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KanycuuK 3. P2 - 10677 
ranunueeBa UHBapuaHTHOCTb B reopuu nong 

B neKuugx uanara10rcg MeTO/:lhI nocrpoeHug KnaccuqecKoil u KBaHTOBOil 

Teopuu nong C npUHUUilOM UHBapuaHTHOCTU,OTHOCUTenbHO rpyrrnhl·fanuneg, 

Bali{HOCTb 3TOI'O aonpoca 38KilIO'laercg B Heo6XO/:lllMOCTI! 'leTKOI'O orrpenene

Hl!g pengTHBllCTCKUX a¢¢eKTOB reopuu nong, 

O6cylKna10rcg MeTO/:lhI nocrpoeHug npencraaneHuil rpynrrhI ranuneg u He

o6xonuMocTb ucnonb30BaHug nppeKTHBHhIX npencraaneHuil sToil rpynnh1, 

CTpOHTCg reopug HepengruBUCTCKUX BOilHOBhlX ypaBHeHHil nng '18CTllU rrpoua

BOilbHOI'O. cnuHa-u noKa3hIBaeTcg cyIUeCTBOBaHue HepengTllBl!CTCKOil 3Il6KTpo

/:lllH8Ml!KI!, KOTopag npe/:lCK83bIBaeT . npaBHilbHhJe 3Ha'leHug M8I'HllTHhlX MO

MeHTOB 3IleMeHTapHblX '18CTHU, 

JleKUllll 38K8H'lllB8IOTCg o6cylK/:leHUeM ranuneeBO-llHBapuaHTHhlX KB8HTO

BhlX Teopuil noneil, KOTOphle cyIUeCTBeHHO OTilll'l8IOTCg OT pengTUBllCTCKllX 

Teopuil, 

Coo6weHBe O61,e.11BHeHHoro BBCTBTYTa ll.llepHblX Bccne.110BaHeii • .r(y6Ha 1977 

Kapusci_k E. P2 - 10677 
The Gali-lean Invariance in Field Theory 

In the lecture notes the methods of construction of 
classical and quantum field theories with the principle 
of invariance with respect to.the Galilei group are pre
sented. The importance of this problem consists in the ne
cessity of rigorous determination of relativistic effects 
in field theory. 

The methods of construction of the representations of 
the Galilei group and the neciessity of using the projec
tive representations of this group are discussed, t~e 
theory of nonrelativistic wave equations for particles 
of arbitrary spin is constructed and it is shown that · 
there exists a nonrelativistic electrodynamics which pre- , 
diets the correct values of the magnetic moments of ~lement 
tary particles. · c . j 

The lecture notes end with the discussion of the Gali-: 
lean invariant quantum field theories whi~h essentially I 
differ from the relativistic theories. : 

I Communication of the Joint Institute for Nuclear Research. Oubna 1977 · / 

I : 

©·1977 061>ecJuHeHHftlu uHc11u,ry11 JJClepHMX uccAeeloeaHuuJlY~Ha 

BlleneHHe 

IlpHHnHIIl:I HHll8PH8H!HOCTH Hrpam! l!a•HYE pon» ll TeopeTHqecKOtt 

wuaHKe. ,llJIH WHSHqecKHX cHcTe11, )l11H KoTopwx aaKoBli npupo~ Hal!ecTim, 

npHBnHnH HBll8PH8HTBOCTH noallOXHET Oonee rnyOOKO nOHH!b CMYCJI 

S!HX 88KOHOll, 8 )l11H WHSHqecKHX CHCTell C B8H8ll8C!Hl,IIIH HJIH H8AOC

,a,oqHo H8ll80THHIIH 88KOH8MH npHpOAH npH~HnY HHll8PH8H!BOCTH 

noaBOXHE! orp8BHqHB8Tb l!OSIIO•HYE WQPIIY TBKHX aaKOBOB H,KBK npa

llHJIO, no11oram, HX BBITH. 

Cpe;nH B08X H8ll80HYX npll~HilOll HBll8pHaH!BOO!H, no•axyn, 

HSHOOJiee oy.eo!E8BlUIII HllJIH8!0ft npHHnBn O!HOOH?6JIIBOO?B, l!Il8Pl!Ye 

ftl!Blill o0p830K C~OPIIYJIHPOll8HBlil r8JIBJI8811. Kosequo, r8JIBJI81 Be 11or 

owop11yn1poES!b S!OT np1BnBn ll 00l8K llH;ne, !SK K8K'H8 p8lllOJ1Srax 

e•e uy•BH» xa,e118Txqeox111 8nn8p8!0K. Ilp•~•n o!Hocx,e11aoo,H, 

B8ll8C!IUII oeroJUffl K8K np•~•n raxJtJieeBol OTHOCH8:HHOOH, OYJI 

C~PIIYJIBPOllSB !OIIKO nooxe COS;ll8BBft ,eope!Hqeoxol K8X8BHKH. 

Caaqaxa BBK!O ae oOpalBJI B8 aero oooOoro llHBK8UH: oqx,a100», 

q:ro OH HaCtO,U,KO ec:recne~1 uo BC6rl8 11188! 1180!0. 8H8UHH8 

np1~1na r8XHJI68BOI O!HOOH!8JlbBOC!I OYJIO noBH!O !Ol»KO nooxe 

008;1l8HHH peJIHTH:eBO!OKOI !80PHH 0 np•~•no11 O!HQOH8JIHOO!B 

8RH■!elH8i !Or;ita O!SJIO HOBO, qfo 1 aero oqeHI Y~K8ft 00180!» 

IlPlll8BHOC!Bo 

Sa;itaqel npe;lllaraewx JleKn■I SBXft8!Cft 08B8KOlll8U8 U!SleJiel 

C OCBOBBHIIK BOnpOC8H ,raunee:eo-aBl!apB8B!IIJ,IX !80P■I nOJift. Saa

K~IIC!BO C S!BKB :eonpOC811~,B8COKH8HHO,nOBBOIB! 1yq■e noBH!I CKYCJI 

IIBOrHX ynep:1Jl8DI, BYCKB3Wll88WX O!BOOH!81HO pellHX:BIC!CKIX II 

1epe1H!■:BBC!OKBX ,eopxl noxa. r81UeeBO-HBB8PISB!IDl8 ,eopBH 

npeJlC!8BXHE! Be !OJIIKO K8!0;1lBqecul •• ,epeo. 1 BBX 80!~ B Oo11maH 
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HayqHB.H U0HHOCTb, cy~HTb O KOTOpon MOUHO,TOJlbKO OOJia,D;aH XOpOlllllMH 

3B8HHHMH B 3TOll 00Jl8CTH. 

OT qHT8T0JlH TpeOyDTCH B8KOTOplle npe~BapHT8JlbHll8 3B8~HH. 

3H8KOMCTBO C OCHOBBMH T00PHH rpynn Hee npe~CT8BJl8HHll llOCTOHHHO 

npe~nonaraercH B nepBHX ~Byx naparpa~ax aacTOHIIIKX neKUHMo nanbme 

Mli npe~nonaraeM, qTo qHT8T8Jlb 3H8KOM C TeopHeM BOJIHOBHX ypaBH8HHlt 

XOTH Ou B oO~eMe peJJHTHBHCTCKH HHB8PH8HTHOll KJl8CCHqecKolt TeopHH 

nonH. qTeHHe nocne~aero naparpa~a, nocBH~eHHoro BonpocaM KBBH

TOBon T80pHH llOJJH, TpeOyer ~OBOJlbHO OOJibmoa no~rOTOBJtl'[ 

B 00Jl8CTH OOIIJ.HX npHBUHllOB KBBHTOBOff TeopHH llOJIH. 

B 38KJ!nqeBHe Ml,I llPHBO~HM OCHOBHlle JIHTeparypHUe HCToqBHKH, 

3Ha.KOMCTBO C KOTOp:wm, Ha Ham B3rJJH~,Heooxo~HMo.B OCHOBHOM T0KCTe 

He ~aeM HHKBKHX CCHJIOK, qToOH H308X8Tb HCK8X8BHff ~ellCTBHT0JlbBHX 

BKJ!8AOB 8BTOPOB B P83BHTH0 BTOM oOnacrH BBYKH. 

MaTepHaJI Jl0KUHM nonoOpau TBK, qToOu Ha llPHMepe TeOpHff 

C ram111eeBolt HBB8pH8HTBOCTbD npo~8MOHCTPHPOB8Tb M8TO;llli, KOTopue 

oOuqao npHM8HHDTCH B nocrpoeHHH peJJHTHBHCTCKH HBB8PH8BTHllX 

TeOpHtt. 
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rpynna ranHneH H ee npe21.0Tl:!llJH!HIU! 

OOoauaqHM npOCTP8HCTB8BHll8 KOOP~HH8Tll roqeK npocTp8HCTB8-
. ➔ 

BP8M8BH qepea X-1, )(2. H X3 (00Kpa111eHHO X ),a BP8M8HHYD Koop-

~HB8TY- qepeat • Co0cTB8HHllM npeoOpaaoB8BH8M raJJHJl8H Oyne11 

H83llB8Tb 011erurn111ee JlHHellHoe npeo0p830B8HHe BP8M8HHO-npocTpaHCT-

B8BHllX KOOP~HBBT: 

Xi ➔ xl =t'RiJ-xJ· +vd +a.i 
J==1 

-t ➔. t' = t .+ b 

) i=1,l)3, (I) 

r~e °Rij - M8TpHqBll8 8JJ8M8BT~ Tp8Xll8PBOll OpTOrOH8JlbHO£i M8Tpl,U\ll 1(, 

a qHcna v,· > Qi H b - npoviaBOJJbHlle Be111ecneHBlle napauerpu. 

M8TPHU8 ~ OllHCllB88T H8KOTOpoe BP81118HH8 TpexuepHoro npocrpaHCT

B8 xoop;iurnar, rpoltxa i}=_(u-1, 1Ji;ir3) aa~aer cxopocn nBHeHHH 

onaolt HH8PUH8JlbHOlt CHCT811ll orcqera OTHOCHT8JlbBO ~pyrolt, 8 TpollKa 

d,: (a.,a.,, a.3) H napa11erp b - BTO napa11erpu npocrpaHCTB8HHO

BP8118HHliX C~BHroB. TaKHM 00paao11, BCHKoe oo0cTB8HHOe. npeoopaao

B8HH8 ranHJJeH onpe~eJJHeTCH IO H838BHOHMllMH .napa11erpa11H. 

BcHKOe co0cTB8HHOe npeoOpasoBaHHe ra11HJ18H OCT8BJIH8T H8H3-

118HHHM BP8118HHOlt HHT8pB8JI ~Byx JIJl0llX coOllTHI, T8K K8K H3 (I) 

onerurer, qro 
I I t t, - t1 : 1 -t1 . 

OHO OCTaBJJHeT H8H3M8HHWl rrua:e paCCTOHHHe M8lE,ltY ~BYWI O,nHOBpe

M8HHwm C00llTHH:im, Ta.It Ka.It 

1t-x~1=1x,_-x11 
npn t 1 ==-t1• H HaoOopor,uoeo ~oxaaau, 'lqro enHHcneHHllMH JJHHelt-

HlilKH npeoOpaBOB8HHHMH npocTp8BCTB8HHO-Bpe11eHHllX KOOP~HBT, OCT8B

JIHDJIIHMH H8H3118HHllMH 3TH B8J!Hql,1Hll, K8K pas H HBJ!HDTCH co0cTB8HHlle 

npeoOpasoBanila ra111,111ea. Snecb npeimonoaeHHe o JIHHelHocrH npeoO

paaoBaHHA cy111ecTB8HHO B OTJIHqHe OT pellHTHBHCTCKOro npocTp8HCTB8-
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BpeMe!Ui, r1te TeopeMa 3eM8H8 yTBep:a1taeT, qTo BCHKHtt 8BTOIIOpq>HBM 

npoCTP8HCTB8-BpelleHH, coxpaHHDll!Htt npHqHHHoe ynopHAoqeHHe ToqeK, 

00H88T6JILHO CB01UITCH K JIHHettHliM npeoOpaaoB8HHHM Jlope~a. 

B A8JILHettmeM BM8CTO {I) 6yAeM IlHC8TL 
➔ ➔• ➔ ➔ t ➔ 
x ➔ x =~x +v +a, 

rAe "'R ~ oooaHaqaeT B6KTOP 1, no.l{BeprHyTua Bpa.memrn, 

KoTopoe om-1cUBaeTca MaTpanen'R • 

MHOZ8CTBO BC8X C00CTB6HH!iX npeoOpaaoB8HHtt raJIHJieH o6pasyeT 

IO-napaMeTpaqecKyn rpynny ~ , HaauaaeMyD·rpynnoft ·ranHnen. 

OooaHaqaa qepea 9 {R, ~, a., b) nnOoe npeoOpasoaaHHe raJIHJien, 

HS (I) noJiyqaeM CJI8AYD111Hil rpynnoaon 88KOH KOilnoaHUHH 

9fR1, i¾,ct,; b1)09(~,)t., a.:i}.i)= 9 ('R,'R.i>¼+'R1~, tt1+~1a2.+biil;, h-1+b,.) 
H, nocxontxy' npoHaBeAeHHe ABYX oproroHaJILHliX MBTPHU aBJia

ercn.opToroHaJILHott IIBTPHnen, KOIIIlOBHUHH nyx npeoOpasoB8HHA raJIH

JI8fi OilfiTL HBJIH8TCH npeoOpaaOB8HH8M raJIHJieR. 

Ua 88KOH8 KOMilOBHUHH noxyqaeM, qTo npeoopasoaaHH8 

e = 9 ( 11, o, o, o) 
STO 6AHHHqHlift 8JI8MeHT rpynnu, 8 8JI6M8HT 

SJ (~-\-'R-1i1-,, 'R-1(ct-l>~),-b) 
HBJIH6TCH o6p8THliM 8JI8116HTY 9 ("R, ir, ct b) • 

MBT8M8THqecKH rpynna raJIHJieH 8CTL H6KOMil8KTH8H H H8CBR8H8fi 

rpynna JIH. 3a11eHHH B Heft noArpynny apa111eHHft (R rpynnoft ABy11ep

HliX YHHT8PHHX MaTpHn, nepeXOAHII K YHHBepcaJILHOA H8KpliB8EI11eft 

rpynne. IloJIOllteHHe 3.l{eCL TaKoe xe,KaK H B cnyqae c rpynnoll Ilyruucape, 

H He OyAeM 60JILme OCT8H8BJIHB8TLCR Ha STOii Bonpoce. 

0AH8KO CTPYKTypa rpynnli raJIHJiefi 8H8qHf6JILHO CJIO:aHee 

CTPYKTYPli rpynnu ITyaHKape. 00CY1UIII 8!0 H8 npHMepe POT8UHOHHO

HHB8PH8HTHHX IlOArpynn rpynnu raJIHJieH. HaHOOJiee B8KllliMH !8KHIIH 
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·no;lll'pynnaMH fiBJIHETCfi CJI8AYDI11He: 

T={sl11,o,i,b) IV b} 
S =fol1,o,ci,o) I -Va} 

- noArpynna Bp8M8HHl,IX CABHrOB, 

- IlOArpynna npocTp8HCTB8HHliX CABHroB, 

'lJ = 1 g (11, i}, o, o) j V;}} - no;lll'pynna 
-+ raJIHJI6fi, 

(R = 19 ("R' O,O, O )/VR, RR1= 11 }- noArpynna 

qHcrux npeo6paaoaaHHft 

BP81118HHff. 

C noMOIIILD STHX IlOArPYilil IIOZHO OilHC8TL Bee OCTBJILH!,16 po,anH

OHHO-HHBapHa.HTHli6 no.l{rpynnu rp~nu ranHJiea.MTaK,no.l{rpynny npo

CTpa.HCTBeHHo-apeMeHHliX C,l{BHrOB noJiyqaeu Kalt npJIMOe npOH3B6,l{6HH6 S 
H J , 06oaHaqae11oe qepea S X T . Sro HHBapHaHTHaH aOeJieBa 

noArpynna rpynm• §, H qiaxrop-rpynna j/(SxT}nBJIHeTcH nony

np1111uu npoHsBeAeHHeM (R H ,r, ollo:maqaeMw qepea (RA'li • 

TaKHII oopaaou, noxyqae11 cJieAYDI11ee paaOHeHHe rpynnu ranHJien: 

j = (CRJ\1l)/\ (S X T). 
JlnH Cp8BH6HHH H8IlOIIHHII BA8CL 1 qfQ A}lfi rpynnli IlyaHKape (P q>8KTOp-

rpynna cP/(SxT}coBnaAaeT c npocroA rpynnoft OAHOPOAHHX npeoOpa

ao11aHHA JlopeHna J~ H ooor:eerouym111ee· paaOHeHHe rpynnN 

Hll68! BH1t 

tP = cl " ( S )( T). 
Y:ae BTO IlOK88liB88T, qro rpynna raJIHJI8fi OJIOKH88 rpynnli ITyaHKape. 

K !Olly :ae, B rpynne IlyaHKape UO;lll'pynna C1(l!HrOB S )( r eon 118KOH-

118JILH8fi HHBBPH~HTHaH aoexe11a no;lll'pynna. rpynna raxuxea co1iep:aHT 

e111e H 1ipyrym HHBBPHBHTHYE aoexe11y no1trpynny. STa mecTHnapa11eT

pHqecxaa no~rpynna 1111JIHeTCH npawu npoHaBe1teHHe11 'lJ'xS • ~axrop

rpynna §/ ('lJ). !,) ecn upa11oe npoHa11e1teHHe CR H T, B peayJIL

rare noxyqae11 APJroe paa6HeHHe rpynnu 5 
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s = ( (R X T) I\ (?) )( s). 

HcnORb3YH ;npyr11e, Hea6eReBli HHB8Pl18HTHlie no;nrpynnu rpynnu 

ranHReH, Ml,I MOEeM BliilHC8Tb pH;zt ;npyr11x pa36HeHHtt rpynnu 9 
HO T8K K8K Mli 8THM He 6y;zteM Il0Hb30B8Tb0H B ;zt8RbHettmeu, TO 3;zteCb 

3Toro ;nenaTb He 6y;neM. 0TUeTl1M TORbKO, qTo paa611ea11e 

j = CR /\ [ j A ( s XV-)] 
06ecneq11BaeT npoCTOTY 0IlHC8HHH POT81.lHOHHOtt'' 11HB8Pl-18HTHOCTI-I B 

HepenHTHBHCTCKott IDl131-!Ke, a paa611eH11e 

J = j /\ [ (R " ( 1Y )( $ )] 1('\i 

CBH38HO C a6COR~THliM xapaKT8POM BpeueHH B aepenHTI-IBI-ICTCKOH 

IDl-131-!Ke. 

Co6oTBeHHaH rpynna I'a.n11neH - sxo qacxb nonHott rpynnu ran11neH, 

r;ne KPOMe co6CTB8HHHX npeo6pa30B8HHtt HMeeM eme 11 ;ztBe ;ztHCKP8THHe 

onepa1.11111: npocTpaHCTBeHHoe oTpameHHe Is , aa;naBaeuoe B BH;zte 
➔ ➔ I ➔ I 5 : x ➔ X ==-X 
t ➔ t' = t, 

11 BpeMeHHoe OTpaEeH11e It 1 38;1!8B8eMoe wopuynott 

It: 
➔ ➔ 1 ➔ 
X ➔ X = X 
t ➔ t'=-t. 

TaKHM o6paaoM,IlORH8H rpynna ranHReH 11ueeT qeTupe CBHSHUe KOMilO-

HeHTli: co6oTBeHHYD rpynny j , rpynny ranHReH C npocTp8HCTBeH

HliM11 OTpaEeHHHMll Is 5 ' rpynny ranHReH C :apeMeHHHMl1 OTpa:a:eHHHMll 

ItS 11 rpynny ranuneH c rrpocTpaHCTBo-:apeueHHHMl1 oTpa:a:eHHHMH 

Isit J • Ilo;nrpynrrau11 rronHott rpyrrnu,noMHMO rpyrrrru j, HBHHDTcH: 

opToxpoHHBH rpyrrna ran11neH J U Is_ S , one1.1nannaH rpynrra ran11neH 

j U It 1 11 rpyrrna 5 lJ Is It J . 
.1{HcKpeTHHe onepaxnrn Is 11 It sa;naDT ;n:aa BHemHnx BBT01wp-

IDH3Ma rpynrru ran11neH, orrpe;neneaHUe wop11ynauu 
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·Is~ 

It : 

~ ('R. ~, CL, b) ~ ~ ('RI - ,J,, - ii' b)' 

~ ('R,1',(11 t)-, J ('J?, -1f, Q, I -6). 
Kpowe 8THX 8BTOMOP~H3IIOB, cymecTByJlT eme TPH B83:HliX BHeIDHHX 

8BTOMOP~H3118 rpynrru ranHReH. 9To: 
rrpocTp8HCTBeHHHe ;ztl-lR8T81.1HH (paCTHEeHHH) :Ds , 38;1!8B8eMHe WOPMYROtt 

"Ds: ~('R,~ct,b)~~('R,~11,AQ,b), V-AE'R', 
BpeweaHHe ;n11naTa1.11111 lt , sa;na:aaewe ~op~ynott 

])t: ~(R,~,a:,M--, 9CR, x'v-, ii,.>ib), 
11 npocTpaacTBeaao-:apeweaaue ;nnnaTa1.11111 1>st 1 sa;na:aaeuue 

ipopuynott 
J)H: ~ ('R,ir,a.,t) ~ $CR, v, ~'a:,) t). 

C WH3Hqecxott TOqKH speHHH cymecTBOB8HH~ ;ztBYX H838BHCHllliX . ' ;ztHR8T81.lHH, :apeweHHHX H rrpooTp8HCTBBHHliX, CBH38HO C Tew, qTQ B 

aepeRHTHBHCTOKOtt WH3HK8 :apeweaaue H npooTp8HOTBeHHHe M8CIDT86li 

HB38BH0Hllli. B peRHTHBHCTCKOtt ~H3HKB 8TH 118CDIT86li OBH38Hli OKOpOCUll 

CllBT8 H noaTOllY T811 Hll88T cwon TOUKO onepal.lHH ])St • 

Haxoae1.1,06cy;n1111 oBHSb npeo6paao:aaa11I ran11nea c npeo6paao:aa

HHHMH_ Ilyaaxape. ,lllia SToro BlillHmeM o6~HA BH;zt rrpeo6p830B8HHH Ilyaa-

Kape 2. ➔ _. 
➔ ➔ I 't (_,, ➔) t ➔ 
X ➔ X =-'Rx t 7+T r·'RX r + ~cf t 0. 

t: ➔ t'= ~(if~ ~-'Rx)+ b, 
r;ne,xaK o6uqao, 

( 
.1 ➔2.)- "IL 

't= ·1-r-, - -

(2) 

. f.J =- 'll'/c. 
B (2) mononbao:aaHJ,1 a:aHHM o6paaou Te :a:e cawe napaueTpli npeo6pasoBa-

HHH,qTo H B (I). HepenaTHBHCTCKHI upe;nex wopuyn (2) nonyqHM, ecnH 

upe;!lIIOXOZHM, ~TO 
1~1"<1. 
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_, 
Ho 8Toro eme He,llOCTaTOtlHO. neno B TOM, t!TO B (2) napaMeTp ~ 

YMHOJKaeTCH Ha BeJIHtllilHH, KOTOplie MoryT ONTb BOBCe HellaJIN. Ilpe}l

nonaraH ,llOD(lBOt!HO, t!TO Hae lilHTepecyDT coClliTHH C KOOP~~aTaMlil 

't Iii t TaKli!Mlil 1 t!TO 

c. t >> 1 xi, 
TOt!Hee, ,~1 

'·'"'v~ L . I/Hit 
"a (2) nonytiaeM npeoClpaaoBaHHH ran1,1JieH (I). TaKHM oC5paaoM,npeoe5pa-

aoBaHHH raJili!JI8H oClpaayET nepeJIHTHBHCTCKliltt npe,lleJI npeoC5pa30B8HHtt 

IlyaHKape TOJibKO B rnyCiOKO npeueHHIT0~06Hott o0JI8CTH npocTp8HCTBa

BP8M8HH. 

HHTepecHO Il0CMOTP8Tb, BO qTo nepexo~T q>OPMYJili (2) B OCT8Jib

HhDC xapa.KT8pHCTHqeCKHX 06JiaCTHX npOCTpaHCTBa MllHKOBCKoro. 

Il 06JiaCTH CB8TOBOro KOHyca, r~e 

lil3 (2) 

lxl~ct, 
nonytiaeM 

➔ I 'I) ➔ ➔ ' 
X=r-.X+a 
t;':ttb. 

3HaqHT, B OOJiaCTH CB8TOBoro KOHyca npeoOpaaoBaHHH IlyaHKape B· 

HepeJIHTlilBHCTCKOM npe}leJie nepexo~T B o6NqHym TpeXMepHyE 8BKJIH}lOBY 

rpynny B cotieTaHlilH C BP8M8HHliMH C}lBHr8MH. HaKoHeU, B OCiJiaCTlil, 

r}le 

H3 (2) 

TaKHM 

lxl"" 1ctl 
I pl ' 

ITOJiytiaeM 
:-t' ➔ ➔ 
x ='Rx+u 

I - ➔ b t =-t+tf.>•'Rx+. 
oClpaaoM,B rny60KO npocTpaHCTB8HHO-IlO}lODHO~ ODJI8CTH 

npocTp8HCTB8 MHHKOBCKoro, npeoClpaaoBaH~H IlyaHKape B HepeJIHTH

BHCTCKOM npe}leJie oOpaayDT HOBym rpynny, cymecTB8HHO OTJIHt!HYll OT 

rpynnN raJIHJieH. 9Ta rpynna nocHT naaBanHe rpynnN Kapponna. 
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IlpHCTYllHII K 1/13JIOJK8HlilD 118TO}la lilH1lYUlilPOBaHHliX npe}lcTaBJI8Hlili 

Ha np11111epe rpynnN ~ , HBJIHDIJlettcH.llOJIYllPHUlill npoH3B8}l8HJll8M 

HeKoTopott no}lrpynnli H Iii aOeJieBoi HHBaplilaHTHOi no}lrpynnu N , 
T.e. 

~::: HAN. 
BcHKlili 3JI8M8HT ~ c ~ MOJKHO raKHM oOp830M npe.ncraBlilTb B Blil,ll8 

napli 
~=(h,n), 

r}le h. E H III n e N , H aaKoH Kounoanu11111 111MeeT BH1l 

( h.1, n1) o ( h2., n2.) = ( ~1 h2. , n1 + h1 l n.2.)), 
r.ne Ii ln) oooaHaqaeT .nettcrB111e aJieMeHra h no.nrpynnli H' Ha 

3Jl8118HT n no}lrpynnli N , onpe.ne~Hlllil88 llOJiynpH1108 npoH3B8,ll8-

HH8 HAN. 
Ilo.nrpynna N - aoeneBa rpynna, H noaroMy Bee ee Henp111Bo,llHMlie 

yHHTapHlie npe}lcTaBJieHHH O,llHoueplll,I. IlycTb BCHKHtt aJieMeHT rt€ N 
onpe,lleJiaeTcH naoopo1,1 s napa1.1eTpoB 

n. : f n.1, • • • 1 /'2,5 L 
Tor,lla yHHTapHlie ttenpHBO,llHMlie npe}lcraBJIBHHH rpynnN N aa,llaDTCH 

Ha6opo1.1 s qHceJI 

q, = { g,-r J ... ' ~ s! 
H onepaTOPli npe,llCT8BJI8HHH HU81lT BH}l 

U (n1,, .. ris) 'o/ = exp f i. t ~j nj ft 
r}le '3/ HBJIH8TCH B8KTOPOM O,llHOMepaoro rHJib08pTOBa npocTp8HCTB8. 

LIHOll8CT:BO BC8X HaOopoB CJ, oopaayeT JIHHeiaoe S -uepHoe npocTp8HCT

BO N' , H83liBaeuoe npocTpaHCTBOM, 1lYBJibHlilil K N • 
Onpe;zi:eJIHll ;zi:ettcuae aneueHTOB he H B npocrpaHc!rlle N

I 
c 

llOlilOmbll 4JOPIIYJlli 

n(<}l = i ~~, ... , q~}, 
I 

r,lle qacJia 9-j onp8}l8JIHllTCH H3 P8B8HCTB8 
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i ~' 

'ii 

s " s 
I ~ li,f 

~ CJ,j nj = ~ CJ,j (n)j. 
J-1 ·.·. r-1 

Ilpm,1e1IBH K qiaxcapollaHaouy aJieMeHTY cp° € N' llce aJie1.1ean1 h E H , 
noJiyqaeu B N' uexo,opoe uaorooOpaaae, aaaLillaeuoe opoa,ol ioqKu 

Q oJ;t ... 
C} • 

CJI8AYDIIl88 IlOHHTHe, KOTOPLIM OyAeM Il0JID80ll8TDCH B ABJIDHelmeu, 

8TO IlOHHTH6 M8JIOI rpynnLI. IlOA 8THM H88ll8HH8M 0YA8M noHHM8TD BCH-. 

xyrJ noArpynny noArpynm,1 H , xoiopaH ocTaBJIHeT HHllapaaH!HOI XO!H 

OLI OAHY TOliKY aa. N 1 
• Toqaee, MaJiaH rpynna i:oqm1 9, 0 e N' - a,o 

noArpynna Hq.o llOArPYllllbl H rpynnLI ~ , coc!oH~BH aa a,11e

ueai-0B h'}o !8KHX1 1U'O 

h'J,o { q,oJ;;: q. ~ 
IloJiynpawoe llPOH8B8A6HH8 

K = J-lq.o AN 
HllJIH8TCH IlOArpynnol rpynllli j I KO!OpyrJ 0YA8M HCil0JlD80ll8!D AJIB 

HHAYUHPOll8HHH npeAC!8llJI8HHI llC61.rpynllli ' • ·IlpeAnOJIOUM, qfo 

.{\ (k) , k € K oOoauaqarJ! onepa,op1,1 yaHapHoro npeAC!BllJJ8HHH 

noArpynllli K , AelcuyrJ~e B runoepiollOM npoc,paHcue L co 

CK8JIHPHlilM npoH8B6A8HH811 ( , ) • OOoauaqHM qepea "Jf rHnOepSOBO 

npoc!paucno L -aHaqlililx c»YHKUHI { , onpe,1teJieHHLIX Ha IJcel 

rpynne ~ 1 YAOBJI6!llOPHrJIIIHX C!PJK!ypaouy ycJIOBiUI 

l ( 90k) = ti ( k-1)/(9} 
AJIH 9 e. ~ u k e K H KBBAPB!H11HO-HH!erpapyeulilX no HH:eapHaHTHol 

uepe p.(9) Ha '/K . CKaJIHpHoe npoHaBe,1teHHe :e '£ onpMe

Jieao qiopwy,1101 

(J1,J:i.)= 5 <{1 l~>,1.d9))clf(9). 
· Sh< 

12 

-· B npocTpattcTBe Jf. ecTeCTBeHHUM oopaao1.1 aaAaHo npe.ncTBBJieHHe 

rpynni.. ~ B BH.lle onepaUHH JieBoro CABHra, i.e. npe.nciaEJieHHe 

U l~) onpe.neJietto ~opuyJion 

tu (~)f )(~')=}<ft~'). 
STO yHHTapHoe npe.l(CT8BJ18HHe rpynnbl ~ H H83LIB88TCH HH.l\YUHPOBBH

HLIM (no MaKKH) npe.ncTaBJieHaeu a oooaaaqaeTcH qepea 

U=6(K)t~ .. 
EJraro.napH CTPYKTYPHOMy ycJIOBHrJ, ipyHKUHH j(~) ,llOCT8!0qHo 

88A8ll8TD JB1mb ,llJIH O]lHOrO npe)l,CT8BH!r8Jlfl K8llt]40ro CM8liHoro KJiacca 

i K H 11a qiop1..1yJIL1 . 

~ok = ( h.J n.) o ( n.'1,o, n.1): ( h,h'j°, n + h. (n1)} 

BH)IHO, qfQ KBlltAbll CM8lltlil,ll KJI8CC OAH08H8qao onpe.neJIHeTCfl 8JI8M8H

TOM h.E ~, • BblOepeM TenepB B K8llt,1tOM CM8lltH~M KJ18CC8 TBKOI npe.ncTa

BHT8JID1 ]4JIH KOTOporo BTOPBfl KOUilOH8HT8 pa~Ha HyJirJ, T.e. 

n1=-h-1 (n) 
I 

H T8K KBK 

n.n.q.o {~o) = h.(q.°)= Cy/ 

AJIB ayuepaUHH paaHLIX KJI8CCOB CM8XHOCTH ]lOC!r8TQqRo YK838TD TOqKy 

'} t npHH8AJI8lltBIIIYll opOaTe TQqKH 9, O • IloJiarafl 

/ (9,) = j ( hi~~o) o ), 

(~~~n.)J )('tl= ( u (li,n.lf)( "'l-'"'l', o l= f ( ( n,,,J' • ( n'J.""1', oJ )= 
= t( { h:~ -n\n.>)0 (hq,t-r ,o)):: f ( n.·1 h1""4o, -h-"(n)): 

=.f-( (h.~·""<}o,O)() ( n;•~q,o ~t1h'l,t-r 1 -h;•(-r h"""{n)))= 

: ~ ( h-;~~o h h<J'~io, h:;(-'JO (n.)) I ( h~•~(j-0) o)= 
= 6. (h-;~'}•h.¾•~ci", h-;~~o(n))j(q,'), 
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/ 

ir 

r,lle 
q,' = h,_., (q,). 

fiOCKOJILKY 

K==H'JoAN, 
npe,llctaBnemrn /J (K) m,eet BH,ll 

~ ( h.'>~, n.) f = exp 1 it c;,j nj} r (h1°)f 
r;ne r (h) - HenpHBO,lllU(08 YHHapHoe npe,llCi'8BJI8HH8 11anoA 

rpynnu l--l~o. TaKHM o6paao:, OKQHqarenLBO nonyqa811 

( u. (n,n)f) (<},) = expf i~ tJj ni} [r ( ni~'lohhi•~~0 )J] ( CJ,'). 
8a118tH11 81!18, qro HHBapHaHrHyll M8PY f-( j) Ha j / K 110:iao 

38.M8HHTL llHBapl!aHTHOll M8poR ua opC!HTe. 

IlpHM8HHM tenepL ary oo~yll cxe11y B cnyqae rpynnu ranHJleH. 

B KaqecrBe HHBBPH8Hi'HOA a08JI8BOA llO,llrpynnu 110:1811 BBHfL JIHOO_ 

mecrHnapauetpH"l.8CKYll noirpynny '!Jx S , coctaBJI8HHYll Ha ane11eHroB 

i'HllB ~ (1, V, a., 0) 1 JIHClO qen1pexnapaM8fp.1fq8CKyll llO,llrpynny C,llBHrOB 

s X T • COCT8BJI8HHYll 148 8JI8M8Hi'OB !Mll8 9 ( 11 o, £i, L) • 
HcTOPH"l.8CKH CH8"l.8JI8 OHJIB HCllOJIL30B8Ha nepBBH BOBMO:IHOCi'L, 

. I 

" H TOJILKO llOTOM - BTOpaH, rJiaBHW,l oC!paaou ,llJIR roro, "l.TOC!U JI8r"l.8 C!HJIO \l 
j 

cpaBHHBar1, p8ayJILTBi'H ;ztJIH rpynnu raJIHJI8H H rpynnu IlyaHKape. HHae 

MU cocpe;noro"l.HM BHHM8HH8 fOJILKO Ha Bi'OPOM CJiy"l.ae. HraK, HM88M 

N= SxT 
H = m A 'lY, 

"l.TO 03HB"l.aer 
4 

n = ~ (11., o, a., b) 

h.=~ ('R/~0;0). 
A8rKo llOJiy"l.HTL, "l.TO 

h(n)= ~ (t,o, "Ra.+b~, 6). 
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!1 

11 

j 
J 

Ilp8;ncra:im8H1,1H rp:ynmil N = S X T aan11111e1.1 ll BH;zte 

Utit,t)'o/ = et-p{-t(t•p-bE))1f'. 

tas 

BuCipaHHUe nep8;zt a'.· P H ,b E 3H8KH H hlle;zt8Hl'le Koa<M111.rneHT8 

1l, OK8E8TCH y;noOHUM B ;naJILH8ltllleM. Kax;no8 H8llpHllO;ztHMOe yHHTapHoe 

np8;ncraBJI8Hl'le aa;naHo ll8Tll8PKOil llHC8JI ( p., E) , oopaaylll!IHX ;nyanL

H08 npocrpaHCTBO N' • Onpe;neJiltM ;D;8ltCTllH8 SJieM8HT8 h=sCR,i!; o,o) 

ll npocrpaHCTB8 N1 
• ]VIH aroro aaM8THM, "l.TO 

h:
-1 ·(-o-1 "T>-1 ➔ ➔ ) =a,.._ -" '1.TOO cJ ) J > 

1,1. IIOJiyqaeM 

~ ('R,v-,01 0) Cf, E) == cp: E'), 

r;n8 ➔ 41 J I -'1c➔ 1-,.)· -- J 0;p - oE = 'R Q,-tiV- • p -of. 

OTcll;na nony"l.88M 

p' =~p 
I ➔ "L) ➔ 

E = E + v-• "P· 
BH'AHO renepL, KBKOllU opCiHTH rpynnu faJIHJl8H. IlpHM8HHH'BC8 ll03MO~

Hli8 8JI8M8HTU ~ ("R, if I o,o) K · ,llSHHOli TO"l.Ke (po, f=o) 1 noJiy"l.881.1 

I.\HJIHH'AP C pa;z,;HycoM 9 = pc1 ( 08CKOHe"l.HOA p;JIHHU). 

Manaa rpynna TO"l.KH (po,Eo) onpep;eJIH8TCH HB ycnoBHI 

' ➔ ➔ 

'Rpc=po 
Eo + V°• 'R'po = Eo. 

Hau ayzHo a;o;ecL paa_JIH"l.aTI> ABB paa11ux cJiyllaH: n8pBuA,Kor;o;a po ~O, 
➔ . 

H BTopon, KOr,lla po = 0 • B ll8PBOLI CJiyllae 1,18J18H rpynna COCT8ll-

Jl8Ha ll3 llOBOPOTOB BOKpyr BeKTopa f:> H CKOPOCT8A B llJIOCK~CTH,. 

nepn8H,llHKYJIHpHoi BBKTopy po . TaKaH rpynna HBOMOPWHB ;z,;ByMepHoi 

8BKJIH;D;OBOlt rpynne, KaK 8TO MOKHO BH'A8TD 148 COOTB8TCTBYlll!IHX 

38KOHOB KOMIIOBHI.\HH. 
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i 
i 

Ilp8llt'A8 qeu HailTH IlP~'ACT8BJl8HHH 8TOil rpynnli,BliilHW811 e~e HBHliil BHA 

KOll0HH8UHH 8JI8M8HTOB, COCT8BJIHD~HX-8Ty rpynny. H11eeM 
. -

--1 lh -1( - - ) 1- -➔ ) ("R ·- o o)-h~+'J,on. ~•~q.o = ~ 'Rpfc,'VeE01 o,o fR,,r,o,o ~ p'jt/V'e'Eo I I -
-1 ' _.., ( ...,,. ...., -,> ) -7 ) 

=~('Rpfo"f<'F,f'foJ'Rfr" 'RV'E'E/'ll-VEEo ,O,O • 

r]le ·'R_p°po 0008HaqaeT IlOBOPOT, nepeBO'AH~Hit B8KTOp fa B B8KTOP 

f , 8 1J'i:_e
0 

- CKOPOCT1> 1 nepeBO]lH~aH npH 8TOII 8HaqeHH8 Eo B 

E , corJiacHo ~opuyJiau 
..,. 'j') -p = r-.·pp,, fc 
E = Eo + 1fse0 • ~pp0f 0

• 

IlpeACT8BJl8HHe 'ABYll8PHOI rpynnli EBMH'A8 Ta.Kllte Ha.il~eM M8TO~OM 

HHAYUHPOB8HHliX llP8'ACT8BJl8HHI. BcHKHI 5Jl8118HT 8TOI rpynnli Oy)lell 

oooaHaqan qepea ( cL, w) , rAe ol ecn yroJI noBopoTa, a w -
ABYll8PIWI CABHr. IlpaBHJlO KOIIIl08HUHH HUeeT BHA 

(ct:1,w1>" (ol1,w • .) = (ol1.+d.1, w1+'R<"1)~), 

H 5TB rpynna 88IlHCliB88TCH B BH'A8 

E (l) :: CR (.2.) /\ s ll) 
,I • 

.-o(t) <! ll) 
r1te U\ - IlOBOPOTli, a cv - C'ABHrH B ABYll8PHOII npocTp8HCTB8. 

.5 (2.) 
llpocTp8HCTBO, 'AY8Jll>H08 K , TO:ae AByuepHoe B8KTOPH08 npocT-

• . ➔ 
paHCTBO, H B Hell IlOBOPOTlal 'A8ICTBYDT TaK :ae, K8K H Ha B8Kf0Pli W • 

- ea>' IlpHll8HHH BCe B08110:&Hlal8 IlOBOPOfli K B8KTOPY Y ~ a) 1 nonyqaeu, 

Ell) ➔ 1 
qTo opOHfli - STO Kp_yrH"C P8AHYCOII Y • llaJlaH rpynna OllHU 

..... ➔ • 
88BHC.Hi' OT Toro, Hll88ll JIH y * 0 14JIH V = 0 • B nepBOM CJiyqae 

'AOJ1llHO Oun 

~(c£)v =v, 
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- 'ITO B 'ABYM8PHOLI npocTp8HCTll8 ll08.UOlltHO TOJil>KO 'AJlfi d. = 0 • 
TaKHM oopaaou,uanaH rpynna oopaaoBaHa TOJ11>Ko Ha eAHHHqttoro aJie-. w . 
MeHTa 1-1 rpynna K B aToM cJiyqae coBnap;aeT c S . B peayJiuaTe 

. llOJIY'l881J ➔ 

{U(oe,~),Y)(~) = exp{~iJ~}'o/(R-
1
(«W). 

. ➔ uC~ 
Bo nopoM CJIY'l88' KOr)la V = 0, Bee llOBOPOTli f' npHH8AJl8llt8T 

M8JI0'1 rpynne, H HM88M 

U(o<,~)'/'" = Uf {i.<f~}'Y, 
rAe <S'- npoH8BOJll>Hliil B8~8CTB8HHliil napa11etp. 

BoaBp8~8HC1> K rpynne raJIWI8H,B aaBHCHMOCTH OT ABYX BHAOB 

npe,lCT8BJI8HHil MBJIOil rpynnli noxyqaeM H ABB BHA8 npe]lCT8BJl8HHI 

rpynnli raJIHJleH, KOTOplie Oy,leM H88liB8Tl> npe,lCT8BJl8HHHMH l H Il 

\J THilOB. '-.. . 
]lna npeAcTaBJieHHH THna I npocTpattcuo L cocTOHT ua ~yHKUHil, 

KB8AP8TH'IHO HHTerpHp~eMNX Ha Kpyre C pa1u1ycoM 730 'A, ' a npocT-

paHCTBO 't ecn npocTpaHcTBO ~yHKqHil '\J"(t; p, E) • KBBAPBTH'IHO 

HHTerpHpyewux OTHOCHT8Jll>HO uepli 

& (~'°-V
0

1
) S ( p1

- p;) cl1 vcL3p d E. 
B STOLi npocTpaHCTB8 onepaTOPli llP8AC1'8BJ18HHH Hl.18IOT Bl-IA 

-[u(R,~c1})r](~p,E)=exp{i[i.;-k(a·p-t,E~}'o/fR°1
J, R-p, E-i,p), 

rAe 
- -1 
'R = Rppo 'RRp'po 
-~ '1 ➔ -:-t. ➔ ) 
,r-= 'R~po {"Rl1'e'E0 +v-llEEo • 

]lnH npeAcraBJieHHR THna rr npocipaHCTBO L 
ecu npocTpaHcTBo WYHKUHI · '\Jf(p,E), KBBAPB!l!H'IHO 

1,1epe 

s (p1
- p;)d3pdE. 
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OnepaTOpbl npeACTBBJieHHH HMeDT BRA 

[U (R,~ a, b)'Y'] (p, E) =exp{-½ (it•p-bE)+iog(~,p ~,Y{RP, E-t:p), 
rAe ¥ ('R, p) - yroJI noBopoxa R BOKpyr BeKTOpa po • 

HaKoHeu~onHm~w npeACTaBJI8HHH rpynn1,1 raJIHJiea B cJiyqae, KorAa 

po= 0 • ToqHo T8K lite, KaK_ H AJIH p O * 0' .11 BA8Cl> OyAeM HM8Tl> l!B8 

THna llP8ACT8BJI8HHA, TBK KBK M8JI8H rpynna COBna11aeT 8l!8Cl, co 

Been Ol!HOPOAHOH rpynnoA raJIHJieH (R /\ 1T , 8 81'8 rpynna HSOMOp\IJHa 

TpexuepHoA eBKJU1AOBOA rpynne. Toqao TBK xe, KBK l!JIH ABYMepaoA 

eBKJIHAOBOA rpynnbl,ee opOHTbl HBJIHETCH cl!JepaMH B TpeXMepHOM 8BKJIH-
. ➔ a 

l!OBOM npocTpaacTBe c pa11HycoM Ko , H BOBHHKBDT l!BB THna 
➔ ➔ 

npeACTaBJieHRli B aaBHCHMOCTR OT Toro, Hweew JIH Ko-:/; 0 HJIH k0 =0 • 
B nepBOM CJiyqae IlOJiyqaew lli THll npe11cT8BJI8HHit rpynnbl raJIHJiea, r11e 

rHJil>OepTOBO npocTpaHCTBO BBABHO OTHOCHT8Jil>HO wepbl 

o(k2
- kol.J <£3k d. E 

H onepaTopbl npe11cT8BJI8HHH HMeDT BRA 

[un~,;},ct.,b)'f](k,E )= explt bE+ilk +i0 i (R,°k)}y.(1tt, E). 
➔ 

B cJiyqae K0 =0 waJiaa rpynna Tpexwepaon eBKJIHAOBoA rpynnbl 

COBil8ABeT C rpynnon TpeXlolepHWI. IlOBOPOTOB Hee HenpHBOAHMble YHH- · 

TapHble npeACTaBJieHHH aa11amxca MBTPHUBMH Dl(R). TaKkM oopaaow 

noJiyqaew IY THn npe11craBJieHHA, r11e npocTpaHCTBO L ecr1,{llt1)

wepaoe npocTpaHcno, Je ecn npocrpaacTBo \IJYHKUHA 'f,1. (E) 
ci:: -l . t e H onepaTOPbl npeACT8BJieHHH 11eAcTBYIIT TBK: 

, ... ) , . +l 

[U(~,;},a,h~ (E)= exp{tbEJ E DQ~(R)l'~(E). 
0( r-=-t 

IlOCMOTPHM TenepE,K8KOB8 ~HaHqecKaH HHTepnpeTBUHH noJiyqeaHWI. 

rHJil>OepTOBWI. npocrpaHCTB. QqeBHAHO, qro B8KTOpli, npe11cT8BJI8HHA 

18 

THilB ill H IY He MoryT npeACT8BJIHTl> HHKBKoro \IJHSHqecKH HHTepecaoro 

oo~eKTa, T8K KBK Bee B8KTOpli BAeCl> HHBapHaHTHbl OTHOCHTeJil>HO npocT

paHCTBeHHhlX Cl!BHrOB. 0K88blBaeTCH, qro H BeKTOpbl npe11cTBBJieHHH . 

THllB l H fl He woryT OllHCblBBTl> peaJil>HblX \IJHBHqecKHX CHCTeM. qTOObl 

BTO IlOK888Tl>, cocpeAOToqHM BHHMaHHe Ha I THne npeACT8BJieHHff 

(paccyx11eHHH B cJiyqae IT THna aHaJioraqHU}. liTaK, npe11noJioxaw, qxo 

B8KTOP y ' npHH8l!Jlelltall!HA rauOepTOBY npocTp8HCTBY "tr, OllHC_bl-

BBeT COCTOHm16' JIOKBJIHSOBBHHOe ,Hanpawep, B TOqKe ;l = 0 • TorAB 

t1 ~ ~ )'111" ➔ ➔ COCTOHHHe l'.11.,o,a.,o T AOJil:HO. OhlTI, JIOK8JIHSOB8HO B roqKe )(: Q. 

H 8TH ABB COCTOHHHH AOJilltHhl OhlTl> opToroH8Jil>Hhl. 8TO oaHaqaeT, qTo 

o = (1(, U (11, o,a.,o)V)= J S(v~Yo1)h(p2.-p;)J-vd°3pc!E ,y~(7pE){Ul1,~cLp)'IJ'XvpE): 

=+fa.E Jlp b(p"-p;) s iv~ {v1-itl)expf-¼ a•p} l'o/(v, p,E) Ii 
-oO 

➔ 
AJIH Bcex Q * 0 • liHTerpHpya BTO BblpallteHHe no BCeM aanpaBJie-

-+ . 
HHHM Q. t IlOJiyqae» C npaBoff CTOPOHbl . 2 
~~~po 5dE Jd} b(p'-_p:)1d1v b(v'-_v:) IY(v, p, E)I. 

0CT8BW~~CH HHTerpaJI - 3TO npOCTO HOpMMpOBOqHblll HHTerpa.n: COCTOHHHH 

Y H noaTowy orJiaqeu OT uyJia. IlepBHtt \IJBKTOP Toxe He paBeH ayJID, 

H, TBKHII oOpaaow, BHl!HII, qTo COCTOHHHH ,· JlOK8JlH30B8HHbl8 B ABYX paa

HhlX TOqKaX,He MOryT OliTl> oproroHanl>HblMH. 8TOT peayJil>T8T HeCOBwec

THM C OOliqHblMH npe11cTaBJieHHHMH o JIOKanuayeMOCTH oo~eKTOB. 

Toqao TBK xe MOXHO IlOK838Tl>, qTo B npe11cT8BJieHHHX rpynnhl 

ranHJieH HeT COCTOHHHtt c onpe11eJieHHOA CKOpOCTl>D,H OKOH~aTenl>HO 

saKJimqaew, qro npocTpaHcTBa npe11cTaBJieHHA rpynnu raJIHJieH He woryT 

CJIYXHTl, l!JIH OllHCBHHH \IJHSHqecKHX oo~eKTOB. 

Bblxo11 H3 eroro llOJIOX8HHH OliJI Hal,neH npH UOMOll!H BBeAeHHH TBK 

HBBblBaewon pacmHpeHuon rpynnhl ranuJiea. 
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J:>acm1r1peHH8H rpynna ramrneH H ee npellCT8BJiftllHH 

llJIH Toro qToOli noJiyqHTb JHa1r1qecKH HHTepecHHe reopHH,B 

OCHOB8 KOTOpliX JieUT rpynna rSJIHJieH, llOCMOTPHM OoJiee ,lleTSJIDHO, 

K8KHM oopaaoM OilHCliB8DTCH CBOllCTB8 CHMUeTpHH B KB8BTOBOI wexa

HHKe. BcHKHI w1r1a1r1qecKHB oO~eKT onHCHBaetcH aeKoTopw Jiyqou "V 
COOTBeTCTByD~ero rHJib0epTOB8 npocipaHCTBa. IlpH npeoOpaaoBSBBHX 

raJIHJieH 9 oa nepe:xoAHT B APYrolt JI;/q y'l , TaKoit, qTo 

H 
'fg:e = r 

. ( Y91 )92. = Y~1°92., 

rAe 91 o 92. oooaaaqaeT Ko11noaHUHll npeoOpaaoBaBHit <:31 H 92. • 
IlpH 8TOU BC8r,lla ipeOyeTcH,UOOli 

I ( "±', 1 }f 1 = I ( :t'q, f 9)1
1
, 

rAe ('f,f) oOoaHaqaeT aaaqeHHe cKSJIHpaoro npoH8B8AeBHH,AJIH JIDOHX 

BeKTOpOB, npHBSAJie&a~X Jiyqau 1 H ! 1 COOTlleTCTB8BBOo 

8H8U8BHT8H Teopewa Baraepa YTB8PXA88T, qio llCHK08 COOTll8TCTBBe 

Jiyqelt, YAOBJieTBOpam~ee BHmeyKaaaaaau ipeOoBaBHHu, nopoa,llaer 

onpe,ll8JI8BH08 C roqaoCTbD AO waaoBoro UBO:IHT8JIH YBHTapaoe 11.llH 

8HTHYBHT8paoe COOTB8TCTBH8 B8KTOPOB rBJib08p!Olla_npoc,paBC!ll8. 

IloaKoJI»KY AJIH aenpepaBBHX rpynn npeoOpaaoBaBill BcerAa rpeOye,ca, 

qToOa I{ cf> 1 "Yg )j aenpepa:uao aaBHceJI OT g , To aauyaruapaae 

coouercTBHH HCKJimqaHca. Ziax, BCHKaH rpynna_cxui,erpHH 5 OyJteT 

onxca:uar»cH ceweltor:uow yurapHlil onepaiopoB U(9), YAOBJieT:ao

PHDJIIHX YCJIOBD 

Ul91)Ul92.)= w(91,92.)U(91°92.), 
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- ri,;e \ W { q,,, 92) I= 1 . JI er Ko npoBepHeTCH, 'ITO YCJIOBH6 

l
l 1 

I{ 1¥) cl>) ' = I ( 'Vg /Pg}\ 
TOrAa BHITOJIHHeTCH. 

,llJIH uaorHX qlH8HtieCKHX rpynn CH~L!eTp}m L!OlKHO noKaaau, 'ITO 

W880Blill MHOlKHTeJib u.) Bcerp;a MOlKeT OHTb Bli◊pan TaK, 'ITO OH paBeH 

tr. Ho ]lJIH ~pynna raJIHJieH p;eJIO OOCTOHT HeCKOJlbKO HHatie. q,ooa 

8TO yBH]l8Tb 1 onpep;eJIHM BH1l W880BOrO MHOJKMT8JIH tu 1lJIH rpynnu 

rammen. 
IlpeJKi,;e Bcero,BHnHmeM HBHHll BH1l aamell-WCPMYJIH 

U{~11 ~,n1, b1} U (Ri, v;)t2.; b2.) = 
=w(~1;;,,a:f b,.; ~2.,i}.t.a2.h:i.) UI'R1'R11 *1+'R1i1;.1 a{t'R1a,. + h1.~, t1+"2J 
11 onpep;e1111M w Kalt WYHKUHIO cB011x apryueHTOB. PemeHHe aa;zll'l'l.H 

noJiy'IHM HeCKOJibKHMH maraMH. CH8'18JI8 BOCilOJiiayeMCH 118BeCTHNM 

peayJibT8TOM 1lJIH eBKJIH,llOBOll rpynna, r,lle HeT qiaaoBoro MHOlKl1T8JIH, 

H 8TOT W8KT npHM8LI oea AOK888TeJibCTB8. BTO oaaaqaeT, 'ITO HMeeM 

u l~110,a1,o)U(R2,)<td1,0) = u ('R1'R11 0 I a1t'R1a2.) o). 
Ho rpynna ranHJieH COA8PXHT B ce6e e~e H APYrYIO no,llrpynny ~o 

c:rpyKTypoii eBKJIU,n;OBOi:t rpynnu, a UM8HHO .:_ no,n;rpynny (R /\ 1)' • OTCKl]la 

CJI8,llY8T 1 'ITO _ ➔ ➔ 

U l'R1, :J;,o)o) ll (R1,~,o,o) = U ('R1'"R2., 1Y.i + 'R1Vi., O, o). 
Boa»MeM,Tenep» noi,;rpyftny 1J M npei,;noJIOJKHM, q:ro 

ll(i) a,o,o)LL(1L,~ o,o) u.-1(1,il,o,o)= exp{ l'f(U11")}U(:!l)v;°'o). 
ECJIH B8KTOpli il H i} napaJIJieJibHli, TO cpaay MOlK8M yOpau 

waaoBatt uaox1r1TeJI», TaK Kalt B a:roM cny11ae uueey AeJio c o~aonapa

ue:rpH'l.ecKoll rpynnott, a AJIH Bcex :raKHX rpynn aeT ~aaoBoro MHOXB-

T 
➔ ➔ 

TeJIH. 8KHU oopaaou,MoEeU npe,llnOJIOXHTb, ~TO B8KTOPU Lt. _H 'li 
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nepneHAHKYJIHPHlio YMHozaeu npeAliAy~ee paBeHCTBO CJieBa Ha oneparop, 
➔ COO!Be!'CTBYD~A llOBopory Ha yroJI 1T BOKpyr BeKropa LL , a 

cnpaBa - Ha oOpaTHlitt K Heuy onepaxop, H nonyqaeu 

U{11.,u,o,o!U.(1,-i, o,o)L£1ti1L!,o,o)= exp{if(u.,irJ}Ll (1,-~ 01 a). 

IlpH arou Mli HCllOnI,8OBamr1 TO!' qiaKr, qro npH BlillleyKaaaHHOM llOBopore 

BeKTOP ~ MeHaer 8HaK, H qfo ,1lJIR llOArpynnu (R /\ 'lf Her qiaao

Boro MHOZH!'eJia. Y11aozaa ooa llOCJieAHHX paBeHC!Ba H aaueqaa, qro 

U (:11, ~) o, o) U (1,-1Y)t o) = I, 
nonyqaeu 

exp ii 1lu.,ir) = 1. 
OrCDAa CJieAyer, qro 

lf ( u., 'll) = n:rr. 
Ho 

f (O,'li) = f(Lt)O)= 0 
H, cJieAoBaren:r,ao_, n.=O H · 

f(U.,1T):0. 
ToqHo raKHM ze cnocoOou nonyqaeu, qro 

u. (ilo )t1JO) u (1l,o,a1.,o) u·1,11,o)i1,0)= u (1, 0) <12,,0). 

IlepeAAeM K HaXOZA8HHJl qiaaoBoro MHOZH!8JIH B paBeHCTBe 

U(1l,o,a.,o)U (11, ~ o,o)U-1(1,o,u,o)= exp{t'f(a.,~l}U (11,~ o,o). (~) 
' ➔ ➔ 

B cnyqae, KOrAa B8KTOpli Q. H 'lT nepneHAHKYJIRPHli,MOZeM llOBro-· 

PH!L llP8AHAY~e paccyZA8HHH H aalUil)qifrL, qro 
.. ➔ ➔ .L-t. f(a.,11):Q ,1lJIH a 'IT, 

➔ IlP8AllOJIOZHM renepL, qfo Q 
➔ napannenuo 'lJ' • B arou cnyt1ee 

~ ➔ f aaBHCHT TOJILKO OT ,1lJIHHli B8K!OPOB a H tr • Yuuozaa lllillle-

uanHcaHHOe paBeHcTBo (*) cneBe ua U(1)~, l,o) H cnpaBa Ha U(1)~,-l,o; 
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rAe .I, II d. , nonyt1Hil 

~(a+b
1
11)= ~(a.,tr) +tp(b,ir), 

OTKyAa CJ1e11Y er t qro f (a, tr) - mrnei!HaH qiyHK~Hll a : 
i.rla,tr) = aJ(v). 

YMuozaa pacc11arpHBaeuoe paBeHCTBO (*) cnpaBa Ha Ul.i,o,a.,O)• 
u·1(1litr1010)l.L1(1l,il,~,0) H CJieBa Ha U (11,i!,O, 0) t r.1{8 

u II~ , nonyqaeu 

{(u.+v-) = j(u.)-f (-V')' 

OT~YAa CJI8AY8!, qfo qiyHK~HH J(1r) JIHHeffHO aaBHCHT or CBoero apry-

ueHra. TaKHM oOpeaoM,MOZHO llOJIOZH!'L 

lp(U,v)= - Ta.V'=- r;:- a.i, 
➔ 

rAe Mli HCllOJIL3OB8JIH aanHCL, npHrOAHYD AJIH ~DOliX HanpaBJieHHA a 
➔ H 'U" • KoBqiqiH~HeHr rn./+t 00KB COBepmeHHO npoHSBOJILHHA, HO Be~ecr-

B8HHliA. HHze YBHAHM, qfo f71. paBHll8TCH uacce roro qiHaHqecKoro 

oO~eKra, KOTOPli~ CODHpaeMCH OllHCliB8!L C llOMO~bD npeAC!r8BJieHHA 

rpy~nli raJIHJiea, a KOHC!'8H!'a 1i paBHa KOHCT8HT8 IlJiaHKa. 

IloJiyqeHHHA peayJILT8!' aanHweM B BHAe 

U(i,o,<t,o)U (11,i, o,o)= exp{-i fa•v-}U(i,v;o,o)U (i},!10). 
KoropliA llOK83liBaer' qro B CJiy'lae m. * 0 KOMMyT8THBH8H llOArpynne 

Vx S rpynnli ranHJieH onHcliBaetca HeKOMMYTBTHBHHM npeAcraBJieHHew. 

BpeweHHlie CABHrH oOpaayDr OAHOnapaMeTpHqecKyD rpynny H 

noarouy 
➔~ ➔➔ ➔➔, b) U {11, o Ju, b1)U(1I.,010,b1 )= U (11., o, OJ c1+ 2. • 

PecCMOTPHM renepL paBeHOTBO 

UtR,o,o,o)U(i,o,o,b)U-1(~,o,0io)= exp{if (it,~, b)}U (1,o,o, b). (u) 

rAe Mli HBHl,IM oOpaaou BliAeJIHJIH aaBHCHMOCTL qiaaoBoro MHOZHT8JIH 
or yrna noBopora a. , ocn noBopora ~ H BeJIHqHHH CABHra b • 
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Ywaoaaa paBeHc'lBO (u) cJieBa Ha oneparop, coorBerc'lBYElllHff noBo

poiy Boxpyr rt_, Ha yron ;., H cnpaBa Ha oOpatHliU ewy oneparop, 
IlOJiy'\lae11 

'f(d:,il)b)+ p(p,i)b)= tf(oe+(l,ti,h). 

BaHB pacc11arpHBae11oe paBeHC'lBO (u) 1(JIH ABYX paaHWC 3Ha'\18HHff napa-

uerpa b .H y»HOEHB noJiy'\leHH!le pa:eeHc na, nony'\1.1111 

lf (d., "ft) b1) + f (c(, ~ ,·b,.) = tp ( d:, ~, 1>1 + 61 ) • . 

Sro 3Ha'l.H'l, '\l'lO <.lJYHKll.HH 'f .Hlleer B.HA 

tf'(d.,rt.,b) = <1. b'f(it.). 
Tax xax no:eopor Ha yroJI l1T' He 11eHaer qiaaaqecxoro on.11caH.Ha, ro 
Hll86ll 

'f ( :l:rr, i, b) = 2:rr k , l<=0,±1, ... 

'\l'lO B CO'\leraHHH C JI.HH8ffHOl aa:B.HCHIIOCTbD 'f' O'l ~ A86'l 6AHHC'l~ 
:eeHHoe pememrn 

f(c<,n,b):O. 
IlpuweHa~ yae .11a:eecrHllff rpDK c no:eoporow Ha yron rr :eoxpyr 

➔ :eexropa a· , nonyqaeu 

➔ ➔ U( ~ ➔ ) -+ ... )U ( ➔ -+ ,, U (1l.,o,a.,o) 1,o,01 t = U (1I,o,0Jl> 11,o,a., o, 
H H8M ocraerca OilP8A8JIH!b JIHWb fOJibKO OAHH.<.{!830:Blll IIHOZH'l8Jlb. 
B pa:eeHcne 

U. (1,i},o,o)ll(i,o,°'t) u-"(1, ~O,O)= exp{itp(~, t)}U (11, o, ~t, t). 
Ilp.Hll6HHH npHell C no:eoporow Ha yroJI 1T :BOKpyr OCH,nepneHAHKYJIHP-

➔ . Hoff :eexropy 'lT , nonyqae.u 

U(1,-v,o,o)U(1l,0Jo, b)U-
1
{1I,-~o,o)= exp{i 'f'(v,b~ U(:1,o,-b;, !J). 

Ilepenumew sro·pa:eeHC'lBO C HCilOJib80B8HH811 yze H8B8CfHllX Wl380B!il 
11Hoz.11reneff. H11ee11 
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➔ ➔ . ..,. ➔ b) -1( ➔ ~ ) 
U (i,o,o,b) U(1,'l1,o,o)= U (! ,o,o, U 11.,-11,u,o = 

= exp li'f (,jj-, b)J u-1 (1l, -i},o,o) U (! 1 o, -b~ b) = 

= exp{ i ip(v, bJ} U (11., i}o1o)U (11,010, b) U. (11,o,-bir, 0)= 

= exp{2.Lf (iil,b)}U(:11.,o, b~b)U (1I}},o,o)U(1L,o,-b~ o)= 

= expf 2.if(iY, b~U{11,o,6,t)U(1l,3, t~o)U (11,i},op)U(f,o)-6;Jo)= 

= exr{lt f{ii; b)-i f-b~t} U{1l,6,6i !)U (1, v; o,o). 

OTCD'Aa cneA3e'l, '\ITO 

( ➔ •). rn. , ➔ l. 
\f v, {) = °K otJ' • 

TaKHII oopaaoM, Mbl aaKOH'\IHJI.11 :see IlO'ArOTOB.IIT6JlbHbl8 aranbl. 

Hcnoniaya onpeAeneaae 
➔.. ➔ ➔ ,, ( ➔ .... )U{ ➔➔ ) U(R~,ct.)b) = U{i,o,o,t)U{il.p,a,o,u 1/l',OJO 'R,OP;O , 

npHMblM Bbl'\I.IICReHH8M nony'\laeM 

w (~1 ~ ct1 b1; 'R1 ~1 cii b2) = exp { i.f ( ~ .~1a1 + i ~.i u/')}. 
HHOr'Aa HCilOJibayeTCH H 'APYrOe onpeAeJieH.118 

UtR/ir,a.,b)= U{1,oJ,b) U ( iJ-, a)U ('R, 6,6,o), 
rAe · 

U(~,a) = exp{ i.rn a-it}.U l1L o ct o) U(11 too'= . ;t1'i_ I ) I J I J 'J 

=e.xp{-i~ a-i}U(il,ir,o,o)U(1L,o,a,o). 
Ilpa raKOM onpe'A8JI6HHH nony'\laetcii APyron BHA qiaaoBoro·MHOlltHTeJia: 

w('R1~~b1;~2.ir2.a2 b2)= exp{- i~ (a1'Rfoi.-¼·~1a1+b,:ir1-~1~)} 
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B 1{8JlbHelmeu Oy,teu IlOJib80B8!'bCH HCKJillqH!'eJibHO nepBliM onpe,teJie

HHeM, T8K K8K OHO YA06Hee ~H HamHX ~enel. 

C MaTeM8!'HqecKoA !'QqKH apeHHH BMeCTO paccuo!'peHHH npe,tcTaB

JJeHHI rpynm.i 1 C ToqHQCUD AO ~80BOro J.IHOllHT.eJIH w MOllHO 

nepelTH K HeKoTopouy pacmupeHWJ 1 , HBJIHD~ewycH noJiynpHMliM 

npoHaBe1teHHeM rpynnu S H HeKoTopol 01taonapaweTpHqecxoA rpynm,i 

0 , T.e. 

~ = 5A0, ~ 
r,te 88KOH KOMil08H~HH AJIH 8JieMeHTOB rpynnli ~ , 0008HaqaeMliX 

qepea (C3>9), HMeeT BHA 

( 91, e.,) 0 ( 92.,e.i) = (g1092., e1 +e.i-,. 5 c 91, ~2.>) 
H 

w(91,92.)= expfi~(91,92J}. ~ 
IlpHHHM8H AJIH onepa!'OPOB U(9,e) npe,tC!'8BJI8HHH rpymw .1 WOPMYJIY 

U(g,0) = expfi0}U(9), 
BHAHM' q!'o BCHK08 npe,tC!'8BJI8HH8 rpymw 5 . C ToqaocnD AO MHO- ~ 
1:IITeJIH, o,tHOSHaqao onpe,tenHe!' cTaB,ta~!'Hoe npe,llo!'aBJI8HHe. rp!nIW S • 

B cJiyqae rpynnu rSJIJ4JI8H rpynna J (aaauBaewaH pacmHpeaaol 

rpynnol ranHJieH) HBJIHe!'cH O,llHHHa,t~BTH-napaweTpHqecKoA rpynnol 

c ,tpyrol cTpyKTypoA,HezeJIH rpynna raJIJ4JieH. Ee e,tHHCTBeuaoA wax

CHMaJii.Hol a6eneBoA HBBapHaHTBoA no,trpynnoa HBJIHe!'CH no,trpynna -

SxTxe .• f8K!rop-rpynna ~/{SxTxe) !'01:e Huee!r M8KCHM8Jll>!'Yll 

HHB8PH8H!rliyD llO,llrpynny ,.,., if, HaKOHe~, WSK!rop-rpynna (~/(5xTxeJ)for 
eoti. rpynna (R. TaKHM o6paaou, 

5 = O? A ['21'" (SxTxeJ]. _ 
OuetHM, qfo B cJiyqae m: 0 

npoHaBe,teBHeM rpynn S ,H 0 

26 

rpynna ~ C!'8HOBH!'CH llPHMliM 

IlOC!'POHW Tenepi. npe,tC!'8BJI8HHH rpynnli 1 'KO!'Oplie qao!'O 

H88liB81l!' WH8HqecKHWH npe,tC!'8BJieHWlMH rpynnli raJIHJieH. ll,nfi atoro 

npe,tC!r8BHM rpynny 5 B BH,lle 

S=HAN, 
r,te 

N= SX:rxe , H = OLI\ 'I): 
Kaz,tul aneweat aOeJieBol no,trpynnu N xapaKTepHayeTCfi T8KH~ 00-

paaoM UIIU,J) napaueTpawH {a., b I e) ' a Kal:,tlil 8JieMeH!' no11-

rpynnli H - napol ( 'R, ~) • CorJiaCHO aaKoHy Kounoa141urn ,tJlll rpynnu 

5 , aJieMeHTli (~
1
,r) onpe,teJIHD!r cJie,l(y~ne roMoMOJl4lH3W N Ha 

N HJIH, K8K roBOPH!', ,telcTByllT Ha ( Q, b 1 8) : 

(R,v-)(a.,b,0)=(~a+bii', b, e+ ~ (v,'Ro.+tb~'-)). 
BneweHTli ,tyaJibHoro npocTpaHcTBa N' cly,teM oooaaaqau qepea 

(p,E,i) H KaE,tliA TaKol ~JieMear onpe,tenHeT o,taouepaoe, 

npe,tc!'aBJieIDle rpynnu N B BH,te 

U(a,b,BY'V = exp{-¾ (p-~-E b)+i~B}"V. 

yHH!'apHoe 

r,te KOBWWH~HeHT 1i Bli,teJieH ,tJIH ,taJibHelmero y,lloOcTBa. JerKO 

BliqHcJIHTb, qfo aneMeHTli (R,ii) cne,tyD~HM oOpaaow ,telcTBYllT B 

AYBJibHOM npocrpaHc!'Be N' 

( 
➔), ➔ ) ( ➔ ➔ ➔ -n ➔ 1 ➔ l ) 

'R, 11 p, E, 'l = R p + ~ m v, E + v-· "~ + 1 ~ m 'lf ) ~ · 

Ha aroit wopuynu BH,tHo, 11!'0 rpynna (R I\ 1Y BOBce He ,teltcr:BY8T 88 

1tY8~bHOe llpOC!'p8HC!'BO ea, 11!'0, KOHeqao, 03H8qaeT, qfO napawe!'p 

'l •IlyTeM COO!rB8TC!'BYll~ero BliOopa e,tHHH~ Bcer,ta MO&e~ 6~!'1> 

c~eJiaH paBHliM I. 

8HaH ,telc!'BHe (R it) B N ', MOlK8M onpe,teJIH!l'b IPOPMY op6HT 
-. I 

rpynllli 5 . Ec~li roqxa ( p O , f O, t'/_o) npHHa,tJieXHT opo1ue, fa 

O,tHoBpeweHHO el npliH81tJie1:ar roqKH 
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➔ ➔ ➔ 
p=Rpo+rzom'lf 

E E 
➔ ➔ -1 . ➔ 1 

= o t V-·'Rpo + T ~om 'IT 

~ = ~o • 
8TH TPH YOJIOBHH onp8A8JIHDf H8KOTOpbltt napaOOJIOHA O ypaBKeHH8M 

~l · · ~L nE--==S°2=nE --0 

·i l.m. l 0 0 lrn · 
TaKHM OCipaaow,opOHfbl paowupeHHOI rpynnu raJI.ilJI8H OllP8A8JIHDTOH 

OAHHM napawerpow S( • 

~aooworpuw renepo wanue rpynn1,1 rpynnu S 
8J18M8HT8 (po, E0 ,~0 ) 0llP8A8JIH8T0H YP8BH8HKHMH: 

• Manaa rpynna 

➔ ➔ ➔ 
f'o =Rpo+~o m'lf 

E E ➔ ➔ ,f ➔ l. 
o= o+1l·~po+rrzom.1l 

~o = ~o. 

ITOOJI8AH88 P8B8HOTBO TPHBH8JihHO, qro eme paa noAqepKHB88T HeoymeoT-

B8HHOOU BblCiOpa SHaqeHHH napaweTpa rz • TpH:BH8JlhHO H HOP08 

P8B8HOfBO, T8K K8K OHO HBJIH8TOH OJI8AOTBH8M nepBoro. TaKHM oOpaaou, 

OOT88TOH TOJihKO p8B8HOTBO 
➔ ➔ ➔ po = ~ po + ~om. V', 

HS KOTOporo BHAHO, qro AJIR JIDCioro ll0BOPOT8 ~ oy~eOTByeT OKO-
➔ 'D ➔ 

poon ➔ -+ _ f'o - "po 
v'R,po - ?,om 

T8K8H 1 qfo 8TO p8B8HOTBO BblllOJIHH8TOH TOaA8QTB8HHO. 0TODA8 OJI8AY8T
1

. 

'IT~ M8JI8H rpynna JIDCiOI TO'IIKK ( po JC o, rzo) JIDCioJt opOuu Q 
Haowopqiaa rpynne :epa~ea1dt CR • qro01,1 AOKasau., 'IITO aro ,11elona-

T8JI0Ho KSOMOP4JH8M 1 38K8THM, 'IITO HS P8D8HOTB 

28 . 

➔ ➔ ➔ ➔ 
- p= 'R1p t~rY11"1 H p ='R2,p +rzmV'2, 

oJiep.yeT ➔ 

p = ('R1'Ri) p + 7 m ( 'V'1 + ~1 irl.). 
IlpeAOT8BJI8HHH rpynnbl BP8Jll8HHH (R xopowo H3B80THbl. OHH peaJIH

ayDTOH MaTpHI.\BMH".Ds(R) B (lst1)- MepHOM npocTpaacTBe L 
TaKHM oopaaoM, IlOCKOJihKY BcerAa HMeeM A8JIO C OAHH8KOBblMH M8JlblMH 

rpynnaMH H 3TH rpynnbl HM8DT TOJihKO OAHH THU IlP8ACT8BJI8HHH, 

TO OTODA8 38KJill'llaeM, 'IITO H pacwupeHH8H rpynna raJIHJieH 00JI8A88T 

TOJihKO OAHHM THilOM npeACT8BJI8HHI. YEe B STOM M8CTe BllAHO cymecTBeH

Hoe pa3JIH'IIH8 IlP8AOT8BJI8HHI rpynri 5 H ~ 
~TOON BblilHC8Th HBHNI BHA npeACT8BJI8HHH rpynnu ·{, llbl'IIHCJIHI.! 

apryMeHT, qmrypupyD!llHit B npeACT8BJieHHH M8J!Ol rpynnbl. 1/lcnoJII,3,YH 

MeTOAbl IlP8AblAYlll8ro naparpaqia, H8XOAHM ,. 

-1 h ( -1 -1 ( ➔ ➔ .R ➔ ·)) hc,~.,oh 'l'~q,o = Rppo 'RR p'po ,R ppo 'lf- Ve E0 + V"E'Eo , 

rAe "R ppo H . '1!1= Eo OllP8A8JIHIOTOH H3 qiop1.1yJI 

f ='Rppo po +1 mifEEo, 
➔ . ➔ 1 ➔ 2.. 

E = E0 t 1.lEfo • Rppo po + "I" 'l rn 1T~ Eo 

H 8H8JIOrH'IIHO AJIH TO'IIKH ( f 1J E', rz) • IJTOClhl ynpoCTHTI, STO Bblp8llt8HH89 

CA8R88M Tenepo cne~H8JlhHbll BblCiOp TO'IIHH Ha opouTe,a 11M8HHO - B03bM8M 

( po, Eo, 'Lo)= { o,~, 1). 
B STOM CJiyqae 'R p Z npol13BOJlhHO H llbl MOlleM B3HU B Ka'lleOTBe 

Rp~ TOx.iteO?B8HHHlt noBopoT • IlpooTue BblltllaitK14 noKaSblllaDT, 

ll!rO TOrAa 

~~~iohh<j,'t-~O =(R)o). 

29 



i 
' I 

i 

! 

j 

1, 

I 

11; 
'Ii: 

/ 

! I 

B A8.llbHelmeM OyJ18ll ll0.JIL30B8TLCH HCKJIDqHT8JILHO nepBUll onpeJteJie

HHeM, T8K K8K OHO YA06Hee ~H HamHX 1.1enen. 

C ll8T8118THqecKol ToqKH apewrn BM8CTO paCCMOTpeHHH llP8ACT8ll

J!8HHa rpynm,1 1 C ToqHOCU,Jl AO ~80BOro IIHOllHT.e.JIH w IIOllHO 

nepeaTH K H8KOTopo11y pacmHpeHHD 1 'HB.JIHD~eMyCH llOJIYllPHMUM 

IlPOH8B8A8HHeu_rpynnu s H HeKOTopol OAHonapaMeTpHqecKol rpynillil 

0 , T.e. 
?i=5A0, ~ 

rAe 38KOH KOMil03Hl.llrn AJIH 8Jl8M8HTOB rpynnu ~ , oooaHaqaeM~X 

qepea (<3,e) 1 HM88T llHA 

(91,01) 0(g2.,e1) = (g1og1, e1+e.2.f ~ <91,~1>) 
H 

w ( 91, g,.) = exp f, 5 { 91,92.)}. 
~ I1PHHHM8H AJIH oneparopoB U(9,e) llP8ACT8BJI8HHH rpynillil .1 qiop11y.ny 

U(9,0) = expf i.e} U.(9), 
llHAHM, qTo llCHKOe llP8ACT8llJI8HH8 rpynlll,I 5 C TOqHOCTLJl AO MHO- . 

lllT8JIH, OAB03BaqHo OllP8A8JIH8T CT8HJ18~TH08 llP8AOT8llJI8BHe rp~lllll,I '• 

B cnyiiae rpynnu raiu11IeH rpynna J (HaauBaeMaH pacmapeHHol 

rpynnol raJJHJI8H) HllJIH8TCH OAHHHBAl.l8TH-napaMeTpHqecxoA rpynnol 

C Jtpyrol CTPYKTypol,H8ll8JIH rpynna ranHJieH. Ee 8AHHCTll8HHOit MaK

CHM8.7ILHOI a6e.JI8llOit HHBapH8HTBOit llOJtrpynnoA HllJJH8TCH llOJtrpynna -

SxTx e -• taKTop-rpynna ~ / ( $ xr Xe) TOK~ HM88T 118KCHM8iIL!-fYD 

HHll8PH8BTByD llOJtrpynny li, it, BaKOHezt,cpaKTOp-rpynna (5/(SxJxeJ)/v' 
ecTL rpynna <R.. TaKHM o6paaou, 

5 =a?" ['2Tr. (SxTxe)]. ~ 
0TM8THM, qro ll C.Jiyqae m = 0 

llpOH8ll8J18HH8M rpynn s ,H f} 

2~ 

rpynna Ej- CT8BOllHTCH llpHMliM 

' 
TiocTpOHII TenepL llP8ACT8B.JI8HHH rpynnu 1 'KOTop1,1e qacTO 

H88Nll81lT ~H3Hli6CKHMH npeACT8llJJ8HHHIIH rpynnu raJJHJieH. J\JIH BTOro 

npej!CT8llHll rpynny 5 ll BHA8 

S=H11N, 
r;ne 

N=S)(:rxe , H=~ll'IY. 
Kaz;nul BJJe11eHT aoeneBol no;nrpynnu N xapaKTepHayeTcH TBKHM oo

paaow llHTLD napall6TP814H { a_ 
1 

b 1 e) , 8 Kaz;nua 8JI8M8HT no;n

rpynnu H - napol ( 'R, ;5-) • CorJiacHo aaKoHy K0Mnoa111.1HH ;ztJIH rpynm, 

5 , aJJeweHTN ("R,;}) onpe;ne.JIHllT CJI8.D;YlllllHe rououopqin:nm N Ha 

N H.JIH t K8K rOBOPHT, )lelcTByDT Ha ( Q J b 1 e) : 

(R,v-)(a,b,0)=(~a+bt, b, e+ ~ (ir-.Ra+tbif2.)). 
9JJeueHTN AYB.JILHoro npocrpaHcTBa N' oy;neM oooaHatiaTL qepea 

(p,E,i) a Kaz;nun TaKoa ~neMeHT onpe)leJJaer OAHOMepHoe, 

npe;ncTaBJieHHe rpynnu N B BH;zte 

U(cl,b,B)'o/ = exp{-¾ (p•ii-Eb)tiQS}'f. 

yHHT8pHoe 

r;ne K08~~HllH8HT ft lll,IJ18.II8H ;ztJlH 

BYqHcJIHU>, qro ane»eer1,1 (R
I 
i} J 

;nya.JILHOM npocrpaecne N' 

A81lbHeffmero y;nooorBa. AerKo 

CJI8AYDIIU1M oOpaao» ;nelcTBYIDT ll 

( 
➔ )( ➔ ) ( ➔ ➔ ➔ -o ➔ 1 ➔ 2. ) 'R,v p,E,,i = Rp+~mv, E +11· r,p+ 1 ~m7J', ~ . 

lia 8TOI ~OPMYJIN llHJIHO, liTO 

;nya11LHoe npocTpaecno 0', 
rpynna (R /\ 1f• BOBce He Aelcnyer Ha 

iiro, KoHeqHo, oaHaqaeT, qro napaMeTp 

~ nyfeM COOfll6TCTllyn~ero BU6opa 8AHHHq Bcer)la MOZeT OYTL 

CJ18JI8H P8BHNM I. 
. ➔ ) I 

8Haa )lelcTBHe (R, 'lJ" B N , Moxeu onpe;neJIHrL wopuy opOHT 

rpynnu ! . Ecm1 roqxa ( p O , E0 , f/.o) npaHa;nnezHr opoare, TO 

O;ztHOllpeueHHO ett npHH8AJI8:S8T TO'IKH 
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TaKHM oOpaaoM,llOJlyqaeu fiBlililrt BHA onepaTOPOB npe11cT8BJleHHfi pacmH

peHHOlrt rpynnH rananea 

[U(~,i1,a,b,0)'o/']c("(pE,z)= . 
' + -+ ~ s ( " ➔) ➔ ➔ ,, ➔ 2. )' 
=expf-i: a·p-bE +iz0}- 2- D.cp(R)t 1f (p-zm'll ,E-v-pt1:2m'IT, ~' 

1i l\=-s ,-

Kax11oe TaKoe npe11CT8BJleHHe OAH03HaqHo onpe11eJ1HeTCH BHOopoM Tpex 

BeJIHqHH: ,n , Q H 5 H B AaJlDHeAmeu Oy11eu Kax11oe T8Koe 

npe11craBReHae oOoaHaqan qepea U (m,5"2, s) • 
JlerKo MOXHO npoBepH!'D, qro BWIHCaHHOe H8MH npe11cT8BJl8HHe 

YHHTBPHO OTHOCHT8JlDH0 CK8JlfiPHOro npOH3B8A8HHH 
➔ 2. +s . 

(<t>,Y)= 5lp jc!E S (5"2-E + im )~ f;(pEz>1Kt (p E2). 
·. cL=-s 

HeCKOJlDKO CJlOB o wzaaqecKOA HHTepnperaitHH HanAeHHoro npe11-

CT8BJ1eHHH. 

Ilpex11e Bcero aauerHM, qro npeAHAYl!IHe apryueHTH, DOK88HB81l~He 

HeJlOK8JlH3Y8MOCTD COCTOHHHA HepacwHpeHHOA rpynnu raJIHJlefi, 8AeCD He 

paooraDr. Oua ocHOBHBanacD na row waxre, qro ARH HepacmapeHuoA 

rpynnH raRHJleH f 2. OHJIO DOC!'OfiHIWM Ha 11aHHOA opOHTe. TenepD 

opOHTH onpe11eJ1fillTCH ypaBHeHH8M napaOOJlOHAa 
➔ 2, 

52=nE-.L 
➔ z. ., l.m. 

H,KoHequo, p yEe He HBJlH8!'CH DOC!'OfiHIWM Ha opOHTe. 

~opuyJIH 
➔-, -n ➔ ➔ p = "P + m'IT, 

El E ➔ ➔ 1 ➔ .i. = +v-Rpti:rnv, 
onpe11eJ1HD111He 11eitcTBHe no11rpynUH tR fl -tr Ha aJieMeHrH ( p 1 E, 1) 

\ 

I f 11yaJ1DHoro npocTpaHC!'Ba N , B roqHoCTH c0Bna11a111 c reua qiopuyJiawH, · 

C KOTOPHMH Bcrpeqaeuca B uexaHHKe DPH pacc~oTpeHHH H3MeHeHHA 

HMllYJlDCa H aueprHH uarepHaJlDHOA ToqKH C uaccolrt m npa nepe:x.011e 

30,< 

➔ 
-K ,7tpyroA HHepitH8JlDHOA CHCreue orcqera. 0TCDA8 CJ18Ayer, qTo p -
aro HMllYJIDC oo:i,eua, onacHBaeworo BOJIHOBO!rt WYHK&Heit ¾ (p, E) , 
E - ero aueprHH H m - ero uacca. TaKHM oOpaaow,.HameJI cBoD 

1rnrepnpera1tHD napauerp m 
reuarHqecKHX cooOpaxeHHit. 

BB6A6HHHlrt H8UH p8HDW8 HS qacTO ua--

IlocuoTpHM TenepD Ha napauerp 5"2 • JlerKo BH1ten, qro aro 

aueprHH 00:beKTa B CHCTeue, r,1te OH' llOKOHTCH, H D08TOMY Oy11eu H83,H

B8TD 5' BHYTP8HHelrt auepraea. CKanHpHoe DPOH8B6AeHH8 B rHJlDOepTo

BOM npocrpaHCTBe aaBHCHT OT BHyrpenueA.aHeprHH qepea nocpe110TBO 

HHBapHaHTHOlrt uepH Ha napaOOJlOH~e ~ ll08TOMY npocrpaHCTBO I'HJlD08pTa 

c ,1taHHHII aHaqeHHeK .5( 00oauaq1n, qepea ~~ • ,llJIH BCHKOro 
. " 

'\j'E df2. onpe,1teJ1HK yHHTapHHI oneparop Sl ,TaKoA, qro 

( 2 'l')ct (p,E) = 'Vo, ( p, E-2) = 'V-
1 

( p, E), . 
xoropulrt oroopaxae:r 'afS!. Ha 710 • ]lelcnnenuo, 

. (Y',4>')0 = JcL3pJiE S{E- !~)t ~'(p,E)f~ (p,E)= 

_ =jlpJdE 8(2-E+~)f_ '¼lt(p~E)'fc((p,Ef=('f'/p)~, 
. c,1.=-s " . . . 

rAe W HBHHII oOpaaou oOoaHaqHJlH 88BHCHIIOCT» CKaJIHpHoro npOH8B6- ·. 

A8HHH 0~ ·si • Eca aa,1taHO llP6AC!'8BJl6HH6. Usi ("R ~ab e) B 

npoc:rpaucue ~2 , TO 

U(Ri}a,b9)=2 u~CR1ictie)st
1 

. 

roxe 0YA6!' llP6AC!8BJl6HB61( pacmHpeHHOI rpynnw raJIW18H, HO 11eAcTBYEIIIHM 

B npoci,:opaucne ';lf O • llpauol pacqer ,1taer · · 

U ('Rita. be)= exp{- i~S?. J U0 ('R ira b 8). 
r,ll& Uo eon n1;>e11craBJieHHe rpynllli raJIHJieH B npoc:rpaHcue "Jf O • 

TSKHK o6paaoK,noJiyqaeu 

~('R~ci~e)=e,cp{- it2 J.Q-1
U

0
(Rv-ube)§. 
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5To noKa3HBaeT, qTo npe,11craBnemrn: U { m S1 S) H U ( m O s) qiHaH- · 

qecKH 3KBHB8JieHTHli. ]{JIH 00'.beKTa, OilHCHBaeworo HenpllBO,lllll!liM ,YHll

T8PHliM npe;itCT8BJieHHeM pacwHpeHHOlii rpynnli raJIRJieH, aHaqeHne BH,YT

peoHelii atteprHH CJI,YEHT TOJihKO l!JIH onpe;iteJ1eHHH oaqaJia oTcqeTa 

3HeprHH H, CJie;itoBaTeJlhBO, He HMeeT qlH3HqecKoro 3HaqeHHH. IlOJIOEe

Hll8,o)l;HaKO,JA8H/l8TCJI ,IIJI/l npe.11:craBJI8Hl1iil, He /!BJI/!IO!J1PIXC/l H8Ilpl1BO,D;l1-

MliMH, HO 3TH Bonpocu He BXO]tHT B paMKH Hacroam11x JI8KIUiiil. 

CMHCJI napaMeTpa S npoc-T. IlOCKOJlhK.Y H3 llb1IlHC8HHblX qiopMyJI 

BHAHO, qTO S onpe;itenHeT Il0ll8]t8HH8 CHCTeMH npn npocTpaHCTBeHHblX 

nonopoTax, TO, CJI8]tOB8TeJihHO, S ec_!U, Cill-lH CHCT8Mli. 

Ha 8TOM Mli 38KaHqHB8eM odcyz;iteHHe BOnpocoB, CBH38HHblX 

c npe.11:craBJieHHJIMH rpynnu faJIHJieJI,H nepeM;iteM K raJIHJieeno-HHBapHaHT

HblM BOJIHOBHM ypallHeHHHM. 

ram111eeBO-HHll8pH8HTHble llOJIHOllble ypaBH8HHH 

Ilepe~eM K BOnpocy O cy~eCTBOB8HHH raJ1HJ188BO-HHB8J)H8HTHliX 

BOJIHOBllX ypaBHeHHlii. Ilpeit]te Boero odC,YAHM raJ1HJ1eeBy HHBapHaHTHOCTb 

ypaBH8HHH illpe;itHHrepa 'AJIH CBOOO]tHOlii, 6eccnHHOBOlii qacTHIU,I c wac

colii m 

~ ~ ~ v(x,t) = { iii :t ~v)ylx,t), 
r;ite V - nocTOHHHHlii noTe~HaJI, /i - onepaTop JlallJlaca, H BOJI-

Honaa qlyHKUHH y(x,t) y;itOBJieuopHeT yCJIOBHI> 

JI-vii'"= (,vJ 'Y) = J1vcx,t>J1
d3

x < 00 , : 

KOTopoe noaBOJ1HeT HHTepnpeu1poBBTb l'f'{;,t)fl KaK BepoHTHocn oaliiTH 

'laCTHUY B rotme X B 1101o1eaT 11pe1o1eHH t . 
J{JIH Toro qT06H npH nepexo;ite x HOBolii cHcTewe orcqera (r;ite 

➔, t' ➔ . KOOPAHH8Tli X H Clll'l88HJ,i C KOOPAHH8f8)(H )( -H t· npeo<lpaao-

32 

Jl8HH811 raiumea) He MeHHJIOCh qlH8H'l8CK08 CO]tEipJtaHHe ypa1lHeHHH IIJpe-

· ]tHHrepa, Hy:amo, lJTOOli cymecTBOB8J1 88KOH npeoOpaaoBaHHW'BOJIHOBOit 

(}yHKUHH ,Y , T8KOit, 'ITO HOBBH BOJIHOBBH (}yHKUHH y• (t t') ,Y]tOBJieT

BOPHef ypaBB8HIW mpe]tHHrepa 

- 1~
1 ba''lf'(x: t') = (it ½,-V')v'tx', t'J 

c oexoropHM :eoawoxoo HHHM aHaflem1e1.i" nocroHHHoro noTeounaJ1a V' H 

Qf06ll HMeJIO MeCTO paBeHCTBO 

l"lf'(l;f>ll = hvtxJ>I\ 
ooecneq11BaDJ1188 HHBapHaHrHocth Bepoaiooctoo~ 11otepnpeTau11H. Ho 

IlOCJ18]tHee ycJlOBHe oauaqaer, qro ~YBKUHH .¥' H 'o/. CBH88Hli COOf

HOmeHHeM: 

- y'(x',t'J = exp{i. >iix;t)}y(x,t), 
r;ite waaoBlllii MHOZHfeJlh ~(l;t) 88BHCH!,B000llle roBOPH,OT-napauerpoB 

npeo6pa80:B8HIIH f8J1HJleH, nepe:BOAHJ118rO TO'IKY (x,t) :B TO'IKY (x~t'), 
8 KOBCf8HT8 h :e:ee;iteHa ,nJIH YAO<lcua. 

. TpeOo:eaHHe 3KBHB8JI8H!HOCfH ypa:eoewdl Wpe;itHHrepa ]tJlH BOJJHO

:BllX WYHKUHI ,y H y I npn:eoAHT K cJie;ityllJIIHM ycJ10:e1rnu: 

V' =V 
➔ 

V)dx,t) == m1t\r 
~..\(X,i> _ i.fi A , , ... t_)·+ 1 rn;;t.1 
11-t:· - trn U/1 x, 1 v. 

IlOCJl8AH118 ABB YCJIOBHH A81lf 

A(x,t) = m. ;;. 'R1 + 1 mvit + c ('R ~a M, 
rAe ~YHKI{HH C - npo11a:eouHaH <}yHKI{HH c:eon apryMeHTo:e, YAOB

JI_enopHllJIISH 8)lBHCTBeHHOM,Y ,YCJlOHll 

l 
➔➔ 

C 1.o-oo)=-0 
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0AH6KO .zlllH Toro, qTOObl H6liAeHHhlH 38KOH npeoopasoBaHHH BOJIHOBOtt 

<I!YHKUHH OOJIBABJI rpynnoBNM CBOttCTBOM,HyEHO noTpeOOBBTb, qTQOhl 

C ('R ;ta, b) = 0. 
Ilpe)lcTaB>1M 'V ( t 

1 
-t) HHTerpaJiou ~ypbe BHAa 

'}flx,t)= J cf'pdE b (V-E + ;,.~2. )expf t (p•l-Et)}1jr(p, E) 
H aHaJIOrHqHo Bhlpa3HII v' a: t'J qepea Y 1 

( p~ E') • Tor)la JI er KO 

MOEHO yOe)lHTbCH B TOM, qTo 

~ I ( ➔ ) { i. ~ ➔ 1l 'V { - 1{ ➔ ➔) E ➔ ➔ ,, ➔ 1) y p,E =exp -K(p·a.-EMJ'lf 'R p-mir, -v•p+ 2 mv , 

qTo TOqHo COBil8)l8eT C TeM npaBHJIOM npeoOp880B8HHH, KOTopoe IlOJiy

qaeTCH C IlOMO~bD npe)lCT8BJieHHH pacmHpeHHOtt rpynnN raJIHJI8H, COOT

B8TCTBYD~ero qacTHUe C HyJI8BhlM CilHHOM. TaKHM oopasou,B CJiyqae 

6eccnHHOBNX CBOOO)lHhlX qacTHU TeopHH .npe)lCTSBJieHHff rpynnN raJIHJI8H 

8KBHB8JI8HTHa T80pHH raJIHJI8eBO-HHB8PH6HTHNX BOJIHOBNX ypaBH8HHff. 

0)lH8KO M8TO)lbl TeopHH rpynn TepHDT CBOD CHJIY B cnyqae B38HMO)lettcT

BHH qacTHUN C HeKOTOPNM BHeWHHM IlOJieM. B STOM CJiyqae, KSK H8B8CTHO, 

H80U8HHM~D ycJiyry )l8DT HSM BOJIHOBhle ypaBHeHHH. 

~OJiroe BpeMH cqHTSJIOCb, qTo 8)lHHCTB8HHoe cy~eCTByD~ee BOJI

HOB08 ypaBH8HHe B HepeJIHTHllHCTCKOM cnyqae - 3TO ypa.BH8HH8 llipe,ItHH

repa. ~TO K8C88TCH qacTHU C BhlCWHMH CilHH8MH, TO cqHTSJIOCb, qTo 

AJIH HHX CHaqaJia H8)l0 CTPOHTb peJIHTHBHCTCKHe BOJIHOBNe ypaBH8HHH 

H TOJibKO IlOTOM nepeXO)lHTb B 8THX ypaBH8HHHX K uepeJIHTHBHCTCKOMy 

npe)leJiy. MarepHaJI npeANAY~ero naparpawa,o)lHaKo,noKasuBaer, qTo 

IlOHHTHe CilHH8 B paBHOU CTeneHH ecTeCTB8HHNM oopasou B03HHKaer H 

B HepeJIHTHBHCTCKOM rpynnoBOM IlO)lXO)l8. IloaToMy H B HepeJIHTHBHCTC

KOM CJiyqae )lOJIEHbl cy~eCTBOB8Tb BOJIHOBhle ypaBHeHHH AJIH CilHHOBblX 

qacTHU H OHH )lOJIEHbl nonyqaTbCH oes IlOMO~ peJIHTHBHCTCKHX ypa!H8HHU. 

34. 

IlpHqHHa,Hey)laqH nepBWC IlOilhlTOK nocTpoeHHH BOJIHOBhlX ypaB

HeHHtt )lJIH BhlCWHX CilHHOB 38KJIDqaeTCH B TOM, qTo 8CJIH B3HTb BOJIHO

Bbl8 <IJyHKUHH V"' l 1, t) Ka.K cpypbe-npeoOpaaoBaHirn BOJIHOBhlX <I!YHKU14li 

,Vd(p,E), oopaayD~HX'083HC )l8HHoro·aen~HBO)lHMOro yHHTapaoro 

npe,11;cTaBJ18HHll rpynnu ranHJieH, TO 8)lHHCTB8HHhll4H BOJIHOBNMH ypaB

H8HHHMH OK83blB8DTCH ypaBH8HHH llipe)lHHrepa AJIH K8E)lOtt KOMilOH8HTbl 

"I'd B OT)l8Jlb.HOCTH. ~TOO.bl BhliTH HS SToro 38TPYAH8HHH, H8IlOMHHM 1 

qTQ'H B peJIHTHBHCTCKOM CJiyqae B BOJIHOB.blX ypaBHeHHHX AJIH BhlCWHX 

CilHHOB KPOM8 KOWIOH8HT BOJIHOBO~ <I!YHKUHH, BblTeK8D~X_Ha TeopHH 

rpynn, Bcer)la npHC;yTCTByDT H' ;npyrHe, 11JIHWHH8 11 KOMilOH8HT.bl, KOTOphle 

y;naJIHDTCH C IlOMO~bD )l068BOqHblx-ycJIOBHU. flpH IlOHCK8 H8TPHBH8JibHWC 

BOJIH0°BblX ypaBH8HHff J{Jlll BblClllHX CllHHOB MOEHO )l8lCTBOB8Tb TOqHQ 

TBK ae, KaK nocrynaJI ~paK npH BhlBo;ne cBoero ;ypaBHeHHH, T.e. He 

wuKcHpoBarb qHcJio KounoHeHT BOJIHoBott wyaxuHH ,v .. ct,t>, c1. = 1,2., ... N • 
HanHmeM oO~HI BHJ{ JIHH81Horo ypaBH8HHH 

• N ~,"h ,tt> . 3 
N av~tt,t> N .. 

di~ A11.p H +diE I;.]j,dp bx· +mI. cc(~'lf'p(x,i)=O 
(!, - J=1 ~-1 J ~::1 

HJIH B MaTpHqHoM BH;ne . 

) ➔ ➔ 
i-liA ¥t-+iii.B•v1,y+rnC'lf =0. 

IloTpeoyeu·Teneph, qToOhl K8E)l8H KOMllOHeHT8 BOJIHOBOI W:YHKUHH OblJia 

pemeaHeM ypaBHeHHH llipe)lHHrepa. bro oaaaqaeT, qro c;y~ecTB;yer 

oneparop 

·J. I ~ ·J,, ➔ I ➔ / 
ln.A nttn.J3·V+rnC 

TaKol, qro 

(itA' ½+i1i:B 1·VtmC')(itA ft+ i~B•V·+ mC)= 
. ' . 2. 

= l m ( i. l -h ·+ fr; ~). 
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,: 
ii' 

! 

r)le )lJIH -Oonee YAOOHoll HopuHpOBKH MU BH)leJIHJIH W8KTOP lrn.. CpaB

HHBaH K08\W)HUHeHTll npH O)lHHBKOBUX AHWwepeHUH8JlbH!lX onepaTOpax, 

IlOJiyqaeM CJie)lyDll!YD CHCTeMy M8TpHqHhlX ypaBHeHHll: 

A'A =0 

A1 C+C 1A= '/..., 
C'C =O , 

BBeAeM HOBlie MBT.PHUH: 

~4=t{A+fc) 

B5 ;;:A-4C 

A'Bj +BJA=O 

:Bj Bk+ B~:Bj=- 2.3jl< , 

:BJ C t C' B j = 0 

} :::-1,2,3) 

j,k = -1),,3; 

j ='1)2)3. 

]~ = i (A'+tc') 

, · .B~ = A' - t c'. 
B HOBWC OQ08HaqeHHHX nonyqeuHaH CHCTeMa ypaBHeHHn npHoOpeTaeT 

.BH)l 

J3~Bv+:B~Bti-= -l. Sf-11, · 
r)le 

~')) :'f,l;•. 5, 
qro H8llOMHHaeT 8HTHKOMMYT8UHOHHHe COOTHOllieHHH )lJIH MBTPHU 'AHpaKa. 

C.BH8b C nocJie)lHHMH nonyquM, ecJIH aaMeTHM, qTo CHCTeMa 
I 

)lJJH uaTPHU Bl" H 1,l" mrneT cne)lyDlllee pemeHHe 

Bel =(3 Xe( B l r..--f 
, c( ::: - 'tc1. ,- 1 d. = 1,2.13,4} 

-o . -o' . • A_-, 
.LJ5=-1.(3 '.u5=-L1- 1 

COOTHOllleHHll 

r)le /3 - npOH8BOJlbH8H HeocoOeHHBH M8TPHU8,H MBTPHUli ){« YAOB-

neTBOPHDT COOTHOllleHHHM 8HTHKOMMYT8UHH 

>fc1. ~P + ¥p~d. = 2 Sa1p, 
ll08BORfilllllHUH H)l6HTHWHUHPOB8Tb uaTpHUN ,~ C oouqHHMH M8TPHU8MH 

~HpaKa. TaKHM o6paaoM, ToqHo T8K,K8K H B peJIHTH.BHCTCKOll WH8HKe, 

.BOJIHOB8H WYHKUHH v~c1t)HMe8T qeTlipe KOMilOHeHTli. 
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B08bMeU Tenepb T8KYD KOHKpeTHYD peanH88UHD ';f -MaTpHu: 

• ( 0 -f!t') • (IO) . ·. (I 0) : ~j ;;; l 6j OJ 
1 

J-= 1,2131 r'1 = O -I 1 (?,: I. O -I,, 

r11e 6'j oouqttue ABYMepuue uatpHUll IlaynH. B aTou cnyqae 

noJI;yqaeu 

A = ( ~ g) , Bj = ( ~· ~") ) C = { g fr). 
8anHCllB8H 'o/' B BH)le 

( 
f(x,t>J 

'o/ it, t) = (x t) X I , 

r11e ~ H X - ,n;ByxKoMIIoHeHxHue o6t,eKTH, nepemimeM ypaBHem1e 

itA ~tildi•~'ftm.Cy=O 
B BH)le CHCT8Mli )lByX ypaBH8HHll 

iti. ~.flt,t> + i1i ;. ~X(l,i)= O 

Ui. t?-~'fCx,-t) +- lm X ll,t)= 0. 
0TCD)l8 BH)lHO, qTQ 

i.1i. ➔ ➔- . ~ ) X (t,t) =,.. Tm O•V'('(X,i 

a B HTore BOJIHOBaH WYHKUHH HMeer TORbKO )lBe HeaaBHCHMUe Kouno

HeHTl:l \f.,,(x,t) 
1 

cl.= i,2. • Ilo)lCT8BJIHH X B nep.Boe ypaBHeHHe, 

BHAHM, qTo o6e KounoueHTl:l 'f~{l,t) Heaa:aHCHMO YAOBJieTBOPHD! 

ypaBH6HHll llipe)lHHrepa. 

"HeTpy)lHO yOe)lHTbCH, qTQ nonyqeauoe ypaBH6HH8 11onycKaeT 

KOppeKTHyD B8POHTHOCTHY~ HH!epnpeTSUHll C llJIOTHOCTbD B8POHTHOCTH 
~ . 

~(l,i) =~ 'P!<x,-t>f.t<x,t> = cptrt,t>f (x,t), 
,=1 

B KOTopol npHCYTCTBYDT !OJILKO ueaaBHCHMlie KOMilOHeHTl:l BOnHOBOll 

W]HKUHH, H qro ara nnorHOC?L y~o:anerBOpHe? ypaBH8HHD 

Henpepl:lBHOC!H co CJ18)lYDIIUIM TOKOM: 
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➔ ➔ . r (xJ): jix,t) f J (x1t), 

ri',le ~(1,t)= 1! [ '{/(~t)Vf(x,t)-(vyl(x,i)}tp(~tfl, 

!(X,f) = fm V x [ lf (1,t)6'f (x,tJ. _ 
llacn i (1,t) STOro TOKa C0Bll8i',lef" C OOlf'IHhl!.1 BhlpaxeHH8M i',lJIH 

TOKa B pa!.!KaX T80pHH llipei',lHHrepa, B TO BpeMH K8K j1 (x,f) -
coBep111eHHO HOBOe BhlpaxeHie, KOTopoe H8JlbSH llOJlj'tIHTb C llOMOlllbll 

j' P6BH8HHH lllpei',lHHrepa • B i',l8JlbH8liWe!.I Oyi',leT f1°CHO t ti TO H148HHO ST a 

tiaCTb TOK& OTB8TCTB8HHB sa npei',lcKaSBHH8 npaBHJlbHOro SHBtieHHH 

!.larHHTHoro M0!.18HTa tiBCTHUhl, 

HeTPJ'AHO T8Kllt8 yOei',lHTbCH B TOM, tiTO llOJij'ti8HHOe BOJIHOBOe 

ypaimem1e HBJIH8TCH HepeJIHTHBHCTCKHM npei',leJIOM 1l1lfl peJIHTHBHCTCKOro 

ypaEH8HHH ]lRpaxa. 0TCll1lB cpas;y MOEHO 88KJ!lltiHTb, tiTO 3TO 

BOJIHOBOe ypaBHeHHe OllHChlB88T qacTHUhl co CllHHOM ti • 0i',lH8KO 

Hama ueJib aaKJilltiBeTCH B llOJiytieHHH Bcex pesyJibTBTOB Oes llOMOlllH 

COOTB8TCTBYllll!HX peJIHTHBHCTCKHX TeopHii. IloSTOMY HCCJ181lY8M 8BKOH 

npeoOpaSOBBHHH BOJIHOBOi WYHKUHH y(x,t) OTHOCHT8JlbHO rBJIHJI88EhlX 

npeoopasoBaHwn. 

Oom1r1n BHA mrnenHoro SBKOHB npeoopaaOEBHHH T_BKOB: 

, ('f'<x,t)J i ;1.(~(~~iib> ,:Brniai>)( lflXitJ 
y lx,t)= =exp{,;)lx,t1 

X' (x,t) c (~;;ab), J)fRta b) Xlx,t> , 
ri',le Bce MBTPHUhl A,B, C H ] - ABYMepHhle. IloTpeoyeu, tiTo01,1 B 

KBllti',lOn CHCTeMe OTCtieTB TOJibKO KOMllOH8HTl,I f BOJIHOBOA WYHKUHH 

OhlJIH H88BBHCHMhl8, STO i',lBCT 

:B('R:J-ab)= O. , 
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TaK KBK KBllti',l8H KOMllOH8HT8 'f~ H888BHCHl40 YAOBJI8TBOPH8T ypaE

HeHWl lllpei',lHHrepa, TO W380Ehln MHOlltHT8Jlb A(x))Oyi',leT 8i',l8Cb TOtiHO 

TBKHM xe,KaK H B tieccnHHOEOM CJiytiae. HaKoHeU, TpeOyH, tiTOOhl 

w' (t' t') YAOEJ18TEOPHJIO BOJIHOEOMy ypaBH8HHll 
1 I . 

i'h A :r.' + i:hB-v',y' + rn C ,y'=O. 
noJiytiaew 

➔➔ 

C ('R irn b) = - (S"i v A (R '3-ci b), 

])(~v-iib) = A (l?ihib) 
H 

A ('R v-a b) 6' A-1 
{'R~ci b) = R-1cr-. 

IlocJieAaee ycJIOBHB cpaay nosBOJIHeT aaKJIDtiHTb, tiTo MBTPHUa A , 
onpei',leJIHlllll8H 88KOH npeo0pa80B8HHH AJIH ~ t C TOtIHOCTbll AO MHO

HT6JlH COBlll3i',l88T C MBTPHUeA D "1:i.('R) t peaJIHSYlllll8n ABYM8PH06 

aenpHBOAHUoe npei',lCTaBJieawe ,:pexwepaoA rpynn1,1 Bpamea1r1n, cooT

BeTcTByDmee 8H&ti6HHD CllHH8 S= i • 0TCll1l8, H888BHCHMO OT BCHKHX 

peJIHTHBHCTCKHX 8H8JIOrHA, CJ161lY6T, tiTO noJiytieHH06 BOJIHOB06 ypaB

H6HH6 OllHChlB88T ti8CTHUY CO CllHHOM ~/1 • 
TaKHM oOpaaoM,BOJIHOB8H WYHKUHH 1( npeoopaayeTCH no SBKOHY 

VI (x: t') = exp{ i )i(xJ)} /i11('R, ~)'o/(x,t), 
r,te tieThlpeXMepaaa MBTPHUa fl "1z. H11eeT BHA 

ik(~,v-) = 

.D 1'2,('R) , 0 

- 2'iv.D"11{'R), D'Vz,(R) 
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l1 YP.OBJieTBOpHeT CJie~yllllleuy 38KOHY KOMllO3HUHH 

'1/~( ➔ ) A"/2.( ➔) 1h_ ➔ ➔) ~ 'R1,V:, Ll · 'R1,V':i, = ti ('R1'°R2.,~+~1'1'2. , 
qro COOTBeTCTByer 38KOHy KOMllO3HUHH ARH OP.HOPOP.HOll rpynnu raJIH

JieH (R /\ 'If • TaKHM oopaaou I BOJIHOB8H \l)yHKUHH '\( oopaayeT O83HC 

KOHeqHOMepHoro npe-p.CT8BJieHHH OP.HOP~P.Hon rpynnli raJIHJieH. HanoMHHII 

a-p.ec1,, qro roqHo T8KOe :i,;e IlOJIOllteHHe HL!eeM l1 B peJIHTHBHCTCKOll 

qJH3HKe, r-p.e BOJIHOBNe \l)yHKUHH pe8JIH3YDT KOHeqHouepHNe npe-p.craB

JieHHH O"J).HOPOP.HOll rpynnli AopeHua.,Ho B HepeJIHTHBHCTCKOM CJiyqae 

llOJlOJKeHHe CJIOlltHee, T8K K8K OP.HOPOP.H8H rpynna raJIHJieH He HBJIH

eTCH npocToll rpynnon 14 AO CHX nop HeT:m:iJIHon KJ18CCHqJHK8UHH ee 

KOHeqHoL!epHhlX npe-p.cTBBJieHHA. Yae Ha npuuepe npe-p.CT8BJI8HHH 

BHP.HO, qTo XOTH OHO npHBOP.HMO, HO TeM'He MeHee HepaaJIOlKHMO Ha 

HenpHBOP.HMlie. 

licnOJil>318M Tenep1, npuoopereHHNI OnNT C BOJIHOBNM ypaBHeHHeL! 

P.JIH CllHH8 ~/2 'npH nocrpoeHHH T8KHX JKe.ypaBH8HHI P.JIH npoH3BOJil>

HOro CllHH8. Ilp,ell-p.e Boero norpeoyeu, 'iTOClli BOJIHOBlie \l)yHKUHH npe-

oOpaaoBaJIHCl, no cJie-p.yDmeMy aaKoHy: . 

~·,x~t'J = e;cp{~ A(x,-t>} i 1 /Jd.p ("R,v-J1Jfp (xJtJ. 
r-p.e ~ (x,t) HBJIHeTCH CT8HP.8PTHNLI qJ83OBl:ilJ LIHOllHTeJI8LI 1 8 6_ fR,i}) 

N -MepHliM npe-p.cTaBJieHHeM OP.HOPOP.HOll rpynnu raJIHJieH. 

qTOON H3O8Bl1Tl>CH OT TPYP.HOCTell, CBH38HHNX C KJI8CCHqJHK8UHeA npe-p.

CT8BJI8HHll 6.('R,il'), Cly-p.eM CJieP.OB8Tl, cnocoCly, KOTOpNll npHM8HHeTCH 

B ueTo-p.e BaprM8HH8-BHrHepa B peJIHTHBHCTCKOM CJiyqae. 

PacCUOTPHII BOJIHOBlie \llYHK~HH YM,, .. ').,J (x, t), r-p.e K8lltP.Oe Ai 
npHHHU8eT qerupe 3H8'i8HHH OT I AO~- IloTpeOyeu, qToON BOJIHOBlie 

\llYHKUHH cHMUeTpH'iHliM oopaaou aaBHceJIH oT HaOopa HHAeKcoB A 
B peayJiuare BOJIHOBaH \l)yHKUHH HueeT (N+3)V3! N! aeaaBHCHllfil 

Ko11noHeHT. Onpe-p.eJIHM onepaTop 

,40 

( 
. i 

' 
l 
l 

't, 

e 

( 

..... ~ •-t. ➔➔) 
ln 1t > lfl o•V 

0= 
·.I, ➔➔ 2. Lno•v', m 

H norpeoyeu, qroOu BOJIHOBBH ~yHKUHH ·1/ YAOBJieTBOPHJia cHcreMe 

ypuBH8HHll 

±.0 ,u; ,. A_'· tx,t)=O, j=1)2> ... N. 
p=1 cep T,i1•• "J•1,1-,"J"'"'i• .. N 

lia oTHX ypaBHeHHll CJie-p.yer, qro H838BHCHMNMH KOMllOHeHT8MH BOJIHOBOH 

\l)yHKUHH Oy-p.yr TOJil>KO re I P.JIH KOTOPhlX )._; = 1, 2. • Sr11 KOMllOHeHTN 

onpe-p.eJIHDT HOPMY BOJIHOBOll \llYHKUHH 

l. ,. 2. f ; t)jt 3 II 'r'll : L_ " · ~ I 'f.>.1 • .. ~N ( J d. X' 
)1~'1 )iN:'I 

KOTOP8fl HeBliPOll"J).8H8 l1 He 38BHCl1T OT BpeueHH. C nouoml>D aron 

HOpllli npocTpaHCTBO BOJIHOBNX \llYHKUHll npHoOpeTaer crpyKrypy rHJil,

aeproBa npocrpaHCTBa, B KOTOPOM iencrByeT cJie-p.yDmee YHHT8PHO8 

npe-p.craBJieHHe rpynnu rairnJieH · 

'\(
1 {x:-t') =exp{~ ~(;i)} b [NJ (R,v-)'\({x, -t), 

r;!le A HBJIHeTCH o(juqHliM qi83OBliM MHOlltl1T~JI8M, a b [N] 

c111111eTpHaoBaHHNM N -KpaTHliM reHaopHliM npo11aBe-p.eH11eM npe-p.craB

JieHHll f);1h • ,l\JIH roro 'iTOON YBH-p.en, K8KHe qil13HqecKHe oO:beKTN 

OilHCliBBeT BOJIHOBOe ypaBH8Hl1e I H8P.O paaJIOllHTl> S [t~] Ha aenpHBOP.H

MNe npe-p.CT8BJI8HHH. Ho 8TO c-p.eJiaTl> TPYP.HO H BOBCe He HylltHO • .l(eJIO 

B TOM, qro HBC HHTepecyDT TOJil>KO He38BHCHMlie KOMilOHeHTN BOJIHOBOI 

\llYHKUHH t KOTOPhlX y Hee TOJil>KO N+ 1 • Id CTOJIOeu 'f (1, t) ' cocraB

JieHHNll TOJil>KO H3 8THX He38BHCHMNX KOMilOHeHr,npeoOpaayercH no 

38KOHY · 

f'(l,t)= exp{ i A(x,t>} cl. [N\~, ir) ~ ( x, t). 
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[N] ) 
rAe cl ecTD (Nt1 -uepHoe npeACTBBJieHHe OAHOPOAHOlt rpynn1,1 

raJIHJieH, nonyqeHHoe cyzeHH81.1 IlP8ACT8BJl8HHH $[NJ Ha liHB8-

PH8HTHOe IlOAilPOCTP8HCTBO rHJIL08PTOB8 npocTpaHCTBa, H8THHyToe Ha 

HeaaBHCHMN8 KOMilOH8HTli BOJIHOBWC qiyHKijHlt. lia CTpyKTyp1,1 llP8ACT8B

Jl8HHH b,.11~ BHAHO, qTo TaKHI.I oopaaou nonyqaeu CHl.ll.le~pilllOBaHHOe 

N -KpaTHoe TeHaopHoe npoHaBeAeHHe HenpHBOAHMliX npeACTBBJJeHHlt 

.D1/L rpynn1,1 Bpa~eHHD. IlocKOJILKY T8KOe npOH8B8A8Hlie HenpHBOAHMO, 

HMeeu 

d [NJ (R,v-)= DN/2,('R), 

rAe ])Nh ('R)- HenpHBOAHuoe (Nt1) :..wepHoe npeACTaBJieHHe rpynnu 

IlOBOPOTOB. OKoHqareJILHO aaKJIJ)qaew, qro H800p H888BHCUl.lliX KOMilO

H8HT JlOJIHOBOlt \PYHKI.\HH npeoopaayeTCH no aaKOHY 

'{J'(x: f) = exp{¼ >i(x,t)} DN12(R) 'f (l,t). 
BaHB ~ypLe-oopaa aroro aaxoHa npeoopaaoBaHHH, yoezAae1.1ca,qTo 

q,(p,E) npeoopaayeTCH no ~enpHBOAHMOMY npeACT8BJieHHD rpynnu 

I'aJJHJieH, COOT1l8TCTBYDJlleMy Macce ffi H __ CilHHY N/2, • 

TaKHM oopaaou OKaauBaeTcH, q,:o TeopaH npeACT8BJieHHff rpynnu 

I'aJJHJI8H 8KBH1laJJeHTHa TeOpHH raJIWieeBO-HHBapHaHTHliX BOJIHOBliX 

ypaBHeHRD. TeopHH BOJIHOBliX ypaBHeHHlt HweeT,OAHaKO,TO npeH1.1y111ecTBO 

HaA reopeTHKO-rpynnoBIDLH L!8TO.l48l!H,qT0_1lOJIHOBlie ypaBHeHHH Il08BO

JIHDT JlKJIJ)qHTL BaaHI.IOAeltcTBHe C BHeWHHMH IlOJIHMH, B TO BpeMH KaK 

HeHaBeCTHO,K8K 8TO MOEHO CAeJiaTD 13·reopHH npeACTaBJJeHHlt rpynnu 

ranHJieH. 0AH8KO, OK88li1laerca,qro BKJIJ)q8HH8 B3aru.!0]4eltcTBHH B ypaB~ 

HeHHe He HBJJHeTCfi npocTlill AeJIOM AJIH BNCIIIHX a_HaqeHHlt CilHHa, KOrAa 

HMeeTCfi I.IHOro JlHlllHHX KOMilOHeHT JlOJIHOBOlt \PYH~HH. 

,1lJIH npocTOTli OOCYAHI.I 8TOT Bonpoc B cnyqae BeKTOPHlil qacTHI.\, 

qro coorBercnyer aHaqelillll N -~ 'I. B Mei'OAe · Eapr11aHHa-BHrHepa·. 
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BOJJHOJlafi \PYHKI.\Hfi Yd.f\ (x,t), d ,p= 1, ... i, OOTL CHMMerpH'lHlili1 cmrnop 

Jli'Oporo paHra. IlpHMeM 8A8CL CJieAYDIIIYD aanHCL aroro CilHHopa 

y(x,t)=tlXJ•(t,t)(61°2. 0)+YiJ•(x,t)( O OJ+ 
j-1 1 0 0 0 6;(>, 

. . ~ 

+ zJ. {x,t>( 
0 61°')1 + w rt, t) ( 0 01

) <,;CS: 0 · -is; 0 J i ~ ' 

'lTO 8CTL He qro HHOe KaK H8KOi'OP8H aanHCL npOH81lOJILHOi1 CHMM8T

pnqHolt 4X4 M8TPHl.\lil. BOJIHOB!ile ypaBH8HHH HM8DT 8A8CL BHA 

0y~O H ,y8=0, 
➔➔➔ 

qfo Aaer AJJH KoammHI.\H8HTHlilX qiyHKI.\Hii X Y 2 H W cJieAYDIIIYD - ' ) 

CHCT8My ypaBH8HHlt: .. 
divZ =O . ~x - ➔ • ➔ 

L - - -,.ot Z - L v'W = 0 H 
➔ 

'rJW tdivY =0 H 
• ~... ➔ 

tft-rotY=O 
➔ 

-2.m.Wtildiv X =0 
.. ➔ 

2.mz--tuot X =O 
➔ ➔ ~ 

1. m. Y- hwtz +iti. vw =O. 
AerKo BHA8TL, qro 8T8 CHCi'8M8 COAepEHT JlHIIIHHe ypaBH8HHfi H paaH!ilMH 

cnocooaMH I.IOEHO 8TH JIHIDHHe ypaBHeHHfi HCKJUl'lHTL, TaK,qTOOl,I OCTaBHTL 

TOJ!LKO ypaBHeHHfi Ha Nt1 = 3 HeaaB.HCHM!ile KOMilOHeHT!il JlOJIHOBOlt 

\PYHK~HH.Olta3liBaerca, OAHaKo, qro npH OAHOM onocooe IlOCJie JlKJIDqeHlifi 

BHemHero IlOJlfi IlOJiy'laeTCH aenpoTHBOpeqHJl8H CHCTeMa YP8BH8HHlt ,a 

IlpH APYrOM CHC~eua MOEeT OKaaai'LCH npOTHBopeqHBOl~ q,:001,1 H30ezaTD 

noc~eAHelt B08MOEHOCTH,JIY'llll8 Boero HCilOJIL80BaTL JiarpaHEeBy nepe-
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qiopuyJUIPOBKY M8TOA8 EaprMaHHa-B11riiepa. Ilpo11iIJillCTpHpye1.1 8TO Ha 

pacc1JaTp11:aaeMOM np11uepe B8KTOPHl:ll qacTHU· ~YHKUHH AarpaHxa, 

11H:aap11aHTHaH oTHoc11TeJI:1,Ho npeoopaao:aaHHI raJIHJieH, mrneT AJIH 

BToro cJiyqaa BHA! 

P_i * >i * 
d.,- 1 'o/;.p ed.d.' A~13• 'Va·p• t c.c. + 4 't.p wd.rJ.' Wppt ~'fl', 
i'Ae uaxp11uu e, A 11 w 11ueDT BHA 

G=(ilft 
;. fL~.v 

.i-lt6•V) ·A=(I. o). w=( O I) 
lm , O O > -I 0 

11 napaMeTp )- npo11a:aoJIDHblH. C noMomDD np11HHToro npeAcTa:aJieHHH 

AJIH cn11Hopa 'o/' IJJYHKIU!ll Aarpam,a np11:aoAHM K BRAY . 

p . ➔)t· ~X ➔* ➔ • ➔ * ➔ 1.1 ➔H _ _+ ➔ ·J. u*-1• X➔ 
c!A,= di X • 1f -1i X , 10t z-di X · V vv-ti. l · 10t X-Lnw UIV + 

➔ ➔ [_.~ ➔ * .-1 ➔*➔ ➔ * ➔Jn 
+c.c. tlm(Z~Z +W*W) +AZ ·Z-W W+r(X ·YtY ·X ~-

CqiopuyJI11pye1,1 np11Hu11n H8~1J8HDlliero A8i1CTBHH TSK, qToOu OH OTHO
➔➔➔ 

CHJICH K aToff qiopue qiyHKUHH AarpaHJKa, cq11xaa qiyHKUHH X,Y;Z H 

'v,/ H888BHCHMblMH oo~eKT8Ml1 B8PDHPOB8H11H, BapDHPYH no y* , IlOJiy-

'laeu, qTo ➔ 

AX =0, 
OTKYA8 CJI8AY8T' 'ITO B H8TPHBH8JlDHOi1 TeopHH . ~ = 0 
TenepD no OCT8JlDHblM qiyHKUHHM, noJiy'laeu 

. ax ➔ ➔ 
dirt-1i-totZ-i.1iVW=O 

➔ ➔ 

-ti10tXt2mZ=O 
➔ 

-i.h divX t2mW=0. 
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·• BapDHPYH 

➔ 

IIocJieAHHe )lB8 .YPaBHeHHH cpaay Il08llOJIHIOT llbip8311TD qiyHKUIU! Z H 
➔ 

W qepea qi;yHKUHIO )( ii, IIO)lCT8MHH noJiyqemrue TaK EU,l)&lll:8Hl1H 

B nepBoe ypaBHeH11e, yoeE)laeucH, qTo qiyHKUHH X G,t) YAOBJJeTBo-

pHeT YP8llH8HHIO ➔ l, 

. ~x n ➔ _ 
di 11 + lm. ~x -o, 

'ITO 11 eCTD YV8llHeHHe IDpe)lHHrepa )lJIH '18CT11Ubl C Maccow ffi , OilHCbl
➔ -+ 

:aae~oM BOJIH01Joi qiyHKUHell X(x,t) , KOTopaH np11 npeoopaaoBaH11Hx 

raJIHJI8H :ae)leT ceoa K8K BOKTOP 

X1

(x't')= exp{fA<t,t>}'RX(x,t). 
MeTO)l AarpaHJKa B cnyqae. OTIHHOB, 00JlDlli11X r~ OK83blBcleTCH rpoM08AKHM, 

T8K K8K B 3THX OJiy'laHX oaaqaJia H8AO BBO,IU1TD )l008BO'IHble \l>YHKUHH, 

a IlOTOM RX HCKJlll'18TD. ~o CHX nop He cymeoTByeT YAOBJI8TBOPH

T8JlDHOro pemeHHH aToro :aonpoca,H noaTouy uu 3aKaH'llU3aeu oocylll:

A8HHe oom11x BonpoCOB TeOpHH raJIWieeBO-HHB8PH8HTHblX BOJIHOBNX 

ypa:aHeH11i1. 

raJJ,K}l88llO-HH.llap11aHTH8ll 8J18KTpo2111Ha1,nuca 

Oooy~HM BOilpoo O TOM, HBJJHllTCfl JIH B KSKOM-~1100 CMHCJie 

ran.1tneeBO-HHB8PH8HTHHUH ypaBH8HHH MaKCB8AJia, KOfopue aan11meM 

B BHA8 
➔ ➔ 

div D = q div E = 0 
➔ ~B t ➔ ~n ➔ 

-rotE=--rr 10 H=-n-+1 
➔ ➔ 

c noMO~DE ABYX TPSAHUHOHHl:ll nap 3JiexrpouarHHTHl:ll :aeKTopoB (E :B) 
➔ ➔ J 

H (:O,H} • R ypaBHeHHHM JlaKcBeJina AOOaBnHeTcH BNpaJKe11.11e AJIH 

cMJIH JiopeHua 

F = Jc!3x [ ~txit)E (i,t) t J(x,t) x]{l,t~ 
H .YP8BHeHHe HenpepUBHOCTH 
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1f +divJ=O. 

BlicKaauBaeTCH !4HOr1).a MHeHHe, llTO CHCTeMa ypaBHeHHtt MaKCBeJIJia He 

HBJIHeTCH l4H_BapH8HTHOtt OTHOCJ4T6Jll>HO npeoOp830B8Hldt raJIHJie.H H llTO 

8TOT <paKT npHBeJI K BOSHHKHOBeHHD TeOpl4!4 OTHOCJ4T6Jll>HOCT!4o TaKOe 

yTBep1t1).eHHe, O1).HBKO, ae COBO6M TO'lH~~ 

qTOOli STO noKaaaTl>, pacCMOTPHM CH8ll8Jl8 ypaBHeHH6 Henpe

PliBHOCTR. HeTpyJJ.HO BHJJ.6Tl>, llT.o TpecoBaHHe. ramrneeBoR HHBapliaHT-

HOCTH 8Toro ypaBH6Hl4H O)iH03H8llHO, onpeiiemieT ·aaKOH npeoCipaSOB8Hl4H 

nJIOTHOCTett sapHJJ.a l4 TOK~ B CJl61J.Y~l@M Bl41).6: 

~· (~:t1) = '? (x,tJ -
➔ I ~· ') 1) ➔ ➔ t) ➔ (➔ t") j(x,t =r,,.j(x, +v~x,, 

r1).6 mTpl4XOB8HH1,16 KOOP1J.l4H8Tl,I CBH38Hli C aemTpHXOBBHIWMH npeoOpa
➔ 

3OB8Hl46M ram1JieH l4 'R I H ,T HBJIHllTCH napa11eTp8Ml4 8TOro 

npeoOpaaoBaH1r1H. 

8H8H 38KOH npeo0p830B8HHH 1}.Jl.H ~ 
➔ 

14 j 1 MOlltHO aaflTH 88KOH 

npeoopaaoBaHHH 1).JIH 8JI6KTpo11arHHTH1,1X-B6KTOPOB, npH KOTOPOM ypaB

H6Hl4H MaKCB6JIJl8 HHBBPHBHTIW. llpHMOfl npoBePKOfl MOZHO yOe1).HTl>CH, 

qTo 8JI6KTPOMarHHTHlie BeKTOPli npeoopaayllTCH TOr1).B no aaKoHy: 
➔ ➔ ➔ .. ... ➔ 
E'(;;f)=~E(x,t)-i{R_B(x,t); ])

1(~:i'>=~D(x,t) 

i' lx~i'>='RB(i,t> ·' 
➔ I -+1 ') ➔ • .l} ➔ "[) ➔ -+ .!) H (x,t =~H(l<,-i t 'll>< "D(,c,, , 

H, llO1).CT8BJIHH H8fl)ieH!W6 88KOHl,I npeoopaaoBaHHH B Blip8Jt6Hl46 1iJ!H 
• ', •• • • > 

CHJ!hl JlopeH~a '· yOellt)iaeMCH' llTO OHS npeoopaayeTCH no npaBHJil>HOMY 

88KOHY 

F'(t'} ="R f'(t). 

46 .... 

TOllHO TaK·1te, onpe1J.eJilr!B nJIOTHOCTl> aaeprHH B BH)le 

➔ ➔ ➔ ➔] ➔ 
u(x,t)= t [E·D t:B·H (x,fJ 

H llJIOTHOCTl> !4MnyJil>C8 B Blrl)ie 

p(x,t)= .DCx,t) x](x,t), 
yOellt)laeucH~ llTO 8TH BeJIH'lHHl,I npeoOpaayllTCH no 88KOHy 

u' (x~t'J= u(x,t) + ;:}. 'R p(l,tJ 

p'lx:t·J = 'R p<x,t>, 
llTO COOTBeTCTByeT 88KOHY npeoOpaaOB8HHH 1J.JIH aaeprHH l4 1r111nyJI1>ca 

oeauaccoBoil HepeJIHTHBHCTCKOil ll8CTH~. 

qTOOli npaBHJil>HO OTB6THT1> Ha BOnpoc: B qeu COCTOHT raJIHJI6eBa 

aeHHB8p!48HTHOCTl> 8JI6KTPO1J.HH8MHKH MaKCBeJIJia, 88M6THM, llTO ypaB

H6HHH MaKCB6JIJia - 3TO BCero JIHWI, 8 ypaBH6HHR 1).JIH 12 H6H3B6CTHl:lX 

llOJI8fl H 1iJ!H 88MKHyiocTH 8TOi1 CHCT6Mli ypaBHeHHA H8OOXO1J.J4Ml,I 1).O

OaBOllH!,16 COOTHOW8Hl4ft Me&1J.Y 8JI6KTPOMBrHHTHliMH B~KTOPBMH. 8TH 

COOTHOmeHHH, H881iB861(1,16 M8T6PH8Jll>HhlMH ypaBH6HHHMH, O1J.HO8H8llHO 

onpe~eJIHllT cpeJJ.Y, KOTOPYll paCCM8Tpl4B88M. Yxe B npocTeilmeu OJiyqae, 

B KOTOPOII 8TH ypaBH8H_l4H HM61lT BH,l.l 
➔ ➔ ➔ ➔ 
])=f.E H :B=f-H, 

Ha HX COllOCT8BJI6HHH C aaKOHBMH npeoOpaaoBBHHH )iJIH 8JI6KTPOMar

HHUliX B6KTOPOB BH1J.HO, llTO M8T6PH8Jll>Hli6 _yp8BH6Hlr!H He Morn OhlTl> 

HHB8PH8HTHhlMH OTHOCHTeJil>HO npeoopaaOB8HHA raJIHJieH. TaKHM oopaaoM, 

OHH MOryT OHTl> YJJ.OBJieTBopeHH TOJ!l>KO B O1J.HOi1 CHCTeMe OTC'l8T8 .11 

T8K8H CHCTeMa 8BTOM8Tl4ll6CKH CT8HOBHTCH•Bli1J.6JI6HHOA cpeJ}.H Bcex 

P.PYrHX 1.rnep~H8Jll>HHX CHCTe11. · KaK H8B6CTHO, Bee nonhlTKH _1:mcnepH

Jl6HT8Jll>HO 1J.OKaaaTl> cy~8CTBOB8H.116-Bhl1J.6Jl6HHOA CHCTe111,1 OTC'l6T8 

(aenoJJ.BHZHhlA awHP H T.n.) OHJIH OeaycnemHhlMH. STO H npHBeJio x 

BO8HHKHOB6HHD T6OPHH OTHOCHT6Jll>HOCTH. 
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0)lHaKO TOJlbKO 'lTO Oi'Me'leliHlie qiaKi'bl He-03Ha'laIOT, 'lTO 

HeB03MOEHO IlP14'AYM8i'l, )lpyry10, He MaKCBeJIJIOBY TeopHIO 3JieKTPOMar

HeTJ43Ma, KOTOpaH 6y)lei' Y'AOBJieTBOPHi'l, npHHUHilY raJIMJieeBOH HHEa-

. p!4aHTHOCTJ4. qTOObl IlOKaaaTb, 'lTO MO~HO Il0Ci'POl4TI, raJIJ4JieeBO 14HBa

pl4aHTHYIO TeOpHIO 3JleKTpoMarHeT143Ma, 14CCne)lyeu ){Ba HepeJIHTMBl4Ci'C

KHX npe)leJia ypaBHeHl4H MaKCBeJIJia, np14qeu Oy)leM paOOTaTb TOJlbKO 
' ➔➔ 

c o)laon napon aJieKTpouarHHTHliX BeKTopoB (EiB). 
➔ 

B peJIHT14Bl4CTCKOH 3JieKTPO'Al4H8MJ4Ke BeJIJ4'll4Hbl C ~ M j oopa-

ayIOT qeTblpeXBeKTOP 14 Il03TOMY HMeeu )lJIH H14X cJie)lyIOmMtt aaKOH 

npeoopaaoBaHMH: 

C~'(x;t'): i{c~(Xlt}t f •'Rjlt,t)} 

r tx; t')= 'RJ(x,t) + "'~: ( 1{ -'RJ(;,t>)f t t ifj(xi), 
r)le 

~ = c 1-( f tr~'~ 
B HepeJIHTl4B14CTCKOM npe)leJie, KOr)la 

I ~I <<1. 
TaKon 3aKOH npeo6paaoBaID1H nopOE)laeT ){Ba HepeJIHTMBMCTCKMX_8aKOH8 

npeoC5paao:uamrn. B nep:uou CJ1y1tae, KOr)la 

noJ1y1taeu 
C~>>IJI. 

~•tx;e) = ~cx,t> 
f (x; t'J =RJ<x,t) t v 9(x, t). 

TaK KaK B 8TOM CJiyqae IlJIOTHOCTl, aapH)la aHa'lMTeJibHO 60Jibme IlJlOT-

HOCTM TOKa, Mbl OyAeM Ha8b1BaTb 8TOT CJiy'latt 8Jl8KTPH'leCKHM. 

Bo BTOPOM CJiyqae, HaSblBaeMOM warHHTHblW, KOr)la 

C<j<<IJI, 
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! 

14MeeM ➔ 

I ( ➔ 't'J , ➔ t) 'lT 1") • ➔ ~ x, = ~ x, + c2. · "j (x,t) 

j'G;t)='RJ(x,t), 
rAe, HeCWOTPH Ha HepeJIHTl4Bl4CTCKHtt xapaKTep 8TOro 88KOHa npeoo-

paaOBBHHH, HBHblM o6paaoM qi14ryp14pyeT CKOPOCTI, CBeTa. 
. t 1 

(8a1rn1taH, 'lTO C E.of:,1-o= , r;ite fo 14 t'-o"'06bl1tlible aneKTpowar-

H14THble IlOCTOHHHble t ll)llteM C -.i 88MeHJ4Tb Ha Eofo ) • HCHO, 'ITO 
➔. . 

npl4 TBKOM 88KOHe npeoopaaoBaIDIH ,llJIH q 14 j 8TH BeJ114qJ4Hl,I He 

YAOBJieTBOpHIOT ypaBHeHJ4D Henpepb1BHOCTJ4. 

BblnMmeM Tenep1, aaKOH npeoOp880B8Hl4H )lJlH 8JleKTPOMarH~THblX 

B8KTopoB: 
.. , 1- ➔ " [... ➔ .. u~ ➔ ➔ .. · } E(x;f>=~·(RElx,t)-.~t1 f-~E(x,t~c·-:- vx'RB(x,t) 
➔ ( .. ➔ \\~ ir ➔ ➔ } 

]

1

(x:i1=~1'R](x,t)- i!1 [f-~B(;,t)J¥ t ci ><'RE(xlt) . 
B 8JleKTPHqecKOM CJiyqae 8CT8CTB8BHO C'IHTBTL, 'ITO 

TBK KaK ~ 

➔ ➔ 

IEl>>clBI, 
➔ 

HBJIHeTCH HCTOqHHKOM E ➔ 
I a j 

➔ 

- HCTO'IHHKOM :B 
B HepeJIHTHBHCTCKOM npeAeJie noJiyqaew TOrAB CJieAyIOmutt aaKOH npeo6-

paaOB8BHSI ,llJIH SJleKTpowsrBBTHblX B8KTOPOB: 
➔ ➔ . 

E'(x;t·, =~E{x,t> 
➔ ➔ ➔ ➔ ➔ -t) 
~' (x;t')=~B (1,f) + toP,o v x"R E (~, , 

rAe Mbl ODHU. HCilOJll,80B8JlH COOTBomemrn c:l.£op,o= -1 • Ha STOI'O 

88KOHa npeoOpaaoBBHHH BHABO, qro ~BHZYJlleeca MBrBHTH08 Il0Jl8 Be 

HHAY~Hpyer SJieKTpHqecKoe IlOJie, HO 8Jl8KTPHlleCKOe IlOJle BJlHHeT Ha 

uarauTaoe. 1noaro:i,cy KOJ:Ho 0D,1tar1,, 

BYEIIUIX YPBBBeBHHX IlOJlH B8 0JA8! '1Jl8H8 
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qro B coorBercr-
~B 1'f • neACTBHTeJlbBO, 



TpeOoBaHHe raJilt!JleeBoff HHB8pH8HTHOCTH npHBO'AHT 3AeCb K cJie

'AYDme" c11creue noJieBUX ypaBHeHRI: 
➔ ➔ 

div E = : div:B = o 
0 ➔ 

➔ 
~ ~E ➔ 

tJO"t B = £0 p-o 1"f + t,lo j • tfdE=O .. ➔ 

I1p11 paccMaTp11BaeMOM aaKOHe npeoOpasoBaHHSI AJIH noJiea, llJieH 1 xB 
B c1111e Jlope~a He npeoopaayeTcH npaBl1JibHU.U oOpaao.u 11 noaTOMY 

'AeffcTBYDmaH Ha aapH'Ali 11 TOKH, HMeer BH'A 
➔ r 3 ➔ F (t) = yl x ~li,t) E (xJ), 

Cl1Jl8 t 

qTO OTpazaeT TOT W8KT 1 llTO B 8JieKTpHqecKOM HepeJIHTHBHCTCKO.U 

CJiyqae .uarHHTHOe DOJie He Bli8UBaer HHK8KHX WH3Hll6CKRX 8WW6KTOB. 

B MarHHTHOU CJiyqae 
➔ ➔ 

I El<< C IE\ 
H Ha peJIHTHBHCTCKoro aaKoHa npeoOpaaoBaHHH noJiyllaew renepb cJie-

'AYDmliff HepeJIHTHBHCTCKHi aaKoH: 
➔ ➔ ➔ ➔ 

E. 1 lx:t') =R E(x,t)- 11 xltB(x,t) 

i· lx~ t') = 'R~ t x,t). 
BH'AHO, qro Tenepb MarHHTHoe llOJie BJIHHeT Ha 3JI6KTPHlleCKOe, 

HO He HaoOopoT. GoOTBeTCTBeHHO HMeeM 3'AeCb CJI6'AYDIIYD cHcreMy 

raJIHJieeBO-HHBapHaHTHlil ypaBHeHHI: 

➔ q 
div E = To 

➔ 
, ➔ ~13 

rt0f E=- -rr 

➔ 

divB=O, 
➔ ➔ 

10tB = f- 0 j · 
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UH yxe BH'AeJIH, llTO B MarHHTHOM cnyqae Her ypaBHeHHH Henpe

PliBHOCTH 'AJIH aapH'A8 H roKa. Ha ypaBH6HHff IlOJIH yoexAae.ucH, llTO 

HMeeu 3'AeCb 

divJ =0. 
aro oaaaqaer, qro B uarHHTHOM cJiyllae roKH BcerAa crau110HapHu H 

llro OHH He Moryr pacc.uarpHB8TbCH KaK CJie'ACTBHe 'ABHXeHl1H 38PH'AOB. 

TaKHM oOpaaoM,Ha.UeHeHHe aapH'Aa B AaHHOM oo~eue He CBH38HO C 

noroKou roKa.qepea ero n0Bepxuocr1,. 

B uarHHrHOM cnyqae Her CHJIU, AeffCTBYD~en Ha 88PH'Ali, H 

ocraercH TOJibKO CHJia,AelcrByD~aH Ha TOKH corJiaCHO BUpaxeHHD: 
➔ f3 ➔- ➔ .. ) F(t)= Jd x j(l,t)xB(x,t, 

qro orpaxaer ror waxr, qro xora B warHHTHOM cnyqae 11ueercH aneKT

p11qecKoe IlOJI8 1 OHO He npHBO'AHT K KaKHM-JIHOO WH3HqecK11M HBJI6HHHMo 

TaKHM oopaaou,BH'AHM, qro ooa HepeJIHTHBHcrcKHX npe'AeJia 

UaKCB8JIJIOBOff 8JieKTPO'AHHaMHKl1 CTPSAaDr oqeHb cepbe3HUMH HeAocrar

KaMH. Tor waKT, qro B OAHOM cnyqae uarHHrHoe noJie, a B 'Apyrou ~ 

BJieKTPHlleCKOe He BU3liBaDr WH3Hll8CKHX 3~6KTOB, nporHBOP6llHT 

raKHM pacnpocrpaaeHHW HBJI6HHHM, KaK B3aHMO'AeffCTBHe TOKOB H 'ABH

ZY~HXCH aapH'AOB, He roBopa yx 00 BJieKrpoMarHHrHoff HHAYKUHH. 

llpeXA8 qey nepeffTH K Oonee HHTepeceoa HepeJIHTHBHCTCKOI 

BJieKTPOAHHaMBKe,aaMeTHM 1 llTO HHOrAa B yqeOHHKaX DpHBOAHTCH 

cJie'AyDm11e aaxoHU npeoOpaao:BaHHH BJieKrpouarHHTHUX BexropoB, cnpa

B8'AJIHBUe B cnyqae HeOOJibIDHX CKOpocrea 

E'(x~t') = RE(l,t) t v-x'R](x,t) 

]' (x; t')= ~B(x~t) + fof'.o irxR ECx,t). 
Koropue He COBDaAaDT HH C OAHHM H3 BliB8'A8HHWC H&m BHme 3aKOHOB 

npeoOpasOBaHHSI •. 0'AHaKO Jierxo KOXHO BH'Aeu., 'CITO TOJILKO 
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qTO HailHCaHHUe 38KOHU npeoopaaOB8HHH He 00JI8,ll8DT rpynnoBoil 

CTPYKTypott. B _qacTHOCTH, T8KOil 38KOH npeoopa30B8HHH npoTHBOpeqHT 

38KOHY CJIOE8HHH CKOPOCT8il B HepeJIHTHBHCTCKOil WH3HK8 H Il03TOMY 

ero ~H3HqeCKHtt CMUCJI H8HC8H. 

qTOObl H308BHTbCH OT J18W8KTOB TOJibKO qTo paccMOTp8HHblX 

B8PCHH HepeJIHTHBHCTCKOtt 3JI8KTPOJ1HH8MHKH,38M8THM, t{TO 3TH J18~8KTU 

B03IIHK8DT OT Toro, qro H8KOTopue t{JI8llbl B ypaBH8HHHX M8KCB8JIJI8 H 

B CHJ,e Jlopem-ia H8,ll0 BblOpoCHTb H3-38 HX ll8KOB8P118IITHOCTH npH 

npeoopa30B81111HX raJIHJieH. IlOJIOE8HH8,0,llH8KO,CYlll8CTB8HHO M8IIH8TCH, 

eCJIH Mbl Oy,lleM oOe HepeJIHTHBHCTCKHe CHCT8Mbl ypaBH8HHM paccMaTp~B8Tb 

BM8CTe. ,l(JJH 3Toro BMeCTO O,llHOM napu 3JI8KTPOM8rHHTHblX B8KTOPOB 
➔ ➔ .. ➔ l E ,B) BBO)lHTCSI )lBe: (Ee>Be) , YJ:tOBJienopHDlllaH ypaB-

HeHHHM H npeoOpaayDlll8HCfl no npaBHJI8M 3JI8KTpHqecxoro HepeJIHTH-
➔ ➔ 

BHCTcKoro npe)leJia, H ( Ern ;Bm.) , YJ:tOBJieTBOPHDlllBH ypaBH8HHHM 

11 npeoopaaYDlll8HCH no npaBHJI8M uarHHTHOro HepeJIHTHBHCTCKOrO 

npe,lleJia. 0)lHOBP8M8HIIO BBO,llHTCH ,llB8 napbl HCTOqHHKOB: HCTOt{HHKH 

aJieKTPHqecxoro Tuna ( 9e > j~) :raxne, q:ro lt9el>>I jel, H HCToq

HHKH 1.1arHHTHoro THna _( qm1 jm.) , r)le lc.9ml<< ljml • ~HaHqecKHll 

CMblCJI 3THX BeJIHt{HH npoHBJIH8TCH OJiaro)lapH HX POJIH B BblpaxeHHH 

)lJIH CHJIU JlopeH~a. 0)lHOBP8M8HHOe pacCMOTp8Hl18 B8Jil1t{HH 3JI8KTPH

qecxoro 11 MarHHTHoro :rHnOB Il03BOJiae:r HallHCaTb HOBOe KOBap:H8.HTH08 

BblpaxeHHe )lJIH 3TOtt CHJibl: 

➔ (. 1 ... ➔ ➔ ➔ ➔ ➔ ➔ -ri } -+-t) 
Flt)::Jd3x

1
~eEe+jm.xBm. t~eErn.+je.xBm+~mEe+jm)(De (x, . 

3)l8Cb nepBU8 ,llB8 'U18ll8 H838BHCHYO KOB8pH8HTHU. TpeTHll H qeTBep

TUtt qJieHU OT)l8JibHO He ,ll8DT KOB8PH8HTHOrO 3KJI8,lla, HO cyYY8 3THX 

qJie!IOB KOB8PH8HTHa. HecKOJibKO TPYJ:tH88 yOe)lHTbCH B TOM, t{TO cyYY8 

J:tBYX IlOCJI8,llHHX t{JI8HOB KOB8pHaHTH8 H noaTOYy Ybl npHBO,llHY 3,ll8Cb 

ueoOXO,llHKble BblKJI8,)lKH 
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F'(t')-Flt):: Eofo Jix [<v:'RJm)'REe +~~ x(·ih'REe.>]= 

➔ r ., ➔ ➔r '3 _,. (~ } . 
= EoP-o 'tr .1d°3x jm Ee= -fop.o .1' jd .,_ cuv jrn. 'ft == 0, 

r,lle lOe · HBJIH8TCH CK8JIHPHbll.l noTeH~H8JIOM, T8KHM I t{TO 
l' .. ➔ 

Ee =-Vfe 
H Mli HCilOJib30B8JIH COOTHOlli8HH8 

div jm.:O. 
PaBeHCTBO Hym HHTerpaJia_oOycJIOBJI8HO HCt{838HHeM noJiett B 6ecKo-

H8llHOCTH. 

TaKHM oopaaoM,Ybl IlOJIYt{HJIH raJIHJI8eBO~HHBapH8HTHYD cxeuy ,llJIH 

3JI8KTpouarHHTHblX HBJI8HHR. JlnH corJI8CHH C axcnepHMeHTOM H8Y H8,ll0 

npe,llilOJIOll:HTb, t{TO TOKH,T8KYlllH8 B npoBOAHHKax,oTHOCHTCH K THilY 

jm. , T8K K8K HH8t{8 He_Oy,lleT B38H~OJ:t8ffCTBHH THil8 TOK-TOK./ To xe 

08M08_KacaeTCH H TOKOB H8llarHH'IIHBaHHH;oHH :ro:a:e )lOJIJltHU ClUTI, THila 
➔ . ➔ 

jm. • TOJibKO H30JIHPOB8HH!,18 aapH,llU OilHCUB8DTCH 9e. H TOK- je " 

BU8B8H ,llBHll:8HH8M 8THX H80JIHPOB8HHUX aapH,llOB. IlpH 8THX npe,llnono

ll:8HHHX npe,llJIOZ8HH8H c:xeua HepeJIHU!BHCTCKOit 8JI8KTPO)lHH8MHKH npa

BHJibHO OilHCUB8eT _ CJI8,llYlllliH8 HllJl8Hl!H: 

I) CHJIU 1 A8llCTBYlllliH8 M8ZJ1Y H80JIHPOB8HHblYH 38PHJ18MH 

(aaxoa KynoHa); 

2) CHJibl, J:t8llCTBYlll!IH8 Y8ZJ1Y TOK8MH H uarHHT8MH; 

3) Cy~ec!BOB8HH8 HHJlY~HPOB8HHliX TOKOB. B ll8C!HOCTH, npu- ' ... ' 

cy:rcrBHe nepeKeHHoro noJIH Bm BNaHBae! oy~ecrBoBaHHe HHJlY~Hpo-. 
BSHHoro noJIH Em , H 'AJIH toro q,oou nonyliH!b HHJ:tYIUIPOBaHHNll_,!OK, 

Hau H8,ll0 IlPKHH!b K8T8pH8~bH08 ypaBH8HHe, THil8 88KOH8 Oua: 
➔ ... ➔ 

jm = <5"( Ee+Ern)• 
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3aMe'l'RM 8AeCb, q'l'o 8'1'HM Mli He HapymaeM raJIHJieeBy HHBapHaH'l'HOC'l'b 

TeopRH, IlOCKOJibKY aaKOH Oua cnpaBeAJIHB 'l'OJibKO B CHC'l'eMe IlOKOH

merocH npOBOAHHKa • 
➔ ➔ 

4) IlocKOJibKY Be Aettcuyer Ha jm , , ABHEYlllHecH aapHAli 

A6ilC'l'ByD'1' H8 'l'OKH H MarHR'l'li, q'l'o OO~HCHHe'l' 8KcnepHMeH'1' PoyxeHAa. 

5) Cymec'l'BOBaHHe B8aHMOAeitC'l'HHH MarHH'l'HliX MOMeH'l'OB C MarHH'l'

HliMH nonm.m. 

6) TeopHH AOnycKae'l' He'l'pHBH8JlbHlie 'cBOClOAHlie IlOJIH, 'l'Hiia 

Ee= 0 , Ein = E! exp{i r.,t} 
.Be =B:exp{iwt} , :Bm=O, 

KO'l'Oplie Mory'l' HH'l'epnpe'l'RPOBa'l'bCH KaK BOJIIrn,ABHlB:YmHeCH C oecKo

HeqHoit cKopoc'l'bD. 3'1'0'1' ~BK'l' npeKpacHo cornacye'l'CH c TeM, qro B 

raJIHJieeBO-HHBapHBH'l'HOit TeopHH He MOlKe'l' Oli'l'b KOHeqHoU CKOpOC'l'R, 

orpaHHqHBBDll!eM CKOPOC'l'b nepeAaqa CHrHaJIOB. 

HecMO'l'pH Ha 8'1'H AOC'l'OHHC'l'Bli I HepeJIH'l'HBHC'l'CKafl 8JleK'l'POAHH8-

MHKa Bee Ee He cornacye'l'Cfl C 8KCnepHMeH'l'OM. IlpeEAe Boero CJieAye'l' 

8AeCb ynoMHHY'l'b HeB08MOlKHOC'l'b paGO'l'li KOHAeHCB'l'OPOB, 'l'aK KBK Bee 
➔ . 

'l'OKH B npoBOAHHKaX 'l'Hna jm H Bee OHH C'l'al.{HOH8plrn. IIOCKOJILKY MU 

He HMeeM 8AeCb ypaBHeHHfl HenpepliBHOC'l'H, He cymec'l'Bye'l' H CBH8H 

MeEAY 'l'OKOM B npoBOAHHKBX H CKOpOC'l'LD HBKOnJieHHfl 88PHA8 Ha 06KJI~

Kax KOH~eHCaTopa. TaKHM o6pasou, W BNHyx~eHU c~eJiaTL HBOEH

ABH!rnit BliBOA: IlOBBAeHHe KOHABHCB'l'OPOB HBJIHe'l'CH peJIH'l'HBHC'l'CKHK 

aql\f/eK'l'OM! 
~ 

YOeAHBmHCb, q'l'o CYlllBC'l'BY8'1' JIOrHqecKH HenpO'l'HBOpequBafl KJIBC-

cHqecKaH t HepeJIH'l'lt1BHC'l'CK8H reopHH 8JIBK'l'pouarHe'l'H8Ma t MOlB:eM nepettu1 

K HCCJieAOBBHHD 8JIBK'l'POMarHH'l'HliX CBOitC'l'B aneMeH'l'apHNX qac'l'HI.{, 

OilHCNBaeMliX raxHJieeBO-HHB8PH8H'l'HliMH BOJIHOBNMH ypaBHeHHHMH, B 

KO'l'OPNX BHBmHee 8JIBK'l'pouarHH'l'HOe none BBOAH'l'CH C IlOMOll!LD aaueHli 
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-. i ,, iii 1t ~ iii -k-9,Vtx,t) 
➔ 

it v ~ ih v-ci,A(x,t> ~ 
➔ 

rAe V H A - sxo CKaJUipHNR H·'BBKTOpHW! noreHIU1axu. 

Rs 3aKOHOB npeo6paaoBaHHH ~u(JxpepeHl.{HaJILHliX oneparopoB uo:mo BH~erL, 

qro ~onyCK6D'1'CH ?OJILKO '1'aKHe noreHl.{HMH,KOTOpue npH npeo6pasoB8.HHHX 

ranHnes npeo6pasymrca no 3aKOHY 

v·,i;t') = vtx,t> + J--RA(x,t> 
· A'(x:t') ='RAtx,ti. 

OnpeAeJIHH axeK'l'pouarHH'l'Hlie B8KTOpli corJIBCHO ~OPMYJIBM 
... ➔ ~A 
E=-vV-tt 
~ ➔ ➔ 
.J:S= VxA , 

BHAHM, qro nonyqaeuNe 8JIBK'l'POMBrHH'l'Irne B8KTOpli npeoopaayD'l'Cfl 

IlO IlpaBHJIB.M, X6paKT8pHW ~JIH iutr[HrHOrO THna H8p8JIHTHBHCTCKOa 

8JI6K'l'POAHH8MHKH. TaKHK oopaaow, 8JIBMBH'1'8p!rne qac'l'Hl.{li B88HMOAeitc'1'

BYE'l' 'l'OJILKO C MBrHB'l'HliM THilOM 8JIBK'l'powarHH'l'HOro IlOJIH. B'l'HM ·H 

O'l'JIHqae'l'Cfl HepeJIH'l'HBHC'l'CKBH 'l'eopHH 0'1' peJIH'l'HBHC'l'CKOit. 

B08b¥BM AJIH onpeABJieHHOC'l'H qac'l'Hl.{y co CilHHOM ~,t • Ee BOJIHO

Boe YPBBHBHHe HMeer B~ 
➔ ➔ 

( i 1i ft- -trV)cp + (i1i V-jA )x = 0 
➔ ➔ ) (itt v-~A 'Pt .2.m'X = o. 

HcKJIEqaa O'l'CDAB 88BHCHMYD KOMilOHBH'l'Y 'X I noxyqaeM ypaBHeHHe 

f ,.,._ ~ - V -t . ➔ ~)1 q,ti · ➔ .. } _ ln-rr-'r -"im(diV-q,R --r;;;-a-•13 '{' =0, 
IlOJIHOC'l'LD COBilBABDlllBe C H8BeC'l'HliM ypaBHeHHeM IlayxH AJIH qac'l'Hl.{li 

co CilHHOK "It B- aneK'l'powarHHTHOM non~. EAHHC'l'BBHHO~ HO cy111ecr-

55 



EeHHOe OTJillqlle COCTOllT B TOM, qTQ B ypaBH8HHll ITayJIH K03\WJHUH8HT 
➔➔ 

j qJieHa 6'·:B npouaBOJII,Hhlil, a a;ziecr, OH noJiyqnJic.ll onpe;zieJieH!illM, 

COOTBeTCTBYIDlllHM H8JIHqHJO MarHHTHoro MOM8HT8 

l= ~ }: q,ti s 
l · 2.m m ' 

➔ . -
r;zie 5 03HaqaeT BeKTOP CilHHa qaCTHUli. Ho OTcro;zia BhITeKaeT, qTo 

9 -qiaKTOP qacTHUhI co cnHHOM '1h, paBeH 

9 = ~1i 
H OH B;llBOe OOJII,IIle, 'lleM COOTB8TCTBYJOlllHtt 9 -\!)8KTOP ,!!JI.fl op0HT8JII,

HOro MOM8HT8. TaKHM oopa30M BH;l!HO, 'llTO H HepeJI.llTHBHCTCK8.ll TeO~HH 

;ziaeT npaBIDII,HOe 3Haqemie MarHHTHoro MOMeHTa qacTHUhI, 'llTO 1l Teqemi:e 

MHOrHX JieT C'llHT8JIOCI, MOHOilOJIHeil TOJII,KO peJIHTHBHCTCKHX TeopHil. 

C ;zipyron CTOPOHN, B IlOJIY'll6HHOM ypaBH6HHH R6T 'llJieHa,nponop

UHOH8JII,HOro 3Jl8KTpH'll8CKOMY BeKTOPY, 'llTO BilOJIHe corJiacyeTC.ll C TeM 

IlOJIOl!teHHeM, KOTOpoe HMeeTCH B MarHHTHOM CJiy'llae HepeJI.llTHEHCTCKOil 

3JI8KTpO,llHH8MHKHo IlOJI:&3yHCI, 00illHMH.I.IlPHHUHil8MH TeOpHH paauepHOCTH, 

MOl!tHO IlOK838TE, 'llTO y HepeJIHTHBHCTCKHX oo~eKTOB He MOl!teT OblTI, 

a~eKTPOMarHHTHblX.xapaKT8PHCTHK,OTJIH'llHhlX OT aap.ll;zia .11 MarHHTHOro 

MOMeHTa. l{JI.ll ,llOK838T8JII,CTBa H8IlOMHHM, 'llTO y qacTHUbl ecTE,3JieKTpH-_ 

qecKnil HJIH uarHHTHhltt MOMeHT nopH;nKa l TOJIEKO Tor;zia, Kor;zia 

B BNpaxeHHH ;!!JI.fl 3Heprnn 3TOtt qacTHUN BO BH61IlH8M IlOJie npncyTCT

BYJOT npouaBO;llHNe cKaJIHpHoro HJIH BeKTopHoro noTettu.11aJia nopH;nKa l . 
B raMHJIETOHH8He ]!OJll!tHN ONTE, CJI8;llOB8TeJII,HO t 'llJI8Hbl BH]l8 

£'°JiV n f-(l).J>ll)A' 

r;zie f{t) H f-(t) - K8K paa 3H8'll8H.IUI HCKOMhlX 3Jl8K'rpOM8rHHTHhlX 

uoueHTOB, J) t oooaHa'llaeT ;ziutMepeHnuaJIEHNtt onepaTop l -Toro 

nopH;!!Ka. 3JI8KTPOM8rHHTHNe MOM8HTN ]!OJll!tHN npH 3TOM HM8TI, CJI8]lyJO

l!lHe paaMepHOCTH: 
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[EW] = Q Ll 

[tt(t>J =- Q Llt1T-1, 

r;zie G,L H T - 8,llHHHUll aapn;zia, ,llJIHHhl H BpeMeHn, 

COOTB8TCTB8HHO. B peJIHTHBHCTCKOA qJH3HKe HM6DTCH IlOCTOHHH8H 

IlJiaHKa ii H cxopocn cBeTa c , wacca qacrunu m . H ee aapn;zi 

£J, H IlO3TOMY 

£ ( l) = oC' ( ..:f!_) L t'J, me , 

➔ (t) ➔ ( ii )t f = Pt q, mc c, 
➔ 

r,ue BeJIH'IIHHN oCt n pi OeapaawepHN. B uepeJIHTHBHCTCKoil qiuanxe 

HeT napawerpa C , H Il03TOMy woryT ONTI, OTJIH'llHNMH OT HYJIH 

TOJIEKO Te f(t) H ill) , KOTopue He 38BICHT OT CKOPOCTH CB8Ta; 
➔ . 

aHa'IIHT, TOJII,ltO c:lo H ~1 woryT OliTE OTJIH'IIHli or HYJIH, qro 

H rpe00B8JIOOI, ;!tOK838TE. IloJiyqeHHJilt peayJIEr8T yxasliBaer Ha 

cy~eCTB8HHOe orJIH'll~e wea;ziy peJIHfHBHOTCKHM u HepeJIHTHBHCTCKHM 

onucaHHe» aJiexrpouarHHTHliX cBoAcrB aneweurapHwc qacrun. 
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ra..irn,teeEO-l!HEapuaHTHM KEaHTOEM TeopM~ IlO}IlI 

0,l{Hlll4 ll3 nau6oJiee mi,nelKHHX cnoco6oE IlOCTpoeHIIIJI KBaHTOBDR TeO

pHH IlOJilI HEJIII8TCJI aKCHOMaTHqecK:uii IlO'AXO'A, B KOTOpOM npHHHMaeTCH ne-

6om,woe qucJIO OCHOEHUX OOCTYJiaTOB H Bee yTBep:!,lleH:rur EUBO.Itf[TCH ll3 

HHX cTporuM .MaTeMaTuqecKHM cnoco6oM. OcHoEHEllI ueJib TaKoro no.nxona -

3apaHee IlOCTpOHTb 06U1He paMKH ,nJ1ll TeopeTuqecKHX paccy:!,llem H pac

CMaTpHBaTb TOJibKO Te cl>H3HqecKHe MOneJIH, B KOTOpUX 3aBe'AOMO C06JID,lla

DTCH OCHOEHHe npHHQHOH TeopHH. Ha 8TOM IIyTH OOJIY'leH ~ MOillHHX 

H o6mHX TeopeM peJilITHEHCTCKOfl ~3HKR. 

JIBCHOMaTHqecKmi OO'AXO'A npe,l{OCTaIIJIHeT Ha.M yBepeHHYD HHcl>OPMailHD 

0 CTpyKType KEaHTOBOH TeOpHH IlOJIH.U CBH3H C 3l'llM M11 6y,l{eM npu,l{epim

EaTbCH aKCllOMaTuqecKoro no.nxo.na H npH nocTpOeHHH ramuteeBO-HHBapn

aHTHOfl KBaHTOEOH TeOpHH IlOJIH. 

IlepBHfl IlOCTYJiaT JJBJilleTCJI 06UIHM ~ :ecex KBaHTOEUX reopull H 

noBTOMY 6yneM ero Ha3u:eaTb KEaHTo~uM. Ero conepl!a.Hne cJienynnee: 

IlOCTyJiaT I (K:eaHTOBUil): 

CoCTO/IHM paCCMaTpHBaewx ~H3HqecKHX CllCTeM OTIHCUEaBJTCH JIY'la

MH HeKoToporo cenapadeJILHoro rHJib6epTo:ea npocTpaHCTEa ~ , a 'AHHa

MuqecKHe nepeMeHHUe - ca.uoconpnzenHmru oneparopa.Mll,.l{eilcrByDmum1 

E 8TOM npOCTpaHCTEe. 

3,l{eCL .MU He 6y,l{eM 06Cyllt,l{aTL 3HaqeHH~ 3Toro 

OOCTYJiaTa, TaK KaK COOTEeTCTEytleyD 'AHCKYC'cuD MOl!HO HattTH BO MHor11x· 

'APYrHX M8CTaX. HanOMHHM, TOJibKO, qTo E CJIY'1ae OpaBHJI c:eepXOTdopa, 

a TaKHe :ecer.na :e eepeJilITHEHCTCKDR Teopun HMeDTCH, paccMaTpH:eaeMoe 

rHJII,6epTOBO npOCTpaHCTEO 'Je JIBM8TCJI Ilpl'IMOii CYMMO:lt oproroHaJibHUX 

KorepeHTHUX IlO'AOPOCTpaHCTE H 3aKOH cynepTI03HUHll COCTOIIHH:lt necnpa

:ee,rom::e ,ltJlll COCTMHmi H3 pa3HHX KorepeHTHUX nonnpoCTpaHCTE. 

IlDCTYJiaTOM, qeTKO OT~amtHM H8peJilITRI!llCTCKH8 TeopHH OT peM

THBHCTCKHX, HBJIH8TCH CJI8.l{YDl!lHl1: 

58 

. IlOC!YJiaT 2 (raJIHJiee:ea HHEapuaHTHOCTb): 

B rHJIL6epTOBOM npoCTpaHCTEe ";Jl cymecT:eyeT yHHTapHOe npe'ACTaE

JieHHe pacnrn:peHHoii rpynnu raJIHJieJI. 

Jl.JilI cI>opM]JmpoBKH c~el(Vnuero nocTYJiaTa onpeneJIHM onepaTop EHYT-

peIUie:lt 1mepruu W cI>oPMYJIOii 
➔ 2, 

AMW=lMH-l', 
r'Ae H u ~ JIEJIIIDTCJI reHeparopaMH HH~HHTe3HMa.JU,HHX :epeMeHlllix 

u npocTpaHCTEeHHUX C'AEHro:e, cooTEeTcT:eenHo, a M - reHeparop cp::l.30-

:eux npeo6_pa30:eaH:uii. KoeeqHo, onepaTopu H, 'P u M HEMRJTCJI one-

paTopaMH 8Hepruu, HMnyJII,C~ H MaCCU, COOTE8TCTB8HHO. Torna HMeeM: 

IloczyJiaT 3 (cneKTpaJIDHHil): 

CneKTP EffYTpeHneR 8HeprHH W orpanuqeH CHH3Y H cymecTByeT . 
TOJILKO onno raJIHJieeBo-HH:eapHaHTHOe COCTOJIHHe C HYJI8EUM 3naqeHH8M 

Maccu. 

~a.JILme BBO,l{HTCH: 

IlOCUJiaT 4 (noJieBoil): 

1>'yff'AaM8HTaJILHUMH n!!:HaMHqeCKHMH nepeMeHHUMH TeOpHll JIE.JlfilOTCJI 

JIOKaJIT,Hlle OOM fc(Cx,t),c(:11' .. N , COOTE8TCTEYl!IUHe nanHOMY 3HaqeHHill 

MaCCU n'\ • IlOM ~d (x,t) JIBJIHDTCJI 06061Jl8HHUMll onepaTOpH03Ha1rnw.m 

q,yHKlUIRMH c o6uqHUMH ,nJ1ll TeOpHH IlOJilI npennoJIO~emmMH 06 o6JiaCTH 

onpeneJieHHJI noJie:eux oneparopo:e. B cwcJie o6o6menHUx qiyHKIUm, Ha 

06JiaCTH onpeneJieHM IlOJieEue onepaTOpll ynoBJI8TEOplll)T CJI8,nyDII(8MY 

saitoHY npeo6pasoBaHHJI npu npeo6pa3o:eanMx raJIHJieJI: 

U(~~ai)½u<x,t}U-1(R~a b)= 

= e.xp{t >i(x,t>}t ~~p(R,~ktP ,1r1,x-vt-aJ, t-1,) . 
fl=1 'T 
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r.ne u tRvu ~) JIEJIR:eTCJI y1rnrapHUM npe.ncTaEJiemieM pacm11peHHOH 

rpymru I'aJIIiJieJI, b. ('R, J) pearurnyer ROHe'IHOMepHoe npe.ncTa:eJiem1e 

0,llHOpO,llHOH rpynilli I'aJIIiJieJI ll A(x,t) - CTB.H~apTHUll !l)a30EHM MHOl!tli

reJII,, nponop[lHOHa.JrbHUii Macce m . 

06paTHM cpasy s.nec1, BHiiMaHHe Ha TO o6CTOJITeJII,CTBO, qro 3aROH 

npeo6paso:eattHJI .IlJilI nOJieii raJIHJiee:eoii reopnn HCKJIJOqaer cymecr:eo:eattne 

3pMHrOBHX IlOJieii, COOTBercr:eyromnx_ HeHyJieBHM 3HaqeHIDIM Maccu, ITosroMY 

HenM 06~e.nmtJir1, B O.IlHO noJie oneparopu poJK,neHHJI n yHnqro~eHrur o.n

Hofi n roil ~e tJacrHu;u. 

Cpe,llll :ecex reopnfi noJIII :eu6npaeM·TOJihRO re, Roropue y.uo:eJieTEOp!I-

10r CJie,uy!OUleMY IlOCTYJiaTY ! 

ITOCTyJiar 5 (JIOKaJ!I,HOll ROMMYTaTHEHOCTH) ! 

J1.mr pa:eHUX BpeMeH ll Hepa:eHUX IlpOCTp8.HCTBeHHLIX roqeR IlOJie:eue 

oneparopu ROMMYTHPYJOT IlJIIl aHTilROMMYTHpyror. (38.MeTHM, qro BTO Ha ca

MOM .neJie osHatJaeT,qro none:eue oneparopu - 06061I1eHHue cpynK~nH ron1,Ko 

npocrpaHCTBeHlillX nepeMeHHUX, a OTHOCHTeJil>HO BpeMeHHOH nepeMeHHOii 

OHli - o6uqHJ,Je qiyH~llll ), 

Kpoue nepeqncneHHUX nocrynaro:e,o6uqHo npHHHMa10rcH 11 ~pyrHe, 

TeXImtJecRoro xapaKTepa. B HHX Her He06XO,llliMOCTH C <pH3HtJeCROH roqRn 

speHrur, Ho OHH HylKH!:l .rvm IlOJIYtJeHrur attaJIHTHtJecRoro annapara reopHH 

ll, ROHeqHo, EJIIDIJOT Ha IlOJIYtJaeM!le pe3yJihTaTH. 

06CY.IlllM renep1, rJiaBHHe pa3JIHtJHJI MeJK.nY peJIIITHBHCTCRHMH n Hepe

JiflTl!BllCTCKru.m Te_oprunm nomr, ROTOpue MOlKHO YCMOTper1, Ha OCHOBe o.u

HHX TOJII,RO npHHIITHX nocryJiaTOB. 

0TJIHtJHJI Mellt,lly peJlllTllEHCTCRilMH H HepemrTHBHCTCRHMll reopRIIMH 

o6yCJIOBJieHU IlOCTYJiaTOM rrum:Jiee:eott HHEapHaHTHOCTH. Cymecr:eo:erume 

yH.0.rapHoro npe.ncra:eJieHM pacnmpeHHott rpynnu I'a.nrureJI osaatJaer, tJTo 
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B paCCMa.TpH:eaeMOM rHJIL6epTOEOM npocTpaHCTBe COCTOJIHHii IlMeeTCJI npe.n

CTaBJieHIIe spMHro:eux oneparopo:e J j ·, Kj , 1'j , H , M , HDJIHDllll!XCH 

reHepaTOpaMil COOTEeTCTBYIO!llHX IlH!pHHHTe3HMaJII,HHX IlOBOpOTOE EOKpyr 

j -roil ocn, :mcroro npeo6pasoBaHHJI.I'aJIHJieJI :e.uo.n1, j -Tott ocn, 

c.u:enra :e.uon J -roii ocn, :epeMeHHoro c.u:e11ra n npeo6paaoBaHM cpasu 

COCTOJIHHII. CraH,napTHUMil MeTO.UaMH TeopHH rpynn IlOJIYtJaeM, 'ITO 3TH 

. oneparopu Y.UOBJieTBOp!IIOT CJie,nymmM nepecraHOBOtJHUM COOTHOIOeHHJIM: 

[Jj,Jk]= i EjkLJt 

[Kj,H]= it} 
) 

[ Jj, Kk1 = i EjkLKL' 

[KJ;H] = i ~j,.M 

[ Jj ;-Pk]: L €jkL -Pt, 

H ocraJI1,HUe ROMMYTaropu pa:eHH ffYJIIO. B tJacrHocrn, oneparop ·Maccu M 
ROMMYTllpyeT co :eceMH ,upyrHMll oneparopaMH, B TOM tJllCJie H C raMllJII,

TOHllaHOM. TaRHM o6pa30M, Macca :ecer.ua JIBJLqeTCJI COXpaHR:IO!lleiiCJI BeJIH

qllHOtt :e rrumJiee:eo-HHBapHaHTHUX reopMX nomr. 0,nHaKo xapaRrep sroro 

3aKOHa coxpaHeHHJI IlHOii, tJeM y o6HtJHUX 38ROHOB COXpaHeHM. neJIO B. 

TOM, 'ITO Macca :ecer.ua IlOJIBMeTCJI B <pa30BOM MHO~HTeJie B 3aKOHaX 

npeo6paso:eaHM :eeRTOPOE COCTOJIHllJI H IlOBTOMY H8JII,3JI npHHl!MaTI, npHH

t:U!ll cynepn03Ht:(l!H ,llJ1ll COCTOJIHlltt C pa3JIHtJHHMH 3HatJeHHJIMH Ma.CCU. B 

npomBHOM CJIYtJae, :e ,upyrott rwmJieeBoii CHCTeMe orctJera 6uJin 6u ,upy

rne COOTHOWeHHJI M8W <pa3aMH COCTMHHii,cocraBJlllDltHMH .IlaHHYIO cynep-

. Il03Ht:(l!IO. CJie.uo:eaT8JII,HO, OTHOCHTeJII,Ha.st cpasa COCTMHHii npOJIBJlllJiaCI, 

6u <pH3HtJ8CRHM CilOC060M IlO-pa3HOMy- B pa3HHX CllCT8MaX OTCtJeTa, HO 

BToro He M0ll8T 6UT1,, IlOBTOMY, BO :ecex raJIHJiee:eo-:irn:eapnaHTHHX RBaH

TOEHX reopllIIX nueeu ~eno·c npa:eHJIOM c:eepXOT6opa OTHOCHT8JII,HO Maccu, 

HasuBae!Wl( npaBHnou cBepxoT6opa EaprMaHHa. 3ro npaBHJIO yr:eep~

~aer, qro Bo :ecex raJIHneeBo-:imBapHaHTHHX Teopaa:x rnn1,6epr0Bo npocT

pancrBo COCTMHd HBJI!l8~Cll Ilpm!Oii CYMMOI (HJIH Ilp!IMHM HHTerpa.noM) 
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KOrepeHTHblX ITOAITPOCTpaHCTB, KOTopue oOpaaoBaHN COCTOHHHHMH C 

ABHHNM aHaqeHHeM Maccu, H ITPHH&HIT cyrreprroaHqHH YAOBneTBOpHeTCH 

TORhKO BHyTpH HaEAO~ KorepeHTHOtt KOMITOHeHTU. KaK cneACTBHe, Ann 
Bcex HaOnDAaeMhlX TeopHil Bee MaTpHqHble aneMeHTli Ann COCTOHHHH C 

paanHqHliMH KOrepeHTHNMH KOMITOHeHTBMH HcqeaaDT. 

STOT rrpHH&HIT CDepxor6opa HMeer HeMeAneHHUe BaEHNe cneACTBHH. 

B Ca.MOM ~ene, ecnu pacCM8TPHBaT» reopHH TOn»KO C OAHHM THilOM 

qacTH&, TO coxpaHeHHe uaccu 3KBHBaneHrHo coxpaHeHHD qHcna qacrHq. 

CneAoBaTen»HO, B ranHneeBO-HHBapHaHTHliX KB8HTOBliX reopHHX nonn 

C OAHHM RHW» THilOM qacrH& OTCYTCTByDT npoqeccu POEAeHHH. Taxaa 

oco6eHHOCTh peaKO OTnHqaex 3TH TeopHH OT COOTB8TCTBYillltHX penaxn

BHCTCKHX ROKMhHWC xeopHil. 

BTopoe cy~eCTBBHHOe OTnHqHe penHTHBHCTCKHX H HepenHTHBHCTCKHX 

TeopHil cBnaaao c onepaTopou I'aMHn»TOHa. XapaKrepaoa qepToil anreopu 

RH pacmHpeHHOH rpynnu I'anHnen HBnHeTCH TO, qTo rB.Ml'ln»TOHHaH HHrAe 

He IlOHBnHeTCfl C npanon CTOpOHN nepecTaHOBoqawc COOTHOWeHHil. Bro 
03Haqaer, qro K AaHHOMY raMHn»TOHHaHy Ho , YAOBneTBOpHD~eMy BCeM 

TpeOoBaHHHM, BcerAa MOEHo AOOBBHT» HOByD qacr» Hr , or.KoTopon 

TpeOyeTCH TOHhKO, qroou Olia 6una ranHneeBO-HHBaPHaHTHa. Ilpli arou 

OKa3liBaercn, qro CTPOHT» TaKHe ranHneeBO-HHBapHBHTHlie BenHqHHli 

HeTPYAHO H noarouy auaqHren»Ho npo~e nonyqar» MOAenH ranHneeBo

HHBapHaHTHoil reopHH, qeu penHrHBHCTCKOil TeopHH. Hanpuuep, ecnu 

K·ABHHOMY raMHR»TOHliaHy AOOaBHM C-qHcnoBoe BlipaEeHHe, TO B ranH

neeBO-HHBapHaHTHoil TeOpHH nonyqaew APyryD, aKBHBaneHTHYD HCXOAHOff,. 

TeopHD, B OTnHqHe OT penHTHBHCTCKOro cnyqan, rAe IlOAOOHlii mar 

npHBOAHT K APYrOMy IlPBACTaBneHHD AHHaMHqecKWC nepeueaaux. 

CneAYD~ee cy~ecrneHHOe.ornHqHe weEAY penHTHBHCTCKHMH H Hepe-' 
HHTHBHCTCKHMH xeopHHJGt CBHSaHO C ycnoBHeM noKan»Hoil KOMMyTaTHBHOCTHo 
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B penHTHBHCTCKOM cnyqae aro ycnoBHe HBnHeTcH oqeH» MO~HliM H CHXhHO 

orpaHHqHBaeT B03MOEHlii Mace reopHil. OKaauBaercn, qro B Hepenn

THBHCTCKOM cnyqae aro He raK, H noarouy aer raHHX Oon»wHx npe

nHTCTBHil B KOHCTPYK&HH MOAen~n. Ilp~qHHa aroro ~aKTa KpoeTCH B TOM, 

qro .B penHTHBHOTCKOM cnyqae ycnOBHe noKan»Hott KOMMyTaTHBHOCTH eCT» 

orpaHHqHBaJl~ee ycnoBHe,HaKnaANBaeuoe Ha noneBue oneparopu Ha MHO

rooopaaHHX Tott xe cauoa paauepHocTH,qTo H npocrpaHcrBo-BpeMn, 

a B aepenHTHBHCTCKOM cnyqae - aro orpaHHqeHHe Ha MHorooopaaHe 

MBH»mea paauepHOCTH. 

Ilpocrue MOA8nH ranHneeBO-HHBapHaHTHblX reopHil noKaaliBaDT,. 

qro B TaKHX T80PHHX Her H800XOAHMOCTH CHMMeTpHqHoro OilHC8HHH qac

TH& H aHTHqacTH&, Her reopeuu O CBH3H CilHHB co crarHCTHKOll H 

MHOrHX APYrHX OBOllCTB, npHCYJI!HX penHT~BHCTCKHM nOKBJI»HliM reopHHM. 

Ho cauoe rnaBHOe - 3XO xo, qxo B aepenHXHBHCXCKOM cnyqae OTCYXCTByeT 

aHanor reopew laara H noaTouy aer,HaBecrHux o6~HX aanpeToB B 

KOHCTpyKrHBHOM flOAXOAB K KBBHTOBOH reopHH nonH. 

Bee aro, KOHeqHo, He SHaqHr, qTo ranMeeBO-HHBapHBHTHlie KBaH

?OBlie reopHH llOHH HBHHTepeCHlio HaoOopor, OHH HMeDT OCOOlif ueTOAll

qecKllll HHTepec. CpaBHHTBn»HaH nerKOCTh nocrpoeHHH HeTpHBHan»HWC 

MOAeJieff aron TeopHH fl03BOXH8T nyqwe noHHT» paanHqHe MeEAY TeopHHMH 

o KoHeqauu H Oecxoaeqam.i qHcnou cTene.aea ~BoOOAN, ueEAY reopHHMH 

C npoqeccaMH POZA8HHH H Oea T8KHX npoqeccoB H nponHT» CBeT Ha 

WHBHqecKHff cuucn npo&eAYPN peaopwaJIHBa&HH. 

J!n:H Toro qroou npOHXnDCTPHPOB8Th CBOHCTBa ranHneeBO-HHBa

pHBHTHwt reopua IlOJIH, onHmeM KpaTKO ABB npocrHe MOABnH raKoff 

reopHu. 

CHali8JI8 paccMOTPHM TeopHll CBOCiOAHliX noneff, onHcliiBaDIIIYD OABH 

THil CKBnHPIUIX qacTH&o IlpocrpBHC!BO run»Oepra 'Jf COC!8BX8HO H3 
d :°t ~ 
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.. ➔ ) TIOCJI6,!!0llaTeJIJ,HQCT6H ICll6,l!P8THtJHO HHTerp.ipyeMUX qiyHK~Htt Yn ( p1, ••• pn , 
n= 0, 1,. '. ' CH!JMeTpHtJH11X HJIH 8HTl1CH11M6TpHtJHWC np.i nepec T8HOBKe 

,l!BJX HMTIYJIJ,COB. CK8JIHPHOe npoHaBe,l!eHHe 86,!!6HO WoPMYJIOH: 

co r 3 3 * ➔ ➔ ,.J..,. < ➔ ➔ J <Y,4'>=~Jdp1, .. dpn 'fn (p1, .. ,pn)'t"n fi,•··fn • 

IlpeACTallJI6HHe pacmHpeHHOH rpynnu I'aJIHJiefl 88,!!8HO qiopMyJIOH 

[U CRti!b)}fJn (fi, .. ,pn) = 

= exp{) i_ [ E(po1)b-pa-a]+in0} 'fn (R-1
(prmt), .. :It(p0 -m7vj), 

c(::1 

r,l!e ➔ a_ 

E(p)= 5' + l~ 

l1 Q oaHatJaeT 8,!!6CJ, BHYTP8HHDID 8Hepr11D paccMaTpHBaeMUX tJ6CTH~. 
. . 

lloJieBue onepaTopu onpe,l{eJieH11 cJie,l!yD~HM oOpaaoM: 

['f(x,t)11jh (~, ... pn)=V n+{fip exp{¼ [p-1-E(p)tJJ'Ynt1(fir •,Pn,p) 
n . ~ 

r.+ w1 ... ➔ 1 ~ c<(n-.JJ f ·[➔ -t i1l11r( ➔ -+ ➔ )-
L 'f' lt,t)r Jn (p1r·•fn)= Vn1 ~ (-1) exp -t Prx-E(pj>t1 Tn_,P-1,PJ, .. fn, 

J ;~., . . 

r,l!e mJianxa A y BeKTopa oaHatzaer, tJTo ero Ha,l!o nponycTHTJ,
1 

c( = 0 - B CJiytJae C_HMMeTpHtJH11X BOJIHOB11X <I>YHK~HM H d. = 1 - B CJiy

tJae aHTHCHMMeTpHtJH11X llOJIHOB11X WYH~Htt. Aerxo npoBepHTJ,, tJTO IlOJI8B11e 

onepaTopu YAOBJieTBOPHIDT CJie,l{yD~HM nepecT8HOBOtJH11M COOTHOIDeHHHM 

[ f tx,tJ, lf (i,'l:"D= [ r\x,t>, 'f +tq,TJ]= 0 

[ 'P lx,tJ, 'f +,g,t)J= S(3><*-9J 
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B CHMMeTpHtJHOM cJiyqae H 

t f (x,t), 'f (g,-r} ={ lf t(x,t), ,l ,g, TJ }~ o 

{tp(x,t),p(g,t)}= S(3>(x-y> -
B aHTHCHMM8TPHtJHOM CJiytJae. 

~JIH Toro tJT06N IlOJIYtJHTJ, Meaee TPHBH8JILHYID TeopIDO,HaM H8,l!O 

paccMaTpHll8TJ, CHCTeMN, r,l!e HMeeTCH OOJIJ,me tJ8M O,l!HH THU tJaCTHij. 

cauott npocTOH MO,!!8JIJ,ID T8KOH TeopHH HllJIHeTCH MO,l!eJIJ, AH. B 3TOH 

MO,!!8JIH mrne_TCH TPH THna tJacTHij: 'l8C!Hij11 V, N H f) , npHtJ8M 

,l!ll8 nepll118 HBJIHIDTCH q>epMHOH8MH, a ipeTLH - OO3OHOM. I'HJIJ,6epTOBO 

npocTp8HCUO COCTOHHHit HBJIIJeTC
0

H 3,!!8CJ, T8H3OPHNM IlPOH3lle,l!eHH8M 

dfv ® dfN ®Jf 0 Tpex _npocTpaacn, onHCNBaJl!llHX TPH tzaqTHijN• cooT

BeTCTBeaao. CBOOO,l!Hlie llOJIH ,!!81W 37-1ec1, B BH,l!e: 

V(x,t) = 'fv(x,t) (8' I@ I 
vt(x,t> = 'ft <1,tJ ® r ® 1 

7-l.lIH V tJ8CH~, 

N (;,t) = I ® 'PN ,x,t) ® I 

Nt(x,t) =I® 'P! (x,t)© I 
,l!JIH N tJ8CTHij, H 

0(x,t) =I® I® l(Ja<l,!) 

(i(x,t)= I® I® 'P:,x,t) • 
.ll.lIH f) tJ8CTH~. CBOOO,l!Hbltt raMHJIJ,TOHH8H 38llHCNBaeTCH ll BHl-18 
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Ho= 1d3
x f Vt{x,oJ(52v- 2~ll)Vlx,O) + 

+ Nt( X,oJ{S-1\-l: .6) N (X,O) t eit,o){Qe - 2~
1

.t;) 0,~01 
r;ne oil 1 M 11 m oooaaatra10T Maccu V, N 11 0 t,l8CTlUl, COOT-
B8TCTB8HHo, a onepaTop l1MilY1lbC8 B Bl1}le 

-P=fix{vt,;,o>v vtt,o; + Ntlx,oJv Nlx,o) +e\x,o)~ e<ioJ}. 
HeTpy;nHo npoBepHTb, trTO 8TH B811l1trHHbl np11 npeoopaaoBaHHHX ra11MeH 

npeoOpaay10TcH no c11e;ny1Jl118My aaKoay: 

1-1;: U-
1

Ho U·= 1-l O + v-RPo f I" [ m [l (V)+ M ol(N) +mXl (0~:V-1 

➔ 1 ➔ ➔ 17 'Po'= u- Pou= RPo + [m dl(V)+M ol.(N) + rn fl( Q)J V'' 
r;ne K'J. (V), 12 ( N) 11 l2 (e) HBJIHJOTCH onepaTopa.MH trHCJla traCfHl.t }lJIH 

v, N H 0 tracTm.1, COOTB8TCTB8HHO. 

BKJIIOtrHM Tenepb BaaHuo;neficTBHe nyTeM ;nooaB11ea11a K H
0 

HeKoTo

pon ra111111eeBO-HHBapHaHTHOfi ;noOaBKH Hr • XapaKTepHofi qepTofi MO}l8JIH 

IH HBJIH8TCH TO, qTo B Hett B08MOlltHbl TOJibKO }lBa a11eueHTapH1:1X npouecca: 

v~N+e. 
Cor11acHo STOMY., oy;neu Hr HCKaTb B BH;ne 

Hr =I cPxdy iz F (x,g,i.) [ Vt(x,O) Ncg,oJ0lz,O)+B1i,o)N+{g,oJV{x,O)]. 
IlpH npeoOpaaonaHHHX ra11u11ea IlOJIH V, N H e IlOJly'llalJT qJaao:Bble 

MHOlltHT8JIH, nponopuHOHSJibHbl8 m J M H m , COOTB8TCTll8HHo. JJ.;rn Toro 

'llTodu STH qiaaonue MHOlliliTe1rn c0Kpama11ucb B Hz , HYlltHo, 'llToOu 
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oYl=M +rn. 

Bun11caHHoe nupaEeHHe }lJIH H1 oy;neT raJLl'l11eeno-11anap11aHTHliM, ec1111 

➔ M-+ 
F( ... ...,,.) (~"")c-{ ➔ trl.x- Y) 

~,~ 1 2. = ~ Ix-~) o z- m , 

r;ne q - npoH8ll0JIDH8H qiyHKUHH,o0ecne'llHB81Jlll8H cymecT:BOBaHHe COOT

ll8TCTBYIOllU1X l1HTerpa110B. BalltHO a;necD TO, 'llTO ra111111eena HHBapHaHT

HOCTD,ll OTJIH'llHe OT 11opeHU-HHBapHaHTHOCTH, He TpeOyeT,'llTOObl WYHKUHR 

q Ou11a IlOCTOflHHOR. TaKHM oOpaaou,no11yqaeM c11e;ny10l11Hfi BH}l raMHJlh-

TOHHaHa ll88HMO}leficT:BHfl! . 

Hx = f lx i~ ~(I x-gl){ Vt(x,o) Nlg,oJG(x + ~ <x-9J) + h.c.} 
H 8TO B88HKO;nettcTBHe JIOK811hHO TOJlhKO ll c11yqae 

'? ( lx-yl)= 9 S { x-gJ. 
Il011D8YHCD nepecTaHOBO'llHblMH COOTHOlli8H.11flMH, MOlltHO yoe;nHTDCfl, 

'llTO ll MO}l8Jil1 JIH coxpaHfllOTCfl c11e;ny10llU18 KOM0HH8UH.11 onepaTopoB t,IHC811 

qacTHU: 

n1=n(W+~(~ 

~i=n(~+n(OO 
H 8TH aaKOHbl coxpaaeHHfl H03ll011RIOT paatiHTh r1111hCepTOBO npoCTPUHCTBO 

Ha cex:ropu C onpe;ne11eHHblM 8H8'1l8H.118M 11.1 H 'f1. 2 , 'llTO BBHllY aaKoHa 

coxpaHeHHfl MUCCN COOTBeTCT:ByeT paaOHeHlOO no aaaqeHHflM MaCcll. 

A,,'Ifl npocTOTN orpaHHt,IHMCfl C8Mb1M npoCTliM HeTpHBH811DHllM CJl,Y'llaeM, 

B KOTOPOM Ha rHJihOepToBa npocTpaHCTBa COCTORHHfi llli}leJIReM no;nnpocT

paacTBa, HBJIHIJll!H8CH 00b8}lHH8HH8M''lleTNpex ceKTOPOB: BaKyyMHOro ceK

Topa C m.1 = n1 = 0 ' ceKTopa C o;naon N -qacTHUefi '111 = 1 ' ll2. = 0 ' 
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CeHTopa C O,llHOi! e -T.!8CTl11.leil C ol1:: Q , oli_: 1 H. CeHTOpa C 

ol.1 = oli= 1 , r,lle Moryr Oblu cocroRHHR O,llHOi! V - tz~CTHlU>I HJIH 

COCTORHHfl N +e CHCTeMbl. TaHHM o6paaoM, Bexropu COCTORHHl!· 38,lla

lOTCfl ITRTblO HOMITOH8HT8MH: 

Y = { s, ,ylpJ ,cJ, 1~>, X lkJ,? l~,k)}, 
r.ne S - T.!HCJio,onpe,1teJIHllll188 BepOHTHOCrb :roro, T.!TO COCTOHHHe ,Y 

• HBJJReTcR BaHyyMoM, ,V( p) - BOJIHOBaSI q')yHx1urn V -tzacrm11,1, 

cp(~) - BOJIHOBaR WYHRIUrn N -qacrHI!H, X ( k) - BOJIHoBaR qiymc

llllR e - T.!8CTHllbl H 7(4,k) - BOJIHOBafl WYHRl!l'JR N+ 0 CHCT8Mbl. 

lloJieBble oneparop1,1 ,lleilcTBYIOT no npaBHJiy: 

Vlx,t)f ~, ,y-lp>,i>ti>, x_tt>, 7l~J>} = 

={fipexpfj[p·x-EvlpJt]]'IJl{pJ, O, O> o, ~} 

N1x,t)[~, 'flpJ,4>(q,,xltJ,~t~J>} = 

a{f d~exp/f [,P-E,t~tJ}44>, 0, O, J d;e.xp{i [4.;-E.l9i~ 7i9 kto} 

ett,t){ ~, 'Vlp>,t'4>, xtk>, ~l~J>} =. 

={Jd'k ex~¾ [kH8 i~tJ}xtki, 0, fd'k exp{t [U-Eef k>t]}?cfk !, o, o}, 

' ~) r,lle fv (p), EN(C, ➔ 

H Es(k) .naHH BupaxeHHsnm 
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-,1 

I 

) 
l 

.. 2, ➔ 1 

E)p)=2v t {~ , EN l~) = StN + 2~ 
~ ,?· 

£0 ( k)==52et Im . 

B OTJ!l'Jtzlle OT oneparopoB YHllT.!TOJKeHHll, noJieBhle oneparophl POli!t{8HHfl 

v+ Nt l'J et He onpe.neJJeHhl Ha BCeX COCTOllHH!lX. llx MOUO npH

' MeHllTl> TOJ!bKO K CJie,!lyIOm,rn COCTOlllillllM: 

y+(x,Of \,o ,o,o,o} = f o, expf-i [r•x-Evlp>t]}'5, 9
1 
o)o} J 

N+(x,t){ \, o,o, xlk>P} =. 

=f o, o,expf-i [i-1-Etll~)tJ}~, o, exp{-i [4-1-EN(~Ji]}xl k)}, 

e+(x,t) { ~, 0)4>(~>,010} = 

={ o, o, o, expf-f fi~:;-E9'kH]}~, exp{-¼ [k·1- £8'k>t]} <J:><ci)}. 
CoOTBeTCTBeHHO T8KOMY .nei!cTBHD noJieBliX onepaTOPOB rronytzaeM, T.!TO 

Ho {) I 1Jf(p),cp(4>)x(k),~(~,k)}= 

={o, Ev(pJ-y(p), EN (~)i(i): E9 (k), [ EN (~HE 8 (k)]? l~,k)} 

11 

l-l1{~,y(p),4>(q}, Xlk),7tiJJ}= 
f O fd3 d3 C ➔ ... ➔ ~ * :+ M ➔ ➔ "t ~ ,➔ M ➔ ) (➔ .. k)} =1 , J <t, k o(p-'}-k)~ (,,,-mkJ?C'l,,1<), o,o, ~ <J,-;;k 'o/ <j,+ • 
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T8K.11M oopa3OM BH'AHM, qro COCTOHHHH 

f ~1 0,0,0,0} 

{ 0,0,q>l~l,010} 
{ o,o, o, -xtk),o} 

HBJIHIOTCH coOcneHHblM.11 COCTOHHHHU.11 O)tHOEP6M6HHO .11 CBOOO;itHoro raM.HJJI,

TOH.HaHa Ho .11 · noJJHoro raMHJIUOHHaHa H0 t H1 • J{JJH roro qroou 

COCTOHHl1e, .11116l0lllee HeHyJieBble 'ljf .11 ?_ KOMilOHeHTbl, l1b1JJO coO'cr-

B6HHblU O;1taoqacr.11qHblM cocroHHHeu Ho+ H:r _ _ , ayxHo, uoO1,1 y;itoB-

JJerBopHJIHCI. YP8BH6H.11H 

Ev(p)y{p)+ f d\!k S<p-q,-k>~*<i-~ kJ~<ik> = £ (p)'o/(p) 

[EN{~>+E9{k)]7lik} + ~(q,- !! k)'f(q, tk) = E (4 tk)~(9,k~ 
r;ite ➔ ;;2. 

E(p)=Q+m 
C HeKOTOpblM BOOOllle OTJI.HqliblU OT Slv 3HliqeHHeM BHyTpeHHeff BHepr.HH 

51 • Ha BToporo ypaBHeHHH c yqerou c·oorHomeHHH 

.. "i. ➔ 2. ➔ki 
(q.+l<) 2 _ _ _ _ m (~ _ M ... )1 
lm - 2.M lm - 2 (Mtm)M 'j, m k 

noJJyqaeu 

➔"' M ~)1 n{q,,k)= rn (o.--k 
l Q -.QN -5?9 - 2..(M+m)M -, m 

q cti,- ~ k) vl~+i:J 

.11, IlO)tCT8BJIHH 3TO B nepBoe ypaBHeH.He, IlOJJyqaeu YPBEHeH.116 AJIH ~ 
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52 = S""2v 8rrMm ( u.
1 I q (u.)f l. d 

M+m J a:+u.1 u., 
0 

r'Ae 

a=lM(1+ ~ )2°(5?e+QN-5"2). 
Ha noJiyqeHHOro BblpaxeHHH BH)tHO, qro BHyrpeHHHH aHeprHH HOBOA 

V ·-qacTHUbl ae uo•er OblTI. npoHaBOJII.HoA BeJJ.11q.11HoA • .l{JJH roro qroo1,1 

IlOHBHBmHACH 3)t6CI. HHrerpaJI CXOAHJICH. Hy:amo, qroObl 9 {u.) Oh!J!B 

yOwBaJOllleA WYHKUHeA H qroou 

5'2 < 52N+Q9. 
B rpaa.1r11Hou cJiyqae roqeqHoro Baa.HMOAeAcrBHH q = const. 11 aror 

HHrerpaJI pacxo;itHTcH. TaKHM oapaaou,noJJyqaeu ry ze cHrya~.1110, qro 

H B peJIHTHBHCTCKOA KBSHTOEOA reopHH C oecKOHeqHl,IMH nepeHOpMHPOBKaM.Ho 

8aHJIJOqeuHe 

B aaKJIJOqeH.He XOTHM oOpaTHTI, BHHMaHHe Ha H6KOTOpble JIHrepa

rypHble HcroqHHKH, 3H8KOMCTBO C Koropb!MH noaBOJIHf rJiyOae OCMblCJIHTI, 

3H8'18HH8 raJIHJieeBOA HHBap.HaHTHOCTH B W113HK6o l(HTHpyewe H.Hllt6 

crarI.H H.11 B KOeM CJiyqae He HC'lepnblBaJOT y&e AOBOJII,HO oOmHpHb!A cn.11-

COK paoor, IlOCBHlll6HHblX BOnpocy raJJHJI66BO-HHBapHaHTHblX reopHA. 

EOJII,WOR Cil.HCOK paOor MOlltHO HaArH B ooaopHoA crar1,e 1.-M. AeBH

AeO'JJOH;ita/11. Kpoue sroa paooru,Hau xoqercH oopaTHTI. BHHMaHHe ellle 

Ha paoory E.B.Me;itBe;iteBa/2/, B ~oropoA uoaHo uaATH uaoro uarepHaJJa, 

He uame;itmero AO CHX nop orpaaeHHH B yqeOHHKax no uexaHHKe. 

qro xacaerca BonpocoB, oocya;itaeu1,1x B npe)Vlaraeuux JJeKUHHX, 

TO )tJIH pacmHpeHHH 3H8KOMCTBa C reoperHKO-rpynnoBwm MB?OA&m,pexo-• 

MeH;ityeu KHYi.r1113/.11 / 41. Ilpe;itCT8BJI8HHH rpynnu raJI.HJI8H OilHC8Hbl B 
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pa6oraxl5- 7/. faJIHJI88BO-HHB8PH8HTH!,18 BOJIHOBhle ypaBH6HHH HCCJie-

1-IYDTCH B paoorax/8- 91. Bonpoc O c~mecTBOB8HHH ra~HJI66BO-HHB8pH8HT

HOit aneKrpo1-tHHaMHKH 6u~ ~ocraBiI~H H pem~H B paoore/IO/. KBaHroBaa 

reopHH nona, nocrpoeHHaH ranHneeBo-HHBapHaHTHhlM cnocooow, 06cya-
1-1aerca B pa6orax/II-I3/. 

1{JIH CB0601-tHoro tITeHHH JI8K~Hff Heo6X01-!HM TSKJte waxepHaJI, co1-1ep~ . 
.• ' . . .•• I 

zamHitCH B MOHOrp8WHHX/I4-IS/, IlOCBHmeHHblX BOnpocaM peJIHTHBHCTCKH- . 

HHB8PH8HTHblX KB8HTOBhlX. Te?p~l no~a •. ,, 

B 38KJIDll6HHe CllHTaeu CBOHM npHHTHhlM 1-!0Jirou noonaro1-1apHT» 

M.H.illHPOKOB8 38 KPHTHtiecKoe llT8HHe PYKOilHCH. 
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