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¢11311KI1 O~UII-1. 

ectures are devoted to the classical and quantum dynamics of the 
crlbed by singular (or degenerate) Lagrangians and are based on 

Investigations In this area. The complete set of the Hamiltonian 
is constructed in the framework of the Lagrangian formalism. The 
motion in the phase space are.derlved by taking Into account 

~on•traints In the theory. It is proved that the dynamics on the phy-
lfold of the phase space has the Hamiltonian form. In lectures the 
er theorem is ••ldely used. On Its basis the propertles,of the 

rackets of the primary constraints are Investigated and the 'lnvar 
Lagrangian constraints during evolution Is proved.The setting of 

problem in the theories with singular Lagranglans Is discussed. 
ion of the systems. with constraints· Is carried out by the 'func
tion In the phase space.There Is consld~:red the most general 

class and the second class constralnts.wlth an explicit
The gauge conditions may be nonlnvolutary and tlme-depen

terlal Is Illustrated by some examples (relativistic point par-
.ativlstlc string, electromagnetic field, and Yang-Hills fields). 
onvestlgatlon has been. performed at the Laboratory of Theoretical 
JINR. 

,, 

· DIABA I. · l!IDW.mRA @C'J'EM C CIDIT'Y.IDIPHHM!i JIAI'PNWWIAMfl 
B KOHWFAIIHO!IH(M IIPOQTPAJiC'WE 

§, I. B:saJieHie 

EoJwtiHHOTBO nOJI9BHX MO~eJieit, npe~OTa.BJIJDJitiDC BHT9pe0 ;rr.7Ui !J)HSHKH 

8Jl9M9HTB~ "'SCTH~, OnKClmaJl'l'c.a: . CBHI'YMpim lWI mlpolf,It9HHllMH J.rar\

paHDaHSMH I-6/. :3TO BCe I<aJDIOpoBO'DlHe Teope, OOII!asi Teopu OTHOCH_. 

TeJI1>HOOTll, penapaMBTPHSa~OHH~.:.mmapRa.HTHll9 MO~eJIR. Bllpolf,IteHHHe. Ba~ 
p!!a~OHHH8 S~a'm BOSHliRBllT l! B H8KOTOPHX .TBXHH'I9CltliX ripo6Jtewirl.?/, 

Jl,HHSMH.Ka Cl!CTaMH, OIIJICHBaeMOit CBHI'YJJJ'Ipm!M Jlai'paH:maHOM, PaBBK..:. 

B89TCS{H9 BO BCBM ~SOBOM npOCTpaHCTBe, a TOJI:&KO Ha ero no,w.moro?o_:. 

pasim, 5~8B89MOM CBSIS.a:MH M911JIY RaHOHR'I9CKHMR nepeMeHHllMH H ~Opo
BO'UUIMJI YCJIOBKJDm. :3To np!!BO~I(T It onpe~eJieHHUM TPY~OCTBM npK UOCTpOe:... 
HHH I'aMJIJII>TOHOBa ri>opMaJiKsMa. , • . . .. 

,llaHHHe Jie~ riocTpoeHH B ocHoBHoM Ha IJa~~~TaTax Hanmx KcCJie-

~oBSHd no Teopg CJIHI'YJJRPHHX JiarpawmaHoB 18 I. · .· 
Ham rio.n;x:o~ 'OTJll!'I89Tc.a: 0'1' CTeJWlpTHOI'O K5JIOlt9liKII paOCWlTp!!Bae-:-· 

MOl npo6JieMH TaM, 'ITO 91119 • ii pawtaJ( Jiai'pawEBBa rl>oPMBJiliSMa .cTpoHTC.Il 

nOJIHHit HaOop CB.a:Seit Mex,tzy RaHOHR'IaCKHMR nepeMeHHHMR, ll TOJI:&KO UOCJle 

BTOI'O Me'l'O~OM Heonpe~eJieHHHX MHOE!!TeJieit ~arpaHXS BHBO~TC.Il ypaBHe

Hllfl ,IUnmeHJifl B ~SOBOM. npoC'l'paHCTBe ( OOOODtBHHHe ·. ril.MIIUi:&TOHOB!i ypaBHe.:.: 

mm) • TaKOe li5JIOJteHlle o~eT, Ha Ham BsrJIM, CJie.D:YII!IHMH ,IU!ywr npex-. 

MY!IlaCTBaMR: 

I) M9TO~ HaOnpe~e.neHHHX MHOD'l'eJieit ~BI'pBH.Ea TpeoyeT SHBHIDI Bce-

1'0 HBOopa oB.a:sel M~ ItaHOHJI'IeoKHMH nepeMeHHHMR; 

2) HB BOSHB.KB.BT npo6JieW: .KB..!Gie CBSISK CJie.n;yeT B.MD'IBT:b B I'BMWI:b

TOHllaH, 8 .KB.Kil8 HaT 0 TBR .KB.K MBTO~ MHOlltHTeJieit ~ai'paHEa O~OSHa'IHO 
Tpe6yeT B.MD'IBHR.Il B I'BMHnb'l'OHllaH BCBX CB.a:Seit !!5 nOJIHOI'O HBOopa. 

' ' ,., ' 

B o6DteM CJIY11Be ypaBHeHR.Il ,IU!X&eHKit B ~soBOM npocTpaHCTBe, no.ny'lae-

we TaKHM nyTeM, O.KB.SHBallTCS{ OOJiee m!!po.KHMR, '19M. KCxO~e ypaBHeJiml 

alltepa B I«iJ$U'YpauHoHHoM npocTpaHCTBe. o~8KO . Ha !J)Hsx~ecxaM no~- . · · 

MHOI'000p85lll! cpaSOBOI'O npoCTpaHCTBB ~OUOJIHKTeJI:&HHe CJlai'aeMiie B 81})
<JleKTHBHOM I'BMHJI:bTOHllaHe, OTB9TCTBeHHHe sa H98IamBaJIBHTHOCT:b C ypaB

H9HllmMH SIHepa, JIO'IasaDT. 

B BHTepecH!iX c ~3!!'19CKOit TO'IKH speHE.Il CJIY'IaHX CJIHI'YJJRPHOCT:& 

Jlai'paHltl!aHa o6yCJIOBJ19HB• JIHB8p!!aHTHOCT:bJJ Teop~ no OTHOmeJ:iml R npeo6-

p880BBHJIJD4 C npol!SBOJI:bHHMH !NH~ Bp9M9Hl! K KOOp,ItHHaT. r.Jie.IICTBWI 

T8KOI liHBapllaHTHOCTK ~PMYJll!PYJJTC.Il' BTOpo! TeopeMo! HeTep /8,l3/ •. 
B Jla~1 B OTJll!'IHB ,: oT· pa6oT /I- 6 ( mHp<>RO RC!lOJI:bayeTc.a: STB TeopeMa. 

C ee UOM~D YCTaHBBJlliBaDTC.Il CBOitCTBB CR060K llyaCCOHB U9pBK'IHHX CB.Il

Bel, ,ttO.KB.BiiBBBTc.a: Wap!!aHTHOCT:& JIBI'pawEBBiiX c:Bsiseit B npo~cce SBO

Jlll~. QCSo~eTc.a: nocTBHOBKB 3~a'IH KomH B TeopK.IlX c mtpoll,ll;eHHI:WK 

Jlai'paHDaHBMR •. 
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IIp:a KBaHTOBaHHH Cl'lCTeM , . oJmcllBaeMUX BHpo.lll,ll;eHJWMH· JiarpaHllHrutar.m, 

OCHOBHOe BHKMaHHe Y~eJIHSTCR ~eTO~ KOHTHHYaJI:DHOXO HH~erpl'lpoBaHHR B 

~aSOBOM npocTpaHCTBe. BHaqane paCCMOTpeHO KBaHTOBaHHe STKM M6TO~OM 

Cl'lCT6MH CO CBRSRMH nepBOro po~a l'l RHBOJID'l'RBHHMH M6.lll,ll;Y COOO! KaJIHO-. 

poBo~ YCJIOBHRMl'!.' .Uanee ~aa npocToit noCJie~oBaTe.umdl BHBO~ <Pop

NWJIH ~ raMKn:&TOHOBa ~H~OHaJI:DHOXO RHTerpriJia B TeOpmHX CO CBRSR

MH nepBoro H BTOporo po~a _(&aK CTS:nliiOHapHI:lMl'l, 'l'SK li H8CTS:nliiOHSplWMH) • 

KaJil'l6pOBO~e YCJIOBRH MOryT OHT:D H6RHBOJim'l'KBHH M~ COOOit l'l CO~ep

.lltaT:& BpeMii RBHO. B O'l'JIHtme OT m~ pa6oT, 60JI:Dill06 'BIDTM8H}[6 Y~eJIHeT

CR ~OKaSSTeJI:DCTBY raMHJI:DTOHOBOCTH TeOpHH Ha ~szqecKOM IIO~oroo6-
pas:HH :r * qlaSOBOro IIpoC'l'paHCTBa r . ITOKa38HO t ~0 ~- t , r~e 
·~ -~eTepMHHaH'l' ~a,Ititeei3a - IIonoBa, ecT:r:. He ~o HHoe, KSK MeMeH'l' 

OO'I>eMa IIOAfipoCTpaHCTBa r = r \ r * B He&aao~eOIGtX KoOp,ItHHSTSX, sa-

~SBaeMUX CBRSJDill! K &aJWOpoBOlilWMH,YCJIOBliJDOI. . 

B STl'lX JI6.tm;WDC Mbl CTSpaJUIC:D IIO Mepe ~ B03MO¥.HOOTJI He .ItY6Jn!JlOBa'l';D 

MaTe pHaJI /0 . T6fPHH · Bllpo.lll,ll;6HHl:lX JiarpaHDaHOB 1 litSJIOJ&eHliW! B lit3BeCTHHX 
o6sopax I,3-S • IIoaTONW KBaH'l'OBaHlle ciloTeM .o Bllpolr,lteHHIOOI JiarpaH- . 

:UaHaMH :wiJIIlCTpl'lpye'l'CSI 0~ IIpl'lM6poM - IIOO'l'poeHKeM KBSHTOBO:It 'l'eOPHH 

CBOOo~oro IIOJIJt MaRc:BeJIJia. Bo.n:r:.moe tmCJio mrrepec~ o ~sHqecxo:lt 
TO~ SpaHl'lH II~OXBHHi.paccMOTpeHO.B pa6~'l'SX /3,5/. . 

P~ :SOIIpoCOB, HSJIBraeMHX B JieKIJKIIX, MH o6cya:,ttaJm 0 JI.Jt. ~ee
BUM1_ JI.B. IIpoxopoBUM, r.II. IIpoH:&KO, A.B. PS3YJoiOBHM. YH l~Hll8.Z86M ltM 

cBOm 6Jiaro.napHOCT:&. Oco6emm IIpitSRaTeJIDHH r.m H. B. TmBHY, RO'l'opd. 

npotmTan 'l'eKCT Jie!Uld H c~eJiaJI .PIJ,It nOJiesHHX aaMe'll.SHHI. 

§ 2. Oco6eHHocTB: ypSBHeJiHtrl: 83!Ieoo w BHpogempg: J!aroowaHo:e. 

JiarpalWIBH CMSit · 

Pa 
~T ClUJ 

C yqeTI 

L.'c, 
' .(. 

r~e 'ie 

'He CO,I 

no no 

Jme:E 

···' m= • 
.f .... 

Gy~e 

aefut 
lll'lC~ 

JieBc ~ ynpo~eHHH <'PoPMYJI MH oy~eM·paccMa'l'pHBaT:r:. CHCTSMY 0 KOHe~ 
tmCJIOM CT6IIeHeit CBOOO.IU>[ n , OIITll.CllBaeM,YJJ JIBrpaHDaHOM J_, ( q,, q_. ) . , '. 
q; = { Cf1 , , .. , q,. tt 1 • JiarparumaH HSSHBaeTCSI CKHr.YJLR:PIWM lW! Bllpolr,lteH- 1tl);l 

HNM, eCJIH paRr "'i. Cl!MMe'l'pzqnoit MaTpl!IJ);l · , . . . 

.. . _. a~~v · ;_ .rL~ct) · 
.AtJ(q-.q_)-aq_ia~j , q .. {- d t c2.r)· 

Mea:r:.we I qeM tmCJio cTeneHea cBoOo.ItLt. tt • KaK CJie~c'l'BKe eToro, HMee_M 

det c._.A~) = 0 . . · . 
Mil 6y~eM npe.nnOJiaraT:r. 1 "l'l'O panr MaTPJ'lll);l J. ~ cy, CJ.-) paBeH · 't. BO 

(2.2) 

B 

Hec 
'1 

COl 

Bee! o6JiacT14 lilaMeHeHHH nepeMeHHl:lX q,. 14 q,- • ToT CJIYtml • .KOr~a lcM 

~a HeKo.To.PLCC no.ItMHorooopasiDDf 2 Yl - MepHoro npocTpaHCTBa f q.. t, q..· i , .. (2 
~= i , .... Yl J MaTpim.a .Xcq., q. )

1
,voxeT liiMElTL MeH:Dilll'lit, "leM · ~, paHr • !J 

o6cyJr,Ita6TCJI 1 HSIIpliiMElp, B romre · • Mll cqzTa6M 1 'iTO "£. > 01 TO 

ecT:r:. CJIYtml Bll~eHHl:lX JiarpaHDaHoB, JIKHeiHLCC no CKOpoC'fJIM c}. · , 
4 a~ec:r:. He zcCJie~aTca. · 



HSMH, 
:B 
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IB:3H-

m>. 
;ep-. 
JIJI8T
i6-
')t8 

leHT 
·sa-

1ST;& 

~HHX . 

LH-
10pm1 

t 

t~tee

HM 

II 

IHHM 

~) ' . 
>3,11;811-

fBO 
~~a 
I lti > . 
?BHI' • 
10 

PacCMOT.PJIM OC068HHOCTH JiarpaHJKeBOH ,JJ;HHaMIIIm, K KOTOpHM IIpMBO
~T cmyJIJipHocTn · Jiarpawimruta. YpaBHeHIDI 3:ll;lre pa 

.. · . .fi{ft)~ E~, = .0. ~d •.... n 
C y~eTOM (2.I) MO~O SanHcaTl> TaK; 

. (2.3) 

. Li c q.. ~. ~;= ~tj c q_. ~ 1 ~ j - . tic cr. ~ .; = o 
(2~ 4) • <.. .j = 1 . ... , n , . 

r~e ~apes ei S. q.., q, ") o6osHa~euu Te ~aCTM ypaBHeHIIil 3itnepa, KOTopiie .. 
'He co.n;epJKaT. q,; · · 

. B2k · ~- ccr. q., ;= ~ (r a .-· ~- + 
t Cl-i ct· . j 

. . J.. n 
(2.5)' 

' . <.,J = ....... . 
ITo noBTO.PJilClltaMCSI IIH.IteKcaM 6y.n;eM rrpe.n;rroJiaraT:o, KaK o6u~o. cyMMHpoBa-' 
Ime B COOTBeTCTBYI<l!lMX npe.n;eJiax. 

ECJIM paur ~TPIIInl . j .t_j M8H:&~e yt.. , TO STa MaTplUJ,a HM8eT 
m= f1- 11£. COOCTB8HHUX BeKTOpo~ ~.j,( q.., q.,), S = 1 , .•• , »1 , i ~ 
l, ; .. · , Yl · C HYJI8BHM COOCTBeHHHM 3Ha~eHMeM 

s . . s . 

-Aijcq..~ )~jcq-.~1= ~cq,.~))\jCq,.~)= 0~. (2.6>. 

Cyl!leCTIIeHH?• ~To paBeuci'Ba (2.6) BUTJOJIHmOTCSI Toxl.n;ecTBeHHo no C} M q,. 
IloKWKeM, ~To ypaBHelUUI 3itnepa (2. 4) npe.n;cTaBJIJIJOT co6oil ·"(.. Jlli- · 

Heih!o-HesaB!'ICHMUX ypaBHOHHii BToporo lJOPJIAJW., KoTopue ri.oryT 6uu sa
rmcrutu B HOpMaJI:&HOit r!JopMe, M Yrl == n- "l, y paBHeHIIil rrepBoro lL1Ili !IY- . 
JieBoro no~Ka. . 

Ilpo8KTHpyH ypaBH81UUI (2.4) Ha COOCTBeHHUe.HyJieBHe BeKTOpH MaTPH
Ilji (2.!), IIOJiy~aeM m. ypaBiteHIIit, He co~eplKal!lRX q.. 

• S · • .·n . ' ·S . fi ' . Ok . 
~seer. q, 1= 5{q,. q, ~:{~·-~').= ~i ~~/b +a q,.)= 0·<2. 7>. 

· Tenep:& paccMoTpMM ypaBHelUUI (2. 4) KaK cMcTeMY Ms 'YL JlliHeit!lux 
HeO.n;HOpo.n;HUX anre6paM~eCKHX ypaBHeHMil C HeMSBeCTHHMH. ~ j , j= f, •• ;, 

1t • . PaHr OCHOBHOil MaTPMUl:l STOH CliCTeMU paBeH "(; • YCJIOBMeM 
COBMeCTHOCTH ,ll;aHHOit CHCTeMU SIBJIHJOTCSI. ypaBHelUUI (2.7) (TeopeMa <I>pe.n;
roJI:&Ma ~ CHCTe~eit!lux HeO.n;HOpo.n;HUX aJireopaM~BCKliX ypaBHeHIIil; 
CMe, HBII,PHMep, /I ) • ECJlli ypaBHeHIDI' (2. 7) BUTJOJIHeHHX~TO liS CMCTBMH 
(2.4) MOJKHO HaiTH."(,. "ycKopeHIItt"·q.:J ,cL=l,.:.,"t B BII.n;e ~Y~KIJ;Ilil 
~ ~ . 

,ltiist COBM8CTHOCTH (2.3) He Tpe6yeTCSI, ';!TOOH ypa:imelUUI (2. 7) BlillOJIHH-
JlHO:& TO.I',tteoTBeHHo no IPYHKllWIM q.ct )u q;_-v). ·.nocTaTo'IIIo, eCJIH oHM Bu-
IIOJIHJmTCSI TOJI:&KO Ha pememmx IIOJIHOft CHCTeMU (2.3) • .· 

5 



. 
q..· q, H OCTaBlliRXCJI n- ~ "yc.KopemUl" 

~;= Q.cLcq,_. ..... q,n; ~i ..... ~n~ ~"t.•t , .••• q_,"),cL~/.<2·:8)"l.. 
Ta.KHM oopaaoM, ypaBHeHrui 3:1!1repa WIH c:imryJlf!pHHX Jiarp~aHOB 

(!.3) S.KBHBaJieHTHH Cl!CTeMe H3 "(, YpaBHeH:Hit BTOporo IIOp!i.I(Ka (2.8) H 

'ln ypaBHeHHfi (2. ?) 1 IIOp!i.I(O.K .KOTO.PJlX MeHJ>me 2. 
ECJIH paHr "{,f' ipyH.KimOHBJII.HOit MaTPR~ 

d8sC9-.4.') s=-t . rn·1=-t .,. 
(2.9) aq.i ....... ,·v ·····'" 

MeHI.me m 1 TO I'Yl- "{,f YpaBHelilUt (2.9) W>m!O SaMem!Tl> SKBHBaJIBHT

HW.Ul .KOII,etiHHMK, He,IJ;RipipepeHJmaJil>HllMH ypaBHeHIDIMR, He CO,ItBpJKallll!MH C.KO

pocTeit q.. 

C
5

, c q,) = 0 , si = 1 .... , m- II{, 
1 

• (2. IO) 

Bo3MO.lltHll CRTyaJ:mR, KOr,Ita '!aCT!> ypaBHeHHii (2. ?) Wm OHH BOB BWIOJI

HHIDTCJI TO~BCTBeHHO. 

B oo~eM CJiy'lae ypaBHBl~ (2.?) Oy,IteM HaaHBaT.D .~ar~eBHMH CBH

~· Ta.K .Ka.K OHH YCTaHaBJIHBaiOT SaBRCHMOCTl> Me'MJI.Y q, R ·· q.. • Ilpn 

BHBO,Ite ypaBHeHHH 3Rirepa (2.3) :US COOTBeTCTBYD!leil BaPJ!SimOHHOH Sa,Ita

'lH'OOOO~eHHHe .KOOp,IJ;RHSTU H C.KOpoCTR paCCMaTpHBaJIHCb .Ka.K HBSaBHCHMUe 

BeJIH'iliHH. IIOSTOM,V ypaBHBHliSI (2.3) .n;7IH BUpo~eHHHX JISrpaHJIGiaHOB, B 

IIpnHJmiie. MoryT IIpHBeCT:U .K npoTHBOIJB'll!IO. HanpnMep~ WIH lv; cr .1!3 

(2.3) IIOJIY'laeM 1 =. 0 • Ta.KHe CJIY'laR MU sapaHee lW.KJIIO'laBM Rs· paccMOT

peHrui, C'll!TM, 'ITO BOB ypaBHelWSI, CJIB.tt;YJOOP!e H3 (2.3)
1 

Henponmope'll!Blio 

YpaBHeHrui SRirepa (2.3) wm: BUpo~eHHHX JiarpammaHOB OY'JT:YT Henpo~ 
THBOpe'll!BU, eCJm 'm JiarpamteBWC CBHSBit (2.?) OOpaSyllT RHBapnaHT

HOe no,ItMHorooopaane I (:uJI:u RHa'le: JtBJimOTCJI RHBapnaHTHUMH cooTHome

HIDIMR) M.a HOpMaJI:CHOit C:UCTeMU R3 "{.. YpaBHeHHil BToporo IIOp!i.It.Ka (2.8) 
(eM. IIPRJIOl!teH:He A). 3To osHa'laeT, 'ITO JID6oe pemeiDie ypaBHeHHil (2.8) 
B IIpc:>CTpaHCTBe ~ q,,q, 1,RMeKl!IBB XOTJI OU O,ItHy OClll{yiO TO'ley C IIO,ItMHOroOO_: 

paaneM Jl . 1 neJIH.KOM JIBl!tl!T B STOM IIO,ItMHorooc5pa3HHo 

noxaaaTI. STO YTBe~eH:He .n;7IH IIpo:USBOJII.HOro BUpo~eHHoro Jiar

~aHa, O'lBBH,ItHO, HeJIDSJI. 3To IIO.Ka3UBaeT llpoCTOit npm.rep, IIjll!Be,IteH

HUil BHIIIB. O,ItHa.KO B Bal!tHOM C TO'l.KH speHrui IIpnJIOl!temtlt CJIY'ISB; .KOI',Ita . 

CHHI'YJlf!PHOCTl> JiarpaHl!tl!aHa OOyc.iiOBJieHa RHBapRaHTHOCTl>Jl ,ItBitCTBHJI IIpH 

· npeoopasoBaHHJIX c npoRaBOJI:CHUMH ipyHia~ BpeMeiDI, ,ItaHHoe YTBexm.zte-· 

HRe MOl!tHO ,ItO.Ka38T:C C RCIIOJII.SOBaHHBM TO~BCTB HeTep (OM. § 3). \ 
B CJIY'!Se HO,PMall:E.HOit Bap.HSimOHHOK Sa,Itatm, .KOI',Ita paHr MaTpn~ J\ 

B (2. I) paBeH 11. , OO~ee perueHHe ypaBHeHHit 3AJlepa (2.4) SaBHCHT OT 

2. n IIpo.H3BOJII.HHX .KOHCTaHT, . .KOTOpUe 'onpe,IteJIJmTCJI ,JtaHHHMH Ko~. 

6 

}J;lJI BUpo~eHHoro JiarpaHJ~GISHa aTo He Ta.K. Ha npo.HSBOJI B oomeM pemeHHH 

ypaBHeHHit SHJ!epa wm: Ta.Koro JiarpaHl!tl!aHa cy~ecTBeHHo BJ1HffeT ~oH.KpeT
HUit B.H.lt JiarpamteBUX caasen (2. ?) • Mu paccMOTPRM s,Itec.D TOJil>.KO .ItBa 

npe,ItBJil>HHX CJIY'ISJI MaKCRMaJI:DHOro·:u MRHRMaJII.HOro· IIpoH3BOJia B OO~eM 
pemeHHH ypaBHBHHit ,lJ;BmKBHliSI .n;7IH CHHcyJlf!J)Horo JiarpaHl!tHaHa. . . 

ECJill JiarpSHJKeBU caasn (2.?) Y.ItOBJieTBOp!IIOTCJI To~ecTBeHHol To 

OO~ee peiiiBHHe yparuieHHit ,ltB.Hl!tBHRR: CO,ltBPl!tHT .Ma.KCHMaJI.DHHit IIpc:>H3BOJI
1 

a 

RMeHHO, STO pemeH:He 38BRCRT OT I'Yl = 11- "{.. IIpoHSBOJII.HlDC ipyH.K!Wtt BpeMeHH 

H 2.(11-m) IIpc:>HSBOJil>HUX .KOHCTaHT. neitCTB.HTeJII.HO,, B paccMaTpllrulBMoM 

CJIY'lae ypaBHelWSI SRirepa (2.4) CBO.wiTCJI TOJI.D.KO .K YPaBHeHRR:M BToporo 

IIOp!i.It.Ka (2.8),.H 'll!CJIO STRX ypaBHeHHit paBHo<l(.= n-m . . liOJ!arrur B Co 

.. (2.B) . .KOOp,ItHHaTu q.."f,+/-f:,)) .•. ,q-n(t)paBHHMH UpoHSBOJII.HHM ipyH.KD;WIM 

BpeMe.HH n peiiiM STY cHc.TeMY ypaBHeHHii no oT'HomeHHIO R q,ci-Ct), c:L=d, . 
••• , fl{, 1 MU IIOJIY'IRM pemeH:He .HCXO,ItHOH CHCTBMU YPaBHBHHH (2. 4), CO,Itep

l!taiJ!BB m IIpc:>HSBOJ!l>HHX cpyH.KQHH BpeMeHH 'H ,Z(n- m) npo.HSBOJ!I.HHX .KOH-
. CTaHT. 

' IIpoT.HBOIIOJIOl!tHUM JIBJIJIBTCJI CJiy'laii, .KOr,Ita .Bee m JiarpaHl!teBllX CBSI

aeil (2. ?) JtBJIHIOTCJI .KOHe'lHUMR He~ipipepeHJmaJI:&IIHM>i ypaBHeHRR:MH THIIS 

(2.!0) ofl{,1 = o. KpoMe Toro , npe,ItiiOJIOl!tl!M, 'ITO paHr qiyHRimOHMI.Hoi · 
MaT pH~ 

~Cs~cq. 1 , s' .. s''= 1, ... , rn 
(2.II) a q."(.+s·· . 

paBeH t11 • YtmTHBSJI. STO, MU MOl!tBM OIIpe,IteJIHTI. .HS COOTHOIIIeH.Hit (2.!0) 
trJ IIO .. CJie,ItH.HX. ROOp,ItHHaT fl_ ' S , S: 1,. ~., YYl .Ka.K ipyH.KIJ;HH nepBWC . T"f,• 0 

·."(,, .KOOp.ttHHaT q, dJ , cJ., := {, ••• , .~1 llO,ItCT8BRTI. 3TH BUpal!te-

HliSI B ypaBHeHRR: BTOporo IIOp!i.It.Ka (2.8). TeM C8MUM .KOOP.ltRHSTU lf-"{,+ S , 

S • -1 • ~ •• , J11 6y,ItyT HCK1110'IBHU HS ypaBHeH.Hit 3:1!1repa. 06~ee pemeH:He 

YPaBHeHHit (2.8) co,ItepuT 2(n- m) npo:HSBOJII.HHX .KOHCTaHT. 3To n ecTI. 

MHHRMaJI.DHUil llpoHSBOJI B OO~BM pemeHHR YpaBHBHRH ,ItBIDitelWSI B CJiy'lae BY
po~eHHoro JiarpaHUaHa. 

06cy,ItHM IIOCTaHOBR.Y Sa,Itatm 'Kom:u ,IJ,IIJ! ypaBHBHHR S:l!lrepa (2.3) B 

CJiy'lae BUpoJlC,lteHHHX JiarpaHl!tl!aHOB. By ,IteM· npe,ItiiOJ!araTi. • wm: onpe,IteJieHHoc

TH, 'ITO. JiarpaHlleBl1 CBHS.H (2. ?) ~e Y.ItOBJIBTBOp.!IIOTM TO~BCTBBHHO H 'ITO 

OHH ~CJI HHBap:HSHTHllMH COOTHOIII9HRR:MH .n;7IH HOpMaJII.HOii CHCTeMU . (2.8). 
Ha'IBJII.HUe .ItSHHHe .lWi _ypaBHeHHit (2.3)' He 'MoryT 6uT:& Bu6paHU npo.HSBOJII.

Ho. OHH .ltOJll!tHH Y.ItOBJieTBOp!ITl> JiarpamteBUM CBH3JlM (2. ?) • • B STOM CMUC-

Jie ypaBHeHHJI Sitnepa wm: Bupo~eHHLIX. JUU'paHJI}Il\HoB · MOltHO ctmTaT:& "nepe-
onpe,IteJieHHUMH". • 

~ ~0 B TO JltB BpeMJI, eCJIH Ha'laJI.DHUe ,ItaHHHe q.-td:.
0

) H fh(i
0
) BUO-

paHU Ta.K, 'ITO OHH Y.ItOBJieTBOpm:JT JiarpaHl!teBUM CBR:SJIM (2. ?) , TO ·Ha Yl 
IIBpeMei!HllJI: q..t (t J OCTaHBTCJI TOJII..KO "(,c Yl- J11 ypaBHBHHR BTOporo IIO-

!JH,It.Ka B HOPMBJI:CHOii ipopMe (2.8). IIpH STOM HB Ha,ItO SSOOT.HTl>CJI. 0 BUIIOJI-, . 
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HBinlli CBJI36Ji (2.7) B noCJie.nyroume MOMBHT!l BpeMeHH, T8K KBK Mil ctm

T86M, 'ITO OHH o6pa3yiOT HHB8pH8HTH06 no~oroo6pa3H9 ~ CHCTBM!l 

(2.8). B STOM CM!lCJI9 BCH CHCT9Ma ypaBH9HHJi 3Rnepa (2.3) MOXBT pac

CMaTpHB8T:&C.II K8K "He,I(oonpe.l(eJIBHHaSI". 

§ 3. CBO~CTB8 HHDapHaHTHOCTH .l(BHCTBH.II H CHHry~pHOCT:& 
JiarpammaHa 

,l{ImaMa'lec.l'lle cncTeM!l, onnc!lBaeM!le cHHry~pHm.m .JiarpammaHaMH, 

o61l'IHO OMa,I(aiOT CHMM9Tp:run.m .Ka.7IIl:6poBO'!HOro THUS. lfx: ypaBH9HH.II ,I(B1Illt9-

HH.II n ~HKunoHaJI .l(eJicTBHSI HHBapnaHTH!l no OTHomeHHIO K npeo6pasonaHn-

. JIM, CO,I(e~·npoHSBM:&HHe ~HKun:H BpeMeHH.B ,!(9HCTBHT9JI:&HOCTH B HH

TepeCHHX C ~H3H'l9CROJi TO'IKR speHRH CJIY'laSIX HMBHHO 9T8 RHBapHaHTHOCT:& 

npHBO.l(HT K CHHry~pHOCTH COOTB9TCTBYI<mero JiarpammaHa. 

CJIB.l(CTBH.II, BllT9KamH9 H3 RHB8pH8HTHOCTH ,I(eJiCTBH.II no OTHOll!BI!RIO 

K npeo6pasonaHH.IIM, onpe.l(e~eM!lM npo,snoJihH~ ~YHKunSIMH Koop.l(HHaT n 

npeMeHH, .l(aeT BTOPM TeopeMa HeTep 8 •13•15 • PaccMOTPHM STY Teope

MY cpasy ~ riOJienoro CJIY'~M, Kor,I(a o6o6meHHHMH JiarpaHXenm.m Koop-

.l(HHaTaMll .IIBJI.IIBTC.II H860p nOJieBHX ~HKunJi fh(.X), ... , C:V11~), .:J:.:.,. 
{X.0== t . .X~, ... , X d~ 1 1 . IlycT:& JiarPSHXeBa ITJIOTHOCT:& 3anncnT 

TOJI:&KO OT noJieBHX ~YHKUllH ft(.X) H HX nepBHX nponSBO.l(HHX Q q,(.X). 
Orrpe.l(eJIHM ~HKunOHaJI .l(eiicTBH.II · 

. Srq,c.x)J =.Jd.x~cct, p q,) 
~- (3.!) 

PacCMOTPHM CJie.l(yromee npeo6pasoBaHHe H938BHCHMHX nepeMeHHilX jC• H no

JI9BHx tlJYHKunii q_.(x), 38,!(8B89MOe Ha6opoM HS m nponsBOJI:&HllX WYHK

un! KOOp.l(HH8T H BpeMeHll C:!. (::£) , .5 = i, .••• , 111 

i.f= cFfcx.q,.,oq..a1
q,., ... : c5 (.x))=:ir+ ~xr '. 

- - · 11 I 2. . (3•2) 
CJ-t(.A)= ~i.CX,Lt~dq_,,o q_,,.,.: ts(.X))= q,._c.r~+ 6£fi(X), 

}' = O, i, ... , d~ 1 : i ~ ~ ..... n , s = -t •••• , m . 
KaK 061l'IHO, Mil npe.l(ITOJiaraeM, 'ITO TOX.l(9CTB9HHil9 npeo6pa30BSHRH COOT

BBTCTBYIOT ~JieBI:lM 3H8'l9Hll.IIM es(:J:) , S= I, ... ' rrf • IlOJIHile B8pHamm 

S.x t n Q lt• B nepBOM nop.II,I(Ke no e s sannc!lBaiOTC.II B CJie.nyro
meM BK.l(e; 

- aq:, . s . 
~.Xr- t,s ae!les=O = Cs~Xt' ) 

8 

't 

a 4-li · = s crt= 0
s a Cs I €,~:: 0 

5• 
8 s gq,_i · (3.3) 

Bne,I(eM, KaK o6!l'lHo napHaumo lf>opM!l nOJieBHX ~YHKunfi 

~ q,{ (:J:.) = . ~i (~ ) - q,i c.:X:) . (3. 4) . 

OrrepaunH b no onpe,I(eJieHRIO -nepecTaHOBO'!Ha c .l(Hqxpap<munponaHneM 

oy b q-< <.:X) . (3.5) s 0 ... (.X)= 
"Y t•_}J 

Ha.l(eKc noCJie saiTSIToJi o3Ha'laeT 'laCTHYIO nponsno.l(Hyro no cooTBeTcTnyro

mea KOMITOH9HT9 :X. r • 
ilOJIHM Bapl'I8un.II H B8pH8un.fl lfx>PM!l CBH3aHil CJIB.DYI<ml'!M COOTHOll!BHH-

eM: 

b a,. ."1 = S n.. + n,. · · ox {3.7) lt.yvy... _7t)f"9··· . l•.pv~···O 6 
Mil qaCTO 6y,I(eM ncnOJI:&30BaT:& nOJIHYD npoHSBO.l(HYIO no KOOp.l(HH8T8M, 

KOTOpaSI Y'lliTilB89T KaK .IIB!fYIO 3.8BHCHMOCT:& OT $. , . TilK K 38BHCHMOCT:& 

oT.X. qepes lft(.:X:) .n Olh(-1.:) 

cL = JL == _a_ + n. j_ + o ... v _j_ . 
y-d.xy S:x:r T-~.,y aq,.i . Y"-,f Bq,.;_,v (3.8) 

: IIpe,I(.!IOJIOl!tl!M, no npn npeo6pasonamm (2.2) JiarpaHXena ITJIOT

HOCT:& npeo6pasyeTcSI CJie.DYJOI!lllM o6paaoM:· 

ct<q., o q.)-.,..ct,c~. a~)= £<q;.a~)· ct~ c!. &,(i.ii:~~~(3.9) 
r,I(e BBJIH'DWH c f JIHHe~ no napaMeTpaM - cpyHKltrurM Cs ex ) , 
a oU(X,7j-,£Hf J CO.l(Bpl!BT C (X) li 60Jiee BllCOKHe 'IJI9Hll. B .9TOM 

CJiyqae roBOP.fiT, 'lTO, JiarpaHX!laH l.IJ~~IDI~E_.ll~H C_T~~C.!_~? -~
BepreHun:n. 3aKoH npeo6pasonaHH.II JiarpammaHa (3.9) rapaHT:apyeT Ko-

~iiiP"HaiirnocT:& ypaBHeHllfi .l(BIDKeHll.II ~ i:IOJienHX l.PYH~ c-t-. (::c) 

. ' 9 . It-



IIOJIHM BapHanwt Jiai'paHlltl!aHa npH npeo6paso:Mmm (3.2) MOXeT 6HT:o 

npe.ztcTaMeHa B c.ne.ztYillleM BH.zte : · · 

·. b £; = .tc~.~~ )~ x c if.'ilq. J- .t c q:]~ )- ct<lf. aq. J+ j ;_~= 
get bet.+ act- ~~· + Qld.r . (3.ro> 

·. uq.,~ -t acrt.f t,r .clJ:r . 
C IIOMOmPID (3.6) R (3.7) ~~MYJIS (3.!0) nepenHCHB88TCH TSR: 

"...p = ~ '/) + dc't ~.'t· + .rl_G.r , 
ad..J oq.o..- d.:x:r. r cf x.r (3.n> 

r.zte 3~£, 03HS"laeT BSPlfanmo ~ , COOTBSTCTBymzyro BSpHSin!HM ~floP-:-. 
MH q. H oq, _=a~- at,_ 

8('- Cf£k b q't + a CVL ~ ft.t..r · '3•12> 
Tenep:o MH B03Bp3TllMCR K ~YHKUHOHSJIY .zte~CTBRR (3.!) II TIOCTaBllM .. 

SMY B COOTB8TCTBll8 HOB!Iii WYHIQtll:OHaJl - . 

_ S [ ~(x)] =} d.i £, (~, BJv \ (3.r3> 

r.zte SL osHa"laeT TY o6JiacT:o B n.pocTpaHCTBe X , B KOTOIJliD nepe-

XO.D:HT -1!- npR npeo6pasoBamm (3.2). BU"'RCJIRM BapHanmo · ~.::; · 

&5= S cq.cx)J- S C q,<.3:)J= 

. .J d i i ( q; .~ ~) -J. cJ X 2! ( cy,, 0 q,) . (3. !4) 

!1HTerpRpOBSHR8 IIO :J:. B (3.!4) MOlltHO 3aM8HHT:D HHTerpHpoBaHH8M IIO .X • 
RKo6HaH npH TaRoA saMeHe nepeMeHHHX paBeH c.ne.ztY~eMY BapaaeHRD~ 

8(if,: .. ,in1 = detll § ~+ dS:.crll= 
acx(, .. ,Xn') J d:.t~ 

d-4 . . . d-i 
n(1+. ~b.Xr)+ 0(£~)== 1+ z: dd~.Xf+ 

p== 0 .:r.l"' }A= 0 3:. 
<liopM,YJia (3.!4) T8II8p:D rrepeiiRCHB38TCH TSK: r 

(3.!5) 

O(E2.). 

S.5 = ) d:r. [icq:,liq:)- f.cq.,iJq.)+ .tcq,ilrp ~~r J = · 

10 

1. dx. [Set+ ctccy,oq, J ~~. x r J . . . xr . (3.!6) 
B ~PMYJrY (3.!6) BXO,II;HT IIOJIHM BapHali;IIR JiarpaiDJWaHa, KOTopaR BR

pallt38TCR, corJiacHo · (3. IO), tie pes IIOJIHRe Bapnamm rroJieBHX ~YHKIJ;Illl R 

IIOJIHH8 Bapnamm HX nepB!lX Hp0H3BO,II;HRX •. C IIOMol!ILID {3.!I). MOlltHO ire

peATH R COOTBSTCTBY~M Bapnali;IIRM lflopM!I . 

8S= jd:x:[8o.ct_ +cl_d_ (C'tS.:x:y+ C~ )]. . 
. -r .x.r .1 (3.!7) 

BtmeJIHM RBHO B (3. !7) JI8BHe "l8CTlf ypaBHeHRit ,II;BID!t8HRR (JiarpaiDKSBU 

BRP8llt8HRR) • .nrut STOro BOCIIOJI:&3yeMCR paB8HCTBOM · 

a"'£. ~· Lj S q. j - 1ft 
(3.IB) 

r.zte 

L. =d_d_ (aBeL)- ~ ~ . (3.!9) 
J :xr £tj.r . uttj 

F = - ~ ~· q.,. · (3.20) . r acrj.r J 
IlO.ztCT8MRR (3,!8) B {3.!7), TIOJIY"l88M 

~S=- Jdx(LJ. ~q,J.+ j. (Fr- ;t ~xr- c_y)]. > . . ..n. . . . u.Xr (3.2! 

. Mil 6y.zteM roBOpHT:D t "'TO .ztaitCTBH8 (3. I) HHBapHaHTHO IIpH npeo6pa-

SOBaHllltX (3.2), BCJIH 0..S: Q • . 
BTOPSR TeopeMa HeTep •. ITyCTI> .ztaitOTBRS ;) ttHBapH8HTHO OTHOCH-

TSJI:DHO npeo6pa30BaHHit KOOp,Itlm8T If IIOJI8BllX ~YHKIJ;Ilil, 38BHCR!IIHX OT YrJ 
npoHSBOJII>HllX WHRIJ;Ilit cs(:J:) ,S=~ •...• m B HX npoHsBo.D:Hwi: .n;o k-ro no-

Pfi,IU<a BK1IIO"'HT8Jll>HO. Tor.n;a HM8M MSCTO m TOllt,II;SCTB, BK1IIO"lamtme 

JiarpaHlltSBH BRpallteHRR H HX npoH3BO,II;HRB .ItO k -ro. TIO.PJmKB. 

PaccMOTPlfM .zt,1U[ npocToTa c.ny"la~ k = 1. BapHanmo lflopM!I WHK-

IJ;Iltl Sa.ztB.D:HM BRpa:ateH:HeM . . - . s s 
. sq.,.o:)= DiE:S(j:)+ r{fACS·f(~)) (3.22) 

s s J . 
r.zte RO~HIJ;IISHTH r~ R r ... r JmJIJD)TCH 38.ItaJlllHMH WHRII;H.IOOI 
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.· X ·' !f- , d ~ . , a:tq,. H T.~. Ilo~cTa:B.nmr (3.22) B (3 .• 2!) H · 
npHpaBHHBaJI ~ S HYJIIO, nOJIYTiaeM 

~S=- fd:x{[L. r.
5

- d_cl_ (L-T~ )] f\C:J:.)-
...Q. lOt :r.r JUJf . 

d ( ~ _ c · L s . } (3.23) . . . axy r r r + j bjr csC.:n) = 0 . 
IlpH 3TOM MH BOCnGnh90BanliCh TO~eCTBOM . . 

s - d s .. · d l) 

Lj ojre.s.r- d:x:rCLJ Gjr~s)- ifir(LjDr)cs·c3.24> 
Teneph MH.BHdepeM qlyHKimH f,S(X) , S = 1, • ••, h'l Ta~, TITOd!:l 

. 01m H Bee me npoHSBO.IniHe, · BCTpeTI8JOII1HeCJI B Fl! - C, + L j Oj €
5

, 

HCTieaw:m: ~ a~aHHUe OdJiaCTH l'IHTerpHpoBaHHJI :..n_. ~ HanpJJMJ;,, Z; E..(t 
t 5C;£.)N b~ '(X.-l.( J • IloCJie l'IHTerpupOBaHHJI no 'l8CTJIM B (3.23) • 

nOJij'TISeM 

b.S=- )d.x[Ljo;- d:/-Lj Oj~ )]E.~t:~:)= o. (3.25) 

TaR KaR WYHI<mm esC~) ' s = I, •.• ' m BHYTPH odJiaCTl'I HHTer
PHP<>B8Hl'IJI npoHSBGnhHH, TO ypaBHeJme (3.25) ~SeT m TO~eCTB. 

s.· d s : 
L-T.- d- (L· T. )-= 0 '' (3.26) J Uj . X J Ojf • · . r . 

TO!UI;eCTBa (3.26) 06~0 =H!;~~:~ TO!UI;eCTBBMH ~Rl'I /i6,I?/. 

Ilo.KalleM Teneph, TITo eCJm Bl:lnOJIHeH!:l YCJIOBM BTopoA Te~eM!:l He
Tep, TO COOTBeTCTBYJ[XIIlrlt JiarpaHJmaH aaBe~OMO CIDrryJIJipH!:ljt / 8 • Ml:l 
orpaHHTIHMCJI T8Rl'IMH npeo6paSOBaHRIIMR (3.2), .n1IJI ROTOpl:lX ROa(fxiJHitHeHTll s s . . · d( H Ti · B (3.22) co~ep;'ltaT npoHSBO.Jni!:le no ~peMeHH nnneBHX 
WHRitHit. rft;C.'A) He Bl:lllle nepBoro noJlli,ItKa. IIo~cTaBHM B TO!t,D;eCTBa 
(3.26) JIBHllA lm~ JiarpaHllteB!:lX B!:lPaJtelmA . 

. r~e 
!;' 

a Li 

L . = - .A .. o_. + L : 
1 i.J fJ t • 

B2l 
-Aij = a~: a~.· · 

(3.2?) 

(3.28) . (. 'YJ 
He CO~e~T BTOP!:lX'npoHSBO.Ini!:lX"no BpeMeHH OT nnneB!:lX qlyHK-
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mrl q-j , B peayJihTaTe CJiaraeMI.W, co~eJlllt8l!tHe BTOpHe rrpoHSBO.IniHe 
no BpeMeHH OT nnneB!:lX qJyHKDn1t,nPHBe~T K IIOJIBJieHHID B T~eCTBSX 
(3.26)Tpe:r:&l'IX Ilpoll:S.BO.Ini!:lX no BpeMemi OT iJ-}.X) • KO~UHeHTll IIpH 
ST~ npoH3BO.Ini!:lX ~OJDE.Hll TO!t,IJ;eCTBeHHo no CBOID4 apryMeHT8M OdpamaTbCJI 

BHG!h S .· 
_A .. 'Y'. -=·o -<-;J. =·-t, .. :,n 
~ OJ o • · !:,=-i, •.. ,rn. (3.29) 

TaKHM o6pasoM, MaTPH~ J\.q HMeeT m s H~JieBl:lX codcTBeHHl:lX BeK
TopoB, KOTOPHMH JIBJIJmTCJI KOS@iRUHeHTll djo ; j = i, ... ,n, S= i, ... , m, 
l'I ee paHr paBeH n- m . 3HSTIHTJ HCXO.JniSJI JiarpaHJKeBa IIJIOTHOCT:& 
ct(cy,oq,) JIBJIJieTcJI Bl:lpo~eilliOn. • , . . 

IfSJIOJ!eHH!:le Bl:lllle paccy!UJ;eHRR: o ·mmryJIJipHocrn JiarpaHlKl'!aHa ocTa
llTCJI B cue H B TOM CJIYTiae, ecmir dj ( q.) q.-) MODO npe~cTaBHT:& B 
· mme CYMMJ:l ~yx CJiaraeMHX · · 

£,cq-,Bq,>= £,1(ry.~)+ ~z(q...~cLq,>. (3.30) 
,, oV = 1 , .... ' d- f > ' ' ' 

,IIPHTieM . ;1,2 He CO~epuT npoE:SBO.Ini!:lX IIO BpeMeHH H OTHOCHTeJI:&HO 
npeo6paaoB8Hd, ~Pl'IPYDIIHX BO. BTOpoft TeopeMe HeTep, l'IHB8PHaHTH8 
TM:ORO TiaCT:O ~eiCTW, COOTBeTCTBYD!IaJI ~ f (If, ~) .. B onpe~eJieHHe 
MaTPHU!l .Au COrJISCHO (3.28) BO~eT TOJI:&KO nepooe CJiaraeMOe HS . 
(3.30), R WOPMYJia (3.29) 6y~eT no-rrpellHeMY BepHa. . 

Jiarpawman rnna (3.30) onE:cHBaeT, HanpHMep,. RSJIHdpOBOTIHoe rrane 
C MaCCOit 

. • I l.; ~. Z 
~ =- f Gyv G- + ~. A.r , 

(3.3!) &fv = ofA~- ovA y . 
B § .6 MH noKallteM, HCIIM:03YJI TO!t,IJ;eCTBa HeTep (3.26), 'ITO H3 

l'IHB8Pl'!aHTHOCTR ~eiCTBRR: OTHOCHTeJI:&HO IIpeodp830BaHHft·, CO~ePJKSUODC . 
npol!SBnn:OH!:le qlyHKlllm BpeMeHH, CJie~eT He TM:OKO CHHryJIJipHOCT:O JI8I'
P8HUaHa, Ho :H YTBep!UJ;eHne o TOM, TITo.cooTBeTcTBYIOliU'le rrepBHTIH!:le ra-: 
MIJJihTOHOB!:l CBIISH H8 q, H p . HSXO,Iti!TCJI B l'IHBOJIIOIJ;lm Mex,zty co doli, 
no Kpa!Hel Mepe, B ana6oM CM!:lCJie. · · · 

06Cy,Itl!M Tenep:&; B TieM COCTOHT . .CM!:lCJI TO!t,D;eCTB HeTep (3.26) • 
s ECJm saKoH rrpeodpasoBaHHJI rrnneBHX IPYHKUHli (3.22) TaKOB, 'ITO 

6i 11 = 0 . (TotieTIHBJI PeJIJITHBHcTcRSJI TiacTHna, peJIJITlffiHCTCRSJI cTpy
H!t /!

8
/), TO HeTepoBCRHe TO!UI;eCTBa (3.26) 09H8tffiDT ~e~ 38BH
~ JieBl:lX 'ISCTeft ypaBHeHHa S~epa. B 3TOM CJIYTISe m. ypaBHe-
ImA 811Jxepa JIBJIJm'l'CJI CJie~CTBHeM OCTSJI:OHl:lX "L =. Yl- h'l ypaBHeHHil. 
llRCJio HesaBHc:HM!:lX yprumemrlt MeH:ome TIHCJia HenaBecTHl:lX cpynKmrlt. 
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s 
~CT:& Terrep:& d-«y =/= 0 . 

,IzylO!UeM mme: . . 
• • < -t 

L.::,A. 0- e.(n. arL on_;)=Q ·. J __ J k Yk. J Yt..• Tt • T-t - • 
• • - J ., Yl . 

3aiiHmeM ypaBHeHHR B~epa B CJie~ 

(3.32) 
- 2. -f.,J , k - ., , fu , • • • • • 

r,n;e Q q.. 03Ha"'aeT BTOpll~ IIpoH3BO,I\HHe, OTJIWIHHe OT q, i . B CYIJIY 
(3.29) ypaBHeHRII (3.32) rrpe.n;cTaBJimOT cocloil cncTeM,Y R~. "f..= Yl- m 
ypaBHeHHft BToporo IIOPJI,lU(a, pa3pemeHHUX OTHOCRTeJI:&HO q_ d, 

(2.), •• . - -7. 
L · = o - Q. c n__ an.. on ; = o . 

cL ·r rL cL T-t: Tt , rp _ , ca.
33

> 
~-.p=-t, ... ,"L, { =- 1, ... ,_n, 

It WI ypaBHeHHJa, CO,l(eplKa!I!HX IIpoH3BO.n;HHe IIOJI8BHX qJyHRin!it IIO BpeMeHR 
·He Burne rrepBoro rro.PJi.rum ( m JiarpaH.lKeBux CB.R:3eii) 

-t s 0 -2, 

_Bsc.q.,oo,)lq,l~ Tj
0
<..q,.,ocpr,j<..cr.acv.a-q,)=O,-

. S=( ... ,I:7J. . · (3!34) 
EJ:raro,n;ap.!l TOlKJI;8CTBaM HeTep (3.26) JiarpaHJJteBH CB.fi3H (3.34) MOlK

HO paccMaTpHBaT:& Ra.K YCJIOBHII Ha Ha"'aJI:&Hlle .I(aHHHe ]J,7IR HOpMaJI:&HOil: CRC
T8Mll ypaBHeHRit (3.33), ){ORalKeM .BTO .YTBeplKJI;eHRe, _T.e. IIORalKeM,. 'ITO . 

eCJIH Ha"'WI~Hlle .n;aHHlle .B MOMeHT BpeMeHR t =to ' : { q-{c_t
0

,Xi ,X%,' 

.... ,.xd-tJ. q.._d0 .:x:~ • .x:t,··· . .xd- 1), .-.f.= 1, ...• n 1 ' ~ · ·, 
BllclpaHH TaR, "'TO y,n;oBneTBOPfliDTCR ypaBHeHIDI (3.34~, TO 9TH ypaBHeHHR 
cly.n:yT BHIIOJIH8Hll.lt BO Bee_ IIOCJie.n:yi<I!Uie MOMeHTll BpeMeHR, eCJIH BBOJIIO
·nrur cncTeM!l'Bo Bpe~eHH rro.n;"lltrureTca ypaBHeHIDIM (3.33)~ 

JiarpaH.lKeBH BllpaJKeHIDI L j ·, j = I, .•• , t1, BXO,Itln!IHe . 
B TO~eCTBa HeTep (3.26), MOlKHO IIpe,n;cTaBHT:& B BR,l(e JIHHeftaoil KOMclHHa
Ulrn ypaBHeHHii BToporo IIOIJH.nRa (3.33) R JiarpaH.lKeBux crurneil (3.34) 

• . "{, - (.2.) m -

Lj.:: z CJ·_,(£Y, aq,) c_ J + L d.J.Sc.q,.,ocp Bs . (3.35) 
d...= 1 "" "" S= 1 

j=i, ... -.n _ _ 
Jio.n;cTaBHM (3.35) B TO~eCTBa (3.26) H Y'!TeM ypaBHeHRSI (3.33). 

B pe3yJI:&TaTe IIOJIY~ O.n;HOpo.n;Hyhl CHCTeM,Y ypaBHeHHii B "laCTHHX IIpoH3BO.l(
HHX rrepBoro IIOIJ.~I.n.Ka· Ha JieBHe "'acrn JiarparuieBHX CB.R:se! 8

5 
: 

. . ~1 · m 0 Bs _ /. d Bs <>' 0 8 ·-.- o t - f=1 a,s~ O.X ~ + f.:i ns.s' !>' , (3.36) 

a.. · o s = 1,l. •...• m. rs 
11

s 
Koa@numeHTH s~ ll b ~s· BllpaJKaXJTCR "'epes 0 . . , oj 
PemeHHeM_ CHCTeM!l (3.36), y.n;oBneTBOPffKIIlHM Ha"'aJI:&~ .D:~ 

BJ.t =O, 
s L.=to 14 

H djs 

(3.3?) 

.IIBJlfieTcJI_HyJieBoe pemeHHe Bs = 0 rrpn t >to . B ci.ny1.-eO-
peMH: e.D:HHCTBeHHOCTR, ~pyrnx pemeHHii ]J,7IR (3.~6), (3.37) HeT~ 

TaKHM oclpasoM, 6Jiaro.naPJI TOlK.l(eCTBaM HeTep ]J,7IR ypaBHeHHii a~e
pa (3;32) B TeopHH c BllpOJK.neHHHM JiarpawmaHoM MOlKHO iierrpoTRBopetruno 
ccflopMJJIHpoBaT:r. 3a,l(atry KolllR ]J,7IR Ha'!aJI:&HHX .l(aHHHX, y.n;oBneTBop;mrurx: 
JiarpamKeBHM CB.fi3HM (3.34). . . . . . 

· . HarroMHHM, '!To aTo YTBePJK.neHHe ~oKasaHo 3~ec:r. ]J,7IR rrpeoclpasoBaHHii 
Cl!M!YeTPl!H (3.22) C Roe@lll:IJ;l'IeHTaMB: a£ ll !j~ 1 CO.l(8pJJt81Illl:MB: IIPQH3-
BO.l(Hlle nOJiemoc qJyHRIJ;l'Iii' no BpeMeHH He Burne nepBoro rropH,ItKa.. 

§ 4. ~KCHQOBaHHe RaJIHclOOBO"'HOro 
!}ioQMaJIR3Me .'. : , ' ' 

._ KaK clwro UOKa3SHO· B § 2, B IJ6memm:x: ypaBHBHHH .D:BIDieHM ]J,7IR 

BHpoJE,IJ;eHHHX JiarpaHDaHOB MOlKeT · rrpHCYTCTBOBaT:r. iPYHI(IJ;l'IOHaJI:&Hllit . rrpo- ·. 
H3BOJI. JipJI HcCJie~oBamm. @tsll"'ecRHX · 3a.n;atr Heoclxo.n:HMo yMeT:& HsclaBRTi:.
ca OT STOro IIPOH3BOJia •. ,lln.ll BTOH neJIH Ha :UCKOMHe pemeHIDI ypaBHeHHit. 
Sftnepa (2.3) HaKna~BDT .norrOJIHHTeJI:&Hue TpecloBaHIDI, rrpll:Bne.KaJI ~3:u~ . 
trecRHe HJIH reoMeTpll"'ec.KHe cooclpaJKeHIDI. · · . · ·· ··· \ ! . : 

-,_. 

. Ecmi: CHHryJIJipHOCT:& JiarpaHlKHaHa JIBn.~IeTCJI CJie,n;CTBHeM HHBapHSHT: > . . { . . 
HOCTH ,n;eilCTBHJI IIO,OTHOID8Hll:XJ R IIpeoclpa30BaHIDIM,· CO,n;e~ IIpoR3BOJI~. 
Hlle qJyHRIJ;lm BpeMeHH. (Mil rue cly,n;eM Ha3uBST:& RaJIHclpOBO"'HllMPI rrpeocl.Pa:fo.:_ ' 
BSHIDIMH), TO O"'8BR.l(HHM TpeclOBaHHeM ]J,7IR YCJIOBHit, tPHRCH:py!OOIHX qiyi!RIJ;l'I
OHaJI:&Hlltt IIpoHSBOJI B TeopHit (RaJIHclpoBo<niux YCJIOBH!), JIBnJieTCR rue ~!e-. 

. HHBapnffiiTHOCT:& IIO OTHOmeHHXJ R RaJIHclpOBO"'HHM- rrpeoclpasoBaHHRM. oTO TP.e-:
cloBaHHe Heoclxo.n:nMo ~OIIOJIHHT:& yCJIOBHIIMlt ~ocTmmMocTH 11 O.n:H03Ha"'HocTH ... 
RaJIItclpoBO"'HHX YCJIOBRil. ' ----------- ' 

){ocTIDKHMocT:& RaJIH6poBo"'Horo yCJIOBM osuaqaeT CYIIlBCTBoBaHIDI Ka
JIHclpoBo"'Horo rrpeoclpasonaHIDI, rrepeBo~ero rrpo~sBon:&HyXJ KoH@tr,ypauaD 

rrepeMeHHHX cq..i(i),i=f,.~ .. ~j:) B KOI$n'yPBIJJDJ Clh(i. ), i= ~ ••.. ,n,l \ . 
· y.n;oBneTBOPJmltYXJ RaJIHclpoBo"'HOMY YCJIOBHXJ. _ . · ,. · 
• ·. 0.n;H03HB"'HOCT:& Tpe~eT e.I(ll:HCTBIDUiOCTll pemeHIDI RaJID:clpoBO"'HOro yc-; . 
JIOBM ]J,7IR nepeMeHHHX (. n -·C.i) i=• ... ,n,i). · · · ·· . · Y.c. ,_ J , . -. 

B xatrecTBe rrpHMepa paccMOTPBM pexHTHB~cTcRoe .n:elcTBRe TO'!e~iol 
'!BCTRJ.U,l 

'r~ . 

. f,' __ S=-m~~ dcr· . (4.I) 

r.n:e .:X: ('f) - Tpae.KTO.PRJI '!SCTJIIJ.U,l B t1. -MepHOM npocTpaHCTBe -Bpe
Me~ o CHl'Ha'eypolt M8TP100t 9pv=dia.~~~-:- ~~- ,·-- ), j:f,;, d:J.:fjd1' , 

. }'- O,_i, .... , n- ~ .• Jiarprumllm B'(4.I) CJIIHI'YJIJipHHI, TaR !<aK MaTPlll:-,. 

til .. ·. a2.h. . ·. ·~ •. · 
~y.v= o.±JAaj:V ~- (:7)3/t(~ f\1,:{.: .~f:XV) 
. 15 ..... 

(4.2) 

'. 

!, .• •. 

. ... ;-



HMeeT Hy~eBO~ C06CTB6HHH~-BeRTopj(V 

l . y 
· J\'yvx= 0. 

(4.3) 
_JU>y:rmc HY~6BHX C06CTB6HHHX B6RTOpoB . Y M8TpRmi ). fV H8T, :3To 

cor~aoyeTCRrC TeM, 'ITO .n;eiiCTBHe (4.I) lmBaPMSHTHO OTHOCliTeJI:&HO. rrpeo6-
paSOBaHliH 

t = f err) C4.4) 

c o.ItHoit rrponBOJIJ>Hol __ «PYHI<nHel .. ·. J ('£":) {oM. npe.n;tl,lzyi!lu~ § , rroo-

BRilleHlfil BTopo~ TeopeMe HeTep). TaKXM o6pasoM, · paHr MaTPMllll .A JAV 

paBeH n- i . YpaBHeiUIR: ::litllepa B pacCMaTpJmaeMOM OJIY':ISe m.{eJOT 
BB',It 

• { 312. ••. l 
( .J:.rtl ) .A j-W _x v : 

(4.5) 
• 2 . • • •• ' 

.X.u:X: - .X (X X )= 0 
J . f v ... ~ 

Hx' rrp06KnM Ha HY~eBo:lt C06CTBeHH!ll BeKTop .if MaTPMllll .A f\1 o6pa
lll8eTCR B HMl> TOJK,lteCTB8HHO (T01t.n;8CTBO HeTep). IT03TOI'zy COOTHOill6HllH 

(2.7), co.n;e.PlKSilliDC TMJ>Ko nepBue rrpona~o,ItHue Koop.mmaT no BpeMeHl!, 
a.n;ec:& HeT. 

B Ita'I8CTBe .TJ;OITMHl!Te~lJHOI'O YMOBHR MOlKHO ITOTpe60BaTl> 
• 2. 

~ ·= c . (4.6) 

r.n;e C-. \IJHKCMpoBaHHM KOHCTSHTa. Tor.n;a CliCT6Ma ( 4.5) CBO.n;HTCR K 

Me.ll:,YIOI!lllM ypaBH6HRRM, paapemeHHUM OTHOCJITeJllJHO YCKOpeHl!:li! 

(4.7) xf=O .. y=o,1 .... ,t1--t. 

,lJ;OITMffiiTe~J>HOe· YMOB:He (4.6)· ~eTCH liHB8PMatiTHHM COOTHOWeHHeM 

(OM. ITPMolKeHl!eA).MJI ypaBHeHH:li ( 4. 7), ITOSTOI'zy KOMclliHai.nm; ( 4. 6) M 

( 4. 7) He ITPJIBO.n;HT K HOBUM orpaHl!'IeHiffiM Ha .n;aHHHe RomH. . 

J{pyrot Bu6op ~6poBOtmoro YMOBHII 
·~ 0 

X, = rr; 
(4.8) 

ITPHB?.TJ:MT1 oOrJiaOHO ( 4. 5), ~~e.n;yiiiltllM YpaBH6IUIR:M MS1 npocTpaHoTBemmx: 
R0MnOH8HT ~C-BeRTOpa J::, ( {,): . ·. . . . . 

' ~ ; ~ 2. . .:..') . ~ ':..+ . . . ' 
'X(1- X)+ -L(.:CX")= 0. . (4.9) . ~ .. 

Ha (4.9) Me.n;yeT (X X )= 0 , ITOSTOMY O~JillSTeJil>HHe YPBBHemm COB-·. 
na.n;am o ( 4. 7): 

"tcb} = 0 
16 (4.IO) 

,•' 

DIABA 2. OBOH!IEHHAH rAMH.JIDTOHOBA llJlliA!~IKA CMCTEM CO CBH3HMl1 

§ 5~ ITepB~He CBRSM B WaSOBOM rreocTpaHCTBe M HX 
CBO~CTBa . . 

ITepetiieM TenepJ> It paccMoTpeHmO raMMJ>TOHOBoil .u;HHaM!Irot MSI_cnc

TeM o c~ryMpHliiMH ~a~paHDaHmm. Orrpe.n;ElJIIDI!, ItaR o6wmo, ItaHOHl!'Iecrot 

conpgzeHHHe HMITY~l>CH 

p.= D~C<f.~) . j:: .1, ... , n . c5.I) 

. J' .. q. J . ' 
B CB11.Y TOI'O. 'iTO PaRr MaTpmlll 

- . ~ = o P.tc9=A) i ··j· = 1 ·n J\ . . a . . . ,. . l ••••• 

-lj CJ..j f. (5.2) 

MeHJ>We YJ (eM •. § 2) 1 lrMI9'~l>C!l p{q-, ~) He JDlJIJDOTCR H838Bl!Cli-

MliiMH <PYHKIUmMII cxopooTel · q.. . Mew P.t cymecTBYeT m =- n- "!. · 
CBB:Sel. J{eiOTBMTeJll>HO, ypaBHeiUIR: (5.I) Mil MOlK6M paspeWHTJ> OTHOCH-

TMDHO "(, 06061il6HH!lX OROpoCTel q,.d.. ,: r:lv = l, •••, ~, BNp88llB 

l'!X RBR ~ nepBUX ."(, HMITYJIJJcoB fc , r:J.. = 1, ~ •• • "!. , 
Be ex KOOP.n:HJIST It. . j = 1, •• .; • d. n li OCTSBIIIHXCH m::. n -"'(. 
. CKOpocTel 0 J ft 

Y"t.+-t , ••• , "Yn 
. . - ~ . . . . . 

q. c:L- d. ( q.i , ... • IYn; P1 .... · P"l ~ q."t+.f •• •• • q.-11) ' (
5

•
3

) 

cL = .., •... ,,"f. . 

MH OITRT:& C'mTSeM, 'ITO B MaTPMne J{j JIHHefui~ HeSBBHCliMll rrepBue fiL 
OTpoK. ITo.n;cTamm II(, qJyHKnd (5.3) B OCT8BWM6CR 111 COOTHOilleHMI 

(5.I) • n~ m oBRseft' f.16.l!UIY q.. n p , . KOTopue He oo.n;ep-
za_T CROpocTeft q. BOBce /19/: 

r"L-+S= ~"l.+s(£}-i~ ...• q,n: Pi.·~··PI't.), (5.4) 

S=i, ... ,m. 

7~-



. 06WIHO BMCCTO CB.fi38ft (5.4) paspeiUeHHUX OTHOCHTeJl:&HO ''mOTH mmyJI:&cOB, . ' ) . 
HCnOJI:&3yeTC.fi SKBID3aJI8HTHilil: HM Ha6op CBJI3eft CJI8,ZIYil!l8I'O ~a: 

'fsCq..p···· crrP Pt>"'> Pn )= fsC£t.p)= 0, S=i, ... ,m. (5.5) 

ECJIH CB.fi3ll (5.5) SRBHBaJICHTHU, TO .n;n.fi tPJHKUI'Ii 

S = I, ." •• , m .noJilltHo BUITOJIJUIT:OCJI yCJioB:ae 
\fs, 

"£,a. n ~ II B f s (<t. P ) II = m s = i •.... m . 
a , . . (5.6). 

. Pi t=l, ... ,n. 
0TM8THM, 'ITO CB.fi3ll (5,4) ·ll, CJI8,I(OB3T8JI:&HO, (5,5), MOryT He CO-

,I(CpiK3T:O KOOp,I:tHHaT ~l BOBC8, HO mmyJI:&CH ,I(OJilltHH BXO,I:tHT:& B 

IDIX o6JI33TeJI:OHO, 

!.W paCCM8TpllB38M JiarpaHJKIHlllU, He 33BllC.filllH8 .fiBHO OT Bp8M8Hll -t_ 
B rrpOTliBHOM CJiy'lae II CB.fi3ll (5,4) ll (5,5) MOrJIH 611 CO,I(8.[lllt8T:& BpeM.fi 

t moo. · 
CM3ll ( 5, 4) ITO TepM!lHOJIOrHll EeprMaHa H ,URpaKa /I/ H831lBamTC.fi 

rrepBH'lllllMll CB.fi3.fiMll 1 TaR KaK Ollll H8ITOCp8.I(CTB8HllO CJIC,ZIYIOT H3 Bll,I(a . 

JiarpamrmaHa ll o6yCJIOBJICHII TOM, .'ITO paRr MBTPl'IU!l (5.2) M8H:&lli8 n 
3Tn cDJI3n, KaK 6y.neT noKa3ano B § 7, He l'!c'le piTUBaiOT Be ex orpann'le-

nnn, ItoTOpllM ITO,I('lllll.fiiOTC.fi q. . ll p B CJiy'lae Cl'!HrYJIJIPHlnC JI3I'-

pa!DK1WIIOB. B TeopHn MoryT 6uT:o !!!OPll'lliUe raMIIJI:&TOHl'laHH CB.fi31I, no

poJK.naeMIIe JiarpaHJKeB!lMll CB.fi3.fiMll (2. 7). 
P.fi.I( CBOilCTB nepBll'U!IlX rawm:&TOHOB!lX CB.fi38tt (5.4) :Wru (5.5). 

B 'laCTIIOCTll, KaC3!001l!XCR !IX CK060K IlyaCCOHa MCJK.DY C060ft H C KaHO

In1'l8CKIIM raMitJI:&TOHitaHOM, MOlKHO YCTaHOBl'IT:&, HaxO.ItiiC:& 8l!l8 B paMKax 

JiarpaHJKeBa lfx>pMaJin3MB liD/. CS) • . 

I. Co~c~B8HH!l8 BeKTOpll ~ j ( q.., q, J, .5 = 1," ·,WI , j = i, ... , n 
MaTpllllJl ._A . , COOTBCTCTBYIO!IUie HYJIOBUM C06CTB8Hli!lM SHa'leHl'!RM, 

MoryT 6!IT:& Bll'll!CJIC!IIl no lfx>pMyJie 

(S) 

s-C[{-.~}= o'fs(ct.P) 
J a fj P _ a lcq,,fl,) · (5.7) 

- 0 q, 
qTo6u rroxasaT:r:. sTo, no.ncTaBnM orrpe,neJieHIIe (5. I), B (5.5). B pe3yJI:&

TaTc Mll ITOJIY'll'IM TOJK.n8CTBa ITO OTHOIUCHll!O I( cy H q. 

f5c~.j}= is(~. B"-}t-4-'))= 0. 
. 

)LR<MJepeHJ.r:HpoBaHIIe STIDC TOJK.nCC'l'B 1!0 cy. . ,!(aCT 

t 

18 

(5.8) 

- 2. . ·. 

·]_'&_ a~j = ~ 9 ~ = lli 'A .. = o a fj a lti a fj aq):llfj a fj 8 (5.9) 
(S) , . . . . 

· · BeKToPu ·· 5 , S= -f, .... m onpe.neJieHH c lo'!Hoci:r:.IO .no .rrpoHsBOJI:r:.- . 

HOI'O MHODTCJI.fi, o6ntero .n;n.fi Bcex !t0Mll0H8H'l' ~).(_·· .f..=-1\s .. ,n • Iloa-
TOY,Y, y'IHT!lBaH (5.9), MOlltHO C'IHTaT:&, tiTO BCKTOpll. ~) OnpEI.I(eJl.fiiOT-

CR BllpaE8Hl'I8M ( 5 • 7) • 0.ItHOBpeM8HHO MEl ~~.;rruro~l'IJIH CJI8.ztYIOIIt08 · Bal!tHOO 

CBOICTBO HYJI8BHX C06CTB8HUX B8KTOpoB ~(q.,q.') ,MaT.PHU!l ~ , • :1m 
B8KTOpll,: paCCM8TpliBa8M!l8 KaK tPYHKUIDl q. , q.., Bcer,I(a MOryT 6!lT:& 

BH6paH!l TaK,,. tlTO n.PH Y'l8T8 onpe.neJielUJJI (5. I) OHH nepeleyT B tPYHtmmt 

TOJI:&RO OT. cy ll r (SaBHCHMOO'l'l> OT ·axopocTe:ii q_ . HC'l:.eS-

HeT nOJIHOC'f:&:J)).· , · 

· B cuy YCJIOBlllt (5.6) ayJieBUe co6cTB8HH!le BexTopu MaTpHU!l ~ 
onpe,I(eJIJISMHe llO lfx:>py,yJie ( 5. 7) , .mmeiHo H838BHCM •. 

2. YpaimeHIDI 

d 'Pstq;,p) =A 'fs(q, .111~~4.))= flPs_ ~+·~R= 0 . . . 
. dt . u-f · ~· inh·· t a pi -i •(5._IO) · 

s = .., •••• ' m. • i = "· ..... n 
c yqe'l'oM ypaBHemtlt .I(BDeHIDI (2.3) H ypaBHe~i ~epBHttHUX CBJI3el 

(5.5) CBO,I(RTCR R JISrQaHllt8Bl:IM CB.fiS.fiM (2.7) 2~ 3aMeHHM :B (5.IO) 
ttaCTHHe npoHSBO,I(Hile a 'fs I 0 q.,( HS ypaBHeHHI, llOJIY'IaDIIIlXCJI:_' 

.I(Hq$lpeHIU!po:BSHHeM .no • <yc. yp8BHeHHI cMseft (5.8). 3;p!. ypaBHelUJJI. 

BHITOJIHJDDTCR TOllr,li;8CTB8HHO no .cBOHM apryMeHTaM. cy H q.. • , noa~Oizy 
. TaKOe .I(Hq$lpeHIU!po:BSHHe SSKOHHO 

. o'Ps + R4>s aEi. = o s .. ..,, .... ~ . 
~ 8PJ oq.i · • . (5.u> 

rro.ncT~ (5.rrr B. (5.IO) 11 ~aMeHBH;corJiacHo ypaBHeHHRM sanepa 

(2.3), ft. aa dk.JB CVi , llOJIY'laeM 

~(:a1J.4 ~· al·)- ~r..a?·b., n· _ 
arj aq.i i ~. - arj '-a4}lq,i·'.t 

]L \: Q • (5.I~) acrj) . 
ECJIH Y'l8CT:& (5.7) Jr1.(2.5), TO ypaBHe!WI (5.12) B TOttHOCTll COBITa,tty'l' 

c JiarJlSHllenm.ill CB.fi3.fiMII (2. 7). TaRHM o6pa3oM, MU .noxasSJIII e111e. K · 

CJie.IIYDJiee YTBeJlZ.I(eime: npJI BHITOJIHemm ypaBHeHIDl ,I(BllltelUJJI (2.3) H 

JiarpaHJleBHX CB.fi3eft (2. 7) nepBJAHHe CB.fi3ll ( 5, 5) OCTaMCR CT8IU!OH8p

HI:Jl.ilt BO BpeMeHl1. 
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3. ~ cxooox Uyaccona nepnaqHUX cBHsei M~ coooi HMeeT 
MBCTO ane~ee· ana6oe paBeHCTBO; 

. (S~(.S:) 6·· - atl = 
- ~( 5J (an .. a . a~·acr·) 

I 'TJ { J ( 
(S) (S) .fl1i. a pj 'J>s" . .. . .-
5i sj ( aq,j- a crt) ~ ( 'Ps·, lf>s) J 

(5.I3) 

. . « 

.P. s,s',s=-~ .... ,m. P a ) 
aztec~ ( j, 9 ) - CXOOKB IIyacc,ona \PYH- J(lf,f) H d(cy,r 

( o a"'= ~ rMtl _ -M~' 1 '<f\/ &-i'aq..,api ap.aq,,) · '5•14> 
a SHaX .. ~ . OSHalffieT ana6oe paBBHCTBcii/ npn BHIIOJIHBHHH YMO-

BJidl 'f: ·o , T.e. npoBO;ItHTCJI ~epeHIUfpoBaime B BUpalleHnn, 

CTOSIIIIBM aneBa OT STOI'O 3HBK8, a ITOTOM nOJiaraeTCJI 'f = 0. "'TOO!l 
.D;OK828T:b (5.I3), .D;OCTBTO'IHO "no;o;cTaBnT:b B JIBBYJO 'lBCT:b STJIIX paBBHCTB 
~.PMYJI!l (5.7) n (5.II). · 

4. Jhrnetbme ,I!;H!fxiJepeHIU!aJILH!le onepaTop& (BeKTopH&e nOJIJI) 

(S)- (S) jl_ 
x- ~jattj s= 1, ... ,m (5.I5) 

OOJia,:o;aDT CBOiCTBOM 

(.S) = ~s)_ alc.q.,q,)= ~~ a".k.(<t:~) = o . x Ft - x .a cr ~ J a q,i a q, J (5.I6) 

S= -1, •••• m, -i= -I, .•. ,YI. . • 
IIycT:r:. Mil_ HMeeM nexoTopyro qzyaxmm xoop;o;nnaT n cxopocTei f ( CJ-. CJ-} • 
ECJIH aTa qJyHKUrui c Y_'leTOM onpe~JieHIDI ( 5. I) Mox_ eT O!lTI. npe;o;cTaBJie
Ha KBX HBXOTOPM IIOBM lPYHKIUlfl j( q-, r ") , SaBHCW,rut TOJII.KO Of' 

xoop;o;nnaT n HMnYJII.CoB, To ;o;eicTBlle onepaTopoB X na f(!J-, q.), 
O'IBBH;o;HO, paBIIO Hj'JIIO 

- . (.S) • (S) a - - a h. 
Xfcct.£l-)= sJ·a n. f(ct.r= an)= 

~ -y (5.I7) 
(5) 

_M a~{. ~\ = Q , ~ .j = ~, ... , t1 ; S= .f, .... m . 
ap~ a l}j ~J · -
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5. cxo6rol IJyaccona nepBJil'UIUX cBSise:li (5.~) onpe;o;eJISIIOTCJI ;o;ettcT
BReM JIRHBAHilX ;o;R~PBHIU!MI.HUX onepaTOpoB ){ . HB JIBrpallllteBn CM-

31! (2. 7) 1 
. '{> (.S) 

\. 'fs • 'fs' J ~ X Bs · (5.IB) 

)toKSSeM sTY if!J'PMYJIY _ npm.rnM Bll'IHMeHHeM · · 
(S) (S) _a_ (s') a21 . Bk 
X Bs.= ~io4t ~j(:: a~jaq,l< q,k+ aq.j )= 

I (S1
) (5.I9) 

(.S)(.S
1
) · 02"' - ail - (S)(.S), Q3 ~ (S) a5.i • 

si S(aq,ja~t B(J.}lq,,) si~j ~k achoq,iaq,j + ~ tj 8 4-i (S) 

rroane;o;HRI 'tlleH ( 5. I9) o6pamaeTCJI n nyJI:r:., Tax xaK BeKTopu . ~ j · 
Bcer;o;a _MOlltHO BUOpaT:b SaBllCJllllHMH TOJII.KO OT · q,. H p (eM. if!JPMY- · 
JIY (5.7). PaBBHCTBO HYJIIO BTOpoi'O 'IJIBHB (5.29) CTBHOBHTCJI O'!BBH;o;HilM 

noCJie ane;o;y~ero.npeo6pasoBSHl!H: 
(S)(S') • _a_ a2.k. . =(S) • _a_ (S') a~l . -
~i~j ~koq,kC:aq.4 oq,j) 5tctk aq,k(~ a~to~j) 

. c.s') (5.20) 
(S) 81l • ru _ • 
5;. aq,~ trq_j q,k a crk - 0 · · 

IlepBoe anaraeMoe B npaBol 'lBCTH (5.!9) c y'!eToM (5.13~ MOlKHO nepe-

nllCBT:b Tax: 

(.S)(S
1

) . a~Ju - -a~h_ = (S)(S
1

) _Qfj- . .ai,j ~ 
5i~j(:(}Q,;oO,t aq,jaq,i) ~i5}:,aq,j . aq,.i) rv 

'f> lO .. 

~ (_ ls' , ~'3) 

TaKHM oopasoM, ~PM,YJia (5.I8) .D;OK838Ha. 
CJte;o;CTBKe l!S YTBB{lllt.IJ;BHIDI 5. ECJIH JiarpaHlKBB!l CMSH (2. ?) BU

TIOJIHmJTCSI To~ecTBelUlo MR xe oHH MoryT O!lTL nepenncrum B. Bn.D;e Bll

pazeiml, co;o;ep!talltKX TOJII.KO q, n p , To B Taxon Teopmt nep
Bl'I'IH&e _CMSR (5.5) HSXO;o;SITCJI B llHBOJI!OlliDI no KpafiHeft Mepe B MBOOM 
cM&ane. · 

Ynepr,tteime 5 ;o;aeT HaM B paMKBX JiarpaiDKeBa if!JPMaJil'ISMa ;o;ocTaTo'I
mdt KpliTepn! CYJllBCTBOBaHIDI B TeOpim: nepBH'IHUX CM3BI, HeHHB6JIIOTHUX 
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MBJK,ey codoii (crursefi BTOporo po,na OM. § 8 ) • ECJIH JiarpaHJKeBll CBSI3K 

(2.7) C Y'lBTOM orrpe.neJIBHRfi (5.I) He MOryT dllT:& rrpe,n:CTSBJieHll B BH-

.ne COOTHO!UBHHii, co.ne plKallUIX TOJI:&KO ct K p ( O'leBH,ItHO 1 3TO 

MOlKBT CJIY'lKT:&CJI TOJI:&KO npu Yn ~ 2 ) , TO B TSKOH TeOpKK llaBe.noMO 

eaT:& CM3U BTOporo po.na •. 3TOT ItpHTepuii .IIO CBOef.\Y IIOCTpoeHIDO JIBJIJIBT

CJI .no.CT3TO'IHllM; HO He HBOdXO,lU!MllM, ClH He padOTaeT B TOM CJIY'lSe 1 

ltor.na rrepBII'IHlle CM3U HSXOMTCJI B llliBOJIIOIUm TOJI:&Ito Me1EJIJ/ codol!, HO 

He CO DTOPH'IHllMU CM3ffi,1JI. PaCCMOTpUM ~ BJ!JIJJCTpaiUm HeCKOJI:&Ito rrpoc
Tefurmx IIpUMepoB X) • 

I. B TeOPKK c J!arpaHJKHanoM 

.f • 2. • 

l = 1 ll-1 - q.l q_~ (5.2I) .. 
. OCT:& O)UIO ypa!JHeime 3:1tJiepq BTOporo IIOPJmKa cr-1 = 0 H .nne JiarpSH-

lKBBll CM~li Cj,{ 0 , q.~ = Q • KaliOHU'reCKRe HMIIyJI:&Cll HMeBJT 

BH.D: pi= q,t t f2=- crs . t P3 ==; 0 • lis Jl8!'paHJKeBHX CBJI3eft 

HeJI:&llJI HCK1IIO'lKT:& CKOpoCTU 4~ ll Lts . li03TOf.\Y nepBH'lJille CBJillK 

n TeopHU lft .fa.+ q,3 , 'f R = p3 .nOJllKHll 6UT:& CBH3HMK BToporo po.n:a: 

( 'f-1 
1 
'f~) = f • B l3TOH TBOpHU BTOpH'IHUX CBJI3eft HeT. 

2. PaoGMOTpHM IIpHMep, r.ne OCT:& CBJI3K BTOporo po,n:a, HO rrepBHti

Hll8 cBJI31'I .naxo,nHToJI Me~ codott n mmOJIIOrum 

. -i .t . . 
l = ~ q, 1 + ( q,~ ~ (h) (h + ( (h,+ q.. ~) q, :z. (5.22) 

3.neco OIIJIT:&. 0~0 ypaBHeHHB 3K1Iepa BTOporo IIOPJJ,IU<8 q,.i = 0 H 

.nne Jiarpal!llteBU CB.Illlfl £l-2 = 0 . , q,3 = 0 . HcrrOJI:&syn: nupaJJteHJIJI 

~ :m.myJI:&COB ft = q.f , P2.:: q,3 ··, r3 = 't-a_ 1 IIOJIY'iSeM .nne · 

IIBPBii'IHUe CB.Il3H f.= rll- q..~ .• 'f 9. = p3- ltt . TaR KaR JiarpaHlleBU 

CB.Il31t He 38BHCJIT OT GKOpoGTeil, TO rrepBJIIliHHe CBSI3H B TeOPKK HSXO.ItllT

CJI n I!IIBOJIIOIUW (_ 'P 1 , 'f> ~ )= 0 . JiarpaiD!teBu oMBK He llaBHCJIT o.f oito

pocTelt I'I J{aBJT BTOpli!'IHHe CB.Illlii.W
1
(CY,p)= q,;=O t Wlt(lf,p)= (h,;. 0 • 

B COBOKYIIHO~nt Bee CBJillH f 1 , f 1. 1 00
4 1 W2 - BToporo po

.na, Ho rrpe~ollteHHlllt nume KPHTep:an a.n:ec:& He pa6oTaeT, TaR KaK He 

p8BHll liYJill CKOdKR ITyaccoHa Mellr,ey nepBH"'IHHMH H BTOIJl!'lliHMH CBJIBJIMJI 

( 'ff, w-t) =- 1 • ( f ~ , w?.) = - i . 
. .. 6. Cito6IGI Ilyaccoua rrepB!!'IHllX GB.Illleit lf s( q... r) c KaHOHH'ieCIGIM 

raMWI:&TOimaHOM H == P. a . - lv Ofi{Je.neJIJIJJTCJI !lx>OOJIOit 
It Yt 

x) . 
ST:a rrpHMepu coodlllWI anTopar.; J[.B. ITpoxopon. 
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. 'f . . . 
C..'fs,H)~ Bs<.q.,q,.)+ q."f.•S'l~s.lfs.J (5.23) 

,niDI .noKa38TeJI:&CTBB. 9TOro yrBepllr,lteHRfi HaM llOTpedyRJTCJI . 'laCTHlle IIpol!ll-

BO,nHHe IIO q. K p OT. KaHOim'ieCKO;r'O raMBJI:&TOmiaHa. Y'mTH.;. 
BaJI (5,3) l! (5.4), IIOJIY'iaeM 

.ill:L = a lfi 
D ~. 09$+S CL - .flk_ .al N~d .. -
1rL a cti a Cfi -,"t+s a q.i a q,~ 1nh -

a 9"(,+S it _ .a&.. , ~ 
flll-· T't+S 0 n.· . -n -r-t 

.a.H:: 0 .+ P MJ.+ d9"t.+S 0 _ .B_&. rl~~ _ 
a fa. -r,.. · 'P a r~ a Po.. -r"L+s a q_

1 
BPt -

· o _;. a9"f.+sit 
TeL a pd. T"f,+S 

(5.24) 

(5.25) 

(5,26) MI. - 0 a P'I(.+S- s=i, ... ,m,t.=~ ..... n . 
IIo.ncTaBHM T~nepr> !lx>Pf.\YJIH (5.2.4)-(5.26) B. cKo6IGI IJyaccoHa ( '?5, H) 

. . . -~ 

' \.0 • H "= ]is_ _dH_ ~ .aJi "' 
'

1 
s . J a 'fi a Pi a P< a q..l. "" 

(S) . (S) (S) 

- . .aEi _lli - .illi = - . (Ml . ~ .ill -5J a q.( o Pi ~i a Cfi . 5J a q.., q,i ~a It•) 
• <.S) • . . (5.27) 
o_ 3:. (a 9 'Y.+s'+ ..aEi a g"' ... s' ~ pj ) 
r"f.+S' 7J ~ n. a ~ - .1..L.!__,! :::: 

u •i £J.o. u Pd., . arr"l.. ... s · 

Bs<.ct.4->+ ~"(._. 5 ,CPs>fs•), s.s'= 1, ... ,m 
3.n;ec:& MH BOCIIOJI:&llOBaJm:C:& !lx>PMYJIOI (2.7), a rrepBH'iHYD .CBJill:& lj)

5
,(q,,p), 

corJiacHo (5.4), rrpe.ncTaBRXK ~ax: 

lf~/-q,.r)= ~11(. .. ~.\lr·Pd.. }- r"L•S' (5.28) 
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Jienan: tiacT:r:. qJOPMYJIU (5.23) smJIJteTCJI WYHKU~ieli. q. , p ; rrosTo

MY H rrpaBrui '!aCT:& STOI'O paBeHCTB8 ;D;OJDKHa 88BHC9T:& TOJI:f,J{O OT q_ H p • 
ECJIH rrepBll'lllUe CBR3U fs (q_, P") • s = I, • • . • m HBXO,w!TCJI B HH

BOJIJJUIIH, XOTJI 6U B CJia6oM cr4tlCJie, TO BTOpoe CJI!!raer.roe B IIpaBOR '!80-

TH (5.23), paccMaTpHB8CMOe "KaK WYHRIJ,WI , lf , q,, odpa!ll88TCJI B HOJ!:&. 

B aToM c.nytiae JiarpanJKeBU cBRaH 85 ( q,, q,) rrpe;n;cTaBHMU RaR lflyHRUIIH 

q, 11 r , 'ITO HCIIOCpe;n;cTBeHHO CJie;n;yeT H H3 clK>PMYJIU ( 5. IB) • 

§ 6. HHnapnanTHOCT:r:. nelicTBHJI H cnolcTBa nepnn'IHUX cBJiaea 

ECJIH.tteftcTBHe 

5 = ) l <.cr. q. > dt (6.!) 

HHB8PHBHTHO OTHOCHTeJI:&HO rrpeodpBSOBaHHft ROOp,ItHH8T cr . H BpeMeHH 

· t , co;n;epllta!llllX m nponsBOJil>HHX lflyH~ npeMeHH c5( i) 1 
S = I 0 ••• , YYJ , TO, RaK dWIO ,It0Ra38HO B. § 31 JiarpaHltHaH k, ( q., Cl-) 

- BUpoli,IteHHUI, T8R · KaR MaTpnu,a .A HM88T B STOM CJIY'l8e m 
COdCTBeHHUX.BSRTOpOB C H'JJISBHM COdCTBSHHHM SHS'leHHeM. 3;n;eCl> IIO~

'zeM1 HCIIOJil>SYJI BTOP'JIO TeopeMY H~Tep 1 'ITO nepBH'IHUe CBJISl'l M~ cr 
l'l p 1 COOTB8TCTBYJ)IltHe STHM COdCTBeHHHM B9RTOpaM, HBXO,w!TCJI B IDI-

BOJIDtnm MeW codol IIO Kpail:Heft Mepe B CJISdOM CMUCJie X) •. 

Ey;n;eM paccMaTpHBaTl> CJie;n;y~ aaxoH rrpeodpasonSHHJI clK>PMll ifJyHR

Il)tl · Q. <. i) , n xoTopiill BXO.wiT m npoBSBOJil>HHX WHKill'II npeMeHH 

E.5 <:l i I s = I, .•• , m H HX npoBsBo,ItHUe no t ;n;o nopJI;n;-

xa 0 BRJIJmiTeJI!JHO . . · . 

X} . 
CJie;n;yeT OTMSTHT:&, 'ITO npn IIOIIUTKe YOT8HOBHTl> CBOICTBS CKOdOK Ily-
acq?HS nepBK'lHHX cBJiaeft n TeopnJIX, BHBapx8HTHHX npz npeodpasoBa

HHJIX o np6nsnOJil>HUMH WYHitURfiMH ~e,eHH, rryTeM paccMOTpeHHJI .ItHHaMH

Rl'l cpasy n qasonoM npocTpancTBe 0 , BOsmntaeT npo6JreMS Heo,ItHos

Ha'!HocTH COIIOCTaBJieHHJI aa;D;aHHOMY.IIPSOdpasOBSHHD KOH~pa~~OI'O 
IlpoCTpaHCTBa COOTB9TCTBYJOm8I'O KaHO~SCKOI'O npeodpaSOBSHHJI S • 
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s q.{d:) = q,.i<.-1:. )- CJ-i<. t) = 

l; 1'~ {-_ (0)q,c.n q_<.G-~) (~) 
o.._Q( ,ll-, , ... ,. )E.s ' P-o J 

) . ~ ~) 
p~) fi o ~ " f:· o o -t = oc-t (1).2) t - d t. ~ . > ) , i ( ) i~ ) ) 

-t= 1, .... n . s = i , ... , m . 
B aToM q:rry'lae TolK,l:\ecTna HeTep (3.26) o6o6maiOTcJI CJie;n;yromnM o6pa
aoM /I5( 

6 
-f ~ cl ~ s <..O> (.1) ·c..6'- \') <.Ol (n (2> = f=ot ) dT~ [ l~(t., q.. q. , ... , q, )L/- rt-, ll-. q;) }- (6.3) 

= 0, 
L 0 (o>0 <•'lnm t = i , ... , VI , 5 = 1 , .... m , 

rne {(,.., 't. '} ) o3Ha'!aroT Jienue 'lacTH ypaBHeHHii 8llJ!epa 

(2.4). PaneHCTBa (6.3) BWIOJ!HJIIOTCJI TOllt.l\8CTBCHI!O ITO OTHOill9HmO K 

lflymt~ q.. d.) • .(, = i. . . . • n • TO e CT:& ,lT,JIJI rtpoHSBOJII:.HHX WYHK-

uaa ftt <.:t) { , .<. = 1 , ...• n · • C!ne;n;oBaTe.n:&Ho, n· Jienoii tiacTR clK>PMYir 

(6.3} ;D;OJ!lKHU o6pal!l8Tl>CJI B HOJ!b KOS<Ixlil'IU:UCHTU IIpll ItallmOli 113 !fJYHitUHJ.i 

q.. 4. ("f:.) , -L = -1, •••• n 11 rrpn Beet ee IIponano;D;HHX no t , 
BCTPS'laiOllllDCCJI B ( 6. 3). , . · ( 6 + 2. ) . 

IlpHpanmman: HYJIIO Koe<Ixim~eHT npn q.,. , t == 1 , •.. , VI 
B (6.3), IlOJ!'J'l89M . { 

s \ . 
(f.·.:' ct. ct) J\ .. ( q.. q,.) = o . (6.4) 
~u • -lJ , . 
s=~ •.... m , -t..j= 1, .... n. 

s 
~~ 6y;n;er.t npe;n;rrOJiaraT:&, 'ITO KoaifrJJHIUICHTU lf.t6 (-l:, q.) , S = I, ••. ,m, 

-l = I. • •• ' n B aaKone npeo6pa30BUIIHJI ( 6. 2) ' paccMaTplmaer.rue 

KaK Ha6op H3 Wl B9KTOpoB C · Vl KOMJIOI!ellT8l.lli, JIHH9l1HO H938BHCJII-

MU. B aToM CJiytiae n3 (6.4) CJie;n;yeT, 'ITo panr i'k1Tpnu;u ._A paneH 

n- YYI II, KaK 6WIO 1!0Ra38HO B § 5, B Teopllli HM9IOT M9CTO n1 nep-

BH'IHHX CBJiaeii TRII8 (5.4r l'J'Jlll (5.5). drll CBJI3JII, O'l9BIW!O, JIIDieiiJm: ... 

no :m.myJI:r:.caM, TaR RaK . J'/G ('t, q, ') ne 38B:i!CJIT OT P .• _Had?P 

JrnHeil:HO.U638Bll~lliMHX BSKTOpoB d{So (t, q.) C~38H HSBUpoJK,neHHUM 

npeo6paaonaHHeMxJ c co6CTB6HHUMH BeKTopar.rn: 5. ( q.) , orrpe;n;eJIJieMID,m 

"pMVJIOii (5.7). . . . t 

Ilpe,ItiiOJiaraeTCJI1 'ITO BCe JiyJl9BU9 B9KTOp& MaTpnD;Il_A CBJISaHH C HHBa-
pHaHTHOCT!JD .tteHCTBHJI (6.I) IIPH npeo6paaoBSHHJIX (6.2). . 
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I. 

5 . m 5 . (S)_ 

Ot.
6
(1:,£l.)= /:

1 
L

5
,(t.q,) 5i(q,). (6.5) 

"l,(l.YJ~ II c:l(-l:,,l\-)1\ =- m I (6.6) 

I , 1 s.s=1, ... ,rn. {.= , .... n. 
IloKaJKeM Tenep:&, 'ITO nepBH'IHll6 CBIISR » p8CCM8Tpml86MOM CJIY'lae 

HBXO.ztiiTCSI » mmoJIDn;mi no Kp8Hll6H Mepe .» CJI860M CMHCJie; ~ STOI'O MH 

nmmmeM B JIBHOM mme paB~e Hj'JIJO KOa@)mnteHTll n~ q..;o• n t {, = I, 
••• t n ll 'rOJit,JJ;ecnax HeTep ( 6. 3) . 

1i
5
6-i( t. fl..·.~·) J\ik( q. ,4.)-

rs(t.'t)( a~~ ~·· pik- a2~·)=o 
to aq,jaq)lq.k J aq,<aq,k oq,til(h · (6.7) 

. I 
c.s) 

Cnpo,ertnpyeM Tenep:& paneHCTBa (6. 7) Ha 5 ( cy) 
. . k 
I . 

S .· <.S ) .. • j_ ·. · , Q t h 0% k . 
a_6(t.~)5k(£p( ~j{}n .. 1.~£f,(},.)+ o~oq, -ijn.(Jfl )=0.<6.8) 
t 'YJ t i I< Ti 'l"1< 

IIepBoe CJiaraeMOe B (6.8) o6pai!laeTCSI B HOJI:& 

S (S') • _a_.. . • -
~6' (t 'q,.) ~ k ( q,) q,j . an .. J\ { k ( lJ.-, '¥ ") -

. TJ I . 

r.:(t,l\-)q.j itt·(_~:~ IJ-))..i k( IJ-. h)- (6,9) 
J I • 

- S . • _a_ (.S) . -

~G' ( t ' q,) )\ k ( q, . ry) q,j 0 q, j 5 k <.. q,. ) - 0 

.. 0CTaBmeeCSI B (6.8) BHpallteHRe MOJtHO nepeiDICST:& C J'l8TOII (6.5) Jl » 
i'CJieJtYD!teM a~me: rn 5 <.s"> <.s\ m 'fl 

0 = z cs"(t, q,) 5- ( q,) 5k< q.. 1( :ln." - aa ~~) ~ 
. .s'::t t u -yl< ·n 
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'-P m s . 
~ Z C ,.(t,q..)('Ps',lfJs•·J • 

s'~-t s . 
I If 

.s, s . 5 = ·~ .... , t'l'\ • 
(6.IO) 

s .. 
TaK miK paRr r&lTPH~ H C.

5 
.. (-!:, q.) II paneH m , To Rs (6. IO) 

nOJiytJ:aeM, 'ITO MaTpHu,a ('f
5
(fl,,p),'f'511(q.,p)') C ytJ:eTOM ypaBHeHl'Iii 

CMSeii '\'
5 

= Q , S = I, •••, Wl liMeeT Hj'JI6BOH paRr, T.e. 

. f 
( ~s(q,,p)> 'fs;,( £t.,p))z 0 · 

(6.II) 
TaKHM o6pasoM, nepBH'IH!le cBJtsn fs ( q,, p) HSXO.Iti!TCSI B l'IHBOJlJOntm 
Me~ co6oii no KpaiiHe~ Mepe » CJia6oM cMHCJie. 

C:ll:e.n:yeT OTMeTHT:&, 'ITO Bll»O)J; 0 CRHI'YMPHOCTH JiarpaH.imana MOlltHO 
c;n;eJiaT:& H » TOM CJIY'lae, eCJIH ;n;e~cTmre (6.I) lii!BapnaHTHO no OTHomeHmO 
K CJie;D;YDmKM npeo6pasoBaHll:mM: 

, ~ q,t.d:)= o .. (i:)- o .. (-t )= · -r t . Tt (6•I2) 

~ lf.5 (t ot0)o<n o<G'-~)o(G'-~4. 1 ). <~) 1 • 
£......J Ot:~ • -r , r- , ... ., "'Y. • .. -r ) c., ( -r) 
0:0 . . ·~ ;;> ) ' ., 

ITO cpaBHeHRIO C 38KOHOM npeo6pa30BaHRSI (6.2} B KOaci$f~ei!Tll B. (6.!2) 
MOr.YT BXO,JJ,RT:& npoRSBO;n;Hlle no Bp.eMeHR OT 0 . (t,) 1 llOPfmOK KOTOpllX 

lVt . 
Ha I 60JI:&me, '!eM B (6.2). 0WIT:&-T8KR s;n;ec:& ua,no HCllOJI:030BaT:& TO~ecT-

Ba HeTep . 

~- ~d~[ s. (O)(i) (6'-~+1) .... -. 

t=-q<: 1 )dt~ Di~(1::,£l,., q_: ... ,~ . )Lt(~.Cl,.lJ,)]=q<s,.Is> 
-i=of, ... ,Vl,S=l~ .... m ·. 

H npl!paBHRBaT:& Hj'JIJO KOa@IH:~eHTll npn 0 . ( (5 + 2 ) 
' Y.t 

~:cc. q.. 4-))\fY.il- )= o . 
S=1, ... ,m. (6.I4) 

MaTpnua .A ij \ Cl-, q,.) . m.meT HYJieBHe co6cT~eHHlle neKTopu, 3Sm!CJmtKe 
OT q. ll q. , T.e. ona· BllpolK,Il;e~aSI. CoOTBBTCTBYllllll6 nepBH'IH!le 
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CBJISJ! B STOM. CJtY'Iae MOryT 6HT:& H HeJUmei!:HHMH no HMI!YJI:&CaMo MoltHO 

. IIOKaSaT:&; aHaJIO:rn'IIIO TOII!Y; KaR STO 6WIO C~eJ:umo ~ SSKOHS npeo6pa

SOBSHHSI (6.2), 'ITO 8TH CBR:SH 6y]T3T B JIHBOJDli:Gm 1 eCJIH ROe@m~BHTH 

1f.5 B (6.12) y~oBJieTBOPIDJT yCJiomm 
. .t~ 

s 1 ~ (0) (G'-y .. 1) 

:F(np 1 63't~(t,!J., ... ,CJ; )=O. 
~ -y, an.,- -. ·-

. -y~ 

.s , s 1~ 1 , . . . , m , .(., k == ~ , : .. , n I ~ = 0 I i ·, ... , 6 . 

(6.15) 

HcnOJILSYSI YTBe~eHllSI 5 H 6, HS § 5 Jier.KO y6e~:&CSI, UO IIep:BHtl

Hli8 CBH3H 1 0 KOTOPHX n,neT pa'!L B ~allliOM pa3~8JI8 1HM810T CK06KH IJyaccoHa 

c KaHOHHttecKHM rBMWI:&ToHnaHoM, paBHHe HYJI!l B CJiadoM CMHCJie 

'fs~Bs• · · 1 · 

(f~,l-1) ~ 0, s.s=-f~····m: (6.16) 

IIep:armue cBR:sn, SIBJI.SIIIIIII[eCSI CJie~cT:BJieM BHBS.PJ!SHTHOCTB Teo.PJ!H 

njm npeodpasoBSH:rutx: c npoKsBOJI~I/iWHRUilRMH BpeMBHH, Ha caMOM ~e
Jie smrumTCSI CBR:SSIMH nepBOI'O po~a , TO BOT:& OHH HaxO.wtTCSI B HHBO

JII)~ He TOJI:&Ko MeJK;ey codoil Jl KaHOHHTiecRHM raMMl>TOHHaHOM H , Ho 

H CO BCBMJJ BTOpH'IHHMR CBR:SSIMJI. ~0 yTBe~eHHe npome BCBI'O ~0Ka3ST:&, 
· ecnH o6paTJIT:&CSI R raMHJI:&TOHOBO! ~aMHRe ( OM. § 8). 

B T80pmi, HHBSpHaHTHOH npK npeo6paSOB8HJI.IDC 0 m • npoK3BOJILJWMK 

<W~ BpeMeHH, o6mee pemeHJie Jiar~eBKX YPSBHeHd ,romlle~ (2.3) 
'faDe CO,~T m npoH3BOJll.HHX !WHRD;d BpeMeHJI; KaR 6WIO nOK83aHO 

l(JipaKOM (eM. Tatate § 9), nOJIHoe. oiiKcaHJie cKcTeMH c BHpoJI',I(eHHHM 

J18rp8HD8ROM B qJaSOBOM npoCTpaHCTBB ~8JlT r8MHJI:&TOHOBH ypaBHeHKSI, 

reHe.PJ!pyeMHe o6o6meHHHM rSMMJ,'l'OHJIBROM, .KOropH! SIBJISieTCSI CYMMO! 

. KaHOHJI'IBCROI'O rBMWI:&'l'OHHSHS H .mmeiHoll .KQyjKHall;JI[II TOJI:&KO nepBH'mHX 

CBSISel (cu. § 9). C!1Ie~OBSTeJI:&HO, BBC:& iWHRitH~HM:&Hlil npoKSBOJI, m.te

~ MecTO B Jiarp8HXeBoM ~pMaJIKsMe1 coxpaHHTCSI H B pemeHJIK o6o6meH

ma: raMJa:&TOHOBHX ypaBHeHd TOJIL.KO B 'l'OM c.v;y11ae, 8CIH nep:BHTIHI:le CBll-

• SJI B TBOPJ!H, 'IHCJIO ROTOpHX, ~16WIO IIOK838RO BHIII8, paBHO m 1 SIB-. 

JI1DlTCSI CBSISSIMl'I nepBOI'O po~a ( ~ 1 C'fp. 422) • . 
B odmeM CJIYTiae.B paccMBTPJIBSeMHX oreoPKftX ~onOJIHHTeJI:&Ho R ~ 

II8.PBnlDD& 0Bli3JIM nepBOI'O po~a, odyCJIOBJieHHHM liHB8PJ'lSHTHOOT:Lil ~eAcT-· 

mm. npB npeodpaso:Brummc c rn npoBsBOJI:&iuam <WH~ BpeMeHl'l, 

'mryT IIPJ'!OYTCTBOBST:& H nepBJAHHe CBSISJI B'l'Oporo po~a. O,ItHa.KO STO He 

IIOBJIJISieT H8 O~eJISHHH! 3~90:& BilBO~, T8lt K8R II8pBJ!TIHHB CBR:SH B'l'Opoi'O 

po~a He II.PJ!BO.wiT K qJyHKUHOHM:&HOyY DpoBSBOJIY B l'8MBJI1.TOHOBOM ~pMa
JDISMe. 
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lf3JIOEBHHOe BHlliB ~OKSSSTaJI:&CTBO KHTepeCHO 6WIO 6u npoBeCTn 0 

KOnOJI:&SOBaHMeM BTOpoft_TeopeMU HeTep. 

§. 7 •'· HaxO!JIBHHe BTo!?lr!l!lDC I'aMWI:&TOHOBHX OMS eft' B. paMRSX 

Jiari?amteBS dio[)MMRSMa. 

Ten;ep:r:. Mil nepeit,IJ;_eM K onpe~eie~ cBHseii MI3JlfJiy, (\- , p, ~onOJI- · 

IDITaJI:&HiiX R napBHtmllM OBSISBM (5.5). O'!eBH,imo," 'ITO e~

CTB9HHUM llCTO'IHHKOM TaRHX 0Bff39M MOrYT 6UT:& TOJI:&KO YPaBH8HHR 

JISrpam!eBHX CBR:Seft (2. 7) • ECJIH OPSJti'I JiarpaiDKBBHX CBR:Seil (2. 7) BOT:& 

ypaBHeHKSI, ne oo~e];llltallllle cROpocTeii, To oRR opasy ~iuoT cBR:sK Ha o6o6-. 
~eHHue KOOp~aTH (2.I0). B 06UIBM CJIY'ISB B_ ypaBHBHllSI JISrpaHEeBHX CBS!~ 
seii (2. 7) neodXOJti'IMO iio~oTaBHT:& onpe,~e o6o6meirnuX JooryJI:&coB 
(5.1) • Il.PH STOM BOSMOJKHH ~ CJIY'IM 2 . 

I) :3amiCHMOOT:& OT .. q.. B JiarpaiDKeBHX CBSI_SSIX (2. 7) . OCTaBTCSI. 

~0 03HS'i8B;'t 'liTO .. B .TeOpKH HBT. BTOpH'IHHX OBR:Seii, a nepBK'IHUe 

H6HHBOJIIDTRBHli Meiii:Y C060il (OM. § 5). • . , . '' · ,, 

2) YpaBHemUt JiarpaHEeBHX CllJ!Bell nepexo.wtT B ypaBHeHll.fi Ha qr. H . p , He oo~eplKalltH.:_ cRopocTea (\- · · 

Bs(q,lp)~ 0 ,:. 1 ~ s ·~·m ·. (7.1) 

nanee He06XO~ npoJti'I~peH~poBST:& no BpeMeHH.BTOpR'IHHB OBSI3H 

(7. I). ~0 ~SeT HOBOe ypaBHBHHe. frepBoro nOPtmKa, . CO~BJll!tSillee TOJI:&RO 
n. 11. o. · · :. · · . · 
-r -r dBi(I!-.P).d B··cn olv.~lf.4-))·-·0 dt · :.· • ·iff: s .... • a · · - · (7.2) . . . . .. ·. . - . !t . . . 

T~R ~R -~ixmsoo;wry10 · d p / d t ·. . B ( 7. 2) MH MOJKeM saMe~T:& c noMOm:&JO 

ypaBa:eHHa rutnepa (2.3) BBJIH'IHHoa Ol/oq,. . B (7.2) MH ~OJIEHu . · .. 

OIISITJ> no~OTSBHT:b onpe~aJIBHHB (5. I) H nepefiTH R paOOMOTpBHmO ~YX BOS

MOlltHHX CJIY'ISeB, H3JIOJE6HHHX BHme. Taey10 npo~~,eypy He06XO.JU!M.O npo~OJI- k 
EBTl> ~0 TBX IIOp, noRa MH noCJie Ottepe~oii ·no~OT8HOBI,W B dk8

5
(q,,r)/dt 

onpe~aJieHll.fi (5.1) He nOJIY'IHM HH'Iero HOBoro no opaBHeHmO c npe~-. 
MH CBSISSIMH, RliH lite n~eM R CJIY'ISIO I) 1 T? BOT:& SSBHCHMOCT:b .OT ~· 
B d K B5 ( 'Y, f)/ di I< · noCJie no~cTaHOBKH onpe,I(aJieHll.fi ( 5. I) ooi'aHeT-
CSI. 

Ilyoor:& H3JIOEBHHM BHme npoue,eypa ~SeT y 
nOJlJD!TeJI:&HO .K (5.4) 

HOBHX OBSiseii ~0.:;, 

w5 cq,lp)= 0; o= 1
1 
•••• y .$ k x m ) 
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· . _ - J - dK-
wo(q,.p1~ {B~<q,.p), at 85(q..,p) .... , dt k B!:>ccy.p) }. 

STH cMsH JmJISD)'l'Cll BTopn-rmm.m cBas.iiMH uo TepMHHOJioi'lm JlHpam III. 
BMecTe o uepmro~m.m-~BJtsm.m (5-:5~eeM m+ f = M orpamllle-
HHI HB RBHO~ecK:He KOOp~aTH ~ HMUY~DCH . 

8A<.q,.r)=·0, A=i, ... ,M== Wl+j' 
.(7 .3) 

8m+o(ry.p) = w6(lf'.f1 .. 8s(£t.p1 = 'fs<£Y.r) . 
s .. i •.... m . 6 .. ~ , ... .. jA • 

Ha6op yOJiomtlt (7.3) HC'lepmmaeT Bee cBSisH !1SJJJ1 q,. H p 
KOTOpHe HMeDT · MeCTO B TeopD . C CHHI'YJIJIPHHM JrarpaHDBHOM. B ;ztaJIJ.He.l
meM MH 6y;neM C'lHTBTD, 'ITO CBJI3H {7. 3) cWHKD;HOHM:LBO He38BKOHMH, 

T.e. 

"LO.Yl ~ JI_B__f1 < q,. P) l.l = M aq.ap . 
A =l, ...• M. 

(7.4) 

.. EMH CHHryJIJij;>HocTD JrarpaltlKBBHa odyOJioBJieHa mmapnBHTHOCTDD ;nei
OTBM upH upeo6pasoB8HlmX o npoasBOJI:LBHMIII ®runwmm Bpeueu, 'l'O -~ 
!IJepeH~poBSHHe no BpeMeHH JIBrpmmeBHX CBJlSe.l (2. 7) He IIpBBO,Itll'r K Ho
BYM cBJtsm.' ]leloTBHTeJll>HO, .KaK 6wto noKaaBHo B § 3, JrarpmmeBH oBJI
sir B TBKHX_ Teopux, r,ne l!MeJlT MeOTO T~80TBB lfeTep (3~26), JlBJIJDlTCll 

mmB.I!HaHTHHMIII COOTHOWelm.IIMR WIJ!. YpaBHeH:d alllepa BTOpoi'O UOpJW'C8 
(3.33). 

llpHMep~ PaocMOTPHM BHpoll(Jl;eHHHii JrarpaHDaH . 

l = i r q: i~: ( 11-~ f ] , (7.5) 
~- !.,. • • 

. q,=(rtt, ... ,£tn) J q.= cq, •.... , q..n). 

MaTpnlJl! 

.A= II q.f ~ij- q,i _q,j II • t .j = 4. .... Yl (7.6> 
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HM99T 0~ 006CTBeHHHtt B9KTOp C HyJleBHM codcTB9HHHM 3HatieHHeM 
~1 • . . 

(7.7) 

5{·q,. q, ")= q,i . 
. \. - 0. . . . 

.. . ' . · .. J\j ltt.- > ~.J = ~ •... > Vl. 

KaHomi'iecroie HMIIYJIDOH oupe;zteJIJnOTCll ~PL\YJIOil 

P: = a~ = ~~ ~:- (~~)cr. , i ~ {, .$ n : 
. l ~i l ( (7.8) 

B T90pnH 90TD O;I(Ha nepBH'iHaJI CBJI3D 

i(£Y,p1= ~p=_O:· (7.9) 

IIpoe'Knru~ ypaBHemti!: S:itnepa . 

. ~t~t-.(~~) ~i- ~t 2fl-t+ Z(l~)~i = 0: 
. ..: ' (7.!0) 

· i·i, ... ,n 
Ha q,. ;naeT JrarpaiDKeBy OBJI3D . , 

{ ~1. q,?.- ( Y- "it )2 = 0 . 
(7.II) . 

C nOMOIIU>D onpe;zteJieHHJI (7.8) samtCHMOCTD OT q,. B (7.II) MOJKHO y6-

paTDo 3TO ;naeT B:~p~~~-=~3Di?, . : pi . 
. ~' q,- .( q,. tt) ;: . lfi = 0 ,. . 

c..o c.. .tt, r; = r ~ = o . .. (7.I2) 

JlHcppepeHIJ;HpoBaHHe W(ry,p) no BpeMeHH 0 y'ieTOM ypaBH9HHR3:itnepa 
(7 • IO) He IT_pRBO;ztHT' K HOBHM CBJI3J!M . d 2. • .2. :...,_., •. 

dt p = z pi Pt = l. 4 ( ~ ~{- (q, q. 1. ll-t.J ::-
""> _., .• ~ • • _., .:_., ;_, _., 'f · _, .:_, · .• .:> _:,, (7. I~) 

z c r q, }tt- z ( r ~)(Dr q,) ~ - ·z (f CJ;)( q. q,; = 

~.q~~t- (~ij:)](~h=- Z ~:(~q:) ~D. 
. . . 

- TaiGIM o6pa30M, B Teopmr aCT:& O;I(HB nepBH'iHaJI crur3'b (7. 9) H O;I(Ha BTO

PII'IHaJI CBJI3L ( 7. I2) • 
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. 
§ 8. YpaBHemm: MIDKemm B i!iasoBOM noocTJ?aHCTBe. · 

CBas:u nepBoro :u BToporo pona 

ECJlll Jiarpruoomn cRHryJISipeH, TO npeo6pasoBaJme JleJtaH.IUla (nepexo.n 

oT nepeMeHHWC · o~. , it. , .i = I, ••• , n K nepeMeHllHM. n ... P. , 
• Tt) 'Yt . '"Yt I t t = I, •••• n HBJIJIBTCJI Heo6paTliMIDd 

Be ct. P) = de~ c...A.tj) = o. (8.I) 

I'aMM:&ToHnaH, nocTpoeHH!li! no RaHOim'IeCimM npamtiiaM 

H(q_,c},.p)= Pt ~i- h.(q_,fy) • (8.2) 

He SSB:UClfT OT CKopocTeft q. lf B c:.nytiae Clffil'YJISIPHilX JISrpaHJ!tl'IaHOB. 

.IlelcTBBTeJI:&Ho, .l{lfrfl'IJepeHim;pys: (8.2) 11 ;}"mTHBaSI onpe,neJieH:ue (5~I), no-

JIY'ISBM dH(q,.4.p)= dft ~.+ R d~.- ak d~.- B.ld~. = 
d . - a~v d . l f. l t a q,< t oq_.~ (8.3) 

Ft q.i O£H ~{ · 
Tenep:& BB.l{HO, 'ITO d H He co.neJllll!T ,n:urfiiJopeH~MOB cKopocTel 

d ~. t CJIS,l{OBSTBJI:&IIO 
l . 

H = H ( cy. p) . (8. 4) 

fiepe~eM Tenep:& K BHBO.l{Y r&MKn:&TOHOBHX YPaBHBH:ul ~KEemm. C 

Y"'8TOM nOJIHoro Ha6opa CBHSel (7,3), .lVm BTOI'O UO,l{CTSBHM B (8,3) 
ypaBHemm Slnepa (2.3) 11 ytiTeM (8.4)'; B pesynTaTe UOJIY'DIM 

( .lli + p. ) d q,, + r %H-._ ·~J· 'd R = o . -c8 •5> a q..{ \ t 'up J ) J ' 

ECJIH 6u .l{ll\®epeH~Mu d q,.< :u d Pi. .· 6m HesaBHcHMIOOI, To Mil 

MOrJIH 6H UPJipaBHHT:& HYJIIO KO~BHTH np:u KaJf,ItOM HS HHX B paBBHCTBe 

(8,5). Ho COrJiaCHO (7.3), do .. H dp. · .CBHSBHH COOTHOmeHl!.IIMJ! 
· Tc. t · 

i1BA. d q; + B&. d p. = 0 ' a q,i i a Pj J 
(8.6) 

·A= 1, ... ,M. 
B CMy yCJiomm ( 7. 4) JIRHeftlme no OTHomerum K ,n:urfiiJopeH~MaM d q,. ~ 
d p. . YpaBHeHBH (8.6) Bcer.na MOJIHO paspemHT:&, BHpase M .ItHci>-

J -
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~PepeH~MOB d CVi , d pj KSR \PYH~ ·ocTaBmBXCJI n- M .Im\®epeH-

D;IIMOB H BC&ro Ha6opa KaHOim'IBClmX nepeMBJ!HHX ( q., p J • . 
B TSRHX 0~8~ 06HtiHO :UCllOJI:&SyeTCJI MBTO,l{ Heonpe,neJieHHHX MHOXH

TMBI J[arpaHll£8 S .fiOMHODM K8JI!,II;Oe 113 paBBHCTB B (8,6) Ha HB:USBBCT

mdl: noKS MHODTeJID · '.A A 11 CJIODM eTR · ypaBHemm no'VIeHHo .npyr c . .npy
roM :U C COOTROmeBHeM (8.5) 

r.illi+ \ D..BA+ o )dn. + r_illi_·.._ \ afu. _ o ·)do~ 0 . <8 7) 
'-oq.i J\AO£ft 1i "Yi "Bpj J\AOfj 7J -lj-. • 

Tenep:& noTpe6yeM, 'lT06H MHODT_eJIH ~A , A = I, ••• , M dwm mr6-

paRH Ta.K, 'lT06H 06pa!llaJIHCl> B HOJI:& KOa@lmm:BHTH lliJl'l 381mCDMllX ,nB@JepeH

ntr&liax .» (8~6). Tai KaK BeJIH1mHH cr.t E: Pi . BXo.nil:nm:e B (8.7), sm
JDDJTCH q;y~ BpeMBBH, TO :m: MHOJDITBJI:u · .. A ft.., o"'eBB,nHo, ,nOJDKHH sa'7' 

BHCSTD OT Bp8M8BH, IlociJie STOre· MODO 6y,neT np:m:paBRHT:& .HYJm lf KOa@lmm;

BRTH npz ocTSBmBXCH Hesaazc:u:Mux ~~epeHnaaJiax. OROH'ISTBJI:&Ho nQJIYtiaeM 

CJie,eyi!Jill'Ie ypaBHeRHH .nmmemtSI:x>: 

.r.lh = .aH + \ ilflA .rlfi - - lli - \ .a..8A . (8 8) 
ctt· apr J\,.. opt ' dt :- aq,i J\~. Blti • · 

8A(£Y.p)=0. , (8.9) 

.(,.~ .. ;., n , A#<' -f, •••• M .· 
C UOM>DtJ>D OR060R IJyaccoHa (5. !4) ST:U ypaBHBHHH SanHCHBSDTCJI~ TaK: " · 

..riJlu.- (0. H ' .r.Ji..i - ( D H ' . (8.IO) dt: . - -rt, T) , dt - \.....1 i' T I' 

8A(q,,f)= 0, A= 1, .... M, 
r.ne H T - nOJIRHI raMlt7Il>TOHHaR 

(8<II) 

HT= H'"' .A,.,<.t) BA(cy,p>. (8.I2) 

llOJIHas: npo:usBO.nHM no BpeMeH:u JIJJ6ott !PYHr<inm lf'( q..p ,i) npe,ncTaB~ 
B CJI8.IlYJlllBM :Bli.l{8: ·· . , tt= -%t+('-V.H)4-}A(t)(\\',8A)= 

X)Bo BCeM qasOBOM npoCTpaHCTBS. CHCTBMa ypaBHemrlt (8,8} :wiH (8,I0) 
B 061ItSM CJIY'I88 H9SRBRBM8HTR8, :UCXO,l{HHM ypaBHeH:uHM JlarpaHl!S -
Slnepa (2.3) (eM.-~ 9). O.nHaKO Ha <P:m:sH'leCKOM no,ItMHoroo6pas:u:u . 
qaSOBOI'O npoCTpaHCTBa ,l{OUOJIH:uTeJIDHHe CJiaraeM!le :Ji1 H , OTBBTCT-
BeHHHe sa BTY HeaKBHBSneHTHOCT:&, :uc'lesaDT (oM. 9 IS). · 
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. ~a _L + ( Yl, HT) · 
~ (8.!3) 

IIepe:ltD;eM Tenep:o It onpe,xte.nemm MHODTeJiei Jiar~arum -A A ( 1:) 
noTpe6oBaB, l!T06H CBJl3H (8.!I) COXpaHJ£7mC:& BO BpeMeHll 

* = ( 8 A. H ) + }. B(t) ( 8 A, 8 B)~ 0 . (8.I4) 

A,B= i, ... ,M. 
IIycT:& pa.HI', MaTJllmli ( 8 A , 8 6 ") Ha no,D;MHoroo6paso cpasoBOro npooT
paHcTBa, onpe,IteJI.lleMOu ypaBHeHl'!I!MH cBJmel (7 .3), paBeH Z m 2. 

. ~a,nk!I(BA,GB)IIJ == Zm2.) (8.I5> 
A ,B. C "' ~, ... , M . 8c • 0 

MaT.PJilTil ( 8 A , 8 8 ) aHTHCl!MMeTpwma, noaTouy ee paHl' ecT:& "ieT:aoe 
"i:HOJIO. Cru!SH (7.3) MH MOllt8M Bcer,xta nepeHyMapoBaT:& TBK, 'iTO 2 Yn2. 
noOJie.ltiDDC cTpoK MaTJllmli ( 8 A, 8 B ') 6y1JYT Jn.mebo Hesamrcl!MHMJI. B 
CMY ee aHTHCl!MMeTpmt .mmebo HesaBHCJ/IMHMl'l B &TOM o.ey-qae OKS:QTCJI 
u 2m2 noOJie.ItHBX cTOJI6!l>B. MaTpmi,a (8A• 8

8 
") oeeT f'Ylf= M- 2m1 

.BYJIBBHX C06CTB9HHHX BeRTOpoB · ~) ( q.., p ) 
(U.) A · 

5A(8A, 88 ) = 0 , (8.I6) 

A,B=-1, .... M, o..= 1, ... ,m 1 
By,xteM paCCMS.TpJ!BaT:& ypaBH9HRII (8. I4) Italt Cl'IOTeyY .:omelma: H80,1tHOpo,lt
HHX ypaBHinml c HeBsBecTmoo.t J..s(t) , B =I, ••• , M ·• llrH 6y
.lteM npe,xtnOJiaraT:&, liTO YCJIOBHe COBM8CTJIMOCTH 8TOI Cl!CT8MH BllliOJIH8HO 

(0.) 

~-(8 H'>=O · A A' · · 
A= 1, ... , M, O.= 1, ... ,mi. 

.(8.I7) 

B llpOTl!B!!OM OJiy"iae ypaBH9HRII ( 8. I?) .ltaBSJm 6H HOBHe COOTHOmemm: 
Melr,ey . q. l! p t KOTOpm.m ,ltOJIJKHH 6wm 6HT:& .lt0llOJIH9HH OBII3ll 
(7.3)X~fiPl! BlliiOJIHemm CBJl3eii (7.3) Yp8BHBHRII (8.I6) ll (8.I7) MOlltHO 
nepenBC8T:&~O"i9Bl!,ItHO,TaK: 

x)MH npe,xtnOJIOlltWill BHatia.n:e •, liTO Ha6op cBJisel (8.9) nOJIHHI. 
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(U) · 8c · 
( 5A8A,H) ~ 0, 

co.) . 8c 
(. 5A 8A,8B) ~- 0 

(8,•!8) 
A,B,C= 1, ... ,M, (1:::·~ .... , m 1 • 

Tenep:o neperpynnHpyeM cBR:sH (7 .3) OJie]{yiOJilltM o6pasoM 12!{ 
(0.) 

Po.= 5A 8A 0,= 1..~ .. m1, (8.I9} 

..I2 dJ = 8mt+~ , !)..,= ~ ••••• 2 111~=· M~·m1. (8.2o> 

Y"i:HTHBrut (8.!8) l! npe,ItnOJIOllteHli8 0 or'oM, '!TO_ y MaTpHzm: (eA. 8 B) 
.mmebo 'H698Bl!Cl!MH llOOJI9JtHH8 2 tn2, OTpoR l! 'CTOJI6Jl)B, llOJIY'l89M .. 

. . <.P.n - P,..Q - tP,..O. 
(Pa..P~) ~ o, (Po.. H)~ o. \~,..Qcl)~0.<8 •2n 

k 
, cp.Q . 

. "(,(Ln II c..n d.. n, ')I\ ~ 2m2 • (8.22) 

a,, g = ( ...• m1 , dJ .p= C ... , 2m~ . 
Pas6HeJme .Hcxo,ItHoro Ha6opa' _cBR:sel 8 A ( q.., p ") , A= 1 , .•. , M 

Ha oBR:sH <¥o.(q.,t1 H.D.~<q,.p),. cor.nacHo <Jx>pf.\YJIBM (8.I9}, 
ecT:& pas6HeHHe Ha::oBR:sH nePBOI'O po,xta H BToporo po,xta. STa MacCH\llHita
~ onpe,lteJIJI9TCJI\Me.ltYJlltiiM o6pasoM. IIycT:&Mil-KMeeMHeROTOpHI Ha6op 
CBR:Sel l! TBOpmi 0 . BHpoJr.IteHHHM JiarpaHJDiaHOM. Crurn:& Meli,lzy £t l! p · 
HasHBaeTc.s: oBR:s:&JJ nePBoro po,Ita, eOJIH ee cK06Ita IIyaccoHa co BceMH 
.ltPYI'HMH OBR:9.11Ml'I 1!3 ,ltaHHOi>o Ha6opa l! 0 ItaHOHH"iBCKHM raMWI:&TOHliaHOM 
paBHa B OJia6oM cMHOJie HYJIIO (T.e. paBHa HYJIIO c ytieToM Bcex YpaBHe
HHit CBR:3BI 1!9 ,lt8HHOI'O Ha6opa). Cru!SH, KOTOpHe He Y.ltOBJieTBOp!DJT 8TO.-
l.\Y YOJIOmm, H83HB8DTCJI CBII3JIMH BTOpoi'O po,xta. 
. _CorJIBCHO 8TOl.\)' Ollp8,lteJI8HlUl CBII3l! cp Q. , Q. = t, ... , mt 
smJ!JD)TCJI CBII9JDAJI[ nepBOI'O po,Ita, 8 CBIISJI . ..(l d.- , cJ.., = I, ••• '. lm2 
- cBJmm.m BToporo po,Ita. 

3anHmeM ypaBH8HHH faMHnLTOHa (8.8) 0 HOBHM Ha6opoM CBHSel 

(8.!9)' (8.20}. 

~ = B.H. 4- \ il:i:n.: + u ·a n.d- ; 
dt. oPi ~o.oPi J~oPi 

(8.23) 
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rJJJ=- .Qll_ 1 1h _ p an~. 
dt d q.,( . o. a cri c1.J a q,t (8.24) 

ci>Q(!{-.p)= 0 > llo..<.!f.p)= 0) . 
i=( .... n, 0.= ~ •... ,m 4 ,cL=1 •.•.•. 2m:t, m1 +~m,.=M. 

B ClJJ!Y ypa:sae~mii (8.2I) cBJisl! nep:soro po~a <Pa<£t.p), ll = I, ••• , 
mi coxparunoTCH :so :speMeim, T.e. 

d<f>u(q,.P)= 0, l1=1, ...• m
1 (8.25) 

c ytie'l'oM ypa:sne~mii (8.23), (8.24). 
TpedoBaime, 'IT061l COXpaHHID!C:& BO BpeMeim l! CBIISl! B'l'Opol'O po~a 

£2._ ci ( cy, f) , dv = I, •••. 2 t11?., nosBOJJRe'l' onpe~e.mrr:r. 
MHOJ!tH'l'eJm Jiarpruuta [' a., (-f. ) , ~ = I, • • • , .. g m 1 B ( 8. 23) 

d Q"' = (n .~-.HI • }' Jl (SL.a.. ,Jl f>) ~ 0 . (8,26) 

CorJiacHo yCJioBmo (8.22), MaTpl!IJ;a 

l!MeeT odpaTnyD 
b.d.f= c..no..np '> 

. f ·. 
.. (i '\. (..D.. _Q_ "'\ -= b (8.27) 

.· J J. t r, .p I dv ~ • 

8To nosBOJISJeT sanHcaT:& peme~me JUmeiHHx ypa:sHeHRit (8.26) B CJie,IJ;YD!IeM 
~e: 

. -f . 

rd.=- ( ~ 1d.1 (SL. r· H 1 (8.28) 

-TaKBMo6pa3oM, 'l'pedyst, 'ITOd!l CBII3l! (8.24). COXpaHJtiDIC:& BO BpeMe

HJ!, Mil OM)rJIH onpe~e.mrr:& TOJIL.KO MHOUTeJIH Jiarpamta U.IJH OBIISJlX BTO

poro po~a B raMPtJI:&TOHOB!lX JPaBHelll!JIX ( 8. 23) • MHODTeJIH Jiarpmma . 

.A0(-f:) UJlli CBIISJIX nepBOI'O po~a OCT81l'rCSI COBepmeHHO ~-
MH. 

- C ytleTOM (8.28) ypaBHBIDm ,IOm!tBHJ!JI (8,23) nepeW!!C!lBall'l'CSI TSR: 
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dlti- ill:L -· oncL(ii!"" ri:L H '+ ' ~ at- BPi oP< 1ctp' p, 1 .Ao. oP-t 

d~--illi+ o.D.«-(111
) rn H)- \ ~ 

at- B.£Yi a q..~ CLJ~~f .An a.tt-i 

. Po.(q,.,P)= 0) .nrJ.·(q..,P)==O) .. ·. 

(8~29) 

(8.30) 
tn+2m=M .;, .. _-f,.·;~, n. a= 1, .... m1·_. cL,f '==.~ •.•.• ~m2 >' 1 -~ .. 

>'"'·~· . - ~ -. . ,.. .... --- ~ 
YpaBHeime (8.I3), Onl!CHBa:mtee SBOJIDIUnO Iio BpeMeim .m66oii @ynR-

mm YJ ( q,. p , i: ') , nplfimMaeT BH.z( • . 

f= f.t •(41. H 1- ( \11. Jl ... i<.E\.fC:Jlrl-l }+ (8.ar> 

. 'A r'+' r+-. ""' . a'- .-r0 1· 

C llOMOlll:&D qJoi>f'zyJI!l (8.3I) Jierko npoBepl!'l':&, 'ITO CBJISR (8.30) 
JIB.1!Jm'l'CSI mmapl!aHTJIOii CRCTeMOii MJI ypaBJleJmii·~BmteimJI (8.29) ~ T.e. 

nOJIHast · n.POl!sBO.ItHast no :speMeim oT ~YHRmtli 'P
0 

( £t. p ') , Q = 1 , ... , m 
1 

, 

.Jl ~ ( q.. p) , dv = I, ••• , 2 m R paBHa nyJID B cwry ypa:s- . 
HeHl!ft (8.29) H (8.30) • CJre.ztOBaTeJI:&HO 1 3TH CBJI3l! MO.lltllO paCCMaTpRBaT:&. 

" ' . ' . ~ 
Ralt Y CJIOBl!JI Ha HS'laJI:&HI:le ~aHH!le • 

YpaBHeHJ!JI (8.29) c·o ~Bllam.m (8.30) sa,n;am raMM:&TOHOBqOpMa

JIJ!SM ~ Cl!CTeM!l c cHHryJIJIPH!lM JiarpammaHoM. Ha,n;o HMeT:& B BH.It.Y, :'ITo 

CBJ!SH (8,30) HCUOJI:&3YIOTCSI TOJI:&RO UOCJie Bll'lll:CJieimJI BCeX CR060R !Iyac

COHa B YpaBHeHHRX (8.29) Rn:H (8.3I), TO ec'l':&'CBJ!SR. (8~30) JlSRna.ztU~ 
Bai>TCSI ~ CJiadOM CM!lCJie. 

ECJIH Mil mtTepec'YeMCH 'l'OJI:&Ro T8RI4Mli TpaeKTOPRSIMR B qasoBoM 

npcTpaHC'l'Be l}-.j(t). • P.t<.i) • .{ =I, ••••. n , .KO-:: 

'l'Op!le JieJitaT B no~oroodpa:llm, onpe.zteJIJieMoM YPaBHelmJIMl! CBllseii 

( 8. 30) , TO YPaBHellRJIM .ItBmteHl!SI ( 8. 29) MO.lltllo nplf,ItaT:& odll'llii:tli: raMM:r.
TOHoB ~: 

.£iii - ill:l * 
dt - a P{ • 

. . l( 

.4-t-=-illi. dt f}O~· . . . It 
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P a (If-, p? = 0 , Jl a.. (q_ . p ) = 0 , 
·-t.=1, ... ,n~·a.-=·i, ... ,m

1
, cj.;=-f, ••. , ~mR. 

· r.n:e 
(8.33) 

1-(= H- Jl«-(Ei)d.PCJlP,H)~ .Aa(t)Po.. ca.34> 
TaiGIM o6pasoM, HCCJie.I(oBrume .ItHHBMll:KH Cll:CTeMh! c BHpo~eHHHM 

~arpaHEHaHOM B IDa30BOM npoCTpaHCTBe CBO.I(ll:TCff K Haxo~eHKD T8KBX 

pemeimii 06H'!HHX raMMI>TOHOBWC ypaBHemnt (8.32), KOTOp!le Y.IJ:O~BTBO-· 
p.R'JIH 6!l·ll:HBaPHaHTHHM COOTHOWBHRIIM(8.33). Ec.m B. Teopo BCTI> CB1r-

3H ne pBoro i>o.n:a, To B I'BMWII>TOIDiaH H * BXOJtliT rrponsB~I>HHe ~HK-
mm BpeMeHH-J.Q(.t) ,. Q = (, •• ,m-f .• EcTBCTBeHHO C'Il'IT8Tl> 

qiliSH"'BCKHMH Ha6Jno.n:aeMI:lMH BMH'Il'!HaMll: TBKHe qiyHit!Um Ha · tPaSOBOM rrpocT

paHCTBe f ( ct. p) t) , KOTOpue He 3aBll:CffT OT MHoUTMeii .An ( t ) . 
3TH clJYHK!l)m .IJ:OJVJtH!l y.n:o~eTBO.PiiTI> YpaBHeHIDIM · 

-· 'P,Jl 
(f, Pu) ~ 0, O..=( .... m

1 (8.35) 

§ 9. CB.Il:3!> C IIOJ!XOJIOM llpipaKa, 3KBHB.aJIBHTHOCTl> raMMI>TOHOBWC 
H ~arpagieBWC ypBBHBHHii nBH!BHHH 

' 06o6~BHHBH raMMI>TOHOBa ~~-~ Cll:CTBM C BHp~eHHUMH· 
~arpaiD!til:!mru.m B rro.n:xo.n:e ,UHpaKa I cTpoHTCff Hec~:oKO HHa"'e no 

CpaBHBHKD C ll:MOlKBHHHM BHWe MBTO.IJ:OM, ITo 38.I(aHHOiey clmryJIJipHOiey 

~arpaHJKHruzy .I!HpaK onpe.n:eJIJieT rrepBnTIH!ie cBa:sl!: (5.5) H BHatmJie cTpoHT 

ypaBHBHMH .I(BHJKBHRff B cJlaSOBOM IIpoCTpaHCTBe C Y"'BTOM T~l>KO STBX rre~ 
BH"'HWC CBR3Bii • 

d&i= ill:l+ V.(l:)~, dPi=- _illj__ \)Ct)ilih, 
d t a Pi s a Pt. er-r a cri. s a lf< 

'i=t, ... ,n, 

(9.!) 

tps ( q.. p )= 0 , s = 1, ... , m . (9.2) 

BTOPH"'H!le CB1r3H B IIO.I(XO.I(B ,rtupaKa onpe.I(eJIJnOTCff C IIOMO~IO MB.IJ:YXll!leii 

HTepammHHott rrpo~e.n:ypu. BHa"!Me Tpe6yeTCJ! coxpaHeHHe Ha ID8soBwc 
TpaeKTOpRRx rrepBll:"'HWC CBR3Bfi 
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%ts = ( ~s .H ) ~ Ys·<.t,)(tJls • ~s') = 0 • 
·· S,S=-f, ... ,m. (9.3) 

3TH ypaBHBHER MOryT npll:BBCTH It.IIO~BHBD HOBWC orpaHH"'BHHI (CBa:3el) 

Ha .KaHoHH"!ecme nepewnmue q. B p · . .n:on~TMDHO K ·(9.2}. IIos-: 

TO!ey Tpe6yeTCR npoBepBTI> YCJIOBBe CT8Il;HOHapHOCTH B ~ HOBWC OBR3el, 

"'TO B CBOD O"!Bpe.I(l> M:>ZBT nPJl:BBOTB It CJIB.IJ:YIOOlHM HOBHM CBR3RM. B T •li• 
STa npou,e.n:ypa rrpoBO.IJ:HTCR .n:o Te:ic nop, rroKa He 6y.n:eT orrpe.n:eJieH n~ 

Ha6op cBa:sel. 

Y"'BTllBBH CBOitCTBa nepBll:"'HWC CM3el, YCTaHO~BHH!le B § 5, MOlltHO 

yTBep.ll,ll;aT:o, "'TO B rro.n:xo.n: ,UHpaKa H crroco6 HaxolK,IteHHR nMHoro Ha6opa 
CBa:Sel B paMK8X ~arprumeBa cJlopMa.lill3Ma, BMOl!tBHH!lil B. § 7, nMHOCTl>D 

SKBHBMBHTHH. C1re.I(OB8TMDHO, BCXO.I(HHMI! ypaBHBHIDIMH B IDa30BOM IIpoCT

paHCTBe, KOTOpHe ll03BOJIJIIOT BOCCT8HOBBTI> BCIO ,ItmiaMll:.K,Y, ~Cff YpaB

HBHHR (9.I) B (9.2}. JierKO llOKa3aTI> BX SKBHBMBHTHOCTI> ~arpaHl!tBBHM 
ypaBHeHHRM (2.3) •. ,lt1la: STOro nepei.I(eM BypaBHeiJH!DC (9. I) ll: (9.2) OT 

nepeMeHHWC q.. , p · It nepeMellimM. q.. , q.. o nOMOIIlDD onpe.n:e- · 

~eHBR (5.I). IloCJie nO.I(CT8HOBKK (5.I) B {9,2) rrepBH"!HHe CBR3K o6pa~ 

IllaiOTCR B. TOJI,ltecTBa no nepeMellHlD:! q, , 4- · . JtH@iepeiJD;Hpo:eami:e. • 
STBX TOJI,D;BCTB no q... .I(8BT COOTHOWBHBR (5,I!), C IlOMOIIIl>IO ROTOpWC 

MOimo BCK71D"'BTI> t 0~/0ih. BS B'.ropoA n~OBHHH ypaBJteHHI (9.I) 

.d.fi = - ill:i + ~ ( t) _a_t. BEl ~ 
dt B1fi s o Pj o £tt 

(9.4) 

Tenep:o onpe.n:eJIHM BTOpoe CJiaraeme B (9.4) us rrepooii n~oBBHH ypaBHe

HBI (9.!) B y"!TBM (8.2) 

4f1.- a P j . .rJ1J = _ illi ~ ·~ .a.EJ = ~ _d_· H ( q,.. p }= 
Uli ffi ut. ~i aPJ a lfi CI1Vi 

= _ .a..Ei. d ltj + a h. . 
a cri crt Olfi 

OKOH"'BTMI>Ho rro.njqaeaa ~arpanzeBH yp&BHemm .IJ:BmteHHR 

_rL(~ '- _B1_, dt a q,. ,_ a £lri 
t=f .... ,n. 
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YpaBHeHnH ~eHnH B wasoBOM rtpoCTpaHCTBe (8.8) BnH (8.!0) no

JIY'ieHHue C rtOMOllll>IO s®leKTJIDHOI'O raMllJll>TOllliaHa (8.!2), B .KOTOpo~ CTOliT 

cyMMa ncex cBHsett (nepnn'iHHX n BTopn'iHHX), n o6meM cnytrae o.ttasHBaJOT

CJt 60Jiee IliHpo.KHMH, treM ncxo,IJ,Hlle ypanHeHnH JiarpaHJKa - S1tnepa (2.3). B 

BTOM cnyqae HeR1>3H rtpoBeCTH paccy~eHnH, ROTOpHe rtO.Ka3SRH S.KBJIDaReHT

HOCTl> (9.!) H (9.6). neRo B TOM, 'iTO BTOPH'iHHe CBH3H,BXO~e B rtOJI

Hltlt Ha6op (8. I!), He 06pa!I18IOTCH B TO]It,Il;9CTBa rtOOJie rtO,ItCTaHOB.KH B HHX 

Ortpe,ItMeHM liMIIYRl>COB (5.!) t .Ka.K BTO m.reeT MeCTO WI.1I rtePBztnmX 

CBH3eA. ITOBTOMY BM9CT0-(9.6) H3 (8.8) IIOJIY'iaeM 

o = d ~)= B.h_ _ ~ ct)_cl w6 <.q,.p=~; . (9~?) 
1t dt Bq-i aq.t 16 dtti aq.(. 

r.rte CD0 <.CJ- ,f)= 0 . - BTOpH'iHHe CBHSH. O,ItHaKO Ha qmSH'ieCROM rtO,ItMIIO

roo6pa3HH wasonoro rtpoCTpBHCTBa ,ItOrtOJ!llliTeRI>HHe OJiaraeMHe B rtpaBOft 

qacTn (9.?) ncqesaJOT (eM. § !6). 

CTpoHTI> ypanHeHnH ~HXeHHH n qasonoM npocTpaHcTne c rBMRni>Tolllia

HOM (8. !2) O.Ka3HB86TCH Y.rt06HO B TeX 'cnytrMX, .KOr,Ita rtpHXO,ItHTCH nepe

XO,ItHTl> OT O,ItHOI'O rtOJIHOro Ha6opa CBH3e' .K S.KBHBBReHTHOMY rtOJIHOMY Ha-

6opy CBH36H (OM. § !6, a Ta~ ( 21 •56 ).llpn BTOM HeT He06XO,ItHMOCTHc 

B~eRHTl> B HOBOM H'6fPe CBH3H, COOT~6TCTBYDmH6 HCXO,ItHHM rtepBH'iHUM 
H BTOPH'iHHM CBH3HM , 6 • 

§ !0. C.tto6KH liHpa.tta 

ECRH B T'~ eCTl> CBH3H BTOpoi'O po,Ita, TO.Y,It06HO HCIIOJ!l>30B8Tl> 

c.tto6KH .Itl!pa.tta • OHn cTpoHTcH OJie,ITJmtm4 o6pasoM. JlycTI> MH HMeeM 

z m 2. ' CBHSeA BTOporo po,Ita 

_flcL(q,,p)=O, ~=( .... 2ml, rn~ < n ... cro.n 
'!JROJIO CBHSeft BTOpoi'O po,l.\~ B TeOpmi Bcer.rta 'i6THO/I/ • B rtpoTHBHOM 

ciJry'!ae cpe,Itl'I aTHX cB.A:seil 6wm 6u CBHSH nepnoro po.rta. AHTl'IcHMMe'Tpnq

HM MBTPHII/3 pasMepHocTJJJO lml x ~ m 2 , cocTBMeHHM Hs c.tto6oK IIy
accoHa cBHsen (IO.I) 

6cLy= 1/(.Il.~...SLp)/1 >. (!0.2) 

HMeeT o6paTeyro 

-1 - ~ 
C.. 6 1d.p 6.Pr- ~a- (!0.3) 
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T8K: 
CK06Ka .Itl!pa.Ka ~yx \liYHKmtil T ( q,' p ) n 9 ( q;, f J onpe,IteMeTCH 

~ -f ' 

(~. n=ctn- (tn J.x~ )J.Pc_o_r n (!0.4) 

CR06KH .Itl!paKa rtO,It'mHJIIDTCH BCeM rtpaBJr.i!aM, KOTOplle CrtpaBeWIHBll ,IT,7lii 

06H'iHHX OK060K UyaCCOHa. 0Hn aHTHCID~~eTpH'iHH OTHOCHTMl>HO CBOHX 

apryMeHTOB, JmHeimu no HHM, ,IT,7lii Imx HMeeT MecTo npaBJuro nponsne.rte
Hd 

~ -If * 
\ ~~ 4~ > ~ )= ff· ( fl, ~ -y .. ( ~1' ~ ) l2 (!0.5) 

H OHH Y.ItOMeTBOPmoT TOlf,II;eCTBY H.Ko6n 

(\f) ~), ~ ) + ( ( ~ ) ~ { f )+ ( <J ,f), 9 )i( ~· 0 ; (!0.6) 

. BammM HBAA6TCH TOT qaKT, trTO CK06KH .I(HpaKa,. rtOCtrl'ITaHHHe ,IT,7lii 

RIOdoil OBH3H BTOporo po,Ita (IO. I) c rtpoH3BOJIJJHOJi qJYHKtmeA ~ ( q.., p ,J, . · 
T~9CTB9HHO PaBHll HYRIO • ' ' ,: ' ' ' .. ' 

' ' -~ ' 

(llcl.~<.q.,r))~O. ~=1, ... ,Zm~·- (IO.?) 

8To 03HatraeT t trTO Bee CBH3H 2-ro po,Ita MOJKHO rtMOlltl'ITl> paBHllMH 

HYRIO ,ItO BH'DIOJieHHR: CR060K .Itl!paKa (IO. 7) llJil'I, .KaK roBOPHT B .3TOM 

cny"lae,oBHSH BTOpoi'O po,Ita MOXHO HMOlltl'ITJJ B CRJII:,HOM CMllOJie. 

CR06KH ~~.Ka .rtonyc.KaJOT OJie~peyro Rpacnnyro reoMeTpntrec.~cyro HH-
TepnpeTa:miD 

2 • .Itl!@>epeHmtaJI Of . RJ06oi1 cpyH.Kll;lm ,Itl'IHaMH"lecKHX 

rtepeMeHHllX .··f( q.,p) . MO. JKHO paCCMaTpnB~TlJ RaK B9KTOp, KOOP,ItHH8TaMH 
ROTOporo .HBJIR:!lTCH trSCTHHe rtpoi!SBO,Itlllle f no KOOp,Itl'IHaTaM wasoBOI'O 
npocTpaHCTBa 

d/ = a% d q.i + H; d P; ( !0.8) 

CR06KH JiyacicoHa (5.!4) MOryT paccMaTpnnaTI>CH .ttaR 6BnHHenHM ciJopMa 

-Ha aToM·ne.KTopHoM npocTpaHCTBe. BeKTopu d.fl cJ.. , t1v = I, .••• ,2m
2 

06pasym rtO,ItrtpoCTPaHCTB01 l'I Mil MOJKeM CTpaHTJJ opTOI'OHMl>HOe .K HeMy rtO,It

rtpoCTpaHCTBO, 06p830BSHHOe BCeMH BeKTOparm, ID<ieJOOtl'IMH HYRenyro CR06Icy 

llyaccoJia, C .K8Jt,ItUM BeKTopoM d.fld. , d.- = I, ..• , 2_ mil 
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' 
EH.mmeilliasi ilJopMa, sa.rtaBaeMM: cKo6Koii IIyaccoHa n paccMB.TpnBaeMM: 

HS IIO,ni!poCTpaHCTBB BBKTOpoB d.fL cL , rJ.- = I, • • ~, 2 m 2 1 

HBBllpolK,IteHHasi. liOSTOL\)1 Bee IIpoCT~CTBO BBKTOpoB df BOT:& 

np!!Masi cyMMB. no,nnpocTpaHCTBa { dil~ , d.•( ... , 2m 2 } n Bro op-

ToroHaJI:&HOI'O ~OIIOJIHBHRII. CK06Ka ,UlilpaKa BOSHJilrulBT npn IIpoBKTHpoBaHm.! 

Ha aTO opTOI'OHaJI:&Hoe ~oiiOJIHeHHB. IIpoBKD;WI df, · O'!B~o ... sa.rtaeTCJi 

ilJoPL\YJIOit 

df = df c (f ,ll ... )(i\.p d..O.p . (!0.9) 

BBKTOPY df
4 

COOTBBTCTBYBT ~KIJ;WI KaHOHH'!BCKBX IIBpeMBHHUX 

~ . . -t 

f = f- ( f,ilc~.. )(~ )cLP..Q p. 
(IO.IO) 

CK06Ka ,Ulilpru<a ~yx .tnmaMK'lBCKWC IIBpeMElHHUX f n ~ paBHaB 

CJia6oM CMUCJie cK06Ke IIyaccoHa me npoBIW:Hit 

* JCL ~ . ~ <J ~·~) -~ ( f, ~ ) . (IO.II) 

YpaBHBHHH ~HHH B qaSOBOM npocTpaHCTBB (8.29)-(8.3I) MOEHO 

IIBpenncaT:& c HCIIOJI:&SOBmmBM CK060K ,llltpaKa ( IO. 4) , 

~ = ( 'h.H )*+ \\t) Sta ' 
!l..t.. * - . 
·dt = (ft.H)- .Aa\t)~, 

4> (l ( CV, r)::: 0 > .1l ~ ( q,., p ) : 0 I 

(IO.I2) 

(IO.I3) 

{, = i ..... n • a.= J, ... • m 1 , fk = i ..... 2 rn lt ., 

dlf\'U ,t)= f.t + <._If!, H )•+ 1a<.b( \(1, <Pal 
(IO.I4) 

§ II. CBilsn. JIBHO 3aBRCRlilliB or BQBMBHB 

ECJll[ liCXO,ItHUit BllpoJK.nelU!ldi JiarpammaH JIBHO SaBRCHT OT BpeMeHB 1 

, TO H_ CBJISH_ B TSKOit TBOpmi MOI"JT ~O.l(eplEST:& BpeMJI JIBHO. Mil Ilpm3B~BM 
3~BC:& OCHOBHHB ilJoPL\YJlll 06061ll9HHOro raMWI:&TOHOBa ilJopM8Jlli3Ma, Y'!JiiTU

BalllltHe JIBH,YIO samtciD.toCT5 OT :>pet.te1Ut CBliSBit 

rh c -~ p t ) = C :i = I ... , m,· ':l:'n- , , .. (II. I) 
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,._ 

n ( q, P t)= 0 ~ ~ i .... , ·Zm t) .-~L~ . , , . • .· ~o. 
(II.2) . 

YCJIOBllll (8.2!), onpe~ElJISmllliB OBliSH IIBp:eOro po~a,TBIIBP:& SaiiHCI:lBIUJTCJi . · 

TaK: - ~ <P..u - · : 4>.n · 
(_ p 0. > ':t"g) ~ 0 J ( 4> 0. >_a 0.) ~ 0 I 

o_Pa + ( 4?, H ")P~ 0 
{II.3) 

YpaBHBHHH {8.28), onpB~BJLRD!IliB MHOlltliTeJII . Jiarpa!D!ta npn cBllssa: BTopo

. ro po~a , npmmMaiOT BH.It . 

u <..t)=- r ~~1 [r.n. H'\ + one] . -
J c1... " d.P ':: p· ·-' at 1 • 

(II. 4) 

CoOTBBTCTBBHHO ~·Mo,$@Un'IpyJOTCJi _H ypaBHBHllll ~IDKBHllll {8e29) 

Jih_ illi _ an~ (&1
)' [r n H)+ a.O.p] .... \ rJ.)ah · 

dt -a Pi 1fi5i o.p " p· - ot · J\Q'L a Pi • 

d.fi=- gH.+ o.D..~(j~/) [(.fl H)""' 0..0.~ ]- _x <t)ocp!7<r,I~ 5> . 
dt u q,l a q,.t _ . o.p . ·r . at _ a a q... . .-

<f:>n(q,.P,t)·= 0 • ..0.6-(ll--,P.t)= .. O 
i""1, ... Jl ~a.= i, ...• mi, c~.,= ( ... ,2m 2 . {II.6) 

8TH ypaBHeHllll IIOTpe6yDTCH HaM IIPH pacCMOTpeHIDI KaJIR6poBotiHHx YCJIOBKA, 

JIBHO SaBE:c.antHX OT BpeMBHH. 

§ I2. KaJm600BO'IHUB yCJioBllii:B 0606DJBHHOM I'aMM:&TOHOBOM 

' dioJ:UaJmSMB 

ECJIH B TBOplm BOT:& <lBli3H IIBPBOI'O po~a, TO ypaBHBHllll ,ItB.l'OieHHH 

(8.29) CO~BpzST !WH.ICIIliOHM:&Hlilt IIpoHSBOJI, a HM:eHHO ,- MHOlltliTBJIIII Jiar

paHJita jQ(t),Q.:( ... , Yn4 IIpn STHX CBJISJDC OCTaiOTCJi HBOIIpB~eJieHHMK. 
OTOT npoHSBOJI K>ltHO y6paT:r:., H~OlltliB ~OIIOJIHHT.eJI:&HO K. CBJISJIM (8.30) 
Bille m1 YCJI~BHit Ha q, n p 21 _ . · . 

. . 'X,n('t,P,t)= 0, ll= i,- ... ,m;. {I2.I) 

YCJIOBlUI (!2. I) ~OJiltHll Y~OBJIBTBOpsiT:& Tpe60BaHHIO 
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I. 

detjj(%n~Ps)IIIP=it=~= o 
a, . ~ = ~ • •.. ' mf . 

. (I2.2) 

TonbKO n.aToM cnyqae ypanHeHnH 

-ftn-= 66\" • CJ,u,H)- CX.u,il .. X&\.pCQTH )• 
. -+ ). (t)(l ...h '\ = 0 . (I2.3) 

~ a•'±"gJ 
. a,~=i, ... ,m~,o(,.p .. 1 .... ,,2mlt. . 
II03BOJliiiOT IUUiTl'! nee .MHOY.tltTeJili J.Cl.(t) I 11 = I, •••• m. 

--1 (fX,& -· 
~n(t)=- (~ \~L at+ (%~)H')~ CX&>Q~(L\ tf}'H~~I2.4) 

r,I(e 

c.}~~-·)o.t (Xt>~) ·= ~a~·. (I2 .. 5) 

YCJio:inm (I2.I) ,ycT~e B o6o6UleHHoit.rruiwr:&TOHOBoii .ItHHaMHKe 
qiyHI<ItaOHaJI:&Hlnl npoHsBoJI ~o6wmo HasHBaJOTCJI ~6~no"!HHD.m YCJIOBIDIMH.· 
STO 06~CHHBTCH T8M1 qTo TaKoft IIpoRSBOJI BH3BaH CBHSHMR IIBpBoro po.I(a, 

KOTOpHe JIBJIJDOTCH1 KaK npaBWI0 1 OTpalltBHRBM RHBaPRaHT~OeTR TBOPRR IIP11 
npeo6paso:sammx KoHqmrypaiJ;HoHHoro npoeTpaHeT:sa, eo,I(e.PJ1t81limc npoRSBOJI:&
rute fPYHKD;Im BpeMeHR (eM. § 3). Ta.KHe npeo6paso:saHnH n Teopm c BH
po~emlm.m JiarprurjmaHaMH IIpHHHTO. HaSHBaT:& RaJm6poBO"!HHD.m (eM. § 4). 

Jii3 ( I2. 4) CJie,IzyeT BHBO,I(: .eCJIR .KaHOIIl{qeeimit raMWI:&TOHRaH TOJK,D;eeT
BBHHO paBeH HYJIIO (BHpoJK,D;eHHHe Jiarpammarut, .IIBJlJDaltHBCJI O,I(HOpo,ItHHMPI 
qiyHiw:wn.m nepnoft CTBIIBHR . IIO eKopoeTHM) 1 TO KaJil16poBO'lHUe YCJIOBR!I 
(I2.I) .I(OJilltHH HBHO 3aB:HeeT:& OT BpeMBHR. 

§ !3. HesaB:HeRMHe .KaHOIDfqeeRHe nepeMeHHHe z penyKuag 
raMWI:&TOHOB!lX yoaBHeHHI .liBlptBHWI 

Kax 6WIO IIOI?i3aHO B § 8 11 I2, OeHOBHO:ft Oe066HHOeT:&Il TBOP:Hft C 
BHpo~eHHHMR JiarpaHJKll:aHaMH JIBJISIBTCJI. TO, qTo (fJRs:aqee:KaH ,ItHHSMI!Ka pas

~ BRBaBTCJI He BO BeaM cpa30BOM npoeTpaHeTBB r 1 a TOJI:&KO Ha ero 
H IIO,ItMHOroo6pa3Jm r * , onpe,neJIJIBMOM eBHSHMR (8.a0) :H KaJI:HCSpoBO"!HHD.m 

YCJIOBrun:m(I2.I).PasMepHOCT:& r* paBHa 2(n-mrm~'). CynteeT
BemiO, qro qmsnqee:KaH ,n:miaMHKa Ha r * · raMJm:&TOHOBa 1 T • e • OHa OIDI-

. cHBaeTCJI raMWI:&ToHonoit c:acTeMOit :as 2 (n- mf- m~) ypanHeHR:It e HeKOTq-
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pHM aiJxlleKT:HBHHM raMHJI:&TOHl1aHOM. 'tfl1CJIO HesaDUCllMllX_ KaHO~ecKnX KOOp
,n;miaT Ha r• paBHO dimr*= Z(n-mf-m~). B ,I(aHHOl~ naparpaipe Mil 
,I(OKalltBM 3TH YTB8pllr,ll;8Hnff WIJI T80plm 1 ·ID.!811lll8H TOJI:&KO. CBH311 IIepnoro po

,I(a, a KaJI:H6pono'lHlle ycJ:roBRJI ( I2. I) nu6epeM mmOJIDT:HBHID}g/e]KJ]y co6oii. 
JiiMeHHo TaKeR cnyqail: 'lalllB ncero BCTpeqaeTcH ·n npaKTl1Ke 3 • 06mee :ac

CJie.I(oBaH:He 6y.I(eT npone,I(eHo n § I6. 
JiiTaK, Mil paeCMaTp:HBaeM CliCTSMY 1 OITIICHBaerzyro BHpoF;,IJ;eiDUlM JiarpaH

JmaHOM1 li KOTOpoii HeT CBH38i!: BToporo po.I(a 1 a ID.lMTCJI TOJI:&KO t11 1 
qiyHKIJ;HOHaJI:&HO H83SBHCHMHX CBH3Sit nepnoro po.I(a 

c:p a ( £Y, p ) = 0 • a. = ~ ••.. , m 1 ' 
, (I3.I) 

<:P 
(Po.<. ct.P\P~<.If,P)) ~ 0 

:P 
• (ci>~(Q,,P),H<..lt,P1)~ 0. <r3.2) 

1!T06H 3alfmKCHpoBaT:& @YHKIJ;HOHaJI:&HHii npol13BOJI B Teopmt, lla I~imo-
~eCim:e nepeMeHHHe t}- :H pI }\aima,I(HBaeM, .nonOJIHHTeJI:&HO K ( I3. I) , 
m i KaJI:H6 pono'IH!lX y CJio.BHit I • 25/ . 

'tij( £t,P,t)= 0, U.= ( ...• m1 . (I3.3) 

Ka.Jm6 poBO'lHU8 Y CJIOBRII ( !3 • 3) II03BOJIIDOT onpe.I(MHT:& MHOlmTeJili. JlarpaH
JKa j 0(.t), 0.• ~ •... , m{ . llpR eBH3SIX IICPB2!'0 _rx;,I(a B ypanHeimsJx J(BIDKe..:. ' 

HM (8.29), e~ (.mt x mf) MaTpnna f::l c SJieMeiiTar.m 

~a~<-~.p.t)= (ho<.ft,p,t),~f,(q,,p))' 

a.~=~ .... ,·m 1 
HeB!lpo~eHHSH no nceM wasoBoM npocTp~HcTBe 

detll"&a&II.+·U. 

( I3. 4) 

(I3.5) 

Ji!s ( I3. 5) , n qaeTHOCTR, CJie,n:yeT, qTo KaJin6pono'lHlle. yCJionru:r 

't
0
<.q.,p,"fi) ,I(OJilKHI:l 6HT:& qJyHKIJ;HOHaJI:bHO He3aBHCl1!.nooi, Ta~ KaK 

- -wx J .all . 6. o - ·r a .1 • (I3.6) 
Qb . . z . }'"' l y 

r.I(e J. ~~ n.&~ m 4 • 1~]-'.v'-n. . 
- · e~SH eRMIIJieKTnqecKrui MaTpRna, paauepoM (.~n x l n )-
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2 
J= ( 0 I·\ det J + o 

-I 0 ) ' 
J =:_ 1, (I3.7) 

l - e,Itmmtmrut MaTpnu,a pasMB.IJOM (. n )C n ) 
Bcex l n ·. RaHOHli'IecroJX nepeMerurux q, , p 
HO:li 6yKBO:li Z : . 

CoBOeyiiHOCT:D 

o6osnatrena o.n;-

·f. f 2n f n i n z = (l , ... . l )= <J·, ... , CJ; .P, .... P ) . <I3.8) 

. . 

.Itlm: .IJ:aJI!>Hefuuero y.n;o6Ho CtmTaTI>, 'ITO qJYH.KD;lm kQ (I},P,t), ll•i, ... ,m( 
HaxO,ItliTCJI B HHBOJIJOiijm B CH.JI1>HOM CMllCJIB 

('X10 (q,.r.t). 't! cq,.p.t)) = o . 
o..~= 4, ...• mf. 

CorJiaC~O HSJIO.lltBHHOMY B § 8 li B§r2, ypru3HeHRii .IJ:BDBHRii, 

(!3.9) 

OIIHCH-

BalaltliB ,ItmlaMPI.Icy B i.{JaSOBOM II.IJOCTpaHCTBe, l'!MBIOT ~ 

~= ~i~ ~(il-)n~l~~t • ('X,B,H)j, 

.rlh =- .ill:i + lli (~) o [ill ~ (_X,,. H)] 
dt · a £Yi o q,._ ob at o 

(!3.!0) 

9?a(£t,p)= 0 , JL 0 C.q,.p. t1 = 0 , 
{,=1, ...• n. a.,g=1 •.... m1 • 

(I3.II) 

ilOJIHrut II.IJOHSBO.IJ:HSH IIO BpeMeHH II.IJOBSBOJI:DHO:li ~H.KD;lm Ha i.{JaSOBOM 

II.IJOCTpaHCTBe \{J ( q., r, t) sa.n;aeTCJI flloPMYJIO:li 

~:: R +(_\}',H)- (.'I-', 4'n ;(~-)aB(~t& +(X,gJi)]' (I3.I2) 

. n.&=i, .... mf. 
C IIOM011l1>ID (!3 • .!2) JierKO IIOKaSaT:D, 'iTO YCJIOBHII (I3.!I) corJiaCOBSHH 

c ypaBHeH:I!!liMB .IJ:BDe.HBJI ( !3. IO) B ToM CMI:lCJie, 'ITO ( I3. II) sa.n;aJOT HH-

Bap1!aHTHoe. IIO.IJ:MHOI'006pasne r • paSMBpHOCTlt ~ ( rt- m f) WJ.11 
CBCTBMI:l (!3. !0). JIID6rut qJaSOBrut TpaeKTOPBJI, l'!MeJl!ISH XOTJI 6H O.IJ:HY 06-

. ti lllYJl TO'iicy C r' , IJ,eJillKOM JIEmiT B rfl . ITOSTO!zy YCJIOBHII ( I3. !I) 
!.mtHO TpaKTOBaT:D Ka.K YCJIOBIDI Ha .IJ:aHHHB Kollll! WJ.11 CBCTeM!l (!3.!0). 

Hs YPaBHemnt (!3.!0) BH.IJ:HO, 'ITO B TOM c.n:yqae, KOr.n;a rm.mJii,ToHH-

an H TQ.11t.IJ:ecneHHo panel! lfYJIIO (;rarpaHIGian, O.IJ:HO.IJO,Itlml no cKopoc-
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Tffi,!), KaJIH6poBotnrue YCJIOBll!I (!3~3) .IJ:OJIJKilll o6nsaTeJII>IIO SaBHCBTI> OT 

DPBMBHH .R:BHO. 

ECJIH MH IDITepecyeMCJI ,ItmlaMPIKOH He BO BCBI.I 4::>aSOBOM II.IJOCTpaHCTBB 

r , a Ha IIO,JtMHOl'006paSHH r * , sa.n;anaeMOM CBIIS.fiMH ll KaJlll6-
.IJOBO'!HllMli YCJIOBll!IMH (!3. II), TO ypa:BHeHRii .IJ:BIDKBHHR ( !3. IO) MOJKHo ne .... 

peiiHCaTI> B .fiBHO raMRni>TOHOBOM Bll.IJ:B 

. * . * 
_d_h= ill:!., dPi = ·_ ili:i , t= 1, ... ,Yl. 
crt ap. dt aq-, (!3.!3) 

<Pa (cr. r) = 0 • ~ Q (. q,, p ·~) = 0 . 
· a, = i , ... , m1 , 

r.n;e o6o6meHHHil raMRn:DTomran onpe.n;eJIJreTcSI {fx>przyJioil 

(!3.!4) 

lt . _ _ --i a'l& 
H(q,,p ;i:,)- H • rl>a(~.'\J [ Ot + (l g .H)} . cr3.I5) 

!IO.n;MHOI'006pasne r , S?.IJ:aBaeMOe ypaBHBHll!IMH ( !3. I4)., OCTaeTc.it HHBa;.. 

pllaHTHHM IIO.IJ:MHOroo6paSHBM (eM. ilpxHOXBHHeA)n ~ raMRn:DTOHOBHX ypaB

H6HliH ( !3. !2) • 
. ECJIH ~ RaHOHli'IBCKO:li Cl.fCTBMH C z YJ ypaBHBI!ll!IMH HSBBCTHH 

k (k 4 VI J TIBPBHX HHTerpaJIOB llJill ID!BapltaHTHHX COOTHOIIIeHH:li, HaXO,Il;II

IllliXC.fi B liHBOJIJOIOm, .TO IIO~Olt T,t?KOil CHCTBMhl MOJKHO IIOHHSI.fT:D .n;o2(n-k) 

(TeopeMH c. Jill:, .IIHyB:wJJISI 26 •271. '-ECJIH xe Hepnue. HHTerpaJIH :wm mr

BapHaHTHHe cooTHomeHHR HeHHBo.m!YrHBiiH~ TO c IDC HOMOIIli>ID TIOPR.IJ:OK raMwu,.:.. 
ToHoBo:li cHcTeMH noiDOKaeTCJI .n;o l n- k . IIpn aToM fleo6xo.nmro HMeTI> 

. D BH,I(y, 'ITO liCTIOJI:DSOBaHlte ,It.7ISI pe.IJ:YKIUm RaHOHWIBC.KOil CliCTeMil nepBHX 

miTerpaJIOB IIPlJBO.IJ:HT It KaHOIDI"iecKOil cHcTeMe, o6lllee pememre KOTopoil, 

SIEJISieTc.fi o6IIIHM pemeHHe~ ncxo.n;HHX. raMHJII>TOHOBHX ypanHeHHfi. EnnH xe 

WJ.II STOll UBJill liCIIOJII>SYIOTCJI HHBapiiaHTHHe COOTHOIIIBHllli, TO 06Dtee pemeHHe 

pe.IJ:Y~.IJOBaHHO:li CHCTBMhl SIEJISIBTC.fi HBKOTOpHM 'iaCTHHM pemeiDieM HCXO.IJ:HOil· 

rm.mJI:DTOHOBOH CliCTeMH, a liMBHHO TaimM pemeiDieM, KOTOpoe UBJIHKOM Jie

miT Ha TIO.n;MHOl'006pasHH qJaSOBOrO npocTpaHCTBa, sa.n;anaeMOM HHBap1!aHT

HHMH COOTHOIIIBHllliMH • · . * .: 
B pacCMaTPlJBaBMOM HaMPI CJIY'Iae HMBHHO STO rrommoroo6pa3lt6' r , 

SIEJISIBTC.fi qJHSlt'iBCKRM qaSOBHM rrpocTpaHCTBOM. ~TOdH B~arrltT:D ltS Bceil· 

ratmJII>TOHoBoil cHcTeMH (I3.I3) Te ypaBHeHllli, KOTopue OIIliCHBaJOT .n;Rna
MHKY Ha qJHSll'IBCKOM qJaSOBOM IIO.IJ:IlpoCTpaHCTBe r if . II COXpaHHT:D IIPH 

STOM RaHOHWIBCKHil BH,I( pe.n;y~poBaHHOit CHCTBM!l, l!BOOXO.Jn!MO BHIIOJIHHT1> 

mOHH"iBC~Oe npeo6paSOBaHHe IIepeMerurux q. ~ p . CJie.IJ:Y.R: pa60T6 

2 , STO IIpeo6paSOBaHHB B!l6epeM Talt, 'IT06H JieDUB "iaCTli RaJIH6.IJOBO'i

HllX YCJIOBHil (!3.3) IIpeBpaTRrrl!C:D B 'iaCT:D HOBHX ROOp.IJ:HH~T 
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Q -Q .L (i)_g:>· .L. 
ci- J.cq,.p,l/) , !1~- d.(q,.p.v), (I3.I6) 

cL = .f •• •• , n- m1 , 

Qn-m:a x,aGr,f.+,), ~-m1""~ ff%.mla<Cf.f.i),<r3.rn 
1 . U=-l, •.. ,m1 ~ 

(I3.IB) (Qt. ~ )q.,p =: ~\j . 
KoHKpeTHillt Bn.rt <liYHKIWii QtL Cq..p,iJ) , ~ ( q., p,t,) . 'H ~-~+o(!J-,p,i,) 
HaM He noTpe6yeTCJI. GYIIleCTBeirno JimiiO, 'ITO KaHOHH'IecKOe npe1o6paso
BaHHe (I3.I6)- (I3.I8) HBHO 3aBHCHT OT BpeMeHH, TaR KaK HBHO 38BH
CJIT OT BpeMeHH KaJIH6poBO'IHll9 Ya.7IOBRII (13.3). J1peo6paSOBaHHe (I3.I6) 
- (I3.I8) 6y~eT KaHOHHtiec.tmM, O'Ie~o, TOJII>KO UPJI BllnOJIHeHHH yc
JIOBWI (13.9). 

CylllecTBOBaHHe TaKoro npeo6paso~ ~omsHilaeTcs:t an:e.u;yDitRM o6-
pasoM. l!acT:& npeo6pasoBaHRR: sa.naeorcs:t KaJIH6poBo'!HllMH yan:oBRIIMH 

Q.n_;.u·~nccr.r.tl), o.= 1 ...... m~ ,. 
. 4 

KOTOplle C'!HTruoTCJI HSBeCT.HllMH cWHKUHSIMH, Y~OBJieTBO~ (13.9). 
HOBaJI KOOM:HH8T~ Q1 <.Cf,p ,t) onpe~~eTCJI KaK p~meHHe CHCTeMll m{ , 
JmHeibmx: o~opo~ ypaBHeHHi! B .'IaCTHHX. npoHSBO~ nepooro. nopmKa 

'.... lit . 

<.. ct)x;··c) = L. e:aa~ a't~ - ~ a~~ ) = o 
. f . a.. t- f a q.~. a Pt. a pi. ~ I 

- (I3.IB ) 

. a.=~···:• .. 7'Yl~. . 
ECJIH ~H~ X0 ( q.,p. t) cWHKUROHM:&Ho HesaB:HclfMll, To· ypaBHelmli 
(I3:ra ) JmHei!Ho uesaszcm.m. KPoMe Toro, ~CTeMB ypaBHemdt (I3;rsi) 
6Jiaro~aps1 (I3.9) JIBJIJieTcs:t nOJIHoi! CHCTeftl>l'521, T.e. o6palllamcs:t TOJt
~ecTBeHHo B HOJI:& an:e.ztYD!lHe noBTOpHHe cK06IGI IIyaccoHa: 

(~s,(G, ,'La))- ('Na .(Q• .'t& )) =. . . 

- ( "'v & • ' ( 'ta • Q 1 ) ) . - ( 1v u • ( Q.,. • "L & ) ) = C. Q 1 • ( 1v a .1 ~)) = 0 , 
a.,~=(~ ..... m,. . . . . 

3~ec:& Mll .BOCUOJII>SOBaJil'ICI> T9ll,lt9CTBOM HK06H ~ UOBTOpHHX CK060K Jiyac-
; COHa/O~~JIOJIHast CHCTeMa, .KaK HSB9CTHO/S2/,HM99T G(11-h1.)pemeHWI.JlJo60e HS 

HWC· MOlKHO BSJlTI> B Ka'!BCTBe Q/~ ,p;t.) .,na.nee 9TH paCCYll,ltBHWl UOBTOpmoTC.II 
DpH nocTpoeHHH Qt.(~,p,-l)c ~06a!VIBHHBM K 'X.o.(~,p,t), a. = I,2, •••• ~, 
H~eHHoa cWH~ G 1 ( q,. P, t) . TaKliM nyTeM CTpoJITCJI Bee cWHKDJm · 

48. . . 

Q.IL ( ft, p, t) , dv = I,2, • •• , n- tn i B (3. I6). CylllecTBOBrume 
fi) .j._ • 

cWHKURil .'lj,('Y.f,v) , t-. = I,2, ••• , 'J1.. B (I2.I6) H (I3.I?) 
an:e~eT Hs Teopew o nonOJIHeHHH (eM., HarrpnMep, /54/). 

KaltOHH'IeCIGIB npeo6paso~ THIIa (I3.I6), (I3.I?) paccMaTpHBaiOTCJI 
B TeOpHH cWHKUROHaJII>HHX rpynn 28/. 

I'aMlt7.l:&TO~OBll ypasnemm ( I3.- I4) , CBJI3II ( I3. I4) sarmcllBaiOTCJI 
Tene p:r. T aK : 

dQt_ ii1L_ ·~-- _BjfL. 
~- BPi • dt - BQi, (I3.I9) 

_{,=1, ... ,t1, 

4?u (.Q ,P. t ):: P a<.. CfCQ,J!.t1.-pCQ .P.t 1) = 0 , (13.20) 

Qn 
0
= 0 U= ( ... ,m 1 . (I3.2I) 

-m+ ' s 
3~ec:r. 'Jl, ( Q ,P;~) - HOBll:ll: o6o6memmii: raMli.JILTOHHaH, orrpe~eJUieMll:ll: 
<liopteyJIOii 

~ 

1t (Q.~ t )= He CJ-ca.~t). Pea ,P. t) ,t }+ Rco.~t). (I3.22) 
<Pj'H~ 

q,<cQ.P,t 1, P1. ca~.P. t )., 
t"'i, ... , n' (I3.23) 

sa~aiDT npeo6pasoBaHHe, o6paTHoe (I3.I6), (I3.I?). BTopoe cnarae
Moe :B (I3.22) o6yan:omreHo HBHoil samrcnr.~ocTLIO KaHOHH'!ecKoro rrpeo6-
pasoBaHHSI (I3.I6), (13.17) OT Bper-.mmr. 3Ta ~o6aBKa.K rar.!llJI:&TOHIIaHY 
onpe~eJISieTCSI cne~DI!lHMH ypanHeHlUU~: 

BRca.~.t): BOi.tCf.P.t 1, 
o!fi at . (I3.24) 

BR<.Q,P.t1=- .af.i<£t,Pt1, ,;=~ n a Q i at ~~ ·· ... · 
J1o,nMHOl'006pas:ne r -If , ·s~aBaer.~OC D neper.ieHHUX a , p 

ypaBHeHHSIMH (13.20) 1 (13.21) 1 O'ICDIU\HO, OCTaCTC.II mmapHaHTHllM IIO~
MHOI'006paaneM raMlt7.l:&ToHoBOil CHcTeMu ( I3. I9). Paccr.mTpHBM nepnyro no-
JIOBHHY ypaBHemdt (I3.I9) rrpnt=n-mtO., O.=~ ..... m,. , uOJiy'!aeM 

d Q n- !!i,•IL = d 'X, ~I}, p ,t) , 81(, cJ?& ,p n·mt& Q 
dt t BPn-m+a (I3.25) 

. f 

a,,&=~ .... ,mf. 
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}I.Jul onpe.tteJieiDI.a: iPYHI<nd ~-m,.0cD·), Q..=i,:t, ..•• m~ HeT' Heo6xo.ttmi)OTK 
paooMaTPl!:BSTL cooneTcTBYl!JIIl!:e raMWILTOHOBH ypanHeiDI.a: .ItBDeHH.II 

dJ'n-m,•a =.,. 81{, ~LQ!t.m,•& Q 
dt a a n-m,•a roJ , 

. a..~; i. ~ ..... 'tl'lit •. 

IDe npollle OIIpe,!teJIKTL HS ypaiiHeiDI:it CBIISel ( I3.20) • JleiOTBl!:TeJ!LHO, CM-
SH (I3.20) BCei',lta MOlltHO paspeunrr:& OTHOCBTeJILHO ~-m,•a , Q, = I, 
• • • 0 11V 1 t TaK KaK COOTBeTCTBymntl!: .R:K06HaH OTJilfieH OT HYJUt B CYIJIY 
(I3.5). 

a 4> n Q - ·o ({) t ' 
--;n- -a.CI:J,.cL • n-m, .. c · ..~ · ) = 8:1 n-m1+g 

act> a((} p f,) -

BPn-m,•& jQ - =o 
.. n-m1+c 

- ' (~~ 

( Qn-m .~.~a <.Q .P.it)6 mj = cX~cq.,p,t),PQcq.,p)) I =I= ' 0 • 
' i1 Q n-m •C 0 't,P lccq,,p.t)= 0 . 

f • 
S,!tecL ( , ") Q ,!P - CK06KH JiyaccoHa B rrepeMeHHHX Q , !P , . a 
( , )q. ":" B IIepeMeHHl:IX q. , p, H MH BOCfiOJlLSOBaJil!CL KaHOIUroiOCTLil . 

Q ;P P • TaKHM o6pasoM, cB.R:sH (I3o20) Bcer.tta MOmtO paspennrrL B CJie-
.nyiCI!leM BH.tte: . 

~-m .. 0dj) = ltJ0cQ"'di) .~d) .t) 
f 

· (I3.27) 

O..=(~ .... ,m,. 
PaccMOTp.KM OCTBBmHeC.R: raMRnLTOHOBH YpaBHeHH.R: B CHCTeMe .(I3.I9) . . . * 

IIPH ,_ = 0., = I. • ••• 'ft, - m t Ha IIO,ItMHOI'Oo6pasHH r 

~ _ a%cU.Pi7') 
d t - a .rd. 1 r -· dPd- __ a ':~tea Pt)l . 

dt - aa.~ r* 
d..J=1 ..... n-m1 • 

f3 STIDC ypaBHeiDI.R:X BHBtmJle BU'illCJl.R:IOTC.R: tzaCTHH9 !IpoHSBO,ItHHe B IIpa-
BHX tzaCT.R:X,H TOJl:&KO IIOTOM ,ltOJDKHU Y'il!THBaTLC.R: ypanHelmfl (I3.20) l!: 

(I3.2I), Sa.ttamtRe r Jl o O,ItHaKO ( I3.25) IIOSBOJIJD)T .ItO ~peHnz-
pOBaiiKH B Jtca.P .t ~ rrOJiol!GIT:& Q n-:m.r•a = o, a. = I, •••• m, 
H IIO,ItCTSBHT:& BM8CTO J n- mt• Q , Q = I, • •. 0 'l11!1 pesyJI:&TaT 
paspemelmfl CBIISel (I3.20), To eo <fJYHKI.tlm: (I3.27). 060SHBlll!M STOT ra
MWI:&TOID!Wt tiepes J\,(Q.(,Pd. .t) . 
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::.f{,cQ<t·~·t)= tu(Q,P;b')lr• = d{,cO."'.a."~m,·a= o. 

~" ~ 'pn-m,.a = ~ <llp·~ ,t) ,1i ) . 
Ha r BTOpoe CJiaraeMOe B (I3.I5) HCtiesaeT, IIOSTOf1W B 'j{, 
KaHOHHtiecKH! raMHJI:&TOIDiaH H H .tto6aBKa fL 

(I3.28} 

,ltaJOT BRJIB,It . 

Jt(QcL·-1l·t)= [HCJcO,.P;I;),p<Q.~.t).ft) + RcU.T,ii))lr*, <r3.29) 

IIpl!'leM rrepeXO,!t Ha r OCYili8CTBJI.R:8TC.R: nyTeM. OIIHCaHHOit Bllllle SaMeHH. Ta
m o6paSOM 0 KHTepecyD!Ia.R: HaC ,ltHHaMHKS OIIHCUBB8TC.R: KaHOHH'IeCKOit CHCTe-
MOit C ;{_(7V-m

1
) ypanHeHHIOO!: H CraMHJI:&TOIDiaHOM (I3.29) . 

. m , . 
.d..U..i, _ 8~ , ~ =- flX , d.= ( .. ·• 'Tb- mt · (I3.30) • 
dt - B~cL dt. fJQc{ 

B KatiecTBe npHMepa paccMOTPHM Bll,n;eJiemre HesSBHcMMUX KaHoHHtiec
KilX rrepeMeHHilx H HBXOllt.lteHHe ~sHtiecKoro rar.m:JI:&T~ia B Teop:mt pe- · 
JUtTHBHcTcKOft CTPYHH B cBeTorro.tto6HQil KaJm6poBKe 18 . • l(miaMHKa cTpy-
IW O!Ipe,!teJI.R:eTC.R: .tteiCTBHeM , 

lL 2. JC ·s fd fd -l . I ~ • 2 tf =- 0J {) 6.(-X.:X:)-XX·, (I3.3I) 

. ~ 'rt 0 
r,I(e X (tt,c5) - napaMeTpHtiecKoe sa.rtaHHe MHpoBoii noBepxHocTH cTpyHH, 

J1 = O,I, ••• , d-1 , .d - pasMepHocT1 IIROCT~aHcTBa-BpeMemr, 
B KOTOpoM ,I(BlDleTC.R: CTpyHa, X= ax; ore • X=: OX I 06 , r 
- KOHCTBHTa c pasMepHOCT:&IO [ MJ t o TaK KaK JiarpaHl!GiaH C'fiWHil 

. .R:BJI.R:eTC.R: O,ltHOpo.nHOI WHKnHel rrepBoii CTeiieHH no CROpoCT.R:M xr , TO 
KaHOHH'I8ClGIH l'aMM:&TOIDiaH TO~eCTBBHHO paBeH HYJIIOo TeopiDI mn:a:pHaHT
Ha IIpH IIpeo6paSOBaiDI.R:X 

'C = 0 ('t' 6) () = p rq: <5) i. t;r th= .X.p(:ll G) l1 • , rr" , , , , 
c .ttBYMR: npoliSBOJI:&HHMH ~HKnHHMH ~. ( 'i', 6 ) , .{, · = I, 2 o IIMellTC.R: 

. . ( 
.ttBe nepnwmue CBIISH 

y>i = 12;z.+ ~ p = 0 ) (I3.32) 
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I 

~~= xp=o. (!3.33) 

BTOp!I'IHUX o:ruiSefl B TeOpmi OTpy.HH HeT, TaR ItaR S;qeo:r, HeT JISrpaHllte

BilX o:rutsef1, T.e. ypaBHemtii SRI:tepa, He OO.I{e,PlltalllliX ·BTOPilX npOIISBO.I{HHX 

no 'l: . OT Ropp,IJ;HHaT CTPYHH. C:rul:SH (!3.32) H (!3.33) sm7IJIIOTCH O:rut-

. sm.m nepBoro po;qa · 2. j[_ 

· ( 'Pf<.G?,'P~c<J\)= ~r <.fl(o)+'fR.co') ) 0 ~·l:l(o,"o') 

<. ft<.o). lf~co'))= <. 'P~<.<h+ \f>2.<.o'1 )~ ll(o,6') , 

. ( 'Pf<.o'>;lfJ2.<.6');= ( ff<.o)~ 'f>f<.5'))~ il(o,o'). 
siteo:r, ~<.6,6') -nepPio,ItiitieoitaH 8 - ifJYHitil;}J.!r 

.j. 00 . 

(!3.34) 

~(6 6'); Z [ ~(6-6'• RnK)+ ~(64 o'+ ~1151: )] , 
) n=.;..oo .• ' 

(.J'.t(lf:,o), Pv<.tt',6''))=- ~f'Y·ll(o,6'),. 

. . . 9)Av= di-a.S((-f,-1, .•. ) . 
Ka:lm6poBO'lli!le YOJIOBl'Ill BH6PipallTCH B OJie,IIJ1ltCileM Bl'I.I{e: 

f pr · 
~ (6)= n (x- - 't' )= o 

f . }' . 49t 
::tl(d )= nr <-pf- -jf1'; = o ., 

r;qe - IJJIOTHOOT:b ItaHOHH'!eOROI'O l'IM!IyJII>Oa 

Pf - TIOJIHUfl l'IM!IYJI:bO OTpy.HH 

§C 

· PJJ = J do P ('t'·,o) , 
. . 1 0 If 

Y} r 2 •.;.., TIOCTOJIHHilil H30TpOIIJill! B9KTOp, He SaBHCJDlll'IA. OT t 
n = o • . 

(!3.35) 

(!3.36) 

(I3.3?) 

H 0 

Cm6a Ilyacoona ItaJll'I6poBo'tlHHX yCJioBmt PI c:rursea orrpe;qeJIJDJTCH 
q,o .PMY JiaMPI 
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' I 
I 

I 

tO 1 : 2. I I ( n CG), 1,2.(<5) )=- Z 0 (n.x ){l(6,5), 

· <. '-P2<.o) ~12. <.6'))= Jt
6
f.!1(o,o'), ·· 

. . 9. I 

(%f<.o),A,a<.o'))= -r1 b.<.o,6 ):: o. 
(!3.38) 

TaRPIM o6pa30M 0 MSl'O.I{S.PII HSOTponHOCTPI BeKTopa n Jl ItaJIPI6poBO'lli!le yc

JIO:m!J! (!3.35) OitaSUBalOTCH CTpoi'O l'IHBOJIIOTPIBH!OOI: Me'JE.1!3 C06ofl. TaR ItaR 

KaHOHH'IeCrotlt raMWI:&TOHH8H B TeOplim TOJK,I(eCTBeHHO paBeH HYJiio, TQ IIa-

paMeTp SBOJIIl~ .1(; JIBHO BXO.I{l'IT B ItaJIPI6PoB.Ity (!3.35) • 
~Sl'I'IBCRM: .I{H}[aMIIIta pasmmaeTCH 'liS no;qnpocTpaHCTBe qaSOBOI'O 

npoCTpaHCTBa rlt , .onpe;qeJIR:eMOM ypaBHelil'Ill!,m C:rutSeit (!3.32) , . 
(!3.33) PI KaJIH6poBOli.HHMH YCJIOBRIIMl'I (!3.35). HaazteM I'SMWII>TOHHaH, 

38.I{aJaltHI .I{HHaMl'IJtY H8 r~ , H COOTBeTCTBYJOIIlHe HeSaB:Hcm.ru:e ItaHO

HH'ISCitl'Ie .ItOOp.I{H}[aTH. ,niDt STOI'O BUIIOJIHPIM OJie,mr101qee ItaHOHH'IeO.ItOe npeo6-
pa30BaHJIIe 

Qo n P mo · 
(1:,<5)= nx- T5t rr. ~ <.t,o)= mp • . ~ 

d-1 m d-1 · m p . (I3.39) 
~ (t',o) = n p , !! ~.ov= moc- 0 5t' ·if' 

QJ.<.tC,o)= XJ.<.tt,o): P..L('i.o)= pJ.t't',cr) 
r;qe m PI. n .;... PI30Tpoii.HHe TIOCTO.fllllllle BeRTOpH . 

mfl•(J/f.o , ... , 0,-1/R.). nfl= (1,0, ... ,0 ·• 1)' 

mR= 0= ni, (mn)= i. <I3.40) 

! '!:OK . .1.. O.l3H8'18eT "r:oiiepe'llille" ROMIIOHeHTH BeRTOpa a..¥: 
-(o..ta.1 a,dX..) . 

.L- , , ••• , m. . 
.nrut B~ R ( Q .~ ;t ) '· orrpe;qeJlJIRlllefl :$I>eRTPIBHHfl raMWI:&To-

HHSH H8 r 0 TIOJIY"'aeM, COrJISCHO (13. 24), ypaBHeHl'IJI ... 
c 

_B_B_ = .nE ~ 
apo !Jt' 

TE110IM odpasoM
1 

aR _ mE. 
BQcf-i- [st' (I3.4I) 

R _ n P (i)o m p d- i - rsr J + '05r Q . (!3.42) 

·· ·,. ·. · ·' ·o (r)O 
S.I{ec:& CJie,mreT i!MeTL B Bl'I.m', . 'ITo ,n;mr npeMeHHHX .ItOMIIOHeHT Q .. 11 J 
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aHaKn: B rlJop!.fYJiaX ( I3. 24) npoTID30IIOJIOJtiiH. Tenepi> MU ~OJijJQ!H BH'mCJilttl> . . R Ha r . 3To ~aeT . 

d-4 (r)o o d-f 5[1'2f. -f .... · A. .!_"? 2]/ 
Q = ·0 ' ![ = mp= C..p 4- p )/t = ~ l(r ~ ) ... X.l nP. (I3.43) 

. I 

1 -'> 
CJre~OB8Te.7Il>HO 1 )tllliaMHKa H838BliCiiM11X KaHOHli'IeCKliX nepeMeH!IHX ..X, .1. (fL,O) 
Ii "[('l,6) Ha r * onpe~eJUieTCJl r&mJII,TOHiiaHOM 

9t: I I rd r -1-'> 2 -'> :t .] 
J{= l > 6 t(r r )+x.l . 

0 .1. . 
(!3.44) 

Bo BCeX MHOrotmCJieH!II1X pa6oTax IIO Teopmr PeJI.!ITlmliCTCKOft CTpyHH 

3TOT I'aMHJll>TOHliaH He BHBO,ItRJII'JI, a iflaKTlf!eCKli II0~6IipaJICJl IIO H3BeCnmM 
. _,. ;o_r,;- /3 5/ 

ypaBHeHllSIM ~ XJ. n f.1. • • · 

:rnABA 3 •. IIPOBJIEMA KBAHTOBAHIDI 

§ I4.0nepaTopHoe KBaHTOB8HHe 

0CHOBIIWI ne,n::&, KOTOpa.II npeCJie.I{YBTCJl IIPH IIOCTpoerum 0606Dte!IIIoro 

raMWI:bTOHOBa rlJopMBJIB3Ma WI.11 CliCTeM C CHHryJUipHHMH JISrpaHlDiaHaMlil, 

·aTO no~roTOBKS OCHOBH WIJ1 nepexo~a K KBSHTOBO~. TeOPHH TSKliX CHCTeM. 

B o6~~teM anyqae aTa s~aqa He peweHa. 

PaccMOTpl!M BHSqaJie Teop:mo, B I«>TOpoit ilpHCYTCTBYDT CBJI3H TOJI:&RO 

nepBOro po~a. B IlpmiiJ,I!IIe KBaHTOBaHlie Tai«>it CHCTSMH MOltST IlpoBO~:&CJl 

. ~YMfl IIYTHMH: I) C BBe~eHlieM R8JIH6poBOqHUX YCJIOBl!!it H 2) 693 qmKCBpo

BalWI KaJIB6poBKii, 

K:eaHToBaHlie 6es BBe~eHllii KSJI1i6poBOqHUX yCJioBHI. B KBaHTOBOit 

TeOpKH RaHOHHqijCKH COIIp&me!IIIHe KOOp~aTH H l!MIIYJI:&oH·SBJIRDTCH onepa

. TOpaMH, aJire6pa ROTOpHX 3M88TCH IIpamJJIOM 

,.. II. .~~. " B " i; 
[ ~ ~Pk]= ~-rk- rk ~ = i, C.£trP~<).j.k .. 1 ..... r~. 

(I4.I) 

~ee Tpe6yeTCH onpe~eJ!IiT:& KBaHTOBHe onepaTOPHt COOTB8TCT~e 

Macc:aqecKoMY KaHOHli'l:ecKoM.Y raMWI:&TOHBaHY H ( q.., p) H .Maccli'!ec-

. .KHM CBJISRM fs<..q...p) • KaK H3BeCTHo, yHHBepca.n:&Horo peu,eiiTa WI.II. 
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3TOit rrpou.e.ItYPH HeT. OcHOBIIM npo6.neMa,,.;B03HliKalallaSt a~ec:& , sTo pac-

. CTaHoB.Ka oneparopoB 4 ll ~ A B H,. <. ~, P) _ii f s ( 4, h . Ilp:a 
nocTpoerum onepaTopoB H<.q.,p) H 'fs<.£f~.p) ueo6xo~ cTpe-

MHT:&aa: R TOM.}' t 'IT06H B IIpaBHX 'laCTJDC I«>MM,YTSTOpoB, COOTBBTCTBYl!lltHX 

cKo6.KaM IJyaccoHa. oi:IepaTopH cBJiseit ~s" <.q."' , ~) CTOHJIH cnpa:ea oT one-
A s•• 1\ A }4 1\ t;: /It • 

paTOpoB I«>a@ll!IJ,i!eHTOB ~55,(q.,p~ B p;'( q.,p) 
1\ 1\ . ,_ S II A . II II. A. 51 ft. . . 

[ 'fs • ~s.] .. cLss• lfsu , [ lf>s 'H J = P5 f 
5

• . (!4•2> 

ToJ.l:&KO B STOM CJIY'Iae, .KaR STO 6y~eT IIOKS3aHO HHllte, KBaHTOBM Teopxa: 
6y~eT HeiipoTHBOpe'IHBOI. . . 

B ~e CJIY'IS8B _COXpa!IHT:& aJI~6py ROz.&MYTSTOpoB CBHSeit nepsoro 

po~a,SSMKHYTOI Ha RBaHTOBOM ypoBHe,He y~aeTaa: H3-3a IIOJIBJleHBJI aHO-. 

MaJI:&HHX 'IHCTO RBaHTOBHX B.Ma,ttOB (TaR Ha3HBSeMUe neHTpaJI:&HHe 3S.Pfml:l, · 

WBHHrepoBcKHe tmeHH). B pesyJI:&TaTe Maccli'!ecKHe CBJISH nepBOro po~ 
B KBaHTOBOi Teopl!J! O.Ka3HBSDTOII ~KTll'IeJKH. CBJISHMH BToporo po,n;a (Haii

pJIMep, B T80pm! peJI.IITHBl!!CTCI«>it CTPYHH · ! 8/) • 3To IIPHBHOCllT ~OIIOJIHH-
'l'eJI:&HHe 'l'PY,D;HOCTB B IIPo6JieM;Y KBaHTO:saJDm, . . • . 

qT06H IIOCTpoHT:& onepaTOp Ha~aeMOit BeJIH'IRHH B KBaHTOBOit TeO

PKH, ueo6xo~ peomT:& onepaTopHoe ypaBHeHlie, CJie.I{Yl!lllee n:s (8.35) 
,. ,. • s{ ,. . 

[ i . 'Ps] = r s ~s• • s, 5' .. 1, ... ) m . (I4.3) 

BOJIHoBM ~~.BnH BeRTop·cocTomma: onpe~anaeTen HS pemeHBH_ 
ypaBHeHRII lllpe.u;mre pa 
. . 

.(, -n-a 1 '~' >- .= A 1 \1' > cr4.4) 
II • at T . . 

r~e H T - onepaTOp, cooTBeTCTBYlJ!lltlt nOJIHoit qiyHKIJ,I!H I'aMM:&ToHa 

HT = H • J.5ci ).\.j)5 .- · To'l:Ho TaR iKe, KSK aTo 6Wio B MaCCH'Ieci«>i 

TeOpl!H C pemeHHm.m YpaBHeHHit ~:&TOHa ~B.22), B KBSHTOBOM CJIY'iae 

Hac 6y~T HHTepeco:eaT:& He Bee pemeHHJI ypanueHHR: illpe~epa, 
a TOJI:&I«> TaKJ[e. ROTOpHe Y~OBJieTBOpmlT ~OIIOJIHHTeJI:&HHM YCJIOBl!!IIM x) 

A " II 

'fs(~,p)j\f'~= 0 • S=i, ... ,VYl. .(I4;5) 

TaKMe BeKTOpH COCTommJt Ha3HBaDTOII qmSH'iaCKHMH. 

X)MH He 6y~eM 06CY!U(BT:& 3~80:& H3B8CTuHe Tpy~OCTH STOro IIO~O~a, ~ 
TOpHe ~eMOHCTPBPYDTCH IlpoCTHM IIPBMePQM, I«>r~a CBJI3:& nepB;Pro pq,n;a 
JIHHeiHa no mmyJI:&cBM. B STOM CJIY'ISe (!4.5) ~aeT P.x I'V >-= ·atBxl"''>- = = 0, T ~e. I ljl }- He 38Bl!Cl!T OT .'f. H, CJie~OBaTeJI:&HO; He 
JIB,IUleTOII KBa,ttpaTH'IHO _HHTerp:apyeM:>it ~HKI.tHe!. 
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B KB8HTOBOii Tec;>plni CO CBliS1IMH rrepBOI'O po,n;a, ROTOp!le TpaKTYIOTC.II C 

IIOMOIIU>10 ypaBHBHHH (14.3), (14.5), IIpHXO.n;HTC.II OTRa38T:&C.II OT BOSMOlKHOC-
" A " . _. . 

TH IIOMHOJKaT:& CBliSli \f>s(q_,p) , $ . = I, ••• , m Ha IIpoHSBOJI:&Hllii 

orrepaTop u CJiena, u crrpana 1297. O'l'o.., otrenn.n;Ho, Tpe6yeTC.II .rr,IDI Toro, 

tiT061l sarrpeTHT:& oopasonaHUe KOMMYTaTopa rrponsnon~Horo orrepaTopa co 

CBliS1IMH. ,I{eiiCTBHTeJI:bHO, eCJm 61l 9TO 6WIO BOSMOJiHO, TO, BlltiliCJI.IIII MaT

pn'IHUii MeMeHT ITO tiMsntreCKliM COCTOJIHRliM KOI\lMYT8TOpa HBtiMSHtiBCKOI'O 

orrepaTopa c ~s , Mil IIOJIY'IWIH oil rrpoTlmopetine c (14.5). KoMMY-

TaTopll gJHSli'IBCKHX orrepaTopoB CO CBJI31IMH CTpoliT:& MOlKHO. YpaBHBHH.II 

CBJISeii MOlKHO IIOI,ffiOlltaT:& Ha HBglnSH'IBCKliB OIIepaTOpll TOJI:&RO CJIBBa. 

KpoMe Toro', 061l'IHOB IIpaBWI~ 9PM1ITpna COIIp!IlltBHH.II COXpaH.!IBTC.II 

JIHIIl:& .rr,IDI <IMsntrecrmx orrepaTopoB f n 9 
A/\+·1\+A+ "" . "'1\ 

(f~)= 9 f, [f,'PsJ~ 0, [9,fsJ ~ 0 
(14.6) 

S= {, •.•• m. 
Ha IIpoCTpaHCTBe gJHSli'IBCRliX BBRTOpoB COCTORHHit OIIBpaTOpll CB.IISeii 

,ll;~ 61lT:& C8MOCOIIp!IlltBHH!lMli (RnR 9PM1ITOB!lMli) orrepaTopaMII 

"+ " . 
f

5 
~ f 

5 
, s = {, ... , m . (14.7) 

Heo6xo,n;HMo oTMeTHT:&, 'ITO o6o6meHHHii raMWI:&ToHon (jJopMannsM .rr,IDI 

IIOJIBBHX CHCTBM CO CB.IISSlMU rrepnoro po,n;a 6es tiMKCHpoBaHH.II Ka.1lli6pomm 

I!pHBO,ll;UT K IIOJIBBO!vfY ypaBHBHIDO~ B ROTOpoe BXO,ll;liT IIpoHSBOJI:&Hile glyHKlllni 

(Heorrpe.n;e.neHH!le MHO.lKUTeJm Jiarpamta) •. H aTo ypanHeHne .n;~o 6HT:& 

BTOPH'IHO IIpoKBaHTOBBHO. O.n;HaKO IIOCTpoHT:& nonHHft Ha6op pemeHKR·TB

KOI'O ypaBHBHH.II npa¥THtrecKH ue y.n;aeTC.II. IIoaTOMY HHor.n;a ycTpaH.IIIOT (jlyHK

.~OHM:&mdt IIpo:ll:SBOJI nyTeM tiMKC:Il:poBBHH.II MHOlltliTBJie·it JiarpaHJKB (Harrpm.mp, 

ROBaJlllaHTHOe KBaHTonrume pe.1I.IITRBHCTCK_1 CTPYHH liB I ) • Hll:RaiWX o6l!lHX 
npaBWI .rr,1I.II 3TOI'O, K COlltaJIBHIDO, HBT. / 5 • 3,n;ec:& npiDCO.n;HTCR: pyKOBO,ll;CT

BOBaT:&C.II B.n;HHCTBBHIITD~ Tpe60BaHHBM, 'IT061l rBMRJI:&TOHOBB TBOplf.II IJOCJIB 

qJHRCliJlOBBHH.II MHO.l!GITBJIBH JiarpaHJKB BOCllpoHSBO.n;WIB JIBrpaHlltBBY .n;m!BM1Iey • 

K!laHTOBrumB C @tKCHPOBaHHBM KaJIH60oB1Q1. YtreT CB.IISBI BTOPOI'O PO-

,n;a Ha KBBHTOBOM YOOBH'lo KaK 6WIO ll0Ra38HO B § I2,.rr,IDI YCTpaHBHH.II 

glyHKUHOHaJI:&HOI'O IIpoliSBOJia B o6o6meHHOii raMRJI:&TOHOBOlt .n;HH8MHKB .rr,1I.1I . 

C:ll:CTBM!l CO CB.IIS.IIMli rrepBOI'O po,n;a HB06Xo.n;HMC) HaJIOlltliT:& CTOJI:&KO KaJIH6po

BOtiHHX YCJIOBHii ( 12. I), CKOJ!hKO HMBBTC.II B TBOpmt CB.IISB! nepnoro i>o.n;a. 

B COBOKYIIHOCTH CB.IISli rrepBOI'O po,n;ac li .itaJm6PoBO"DDHB YCJIOBH.II o6pasyiOT 

Ha6op CB.!Iseft BToporo po.n;a. E,rtlmcTBeHH!llt cnoco6 nepeueoTll TaKne cBR

Sll B KBaHTOBy.D TBOpllro- 9TO Y'IBCT:& nx.B CKn:&HOM OllBpaTOpHOM CM!lCJie. 

~ 9TOI ~eJili KOMMYTBTOp .n;BYX orrepaTopoB ,ll;OXEBH orrpe.n;BJI.IIT:&C.II trepes 

COOTBeTCTBYJOllllle Cito6Kn .I{npaKa 
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, p , nosTo-

oT <y 11 p . 
uaxo,WITCSI B nH

B npanoil tJ:ac

lb6oamaeTCSI B Ho»L. 

. (6. I) 

11 BpeMeHR 

c5d:) t 
•rpaHDaH I.,( q,,q.) 

c.nytJ:ae m 
~ec:& no.Ka

•CBIISB M6EJJS q.. 
HBXO,ItllTCJI B IDI

X) 

!Po .PMH ijjyHK

ijjyHKD,RJi BpeMeHll 

t .D;O IIOpJI.D;-

CR060K ITy
IIpe:J6paso:sa-

11 
.D;l'!HaMR-

l'~ 1 • 

\ 1 
l !: 
i L 
II It 

l 

J 
't 

I : 
llr 
f,. f.; 

!·r. 
i' 

i h 
d. 
f l, 

! lt;' 
}, } 

'· ~,. l ' 
~ < {' / 

~· L 
\ l; 
r j 

. i. 
f 
i 
) 

1\ 1\ lf 

[F,GJ = d1(F,Cr). (!4.8) 
. CR06RH ,!Uipaxa onpe.D;eJIJDOTCJI paBeHcTBOM .. 

• . -i 

( F G)= (F G)- (F ll. "'(6.) ·c_r. r"' <r4.9) , .. • , rJ..' d.P. ~Lp,,l:T J, . 
. .. , r r -t 

r.n;ell~<4$fi) · - no.Hmdt Ha6op cBJiseii BToporo po.n;a,(6 )d.~(.llp,.D.r)=~~ . 
0CHOBH06 CBO!CTBO OR060K .!Utpa.Ka COCTOHT B c.1I6.D;YIOIIl6M: JIJ06EUI .D;l'!HaMR'IeC- d 
KM nepeMeHHM, oiiJ'lctmaeMaSi ijjyHKxmeii g ( CJ-;f, t,) , :nMeeT HyJieBue cKo6-

Ki! .!Utpaxa co CBIISJIMR Jl d.- , dv = I, • • • , 2 m ll. • 
BHpalltBHH.R:, IIOJIY'Ia6Mii6 ;rr.1ISI CR060K )Uipa.Ka B KOHKpeTHUX 3a.D;8'IaX

1 

o.KastmamCJI .n;ocTaTotmo c.liOlKiiHMR. 8To npHBO.D;HT K MOJKH!lM ROMM;YTSilHOHHUM 

cooTHomeHH.R:M B KBaHTOBoii TBOPHH. PeaJIHsa~ TaKHX onepaTopoB ( B BH.D;e 

M8Tpm::t1 OIIe,PEliOtli .D;HqxpepeH!lHpoBaHWI II T .,D;.) 11 COCT8BJIJ!6T • OCHOBH,YlO 

TpY.n;HOOT:& B .n;aHHOM IIO.n;xo.n;e, BOJm He Y'IllTim8T:b, KOHB~O, npo6Jie!.\Y pac

OTaHOBKi! OIIBpaTOPHilX ~O.llmTBJie!, KOToprui HMeeT M8CTO l! s.n;eo:r..' 

. § !5. KBaHTOBaH:He c:HcTeM co' cM:im.m nepBoro oona · MBTOJIOM 

KOHT!HVaXeHOI'O IHTBrp:HpoBaHRH B ffiaSOBOM IIp9CTpaHCTBe 

C TO~ SpeHBR IIpKHoxeHJ!ii BeCLMa ~KTKBHUM.MeTO.D;OM KBaHTOBaHRa . . . . . 
Cl!CTB.M C Blipo:.l,ll;BHHUM:H JiarpaHJJm~aMR OKa3aJIOC:& KOHTJ!HYaJI:r.HOe HHTerpu-

poBaH:He B qaSOBOM npooTpaHCTBe 2 •30-32/. BaJ!tHO HMeT:& KOHB'iHyiO. IPoP!.\YJIY 

~ ~OHSJI:r.HOI'O :HHTerpaJia, B KOTOpoii HeT pas.n;BJIBHRSI H8H63Smr

CHMH6 {«.&lsxT~ecKi!e) H saB:Hc:HMUe (Heqm:m'IecKHe) nepeMeHHUe. · liHTerpH- • 

poBaH:He .n;OJIJtHO BHIIOJilUIT:&CJI no BOB!.\¥ cpaSOBO!.\Y IIpoOT~CTY r • 8TO 

IIOSBOJIJIBT CO.Xp8HJ[T:& HBHO H8 KBaHTOBOM ypoBHe CHMMBTPHH, HMBBII!l'!e Mac
TO B BCXO.n;HO:lt Kn8CC:HTi60KOit T60PHR• · · 

HTaK, J.u.i paOCM8TPJ!B86M CHOT6!.\Y / 9/ 1 B KOTOpo:lt BOT:& CBJI811 To»LKO 

nepBOro po.n;a (I3. I). B § I3 nyTeM HaJIO.l[elmJI .KaJIH6poBotiHUX' yCJioBHii 

. (!3.3) 6WIH Bll,IJ;BJieHU B T8KOI Cl!OTeMe \fln8l1Ti6CKJlle KaHOH:HTi60Ki!6 nepe-· 

MBHHHe. Qc£, , Pel, , · ~· =·I, •.. , n:. m" :a: 6wx Haii.n;eH co

OTBeTcTBYJllld rru.uiJI:&TOH:HaH %(Qd. :~,t) (!PoP!.\YJI8 (!3.28)},. 38.D;8JW1Hii 

.ttHHilMKK,Y H8 qmS:H'I8CltOM nO.D;MHOI'Oo6paSHH cpaSOBOI'O npoCTPaHCTB8 r _, 
(rSMZn:&TOHOBU YpSnB8H:HH (!3.27)). ITpn STOM cymecTBeHHUM MOMeHTOM, 

ynpolli8DIIHM paccyll,lteHRSI, 6WIO npe.D;IIOJIOlKeHHe 0 CTpoi'OR l'IHBOJIIOTHBHOOTH 

.KaJD!6poBOtJHUX YCJIOB:H! Me.llt,lzy co6oil (!PoPM.YJia (!3. 9)). 0.n;HaRo STO 

IIpe.n;IIOJIOJteH:He He JmJIJi:eTCJI IIPJ!HUHimaJILHUM. B § r6 6y.nyT paccMOTpeHU 

.1<8JiB6poBotJHHe YCJIOBHII, He HHBOJIJOTHBHue MruK,Dy co6oil. 

... BHaTiMe . .MU SammieM no CTruutapTHLII4 IIpaBMaM /S,3/ MaTPJlltJHUit SJie

MBHT oneparopa SBOJIDimH t:' 

Ut(t)= Texp[-~ LX(QJ..~.t )dt,]. 
t . . 

(I5.I) 
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·~ 

.If 

C nOMOIIU>!O KOHTmiyaJ!l>HOI'O HHTerpnpoBallml no no,w.~HOI'OOOpasmo r qa-

30BOI'O npoCTp8HCTBa 
n II . 11 1 I I 

I= . <a,, ... , Qn-m,l Uc.t .t )I 0.1.' ...• Qn-m,> = 

J {. f[(r) · · ,, _(,) ,dtn da1(t)d.P d:) eocp. v l jcl Qd,- JV(Qd.,!fd..t)J lBr 3' (I5.2) 

~ . . ~~ 
. cL,f=( ... ,n-rn,. ·· .. 

Tenep:r, pacnpoCTpaHHM ~HKDnOHaJI:bHOB HHTerpHpoBaHRB Ha BOB qasoBOe 
. . Q (i) • 

npocTQaHCTBo i , !It. · , {. :::: I, ••• , t1 , noMHomm (I5.2) 
Ha 8 · -:- ~KDnH, orpamrnma!<lltl'le HHTerpnpoBaHRe no Q n m 11 , (,) . - ,. 
!f ,, • Q., = I, •.• , m1 no~orooopasHeMr., n-m..-a · · 

. t 

lJ.tS ({ln-m,.a <.t)) 'b (~-m~""a <.t)- t.pa(Qc[ .~ ,t)) = 

n (' a· . t ~ ..+... . (i) d .lll a<t> & (I5.3) 
n,to( n:-m,~a<. ))o('±'a(Q.~,t)) et.. oPn-m_.all·. 

. . . . . t . 
3,nec:r, Mil HCITOJ11>30BaJIH i"fppMyJiy, o6o6m~ Ha MIIOI'OMBpmtlt CJIY'l81il 

H3BBCTHOB C~~CTBO OOWIHOH b - cPYH~ ' 

~<.f<.~))= .bcx:- 0.). .... · lf(a)l (I5.4) 
fCO)= 0. 

B pesym.TaTe NISI <PYHKDnOHaJII>Horo HHTerpa.na I· ITOJIY'!aBM CJie,n;yDI{ee 

npe,ItCTaBJIBHHB: t' . : . . _ 
I~ fe~p { t f [ 5; ric 'lhU.P,-t) ]dt}det118t:,..n • 

n<e,<..Q 1<i><.<P <.QP-t1)ndai<-t-)d~ikt1 · 
a. t . n-m1+ a o. • • t · Z 51: 

{!5.5) 

• m1 • . , l . 
CYMMY L:f p, Q ; , CTORII{,YIO B nolci:tsaTBJIB l:lKCTIC>HBHTH B ( I5. 2) , M1i 

<L= " , t;) • • 
pacnpocTprum.liH Ha Bee nepeMeHHHB :J i. • . Q.t • -L = I, •••• n ' 
Y'IHTHBali t 'iTO B no,ItimTerpaJII>HOB BHpalltBHHB BXO,ItllT npoH3BB,ItB~B d ..qJyH

KIJ;H! rt, b(_l).n-m~a(i11). B (I5.5) Mli SaMBHBM ':f{,(~.~ ,{1) Ha . 

~(Q.T,i.) , BOCITOJll>30BaBiliHC1> ("!3.29). 

Tenep:r, c,ItBJiaeM B (I5.5) saMeH,Y <PYHKDnOHam.ma: nepeMeHHHX HH

TerpHpo:samm*)c TIOMOIIU>J) Kal!OHH'IBCKOI'O npeo6paSOBaHl!JI {!3.23), HBJlfDJ-

i$MH He 6y]I.eM o6cyJr.D:aT1> S,Itec!>, ,ItOnyCTJU8J }!Jj ]I.~8T1> Tai!YD 3aMBHY 

nepeMeHHHX B ~HKUHOHaJI!>HOM HHTerpaJIB /
36-38 • 
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meroM o6paTHHM K (I3. I6), { I3. I7). Y'IHTHBM (3. IS), nM,Y'lB.eM omH'Ia- . 

TBJibHOB BHpalltBHliB ;n.IIJl MaTpxt!HOI'O WlBMeHTa onepaTOpa l:lBOJI!Omnt B BH,ItB 

KOHTHH,YaJibHOI'O HHTerpa.na no BCBM,Y qaSOBOM;Y npocTpaHCTBy' q. t p 
t." 

I= Je1p {t.1 [pi~( H<~.f)]dt }detU<.Ln ,c:P~ )II x 

. . :· dCft<hdPt<ii n ~(cf>Qc.q.,p1) b(}"n<q..p;f/))fl 2.ft' . 
Q . t,t (I5.6) 

ora ~~a llonHOCTAD COBlla]I.aBT 0 COOTBBTCTB~ BHpaxeHHeM B pa~ 
6oTe. • . . . 

0CHOBHHM MOMeHTOM B HaiUBM BHBO]I.B iiP.PMY~H (I5.6) 6WIO ]I.O.Ka38-

TBJI:DCTBO '1'01'0 0 'iTO· ]I.HH&mXa Ha cPH3Ht{BCROM llO]I.MHOI'OOOpasmx qasoBO-

I'O npocTpaHCTBa, 38]I.aBaBMOM ypaBHelritm.m cB.Hseit H .KaJUI:OpoBotmHMH yo:.. 

~OmmMII.I 1 SIBJIJ!BTCJI rmmJU.TOHOBOit. ID.Ie~O STa npo6JreMa SIBJIJ!BTCJI ~HT

pam.H01il ll.PH OOII!BM HCCJIB]I.OBaHRH ~~ B qasoBO' ~CTpaHCTBe CHc

Te' C BH~BHHHMH ~arpaHJmaH8MI!l 3. • B CTaTDB 2 . H. B MOHorpaqm-
JIX 30,33,35 I'8MWI:DTOHOBOCT1> )ti!HaMHKH Ha cPHSHt!BCKOM ITO]I.IlpoCTpaHCTBB 

HBJIBHO npe]I.IIOJ!araJiaC:Do MH JltB ]I.aeM llOCJIB,ItOBaTBJI1>HH1il BHBO]I. COOTBBT

~TBYJlltHX l'aMIUli>ToHoma: ypaBHEnrd <]Mf9>,· (I3~30). BnepBHe TaKOe pac-
c~TpeHHe 6W!o npoBe]I.eHo B pa6oTe • .. · 

B .Kat~ecTBe ni;locroro npmrepa Mli pacCMOTPHM Tot~etiH,YIO peJIJITHBHCT-

C.Ky!O tzaCTHIJY 0 ~arpamtHaHOM 
. . ~, 

I. /7f h.=-m-y:x,-
(I5.7) 

r]I.e :J.:{ 't ) . ..;.napaMBT.PH'IBCKOB 38]I.aHHe 'l'paBKTOPHH B llpoOTpaHCTBB . 

Mm!KoBcKoro, _}J = 0, I, 2 , 3 • · B &To! Teopm.~ ecTI> Bcero o]I.Ha · 

,CBJiS:b 

. .1 t 0 
~= p- m = • {!5.8) 

r.zte . 
D=- .81_ ~ rn xf 
ly a±f . -¥¥'· (I5."9) 

KaHO:Hlf'iBCKHft I'aMWI:DTOHHaH TOJ!r,ItBCTBeHHO paBBH HyJIIO. CKOOKH IIyaccoHa 

MBJlt.ItY KaHOHII'iBCIGI COllpaltBHHHMII KOOp.Itml8TaMH H HMny~:r,cru.m: HMeil'r. 

Bli]I. 

(.xf, Pv) =- 9yv 

·sg 

(I5.IO) 



r~e ~}'V.= dLo..~(~ ,-f ,-1 ,-{) .B Ka'!BCTBe KWm6poBO'ffiOl'O yc.nomm 
MOl!tHO BSSIT:b c.ne,ny1001ee paBeHCTBO: 

0 
:t=t"-mx=O, 

TaKRaK 2 0 0 
( 'Xu, ~ ) = m ( p . .:r. ) ·:: Z m p .:f= 0 

KouTHilyan:&HUH HHTerpan no ~aoBOMY npocTpaHCTBY jC 

cor~acuo WoPMY~e (15.5),aarrHcunaeTCSI B c.nem'JOOteM ~e:· 
t" 

(I5.II) 

(I5.I2) 

p. 

f { . ( . J-'d 0 (' 0 . ~ £ ~ 1= e~p -t-l.ff:r. t)2.mp o(t-mx )o(p-m) l( 

't 3 d 'il cl ~· (I5.I3) . . n n x c'r) P (t) . 
~5r 

't ~= 0 

C noMO~ID KaHOHn'!eCKOH SaMeuH nepeMeHHUX 
0 0 i i 

Q=t-mx Q=x 
) . 

· J>o= Po. pL= pi, t, .. (2.. 3 (I5~I4) 

CBB~BM lUITerpPipoBaune B (7) K PIHTerpPipoBalOOO no ~SOBCMY no~poCTpaH-. 0( • . . 
CTBY Ql , J , {, = I,2,3. ,nrur aToro uaazte~,cpl'-
~acHo WoPMY~aM (I3.24), (13.28) l! (13.29)1 I'aMIIJI:&TOHnaH j{,(Ql,!f>t) 
S~aDIP'IIl ~aMl!Iey' Ha 9TOM no,ItiipoOTpaHCTBB. lla (!3.24) l! (!5.24) 

c.ne,eyeT, 'ITO R (Q ,P) . aaBPICHT TM:&KO oT ff> 0 

0 R<O T) 
df>O =1 R<.Q T) = !P0 

· 
J • (I5.I5)' 

"'F i. Glt lnJi I'aMM:bTO.!maH8 JV ( Q , J J . nMY~eM mlpallteHPie 

j{,(Qi,pi..) = R<Q,T) I = ± -,fp 1 + mi I • . r It . 
(I5.I6) 

Tenep:& Mli MOllteM neperrHcaT:& WoPMYJ!Y ( I5. !3) B c.ne.lt,VIIlleM ~e: 
< • II . 

I~.X,t,)= Je!J:p{t.f[pj.:ij+ -/p~+ mt']dt 1x 
t' 
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t=::to. (I5.I7) 

TaK RaK I'aMM:bTOHnaH B (I5.7) 38BPICHT TO~l>KO OT pt · ·, .{, = !,2,3, 
TO gjyJutD;I!OHan:&mtli lUITerpan B (!5. I7) MO.lKHO Bll'!PIMHT:b .IIBHO /33/ . 

i~ . 
+ ,J3 p' > . . 1 

- ~ . ...!L..[_ . . - - • ~R. ~ I (3: ;t,) = J <.2.71:)3 e!t p [ 11 p x + -L t ,J p + m ] = 

d~P 
J (29r)3 

-i.px~ ; t~~ i e o(p~-vp+m), 

± 

I(x~ t) ~ o , t < o . 

(15.IB) 

~PMY~a (I5.I8) ~aeT \l)yHKIJ;IDl I'pmta J1)Lfl Pe.IDITHBHcTcKoro ypaBHeHPISI 
mpe,II;HHI'epa /39/ . .. 

(i a} + . -J- \l ~ + m ~' )\}' = 0 · 

§ !6. IaMKn:&TOHOB ffiVHKUaOHan:&Hafi HHTerpan B TeOpl!SIX CO CBHSSIMPI 
nepsoro H BToporo pona 

B ~aHHoM naparpwpe 6y~eT ..rtau rrpocToii .rroMe~oBaTeJI:&Hltli miBO~ Wo.P
M:fml. J1)Lfl raMWl:&ToHoBa · <J!YHKIJ:RoHanl.Horo · HHTerpa.i:ra B TeopHSIX co cBHaSI

MH CaMOl'O 06IItero ~a: CBH3' MOryT 6llT:& rrepBOl'O,BTOpOl'O po~a, H OHPI 
MOryT_ co~epmT:& BpeMI! SIBHo . III. Kann6poBo'!Hlle YMOB:wr MoryT 6llT:& 

He~nHH MBW co6oit n Ta.Kllte .IIBHO aanHceT:& OT npeMeHPI. Eo~:&moe 
BHm.frume 6y~eT y~eJieHo ~oi<aaaTeJI:bCTBY raMHJI:&TOHOBoCTPI TeopPIH ua qman
tteo!toM no,ItMHoroci6paaHH qaaoBoro npocTpaJ!CTBa. By~eT noi<aaauo, tiTo 

~:::.-~ 1 ~e ~ - ~eTe.PMHHrutT ¢a.zmeeBa - IIonoBa, ecT:& He 'ITO· - . 
l!HOB, RaK B1IBMeHT. 06i.eMa qaSOBOl'O no.nnpoCTpaHCTBaf= f\rB HBKaHOHPI'!BC-
KHX KOOp~aTax, 3a,ItaB8BM!lX CBHSSIM!I lf Kanli6pOBO'!HllMH yc.nOBIDIMli. STo 
cymecTBeHHo ynpolltaeT HHTepnpeTanmo Itone.ffion lfx>pr~m~. J1)Lfl \PYHrunioHan~ 

- . . . 
Horo lUITerpana. 
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OeHOBHOH oeo6eHHOeT:&IO TeOpHH e BHpo~eHHHMH·~arpaHXHaHaMR,KSK 

yxe OTMetia.7IOe:& paHee, SIBJISIBTC!I TO, 'ITO \PHSH"lee.KaH ,ll;l!H8MRKS paSBJmaeT-
0!1 He. BO BeaM qaSOBOM npoeTpruleTBe r , a TM:&KO Ha ero IIO,ItMHOioo06-

pas:lm r: onpe.tteJlfleM~M eBSISSIMH H KSD6poBO"'H!!OO y~oBRIIMI4. ~SH
qeeKOe IIO.ttnpoeTpaHeTBO r - 3TO CRMnneKTHtieeKOe MHOI'006paSHe, . 

lt Ha HeM MOryT 6!lT:& BBe.tteHH KSIIOHH"leeKHe KOOp.J:tHHSTH. To JEe CaMOe 
eiipaBe,IT,lmBO H ;IJ,7U{ f = r \ r ~ , 'l'. a • ;IJ,7U{ .ItOIIWmemm· r ¥r OTHOCHTMb-

HO r . B ~"lae eBSISeH nepBOI'O po.tta H KSD6poBO'IHHX y~omtil, Ha

XO.Il,RlltHXC!I Mellt,Il;Y eo6o2 B HHB~u;m, IIeCJIOliHO ]KSSBT:& • eOOTB8TeTB]IJllll8 

KSHOl!HtieeKHe KOOP.ItHHSTH (eM. § I3). EcJm lle B ·TaOpHlt IIPHeyTeTBYJlT 

eBSISH BToporo po.tta BJilt Xe KSD6poBO'tJHHe ]CJIOBHJI HellHBOJIDTHBII.l M81JJI$ 

eo6o2, TO paeeyli,Itemm § I3 s.ztee:& yxe HBIIPHMBHltMll• ' aToM ~tiae He- . 
o6xo.J:tHMO lteiiMDSOBaT:& MaTel&lTH'leexyJO Teope~ ( CM. 4I/, TeopeMa YII. 2.4) 
0 Sa.!taHHR IIO.J:tMHOroo6pasKH qaSOBOrO. IlpoeTpaHCTBa C IIOMO~ ypaB

Hemdt, ltMeDllllX KaHOHHtiecxyro !lJo.PMY. :3'.1'0 OSHB"laeT,. 'ITO CK06KH IJyaccoHa 

~eBHX tiacTel ypaBHelml, onpe.zteJIJIDIIltX no,ItMHoroo6pasHe, pBBHH HYJIJl :wm 
e,u;tmtn~ *) • . . 

J{anee He06xO.J:tHMQ IIOK838T:& 1 'ITO .zo,maMHKS Ha (pHSH"leCKOM IIO,ItMHO-

=~= ~:o~ro =c~:u~:HoB:m~:&::: c~~;:;T~::.:::· 
l'aMJ1JJI:&TOHHaH. 06H"'HO B pa60Tax, IIOCBfDit8HHHX KBaHTOBaHJ!lJO CHCT8.M e 

BHpo~eHHI:lMK ~arpammimaMII MeTO.ItOM KOHTHHYaJI:&HOI'O HHTSrPHpoBaH:I!R: B 

qasOBOM ;r.cTP.aHCTBe 1 9TO He .J:tOK83HB86TC!I, a HeJIBHO npe.J:tiiMSraeTC!I 
sapaHee · ,307 • llpl! 9TOM e'll!T86TC!I, 'ITO aqxpeKTliBHHM r8MHJil>TOHllaHOM, . . r~ 
reHepl!pyJ00t1<1M ,IJ;tmaMHKY Ha , HBJIJI8TC!I eyaeHJie K8HOJD111aeROrci · 

raMWIJ)TOHHaHa H Ha rlt ·. To, 'ITO B 061116M CJcytiae 9TO He. TaK, 

O"'BBH.!tHO H8 Il~pe BHpoilt,l\eHHHX ~BrpamtllaHOB, O.J:tHOpo.J:tHHX IIO ORO-

poeT.fiM. KanoHHtiecKHI raMM:&TOHHaH B TaKHX Teopmn: T~eeTBeHHo pa-
. . . . . 

BeH HY,1Il0o l'aMB.1I:&T.OHOBOCT:& .ItHHaMHKH Ha r .ItOKaaaHa B. . Pa6oTef6/. 

K7J:aeCH@KallM eBSiaett. PaCCMOTpl!M eHCT6Mj'. e KoHa'tiHHM tm~O~ eTe-

IIeHeii eB060.J:tH YJ , OIIHCHBael'zy_IO Bllpoli,ItaHHHM ~arpammaHOM k_ ( q., q.,t,.) • 
,Jt7lSl o61lliiocTH Mli npe.ttnMaraeM .IIBHYIO SaBHeHMOCT:& OT. BpeMaHH B JUU'paH

DaHB J.. 1 TBM CaMHM B paCCMOTpeHHe 6YliJT B.MJOqem H · CBIISH, ~ 
HO 3aBHCHIIIH6 OT BpeMaHJI. 

By.tteM e'll!TBT:& 1 'ITO HaM HSBaCTeH nMHHI Ha60p cWHKUI!OHaJI:&HO He

SaBHeHMHX CBHSel B TeOPHH (BCe IIepBH"'HH6 ll Bee BTOPHtiHHe eBSISH) . ' 

tl 
·l 

8 A ( q_, p, t }= 0 , A= t, ... , M , . (16.1) 

li)B pa6oTe I 421 sTa .Teopel&l .ztoKasHBaeTCJI sBHoBO 6es ceWIKH Ha I 4II_ 
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"tJo.nkllaeA Ill = M 
. B('t .. P) 8A= 0 . . (I6.2) 

Cor~BCHO (16.2), YpaBRemm eBSiseii (I6.!) OIIPB.!tElJlfllOT B Z n -MBPHOM 

qaSOBOM npoe,:paneTBe r e KOOP.!tHHBTaMll q,. , p IIO.J:tMHo-
roo6pasll!e J'll . KOpasMepnoCTH M • 

liT06H B Ha6ope eBSISel (16.!) Bll,ZtMHT:& CBSISH nepBOro H BTOporo 

po.tta (eM. § 8), HB06XO.ItHMO e.tteJIBT:& H9KOTOpHe Ilp8.J:tiiMOX8Hl'lfi 0 eBOI-

eTBaX aHTHeHMMeTPH1:1HOI MaTPHDJL II (eA. 9 B) II ' A ' B = I ••••• M ~ 
SJieMeHTH ROTOpol IIOCTpoeHH HS OR060K IJyacCOHa eBR:seii . 8A ( q., p ;f;) , 
A = r •..• ' M • IJyeT:& Ha IIO.J:tMHOI'006pasHlt JK . 

"(,D.nk II ( eA, a B )II = ~ m~ < M . (16.3) 
. . n ·J.flf /U . . 

:3To OSHatiaeT, 'ITO M8TPHJ1111f(oA,96)8 . RB. J"' HM88T mf= M~ :tml 
Dnebo REiSBBHCHMHX co6CTBeHHHX BeKTOpoB ~ \q.,p,-t) e HY~eBIOOI 
co6eTBeHHHMil SHa'leHH~Dm*): A 

a 
5AC£t,p;!i)( 8A.8 6 ) = 0 

A,B = 1, ... , M ·, 0.= ( ...• m1 . 
Tpe6oBaHHe TOI'0 1 "'T06H Ha6op eBSISEil (16.!) 6WI IIMOH, 
B ~6.1t.YJXq8M<BHJt8 (CM. § 8): 

Q 

' . 5 [ a.e.a + ( 8 . H )] I = 0 
A Ot A· _11.( • 

(16.4) 

SaiiHeHBaeTOII. 

(16.5) 
a.=~ •... ,mi. . . ,. 

CBSism (I6.I) MOJmo nepeHYMepoBSTl> TBK, '!To· B MaTPH~e I/(8A, 88 )II 
DH6ibiO H6SaBHeHMIOOI 6y.It]T l m 2. II0~8.J:tHHX CTpoK H COOTBeTeTBeBHO 

~ mR noCJie.ItHHX eTM6mB~ :J:enep:& OT na6opa eBR:seii (I6.I) nepe-eM 
K 9KBl!Ban6HTHOMj' Ha6opy CBSISel eorJiaCHO !lJopMy~au 

Q 
*)Ko~ruteRTH B y~oBHH DHeiiHol itesaBHeu;.IO.::T.H BeKTo.ros "5 A .ItOJllt .... 

HH pac~TPHBST:&C!I KSK rlJYHKmm q, , P . . , t, . • 
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l\ 

" 

- a 
cF0Cq..p;f;)= ~A(q,.p;fi)8A(CJ-.p,t), (I6.6) 

a,= ~ ' ... , mt , 

· il·~cq-.p ,t )= 8m .. ct<q,.p ,t ), w= ( ... , ~m?. . · CI6.7) 
f Q 

B cu;ry JIIDieiiHoit twsanHcl!MocTn: nei<Topon 5 ( q.; p ,-b ") . ypanHeHIDI 
HOBUX CBHSeft· A 

P0(Cf.f,ii1 = 0, a.=~ •... , m1 , (I6.8) 

Sl<~-(q-,p,t)= 0. d.J= 1, ... , ~m~ (I6 •. 9) 

38,ItaBJT TO :ate CaMOe ITO,ItMHOI'006pasze J". 1 liTO ll: ypamieHmt HCXO.tniUX 
CBHSeil ( I6. I). . • 

YTIHTHBaSI (2. 7) 11 (2.8), JierKO nponepn:T:&, 'ITO Ha no,W.moroo6pa

smt j'tt BlmOJIHJ!IOTCJI paneHCTBa 

. - c:P.n . m 4,.a 
C'Pa .ct>&) ~ 0 . ot + (1?o., H) :::; 0 • 

(cpa .il.o. ;'t.O.o (!6.!0) 

k n f'\ . ~Jl 
"!-£Ln jj(.J.L~,...lLP )jl .""' ZmR·, 

(I6.II) 

. \ 

a..~= ( .... m~. cL. p= ( ...• :tm!{. 
TaiGIM o6paSOM 1 rreperpynnn:poB.Ka CBHSei!: (I6.6) H (I6.7) Bl:l,IteJISieT CBH-

Sll: ne,r~ro po,Ita (I6.8) H CBHSH BTOpC>I'O po,Ita (I6.,9) 1 Y.ItOBneTBOpm!IJllie 

Ha JK YCJIOmmM (I6.IO), (I6.II). . . 
KaK 6wro no.Kasano B § 8, npHCYTCTmte B Teopo cRRseil nepBoro 

po,na ITPHBO.ItKT K WHKIJ;I'IonanLHot.\Y npoHsBOJiy . B ypanneHl'liDC ,ItBDteHmi B 

i,IaSOBOM npoCTpaHCTBe r . tlT06H saqmK.CHpoBaT:& STOT npo:USBOJI 1 

Tpe6yeTCJI ,ItOllOJIHHTeJI:&llO K CBHSJIM (I6.8) ll: (!6.9) HaJ!OltHTD Ha .KaHO-

lmlleCKHe .rrepeMeHHHe q. 1 p ettte m 4 KaJIH6poBO"CJHHX yc-

JIOBHit 

X,n(~.p;fi}= D. C1=1, ... ,mi, (I6.I2) 
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no,It'!lHH.eHHHX e,ItKHcTBeHHoray yCJioBmo · 

detuc~a.P&)IIj =1=··0 .. (I6.I3> 
4>=.fl.=X.==O . 

3TH yCJIOBHJI BHpeSaBJT nsjU <lntSii'IeCI\Oe IIO,ItlvniOI'006pasne rlf cpaso

BOI'O npocTpaHCTBa. PasMepHOCTJ, r:. Oll8BlWIO,PaBHa Z(n-m~-mRl· 
TPe6oBB~ IEBOHDTliBHOcT:r:. KaJin6ponollH.HX yCJioBnft Me~ co6oit. 

/2,30,'l0/ MU He 6y.IteM. TaK RaK MU paccMaTpnnaeM caMUit o6tttnii CJiytinii 

caRseii ( I6. I), SamtCJitttnX mmo oT nper,mtm, To n Krum6pono'lHUe yCJio

BHJt (I6.I2) ,It~ HBHO 38BHCeT:& OT BpeMeHH, Eonee TOI'O, eCJIR Ka

HbHHTiecKJlf.ii raMWI:&TOHHaH B Teopnn TOJK,I{eCTD81U!O paDeH IIYJIIO ( B 3TOM 

CJIYtiae JiarparomaH /.., ( q,, q, , t,) - O.ItiiOpC>,ItHM: ITO CKOpC>CT.fiM 4- c!JYHK

nrui nepBoii cTerreHH), TO KaJIH6poBo'I!me yCJiomm (!6, !2) BHe sanHcn

MOCTli OT CBO:ltCTBa CBHSe:lt rrepBOI'O po,na (I6.8) . .l{OJIJKH!l CO,It~PJKSTD Bp8!AII 
HBHO~ 

,Itlui aHaJIHsa ypanHeHRit .ItBIDKemm na cpns:utiecKoM rro;n;r.moroo6pa3lrn: 

r~'. Y,D;06Ho·nepej,lorli OT Ha6opa CBJI3ell (I6,8), (!6.9) H t\aJIH6pC>DO'IIlllX 

YCJIOB.Hit (I6.!2} K SKBHBaJI8HTH016Y Ha6opy llS ~(ITI14-mlt") YCJIOBMil B·I<a

HOHR'!leCKOM Bli,rte. 3To ,ItOCTHraeTCJI C llO!.lOtli:&IO crretiaaJI:&HOI'O KaHOIUitieCKO-

I'O rrpeo6pasoBamm K HOBHM rrepeMeHHIIM Q , P · 

Q Q .. •(i) (i) 
{.= i(q.,p;t"), ji = ~1(£t,p,t), (I6.I4) 

(Q. Q."): (P, P. }= (Q. p. )- ~ .. = Q . (16 15) 
{. j . ~ , . J . . 1. ) J tj . ,_ . . 

{. ,J = ~' ••.• n . . . r ~ 
B TepMmiax, B KOTOpllX <!JnsHtieCKOe ITO.!(li!IIOI'006pasne · OIIpe,IteJUieTC.fi 
YPaBHeHIDIM1I 

Q ~ ~ ~ ( q.' p , t,) ~ 0 ·, ~ + ;}C. ( <t: p. t) .=: 0 ' (I6.I6) 

"&=n-m~-m~, ct,= i, ... ,m 1·m~. CJ 
KruiOHE:tie CKl!MH ne peMSHH!lMH Ha , r ft . HB.1l.fiiOT C.II Q () t J 6 • . 
i' 6 ~ n- mf- m9. , Mil He 6y~e!A OCTaHaB1Ill:BaT:&C.II 3,80:& Ha ,ItOKaSa-

TeJI:&CTBe STOI'O YTB8.Pl£.It8JIIIJI, ero MOlK.HO uailTU B KHRre 4I/, Teoper&l 

YIT. 24 ~ KoHKpeTHlli!: BH.n WHKIJ;I'Iit Qicq,,p ,ft), fit<q-.p,t,) , 1 ~ L ~ n 
HaM He noTpe6yeTCJI, OTMeTIDA TOJIDKO, 'ITO OHU HBHO 3aBHC.IIT OT BpeMeHH, 

TSK .Kait HBHO SaBHC.IIT OT BpeMeHH CBII3H (16.8), (I6,9) H .KaJIH6poBO'lHUe 
yaiomm (I6~I2}. 

~·coK~eHRII SSI!Jlf.CH COBOKYITHOCT:& CBJisefi II RaJIU6pC>BO'!lHUX yc-

65 



i 

'I lc 

/ 

JIOmdl B .KaHOHR'I60KOM BR,ll;e (I6. I6) Mil 6y,IteM 0603H8'1aT:& IDIOr,Ita O,nHOit 
·6yKBoit 

We((\.,p;t)=Q. e= l, ... ,R.(m1•m1), 

W-ae(£t,pJ )=- Q"(.+ /£l-.p,t)) ~tm1•:i!J-.pJ)= ~.:i~.r.t~(I6.I7) 
"V= n~(mtm,_)_, :t-=-1, ... , m 1 + m~. 

MaTp.a~, aneMeHTSMH KOTOpoit HBnHIDTCH CK06KK UyacOOHS OBRSeit 
\xtf(q,,p.t) MeJK,Izy C060:il: 1 paBHa e:ztmmtmoit Om.mJIBKTH'l6CKO! MaTlll!U6 

pasMepoM ~cm,•m:t)" ~(m 1 •ma"> . 

.·II(We .. wf 111 = (I6. IS) 

0 I . 
m1+m~ = J2(mtmR) ' 

- Imf+m1 0 
r:zte I .. - e,Itnmr•masr MaTpn~ pasMepoM(m1+mll)x(m4•ma) • 

YpaBHeHBH nBg!eHHH B pasoBOM npocTpaHCTBe. BHBe:zteM·ypaBHeHHR 
,ItBIDlt6HHH B ~30BOM rrpocTpaHCTBe C ytl6TOM BCBX OBH36! H KaJm6poBOll
lWX yCJioBHit, sarrncaHHiiX B KaHOHH'IIecKOM BH,Ite (I6. I6). KaHoHHtJ:ecKK~l 
raMHJI:&TOHHaH 

H = r. ~i- lc~t.~.t 1 n6.I9) . 
He saBHCRT OT cKopocTe:il: q, . EY@lepeHII)IpySI ( I6. I9) H YliHTHBSSI 
onpe:zteJieHHe (5.I) , ITOJIY'IaeM 

d H ( q., ~. P .. t 1 = d Pi ~ i + pi d ~ i -
B.k d n.- ak. dn - Dk_ dt- do. n.- B1. dn.- 01. dt a ll-i T' o 4-i Ti Of - '' 11 a q,, 7 • at <I6.2o> 

TaKRM o6pasoM, d H He co:ztepmrr ~peHII)IaJIOB cKOpoc'l'el 

d~i ' . CJI6,ItOBaT6JI:&HO, 

H= H <.q,,p ,t,) . 

dH= ~d~i+ *dpt • 8-tLdt 
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(I6.2I) 

(I6.22) 

YqTeM Terrep:&•B (I6.20) H (I6.22) YpaBHeHBH ollnepa 

Ji&. = .·Bh. .. ,. t =~, •.•• vi . 
dt 0 cyi_ 

OTO ,ItaeT CJie,Izy~ee 'paBBHCTBO: 

"' 

{I6.23) 

( Jltl + R ) d~. + ( _illi- 4.) d D.+ ( li!::L + ~ '\dt = 0 (I6.24) a lft. {, " a Pi { · . 1t 'at . at ; · · 
KpoM6 TOro, ,ItH@JepeHII;IrpoBaHHe CBH3eil: (I6.I7) npJ.IBO,ItHT K ypaBHeHIDIM 

. 
~dn .. + £iwe__dR + a~'f'e dt = o . a n:. 1{ lf15'i l "Yt . 

(I6.25) 

e = ~ •••• , l em,+ m~) . 
YCJIOBH6 (I6.I8) OSHallae;, B 'IISCTHOCTH, '!TO YPaBHeHIDI\1(/f(q..,p,t)= 6 , 
e = I, •••• :t(m,+ mt) <PYHKII;IrOHaJI:&HO H638BHCl!MH. oTO ll03BO- . 

JISieT npHMeHHT:& 3,It6C:& M6TO,It H60ITpe,IteJieiumx MHOJK:HTSJI6M JiarpaHllta~ 0KOH
ti8TeJI:&HO .ItHHaMHKa B <PasoBOM npocTpaHCTBe OIIHCHBaeTCSI ypaBHelnun~) · 

~= ~ + 1 (t)~we, R=-~- -Xec:bW' 
t. a pil e u Pi t. 7t It {I6.26) 

~=1, .... n, 

we ( q,. p ;~) = D , e = i, ... , A ( m 
1 

+ m 7-) . (I6.27) 

MHOJltll:TeJIH JiarpaHJKa J..e(i) B ypaBHeiDmX ,ItBH.iAelillfl (I6.26) 
onpe:zteJlSI!OTCH l!s c.ire,IzylCflliDC yCJiomdl: 

~= ~l + ( w;) H } -T .A0tc) (Wf ,Wa) = 0 , CI6.28). dt Ht T d i . 

f, ~ =. i , ... , l (m 1 + m ~) . 

X}Hs (I6.24) II (I6,25) ,ItOllOJIHHTeJI:&HO K {I6.26) BUTeKaeT COOTHOmeHHe 

. -&'i- + §t- + J.e<.t) ~'fe = o 
KOTopoe YpaBHeHHeM ,Itm!lKeHBH He JIB1ISieTCH. 
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Ytm:THBM, TITO cBHsn W9(~;p,i) . nMeiOT ItaHoHmec.Eaiii ·rum (16.17) 
(16. IS), no.nyTJ:aeM . · 

~4(t)=-JJ9[aat'q +(w9,H)J .· 
- -1 (I6.29) 
J.:J2<m1+m 2), .f.9=1, ...• zcm.+m~)--

IIoCJie no~CTaHOBKII (16.29) B (16.26) ypaBHeHIDI ~mKeHIDI sanncu
BaiOTCJI TaK: 

4( *- ~{~~[~'fq+ (w9.H;). 
• . . (16.30) 

Pt=~ ~i+ ~rJH [ ~'f't ... (ws,H") ). ·{,= t; ... ,.,, . -
. . · . J,g=-1, . .. , ~crn,·m~). 

. Qqe~o, 'ITO 3TH ypaBHeHIDt He raMWI:&TOHOB!i, ifo Hac HHTepecyeT ~Ia-
MliKa He BO BCeM \fla30BOM ·npodTpaHCTBe r , a TOJlbKO Ha ero qlnSH-

. TJ:8CKOM llO~oroo6pasHH r~, onpe~eHHeMOM ypSBH8HIDIMli·CBH3eft ···-·· ~-. ., 
(16.27), Hap ypaBHeHIDI (16.30) MO]!tHO nepetmcaT:& B SIBHO l'aMIJJI1>TO-

j 

HOBOM lm,lte: 

i';lte 

'o. 

~-=·:Bfu 
t o Pi 

6 - ·~ Bfu· {, = 1 .... ,Vl 
'i- a lti · 

W.f(q .p:b = 0 , f =- 1, ... , l(m
1
+ m~), 

(16.31) 

(16.32) 

HTcq.p,b;H- w,JH qp + c.w9,H )] . (I6.33J 

. YpaBHeHIDI CBH3e:lt (16,32) SIBJIJiiOTCJI H8liHBOJIIOTHBlWMH HHBapHaHTHU-

MH COOTHOWeHRR:MH ~ ra~:&TOHOBHX ypaBHeHHJ;i ~mKeHIDI (16,31) 

~ m. . 
t = i=lt + (~ )\ 11rll = 0 • J=-1, ...• ~<mtmz). 

u (16.34) 
C IDC llOMOill:OIO MOOi.HO llOHli3liT:& llO~OK ~l>TOHOBOft CHCTeMUJ (I6.3I) 

1Ha 2.(m1+ m~) • .nmr aToro CJie,nyeT BOcnOJI:osoBaT:&CJI ItaHoHHTJ:ecKHM 

npeo6paSOBaHHeM (16.14), B HOBHX nepeMeHHHX Q · , f .YP8B-
H8HRH (16,31), (16,32) nepenHCUBaiOTCJI TaK: t { 
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', 7) 

a. -Hl @_ Rt • - J J·-- , 
t ajr · ~. Gi 

-L=-1, ••• -,n, (16,35) 

Q't+at 0 , ~.:l= 0 
(16.36) 

~= n-(rn1+ m2), ~-= 1, .. . , m,+ m1. u 

Homtll raMIJJI:&TOHHaH i(,(Q ,!P ,t) onpe~eJUIWcJI <IxlJlM.YJIOH 

':I{,(Q,P,t) = HT( ~<.Q,P,t) > p((~ ,P.t),t; )"' R(Q,.P,f;). 
(I6.37) 

~e c:o IP.YHimm 

q,.= o.(Q,P,t) ,· ~ = D.(Q,P.t),. 
t ~ . li '~ 

-L=-1, ... ' Yl 
(16.39) 

3M81lT .KaHOHH'I~CKOB npeo6pa30BaHH~, oOpaTHoe K· (16.14). ilo6aBKa 

R (Q ,3' ,t) K r8MBJI:&TOHHaHY o6yCJIOBJIBHa JIBHOit 38BHCJ'!MOCT:OIO. KaHO

HH~ecRoro npeo6pasoBaHHJI (16.14) oT•BpeMeHH. 3Ta'BeJIHTJ:HHa onpe~eJIJieT
CJI ypaBHeimJIMH 

BR~.P.t) = aO~c.Dr.P.t), a~<Q.Tt, 1= _ B~(Q,:P.±,) .. 
06

.
40

> 
fi!li t. Gt. at 

• · • -t,=l, ... ,n. -
IloCJie JtH!W>epeHQHpoBaHHJI no t npaBue '!aCTH .YpaBHeHH:lt (16. 40) 
~OJIDu 6HT:& npe~cTaBJieHU c noMom:&IO (I6. 39) RaK rpyHKIJ;Im Q · , P 

t . 
YpaBHeHHJI ~BEeHHJI (16.35),(16.36) npe~cTaBJIJIIOT co6oit rpaKTHtJ:ec

KH r8MBJII>TOHOBY CliCTeMy ~OJri.KO H3 Z'Y- = len- m,- m~) .YPaBHeHHli 

Q =B){,, p=_.ax .. 
6 ~ 6 ~ (16.41) 

_ CS= -1-, ... ,ll(.~ t1-m
1
-m

1 C rllMWll>TOHJ'!aHOM 

Jt(Q<>·~ .t) = Jt,ca .P.t )Jo = P .• o 
"t..+:l' "l.+'(l 

,II! .. 1 "& de=~ ... , m, .. m., . \J 1 l • • •, J J "I A 

} 

(I6~42) 
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. 1 

"\ 
\1 

Ha r, Blt7la,I{ B j{,(Q6 .~ ;t) ,n;!llJT TOJI:&RO RillloiW'IBCRHil raMWI:&-

TOIWaH l'I R(Q,.T,t) . 

J{,(QtS,~ ,t )= (f·-J(q.(O,.P,t, ), p<.G,P,t,) .t) + 

-+ R Ul,P,t )11 a· - (() 0 ~ "f.,+x- J"f.+ac'" 

. (I6.43) 

CorJiaCHO (16.34) OCTaBIII1IBCJI ypaBHBIWJI B CHCTeMe (16.35) Ha r • 
' ,ll;aiOT .. 

Q - 0 
"(,+3( 

1' :: 0 
"fl't ~ 

(16.44) 

"lJ= n-m1-m:t ,X= 1, ... ,m
1
-tm1 , 

T.e. (16.36) JIBJIJDJTCJI HHBapllaHTHHMll COOTHOmeHWJMH ,1t1IJ1 (16.35). 
B pa6oTe I 431 c,n;eJiaH HerrpaBl!JI:&H!tit BHBO.lj o TOM, liTo R · o6pa-

maeTCJI B HOJI:& Ha llO,JJ;MHorooclpa3mi JU H, CJie,n;oBSTeJI:&HO. R Ha r* . 
TaRllte paBHo eyJIIO. HarJISOUillM rrpl'!MepoM,rrORa3HBamtHM, liTO aTo He TaR 

1 
SIB1IJI9TCJI CJIY'Iail CHHryJIJipHUX JiarpaHllGiaHOB, O,ItHOpo,n;HHX IIO CROPQCTSIM 

(OM. IlpHMep B § 15). Kar!OIW'IeCRHR raMWI:&TOIWaH MJ1 T81GJX JiarpaH-: 

JKHaHOB paBeH HYJIIO To~ecTBeHHo 11 .n;HH8MHRB aa qmal!'IeCROM no~oroo6-

. Pa3llll qeaoooro IIpoCTpaHCTBa r• reHepl!pyeTCJI TOJI:&RO R . ' 
IlocTOOeHl!e dJvHR'OT:&Horo HHTerpana. BHa'IaJie MH npe,n;cTaBHM no 

CTSH,n;SPTHllM npaBl!JiaM 3J MaTpll~uR·SHeMeHT OIIepaTopa SBOJIIO~ ,1t1IJ1 

raMl!JI:&TOHOBOit CliCt.eMU ( 16. 41) t' 
U<.(t\ = Teocp [- L ~.J{, (Q 6 ,.T6 

,t,) dt] <16.45) 

5=1, ... ,1, t; 

B rome KOHTHHYSJI:&HOI'O l'!HTerpaJia no qln3lf'IBCROMY no,ItMHorooclpa3mJ r * 
~30BOI'O npocTpaHCTBa 

II • II II I I I 

I= ZQ1·· ..• O""IUct:,,t) I a., .... Q"(. > = 
t:' . 

Jexp Li/ [ p ri _ j{,<.Q p t )]dtilda~c-&1dP~<t,) (I6.46> 
l I ~ 6 t• r· ~~· 
~ ~~ ~~ 

6,ct;,~= ( ... ,"it= n-mf-mt. 

Terrep:& C nOMOtn:&IO b - cpjHKmtii pacnpocTpaHHM ®'HRm!OHaJI:&HOe l!H-

TerpllpoBaHlle Ha Bee ~aoBoe rrpocTpaHCTBO O.i , 9i , 
. 70 

~ = r, ... 'n 
t" 

1= fe~p{t~ (~Qt- H<.Q,T,-t,)- R<.Q,T,t)]dt" 
t' .. 

n-nt. n dQ J.· dQ J.· n b(Q ) b(T )fl[l. {(v) 'Ji<v) ··, 
~=f "(.+ ac "t.+'(lf ~·f t ~sr . 

(I6.47) 

~ Y'I}ITHBSJI 8 - ®'HRIJ;Im B (16~47), MU pacnpoCTPaHl!JIH CYMMY 

~/f>dQE), (() CTORI!IYD .B IIOKa38T~e SRCIIOHBHTil B (I6.46), Ha 

Bee rrepeMeHHHe ~{, , Q~ , .V. = I, ••• , n .l! aaMeHWm . 

a@ieRTl!BHitlt raMl!JI:&TOHHaH ~ · ~orJiacHo (I6.43) cyMMoil H + R. 
Tenepb COBepmHM B (16.47). 38M9HY ®'HR~OHSJI:&HUX IIepeMeHHUX 

l!HTerplllpoBaHWI 0 nOMOtnbD KaHOHl!t{BCKOI'O npeo6p830BaHl!JI (16,39), OOpaT

HOI'O K ( 16. I4). Mil He Oy~eM o6cy~aT:& a,n;ec:&, HSCKOJI:&~ OIIpaB.n;aHHS 

,n;aHH~ IIPQ~pa, H JIHIII& COIIIJlBMCJI Ha 001111IPHYIO JIHTep8TYPY no BTOil .npocl:-

JieMe 13S:.3B • I!oCl!e TaRO:Il saMeHU JiooaBRa R R RBHOHl!t{eCROMY 

raMl!JI:&Tomirury B (I6.47) HC'IeaaeT 

r = ~e~ptif[Pt~t- H(~.p.t1]dt ~ 
t; ' (I6.48) 

nU ~ c a "L+ x ( q,.p ;b))~ (P"f,+a( q,. rJ) )~V d Ch ct)d _Pi(t) 
'tfl'o6u BocnOJLi.so:BaT:&CJI cpopifyJioil (I6•48), MU ,n;OJIJKHU aHaT:& JIBH!tlt mut 
CBJISeit H. RaJIHOpoBOliHWC YCJIOB:d B KaH0Hl!t{6CRO:Ii cpopMe. Ilepexo,n; OT HO...; 

XO,n;HOI'O Ha6opa CBJISefit (16.I) B K8JIBOpoBOliHWC YCJIOBl!:li (16.12) R H860-

py cBJiseil 11 RaJIH6poBoliHHX yCJioBl!it B RaHOHJlt{ecRoii (fJOpMe ( I6. I6) JIB

JIJieTCJI ,n;oBOJI:&Ho CJIOltlloit MaTeMaTl!'Iec.Ko:lt npo6JieMoi1 I 4II ( Tpe6yeTCJI · pe

meH:He YpaBHBH:Hit B llaCTHWC rrpoB3BO,ItHHX) • I!OBTOMY HeOOXO,n;RMO Hay'Ili!T:&CJI 

pa6oTaTD o l!CXO.ItHUM aa6opoM cBJiae:lt ( I6. I) 11 RaJIHOpoBoliHHX yCJioBlli 
(16.12). . 

ll,ycT:& HCXO,n;mtit Ha6op CBJI3etl (I6. I) B RaJIHOpoBoliHWC YCJIOBllit 

(I6. I2) IIOCl!e SaMeHU If B p' corJISCHO (!6.39) l!MeeT B~ 

~e(QIIf.+~,P"(,+:l. ,t ") = 0 ., 
e = 1 .... , :it. (m1+ m~) • ~ = i •... , n- 't 

"(, = n:.. m1- m1 . 

(I6.49) 

I\aHOHll'IeC~e ROOP.ItHHSTii Q 6 H q>d , 0 = I, • •., "& 

Ha r B YpaBHeiWJI OBJI3Bit (I6.49) He BXO,n;JIT. 'raE RaR 
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ypaBHeHRH {!6.!6) B {!6.49) OnHCHBBDT 0~0 B TO E6 no~oroo6pa8B6 
~ . . 

p <iJa.SOBOI'O npoCTpaHCTBB, TO BS {!6.!6) CJle,JzyeT {!6.49) B HB060:. 

poT. IlepeMeHHHe tt,e(Q.,•ae•p"'.+~,-fi) , e= ~, . .. , l(!TJ1+ ml) ~ItmiOHa.n
HO H888BBCBMI:l B CRlfY (!6.2) 111 (!6.!3), ll09TOMJ' lDC MODO ~CCJI8Tpi[

BBT:& KaK HeKaHoJm'lecKl!!e KOOP.ltD8'1'H Ha no,ItMHoroo6pasmt. f , Jm

~MCJI ,nonOJIHei:UieM r"' ' OTHOClllTeJl:&HO r : r = r\ r~ 
Tenep:& BOCllCJlLSyeMCJI CJie~ T~6CTBOM: 

f/'1.. 
1 = J..: .. ~ c de t 11 ( tt J, fL ~ ) 11 ) x 

r t<.mf+ml) fl-"(, 

b(ttA(Q11+3:'~·~;fi))[=lf dQ."(,+Z d f~+~ . [.1 
{!6.50) 

l!T06H ;ltOKaSBT:& (!6.50) 1 Heo6XO,ItBMO nepeiTB B STO! ([lopyYJie K liJHTerpu-

,,~- po:samm no H6KBHOHB'l8CKl!!M nepeMeHHHM Jt ~ 111 BOCllOJ11:>80BBT:&CJI 

BHp8Z61:UI8M ~ 8Jl6M6HTB 06~eM8 <iJa.SOBOI'O npocTpaHOTBB B H6KBHOI:UI'l60-

KBX KOOP;ItliiHBTBX ( CM. 1IPl'JJIOEei:UI6 B) : .. 

n-11(, d (i) -n da"(,.~ :~"~~·~-
n Q (() ~(ml"l) . < .., .. ~ • ~ ,.,. z ) n d t = 
Bttr.h···, ~t(mf+mz.)) B•f e (I6.5I) t•i . 

· _ 4/'1 .. f(m1+m~) 

<.detll<. ~{, ~~ 111) [.1 . d~e . 
IIo,noTSBJlSX (I6.50) B no;~tHHTerpaJI:&Hoe BHpazeHHe (!6.46), noxy- \ 

1188M t," 

I= ~~p{i.~ [~Qt.- H<.Q,.P,-b)- R<G.T.t">]dt 1 ~· t,. . 
2<.mt•m1) · . t/'i. 
J] h<.tte<.Q"t+at ,T"~~·~ ;b))(detll~ t&f, ~s 111) • (16.52> 

rind(hcb1d8tct) . 
t .. 1 t, . lX . 

KaK YE8 OTM811BJIOOL BHille, HS (16•.&9) ~I,Q'!t'l ( 16. !6) • li09TOyY MH 

oMOrJIH OWIT:& paonpocT.PaJmT:& c~ Z:. Pestles B (I6.5I) HB Bee 

ne peMeHHHe ,pi. . • a (, . • -{, = I. • • • • n B no,noTammJI . 

BMeoTO X ([lofHYJIY ( I6. 43). C nO)I)DtloJl saweHH qiyH.KD;HOHM:&HHX nepe

wemua: lmTerpapoBBHRH B (!6.52), onpe,neJISelml KBHoi:UI'leoKBM npeo6paso;_ 

BBI:UI8M (!6.39), MH lloxy'lBeM OKOHtiB.TeJl:&HYII i.[lopJIJJIY ~ KOHTJmYBJU.HOI'O 

:BHTerpaJia 
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.LII , 
. v · Z<m4+m:~1 . · 

I= ~ er£.p {~ t' [ Pt ~t.- H<..q,.p,t) ]dt lJJ 8(~e( q,,p ;t, )) " 

f/2 n ·. d d <.detll(ttl!La)ll) nn lb(t,) Pi(t). (I6.5s> 
d 1..•f t 2.5r 

J(o6aBKB R .K KaHOI:UI'tlec.KoMy raMWI:&Tolmmiy, nusnamiWI JIBHojl samr-

CEMOCT:&IO OT BpeMei:UI OB.IISeil E KBJIHcJpoBO'lllliX YCJIOmtfi, EC'lesaeT npB 

SaMeHe nepeMeHHHX (16.39). B (!6~53) DXO,nl1T TCJlLKO IICXO,w!uii IICJlHJtli 

Ha6op CB.IISeft (I6.I) H .KaJm6poBO'lHHX Y.CJIOBIIil (I6.I2) 

t},e <.. £l-, P J) = { 8 A<.. CJ-, P • t) , A= 1 , ... , M = m 
1 

+ ~ m 
2 

X,ncLt,P.t1, o.= (. ... ;m 1 1 , e = 1, ...• ~<..m 1 •ma). 
(16.54} 

"' Ms:...sa , . 8 . - qiyHitmt! ( !6. 53), O'leBJWIO, CleapaSJIH'lHo, Ka.Koft :es Ha6opon 

OB.Ilsel (I6.I) BnH {16.8), (16.9) UCITOJlnSyeTCR npH nocTpoeHHR '.KOH

THHyaJI:&HOro KHTerpaha. 

Mapa liiHTerpapoBaHHII B KOHetJHol i.[loPMYJie ( 16. 53) onpe,neJIJieTCJI DeJill'lH-:
Hol 

1/l 
~ = { det!IC ttr, ~~ ;111 . 

-I 
.Col'Jl.SCHO (I6.5I), /j 6CTL SJieMeHT 06'beMa q>830BOI'O no,nnpooTpaHOT

BB f~ f \ r • B H8K8HOHH'l60KBX KOOp,nmtaTax, 3B.D:aBBeMHX OB.IISSIMH H 

KaJIH6.POBOtJHHMH YCJIOBHSIMH ( !6. 54). 

. /3 5i 
C:aitaH BTOporo po.na npHCYTCTBYJOT D CJl9.DYJCIIllU llOJ19BI:lX MO,D;eJIJIX ' • 

. .KaJm6pOBO'lHH6 llOJUI C OTJlll'lHOit OT HYJIJI MaCCOii, TeOpiDI Mal'HH~
HHX SBPR)tOB J(Hpaxa, KBBHTOBaHHe C IICITOJlb30B8HHeM ([lopMaJIHSMa CBeTO
BOI'O ~poRTa. 
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§ I7. RBaHToBaHH6 cBodongoro Bn6KTp0MarHHTHoro nann 

~6HCTBR6 ~ Bn6KTpoMarHHTHoro nann 

s =- ~ sd~trrr, ~v= al'.ll}- o • .A, 
HHBapHaHTHO npll: KanHdpoBO~ np6odpa30BaHHHX 

(I? .I) 

-..A,..c:r) = Jl c:r) + Br€~). <I?.2) 
!IOSTOMY y MaTpiDl;ll )\ r . (2. I) 60Th O,Itml C06CTB6IIllltlt B6KTOp C HYJI6-

BHM C06CTB6HHHM 3H3l.J:6Hll:6M 

. S t' = bfo · (I7.3) 
3HaqnT, ypaBH6HH.!I 3H1I6pa ~ (I?. I) 

- · arF.\1 = ara .Av- a\lar.A = 0 - · r r · r 
np6~cTaBJIRIDT codo:il cncT6MY ns Tp6X YpaBHeHHil:, oo~6pmamHX nponsB0~6 
no BP6M6HH BToporo nopgnxa 

· arpt. =ara ..R._- a~ar11 = o ~ = t 2 3 r r r · · · (I?.4) 

ll: o~o:il Jiarpa!Dlt6BO:il cBf!al't 

·. ·. BJ'F,O= aia. aO 0 t 
B cwry TO~ElCTBa H6TI'lpf' /8/ t J1 - a a fi . = Q t .• (I?.5) · 

a a F' r\)= o . (I7.6) I \) r 
I! YPaBH6Imil: (I? • 4) nponsBo~rui: . no :a p6M6Im oT ·Jr6B~il qacTH ci?. 5) 
odpamaeTCH B HOJih 

a arFo = - a.ar F. i = 0 <I?.?> 
o r t ' • 

CJI6~0B8TeJihHO, Jiarpa!DlteBy CB.II3h ( I7 • 5) MOJKHO paCCMaTpm3aTh .KaK yc
JIOBR6 Ha Hal.J:MhHU6 ~aHHU6 ,IJ,1I.1I CUCT6l.m ll:S 3 ypaBH6Imit BTOporo no
pgnxa (I?.4). 

CorJiacHo BUIIJ6ll:3JIOJK6HHOMY, :a Bn6KTpo,nmiaMHK6 60Th o~a n6pBR'DlaR: 

CBfiSh ll: o~a BTo pH'D!aa: cB.IIah , · s~aBaeMaJI JiarpaHllte:aoii CBfiShiO (I?. 5) .• 
~yrnx CBHS6:il B T60pHH H6T. li6PBH'DlaH CBfiSh Henocpe~c~BeHHo TIOJIY

tJ:aeTcm 1'13 onpe~eJieHH.!I KaHOHHl.J:6CKH COTipJDit6HBllX ll:MTIYJlhCOB 

,nr =- 8~ :::par J1 . . r 
(I?~8) 
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CJI6~0BaTeJII.HO, npoCTpaHCTB6HHH6 KOMnOH6HTU S[ r 3~aiOTCH BeKTOpoM • 

SJieKTpll:l.J:6CKOro nann 
..,._.(, Ei_ n 

' j(, = - • .{, = ~.:?, • J 
0 (I7.9) 

a HYJI6BSK KOMnOH6HT8 9i o6pamaeTCH B HOJih. 3TO ll: 60Th nepBHl.J:HaR: 

c:rursh 

'P=Et
0
=0: (I?.IO) 

lis ( 17. 5) J/1 ( I? • 8) nOJIY'laeM BTOIJHl.J:HYD CBII8h 

~ 

, T.e. di V E = 0 w = a.5C' = o 
' l 

{I?.II) 

I'aMitnhTOHOBa mmru,mxa 6es pKCJII?OBaHH.!I KanH600BKHo KaHoHll:l.J:eC

KHii raMWI:&TOHJI8H c 'noM6Diili luii'er.PH.i;iOBSHiiit' no -riacr.RM MOJKHO SaTIJICaT:& B 

CJI6~mt6M Bll,lt6; . 

H =- W.x<JI/Jil' • t )•.fd'.x(~ ~r·~ lr,/~ s&~1.R0 )= .· 
r ....... ~ --_ i (I?.I2) 

fd_ 3:x:(~ ~jFJ + l St: + .flo Bi.n ) . 
CKOOKJI IJyaccoHa onpe~eJIJmTCH. TaK: 

' • ' . (l) ' 

<.Jf _<.x) X _<uf) =- o b<..x- u) ~ = dt.nor+-- _'lli?.Ia.> f J V 4 X = U af'l · 6 1 IJ.I\1 ·. d \: ) ) ' 1. 
. 0 . (10 'J . ~ 

C:rur3JI (I?.IO) H (I7.Il), Oti6BJI,ItHO JIBJIJDl'l'CH CBIIS.m.ni nep:aoro po~. 
, . I . . . . ' 

JlmlaMHKa B cpa80BOM npoc'l'p8HO'l'B6 reH!!Pll:PY6TCJI nC>.lll!HM · rSMWiloTo- · 

IDiaHOM 

Hr = H + J(1
1
(.-b,i 1X

0
<t,x\+ · ·\<t,i")oi.-1r(t,i) ]d!.x • <I?.r

4
> · 

KOTopHI ~aeT CJie~e'ypaBHeHJIR ~eHHH 
.• .R . . •( t . . . i l 0 i 

JI = ( H )=-1 .R = r .R H )= Ji:+ o:R+ o l 
0 0 • T -t • \; • T 2. ) (I?.I5). 

. ' . i . kt 
5i = o !iC = (.91:• H)""- oF 0 • . • T. k (I?.I6) 

lis (I?. I§) saiW:lqa6M, 'ITo JJ 
0 

( t, , X) SDWieTcm !flaKTll:l.J:ecKJI II,PO-:o 

HsB0.1Ildiol lliYHKilJ!el t J/1 X , KOTOPYD i.toJKHo BlWl"DD'l':& :a Jill~ ' 

UTeJJ:i. Jiarp!llma J.~<t, X ) • TaKJIM o6pasoM, Hei!JHSHtJ:ecKHe nepeMBJIJDI8 
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A0 · H 5t0 = 0 nOJIHocT~m ycTp8ruimrur ~~~ ,pacC:MoTpeHIDi: KaHo-
Jmqecime yprumeHllii ;rwr ocTaBlllHXc:sr nepeMeJIHWC _At ( t, .~) H 

. Jti(t,, X ) . 88IIHC!ffi8IOTCSI Tenept. TaR! . 

. {_ {, t- - ' 0 
..R ·=Jr+a-A ·.A=1+A 1 ) 2 1 (17.17) 

. • l Kt rc=-a F' K • (17.18) 

YpaBHeHHH (17.18) npe~cTaBnHIDT C060H·BTOPWD IIaPW ypaBHeHHtt MaKcBexna 

a- --af = "t,Ot J-1:. x) (17.19) 
Ms (17.17) H (17.18) nanyqaeM BOJIHOBoe YpaBHeHHe c npoHSBOHI>Hott 
I!JYHKIJ;Iieft J:.,(f:, ,X)~ . . . . . . , 

1\ • ··t., K t. l K t- · 

11 = - a I< ~ .R + a a K .R + a -A ~ . < 17 ~ 20 > 

,!{WEe eCJIH nonoJKHTI> ::meci> ..A~ = 0 , T~M He "MeHee pa6oTaTI> c ypaB
HeHHeM (17~20) npaKT~emw.Hey~o6Ho. STa TPW~OCTI> ycTpaHJieTc:sr BBe
~eHHeM RanH6poBO~ ycnoBHH. 

KBaHToBaHHe SJieKTOOMal'HHTHoro IIOJIJI B pa,rinall!10HHOH KaJIH600BKe . 
CorJiacHo o6111HM npaBHJiaM (eM. § 12), cBJisir nePBoro po~a ( 17. IO) H · ,. 
( 17. II) ~OJilitHll 6!:lT:& ~OIIOJIHeH!:l ~YMI! RaJIH6 poBO'IH!:lMH y CHOBMMH. B 
pa,ml:all;lioHHoft RaJIH6poBKe nonaram 

' 0 '' 
"1v = .A (t x )= o .. · 

1 ' . ' (17~2I) 

· , .·"L~=. ai.R\.t.~)= o. (17.22). 
Tpe6yst, 'ITd1H 'X- f , H "L 2, COXparur.imc:& IIpH pa3BHTHH. ,ItaHaMHKH BO 
BpeivleHH corJiacHo ypaBHeHHstM ( 17. 16), onpe~eJisteM MHOJKHTeJIH JiarpaHJKa. 

.Aic-b,x)= a, 
. . '' : ' ·. '• . ~i ' (17.23) 

0 = (o«.Jl\t.x),HT )= I ~d 3~,(Bi.JI\t,£),Ji:<:h.~)") +. ·. 

~d~~1l(~.q><-8«.Jl~t;x),8jJGj(t.~))= . . .. . 
(17.24) 

j _a_ (3') ' ' • 02. (.3) 

~d~t%cb.~,)a xj &c..x:~ ~ .. ) + ~dV-Al{~)a~·i a t s (x- ~). 
. . - .· o. M . ·. , . 
YpaBHeHHe (17.20) IIOCJie 3aMeH!:l )..1= /1 1+Jl OTJIH'Ia9TCSI OT'·COOTBBTCTBY'
Il!lei'O Y~HeHHSJ ORnepa (17.4) HeHYJieBO! i:IpaBO! 'IaCTDD·-a··,vt,xJ, · 
IIPH'IeM ~: (t,.i") . . .;.IIpoH3BMI>Hast qJyHI<ll;Wi ~ TM:&KO IIMarast }. z. =<) 

1 
M!:l 

IIQHY'IaeM. SKBHBa!IeHTHOCTI> raMR1II>TOHOBJDC H JiarpaHJ!eBJDC YPaBHeHHit. Ha 
qmsHqeCROM IIO~OI'006paSHH QlaSOBOI'O IIpoCTpaHCTBa 1 OIIpe~eJistemM Ka
Jm6poBO'IH!:lMH YCHOBHSIMH ( I7 .21), (17 .22),. STO ~eilCTBHTeJII>HO TaR. ' ' ' 76' 

Tenepl> BOCIIOJII>SyeMCst cne~mtHM COOTHomeimeM, cnpaBe,IVlHBllM .IW1 

npoHSBOJI~HOil tlJYHKin'IH t 
a~t f<.tx- ~I)=- a} f(lx- ~~ )· 07.25) 

Bupaaemie (17.24) nepermcllBaeTest TaK: 
J ~ Ht . <.3') . 

0 = Bj.91: <.t,x) • ~d ~ a~i,ij ~ i. . .A2(b. i) b(:i- V) ~ 
02. .;.,. (1'7.26) 

- . - . .A~<.-t • .x.) • 

Ta.KHM o6pasoM, MHOJmTeJII> JlarpaHJKa .A 1<.t,x) ~OJillteH_, 6uT:b pemeHHeM 
YPaBHBHJ!IJI JlaiiJiaca. 06!l'IHo Tpe6yeTcst ~ 'IT06!:l ~ f (t,, .:X:. ) H, G.ne-
~OBaTeJIDHO, MHODTeJIH JiarpaHJKa npn: 1 X. 1 ~ 00 cTpeMH.lmci> K HyJID. • 

Ho IIPH TaRHX r~ ycnoBHstX ypaBHe~e JaiiJiaca (17.26) HMeeT, 
TMI>KO HYJieBoe pemeHHe ( CM., HanpE:Mep, 4 cTp. I7I). · .· 

YpaBHeHJ!IJI ~HJ!IJI Ha no~oroo6pasHH ~SOBOI'O IIpoCTpaHCTBO r* . ' 
onpe~eJisteMOM ypaBHe:mmMH cBJisea ( 17. IO) , ( 17. II) n RaJIH6poBO'!H!:lMll: 
YCJIOBHJIMH (17 .2I), (17 .22), npHHHMam BH.rt , . . 

..R =o Jt =o· 
0 ' 0 ' . (17 .27) 

. i i . i l<i 
..R = m; - m; =- uKr (17.28) . 

Ms ycnomi! (17 .28) cne~eT BOJJHOBoe ypanneHue ;rwr npocTpaHcTneHHJDC 
KOMIIOHeHT BeKTop-noTeHIJ;IiMa ..R t <.. t,, x ) · 

··(, I( ~ . 

..R • a a ] = o i k == 1 z 3 < 17. 29) • K ' , ) :to • 

.1t7Ist .R\t,i) H $ i( t,. X ) nMeeM 8TRH,napTH!:le qzypi>e-npe~cTaruieHHJJ 
i, ... . .· 3 - i k X i k0 t i.' -~ - i. k 0 t i _.. . 

.R <..t • .:x:.)= \d ke (e Jlc.k0 ,k )"" e J1 <.-k
0
,k>] ,. · 

. .-k-'> ·k.! . 'J<.I. ,(17.30) 
t ..... { d3 . -t X t 0v t. -· ..: t 0 u· i · -~ 

$<..-b,::t)= {,)ko ke [e :R <.ko,k)- e :.A<.-I<o,k)). ' 
' _.., : i ... '"i. ..... 
k =lkl ..R <..k -k)= .Ar-k [<) 

0 ) 0' ' 0 > • 

B KBaHTOBO! TeOpHH TIOCTYJ!llf'.YJOTCst c.ne.nyJrutHe KO~T8UIIO!Dllle COOT
HOmeHHH (eM. lfx>pt-eyJiy .(14.9)) 

. . . ~ 

[.Rrd,:i ),.%"d;. ~)) = .t(.fllt,;), %y<.t.~) J . 
.lt7Ist OIIpe~eJiemm CR060K .l{HpaKa B!:l'IHCHHM MUTpl!Izy 

(I7.3I) 
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ti 

b.e( (8ect.i), O{h_J)). e.f = i),. 3. 4 
. 0 {, .o i. 
BtJG, ez.=tt% ·: 83=.R. 8~= ai.R , 

o · o s<-ti·- -·) o 
~ atsm .... -

0 0 0 - (3:-~) 
fhi.B~i 

0 
{3) 

!::::. = 1-b<.i-g) 0 0 
. %?.?>(()- q 0 . :t-. ) 0 .xtow 0 

Y'!HTHBaH paBeHCTBO 

n:__ i - - . <.l~"? 
a:xt.ib:'- t :i 1 - ~ sc b ex: ), • 

-1 
J1erKo H8HTR o6paTHYD .MaTPHIJY f:::. 

(3) 
~ -~... 0 

- 0(.:£-~) 0 0 
~ ~ 

-t:=·l,o o o ~sr,x.:.~, 1 
~ (3) 

8 <.i-~") 0 0 0 

(!7.32) 

(!7.33) 

(I?.34) 

(I?.35) 

/· 

(I7.36). 

0 - ~~ I i ~ ~I 0 0 
. U3 ( I7. 3I) li ( I7. 36} CJie,eyeT, 'iTO Jl O li $ O ROMrqTHPYJOT. 

!.!8JK.I\Y C060ii H CO BC8MH II[XlCTpaHCTB8HHHMH KOMIIOH8HTaMH )Jt. .H§tl 
0 0 . 

r..rre.!(OBaTeJl:&HO, Ha KBaHTOBOM ypoBHe fi H $ OCTaJOTCH Kl!8CCH'i8C-

KID.fi! BemltnmaMH. OTJm'IHHM OT HYJIII oKa:nmaeTCH CJI8.IIYIO!Ita2 ~MI.\YT8TOp: . . 
. . .. 0) ;)2. 

[Jl l. J. _, c:'J.!. .... ] • ~t.J~ -· -· .' ~ __u_ 
<.v,J:.),:J(,<:v,~) =t..o o(.J>~)- {,~sr B.:x:ia~j lx:.. y1. cr7.37) 

. J - . 
lJ:TOdU IIOJIY'IHT:& ROMMYTal.(HOHHUe COOTHOW8Imlt ,WISI ..A (. k0, k ;b.) t 

MOlltHO IIO,Il;CTaBHTb B (!7.36) pa3JIO;K8HRJI (!7.29). 0.n;HaKO rrpome nepe

IIRC8T1> ypaBHeHrui ( I7. II) H (:".22) B m.myJI:&QHOM rr_gocTprutCTBe li BH

'iliCJIRTh CR06KH ,lLHpaKa WIR clJY;Jbe-m.UTJIHTY.D: _RJ<_k k t "). · . . 0, • . 
Y'!HTHB8ff, 'iTO ·. • 
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. . ' . --:,_,. . 
l - l & ~kx.. (, -"? ·. r.:-i. 

Jkl<o.k J;) = Zi. ko \.im:)~ e [t.ko.R C:b.x) + JV<.t.x)] , <I7.38) 

nOJij"laeM c IIOMollt:&il (!7.!3) CJI~,ny~e BHpalKeHHe ,WISI HeJiyJieBWC OR0-

6oK IJyaccoHa W,yp:&e-aMIJJiliTY.D: filC.k
0
,k ~t,) · 

. • . • • ~(.3)_.. _,. 
t. .,-\. J . I -..' : _l_ ~ i.j ( k -t k ) . 

(-A<.k0,k,L).Jk-K0,K ,-b)) l. k o (~.9t)3 (I7.39) 
0 . 

B m.myJI:&CHOM npoOTpaHOTBe (I?.II) li (!7.22) 38IIliCuBaJOTCH T~Ut: 

8 
~ . j" - ~· j 

1<.k)= ..A(k
0
,k);)k = 0, · 

. BtdZ)= Jlj(-k
0
,k.t)kj= o. 

-f ~ ~I ;_1 
MaTPl!Ila h. = ( 8 I ( K ) ~ 9 ~ (. K ) ) RMBBT Bli,Il; 

-t 
~ = 

1' 3~(31_. """' 0 ' f<~Sl:) 0 <..k .. k) 
0 

( I7.40) 

(I7.·4I) ~ i, 3 ('(3).-+ ...,, 

-:-l<;;"<.ill)o<.k .. k) , 0 
1 

. j .... 

Bll'il!allSl:SI 0 noia:>llt:&l> (!7 .39) H ( !7. 4;!) ·OR06.KH ,llHpaKa .wm.Jl <.k
0

, k , ii.1, 
IIqJIY'iaeM CJie,n;yJJJtee .BHpaaeHHe ,WISI H8HJJI8BOI'O ROMMJT8TOpa BeJOITDIH 
nJ ... .1 

.n <. k0 , k , u) • 

[ 
i, .. _. ,. j I -" 1 4 b(~k\ i{) ('tj kl kj .. 

.R <.k0 ,k ;b),Jk- k0 ,k, f,) 1=-ik. <..tst)~ (o - kT). (I7.42) 
0 • . 0 .. 

. Y.n;o6Ho BBBOTlll PaSJIOXeHHe JlJ( k0 ,it. t,) Ha npo,n;OJII.!w:e H no-
nepetmHe no OTHOmemm K HMrf1.!J!'OY k) COCT8IIJIJIICIIllie •. lJut BT$)~ 0 

KaE,IIUM 'l'peXMepHHM B8KTOpoM k CBJDteM 6a:ntc ll3 ,Il;B,YJ!: OJlTOB e,c.(k) , 
l~ -et ( k ) t JIEWUJtHX B !IJIOCROOTH ~ neppe~K,YJI!IPH0£1 k , H eP"-

HOI'O·BeKTopp B,Il;~:& HaiipaBJieHHIIk e~(k)== k1/k 0 , k
0

• JkJ. · 
PaSJIOQM .RJ<.k0 ,k, t,) noS &1'0!")' 6asHoy 

j _.,. ~ J __.. -) 
J1 <.ko,k ,t) = f:t eli.(k)U.d,<ko ,k ,t). . (I?.43) 

- IIo.n;oraHoJUta (!7.43) B (!7.-42) Jt&eT 
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ti 

5(J):-'t I 

[(l ck r t) a, c-1/ r't)J =- _i_k c k-tl?)cS ~ b ~) (I?.44) 
rL 0• ' ' P. O• • l 0 (,tj£,)3 eLf ct.?> J~. 

...... . . 
TaimM o6pa30M, rrpo,:nOJI:bHUe COCTaBJIIDOIIlHe Q,3(k0 , k , t,) OR33llBaiOTCJI ROM

MYTMPYKXIUIMH IOI~H::cn'!ecrawrn BeJiw:nmm.m. CorJiacHo (I?. 40), rue MOJKHo no

JIOJKHT:b paBHIDAM HYJIIO. OnepaT~ar,m .IIB7IJIIOTCJI TOJI:b.Ko nonepe'I!Iue aMIDIIITY

.I(ll Q1(k0 ,k,fi) , Q,x(k0 , k ,t,} , ROTOplle HBCYJ!lBCTBBHHID-t MHO

JKHTeJieM OTJill'!aiOTCJI oT od!l'IHllX !fx>RoBcKHX onepaTopoB poiK.neHIDI ii YHII'I-/ 

TOJKBHIISI /45/ rronepe'lll!lX <!JoTOHOB c:<.k) 'Cd.(it) ' ~ =.I,2: 

_., + _.,, ~ c\3)~ .....,• 
( C ct (. k ~, C ~ <. k ) ] = 0 cL? 0 \. k .- k ) , (I?. 

45
) 

-'> 3ll ,-::-;--' ...... 
Cd,<.k )= <..~St:) -v 2k0 CLct.<..-1<

0
,- k, t),. c{,,p = 1.~. 

3HeprMSI MBRTpoMarHMTHOro nOJISI, O'IBBII;nHO,ltOnpe,:neJISieTCSI Ra!IOHli'IeC- . 

ImM raMHJI:bTOHllaJIOM ( I7. 12)' noC'Il!TaHHllM Ha r 
f 

5J 3 ~2 . j . ~ . j -') 
E = H lr• = (2 . .ft:) d k k C..Jk- k_0 .k ,inJJ <..k

0
-;- k ,t) + 

Jlj<..k0 ,k:t)JlJ<..-k0 ,- k, t)). 
(17.46) 

B onepaTop aneprl!l-r .nruoT Bima.n TOJII>RO nonepetiHue aMIDil!:r"Y.I(ll 

" 3r ~-)~f. w' _., _., 

E= <.zsr) ,d kk H(o.,cl<.k6 ,k.t)(1c~..c.k 0 ,k,t) + 

-') l' ...... 

O.,cL(k 0 ,k,ft)Q,d..<.k
0

,k ,'{,))- (1?.47) 

f )d\ k0 [Cci.<.k\c:<..k\ + 
+ .:.:..-, -') . 

Cc~..<..k)Ccl.<..k )] . 
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§ I8. KBaHTOBaHRe IIOJie:lt furra - Ml!JIJICa 

Hea6eJieBa ISaJn1600BO'IHM Cm.v.1eTprut II JOiaccl!tiecRaSI .IIHHaMHKa no- .· 

Jiel 1JHra - Mwprca. IIycTI> HMeeTCSI nOJie \p ( .:r. ) , IIpeo6pa3YJ001ee9SI no 

Hen~BO.lt~M>MY IIpe.rtCTSBJielUIIl C.U H8ROTOpott IlpoCTO:lt ROMII8RTHOit rpyiiJI!l 

JIB l:r • I'eHepaTOPI:l rpyiiii!l la. , Q = 1,2, ••• , Yl! o6pa3yiOT Mre6-
IIII!l & n . . 

PY JIH rpy a. & _ . 11 oc c . 
[ T > T J - -L f T . ( IB. I) 

a.neci> faRe- IIOJIIiOCTI>D aHTHCRMM~Tpl!'IH!le .neticTBl!TeJII>HHe cTpyRTyp

HHe ROHCTaHTH. BBe.neM WTJlHizy "JIORaJI:DH!lX" npeo6pasoBaHH! W(.:r.) 

IIOJIJI f(.:t) . rv a. a • . 

w<..x) = exp {~ z; T lfJ c (X) 1 , (IB.2) 
~ ~ci T 

r.ne T 'f - reHepaTopH rpyiiiii:l G B npe.ncTaBJieHlll! IIOJISI fC X ) , 
ROTOpHe Y.ItOBn8TBOpaDr COOTHOWeHHD 

. . a. s 
tilL (T'f' If ) = c'P boB ' a; (IB.3) 

r.ne 'D!:Cn:o C lf SaBHCHT OT Hopt.mpoBim: MaTPl!U T ~ 
~puyJia (I8.3) OSiia"<laeT B03M:>JKHOCT:b Bll6opa .Itl!SrQHaJibHO! eB

RIDO(OBOI MeTPJUal B JDWef!HoM IIpocTpaJICTBe, ROTOpl:lM SIBJISieTCJI aJire6pa 
JIB ROMIIBR'l'HOI npoo'l'ol rpyiiJII:l G-. '• . . . 

ll'l'06H IIOO'l'pcHTb TeopJm nOJISI 'f(.X ) , imBapl!aHTHyll O'l'HOCl!TBJI:D
HO JIORaJII>HHX KaJIH6poBo~ npeo6pasoBa!Ill~ 

I 

'f (X ) = OJ (.X ) ~ (X ) , 
(IB.4) 

H806XO.rtJD«) B · OBOdO.rtJIOM JIQrpaH&Haue 8TOro nOJIJI O.IteJISTb SaMeHy 

a a 
oy ~--+- ])f tp = of 'f + ~~A r ~; T'f " us.s> 

r.zte BeR'l'OPHoe· lWDidpoBO~oe nOJie , :A f (X) ( IIOJie HHra - . MKIIJica) , 
DpeoCSpaayeTQil COrJIQCHO S8.ROHy 

,a. a ·. n a -r · -1 · -f 

.Ar T'f =w.Af Ti Q) + ~ ~ carw)w . (IB.6) 

JleBaR "<laCTI> ~o~eMero ])aBBHO'l'Ba rrpmtawt~lltl!T Mredpe JIB rpyiiii!l G-
. B Teopq I'pyiiii 48/ .ztOKaSHBae'l'CJI, ~o l! IIpaBM 'I~CT!> ( 18. 6) npmta.zt

.Jl8U'l' aTol MreCSpe. ·3axoH npeo6pa3oBa!IliSI MR AJ-Ic.x) , CJie.ItYlOOil!A 

BS (I8.6), He 8aBBCHT 0'1' . .KOHKpe'l'HOro npe.i:tcTaBJieHHR: reHepaTopo.B 'fQ 
H B HBHOM ~e MO&e'l' 6!l'l':b Bl:lnHCaH TOJI:bHO ~SI 6eCROH8'll!O MaJIOro rrpeo6-
P8SOB8HHJ1 
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\1 

IV 0. Q 
CD(X) ~ 1 + .L ~· T 'f t(.X.) 

llO~CTaHOBKa (IS.7) B (IS,6)·H Hcnnrr:&BOBaHHe (IS.3) ~aeT 
(IS.7) 

. ta a. a. ~c c & -~ . a. 
~ f = .A r. ~ s A f c - ~ are ) . . (IS.B) 

T. ~. none 1/ JJ (.l') npeo6pasyeTcsr Heo,ItHopo,ItHo. 3aKoH npeo6pasoBaHJm 
MJ1 I<OBa.PJ!aHTI(ol IIpoHSBO,IUIOit · (IS. 5) CJie.Icyllltd: 

' , 
J)f' lf = W(-X).Dj' 'f . 

HanPIDiteHHocT:& IIOJIR HHra - Mw!Jrca onpe~eJI.IIeTcsr TaR: 

cra.s> 

n n . a . a.Bc ~ c 
FfY =orA"- aY.Af- ~ f Ar Av . 

(I8.IO) 
Hs (IS.6) H (IS.IO) n~aeM 

I -i 
Fyv<:t)= CD(X)~v(X)W (;J:) > 

. Q a . ~ .• . · (IS.II) 
r~e.Ff'i=:-'Fpv .. T\f' = Oyfl)l- Uyfly +.u9 LJJp,Jl)l]. . ' 
KaK H .!WI noTeHIUfaJIOB ~0(.X), SaKOH npeo6paSOBEunm. F. ~(.:r) t BH-
TeKaDIIHit HS (IS. II), He 3~CHT OT KOHI<peTHOro npe~C'l'aBJ.IdHM reiiepa-. 
TOpoB'. T

0
• Jtng 6ecROHetiHo Mwrwc npeo6pasoBaHd (IS. 7) HMeeM. 

'a. · a . .· a &c 8 · c · 
~y(.X)= FfY(.:r)- r c FfvC.X). (IS.I2) 

Hanp.ID!teHHocT:r:. nOJiR: HHra -:- MwiJlca npeo6pasyeTcsr o,ItHopo)tHo. 
.ltlmru.mKa IIOJIR HHra - Mwr.nca onpe~eJI.IIeTcsr ~eiC'l'BHeM 

f ~ ..L -· t' .f r ~ a. Q f" . . S=-4c5dx.u-cFP"F )=-7i 1d.:r.FvF , qa.~a> 
r~e F. . = F.Q rrn. • 3.Ite6b T 0 .,.reHepa'l'OPHJlrpyiiml r... B Ka-:-

Ro~Jo ri~lcTSBJ.IeHHH, y~oMeTBOPffi\IIIHe. yCJioBHil fit(T 0 ;1l)= C ~Q&. 
HHBapHaHTHOCT.D (IS.I3) ITPH KaJIH6poBO'mWC npeo6paSOB8HBIIX (!8.6) CJie
~eT H3 (IS.II), eCJIH y'IeCT:&, 'ITO !flc>PMYJIS (IS. II) cnpaBe.MJma AllR .. 
Jlll6oro npe~CTSBJ.IeHHSI renepaTOpoB 'fO ~. 

B KaJIH6poBOtnme npeo6pasoBruum ( IS.S) m:o.IQrl' % ( 11, ..;,pas-
r.tepHocn G- ) npoHBBOJI:&HHX liJYHKUHlt .KOO.P,ltHHaT • BpeMBBH £0(.:x:) , 

Q = I, • •• , 'YV • llOSTo,Y MBTpHua (2.!) B &TOM CJIYllae BMeeT Th Co6-
C'l'BeHHWC BeKTOpoB C HyJieBHM COdCTBeiDWM. 8HaTi6BH6Mo 3'ro OSHS'laeT, liTO 

4 t1- · y paBHemtlt Sln:e pa · 
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age gr c . ' ' r a - f -n F = 0 g . - l . o Fry ~ . Jl r" , o, , c - 1 , •••• n 
KnH B MaTpHTiHOM ~e 

(18.!4) 

·al . . . CAY F J - rF . o 
Ff" + iJ ~ , JAY = 'V f"t' = (IS.I5) 

npe~CTaBJUIIlT co6ol CHCTeuy .3 Y!J . ypaBHeHHit, co~e.(llKalllWC npoHBBO.ItHHe 
no BpeMeHH B'l'Oporo IIOpa;!U(a · 

f a a.Bc gf c . 
8Fyj-~f Jl Ft'j ~0,j=~,Z.3 

.. (IS.I6) 

H rt- JiarpaHZema oBRsea 
j a o&c Sj c 

a ~0- ~f Jl Fjo = 0 . (I8.I7) 

B CHJIY T~ecTB HeTep /B/ 
. . f ~ . 

\1 \1 Ffv = 0 . crs.rs> 
JiarpaH&eBH CBilSH (IS.I7) IIJJIHO pacnMaTpHBaT:r:. KaR YCJIOBWt Ha ~BHHHe 
Kolllll .!WI (IS. !5) • 

B qJBSOBOM IIPQOTpaHC'l'Be 6C'l'h YV II6PBH'mla CMsea; H rv BTOpJIT{HHlC 
CBRSel, S~SBaeMHX JiarpaH&eBHMlJ CMSJ!Mil (IS • I?}. ,lU>yrmc OBRSel B Te
OpJm HeT. 

Hs onpe~eJierum JDmyJI.DOOB 

-n- a._ - a£. - L' a. 
vVr- a.Afip - fOr 

nQJIY"iSeM IIePBHtJHHe OBilSH 
(!8.!9) 

a. Q 

lfi = XoG:£.)= 0, ·a_= -1, Z,.: .. rv. (IS.20) 
JiarpwmeBR OBH3JI. (IS. !6), SatmCaHHHe B TepMimax KaHOHHTi6C.KJIX nape-· 
MeHHWC, ~aJJT BTOPJ~tnme CBHSJI 

0. j Q QgC gj C j Q · 
f = OJt·- Of a JG. = V J[,. =0 (IS.2I) . 2. J· a ..n . J. J . 
CK06RH llyaccoHa onpe~emmrcsr TaK: '

0 
· 

. 0 g Ob t3) 

. (Afc.x),~"C~))=- b ~fY bc..i-~). 
l<aHOHHTieCICH:It I'aMWI:&TOHHaH IIOCJie HHTer.PJ!POBaHHR: no 'laCTHM ll«)li8T Clift:& 

, 8anHCaH TaK: . 
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· ( 3 .. a o id a~ oL j · a a o · 
H = )d.x.(~ Fi,j F +fJt JC + v JCj .A ) . <r8.22> 

Jier.KO npoBePBT:O Henocpe.ztCTBBHlWM BH'nJCJISHl!eM, liTO CBJIS11 (!8.20)11 
(!8.2!) JiBJIJ!IlTCSI CBJISSIMH. nePBOI'O po.zta. 

· KBaHTOBaHHe B gy~oHoBcKOI RanH6poBKe. RY~oHoBcKan HnH pa.ztHanaoa~ 
HWI RanH6poBKa sa.n;aeTcst YCJIOBllliMll 

a ao · -· 
~1 = .A (..:C)= 0 ) (!8.23) 

a · (, a 
N'l.. ==- a :.A 1, (.X)= o . (!8.24> 

-~ ITOCT,POeHRR ~HKnaOH~:OHOI'O HHTer~a B ~SOBOM IT,POCTpaHCTBe C no

fll>lliDil 4K>Pl.\YJIH (!5.6) Heo6XO.ItHW BKtmCJlliT:o onpe.zteJIJITeJI:& CJie,ztyJlllero 
onepaTopa: 

ag · a g a& aRc cj d (3) 

Mc<.x.~)=(~i·~~)=(~·8- 3f ..Rc.~)B.xJ)O(_;-H), (!8.25) 

lt - • • 

r.zte /), :" 0 /ox"'ax" - 3 -Mepiwl onepaTop Jiannaca. Onpe.zteJIJITMb Ta

KOI'O onepaTopa TP8KTYeTcst KaK npoHSBe,IteHl!e ero C06CTB9HHHX SHBllemtli. 

Y'CJIOBHII (!8.23) 11 (!8.24) O,ItHiSH8llHO ~CHpym RanH6poB.ey TM:&.KO B"' 

TOM CJiytme, eCJlll onepaTop M~ <..:x:..~) He HMeeT ay~e~ co6cTBeHHwc 

sHatJ:eiml (HyJieBHX MO.zt). IIPB TaKOM YCJIOBllll onepaTop M~ (X.~) O.ztH<?-
SHallHo o6paTHM, T.e. cymecTnyeT BltliHCTBeHHoe pemeime Y,PaBHeHRR · 

aR a&c cj a -i ~rl ad (3) 

(b 8~ ~f ..A(~)Bxj )(Me )(x,~)= ~· b(.i}-i). Cr8.26) 

B PBMKaX TeO,Plm Bos~erutlt STo .zteiCTBHTEIJIDHo TaK. ~SHllecKHI HHTepec 

npe,~tCTEUWIIIT TCJI:&Ko TaKHe pemeHRR Y,PaBHemm (!8.26), KOTopue Y.ItOBJieT
BOpmr YCJIOBllll 

-i 
Mc.(X.~) . --') . 0 . 

~~-~~~ ()o 
' (!8.27) 

IIPH BHIIOJIHeHHH sToro Tpe6onaJmJ~ Y,PaBHeime (!8.26) a~eHTHo CJie.IIDJ
meuy mrrer~DHOMY YP8BHeHllll: 

(!8.28) 

-iaR ~a& · aEc d3 J/ct · a _, gd 
M c.x.U)=---~ ._o_ + Qf [___1_:... -l? __ . M('l,ll). 

c <J 4~ l.x.- ~I o ) 41!' l.x- ll a x·J c a .. 
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PemeHHe BTOI'O YpaBHeHRR 11Tepa~ llOSBOnHeT llOJIY~Tl> B Jlll60M pa
,lt8HHOM nopg.n~te TeopJm BOSMylllemtli O.ztH~SHallHoe BHpa.zeime ~ M~ • 

CymeCTBOBaHl!e e,ItliHC'l'BeHHOI'O I)emeHRR ypaBHeHRR (!8,26) OSHB
tJ:aeT oTcyTCTBJ!e pemeHHI O,ItHO,PO,ItHOI'O Y,PaBHeHRR 

a& . age cj _a_ g • · 
(!8.29). (b ~~ ~ ~f . :A <.X)oxj;) N (X) aS 0 ~ 

T.e. oTCYTCTBHe ay~eBHX MOlt y onepaTopa Me (.X,~) , Y.ztOBJieTBOPIDXIIHX 
YCJ10Bllll (!8.27). 

Bosmm~oCT:o O.ztHOSHallaoro <PHKC11.POBBHRR YMOBlmMll ( !8. 23 )"' .KaJm6-:
.POBOllHoro npo113BOJ18 Henocpe.ztCTBeHHO' CBJISBHO C ~meimeM O,ItHO,PO,ItHOI'O . · .Jla a'O ypaBHeHRR ( !8. 29) • IJyCTD nOTBHnH~Il • p (.X) 11 J1 f (X) 1 CBJISBHH!le 

cooTHomeHHeM (!8.8) • O.ItHOBpeMeHHo Y.zto:W!eTBOJliD)T RanH6poBOliH!lM yCJ1o~ 
BHRM (!8.23) H (!8.24). STO 03HBllaeT 1 'tiTO 

a-%- C 
0
(-X ") = 0 , (!8.30) 

a.& _ 'o.~c cj _a_ · g 
(8 L\-~f .flc..x)a:rj)E.c..x)=O. . (!8.3!) 

TSKHM o6pasoM 1 YpaBHeime, onpe.zteJISDJllee 6ecKoHellHo ~oe ~116.POBO'I!-
Hoe npeo6pasoBBime 1 KOTopoe cBR:sHnaeT .Af(X) u.fl

11
(::c) , o,ItHoBpe":" · 

MeHHo Y.ztoBJieTBOPIDJ!Ille YMo:Bmn.t .ey~oHOBCKOft ~6PQBKH_p~.23) •. (IB.24), 
coBna,n;aeT c ypaBHe~eM/a ay~eBile MO.ztll onepa'Topa (Me )0 (.X,~) • · 

· B.a. I'pH6oBHM 
50 6wro noKasaHo 1 'tiTo cyutecTBYm. TSKHe noTeHUH

BJIH JlCJ(J.:) · 1 ~ KOTopwc YpaBlieHHe (!8.3I) HMeeT HeayJieBOe peme

Ime, Y.ztoBJieTBOpJmltee YCJIOBHil (I8.27). CJre.noBaTM:&Ho
1 
~ TaKHX KOH

<fm'ypanaa nOJIJt_ACJ(X) Iey~OHOBCKan ~H6poBKa He (1iHKC11pyeT Q,ItHOSHB'IJ:HO' 
BBRTOp-noTe~~ Hea6MeBa KaJIH6,POBO'IJ:HOI'O nOJIJI, POJID STOft H90,ItH03-

H8'1J:HOC'l'H B ltHHBMHKe llQJieit JIHra .:. MM.n:ca ITMHOCTI.Il He BllllCHeHa. IlpH 

KBBHTOBBHlm .aTa npo6JieMa 06ll'IJ:HO 11niOpH~leTcst Ha TOM OCHOBrurim• 'liTO 

B .P8MKaX Teopu BOSII\YIIleimft onepaTop Me (X.~) o6paTHM. · . 

B TeOJlliH aJieKT.POMai'HHTHOI'O nOJIJI T8RaR: TPY.ItHOCTD B006me He BOSHl!
I<aeT. YP8BHeime (!8.3!) n aToM c.nyqae cBO.ItHTcst K ypaBHemm JiaWiaca. 

KOTOpoe np11 YCJIOBllll (!8,27) HMeeT TM:&KO Hy~eBoe pemeime (eM. cJ]opl.\)'Jiy 
(!7.26)) • 
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ll 

llepelllteM HeiioCpe,I(CT:BeHHo K IIOCTpoemm. S - MaT,PBQK B Teopo 

HHra - Mwinca B Bl'J,I(e ifJYHKm!OHaJibHOI'O BHTerpaJia 0 IIO!olllltl>ll <lJoPM.YJIH 
- -tr. { ~ o.r..a. a a.iJ ai. a: j ·a. ao · 
l=NJexp-qdx[JG.:Rr+tFgF -iJt:Jli~+vJ&j-R Jl" . 
a'l detr McC.R) ~(.R~) ~(Jt:) ~(O~~) 'b(vln:j)d.Ra{.x)dJtarc~~ _(I8.32) 

'attecr:. ).( - HOpYHpoBO~ MHODTeJI:&. HHTerpBpoBaHHe IIOJI" CHHMB-
~ 0.0 · JlO.O 

·eTCJI sa clleT o(JC; ) • C BHTerpJ!poBaHHew uo . 
00 

Mli!HO o.uoc-

Tyrnrrr:. TSK: OnyCTHT:& B IIO,IOmTerpaJil>HOM BHpa&eiUIH ~(:Jl ) ~(17J,JG j) , 
He MeHJIT:& IIOKSSSTeJI:& SKCIIOH8HTH H OCTa:BBT:& qiyH!tm[OHaJI:&HOe HHTerp:l(-

nO.O . 
.POB!¥1H8 IIO .11 (.A) • .IlaJiee MO~O BHIIOJlHliT:& BHTerpzpoBaHHe IIO 

JI: 0J (.:I) • 3a:azCHMJCTl> OT .]1; J(.X) B IIO.KB.SSTeJie 8KCIIOH8HTH B 

( I8 • 32) OIIpe,I(eJIJi8TCJI CJie~ BHpalleHJI8M! 

. aj a at. a .. · a.~ o.o · a&c ai c &o 
-rc.]i; xj -lJLA._- 2oiJG .A + ~Sf Jt .fi~.R ) cr8.33) 

llOCJie BHTerpzpoBaHBII IIO 'UlCTHM B (!8.33) H •C,I(Bzra ifJYH.KIUIOHaJI:&HOI 

nepeMeHHol . . o 
oj . aj • aj '""'.· ao · ar>c cj &o 

JG (.I) ~ J[, - .A + 0 :A + 8 f Jl :R (!8.34) 
oi 

ifJYHRin!OHSJI:&Hidi BHTerpaJI IIO J[, "'(.X) IIpmmM88T rayCCOBCKd mut, 
p B

0
IIOKS?8TaJie SKCIIOH8HTH IIOHBnHeTCJI ,I(OIIOXHHT~Oe CJiara8M08 I 

-frio pOt,O. 0KOH'UlTeJI:&HO S -MaT~ IIpe,I(CTaBJIJieTCJI 

,Ita ifJYHRin!OHaJlbHOI'O BHTerpaJia B KOH<PzrYpam.IOHHOM II.POCTP8HCTBe 

-f • It a arv 
S = i1 Jexp{- ~ )dx ~" P l J( (!8.35) 

. a o.r 
a.Qde:f; Ml.Jh Sca~~Jit. )d.R ex). 

' ~OOJIS (!8.35) IIOpoa.ztaeT ,ItHSrpaMMHyD TexHB.K;y AJIJI. UW .fJHra - MHJI-
JICS B.KYJIOHo:acKOI KSJIHCSpo:aKe. 

ITepeXO¥ K KSJIHCSpo:aKe ~opeHqa. He.ztocoraTKOM KBaHTOBaHBH c Hc

uanr:.soBaHHeM R;YJIOHOBCKOI KanHCSpoBKK RBnaeTCR oTcyTOTBBe SBHol pe

JIJtTliBHCTCKOI BHBa.PBaHTHocTz · Teopm! :as-sa MHODTeJiel detJ Mr (Jl) • . 
b(Bi~q~) B (!8.35). :tra TPYJUiOCTl> YCTpfum8TCR II&peXO,I(OM B (!8.35) 
K peJIJtTHBHCTcK:H- BHBaJlllaHTHol. I<wrn:CSpoBKe~HaiiPJOISp, K8JIHCSpoBKe JiopeH-

Illil r a o.R ex:)= o r 
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(!8.36) 

- . 
ocsmenpRHRTHM s~ecr:. ~eTcn zcnOJIL30BaHHe cne~ero HecKOJILKO qoP-

MBJir:.Horo npHeMa 130
•3 • BBe.zteM ifJYHRin~oHaJI.~ t. (.}l) · c noMOIIU>D yc-

JIO~ . 

~Lc.R)) Q ~~atJf~.:n)dw(X) = 1 >. . (18.37) 

r~e 

U] a . aT a -f . -I a. -{ 11;r =w.Rf c.u +-iJ8(rw)w .· (18.38) 

H ifJYHKUHOHSJil>HOe HHTerpRpo:BaHHe Be~eTpH no HHBSPHSHTHoa Mepe HS rpyn~ 
~G 

0 . 0 
d(ww )= dcww) == dw .· (18.39) 

.fiBHoe BllpalltBH:He .NUl MepH ~W(X) 38BHC'T OT KOHKpeTHOit napayeTpzsa

UHH, mie.zteHHOit B rpyiiiiOBOM IIpoCTPQHCTBe SI/ • Ho STO BHpa.EeH:He . B 

~aJI:&HeilnJeM He noTpeCSyeTCJI, a Oy,IteT HCnOHL30BaTDCJI TOH:&KO TOT qJaKT; 

'ITO NUl cSeCKOH8llHO MaJ1HX .KaJm6poBOllHHX npeoCSpaSOBaHHit (18. 7) Mapa 
dW(.l') onpe.zteJIJieTcn <lx>PMYJIOI . 

. Q .. 

ndw(a:) = n·dE (:£) • (!8.39) 
x ax · ' . 

~H.KiilfOHaJI {\(JJ) IIO CBOeyY IIOCTpoerum I<aJIH6poBOllHO-BHB8JniaHT8H 

. w 

~L(J1 )= L},L(Jl). (!8~40) 
llOKallteM, liTO HS IIOB8pxHOCTL B KO.RqizrypaUHOHIIOM npocT~CTBe, 

a. a 
onpe.zteJIJieuol YCJioBHeM !SVJlOHOBCKol .KaJmCSpoBKK '-}/. == 0 , ifJYHRin~o-
HaJI:&HHI onpe.zteJIHTm 11 de-b McC-3 J COBnS,I(S!3T ~ 6c(Jl) • l',lte 
qiyHKlJ;HOHSJI /J,C(.fi ) BBO,It:HTCJI 8HaJIOmllHO _ b.L (_A ') . 

. •W 

{).cc..A) ~ Q b(8{,.A~c:.())dc.o<..r) = ~ . (I8.4I) 

attecL .KaJmCSpo:aollHue upeoCSpaso:samm W(.:t.) y.no:ruieTBOPffiOT YCJIOBlDl 

(18.30). ECJIH BHIIOHHeHo YCJIOB:He (!8.24), ToW(X)= 1 .IIBJUI8TCJI KOP

HeM 8p!'yMeHTa 8 . - ifJYHRin!H B (!8.4!), Ilpll'WM 8MHCTB8HHHM B paM

RaX TBO.PBH B03MYJil8Hllit. CJie~OBaTaJILHO, HHTerpl!poDaTL B (!8.4!) B BTOM 

CJJy'lae HS,Ito BcS.nHsR e,zomzQK B rpyiiiiOBOM npocTpaHcTBe.· C IIOWIIU>Il (18.39) 
nanyqaey · 
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tl 

. . Qg g Q 

Ll (..R.., ( n ScM t. c.x) )dc<..:x:)l i. a 
c ) :X: a 'n. - 0 
· · a& .:.{ Jlt.- (I8.42) 

6ccJh(ndetM )laL a i . 
.t :Jlt = 0 

Cne~OBST8ni.HOr 0 
. a.o 

11cc.A)Iai..Ri=oQdehM. <r8.43) 

· BepHeMCJI K IDITerpaJiy (I8.35). BBe~eM B llO~Terpa!IDHOe BHpalleHHe 
e~Izy, onpe~eJL<ieMYXJ ifx>PMYJIO! (!8.37), lt BOCnOJIDayeMCJI COOTHOmeHHeM 

(!8.43) S . --~f { . )·d~ a. _o.rv1 . = N exp - 1.! x P. F' ~ . 4 ~ 
• Q "' O.Jl 

n f'lb.cc..R.., Scai.JI1<.:r)) 6~ c.A)) Q 8caf ..Ry(p) dq:><~)d.H ex) . <18•44> 
' .· ' Tenepi. BHIIOJIJmM SaMeHY cpyllKJ.\iiOHaJII.HOI nepeMeHHO! IDITerp:apoBamm 
.A~ -ltpO.' • HKo6ltaH TSKOI'O npeo6paaoBSmm, otzeB~o, paBeH I;. B. pe-

SyJILTaTe ttQJIYtzaeM · . 

S = N-J exf 1- f) d~ ~~pay\~ (18.45)" : 

' -{ . n b(alfi r (i >){\(Jl) t; c (J/ ) )dooc.x) & (a~ \.x)) d .R •t.,) . < 

BoCUOJII.SOBaliiiiHCI. onpe~eJieHHeM ( !8 • 4!), ~0 OIIYCTBTI. B ( 18. 45) ciJYHK-
Il,liOHMJ.HHI IDITerpaJI no rpynnoBOI Me pe d GO(:;::.. ) H ciJYHKil,liOHaJI f:::. C ( Jl ) • 
0ROHtzaTenDHO . S -MaTp:au,a B JIOpeHn3BCKOI I<aJIH6poBKe san:acHBaeTCJI TaK: 

S = tlJexp [-{ fdt ~:.Fnyv) ~. 
[1bcaJJ;(.:x:)) L\<.JJ., d.Ra~.x) . (18.46) 

. UOBTO,Pilll .n,IIR qiyHKIUIOHaJia /J. L (JI ) paccya.ztemm, ROTopue npnen:a 
K ifx>ptqJie (18.43), y6e.E,ItaeMCJI, tzTo 

l',Ite 
' 

- r 

tlLcJl )lar.Ro.=o deli M ~.·, 
r 
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(18.47) 

a& aE ak cr 
MLcJJ)::: 0 b + ~f '_A ay o= a or (18.48) y . • .. 

,U7.ur d et M L y~o6HO HCllOJII.30BaTI. IDITerpani.HOe npe~cTaBJieHHe 

. o. . a& & ~ - , 
detML = fexp\.t, Jc<.x)ML CC:x:)d.x. ).QdC<X)dC(.X) , (I8.49) 

r~e C a.(X) H Ca.( X) , (L= 1,l, ... ,n.-~ Ha6opa aH

THKOMMYTHPYmtmC c.KaJI.R:pHWC qiyH.KIJ;H! - o6paayiWtWC wxre6pu !paccMaHi. 
HHTerpzpoBSHHe no TaKHM nepeMeHHHM no~po6Ho paccMaTpHBaeTC.II B 30, 
47;49f ,U7lJr BH'IJ:HGnBHH.II (18.46) no TBOPHH B03MYmeHH~ Y~06HO BOCTIOJII.3o-
BSTI.C.II ·ane.eymtRM npe~CTaBJieHHeM: 

gb(~~;(:I))= b exp{- ~i fdica~; -51 (!8.50) 

~eCI. 6eCKOHetzHa.II KOHCTaHTS· 

onyl!leHa. 

Iloane no~CTaHOBKH (!8.49) lf (IB:50) B (!8.-46) llOJIY'!SeM 

- . -1 .& ~ a. O.f' . -~ r a y a . 
$-If fexp{- 4 fdx~vr - ~fd.xaJqra.R" + 

~ _a. o& ~ ay _ o. a · (IB.5I) 
i Jdx c ML c } n d.R (J.)d((J:) d c <.X) . a ,.x 

IIOSBHJia @AHMSHa. B noKasaTe.ne aKcnoHeHTH B (18.51) CTOHT aiJ>- · 
<l>eKTHBHoe ~elcTBHe no.ri.II HHra - Mwr.1Ica, KOTopoe ane,eyeT paccMaTpHBaTI. 
np:a l<BaHTOBaHHH B KaJIH6poBRe ~opeHQa. 3TO ~e~CTBHB nopo~aeT COOTBeT-. 
CTBYJWlHe npa:s:HJia tliefiHMaHa. 

a II C llOMOlll!>IO ltHTerpHpOBaHH.II IIO '!aCT.flM BUpaJ!teirne, .KBa.tUJaTlftzHOe no 
jq }(JC) , B nOKa3aTeJie SRCITOHBHT!l B (18.51) 3aiTHCHBaeTC.II TaK; 

. ~ av ~aB · gf 
f"Jd.r.Jl(~)O [~fYO- cfaY( 1-·l)]Jl (.:X:).· (18.52) 

E -1 
CJIH 6H He 6Wio tzJieHa C c£ , .@IKCHPYKIIlBI'O KaJIHCpoBey, TO 3~eCI. 

B03HHK 6u'npoeKIJ,11olnmA onepaTop g.JlYO - OySv , He HMeiWlHit o6paTHo
ro. Kax HSBBCTHo, tzTo6u· HaiTH nponaraTop nOJI.II HHra - MMJica, Heo6xo
~ o6paTHTI. onepaTop B '(18.52). IIpome Bcero aTo c~e.naTI. B HMDyJII.c-
Hor.r npe~CTaBJiemm. 3an:ac!ma.II 
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G ag · a& l z -
n1~,d<)= 8 [X(k )%rv+Y(k )krkv 1 

H Tpe6y.R:, 'lT06U 

l ' l c y~ ~ 
-[k ~f"-(t- (i )kfk"].D (k)= by 

IIOJI.Y'iaeM 

2 ~ 1 -
X<.k )=-~ ~ Yck )= ~ <!' · 

a ... k 
TaKHM o6pasoM, nponaraTop nOJI.R: J1 r paBeH x) 

f,CA v,& c a& . . ~a~ . . k k 
~\':'" ])f"(k)=- ~(~pv- k:£~(,~ Cf-dv)) · (!8.53) 

3a CaMO~e~CTBHe nonsr ffHra·- Manxca B ~KTHBHOM ~eiCTBHB B 

( I8. 5!) OTBSTCTBeHHU CJI~aewe 3- it CT9II8HH IIO IIOT8HnlfaJiy _R; 
a~c ~ & c f n 'l 

3.f Jd.r,Jlf}1V8J1 
. . a 

H . 4- H CTeiieHH no Jl r 
~ _z u&cader ~. g c dr e" 

-~~ f .f Jd:x:JlJ'JJYJl J1 • 
fipaBWia <PefuiMaHa WIJ1 HHX TSKOBH. BRJIB.zt TpoitHo~ Bepmmm 

paBeH 
o ~c 

·~/ .. k .. ~.& 
F·f·~ . ~ 
. . . ~.~.c 

-t.~ f [ cp- k )~ ~rv T ck- q, )r ~v( ( ~-p \~r~] 8ck+~+ f) cr8.54) 

'ieTBepuo!! BeplllRHe · 

. · x)JlerKo noKa3aTb/:.JU,:.H,, 'iTo npouaraTop (18.53) MOlKHO icnom.-
30BaTb ,lWl pac'!eTa ~arpru,n,, )e>Ui:>'!aHa He TOJII:.KO IIpHci-:::0, HO H IIpH .KO-
H9'1HUX 3Ha'ieH!UIXo', • -
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bv . c.~ 
·,~P. 
~d,6, o..y 

conocTaBn.R:eTC.R: CJie~ee-BH~eHHe: 
2 aBc cde 0 0 Q .r f. 0 0 0 9 ff f (~f~<lvo- 11f5t1-J~)-+.Jace &de(dJNdy6- df6~~v)-t 

G 0 0 0 } b i. k (!8.55) .fadefcge(d]J~i16-r- djNt1o~) • Cf;j ~~· · 
0 

BHmiiiiBM B~ BCIIOJOOraTeJII>HHX:IIOJieit · C (.X) H ( (.1') (IIOJieti 
)zyXOB) B. a@leKTHBHOe, ~e~CTBH9: 

4 .:..a · a& & .. ~ _n a~ a&c cy. ~· 
JdxC<:r)ML G(J:)= j~xC<.X)[D~ + ~J Jl ay]C.(.I). 

CJJ:e~OBaTeJII>HO, IIponaraTOp, IIOJI.R: · . .IJYXOB · paBeH ·· 

a g aB S u& 
-- -- ]) =- ~ . ' · (!8•56) . P ~~o . 

a BBpliiHHa BSaJIMO~eftCTBH.R: L - 'i8CTHU C IIOJIBM.ffill'a :_ Mwulca 

&.k ' , .... 

' ' . )IV\I\IVl.J f.l I a. 0 p . 
. "' ----+ J I 

c.~~"' 
~aeT MHOJKHTeJII> age 

-ii-f <.k-.tt)rbSk .. q-+p'). 
(18.5?) 

ECJIH ~arpaMMa CO~eJllltHT S SaMKHYT!lX neTeJII> BCnOMO~TeJII>HOI'O IIOJI.R: C , 
TO BRJI~ TSKOti, ~8l'paMMH CJie.n:yeT. IIOMHOlltHTI> Ha (- 1-) • 

BsaHMOneftcTBHe c nOJI.R:MH MaTepHH. BBe~eHHe BsaHMO~eticTBH.R: nOJI.R:' 

HHra - Mwulca c MaTepHaJII>HHMH nOJISri.n{ npaRTH'!eCKR He MeHHeT ·HSJIO.llteHHYil 

BU!Ue CXeMY KBaHTOBaHH.R:. JWr onpe~eJieHHOCTH paccMOTpHM B .Ka'!BCTBe no

Jl.R: MaTepHH ~paKoBcKOe IIOJie '/'(..X) , npeo6pasy!Wieee.R: no HenpHBO.ItHMJ-

- MY YHHTapHOMY npe~cTaBJiemno KaJUI6poBo'IHoii rpyiiiiH G- • II.YcTI> T ~ 
-reHepaTopH l'PYIIIIH G · B aToM npe~cTaBJieHHH. Y.zvr.HHHJ!fi npoHSBO.ztHHe 

no npamtey (I8.5} B coodo~oM Jial'paHlltHaHe WIJI nonsr ~(.X) 
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~:= L o/'iff [JYy;- rn ~~ 
H YtmT!maJI ( I8. I3) , llOJIY'iaeM ll<>JI!!Hit Jiarpammrut WI.fi BSaHMO.zteiieTBYI<J!liDC 
nOJiea fi 0fcx) H tfl(.:x:. 1 

(I8.58) 

i a apv - r, - - a a.y 
£, =- 4 ~.}' + t lf'1f8 lfl- m lfllfl- 8 ~iff T ~ ~ Jl . Cr8.59> 

.IteiieTBHe e · ~ mmapHrutTHo OTHOCHTeJililio JIO.KaJI:&HI:lX .KaJIH6poBo'D!llX npe-:-

Jl a . o6pasq:arumM (I8.4) H (I8.6).B YJlaBH9HruiX (I8.I4) WI.fi J'(J,) llOJm-
JJHeTcn llpaBaJI 'ISCT:& 

r a _ a&c Ry c _ • a 
a ~y ~ f .A rfY - J v (18.60) 

r.zte ·a . . - a . .. 
j f ex ) = ~ YJ 1 y T \jl ~ . . . 

IJepBH'IH!le erursH B Teopo OeTamcn TeMH ate (eM. (18.20)), WI.fi 
BTOPH'DlllX CBIJSeM BMeeTO (I8.2I) llOJIY'ISeM H3 (18.60) npH Y = Q CJie-
.ICYDI1ee Bllpallteime: 

a j a aBc gj t · • oa 
~=aj{.-Of JJ j{; +J =o g J d J (I8.6J) 

CBIJSH (18.20) H (I8.6I) no-npeueMY 11BJIJDlTCR eBJJ3SIMH ne,PBOro po.zta, 

Bee paccy.z.neHHR:, KOTopHe IIPHBMH. K «lioPMYJie (I8.5I), C\)X,PaHID:JT 
Cl!Jiy H IIpB 3SMeHe (I8.2I) Ha (I8.6I) ,H npH COOTB9TeTBYKJqeii MO,D;II~H 
KaHOHH'leeKOro r8MHJILTOHRaHa (I8.22). B pesyJIM'STe B a®leKTHBHOM .zteileT
BHH, eTOKm9M B IIOKa38TeJie SKeiiOH9HTll B (I8.5I),no~cn .ztOIIOJIHRTeJIL
Hlle · CJiaraewe 

(I8.62) J d~ \L o/a-_/11'- m ijitp- 9 o/'K?~ tp .ll' }. 
Oim reHePHpym CJie.lCYDJ1He IIpaB:wta <1\e!HMaHa. IIponaraTop <flepMHoHHoro IIOJIR: 
paBeH 

p·-- (I8.63) 
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Bepimma BSaHMO.zteMeT:mm IIOJIR: RHra - M:wrJiea · e nOJieM .o/ .ztaeT BKJia.zt 

~}~~ 
A-----~ 3or.r~ b(f+ <t+ k; . 

(I8.64) 

. f 
KaK o6HTmo, SaMKHyTHe !Pe.PMHoHH!le UHKJill II.Pl'IBO.ztiiT K MHOatHTeJID (-f) 
r.zte f - 'IHCJIO TSKIIX Ul!:R1IOB B .ztaHHoii .ztHarpaMMe • 

Jlo KBaJiTOBOM TeopJm IIQJJ;eii RHra - M:wrJiea cyJ119CTByeT 061IIHpHaJI 
JIHTepaTYpa I 30,3I,33,35,47t. . 

IIPK1IoateHHe · A. 

.!fHBapBaHTHlle eOOTHOIDeHH.R: B TeOplm ,!W@JeoeHill!aJILHI:lX YOOBHeHHii 

JIOHHTHe HHBapBaHTHOPO eoOTHOID9HHff (RnH MHBapHaHTHOro IIO~O-
roo6pa3HH) WI.fi eHeTeMll 06llKHOB9HHllX .ztHwvepe,UHan:r,HllX ypaBHeHHit/26/ 
TeeHO eBJJSaHO e IIOHR:THeM nepBllX HHTerpaJIOB . 46/, . 

.flYeT:& Mil BMeeM CHCTeMy.06llKHOB9HHllX .ztH~epeHUHaJILHllX ypaBH9HHH 

.dz.id· · = f. ex t} , · -L = i, .... n .' t {, ' . 
~ npocTOTll paecMaTpimaeM rroKa circTeMy ypaBHeHHil nepBoro rro.PJm-
Ka. JIO.I(MHOP006pasBe V B (.1'1+-f) . -MepHOM npocTpimcTBe C ,KOOp.ztHHa
TSMH (:{, ,t) . HS31lBSeTcst HHBapHHTHW>f IIO.ztMHoroo6pasHeM cm}TeMu (A. I) 

(A. I) 

. . ' ' ' ' ' 9CJIH Bee pemeHHii STOll eHeTeMll Xi(f,) • .(J = 1; .. ··~ n, BMelOillHe XOTJt 6u . 
O.ztHY 061QYIO TO'I.Ky e V , ;neJIHKOM JI9JKaT B V .. YpaBH9HHff 

'\1f<..:X:. ,t,) = 0 , f = 1, ... , k < t1• 1 , (A.2) 

ROTOpL!e Sa.ztam l'IHBSPl'IaHTHoe. IIO.DM1IOroo6pasue,na:nmaJOTC.fi 'IIHBapJiaHT!illMII 
COOTHOIDeimm.m •. 

IIOJiytmM ypaBHeime, KOTOpoMy Y.l\OBII9TBOPJI!OT l'IHBSpHaHTHlle COOTHO
me!{Hff (A.2). IlycT:& Xt ('f,) 1 .{,: J , ... , n -pemeHHe CHeTeM!l ypaBHeHufi 
CA.I), Y.ztoMeTBO.PJt!Wiee (A.2). IIo.ztcTallJIJI.fl aTo pemeHHe B (A.2), Mil 

ITOJiy'iaeM TO~eCTBO ITO OTHOIDe~ K nepeMeHHofi t . ~~epeHUUpoBa
lU!e · SToro To~ecTBa rro t . .ztaeT 

_dUJ,s.:t fu = ~ + ·~· dl:.t, = 0 . (A.3) · ~t at a:x:i. dt · 
3aMetmM d~/dt, B (A. 3) c IIOMO!liLJO ypaBHeHHfi (A. I) 
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9'{J' • Bx1 fi.o: .b J "f== o 0 <•·•I 
Qqcmwro, trro YCJiomm (A. 4) BIIIIOJIHmoTCJI He MJI ncex peruemdi ypaB

Heim.li (A. I), a TOJI:OKO M.1I T8KIIX, KOTOpUe y.n;orureTBOp!IIOT (A.2). Mox

HO CKa3aT:&, qTO ypaBHBIDI.fl (A.4) BepHU B CJI860M CMUCJie TOJI:OKO Ha IIO,IJ;
MHoroo6pa3lm {A. 2) • 

rhr.. fltr.. ·_fiv-f..lf .1 ,.., · .· (ftf =. W -+ ffiT iyr.,v) ,... 0 . . (A.5) 

TaiGrM o6pa30M, liHB8pHaHTHUe COOTHOWBHH.IIU'_p (:J-, t,) X8pa.RT8Plf3YIOTCJI 

TOM CBO.iiCTBOM, qTO liX IIOJIHM IIPQH3BO.n;HM ITO BpeMeHH 06pailla8TC.fl B 

Ho.ii:o B CMY HcXo.n;Hux ypaBHeHHii (A. I) H ypaBHeHHii (A.2), sa.n;alOOiliX 

HHB8Plf8HTH08 IIO.n;MHoroo6pasue. B CJIYl!ae ypaBHeHlfii BToporo IIO.[llJ.ItRa HH

BapHaHTHUe COOTHOUISHH.fl 3aBHC.fiT TaiOKe Ia OT nepBUX IIpoH3BO.n;HUX qJYHK-
Im.li X-t<..ii). • 

TaiGrM o6pa30M, HHBapHaHTHUe COOTHOWeHH.fl MOlltHO paCCMaTPHBaT:O 

KaK YCJIOBHSI Ha ,Il;aHHUe RoUIH M.1I COOTBBTCTBYI!X!Ie.li CH.CTeMH YPaBHeHHii. 

ECJIH HalJaJI:OHUe JtaHHUe y.n;orureTBOP.fi!OT HHB8pHaHTHUM COOTHOWeHRR:M, TO . 

perueHHe IICXO~UX YP8BH8HH.li, OTBeqamee STHM Hat{a.JI:&HUM .ltaHHUM, 6y,JteT 

IIpHH~elltaT:O HHBapHaHTHOMY IIO,JtMHoroo6paSHIO Ia BO Bee IIOCJie.ltYilX!IHe MO
MBHTU BpeMeHH • I 

HaiiOMHHM orrpe,Jte~eHHe rrepBUX IIHTer~oB M.1I CHCTeMH 06UKHOBBH

HUX ypaBHBHHii (A. I) ( CM., HarrpRMep, / 4 ) • liepBUM HHTerpaJIOM CHCTe.::. 

Mil o6u.RHoBeHHUX YPaBHeHHii rrepBoro. IIO.PJi.nKa HasUBaeTCJI BupaxeHHe, co

,Jte~ee .:x:.. <.t) u t II He paBHoe TOJJI.ItBCTBeHHo KOHCTaHTe, Ho npu-. ~ . . . 
HHMal!IJtee IIOCTO.IIHHOe 3H8lJeHHe, eCJIH BMeCTO HCKOMUX WHKim:lt IIO,ltCTa
BIIT:O KaKOe.;..m6o perueHHe HCXO.n;Hoft' CIICTeMU (A. I) 

.tv<.x<.t,),t.)=- Cv, v=~ .. o •• m. 
GyuteCTBeHHo, 'ITO Bee perueHH.fl HcXo.n;Ho.li cHcTeMU o6~810T . rrepBue 

HHTerpaJIU B KOHCTaH'l'U, KOTOpiie, KOHelJHo, pasHUe MJI pasHUX pemeHllft. 

liHBaplfaHTHUM lite COOTHOUISHRIIM Y.ltOMBTBOP.fi!OT He Bee peruemta: HCXO.n;HOit 

CIICTeMU, a TOJI:OKO Te,. KOTOpUe ~BlltaT Ha HHBRpHaHTHOM IIO.n;MHoroo6pasHH. 

ECJIH B ypaBHeHIDi:x rrepBUX IDtTerpaJIOB (A.6) MU 3a@mCRpyaM Ka.IGIM--m1:60 

06pa30M KOHCTaHTU C V , TO, O'ieBH.ItHo, IIOJiyllm.i nT- IDIBap:HaHTHUX 

· (A.6) 

COOTHOWBHHil. 0TCIO,Jta rrpo:aCXO,ltHT ,IUJYroe H83BaHHe HHBSPlfaHTHUX COO'l'

HOWBH:ait Ka.R qaCTHUX HHTerpaJIOB HCXO.n;HO.li CliCTeMU YPaBHeHH.li. 

0rMeT:aM, 'iTO HHBSpllaHTHUe COOTHOWeHll.fl He 06.1138TBJI:OHO IIOJIY'I8DTCJI 

H3 nepBUX liHTerpanoB. 0HH MOryT B03HliRST:& IIpll liCCJIB,ltOBaHHll CHOTeM 

~peHimaJI:OHUX YpaBHeHJaii COBeprueHHo CSMOOTO.IITBJI:OHO. 
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AHanor:alJHo Tow;y, KaK 6wm IIOJIY'ieHu Y.PaBHeHH.fl (A.5) K7lli (A.6), 
MU MOllteM BUBBCTH ypaBHeHHe B 'iaCTHUX IIpoHSBO.n;HUX rrepooro IIOP.fi.I(Ka, 

KOTOpow;y Y.ltOMeTBOpmoT rrepBUe IIHTerpaJrH M.1I CHCTeMU (A. I) 

Qtv + Bhfo(Xi)-= 0 j·=~ ... o ,n 0 (A.7) u t ax. J ) , 
J 0 

3To ypaBHeHHe BepHo MJI Bcex X B OT~lJlle oT YPaBHeHR.fl 

(A.6), KOTOpoe crrpaBe~o TOJI:OKO Ha HHB8pl!aHTHOM IIO.n;MHoroo6p83H:a 
(A.2). 

IIpwroxeHHe B. 

3JieMeHT o6'beMa 
CTDaHCTBa B H8KaHOHHlJ6CKKX .ROO a Tax 

liOJiytJHM 4Jopw;y~ M.1I aJieMeHTa 06'beMa qla30Boro UpoCTPaiJCTBa B 

IIpolf3BOJI:OHHX HBKaHO!!Ht{eOKHX KOOP.ltlfHSTaX. IlyCT:O r - £ t1 -MepHoe 

qJ8soBoe rrpocTPaHCTBo o KaHOHH'iecKHM:a Koop.ltlfHaTaMH n , ••• 
0

' n , 
· n ~ · . 1'1 'Yn P. , ••• , p., , a. "n WYHKimii lf=5p<q.,p) ·.y =I, ••• , 

£n 38,Jt8IDT rrepeXO,Jt K HOBUM B 06U{eM ~'iae HBKaHOHlf'iBCKHM KOOp-

.ltlfH8T8M B r. IIpe.n;rrOJiaraeTC.fl, 'iTO .fiK06HaH aToro rrpeo6pasoBaHHSI . 
OT~BHOT HyM 

D = 
~
a~k 

lli:k. 
B ~k 

det]) * o 
~ 
a~s , ~.k = i 0 0 0 ,·n., 

. ' 
S=n•( .. o,~n. a Pi, 

B~s 
3JieMeHT 06'beMa d r · orrpe,JteMeTCJI cWPMY~oll 

n Rn . 

(B. I) 

(B.2) 

; dr =._[ldll-tdPt = detD.J=\d~f 
liO.RallteM, lJTO det n MOlltHO IIpe,JtCT8BIITb B CJIB,Il;y!OU{BM BII,Ite: 

(B.3) 

r~e [ 5 f , ~\I ] 
. . I f/'1.. de~ D = Cdetll[~f, ~~] I)·, 

- OKOdKH ~arpaHllta 

(B.4) 

n . . 
[ ~ 0 

)' fi_~h ~ - ft.&_ .QJh y>~vJ= brCB5y B5)1 B~f Bsv) (B.5) 
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,JJ,Jm aroro paccMoTpuM npouaBe.nmme r.mTpm~ 

- TpaHcnoHIIpoBaHHM r.mTpinJ.a D , J 
])TJD , r.n;e .DT 

- Cl1MiJJI9RTW19CKWI e.n;mm-

IJ,a . (0 
J = -In (B.6) 

In - .e.n;mnr<IHM MaTpUIJ,a (.VI " VI ) JlpSIMOe 

Bll'illCJieJme .n;aeT 

n~J·D= II [5r,s.vJII, y.v=i, .. _.,2n;. (E.7) 

BwntCJISISl onpe.n;eJIHTeJIU OT JieBoit n npaBoit qacTeit aToro paBeiiCTBa, no
Jiy'laeM (E.4). CRodRH ]arpaHma·(E.5) I1 CR06RH IlyaccoHa (5.!4) CBSI3a

H11 U3B9CTHIDA COOTIIOilleHIIeM 

~n 

~[~r ."5J·(~r .'?~ 1 = ~~~ · . ' ' 

(:S.8) 

JlO::JTOMY ifloPMYJIY (E. 4) MO]Kf{O nepenncaT:& TaR: 

-I/~ 
detn =(detll[~f.~.J II) . 

(E.9) 

BHBo.n; ifloPMYJII:l (E. 4) ,u.rui MeMeHTa o6'beMa cni.mJieRTn'lecKoro .. MHo
roo6paaiDI B li9Ra!IOHII'!9CKRX ROOp,nmiaTax BO MHOI'OM aHaJIOnt'leH TIOJry'le
Him BUpaJKeHIDI ,u.rui MeMeHTa o6MMa pHMaHoBa MHoroo6paaiDI. IIycT:& Vn 
-pHMaHoBo MHoroo6paane c Roop.n;HHaTaMH' rtf , · P, = I, •• , Vl n 

p:l1MaHOB?it CTpyRTypoii (MeTpn.K6il) ~jJV( 't) . , de·b11 ~}')II\ > Q • Ey-
.n;eM paccMaTpUBaT:& Vn RaK no.DW~oroo6paaHe TIJiocKoro npocTpaJICTBE 

· u R n• k •· n. h o. "" · .n;ocTaTol!Ho 60J1l>illou paaMep!locrn • IlycT:& X. t Cy) , ... ,X (•u) , 
a = I i . • •, 11. + k - KOOp.n;HHaTHHe .K8.C8TeJil>HH8 BeRTopu . 

K ~B. TO'!Ke rt I1 N~Ctt) •.. ~. N~(t'l,), cr =I, 
~ •• I n .. k - e.n;mni'lHJle HOPMWm K V.n B 3TOit TO 'IKe. Tor.n;a MeMeHT 

v. . R"-+-k o6"I>eMa n MO]Kf{O onpe.n;eJill.!k RaK o6'beM ~eJieiiHI1~a B . ·~ 
rrocTpoeHHoro Ha BeRTopax X 1 , ••• , .:Cn , . N1 · , ••• , N k 

dVn= deb[)dt'L,.,. di'Ln 
r.n;e MSTpHIJ,a [{) . pa3Me poM ( n + k) >C ( n • k ) 

(E.IO) 
HMeeT BU.n; • 
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~); 
:·~ 
Jt 

' ·t l" 
\~r,:, 

·lj . 
}~,l 
.,., 
{.:) 

t 
()/~/ 

J_:·' 
{!:. ;, 
j, 

r r 
~:f"" 

) 
) 
i. 

5J = 

t 2. • 
x, . x, .. 

.x.f 
n 

N' 
f 

:X.~ 
n .. 

N'l.. 
f •• 

t'l+k 
XI 

X VI• k 
YJ 

Nn~K 
I 

N 4 N'i.. N rt+K 
K k • · · K 

(E. II) 

C IIOMOII!I>JO lllJOCT!llC npeo6pa30B8HI1ii llOJiy'laeM II3B9CTHYJO ifJopMyJiy 
. T. . i/'J.. 

det£}= Cdetcf) · det,J} J ~ . (E.I2) 

d T 1/'J. .L _.., ___,. 1/'}. .d .L . 4/'l 
( et(£) -~ )) . ~ (devi!Cx.P . .x.v)ll )== ( evil~ vII) , 

· JlJrTepaTypa f 
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