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KasaKoa ,ll.H., III1-1pKoa ,ll.B:> P2-80-462 

CyMMHPOBaHHe acHMnTOTH4eCKHX PRAOB B ,K·BaHTOBOH 
TeopHH nOJlR 

npo6J1eMa HCCJleAOBaHHR YJl bTpacj)HOJleTOBblX aCHMnTOTHK 
B KBaHTOBOH TeopHH noJlR B nocJ1eAHHe rOAbl HaTOJ1KHyJ1aCb Ha 
cne~Hcj)H4eCKHe TPYAHOCTH, CBR3aHHWe C acHMnTOTH4eCKHM 
xapaKTepc•M c-ieneHHblX pasJ1o>KeHHH KBaHTOBOH Teop1,11,1 aosMyute
HHH. B pa6oTe COAeP>KHTCR o6sop coapeMeHHOro COCTORHHR 
3Toro aonpoca. B Ha4aJ1e 1,13s,araeTCR MeTOA nepeaas,a a KoH
THHyaJ1bHOM HHTerpas,e, C noMOlltb~ KOToporo B nocJ1eAHHe 
rOAbl noJ1y4eHo MHoro aa>KHblX pesyJ1bTaToa. ,llas,ee npHBeAeHa . - . ' 

CBOAKa pe3yJ1bTaTOB no aCHMnTOTH4eCKHM PRAaM B 3aAa4ax 
KBaHTOBOH TeopHH nOJlR 1-1 KBaHTOBOH MexaHHKH. 3aTeM paccMaT
p1-1aaeTCR npo6J1eMa 11CyMMHpoBaHHR 11 nOA06HblX PRAOB, BO3HHKa~
utaR nr1-1 nonblTKaX BblXOAa B 06J1aCTb HeMaJlblX _3Ha4eHHH KOHCTaH
TW CBR3H g. 

Kazakov D.I ., Shirkov D.V. P2-80-462 

Summation of the Asymptotic Series in 
Quantum Field Theory 

The problem of investigation of ultraviolet asympto
tics in quantum field theory has met recently with spe
cific difficulties related to the asymptotic character 
of power expansions of quantum perturbation theory. This 
article is a review on the present status of this problem. 
First, we discuss the saddle-point method for the path in
tegral, by which many important results have been obtained 
in the last years. Then a sketch of results is given con
cerning the asymptotic series in problems of quantum 
field theory and quantum mechanics. Next we consider the 
problem of "summation" of such series, which arises in 
attempting to reach the region of not small values of the 
coupling constant g. 

/1. 

I 

I. BBeJl8!lli~ 

TeopHa B03MJ~8HHA (TB) BBJIR8TCS OCHOBHW HHCTpY148HTOM pac
Q8TOB H HCCJ18AOBaHml B mHpOKOM Kpyre 3a,JtaQ KBaHTOBOI ~H3HKH. 
IlonynapHOCTL reopHH B03l4y~eBHI OCHOBaHa Ha HaJIHQHH 60JiblliOro 
KOJIRQ8CTBa ~H3HQ8CKH COA8PX8.T8JILHYX 3a~aq, B KOTOpux HMeerca 
ManHA QHCJl8BHHI napaMeTp (KOHCT!lHTa CBJl3H) 9 << _i • B 3THX 
YCJIOBHBX )till! npaKTll'l8CKHX nenel OKa3HBaerca AOCTaTOQHW4 BHQHCJle
mie H8CKOJILKHX. nepBHX QJ18HOB pa,Jta reopHH B03yY~enmt. Heo6XOAH
MOCTL H3YQ8HHa crpyKTYPH creneHHHX pa3JIOX8HHR B ~8Jl0)( (HX cxo
AHMOCTH,aBaJIHTHQ8CKHe CBORCTBa H ·r.A.)1 .KaK npaBHJI0 1 OKa3HBa8TCll 
aKTyaJihHOI JIHlllL npH B8CLMa cne~~HQ8CKHX o6CTOJIT8JILCTBaX. Ilo
A06Haa CHTya~a B03HHKaer, KaK H3B8CTHO, B 3a,JtaQ8 HCCJl8~0BaHHll 
HllllYJILCHHX acHMnTOTHK (yJILT~HOJl8TOBHX H HHOr~a HHg>prutpacaux) 
KBaHTOBOR reopHH nona, KOrAa ~KTHQ8CKHM napru.1eTpOM pa3JIOX8HHJI 
OKa3HBaerca npOH3B8A8HHe Manoi KOHCTaHTH CBJl3H ~ Ha 6ona
mol norapHg>M l =: ln-k 2 • DYMMHpoaanHe norapmfl»HQeCKHX BKJia
AOB npHBeJIO OKOJIO Q8TBepTH B8Ka Ha3aA K H3B8CTHOMY llOJIDCHOMY 
BHpaxenm> AJIR aqigieKTHBHOro 3Jl8KTpOMarHHTHOro B3aHMOA8ICTBHB 
ol( k) , npono~Honan&aoro 4J(>TOHBOMY nponararopy III ; 

o1. _.,. o1.<k) = 
,_ 

cl 

1- .2:-e k 2 
.3:JI" l'L 

(I.I) 

3TOT BHemae napaAOKCaJILHHI pe3yJILTaT cpa3y npHBJleK BHHMaHHe 
H llOCJlylmJI CTHMfJIOM )tlIB C03AaHHB perynapuoro M8TO,Jta HCCJ18AOBaHHll 
aCHMUTOTHX,H3B8CTHoro Jta.K M8TOA peaopMaJIH3a~HOHBOI rpynnu 121 • 
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B annapaTe peHOpMrpynnu U8HTpallhHOe M8QTO 3aHm&aeT 
TaK Ha3UBa8MaH /o ➔YHKUHH, onpe,IJ,eJIHDll!aH noBe,IJ,eHHe 34xPeKTl'IBHO
ro (111.nH HHBapH8.!1THOro) 3a~H,IJ,a B3aHlLO,IJ,8ICTBHH 9£k2) H BXOAH-

111aH B ypaBH8HHe IlH ,IJ,JIH 9. : 
d§(k2

) -

d&k2. = f-'[ 9(k
2

_)] 

(I.2) 

0Ka3aJIOCl, 1 qTo BUtlHCJI8HKJI fo ( !j) no o6uquoll -reo pHH B03KJlll8-
HHll no3BOJIHDT noeyqHTl, H8CKOJll,KO nepBHX q.neHOB ee CTeneHHoro 
paMOJKeHWI: 

f->T. B. ( ~) = 
2 3 1, 

j:>2 9. i- f'3 ~ + ~1'9 + ... ' 

O,IJ,HaKO H3-3a poc-ra' K03<WlHUH8HTOB fok 06.naCTl>, B Koiopol 3TO 
pa3.no:a:eHHe Mo:a:eT c.nyx111n cpe,llcTBOM Ko.11Ht1ecTBeaaol HHcpop11an111111, 
~~1,wna. · 
. CYll!8CTB8H_HHlt nporpeCC 6UJI ,IJ,OCTHrHyT 3-4 ro,IJ,a Ha3a,IJ, / 3/ B 

pe3y.n1>TaTe 34xPeKTl'IBHOro HCnOJil,30BaHHH TaK.Ha3. M8TO,IJ,a g)JHKUHO
Ha.lll,HOrO nepeBa.na. C ero nOMOll!l>D )tlIH pH,!J,11 MO,Jte.nelt Y.llaJIOCl, onpe,ne
JIIIITl, aCl'll4IITOTHKj' K034xPHUH8HTOB CT8ll8HHOrO pa3JIOJ:8HHH; 

~C~) - I f>1c: ~k 
le: 

(I.3) 

np111 60JI1,m111x k • 0Ka3a.11oc1,, qTo B a-rol 06.nacTH K03(pq!HUHeHTH 
f-,k pacTyT, »006111e roBo pH, cpaKTop111a.n1,ao l ~ k ~ k. ! ) . 

TaKHM o6pa3oM, HCnOJll,30BaHH8 J48TO,IJ,a cl>YHKUHOHa.n1,aoro nepeBa
.na npHBeno K HCHOMY OC03HaHHD Toro cpaKTa, qTo CT8II8HHUe paMOJKe
HHH ( T.e. pa3noX8HHH o6uwol TeopHH B03MY1118HHll) B KBaHTOBOI 
T80IJHH nona HM8DT xapaKTep acHMIITOTH'leCKHX pH,llOB. 3TO CBOICTBO 
paaee 6uno ycw.aoB.neao ,11;nH DIHpoKoro xpyra 3a,11;aq KBaHTOBOI 
M8xaHHKH H KBaHTOBOI CTaTHCTHKH 111,TaJtIDL o6pa30M,OKa3aJIOCl, THn111q
HHM .JtnH Bcell KBaHTOBOI cpH3HKH. B KBaHTOBOll teopHH no.na OHO 
no,n;o3peBBJioc1,/4/ e111e B aaqane 50-x ro,IJ,oB. · " 

Ha IIOBSCTKY ,n;IISI BCTaJia •~aqa BOCCTWIOBJI8HIIIH". 4>YHKUHH 
5- ( 9) IIICXO)tfl 1113 H8CKO.lll,KJ4X nepBU]!: q.neHOB ee pa3nOJ:eHHa no 

4 

cTeneHHM 9 'a TaKJ:e 1113 aCHMllTOTHqecKoro B111,lla KoacWi111n111eHTOB 
c-reneaaoro paano:a:eHHH f 1e np111 6on»m111x k . 

. B TaKOI nocTait'oBKe 3a,IJ,aqa He onpe,IJ,eneaa. Ilo3TOMY H806XO,IJ,IIIMO 
aaRTIII Ill ccpopMyn111pOBaTl, H8,IJ,OCTaD111He ycnoBHH. Ilp111HUHn111an1,aoe OTJilll
q111e acHMnTOTHqecKHX paa.no:a:ea111R OT o6uqaux CTeneHHHX pH,llOB COCTOIIIT 
B TOM, qTQ OHIII ae nonHOCTl>D onpe,IJ,eJIHDT cpyHKUlllll. Tpe6yeTCH nocTy
n111pOBaTl, e111e III npone,1J,Ypy cywnpoaaa111H, ,1J,n11 qero oxaauBaeTc11 He
o6xo.JtHMHM 3H8TL aaan111T111qecK111e CBOICTBa IIICKOMOI cpyHKUIIIH • 0,JtHB 
Ill TOT :a:e acHMnTO_TllltleCKHI PH.It MOJ:eT cnyJ:l'ITl, pa3no:a:eHHeM 
cpyBKUHI C OTn111qaDI11HJ.UICII aHaJIHTHtl eCKHMH CBOICTBaMH. 

PaccMOTpHll aCHMnTOT1N8CKHI pll,ll 

F<z) ~ I.c.-i)k 
r( 2k+V2) 

rCJ.::+i) 

pa3n111qHLIX 

(1.11) 

Cornacao cpopvy.nav (2.3) ( CM. u111:a:e) np111·,nelcTBHTen1,aux nonox111-
Ten1,aux 3HaqeHHHX 2 = ~ 3TOT pH,!J, COBna,ITJleT C paa.no:a:eHHeM 
cpyHKUl'll'I I ( ~) , onpe,lleneaaoR 1rnrerpano11 (2.2): 

(00 2. ~ 
I ( f) = .) d.,x e - x. - 3 x · . 

-00 
Ilo3TOYY MOJ:HO cq111TaT1>, qTo npH KOMnneKCHLIX 3HaqeHl'IIIX r 
cYM14a Flt) paBHa aaanHT111qecxovy npo,11;on:a:eHHD I ( t) , onpe,11;e
neaa0My, aanpHMep, qepea n111n111a,1J,pHqecKHe cpyHKUHl'I cpopMynaMH (2.4). 
3TO npo,11;0.n:a:eHHe HBnHeTCH aaanHTHqecKol cpyHKUHel B KOMnneKCHOI 
nnOCKOCTH & 1 pa3pe3aHHOI B,llon1, OTp111naTen1,aoR ,11;elCTBHT8Jll>HOR 
nonyoc111. Ha 6eperax aToro paapeaa aaanHTHlleCJtoe npo,11;on:a:ea111e 
npHHHMaeT KOMn.neKCHOe 3Bat1eH111e. 

c ,1tpyrol CTopoau, npH 2 ,11;ellCTBHTen1>HOM III OTpHUaTenhHOY, 
ii!:= - r I pH,ll (l.4) cornaCHO (3.2) COBna,ITJleT C pa3nOJ:8HH8M 

HHTerpana (3.I): oO 

~ J ( 0 ) == ~ ~ clx, 
-'00 

e_:x.2(:1.- qx.')2. 
, 

KOTOpuR onpe,u;enaeT cpyJ;IKUHD J (- t), auanHTHl!eCKYD B KOMIL!IeKC
HOll nnoCKOCTH nepeMeHBOI i!; C pa3pe30M B,IJ,Onh nono:a:HTenhHOR 
,11;eRCTBHT8JlhHOH nonyocH (3.4). 3Ta ~YHKUHH np111ammeT KOMnneKc-
HLie 3HaqeHHII Ha Oeperax pa3pe3a H ,lleRCTBHien»Ha Ba OTpHUaTenhHOI 
~elcTBHTen1>HoR nonyocH. TaKHM o6pa3oM,acHl4nToTHt1ecKoe pa3no~eHHe 
(l.4) COOTBeTCTByeT no Kpaluelt Mepe ,llBYM cpyHKUHHM C COBepmeHHO 
pa3nHtlBIIMH aHanHTHtleCKHMH CBOHCTBaMII, IlOJillliH IlpORBBOJI OKa3HBaeTCH 
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ropa3,11,o 111Hpe H RBJiaerca ®'HltUHOHaJI»B!ilM. 3ro 03HMaeT, qto It I(~) 
HJIH J ( ~) MOXeT Oun .JtOClaBJieBa npOH3BOJil,Baa -q,yHitUHJl I lt03q>
~HUHeHT!il pa3JIOXeHHa ltOTopol B Pll.lt no l: B Toqlte i = 0 paBH!il 
HyJID. ll03TOMJ )tJIB O,ll,H03HaQHOro pemeHHll 3a,1taq.11 Tpeelyerca )tOnOJIHH
TeJii.BaB HHq>OJ)llaUHll oel auaJIHTHQeCltHX CBOICTBax q>JHltUHH f C <J.-}.11 
ee noBe.1teHHH npH g➔ CXJ. Ee ue y,1taerca noJiyqHT» Clea aBuoro 
OClpa!lteHHB It teopHH CHJil,HOI CBS3H, ltOTopyD e~e npe,1tCTOHT noctpOHTI, 
B ltBaHTOBOI T80pHH noJIH. 

0,1tHa1to yxe Ha )taHHOM 3Tane B pa,1te CJiyqaeB MOryT d!ilTI, ,11,0CTHr 
HYTH B8CI,Ma HHTepeCH!ile q>H3HQ8CltHe peayJii.TaT!il. MeTO.Jt!,I HX noJiyqe
HHll OCHOB!ilBaQTCH Ha MO'H'HltaUHHX H3BeCTH!ilX cnocoCloB CYlO,IHpOBaHHH 
acmtnTOTHQ8CltHX pH.JtOB 5 H co,11,epxaT HeltOTOJ)He rHOOTe3!il OTHOCH
T8Jil,HO auaJIHTHQeCltHX CBOICTB HCROMOI q>yHKUHH. 

§2. MeTon ipylngmoHam.Horo nepe:BaJia 

llpe.ztCTa.BJiemi:e qiymmmi I'pmia B KBa.HTOBOii TOOpllli IlOJIJI l!epes 
KOHTHHYaJII,H!,18 llliT8rpa.1IH JlllJIR:8TCR: RSB8CTH!:lM IlpReMOM, BOCXO,ItSilitHM K 1

1 

q>elHMaHOBCltOMJ HHTerpaJiy no nyTHM. Xopomo H3BeCTHO, qTO Ta1t.11e 
npe.JtCTaBJieHHH OKa3!ilBaETCB Beci.Ma YJtOClH!ilMH MB H3yqeBHH oel~HX 
CBOICTB q>yBKUHI rpxaa, Be CBB3aHHHX C TeOpHel B03lly~euHI. Oxa-
3!,IBaetca ta1txe, qro npe,1tctaBJI8HHe xoHTHHJaJI»Horo HBTerpana Mo-
xet Cl!ilT• HCnOJII,30BaHO )tRS ltOHCTpyKTHBHOro swq1cJieHHH, OTJIHQBOro 
OT Bl,lq.CJI8HHH no TOOpHH B03llYJll8HHI. Taxym B03KOXHOCT1, .-aet KeTO.Jt 

nepeBaJia .ltJIB ltOHTH~aJil,BOro HHTerpaJia, C!pOpMJJillpOBaHHWI H3H)t
xepOM 161 H HaMou I I • Mu Cly,1teM Ha31iBan ero Meto,11;0M tYBKUHo
Bani.uoro nepesaJia. OH HBJIBetca oCloCl~eHHeM oCl!ilqHoro uetoJta nepe-

.BaJia H3 TeOpHH q>JHltUHI KOMOJleltCHOI nepeueHHOI. HanOMHHM 
KpaTitO OCHOBHWe qepm ll8TO)ta nepe1a.11a. 

2.I. MeToA nepesana 
PaCCMOTPHM HHTerpaJI no ltOBTYPY B KOMOJieKCHOI nJIOCKOCTH: 

Iv= jd: e::x:p(-vfczn) (2.r) r , 
r,11,e Y- CloJii.mol napaMetp. KHTerpa11 nwm:CJIJieTCR: CJie.eymtl!M 

npHeMOM: BaXO)tH)l CTaUHOHapHJE TOqity ro q>JHRUHH ltOllilJleltCBOI 
nepeMeHHOI f ( ic) H3 ypaBHeBHH J ' { ~) = 0 H pa3JiaraeM 

6 

_[I~' B PB.It TeltJIOpa B OKpecTHOCTH 3TOlt Toqx.11; JL-J -w -
fll)= -j-Clo)-t- (r.-i':o)

2 1 1~o) +··· 

Ecm1 q>a3Y BTOpol npOH3BO.JtHOI B Toqxe ~o o60SHatmTi, qepes 2t.p: 
~~\I (-=o) :;- e 2.Llf "l° 2. , TO 

0

.1IIDIIDI HaHCKOpelmero cnycxa onpe,1teJI1leT
Cll ycJIOBHeM i!. = z!o+xe-~'i I r.1te X - ,1telCTBHT8Jil,H!,1I napauerp. 
nanee tpaHC!p0pl4HpyeM KOHTyp HHTerpHpOBaHHH f ~ ro .TaK, QTOClW 
oa npoxo,11,.11n qepes Toqxy nepesana no JIHHHH aa.11c1topelmero cnycxa 
(CM. J>HC.l), H npHClJJH:meM ero npllMOff r0 ""' r oo B- OKp8CTHOCTH 

0 

~ '-, 

0 /Z 0 ---...;:...___, r..., 

PHc.I 
TO'IKR i: a , OCTaBJlHJI y ipyHKUHH -f tr-) nepBHe ,11,Ba QJieHa pa3JIOX8-

HHJI. Tor,11;a noJIYqaeu _ 

( -v~lr) ( -l1[10+:x.2.f2.] 
Iv = J cL~ e :::: .) clr e = 

' fj, la 

- V·tp -i'.<p ( 00 . - v.r.2.-&2 - ✓ "Jr I ..:.v.J.o - i· cp 
= e e J d,::>e; e - v-.h e 

-"° 
Ilorpemuoct» nonyqeaaoR ipopMy~H onpe,1tenJ1etca otrtpacusaa.11ew qneHa 
C f UI { ~ o) 

1 
8 Taitxe annpoKCHMaUHel KPHBOJIHHeluoro KOHTypa 

IlpllMOI JlHHHel H HMeeT OTHOCHTeJII,HWI nopll.JtOK O ( i/(v) . 
Ilpell:,lte Q8M nepelTH lt BWQHCJleHHD ~yHKUHOHaJII,HOro HHterpana l48TO

,ll,OM nepesa11a, paccwotpHM npocroR npHMep. 
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i. 

'""""~ 

2.2. ijpocron npHMep 
06HqHaH OAHOKpaTHHH HHTerpaJI 

I ( ~) = s: cla:. e.x.p l-x2.- ~ x. 11) (2 .2) 

MOXHO paccuarpHBaT:& B xaqecrBe 0-MepHoro amuora reopHH c no-
TeHQHaJIOM V= scp.lt • Oa 06JiaAa8T PRAOM xapa~TepHHX CBOICTB, rrpn
cylllHX MO~eJIRM Kll8HTOBOH TOO:pml IIOJIJI. True, CTell8HHOe J)a8JIOJlteHHe 

IlOAHHTerpaJI:&Horo BHpllX8HHR npmi O~HT K acmmTOTHtl8CKOJ.ly PRAY,_ ID4811-
~eMy HYJI8BOI P~HYC CXOAID40CTH, TOqHo TaKol :ze CTpyKTypa, qTo H 
PBA TB B KBaHTOBOI T80PffH llOJIR. HMemro: 

~ k r(2k+"'2) 
I ( ~) ~ t/--~) I k, If<; n k+i) . (2.J) 

B TO :ze BpeMa HHTerpaJI (2.2) AOnycxaeT TOqHyll KBaApaTypy, BHpa
:a:aeuy11 qepe3 MOAl{~HIUlpOBaHHYII ~YHKIUIII liecceJia Tp8T:&ero POAA HJIH 
qepe3 ~YHKUHII napa60JIHqecxoro UHJIHHApa /Bf: 

4 • ..L ' 
I( &Q K C ◄ ) ~ 'JT" .a~°l"\ (~) c2.4) 

~) = e <l ¼ &s Pis = l2~")"'" e ..v_~ ~ , 

rAe Kt - qJyHKIUIR MaK,J;OHaJI:&Aa, a _n-1 -WYHKUHR napa60JIH
qecxoro UHJIHHApa. ~YHKUHR Kt ( -i!) aBJIRerca qetapex-, a J)_-1. l~) -

. 2 
ABYXJIHCTHOI ~YHKUH8H CBOero KOMllJI8KCHOro apryM8HTa, a.HaJIHTH'll:IOii 
BO Beel KOMnJieKCHOI IIJIOCKOCTH C pa3p830M no Jiyqy, BHXOAH~euy H3 
HaqaJia KoOpAHHaT. hoarouy B AaHHOM npHMepe WI HMeeu noJIHy11 HH
~op.4auH11 o ~YHKUHH I { 3) H Mo:zeM npoBepHTL ,aacKoJILKo aaum 
M8TOAH HCCJI8AOBaHHR, KOTOpUe MH B AaJI:&HeRmeM 6YA8M npHM8HRTL AJIR 

H3yqeaHR KOHTHHyaJI:&Horo HHrerpaJia, npaBHJILHO BOCilpOH3BOART ee 
oco6eBHOCTH. IlOCKOJD:,Ky B peaJILHOM CJIYqae WI HM88M A8JIO C KOHTH
HyaJI:&HW HHTerpaJioM, ·To pacc»oTpHM <PYHKUHII I ( S--) , 3aAaHHYII 
HHrerpaJIOM (2.2). 

AHaJIHTuqecxoe npoioJigeaHe& Kax ~YB.KUHR xo»nJiexcaoR nepeuea-
HOI ~ uarerpaJI (2.2) onpeAenea B_ noJiynJiocxocTH Reg~· 0 . 
IlpH g➔ OQ I (~p➔ .½-rC¼ )~r''"· ABaJil!THqecKoe npOAOJI:Z8HH8 B_ 
JI8BYII llOJIYilJIOCKOC?L MO:Z8T 6HTL llOJIYqeao IIOBOpOTOM KOHTypa 
HHTerpHpOBaHHJ'l X➔'i!.= X e'lf' ( CM. pHC.2a). HOBUI HHTerpaJI 
onpe,1;eJIB8T ~YHKUHII 

8 

. - Z - 2- • 2. lCf -9 4 • 

~ 
2. -t 09 2· 

Iq, ( &) = 2 r/" e & = 2 e L'f ~d.,e. e-:x:e -a"" e '1 
0 

B nonynJIOCKOCTH, llOB8PHYTOI Boxpyr aaqaJia KOOPAHBaT Ha yroJI 

( CMo pHC. 20). 

® r 
I/ 

r,-::; •. 
0 " ro 

a 

@ ~ 

PHC.2 6 

(-4q>) 

~JIil npHB8A8HHR npaBOI qaCTH (2.2) K CT8HAapTHOMY "nepeBaJILHOMY" 
THIIY ( 2.I) npOH3B8A8M 3aM8Hy nepeM8HHOI '3:,=-c/{a, IIOCJI8 
qero HHTerpaJI npHMeT BH,J; cf 

00 i 2. .,, 

I L ~) = _j__ l J.,-l: - +-1: "f-~ e ~ 
3Aec:& Yg=).1 HrpaeT poJI& 6oumoro napauetpa, a -t+-l'"= 1H-). 
Pe.ma.a ypaBHeHHe f 1(-/;)==O , noJiyqaeM io= 0, i,,2.= :ri/{2 

HJIH X
0 
= O , ::::c ,,~ = :I: i/ ./2gJ • .IIHHHH Haacxopel11ero cnycxa 

HanpaB~eHH B,ltOJI:b A81CTBHT8JILHOI H MHWl.01 ocel COOTB8TCTB8HBO 
(cu. pac.3). TaxHM o6pa30M, UHHCTB8HHOI nepeBaJll,HOI roq:ttol, 

Jielltallleii Ha nyTlI RHTerpnpc>BaHWI TaK, tITO KOH"cyl) RHTerpll!)OBal:!IDI 

npoxo.i,;ar no JIHHHH saHcxopel111ero cnyc:tta, BBJIBerca Toq:tta Xo= 0 , 
pa3JIOZ8BH8 B oxpeCTHOCTH KOTopol npHBO~HT K o6yqHOMY creneHHOMY 

paaJio:zeHHII (2 .3) HHTerpaJia . I ( S). BKJia,1;1,l ,1;pyrHx nepeBaJILaux 
roqex aaam1Ho coxpa~11rca. 

lJia Toro qT06M HCfiOJIL30BaTL nep8BaJILHH8 ToqXH :::C4,z 
co1ep11HM aHaJIHTuqec:itoe npo,1;on:zeHRe I (fl) ua JI8BYII llaCTL 
ltOlilllJI8KCHOI IIJIOCXOCTH i : i~ ~€ C:6) nyrelil IIOBOpOTa XOBtypa 
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HHTerpHpoBaHHa. Yron noBopoTa npH 3TOM onpe,1tenaeTca ycnoBHeM 
cxo,J;HMOCTH MHTerpana._Ero y,1toOuo ~HXCHpoBaTb, noTpeOoBaB, QToOu; 
~KTop, onpe,1tenam1tHR cxo~oCTb, exp l-g";:x::1''.>, ocTaBanca .1teRcT
BHTenhHw, QTO 03HaqaeT, QTO KOHTYP HHTerpHpOBaHHS HYElO IlOBep
HYTb B oClpaTHOM H.anpaueuiH·Ha yron 0/Jf :· :::X: ➔ z!=.:c.e::-.:,9/'i. 
To'l!KH nepeBana npH 3TOM IlOBOpB.'Il!BallTCJI Ha YI'OJI (- 0/z) ) 
a nHBHH HaHcKopelmero cnycita He MeHIIDT cBoero HanpaBneHHa (cu. 
pHc.3)~ . 

0 
::x:, 

:X:o r 

Xz 

PHc.3 

:X:1 

Xo 

• t 

f;1 
t:X:2 

%.♦ 
''1 

t 
t 

0 

PacxoAHMOCTb HHTerpana (2.2) B oOnactH Re 9-..:: 0 roBopHT 
o cy111ecTBOBaHHH ocoOeHHOCTH ~YHXnHH IC ~) , orpaHH'IHBall111el 
o6nacu aHanHTHQHOCTH. TaKaa oco6i3BBOCTb BaXO,l!;HTCJI B Baqane 
KOOPAHBaT. Kax cne,J;y8T H3 JIBHOro BHAa ~YHXnHH I ( S,) (2. 4), 
3Ta oco6eBHOCTb aBn&etca CYll!8CTBeHHO oco6oll TOllXOR, a Tax:se_TOll
xol ._BeTBneBHS H cnyDT HaqanoM :pa2pe2a. IIpoaBJI8HJl8 3THX ,CBOICTB I 
MOElO YB~,1!;8Tb H H3 aCHMilTOTHll8CXOro pa3JIOll:8B HII (2 .J), HanpHM8I,>, ii 
HailHCaB AHIPf)epeHnHanb~Oe ypaBBeHH~, XOTOpOMY YAOBneTBOpaeT 3TO 
pa2noii:eiiue, H _uccne,11;0BaB noBe,u;eHHII (WBKUHH, J1BJ1SllD1eRca ,pe~eHHeu 
3Toro ypaBH6HHa npH a➔ 0 H ~ ➔ ob ~ TaXHll oelpa3oli., HHTe'i·paJI ' 
(2 .2) 3aAa'er ~YHKnHll, aHanHTHqHyJl B nnoCXOCTH '$] , C pa3p830M, j 
BHXOABIIIHM H3 TOQKH J::= O, c CYll!8CTB8HBO oco6ol TO'IXOI B HYne. I 
3TOT pa2pe2 y,ll;o6Ho iianpaBRTb B,D;OJib oTpHnaTeuuol ,ll;elcT:eH:re.11LBOl ·· J 

nonyocH. TorAa, npOH3BO,ll;a Bpa111eHHe ,B IlJl~CKOCTH 9 Ba ,yron :r 
npo:rHB/ no qacoaoll cTpenKe, 9 ➔ fte:J:.iJT,.MH nonyqaeM 3BalleHHe, 

I ( S) Ha Bepxue~Hff.El8M .,lleperax. pa2pe2a., Coo:rBe:rc_:rBeBHO 

I+ (-o) = I ( ~ e i:n) ~ 2Sr·· cLj! e-:- z
2
+ 9~\ 

d. <l , + 2. ''1 
T_ l-~) = I ( ~e-i:ir) =2~r- cL1: e-z. + ~r., 
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KOHTYI>ll f;_ H f: H3O6pa:seBH Ba pHc.4. ToqKH nepeBana 
X1,2. npH 3TOM Oita3HBaJlTCJI Ba ,11;elcTBHTenbBOlt OCH. 

@ X1 

@ 

·~ _0l/.s ~\ ZJ ro 
-TI 

:X:2 

Pac.4 

B,u3ucneaHe cKallita~ CitallOK ~YBXUHH I ({I-) aa pa2pe2e 
2amrnuBae:rca _11 BH,Ite · . · 2. l/ 

' ( -z! +~i! 
b.. (-3':)=I+l-f)-I_(-~)== 2 ¥- cL~ ·e ~ 

r,1;8 ltOBTyp r = r+-T... COCTOHT H3 ,ll;BYX IlOJiynpaMHX, pacnono:a:eBHYX 
B npaBOI UOJIYnJIOCltOCTH. IlpOH3BO,ll;S 3aM8HY nepeueHBHX ~ ➔ :z!/1' 
HM88ll 

- q,(l) 

Li (- a) == ~ ( e - T llz 
~ q- .)r , ({>(~ )= z/--21.t. 

I ~ 
H3 ycJIOBHll (t> Cr)= 0 HaXO.llllli TO'IXH nepeBana .Zo:O, rijz.=:±rz, 
npHll8JI B ,taHBOll cnyqae OCHOBBOI BltJia,ll; onpe,;eueTCH TOllltOI .Z i . 

IlHBHa BaHcxopelmero cnycita npe,11;c:raBnae:r H3 ce6a ranep6ony, 
(Jl.ei)~- ('J'mi!)2 = 'if 2. , ltOTOpl.ll B nepeBaJibHOll npH0JIH:S8BHH 
MoxeT 6HTL 3alleHeHa aep:rHKanbBOI npaMol i!- = V.rz. + i l • 

C,ll;BHraa ltOBTyp HBTerpHpOBaBHB r-,. ro Tait, qTOCiW 

OB npoxo,D;H.11 no JIHBHH mm:CICopemnero cnycxa ( CM.puc.5), a saTeM 
no KaCaT8JlbHOI K nHHHH HUHCKopelmero cnycita B TOqKe nepeBana 

ro➔ r oo ( CM •. pHC.5) , nonyqaeM 

II 
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· 2. <.p (l-1) 2. -4 2 
<pl~)!:: tp(~-1) +(.i-.2-1') 2- = t- 2{i!-k'S=1,+i"J. 

B peayJILTaTe HaXOAl4M 2. 

2. \. _ l\l(iD 

bi. (..:. i) = fQ J d..z e ~ -::: 2 
~ ro 

-f 00 -~ 

-i Ll ~d.l e ~(1-+0lij))= 
18 -tJJ 

.L 

= -2,>q e- 11
~ ( 1+ O(~)) . 

(2.5) 

OTHOCHTeJII,Hall norpemHOCTA BYtUICJieHHII citaqKa paBHa 0( g) , a He 
0( ~), Kalt 3TO cne,eyeT H3 ·n.2.I, T.Jt. B HHTerpa.q (2:S) ,JtallT 

B1tJl8.A TOJILltO qeTHYe.no ~ qJieHY pa3JIOZeHHII aKcnoHeHTY. 

01 /r 'I r. 
Jr 

/ 
t 00 

/ t / 
/ t z / 

01(' Lt 0 / 0 
~ ~ 

t 

• I 
t 
t 
+ 

PHc.5 
I 

QliQHgaTeJILHY~~!!U.a. TipmteHIIII Teopelil}' RomH, Mli MOzeu 
TenepL aoccTBH OBHTL; <l>YHKI\Hll · I(_~) no <1>opuyne 

. . . 

. . d., I . . . 0 
Ita.')=-4. t ~ · I(q_')= --1-:-( ~blo.'')+AR .- .• 

<1 Zn J G\1-~ <l 2:JTt ~ I <3 .,. c. a · · · a-Q .. ,·(2.6) ·-~ <I <I. . .. 

H.OHTYP C H3o6pazes Ha pHc.6. Be1tH"QHHa AR npeAcTaan11eT 
co6ol BKMA 60JILmoro ttpyra !8AIIYCa R H onpeAeJiaeTCII noBeAe
HHeU I ( '.\') Ha 68CltOHe"QBOCTlfo Olla UOZ8T 6YTL HC1tJlll"Q8Ha C 
nouo111L1> ycnoaH11 Hop1rn:poBKH. Ilocxoru,tty npH I ~I ➔ oo c1taqo1t ~(-S) 

12 

(2.5) CTpeuHTCII 1t ltOHCTaBTe, TO B HHTerpane (2.6) AOCTaToqHo 
npoaaaecTH OAHO awqHtam1e. TorAa,yqHniBaa, qTo Ito)=_ .fir 
nonyqaeu 

@ 

R 

PHc:6 

0 J.. · . 4 

J: L~.);. r,r _ i3 ~•~cl~ 'e •3: ~ r,;, _ $ \~' e-:•iii"' (2. 1J 
• '.2.11"1- -00 ~-f>~ _ 'b.Tr 0'•(8~f)3' 

3TOT HHTerpan H npeACtaBJiae:r co6ol HCJtowl pe3YJILTaT. OTMBTHu, 
"QTO ecnH HCXO.itm!St HHTerpan (2.2) JIBJIIIJICII aHaJioroM ltOHTHHyaJILHOro 
HHTerpaJia., TO HHTerpan BHAa (2. 7) ectii' o6wqlty}t HHTerpa.ii nma··· 
RomH i B 'JtBaHTOBOU cnyqae. 3a,11,a.qa COCTOHT B Haxox,n;eBHH' cxaqita 

A. ( S ') , ttoTopwn B 1taant0B0M cnyqae BHucJia:eTca MeTOAOM: ·riepe-· 
BaJia B KOHTHHyaJILHOM HHTerpaJie (aTOMY noCBIIU18H pa3.it8Jl 2.3). 'llo:no
MY norpemHOCTi:. cl>OPMYm.t (2. 7) 'onpeA8JllleTC'a TOqHOCTlill BYqHCJleHHII 
CltMJta. OHa np!l.BH11LHO nepe){aeT nciBe,Jte·HHe <l>YBKI\HH ·c2.4) B' o'itpecT.;. 
HOC:IH. TO'QKH ~ = 0 ,- HO maeeT ne"npaai1.1ii,Heie Il0B8AeHH8 npz· 6oJIL- . 
mHx ~ • , 

Me:ro,u " R-nep'epam. ". OcTaHOBHMCS Ha em;e CiAHOU cnoco6e 
npHUeHeHH~ MeTO,Jta nepeBaJia npH HCilOJIL30»i;lHHH <l>YHlt~HOBaJILHOro 
HHTerpana, a !4MeBH0:!8CCMOTpHM aaN1,qy BYqHcneHHII K03!W>HnHeHTOB 
awcmzx nopa,1tKOB pa.11;a TB no xoHcTaHTe cBaaH. Pa3naraa no)tl,IHTer
paJILHoe Bwpaz~HHEr (2.2) B pa,1t no 9 H ,nepecta~JI·IIR bnepanz~. 
HHTerpHpOBaHHR H CYJIMHPOBaHHa, noJiyqaeM . . 

, . •. oo k 

,It~)= _.LL-~) I~ 
K=o ' 
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r.ite 

~

00 2. 

. ' -:x:. i,k 
J:" = J<.! d;:x:.e x = 

-oo 

0() 

2. ( - -:J:.2. 4 k · k! ) cl~ e + f h :x;. 

0 

31UleBol nepe11e1Bol ::X:=.fi<-k xoa~ia:nHear I k 11oxer Clun npe.itcras
Jies B aiue BHrerpaJia, &oropul npx 60~1,■ax k npHHHKaer •nepe
aau,HHI" BH.it : 

_ 2 .fk f -k ("t 1:.i. lti~ )+ 2 K fn k ·2. ~k+! l -k\cl~ ·8) 
Ik- k' )d-i e = 1 . )d.-1:e 

. k. o 0 , 

r.1te :flt)= +2.-Ld,t,t.t , a <!oxulOl napa11erpo11 c.nyur B8JIH\IHHa k. 
OTCll,Jta HaXO,ltliIII -J'l-1:>= 0 , io= Ii. • Tor.1:a -f (-1::) :::l ~--'l~r2J+ 

2{1::-./z.)2, H JIBHBa saacxopelmero cnycM onpe,1;eJ11erca yc.1101ae11. 
-I:= .rz.+l . 

H3 ~Ol'IYJIH (2.8) ,l;JII Jt03~HnaeHTOB pa3JIOE8BHI no.11yqae11 

- 6 _j_ (2k)2.k c· 0 c· 4 \ \ I~ ==- ., 21r K! e i + ~); . (2.9) 

B .itasso11 ceyqae topuy.na (2.9) npe.itcraBJ11er codol He ~To mioe, R8lt 1 

topyYJIY CrHpJIHBra, O,ltBaltO M8TOA ee nonyqesa1 IIOX8T ClHTI, 0606~8B 
Ra CJIY\lal ltOBTHBJMI,BOrO HBterpMa. Taxol 118TO.lt UOJIY\18RBR Jtoat
tania:esroB crenessoro pa3Jioxesaa 11u Cly.ite11 Ha3HBar• 11eTo.ito11 K
nepe1a.11a. 

3aJi1erx11, qro pe3y.111,rar (2.9) co.itepurc1 yxe B top11y.11e (2.7). 
PasJioxesme B creneasol pa.it no 9 no.1:usrerpaR1,soro uypaxeaxa 
(2.7), no.nyqessoro 11ero,Jt011 nepe1a.11a )t}la asrerpMa, B ne.11011 .itaer 

xoa~EU1esru ~ 4 1c r l k) ~ " 
I1c = Y2.T ( 1 + 0(7c)) I (2.10) 

or.nH\laJJ~11ec1 o; 1apaxeul (2.9) q.11esa11a 0( Yk) • Tor taxr ,. uo 
lllal BHtlHCJlBJll[ Clt8.q0Jt C roqsocru 0( i ), npHBO,ltHT lt TOKJ' qro 

w 3Hae11 xoa~anaeuru c rouocu11 O ( 'Y1c:) • B ,11,ausel■e11 
1to~an11en11 pauoSBBHI, DOJ1Y'l8BBll8 11ero.1to11 nepesaJia no k, 
<!y,1te111 O'D'8qt).TJ, TllJlUOI c,epxy ( ltalt B tDlllYH (2 .9), a 1toaf411-
D;H8HTH, UOJO'q8BBll8 pa3Jl0X8BUMJI nepeBaJIHIIX topuy.11 rana (2.7). 
or11eqar1, ABJIII tHJI•ABJOt• Iloc.11e,1;sal cnoco<! nonyqesaa 

14 

1(03¢4),!nHeHTOB Oy,neM TaKll:8 Ha3HOOTI, M8TO,ltOM ~- nepeBaJia. 
Kalt Cl!IJIO YCTaHO .. BJl8HO, <lJOpMaJII,HOe pa3JI0'![8HH8 no CT0Il0H !IM 

BHpa~eHHR,noeyqeaaoro ueTo,nou fl -nepeBana, ,naeT. acHMilTOTH
qec1t111t Pll.lt,.Ito344)HllH8HTHltOTOporo aCHMilTOTlitI0CltH COBila,llaDT C pe-
3YJll>TaTaMH BHqHcJieHHI! M8TO,ll0M K-nepeaana. )rJI!l IlOJIY'l0HHII BHpaxem11!, 
3ltBHBaJI8HTHHX peaynnataM 9 -nepeBaJia H3 <IJOPMYJI, .nonyt1e!IHHX C 
IlOMO~I,D R-nepeBaJia, HeoOxo,nHMO CYMMHpOBaTI, COOTB0TCTBYD~He aCHMil
TOTH'l8Clt118 p!!,l!;H (ata 3a,Jtaqa paccMaTpHBa8TC!l HHxe). Taltml o0pa-
30M, Meta.it 9 -nepeBaJia,BooO~e roBopa,npHBO.ltHT K peayn1,taTaM 
CloJiee 0Cl~m1, '18M M8TO,lt R-nepeBaJia,11 UOTOMY npH npO'lHX paBHHX 
o0CTO!IT8JlbCTBaX ·.IIBJISI8TCSI. 60Jiee IIp8'AIIO~THTeJffi!WM. 

2 .3. ttH!illHOHaJII,HHI! nepeBaJI 
QOmaR~!!.!m- PaCCMOTpll:M tenepL·ocoeleHBOCTII Mero,na <llYH1tnHo

HaJ11>Horo nepeBaJia Ha npm.iepe BHqHCJl8HH!l 8BKJIH,I(OBB. KOHTHHyaJILHoro 
HHTerpana .ltJl!l <IJya1tnHI! rp~aa ,Jt81!CTBHT8JII,HOrO CltaJI!lpHoro IlOJIR: 

(N) ' 
Ge ( xi-,••· .x,,; ~ ') = ( 4,c:x:,)• •· c::p(:x:w)f o = 

S 
-Se[<f] / C' r 

= bq,q>(:Xs)····'-1'(:x:,).e / Si-re-.::>eL'f1, 
(2.II) 

r.1te 

~E[~] = ~cl~E L ½l'b~lp)2+ ~\/+ 8V(ir)J 
(2.12) 

8CTL 8BltJIH,ltOBO ,l!;81!CTBH8. nna BH\IHCJ18HH!l HHTerpaJia (2.11) ·ueTOAOM 
nepeBaJia w AOJIIJIH: 

I) Hail:TH cran11osapHyD TO'lltY ,ll8ltCTBH!l 
pemea11eM ltJiaCCH'l8CKHX ypa.BH8HHI! ,JUIHX8HH!l 
c 1toseqas11: .1teltcrBHe11: $ L 4>KA] < 00 ; 

s E [ 'f] , onpe,ll8Jlll8MYD 

'l>.SELteJ/-s<\>= a 
2) pa.3JIO.lKHTb ,neRCTBHe B OltpeCTHOCTH ltJiaccHqecKoro pemeHHa,. 

octaBJiaa nepBu e .itBa ':Ll.IeHa pa.3JIOJKemm: 

~ [ lpl(,. + 1P ] = s L tp ~ 1 + ½ 4' ~IL q, 1<,,.] ip + D l 1.p 3) • 
' 

15 



3) Bll'IHCJJHTI, ItBa31II'ayccoB HHTerpan no HOBOR nepeueHHOR 

,P(x.): 4>£x)-lt>K~>, IDl.8DI118R ClWCJI HHTerpana no KBaHTOBIDI <pJIYKTya
Ulillll BOKpyr KJlaCCH'l8CKOro pe111eum1 'PM • .l{Jlll 3Toro BLl'IHCJl8HHll 
H eo6XO,D;IDI.O ,JtHaroHaJIH3 OBa TI, ltBa,D;pi. TH'IHYD q>OPKY 7.P s" [ Cf' K./1.] zl, • 

B03MOJDIOCTI, peaJIH3aUHH 3TOR nporpaMMLI 3aBHCHT OT BH,Jta 
IlOTeHrnra,lla B3aHMO,D;8RCTBHll. 3TO npe:1,!te acero OTHOCHTCll K cy111ecT
BOBaHHD pemeHHI ypaBH8HHR ,JtBHX8HHll B 8BKJIH,l!;OBOM npocTpaHCTBe, 
06J1a,D;aDI11HX KOH8'1HLll!. ,JteRCTBHeM, nOJIY'IHBIIIHX Ha3BaHH8 l'IHCTaHTOHoi/91. 
~Sll'Iecrorli CMHCJI emtJIH,I(OBl:lX HHCTaHTOHHLIX noneBLIX KOHq>H

rypauua COCTOHT . B TOM t 'ITO OHH onHCHBaDT KBaHTOBOM8XaHH'l8CKOe 
TYHH8JIHpOBaHHe B peaJll>HOM (MmntOBCKOro)npocTpaHCTBe. 3TO CTaHo
BHTCll nOHJITHLIM H3 CJ18,JtyDI11ero KBa3HKJiaCCH'l8CXoro pacCMOTpeHHll. 

.l{Jlll 1'.laCTHllLI, coaepom.D111el O.JtHOMepuoe ,JtBHX8HHe B nOT8HUHaJle 
Y I ypaBH8HH8 ,JtBHX8HHll HM88T BH,Jt .. ' m:x: = --V- (X) . 

Ero nepBLII HHTerpan MOK8T 6LITI, 3aITHCaH KaX 

• 2. m~ 
2 

+Ye~':>= E. 
(2.D) 

IlpH 9TOM XJiaCCH'l8CKall 'qll.CTH!la 3a,D;aHHOI 3HeprHH COBepmaeT .ltBHXe
HHe B paapemeHHOI o6J:racrn, Harrpm.1ep, M8X.JJ;y TO'IKaMH :X:.1, H ~2 

Ha pHc. 7a. Ilepexo.1t xe B TO'IKY .'.l'.:3 uoxeT 6L1T1> ocy111.ecTBJ1eH J1Hm1> 
C IlOMOllll,D TYHH8JIHpOBWIHll CKB03I, 6ap1,ep, pa3pemeHHOro TOJll>KO B 
KBaHTOBOR MexaHmte. 

IlpH nepexo.1te B eBKJIH,JtOBO npOCTpaHCTBO l{JIH, HHa'le roaopa, 

K MHHMOMY BpeM8HH t ➔ -it rrepBHli l'IHT8:rpa.!I ypamlemtf.l .zum
J!te.Hlm IIpHo6peTaeT mu 

V 

x, Xa 

/ <D 
'"'.,/ • X 

X2 X3 '~i, 

a> 
a 

PHc.7 

16 

-V 

,, 0 
x, ~o l ~2 XI _/~X 

' '<D 

6 

( 

• 2. 

rn;-vc~)=-E (2.14) 

I{ OTJIH'laeTCll OT (2.13) 3Ha.KOM IlOT8HUHana. B TaKOM noTeHnHane ,ltJlll 
xnaccHqecxoR qacTHULI c aHeprHeR (-E) pa3pemeHHOI 06nacT1,D 
,JtBH:1'8HHll 6y,D;eT KaK pa3 06.nacn M8X,Jty TOtiKaMH. ::X:2. H X.3 
(pHc.76), T.e. 06.naCTI, TYHH8JIHPOBaHHB npH-peaJII,HOM BpeueHH. 

TaKHM o6pa3oM, XBaHTOBouexaHH'lecxoe TYHHenHpoBaHHe (X2➔ X.3) 
Ha S3LIK8 eBKJIH,JtOBOI TeOpHH OITHCLIBa8TCll ypa.BH8HH8M ABIIIX8HHS KJlaC
CH'18CJtOI 'laCTHllLlo 1Jac~ C HYJI8BO.I 9HeprHeil:,Haxo.itmqaaCH B l!B.KyJMe 
( Xo), B XBaHTOBOM cnyqae 6y,JteT TYHH8JIJIJ)OBaTI, B ipyrHe COCTOB-. 
HHII c E = 0 ( eCJJH Tarore cyniecTBylO'l'). B HallleM rrpm.i:epe - B TOtmy 
::Ct • B emtJIH,I(OBOM npocTpaHCTBe 3TO 6y,1teT COOTB8TCTBOBaT1> 

KJTaCCH'leCKHM TpaeKTOPHIIM C HYJl8B~I aueprHeH, TO eCTI, HHCTaHTOHaM. 
Il03TOMY cy111eCTBOBaHH8 HHCTaHTOHHLIX pemeHHl,ocy111ecTBJlllDI11HX 

TO'IKY CTaUHOHapHOCTK ,JtelCTBKll, CBll3aHO C B03MOXHOCT1>D TYHHe.nHpo;.. 
BaHHII B CKCTeue. 3TO MOX8Tq)OHCXO,JtHTI, npH HaJIH'IHH H8CKOJII,ltHX 
BLIPO:l.lt8HHLIX BaxyyMHLIX COCTOIIHHI (KpHBall I Ha pHc.7a) l{JII{ npH 
HaJIHql{I{ HHxenexa111ero YPOBHJI ( HJIH OTCYTCTBHH HHXHero COCTOJIHHII) 
(KpHBall 2 Ha pHc.7a). B o60HX cnyqaax npOHCXO.ltHT TYHH8JIHpOBaHH8 
1{3 Baxyyua TeOpHH B03MYDt8HHI, OllHCLIBa8M08 HHCTaHTOHHHMH,KOHlpH..: 
rypaUHIIMH B 8BKJIH,D;OBOM' npocTpaHCTBe. 

~ BLIQHCJleHHe XBa3HrayccoBa HHTerpana no KBaHTOBLIM q>JIJKTyauHBM 
B oxpeCTHOCTH HHCTaHTOHHoro pemeHHS OKa3LIBa8TC8 B03MOXHHM JIHlll, B 

~peHOpMHpyewx Teopuax. 3TO CBS3aHO C HaJIH'IH8M yn1,TpajpHOJl8TOBUX 
:i;ncxoiHMOCTel, KOTOJlle, Kalt RH YBH,D;Hll HHxe, ycTpaHSDTCB o6wquol 
nepeHOpMHPOBKOR napaueTpOB TeopHH. 

M2ien1, cp~ B 8BKJIHAOBQH npOCTpaHCTBe. ROHKpeTH3Hpyeu 
OITHCaHBYD npoue,11ypy Ha npHMepe CKaJIBpHOI T80pHH C raMHJILTOHHaHOM 

H[~1 = ½tc>~c.p')
2 

+ ~t (2.15) 

B 4-uepHOM 8mtJIH,I(OBOM npocTpaHCTBe X. 

x 3Ta 3a.1taqa snepBLie 6wna paccuotpesa n1naTOBHM / 3/ ( cu. Trut
]KefIO/). 

17, 



I. RnaccJNeCKHe eBKml.JtOBH ypaBHeHHB ,!tBHJ;eHHB HUeDT BH,Jt 

~,SE - = -
t'f 

3 
~i,tp + 8-'P ·= D 

3! J 
(2.16) 

nplN8M pemeHHB, o6Jia.l{aD~He KOHeqHHM .1telCTBHeM, MOryT 6HTL 
nonyqeHH aHanHTJNecxH: 

f.Po= D • Hf: ~ 
-+ -'1.2. <p 1,2. - - -~ Q:-Xo) +}; , 

r.1te :l:o H ). - npOH3BOJILHH8 napaMeTpH. TaXIDL o6pa30M,npH 
g > 0 , T.e. xor,J;a xnaccHqecxHI noTeHIU{aJI orpaHHqeH CHH3Y, no 

DOJIHOI aHaJIOrHH C HyJlliMepHHM npiD48poM, pacCKOTp8HHW BHme,w 
nonyqaeu O.ltHY .1telCTBHT8JIHYD H ,JtB8 KOlUIJl8XCBHe nepeBaJILBH8 Toq
XH. Pa:u101:eHHe BOXpyr lfo= 0 ,l{aeT BaM o6HqHyD T80pHD B03Ufll(e
HHI, a HCDOJib30BaHHe pemeBHI cp t,2. Tpe6yeT aHaJIHTJNecxoro npo
.JtOJIJ:eHHB XOHTHHyaJILHOro HHTerpaJia B o6JiaCTL i < 0 • Taxoe 
aHaJIHTIN8CX08 npO.JtOJIJ:8HH8 conpOB0~8TCll npa~eBHeM KOHTypa 
HHTerpHpOBaHHa B,l{OJib O,l{HOrO H3 aanpaBJieHHI B ~yHKUHOH6JILHOM 
npocTpaHCTBe, peaJILHOe BODJIOJl(eHH8 XOTOporo MH OTJIOJ:HM ,JtO Tp8TJ,e
ro mara ODHCaHBOI BHme npOU8.JtYPH, r.1te ero MOZHO npo,l{eJiaTL SBHO. 

· IIocne aToro, xax H B cnyqae HyJll,MepHoro aaaJiora (2.2), 
BHqHCJIB8TCR cxaqox HHTerpaJia (2.II) Ha pa3pe38 B ~ -D.IIOC
KOCTH npH !J<O • ~Jia Toro qTo6w oTqeTJIHBee npocJie.JtHTJ, auano
rHD c HHTerpaJIOM (2.2), BW,Jte.lIHM 3aBHCHllOCTL OT XOBCTaHTH CBS3H 

::: 

g B llBHOll BH,J;e: 

(H) ) -G c ... ·-~ -
~ '84> 4>, ... qi

11 
e -.Salq,J-3 Sx[crl 

1 b<p e - Sa L<p] - 3 .Srl'fl = 

~ 0~ 4>t··· qAI e-.Soltp]-3.Sxl<p] 

S 'iicp e-Sotq,J (i + 0(3)). 
(2.17) 
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IIonyqeHHH!I HHTerpaJI BB.IUleTCJl XOHTHHyaJILHHM 0606U18HHeM 
HHTerpaJia (2 .2). lloJIL3yac1, aaanorHelt c HyJU,MepHi& m1Terpa.1IOM 
(2 .2)' a Taxze HCX0,1{8 H3 KBaHTOBOM8JcaHHq ecxoll TpaKTOBKH Teo pm! C 
noTeHI.tHaJioM V = :J- cp-'f npH g < 0. ·MU ,neJraeM 3aKJIIO'IeHHe, 'ITO KaK 

~yHKUHJl KOHCTa.HTH CBB3H HHTerpaJI (2.17) HMeeT oco6eHHOCTJ, B Toqxe 
9== 0 ' KOTOµl.ll BBJIBeTClI Toqxoll B8TBJl8HHlI H CJIYXHT HaqanoM pa3-

pe3a. Ero 1101:ao, xax H B CJIYqae CWHKitHH (2.2), npoaecTH B.JtOJIL 
oTpHUaT8JIJ,HOR .1teltCTBHT8JILHOll nonyocH. Cxaqox Ha 3TOM pa3pe3e 
MH H 6y.1teM BHqHCJilITJ, M8TO,l{OM nepeaana. • 

. ±LJJ" 
2. Htax, coaepmaa aHaJIHTINecxoe npo.1tonzeaHe Q~ ~ e , 

w nonyqaeu xnaccHqecxHe pemeHHB B BH.Jte ~ 

4 ~ ,....., . 
4\,,._(X.)=VQ ~"4'(:X:-:o) I ij:(X): m 

j x~i (2 .18) 

B CB8T8 CXa3aHHoro BHme HaJIHqHe TaKHX pemeHHI CB83aHO C T8M 
~TOM, qro 'npH g <. 0 HHJ:Hee COCTOJlHHe a TeopHH OTCYTCTByer H 
aaxyyM TB oxa3HBa8TC8 Meracra6HJILHHM sa cqeT TYHH8JIHPOBaHHB, 
ODHCHBaeMoro pemeHHaMH 8BKJIH,l{OBHX ypaBHeHHll .l{BHJ:8HHB. 

RnaccHqecxoe .1tellcrBHe .l{JIB pemeaHll (2.18) HMeer xapaxrepawR 
BH,I!; ~l<ll<,I\]= .i6JJ1/g H He 3aBHCHT OT napa»erpoB ::r.o H >. • 
Il03TOMY DOJI8BH8 XOH~HrypaUHH C pa3JIHqHHMH 3HaqeHHSMH 3THX napa
M8TpoB 6Y.JtYT ,J;aBaTJ, 0,l{HHaKOBHR BXJia,I{ B qiyHK~OHaJihHUit HHTerpaJI, 
H H806Xo.l{IDIO npOKl!TerpHpOBaTL no BCeM TaKHll XOB~HrypalU{aM C 
pa3nHqHYMH :X:o H A • C)tBHraa nep8M8HHYD HHTerpHpOBaHHB: 

4> ( x.) _,, ~ !<-A. (. :ic.) + 1!J l::c) 

H pa3Jiaraa .1{81CTBH8 B oxpecTHOCTH <fl<A(:t) C ~HKCHpOBaHHHMH 
:r.0 H >.. , .l{JIB cxaqxa HHTerpaJia (2.17) Ha paapeae IIplI 

3 <;, 0 H6XO.l{HM 

c.n) 
6. G c-~) ~ 4>KA(:l'.:J.)··· <.\>Kl\c:c,1) e SL 4>KI\] 

X 

I 1. r 1t [ l ~2. 5 i ,p e - z J d x 1P - A" - 2 1/J c.x)J 1/i 

J ~lf' e-f )cL".x. ,J, L~llJf]1/J 
X 

(2. 19) 
~ 
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i 

I 
r.1te mtp!IIX y 8° 1/J 03Ha'laeT, 'lTO COBepmeH IlOBOpOT KOHTypa 
lllHTerplllpOBaHl/la B ~YHRitlllOHaJII,HOM npOCTpaHCTBe Olll/lCaHHHM Hl/lEe 
cnoco6oM, TaK •no HHTerplllpOBaHllle npoH3BO,lll/lTCa BAOJlb 11Jll/lHH!II 
HaHCKopelmero cnycxa" B ~YHKnHOH8Jll,HOM npoctpaHCTBe. 

3. llHTerpaJI no RBaHTOBl:W ~JIYKTyanHaM B (2.19) ~opMaJibHO 
MOZeT 6HTb BHpazeH qepe3 ~YHRnHoHaJlbHHI ,1teteplllllHaHT: 

( I - ½ s d\:c 1jJ [-~~ -½ $Z~)J 1P 
Jo ,p e 

J b 'P e- i ~ ci~x. 'lJI L-t>i,11Y 
(2.20) 

[

J) e-b(- ~ll- f ip&)) 1-1/~ 
:be-\; (-ll11) j (:De! r-i,~t i,{")Jf • 

3ta ~op14YJ1a aBJiaetca 6eCKoHetnioMepIWM 0606111eane» xopomo !113-
sectaoa ~OPMYJIH AJIS A8T8pMHHaHtaonepaTopa, 3a,I(aHHOro B .Ma.Tpwn!OM 
mme,H MOXeT 6llTb IlOJiy'IeHa IIyTeM IIpe,!l;eJII,HOI'O nepeXO'Aa OT KOHei:mo
KpaTHOttannpoxcl/lManHH ROHTHHyaJibHoro HHterpaJia. neJienne Ha one
patop noHHllaetca B BHJte ,1telcTBHa o6patnoro onepatopa. 

BuqncJieHHe ~YHRnHOHaJlbHOro AetepMHHaHTa (2.20) JtOCTHraetca 
nyTeM ,ltHarOHaJllll3an1rn KBa,!tpaTlll'lHOI ~opw, CTOS!Jlel B 'll/lCJIHTeJie 

• l/1 3HaMeHateJie. 3TO MOEeT 6HTb c,v;eJiaHO pa3Jilll'lHHlllll cnoco6aMH 
(cM.,aanplDlep, /J,G,II,I2,131 ). B .qacTHOCTH, B paCCMaTpHBaeMOM 
npHMepe BeCbMa 3JieraHTHUM npueMOM BBJiaetca l/lCUOJlb30BaHHe 0(5)
~0pMaJil/13Ma /J,IJ/, 3aRJ1DqaD111eroca B nepexo.Jte Ha 5-MepHyD 
rHnepc~epy. Mu onHmeM, OAHaKo, ,1tpyrol cnoco6161, npHMeHHMHI K 
mHpORO:wy Kpyry 3a,Jr,aq. 

Ru3Hcnenne HHTcrpana no RBaHTOBHH W11,YKTYaY!!U!.J. PaccHoTpHY 
3a,1taqy Ha co6ctseanue 3HaqeaHa (c.3.) B noJie xnaccHqecxoro 
pemeHHa: 

,I ,...'l. ' ' 

[ 

A + .:L. ... ,, CX.) 1 '.. ( 
L:i.'I :4.,. J1hC'X.)= Ek'lf"-(:x.), 2.21) 

r,11;e co6cTBeHmie 41YHKUBH 1f k HOpMlllpOB8JIH YCJIOBlll8M 
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) d. 11x. 'V't:. l:x.) [- ~4] lf m (~) = ~ km . (2.22) 

Pemaa ypaBH8Hl/le (2.21) c YCJIOBHeM HOplllllpOBKl/1 (2.22), MH 
Jt06lllB68MCa O,llHOBpeM8HHOI .JtlllaroHaJIH3anHH KBa,1tpaTHqHJiX ~OpM,CTOS!JllllX 
B 'll/lCJIHT8Jle H 3HaMeHaTeJie (2.20) Ha OAHHX H Tex ze co6cTB8HHUX 
~yHKIU!RX. 3,11;ec1, HeT xazy111eroca aa nepsul B3rJiaA npoTHBopet1Ha c --z. . 
teM, qto onepatopu li"+½1£<::ic.) l/1 l::.i, He ROMMYTHpyDT, T.K. 
nonyqae:uue co6ctaeanue ~yaxnHH onepatopa (2.21) ne ·aanaDtca Taxo
BUMH ,JJ;Jla 3THX onepatopoB. Ilplll 3TOM, O,ltHaxo, MH A06HBae»ca zenae
MOI ,1tHaroHaJ1H3aitHH, a Taxze nonyqaeM aBTOMaTHqecxoe coxpa111eaHe 
O,llHHaKOBUX 6ecxoHe'lHHX BKJl6.JtOB B 'll/lCJIRTeJie H 3HaMeHaTeJie, 
o6ycJIOBJieHHHX HaJIHqHeM y _onepatopos Henpepusaoro cnextpa. 

Yp,.BHeHHe (2.21) npe,1tCT6BJ1aer co6ol ypaBHeHl/le co c~epHQ8CKlll 
cHMMeTpH'lHHM notennnaJiou Vex) = _ .!. ~ 'L(x) = _ 2-'I ·· 1 . z 't' (i+:X.~} 
3anHcuaa11 .JtHqxl)epeanuaJibHUll onepatop • A.,, B c~epnqecKHX 
KOOPAHHaTax H BH,1teJ111a yrJIOBYD 38BHCHMOCTb 

'4'/Ll (:X:.) = 1.pk ,·( r)Yie· C 0 > 'P 11) 
... J ," ,ms.,m2 , l , 

lk~ = lk,t,m1..m2.~ > l= o,!~··· ;m,1=0,1., ... ,e~ml,=0,i, .. .,e, 
rAe y t m:1. tl1z. - qetupexMepm,ie c~epH'leCKl/le ~YHKnHH /I 4/' • • nonyqaeM 

z. I 2. 

[ 4._ + .§. f±:. - f.. +.J!L l _ [c:l 2. 3 cl L 2.J ,I, (r 
d.r1 r d..r r 1 u+r,.)J 1P1<,tlr)- Ek,f cLri.+ r d.r - rz. 1:,.~

3
} 

3,11;ec1, c.3. onepatopa Ha3HWHpa ~ -MepaoR rpynnu BpameHHtt 
P8BHU x L2.= ece+2), t= o, i,2, ..• , a CTeneHb BUpoz
AeHHa ~t = (t+.1.)2. • 3auenol nepeMeHHOI ypaBH8HHe (2.23) CBO
AlllTCII K runepreo»etpH'lecxo:wy. Pemeana nonyqHsmeroc11 ypasaeal/111, 

X 
B D -uepaou cnyqae c.3. onepatopa Ha3ID1Hpa rpynnu 

Bpa~eHHR H CTeneHb BHPOXAeHl/18 llll,{eDT BHA 

L2
::: !.(f+'J)-2) i = r{lt-:D-2)(J>-t2l-2') 

1 e r< tt- ! ) r < J> - :1..) 
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y0HB8D~He Ha OecxoneqHOCTH, orrpeJ,;eJIHDT ,lUICXpeTBHll'CITeKTP c.a. 
3aJ,;aqH (2.2I),(2.22): 

lk+l-L)(k+f+4)' (2.24,) 
Ek,e= (}-+lr1.)(k+l+2), k;o,1,2, ... 

a OCTanLBHe rpyHKUHH npHHBJ,;ne:ra.T K HerrpepHBHOMY crreKTpy. c.a. 
HerrpepHBBOrO crrexTpa TaKXe MOryT 0HTL BHpaxeHH rpopMyJioH (2.24), 
r.1te k rrpoOeraeT senpepHBBHII pa.It auaqeuHII OT -oo ,11;0 co .. 
0.JtHaKo, xax Oy,1teT rroxa3ano· HHxe ( cu. aaueqanHe rrocne rpopuyixu 
(2.36) ), BKna,Jt HerrpepHBHOrO crreKTpa orrepaTOpOB B38HMHO COKpa
~aetca. ll03TOMy·aecL axna,11; B rpyBKtiHOHaRLHHH ,JteTepMHB6BT (2.20) 
orrpe,11;eJI.1t8TC.lt ,lUICKpeTHHU crreKTpOM 3a,JtaqH (2.21), (2.22), r.e. MH 

HO:SeM orpaaHqHTLCH B KOBTHByanLBOLl HBTerpane (2.19) HBTerpHpoaa
Im:eM IIO (]?Yllltll;IIJIM, y6imaraJlID,1 Ha 6eCitOH8'IIIOCTH. 

Paanaraa ,11;anee rrepeMeBBYD KBTerpHpoaaHHH 'If' rro·nonHoll 
opTOHOPMHp0B8BHOlt CHCT8M8 iPYHKUHI ,J;HCKpeTHoro cneKTpa 1/' J kl 
KaK no Oa3HCY B clJYHKUHOHanLHOM rrpOCTpaucrae: l J 

1p (X) = L ~ li:~ 1./\):~(-X) ~ 
P:! 

(2.25) 

rrpe,JtCT8BHK lf!yHKUHOHaJILHHII HBTerpan B BHJ,;8 Oecxoneqnoro rrpOH3Be-

,JteHH.11 oOuqBHJC HBTerpaJIOB B,JtOJIL "aanpaaneHHI", 38,JtaBaeKHx 
rpyHKUHHMH lf { k ~ 

~it= n s ~k\ 
ik} fi-rr 

Tor,11;a ,JtJl.11 KBaJ,;paTHqffOI rpopw B (2.19) ID488M 

H 

~ cLt~ 1f [- L\lf - f-ij;Zx) J 1f = L r 1:) EK,f 
P--~ 

~cL¼:x: lp [- b.lJ 1f = L l ~~ ~ 
l k~ 
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(2 .26)' 

. _OTKY.lt8 .D;JIH HHTerpana·(2.20) rronyqaeM 

5 b' ip e- is d,\c ,;, [-/',~ -F/lx,J "' 

! '61/' e- ½ ~ ~11
:(_ 4J L-~411r 

I;~ cLl!<I e- ½fr' ~~1E.,e 
lt rr_.,,.. 5 

n C dl11e~ e~} I. 1~~ 
l1c~-- .) iiir ti,\ 

(2.27) 

J 

rrpHqeM uepa HHTerpHpoaaHHH a· (2.26) orrpe,11;enena TaK, qtoOu nopu:H
poaoqwll .IIHTerpaJI B 3Ha.J,48H8Tene (2.27), rrpH3BaHHliR oOecrreqHTb 
oOpa~eHHe acero BHpa:seHHH B 8.D;HHHey B OTCYTCTBRe B38HM0.1tellcTBHH, 
paBH.IIJIC.11 611 I. 

TaKHM o0pa30M, rpyHKUHOH8JlbHlill HHTerpaJI CB8JIC.II X OeCKOHeqnouy 
rrpoH3ae,11;eHHD oOuqHux HHTerpanoa rayccoaoro rHrra. nanLHellmee 
auqHCJl8HH8 rpeOyeT KOHKpeTH38UHH oOnacTH HHTerpHpOBaHH.11 no rrepe
M8HHW4 l !k\ . 3.1tecL MU, naxoneu, rr~.1tomnH K rrpoOneue orrpe
.1teneHHH npoctpaHCTBa iPYHKUHII, B KOTOpOM npOHCXO.JtHT HHrerpHpoaa
HHe~n K HBHOMY BOllJIOmeBHD noaopora KOBtypa HHTerpHpOBaHHH no O.lt
HOMy ll3 HaIIpaBJiemtii B STOM IIPOCTpaHCTBe, CBJI38HHOI'O C Heo6xo

)UIMOCTbD aHaJIHTHqecxoro npO.D;OJl:SeHHH a 3 -nJIOCKOCTH. 
Bepneuca K aorrpocy o crrexrpe ypaaHeHHH (2.23). lis jpopuyJIH 

(2.24) nonyqaeM · 

E o o = - 2 ; E ~ o = o ~ E o ~ :: D ; Ek. e > o K~ i 
' 2, ';,. • 

ll03TOMy nHHH.11 HaHcxopellmero crrycxa B rpyBKUHOBa~bHOM rrpocrpaHCTBe 
Ma HHTerpana a qffcJIHTene (2.27) npe~cTaanaer codoll rHneprrnocxocTL, 
orrpe,11;enaeuyD paaencTaau:H 
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) J m 11e,t,~••"'• ~ 0 • 

[ Re10,01 01o=D 

k -t l;,, i-, 

npH npOH3BOJibHllX 5 
J t) 0 a H ~ D 3. m~ m2. ~ ;J.., I I ~ I J I 

(2.28) 

TOT <IiaKT, qTO KOHTYP .HHTerpHpOB8HHS B,!t0nb,HanpaBJI8HHa, 38,lla
BaeMoro <llYHKIU{e2 lfo,o , npOXO,!tHT no MHHMOR OCH, H SBJI88TCB 
BllpaxeHH8M nonopota KOHTypa HHTerpHpOBaHHS B <llYHKnHOHMbHOM npo
CTpaHCTBe B IlOJIHOM COOTBSTCTBIDI C BepTHitaJl!,HOli JIIDmeli 11\:lHCKOpelilIIel'O 
cnyCKa Jl IW,l\eJibHOM HHTerpane (2 .5) ( CM. TaKX:8 pHc.5),. UOSBJI8HH8 
OTpunateJibHOrO ypOBHB :rneprHH (Ta.K .lKe, Ka.K l'ISMeHel!lle SHB.Ka g B 
HHTerp~Jie (2.2))npHBO,llHT ~ <IiopOOJI!,HOlt paCXOAHMOCTH HHterpana 
(2.27) H HeoOXO,!tHMOCTH noBopota KOHTypa HHTerpHpOBi'l,HHS BAOJI!, 
HanpaBJieHHa, 38AaBaeMoro COOTB8TCTBy1n11eR coOCTBSHHOR cpyH1tn1rnn. 

liYJieBHe MO~ OcoOoro paCCMOTpeHHS TpeOyeT HanHqHe ayneBHX 
c.3. Eo,J. H E_1.,o , cnasaHHllX c cy111ecTBOBaHHeM TaK Ha3HBa~Yll~ 
ayneBUX MO.II. HyJieBHe MOAll oOycJIOBJI8HllcyIIISCTBOBalllleM Cl'lMMeTpl'll'l l'ICXO'A
HOrO raMHnbTOHHaHa. EcJIH raMHnbTOHHaH oOJia,ItaeT KaKoH-JIHOO 
rpynno2 Cl,Wl!eTPHH, a KJiaCCHtie CKHe pemeHHS HapymallT HBltO TOPYll -
no.1trpynny 3TOR rpynn11, To napaueipau Hapymea'aon no.1trpynn1,1 oTBe-
qa11T cBoOoiaue· napa1.11np11 B Knacc.iqec1toM pemeHHH <PK .... cx). Hyne-
Bue :,;e !.10.lOi ypa.BHSHHB THna (2 .23) SBJillllTCS npoH3BO)tHllllH KJia'ccH
qecKoro pemeaua no aTHM napaHeTpal.l. Tax, raMHJibTOHHaH (2.15) 
mmapHaiITeH OTHOCHTBJ!bHO rpynnu 'KoH<J)opll.HNX npeoOpasoBaHHII, BKJID
qa11111ea rpynny Bpa111eHHR H TpaHCJia_nHR B 4-MepHOll eBKJIH,J;OBO!.I npo
CTpaHCTBe, a tane rpynny cnenHaJibHYX xoa<Iiopiuuix H 1mcmta6awx 
npeoOpasoBaHH2. KnaccHqecxHe pemeaHa (2.18) aapymaDT no.1trpynny 
Tpaecnannn n noArpynny uacmtaOa11x npeoOpasoBaHHR. 3TOJ4Y OTBeqa11T 
napauetpu -::Co Ii ). _B <1iopwy11e (2.18). HyneBYe MO,ltll HMellT 

, 'Z. 
BH,11; (X-:X:o) 

... 1. cl<f1<,. ✓ -'I& ...L M - :i 
"r~,o,o,o~ ti}. =: ~ ),:1- 1(-:X:.-Xo)'Z. ]2 

--;:;: +1. 

,--- (_:x. -:x O) f" 
'lf. = -,I, f ~ cl<fKA __ _ jlt2 j_ ->-- . 01.i,m~,m2 'fo,i J;:cJ' - 2v ~ >.2. [~-::)\ i.J2 (2.29) 
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CteneHb BYpoz,11;eHHB HyneBHX ypoBaeH bt onpe.1tenaetca pas
uepeoctbll HapymeHHOI no,1trpynnu H AJill ypOBHeR E 1, o H eo, 1. 

paBH6 COOTB0TCTB8HHO l H 4. 
TaKHM o0pa30M, He3aBHCIDLOCTI, .11eltcTBHB OT napauetpOB :X:o H ). 

BHT8Ka8T H3 CBOHCTB CHW48TpHH raMHJibTOHHaHa (2.15) H npHBO)tHT K 
noHBJI8HHD nanpaBJI8HHR B !pyHKUHOHaJibHOM npoctpaHCTBe, 38,JtaBaewx 
COOTBSTCTByB)lllHMll ayneBllMH MO,JtaMH, B,JtOJih KOTOpllX A8HCTBHe·noctoaa
HO. ~opMa11bHO HaJimHe HyJieBUX MO.II npHBO,JtHT It ITOHBJI8HHD paCXO,JtH
MOCtel B HHterpane (2.27). 0.I(HaltO 3TH paCXO,JtHMOCTH nponopnHoHaJib
Hll oO~eMY COOTB8TCTBYD~elt no.11rpynn11 Cl'IMMeTpHH (aanpHMep, oO~eMy 
rpynnu tpaacnanHH - xopomo H3BectHue oO~eMHHe pacxo,1tH140CTH) H 
AOXXHY OWTb npaBHJibHO BY)t8118HH. BKJia,Jt HYJI8Bl:,IX MO.II oOuqHo BllA8JISeT-
·CB JIHClo BBBABHHeM ~ -<l>YHKI\HH B <flYHKnH0Ha111,aull mnerpan c 
IlOllO~bD MeTOAa ~aAAeeBa-IlonoBa (cM.,HanpIDLep, 115/), q70 npHBO,JtHT 
K BY,lleJieHHD oO~eMa,rpynn1:,1 CHMMetpHH H HHterpHpOBaHHD no 
npoctpaHCTBY <llYHKnHl,opTOroHaJibHOMY HyJieBOll MO,Jte, JIHOO C ITOMO~l,D 
MeTo~aKOJIJI8KTHBHHX KOOpAHHaT /IG/. D noCJI8,llH8M c11yqae HHTerpaJI 
BAOXI, HYJI8BOI MO,JU,I 3aM8H88TCft Ha HHTerpan no COOTB8TCTBYDD18MY 
napaMeTpy no,u;rpymm CHMMSTJll'll'l c yq:eTOM mco6naira. rrpeo6paaoBaHWI. 
06a e:rmc MeTo~a BeCl>Ma CXOJRlll. OcTaHOBl'IMCSI Ha nepBOM RB mu. 

BepHeMCll AJI~ 3T02 neJIH K HCXOAHOMY HHTerpany (2.17) H 
BCTaBHJ4 B HHTerpaJI B qncXRTene CJI8,!U'D~ee, npeACTaBJieaHe e.n;HHHIU,I: 

j_ = s ,1 'f l\. [ (j>(>e,\'• )] Hi d:x: 'f (:r:, Ml-b.] rl'l'~~,?i,. 30) 

.n. ' ' . " 
rAe p 8CT!, napaMeTp rpynn!l CHMMeTpHH (HanpHMep, Xo HJIH ). ) , 

~o ec11, aexotopoe <fJHXCHpoBaHHOe saaqeHHe atoro napaMetpa, a 
HHTerpHpOBB.HHe H.B;BT no BCBMY o6'I.eMY rpynn:u .0.- , . iyHK)lHOHaJI 
6 L «.p] , Ha3UBaewll .n;etepMHHaHTOM ia.iueesa-IlonoBa, BY<5Hpaetca 

tax, q10Clu oOecneqHTb oOpa•eHHe npasol qactH (2.30) B e.n;KHHny. 
Ero HBHYI BH,J; KY ealtAeK HHe. Tor,;a B (2.17) nony_qaeM 

.; ~ ' " -- '' , . . 

~'6~~1--·~N e.-.S[lf]= sblp ~cl? ~[~(X,~o)]xx (2.31) 
' ' . ..n. ' 

( 
. . . . .S[lf J , 

X x'o - ~d,~ ~(.X:,~o) [-6lfJ cl.q>iu.C.:X:, ~)) e - ~1 •.• ~ti -

' '': d.~ 
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;7 
l I rt . . . , I , . C'[1bJ . . . . ·, . • 

( { - .:i ,. , .. . , , cl~ (:x: ~)) I -

= Jh4> )}~ A[~cx,~)]e l{>,::·~ 11i(~d:x:4>C:x,9i[-bt1J-;--~ ~ . 'f' 
B nocne,JUJeM paBeHCTBe MH npoua:se·.11u 3all8HY· nepe11eaawx B ~YHK~ l• 
IU{OHan:i.HOM HHTerpane q>(x.~o)➔ ~(x.>'?) H BOCnoni.aoBaJIHCli ' ·1'· 
HBBaplllll!THocn11 ,JtelC'IBH.11 ,S l Cf] H 11epw HBTerpupoaaaua. · o l\> • ' 
IIpe,1tcTaan.sa ~nee lf> · B BH,Jte 'P= <pl<J\cx~9) + 1J,lx,9)=t¥1<=,.cx,~)-t L }111¥"'', 
u non:i.ayac:i. ycnoBHeM opToroaanJiBocTH (2.22) H cB11a:i.11 »ew "" I I ' 
ayneBolt llO,Jl;OI H KJiaccnecK.1°' pemeHHBll (2 .29)' HaXO,JtHllf . . 1 

'6 ( ) d.x tp(:x.,y) [c A,] d'P~~=<,y>): 'i'> ( lo JI d.1~•11), f i I 
rie uopMR onpe,elleTCB a corllacaa c (2 .22) ,i pa.••• . . I 

II ~II= { J dx (p(x)[-ll,,]Cf'CJC)., ,'[ 

a j 
O 

oaaa'laeT Koa4q>HIU{BHT, nepe,1t HY neBol 110.n;ol · 1.fo B paa- I , 
J10ll:8BHH (2.25). C yqeTOll noro paB8BCTBa (2.3I) npHBDa.81' DH.It ,r 

c 'b c d. 6 L <rl:x:,~)J ~ c~ ) ~ sfcpJ . 
:) 4> .ri. ~ II c::Lcp l<I\ II ~ o e 4> f ••• \\>" 

d,~ 

(2.32) 

IIoeneBH8 i Cf o) npHBo.JtHT K TOMY, wo HHrerpa11 no } o 
B (2.27) npona,1taer, r.e. HHrerpHpOBaBHB H,lt8T no npOCTpaBCTBY 
~yHXIUfl,optoroHaJlliBHX HYJIBBOI llO,lt8 ( 'lTO OHJIO IBHHM o0pa30M 
3aJIOll:BHO npu BwOope npe;,;ctaBJt8HHI e,JtHH~H B BQB (2.30), a 111ecTo 
aero noenaerca H!lterpan no napaitetpy rpynne cKMKerpxx c 

aoOllaHOll npeoOp:1,30BaBH8 . ~ (_<p(x.,~)] 

:re~)= .. II ~"I\ . 
l{na BH'lHCJl8BH8 a1toOuaua .J 00pan111ca BBO:Blt i ~OPMY.18 (2 .30). 

PaaJiaraa d:J:"'" B pQ no ~ B ro'lxe ~o , nony'lHK 

~ . 

f == S½ ~[tp(x,~
0
)] b( ~c!x lp(:r,~i)),l-L~u,] ( 1,_Lf1r.,.(X.8o)+ 

Jl, 2. ·• ~ . 

+ (~-~o) cL cpl<l\{x,s11) t ... \\ = 
d,,~'J. ) ) 
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l 
t 
I• .,, 
' l 

( II 

l 
[ 

I 'l d 
\• ! 

=)~A[ <p(x,~~')J ~ ( 10 II c!q>x~X,~o)ll t (~-fo) ~,tx. ~cxJ~D))( 

J1. . X [-/:; J d.2.Cf)ic:11,l::l:)~l))t. ··) . 
,, cL91 

Tax Kalt aac uarepecyeT :rna'lBBHe ti. Lt.pl.. npH l O : O 1 TO HMeeM 

J= ~ (~(:C,~o)J I/ 5dx ~:2~\~o),,f-h~J- ~~~;:;~~&)L 
OTltYAA BaXO,JtHll .llBHOB BHpa%8Hlf8 MIi, iva~ana .: \l::;['f] ', \ .· (:,. 
Tor.ita MIi lllt06HaHa ·J" ·:· nOJIY'laell '1) ,, . -· 

I ~cl :x. 4){:x:,~~1-blj] ;.Fce""i.~\)) I · 1 ~1-ilirL~" ~t;_33> 
}~)= -··-· 'n•-,r~~~-n ~~ - ·=: ? 11 ~--·· 

cL~ . ' ,./, cL~ 
B CJIY'laB HaJIH'lHII HBCKOnJiltHX HYJIBBHX MO)t . '-foi H COOTB8TCTB8Hiio 
BBCKOnliltHX napa11erp0B ~ i, , ~op,1yna (2.33) npHHHMa8T BH~ 

T(~i.J= 
:Det ~d~ ~;: [_:~"] d<p~ .. 

\'L , cl~..I 

n II ct qi"" II 
1, cL~i 

(;> .J4) 

IlO)tCTaBJIIIII lf B BH,Jt8 · Cf= <.t>K.-. + lp H ,orpami'lHBal!Cli B 
rnaBBOll nepeBanJiHOM npHOn.llJ:BHHH BKJia,JtOM ltJtaCCH'l8CKHX nonel, 
nony'laeM 

:r(~'. J:-- fJ. II ~1;: If i' c2. 35) 

Ot6pomeaaee qneae npHB o.1t11T It nonpaBKaM , THna O ( -~) , .. 
ID!te~pHpoaamte no (:>." ( B uamell CJIY'lae no ~o H >- ) 
COOTBBTCTBYBT yqery BCBX nepeBanbHHX ltOH~Hrypa~HI (2.18) c 
pa3JIH'llil,IMH 3Ha'l8HHSMH napaMBTPOB, npHBO,JtlllltHX It O)tHOMY H TOMY ll:8 

3Ha'l8BHII )t8ICTBHJI• . 
Boaapa~al!Cli 1t HHTerpaJiy (2.27) c yqeTOM (2.28), (i.29), 

(2.32), (2.J5),Hll88M ( npH ~HKCHpOOOHHHX, ~o H )...·. ) 

• ~. 
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/Det[-t.,- ½ -ii;h)ff '': 
\ :])et L-.6~] .} -

_ ioo . oo ,;<i , s .. • a'J44:kQ; p. C tl}l·k~ -r lo: ooEo o-½ L ~ t, Ct-: e 
·oo·· -~ hlcS_ . J,- ~· e . '' ' J,CI ') ,ic> J 

' V-'J.1f k' , · .e · =· 'f21tr 1 > _ · . ·' . -.: ih->:·.;~,~::. · , k~f>i. , '" f ·\ ilii e- ½ f, {1~ . (2.36) 

) -QO ffi ) ) 

11 -½: jl d.C{>iv,11~ II~,, _ 
{±.7r) h. I d-xo"' d. >. . -:--

• J i, . ·. "t 

- - _L_ 11 ~11 11 d.(f""ll n )E \- ~ (_ 2-Tr) Sh_ d_ ;x. ~ d, ).. IC, t Z. o t<,e . 
k+f•H 

IlOSBJl8HHe 3,Jt8Cb B OOKa3aT8Jle CTeneHH MJIODT8JII ~ t 
oCIHcHSetcs t t -JtpaTHliDl B1i1po1:,1teHH8M ypoBuel E le, t ypaBH8BHI 
(2.23). 110.-cmuu (2.24) JI (2.29) B (2.36), nony11aeM. 

SJ: Qj 
-'1/2 ._L (21r) 2. -10 .2 o/2.n \{l(tl-i)Ck+f+J,) \-2. · 

LDet) = -\~,Sh. >-s 2 ( 5 ) 1<,t {J(+!+i )Ck+t+i.) > (2.36~ 

~ 2. i,:.+f•H 
U8 Df:: ~+ i) • 3aM8THM. 3,Jt8Cb, IITO HaJIH11J18 H80p8pYBHOro cnenpa 
3a,lta11K (2.21) , (2.22) npHBO,JtHT,BOOClll!e roBopa, Jt ,JtOOOXBHTeJlbHOII.Y 
MBODT8JIJI B cf)op11yne (2.3f0 BH,Jta oO 

n I
. E 1- ~t . 

~,e 2. = 
~ \it it, IE'" ti n e- 2, -1)4 I 

e -00 C:: S ,w 
ls0,!

1
2 •• 

> 

r.-e £ s ,f .-aerca cf)opM.ynol (2.24), CB13aHHOJIY c orerpxpo-
Bauxe11 no cf)yH~HSIII, He yC11i1:sa111111111 Ha CleCJtOH811HOCTH. o.-uaxo, Jtalt 

nerxo yCle~T:r.ca, HHTerpan B 8JtCOOH8HT8 0Ka3Wla8TCI paBHHII Hyo, 
JI Ylta.38.HHHI MHOU:T8JIJ. paBeH l H He Rl8T .-onOJIHJIT8JlliHOro BJtJJa.-a 

B HCKOMHlt ,tt8T8pmH8HT. 

21 

I 
B nony11eHHOM Bl:ijl6X8HHH (2.36) npoH3Be~eHHe no k MOll:eT 

CIHTb BH11HCJl8HO B 3aMKHYTOR ~opue: 
. c,q 

e === o n lk-1.'.}(k+Ji) = - .1.. , 
l.=O (_k',1 } [)c +2. ") 5' 
k,t,1 ' 

rlf I::: (k-+5) _.1_ 
f = i J l <.k+ 2 )(k:+ 3) = -10 ~ 

k= ◄ Ii (k+f-i )l let e ... it) _ r (ft1')n e~z') 
l ?-2 k=O (k+l+i)(hfn) - ne-1\f{f-+.L.j 

0TCD,Jt6 ,Jtna CJtalllta ~YHKnHH rpHHa Ha.paspese (2.19) HaXO,JtHM 
00 5· 

b.. G u42 _a" = "" i. < d,\x:o c cL>- _J_ · (.L\-:l/A ~t1Tf11.:rc-r)~l. 
<1 J J j ).. ~N+S- 5J ,l10J . , . 

00 ' y 2.. 0 2. . . . 

~n lr1e+1)r{r+2) 1-{e~I\ - H,JT1J_ tp(:x,-:i.~\ .. , lfi'{x,J-X~\
37

) 
f::2 l"H-i) r(e+ii) e 21 >!'~~ . _>- J . ;>,. '), 

r.1te ~Y~KnHH fP [-:x. i) ~Dre a ~opuynoR (2 .18). OcraBmeeca npoH3Be,1te-: 
HHe no l y,1toCIHo. npe,1tctaBHTL B BH,Jte 00 . 

n:a n lr{f+i)r{f+2.)J_(e+OL -½ "I_,(e+ft~i~\:C:3) 
f .. 2 rtt'-i) rtt➔ -4) 2 

· = e e=Z. 
2 

:.(2.38) 
= b ] } _s1z.. 

::: exp\_ .1- z.ce+nce+2.)£2f+3)~[i-(e+ 1)(e+z) • 10 . 
l ,{2. e~2- . 

3,JteCb Wi nocnonL30BanHCL paBeHCTBOM · · 

(f+ 02.= (t11 )tt+2.)t2t·d)_' eteu){2e+o ( 'iicU))= te (J)+ o-\_/l)+i\j 
6 6 • 

~alfil!QaeroBue oocxoAHMQCTH& nerxo BH,Jtetb, 11ro cywa B 
3KCilOH8HTe (2.38) paCXO,ltHTCH B oCIJiaCTH CIOJILIIIHX t . 3to 
eCTb oO~ee CBORCTBO (WHKnHOHanbHHX ,JtetepMHH6HTOB THqa (2.20), 
HBnHD~eeca npoaBJl8HHeM ynbtpa4}HOJl8TOBHX paCXO,JtHMOCTel B teopHH, 
KotopHe B03HHK6DT, ecnH pasuepuocn npocrpaHCTBa-BpeMe11li J) '?-'2 • 
neRcTBHT8JIL~o, o6paTHMCR BHOBb Jt HHTerpany, CTOR~ewy B QHCJIHTe
ne (2.20). B ~arpaWHOM npe,1tCT6BJ18HHH OH.HBJIR8TCH 9YMMOR O,JtHO
nerneBHX ~arpaMll C pa3nHQHHM IIHCJIOM BCTaBOK BepmHH BH,Jta 
_ ~ ip 2(.x) '4> 2( ~) BO BHyTpeHHDD Jll'IHHD ( CM. pirn .8) • 
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0 1 - L 1V 0 
.... 2 

4 + 
_1_ 
2! 16 Q

-2 ~2 ...,z 

\,~,k~ 
wz Y;2 

PHo.B 
IlOJ1j'Q8HBH8 O,JtHOil8TJl8BWe ,JU!arpaww IlOJIHOOT&D CO~aDT C ,ll;HaI'p8l4-

ll&tH oOuqaol teopaH B03M.y~8HHI B MO,JJ;8Jlll O I'aMWII,TOHRa.HOM (2.15) 
H, CJ18,JJ;OBa.T8JlaHO, COAepiraT T8 xe YJl&Tpa{pHOJ18TOBHe paCXO,JtHM.OCTH. 
IlpH 3TOM oO~HI MHODT8JU, Ba pHo.B 001tpa~aercs C .IIHTerpaJIOM. 
B 3HaMeBaTeJle, a .1t11arpaww O 0,JtHOI H ,JJ;BYMR B8PlllllBHHM.H BCTaBitaM.H 
pacxo,JJ;atoa H tpeOyDT BBeA8HHa·xoarpqneaoB. BHQHtaaHe paoxOAHMoo
tel B 3T.l!X .JtH6rpaMKaX COOTB8TOTBY8T Ha 83Hlte t - npeACTaBJl8H11:B 
(2.38) BHqHTaHHD nepaux ABYX qJleHOB pa3JIOX8HHB norapH~Ma H ,lta8T 

fl= ~ - 11- l °.L(e+1 )(P+2.')(2e+?>)[ ~(!- b )\+ 
· e=-2 . <e+1 )Ce+z ) 

+ 6 -1 a ] } - 51z. LiS 
&+1 )Ce+2.) ;- {f,-t-1)2{e+2')2 

• iO 8 , (2.39) 

rAe 1toatpq.11eH1a1 AS we1>t BRA 

.6, $ = ~ ~ cL 1k 1jJ -t.( x-:o) ~ 2. .6c Co) -

_ ..i l cllf;xcl,lf.., ,;-j;-z.[~o).L 62. c:x.-u,1p1-('i::!:2) .1-
-16 j . 4 '1' >, ).2. C JJ >. >,.2. 
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I 

II .n;orrycKa.JOT KOH6lJHill!. IlpOII3BOJI, CBH3a.Hllill! C HOpl.lllpOBKOH MaCCU. II 

3apa,D;a, 'KaK .H B oeluqHoll TB, 3~8Cb f:::, c. (x.) - np1,1qJ,1HHal1 cpyHKUMH ·. 
Cle3M.acCOBOro CK11ill1pHOrO nona. Bupaxaa riepeHOpMHpOBaHHll8 napa1.1eTpll 

teop1m m R > ~~ COOTHOW811Hl1M.H 

m= YYI~= O', 
(2.40) 

2. 

fl-= 8-R- ~gR t···' 
r,JJ;e K03ipJ)llUH8HT al. onpe,D;eJIH8TCl1 0,IUIOIT8TJI8Bl1M BKJIB,nOM. B 
qerupexXBOCTHYD<PYHltUJ,il> rpHHa npH COOTBeTCTBYD~eM Bllelope YCJIOBMll 
HOpllHPOBKH, H npOH3BO,JJ;l1 nepeHOpllHpOBKY, ,JJ;Jll1 CKaqKa )( -XBOCTIIOll 
cpyHKUHH rpHHa Ha pa3pe3e corJiaCH0'(2.37), (2.39) HaXO,JJ;HM 

G
. OJ) • · • · · ( lf ( J. x 

~ ' ex,, ... ;_x,.,;-r) ::I .,.. l, Jclxo J ~,as a 

y c) 

1. 

,. w (~r::Co\ ... ipfJc;.,-:x.a\ e- 1i: C .,.. (2.4I ) 
'j >-. ) >-.. j ~ N~" 

r,JJ;e 

S: S/z. ,f2 1>0 

c. ==Jrh. 3 s:12 e:x:pi-.J..) ce+f'>lf+z ... vze-t3) x s 2. , ,12, ~ ,r 

e,..2 · 

, [ ~ ( i - ~+~(f tz')) + (f.+1 ~ce+z.') + lt-H\!{e+ 2') 2. j } " 
(2.42) 

i O ~ ,. e- 2"\'Y'\ >.2-~4 

a ft - napaueTp BOpMHpOBKH. 
Q1toHqaTeJ1bHYH pe3yJI&TaT, IloACTaBJIBH (2.41) B MHTerpan KomH 

rana (2.6), oxoaqaTenbHO noJIYqaeu 
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0 

r'(.N} :X: . Q)- -~-. ~ 
t:, ( :X:1, ••. ,. ,., > d -21n -«> 

, I (N) I)-
~ AG <···,~ -
9'-~ 

2. oo 00 -# G:,r C · 
= ...L { d."xJ J.>. \ ~ e -1' l0

1
) "15 " 

21T' J j )..111-S J q '+ Q <I 
V o o <I d 

(2.43) 

",jj ( ~) ... W l :cw -:x:11) 
>- >. • 

OTHOCHTeJibBaJI TOqHOCTb nonyqeHHOI ~Op!,IYJIH onpe.w;eJIHeTca roqHOCTLD 
Blm{cJieHHB CKMita AGhi) B 11ero.w;e nepe»aJia H paBaa Ol 9). 
IlQ3TOIIY BHpa:mHHe (2.43) onpe.w;eJIHeT noJIBHe ~YHKilHH rpHBa 
G l.N) c:x:1, ••. , ::Cw~ ~) B oelJiaCTH - g < 1. H He 11oxer ClHTb 
Benocpe,D;CTBeHHO npO)tOJIXeHO B oelJiaCTb ClOJibmHx XOBCTaHT CBS3H, 
TaK xe xaK 3TO Hll8JIO uecro B CJiyqae ~OJ)IIYJIH (2.7). BHnHme11 
TaKxe BHpaxeHHe AJIH ~ypbe-oOpaaa <IJYHXitlll rp1rna (2.43): 

i, ~ G(") 
(.2-rr) S (pi+•··+P") <p1, ... ,.p..,~ ~)= 

" . -n ( cL" L r,:x:.i G(H) - . .) .xie (:x:1, ... ,x.,,; 3). 
t,r:f. 

lillee11 

~ 00 I)() 

G~ (.1l) -I ( d,). t cl I - -t,'JTz. 
l P1, ···, p" _; ~) = 2,r ~ -;: ~ ~~ e r ,. 

,. ~ ?,II-% 

l~')"is- >. q,cp.>-)··· tp(p,,>-)-C., (2. 44) 
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r.w;e 

( tpX. ~ lnr'l. ,. 
q>(p)= .)e 'l'lx)cL"x.= rpafiiil<1 (vp2

),. a.1<.c 

~yBKltHB MaK,D;OHaJib.w;a. 
BHpaxeHHB (2.43) H (2.44), nonyqeHBHe B reopHH c JiarpaBXHaHOII 

B3amto.w;elcTBHH SCf'" , oeor xapaKTepuwn BHA H 11oryr ClHTL 
oeloel.eBH Ha cnyqaB npOH3BOJibHOI reopHH C B8BWPOQeBBHII KJiaCCH
qecltml IIHBHJIYIIOII. E,JtlIHCTBeHHHIIH orpaHHqeHHHIIH HBJIBDTCB YCJIOBHe 
cy~eCTBOBaHHB KJiaCCHqeCKHX pemeHHI C KOHeqHHII ~elCTBHell H ycJIOBHe 
peHop11Hpye11ocTH TeopHH B OClHqHOII CMHCJie. OCloel~eHHft H118DT BHA 

~ OO )ex, S ~uo . ·_1_ dJ. cl t _ "~ 
G c P•,···,P"., 'a)= 21T ~ T ~ c:LR. ~ e t~•) v ... " 

0 A o ~ ~ (2. 45) 

~ 31H, R R. 
x l~•)JJ+l\2-tf+no .A 'f Cp4">.)··· ~ (ptJ>.)·C((). 

3.w;ecL g ecn napa11e-rp pa3Jioxemrn TB ( aro He oCla3aTeJibHO 
KOHCTaHTa CBR3H, a IIOXeT ClHTb ee KBa.w;paT HJIH Apyraa CTeneHb, 
onpe.w;eue11aa,xa.1t H KOBCTaHTa ~ , BH,llOM B3aHllo,J;elCTBHa), s l<A

ltJiaCCHqecxoe AelCTBHe Ha HHCTaHIOHHOII pemeHHH, l)- pa311epHOCTb 
npocTpaHCTBa, no - qHCJIO HY Jl8BHX 110;,;, CBH3aHHWX C B03110lCHHIIH 
BHyrpeHHHIIH cH1111erpHB11H 3a.w;aq11. HHrerpHpoBaHHe no dR.. coor
BercrByer HHTerpHpOBaBHD no rpynne BHYTP8HHel CHllll8TpHH, a HKO-
ClHaH npeoelpa3oeam1s BKJioqeH B CCR.) • HHAOKc R. y noJIH cpt 
COOTBeTCTByeT TOMY, qro 1tJ1accHqec1toe pemeHHe IIOlC8T oOnaR1TL 
onpe,ll;~Jl8HHWII BH,llOII BHyTpeHJiett CHMMeTpHH, 0Tll8TKII Ta1txe, qro 
HBTerpaJI no )... uoxer OTCYTCIBOBaTb, T.K. ecJIH B T80pHH eCTb 
pa311epHHe napa11erpH, na.npH11ep, 11acca, TO aro uapymaer 11acmraelHyD 
HHBapHaHTHOCTL ,J;alCTBHa, 11acmrao ltJiaCcHqecKoro pemeHHB CTaHOBHT
CSI qnmmqx>BaHHHM, coorBeTCTBYD~aa uyJieBaa 110.w;a orcyrcrByer Hue 
rpeelyer cneitHaJlbaoro BHAeJieHHH. 

Pa3JIQlC8HHe IlO)tWHTerpaJibHOro BHpaxeHHB B (2.43) HJIH (2.44) 
B PRA no 9 Ta.K, Kalt lI B Hy.lll,MepHOM cnyqae, Il03BOJIHeT 
nonyqHTb lt03~HitHeBTH CTeneHBoro pa3JIOlCeHHB TB: 
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(II) 

G c. ...• ~) 
~ c.,n k 

~~GI((. ... )(-~')., 
k 

~ c.,n . , ·. 
G~ cp1>•·-,P11)= 

4 
,H!>kr{k+¥), 

. l-f b ~,.) 2 t- . 

t)(). •' 

,c _j_ ( oL>. ~tl-1' · · . . . ,,, ,. · , (2 .46) 
2ir '-JT A \P(p~h)· .. tp(p...,}.')~ C · 

. 0' ' ' 

e ; • • \ 

Rrut yxe YKa3Ii1BaJioc:1,, OTHOCHTeuaaa TOtiHOCTli xo31p4lmurnH TOB 

(2.46), noJiytiBHHiiX MBTOAOll· 9 -nepeBaJia, paBHa O ( -i/k). 
BwpaxeHHe AJIS 1toa4il>HUH8HTOB pa3JIOXBHHB (2.46) Trutxe HMeeT 

npSULoe o6o6~eBHe. CorJiacso_4)op:uyJie (2.45) llOJIYtiaell 

:::: (N) 

GK ( p1, ...• p,1): ci.. r(d.k + /l/+:D+-2.i+tto). 

[ S . J k:.J.. + 11+1>+1 +tto 11, 

l<.I\ '2., 

(2.47) 

• ....L ~ ~ >,.'•H ) oL/1. l\'R(p, ~) -·· '\'l~P• ~) C LR) 
2,r O >- ' .n, ' ' 

Me-foll " k -nepeBaJII:\". Roa4il>H~eBTs c:renessoro pa3Jioxe-

HHa THila (2 • 46) llOry:r 61,1u llOJiytl8Bii TaKXe lleT OAOll. k -nepeBa

Jia aHaJiorHtiBO TOJIY, !ta.It a:ro Hll8JIO ll8CTO B 0-uepHOM npHllepe (2.8). 
IlpH 3TOM K -TWi qJieH pa3JIOXBBHa 3anHCSBae:rca B BHAB . 

~ (.N) 
\:7k ( ... ) = 

r~ -.S Le-'< 
J uc, _<pf• •• 4>..., e O ls_! c,,.:>z 

....L 
K! 

j o~ e-So 

]btp cp
1 

••• cp,., e-So_-t-k2n.Sx 

J fp e-So 
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:::: 

(2.48) 

RJiaCCHtlBCKOB ypaBHBHHB ABHXBHHa, onpe~eJIHD~ee TOt{Ky nepeBaJia, 

B 3TOM CJiyqae eCTl» 

~ So -
'S~ 

Js:._ ii"Sr= O 
.5r 'ti t.p 

(2.49) 

OHO coana,JT,aBT C COOTBeTCTBYD~ID4 YpaBH8Hll8ll B MBTOAB 'J -nepe-

aaJia t:una (2.16) c TOtiBOCTl»D AO aaueHs ~➔ - k/ S::r. . 
RBaApaTHtiHaa 4>opMa, KOTOpaa B03HHKaeT npH Bli~BJIBHHH KJiaCCHtl8CltOro 

pemeHHH H HHTerpHpOBaHHH no KBaHTOBHM. ~~YKTyauHHM B (2.48): 

" ( t k ''] ~ ( cl I I ' -2y:b:ll'l-x.)clili-~ SI lp(x)-z.)d.:c ~lp(x).Sr(x).S:i:t~). (2.50) 
I . .,1, k: 

' "' 't'(:f) g2. ' 
r 

COABPXHT AOllOJIHHTeJI!,HOe CJiaraeMoe no cpaBHBHllll co BTOpoR Bap1m- · 

uHell AellCTBltH B MBTOA8 ~ -nepeBaJia. POJI!, ero CBO~HTCll, Kalt 

Wl YBH,JtID,l HKxe, 1t KOMileHca~HH BKJiaAa OTpHUaTeJil»HOro co6CTBBHHOrO 

3Hatiemrn. B CJIYtiae, raKHJI!,TOHHaHa (2.15) HMBBll. (cp. c (2.19)) 

-k ~ <be 11(:x.)[-A,,- ½ vex)] tp{:x.) - f ~d.~cl~ 1/J (X)• 
. (2.51) 

-3 ~'):3,,, 41 
'C lp (X) ~) \f Cy) ( :.." 

3 ! ' .3 ! .} ~ d,:x, . 
PaSJial'aSI AaJiee 1/'(-:ic.) no noJIHoil CHCT8ll.8 co6CTB8HHHX 41YHK~Hll 

3aAaq1,1 (2.21), (2.22) K YtiHTiiBaa, tlTO co6CTBeHHM qiymtD;WI, 
COOTB8TCTBYD~aa OTPHUaTeJil»HOMY C06CTB8HHOMY 3HatieHH»,paBHa 

Vo 0 <x)= 1f(x)/1JiP'c-xJ/J, a f/j{:x:.) ect:1, KnaccHtiec1toe pe-, ' 

lll8Hlle' YAOBJIBTBOplillutee ypaBHeBHD -6.." ,f,c;r.'} -1,-Q, 3cx) = 0 ' 
noJiyqaeM' BM8CTO (2.51) 3

• J 

2 2. 

- 2.! L 1 l k\ EI<, i - 2 10 0 0 D LJc~ ',, 
(2 .52) 

HJIH c ytietou Toro, tito corJiacHo (2.24) Eo,0 ==- 2, 
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-! L 1i~1 E1<,e 
Vt!+o 

2. 

- r~o.o,o (2.53) 

TaKIDl o6pa3ow, poJ1b Broporo cnaraeworo B (2.50), (2.51) CBOAHT-
2. . . 

CJI K H3KeHeHHll KO~HnHeara ITepe,11; ''J0, 0, 010 raK, qro6w OH_ cran: 

orp~are11l>HW ( 'cp.c ITOKa3aTeJleK 8KC,ITOH8HTJ,I B qHCJIHTeJle ~opMyJIJ,1 

(2.J6)). B pe3yJIUa'J:e HHTerpHpOBaH~e ITO Jo,o,o,o 'ITPOHCXOAHT 

B,ll;OJlb ,11;elCTBHT8JlbHOI OCH H He npHBO,JtHT K ITOJIBJl8HHll MHHMOI 8,ll;HHH

IUJ, Ka.KB (2.36). 
. .l(aJII,HeiimasI .npone.JtYpa Bl,lqHcJleHHJI HHTerp~Jia (2 .48) n_OJIHOCTbll 

COBna,llll.CT C OilHCaHHOll BHme. BapaxeHHe, IlOJlytieaaoe M6TO,ll;OK k - • 
nepeBaJia, H.J;eHrH11Ho (2.46) c roqaocn11,1;0 3aMeHa r(k-t-~)➔k~~~ 
CpaBHCHHC noJlj'qeHHJiX ~OpMYJl· C roqHl,IKH 3HM8HHJl14H KO~HnHeHTOB 

pJ1,1;a TB npne,11;eao B cJ1e,1ty1>11teM .pa3,11;eJ1e. 

§3. Acm.mTO~ KOa@¥1me1:ToB wma Teomm BOSMVmemtit g 
cpa.BHeHHe C TO'llHHMlr pesym,TaTa.MK 

B HaCTOJIDtCK pa3,11;6Jle :wi ,J;a,J;IOI. CBO,J;Ky pe3yJI»TaTOB Bl,lqHcJle

HHI acIDlnrou1t ( npH 6oJIUHX k ) 1toaiWJHnH8HTOB :PJ1,11;a reop1111: 

B0314Y~CRHI B pa3JlllqHHX KO,J;6Jl8X JtBaRTOBOI MeXaRHKH H JtBaHTOBOI 

reopHII IlOJIJI. µapafJl8JlbHO )41,1 ~HBO,ll;HM H3BeCTHHe roqaae pe3YJ1JtTa

TH H npOB~,11;111,1 cpaBHeHHe C H~.• 

J.I. l!YJlbMepRWe anaJIOfH 

~6o,nee ITpOCTHM HY JlbMepHHK aaan:oroK JIB.JUleT CJI HHTerpaJl 

(2.2) ,paso6:pa.wmtt ':iiwme. Ha~OMHHK, qro ,IlOJlytlElHHHe. iau illOJlKYJIH 

,J;JIJI roqaux (i.J) H npx6m11:eBBHX ( (2. 9), (2. I0})1waqxX~eHTOB CTerreH

Boro pa3JlOJ:eHHa I1c. I11;, :t' l< OTJ1Hqa1>rca ,11;pyr OT jpyra qJ1eHauH 

nopB,JtKa 'Yk H npu k~ o0 KOHOTOHBO crpeKHTCJI ,11;pyr 1t ,1;pyry 

( CK. rax,:expHBYll :D=O Ha pac.IO, _cTp •. , 45 ). ·· 
BeCbKa noyqHTeJl»BH!l TaKJ:e OKa.3HBa8TCS HHTerpai , . 

00 2 _r.; )2 
. - ::c i - :!1 -:x:. J ( t) = ) <A-~- e · ( 2 · · · · 

-b<> I (J.I) 

36 ··. 

B KOTOPOK ~ynxnHa Vl-::c) = :x.'( .! - ./f;,_-:x:./, croa11taa B 

3KCllOH8RTe,IOleeT ,ll;Ba MHHIDl}'lla. 3TOT HHTerpaJI KO,ll;8J1HpyeTCH~ B 

KB8HTOBOii T80pHH IIOJIJI C IIOTeHD;ll:8JIOM -V-(<f>): tp2 (1_- ~<f)2. ,T.e. 

K0,11;811l> C ,D;ByKpaTHO BHPOJ:A8HHHll BaxyyuoK. Pa3JIOJ;8HHe IlO,ll;HHTerpaJlb

HOl 3KCilOH8HTH B CT8Il8HHOI pa,11; ITO Q npHBO,ll;HT K 3HaKOITOCT08HHO

MY aCIDIITTOTHqecxouy pB,Jty: 

' 
00 k-

J"t o) = I, o JI( 
k=D 

J. "'- r(2k+1/2.) 
1<. - r(k +i) 

;::::: 
B TO xe »peua acmmTornecKHe 3Haqeu:a Ko~HnHeBTOB :r I< 
noJIYqemrae Ker o,11;0K ~ -_ITepeBaJia: 

(3~2) 

~ _ 2 • 1lrc k) (J.J) 
J~ - .r:::- ' v2,r 

B npe,1;8Jle k-,. 00 ormiqaJ>Tca or Ji< B ABa pa3a. ,lleJ10 B TOK, 

qro tpOpKaJI»Boe pasno,:eaue axcnoseHTH no ·cTeneaaw d coorseTcr

Byer pa3JIOJ:eHHll OKOJIO o»ioll H3 nepe»aJlbHHX roqeJt ( ::X:= D. ) , 
TOrAa MK B HHTerpaJI, BHqHcJleHHWI KCTOAOM nepeBaJia~AallT paBHH8 

B:ltJia,IUl o6e nepe»am,n1,1e roqu ( x= 0 , 'X= 2/~ J. 
ToqHoe BHpaJ:8HHe ,IVla HHTerpaJia (J.I): 

_4_ 

:rt~')=~ e- &~ [ It(tr)+ 1=.t{g\ )] , (J.4) 

rAe T:t1111 - ~YHKnHa EecceJ1a KHHKoro apryKeHTa, noKHKO BKJia,11;a, 

npe~cTaBJ1aeKoro acHWITOTH4eCKH.II pa,1;0K (J,2), co,11;epur rax,:e 

C.llaraeuoe, He pa8JIODMOe B psm Teil.11:opa IIO r , nponopnHoHaJlb

HOe e::cp (-8;), xoropoe ne npoaBJiaerca B o6Hwol reopH11 »osJiYii!e

uHR. 3ra cHryanHa THnHqaa AIISl KOAeJiel c Bwpo:iu;eHBHK .11uumyiloM. 

J.2. RpWiro1aa KeJaHHKa 

~TOBOMexamt1i.eCKaSI np06J1eKa onpe,11;eJieBHH ypoBuell aHeprHH 

TaKJ:8 KOJ:et '6HTb 'C:4>opKyJ1HpOBaHa Ha 83HKe IPYHKJ:tHOBWlbHOro HHTerpa

Jia. ,ll.11a raMHJlbTOHHaRa 
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H= ~p2
+ V(xl~) 

OCHOBHOR ypOB8HI, 3Heprml 3anHCHBa8TCa B BHAe 
. . H 

E
CO) -1 (). i . D Tr ef 

(Q) = - + um -- u,. 
<r 2. j!>➔ OO r> 'Tr e-r,Ho ~· ~ ('.3.5) 

rAe no.o.Tr noHID.!aeTca ycpeAHeHue no no11nol cHcTeMe co6cTBeHBHX 
<IiyrutnHR Z:."' <. h. \ e-V,1i I n ') • BaaTHe npeAena noaB011aeT BHAeJIHTD 
HaHHH3mHR ypoBeBb 3HeprHH. Bo3HHKaDDtH8 cpeABHe uoryT 6HTI, BHpa-
xeHH qepe3 KOHTHHyaJILHHR HHTerpa11 /I7/: ,' ' 

~ i~c-n e:~pL~ott[~\-vc:x:11)]1 
x10): x.cp) 2 o · J ( 

~ J.6) 

~ o.xtt) e~p ~ _ \ d,i ~'1.) ' 
1,e-f>H 

'r e-~llo = 

X.Co)= XCf) l u . 

rAe HHTerpHpOB8llH8 ~eT no cliYBKitHRY ·x {-b) · , YAOB.neTBOPBD!lll!ll 
ri;aHlilllBHM ycJIOBHRM :X: LO): 'X ( (->) • BsqHC118HH8 <IiYmtnHOHMLBOro 
HHTerpa11a (J.6) uoxeT 6HTI, npOH3B8ACBO Kalt no oduqnoR T80pHH 
B03MY1!18HHR, TaK H MeTOAOM nepeBaJia B <llYHltnHOHMLHOM npocTpaHCTBe. 

HaHdo11ee xopomo nsyqemnm npm,:epou aB11aetca anrafMOHlillleCKHI -
ocnH1111aTop c noTeHnHa110Y V(-:c.l ~)= =r2. + ~x" I Bl • Bsquc
JienHa M8TOAOM ~ -nepeBa.na npHBOABT K CJI8,Jl;YD!ll8MY BHpaxeHHD 
AJIR cKaqKa :rneprHK OCHOBHOro COCTORHHJI Ha pa3pese npH ~ -<. 0: 

,::: CO) 6"2. -1- _L 95" 
t::J.. E (--a ' = t. - e 3 .r= Ci - - a ···) q.) {"jf- 1~ 2.l/ (/ , 

(J. 7) 

npHqeu B.AaHHOM CJIYqae Bl,JqHCJieBa H nepBaa nonpaBlta lt nepeBa.nLHOMY 
BHpaxeBHD /I9/. OTCDAa no~qaeM aCHMllTOTIN8CKHe Olt8BKH 
Koaqxim:!;lreHTOB psma TBIII,19/: 

IX) 

(0°> ~ k CO) ::;:_ (0) k fi, _ffl.) 
E c~) = µ ~ E" , Et:. =-flk+-~)'73) 31,_li i-2 1i: CJ.a) 

~o .~ . 
(3TOT pesy111,TaT 6HJI paaee no.nyqen B pa6oTaX 1201 M8TO,ll;OM BKE). 
CpaBB8BHB BHpaxeHHI (J.8) c nepBWH 75-D TOllHHJIJ! 3HaqeBHHMH 
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XOa<pl>HitH8HTOB npHB8A8HO Ha pHc.IO ( 'D=i. ). HaqHaaa C 3-ro q11ena 
-acwnToT'lilllecxi.Ie'· rI>opwymi"iioHOTOBHO CTpeMHTCS: It ToqHw 3Hat1em1m. 

'POpJIY11H (3.8) MOryT 6HTi. o6odDteHH Ha c~qaR npOH3BOJILHOro 
IlOT8HnHaJia 683 BHpOX,ll;8HliB H npHHHMaDT BHA / 2 / : · ' . 

. . k 1 . ~ (3.9) 

E Lo)· . ~ r(k+ 1/z.) f L-} ~flK~~ x exp\ ~d.;xf l • .Lll 
K . 2,r3'2 ekA . . _+- . lo [f2-:vt:x.\-i~. x,JJ. 

r.1te S ( l"") o.sHaqaeT AelcTBHe Ha 1t11a~cHqec~oR Tpae1tTop1m 
HYJl8BOR 3H8prHH, el(.,_ H3 TOqlt~ · 0 B Toqxy X+ ( CM.plrn.9). 

:..y ( x l-1 I 

X 

TaitHe TpaeKTOPHH, Ta:tt'xe 
Kalt H· B ceyqae aarapMOHH
qec11;~ro OCitHJIJIBTOpa cp/i) ' 
B03HHKallT npH nepexoAe K 
MHHUOUY BpeMeHH B noTeH

·nHaxe, IlOJIYqeHHOM aHaJIHTH
qecK:m.LnpOAOJIX8HH8M 

:Vl-x.l ~) ➔'f"l'~\.,..f>. 
B pesyJII,TaTe B CHCTeMe ':.:• 
B03BHKa8T :aeycTolqHBOCTL 
OCHOBHOro COCTORBHR H 
Il0JIB1188TCB B03MO:IIIOCTL 
TYHB ex'HpOiiaaHa, onHcsaaeMo-
ro B MHID.IOM BpeMeHH TJ;n81tTO-

PHc.9 pmH •eli../1. • . . . '. ' 

-CllenHMLBOrO paCCMOTp8BHH Tpe6yeT CJlyqal BHpOX,ll;8BHOro JIJ!BHyYJ.la. 
Mato,- nepeBam 3,ll;8CJ, 0611a,1;aeT ,SAO» oco6eHBOCT81.. IIOAp06H'o 3TOT 
BOnpoc paCCKOTpeB B odsope 122 • B 3TOK ceyqae He CYll!8CTBY8T' ' 
KJ1acca11ecxol TpaeKTOpHH, y,-oB118TBOPRD!l81 r:J;nBKllBHM YCJIOBHBM ' 

::X:..(O) :-X((!>), K OCHOBHol BltJlaA B 4lyHKnHOBaJILHHI ll:HTerpaJI AallT 
KBa3H,l.!8m8BHl,COOTBBTCTBYDD!H8 HHCTaHTOH-aHTHHBCTaHTOHHOI 
napef 23,24/. 3TH KBasBpememrn:, HatmH8llllHeCJt IIpll t = - o0 B . 

· 'oAHOM BaKyyue, nepeXOAB~He B .u;pyrol H B03BpaDta1>111Heca npH i-= +oo 
OllRTJ, B nepBHI BaKYYM, JIBJIRDTCR Jlllllll, npH611neHHHMH-pemeHHaMH 
ypaBBCHd ,llBDeHHa, BO Y.JtOBJI8TBOpallT nepHOAHqecltHM. rpaHHqffl,JM 
YCJIOBHIM. BsqHCJICHHe H11Terpa11a M8TOAOW nepeBaJia BOltpyr TaltHX 
KBa3HpemeHHI CBO,Jt,ITCJI K Bl,JqHC118HHll HHTerpaxa BOltpyr o6sqnoro 
pemeHHS~ paccu.oTp8HHOMY 13 §2. IIpH 3TOM npoHCXOAHT ~ltCllOH8HJtH8.Jl1,HO 
MAJioe pacDtBilJI8HHe OCHOBBOro YPOBHa, ito:ropoe', :a' II6m!OM. COOTB~TCTmm 
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c HynLuepHliM aHanorou, He ynaBnHl!aetca oOuqHoR TeopHeR B03My~eHHR. 
nna IlOT8HUHana Y(::r:l~)c .JtBYKpaTHO BHpO:K,!l8HHlill MHHHMYMOM, 

HOpMHpOBaHHHM ycnOBHHMH 
/ II l II 1 

V l o I i ) = O , -Y- l DI i) = i , V { a.} i) = 0 , -Y- (a.\ i )=-l1, 
acmanTOTHqeCKHe K03!WlHUH8HTH, nonyqeaaue M8TOAOM k -nepeBana 
Boxpyr KBa3HpemeHHR yxa3aaaoro THna, Hl48DT DH.It 121 ,23/ 

1-\J" .L_! :1.+.i. 
k~ k ~ 2 2lJ' 2 a., lT E!0

)=-:- L 
e"'" 

.i .1. . ..i. " 
[2 .Slfi,.,-) J K+ 2 + W jf lf ZlT r( \+ ;i J (3 .IO) 

Q 4 1 

"exp~ d.::c [ v2Y(::c11) - =cf i-l~)trJ J 
B OTnHqHe OT (3.9), PHA (3.IO) aunaeTCII 3HaKOilOCT08HHHM. 3TO 
IIBnlleTca oO~HM CBORCTBOM, npHCY~IDl IlOT8HUHMal4 C Bllp0:K,!l8HHHM 

'2. 2. 
MHHID4YKOM(cp. TaIOKe c (3.2) ).B c.n:ytrae noTe~ Y(:X:.li)= ::s. (i-:t) 
maeeM 1231 2 

E~ {D) - I / le+! __L 
t- --".3 :,r. (3 .II) 

CpaBH8HHe KOa!WlHUH8HTOB (3.II) C nepBWH 73 TQqHllllH 3HaqenHllll.H 
aHMQrHqHO npHB8A8HHOM.y Ha puc. IO ( 1) = i.) . HattHHall C 3-ro 
qneHa paAa l,11,1 OilllTL HaOnDAaeM. MOHOTOHHOe CTpe:r.rneHHe aCID.tilTOTH
qecKHX ~opM.yn K TOqHllM. 3HaqeHHIIM. 

MeTOA nepeuana B ~YHKUHOHanLHOM npocTpaHCTBe M.OX8T 0UTL TaK
xe HCilOHL30BaH An8 nonyqeHHH K03!WlHUH8HTOB pa3noxeHHII B030yxAeH
HllX ypOBHel 3HeprHH. MOA"4!HKaUH8 topuynu (3.9) Anll p -ro 
B030fXA8HHOro YPOBHS HMeeT BHA 12 / 

~cp) 2r-1r(k+pt1/z)t-/ \ f+- [ ~. (3.12)~]lt"p-ti 
E" := - Ji~'2 p![$ll10.J"'~P+1

' 1 l::x:+exp~c.l:x: V2"Yr:r.\-1)-x~. 
3.3. RBaHTOBaS Teo:m,:11 IlOHII 

TeXHHKa HaXOXA8HHII aCHll.IlTOTHKH KO~~HUH8HTOB pllAa TeopHH 
B03M.Y~8HHR B KBaHTOBOI TeopHH nona npH WHKUHOHanLHOR ~OpM.ynHpOB-

xe T80IJRH paCCMOTpeHa HaMH BHme. EBKnHAOBH ~YHKUHH rpHHa Bllpaxa
DTCB ~YHKUHOHanLHHll. HHTerpaJIOM (2.II) 
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_.SEL<fl 
J 1> ip 4>1 ••• 4>.,., e 

(.N) / -L \ ., Ge= ,c\:>cx.")-··"-t'(-x,.,).10 = jfpe-.Sel'P] 

rAe eBKHHAOBO A8RCTBH8 .s E m,1eeT BHA (2.12). 
CKana2HHe M0£8nH 
0CHOBHH8 KOHHqecTB8HHHe peaynLTaTH OHnH nonyqeHH B cxanapHHX 

MOAenax, nplNeM aCHMilTOTHKH K03!pq)HUH8HTOB BllCmHx nopaAKOB TeopHH 
B03M.Ylll8HHlt OHnH Ha.lA8HH AnH ~YHKUHli renn-Maam-Jioy f-> ( ~) 
H aHOMMLHllX pa3MepHOCTeR ~YHKUHR rpHHa. 

TaK,B ceyqae norapH~MHqecxmc·TeopHR c noTeHUHanoM 

11. . N 
_j__ ( ~ tp 2

\ · 2N 
~Y( Cf) = ~(.2N)! · f;;-;_ .i ) , ]:) = N-i 'N>2(3.I3) 

npHMeHeHHe H3noxeaHoro BHme MeTOM nepeBana MR BHqHcneaHa cxaq
Ka <pyHKUllll f-,(9) Ha pa3pe3e npH .. Q < 0 npl!BOAHT K cneAYD-
~eizy pe3Y nLTaTy 1251: (J 

_ s~,. 4 

b. r:,c iJ == 2,rc. e L-~)t--1. t--~-J-~-;,j_--i) . (3.14) 

ITOACTaHOBKa 3TOro BHpaxeHll8 B AKCnepcHOHHHR HHTerpan.THna (2.6) 
M8T BUpruteHHe MS K03qxllllUH8HTOB TB, nonyqeHHOe TaKxe M.8TOAOM 
R-nepeBana / 3,II~ 

· "') ale:: · ~ • k l, (3.15) 
j->C~)= Li <1 ~k, ~k= Lkc>.1-!)J! (-ll)•R:c, . 

l<-~2 . , .. . . 
rAe 

4 . [UJ-!.)/2],J+ !.) r( l!!' J1J-1. 
Q.=- = ---=-- H-!) ~1.. JI ' __.;,;_.;;;;... . - - . !l- i Si<,. NJr (1.tJ-i). .re .1!..) , b - ,1-.t + 2. • 

(3.Ib) 

H-i. 

0TM8THM, qTo pemeHHB c K,OHeqHHl( ,11;elCTBHeM, HrpaD~He pemaD~D 
ponL B M.eToAe nepeBana, .JVIB TeopHlt c Oe3pa3M.epHoll KOHCTaHTOI.I 
CBll3H THila (3.13) cy~eCTBYDT nmiiL B Oe3M.aCCOBOM ceyime 1251 • 
MaccoB!ltt 'IJieH CJie,eyeT pacwaTpRBaTl> RaK B08MYJlleHH8, 

41 



B KJincc reopull (J .13) npu neJ10411cJ1e1111oll pc131.1ep11 ocn npocr

pa11c ran nornlAEeT Jllflllh reop11H c.p 6C3 ) (cJiy<Iall Iv= 2 dy,neT pac

c11orpe11 ocodo), r,lle H3BecTHli ,l\Ba K03qJ<pliUHe11ra pa3J1oite1111H f-:, -
cj;yHKUl!ll a ccy_'lae. /26/ It= J.. : 

10 a 2 =J-4 52 3 
/b(Q') - -. (J , q +··· 
1 <J - 3 l&JTi - L&JT} <1 

(J.17) 

:imrnue Jimuh ·,nayx Ko3f}rpuuue11roa ue nosaoJIHeT cy,nllTh od ycranoa-

Jie!lllll HCl!MnTOTl!Kll. 

~lHa4UT8Jlf,HO doJihme ll3BeCTHO O Mo,neJIU 

IIOT0HUHaJI B3UllMO,l\ellCTBllH l!MeeT Bll,l\ 

Cf 4c 3) ·. 

. ··11.. 2. 

~ 't ( 4> ~ = ~ 4\ ( ~ lf ~ J , J> = ~ , 
ll K03rjxfrnuue11Tli pa3JIOJKeHllH _ r-,- qiyHKUllll paBHli 

~ k b (bi.:: = k! (:-o.~ -k · c. > 

r.n;e III/ 

ll. = (7r· ~6>091. JJ.. , b=~+n. •,· 2 

(J.IU) 

(J .19) 

B 3TOM CJiyqae, Hanponrn, peme11He C KOHe4HliM ,nel!CTBlleM cy111ecT

ayeT JlllI:Ib, eCJill Macca· ue pl.Bila uym>, '!TO IIBJll!eTCII xapaKTepHliM 

,l\JIII :reo pull c· pa3MepHOl! KOHCTUIITOI' CB1!3H /.
251 • -: .UJIII n = 1 . 

K03qxpllUHeHT C Bli4HCJieH ll paaeH C .=== 0 ,6898937 ., B 
npHJIO:iteHHIIX 'IUCTO 11cno Jib 3YDT ,npyryD HOpMHpOBKY KOHCTaHTli CB1!3H :r-~· "-¥' ~- /2,7/.,. r 3tOM;~J1yt1ae qiop14yna '(J.I?) MO:itet dliTb' npe,n; -

CTaBJieHa B BH.n;e 

~k" = c-)k r(k+½) (_0>1~H422')~o,_~l./1H!j _. (3 .2h) 

,lln11 noll Mo,n;eJIH· nsaecTHH n epaue. ceMh ,T04HHX ~ostW1,1nueu:ron p11,na . 

TB / 27 / ( ft= i.): . · · ' 

f->( 'Jr)= - ~ + ~ 2 ..: O,lf22lf9.65=tD;t~ 3
+ 0,5510695"91"S~ ♦-

- 0,3 "=t652&&28 8 5 + D,119 5"51115 i S 6- o, 14962.9 S 1" + ··• (J.2I) 
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Cpanue111,1e me c qiopuynol (J.20) npHne,neuo Ha p11c.IO ( )'"\ = ?l) • 
EoJlbmoe KOJIH'18CIBO pe3yJibiaTOB TIOJIY48HO TaKJKe B MO,l\8Jlli C 

raycco:BHM nponaraTOpoM B ]) -MepHOM npoctpaHCIBe 1281; 
6.x. 

$ [ <f> J =. c d?x. \ A\fcx.) e- A2. tpl::x:.) + _j__ lf 2.N l CJ.22) 
.) l 2 ~N)~ j · 

IlpH6JIH:it8HHII ,l\Jlll K03qxpliUH8HIOB pa3JIOlt8Hlill M -XBOCTHOll qiyuKUHH 

rpHHa 

G(./v\.) = L G ~~ ~k 
k 

HM8DI BH,l\ 

rAe 

...... (.M.) 

Gk" = 
. k b 

[k(N-!)]!t-o..')-k-c, (J .23) 

ll. = 
UN)N-l f (2N(l'J-i)/-i ]1>/2 \ A'J>(N·i)-W 

ii N-l.) ! l ('2 N - l.) 2N-i 1 ( 2.-) '.ll!f-"1 b•";"'-1!3. 24) 

B aTO:it 110,neJIH BH'IHCJieHH 8 t1ne110B p11,i,;a TB ,JtJIB M= O ,2 ,4. 
C~BH8HHe lf)op1tyJ1 (J.23) H (J.24) c IO'lH!illH pact1eTaM.H npHBe,neHO 

B 128/. HaOJID,i,;aetca MOHOTOHHO8, XOTB H ll8~Jl8HHOe, CTpe1tJ1eHH8 

npHOJIHZeHHliX p83YJI&IaTOB K TO'IHHll, npH1l81l I8M J1yt1mee, '181l HHZe 
pa3118pHOCI& npocTpaHCIBa. 

MO.lt8Jlb <e" (/{} -· HaHdOJiee xopomo H3Yt1e11a MO,l\8Jlb c.p ?J/) 
2. .,, 2 \2. 

~YC~)= ~ i:7 (?; ~i). 

C TIOieHnHaJIOM 

(J .25) 

3Ta MO,l\8Jlb Ouna HaMH TIO,!tpoOHO paCCllOTpeaa B §2 • .Una ~YHKitHH 

~ ( ~) , KOiopa11 B ,naHHOll cnyt1ae nponopU!,!OHaJI&Ha npOH3BO,l\HOR OT 

1leTHpexxBoct110R !flYHKUHH rpH11a no lnp 2 
B TO'IKe uopMHpOBKH, 

nonyqeHH CJl8,ll;yDDIH8 aCHl.!llIOIH'I eCKHe oneHKH K03qxpliitHeHTOB /J ,II' 101; 

~ k: ~' I \:: b 
f->(~)=L._i~ f-:>K., ~I<= k.(:-0..)•k· c.J (J.26) 

~92 
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np1111e11 · 

Q.: i 6 =- 3 +tt. 
2 

· 1i096. 
> -i6:rr

2

C == a:5.43. 

0,25"0. 

n = i. 

• 11.::. 2. !. -~· 

rt=- 3 . 

(3.27) 

Bupall'.eHl1fl (3.26), (3.27) HaX0,11.HTCH B corJiaCl1H c (J.15),(3.16). 
'.-lHa•rnH 11e K03cfxpuu11e11 Ta C COOTBe TC TByeT CllMMeTpU<rnoll TOttKe 

BH'IlITllifIDI 'leTHpeXXBOCTHOH qiyHKtilm I'pru!a: Pf::.-ls=(---u-=-f a. 
Bi.1rncnei111ue nepaue qernpe K03qicfmu11eHTa p11,l{a TB Mo.l{eJIH ~J.25) 
npll n=i H Cl1WJleTp~11oll TO'lKe BH'l

0

l!TU!IUH llMeDT Bl1.l{ 
12 / 

3 2 ~~ ~ ~ ~ 
f->(~)= 2~ - 6~ + 19,'6~ -(H6±2)~ ~ .... (3.28) 

Cpaauemrn ¢op1.1yn (3.26), (3.27) 11 (3.28) npe.l{crnaneHo Ha p11c .IO 
( )) = 1' ) • lIBK B11.l{H o, B OT m<'llie o! cnyqaea D =- 0 11 1) = J.. , 
np11 1) = 4 Mil eme. ,l{aJieKU OT aCHMTITOTl1'l 8CKOrO pell:mm, ll nonpaBK11 

~ '1/k eme o'leHb aen11K11. · ' 
ouenhH!lil 1111repec npe,llCTaBJIHeT cnyqall Clonhmoro q11cna 

KOMTIOH8HT ft. . • !lpll /t =/= f_ cIJopMy JIU (J .28) npHHllMaeT Bll.l{ 

f-,( <J) = n.;s a 2 _ 6n t 2& a~ + 1,os-n 
2
+ ~3,5 in+H9,58a4_ 

<l 12 ~ <1 ,8 G 
3 

2 
(3.29) 

0, 6 2 11. + 1' 2, 1 It + 5 =1 9 h- + -f=H 6 s 
,{6 ~ 4 •••• 

TaKllM oelpa3ot!, C poCTOM h, TO'lll!le K03[pqlllUll6HT!l f-,k pacTyT 
l,;-1. KaK n . · i3 ro ll'.e apew1 np11ClJ111JKe111me 311aqe11na ae,nyT ceela 

KaK /J/ 

""(tt.Y --.U.) I ~ h 
(-> ~ n. _;t>4 \" k ( ~) ! / ( ~) ~ . tt . 0 ➔ 0 . 
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2 ,.., y, [, fn .. 75r 
~Dl fn 1,5 

D = 1 -
n 

9 10 
I -0,75 

0,5 

0,25 

0 
I 

PHc.IO 

3TO pa3JIH'lHe,B03l&OllHO,CBR3aHO C TeM, 4TO npH BW4HCJl8BHH 
aCHl4IlTOTiN8CXJIX ltO~H~HeBTOB MeTO~OM nepeBaJia 141:l Y4HTHBaJIH 

JIHlllL o.-uo nepesa.m,aoe pe11eaHe ypaBHeaHI )UlHZeHHR. B c,ryqae n.=I: ! 
• padoTe 1301 n01111ea■ • .-pyrxe nepesauawe ToqJtJt, ounaD11.eca 
xaotonxqecxol ctpy1ttypol • nemixe 06m.11ee 311aqeaxe ,1;elcta••· 

Il03TOMY npH MaJll,IX 311aqeaHHX n, 3TH pemeHHR oxaauBaDTCR 

aecy111eCTB8HHIDUI, O)UlaXO npH 11, ➔ 00 OBH woryT .-;an H8HC4e3all-

DIHI BX~. . 

KpHTD3ecgue HHJ8ltCH 

3a.Aaqa aaxo~eaHR deTa~yHlt~H H aHOMaJILHHX pa3KepHOCTel 

B M0,1;8JIH 'P" TeCHJOI o0pa30:W CBB3aBa C onHcaBH8l4 XpHTH48CltHX 

nneaHI B oxpecTHOCTH }oqxH ~aosoro nepexo,1;a B J81lltaX 1eope

TH1to-noJ1eBoro 00,J;XO,J;a JV• RpHTiN8CltHe HH,1;8ltCH, xapaxTepH3)'1l

DIH8 noBe,J;eHHe paaJIHqawx CTaT~H3HqecltHX BeJIHqHH B0nH3H xpHTH

qecxol Te:wnepatypu Tc , BWpa:mDTCR qepe3 aBOKMLHYe :l)a3-

M8pHOCTH ~YHlt~HI rpuaa MO~eJIH cp4 B HH~paxpacao-cTa0HJILHOI 

roime. 
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r 

TaK, HanpHMep, KOppeJIJIUllOHHa.H ~yHKUllH r ll KoppenHUllOHHaH 

J(nnHa f B OKpeCTIIO CTl1 ToqKl'I ~30BOro nepexo,lla no)lqll!IHDTCH 

cneJ(yDllleMy CKeffnHHrOBOMY 3aKOHy: 

2-J> -7 rc-x) ~ 1~1 
l :it 1➔ 1>0 

T=7"c:. 

,-v ,w'II "\ 
..-...J,:; (i+c.on.!,t·.-z:; +···J ts,-T. 

t-1>0 ' c., ' r.lle :D - pa3MepnocTh npocTpaHCTBa, a T - TeMnepaTypa, 

npHqeM KpnTnqecKne nn.lleKcH 7. , Y n W cBa:mnH c 

anoManbHHMll pa3MepHOCTHMll ~YHKUllff rpnHa COOTHOmelll'IHMl'I 1321 x 

n Y' -1 , (J.3o) 
l = 2 02 ( ~o), V = 2(!-oml~o~\W=2~(~o). . 

3,l(eCb t 2 l'I Om - aHOMMbHHe pa3MepHOCTl'I nponaratopa l'I MaCCH 

COOTB8TCTB8HHO, 
JlpyrHe KpntmecKne mmexc1,1, onpe.n;enHDllllfe noBe.n;euue, Hanpm.4ep, 

y,llenbHOff TennoeMKOCTH HnH uarHHTHOlt BOcnpnllllqHBOCTH, COOTD8TCT

B8HHO d. l'I O ' ' CBH3aHH C BBe,l(eHHW4H BHme nnnellHHMl'I COOTHOme-

HHSMl'I /JI/ , . . 
Cylll8CTBYDT ,JUla H8CKOnbKO OTnl'lqaDllll'IXCS·IlO,ll;XOJ(a K HaXOX,11;8Hl'ID 

Kp,nmecKHX l'IH,l(eKCO~ l.!eTOJ(aMlI T80pll!I nona. • B nepBOM aHOMrulbHH8 

pasMepHOCTll BHqncnamca Henocpe.n;cTB8HHO B. TP8XM8pHOM npocTpaHCTB8 

( M0,1(8nb (J .rn)), B 3TOM cnyqae KpHTHq8 CK!I8 HH,1(8KCH, · onpe,l(enseMH8 

corJiaCHO (J,30) TaK xe, KaK n (?- ~YHKUl'lli (J.21), npe,l(CTaBnllDT-

ca aCHMnTOTHqecKl'IMH pa,l(aMl'I no :/ THila (J~I9)~ npnqeu M8TO.ll, 

k -;nepeaana ,llil8T cneJl;YDlllHe 3Ha'leHHS napauetpoB /II/. 

X 3TH COOTHOlll8HHH H8CKOJlbKO OTnHqaJJTCll ,B ,pa3HHX paClornx, , 

qTQ CBS3aHO C HOpMHpOBKOff . 0 i ,lf .(b ( CM, ,Han.pm.1ep, /JI/ ) ~ 
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~+11 
2. .I(JIJ'I i->C~) 
11, 

l ( i) J (J.JI) a= o, 0,111/22 , b = { 2 +2 -JI-

3 + n, 
2 -II- v-~{ ~) ' 

5" + l!: 
2 -JJ- w { ~). 

BHqIIcneHHHe nepBHe t9qHH8 3Ha'l8Hl'IS K03!p(plIUH8HTOB HMeDT BH.ll 1211 
( It= ! ) 

~(';!) = 0,0W91~9~69~
2
+ 0,0009·111.2223~:?J+ 

+ 0, 1>0 ◄ 1-96222 9:~ i, - 0,006 5~109 _5 + o, 00132.t-.8~ 
6 

J (J ,J2) 

-L . ~ D J 2. 3 
)I (CJ) = 2- 3 ~ + , O 63 '1001 3,1- ~ - 0,Olt522'f415' 3 + 

+0,03'7;t2~!>li6~~- 0,0·B=M66G5~5"+ 0,0~8~31-53~&~6 
WT.,\. 

HH~paKpacH~-cTaCIHn&Haa ToqKa onpe,llenaeTca nyneu (b -4,yHKUHH 

(3.21), H ,llna Baxox.n;eHHa KpHT!I'l8CKHX HH,11;8KCOB HYXBO IlOJ(CTaBHT:b 

saaqenae !J = 3 0 B lf}opuynu (J .32). 
BTopolt IlO.llXOA OCHOBaB Ha TaK Ba3HBa8MOM E; -paanozeHHH 

BHn:bCOHa /JI/ , B 3TOM c.nyqae'·aaOMMbHHe pa3MepHOCTH BHqHcnaDT

CII B MOA8nH c.plt B npoCTpaHCTB8 4- E H3Mep8H!Ilt, Hn~paKpac

BO-CTaOM:bHa.a TOtlKa go onp8.1(8nll8TCa Hyneu tpyBK~HH 

/.>e:l9)=-Eg+-f.l(g) , r,lle ~(9) ecnlf}yHK~IIa 

renn-MaBaa-Jioy u.o.n;enH cpJt(~) B cxeMe MHHRMan&BHX BHtlHTa-

md • 3HaHH8 /h -4,yBKUHH H tlHOMM:bBHX pa3MepHOCTel 'ti. 
Il03BOJIS8T nocrpOHT:b e -pa3nozeHH8 BHnLCOHa )(nil KpHTH'18CKHX 

HBAeKcoB, HM8Dlll88 BH.ll aCHMTITOTH'18CKOro paAa no (: THna 

L 
k 

k I k l:. 
E: k . (.- ct.) · k · C 

~ 
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rrpl!llell MeTOA acllMilTOTll'!e CKl1X oueHOK AaeT 3HalleHl1Sl rrapaMerpoB /II/ 

4+f ;II.JIR ~o(E:) 

~ (<-1 -II- 'l l E.) ' (3.33) 
Ct= - 6= -i. 

n,+& I 
4+ 1 -II- }) (E)' 

s- + .!!: 
2 

-11- tiJ(E.) . 

TOIIHUe 3Ha11e1m11 K03¢qll1Ul1eHTOB (:- -pa3JIO:m:emrn MS! 3Tl1X BeJI11-

lll1H l1MeDT Bl1A ( n = i . ) /32/ 

~ = ~[1 +. 10_'?_ €:. + E~( =1-2H - g s(3)\J + O(cs) 
5l/ -f02, -ti66lf 9 '} " 

V = 2 - - - - €; - 93T - ..!:L. > (3) E --i €: -f9 2. ( :z ~ 3 

.3 -1£, 2 Hli9G '2r '"? 

(3 .34) 
-(2l/2,5r 40 4 ')> -H9 \ 4 ( s 

i&S956i + &i ~ (!i) - 9 '> {lt)-1l/~& "'2,( 3 )) €: -+ 0 € )., 

Lu = E - _i7_E2 + E~ ( ~ + 2. 4{3)\ - ( H--S'i11 + 
21 29 -f6 9 ) 1.fl/928 

+ :!!~r3) +- ~2;rs)--;, ~(l/))c
4 + Oles) 

H T .• A. 1 

rAe 2; (It,) - A3eTa-q>yHKUl1Sl PHMaHa. 

B KOHUe HYXHO BepHYTLCSl K q>ll3l!lleCKOll pa3MepHOCTll 

rrpocrpaHCTBa J)= 3 ' r.e. 3Ha'ICHHD E = i . 0AHaKO BBHAY. 

acnMnronNecKoro xapaKTepa E -pa3JIO:semrn HenocpeACTBeH

HaSl IlOACTaHOBKa 311a11emrn 8:: i . B cpOpMyJIH (3 .34) np11BOAHT K 

c11eHh Heycroll'IHBUM pe3yJihTaTaM. To :m:e caMoe OTHOCHTCSl K 

PS!AaM (3.32) npu ·g=·io. IT03TOMY AJISl BUIIHCJieHHSl KPHTHlleCKHX 

HHAeKCOB Ha OCHOBe•<P'OPMYJI (3.32) HJ!H (3.34) HCilOJll,3YDTCSl .. 

cneuuaJihHUe MeT OAU CYMMHpOBaHHSl acHMilTOTHlleCKHX .pRAOB' pac-,. 

CMOTpemrne HaMU HHlS:e. B §4. 
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lliJEgopHUe H BeKTOPHUe IlOJ!Sl 

Pe3yJILTaru, nony11eHHUe B MOAeJiax, BKJIDllaDlltlfX CilllHOpHUe H 

BeKTOpHue noJia, 3aMeTHO CKpOMHee. 3TO OTHOCHTCSl npe:m:~e BCero K 

MeTOAf aCID.!IlTOTH'leCKHX OU8HOK K03!pq>HrtHeHTOB BUCruHx nopuKoB, IITO 

CB83aHO C YCJIOltlleHHeM CTPYKTypu BaKyyMa B TaKlfX reopHS!X, C 

rpy~HOCT LD pemeHlfSl KJiaCCHlleCKHX ypaBHeHlfR ABUJ:eHHSl H BUIIUCJieHHSl 

KBUHTOBUX nonpaBOK. Ilo3TOMY cpaBHemrn • C nepBUMU TOIIHUMH IIJieHaMH 

paAa TB 3~eCL 3arpy~HeHO. · 

B MOAeJIH CKaJiapHoll 3JieKTPOAHHaMUKH 

2 2 lrr,'-- 1 H = ½ ('""DrAv-UvAr) + }(o~-ieAr)~\ + 2 ~ llfl (3.35) 

;II.JIR giyHR.u;mr rpnaa nonyqeHu cJieAyv~ue .oneaKu 1331:. 
~ L k kb 2. 
G ,.._, (~) k! (- o,ogOA)·k-c cl=~ 

_,, I . '-f7f" 
k (3.36) 

(B npeHe6pelltemrn: 'IeTBepIWM B3aHMO~eiic.TBHeM) H / 34/ 

G~ T (ct)t k ~ ~ . 1c:+t Js.. k e e e k+e 
---.. , _ __J 'i' ~ GI< e ; GI< 0= <:-> <4e )clj .. ') [CC,;)] 

I< 2 > ,i- ... , 
1 

2hf 2 ...k_ (J •37) 

C ( t) ~ ({~ 2tk) ht l~ )k+t 

B HeaOeneBoll KaJiuOpoBOIIHoll reop1rn B cJiyqae rpynn!l S U(2) 
noJiyqeua OUeHKa K03q$m;aeHTOB pa31IOiteHHSl f:> - q>YHKUHH 124 ,221: 

L. 2. k l::::. 35 c. · 
~Cf)~ (~ ) f->i<, Jb1r:'= - r(k+"'i \_./6:rr1)1'--t . (3.38) 

. ~ . 

Pa~ B AaHHOM CJiyqae .SlBJISlercSl ,3HaKOilOCTOSlHHllM, uo,KaK Mil YBHAHM 

HH:a:e, 8BJISl8TCH orpa:a:eHHeM 6'eCROH6'llIOKpaTHOro Bupolt,lleHHSl BaKyyMa 

B HeaOeJieBoll reopun 
1351 

~3~ech, xaK u ·B npm.iepax (3.10), (3.II), 

nepeBaJILH!tlMH KOH~Hrypau11au11, .l(aD~HMH OCHOBHOll BKJiaA B q>yHKitHOHaJIL

HUll HHTerpaJI, SlBJ!SllJTCSl IU38.3Hpememm nUia lIHCTaHTOH-aHTmmCTaHTOH~ 

Holl napu. 

ITpnBeAeM ~J!Sl cpaBHemrn H3BeCTHUe TPH qJiena PSl~a TB 136 ,371: 
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2) . -H S11 31/ 2 8 6 
2851 3 °8 

P--..(~ =- -C2- --C2 - 2 --C ....sL- (3.39) 
,~ .3 . -l 6.,t'- ~ l-16,r~) 511 2. U6'll'-'r., 

rAe Cz- KBaAPUTlt'IHl,lll onepaTOP !{a3HMHpa, .lt}l!I rpynn1,1 ,strcn.~ 
paBHl,lll n, • CpaBHeHHe K03!ppHnHeHTOB (3.38) H (3.39) ocnox-

H!leTC!I TeM, 'ITO H3-3U 60J!blll011 aenH'IHHl,I OTHOllleHH!I ?.'S/3 3amtch 

qiopuyn1,1 (3 .38) B BHAe r -q,yHKUHH HHH B BHAe itiaKTOpHana 

H cT eneHn npHB OAHT npn Man1,1x k K cyilleCTBeHHo pa.8JIR'lHW4 

pe 3Y nua TUM. 
B M0,1{0H!IX C itiepMltoHaMH TaKlle eCTb p!!A oueHOK. TaK, B l\OA0Hlf 

OIIBBli B npeHe6pexeHnn 11eTBepHliM B3aHMOAeRcTBHeM B D -uepHOM 

npocTpaHCTBe .lt}l!I q>YHKUHH rpHHa nMeeM /
38

,
3
9/ 

G ~ I.Lf·l G ~ , Gk"= ce~ 2;k r( kti-i':>') a~, 
· k ,. (3.40) 

2<_J)<...,. 

G
~ k k: 

I< = r { \) (k k ') (:- Q ~ ') , "D = ~ , 

a B K3l B 4-MepHOM npocTpaHCTB/
39

,
40

/ . V Gk"' (-)~ r {~-.,)a.~+. (3.41) 

CpaBHeIIHe C TO'IHLIMll pe3YHbTaTaMH 3AeCb noKa TaKXe 3aTpy){H0HO. 

§4. Sanalffi. BOCCTaHOBJieHIDI ®@SW 

L\1,1 paccMOTPlfM Tenepb 3aAa'ly BOCCTaH oBneHH!I q,yHKnHH 1° ( ~) 
nepeMeHHOll KOHCTaHTl,I CB!13H, oTnpaBJiff!ICb OT: 

a) H3B8CTHliX TO'IHl,IX nepBliX qneHOB cteneHHoro pa3noxeHH!I 

-f 1<: 11 -
6) acHMilTOTHKH K03!ppHUHeHTOB f ,,_ npH 6onb111HX k 

c u;eJll,10 onpe,ne.nemm noBe.nemm q,ymrn;mi 1-{ ~) npH 9 7r 1. 
Mli BHA0HH, 'ITO cneKTpMbHa!I q,opuyna una (2.43) He MOlteT cny

lll!Tb 3TOl! uenH, taK KaK n}nBHJibBO nepe.u,a.eT noBeAeHHe .f ( g) 
TOJ!bKO B o6nacTH fl<! • Ilo3TOMY )W pacCMa.TpHBaeM ee KaK HCTO'l

mm nony11ean11 HH<llOIJlUUllll 06 acHMnTOTHKe K034><tiHUlleHTOB fk-
c IlOMOmI>J[l MeTo.na 9 -nepeB8J!a. 0TM0THM TaKxe, 'ITO caM <llaKT 

Cyll\eCTBOBaHH!I cn'eKTpanbHOrO npeACTaBneHH!I uma KOIIIH npeAOonarae:r 
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, . 
Ha.mrnre onpe.n;e.n:eHHHX amumTWieCKHX cBoiicTB y q,YHKu;irn t l 9 ) ; .. 
KOTopue B 60Jibllll'IHCTBe UHTepeCHbIX CJiyllUeB HC l!Bnl!IlTC/1 :ro•rno ye-

Tan OBneHHl,IMll (CM. HHllte). 3a,l{aqy KOM61'1Hl'lpOBaHl'l!I HHqiop1m1urn H3 ABY:< 

HCTO'IIIHKOB MH KpaTKO 6yAeM Ha.31JBUTb "3a;raqel! BOCCTU!!OBJieHl'l!I". 

Olla ocnOllH!leTC.IL aCHMilTOTlf'I ecKHM xapaxTepoM pH.ll;OB, COCTallJ!eHHUX H3 

K03cfxPHUl'leHTOB ~, • 

4.1. Ynyq111eHHaH TeQ2Hll.J!03MymeHUll 

Hau6onee Hal'!BHul! 

HCKOMOil 4JYHKiprn f cnocod AeilCTBU!I COCTOlfT B npeACTaBJ!eHl'IU 

B BH,l{e cyMMl,I; 

"' cc ( ') ~ k L"' k" 1"(~)= L (-h-+11:)~ + -5-~8 
k=Ko . . ~=Ko 

( 4.I) 

npu ycnoa1m :f... - f1c :6= 0, npH k ~ ti . 

BliIIOJIH!lll, Te~ HJnt IIHbIM cnocodoM CJMMUpOBaHue BO BTOIJOM qneHe 

IIOJiy'laeM 

N ): 

I.+~~ -
I=:: 

,__ . + ( t),' 
•, 

. ~ . .. H k ~ 
j"(~,= PN (~)-i-,t(~), ~{~)= L_ 'J, (tk-!~) ~4

-
2

) 
.. , 'k. 

RaK HeTPYAHO IIOKa3aTb, ){OdaBnenue K aCHMIITOTH'l0CKUM 

K03<ti!fiHUUeHTaM Man1,1x nonpaBOK '-l k ➔ -r"' ( .i-+ a.;J,:;) . npUBO,l{l'lT. 

K MOAnitiuKaUHH cyMMH ,r { ~) ➔ ,f (CJ). ( .i. + a,8) , KoTopaa B 

odnacTU 9;;..1 He IIBJl/leTC!l•MaJiolt. IlOBTOMY 3TOT npoCTOlt MeTOA He 

AUeT peaJibHOro pe3YJibTaTa. 

4.2. Merog Bope~u 

~Hterp~~illUL!!l?~SI!!!!l!fil!J!.!k_ OCHOBHa!I TPYAHOCTb, CB!l3aHHa!I 

C (palCTOpHaJ!bHHM pOCTOJ.l K03q,<IiHnHeHTOB, Odl,lqHQ npeoAoneBaeTC!I ny

Telt Hcnonb 30Bamrn Rll rerpanhuoro npeo dJn30BaHH!I Jlarrnaca. nonyc

THM, q:ro <llYHKUHa f ( ~) MoxeT 61,1T1, rrpe,ncTallJ!eHa B BH,l(e 

f c9) == 

00 

l d:::c )-e 
0 8 
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Tor.1ta cTeneHHOll pH.It .ItJIH 

'Y +,._ k 
Bc:x::)= ~ icTx 

IC • 

!Wl\t6T OKa:Ja TbC H CXO,ltHU(l!MCll B H eKoTOpoR o6JiaCTH, TaKOR U6TOA 
cyw.mpoBaHHa no.It 3HaK01.1 HHTer pana Jlannuca HamrnaeTca ueTOAOM · 
J:;opena / 5/ • :IeTOA Eopena ,1tonycKaeT neKoTopue npocwe Mo,1tmJrnxa

U1rn, 11anp11uep, 

~ l ~) = 1 "'"'3 e - 2 q ft l:x. ;,_} ~~,[,\ < •• ,,i 
npwrn1.1 

(el.) '6) 
e, { :X:.) = L 

k-

,._. "tr.; x-~ 
r(l<:4.i-\-cl-Q}~i I 

(4.5) 

qTO Il03BOJIH8T nonyqaTb irnnaeMyD cTeneHb yCluBaHHH K03qxpHUH8IITOB 
pa.Ila AJIH e:,L"' > "() ( -:x:.) . 

U8T O,It EopeJIH Il03BOJIH8T O,ltH03Haqao BOCCTaHOBHTb ¢YHKUHD 

no ee acllMIITOTPI'l:eCIWMY plI,I(Y B TOM CJIY'l:3.e, eCJm OHa npemcTaBRMa 
B BH,Ite, ( 4,3), Cornacuo TeopeMe BaTCOHa ,t4I/ ¢YHKUl1H -;t ('<a) 
MoxeT 6NTb npe,1tCTUBJieHa B lln.Ite (4,3),·ecn11 oHa YAOBJieTBopaeT TaK 
Ha3UBU8MOMY n CllJib!IOMY aCIIIAilTQTnqe CKOMY YCJIOBllD", 03HaqaD!J18MY, 

qTO: 
a) qiyllltUllH t ( ~) aHaJIJ.lTJ.lqHa B OCiJiaCTll 

'D == l ~, o<l~\<R,la,1.~<a\<1+~,'~>0~r, 
6) omn6xa, noJiyqaeMaa npn o6punamrn cyMMU pH.Ila TB Ha 

KOHeqHQM qncne qJieHOB: 
N-i 

1(<a) = L -f1c: ~k + Rt{(~), 

" 
paBHOMepno orµi.HmeHa B 3TOll o6JiaCTH CJI6,ItyDlllIDA o6pa3oM: 

R"'(~)= O(N!~"'c"rl') panHoMepHo V ~ E. 1) 
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_P11c,II 6 

B cnyqae, eCJill <f!YHKUHH Y.IlOBJl8TBopaeT 3T:IIM YCJIOB:IIHM, OHa MOXeT 

6un npe,1tcTanJieaa B BU.Ile (4,3) B o6JiaCTH D!=hl o<ISl<.R ,\a.'t3~l<.b} 
(cM,p:IIC,IIa). 0,ItHaKo TeopeMa BaTCOHa llBJIHeTCH TOJlbKO ,ItOCTaToq-
HllM ycJIOBHeM IlP.HMeHHMOCTH M8TO,Ita EopeJIH, He,ItaBHlle HCCJie,ItOBaHHH 
JCTaH OBHJIH / 427, tlT O OHa MOlCfiT 6NT I, OCJia6JieHa Tpe60BUHl!8M · j_ 

aHannrHqHocTH cpyH~Ul!ll n, Meahmelt o6JiacTH · .D2 = l 9'\ Re t'>' ~ \ 
(CM,pnc.II6). ', 

.a o6ocHOBf¼HJU!,KaK Jierito y6e,llHTLca, Ha BR.Ila acHMnrci
Tl!KH K03¢cpl!Ul!8HTOB ~a TB Ilpl! 6om,mmc k: 

~ k b -h, = k ! (- Q) . k . C ( 4,6) 

BHTeKaeT cnpaBe.IlJIHBOCTL BTOporo YCJIOBl!H l!3 reopeMU BaTCOHa, 
no:ita3UT8JlbCTBO xe nepnoro JCJIOBHH ~allte B OCJia6JieHHOM BH,D;e 
npe,llcranJiaer co6ott 3Haql!TeJihHYD npo6neMy·:11 rpe6yeT npnnneqenl!a 
,llOllOJIHHTeJlbHllX coo6paxenna, CBH3UHHUX C <pH3HqecKoa CYlllHOCTLD 
pi.ccMarpnnaeMoa 3a,1taql!, ~ 

. BH.Il aCHMllT.OTHKH, K03¢cpHUH8HTOB fk ( 4.6) ll03BOJIH8T onpe,Ite
JIHTL nonoxeaHe n xapaKTep 6JIHxa.amen oco6eaaocr11: B nnocK09111: 
6opeJieBCKOI nepe11eHHOI X. , TaK, 6JIH:mffmaa oc o6eHHOCTI, fPYHKnHH 
e,tcl,l) (-:c) (4,5) npH yqere (4,6) aaxo.IlHTCH B roq1te :C=-k_, 

r.Ile B~,1f'')c:c)B8.Il8T ce6a Kalt (!+ax'\-b-\nn KaK -En.(:i.+ax), 
ecn11: a=- b + ! I 43/ , TaKHM o6pasoM, B cJiy11ae snaxonepeMeaa.oro 
PH.Ila ( C\.> 0) ocoeleHHOCTL Jl8JtHT B Jl8BOI llOJIYilJIOCKOCT:11, HHTer-
paJI ( 4,4) cy111ecTByer, 11: cpynKnHa fl 9) cymmpyeMa no Eopen11. 
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I 
l 

B cny•me :a:e 3HaKonOCTOIIHHOro p11_.n;a { a_~ !) ) ocoCleHHOCTI, Jie:a:RT 

cnpaBa aa ny-rn llHTerpllpOBaHllll, ll cl>YHKl{llll oKa:mnaeTCII necy10.mpyeyol! 

no EopeJID. Ham1•rne TaKllX ocoCleHHOCTel! IIBJIJI8TCII CllrHaJIOM O cymeCT

BOBaHJm BKJIB,ltOB B f ( ~),He pa3JI02KHMHX B pll,ll Teopmt B0311YllleHHlt 

no g , KOTOpue, B CBOD oqe~_rI,, IIBJIIIDTCII npOIIBJieHll8M q>ll3ll-

qecKHX ocodeHBOCTelt 3a,!ril.ql! 14 • K TaKoro po.n;a BKJia,llaJ.! IlpllBO)!;ltT, 

KUK Ml,( BH)!;8JIH, yqeT l!HCTaHTOHBl,IX KOHfJHrypaunl1, CBJI3aHHl,IX co 

CBOl!CTBaMll BaKyyua Teopnn. 

TaK, eCJill raMHJII,TOHHaH He orpaHnqeH CHH3Y, TO He CJUleCTByeT 

OCHOBHOrO COCTOJIHHII, a BaKyyu TeopHH B03MJUl8Blll IIBJIIIeTCII MeTa

CTaCil!JlI,Hl,111 3a cqer TYBHeJIHpOBaHHII. 3Heprllll IDl8eT MHID4YD qacTL, 

nponopUHOHaJII,HJD aJ.IIlJil!Tj)!;8 TYBBeJIHPOBaHHII, KOTOpall Be.n;eT cedll 

KaK e-Va • 3Ta Cl!Tjal{IIII xapaKT8pBa )!;JIil TeOplll! C "HenpaBHJII,HID\
11 

3HaKOM KOHCTaHTH CBII3ll ( CM.pHc.I2a ). HarJIII)!;H00 .n;eMOHCTpanuel 

JIBJIJieTCII MOA8JII,Hl,lll llHT.erpaJI (2.2). Ilpll g< D y cl>YHKl{Hll LlaK.n;o

HaJII,)!;a Il01IBJIII8TCII MHHMaJI qaCTI, C xapaKTepaon 311Bl!Cl:IMOCTI,D THila 

e- -1/9. 
npyrolt Ilpll1\8p ,!ril.8T Cl!CTeMa C H8CKOJII,Klll,lll BYpOll:,D;8ljllllMl1 

Mf!HllMJMaMH, paa.n;eJieH!lllMll IlOTeHnnaJII,BID!ll ClapLepaMH (HeCKOJII,Kl!MH 

IlOTeHUHaJII,HllMH JIMaMH). 3HeprHJI Hl'Jl[H8ro COCTOIIHHII TaKolt "c1rnTe

Mll JIM" OTJIHqaeTCII OT 3HeprHH HJ.Il[Hero COCTOSIHHH Kall:,D;Olt ll3 HM Ba 

3KcnoHeunuaJII,HO MaJiyD BeJI11q1ray 6E, cooTBeTl-'"l'B,Vllllij'JD BOSMOJtHOCT.111 

TYHH8JII,HOro nepexo.n;a uex.n;y IIMUMll ( CM. pnc.I2d). 

V(lf) 
V{l!) 

E=E 0 1-if 

-½ ~ e g 

! "-- V \ .. lf 

:a 
6 

Pac.12 
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IIo.n;oOHyD :rtapIHHY MH aadJID.n;aew H B CJiyqae MO.ll8JII,HOro HHTerpa

Jia (3. I), r.n;e HHTepJlepeauu · Mell:,D;J . .JtBJMH MHHlfMJMaJ.tH npHBO,D;llT K 

IlOllBJieHHD 3KCnonennHaJII,HO MaJIHX'· BKJia,llOB. ""e- Y9.' a TaKJ:e B KllUHTO

BOMexa.lm'I8CKOM noTeH nHaJie . C' BHpoll:,D;eHHeM • Teo pHB flHra-MHJIJICa 

celqac npe,llCTaBJill8TCII mieHHO .. TaKoll· TeopHel, r,lle TJBBeJIHpOBaHlfe Me:a:

,y pa3JHqBWH BaKYYMaMH 0Cflll8CTBJill8TCII 3a cqeT HBCTaHTOHHHX 

ltOHtpHryJa!Ufl /35 ,39/ • , ". .. . 
K COll:aJI8HlfD I B 3a,!ril.qax KBaHTOBOll Teopm1 IlOJIH .He CY!ll8CTByeT 

)!;OKa3arenLCTBa Toro, 'ITO <P./HKl{llll rpnaa y.s;OBJI•eTBOpllDT CHJlbHOMY 

aCHMilTOTH'l8CK011y YCJIOBHD no ltOHCTaHTe· CBJI3H. Ux aHaJIHTHqecKHe 

CBOltCTBa no fl Hell3BeCTHll, 'ITO He n0.3B OJI/leT npoB epHTb BllllOJ!He~ 

HHe ycJIOBllll a) H3 TeopeM!l BaTcoaa. 0.n;HaKo B KBaHTOBQMexrum:

'leCKOI aa,11a.11e onpe.n;eJieHHJI ypoBHen aaeprnu aarap~oHmecKoro oc

UHJIJIHT opa ( MO)!;eJib <p~ i) ) , B .n;BJMepHllX H TpeXMepHHX MO,zt8JIIIX 

KBaBTOBOR TeopHH IlOJIJI ( M0)!;8JII, <f>,2->, q,i)) C,YMMHpyeMOCTI, IIO Eo
peJID AOKa3aHa 145 , 45/ • E.llHHOe npe.n;cTaBJieHHe q>yHKl{Hl1 rpHHa B 

3THX MO)!;eJIJIX H B Clonee peaJIHCTH'IHOl1 MO,lleJIH c.p\i,) C IlOMOlllLD 

OAHHaKOBOro cl>YHKUHOHaJILHOrO HHTerpaJia Il03BOJiaeT aa.n;eaTbCII Ha 

npanouepaOCTL CJMMHpOBaHHH no EopeJID H·B 3TOM CJIY'lae. YBeJIH'le

HHe paauepHOCTH npocTpaHCTBa npHBO)!;HT K O,llHOtt cy~ecTB8HHOl1 

pa3HI1l{e - HaJIH'llID paCXO,llHMOCTeR H HeOdXOAHMOCTH npoue.n;ypu nepe

HOPMHpOBOK. CYlll8CTBYDT apryMeHTH B fiOJII,3J :roro, 'ITO 3TO M0%8T 

npHBeCTH ·K HaJIU'IHD AOilOJIHHTeJII,HHX cnHryJiapHOCTelt B ~ -

IlJIOCKOCTH / 471 n K noaBJieHHD llOJIDCOB.Ha UY.TH HHTerpnpoBaHHH B 

(4.4), nony'IHBmHX Ha3BaHHe peHOpMaJIOHOB / 4Bl. 
II tt 

Ilpoucxoll:,D;eHHe TepMl!Ha peHopMaJIOHH CBSI3Ima.lDT C CJllleCTBOBa-

HH8M onpe,lleJieaaoro KJiacca ~arpaMM, co,llepxa~nx pacxO.JlHlllHeca 

IlO,llrpaq>u, )l.aDlllHe BKJia,ll B nepeHopMHPOBKll. TaK, Hanpm.iep, B MOA8JIH 

c.p"c1t) COOTB8TCTB,YlO!llruI IlOCJI8)!;0BaT8JII,HOCTL .n;narpaMM ll30Clpaxe-

Ha Ha pnc.IJ. 

QA 
PKc.IJ 
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! 

,llHarpawa, co,1tep:m111aa k nerJieBYX· scraso1t, ,Jtaet WIOMaJIJ,HO 
Oom,mol B1tJia.1t ~ k ! , 1toH1tijHPYllD1HI c BltJia.ltOM scex ocTaJIJ,HYX · 
,JtHarpaw .1taHHoro nopa,Jtlta I I. B OT,JteJILHYX c,ey11aax .1tnarpawm 
3Toro THna woryT npHBO,JtHTL It (baltTOPHaJILHO pacty111euy 3Ha1to
ITOCTOHHHOMY· .PHAY, IIT'o, Kalt Mll BH,JteJIH I npHB 0,JtHT It ITOJillCaM Ba nyTH 
HHTerpHpOBaHHll B OopeJieBCKOI ITJIOCKOCTH. TaKall CHTY6UHll HMeeT uec
TO, HanpHMep, npH BYIIHCJieHHH aHOMa~LHoro uarHHTHoro MOMeBTa B 
Kan/491.aTy .. Tpy,wIOCTh B pH.IJ;e CJiy"tmeB MOJltHO 060fiTH;H3MeHJlll ROHTyJ) 
HHTerpHpOBaHHR B x- llJIOCltOCTH/5o,5r1. O,wiruto ynOMHHYTYe 
apryMeHTY He BOCBT ,JtOKa3aTeJILHOro xapa1trepa, H ,JtOITOJIHHteJILHYe 
CHBryJIBpHOCTH MOryT H He B03HHKHYTL. HanpHMep, B MO,JteJIH tp4c~) 

pB,lt TB ,ll;JIB f.;> -q,yHltUHH onpe;s;eJIReTCB TOJIU()' lt03!W>HUHeHTaMH 
rrepe,I{ MJia,ICillllMH JiorapmJ,,!H'IeCKHMH tJJieHru.m. ,llJia ,JtHarpaWI, H3oOpa

xeHHHX Ha pHc.IJ, 3TH ltOaj)~HnH8HTH BBJIRJ)TCll 3Ha1tonepeMeHHHMH, 
XOTB H (balttOpHaJILHO paCTYIIIHMH, H,cJie,JtoBaTeJILHO,He npHBOABT It no
JillCY B npaBoR qacTH OopeJieBCKOR ITJIOCltOCTH. TaKHM o0pa30M, B sa
,11,aqe BOCCTaH OBJI8HHB r-,- ~YHKUHlf ocoOeHHOCTH peHopMaJIOHHoro 
THna He B03HlfKallT. 

IlpHBe,JteHHHe cooOpaxeHHB, paBHO Kalt H aHaJIOrH B HH3meM llHCJie 
H3MepeHHR, He MoryT CJIYXHTL, ltOH81lHO, o60CHOBaHH8M npHMeHHMOCTH 
HJIH He rrpHMeHID.IOCTH M8TO,Jta Eopens. Ho OHH BBJIBllTCB BeCOMHMH 
aprvweHTaMH B ITOJIL3Y Toro HJIH ,1tpyroro. Ilo3TOMY npHMeHeHHe M8TO,Jta 
cywmpoBaHHB rro Eopen1> 1t acHMnTOTH11ec1t1n1 pa,1taM KTIT Bcer.1ta ecTL 
AOITOJIHHTeJILHHI Anaatz • Kalt lW yBHAHM, B pa,!!e CJIYllaeB OH, 
npHBO,JtHT It B8CL14a :IR3YMHHM pesy JILTata.M. 

AHaJIHTH11ec1toe npoxogeHHe. B HTore sa,1ta11a CBOAHTCB 1t onpe
.1teJieHHll OopeJieBCltoro o6pa3a B(:x:) , 3a,JtaHHoro CTeIIeHHHM pll,!tOll 
(4.5), CXO.ltBIIIHMCll B OOJiaCTH I-XI< l~I , npHlleM xapaKTep H 
ITOJIOZeHHe OJIH:mlmel ocoOeHHOCTH, orpaHHIIHBa1>111el Kpyr CXO,ll;HMOCTH, 
HaXO,JtBTCB H3 aCHllITTOTHll8CltHX ~OJ»,4YJI ,It/IR 1to3!W>HUH8HTOB pa3JIOXeHHB 
THna ( 4 .6), HeoOxo.1tHMO rrpo,1tOJIZHTL ~YHKUHD B ( :x:) H3 oOnacTH, 
3a,JtaHHOR CTe-neHHYM pB,B;OM, Ha BeCL OeCKOH811Hm1 HHTepBaJI HHTerpHpo
BaHHB, OOHIIHO TaKoe aHaJIHTHll8CKOe npo,JtoJIXeHHe BYITOJIHB8TCB JIHOO 
c IIOMO~ rr~e-armpoR~ 1521 ,· JIHOO c ITOllOIIILll ltOH~OpMHOrO 
OTOOpruieHHll. 

B nepBOM cny11ae ~YHKUHH B(-:x:) rrpHOJIHZeHHo' rrpe.1tcTaB-
JIB8TCB B BH,Jt8 ·oTHOlll8HHll . 

B<x) _.,. Bn m(.X)-= 
' 

Ph-<. -:x:) 

Qm C'X) 
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(4.7) 
~ 

r.ite Pn ('X) H Qm ('X)-rroJIHHOMY cteneHH n. H m coot
BetctBeHHO. Ko~HUH8HTY 3THX IIOJIHHOllOB orrpe,JteJIBIITCll H3 nepe
pa3JIOZ8HHJI (4.7) .B pB,1; no X H ycJIOBHB COOTB8TCTBHB C ~OpMyJioR 
( 4.5). II pH atoll. BHIIOJIHaetcil cootH011eHHe n +-m,,, N , r,Jle N -
IIHCJIO IIJI8HOB PBM (4.5). HaHJiy11mero npH0JIHll:8HHB, 1trut·rrpaBHJIO, 
YM8TCB ,Jt06HUCll, KOr,Jta n=m HJIH rt= 171-1. • CorJiaCHO 
CTpYRTyJ>e II8,D;e-arrnpoKCHMaHTa (4.7) M8TO,Jt OKa3HBa8TCB Y,JtallHHM ,JlJIB 
~YHKUHl,xopomo anrrpoltCHll.Hpyewx HaOopo11. IIOJIJlCOB. OcHOBHHM He,Jto
CTaTltOll. ll8T O,JJ,a Ila,Jte BBJIReTCll TO, q:ro rrpe,JtCTaBJieBHe ( 4. 7), Boo0111e 
roBopn, HellpaBHJILHO nepe,Jtaet aHaJIHTHll8CltH8 CBOICTBa ~YHKUHH, T.e. 
HCKa:meT ee oco6eHHOCTH. B Hel(QTOPHX c,eyqaax Il8,D;8--amipOKCl!IMaHTll 
oOJia,JtallT IIOJIJ)Ca.Jlll, He Hll.81ll11Hll.H OTH01118HHll It peaJILHOI iro'HKUHH. 

YxasaHHHMH H8,JtOCTaTltaJ,IH He.o6Jia,Jta8T ll.87O,Jt aHRJIHTHqecxoro 
npO,ltOJIZ8HHB, OCHOBaHHHI Ha ltOH~OpMHOM OtoOpazeHHH. OH II03BOJIB8T 
yqecTL H8 TOJILXO qJaltTOpHaJILHHI xapaxtep pocta ltOa4qlHUH8HTOB 
pll,Jla TB, HOH CTJJYKTYPY ocoOeHBOCTH B llJIOCltOCTH Oop8JI8BCXOI nepe-
1!8HHOI, ltOTOpaa, Kalt YJta3JilBaJIOC» BHme, SBJIB8TCll T01!RO:lt B8TBJle
HHll THna { ! + a.x} d - b - ! H CJIYDT uaqaJIOll paspesa. ,llJIB 
3HaxorrepeK8BHoro PBM . { Cl > 0) pa3p83 npoXO,ltHT B,J;OJII, OTPHUaT8Jil,-
HOI qactH ,1telctBHT&JI1>Hol OCH OT :X:=- k_ ,1;0 - oo • AHaJIHTH-
11ec1toe npo.itoJI:a:eHHe cpyHX~HH B l:x:) ~ r," BK xk HS 1tpyra 

IC" 
CXO,JtHllOCTH Ha 6eCKOHetiHHII l!HTepBaJr HuerpHpoBaHHH [ 0 , oo) 

OCYDt8CTBJIB8TCll nocpe,J{CTBOM ltOHq>OpllHoro OT06paz8HHll :t➔ W, Truto
ro, q70 paapesaHHaa ll40CltOCTI, dopeBeBCKOI nepell8HBOI OTOOpametca 
BO BHyTp8HHOCTL H81tOTOpol o6JiaCTH, r.ite WHKnHa He Hll88T ocodeH
BOCTel, a pa3p83 [- it , - o<>) nepeXO)UIT B r:IRHHey 3701 06JiaCTH. 
06HqHo TaKOI oOJiaCTLJl llBJIJl8TC8 xpyr e~HHllHOro pa,IOlyca ( CM. 

pHC,14). 

© ® 
/ I ' -1 1 

DO 

-1/a ,. 10 11/a ,_L_., 
s:::,,, 

Pzc.14 
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I. 

---~-

Komt,opwoe OTO<ipazemrn BH<iHpaeTCH TaKHM o0pa30l4, 'ITOOH HOBaH 

nepeL!BHHaH HJ.IBJia ocoOeHHOCTL, .COBna,11;a11I!lj'II c.ocoOeHHOCTLII 

rt,yHKitHH B ('X) • IIoc11e 3TOro npOH3BO,ll;HTCH nepepa31IOK8HH8 rt,yHK~H 

B('XlW)). B pH,11; MaK11opeaa no: W , B KOTopow ocTaBJIHBTCH poBHO 

CTOJILKO 'IJIBHOB, CKOJILKO HlC 0HJIO B HCXOAUOM. IlpH 3TOM 0'18HL 

cy111ecTB8HHW OKa3HBaeTCH IlOB8,11;8HH8 · B(x.) npH X ~ DO·• 

.ne110 a to.u:, ttTO oOopBaHH1i1I pH.it Ma1t.11opeua ,no nepeMeHHoii W (:C.) 

1Ip1I:-:X:·~ 00 CTPBMHTCII lt ltOHCTaHTe. B TO :se .Bp8MII CT8ll8HHOI popr 

Oope11eBc1t0ro o0pa3a E:>c:x::)"" :x: >- npH -::x:: ➔ o0 • oueqaeT 

CT8ll8BHO.u:y pocTy HCXO.ll;BOI <f>YHKUIDI f qp "'ij >- npH IJ- ➔ l>O • 

lI03TOMY OKa3HBa8TCII BO3MOEll,ll,I rt,HKCHpOBaTL H83aBHCHMO llOKa3aTeJll, 

creneHH >- • .UJIH aroro c11e,zyeT npHMeHHTL onHcaHHYII npone.JtYpy .. 

KOB{popMHoro oToOpaxeHHSI 11e it &tx.) , a it qzymme:H x->- B(x), 

T.e. IlOJIOll:HTL 
. . ... N -·. .::x:." - k (.X) 

E:,(x.)...., BJ:x.Lw)j = w>- ~ W E>11; 
. < ~ . 

(4.8) 

Taitall npoue,Jtypa 
11
00o0111eHHoro ltOH<f>OpMHoro OTO<ipa:11:eHHH" 

01,111a anpoOHpOBaHa Ha pH,11;8 3a,ll;att C HSB8CTHOI aCHlLJITOTHltOI cyww 

:fl<J)"' ~.>. npH ~-, ~ • B paOoTe /
53/. OLIJI npe,11;110:i:eH 

cnocoO. 'IHCJIBHHOro onpe.iteJieHHH napaMeTpa A H3 YCJIOBHII HalICKO..!.: 

pe.llmeii CXO){l{l.lOCT I{ npoue,JtypH ,D;JIH <l>YHRUHH -f ( ~) C pOCTOM >I • 
.UJIH 3TOro HIIIBTCH MHHHUY.U: 140.JtYJIH OTHOCHTeJll,HOH onm:6KH: 

·!::,. IS:)=i-'-tH-1(~) (4.9) 
N ·. -hd~) 

npH npoHaB·o11l.ao1.1 9 > i ~ r,11;e · f',j l ~) nonytteHa c yiieToM ti 
'IJIBHOB pH,ll;a TB. qHCJIBHHHI 3ltCil8p:l!MeHT IlOKa3HBa8T HaJIHttHe pe31toro 

MHHH.u:ywa BeJIHtt_HH I A,, I npH 0JIH3RHX auatteHHHX ~ ,ll;JIH Bcex 

N • TaKoll aHMH3 OLIJI npoBe,n;eH ,ll;JIII aurapMOHHttecitoro OCUHJIJIII-

TOpa ({> 11a) ·--~ MO.IJ;eJm c rayccoBUM nponaraTOpoM (3.22) H ,D;JIH 

ypaB~_eHHH To~ca~epMH, r,11;e H3B8CTBO ll0B8,11;8HH8 npH ~ ➔ 00 • 

Bo Bcex cJIYtt.aii'x ua01111,n;a11cH pe3KHI MHBH.u:yM B8JIHttHH . · l l:l N \ 

npH 3Hatt8HHIIX ·. • ).. , cor11acyll111HXCH C acmmTOTHXOll ,npH q➔oo 
(cw. tax:se 1541 ). q 
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4.J. IIpm.teHeHH~ K 3a.uattaw KBaHTOBOI WH3RKR 

.na.n;HM TenepL OerJILII oOaop HCCJie,JtOBaHHI, B KOTOpLIX paccuarpH

BaJIHCL pa3JIH'IHH8 3a,ll;a'IH ltBaHTOBOH <f>H3HKH B paMKaX crt,opuy:11HpoBaHHOI 

BH111e "3a,DattH ·BoccraHoBJieHIJ". 

YJiylllll8HHaa TeOpHII B03&meaHI. KaK y:se yKa3HBaiocL, npocrel

lllHI BapHanr cocrou B npe,11;cTaBJI8HHH HCKOMOI <l>YHKUHH_ B BH;i;e (4.I), 
npHtteM nocJie.ll;BHR cylOla BLittHCJIHe:rc11 no .u:eroJTi Eope11H. Taxoll cnocoa 

llOJIY'IHJI Ha3BaHHe YJIY'IIIICHHOH TCOpHH B03.11:YIIICHHI (YTB). IlpH 3TOM , 

npe,11;no11ara8TCII, llTO pa3HOCTL .:f1r.:~ t~ ,JtOBOJILHO 61,1crpo crpe:WHTCH · 

K uy1111 .c pocTOM k • · · · · 
YTB 6HJia npHMeHeHa K p.11.JtY TO'IHO pemaewx ll]HMepoB, ,It/lH 

xoropwx K03ql(pHUHCHTH h,. HMCIIT BH,11; ( 4.6) 1551 . Tax, B aa,11;aqe 

B3aHMOJtei!CTBHH 3JieRTpo:uarHHTHOro llOJIH C BaKyyMOM aapHZCHHLIX 

ttaCTHU lla.XCBCJIJIOBCKHI JiarpaHll:HaH npHoOperaeT HCJIHHCIHYD nonpaBKY 

(JiarpaazHaH·ral3ea6epra-31Jiepa), HMCIII!lj'II BH,n; creneHHoro pH,11;a 

OT nepe.U:8HHOI, e2 
( H2-E2)/n,lt C K03ipflHUl{8HT6MH BH,ll;a 

fk ~ t-11,;2(2.k-3)! :n-- 2 k • B aa,n;aqe onpe.iteJieu:we ypoBHel 3HeprHH 

3JlCKTpoHa B Jl,Jtpe B6JIH3H rpaHHUl,I KOHTHHYYMa B03HHKa8T ypaBH8HH8 1 

r.lt8 Jl8BaJI ttaCTL pa3JiaraeTCII .B cremmaol PSI.It C XOa<f><f>HUHCHTaMH r~= -(2.l:)! l-.lf )-lc-:ir-2"-:1. k .• IlpH pemeHIDI peJIHTHBHCTCKoro 

ypaBH8HHI To»aca➔ep.u:H, OllHCHBaJIUICro llOT8Hll»'aJI B BaKyywiol OCIOJIOQ

K8 cBepnpHT.llllecxoro aro:ua, B03H111taer aHMor <I>YHRUHH reJIJI-MaHHa

-Iloy, xoropaa npe,1tcraBJil8TCII CT8llCHHliK pB,D;OK C XO~HUH8HTaKH 

i'<: k.! k 1/z {- l )t'· c. • Bee au npmaepw .1tonycita11r TOttaoe 

pemeHH8 H ll03BOJIHII? npOB epHTL,- HaCKOJILXO <l>YHXUHH YTB npaBHJILHO 

OllllCHBaJIT ero llOBC,ltCHHe. YTB npJUt8HIJiaOL Taxze It 3a,Jtatte OllP.E!)l;CJie

BHJI OCHOBHOro ypOBHH 3H8prHH aurapl,lOHH'l8CKOro OCUl{JlJIRTOpa l'.Jj/ 
H X XBaHTOBO-llOJ18BOI 3arsqe llOCTpOCHHI 4lyHKitHH (H 'J,) 
B KO,Jt8JIH c.plf l'I) 56/ • 

Kax npaBWIO, YTB Il03BOJiaer annpOKCXJlllpOBaTL TO'IH08 pemeaHe 

B OoJiee IIHPOKOK HHT8pBaJie 8-- , 'ICM llOJlllHOlW 06HttH-OH TB. 0,1tHa1to 

B CHJIY .U:C)tJI8HBOrO ycrauOBJICHHH acHMnTOTllKH B 60JiimHHCTBe CJiyllaeB 

:w rJiaBHW oOpa:fo.u: aa. ctteT yno111IHJToro BJIHHHHH nonpaBoit ,.., Vk 
YTB H8 Rl8T peMLHoro IlpO,ltBHll:8HU B 06,ra,cn i ~ ! . 

Mero1 IIa1e :w Ila&e-Eopena. HexoToporo pac11HpeBHH oOnacTH 

llpHMeHHMOCTH YTB Y.Jta8TCJI ,JtOCIHTLCH, IlpHl48HIJI X nepaol cywe B 

(4.I) Keto.-; IIa.ite. 0,1taaxo B CHJIY aCHJUITOTHttecxoro xapaxrepa 

pacc:ua.TpHBae.u:oro pa.n:a paaaocTL 
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:f-~ - 'f k" ~ k! ci}; k I,- :1 

TaK:re Hll88T ,PaKTOpmun,HHII pocr, BM~CTBHe qero MeTO,I( Ha;te B 
cnyqae YTB, KaK H B cnyqae OC!HqHoR TB JIHmJ; H83HaqHT8JIJ;HO 
y.nyqmaeT annpoKCIDdaUHOHHHe :CBOR_crBa /~7/- • EcTecTBeHHW 0Clod111e
HHeM aroro M8TO,l(a BBmieTCB Tait HaSllBaeMHR M81'0,I( Ila,l(e-Eope.11a, B 
KOTOPOM CHaqaJia npOH3BO,l(H1'CB npeoC!pa30BaHHe Eope.11a, a 3areu K 
ClopeJieBC~OMY oC!pa3y IlOJIHHOMOB YTB npHMeHB8TCB M8TO~ Il8.I(·e. 
Cy111ecrBeBHHM uoueHTOM 3,l(ec1; aanaerca ro, qro ueTO.It Ila.Ite npHMeaHet
ca yxe K CXO,l(HJl!eMj'CB pB.I(y. IlpHMeHeBHe M8TO,l(a ~e-EopeJIJI llOSBO- ' 
naeT npHMepao aa nopB.ItOK pacmupHTL uarepaa.11 npm,eaHMocrH TB 
( ,1(0 g..,10) B 38,l(aqe 1 oCI OCHOBHOM ypOBHe aarapMOH~qecxoro OCUHJinB-
T opa tp ~m 157 , 51 I u npHMepao _B .u;aa pa3~ ( :iio 3Hat1eHHII 
~/t63rl. ~ 0,6 1571 ) B ,3a,l([!.qe BOCC1'8HOBH8HHB tPYHKUHH. re.11.11-

MaHHa-Jioy B M0,1(8.IIH 8 <f,'1/4 ! B 4-MepHOM npocTpaHC~Be npH 15~ Toq~ 
HOCTH. 0.I(HaKO B CHJIY ynoMHHaBmHXCB BHme H8,l(OCTaTKOB uero.u;a 
mme-ann:po. KCHMa.IJ;lili M8TO,I(. Ila.Ite;--EopeJIB npHBO,Jl;HT It HCKaJ:8BIIJ> aaa-. 

3. ' ' . 

.11urmec1tHX ·caolcra Clope.11eac:s:oro oC!paaa; a c.11e,)loaare.11uo,if HCKOMOii 
!lJYHKtiirn; IloMHMO :noro ripe;i;cwB.11e1rne ( 4 .7) a,e yqHTHBaeT noBe.I(eHHe 
q;yHKUHl'J. B (x) 'npn x-, oo_. · · -~ ' 

!{§Toi JSOHlfl2Ji6-Eopem1& P~OM npeHJlY111eCTB oCl.118,l(aer MeTo.D;, 
0Cl7,e,u;uaa1>111uif rtpeoClpa3oaaaue Eope.11a c Komf>opwuw or0Clpazeuue11 
no.I( 3ilaKOM 1rnTerpaiI1;aoro npe,l(CTaBJI8HHB' KOTOp!,111 ,l(JIB KpaTKOCTH 
6y.D;eM Ha3HBaT& "MeTo.ii:ou KOH,Popi.1-Eope.11B". Oa BBJIReTCll Clo.11ee 
rHCIKHM1 Q8M npe.I(H.I(ylllH81 H Il03BOJIR8T yqeCTJ; xapaxrep OCOCl8HHOCTH B 

:X: -nJIOCKOCTH, a Ta&xe ·y,l(OBJieTBOpHTJ; yCJIOBHJ> COOTB8TCTBHR 
K03tPq)HUH8HTOB pa3.1IOX8HHH nonyqeHHOII ,PyHKUHH aClWilTOTHqecKHM 
oueHKaM 1531. B·paMKBX 3TOro M8TO,l(a MOSHO ,PHKCHpOBaTJ; 3HaqeHHe 
napaMeTpa A B (4.8) HS cooC!paseHHII CIHCTpelmeR CXO,l(HMOCTH 
pa.11;a IlOCJI8,l(OBaT8JIJ;HWX npHCl.imxeaHR., 

3TOT MeT 0,1( ycnemHO npuueHRJICB K ,3/i.niaqau BYqHcJieHHll KpHTH
qecKHX 'HH,1(8KCOB ~30BYX nepeXO,l(OB B MO,eJIH 4>~3)/581 H B 
JnMKaX ~ -pa3JIOX8HHR BHJI&COHa /J2 , a TaKXe ,l(JIB BOCCTaHOB-· 
JI8HHB CleTa-q>yHKUHK B M0,1(8.IIH 9 cp ~"I) B OCIMCTH 8 ~ !, 153/ •· 
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IlpH 3TOM tPYHKUHH BYqHCJIBJIHCI; cor.ll!l.CHO qiop.,:y~aM (4.4), (4.8) npH 
BapupoBaHHH_ napaueTpoB ,. ol > o' B ). • Koa,PopuHoe oToC!pase-
HHe BYC!HpaJIOCJ; -~ BH,1(8 

W('X) =- {1.t-Q,'X. - i 

· ,{ i+a:x. + 1 (4.10) 

qTo cooTBe TCTByer xopaeBouy BeTBJiemno ·cpyHKD;lIH B (X) B Toqxe 
~ = - i: • Taxon BYC!Op, KOH811HO, BBJI88TCR ,l(aJieKO He 8,l(HHCTBeH

HW. BooC1111e, npH npOH3BOJIJ;HOM ~paltTepe B8TBJI8HHR nma {J. + ax )v 
KOH,POpMHOe oroC!pazeaHe Y.D;OC!Ho BHC!HpaTJ; B BH,l(e 

w (:C.) = LJ.+a::ct ·_ ! 

(i +a :x:'/ + ! 

OHO Y.ItOBJI8TBOpRer BCeM HeOCIXO,l(HlOIV. TpeC!oBaHHSW. 

§5. wslflieCIOle peSYJll,TaTH· . 

(4.II) 

OctaHoBHMCR Ha ,Puauqecxux pe3yJIJ;rarax,' nonyqeHHYX oimcaaawu 
BHme M8TOA8MH B .D;Byx aa,u;aqax KBaHTOBOII ,PH3HKH: BYqHcJieHHH KpHTH
qecKHX HH,1(8KCOB ~SOBYX nepeXO,l(OB B pawtax noJieBoro IlO,l(XO.D;a It 

KpHTH'IeCKHM llBJieHHRM H onpe,l(eJieHHH BYCOlt03HepreTH1IeC1toro noBe,l(e
HHII tPYHKUHH fpHHa B MO'AeJm c.p·\i,) KBaHTOBOii Teopmr IIOJISI. 

5. I. l{pHTITTi:eCKBe IDJJleKCll 

Ilepaail 3a.I(aqa pema.11ac1; ·B: pauKax uo,l(eJIH c.pf3 ) MeIOlil'il 

Ila.I(e-EopeJIB 127/ H- M8TO){OM KOH,POJ)ll-Eojela~B{ B ~x· ·· .• € : 
pas.110:a:eHHB - MeTO,l(OM KOH,Popw-Eope.1111 / 21 • Pe3yJI&TaTY 3THX paC!oT, 
a raxxe HX CJnBH8HHe C aKcnepRMeHTa.Jil,lll:lMH 'AaliliHMH llpllll~eHll B 
raCIJIHue I. 
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1! ! 
Ta61un~a I. KpHtINecKHe HHJieKcH ( O{tt.) _ cp1LM0.ite111,) 

RoHfl)opu-EopeJI!, RoS:,opw-Eopeiu, Ila.I(e-Eo-
/58/ pem. 3xcnepHMeHT 

~ -J)a3JIOJ:8HH8 

" 11 /27/ /58/ /32/ <pl 3) <f>t3) ~p 0,0333!0,000I o .oJrs+-o ,0025 0,02It0,02 O,OI6!;0,I4 
II V 0,628 t0,002 0,6JOot0,0008 0,627t,O,OI 0,625t.0,005 
s:! w 0,78It O,OI5 0,782t O,OIO 

.-. { 11_ 0,0352t0,000I O,OJJ5t 0,0025 
11 V O 666 +0·004 0,6693!0,00IO 0 ,675t0 ,OOI ~ ' - , 

uJ 0,779 t0,0!5 0,778 t0,008 "' r '! 0 ,0354tO ,0001 0 ,0'.340t0 ,0025 
~ v 0,700 t0,007 0,7054'!:,0,00II 

W 0,779 t0,007 0,779 t0,006 

YKa3aHHJi,8 3.it8Cb OIIIll:6KH T80p8THqecKHX pacqeTOB CBS3aHJi C 
o6pliBOM pa.ita TB H COOTBeTCTBYJ)T y11ety IlOCJie,J;Hero H3BeCTHOro 
IIJieHa pa.ita. 0THOCHTeJibHJie OIIIH6KH BJiqHCJISETCS corJiacHO ~op.uyne 
(4.9). Mli BH.itHU, QTO HCilOJII,30BaHH8 M8TO.ita KoHcpopu-EopeJIS 
Il03BO.IIJl8T .J;06HTbCS 0118Hb xopomel TOQHOCTH H IlOJiyllllTb corJiaCOBaH
HJie peaynnaTlil B o60HX TeopeTINeCKHX nO.itXO.itaX. 

0TMeT.ID4, QTO B 3THX IlO.ltXO.itaX CYllllHPOBaJIHCb cy~8CTB8HHO pa3-
JIHQHH8 pSI.ltl,I TB, a Hll8HHO: B nepBOM cey11ae PS.lta no ~ , a BO 

BTOpoM - no E • PeaynnaTH TB uyno 6r,ino npo.itoJI:imTb .ito uyJia 
(b -cpyHKitHH B nepBOM cey11ae H .J;O €= i - BO BTOpOM. 3aMe11a

TeJibHOe corJiacHe peaym.TaTOB 060HX IlO.ltXO.J;OB CBH.it8TeJibCTByeT 06 
3~8KTHBHOCTH HCilOJlb30BaHHOro MeTO.ita cyiompoBaHHB. 

ITO.it118pKH8M B CBS3H C 3Tm.t e~e paa, qTO O.J;HHll H3 BaXHellllHX 
MPM8HTOB OilHCaHHoro BHme ueto.ita CyuMHpOBaHHa,ocHOBaHHOro Ha 
rrpeo6pa30B8HIDI KOHcpopu-Eopena,aBJIR8TCS ~HKCHpOBaHHe rrapaMerpa 

>,. ' orrpe.iteJian~ero aCHMilTOTHKy cpyBKitHH Ha 6ecKOH811HOCTH. 
3aBHCHMOCTb KpHT.HQeCKHX HH)t8KCOB OT BH6opa rrapaMerpa A B . 

CJiy11ae € - pa3JIOX8HHS HJIJIECTpHpyeTCS B Ta6JIHI~e 2 ( n = r/~2/. 
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Ta6nm~ 2 

- --: 

A 7' v w .>. '7 ,, v w 
0 o,q2,59 . 0,6!7 0,764 2 0 ,0'.334 0,630 '0,679 
I O,OJI? 0;627 _0,?7.7 3 " O,OJJ4' 0 ,638 ' -0 ,!50 

HcrrOJII.30BaHH8 KpHTepHS MHHHlffl3al(HH OTHOCHT8JlbHOII omH6KH, 
.itailb ir 3Tl!X cey11aax cJie.JtYilll!H8 3Hat18HHS napaMerpa A :_ 

i ,, ' : ·1 2_, 8 -:-- 2. 9 
.>. = . i, 2 _-:- 1- ,' ~ 

0, 5 + O,& 

)J,7IJI 7.,:' ·• 
-11- V -~ 
_":.._··w 

(5.I) 

·'HHtepecHo'Trut:a:e npOciie.n;HTb 'H3MeHeHH8 3HallOHHI! KPHTHIIOCKHX' 
HH.Jt8KCOB B' 3aBHCHMOCTll or KOJIHtleCTBa yqre!IHl,IX l.lJfOHOB PMa TB.,, 
B Ta6Jim~e J npHBe.iteHH 3Ha 11eHHS HH.iteKCOB (.itna n== i ) ,: nony11eH
HHe ltaK Henocpe.n;crseHHOI nO.itCTaHOBKOII _3HatleHHS c = i B rf>opMy-
JI[,I (J.'.34), TaK H C npmteHOHHOM MeTO,D;a CYMMMpOBruiHS (COOTBOTCTBeH
HO ,_,T.s, \)TS 

1 
{"'• Y11 ). Rax BH.D;HO H3 Ta6JIHIUI, HCil0Jlb30BaHHe 

l N N ~fil!mLJ. 
r, - ----

N ··N 

L 2 3 11 i 2 ~ '11 -t:- 0,0!85 0 10372 . _o,.p_289 VTB 0,6 0 ,645, 0 ,597 . 0, 7JI 
J,,/ 

21{ - · 0,0320 O,OJJ2 0,0333 _ VN 0,620 0,626 0,625 0 ,628. 

CIT8IlH6JlbHliX MOT O.ltOB cyW,UlpOBaHHJI pa,JUfKaJlbHW o6pa30M y JiyllmHJIO 
anrrpoxcmmpyn~He caolcTBa TB~ 

5 .2. Ynnpag,HoJieTo!!!il.. a!IB!lqToTHm . . 

3a.itat1a onpe.n;eJieHHII BliCOKOaHeprerH'!eCKHX aCHMilTOTHK'B MO.D;ElJIH 
(f>~(q) B pa~X MO~O.ita peHOp~rpyrrnr,i:CBO.D;HTpR K, 36,D;atle BOCCTaHOB

JI8HHS ~YHK~HH ren~-MaH11a-noy. fJI6BH1,1I_ HHTepec_npe~ctaBJiaer aonpoc 
0 cy~eCTBOB~HHH' HeTpHBH8./JbHOro HYJill y Clera~yHK~HH: H im.n; 
acm.mTom fo ( ~ ), npJ ~ ·~ oo . - · · ·- · · · 
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3Ta sa,JJ;aqa pemaxacb ueto,JJ;aMH YTB 155 ,561, Ila,JJ;e-Eopexa ; 57; 
H MeTO,JJ;OM KOHq>opu-Eopexa 1531 • HaHJlyqmero npO,IUlH:EeHHR B OC!JlaCTb 

!ft { y,JJ;aJIOCb ,JJ;OCTHrHyn noCJle,JJ;HHM M8TO,JtOM. B MO,Jt8JIH 
C B3aHMO,JJ;el!CTBHeU BH,JJ;a :{%f2@ (f>Z, OH. ll03BOJIHJI BOCCl"aHOBHTb C!eTa

q>yHKUHll Bn11on ,JJ;o · !I ~ · 50 c IO% TOQHOCTbll, T. e. YBeJnrnJJI 
OOJlaCTb npnueHHMOCTH Ha 2 nopR,D;Ka no cpaBHeHHI) c oOHQHOI TB. 
1>yHKIU{R f->( 9) BHQHCJIRJ!acb COfJlaCHO qiopMyJiaM (4.4), (4.8), 
npM eM napauetp!i BHC!HpaJIII Cb paBHYMH . cl= 'lf = 5 • tJHCJl,eHHHI aHa
JIH3 / 53/ MHBHMYM.a BeJIHQHH (4.9) ,JJ;aet 3HaQeHHe napauetpa .>.~=•d.,S±0,2., 
QTO npHBO,JJ;HT K aCHMnTOTHKe r-,- qiyHKUHH: 

(!> { ~) "' Q > 9 a 2 llpH ~ ➔ 00 • (5-~2) 

OKOHQaTeJlbHOe BHpa:r.eHHe C yqeTOM nepBHX Q8THpex TOQHHX KOaqxl)H
nHeHTOB (3.28) H acHuntotmecKHX oneHoK (3.26), (3.'27} HMeet 

CJl8,J!;YlllltRI BH,JJ;: rd, _:ic. s 
f->l~)= ~ ; e <J (¾~) BC~"), 

(5.3) 

2 . 
B (::c) = -12.

3
~ x ( 1 - o,-z,32 w-0,12-1-w; o,o&4W \ ... ), 

npHqeu KOHq>OpMHOe OTOC!pa:r.eHHe BHC!paHO B qiopue (4.10) c ct= ::I.. 
rpa(f)HKH WHKUHH f->{ij-) c yqetoM o,JJ;Ho-, .JU3YX-, Tpex- H qeTHpex
neTJieBoro npHC!JIHX8HHI npHB8,JJ;8HH Ha pHC. 15. 

_ IlonyqeHH08 noBe,JJ;emrn qiyHKUHH ·.: /b ( ~) npHBO,JJ;HT .It HYJib
aapa,D;HOI CHTyanHR, T.e. K TOMY, QTO H83aBHCHMO OT 3HaQeHHR 
aaT:(aBOQHoro aapa,D;a B3aHMo,JJ;elcTBHH Ha uaxux iaccToaHnax Ha C!oJib
mHX :(aCCTOHHHHX OH OKa3HBaeTca TIOJIHOCTbll saaKpaHHpOBaHHYM. B 
TeopHHB03HHKaeT q>RltTHBHHlt ";J.yXOBHI" IlOJillC- TRna (I.I) C BenpaBHJib

Hlill 3HaKOM BWQ8Ta, T.e. TaKaa TeopHB OKa3WBaeTCH BHyTpeBHe 
npOTHBOpeqHBOI. 3TOT BWBO,JJ; KaQBCTBeHBO COBrtaJJ;aeT C pe3yJibTaTaMH 

O,JtBOTieTJI8BOro :(aCQeTa f->2 ( g) = !, 5 ~ 2. '· HO B OTJIH'IH8 OT 
TIOCJie,JJ;Hero OH YQHTYBaeT aqxpeuw BHCIIIHX neT8Jib,H qiopMyJia (5.3) 
cnpaB8,JtJIHB~ H npH ~ ~r' f.. 

IlO,JJ;Q8pKH8M e11te pa3, QTO nonyqeHBHe pe3yJibTaTH OCHOBaHH Ha 
npe,D;nOJIOZeHHH·o CyuMHpyeMOCTH pR,D;OB'TB no EopeJill. Becbua CYDtBCT
BeHHW MOMeHToi.t liB;JIJl8TCR TaKze BHC!op napaMeTpa noKa3aTeJla 
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CTeneHHOI acHMnTOTHltH >- HCXO,JJ;B H3 MHHmtyua OTHOCHT8JlbHOI 
OJIIHC!KH. IlOCKOJlbKY ero 3HaQeHH8 OKa3HBaetca OQ8Hb ltpHTH'IHYM, TO 

HHq>OpMaUHR H3 OC!Jla.CTH CHJlbHOI CBR3H C!HJia Cly BeCbMa KCTaTH. 
TeM He M8Hee nonyqeHHaa BHYTP8HHRB npoTHBOpeqHBOC?b 

CKaJIHpHol Teopim cpJ~) He 03HaqaeT, QTO aTa TeOpHa He MOZ87 C!HTb 
HCllOJlb30BaHa ,JJ;JIR OTIHCaHHR B3aHMO,JJ;elC7BHH QaCTHU BM8CT8 C ,D;pyrHMH 
IlOJISWH H THnaMH B38HMO,JJ;elCTBHI. Tax, BB8,J!;8HH8 HeaC!eJieBWX KaJIHC!
pOBOQ~HX nonel MOXeT HcnpaBHTb HYJib3apa,D;HOe TIOBe,JJ;eHne 140,JJ;BJIH 
B YJib7paq>HOJl8TOBOI oC!JiaCTH 3a CQeT aH?H3ltpaHHPOBltH KaJIHC!poBoqHoro 
3apR,JJ;a H npHB8CTH K aCHMnT07HQ8CKH CBOC!O,JJ;HOI MO,JJ;8JIH Bcex BH,J!;OB 
B3aHMO,JJ;elCTBHI. 

§ 6. 3aKJillj8HH8 

TaKID4 oC!paaou, 8CJIH ,JJ;Ba ,JJ;8CRTHJl87HB Ha3a,JJ; MOfJIO Ka38TbCH, QTO 
neJll:ll pa,D; 36,JJ;aQ KBaHTOBOI! q>H3H.ltH, B qacTHOCTH, 3a,JJ;aqa onpe,D;eJleHHR 
YJibT:(aq>HOJl8TOBHX aCHMn?OTHK H pemeHHH napa,D;oxca "HyJia-aapa,D;a", 
TpeC!yET J!Hmb BWQHCJl8HHH ,D;BYX-Tpex K03q>q>HUH8HTOB B TIOCJl8,JJ;yEDtHX 
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nopH,JUtax TeopHH Bo3My~eHml, TO B Raum AHH, KOrAa pa3pa6oTaHa 
TeXHHKa Mil oronetneBYX pac11eTOB, 011epeAHYM npenHTCTBHeM Ha nyTH 
K xeJiaHHOR neJIH SIBJIH6TCH aCIDITTTOTHqecKHR xapaKTep pa3JI~:S:8HHff 

H H6AOCTaTOK mtt'jlopt.1aUHH H3 HCTQqHHKOB, He HCTTOJ!b3YD~HX HA6H CJia6oa 

CBH3H. 
OnHCaHHYe B § 2 cnoco6Y BYqHCJl6HHH KOHTnHYaJll,HOI'O lUITerpa.na 

M8TOAOM nepeBaJia B t'jlyHKUHOHaJihHOM npocTpaHCTB8,HCilOJII,8YJ(Ilta8 HeTpH
BHMhHYe pemeHHH KJiaccHqecKHX 8BKJIHAOBYX ypaBH6HHff ,nBRl!temm, 

npeACTaBJIHDT co6off 3HaqHT8JlbHHR nporpecc H TT03BOJIHDT BYffTH 3a 

paMKH TeOpHH· B03MY~9HHR. 0AHaKo, TTOCKOJlbKY TOIIHOCTh noJiyqaeMHx 
pe3yJibTaToB cocTo.BJIHeT _O ( ~) , To OHH cnpaBeAJIHBY JIHmb npa 
!JaJIYX 3HaqeHHHX KOHCTO.HTY CBH3H. l103TOMY, H8CMOTpH Ha ycnexH 
"HHCTO.HTOHHOR tpH3HKH 11

' OHO. pa6oTaeT TOJlbKO npH MO.JIYX ~ ' H 
rrpo6JieMa ClLIThHOll CBH3H B KBO.HTOBOI TSOpHH TTOJIH He noTepHJia CBoea 
aKTyaJibHOCTH. 

OcHOBHYM annapaTOM noJiylleHHH KOJIHqeCTB6HHYX peayJibTO.TOB 
npo,noJI:meT OCTaBO.TbCH TSOPHH B03My~eHHR. HcnOJlb30BaHH9 OTTHCO.HIIYX 
BHme MSTOAOB BOCCTO.HOBJieHHH (JlyHKUHH no ee aCHMnTOTHqeCKOMY 
PHAY TT03BOJIHJIO cy~eCTB6HHO pacmHpHTb o6JiaCTb npHMeHHMOCTH TeOpHH 
B03MY~8HHR H A06HTbCH BYCOKOR TOq!IOCTH. 3TO CBHAeteJibCTByeT 06 

3ipp6KTHBHOCTH pa3BHTYX M8TOAOB H HX mHpOKHX B03MO:S:IIOCTHX. 
MY npaKTHll6CKH He paCCMO.TpHBamr B HO.CT0Hil\8M o63ope 3HaKO

nocTORIIHYe aCHMTTTOTHqecKHe PHAY. Cnoco6 noeyqe11HH O.CIDITTTOTHll8CKHX 
oneHOK B_3TOM CJiyqae 6JIH30K K OTTHCO.HHOMY HO.MH B § 2, HO COAep:s:HT 
HSKOTOpue AOTTOJIHHTeJibHUe ycJIO:S:H6HHH. 3TOT Bonpoc no,npo6HO 
paccMOTpeH B 063ope 1221. IlocKOJlhKy 3HaKonOCTOHHHHe PHAN OKa-
3YBaDTCH HecyWlHpyeMYMH MeTOAaLlHEopeJIH, TO OHH Tye6yDT ero MO
AHtpHKaUHH. ABe H3 HHX 6HJIH npeAJio:s:eHY B pa6oTax 5o,5l/. IlpHMe
HeHHe M6TOAa pa6oTY 1511, 6JIH3Koro K onHCO.HHOMY HaMH BYill8 B CJIY~ 
qo.e 3HaKonepeM8HHHX PHAOB, AD,JIO aenJIOXHe p83YJibTO.TY B KBaHTOBOff 
MexaHHKe. B TO :s:e BpeMR npID18H9HHe ero B TeOpHH noJieff HHra-MHJI
JICO. He TT03BOJIH8T TTOJiyllHTh Ba,ne:S:HHX pe3yJibTO.TOB H Tpe6yeT npHBJie
qeHHH AOTTOJIHHT8JlbHOff HHtpOpMO.UHH. HaJIHqHe AOTTOJIHHT8JlbBHX TPYA
HOCTeff npH cyMMHpOBilllHH 3HaKonocTOHHHHX O.CHMTTTOTHlleCKHX PHAOB 
HBJIHe~cH npOHBJleHH6M 6oJiee CJIO:S:HOI tpH3HqecKOff KapTHHH B3aHMO
,nelcTBHH B CHCT8M8 H CBH30.HO, B KOHeqaoM cqeTe, C yCJIO:S:H6HH6M 
cTpyKTypu t'jlH3HqecKoro BaKyyua. 

TaKHM o6pa3oM, BCJieA 30. pacnBeTOM HaAe:s:A, CBH30.HRUX C 
OTKpYTHeii ROBoro cnoco6a TTOJiylleHHH HHtpOpMaUHH 06 O.CIDITTTOTH'leCKHX 
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PH.itax TB H oco6eBHOCTHX t'jlyHKUHff no nepeM6HHOI KOHCTO.BTY 
CBH3H, BHOBh OKa3HBaeTca, ~TO nporpecc, )tOCTHrHyTYI 3a .itecaTH
JieTHH YCHJIHI, HOCHT CKopee KOJIHqectBeHHHI, qeu KaqecTBeHHL!R 
xapaxTep. Mu BayqHJIHCb Tenepb BUXO)tHTb H3 00JIO.CTH CJia6oa CBH3H 
JtO 3BaqeHHA s~ i , O)tHO.KO 3TOrO OKa3YBaetCH B6)tOCTO.TOIIHO 
)tJIH TTOJIYll8HHH HO.)t8:S:HHX tpH3HqeCKHX pe3YJibTaTOB B peO.JIHCTHlleCKHX 
KBO.HTOBo-noJieBYX CJiyqaax. ){O.JihHeRmee npOABH:S:eHH8 K 6().l]l,J)ImJ SHa
qeHHHM KOHCTO.HTU CBH3H Tpe6yeT rrpeo~o.nelll'UI TPY.ltHOCTel, CBH3aHHYX 

C acHMnTOTHqecxm,. xapaKtepou pa3JIO:S:8HHR, H,B KOHetlHOM cqeTe, 
KOHCTPYKTHBHoro BHXO)ta B 06JiaCTh CHJlbROA CBHSH. 

My XOT8JlH 6u no6Jiaro.itapHTb HamHx KOJIJier B IlaOopaTOpHH 
TeopeTH118CKOI tpH3HKH 3a oOcy:s:,1teHHe npoOJiew, 3aTpOHYTYX B HaCTOH
~HX Jl6KUHHX,H ocoOeHHO A.T.~oBa, npoqHTO.Bmero PYKOTTHCb 
H c.iteimBmero pa.it noJie3HYX SaJ.leqaHHI. Mu OJiaro.itapHu Tax:s:e A.A.Tura

,IOIMIIpOBy H O.B.TapacoBy, B COO.BTOpCTBe c KOTOpHMH 0YJIH noJiyqe
HY H8KOtopue oOCyXAD.eMHe 3)teCh pesyJihTO.TY. Bupa:raeu npH3Ha-

. T8JlhHOCTh E.E.EoroMOJibHOMY, B.IT.rep,1tTy, r .B.Et'jlHMony, H.B.Kpac
HHKOBY, D.A.KyOYmHay, B.A.Me~epaKoBy, B.C.Ilonony u M.A.Cuo11,1tu
peBy 30. MHoroqucJieHHYe TTJIO)tOTBOPHYe 06cy:s:,1teHHH. 
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