTop · y 0 V _MOJBHo aaIIHcaT1, B BB.lte 
-~ ~ 

'If = f a; cpi I 
-> 

r.ne a; - B81l18CTB8HHl:l8 'l:HCJIB, ROTOplle MOlltHO onpe,lleJiltTI,, YMHOlltaH 3/' 
CJieBB Ha BeKTOPll opronoJ)Ml!poBBHHoro 6asnca ¢; 

(~-,if)== ~ a. (1} 1 i) =~a.cf.I= ai . 
OCHOBHllMK xapaKTe_pHCTlilltSMlt qllt3lt'l:8CROI CltCT8Ml,I B .KBSHTOBOI M8XBHllK8 

.IIBJUD'.lTCJI HadJm,ItaeMlle B8J!HlDIHH :e: cocTomum. Cnocod MaT8MSTlt'l:ec1t0ro 

OilllCSHllJI 8THX o6,.8KTOB COCTOlll'l' B CJie,JzyllllleM: Ha6JgmaeM194 B8JDttDIH8M 

cooTBeTcT:eym cBMOconp,meHlllie.onepaTOpH B I'BJII,6eproBOM npocTpaHcne 

dl (K0Top11e 6ylfYT onpe,neJieHll B § 3 aTol rJIBBH), COCTOSJHPM - Mac-
cu HOpMJa:poBalUU[X 3Jl8MeH'l'OB 3'1'01'0 IIpoCTpaHCTBa. CllelfYBTO'l'JleRU, 'l'l'O, 

B006me I'OBOJlfI, He BC8 COC'l'OJ!HM, a 3HB'l:lt'f B8RTOPH ¢ <= 'J( 1 o6Jm
.nam .KOH8'1IHO!HOJ)ll)I (Han.PKMBP, COO'l'B8TCTBYD!tl8 ItllOCKIDI BOEWI). OJt
HSKO HOJ)MH qllt3H'l:8CKHX COCTOJDml BC8r,lt8 11'.>r.YT dllTI, BH6paHll KOHB"DWIOI: 
( 8TJI COCTOJDDIS'. OIDICHBSD'l'CJI BOJIHOBHIDI naKeTBMJI[) • Ta.me . B81tTOpll: coc

TOJIHltlt y,nodHO HOPMJ(pOBa'l'h Ha 8.tOIBlllzy. 

8a.lle'l:aHl!le 

IlpoCTpancTBO 'JC naallBaeTCSI npocTpaHCTBOM cocTOJIHd. ero 

aopmpoBSHHlle 8JI8M8HTll - B8KT008Mlt COCTOJDillli, HadJm,ItaeMlle BeJlH'mHJi 

tJBCTO np:a:wrro_Ha3llBaTI, IIJ)OCTO HadJll),ltaeUHMH. 

§ 3. OnepaTOJ)ll 

Qnpe,ll8JI8Hlt8 · 

V 
OnepaTop L , onpe.neJiemw:A B JmHeitHOM B8KTOPHOM IIpoCTpaHCTB8 

' ocymeCTBJI.R:8T OT06paxeHHe CSMOI'O Ha ce6Jt, T.e. 8CJilt. ;p Ev, 
TO -"> 4, 

L(/>=cp EV, 

Orpamt~CJI Tenep1, JD!Hethtmqr 9nepaTopag. OnepaTop 

JDDlelm!M, 8CJDI YllOBJI8TBOJlfI8T YCJIOBlISDI 
-) - ➔ ➔ 

I) L ( cf> + ir) = L 4' t L If' 1 
' ➔ . ➔ 

2) l(oe'¢)=ocL¢, 

r,Ite <X. - IIpoB3:BOJ[I,H08 XOMWJ:8XCH08 'CDICJIO. 
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(2.6) 
L Ha3HB88TCS: . 

(2.7) 



3aMetm1me 

Bcsuatli mmeilmdt onepaTop MOlmT 6HTI> pewmsoBaH B Bl!,Ite mTPRU!l, 
T.e. BC.srRWI rpynna mmetnwx npeo6pas0Bamtll_lisoMOPiiaa HeROTopott rpyn
ne MaTPRil• TBKID4 o6pasoM, npe,ncTBBJieHl!lDm rpymm ( o ROTopmc petII, 6y
,1teT l!.ltTB B rJIBBe IY) smruDOTCSI rpymm MaTPRil, roMOMOJ$me rpynne C. 

Onpe,neJieHHe 

AHTHJimieimmt onepaTop y,noBJieTBOpiteT YCJIOBMM: 

k <P = cf,' c V, 
➔ ·-> -> -> 

k(C/>t1JI)= Kq> +l<1i'; 
.,.. ~ ➔ 

k((3¢)=(3K¢, 

~ r,ne (3. ,~ IIp0H3BOJII,HOe KOMIJJI8RCHOe. 'll'ICJIO. 

3aMe-qamm;, 

(2.8) 

I) CyutecTByeT "HYJI8BOU" onepaTop, _T.e. TBRC>i onepaTOP, KOTOl)Hit 
oTo6paxaeT JID6ott BeRTop npocTpaHCTBB . V B HYJieBoil BeRTop. 

2) ECJIR , L <P .= ii' , TO MOZHO R!Uf,ltOM;Y L IIOCTBBKTI, B 
cooTBBTCTBHe onepaTop ( -L ) , ROTOPml o!ro6paiaeT <P' Ha - i/. 

3) MHoaecTBo onepaTopoB, :eKJIMali HYJieoott onepaTop, B KOTopoM 
.n,rJl .Ka:i,noro l . ciY111eCTByeT (-L) , o6pasye-r OTHOCRTeJII,HO onepamm 
CJIOXeHRR: onepaTopoB R YMHOJKeHRIL HS KOMIJJieKcHHe (Be!lleCTBemme) '1:HCJIB 

mmellloe BeKTOPH08 npocTpaHCTBO. 
4) IlpoHSBe,neHHe .nBYX onepaTopoB onpe,neJIJieTCSI 11epes .I(Ba noCJie.n;o- . 

BBT8JII,liHX OT06~mm B npocTpaHCTBBX. 

Onpe,n;eJieHHe 

Jflmellloe BeKTOPHOe npocTpaHCTBO onepaTOp0B, 
M8CTO ,ItllCTpR6YT:e:BHHil 3BROH, T,8. 

( o( L~ + (3 Lx.) L3 = cl.. L1 L 3 + (3 L,. L3 > 

L~(olLi +-[3LJ) = o<.._L1L2 t(!L1 L3 1 

o6pasyeT an:re6py, 

3aMelJSHRe 

.n,rJl KOTOpmt RM88T 

(2.9) 

ECJm'IlpoHSBe.I(eHRe onepaTopoB B onpe,n;eJieHRR an:re6pH BCCOUl!aTRBHO, 
TO aJire6pa HB3HBB8TCSI 8CCOm@TRBHOft. 

. Hmte MH 6y,n;eM pacCMBTpHBBTI, TBR HBSHBaeMHe Heacco:tmaTRBHHe BJI
re6pu; ·B KoTopmc npomrne.n;eHRe .nBYX onepaTopoB onpe,n;eJISieTCSI B Bl!,lte 
KOMM,YT8TOpa 

L = LI L2 - Lil~'= [l4, L,d 

TaKH8 aJire6pH Ha3HBaIDTC.ll aJII'86par.m Jui:~ 
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(2. IO) 

I 

IlPRBe.neM onpe.n;eJielUISI onepnTOpoB, KOTOpHe IIOHB,n;06SITCSI HBM 
B ,n;aJII,Hei!meM II!)ll: BBe,n;emm TBia!X IIOHSITR:ii, .KaK npe.n;CTBBJieHRR: rpymm 

G- ' 
Onpe,n;eJieHRe 

+ 
apMHTOBO-conMJKeHHHM onepsTopo!-i L · K JIHilettHol,\Y onepaTopy l 

,n;eAcTBYJJIIBMY B YHRTBPHOM BeKTOPHOM_npocTpaHCTBe, HBSHBaeTCSI onepa
Top, ~ KOToporo :eM88T MeCTO COOTHOmeHHe 

->· ➔ ~ ➔ ·-> 
(Y 1 L<p) = (L 1+'1 cp). 

ECJIH r =. L • TO JIHHeAiiml onepaTOP l 
TO JIHHettHml onepaTop BHTHSDMHTOB. 

3BMetmlmSI 

(2. II) 
apMHTOB I ECJIR; r = - L 

- ➔ 4 
I. ECJIR HMeeT MecTo L 1f = c "If ·, r.n:e c - 'll!CJIO, To 11' Hasu- .. 

Ba8TCSI C06CTB8HHHM B8KTOPQM onepaTopa L , a KOHCTBHTa C - co6CTB8H-
H.HM 3HB1181U!8M onepaTopa L, , 

: 2. MollllO IIOKBSaTI>, lJTO C06CTB8HHH8 snaqerum:. SPMHTOBa onepaTopa 
SIBJISIIOTCJi. B8!ll8CTB8HHHMH "il!:CJIBMH. 

3. Co6CTB8HHH8 B8KTOpH, OTB8"laDIJtH8 pasJIH'IHHM co6CTB8HHliM 3HBlle
HHSIM, B3BlIMHO O,PTOroHBJII,HH, 

TeopeMB • 
Bc:matli JIHHeitHHil onepaTOP MOJltHO npe,n;cTaBHTI, B BH.I(e. CYMMJI apMaTOBa 

H aHTHSPMHTOBa onepaTOpoB. (~OKaJ!lliT8!) 

Onpe,n;eJieHHe 

BCSI.tmii apMHTOB onepaTop p E. d( , y,n;OBJI8TBOp!llllI!Htt COOTHOm8HHD 
'P2= p , HaSHBa8TCSI npoeK:tmOHHHM onepaTOp0M B 'J(. 

Onpe.n;eJieHHe 

JlmiettHHii onepaTop U , oTo6pmtru:JIUHli Bee rMI>6e,PToBO npocTpaH-
CTBO 'J(. Ha Bee Jl C COXpaH8Hll8M HOPMH 

➔ ...... 

1/UifJI/ "'ll</>// 1 

HB3HBB8TC.ll yHHT8pHID4, 

SaMeqrume 

YHHTBPHH8 onepaTopH 06Jia.n;8IJT CBOHCTBaMU: 
I) (Ucp,Uif)=(cp,if) (.u.,m Bcei. c$' 1rc 'J{. ); 

(2. I2) 

2) CymecTByeT onepaTop u-4 , o6paTHHli K ynn:TapHoMy, npn:qeM 

-4 + 
'U = ll (2.I3) 

:n 



; (aTo cBOttcTBO MOJJteT CJIYUTb onpe,n;e~e:imeM ymrrapHoro onepaTopa). 
3) IlponsBe,n;e:ime y:imTa,PHWC onepaTopoB ecTb Taror.e ymrraJ)Hl:lll: one

paTop. Y:imTapHlle onepaTop& o6pasym rpynny. 
06paTlilMCSI K ocHoBHOMY cBottcTBy npeo6pasoB8liltlt Cl!MMElTPD B KBaH

ToBOtt MeXSHnKe. BepoJtTHOCTR nepexo,n;oB 

,- /( :. - 2 ui_,3 = V-Jilf'd/ • 

H3 COCTOJ!Hlm i B COCTOmute j .&1llt RCXO~ COCTomm::lt H npeo6paso-
B8HHllX 

U';_ ➔J = / (U if.,·, U ii{)/ 2 

,Il;OJillHll COBll~BTb (npoTl'IBH08 O3Ba"i8JIO 6& H8COOTB8TCTBH8 ~BMHK COCTOH-
,-,,. -> 

HH:lt ~ H UV, ): 

➔ ->2 / -> -,2 
/(1J'iilJ-\)/ = (U!Jj°;Ulf'i)/. (2.14) 

HKlm'lHTeJibHYJ) BallHOCTb aTOI'O CBOICTBa llO,It'i8pKHBaeT C.7I8.IlYJlltWI Teopem. 

TeopeMa Burnepa 
IlyCTb npeo6pa30BBHn8 U B 'JC y,n;ollJieTBOp!IeT COOTHOmemm 

(2.14). Tor,n;a Hal,neTCSI yiwTapHoe :wm aHTHymrrapnoe npeo6pasoBBHne 
• TBKoe, "ITO 

-~ ➔ -i d(,P) -> 
(u 0 U).~. = e (pi , 

Uo 

'l J 
OTCD.n8 CJie~eT, qTo C TOtiHOCTD!l ,n;o llOCTOJIHHOtt 4la3!,! T8K08 npeo6paso-
BaHHe U 0 e~CTBeHHo. 

TeopeMa BHrnepa YTBepJK,ll;aeT, "ITO Ml,! He B COCTOJIHlm OTJmlmTb 
npeo6pa30BaHHl{ CHMMeTPHH OT YHHTB,PHWC (:wm WITHYHHTB,PHWC) npeo6paso-
BaHHtt B 'J! H noaTOM.Y MO.ERO HX OT~eCTBJISITD. BBXHIDJI npeo6pasoBaHHeM 
Ha MHozeoTBe onepaTopoB H BeKTopoB JIBJISleTCSI npeo6pasoprume nono6:wt, 
KOTopoe orrpe,n;eDM CJie.IJYllllHM o6pasoM. 

OIIpe,n:eJieHHe 

.IIBa onepaTopa L H L rro,no6Hll (HHor.n:a HX HB3!,!BaJOT aKB~eHT
mo.m:), 8CJIR cyilleCTByeT TBKO:lt orrepaTop $ , qTo 

L = s Ls-~ 

OrrepaTop S, He MeHmllnI.ll Mre6py npeo6pasoBaHHo:lt c11cTew, 
l!lecTBJia:eT npeodpasoBaHHe rronod:wt~ 

3aMeqBHHH· 

(2.15) 
ocy-

I) ECJIR onepaTop S B (2.16) yHRTapHll:lt, To rrpeodpasoBaHRe no
,n;odrui: H83!,IB8eTCSI YHHTBPlillM npeo6pa30B8Hl!:8M. 

2) Bee orrpe,n;e~eHWI, KOTop&e BBe,IteHll B ,n;aHHoM naparpagie ,n.,m onepa-
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TOpoB, B8pJIH B 06l!l8M CJiyqae TBK H83imaeMWC Henpepl,IBHllX onepaTopoJt'). 
IlpH pa60T8 C onepaTOpaMH ,n:RCKp8TllliMR Bce·ollpe,IteReHllJI CJie~eT Tlll8-
TeJibHO npoBep!ITb. 

Ilpez,ne qeM nepettT:a K no,n;po6HOMY oUHcamm rpynn JIH n Mre6p JIH, 
BBe,n:eM IlOHJtTH8 HHBapRaHTHOI'O IlOlIJIPQCTpaHCTBa. 

OIIpe,n;eJieHHe 

Ilo,n;npocTpaHCTBO :if npocTpaHCTBa V H83!,!B88TCH mmaPRaHTHl,IM, 
eCJIR 

L(.!eJ E :t') 

]1;IH BCSIKOro L , ,n;eitcTBYIJll8I'O B npocTpaHCTBe V. 

x>0nepaTOP H8~HB88TCH BllOJlH8 nenpepHBHlll,I, eCJIR OH nepeBO,n:RT BCJm08 
orpaBJAeHHoe MR<>&eCTBO B KOMII8XTHoe. 
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Dnma m. I'PYIIIlli JIH H AJII'EEPH JlH 

B aToil rJiaBe HSJiaramCH HeKOTO.PHe cBe,D;ellllR: 06 allllapaTe Teopim: 
HenpepimHHX rpynn. ECJIH orprumt1111T1>CH paccMOTpeHReM rpynn mmel!HHX 
npeo6pasol3almil, TO MOltHO IIO,D;paSYM8Ba'l'L IIO,ll; rpynnol G rpyimy Ma'l'
PRU, XO'l'Sl IIOJIY'la8Mlle COO'l'HomeHWI 6yJzy'l' HM8'l'l, 60Jiee 06111YlO 3H8tmMOCTli. 

§ I. l'pyIIIIH Jm 

KaK yxe CRa3aHO, HenpepHBHYD rpynny C KOHetmHM "D!CJIOM Hesrumcm.mx: 
napaMeTpoB o6wmo Hasima.m "KoHetmOMepHoil HenpepHBHoil rpynnoil".To:c
Jio aTmc napaMe'l'poB onpe,D;eJISie'l' IIOJlMOK rpynnH • 

PaccMO'l'pm! KOH8'11HYD HeIIpepHBHYJ) rpynny IIOp!f.ItKa /1, • 8.JieMeH'l' 
rpynnH 6y.D;eM o6osHatmTL <J{a) , r.zte a·=< a, i ••• , a_,.) • E.m,umtnudt 

SJieMeH'l' rpyIIIIH 8CTL 9 ( a 0 ) (He Te,PIISI 06ntHOCTH MOJltHO C"D!'l'8'l'L, '11'1'0 
a.o= 0 ). 

KaK yxe 6wro onpe.zteJieHo .B IIepBO:lt rJiaBe, eCJIH :HMeeT MeCTO COOTHO
meHHe 

CJ(a)o j(b) = ~(C)} 
a=(a,1 ••• Ja,.) 

b = ( bA} • • • ) b11.) 

C = ( C ,, , •• 1 C11.), 

(3.I) 

IIPR'118M C = cp(a.,b} SIBJISleTCH aHaJmTR'IJ8CKOI www:ael IIapaMe'l'poB Q 

b lil a-,( eCT.L 'l'a.KZe aHaJm'l'H"ieCKaSI qiyHKUWI IIapa.Me'l'pa a , 'l'O 
rpynna HasimaeTCH IL - napaMeTooecKOR rpyIIIIott JIH, 

PaccMOTPHM 'l'enepL npeo6paso:emma: h -MePffOI'O npoCTPaHCTBa H IIOKa
JteM, xamn.t YCJIOBEltM 8TH npeo6paso:saH1Vl ,ll;OJilmH Y.ztOBJieTBOp!i'l'L .tr,1III TOI'O, 
qTo6H oHH o6pasoBBJm ~ -napaMeTPRtJecxyD rpynny .Irlt. 

lJyCTL )(, > x~, • · ·, x., - 6aSHCHH8 B8KTO.PH IIpoCTPaHCTBa V, 
PaCCMO'l'pm.! ,ItBa IIOCJI8,ItOBaT8JILHHX npeo6pa30138liW! B ,ll;aHHOM IIpoCTPaHC'l'Be: 

H x11 = f Cx1
, bJ • (3.2) X

1 
= f<x 1a} 

C TotJKBMZ a H b MOllHO CBSl38Tli TO"iity (! , TrutyJ), tJTO 

C. = cJ>Caibl J 

r.i:te q:, - aH.aJlRTHtJeCKaSI qiyHRUlllt IIapaMeTpoB a H b. 
pa30M, IIOJIYtI}IM 

x11 -fc>1,c) ==fCx,¢<aib>) 

Ta.1004 06-

(3.3) 
B Ka"i8CTB8 rpynnoBOI'O 3aKOHa KOMII03HUl!lil. ECJil! o608Ha"IHTL npeo6pasoBa
HWI 

I 
X"'TaX H' 
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x' = Ti, x1 

TO x"= 1i, Tu.x, 

r.zte Tb Ta.= T,, = Tcpca,b) • 'l!To6H Ta o6pa30B8JIH rpynny, .tr,1III qiyHru];im 
(/)(a,b) , onpe.zteJieHHol 3aKOHOM KOMII03Hlllm (3.3), ,ItOJilltHH BHIIOJIHSITLCSI 

CJie,ItYmnte YCJIOBWI: 
I) aCCO!tli8TID3HOCTL 

Ta(lb Tc)= (Tc. Tb)Te,. ' wm 

<l>lu, </>< b,c)] = q:>[.4'ca,b) ,c] J 
2) cy~eCTBOBaHHe elll!lllt'mOI'O 8JieM8HTa 

a= cpcc.,o) = q,co,o.). 
I _, 

3) cy~eC'l'BOBaJIHe o6pa'l'Horo 8JI8M8HTa K MeMeHTY Tc.. 
-,4 .• ,f • 

, Ta·=Tc.. 1 

l:t TaKoro, tJTO Tc, Tc. ~ Tc., re. = 1 , TaKHM o6pa30M, 
,I,. -• ,.+, -, 
't"( QI Cl) "" '-f(Ct1Cl ) = 0 J 

r.zte a·" - o6pa'l'liHtt SJieMeHT K MeMeHTY a • 
ECJIR 8Tl:t aKCI!O.Mll BHIIOJIHeHH, TO npeo6pasoBamm (3.2) o6pasyJOT 

rpynny. 

IlpRMep rpymru Jll! 

PaCCMOTJ)HM rpyrnry npeo6pa30BBHRii 
I 

X = u, X + ai , a,*o· 
3/J:eMeHT 8TOii rpymru MOltHO 38IIHC8T:b B BH,Ite YITOPSl.ztO"ieHHoii IIB.PH 
(a,,at\;s:Ta • Tor.zta 

I) e,znnmtmlitt SJieMeH'l' ecTL ( -t, 0) .s I 

2) o6paTHHM K ( a.,Jat) SIBJISleTCSI_ aJieMeHT 

(1ia,,J -ui/u,)-=.Ta• 
. • I 

3) 38KOH KOMIIQ3l:ttnm RMeeT BB.It 

7i,. Ta. "' ( b, I b,i) ( Q 1 1 a, ) ::: ( b, a., J h, C, t + b2 ) := Te (,..) 

ECJm a, , a 2 - Bemec'l'BeHHHe tJHCJia, To rpyIIIIa .ztBYXIIapaMeTPRtJeCKSJI , 
eCJm KOMWieKcHHe "D!CJia - '!eTHpexnapar,ie1pn11ecxair. 

Sm.re'!amm 

. I) ECJIR orPaHRtJHTL 06J:racr1, HSMeHeHWI IIapaMeTpoB rpyIIIIH, TO 3TH 

rrpeo6pasoBaHHII He o6SlsaTeJILHO o6pasym rpynny. HanpRMep, eCJIH napa-
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MeTp U2 B3 pacCMOTpeHHoro llpm.!epa rpyIIIIH Jm:, or,Palil!'illM o6J.raCTl,JJ 

a~ E ( o, _, l, . To • .Ka.R 'Bl!,ltHO B3 (1<), YMHOEeHBe JJ:BYX npeo6paaoll8Hl!lff 
yze He 6y.zteT llpmi8,IJ;1Iellt8Tl, 8TOtt o6JiacTB. 

2) ])zymzu JIB C H G
1 

.IDWim'CJI B30MO.Pfiito,m, ec.,m llOJllmOR B 

38ROH ROMII03B!Um rpymz G H c' COBil8.IU1JJT l'I 06JiacT1> l'l3MeHeHWt BX 
napaMaTpoB O.lO{a l'I TS lite. 

§ 2. I'eHepaTopu rpymzu Jm: 

Coq,yc JIB, ROToputt B3YtrM 6ecxoHetmo MaJ!lle npeo6paaoBaHBSr rpymz 

JIB, llOK83SJI. trro 3Haiil're rpynnu JIB B ORP8CTHOCTB 0.lOIHRDH (T.e. 3.1IeMeH
TOB 9caa.J , r.zte eta - 6ecxoHetmo MWI!{e 3HatJeHWt napaMeTpoB a ) 
.ztaeT B03M:>.'IHOCTL BOCCTSHOBBTI, BCD rpymzy ( T • e • CJ (a) ) ;1!N! npo:aa-
BOJI:E.HHX 3H8tJeHBtt ct • 

,ll,ui. 8TOro paccMOTPDf npeo6paaoBaHBSr. o6paaynzme rpynny Jm:: 

x'=f(x,a), 
I 

r.1te x B x - 11 -MepHUe BeKTopu; a • IL - xapaxTepHue napa-

MeTpu. Ec.,m e.llJllm1llUllt 3.118M8HT onpe,1teJIJ1e:rCH COOTHOllleHBeM a = 0, TO 

(3.4) 

B3 (3.4) BUTeRaeT, trro X = fcx,o) • EeCROHetmo MaJioe B3MeHeHBe 

BeRTopa X llOJIY'll™ llPB llOMOIItH 6eCROHetmo MSJIOI'O H3M8H8Hl!R: napaMeTpa 
a , da • 

X tel)< =f<x,da), 

PaSJiarrur f (x, eta) B pR',II; TeAll:opa H orpaHB'lltBaHc1, TOJI:E.Ito nepB~A 
CT8ll8Hl,J) da , llOJiy'IaeM -

dx = (x,da) - f<x 1o) = -- da,. f . ~ f(x,o)lc 
'o a 4.•o (3.5) 

ECJll11 0603H8'll!T:E. 

U(X) ~ of(x,o) 

~' 
H3 (3,5) llOJiytJHM 

dx = U(x\dq 

3TO YpaBHeHHe 8CT:E. COKP8!118HHSJI 3anHC1> BUpaxe:mm 

r.zte 

It 

dxi= L U,v(X\dC<v; i=,,,2, ... ,11, 
>'=~ 

- of,;(J<,a)I 
U,v - 'oa., a, •o 

_ 'cJ{.(x
1
o) 

- -oa., 
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(3.6) 

(3.7) 

/ 

l -
EeCKOH0tJHO MBJJ:Oe H3MeHeHHe 'PYHKtnm F( x) MOJKHO aarmcaT:h B Bl'I,ll;e 

d F(x) = (~:)dx = (~:)Ul><)cia = cla [uui (fx )} F(x}. 

BBe.zteM 

X = Utx) 2- = of(K,o) E_ ) 
'l!x 'oCl 'ox 

(3.8) 

:Z-MepHHit B8KTOpH1,r:lt oriepaTOp, KOMilOH0HTH KOToporo paBHH 

n 

)C,, = L Uiv (~x,) I 
i=4 

V '; 11 2, , .. , It • 

(3.9) 

TaKm4 o6pa30M, BB0,140HHH0 B0KTOpHH0 onepaTopu, He 3amtCmitH0 OT napa

M0TpOB rpynm,t, H83UBal>TCJl reHepaTOJ?aMg. BH.u;Ho, tJTO lWJlt,11.0MY reHepaTopy 

rpynn:u oTBetJaeT OJUIH Hesrumcm.mli napaMeTp rpymm. 

KoMM,YTaTopu reHepaTopoB MOryT 6UT:E. aaimcaJlll B Blf)te 

't A 

[~ ,-x: 1 == [;; ct4 .. XA t4,"=-',2,, .. ,1t. (3.IO) 

A . 
B aTott C.POPMYJie C;u., - tJHCJia (0006U1e roBopa, KoMMeKcHUe) • ROTo-

pHe HaaIDl8.JJTca CTPYKTYPHHMH KOHCTSHTru.m. I'eHepaTopH Xv o6paaym 

aJire6py JIB rpyllIIll JIB. 'C!To6!l IIO.Ka38TI, 3TO,H8llOMHHM, 'ITO aJire6pa JIB;;(, 
eCTl, mrneftHoe .BeKTOpaoe npoCTpaHCTBo. Ha ROTOpoM onpe~eJieH BHj'TpeHlllltt 

38KOH KOMII03Htnm, KOTOpHit Y~OBII8TBOPJl8T COOTHOIDeHruIM 

[X)YJ Cl; 

lX1Y] = -lYJX] 
H T03,It8CTBy flK06H 

[X,[Y,Zl]t [Z,[X,Y]] +[Y,[Z,X]J ==o. 

(3. Ha) 

(3.II6) 

(3.IIB) 
IIycn Tenep:r. aa.naHa rpymza .II:H • llQPfJJUtEl 11. • cTpyK"cypHHe KOH-

), 

CTSHTU KOTopoA paBHU Ct'" , .A..'Ire6py JIB 8TOtt rpymm onpe,It0Jim4 CJie-

.ltYJlltHM o6pasoM. IlyCTI, .er' (/-' : Ai 1, • •• ) ") sm1!Jm'tbsl 683BOHUMl! 8JI8M8HTa-

MR I( -MePHOI'O JDtHeftHoro BeitTopHoro npoCTpaHCTBa. )l1IJl JiroUX lJ.BYX 
8JI8M8HTOB 8.1U'e6pll :;e , J( = °E ~ et' li! Y= [: y .. e., 38.!tOH ROMII0-
3Htnm MOlEHO onpe~eJmTl> CJie.ItYmtHM oe!pasoM: " 
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[X1YJ = L xi" Yv [ ~) e.,]:: L XrYv c;,,e,. . 
('-'-," t41•,l'l (3.12) 

HCXO,Itli H3 CBOitCTBa ( 3. II6) , BCJie,llCTBHe KOTOporo CTPYKTYJ)lil,le KOHCTaH
Tli aHTHCl!MMeTpwIBli no HIDKHHM HH,lleKCaM, T.e. 

>. >. 
c<"'., = - c ... t". , (3.13) 

.BH,lll!M, 'iTo (3.12) Y.IJ.OBJieTBoplieT KOMMYTaURoHHUM coOTHomeHRIIM (3.IO). 
TaKHM o6paaoM, a7II'e6pa JIH :f rpymw: JlH onpe,lleJieHa, T.e. ,llOKaaaHo, 
'ITO coBOKYnHOCTb reHepaTopoB Xv 3aMKHYTa OTHOCHTeJihHO onepaURH 
KOMMYTHpoBaHWI. 

3aMe'iruum 
A 

I) 3a.I{rume aJire6p1,1 JIH rpynnu, T.e. CTPYKTYPHWC KOHCTaHT Ct".., 
Rill!, tJTO TO 1t8 CaMOe, KOMM.y'TaTOp0B [:x;., J X,-] , O,llHO3H8'iHO He onpe-
,]leJIJieT reHepaTopu rpynnu )Cy H, CJie,lloBaTeJihHO, He onpe,lleJIJieT 
eme Ca.MY rpynny. 

2) KoMIIaKTHOCTb MH HeKoMIIaKTHOCTb rpynnu CK83HBaeTM Ha CBOit-
CTBax reHepaTopoB Xv H Ha CTPYKTYPHHX KOHCTaHTax c;., . 

3) B Teopm,I rpynn JIH IlOK83aHO, '-ITO reHepaTOPli KOMIIaKTHOit rpynnu 
Bcer,lla MOJltHO BH6paTb apMlIToBw.m. ,IJ;nsi H8KOMII8KTHWC r~rm reHepaTopu, 
B0O6IUe I'OBOJ!li, HeapMHTOBl:l:. CTpyKTypHHe KOHCTaHTli <rv KOMIIaKTHWC 
rpynn JIH aHTHCHMMeTpH'iHl:l: no BCeM TpeM HH,lleKCaM r-' ' V ' '>, . 

,IJ;nsi HeKoMIIaKTHWC rpymr (Hanp:aMep, ,IIJ1ll rpyllIIH JlopeHua) 3TO He HMeeT 
M8CTa. 

ToHeparopli Xv Y.D.OBJieTBO}llll')T TOlE,1(8CTBY HK06H (3. IIB), OTKY.ll8 
,IIJ1ll CTPYKTYPHWC KOHCTaHT nOJiy'-IaeM 

" ~( /l d' /l cf /l J') 
L Cvt' C/JA t S,, C/l., + C~., Cfl(' = 0 . 
(hA 

(3.14) 

Ilo.KallteM Ha npHMepax cnoco6 nOJiy:qeWUI r.eHeparopoB rpymm JIH. 

Ilpm4ep1,1 

I. IlycTh C ecTh JtBYXliapaMeTpll'ieCKWI rpyrma npeo6paao:arumtt · 
O,llHOMep!lOI'O BeKTopa 

l x = a, x + a 2 • 

EeCKOHB'iHO Ma7ll,!e npeo6pa3OBaIUJJi Il,Plllil!MBl'.)T CJI8JtYlllUfil BH,ll! 
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l 
I 

i 
! d..x = xda1 tda~ 

CpaBHHBaJr BHJ)alteHHe (3.15) c (3.7),nOJiytiaeM 
(3.I5) 

U44 = X l U.42 = ,f 

H H3 onpe,]leJieH:wr reHepaTopa (3.9) RMeeM 

X1 = x (Jx) J X =<~x ). 
Tenepb paccMOTPHM ,lleilcTBHe KOW-O'TaTopa reHepaTopoB X H X

2 

Ha 
IPYHKUi!D F (x) : 

[X◄ 1X1 ] F<x) = X 'lfol 
"() x.2 

_ 1_ ( X o Fcx)) = 
'ox ox 

t 1 = xo Fcx.) _ 'a F(x) _ X a Fcx) = 
'()Xi 'oX 'oX 2 

'cl t=-cx.i 

'ox -X Fcx). 

l1TaK, [X4 1~] = -)(
2 

• 

3Uatie!mJI CTPYKTYPH!:DC KOHCT8HT pamru: 

C111= 0 , c.,2Q = - 1 . 

2. PaCCMOTpmA rpynny BpanjeHHtt TpeXMepHoro OBKJIH,llOBa Ilp0CTP8HCT
:sa. 3TH npeo6pasoBaHM, KOTop1,1e OCTaB.llm:lT HHBaPHaHTHOi! (!JOPMY 

x; t- x; t x; ; o6paaym rpynny S0(3) (6yKBa S os-
HatiaeT, tJTo ctet q'= ,( , l',lle 9 c.: S0(3) ) • TaKHe npeo6paso-
BaUHJI lllOlKll.O sarm:caT:& B BH,lle X '~ A\ X • r.n;e X = (::) 

,, T ll A - ,ll8HCTBHTeJI:&HaJI 3 X 3 MaTp:im,a, Y.II.ODJI8TBOPlID!laJI YCJIOBm>A\Ai~r 

H de l A ,. + 1 . ECJin 6eCKOHe'iHo 11.aJioe npeo6pasoBaimo aalllicaTh 
B llH,Ije 

x'·=<~•da)x 
' 

TO dx =.xcta 

Us COOTHomeHIDJ 
T 

A\A.=I IlOJIYtiaeM (.1 + d a )( ,fi d c{) °" ,(, 
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OTey,na CJie,nyeT da = -cla.r , T.e. 

(

o da, 2 -dn, 3) 

da = -da,. o da13 

dau -dau o 

(3.I6) 

Ta.KHM o6pa80M, rpymra TpeXMepma Bp8lltemtlt HM88T TPH H888BHC1i!MWC 
IIBPaMeTpa. BBO,Itli 0008H8'i8HH8 a Q2.J = b1 , d a,, = b. , ct a = b 1 ,, < ,('J. J 
8arm1118M 6eCKOH8'lllO Mall08 npeo6pa80B8HH8 B8.KTOpa X B B:lm8 

dx, = x,. b.i - XJ b2 , 

d Xt = - X1 b3 + XJ b1 _, 

dX3= X1b.t - X2b4, 

CoOTB8TCTBYJOllll!8 reHepaTopu onpe,neJISDOTCJt paBeHCTBBMI! 

-v=x~-x~• -''-I J 'oX ,_ 
1 'Q)( I 

X1 = - XJ ~ + X 2._ • 
<lX1 J 'oXi 

· :X:3 = X2 l._ - X 1 ::£_ 
'oX1 "oX2 

(3.I?) 

KoMMYTBUHOHHli8 COOTH0ll8HM 3Tl!X reHepaTopoB HM8JOT CJI8.It.YmtHA B:;m: 

[:X-1 ,X1] = XJ l [X2 1XJ] = x, l [XJ ,X1] "'X1 • 
ECJil! 8aimcaTI, reHepaTOp!,! (3.I?) B B:;m8 MBTPHU, RaK,HBIIp:a:Mep, 

-x (0 0 
• ~ : 0 0 

O - i 
I), 

TO cpa8y B:lmHO, 'iTO Xi ( i = I,2,3) RBJIJDlTCJt BHTRapMHTOBl,!MH 
onepaTopru.m • Ulo.KBXJ11Te ! ) I'eHepaTopu rpymru TpeD48pma BP8llt8HHA 
(CM.§ 6 nepBott r~BB!,!) MOlEHO B!,!OpaTI, 31)MHTOBHMR. HTaK, 8CJIH 8BIIRCBTI, 
reHepaTopli Xi ( i = I,2,3) B B:;me Ji= iXi , To ROMMY-
T8UHOWW:e COOTHomeruur IIMY'i88M B B:!m8 

[]~, JJ] = i f,,:Jk_ ]k. (3. IB) 

CTPY.KTYJlHUe KOHCTBHTH anre6p!,! Jl:H rpyIIIIH BP8llt8HRA COBIIB,ItBJJT c IIOJr
HOCTJ,I) BHTRC:IIMMeTpR'lllHM T8H80poM 3-ro paHr8 t, ii" , 

3. B Ita'i8CTB8 TpeTMro II_pHMepa B08J,M8M rpymry CIIBUlfMJ,HHX YHH
TBPHUX npeoopaJoBaHHA SU(!l), T.e. MHOJJt8_CTBO 2x2 YHHTBPHUX MBTPHU C 
det II ·11=-1 , .nettCTB,YilllHX HB TO'IK8 .ItBYM8pHoro 'ROMitlI8KCHOro B8KTOPHOro 

npocTpaHCTBa. COOTB8TCTBYDmee npeo6pa80B8HH8 MOE8T Q!,!TI, npe,ncT8M8HO 
CJie,nyJ:)lltHM odpa8oM: 

X
1 ~ /_,{ X, 
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'i 

EeCKOH8'iHO Ma.1108 npeo6pa80BaHHe HM88T B:!m 
l 

X=(-11-dulx, dx~dux. 
TaK RaK MBTpHU!,! U YHH'r8pHU: U U ~ = U' l! = 1 , no~yqaeM 

du tdu"=O, 
ECJIH ,It008BHM YCJIOBHe 

det (·f+du) = +-1
1 

MOX8T CUTI, npe,ncTaMeHa B B:;me TO MBTpH~ du 

cfu = 
( 

iL£1 
U1 t i UJ) 

-U2 ti UJ - iu1 1 

r,ne u, ( i = I,2,3) - B811!8CTB8HHl,l8 'IHCJia. Ha B:;ma 08CKOH8'll!O Ma
~!,!X npeo6pa8oBBHHA 

d X4 = i u, X4 + ( ll 2 + i UJ) X 1 
1 

dx2= (-u. tiuJ )x, - iU1 )(,i_ / 

CJie,nyeT Jll3HUA B:!m reHepaTOpoB 

X . o o 
f = 1, )(,- - 1. Xi - , ox, oXi 

k a Xi .E_ - X~ 2_ > 
OX1 'oX2 

-y o - o 
../¼ : l X l - + 1. X, ;=;:-- • 'ox, uX,_ 

BU'll!CJIJtfl Henocpe,nCTB8HHO KOMMyT8TOPli, IIOJIY'IBM 

[:X4 ,X2] = -.2:)G 
ECJIH Tenep1, BlidepeM 3TH reHepaTopu 
KOMIIBKTHB) )(c = - 2 z ] i ( i = 
COOTHomeHIDI 

[ Ji I J J J = i f ii k ]k , 

(+ UHMH~ecKBJI aaMeHa). 
8PMHTOB!iMH (T8K KBR rpynna SU(2.) 

I,2,3), TO IlOJIY'IHM KOMMYTBUHOHHl,le 

KOTopue COBIIB,ItBIOT C KOMMyT8UHOHH!,!MH COOTHOIU8HIDIMH (3. IB). Mu BH.ItHM, 
'ITO rpyIIII!,! S0(3) H S UO) OMB,ItaJOT O.ItHOR H TOR JKe Mre6pott .Im. 

3aMe'IBHIDI 

I) ECJIH ,ItBe rpynnu Jl:H 06JIB.ItBJJT 0,ItHOA H Tott ll8 rurreopott Jm,. TO 
roBOpirr, 'iTO OHH ~OKaJIJ,HO B80MOptiHU. 

1 
2) IbMoMOptiHue rpynnu JI:H G ii C JraJIJJDTCJI JIOKMl>HO HBOMO?lJHH

Ma, eCJIH ruxoo roMoMOP;Imam eCT1, ~cxpeTHWi no,nrpynna rpynnli C • 
3) I'eHepaTOp!,! rpyIIIIH .llR o6pa8Yl)T BJire6py .Im, B KOTOpott IIOOi18B8-

J18HH8M M8M8HTOB Jn!JIJI8TCJt ROM!.{YT8TOP anre6pH. AJrreopa JlR rpyIIIIH JlR 
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nOJIHocTl>ll onpe.neJIJieTca aTott rpynnoa. HaooopoT, aJire6pa JIH onpe,neJIJieT 
STY rpynny C TO"IHOCTl,l) .no ~OK8JII,HOI'O B30MOPlJll3Ma. 

AHaJiorru.m no,nrpyIIIIH B mmapmmTHott no,nrpyIIIIH B aJireope JIB JIB-

JIJil)TCJl noJiaJireopa H lUleaJI. 

onpe.ne.n:eHBe I 

ECJIB B aJireope .lill )L cy111ecTByeT MHOJJteCTBO ;/:., aJieMeHTOB, KO-
Topoe caMO mlJISieTca aJireopoii JIB, TO aTo MHOJteCTBO HasimaeTca no.naJI
reopott ;;t' aJire6pH JIH !{ , T.e., eCJm XE. ~, B Ye !e' , To 

[XJ YJ E ;;e'. 
ClulBOJm'ie CRH saIIBllleM 

I I I 

[!t1~Jc~. 
3aMetzaHBSI 
r. ECJm n - TaR8Jt no.nMreopa aJire6pH JIH ;t , tzTo WIJI JIJOO!lX 

XE n B . Y t. ;e npoBsBe.neHHe 
[X,YJ E ??, 

~ ze CBMBOJm'ieCRB 

[n,!t'J c nl 
TO n HasimaeTCJl B,Ite8JIOM aJireOp!i ~ • 

2. An:reopa Jm HasimaeTca npocToit, eCJm oHa He co,nep,mT B,IteaJia, 
OTD"IHOI'O OT cauoit aJireOphl, H HasimaeTca IlOJIYllOOCTOii, eCJIB oHa He 
RMe8T KOMMj'TaTHBHOI'O B,IteaJia ( T.e. [ 1l I n] '"0 ) • . 

3. An:reopa Jm npocToii rpynnH JIB npocTa, a aJireopa JIH nMynpocToii 

rpynnH JIB n~npocTa. 
4. IlycTl> sa.naHa HeKoTOpaJI rpynna Jia G~ KOHetmoit pasMepHocTH It. , 

reHepaTop!i KOTopoit oopasym aJireopy Jm :L Toil xe pasMBpHocTB. EMH 
B a.nreope .>!: cy111ecTBYJ)T ROMMYTBPYJ)lltR8 3JI8MeHTli, TO 3JI8M8HTH 8TH 
oopasYJJT KOMMYTSTRBHYD no,naJireopy aJireOPli Jm !e • MaKcHMBJil>Hyp KOMMY-
TaTHBHVD noJIBJireopy }(, BJireopH ::t Hasimam nonBJireopoa KapTaHa 
a.nre6pli Jm. 

ECJm ooosHa'iaeM qepes Hi oaszCHlle aJieMeHTH paccMaTpzBaeMOtt BJI-

reopH KapTaHa, TO HMeeM 

[HiJHJ·]=O iiJ°=4,t1•··il 

PasM0pHoc-r1, l no,naJireOPH Ka.PTaHa wrreop1,1 Jlll: ;;t HasimaeTca ~ 
aJire6pH JIH ;;f Ml! .P8!!EQM rpymm G~ • 
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DraBa IY. IIPElCTABJIEHIDI IFYIIll JIB H AJII'EEP JIB 

B npe,Itlltlzy111ett r~aBe Mii paccMaTPHBa.1IH HHqimmTeSRMaJil>Hlle onepaTop1,1 
rpynn .lill B lDC KOMMj'TSm{OHHlle COOTHomemm C aocTpaKTHOil TO'iRH spemm, 
He BCllMl>SYH JiBHYIO 4X>P.t.\Y' onepaTopoB. qTOO!i ycTaHOBlITI, CB/131, C qlllBH
'ieCRl!MI! CBTyanwn,m, H8OOXO,ltHMO BB8CTH Cll8m{8Jil,Hll8 peaJIHSantm 8TRX 
onepaTOpoB. !IOCKMI,Ky Mii pa6OT88M C mmenHli!.m onepaTOpaMH, TO, KaK 
yxe·oTMe~OCl>,C K~ HS 8THX onepaTopoB MOlKHO CBR:88Tl, r.lSTPBizy. ECJIB 
llJ)li 8TOM COOTBeTCTBYDJUile MaTPHilll y,noMeTBOpmoT KOMM;yTSm!OHHllM COOTHO
meHRIIM WIJI 8THX onepaTO.POB, TO I'OBOP/IT, 'iTO 8TB MSTPH~) o6pasym 
npeJicTaMeHBe rpymrH. 

§ I. 06111He CBOitCTBa npe,ncTaMeHHtt 

IlycTl> V - Jnmei!Hoe BeKTopHoe npocTpaHCTBo. BBe,neM 6asxc, coc-
TO.lllllHil RB ~ei!Ho HeBaBBCHMIDC BeKTopoB f. t £ I ••• I f,, • TSK 
tzTO .mo6off BeKTOP q> € V MOX8T OliTI, npe.ncTaMeH B BH,ne 

cp = t <pifi, 
t~4 

HOH llOJIHOCTl,JJ xapaKTeJ)lisyeTca CBOHWI KOMIIOHeHTaMH cpi • PacCMOTpHM 
Jlllliei!Hoe npeo6pasoBaHHe J) npocTpaHCTBa . V 

<I> ➔ cp = J) <p I 
liW! B MaTJ)li"IHOM BH,ne 

cp: = '[:1JiJcpf1 (i,j=../JJ.J .. ·1n), 
J 

r.ne ])iJ - MaTpm:ra npeo6pasoBaHKR: J) • Ey,neM I'OBOPHTl>, 'iTO 88,ItaHO 
npeJicTaMeHRe ]) 

~ -> ])(~) 

rpynnH G .B npocTpaHcTBe V , eMH ~O.t.\Y' MeMeHTY 9 t. G conoc-
TalWleTca npeoopasoBrurae JJ(~) npocTpaHCTBa V TaimM o6pasoM, 'iTO 

])(9A> D(1.,_) = 'J>(c;,· C,2), (4.I) 

T.e. COXpalia8TC.fI 38KOH KOMIIOBRtnm, onpe.I{e~eHHllli B b • Hs (4.I) Me-

x>c.ne,nyeT OTM8THTl>, tzTO, BOO6111e I'OBOP.fl, npe.ncTaB/IeHHH He OO.fIBSTMl>HO 
mwmrca MaTp:atmm.m, HOB CJIY'i88 rpynn JIH Bcer,I{a MOJltHO llOCT.POHTl, MaT
p.!'lllhl8 npe.I{CTSB/IeHRlt. 
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;zyeT, 'ITO 8,ll;HHH'ill.OMY 3JI8M8HTY e E G COOTB8TCTBY8T e,Itmm'llil:ltt 
orrepaTop (TOJ&,IteCTBeHHoe rrpeo6pasoBSHHe): 

1:>~)=T. 
06paTHOMY aneMeHTY 1~ C COOTB8TCTBY8T o6paTHOe rrpeo6paso:amme 

B rrpocTpaHCTBe V 
-~ 

[J)(<Jl] '= 'JJ(cf)) 

T8K KSK 

])(ct) .Deep= :D<f• CJ) = ])(e) = I 

Orrpe,neJieHHe 

JimieflHHM rrpencTaBJieHHeM rpymw JIB GJe JlllJIJl:eTCil: rpynna h -Mep-

HWC MSTPHU J)c1) , Ha KOTOPYD rpynna G!{ I'OMOMOJXPHO oTo6paxeHa, 

IlpH"leM MaTpH~ JJ<c;> COOTB8TCTByeT 8JI8MeHTY 96 6:e • 
ECJm STO oTo6paxeHHe -11soMopti1rnM, TO rrpe.ncTaBJieHHe rpynnH JIB

JIJieTCil: ~. B rrpoTRBHOM CJIY"laeoHO Ha3W388TCil: HQ'l'O':UWM. 

3aMetJSHHJI 

I. ECJm rrpe,ncTaBJieHHe JIB.7IJl8TCil: TO"IHHM, TO CTPYKTYPHH8 .KOHCTSHTH 

a.nre6p JIR rpynn G-~ 11 .D COB~, HJIH, BHatJe roBopa, 

nepeCTB.HOBO"IHl:l:8 COOTHOW8HWI reHepaTOpOB rpynn G- :t H ]) 

O,nmiaKOBH. 

2. IlpoCTHe rpymm HM8DT TOJII,.KO TO"IHHe npe,ncTaBJieHRII. 

Ilp:aMepH 

I) IIycTl> G - rpynna G = { e J a f , iror,na CJie.It.YDIO!e rrpe,ncTaBJie-

HHJI SIBJI.IDDTCil: TO"IHHMH: ,., 
a) D ( e > = 1 , 

,,, ,{ 
l)(a)=- i 

(t) (. 0) 
6) J) (e) = o 1 , 

{ti (~ 0) 
1) (a> = o -• i 

(J) (~ 0) B) ]) (e) ~ o o 1 
11)· c-4 C) 

.J)(a)= oo 

8 llp8,D;CTaBJI8HB8 

]Xe\ =,,f , :D(a.\= ,/ - He ~TCil:.(,IloKrumTe!) 

2. B K8"18CTBe npm,repa JIHHeflHoro Ilp0,llCT8BJI8HWI paCCMOTPHM rpynny 

TpaHCJIJIUHtt B TpeXMepHOM rrpocTpaHCTBe: 

-+ -,,J ....... ➔ 
X--'l>X=x+a., 

.Kor.n:a K8l!i,lt8Jl TpaHCJIJIUWI xapaKTepirnyeTCil: B8.KTOp0M C,D;Blira U • IlyCTI, 

V - H8KOTOpoe B8KTOpHoe rrpocTpaHCTBO. Kax,nott TpaHCJIJIUBH Ha Be.KTop 
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a corrocTaBHM onepaT(lP yrmOJteHHJI B8.KTOp0l\ Ilp0CTpaHCTBa V 
ik d -> 

HS KOMWI8KCHOe "IHCJIO e . , r.ne I< - H8.KOTopHtt <pllKCHp0BaH-

HHtt TpeXMepHHa Be.KTop. Ilp0ll3Be,neHlDO .nBYX TpaHCJIJIUl!ft a~ ll a~ , 
T.e. ai + Q~ , COOTB8TCTByeT orrepaTop YMP..Olt8Hrul Ha 

il'c«,tc11 > ik'a, ii"'.'¾ ikcl, •,·k'a, 
e = e e = e- e 

Ta.KIDA o6pasoM, MH IlOJiytm1m 0,llHO HS B03MOlltHHX JlllHeflHwc rrpe,llCTaBJieH:afl: 
rpyrrnH TpaHCJIJllJlitt. 

3aw.e"l8HHe 

B 0,llHOM ll TOM ze Ilp0CTpaHCTBe V MOryT CYIIl8CTBOB8Tl, pasHHe 

rrpe.ncTaBJieHHJI o,llHott 11 To! lie rpymm. IIycTL 1Jr9J - rrpe,ncTaBJieHHe 

rpymm G B rrpocTpaHCTBe · V H S - JIHHeflHoe oTo6paxeHHe 

rrpocTpaHCTBa V B V , HMelll{ee HerrpepHBHoe o6paTHoe oTo6pazeHHe 
S -

4 
• To.r ,na BHpaateHHe 

I -4 
D ( 9 l = 5 D( l) s 

Ta.Kll:e onpe.neJIJ1eT npe,ncTaBJieHHe rpyrrnH r; B V • B caMOM .lleJie, 
RM88M 

I I - I - I -1 
1:>rg.> N<ji> "' s Jx91Js s D<~1) s = s .Dc9,l Dr<ji>S = 

-, J 
= 5 D( CJ•. <],) S = J) ( CJ• • ~ t) • 

IIo,no6Hl:le npe.ztcTaBJieHIDI C'IHTSIJTM 3KBHBM8HTHw.m • .Ua.nHM 061llee 
Onpe.neJieHHe 

, ' 
IIpe.ncTaBJieHHJI "Dr9) :a ])r1) rpynnH G B npocTpaHCTBaX 

1/, ll V,_ SKBHBaJreHTHH. 0CJI!il C.YDl8CTByeT JIHHeflHHtt onepaTop $, 
OT06prummmff V, B v~ , HMemma o6paTHlltl JIHHeffHHtt onepaTop s-4, 
TaKOtt, "ITO 

I -4 
])(9)=SJ><j)S. 

§ 2. YHHTapHue npe.ncTaBJiemm 

PacCMOTPJilM I'RJIL68p'l'OBO Ilp0CTpaHCTBO d(. Kalt Ylte OTM8"1MOCI, 

Bl:lllle (rJI. II, § I)' rrpeo6pa30BaHHe ])( 7) B STOM IlJ)OCTpaHCTBe H83W3a--

8TM ,YHHTSpHHM, 8CJIH nc9) He MeHJleT CKaJIJJpHoe Ilp0H3B8,ll8HlI8 JI»-
6oft napl:l B8KTOJ)OB, T.e. 8CJIH MJI JID6wc <P ' 11 E 7/( BllIIOJIHJleTM 

,1-5 



yCJiomte 

(N~l'PJ N~J"t) (qi,i;,). 

Onpe.zteJieHHe 

IlyCTI, rnnb6e.PTOBO npocTpaHCTBO 'J( npeo6pasyeTCH no npe,ItCTaB-
Jiemm 'D<'?) rpynnu G • ECJIH Bee onepaTOPI:l J>(cg) sroro 
npe,ItCTSMeHrui YHHTapHI:l, TO OHO H83!:lBaeTCSI Yfi{TSO!ililM npel!CTaMeHHeM. 

TeopeMa 

.lt1IJI JW6ofi KOMIISKTHOfi rpynnu·~oe ee KoHetmOMep!toe npe,ItCTSMe
ime 3.KBlmMeHTHO HeKOTOJlOMY YHnTapHOMY npe,ItCTSBJierum. 

lOKS3ST8JIJ,CTBO STOfi TeopeM!l OCHOBaHO Ha TOM, 'iTO ~ KOMIISKTHOtt 
rpynnu MOJEHO BBeCTH HHBapHaHTHOe HHTerpHJ)OBaime. 

Ilpell'.,lle Bcero Ha,ItO IIOKa38Tb, 'iTO, 8CJIH onepaTOPI:l JJ(<q) Heyim:
TSp!t!:l OTHOCHTeJIJ,HO 38,ItaHHOro cI<aJISipHoro npoHsBe,IteHB/1 (.ItMee "cTapoe" 
CI<aJISIPHOe npoH3Be,IteHR~) ( ci·, 11') ' TO MOJEHO BB8CTH TaKOe 11HOB08 11 

CI<aJISIPHOe npoH3B8,IteHHe (~,~)'. 'iTO OTHOCHTeJll,HO STOro npo:asBe-
;n;eHllJ! Bee onepaTOPbl ])<1) yxe YHHT8PHbl, T.e. 

I l 
(D<~)cp J ])cj)f) ""' ( cf>, tr)• 

CJre,ItyeT OTM8THT1>, 'iTO ~ JIJ06ott nap!:l B8KTOJ)OB cp R ·ir BeJIJII-
q}IHS 

fccp =(nc1)q,, J)(c=a)zr) 

HBJIJieTCSI HSKOTOJ)Off orpaim:qeHHofi cpymme:ett Ha rpynne G • .lt1m KOMIISKT-
IlOit rpylIIII:l CYllt8CTByeT RHBaPHaHTlildt RHTerpSJI ( CM. § 6) 

f[c9)d~ ~ ff<99c)d~ = ff<9c9) d~, 
G C t 

r.n:e 9c - JID6ott 3JI8M8HT rpylllII:l G 
BBe;n;eM "110Boe 11 cKSJIR:pHoe nponsBe;n;eHHe 

(<P,lf)
1 

= /(])C'J)CPJ JJ(<Jl1f)d~- (4.2) 
C 

I 
.Bbip8llt8HH8 ( cp) 1/') Y.ItOMeTBOJlHST onpe;n;eJieHWO CKM.lip!{Oro nponsBe,Ite-
HM. ()toKWmTe ! ) 

Ilq OTHomemno K CI<aJISIJ)HOMY npo:asBe)leHml (4.2) BC8 oneparopbl yim
TapHbl, TSK KSK HMeeM: 
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) (' I I ) 'Ji I , / (])UJl<P, J)cQ)'l/') = J (J>C~JW1)q;J D<<j)])(C,Jli,, dCj= (Drn)¢JD<<j.~Jlf•)dq= 
d C • G q 

f'. ' I ) I I = J(JJ<~>cp 1J)(~pr d~ = (¢,11')) 
G • 

qro H Tpe60BMOCJ, ,It0Ka3STJ,. 

IlyCTJ, Tenep:r, fi, - H8KOTOp!:ii! 6a3HC, OPTOHOPMllJlOBaHHI:li! OTHOCHT8JIJ,-
HO "cTaporo" CKaJIJipHoro nponsBe.zteHIDI 

(f.,fi·)=di;· (1:iJ~11 2, .•. ,n)1 I . 

If f~ - 683HC, OPTOHOPMllJlOBSHHblff OTHOCHT8JIJ,HO 11HOBoro" CKaJIRpHoro 
IIJ)Olf3B8.Il8HHJI 

I i 

( {i I fJ) = d'iJ . 

06osHa~M qepes A .:... onepaTop, nepeBOMUUrii {i· u 
A fi = f,.;, 

ECJIH <P = ~ cf;, f. , 1r = E zr, f,· 
, I, "i '" i. 

A 'If'= I:: 1f.· f,, , If, CJI8,It0BaT8Jll,HO, 
, TO 

f,·' 

I 
A¢= [:cp,;f. 

't 

l, . 

(A</>iAY)
1 

=2_cp,1f~ = (r/>il/'), 
i 

HJIH 

(cp; 1f)
1 

= (f,,cf>, A
04 1f"). 

ECJin orrpe.zteJllfM J:/cc;) = A-4
])(~) A , To 

(:o'<i\4>> n'c9> 1r) = (f
4
JJ(1)A cpl A-

1
])c~)A If)= 

I I 
=(:r,c1)Ac:p1 D(j)Alf) = (Aq,,Al/') =(c/,ii;,), 

I 

T.e. Bee orreparop!:l l>(<j) YHifTapHbl OTHOCifT8JIJ,HO 11 CTaporo" CKa-
MPHOro nponaBe,IteHRJI. 

TaKHM o6pasoM, ~oe npe,ItcTaBJieHHe KOMIIBKTHOi! rpynnbl 3KBllBM8HT
HO YHHTSpHOMY rrpe,ItCTSMeHmo. Il03TOMY B ,ItSJIJ,He.ilrueM·.ItJIJI KOMITSKTHO.lt rpyn
rru JlH MU M0'1t8M orpaHH'iHTI,CSJ J1RillJ, YHHTSPHWM rrpe.ztcTaBJieHID.IMit. 

§ 3. HerrpllBO.llHMU8 npe,ItCTSllJleHRJI 

IIycTb sa,ItaHo HeRoTopoe npe;n;cTaB1Iemre J)( '1) rpynnbl C B 
rrpocTpa!ICTBe V H v,, - HeKoTopoe IIO,ItITJ)OCTpaHCTBO npocTpa!l
CTBa V' llHBSPHBHTHOe OTHOCllTeJIJ,HO D<<j) , T.e • .ItJIJI .mo6o-
ro 1f' f ~ If 9 E & llM88T M8CTO 

-:})(<j) ir € ~ ' 
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Onpe.zteJieJm:e 

IIpe,ncraBJieJm:e I>c 9) B npocrpaHcTBe Y Haamiaercsr np:irao.IIH-

MllM. eCJIB CYJ118CTByeT HeTpHBHaJII,HOe no,nnpocTpaHCTBO v, , mraa-

pHaHTH08 OTHOCRT8JII,HO .ItailliOI'O npe.ztcTaBJieHWl. B IIpoTBBHOM CJIY"Cl88 

npe.ztCTaBJieHHe H83HBa8TCH HenpHBOl!RMl,IM. 

KBR 6WIO 3aMetteHo BWIIe, ITO.It npe.ztCTaBJieHHeM ])(CJ) CJie,nYeT IIO.It-

paayMeBaTI, rpyrmy MaTPRn, KOTOphte S!BJIJUJTOJl KOH8'llIOM8,PHhtMH, T.e. 

.IIM8JOT KOHe-cmoe 'lliCJIO CTPOK H CTOJI6UOB. Tor.zta Bee MaTPHUbl IIpmlO.nH

MOI'O npe,ncTaBJieHIDI J)( 9) MOryT 6htTii npHBe.zteHH K BH,nY 

I -4 

])c9) = SN~>s 
Mg) B(',) 

C C<9) 
(4.3) 

B 60Jiee o6meM CJiyttae MaTpHUbl npe.ztcTaBHMl:l B BR.Ite 

~ 
NC]) l(~) 

2 1 

0 1l (~) A(~) 

])(~) = .l A1<~) 0 J> (~) (4. 4) 

0 

~ 
r.zte JJ" , .Di , ••• ,J)f - H8II,PHBO,!UrMH8 MaT.P~ II,P8,IJ;CT8BJI8HID1 rpyn-

11H G , A4 , Ai , • • • Boo6me roBOPII, OTJIH'lHhte oT HYJISI 
M8TpH'lHht8 3JI8M8HThtj O - HyJieBM IIpltMOYI'OJIIiHM MaTpHI.Ja. 

Ilo)tllepRHeM, 'ITO MaTPHI.Ja s - "npBBO,It/mlM11 MaTPHUbI ](9) x 

BH,nY ( 4. 4) • He ,ItOJillH8 38BHCeTI, OT 9 • ECJIH npocTpaHCTBO npe.ztCTaB

JieHHJI t.1)1[8T 6htTii paa6HTO Ha CYMMY mmapRaHTHliX OTHOCHTeJILHO rpyIIIIht & 
IIO.ztIIp0CTpaHCTB, TO BCe MaTPHUbl npe.ztCT8BJI8HRII 1)(~) rpylIIIht (; 

MOryT 61:iTI, npBBe,IJ;eIDI K KBa3H,ItR8I'OHWII,HOlizy BH,nY C n0Mom1,ro 0,IO!Ott H To« 

lite MaTPHUbI S 
4 

1>(~) 0 

I -4 
J)(~) ~ SD(~)S = 

l 

D<9>I o 
0 (4.5) 

0 
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B STOM CJiy-qae npe.ztcTaBJieHHe H83htB88TCH IIOJIHOCTI,JO np:imo.ImMHM. ECJIH 
npe.ztCT8BJI8HRII 1)"'<9> ·. ( o( = I,2, ••• ~ ) H8IIPRBO.ItRMhte., TO Mht 

MOll8M 3anHC8T1, ])( i) B BR,Ite nplU,!:Oil CyMMht: 

4 ! 'I' 
])(~) = J>(1) <1l .D(~) EB • • • <1l J) (1) ' 

(4.6) 
3aMetmHHe 

CMhtCJI npHBO.ItJ[MOCTR npe.ztCTaBJieHWI COCTORT B TOM, 'ITO JIHHeilHhtM 

npeo6pa30BaHReM 
) 

1/'(X) = 51/"(X) 

MHOI'OKOMIIOH8HTHOI BeJmtmH?f) 'If' -= ( 1}', J lJ't J • • • J % ) . , r.zte 

'% , 1f2. , •• •, % JiBJIJmTCH TO'lKaMH rt -MePHOI'O B8KTOPHOI'O 

npocTpaHCTBa (IIpoCTpaHCTBa npe.ztCTaBJieHWI) t HS KOMIIOH8HT 11"4) • • • J 11'., 
· I· I . 

MOlKHO COCTSBRTI>. m < 11 JIHHeilHJiX KOM6HHaltld1 'lfn•m H > •. • • J 11-'n J 

npeo6pa3YJ)!IO!XCH .ztpyr ttepe3 .ztpyra (T.e. H83aBHCHMO OT lf:t', , , , , 'lfn-m 

KOMII01{8HT) IIpH Bcex npeo6pa30BaHKIDC X 
1 
= 'if X.{J e:. G • 3HatieHHII m -KOM-

1 I 
IIOH8HTHOI BeJIH'lllHH 1f'n-mH), , • ) If., 06pa3yJOT m -M8,PH08 IIO.Itilp0CT-

paHCTBO npocTpaHCTBa npe.ztcTaBJieHWI. 

IlPHMeP 

PaCCMOTPHM IIpHMep IIpRBO,nHMOI'O IIpe,ll;~TaB/IeHRI! rpyIIIIH B_p8m8HHI S0(3). 

IIycTii BeJIHtiHHOil 'lJ' 6y.zteT T8H30p BToporo paHra, COCTaBJieHHhtl H3 ,ItByx 
TpeXMepHhtX xoop,ItHHaTHhtX BeKTopoB x H y 

11'«/l=X.(Y{j) (cx.1(>=}1l,J). 

ECJIR A\€ S0(3) ecTL MaTPRUbl, npeo6pa3yDl!lHe np:11 BpameHWIX B8KTOpht 

x H y , TO MaTPHUbl 1) (~) , npeo6paaymurn Tea3op 11'~,11 , .rm-
JimOTCH llpJIMhtM IIp0H3Be,IJ;eHHeM .ItBYX MaTPHU Al : 

1><9) -= A\ ® A\ • 

.lleilCTBHTeJILHO, 

'lf~l/1 = 1)(1) ~(> = ( A.lo(' Xo1.' )( A(>r,' Yr:) = Au. I Arfl' X.,.' Y11'. 

TeH30p ¼fl HMeeT n = 9 KOMIIOHeHT, H IIOSTOlizy ])(~) B ,!1;8llliOM CJIYtme 

x)TaRoil MHOI'OROMIIOH8HTHOil BeJIH'IHHOl MOllllO. npe.ztCTSBHTI, ce6e, HaIIpHMep, 

4-RMIIYJIIiC t!8CTHUbl, B8KTO~IIOT8HJ.tlt8JI 3JI8KTp0Mal'HHTHOI'O IIOJISI, BOJIHO

BY!l cpymanm ~CTRUbl co CIIHHOM, R T.II. 
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II 

JIBJIJDJT CJI Ma T PRJJ.aMR 9 x 9 : 

(nl~))"'fl i«'r' = Aoli ApfJ' 
BHIIOJIHRM Tenep1, Ha,IJ; T8H30poM ~(l 

¼ = ¾p cG(l: ~-? 

onepamm cBePT!Cll: 

STa BeJIHliHHS mmapl!aHTHS OTHOCHTeJil,HO Bcex BP811l8Hl!ti •. 

(4. ?) 

IlponBe.neM TSKJ!te CB8PTK.Y 1f«/J C IlOJIHOCTl,lD aHTl!CHMM8TP:1!1mliM 

TeHao~M f,oi.(lf 

1/'k(oi.) = £"/l~ '%ii = ( )())CY).,( o(=~,~,3 ) k(<>(): li31'1 • (4.8) 

HrutoHen, 06paayJ1 Cm.!M8Tplrnllill T8H30p C paBHHM HyJilD CJI_e.noM 

. ~ _ J.. ( ~ ) J. cf, 4 · 4 r -"' -> lf'J{o(,fl)- 2 Y.,i/l+ fd. - J "-fl Splf'=r(x.,_x/l+XpX,J-Jooi/l x.y, 
(4.9) 

J°<"'-,M = s,., ... ,9 • 

IlOJIY'iS8M eme IlJITl!XOMIIOH8HTHYlD B8JIH'iHHY 11'.J· , XOTOpaJI Ta.!Clte npe-

o6paayeTCJI caMa qepea · ce6a npl! B_cex Bpantemmx. 

TaXHM o(Jpaaou, T8H30p BTOJ)OI'O paHra ¼/3 pa36.MT HU TPH 

HesaBRCl!MO npeo6pasyJODnteCJI npn Bcex BP811leHl!JIX BeJIHtmHH: 

·ir~) ~ 
1/"k(o<) 

(kc«l=l!,J,',) H 1t<°'1fl) 

3To oaHatmeT, 'iTO Bee MaTpl!Ul,l IJ('l) == Al® A\ 
IlpHB8,It8HH K XBaalJ.n}IaI'OHaJIJ:,HOM,Y BW 

( 

~xi ' 0 ) ~ -4 --,-j~-;ro --
])(q) = <,DC-J)S = 0 • -- :. -

q O 5X5 

( jr«,fll = s,,, ... 1 s'). 

MOI'YT 6HU 

MaTJ)llna S aa,n;aHa npeo6pasoBalll!JIMll (4.7) - (4.9). IloRBDTe, 'iTO cxa-

JJJIP '1¥
4 

, BeXTOP YI< · l! cl!MM8TpJ!'iHlil\, c paBHHM HYJilD CJie.noM TeHaop 

~- JtBJIJmT CJI YEe H8J1Pl!BO,Itm4mm. 
0CT8HOBl!MCJI Ha O,ltHOM BalltHOM o6meM CBOttCTB8 H8Ilpl!BO,lllilMWC npe.ncTSB-

JIBHl!lt, l!SBeCTHOM xax 
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JieMMa lltYpa 

ECJIH npe.ncTaB1IeH1Ie JJ<cp rpymw G B npocTpaHCTBe V H8IIpH-

BO.Itl!MO. TO JID6oa onepaTop F ' KOMM;YT1!.PYDJU4lt co BCeMB: onepaTOpaMl! 

npe,JtCT8B1IBHIDI 1:J<j) , .ItOJIXeH 6HTl, KpaT8H e,ItRHH'iHOM,Y onepaTopy, 

T.e., eCJIH 

TO 

[:D<~l I F] =O 

F=~I , r.ne 

.UOxasaTeJil,CTBO 

;rI;IH. -t'CJ"C 
( 4. IO) 

~ - 'il!CJIO • 

By.ItBM C'il!T8Tl>, 'iTO Bee onepaTopu npe.ncTaB1IeHHJ1 J)(j) peaJIHao

BaHH B BlJ,ne MaTPRU- MaTPRizy F • XOMM,YTl!pyxxeylO co BCeMH MaTPl!IJ,aMH 

npe.ncTaB1IeHHJ1 JJc~) rpynnu G , 6y,neM C'il!TBTl, llPRBO)tl!MOti It ,Itl!-

aroHaJil,HOM,Y BH,Ity l! lll:,16epeM Taxoa 6aal!C B rrpocTpaHCTBe V , 'iT06H 

MaTPRIIa F EMeJia BlJ,n: 

(

?\.I '. 
____ 1 _"1L ---

' I\ : F = : .. !!"t! 

'>t~rJ · 
r.IJ;e /l4> /l.z , • • • , t\rn - 'il!CJia, a B ~OM Ra JllltHKOB In;, 
BCTl, e.IJ:l!HH'iHHe MaTJ)l!Uii, B006llt8 I'OBOJlll, pa3JIH'iHOli paaMBPHOCTH 

n, x n; (i=1,1, ... ,m J f_ n; = n) • ECJIH He BC8 A.i 0.IJ:l!HSKOBH, TO HS 
YCJIOBM ~ =1 

f='J)(~) = 1>(~) F 

CJie.IJ:YeT, 'iTO Bee MaTJ)l!Ul,l npe,ncTaB1IeHl!JI J)(~) ,ItOJIZHH m.feTl, 6JIO'lHO

.Itl!BI'OH8Jll,HU:ti BlJ,n C 6JIOKaMl! hi X n i ( 'i ~ ./ J 1 J • • • 1 m) B,nOJil, rJISBHOlt ,Itl!

SI'OHaJm. Ho 3TO 03HS'i8JIO 6H, 'iTO npe,ncTaBJieHHe D(9) npl!BO,Itl!MO. Ilo 

rrpe.IJ:IIOJIO.llteHl!JD J>c<p Heripl!BO.Itl!MO H F-t o , Tor.na 

A, = ?It = • · • = 'i\m == :\., 

H, CJie.ztoBaTe~l,HO, 

(

1 .. 

F=~ .0 '. 0) 
. 1 

T.e. F KpaTHa e,IUIBH'iHOli MBTPH~e I , "ITO H Tpe6oBaJioc:r, .noxaaaTl>. 
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1·' 
i 

IlpRMep 

MOJRHo IIpOliJtlIDCTPRPOBaT1> JIBMMY llzypa Ha np.l!Mepe MaTP~ 2 x 2. 
IlyCTl> 1)(1) npe.ztCTaBJIBHO MaTPRIJ,aMR Blf,Ita 

])( l) = /i3 = ( b1 b2 ) 
bJ b~ ' 

R nyCTl> 

ECJm l'IM8eT MeCTO npeo6paaoBaHHe 
-,1 

lB =A\ IBA, 

KOTOpoe ,naeT 

( 
b• b1 ) = ( b~ ~: 62) 
63 64 ~ b3 b4 ) 

TO 

F = I\ • ( a. o_ ) 
o a 1 

a) wm a,~ a1 = a , B corJiaCHB C Jl8MMOI IltYpa (T.e. 

A\=AI ), 
6)wm b2 =b3 =0 1 H 3H81mT, MaTPHIJa 1B np:imo.In,tMa. 

PaccMOTpRM Tenep1, paaJIR'illli8 npe.ztCTBBJieHM, CBJI38HHlie C ,!taHHUM 

npe.ztCTaBJiemteM 1)(1) H HM8Dllll8 Ta.Ky!) xe paaMepHOCTL, "!TOH D(~), 
Ho He a.KBRBaJieHTHUe npe.ztcTaBJierum J)( 'J), 

§ 4. ConpmiteHHoe H KOHTparpB,ItHeHTHOe npe.ztCTaBJiemm 

BBe,IteM npe.ztCTSBJieHHe :J) v- , .KOTOpoe IlOJIY'l:88TCSi 3aMeHO! .Kall!,1tO! 

MaTPRilli naaaoro npe.ztcTaBJieHHJJ aa ee .KOMIJJieKcHo conpmiteHHYll• Tor.zta, 

8CJm 

J><<j1l JJ(9,l = J)(j,· 92l, 

TO 
* " • J) c1,l J) <CJ2) ~ n c,g. · 92 l, 

.. 
H J) (<J) Ta.Klle o6paayeT npe.ztcTaBJieHHe, KOTopoe HaaUBaeTCSI conprotteHHHM 

npe.ztcTaBJieHHeM K ])( 1) . 
ECJill Tenep1, 38MeHHTL KaJK,IcylO MaTpHIJy npe,ItCTSBJierum ])( 0) Ha 

~ :r - { 
MaTPHizy [ J)(i f J = "J> (CJ) , TO COOTB8TCTBH8 Tarate .ztaeT npe.ztcTaBJiemte 

rpynnu (; , KOTOpoe H83UB88TCSi .KOHTparpaIIHeHTHHM. B. C8MOM ,!t8Jl8, 

~ Jll06oro 9, € b RM88M J>'r ?· ) == D( (i.) H [ 1)( i·) f =[D ( 1~' t. 
BCJie,ItCTBH8 1)(</1 ) JJ(j1l = D( ~• • 92 ) IlOJIY'i88M 
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nc1.)J)(CJ1 ) = [15'<g,)f [::oc~2l]T"" [1t«~•~1lt = -'Ec9,·9,i. 

TaKHM o6paaoM, .ztO.Ka3WiO, 'ITO $ ( ~) JmID1eTCSI npe.ztcTaBJieHHeM. 

SaMe'iaJUISI 

I) B CJiytJae ymrrapHIDC npe.ztCTaBJieHd .KOHTparpa.ztHeHTHoe K 1)( CJ) 
npe.ztcTaBJiemi:e J>(~) CODna,ItaeT C COllpm!t8HHUM K ))(9) npe.ztcTaBJieHHeM 

:D"'(9) • IIpoBepHM 8TO SaMe'l:WiHe. 

TaK .Ka.It Bee onapaTopu ])(~) ymrrapHU: 

+ -• -~ 1><7) -= ])(1\ = D(~ >1 

TO 
JJ'(<j) =[1><f>f = 1)(~), 

'ITO H Tpe6oBaJIOCL ,!tORa38Tl>. 

2) BBe,IteHHe KOHTparpa.ztHeHTHWC npe.ztcT~eHHI IlO3BOJIR:8T o6pa3OBaT1, 

HHBBPHWiTli rpynn. 

IlycTL x - Be.KTop c KOMnOHBHTaMH xd , npeo6paayDitH!CSI no npe.zt-

cTaBJieHHJO })(~) rpynnu b , a B8KTOP y _- BBKTOP C .KOMllOH8HTaMH 

Y« , npeo6paa,YDJ!HICSI no npe.ztcTaBJiemm ?J ( 1) . 3HatJHT, 

x~ = (D<<q>)oe/J Xfl I 

y; "" (D<il).,_/l y(l ~ D(f )(lol Yp . 

OTcJO.Ita nOJiy'iaeM 

Y~ x~"' Y.1 (J><f>)f"'- (])11\)d.J-1 x/1= Yp(D(e))/l~x;, ~ y(lx(l, 

T. e. cyMMa Yo1. X,1. smrureTCJJ mmapHaHTOM • 

B ,naJILHeV.WeM HBM noHa.zto6HTCSI onpe.zte~eHHe peryMPHoro npencTaBJie-

1!!!& 
IlycTL G~ eCTL KOMII8KTHaJI rpynna JIH nop,m.Ka n • RoMMYT8llHOH-

Hli8 COOTHOWeHHJi reaepaTOpoB Mre6pu \a(' rpyllIIH G;;,! onpe.ztMBHli CJie-

.!tYlJll.lRM o6pasoM: 

[Xi 1Xk J = L cf e. )Ce . 
e 

(4.II) 

IIoKruteM, 'iTO tn!CJIO C MOXHO HCITOJIL3OB8TL ~ nocTpoeHM MHOJl:8CTBa 

MaTPHU n x n , onpe.zteJIJI!Jllero npe.ztcTaBJieHne Mre6pu ( 4. II). 

s:i 

,, 



11 

IlOJIOJmM 

(1tt\d 
d 

= - Cab • 
(4.12) 

8To COOTHOWSHHe onpe,neJIJieT n M8TpHU pa3MepHOCTH n X n. • HanoMHHM, 
q•ro CTPYKTYPHHe KOHCTaHTl,l C y,noBJieTBOpJllOT TO~SCTBY ffiro6H, T.e. 

~cc1/.- dk dk) 
L Cse Cd, f Ci~ Ccte f Ce, eds = O. 
d 

OTCD,IJ;a CJie,nyeT, 'iTO M8TpHU!,! (4.12) y,noBJieTBO.PJllOT YCJIOBim 

L [('Ra)~,n ('Rb)mn -('Rb\m ('Ra),-nr, J = L c;;, (Rm)cn 
m m 

HS KOToporo BH,IJ;HO, 'iTO MaTpHU!,! t< y,noBJieTBO.PJllOT ypaBHSHim (4.II). 
IlOJIY'ieHHoe npe,ncTaBJieHHe 7:z M8TPHU rpynIT!,! G:t Hoc:e:T HaaBaH:e:e pe-
ryJIJipHoro npe,ncTaBJieHagX)_ 

3aMe'iaHRe 

IlYCTb aa,nruw ,nBa Henp:1mo,nru.rux npe,ncTaBJiewm rpynIT!,! G , 'J:><91) 
H 1>($]1 ) , pa3M8pHOCTb ltOTOpIDC paBH8 m ll: n COOTBSTCTBSHHO. 
~3 sa,namwx npe,ncTaBJieHHtt Bcer,na MOlKHO nocTpoHTb HoBoe npe,ncTaBJieH:e:e 
,nByMR: cnoco6aMH. Bo-nepBIDC, MO.lKHO nocTpoHTb np!!MyIO CYMMY npe,ncTaBJieHI:!tt 

])(C,) = J), <9) (fJ ll,.1'1). PaaMepHOCTb aToro npe,ncTaBJieHWJ paDHa m .. n , 
H, Ralt OTMS'iaJIOCb BHlllS, cyMMa aanll:cHBaeTCH B BH,ne M8TpHUI,I: 

(

J),(<J) 0 ) 
J)(~)-= 0 ]),(~) • 

I'eHepaTOPH npe,ncTaB1IeHHH ])( 1) paBHll: 

'/;@>,. (x{ 0 ) . 
~1 • 

Bo BTOPWC, MOlKHO IIOJIY'iHTb rrpe,ncTaBJieHll:e, paaMepHOCTb KOToporo paB-
Ha m x n , nocTpoHB nJ)l{Moe npo:e:aBe.nelllie npe,ncTaBJieHHtt 

J),19) ® :D2<9) • Ha M8TpH'iHOM H3Wte 3TO 3HatmT, 'iTO 

x)HasBaHHe "peryMpHoe npe,ncTaB1IeHHe" HCITOJlb3yeTCH B MaT8M8THlte. B @13:i;
'iecm nPMoxeHIDIX npHHHTO HaaUBaTb aTo npe,ncTaB1IeHI:1e npucoemmeHHllM. 
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['D,(~) ® J)!(~)l/l,fd= [:Dl9)LJ< [J)t<9)J(!J 

I'eHepaTOpll: 8TOro llJl!IMoro·npoH3Be,neHHH 

[ 
J>,11Jl21 [ 1) J ' J) 

)(<'4 «fld•o • :Xt' "-fl J;cr + dol.t [X/ ]110-> 

nOJiy'i8DTCJI .nzqxpepemmpoBaHll:eM ypaBHewm ( 4. 13). 

§ 5. IIpe,ncTaBJiewm aJire6pu JIH 

(4.13) 

AHMorn'l:Ho onpe.ne,!Iemm.npe,ncTaB1IeHntt rpynnH JlH G~ MOlKHo onpe-' 
,neJmTb npe,ncTaBJieHHe Mre6pu JlH ;;t RaR oTo6pallteHlm aneMeHTOB Mre6pu 
Ha JmHe:lnnie onepaTopu JmHettHoro BeKTopHoro npocTpaHCTBa V 

X-TOQ} ( 4.I4) 

TaKHe, liTO 

T(o(X + py) = ol TCX) t 0 T(Y) ~ (4.15) 

T([XiYJ) = [T(X) l T(Y)]) (4.I6) 

r.ne X , Ye t . Bup8llteHHe (4.I6) HBJIJieTCH ROMMYTaTopoM .nBYX onepa
TopoB TO(), T(Y) • Onpe,neJieHHH HerrpnBo,IJ;HMWC, rrp:imo.nzMIDC, BIIOJIHe 
!IpHBO,IJ;HMIDC, 8RBHB8JleHTHWC, YHHTapHWC H ,npyrnx npe,ncTaBJieHHtt Mre6pu 
JIH ;;t 1ll3JlmO'l'CJl TB.KHMII xe, RaK ,IµIJI rpyrrnu JIH G~ • OTMeTHM, 'iTO 
0CJIH Hati.n0HO npe,nCT8BJI0HH0 rpymm JlH G~ , TO reHepaTopu 
rpymm G-:t, Oirp0,IJ;0J.tJI!OT npe,nCTaBJI01llI0 COOTB0TCT:eyl!IIl0it 8.III'e6pli 
JIH. Cllp8B0,Jµ[HBl:IM OKa8liB80TCJI H CJ!0,ll;yJlll00 yTB0~0HH0. Ilpe,n-
CTaB1Ie1llie Mre6pu JIH nOJIHOCTblO onpe,neJIHeT npe,ncTaBJieHHe rpyIT!Il{. IloRa-
JlteM aTo. IIycTb aa,natta rpyrrrra JIH G!;f no.Plr,l(Ra 11. • Orrpe,ne~ o.n-
HorrapaMeTpn-qeceyIO rro,nrpymry rpynnH r;:( CJIS.Il.Y.IO!IIHM o6pasoM. 8To 6y-
~eT rpynna H :e , MeMeHTll: cp t) KOTO pott smJI.IDOTCH HenpepUBHmm 
~yH.rw;wooi B8ll!SCTBeHHOro IIapaMeTpa t ) t 6 (- 00 J oc) • B o6meM CJIY'liae 
o,IJ;HonapaMeTpll:liecRaH no,nrpyrrna H.l( HeRoTopott rpynIT!,! G:,, HBJIJieTCH 
"KPHBOtt" rpymm, TaKoil:, liTO . 

CJ<t1)CjCt1-)-= ~(ti+t,.) 

ecTD 3aKOH KOMIIO3HU!m. 
HCHO, liTO ~(D)= e - 8,nIDmliHll:it 8J!SMSHT, 

(4.I?a) 

-~ 
9r-t>= [<j(t)J H 1(t1)Cj(t~) =<j(fL)~{t1) • 
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)];III rpyIIII, RoTopae oyp;yT paccMoTpeHH (rpynna Bpame1ma, rpynna Jio-
peH~, rpyrma SU(!J) • Sll(.3) H rpyrma Ilyrurnape)., ORpeCTHOCTI, 
9.Jnillll'll:!Oro aJieMeHTa (O8CROH9'll:IO MaJW9 npeoopasoBaHH/l'.) MOJlt9T OllTI, 
aanOJIHeHa "RpHBw.m:" rpynna , T.e. cerMeHTSMH o.ItHonapaMeTP:Htiec.mx 

no.ztrpynn, rrpnqeM npn rrepeceqeu:im ~ooott napa ceI'MeHTOB 06111HM aJieMeHTOM 

SllWI9TCJI TMI,RO 8.I(HHHtnmff. Ilo,I( cerMeHTOM llOHHMa8TCJI COBOicyllHOCTI, 
aJieMSHTOB 9(t) , COOTB9TCTBYIOUUDC 8Ha'i8HRIIM ltl , M8Hl,IIIHM H9RO
TOporo qll!RCHpoBaHHoro SHaqeHIDI. 

OTMeTHM, ~o aJieMeHTU rpymm G~ xapaRTepHsymCJI sHaqe-
HHeM rrapaMeTpoB a,, a1 > ••• , alt , n o.ItHonapaMeTpn'iecRSJI no.ztrpynna 
ll~'i88TCJI no~O.wm!HM BllOOpoM napaMeTP0B Qi (i=41!J.1 • • ·112) , Jlll

JIJIIOOtlIXCJI WHKill'UlMl:t t , T. e • a i =- a , ( t ) 
IIycu TCCJ) ecTr, npe.ztcTaBJieJme rpymw G:t: • OnepaTopu 

T( Cj(t )) , COOTB8TCTBYIOlllH8 aJI8M8HTaM O,ItHOllSpaMeTp:HtiecRott no~pyn-
nu, MOXHo sarmcaTr, B CJIBlf.YIOIIlBM BH.Ite: T(t)= T(a,Ct)1adtl1 ••• 1 a/la)) 
H H3 ypaBHeHIDI (4.I7a) (saKOH ROM!IO3Hlllm coXpaHR:eTCJI) CJI~p;yeT 

TU,) T(til = T(t1 + t~). 
(4.I76) 

PaccMOTPl™ Tenepr, np~HSBO.ItHYJO T(t) , BSHTYIO npn TCt)= e, T.e. 
aJI8M8HT 

/t 

cl T(t) =- L. [ 1)T(l-) 

dt f-t~o oClk 
oak ] = L xk Ck 

1 .'ot ·ll•o k. 

r.zte 

OnepaTop 

k ~ 1 

'c)Qk(t) 

Ck= '(]t lt~o 

~{ = LXkck 
clt t~o k 

(4.IB) 

( 4. I9) 

H88llB89TCJI reHepaTOpoM O,ItHOrrapaMeTp:HtiecROit IIO.I(rpymw: f-l ;;( B ,I(SHHOM 
rrpe.ztcTaBJieUHH. OnepaTop (4.19) mwteTcsi: mmeffHoa RoMClRlial.U!eff reHepa-
TopoB Tk rpymrn (; Jc' • 3TH reHepaTopa onpe.zte.nsmr npe.ztcTaB-
~eHHe Mre6pa JlH ;;t: rpymru JIH Col" • 3HS'iHT, HCIIMI,SYJi ypaBHemm 
(4.I76) H (4.I9), MOJKHO Bllpa3l{Tl, ~oooa aJI9M8HT T(t) 'iepes Ik • 
.lleffcTBHTe~LHO, .I(Hqxf>epeHI.U!PYJi paB8HCTBO (4.I76) no t4 H IIMarasi: t,~o • 

tt = t , HMBeM 

dT(t) 

dt 
dT/ -Tctl=(I:Xkck)T(tl, 
d t t =O I< 
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perueHHe STOro ypaBHeHIDi ,I(88TCJI Bllprult9HH8M 

Tet) = exp{L'Xck•t) • 
I< k 

Ta.KHM oopasoM, BH.I(HO, 'iTO onepaTop TC t) 
IIOJiliOCTLJO orrpe.zteMeTCJI reHepaTopaMH ~ 

IIPH rrpon3BMLHOM 

(4.20) 

t 

KaR yxe ynoMmIMOCL BH!lle, HSC HHTepeCYJOT YHHT8PHH8 npe.I(CTSBJI8HM 
rpynn JIH. Tor.zta ypaBHeHHe (4.20) MOJKHo sarmcaTL B BH.Ite 

T(t) = exp [i L Jkck.t) J 
I< 

r.zte Jk JD3JUI8TCJI apMHTOBllM orrepaTOpoM. 

(4.2I) 

HTaK, npe.ztcTaBJielme Mreopu IIOJIHOCTLIO sS,I(aeTcsi: ~HHefflillMH onepa
TopaMH, COOTB8TCTBYIOIIlHMH reHepaTopaM Xk rpymn,t H, Y.ztOBJieTBO.Pf.ll)-
IllRMH RO~TaltllOHHUM COOTHOW9HHHM 

[Xi )Cj] = L c:ixk ,. 
. k 

H ypaBH8HH8 (4.2I) llO3BMH8T orrpe.n:e~TJ, ~KX5o:lt MeMeHT T(t) tiepes 

iXk., Jk • . 
§ 6, OnepaTopa Kasm.mpa 

PaCCMOTpmd Mreopy JIH, rpyrnw: JlH Cf,( 

[Xi,XJ] =Zctxk. 
Onpe.n:e~eHHe k 

OnepaTopoM KasHMHpa C rpynllll G ~ 
MYTHPYlllltlt:lt CO BCeMH reHepaTopaMH :xi 

[ G ,Xi]= o . 

(4.22) 

H83UB88TCJI onepaTop, ROM--
3TOtt rpynrra, T,e. 

(4.23) 

0TM8THM, 'iTO C 
Byllllett 8Jll'e6pu, 

, B0OO11!8 roBOpsi, He HBMSTCJI aJieM8HTOM COOTB8TCT
T.8. JIHHettliott KOMIIos~en reHepaTopoB X. 

L 

Ilp~ep 

B rpynne Bpamemdt SO(J) RMeeTCJI Boero o.D:HH TaRott onepaTop 
-~ Q 2 l 
J = Jf ~ J.t t JJ ) 

r.zte Ji ( i = I,2,3) - reHepaTopa rpyrrna BpameHntt. )(eJiaa Henocpe,u;
cTBeHH!le BWil1M8HWi, C Y'J8TOM KOMMYT~OHHHX COOTHOW8llill1 

[ ].; J ]k] = i t,ikj JJ 1 
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JierKO yele,ItrITI,CR. 'ITO 
_,, 

[ J,: ,J J =O ;u;m Bcex i ( i = I,2,3) , 
BallHOCTl, 8Ha'leHRll onpe.neJieHR!l onepaTopoB Kasm.mpa saKIJll"la8TCSl 

B CJ18,IzyXJI18M, 
IIycT1> T<~l <ly.neT npe,ncTaBJiemreM rpymm &,:e"· I'eHepaTo-

PH ctT(tJ/ = (~ X c )TCt-) o<lpasym npe.ztcTaBJieHRe aJire<lpH JIB~ 
'cft t•O k k k 

rpynnH G~. IlyCTl, RMeeTCst reHepaTop, KOTOPW!: B STOM npe.ztcTaBJie-
mm cooTBeTcTByeT SJieMeHTY C , T,e, KOMMYTHpyeT co Bcewi reHepa-
Topru.m xk I a sHatmT, co BC8MI! onepaTOpaMI! T<7<t)), OTCll.Ita 
CJie.nyeT, 'ITO Ha OCHOBSHIDI J!8MM11 lllypa npe,nCTEillJI8lill:8 MOXeT <lliTl> He
npmio,ItHMUM TOJ!l>KO Tor.na, Kor.na Be.K'l'opHoe npocTpaHCTBO, Ha KOTOpoM 

T(9(t)) onpe.zteJieHO, HaTSIHYTO Ha MHOE8CTBO C06CTB8HHHX WH.imwl, 
cooTBeTCTBYKXIn!X ~ co<lcTBeHHoMY 3Ha'lerum onepaTopa Kasm.mpa C • 
3Hatm:T, C B ,naHHoM npe.ztcTaBJiemm KpaTeH e.mnm'lllott MaTpRue, TaKRM 
o<lpasoM, .Kallf,ll;OMY Ha<lopy co<lcTBempa: sHa'leHHtt Bcex onepaTopoB Kasm.m
pa COOTB8TCTBY8T·O,ItHO lI TOJ!l>KO 0,ItHO H8IlPlIBO.IU!MOe npe.ztcTaBJieHRe. Ilos
TOMY npo<lJreMa K/IaCC.H@{Kan;Hli H8IlPlIBO.IU!MIDC npe.ztcTaBJieHlitt rpymw: (;:t 
CBO,ItrITCJl K Haxo11.nemno CO<lCTB8HIWX 8Ha'leHHtt onepaTOpoB Kasmmpa. 

HanoMHllM, 'ITO a.1Il'8<lpH JIB ,)£' .HMOJOTCSI llpOCTH8 H IIOJJ:YnpOCT!le. 
KaPTaH HameJI KPHT8pHtt, IIO KOTOpof.ij' MOJKHO orrpe,neJIRTl>, Kor.na paccMaT
pm3aeMast Mre<lpa SlBJISJ:8TCSl IIOJiyIIpoCTOtt • .lWi STOI'O IIOCTpoRM lI3 CTPYK

k 
TYPHilX KOHCTaHI' c.,_ J • orrpe.zteJieHHHX B ( 4. 22). TaK Ha31:lBa81.ij'Bl qiop-
uy Klwnmra: 

€ k . 

j,J = L cil( Cje. 
1<,e 

(4.24) 

Teopeua KapTaaa COCTO.HT B YTB8p.'K.ll;8HHR, 'ITO Heoelxo~ lI .ItOCTaTO"'lllUM 
YCJIOBH8M ;u.1UI Toro, tJTO<ll:l aJire<lpa JIB <lwra IlOJIYIIpoCTOtt, .<m1.lst8TCSI y~-
J!OBB8 

def 7iJ -=/= o, 
(4.25) 

BoJiee Toro, Heo<lXO,ItHMl:lM lI .nocTaTO'lHl:lM YCJIOBHeM ]I,11JI TOI'O, tJTO<ll:l COOT
B8TCTBYXJ!last Mre<lpa <lwra KOMIIaKTHO:lt, miJisteTcst YCJIOBRe, tJTO<lH q>O_pMa 
KlIJIJnmra (4.24) Clwra OTPHII.!lTeJll>HO onpe,n8JI8HHOfi. 

Hs T80pm..m KapTaHa CJ18,Ity8T, 'ITO 'Ji j B MaTPHtJHOM npe,nCTaB
Jiemm stBJisteTCSl H8CH!il'YJ!SlPHOf!: MaTpRu.ett. Tol',Il;a MOlltHO orrpe.zteJIBT:. <Jij 
ypamieJmeM 

~-"_:---,- _,-,_. --- - - --=--

z: 9ij~/k = dik • 
j 
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IJpH IlOMOIItl! q>OpMll Klwmllra MOJitHO l1)UI IIOJIYIIpoCTOH aJireelpl:l JIB IIOCTpo
HTl> orrepaTop Ka3lIMRPa 

C = I; <!1JXi-Xj . ( 4.26) . ,,_,J 
I1poBep1>Te, 'ITO [C1Xil=o , T.e., tJTO orrepaTop Kasm.mpa, orrpe
,neJieHHW!: ypaBHeimeM (4.26), KOMM,YTHpyeT co BC8Mli reHepaTOpaMR aJired-

pl:l 5£. 
3aMetJaHHJI 

I) MOltHo .noxasaT1>, tJTO JIJ06rur nOJIYnpocTrur rpyrrna ~ paHra II. 

co,nep.uT Jc. onepaTopoB Kasm,mpa. 
2) O<ll!leI'O rrpaBM8 IIOOTpoeHHSI onepaTopoB Kasm.mpa He CJill8CTBY8T. 
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I'JiaBa Y. IIPilldEPli IIPOCTHX H IIQJIYIIPOCTHX IPYIIII 

§ I. I'pynna BP81llBHRH 

CBJI31, MeJK,ey Koop,zmHaTaMH ToqeK TpeXMepHOI'O rrpocTpaHCTBa }J)lJI .nBYX 
H8MIO.ItaTeJiett, CllCTBMU KOop.zmHaT KOTOPIDC ITOB0PHYTU ,Il;pyr OTHOCHT0JILHO 
.ItPYra BOKpyr o6mero HaqaJia Koop~aT, HMeeT BH.I( 

HJIH 

➔, lR-x ~ X 

3 

X
1
i=Ll<ikXk, 

(5. I) 

k •i 

.IllrnHa BeKTopa H YI'OJI MBJK,ey BeKTopaMH OCT8DTCJI HBH3M0HHUMH rrpH BPSl!le
HKIIX, T.e. 

l l 
Xi Yi = XI y,; • 

Ha (5.2) CJilU(yeT, qTo 

IR 1Rr ~ 1Rr iR = I ' 

T.e. BPSl!leHHH rrpe,IJ;CTSBJ!HDTCH opTOI'OHSJILHUMH MaTPHIJ;3MH 3 x 3, 
TU KOTopmc HBJimlTCJI BemecTBeHHUMH qnCJiaMH. Ha (5.3) CJie,eyeT 

r )l det 1R1RT = cir:l Tl? ctr! °R ~ (det 7R = 1, 

(5.2) 

(5.3) 
MeMeH-

TaK qTo }J)lJI MaTPHU, Y.ItOBJieTBOJllOO!lHX (5.3), det 7R = ± 1. IIpeo6paao
BSHHH, M.11 KOTopmc d et JR ':, t ,f , H83!,[B8DT CO6CTBBHHUMR rrpeo6-
paaoBaHHHMH, MR BpSl!leHIDIMH. Te, }J)lJI KOTOPIDC d t' l 1R = - 1 . , H83!,[B8DT 
Heco6CTBBHHUMH ODTOI'OHSJILHUMH rrpeo6paaoBaHRliMH. TillIH'IHUM IIpHMepOM 
li8C06CTB8HHoro rrpeo6pa30BSHWi JlllJISI8TCJl OTO8llt8HH8 B HaqaJie KOOp;mH:aT, 
ROTOpoe IIp8,Il;CT8.BJIH8TCH MaTp~ea 

(

-/ 0 (I) 
Is= o -1 o • (5.4) 

(1 (l -1 

CoBOKyilHOCTI, Bcex BpameHHn B eBK7llmOBOM TpeXMepHOM rrpocTpaHCTBe o6pa
ayeT rpynny SO(Jl. I'pyrrrra Bcex BpameHHtt BMecTe c OTP8JteHR!iMH Ha-
31,[BaeTCJI op-roroHSJILHott rpynnon 0

3
• 

SmmqSHHe 

I'pyrrrra S 0(3) 
.nettcTIDITeJILHO, 

SIBJIH8TCH HHBapuaHTHOil llO,I!;rpynnott rpynnu 0(3). 
-1 

cl et (1R 7Rp /R ) = t ,1 

}J)lJI JID6ott MaTpmm Tt~\, E 5 O( 3) u 1R € 0(3) 

.fmpo I'OMOMO.MJH3Ma rpynnu 0(3) Ha 50(3) COCTOHT ll3 8.IUfHHtIHott 
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MaTPHmi .Iii: MaTPRmi ( 5. 4) • 06e 3TH MaTpHUU onpe,IJ;eJUmT a6eJieBy mma
pHaHTHYIO UO,Il;rpymry -P rpyrrnu 0(3) ; aaKOH KOMIIO3HIUm, B KOTopott 

2 !I. 
I = Is= I I I 5 == Is I = Ts . (5.5) 

J!JoClott SJieMeHT rpymw: 0(3) MOllOIO 38IIHCaTL O,Il;HO3Ha'IHUM o6pa3OM B IDI
,IJ;e YMHOXBHRH BPSl!l0HHH Ha SJieMeHT rpynrru p • TaK l{TO rpyxma 0( 3} 
.fllWleTCJI rrpm.m:M rrponaBe,IJ;eimeM 50(3) H 'P , T.e. 

0(3) = S0(3) @ P • 
(5.6) 

Bee H0llPJil:BO,Il;HMUe rrpe,IJ;CTaB.7.leHHH rpyrrnu 0~3) MOJKHO Terrep1, IlOJIY'iHTL, 

eCJIH B3JITL ITPHMOe rrpoH3Be.Itemre HerrpHBo,JJ;RMliX npe,Il;cTaBJieHHil rpyxm SOCJ) 
H 1' • !IOCKOJILKy rpyrrna P JmJIJleTCJI a6eJieBott, TO OHa HMeeT TOJILKO 
O,Il;HOM8pHH8 H8IlpHBO,!UIMLl8 IIp8,Il;CTaBJI8HWl 

T = I 5 = 1 
:wm: 

T = 1 > I 5 : -,{. 
(.I{OKaD:Te ! ) 

SHaqnT. YITO6U 3HSTL BCe HenpHBoll,HMUe rrpe,Il;CTaBJieHHH rpyrrnu 0( 3) • ,Il;OC
TSTOYIHO HattTH HerrpnBO,IUfMUe npe,IJ;CTaBJieHM rpyrrnu S0(3) • 

KalE;!toe BpameHHe MOXeT 61:iTL oxapaxT8Plil:3OBaHO 3a,IUllil!8M OCH, BORPYI' 
KOTOpott ocymecTBJIHeTCJI IlOBOpoT, H BeJIHqnHu yrJia llOBOpoTa. TeM caMUM 
BpameHHe MOJteT 6UTL 38,Il;SHO BeKTOpoM w, HarrpaBJieHHUM B,Il;OJII, OCH Bpa-
meHHH .Iii: paBHUM no BeJIH'iHHe yrJiy llOBOpoTa (f • T .e. G<l = i'tCf • r,IJ;e 

;;;> - e,zmHH'IHwl B8KTOP H 0~ lf,521:. TaK, Bpamem,:e BOKpyr OCB I 38-
.naeTCJI BeKTOpoM (W11 o, 0) • BOKpyr OCH 2 - B8KTOpoM (o,w~)O) R BOK-
pyr OCH 3 - B8KTOpoM ( 0 JO J WJ) · • OYieBH,Il;HO, YITO B8KTOP Bpam8HHH 

C.:~=(w, 1L<-•1 1 uJ3 ) HM08T ,n.,nrny IW/ ~ J.1( H qTo B0KTOpli Bpam8Hltll, 
OITHCimaiailH8 Bee B03MOllHHe BpameHHH, 38llOJIHm'.lT map pS,Il;llyca w. ECJm 
W8CTO BeKTOpoB BB0CTH TO'iKH, KOTOpHe aanOJIHHDT o6~eM mapa,TO,COOTB8T
CTBeHHo, pa3JIH'iHUe ToqKH BHYTPH mapa OITHCUBalOT pa3JIH'IHU8 BpameHHH • .IlBe 
.ItHSMeTpSJILHO npoTHBOITOJIOlKHli8 TO'iKH Ha noBepxHOCTll mapa - O,Il;HO H TO XEl 
BPSl!l8HH8 - ,Il;OJill!lili 61:iTI, OTOJr,D;8CTBJI8HU. TaIWM o6pa30M, 38,Il;aHa TOIIOJIOrH.11 
rpynnu SO(J) • OTMSTHM, YITO aJieMeHT rpyrrnu S0(3) MOXBT paccMaTpH
BaTLCJ'[ KaK (WHKll;Wl ,:j • T.e. 9 = 9rc:J) • MHO.lK8CTBO TO'l8K rpyrrnoBUX 
MSMeHTOB 9 = 9,~, orpam1qeHO H 3aMKHYTO. 3HatIHT rpyrrna $0(3) 

KOMITSKTHa, qTo y1te 6WIO llOKa38HO (rJI. I,§ 6) npll UOMOl!lH IDIBaPllaHTHOit 
Mepu. 

IIpe,IJ;cTaBJieHBe rpynrru S0(3) , ~ , MO.lKHO TOJKe 381IHCSTI, · KSK <pyHK-
mm c3 , T.e. ~ = T(c7J) • BeKTOp ZiJ ~o COOTBeTCTByeT TO:S:-
.ItSCTBeHHOMY npeo6paaoBEUUDO _, . 

.. T(O)=T, 
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KaK Yll0Ml!H8JIOC1, BlrnlB, qiyH,ItaMeHT8JII,HYJ) po.7!1, 6Ylf.YT BrpaTI, 6ecKOHB'lllO 

MaJIHe BpailleHIDI BOKpyr HeKOTOpofi OCB. Om!: llOpoJE,I(aJJT O,ltHOllapaMeTpBqec

KBe llO.ItI'PYllllli, x JIIX5oe KOHe'll!oe Bpa!llBHBe MOJIBT 6HTI, nocTpoeHO KaK 

noCJIB.ItOBaTe.nHocT1, 6ecxoHe'll!o MSJIWC. IJycT1, 11Pht> - MaTpBI.t,a rrooopo-

Ta Ha YroJI ~ BOKpyr OCH 3. reaepaTop Bpa!llBHIDl BOKpyr OCR 3 TOr,Ita 
. paBBH 

½ = :/<f ui-11f)l,,~o · (5.7) 
IIim 6ecKOHB'lllO MaJIOM £: MOlltHO 38llBC8T1, 

1R1<f'J = 1 +)G€ t O(E') • 

BPBilleHBe Ha yroJI ff EOKpyr ocit 3 MOJKHO pacCMaTPHBaTI, K8.K pesyJI1,TaT t1 

llOBOpoTOB Ha yroJI If In • Il03TOMY npx tl ➔ oo llOJIY~ 

..lll ~ 11 nXj 
·11•«'f) = .&m (,I t _f_ XJ = e 

n ➔ o0 n 

TaK KBK 

~ t Cffll( (n'>\ l.f 0) 'jR"3(<f) = - />w•'f c,;, l.f O > 

0 0 ,I 

TO, B~CJIJlfl ~ no ( 5. ?) , BMeeM 

a -.,-/.J) (- 0 1 0) x3 = ~ 11< < r) / = _,, o o • 
<f=o O O o 

.AHSJIOI'H'll!O MOlltHO onpe,IteJIHTI, reHepaTO.Pli Bpa!lleliltlt BOKpyr ocett I H 2: 

X = o o " X2 = o o o • ( 0 0 0) ( 0 0 -,{) 
0 -,1 0 ' 1 O 0 

MOJmo npoBepxT1,, qTo reaepaTopH Xi ( i = I,2,3) Y.ItOBJieTBO

pm:JT rrepeCTaHOBO'lllliM COOTHomeHIDIM: 

[Xi;XJ]=-tijkXJ<, · (i,j,k=A)~)3). (5.8) 

OTMeTHM Ta.Kl!te, qTo onepaTop OTpruKeHIDI I
5 

B (5.4) ROMM,YTBpyeT co 

BCBMH Bpa!llemuu.m: 

[Is 1Xd =0 J i = I,2,3). 

A.nre6pa JIB rpynnH Bpa!llBHHfi COCTOHT H3 Tpex JIHHettlio H888BHCHMllX orrepa

TOpoB X1 , )(2 H ~ , y,noBJieTBOpmllUlX cooTHomemno (5.8). 
Kallr,nHA ns aTHX orrepaTopoB rro oT,neJI1,HocTH rropoimaeT omiorrapaMeTpnqec.KyD 

rro,nrpy'rrrry Dpa!llel!RJI BOKpyr COOTBBTCTBYVmHX rrpocTpaHCTBeHHWC ocett. Eec.Ko-

<•2 

He'lllo M8JIHfi llOBOpoT BOKpyr npoH3BOJII,HOro HarrpaBJieHWi £ Ha yroJI 

I ti MOlEBT 6HTI, 38llBOaH B BH,nB 

1R(f)=4 t£1 X, t£1X 2 + £aX 3 + O(c'). 

CooTBBTOTBYlllll!fi onepaTop npe.noTaBJieHWi rpyUITH S0(3) , T(f), MOJKHO 

3allBC8TI, 

T(f) ""T(£.) t1i f.3) = It£, H, +£,. M1 t t3 MJ t O(E
2
)) 

r.1te Mi o6paaym npe,ItoTaBJieHBe reHepaTopoB aJire6pH JIB H y,noBJieTBO

pm:JT nepeoT8HOBO'lllHM OOOTHomeHIDIM 

[ Ni J MJ] = -Eijl< Mi< 

Ka.K 6wzo noKaaaHo B IY rJiaBe, § 5, onepaTop T<w') npH nponsBOJIL-

HOM cJ llOJIHOOTI,D onpe,IteJIReTOI! reHepaTOpaMR Mi. ( i = I;2,3); 
npe,ItoTaBHM ero B BH.Ite 

w,M, 1-w1 Mt t w 3 "1J 
T(w,) W.1.1 WJ) = e . (5.9) 

B YHBT8pml.X npe,ItoTaBJieHRfDC onepaTOPH T YHHT8pHH H, CJIB,ltOB8TBJII,HO, 

onepaTOpll Mi aHTB8PMHTOBll. IloaTOMY orrepaTopu 

Ji = -i Mi 

6y;zyT 8pMl!TOBll. Ji Y.ItOBJIBTBOpa:i)T 06ll'll!l:l:M II~peOTaHOBO~ COOTHOWBHH

I!M ;u.1IJI onepaTOpoB MOMeHT8 .KqJmqeoTBa ,nB.HlKBHWi 

[Ji,]J°]=ilijkJk. (5.IO) 

Ilpo6JieMa Haxoll,IteHIDI Boex HenpBBo,nm.11:DC rrpe,ncTaBJieHBa rpymm S0(3) 

8.KBRB8JIBHTHa Hax~emm Boex B03MOlltHWC OOBO.KyllHOCTett MaTPHU J4 , Jt 
J3 .• y,noBJieTBO!)Jm!UDC OOOTHOIDBHHIIM (5.IO). Tenep1, Ha,ItO HafiTH Boe 

onepaTopu Kasm.mpa rpyrrrrll S 0(3) , B npo6JieMa K/ISOOHqllfK8Ulm HBllPHBO-

,nHMWC npe.1toTaBJieHBfi rpynnu 50(3) OBO.nHTCH K Haxoimerum oneKTpa 006-

oTBeHHWC 3HaqeHBa 8TBX onepaTOpoB. 

B OJiyqae rpyrinH S0(.3) mreeTCH JIHmJ, a.mm onepaTop Kaslitr.mpa 

➔ 2 2. 1' 2. J = J. t 2. t JJ . , 
KOTOPllfi, corJiaOHO JIBMMe lllvpa, ,ltOJilEBH 6UTI, .KpaTeH e,nmm'llloa MaTplitue 

➔2 

J =;\I, 

r,ne )I. - HeKOTopoe qnCJio, 

(5.II) 

I - B,nHHH'lllM MaTpJl:llp (p83MePHOOTI, KOTO-
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poa MU onpe,n:eJIHM nos.zurne). CHal!aJia H8,ll;O HattTu sHal!eHHe i\. • .lt7IJI 
3TOI'O nepett.n;eM OT reHepaTOpoB :1,, , J1 , :,J K ,n:pyrorzy Ha6opy 
reHepaTopoB Jt , J_ , J.3 , onpe,n:emreMWC paBeHcTBru.m: 

J+ = ( J,, ± i J,i.)/ri'' J3 -= J3 • 

OnepaTOp!,[ .J!: Ha3llB81'.lTCJI TaKllte IlOBlilllamtHMH H IlOHmlt8DIIHMH. CM!.CJI 
3Toro 6y,n:eT BH,D;eH HIDKe. Ha OCHOBaHHH (5.IO) nepecTaHOBOl!H!I8 COOTHO-' 
meHIDI ,lI,1IJI reHepaTopoB J± , J3 paBHU: 

[ J3 J j±],= i J± • [ J+·) J_]= J.j • (5.!2) 

KpoMe TOI'O I R3 3PMHTOBOCTH reHepaTopoB J.i I J-2 1 JJ CJIB,!J;YBT 1 'ITO 

J/ = ]_ 

Ha KOMM,YT8UHOHHl:lX COOTHOWeHRtt (5.!2) HCHO, 'ITO reHepaTopu (HallOMHHM, 
'ITO OHR llp8,D;CT8B.J1JlXl'l'CJl MaTp~) JJ; , 'J.J H8 MOryT 6UTI, llpHB8,D;8BH 

O,llHOBpeMeHHO K ,D;HaroHaJil>HOMY BH,D;y. Bu6epeM ,D;RaI'OHaJII>HYIO MaTpRizy J,3, 
BBe,n:eM co6CTBBHHl,le BBKTOPII <Pm onepaTopa JJ c co6CTBBHHUMH 3_Hal!e
HHHMH tn : 

J.i 1>.n = rn crrn . 

BeKTopu cpm MOlKHO BllOpaTI, HOPMH.POB8HH!lMlf (OHH oproroHaJII,HH): 

( cp~,' 
1 

c/>,n) = dm'm , 
PaccMOTPRM BeKTopu J! ¢,,,, , IloKal!teM, 'ITO OHR T8Kllte JlBJI.IIIOTC.fI COOCT
BBHHHMH BBKTOp8MI!. onepaTopa ] 3 • nettcTBHTB~I,HO, HCilO~1>3Y.fI (5.12), 
HMeeM 

J3(J.tcp,11) = (rnt,f)(J±¢,-n), (5.!3) 

O6O3Hal!RM ]±¢,,,,= cp;.,,!1 • Bluulo, 'ITO onepaTopu Jf IlOBU!llalOT 
H IlOHRllt8IOT COOCTBBHHOe 3Ha1remie 111 Ha e,D;RHHizy, TaK 'ITO (5. !3) MOXHO 
3amIC8Tl> 

JJ ( Jtq>m)=(ni !:f) 4>mu · 

IlOCKMl>KY HCKOMUe HeilpHBO,D;HM!Ie npe,n:cTaMeHWJ rpyilil!I SO(J) KOHe'!Ho-
MBPHH, TO cpe,D;R COOCTBBHHWC 3Hal!eHHA rn CYIIIBCTBYBT HaROMI>mee, KO-
TOpoe MII OOO3Ha'IHM 6yKBott j . Tor,D;a, HCilMl>3YH (5.13), no~l!HM 
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'Jt<pj=O . (5.!4) 
(B npoTRBHOM CJiyl!ae cy~eCTBOBaJIO O!I COOCTBBHHOe 3Hal!eHHe Jt1>J

0 

). 

Ha KOHB'!HOMBPHOCTH npe,n:cTaMBHHH BUTeKaeT, 'ITO ,ll;OJilKHO cy~eCTBOB8Tl> 
R HaRMBHl>mee COOCTBBHHOe 3Hal!eHHe, IlO3TOMY cor~acuo (5.!3) 

(kJ,l._ -0 
J_ 'Yj - ' (5.I5) 

r.n:e k - .D:OCTSTOl!HO OMI>moe 'il'ICJIO, Ms 4X>PMY~ (5.I3)- (5.15) CJie,n:yeT, 
'ITO MaTPlfIJ,a JJ HMeeT COOCTBBHH!Ie BeKTOp!I 

cp (2) (J) (l,l 

J, J_cfaJ, ]_ <i>J, ]_ '¢j,.·,. J ]_ <Pj J 

OTB8'!8IOOIHB COOCTBBHHlilM 3Hal!eHHHM 

J1J-1,J-2J J-3, "·) y°-N J 

N - ue~oe 'IHCJIO, TaKoe, '!To 

(N;l)rl\ 

]_ '+'J = 0 • 

(5.I6) 

(5.17) 

no CHX nop MII He HCilO~I,3OBaJIH HenpHBO,ll;RMOCTH npe,n:cTaMeHIDI. ~e.n:
CTBHBM HenpHBO,ll;RMOCTH npe,n:cTaMeHHH .fIBJUIBTCfl TOT ~aKT, 'ITO BeKTOPII 
(5.16) HCl!epnUBaIOT BCe COOCTBBHH!Ie BBKTOPII,a 3Ha~eHHH (5.I7) - BCe 
COOCTBBHHUe 3Hal!eHRH onepaTopa J3 • Tenep1, OTHCK8HHB BCBX HenpHBo-
,ll;HMWC µpe,n:cTaMeHHH rpynnu SO (3) COCTOHT B H8XOllt.D:BHHH reHe paTo-
poB Jt. 1 ]3 , BocnMI>3YBMCJI paBBHCTBOM 

Sp J3 = o/ 
KOTopoe BIITeKaeT H3 KOMMYTaUHOHHllX COOTHOWBHHH (5.I2). TaK KaK J,1 -
,D;HaI'OHMI>HM MaTpHu,a, llMY'IHM 

Sp J3 = f + ( J- 1) t · · , t ( j- N) = f ( :t.j -!,,') ( N t 1) = 0,, 

oTK,Y,na CJie,n:yeT 

J: N/2.,J 

r.n:e N - ue~oe 'IHCJIO. H. CJIB,ll;OBaTB~l>HO. J 

~HOO Il~UeJWM -'IH(j~:·._ Ta!GIM. 
0 

)o6pa30M, .13 

J.3 - . . . - ' 
0 - - - - 0-J 

a pasMepHoCTl> npe,n:cTaMeHHH paBHa ~ j +- ,{ 
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( 5. II) 
5.2 

. --'>.2 
no.nellCTByeM :J Ha COOCTBeHHHll B8KTOP <PJ , OnepaTop 

npn IlOMOUUl J± , J.3 MOlKHO sarmcaTJ, B CJie.nyIOII!eM Bll.lte: 

::;r~ !l ~ 2 l 
J = ]4 t- J1 ;- .73 = J,. J_ + J_ 1+ t- JJ • 

Tor.na 

J4y = { (Jt J_ - J_ J;.) t ;U_ Ji + J/ }<lj· = CJ} t Ji)c/)-: J<i+-4)cfy , (5. I8) 

T.e. 
°?,. = J'ri+1> · 

Ilpn BWU!CJiemm (5.18) Mll llCilOJ11,30BaJill paBeHCTBa (5.12) ll (5.14). Qqe

Bll.JtHO, qTo pa3MepHOCT1, 8.JtllHlllffiOll MaTpHI.l;H B (5.II) paBHa 

(1Jd)(2ft-1), Hatt.neM Tenep1, MaTplUUl J± , l!CXO,Il.li ll3 (pOpMj'Jihl 

(5.13), MOlKHO 3BnHCaT1> 

(.!) ,,./-, 

J.! ¢m = Nrnt1 't-'rrttf ) 

(!) 
r.ne N mt1 - H8KOTOpble ~CJia. CocTOSIHR!I CP.m OJ)TOHOPMl-lP0BaHhl, 

TaK qTo 

(cf~. l J±(pm,)= (JJ:t,m' = N~~4 dm,rn1rf • 
TatruM o6pa30M, y w.aTpllU J:t OT~lffibl OT HY.ID! TOJIJ,KO MeMeHThl 

.nnaroHMH, pacnoJioJKe1mon Ha,n ( no.n) rJiaBHoll .niaaroHM1>10. ,lla.nee, noc
·t 

KM1>KY J., == ]_ , TO 

* N<+l = N(-) 
rn m-1 

(5.19) 

l!cnon1,syR (5.19) , noJiyqaeM 

1 A.. ,/ [ ,/ J+<pk-1 = Nt-l J+ J_ 4-'k = ------;:i" J+ / J_ ]q>k = H(J3+J+ J_)q,k: 
k-4 · Nk-4 'i--1 

(5.20) 
- 1 ( k N<+-l c-, f'h ct> A-
- NH ~ ~ +1 N k ) '+'k = N,,_ '+'1<. 

k-f 

IlOCKM1>KY N<t-) = NH* 
kH k , IlOJIY~M ll3 (5.20) 
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I N(t) 12 
- IN(+\ 1

2 
- k 

k kH - • (5.21) 

GnolKliB paBeHcTBa (5.21) .It.IDI Bcex k , OT k ""j .no k= m , 
<+I H n, y~Timrui:, qTo NjH=o n N_j_ 4 = o , T.e. 

INTl 2
= J° 

IN \tl 12 I N(t\12 . 
j-f - J = j-1 

I <•' 12 I N(+I 12 . e N_;-t - j-lH = j - , 

llOJIY~M 

I 
<•l 

1
2 • f{lt1) 4 · e Nj-c :(f+1);1- -2.- ·:= 2<e+1)('-J- ). 

EcJlli 0003Ha~TJ, j - ~ = rn , TO 

N(t): idm [ (jtm)(j-mH) Jf/i 
m ,e 2 • 

Oasa dm ocTaeTCR Heonpe.neJieHHoll. TaK KaK nepecTaHoBOlffihle cooTHollle-. 

HllR HllKaKllX orpaHHqeHllll Ha qiasy He HaKJia,nHBa!OT, . MOlKHO BHOHP8TJ, d,n ~ 0 • 

CyMMHpyR pesyJI1>T8Thl, MOlKHO OTM8TllT1>, qTo no~llllla!Clllllll ll IlOHIDKalClllllll 

onepaTOpli J t . , J_ • llM8IOT COOTBeTCTBeHHO Bll.lt 

r.ne 

( 

0 Nj· 0 · O ) 
0 0. Nj-A 0 

Jf = : · .. ·. : 

: ···-.N~j-~ 

o · · · · -• ··o 

J_=(;;i,:,,. i) 
o- · · · N-;' .. o 

N,==.i.[(j'+k)(j·-k+A)]
412 

• 
" 1'2' 

Tenep1, MOlKHO Ha~TH reHepaTopH J4 ll Ji 
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(

0 

Nj 
' ~ 0 

:J, = iiJ l 
O·. 

NJ. O··· 

0 Nj-~ 

NJ-◄ 0 : : .. ) 
NJ,I 0 

0 -Nj O · ·O 0 

1 
Ji=YI' 

NJ O -Nj·-1 

0 NJ- ◄ 0. 

0 

O· 
·o -N.jti 

N.j• ◄ 0 

IIPH f=o npe.ncTaBJieHHe O,nHOM0PHO, KaJUtUtt 3JI0MBHT rpyrnw: OTO6pa-
llt80TCJI e,nmm'UWM M0MeHTOM, reaepaTopu TOJK,It0CTB0HHO paBHll HyJll). IIpe.n
CTaBJieHHe Ha3UBaeM CKaJISIPHUM. 

HeTpHBHaJII,HOe npe.ncTaBJieHHe pa3M0PHOCTH na, (2j H)~2 , T.e. 
1·=·,f/2 • MOJKHO peaJIH3OBaTI, 3pMHTOBHMH MaTPHu.aMH Ilay;rn 6t 

YMHOllt0HHHMH Ha ff2_ i, I'eHepaTopu .naHHoro npe.ncTaBJieHIDI paBHll 

6'.· 1, 

(112) ~ 

M . = -i 6" 
i - 2 t 

Y.llOBJl0TBOP.RlOT COOTHOillemm 

5t 6j· = c~ J 1- i £ l j k Gi • 

TaKHM o6paaoM, B npe.ncraBJieHmi J. = A/2 

BOKpyr OCH 3 3alIRCUBaeTCJl B BH,lle 
oneparop noBopoTa aa yrOJI <f 

T: ('/.t) ( if) 
J ' 

1/2 G'.<4 o0 

(t/2) .J 
1 "7 I ( i " h T (0101lf) = e = L -;:;, 2Cf') 0 J 

rl=O 

"'(1- ~/'f )\¾({)\ ... J+-i6jft-f.<;t1- ;,(f)~- ]= 
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<f ( •i'ftl . 
=cm"I +i~fh-... ~ = e _o )· 

i o e•'f/2 

.AHaJIOI'Htmo B npe.ncTaBJiemm i = f/!i. aanHCI:malOTCJI onepaTopu noBopo-
TOB Ha YroJI 1 BOKpyr ocett I H 2: 

i/% tp(r. 
(1ft) (f/1) 1 

~ (Cf) = T (q1o1o) = e = Clf)':l 
.2 

. (Ct') 'f 
+<6il»""'f = . :r 

ti)>>, 'f 
T 

r; (<fl-= T (o,q,,o) = e = c=~ +io'l.fh"'t= 1 (f/1.) Ult) i/2 <fo2 . (cc:, If 
- />'"' '!. 

2 

irn~ 'f) 
cm If 

1 

I 

m"'~) 
'!. • 

Cm~ 

T, (1/%) ) 
BH.nHO, qTo MaTJ)Hm,I i (<f 
MllllaHT, paBHlltt e,nmmue. OTMeTHM, 
Jm6ott OCH .naeT 

( i = I,2,3) YHHTapHll H HM0lllT .neTep
qTo llOBOJ)OT Ha yro11 !9r BOKpyr 

T, <m->( ) --,- (4/t!( ) 
i (f+2'.lr = -,-,: <f' 

TaKHM o6pa3OM, npe.ncTaBJieHHe j·=~l2 .llBY3HalffiO H HaaUBaeTCJI CIIHHOP:: 
HHM npencTawem,;eM,a B8JIH'mliH,npeo6paaymt11eca no aTHM npe.ncraBJieHWl:M, 
HaaUBamcJI cmmopaMH. 

3aMeq8Hl{Jl 

I) MoJKHO llO.Ka38TI,, liTO Jm6oe npe.ncTaBJieHHe rpyrnw: S0(3) C llOJ1Y
ue11w i nyaaalffio. 

2) .IIByaaatmocr1, cmmopHlllC npe.ncTaBJieHHtt He nopoir,naer nyaaatUioc
TH Ha6JIJJ,rtaeM1DC (pHaHqec.KHX Bemr•nm, cBJiaaHHwc co cmmopru.m, TaK .KaK 
3TH B811HliHHll Blipalltal)TCJI qepe3 CilHHOpll 6wnrnefmo (CM,. HHXe). 

IlpH J° =1 npe.ncTaMeHHe TpeXMepHO, H B .Kali8CTBe MaTpztUioro 
<'' X npe.ncTaBJieHHJI reHepaTOpoB M 1 MOl!HO B3JITI, MaTpHUl,l -i, , onpe.ne-

110HHll8 B (5.8). Q6lll{HQ RX Bll6HpaeM B 0118.ztYIO!IleM BH,lle: 

(
0 .f O) 

]=_i_ ,101 
4 Yi"' 0 ,1 0 

1 ( 0 -! 0) 
Jt = tT i : -i 

0 t 0 
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(

~ 0 (l) 
J3 = 0 C' (l . 

0 C -~ 

3To npe.n;cTaBJiemte Haa!illaeTCJI BeKTopHHM. BeJm"lllllH f , KOTOplie 
npH Bpa!lteHHH CHCTeM!i KOOp.IJ;HHaT 

it=iRx 
(5.22) 

npeo6paayIOTca no.aaKOHY 
I , 

f '= TJ(1K) J, 

HaalillaIOT cKMJipaMH npH j = o, cmrnopaMR I-ro paHra npH :J = I/2 1 

BeKTopaMH npH j = I, cnHHopaMH 2-ro paHra npH .i = 3/2, TeHaopaMR 
npn :l = 2 H T • .n;. (cmrnopli n -ro paHra, TeHaopli n -ro paHra). 
IlPH 6ecKoHellll.o MaJIWC noBoporax Ha y'IX)J! O'f BOKpyr i-tt ocH aa
KOH npeo6pasOBaHRll np:muu.mer BH.IJ; 

) i (ii f ~ f = ( 1 t- dlf' Mi ) f. 
TaKHM o6p830M, C.Ka.lI.IIP eCTL O.IJ;HOKOMITOHeHTHaJI BeJIH'OOia, KOTOpaJI npH 
BpaDtelilUiX (5.22) npeo6pasyeTCJI no aaKOHY 

l 

f = f . 
Cmmop . I-ro paHra HBJIHeTCJI .IJ;BYXKOMITOHeHTHOtt BeJill"ll!HOit f~ ( f:). KO
TOpaJI npH 6eCKOH8'iHO MaJIWC noBoporax Ha yrOJI cf Cf BOKpyr i -tt 
OCH npeo6pasyeTca no aaKOHY 

I • i f -) f = ( 1 + i c:l<f Si) f • 
. (f•) . 

BeKTop HBJIHeTCJI TpeXKOMITOH8HTHOtt BeJll'I"!HHOtt f = f, 1 KOMITOH8HTbl 
KOTopott f~ ( i = I,2,3) npH Bpa!ltewm (5.22) lllSeo6paayIOTCJI TaK lite, 
KSK cru.m Koop.IJ;HHaTli. 

TenepL B8PH8MCSI K CITHHOpaM. IloKallteM, trro MOlltHO nocTpoHTI, 6HJmHel
HYD q>op?.\Y H3 .IJ;Byx Cllll'.HOpoB, KOTOpaJI HMeeT onpe.n;eneHHlie TpaHCq>opMa
D:HOHHlie CBOICTBa npl! Bpa!lt8HRIIX (5.22). 3Ty q>oPA\Y MOlltHO nocTpoHTI, Me
.ItYllltl™ o6pa30M. BBe.IJ;eM CHS'iaJia llOMTHe conpm1teHHOI'O Cllll'.HOpa. Conpmite
Hl!e BlillOJIM8TCJI 06li'!HliM o6pa30M nyTeM TpaHcnoHl:lpoBSHM H KOMM8KCHOI'O 
conpsmemtH. TaKHM o6pa30M, npH :i = I/2 CIIllHOP Jlt • conJ)fllteHHlil 
K f , ll'.Me8T BH.IJ; 
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{' = ct:>f:) • 
IlpH 6eCKOH8'iHO MaJIOM noBOpoTe BOKpyr 
no aaKOHY 

. * 
i. -tt ocH f npeo6paayeTCJI 

* ... , ,. . t, 

j ~ f = } ( 1 - I J If o;,) . 

CKWIJipHoe npoHaBe.n;emte cmmopoB X 'a° f onpe.n;eMeTCJI ~e.IJ;YIO!IU™ 
o6pa30M: 

!l 

* * X f =~'Xi fi • 
't=1 (5.23) ,. 

BeJm'lm!a X f npn 6ecKoHe'!Ho·MaJioM noBOpoTe npeo6paayeTcH corJiac-
HO 

lt i,i l JI · i .. i . J< 

X f ➔ X f =X (1-½<1<f6,)(l-i-tor 6i)f =X ft O(cf'<r
2
) 1 

T.e. KSK CKaJIHp • .UoKSSaTenLCTBO ]1.J1.H. KOH8'!HWC noBopoTOB npocTo. TaK 
KSK · TC'/!)(w') npH Jm60M W npe.n;cTaBJIHeTCH YHHTapHol MaTpnnett 
2 X 2, TO 

·lcl --:, x*f "° x* T(f/t)(w) T('12
'(w) f = A.A f, 

* .AHaJIOI'H'IHO MOlltHO llOKaSSTI,, 'ITO BeJm"!HHa X 6; f npn Bpa!It8HHH npeo6-
pasyeTCH KSK B8KTop. (JloKaJmTe!) 

B KOHne 3TOI'O naparpaipa Me.n;yeT OTMeTHTL, 'ITO llpaMOe npoHaBe.n;emte 
.IJ;Byx HenpnBo.IJ;HMWC npe.n;cTaBJiemtl rpynnli BpaDteHM, xapaKrepHsyeMoe SHa
'leHHHMH :11 H J°2., .BllOJIH8 npHBO.IJ;HMO. OHO pas6HBaeTCJI Ha HenpHBO-
.IJ;HM!ie npe.n;craBJieHHH c co6cTBeHHliMH sHa'leHHHMH J , r.n;e 
, 11 - i2 I!= 1 ~ J1 + :i2. • npH'leM .Kall!,nOe HS 3THX npe.n;cTaBJiemtl BXO.IJ;l!T TOJILKO 
O,!J;HH pas : 

T u~J:it> ""y<j,<> T<i11 -T<ii◄ -3~1l T'i◄ -+J~> 
C9l - 1l ® <~) - <9)$ · · · e C'J) • (5.24) 

STo YTBe,Pll(,ll;eHHex> HaslillaeTCJI TeopeMol Kne6ma-rop,nrum. OOPA\Yna 
(5,24) OSHa'laeT, tITO CYll!8CTBY8T MaTpnu,a, npHBO,wD!la.f{ 0.IJ;HOB1)8MeHHO 

x)OHO Blip8lltaeT KBSHTOBlitt 38KOH MOlteHM yrnoBOI'O MOMeHTa ,a. j 
Ba8TCH ~• 

7l 

Hasli-



Bee MaTplil.ij,! T(J,,Ji)C"J) K RBa31I,!UiaroHBJIJ,H01W 13lW 

( 

T<1,•i,i; 

Tcj,tJ~-n:· . 

s T''·•''',11 s·• • · '·-- ..... · .. ·.. ___ _ 

i TOJ,·M 

(5.25) 

8JreMeHTH MaTPRUli S , ·ocYllleCTBJimllllen pa36HeHHe llpiIMOI'O llpc)R3Be.nemm 
T(j,)(9) ® T(ji)(9) Ha HenpRBO~Mlle npe.ncTaBJieHRSI, Ha3HBa!OTCJI KOaj;-

qJRI.\HeHTaMH K7Ie6wa - I'op.nruia R 0603Ha'l:aJOTcn: CRMBOJIOM 

:Jm 
ci,m,, i1m1. r.ne f = ( f,. J~) I ' · 'JI :i, - i1 ( j -:i ~ l'YL ~ i, 

MaTPRII,a s onpe.ne.l!lleTCJI ifx>P1WJIOit (5.25) Heo~03Ha'iHo. 06wmo yc
JIOBRe (5.25) .nonOJIHJieTCJI Tpe60BaHReM YHHTapHOCTH. MaTpHu.a MCUteT 6HTJ, 
BU6paHa He TOJIJ,KQ YHHTapHoa, HO .naxe OPTOI'OHBJIJ,HOit, TaK 'l:TO KOaqxpH
I.\H8HTU K7Ie6ma - I'op.naHa CTaHOBJITCJI .neitCTBHT8JIJ,HHMH·~CJI&m. Koa®R
I.\H8HTH K7Ie6ma - I'op.naHa nmpoKO HCllOJIJ,3JIOTCJI B RBaHTOBOit MeXaHHKe H 
H3JiaraIOTCJI B Y'l:e6HH.KaX RBaHTOBOit MeXaHRKlf B CBJI3.il C KOHKp8TlWMll'. BWm
CJl8H.WIMH. 

§ 2. I'pyIIIIH S U(2) a S U(3) 

CYlltecTBYeT roMOMO.PPR3M rpynnu 5 U( 2) B rpymry BpameHRit 50(3). 
HanOMHHM, 'iTO 06IUH.tl _B~ MaTPRU, o6pa3Yl0lllRX rpymry S U(2), C.118.ztY~it: 

U ( a b) 2 2 
=- L• • /QI 1- lbl = ,(, -o Ct l 

ECJIR llOJIOJ!tHTJ, Cl = Cle , t Ct.i , b = at • i Q 1 , TO MaTp1uzy Zl MOJKHO 
3anRcaTii B B~e 

U~acI 1io'.(;, 
( 5.26) -) .....,, 

r.ne o - MaTPRU!i IIay.11H R Cl - (a,,at, a.i> • BemecTBeHHue napaMeTpH 
a.: ( i =0,I,2,3) y.noMeTBOpm)T YCJIOBHJO 

3 2 2 ~,2 L a i = ./ ::: Clo + Cl • 

i=O 
Tenep1, MOlltHo onpe.neJIRTJ, 

Clo = ·co-, 'E 
2 

__.. . w 
/0/=1..,,,,T ( 0 ~ c:.v :e=- Vt) 
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R (5.26) nepenRcaTJ, B BR.ne 

w · w -> ➔ f , .... 7 U(w)=crn 2 -ifh"" 2 t1-o;:; exp -iyti-6' 1 , 
(5.27) 

r.ne fi - e~HR'iHHit BeKTop B HanpaBJiemm BeKTOpa ct 
I'oMOMOPPR3M rpynnu s V( 2) B rpynny S0(3) ocymecTB.l!lleTcJI oTo6-
pallteHHeM .ItBYX MaTPRU :t U(w) B (5.27) Ha MaTPRUli 7R(w) rpyn-
nu S0(.3} • I'pynna S0(3) RMeeT o~o3Ha'iHue R .ItBY3Ha'iHue 
(cmmopHue) npe.ncTaBJieHRSI, Bee 3TH npe.ncTaBJieHWI .RllJIIDJTCJI o~o3Ha'l:
HHMR npe.ncTaBJieHRJIMH rpymru SU(!l.) , II03T01W eCJin HaitTR Bee YHR
TapHue HenpRBo~we KOHe'l:HoMe pHUe npe.ncTaBJieHrui: rpymru s u ( ~) , 
TO 6Y.ItYT onpe.neJieHU Bee npe.ncTaBJieHWI rpynnu So ( 3) • 

.A.7Ire6pa Jm rpynnu SU( 2) coBna.naeT c Wire6poit rpynnu SO(J), 

T.e. reHepaTopu Ji ( i = I,2,3) y.noBJieTBOpm)T nepecTaHOBO'iHHM COOT
HomeHRJIM 

[Ji,J3] = iLJk ]k. 

TaKHM o6pa30M, onpe.neJieHu CTPYKTYPHUe KOHCT8HTl,I rpynnu SU(2) •, COB-
na.n8IOO!He co CTPYKTYPHHMH KOHCTaHTaMH rpynnu 5 0( 3) • Y'l:HT!m8.SI 

Tenep1, KPRTepRtt KapTaHa (4.25), llOJlY'iRM 

CJ,;= -cfi/, 
OTKY.na CJie.nyeT, 'l:TO rpynnu SU(-'.) H SO(J) JIBJIJIIOTCJI llOJIYllpc)CTH-
MH. Ha caMOM .ne.11e rpynna 5 U( 2) . He RMeeT RHBapHaHTHHX no.nrpynn, 
T8K 'l:TO MOJl'.HO CKa3aTii, 'iTO OHa npocTM. (I!OKalKRTe, 'l:TO rpynna SU(.2) 

HJIH S0(3) He HMeeT RHB8pH8HTHHX no.nrpynn).B 3aKJIDti:eHRe MO]l(HO CK8-
38TJ,, 'l:TO rpynnu 50(3) H SU(.2) JIBJIJIIOTCJI npocTUMH H KOMil8KTHHMR, 

IIepeit,neM Tenep1, K rpynne SU(J) • I'pynna SU(J) - MHOlltecT-
BO YHRTapHHX, YHRMO.ztY.l!IIPHUX 3 x 3 MaTPHU. 8JreMeHTU .naHHoit rpymru onpe
.ne.lIJIIOTCJI BOCeMJ,]!) He3aBHCHMUMH BemecTBeHHHMR napaMeTpaMH. JIIo6oa MeMeHT 
rpynnu SU(3) MOlllHO 38llHCaTJ, B B~e 

ll = ex P f i. L Ok F=;; t, 
k (5.28) 

r.ne Q k - BemecTBeHHlie napaMeTpH H i F,; - BOCeMJ, reHepaTOpoB 
rpynnu 5ll(3}. 06U'iHO 3TH reHepaTOpl,I BU6Rpa!OTCJI B CJie.nylOOleM B:Q,JJ;e: 

f.'= 2 ~cc 
~(040) 

C c C I 
F. - .!_ ( 0 -1 0) 

2. 2 ~ 0 0 
C o o ) 
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A C O O) ( 0 0 ~) f'.; = - 0 - ◄ 0 ) F;;=f ooo ) 2. O O C .1 0 0 

' ( 0 0 -i) A ( o 
0 ~) is"' I ~ 0 C ) F,'-=- C 0 

~ i 
1 0 ) 0 0 0 

F.~_!(i 0 ~l) ) ~c 0 0 ) 
0 F-- 1 0 7- 2. g-HJ' o 

C i 0 0 -2. 

OrrepaTOPll ~ Y~OBJI8TBO piliOT ROMl~TamroHH!lM COOTHOllleHWIM 

[ F,; 1 Fj· J = ·i {.Ji< ~ , (5.29) 

3TH ROHcTaHT!l !,, ii. rroJIHOcT1,IO aHTHCHMMeTpll:'llill rro oTnomeHHIO R rrepe-

CTaHOBRe Jl!OO!lX ~BYX HH~eRCOB. YpaBHemrn (5.29) orrpe~eJIJieT CTPYRTYPH!le 

ROHCTaHT!l rpyrrrrll, ROTOp!le xapaRTepusyIOT a.nre6py Jili rpyrrm,1 SU( 3), 
ll Te ll3 HHX, ROTopue OTJIH"lllll OT HYJI.fi, IIPHHUMaIOT 3H8"1BH1W:: 

fm = 1, f1,1 = ftH c:f~11 ={J\S = -f:s~ =-fu, = 1/1. 

£sJ = foJ = r7/.e. 

Bll'lliCJIIDI T8H30p 1,i ITO qx)pMe KwlnHHra ( 4.24)' IIOJIY'iliM 

CJ,i ~ -3 cf,'; 

OTRY~a CJie~eT, "lTO rpynrra 

Hon. 

SU(3) .fiBJliI8TC.fi IIOJiynpocTon ll ROMTiaRT-

KpoMe Toro, reuepaTopu F,;" 
TSUl{OHJlliM COOTHOlll81ilIBM 

B (5.29) Y~OBJIBTBOpmoT 8HTHROMMY-

[ F; Fl -= .i c',:I I i L dijk ~. 
) J .. 11 I< 

8~ec1, ROHCTaHTll d •; k TI0.,1HOCT1,IO CHMMeTpU"lHh1 OTHOClITBJil,UO rrepecTa-

HOBim U~BKCOB. OUH Ta.lOite .fiBJI.fiIOTC.fi CTPYRTYPiillMH ROHCT8HTaMit. 0TJIH'l{H!Ie 

(5.30) 
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OT HYJIJI d~Jk paBHli 

d,,11 '=' clue = UJ31 = - d1u = ,f/TJ' 

chi.1 = d 558 = d,GK "" d 1 u -=- -,f/(£1'J') 

d,,H -= d,,51 = - cl2,,, = d.2s-, = d3,,,, = dJs-5 "'-dJGG = -dJp = 1/!2. 

,llJI.fi CTPYKTYPHliX KOHCTSHT Jiik u d,fk cymecTB,YeT COOTHO-

meHHe, ROTopoe MOlKHO IIOJIY"lUT1,, eCJIH l'ICIIOJ11,30BaT1, aHaJI<?r TOlK,Il;eCTBa 

HK06l'I 

[~_,[_Fj·,F,;}] = {[~JFj·JiF.1 +-{[F.,:I ~J, F]L 

oTRY~a 

L (dijkfkfm + [1dn,di3'k)=Ldkimf1<,f• 
k · k . 

3aMeTHM, 'ITO rpyrrrra 5 U( 3 J JIBJI.fieTc.fi rpyrrrron paHra ;2. Y uee cymecT-

BYIOT ~Ba orrepaTopa Kaal'IMlipa C1 H C1. : 

f 2 2. 
C~ = ~ ~ = 3

1 ~ {ijk F; '5 F,; (5.31) 
'l , I 11J,k 

l'l 

Ci= L d,ik F; Fj· ~ . 
'l,J°,k 

Co6cTB8HHlle 3H8"18Hll.fi orrepaTOpoB KaszMHpa C, l'l C2 MOlKHO BCllOJI1,-

30B8T1, .u,JI..fi K11aCCl'l!pBKamrl'l Heilpl'IBO~MUX rrpe~cTaBJieHIIn. KoHe"lHO, Hae 

IDITepecyroT TOJ11,KO ROHe"lHoMepH!ie YHHTapH!ie HeaKBHBaJieHTHlie uerrpl'IBO~

Ml:le npe~cTaBJieHU.fi. ,llJm rrpaKTR"l8CKliX ueJiett IIOJI83HO BB8CTB HOB!iti 6a3l'IC 

reHepaTopoB CJie~lCllll'lM o6pasoM: 

I± = F. ± i F; 1 V± = F. ± i F, , Vi: =F.;±i~J 

IJ "' Fj , y = ~ Fi . 
ITepecTaHOBO"lHli8 COOTHomeHH.fi reHepaTopoB (5.32) paBHli: 

(5.32) 

[ IJ) h J = _±: L. ) [L 1L]=2I3l 

[ I.11 U± ] = + f Ut , [ IJ > V± J = ± f V.r 1 
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L 1, > V, ] = L l, > LI_ ] = L lJ t J V, ] = [ Y J It ] "' [ I 3 1 Y ] = 0 J 

[ Y
I 
Vt] = !: U t 1 [. Yi Vt ] -= ± Vt 1 [ I, 1 V-] = - U_ J 

[ I 1- 1 L
1, ] = V, l [_ l), ) LI_ ] = ¾ Y - T J = ~ UJ J 

[ U+ i V-] -= L i l Vt) 11- J = ¾ y t- I J = .2 VJ . 

H3 3Tl!X KOMMj'TaIJ;HOHHliX COOTHomeIDIA B}W{O, 'iTO rpylllla 5 U( J) ltMeeT 

TJ)R H83aBB:CBMl,t8 no,nrpyrnra 5 U( 2) • HMeHHO onepaTopli 

(I+,L 1 I 3 )> ( Ut> U .. , UJ) 1 ( Vt- 1 V_ 1 ½) 

H onpe,neJIJmT BJireelpy Tpex pa3Jm'lHliX rpynn S U(l) • Mli He Cly,neM, 

s.nec1, pacCMaTPRBaTL HBIIpRBO,ltRMl,18 npe,ncTaBJieHWI 3TRX rpynn, HaIIOMHRM 

TOJILKO, 'iTO KOMIIaKTHlie rpynnli :eMelOT HeTpRBHBJILHlie KOHe'lHoMepH!ie YIDI

TapH!ie npe,ncTaBJieHIDI. 

3aMe'IaIDie 

IIocKOJILKy rpynnu npeoelpasoBaHHtt SU(1) 15U(3) He saTpanmaJOT Koop.ItR

HaT npocTpaHCTBa MliHKOBCKoro, TO npmutTO RX Ha3liBaT!, B ~3HK8.3J.18M8H

TapHWC 'iaCTml; - rpyrum BllVTP8HH8il CaMM8TpRH. 
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DlaBa YI. I'PYIIIIA JIOPEHUA H EE PACIIMPEIDIB 

§ I. I'pylllla JiopeHilFl 

PaccMOTPHM BalltHeitIIme cBoicTBa rpynnH JiopeHW L 11 • IIpocTpaH-

cTBeHHo-BpeMeHH!ie KOOP.IJ;RHSTli )(I'-' ( ~ = 0,I,2,3) JIBJIR!OTCR MeMeHTa

MH 'IeTlipeDrepHoro IIpoCTpaHCTBa MmiKOBCKOI'O. 3,nec1, x0 = ct - KOOp-

,nRHaTa BpeMeHR H X' , )( 2 , x.J - npocTpaHCTBeHHlie KOOp,nRHaTli. 

· M8T,l)H'I8CW T8HSOP II,l)OCT!)aHCTBa 'ilf'" npe.ncTaBJIR:eTCR ,ItRaro-

HBJILHOil MaTpHuett C Be~eCTBeHH!iMH 8JieMeHTaMH 

<tF" = ciia'J(,/1 -11 -1/ -A), 

CJie.nyeT pa3Jm'IaTl> KOHTpaBapHaHTHlie BeKTop!i af H KOBapHaHTHl:I8 at'. 
Onepamm onycRaHWI H TIO.IJ;HHMaHllJI·HH,neKCOB .IJ;OCTHraeTCR CBePTKOil C MeT

pH'IeCKHM TeH30poM 

V 

Qf' = C/t'v a_ l 
f' ,L,V Q=Cj' Ci,,, 

TeH30P 91"'" y,noBJieTBOJllleT COOTHOmeHWIM 

V f >' 
Cjt' C/t",,. = oa-, 

r,ne J; - CHMBOJI KpoHeKepa. IlpH 3TOM (}""" ~ 9,._.., • 
HanOMHHM cyT1> npeoelpasoBaHIDI Jlopeima. ECJIH .IJ;Be CIICT8Mli 

OTC'IeTa .IJ;BIDKYTCH ,npyr OTHOCHTeJILHO ,npyra B HanpaBJieHRH OCH I,' TO 

CB/IS!, Mel!!,ey IDIMH Bl:IpalltaeTCR npeoelpasOBaHHBM JlopeHua 

X
00

=J{(x"-(3x') =x0 cl,u -x' r>ltu, 
x'•.,, 11 (!C'-(-lx•) = x~cl,u - x"nf, u, (6.I) 

x't "' X 1 , 

x'J, ·x 3 
1 

r.ne IIJ- - OTHOCJ4TeJILH8H CKOpoCTL JJ:BYX CHCTeM OTC'IeTa, Ji =(-1 -(3 1
)"

11
!, 

(3 = 1"/e , a u = me lf, (3 - TaK HasHBaeMaH 61:IcTpoTa. · 

HBHClOJiee oel~M npeoelpasoBaIDieM ~opeHm HBJIHeTCR BemecTBe1rnoe 

npeoelpasoBaIDie 

t"' \I 
Xf'->X~= II" x. J 

ltV V 

~ =~, 
KOTopoe OCTaBJIR:eT HHBaPH8HTHOtt KBa,npaTH'lHYID q>QPMY 

3 
2 ,., 1,;;:-,1 

X = Xt' 'xr = ~t"' XI'" X = X0 - L. Xi 
'l ~~ 

Hs aToro TpeeloBaHHH CJie.nyeT, 'ITO 

A e' (\f - f\t'f A ~ dt.': 
"e> ,., - "<r" ~ . 
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(6.2) 

(6.3) 



IloCJie,nH.ee COOTHOilleHHe MOJKHO 3811llC8Tb B Bli,IJ;e 

(, /\~' ~ Cjc~f y : CJr-v J 

OTK,Y.na BlWiO, i:rro 

2 
(def I\)= 4 1 (6.4) 

R, CJie.noBaTeJibHO, ,IVLII Kml',JlOI'O rrpeo6pa30BaHRII JiopeHu,a C,YllleCTByeT 06-
paTHOe rrpeo6pa30BaHRe. IlpoH3Be.neHRe .nBYX rrpeo6pa30B8HRtt JiopeHlJ,8 CHO
Ba JmJIIIeTCJI npeo6pa30B8HHeM JiopeHu,a, H COBO.Kj'IlHOCTb Bcex ripeoOpaao
BaHRR JiopeHu,a o6paayeT rpynrry. IlopimoK rpynrru paBeH mecTR, rrocKORb.KY 
B rpyrrrre L ft HMeeTcn mecTb reHepaTopoB, cooTBeTcTBYIClllRX BpameHR,IM 
B .KB.lK.nOR R3 meCTR IIJIOCKOCTefi npocTpaHCTBa-BpeMeHH. 

HaytJ:a,r TOIIMOI'If'Ie Cl'J18 CBOHCTBa rpynrrbl L H , HatJ:HeM C TOI'O, 
"ITO COXP3Hemrn x2 BlmMMeTCJI RaK rrpH HenpepUBHllX, TaK H rrpH He
KOTOPllX ,nHCKpeTHIDC npeo6pa30B8HH$IX. H3 ypaBHeHR,I (6.4) CJie.nyeT detA:t1 • 

TaimM o6pa30M,npeo6pa30BaHHll, y KOTOP!lX det J\ • -,1 , SIBJIB!OTC,l H 

.nHCKpeTHHMR npeo6pa30B8HMMH, KOHKpeTHO rrpocTpaHCTBeHHoe OTpalKeHRe 
Is R BpeMeHHOe OTpalKeHHe It 

(
~ 0 0 O) 

I = 0 -4 O C 

S C O -~ 0 
1 

0 0 O -4 

(
-~ 0 0 0) 

I: o~oo. 
t O O A 0 

o o o A 

Hs npeo6pa30BaHllll, y KOTOpllX detA c, +I. 
HerrpepIIBHW.ru. Bee coB0IcyTIHocT11 MaTp~ A 
B ypaBHeHHH (6.3) IlMOlKllTI, f'- =v :0 

O 2 .l · i Q 

( Ao ) == 4 t- L ( /\o) ~ 1 1 
i ~ 1 

paCCMOTP:U.'14 Te. "ITO IIBJI.fllO'l'C,I 
rpynIIH L H B11,1um, eCJIH 
• Tor,JJ;a ITOJIY'll!M 

T8K "ITO "~ ~ 1 MR /\~ £ -1 . Illl.D,no. "ITO CGBOKYffiiOCTb 3Ta MOllteT 
6UTb pa30RT8 Ha tJ:eTupe'.nncKpeTHUX IIO,nMHOllteCTBa. 
IlO,D;MHOllteCTBO I : d et /\ "' t-1 /\~ '0::- ,j 

IlO,D;MHOllteCTBO rr 

Ilo,nMHOllteCTBO Ill 

Ilo,nMHoxecTBo IY: 

detll=-1 

det/\=-,./ 

det/\=t1 

/\~ ~ ,j 

Ii~~ -1 

/\~ ~ -,f. 

3TR IlO,nMHOllteCTBa He MoryT 6UTb coe,nHHeHli .npyr c .npyroM HerrpepIIB-
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1, 

~ HliM oOpaaoM. Ilo.nMH021tecTBO I oOpasyeT rpyrrrry orpaHHtJ:eHHUX rrpeo6paso
BaHHR JiopeHu,a LHR , KOTOPM JmJIIIeTCJI rrapaMeTpH"l:8CKOR HerrpepIIBHOR 
rpyrrrroa. KpoMe Toro, rpyrrna LHR ~eTCJI ,r.npoM roMOMOJXPH3Ma R 
noaTOMY o6paayeT RHBapHaHTHYIO rro.nrpyrrrry rpynmi1 JiopeHu.a L H • I'pyrrrra 
V , KOTOPM COCTORT R3 aJieMeHTOB I , Is , It R 1st= I 5 Ii , TO

lite o6pasyeT rro.nrpynny rpyrrrru Jiopeau,a, no He RHBapnaHTHYIO, R aasimaeT-
c,r rpyrrrroa OTpallteHRa. IloaTOMY rpynny Jiopeaua L H HeRb3,I 38IIR-
C8Tb B BR.ne Ilpi!MOI'O Ilp0R3Be.neHM orpaHRtJ:eHnoa rpynnu JiopeHu,a LHQ 

R rpynnu V , T.e. 

Lk i= LltR ® V. 

Mli ne Oy.neM paccMaTpHBaTb aerrpHBO,nHMUe npeicTaMeHM rpynnu Jiopeau,a 
L H , T. e. rpyrrrru c OTpalKSHR,IMH, a orpaHHtJ:HMcn rpyrrnoa L fl R, Ko-

TOPYIO Haaima.IOT TaK.llte co6cTBeaaoa opToxooHaot,t rpynnoa iropeaua. I'pyn
na l HR BKIIIOtJ:aeT rrpeo6 pasoBaHM Bn,na 

(

" 0 0 0) 
/\(R)= g 'R _J (6.5) 

r.ne ''R - TpeXMepaue opTOI'OHMbHlie MaTpHUU Bpameana ('RE 50(3)) 

KpoMe npeo6pasoBaHRit (6.5), rpynna LHR co.nepimT "tJ:HcTo nopeHI.(eB-
cKHe" npeo6pa30BaHR,I nepexo.na B .nBRlKYlltYIOC,I CHCTeM,Y OTC"leTa. ECJIH 
B3$ITb TaKoe npeo6paaoBaHRe B.nonb OpR I, TO cornacHO (6.I) OHO RMeeT 
Bli,IJ; 

(

cf,u -flft(.{ 

/l(u,to)= -~u cft(,{ 
0 0 

0 0 

0 0) 
0 0 . 
./ 0 

0 ./ 

(6.6) 

KaK MOlltHO noKaaaTb, nI06oe npeodpaaoBaHRe JiopeHu.a MOllteT 6HTb npe.ncTaB
neHo CJie.nylO!llRM o6paaoM: 

/\=/\(R4)/\(u 1 .io)/\(R1) 1 
(6.?) 

r.ne J\(R◄) R /\CR1) - BpameHM R /\(u,.i o) - tJ:HcTo nopeHI.(eBC-
Koe npeo6pa30BaHRe B,nMb OCR r. IIpe,ncTaMeHRe npoR3BMbHOR MaTPRUU 

/\ R3 C06CTBeHHOR rpyIIIlli JiopeHil,a LHR B Bn,ne (6.?) MOlllHO IIO-
nytJ:HTb na CJie.ny!O!UHX coo6pa21teHRlt. 

BHatJ:Me MU COBepillHM IlOBOpoT 1?1 , HanpaM,I,I OCb I noKo~eaCJI 
CHCTeMU no HanpaB1IeHRIO CKOp0CTR 11>' .nBHlltY~eac,r CRCTeMU. 3aTeM npoR3-
Be.neM nepexo.n /\(u,10) B CHCTeMY OTC"leTa, .nBIDKYlltYIOCJI Tenepb (T.e. 
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ITOCJie ITOBOpoTa R1 ) nnOJII, OCH I HeITO,nBHJKHon CHCTe~ITT co CKO-
pocTblO //_o!· • HaKOH81{, rronepHeM (Bpamemie "R.i ) OCI, ITOJIY'llralllen-
CR D pesyJibTaTe nnyx npenu,.uy!llHX npeo6pa3OB8HHH .nBIDK.YlllBHCR CHCTeMU 
OTcqeTa no COBTI8n8HHR C OCRMH sa,naHHOH ,nBHlKY!llBHCR CHCTeMU. 

~pMyJia (6.7) ITOKa3UBaeT, qTo cymecTB8HHO HOBllM B rpynne JlopeH-. 
IJ;:l, cpaBHHT8JibHO C rpynnoil npameHHit, RBJ!RJOTCR "qHCTO JIOpem:~eBcKHe" 
npeo6pasonaHHR. 

KaK H n CJiyqae rpynnu npameHHit, HeTpy.zn1O HaitTH DH.It reHepaTopon 
MR npeo6pasonaHHit JlopeHua. IlpH 6ecK0He1JHo MBJimc rrpeo6pasonammx 

;\~ = ef f r £ ll"; 
(6.8) 

yCJIOBHe (6.2) HaMa;nmaeT CJIB.ItYIO!llee orpaHH11e1me Ha ~ 

"11.'J' = _7/•1 
Aii = 0 (i J} = A, 2) 3) . 
i\01 = i\'o 

j\OC = 0 . 

.lIBHoe MaTJ>H1IHOe rrpe.ztcTaBJieHHe "tm:CTQ JiopeH$BcKoro" rrpeo6paaonaHRR: 
B.ztO.lll, OCH I (Bp&11eHHe B IJJiocKocTH x0 x1 ) ,naeT MaTpHua (6. 7)). 
reiiepaTop ·c.M 40 JJ,TIJt a'l'oro BpameHHR 

1 10 d ,1 
v11 -= - 11(ui ,10)/ 

du u :o 
HMeeT BH,It 

cA110 = 
(

0 -,{ 0 O) 
--1 0 O 0 

0 0 0 0 

C O O 0 
(6.9) 

lO JO Onpe,nemm SHaJIOI'R1IHllM o6paaoM reHepaTopu .At H .At JJ,TIJt Bpal!leHH:lt 
B,ItOJII, ocea 2 (IJJIOCKOCTI, x0 X 2 

) H 3 (IJJIOCKOCTI, X0 x3 ) • ITOJIY1IHM 

( 
0 0 -,( 0) 

.A1_l0"' 0 0 C 0 

-,f O O 0 

0 0 0 0 ) 
(

o o o -A) 
30 0 0 0 0 

.At "' 0 0 0 0 • 

,{ O O 0 
(6.IO) 

I'eHepaTopu rrpocTpSHCTBeHHHX BpaJl!eHH:lt B IIJIOCKOCT.IDC X1 xj 
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C C 

0 

D, ~"-(i 
0 C 

J vH_"-2.,. 0 0 -1 0 .o 

0 _,, 0 
0 0 

0 0 0 
C -A 

(6. II) 

Jt", a 0 0 

n-0 0 

0 0 

-1 0 

Vl3 paBeHCTB (6.9)-(6.II) CJie,ItYeT, 1JTO reHepaTopu .A1i'o - apMHTO-
Bll, a .A1ij - SHTHapMHTOBli ( :ii:f = I,2,3). Bwmcmm Herrocpe,ncTneH-
Ho KOMM,YTSTOpll MaTPHU vl1.if H ,.,,H 10 

, H8XO,IJ,HM aJire6py ~ orpaan-
qeHHOit rpynrru JiopeHua L MR • ECJm nnecTH onepaTopu 

TO'ITOJIY1IHM 

v11 = ( .AtJ2) .A143) ..A121) ) 

fl = ( v/1,o I vlho 1 .AtJo) J 

[ vlti 1.A1J1 =- tiJk Ah, 

[.,Hi,'YIJJ ='iiJkn,,_, 

[ 11. i ) rt j J = - E i J k .Ai k ) (iij 1 k = A1 2- 1J ). 

( 6. I2) 

3TH KOMl,\YT8u;HOHHUe COOTHomeHHR oqeHh TIOXOlliH Ha aJire6py JIH rpynrru npa
fll8Hl1H, HO Ha caMOM ,neJie cymecTBeHHO OTJIHqaJOTCR OT Hee He TOJibKO qnc
JIOM reHepaTopon. Yxe 6wro IlOK838HO, 1JTO CTPYKTYPHlle KOHCT8HTII aJire6pli 
JlH rpynnu BP81ll8Hlli1 IlOJIHOCTblO aHTHCHMMeTpH'Illll no nceM TpeM mmeKcaM. 
1ITO KaCaeTCR aJire6pll Jln ( 6. I2) rpyrrnu JlopeHU9 L HR , TO HHKaKOit 
HyMepau;Hett reHepaTopon vf1 i H , n i HeJih3R ,no6HTbcR noJIHoit aHTR
cHMMeTpHH CTPYKTYPH11X KOHCT8HT aToit aJire6pH. IlpHq,!H8 xe, IIO KOTOpoit 
CTPYKTYPHlle KOHCT8HTH aJire6pu ~ rpyrmu JiopeHIJ;:l L HR He aHTH-
CllMM8TPll1IHll ITO BC8M HH,It8KC8M ( a TOJibKO no .nBYM HIDKHHM), COCTOHT 
B TOM, qTo rpyrma JlopeHua H8KOMffiKTH8. A.nre6py JlH rpyrmu LHR 

MOXHO yrrpoCTHTb, eCJU! BBe~eM orrepaTOPli 

'Ji = ½ c .,,11 i .. n , ) 

l'I J,(,_ =} (Ati - 'YI,). 
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Ms WOPMYJI (6.12) MOJKHo IlOJiy'IliTb nepecTaHOBO'!Hl:le cooTHomeHIDi JJJIH reHe
paTopoB di. u ';:ki : 

[ dk) Je] ~ i £1<tm Jr,, 1 

[ ':kt 1 '.ktn] = i £-t'n111 Xn J 

[ dt1 'J,{m] = o, -k,e,rri = A,!l, 3. (6.13) 

TaKHM o6pa30M, nepecTaHOBO'!Hl:le COOTHomeHWI M8'JE.JJY H8KOMMYTHPYllllU{Mlf 
reHepaTopaMH COBna,naIOT c an:re6poi1 JIM rpynnu BpameHHil. IIpH IlOMOlltH 
reHepaTOpoB ·i t41<'-'.., npoH3BOJibHOe 6eCKOH8'IHO MaJIOe npeo6pa30BaHHe. 
RopeHu,a MOlKBT 61:lTb Tenepb npe.n;cTaBJieHo B B~e 

/\(u.•) =It-} wi"'".,/1/'.., , r.n;e 

KoHe'ilme BpameHHH B ITJIOCKOCTH xt' XV 
IlOHeHTl:l 

l\(u..•;f'v) 
. """ .fw ..Me""' 

e 

MOJKHO IlOK838Tb, 'iTO reHepaTOpl:l 
nepeCTaHOBO'ililiM COOTHOIDeHWIM: 

.A1f-,... 

wt'"~-w",.... 

Bl:lpallta!OTCH B ~e 3KC-

y.n;oBJieTBOp!IIOT CJie.DYIOlltHM 

[.At("' I vHro J = CJtr .,,i1,o r ~VG' .41;-'r 9t'" .Aivr - ~"f .A1f'u. 
(6.I4) 

II03TOMY eCJIH Bee 'ieTl:lpe l!H.n;eKca ft v f 6" 

M,YTHPYDT. 
paMH'ilil:l, TO MaTPHUU KOM-

!IycTb Tenepb r ( I\) - JII06oe rrpe.n;cTaBJie1rne orpaHH'ieHHoil rpyn-
nu RopeHu,a L 1111 • ThHepaTopu aToro npe.n;cTaBJieHHH o6o3Ha'!HM qepes 

M<'::v • Tax KaK Ml'" 06pasy10T npe.n;cTaBJieHHe reHepaTopoB an:-
re6pu JIM rpymm Lr, R , TO ow,: y.n;oBJieTBOPffDT TeM JKe caMHM nepecTa-
HOBO'ilil:lM COOTHOllleH.lmM, "iTO 11 .Jtt'v , T.e. . 

[Mt'") Mr.,]= 9t<r M,,G" -t 1v6' liur - 9vr M(u6 - 9t«; M,.,f • (6.15) 

IIpo6JieMa Haxollr,I(eHHH npe.ncTaBJieHHit rpynnu L HR 3KBHBa.n:eHTHa npo6Jie-
Me Haxollr,I(eHHH Bcex npe.ncTaBJieHHit KOMM,YTaUHOHHUX COOTHOIDeHHff (6.15). 
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rpynna LHR HMeeT KOHe'ilioMepHl:le H 6eCKOHe'ilioMepHl:le HenpHBO.ItH-

MllB npe.n;cTaBJieHHH. 
!Ipu IlOCTpoeHHH HenpHBO.ztHMl:lX npe.n;cTaBJieHHil rpynnl:l RopeHua 6y,neM 

HCXO.ztHTb H3 TOI'O, 'iTO reHepaTOpl:l '1,v , TaK JKe, KaK ll Jtt'" 1 

MOlKHO nepeonpe.n;eJIHTb. 06osHa'iM · 

M = ( M.H. ) M~3 ) M~t) I 

-> 
N "" ( Mic) M10, M30) 1 

MOl!tHO BBeCTH apMHTOBl:l onepaTOPl:l 
~;, 

j-t"" fi: (Ml +iNe), 

kt -::fi (Me-iN0 1 

KOTOpl:le y,noBJieTBOp!IIOT KOMM,YT8IlHOHHl:lM COOTHOIDeHHHM 

[jk)jl]"' i£ktm1m, 

[ k'e, l<m] -:o i ttn<n k.,, 

(6.16) 

(6.I?) 
t.Je, k'm]:: o, 1<,e,m,n-= ,,2,J. 

3TO .n;aeT B03MOlKHOCTb llCilOJib30B8Tb JJ)IH nocTpoeHWI HenpHBO.ztHMl:lX KOHe'i
HOMepHIDC npe,ncTaBJieHHtt rpynnl:l RopeHua pe3yJibT8Tl:l TeopHH HenpHBO,ll;HMIDC 
npe.n;cTaBJieHHil rpynlll:l BpameHHil. Ms onepaTopoB .f H I< B ( 6. I?) 
MOJKHO IlOCTpoRTb ,nBa onepaTopa Ka3HMHpa: 

--..2 t. t Ji c, => j c= J, f- J1 t J I 
->? t 1 t 

C :1. =- k ~ ,<, t k' i +- f<J 
( 6. 18) 

Ha OCHOBaHHll JieMMli ll{ypa npe.n;cTaBJieHHH MoryT 61:lTb nepeHyMepoBaHl:l 3Ha

qeHHHMH 3THX onepaTopoB B ,ll;aHHOM npe.n;cTaBJieHHH. 
!IOCKOJibKY Bee KOMM,YT8TOpl:l [ Jt, l·<'m] ""o, . MOlKHO O,nHOBpeMeHHO .ztH8-

roHaJill30B8T:& ,nBa reHepaTopa - no O.ItHOMY H3 Ha6opoB j( H km • 
Ey.n;eM c'iHTaTb .ItHaroHan::&Hl:lMH onepaTopu .13 H 1<3 • Bu6epeM B npocT
paHcTBe HCKOMOI'O HenpHBO.ztHMOro npe,ncTaBJieHHR B Ka~eCTBe 6a3HC8 BeKTOPl:l 

Cf) 3THX MaTpHU cJ>m,m,: 

J3 <pm, m, = m, 4'm, m1 \ 1<3 crm,m, = 11'1~ <p,,,,mt · 

0603H8'iHM HaH60Jiblllee H3 'iHCeJI m 1 qepe3 ;J, • a H8H60Jibruee H3 m2 
- qepe3 a~ • !IOBTOpHH Tenepb B TO'iliOCTH Te JKe paccyllr,I(eHRR, 'iTO H B 
rJiaBe Y, § I npll IlOCTpoeHHH HenpHBO.ItHMIDC npe.n;cTaBJieHHtt rpynnl:l BpameHHff, 
Ml:l IlOJIY'illM, ~TO i, H J1 MOryT 61:lTb ueJIUMH H IlOJiyueJil:lMH 'iHCJia-

MH, npH'ieM 
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Ill 1 = J1 / J1 - I I ' ., ) - J1 I 

l'n1= Ii> J2-f1., -, -J2· 

OTcID.na CJie,nyeT, qro pasMepHOCTl> :acKoMoro HenpHBO.n;HMoro npe.ncraBJie-

HIDI rpynnu JiopeHue L II R paBHa (2..p HJ ( 2/2 HJ 

MHpa C1 H c~ B ( 6. IS) BllpaJKaIDTC.II qepes Ji 
xax orrepaTop Ka3HMHpa rpynrru BpameHHtt, T.e. 

·->i 
C1 -=c .1 = J1<J11l)I > 

C2 -=. i1\, /2</:H)I; 

OnepaTopu Kas:a-

:a /1 TSK lKe, 

< 6. rn> 
Ha Bl:lllleCKa38HHOI'O CJie,nyeT,_ qTo BC.IIKOe KOH8'lHOMePHOe HerrpllIBO,Il;HMO8 

rrpe,1tcTaBJieHHe rpyrrllll JiopeHu,a orrpe,1teJIS1eTC.1I rrapofl: 'll!ceJI ( ji , 1~ ) , 
KSZ,Itoe H3 KOTOpHX MOX8T 6un U8JillM WIH IlOJIYneJillM. Pa3M8pHOCTJ, xe 

aerrpHBO,Il;HMOI'O rrpe,ItCT8BJ18Hlm' 38,ItSHHOro 'il!CJISMH ( 1~ ' /1. } ' paB-

HS ( 2 J; +-1) ( 2/2 +1) • B OTJralffle OT HeilPRBO,DltM!llt Ilpe,ItCTaBJieHHfl: rpymm 

BpallleHHfl:, cpe.D;H KOTOPWC CYJ!l8CTBY8T TOJIJ,KO O.ItHO Herrpeo,ItHMOe rrpe,1tcTaB

Jie!me __ .ltaHHOfl: pa3MepHOCT:H, B CJIYqae rpyilllll JiopeHu.a :HMellTC.II .ltBS He-

aKB:HBSJieHTHllX H8Ilp:HBO.1tlfMWC rrpe,ItCTaBJiemm. 

3To rrpe,ItCTSBJiemm ( /1 Jit) H ( f-, ,~) 
·ECJIH 6u 8TH rrpe,ItCTSBJielm.lI 6wm 3KBllllaJI8HTHH, TO IDI; orrepaTOpll 

Kaa~pa 6wm 6u O,ItHHSKOBi'}. O.ItHaKo, eCJI:a ti "f /2 ' TO orrepaTopu 

Ka3HMHpa-rrpe.1tCTaBJieHHlt <f 1Jt) H (Ji,Ji) He paBHll. MoiKHO IlOKa38Tl>,, 

qTo aKBHBSJieHTHll rrpe,ncTaBJieHH.II (J, I Ji r• H ( Ji I;;) ' r.ne ( f' it-}. 
O3HaqaeT KOM!TJI8KCHO-COilpmKeHHOe rrpe.ncraBJieHHe. neitCTBHTeJil>HO, np:a 

KOMILlleKcHOM conpmKeHHH reHeparopu ]' :a k B ( 6. I9} MeHm:iTC.II 

MecTaMl'I H noaTOMY 

r~ 'C'. k~~ 

_., 
-,1 j"~ K cc 

~ ;1(J1•1), 

j1(j; I t)
1 

OTKj',Ita BH.ltHO, qTo npe.ncwBJieHIDI <;,,;i>" H ({,.1 ,;) 8KBHBSJieHTHll. 

HanoM!mM, qro ;rr;m. Toro, qro6u sHaT1> Bee KOHe'lHoMepHHe rrpe,ncTaB

JieHIDI orpamrqeHHolt rpyilllll JiopeHu,a, .nocTaTo'lHo aHaT1> RBH!lfl: BH.n onepa

TopoB 

. x}TaK KSK orrepaTOPli Kaam.mpa HeilpHBO,ItHMIDC npe,ItCTSBJiemdt HpaTHll 

8,IUIHHtiliOMY, TO OHH KOMMYTHPYJDT C J!Jl6oA MaTp:auefl: $ , noaTOA\Y 
s cs-' = s s-1 c = e. 
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:Ji' - J, ± i J,. 
Yi' 

) JJ = J J I 

lt 

1-<t = ) k'3 = l-<3 

• ➔ ~ . . 

ECJilt orrepaTOPli :J H I< 38IlltC8TJ, B TepMHHax 'll!CeJI ;f1 H /1. 
TO Il~SlOTCJ'! CJI8.DYJllll!8 npe,ItCTSBJieHM, B nOJIHOtl aHSJIOrHH C rpynrrott 

SO(J) : 

H 

:J± q,11 m➔, Jtmt = 1/ CJ~+ m1>C/~ 1: m, t1)° o/ti m,t~, /2 m1, 

J.3 ¢a~m1131m2 = m1 cpf,rn1,jim1 

k't cf>1;mq /1m1 = Vcfq: mi)(/1 ± mt H)
1 

<P1;1'!'1 ,31m1t.1, 

k'3 <P1;m,,fm1 = l'nt Cf>31mqJtm1 • 

(6.20) 

B aTOM rrpe.1tcTaBJieHHH JierKo nOJiy'<IH'l'1> MaTp:ai:zy T <;, 1 Jtl( /\) , rrpe.1tcTaB-

JI.IImlYD JID6oe rrpeo6paaoBSHHe Jiopeau,a L HR • 

PeaDMllPY.11, MOXHO CK838Tl>, 'ITO orpaH]fq8HH8.II rpyrma JiopeHll,B HM88T 

cqeTHO8 'll!CJIO H88KBHB8JI8HTHWC KOH8'lHOM8PHllX (Heymi:TapHWC) H8IIpllBO,-

,JUlMWC npe.1tCTaBJieHml. 
Ilpe.1tcTaBJieHHe ( l• 1 /i) O.ItHO3Haqao, eCJIH i 1 ;~ - ueJioe 

'il!CJIO, lt .ltBY3HS'lHO,_8CJilt OHO nOJIYneJIO8. 
Ha itioPMYJI Ilp.lIMOI'O npoH3B8.lt8HHSI npe,ItCT8BJI8HHtl rpyilllll BpallleHHA 

CJie,nyeT, qro BeJIHq:aHB, npeo6paayDl{MCJI rro Henpeo.nm,«>MY npe.1tcTaBJie-

mm rpyllllll JiopeHu,a ( J1, 1,i) .' rrpx Bpa111eHID1X npeo6paajeTCR no . 

ITP.f!MOMY rrpo.0:aBe.nemm T<J•> ® T'/•> HerrpHBO.l(HMllX npe.1tcTaBJieHHtt T
1
1•' 

ll T 1i~> rpyilllll BpallleHHA. CorJiaCHO itioPMYJI8 KJie6ma - Top,It8H8 (5.24}. 
aTO O3H8'188T, qTO BeJIHq:aHS, npeo6paaymtaRC.II no HenpHBO.ztHMOMY rrpe.1t

CT8BJI8Hlm ( f I lil orpa1m'leHHo!.t rpyIIllll JiopeHu.a, co.ztepmrr B ce6e 
BSJIHlfflHll _ (rrOJIJl) , OTBeq8Jl!Ul8 'ISCTlt~ co CilltHSMll OT ( ,~ + /t.) .ItO 

I J• - /1' . 
IloaTOMY MOJIHO 38IIHC8Tl>! 

T<J;,,~l(A<R)) = T'J~+J'i)e 19 
T'id11 (6.2I} 
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3Ta qx>pf.\YJia .naeT "crnmoooe co.ne.[JlltaHHe" HenpHBO.ztHMoro npe.ncTaBJieHIDI 
T'J•,,z> orpaHR'ieHHoil rpynmt JiopeHI~ L1tR • PaccMOT.PRM He-

CKOJil>l(o IlpOCT8lilllliX npr11epoB. 
BeJm'lllHy, npeo6paay:mzy10CJI no npe.ztcTaBJieHm> ( o,o > , HaaimaJOT 

CK8JUipoM. OHa HBJIS!BTCR O,ItHOKOMIIOHBHTHOil mmapH8HTHOff BeJIH"il'IHOil. 
Ilo npe.ztcTaB1IeHMM e1~ Jo> H (o11/:.) npeo6paaymCR pe.,m-

THBHCTcKHe .ztBYXKOMIIOHeHTHHe cnHHop1,1. CorJiaCHO qx)Pf.\YJIB ( 6. 2I) peJIJI
THBHCTCKHil .ztBYX.KOMIIOHBHTHHff CITHHOP OTBetmeT lffiCTHUe co CITHHOM 

i= 1/2 • ToHepaTOPH npe.ncTaB!leHHil (111.10) • (OJ 1/t) MOlKHO Hail-
TH H3 CJIB.ztYll!lIDC C006palteHHit. Jvm npe.ztCT8BJIBHRli (fl!) 0) HMBBM 

_., !l 
J -= 0 

H 
( i = I,2,3) 

1i = 0 • 
·-) 

.l(aJiee, MaTPHUli k COBII8,!(8IOT C reHepaTOpaMH IIpe,llCT8BIIBHRli rpynnH 
50(3) • TUI~) 

"f<..,~ ½ ~ , r.ne 6 - M8TPHll.li IlayJIH • .Ivm npe.ztCT8B!IBHIDI ( 0 I 1/J) 
HMeeM H3 3THX C006palteHHH 

-) • --i 

j=}o 

TaKllM o6pasoM, SUlHM M8TPIII'IHM p88Jll3~ reHepaTOPOB B IIp8,ItCTaBJI8-
Hli.fIX ( o, -f /'l) Ill ( ,t /2 1 0) ,Italia nplll IIOMO~ MaTp~ IlayJllll 

->(1/:10) 0 
:J = j'<011/t) -= ½ €; 
'{tc¼,oJ = i fl 

2 

H 'i<> c o1 {i!l., = 0 

no npe.ztCT8BJIBHHSIM (1,C') H (0,11 IIpeo6pasyIOTCR TpeXKOMIIOHBHTHHe 
BeJIH"il'IHH. IlpH npocTpaHCTBBHHHX BP8IllBHRliX 3TH BBJIH"il'IH!,! npeo6pasyIOTCJI 
KaK BeKTop1,1 ( f= 1) • Ilo IIpe.ncTaB!leHHSIM (,(,o) H (011) npeo6pasy
IOTCR JIHH.einrae KOM6:1mamm ,ItyaJI!>HHX aHTHCHMMBTPH'IHHX TBH30p0B /1/ H 
ft/kl(<{ • ECJIH f,; - TBH30p 3JIBKTpoM8rHHTHOro II~, ~o n~-> 
. ( ,,, 0) H ( 01 ,/) IIpeo6pasyIOTCR TpeXMepHHe BBJIH'illHH E' .t 1' H ( E' I H -

-HSIIpmteHHOCTH aJIBKTPH'lBCKoro H MarHHTHOro noJiell .• 
CJl:B.ztYl!lllHM (no BOSpacTaHHIO pa3MBPHOCTH) HBJIS!BTCH IIpe.ncTaBJieirne 

(I/2, I/2) - 3TO 'lBTHpexKoimoHeHTHM BBJIH"il'!Ha, 06H'll:!Hil 4-BeKTop. 

3aMe'laHRli 

I) Bee HBIIPHBO.Il:HMHe npe.ncTaB!leHRli ( J~, {t) , y KOTopHX o.nHo :ea 
. '!HCeJI f, {2 UBJioe, a .npyroe - IIOJIYUeJioe, HB1IHIOTCH crnmopHHMH, T.e~ 

.ztBYSHa'll:llOOI. BeJIH'lllHa (wm noJie), npeo6paay11l!lMCH no crnmopHOf.\Y IIpe.n
CTaB1IeHH10, OTBetmeT 'laCTHI.l,ElM C MaKC.l!Ma.JI!,Hlil,'1 CIIllHOM, paBHllM S: Jt· 

1 
r.zte n - UeJIOe IlOJIOJKHTeJI!>HOO 'll/lCJIO. 
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IlpiIMOe npoH3B8,ll8HHB lllIYX HenpHBO,ItHMHX KOHB'IHOMBpHHX npe,llCTaB-
JieHRff rpyIIII!i L1-1R .naeT npe.ncTaB!leHHe, KOTopoe, B006lll8 I'OBO,Pll, 
He HBJU!BTCR HBIIPHBO,llliM!iM: 

T<J;,31, ® T'Ji,Ji'> = y<Ji•Ji,f'+it\ ~ y<f+3t-4)//t{1.') @ 

T <J~•i11.<f/+1·~ -~> T<f1 +it-~, fi'+i~-~l T"f,-3,1, 13/-1111). 
EB d I Ell"·EII Q EB··-11> '· 

,,, 

2) Blillle H3Y'laJmC!, npe.ztCTSB118HIDI'OrpaHR'ieHHott rpyITIIH JiopeHu,a 
L 1-t l2 1 ECJIH paccM8TpHB8Tl, npe,llOTaB!leHM rpyITIIH JiopeHu,a L 1-/ , 

TO Heo6XO,llliMO y~eCTl, H 0Tpallt8HIDI. TaK, HaIIpRMep, npocTpaHCTB8HH1,iM 
OTpaxeHHeM Is , T.e. nyTeM YMHOJ!temm: MaTPHU npe,ncTaBJieHM rpyn-
IIl,l LHR HS M8Tp:eey Is , MH MOJlteM OCYll!BCTBHTl> nepexo.n OT co6-
CTB8HHHX K Heco6CTBBHHHM npeo6pa30B8HIDIM JiopeHu,a H Hao6opoT. MolltHO 
npoBep:eT!>, ~TO,YMHOJKruI Ha onepaTopH rs , It , I 5 Ii MaTPJ!Uli 
rpyIIII!i LHR , MOlEHO nepeBO,ItHTl, JllOCSoe npeo6pa30BaHH8 L HR 
B npeo6pasoBaHHe JII06oro .npyroro Tmra, T.e. IIOJIY'lHTl> JII06oe HS no,nMHo
xecTB I-IY. 

§ 2. CnHHopHHe npe.ztcTaBJiemm: 

Hamea sa,n;a'lei He smJ!JleTCH nocTpoeHHe Bcex npe.ncTaB!leHHtt rpymm 
JiopeHu,a ( Clt8JIHpHHX, B8KTOPHHX, T8H30pHHX), O,nH8KO cmmopHHe npe.n
CT8Bll8HIDI BalEHH B T80pm! KBSHTOBHX nOJiei, a HMBHHO - ;I1,1ISI BB8.Il8HIDI 
OCHOBHHX llOHHTHi cynepcm.iMeTpHi, H II03TO?.\Y MH IIp:eBe,neM ce~ac oc
HOBHH8 CBe,neHIDI O HHX. 

KaK yxe 6Wlo CK83aHO ( CM. § I .naHHott rJiaBH) , H8IlpHBO,ItHMW,m 
npe.ncTaBJieHMMH rpyIIII!i JiopeHu,a JmJIJmTCR cmmopH. HMeeTCH ,ItBa pa3JIH'l
HHX HenpHBo,nm,rux: npe,ncTaMemm: rpyIIITH JiopeHu,a,H no JieMMB Jllypa OHR 
npe,llCTaB!l8Hli B BH,lle .ztBYXKOMIIOHBHTHHX crnmopoB, rpynn BpSllleHH:lt Tpex
MepHOI'O npoCTpaHCTBa.· B 0,nHOM H3 HHX, o603H8'188MOM KBK (I/2,0), na
pa KOMIIJl8KCHHX "D!CeJI 'I/'"" ( i:) npeo6paayeTCR corJiaCHO 

I I f3 7 /,, · 
'l/',<(X)."" S., 'fl (X) :wm 'l/''=Sl/', (6.22) 

r.ne 5 - YHHMO.ztYJIJipHaa: 2 X 2 MaTp:a:u,a. KoMIJJl8KCH08 conp,meHHe .naeT 
BTOpoe H8IlpllIB0~08 Ilp8,ItCTa.BJI8HH8 (O,I/2) 
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I + , t /3 f-
( 1-f:_) = (1f fl) ( S.,: ) • 

(6.23) 

OHO 3KBHBaJI8HTHO nepBOM,Y, H, 'lT061,1 OTJIH'laTI, rue, BO BTO,POM IlPIDL'ITO 
CHa6.JKa.TI, llH,ll;8KCl,l TO'lKOii H,KPOM9 Toro ,YTIOTpe6JIJITI, B 1/'.,., ·.s-1- -.:repTy 
BM8CTO 3HaKa +, T.e. IlHCaTb BM8CTO (6.23) 

- I - /3 
lf,;_(x'J ~ l//4(xl5,. wm 

-' - -1f -= 11' .s. (6.24) 

MoJKHo 61,lJIO 61,1 BB8CTH CilHHop1,1, npeo6paay:roomecJI T.PaHCIIOHli_pOBaiiHHMH 
MaTPHuaMH 

I r 
wm 'Jfo1. - xfl so1. • (6.25) X-=- S X 1 - fl , 

_, - -r -d.' -.i. -ti (6.26) 'J!=d<S I wm 'Jf = Sp x . 

Il_pe,ll;CTallJieHHe (6.25) 3KBHBWI8HTHO ll_pe,ll;cTaBJiemm (6.22). 3KB:imaJieHT
HWl cmrnop C 1f' • r,ll;e c = (-1 ii -MaTpHua aapimoBoro conprmeHHJI, 
npHHJITO CHadllaTI, BepxHl™ HH,ll;eKCOM H, BBO,Itli aHTHCHMMeTpH'lliyIO BeJIH'm-
HY l., "'-/1-= - £ {lo< ' aaUHCl,IBaTI, 

'lfo( ~ ["( (l 1/~ 

OIIYCitaDT HH,ll;eKCl,l o6paTHOil MaTp:auea E«/J • IlOCKOJII,Kj' MaTPRUbl 
S YHRM0,!1;yJIJipH1,1, 3TH BeJIH'l:HH!,1 JIBJlJI!OTCJI RHBapRaHTHW.m TeH30paMH, 

HanPHMep, 

' £.,(/J = J< (' . ' 
So( s; £11 cr = ( drt S) E~/l -= t-«/l. 

AHaJIOI'H'illO n_pe,ll;CTaBJieH:ae (6.26) 3KBlmaJ.leHTHO npe,ll;cTaBJiemm (6.24) 
H OTJIH'laeTCJI\OT Hero Bl,ICOTOil HH,ll;eKca, T8II8_p!, TO'le'llloro: 

ip<l =·£,;,~ % ) 

a BeJIH'!HH!,! £"'-fl= - (~.;_ H 

TeHaop1,1. IlPH 3TOM 

ijd = f,.;,_ fo if fl J 

tJ~ "' - £~ex. - CHOBa mmapHaHTHlie. 
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t-f2--= - EH = 1) 

€..ii -= - f,;i = ,(' 

C o<.(3 cf"'-
c, f,/lJ' = 1' ) 

tJ(i (~ft =- cJ.i. 
3HaJI qiyH,ll;aMeHTaJI!,Hlie cmmo pHlie n_pe,ll;cTaBJieHHJI, MOlEHO nocT ,POHT!, Bee 
HeII.PHBO,ll;HM!,[e npe,ll;CTallJieHHJI rpyilill,l JopeHua. IloCKOJI!,Kj' HH,ll;eKCl,l C TO'l
KOil u 6ea TO'l:KH npm!l'!MaDT TOJI!,KO ,ItBa 3Ha'l:eHHJI, JID6oe Henpimo,Itl!MOe 
n_pe,ll;CTallJieHH3 rpymra Io_peHua OilHCHBaeTCJI nOJieM Mj'JiliTHCilHHOPHOI'O BH
,!1;8 

Cf«, ol1., - d .-, J c( 4 «t • · · o( k , 

a6cOJmTHO CHMMeTpH'lHID4 KaK no mi.zteKCaM 6ea TO'l:KH, TaK H no HH,ll;eK-
caM c TO'lKOi!. TaKoe npe,ll;cTaBJieHHe o6oaHa'laeTCJI cHMBOJioM ( f 1 ~ ) 

H HMeeT ( hf-,f)( I<+.,, KOMilOHeHT. HanpHMep, BeKTOpHoe TIOJie - 3TO 
Cf«~ B ,ll;BYXKOMilOHeHTHOM qiopMaJIH3Me, H OHO JIBJIJieTCJI npe,ll;CTaBJie-

HHeM (I/2,I/2).-
CBJI31, MeJK,Jzy BeKTOpH!,!M H cmmopH!iM qiopMaJIH3MOM ocymecTBJIJieTCJI 

noc_pe,ll;CTBOM MaTPHU (oa.)ol~) (~.,_>"'-;;=£"'-flcifi(G".,_)(l~ , y KOTOpl:DC 
cmmopH!ie HH,ll;eKCli paccTaBJieHli c onpe,ll;eJieHHeM (6.27) H TpaHcqJOpMaUBOH
HliM 38KOHOM (6.28) TSK, "iT061i 4-BeKTOp 'X, a npe,ll;CTSBJIJIJICJI BeJIH-
'lHHOil 'Xo1.J • 3TH 2 x 2 MaTPHU!i y,ll;OBJieTBOp!ll)T COOTHomelU'lXM 

o,. ~b + ob S".,_ =- 2 <jab I Sf> Oa ob = '2 ~ab J 

~ . /J ti 
( S,. ),x~ ( u a) /lfl = ,2 ~ c~ 

1 

Oo..Sb = 90.b - ½ tnl,ci:< G"c efd • 

Ilpeo6paayDIU!e cmmopu - yHHMo,nymi:pHHe MaTPHU!i S H S RH~e-
3HMaJILHo HMeDT BH,ll; 

(l ( " ab ) (1 s.,(_ = 1 t T w S"'ab o<. , 

. . 
fl -i. ab ~ )(l 

S- -= (,I - - W 0 ab · J 
~ ~ o<. 

r.ll;e 

/l 4 ~ ~ )(I 
( G"o.b )of. -=- 2i ( G'c- G""b - G"'b G""a. ,J.. ) 

~fl 1~ ~ (l (oab). = -. (SG. 01,- Sb G"'a.). 
c{ .21 o<. 

B qll!3H'IeCKOtt JillTepaType llOJili3YDTCJI -.:racTO BeKTOpH!,!M qiopMaJm3MOM 
c 'IeTH:peXKOMilOHeHTHW.m CIIRHOpaMH. l[HpaKOBQKHtt cmmop MOll8T 6JiT!, 
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COCTaMeH H3 pasHUX .I(BYXKOMIIOHeHT!illX crnm.opoB 

'lfn = ( ;:) , 

a MaitopaHoBC.KHit - :irs corrp!IllteHHux .rtpyr JJ.PYI'Y CIIHHOpoB 

11/ - ( 'j';,.) 
'M - ip.Z • 

JlaJiee 6y.rteM HCIIOJI:&3OBaTI, · MaJille 6yKBH rpe'leCKOI'O MqJaBliTa d.. , (3 , 

'J1 , ••• , - M.R: CIIHHOPHUX HH,neKCOB, Manlle 6yKBH JiaTHHCKOI'O MqJaBlI
Ta Ct , b , C , • • • , - M.R: BeKTOJ)HUX lIH.IteKCOB." JIBx5oMY Bel!leCT
BeHHOMY 4-BeKTopy x~ COIIOCTaBJIJieTCR: 3PMHTOBa MaTpHua 

X "t X 3 
,v -'=- X"' 6".., = ( 2 
II.\ x•+1x 

)\'-ix
2
)· 

x 0 
- XJ 

Hao6opoT, 

X" = { Sp < 6" ,% ) ; 

I'JJ.e 

6'"' "' < 11 1 El J 1 
- -> 
6c. = ( 11 1 - r, J 

H 

Sp su cf!, = 4J.1ab • 

(6.27) 

BaJKHo, 'ITO .neTepr.nrnaHT MflTPHI.1,1:,1, COOTBeTCTBYIOOleil 4-BeKTopy, paBeH · 
KBa.rtpaTy ,It/IBHll 3TOI'O BeRTopa. }13 (6.27) Bli,IlHO, 'ITO 

def ,\I ~ X"'Xa • 

061!lee rrpeo6pasoBaHUe, coxpaumariee Bel!leCTBeHHocT1, MaTPHI.1,1:,1 (6.27) u 
OCTaBJlJI!OUlee Hell3MeHHHM ee ,Il8TOPMllH8HT, .Il88TCR YHllMO.ItYJIJIPHOil MaTpuueit s 

I t 
%:::S>-,,s. ) 

(6.28 
3To npeo6pasoBaHUe aKBHBaJieHTHo npeo6pasoBaH:mo JiopeHua 4-BeKTopa 
H MOlKeT 6HTI, 38IIlIC8HO B gJOpMe X1

"' -cc l\i X b H 

/\ b - 2 S ( G b S 6: S 1J rnm a,-2-P o. , • .., ... !\ab"' J Sp Cs« S S-b St). 

YHHMO.ItYJIJIPHaR: MaTpuua s 
(6.28) KBalI,paTH'lHO. 

BXO,IlHT B 38KOH npeo6paaoBarum B8KTOpoB 
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§ 3. rpynna IIyaHKape 

.llmleaH!ie npeo6pasoBamm IlyaHKape , L = [ o, I\ l onpelI,eJI.lIIOTCR: 
corJiacHo 

x~ -= ( L X )t' -= 1- Xv _+ Cl( , (6.29) 

T,e. KaK nponsBeJJ.eHHe onepao;aa o,JtJmra Ha Bel!leOTBeHHllit BeKTop at' 
H npeo6pa3OB8HID1 JiopeHua /\ , IIPll'l8M O,I(Bllr BllIIOJIIDt8TCR: ~ npeo6-
pa3OB8HID! JiopeHua A·. Ilpeo6pasoBaHRe IlyaHKape YJJ.O6Ho saIIllOUBaTl> 
B MaTpH'lHOlt cpopM8 

I\~ I\~ A: /\~ 
I 

0.,0 XO xo 

I\~ /\1 /\~ I\; o.• x~ x'• 
/\; A! I\; /\~ o.,1 xt -= x•~ 

A! /\~ Ai A~ a3 )('l x'J 

0 0 0 0 ~ 4 ~ 

r.rte IIOOJ18,nH.Wl KOOPJJ.Wl8T8 I He llM88T ~H3ll'l8OKOI'O OMHOJia H OOT88TCR: HH
Bapll8HTHoa npn npeo6paso:sarum. Ilpeo6pasoBaHIDI (6.29) ooxparumT RHTep
BM 

(x' -v'r'· (x'-,/)r- (x-y)t' (x.-y)t J (6.30) 

t !l 3 .2 
(x-y)1 (x-y)/-' = (X-'j) : (x0 -y 0

) - ~ (Xi,-y,;), 

I'lI.8 

t ~~ 

Hs YOJIOBR!l ooxpa.HeHWI HHT8pBana (6.30) OJI8.IJY8T, 'ITO 

<" y 

CJrv /\~ /\,f = ~flJ, (6.31) 

OTKY.na I det A I "" 1 • HanoMimM (oM. § 3 nePBott I'JISBH), 'ITO 
npo:esBe.neHRe .I(Byx JmHeitHwc npeo6paaoBalil!J!: IlyaHKape fa~ 1 "~ 3 
lI f at, At ~ paBHo 

[a, 1 /\,Hoi,Ad,,,. fa1+1'1a1,/1 41\t5. 
Ilpeo6pasoB8HlUI IlyaHKape o6pasYJ)T IO-napaMeTpll'leoKYJ) Henpep!:mHYD rpyn
ny IlyaHKape 'P. 
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3aMe'IaHHR 

I. fpynna P co.n.epm1T B ce6e ,IJ.Be no.n;rpy11II1i1:rpynny Jlopem:i;a L H ,on
pe,neJieHHYIO mmefuu.IMn npeoGpaaoBaHMMH f o,AJ n aeleJieBy rpynny C,ll.BH-
roB ;/ , rrpeoopaaoBaH:Hfl KOTopoil 33llllCHBruoTCJI B Bn.ne { a. 

1 
I J • 

flepece'IeHHeM rro.nrpyrrn L 11 H Y flBJifleTCR e.nnHH'IHIDi 3JieMeHT 

{ O, I J • MoJKHo llpoBe PHTJ,, 'ITO 3JieMeHThl rpynnH C~HroB 1/ He KOM-
MYTHPYIOT C MeMeHTaMH rpynnu JiopeHIJ,a L fl • OTKy,na CJie.zryeT. 'ITO 
rpynny flyaHKape HeJIJ,3f1 33ITHC3TJ, B BH,ne Ilp.lIMOI'O IlpoH3Be.neHrur 

T->j LH® Y'. 

2. CymecTBYeT roMoMop:p:a3M rpynnH -P Ha rpynny L H , KoTopHil 
onpe.neJifleTcn OT06pa.JKeHHeM 

f a. J ti ) _j_> { 0 I /\ 1 • 

I'pynna C~HI'OB · ':I . srBJIJieTCR fl.llPDM I'OMOMOJ$I3MB rpyrmu 'jJ • (,no.KalltH-
Te ! ) _ 

HcnoJII,3Yf1·38IlHCI, HHqJHHHTe3llMa.lII,HOI'O npeo6pa30B8HH.ll JiopeHu,a B 
BH,ne -

~., = lft" + u.;,«,· J IlpH'leM (,A)f""" = - W,-,("'- I 

MOlKHO 3aIIHcaT:& Mf1 rpynnH flyaHKape YHHTapHIDi onepaTop -

• '7.)µ i '1 (" v U ( a , I tcv ) cc I + i c't' I , - I CJ I"" J , 

r.ne 3PMHTOBU onepaTopH 'Pt' cyu, reHepaTophl C~HI'OB H 3PMHTOBhl orrepa
TOPH y•"~ - J"r> - reHepaTopu 'ieThlpeXMepmDC BpameHHtt. KOMMyT8UHOHHhle 
COOTHOW8Hllf{ reHepaTOpoB 'Pt' H jt-'" HMeIOT Bll.ll 

[ Jt-<", --p'° J = 'l ({'"pl" - ~~s p") 
(6.32) 

H 

[ 'Pt', 'P"] = 0 
(6.33) 

[ Jt-''\ J~GJ = i (f'F Jt"'G'_ ~N JYG·+ ~,Ufi "J"f-fi; Jf'--f)(6.34) 

u onpe.n8JIIDOT a.n:re6py IlyaHKape. 
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Jt)ISI Bhlf1CH8HH.ll qJH3H'l0CKOro CMhlCJia onepaTopoB Ka3m4Hpa, H8XOlt
,It8HH0 KOTOPHX JiBJIJ'I0TCf1 Tenep1, CJI0,IzyDitett Hamett 38,IJ;8'lett, Il0JI03HO onpe
,neJmTI, onepaTop 

4 . J"'f-oe- 4 " or<> . Wf-= I €t4"r1. , ,- = T tt'"vfu -p J ; , (6.35) 

r.ne t<"v~6" - a6COJDOTHO 8HTHClIMM0TPH'IHwl: T0H3Op 4-ro pattra, 
IlpH'I8M to 1 13 = ,f • 

OnepaTop w('-4 1 H83HBB0MWl B0KTOpoM IIayJIH - .IIix1aHCKOl'O, Y.llOB-
Jl8TBOp.lI0T CJl0,IC'lllltHM CBOitCTB8M: 

Wt' 'Pt= 0, 

['Pf") WIT_] "'0 I 

'[ Jt-~ WG'.] = -i ( c(tr Wt'- ~t'",, W") 
1 

[ Wr, w"J = -i ff'Vr"" Wf''P6: 

(6.36) 

KoMIIOH0HTH B0KTOpa Wt' npoCTHM o6pa3oM BhlpaJmmCR 'lepe3 JI'-'-,.. 
H 'ft'-'-

-> -o> 
wo= J. p 

H 
-") _. 0 -) -) 

w =-J.l'- Kxl' 1 

-> 23 31 H) 
r.n;e J=-(J 1 J>J • -P: ('P~, P,, 1'1) H f< = (Jo; ]01) JoJJ. 

3!Wl'l8 M8CCHqJHK8Ium Bcex HeIIpHBO.D;HMHX YHHTapHHX npe,ncTaBJieliltlt 
rpynriH IIyaHKape MO:ateT 61:lTI, CB8.ll0Ha, KaK H paHee (cM. rJiaBY YI), K 
Haxo~emm BC8X npe.n;CT8BJ10HHI nepecTaHOBO'IHl:OC COOTHomeHHtt (6.32)-
(6.34) C llOMOlIU,lD 8PMHTOBWC onepaTOpoB 'Pf' • Jc'-<", Jt)ISI 8TOl'O 
npe~e Boero Ha,no HattT:a onepaTopH KaaHMHpa. Jt)ISI rpyIIIlll IIyaHKape m.rem
Cfl ~ onepaTopa Ka3HMHpa; onepaTop .KBa,llpaTa MSCCH 

'P2= 'r 'Pt4 = m2 
(6.37) 

H 

w\, ~"t- w,,: i J(., Jt'"P
1

- ~ ... ]f" w·1r' (6.38) 
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nJ)R tn
1
y o (KaK 6y.neT noKaaaHo Hlllle} onepaTop KBa,Iij>aTa cillllia. 

~PMYJia (6.37) BlipaltaeT CB.1131, MeJK.nY aHep:rn:eil, RMIIYJil,COM R MaC
coa, TaK KaK reHepaTop1,1 'P 0 n -pi ( i = I,2,3) npe.rtcTaBJIJmr 
onepaTopu aHepnm n ll:MnYJI1,ca cooTBeTcTBeHHo. ~ ycTaHoBJieHR!i lpll:-

3R'!ecKoro CMl:lCJia w 2 o6paTRM BHRMaHRe Ha TOT lpaKT, 'ITO onepaTop 

f!"-i ("""o_ -n'II_Q_) 
- 11( 'vf1v . 'oni1'- (6.39) 

•Y.ItOBJieTBO.PlleT nepecTaHOBO'lHliM COOTHOWeHRIIM (6.32) n (6.34), TaK .lite, 
KaK R onepaTop . Jf"" • r:," .rteilCTBYeT TOJILKO Ha nepeMeHHHe n("- , 
R onepaTop .7<-"" MOlKHO npe,ncTaBRTl, B 061IleM BR,Ite 

JI"'•' "' it'" + sr,.,) 

r.ne St'" KOMMj'TRpyeT c Pt" n y,noBJieTBO.PlleT (G.34). Sf'" .neilcT
ByeT· TOJIJ,KO Ha BHYTP8HHRe CTeneHH CB060,Itli CHCTeMH, KOTOpaJI OnHCli
BaeTCH cpyHKUHeA q>(p,p , r.ne f - CTeneHJ, CB06o,ItH, CB.!138HH8Jl 
co CilllliOM. Ta.KHM o6pa30M, MOlKHO HHTepnpeTHpoBaTl, I!'" R $1"'" 
KaK op6HTaJIJ,HliA H CilRHOBlii! yrJIOBlie MOMeHTli CHCTeM!:l COOTBeTCTBeHHo. 

CM!:lCJI onepaTopa ~ Wt' -= w 2 CTaHOBHTCH 60Jiee HarJIH,It-
HHM, eCJill COBepWHTl, npeo6paaoBaHHe JiopeHu.a B 11 CHCTeMj' nOKOJI", B KO
Topoil -pi~o I ?

0

~ m • B 8TOit cnc1eMe BeKTop IIayJIH - Jm6aHCKOI'O 
COBna,naeT C "BeKTOpoM cn:aHa" Jf0

' = Sf<" H 

1)(10= 0) 

i ~·J k ] 
~~ = m € ii< 

13 · J 1 J 4 2) ( $ • $ 2 S 3) W<"-=m(0 1 J 1 ] > -=- m I J J 

npntieM 

[5" 1 S~]==i£1<e.,,S1-n. 

OnepaTopH Si no.rt'IHHJI!OTCH nepecTaHOBO'lllHM cooTHomeHHJIM ~ MO

MeHTa KOJmtiecTBa ,nmmeHBJI Wi • CJie.rtoBaTeJI1,Ho, co6cTBeHHHe aHa'!e
HRJI W

2
-: S

1 
cyTl, S{SH) C S::OJ3/t},f) 31t, 2) •• • 'a S,; 

JIB.7lJmTCH reHepaTopaMH HenpRBO.ItHMOro Us H) - MepHoro npe,ncTaBJie-
. mm TpeXMepHoil rpynnH BP81IleHd. TaKRM o6paaoM, B CHCTeMe noKOJI one
paTop wi paBeH onepaTopy nOJIHoro KOJIH'IeCTBa .nmmeHRH, yr.mo
zeHHoMY Ha m (m to) • 

.unst qlDJ,Iqec.KRX npHJio&eHRA BaZHH npe,ncTaBJieHRH rpynnH -P , y 
KOTOP!DC p2 = rn2 >O , a TaKllte TaKHe, KOr,na pt= O • 
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B nepBoM CJIYqae (pi=m2 >o) SHaK 8HeprHH Poll P•I KOMMj'THpyeT 
co Bcer.m reHepaTOpaMH rpyIIIIH H, CJie,noBaTeJil,HO, .fIBJ!j{eTCH HHBapnaHTOM, 
T.e. onepaTOpoM I{a3HMH!)8. TaKRM o6pa30M, IlJ)R JIIOOWC 3HaqeHRJlX "Pf' 
ll Wi4 RM88TCSI 'ABS (H8ym!TapHWC) H8nplIBO,!UrMWC npe,ItCTaBJI8HRSI,COOTB8T
CTB8HHO 'ABYM 3Ha'l:8HWIM '/)o / I Po J .HanpRMep, H8nplIBO,ItHM08 npe,ItCTaBJI8HH8 
Tnna P ~ J"'1 'Z. C Po > 0 xapaKT8pH3y8TC.fI :iu;iYM.fI RH,It8KCaMH ( ,.,,, ) S ) 
npnqeM m - ,m6oe nOJIOllmTeJIJ,HOe 'IHCJIO' a s - TaKllte nOJIODTeJil,HOe 
neJioe RJIR nOJIYUeJIOe ti:HCJIO. ~eKc m xapaKTepnayeT uaccy cncTeMH, 
06Jia.naD11eil onpe,neneHHHMR TpaHCqx>pMaUHOHHHMH CBOilCTBaMB' (ee COCTOJIHllli 

· npeo6paaymTCH no HenJ)RBO.ItHMOMY npe,ncTaBJieHRRl rpymm IIyaHKape), R HH
,neKc S -Cn:e:H aTOA CHCTeMH. 

3aMeqaHHe 

B RBaHTOBOll TeOpnH nOJISI QHCTeMB 'l:BCTRU OilHCHBSeTCJI RBBHTOBHMR 
nOJIRMH, TpaHCqx>pMB~OHHHe CBOilCTBB KOTOPWC Mli 6y,neM ,ItaJIJ,We pacCMST
J)RBaTJ,. 3.rtec1, cJI81IYeT OTMeTRTb, 'l:TO onepaTopH Ka3HMHpa rpyIIIIH JiopeH
$ L HR nepecTBRlT 6HTJ, onepaTopaMH Kaam.mpa rpyIIIIH IIyaHKape, 
nOTOMj' 'l:TO He KQMMj'TRpyRlT C reHepaTOpaMH C,ItBllI'B. BMecTe C T8M nOJI.fI 
o6wmo Maccn~un:~CJI no rpynne JiopeHu.a (cmmopu, TeHaopa, cmm
TeHaopH, BeKTopH), a HenpHBO,ItHM!:le npe,ncTaBJieHrut rpyIIIIH IIyaHKape 
BH.neJI.lllOTCSI HaJIOllt8HlieM COOTBeTCTBYllltHX ,ItOilOJIHHTeJIJ,HWC YCJIOBHil. 

rroaTOMY aaBHCHMOCTl, BOJIHOBO! ~YHKUHH 'l:SCTHUhl OT KHHeMaTWleCRHX 
nepeMeHHHX onpe,neJISieTCH HenpRBO.l4RMI,IM npe,ncTaBJieHHeM ( m, s) rpyIIIIH 

--p , HenpnBO,ItBMOe npe,ncTaBJieHRe 6eCKOHe'l:HOMepHo H 8TO CJI81I,Y8T 
1!3 TOI'O (paKTa, q,ro JIRl6aJI 'l:BCTlIIJ,a MO.llteT HSXO,ItHTI,CJI B 6eCKOHe'l:HO 60JIJ,

WOM 'l:HCJie JIRHeilHO He3amICRMWC COCTommn. J:vm KaJK,ItOI napH ( rn I S ) 

R .ItaHHOI'O SHB.Ka sHepI'lm HMeeTCJI O.ItHO H TOJil,KO O.u;HO HenpRBO,ItHMOe npe,n
CTaBJieHRe rpymw: ]JyaHKape. IlpR nOJIYil8JIOM s - npe,ncTaBJielUie 'ABYSHB'l:-
HO. 

2 l o t ! 
B CJIY'!lBe 'P -::: m , 'fl <. 0 H W = S ""S(SH) HMeeM 

CHCT8MY, xapaKT8PHSYJl!IYlO 'l:BCTHizy C OTpRu.aT8Jil,HOil 8Hep:rn:ea:, ~3nqec;.. 
.KOe 3HaqeHlle KOTOpoil MOmiO YCTaHOmITl, TOJil,KO Ha H3liKe BTOPlAROI'O 
RBaHTOBaHRJI. 

2 t 
. PeaJOMHpyeM cKaaaHHoe • HenpRBO,ItHMOe npe.ncTaBJieHRe Tnna 1' = m , 

-p0 > O , -p0 <: 0 xapaKTepnayeTCH 'ABYMli RH,IteKCBMH (m.- 1s) , 

. (I'll_ 
1 

S } C00TBeTCTB8HHO • Ilpep;cTaBJieHRe rpymm p JmlUieTCH 
O.u;H03H8'l:HHM, eCJIR S -I1,8Jl0e";C 'l:HCJIO, H 'ABY3HB'l:HHM, KOr,na S - no

JIYil8JIOe • 
EoJU.mea: qaO'rl,I) HBC 6Y'JIJT HHTepecoBaTl, CJIY'l:all: S = 0, r/2, I. 
a) IlpR S = 0 HellpRBO,ItHM08 npe,ncTaBJieHRe OIIRCHB88T llOJIOJCHT8Jll,

H0-'18CTOTHHe m.,. ( OT!)HU!lT8Jll,HO-'l:BCTOTHli8 m _ ) pemeHRH peJIJI

TmmCTCRH-KOBapHaHTHOI'O ypaBHeHRH ~ qacTRU co CIIRHOM O - ypaBH8HHJI 

(KneltHa-rop.nom) ; 
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6) rrpR S = I/2 - IlO~OliiliT8J11,HO (OTpRuaTeJIJ,HO) - 'l8CTOTHlie 

pemeHRR ypaBHeHRR ,ll)IR qacTRU co CITRHOM I/2 - YP8BH8HRR .IT,RpaKa; 

B) rrpR S = I - ITOJ!OliiliTeJIJ,HO (oTpRuaTeJIJ,HO) - 'l8CTOTHlie perue

HM ypaBHeHRR WIR 'laCTRU co CITRHOM I, Harrpmrep, ypaBHeHM IlpoKa. Coc

TORHRR wr , ·2c 6osoHa Toxe npeo6pasyroTca no 'A8HHOMY rrpe)f.cTaMe
mno, T.e. ( mu 1 ), 

BTopoii Mace rrpe'AcTaMeHRii, l'lliTepecma: WIR (pll3IIKH,. 'A8eT CJiy'laii 

HYJIBBO:ll Maccu. ECJIR -P1 
= 0, HO ?t'-=1= O , 'ITO COOTBeTCTBYeT 'lac-

TlIUBM C HYJieBoii MaCCO:ll, TO RMBDTCR ,nBa pa3Jm~WC TlIIIa npe)f.CTaMeHII:ll. 

. 1 

ECJIR Wt'~ = S
2 

= 0 lI 'P = 0' TO ,ll)lR xapaKTePIICTR.KH npe,zt-

CTBllJieHRH He,ItOCT8TO~O .ItBYX KB8HTOBHX ~ceJI ( m , S, ) • H3 nepBol 
4X>PMYJIH (6.36) 

LXf 'Pr"'= o 
->~ 0 ....,, ~ 

IIOJIY'l88TCR, 'ITO -P. W"' 'f> W
0 = ±. I Pl I WI 

KpoMe Toro, -po w0 
- A p~ p'-= .11, p 2 

B B pe_SYJIJ.TaTe BMeeM 

Wt'= ft 'Pr, 

r)f.e It - onepaTop "CIIIIpaJIJ.HocTR". 

. ---::> -, 

OTKY.zta CJI8,Ity8T IXI = .ft P • 
, T.e. W 0 = ft P 0

, 

(6.40) 

qT06H onpaB,D;8T1, RHTepnpeTaum:> .ft- KaR onepaTopa CIIlipaJil,HOCTlI 

'l8CTR~, 38M8TRM, 'ITO B3 COOTHOilleHRH (6.40) lI TOI'O qJaKTa. 'ITO 'P0 =/:o • 
MOlltHO Bcer,zta onpe,zteJIHTJ, (P 0 r: R RS CBO:llCTB Wt' onepaTop .ft 
npno6peTaeT BR.It -> ➔ 

po (6.41) 
Ji. = W" CP 0 f4 -

J.P 

ECJIB Tenep1, paccMOTpeu nepecTaHOBO'lHHe cooTHomeHIIR JI: c -Pt' H 

Jr"'~ • HCIIOJ11,SYR orrpe~eJieHRe BeKTopa·rrayJIH - J!JJ6aHCKOro B CHCTeMe 
IIOKOR, IIOJIY'lHM 

--➔ 
[ J.'P J pc] =O -po 

(6.42) 
H 

-') -') . " 
[ J;: I Jr"'"]= ;or~r"o(w"- ';.e-P")-fo(Wr- ;,, -Pt'). 

(6.43) 

B~CJIRH (6.43), Ml1 RCIIOJ11,3QBaJIR To3.necTBO [-P0
(t'

0 f'1 Jl'-4"] ~o , OT-
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KY)f.a CJie,ItyeT 

[ CP 0 r; J «"' J = i c P0 r\ cf O Pi" - 9t- 0 'P''). 

Rs pe3yJIJ.T8T~ Wt'-= .fe -pr cpasy B'-1}0, 'ITO nepecTaHOBO'lHHe COOT-

HOW8HlUl [ 
1;! 1 Jt"''] = 0 , onepaTop ..;,! · KOMMj'THpyeT co BCeMH 

reHepaTOpaMH rpynnH p H. CJI8'AOB8TeJI1,HO. RBJIReTCR )f.OIIOJIHBTeJIJ.-

!WM onepaTopo~ rpyIIIIH Kasm.mpa. ECJIH npe,ztCT8MeHHe JIBJ!Sl8TCR HeIIPIIBO-

)f,HM!lM, TO Oil8paTop .ft ITO JieMMe lllypa JlllJl.lI8TCR KOHCT8HTOit 1 Y.MHOllt8HHOit 

H8 8.ztRHlI'lHY!l MaTPlilzy • ,IleltCTBYR onepaTopoM .ft Ha B8KTOP coc-

TORIDUl q) ( ,:,1 f} , IIOJIY'lHM 

Jt <f>cP, r) = J~!' ct> c~ n ~ ±. ?i cp er, n • 
0 -') 

IlocKM1>KY -P = :t I 'PI • HMeeM npe)f.CTaBJieHM ( O t) :wm ( o_) • ,Ila-
.,..,,='> 

Jiee, L . P = o , oTp~a CJie,ItyeT, 'ITO A RBJIHeTCR co6cTBeHHHM 

8H8'l8HH8M onepaTopa Ti1j", II, T8.KHM o6pa30M, .ft eCTl, onepaTOP 
rrpoeKmm MOMeHTa cIIHHa 11acTHil,hl Ha HanpaBJieHHe .ee ,ItBRl!teHHR, T.e. 

Q_llHpa.711,HOCTJ, 6eSMaCCOBOtt 'l8CTHil,hl. 

ECJIB /\. 10 • TO npH (pUKCHpoBaHHOM 3H8'l8Hlffl BeKTopa HMIIYJI:&-

ca -Pf' HMe!lTCH ,ItB8 He3aBHCHMHX COCTORHM, COOTB8TCTBYillUDC .ItBYM 

BOSMOlltHliM COCTORHIIRM CIIHpaJI1,HOCTR. ECJIH A = o, TO cy111ecTBYeT TOJIJ,-

KO O,n}{O COCTORHIIe. 2 

B pesyJI:&TaTe HMEl!lTCR npe)f.CT8BJ18HM. ,ll)lR ROTOpHX -p = 0 • 
T\"' + 0 • w 2 = 0 H KOTOplie OTJIH'lB!lTCR SHa'leHHeM napaMeTpa A. 

A = o. ± I/2, ±I,± 3/2, ••• 

OHR 060SH8'l8DTCR CHMBOJIOM ( 0 ~ 1 A ) WlH ( 0- 1 "A) , 8CJIH f)
0

>o 

MII -p0< 0 COOTB8TCTB8HHO. 

COCTORHWI HettTpHHo H qx>TOHa c onepe,zteJieHHott CITHpaJil,HOCT:&!l npeo6-

pasyBlTCR IIO npe,ncTaBJieHR/tM TRITa ( 01- 1 A) :wm ( o_, 71 ) 
Mli nepe'lHCJIHM s~ec1, HenpHBO,nHMHe npe.ztcTaBJieHHR rpynnu IlyaHKape. 

,ll)IRKOTOpHX 'P2=m 1 >o H P0 >o, ·p•<o H 1'2~0 C 1)0 <0 

1\>o 

3aMe'laHRe 

B IIpe)f.CTaBJieHRIDC, HM8100lHX OTHOWeHRe K OIIHCaHH!O (pUSH'leCKHX 'l8CTHn, 

8HepreTH'l8C.KHit cneKTP ITOJIOl!WTeJieH lI CHRSY orpaHII'leH HYJ18BliM 3H8'leHBeM. 

-p 0
~ o • KaR H ,nOJDKHO 6HT1, y peaJI1>HOit_ 'l8CTH~. 
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§ 4. Cyrrepcm.lMeTPWI 
KaK H3BeCTHO, Tpe6oBaHHe peJIJITRBllCTCKOil RHBapl!aHTHOCTH HBJIJieT

Cfl 0.It}illM 113 OCHOBHWC Tpe60B8HHit B KBaHTOBOtt TeopRR ITOJIJI, O,IUiaKO 
Jlllllll> tJ:aCTl> B03MOlltllliX RHBapHaHTHliX TeopRft IlyaHKape pea.1m3yeTCH B 
rrp11po,ue. MOl!tHO ~MaTl>, 'ITO 3TO CM38HO C cymecTBOBaHReM 6o~ee BllCO
KlDC Cm.lMeTpllii, T8K 'ITO TeopRR, OMMamure 6Mee B!:lCOKHMR CHMMeTpM
MH, l! peMR3YIOTCfl B rrpl!po,ue. 

CymecTBYIOT paMH'IH!:le B03MOlllliOCTH ,llJIJI pacnrn:peHM rpyITIT!:l IlyaHKa~ 
pe. KaK ll3BeCTHO, rpyrrrrll BHYTpeHHeil CHMMeTpRR rrpRBO,ItfIT K M8CCH(pli
KaUIDI MeMeHT8PH11X '!8CTlll\ no BHyTpeHHHM KBaHTOB!:lM tJ:l!MaM THIT8 38pii
.ua, ll30CITRHa, CTpaHHOCTl!, YHHT8PHOI'O crnrna. B TO lite BpeMfI T8Kafl BalK
He~ xapaKTepRCTl!Ka tJ:aCTl!U,KaK Macca,no~HOCTl>IO OCT8eTCH 38 paMKa
MH rpynrr BHYTPeHHeil CHMMeTpl!H. Ilo3TOMY 6w10 61:l npHMeKaTe~bH!:lM Hait
Tll. T8.KYIO rpynny Cl!MMeTpl!ii, KOTOPM 61:l O,IU!OBpeMeHHO ,U8B8JI8 M8CCl!Wll
KaUWO tJ:aCTllU no BHYTpeHHHM KBaHTOB!:lM tJ:HMaM l! no MaCCaM. I!OCKM:b.KY 
nOHHTl!e MaCC!:l tJ:aCTl!U B paM.RaX KB8HTOBOil TeopRR noJIJI CBH38HO C RHB8-
pl!aHTOM P2 rpynn!:l IlyaHKape t TO l!CKOMM rpynna ,UMJlllia 61:lTl> HeTpll
Bl!Ml>H!:lM o6~e,lll!HeHHeM rpynn BHyTpeHHeil CllMMeTpl!ll ll rpyITIT!:l:IlyaHKape. 
TaKM rpynna 6Wia 61:l O,IU!OBpeMeHHO ll H8TPl!BliMbH01l: peMl!3aUHeit rpynn 
BHyTpeHHeil: CllMMeTpl!ll. TpllBl!Ml>HOe pemeHHe - npHMoe npoll3Be,UeHl!e rpyn~ 
nu BHyTpeHHeil Cl!MMeTpl!H H rpynn!:l IlyaHKape - ,uaeT p,llRHaKOB!:le MaCC!:l 
tJ:aCTHU B MY~l>TllMeTax rpynn BHyTpeHHeil: Cl!MMeTpl!ll. PemeHl!e 3TOli 38-
,UatJ:ll ,uaeT TeopeMa O•PawepTll. ll3 Hee B!:lTeKaeT, 'ITO B npe,uno~OllteHl!ll 0 
KOHe'IHOCTll llCKOMOit rpynll!:l J!H, nMOJKllTe~bHOCTll MeTpl!Kll (npocTpaHCTBO 
COCTOHHllil HBJIJI8TCH rwr:o6epTOB!:lM), ,lll!CKpeTHOCTl'l co6CTBeHHWC 3H8tJ:eHH1l: 

P2 , COOTBeTCTBY!OOUIX MaccaM tJ:aCTllU, ll Ha6~10,llaeMOCTll P2 

cneKTP MaCC BHYTPl! M,y~bTl!MeTOB rpynn BHYTpeHHett criMMeTpl!ll·~n6o coc
TOl!T H3 O,IUIOtt TOtJ:KH, ~H60 Henpep!:lBeH. 

Ta!GlM o6pa30M, Hl!KaKM KOHe'IHM rpynna ]11 CllMM8TPllll.He ,uaeT B03-
MOl!tHOCTll o6~CHl!Tl> Ha~,uaeM!:lft cneKTp Mace tJ:aCTl!U. 

HTaK, M!:l Bll,lll!M, 'ITO noIT!:lTKa o6M,lll!H8HWI rpynrr BHYTpeHHeit CHMMeT
PmI C npocTpaHCTB8HHO-BpeMeHH!:lMH rpynnaMH CHMMeTpllH He np:imo,lll!T KHO
BOMY Tllny rpynn. 

I'eHepaTopu rpynnu IlyaHKape J<-'" H P(; o6~MaIOT TeH3opHoii np:a
po,uott: OTHOCllTMl>HO npeo6pa30B8Hlltt JiopeHII,9. Jf'" Be,ueT ce6H .KaK 
aHTl!CHMMeTpll'IH!:lft TeH30p, a 1'... - KaK BeKTOp. 06mett '18PTOtt ynoMIIHy
TliX pacnrn:peHRtt rpynrru IlyaHKape HBJIJieTcH To, ti:To K reHepaTopaM Jf'" , 

'PG" ,uo6aBJIHJIHCl> reHepaTOPll, TaKJKe OMMaIO!lllle TeH30PH01l: npnpo,uoft. 
HeTpHBHMbHOe pacnrn:peHRe MOlKeT 61:lTl> n~tJ:eHO ,uonOJIHeHneM ,ueCHTH 

reHepaTopoB rpynnu IIyammpe Ha6opoM crnrnopHWC onepaTopoB. Ilpn aTOM 
OKa3!:lB8eTCH, 'ITO COOTBeTCTBYIOOlM aJire6pa CO,Ueplltl'IT aHTllKOMM_yT8TOp!:l CITH
HOpHWC reHepaTopoB MruJUJY co6oii:. 
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CynepMre6pa IlyaHKape 

Cyne~e6pa IlyaHKape JlBJIJlSTCH cITRHopH!:lM pacnrn:peHl'!eM Mre6pu 
nyaHKape. KpoMS reHepaTopoB npeo6pa3oBaHl'ltt JiopeHllil "Jab , 4-C.II.BH
roB -pa. , oHa co,uepDT TaKJKe crumopHlle reHepaTopu cynepc.Il,BHI'OB 
(~ cynepcHMMeTplm) Q~ , Q.~ • A.nre6pa rpyllllll IlyaHKape (6.32)-
(6.34) pacnmpsteTCfl COOTHomeHl'!flMH 

~ ll Q 
[ Ja.b I Q o<.] = 2 ( Oab {>( /I ) 

- 4 ~ fl -
[Je>b)QJ]= 1U>a.b~ Q~ > (6.44) 

H3 KOTOPWC BlW!O, tJ:TO Ge{ n Clct cyT1> clll'!Hopu (I/2, 0) ll (O, I/2) 
rpyllllll JiopeHII,9., KOMMYTHPYialllle co C.Il,Bl'!I'eMll 

[ G,t 1 'Pa] = [ QJ,) 'PG\.] = 0, (6.45) 

IlpRtJ:eM roe KOMMYT8Ul!OHH!:le COOTHomeHWI MelK,llY co6ott l!Me!OT Bl!,n 

l Qd. > a.t}-== 2 (G""-)ol~ 'Pa = .2 -Po(.:t (6.46) 

[ Q.i ,(~pf= 0, [ Q.;,_ ) Q~ J-== 0. (6.47) 

IlDM0,llHR0 COOTHOmemm: CO,U0pllt8T aHTl!KOMM.YTaTOp!:l. 
Cyne~re6pa (6.32)-(6.34) H (6.44)-(6.47), KOTOpM CO,U0plltl'IT 

J"-b , 'P"- l! ,uBa CITRHOpHWC reHepaTopa, JiBJISi0TCfl npocTeitnmM pacnm
p0Hll0M aJire6p!:l IlyaHKape. B Myti:ae, p;or,ua tJ:HMO reHepaTopoB cmmopHoro 
xapa.KTepa paBHo i N ( N B38l!MHO conpmiteHHWC nap, Goti :(Q1)+ , 

i = I ,2, ••• , N) 1 roBopiiT o N - pacnrn:peHHott cynepcmnMeTpmi 
(CYCH) ., (B TaRO! KJiaCCl!(pliK8IJ;illI C8M8 rpynna IlyaHKape eoTl> N=O CYCH) • 
CooTBeTCTBY!altafl cyne~re6pa IlOJIY'l88TOli Me~D!IIHM o6pa30M: COOTHOme
HWI (6.32)- (6.34) H0 M0Hm1TCH, B (6.44)-(6.47) Me,nyeT 38M8Hl'!Tl> Got. 
Ha Q! , a ~ Ha Goti , cooTHoweHHe (6.46) npeBpamaeTCH 

B 

f i: - .. J sl a. l Qc(. 1 Go1.3 = 2 o,. 6:.;c. 'Pa., 
a B npaBWC ti:aCTJIX ( 6. 47) MOI'YT nOJIBHTbOli onepaTOP!:l 2 i/= - -z.i,; , KOTO
pue KOMMYTHpylOT Mellt,IIY co6ott H co BCeMII reHepaTOpaMll Mre6pli 

{ Q~ l Gt l ~ tot~ z ,:i I { &oti:, Qpi} = £.;t~ Zi-i 
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ll H33ImalOTC.fl U:SHTPMbHIIMH 3ap,mar,m. Ilepei1,n;eM R KJI3CCllg/PIRamrn IIpe,n

CTaMeHHil aJire6pu (6.32)-(6.34), (6.44)-(6.47). J];n.fl 3Toro Heo6xo.nn

MO H3MTH orrepaTop!I Ka3HMHpa. OHPI HMSJOT Bll,ll; 

cf -= 1>,.._ R, C 2 =- l<'ab Kc..l,) (6;48) 

r.ne k'ab = T>,,. k'b - 1\ kc, 

ll 

1 ol. -~] kc..-= f Eabcd n Jed- y(Go.)cl/4 [ Q) Q • 
(6.49) 

BeKTOP ka. JIB7I.fleTC.fl o6o6meHneM BeKTopa IIayJrn: - .JlxJ6aHcK6ro. Or-
MBTHM, 'ITO. l<Glb .KOMMYTHpyeT CO. BC8Mll crnmopru.n.m reHepaTOpaMH 

[ l<ab I Ge1.] ~ 0 J [ kab I Q.:C] = 0. 

PaccMOTPBM Te npe.ncTaBJiemm, B KOTopwc C = 'P1 
= m1 >o • Ilepeit,neM 

B CHCTeM,Y llOKO.fl, B KOTOpotl 4-HMIIYJibC HMBeT TMbKO O.nHY HeHyJieByJO KOM

llOH8HTY -PQ. = c M, a, Oi o) • 
B 3TOtl CHCT8M8 I< if = 0 c i,e = r,2,3 > n 

Mt 
Koi ·<: - l<,o ~ T Yi 1 

r,ne 

. ,( ol. - . .t = ti1<l JH - 4M (6,)ol.(l [Q J Qfl] • 

HeTpy,nHo y6e,n:HTbC.fl, ~TO 

L Yi , Q o1..] =.OJ l y i ) Yi J = i (ti k y k , 

n npocTpaHCTBeHHue KOMIIoHeHTII Yi 06paay10T aJire6py SU(f) •. 
OrrepaTop KaanMHpa C1 paBeH 

4 
C --" l/. w'. -= -2M y(yt1), .1- ,l,_f\01.t\1,_... , , , 

· r.ne y - u;eJioe wm rroJiyU:eJioe tru.CJio ( y = 0, I/2 •. I, 3/2!. • • • ) • 
BeJIH'IBHY y H33!IB310T CYIT8PCIIIDIOM. 

PaccMOTPHM HenpHBO,n:HMOe npe,ncTaBJiemrn C M3CCOH' m H cynep-

ClillHOM y (cynepMYJibTHilJieT). 

il CHCTeMe TIOJ{O,I aHTHROM!,WT3lUIO!lHUe COOTHOI!!OJl!Lq M.fl Q « , m.mJOT 

•:.~8.[{JIOU{}tii TIM;l: 
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{G,,Q~l = 0 I fG~,&,d ==o 
(6.50) 

H 
{ Qol > Q~ J = 2 (ff0 )o<~ m = .2 m cl;~,, 

r.ne Qc( .flBJI.fl8TC.fl .nBYXKOMIIOH8HTHW4 crnmopoM OTHOCHT8JlbHO npocTpaH-

CTB8HHWC Bpame:imil. B cwry (6.50) onepaTop1,1 Go1.. , Q~ MOJ£.Ho 

HHT8pnpeTHp0BaTI, KaK onepaTop1,1 YHH'lTOlK8HM H pollt,ll;eHM. PaCCMOTPHM 

Ha6op :aa !l Y + ,i BeKTopoB I y, y3 > (-Y< Y,< y), ffi3JIJilCIIU'IilC.fl 6aan

coM H8llPHBO,n:HMOI'O npe,ncTaBJieHM rpymrn ( B CHCTeMe IlOKO.fl). IlyCTb 

BBKTOP C HaHMeHblllHM CrmHOM J Y, YJ j s,,,,n) .flBJIJl0TC.fl "BSKYYMOM" CHCTe

Mli (6.50): 

Qo{ I Y, YJ; S.,,,. > = 0. 

Onpe~eJmM opTopHOPMHpoBaHH!,18 B8KTOp!,1 

I Y1 YJ ; n., n2 > -tit (11,+n1)-11,-n1 Q- ."' Q- ~• I Y YJ. Sm,n > ,J 

::: M ~ 2 ' 1 

r,ne napa (n,,n1) npmmMaeT 3H8ti:8JmII (0,0),(0,I),(I,O),(I,I). 8TH 

BeKTop1,1 o6p33YJOT 683:HC h(%Yt1) -MepHOI'O HenpHBO,n:HMOI'O npe,ncTaB-

Jl8Hl'I.fl. Y B HBTIPHBO,n:HMOM npe,ncTaBJieHUH IlpHHHMaeT 3H8'18HH.fl 

Y-r , Y , Y, Y + f , 
r.ne y - Jll06otl crurn, UBJil,ltl wm IlOJIYUMwl. XapaKTepHoe ,IT,1I.fl CYCH CBOtl

CTBO cynepMYJibTHllJ18Ta COCTOHT B-TOM, 'ITO OH co.neplKHT paBHOe 'll!CJIO 

COCTO.flHHtl 6030HOB H ~epMHOHOB. 

B npe,ncTaBJieHRHX C p1 = 0 crmpaJibHOCTI, npmmMaeT 8H8ti:0HH.fl 

Y • Yti, • -y • -(y+fl• 
IlOJieBue npe,ncTaBJiemm rpynn1,1 cynepcm.!MeTp:im paccv.aTpHBaXJTC.fl Ha 

MHoroo6pasHH,COCTOJillt8M H3 11ernpex npOCTpaHCTB8HHO-Bp8M8HHl,IX KpOp.n;ll:-

HaT xi' H ~eTHOI'O 'IBCJ18 .nBYXKO!,UIOHBHTHWC crnmopoB e' J §J' 
( i ,j = ~, 2, • '' J N) • KOMIIOHBHTl,I KOTOPWC He .flBJIJDlTC.fl o6Uti:Hl,IMH 

ti:HCJiaMH, a o6Jia.naJOT cneUHMbHl,IMll aJire6pa:a~ec~ cootlcTBaMH, aHTH

KOMMYTHPY.fl ,npyr C ,npyroM H HMS.fl RBa,IlpaTli, paBHlie HYJ!lO• C MaT0MaTH'l8C

KOtl TO~ apeHM o:im o6paaym oco6y10 Mre6py - Mre6py I'paccMaHa. 

IlpocTettinM rpaCCMaHOBa Mre6pa (COOTBSTCTBYIODlM CJIY'l310 N = I) co-

.neplltHT ~Be .nBYXKOMIIOHBHTH!,10 o6pa3YIOlliH0 B H 0 , Y.IIOBJI8TBOpm)!lln8 

3HTHKOMMYT8UHOHHOM,Y YCJIOBHIO 88 = - 80 H COOTHOill8HH.flM HHJibilOT8HTHOC-

TH ,nJI.fl KOMIIOHBHT 0,2 ~ e; ~ fJ/ = 0i2 
"'0 
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B aJII'86pe CYCH KpOM8 pa.._ HM8R)TCil Ta.IOK8 CIIllHOpHHe reHepa
TOPll cynepc,IU3,ll'OB Qct • Q.o(.. EcJil1 OCTaBaTI,Cil C 4 061:l'IHllMll 

B8~8CTB8HHl1Mll KOOp,D;Wia.TaMH !IpOCTpaHCTBa-Bp8M8Hll MmilcOBCKoro 
x"' , TO cyrrepc,nBill'I:! MoryT 611Tb peaJinaoBaH!l .nmppepemmaJII>HllMli orre

paTopaMn; ecJIYI BBeCTY! (RaK y'J'l.e ()IIJIO CR838HO) .norroJIHYITeJII,H!le CIIIDIO.PH!le 
Koop,nnHaT!l ed. , fl = ( 8"/ , TO nMeeM MHoroo6paane f x~ e"-, i/J 
IloJiy~eHHoe MHoroo6paane Haa!IBaeTca BemecTBeHHllM (Bocl>MID~epH!lM) .Q.Y,lliill
rrpocTpaHcTBOM IR"'~ . BemecTBeHHllM IIOTOMY. ~o OHO, YIMeeT 4 BemecTBeH-
mrn 6030HH!le KOOp,nYIH8Tl1 Il 4 cDepMY!OHHlle ed. . ' ea{ • B R~14 

MOJKHO peaJill30B8TI> rrpeo6paaoBaHYia CYCH: 

x"-
1 

= x" ~ i (}<Sa£ - i C sa. 0, 
d.! ci. d. -,;,_ I -d -0( 

0=6+E 1 0 =0t-f.. 

IlapaMeTpll £"' , £~ - rpaccMaHoB11 ~CJia. 
B rrpocTpaHCTBe-BpeMeHn MHHKOBCKoro paccMaTpilB8R)'I'CJ1 IIOJIJ{ - <PYHK-

7R m . 
IllIB OT xa. . B . 6y.nyT pacCMaT.PilB8Tl>CJ{ cvrreprroM - q}yH.KlllIB OT 

xa. , fl , ea{ • Ilpn npeo6pa30B8Hill! IlyaaRape (6.32)-(6.34) n 
cyrrepc.nBJ11rax (6,44)-(6.47) omi npeo6paaymca rro aaKoHy 

,I, J I I -1 J/iJ rh · -
'+'c,;)(x,@,0) =llci)"+1Cj)(X,8,0), (6.51) 

r,l\e CiJ - ua6op JiopeHu;en11X 1rn.neKcoB, A - MaTpR~oe rrpe.ncTaBJieune 
rpyrrII!l JlopeHu,a. B ~acTHOCTI!, rrpn cyrreprrpeo6paaoBaHilJIX 

c:fcp =(Ed.Q,;. i-["'Qc<)q> 

reHepaTopu Go1. , QJ peamrnyIOTca IWK ,nnqxpepemmaJII>Hlie orrepaTo-
p11: 

. c) -ol cl 
Q == - t - - ( s<>) c{ e - ) 

,;. 'c) e" "' 'o X a 

- · 'J .,. o ( 6. 52) 
Q~ - 'I.-= r e (r,a) . -

'll 0« "'"' "Cl x" 
,ILuqxpepemmpoBaHne ( cJiena) 11c1 aJire6pe I'pacc111ana orrpe,neMeTCJI CJie.ny10-
ll1llM o6paaoM: 

'o f\/l rll 
,Z,(r (7 = cJo1, J 

'cl (efle")=cff1er- r~e/1 ?,(:/~ d. Cc< • 

TaKllM o6pa30M, cyrrepc,rnrr,JeTpil'Ilili8 Teopll! 0CT8CTB0HHO OIIHC!IB8TI, B JIB-
HO .KOB8pll8HTHOM Bll,IL8 C 1lCIIOJib30B8Hil8M cyrreprroJiei1. PaccMOT.PliM pa3JIOlKe- · 
une cKaJIJ1pnoro cyrreprroM cf;>cx, e, e) 110 cTerre1uui1 rpa~cMaHOBllX 
rrepeM8HIIl1X, BBH.ny HX HHJ.lI,IIOTGHTHOCTli 3TO pa3JIO'JK8Hile o6pl1B88TCJ{ Il 
rrpenpamaeTCJI B IIOJIIlHOM: 
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(p(x,e, B) :::: Acx) + e""irtx) + i (x) e<X + e"-e"- F<x) + 

+ e'.:t e~ G (x) + ect(Eia. >o1<i eot Aa.(x) + 

- -:t_ ot "' - -.:i. 
+ eJ e e "c( ex) + e e.,( e,1 ~ ex)+ 

(6~53) 

"- - -oi, 
+ 0 e" e" e J)(x). 

B 3TOM pa3JIO~eHIDI yqTeHa 8HTHKOMM,YT8THBHOCTn CIIY!HOpH!lX rrepeMeHHWC 

ffe"'= f [e'",efl] = - : c"'~etiet'. 

KosqqiHU!lleHTH B (6.53) - 8TO .He qTo IDIOe, K8K o6li~!le (CRaMpHHe 11 

CrmHOPHHe) IIOJU[ - qJyHKmm OT X"' , TaKl!M o6pa30M, CKaJI.llPHOe cyrrep
IlOJle q>(x,e,e) o6~8,IU!llll8T KOHe'!Hoe 'lllCJlO 6030HH!1X H WBPMYIOHH!1X 
rrOJ.Ieil B e.nruioe neJioe, rrpeo6pasy~eeca KoBapnaHTHHM o6paaoM (6.5I). 

KoBapHaHTHOCTI, cyrreprrOJ.Ieil OTHOCHT8JlnHO cyrrepnpeo6pa30B8Irnil 
(6.52) npnBO.nYIT .K TOMY, qTo rrpn cyrreprrpeo6paaoBaHIDIX "cocTaBJIJilOlllY!e" 
JiopeH~-rroM cp , 1f' , ••• rrpeo6paaymca .npyr ~epes .npyra. Iloc-
KOJll>Ky cpe.nn HilX llMeDTca IIOJI.R:, 110,n~lUlJOOl}!eca pa3JIYI'IHHM CT8TY!CTHK8M, 
B03HHKaeT norrpoc: qTo,Ta.EWM o6paaoM, noJ.Iy~aeTca? OTBeT: 06~e,nnHHTeJ11,
H11e T8H,n8HIJlIB, 

3a .KJIJO~eirne 

IlpYIHIJ;lllll,I CHMMeTpHH 03Ha~ IDIBa.PliaHTHOCTI, WYl3Hqecrou 38KOHOB OT
HOCHTeJil>HO TeX HJIY! Y!HHX rpyrrrr npeo6pa30B8HY!il BXO)l;llltlD{ B HilX Wll3YI~ec
KlU BeJIYitUIH. ~YH,naMeHTaJII,HJlMII npocTpaHCTBO-BpeMeHH!lMll CHMMeTpR!!Mll sm
JiaR)TCR rpy11IIH JlopeHIJ,a H IlyaHKape. Ha BHYTPeHHYIX CllMMeTpHil OTMBTY!M CY!M
MeT1»rn UU) BJieKTpo,nruiru.mKYI, CYIMMeTpliR) SU(.2)® U(,f) e,JtWloii Te
op:im 9JI8RTpOMarHFITHOro n CJia6oro BS8.RMO.D;8ilCTmnl ll CY!MM8Tplil0 S U(J} ~ 
~ SU(!l} e UH) TaK H83HB8eMoil Teop:im BeJIYIKOI'O o6M,nnHeHIDI, BKmO'llllOOleil 

B e,nnHoe ormcairne TaKllte H CRIIl>Hoe BaaHMo.neiicTBHe. Ka:at.z(aa noCJie.ny~aa 
Il3·8THX Teopnil co,nepmIT rrpe,nll,IJ;yll(yR) H Bee OHll OTHOGaTC.II K T8R H83HBae
MliM KaJIH6poBO"IllllM TeopIDIM. Kwrn6poBO~l1Mil IlOJIJIMli B HHX CJIY.llt8T 110JU[ 
40TOH8, Wi- ll 7..0 

- 60SOHOB H BOCnMY! rJilOOHOB, rrepeHOcmIIHB, COOT
B8TCTB8HHO, 8JleKTpoMaI'HHTHOe, CJia6oe H CMI,HOe B3aHMO,neilcTBRf!, Boero 
B rrpnpo.ne HMeeTCJI ~8Tllpe Bll,IJ;a qJyH,naM8HT8Jll,HliX B3aHMO.D;eilCTBilil. K rrepe
'lllCJieHHHM TpeM OCT88TCJI .D;068BHTI, rpaBYIT8U!IIOHHHe. B Teop:im T.lll'OTemm 
oHHIIITeilHa rpaBYIT8U!IIOHH08 IIOJl8 TaIO!te MOl!tHO C'll1T8TI, .KaJIH6poBO'll!HM, Ta
.lCHM o6paaoM, nepeHoctm.IW Bcex qeT11pex qzytt,naMeHTaJil>HHX BSaHMO,neRcTBHil 
OKa3!1BaXlTCJ1 .KaJIH6poBOtml1MH IIOJIJIMli, Cne.nyeT no,nqepJalYTl>, qTo OHH .IIB

JUDOTCa 6osoHaMH, T.e. no.ntJHHJIIOTca cTaTHCTHKe Iiose-oimmTeilHa. 
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IIOJIJ1 l!aCTl!U ( 3JieI,TPOIIOB 11 KBapKOB) , ll3 KOTOPHX COCTOllT Be1J1eCTBO, 

B oJcyii\I(aer.rux TeoplffiX IIM@'r HpmII.l)1fUl8JI:E,HO HIIJIO rrpHpo,n;y. OmI JIBJUIIOTCR 

(pepimonar.m 11 ITOJl'UIJJJIIOTcR cTaT.11cT11Ke <:?epMl'l - .llapaKa c xapaKTepnwirn: 

.Il,IIR Hee 8HTURO!lll,l,YT81.l;l!OllllblMl'! IIepecTaHOBO'IIIID.rn COOTHOllleHHIDIIH. IIo 3TOH 

npl'.!tIHHe ITOJIJ1 M8Tep1rn He MoryT 011Tb JtaJill0poBO'Illl1MII B JIIOdoii TeopHH, 

C.l'!MM8Tpmr J,OTOpoil aa.n;aeTCJ1 OOHtIHOil rpyrrrroil rrpeodpa30B8Hllii. IIpll TaID.:X 

CJlll!M8TPIIRX HeB03ll!OiKHO ITOCTpollT:O rrpeo6pa30B8HIDI, CMelllllB8IOIJ1lle !p8pM110Hl1 ll 

0030Hl1. 'iTO(Jll BOCCTaHOB.l'!Tb paBHOIIpaBll9 M9lliJJY IIOJLfll,fil - rrepeHOC'Il'IBaMH 

B38llMO,IJ;eiicTBll.fI ll ITOJLJI!IIH Be1I1e CTBa, MeJK,cy 0030H8Ml1 ll qie PM110H8Mll, -ne6-

XO,n:HMO BBeCTll Cll1/111IMeTpllll IIOBOro po.n;a' cyrrepcllMMeTpllll - CYCM. 

Bo BC9X ll3B9CTHI1X MO,I1;9JIRX KBaHTOBWC T90Pllli IlomI, BKJIIO'!a.f! SJI8KTpo

,nllllaMlllcy', B03Hl!Ka9T PM Tpy,nnocTeii, KOHKP9THO: B rrponecce BlilfilCJI9-

Hllll B 3TRX 'TeOpllJIX B0311llK8IOT deCKOHeqHQCTli, pacXO,nllMOCTli, KOTOplie 

liCKJCTB9HllliM odpa30M OT6pacHBaIOTCJI. B CYCM MO,IJ;9JI.f!X Teop:.m IIOJI.f! B03-

HllKa9T peaKoe COKP81I1eHll8 l!llCJia pacxo,nHMOCTett 38 CtJ:eT B38llMHOro COK-' 

P8Ill9Hll.f! BKJ!a,IJ;OB qiep!IIHOHOB li 6030HOB. Pellle!Ille 3TOH rrpo6JieMll li ecT:& 

o,nna ua rrplltIHII, rrotieMy CYCH Mo.n;eJiu rrorryMpHII. Hallleii neJI:010 He JIB,,'IJieT

CSI IlOKa3 BC9X IIp8HMYill9CTB CYCll, a TOJII,KO KOCB8HH08 03HaKOM118Hll8 

l!llTaT9J!Jl, satJ:eM Olla 6!lJla IIOCTpoeHa li rroqeMY B <pll3liK9 3Jl9M9HT3PHHX 

l!8CTliU Mil CTP9MllMCJI K 06'b8.n;llllliT9Jl:E,HllM T8H,Il;8Hmtf{M. CYCll - 8TO Ha.n;e.lK,ll;a 

113 TO, "'!TO TeopeTHKaM y.n;acTCSl IIOCTP<>llTb 9,nllHYJO (KOH9'IIIYIO) T90pIDO 

ITOJI.f!. 
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Tpe6oBarum, rrpe,D;~RBIDISMHe K cepru1 6ponnop 
"Jle~H ,IJ,JIR. MOJIO,Il;HX Y'l8HIDC 0llill1" 

CepWI 6polllllp "JleK~li ,IJ,JIR. MOJIO,IUDC Y'l8HHX Ollill1" li8,IJ;a1iTCJI C ~8JII,]I'.) 
ITOB.l:lllleHllJl Hay'!HO-npoweccllOHaJil>HOrO Kpyroaopa ll ypomm MOJIO,IUDC yqeHWC 
li crre~aJIHCTOB Ollill1 B aKTYaJil>HWC o6JiaCTIDC HCCJie,IJ;OBaHillt, Be,eylIIIDCCJl ITO 
TeMaTHK8 HHCTHTyTa. B::lrrycKH ,Il;OJil!tHll Ilp0,Il;CTal3JISITI, co6ott 8aKOH'leHHll8 
l(lmJll,l Jie~. npO'illT8HHll8 B Orum: li opH8HTlip0BaHHlle npell(,Ite Boero Ha 
MOJIO,IUDC COTpy,IJ;HHKOB llH:CTllTyTa. 

Jieru~m ,IJ;OJil!tHll mien xapaKTep yqe6Horo noco6WI, npe,IJ;HaaHa'!eHHoro 
,IJ,]IJl rrepBoro oaHaKOMJieHHJI c pacCMaTpHBaeMott rrpo6JieMoi1:, a TaKl!e co,IJ;ep

litaTl> 0680p 89 COB~eMeHHOrO COCTOSlHHJl. 0HH ,Il;OJilKHli 6HTI, CHa6JKeHli rroi
p06HlJM orJiaBJieHHeM H OCHOBHOi:i JIHTepaTYpoit. nOJII,Illli8 rraparpa(pu p8KOMeH-. 
.IJY8TCR pa86HBaTI, Ha ITO,Il;Ilaparpawu C BHHeCeHHHMll B OrJiaBJieHHe ITO,Il;8arO
JIOBKaMH. 

Bec1, TSKCT, BMIO'iaR OT,Il;SJII,Hlie rJiaBli li ·rraparpa(pu, CJie.n;yeT Il8'la
TaTI,, aaITOJIHM KaJK,llYIO CTpaIDlllY ~SJIHKOM. 

PyKorrac1, ,IJ;OJIJma 6un HarreqaTaHa Ha cne~aJil>HWC MaHKax:, npe,IJ;Haa
Ha'leHHwc ,IJ,]IJl IlpRMOro penpo,IJ;yWipOBaHllJl, KOTOpue MOlltHO TIOJIY'llITI, B li8-
,IJ;aT8JII,CKOM OT,Il;8JI8. Bee !pOp.1Y'Jill li cxew ,Il;OJilltHll 6!iTI, BIIHC8Hll aimypaTHO 
ll RCHO TYllll>JJ WllI '.i8PHWiaMH 'i8pJtOro ~eTa. Pa8MeTKa i,pop.1Y'JI He npoHa
BO,Il;llTCJl, liX HY}dep~ ,Il;OJil!tHa HaJCO,IJ;llTI,CJI B KO~e CTp0Kli cnpaBa B 
KpyrJIWC CK06Kax:. TeKCT JieKUltil Il8'iaTa8TCJl Ha Mammme C qepaott (He ce
pott) Jl8HTOtt qepea I,5 l!IITepBaJia. 06~1iM Jl8~ HS ,Il;OJIJlteII npeB.l:llllaTI, 
100 CTpaH~ M8111liHOilHCHOro T8KCTa. 

PyKOITliCI, rrpe,Il;CTaBJIRSTCR B Pe,IJ;~OHH!ili COBST cep.11:u 6ponnop "JiaK
~ ,IJ,JIR. MOJIO,Il;HX Y'!eHmc OIDlli" COB8TOM MOJIO,Il;HX Y'l8HIDC .11 cne~aJIHCTOB 
OHffil .11 COB8TaMH MOJIO,Il;l,IX y-qeHlilC H crre~aJIHCTOB Jia6opaTopuit }lHCTHTyTa. 
Pe,IJ;~OHHID1 COB8T np.11HHMaeT OKOH'laT8JII,H08 pameHHe O ~8JI8C006paaHO
CTH ee·ny~H. 

Pe~OHH!lli COB8T 
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