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TTPEL{HCllOBHE 

Uenb HaCTOlll!IHX JleKQHii ,[(Jill MOJlO,[(blX yqeHblX - H3JlOlKeHHe Ha 3Jle~eH­

TapHOM ypoaHe CTOXaCTHqecKHX CBOHCTB 0,[(HOMepHbJX ,[(HCKpeTHblX CHCTeM 

H o6bl!CHeHHe HX C8ll3ll C ,[(HHaMHqeCKHMH CHCTeMaMH. HccneaosaHHll 3THX 

CHCTeM IlPOBO,[(llTCll 8 paMKaX ,[(HHaMHqecKOii TeopHH H npencTaBJllllOT HHTe­

pec C TOqKH 3peHHll IlPHJJOJKeHHii B caMblX pa311006pa3HblX o6nacTllX nayKH 

(<l>H3HKe, XHMHH, 6HOJ!OrHH H T •. fl.). lleKQHH conepJKaT saJKHble pe3YJlbTaTbl, 

nonyqeHHble 3a nocnenHHe neCl!THJJeTHll 8 3TOii 6YPHO pa3BHBaIDmeHCll o6na­

CTH. 0T,[(eJlbHble rnaBbl He npeTeH,[(YIOT Ha IlOJlHOTY H CTpOrOCTb H3JlOJKeHHll, 

a cnyJKaT QeJlllM nepsoro 3HaKOMCTBa C npenMeTOM. neKQHH COilPOBOlK,[(alOTCll 

IlOllCHlllOIIIHMH IlPHMepaMH. Hnorna 8 KaqecTBe TaKHX IlPHMepos npennaralOTCll 

,[(OKa3aTeJlbCTBa TeopeM, npHaeneHHblX B TeKCTe. 

CnHCOK co6CTBeHHbJX pa60T Ill ,liIYllHa OTHOCHTCH, rnaBHblM o6pa30M' K 

o6meH 3pronHqecKOH TeopHH, ToqHee, K CBll3llM 3pronHqeCKOH TeopHH H Teo­

PHH HH(pOpMaQHH. TeKCT lKe 3THX neKQHH IlOKa3blBaeT, qTO OH xopomo 3Han H 

rny6oKO IlOHHMan MHOrHe cospeMeHHble pe3YJlbTaTbl B TeOPHH CTOXaCTHqecKHX 

)1HHaMHqecKHX CHCTeM. B neKQHllX H3JJaralOT.Cll oqeHb TOHKHe TeopeMbl cymecT­

BOBaHHll a6cOJJIOTIIO nenpepblBllblX HHBapHaHTllblX Mep OJ!HOMePHblX OTo6paJKeHHii, 

csoeo6pa3Hblii nonxon K nocTpoeHHID TepMoJJHHaMHqecKoro <!>opMaJJH3Ma B Hey­

cTollqHBblX CHCTeMax. 

TTpennaraeMble neKUHH B·MeCTe co CilHCKOM JlHTepaTypbl nalOT B03MOlKHOCTb 

JlOCTaToqno 6blCTPO c·HHMH 03HaKOMHTbCH H BOHTH B 3TY HHTeHCHBHO pa3BHBa­

lOJllYIOCll B. HaCTOl!Ul,ee BpeMH o6naCTb. 

K rny60KOMY COlKaJJeHHIO, ,aBTOP 3THX neKQHH - H3BeCTHblH qexocnosaq­

KHH MaTeMaTHK IllTe<!>aH Illyl!Hi pa6oTaBWHH B nocnenHee BPeMH B OHHH, npeJKne­

speMeHHO ymen H3 lKll3HH, He ycneB IlOJlHOCTblO nonroTOBHTb PYKOilHCb, 

III.Illyl!H IlJ!BHHPOBan H3JlOlKHTb MaTepHan B QHKJle H3 10 neKQHH. 

Ill.IllyHH 6bm cne11HaJ1HCTOM B MaTeMaTHqecKoii CTaTHCTHKe, TeopHH se­

POllTHOCTeii, 3pronHqecK~~ TeOpHH, TeopHH HH(pOPMaUHH H KOJJHPOBaHHH, a 

TaKlKe B CTaTHCTHqecKOH <l>H3l1Ke. Ero OTJ!Hqana rny6HHa IlOHHMaHHll aKTYaJJb­

llblX npo6neM (pH3HKH, Il03BOJllllOW,all .eMy ycnemHO IlPHMeHHTb MaTeMaTHqeCKHe 

MeT0/1bl K. pemeHHllM (pll3HqecKHX 3anaq. OH - as TOP 60JlbWOro qHCJla HayqHbJX 

pa6oT (nonHblii cn11coK ero Tpynos, Kaca10m11xcH H3naraeMoro MaTepHana, Ha­

xonHTCll B K~HQe 3TOro npeJJHCJlOBHll). KpoMe Toro, OH ycnen nonroTOBHTb 
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pyKorr11eh MOHorpa<pllll O eospeMeHHblX rrpooJJeMax Teop1111 IIHqJOPMau1111. Oorn11p­

Hb1e HaY1IHble IIHTepeebl II l'JJYOIIHa pe3yJJbTaTOB ero 11eeneaosaH11ii IlOJJYlJIIJJII 

IDIIPOKOe IlPll3HaH11e. 

Bee ero ITOMHHT KaK qeJJoBeKa, l'OTOBOl'O seeraa IlOMOlJb eBOIIM KOJJJJe­

raM II J:1PY3bHM. MHOl'IIM Ha,[lOJJl'O 3aITOMHIITeH ero ooaHTeJJbHaH YJJblOKa, e 

KOTopoii illTe<paH oopamaJJeH K JJID,[1HM. 

lliTeqiaH illyHH yrneJJ OT nae B eaMOM paeuBeTe TBOptJeeKIIX e11JJ, HatJaB II 

He 3aseprn11B MHOroe. Ho TO, lJTO OH yerreJJ e,[leJJaTb, eoxpaHIIT ,[lOOPYID rra­

MHTb O HeM. 

Ero J:1PY3bH II KOJJJJer11 etJ11TaIDT eBOIIM ,[1OJl['OM 3aBePIDIITb ero He3aKOH­

tJeHHble HaytJHble IICeJJe,[lOBaHIIH B OHHH. H3 pyKorr11eeii, oeTaBIDIIXeH rroeJJe 

ero eMepTII, Mb! IlOilb!TaJJlleb eo3,[1aTb 3TY 11e60JJblDYID KHlllKKY, ,eTaPaHeb eox­

paHIITb 3aMbieeJJ illTeqiana TaKIIM, KaKIIM OH oeTaJJeH B ero _3arr11eHX. 

Orrpe,[leJJeHHble TPY/:1HOeTII Bbl3BaJJO eoeTaBJJeH11e err11eKa JJIITePaTYPbl, TaK 

KaK OH OblJJ IlO,[ll'OTOBJJeH TOJlbKO e yKa3aHlleM qiaMIIJJllii aBTOpOB 6e3 yKa3aHIIH 

TOlJHblX ,[laHHblX. fI03TOMy B HeKOTOPblX eJJytJaHX IlO,[1 O.[11111M IlOPHJ:1KPBblM HOMe­

POM tJ11eJJ11TeH neeKOJJbKO paooT. 

B IlO,[ll'OTOBKe PYKOilllell K rretJaTII IlPIIHIIMaJJII yqaeT11e eoTpy,[lHIIKII JIBTA 

M.fperyrn, A.nBYPetJeHeKllii II eOTPYJ:1HIIKII JIT$ B.A.3arpe6HOB, H·.c.HeaeBa, 

3.A.ITaBJJIDKeBlltJ, B.E.ITp11e3JKeB. 

PeaaKUIIOIIHblii eoBeT. 
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i,1 

JleKI.\IHI 1 • HEKOTOPbIE 06ll\HE llPHHUHllbl 

B HaCTomneM l.\llKne neKl.\llii Mb( 6yAeM, B OCHOBHOM, 113naraTb MeTOAbI, 

CBH3aHHble C o6'bHCHeHHeM II on11caH11eM CTOXaCTll4HOCTII AnH OAHOMepHblX CH­

CTeM C AIICKpeTHblM epeMeHeM. lloCKOnbKY Knacc A11HaM114eCKIIX CIICTeM, IIHTe­

pecHblX C cj)11311qecKoii T04KII 3peH11H, HaMHOI'O m11pe ynoMHHYTOI'O Knacca (B 

qa<;THOCTII, Ha116onee BalKHblMII C ,cj)11311qecKoii T04KII 3peHHH HBnH!OTCH rnaAKHe 

AHHaMH4eCKlle CIICTeMbl Ha MHOroo6pa3HHX)' B BBOAHOii neKl.\1111 Mb( pem11n11 

np11eeCTII PHA 06m11x KOHCTPYKI.\IIH II paCCYlKAeHHH' KOTOPble B KaKoii-TO Mepe 

onpaeAa!OT Harne orpa1111qeH11e. 

A. L111cKpeTHble II HenpepbIBHble CIICTeMbl 

C rno6anbHOii T04KII 3peHIIH AH(jx!Jepelll.\llanbllble ypaB_HeHIIH MOlKHO 3aAa-

BaTb BeKTOpHblMII noJJHMII X Ha MHoroo6pa311HX. M . Ecn11 LJ - OTKPblTOe 

nOAMHOlKeCTBO M II E - npocTpaHCTBO 6a11axa ( KOTOpoe cnylKIIT MOAenb!O 

AnH KacaTenbHoro paccnoemrn K M ) , TO BeKTOpHoe none X noKanbHo . 

3aAaeTcH oT06paJKeH11eM X U -· UxE , rAe 

XCmJ (m, J(m)); mcU. 

HHTerpanbHble KPIIBble BeKTOPIIOI'O nonH 3aAa!OTCH noKanbHO pemeHHHMII AIIQJqJe­

peHl.\llanbHOI'O ypaeHeHIIH 

(' (m)= df/dt Im= J(m) 

!1p11 HeKOTOPblX ecTeCTBeHHblX npeAnonolKeHIIHX OTHOCHTenbHO MHoroo6pa311H M 

11 BeKTOPHOI'O nonH X TeopeMbl cymecTBOBaHHH II eAHIICTBeHHOCTII AnH o6blK-

IIOBeHHblX AHqJcj)epeHl.\llanbHblX ypaeHeHHii no3BOnH!OT HaM "cKneHTb" 3TH no­

KanbHble pemeHHH II nony4HTb noToK Ha M , T. e. 0To6paJKeH11e 

'f: Mx 1R. ::1 ( m, t) -- If ( m, t) .= lft ( m) £ M , 

AnH KOTOPOI'O BblilOnHellbl ycnOBIIH 

lfosid; 'ft ('fsCmJ)= 'ft+s(m). 

llpeJKAe qeM nepeiiTII K eonpocaM CBH311 CIICTeM C HenpepbIBHblM II AIICKpeT­

HblM epeMeHeM, HanOMIIIIM HeCKOnbKO ll3BeCTHblX cj)aKTOB 113 AIIQJcj)epeHI.\HanbHOii 

reoMeTPIIII ( CM. Hanpl!Mep' / 1 /l. llyCTb M -
0

PHMaHOBO MHOroo6pa311e pa3-

MepHOCTII n LlnH nio6011 T04KII m€M MOlKHo onpeAen11Tb cnoii T mM 

KacaTenbHoro paccnoeH11H TM KaK MHOJKecTeo nap ( m , f ) , rAe ~ 

3neMeHT(BeKTOp) ( n - 1)-MepHoii KacaTenbHOii r11nepnnoCKOCTII K MHoroo6pa-

311!0 M B T04Ke m (cM. pl!c.1 AnH cnyqaH n = 3). KacaTenhHoe paccnoe-

8 

1me TM - 3TO 06'beAIIHeH11e Bcex TmM, rn€M , cua6JKe1111oe KaHoH11qe-

CKOfl TOnonor11eii II noKanbHOii CTPYKTypoii AllqJ<!JepeHI.\IIPOBalllIH. 

f 
,/~ 

TmM m ', 

P11c. 1 

L, 

Pnc. 2 

CeKYll\aH L. 

llepexoA OT uenpepblBHOI'O epeMellll K AHCKpeTHOMY (T.C. OT ITOTOKa K 

AH<!JcjieoMOPqJll3MaM) ocymecTBJJHCTCH npn ITOMOll\11 ITOIIHTllH CCKYII\cJi. nnH BCKTop-

HOI'O ITOJ!H 

roo'6pa311e 

X 
r_cM 

[lo OITPCACJ!CHll!O, ceKymeii Ha3blBaeTCH 3aMKHYTOC ITOAMHO-

pa3MepHOCTII dirnM-1 TaKOC, 4TO: 

( 1) 

( 2) 

(3) 

L, TpaHCBepcanbHO 

To~uoe none X I L 

X ( T. e. KacaTeJJbHO·e paccnoeHIIC 

nopoJKAa!OT paccnocHnc TM I L); 

TE II BCK-

KaJKAaH TpaeKTOPIIH, ITOKIIAa!OmaH ~ , nepeceKaeT L B npomnoM n 6y -

AYillCM (T.e. ITPII ..X€ ~ uaiiAYTCH TaKne ti >0 11 tz < 0 
4TO 'ft ~ , 1ft .X € 2_ ) , II 

1 2 
KaJKAaH TpaeKTOPllH nepeceKaeT L (cM. p11c. 2). 

TaKnM o6pa3oM, ecnn E - ceKymaH AnH X , TO MOJKHo onpeAennTb 

OT06palKCIIIIC nocneAOBaHIIH (llHOI'Aa ero Ha3b1Ba!OT OTo6paJKeHIICM llyaHKape) 

f : L - 2:. nonOlKIIB 

f (.;() = lft
0

(..x), r.Qe t0.,min { I >O lft (.x)f 1}. 

B c11ny ( 1) to= to (.lC) > 0 nnH DCCX .x E z: ' II, nonb3YHCb rnanKoii 

3aBIICIIMOCTb!O perne1111ii B 3aAaqe Korn11, MOlKHO /:IOKa3aTb, 4TO f HBnHeTCH 

AllqJqJCOMOpqJll3MOM. TpaeKTOPIIII ITOJIH X oKa3bIBa!OTCH B OAIIO-O/:IH03Ha4HOM 

COOTBCTCTBIIII C TpaeKTOPIIHMII [ t1(JC); A.€ .i'f , II 3TO COOTBCTCTBIIC 

coxpaHHCT 06'bCKTbl nma HCITO/:IBlllKHblX II nepHOA114CCKIIX T04CK. HTaK, rno-

6anbHble CBOHCTBa IICXOAHOI'O ITOTOKa 'f a KaKoii-TO Mepe MOlKHO 11ccneAOBaTb 

ITYTCM 113Y4CIIIIH rno6anbHblX CBOHCTB All<!icjieoMop(jJ113Ma 

0AHaKO Hey KalK/:IOI'O ITOTOKa CYll\CCTBYCT ceKyll(aH 1HanpnMep, B CIIJIY 

( 1) y nonH X AOJllKllbl OTCYTCTBOBaTb oco6ble T04KII). 6onee TOI'O, oco6biii 

IIHTepec AnH Hae 6ynyT npeACTaBnHTb CIICTeMbl, ):IJIH KOTOPblX OT06paJKeHne 

nocneAOBaHHH 6yneT pa3pblBHblM ll Heo6paTIIMblM ( rpy6o I'OBOPH' TaKaH Cl!Tya-

1.\IIH 06HapylK!lBaCTCH, CCJlll y AllHaMll4CCKOii CIICTeMbl B03HIIKa!OT "cTpaHHblC 

aTTPaKTOPbl"' ITOCKOnbKY nocneAHIIC He HBnHl'JTCH MHOroo6pa311HMII. 
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Ilm60ITWTHO, qTo KOHCTPYKQHSI OTo6pa*eHHSI rrocne110BaHHSI /10ITYCKaeT 

06pa111e1me. A l!MeHHO' nm6oil )11lqJqleOMOPc!lll3M MO*HO ITOHl!MaTb KaK OT06pa*e­

Hlle rrocne110BaHjSI /1DSI HeKOTOporo ITOTOKa, KOHCTPYKQHID KOToporo cei\qac 

OITl!llleM (6onee rro11po6110 CM. B /2/). PacCMOTPHM 11m1 /1HqJqJeOMOPqJll3Ma f 

M-M oTo6pa*eHne 

ol. :_1Rx M 3 ( s, m) ,-- o< ( s, m )=(5+1) f(m))€ !RxM. 

fpynna 7f 11er1cTBYeT cB06011Ho Ha /RX M , cornacHo onpe11emrn11m 

(R, (t,m)) ..-c<li(t,m)= (f+/i, f'-(m)). 

ITo3TOMY npoCTpaHCTBO TpaeKTOpllil Mo (T.e. cpaKTOPITPOCTpaHCTBo(/Rx/1)/a') 

- Ml10roo6pa311e pa3MepHOCTH /+dim M . OnpenenttM noToK ¢- {<Pt}, cf't 
fRxM-!RxM cpopMYDOll ~(s,m)=(Stt,m). 0TCID)1a ITPllMO BWTeKaeT 

3KBHBaneHTHOCTb ITOTOKa ¢ , T.e. BWITOnHeHHe ycnOBHll 

CRo of.ti= c/-o ¢_ · t t ' /iEZ tE/R 
' 

Cne110Ba TenbHO, ITOTOK cf> ITOPO*AaeT ITOTOK <f, I.ft M
0

- M0 , no cpop-

Myne 

1ft ( 1' (5,m))= Z(¢t (S,m>)- Z (s+ t, 117_\ 

rne Z (S,m) - -Z - op611Ta, npoxo11H111aH qepe3 TO'IKY (s,m)£ !RxM 
flcX0/151 H3 Toro, '!TO f - )11lqJqJeoMopcjJ113M, MO*IIO ITOKB3BTb, '!TO If' 

/R.x M
0 
~ Mo - rna.r:iKnil noToK. IToToK 'f' 11a3wsaeM 11a11cTpoilKoil nan f 

Ecnll o603HatJIITb qepe3 'i[ : TR,x M KaHoHnqeCKYID npoeKQHID Ha No 
To 2.='il(foJx M) ~ ceKymall )1nll ITOTOKa 'f , KOTOpall l!BJllleTCll 

( npn ITOMOll\11 'ii ) 1111qic,e0Moptj)Hoil MHoroo6pa311m M Ha)1CTPOilKa llBDlleTCll 

cneQllanbHWM cnyqaeM 06111eil KOIICTPYKQHII cneQnanbHOro ITOTOKB IT0/1 tj)yHKQHeil 

¥ , a 11Me11110, _oHa OTBetJaeT lfa ( (cM. p11c. 3). Ha caMoM nene, 

)1Jlll nm6oil TO'IKH Z(O,m)e'ii({0}xM), Cf, (Z(o,m>)= ?(0, r'rm)) EL 
11 t = I - nanMeHhrnee t > 0 , 11nH KOToporo <ft (Z (O,m))E L . nocKonh-

KY nnarpaMMa 

M3m 

' /I 
[3 Z(o,m) 

f f(m)EM 

$_ Z (I, m) E 2. 

KOMMYTaTIIBHa, TO IICXO,'\Hblfi 1111qicpe0Moptj)113M f COITPll*eH C OT06pa*eH11eM 

nocnenosaHHH, nocTpoe1111&1M no noToKy 'f II ceKymer1 L 

IO 

(m,ljJ(m)) 

\ 
\ 

\ 
\ (f(m)O) 

m f(m) 
'-../ 

I.JJ 

M 

Puc. 3. Cne1111anhHWil noT~K non If 
(TotJK11 (m,lfrmJ)H (frm),Ol 
OTO*HeCTBnllIDTCH. 

Ko~CTPYKQHID Ha,'jCTPOHKII 11n11 cneQnanbHOro nOTOKa MO*IIO ITPHMellHTb 11 

B 6onee 0611111x cttTYaQHHX, HanpnMep, nnH cnyqaes, Korna (- - r0Meo~10p-

qi113M HJIH f - o6paTHMOe ll3MepHMOe npeo6pa300a1111e. ITpn 3TOM nonyqaeTCH 

COOTBeTCTBeHHO HenpepwBHWH 11n11 ll3MepHMNH noTOK. 

Ecnn f - Heo6paTHMOe OT06Pa*eHHe ( "};I/IOMOpqJH3M), TO npttMeHeHHeM 

TOnbKO '!TO OnHCaHIIOH KOIICTPYKQllll nonyqaeM IIOJJynoTOK 'f = { lf't ·, f € fR+ \ 
1 

ll )lnH nocTpoeHHSI ITOTOKa 11eo6X0/1HMO rrpnMellllTb 11pyrym KaHOIIH'!eCKYID KOH­

CTPYKQHW - B3l!Tlle o6paTHOro npenena (KOTOPNH, no-cy111ecTBY, HBnlleTCll 

HenpepWBHWM ananoroM KOIICTPYKQHH ecTeCTBe111101·0 pacrn11~el!Hll 3H)lOMOPqJH3-

Ma /3/). K no11po6HOMY on11ca1111m 3TOH KOIICTPYKQIIII MN nepHeMCll npn llC­

cnenosaHHH aTTpaKTopa IlopeHQa. 

E. lleYCTOH'lllllOCTb' reon~~H'leCKlle .. ITOTOKII II CIICTeMhl raMHnbTOHa 

PacCMOTPHM B f[JJOCKOCTH ( J( , y ) rha·io111,1ii IIOPTPCT cnenym111eri CHCTe-

Mhl J:lllqJ<PepeHQHBJlbllhlX ypa011e1111f1 

.X=-.x,y=y 
! CM. PHC. 3) • Y CHCTCMhl CYlllCCTBYCT e.'lllllCTReH!laH IICl!OJ:IBH*HaSI TO'!Ka 

( 0' 0), ll <!,a30BhlC TpaeKTOPIIII B OKPCCTIIOCTI! '.JTOH TOl!Kll npencTaBnSIIDT co-

6oii rnnep6oJJhl. 0KB3hlBaeTCll, l!TO THKOl'O PO!la HCYCTOJ°l'lllBOCTb cpa30BblX 

-rpaeKTOPHH (11Hor11a ee IIB"JhlBHIDT r11rrep60JJll4CCKOH) - qJaKTHtJeCKH HaCTOnhKO 

Cllnhlla, IIHCKOJlbKO '.JTO B03MOmllO. II03TOMY IICCJIC/IOBHll!le CTOXBCTH'IHOCTH 

~~ 
~rr 

Pnc. 4 

II 
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I 
i Haqanocb CCHCTeM C TaKHM noaegeHHeM, Tenepb OHH Ha3NBalOTCH CHCTeMaMH 

AHocoaa (/4,S/ ; 6onhwoe KonttqecTBO npHMepoa H3 KnaccttqecKott MexaHHKH, 

KOTOpNe npHBOAHT K CHCTeMaM AHocoaa,· MOmHo HattTH a /6/). rpy6o roBOPH, 

g11cj)cjJeoMop,tJ113M f ( 11n11 no TOK 'f ) MHoroo6pa3HH M Ha3bIBaIOT g11cj)cjJeo­

MopcjJ113MoM (noTOKOM) AHOCOBa, ecn11 OKono n106ott c!JHKCHPOBaHHOH TpaeKTO-

PIIII fl, mo ( COOTB. 'ft mo ) noaegeH11e coce,[(Hl!X TpaeKTOPIIH no 

OTHOWeHl!IO K Hett HanoMHHaeT noae,[(eHl!e TpaeKTOPIIH B03ne Ce,[(nOBOH TOqKH 

(0,0) Ha PIIC.3, npttqeM TaKaH "3KCnoHeHu11anbHaH HeycTofiql!BOCTb" HBDH­

eTCH paBHOMepHOH no mo " (K CHCTeMaM TaKoro po,[(a MN aepHeMCH no3me 

H TaM np11BeAeM 6onee ToqHb1e onpe,[(eneHHH) • 

Hatt6onee 113BeCTHNH npe,[(CTaBl!Tenb nOTOKOB AHOCOBa - 3TO reo,[(e311qe­

CKl!e noTOKII Ha MHoroo6pa31!HX OTPIIUaTeDbHOH KPIIB113HN. OHi! HBDHIOTCH 

qaCTHblMI! cnyqaHMH 6onee 0611111x KaCaTenbHblX nOTOKOB, KOTOPble, B CB.010 

oqepe,[(b, ,[(OnycKaIOT on11caH11e npn noMOl!III ypaaHeHIIH BToporo nopH,[(Ka Ha 

MHOroo6pa31111. 3TnM II 06bHCHHeTCH TecHaH CBH3b reo,[(e3HqecKl!X nOTOKOB 

C CHCTeMaMI! raMHDbTOHa. Cne,[(yH / 4/, OCTaHOBHMCH Ha 3TOH CBH3H 6onee 

no,!lpo6HO. 

ITycTb M - pnMaHoao MHoroo6pa3He pa3MepHocTn 

ro 6yAeM o6o3HaqaTh 9 l. ITYCTh W- ( 2n- I) 
n (TOqKn KOTOpo-

- MepHoe npocTpaHcT-
BO eAHHnqHblX KacaTenbHblX BeKTopoa K M , T. e. 

w =- f w = ( q,, 'f > : ~ £ M, f € T9 M , , f , = I}. 
T. e. MN nOHIIMaeM U} = ( i, f ) KaK e,[(11H11qHblH BeKTOP B HanpaBneHHH 

BeKTopa 5 , KOTOPNH "yKpenneH" B TOqKe 9 . JlnH npOH3B0DbHOro noTO-

Ka F = { ~ f Ha W Mbl MOmeM ADH n106ott TpaeKTOPHII 

t t- W-(t) = ( 9 <t J, $ (t)) B3HTh ee npoeKu1110 t ....- IJ, (t) 11a M 
ITOTOK F Ha30BeM KaCaTeDbHblM, ecnn KaCaTeDbHall K TpaeKTOPHII t- f/, (t) 
(3TO TpaeKTOPHH HeKOToporo noTOKa Ha M ) B Kam,[(OH ToqKe HMeeT 11a­

npaaneHHe BeKTopa s (t) . 
ITycTb TM - KacaTenbHoe paccnoeHue M11oroo6pa3n51 M • Y£aBHeHH-

eM BToporo nopH,[(Ka 9· = i (9, 1) Ha M_ Ha3NBaeTcH rnaAKHtt noTOK 

1 DOKaDbHO HMeIOl!IHH BH,[( G = {GtJ Ha ·rM 

ecnn ,[(DH n106ou TPaeKTOPIIII 

If <t) I = can.st 

1=.r, t=f(f,t>-
ITycTb 'ii TM 3 ( i, ~ ) i--- 'f E M - KaH011nqecKaH,...!1poeKUHH. 

TorAa MomHo onpeAenHTh ee AHcjiqiepeHu~an KaK 0To6pame110e 1l('f,~) 

7;~,t) M - T9 M ITpu 3TOM 0To6pame11n0 BeKTOP qia3oaofi CKopocTn 

noTOKa G nepexO,[(HT B f . Ecnu 11a· M 3a,[(a11a pnMaHoaa MeTpnKa n, 

t ,__ (9, (f), f (t)) nOTOKa 6 
(T.e. B KOHqinrypau110HHOM npocTpaHCTBe CKOPOCTb no-

HMeeM 

12 

~..;?:\,R'l"-111""·~~~r •. ~ ,-_ -<.-.-G•.----r ... , 

CTOHHHa no Ben11q011e BAODb Kamnofi TpaeKTOPHH); TO 

TeITbllblH nOTOK. 

Ecn11 AettcTBHe noToKa Ft UJ- Ha 3neMeHT IDE W 

F= G/W - Kaea-

COCTOHT B napan-

nenhHOM nepettoce u,- BAOnh onpe,[(enHeMott HM HanpaBneHHOH reone3nqecKott 

11a paccTOHHH_e t ( CM. / 7 /), TO rpynny F= [ Ft\ Ha3NBaeM reone3H-

qeCKHM nOTOKOM. 

ITycTh Tenepb M-n - Mep11oe rnaAKOe M11oroo6pa311e. PaccMOTPHM en~ 

cTeMy BToporo noPHAKa Ha M 
3anaeTcH <l>YHKUnefi narpaHma 

· I n 
, KOTopaH B DOKanbHNX KOOPAHHaTaX ~ ..... , 

rne V 
L <9.~>= 1 I.ail ri>f f-vrf, ... : 9.n), 

I ·t "/ 
- noTem.1nanbHaH 311epr11H, T= 2 l Oij 9 lJ, 

311eprHH. YpaBHeHHH ABHmeHHH DOKanbHO HMeIOT Bl!A 

d rJL 
cit Bf 

llepei\,[(eM OT q>YHKUHH narpaHma /., 

al_ = D• 
Bf . 

K <l>YHKUHH raMl!DbTOHa 

- KHHeT0qecKaH 

Hr9,pl=J2-aij<p)pi?1> + V<i>' 
r,[(e Pi= L.Oijii H aii (9-)- (i,/) 
o6paTHOi\ K ~- ( r) .. YpaBHeHHH ,[(BHmeHHH 

-bill 3neMeHT MaTPIIUbl, 

np1106peTalOT Bl!,[( 

E.!£. _ 6H _E_f!j_ _ fJH 
d. t - rJ Pi ' d t --iJ f .. 

<l>a30BblM npocTpaHCTBOM Tenepb 6yneT KacnTenh11oe paccnoe11ne T" /\1 ( T. e. 

npocTpaHCTBo AHt!Jc,epeHunanhHblX 1-cliopM Ha TM l, H H (9-,p )= canst 
H (lj,PJ = I, HBDHeTCH nepBblM llHTerpanoM CHCTeMbl. IT03TOMY ypaBlleHHe 

onpe,[(enHeT lleKOTOpoe HHBapHaHTHOe MHOroo6pa30e (MHOroo6pa3He 110CTOHH-

HOH 3HeprHH) B cj)a30BOM npoCTpaHCTBe. 

llpHMeHHM K CHCTeMe raMHilbTOHa BapuaunoHHNH 11PHHU1111 MonepTbIOH-

narpaHma-RK0611. CornacHO eMy, HCTIIHHNMII TpaeKTOPHHMH raMHAbTOHOBOH CH-

CTeMN Ha MHoroo6pa31!ll H(9,PJ=A 
T* M) 

HBITHIOTCH 3KCTpeManH cjJyHKUHOHana 

• EcnH 3TOT <l>YHKUHOHan 3al1HCaTb L8 "i.pi dii . ( A, 8 E: 

B cjJopMe 

rB 2Tdt=l
8 

(~-v/12 ( 2...G··doidoJ/12 
JA A 1J r r , 

u, ec1rn Ha M onpeAenHTb ecTeCTBeHHYIO PHMaHOBY MeTpHKY 

r1S
2
= (A-V<9>> 2-aijd9it1~1 

TO " npennonomeHIIH /, - Y(lj,) > O (OTCyTCTBHe paBHOBeCHH) Mbl 
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a11n11M, qTo TpaeKTOPIISIMH CHCTeMbl CJiylKaT reone3uqecKHe JIHHHH B M , co-

OTBeTCTBYIDmtte BBenennoA PHMaHOBOH MeTpHKe. CKOPOCTb nBttlKeHHSI anoJib 

reone3uqecKHX paaHa " - V (f) • CnpoeKTHPYeM KaHOHHqec1m IIOTOK ra-

MHJlbTOHa F = { Ft J na npocTpaHCTBo W enun11qHbIX KacaTeJibHblX 
I 

BeKTOPOB nptt noMomH npoeKQHH 6 . Torna .noJiyqHM nOTOK ;:; uJ =6 ~e:r'w-, 
uJ € W , H TpaeKTOPHH noToKa F I 

npoeKTHPYIDTCll Ha M B Bline re one-

3·uqeCKl!X JIHIIIIH, CKOPOCTb nBHlKeHl!ll no KOTOPbIM paBHa !, - V (I)). HcKoMbIA 

reone3,uqecK11A noTOK noJiyq11M rJianKoA 3aMettoA BpeMeHH np11 noMomtt qJYHKilllll 

9 ,_ ('1-vri,r' ' BCJiencTBHe tJero CKOPOCTb nBHlKeHHll CTaHOBHTCll 

enu1111qttoA • 

.13_._ CTOXaCTH'IIIOCTb II 3proi:1H'leCK_1l_ll TeOI'.llll 

Ha nJIOCKOCTH ( J( ' ') 60JlbillllHCTBO pemen11A CHCTeMbl, ll306palKeHHOH 

Ha pllc. 4, yxon11T co BpeMeHeM Ha CKOJlb yronHo 6oJibllOe paCCTOSIHlle OT 

HatJaJia KOopnHHaT. Oiu1aKo Ha KOMnaKTIIOM MHOroo6pa3HH TpaeKTOPHSIM "HeKy­

na neBaTbCSI"' BcnencTBIIe qero Mb( OlKHnaeM, 'ITO "THnHtJHbie" TpaeKTOPHH 

6ynyT BeCTH ce6SI BeCbMa HeperyHSIPHblM o6pa30M, H B notteneHHH TaKoA CH­

CTeMbl 6Y.llYT Ha6monaTbCSI "CTOXaCTHtJeCKHe CBOHCTBa". 

OnHaKO npn nonblTKC HaHTH CTporyro qJOPMYHHPOBKY Toro, 'ITO Hano no­

HHMaTb non "CTOXaCTIItJeCKIIMH CBOHCTBaMH", BCTpetJaeM nenbIH Plln TPYnHo­

CTef1. Mbl KOCHeMCSI '.JTIIX 3aTPY,'1HeHm1 nocnenoBaTeJibHO B nopSl/lKe BBeneHHSI 

B03MOlKIIblX Kall,'1H,'1aTOB (11atJ11Ha~ C CaMoro CJia6oro nOHSITHSI) Ha nOHSITHe 

"cToXaCTH'leCKHe CBOIICTBa" (B OCHOBHOM, cnenyll Il3JIOlKeHHID CHHal! /8/). 

(1) Ha cpa30BOM npocTpaHCTAC cymeCTBYCT BepOSITHOCTHaSI 

IIHBaPl!aHTH_aSI no OTIIOlllelll!ID K JlllllaMII'leCKOII CHCTeMe ( T. e. 

Mepa P, 
P= PF- 1 

t 
eCJIH F= { Fd - IIOTOK, P= p1- 1 

, eCJHf f - npeo6pa30BaH11e). 

nycTb J( - 'JJICMCHT ,j)a30IJoro npoc-rpaHCTBa. lh1Bap11aHTHOCTb 03HatJa-

eT, tJTO nnH nro6of! cj)a30Rof1 cliYHKlllIH J cpcnHee jJ(x
1

J P(dx) 
He 3ae11c11T OT f . !!Irn raMHJlhTOHORhlX. Cl!CTeM Ha KOMilaKTllblX MHOroo6pa-

3HSIX cymeCTROBa1111c IIHBapnawrnoii MCPhl P. - npOCTOC cnencTBHe TCOPCMbl 

JIHYBIIJIJISI. 

3a6erall Bnepcn' ll[JIIBC'ICM flPIIMepb(' noKa3blBarom11e' 'ITO IIHBapnaHTHOCTb" 

Mepbl BPlln JIii MOlKHO C'IHTaTb II0.1TReplKneHlleM CTOXaCTll'IIIOCTII. riepBblll np11-

Mep - '.)TO TOJlbKO lfTO YIIOMSIIIYTl>IC raMIIJlbTOHOBbl CIICTeMh!. KaK xopomo 113-

DeCTHO, HeCMOTPSI Ha II3JIII'IIIC IIHB3PllaHTHOH MCphl ( KOTOP3ll SIBHSleTCSI IIOP~III­

POBaHHblM o6bCMOM' flOPOlKilCIIHl,IM plIM3HOBOf! MeTpl!KOII) ' UBIIlKeHIISI CIICTeMbl Ha 

MHoroo6pa31111 nOCTOSIHHOII 'JIICPr'llll - YCJIOBHO-nep1101111tJeCKlle. BTopoii np11Mep 

CBSl3aH C aTTpaKTOpOM Jlope1111a. XOTSI llJISI Hero cymeCTBYeT IIHBap11aHTHaS1 Me-

14 

pa, noKa3aHa nttXOTOMIISI T11na: n1160 COOTBeTCTBYIDIUaH J1IIHaM11tJeCKaS1 CIICTe­

Ma nepeMeillHBaromaH (CM. HHlKe), n1160 cymecTsyeT llllKJIH'ICCKall KOMnoHeHTa 

Bee cneKTpe /9/. Bo BTOPOM CJIYtJae MOlKIIO noKa3aTb, 'ITO y aTTPaKTOpa 

JlopeHila 11MeeT MeCTO CDOHCTDO T11na HHTerp11pyeMOCTII napbl yCTOH'IIIDblX 11 

HeycTOH'll!BblX MHOroo6pa311ii, 'ITO,HeCOMHeHHO,CBH/leTeJlbCTBYeT D nOJlb3Y OT­

pnuaHllll CTOXaCTlltJeCKIIX CBOHCTD (6onee nonpo6110 CM. B /10/). 

np11Mep 1. 1. nycTb X = [ 0, I] , T.x = .X 12 . Torna Mepa JJ11paKa 

8101 SIBJISleTCSI enllHCTDeHHOH (11, CJienoeaTeJlbHO, T - 3prO/lll'leCKOA) 

T-IIHBapHaHTHOA MepoA. CnenonaTeHbHO, 3pro1111tJeCKaS1 TeopeMa BbITTOJIHSleTCSI 

B en11HCTBeHHOH TOtJKe ~ = 0. 
Eonee Toro, BblCKa3bIBaHHe 3prO/ll!'leCKOII TeopeMbl OKa3bIBaCTCSI "cTpo­

ro ac11Ml1TOTH'leCKIIM" D CJienyromeM CMblCJie. ./lnll nro6of1 noc.r1enosaTeJ1bHOCTII 

o<n - 0 MOlKHO HaHTII cpa30BYID <PYHKUIIID i ' /Wll KOTOPOH 

e -I im sup cxn 
n--

n-1 

I~ i i < ~ J - < 9 >p I 
J=O 

CX) n.8 

(n) CymecTByeT IIHBapHaHTHaSI Mepa P , KOTOpaSI SIDJISleTCSI 3pron11qe-

CKOH 110 OTHOlleHHID K ,lll!HaM11tJeCKOH CIICTeMC. Torna /IHSI P 
-rpacwrop11i\ 

f Jr -[im f f(.xt)dt = jfaP 
T-~ 0 

!!JIii 

n-1 

notJTH scex 

( 
tim ,; ZJ(Xj)=jfdP R n11cKpeTHOM cnyqae. 

n-oo J=O 

KaK Mbl YBll,llllM fl03lKe, nocnen11ee YTBeplKne1111e MOlKCT OKa3aTbCSI 110'1Tll 6ec­

llOJle3HblM 113-3a Toro, 'ITO MIIOlKCCTBO "Tllflll'lllhlX" TpaeKTOPIIII 110 OTHOllelll!ID 

K j5 MOlKCT OKa3aTbCSI CJIHillKOM 6e,1HblM ([[p11Mep 1. 1 ••• ). KpoMC Toro' yc­

JIOBIJ0-11cp11on11tJCCKIIC /IBlllKCHIISI He flPOTIIHOpetJaT ~pronll'IHOCTI!. rI03TOMY He 

6Y!lCM OCTaHaBJll!DaTbCSI Ha flOHSITHII 3prOJ1ll'IIIOCTII II nepeAneM K cnenyromeMy 

CBOIICTBy: 

(ill) noeencH11e aDTOKOppeJISIQIIOHHOf! <PYHKUIIII 

- z 
b1 (t)= j f(.X1 J; (.x) P (d.:t >- (f UxJ P(d.X)). 

Ecn11 y CIICTeMbl cymecTBYIDT nep11ou11tJeCKlle IIJIII yCJIOBH0-11epHOUll'leCKl!e 

UBIIBCIIIISI, TO b; (t) TOlKe 6yneT nep11on11tJeCKOH (COOTDeTCTBeHHO, YCHOB­

Ho-11ep11ontttJeCKOH). fBMIIJlbTOHODbl Cl!CTCMbl - 3TO 11p11Mepbl TBKHX CHCTeM. 
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I 1· 

Ecntt b1 <t) - D npH t- :!<X> nm1 mo6oii cpyHKL\HH fc L1 ( P) 
TO roBOPHT, qTo B CHCTeMe cymecTBYeT nepeMemHBaHtte. ITepeMemHBaHHe 

cTporo cttnhHee :ipronttq11ocT11. 

(lY) 6nH30CTb K nocnenoaaTenbHOCTH He3aBHCHMblX H 0/:IHHaKOBO pac­

npeneneHHblX cnyqaiiHblX aenHqHII (II. 0. P. C. B. ) • 

ITocnenoaaTenhHOcTH 11.0.p.c.a. Qenecoo6pa3110 cqHTaTb npencTaBHTe-

nHMH nonHOCTbID pa3BHTOH CTOXaCTHqHOCTH. 

Mepa, TO 

Ecntt P 

f lTJ(.tt)dt - jfltP - o. 
o r--

Ue11Tpanb11aH npenenbHaH TeopeMa YTBepinaeT, qTo c.a. 

Tf/2 (f lar J(.Xt)dt- f JdP) 

- :ipronttqecKaH 

HMeeT rayccoacKoe npenenhttoe pacnpenene11tte nptt T- 00 
• TaKHM o6pa-

30M, ecntt QeHTpanhHaH npenenbttaH TeopeMa ttMeeT MecTo nnH 3ana11Hoii 

/:IHHaMttqeCKOH CHCTeMbl, TO MOlKHO CY/:IHTb O ee "6nH30CTH" K nocnenoaaTenb:.. 

HOCTH H.o.p.c.a. Ha caMOM nene, cnenyH o6meH3BeCTHOH HHTepnpeTaQHH 

ycnOBHii QeHTpanbHOH npenenbHOH TeopeMbl, nnH nocTaToqHo 6onbillHX T 
BblJ)alKeHHe r-f J,1 f (Ji t) d f MOlKHO nOHHMaTb KaK CYMMY cna6o 3aBHCH-

MblX ( B CMbICne TeOpHH aepOHTHOCTeii) C. B. <!JopManbHO BblilOnHeHHe ycnoBHii 

QeHTpanbHOii npenenbHOH TeopeMbl Tpe6yeT AOCTaToqHo 6blCTporo y6blBaHHH 

b1 ( t) -- 0 • HTaK, 6nH30CTb K nocnenoBaTenbHOCTH 11.0.p.c.B., no-

HHMaeMaH B 3TOM CMblcne, CHnbHee nepeMemHBaHHH. 

,C MaTeMaTttqeCKOii TOqKH 3peHHH ecTeCTBeHHO nononHHTb npHBene1111ym 

HepapXHID nOHHTHii cnenymmHM: 

(YI Mepa p - 6epHynntteacKaH (T.e. nonycKaeT Monenb B attne 

nocnenoaaTenb11ocTH 11.0.p.c.a.). 

0Ka3blBaeTCH, qTo 3TO nOHHTHe CHnbHee nepeMemttaaHHH B nm6ott CTe­

neHH, HBO MHOrHX cnyqaHX MOlKHO nnH 6ep11ynnHeBCKHX CHCTeM AOKa3aTb 

He TOnbKO QeHTpanbHYID npenenbHYID TeopeMy. HO H ee qiyHKQHOHanbHble 

aapttaHTbl. OnHaKo C qJH3HqecKoii TOqKH 3peHHH 3TO IlOHHTHe no CHX nop He 

Hamno CTOnb HarnH/:IHOii qJH3HqecKoii HHTepnpeTaQHH KaK nepeMe'mttBaHHe, T.e. 

y6blBaHHe KoppenHQHHx). 

x) 0Ka3blBaeTCH, qTo HepapXHH BalKHOCTH noHHTHii II pe3ynbTaTbl C MaTeMaTll­

qecKOH H qJH311qecKoii ToqeK 3peHIIH HeCKOnbKO pa3nHqaIDTCH. IT03TOMY Mb! 

BKnmq11n11 B OCHOBHOH TeKCT neKQIIH Te paccylK):leHIIH, KOTOpble HaM Ka3a­

nHCb IIHTepeCHblMII C qi11311qecKoii TOqKII 3peHIIH. BonbillllHCTBO TeXH11qecKIIX 

AOKa3aTenbCTB np11aeneHO B nononHeHIIHX K OT):lenbHblM neKQIIHM. 
16 

HTaK, B QeHTPe Hamero BHIIMaHIIH 6ynyT CTOXaCT11qeCKlle CBOHCTBa, 

KOTOPble c11nbHee 3pron11qHocTH. JlnH coxpa11emrn nocnenoaaTenbHOCTII 113no­

lKeH11H Mb! BCe-TaKH HaqHeM C HCCnenoBaHIIH COOTHomeHIIH MelKAY CBOHCTBaMII 

HeycToiiqllBOCTII II cymecTBOBaHIIH IIHBapttaHTHblX Mep. Bonee Toro, KaK 6bln0 

oTMeqeHo B pa3nene A, ·Mbl orpaHttq11Mc:H, B ocHoBHOM, 11ccnenoaa1111eM on110Mep­

ttoii AIICKPeTHOH no BpeMeHII AIIHaMIIKH. 3TO orpaHHqeH11e n03BOnllT HaM 

o6oiiTl!Cb 6e3 cnolKHOro annapaTa n11qicpepeHQ11anbHOH AIIHaMIIKII II OAHOBpe­

MeHHO coxpaHHTb CYTb OCHOBHblX 11neii. 

~<) 
\c, 

~ 
~ 
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JleKUHH I I, HEITPEPblBHblE 11HBAPl1AHTHblE ME Pb! 

ITyCTb T: X - X - H3MepHMOe ( r· 1 Bc.B ) npeo6pa30BaHHe H3Meptt-

MOl'O npocTpaHCTBa ( X, B ) . Ecntt µ - sepoHTHOCTHaH Mepa Ha (X, {?,), 
To L 1 (X,µ) ( ttHorna L 1 

( X) ttntt L 1 ( J1) ) ) o6o3HatJaeT npocTpaHcTso 

scex J1 -HHTerpupyeMblX qiyHKQHii Ha X . B 3pro.QtttJecKoii Teoptttt ttccne-

llYIOTCH "speMeHHbre" cpe.QHHe <!>YHKUHii f € l 1 {Jl) , T. e. CY!lleCTBOBaHtte 

npenenos 

a, (.x)= fim -/i 
d n-oo 

n-1 . 

T. f ( r1.x) 
j•O 

(IT.1) 

Ecntt fl - HIIB3PUaHTHaH Mepa (µ=-µ r- 1
, r.e. µ (£)=-µ(r'E), £EB), 

notJTH scex JC€ X , scnencTBHe 3p-To npenenw 

l'OllH'leCKOii 

ff CY!lleCTBYIOT JlflH j1 ~·-: 
TeopeMbl (CM, nononHeHH¢). 3HatJHT, 3a.QatJy O CY!lleCTBOBallHH 

npenenoB (IT,1) MO*HO CBeCTH K 3a.QatJe O CYll\eCTBOBaHHH r -HHBapttaHTHOii 

sepoHTHOCTHoii Mepw 11a ( X,8 ). 

TeopeMaIT.1. {Kpbrnos-6ornnro6os /11/). ITycTb X -KOMllaKTHOe xayc-

nopqioso npocTpaHCTBO H B - '.JTO (3 - anre6pa 6openeBCKHX IIOJlMHO*eCTB 

X . Ecntt T: X - X - 11enpepws11oe, TO Ha { X,B ) CY!lleCTBYeT T 
HIIBapnaHTHaH sepoHTIIOCTHaH Mepa f' 

TeopeMa 1 OKa3blB3eTCH lJaCTllblM cnyqaeM 6onee 061I1ero YTBeP*lleHHH'. 

KOTOpoe MN IIPHBeneM HH*e, 

ITJ?!:!~£E _JJ: ! : 

rn .x- D 
srnnHeTCH T 

ITycTb X = [ 0, f J , T.x = .x/ 2 • Jlnsr scex .XE X 
HMeeM 

01. 
, T. e. .X O = 0 - HenonBH*HaH TOtJKa T. . Mepa JlnpaKa 

-11110ap11al!TIIOJI. 

t!.!E~~!!£!!!:!£_0:!: floK,l*llfC en4HCTBCll40CTb MCPhl ~.Xo 

nnH scex A£ NI= [ I. 2, ... } , T" [ D 2" 1 = [ D, I J ) . 
• (YKa3aHne: 

ITpttMep I IIOK33NH3CT, 4TO BNCK33NB311He '.lpron114eCKOii TCOPCMN MO*CT 

6b!Tb JlOBOflbllO cna6h!M. Bcm, 8 CJTo,1 rIPIIMepe "nnH 

.ic€ X "03HaqaeT TO tKc, II • 
'!To s en1111cTne1111011 T04Ke 

µ - IIQlJTll RCCX 

.>(0 ". flo,To,1y 

ecTeCTBel!HO ynemITb n1111~1a1111c CYIUCCT8083IIIIIO MeHee TPIIBll3nhllblX Mep. 

Onpenenemre_II. I. 110:1 Mcpo11 6yncM scrony B nanb11e1rn1eM IIOHP33YMe­

BaTb BepOHTHOCTHYIO Mepy. Mepy fl 113 6openeBCKOII (3 - anre6pe 8 xayc-

nopcposoM TononorutJecKoM 11pocTpa11cTne X 6yneM 11a31,rnaTb 11enpepuu110,1, 

ecn11 µ { x }=0 UJJH acex ..X € X Ecnu X - 6openeecKoe 110.,,1110-

*eCTBO /R,n , TO He11pepbrn110,1 6yneM H33blB3Tb TaKyro Mepy 11a X , Ko-

Topa51 a6conIOTHO nenpepb!Blla 110 OTHOIIJeHHIO K n - MepHOII Jle6er3 11a 1Rn. 
18 

IlpnMeHnTenbHO K rna.QKIIM )ll!HaMntJeCKHM CIICTeMaM CY!lleCTBOBaHHe 11e-

11pepbJBHOII Mepbl HCK.'IIOtJaeT YCTOII'll!Bble nono*eHHH paBHOBeCHH HnH npenenb­

m,ie UHKJ!bl, 11TaK' ,[IJIH Toro' tJT06bl soo6me Henpepb!BHaH HHBapttaHTH351 Mepa 

Morna cymecTeosaTb, ecTeCTBeHHO HCK.'IIOtJHTb ceoiicTBO c*HMaeMocTn T , Ko­

Topoe np11BeJJO B IlpttMepe 1 K TTOHBJJeHHIO IIellOJlBll*HOH TO'IKH: 

Q!.!P£S£!£!!!:!£_0:~~ foMeoMopcptt3M T KoMnaKT11oro MeTp11tJecKoro 11pocT­

pa11cTea X c MeTPHKOii d 11a3oeeM pacTHrttBaIOIUHM, ecnn 

3[£>0} V{x.y,EX,.x;y}3[ncZ=f-··,-l,O,f,•••J}: 111.zi 

d(Tn.x, Tny) ► £. 

ITpHMep 'II. 2. IlyCTb s -KOHetJHOe MIIO*eCTBO ca zct ( s )?2· PaCO!OT-

pHM npocTpaHCTBO S :ii.' ecex nocJJenosaTeJJbHocTeii J( • ( Xij ic a'), Xi€ S . 
EcnH B S BBene11a JlHCKpeTH351 TOIIOJIOl'HH, TO S~ - KOMllaKTHOe MeTpH-

4CCKOe IIPOCTpaHCTBO 110 OTHOllleHHIO K TOIIOJIOl'Hlf IIPSl~IOro TIPOll3Bene111rn, 8 

K34eCTBe MeTPIIKII MO.HO B3SITb, H311PIIMCP, 

. ' -Ji.I 
d(X 11):. L 2 /.x--U·/ , d L d l 

i E 'Jt 
rne / .Jt, - ,Yi I= l

1 
ecn11 .:.r; Ji 11 /.x;- yi1=0,cc1111 .Y; = ,Yi llpe_o6pa3osa1111e 

cnaura T B npocTpaHCTBe 5:1 onpe!tCJl>ICTCR ,j}opMyJ1011 

(T.X);=.Xi+t :X£5-z, iEZ 
(fl. 3) 

11, KaK HCTPYn110 npoBePHTb, T - r0Me0Mop(j)113M. 6onee 0611_1ttM o6pa30M, 

ec1111 I\ - ,aMKIIYTOe 1111aapna11T11oe ( TA~ 1' ) 11011MHO*eCTBO 5-P , TO 

nonc:1B11r T / A c110Ba SIBJJSleTCH roMeo~rnp~>ll3MO~I KOMnaKTHoro MeTPll4eCKoro 

flPOCTP'1IICTHa !\ 

Ynpa•11c1111c_ll.Z. lloncnsnr TIA (n ,,acT11ocT11, cns11r T , ecJI11 

H,HTb ll=SJl ) - pacTH1·1rna101Ullii roMeoMop,1>11,M, JloKa*nTe. (YKa3aH11e: 11c-

11011b·1y11Te BRene1111yro Rhnue ~IeTPIIKY II nponephTC YCJJOBl!e (fl.2) nnH E= 1/2), 

lla11,1e111,rnce cpen11 q11ceJJ c , Y.'lOBJICTBOPSIIOIUIIX (II. 2)' "Ha3oBeM KOH-

crawroii paCTSl*CIIIISI. JTa KOIICT3HTa 33RCJIO'l0 3aBIICIIT OT Bb!6opa MeTPHKH· 

a . llo flOCKOJlbKY X -KOMl13KTIIOC 11pocTpa11cTBO, TO JJI06ble nse 3KBH­

B'1.'ICIITHble MCTPIIKII aBTO~IaTll'leCKII OK31hlH3lOTCH paBIIOMepHo '.JKBHBaJJeHTHhlMII, 

CncnoBaTeJJbllO, caMO CROHCTBO paCTHl'l!BaeMOCTII OT BN6opa MeTpHKII He 3a­

HJIClfT. 

0nH3KO onpeneneHne 2 HBJlSleTCH l10ROJ!bHO orpaHHtJHTenbHblM, IIOCKOJ!b­

Ky HMeeT MecTo cnenyromee YTBep•neuue. 
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11' ,. 

L: 

TeopeMa_IT.2. He cymecTayeT HH onHoro pacT11r0aawmero roMeoMop~H3Ma 

OTpe3Ka [ 0, I) 

3TOT pe3YHbTaT Mbl IlPHBODHM 6e3 DOKa3aTenbCTBa (Ha CaMOM nene 

BeCbMa ::meMe,HTapHoro). a B KaqecTee llHHWCTPaJ-lllll paccMOTPHM "rnanKuii" 

cnyqaii (CM. PHC.5). 

0 

rl 
// 

/ 

a 

rl. 
I 

b 
Puc. 5 

Ecnu Y T rpa~HK1 KaK Ha PHC. 4, TO cymeCTBYeT OTpe30K 

<a,!J)c [O,fl, qTo IT:i/< l,/(r· 1)
1X/<I nn11 .u(a,!,). 

Cnenywmuii rrpuMep ITOKa3blBaeT, qTo cymecTBYWT TaKue rrpeo6pa3oaaHH11 

T [ 0, f] - [ 0, I]. KOTOpble He IIBHIIWTCII HH roMeOMOP~ll3MaMH., 

HH pacT11rnaawmuM0, a ace-TaKn nn11 Hnx cymecTBYeT Herrpep1,1aHa11 HHaapnaHT­

Ha11 Mepa, 

ITE!!~~E_IT.3. 

(CM. PHC, 6). T 

ITycTb 

T.x 
X = [ a. t 1 u 

{ 
2 .x. 0 ~ .x 6 112 j 

2·2.x, 1/2 ~ .x£ I 
He 11an11eTc11 pacT11ruaawmuM, a Mepa neoera rn - T 

HHaapuaHTHa11. 6onee Toro, m IIBHlleTCII enHHCTBeHHOii HerrpepblBHOii HHBa-

pHaHTHOii Mepoii. 

b 

ii 

0 ''-----sv---' 

r·t la,bl 

Pnc. 6 
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Yrr1:a11rne1111e _IT. 3. JloKaJKIITe 3TII YTBepJKl(elllrn. ( YKa3a1111e: r·f ( 0, !J} = 

(a/2: l3jz)u (l·!,h, /- a/2 ) . Hcrronb3YiiTe 3TO nm1 orrpenenemrn CS -

anre6pb1 !:JT = { £ E 8 [ D, f]: r· 1 £ = £ J acex IIIIBJPl!allTllblX MIIOJKeCTB n 

noKaJKnTe, qTo m (£)€ f 0,(} nn11 ecex EE Jr , T.e. m - 3p-

ronnqecKaR Mepa (cM. ITp11noJKe1111e). Ho nee 3pron11qecK11e Mepw n1160 e3a­

nMHO opToroHBHbllbl, nn6o COBITBDBIOT, l-13 3TOro BblTeKaeT en1111CTBeHHOCTb 

MePbl m ) . 
HecMOTPII Ha oqe11b rrpocToe onpenene1111e, y 0To6paJKeH011 T CYl~eCT-

eyeT MHOro IIHTepecHblX CBOHCTB. HeKOTOPble ll3 IIHX MOJKHO ormcaTb npn no­

Momn CIIMBOnllqecKoii DllHBMHKH (nonpo6Hoe ll3HOJKenne MeTODOB CllMBonnqecKoii 

nnHBMIIKll MOJKHO HBHTII B neKQIIHX AneKceeaa /12/, a ee np0Me11e110e K nc­

cnenoBBHIIIO rnanKIIX DIIHBMH4eCKllX CHCTeM B /13/). 

3annrneM T04KY .XE [ 0. I] a neonqHoii cncTeMe: .X = a 1 Gz .. . Torna 

2 4(-f)a4 - HBKHOH B T.4.x (HanpnMep, ( 7 2
)' { 1/s) = t,(-1)

0=4, 
DOCKOHbKY ff8=0,00f ), T4

X >(<) fJ2 B '33BllCllMOCTll OT Toro, 

A-~t~---a"+ a.4,., = f unn ( = 0 J ( mzd 2 ) . 11TBK, CCJlll /IHA BCCX 

Mbl CMOJKCM cKa3.BTb, 6yneT nn T .x 60HblIIC llDll MCHbWC 1/2, TO H3 3TO­

Cl(llllCTBCllllblM o6pa 30M. ITycTI, o,,, = 0 ro MOJKHO BOCCTBHOBllTb T04Ky .J( 

ecnn T ".x- < '12 n /J Ii = I ccnu r".x > ½2 · k: O ( 2 ... ITonoJKHM ' . ' 
ab=/;,, a4, 1 =a4 +64(moti2) • Torna a, Gz - ncxonnae neo114-

H&R 3BDllCb qncna .)( ( nn11 noqTH BCCX .)( llCKJINl'ICl!llC COCTBBHSIIOT '.JJ1C-

Mel!Thl .)( cqeTHOro MHOJKeCTBB T04CK, KOTOp!,IC OT06paJKUIOTCSl 11a 1 /2 IIJH1 

HeKOTOPOM j > 0 ). HeTPYDHO IIOKa3BTb, 4TO, ccnn T04Ka X COOTBCTCT-

BYCT nocnenosaTCHbHOCTII f 54 I , TO T04Ka T .X COOTBCTCTByCT 

f Slut j , T.e. T neiiCTBYCT KBK npeo6pa30Ba1111c c111111ra B 11pocTpa11-

CTBe DBOll4HblX nocnenoaaTCDbHOCTCI1. Ecnn OTPC3Kll [ 0, 1/z] II [ 1/2. f J 
DOHllMBTb KBK COCTOHHIISI QCDH MapKOBB; TO DODY'IDC'TCA Monenb CXCMbl 6ep­

llYnJlll 8 ( 1/z , ½ ) 
CnenoBBTCHbHO, ll BeCbMa npocT1,1e DJIHBMll4CCt;IIC CllCTCMbl MOI'YT BCCTll 

ce6Sl TBKHM o6pa30M, KOTOPblll Mb! 06bl4HO CBA3l,IBBCM C llllTYIITIIBHhlM l!Olll!Ma-

HllCM CTOXaCTilqHQCTII l!Hll cnyqafrnoCTll. 0To6pBJKC'lllll' T BCCbMB IIOY4llTCHl,-

ll0 B TOM, 4TO noncKB3blBBCT DYTh o6o6memrn JIOIISITl!Sl paCTS!JKIIMOCTll r-o-

MCOMOPqJil3MB. Ila CaMOM nene 0110 SlBJIHCTCSl ;10r-:a;11,_l_ll,l_'I l'OMCOMOJl~Jll3MOM ('I. C. 

MOJKIIO DOKpb!Th OTPC3KBMII ( B 11ame'I 11pm1epe - '.JTO OT-OTpC30K [ 0, I J 
PC3Kll [ D' fjz 1 II [ '12, f] l, l'OMCOMOP~lll,l~lll l!CC'~IY £ 0./ J II noKaJ11>HO 

PBCT>lrllBaJOUUIMII pacCTOHllllSl (CM. PllC, 7). 

llpen<.1C 4CM 3allHThCH 0T06pall{CHIIS!Mlf TBKOl-o 'I lllla, \!bl C~OPMYSIIIPYCM 

OOUIYJO TCOpCMY CYll\CCTBOilBHIIH HCIIPCPhlBHblX llll!W!Jllalll IILL\ MCP. 

TeopeMa_n.3. /14/ nycTb T 
Tononor~4CCKoro npocTpaHCTBa X 
CIICTCM;i Ao , · .. , A,1-1 ( N > t) 

- HCDPCPhlBHOC oro6paJKCHHC xaycuopqioaa 

B ce6Sl. ,1oIIyCTJt,t' 4'! 0 CYl!.\CCTBYCT TBKBSI 

uenycTMX K<n111:n<T111i1x non~IHO)KCCTB X , 
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f' 1., 

/ 

I::. 

N·I N•f 
\JTO n TAi:::, U Ah 

A,o A=o 

N·f 

n A,t = <P 
~=O 

(IT. 4) 

(cM. pttc.8). Torua Ha 6 - anre6pe 8 (X) 6opeJieBCKHX ITODMHOJKeCTB 

X cymecTBYeT HerrpepblBHaH HHBapttaHTHaH Mepa. 

1 ...... ---------, 

Ty' 
Ty 

Tx' 

Tx 

0 XX' Y y' 

Pttc.7. EcJIH 

TO 

[ 0, 112 ] HJIH [ ½., / J couepJKttT TO'IKH ~, x' 
I T.x - T.x'I> /X- .x' I ECJIH ,~ [O, llz 1 
V'€ [1/2,IJ, ;f'Ff 1 

HJIH o6paTHO, TO MOJKeT 6b1Th 

/Ty- Ty'/< lJ-f'I 

TA2 

TA1 

Puc.8. Ycno0ue (n.4) ( N=3 ) • 

CcbOPMYJIHPYeM B BHDe JieMMbl ODHH IlOJie3HblH pe3YJibTaT. 

JleMMa_n.1. ITycTb X H T, KaK a TeopeMe 3. .UorrycTHM, '!TO 

p- 7P - HHBapttaHTHaH Mepa Ha 8 ( X) ( p ENI= { I, 2 j ) 
ITYCTb 

P·I 
fl ( £ J = p1 L µ r r-A E JEE 8 rx > 

A20 ' 
< n. s J 

Torua jJ ~BJIHeTcH T ·HHBapttaHTHOli. ECJIH fl - Tp · 3PPOAH\JeCKaH 

(T.e. µ(E)E{O,f} 
To ji - T - 3prouutJecKaH. EcJIH 

EE 8 (X) , 'ITO r-"E= £) 
JJ - HerrpepblBHaH, TO jJ 

.QJIH TaKHX 

TaKJKe 

HBJIHeTCH HerrpepbJBHOH. 

YneaJKHeHHe_IT.4 • .UoKaJKHTe. (YKa3aHtte: HHBapttaHTHOCTb H 3PPODH\J• 

HOCTh TPHBHaJibHbl. llJIH Bcex .X€ -X H acex O :!!: A :!!: p - I 
rA.xc r·P ( T P-A .x) , " Tf-A..x HBJIHeTCH ODHOTO\JelJ-

HblM MHOJKeCTBOM, IlOCKOJibKY p- A ~0 . HCITOJib3YHTe 3TOT cpaKT DJIH DOKa• 

3aTeJibCTaa uenpepblBHOCTH ( T. e. Ji { .X} = O DJIH acex Jr t X ) ) . 

22 ' 

IToJIHOe DOKa3aTeJibCTBO TeopeMbl 3 6yueT IlOJiylJeIIo B uonoJIHeHHH K Ha­

cTOHmeH JieKUHtt.MbI uauttM Ha6poCOK KOHCTPYKUHH Mepbl )' ' B KOTOPOH 51BH0 

ucnoJib3YeTCH tt,[leH JIOKaJibHOPO roMeOMOp(ptt3Ma. ITyCTb a= {anf € t"", T.e. 

a - orpaHtttJeHHaH nocneuoaaTeJibHOCTh. ITpeuenoM 6aHaxa Ha3waaeM cpyIIK-

uttoHaJI Lim { On J 
cpyHKUHOHaJia 

Ha e- , HBJIHIOmttHCH pacrnttpeHtteM JittHeHHOPO 

I n 
l(aJ=tim n l. ai 

n- 00 l= f 
c npOCTpaIICTBa CXODHmttXCH ITOCJie]IOBaTeJibHOCTeH Ha BCe e-. HanOMHHM, 

'ITO Lim - ttHBapttaHTHhIH (T.e. Lim { Gn l = Li.m { Gn+t J 
tt nonoJKttTeJihIIbIH ( ecnu an ;): D DJIH acex n € NI , To Lim {an} ~O 
cpyHKUHOHaJI. 

ITyCTb !:JCX • 0To6paJKeHtte s: Y--X 6yneM Ha3bIBaTh npaBbIM 

o6£aTHbIM K T , ecntt 

TaKHX oopaTHbIX 

H ( To S) ( yJ= f .[IJIH BCex SYCY 
s Ha ODHOM MHOJKeCTBe MOJKeT cymecTBOBaTh He-yc!:I 

cKOJihKO. ITycTh 50 , .•. , SN- t - npaBbie o6paTHbie K T , onpeueneHHble 

Ha TOM JKe KOMnaKTHOM MHOJKeCTBe !:IC X . ITycTb S (A.,, ... , 4n ) = 

s~,o ... o SA,, (fl.i€{O, ... ,N-I}; ,~i4n). <llttKCHpyeM TO'IKY 

'}/ 
0 

€ !J tt cbYHKUHIO f € C ( Y) tt onpeneJIHM cpyHKUH□ HaJI A 
cpopMynoli 

AF== Lim { N-nz.F(S<h,, ... , lin>;Jo>} . (IT. 6) 

rne CYMMHPOBalIHe ITPOBOUHTCH no BCeM B03MOJKHbIM 11a6opaM 

l:i.; € f 0, .. ·, N-1}, f :!!: i ~ n . lleTPY'lIIO npoaepl!Tb, \JTO A - ITOJIOJKH­

TeJibHblH, JIHHeHHblii H HenpepbIBHblii cjiyHKUIIOIIaJI Ila C ( Y) . CornacHo TeO-

peMe Pttcca-MapKoaa, cymecTBYeT eum1cn,em1a>1 peryrrnp11a>1 Mepa Jl' Ha 

!:J TaKaH' \JTO 

ITOJIOJKIIM 

AJ=f laµ' 
y 

Jf.C(':JJ. 

JJ rE> = µ'<EnY>, £EB ex~ 

JleMMa_Q~~~ 4epa f' HBJIHeTCH T - mrnap11aHTHOH. 

(IT. 7 l 

( IT .8) 

Yn11aJKHeH11e _n. 5. JloKaJKl!Te TeopeMy 1 KaK CJie,lCTBl!e JleMMbl 2. 

( YKa3aHtte; B Ka'leCTBe Y B03bMHTe n :=o r-n X Torn a T !f: Y 
TaK lJTO MOJKIIO onpeueJIHTb npaaoe o6paTHOe 5 KT ) . 

B 3aKJIID\JeH11e JieKUIIH OTMeTHM cnenyromee. ]loKa3aTeJibCTBO TeopeMbl 
.. r-1 

CBOL{HTCH B OCHOBHOM K ITOHCKY HeITODBHJKHOii TO\JKH OTOopaJKeHHH T )/=µ 
8 npocTpaHCTBe Mep. Ecntt T He HBJIHeTCH o6paTHMbIM, TO uentt nottcKa 
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Henpepb!BHOfi HHBapttaHTHOfi Mepbl nyqme cnoco6CTByeT nOHCK Mepw Ha MHO­

J!ceCTBe npe.QeHbHblX ToqeK nocne.QOBaTeHbHOCTII .)(1 r-f.X, 7- 2.)(, ... I , KO­

TOpoe "6o£'aqe" MHOJKecTaa npeuenbHb!X ToqeK nocneuoaaTenbHOCTII 

X, T.x, T Z .X, 3TO o6CTOl!TenbCTBO tt HaBel!no npttaeueHHYIO Bblme KOH-

CTPYKQHIO Mepbl µ 

nononHEHHE K IleKQHtt·n. 

CHaqana uoKaJKeM IleMMY z. ITycTb f € C ( Y) . Ecntt .x € !:In 7-f Y , 
TO COOTHOmeHile .X ,-- f ( Tx) onpeuenl!eT Henpepb!BHYIO (j)yHKQIIIO. 06o3HaqHM 

qepe3 f 0 T ee (noKa npoI13B0DbHOe) HenpepblDHOe pacmttpeHHe Ha !:J 
Cne.QYH onpeueneHIIIO npaaol'o o6paTHo£'o, 

(f, T)(S (A,, ... , A.n) y,) = J (5 r"-,, ... , A.n) yo). 
Col'naCHO (IT.6), 

A (f o T J = A f ; IE C ( !f) . 

EcnH Fe X - npoH3BODbHOe 3aMKHYTOe MHOJKeCTBO, TO F n !:J 
I 

KOMIIaKTHO. H3 pel'ynl!pHOCTH Mepbl jJ , Bb!TeKaeT 

c n. 9 J 

µ (Fn!:f)=inf {Af:f=::.o, fJFnY=t}. cn.10> 

Tenepb Bbl6epeM no.QXO.Qlll!IHM cnoco6oM O.QHO H3 Henpepb!BHb!X pacm0peHI1fi 

IPYHKQHII fo T . ITycTb le: C(Y), ; ~ 0 , f IF n !:J = l. 
OnpeuenIIM 

{ 
f(T~) • ecnII Xe !JnT- 1!:I 

(foT)(.x)= f ,ecnII .xr::!fnT"'f. 

lo T l!Bnl!eTCll Henpepb!BHOfi II onpeueneHHOfi Ha MHOJKeCTBe yn T" 1(Fn Y). 
nocKOnbKY J0 T ~ D , TO, cneuyH TeopeMe TttTQa, Mb! pacmHPHM ee Ha 

ace !:I , II 3TO pacm0peHI1e cHoaa o6o3HaqIIM qepe3 / 0 T • no onpeue-

neHIIIO, 

en. 1 o > , 
lo T I !:In r-' F = I • Hcnonb3Yll 3TOT ~aKT BMeCTe c (IT.9) II 

nonyqaeM 

p'(FnY)= in/[ A U,,TJ: f/Fn!:l=f ,:f~OJ :f 
~ inf { A9: 9 IT-( Fn!f=l,j~O J = µ' r r- 1 f lJ!J). 

HTaK, µ(Fl~JJ(T- 1F) UDll acex 3aMKHYTblX MHOJKeCTB Fcx (cM.(IT,8)). 

nocKOHbKY Mepa µ l!BDl!eTCll KOHeqHOfi II pel'ynl!pHOfi, TO OKoHqaTenbHO 

nonyqaeM .µ(F) =JI (T" 1 F). D 
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N-f 
.!JQ!S!E!~!~-!!~!:!!!!LI~QE~~!!I-~ ~ TiycTb Y = nfl=o TA /J. • llnH mo-

6ofi TOqKII ye !J H unH n106O£'0 0 6 R oG N- f cymecTayeT TaKaH 

TOqKa S1 '!/€AA , qTo y = T(S1 -y) . H3 IleMMhl 2 BhITeKaeT, 

qTO qJYHKQHOHan 

Af= tim { N-n'i..f (S(h,, ... ,hnJJo>}, JfC{!:I) 

onpeuenHeT TaKyIO Mepy p' , qTo nopoJKUeHHaH e10 Mepa Ji (cM.(IT.8)) 

HBnHeTcH T - mrnapttaHTHOfi. IToKaJKeM HenpepbIBHOCTb Mepb1 )1 . nono-

JKIIM 

L1 (~, •... An)= (Stk,, ... ,knJ::lr c n. 11 l 

( A - = 3aMb!KaHHe MHOJKeCTBa A) • nocKonhKY S Y C !J unH n106O£'O npaaol'o 

o6paTHO£'O S , TO Ll (&,, ... , kn,,Jc /J(R,, .... ~fl)nr-1/J(kz,···kn,1). 
TaK KaK .1,& C A,g H nA11.=¢ , TO npII nOMOil(H npoCTOl'O paCCYJK.QeHIIH no 

IIHUYKUIIH npoaepHeTCH, qTo unH n106O£'O Ha6opa ( h,, ... hn) HMeeT MecTo 

N-f n,.
0 

L\ rh,, ... ,hn,~>=¢. m.1zi 

HTaK, unH n106oii ToqKII .X€ X H unH n1060£'0 n € NI ycnoatte 

.X € L1 (fl,, ... , fin) BhmonHHeTCH unH, no KpaiiHe11 Mepe, ( N-f) n pa3HbIX 

BeKTOPOB (A,,, ... , kn) . Bb16epeM n106oe .X0 € X H [ 0 > 0 TI ye Tb . I n p - HaCTODbKO 6onbmoe, qTo [ ( N- () N] < CO ITyCTb 

L\ = U { L1 ( ~, •. .. , kp J: x. ¢ tJ r~, .... , kp) J. 
EcnH :f ~ I /:J , TO unH acex n ~ p Bblllon11euo uepaae11cTBO 

- NP..(N-fl 
N n L J ( S ( h 1 , •.. , kn ) 1/•) ~ Np ~ I -Co 

113 caoiicTB npe.uena EaHaxa Bb!TeKaeT, qTo A! :,,_,, I - £ 0 UDH acex 

TaKilx J . CneuoaaTeDbHo, µ (tJ):>;,/-[0 nocKonbKY X,,¢ ,1 

TO fl { .x-. 1 < £. . lfa-3a npOil3BOHbllOCTH .x. ll €. Mbl OKOHqaTenb-

11O 3aKn10qaeM, qTo fl { :t 
O 
! = 0 unH n106ofi TOqK11 X O E X 0 
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JleKI.IHlI III. KYCOlJHO- HEnPEPbIBHblE OT06PAlKEHl1JI 

JlacoTa H RopK /15/ HCCJJeAOBaJJH YCJJOBHlI B0311HKHOBeHHlI xaoTHqecKoro 

noBeAeHHH TpaeKTOPHA npeo6pa3oBaHHA T l 0, I J -- [ 0, I J • Ha 

nepBblH B3PJllIA MOJKHO 6bIIIO 6bl nonaraTb' qTo YCJJOBHlI TaKoro noBeAeHirn 

(paCTlIPHBaHHe pacc~OlIHHA, KOTOpoe MOJKHO BblPa3HTb qepe3 CBOHCTBO 

I T'.x I> I nPOH3B0AHOA), MOPJJH 6bl 6bITb AOCTaToqHblMH If AJllI cymecTBO-

BaHlflI HenpepblBHOH lfHBap!faHTHOH Mepbl. 0AHaKO 3TH YCJJOBlfll MOPYT OKa3aTb­

ClI AOBOJlbHO "JJOKaJibHblMll" B TOM CMblCJle, qTO npOlf3BOAHalI T'.x 6yAeT cy­

meCTBOBaTb TOJibKO AJJlI "Manoro" q!fcna ToqeK. no3TOMY nplfXOAlfTClI Hano-

JKHTb Ha T HeKoTopoe ycnoBHe rnaAKOCTH. npeAJIOJKeHHoe Jl_acoToA If Rop-

KOM YCJIOBlle TaKOBO: 

( 1 ) cyI~ecTBYeT A > f, TaK qTo AJIH Bcex J( € [ D, I J , AJJH KOTOPhIX 

cymecTBYeT npoH3BOAHaH TX , BbIIIOJIHHeTCH HepaBeHcTBO 

I T'.x I~}. ; (III.1) 

( 2) cymecTBYeT TaKoe KoHeqnoe MHoJKecTBO O = 0 0 <a,<···< On= f , 
qTo OTo6paJKeHnH Ti= T/(0;.,,0i)- Knacca C2 (T.e. 11enpepbrn110 

AHQJQJepe111.1npyeMbl no nOPlIAKa 2 BKmoqHTeJibHO). 

0To6paJKeH!fe T H3 npHMepa n.3 YAOBJleTBOPlleT 3TOMY onpeAeJJeHHIO. 

C APYPOH CTOPOHbl, YCJIOBHe (2) lIBJll!eTCll B KaKoA-To Mepe napanoKCaJJbllblM. 

Ha caMOM Aene, ecTeCTBeHHO OJKHAaTb, qTo HeYCTOHqlJBOCTb TeM 6onbme, qeM 

60JlbIDe T
1 

• Ho YCJIOBlle (2) Tpe6yeT orpaH!fqeHHOCTlf npoll3BOAHOH. HHJKe 

Mbl npHBeneM npnMepbl, AJllI KOTOPblX YCJJOBlfe ( 2) napymaeTClI, a Bce-TaKlf 

AJJlI IIHX 6yneT cymeCTBOBaTb HenpepbIBHalI llHBapnaHTHalI Mepa. 0Hn MOTlfBlf­

pylOT cneAyromee ocna6ne11ne ycnoBHH rnanKoCTlf. 

OnEeneneHHe_lII.1. 0To6paJKenne T [ D, I]- [ 0, I] na3oBeM 

Kycoqno Knacca C 1 
eCJJH (1) cymeCTBYeT TaKoe KOHeqHoe MHOJKeCTBO 

O=Oo<a,< .. ·<Gn = ( qTo T,· = T/(a,.,.a,) - OT06paJKe-

HlllI KJiacca Cf H ( 2) <!>YHKl.llllI I/ r/ ( .)() lIBJilieTClI a6COJIIOTIIO nenpe-

PblBIIOH Ha llHTepBane ( Ta- Tia.); I~ i < n 
l· f I l - ~ · 

3aMeqanne III.1. HanOMHllM onpenenenne If OCHOBHble CBOHCTBa a6COJIIOT-

HO HenpepblBHblX <!JYHKI.IHH. <l>YHKI.IHIO / Ha JR f Ha3oBeM a6COJIIOTHO nenpe-

PblBHOH, ecnH nnH nro6oro E > O HaAneTCH TaKoe tf > O , qTo AJJH nro6oro 

ceMeHCTBa nonapHO HenepeceKalOII(lfXClI OTPe3KOB ( X,, y,) 
1 

, , • > ( ,XN 
1 
r 

11
) 

cnpaBennnBo YTBePJKnenne 

[ r. ;. 1 ( y, -x) < O] ==> [ I7,, I!< j';) -/ (xi) I< cl . (!II. 2) 

Jlro6al! a6coJIIOTIIO nenpepblBHalI QJYHKl.llflI lIBJll!eTCll pae110Mep110 11enpepwe110A. 
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EcJIII (a,5)c '!R 1 - orpaHnqe1111wA OTpe30K n J - a6COJIIOTHO Henpe-

pblBHalI <!JYHKI.IHlI, TO nonHalI eap11aL1HlI : J (.X) OT <!>YHKl.lllll f B (G, {;) 
a 

RBDlieTClI KOHeqnoA. 

Ha npoTHJKeHHlf 

6era 11a 1R I 
If 

BCeH neKl.llllf CHMBOJIOM m 
l, [D,11 = 1. 1 

([O,IJ,m) 
6YACM 0603naqaTb Mepy Jle­

B paMKax Knacc!fqecKoro 

noAXOAa KpbIIIOBa-Iioronro6oBa ( CM. TeopeMbl n. 1 H II. 3) HHBap11aHTllblC MepbI 

CTPOlITClI KaK 11enOABlfJKllbie TOqKlf OT06paJKeHHlI T ff : )1 ,-- µ 7 · f 

B npOCTPaHCTBe Mep, conpHJKeHHOPO 1 . Jlnll nOHCKa 11enpepb1BIIOH lll!Ba-

p11aHTIIOH Mepbl 6onee ecTeCTBeHHblM KaJKCTClI lfCKaTb ee nJJOTIIOCTb (no OT-

nomenHro K m 
L 1 [0,IJ 

B BHAe nenOABHJKIIOH ToqKIJ ADlI HeKOTOPOPO onepaTopa B 

npnqeM Mbl OJKHAaCM, qTo ~TOT onepaTOP 6yneT onHCbl-

saTb AHHaMHKY TIJJOTIIOCTeA. 

OnpeAenenHe _III. 2. OnepaTopoM lleppo11a-<l>po6e1111yca oTo6paJKeHHlI T 
[0, f J-- [O, f] 11a3oeeM onepaTop !{. , onpeAeJie111IbIf1 cooT11ome11nHMH 

PT (f ( .t)) = at J f ( s) m ( d s); IE L , [ O. I] . (IU.3) 

T''(O,.t) 
YnpaJK11en11e_III. 1. 

I 1 J Prf€L '[OJI 
JloKaJKl!TC CDC!lYIOll\HC CBOiiCTrla onep,1Topa Pr 

nnH ecex FE L1 [ O. f J; Pr - 11e11pephmIIb1li 

n11neAnwA onepaTop; 

(ZJ (!~OJ =>[Y{.x€lO.IJ} f1r(Jrx)) ),01 
(3JffJ,.(J(.xJ)m(d.x)=J 1

J(.x)m{d.x);" 
I D 

(4) [Prf=J]-<:=> Mepa cl.fl =Jdm Hll!l>ICTClI T - lll1Bap11a11T-

uofr. 

Mbl BKJI10qae~I R OCIIOBIIOII TCKCT JICKllllii i\OBOJlhllO 11onpo611oe TlOKa3a­

TCJlbCTBO Teope~lbl III (CM. 1111;Ke), flOCKOilhKY 0110 OOblICIIITeT CYTb MeTOAa 

onepaTopa lleppo11a-<l>po6e1111yca. KOTOPI,Iii 6yJ{CT IICOJIIIOKpaT!IO npHMefllITbClI 

B CJlCilYIOIT{IIX JlCKUHHX. 

Teol?eMa_lll.1 /16/. llycn, T [ D, I ] - [ 0, I J 
ca C' , u nycTh 

in/ /T 1.x/ ~i\ ::>I, 

r11c u11c!>11MYM 6epeTcH no BCeM TaKIIM TO'IKaM .X f [ 0, f] 
011penene11a 11po113eon11a>1. Torna cymecTBYCT ne11pep1,m11aH 

nasi Mepa na [ 0, I] 

- Kycoq110 Knac-

(III.4) 

, )lJllI KOTOPblX 

T -mrnap11a11T-

lloKa '3aTCJibCTRO. flyCTb O = a.< a,<· . . <On= I - pa361fefllfe. KO­

If Topoe COOTBeTCTByeT T 110 onpeAeJJClllllO 1. nycTb <Pi : (Ti)" f 
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i. 

Ll· = T(a- O.,·). Hcnonb3YH (lll.3) 11 TeopeMy o 3aMeHe nepeMeHHbIX non ,-,, 
3HaKoM HHTePpana, MOJKHO onepaTop Pr Bbipa3HTb B BHAe 

fJ,. (! { .x)) = L; = f f <P/ ( $ ) f f ( <PJJ()) f I . ( .X ) 1 ( llJ • 5 ) 
I L 

Pile / c/>- (X) I - onpenenttTenb HKo6ttaHa npeo6pa3osaHHH T · ( :JTa 
l I 

HHTepnpeTaQHH coxpaHHeTCH ll CTaHOBHTCH 6onee rrpHBWqHoA /lflH npeo6pa30-· 

sa1mA TR n, n ~ 2 l • Bb16epeM TaKoe 9 € NJ, , qTo p = i\-'f < 1/3 
ll IIOflOJKHM 

n n [ n- f ] 'r (f c.xJ) = Pr Pr (.f rx->) . 
0603HaqHM r : 
OTPe3Kax ( "· , ,-, 

0. -f 
T r , 'fi = j\ , Pile 

lJ i ) , 11 pa3611em1e 

• TOP/la 

di-( - o6paTHbie K r Ha 

D = 00 < !J, < · · · < 6 N = I 
COOTBeTCT,ByeT r 

Pr (f (.f. )) = P,"ur.x ))= r;., / r.r/ ($) I J ( 91 (.:i)) 1 :;, (.:i) I (lll. 6) 

Pile Ji: t (f,i-1 I /Ji) 
, - 9-

ll O ~ J lyi (.X) I ~ A = P . MbI yTBepJKnaeM, 

qTo /lflH nw6oA cpyHKQHll ! OPpaH11qeHHOA BapttaQHH BepHo 

lim sup 
A--oo 

\I P/- {J(.x)) <_ OO 

0 
(lll. 7) 

Ecn11 npennonoJKHTb, qTo 1?0 , TO 

I II I N 
Yu Pr (Jc.x;)~ r_i~, v,, I~ r.xJ I J(~ (x>J +.P Ii., [:1rt >-1(8)1. cm. s 1 

Tenepb HCI10flb3YeM o6meH3BeCTHWe CBOACTBa cpyHKQHA OPpaH11qeHHOA Bap11a­

QHII. $yHKQIIH 0PpaH11qeHHOA sap11aq1111 HBnHeTCH TaKoA JKe Ha nw6oM OPpaHH-

qeHHOM OTPe3Ke ( a, 6) ' II 

v6 f(x>=l6t,'r.x>1m rttx>. 
a a , 

Eonee TOPO, nw6aH cpyHKQIIH OPpaH11qeHHOA sap11aq1111 HBnHeTCH HenpepWBHOA 

3a IICKnmqeH11eM, MOJ!<eT Ob!Tb, cqeTHOPO MII01KeCTBa ToqeK. KoMOIIHIIPYH 3TII 

YTBePJKAeHIIH, Mb! nonyq11M 

V / lf.. I ( .x) /:f ( ly. ( .x) ) = 
'Ji L I 

= f I lf:'(x) I Hl/{ (.xJ)m (dx )+pL /!(x+ )-f(.:t-) I, 
'Ji L 

(lll. 9) 

Pile nocneAHHH CYMMa 6epeTCH TIO BCeM TOqKaM pa3pb!Ba cpyHKQIIII ;f B 

oTpe3Ke [ 8i-t , lJ i J . Eonee TOPO, 

}}[1/l(c.x)f (1fl/(.x-J)J'I m (d.:t) ~ 
'J· L 
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6 j /1/{rx) I J (11{ C.iJ)tt m + f 11/((.i) I [f ( 1if r.x )) J 
1

dm ~ 
;Ji Ji 

~ p]if [11{ C~>J'/ dm+] I 111/'(1) If (o/JY)) ct m ~ 
Ji l"i ::;, 

~ p lf'C.t) I dm+ j I lJI." (.:t) If (1/Jn) rim 
'Bi-f :Ji L 

(ill. 1 OJ 

Co4eTaH (lll.9) II (lli.10), I10flY411M 

V 11/{'r.xJ/.f (~ r.x>)~ ~ f(.x)+jJ11J/' (.x)I J (1/1 c.x->) dm 
Ji 8i-t ::J; 

(lli.11 l 

Tenepb socnonb3yeMCH TeM, qTo, c0Pnac110 11ameMy npeunonoJKe1111w, cjiy11K-

QIIH f /T I 
HBnHeTCH a6conIDTHO Henpepb!BHOi'I, 11 OQeHHM HHTePpan B 

I I 

(111.11). TipeJKue BCePo, cpi H. -Yi. J!BflHIDTCH a6conIDTIIO 11enpepb1Bllb!MII, H 

I103TOMY MOJKHO HaATII TOqKII t! TaK, qTo 

. . ' . 
I I f I ) t<5i_,)~to<t,.::. ... -< n;=tr!J;; 

j :i J1if ( :1 > I m < d .-t J ~ .P . 
06o3Ha4HM t1,., If= [1,1. (t} ) 'Y-(t~·)J . Tonia 

t<. T1 ,.., 1 I ,., 

jJ1(<xJIJ(1i1ic.x>)ct'7! ~ 
~n- 1 ~ ~t s_up. f(1f'J.xJy{ J'l/((.x)/llm~J? 

A,1 [t' t 1] J, 1 r., 
"N-1, i t 1 

4-, 

sup J c.x). 
I' k 

(lll. 12) 

fl ye Tb o1 = mi n4 m (if) Oi > 0 11'3-33 CTJJOPOA MOIIOTOIIIIOCTII 

~YIIKQHA Vi . Eonee TOPO, 411cna 

OT T 'I . Jlanee, 

0i He 331HlCSIT OT J , a TOflbKO 

sup !(.x) ~ V f(.x)•in.J J(.x) · 
i zi I' J Ik. fi. ,t 

iY 1r.x)~ ;_ J. fdm. 
Ik L 1;. 

fJ03TOMY 113 ( lll. 12) nonyqaeM 01\CIIKY 

n· 
' 1 Jt1t1"r.x)/J (1/'i (.x))dm ~p z; ( \ J[:J)+Oi- r f ctm) ~ 

'Jj k-1 Ik Ih 
Si B· 

~p J Jdm +p~-, J I Jdm_ 
6;-f 8i-f 

(III. 13) 

llonb3YHCh (l:1.11) 11 (lll.12), 
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1:: 

V P{cxJI f (lf'JxJ) .£ 
1- l 

I 

8, -( !,,-
~ 2 p V_ f(.:t)+_pd 1 Jam; O=rn_in~ >D 

6, f 6, - f l 

noucTaBBHH nonyqeHHWe OQeHKII B (lli.8), nonyq11M 

t f f • N 
V Pr (f{xJ)~ 2p V H:1) +po· !l!ll 1 •.P ?- [H6i_,J-f r/Ji)J 
0 0 t•f 

(!ll.14) 

(ill. 15) 

!'Lie 1/. II f . - o6bJ4HaH HopMa a L 1 
( [ 0, I], m) . Ho OLIHospeMeHHo 

N . . N S; 
L- [!(6- >-1r&-1J~'i.(V f(.xJ+2 inf Jr..x;)~ 

L=I L·I I ._ (,.-/ [&. &. ] 
_t- I ' ,-, , ' 

f , II - I fi; 
~ V, J(.x)+ L· 216--5- I J, fcim ~ 

0 L•f I l•f L. u,., 
-$ Vo' I (X) + 2 £I" f JI f II 1 . 

r-f 
Ecn11 a (lll.1-5) nonoJl(HTb H~3_pCJ ( H He 3aa11c11T OT f ) , To He-· 

3BBIICIIMO OT sap11aQHII / nonyqaeM Tpe6yeMYID OQeHKY 

fim sup 
n --

f n . 
~ Pr (Jr.xJ).£ H llfll,/U-3_p)=K!l!ff1• (Ill. 16) 

CTano 6wTb, nocnenosaTenbHOCTb {P;I};'=, HBBHeTCH paBHOMepHO 

R LIBH nw6ofi <l>YHKQ1111 Of'PBHll4eHHOH no HOPMe HeKOTopofi KOHCTBHTOH 

of'paH114eH11ofi sap11aQ11H. nyc}b • P
7 

( R) = Pr ( J (.XJ) nnH I (X)., R. 
Tof'na MOJl(HO HafiTH TaKoe R, , 4TO 

P/ ( f ( $)) ~ max { P,' ( R): f ~ i 6 r} ~ R, n=·l,2, ... , 

BCBe):ICTBlle 4ef'O 

.!.. r n-, P.- c, r.xJJ ~ R 
n i=O T , 

n=l,2,--· 

llPYf'IIMH cnosaMH, nocnenosaTenbHOCTb cpe1:1H11x no 4e3apo HBnHeTcH OTHoc11-

TenbHO KOMnaKTHOII 8 t. f [ 0, I 1 , II no3TOMY CllflbHO ( T. e. 8 HOpMe //. 11, ) 
CXOUIITCH K <l>YHKQIIII, KOTopaH, 8 CBOID oqepe):lb, II eCTb Heno):IBIIJl(HBH T04Ka 

onepaTopa P, . OnHospeMeJJHO LIBH nw6ofi <l>YHKQIIII f € L '[O, I J 
nocnenosaTenbHOCTb 

{ 
1 , n-f i } oo n· L- p (f(.X)) 

I •0 T fl= f · 
,. 

CXO/:IIITCH K rj)yHKQIIII f , LIBH KOTOPOH 
I " 
~ f rxJ ~ const Uf/11 
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np11Mep_lli.l. (YnaM <!>oH-HefiMaH /17/l. nycTb X= [O,f] 11 

'f.x = 4x ( 1-X) nycTb T - oT06paJl(eH11e 113 np11Mepa n. 3. Tof'na 

T=hofot,- 1 , !'):le /,(.x)=isin" 1(fi)- f'OMeOMopcpll3MOTpe3Ka 
n ~ 

[O,IJ . HTaK, ·1:111HaM11qecK11e rncTeMbI ({0,/J) 11 ([0,f],T) 
Tononof'11qecK11 conpmKeHw. CnenosaTenbHO, ecn11 cymecTayeT HenpephJBHaH 

T - 11Haap11aHTHaH Mepa ( a 3TO m ) , To CYII\eCTayeT II HenpephrnHaH 

'i - IIHBap11aHTHBH Mepa, a IIMeHHO, Mepa C nnOTHOCTbID 

..!L( 2 . f 
dx ffsw•cfi>)= 

1i 1.x (f-X) 

C LIPYf'OH CTOPOHW, ycnoa11e (lli.1) He awnonHello LIBH o/ , noCKOflbKY T04-

KB .X: f/2 - KPIITll4eCKBH LIBH 'f (T.e. T1(1/z) =0). Cne):IOBaTeflbHO, 

TeopeMY 1 Heflb3H np11MeHIITb LIBH npHMOf'O LIOKa3aTeflbCTBa cymecTBOBBHIIH 

HenpepWBHOH f -IIHBBPIIBHTHOH Mepw. Ho HeTPYLIHO npoaepl!Tb, 4TO f 
YLIOBBeTBOPHeT 6onee cna6hIM ycnOBIIHM, KBK 'JTO cnenyeT 113 cnenywmefi 

TeopeMhI. 

TeoEeMa_lli.2. /16/ nycTb T : [0,l]-[0,/1 KYC04HO Knacca C' -

llonyCTIIM, 4TO cymeCTBYeT TBKBH <J>yHKQIIH /, , 4TO: 

111 /,rxJ.,,O[mJ,j!,dm=I; 

121 inJ [/T 1(.:1)/f,(T.x)j!,rxJ]>I 11 

(3) /?, (x)/ /, (T.X) T
1

(:t) - KYC04110 a6COJIIDTIIO HenpepbJBHaH. 

Tof'LIB cymecTBYeT 11enpepb1BHaH T -mrnaptta11T11a>1 Mepa. 

3aMe4aHHe _ill. 2. YcnOBIIH TeopeMhl 2 HBJlllIDTCH "n04TII Heo6XOLIIIMblMII", 

acnencTa11e qef'o HX neB03MOJl(HO cymecnie11Ho ocna6HTb. Ha caMOM nene, 

nonycTHM, 4TO T HBnHeTCH Kyco4HO Knacc a C 1 
11 cymecTayeT T - 11Haa-

pttaHTHaH Mepa )-I C IIBOTIIOCTbID I, I> 0 [m 1 

[. /¢
1
.'cxJI l(<P- (.;)) = f (:t). 

L L 

• TOf'LIB PT J::J , T.e. 

flTaK, l<P/ (.X)IH¢j(X))~ f (.X) , 11 nocne npocTofi noncTaHOBKII 

I r'u)/ f (T:t)/fr.x)~ I. 

UoKa3aTeBbCTBO_TeoeeMw_2. CnenyH nonxony, noHBIIBWeMYCH B np11Mepe 

1 , MW 11cnonb3YeM 1104TII BCIDLIY L1H<!><!>epe11Q11pyeMhlii f'OMeOMOP<!>ll3M LIBH caene­

HIIH HaCTOHll(eH CIITyaQHII K CIITYBQHII, 11ccnenoaal1HOH B TeopeMe 1. nycTb 

9{S)=f'1dm II T=joT09"f . TOf'LIB 

T1 (JC$J)=9'(T:d r'rxJ/J'rxJ= T'rxJ/,(TxJ//,r.x) [ml. 
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I 
J;;: 

Cornactto TeopeMe 1, HaiigeM HenpepblBHYIO T -HHBapuaHTHYIO Mepy jJ 
Torna µ = jJ, !I H l!BmleTCll llCKOMOii Mepoii. 

flEHMeE_ill.2. (EyHHMOBH'I /18/). flycTb X = [0,f] 
Tn : X- X onpenenHeTcl! cooTHomeHHl!MH 

ll nycTb 

Tn (:xJ=nsin (1lX) (mod1). cm. 1°7 J 

floKameM, '!TO AJill Bcex 

aHTHal! Mepa. OnepaTOP 

n ~ f cymecTByeT HenpepblBHall Tn -HttBapu­

neppotta-¢po6eHuyca l!BHO 3agaeTcl! ~OPMYJioii 

p_ (/c.xJJ=l~-, Jcp.'rxJ/[f(q>.r.xJ)-f(l-</J.
1
.(.d)J, 

Tn l •O I t 

rne 

cp_ < JC J = 'iZ- 1 a 7. cs in [( x + i ) / n J , D ~ i :t, n- t . 
t 

-'12 
flyCTb /, (:I)= [ X ( f-Y)] . TaKoii BbI6op MOmHO o60CHOBaTb oco6eH-

HOCTl!Mll P. 4 ( f) ( h ~ 2) B TO'!Kax O u 1 • 3TH oco6eHHOCTH BcnegcTBHe 
Tn 

npegeJibHOro nepexona nepeHOCl!TCll ll B nJIOTHOCTb llCKOMOii llHBapuaHTHOii 

Mepbl. Ecnu <Pi - o6paTHble K Tn , TO 

ori r :1 J = I c:/>/ r .x J I~ C ¢i r .x J J / '1 r .x > tt: f3 <- I , 

3Toro, CJieAYll TeopeMe 2, 6ygeT AOCTaTO'IHO AJill cymeCTBOBaHHll ttenpepBHOii 

Tn -HHBapuaHTHoii MepbI. noncTaBJillll Bb1pameHHll AJill <Pi H /, B nocnen-

HIOIO ~OPMYJIY, nOJIY'IHM 
~--- f/z 

cf. (.X )= ~X(I-X) [( nL (.X+i )2] " 
l . 

11- [a'lcsin(x;i)(n-atcsin(Y;i))]·½, 0£:i~n-l. 

OneHHM o(o I cJ.n·t ll o(j{f6Lfn-2) no OTAeJibHOCTll. I{Jil! l = 0 

HMeeM 

o(
0 

(.x) = [x ( f-.t )J11z ( n 2-x 2 )1/z [ a'tC sin (~){Ii -au.sin ( * )) f f/z 

(X!n/12 (t-.xJ'lz nffz ...: 

(aicsin(:x/n))f/z ( n 2 - x 2Jf/1. ('ii-ausin(X/n))'1z -

~ ( 2 /Fi ) Vz < I . 

I{Jil! i = n - t Mbl HMeeM 

[ 
½ ½ 

o(n_, (.Y)= :x{f-.t)] [(f-x)(2n-t,.x)] , • 
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x [ aicsin (<:x+ n-f)/n)('il-01.csin(Cx+n-l)jn))T f/z .6 

~ (2n-o·Vz < I. 

l:1=i:!En-2 HMeeM 

Vz . 2 t/z 
o(i (x)= [.x{l-.x)] [(n 2-(x,-l) J ,. 

"[au sin (<.r+i)/n )(7i-azc sin ({ x,-iJ/ n ))]- f/z :!E 

~ [ n 2 - (n-1/Jlfz [ Q'lCSin( i)('il-Q1CSlfl ( f;i ))J°t'z :!E 

~ [ (Zn-I) J Jr½ < I. 

3aMe'laHHe m.3. CymeCTBOBaHHe HenpepblBHblX HHBapHaHTHblX Mep AJill 

Knacc~;---T~x:i;~ ( I- X) (mod !}(nENl)u T,c X = ( 4x (f-X J/A,c (I£ o( £ 5) 

MO~HO AOKa3aTb TaKHM me cnoco6oM npu UOMOWH nonxonHmero Bb16opa ~YHKAHH 

f, H C llCUOJib3OBaHHeM TeopeMbl 2. 

3aMe'!aHHe_m.4. Pe3yJibTaTbl, POACTBeHHble TeopeMe 1, no.11y11u.11 C HC­

no.Jlb3OBaHHeM, no-cYmeCTBY, CXOAHOro MeTona TaKme Bottr /19/. B 3TOii pa-

6oTe onpaBgaHo MHeHHe o TOM, '!TO ocna6nettue nepBoHa'!aJibHoro onpegene­

HHll flacOTbl u RopKa (CM. onp. 1) npegcTaBJil!CT He TO.JlbKO TeopeTH'leCKHii 

HHTepec. A HMeHHo, onpenenettue 1 nonycKaeT cymecTBoBanue y T oco6eH-

ttocTeii THna "ocTporo nu Ka" ( T. e. I T' I - oo ) • Oco6ettHoCTII TaKoro 

THna nol!BJll!IOTCll B OT06pameHHl!X OTPe3Ka, CBl!3aHHblX C aTTpaKTOPOM flopeH-

11a. 
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/l)\•· 
'•, 

, 

ii 
11 ,, 

1,,1 

fleKUHH 1Y. OT06PA~EHHH THTTA TA x c A.x ( f - x ) 

0To6paJKeHHH ~ x = Ax ( f-x) ( 0 e!:. A :5 4 ) euuHHq11oro 0Tpe3KB ITPH-

eneKaIDT B nocnenHee epeMH ocoooe BHHMaHtte onaronapH B03MOJKHOCTH Mone­

nttpoeaHHH c HX IlOMOlnblO IlPOCTbIX CHCTeM ITOITYJJHUHOHHOH DHHaMHKH /20-22/. 

B KJJaccttqecKoM cnyqae A= 4, CM. nPHMep ill.1. 0Ka3anocb, qTo eoo6me 

npo6JJeMa cymeCTBOBaHHH HenpepbIBHbIX HHBapHaHTHblX Mep OKa3blBaeTCH no­

BOJlbHO CJJOJKHOH. 

/lml A ;::, 3,678 ( 3HaqeHtte A BblOttpaeTCH 113 YCJJOBHH nonanaHHH TpeTheii 

HTepauuu KPHTHqecKOH ToqKH, ~ 3 
( 1/z) , B HeycToiiqHBYIO HeITODBHJKHYIO 

TOqKy X = f - 1/ A PI03Jlb DOKa3aJJ cymeCTBOBaHl!e HenpepblBHOii TA 
HHBaPHBHTHOii Mepw. 6oy3H /13/ HCCJJeDOBBJJ DOCTaToqHble YCJJOBIIH DJJH cy­

mecTBOBBHHH T&Koii MePbl, Korna KPHTnqecKaH ToqKa HBJJHeTCH npooopa30M 

HeyCTOiiqnBoii nepttOUHqecKOii TOqK11. 3TOT nouxou uonycKaeT cneuyIDmee 

oooomeHtte: 

CymecTeyeT cqeTHoe MHoJKeCTBO { A1 } ;., c £ 0, 4] , TaKoe, 

qTo KPHTuqecKaH ToqKa( x = 1/2 UJJH Bcex A) HBJJHeTCH l1POOOPB30M OTTBfl-

KHBBIOmeii nepuouttqecKoii ToqKH A. -oii cTeneHu 7A! , £ t NI . H3 

::JToro MOJKHO BbIBeCTH, qTo cymecTBYeT HenpepbIBHBH HHBapnaHTH'an Mepa Ha 

HeKOTOPOM 0Tpe3Ke [a,/;] C [ 0, f 1 ( B IIBCTOHmeM CJJyqae 3TO MOJKHO UOKa-

3aTb HeCJJOJKllbIM ceeueHHeM K TeopeMe l!I. 2). HaKoHeu, UJ!H nonyqeHHH Mepbl 

Ha CD, f 1 cneuyeT l!Cl10Jlh30BBTb oomYID KOHCTPYKUHIO, H3JJOJKeHHYIO B 

fleKUHH n. non11oe UOKB3&TeJJhCTBO IlPHBene110 B nononHeHHH. 

TeoEeMa_lY.1. /lonycTHM, qTo UJJH A€ [ 0,4] cnpaeeunuew rttnoTe3bI; 

( 1) cymecTBYeT TaKoe ne NI , qTo 

r,tr'l2J ~ Y2 , H 

ecex 

c 2 J ecnu J • ( r/ ( I/ z) , 
/!:i~n-1, rin('/4, 

~Zn('fz)) 

!-¼)=¢· 

TAn('lzJ = I- rt'r 112) 

, TO Tnl=J 
A 

H 

H UJJH 

Torua cymecTBYeT 11enpepwe11an 

M110111ecTBO 311aqe11uii A E: [ 0, 4 J 
TA -HIIBBPHBHTIIBH Mepa. 6onee Toro, 

, YDOBJJeTBOPHIDmHx YCJJOBHHM (1) tt (2), 

HBJJHeTCH oeCKOHeqHbIM. 

PI03Jlb BblCKB3BJJ runoTe3y, cornac110 KOTopoii MHOlKeCTBO Tex 311aqe11Hii 

A, UJ!H KOTOPbIX cymecTByeT 11enpepb1BIIBH HIIBBPHBHTIIBH Mepa, HMeeT MOmHOCTb 

KOIITHIIYYMB H nalKe IlOJJOlKHTeJJbllYIO Mepy fleoera. Ho HUeH, npttBOUHm&H K ~op­

MYJJHPOBKe TeopeMbl 1, He l103B0JJHeT BbIHTH 38 PBMKH cqeTHOro MHOlKeCTBa na­

PBMeTPOB A. 311aqHTeJJhHblii nporpecc B HanpaBJJeHHH 3TOI1 runoTe3bl 6bin uo­

CTHrHYT HKOOCOHOM /24/. Pe3yJJbTBTbl HK06co11a kacalOTCH o6mttx on11onapa-

OTpe3KB, a HMeH110: 

.X - .:\. T(.x) ( mod I) 

MeTpnqecKHX KJJBCCOB npeoopa30BBIIHii 

(1) KYCoqHo-rJJBUKHe KJJBCCbl 

6onbmoii napaMeTP H T - T&Koe OT06palKeHHe [ a, I J - [ 0, I J 
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rue A 
, qTo 

T(OJ = 7(1):::. D T Knacca c3 , u Y r cymecTBYeT eu1111-

cTBeHHaH HeBblPOlKUeHHaH KPHTHqecKBH ToqKa; 

(2) rJJBUKHe KJJBCCbl .X - J...:<(/-X), 0~).·1:,4
1 

ll X,__ i\ T(~) 

rue T HBJJHeTCH UOCTBToqHO 6JJH3KHM ( B KJJacce C 3--~YIIKUHii) K 

X >---- X ( I -.x ) 
TeoEeMa_lY.2. TTyCTh TJ.: x-;>.. T(.x)(modf)- Kycoq110-rnauK11ii 

KJJacc. Torua MOlKHO 11aiiTH T0 > D " unn JJ106oro E, > 0 T&Koe J.. ( €) , 
qTO unn L ~ l ( c) oTpe30K [ l, L + T0 ] couePlKHT MHOJKecTeo .,LI, 

CO CBOHCTBaMH: 

(1) 117(,ll)>T,,-t: u 

( 2) ecnu i\ € .11 , TO T "}, 
MePY }l;l 

0,5 

0,4 
03 
□'.2 
0,1 

uonycKaeT HenpepbIBHYIO HHBBPHaHTIIYIO 

10.Tlmod l) 

..---T 

Pttc. 9. fpacjJnK ( cHMMeTpttqeH OTHOCHTem,110 KPl!TnqecKoii TOqKu X = 1/z)T 
u cooTBeTCTBY10TI1ero npeo6pa3oAaHHH "}. T "}. = 10 

06CYUHM CMbICJl " . EcJJH Ha PIIC. 9 B3!1Tb BMCCTO T OT06palKCIIHe 

T;i = AJC ( f-.:t) nptt A,.1ocTaToq110 MaJJoM /1JJH Toro, qTOObI 

TA ( 0) -<'. / TO O HBJJHeTCH YCTOfJtHIBOII ( II CJ{HIICTBelllIOH) HeIT0/1BlllK -

IIOii ToqKoii. 

TTpu 6oJJbllloM A Mbl nonyql!M MHOro BeTACII C 60JJhllil!M MOJ{yJJeM l1POH3BODHOH, 

cnenoeaTeJJbHo, c 60JJb111oii HeycToiiqHBOCThlO. TTpu 3TOM A DOJJlKHO 6bITb /10-

CTBTOqHo 6oJJblllllM, qTo6bI Ha IIOBOM rpar!JHKC IIC coxpallHJJBCb "KBPHK&Typa" 

HCXOJ{Horo OT06pa)l(emrn T (cM. cpenHIOIO BCTAh 11a pllC. 9). HulKe Mbl npu­

Be11eM 6onee Toquwe cjJopMYJJHpoBKH. 

TeOE!:~!!_IY.3. TTyCTb i\ - 0/1HII 113 nepeql!CJJCIIHblX Bblllle rnanKHX 

KJJBCCOB. Tor11a cymecTeyeT TaKoe MIIOlKCCTBO .),I ITOJ!OlKHTeJJbllOII Mepbl fle-

6era, qTo 11nH JJI06oro 

Mepy. 

"}. t .ti , T"}. nonycKaeT HenpepbIBIIYID HHB&pttaHTHYIO 

CMbICJJ qucna To B TeopeMe 2 cne11y10mu11. PaccMoTPHM Knacc 

T,. : .X ,..._ "}, .l( (f -x) ( mod. I ) • lJucno To ew6upaeTcH TaKHM o6pa3oM, 

qT06b1 npu H3MeHeHHH i\ e npenenax oTpe3Ka [ L, l + T0 J 06pa3 KPHTH­

qecKoii TOqKH ( B HallleM CJJyqae T,). ( 1/z) • i\/4 ( moa f ) ) npo6eraJJ BeCb 

0TPe3oK [ a. I 1 . CnenoBaTeJJblIO, Tu : 4 
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HTaK, Mbl .[{OJIJKHbl .[{Jlll JII06oro C > 0 Hai\Tu TaKoe L ( E, ) , qTO 

npu L ~ L (€) oTpe30K [ L, l t-4 J CO,[{epJKHT TaKOe nO.[{MHOJKeCTBo 

.,{./ ' qTo BbinOJilll!IOTCl! 3aKJIJOqeHUll TeopeMbl 2. 

)lJil! rna,11Koro 0To6paJKe11u11 f ( i\, :,c) o6o3HaquM lJj = Uj { ;,.,x )/ ,Jx 
If az9('A./.X)/8.xZ = 1J2j . B OCHOBe .[{OKa3aTeJibCTBa TeopeMbl 2 JieJKUT 

KOHCTPYKQHll HeKOTOPOI'O pa36ueHHll 

-;. €.11 • 3JieMeHTaMu pa36ueHHll 

i " 0, I, 2, ... , qTo: 

57, 
:r i\ 

oTpe3Ka [ 0, f J .[{Jlll 

CJiyJKaT TaKue OTPe3KH .i:ljO) 

Ill /J/}.Jon/Jj0.)o=¢, ecnu i "'i I Eo = BHYTpeHHefi qaCTH E); 

121 V{i~0}3 {ni£Nt} r(i l!BJil!eTCl! .[{H~~eOMOP~H3MOM OTpe3Ka 

A1 (}.)Ha[0,1] ;_ . ni c 
(3) 3 {C0 >0} Lnf mm IDT}. (.X) l>A O 

(MbI cquTaeMALli€~>.XEL}i 

6oJihmUM napaMeTpOM, TaK qTO 3TO yCJIOBHe xapaKTepu3yeT HeYCTofiquBOCTb 

TpaeKTOPHH ); If 

14l 3{t1>D} sup ma.x m(/Ji)/D2Ttir.xJ/DT/'(xJj<t+f
1
!,1/J;,,xE.i1i· 

H3 3THX CBOHCTB BblTeKaeT, qTo 

:£(,~) = Uf/J/J.):L1/~ )€ h} = [ 0, 1 ](mod m) 

(T.e. paBeHCTBO cnpaBe,[{JIUBO 3a HCKJIIOqeHHeM, 6b1Tb MO~eT, MHOJKCCTBa 

HYJieBoi\ Mephl lle6era). 

MHOJKecTBa J.1 u :£ (;1), }.€.J.1 CTPOllTCl! no HH.[{YKQHH. MHOJKeCTBO 

.Ji nonyqaeM KaK nepeceqeHHll JJo n ,,tJ, n ... , r.rie .Jlo = f No, N# t-4 J 
u JJn,t C .iJ n ( N0 - nocTaTolJHo 6onhmoe) ; npuqeM 11ai\nyTc11 t2 > O 

~ nocnenoBaTCJibHOCTb En , YAOBneTBop11wmue cooTHomeHHl!M 

I;.,en = O(J,-t2 ), mC.iln+,)>(f-[n,,)m(,,JJn) 

Ha KaJKAOM mare n , ,11n11 nw6oro ;\ E Jin., onpeneJilleTCl! MHOJKCCTBO 

XnO)C [O,f] ' KOTOpoe, B CBOIO oqepenh, Onl!Tb l!BJilleTCl! cqeTHblM 
(4) . I. 

06bCAHHCHUeM OTPe3KOB .1 i (). ) , l ~ 0, I ~ f(, :5 n 3TH OTpe3KH CTPOl!TCll 

cornacoBaHHhlM cnoco6oM, T.e. 011n yJKe He MCHl!IOTCl! npu nepexone K cnenyw­

muM maraM. Eonee Toro, MOJKHO npoBeCTH KOHCTPYKQHIO TaKHM o6pa3oM, qTo6bl 

XnO.)CXn+f(>,) n m(Xn0,))>f-;i.-nt:s(t5 >0) . B KaqecT-

Be X 0,) B03bMCM 06benrrneH1te .T, (}.) U X2 0,) U . . . CnenosaTenbHo, 

JII06oi\ 3JieMeHT 4i (A) pa36ueHHll f )i 6bIJI nocTpoeH Ha KaKOM-HH6YAb 

mare, T.e • .1.(J.)= Ll~n)(A) nn11 11eK0Toporo n 
I L ~ 

TTo3TOMY MOJKHO onpenenuTb BCnoMoraTCJibHOC OTo6paJKeHue TA: X(J.)-[O,f], 

B3l!B T, / .d. (.~) = T. n.- , rne 11j - HoMep mara, Ha KoTopoM 6bIJio nocT-
• A L ' · 

poeHO MHOJKeCTBO .11(J.) . H3-3a (1)-(4) pa6oTaeT KPHTePHH Annepa 

(/25/, CM. TaKJKe /26/ u 3aMeqaHHe 1Y.O), cornacHo KOTOPOMY cymecTByeT 

HenpepbrnHal! r;\ -HHBapHaHTHal! Mepa VJ. Ha f 0, I J Eonee Toro, MOJK-

HO HailTH TaKOe C>O ' qTQ .PJ(.X):. (dv"/am)(:x) >C H .P;. 
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~enpephlBHal! tyHKQHll. Mhl cei\qac nokaJKeM, KaKHM cnoco6oM nonyquTb HCKO-

MYIO MePY JI>. H3 YJ. • CHOBa B KaqeCTBe UJIJIIOCTpaQHH paCCMOTpHM 

Knacc T>.: .xi--}.X((-.X)(modt) MoJKHO noKa3aTb, qTo 

L1i,i £ rl ni ,)). ( .1i) < oo • JlJill JII06oro ll3MepHMOrO no lle6ery MHOJKeCTBa 

Ac [O, I] onpeneJiuM 

PJ. ( A J = Z: I vJ. ( T/ A ntii ) 

AiEf'}.D~i<ni 
( 1Y. 1) 

(HaITOMHHM, qTo n· L 

rn J 
3TO TO n ' AJill KOTOporo L1i " !Ji 0)). 

f13secTHblH pe3yJihTaT 06 HHTerpupyeMOCTH PllAOB noJIOJKHTeJibHblX tYHKQHH 

sneqeT 3a co6oi\ a6COJIIOTIIYIO HenpepblBHOCTb 11). no OTHOllieHHID K m. 
Cornac110 ( 1Y. 1), 

µ~<T./AJ=- 2. _I: v">-cr/rrtA)ntJ;) 
A,E'f~O!fJ.:::.n1 ( 1Y. 2) 

JlcHo, qTo cnaraeMbie B npaBbix cTopoHax ( 1 Y. 1) H ( 1 Y. 2) coBnanawT, 3a 

HCKJIIOqeHHeM CJiaraeMblX B ( 1 Y. 1) .[{Jlll j = D u cnaraeMbIX B ( 1 Y. 2) nm1 

j = ni -1 Ho nepBblC H3 HHX naAYT B COBOKYnHOCTH 

L y)i (AnAi)=v~(A), 
.1ifl~ 

a npyrue B COBOKYnHOCTH na.riYT 

L v").. (T').-n; An i\i) = L ..;,_ (~-i A ti ,1 i) = vJ. <r/ A> . 
.die~A i1iEh 

Ho 
~-, y). = yl T'). 

AOKa3aTh. 

-f 
CnenoBaTeJihHO, JI>. =JJA T}. , qTQ H Tpe6oBaJIOCb 

lloKa3aTeJibCTBO TeopeMbl 3 MOJKHO cBeCTH K noKa3aTeJihCTBY TeopeMbI 2. 

B qacTHOCTH, MOJKHO noKa3aTh, qTQ 

0TPC3Ke [ r/ (f/2), T}. ( 1/z)] 
HHBapuaHTHaH Mepa cocpenoToqeHa Ha 

(CM. 3aMeqaHHe nepen ~OPMYJIHPOBKOH 

TeopeMbl 1). Jlnll nonpo6Horo AOKa3aTeJibCTBa quTaTenb AOJIJKeH IT03HaKOMHTb-

CH C /24/. 

3aMeqaHHe_1Y.O. (KpuTepui\ Annepa). KaK BHAHO H3 TOJlbKO qTQ onu­

CaHHOro AOKa3aTeJibCTBa (CM. TaKJKC puc. 9), 3anaqa CBO/lHTCll I( noHCKY 

HenpepblBHOH HHBapuaHTHOH Mepbl KycoqHQ-MOHOTOHHOro npeo6pa3oBaHH51 OTpe3-

Ka. 

TeoeeMa_1Y.4. TTycTh 

T(YIOmHM yCJIOBHl!M: 

T.' [ 0,1 J -- [ D, (] YAOBJieTBOPl!CT cne-

ll·J T - KYCOqHo-MOHOTOHHOe (nonycKaeTCll Hanuque cqeTHOro qucna 

0Tpe3KOB CTporofi MOHOTOHHOCTH); 
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I,: ,, 

(2) nPH n1060M n = O, 1, 2, ... HHTepBan CO,!] MomHo pa36HTb 
(nl • . 

Ha KoHe•rnoe HnH cqeTHoe 4Hcno HHTepaanoa Lli
1 

••• ln (I~ L 1 , ... , ln-<- 00
) 

TaK, qTo: 

(ZL 

( 2 i. i. 

( 2 iii. J 

(n) 

W Lli: 1 ... i.n 
ln 

(n-tJ 

= ,1L. Ln- 1 10o• 

cn1 (n-1} 
T(/j, . ) C Ll- . 

L1 ... Ln lz ... Ln 

(0) (fl 

'1 1 = [0,tl, Lli ""..1£; 

rn~,, 1 

(n~I), 

(3) cymecTBYeT TaKoe S , 'ITO 

(4) 

inJ 
.1 · l 

sup 
/J, 

L 

LnJ 
.X€!lj 

sup j 
X1,.X2 €Lli 

I drs I=-'> f 
d.X 

·:;z (X11/( i; (:iz)f 1 ·=CL. 00 

Torna nnH T cymecTayeT HenpepwaHaH HHBapttaHTHaH Mepa. 

YcnoaHe { 2) nerKo npoBePHTb a HarneM cnyqae, TaK KaK T ( Ll i ) 
=[0,11, i= 1,2 ... B ODIIOii H3 nocneayIOmHx neKI.IHH Mbl 6yaeM HMeTb neno 

J 

c o6o6meHtteM KpHTepHH Annepa. 

3aMeqaHHe_1Y.1. 3a6eraH anepen, MOmHO noKa3aTb, 'ITO DHHaMH'IeCKHe 

(MeTpH'JecKHe) cHcTeMbl ( T~, YJ.) H (T;1, 1 }1}.) HRnHIOTCH T04HblMH (a 

qaCTHOCTH, y HHX cymecTayeT nepeMelIIHBaHHe, T.e. y6waaHHeM KOppenHQHH; 

CM. IleKQHIO 1), H HX ecTeCTBeHHhle pac111HpeHHH - 3TO aBTOMoptH3Mhl Eep­

HynnH. 

3aMeqaHHe_!r~~~ TTycTb T - HenpepwaHoe npeo6pa3oaaHHe MeTpHqe-

cKoro npocTpaHcTBa X , H nycTb µ 
06o3Ha4HM qepe3 d MeTpHKY B X 

- BePOHTHOCTHaH Mepa Ha 

EyaeM roaopHTb, 'ITO y T 
TenbHaH 3aBHCHMOCTb OT Ha'IanbHWX naHHblX, ecnH 

3fYe:J3(X)}3 f E>Oj[p(!:l)>0J&(v{x€Y}3{U3.X} 
3 { 1J € U } 3 { n ~ 0 } r:i ( T n x

1 
T n J) > c ] 

dJ (X) . 
4}'.BCTBH-

( cM. / 2 7 /J • LlnH X= [0,/] 1 T). ,jl~ (J,€.lf) H3 TeopeM 2 H 3 3TO 

ycnoatte awnon11e110. OnHaKO HeH3BeCTHO, DOCTaTO'IIIO nH nHIIlb TOilbKO 3Toro 

ycnoBHH DilH cymeCTBOBaHHH 11enpepwa11oi\ HHaapttaHTHOH Mepw. 
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L1onon11e11He_K_IleKQHH_lY 

L{oKameM TeopeMy 1. LlnH noKa3aTenbcTsa nepBoro yTaepmneHHH npose­

pllM ycnoBHH TeopeMbl ill. 2; TTYCTb 

h (.X) = h {Cl (T/( 112 )-.x)(T_/nc f/2 )-.x) I] 1/z r I 
rue h - HOPMHPY!Oman KOHCTaHTa. Mw YTBepmnaeM, 'ITO 

RC.x) =/(T;)'r.x)/ '1 U/x)/1, (X) ij {BJI' ~ {2 . ( lY .3) 

11cnonb3YH onpeneneHHe !, , 3anH111eM R (.X) a BH/W 

RC:t)-Anl(f-2x) ... (l-2T/-'.x)/ • 
• [/(~n(1/z.)-x)(T/,(1/z)-.x')}]'lz • ( lY .4) 

• [/ ( T/ ( 1/2) - T/.x )( ~Zn( f/2) - 7/x) IJ-?tz. 

Lim, n ). I Mbl HMeeM 

JTtc< - T/-y I= An I (:t- ~) (x + -y-l)(TAX t Tii ~- IJ ... rr-'.x + r,t'y-t) I. 
Cornac110 npenrronomeHHIO? 

/ r; ( 1/2) + .X - I / = / TA
2

n ( f/z ) - .X / , 

TaK 'ITO H3 (lY.4) MW nonyqaeM 

R (X)= . 
n 4/TAL:t-1/2/z 1/z (lY.5) 

~ 2 
i~1 {, <T1<1/zH'z) t (~ix- Yz )) ./(Tticl/z)-½)(~i .x- 'lz) I J . 

1'1 ycnOBIIII ( 1) H ( 2) BblTCKaeT, '!TO TAi 1 n Tj +I I = q,. Ila caMOM 

JlCJJe, 113 11enycTOThl llOC!lC/1Hero nepece<JCIIIIH HhlTeKaCT, 'ITO r,.n- 11nT.n11¢. 
Ho no npornaopeq11T ycnOBHHM 7/ IC [ 1/A' f-1/A ], r,t'Jri(1/A, I- 1/A) = \p . 
no:JTOMY ;1nH nl06blX x, yf: I II i Bep110 IICP'1BCIICTIIO 

I rAi :1 - '12 I ~ I r,/ + 
1 1;1 - ½ I . 

flcnonb,ye~I 3TO JlJIH oueHKII Cllll3Y Bl,1pa;i.:c11m1 H ( 1 y. 5): 

R c.x l ~ 

f 
4/T"-'x-½.Jz 1/z ;.,.2 A 

l<TA(1/z)-½)t(~x-½)l./(T,t1(1/z)-½)(~x-1/2 )/ J. 
( lY .6) 

flocKonbKY 11t'.t-1/zl;!-f¼f-1/zl II ITA..t-'l'2l~IAJ'1-1/21 , To H3 (lY.6) 

CJJe11yeT R r.n ~ ,JBJj,' . Cors1ac110 TcopeMe Ill. 2, cymecTayeT HenpepblB-

113H ~ n -mrnap11allTllaH Mepa µ I lb JleMMhl II. 1 BblTeKaeT' 'ITO Mepa 

- n- 1 I.n-, 'r' J1 - i=O }l A 

HHJJ>IeTCH 11cnpep1,rnHoH II TA - mrnap11a11T11oii. 
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l!ii;, 
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I' 

I 
:1 

ii 

1: 
I' 

Terrepb rroKallieM, qTo ATill n106oro n ENI Mom Ho Ha ii TH A E: [ 0, I/ J 

H 

YAOBJleTBOPHIOmee YCTIOBHllM TeopeMhl. UyCTb 

A n = SUP { A f 4 : 9 n ( A )= '12 ! . Mb1 

fn (A)== ],; 11 (f/2) 

YTBepmAaeM, qTo 

p; (A)=- 1/4 ATill A€ f An, 41. ( lY. 7) 

lloKameM 3To HHAYKQHeii non . llnH n=Z, y2 {A)= (I-A/4)x(A 2/4) 

H 5; {A)==A/2-3A 2/l6, T.e. j;(A)~-1/4 ATIH A€ [A 2 ,41 -

UyCTb (lY.7) sepHO AJlll scex i ~ n-1. HcrroTib3yeM peKyppeHT~Oe COOTHO­

meHHe 

jn CA)= A-'pn (A)+ Ap~-, { A )(I- 2jn-( (A>). 

DocKonhKY On (A)~ 1/2 ATIH A € [ An 4 J , Too (A)= ½-½[(A-2)!Ai'
2 

d ' <1n-1 
ATill A€ f An 4 J . CneAYll rrpeArronomeHHIO HHAYKQHH, 

I ~ j~ (A)~ f/2 A -(A/',)[(A-2)/ A 1 2~-~ , H TeM caMbIM ( 1 Y. 7) AOKa3aHo. lb 

orrpeAeneHHll An cneAyeT, qTo ATIH A € [ An , J, J , 

T/ C ½ J = 7/ r fJ 2 J ~ · -· 5, 7/ ( '12 ) = ~ ( 'lz ) . 
3HaqH~ B rroAXOAHmeft oKpecTHOCTH ToqKH An sepHo HepaseHCTBo 

/zn (A)~ ffn (A) . Eonee Toro, · 

t9
2
n(AJ-JnCA)I= A11

/(jn<AJ-1/2>2(Jn+f(A)+j,(A)-f)x ... 
... X (jzn-l ( A)+ 9_n-t (A)- f)/. 

Do3TOMY ATill AzAn • (fzn (AJ-9n(A))'=O . Ho OAHOBpeMeHHO 

9; (A)L- }'4 , H rro3TOMY fzn (A)+ fn (A)< f s rroAXOAHmeft 

oKpecTHOCTH crrpasa oT ToqKH An . C APYroft CTOPOHbI, jn+z (An) 
=9 2 (An)L 1/z H jn+2 (A/=1-(f/A)>1/z _ ,_ecn11 A£ 

[An,~] YAOBneTBopHeT paBeHCTBY jn (A}= I/A Ho TOrAa 

c Heo6xoAHMOCTbIO cymecTsyeT TaKoe A€ [An, A] , _ qTo Jn,z ( A ) 
1 / 2. CneAoBaTeTibHO, AOTimHo cymecTBOBaTb A ,t € [An, A ] co csoiicTBOM 

9zn-f(A")=f/z . HTaK, fzn(A")=A*/4 H /zn(A*)+jn(A*J>f 
Terrepb yme HeTPYAHO Bl!AeTb cymecTBOBaH11e A € [An, A"] , ATIH KOTO-

poro BhlTIOJllllleTCll izn (A) 1-jn(A) • OcTaBrnaHCll qaCTb AO-

Ka3aTeJlbCTB TPHBHaJlbHa. 

D 
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J]eKUllll Y. YCJIOBHO-HHBAPHAHTHb!E MEPbl 

rAe 

B HacToHmeft neKQHH MbI 6yAeM 3aHHMaTbCll oTo6pameHHllMH T: A - !Rn, 
A - OTKPbIToe TIOAMHomecTBO 1Rn ( n? f) . Harnett t1enb10 llBTIHeTcll 

o6o6meHHe MeTOAa orrepaTopa Depp0Ha-<llpo6e1rnyca ( a l!MeHHO, l!Ae11 AOKac1a­

TeTibCTBa TeopeMhl ill.I) Ha 3TOT cnyqaft. 0AHaKO rrepeXOA K MHOrOMepHOH 

AIIHaMHKe He llBJllleTCll caMOH rnaBHOH 3aAaqeft, KOTOpyIO Mhl CTaBHM rrepeA 

co6oft. 

Ha oTo6pameHHll T Mhl Hanom11M orrpeAeneHHhle csoiicTBa paCTHr11saeMo-

cT11, B qacTHOCTH, 6yAeT 11MeTb MecTo BKmoqe1111e A C TA . Ho ecn11 

TA ,A 'F <P , TO AJlll rroqTII KalliAOH ToqKH XE A 11aftneTCll TaKoe 

n € NI , qTo T n.X ¢ A . 1lorrycT11M, qTo B HaqanbHbIH MOMeHT speMe1111 

TOqKa ..X € A BbI6ttpaeTCll B cooTBeTCTB1111 c 3aAaH11oft Mepofl flo 
TorAa Pw!J [ TX€ A J = Jllo (T"~) . DycTh 

)l,(E)=)lo rr· 1E)/J10 rr· 1A),£€IJ{A) (y.1) 

OrreeAeneHue_Y.1. 

)11 (E)=jlo(E) 

Mepy )lo Ha30BeM ycnoBHO-IIHBapnaHTIIOH, ecn11 

ATIH scex £ € /J (A) . 
06bl!CIIHM CMhlCJl 3Toro orrpeAeneHHll (CM, p11c.lO). TTyCTb 

Pn = PwS[xfA, ... , rn'.xEA] 

P11c. 10 

nocKonbKY ATIH n106oft ToqKu .XE A IIaH/lCTCH nr: NI I Tn.x ¢ A • 
To MbI om11AaeM, qTo Pn - 0 . KaK 

µ - YCTIOBilO-llIIBapHal!Tllall Mepa H ecn11 

6b1CTJJO y6LrnaeT Pn ? Ecn11 

k =Ji ( T"
1
A) ' TO 

!im i:"pn = const , 
n-oo I 

T. e. y6b1BaH11e nponcXOAHT c 3KCrro11euQ11an1,11oii CKOJJOCTbIO, Ila p11c. 10 11306pa-

meHa OAHa TaKall c11Tyau11H. MHomecTBO A - '.JTO ~momecTBO "xaoTJlqecKHX 

OCUIIJlJlHQHH" TpaeKTOPHH, a S - l1PIITHrIIB'1IOIUlll1 npe)lCJlbllbIH QHKJl. Ecn11 

HeT ycToftq11socT11 xaoT11qecKoro noae1~e111111 ( T. c. TA ::) A - TpaeKTOPHII 

PaHbrne ·IIJlll 1103lliC BblXOAHT 3a paMKII xaOTil4CCKOl'O /lUl!llielllrn), TO ATill rroqTII 

Bcex ToqeK .X€ A TpaeKTOPHll :t, T..x, T 2.X
1 

. . • IIJJIITHrirnaeTCH K S 
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i. 

')\;'.;' 

:i 

XOTll Ha KaKoM-TO y4aCTKe BpeMeHH oHa MomeT BeCTII ce6l! BeCbMa xaoTtt4e­

CKIIM o6pa30M (6onee nonpo6Ho Mbl paCCMOTPIIM 3TY CIITYaQHID B cnenywmeA 

neKQHH). 

Tenepb o6paTuMCll K T04HbIM onpeneneHHHM. MbI npennonaraeM, 4TO 

A = LJ.P At' , rne A• - nonapHo HenepeceKaIDmttecH OTKpblTble H 
L = f I 

CBH3aHHbie nonMHomecTBa 1Rn .UnH nw6oro I~ i <!: p Tpe6yeM cymecT-

aoaaHttll TaKoro qncna 6; > D , 4TO nw6ble nae TO~KH B Ai MomHo coe-

AHHHTb KYC04HO-nHHeAHoA nyroA nnttHbl, He npeaocxonHmeA 

rnee TaKoe 4ttcno Oj Ha30BeM nyroBbIM nttaMeTpoM Ai 
o, . Ha11MeHb-

nycTb B=Anr-1A • Mb! Tpe6yeM, 4T06bl nepBble H BTOpble npo113-

aon11h1e. cymecTBOBantt s KamnoA T04Ke B tt irnnHnHCb paaH0Mep110 orpaHH4eH-

llbIMII B COBOKYilHOCTII. Ecn11 qepe3 'JI' o603Ha4HTb eBKnttnoay HOPMY BeK-

Topa 'l/ € 7Rn , TO MaTp11qy N (nopHnKa n x n Ha30BeM A . -pa-

CTHrttaawmeA), ecn11 inf {IM.1.J-/:/V-1= f}~i\ 

OnJ?enene1111e_Y.2. 0To6pameHtte T:A-1Rn Ha3oBeM paCTllrHBaIDmttM, 

ecntt: 

(1) ACTA 
121 AnT-CBA)=<P , rne 8A - rpaHHQa MHomecTBa A H 

I 3) cymecTBYeT TaKoe A > I , 4TO MaTp11qa 51Ko6tt D T(.X) 0To6pa-

me1111H T a T04Ke .X l!Bnl!eTCH .,:\ -pacnirttBaI<Jme11 nnH acex 

.xE" B~ An r- 1A 
TTocKOnbKY ace MHomecTBa A,, ... , Ap HBnHIDTCll "nyroao-cBH3aHHbIMH", 

To m{A)< 00 (rne m - :no n -Mep11a51 Mepa Jle6era). Mbl 6yneM 

c4ttTaTb, 4To m (A)= I Cnenywmee noHHT11e - 0606me1111e noHHTHH Touo-

nortt4ecKoA TpaH311THBHOCTII, KOTOpoe, B CBOID oqepenb, OKa3hlBaeTCll Tono­

nortt4eCKOA a11anor11eA IlOHllTHll 3prontt4HOCTH. 

Onpenene1111e_Y.3. 0To6pameHtte T 11a3oseM noK0Mno11eHTHO.TpaH3HTHB-

HblM , ecntt n1rn nw6oA naph! ( i ,j), / 6 i , i ~ p 11aAneTCll TaKoe 

n=n(i,j)€N/ , 4TO A;(} rnAj 'F ¢ 
KaK Mbl yme OTMe4an11 B JleKQHH ill, onepaTop TTeppo11a-$po6e11ttyca ontt­

CblBaeT nttHaMHKY nnoTHOCTeA. Cnenywmee onpeneneHHe nenaeT 3TO yTBepm­

ne11tte 6onee HarnHnHhlM. 

Onpenene1111e_Y.4. 

nnOTHOCTbID J 'T.e. 

HOpMa B npocTpaHCTBe 

Jlnll /€ C(A) 
dp1 =/Cim 
l.,'(A}- l 1(A,m) 

o6o3Ha4HM qepe3 JiJ Mepy c 

TTyCTb // • H 1 - o6bl4Hall l 1 

• TTonomttM 

P, (h.xJ) • [rt f)11 r'J/ctm] r.x>. 

42 

ECJIII /l pj ( f) J/ 1 > 0 
( a npocTpaHcTBe l 1 (A)) 

, TO onepaTop TTeppo11a-$po6eHtt~c_11 

onpenenl!eTCll COOTHOllleHHeM 

PU)= P,CJJ/JJP, (JJII. 

YnpamHeHtte_Y.1. ,UoKamttTe: 

( 1 ) [ f ~ 0 BCIDilY Ha A ] => [ P (f)'?IO scwny Ha A J 

121 ]A PU)dm= f 

p 

(Y. 2) 

131 [ PUJ=J] - /Mepa Jlf - YCJIOBHO-HHBapttallTHall/. 

3aMe4aHtte_Y.1. CBH3b c onpenene1111eM Ill. 2, 11a nepBhIA B3rni111, 11e 

KaaeTCll HCHoA. OnHaKo nnll X€A MHOmeCTBO r'x HBnllCTCll KOHe<J-

, TO MaTPHQa - lleBblPO*JleHHaH. Cne-HblM H' ecnH ;/ € r· t X 

nosaTenbHO, cymecTBYeT TaKall OKpeCTHOCTh 

JJT(j) 
U TO'IKII .X , 4TO B U 

MOBHO onpenenl!Tb noKanbHble o6paTHble K T 
nnHK0Topb1x To<Pi=idu 11 [<TyeU) 
TT03TOMY MOmHO P noKanbHO B OKPCCTHOCTII 

, T.e. 0To6pame111rn ~: U-A , 
=> (3{<t>J: (</>ioT)<y)=fJJ. 
u BJ,rpa '311Tb B BM/le 

P(fc.xJ) =~lctetD<Pi(xJlfo<Pi(.x){f !dmr', 
I r'A 

( y. 3) 

II '.JTO Bhlpaae1111e - M1IoroMep11aH BepCIIH (Ill. 5). 

Ynram11e1111e_Y. 2. Ecn11 :f - 11enpep1>m11a11 my11Kn11H, TO PJ - Tome 

11e11pepr,m11aH. cjJyHKUIIH •. 'l_oKaBIITC. ( YKa3aHIIC: BOCl!OJ!!,'3YIITCC I, CBOIICTBOM ( 2) 

111 011penenemrn 2). 

Te11ep1, c(jiopMY.~IIPYNI OCIIOJIHOii pe,y!Il,raT (01. /28/). 

TeopeMa_Y .1. llycn, T: A - TR 11 
- p;1cTHl'IIHaIDn1ee oTo6paaemte. 

Tor·:ia CYll!CCTllYCT TaKaH ~,epa J1 , 'ITO: 

( 1) JJ - yC.flOBIIO-lll!Hap11aHTlla 110 OTHO!UCIIIIK> K T 

( 2) µ - a6CO!IK>TIIO 11e11peph11llla l!O OTIIO!UCIIIIID K m H 

(3l µ(A)= f. 

noKa3aTenbCTB0 TeopeMbl l(KOTOPOC 6yneT 11p11Bene110 B nononHeHHII) 

0'!Cllb 11anOM1lllaeT /lOKa,aTCJlbCTBO TeopeMhl Ill. 1. f!O'JTOMY 6Y/1CT noJie3HO 

OCTaHOBIITbCH 11a IICKOTOpblX CYllICCTBCHlll,IX paJnll'IIIHX. llpemne Bcero, cpyHK-

!(1111 orpa11114e1111oil nap11an1111 61,1m1 rrnoTHb!MII n L' [ 0, I] (113-3a· KOM-

flaKT11ocT11 [ D, f J ) . Cefl'lac Mh1 pa60Tae:v1 c 11eKo~maKTHblM MHomecTBOM, 

BcnencTBHe qero ·™ nonBHbl BBeCTII BMeCTO Aap11au11H npyroil KPHTep11A pery-
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nHPHOCTII cpyHKQlfll. CnenoBaTenbHO' HaM npl!XOAIITCll IlOCTPOl!Tb APYl'Oe 

npocTpaHCTBO' B KOTOpOM Heo6X0,!11!MO IICKaTb HeilOABIIJKHble TO'IKll 1
' onepaTopa 

neppoHa-$po6eHIIYCa. 6onee TOl'O, B HaCTOHmeu CIITYa111111·3TOT onepaTOP 

oKa3bIBaeTCH Hen11HeHHblM. no3TOMY Mbl 6yneM l!MeTb neno C 6onee o6mei\ TeO­

peMOH illay.11epa-T11x0Hoaa o nenoABIIJKHOH TO'!Ke. llnH 3Toro HaM np11.11eTCH 

ynenllTb 6onbllle BHl!MaHl!H 11ccne.110BaHIIIO COOTBeTCTBYIOIIUIX CBOHCTB IICKOMOl'O 

npocTpaHCTBa. 

11TaK, BMecTo aap11a111111 Mb! onpe.11en11M APYl'OH <liYHKQl!oHan Rep ( ;f) 
a Heno.11B11JKHb1e TO'IKII onepaTopa P 11111eM B npocTpaHCTBe H.P acex He-

0Tp1111aTenbHb1x <!JYHKQl!ll 113 [ (A), Anll KOTOPblX ,Reg (.f)~.P,k.!dm:: { 
II ! y,11oaneTBOPHeT ,YCnOBIIIO Jl11nrn1111a. OnHaKO ace 3TII CBOHCTBa He 11c­

KnIO'la10T Tp11a11anbHOCT11 ,Heno.11a11JKHOH TO'IKII B TOM CMbicne, '!TO { ;f >OJ ~ A 
(II' Ha caMOM ,11ene' { ! > 0 J MOJKeT OKa3aTbCH cnllllIKOM "ManbIM" IlOAMHO­

JKeCTBOM A ) . Jl106onb1TH0, '!To e.1111HCTBeHHOCTb Heno.11a11JKHOH TO'IKII yna­

eTCH AOKa3aTb B npocTpaHCTBe, KOTOPOe IICKnID'!aeT TaKOl'O pona TPIIBl!anb­

HOCTb. A 11MeHHo, nycTb 

K= {!€C(A): inJA f>O, supA f< 00
, /4Jdm=f}. (Y .4) 

Torna 11MeeT MecTo cnenyromaH TeopeMa: 

TeopeMa Y.2. flyCTb T YAOBneTBOPlleT ycnOBIIHM TeopeMbl 1 11 HB­

nl!eTCH IlOKO~noHeHTHO TPaH311TIIBHblM (CM. onp.3). Torna cymecTBYeT e.1111H-

cTBeHHbIH •rneMeHT J E K 
TOpa P 

KOTOPblH HBnHeTCH HeilOABIIJKHOH TO'IKOH onepa-

lloKa3aTenbCTBO np11ae.11eHo B nononHeH1111. Tenepb o6bHCHl!M HeKoTOpble 

113 ccpopMyn11poaaHHblX noHHTIIH II ycnoBIIH Ha IlPIIMepax. 

flp11Mep Y.1. Ycnoa11e (3) B onpeneneHIIII 2 Henb3H cymecTaeHHO ocna-

611Tb. lln.H AOKa3aTenbCTBa paCCMOTPIIM OT06paJKeHl!e 7.' (0,1)3.X,-.:X/(f·X)f'ffe.~ 

5!cHo 1 '!TO in! /T 1(.X)/= I . Mhl noKaJKeM, '!To He cymecTBYeT ycnoauo-

11Haap11aHTHOH Mepbl, Anll KOTOPOH 6blnll 6bl cnpaaenn11Bbl 3aKnID'leHllll TeopeM 

1 11 2. Ha CaMOM nene, ,llOilYCTIIM, '!TO J1 - HenpepblBHaH Mepa 11 

)JCT"'El=o<p(E); cl=jl (T"'(O,fJ). 

nycTI, 'Jn =(n·', (nt-fJ"1
). nocKonbKY 

Jn+f . 11TaK, Jn,1 = r•n ✓1 
o( n )1 ( Jt ) . C APYl'OH CTOPOHbl, 

no3TOMY 

T" 1(1/n)=f/(n+t) , To T"''Jn 
CJie,!IOBaTenbHO t f' ( J n,,)=J-1 (T"" :J,) = 

m (:In)= n·1 (n+l)-f 

( m ( 'J n +1 Jr'µ (:Jn., )=cl)J(J,){n1-f)( n + 2)- 0. 
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Bo3Hl!KaeT ecTeCTBeHHhIH aonpoc: nnH acex n11 IE K 
cXOAHTCll K e,!ll!HCTBeHHOH HeilO,!IBl!lKHOH TO'IKe onepaTopa p 

11Tepa111rn Pn(I) 

Cn e 'IYIOCIII i\ 

np11MeP IlOKa3blBaeT, '!TO 6e3 nononHIITenbHblX ycnOBIIH aoo6me HapyrnaeTCH 

naJKe CXO,llllMOCTb 11Tepa1111i\. 

flI?IIMep_Y.2. flYCTb A,= (-f,O),Az=W,f) II TX=-2.X JlnH 

0 < 9 < I onpenen11M !9, (.X} = ~ J.'(nH .X'E: A1 11 ft; (,x)= l-9 nnH 

,x( A2 . Torna '1 cC(A1UA1 ). Ecn11 .XE A, UA 2 , To 

P(Jr; (.X))= 19 (- .X/2)=:fi(·.X). fl03TOMY P2
" (:llf (:JJ) = :19 (.X} 

II P2"''r1r.x))= 1,(-.X). Ecn11 9,1 '12 • To[P,,r1,)J;;'=, 
- nep11on11qecKaH nocnenoaaTenbHOCTb. 

B a6cTPaKTHOH 3Pl'OAll'leCKOH Teop1111 TaK11e BOilPOCbl O CXOAIIMOCTII XO­

porno 11ccne.110BaHbl 11 113BeCTHO, '!TO AnH CXOAIIMOCTII Hano IlOTpe60BBTb Bnon­

ne ::ipl'OAll'IHOCTII. B HaCTOHil(ell c11Tyaum1 3TO 0311/l'JaeT Tpe6oaan11e IlOKOM­

noHeHTHOH TPaH311TIIBHOCTII DnH scex CTeneneA 7n 

TeopeMa_Y. 3. flYCTb T YAOBneTBOPHCT ycnOBIIHM TeopeMbl 2 11 DnH 

scex n€ NI rn - noK0Mnone11T110-TPBH3HTirnttoe 0To6pall(en11e. Torna 

11m1 mo6oi\ <!JYHKQIIH J € K nocneAOBBTeJihllOCTh p n ( ;/) paBHOMCPIIO cxo-

/11lTCH K e,!lllHCTBeHHOH HenoABHJKIIOfl TO'!Ke f" onepaTopa P 
JloKa3aTenbCTBO 3TOH TeopeMhl TOlKe IIPIIBCJ1CIIO B nonomrelllm. B 3aKmo­

'ICHlle neKQIIH 3aMeTHM, '!TO HecnolKllblM Bl1/10ll3MCIICHIICM IIPl!Mepa 2 MOJKHO 

HOKa3aTb He06XOQl1MOCTb Henpepb1BHOCTl1 f B TeopeMe 2. 

flp11Mep_Y.3. flycTb A=(-/, f) 11 T.x = 2.x . llycTb 1(x)=9, 

ecnn X£(-l,D) 11 1,rxJ= 1-7- , CCJ111 .X[ [O,I] 'l'Ae ' 

9 € ( 0, I) , ~ :/; 1/2 . Jlro6aH 113 qiy11K1111ii lsi, 51Bn51eTCH 11enon-

BlllKHoA TO'IKOH onepaTopa P , T.e. B npocTpaHCTBC pa3pb1BIIWX <liYHKQl1H 

MHOJKCCTBO HeilOABIIJKllblX TQ.l!eK MOJKeT 11MCTh MOIIIIIOCTb KOIIT11HYYMa, XOT51 B 

MIIOJKeCTBe K (CM. (Y.4)) neJKl1T POBIIO on11a IICH0/1B11lKllaH TO'IKa. 

JlononHeHl1C_K_JleKQIIII_Y. 

C1/aqana noKalKeM TeopeMy 1 • flycTb J E C (A) - 11eoTp1111aTenbHa51 

cpy11KQI1H, yuoBneTBOPHIDmaH ycnoB1110 Jl11nrn111p. llycTh f' = f 'tad J . On­

Pe::1en11M 

Reg(!)= sup {l!'c.x !lj J(x): .t£A, 3!'(.xJ, f r.x J > o} (Y. 5) 

llYCTb nanee 

f!={fcC(A):J~D, f- Aunw. Rfj(f)< OO I JA Jam,: I J 
~hl YTBepJKnaeM, '!TO lle3aBHCl1MO OT f cy~eCTBYCT TBKB51 KOHCTaHTa fl 
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'!TO 

timsupRegOPnrnl)~P, f€H. 
n-oo 

(Y .6) 

nycTb JiC.x>=ldetD<Pi(X)I H IID'Pt(.x)ll=sup/lDcpi(.x).vl:l1tl=1}. 

Te11epb BOCTIOnb3YeMC!I cne,[lyIOillHM 3neMeHTapHblM CBOHCTBOM. ITyCTb a,, ... , a, -
- n1060A 11a6op BeKTOPOB H3 1Rn II f, 1 , ... , D'I- - n106oi\ Ha6op nonoJKH­

TenhHbIX 'll!Cen. Tor.r1a 

011ycKaH .X 

I( lai)/ct&i)I ~ m_ax /ai/!J,. I. 
L=f L•f f~ l *i 

B rrocne.r1y10m11x COOTHOilleHHHX, 
I 

Mb( rrony'IIIM: 

I( Pf) '1 _ I L J '.7J o 'Pi) I "' 
Pl - L.· 'J· fo rh. -

L t 't't 

I L L 'Ji' f O cpi I 
~ ,h t 'E. .:;. f o -y· 

L L L 

~ max I J;_'/ + 
J. 

L 

I Li 'J L ( 'D ct>) (f'o q,J I 
·2..i'Ji.fo¢i, 6:. 

max II D<P.11 If; <Pi! 
i. I JO cpi 

(Y. 7) 

113 ycn0B11H ( 3 l onpeneneHHH 2 BbITeKaeT, '!TO II D <Pi (.X) II .( f / 'A .( f • 
ITOCKOnhKY 'laCTHble DPOll3BOnllble OT T pae110MepHo orpaHH'leHbI Ha 8 

·I 
TOJKe TaKOB, HTaK, detD<Pi(.X)=(det1JT(.i)) AnT"1A det D cpi (.x) 

paBHOMepHo OT,[lene11 OT 0. IT03TOMY MOJKHO HaHTII TaKoe M<oo , ttTO 

~up I .1/ ( .x) I / 'Ji ( .x) ~ N . 
I' .J( 

H3 (Y.7) Bb!TeKaeT 

Re9 (PJ)!:M+~-fReyuJ (Y. 8) 

H, IIHTerp11py51 (Y.8), Mb! 11ony'IHM HepaeeHCTBO 

[im sup Rea ( pnu>) :!': 0.-t r' M >. •. 
n-oo d 

(Y .9) 

ITOCKOnhKY .P"' ().- f )"1M">. He 33BIICHT OT f , TO (Y.6) 11onHOCTbIO no-
K333HO. HeTIO,[IBlllKHbie TO'IKII 011epaTopa P ecTeCTBeHHO HCK3Tb TOnbKO B 

p -11HBap11aHTHbIX MHOJKeCTBax, T.e. B MHOJKeCTBax 

06o3Ha'IIIM 

Hp = { !€ H: R e9 ( n ~ p J. 
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F C PFC F 

(Y .10) 

I 

ECJIH !€Hp , TO Rei(PJ)6 Mt-"AI.P=.P , cne.r1oeaTenhHO, 

PHpC Hp. Mb! YTBepJK[laeM, '!TO Hp srnnHeTC!I KOMIIaKTllbIM II 

BbITTYKnbIM 110,[IMHOJKeCTBOM Cr A) , rJyCTb JEHp • EcnH x, ')j £ 

Ai , TO ·CornaCHO rrpe.r111onoJKeHHIO Mb( MOJKeM coetulHl!Tb HX KYCO'IIIO-nH-

HettHOH uyroA .r1nHHhl He 6onbrne HeKoToporo 'lllcna J3 . nnn KaJKuofi nH-

HefiHofi qaCTH ,iyr11 11p11MeHHM 011eHKY I!' I/ f !!: .P H paccMOTPHM 11po113-

ee.r1eHHe 11ony'leHHblX OQeHOK: 

V f Ad V { .r, ye Ad H·ij) e·PJJ!f f($):1= Hy JeP/3. 

B qacTHOCTH, n1160 J / Ai = 0 , ntt6o inf J J Ai> 0 
Toro, 

sup f(x) 
A· L 

jA :f dm 

pf?, . 
6e tnff{.xJ; 

Ai 

I . 
I JE Hp. 

(Y .11) 

• Eonee 

(Y.12) 

HTaK, Hp - pae110MepHo orpaHll'leHHOe IIO,[IMHOJKeCTBo C(A) . 113 Hepa­

eeHCTBa I :F 1 
\ / f !. p 11 3TOro <tiaKTa BbITeKaeT cymecTBOBaHHe paBHoMep-

Hoii KOHCTaHTbI Jl1111rntt11a ,inH ece1 f€ H_p. Qqeattn110, H_p HBnH-

eTC!I 33MKIIYTbIM, IIOCKOnhKY ece ycnOBll!I, onpenenSIIOL1lle 11p1111anneJKHOCTb K 

H_p , coxpa11H10TCH rrp11 11penenhHOM ncpexo,1c II C (A) . CnenoBaTeJib-

110, Hp - KOMTiaKTHoe MHOJKCCTBO. 

Reg ( j) HBn!leTC!I BbIIIYKnhlM .cpyHKQIIOHaJJOM ( "JTO Bl~TeKaeT H3 paccyJKne-

lll!(I, 11p11aor1m~Hx 11ac K (Y.7)). Cornac110 (Y.10), Hp - BbIIIYKnoe MHo-

;1<ecTno. 

ltc11onh3YH TeopeMy lllayncra-Tttxo11ona, MI,1 11af1.•1cM TaKYIO <DYHK1i1IIO 

J*E Hp , 'ITO Pf*= J* . Mepa J1 c rrnoTHOCThIO f* H HB-

•IHcTcSI HCKOMOii, R 'ICM IICTPY,1110 .y6CJll(TbC!I. 

/lo Ka 33TCJ(l,CT!l0 TeopeMhl 2 01111pacTCII 113 CJIC/lYKJ!IUIC JieMMbl TeXHII'leCK0-

1·0 xapawrcpa. 

Jlc~1~1a_Y. 1. Ecn11 f, j€ K 
II pn (J) - pnr9>II ~ M II J - 9 JI 

(01. (Y.4)) 11 

, r·nc M 
ne: NI , TO 

IIC 33BHCIIT OT n , a OT f 

II 9 33BIICIIT TOnbKO '1Cpe3 HX llllqJHIIYMhl II CYIIPCMYMl,I. 

.'.JQ!S~~~!!:".!!?~!~Q~ llycTb ./Jn(J)=IIPt(!}ll1 ,f3n(9)~ flP/(9) !1
1 

r o,. 011pc11ene1111e 4) • ITocKom,Ky :I, 9 € K , TO f3n (JJ>O H /3n ( 9) > 0. 
lioJice TOIO, 

II Pn(f)- Pn(j )II= II Pt(J)/J3n (J)- P"(9 )//3n (j > II ~ 

~ ll(Ptm-P,n(J))/ f3n{JJ II + 
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I. 

1.! 
'I 

t'I):;,, 

It 

1: 
',I 

+ II P/ ( 9 )[ /3n ( fJ - /3 n ( 9 ) J / /3 n (J J /3 n ( j ) /I 6 

~ ll 1-9 II UI Pt (I JI// /3n <n 1- II P/'fJJf3n en/ /3n <n f3n <y >II) ~ 
~ 11 J- 911 (II pn(f Jj f3n<nll ~ II pnc9J II PnU >/ (3n <n). 

Ho f I y f Hp , cneL10BaTenbHO, 113 ( Y. 11) BhITeKaeT, tJTo 

SUPn II Pn(f)II ~:oo, SUPn II Pn(9JII < 00 , 11 

f3n (IJ inf J ~ f3n (f) ~ /3n (I) supf. 
A A D 

JleMMa_Y.2. Ecn11 /€ K II Pf= f , To /€H.P. 

.[{oKa3aTeJ1bCTBO. nycTb ff: K . 06o3HatJl!M s = supA f II O = 

in IA I . nycTb j YJ:IOBneTaopHeT ycnoamo JlmIIIIm1a, inf.4J ;;i, tf, SU~J:5 s. 
CoPnacHo JleMMe 1, ,r:\JJH acex TaK11x j , 

I p'nl(J)-p<n)(9JJJ = M llf-9// 

P}:le M-::. M(o,s) Eonee TOPo; f HBJ1HeTCH npeJ:1eJ10M TaKl!X qiyHK-

11m'i. <l>11Kc11pyeM E > O II B03bMeM TaKy10 <PYHKQIIIO J , '!TO 

Jll-911~ f./M. Tonia L1J1H acex n£N/ , 1/Pn(;f)-pn(J)II~ 
M 111-911 ~ e. Cne}:IOBaTeJ1bHO, Jlf- Pn(9) II~ E . <l>yHK[11!11 

9 n " P n ( 9) YJ:IOBneTBOPH~T · ycnoa1110 Jlmmm11a II t, m sup Re? <Jn) :f .P 
Ecn11 nonoJK11Tb d(.X,f)"'lfi:f{/l.:l-;fJJ:fE&J, To d<fn,Hp)-O. 
I1TaK, cf (I, Hp): e . TaK KaK nocne}:IHee HepaBeHCTBO BepHo J:IJ1H 

acex f, > O II HI' · - 3aMKHyToe MHoJKecTao, To OKOHtJaTeJ1bHo fe fl_p 
Ecn11 T HBnHeTcH noKoMrroHeHTHO-TpaH31!TIIBHhIM, TO HeIIOJ:IBIIJKHhIe TOtJ­

KII orrepaTopa P He MOPYT 11}:leHTl!tJHO aHHYJ1IIPOBaTbCH HI! Ha OJ:IHOH KOMIIO­

HeHTe. Eonee TOtJHo, IIMeeT MecTo cneL1y10maH neMMa • 

II 

JleMMa_Y.3. nycTb T 

Pl =J • TO f€k 
- IIOKOMIIOHeHTHO-TPaH31!TIIBHO. Ecn11 :I€ Hp 

.UoKa3aTenbcTao. <l>11Kc11pyeM /€ Hp Pf= J . Ecn11 

inJA f= 0 J:IJ1H HeKOTOPOPO i TO COPJ1aCHO (Y.11), JIA-""O. 
• I 

nycTb 
1
,51 - MHOJKeCTBO BCeX TeX KOMIIOHeHT, P}:le /) 0 , 82 : A\ Sf 

113 CBOHCTBa TPaH31!TIIBHOCTI! Sz n Ts. "F </J JlorryCTIIM, '!TO :XO € 

Sz n TS1 . ToP}:la cymecTayeT TaKoe j , '!TO q>. r.x.) € S1 , cne-

J:IOBaTenbHO, f ( q:,. (.X0 )) > O II TaKJKe P(! (X,)) > O J • Ho .Y€ S 
2

• 

TaK tJTo J(X
0

)J: O . 3To rrpoT11aopetJ11e, coBMeCTHO c (Y.11), rroKa-

3hma·eT, '!TO inJA· !>O L1J1H acex 1£: i =9- . 11TaK, in.fA l>O 
' 
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J1o!S~~~!!:-!!~!:!~2-I!:2E!:~t1-~.< J1onycT11M, tJTo :I,, 1z. <; K - r1ae 

uenoll;~JKHhie TOtJKII orrepaTopa P . C0Pnac110 JleMMe 2, ;/1 , .:f2 E Hp 

nycTb C = r'A II o(i = fc~•dm; j=l,2 . nocKOJ1bKY in:fA J' > D, 
TD oi, >O, orz >O 

1. o(,= cx2 nnH Se1R' orrpeJ:1en11M fs {.X)= sfr(x)+(f-S)!z<.x), 
ror11 a fA .fs dm = I , 11 ecn11 !s (:/)qO , To Pfs =-i's. 110.f,(x)<.Fz(x) 

L1Jlli, rro Kpan11en Mepe, OL\HOH TOtJKII :I.€ A. Topna L1nH nocTaTotJ110 

6oJlhlllOrO s 6y}:leT ::fs (.X) < 0 . nycTb O= sup { 5 > f: in~ fs ~o J. 
Heo6XOT(IIMO inJA !15 = 0 C LIPYPOH CTOPOHhI, .f"s:: fim.., .fG' 

v+S , 
·8 cne11cTBl!e qepo .fc,- E Hp (nocKonbKY H_p 33MKHyToe). C0Pnac110 JleMMe 

3' JG eK . a 3TO IIPOTl!BopetJl!T CBOHCTBY i n.:F.4 :f6 = 0 Cne11oaaTenb-

HO, l,=:Fz. 
n. o(f 'f' o(2 norryCTIIM, '!TO c(f >ol2 TaK KaK Pf; z P, (:ft)/cx,, 

TO 

Pn n n 
1 (ft(.x))=o(1 ft(.x); P1 (.lz(x))= ot./.iz(.XJ. (Y.13) 

Ila i n:fA :f2 > 0. no3TOMY MOJKIIO HattTII Ta Koe /3 ' 'ITO /3 lz (X) q :1, (.X) 

H3 (Y.13) IIOJ1YtJaeM 

f3~
2
,,l2 {.x)=/JP,'1(:1z(.xJ)= P/(f3!2 (xJ)~P/(J,(.xJ)~o<t ;fif.x), 

T.e. 

(
cl, )fl 

fz(.X)?- cxz :f,(.xJ/13. 

!lo 3TO 11eB03MOJKHO, T3K KaK (d.1/clz)n--00 
D 

nonPOTOBIIM IIYTb K J:IOKa3aTeJ1bCTBY TeopeMbl 3. Mw o6o3HatJl!M tJepe3 ~H 

e/jHHCTBeHHYIO lleIIOJ:IBIIJKHYIO TOtJKY orrepaTopa p . nycTb l (~) - rrpe-

)1eJlbHOe MIIOJKeCTBO f , 'f.e. i EL(!) ,, ecn11 cymeCTBYeT IIOJ:IIIOCJ1e-

/lOBaTeJ1bHOCTb 11ocneL10BaTeJ1bHOCT11 { Pn(!) J:. f , cxoL1HmallcH K /) 

JleMMa_r.,_1.,_ nycTb f,e K II jEl(!) TOPJ:la j E Hp 

YrrpaJK11e1111e_Y.3. noKaJK11Te. (YKa3aH11e: nocTynaRTe a11anoP11tJ110 J:IOKa-

3aTe111,cTBY JleMMhl 2). 

.TTeMMa_r:.~:. nycTb /€ K H 9£1.(:f) • TOPJ:la /j E l (j) . 

[{9Ka3aTeJ1bCTBO. CoPnacHo rrpeJ:1rronoJKeI11110, P n,. ( .f) - J • CneJ:10-

HaTenbHO, 
II pni"c9>-Pnk~)-jll ~ pnk•'cn-911 + 

+ IIPn1c.,-n1cc9)-Pnk•1-nk [Pn"(J)] II 
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1-13 JleMMbl 2 BbITeKaeT, qTo cymecTBYe,T M ( He3aBHCHMO OT nk 

TaKoe, qTo BTopoe cnaraeMoe MO)l(HO orpaeHqHTh caepxy Bblpa)l(ettHeM 

M II pnk (f}-j II • Cne.uoaaTenhHo, 

II pnktt-nk(j )-9 II~ M II pnk(f)-9 /I+ II p"k>'(J)-g 11- 0. □ 

JleMMa Y. 6. ITycTb f * € K - e.uHHCTBeHHaH HeIIO.UBH)l(HaH TQqKa 

onepaTopa P , H nycTh fJEL (f) , T.e. pnk <j) -- /j . 05o3HaqHM 

/3 (nk_) =II P,"kc9H, H cl==ll~(;F*)ll1 . Tor.ua 

lim [f3 <ns)/cink J = I. 
/i-oo 

J]oKa3aTeJlhCTBO. TaK KaK 

qTQ 

!"'e K H JEK • TO cymecTBYIOT 

TaKHe r, H (z 

t.9£:r~rzJ; r,91:t~tzJ; o.:;r, ~J; · 
M3 nm1eiiHoCTH onepaTopa P, cne.uyeT, qTo 

·I/µ. :!=/3(n)/ot..n ~ 1/t, n~NI. 
a 2 1 , 

BhI5epeM II0/1II~CJ1e,110BaTeJ1hHOCTb { m, J, pmk _r;>- J 
j3 ( mk) / d. " . cxo.uHTCH, cKa)l(eM, K KoHcTaHTe c 

/3(2mk) -2m" m m 
c<. Z mk = o( /I ~ k ( P, " (j)) JI 

1 
m m -2m 

=f(mkJIIP, "(P k(j)Jll1d ,, 

= /3(m1c) II P,m"(g) + P,m"(Pm"(g)-g) II 
of. m/c o(mk d. m" 1 

(Y.14) 

TaK, qTo 

Tor.ua 

Ecn11 l - "'° , TO nocne.uHee Bblpa)l(eHHe cTa11oa11TCH CKOJJh yro,11110 MaJJbIM. 

-mJr P.m"' Pm" ) ll n Pm" •m1r m Ha caMoM .uene, ex U 1 ( (9) -9 1 ~ 11 (9)-pllcl. II~ "'(f) 11
1

. 

Ha ocHoae ( Y. 14) MbI 3ttaeM, qTo nocneuoaaTeJJbHOCTh. {o(·m• II Pth ( 1) ,, f 
HBJIHCTCH orpaHHqee11oii. CnenoaaTeJlbHO, 

lim /3(217711.) = lim [ f3(ml<J_J
2 

P. .-:,a o( m1r h- °" c/. m" 

AHanorHqHo, 

!im f3(nm4) = [im 
k-oo o(nmk !-00 [ 

/3(m4.)]n 
i;xmlc 
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n>,-2. 

EcJIH Obi 3aKnIOqeHHe JleMMbl ObIJIO HeaepHblM, TO IIOCJle.UHHe COOTHOIDeHHH npo­

THBOPeqHJIH Obi paaeHCTBaM (Y.14). 

J]oKa3aTeJlbCTBO TeopeMbl 3. HcIIOJlb3YH npe.unoJJO)l(eHHe O TpaH3HTHB-

HOCTH, Haii.ueM TaKoe NENI , qTo TN Ai ::, ~i , I~ i :=-p 
flyCTh /€ Hp • 05o3HaqHM qepe3 !pi oTo5pa)l(eHHH, o5paTHbie K TN 
B TOqKe J( 

HHH TN 
Tor.ua .unH onepaTopa neppoHa-cI>po5ettttyca PTN oToopa)l(e-

HMeeT MeCTO pa3JJO)l(eH11e 

PTN (f CxJ) =-'Li I det D 11{ (.x) I f 0 ?pi (.f). 
nocKOJJhKY J,. f dm = 1 , To c Heo5xo.uHMocThIO cymecTBYeT _Ta Koe A j , 
qTQ SUPA· I~ 1 . Ho !£ Hp H, cornaCHo (Y.12). Ln:IA. f~e-.P/3 

J • 1,1 A ' J]nH nio5oro -"€A 11aiineM TaKoe lo , qTo -,-;_
0 

(.]()(; 'j . Tor.ua 

PrN (f(.xJ)~ I detDlf'i/.xJl!¥i/.x>)~ e.rp(-,Pf3) • 

x 177_ in Ide t D Z,.,i ( .t) I ~ exp (-pp)/ supA I det]) TN/. 
t 

0503HaqHM nocne.1111ee Bblpa)l(eHHe qepe3 cJ {TaK qTo d He 3aBHCHT OT 

su5opa cpyHKI.IHH le H_p l. CTano ob!Th, JIJ1S1 acex IE C (A) 

liminf (Pnf)(:t)':?-d, xE"A. 
n-oo (Y .15) 

ilYCTh Tenepb :I E K II lj€l(f) • ~bl .UOJl)l(llbl IIOK83aTb, qTo 

/ = .f* . HcnoJlh3Yll JleMMbl 5, 6 H COOTIIOIDelll!e ( Y. 15), HaiineM nocne-

.UOBaTeJlbllOCTb f m, } CO CBOHCTBOM 

o( - m, P, m4. ( j ) -- j IlpH ~ --00 

Jln,1 S€1i?.
1 

onper1emn1 l.sf.X)=Sf"'(x)+ (1-s)J_(X).Torr1al=/4fstim. 
ilYCTb J - caMhlfI OOJlblIIOfl OTpeCJOK, BKJI!oqaiom11ii '[O, f] , JjJISI KOTOporo 

(S£J) => (in~ ls >O) Cornacno KOIICTPYKIIHII, OTPe30K J /10Jl-

;J{CII OhlTb OTKPUTbIM II HJIH 5 E J 1 

-m4 m4, -m4 m4 m4 ex P, c J J = d £ s P, (I * J + (I- s J P r i J 1 -
-- sf"+ (f-s)j = fs 

Ila II fs II - I . 3naqHT, 11opMa nenoii cToPOHbI cxo.unTcH K 1, H no::1-
m m4 ) 

TOMy P
1 

lc(fs)/IP, (i1 11 1 - ( • Ila '.JTo o3naqaeT, qTo fs€L(f3 ). 

Con,acuo JleMMe 4, J1JIH JIIOooro S € 'J , Is € Hp. EcnH SE.' a J , 
To ! 3 SIBnlleTCH npenenoM ::1ne~ieHTOB 113 H_p . nocKonhKY HJ' - KOM-

naKT11oe MIIO;i<CcTao, TO !5 € Hp , T.e. 5€" 'J ·. HTaK, 3 
O,'lHoapeMeHIIO llllJHICTCll 3aMKHYTblM MHOJKeCTBOM, a 3TO B03M0)1(H0 TOJlhKO B 

cnyqae 'J = 'JR' • CnenoaaTenhHo, :Is {-") > O .unH acex S £ T? 1 

lb onpenenemrn f.s BbITeKaeT. qTo nocne.uHee CBOHCTBO BblIIOJIHHeTCSI 

TOJihKO B CJiy<Iae i = f * . 
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IleKQHH Yl. METACTAEl1JlbHbll1 XAOC 

B HacTomne11 neKQHH Mbl nponomKHM nncKyccmo, Ha'!aTylO. B Ha<iane 

npe):lbl/:IYUlett neKQHH. Mbl o6CY/:IHM c TO'IKH gpeHHll YCJlOBHO-HHBapHaHTHblX Mep 

'!HcneHHble :JKcnepHMeHTN, Kaca10U1Hecl! Knacca T,i.x = A . .x (I-X) nnH 

O !!= A * -4 H CHCTeMbl IlopeHQa (CM. / 2 2, 21 , 2 9 /) • .llnll 3THX CHCTeM nptt 

/:IOCTaTO'IHO 6onbmHX 3Ha'!eHHHX napaMeTpOB IIOl!BnHeTCll YCTOH'IHBOe xaoTH­

'!eCKOe /:IBHmeHHe • .llnH 3Ha'leHHH napaMeTpoB,HeMHoro MeHbWHX Toro KPHTH­

qecKoro 3Ha'!eHHll napaMeTpa, IIPH KOTOPOM B03HHKaeT YCTOH'IHBOe xaOTH­

qe~KOe /:IBHmeHHe, Ha6n10):la10TCH apeMeHHble xaoTH'leCKHe OCQHnnllQHH, KOTO­

pble .paHbme HnH II03me Ha'IHHalOT 3aTyxaTb, H TpaeKTOPHH CTpeMHTCll K Ka­

KOMy-HH6YAb yCTOH'IHBOMY (He xaOTH'leCKOMY) /:IBHmeHHIO (CM. PHC.10). 

IJE!:!~!::E_n.:.!.:. PacCMOTPHM Knacc J;i.X=A.x (f-.x),J/€[0,f],A€ [0,4]. 

.llnll 3Ha'!eHHil A ·< A*~ 3. 83 ( Karna noHBnHeT1;si HeycToil'IHB.tH nepnonnqe­

cKall TpaeKTOPHll C nepHO):IOM 3) Ha6n10naeTCll 6onee-MeHee CTaHnapTHall CH­

TYaQHll /22/, a·nMeHHO, IIOHBneHHe nocnenoaa'renbHOCTH ~HtypiaQHH Y/:IBOe­

HHll nepnona. .llnll napaMeTpos Ai; [ 0, A* J MoryT IIOllBHTbC:ll H xaoTH'le­

CKHe TpaeKTOpHH, HO BePOHTHOCTb T9ro, '!TO OHH 6YAYT OCQHnnnposaTb 6e3 

3aTyXaHHll B Te'!eHHe scero BPeMeHH, paBHa O • .llnH A*~ 3,83 CYUleCTBYIOT 

YCTOH'IHBall H HeYCTOH'IHBaH nepHO/:IH'leCKHe TpaeKTOpHH nepnona 3, a HMeHHO 

o, 1561- o,5096·--o,9579-o, 1561; 

o, 1635 - o,5290 -o,9552-0, 1635. 

nycTb p ; 0,1635 ••• - HeYCTOH'IHBall nepHOAH'!ecKall TO'!Ka nepnona 3. 

nycTb A,=(p,f-7A•P),A2 =(7ii•P,~z.p) (cM. pnc.11). nycT6A=(_A 1UA2 ) 

PaccMOTPHM S.x : r_6 .X npl!MblM Bbl'IHCneHHeM IIPOBepl!eTCll, '!TO 11a MHO· 

mecTBe A n s· ~ c1i;asennHBO HepaBeHCTBO i.n:F 15' (X J / ~ I, 036 > I 

A2 

A1 

P 1-Tp 1/iTp T2p 

P11c.11 fpar,,HK oTo6pameHHll T3
• T,l. , A*~ 3, 83 
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1,onee Toro, SA 1 C A1 , SA 2 C A
2

• CnenosaTenbHo, S Hera 

Bbl­

cy-

cTeneHH llBnl!IOTCll IIOKOM11011eHTHO-TpaH3HTHBHbIMH. lhaK, nnll S / A 
110n11eHhI ycnos11l! TeopeM Y. 1-Y. 3. CornacHo 3THM TeopeMaM, y S 
mecTBYeT en11HCTBeHHal1 ycnoBHO-HHBapHaHTHaH 

cTblO f * = P5 (:f *). lfa TeopeMbl Y. 3 

AJIH mo6011 tY\IKUHll ;f E K, T. e. 

R6n ( f) 
7A• !*, n --oo 

Mepa C 11enpepblBHOii nnoTHO­

nonyqaeM, '!TO 1/{;f) - :f • 

(Yl.1) 

Y11ram11e1111e_Y1 .1. (a) f II- - emrncTBeHHaH IICIIOllBHmIIall TO'!Ka one-

paTopa Pr,. (B) .llnH scex !£K, P.n (f}- ;f* • Jl0Kam1ne. 
A . TA* . 

(YKa3a1111e: ecnn feK TO pl {:f)f:K 1JJH O!!,t :!:- 5. 
tiJ TA* 6n · 

Y'ITHTe ( Yl. 1) .Qnll 1 ( {) . 3aTeM 11ccne.1YiiTe npenen PT ( p' (I)) 
A* A" T,. gnH n --. oo l . A 

Cneg0Ba'renb110, 11a A= A1 U Az. cymecTBYCT YCJIOBIIO-HIIBap!laHTllaH 

Mepa nnH TA 11- • Xopomo H3BecT110, '!To 11c cyu1ecT11yeT 11e11pep1,m11011 

TA"' - 1111aapnaHTHoil Mepb1. nocKonbKY in I I 5' r.x) I :, f TO Mhl 

MomeM C'-!HTaTb MHomecTso A MHomecTBOM xaoTH'-!C'CKIIX .'lRHme1111ii. Cnenyll 

IIHTC!)llpeTaQHH ycnoBHO-HHBapHaHTIIOII MCPbl (CM. JIC'KIU110 Y) , T)JaCKTOPIIII • MoryT JlBHraTbCH B npenenax MHomecTBa A (T.e. HCCTH ce6H xaoT11'-!ecK11), 

a BCPOHTIIOCTb Toro, '-!TO .Y OCTaHCTCH B A H Te'-!e1111p n 11Tepau11H, 

CXO,QllTCH K O C 3KCIIOHeHQHanbHOII CKOpOCT!,IO i 110 n ) . 

IIJ?HMCE_Yl. 2. ( CHCTCMa Jlope11ua) • PaccM01 JlllM CIICTCMY ypaa11e1111f1 

dx/dt=-6.x.- G1j; 

d71/dt= z.x-y-.xz; 
dz Id t =-b z + X y I 

(Yl. 2) 

rne b - KOIICTa11Ta, xapaKTep113ywmaH pa3Mep1,1 c11cTe~11,1, 6 - •rncno 

llpa11riTnH, z - '111cno PeneH. CucTeMa ( Yl • 2) BO'lllllKaC'T B PC3YJJhTaTe 

o6pe3aHHH ypaBHCIIHA ran!pKHHCKoro THTla llJJH 33Jl3411 O TennonoA KOHBeKQHII 

Memny TIDYMH nnOCKOCTl!Mll, HaxonHmHMHCH np~ pa3HUX TCNIIepaTypax. "HTepec 

K 3ToA CIICTCMe 3Ha'-!IITCnbHO yc11n11ncH nocne TIOTILlTKII P~3nH II TaKeHca /30/ 

CBH3aT1, cc C 11ccnenosa1111HMII O np11pone Typ6yJJC'IITll(KTII ( BITPO'-!CM, llBHOe 

Han114He TaKoA CBH311 OKa3UBaeTCH COMHIITCnbHUN). 

'1ope1111 / 31 / '-!HCne11110 HCCJICTIOBan CIICTei1y ( Y 1 • 2) /1.'lll 311a•1e1111ii 

G ;. 10, h ; 8/3 ll 'l ; 28. B11aqane MLI 011111•1cM lll'KOTOPhle o6nme 

CBoi'JCTBa CllCTCMl-1. Thmepre11QIIH CllCTCMbl HBJlllC'ICll llfJCIOllllHOiL Ila CaMm1 

i:iene B.x /t3x+ 8-j/ay .- r)z/i)z = -(6+f+b)L0 · 
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1/ d 
•I• 

i'r 

i' :'1'' 
I,·, 

I'' ,/1 
1,· ,. ' 

,' 

[,, 

BcrrerrcTBHe 3TOro OObeM neoera ClKHMaeTCH C 3KCITOHeHrrttaJihHOH CKOPOCThJO 

BITOJih ITBHlKemn1 CHCTeMbl ( )'.1 • 2) • nroooe perneHne CHCTeMbl orpafJH'leHo ITJIH 

t > 0 . JleilCTBHTeJibHO, eCJIH 0003Ha'IHTh u 2 (t} =x2 (t)1-y2 rt) ... 
+ ( Z (t )- 'l. - C5 ) z , TO CYJileCTBYJOT TaKHe KOHCTaHTbl Cf • Cz > 0 'ITO 

ct U /dt ;,; - C1 U + Cz CrrerroaaTeJihHO, BCHKaH TpaeKTOPHH patthrne urrn 

IT03lKe rrorrarraeT B map LJ :!E _2C, /Ct H 3aTeM OCTaHeTCH B HeM. 

Ha11arro KOOPITHHaT O = (0,0,0) HBJIHeTCH HeITOITBHlKHOH TO'IKOH ITJIH Bcex 

3Ha11eHHH rrapaMeTPOB. EcrrH ? '1, TOO - errHHCTBeHHaH CTaQHOHapHaH 

TO'!Ka, H ITPHTOM IlPHTHrHBaIOJilaH. ITpH Z > 1 OHa TepHeT YCTOH'IHBOCTh a 
B03HHKaJOT HOBbie HerrorrBHlKHble TO'IKH 0 1 = ( -I b (7.-f), ~ b ( 1- f} , 't - f) 

02 = (-fo(z-f), - ~b<t-f) ,z-1) .llrrH H BCHKOro 2 > 1 y CHCTeMbl HeT 

HHKaKHX rrpyrHX HeITOITBHlKHbJX TO'leK. ITpn I<'. 't < "t" ' rrre 'lo 

<S(<5•b,.3)(6-b-tY-
1 ~ 24,74; 01 H Oz - ITPHTHrHBaIOJilHe. ITpH rrepexorre 

11epe3 3Ha1!eHHe "to OHH TepHJOT YCTOH'IHBOCTh, H IlJIH 't > 'to BOOOJile 

ITPHTHrHBaJOJilHX HeITOITBHlKHblX TO'leK HeT. CJOrra OTHOCHTCH HCCrrerroBaHHbJH no-

peHQeM crry11ail 6 = 1 0, b = 8/3 H Z = 28. ITpH z = 28 a paooTe 

nopeHrra HaorrJOrrarroch ycToil11HBOe xaoTtt11ecKoe rroaerreHHe TpaeKTOPHil (aT­

TPaKTOP nopeHrra). 

nopeHrr rrperrrrolKHJI HeOlKHITaHHblH crrocoo HCCrrerroBaHHH CHCTeMbl. A HMeH-

HO, ITyCTh ( .x, y, % )r-t) - perneHHe CHCTeMbl. 4HCJIO KOJieoaHHH MOlKHO 

OITHCaTh ITPH ITOMOJilH JIOKaJihHblX MaKCHMYMOB JIIOOOH KOOPITHHaTbl, CKalKeM z 
ITycTh z(t11 ), tn< tn,1, fl: 1.2,... - rrocrrerroaaTerrhHbie rroKarrhHble 

Mal<CHMYMbl Z ( t) . MolKHO ITOKa3aTh, '!TO COOTHOJileHHe MelKITY :Z ( t n ) 

H Z (tn~,) ITJIH rrocTaTO'IHO OOJlhJilHX n 011eHh TO'IHO OITHCblBaeTCH 

(ITJIH cl>HKCHPOBaHHoro z l KaKHM-TO OTOopalKeHHeM Tz : £ 0.11 -- 'i?. ~ 
Bee Tz - rrrarrKHe 3a HCKJIJ011eHueM cperrHeft TO'IKH, rrre y HHX rroHBJIH­

eTc!I ocooeHHOCTh THrra "ocTporo nuKa" (cM. puc.10). 6orree Toro, rrrr!I 

r>r• 

0 112 
Puc.12 fpa~HKH OTOopalKeHHH 

"€[t* ·1 * * * ,. '" ,, 'lz , rrre z,.<'l <'l2 n Z::::: 24,06, MOlKHo rrpoae-

PHTh ycJIOBHe paCTHrHBaeMOCTH inf Ir; (.X) I > f. 
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ocoooe 3Ha11eHtte 'l* ~ 24, 06 xapaKTePHO TeM, '!TO IlJI!I Z < Z * 
Ti [ O,f J =i [D, fl H ITIT!I Z > Z" , T1 [ 0, f JC [ 0, I] . 3Ha11HT, 

ITJI!I 'l < l * MOlKHO ITPHMeHHTh pe3yrrhTaTbl rrperrbIITYJileil rreKUHH. EcrrH ooo-

gHa'IHTh A = (O, f) , To oopa3 TO'IKH .x c A rrorrarraeT aHe 4 
eCJIH TO'!Ka :x HaXOITHTCH B rrocTaTO'IHO Marroil OKPeCTHOCTH TO'IKH Xo 

ITycTh B KOTOPOH HCilblTblBaeT OTOopalKeHue 

)1,=m uo. l·f3-3a "ocTPOTbl ITHKa", 

TO r;1 A t A= w. n , TaK 

rrrruHa rrpeoblBaHHH TpaeKTOPHII TO'IKH 

Tx ocooeHHocTh 

Po (T;'A )::::: f. 
'ITO µ. c r

1
:

1 A ) = f 
.x B MHOlKeCTBe 

ITHKa. 

Ecrru "l t 'Z. .. 

A 
C-[IerroaaTerrhHO, 

.[IJI!I z < z,. 
KOHe'IH0, HO ITPH 1. f 1. * OblCTPO paCTeT. 3TH 3aKJIJ01!eHHH ITOJIHOCThlO 

OTBe'laJOT 'IHCJieHHbJM pac11eTaM, rrorry11eHHblM B /29/ (CM. TaK)Ke /32/). 

EcTeCTBeHHO Ha3BaTh TOJlhKO '!TO OITHCaHHoe ITOBe.[leHHe ITHHaMH'leCKHX 

CHCTeM MeTaCTaoHJihHblM xaocoM. OrrHaKO He H3BeCTHO, ITOJilKHO ITH OblTh cy-

JileCTBOBaHue MeTacTaoHJihHOro xaoca OOJilHM ITPH3HaKOM OJ1H30CTH rrapaMeTpa 

K TOH KPHTH'leCKOH TO'IKe, B KOTOPOH B03HHKaeT YCTOH'IHBOe xaOTH'leCKOe 

ITBHlKeHHe. )lpyrHMH CJIOBaMH, ITOKa BITOJIHe ITOITYCTHMO B03HHKHOBeHHe YCTOil­

'IHBOrO xaoca oe3 Toro, 'ITOobJ no 3Toro HaorrJOrrarroch MeTacTaottrrhHoe rro­

serreHHe. 
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JleKUHll YIT. JJOKAJlbHblE PACTRrHBAIOIUHE rOMEOMOPIJ>H3Mbl 

CaMo onpeAeJJeHHe onepaTOpa ITeppoHa-lJ>po6eHHYCa (ll-lJ>) B npeAhILIYillHX 

JICKl\HlIX cymecTBeHHbIM o6pa30M HCnOJlb30BaJJO HaJJH4lle ecTeCTBeHHOH anpnop­

HOH Mepbl - 06beMa B paCCMaTpl!BaeMOM npocTpaHCTBe. ECJJH nepeHTll K l!CCJJe­

AOBaHl!IO npeo6pa30BaHllH 6onee o6mHx MeTpH4eCKllX npocTpaHCTB, TO TaKOH 

Mepw HBT H, cnenoBaTeJlhHO, onepaTOP 11-IJ> LIOJJmeH 6b!Tb COOTBeTCTBYIOillHM 

06pa30M MOAHc!JHllll}'OBaH. CJJeAYIOillHe TPH JJeKUHH BocnpoH3BOJ:1HT nporpaMMY, 

pa3pa60TaHHYIO B pa6oTaX ll3PPH /51/, Cl!HaH /5/, Eoy3Ha /13/ ll YonTep­

ca /33/ LIJIH Cl!MBOJlll4eCKHX CllCTeM - TOnOJJOI'l!4eCKHX ueneil MapKOBa (TUM). 

· llYCTh A - MaTpttua THna n " n c a i/ € [ D, 1 J. . llocTpOHM 

npOCTpaHCTBO nocJJeAOBaTeJJhIIOCTeH 

LA=fxef{, ... ,nJZ: Dx.v. =f i£"ZJ 
l ..At ♦ I ' 

ll o6o3Ha4HM 6A =GI LA , rAe (5 - npeo6pa3oaaHHe CABHra. llyCTh 

3aAaHa "AQCTaT04Ho rnaAKaH" c!iYHKUHH tf c C (LA) CneAYH CHHaJO 

/5/, MOmHO noCTPOHTb rl166COBCKOe COCTOHHlle P,. no OTHOllieHl!IO K T,m 
If' II K nPOll3B0JlbHOH anpl!OpHOH Mepe m !lnll 6 A -HHBapl!aHTllbIX 

Mep MOmHO onpeAeJJHTb ll nOHS!Tlle paBHOBeCHOro COCTOHHHH 

<!>YHKUllll ~ , a l!MeHHO, }lip - eAHHCTBeHHal! 6A 

Mepa Ha [A , AJIH KOTOPOH 

Acµ.,)+ <<fl>µ.,= sup{~<VJ+<«f>v} 

Pip MS! 

-HHBapHaHTHal! 

(Yll.1 J" 

I'Ae cynpeMYM B npaBOll qacTH no aceM 6A -UHBapl!aHTHblM MepaM ( o6bl4HO 

ero Ha3b!BaJOT aaaneHHeM). Bo3HllKaeT ecTecTBeHHbIH aonpoc o CBH3H Memny 

P'l',m ll }Jcp • EcJJll A - HenpHBOAHMal! MaTpHua, TO, corJJaCHO Teo-

peMe lleppoHa-lJ>po6eHHyCa, cymecTayeT eAHHCTBeHHOe MaKCHMaJJbHOe co6CTBeH-

HOe 3Ha4eHHe >.,. llocTpollM cToxacTH4eCKYJO ~iaTPllllY pij = Uj°i.j/ ,\ f1i· 
H aepoHTHOCTHbIH aeKTOP P, = Ui ?Ji , r.ue U = ( u,, .. . , Un ) H 

l} = ( 1J,, ... 
1 

lJn ) - COOTBeTCTBeHHO npaBbIH ll JICBbll! co6CTBel!Hbie BeK-

TOpbl AJJll i\A EcJJH npH noMomH pi . ll pt' onpeAeJJl!Th aepol!THOCT-

HYJO Mepy PA Ha LA , TO J 

~ (JJA) = sup f, (y) = fog }.A (Yll. zJ" 
.. 

IITaK, MOmHO 3anHcaTb B COOTBeTCTBllll C ( Yll. 1 ) , 4TO JIA = JI (J , r.ue 0 

03Ha4aeT <!>YHKUHIO 

TepecHbIH <!>aKT: 

If' = 0. Tenepb OKa3hIBaeTCll nepHhlM CJ1e/IYIOl11llll l!H-

PCf.m = µIf , eCJJH m =)lo. ( Yfl. 3 J" 

CJJeAOBaTeJJbHO, XOTSI anpuopHoro "o6beMa" B npoCTpaHCTBe LA HeT, Bcc-
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TaKH MOmHO nOCTPOllTb BnOJJHe ecTeCTBeHHYIO anpHOPHYIO Mepy. 

B 6onee 06Illl!X npocTpaHCTBaX B03Hl!Ka!OT TeXH114eCKHC TPYAHOCTll ll3-

3a cneAYIOillllX o6CTOHTeJJbCTB: 
, ft 

- HeJJb3ll CqlOPMYJlllPOBaTh aapHaUHOHllbIH npHHUHn B <!>opMe ( Yll. 1) ; 

- HeJJb3H CKa3aTh, ~TO TaKoe Mepa MaKCHMaJJhllOH 311TPOnllH (CM.(Yfl.2r); 

- HeJlh3H npl!MeHl!Tb TeopeMy lleppo11a-lJ>po6eHllYCa, noCKOJlbKY HeT MaT-

pll4HOI'O npeACTaBJJeHl!H Al!HaMH4eCKOH CllCTeMbl. • 

C LIPYI'OH CTOPOHbl, MOmHO nonhITaThCSI onpeneJJl!Tb 4TO-TO Bpone 

TpaHc<!>eponepaTopa (a 3TO ll 6yAeT onepaTop 11-ll>), nocTpOl!Th 'nnH Hero 

aHanor Mepbl f'• u nonpo6oBaTb C<!>OPMYJlllpOBaTb aapHaUllOHHbIH npl!HUlln 

( Yll. 1 f 6onee o6mHM o6pa30M. 3To ll eCTh nporpaMMa 111:1croS1meil ll cJJeAyIDmeil 

JJCKl\l!H. 

CHaqaJJa, cnenyH YoJJTepcy (33), c<!>OPMYJlllPYeM OCHOBHble npeL1nOJ1ome­

Hllll B Bl!Ae onpeAeJJeHllH. 

OnpeneneHlle·YfI.1. B 3TOM onpeneneHllll npl!BOL\l!M COBOKynHOCTb nOHSI-

TllH, KOTOPaH, B uenoM, ll onpeAeJJHeT JIOKaJlbHble paCTllf'l!BaJOmue roMeoMop-

qJH3Mbl. fiyCTb ( X, d) - KOMnaKTHOe MeTpl!qecKoe npocTpaHcTBO, X 
OTKPbITOe ll BCIOLIY nJJOTHOe nOAMHOmeCTBO 

nnoTHOe nOAMHDmecTBO X . 0To6pameHHe 

PbIBHbIM ll TaKHM, 4TO LIJISI JJJ06oro XE: x, 
C4eTHO 6eCKOHe4Hoe MHOmeCTBO. 

X ll XO - OTKPhlTOe ll BCIOAY 

T: X 11 -- X C4l!TaeM Henpe-

T" 'x no KpailHeil Mepe, 

( 1 l ITycTh Be ( .X) - map paAuyca €; c ,ue1~TpoM a T04Ke J( Cy-

mecTBYeT TaKoe E 
O 

> 0 , 4TO AJJH nw6oro .XE" X · MOmHo MHomecTao 

r ·t ( 8zf
0 

(X) nx) OAH03Ha4HbIM cnoco6oM 3am1caTh B Bll):le C4eTHOI'O 

o6beAHHeHHH oTKpb!ThlX nonaplio ttenepeceKaIDmHXCH' MHomecTB At (.x), A2 (.x}, ... 
TaK, 4TO npl! JJJ06oM i € NJ 

(1.1) T/Ai(.X) - roMeOMOPc!>ll3M A,(.x) Ha B2e.<.x)nX ll 

( 1. 2) [ y' y' E AJX)] => [ d (Ty, ry'1 ?- d <y, y·n. 
(fl) ~JJH nw6oro E. > O cymecTayeT TaKoe M € NI , 4TO AJIH acex 

.:l E X MHOmecTBO T"H.x HBJJHeTCH c -nJJoTHbIM a X 
CaoilcTBO (1.1) 03HaqaeT, 4TO T - noKaJJhHblH roMeoMop<!>ll3M ll 

CBOHCTBO ( 1. 2) - 4TO T - JIOKaJJbHO paCTllf'_l!BaJOmee OT06pameHue (CM. 

Pllc.13). YCJJOBlle (fl) - aHaJIOI'llll YCJIOBllH TpaH3llTllBHOCTll (CM. puc.14). 

llOA06Ho npCL\bILIYillllM JJeKUHHM, CBOIICTBO (fl) OKa3bIBaeTCH aamHbIM TOJlhKO 

L\Jlll nonyqeHllll xop0°lliHX CBOHCTB CXOLIHMOCTH onepaTOpa TleppOHa-lJ>po6eHHYCa. 

MHomeCTBO Ai (X) 6YAeM Ha3bIBaTb KOMnOHeHTOll MHomecTBa 

r-'(B (xJ(IX ). EcJJH d(x,x'JLE • TO cymecTBYeT 
24 · f I 

CCTeCTBeHHOC 6JleKTJlBHOe COOTBeTCTBUe MemAY T" 1x H 7· .X 
1 

npu KOTOPOM T04Ke '!/ € r·x COOTBeTCTByeT Ta T04Ka ll I€ 7-,x✓ KO-

Topa51 llPl!HaAJJemHT Toft me caMoH KOMnoHeHTe Ai ( .X) 4TO ll 'j'. 
(CM. ·puc.15). Cl!MBOJI y' coxpaHHeM .[(Jill TOJlbKO 4TO onl!caHHOH T04Kll 
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(npH yCJIOBHH, 4TO ci (x,x')L Co ). ITocKOJibKY T noKaJibHO pacTHrH-

saeT paCCTOHHHH, TO r-f HBJIHeTCH JIOKaJibHO CJl(HMaIDmHM. CnenosaTeJibHO, 

d ( y, y' I 6 ct ( .X, X ') < c., . 11TaK, name paccyJl(nenHe MOJl(eM rro-

llTOPHTb /1JIH MHOJl(eCTB T-f 'JI H 7-f,, , 7-z'Y H 7·Zy H T./1. Co-

rJIBCIIO :JTOMY, ecm1 d ( .x, .x' / 4: E0 , TO nnn nw6oro n r; NI cymecTsyeT 

ecTeCTBe!IHaH 6HeKQHH MeJl('lY 7-n X H T-n.X 1 
• CHMBOJI y' 6y11eT HC­

CTOJlb'JOBBH H B 3TOM 6onee ODll\eM cnyqae ( T. e. 1/ '€ r- nX 
I 

COOTBeTCTBY­

CT TO'IKC . ,Y € r·~.x , ecm1 11JIH_ mo6oro j 6 n- ( Hai111eTCH TaKOe ij , 
,,To T1y, T1 -y'cA~- (Ti+'y>J. 

~1 .,j 
N 

CD .X 

~ ' } ( ' 
0 A1{.x) 1/2 A2 [.x l 

.x I I I I f. 1 •. 1 I~ \ .' ·, t I 

0 

x-E 

0 u u 

Pnc. 13. 0To6paJl(eHHe H3 npnMepa IT.3: 
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X=[O,f], X=(O,f),X0 =/0J)-

-r 112 }. Tl (0. 'lz) H Tl(l/2,0-

pacTHrHsawmne. 6onee To~ 

ro, Tl(O,t/z)nA 1 (.X) -

roMeOMOP<l>H3M Ha Bzc (.xJnx. 
• 

PHC. 14. TpaH3HTHBHOCTb: 

+ = T - f .X ( 2 T04KH) 

, : r•z .X ( .J TO<!KII) 

X : 7·3 .X ('8 TO'ICK) 

nnn T 113 np11Mepa 11.3. 

Pnc. 15. T H3 npn~iepa IT. 3-. 

r-•.xax ·, r·'.)(' ... 
u - COOTBeTCTBIIC 

QoQe~eneHue_YUii (nocTaTo4Ho rnanKne cJ>ynKuHn). YcnosnMcH 0603-

tta<1aTb CHMBOJIOM Y KJiacc Tex <l>YHKUHH 'ff; C ( Xo) , [(JIH KOTopb!X 

(1) J{K}Vfxt:X} 2-;exp<P(y)~K; 

czi [ct(.x,x')-01 =>[L!lexp(lf<f)-exp'f'UJ')/-oJ, 

rne z:; = 2-ye r-r.x 

YnpaJl(HeHHe YIT.1. EcnH 

.Xt X ' TO y = C ( X ) ECJIH ( 2) BepHo n cymecTBYeT Ta Koe .X 

XO: X = X H cazd(r- 1.x):!f-/l, nnH scex 

'!TO ~: exp WyJ-< 00 , TO If€ !f ( T. e. cnpasennneo TOJl(e ( 1) ) • 
lloKaJl(HTe 3TH YTBepJl(neHHH. 

OcHOBHal! uenb JieKUHH - C$0PMYJIHPOBaTb CT0/1X0/1l!(l(YID TeopeMy O cxonn­

MOCTH onepaTopa ITeppoHa-$po6eHnyca. O!lepaTopoM ITeppoHa-$po6eHn~ca 

f111rn ,j,yHKUHH If 6yneM HB3hlBBTb onepaTOP, cymeCTBOBBHHe KOTOporo YT-
aepJl(naeT cnenywman neMMa. 

JleMMa_YIT.1. ITycTb T: Xo-X KaK B onpeneneHHH 1, w nycTb <fcY. 
OnpenennM 

P'ff(.xJ== ·z:.; f(-yJexp'f('J!) ( YIT. 1) 

Tor11a pl/_ TaKoe OT06paJl(eHHe npocTpaHCTBa UC (X) BCex PBBHOMepHo 
HenpepbIBHbix <l>YHKUHH Ha X s ce6l!, 4TO ero MOJl(HO PBCIDHPHTb no nonOJl(H-
TenbHoro, nnHei1noro H HenpepwsHoro onepaTopa 

nnn /10Ka3aTeJibCTBa 3BMeTHM, 4TO, ecnH 
p'f: C( x )- CCX) 

fcUC(X) , H ecnH 
ri(.X,.X'J L Co , TO 

I Pl/ H x J - Pr.p :I < J( 'J I ~ 11 f 11 

t K sup 
yrr'.x 

z:; /exp lf<y)- exp lf' Cy')/+ 

I :Uy J - ! ( j"J /. 

p: :_ c•cxJ - c*(x) 
pf C * { X ) ' TO 

06o3HB4HM qepe3 

onepaTop, T.e. ecnn 
conpnJl(eHHb1i1 

c P; J1 >< n = µ (P'f' 1) ff C< x > (YIT. 2) 

r11e JJ (I)= J fdµ . _ITYCTb M ( xJ - MHOJl(eCTBO scex 6opeJieBCKHX 
8 epol!THoCTHbIX MeP Ha X M ( X) cHa6Jl(aeM Tononornei1 cna6oi1 cxonn-
MOCTII, T.e. Jln =>µ ' ecnH )/nUJ-jJ(f) 11Jll! scex IEC(X)). 

JleMMa_YIT.2. 

H, ecnn Cf€ fl 
-; ,,, ex J , 4TO 

EcnH T Y/10BJieTBOpl!eT ycnosnw ( 1 ) 

' TO cy~eCTBYIDT TBKBH KOHCTBHTB 
i5.; v-:. }.-,I. 
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-. 
Ynea11rne1me _Yn. 2. JloKaiKttTe. ( YKa3aHne: npoBePbTe, qTo ( P<p_ µ 

-,. -* 
( 1 J < oo . TI0Kai1rnTe, qTo H3 Jin ==->-µ Bb!TeKaJOT Plf )ln ~ Pr.p µ. 
H ( r;µn)(l}>-(P,;µ)(f). CneDOBaTenbHO, OT06pameHne 

MC x) 3 JJ .-- P~ µ / ( P; µ )( t J E M ( x) 
HBHHeTCH HenpepwBHWM. Hcnonb3YATe TeopeMy illaynepa-TnxoHOBa If B03bMHTe -· ). "'(Plf Y) ( 1), f'De Y - nenoriBHmHaH ToqKa 3TOf'O oTo6pameHHH). 

Teneph no6aBHM K onpeneneHHIO Knacca If€: CJ ycnoBne pepyn51p110-

CTH tYHKQHA If' , a HMeHHO: 

ecnH d(x,x') <co . TO 

n-f . 
Cip (:x,Y:'> = sup sup i [cp(r

1
y)-<p(riy')J 

n:,. f yeT•n.x L=O 

cyll(ecTBYeT, oppa1mqe110 CBepxy KOHCTaHToA C 'f . n 

Cip (.x,:x)-0 , ecnn d C-x, :x') - 0 

r (Yll.3) 

Ynpam11e11ne_Yn.3. TioKamHTe, qTo ycnOBHe (YTI.3) paBHOCllHbHO cneAYIO­

ll(eA nape yTBepmne11nA: 

[ d (x,.x'J-< Eo] => [sup 
n~I 

sup IL~=' Cif(TilfJ-!f(Tiu'JJ It= Ccp]·, 
lET"nx L-0 <I <I 

[d(.:L,.X')-0] ¢-[SUP sup IL-~-'['f(Tiu)-Lf'(Tiu•)JI-O]_ 
!fET°n-X L-0 ?I <I n~, 

(YKa3aHHe: Ha OCHOBaHHH (YTI.3) oQeHHTe CBepxy H CHH3Y CYMMY B npenwny­

ll(HX topMynax J • 

YneamHeHHe_YTI.4. TIYCTb Ci - KOMTIOHeHTa MHomeCTBa rncxn Be.(X)) 
(T.e. rn OT06pamaeT Ci Ha Bo(x)nX H He cmHMaeT paCCTOHHllA). 

._n-f i) 
TiycTb (Sn'PH;f)=L.i=O If (T 1/ . )loKamHTe, qTo cyll(eCTBYeT TaKaH 

KOHCTaHTa tii , qTo / ( Sn If') ( lj) /~di DHH Bcex y € Ci 

YneamHeHHe_YTI.5. 

( 1 J 3TOf'O onpenenemrn. 

d C.x, .x' I-' Ea 
npll CTOMOII\H Cl/' (.:l, .)(

1
) 

YneameHne_YTI.6. 

YcnOBHe (2) onp. 2 BWTeKaeT ll3 (YTI.3) H ycnoBHH 

( YKa3aHne: nycTb X ,::t '€ X TaKne, qTo 

OqeHHTe CYMMY i::; I exp'('(~) - exp 'f ( y'> I 
n C ip ( x', ::t )). 

YcnOBHH (TI) onp. 1, (1), (2) onp. 2, H (YTI.3) 

He 3aBHCHT OT aw6opa MeTPHKH d 
no c ycnoBneM (1) onpeneneHHH 1? 

B X . TioKamnTe 3TO. KaK 06CTOHT ne-
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/lnH nonyqeHnH TeopeM o CXOAHMOCTH onepaTopa ITeppo11a-<l>po6eHHyca 

11aM CHOBa npllXODHTCH Of'paHlfqlfTbCH cneqnanbHWM KnaccoM ¢YHKQHA. TiyCTb 

G(Xa)={~E[(X.):j>D, vf.xEX} L: i(Y)"'f}. (YTI. 4) 

EcnH lf' = ea; j , TO ycnoBne ( 1) onp. 2 cnpaBennnao c K = f , H 
(YTI.3) 3anncwBaeTcH B topMe 

[dcx,x'J-oJ ~cL: IJ<y>-;ry'JJ-oJ. ( YTI. 5) 

f1TaK, ecnn ( YTI. 5) aepH_?, TO onpen:_neHbl on_:paTopb1 Peoil 
UC(X)--UC(X) H Peo19 : C(X)-C(X) . YcnoBlle (YTI.3)'M6m110 

3aTIHCaTb B BHDe 

• [ d (x,x'J~EoJ => [3 D0 (.X,$') = sup 
<1 n;,;, f 

n- t l!.!_j_) 
sup_ ~ acri 11,) J fET '1_x- L=D <I (/ 

D9 (.x,:£')~ Dj, [ac.x,:1)-01 => [D9 (.x,:t') -11: } ( Yrt. 6 J 

Tenepb ctopMynnpyeM OCHOBl!We pe3YHbTaTbl: 

TeopeMa_YTI.1. TiyCTb T YDOBneTBopHeT onpeneneHttJO H CTYCTb 

JeG(X 0 ) 

JJEM(X) 
YAOBneTBOpHeT (YIT.6). TOf',r(a 

, qTo DHH Bcex f € C ( X), 
Cyll(eCTBYeT TaKaH Mepa 

40;9 f:::: µ (f) 

( :::: o6~311aqaeT paBHOMepHylO CXODHMOCTb). Mepa f' - eDHHCTBeHHbIA 3ne-

MeHT H3 M ( X) , DnH KOTOPOf'o 

4;; )1 = )l. 
OcHOBHaH llDeH AOKa3aTeHbCTBa (CM. nononHeHHe) TaKoaa: ecnH 

~=.it,, H f € C ( X) , To 3aMbIKaHHe B C ( X) MHomecTBa 

{Pn!; n ~o J KOMnaKTIIO. H3 3T0f'O cneuyeT CYll(eCTBOBaHHe rronno-
cnenoBaTenhHocTn l nd H tYHKI.IHH f*1:C(X) co caoAcTBOM pnif:::.f". 
3aTeM AOKa3b!BaeTC51, qTo !"" - KOHCTaHTa. CnenyeT onpenenHTb µ ( f) = -J* 
H BOCTIOHb30BaTbC51 TeopeMoA Pncc~. 

C0Pnac110 onpeneneHnJO, 

'109 9 f ( .x ) = L; i { 1j ) f ( y) ' .x € X . 

Oqesnnho, nocnenHee awpameHne coxpa11HeT cMwcn Ha TOM cnyqae, KOf'Aa 

<liYHKqn51 · f: XO -- iR 1 ne HBnHeTcH 11enpepb1BH0A. CnenoaaTenbHO ,· Mom-

Ho nonyqHTb cneDYIO~ee Haf'HHDHOe OTIHCaHHe neAcTBHH IITepaQHA onepaTopa 
P- p 
_ - eo! j 
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Crre)lCTBHe_YIT. 1. IIYCTb T H ,- TaKHe JKe, KaK B ·TeopeMe 1. ITYCTb 

µ - Mepa, norry<1e1111al! B 3Toii TeopeMe. Ecrru B • - )-1 - HenpepbIBHoe 

MHOJKeCTBO (T.e. µ (a B)=D), TO 

[im 
n-oo sup I Pe

0
: 0 t8 (.xJ - J1 ra> I= o . 

.X€X "" 
( YIT. 7) 

YnpaJKHeHHe_Yll.7. noKaJKIITe. (YKa3aH11e: llCJIOJlb3Yll peryJillPHOCTb 

MepN, )lJlll rrro6oro f ?0 MOJKHO HaiiTII TaKoe OTKPbITOe MHOJKeCTBO U 
4TO BC LJ II µ(U'-B) =µ (u~e,).=:c If TaKoe KOMJiaKTHOe MHOJKeCTBO 

CcB 0 
, 4TO µ(B'C)=)-1(8°\C).:[. 3ToT cpaKT ucnorrb3YiiTe /lJill 

onpe)leJiellHll napbl <liYHKI.\IIH 

f,,f_£C(xJ,o~f1-J-~1,£1::/8 ~-1.,µ(1.J~rBJ-,:£, 11 µ(B)-µ {f_JL t. 
llpoeepbTe B03MOJKHOCTb IIPIIMeHellllll TeopeMbl 1, corrracHO KOTOpoii 11aii.1:1eT­

Cll TaKoe N , 4TO /lJlll n>,,N IIMeeT MeCTO sup~f:x/Pnfa<.x)-)1(8)/{:2£.) 
CoOTHOllieHllll MeJK/lY MepaMH ~ II µ , HaiineHHblMll B JleMMe 2, COOTB. 

TeopeMe I, YCTaHaBJIIIBaIDTCll B crrenyromeii TeopeMe. Ee .[IOKa3aTeJibCTBO Bbl­

TeKaeT H3 ceoiicTR onepaTopa lleppo11a-$po6e1111yca (cM. nonorrHe1111e). 

TeopeMa_Yll.2. ITyCTb T: X0 -- X yrroerreTBOplleT ycrrOBllllM onpene-

rre1111ll I, 11 nycTb lf£ C (Xo) y·1oerreTBOPllCT YCJIOBIIID (1) onpenerreHllll 2 

11 (YIT.3). 060311a,111M ").>0 11 v€M(X) o6beKTbI, norry4eH11b1e B JleMMe 

2, TaK 'ITO i5,; 'V ";\ ~ fOl';{a 

I 1 l 3 f A € C ( X) j. A > 0 , v (/, ) = I, f5., fi = "). ~ 11 

")." m P,t / = A V ( f); fE C ( X) j 

<2i9=cexplf).n/1,.lio T€6(X 0 ) 11 y~onrreTBOPHeT (Vll.6), 

11 Mepa fl 1n TeopC.\H,1 I n1>1paJKae-rcsi B BHI1C )-1 = I/. Y 
( A 4aCTIIOCTII, fl II V - "JKBllfW.'ICIITlll,le ~ICPJ.I) ; 

(3)napa (A,Y) 0:1110·111;1<1110 onpc:1c.r1sicTcH 11, yc1rnn11ii A > D 

YcM(X) II fJ,; y = Av 

(4l [dcx,x'J.:.E0 ] =>[!,(.x)~exp[C'fl(x,x'J]. ~(x')] 

JTO YCJIOBIIC II yCJIORIIH 

onpenerrl!IOT qJYHKUIIID ,, 

fi>O,v(l/)::f 
0.[11103H34HO. 

II P'l/,=,l~ 

3aMe4aH11e Yll.1. CMUCJI nocrrerr11ero YTBepJK/leHllll TaKoii JKe, KaK Mu 

061>l!CHllrr11 B npuMepe Y.3. A 11Me11110, on1111 ycrroBllll ~ ">0, y(/,}= I, P.,/,=}./, 
MOPYT OKa3aTbCll BhlHOJIHeHHblMH /lJill MHOPIIX C,YHKl.\1111 /i . Ho cpem1 (jJyHKI.\Hlf, 
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JlOCTaT04HO Marro OCI.\HJIJlllPYIDmHx,HaiineTCll T04HO O)lHa (jJyHKl.\llll h ' YAOB-

rreTBOPllID.all 3TllM YCJIOBllllM. 

llo CllX nop C(pOPMYJillPOBaHHble pe3yJibTaTbl OKa3bIBaIDTCll BeCbMa a6cTpaKT-

HblMll If He Harrrll)lHbIMll. IT03TOMY 6bIJIO 6bl Y.1:106110 Y3HaTb KaKyID-TO 6orree 

11arrrll.[IHYID xapaKTepHCTllKY. 3THM BOllPOCOM Mbl 6yneM 3aHHMaTbCll B crre.1:1yro­

me11 rreKl.lllll. A ceii4ac o6paTHM BHHMaHHe Ha 6orree cpyH,[laMeHTaJibHbllI BO!lpoc 

06 IIHBapuaHTHOCTll MePbl µ B nonorrHeHHH noKaJKeM crrenyromnii pe3YJihTaT. 

'!:!:<:!E!:~::!.r11.:.~.:. ITYCTh T : XO - X ll <Pf C ( Xo) YAOBJieTBOPllIDT 

ycrroBHHM, 11epe40crreHHbIM a TeopeMe 2. Tor.11a ( 1 l T coxpa1rneT Mepy ( no 

oTHorneHHID K MepaM µ / XO u µ / X , T. e. ecrru 8 C X - H3Mepu-

MOe, TO µ(T"'B) =µ(B)) u (2) µ (Xo)= v(Xo) = 1. 

CrrenoaaTeJibHO, o6e Mepbl llBJlllIDTCll HeTPIIBHaJibHblMll ( ,11JIH 

BbITeKaeT H3 ycrroeuii, 4TO < I', :::..,, = 1 H /1, > 0 a crony Ha X 
ll3 'JKBifBarreHTHOCTll 3TO!I Mepbl Mepe -) ) , np114eM Mepa µ 
-raKJKe HHBapttaHTHOii. 

llonOJIHeHlle_K .JleKl.\llll _l'__IT. 

Y 3TO 

, AJill )-1 

llBJilleTCll 

llrrH noKa3aTerrhCTBa TeopeMbl 1 HaM n0Ha.1:1060Tcll crrenyromaH rreMMa. 

JleMMa_YIT.3. ITycTh 

(IT) onpenerreHllll 1. ITyCTb 

,11erreHHH 2 u (YIT.3). Torna 

T XO -- X ynoerreTBOPHeT ycrroBHllM ( 1) H 

If€ C ( X.) ynoerreTBOpHeT ycrroBllllM ( 1) onpe-

V{E>0}3{N>D}3{aE:TR 1
\ V{.t,WE"X} 

N·f · 
3{1fET°H.l(n6E<W-J} z.i=t lf'(Py)~a. 

lloKa3aTerrbc-reo. Bb16epeM E < € 0 If, IICJIOJ1b3Yll YCJIOBHe (IT), 

Haii.[leM TaKoe N , '-ITO MHOJKeCTBO r•N,X - (c/4) - nrroTHoe B X nm1 

Bcex X € X • OycTh IJJ-1 , ... , W7: Bb16pam,1 TaKHM o6pa3oM, 4To 111apb1 

8 EIZ ( Wj} noKpblearoT X llocTaT04HO noKa3aTh, 4TO AJIH I:!: j !!i 'Z 

cymec-reyeT TaKoe a1 € !R. 1 
4TO /lITH scex .)(€ X HaiineTcH T04Ka 

fET"".xl'l8et2 ('UJj) co ceoiic-rBoM SH_l.f(f)~ aj . Torna 

.l10CTaT04HO B3l1Th B Ka4ec-ree llCKOMoro Q '-IIICJIO min a; . Bb16epeM _ 

~,, ... , Xm TaKHM 06pa30M, 4TO mapb1 Be/1, (.Xj) noKa3bIBaroT X 
<l>HKc11pyeM j . IToc KOJihKY T ·N .x1 - (EI 4) - nrroTHoe, TO cymecTey-

e-r Ji E r·N xi , cl (f, • Wj) < E/4 . ITyCTb .x EX • Bb16epeM .x, 
c d (.X,.ti ) < E/4 • ITycTb y € T"H .X cooTeeTcTBYeT TO'-IKe Ji 
Tor,11a (i(1.I UJ✓-) !!i{1(-u 11-).,.d(v llJ·) < E/2 T.e.ucT"'xn 

d I ,, ii' ti' I ' " . 
Bt12 ( ~-) • IT03TOMY 
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s N lf ( 1J) = s N I.fl ('JI) - s N lf' ( Yi ) + s M lP ( 1J i ) :;,,,,­

~ SN (f (] i. ) - C 'f ~ mini [ SN I.fl C 1j i ) - C <P J 

fEC(X) 

a 

noKa-

,OCTaHeTCH B3HTb Gj = min [ Sf/ lpi (;Ji) - ['f ]. 

)lOKa3a::_enbCTBO_TeopeMhl_ 1. TTYCTb £ = ';£eoy9 H 

)l(eM, _4To { £" f; n ?O l - pasHocTeneHHo 11enpephrnHoe MHO)l(eCTBO. BY5epeM 

J<,:c'€ X 
1 

(i c.x,.x') < [ < Co • TOl'):la 

I °fjnf(.X) - £"f(x') I~ 

~ I r a ( 1j) . . . a ( T n-f 'fl) [ f ( y) - f ('YI) ] + I. f Cf J 
icr•n.x 'ffET-n.x d d 

• [j(1J) ... j(T',.,yJ"jC-y'J ... jcr·'y'JJ ~ 

~supf1Hu>-f(v)1:acu,1J)<E}• 11111 • 

~ [ g(1j'J ... a(T"" 11j'} 
yn·"x 0 I 

9(y) ... 9(Tn·l1) 1
4 

J ( y'! ... j (T""'-y') -

~ sup{fHu)-:H19-)l:d(u,V-) -<:E\ • Uni n; (.t,.x'). 

nocKOilbKY 

3aMhIKaHHe B 

I/ [inf /I ~ II f /I, f € C ( X) , TO no TeopeMe Apr:(ena-AcKOilH 

C(X) ~rno)l(eCTBa {:i"f; n>,,O} - KoMnaKTHoe MIIO)l(eCTBO. 

CnenosaTellbHO, naiinYTCH nonnocnenosaTenbHOCTb ni H f"eC(X) 

g_n; f = f* . floi<a)l(eM, 4TO f" - KOHCTallTa. Co!'nacHO onpenene-

nmo, mi.n (f)f': min ( iin~ ... ~ min(/*)~ max (f*),:_.,max(fif),:mox(f}. 
EcnH /?,~o , To min(felif*)=min (r*) . noKa)l(eM, 4To I"'= 

min (I*) . JlnH 3TOl'O nocTaT04Ho nposepHTb, 4TO nne scex TOtJeK u 
npHnanne)l(a111Hx E -nnoT11DMY nonMHO)l(eCTBY X , cnpasennHBO YTBep)I(-

neHHe 

V{E.>D} V{t}>OJ[f*(u)<minCf11-).,0]. 

Co!'nacno JleMMe 3, MQ)l(IIO HaiiTII TaKHe N > 0 II 5 > 0 , 4TO /:IIlH 

Bcex .X, UJ. € X cy111ecTsyeT TaKoe J € r·N_y; n Be;z. (UJ-) _ , 4TO 

n~-t O (Tiu)~ fi . Mbl BbI5HpaeM ZEX TaK, 4T05bl :;[Nf(Z) 
l =O d_ 4 - * · * = min ( fi"J.*) . EcnH 'Z£ X , TO f ry) = mLn (✓ ) nne mo5oii 

T04KII 'j'f 7·N1, , T.e. :l"(y) = min (j!*) /:IIlH Bcex ::ineMeHTOB 'f 
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E -nnoTHOl'O MHO)l(ecTsa. Ecn11 z¢x , To naiineM X€ X, 
nocTaTOtJH_O 5ntt3KOe K z ' AilH KOTOPOl'O cnpasennHBO BbICKa3bIBaHl!e 

[ 3 { ;f € T""' x: n;.; j (T 'y) ?-!J] =t>{f"tl/J<min (f*)+o J. 

JlorryCTHM' tJTO Mbl HamnH TOtJKY y ; YAOBneTBOpHIOIIIYIO nepBOMY CBOiiCTBY' a 

BTOPOMY H_eT, T.e. !*('fl)_➔ min(!*)+ rf .. Tol'na 

fi"'J*r:1J= z. 9(uJ ... 9<rN·fu)f*<u>~ 
UE:T""JC 

':/J- min {f*) + ( ~:.·: lj (T'y )) a~ min ( f*) +So. 

Ho 3TOl'O He MO_JKeT cnytJHTbCH, ecn11 X /:IOCTaTotJHO 6nll3KO K Z • l·lTaK, 

min (!*) = f* . flYCTb µ(I)= I* Co!'nacHo· TeopeMe 
- f -

Pttcca.!.. )J C ( X) - TR - :ineMeHT _M ( X) . 011en11nHo, 11To 
W* - tt µ = .,,__ JI EcnH_ m€ M ( X) 11 .1:£ m = m , To npo11nTe!'p11-

pyeM oTnomeHHe £nf =)Hf) no m . To!'na m (f) :::µ (f) 

nne scex :f E C ( X) , 4TO noKa3bIBaeT en11HCTBeHHOCTb µ 
0 

J.:!Q!Si!~~!!:~!?!:!!!Q_!'!:QE!:~~-~~ EyneM nHcaTb ~, C, C ( X, ::£') BMecTo 

~If', C 'f, C'f (X, .X') Ctta4ana noKa)l(eM cy111ecTBosa1111:_ qiyHKQHH /, 

nycTb I\ - MHO)l(eCTBO scex TaK11x <l>YHKQHii I€ C ( X) , 4To 

f >,. 0, v ( f ) = I 11 113 ycnoBIIH .XI X 
1 

€ X > d ( X, :X ') 4' € O 

sb1TeKaeT !(x) ~ exp {C(.x,.x')J f (.X') • Mb13HaeM, tJTO ;\"'flt~O 
H ,;():'fit)=! . Ecntt .X,X'EX H d(.x,x')<co 'TO 

itcx)= "f._*e"m;,; exp{sup [cpcyJ-'-f(y')JE*e"'<f'JJ ~ 
VE r'.x 

~ eccx..x'J°[j,l(xJ. • 
vlTaK, A-''fi.1£/1 , cne,"toBaTenbHO, A -:I- <P flo onpenenenttro, /I -
BblITYKnoe 11 3aMKHYTOe MHO)l(eCTBo. noKa)l(eM, 4TO A - o!'paHtttJeHHoe 11 

PBBHOCTenenHo HenpepepblBHOe Ml!O)l(eCTBO. flyCTb E1 < E 
O 

• Bb16epeM N 
11 4ttcno a (nne [ 1 ) no JleMMe 3. flycTb .X, W E X • HaiineM 

TaKyro To4KY 'fl• E T"N .x n B£, ( w) , 4To S11 'f < y.) ~ a. 
Tol'na 

-t-1 
£ f(¥)=Z. exp[S,/'f(y)]-ny>~exp[Sl'l</'('lf.)]•!(y.);:::, 
• ya·N~ 

~ ea f(1jo) ;,_, eG·C f(UJ) . 
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!lo,TOMY unH BCeX 

f(UJ )~ eC-a. ;j:li f ( X). 

uJ, .X€ X cnpaBeumrno nepaBeHCTBO 

CTOCKOflbKY fEC(X) II X - BCIO-

ny nnoTnoe MHOmecTBo B X , nocneu111Ie nepaBeHCTBa ocTaHYTCH cnpaBeu-

JIIIBhIMII II UJIH w, J( C X l1TaK, nony,iaeM orieHKY 

C-a -r1 C-a N -
f(w)~e v(';f.J)=-e A ==Q.,uu:x, 

T, e. /\ - paBHOCTene11110 orpa11wc1e1111oe MHOmeCTBO. CTpoBePIIM paBHOCTene11-

11y10 11enpephIBHOCTb I\ . JlycTh IE/\ II d (.X, :I'),,: Co UJIH ~:/€ X . 

Tonia 

I f(.xJ-fC.X'JI = max[ f(.x)-f(.x'J, f(.i')-.f(.X) J ~ 
cr.x,:t'J ccx' x1 

~max{fc.x')[e -JJJ(.x)[e · -f]£E 

[ 
ccx,:t'J c ex: .n 1} 

t!:Qmax e -t,e -

Mano (cneuyH 11 ,To Hh1pame1111e oKa31>1BaeTcSI Mam,IM, ecnlI d (X,$
1

) 

YCJIOBIIIO ( Yfl. 3)) • 

IITaK, I\ - 11e11ycToe , n1myKnoe II KOMTiaKTIIOe nonMHomecTBO C ( X). 
!loKameM, 'ITO ;.-'jj_(/i)C./\ . Ecrm /El\ 11 d(.x,:x')<E 0 , To 

X' £ f(.x) = z:." e r.pcy> Hy) 6 

t i, U) t.p(U') C(11 U'} 
~ X' 2._"e'f(}IJHy'>[e..,c· - • e ··" J ~ 

~ --;.,-' [j,f(.x') ecrxf). 

Cornac110 Teope,Ie 1Llay:1cpa-T11xo11ona o 11enonB11;K11011 TOtJKe, IIallHCM <PYHKI111IO 

'1€ ;\ , KOTOpall HHJIHCTCH IICflO.'lBll;K!IO(i TO'IKOII OT06pamell11H ),-I ii 
!lo ,To 0311a4aeT, 'ITO ;l, fi = ). fi, \I ( !, ) = f II nnH Bcex .X, .x' € X 
CCJIII d(Jt!!,::(').::.Eo 'TO !,(.x)::exp[C(X-,$')]/,(J('). 

[loKameM' 1ITO,, > ll. :1011ycrmI' 'ITO f, ( X) =0 'lJISI IICKOTOPOf'O Jf€ X . 11'1 

COOTIIOlllCIIIIH !f.n P,(x)=).n/,(.f)=IJc.11c:1ycT, 1ITO l, o6pamaeTCH B O 11a ,1110-

0KCCT!le U;' r-n J(' , KOTOpOC B CBOKl 0 1ICpe;u, HBJISICTCH BCIOilY IIJIOTlll>IM 

n X no npe)IJ10me111110 (II) • 311a 1111r, ~ a D , •ITO 11poT11nope,111T ·10Ka-

3a11110MY Bblllle CBofICTBY -I ( '1) = I Cra110 61,1Tb, A ( .X) >. 0 ;in11 

Bcex .XE X . [lye Th Te1Iep1, uJ. € X . IIlap Br ( uJ,) nKJIKll!acT 
<-o/2 

nocneuoBaTeJibHOCTh X n E X , cxonm'lYIOCSI K -u,- , 11 HJT>I mo6o(I 

TO'IKII .x'€ Br: ( U,.) nX c11pattc:v111no /, (x'J : ~ eC!i (.X n ) 
<-o/z • 

no3ToMY !, c~, ;!,- e-c I, cx'J >O 

nonom11M ? = e lf'I, I A '1 0 T 
PIIM (YCT.6). CTyCTb x, ;)£'€ X 
TO 

II 

• Qt(CBllflllO, j€6(Xo) 

d(.x,x'J < Eo • Ecm1 
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• llpo0c-

ye r"x , 

n-1 

n 
i=O 

9(T'y) 
j<Ti-y') = exp [ Sn Wy)-Sn'f{'j'J] lirV) !irx) 

fi(f') /,(X') 

CnenoBaTeJibHo, • 
n-1 O(T'1i) 

exp [Sn <p<yJ-Sn 'l'(U')-C(u u')-C(Y,~.() ]~ n ~( _Y) ~ 
d <J' ~ l=O j T' :f' 

~ exp [Sn <f(1j)-Sn lf<y'> + C <y,y') + C (x,~')]. 

[[3 3T0f'O BWTCKaeT, l!TO 

n-( grr'y) 
exp[-CC.x,Y'J-C c:x',x)~ [J

0 
ff(T'-y') ~ exp [C(.x,x') +C(x,'x)J 

fcC(X),£toiJf7")1(f} , rne 

TOl!Ka 0To6pame1111H ;t.* · a M ( X). 
CornacHo TeopeMe 1, nn>1 acex 

µ - en11HCTBCHHaH HCflOUBII;KHaH 

Torua 
eon 

;rnc~: nc.xJ=t, r.xHX/ 111,;rx>, 
T <Oji 

OTKYUa 

ir''ci; f =: /,p(f//,). 

OcTaJIOCb TIOKa3aTb y (!) =µ Cl/'1) II }'TBCP;KUCHIIC (3). 
nycTb m E M ( X) onpeuenetta cooTHornett11eM m(J) = · Y ( I, f ) 

Torua m(~fo9 IJ = HA.ieonl)=).-1-HZ.,(J/i)}::y(//,):: m(I), 
CneuosaTenbHO 'i )1 = m ... l1JIH UOKa3aTCflbCTBa ( 3) 3aMCTIIM' l!TO cornacHO 

( 1) 

too). = lim n- 1!00 :t; I, 
j n-ao j' 

..; u J = tim £ i;,, 1 I :i; IJ . 
fl.,.00 T 

113 3TOf'O HenocpeucTBCHHO BblTCKaeT YTBepmneHIIC (3). □ 

~2~e~e!~~~~!~2-I~2E~~~-~~ nnH noKa3aTenbCTBa (1) UOCTaToq110 nqKa-

3aTb, l!TO ecn1I ,~o , !t:C(X) II {l>OJC XnBu;,C~) - KOMIJaKT-

HbiH Hoc11Tenh J , To J /0 Tdµ = J JcJµ. nycTb A,, A 2 , ... 

KOMno11eHTbI T- 1(X082 £o(.X)) II T; = T/Ai . Tor,1:1a HOCIITenb y 

/ 0 T; - KOMnaKTHoe TIO/:iMHOmecTBO 4 i . Pacrn11p11M f O T, Ha 

Bee X , nonoJK11B fo Ti = 0 a11e Ai . Torua f(Tz)= E.,f(T;, Z) 11 

f fo ~ d.µ "'f :t,tog i Uo ¼. )dµ == f ff ( 7t-1 .x) I ( .x J µ ( d X) . 

xnBze/:tJ 
Cy,IMllpySI no BCCM KOMTIOHCHTaM, Mbl cneaa TIOBY'IIIM 

cnpaBa - f Idµ· 
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• 
CnenyH qacTH ( 1 J , µ ( X O ) ::: µ ( X). l1TaK, nocTaTotJHo noKa-

3aTb, lJTO jl ( a X) =: 0 . IToCKOJlbKY Mepbl fl If V llBJllllOTCll 3KBH­

BaJieHTHblMH, µ ( a X) = 0 Torna tt TOJlbKO Torna, Korna v (BX)= 0 
3To nocnenuee YTBep•neHHe H noKa•eM. 

ITyCTb {, 1 ,. D Bb16paHo TaKHM o6pa3oM, tJTO [. f <: E O H X conep-

•ttT map panttyca 4 CI ITycTb N HacToJibKO 6oJibllloe, tJTo T -IV .X 

oKa•eTcH E f - nnoTHbIM B X AJIH Bcex .)( £ X . 06o3HatJHM U tf 
{ .)( € X: (i ( .x, ax)~ rJ J ITocKOJlbKY iJ X - KOMnaKTHOe MHO•eCTBO' 

TO HaiineM KOHetJHOe OTKPblTOe noKPbITHe a X rnapaMH Y, , ···1 V 'l pan11yca 

E, 1 • Torna c11cTeMa Yi (tf) = Utf n Yi, I ,!i i ~ 'l HBJIHeTcH oTKpbITblM 

noKpblTl1eM ax . Ernu rS - D ' TO u.n v. (O) # ax Ho V: (o)c v,. 
I: f I ' I ' 

H no3TOMY H3 YCJIOBHH (1) onpe):leJieHHll 1 BblTeKaeT, lJTO T""'(V,,(O)nX) 
llBJllleTCll 06be):111HeHtteM nonapHO HenepeceKalOllIHXCll MHo•ecTB n11aMeTpa MeHb-

rne, tJeM 2 c ( IToCKOJlbKY r ·N x - c 1 - nJIOTHOe MHo•_ecTBO, TO, 

no l\!eHbllleJ1 Mepe, 0):1110 113 3THX OTKPblTblX MIIOJ!WCTB, CKa•eM, Gi (/])I 

YAOBJieTBOPHeT HepaBeHCTBY ri. ( Gi c 0), ax J > c, . ITp11TOM MO•Ho G;, co> 
1136paTb TaKl1M 06pa3o~To Gi ( o) C Gi ( tf' J AJIH 6 '> tf 060-

311a1J11M X :. ns 6,· (cf) IToCKOJlbKY d ( G· (O) ax ) > D ' TO ,_ U>O ,.._ L , 

X n ax == cp. IToKa•eM' lJTO X C X \ r ·N X . nonyCTHM' lJTO BepHO 

o6paTHOe, 11 HafmeM J(f: Xn riv X . Torna T}lxf: Y,((fJ()XCU;-nV.nX 
1' a - , o, 

AJIH Bcex u > 0 CnenoBaTeJibHO, T"' .X€ X fl V. n X /: </> , tJTO 
,., ·N N·I , J 1 -I 

HeB03MO.HO. 3Ha1J11T, X C X \ T X = ni=O T° ( X\ T X). Ho no y~ep•-

neHl1IO ( 1)' nocnen1rne MHO.eCTBO - MIIO.eCTBO Mepbl a ' OTKYna V (X )::.0. 
3TO 03HatJaeT, lJTO Y (G,(o))-o nptt rf-o. Bu6epeM tf>O 
llaii[ICM C > a 11 TaKoe OTKPblTOe MHO•eCTBO u :::> Gi ( rf) ' lJTO 

Y ( U' Gi (0)) -< £ . ITycTb J E. C (X) onpenene11a cooTHOllleHHHMl1 f= I 

Ha Gj (OJ, 0,fJ'.~I, f.:o BHe U . Torna 

N "f -N }i [v(Gi(O))+[]~). fdv=J:L'fldµ~ 

~ in;/ exp[SN<pryJ]-J(axn~(rf))= 
fEfl;roJ 

= infi e.xp[SNtf<yJ] Y (BXnV.). 
,~6,_-(u) I 

l1cnoJib3YH ynpa•HeHtte 4, 

)."v (Giro)) ;;,di -v (axnxi > 

l1TaK' eCJil1 8 - 0 ' TO y ( a X fl X.) = D ' , 
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oTKYAa Y ( dX) = D. 
0 

JleKI.IHll Ylll. OEmHrl TEPMOnHHAMl1'!ECKl1fi <l>OPMAJI!13M 

0mm H3 o6mttx npttHl.(11noB HCCJieAOBaHl1ll CToxacTl11JeCKHX CBOHCTB AHIIa­

MHlJeCKHX CHCTeM COCTOHT B 3aMeHe on11oro 6oJibllIOPO napaMeTpa - lJHCJla 

cTeneHeii CB060Abl, APY~l1M - BpeMeHeM. BpeMH BBOAHTCH nptt'noMOllIH onpe­

neJieHHoro THna pa3611eHHii (pa30Boro npoCTpaHCTBa H HCCJle):IOBaHHll BepoHT­

HOCTeii nepexona Me•nY COCTOHHHHMH, KOTOpbie onpeneJIHIOTCH KaK aTOMbl pa3-

6tteHHii. l1cnOJlb3YH TaKoii nonxon' MO.HO npoBeCTI! naJieKYIO aHaJIOPHIO co CTa­

THCTHtJecKoii MeXaHHKOii. OnHaKO BbinOJ1HeH11e 3TOii nporpaMMbl BCTpetJaeTCH C 

cepbe3HblMII TPYAHOCTHMH np11 nonbITKe nepe(pOPMYJlllPOBK11 TepM0):111HaMttlJeCKoro 

(j}opMaJIH3Ma. HanOMHIIM Bap11al.(HOHl!blii np11Hl.(Hn (CM. YIT. 1 lt)) • ITyCTb (.EA' 5A)-

- TUM. nm1 JII06oii (j}y11K1.11111 c.p E. C (LA) cymecTBYeT 6A - 1111Bap11aHTHaH 

Mepa fl'( ( 0603Ha1Jl1M 1Jepe3 MT (X) MHO.eCTBO Bcex T-l1HBap11aHTHblX Mep 

Ha 6openeBCKIIX no):IMHOaecTBax MeTp111JecKoro npocTpaHCTBa X), AJIH KOTopoii 

A <µ'f'Jt <<f>µ., = P(6A,lf)=sup lfi<v>t<'f>.,,J (Ylll. lx) 

Y£ Mc,-A(LA) 

B noKa3aTeJlbCTBe ( Ylll,, x) cymecTBeHHbIM o6pa30M ucnOJib3yeTCH TOT (j}aKT, 

4TO npeo6pa30BaH11e 6A 
nuntt/34/). 

HBJIHeTC51 rno6aJibllO paCTHrttBaIOmHM (cM.JleKQIIIO 

Ynpa•HeHtte YIU. 1 x. ITycTb ( IA , GA ) - TMU. Onpenen11Te B LA 

MeTPIIKY paBeHCTBOM 

-Ji/~ 
d (.x -y) = L. 2 u.x.u. , 

I • t <JL I=-"" 
:x ::. (.xi ) , 'JI = ( '/Ii ) t LA 

Torna G'A 51BJI5leTCH pacTHrHBalOIUl!M OT06pa•eHI!CM, 

ITOCKOJlbKY nocnen11ee YTBeP•neH11e 3aeenoMO IIC BLlnOJIHHeTCH [1Jl51 /:1!1Ha­

M11qecK11x Cl!CTeM, HCCJienoBaHIIblX !l npe):lblrlYIUilX JleKllllHX, TO IIC06XOAIIMO 

0606m11Tb (Ylll. lx), 

ITYCTb M(X) (COOTB, MT(X)J - MHO•eCTUO ucex (COOT. BCex T-1111BapH­

aHTIIbIX) 6opeJieBCKHX BepOHTHOCTblX MCP 113 X. 06o3H31JIIM qepe3 ~ (X) 
6openeBCKOe none B X . EcJIH e C 13 ( X) - IJOJIC' II 'l77 t M ( X)' TO 

£ 1n (- / e) o603HatJaeT YCJIOBHOe MaTe~rnTH4CCKOe o•ttna11He. 

C11MBOJIOM I h'1 ( 1.3 ( X) I e ) 0603113411M YCJIOBIIYIO IlllcpopMaQHIO /J( X) no 

OTIIOllieHHIO K e , EcTb HeCKOJlbKO 3KBHB3flelITIILlX onpe):lcJieHHH. OnttllleM OA-

HQ 113 Hl!X, ECJIII J - CtJeTHOe pa3611c11tte Ha HTOMLl 113 

Im (f /e)== - L too E'm (f!E/e) 
£Ee q 

13 c x J , TO nono•11M 
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,,, 
.;: 

( Em ( fl f= / e J,= p?"n { £ / e) - YCJIOBHal! aepol!THOCTb COOblTHll E) • B03bMeM 

paCTYil.\YIO rrocnenoaa:_:eJibHOC:!' f n f /,3 ( X) ( 3TO B03MOJKHO, ITOCKOJibKY 

X acrony rrnoTHo a X , a X - KOMITaKTHoe H, CTaJio ISbITb, cerrapalSeJihHoe 

MeTpll'IeCKOe ITpOCTpaHCTBO) • Torna MOJKHO ( B CMblCJie /. I ( m) -HOPMbl) 

orrpeneJIHTb 

I ( 13 ( X) I e) = ti m Im ( f I e ) . 
m n-0o n 

TeopeMa Yill.1. OyCTb T Y/:IOBJieTBOpl!eT yCJIOBHIO (1) orrpeneneHHll 

YCT.1 11 rrycTb jcG(X 0 ) ynoaneTBOPlleT (YO.SJ. nycTb 6€M(X). Cne­

nYrom11e YTBepJK):leHHll 3KBHBaJieHTHN: 

( 1) 
- ... 

,;f. o- 6 · ton - J 

( 2) [6€MT (X)] g., [Y-{!€C(X)} 

Ecr (f/T" 1t!3)(X)= L j(,Y)Jl'!fl [6], 
yo·'.x 

rne /J = /J (X) ; II 

( 3) [6€ M7 (X)] ~ [ V {mE Mr r..x) }J 

G [lcr(JJ/r'13)+!ojjl ~ m [ I1n {l3/T"'l3)+loJJ J. 

JloKa3aTeJibCTBO. fIYCTb ~=.:C to,11 II 
-* 
;;l o=u;. TornaoEMr(X) 

f€ C ( X) HMeeM (CM. /lOKa3aTCJibCTBO [I. (1) TeopCMN Yfl.3). JlJill 

6 ( f) = <5 ( X f) = <5 (:ff) = (3 ( ( £ f ). T / -= G [ Z * j ( J) :I ( l/)] ; 

OTKYJla 

£6 u I r 1JJ> r.x> = Y.*1 ry;1ry> Lo 1. 

CJICJlOHaTeJibHO, (I)~ ( 2 I. floK:llf(C~I, 'ITO ( 2) ==--( 3). flyCT!, ( 2) BbllJOJIIICIIO. 

HerrocpencTBel!llhlM CJIC!(CTBIIC" OIIPC'(CJie1111f1 >IAJl>leTC>I pa!Jel!CTBO 

15 (/J ,r- 11.1)=-!'ojj . IIYCTh 1'7€ Mr(X) II <PYIIKUll>I Jm : x,-Jll 1 
3a!1a­

eTC>I m-n.&. cooT110111c1111>1~111 E,,.,(ftr- 11.J)(X)=I"j,,,{!fHI/J· flocKoJ1hKY 

m€M7 (X), To Im(l3/T"'J3)=-ltJJjm• oTKYna 

m [Im (/Jtr'IJJ+!o!j1=m(toJrJljm>)~mUJ/jn,J-IJ 

=JE*Jm(JIJfJ(fJ/jm(;/)-f]m(ctx)=D. 
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HaKOHeu, rroKaJKeM, 'ITO (3) .... (1). Ecnn o Y/:IOBJieTBOPl!eT (3), TO 

6{(jlf~)-f]=•G'[to;rJ/JoJ1 ,TaK '-!TO J=jG[6] Ecnn 

f € C { X) , TO rrocnen1111il qiaKT ane'-leT 3a col5oil 

6 ( £:f) = o ( £J'J = 6 (r ;;f:/)0 T)=fEJ(yJHJJ6(dJ)=C5(:I). 

- * [lo orrpe.r1eneHHIO .;t 3TO 03HatiaeT, 'ITO .i*G:6. 
0 

B rrpe):lbl/:IYl!leM /:IOKa3aTeJibCTBe Mb! OOHapyJKHJ!H, 'ITO JJIOISal! HHBap11aHTHa>1 

Mepa, Y/:IOBJleTBOPllIOmall YCJJOBHIO (3), Ha caMOM nene Y/:IOBJleTBOP>IeT cnenyro­

meMY BapHaQHOHHOMy paseHCTBY; 

G [16 ( IJ JT- 1 q3) f-loj j] = D. (YIII. 2) 

3TO ilPIIBO):IHT Hae K H3BeCTIIOH 6oPMYJIHpOBKe sap11aq110H11oro rrp11u11rra. A 

11MeHHO, ecn11 I 6 ( t Oj j) / < 00 , TO ( YIII. 2) MOJKHO ;a1mcaTb B s11ne 

H6 (/31r'JJ)+o(to99>=0, (Ylll.3) 

rne HeJl3lr'l3)=6[1ts(l31 r-'JJJ] - cpe,[IH>lll YCJJOBHall 3HTPOilHl!. 

EcJJH X. = X = X 11 T - pacTl!rHaaromee 0TolSpaJKe1rne c KOHCTaHToil pacT>1-

JKeHHll l , To nrol5oe pa31S11e1111e X Ha MHomecTBa n11aMeTpa MeHbme, '-leM E, 
l!BJI>IeTCH O,[IIIOCTOPOHHeH.olSpa3yromeil (rro OTHOIDeHHIO K Jl!OOOH HHBapHaHTHOH 

Mepe; CM. /34/), BCJle/:ICTBHe qero YTBePJK/leHHe (3) TeopeMbl 1 rrepeXO/:IHT 

B H3BeCTIIYIO ~OPMY BapHaQHOHHoro rrpHHQHrra: 

V f m£M1 (X)} ~" (T) t e; (!oj j) ~ Am (T),m(tOJj) (YIII.4) 

3aMetiaHHe YIII.1. R.f.C11Hail /5,35/ pa3palS0Tan .r1pyroil rronxon K orr­

PeneneHHIO paBHOBeCHNX COCTOl!HHH, KOTOPNH /:IJl>I lliHpOKoro KJJacca /:IHHaMH­

'-leCKIIX CHCTeM cosrranaeT C sapHaQHOHHblM I10,[IX0,[IOM. OcHOBHal! H):lell COCTOHT 

B orrpeneneHHH YCJIOBHblX pacrrpeneneHHH f111515ca B KOHe'-IHblX 0151,eMax' H B 

UOKa3aTeJJbCTBe cymecTBOBaHHH rrpenena 3THX yCJJOBIINX pacrrpeneneHHH (ITPH 

ilO):IXO/:lllmeM BbllSOpe rpaHH'IHblX YCJJOBHH) K rrpe,[leJJbHOMy pacrrpegeneHHIO f111515ca. 

0Ka3NBaeTCll, 'ITO rrpe,[leJlbHble pacrrpeneJJeHHH fHl515ca Y/:IOBJleTBOpHIOT sap11a­

UHOHH0Mi rrpHq~rry 11, olSpaTHO, ~PH /:IOCTaTO'IHO 01Sm11x yCJJOBHHX rrpenenbHOe 

pacrrpeneneHHe fal515ca MOJKHO ITOCTPOHTb ,[IJl>I Jl!OOOH narrepe,[1 3ana11HOH MepN, 

Y/:IOBJJeTBOPHIOmeil sapHaQHOIIHOMY rrpHHQHrry. 

OrrpeneneHHe YIII. 1. JirolSyro Mepy 6 co caoilCTBOM (5 ( X) • I 11 ol5na­

uaromyro Jl!OONM (H, cnenoaaTeJJbHO, BCeMll) 113 CBOHCTB ( 1) , ( 2), ( 3) Teope­

Mbl 1' ISyneM Ha3bIBaTb i -MepoH. 

CorJJacHo TeopeMaM 1 11 YU.3, ecn11 /:IJJ>I r!iYHKQHH I awrronneHo ycno­

BHe (YCT.4), TO cymecTBYeT, 11 ITPHTOM enHHCTBeHHal!, j -Mepa, KOTOpaH 
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-n -
nonttoCThlO xapaKTeptt3YeTCll ycnoatteM £-o :f ::=. J1 ( f) I e C ( X ) c.099 I • 

Cnenywmee cnencTBHe llBJllleTCll HTOl'OM ITOJlyt!eHHblX pe3yJlbTaTOB, 

CnencTBtte Ym. 1. 

onpenenenttll YIT. 1 H 

ITycTb T: X 0 -- X y.QoaneTBOPlleT ycnoBttlO ( 1) 

j€ G (X 0 ) - YCJ!OBHIO (YIT.5). IlYCTh <5€ M7 (Xi 

- j -Mepa. Torna COOTIIOIUeHHll 

* :Leo1?.:1(x)= L.x!('Jl)9(f) 
f 

onpenenlllOT nonoJKHTeJJbHWA nuneAttYA onepaTop 11a 

yTBepJKnetttte 

l ((5) tt cnpaaennuso 

v { JE L' C6) } v { t e L°" c 6 > \ G c e. ;i e09 i 1 J = 0 £<eon f J. 

Yn_p_aJKttentte Ym. 1_. L{oKaJKttTe. 

Cnet!_CTBHe Yill. 2. IlycTh T: XO -- X YnOBJleTBOplleT YCJ!OBHllM onpe-

neneHHll YIT. 1, H nycTb 'f' € C (X O ) ynoaneTaoplleT ycnoBttllM ( 1) onpe-

neneHHll YIT.2 tt (YIT.3). IlycTh ;\, Y, A, JI H j onpeneneHbI KaK B Teo­

peMe YIT.2. Torna 

( 1) µ - enttncTaemIall ff -Mepa (nnll J = e "'t, /)., JJ,,, T); 

(2) µ - neaTOMH4ecKall H CTPOPO ITOJ!OJKHTeJJbHall /:(Jill JllOOOl'O neny­

CTOl'O OTKPbITOl'O MHOJKeCTBa; 

(3) 

( 4) 

( 5) 

(6) 

Yo r-n=:> J1 B cnaooA Tononortttt npocTpancTaa MT ( X) 

ecntt If'€ C ( X0 ) ynosneTBOplleT TeM JKe ycnoBttllM, 4TO H <f 
TO fl~ =µ'I' Torna H TOJlbKO Torna, KOrna 

lf'(.XJ-1p(.X)=f(T.x)-f(.x)1-c, XE:Xo, 

nmr HeKOTOPOII KOIICTaHTbl CE: ti?. I H cpyHKI.IHH IE C ( X) 

nnll acex mE Mr(X), 

fop f = µ [ I/J (/3 I T"'/3)+ <.p] ..,,.m[Jm (/.3 IT"'/3)1-Cf] 1 

loo).= lim n-'loai; f, 
d n-ao . <7 

(7J ( T, µ - T04Hb1A 3l!}:(OMOpcptt3M ( T. e. /:(Jill JllOOOl'O MHOJKeCTBa 

[cn:.,0 r-nc13 ,JI (£I€ { 0, f}). 

3aMe4aHtte Yll. 2. T04llble 3IIT(OMOPcpH3Mbl - 3TO HeoopaTHMall a11anorttll 

K-cHCTeM (T. e. CHCTeM, y KOTOPblX cymecTByeT nepeMeIIJHBaHHe JllOOOl'O no-
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pllnKa; CM. L{o6aBJ1e11tte). KaK YBH/:(HM, YCJ!OBHe T04HOCTH BMeCTe C 0/:(IIHM 

ycnoatteM Tex11uqecKoro xapaKTepa oynyT o6ecne4ttBaTb caMwe xopomtte caoA­

cTBa /:(Jill KaHOIIH4eCKOl'O pacmupeHHll 3H/:(OMOP~H3Ma T. Mw ccpoPMYJJHpyeM 3TO 

ycnoBHe B Bttne cnenywmeA TeopeMbl (KOTOPble ITPHBO/:(HM 3/:(eCb 6e3 /:(OKa3a­

TeJlbCTBa). 

TeopeMa YID. 2. IlycTh T: X0 -- X H Cf'€C(X0 ) TaKtte JKe1 KaK a cnen-

CTBHH 2. L{onycTHM, 4TO cymecTBYeT TaKoe KOHe4HOe HJ!H C4eTHOe H3MepHMOe 

pa36ttenue J::: (C,, Cz, ... ) MHOJKeCTBa X , •-no: 

Cll T /Ci - B3aHMHO-O/:(ll03Ha4HOe /:(Jill JllOOOl'O l 1,2, ... ; 

r2i µ<ap=µ<uiac,>=o; 
( 3) /:(Jill BCCX i , Tc, 004TH BCIO}:(Y paBHO 061,enttHeHHIO aTOMOB 

pa36tteHHll t ; 
( 4) nnll moooro 11a6opa { i. n} H3 MHO)!(eCTBa u11neKcoa pa36tteHttll \= , 

"" MHoJKecTBo nn=o T_-"Cin conep,mT 11e oonee on110A T04Ktt; tt 

( 5) JllOOOe Ci llBJllleTCll 00/:(MHOJKeCTBOM KOMITOlleHTbi MIIOJKeCTBa 

7-t Bea (Xi) /:(Jill 11eKOTOporo i 

Torna ecTeCTBeHttoe pacmupetttte ( T,p) - oepttynntteBcKoe, T. e. u30-

Mopcj)11oe C}:(BHl'Y E.ep11yJ1J1H C KOHe•rnon HJ!H 6eCKOHe4ll011 311Tponttell. 

J;j_onoJJHeH_l!e_K_ JleKI.IHH YID. 

L{oKaJKeM CJ!e/:(CTB~e 2. YTBepJKne11He (1) B~reK~eT "3 TeopeM YIT.1 H 

YIT. 3. IloKaJKeM ( 2) • IlycTh f, > O . Cnenyll JleMMe YIT. 3, 11a11L1eM TaKtte 

N>O H 6 >O • 4TO /:(~ll Bcex .x,w1:X II HeKOTOPOM f€ r"'.xnBl(uJ-) 
BblITOnHlleTCll n:-f i ( p -y):,. b . Torna 

µ (BE(UJ))= 1~~099 f/Be<t.o/X,lJl (dx): 

11·1 . 
- j L n j(T 1 1j)JJ(d.x)?-b-

ya·11:1.nBE<wJ i=o 

CnenoBaTeJlbllO. fl - Mepa JllOOOl'O € -map a ITOJ!OJKIITeJ11,Ha>1' T. e ._ JI 
CTporo ITOJlO)!(HTeJlbHall /:(Jill ncex nenycTblX OTKPbITYX MHOJKeCTB. Ecntt Ohl y 

MepbI /J cymecTBOBaJJH aTOMbl' TO cpenu IIHX MO)l(HO OblJ!O BbIOpaTb TOT (.Xo) 

y KOTOporo caMall OOJlbWall sepOllTIIOCTb. Tenepb 

)1 (Xo):: J z.*9{";j)ll{.1.J (f)Jl (d.x)=j(.Xo))I (TXo) 

llocr<OJlhKY 9 (-Xo) 6 f , TO 00ll3aTeJJbllO 9 (-K.) ::; I . OnHonpeMeHHO 
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ff > a 11 L Zcr'x,, J {ZJ = I • 3To rrpoT11sopeq11e 3asepmaeT IIDKa1aTeJib­

cTso ( 2). 

113 TeopeMhI YTT. 2 nnH mo6oii cj}yHKI.IHH f € C ( X) rronyq11M 

j fltv rn= f 10 rn dv =Xnf i; (Jo Tn)dv=Ji •n f 10 fi; I dv 

-- f !Adv= j Jdµ ()J= !,yJ; 
--

4TO noKa,wsaeT cnpasenrr11socTh (3). ff3 TeopeMw 1(2) BWTeKaeT, qTo ecntt 

)1,p =;1i1 , To gcp = pi,, [)l<p 1 . HTaK, <p- tr =fDJ ;..,-toy k,11 .,. 
t foJ(( !,'l'//,71)0 T)-to,r'1,,J!,,,,)Iµ.,J.nocKOnbKY o6e CTOPO!lbl HBJJHIOTCll qiyHKl.lllllMH, 

uenpepUBllhiMll na x. ll )J - IIOHOlKHTeJihllaH Ha BCeX OTKPblTblX nenyCTblX 

w1o'KecTsax, To nocnen11ee paseHCTBO BhIDOJIHeHo IIJIH Bcex .X: € X o . 06paT-
m' - -..pn 

HO, nycTb '1'-1p=faT-J+c (CE:111., !€COO). Tol'nao1.,.,= 

e-nc v,n ( :f) -:F T 
c,(, t.p e e e , OTKYIIa 

£;e -I :t;(te 1) _ -I ( te1 ). -
enciln = e ;.n - A'fe )lrp -,,- J l€C(X) 

'f 'f tp 

c ~ 12. -I I 
3na4UT, ).11' = e Atp , l1i,, = ncp e ll }J?y (t /!,"')=)lip (e. e/'1,,J. Cne,1:10-

BaTeJibHO, µ'I/ : µ'f . TeM caMblM Mbl JlOKa3aJJU ,YTBePlKneHue ( 4) • 

Hcnonb3YH TeopeMy Yll. 2 11 enu11cTBCJ1HocTb p -MephI µ , nonyqaeM 

HepaBeHCTBO )1 [ Iµ (/3 I T"'IJ) t to; 9 J ~ m [ Im (13 Ir' 13)+ foJg] 
IIJJH BCCX m£Mr(X) . Ho 'f=lop11-to1.-1 +eo1AoT-to11-
ll3-3a HHBapuaHTIIOCTll MCPhl f' , DOCJJCJlHUe HepaBellCTBa OK33blBaIOTCH pas­

llOCllJJbllblMll HepaBeJICTBaM µ [ Iµ ( IJ IT"' 13) ,- 'f J ~ m [I.,,, {IJ 11·113)+'1'] ; 
777€ Mr ( X ) . 113 (YIU. 3) 11e11ocpencTBCHHo BbITeKaeT, 4TO 

µ[Iµ(IJIT"'IJ)t1f]=lo9;.. . TeM caMhlM Mbl llOKa3aJJll c_si. 
JlJJH IIOKa3aTeJJI,C'rAa ( 6) OCTaeTCH TOJibKO B3HTb J a/ B TeopeMe Yn. 2 

ll 8351Tb JJOl'apucj)Mw. 

HaM ocTanoc'h noKa3aTb 11oc11en11ee YTBeplKne1111e. CooTHome1111H .;J:I( :f) 

L"9(y)J('!j) (.;J:=£[099) OIIPCJleJJHIOT onepaTOP Ha J,.,'{p) . nyosepHM 

e!'o nenpepblBHOCTb. !{nH mo6orn € > 0 11 JJI06oii ,jiy11K1.1u11 I e ·L ( µ) 

HaiineTCH TaKaH cj]yIIKUIIH e f C ( ,X) , qTo fl J-t f d.p < C . Tor:1a 

· f I ~nJ-µfJJ/dp ~ f 1 :tnJ- :;en l I ctµ+ f I ~n(t)-µ (!)I d)I + 

i- I µCe J-µ( I Ji~ f 11-e I dpt lfl (eJ-}1(1)/ • f 1 :tnf -p ( lJ I riµ . 

Col'nacno TeopeMe Yn. 1 , nocnennee BblPalKeHHe, H TeM caMblM BCIO cyMMy Ha 

npaBoii fTOpone MOBIIO cnenaTb CKOJJb YI'O"HO Manoii. HTaK, 
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f I ;en f-µ(IJ/dj-1-0 JlJIH JJI060ii ¢YHKUHH .le l' rµJ 
"oKa3aTeJibCTBa TOqHOCTH ,[10CTaTOqHo IIOK33aTb, qTo 

Ho 

Eµ (JJn';.
0 

r-nlJ)=jl(fJ[JJlj fEL'(pJ. 

}IEp<fln:'r-nl3)~p(f)/df' ~ 

~ JI Eµ [:FJ n: r" 13)- £11 cnrHJ3)/dJ1 + 

+ fl EµU I r"/3) -µ (f)/df'. 

• JlJIH 

no TeopeMe O CXOIIHMOCTH yCJIOBHblX MaTeMaT11qecKHX OlKHIIaHHii BTOpoe CJial'ae­

MOe MOlKHO Bbl6opoM 6onbmo!'o N c,1:1enaTb rrpo113B0JibHO ManwM. OcTasmeecH 

cna!'aeMoe MOlKHo Bb1Pa3HTh B wopMe 

jl(:t,,f)a TN-µ(f)/dp=fl:t"l-p(f)/Clp--D. 

D 
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JleKQIHI lX. ITP!1MEHEH11E K HEKOTOPbIM 1l!1HAMl1'1ECKl1M CHCTEMAM 

CHaqana 11ccneAYeM cneAYIOm11fi Bonpoc. Y Hae cymecTByeT anp11op11 onpe­

::1eneHHaH Mepa Y , II· Mb! 6yAeM HCKaTb Mepy µEMT ( X) , 3KBIIBaneHT­

HYIO Mepe y LlnH YA06CTBa HailOMHHM COBOKYilllOCTb OCHOBllblX npeAnonoJKe-

llllH. OT06paJKeH11e T: XO - X YAOBneTBopsieT onpeAene1111IO YIT. l , YE M ( X) , 
y ( Xo) = I , 11 V srnnHeTCll HeC11Hrym1pHott II nonoJKnTenhHO HeC11HrynHpHott. 

IlocneAHee 0311aqaeT, 4TO ecn11 EcX n '1(£)=0, To v(T" 1E)=O, 
cooTB. ecn11 ECXo 11 -1(£)::.O, To '))(T£)::.O Bycn0B11HxJleMMbI 

YIT.2 3TII CBOHCTBa AOKa3bIBaIOTCll cneAYIOfilllM CilOC060M: 

JleMMa lX.1. IlycTh ). >O II YE M(X)TaK11e JKe, KaK B JleMMe Yn.z. 

LlnH nI06ott KOMilOHeHTbl Ai MIIO)l(eCTBa r- 1cx n B2E/.:iJ) onpeAennM Mepy vi Aj 
COOTHOllleHlleM ( y /Ai)( E) = V ( E n Ai ) . TorAa AnH Il04TII BCeX 1 €Ai 
BepHO 

[ d <v TI Ai)/ d v I Ai J r '!f J = X exp (- 'f' ry )). 

J!.oKa3aTenbcTBO. IlycTh y f EC ( X) KOMnaKTHbIH HOCIITenh 

ff>O}CAi . Tor11a 

lf('f·> 
>. J _ldv = Ji f Jd-1 = J Pep :Fdv = J e ' :fr:Ji)clY , 

A, TA· 
-f l 

rAe 'fl i - TOT 3neMeHT T .X , KOTOpbIH nelKIIT B Ai . Ho nocne11Hee 

BblpaJKeH11e paBHO 

CneAOBaTenhHO, 

J 
1/1(~) e f(X) 

A; 

d(vT/A;) dY 
d(Y/Ai) 

').dv = el/{1J)[d(vT/Ai)/d(vlA;)1 dv, 

T.e. 

d(vTJAi>/ciNIA;) =J e:rp {-lf'q,n} c·n. 
□ 

CneACTBlle 1X.l. B ycnOBIIHX JleMMbl YIT.2 Y 
HOH II nonOlKIITenbHO HecnHrynHPHOH. 

HBnHeTCH HeC11HrynHp-

LloKa3aTeilbCTBO. X - KOMnaKTHoe MeTp11qecKoe npocTpaHCTBo. ~11Kc11-

pyeM Eo >O , KaK B YCilOBHII (1) onpeAeneHHH Yn.1 11 IlOCTpOHM KOHe4Hoe 
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_ .. , 

noKpblTlle X mapaMII B2 E
0 

(Xi) , I~ i ~ p . TorAa MHoJKeCTBa 

BzE.(¥j)flX , /£/~p 06pa3yIOT noKpwT11e X . CneAYH ycnoBnIO (1), 

)(0 MOJKHO noKpblTh KOMnoHeHTaM11 3TIIX MHOJKeCTB. 

(al IlYCTb FcBu.f1JnX II v(F)=O. 0603Ha411M Aj (xj>~.KOMilO-

HeHTbl T"'<Bu. (.Xi)nx) . LlocTaT04HO IlOKa3aTh, 4TO v(T"' F O Aj(.Xj)}=O 
( nocKOnhKY T / Ai {~} - roMeoMOP©ll3M) • Ho cornacHo nPeAblAYmefi JleMMe, 

v c F ) = J >.e-'f'11'v rdyJ 
T-,FnA;fXJJ. 

YcnOBlle (1) AilH If 
AnH BCeX Y . 11TaK, 

(CM. onpeAeneHlle YIT. 2) IlOKa3blBaeT, 4TO ).e•'f(fj)>O 

ecn11 y ( F )= 0 • TO Heo6XOAIIMO TaKJKe 

v<r'FnA; <xJJ) = o 
(6) IlYCTb y (E)=O II E - IlOAMHOJKeCTBO KaKOH-HH6YAb KOMno-

HeHTbl. CornacHo JleMMe 1, 

-wyi 
.; ( T £) = j " e v ( d y J = 0. 

£ □ 

IlocKOilbKY T - roMeOMOP~ll3M noKanbHO B OKpeCTHOCTII Ill060tt T04KII 

.X0 f: X0 11 nocKOilhKY Y HBnHeTcH nonoJK11TenhHO 11ec11HrynHpHofi, TO 11Me-

eT CMbicn onpeAenllTh noKanhHYIO npo113B0/1HYIO PaA011a-H11KOA11Ma c/Y T / dv 
B KalKAOH T04Ke MHOJKecTBa X O • TaKIIM o6pa3oM, MbI onpeAen11M ( n. H. OA-

H03Ha4Ho) OT06paJKeH11e 

X ,.._ (d,JT/dv)(X): Xo-lR'. 

3To. no cymecTBY. Knacc B3aHMHO 3KBIIBaneHTHb[X OTo6paJKeHHH. II Il03TOMY 

Mbl 6yAeM C411TaTb, 4TO MOJKHO Bb16paTb HenpepblBHOro npe11cTaB11TenH 3Toro 

Knacca. nonoJKIIM If= - loj d'I T / d'Y {fC(X0 )) • IloCKonhKY 

* / rivT r. I F (.!iJ = 
d.,JT"' 
riv <xJ , 

ycn0B11e (1) onpeAeneHIIH (YIT.Z)MOJKIIO 3an11caTb B B11/:le 

( d Y T" '/ rJ ,l) r .x > £: K ; x € X . ( 1X.1) 

no1106HblM o6pa30M, ycn0B11e (YO.SJ COBnanaeT C 

sup sup (rivTn/dv(-y'J)j(d•JTn/dv(yJ) - orpa1111qe1rnaH AilH 

_n~ f yET·nx 
d(.Y,$')<£0 H cxo/111TCH K 1, ecnn cl.(.x,x') -0 (1X.2) 
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Ynpai11e1me 1 X. 1. JloKalKHTe. 

fleMMa lX.2. Jlnll 
-1'-

'f=-loj(dJ/T/diJ) aepHo ;t.., Y :y 

YnpalKHeHHe lX.2. JloKalKHTe. ( YKa3aHtte: nycTb .Xe X H IIYCTh 

T"'(B2E. {.~ )nX) = u;:, Ai (-X) KaK a onpenene111111 YD.1. DycTb 

Ti = T / A i . Hcnonb3Yl1Te ,jJaKT 

( dv T;"'I dv)( Ti yJ( dy,; /d,;Hy) = I 

AIIll AOKa3aTeIIbCTBa TOl"O, 4TO IE ~If T dv = Ir-'E :fdv • 11crronh3Yii-

Te TO, 4TO y COCPCAOT04Clla 11a X). 

Tenepb CQJOPMYIIHpyeM uecKOIIbKO YTBePlKACIIHII, KOT-OPble HenocpeACTBeH-

110 BLITeKaJOT 113 pauee nonyqe11HbIx o6mux pe3ynbTaT0B: 

TeopeMa lX. 1. Dye Tb T: XO - X y1.1oaneTBOpl!eT ycnoBHHM onpene-

ne1111H YD. 1 11 rrycTh v e M ( X) - 11ecm1rynHpHaH II nonolKHTeIIhHO He-

cmIry1rnp11al! Mepa. I(orrycTHM, 4TO ITPOH3BonHal! d )I T / d ')) 

PlleT COOTHOlliCIIHllM {lX.1) 11 {lX.2). Torna 

YAOBIIeTBO-

-,, 11 
11) cymecTByeT ~rC(X),/,>O, TaK 4TO P<f'=;.17.y(:F) 

scex fr:: C ( X) 
AIIll 

I 2 l Mepa }J = fli. Y T ·H11BapHaHT1Ia H ( T, /J) - T04Hhlll '.JH,10M0p-

I 3 l 

( 4) 

cpll3M; 

Ya r•n ~ µ cna6o B M ( X) 

µ - e111111cTse1111I,Ifl :JneMeHT Mr ( X) , AIIll KOTOPOl"O 

D = f' lIµ <13 I T"'/3)- loj (d)) T/dJ/) J ?-

;,. m [I171 (13JT"'l3)-[oj(d'lT/d'l)], mr::M7 (X); 

{ 5) _ ecnu cynteCTBYCT pa ,611eI111e f Ta Koe, KaK R Teope,,,e Ylll. 2, TO 

ecTecT11e1111oe pacrnupe1111e { T, JI ) l!BIIRCTcll 6ep11ynn11escK11M. 

Dono6Hh1M o6pa'.JOM MIJ l!OJlytlaeM cne.'lYIOll{YIO TCOPCMY O cymeCTBORa111111 

paBHOBCCllblX COCTOllllllrl, T. e. ~tep µ € MT ( X) , /lIIR KOTOPblX cnpa11en­

JIHBO 11epaseHCTBO ( Ylll. 4) IIJIII 6onee o6rnee YTBCplKJlCIIHC ( 3) TeopeMbl Y!U. 1 : 

TeopeMa 1 X. 2. IIYCTh r: XO - X Y.'10BJICTBOPRCT YCJIOBIIR~l orrpene-

JICIIHR YD.1, 11 rrycTh tfJ€ C (X 0 ) Y.'lOBneTsopHeT ycnoBIIHM (I) onrene-

ne1111H YD.2 11 {YD.3). Torna 

(1) y 'f' CYlltCCTBYCT CAIIHCTBeHHOe paBHOBCCHOC COCTOllllllC 11'1 
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(2) )lcp - neaTOMH4CCKall H llOIIOJKIITenbHal! Ha BCCX 11erryCTblX OTKPhl­

TblX MHOlKeCTBax; 

(3) (T,µrp) - T04Hblll 3H,10MOpcpll3M; 

(4) ecnH cymecTBYCT pa36HCHIIC f , KaK B TeopeMe Ylll.2, TO ecTe­

CTBCHHOe pacrnupeHHe ( T, µ 'f )i - 6ePHYJIIIHCBCKOC; II 

{ 5 J ecn11 "If' E C (X
O

) YAOBneTaopHeT TeM JKe caMblM ycnoBHHM, 4TO 

H If , Torna µ., : )/ljl T04110 TOl"Aa, Korna CYTI\CCTBYIOT C € !/?. f H 

J € C (X) , AIIH KOTOPbIX crrpaaenn11so paaeHcTno '(' (.Jt) - ljl (.X) "' 

= f(Tx)-f(:<)+C1 X€Xo · 
Tenepb nepeflneM K IICCIICAOBaHIIIO IIpHMepoB AIIHaMH4eCKHX CIICTCM, K 

KOTOPblM IIPl!MeliHMa o6mall TCOPllll H3 IIPCAhlJ:IYmeii IICKI.IHII. 

DycTh X - KoMnaKTHoe CBH3Hoe M11oroo6pa311e H T: X - .X - 0To-

6palKe1111e Knacca C 1 • EyneM Ha3bIBaTb T paCTlll"IIBaJOmllM. ecnH cymecTBYIOT 

C > D , ) -;- I II MCTPHKa PuMaHa Ha X, .[IJill KOTopol1 IIDTn{?J-)/1~ C}, n //1~1/ 

AIIll scex KacaTCIIhllbIX BCKTOPOB t9- • 3.r:1ech D T - KacaTenhuoe OT06paJKe-

1111e, HHAYI.IHPOBaHHOe OT06palKeH11eM T. KaK xoporno 113BCCTIIO, acer.[la MOJKHO 

Bb16paTh MCTPIIKY TaKHM o6pa30M, 4T06Ll c=l (nHnyHOBCKal! MCTPHKa). CTano 

6b!Th, IIDT1'll~A 111'11. Mb! c411TaeM, 4TO X0 " X = X • Dyen, 

d - MeTPIIKa 11a X, onpeneneH11aH npu noMomu MeTp11K11 P11MaHa. Tor.r:1a cy-

mecTByeT TaKOe a. >D, 4TO d (Tx, T.x')~ Ji.ti. (.x,.x') , ecn11 TOIIbKO 

ci (.X, .X') L. 00 113 onpe11eneHllll pacTHl"l!BaeMOCTH BbITeKaeT ycnoa11e ( 1) 

onpe.r:1eneH11H YD. 1, 11 np11ToM n106oe MHoJKecTao T"' B2 € ( .x J HBnHeTCH 
• L • 

061,en1111e1111eM r-<, MHolKeCTB A, (.J( J, ... , Aj r.x) TaK11x, 4TO T HBnHeTcR 

roMeOMopcjiH3MOM 113 Ai (.Jl) B 8 2 E. {JC) AIIll I ~ i ,!o k 
OnpeneneH11e pacTHl"11Ba10mero 3HJ:10Mopcj)113Ma Mnoroo6pa311H np1111a.r:1neJK11T 

llly6y /36/, KOTOPhlii 11ccnenoaan BOIIPOCbl rno6anhHOfi Te~p1111 '.JIIAOMOPcpll3MOB 

KOMIIaKTHblX Allc!Jcjiepe11u11pyeMLIX MHOl"006pa31111 {TIIIIa rpy60CTII II TOnonoruqe­

CKOII COIIPlllKCHHOCTII TaKIIX '.JIIAOMOP¢H3MOB). 113 pa60Tbl llly6a MOlKHO BblBCCTII 

TaKJKC AOKa3aTeIIhCTBO YCIIOBllll (DJ onpe.r:1ene111111 YD.1. MLI '.JTO AOKa3aTenb­

CTBO He npHBOJ111M. 

DycTh v - rnaaKall aepORTHOCT11a11 Mepa Ha X onpenene11a MeTp11Koii 

PuMaHa { CM. / 26/J • Mb! 11meM T-1111Bap11a11nIy10 aepoHTHOCTHYIO Mepy, 3KBHBa­

JICIITIIYIO Mepe y . PaccMOTPIIM n1111eii11oe 0To6paJKeIme DJC T: Tx X- TTx X 
{ Tx M 060311aqaeT KacaTenhHOe B T04Ke JC€ M MHoroo6pa311e K MHO­

roo6pa31110 M). HCIIOI1b3Yll MCTPIIKY PIIMaHa, MO)l(HO onpe71eJ11ITh onpe.r:1en11Tenb 

11 nonolKHTh T' (X.} = det ( l)JC T) . Torna ( d'll T /dv)(.X}= I1'(.:I.) I 
TaK 4TO c!JYHKUHll 'f (CM {lX.1), (1X.2)) HMeeT BIIA '{'(XJ--to111'CJCJI. 

DocKonhKY X RBnHeTcH cBH3HbIM M11oroo6pa311eM, TO T' ( X) 11e MoJKeT MeHHTh 

311 aK. Ecnu T - Knacca C n , TO 'f - Knacca C n-f . DocKonhKY Mom-

11ocTh MHOJKeCTB f y•t X} llBIIlleTCll orpa1111qeHHOll, TO YCIIOBHe (1X.1) Bbl-
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1 
i 

2 

rronneno. ECDH T Knacca C' TO BblDODHAeTCA ll (1X.2). 3To MOlKHO DOKB3BTb, 

rrpoaepAA ycnoBHe (Yn.3) nnA GJYBKI.IHH 'f= -lo? I T'(.x) /. 

llonycTHM, 'ITO d ( .X, X' J < € 0 H ';/ E T-n .x . nocKODhKY <f - OTo-

6pameHHe Knacca C 
1

, To MbI 11ai\neM TBKY!O KOHCTaHTy C, 'ITO 

n•f · · n•f · · 
I 2..i=O lf(T'-y)-<{'(T'y')/~C Li=od(T'j, T'f'). 

{ i Ti , cl(. 'I/ n-i Ho rroCKODbKY d T ,Y, 'JI)~ ,Y,.X I ii , To rrony'IHM 

/2.~· 1 
<p(T'11J-,p(Ti11•JJ1ECdf.x,x')/U.-I), nENI. 

l:0 <I <:1 

TeopeMa 1X.3. nycTb T: X - X - paCTArHaa10111ee oTo6pamenHe 
2 

KDBCCB C • Torna cymecTByeT T-HIIBBPHBIITHBA Mepa fl 
1 

3KBHBaneHTHaA 

rnanK011 Mepe Y • Eonee Toro, aepHb1 cneny10ll1He yTBePmneHHA: 

(1) cymecTayeT TaKaA P, E C ( X), I, > D , 'ITO fl= I, Y 

[ {f(yJl(rn)'(71)}::: fiv(:f), lr:C(X) YE r·n.x I 

( 2) YoT""=>µ B M (X); 

131 (T,µ) - TO'IHbUJ 3HnoMOPqJll3M; 

(4) ecTecTae1111oe pacrnHpe11ue ( ~µ ) - 6epnynnHescKoe; 

I 5) )1 onHo3Ha'IHo orrpenenHeTcA ycnoBHAMH µ € Mr ( X) 11 

II 

'V { m £ M1 (X)} fiµ ( T) -)1 / lo9 t T(.t)/ );;,f,m (T}-m(foj/T'(X)/) ~ 

(6) ~µ(T)=µ(foJIT'(.x)/) , 11 

( 7) YE N1 ( X) Torna II TODbKO Torna, Karna nnA scex XE X 

2.. 1/tT'<yJJ:f. 
ya·'.x 

YnpBJKHeHHe 1 X. 2. !loKalKII1 e YTBep;KiJeHl!e ( 7) • ( YKa3aHHe: K3KOft 

<PYHK1.1m1 I, coDTBCTcTuyeT ycJJOBne YE M
7 

( X) ? ) . 

TeopeMa 1 ll orrpene11A10lllee )'IIJ)alKHeHI!e D03BO/lRIOT HCrrocpencTBelllJO 110-

DY'IHTb BCe YTBepmneHUA TeopeMbl 3, 33 HCKD!O'IeHHeM (4). RoKa3BTeDbCTRO 

(4) Tpe6yeT noKB33TeDbCT!la CYlllCCTBOBalll!A pa3611emrn J I orrnca111101·0 B 

TeopeMe YilI. 2. K 3Tofl 11po6.11eMe ~tbl B03BPaTHMcA 11eM11oro no3nHee. 

3aMeTHM, 'ITO Dl06aJ• <PYHK!(IIA t.p €' C ( X) YnoBneTBOPAeT YCDOBll!O ( 1) 

orrpegeneHHA Yn. 2' DOCKODbKY ca 7.d ( r·'J<) - orpaH11qen11aA KaK cpyl!Kl.lllH 
OT :J. 
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YnpamHeHHe 1X. 3. <l>YHKl.lll!O cp Ha3oBeM q!YHKI.IHei\ rennepa' ecnH cy-

meCTBY!OT TaKHe M H O < « < f , 'ITO / If/ (.X) - 'f' (.J( 1 ) / :!: Md {J(,:r)~ Jl106a51 

<PYHKI.IHH rennepa YnoaneTBOPHeT YCJJOBIIIO (Yn.3). lloKalKIITe. IYKB3aH11e: 

llCDOJJb3YHTe nonxon, yKa3BHHblH DPH noKa3aTeJJbCTBe 11epaBeHCTBa nepen 
TeopeMoi\ 3). 

Ha OCHOBe nocnennero ynpamHeHIIA H B COOTBeTCTBIIH c TeopeMOH 2 

Mbl DOJJY'IHM TPII rrepBblX YTBepmneHIIA cnenYl01I1e11 TeopeMbl. 

TeopeMa 1X. 4. nycTh T: X - X - pacTAr11Ba10mee OTo6pameHHe 

KJIBCCB C
2 

ll DYCTb '(': X- JR'· - <PYHKI.IIIA rennepa. Torna Y If CYIIleCT-

BYeT enHHCTBeHHOe PBBHOBecnoe COCTOAHlle µ.,, Eonee Toro, 

I 1 l }J'f - HerrpepbJBHaA Mepa, rronom11TeJJbHBA nnA acex nenycTbix 
OTKpb!TbIX MHOlKeCTB; 

121 (T, µ.,,) - TO'IHbli\ 3HL10MOJ)qJH3M, ll ero ecTeCTBCHHOe PBClllH-
peHHe - 6ep11ynn11eBcKoe; 

( 3) ecn11 i;: X- JR f - Tome GJYHKUIIA rennepa, To }J<f = }Jo/ TO'IHO 

Torna, Korna Hai\neM TaKHe fE C (X) H C € TR' , 'ITO 'f- ty 
= !o T- ! +--c ; II 

(4) DYCTb rnanKaA Mepa v HBJJHCTCH T-HHBapHBHTIIOH H DYCTb T -

KJJacca c, . Torna ~ - enHHCTBCHHaH Mepa MaKCHMBJJblIOH 3HTJ)0Dllll ( T. e. 

paBHOBeCHoe COCTOHHlle L1JJA c!JyHKl.lllH 'f s O ) Torna H TOJJbKO Torna, KOr-

na nnA Bcex· JC'€ X 'Illcno IT' (.X) I - uenoe. 

RoKB3BTeJJbCTBO. HaM OCTBJJOCb noKa3aTb (4). nycTb µ, - Mepa MaK-

CHMaJJbHOH 3HTPODHII H Ao , '))0 , Pi 0 , g O onpenenH!OTCA no-npemHeMy nnA 

<PYHKl.lllll 'f s O . Torna 

f L tt JC y ) Yo ( d :t) = '}. o f f d Yo !-£C(X), 

cnenoBaTCDbHo, Ao=~ • Hecnomno npoaepHTh, 'ITO A. 2 f • no3TOMy 

CTOHHlle nnH 

jo = 1/ fl EcnH YE M1 (X) , To Y - enHHCTBCHHOe paBHoBecnoe co-

'f (j(} = - fOJ / T' ( .X) I. CTano 6bJTh, V=µo Torna H TOJJhKo 
Torna, Korna i <(' = 9o . Ho. cnenYH YTBCJ))l{,[ICHH!O ( 7) TeopeMbI_ 3 I J,, (y) ~ 
==f/JT'(1J)/ II DD'lTOMy Y=-JJo TO'IHO Torna, Karna /T'(Jl.)I= fi 

nnH acex .XE X 

□ 
Terrepb o6paTHM BHIIMBHHe Ha BODpoc O cymecTBOBaHHH PB36HeHHH f 

caoi\cTBa KOToporo nepeqHcneny B TeopeMe Yill.2. Iloaonw B rronh3Y cy111ecT­

BOBBHIIA TBKOro pa36HCHHH conepmaTCA B KOHCTPYKl.lllll Eoyena MapKOBCKIIX 

Pa3611CHHH L11IH L111Qlq)COMOpql!J3MOB, Y.LIOBJJeTBOPR!OIIIIIX aKCHOMe A (CM./13/). 

HneH BocxonHT, DO-BIIL1HMOMY, K AHOCOBY /7/. 
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JleMMa 1 X. 3. nycTb ( X, d ) - KOMIIaKTHOe MeTpHtJeCKOe npoCTpaHCTBO 

11 ITYCTb T: X - X Ta Koe oTo6paJKeHHe, tJTO cymecTBYJOT KOHCTaHThI 00 > O 

u ). > I , nm, KOTOPhIX d ( Tx, T$') :;i,,),. d (:l,Y:
1
) , ecnu TonhKO 

ri (.X,X'J< tf0 • Torna 

( 1) V{/3>0}3 [o<>D} V{xi}:cx, d(T:x, 

3 { .x-fX } 'v' {i ~ 0} d (xi 1 Ti~ ) .,:: f3 . 

:;c. ).:.ex l ~ D} 
' L + I 1 

To•ma .x - emI11CTBe1I11al1' ecnu 2 /3 MeHbllle KOIICTaHTbl paCTll!'H­

Bamrn OT06paJKe1111>1 T. 

( Z) Jlnsr nJ06o l'O nocraTO'lllO Manora /3 cymecTByeT 3aMKIIYTOe IIOKPhl• 

Tue { R, R I 11pocrpa11crna X , npHtJeM :ineMeHTbl :JToro IIOKPhITHll , ... , ml 
11epeceKaJOTCll TOJlbKO 11'1 r·pa111111ax, X \ ui O R L - OTKPhlTOe IILIOTHOe MHO-

JKecTFJO, diam ( Ri )<f3, T(U/JRi)cU;cJRi u, ecnu int (Ri)nTint (Ri)t ¢, 
TO Ri C TRI 

3aMelJa!IHC TX. 1. 06"h>ICIIIIM CMhICJI YTBePJKne1111>1 ( 1). nocnenoaaTenb-

IIOCTb f.xj}cX,d(T.x1,.xi,.,)<o<,l:::,O 6yneM IIa3hIBaTh °' -TpaeKTopnefI. 

To,·na ( 1) rnac11T, tJTo 11106yw o< -TpaeKTOPIIJO MOJK110 a Te'le11ue acero ape­

Me1111 oTcneJKHHaTh uacTomuefr TpaeKTop11efI KaKoi'r-To TOlJKH XE X 11a pac-

CT0>1111rn, ue 60JlhUICM /3 . Bo,llllKIIOBeHHC 0( -TpaeKTOpHlr MOJKIIO rrpeJ~CTi!BHTb 

ce fie CLICl{YIOl]IIIM o6pa 'JOM. !l\ICCTO IICTIIIIIIOII [(HHaMHKH ( 3ana1111ofl npeo6pa3oBa-,..,, 
IllleM T) Mhl 0611apyJKIIBaC~I TJl'1CKTOPlfll, COOTBeTCTBYIOIIJHe OT06paJKe1I1IIO T 
"6Jill3KOMy" K T. JTO rIIllll'IIIOC HBJICIIIIC IIPII Monem1poaa111111 l{HllaMHtJeCKIIX CII­

CTCM 11a JBM. Ecm, \IIJ BIJIIIICJ!HCM IIOCJIC/lOBaTCLlbIIOCTb Jf o, :X 1, ... , .)(' N 

TO 06bl 11110 11aM ynaeT01 06ec11c'l11Tb TOnhKo ycnoa11e ti {.Xn,,, TXn)..: € 

n ~ 0' 1 ' .•• N- f , 1·:1e E - \l'1JIOC lJIICJIO ( KOTOpoe 331{3CTCll norpCUIIIOCTblO 

llhl'IIICJIHTeJib11oro 11po11ecca, cK;ueM, E ~ 10- 6 - 10-lO). Ho cy~1Map11a51 oll1116-

Ka pacTeT co BpCi\lCIIC:\1, raK lfTO HOCJJC 6oJlhlll0f'O l(flCJla maron N paCCTOH-

uue MeJKl{y 11cT1111111,1,1 111a•1e1111e,1 T11 .Xo II PC3YLlf>TilTO\I .XN fll,lllflCJieH11ll MO-

JKCT OKa3aTbCll 60.:11,ml!M. Yniepac1e11ue ( 1) roBOflllT' 'ITO ;urn paCTllrHBalO!UIIX 

OT06PaJKe1111il nce-TaKII CIITY'11ll1H He CTallOBIITCH CJllllllKOM 11:1oxoi'I, 

3aMetJam1e 1 X. 2. C ,j,11111•1ecKofl TO'IKH 3pe1111H YTneplK:1e1111e ( 1) TaK;Kc 

OKa3bIBaeTcll qpe1BI,Jtfaii110 110;1c111hIM, 8 '.JTOM MOJKIIO y6eJI11TbCll IIPII IJOMOlllll 

cneny10mero paccy;K/lCIIIIH (01. /8/). '.lonycTIIM, lJTO TOlJK:1 .x. ll~ICCTO Tx, 
11epexo[(HT B TOtJKY x, , 6Jlll3Kym K Tx0 • 060311a'!HM nepexo,111y10 sepol!TIIOCTI>, 

KOTOPaH om1chrnaeT cnytJaii11ufl 11cpexo11 OT TO'lKII T.x, K TOlJKC .x, , qepe3 

P(- I T.x0 ) , T.e. TO'lKa Xo nepexomn c11atJaJia a TOtJKY T.x 0 , a 3'1TCM ll 

TOtJKY X 1 , a coOTBCTCTBHII c pac11penene1111eM P (· I T::r0 ). Ecn11 '.JTO pacnpe-

82 

aeneHHe cocpe[(OTOlJeHO B OKPeCTHOCTH paauyca HC 60JJblllC IIOJJOBHHW KOHCTaH­

Tbl paCTlll'HBaHHll, TO YTBeplKJICHHe (1) ITOKa3WBaeT, lJTO y TOJlbKO lJTO onu­

caHHOH CTOXaCTl!tJeCKOH 1.1e1IH MapKOBa TpaeKTOPIIH' B HeKOTOPOM CMblCne He 

6onbllle, tJeM TpaeKTOPHH y HCXO,[JHOH ,[Jl!HaMlllJeCKOH CIICTeMbl. TaKHM o6pa30M' 

MW IIPIIXO[(IIM K cneayromeMy 3aKLIJOtJeHHID: BHYTpeHHllH CTOXaCTHlJHOCTb CHLlbHee 

CTOXaCT!llJHOt:;TH, Bbl3BaHHOH ManblMH cnytJaHHblMII ao6aBKaMH. 

Mb! HC 6y,[JeM IIPIIBOLIHTb [(OKa3aTenbCTBa YTBepJK[(eHllll (1), IIOCKOJlbKY 

OHO !IMeeTCll BO MHOl'HX pa6oTax (CM. Hanp11Mep, /8,13,37/),11 noKaJKeM TOnb­

KO BTOpoe YTBepJK[(eHl!e JleMMbl 3. 

JloKa3aTenhCTBO JleMMbl 3 ( 2). Bo3bMeM TaKOe /3 ' lJTOfibI 4 /3 OKa3a-

nocb MeHbllle KOHCTaHTbl paCTll!'IIBaHIIH T' 11, cneny~ ( 1) ' HailaeM COOTBeT-

CTBYIDllleC o(·>o. nycTh t</J, r<ot/2 TaKoe, 'ITO d(.X,.X')<J"' 
anetJeT 3a co6oil d(T.x, T.X')~o{/2 . nycTb C={x,, ... ,.X-z}-r- IILIOT-

Hoe IIO[(MIIOJKCCTBO x. nonO;KHM :f.(C)={r;r ntc:at19i,'Ji+1).:.o£,t~oJ,i=!1il:­
Onpeaen11M 0To.6paJKett11e 0 : L.(C)-X , rronoJKHB 8 (ff) paaHhlM enuHCTBCH-

11oil TOlJKe' cy111e,CTBOBaHIIC KOTOPOH o6ecnetJeHO YTBepJK[(eHHeM ( 1) • Torna 8 -
- HenpepblBHOe OTOfipaJKCIIHe Ha Bee X. nycTb ,q = { (} (9'); 'fo • J(j J , 
Toraa { P, , ... ' Pi 1 - 3aMKIIYTOC IIOKP_blTl!e X II X - ui d pi HBnl!eTCll OTKPhl­

TblM II nnOTIIblM MHOJKeCTBOM. Ecnu B3l!Tb CHCTeMY acex 11epeq11cne1111il MIIOJKeCTB 

Tllna int ( '1 u '1·) II int f pk u Pe) ' TO nonytJIIM CHCTeMy DL, ... ' D m 
OTKPbITblX II nonap110 ttenepeceKaJ011111xcH MHOJKecTB. CucTeMa R. = ]) 11 l!Bnll-

1 i 
CTCll HCKOMOH. 

YnpaJKHe1111e lX. 4. npoaepbTC, tJTo l {;!
1 

, ... , Rm} YAOaneTBOplleT aceM 

ycnoBIIHM JleMMW 3 (2). 

Cnencrsue 1 X. 2. B ycnoa1151x JleMMW 3 nycTh f • { R, , ... , Rm J . 
Ecn11 µ - T-3pl'O[(lltJeCKall MCpa, nonOJKHTCnbHall nnll BCCX HCIIYCTblX OTKpbI­

TblX MHOJKCCTB, TO j l!BnlleTCll n.a. pa3611e1111eM X, H awnonHeHW ace YTaepJK­

/{CHllll TeopeMbl Ylll. 2. 

YnpaJKHCHHC lX.5. npoaepbTC YTBepJK,[JeH!lll (1), (4) 11 (5) TeopeMw Ylll.2. 

OcTanbHWe yTaepJKneHHll MOJKHO nonytJ11Th cneaYJOIIIHM 06pa30M. no onpeneneHHJO, 

d r C T"'(a§.} . CnenoaaTenhHO, }1 ( og)e { D, f J, IIOCKOnbKY f' - 3pro1111-

tJecKal!. Ho X - d f - OTKpWTOC IILIOTHOe MHOJKeCTBO, B CHLIY tJero}J (o '§)= 0, 
T. e. ( 2) 113 TeopeMbl Ylll. 2. 113 YTBePJKLleHHll ( 2) JleMMW 3 BblTeKaCT ( 3) 113 

3TOH TCOpCMW. Bee OCTanhHOe BWTeKaeT 113 noKanbHOH paCTlll'!IBaeMOCTII T. 

3aMetJau11e lX.3. Bo3HHKaeT ecTecTBCHHWil aonpoc: YTBepJKnaeT n11 Teo-

Pllll paCTlll'HBaJOm11x 3H/10MOP~113MOB lJTO-TO HeTp11a11anhHOe? JlnH 3TOH 1.1en11 Mbl 

rrp11se,[JeM HecKonhKO IIPHMepoa, KOTopwe npeacTaBnllJOT II caMOCTOHTCnbHblil HH­

Tepec, 6Y[(YtJII xapaKTePHCTHKaMH HeKOTOPWX 113BeCTHblX CTPYKTYP• 

Ecn11 H - CBH3Hall rpynna Jlu u E: H-H -pacTHrnaaJOmuil rpynnoaoil aa­

ToMOP~ll3M, TOH l!BJJHeTcll nuclx!,eoMop~ttofi Rn (/36/, JleMMa 5). 
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Ecn11 M - KOMITaKTHaH, CBH3HaH II neAcTBl!TenbHO aHan11T11qecKaH rpyrr­

rra J111 11 E: M- M -pacTHr11sa10m11A 3HAOMOPcliH3M, TO M HBnHeTCH n -MepHbIM 

TopoM, r,[{e n= dim{M) (/36/, YTBePJ!CAeH11e 7) . 

Bo MHOr11x cj)11311qeCKIIX rrpo6neMax Ha6n10naeMNe MOJ!CHO 3aqaCTYIO npe,[(CTa­

BIITb B Bl!Ae reHepaTOPOB lIO,[(XO,[(Hll{IIX rpyrrrr J111, a 3H,[(0Mopcj)113M TaKHX rpyrrrr 

- 3TO rrpe,[(CTaBneH11e ,[(l!HaMHKII Ha6nlO,[(aeMblX Ben11quH. Ecnu 3TH 3H,[(OMopcj)H3Mbl 

oKaJ!CyTCH paCTHrHBalOil{IIMII, TO y rrocne,[(OBaTeflbHOCTett Ha6n10,[(eHl!H rapaHTllPY­

IOTCH xopom11e 3pro.uuqeCKl!e CBOHCTBa. To J!Ce CaMOe CBOHCTBO paCTHrl!BaeMo­

CTII MOJ!CeT HHAYUIIPOBaTb ll OTHOCl!TeITbHO ITPOCTYIO CTPYKTyp~ 3TIIX rpyrrrr, a 

TeM caMbIM IT03BOnHeT ITOITYqllTb rrpoCTble aHaITHT11qecK11e Bb!paJ!CeHl!H ,[(ITll Ha6n10-

.uaeMblX Benuq11H. 

Terrepb rrycTb X = [ 0, f 1, X = (0,1). ITycTb { Un J - KOHeqHaH 11nu 6ecKo-

Heq11aH rrocne,[(OBaTeITbHOCTb ToqeK 113 X, ,[(flH KOTOPOH an;!': Gn•f, fl=/,2, ... 

0603HaqHM qepe3 Ii oTpe30K (ai-t, a,-) . ITycTb X0 = Un In . JlonycTIIM, 
. I 1 qTo T: X0 -X orrpe.ueneHo TaK, qTo AITH Bcex l :,./, T Ii HBnHeTcH C -.u111p-

cj)eoMopcj)113MoM OTPe3Ka Ii 11a see X. Mepa Jle6era '/ Ha X , oqea11.uHo, HB­

ITHCTCH HCCl!HrynHpHOH II ITOflOJ!CHTenbHO HecnnrynHPIIOH. ITpo6neMOH cymecTBO­

BaHIIH HHBapl!aHTHNX Mep 3aHl!Manocb MHoro aBTOPOB (B TOM q11cne PeHbll 

/38/, A.unep /25/, Py.uonbcj)ep II B!!ITbKIIIICOH /39/). 

TeopeMa 1X.5. /25,33/. ITycTb y T llbllllCOITHCaHHaH CTPYKTypa. JlorryCTIIM, 

qTo (al T/Ii - Knacca C
2 

AITH nID6oro i (6) cymecTBYCT i1= 2'+ 
qTo in:l{l(TkJ'(x)J:iE"'Z,.xf[iJ-=J.>f, urcJ 

Tl/ 

sup [ c.,o I , I =Q<o:, 
:x,-y,_z.f!i T (,Y) T (Z) 

L(:l 

Tor.ua 

I 1 l CYil{CCTBYCT T-mrnapHaHTHaH Mepa µ = f,_ )/ , r.ue I, > O II 

/, € C [ 0, I J 

v r- 11 
- fl 0 

B M ([O,fl) ( 2) 

(3) ( T,µ) - ToqHNH 3H,[(OMOPcli113M, II era ecTeCTBCHHOC pacmHPCHHC 

HBflHCTCH 6ep11ynn11eBCKIIM; H 

( 4) µ - e.u11HCTBCHHaH Mepa a Mr ( [ 0.1]) , .unH KoTopoA 

µ [ Ip ( 13 I r'/3) - lDj Ir' I 1 ~ m [ Im (/3 JT-'/3)-loj IT' I J 

.unH scex ?nE Mr ([O,IJ) • 
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1loKa3aTenbCTBO ( Ha OCHOBe o6meA Teopu11, pa3pa60TaHHOH B rrpe,[(bl,[(y­

mux neKUHHX) ,[{aHo B .uorronHeHIIH. Jlpyroe ,[(OKa3aTCITbCTBO AAITepa /25/ ITO,[(­

po6HO 1!3flOJ!CCHO B KHttre /26/. 

YcnosHe (b) B TeopeMe - ycn0B11e paCTHrHBaHHH ,[(ITH T. EcITH 6w T 6N­

ITO ITHHettHhIM Ha KBJ!CAOM H3 oTpe3KOB I; , TO caMa Mepa v oKa3anacb 

6w T-11HBap11aHTHOH ll y ( T , v ) cymecTBOBaITO 6hr 6epHynn11eBCKoe CCTCCT­

BCHHOe pacmHPCHlle. JlITH TaKHX OTo6paJ!CeHHH Q= 0 . TaKHM o6pa3oM, yc­

ITOBl!e (c) orpaH11qusaeT"CTerreHb HenttHCHHOCTH OT06paJ!CCHIIH T Ha OTpe3Kax 

Ii ,[(flH BCCX i. O,[(HOBpeMeHHO. 

ITpHMep 1X.1. ITYCTb Gn=l/tnl,n~o.an·=/ ,[(ITH n"';-o,T.x='i.x(modf). 
B ycnos1111 ( b) TeopeMhI 5 MOJ!CHO B3HTb k = Z II A = 4. B ycnos1111 (c) MOJ!C­

HO Bbr6paTb {].. = 16. KaK xopomo H3BeCTHO (cM., HanpuMep, /40/), 

I 
/,(.X) = ~ 

e,0/2 

I 
l+X 

ITocKOITbKY / µ ( loj .X-
2

) I < 00 , To Hp ( 2 )< co( r.ue 2 
pe3Ka /0,1/ Ha KOMITOHeHTN 0,[(H03HaqHQCTII T) (CM. JleMMY 

- pa36neHHC OT-

4 HIIJ!Ce). YTBCpJ!C-

,[(CHtte 

poA 

Eonee 

( 4) TeopeMbl 5 ITOKa3hIBaeT, qTQ )1 - e,[(l!IICTBeHHBH Mepa, ,[(flH KOTO-

'1p(TJ-1-µUorxZ)~m[I,n(/JIT-fl3}+to1xZJ,111€ Mr [O,f]. 
Toro, 

'ii l 
!,ff (T) = -}' (to!xz) =- 6.(to;21z 

no.uo6HNM o6pa30M MOJ!CHO 113yqaTb ll paBHOBCCHNC COCTOHHIIH AnH 0T06pa­

J!CeHHH T Tttrra, OITHCaHHoro B rrpe.uw.uymeM ITPl!Mepe. 

TeopeMa 1X.6. ITyCTb T YAOBITeTBOpHeT YCITOBIIHM (a) 11 (6 l TeopeMN 

5. JlorryCTIIM, qTQ cymecTsyeT TaKaH KOHCTBHTa c > 0 , qTo / T'(.x) ::i,. C 

.unH scex J(€ X O • ITycTb ,[{nH 'fe C (X O ) BepHN rrpe.urronoJ!CeHHH 

Tor.ua 

(a) 

lbl 

3 [K} ·. L exp('/'(,YJ)~ K 11 

jET-~ 

3 { d ~ I} 'v' { X", z f Id I If (J( > - cp < z JI~ Mi I :,c- z I 

sup 
'YE 1;_ 1if.:l' 

M_i._ 

/T'cyJloe ~ W<co . 

0( 

II 

(1) y 'I' cymecTBYeT e,[{ttHCTBeHHoe paBHOBecHoe cocToHHHe µ 1 

( 2) Jl'f - HeaTOMHqecKaH H rronm1mTeITbHaH Ha BC ex HeITYCTNX OTKPblTNX 

MH0J!Cec1:sax; 
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(3) ( T,Jl'f) - TO'lHblH 3HLIOMOprjJH3M, H ecTeCTBeHHOe pacnmpemie 

( T, )I If) - 6epHymrnescKoe; 

( 4) ecm1 11' € C {X O ) TaKJKe YLIOBJieTBOPHeT YCJIOBHHM (a) H (b) , TO 

P'('=Pv TO'IHO Torna, Korna (f(.X}c i;(Jl) .. f(T.$)-f(.X) +C 

1:inHHeK0Topb1x celR.' u f,;C(X). 

ECJIH 'IHCJIO 0Tpe3KOB 4 KOHetIHoe, TO nw6aH cl>YHKQHH feJibL1epa 

'f: X -- TR' YLIOBJieTBOPHeT YCJIOBHHM -ca) H ( b). lloKa3aTeJibCTBO 3TOH 

TeopeMbl ( KOTOpoe CBOLIHTCH K ITposepKe YCJIOBHH TeopeMbl 2 J TOJKe ITPHBeL1eHo 

B /lOITOJIHeHHH. 

YITpaJKHeHHe lX.5. CTyCTb 

BJieTBOPHIDI11YID YCJIOBHllM TeopeMbl 6. 
Tr= 'lx(modt) . HaiinuTe cl>YHKQHro 'f, Yno-

JleMMa 1 X. 4. TTyCTb T: Xo - X YLIOBJleTBOPHeT YCJIOBHHM { 1) u (TT) OITpe-
-1 

neneHHH Yn. 1 H, 6onee Toro, T X HBJIHeTCH KOHetIHblM HJIH CtieTHblM 061,eLIHHe-

HHeM OTKPblTblX MHOJKeCTB Al, Az, ••• , H TIAi - roMeOMOPcl>H3M Aj Ha x,_ KO-

TOpblH He YMeHblllaeT paccTOHHHI!. ITycTb /€ r; ( Xo) YLIOBJleTBOPHeT YCJIO­

BHID ( YIJJ. 6) • Torua enHHCTBeHHall Mepa J1 YLIOBJieTBOPHeT YCJIOBHID Hµ(2 )<co 
(? ~ (A 1 , A2 , ••• J) TotI110 TDrna, Korna Jµ (fojjl/<oo 

lloKa3aTeJibCTBo. H3 (~1.6) BblTeKaeT, 'ITO /lJIH scex 

If LIJIH Bcex L BCPllbI COOTIIOlIICIIHll n-l :Si ff.JI/ fy') <!: l) 

Ti= TJAi. To µ(Ail=f9<rt.xJµ(dxJ . HTaK, 

,Y,y'cAi 
, l}> a Ecnu 

?- µ(Ai) to; {mini)~ 'f;.p (Ai)fDJ)l(A;)6 'f;;AA)ta,1(max;) 
i A1 t t A; 

DnHospeMeH110, 

z;..µ(A1)foJ(minJ)~ffoJJd)lt: z;_µ(Ai)to; (maxi). 
L A, I Aj 

Ho /lo9(min9J-!oj(ma_xp)l< lo; D 
Ai A, , TaK qTO BHelIIHlle PH/lbl JIU6o 

OLIIIOBpeMeHHO CXOLlllTCll, Jl1!6o O[JIIOBpeMe11110 paCXOLll!TCll. Ho 3TO II llBJillCTCll 

YTBepJK)leHueM JieMMbl. 

D 

ITpuMep 1X.2. ITycTb X= [0,1], A - Mepa Jle6era, ?=(I,,Iz,···) -
KOHetIHOe HJIH cqeTHoe pa3611e1111e Ha [JOJIYOTKPblTble OTPC3KH. ITYCTb f 
X Ha X TaKoe OTo6paJKeHue, 'ITO 'f' / Ii l!BJilleTCll OLIHo-onH03HatIHblM )T.e. 

ne 

6HeKQHeii). nocnenoBaTeJlbllOCTI! ( Xo ,X1, .. . ) • OITPeueneHHble COOTHOlIICHHll-

MH 'f i.x t Ix j_ Ha3oBeM / - Pa3JIOJKeHHllMH 3JleMeHTOB C)lHHHtIHOro OT-, 
Pe3Ka. Ha CaMOM nene, TaKue pa3JIOJKeHHll ITCPBOllatiaJibHO 3aITHCb1BaJIHCb B Bu-

X = !(¥0 ~f(Jl,+f(···})), 
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rue/ - cl>YHKQHll, CBl!3aHHal! C '/ • Jlnll IlPHMepa HenpepblBHblX npo6eii (cM. 

IlPHMep 1) X = 1/(X O t '!(:£, + ... ) ) BXO/lHT B Hallly cxeMy. ecJIH '/'JC - npo6-

Hal! qacTb JC • a ~:::(I(k,+tr', 11.- 1 ); .¼e NI). 

lloITOJIHeHHe K JleKQHH 1X 

CHaqana /lOKaJKeM TeopeMY s. ITocKOJibKY B YCJIOBHllX TeopeMbl He o6ecne-

tieHO BblilOJIHeHHe HepaseHCTBa I T1 (JC) I ~ f · LIJill acex .J( € X ti , Mbl 

06ll3aTeJibHO non~Hbl H3MeHHTb MeTPHKY nnll Toro, lJT06bl Bbl[JOJIHHJIOCb ycnosue 

(1) onpeueneHHll YIT.1. llnll 3TOH Qenu Mbl cHatJana noKaJKeM, qTo cymecTBYeT 

TaKoe c > 0 , qTo nnll acex x e X o , Ir' (Ji) I>,.. C • llonycTHM, t1To 

3TO He TaK. Terna LIJill nro6oro n ➔ I MOJKHO HaiiTH in€ Z H Vi11 Elin 
TaK, t1To I T'<fin )/ f f/n. H3 ycnoBHll (c) TeopeMbl Mbl nonytJHM 

sup {I T"(.x)/: :le [in} ~ fl/ n 2• CnenYll TeopeMe o cpenHeM nmt 

BC:ex Z£ Iin 

I T'<ZJ I~ /T'l:tJ-T'(Yin)I + I T'fjlin) I~ :z 11.-y;n I+ ~ & Q./n:1 + I/ n. 

EcJIH n - nocTaToqHo 60JibWOe, TO nnll acex .Xl' Iin Mhl nonY'lHM HepaeeH­

CTBO I T'(.:t} I~ l/2 , qTo npoTHBopetJHT cl>aKTY, tJTo T(I;nJ• X . Tenepb 

Mbl onpeneJIHM HOBYID MeTPHKY Ha (0,1): 

p (Jt,,x'J ... sup I y-y'I , 
yE.rn:1,n~o 

u pacmupuM" ee Ha (o, 1).nocKon&KY I T'I,-;, c , ICTkJl~A>I, To 

I.X-:t' / :_p (:t,~•,~ max I I, c4 },. f J( -:t • I . HTaK, MeTPHKa .P . llBJilleTCll 3K-

BHBaneHTHOH 06blqHoll MeTPHKe. Ecnu, [JQJIOJKHTb E,, • I , TO ycnoeHe ( 1) 

onpeueneHUll YIT. 1 BblnonHeHo IlPH Bbll5ope ,p e KalJeCTBe MeTpHKH. nocKOJlbKY 

YCJIOBHll (n) H (lx.1), (1X.2) He 3BBHCllT OT Bhll5opa MeTPHKH, TO HX MO.HO 

nposepHTb nnll nrol5oll MeTPHKH. 

nycTb ·e > 0 . HaM He06XOLIHMO HallTH TaKoe N , lJTO(ll,1 nnll ecex 

XE X , TN(Bl (.XJ)= X ( 3necb non cuMeonoM T"' ( E) no~pa3)'MeeaeM 

T" (En T"" X ) ) • M1,1 3HaeM, 'lTo TA 11enlleTc11 C -nmW1eoMop4>u3-
l-1 · 

MOM H3 JIID60M 3JieMeHTe pa315HeHHll ?1. = v, r-t ~ , H qTQ OHO paCTll-

rueaeT paccTollHHll no MeHbmell Mepe s ~ pa3 ua nro601,1 3neMeHTe. nycTb U 
- OTKPblTblH 0Tpe30K nnHHbl 2£. IlH60 U conepJKHT 3JieMeHT pa315HeHHll t1 
H TOr,Qa r1u: X , JIH60 U nepeceKaeTCll C neyMll 3JieMeHTaMj fJ 
ITYCTb 3TO oTpe3KH ( D , b ) 

T/<bJ= lim r 4r.xJ. 
:i•b+ 

u (b,c). OnpenenHM T~U,J=lim ~E{O,fj 
.X•b- , 

k .t ! 
EcnuT_(b)•T.(b), Toyr u nnu-

A. 
Ha He MeHee A E , H T U llBJilleTcll OTpe3KOM nn6o Tuna (0 , d), nH6o 

( e, 1 J. CnenoBaTeJibHO, 7Zk U LIJlHHbl He MeHbme ~z£ , H CHOB3 
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IIMeeT s11n n1160 ( 0, cf,), n1160 ( e,, 1}. Ecn11 Bb16paTh TaKoe M, tJTO A /II E > / 
M £ A; H, • 

TO T fJ. U = X • Ecn11 T_ (b)# T+ (b) , To T U srnmieTcH 

06ben1111e1111eM oTpe3Kos nma ( 0, d ) H ( e , 1 J , 11 ero nn1111a He MeHhme 2 ,1 E. 
no MeHhmeil Mepe y on11oro 113 3T11x OTpe3KOB nn1111a no MeHbmeil Mepe }. E 

11 np11Me11e1meM npenbInym11x paccyJKne1111il c11osa nonytJ11M T Ml( ( U) = X. • 
11TaK, ycnos11e ( IT J onpenene1111H YIT. 1 Bhmon11e110. 

Tenepb nposep11M ( 1X.1 J. flnH x, x' E: X IIMeeM 

dvT"'cxJ= z:: · 
d-.> ya·1x , I ' ' IT'(y)/ ~ -,fr-~ T'<3J - T'<1j') I + 

+ '.2:: 
y"Er·x· 

_{_ 

I t'rfJI 
av r' - ..- I r'rtJ- T'C'/f J 1~cd..,,T"1/dvJr:t'J-a 

(.:i) L ' )T'( ') ri'l 9a·'_x T<y f 

KaK cnencTs11e ycnoBHH (c). nocKonbKY nocnen1111e 11epaseHCTBa nonJKHW sw-· 

nonHHTbCH nnH B°Cex J( ,:x· E" X ' TO ( 1 X. 1) TOJKe Bep110. 

nnH nposepK11 (lX.2) TIOCTaTotJHO nposepl!Th ycnos11e (YIT.3) nnH $YHK-

Q1111 'Pl1Jl=-lOJIT'('/f)) . ITYCTb X,X 1 €X,yEx· 11 H ;f'ET"nx' -
COOTBeTCTBYIDmaH TOtJKe / TOtJKa (CM. orOBOPKY nocne onpeneneHIIH Yn.1. 
Torna 

tp(T'yJ- Cf(Ti{)=Cf 1(Zi)(Tij_ TiJj'J 

Ti ri I nnH KaKoro-To Z; f. ( y' r 
'f

1

CZ,H:l-$J/(rn•') 1 (w,) 

ITOCKOnhKY 'f'(z) = T"rz,;r'rzJ 

). Ho nocnen11ee BwpaJKeHrte paa110 

Ti T' , nnH TOtJKH W; MeJKny y 11 -y 
, TO 

. I T'(Z;J jtJC·.:i'l6 
l'f(Ti-y)-<p(T'f)I = r'Cz;J(rn•i)'(w,l 

a ix-.)(·, 
' -------,--- 4 
- JT'(Tw,) ... T'(rn-i•tw;) -

(2 
C k ;/ ( 11---,- _-,-,1-/i-] I .x - .)( I I 

CTano 6bITh
1 

nnH acex ye r· 11x 

11-f 

11 scex n ~ 1 nonytJIIM IICKOMYID OQeUKY 

_2.. I 'f < r'y>-lf (T.-1/'JI :!i: ,:o 
G. 

cko-n I x-.x' I 

Tenepb ,QOCTaTOtJHO IIPIIMeHl!Tb TeopeMy 1. Heo6xonu~IO 3aMeTl!Tb' 4TO pa361rn­

mie 2 YUOBneTBOpHeT Bch1 ye JlOBHHM TeopeMbl Ylll. 2. TO!lbKO YCJlOBUe ( 4) ue 

SIBnHeTCH OtJeBll)lHhIM, HO OHO BMTCKaeT 113 (j:,aKTa, '!TO Q (TJr.X Tkx 1 ) ~ 
I 

"J.d{.r,x'J , ecmI JC,.X'€Ii ,QnH HeKOTOporo L 

□ 
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noKa3aTenhCTBO Teop_eMbl 6. KaK II B npenh1nymeM noKa3aTenbCTBe, Mhl 

113MeHIIM MeTpHKY TaKHM o6pa30M, tJT06bl BhmonHHnl!Cb ycnOBIIH onpeneneHl!H 

Y~.1. OcTanbHoe BblTeKaeT H3 TeopeMbl 2 II cnenywm11x OQeHOK. ITycTb 

JE r•nx . Torna 

/lf(Ti1)-cp(TiJl')I~ Mi/riy-T~'I~ l(T:~)'(T-ifz)lc( J.x:-x'Jo{ 

I I 
nnH '!z MeJKny '# 11 !/ . Hg 3Toro BblTeKaeT 

n•t . . n-f W 
L l'f{T'11)-<p(T'-:f'J~ ?- [<n-i-n/klc1.ck-. 
i.=O d L-0 A 

:!f 
W /.x-x'/cC. 
Ck.c{}.,"'-1) 
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JleK'-IHH X. KYCOl!HO-MOIIOTOHHb!E ITPE06PA30BAHl1JI 11 06061QEHHAJI 

Cl1MBOJll1l!ECKAJI 1111HAMl1KA 

XoTH TeOpHH, pa3pa6oTaHHaH B npe)lbl)lYIIIHX JJeK'-IIIHX, OXBaTbIBaeT 60J!b­

moe 411CJ!O HIITepecHhlX ITPIIMepoB, YCJJOBll!I J!OKaJlbllOA paCTHrHsaeMOCTH H JlO­

KaJlbHOro roMeoMopcjlll3Ma sce-TaKH e111e CJl_HlllKOM orpaHH4HTeJJbHbl (CM. PIIC. 16). 

lfacTHhlM cny4aeM KYC04Ho-mrneAHoro npeo6pa3osaHu11 6y)leT: 

0 0 
(a) ( b) 

Puc. 16 

llpeo6p;l3osamre T ,rnnlleTCll JlOKaJlbHLIM roMeOMOP(pH3MOM B CJ!y4ae 

(al, a Hes cry,we ( b) ( T.x=p.x-,.~ Cmodf)). 

T.:t=/3:f+ol. (mod() (j3>1, O~oC~f) 

>1BJ1>1eTc11 /3 -npeo6pa 1o_sa1111e T.x=j3X (modl),j3"7'/ YoJJTepc /42/ 
MO.lllfPll'-IIIPOBaJJ RhllllCIIPIIHe11e11111,1e ~ICTOHbl J1Jlll IICCJ!C/10Balllrn mrnap11aHTllblX Mep 

II paBIIOBCCllf,JX COCTOllllllii ,Tl!! /3 -npeo6pa3osa1111i"I. 0Ka 1aJIOCb' '!TO OTKa 1 

OT 11pe;UIOJJOJl(elU!ll :roKa!lhllOl'O roMeOMopc!n11~1a ITPIIBOHIIT Jllll(lb K TCXlllllJCCKHM 

( 110 3'1TO ReChMa 1aTpy·11111TCJlhlll,l~I) YCJ!O;J<IICIIIISIM, II 'ITO IIJtell IICIIOJlh30Ballll!I 

ouepaTopa l!eppo11a-1Dpo6e1111yca llpl!Mellln!a B J(OBOJlbllO 061IIIIX rcJ!OBll!IX. 

llpeo6pa3osa111111, KOTOPhlC IIOJlll!KalOT H ll'rore 0606ntCll!lll KYC_O'IHO-Jll!IICJI­

Hl,JX 11peo6pa3osa1111ii. IDY'IaJI Xo,J,6ayep / 42--l 5/ IIPII IIOMOll(II ~ICTOJ{OB, KOTOPblC 

0606111a10T ~leT0/1bl C mlBOJI114CCKOi'! :11111aMHKII. B flOCJle,'lYIOIIIIIX pa6oTax / 46-4 8 / 

ITOKa3aHo, 4TO see "JTII pe1ym,TaThl MOJl(HO C<POPMYJ!IIPOBaTh R paMKaX C/111110!1 

Mon em,, a IIMCIIIIO, ITPII ITOMOlllll OIICPaTopa lleppo11a-<Dpo6e1111yca (CM. :JeKUIIIO 

Xl). AnnapaT, KOTopNi"! 6y~eT pa3pa60Ta11 nn>1 06111ei"! Teop1111 onepaTopa flep­

poHa-<l>po6eH11yca, 11010on11-r 11a~1 6e3 oco6eHmu yc11m111 11cc:1enosaTb cToxacn,- • 

4eCKlle CBOIICTBa CJICTe~, :\11ocosa ll aTTpaKTOPOB Jlope1111a. 8 11acTO!IIJlCII JJCK-

UHH Mb! ITPIIBe)leM OCHOBHblC 11.'lCII CIIMBOJ!H'leCKoro npe)lCTaBJJCIIIIH. 

flYCTb X = /0. 1 / II ITYCT!, T - KYC04HO-MOIIOT_()_HHO 803pacTa_lOIJlee IT!'_eo6pa-
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30B aHue, T. e. cy111ecTBY10T nonapHo Henep_eceKa10111uec11 oTpe3KH I,, ... , In, 
TaK 4TO U Ii = X H TI Ii - cTporo B03pacTaeT H HenpephIBHO (CM., Ha­

npuMep, . p11c. 11 ( bl l • 6onee Toro, Mb! npe.[\ITOJJOJl(l!M, 4TO 

(al u;::=D r•m Uo,·••,inl - ITJ!OTHOe MHOJl(eCTBO 8 X, r.r:1e 

D=j0 <J~< ... </11 = I - Ko111.1eab1e TO'IKH o-rpe3KOB Ii , T.e. c11cTe!'la 

( I,, ... , I 11 ) HBJJHeTCH ( TOnonor114ecKoA) 06pa3y10111ei"I .r:11111aM11'!eCKOi"I c11cTeMbl 

(X, Tl; II 

(bl !,top (T) > 0 
/34/ IIJ!II /13/). 

, r.r:1e Atop (T) - Tononor114ecKa>1 3HTPOITHH (cM. 

Ynpall(11e1111e X.1. flposepbTe ycnos11e (a) /lJJH npeo6pa3osa111111 

T .x = 2x .. 112 ( mod I ) . 

HallleA '-ICJ!blO 6y)leT onpeueneH11e MIIOJl(CCTBa MaKCHMaJlhHblX Mep, T. e. Tex 

Mep µ E M1 ( X) , /lJJll KOTophrx Aµ ( T) = Atop ( T) 1lpyr11M11 cnoBaMH, 

nae IIHTepecylOT pas11oaecHhle COCTOl!IIIIH )lJl!I (pYHK'-11111 Y ~ 0. (3TO BblTeKa­

eT 113 06111eA TeopeMbl L11111a6ypra-ryuMaHa /34/). ECJJII (X,Tl - )ll!HaMH'ICCKal! 

CIICTeMa, TO MHOJl(eCTBO N C X 6y)leM Ha3bIBBTh MaJJblM, ecn11 

[flE M7(X)J & [µ(N)= f] =>[A}J (TJ=--O]. (X.1) 

JleMMa X. 1. Ecn11 Ne X - Manoe MHOJl(eCTBO, TO fl ( N) =-0 /lJJH J1106oif 

MaKcuManhnoi"I Mepbt µ € Mr ( X) 

lloKa3aTCJlbCTBO. nycTh Mepa }J - MaKCHMaJJbllaH. Pa3JJOJl(HM ee B BH/lC 

fl =OY1 +'(t-tf)ll2 , rne v2 cocpeuoT04ena Ha MaJJoM MHOJl(eCTae N , a 

'111 - 11a X 'N flocKOJJhKY N - Manoe, TO !, v ( T) = 0. 113 acp¢u1111ocTH 

'.lHTPOITIIII cne11yeT, 4TO !, u ( T) = tf fl,v (1), T. e. lv ( T) =tr~ m. Ho ITOCKOJ!b-
D ,, f 1 'fl 

KY rf < I , TO ny
1 

(T) > I,µ ( T) , 4TO 11eso3MOJl(HO u3-3a MaKc11MaJ1b-

11ocTH MePhl p Cne11osaTenb110, tf = 1 H ff= \/1 • B 4aCTHOCTH,Jl(N)=O. 

□ 
lb JleMMhl 1 BhJTeKaeT, 4TO, ecm1 11se c11cTeMhl (X,TJ H (X',T'l 1130-

Mopcj,11b1 no ~IOJlYJ!IO MaJJblX MIIOJl(eCTB ( T. e. 01111 ll30MOpcllflbl ITOCJ!e yuaneHH!i 

Manux MHOJl(eCTB N,N' H3 X, cooT. X'J, TO y (X,T) H (X',T') ou11HaKoBLie 

MIIOJl(CCTBa M3KCIIM3JlbHblX Mep. 

OCIIOBIIOII uenblO CIIMBOJlll4CCKOro npe11cTaBJleHHH !IBJJ!leTCH ITOCTPOeHHe 

ll30MOPcl:>113MOB ITO MOJ1YJ!IO MaJJblX MIIOJl(CCTB If: ( X, T )- ( r;,6), r11e !: ; 
noncnsur npeo6pa3osa11H>1 O/lHOcTopo11Hero c11nura 6 a npocTpaHcTae 

{I, ... , n JNJ H o/: ( rr,6) - (~,,,I 6) . r11e Er - ecTeCTae1111oe pac-
+ z 

nmpe1111e :E. 1 11 L,., - TononornqecKaH 1.1enb MapKosa a C , rue. 

C=fl,fz,fJ, ... fc R.' , HM - coo-rBeTCTBY10ll!aH(6ecK011eqH0Mep11asi l nepe-

xouHaH MaTpHua. 
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HcnOJJb3YH COOTBeTCTBHH j.J -µ.,-'=.,) H y t-- y 7.p- 1 
, Ha OCHO-

Be npe,[(bl,[()']I\HX paccy)f(,[(eHHH nonyqHM, qTo y CHCTeM ( l:M,o) H (X,T) - O,[(­

HH H Te Jf(e MHO)f(eCTBa 'MaKCHMaJlbHbIX Mep. Ho MaKCHMaJJbHbie MePbl ,[(JlH 

( r,..,,G no,q,qaIDTCH cpaBHHTeJJbHO npoCTOMY onHcaHHID. 

B OCHOBHOM TeKCTe Mb( nPHBO,[(IIM TOJlbKO HeKOTOPbie 11,qe11 nocTpoeHHH, a 

,[(JlH no,qpo6HOCTeil OTCbinaeM q11TaTeneil K ,qononHeHHID 3TOH JleKUHH. 

CHaqana Mb! noCTPOIIM 1130MOpqJH3M tp . ITyCTb (X,T) - ,[(HHaM11qecKaH 

CIICTeMa on11caHHOPO Bblllle THna, /,JlH KOTOPOH BbinOJJHeHo YCJJOBHe (a). Onpe­

,qeJJHM OT06pa)f(eH11e i : X - { ~ 2, ... n J cooTH01IIeH11eM i ( .x J = ~ , ecn11 XE: I A.. 
llyCTh If (.X) = i (.X) i (T.x)i(T1.x) ... l13-3a (a) If - o,qHo3naqHoe OT06pa)f(e­

H11e. ITycTh 

Ynpa)f(HeHlle X.2. 

6pa)f(eHl!H. noKa)f(HTe. 

L+ = 'f(.X)C L+ 
T n. (X. 2} 

60 Cf= '-Po T 11 lf, lf'- 11 'f (X) - H3Mep11Mb1e oTo-

,;:-+ -t 
JleMM_jl X_. 2. PaccMoTpHM B £. n (11 B LT l neKCHKOrpacjmqecKoe ynopsi-

.1,oqem1e < . Tor,qa .x < y 
If (X) < If (JI) B L; 

BX paBHOCHJlbHO BbinOJJHeHHID HepaBeHCTBa 

Y,?f€X (T.e. 'f - H30TOHHoe 11306pa)f(eH11e). 

JleMM_:l_ X.3. MHO)f(eCTBO ~; \ y ( X) HBJrneTCH cqeTHblM' CJJe,[(OBaTeJJb-

110, OHO Manoe. 

CneJ,CTBHe X.1. lf': ( X, T)..: ci;,G) - 1130MOpcj,113M no MOAYJJID MallblX 

MHO)f(eCTB. 

lloKa3aTeJJbCTBa 3THX YTBep)f(,qeHHil np11Be,[(eHbl B ,qononHeH1111. DnH nocne­

,qyrom11x paccy)f(,[(eHl!H HaM noHa,qo6HTCH 6onee no,qpo6HaH HH¢OPMaUHH o CTPYK-

Type npocTpaHCTBa r; . 060311aq11M aCXo, ... , .Xm-,1= {per:; (HJJII 

?€ r~ ): .xi= y,, D~ l~m-t], ~=(1) llyCTb 

L ... v- "L n r' 1.x n ... n 7-mH Iv ex 
.Ao ..Am .. f ~o ., ""m•t 

Tor,qa 

-, 
<po [.Xo,·•·::im-1] = Ix0 •·• .Xm-1 

(tp (I.x, ... .Xm-f))-= a [Xo, ... ,.Xm-1 ]. 

DnH k € NI onpe,qem1M 

a,k= lim C{J(t){=<f(jk_,), 
tE14,t#J!., 

fl= lim . l.f(t)(='f'<J~>, 
fEIA,ttJt.. 

ecn11 /~., E' I4 ), 

ecnn jJ,eii). 
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} (X.3) 

} (X.4) 

llycTb A= {a< ... ,a,n}, B={!b', ... ,lbnJ CHMBOJJOM / / Mb! 6y,qeM 060-

L ~ ( no oTH01IIe1mro K neKCHKorpa-3HaqaTb 3aMKHYTbIH OTPe30K B r; IIJlH B 

~11qeCKOMY ynop51,qoqeHHID). 

llyCTb 

G.x. = [6a/'0
, 6/bx.] = 6 [a,x•, /bx.] 

G = G [a/m•• llf m•t] G 
:x-•... Xm-1 . ' Jt:, ... Xm-z, l (X. SJ 

• + G Xo . .. X m-t onpe,qenHIDTCH TOqHo TaK Jf(e, KaK ,[(JJH noAMHO)f(eCTBa L. n II 

Bee 3TH MHO)f(eCTBa OKa3bIBaIDTCH n1160 HHTepBanaMH, n1160 nycTbIMH. 

JleMMa X.4. G · = <5m{0 [.X-
0 

.X J), r,qe nocne,qHee MHO-.r • ... X,n_ .. , , ... , /11•1 

Jf(eCTBO cq11TaeM no,[(MHO)f(eCTBOM 2 + • 
T 

Ynpa)f(HeH11e X. 3. DoKa)f(HTe. ( YKa3aH11e: 11cnOJ1b3YHTe HH,[(YKUIIID 110 m ) . 

TeopeMa X. 1. Cne,qyromne YTBep)f(,[(eHHH OKa3bIBaIDTCH 3KBHBaneHTHblMH 

,qpyr ,qpyry: 

c1i )J(( r; 
· x m -¥'m 

(2) ,[(JJH BCex m ~o' OJ m66 1(~/b II 

m I 
(3) 6 )(€6.r., ... ,J(m-, ,qnH Bcex m~ 1. 

DoKa3aTeJJhCTBO (CM. ,qonon11e1111e). Tenepb Mb! o6paTHM BHHMaH11e 11a 

KOHCTPYKUHID 1130MOPqJll3Ma liJ . OCHOBHYID 11,qero uenecoo6pa3HO 113Jl0Jf(l!Tb Ha 

np11Mepe. 

llp11Mep X.1. llyCTb 

T(.x)= 15 · S' 
{ 

1..§_X+ L 06X~ 3/', 

,,.x-(3/.t, , 3/4 < X ~ I. 

Tor,qa 01 1 
= 111121121 ••• , 0!2 =201', Jb 1 

= l.lh
2

, 11lb2 
= 2112112 112 ••• 

Hcnollh3YH MHO)f(eCTBa 

,[(JlH L; 
Gv X , MO)f(HO HaPHCOBaTb cne,qyromyro ,q11arpaMMY 
... ··· m•f 

__ G,, 

_____ G,-..............G,z 

----------G --6u 2-......._ 
Gzz 

~ 
"( 
"( 
~ 
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C 11cnoJJb30BaH11eM ( X. 5) ( Cl/ = at' , lb = lb 1 ) Mb! nonytJ11M 

[ 6at,Jb] "::/6
2
at,lb] ~ [G 3at,lb] ~ [G"a,, lb] ~ (/) 

< [a1,6lb]) [aJ,<5/b] [at,<5/b]) [G 5a1,6!b]-:::::::: 

[ OJ,Glb]-{i6a,,6
2
Jb]~a,,6

3
Jb] \[63

a1,1b] [6a,,6 5 /b] ~ 
cp c:p [at,G"ibJ -C::.cp 

Ilw6oA ITYTh, KOTOpuA He OKaHtJHBaeTCH cp , COOTBeTCTByeT 3JJeMeHTY L/ 
T 

eCJJII HanucaTb 1 a CJJytJae, KOrAa ITYTb ABll)l(eTCH BBepxJn 2, eCJJII OH ABll­

•eTCH BHH3. 

C11atJaJJa onpenenuM V Ha L; cooTHornemreM 

1f' (:J.) = (Xo, G.x0 )($ 1, 6xox1)(Xz.G-xoY,Yz) · · · (X.6) 

JTo 03Ha4aeT, 4TO ..J1 npeJ]CTaBJJHeM npn ITOMOlllll aeprnHH COOTBeTCTBYWlllero 

IIYTII. llcnoJJb3Yll ( X. 5) • HeTPYJIIIO npoaepl!Tb. 4TO JJW6oe 113 MHO)l(eCTB 

Gx • ... Xm-f Riina [6~t.<5k/b] rAe Ot€A 1 /b€8, a,_,= be., = xn,.(, 

QA.-j"bt_/U::j-5.min[h,tj). CneAoBaTeJJhHo, Gx•···Xm-t HBJJH-
eTCH 

<P, ecm1 Xm <ak,t 
r(5k.t 6 Xm] 
L' GI, lb ' 

[60{Tm cr'·Jb] 
, ' 

[G"''a, oe.'!b J 
) , 

Xm = aA.,, 

.Xm = be,1 

IIJII! .Xm > be,, 
II Xm < De, I 

II .Xm > a"-•t 

{6a.xm 6/bxm J . ' 

.x m =a,..,= !J,,, 
04,1 < Xm < 8,,,. 

flyCTb 

D =- f Ci, [G"'a,. Gelb]): ate-A, /bf 8, i =a,._,= bt.1 , 

A.e~,; a,,,_j',bt-j ,'IJISI i-5,,j,smin [k,lJJ. 

(X. 7) 

} ( X. 8) 

♦ ])NI 
Torna 7tJ oTo6pa•aeT :[ 7 A · , 110 TPYAHOCTh cocTonT 0 TOM, 4To 

06pa3 ljl(:r;) He llBJJlleTCll 6 -IIHBapnaHTllblM. fl03TOMY Mhl nepef!J]CM K ecTeCT­

BellHOMy pacrn11pe1111w 

[_T = f,t€Ln ;:ik:ifc., ... € r; .'1JIH Bcex 4e ZJ. 
flycTb :I, f r._ 7 . llnsr nw6oro k ;, O nono•nM 

... y/ = rx4x4., ... ) = r.x-k, G~) (xh,, G.x1c, x1c,,> ... € Q D , 
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T.e. y Hae IlOJJY'IHTCll AHarpaMMa: 

fa ,Ya a O , 
o , Yz Y3 .... = y 

} 
-I -I -I f f = 'I-, 

. (X. 9) 

Y-, ?/a 'fl, 71; y; · · • 
-z -2 y.·Z i·Z -z -z : y·Z 'ff-z Y., 1 t 'ff z 13 ·· • 

DnpeAeJ111M Ne r7 KaK cneAYWlllee HHBapnaHTHoe MHo•ecTso: 

N= {-lfE=L 1 : 3 (meZJ 'v'{j<mj 3 {A.!ijJ; .Xk ... Ym=Oo••• am-k, 

QI€ A U 8, ... Xm-, Xm 11e HBJJHeTcll nepnoAntJecKoii LI.Jill nw6oro m J . 
IleMMa X. 5. .[lJJH .Yl€ LT\ N cy111ecTByeT '#€ n:a-. TaK 'ITO ¥'~>f(k---), 

T. e. CTOJJ6Qbl B nocJJeAHeA Al!arpaMMe, HatJHHaH c on'reAeJJeHHoro CTOJJ6Qa, 

Bee ITOCTOHHHble • 

.[loKa3aTeJJbCTBO (CM. nonoJJHeH11e). fIYCTb Tenepb '/, KaK 8 ITOCJJeAHeii 

neMMe. Mbl onpeAennM 0To6pa•e1111e ?p: 'i..1 ,N-1)1!. , nono•11a "4'(~)= '# 
CnenyH (X. 7), MO)l(flO yanneTb, 'ITO nocne 3aJJaH11oro '.J'JJCMeHTa 

· k t • 
( l [ 6 01, 6 lb J) € D MoryT cnenosaTh B nocJJeAoAaTeJJhnocT11 

Ye lj) ( Lr \N) ToJJhKo :rneMeHTh1: 

(04,[c:J*•'a,,5tb04 J), (i,[6ai,01bil), ak <i< b4 

( br, Coal•, 6,.,/bJ), a*< br ; (X.10) 

(ak, [6*• 101,6(,.f!b]), Cl1c = bl 

flycTb M - COOTBeTCTBYWlllall MaTp11ua nepexonos (B KatJeCTBe MHO)l(eCT­

Ba IIHJ]eKCOB CTOIIT D ). OT06pa•e1111e y· 1 
3ana110 KaK npoeKQIIH 3JleMeHTOB 

D Ha nepsyw Koopn11HaTy. 

IleMMa X.6. 
;r 

Ecm, JlJlll "#ED 81,IITOJlllllWTCll CBOHCTBa (X. 10) ' TO 

.:t=1{'('f)€ 2-r. 
.[loKa3aTeJJbCTBO npnaeneM B nonOJJHeHHII •. Tenepb ITO'ITH OtJeBl!)lHO, 'ITO 

7y If o/-, - 113Meplf~1hfe OT06pa)l(eHl!ll "· 6onee Toro, 'ITO t; KOMMYTl!pyeT C 

npeo6pa3osa1111eM cns11ra. 1-fraK, 71' oKa3bIBaeTcH H30Mopq>113MOM Me•AY L.f \ N 
11 To11onor11tJecKoii menhw MapKosa B D 7 

, onpeneneHHoii npn n0Mo11111 cooTHO­

rn~Hnff IX.JO). Reno, 4To D - ctJeTHoe MHo•ecTao. flpespaTHM D B KOM­

naKTHOe MHO)l(eCTBO C npn ITOMOlllll OAHOT04etJHOA KOMITaKTHt11Ka~1111 H paCCMOT-
'I . 

PIIM 3aMblKaHl!e MHO)l(eCTBa liJ (!T \ N) B C . 3To CH OB a TOITOJJOrHYeCKall 

uenb MapKOBa C MaTpnueA nepexona M (B KatJeCTBe MHO)l(eCTBa IIIIAeKCOB CTOHT 

C) 11 MID : M 1 • flocnen11ww uenh Map Kosa 0603HatJ11M qepe3 f: M . 
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• YnpamHeHne X.4. noKamuTe, qTo MBTPHQY M MOmHo onpe,[(enttTh npaBHna-

MH (X.10) If cne.[(YIOil(11Ml1 np&B11HBMH: 0 cne,[(yeT TOHbKO 38 0, ~ 38 0 MomeT 

cne,[(OBBTb nro6oii TBKOlf 3HeMeHT 113 JJ • KOTOPblll. B CBOIO oqepe,[(b. MomeT 

cne,[(OBBTh nocne 6ecKoHeqHoro q11cna 3neMeHTOB H3 IJ 11 0. 

11TaK, '2. M \ 'ltJ (:ET\ N) COCTOHT 113 scex ToqeK, ,[(Hl! KOTOPbIX MOmHO 

HBHTl1 TBKoe mE z , qTo fk = 0 DHll scex k ~ m . 113 3TOro cpa3y me 

nonyqaeTCl! cne,[(YIOil(Bl! neMMa: 

JleMMa X. 7. MnomecTBo L 11 \ 'Ip (LT\ N) HBnHeTcl! Mam1M. 

0,[(HBKO ,[(Hll KOneqHoii qenn Heo6XO,[(IIMO TaKme ,[(0KB3BTb, qTo CBMO MHO­

meCTBO N - Manoe. noKa3aTenbCTBO 3Toro qlBKTB 0KB3bIBBeTCll ,[(OBOHbllO 

cnomHbIM (nepsyro DODblTKY cnenan TaKaXBIIll1 /49/. HO ero ,[(OKB3BTenbCTBO co­

,[(epm11T 01I1n6Ky. Xoqi6ayep / SO/ nan nonHoe ,[(OK&3aTenhcTBo B cnyqae f3 

C,[(B11rOB, 11 3TO ,[(OKB3&TenbCTBO C Ml1Hl1MBHbHblMH 113MeHeHHl!MH MOmHO nepeHe­

CTH II Ha HBIII cnyqafi). Cne,[(Yll JleMMe 7, Mb! Henocpe,[(CTBeHHO nonyqaeM, 

11cnonh3Yll .nocne,[(Hee yTBepm.[(enne, TeopeMy: 

Teo.E_eMa X.2. 'liJ; ( LT,6 )- (1:,_,.o) - H30MOpqltt3M no MO,[(YHID MBHblX 

MHOmeCTB. 

KaK XOPOIIIO H3BeCTHO (CM., HBnpHMep, /34,13/), ,[(Hll ,[(HHBMttqecKttX 

cttcTeM Tttna ( L ~ , 6 ) TononorttqecKall 3HTPODttll onpe.[(enHeTCll qepe3 

acttMnTOTHKY qttcna DOnYCTHMbIX 6noKos DHHHbI fl B :r:; DHll k -= : 

~t ( !; ) = ti m l _, too t£ 
op ~-= q' 

(X.11 J 

Tenepb Mb! 3BiiMeMCll BbJqttcneHlleM TOnonorttqecKoii 3HTPODHH. nycTb 

&_ ?>' 1 If t f: D . nycTh Ji'; - MHOmecTBO BC:eX BeKTOPOB .X0 ••• X.4-_ t 

TBKHX, qTo O [ .x • ... .x._ ] 'F «p B r.T• tt (.Xo ... .x. ) OKBHqnsaeTCll 6yKBOii 
· i ,._ t i · ,,__, I 
t : nycTb N, :: cazd <f'1,, ) Tor,[(a N,_ =( N.4 )i ED€' l . MuomeCTBO. 

JI'/ nonyqnM H3 Ui J(fL ,[(06BBHeHtteM ~ -TblX 3HeMeHTOB .x, TBKHM 
,.. f . .,. 

o6p_a30M, qT06bJ / .Xo ... x,♦,] C l. T 6uno HenyCTblM, tt nocne,[(Hllll 6YKBB j 

CHOBa o/ (.Jt •• ... .X4) 6bma J . 3TO B03MOmHo ,[(Hll Bcex CHOB .:. • ... ~'A.-,€' .K'1 
e_cntt 6yKBB j MomeT nollBHTbCll nocne 6yKBbl i ( B L M ) , T. e.. ecnn Nii = 1 • 

Ho no (X.6) xl Heo6XO,[(HMO .[(onmHo COBnB,[(BTb c nepBoii KOOP,[(HHBTOii napbl. 

j f1TBK, 

i 
N,♦, 

L 
= L N1 
i:Miff 

I 

I Mi,· N, I 

iED 
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T.e. N,w"Nt,,M. (X. 11) 

Ecnn N, = (1, ••• ,. 1, 0,0, ••• J, r.[(e ToqH<? n e,[(11H11q, TO Mb! MomeM nnc&Th 

N4 m N, ( N'l· . Ho nA, .. n N4tl,= :E; NJ;, (3BMeTIIM, qTo N4 HMeeT 

TOHbKO KOHeqHoe q11cno HeHyneBblX 3HeMeHTOB), TBK qTo 

!,top ( r.;) = tim k-' too /IN, u..f/11, =-lim f fo911u..f'>"11 ,. 
k-= 1 k-= 

nocne,[(Hee paBeHCTBO BepHo DOTOMY, qTo c paCTYil(HM k MBTPl1QB N,<M1{N, 
CTBHOBHTCll DOKOMDBKTHO nonomnTenbHOii, a TeM CBMbIM CTBHOBHTCH TBKOii me 

HB nro6oM HenpHBO,[(HMOM nO,[(MHOmecTBe MHomeCTBB HH,[(eKCOB D MBTPHQbl M'. 

11TaK, Mb! nonyqnntt cne.[(yromym TeopeMy: 

TeopeMaX.3. !,t (T)=/,t ([
1
+)=/,t (L 11 )=foot(M') . op op op ~ , 

r,[(e 'l (M') - cneKTPBHbHblH PBDHYC MBTPHQbl M'. 

3aMeqaHtte X.1. Mb! MomeM DOHHMBTb M KBK onep&TOP B npoCTPBHCTBe 

scex HenpepblBHbIX CYMMttpyeMbIX c!iYHKI.IHii HB C ~ l 1, 1/z , ... J C IR. 1 
c l' - HOPM-

MOii. Tor.[(a I/Mkl/ 1 =/l(M'/cllf , TaK q,:o 'UM)='l(M') If !,top('[,;) 

= fo1 '{ (M). nocKOHhKY Lt1 \ .[ M' l!SHl!eTCl! )1 -npeHe6pemttMblM MHOmecT-

BOM ,[(Hl! nm6oii MBKCHMBHbHOii MePbl, TO MOmHo pa60TBTb TOHbKO c D II M' • 

noKa Mb! He ,[(OKB3BHH Cyll(eCTBOBBHHll MBKCHMBHbHblX Mep. nnll 3TOH 1.1enH 

HBM DOHB,[(06l!TCll HeKOTOPble CBe,[(eHHll O co6CTBeHHbIX 3HaqeHHl!X MBTPHl.lbl M'. 

Pa3nomttM M' Ha HenpttBO,[(HMbie cy6MBTPIIQbl M 
1 ,M 2

, ••• ( ecntt TO me CBMOe C,[(e­

n&Tb ,[(Hll M, TO nonyqttM CHOBB MBTPHl.lbl Mi 11 1x1 MBTPHI.IY, HH,[(eKCHpOBBHHYIO 

3neMeHTOM l OJ = C \ D ) MbI 6y,[(eM IIHTepecoBBThCll 3pro,[(nqecKttMtt MBKClt-

MBHhHbIMH Mep&MH, KOTOpble COCpe,[(OTOqeHbl HB 00,[(C,[(Bttrax 2 H' C,[(Bttra L/1. 
<llnKcttpyeM Mi= I. tt 0603HaqttM qepe3 E c D cooTBeTCTBYIOil(ee MHomecTso ttH­

,[(eKcos. nonyCTHM, qTo µ - MBKCHMBHbHBll Mepa, cocpe,[(OTOqeHHBll Ha LL 

JleMMa X.8. /49,42/. Mepa )-I llBHl!eTCll MBPKOBCKOii Mepoii, n onpe-

,[(enlleTCll COOTHOIIIeHlll!MH 

JI [ o [ 'J/o, ... , 'Jfk_,J] = 'ii.1/• Py, f, ... J}k•z V1c-1 

r,[(e 'i[ = ('il;) i EE H P= ( pij )(i,j)€ £XE - DO,[(XO,[(l!Il(He BeKTOP H M&T-

PHI.I&, YDOBHeTBOPll~Il(He ycnoBHl!M 

[ 'j[. 
ifE I 

'iii ➔ O, J=},-~o. [L;✓-=DJ *[P .. =OJ . IJ 

P.='il;· L 1i.;=f, I:. P.= f 
'J 'icE jEE 1J 

}_ 
(X.12) 

noKB3BTeJibCTBO. nycTb 'iii= j1 ( O [in, ~j = JJCo [ iJ J)j JI (o [i]). 
JICHO, qTO TBKOii Bbl6op 'ii. tt p YDOBHeTBOPlleT BC.eM Tpe6oBBHlll!M (X.12). 

nycTb m - COOTBeTCTBYIOil(Bll Mepa MBPl<OBB I ll nyCTb o( : { O l L J} L £ f. 
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I 

Tor,ua 

hJJ = Hµ (ol IV o-ko() ~ Hµ (oC /6-,o( )= Hm (o< I 6-1c;(.) = f,m , 
Ii,;,/ 

11 !,p "'J;m TOJibKO Tor,ua, Kor,ua Jl= m /51/. nocKOJibKY fl - MaKCl!MaJibHall, 

TO I,µ:?, J',m . TeM CaMblM Mbl IIOJIY'IlfJIII !,JI =~m 11, CTaJio 6bITb, Mepa 

f' z m - MaPKOBCKOro Tlllla. 

a 
K. mo6011 nape ( i,j )€ £XE, L,j= f np11coe,u11Hl!M cny'IatiHyIO BeJil!'IIIHY xij 

TaKl!M o6pa3oM, 'ITO 

x .. 7,,0 L x .. = L X--(i€E)· l. X·-= /. I/ •. LJ 1/ 1 • • 1/ 
J•I =t 1·· 1 =I IJ'L,,=f 0 ,_ii '"iJ I ' L/ 

{X. 13) 

IIYCTI, X: ( xij) . Cy1uecTBYeT OJ1HO-O[lfl03HaqHoe COOTBeTCTBl!e MelK,uy MHO-

lKCCTHa~rn Bcex ('ii, p) , YIIOBJieTBOp!IIOJnl!X (X .12 ), 11 Bcex X, Y.UOBJieTBOPl!IO-

IUHX (X.13). Ha GIMOM nene, IIOJIOlKIIB X1··='il. A,. 'ii.=Ekx,.k R1=X .. JEkX"k J L L 1 L > 11 IJ I > 
MU IIOJIY'IIIM IICKOMOe COOTRCTCTBl!e. Eonee Toro, 113 3JieMeHTapHhlX CBOl!CTB 

'JIITPOIIIIII (CM. /44/ IIJlll /34/) BbJTeKaeT, 'ITO H('il P)=-z.,·,·'il,P.tooP · 
I , I/ # LJ [fyCTb 

H rx > = - Ii/ xii to; xii + f £ 7 xi/ 1 foJ [ 1 x iJ J 

YnpalK11e1111e X.:;. Ecn11 X --- (It, P) B paMKax on11ca1111oro cooTBeT-

CTBlfll, TO H(X)=H(n, p) . JloKalKnTe. 

Ynpa)!(11e1111e X. 6. flycTb JI - MaKCHMaJibllal! Mepa '11a L. L . Tor.ua )1 
COOTBeTCTBYeT X, Y,10RJ]eTBOPlllOl'{CMY (X.13), Ha KOTOPOM ll(X) T{OCTllraeT 

CBOero CYIIPCMY~ta !01 z (M'). IloK;OKIITe. 

JleMMa X. 9. flycT1, II nocTnraeT cBoe ro cynpeMyMa R TO'IKe X. Torna 

X ij :;;, O Il-'HI nI06of1 Ta Kofi napu ( i, j ) , 'ITO J.,ij = ( 

JloKa3aTeJibCTRO (CM. nonom1e1111e) • flocnen11ee 03Ha'IacT, 'ITO cynpeMyM 

fl nocn1raeTCll BO RIIYTpe1111ef1 TO'IKe 06J1aCT1f, onpe11ene1111ofl YCJIOBll>DIII 

(X.13). IITaK, MOlKIIO IICIIOJib30BaTb MeTOll Jlarpa11lKa,c1ieayll KOTOPO~IY,f1>YHK1lll>I 

f ( X, i-. i , lt) =- H ( X) •. L ). i ( ?- X ij - ? X j i ) + )l (L. X iJ. - I ) 
lH I J l,J 

,[IOJilKHa .[IJI>I MaKCIIMaJibl!Of'O X Y.UOBJieTBOPIITb ypaBHeHlll!M 

af (X)=O, £.f_(X)=D, li_(X)=D. ax.. a}.. o3e lJ I 
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TTOCJie II0/:1CTaHOBKlf Mbl IIOJIY'IIIM COOTHOIIleHllll; 

.. L X ij = exp 0, s - Ji -z - .ie) X -z 5 : o:. s) : l-z s = I 
J-lz1=! 

(X.14) 

. ~ x.,. = .L X;·t if:£ 1 (X.15) 
J·l.··=f I J'L =t ' . LJ ' iJ 

2:: x---=f i,j:L,t' LJ . (X.16) 

B cooTBeTCTBIIII c ( X. 14) B cnytiae l 'l. s = L 'l. t = I MbI nony'IIIM 

expO,s-}.-z -_;,e) X-rs =exp(},t-;,'l-;e)XiiJT.e. x'lt = Xis exp(J,5-J,f). 
CyMMIIPYll no BCeM TaKIIM t , 'ITO l-z t = 1 , IIOJIY'IIIM 

exp(;h)X-rsZ: exp(-'At)=L X-rt 
t: '-itl t: L-itt 

11, c110Ba np11MeH11B (X.14), ecn11 L"l.S = 1, To 

exp Os) x.lS 2 exp (-').t)= exp O.s - }.'l-:£)X"ls 
t:Lt1=I 

TTOCKOJibKY X75 > ll, TO 

L. L..t exp (-)..L)=e:rp (-z)exp(-}.-z); 
tcE • . • 

1€£. (X. 17) 

CHOBa IICIIOJ1b3Yll (X.14), 

exp (-)i'Z) ~ X-rj: exp ( As -Z) X1:s, ecn11 

J 
lu= I, 

T.e. 

T.e. 

_2 _ exp (Jit)._I = Xij=exp(-X+'},s) _L. ., X-rs 
'l.LTS-1 J·LtJ I 1./.,lS 

SE:E, 

[ [exp('}, 1 )_"[_ X111Lu=e.xp(>. 1 -:r:)_'i:.._ X-rs; sef. 
UE · J=Lij° f l.l.u I • 

(X.18) 

-Jt 
113 (X.17) 11 {X.18) BhlTeKaeT, 'ITO [{JI>I co6cTBeHHOro 3Ha'IeHllll e 

y MaTpll!lbl J., IIMeIOTCll neBhlll co6cTBeHHhlH BeKTOP U = ( u'l,) ; U-z. : e:r:p 
(A,:) -r.1 X -r.j , 11 npash111 co6cTBe1111w1 BeKTOP lJ= (1'-r.J; Z,: exp(-;\,:). 

1 
Eonee Toro, < U, lJ > = :i: "l. .j X 'lj = /, 11 e::cp(-;e) 06>13aTeJibHO cosnanaeT co 

cneKTpanbHhlM pa,u11ycoM 
0

MaTPll!lhl /., • IITaK, ecnn cymecTByeT MaKCIIMaJibHa>I 

Mepa ( IL , p ) , cocper10Toqe11Hall Ha 1: i, , TO cymeCTBYeT TOJibKO 'ITO 01111-

caHHa>I napa ( U , !J) co6CTBel!HhlX BeKTOPOB MaTPll!lhl 1. (BJill co6cTBeHHOro 

311aqe1111l! ;\ = 'l ( l)) 11 < tr, V-> = f Cne.uoBaTeJibHO, 
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1l. = U· 1)-• 
. l L £ ~-✓- =lij ?J-j/A 'IJ, . (X .19) 

3HTPOITIUI '.HOH Mepbl TTPHMO BbltJllCTTHeTCH I KaK to; A : [OJ 'l (I.,) . H3 MaKCH­

MaTTbHOCTH cne.[lyeT, tJTo 'l (L J = "t ( M ) . C APYroii CTOPOHhI, HeTPYAHO 

y6emtTbC51 B TOM, 1JTO napa (ll ,P) ll3 (X.19) TTPHBOAHT K Mepeµ Ha :r,.,, 
Y KOTOPOH 3HTPOTTH51 f OJ A . CTano 6b!Tb, Mbl OKOHtJaTeTTbHO nonytJHTTH 
cne,[\ylOIIIHH pe3YTTbTaT: 

TeopeMa X. 4. ll106a51 3Pl'OAH1JeCKa51 MaKCHManbHaH Mepa ATTH :r M co­

cpe.[IOTOtJeHa Ha I,.,i , npHtJeM 't. ( Mi)= z (M). Jlm1 TaKHx Mi cy111ecT­

BYeT O,[\HO-OJ:1H03HatJHOe COOTBeTCTBHe Me~ny MHomeCTBaMH acex MaKCHManb­
HblX Mep Ha I.,.,, ll MHOmecTBOM 

f<u,tt): H M1= ''t<Ni)u, f\1i1J='l.(Mi)1'-,<u,1J->=f,u
1
;q_ 

TeopeMa X.5. (cM. /521). Ecnn 't.(Mil='l(M), TO cy111ecTayeT He 

6onee O,[\HOH MaKCHManbHOH MepbJ Ha ~Mi . 3Ta Mepa HBTTHeTCH Mepoii 

MapKOBCKoro THna ll onpenenHeTCH COOTHOllieHHHMH (X.19). 

Ynpa~He1rne X. 7. JloKa~HTe. ( YKa3aHHe: nycTb µ,, µ
2 

- nae MaKc!l-

ManbHhie MepbI. noKamHTe, 1JTO µ= r,u,+)lz)/Z - CHOBa MaKCHManbHaH Mepa. 

np11 TTOMOIIIII /J onpe.[1en11Te napy ( ft. , p "), KaK B HatJane .[lOKa3aTeTTbCTBa 

lleMMbl 8. Hcnonb3YH lleMMy 8, TTOKa~11Te, 1JTO p - Henp!lBO,[\l!MaH MaTpl!Qa. 

Cne.[IOBaTeTTbHO, MapKOBCKaH Mepa )) "' )) (fl, P) - 3Pl'OAlltJecKa51. Cneao-

BaTe]lbHO, 'Y F JI (notJeMy?). H3 3Toro OKOHtJaTenbHO TTOKa~HTe, 1JTO 

l,Y > !,fl - nponrnopeq11e, a0Ka3uaa10111ee TeopeMy 5). 

Tenepb 6yAeM, cneAYH Xoqi6ayepy /45/, 

CIICTeMaM11 (X,T), r,[\e X=[O.f)= u~ I,· 
Lrt 

IIHTepecoBaTbCH AIIHaM111JeCK!lMII 

, a I; - nonapHo Hene-
peceKa1011111ec51 OTpe3KH, Ha KOTOPhIX T / Ii HBJrneTcH HenpepbIBHhIM ll n1160 

CTporo paCTYIIIIIM, TT!l6o CTporo Y6b!Bal01I1IIM. CHoBa IlPllHHMaeM npeJ:1nonomeH11e 

0 TOM, 1JTO Cl!CTeMa ( If, ... 1 In ) - TOTTOTTOl'!ltJeCKaH 06pa3y10I11aH ll 1JTO 

!,t ( T > > 0 . OcHOBHaH TeXH!ltJeCKaH TPYAHOCTb 31:\eCb COCTO!lT B TOM' 1JTO op . 

f - pa3no~eH11e <p ATTH HacTosi111ero T11na npeo6pa3oaaHHii He coxpaHHeT 
YTTOPHAOtJeHHH (T.e. lleMMa HeaepHa). 

Tenepb KPaTKO on11rneM MeTOA, Il03BOTTHIOllll!H npeo.[loneTb 3TO 3aTPYAHe­

HHe. rpy6o roaopsi, OCHOBHOii MblCTTblO MeTona HBTTHeTCH TTOCTpOeH11e KYC01JHO­

B03pacTa10111ero npeo6pa3oaaH11H S: [O,f] - [0,f] TaKoro, tJTo (X,T) 

6yneT ciiaKTOPOM (X, S ) , T. e. caeneH11e npo6neMbI K Cl!Tyan1111, KOTOPYIO Mb! 
y~e 113yqan11. 

x) 

Mbl npmieneM np11Mepu TaKoro pona KOHCTPYKQHiix). 

--------------------------
Ha 3TOM KOHcneKT neKQHii, nonrOTOBTTeHHblll ill.lliyHHOM K IlPOtJTeHHIO B 
na6opaTopH11 TeopeT111JecKoii qJH3llKH OHRH, o6puaaeTcH. 
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