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P17-83-363 

B MaTeMaTH4eCKY~ ¢H3HKY 

neK~HH COAep~aT 3neMeHTapHOe BBeAeHHe B KOHCTpyKTHBHy~ MaTe-
6eCKOHe4H04aCTH4H~X CHCTeM H, B 4aCTHOCTH, B TeXHHKY Kna

KOTOpaR RBnReTCR B HaCTOR~ee BpeMR OCHOBH~M HHCTpyMeHTOM 
o6naCTH. 113neMeHTapHOe BBeAeHHe11 03Ha4aeT, 4TO AnR nOHH

-..eo6XOAHM MHHHMYM 3HaHH~ H3 TeOpHH BepORTHOCTe~ H ¢YHK1.1HOHanb
TOrO, ace nocTpOeHHR npOHflfl~CTpHpOBaH~ Ha npHMepe npo-

HO~ MOAenH.- MOAenH H3HHra. . 

.... monHeHa a Jla6opaTOPHH TeopeTH4eCKO~ ¢H3HKH OHi!H. 

CO,w;.:PlKAHHE 

~CTn I .. rKEECOBCKOE ITO~E 

1. TepMoztwaawzqecKHfi npezte1!:&H!lt;\ nepexci.zt 

Mozte1!:& Hazara. HepaBeHCTBa rpH~HTCa. Cy~eCTBOBaHHe TepWOztHHa

MHll:6CKOrO rrpeztena. 

2. ~aaoBHe nepexoztH I pozta 

MapKOBCKoe.cBot;\cTBO. CHcTeMa ycnoBHHX BeponTHOCTe~ H rpaHHll:HHe 

YC1IOBHH •. Tpaac<IJep-MaTPHUa B paawepHOCTl'I I, apry!.leHT rranepnca.-

3. MeTozt KnacTepHHX paano~eHHfi 

ll6Tblpe OCl1!aCTH lt118CT6pH!lX pa31!0~6HHi1. K1JaCTepH06' npeztCT8B1!6Hl'I6 

CTaTHCTHll:ecKo~ cy!.IMH. KoppennUHOHH!le ypaBHeHHH H wx pemeHMe. HBHbl~ 

BHzt ll:1!6HOB pa31!0~6HHH. 

4. K1!acTepHHe paano~eHHH (npozton~eHwe) 

EztHHCTBeHHOCT:& w aHa1!HTwqHocT:& B o6nacTnx I H IT. Paano~eHHH 

.. --------------------------~~~---------------------{ B OCl1!8CTH <lJaaOBllX nepexoztOB. 0Cl1!8CT:& lY: CKaqQK HaMarHMqe~HOCTH. 

P17-83-363 5. ·Teope!.lll HHra-~H H aH81IHTHqecKoe npozto~~eHHe 

Introduction to the Ma thema ti ca 1 Physics CBOClOztHan aHeprHn. AHa1!HTHqHOCT:& npH f.t-/:. 0 • AH81!HTHqecKoe 
icle Systems · · 1 

. npOztOJJ~6HH6 K1!8CT6pHOro pa3JJ0~6HHH B OClJJ8CTl> 1'1. -# 0. 
ure notes conta1n an elementary introduction to the construe-

cal physics of infinite particle systems, and, in particular, 6. Y6uBaHHe KoppennuH~ 
expansion technique which is, at present, the main tool of 
.subject- Elementary means that the reader is requested to CBO~CTBa y6HB8HHH KOppeJJR!ll'IH. CH1!l>Hil6 OQeHKH ce!.IHl'IHBapHaHTOB. 

n1m~m amount of knowledge of probability theory and functional 
bes1des! ~hat all constructions are illustrated on the example CxoztH!.IOCT:& peHopwrpynn~~. 
t nontr1v1al model, the Ising model. 1 ?. TpaHctJ>ep-uaTpHUa 

. . I 
lgat1on has been performed at the Laboratory of Theoretical · CToxaCTHqecKaH nonyrpynna B <lJHaHqecKOM rHJJ:&ClepTOBO!.I npocTpaHCTBe. 

£aawc. K1!acTepHOcT:& TPaHciflep-!.laTPH!lll. 

~CTn IT. JlHHAMill<A 

8. KBaaH1!0Ka1!l>HHe CTPYKTJpH: a11re6pH H ztHHaMHKa 

H~KOMMJT~THBHaft TeopHn BeponTHOcTe~. KBaa~OKa1!l>HOCT:&. A1Ire6pH: 

, cnHHOBan, KAC, KKC. JlHHaMHKa H rpynna CHMMeTpHH. C~ecTBO~aHHe ztH-
~ Ha!.IHKH. 

9. KBa3H1!0Ka1!:&HHe CTPYKTYPH:cocTOHHHH 
3 



OcHOBHHB M KMill-COCTO.HHHH. ,_~HBHtiBCKIDi rallMLTOHHaH. XapaKTBPH-

aai.tHH paBHOBBCHf.IX COCTOHHml. C.YJI{8CTBOBaHH8 1 8Z!HHCTB8HHOCTL H 

KnacorepHOe-pa3JIOX8HH8 KMill-cOCTOHHml B BHCOKOT8Yrr8paTypHOI oonaCTHo 

MOZ!YliHPHHI orrepaTop. 

IO. EBRJ.a~OB IIOZ!XOZ! K HBYll8HHD OCHOBHHX COCTOHHHH 

MoZ!enL Hawara c aerrpepHBHHil BpelleHell. TepllOZ!HHallHtJecKHI 

IIP8Z!8J!LHbll rrepeXOZ! Z!J!H OCHOBHHX COCTOHHml. KJ!aCT8PHH8 Oll8HKH. 

II. KapTHHa KBa3HtJaCTHI.t 

DZ!HOtJaCTHl!Hble IIOZlrrpocorpaHcTBa. TeopMH paccenHHH. 

]lOIIOJ!HEHllii 

I~ CeMHHHBapHaHTH 

II. Orreparopable anreopu. AJireopu IJaTPHI.t B a~atrax 

4 

8Ta paOOTa BOBHHKJ!a Ha OCHOB8 JIBKI.tHtl, tiHTaBIDHJCC.H aBTOpOM Ha 

yexaHHKO-IlaT8YaTHll8CKOM \PaKyJILTBTB MrY, B J!aoopaTOPHH T80p8THll8CKOH 

wuaHKH OHHH H Ha paanHtrHHX mKonax H KOH\PepeHI.tHHX B I?78~88 ro11ax. 

B COBP81l8HHOI KOHCTPYKTHBHOH YaT81laTHll8CKOH \PH3HK8 08CKOH8t!HO

qaCTHllHbiX CHCT81l llO~HO BbiZ!8J!HTL 4 OCHOBHHB rrpOOJ!Silbl: 

I) IIOCTp08HH8 KOHKp8THOH MOZ!8J!H B 6eCKOH8llHOil OO~eMe, tiTO 

CB.H3aHO C OOOCHOBaHH81l T8pllOZ!HHallHti8CKOrO rrp8Z!8J!LHOrO nepeXOZ!a H 

HBytieHH81l CBOHCTB IIOCTpOeHHOH MOZ!81IH; -2) B P.HZ!e cnytiaeB rrepBa.H npoonella Ha-aa MeZ!neaaoro youBaHHH 

KOppen.HqHi\ OCJ!OXHH8TC.H HH\PpaKpaCHOtl paCXO,IUIMOCTLIOi 

3) ynLTpawHoneToBan pacxo~~ocTL; 

4) npoonella aCHMIITOTHll8CKOtl ~OnHOTbl HnH,tiTO TO X8 CaM06 1 OOOC

H0BaHH8 KBaBHtiaCTHt!HOH KapTHHbl B6l!I8CTBa - "mo6oe B8l!I8CTBO 8CTL CO

BOKYIIHOCTL H8BBaHMOli;8!'\CTByDIIIHX_KBa3HtiaCTHI.l11
o 

UenL JieKI.tHM - ltaTL sJieMeHTapHoe BBSZ!BHHe B I H 4 rrpo6Jiellbl n B 

T8XHHKY KJiaCTepHbiX paanOX6HHH 1 KOTOpa.H C6HtiaC HCIIOnL3Y8TC.H IIPH mTyp

ue BC6X tiBTblpex rrpOOJI81l. 8JI8!.!8HTapHOCTL 03HatraeT, BO-II8pBbiX1 llHHH

uyll 3HaHHtl HB TeopHH BepoHTHOCTel H \PYHKI.lHOHaJILHoro aHaJIH3a -

qacoro rrpHXOZ!HTCH BHZ!STL,KaK aacTpeBaiDT BO BHYTPSHHnx rrpooneuax 

TeopHH Bepo.HTHOCTetl H \PYHKI.tHOHaJILHoro aHannaa, TaK n He Z!OXOZ!H 

Z!O llaT8YaTH1:!8CKOi\ ~H3HKH. 

BO-BTOpbiX, anell8HTapHOCTL OBHatiaeT BbiOOp IIpOCTetlmen H8TpHBH

aJILHOI llOZ!BJ!H - MOZ!BJ!H HBHHra. 

PaooTa pa3Z!BJIHeTC.H aa Z!Be tracrH: rrepBaft traCTL (neKI.tHH I-7) 
' 

TpeoyeT TOJILKO 3HaHH.H BJI8M8HTOB TBOPHH BepOHTHOCTen. BropaH llaCTL 

(JIBKI.tHH 8-Il) IIOCBHI!18Ha pa3JIHt!Hblll IIOHHTH.HM, CBff38HHbiM C ltHH8MHKOtl 

B COCTOHHHH1 0JIH3KOM_K paBHOBBCHOMy. 

B Z!OIIOJIHSHHH I Hanaramcn aeooxOZ!Hl~ble cBeZ!BHHH H3 TeopHH 

ceumm:iiap~mHTOB. B Z!OIIOJIHBHHH n - HB TeOpHH c*-anreop, a TaKXe 

PHZ! 3~aq, rrpeZ!naraBmHXCH Ha C6MHHape ltnH CTYZ!6HTOB 2 Kypca. 

HHKaKHX HCTOpHtr6CKHX H 6n6nHorpa\fJHtr8CKHX CCblnOK He :n;aeTCH, 
. 5 



3a sTHM uu oTcunaew qnTaTene~ K woaorpa~HHM, opnrzaanLauw H o6-

aopauu pa60TaM1 rrpHB8~8BBUM B CilHCK8 nHTepaTypu. 9TOT CilHCOK 88 

rrpeTeB~yeT Ba nonBOTY Ill COCTaBnHXCH B OCHOBHOM H3·C006paxeHHH 1 qT0-

6l:l B ~oii II3 nepel!liCJIBHH!:lX pa6oT 6Wia ,Ita.Ha IlOJIHaJI 6n6Jmorpa!JiWI. 

ABTOP 6naro~apHT CBOHX Konner na MrY H OHnH, cnymaTenen H 

yqeBHKOB sa ~8BBH8 COB8T!i1 IlOMOmD Ill BHHMaBHe. 

6 

~CTb I~ rR66coBCKoe n~e 

1. TEPMOnHff!MHqECK~ TIPEnEn1HU~ TIEPEXOn 

Mo~eJID H311!Bra~ HepaBeBCTBa rpH~HTCa. CymeCTBOBa811!8 Tepwo~H

• aaunqecKoro npe~ena. 

PaCCMOTPHM pemeTKY z~ - YH0llt8CTBO TOqeK t. = ( t 
1
, •.• J t. j)) 

9BKJIH,Il;OBa npOCTpaBCTBa fR v C qenoqHCJI8HHUMH KOOp~HHaTaloiH. 
~ 

IlyCTI! A - 11 Kyei" B Z c qeaTpoM B aaqane ·Koop~HHaT, T.e. MHOlKe-
. . J 

CTBO ToqeK ~ , Koop~HaaTH KOTOPHX no uo~ynn ae rrpeBocxo~HT IV , 

r~e tv - aeKOTopoe ~enoe nonoJKwreJibaoe qHcno. . 
. ""'(IL) i\. 

Ey~eM rOBOPHTb 1 qTO 38Jt8Ba KOH~HrypaUHH 0 B 1 6CJIH 

KaJK1.tO£t Toqxa t<= A rrpii!IlHcaao ql/lcJio ~ , paBaoe I Mill -I. Koa<])n

rypanllltt Bcero ~/AI, jA/ - q111cno ToqeK B A • 

BBe~elol B8POHTHOCTH KOB<])Hrypaqllltt 

~ ( 6' (1\)) = i e~ ( ~ u" ) ; 
i'\ 

_(I. I) 

11 = . - ( -h. L: b t. + Jt 'L E\ b.c' ) 
1\ t.e 1\ { t.,t.'J c:: 1\ 

.J ( t, t.')= 1 

Ha3HBa8TCH saeprHeft KOH<1)HrYPalllllH E)(t\) = ( <)t \.e 1\ , .f( f., i.')-
-paCCTOHHH8 Me~y T.OqKallH f_ Ill f. I. B .lleTpHK6 . j>( t, t') = 

~ L '~I '> = . t~ I t - f • TaKHe (aeynopa~oqeaal:le) napu ~ t..J t. J 

aa3l:lBaiOTCH napauH 6nmKattmnx coce~ett. B (I. I) li,.Jl - BemecTBeaaue 

napaueTpH llO~enH. CnytmJ1 Jt ~0 COOTB6TCTBY6T TaK 883!iBa6110A 

<1)eppoMarBHTBOti MO~enH H3HHra. Ero B OCBOBBOil llH Ill 6y~elol paCCiolaTPH

·:eaTD. HeBHBBHA aopunpyiDmHti MHOlitlllTenD Z:A BHCilllpaeTCft IllS ycJIOBIIlH 
····:~c-:····~·-~""--···~·;~~ .. -~T~")f·::-~1'.--- .. --··'" ....... ·- . ·····. 
' Oa Ka3HBa6TCH CTaTHCTHqecKOtt CYMilOtt, Hrp86T BalltHettmyiO·poJID B ~an»-

7 



uenmeu H paBeH,TaKHY o6paaou, 

Z = 2::: e.x p (- U") , 
1\. ()(/\) 

r~e cyuua-rro BCBY KOH~HrypaUHHY. HarrOYHHY; liTO 11/\ 6CTD ~YHKUHH 

Ha MHOlK6CTB6 KOH~HrypaUHI't B J\ 
_Pacrrpe~eneuHe BepOHTHOCTen (I.I) Ha3HBa6TCH rH66COBCKHY pac

rrpeneneHMBY. BepOHTHOCTen B 1\ 1 COO'rB6TCTBYI0!1lHY YO~enH }1aHura. EcnH 

BHCipaTD aueprmo BaaHuo~eHcTBHH UA HHalle, TO rroJiyiiHTCft ~pyran 

Y01(6liD. 

KoH~HrypaUHB TenepD CTaliH CJiy'laHHHMH, a 6t - CliyllaHHHYH Be

JilJqHHaYH. llpH <!TOY, uanpHUep, 

P
11 

( ot = :1 ) = ::2 PA ( G' ( 1\)) • 
" ()("): 0!.=1' 

BBeneu cny11anuue BeJIHIIHH~ 

6 = /l 6' Tc:.f\. 
T {E T t ) 

MaTeua_THIIecKoe OJKHAaHHe M 6'T no pacnpeneneum ~ nanee 

y,noCino o6o:ma"<IaT:& R8.K((:>T )1\ • Harrp~rtuep, 

/....crt >" p ( cS = 1.) - p ( c =- i) 
(\ t " 1\ t ' 

< CIT)/\ HaSHBaDTCH KOppeliHUHOHHHKH ~YHKUHHMM (HliH YOKBHTaYH). 

3anaqa I. I. Jiycn. :n;auo unoxecTBO T ==- f i.1 >-- ·, t" J c 1\ • 

n JlOKaaan, liTO 11 KOHeiiHOYepuue pacrrpeneneHHft11 pi\ ( Dt1: 0p· ) ot;~) 
B~paxaJOTcu ·B B~e nHueHHllX Kow6Huarurl <. GT, >A > T'.;;; T • 

HaHT!rt KOS~~HUH6HT~ CT' B ~opuyne 

8 

P ( <Sf = ~ )---~ 6f = ~) = L c_, < GT, > . 
II 1 ~ -' T ' ./\. .,. I~ 

(1.2) 

YKaaauHe. PaccwoTpeTD 

n. 

<. n 
t-=1 

( bi:· 
L 

+ 6.)>. 
L A 

CIIHTaBTCH, 'ITO -6¢ 1.. 
<llHKCHpyey TenepD T ~~ Ciy~eu YBBliHIIHBaTi. A : J\ r z~ t 

T. e. N ._ oo .• Ecmr w cuoJKeu ~oKaaaTD CYJ!leCTBOBaHHe t~m. <. 6'T >A, 
TO MOlKHO Cl(eJiaT:& B~BO~, liTO KOppeJIHUHOHH~e ~YHKUHH (H KOHeiiHOYep

HHe pacrrpe~eJieHHH) IIOIITH He SaBHCHT OT J\ rrpH 6on:&mHX J\ • 

TaKoH rrpe:n;en:r:.uun nepexo~ naauBaeTCH Tepuo:n;HnaYHIIeCKHY npe

:z~;en:r:.nuu nepexo:n;ou (npe:n;en 6on:&moro IIHCJia CTenenel't cBo6onu c:;)t ). 

B OCTaBmel'tCH llaCTH JieKUHH YH l(OKaJKeY 

Teopeuy I. I~ EcnH ~ ~ 0 , TO :n;n11 Bc~;~x (Konelln~x) T cyll(eCT

BYeT TepMOZJ;HHaYHIIeCKHlt npe:n;eJI KOppeliHitHOHHLrx flJYHKUirtM ~ 6T) II .• 

PacCYOTPHM CHallaJia KpaltHHH Cliyqan ~ = 0 • 

8a:n;a11a I.2. JloKaaau, 'ITO rrpH ~ =- 0 

It -ft ITI 
( e -e ·) 
·e~+e 11 < 6'T_ >A = 

He SaBHCftT OT J\ -~,aHaiiHT,TepYOZJ;HHaYHIIeCKHH rrpe:n;eJI TPHBHali:&HUY 

OCipaaou'cyll(eCTBYeT. CnyllaHHHe BeJIHIIHH~ Clt HBJIIIJOTCH B3aHYHO Heaa

BHCHYHYH ITPH KOHBIIHllX A H B npe:n;ene. 

.ltOKaJKeM, liTO :n;nH fl( > 0 MOlKHO orpa!IlJqHT:&CH CJiyqaeY 
; 

ft ~0 • 

.3TO BUTeRaeT ll3 CJie~ COOTHOilleHHfi. 

·:CHMKeTpHH. Yt~reM aaBHCHYOCT:& OT fJ .. H fz. , o6oaua11HB 

PI\ = ~ P.. h. .;II.1m JII06oii KOHi])Ili'Y!l~lli o(" l · o6oanatmM "<Iepea- o CA) 
) Jd) 

9 



KOH~HrypaqHD1 B KOTOpOA B K~OM TO'IlK6 H3U6H6HU 3HaKH. TaK06 

npeo6pa30B8HH6 HRnfi6TCH B3aHMHO O~H03Ha'llH&K OT06paxeHH6K MHOX6CT

Ba KoawnrypaqnM aa ce6H. Tor~a 

p 1\,~Jz ( G(")) PA,Jt)-11. (-6"(")), (1.3) 

z" rz = z p 
>jll "·Jl>-n 

( 0 T ) h , 6CJIH 
/\, ~,-

JTj qeTao, 
<6 > = 

T '\~;ft. [ -
( 6"T)A>,l3->-h 

' 6CJIH I Tl H6'1l6THO. 

B qacTHOCTH,npH ae'lleTHOK' fTI 

= o. <.. 6T )/\>Jl> o 

-~aqa I.3. ~OKaaaT:& CBOMCTBa CHMM6TPHH, 

~Jilt ~OKa3aT6JI:&CTBa T60pew HaK ll0H~06HTCH ;ltBa HepaB6HCTB8~ 

Jleuua I. I~ IIycu J'a' , ft ~ 0 • Tor~a nweJOT wecTo 

nepBOe HepaBeHCTBO rpn~HTCa: 

<. <5 ) . ~ o, 
T 1\ 

PI BTOpoe HepaB6HCTBO rpll!qqJHTCa: -

( 6T OT' )/\ - ( 0 ) <._ 0 1) ~ 0. 
T 1\ T 1\ 

(1.4) 

(I.5) 

Hall STa Jrellua llOH~OC5HTCft ~axe ~JIH 601166 OC5Dtei! CHTyaqHH, 

Kor;n;a __ f\ ~ np0H3BOJI:&H06 KOH6'1lHOe JIHOX6CTBO (He OC5H3aT6JI:&HO . no;n;

IIHOX6CTBO pemeTKPl~SHeprHn KOH~II!rypaqii!H ()(/\) HII66T B~ 

10 

( 2.:: 1z-t. o-t + 2:: '~H' G'i Gt' )'; 
f:.€.1\ {t>t.')cA 

--u/\ < (1.6) 

MH BB6JIH MHOrO napaKeTpoB ~t~o, .fttt' ?o,r.D;e!'t.,t'J-ae·oe5Haa..;. 

TeJI:&HO 6JIRXaftmHe coce;n;H. 

l11H ;n;oxaaaTeJI:&cTBa (1.4) aa~o npoBepHT:& 

. L 6T exp (-:- u/\) ~ o. 
()(/\) 

X o= n. 
PaanoxHM aKcnoaeH'fY e B PH~ L: :x, · w ll K~OII 'I{Jl6He 

n=O tt.. 

pg~a pacKpOell CKOC5KH. TI011Y'IlHII CYMIIY 'I{Jl6HOB BH;n;a 

consi. 2: {)· 
()(/\) . A ' 

r~e cons·t > 0 • Ho BB~y 

L: 0 = 0 
· G =±.1 t. 

t. 

(!.7) 

nocne;n;HHJI cywwa ecn eyn, ec11P! A i= ¢ • TaKHII o6paao11, w nony

'llaell cyuyY 8eoTpHqaTe11:&HNX 'llHCe11,H (!.4) ~oKasaao. 
~11ft l{OKa3aT611:&CTBa (!.5) paCCJIOTpHII ;ztBa H63aBHCHJI&X O;ztHHaKO

B&X aKaeunnapa uo;n;eneA c BaaHuo;n;eMCTBHeu (I~6). 06oaHa~ qepea 

~~ ~ B6JIH'IlHH&1 COOTB6TCTBymlltP!6 ST~II ~YM 3K36~ftpau. COB-

M6CTHaJI, BepOHTHOCT:& KOH~II!rypaqd 6(/1) H . O(ll) 3allHm6TCft ll llH21;6 

p (6(1\) G(l\))=_i_· e.xb(:L-h_ (6'+6"t)-r (I.B) 
1\;A > :2~ I t t 

. ' 1\ - -

-t- z: _f6tt.' ( ~ 6't' t. ~ ~' ~. 

II 



L 

BB6A6Y HOBHe nepeueHHHe 

5 =·~ +(j-
i. ~ t 2 = t ~ -tlt. 

Tor~a (1.8) neperrHmeTcff B B~e 

-}!_ ex..p ( L h.t ~t + L: ~I ( ~t~t!+ ~zt')). (1.9) 

" 
3a~aqa 1.4. noKa38Tb 1 'lTO 

< ~T Zr 1 > ~ 0 • 

YKaaaaHe. 3aMeTHT:&, 'lTO '5t 'Zt = O, H nOBTOPHTb :otOKaaaTe1!bCTBO 

rrepBOrO HepaBeHCTBa rpH~HTCa. 

3aM6THY Terrept., 'lTO 

< ~ Q'T,' ~\ ---:- <. 6T)II < 6T,~ = ~ < ( E\- GT) { 6T,-6T;)~ ' 

Til.!{ BB~Y H63aBHCHYOCTH 

< oT oT, > = < or > < f1 ., > = < G > <- 6 ' > 
1\ 1\ T 1\ T 1\ . T 1\ 

~ 

EcnH w Tenepb cuolKeY rrpe~cTa~H'l'l> GT- 6'T B BH~e uaoroqneaa 

O'l' St, 2t: c HeoTp~aTeJibHhlMH Koa@i~eHTru.m, TO. c Y'!9TOM 38$1-

.'lH 1.4 BTOpoe HepaBeHCTBO rpH~HTCa 6y~eT ~OK838HO. 9TO. npe~

C'l'8B116HH6 OCYDt6C'l'BHU HH~yKqHel\ no 'lHC1IY TO'l6K IT/ • nnn IT I:::: 1 
HU66M Ot--~ = if: • 1-iHltYKTHBHHft mar rrpOBe:n;eu, HCIT01!b3YH ~Ba. 
O'l6B~HHX COOTHOmeHHH (qepea t 3A6Cl> 0603Ha'la6TCH UHOlK6CTBO 

H3 O~HOft TO'lKH t ) : 

G +6" =-i[(<S+6')(61-o)+(o-fi=')(o-?)] 
TUt TVt i T T t _ ~ _ __ 3 T.. _t~ t ' 
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6 - 6 = .J.. [ ( 6" + o ) (fl. -7 ) -t (6" - <? ) (o + '(? )1, 
TUt TU-t. !l. T T t t T T t tU· 

Bepaeucn Terrept. K ltOKaaaTen:&cTBY TeopeYH 1.1. 

3a~aqa 1.5. BH'lHCJIHT:& npOH3BOD;HHe·(B MO~enH 1.6): · 

~ ( 6T >/\ = 
a-fie 

1) 

~ < s > 
~H' T 1\ 

< 6_ 6 ) _ < 0 > <. 0 ) .::. O (I. I0) 
l i:l\ T 1\ tl\-' 

== ( 6 ({ ~ t > - ( G'_) <. ~ (i' t) ·~ o. 
Tttl\ 11\ tt 

Sauenu Terrepb, 'lTO pacrrpe:n;eneaHe B A MOlKHO pace MaT pH-
' I 

B8Tb KaK pacrrpe:n;eneltHe B 1\ =>A , ecnH B3HT:& B 1\ 
.'3 .. ~ -

o,i~!\, )16' t,i't.f\, 

l Q B OCTaJ!bHHX 

cny'laHx: 

-ht=~:h t (:;: f\, ]6 tt .. ' = 

TaKHM o6paaou, rrepexo:n; K 6onbmeuy o6~euy aKBHBaneHTeH yBe

JJH'leHMIO . -h_i; H .fott..' B H6KOTOpbiX TO'lKaX. \-is sa:n;a'lH 1.5 H BTO

poro aepaBeHC'l'Ba rpM~HTCa cne:n;yeT, 'lTO rrpH TaKOY yBeJJM'leHHH 

< 6T .>1\ ~ <.. 6 r > f\ 1 
• 

TaK KaK J <. 6T >A I ~ i , ·TO uoaoTO_HHaH no i\ .rrocne:n;oBaTen:&aocT:& 

< ElT~ HMeeT rrpe:n;en. Teopeua :n;oKaaaaa. 

9TH rrpe:n;eJJH 0603H8'la!OTCH <. o;. > H Ha3HBaiOTCH rrpe:n;eJJbHHMH 

KOppeJJHqHOHHHYH ~YHKqHHMH. 

3a:n;aqa 1.6. ~CITOJ!l>SYH aa:n;a'ly 1.1,D;OKa3a'l'l>, 'lTO KOH6'lHOUep

HHe pacrrpe:n;eneHHH TaKJKe HMeiOT rrpe~eJJH H o6paayiOT cornacoBaaaoe 

ceuel\CTBO.KOHe'lHOMepaHX pacrrpe:n;enealtrft. 

no Teopeue KonuoropoBa aTo onpe:n;enne'l' CHCTeuy cxyqal\HHX Be-
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y 
JIHllHIJ <Ji !Ja pemeTHe Z t 1Ja3b1Ba8MYIO (rrpezteJI:&IJI:IM) rH66COBCHHII 

cJiyllallllbiM rroneu (uozteJIH Mawara). 

KourraKTIJOCTI>. ~OKa3aTeJII>CTBO CJm8CTBOBaiJHfl npezteJII>HOll TOllHH 

cHcTeMll <. 6T~ rrpoBoztHTCfl HecpaBaeaao rrpo111e. CucTeua KoHellHI:IX 

uaoJKecTB pemeTKH Cll8THa, II ee MOJKHO IIP?llY1.19pOBa.T:&: 7;_ , "I;_,.. • • 
. .Bbi6epeM IIOZJ;IIOCJI8ZJ;OBaTeJII>IJOCTI> 1\ c 1\ ll.n c... TaKyiO, llTO 

n.. 

<. 6T )1\ HM88T rrp911;8JI < ~ ) • H3 IJ88 Bbl6epe!l IIOZJ;IIOCJI8ZJ;0-
1 n :1. 

BaT8JII>IJOCTI> TaKyBl, qr.o ( OT2. > 1\ tU.I89T rrpezteJI H T. ZJ;. (ztHaroaaJII>IJbl~ 

rrpouecc). ITonyqeaHaH rrpezteJI:&aan cucreua < oT) TaKJKe orrpeztenneT 

cJiyqallaoe none. 

2. ~aaoBue rrepexoztu I pozta 

MapKOBCKOe CBOllCTBO. CHCT8Ma YCJIOBIJbiX BepOflTIIOCTe~ H rpaHHq

HI:Ie YCJIOBHfl. Tpaacwep-MaTPHQa B paauepHOCTH I. ApryMSHT rranepnca. 

HaaoBeM rpaaHuen "d A MHOJKeCTBa A c zv uaoJKeCTBO ToqeK, 

OTCTOfli!IHX OT A Ha paccTOHIIHH I : 

o A = [-I:: J ( A1 -!:) = i j . 

PaccMOTPHM uozteJII> VI aHara B 1\ : nycn A, B c 1\ , rrpHqell 

AnB=-¢, oAc.B • 06oaaaqHu KpaTKO ~ ( ef(A) I {f(B~ 
YCJIOBIIYIO BapO!ITIJOCTI> TOro, qTO ot ) tE: A) HI.I8IOT orrpezteJiaiJHble 

,-- I 
aaaqeHUll _ 6't rrpH ycnoBHH, qTo ~' , t E: B, HMaiOT BB.AaHHble aHa-

qeaHH ot' . 
JleMMa 2. I. 

Pi\ ( Ef(A) I 6U?.)) = PI\ ( (SlM j6(aA))-

(2. I) 

-:-e_:x.-'-p---'(,.__-_U__,A~(_o_C_A>..:._) -----.:'!:!:A , B (o (A)> () (B)))_ 

-~ 
()(A) exp ( - UA (o (A)) - 11A. I B ( u(A)) 6 (B~). 
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flepB08 paBaHCTBO 1Ja3b1Ba8TCH uapKOBCKHU CBOfiCTBOil, BTOpoe -

- rH66COBCKHM CBOllCTBOM (ztJill ztaHIJOfi MOZJ;8JIH). 

llbl o6oaHaqJ.Inlf B (2.I) aaeprHIO B3aHMOztencTBHfl ue~y KOHWHrY-

paUHflMif C)CA)If ()(B) . 

'LLAlB (6(A), G(B))- - !t.Jt L Gt ~I 
i.<=A i.1E.B 

J 

J>(t) t'); i 

~OKa3aT8JII>CTB0 JI81lMbl rrpOBOZJ;IfTCfl rrpHMHU BblqHCJI8HH8U. 

06oaHaqan G == 6' (1\-(AliB)), Hueeu. 

. -(A)/-(8)) p (6(A)=o(A)6(Bl_6(B)) p (6" - o = A > - · _ 
{\ . PI\ (G(B)~G(B)) -(2.2) 

=[ L exp {- V ( G'(A))- lL ( (f(A) G. (B))- u_ (G'"(~k) 
6

. . ,A A, B ) . . . 8
1
/\-(AVB) • 

lli\-(AU8)(6)}· [ ·-t) ~ e:x:p ( -'tlA(olA~~ 
G . . . -1 

. - U. (o(A) ()(B))- U (6'(8~6)- 1J . (6)] 
A,B ) B) /\-(AU8) 1\-(AlJB) · 

OTCIO~a,coRpal!lall Ha ~ , rronyqaeu rrpaByn qacT:& (2.I). TaK KaK 
... 0 

OHa He • aaBHCHT OT 8 , TO .[IOJiyqaeU H nepB06 paBaHCTBO (2. I) • 

Jieuua ztOKaaaHa." 

Mbl BH~HU1 ~TO YCJIOBHbla BepOHTHOCTH (2.I),B. OTJIH~He OT 6esy

CJIOBHbiX1 OCTaiOTCH IIOCTOllHHHIIH IIPH yBeJiHqaiJHH J\ H, 3HallHT1 COXpa

HHDTCH B TepUOZJ;HHaMHqeCKOII rrpe~eie. 

Orrpe~'eneHH8~ CHCTeua CJiyqalr!HbiX B8JIHqHIJ 6-t. ' i.E z~ (T.e. 

cnyqalr!Hoe none) aaabiBaaTCH rH66coECKHM cnyqallHbiM rroneM (uozteJIH 

Ha~HHra), ecnH ~Jill JIIl6biX KO HeqHbiX A H B , TaKHX, qoro A I) B = ¢ 
H "JJ A c B, HYeeT uecTO (2. I) (6es HHl{eKca 1\ ) • 9To onpe~ene-

Ime rrpHH~EllKRT P .JI • .IJ;o6pynmHY. 

15 



B JieKI.UUf I .IW noCTPOIUIH ZP!fl Ka.lltZlOrO f6 H -ft. 01.1;80 TaKoe none. 

CYllleCTBYJOT JIH :n;pyrHe? 3aalieHHH ( J5' ! /,_. ), :n;nH KOTopmc rz66coBcKoe 

none He e:n;HHCTBeHHO, aaa~BaiDTCR TOliKaMH ~aoBoro nepexo:n;a I po:n;a. 

Teope~~a 2. I. EcnH Y= i , TO rH66coBcKoe none e:n;HHCTBeHHO ;zVIH 

BCeX ( Jl , { ). 
ITpw Y ~ i, ecnw /;_ i=O MH fz. ==-0 H JY MaJio, TO rH66coB

cKoe none e:n;HHCTBeHHO. 

EcnH Y ~ 'l. , 1i_ = 0 H Jx 1l;OCTaTOliHO Be:nHKO; TO _rH66COBCKOe 

no:ne Hee:n;HHCTBeHHO. 

B aToli :neKqHH w :n;oKaxeu nepByiO H TpeTI>IO liaCTH Teopew. BTopaH 

liaCTl> 1l;OKa3~BaeTC!i B.KOHqe :neKqHH 5. 

0Ka3NBaeTCH1 liTO 3110606 rH66COBCKOe no:ne MOXHO nOCTpOHTl> Tep

!.l01l;HHaMHli6CKHM npe:n;e:nl>HNM nepeX01l;OM, 9C31H H9CK0311>KO 06o6mHT1> nOHH

TP!e rH66coBcKoro pacnpe:n;eJieHHH B A • 
~(o/\) 

~HKCHpyeu KOHcpHrypaqmo 0 Ha oA H onpe:n;e:nHM rH66COB-
. · --CoA) 

CKOe pacnpe:n;e:neHHe B Jl C :n;aHH~MH rpaHP!liH~MP! yC:nOBHHMH _E) 

PI\, 6' (o/\) ( 6' (A)) = ± exp (-1LI\ ( 6'(1\))- U (I» (I\~ 5=(~t\))). 
~1\ 6C~A) (\> t:.l\ (2. 3) • 

) 

06o6UlillVI (2.3): o6oaHa'illM l!epea cy C3t\l npoR3BMI>Hoe pacnpe,IleJiemre 
-(OJ\) 

BepOHTHOCTe~ Ha MHOE6CTBe KOH~HrypaQHI\ C) Ha rpaHHQe H.no:nOXP!M 

p ( fi c '' >) - M . -p ( . <M) 
A, '(,(01\) - q_,(M) /\., (J(M) 6". _ , (2.4) 

r:n;e MaTeuaTHliecKoe OEH:n;aHHe 6epeTCH no pacnpezteJieRHIO ._ ty(~l\) • 
t• 3a:n;alia 2.I. ITpoBepHTI>, liTO :n;nH pacnpe:n;eJieHRti (2.4) RMeroT ue-

CTo uapKOBCKOe CBOitCTBO. H -~Pli,YJia (2. I)._ 

~ --
16 

/' 

.- \ t -J TiycTI>·Tenepi> naaa noqne:n;oBaTeJII>HOCTI> xy6oB I~ ~ · H ztJIH 

Ka'K.Ilor:o Ky6a t\n. onpe:n;eJieHo "rpaal'!llaoe ycnoB-ae" q., ("<liiJ .lis 

aaztaliH 2.I c:ne:n;yeT, liTO-eCJIH npe:n;en Koaeqaouepa~x pacnpe:n;e:neHHli 

PI\ _ · (ilJ\n.) ( 6"-t = ~~-··> G't =\.)' cymecTByeT, TO oR onpe:n;e:nHeT rR66coB-
I\l 4- I 1\" 

cKoe rro.ne. 

Hao6opoT,HMeeT uecTo 
!eMMa 2.2. ITpoH3BOJII>HOe rH66coBcKoe no:ne uoxeT 6NTI> no:nyqe-

ao TaKHM cnoco6oM. • 
J{oKasaTeni>cTBO TPHBHaJII>Ho: paccMoTpHM :n;JIH :n;aaaoro Ky6a An. 

pacnpe:n;e:neaHe ~(a/\") aa_rpaa~qe, HH:n;yqHpOBaHHOe pacnpe:n;e:neH-aeu 

:n;aaaoro rH66coBa no:nH. Eeayc:noBH~e KOHeliHOMepH~e pacnpe:n;e:neHHR 

1.1;JIH BC9X ZI;OCTaTOliHO 6o:ni>mHX 1\n. COBna:n;aDT C pacrrpe:n;e:neHHHYP! :n;aH

HOro rH66COBa HOJIH H II03TOMY. OCTaiOTC!t nOCTOHHH~IlH npH (\ ..._ f' -zY 
~ . 

qacTO y:n;o6HO HCnOJI1>30BaTI> :ztpyrHe rpaHHliH~e YCJIOBHH: 

~ 
~ 
~ 

I) CJIJllllil JieKUim I HaaUBaiOTc~ nycT~Mn rpaitHliHJ1MH yc:noBHHMH; 

2) nepHo:n;HlieCKHe rpaHHliHHe ycnoBHH, npH KOTopmc Ky6 A CBO-:-

paliHBaeTCli B TOp, T.e. OTO~:n;eCTBJI!tiOTCH COOTB9TCTBJIOmH9 TOliKH_npOTH-

BOnOJHilKHUX rpaHeii A ·, a B3aHu:oneMcTBHe onpe:n;emteTCH TaK nte, KaK B 

:neKqHH-1, HOC YeTpP!KOii TOpa. 

06paTHMCH Terrepl> K 01l;HOYepHOIIY CJiyliaiO ( Y = i) H 1.1;0KruK6!.l rrepByiO 

liaCTI> Teopew 2.I. Eonee Toro, .IW BUli~CJIHM Bee Koppe:naQHOHHUe 

<J'YHKilH'I'I_ B HBHOM BH:zte. ilycT:i. 1.1;Jlfi i!POCTOTU cpopM,YJ! h==O • MaTpHqa 

q- ( 

e~ 

e.l'l 
e-.5t) = (- -ti.,1 

.efi i.-Lt 
I 

1:.1.,-i y (2.5) 

. -!:..:f., -1 

Ha3UBaeTCR TpaHC~ep-u:aTpHqeii. PaCCMOTPHY ztEa :n;ByuepH~ B9KTOpa: 
' . 

e = {~) ;;- C~l~- "- -- · 
17 
~~----~ .... 

~f\.,.1"';;•,,, .. : ... ,l\ ''''l'"il"''t~' \ o~ ... ~~ -~ .. ") ..... - ·~--·~":.... _ ........ t_ ~1 ~ ... " 

t!:'lti:l!.'!li£ f1tt:!it:J4uD:·l!:_t.:il 

E)L15JIIt!C1TEH.A .. ·" .. 



CKaJil1pH08 npOM3B81{8HH8 (. e I f ) Z{Byx B8KTOPOB BBOZ{HTCH KaK Cy!.IMa 

e 5 ~ e f rrpOH3B8zt8H~ HX.KOMITOH8HT. 
i 1 :t. ! 

PaccwoTpHM OztHOMepayro uozteJI:& lifaMara. B 1\ = [:-N, N] c nyCTI:>I-

YH rpaHHtiHI:>I!.IH ycJIOBHHMH. B1:>16epeu TOtiKH t.i, t~ E: A ; nycT:& ~ -
-:" paCCTOHHH8 t 1 OT JI8BOrO KOHrta 1\ 1 ~ - TOtiKH f.1. OT rrpaBoro 

KOHrta J\ 1 P{:t. - paccTOHHHe MeJKZty i 1 H tt . 
J!eMMa 2. 3. 

r_/\ 

p ( ~ A . t. 

( g-fJ..Ne) e), (2.6) 

1 ~ =1) 
7 ~ . 

( r N'1e) e +) (e ~ 9""fr;~ +)[ e·\ r"e) 
( :J.fl:Ne e) 

' , 

8TH ~OPMYJII:>I COOTB8TCTBYIDT B 60JI88 CJIOXHI:>IX M01{8JIHX ~OplolyJiaM ~e~HMa

Ha-Karta-HeJI:&COHa. 

J{oKaaaTeJI:&eTiio. CTaTHCTHtiecKaH. cyuua· ec'r:& cyWaa. no· "nyTHM11
, 

T.e. KOH~HrypartHHM ( Q/•h QN~il ... > ~-iJ DN ). ~OMY TaKOMY 

IIYTH COOTB8TCTBY8T MaTPifliHH~ 3JIO!.I8HT t()' (5' t 0 (5" ·: · ~ 6' • 
' -N -N+l -111·1 -N•!. N-1 II 

AHaJIOrHliHO Z{OKa3HBa8TCH BTOpaH WOP!.IYJia. . 

pa c 

HHM 

IIycT:& Tenep:& e1 H. e!- ztBa HOP!.IHPOBaHHI:>IX co6CTB8HHHX B8KTO:.. 

co6cTBSHHbi!.IH aaalleHHH!.IH :A
1 

> I ",\,~ \ > 0 • Moxao paanoxHT:& no 
+ ' e H e: 

e = c1 e1 + ct. e!t ) et = c+e + c+e 
1 1 !!.. !!.. 

Ml:>l Hlol88il 

( GJ(j_f{ ) 
t.. VI 

(2. 7) . e., e ~ c 1 .A1 . 

!!JaTO MY 

ii.m 
N~<><> 

PI\ ( G't = 1. ., ()t = 1) = 
1 1. 

T- f . 
~ (TN,'l. T t-) (2.8) 

).If- e.,e. 
1 
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Saztalla 2~2. J{oKaaaT:& 1 liTO npezteJI nro6oro KOHeliHOMepaoro pacrrpezte

neaHH c~eCTBYOT, H8 aaBHCHT OT rpaHHtiHI:>IX YCJIOBH~,H Ha~TH ero. 

8TO aaBepmaeT ztOKaaaTeJI:&CTBO nepBott t~aCTH Teoperru 2.1. 

3aztalla 2. 3. J{OKa3aT:&1 liTO CHCT8~ CJIYtla~HI:>IX B8JIHliHH Ot. _ B 

npeztene N_,. oo o6paayeT CTartHOHapayro rten:& MapKOBa. 

YKaaa!IH8~ llpOB8pHT:& COOTHOill8HH8 

P ( Gt 1 0t-1 > • • • ~-I< ) = p ( (ft I Gt -J · 
3aztalla 2.4. H~TH CTartHOHapHH8 B8p0l1THOCTK H MaTPHitY nepe

XOZ{HHX B8p0l1THOCT8~ 3TOH rtenH MapKOBa. 

MH BHZ{HM1 qTO, B OZ{HOMepHOM CJiyllae CHTyartHH Z{OCTaTOliHO npo

CTa,H He 6yzt8M 60JI:&me K HQ!.IY B03B~aT:&CH. 

J{oKaaaTeJI:&CTBO TpeT:&ett qacTH Teoperru 2.1. . • 

PaccuorpHM MOzteJI:& litawara B I\ c ( + )-rpaHHliHb!MH ycJIOBHHMH. 

9To ariatiHT 1 tiTO ~= 1 · rrpw t E: "d A • 06oaaaliHM cooTBOTCTByromee 

pacnpezteneaHe B {\ qepea P11 , +' ~ 
J!eMMa 2.4. PaBHOMepao no A 

~ + ( 60 = -1) '!S p ( Jt) ' , (2.9) 

rzte WYHKitHll p(~)~ 0 npH ·~ ~ = . 
J{OK~8M TP8T:&IO tlaCT:& TeopeYH 2.1, HCIIOJI:&3JH 3TY JI8MMy. llOJI:&-

3JHC:& ztwaroaan:&HI:>IM nportecco!.l1 on~caHHHM B KO~rte neKrtHH 1,.no

CTPOH!.I rH6~coBcKoe none BH6opoM noztnocneztOBaTeJI:&HOCTH A~ c (+)
-rpaHHliHHYH ycJIOBHHMH. C yqeTOM (2.9) ~ Hero 

p(6
0 

=-1) ~ 'p(]'6). 

PaccMOTPHM Tenep:& (-} -.rpaHHliHI:>Ie ycJIOBHH, T.e. 6t = -1, 

. t E ~ 1\ • BBHztY CHMM8TpHH rrpH ft ~ 0 HM8eT M8CTO (ztOKaaaTl> I) 

.. _. _H9p8B9HCTBO . - p. -- · ( b
0 ,, -. , i) ~ f(ft). 
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CTpOHII aaa.norH'IHO npe:zteJI:&Hoe none nna sToro cnyt~aH. J{JIH aero 

p ( '60 = 1) ~ f(Y6) • . 

J{JIH :ztocTaTO'IHO 6on:&mmc $J P(J:l)< i . IIosTOYY :ztBa nocTpoeHH!iX 

rH66COilCKHX TIOJIH pa3JIH'IHN. 

J{JIH noKa3aTeJI:&CTI!a JieYIIU 2.4 IlaXHYD pOJI:& HrpaDT KOHTYPN (liB 

6y:ztell CliHTaT:& Y., ~ 1 npe:ztOCTai!JlftH liHTaTBJIIO CZ(eJiaT:& 0606UleHHe Ha 

y > q_ ). Yno6HO IlB8CTH Z(BO~CTil8HHYIO pemeTKY z!l. ' HllJIHIOillYDQH pemeT-

KOli z! 1 'CYel!leHHO~ Ha IleKTOP ( ~ > i) ~ Pe6paYH pemeTKH Ha30-

Ilell (saMKHYTNe) oTpesKH lleE:zty.6nHEalmHYH coce:ztHIIH. 

PaccuoTpHu uo:zteJI:& PlsHHra B 1\ c (+}-rpaHH'IHNYH ycJIOilHHYH. 

KalK:ztOI! KOHqJHrypaQHH 6(1\~ COTIOCTaBHII Ha6op Q = "f(<J(/\))nap 

6JIIDKallmv.x eocene« (i, t..') , :ztJIH KOTOPbiX flt_f-6t.' (T.e. (5'(1\) B • 

TO'IKax napu HMeiOT pasHue sHaKH}. 
I 

KaE:ztO~ TaKO~ nape ( i.J f.) IIOCTaBJ/111 Il COOTBSTCTBHe e:ztHHCTBSH-

HOe pe6po Z(IlO~CTBeHHOit pemeTK.JII1 nepeceKa!Oil!&e pe6po IIBE:ztY ~t H i. I 
B era cepe:ztHHe, 9Ty COilOKYIIHOCT:& pe6ep z! TaJOKe 0603HaliHII • KaK. "(' • 

(/\) .· 
3a:ztalla 2.5. J{JIH nn6oA 6 0 rrpe:ztcTaBJIHDT co6ott aa6op CBH3-. 

' t ' ·. 
HbiX saMKHYTNX JI0118H!iX B R (CilH3HNX KOMIIOHeHT r ), KOTOpue YS 

6y:ztell Ha3N118.T:& (CBH3HUIIH) KOHTypaanr. TO'IHee rOBOpH, Ha . zt ReT 

BepmHH 1 rne CXOZ(HTCH He'leTH06 'IHCJIO pe6ep g' • 

YCJIOBHIICH CKPYrJIHT:& npa~NI BepxHHH H JI6BNI HHZH~ yrJIN B BepmH-
~!l. 

He Z 1 rna CXOZ(HTCH 4 pe6pa lf' • 
Tor:zta Cllli3HN8 KOMIIOHEtHTN ,(KOHTYPY) r1 > • ·., rn G 0 He 6y:ztyT 

HMBT:& caMonepecet~eHHI. 

J{OKSJlteM, liTO Z(JI:H JID60rO Ha6opa Q' CBH3HYX JIOII8HbiX 683 Ca

(, MOnepecelleHHI (C RamHM YCJIOBHSK Ha CKpyrJIBHH6 yrJIOB) CymeCTilY6T 
.· (/\) . 

(enHRCTil8RHall) KOR!f}HrypaQHil 0 1TaKaft 1 liTO Q' = Q' ( 6 ( /\)) • 

Ha30B611 BHemBHIII'l KORTypaKH Te H3 f':1 , .•. > f'n 1 KOTOpYe Re conepJKaT-
. . (~ 

Cft BHYTPH HHKaKOrO :ztpyroro KOHTypa H3 Ql • Ha'IH611 CTpoHT:& 0 1 
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• 

IIOJIOlitHB . 6t = 1 B TOllKax t , Jiellt8lllHX B~e I!Ce:X: BHeUlHHX KOHTYPOB. 

B TO'IKaX t 
1 

Jiellt8lllHX BBY'rPH OZ(HOro BHemaero KOHTypa, HO IlHB 

ni06oro ~pyroro KOHTypa, noJIOlltl'lY G't :::-· -1 • J{a.nee no HHnYKitHH 

onpe,neJISieM KOi@HI'YPaumo BHYTPR KOHTYPOB, JI~ BHYTPR poBHO o,nHoro 

KOHTJ'I)a li T.,II. 

TaKHN o6pa3011
1 

liN TIOJIY'IHJIH Il3aHMHO UZ(H03Ha'IHOe COOTBeTCTBHe 

ueE:ztY KOH!f}HrypaQHHIIH 6(A)I'l Ha6opaYH KOHTYPOil ~ = ! r .. r l · 
ij '- 1)' ) n. J. 

!I pH STOll ( iL = 0) 

u ( 6t")) ·= tt~ I -rl 
. " J 1:.. ' Jr IAI (2. IO) 

z,,, + = exp (~!AI) ~- exp (- !l.Jt/111), 

- --2_ . 

r:zte I 0' I - 'IHCJIO pe6ep Q' (ztJIHHa "'f . ) , II\ I - llHCJIO pe6ep 7.... · , -
JielKBll!llX nOJIHOCT:&~ IlHYTPH Ky6a f\ ~of\ • . . 

JleMMa 2.5. BepOHTHOCT:& Taro, 'ITO ,CBH3HaH sallKHYTaH 3!0MaHaH r 
· npHCYTCTByeT Il Ha6ope )' = Q' ( 6(1\)), nonycKaeT OrteHKY 

P. ( r) ~ e - ~J1 Lr I {2.II) 
1\ + ' ' 

J{oKa3aTe3I:&cTBO. 
-~ftlrl 

- 2::: R PI\,+ ( r) 
~: rtQ' /\,+ 

) - 2: e l1' -. )' CEOf 

L:· e - !!. ~ I 0' I -

0' 
-~~j'll\r\ 2:'e~i~IO'\ -!l..fl..\f'\ 

e ,.:::, e .}Q 

~ e-~.f6IO'I ..... , (2.12) 

0' 
rna B cyvve 

I . 
L ~ cyuuJ1POBaHHe rio BeaM l' , ae conePJKai!ID r H ae 

COzt8PJltBIIlHII q_ 1 nepeceKaiooiHXCH .c r . 
&l,n;a'!a 2.6 •. tJHCJIO KOHTypOB r· Z(li:HHY n. 1 IlblXOzt!li!IHX H3 Sa-

, n.-j, 
ztaBHO! BepmHHN 1 . He rrpellOCXOztHT . 't · 3 
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l!HCJIO KOBTYPOB r :ztnHHH n 1 OXBaTHBaB)Utmc :ztaHHYD TOliKY' 1 HB 
. n-:i 

npeBOCXO:zti'IT lt n ' 3 . 

TenepD YN uoxeu aaxoaliHTD :ztOKaaaTeJilCTBO ~eYYN 2.4. OlleBH:ztao, 

P" + . ( 6 0 = -1) ~ 
) 

2: 
r 

P/1 (r) -,+ 

coo 

~ :L '· n-i -fl,Pvn 
-, n 3 e JO 

n-=-'f 

. .,... 
L: L: P {r)~ 

A+· 
n-= 'f.\r\=n ' 

rne L: r 
6epeTCB no BC6Y r 

:ztHTCfi npl'l Jt > t {n 3, 

, ox:saTHBaD~HY 0. rrocne:ztHKM pan cxo

l'l ero cyuua p(~) CTpeY:HTCl'l K uynn 

npH . Jt -~ .,... . 
. llpHB6:zt6HH06 :ztORa3aT6J!DCTBO 6HJIO BaY:Bli6HO Tia~epJICOY l'l C:ztena-

HO CTpOri'IM rpHqxfli'ITCOY :II .IJ:o6pymmn,tM. 

BaAatia 2.7. PaccMOTPHY KaRoe-HH6Y:ztD npe:ztBJIDHOe rM66co:scKoe 

TIOJie, ITOCTp06HH06 nO (+) - rpaH'IllJBHM Y'CJIOBMBY. 

. 1[0Ka3aTD
1 

liTO BepOaTHOCTD TOrO, liTO aa:ztaHHYil. TOliRY' OXBaTHBa

eT 6eCROH6liH06 l~MCJIO KOHTypOB 1 paBHa 0. 

-Y'KaaaaMe: HcnonDao:san Jieuuy EopenH-KaHTeJIJIH. 

1[0Ra3aTD
1 

liTO paBHa HYJID H BBpOaTHOCTD HaJI'IllJHft 6eCKOH6liHO~ 

ITOCJI6l{OBaT6J!DHOCTH BJIOXBHHHX :ztpyr B :ztpyra KOHTYPOB. 

3. MeTO:zt KJiaCTBPHHX paanoxea~ 

lleTHpe o6JiaCTl'l KriacTepHHX paaJioxeu~.·KnacTepaoe npe:ztcTaBJie

HHe CTaTI'ICTHli6CROI CYYMH. KoppeJiaUHOHHHB ypaBH6HHfi M me pemenHe • 

. HBHHli BH:zt l~JIBHOB pa3JIOli:6HHa. 
I . 

MH yxe aHaeM o cYnteCTBOBa.Hml npe.n;em.HHX rH66coBcKWC nOJieii,l!MeeM 

HX llOJIHOe OITIICaHHB B O:ztHOUepHOM cnyllae Jl npHY:ep HBB:ztHHCTllBBHOCTH. 

TenepD,YN nepeXO:ztHY K YOIIlHOYY MBTO:ztY- UBTO:ztY RJiaCTBpHHX pa3JIOX6-

Hifli, BllJ!fiDnBMYCH OCHOllHHU ll MaTBMaTH'IBCKOii CTaTHCT'IllJ6CKOii,~H3HK6 

22 

:11 KB3HTOBOH TBOPHH nona (c ero TIOYOIIlDil ll H6KOTOpHX cnyqafix B03YOX-
- " - . ~ -

80 
noJiaoe. HayqeaHe rH66co:scRoro nona :s nro6oii .paauepaocTH)~ UeJIDD 

sTOrO. YBTO:zta fi:BJiaBTCfi pa3JIOX6HH6 I\OppeJiaUHOBHHX ~YHRUifli ll CXO:ztfi- · 

mHeCa pa:ztH
1 
np~eY llCB HX lJJIBHH llHTIMCHBaOTCa B BllHOY llH:ztB. 

C nOYOIIlbiD RJiaCT6pHHX pa3JIOX6HHH YOrYT 6HTD :ztOCKOHaJIDHO Hayqe~.: 

Hll CJI6:ztYJO!IlH6 06JiaCO:H napaueTpOB! 

,, -!It/ 
~=e ). 

I. $ YBJIO (BHCOKOTeMIIepaTypHM o6JraCTb) • 

rr. In/ :seJIHRo (oc>JiaCTD YBJIHX HHTeacH:saocTe~, 
llBJIHRO (HH3KOT6Yll6paTypHaB 06JiaCTD ~aao:BHX ne-m. ft.= o , j'o 

I po:zta). pexo:ztoB 

IY. )a' :seJIHKO. 
3auellaHHB. 1[aJiee c no¥OillDD aHaJIMTHqecRoro npo:ztoJIXeHHa sTH peayJID-

TaTH pacrrpocTpaHaDTCft Ha 6onee mHPOKYD 06JiaCTDo 

CJiyqaH l-ID Hccne:ztynTcH e:ztMHoocipaaHHY ueTO:ztOY. CJiyq~ IY oco6uii, . . . 

OH paccMaTPHllaBTCI!: B KOHUB CJIB:ztYIOO!Blt J!BKUHVI. 

llepllb!Y maro!l ll !IBTOztB RJiaCTBPHHX pa3JI0llt6HH£i a:BJia6TCH 

KJiacTepaoe npe:ztcTa:sneaHe cTaTHCTHl!BCKOii cyMMH. 

Ey:zteY ro:sopHTD, qTO CTaTHCTHqeCKH6 cy!IYN z/\ :ztOnyCKaDT KJiaC

Tepaoe rrpe:ztCTallJIBHHB, . ecnH Ka.E:ztOYY r c Z ~ COOTBBTCTBYBT HBROTOpOe 

qVfCJIO l(r 1 rrp'lllJBY 
. . ~ 

I) :ztJIH BCBX KOHEI'IHHX 8 c. 7f 

ZB = 2: Kr1 ·:. Krn' 
(3.1) 

rzte _cyuMa-nO BC6Y aeyrropHztO~BHHbl!l Ha6opaY . { ri , . · . , r n 1 , TaRHY, 

liTo r c B , o ( 11 , rJ. ) ~ d. rrpH L f. j ; L .) . V . 
2) CYJilBCTByeT :ztOCTaTOliHO MaJIOe A > o H ;rr::rm Bcex f. e: Z 

:sHnoJiaeua "_RJiacTepaaa oneaita" 
)..it 

(3.2) 2: IKrl ~ 

r: -t~:;r) lrl=ri 
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tJaCTO Yzt06HO, a KHOrzta H He06XOztHiol0 1 paCCiolO.TpeT:& HeKOTOpOe 

-·ctJeTitoe MHOJKecno T c MeTpHKoa .f , npKtJeM KaJKztOMY KoHetJaouy - ~ M c T cTaliHTCfi B cooTBeTCTBHe"ero aocwreJI:&11 M c Z • 
- " IlpH aTOM nycT:& M t Z , ecnH M t T, H 7\ c: Ml., ecnH . Mt. c. f'\:. 

tJecna Kr oT:setJam uaoJKecT:saM 

IlyCT:& BIDIOJIH6HU YCJIOBWI: 

I 
I··) ztnfl BCeX KOHetJHHX 

rc T . . 

MeT 

Z- = L. Kr · · · l(r ' M 1 n. 

rzte cyuua-no 110611 · t r 1. 1 •• · > rn J, TaKHII1 tJTO 

(3. I 1) 

r. 
• L 

c. M, 

..f (r~ } rj ) ~ c.t . npH l :/: j J I r, I~~; 

2
1

) aHaJior 2) ztnfl .Bcex t e T 
MHOlKeCTBEl r , zt3Ifl KOTOpHX ;( r -=f 0 , 6yztell HaSH:BaT:& Kna-

CTepUH, 

KaK Bh16paT:& Nruma napaMeTp }... , NHOlKeCTBO T , cL H nony-

tJKT:& pasnOlKeHHe (3,I) B KaJKztOM OTzten:&HOil CJlytJae,nOztCKa3hlli88T HII

TYMI1Hflo 

Ilepelztell K aTHM cnytJaftll. 

I. BliCOKOT81lll8PaTypHafl o6nacT:& , Mb1 aaae11 HS SrutatJH !.2,tJTO 
·. 

nplt J} =0 W Hll881l He3aBKCIUI)6 cny~H06 none, EcT6CTB6HHO CtJHTaT:& 

(;ztJifi KOH6tJHOrO 1\ STO O'l8BKZ!HO) 1 'ITO ztnfl llaJIHX j¥ none 6yzteT 

6JlHSKHil K HSSaBHCHilOyY. !IOSTOily, BSfiB sa napalleTp llaJIOCTH _fr 1 

paa;no~JtB aKcnoaeHTY :s pnzt no J} H o6~eztHBflft 'llleHH c OztHHaKOBHilll 

HOCHTanBMH, MOlKHO H~SHT:&CH n~T:& (3.2), TeXHH~6CKH STO y~06HO 

. czte:naT:& TaK. 06osaatJHJi < · >o cpeztHee no aeaa:BKCHIIOilJ' nom> (on-

\; pezte;nnellOIIY saatJeal'lell fr. ) • Tor;~ta 

<. bT >A = 
~~xp(l) f~6e)>o 

<. e:xp( j6 2: 6't6't!)>c, 

" 24 

(3. 3) 

!IOSTOMY MOlKBO CtJHTaT:& 

Z = -'.. e.x:p ( (1,.. L 6 b 1 ) > 
11. JU 1\ t t. a 

(3.4) 

HOBOtl CTaTHCTH'i6CKOtl CYMMOtl, COBnaztaonetl CO CT8p0tl C TOtJHOCT:&ID ztO 

TIOCTOfiHHOrO NHOlKKT6nfl~ He SaBHCfllltero OT KOH~HrypaiUUf. EC11H 1-z. = O, 
. CAl 

TO STOT YHOlKKTeJI:& paBeH ~ , 

06oaaatJaH Tenep:& qepea A MH01KecT:sa, co-cTOfllltKS HS ztByx" Clnn-

JKanmn cocezten, T - MHOlKecTBo Bcex nap 6nHJKatlmllX coceztetl, nonytJin& 

-z -
.II. 

<.. e.x.f>( r.. :L 6 ) > = <. n e:x:p(r-6')>=-(3.5) 
JO A 0 :JO A 0 

Act\ AcA · 

< n (1-(t-ex.p(jaGA)))>o = 
A . 

< L. ( 1 - c:x.p ( ~ 6'A
1
}) •.. ( 1- e.:cp(~6A)\ >o, 

rzte cyuua-no BCell Ha6opall 1' = f A1 ; ... 1 An j,B TOM tJllC1!6 n nycToMy. 

HasoBeM 0' CBHSHtnr, ec:nn ero nen:&aH paa6wr:& Ha ZlBa noztHa6opa 

l' 1 n 'r '~ TaKnx, 'ITO .P ( ~ Ai. , . ~, A j) > 0 . Cilfl3H!le Ha6o-

PH r -= [ Al_,. .. ) An5 6yztell H83HB8T:& K.7I!cTepaiiK K n01!0liiHM 

K == < n r 
( 1.- exp(~6'A)) >o. (3.6) 

Acr 

Torzta :s ( 3. 5) 0' lo!OlKBO eztHHCTBeHH!lll o6paso11 paa6wr:r:. sa KnacTepH 

ri, ... 
1 

f'n, H, noJI:&SyHC:& H8MBHC~YOCT:&Jl C1!ytJanBHX B8JIKtJllH 

n ( i- e :x.p (.fi 0 )) ztnH pasnK'lHHX L 1 W nony'la811 npezt-
A~fl ' A 

CTaBJieHH6 (3.!). 
~JIH 1lOKaSaT8JI:&CTBa KJlaCTepHOtl OU6HKH ztOKBX61.1 

·. JleYilY 3, I. llHCJIO RJiaCTepo:s r HS n loiHOlK6CTll, I rl = n 1 
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i 
:. 

TaRO, 'ITO 
J) 

co;n;epxwr aa;n;assym TO'IKY i.e: Z , se npe-f= UAi. 
n A.e.r 

c , r;~te C BaBHCHT T01l»KO OT ~ . BOCXO:ztHT 

' noKaaaT91lDCTBO. HeTpY:ztHO';!tOKaBaT», 'ITO cymecTBY9T DYT» no 

pe6paM r (pe6po OTOlK:zt9CTBJIH9TCH C. napolt A ), npoXOltH:md qepea 

Bee pe6pa, np~eu se 6onee :ztByx paa qepea K8lK:ztOe pe6po. ~Hcno Ta-
n !tn 

KHX nyTelt HB TO'IKH -t-se 6onee C = (!i.ll) •. Jlewaa ;n;oKaaasa •. 

3aYe'laH Tenep», ·'ITO ;n;nH YanHX JY 

/1- e.J)<:J"AJ 4 !Z.jl(, (9. 7) 

l. 

H nonaraa .:>.. ~ ( !1. J>) · i j) , w,i nonyqaeu KnacTCPHYIO oqesKy 

(3.2). 
III. 06JiacT» cpaaoBux nepexo;n;oB 1 pona , .ft. ;=0 , ( + )- rpa-

BH'lBUe ycnOBHHo 

B STOM cnyqae 1r 9CT» YHO.!t9CTBO pe6cp ;ltBOlt1CTB9HHOA pemeTKH, 

KnacTepoM. r 6y.D;CM BaBUBaTD KOBTYPt onpCltCJI9HBUA B :neK!lHH 2. 

TioaTOMf C TO'IBOCT»D ;!tO MHOltHT91Ift 

~ -
1\ 

H uu no:nyqaey (3.1) c 

~ e-!.JdD'I 
0' ' 

...:,tp,.lrl 
K = e JO r . 

np~eM napaMeTpoY Ya:nOCTH a;n;ec» HB1!HeTOlt 

HaH6onee BepoHTHaH KosiJ)zrypanuH anec» 

e-1./ti · 

~= 1 , Kor;~~;a Q'=¢, 

H Mil ;n;e:naeu paanOltCHH6 no 'lHC1lY OTK1l0HCHHA Of -r=.¢. 

n. -/{ B61IHKO. rpaHH'lHUe yonOBHH nyCTU9 HnH.(+)-rpaBH'lHU6 

ycnOBI/IH, 

IlyOT», sanpi/IWep, -f't U01!0lltHTC1I»BO H B9JIHKO . B cpaBH9HHH C R.- , -fz. . .J(J 

. TOrlta K8lK:ztliA (-) ;~taCT ua:nult UBOJtHTe:n» ~ = e B CTa'l'JICT~eCKYD 

oywuy. 26 

YMHOiKIDl CTaTCY}.I}.IY Ha exp (--ft IAI - .It \AI). 

Torzxa 

Z = 2: exp (- !Z.Pv l G'l ""' ~~I XI) =· 
J\ 0(11) JO . (9.8) 

L exp (-Qj\-\0'1- 9..-f../XJ) 
.)( ' 

(All . . . ' . I) 
3A9C:& X =X (o 1- MHOlKCCTBO TO'ICK. teAt r;n;e 6'1; = -i ' 'f=r(oCII~;.. 
-ro ze,'l'l'O lil 'B Jie~ 2. S;n;ec» T TaKoe ze,KaK B o6nacTH 1 . 

ConocTaBHll c X . Ha6op r= f'(X) nap 6nH:lKalllmHX coce:zteA, 

nepeceKal<ll{HXCH c X • Ha6op r.i. uaaoBeM :RJiacTepoM, ·aCJilil oH aCT:& 

~ (X) ;n;:nn aeKooroporo X • · HeTPYltHO :ztoRaaan, . 'ITO ;n;:nH ncex X 
r(X) -ecn o6T>e:ztHHCHHC ltODYCTHLIIiX RJiaC'l'9pOB lil. TJTO ;rno6oe o6'be;n;H-. 

HCHI'I6, K:nacorepoB C senepeceKal<ll{HYl'ICH HOCHT9niUil'I 9CT» r(X) ;lt1!Jl 
. ' 

seKOTOporo X • IIonolKI'IIl Kr = 0 '. ecnl'I r He 'ElCTD K:nacorep, H 

l< = e:x:p("i_fildr\·- !l.hjXI), 
r . . . ' . , 

ec:nH r = r (X) ' r;n;e -a r - NHO!t9C.TBO nap r ' se. npHsannemmHX X 
·(sarJIH;ltHO 0 r eCTD KOHTYP BOKpyr r )~ Heorpy;n;HO y6e:ztl'ITDClt B 

BUITOJIHHMOCTI'I (3,1) l'I (3,2). 
llony'l9Hl'I9 KnacTepHOrO npeltCTaBneHHH CT8Tl'ICTH'l9CKI'IX CY~ 

T8K09 npOCT09 3;lt9C»
1 

B :ztpyrHX c:ny'laHX Y0lt9T ~UT:& cymeCTB9HHO C1!01t

H99 H noTpe6oBaT» 6o:n:&moro HCRYCCTBa. Celllqac MY noKaxeM, 'ITO ecnH 

·aTO npCltCTaBneBH9 nonyqeso, T~ YH. WOiK9M no:ny'll'IT» CXO:ztJtmdCH pH:zt 

;ltHH :nndol\ ~l'IBH'l9CKOL\ B91lH'll'IHU, Mu H8'1H9M C B91!H'll'IH 

\ (/\) 
8 -

~t\- ~ 
7..1\ 

:) 
Sc.l\• 

9TH CU91Uia1!»H!i9 KoppeJIHJ:lHOHBU9 cpyHK!lHH :ztODYCKaiOT CJI9ltYJI!tl'I9 HH-

· TepnpCT8!lHH! 
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•" 

f ~/\} = < e:x: p (VB + UB 1\- B ) ~ j 
J 

I) . 

2) B 06~aCTH ID 3TO 6CTD B6p0HTHOCTD TOrO," ~0 ~D6aH napa 

6~~mHX 00~6~6~ B 6 HM66T O~HHaKOBN« SHaH: 

MN paccMOTPHM TO~DKO C~ytia~ " T ~ zy H d. = 1 ' nP9)l;OCTa.BJIHJI '!RTa-

T6~~ 0~6BH~HN6 0606~eHHH. 

Bo3DI4611 npoHaBOn:&HYIO TO~KY t E A • Tor~a 

t(r ..... K 
• 1. r,. 

i"= ru ... l1r 
I n.. 

Z " = 2: I\ r · · .. · 1\r -t Z. 
1\ -t:.~ru ... vr~ 1 n 

" I .. 

H~H 

"Z:.I\ = -z/\ 'tt! -r :L Kr r./1-r 
r: ter 

{3.9) 

~a~ 3.1. JlOKaaaTD1 ~TO (3.1) HM66T 146CTO TOr~a H TO~DKO 

• Tor~a, Kor~a (3.9) BHIIOJIH"eHo ~~H Bcex A H Bcex t E./\. 
qaCTO K~aCT6pH06 rrpe~cTaB~6HH6 Y~Q6HO IIHCaTD B B~6 (3.9). 
!Iycn i E: B c A • llo;ztcTaB~HII B (3. 9) ( 1\- B) V J t j~ 

BM6CTO 1\ K )l;e.rul Ha 'l: 1 IIO~yttHM 
(\ 

t (A) 

B 

:f (A) " 

·IS'{·t! 

( 1\) 

L "l<r. fBur 
r: tE rc. (1\-~)v[tl 

(3. !0) 

• II J/\ I 
'llTo6s ttHc~o HeHaBeCTHNX "A. -1 B (3. IO) paBH·H~oc:r, ttHc~y 

! : ypaBH6RHit, NH ~JIH K8Jlt1{0rO H6ITYCTOro B c z~ Bill~emnl TOtiKY 

tg E. B H 6yneu paccuaTpHBaTD (3. IO) TOJII>KO l{JIH TaKHX nap 

( B J t:B) 
• • ( " " "" " ( 111 I/\( ) 

. Tor;zta 3. IO) ecn CHCTeua nHRel\RNX ypaBH6HHD B "'- -1 -

-uepROII npOCTpaHCTB6 5?> (/\) B6KTOpOB J (A) = ( J: /\)) , KOJ.I-

28 

noHaHTH xooropiliX npoayMepoBaHH HenycTHMR no)l;MHoxacTBaMH A • BBa)l;eM 

((1 (I>) " 
B :rl aopuy 

" (1\)u = sup 
llf Bel\ 

[ ;JB! ! fB(I\) I]. (3. II) 

CHCT6Ma (3,!0) U0~6T 6NTI> rrepenHcaHa B onepaTOPHOM·B~6 

[ E - " ( R + K ) J :f '( ") = "~ , (3~ !2) 

r~e ""~ :. ( t,B(, i) - B6KTOp C KOWIOH6HTaMH1 paBHiliMIII l !!PH 

1 B I= 1 111 0 B ocTa~I>HNX c~y~aHX; E - e~HHHtiHaH Ma.TPH~a, 

R = ( 'L8 B ) - uaTpH~a "c~BII!ra", r~e 
•" i. ~ 

'lB B = 
1 ~ 

k ==.( ·1\B 8 ) 
1 !. 

nepeBO~IIIT B B6KTOp 

'+' (i\) 

B 

{ : 82. = 81 - i t.Bi J ' ec~H 

B OCT~l>HHX CJiyttaHX, 

-uaTpH~a, KOTdpaH B6KTOP j- ( 1\) = ( J ( 1\)) 
'P (A)= ( 'Vt")) '-npll!t~el.l B 

=- L: K .t(") 
r sur' 

r~e CY),(},('IfPOBaHIII6 TO ~e, liTO H B (3.10) •. 

3a~aqa 3.2. JioKaaan, ~TO . II R. II = .f Ill liTO II K II- 0 , 
ecn111 A~ 0 • JI~H rroc~e~aelt o~eHKIII Hcnon:r,aoBaTI> KnacTepay~ oi.teH-

;·· - . 

KY H tPOPl.!YJIY 
I B:..l - I B1 1 

JI·Kil ~ sup L I'Ks1..s,_\ 2 . ~ (3. 13) 

B1 , B:l. 
. 1r1 1 I ~ .su.r L: 2. I( r . 
t r, t€:r 

TaKHII o6paao11, li R + 1\ II < 1 :zt~l! ~ocTaTO'IHO Mama: J... 
(o~eHIIn-~~fl KaKHXI). noaTouy uoJKao o6paTHTD uaTp~y F- ( R ·ttc) 
B (S. !2) H no~yttHTI> pemeBl'le B B~e 
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t1 

f (h) = ( E - ( R + K)f1 ~ = ~ ( R ~ K) ~ = -
tt=O {3.I4) 

= 2: R mi. K lL R rn.,_ K l.t.. . R ntp K tp Ji , 

rne B rrocnenael\ cyMMe-cyw.mpoBaHHe no :BCell f' ~o H Bceu 

ll'l
1 

<:- 0, {1. > tnl.~ . - · ,· f('-1. > mf > () ~ ef' ~ 0 • lloJie3HO ll;aTl> HB-
. f (J\j . HYIO 9Jop!.lyJiy ztJI1t B • .l{JIH 3TOrO 0603HatiHM ttepe3 Gt MHOlKeCT130 

BCeX KOHetrnHX HSJIYCTI>IX IIOztMHOlKeCTB L~ • 9JieMSHTI:l (j_ Ciyztet.l Ctii'I-

TaTl> B9plill1HaMH ,n;epeBa, B KOTOpOM MSlK,IlY _B-1. l1 82, e £n. 
ecn peeipo, ecnil 81. == Bf-' [ t 8 j, I'IJIH aao6opoor. ,ll:nn JIJ06oro 

! • 
B E G TOtiHO I B/- i Bepmi'IH nelKI'IT HIDKe B , 

llyTeM 0' B G. CiyzteM aa3b!BaT:& IIPOI'I3BOJ1l>HYIO rrocneztOBaTeJil>-

1iOCT:& f = ( B1. > • • · > Bs) aneYeHTOB G • llyT:& 6yztet.l Ha3biBaT:&~ ztO-

rrycTHMhiM, eCJII'I 1 B5 I= i , Bi = B fi ecnH ztJIH Bcex 

L = ~ •... ,s mroo 

Bi = Bi-1 ' ~ t.Bi.-J.. f, 
311'!60 

B. 
t 

BL_ 1 u r D;11H HeKOTOporo J 

v r 
1 

t 
8 

E:. r c z ' ( 6 . _1 ' i:8 ) . 
L -1 t.. 1.-1. • 

B rrepBOM c:nytiae 6y:n;et.l pe6py ( i.- J., i.) rryTH rrpi'!IIHCbiBaTI> 'lli'IC-

no l, 130 BTOp014 - (- Kr ) • BKJiaztOM 1<;¥' n:}TH y Ha30B8t.l npo-

I'I3BezteHIIe BKJia:n;oB peeiep 1<-u. = (- K r. ) ... (- Kr.. )· 

Teopeua 8. I. 

J-(11) 
B 

4 ~1 . te 

i + ~ Ky' (8. I5) 

r;zte cytAMa-rro Be eM ;ztonycTHMbiM rryTRM zt:nHHI:l S > I B -1 J , ne-

JKallll'IY B 1\ , T.e. Bee B; c.f\ • Ilpl'l aTOll pmt L: f/'"1'1 cxo:n;li!TCH. 

30 

noKaaaTe~l>CTBO. qnea 1 rronytiaeTCH_H3 SD;HHCTBeHHOrO ll;OIIY

CTHMOrO rryTH }IJIJtlHOi/Bj-i • ~OpMyna (3.!5) cneztYST H3 (3.14), 

ecnH rrpol\TH nyor:r. 1l o6paoraou rropn:n;Ke (HJIH H3 cxet.ll:l ueTOlta rrocne

:n;oBaTenl>HI>IX rrpH6nHXeaH« lt11H (3.10) IIPH.rrpoxoXzteHHH rryTH B rrp!1YOY 

nopn:n;Ke). EcnH 1lbl6paTI> aaaKH K r TaK, tiT06u ( - I< r ) ;;;:: ~ , 
TO. BCe tiJ!eH!l :B (3. I5) IIOJ!OlKI'ITSJil>HI:l, H B TO lite BpeM!1 oqeaKa HOPIW 

ocoraeTCl1 rrpelltRelt. ll03TOMY. Ht.leeT. YeCTO a6COJl!OTHal1 CXOD;HMOCTl>. 

06oaaatiH:B 

{; ( :f(l\)) = 2: Kr 
R B e;R=riu ... ur; 

(3. 16) 

Mil li!Meeu 

(J\) ( ( (/\)) f B = 1. + L bR J B •. 
R 

(3. I?) 

. 
HaK BalKH!l TOJI:&KO cne:n;y~He CBO~CTBa tiHC6X 

g (J(/1)). 
R 8 · 

BR ( J i11
))=0 , ecnH 

ROB=¢· 
) 

(3.18) 

eCJIH 

I • . 
R B .c {\ c.. {\ • TO 

) 

g ( f (II}) =. c ( .f (A')) 
R B ·R B ' 

(3. 19) 

PH:zt 

L I ~R ( J ~ t\)) l < c , (3.20) 

H C ae 3aBHCI'IT O'f A • 
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11 

4. KnacTepaue pasnoxeHHfi (npononzeHHe) 

EnHHCTBSHHOCTD H aHanHT~HOCTD B o6naCTHX I, rr. PasnoxeHH9 B 

o6JiaCTH waaoBhlX nepexonoB. 06nacn IY: CKatiOK HaMarHHtiSHHOCTH. 

BBHny CBO~CTBa (3.I9) tiHC9Jr 

Bcei 1\ (JrHIIID 6H B (} R c: 1\ 

gR ( :f t' )) OHH onHH8KOBH nnH 

),H MH o6osaattHM HX06~ee aaaqe-

HHe: gR = tR ( f8) · 
~eMMa 4.I. CymecTByeT 

tB = fi.rn 
1\ r zv 

f (fl) -
B - :G CR (fs ), 

npRtteM nocnenHH~ pnn a6conroTHO cxonHTCH. KpoMe Toro,, 

ffs'f ~ CIBI. 

(4. I) 

{4.2) 

J(oKaaaTellDCTBO (4.I) aerrocpencTB6HHO cnenyeT H3 (3.I9) n (3.20). 

oueaKa (4.2) cne~yeT na rrepBoro paBeHCTBa {3.I4) H onpe~aneHHR 

HOp !.!H. 

Teopeua 4. I. J(nn nocTaTOtiHO ManHX, & npe~en :f 8 cy~eCTByeT r 

n onHHaKOB nnn Bcex rpaHHtiHHX ycnoB~, npHtteY • 
fBI" y(B_,al\) 

I\ - J~")l ~ /B/ 't (CJa) " .(4.S) 

llocne~HHH ~opMyna cnenyeT H3 oueHKH 

~cl 
BR ( fB) = (' I Bl ( <'ft) R;. 

(4.3•) 

r~e R~ i -CBH3Hh1e KourroaeHTH R , ctR - MOIIIHOCTD, HaHMeHbmero 

KnacTepa" r ' noKpHBaJOlllero R (ell. T8KlK6 JieKQHJO .5). 
J(Jrfl noK838T6JrbCTBa nocTaTOtiHO 38!l6Tl!Tb, tiTO B38UIJO~etlCTBH8 U" 6(3/1) 

) 

32 

OTJrHttaeTCfi OT U/\ TOnDKO Ha CYMYY BHn8 

Jl 2: ± 6'-t_ • 
. t.: J (I:)?! A)= 1 

J(OK838TBnbCTB0 {4.3) npe~OCT8BllH9TCfi,tiHT8T6llJO. 

ITepetlneu TenepD K npoHsBonbHHM KoppennttHOHHHM WYHKttHHM. 

KnacTepaoe npe~cTaBneHH9 H9HOp11.1fPOBaHHOtl KOppeJrftltHOHHOtl ~yaK

~ - TaK MH 6y~eM "Ha3HB8T:b npe~CTa:BJI9lill9 llli,l¥l 

-V ." , 
(. c5B e A > = L Kr ( 6'B) Kr · ... " Kr· ==. {4.4) 

o , 1 n 
r; r1 , ... ,r"" 

=::2: 
r 

Kr ( 6'8 ) 7:../\- (sur)' 

r~e cyMMa-nO BC911. r ' rrepeceKaiOO\HMCH c B '' H BCeM Ha6opau 

Is>·-·~ rnJ' ,.,i. n rj = ¢) rnr;o:::¢. IlpH 3TOM ~~nxaa 
6b1TD Bh1TIOJrH9H8 KJraCT9pHaHOlt6HK8 ' 

.L {1\(6
8

)1 kc(6's)ltt (4.5) 

r: rrl =n 
J •" 

(MH paccMaTPHBaeY TOJrDKO' cnytta~, T = Z H d.= i • 06o6~eaze TPH-

BnanDHO). 

~3 (4.4) Hloi99Y, ~91IH Ha Z.l\, 

<. 0
8 

> = 2: K ( o ) j (/\) 
1\ ,~ r 8 Bur 

(4.6) 

Teope~o~a 4.2. IlpenenDBHe KoppeJIHLtHOBBHe WYHKLtHH B o6nacTH I 

, <. o
8 

> = {.im <.: 6"
8 

> =: L 'I( (6 ) J- (4.7) 
" 1\ f\ r 8 fwr 

CY!Il6CTBYDT
1 

He 38BHCfiT OT rpaBHtiHhlX YCJrOB~i npHtiSU pan B (4.7) 

a6conJOTHO cxonHTcfi. · 
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~OKa3aTennCTBO CXO~HMOCTH cne~yeT 1'13 neMMH 4.!. 0603HaqHB 

(A) ( 8 (5
8
)= .L l<r(~) bR (:f "} ), 

R • · r R1 : ruR 1=R sur 
> 

uu nonyqHM KnacTepaoe pasno~eHHe 

<.. £ > ~ B 2: /,R (GB) 
R 

C TBMH ~e CBOJ.1CTBaMH, qTO H paHnme. 

(4.8) 

(4.9) 

. IJ(A) 
3a~aqa 4. I. BbinHcaTI> ~mt b (6"8 ) aHanorH CBOJ.1CTB (3.!8)-

-{3.20) •. 

Mbl aaltMeMCH Tenepn CnBZ\YIOIIlHM BOITpOCOM: KaE 38.BHCJlT . .f-A 1'[(. ~ > · 
OT napaMeTpOB B33HMOZ\8l!CTBI'Ifi (B Z\3HHOM cnyqae OT Jr ): HenpepbiBHO, 

rnal\KO HnH aHanHTHqHo. EcnH BZ\Onn aeKoTopol! KPHBOH B rrpocTpaHCTBe 

napaMeT~OB .BBaHMOZ\Ol!CTBHH B HBKOTOpott TOqKe HM66TCH pa3pb1B~ -TOll 

npOH3BOJIHOlt KaKOlt-JIHOO < ~) 1 TO rOBOpliT, qTQ 1!Jlli STHX SH_aqeHd 

nap~M6TPOB HM66T M6CTO W330Bbllt nepeXOZ\ (l~i)- ro po:zta. KaK STO On-

pel\eJieHHe cornacyeTCH c :ztaHHbiM B neKQHH 2 orrpel\eneHHeM wasonoro 

nepexo:zta I po:zta, Mbl YJ3H.ItHM B xo~e STo:it Jie~. 

TeopeMa 4.3. B HBKOTOpOlt OKpeCTHOCTI'I j! .,. 0 

JIHTHqeCKH 33BHCRT OT _ftr • 
:fA (H<..6'" >) aaa

"5 

~Jlli Z\OKa38T8Jil>CTB8 STOM TeOpeMbl HaM noHal\OOHTCli TeopeMa BRTaJIR. 

.IlyCTI> tl\ (~)- ITOCJ!BZ\OBaT_BJil>HOCTl> 8Ha1IHTHqeCKHX B oonaCTH]) KOMIT

Jl8KCHOlt rrnocKOCTR WYHKQI'IH, npHqeM 

I) I 5-n. c~) \ lS: <:_onsi 

paBHOMepHO no 11. 1'1 'r.. <:: ]) 1 

2) f,. ('l!.) HM88T npeJ~en rrpH n--.c.o Z\nli H8KOTOpOrO MHO~BCTBa 

:Do c J) , HM6100!6rO XOTli Obi OZ\HY npezteJil>HYJO TOqKy BHYTPW ]) • 

Torzta: I) fn (~) HM68T. npe~eJI J(Jili BC8X Z:. E J); 
2) STa CXOZ\HMOCTl> paBHOMepHa Ha JIIDOOM 3aMKHYTOM nOJtMHO~BCTB8 

]); 
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3) npe~eJI 

BJ)• 

f (:z:)-= ei.m f (~) HJiJIH8TCli aHa1IHTHqeCitOJ.1 clJYHKIIH6ti 
n. ll . 

B cnellYIOOIBtiJieKQHH Hall noaa~o6wrcH o6o6meaHe aa cnyqaitae-

CKOnl>KHX nepelle_HHbiX. 
IlyCTl> . f ("'l:1, · · · 

1 
Z:fc.) - IT0C1!6llOBaT61Il>HOCT1> aHa1IHTlfq6CKHX B 06-

JiaCTH ]) c a:f<." WYHKIII'IH, rrpHqell 

I) t fn c~.t., ... 1 ~k)} ~ canst. 

paBHOW6pHO no R B ]) 

2) rryCTl> ])
0 

6CT1> 061!aCT1> 6Z\HHCTB6HHOCTH :zt1Ili JD , T.e. Z\B6 

aaani'ITH116CKH6 WYHKQHH B·]) , paBHble Ha 1>0 , paBH!l B ]) • IlycT:& :Jtt 
Hlleeor npel\61! Ha JD

0 
• Torlla HM6DT wecTo ore xe yornepX:zteHHR, qTo H B 

Teopeue BwranH. 
B ll:aCTHOCTH, 6C1IH R k = I( zj_) ... } ""l:~): Irn ;ci = ... = Im~=ol 

k . k 
])0 =]) n R -ooJiaCTl> B IR ' TO ])0 6CT1> o6nacT1> 6Z\HHCTB6H-

H 

HOCTI'I :ztJ!fl ]) • 
~fl Z\OKaBaT61!l>CTBa Teopellll 4.3 BOS:DM91l B Kall:9CTB9 JD B KOIIIT-

1!9KCHOti n:nocKOCTH Jr Z\OCTaTOll:HO ~~anyro oKpecTHOC~l> _aynH. Tor:zta KaX

Z\Oe l(l' B (3. rG) aHMI'ITH119CKH rrpOZ\01!Xa9TCII B J) C coxpaH6HH911 

KJiaCTepHOit OQeHKI'I. B Ka116C'l!B9 .l>0 . BOB1>1191l OTpeBOK- B6lll6C'l!B6HHOit OCH1 

nexamHit B JD • YcJIOBHe I Teopellll BHTMH c:ne:ztyeT HB xnacTepa&x oQe

HOK. YcnonHe 2-Hs TeopeMH 4. I. Teopewa 4. 3 ztoKaaaaa. 

MH npe~ocTaBJIHBM ~TaTsrrro ~oxasaT:D aHaJior:a TeopeM 4.!-4.3 ~ 

o6JiacTeil: II 14 ill, a RMSHHO: ,IU39 CJI9.eyDil.R9 T60p9M!l. 

Teopem 4 .4. EcnH ft.= o ,. fr. :ztOCTaTOll:HO nenwKo H paccYa.TPHBa-

DTCH (+)-rpaHHqaye YC1IOBHH, ~0 TepWO~HHallHqeCKH~ npe~eJI .CYlll6CTBY6T . . . 
H Koppe:nftiiHOHHYe WYHKUHH HBJIHDTCII aaa:nwrHll:eCKHKH WYHKUHIIKH ~ ~ 

3aKellaHH6o MH He KOXell ztOKaBaTl> 62ti'IHCTB9HHOCTH B BTOK c;nyqae 

(yg BHS6K
1 

liTO ee HaT), TaK KaK y HaC H6T KJ!aCT6PHOro·pa3JIO~HBfl 

~:n11 :nll6sx rpaHHIIHYX ycno:ad. 
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Teopeua 4._5. J(JIH JII06oro Jt CYl!leCTByeT TaKOe -lid (~J, tlTO rn66-

coBcKoe ITOHG e~HHCTB6HHO H BC6 KOppeJifl~HOHHH6 ~YHK~HH HBJIHIOTCH 

aHMHTH'I6CKHIIH no ~ H !t B O~JiaCTK I n I ~ -h. (fro) • IJ\ I <. .13-0. 
J(ocTaTO'IHO 3aY6THT»1 'ITO rpaHH'IHHtt qnea BO B3aHY0~6~CTBHH He 

aaBRalft· OT A . OcTaJIDHOe ~oKaaaTeJIDCTBO :erronae aHaJIOrHtrHO ~oKaaa

TeJI»CTBY TeopeKH 4.2. 

llepett~ell Tenep» K o6nacTH 1Y. 

Teopeua 4.6. IIycn -fz.~o H w paccuaTpHBaell (+)-rpaHH'IHHe ycno

BKH. Tor~a ~JIH ~ocTaTO'IHO 6on»mmc fer > o KoppeJIHUHOHHHe IPYHK~HH 

<. 6 :> = ei.m <. 6'
8 

) 
B + l\ /\)+ 

(4. IO) 

cymecTBYIOT K HBJIHKlTCH rna~KHYH iPYHK!lHHYH fL • 
J(JIH ~oKaaaTeJIDCTBa KH Hcnon»ayell 6onee cna6utt BapHaHT KJiacTep- , 

HOtt T6XHHKH1 ltOTOpHtt He IT03BOJ!li6T 1,lOKa3aT» BHaJIHTH'IHOCTH. 

Caatlana ~al!Hil ":aepoHTaocTayiO'' HHTepii}leTa!lHIO '!Hce:n Kr • Jl:nn 

n106oro aa6opa 'f -= . [ rj., .. · , rn. J aenepeceKaiOIIlHXCH KJiacTepoB ·· BBe-

l!eil ero 11 Bepol!Taocu11 (KoppeJilll.lHOHHYI) IPYHK~HIO): 

:C-
1 

L K('f') 
1\ I . ) 

'{':fc.O'' 
K' ( l'' )== n K (4. II) 

r • rEo' . 
P( l') = 

J(nn rE:0 BBe~eil 11 BepOliTHOCTD11 f C~ j r) Toro, 'ITO BCe KJiaCTGpll H3 i , 
ipo11e r 1 npKCYTCTBYIOT H H6T HH O~Horo KJiaCTepa, nepeceKa~erOCH 

o r 

p ( 1' ~ r) = 2-1 L K(O''), 
1\ . 

rAe,cy~~~~a-no coOTBeTCTBY~HII IC' • Torl!~ 
{; 

I( = r ~ 
P(-r i r) 

(4. 12) 
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Ecmr Bee Kr noJIOJKHTe:n»au, TO P(r) H p(r; r) - aacTOHl!IHe .• Be- . 

pDHTHOCTH. 

B yc.il:OBIISlX TeOpElMll (4.G) Kal!t,Il;Oii KOH@Iryparirnl BHOBi. OTBB'laGT 

aa6op KOHTYPOB OCI\) l ri ( ()(1\)j 1 ... Ha30B6!l KJ!BCTepOII B. O(ll) 

npOH3BOJI»Hilti BH6IDHHtl KOHTYP r (T.e. He CO~epJKalllHtiCfi BHYTPH ~py

roro KOHTypa 0 {II~ Bli6CTe CO CBOett BHyTpeHHOCUKl r . llepea 

f('r) 0603Ha'IHII_ BepOHTHOCT» Ha6opa l' = (r~ ... , rA) BHemH~ 
KOH";rYPDB, a qepea fl (~, r) - Bepoli;HOCT» Toro, 'ITO BC6 BH6IDHH6 

KOHTypu, KpoYe r' npHCYTCTBYIOT,npH'I6!l H6T BH6IDHHX KOHTYPDB, OXBa

TilBaiOmmc HJ!H nepeCeKaKll!IHXCH C r • 0603Ha'IHII 

.-.. .P( l') -- e -.ftr I rl K 
r (4. 13) 

P(l',r) .cr)+ 
0 0 0 

r;l(e ~ - CTBTHCTH'I6CKHe CYIIW B r ' 0 i. r ( 0 i r - . 
r+ o o v o J) 

- BHYTP6HHHH rpaHmta r , T.e. 'l i: tE rl·· ..f ( t.. J Z .. r) = i 

C ( + )- HJII'I (-) - rpaHH'IH!liiH YCJIOBHHIIH. COOTBSTCTB6 HHO • 

Ho 

JieKYa 4.2. llpw ft ~ o ~Jill Ji106oro Koaeqaoro' B 

:t: -
B, 1 -- < 

'CB + .... • 
) 

J(oKaaaTeJILCTBO. ·IT pH .ft. = 0 ZB 

0 
-on (~) = 

Za + 
) 

ZB~-

z~ + 
;) 

) 

(4.14) 

Z
8

. B cwry CH!lii6TPHH. 
,+ 

. . . 

:L (~f) > < 6 > (4).15). 
tE- B . i B~- t. B -+ .;; 0 ~ . 

no BTOPOMY H9paBGHCTBY fP~Tca·(aaanorR'!HO (I.~O)).llo ~PMY~9 .BKJID

'l9HWt-ROKJI!l'l6HWI 
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· f(r; r) ~;;; (-1)1 '~'' 1 p(rr-{rll u~'), (4o16l 

r:n;e cyuua-no BCBM Ha6opaM BHBillHHX.KOHTYPOB cr/ (BKnD~aH nyCTOl!), 
· I I 

TBKHM
1 
~TO ~bll! r E: 0 nepeceKaeTCH HJIH OXBBTbiBaBT r 1 HO 

He nepeceKaeTCfl H He OXBaTI1Ba6T .u;pyr:ae Ha6opH H3 '(I . 
Ma IIOCJie:n;Hel! ~OPMYJibl H nepBOI.'O paBeHCTBB (4.13) HMeeM Hg6op COOT-

HOillBHH~ 

Pll') ~ Kr (f, (-1)
1
l''l r(Cl'-[rj]ur')), 

p(¢) = 1. 

(4.r7) 

BH:n;enHu :n;JIH Kax:n;oro (I aeKOTOpbll! 

6y:n;eM paCCYaTpHBBTD (4.JJ) TOJ!DKO AJIH nap 

r = r(r) e 0' H 

~ , r-:: r(;r) . BnepBble 

CHCT6Ya ypaBH6HHfi TBKOI.'O THIIa BbiiiHCBHB MHHJIOCOM H.CHHBBM. 

PaccuoorpHM 6aaaxOBO npOCTPBHCTBO 53(/\) B6KTOpOB p -o=(P('6')), 
KOUIIOH6HTbl KOTOpbiX rrpOHYMBPOBaHH Ha6opaMH (r BH6mHHX KOHTYPOB 1r 
B A , H BBe:n;eu Hopuy 

II p II = .L 
0' 

I ]) 1-:r I p( r) \, 

1.'11;6 ]) - 1l;OCTBTO~HO 60JIDillBH KOHCTBHTB • 

(4. 18) 

. Sa:n;a~ 4.2. ~OKB3BTD, ~TO orrepaTOp, onpe:n;eJIH6Mbil! CHCT6MOI! 

(4.JJ), HBJI!I6TC!I ClKHYa!Oll\HU B ~(/\)• IloJiyqHTD BHBJIOI.'H~HO rrp611;bi-

11;Ym6l! JI6~UHH PliA :zJ;Jl!I f(~) KBK cyuuy IIO HeKOTOpbiM IIYTHM. 3aKOH

~HTb 1l;OKB3BT6JIDCTBO T60p6Mbi 4.6. 
B ycJIOBHHX TeopeUbl 4.6 cymecTByeT npe:n;eJI:&Hoe rH66coBcKoe noJie. 

~encTBHT6JIDH0 1 UOlKHO 3aiiHCBTb !IBHyn ~opuyJiy :zJ;Jl!I KOH6~HOU6pHbiX 

paonpe:n;eJieHHI ~epe3 B6p0HTHOCTH f('6') H H3B6CTHbl6 yCJIOBHb16 BepO!IT

HOOTH. HarrpHUep1 
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p(6-t.=-i) = L p(r)P(Gt:==-i/r), 
r 

1.'11;8 oyMMa-IIO BC611 BH8illHHM KOHTypall1 OXBaTbiBanll!HM t .. 
BalKHaH HepemeHHBH np06JieMa: HBJ!H6TCH JIH f ( r) BH~HT~8CKOI! 

no h npH f{=o , T.e. :n;onycKaeT JIH p(r) aHaJIHTH~ecKoe npo~oue
awe B OKpeCTHOCTb TO~KH 1i=O (npH ~KKCHPOBaHHOII 1 1l;OCTBTO~HO. 60JID-

moY J\ >0 ). . 

B oJISAYIOll\61! rJiaBe MH :n;oKaJteY aHaJIHTH~HOCT:& no /.. npH .ft. f=. 0 

H 61l;HHCTB8HHOCTI> nOJIH npH {j 0 

BBH:n;Y STOI.'O H TeopeYH 4.6 Hll68M 

li.rn <.. 6' t.' > -k 
-Ia......, 1-0 • f.»> <.. 6'-l:. > + ~ j.l J 0 = 

B CHJIY CHMMeTpHH 

lirn <.b{')f.>J~ 
lt~-o <. ot:. >~J\ ) a 

IloaTOMJ 11 HBI.Ial.'HHqeHHOCTI>11 ( Ot ') HM86T CKaqoK B TO~Ke j;_-= 0 

{AJIH 1l;OOTBTO~HO 60JI:&mHXJr ), paBHbll! pa3HOCTH HBilal.'HH~8HHOCT61 AJIH 

rH66coBCKHX noJiel! c {=o, (+)-PI (-)- rpaal!qaHMH ycJIOBHHYH. 

Mil BH:n;HII, ~TO ~B30BHI nepexo:n; nepBOrO po:n;a npofiBJIH6TOH TBKX6 B 

OTCYTOTBHH aenpepHBHOCTH nepBOl! KOppeJIHUHOHHOl! ~yHKUHH. 

5. TeopeYbl ffHra-HH H aHaJIHT~ecKoe npo:n;oJIESHHe 

CBo6o:n;HaH aHeprPIH. AHaJIPITH'QHOCTI> npH { 1-0 • AHaJIPITHqe(moe 

npo:n;OJilK6HH6 KnBCTepHOI.'O paaJIOlK8HHH B 06JiaCTl> f:_J,o • 

S:n;ec:& Ybl :n;oKaEeY 

·Teop~MY 5.1. ·KoppeJIHUHOHHbl6 ~YHKUHH l.'H66COBCKOI.'O nOJIH1 nOCTpoeH-

HOI.'O :B JI6KUIIH .. 1, aHaJIHTirrnm no h npH K f: 0 • 

B yxa3aHHOM . ;ItOKaSBTe.Jil>C'l'B9 BBlltHO noiurr:ae cil!06o;ztRo:lt 
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aaeprBH. CBo6o~ao" aaeprHeU B o6~eue J\ c rpaa~HHYH ycnoBRHWH 
-("llA) 
6 aaaoBeW 

P,. 6 (a/\) 
) 

_L {n_ z 6' (oA). 
1/\l /\J 

Teopewa 5.2. llpe~eJIDHaH cBo6o~HaH aaeprRH 

p = f.i.m. F'l\ 
"f' "?ll 

cymeCTBYBT (npH JIIl6WC a. fz. ) H He aaBHCHT OT rpaH~HHX yCJIOBIIIU. 
JlJ ' k 

noKaaaTBJIDCTBO. Paa06D8Y Ky6 A Ha ~ KOHrpyaHTHHX Ky60B 
I ' f';_ H paCCYOTp~UI paaHOCTD 

.-.. 

~ (?(CIA) - ~~ = _I_ {n. Z 'if (~A)- _L ln.L: ~U./\ 
) f/\1 /\) )/\\ ()(") ' 

r~e . ~ 1 - cBo6o~HaH aaeprr.m B (mo6ow Ha) 
1\ ..-... 

I 
(\ • C nyCTHMii rpa.Hll'lliHMii 

(, 

YCJIOBHl'IIIH, U.(\ - BBaHIIO~eUCTBHB B f\ C 
I 

11 0TKJI10tl8HHHY11 B3BHYO~en-

CTBH811 iiB~Y paaJIHtlBHiiH /\. • . L 

Mo~ynDpaaaocTH B rrocne~aen ([Jopwyne paBeH 

Jt 
1._ I s ~ ft1 

l I [ Ln. L exp (- u"-} ~. u_ '. I - f/ 'U cl\ )11~ 
11\1 o aJs . G<") ""-J ".,/'J /1> ( 

6, ..i... I f .Lc{ ~u.r 1 L: u , I -+ u l\ ~ con.~t 
II\\ C) J' Lc.~ 11i.J"J /\>(,(\ 

I "di\
1

1 
llf•r 

llpHIISHHH KPHTepHn KomH, nonyqaew ~oKaaaTeJIDCTBO. 

Teopewa 5.3 (ffar-Jiz).llycnJt~O , ft-t = .x-t ~ L~t ,r~e ~ H h 
B81l!8CTB8HHH~ llpH STIJX YCJIOBHHX npH :X:t > 0 

z -
1\ 

He paBHa, HYJIIO. 

:L 
0(1\) 

e:x.p ( .fl' L: . Gi 6t.1 -t 2: h. 6 ) 
I t f. 

jt.-tj=1 
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. . 1 
,lloKaaaTenDCTBO. M!l ~OKalltell, t~_To Bee npoHaBo~HHe I c" I no xt 

B TO"IIK8 "X.t"'Q H80TPHl18.T83!DHH npH BCBX. 3HatleHHHX )} ;.0 H }t_ • Paa

naraH SKCnOH8HTY B pH~ no .:X:!:.' _IIH nony"IIHII OTCIO~a ~OKaaaT83!DCTB0 Teope-

UH. BBe~ew,KaK B neKQHH I,aeaaBHCHyYIOKonliiD, nony"IIHM,KaK B (1.9), 

I z \1 
== L:_ exp(~ ~ ( "5t. ~t' + it. .Z.t!)+zxt.){L:~t.~5;Y. 

" 6(/1) 6(1\) 
J . 

Jli06aH'npOH3BO~HaH no :Cf. OT STOrO BHp~eHHH HII88T B~ 

L S,8 kxp ( ~ L: (~f. ~t' + ~ zt1 ) t ~.X~ ~/LL' ~t2i: ), 

r~e .. cyuwa-no aeKOTOPHII aa6opa11 B HH~eKCOB -t . ilyCTD B - no~-

IIHOlKBCTBO 1\ , COCTOHil!BB HB _TOtleK, C0~8PlK81l!HXCH B 8 • TaK KaK 

~t.2 = o , TO B L: 2-t. 'Z 1 H i. L' 1h it, IIH llOlKell orpaHHtll~TDCH 
t It. ~f. , 

cytumponaHHell no t., t. E 1\,B. Pa~nolKHil e.xp(_ra.L~t.;f)B PH~. 

llpH STOll B03HHKHYT ~Ba po~a tl3!8HOB:. 

2:: ~c e:x.p (J} Z _ ( 3t. Sf!+ Zt ~t.~ )+ i. 2:: _1t izt). 
t.,t'E/\'B t.E:.I\-B 

B o~HHX 0 c B, H HX aeoTpHQaTe1lDHOCTD cne~yeT H3 (5. I). B ~pyrHX 
C:.~ B . C HHMH llH nocTynaell aaanorH"IIHO, paanaraH B pH~ 

exp (j\- ~L- 5f. ~t.') H T.~. no Hl!~YKQHH. 
c-s 

Teopewa 5.4 • .llnH ni06oro ([JHKCHPOBaHaoro ~ ~ o H ~ , Re ft1=o, . 
cy~eCTByeT npe~en cBo6o~aoA aaeprHH 

F'= f.i.m. F' {\ ' 
1\ 1' -zll 

KOTOpl:lil .fiB.7isreTCH a.HaJillTH"IIBCKOii ~eii ft. • 
i,j"' ,lloKaaaTe1lDCTBO~ Pacc!.IOTPHil nocne~oBaTe1lDHOCTD z 1\ (ua pac- · 

CYaTpHBaell B8TBD1 n03!0lKHT8JIDHYIO Ha B81l!8CTB8HHWC . lz_ ) • liT06H npH-
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U6HHTh ~eopeuy BHTa!H, HaM OCTaiTOCh ~OR838Th, qro OHa paBHOM6pHO 

orpaHHtleHa. 

Ho 

( z=.t\1!1ttJ},K) / ~ ma.:x:. ( 1) r :111\1( ~ > Re fr.)) .;; canst.. 

1J • v,,., 
noarouy npe~eJI p( 11.) = (,m ~ CYI!l6CTBY6T H fiBJifleTCH aaanHTH-

tiecRon \1JYHR!ll-t6lt h , Hl'!r~6 H6 paBHOI1 HYJIIO. J(eiiiCTBHT6JIDHO, 6CJIH Clll 

p( ~0 ) = 0 , TO B ~OCT8TOqHO 118.J!OJ1 OKp6CTHOCTH {. Ha.Ill11RCh 6ll 

roqRa hi H T8K06 ~OCT8TOqHQ ClOJ!hiD06 1\ , liTO "2/\ ( ~, { 1)=0, 
qro H6B03UOXHO. lloarouy,BSfiB TY B6TBh JIOrap~-t\IJua, K~TOpaH B6l!l6CT

B6HHa Ha B6l!l6CTB6HHOiil OCH, UU ITOJIYtlHU ~OK838T6JibCTBO T60p6YH. 

BepH6UCfi reneph K ~OK838T6JihCTBY T60p6Uil 5.I. 

Bll~6JIHM rrorrapHO pa3JIHtlH!l6 TO tiKI'! t . . . tp E (\ I'! paCCUOTpHM 1.) } 

aa6op 

l 
Ji. t=t;, ~=i ... p R.eft +o, 

L> ~ l ') t 

{ ~Jifi OCTa!bHblX t, R. e ht-/- 0. 

{ = 
t. 

Tor~a ztJIH aaztaHHbiX fi ;;. o , g_ , R e f.t. +o , Hlleeu 

·//1. ... -/"P / G' ,vi G' "'p 
' t. , ... , t > - 0 ~ Ali ... d { ,, 

{h. z.. (11.- -h ... h ~?,1.2) = 
A l" > 1' ' f' Jl{_ = f"L 

= 

rzte € 

t r 1\ 1 p L 

N I N I l .. - . e . 
( 'l1i ll 

~ 4 r./\ 

/ ft.-~J=c (~i-ft)N1•i. ( 1 -')!le-tl c.{{. ... dh • c. ... "h.plt 1 p' 

Bb16paao ztOCTaTOtlHO llan&u. IIpe~cTaBHM Z B Btute 
1\ 

r:_" = efti p" (h,_, ... > ft.~> -h_)+ c.-~1. Q."(ltv···,-ftrJ~.)= 
- g ( l-~1. Q. ) e J. p e + .:::::JI 

f\ . p" . 
(5. 3) 
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Jleuua 5. I. 

6' 111 G''"'r N. + ... + /11. I 1<- t , ..... t > 1 ~ c 1. f'JV,t···-" .. ! 
. i p f\ . I 

J(OK838T6JibCTBO. HHTerpa.n B npaBo~ tl8CTH (5.2) nepenHCbiB86TCH 

B BHzt6 

N.!! ... N:' e . 
(!l.lT~)p 

. ~h Gl \ 

~ _ 0 7- ln. P + fn fe ! + .2:./1-p ) I p 1 D 
1t1 1\ l /\- (;\. Tti·-· q_,., 
(ll"j_~ {)"'.+~ .. (--h,-f.t)f1,+j ·. 

. 
nepnult tlJ!ea,otieBHztHO,HweeT Tpe6yewyiO oneaKy. Bropol1 panea ay.n10, a 

• 
TP6TH!t nepenHCllBa6TC 11, 6C.lii'I BOCnOJ!b30B8ThCl! 

~ -· _1_ 
(IL- i) 

~ 
I 

f(~) c.l~, ---n::--1. z 

· I I I (Ait-1). ,v!· ... /11,.. h . q /',_1.. . . c1 ftp . . 

( 9."Jri) p j ~{'-t.h) p - p)Ni-(1,_ :..f,_)fi~_+=I:£_P·("i~ 
( i - e ( nt. tt z.. · . . (,. nJ 

r:zte YH nOJIOlKI'I.lii'I 

e !1.. 'Ki. = - Q.,. 

p" ,.... 
I'! no TeopeMe 5. 3 ~OJIJKHO 6uu . R e ft.~ = 0 . 

OrciD~a Tpe6yewall oqeaKa c.ne~yer o~eBI'IztH!lW o6paaou, rzte C aa-

BHcwr OT c , T.e~ OT f Re. ~ 1-
BBHztY JI6WW!l 5.1 BC6 KOppeJIHql'!OHHll6 ~YHKql'!H paBHOY6PHO orpaHH

tl6Hll B o6JiaCTH / R e ft. I~ c, H ~ no Teopewe BHTaJIH oeeu· ~oKaaaTeJID
CTBO TeopeW!l S.I. 
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_Teopewa 5,5, J{nll npOH3B0.11I>HHX J} > 0 H npOH3BOJil>HOrO { f 0 

HY88T Y8CTO OU6HKa 

6 , *~ 6', ~ttl I < i ' ... , .L > ~ 
kJ. + ... -1- {zn -J.ft\d.X.p J fJ 

c e 'K, ••• :~~:, 
1-. L-n 

ztnll · HBKOToporo c > o , aa:awcmnero T01Il>KO OT j-) iL H v, X = f i1-,. :.) t...t . 
~X - H8HY8Hl>mall YO~HOCTl> K118CT6pa r (CBft3HOrO YH0~6CTBa pe6ep 

J . ~ 
pemeTKH z ), TaKOrO, qTO X c;;_ r . > 

J{oKaaaTenwT:BO. IlycTl> R eft.< 0 , nono~HY Z = e {. MH. 3Haeu, 

qTo ztJIH YaJIHX 2 KoppeJIHUHOHHUe WYHKUHH, a aaaqHT,H ceYHHHBapHaH-

TU aHaJIHT\fqHU ITO Z H, CJI6)J;OB8TeJI~HO, paaJiaraiOTCSl B ,PXO,IVIIllHiiCSI ~: 

-''k 
oi: • > 

ll 

< EJ ~ &f 
t.f. ' .•• ] = 

OC> 

2: g· 
m 

m=o 

m z (5.4) 

Ho BBmtY ztOKa3aHHOI-t aHaJIHTHqHQCTlf npH I r.l t i PHzt (5.4) CXOztHTCft waR.:. 

THqecKH npH I ~I ~ 1 , T. e. R e ~ < o • BocnoJil>30:aa:amwcl> Teopeuolt 

5.4, HY8611 

J ~rn / 

.J:_ 6'111 G'-kn 
= I > ~ <. t ' ... 1 t. > I < !l.lT~ ~-Jr.. -

lz\=i·e zmt-i 

-m 9 t + 1 ~ ( 1-~) C R.t ... ~, ~1 ! ... k, ~ 
(5.5) 

il03TOIIY 6CJIH 1o1U Z{OK8llt6111 qTO &... -= 0 nplf m < cJ::JC , TO Teopewa 6yzteT 

CJ16zt0B8Tl> H3 (5.4) lf (5,5). ilOHCHHY Hzt6D Z{OK838T8Jll>CTBa 3TOrO waK

Ta Ha npw~o~epe ceYRHHBapHaHo:ra <. 6t , G ) • Mil aaae~o~, qTo RLI81lT 
t i 

Y6CTO KJI8CTepHU6 pa3JI0~8Hlfft ~ 

< Gt > = L 
1. t E R 

!. 

6 (1.) I R I 
R c ) < 6-t. > = .L 

!. t.~:;R 
2. 
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I {2.) fRI 
OR ~ ' 

lRI G ""' - """ P (:1, !!.) <-to>- L... 0 
i.t~ t. tE:R R 

1.) 2.: 

c ' 
rne cywYH :a nepBOY R :ao BTopow cnyqaax-no :ace11 i -cBH3HHY R , a 

:a TpeTMY - no R , paa6HB81JlliDICH aa iie 6onee qey n:ae CBH3Hue :KOM

noHeHTH.Ma \l>OI>MYJI ,n;JISI gR cnenyeT, qTo ecnw R cocTOHT po:aHO· 

H3 Z{Byx 1 -CBft3HHX KOYnOH6HT R1. R R,__ ' TO 

.g (l,!l.) = £(1.) t (2.). 

R R1 R.~ 

il03TOYY B C6YlfHHBapHaHT6 

<- ot- <r-c > 
1 2. 

< o-c > < ot ) 
1. ~ 

qJI6HH CTeneHH no ~ 1 Y6Hl>m6~ J.{ I 1 t,COKp~aiOTCft, 
. ["l:Ll't:l.J . 

3aztaqa 5,1, J{OKa3aT~ STO B 06~elol CJiyqae, ztJIH qero BOCITOJI1>30-

B8TM!l peayJil>TaTaYH nononaeHHll I. 9. 

EztHHCTBBHHOCTl> npH ft + 0 • • 

8aKoHq1fy noKaaaTenWTBO Teopeuu 2.1. PaccwoTpHY npoH3B01Il>HUe 
-c~") 

rpaawqaue ycJIO:BHH 6' :a {\ • Torna 

<o 
T 

..{ 

> ~( d") - . < 6 exf(Pr 2.:: Go,)) 
1\ G' - T J" I t t: 1\ , 

> zexr(P~~ ~<i G)> -t.t:~/1 r t. t. 1\ J(i1t~=i 

rne < · ) oaaaqaeT cpeztHee npH nycTux rpaHHqHux ycJIOBHHX. AHa-

norzqgo (I. IO) Hweeu 
1 

<. 5 > ~ (211\) - < GT > ::::- ~ ct~· l <. 6_ > ("aii)-
T 1\; o 1\ o dj\ 1 I /\., 6 

1. --s cl~' L: < 5T ., L 6-L ~I > 
I 1\ 

" t; f(t,C\A)=1 i.:j(i
1
i')=i 

(5.6) 

45 



Bocnon»ayewaa oqenKon 

I < E)T , bt >t\ I ~ C ~ y(T, f..) 
' (5. 7) 

CJie,IJ.yKJlleil R3 TeopeMH 5. 5, .n;onOJIHeHIDI I.? anR n~aeMoil aHanora~o 

TeopeMe 5.5. 

IIoZ\CTaBnfiH (5. 7) B (5.6), 1m nony'tlaew npn 1\ t zv no RPHTepHIO 

KomH 1\0KaaaTenDCTBO Teopeuu 2.1. 

6. Y6u:saHHe KoppenHQ~ 

CBoilcTBa y6wBaHHH Koppenaq~. CHn»HNe o~eHKR. ceYHHHBapHaHTOB. 

CXOZ\HMOCT» penopurpynnu. 

IIepeqHCnHw HeKoTopwe BaxHe~mHe xapaKTepncTHKH cny'tlailaoro nona 

B nopHZ\KS HX JCPil'ISHHH. 

CJiy'tlailaoe none bt naauBaeTCft 

'fJ aprO.n;R'QSCKRM, ecnH 1\l'IH l'IIOOHX ~ 1 .1!. lUI89T llSCTO 

1~1 2.: <. 6'T G'T. + 1 > ---? < GT 0 > ; 
-tef\ 1 ,_ :L Tt. 

2° nepeuewHBaJllllHil, ec:nH 1\JIH noomc ~ , T1 HweeT uecTo 

< GT 6 > -----,. < 6 > z 6 >; 
1. Tl. + -L It/~ c-o Tt T:t 

3° e -KPBTHO nepeueiiiPIBB!OIIIHII, ec:nH ztl'IH JIOOHX T . ~. Tl 1. ) ) <.. 

< GT + ... 6 + -t. > ~ < OT > ... < GT )., 
:L ti T.:. e t e. 

ecnH mi.n p ( T. + t. T· + t. ) __. """" 
, . J L LJ L J 
L <. J o 

4° PIMS!OIIIHW CHnbHOe 3KCnOHSHQP!aJibH08 y6HBaHHe KOppe:nHQHil, 

ecnn ZlnH Bcex T = [ tJ..>. "J t .. J H aeKOToporo ).. < 1 

I 6, i?i. c -k~ J ( .J p ) 1 d.T < t. > ... u ) 4 C RJ.., .. -,1~., .J\ ; 
:l. ) t ., 
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5° UOHSM C MaKC~HOH 0~9HROH 4°,·e~ 

c (-& . o ). = ·c -k:~. +.- + k. 
:L ~ ••• ) 'R., ~J. ! ... ~ .. ! 

r:zte (\ 3BBHCPIT TOl'IDKO OT ~ ; 

6° nOHeM c paBHoMepHo CRHDHHM a&cnoHe~HHM y6HBaHReM, e~ 
~ JIBXSwc nonapHo pa3J!HtiHHX: T-t, ... ,Tn. 

I < 6 • -ki 6. k" . I , ••• > T ) 
Ti n 

n. 

~ -~1! .. ~ -1< I C~' ( -k i. + d.T·) " . .. )( 

ollT 
X A i.> . ") T,. j' 

r;zte C > o, l <1 He aaBHCHT OT ~- T. , a ttHcno ci~T T l 
• > L l. :1.' ... , ll J 

- 1\l'IHHa Bal'IW9Hbmero CBft3HOrO ztepeBa C BepmHHBWH 1, ... > n. 1 B. KOTOPOW 

;ztl'IHHa d~J ll9XztY.BepmHHBWH i H j OUP91\9l'Ift9TCft KaK 

ciij -= f { T~ > Tj) • 
3a1latta 6.1. noKa3BTb 1 tiTO fD 3KBHBal'I9HTHO 06H'tlHOUJ Onp91\8l'I9HHIO 

aprO,ItH1mOCTH (CM.(5)). )(OKa3BTD 1 '!TO H3 KalK,ItOro CBOHCTBa BmlO,ItRTC.fl .. 

npe.n;JCzyiqee. Hlmalme ,ItBa H3 3THX CBOHCTB H93KBHBan9HTHH. 

3.n;ec» w .n;oKBlteM ero ~ Manwe.JY'. 
JieMMa 6. I. .nrut JIJ06wc ~ i , ••• , ~ r-. H JIB>6HX: nonapHo pa3J!HtiHHX: A L 

-,.• 

.\ •<. 6' lJ. C)'~n ., . -k:l. + ... + 'kn ~ !. .. { I 
A > • "") ) • ~ c · 1 n • s. A

11 
o 

(6. I) 

I AL \ ~ 2. 
~nft BeKOTOpoU KOHCTBHTH C 1 ,3BBHCft~eH TOnDKO OT ~ • 

n 

no&asaTenDCTBO. IIono.a:HJI A =: u A. H paCCllOTPHW ll01\9l'ID 0 
• L • ,,., 

B3BHIIOZ\9HCTBH911 v ~ - L A. O'A 
A L • • 

rlle I .\ · I !. ::\ A. ;u;ocTaTo'tlao wa:no. · 
L ) 

PaccwoTpHw .:ztnH o -~ t ~ i 

47 



H t.) = {n <. exp c--t. u") >., • 

Tor:zta 1. .{ 

t(1) == ~ d f(-1:) d-t = j L: A_.<. 6 > eLL. <6•2> 
0 dt 0 • L A;. "~ 1:: 

lls peayJI:&TaTOB JieKI:U-IH 4 cJienyeT, liTO <. 6'A. > t. HBJIHIOTCR aaa:.. 
L II> 

JIHTHliSCKIUIH \IJYHK!lHlUIH OT .A.:f., ... 7 \ B o6JiaCTH I A.i.l <- .A :ztJ!fl :ztOcTa-

TOliHO YaJIUX A • IToaTOYY ltJIH noKasaTeJI:&CTBa (6.i) :ztOCTaTOliHO BOC-

rroJI:&SoBaT:&Cfl HepaBeHCTBaYH KomH. Re~wa noKasaHa. 

TeopeMa 6. I • .UJIH nocTaTOliHO YaJihiX J} H JIOOhiX 

X = ~ :x.1., . - J :x:,. ~ > -k1 , ... > ~ .. • "? o 

(< o;~\ ... , c;~ kt)> I ~ (e>P.)d.~kJ.! ... -t ~ (6.3) 
1. " J• n 

rzte C 38BHCHT TOJ!l>KO OT V • 
.UoKasaTeJI:&eTBO. IlycT:& ltJ!fl rrpocTOThl o6osHat~eHmf i = 0. Mbl HUe-

eu 

~ fi.l t ... -+ k 
" --r-*--k 

d.A/··· (),\ .. .. 
<. 6~kl ' ... , cs:. k .. > = 

1 .. 

L AiGx.:-J-6.4) 
lh <. e ,.1~-=o· 

L 

Ho 

{ 
- U."+ :2 ).. . 6 • :x:· 

+ n <. e /. 
0 

P L:f\G 
1-h. < e ' :x.i. ) 

1\ 
= en 2: 

" 
llpH ltH~epeHQHPOB8HHH rrepBb!R liJ!eH rrporraneT. BTOpOR liJI6H paSJIO~RM B 

Pflll no \_, ... ,.A,)ft: 

i 
11 

' l 2: - < (-1..l -t 2: )... 6 ) ) 
(. I A . L :x:· 

f.::: i . • C.~ 1 L 0 

"00 

(6.5) 

Kos!IJri/H!lHSHT sToro pfl:zta npH ~:L . .'. ). ~~ paBeH 
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2: 1 
l > k= ~c'··'' 1, (l- k)i ~,! ... ' I <. 6' k, 0' k. " n • :lC.i ' ••• > :x: . ' 

) l-k 
(- tlJ ~· 

lls (6.4) H IIOCJieztHeR \IJOPMYJ!hl IIOJiyqaeu 

o .. k£ o' .f.:.., .,;., 11'1 

< =2: ~ ) ... , . > 
m~ X.s. x. 

rn=O 
L 
A1 

L:, 
A, 

6, k,_ 6' ~~ 
X.,_ ' ... , ~.. , 

<. 
6'A • ... ' bA )o • 

1 m 

(6."6) 

Cpa~ A!' ... , Am MoryT 6h!T:& o~aKoi:m:e MHOJKeCTBa~ llycT:& Bee 

8.f' ... , 8p-pa3JllillHlle •. llycT:&BL BCTpe'IaeTCSI cpe~ A1 , · ... ,A h) 

I'Yl.i. pas. 

.l4JIR Toro 'IT06II CeMIDIHBapHaHT IIOlt 3H8KOII CY!JMbl Cib!JI 0TJ!Hli8H OT HYJ!fl, · 

HeOCiXOztHYO, liTOCibl_ aaeiop r= (Bi>"'J B;)Cib!JI KJI8CTepou_H X c. r. Boc-

IIOJ!l>30BaBmHCl> (6.I),rrOJ!YliHM OUeHky MO:ztYJIH npaBoR li8CTH (6.6): 

""" .ll"" ""'·c ~L ........ k.,+Yl'li.+ ... +mP-f< ~ . 
~ - ,c._ . I I I JX 

I i·. .. .·m .... mp m= ~ hi. r n 1. • 

(6.6a) 

C m1 Cm!l. C mf' 
)( . . . ' 

m m-m1 m-rn1- ... - mp-i 

r:zte cyuwa-no BC811 KJI8CTepau r , T8KHM, t!TO X c: ~ I r I= p. lJHClJIO 

T8KHX.KJI8CTepoB He CioJiee cP. "lls IIOCJ!eztHe~ WOPYYJ!hl, COKpamafl ~aK
TOpHaJibl, IIOJ!YliHM Teopeuy 6.1. 

PeHopurpyrrrra. 

IlyCTl> Ui: -HeKOTOpoe CJIYli8RH06 TIOJ!e, Ilycn p ( b~, ... > 6-t.j

HSKOTOpb!H WYHKUHOHaJI OT CJ!yqaRHhiX BSJ!HliHH Ot 
1 
... >6+.. BBezteM 

1 "' HOBOe CJ!yliBJtHOe IIOJ!e ztJ!fl HSKOTOporo UeJ!oro Q > 0: 

(R6\ F' ( 6'-1:. -tai '· .. , 6t. +a.-t)• 
,_ . n 
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J(anee nonaraeu 

( R 9..6') 
i: 

H T.~.jllO~HO BB6CTH 

_ p ( (R6\1.+a.i.' ... , ( R6)-t,.-ta.t) 

(Rno)-c. 
HaH6onee H3BeCTHO~ HBJIHeTCH peaopurpynna Ka~aaona, r~e 

( R 6) 
0 

= I~ 
1 
fi 1\6 -t. ~JIH aeKciToporo Ky6a 1\ c J~mmoi1 cTopoau 

(t!'I'ICJIO TOtiBK Ha pe6pe) Cl. , 3Ta peaopurpynrra (3aB'I'ICH!IIaH OT B!l60-

pa a ) 06Jial.la8T CBOHCTBOil 

./ 

R fo/ = ( R )N a CL • RQ R 
1. q2. 

= RaLQ'l. 

J(na peaopMrpynnu Ka~aaoBa o6oaHatiHW 

<; (N) 
i. 

( R111 6 )-t - < ( R11 6')-t. > 

'-J J) ( RN6\_' 

(6. 7) 

(6.8) 

Teopeua 6.2. IIycn -h t-o JIH6o ~ uano. IlpH IV->«> pacnpel.lene-

HHe TIOJIH "St. CTpeW'I'!TCH K pacnpe~eJieHHIO He3aB'I'IC'I'I!lOI'O rayccoBa llOJIH. 

J(oKaaaTeJI:&CTBO. OtieBHZlHO, 
(N) 

<(... "St > = 0 ' "]) S (N) = i • 
t 

Mil l.l0K8XBU, tiTO BCe CBUHHHBapHaHT!l 

( (tv) (N) 
'"5-c ' ... ., "St > --::> 0 

:i .... 

(6.9) 

npH n ~ 3 H N---'>.,.. • 0TCI01.la 6yzteT cnel.lOBaTD peayn:&TaT. l{oKaxeu caa-

qana, tiTO 

::D ( R ,,/s' \ ::D IAI, 
0 

(6. IO) 

r~e 

<.6 6t>>o. 
0 ) L 

tE: ~~ 
(6. II) ])0 
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l{ei1CTBHT6JI:&HO, H3 BTOpOI'O HepaBeHCTBa rpHifJ<PHTCa W 3HaeM, tiTO 

·Bee tJJieHu PHZla (6. II) aeoTp'l'lrtaTen:&J:Ill, a < ~ > Go > = :D ~ > o 

Ha (6.II) HeTpy~ao B!lBBCTH (6.10), ecnH_Bocnon:&soBaT:&CH orteHKOK. 
. '~ . < 6'o .> 6'-t. > ~ c A. .> o <). < 1. 

Ha CHJI:&aux oqeaoK cewHHHBapHaHTOB uoxao,ot~eBHl.lHO,B!lBecTH 

< (RNCS)t ' ... , ( RA/6)t > .:; O(ltd). 
i ~ 

(6. I2) 

OTCIO~a H cne~yeT (6.9). Teopeua ~oKasaaa. 

Srutatra 6.2. iloKaaaT:& :ztJIH {=o, 6on:&mJ ~ , (+)-rpaHHtiH!lX 

YCJIOBHH (aeuaKCHuaJI:&HyiO) C'I'IJILHYIO OitBHKy 4°.. · 
YxaaaaHe. BupaaHT:& ceMHHHBap'l'!aHT tiepes KOHTypaue KoppenHitHOH

me IPYHKitHH f 8 H nonyt~mr:& MBltCHMBJI:&JIYil cHn:&ayn oqeaKy :ztnll f
8 

• 

MaKCHuaJI:&HOH CHJI:&HOil Olt8HKH 4° B 3TOM CJiytiae 6!lT:& He uoze_T [I2 ]. 
Bee peayn:&TaTH B o6nacTH -h=o H npouexyTOtrHHX J} nonyqeau 

CJIBl.lYIOIIIHMH ~ByYH CllOC06aMH: 

I) npu Y = !L , A. ~o , uo~en:& 'HaHara ~onycicaeT HBHO.e pemenHe ~JIH 
Bcex Jt 

2) HCTIOJI:&3YJ)TC.!I pasJmlDW9 KOpp~OBHH9 H9paB8HCTBa. 

lis pesyJI:&TaTOB l.lJIH Jiro60ti paauepHOCTH, llOJiyl!eHH!lX ll8TO~Oil KOppe

JIHit'I'IOBH!lX HepaBeHCTB 1 OTUBTHM ~OKa3aTeJIECTBO.CY!II6CTBOBaHH!l "KPHTH

tiBCKOH·TOtiKH" H ~oKasaTeJI:&CTBO cxo~HUOCTH HeKoTopott peaopurpynnu K 
rayccoBowy non10 npH 'r} ~ 5 [ M.Aiz~nmann. Comm.Math.Phys., 1982, 86.]. 

7. Tpaacwep-uaTpHita 

CToxacTHtiecKaH nonyrpynrra ·B qJHSHtiecxoM rHJI:&6epTOBOM npocTpaa

CTBe. EasHc. KnaoTepaocT:& TpaacflJep-MaTPHit!l. PeflJnexcHBHall nonoxRTen:&- . 

HOOT:&. 

B neKitHH 2 W yze paCCMaTPHBaJIH H8HOPWHPOBSHHYD-TpaHCqJep-~TPHitY 

B cnyqae V = i . HopWHPOBaHHaH orpaacflJep-MaTPHita 8C'rl> CTOxaC'rHti80KHit 
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(nepexo~aull) onepaTOP aeKOToporo ~oBon:E.HO cno~aoro uapKOBCKoro 

npoQecca, KOTOP!:li1- !.lbl Ce~qac ITOCTPOHM. PacCIJOTPHM ~Jifi npOCTOT!:l 
.1 11 f v-i. ) 

uo~en:E. MaHara c n=O H YanhiM J¥ aa Z = t :x. =(:x::.--J~ ) J. 
11-:t ( II-i) Y 06oaaaqHM Z 
0 

Z 1. no~uao~ecTBa (cnoH) Z . • paBHble· 

l :x: X.
0 = 0 J 11 ~ :x.: ·.X.o = i J COOTB6TCTB6HHO. _, v-1 

Onpe~enHM ~mi Bcex Koaeqaux T 1 c Z cKannpaoe 
J 0 

npoHaBe~eHHe 

r:U.j 
(G' ,6 ,\ = <.b 6',). 

T T ) T T 
(7. I) 

0HO ITO ~6HHOCTR pacnpOCTpaHH6TCfl Ha ~eftaoe rrpOCTP8HCTBO ~ KOH6~
HIXX mtHelilHbiX KOU6HHaQHH cnyqali!HbiX BenHqHH DT • ilOl!OnHHB ;!:_ ITO 

3TOMY CKanflpHOMj npOH3B6~6HHID1 rronyqHIJ rHn:E.66pTOBO npOCTpaHCTBO (Ha 
j-i . 

aynerou cnoe Z
0 

) , aaahiBaeMoe qmaHqecKHY rM:E.6epTOBbiM npocTpaa-

CTBOY . Je_ = /(cpu~. 
Onpe~enHY aa 1l nHHeMHhllil orrepaTop s- , aanaB ero uaTpHq-

Hble 3JI6Y6HTN! 

cU.f 
:fo ) = <. c5 6 1 ..... > , 

T 1 T T +eo 
(7.2) ( DT ' 

·- · v I - I _. r~e eo= (i,O, ... ,o)E.Z, T +eo- C~BHr T Ha B6KTOP eo. 
~opyY:n:a (7 .2) onpene:n:neT nHHeli!Hbllil orpaaHqeaHblt;\ orrepaTop co c~e~yro-:. 

. IJIH!.IH CBOt;\CTBaYH! 

ll s-n = i ~1.. = i. (7. 3) 

BTopoe paBeHCTBO oqeBm(HO, a c~HuaeYOCTb l II ~II ~ !) cne~yeT 
Ha aepaBeHCTBa lliBapua: 

r = !!*. (7.4) 

9TO CJie~yeT H3 paBeHCTBa 
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,.- 0 . 
< 0

T- -' e ) I -t o 
/ 6 5 . ") 
...... T' - ..-e • I o 

(7 .5) 

EcnH 0 He eCTl> co6CTB6HHOe aaaqeaHe 9"'" , TO CYIJI6CTBYeT (aeorpa-

HHqeaHNn) caYoconpHJKeHHbllil OII!3PaTop · H , TaKO~,. qTo 

s-t - - 2.. H - e (7.6) 

llpH 3TOY 

H~o (7. 7) 

Ha3HBa9TCH Wn3~9CKHM r~TOHRaHOM. 

EaaHc B Je .h 
r"(1· 

\}-1 
llyCTb :X:. Eo Zt> • 06oaaaqHY p:JC. OpTOrOHaJil>Hbllil rrpoeKTOp 

aa nHaenaoe rro~rrpocTpaacTBo 1(1>','1 .' rropo~eaaoe :BceuH oT , 
\1-1 I I 11-:t I . • 

T c. T:x. = zo~ :><. =:: { :X. E z~. : .X. <..:X:. B neKCHKOrpacJmqecKOY yno-

PH~oqeHHH J . M3B6CTHO, qTo ~ o:X: COBIIa~aeT c ycnOBHbllol YaT6lolaTH

qecKHY o~unaHH6Y M ( 6'"'- I 6:x.,' oc'<x) H HBnHeTCH ~YHKQHelil OT 

KOHqJHrypa!lHH Q(T:c.). · . 

TionolltHY 

.-... 
6 6 - p 6' 

.X '>c ::X. = 
X. 

~ -p:x. [(6'~- p:x. ~)J 

Eeuua 7.1. Cnyqalilable :senbqHHbl 1 H. 
. -"' ....... 

6' == n 6==<. 
T :>c::E:T 

06paayiOT OpTOHOpYHpOBaHHbllil 6aSHC B Je1'";1 • 

0pToroaanl>HOCT1> H HOploiHpOBaHHOCTl> CJ16~YIOT H6ITOCpe~CTB6HHO 

H3 CBO~CTB YCJIOBH!:lX lolaT6lolaTHqecKIDC O~HnaHIDl 

·-... 
<.E) > = T 

..... 
< p 6. >. 

::C_T , 
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(7 .8) 

(7. 9) 



.......... ~ ~ ........ 

p ( 0 ( p_JG·l''= ( p ,6 ,)( r 6') I ecm'l X
1
<..:X.. 

x T rT!/ :X: T :X:. T 

3a~aqa 7. I. 

noKaSaT» nQITHOTY! noKa3aT» 1 qTO C~CTeyY ypaBHBHHH (7.8) 
""' 

OTHOCHTBJI:&HO 6-f.. npH 3~aHHhiX 

~OBaTeJI:&HhiX npHGJI~eHKM. 

6 
t 

MO~HO pemHT» UBTO~OI.I nOCJie-

llla.TpHqHhle aneueHTbl q- B aTOll 6aswce 

Pasno~HM MaTPH![Hhle aneueHThl no ceuHHHBapHaHTau: 

( 6 g-i ) = < 6 6 · > =- L: < s~ > < l?, > (7 .ro> 
T ' T 1 T T 1+ e A • . . . A 1 

0 1. k 

r~e cyuua-no BCeM pas6HeHHfll.l L Ail ... > Ak} UHO~BCTBa T V ( T
1
+ e.o) •. 

Jleuua 7.2. EcJIH JIHCio A 11T = ¢ 1 nu6o A f) (T'+ e.)=¢, 

TO ' 

z 6, > 
A 

::= 0 . 

TaKIDI! o6pa30M, B (7. IO) CyMMa - TO.Jil>KO no pa36USHIDlM, B KOTOpliX BCS 

T 
_, 

3JIBUBHTbl nepeceKaJOTCfl C H C I + eo . 
noKa3aTeJI:&CTBO. ~OCT8TO![H0 paCCMOTpeT:& CJiyqaH, Kor~a 

A c z~-1 
0 

....-. 
\13 JIBUMhl 7.1 CJ!BllYBT 1 liTO BCe MOI.IBHThl <. 0 > == . A 

= 0 1 BCJI!! A c zv-1 A i ¢ 
0 ) 

• TI03TOMJ H BCB CBI.IH-

ID!Bapl!a.HT!J: paBH!J: eyJIIO. 

Teopeua 7.1. 11ueeT uecTo KJiaCTepHafl oueHKa, ecr.u 
v-1 11-1 

Ac.z uz: 
0 :1. 

d. A 
~ ( Cfb-) 

_,..... 

.( <. C5 A., >I 
(7.II) 

noKaJ!teM CH9.l[a1la ~Be J!BI.I!Jbl. 

JISMMa 7.3. 

" 
6-l: = L: c t:. A 6' 

A c z~-1. , A ' 
(7.I2) 

rrpwqeu O~t: 

I c-t. A 
) 

d. 
.~ ( cj}) U} u A • 

noKa3aTeJI:&eTBO. PaCCilOTPHil caaqana 

p 5 
:X. :X: 

= lim 
"t- z.J 

p (II) b 
·:x :X 

( ") 
r~e p~ - yCJIOBHOe MaTBilaTH![BCKOB OX~aHHB ITO rH66COBCKOily 

pacnpe:n;eneHH!O B (\ rrpH 3a~aHHHX sHaqeaHHX 6 t! ==. G -t.' , 
.1..1 '11-1 
o:. E 1\ (\ Z 

0 
• no onpe:n;eneHH!O, 

~X. 

p (!i) 6' 
:X. X. 

<.. G'~ e.:x.p(-JrL:~6.t_'- Ji.E~~,)>o 
= 

( e:xp (- ~ L: G't. 6't.1 - j\ 2: ot: o t:' )>
0 

r:n;e 
'/-i I -) .1. 

-1:. 1:. Eo/\' Z0 · .-l::e. 1\fiZ-, lt-t l=i.> lt-t'l=i. 
J i. , ::c. > o., x 1. 

TaK X6 1 KaK B JI6KQHfiX 2,B,Ilhl I.IOEell nonyqHT» TOr:n;a KJiaCTepHoe 

pasnoEeHHe :n;u P :li:. 6':x. • B Hell . Kr HBJ!fi!OTCll qwcJiallH1 ecnH 

v-.1. · · ~ , -J-1 r (I 2 = ¢ I H ~YHKIU!flllH OT ot' ' eCJIH i. ~ r () z 
o,.:x:. - O,:,.X. • 

KJiacrepHhle OQ6HKH BUflOJIH6HU paBHOilepHO no Eit 1 • Tor:n;a HS Teope

llhl 4. I CJI6AY6T, qro 

p G 
.:X: :X. 

= 2: -c A :s 
5 

A 



r:ne A-!o¢ K 

AsanorH~Ho nony~HY 

p:x:_ ( ~ )~ 

I c' A I :x:., 

~ 
cl 

ex, A ~ (Cfi) AIJ{xJ • 

1. 

~ 

+ L: c' 6 
A*-¢ :x..)A A' 

d ( Cftr) A v~x!. 

c nouomb~ aTKX ~opuy.n H npocTHX B~~HcneaHn c pa:nauH uw nony~aeu 

:noKaaaTenbCTBO neuMH 7.3. 
~eMMa 7.4. PaCCUOTpHM B38HMO:l{BnCTBHe BHzt8 

u 
f\ 

= - L fat -t' () t 6i I - L 
Jt-t 1{=i tEl\ 

Jt A~ 
t_. -1:..'£:.1\ 

_Tor:na cymeCTBYBT T8K08 

tn_ rA 

, 

A ell 

A
0 

> 0 , He . 38BHCHIIlBB OT A , ~TO 
-U 

/J - " = Ln<.e > 
0 

aHaJlllTH'llia no j\H.' ' J'-1:. A B o6nacTH 
> 

J_ I -"' I g I <....A tt.)UA= ....f K 
t)A o Q t ... A 'f)-{_ -t' I < A 0 ) 

(7.13) 

-HOK838T8nbCTBO. ilony~HM Kn8CTepH08 npeztcTaBneHHB t:A. nna 

y:noCicTBa oCioaaa~eaHn Ciy:new c~HTaTb ~ t.i! ::::. 0 

0603H8~HM ztnH ref\ 

K-t A 
> 

= exp ( J'i ~ ) - i , 
>A 

Kr L: <. n Kt) A )o 
c; (t)A)E "S 
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1 

r:ne cyMua-no llCBil aeynopmto~eHHHM aa6opaM nonapao. paanH~HHX 

nap ~ = 1 (t1 , Ai.), ... , ( -t,_) A,.)1, TaKHu, ~TO aaeiop 

{ { t 1! U AP •.• , [ tn} u A,. J CBH3dH. KJiaCTepaoe paaJIOlKBHHe 

z= c TaK llb16pi:iHHb!MH K r noJiy~aeTC H Ta.K JKe. KaK ( 3. 5). noKa-A . 
JKeY KJiaCTepay~ OUeHKY (3.2). 

noKaJKBY CHa~aJia, ~TO 

L: I ""r I 
r: oEr 

Jrt=-n. 

"' ~ 2; ~ n Kt A 
<; : 0 E z; (t;A)E- S ' 

06oaaa~rut ~epea G cyuuy Tex ~JleHoll ll PHZlY 

{7. 14) 

L: 
"' p . C>O 

( 2: Ka A) = L 2:. 'L 
Ap 

...--.. K -" (7. 1s) 
o A ... I< 
> 1 o .. A , P=i A , p=i At - r 

:l{JIH KOTOPHX 

~TO 

G ~ 
h.-

n 

L 

P. 
L I i o J U Ak. b n. • Ha (7 .I3) HeTpyztHO llHzten, 
-k=l 

p-.t. tt .,.., _... p n. 
2. ..:to + E ( L: Ko,A) ~ <?_onst.(2>.r·l6) 

p=L p =h+i A 

il03TOUJ ztJIH ztOKaaaTeJibCTBa KJiaCTepaon OUeHKH HaztO ll0Ka38Tb, ~TO 
• n. . 

npaBaH ~aCTb (7.14) ae npeBocxo:nHT y ~ • HJIH sToro paccMOTpnu 
tt 

CJiezty~HH aJirOpHTY ITOCTpOeHHH BCeX ~BHOB npallon ~aCTH (7.14). 

Ha nepBow mare Bw6epew npoHSB.OJibHO napy {1. =- 0 , A
1 

• Tio-

MBTHY HeKOTopwe TO~KH A1 • Ha BTOpoM mare nw6epeM napy. A:1. > A,_ 
TaK, ~TO JIH60 ~ =- 0 , JIHCiO t!.. eCTb rrepBaH -B JieKCJiKorpa~M~BC-

KOM. rropHztKe noue~eHHaH TO~Ka Ai. • A,_ Bb!Ciepeu npoll3llOJI:&Ho. no.: 

MeTwu HeKOTopue TO~KH A - A • ilyCTb Ha .f< -Tou mare .1m yJKe 
~ 1. . 

Bb!CipaJI!l. -k nap ( t.i.) A1)) ... , (-t.k, Ak) • Ha (~+i) mare 

Bb!6epeLI JIHCiO t 1 = -t.k , JIH60 CJIBztY!OIIIY~ B .i!eKCHKOrpag)lr<I9CKOM 
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* nopMite noMetiSHHYJO TO'!KY 
0 
V A. • KaJKAOWY nocTpoeaaouy Ta-

. L=i L 
KHY oc5pasou 't!JieHy K-r A , 0 0 0 > 1< B npa:oon 't!aCTH (7. 14) 

u ,. t,,Ap . 
. rrocTaBt'lll B cooTBeTCTBHe tiJieH K' A _ t 0 

• • K A _ t I A - t -
o, 1.. 1. o, P r \. 

cztBm' A aa BeKTOP i ) B npaBon 't!aCTH (7. I5). TaK RaK Ha RaJK-

ztOM mare SCTD TOJIDKO ztBe B03WO~HOCTH BH60pa TO't!KH H K~aH TO't!Ka 

YO~eT 6HTD IIOYe't!eHa HJIH HeT, TO KSEZ{HH tiJieH B llpaBon 't!aCTH (7.15) 
p -t rt. • 

ORaJKeTOH ·COIIOOTaBJieHHHY He c50Jiee '!!ell ~ . 't!JISHOY rrpaoon 't!aCTH · 

{7.14). KJiacTepHaH oneHKa ztOKasaHa. 

0TO!W(a IIOJIYl!aeM a.Ha.JIHTK'lHOCTD, llOBTOpJJJI paCCYJK,I{eHWI JIElMMll 6.!. 

3azta't!a 7.2. BhlBeOTH paBHOYepHOe SKCJIOHeHU~aJIDHOe y6HBaHHe 

KoppeJIHUHii (coollcTBO 6° rrpeztHztyme:ii JieRUHH) ztJIH uozteJIH H3HHra B 

BHCOKOTeYJiepaTypHOH 06JiaOTH. 

3azta't!a 7.3. 3aKOH't!HTD Z{OKa3aTeJIDOTBO Teopel.IH 7.1. 3Z{eCD YH ztaztHW· 

ztpyryiO KOHOTPYRUUIO <lJH3H't!eOKOrO rMMepTOBa rrpOOTpaHCTBa H TpaHc<!Jep-

MaTP:mtH, CBSISaHHYJO CO CBOHCTBOM pe@IeKOHBHO:ii IIOJIOJ!UITeJIDHOCTR. , -

IlyOTD e: z" ~ Zv - OTpruKeHHe OTHOOHT6JIDH0 OCR :::c"=o, 

.a ( Q .J -I. ) - ( • ._ ..J-L\ T r.ll T.e. 0 :x:_, ... >:x: - -x,:x:~o-O>x ;- eu~e 3Ha't!ROW a 

YH 6yzteY 0603Ha't!aTD ztellCTBHe· 8 Ha CJiy't!a:iiHHe BeJIH't!HHH: 

e ( E)T ) = E) ~n ' ecJIH T c £': = [ (X: 0 0. ) = v- L); X..~ 0 J. 
0't!eBUZ{HO., 'liTO Z{JIH He3aBHCHYOrO TpaHCJifiUHOHHOrO HHBapHaH'rHOrO IIOJIH 

( P(GlP)> ~o, {7. 17) 

~ 
ecJIH P - uHoro't!JieH oT oT , T c. ~.f- • 06osHa't!HW qepea . ;f.+ rrpo-
CTPa.JiCTBO TBXHX MHOrO~SHOB.lloSTOMY R ~ MO~eJIR HsRHra BHIIOJIHSHO 

~ CBOilCoryo _(7.17), KOTOpOe Ha3HBaeTCH pe<!JJieKCHBHOll IIOJIO~HTeJIDHOCTDD. 

~e:iiCTBHTeJIDHO, B03DMell Kyc5 1\ , CHYYSTpH't!HHn OTHOCRTeJIDHO Cf , H 

sarrHmew. 

<. p (<~ p) e:x.p(- 1J") >o 
58 

- < F (eP)>o,. 

rzte 

F = P e.xp ( A- J.. .L 6" o 
jO .2. t I 7!.,)-.1 i: t/ 

.) t €: 0 

t ~ L: G"t i;t-1 ) 
Ll \) • "',;;z -z~ 

Torzta (7. 17) COXpaHfiSTCII H B rrpezteJie J\ t Z~. 
+ 0 

OBBezteY Ha ;t:+ CKaJIHpHOe . IIpOH3BezteHH8 

(f)-~)T = < t(GJa)>. (7. 18) 

BosDueu <!JaRTop-rrpocTpaHCTBO ;C+ no JIHHeiiHOYy rroztrrpocTpaHCTBY BeR~ 

TOpOB 5 c HyJ!eBoii Hopuoii (:f) f )1-=0 H JIOIIOJIHHY IIOJIY't!eHHOe 

}{+ • rrpOCTpaHCTBO 1{0 rHJID68pTOBa IIPOCTpaHCTBa 

OrrpezteJIHM orrepaTop CJ: : 1{ ~ "Jl 
0 + -t , 

c;-':J 6 
4 T 

=6' 
T +e. ' " T c. z+ . 

3azta't!a 7 .4. ~OKa3aTD 1 .'liTO IIOJIY't!SHHOe OJipezteJ!eHHe RoppeRTHO, T.e. 
c;- • 
J-1- COXpaHHeT HYJISBYIO HOpMy. 

3azta't!a 7. 5. X+ · OTO~eCTBJIHeTCH c 1{. rrocpeztCTBOY oTo6pa-

~eHHH G"T _, p b , rzte P. - OpTOrOHaJIDHHii rmoeRTOp (yCJIOB-" T o ~.t" 

HOe YaTeYaTH't!eCKOe O~UZ{aHRe) B JipOCTpaHCTBe CO CKaJifipHhlY IIpOH3BezteHHeU 

( G'T , 6T,) = <. G"T 6T 1 '> Ha HyJ!eBoll cJ!on (T.e. Ha X ). 
IlpH STOll 

p:Jp 
" + 0 

•:J (7. 19) 

l:JacTI:. II. ,UlrnaMHKa 

8. KBa3HJIOKaJIDHaH CTPYKTypa: aJ!re6pH H ztHHaYHKa 

HeKOUuyTaTHBHaH TeOpHII BepO!ITHOCTeii. KBa3HJIOKaJIDHOCTD. AJire6p~: 

cmmoBM, KAC, KKC. Jl,miaM!IRa 11 rpynrra CllMMSTpiDI. TeopeMa Poc5IIHCo'Ha. 

3aMKHYTaH <lJH3H't!eCKaH CHCTeYa B COCTOHHHH,6JIR3KOY K paBHOBeCHID, 
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* aaZlaeTCR aa6opow ( Ot) ..z, 
1 
f) , .rZle OZ. - C -anre6pa c 1 

(anre6pa aa61IJ01lae!.lh!X), Gi - rpynna (rpyrma CHMMSTPHH), .t.
1 

- npeZl-

.CTaBneHHe rpymru G B rpyrmy -1( - aBTOMOP\PHSMOB anre6p!l Ot- aenpe-

PllBHOe B CH1I:&HO!.I H1IM C1Ia60!.I C!.lllC116, J = <. o > - COCTORHH8 Ha ~.-

HHBapHaHTHOe OTHOCHT81I:&HO .J...' . 
HHTepnpeTa~HH (HeKowwyTaTHBHaH TeopHH BepOHTHOcTe~). 

. ~ 

HeKOTOp!le cawoconpf!lKeHH!le a3rewei1Tll A = A E Oz. COOTBSTCTBYR>T 

flJHaHtiecKHM aa611101laeww, <. A ) - nauepnewoe CP61!Hee aaaliSHHe A .. 
B COCTOHHHH · ~- ~ , . :O(A) = <: (A-<.A>)'J...>- ZlHCnepcHH A, 

~ tXA 
<. A > - uoueHT!l, f ( >.)"' .t: e > - xapaKTepHCTHtiecKaH IPYHK~HH, 

A ·• 
nocneZlHe~ 61lHHCTB8HH!lll o6paaou COOTB6TCTBY6T HeKOTopaH IPYHK~MH pacnpe-

1l6116HHH ~(:>c.) , HHTepnp8THPY6MaH KaK BepOHTHOCT:& TOrO, liTO H3M8-

p.!I6M06 sHa'!emie BeJIH'lmlll A 6y.zteT MeH:&me X. • 

AaanorHliHO, ecnH A.i} 0 0 0 > An E CR.. · Kowyupym M8JK1!Y co6oi1, 
0 0 

TO 1l1IH HHX.onpeZlenneTcH coBuecTHaH IPYHK~HH pacnpe:lleneHHH. EcnH ~e .Ai 
M ·A~ He ltO~T:apym, TO aanpe1J1a6TCH rOBOpHT:& 06 HX COBM6CTHO!.I 

pacnpe1l8118HHH, 9TOT !PaKT.OTp~eT H8paB8HCTBO (COOTHOill6HMe H80ITP61l6-

116HHOCT6~) 

:D(Ai.)])(A:~.) ~I< [A1.) A2.] >I {8. I) 

1l1Ifl 1l!06oro COCTOl'IHHR (. o) (BllB6CTH H3 HepaBSHCTBa liiBap~a). 3aM8TH!.I, 

liTO 1l1IH KO!.IMYTMPYKXIIHX A1. n A,_ Bcer:lla aal:lleTCH cocTOHHHe, 1l1IH KOTO-

poro ]) ( A1 ) = ])(A:~.) = o 0 

EC1IH (T,L KOMwyTaTHBHa, TO OHa HSO!.IOPWHa anre6pe Henpep!lBH!lX 

WYHK~H~ Ha KowrraKTe JL no Teopeue ren:&~PaHZla, ~ 0 > onpe:llenHeT 

. no Teopeue Pncca o6!lliHOe uaTe!.laTHliecKoe o~HZlaHHe no HeKoTopo~ BeponT

il HOCTHO~ Yepe, a ,(} HH1lY~HPY8TCH [5] rpynno~ coxpaHl'llOOIHX aTy_-uepy 

npeo6paSOBaH~ Jt . Rfialie rOBOpl'l, CIO:lla BKJIRllia6TCl'l KJiaCCHli6CKal'! 

TeOpHfl B8p0l'!THOCT6~ H TeOpHH 1lHHaYHli8CKHX CHCT8Y, 
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* C- anre6p!l; npHuepu 

. ! 
I. qaCTM~a aa R c 01lHOi1 {Baemaei1) CTeneH:&Rl CBOClO:llbl. B KBaH-

TOBOi1 MexaanKe xopomo naBeCTHbl cawoconpiDKeHHlle onepaTOp!l B L~( R) 
KOOPZlHHaT!l <}=:X: H l'l!.lnyn:&ea f "" i.1i_ • .ll1IH 11Rlelb!X B61J16C.T-

B8HHllX .<.1 ~ wo~ao onpeZl~JJHT:& o~epaTop!l BetlJJH 

W(.A~~) = e<J.'{--tL~p:. 

IIycn Ol..J. ( rR.t)- C ~...:anre6pa, nopo~ZlSRHaH onepaTopawH BeMJJH, 

8aztalia 8.1. .Uoitasan, 'ITO 

i. (rl. jl-P. .{ ) 
W( J..q ~1.) W(J..2.>~,_) = W( ,1..1 +J.'J.l ~!+~2..) e .1 • .t r1.. 2.. 

. (8.2) 

8a:llalia 8.2. AJJre6pa WOH He~waHa w:1 U<),rropo~Zl6HHal'! Ol(R!) 

B L9.. (RL) , COBnaztaeT c S1_(L2.(1R!)). . 
ll. Anre6pa'BHYTP6HHHX CTeneHei1 CBOClOZlll liaCTH~ll flBJ!l'I6TCl'l OelllliHO 

MaTPHliHO~ anre6poi1 00( • 
~ 

lll. Anre6p!l, COOTB8TCTBY~He CHCT6!.1a!.l C H6CKOJI:&KH!.II'l CTeneHH!.IH 

CBOClO:llll,nOJJyliatoTCl'l KaK T6H30pHll6 npOH3B81l6HHH anre6p. Hanpnuep, 
"3. • 

liaCTH~a B R c BHyTpeHHHYH CTeneHHI.IH cBo6o1l!l cooTBeTCTBYST 

Q, ®oz.® en.® m HJIM w1.® w
1

®w oo m = 
~ .1 1. ~ 1 n 

= _13 ( L2. ( R3
)) ® ffin.·· 

B CJJyliae 66CKOH6liHOro (KOHTHHyaJI:&HOro) liHC1Ia CTeneHei1· CBOClOZl!l STO 

1l6JIO 601166 TOHKOe, PyKOBOZlHIIIHI.I 31!60:& l'IBJIH6TCl'l TO.Tpe6oBaHne, liTO 

Ha6JIR>1la6!.1ll6, COOTB6TCTBYIOIJIH8 paSHll!.l (npOCTpaHCTB6HHbiM) CTeneHHY 

CT :JelOZlll, KOLII.I.fTHpytoT ( T. 6. COB!.I6CTHO H3!.18pHMll) • 

Orrpe:lleneHHe (ItBaaWiolta1I:&HaJI CTPJRTYPa) 

en. v v 
o6na:llaeT KBaaHnoKaJJ:&Holl CTPYKTypon ( Hazt R nnn Z ) , 

J.. c. Rv 8C1IH ZlnH ~oro OrpaHHli6HHOro OTKpUTOrO n01lMH0~6CTBa 
~ * 

H1IH Z 381laHa C - no1lanre6pa Ol"- c Oz. , npwieu 
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~ 

li 

I. cl.2j\ =.> Ck_.l.. 2 Ot.lt ; 

0t = U ~ , T.e. sawntaHHe JIOKaJI:&H0£1 aJire6pN 
.1.. 

2. 

CR. o = U en...( no aopMe; 
,t.. 

3. Qt HM6IDT OO~YID e~HHH~y; 
~ . 

4. C~6CTBY6T ~· -aBTO!.!Op~H3U 6 aJire6pbT 07.. , o 2
=i, 

TaK0£1, '!TO IIPH .((I~=¢ 

[Ol..e Ol..e] =0 [OLe 0Le1=0 
J.. ) .( ' .I..) ~ 

1 ()L: 1 ~~ = o, . (8.3) 

e o 

r~e CR../... - rro~aJire6pa t~eTHbTX ( G A :A) aJieueHTOB Ol...( , OS. -
- IIO~MHO~eCTBO H6'!6THNX ( o A =-A) SJI6M6HTOB . Qt.( . 

IY. CrrHHOBaR aJire6pa 
11 ~ 

IlycT:& K~:n;oit TO'!K6. :X: f=. 7! COOTB6TCTBY6T aJireopa, )IB.Tp~ 0t = 
~ X: 

-;;;;:-~ (BHYTP6HHH6. CT6II6HH CBOOO~bT). IlOJIO~HM Z!J!R KOH6'!H~ 1\ c. £")) 

Gz. 11 = 6S) ~ H 6y:n;eu: C'!HTaTI> ()( ,BJIO~eHHNit B en_, 
I "XE/1 II A 

IIPH A c A ' CJI6~YIOl!lHM oopasou:: 

A -? A ® i I E: oz. I AE Ot 1 I 
II'A II> 111 A'A 

- e~HHH~a 

B Ol_l\1 
' 1\ 

IlOJIO~HU CJt = U Ol..A • 0'!6BH~HO, 'ITO 8THM B CJt Sal!a-
1\ 

aa KBa3HJIOKaJI:&HaR CTPYKTypa c G = 1. . 
Y. Anreopa KAC (KaaoawqecKHX aHTHKOMMYTBUHOHHNX cooTaomeHHit) 

PaCCMOTPHil ;[_ ( e!. ( :z 11
)) H paCCilOTPHil aJire6py . OL ' 

IIOPOlJt1t6HHYI!l BC6ilH ax. ~f a( J':x.) , r~e 

5 1. ) 
.r:>c ( 't) = L D) 

:C='j, 

:r.l'cf, 
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E e~czll), 

OL aaTHHyTa aa a. , x e: A • IIono~Hu Ot. = U Ot. ~ 
J\ X 1\ 1\ 

caoBa rrony'llHM KBa3H1IOKaJI:&HyiO CTPYKTYPY, ecnH rrono~HT:& G (ax.) = - a:x. • 
e 

Tor~a Ol.. rropolJtZtaeTCH . '!eTHU:IlH uoHO)IallH OT orrepaTopoB po~eHHH-YHH-

'IJT0~6HHR. 

YI. Anreopa KKC (aaaoaH'!ecanx KOuuyia~HOHHbTX cooTaomeaH~) . . v 
PaccUOTPH!.I ciE -anreCipy B 53 ( ~ ( L!. ( R ) doc:)))' 

rrop0~6HHYll BC61lH a.(J), r:n;e S H!.I66T KOUIIaKTH!:lit HOCHT61!:& . Su.pp 5, 
Ott\ IIOPOlJt1ta6TCR a...(j) C .sup pfc=: -1\ > E) 5 1. • 

* 

KAC. 

3~atra 8. 3. EcnH paccuoTpeT:& 0 -anreCipy, rropo~~eHHYI!l :sceuH 

a.(:f) > :f E L2. ( R 'll> dx.) , TO rronyllHTCR CTporo 60JI:&IIIM aJire6pa. 

~aqa 8.4. J{OKa3aT:& H30!.10p!])H3M CIIHHOBOM aJireopN ( n.=9.) H ~reophl 

YKa3aHH6. CIIHHOBSB aJire6pa ~JIH pa3HI:lX V H301lOp!])H!:l (Cie3 coxpa~ 

aeHHH KBaaHnoKan:&ao£1 CTPYKTypu). To ~e caMoe Bepao :n;nH anreop KAC. 

IIoaTOMY ~ocTaTO"iHO paccuoTpeT:& cnyqa£1 y: i . 
IIpo:secTH ~oKasaTeJIBcTBO,HCIIOJI~aya ~orro~aeaHe II, a~~ I7-I8. 

~HHailHKa H rpyrrna CHMU6TPHH Ha CIIHHOBOit anre6pe 

Pon:& rrpocTpaHCTBa a:n;ec:& HrpaeT zv, H !.IN Ciy~eu HCKaTI> rrpe~cTaB-
11 JieaHe rpyrriii:l G = Z >< IR rrpocTpaacTBeaao-:speMeHHbiX TpaHcnaQH£1. 

~ . . . 
Ilpe~CTaBJI6HH6 J..X rpyiiiii:l .z CTpOHTCH Oti6BH~HN!.I oopaaou: IIYCT:& . P x.. 

- HeKoTopun HaouoixfJH3M Ot aa OR • Orrpe~eJIHM ~JIH :scex ;x. H Y e: Z v 
:x.. " -L 0 

J..x : 0?.';1 -'> at.~ +x if}opMynoit 'f x. ~ ':Y 'I . QqeBH~HbTil oCipaaou 

J."JC. rrpo~oJI~eTCH aa :see Ot .• 
Jlna IIOCTp06HHll Bp61l6HH0!1 <IBOJIIOQHH J.., , 1-- E./R , paCC!.IOTpHU 

• "t: ~ 

6ecitoae'llillit Ha6op <P :: ( <PA E"= OlA ) I Af .c:.c.o) Ac.Z paanH'!HN) H 

0IIpe~e1!HM !])opMaJI:&HNM raUHJI:&TOHHaH, T.e.· if}opuaJI:&HYID ~YMYY BH:n;a 

Hf :: L: cpA • (8.4) 

llpHuepou uoxeT 6NT:& rallHJI:&TOHHaH KBaHTOBOI1 »o~eJIH HaHnra (uolleJIH HaHH

ra B Tpaac:sepcan:caou none) 
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.. 

Hf 
3 3 

- .:\ .L ~J. >..>o,(8.5) == -\. L Gi~' 
Ji--t'/=1 1. i t. ) l 

rzte "G L 

t 
t oz.i ?"ffi2.. 

lfu 6yzteu rrpeztnoJiarau, 'ITO 

I) (Tp8HCJ!fflU10HHaH HHBapnaHTHOCT:&) SCJIH cpA E </> 1 TO .f..x (<fl,)E <fl 
ztJIH BC ex X. ; 

2)" (IPHHHTHOCT:&) ztJIH mo6oro :x: trlfCJio A , TaRn, trTo cpA =F 0, :xEA, 
KOHetrHO. 

3aMeTHM, _'ITO H f orrpezteJIHeT zt~epeHitHPOBaHHe aJire6pu JIOKaJI~. 
aux aa6JIIOztaewx Ot 0 = U Ol. ; ecJIH g. e ·Ot o , TO 

1\ , II 

[ H.y , B J = L: [ cpA , B] , 

rzte B cyuue TOJI:&KO KOHetrHOe 'IHCJIO 'IJISHOB OTJIH'IHO OT HYJIH. 0603HatrHII 

H" = 2: cpA • 
Ac.f\ 

Teopeua 8.I. 4JIH Bcex 8 E 0l.
0 

C.YJ!l8CTBY8T 

.1..:!:. (B) =. {i.m 
1\ t zi 

I.H"t. -~H,.i 
e B e (8.6) 

rzte 1\ fl z. V 03HatraeT IIPOH3BOJI:&HyiO pacmHpHJIIIIYIOCH ITOCJ!Sl{OBaTiJJI:&HOCT:& 

Ky60B 1\ • 

40Ka3aTeJI:&eTBO. Bt.. 
l. H,. i - ~ H, i. 

= e B e YltOBJI8TBOpHeT ypaBae-

HHIO rel\aea6epra: 

~Bi 
cH: L [ H,..) Bt. ] ) B ~ B 

0 

::. 

II HJIH 

t 

B = B t 0 
+ i. S [ H,.., B:s ] d..s . 

0 

(8. 7) 
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flTSPHPYH (8.7), IIOJIY'IH.M PHlt lla~COHa~illBHHrepa: 

Bi. == B 
0 

"""' n. 
+ L; (i.-t) 

n:o! tt! 

(8.8) 
[HI\) .,.,[H"

1
[l-I/\>Bj}_ .. 1. 

3ai.IS!l'lfM1 'ITO fl -KpaTHI:lli KOMMYT8T0p B ITpaBOti 'laCTH {8.8) paBeH CJMI.Ie 

'IJISHOB BHzta 

[ </>A > ... ) [ cpA > [cpA ) B)} ... ] ; 
n ~ .1 ,. 

OTJill'lli.l:lMll OT HYJIJl MOryT 6HT:& TOJI:&KO 'VI9HH, r,D;e ;IJ.JIH. BCex-R_ 

Ak n (Ak_
1 

U ... U A! UA.)i:-0, BE~ •• Ho 

I A U UA I {, lA / + c(~-1.) ,· rzte c = mo..~(IAI:$1o' K-.t . •• o • o A J. 

IIoaTOMY Bbl6op Ak BOauoJKeH ae 6oJiee, '!eM co~.si (I A./ + c ( k-i)) 
n 

CIToco6auH. IIoaTOMY llHCJIO llJ!eHOB He ITpeBocxoztHT C' n! ztJIH HeKOTopoli 

KOHCT8HThl C , a·aopMa KaJK:ztoro '!Jieaa orpaHH'!eaa 

'll 

II B II (mo.x /! <PA /1) . 

IIoaTouy ztJIH ztOCTaTotrao MaJII:lX I i/ .<. t.. PM (e.U) cxo,ll;HTCJI paBHO

uepao ITO A K PHZIY 

. It 

J-t (B)== Bo + "!:
1 
<:~)[ 1-15 , ... JH5 JH51 BJ1_)~8.9) 

0TciO~a cJieztyeT, 'ITO ztJIH 

J..t.'' ( J.t' (B)) 

/ ~·1 /, li 1
\ ji 1

+i
11

j <t'o 

J.. t..' + i I( ( B) . (8. IO) 

TaR KaK /..../:_ coxpaaHeT Hopuy B , TO uo;:mo ITpoztOJilKHT:& .it. ITO ae-

ztJIH f t/ < io c coxpaaeHHel.l {8.10). IIycT:& 

TaKOBO, 'ITO t E (- t.> t
0

) • ITOJIO-

ITpepuBHOCTH Ha BCe ~ 

_ TeiTep:& -t. - JII06oe, a IV 
II 

lKHM .(t. ==- ( cl ~ ) • 9TO ztaeT YHHTapHyiO rpyiTITy aBTOMOPWH3MOB 

{rrpoBepHT:& KOppeKTHOCT:&). 
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ti 

3a,zta'la 8.5 • .lJ;oKaSaT:&, 'ITO d...t:~::t=. =oC:xo4• 'Ilo3TOMY Milt ITOC'rpOMR 
~ 

npe~cTaRneHHe rpynnu 

3a~taita 8.6. JlJIH 

Z x R. 
~-=f PH~ (8.9) a6COJI~THO CXOl{HTCI'I ~JII'I ECeX 

-1: 

JlJIH anre6pu KAC n TpaHCJIHI.tHOHHO-HHBapHaHTHOro tPHHHTHoro H r 
. ~ 7 

TO JKe paccy~eHHe CTPOHT npe~cTaRneHHe rpynnu Z .1( /R , ecJIH 

K~l:lit q>A 6CT:& CYM!Ja tf6THI:lX llOHOMOE OT onepaTOpOE p0~6HHI'I

YHHtfTOlK6HHI'I. 

9. KBaSHJIOKaJI:&Hall CTPYKTypa: COCTORHHR 

OcHOBHI:le H Kllill-cocToHHHH. ~HSHt<eCKHit raMHJI:&TOHHaH. Xapa~epHsa

ItHH aTHi cocTOHHHii. C.YllleCTBOEaHHe, eztlmcnea!iocT:& H KJiacTepaoe paa

JIOJKeHHe KMill-cocTOHHHit E Bl:lCOKOTeunepaTypaott _o6naCTH. Mo~yJIHpautt one-· 

paTop •. 

IT_yCT:& sa:~~aaa ZIHHa!.lHKa J..-t Ha Ol_ • )lJIH :llaHHOrO COCTOHH~H < • ;> 

ocaOBHI:lll o6~eKTOM HSy'leHHH HBJIHDTCH Bpeueaaue KoppeJIHI.tHOHRI:le <PYHKI.tH~ 

<. rl..i (A1). ·· /..-'- (A)> "" r (i _.. t \ 
1. ""'" 1\ A A 1.) ) " J. 

i)"'J ... 

061:lt<HO paCCMaTpHEa6TCH ZIEa THITa paEHOB6CHI:lX COCTOHH21. 

Onpe~eneHHe 9. I. CocTOHRHe ~ • > aa~uBaeTcH paBHOEeCHI:lM, ecJIH 

1lJIH Bcex A1 , A2. ~ Ol_ cyll!ecnyeT orpaaHqeHRaH aHaJIHTHqecxaH 

npH 0 <. 1 rn ~ <. JY , o ~ ~ ~ oe , H aenpepl:lEHalt aa rpa-

HHI.te ~TOt! o6:naCTH WYHKI.tHll F. ci!,.)' TaKaH, ·qTo ~Jilt B6li!6CTE6HHI:lX 
Ai., A 2. 

F' (-z) = < A.1 ..ti: (A2.) > 
Ai.) A,_ (9.I) 

npH . ~ <oa Tpe6yeTCH T8KlK6 1 l!T06!l 

FA.u A%. ( -L + .: .1\) = < ..( t ( AJ A.1). 
(9.2) 

IlpH _fll'"- '1'81\06 COCTOHHI'I6 HaS!lEaeTCH OCHOEHI:lll1 npH [i <. - - KMIII

COCTOHHH61l (C 06paTHOit T61lnepaTypOI jl ). 
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3auet<aHHe 9.1. Tpe6oEaHHe orpaaHqeaaocTH ~ HEJIHeTCH JIHmHHil 

npi'I .fi ..::.<><>{cu. npe~:n. 5.3.7 [8] ). 
~eMMa 9.1. PaBHOB6CH06 COCTOHHI'I6 HHBapHaHTHO, T.e. 

< .,L -t (A)> = < A >. ~Jill' BC6X A E:. en. . 
)loKaaaTe:n:&eTEO. IIycn, aanpH!Iep, fa-< o<> • IIpo~oJIJKaH no 1IepHo-

~HqHOCTH F1 A (~) Ha BC~ Koun:neKcay~ n:nocKOCT:&,w nonyt<I'Ill 
) 

orpaaHqeaay~ aHaJIHTI'IqecKy~ <flyHKI.tHIO, KOTOpaH SlBJI.liSTC.fi KOHCTaHTOfi. 

AcHJinTOTHKY KoppeJIRI.tHOHHUX WYRKI.tHH npH 6on:&ml'!X Epeueaax y~o6Ho 

HSyt<aT:& M6TO~Oil CIISKTpa.JI:&HOit TeOpHH OnepaTOpOB. 

)lJIH 3TOrO paCCMaTPHEaeTCH I'HC - npe~CT8Rn6HH6 If' OTHOCHT61I:&HO 

HHBapHaHTHOrO COCTOHHHH W • rH:n:&6epTOBO npOCTpaHCTBO rrpe~CTaEJI6-

HHH HaShlBaeTCH <fJHSHqeCKI·'lli rHJI:&6epTOBhlM npOCTpaHCTBOM: 'Jf. nu .. ~ '](f"Jr I 

~KJ!Hliec:rmfi BSKTop .fl.. - <Pns:~~:qec:rmfi BaKYYM, npeo6pa:soBaHHe 

[AJ- [.(t..(A)] coxpaBH6T {f·ff.p .. ~ EEH~Y HHBapHaHTHOCTH 

uJ H IT03TOMY npo~OJIEa6TCll ~0 CHJI:&HO Herrpeph!BHOit YHHTapHOit rpyniihl. 

II C 
.• • i.t.. H.pu-t. H 

o Teopeue Toyaa, ee MOlKHO aam!CaT:& B B~e e <l , r~e 'P"1; 

- CaMOCOITPlllKBHHUit orrepaTOp B Jf~ , HaSUEaeMUit <fJHSHqecKHM raMHJI:&TO-
T'-1 

HHaHoM. Tor~a 

ir(.Lt(A)) 

( H = H<l>u~ ) . 

~ i H</"'1 · - i. t Hq,~ vU·I 
e <nr(A) e.. e J1. 

) = Jl. ' 
(9.3) 

rA ... A,. 
1. 

( i.~J ... J in) ~ ( JL > lf{AJ e::x:p { i.(i~i1 ) H }, 

lt(A!I..) ... e.)Cp { i.(t,_ -tn_Jrl} rr(A,)Jt). , 

]leMMa 9. 2. l/[HBapHaHTHOe. COCTOHHH6 W HEJIHB'l'Cll OCHOBHUI.I TOr-

~a H TOJI:&KO TOrzta, KOr:lla H ~ o. 
)loKaaaTeJI:&CTBO. EcJIH H ~0, TO yc:noEHe aHaJIHTHt<HOCTH H orpa

- HUqeHHOCTH CJie~yeT liS (9.3). Hao6opoT, 6CJIH CYIIt6CTB]6T 

~ E: E J( , r~e E - cneKTpa:n:&aoe ceMellcTBO ~JIH H . , TO 
(- """,-t) 'f'd t. 
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I 

;:i 

It 

C.YJ!l6CTByeT AE Ol., TaKoil, liTO [A]·(\ E(.:_..., -L.) 'K i" o. . H , 
Tor:zta rA ( t) .,. ( Jl.) e I. t A .fl.) He !lOJKeT 6biT:& orpal!HlieHHhl!l npH 

Im t -.. oo 

COCTOHHHe W HBJIHeTCH KMill-cocTOHHHeu c Jr = o TOr:zta H 

ecT:& cJie:zt Ha Ol.. , T. e. w ( A3- A,_)= .. 
TOJI:&!(O TOr:zta, KOr:zta W 

uJ ( A,_A 1) ;!tJIH BC6X A
1 

, A,_ • Hau OCTaJIOC:& onpaB:ztaT:& :ztJIH 

0 <~'<.o.c:> 

JieHHe 9. I. 

HeCKOJI:&KO HeeCT6CTBeHHOe,Ha rrepBhl" B3rJIR1t,OTip61te-

3a1talia 9.1. Cy~eCTByeT e:ztHHCTBeHHOe TOliHOe COCTOHHHe, HBJIHD-

~eeCH CJieltOM Ha CITHHOBOn aJire6pe. 

* • 
JieMMa 9.3. IlycT:& Q = Q E: Ol.. • PaccuoTpHu :ztHHauHKy 

ltQ -ii.Q. 
J..t ( A) -== e A e · • 11'HBapnaHTHOe OTHOCHTeJI:&HO cL1: 

COCTOHHH6 UJ' Ha Ol.. H T8K06 1 liTO uJ ( e Jl Q) > 0 1 f!BJIH6TCH 

KM!ll-COCTOHHH6!l c O<._fb·<<><> TOr:zta H TOJI:&KO TOrlta, KOrlta 

-~G 
T7.. ( e A) 

l't. (e-)Q)' 

(9.4) 
w (A) 

r1te T'Z. - HeKOTopoe cocTOHHHe, HBJIHIOIIIeeca c11e1tOU Ha Ol.. • 

noKaaaTeJI:&CTBO. rpyrrrra ~~ OITP61teJieHa PHltOU nancoHa-lliBHHrepa 

ltJIH BCeX KOUITJieKCHhiX t. . 3HaliHT 1 6CJIH UJ eCT:& KM!ll-COCTOHHHe, TO 

-.1\Q ~Q 
w(A1 ·\~(A2)) = IA)(A 1 e A,_e )= w(A,_A 1). ( 9•5) 

IJycn A 
-~G. 

:::: e A ~ 2. • Tor.zta · 

w (A 1- A~ e \\ Q.) 

TaKH!l o6paaou,cocTOHHHe 

BHD 

p(A) = 

\\Q ) = w ( e A!. Ai. • 
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·. ~Q 

IJJ ( e A) Y1tOBJI6TBOpHeT YC1IO

w ( e ~Q) 

-Sa-Q :\\~ 
f(e AJ. A'l. e ) = J (A~ Aj_). 

Ho BBH.ltY HHBapHaHTHOCTH W K .f 

J>(Ai-A?>) = J(A3 A1 ) 

11 j> eCT:& C1!e.zt Ha 0?_ , o6paTH09 YTB9~9llli9 0'!9Blt,II;HO. 

Teopeua 9. I. nnH .ztOCTBTOliHO MaJihiX j} KMlll - COCTOHHHe Ha 

CTIHHOBOil aJire6pe OTHOCHTeJI:&HO 1tHHaMHKH1 TIOCTpOeHHOll B TeopeMe B.I, 

cy~eCTByeT, 9~CTB9HHO K HM99T ~ 

<.A> .f.tm 
1\ ·r z~ 

:... H 
T"L. e ~ 11 A 

T"L. e-} HI\ • (9.6) 

noKaaaTeJI:&CTBO. noKaJKe!l CHaliaJia, liTO rrpelteJI (9.6) C.YJ!l6CTBY6T 1 

ITOCTpOHB KJiaCTepHOe paaJIOJK6HH6. , 

llOJIYliH!l CHaliaJia K1!aCTepH06 npe1tCTaBJI6HH6 CTBTHCTHlieCKO" CYMMhl: 

.< e-~ HI\ > 
0 

d.t.~ 

Z.A = 

L. (- ~H")"" 
h. --

h. '· 

.( > 0 

2:::: l("r · .. k"'r • 
1 n. 

1 

~TAt 

L 
n 

T"L. e.-~H" 

n 

(-~) .L <4> ··-<Ps>=-
-, 81 ,.o 

n . (B. ... ). B,.) 
1l· 

(9. 7) 

HaaoBeU K1!8CTepou npOH3B01!:&HOe l-CBH3H06 !lHOJKeCTBO r u· no-

JIOJKHU 

1'\ 

t!}L 
h'. B, 

/( 
r 

= L 
tt 

L < <PB · · · <PB >o, (9.8) 
1. " ~-!! 

" 
.rlte cyuua-rro Bceu rroc1!e1tOBaTe1!:&HOCTHY B:1. >. __ > B", TaKI'lll, liTO 
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!l 

./ 

" u 
t = i. 

B· t .= r. 

3a~aqa 9.2. ~OR838Tb 1 t{TO HU88T M8CTO RnaCT8pHaH OU8HRa. ~anee 

KaR cne~CTmre 061Jleii T8XHHRU neRQufi 3,4 ITOnyqae!l CYIII8CTBOBaHH8 rrpe-

~ena. 

~OR~eu TeiTepb, t{TO ITonyqeaaoe·cocTOHHHe eCTb KMlli. BociTOnbayeu

C.R: C.ll9.IJYl!lllHM 06IJtiD;i YTB9plK,I(9Im9M. : 

(") Teopeua 9.2. !Iycn J.t. , n =1,.~,---,. ITocne;l{oBaTeJib-

HOCTb CHnbHO H9ITpepUBHHX rpyrru aBTOUOPWH3MOB Qt , CHJlbHO CXO~fliJlaflCH 

R rpyrrne J..t , T. e. ~nH Be ex A E CR 
J 

{~Y'Y\ II J.t:.("-) (A) 
n _.,+eo 

.1,/A)I\ =0 
(9.9) 

(n) 
R BC9X f. . !IyCTb W - ~ -KMill-COCTOHHHe OTHOCHT6nbHO 

( ) (n) . 
.Z.t. n • Tor~a R~aH ITpe~enbHaB TOt{Ra w eCTb ~ -KMill :ZJ;nB rA-t ;" 

~oRaaaTenMTBO. 3aMeTnu, t{TO ITocne~oBaTenMocn WYHRUHii 

F (A) c~) paBHOMepao orpaauqeaa rrpu 0 ~ Im r. ~ j1b ITO IIPHH
A!..lA,_ 

uniTy ~paruena-Jiua~enewa, TaR RaR aa rpaHHI:Ie (narrpuuep, ITPH Im :Z.-'= 0) 

I r:'(A)(-t)\ =I< A .( (II)(A )>I{, IIA,IIHAil\.(9.10) 
A A t t 2.. 
1' .t 

0Tp6paauu ROHWOPMHO ITOnocy Ha e~uauqaun Rpyr. MH uueeu PaBHO

Mepao orpaauqenayro ITocne~oBaTenbHOCTb WYHRUHii, aaannTuqecR:a:x B Kpyre 

u HeiTpepHBHHX aa rpaauue, KpoMe ~Byx ToqeK. Ilpe:ZJ;cTaBH~ aaat£eaue aTRX 

WYHRUHii BHYTPH Kpyra B Bu~e HHTerpana Komu ITO oRpyxaocTH. Ilo Teopeue 

Jie6era 0 ~pupyeuoit CXO~HUOCTH MH rronyquu CXO;l{HMOCTb BHYTPH Rpyra. 

· IlepexoztnM TeiTepb R e~HHCTBeHHOCTH KMIII - cocTOHHHH~ HZ{en cocTOHT 

B ITOnyqeBHH CHCT9MH KOppenBQHOHHHX ypaBH8HHi1 H9IIOCp6;l{CTB8HHO H3 ycno~ 
BWI mill. 
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B anre6pe OL
0 noKMbBHX aa6;nxmaewx paccllOTPlUI nuneiiaun 6aauc 

i G·' . ) t 
fl L.l 0 't. 
tj tt ) --. ) 

6Li. 
t, 

G Lll 

r,. ~ 
... , 

rzte ~ = i, 2, ~ u Bee -t . _. -t... paaJiuqau. 
1J J • 

Mu rronyquu cncTeuy ypaBHeHHii Ami t{I!CeJI w ( G ; 1 6 '") t . 
. '*- ~L ~II. . 1. 

IloJIOlitHil A = 6 J A : 6t 6 ... · 6 • rzte 
1. i1. ' 2.. J. t~ t .... 

II 

j ) -k ~ i.,_ 

- UIIKnHt£ecRaB ITepecTaHOBKa quceJI I,2r3• 

Tor;l{a,uciTOnbaya a6coJIIDTHYID cxo;l{HMOCTb pH;l{a ~ancoaa-illBHBrepa ua (9.5), 

rronyquu 

w(Ai.A!l) 
oo f-•\1) (n) 

w(A~A1.)= w(A1 L'L\l.J [H A) )<9~II) 
h~i h! ) ,_ 

HJIH, HCITOJ!b3YH COOTHOnieaue 

( 6 i. !. 
-1: ) =i 

) 

( 6 J 
t. 

6 ~ . 
t' ] = !l i. J'H, Gt f., 

(9. !2) 

r;l{e J -k_ , (_ - UHKJIHt{6CRaH ITepeCTaHOBKa HH;l{6RCOB !,2, 3,ITOJIYt{llll 

UJ ( b 'l fl L!. 

ti. t2. 

Ln. ( """" II ( ll)\, . 
~ t. ) = w ·Ai :L (::V (H

1 
A 1 J..9.I3) 

" 11.=i n 1• !.. 

rauunbTOHHaH . H IIOlitHO T8Klit6 paaJIOlitHTb ITO BH6paHHOMY 6aaucy J 

- ( '• / '") ll 1 TaRHM 06pa30M, (9. 13) 6y;l{eT CHCT6!.10it ypallH6HHll ;l{JIH vJ () t: --· l:lt • 
' " 

3a~aqa 9.3. TaR lit6 1 KaK B _EeRQHHX 3,41 ztOR838Tb 1 t{TO 3T8 CHCT9Ma 

ypaBH6HH!l HM86T e~HHCTB6HH06 pemeHH9 ;l{JIH ztOCT8T0t{H0 MaJIHX.£r 

MH Terrepb ITOCTPOH!.I llO~YJIHp~Hit orrepaTOP ~JIR Hamero CJiyqafi. 

&i~aqa 9.4. ·TaR KaK f1 cauocorrpfll!tea, TO .L!OlitHO OITpe~e;rmn 

• 
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'i 
I 

I 
J 
: ., 
'· 

il 
:I 

:I 
il 
H 
i! 
I! 
i! 
il 
:I. 
:I 
<l :, 

!f 
'I 

II 
II 
!I 
li 
li 
II 
" ll 
'• !i 
t· 

ji 
'I 
I 

. -ltH 
. cauocorrpiDKeHHb!~ orrepaTop e ~ . IIo~:cayHc:& PH:Z\OM Jlat1coaa-illBZH-

-.fi H 
repa,Z\OKaaan, tiTO rrp:a Ma.JIW: ~ lf(A)Jt E."]) ( e ~ ) 

ZlJIH Bcex A c; ot • 

3aMS'Iami8 9.2. Bo0611l87 STOT qrutT Jm1l!I8TCJI IrpOCTHM CJI8,D;C'l'Bll8M orrpe

,Il;8JI81WI IOOII-cocTomnrli (,n;oitaaaTmCTBO eM, (II], CTp. 372), IloaTOMY 

Ha ycJIOBHH KMill, rreperrHcaHHoro B rHC- rrpeZ\CTaBJ!eHHH, IlOJIYtiHM Z\JIH 
_p,.H 

Be ex A,B E at. , r21e -~ = e I" ' 

(.lr(A)JL> 1'!,-rr(B).rt) = ( lf(f/).n. lf(A 11)Jl.j, 
) (9.14) 

H ZlJIH Bcex A E Ol.. 

il e -\H 1r(A)Jl.ll = lllf (A~)Jt\}. (9. I5) 

TeopeMa 9.3. OrrepaTop ll , orrpeZleJieHHb!t1 rpopuynon (9. 14), 

HBJIHElTCfl MOZ\YJiffpHbiM orrepaTopou ZlJlff rrapb! (m JJl.) , r21e lfl. -: aJire6pa 

rpoa Het1uaaa B Xn-tl, rropoJ!OteHHaH 7r(Ol) , rrpneu - .n. c KrHc. 
fiBJif!eTCH QHKJIHtieCKHM If OTZ\eJIH~HM Z\JIH ~ 

]!OKaaaTeJI:&CTBO. ilHKJIHllHO~T:& CJieZlyeT H3 orrpeZleJieHHfl r HC -rrpeZ\
-4}. H 

CTaBJ!eHHH, .J!OKruKell, llTO , Tit. Jl. C. I> ( e 2. ) • 

Cy~eCTByeT rrocneZlOBaTen:&HOcT:& A <= ot: 
" 

II An. II ~ II A II H A" Jl -> A .n. • · 
I 

Ecn:a CE m ,TO ( C'Jl.> A:.n.) = ( A,Jl. > c *..n.) - (AJl_. c~)~ 
= ( c.n. 

1 
A""Jt) • 3HatiHT, 

~ 
Be. TaR KaK /1 A Sll/ 

n 

U CJia6o. TOrZ\8 IlO (9,15) 

* .l( A .n. ~ A Jt cna6o Ha IlJIOTHOM MHOJKecT-· 
n 

!. II A
11 
* II . ~ II A 1\ A l( Jl -> A~ 

) " II e- ~ H A .n. II = II A: .J1. II {, II A II • 
-.aH n 
et.. A S\. -> LV cna6o;-BBHZ!Y-ilyCT:& IlOZ\ITOCJISZ\OBaTeJI:&HOCT:& 

" 
BBIIKHYTOCTR e- ~ H • 

72 

AJl E -:D ( e -t H ) ), e-Ji: H A Jt = o/ • 

10, EBKrrn.n;OB IlOZ\XOZ\ K R3ylleHHD ~CHOBHb!X COCTOHHHt1 

MoZleJI:& HaHHra c aerrpepb!BHb!M Bpeueaeu. TepMOZ\HHaMHtieCKH~ rrpe

ZleJI:&Hb!tl rrepeXOZl Z\JIH OCHOBHb!X COCTOHHEH, 

' -g. v 
PacCNOTpRM KBaHTOBYD MOZ\eJI:& H3HHra Ha ~ , BBeZleHHYD B JieK-

J 
QHH 8, rauHJIJ;TOHHaH B 06I>eue 1\ c Z H!.ISeT BlUl 

G ~ b 3 

A
1 

2: :X:. x.' 

j-x. -x'l;, 1 

>-. L: G.i.+.A L 
1 ;x_ 2.. 

XEo f\ H" {IO. I) 

:x., :x.' E 1\ 

Mb! 6yZlell CtiHTaT:c, tiTO MaTPHQb! IIayn:a G.t 
X.J 6~ Zle.tiCTBY~T B CBOell 

H30!.10PWHO!A C c 6a3HCOll ZlBYLiepHou rHn:c6epTOBOIA rrpocTpaHCTBe K , 
+ ( i) - ( 0) ' ' ':JC. ' 

ex. = o > e::x. =: 1 If CTaHZ\apTHb!!.l CKMffpHb!ll rrpOH3BeneHHe!.l ( '_. ·). 
' . . i ~ 

EcnH o6oaHatii!T:L XI\ = ® J(:x. · H ctiHTaT:&, tiTO G ' ecT:L 
1 :! ::C.e./1 

b / ® ilA - f :x. J 1 TO MOlKHO ClllfTaT:&, llTO /-II\ ZletlCTByeT. B J{_A, 

llycT:& £
11 

- HaHUeH:&ruee co6cTBeHHoe aaatieHHe HI\ • H:alKe ubi 

Z\OKruKeu 

YTBepJ!OteHHe I. E
11 

HeBb!POJIO\eHo, 

Torna eCJIH uJA - COOTBeTCTBYID~Ift1 ~ HOpNHpOBaHHb!~ COClCTBeHHb!tl BeK

TOp, TO COCTOHHHe 

< A'> 

" 
(w"' Aw") 

HBl!He'rCH OCHOBHb!ll COCTOHHHeU Ha CR_ OTHOCHTeJI:&HO Z\HHallHKlf 

/ (A) · i. -t HI\ ·- i.t H~ 
"-t (A) = e A e 

(10.2) 

0 
PaccuoTpHM BepoHTHOCTHOe rrpocTpaHCTBO JL , orrpeZleJIHeuoe KaK 

A 
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tl 

YHOlK6CTBO KOH!Imryparufit (tlJYHKJ:lP!H) Ha 1\ >< l 0 ! CO 3Hat~eHIDtYPI ± 11 

c BeponTHOcTaon uepou ~o , npPirrPJCHBa~en x~on KOHWPirypa!lPIPJ BepoaT-
-lAI · . o 

aocT:& 2.. . • Tor:zta rrpocTpaHCT!O L 2. ( Jl." 1 fo) .uoJKHO OTo~ecT.:. 
BPITI> C 1(_/\ , OT0~6CTBJUIH e~ CO CJiyt~atiHOH B6JIPI'IPIHOti, paBHOll , 

\fL. B TQqKe ± :i COOTB6TCTB6HHO PJ HYJIIO B :ztpyrott TO'IK6~ B 3TOI.I Cw.tC:.,; 

JI6 
+ - + 

i e +e. 
f) e - e = :>c. ~ = ;x. :X:. 

{i' 
., ;)C. « 

HaBeCTHO, qTo 

Ho 1\ = :L ( >-.2. - >.~_ ) • 1f. . 
- >.L >.,_ ® A - ! :X.! ) 

:X:.E, /1 

HBJIH6TCH PIHWPIHPIT63PJuaJII>HOH MaTpPJqel MapKOBCKOti ITOJiyrpyrriTH 

eX r (- 7: Ho) ") !tl OITP61l61IH6T CTa!lHOHapHHM uapKOBCKPJti npoqecc 
0 

C HerrpepHBHHII Bp6116H611 PJ YHOlK6CTBOII COCTOHHPiti J1 
/1 

BeponTHOCTHHY rrpocTpaacTBOY ;!!JIB aToro uapxoBcKoro. npoqecca, 
v 

uoJKeT C1IYJKPJT:& llHOJKeCTBO Jl. WYHK!lHti aa Z >< lR , paBHHX ± 1 
. . ~ 

PI Kycoqao-rrocTOHHHHX no T E IR npPI K~ou WPIKCHPOBaHHOY x. E Z • 

IlyCTI> L; - CTaHztapTHafi c:; -aJireClpa, _Fo - COOTB6TCTBYJOlJlafi E6p0HT- ( 

HOCTHafi uepa, orrpezt.61IHIOlJlaH Haelop f)x (1:) B3a.HMHO H6~aBHCEMHX O,Jtillia-

KOBO pacnp6;ll6JI6HHHX qerrei! MapKOBa C ztBYYH COC~OHHPJHilPI, ~ • ) = 

::: <. · >.f. • PaccYOTPPI!.I L 2. ( JL) 2: J f•) PI orrpezte1IPJ!.I B aeu-

CJieztYIOlJlPie orrepaTopH: 
. ~ 

TT- CztBPir Ha B6KTOP ( o,o ... ,o, 7::) E Z x: R 

(T.e. Tt:6:r.('l:
1
) = o:x: ('L 1+<t:) ); 

Pz - opTorOHa1!I>Han rrpoeKQPifi (ycJIOBHoe uaTeuaTP~tiecKoe OlKPJztaHHe) 

Ha L2. ( Jl.) L:: L J r·) ' r:zte ~L - s -a1!reelpa, rropo~eH-
.,) 

aan cJiyqauHHMPI Be1IHqPIHaMPJ f5 ( '<:: ) ::x. E 2: • Tor:zta 
:X:. ) 

( 

(10.3) T p p 
-7:: 1: o 

e -7: Ho,ll 
= 
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eCTI> onepaTOp B J{/\ , CTOXaCTPJ'I6CKHti orrepaTOp uapKOBCKOro· rrpo

qecca, "aopuP!poBaaaan TpaactiJep-uaTpHna". QqeBPiztHO, 'ITO CJiyt~atlaan 

B61IPJ'IHHa. I HHBapPiaHTHa OTHOCPIT61II>HO ;ll6HCTBHH 3TOrO orrepaTOpa. 

r:zte 

YTB6PJK1l6HH6 2. 
'1:" 

- 'L HA ) 
( 1 , e 1 

dLf ) = ~ = .(exr( ~tl(-r)cl't >tro.4) 
/1 ~ ( ol 'l:) 0 /1 OJ 

U ( z) 
A 

= A. 
1. 

L: o.x ('l:) o-x., ('t). 
.x: :x 1 E: II 

1::: -x1J: i 

~OKaaaT61II>CTBO. BocrroJII>30BaBruHCI> (IO.l) H tiJopuynoM TpOTTepa PI 

oelosaal!:an Hi = HA - 1-1 1\ , HUeeu 
, II . o, 

ECJIH 

( 
- rt ( Ho + H1.) ) {. 

1 e. · i = tm 
) . 

-7: Ho <LHs.n 
( .1. :> [ e "e- "Ji) 

== 

"'..., ...::> 

e~.., ( 1 , [ T_~ p't" e- 1: .,H 1 J " 1. ) = 
"'..., <>0 

f_;,~ ( 1 
1\--..00 

{.~m 
t\ ~...., 

< 

h. h. 

n _ ~ V ( 't'(k-t)) 
[n·p e"" n Ji)::: 

) t.-1 ~'"( . 
" (!0.5) 

1\ 

<- n 
i -=1. 

e :x.b (. ~ V I k -r )) ) ::: 
,- . n II \. n · o 

1:' 

e=p ( s ~ ('L) rt<:) >;, 
0 

'P· .:: 
~ 

L 2. (.n. J ~., r·>' TO aHa1!0rHqHo (10.5) IT01IyqHll 

-z:-• - rr: H" ) 
( 'f-11. .) e '¥2. = < ( T_ \!' ) 'f' exp ( ~ V('t)cl"t(\~"6) 

L1. i. oA Jo, 
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I 
' I 
i 
I 
I 

I 
I 

! 

t1 

H TIOSTOUY 
-'L H e II y~onneTBOpHeT ycnoBHHU Teopeuu IIeppoaa-~po-

CieHHyca. 0TCJO~a cne~yeT YTB6pJKZt6HH6 I. llpH STOU WI\ UOlKHO OTOJK1t6CT
o 

BHTI>· c nonolKHTen:&HOli cnyttaliaon nenHtJHHoll B L !1... ( Jt/\ ~ :?.:: o 
1 
f-o) 

H UOlKHO BB6CTH HOBYIO B6p0HTHOCTHYIO uepy iU. Ha Jl ° C MOTHOCT:&IO J ,.. 1\ 

cl.,rl\ 2.. (IO. 7) 
::: U) . 

d ' 1\ 
f .. 

0KaSHBa6TCH, lJTO y-1\ UOlKaT CihlT:& nonyqeaa KaK orpaHHlJ6HH6 rH66COB-

CKO!l UepJ:J. 

3a~atta ro.r. AHanOrHtJHO neuMa 2.3 ~OKasaT}, lJTO Mapa 

Y" ~ cZJ'L) 
Ha Jl C MOTHOCT:&IO 

d..t'-11· (-"t,"t) 
I 

d_r. 

'L 

-=. exp ( -~ lf
11 

('l:')c.t-r) 
(!0.8) 

H!.!aeT npH 7:~ co npa21;an J-'-1\ .i (-oo,oo) B CWCne KOHatJHOM6pHJ:JX 

pacnpa~eneHHll. IlpH STOY .J-l 1\ aCT:& orpaHHtJaHHa JU" (- <><> .,..) 
...... , ) 

Ha 2:0. ;n:anee, ecnH H,... =.I-/"-£,... ' (·.))1\- CKanHpHOe npo-

H3B6~6HHa B . L,_{ .n.:) :Eo) rl\) ' TO 

-.. 
- 'L 1-1 

( '+'1.. ) e '¥ ) = 
'- 1\ 

< 't'i. (T-rl.Jit..)> .00.9) 
f'A·, (_-->...,) 

Taopewa 10. I. EcnH I .t1..l ~ocTaTottao uano npH if!HKCiofPOBaHHou 
i ~ > o , TO npH A 1' z. uepa .f-11. (- _ .... ) Hue aT npa~an 

~ , ~ 

.JL B CUJ:Jcna KOH6lJHOUapHJ:JX pacrrpa~aneRH!l. 

;IIoKaJKau caattana, tJTO TOr2l;a H cocTORHHa < A>
11 

HYaaT rrpe~en 

npH 1\ t z" Z!nH ncex A E ot,., > 1\
1 

c. 1\ 
+- I 

IlycT:&, aanpHilep, A = € , ;:x:, 4 e:- A • T. e. 
X~ cJ 

( e± A ± -
"" > e1 ) - 1, 
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a ocTan:&HJ:Je waTpHttHHe aneuaHTJ:J A B CiaSHCa 
± 

e 
:>( 

paBHhl 0. Tor.na 

<.A >A -=: ( w,.. J A w,...). = ( w/1.> e ~) (e; >· 41~~.)= 
_r-~- ~ 

- \J r-1\ ( 6.x. =±.1.) 

f\o(El~=±i) 

~ , 
\ U,..(G~~ti) ~· !l Jf(6;~:=ti)J(~=~ 
y :r .. ( 6'~ -=.t 1.) 

( IO. IO) 

;IIoKasaTen:&CTBO·Teopew. MH npoBe~aM ero, non:&syRc:& TeXHHKOli 
J+l. 

KnacTapHHX pasnoJKaHHli. PaccwoTpHM pameTKY . T = Z .c marow ~, 
~ Gl. I) 

BnOJKaHHYJO B Z X fR • CITHHOIJ B TOlJK6 i: = ( ;x: .> an) , :X: E ~ 7 

n. tE: L, Ciy21;eU HaSbJBaT·:& KOHif!HrypaQHIO l bx. (c:Jj Ha 0Tp63K6 

'L E [an.> a.(ll-ti.)]. tiapes A11 ... J Ah.,A L!1l Ciy~au o6osaatJaT:& 

nceBOSUOlKHbla naphl TOtJeK l ( 'X > c:l n)) ( x ~ an.) : I x. - x.' J = 1 J . 
tiapes B

1 
>·--

1 
B;,>B - ·rrapDI TOtJeK { ( x. ~ <ln) > ( x > c..(n~.s.))!. 

IIycT:& ~ =- ~ - saaqea~ta' G <.:.:) B TOtJKax i ~ /1 x [- '"'"' Ned 
~A IV ':> · JC J 

v+ 1 • . 
c. Z • IlyCT:& <. · > - ycnOBHOe MaT611aTHlJ6CK06 OlKH21;aHHa 

Q. ; 

npH sa21;aHHOI1 KOHif!HrypaQHH '3 ; · < · :;>
0 

- cpe~aee no pacrrpa~eJiaHHIO 

~ , COOTBaTCTBJDmHX BBa~eHHOMY BI:JIU6 C6M611CTBY HeSaBHCHUb!X (nyacco

HOBCKHX) rrpOQ6CCOB Ha CHCTeMa llPHUb!X. Tor~a 

r~e 

Zt\. (-N AI) -
J } 

= <. <. n 
A 

N 

c::-. <. e..:x:r( s v c'LJci-r:)> > 
• -,.; " . ~ 0 

( 1 -t . KA ) ~ . >o ' 

Q.(r.H.) 

I< =: 
A 

ex~(\ S 6'x(-r)6':x:,(rz:')d'L)-1. 
an 
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• 
3aueTRM, qTO aHaqeHRlt KOHWRrypaqnn 3 

HO) 

B ToqKax ( .:x. wnKcnpoBa-

• ( -x.
1 
~all), ( :x.~- a.(/1-L)), ... ) (:x,a/11)· 

o6paayiDT qeiTD MapKOBa C ~RCKp6THHM Bp6M6H6M (8TH qerrR H638BRCRUH 

~Jilt paaHHX ?C ). ITycTD 

( 
f -t ~1.1 

1 + ~-J..,i 

..L + E'i-1 )· !!. ) 

J_ + ~._1 -1 2. • 

( 

p1}-

P.f,1 

P1, -1 ) 

p_1 -1 
• 

- MaTpnqa rrepeXO~HHX BepOltTHOCT6~ 3TO~ qerrH. 

06oaHaqnw [8 (~) = .2..~6x(ct(n-ti)), 6-x.(ctn). 

Tor~a 

~ = 
1\ ~ (- tJ) /II) I J\ I ( ~N'~ 1) 

2 L [ n ( 1 + ~s c~))]"' 
·5 B 

I( .<_ ~ ( 1 + Kl\) ~ . (IO~ I2) 

~aqa 10.2. llonyqRTD OTCD~a KJI8CT6PH06 rrpe~CT8BJI6HR6 CT8TH

CTRqecKO~ CYMMH. 3aMeTRM, qTO rrpR ~OCT8TOqH~ 60JIDlliHX Q €8 ~OCTa

TOqHo MaJIH, a rrpH ManHX I Ai/ K'A ~OCT8TOqHO ManH. noKaaaTD 

OTCID~a KJI8CT6PHYID oqeHKy. 3aKoHqRTD ~OKaaaTeJILCTBO TeOpeMH IO.I. 

~aqa 10.3. ITOBTOPRlt paccy~eHne neKqRH 7, nocTpoHTD 6asnc 
....... "" G_ = n 6'"' (o) R ~OK838TL KJI8CT6PHH6 oqeHKH ~Jilt 11 HopunpoBaH-

I x~T -· Ho~ TpaHcwep-uaTpnqbl", g- = e-a. Hfl ~Jilt T =a., orrpe~eneHHOfi :s 

:(!0.9): 

( GT ) < q-s,_, ) = 
~ '""" """" ........ 

< 6 6., '> -:::. .L <.5~> ... <-6') 
T T+e ·A A ' ~ ~ k 

eCl = (o,._.,o>a.) E 
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£'.,)-H 

a 

I <. G A") > I ~ ). d. A , < 

( IO. IS) 

r~e )."'$ o , ecmr Cl - .,., 1 .:t.i. = 11. ( ct) -. o • 

OnepaTop 5" B~a (IO. IS) HaauBae~clt uyJIMIDIJIRKaTHBHI:l!.l KJiacTepHI:l!l. 

II. KapTHHa K:saaHqacTnq 

O~HoqacTnqHHerrpocTpaHcTBa · 

MH sHaeM, ~To I eCTD npocToe ~o6cTBeHHoe sHa~e~e Jr . 06osHa~ 
~apes )t0 COOTBSTCTB~ee aMY O~OM9pH09 HHBapRaHTHOS ITO~OCTpaHCTBO, 

1{0 = { cw J , w - BaKyyu. E~RHCTB6HHOCTD ~Kyyua c:sltsaHa 

p apro~HqHOCTDID rrocTpoeHHoro cnyqafiHoro nonlt. 

· CneKTP 5'" anpuopn co~epJKRTClt :s [o-' f.J .06o3HatmM Ita.K ~Cil.) .m-.. 
HefiHOe m~~npocTpaHCTBO J<.,.~ .::: L~ (.n.' ~0' r) ' rropoJK~eHHOe 
:sceun G'T c I T I = n . 

IlyCTD JU (i) - OpTOrOHaJI:£HOe ~OITOJIH6HH6 K . ;t_(i) B ]{. <.9 Jl.
0 

• -. 

B 't (.1) e Jll u.) orrepaTOP 5"" . MOJKHO aamrcaTi :s ~H~e 

r~e 

r~e 

(
·. :1 

1.1 

5""' :u. 

~2. )· ~-. 
c- , 
JU. 

r . JI.L<t) ~Cs.l 
") 11 • -t ;.. . t 

r. . (1) (1) 
J11; :f. ~ t:_ H T.~. 

Jiewa. II. I. 

II J;_'l. ll, II ~1 II , 
. CJ = c >. ,+ 

'. 11 .2.. 

11 s;_,_.JI ~ cj_ A 
:T' 11 , 

~ 

II ~, II ~ c~ A."J.. 
1.1 

• IToaTouy 
c- ·i 
J.11 cymecT:syeor 1f 

. II T-i 1\ !; 

"1.1 
c I A.-.il ,. . 

(II. I) 

(II.2) 

(II. 3) 

(II.4) 

JtoKaaaTeJI1'>CTBo".' Hpe~cTa:sJieHHe (II. 3) TPHBHaJIDHO cJie~yeT · HS 

RnacTepHol oqeHKR {IO.I3). 
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noKa3aTenLCTBO (11.2) cne~yeT H3 OQeHKH MaTpH~H&X sneUeHTOB: 

m~'l<:. cf<, rn) 

I 
( C X) , {f m, 

• J (II.5) 

( 

ln .. '\. 

c).) ) k=m., 

..... ct"' 
L 1.( CT ") ':J 6T,) \ ~ 

eCJm tna:x. ( k, m) > 1 > I T I = m >Cs~CRT TOJibKO OT '\) 

Sa~a~a II.!. noKa3aTL (11.2), HCITOnL3YH (!1.5) 

(cu. [I5], cTp. 236). 

noKa3aTenLCTBO (!I.5) O~eHL rrpOCTO ~nH tn =1 H. HeCKOnLKO cnollt

Hee nna m ~ 1 (cu. [I5] , JJeMMa 2.2). 

3aueTHM, ~TO B X = l,_ ( Jl. > L 0 , f) orrpe~eneao YHHTap-
~ 

aoe rrpe~cTanneane ~ rpynrru ~ c~BHron: 

........ '""' 
U o = 6'T ~. :x T -~ 

3aMeTHU, ~TO tJ KOMUYTHpyeT C YHHTapHOM rpyniTOH BpeM6HH&X 
X i-r::H r.--0. r.- . 

TpaacnHQHit u't: :: e = :J't: , H = - d. :JT 1 
d'l: "C=O 

fpyrroo U. H V nrpalOT pon~> CHMUeTpHM H BpeueHHOH SBOnlOQHH 
X. 'l: . 

~JJH aamett CHCTeuu. 

Onpe~eneane II. I. O~ao~acT~HHM rro~npocTpaHCTBOY XJ. n K 
Ha30B6M ITO~ITpOCTpaHCTBO B }{. E> l( 1 QHKJJH~ecKOe OTHOCHT6JJLHO VX 

(STO 3!1atrHT, trTO CYili6CTByeT (QHKmttr6CKH!1) B6KT0p ; , TaK0!1 1 trTO 

V rropo~aiOT nee X ) n HanapHaHTHOe OTHOGHTeJiLHO U H U.,.. 
":1(. i :>c. '-

MH cel1trac ITOCTpOHU O~HOtraCTHtrHOe no~npOCTpaHCTBO B Hameu cnytrae. 

Ey~ell HCKaTL J{i B BH~e rpaqmKa t 'f' + · S l.jl ; 'f ~ -r_ ( 1) J 
aeKoToporo orreparopa S : ,;z:£ 1

)_,. JLL (.1) • OcaonaHHeu ~na aToro 

ciy.lltWr TOT rlJaKT 1 trTO i: (1.) HIIBapHaHTHO OTHOCHT6nl>HO lT H HHBapHaHT-
' . 2. :X 
HO OTHOCHTenLIIO :; c TO~HOCTLIO ~0 ·). • YCJJOBHe Tx,_ c. xi 
llO.llt6T ·6&TL 3aiiHCaHO B 1!H~e ypaBH6HHH Ha S : 
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~ ( ~1. -t ~~ s) = T-r:Ts 
H. :a 

( II.6) 

UJHl1 TaK K8K 
c;--j 
:J CYII!6CTBYBT, jt 

-.1 
5=:11" +T :a 11 t.'-. 

y--1
- S T S T-1 

:U .:1'-. cu·· • 
( Il. 7) 

3a~atra 11.2. noKa3aTL, ~TO BBH~y JJ6MMH II. I 

.ypaBHBHRB (11.7) pa?pemHMO M6TO~OM nocne~OBaTBJJl>HbiX npti6JJI!E6HHii 

H orrpe~enff6T ITOSTOUy O~HOtr8CTHtrH06 IT~~npOCTpaHCTBO J(J. • 
4 ~ ...... ·"" . 

BeKTOp& 6:x. (o) + S 6~ (~=3 E. }{
1 

aeopToroaanLnu. 
:>c. . v . 

3a~atra II. 3. HaUTH TaKHe c::x:. , x € Z , ~TO Bei\Topu 

"" 5x. = L Cx-11 ~II. OCipaayiOT OpTOHOp1JHpOB8Hiillii 683HC B X:1 . 
:JE.Z-J <t tr • 

noK838TL ~JJH STOrO, liTO CV!CT61.!a ynaBHeHiftl ( ;;;- • ;,:;- ) = ·g OT!lOCU-
... :> 0 l ::>.x o.x. 

T6JJ1>HO Cx. 

c_~ c:x:-:~ (.~:J) ~c)= L: 
'J,~ 

J'ox (11.8) 

paapemvrMa. • , 

Tor~a U:x. ~~ "" '5,-:x: , H nocne r.epexo11a K npeo6paaoBaHn:O .;y;ne 

· Jl1 OKallteTclt vraouopwauu L:z. ( T ") aa Y -uepaoM Tope Tv no· r.e-

6erOBOii Mepe. ilpH STOll V 6y~eT zteiiCTBOBaTL KaK 
:>c. 

I. lc:c 
Vx ( f(f)) = e f(~) > k E: Tv, 

v't ( f(~)) ;:: ·e~-r:E(i:) f(f<). 

ilpH STOM .k_ H83UBa6TCit HMIJyJILCOM HB83Htr8CTHQbl
1 E (~):-

(li. ~) 

aHeprnen 
i' 

KB83HIJ8CTV!IUJ 1 a SBOniOQHit RB83HIJ8CTHQU B Jl OJ~6T npOHCXO~llT:& KaR 

SBOniOQHit CB060~HOil IJ8CTHQU B 06HIJHOU KBaHTOBOH M6X8HHK6
1 

TOn:&KO. 

Bu:ecTo L.,_l R 'i) 6epeTC.R: e.,_ ( :zz"J , a nuecTo JJannecnaaa - aeKOTOplll1 

~pyroV. HHBapV!aHTHUH OTHOCl!TeJJ:&HO C~BV!rOB onepaTOp. 
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-.. 
Teopeua II. I. B X CYI!IeCTByeT noztnpoqTpaHCTBO X , HHBapH-

"" aHTHOe OTHOCwreifi>Ho ~ 1 -v.: H Taitoe, liTO OrpaHIIlli6HHe V:x., l{ Ha }{_ 

yHHTapHO 3KBIIJBaJI6HTHO OnepaTOpa!.l BTOpHliHOro KBaHTOBaHHH · I~ ( Vx.) ~ 

r ( "(f"t:) B lf!asOBOM ,- npOCTpaHCTB6 5;. ( 'JC:I.) Hal{ ITOCTp08HHbUI Ha!.IH 

O.llHO~aCTIIJl-IHbl!.l npOCTpaHCTBO!.l Jl1 o 

liTO 

Ec:mt llPYrlllX O.llHOliaCTIIJl-IHhTX npOCTpaHCTB H8T 1 TO BSCI>Ma BepOHTH0 1 

il. = X • 3Ta rHIIOTesa Ha3biBaeTCH aCIIJUIITOTHli~CKO!i IIOJIHOTOn . 

(TeOpHH pacceHHIIlH) IIJJIH KBa3HtJaCTI/JliHOM KapTHHO~: Hama·!.IO.ll8Jll> H30!.10pw-• 
Ha 6eCKOH8lJHO!i CHCTe!.le H8B3aH!.IO.ll8ncTBYID~IIJX KBa3HliaCTHU. 

noKaSaTSJ!l>CTBO Teope!.lbl npOBO.llHTCH !.18T01{a!.IH TeOpHH.paCC6HHIIJH. 

PaccMO'l'pHM B "]( cf> 
. "l 

onepaTop -s (:x) yuaoJKeHHH aa -;c:.:>. 
£oJiee o6mo, BB81l8U.OIIepaTOpH08 IIOJie 

i.Hi -il-li 
~ ('x:,t) = e S (.:.c.) e 

(CHCT8Ma orpaHHlJ6HHbiX onepaTOpOB 1 3a:llHCHmHX OT X, i ). 
' . 

Tor.lla 

:-t <; (:x,o) = [ 1-t., S (x.) 1 

TaKJKe 6y.lleT orpaawwHHhl!.l onepaTopou, .IIpHH~~ Q 

3a.llalia II.4. noKasaT:D ITOCJ!81.lH8e YTB8PlK.ll8HHe. BocnOJI:D30BaTI>Cfl 

Tell, liTO 

~ ('x:) -== 2::? CT E;T 

c 

I CT I 
.. -

~(c).) TV~:xl (II. IO) 

Ha aJire6pe at paCC!.IOTpH!.I OCHOBHOe COCTOHHH8 

<A>. = ( w, A w) ~! ( w} If..., (A) w), 

onpe.lleJieHHOe rroapellCTBO!.l (IO.IO). 

82 

JieMMa. U.2. llycT:& A~ (:>c.)= ~(:x:) HJIH 

Torzta npeo6paaoBaHHe ~yp:De ~ CSMHRHBapHaHTa 

z A1.C:x.1.L---.) A,.C:x:,) >·. 
paBHQ 

d.. 
d:t. ~ ( :r., 0) .. 

J' ( '-;_ + __ _.,. -k,.) G.£'1··-·) k,.), 
(II. II) 

rzte G """ a.HaJmTH'!Ha Ha T M 

~oKaaaTeJII>CTBO. EcnH ~ce A~ ( -::c~) = <; (:JC.:), TO ceMHHHBapHaHT 

coBnaztaeT c ceMHHHBapHaHTO!.I OT a6blliHbiX cJiyliallaux BeJIHtiHH,H.STOT 

peayJII>TaT BBH.llY ITOJIYliSRHhTX B KOHqe JIBRUHH !0 KJiaCTBPHhiX OUSHOR CJie

~yeT M3 {II.IO). Huea~o: 

I< A 1 (x1),.~. 1 Ah(x,.)>\ 

Hs {II. I2) cneztyeT '{II. II). 

dl . 
~ (C.\) x1, .. )x,~_<II.I2) 

B 06~8!.1 CJiyqae 1l0Ita3aTeJII:.CTJ30 HeCROJI:D"KO CJ!OlKHee. ilyCTl> CHatJa-

i!a B. - JIOKaJII>Hhle onepaTOPhl B . Oz.- H!.leiDT aacwrenH . X. cooT-:-: 
l ~ . ' 

B8TCTB6HHO, l }( i I < too • xi. c::: 7L • TOr.lla Z{JIH mo6oro JIOKaJI:&-

HOro 8 c HOCHTeJie!.l X HS (flopuyn { 10. IO) noJiyliaeu ImacTepaue 

pa3JIOlK8HIIJH '(H3BJI8Rafl KOpeH:D H3 ITO.ll06Hb1X PH.llOB) 

< B > = L lR (B) 
R: R 0 X. = y:f 

• L 

C KJiaCTepHbiMH OQeHKa!.IH 
6 d 

I CR I ~ (CA) R 

(II. IS) 

(H.I4) 

naJiee !.IH BOCITOJ!l>3Y8MCH OZ{HHM ~OBOJI:DHO CJIOlKHbiU peayJII>raTOM (TeOpe- . 

uon 3. I Ha [I21 ) ZlJIH !flopua.liM~:.~x ceMHHHBapnaaroB, BI:.IBOllHll!lll!.l paBaouep-

Hyro KJiaCTSPHYID oqeHKj 

I< Bi> '-")B.,>\ ~ 
Z3 (II.I3} .z (II.I4}. 

·cl 
C' c/X.;. (c~) {X..t.J·-·>X"\II.I5) 
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3aJ:taqa II.4:*- •· Hal1TH rrpoeToe aHaJIHTHtleeKoe Z{OKa3aTeJIWTBO (II.S). 

JlaJiee aaueTHM, tlTO A i. HMeeT paaJIOlKeHHe no JIOKaJI:&HHM orrepaTopau 

c OI{emtoii K0~6H'l'OB 'l'mia (II.IO). O'l'C~a -Me,Il;y'e'l' (II.I2) 

{ew. [12], eTp. 44). Jieuua Z{OKaaaaa. 

· SaM~THM, tlTO F( ~) aHaJIHTHt~Ha .Ha Tope H Z{JIH Be ex -f. ~ !l.. 

MHOJKeeTBO T( KPHTHtleeKHX T0tl6K WYHK~Hl1 

c (- k1 - ... -:fec..) ± f(k 1 )± ... ± E(kt) 

een MHoroo6paane paaMepaoeTH, He Cio11:omel1 ( v-i) f.. - 1 ·. · 

Teopeua II.2. UycT:& Ha TOpe saZ{aHu TPHJKZ{U aerrpepHBHO Z{H~epea

~Hpyewe IPYHK~HH f 1 ( k t ... ) f,..(i);raKne, tlTO veptleetleHH6 aoenTeJiel1 

f: ( ~1.) · · · f· ( k.) c Bl nyC TO 1{11H Be ex { .., n - t H 
. ~t . 'l ~ 

Beex L
1 1 

. _ ., i.t • 

TorZ{a ey~eeTBYIDT en1!:&Hue rrpe1{e1!H: 

L~m 
t.~:!: ..... 

;_ti-l 
e 

n ~ 

c n -s I c ff e ) J 
e~1 

= ct;u.t ( f1) ... ) f,.). 
.--

~J 

(II.I6) 

31{ee:o t~epea 

H ZlJlfl 1l!OCiOl1 

1 
f(:x.) 

OCi03H8tJ6HO oCipaTHOe rrpeo6pa30BaHH6 IZ>yp:&e 4/YHK~HH f, 
v 

rZ{e 

~ 
-x:EZ, 

~(fJ = :L ~(:x:) f(:x). 

JioKaaaTeJI:&eTBO. llo1!0lKHM 

<P(t) :::. 

Bt (t:.) = 

[ n st (t) J U) •• 

l.=i 

Li 1-1 - ( f -t t E e z:, e 
. (. 

....._ ( -~tE). 
~ t e_ e - orrepaTOp YWHOlK6HHH Ha 

)
el.tH 

. ) ----
'5 [ ( ft e '-d:E }J. 

.liJIH Z{OKa3aTe1!:&eTBa CXOZ{HMOCTH Z{OCTaTOtlHO 1lOKa3aT:&, tlTO IIPH i. < t 
1. '-

84 

. t2. ~ • 
II ( 4>(t1.) - <P (t,_)) w 1\ !: ~ 11 A <P(i)w II cH - o 

t . d.t. 
i -f:.~oo 

paBHOMepao no i. . Ho 
2. . 

J. 

II "' ""' 2.. ... * 1\ ett 't" c-t)""' II = ( uJ > [A. n I) C.t)j [.fl. n s t!:J}'' 
. cl.t l.=i t rH.t_ .. 1 t I 

~ ~ 1\ . 

- ~ c n B t c -c) J c n · B l. c -c) J > , < u. 17 > 
e=-h c=1 . · . 

" r11e B = B · HJIH A B . PaaJIOlKHW rroe1!e1{Ree B!lpru!telnm rio cewn-
dt . . 

HHBapHaHTaM. Bee 01{HOTOtJ6tlH!l6 C611HHHBapHaHT!l paBH!l HYJIID. JlByxTOtJ6tJ-

Hll6 ceMHH~BapHaHTH, coZ{epxa~ne XOTH Ciu OZ{H~ ~ Bt , paBHH HyJID, 

TaK KaK rrpH n=i cf>(tJ He 3aBHCHT OT Bpe!l6HH. 

MH 1{0KalK6M, tJTO Bee OCTaJil>HHe eeMHHHBapHaHT!l eTpe!lHTeH K HY11D 
. -3 

rrpH -t.~-> :t o<:> KaK 0 ( IiI · ) : 

Z · B~ (t); Be (t.)) .~· (w) Bk (t)B((i)w), (II.IB) 

OTKYZ{a e1Je1{yeT Teopeua, TaK KaK B ~IDCiOW qneHe pa31!0lKeHHH (11.1?) IIO 

eeWHHHBapHaHTaW eCTL CeMHHHBapHaHTH, OTnHtlH!le OT (11.18) • 

PaceuoTpHu, aarrpHwep, 

. 
< Bl (-1:), Be ( i)} = ~ J cl-fls c[ &_ < ~ (xs)' ~ (x:z.)) x 

. .1 2. 'X. ::c 2. 

x £ (~) ei(k 1 J :xs.) -~tE(l:); ({) ~(k 1 ,::c1) -~·LE(k:z.) 1 
(. s. e J' 1 1 e · e = {II. 18) s. . 

= fcl,1.dk1 S(k.lt&,_)G(~s.,f,).fe (f.l)fl (k,) e:xp("-~tf(~i)-
.1 .~ 

i.if(~1)) ·,;,. Sctk G.(-', k) 1ei(- ~)~/~)e:xp(-d:(E(i)+E(R~) 

~HTerpHpOBaHH6 IIO tlaeTHU Z{aeT HCKO!llln peayJI:&TaT. 
(n) . . 

0Ci03HatlHiol qepea J(_ .~._ 3SMKHy'l'Oe 1101{IIpOCTpaHCTBO B }(_ , IIO-
ot.t.l; - . 

POlKl!aeuoe rroeTpoeHHH!lH B Teopeue II.2 BeKTOpa!lH .<Pou.t ( f
1 
> ... J f 

11
) 

IIPH 3a1laaaou tt • 
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Ecnn 3aM8THTb 1 q~Q eeMUHHBapnaHTH He 38BMCRT OT BpeY8HH1 TO IT0~06-

H0 rrpe~~Y!Jl8IJY MOlKHO ~OK838Tb 1 tiTO 

( <Pou_f {fci, ···)f..) c:t> Du.t 

I I 

{JiJ'''Jfm)) 
paBHhl aynRJ, ecnH n. =J rn , H paBHH 

L ( 75 (fi), ~ (J/)) .. - ( S (f..)_, ;s 0~1

)\II.I9) 
1. ., J 

( ~ . ··- ~ )' 
Li. .•• Ln 0 

ecnn m =- n , r~e cyMJmpo:sam~e-rro :sceu rro~cTaHOBKau 

Il03TOI.IY J{ . ~ !I ( x ) Ot.lt = e x ("-) 
T J. • "-=0 o~i 

H30!.10ptj)HO qiOKOBeROJ.IY npoeTpaHCTBY 

0qeBH~HO Ta~e, qTQ K~Oe J( (n} 
ou.t HHBapnaHTHO OTHOCHTeJibHO 

aH e , npnqeM 3T8 3BOJ!Rl~HH OCJ!Jl8CTBJIR8TCH CJI8~YRl!JlH!.I 06paaou: 
LtH -~i.E -~H) 

e cpou.t (51.) ... , f,) = <Po .... t (fie , .. ')f .. e . 
(f . 

AHaJiorR'IHO onpa.D;e.ruraTe.lt X. , TaKl!te H30JAoptj)Hoe Y- ( J() . · 06oaaa-
ut t- l 

qgu eOOTB8TCTBJID!Jlll8 H30MOptj)U3MH: 

..(ou.{ ; 

,;.__. : 
~" 

~ (del) --;> 

~ (Xi.) -? 

Jf.ou.:f:. 

]( . . 
Ln 

EeJIH Bbl!IOJIHeHa rniiOT83a aCHMllTOTHti8CKOJ.1 IIOJIHOTbl 

.1(_ou.i: '}(. = X 
Ll\ I 

TO MO~HO orrpe~eJIHTb•MaTPH~Y paceeHHHH KaK 
-1. s = .J.. i /.._. 

ou..-~ Ll'\ 

Ecnn.cy!lleeT:syer HeCKOJibKO o~aoqacTuqaHx no~rrpocrpaHCTB 
X (k) 

1. ,TO 

r~IIOTe3a aCHMITTOTHtieCKOll ITOJIHOTbl tj)opuynnpyeTeH KaK H30MOptl)H3M J{ 

ll ® Cj ( Je. 0:>\ 
k + 1 ), 

B c;rryt~ae RMill-cocTORHnM c Jll < ..o ro:sopnTb o rnrroTeae KBaan

tiacrnqHoit Kapn!Hbl ITOKa eneztyeT C OCTOPO;KHOCTf>lO. 
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J{ 0 II 0 JI H .E H ll fl 

I. Ceuuua:sapuaaTH 

J{Jla enyqallaon :senHtiHHH 

npOCTpaHCTBe ( .sl. ~ f) 
} J 

!5 = "$('-'?), 3a~aHHOH Ha BepOHTHOeTHOM 
, I>W oe5oaHat~aeu: 

.( 3 > 
<U.J 

= < 5 > = M~ r- . 5 ~ c~r · 
JL 

. lJyCTD .D;S.Ha CHCT8!.1a CJiyqallHHX B8JIU'IIHH' l ~ ;_ ~ 1 ~ E J{ -= [::1~- :.J n J. 
J{JIR nRJC5ciro aenyeToro T c ..N o6oaHatJ:HY 

3T. = ._n 3i 
LCO T 

) 
' -~ 
T 

= J 3L. : i.E T J, 
T. e. '§:~ eeTb rro~cucreua cooTeYH I 3 i. ! , · I. € Jf'. 

Pa36ueauei J.. == !~,- .. ;~! Koaet~Horo uaoJKecTBa Jr aaao:seY aeyno-

pa~ot~eHHHll aa6op :saanuao aerrepeceKa!Oil\IDCCH noztYHOJKecTB (6JIOROB) T.: c:.Jr, 
,ItaiiltlfX IIpH o6'I.a.ztm~amm Bee.)['. • Paa6Ke~me 0 ·· acT:&. paa6aeue HB. TO"l-

RH, paa6HeHH8 · 1 .COCTOHT U3 OztHOrO 6JIOR8 Jf" • Pa36H8IIH6, Jl , H83ll

Ba8TCH :sepxHen rpaHbiO paa6neHHll rJ.. ·n jt , ec:nH Rru~atHit ,6noK _,J.. H k 
cozteplKHTCH ~enuRou B aeKOTopou 6:noKe cf • CpeztH :sepxamc rpaaen · · 

cymeeT:syeT aauueHbmaH, ?6oaaat~aeuaa .( V j} · (rroztpo6aee o cTpyRType 

pas6neHHli eLi. [!2] ) • . ·. , . · .· . ·' 
;\-;- + ...... ,\ ~ (( '\) 

~YHR!lHH <. e ~ ~ · . - "' > = . ::1 Jt 1. , • _ . 
1 

A., , 

onpezteneHHaH ztJIH t~neTo UHHYHX A j , HaaH:saeTeH npoua:soztHDt~ll <flyai<qHe~ 
YOU8HTOB (OHa eo:srraztaeT c·xapaKT6pHcTwqecKO!i tj)yHK!lU8li OT B8!Jl6CTB6H-

HHX nepelleHHHX . tj 1 ecJIH ITOJIOJltHTD ~ "' i. td ) • EcJIH Bee MOLI6HTH 

~ '5j11 > eymecTBYIOT, TO f(\, .. ·.)..,)6eeKOHetiHO ~Htj)qiepeH~liPY8!.1a,B TO'II-

Re .).i. = ... = J.._ =- o H aao6opoT. . 

IlOSTOYY YOlKHO aanucan <flopuaJIDHH~ PHzt Tellnopa no A . . . . A ~ 
. 1) , " 

>.J. 31 + .•. + A., "S.. . 
<.. e > -

e>C> . s 
_;! <_ ( ).j,'S

1
t __ ;<- >._~ .. )).(!.!) L: 

5.=0 
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Cel.lHUHBapna.IITOM cJiytJaliHUX neJintJ:HH ~1.> ... ) 3" aaaunaeTCH 

lJ:HCJIO 

~:f 0 i.~:L • . ,.:>., (I.2) n ;....-~""')..,..} 

<. ~ .3 •• _ J ~- ) = ln < e > 
1. n "dA ... 'dA ).,_=)=o. 

:1 ft 1 " 

, . 
Mb! 6yl{OLI npHLIOHHT:& T8IDKO 06031I8lJOIIHO ( z: ) l{JIH COLIHHIIBapHaHTa ::.T . 

cJiytJ:aiiHux BOJIWIHH ~ ~ > i £ T • CHcTeuy H3 s aKaeMIIJIHpon CJIY-

o6oaaatJHM 3' 
5 

• tJaliHOH BOJIH'!HHU ~ 

4fyHKI.lUH f-, :f II83b!B80TCH npOH3BOZ{HU\Oll q)yHJ~l.lll0£1 COMHHHBapHaH-

TOB. ~~ npeztnoJiaraeu ztaJiee, '!TO nee MOMOIITbJ cymecTByiDT. 

aneMaHTapHH9 CBO~CTBa ceMHHHBapHaHTOB 

I. I. 

< . > k. , -k, > 
~1 ) .. :) ~ .. 

= ~k1..t ... +kn.. ).1..~/-·-~\~ .. 
7J "A_tJ·.; iJ \kft f., < ~ >l~~o 

nJIH l{OKa3aTOJI:&CTBa Hal{O llOJ!O*HT:& ~- = l- + • ,_·,. ~ 
L L1. ••• ~~~Iii:· I 

I. 

BOCllOJI:&30BaT:&cH OllpOZ{OJIOHHOll 

n k.: . 
kt. 4 .. +fen 

= -o . {n.z 
..... \ 0}, L .. -~ X ... )). I 
0 A_t 1" • • ~ ~~'i "1 lilt. 

2:: L >.i.\ ~L 1 ''"1 j=• v ) 

e .>. . .-=o, 
k k <. ~, , ..... ) ~) .. > 

1 ... 

d ~.. dki. 
-{t. = 
d).... d}. ... ().\-~. 

L 1..1 L L 

a Truate TaM, '!TO 

I.2. 0Hllll6TpHll:IIOCT:& H llOJIHJIHHO~HOCT:& 

<...";1, ... , 

li l{JIH JI!060t\ llOZ{CTa!IOBKH 

3 "> = 
" 
( L 

1 

1 ... 

(. 3. > ... I '3l ) " J .l'l. n 
. ) 

... 
n 

'J 

I I 
(. Q ~ + Ct 2:" 2:" .... ~ > = 

L ~1, ~1> s n 
Q (.;'2:"'. ~ .•• 3) +a.'<'$' l;" ••• z: >." 

SJ.I ~l.l ) t,. . .11 :>~J J .:>n 
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CHMMOTPHllHOCT:& OlJOBHZ{Ha, a llOJIHJ!ImetiHOCT:& Db!BOZ{HTCH HaK r. I. 

I. 3. ECJm JV MO*HO paa6HT:& aa ztBa · HenepeceKaiO!I\HXCH noztiJHO-

JKOCTBa A u B =.N H CHCTOMa I ~. I. H03aB!1CHMa OT CHCTO!.ihl 
l.. ' J,E A 

t3j~jEOB 1 TO <. ~ 1) .. ".) 3, > = 0 • 

noKa3aTOJI:&CTBO. 

0 ). ~ .1. t- ••• + >., ~ .. 
t.n <. t:: > fn <. 

~ ).-~- tl ~ >..~· 
e u:A • '> + ln <. e ... s ) 

. I 

H7 npHJJOHHH Ollp01l0JIOHH0 1 nonyqaeJJ pe3yJI:&TaT. B lJaCTHOCTH 1 OCJIH XOTH 

6bl Ollila ~. = c.cmsi. 1 TO ceJJHHHBapnaHT paneH HYJIIO. 9TO JTl)OpiKZlOHHe 
J 

HJIJIIOCTpHpyeT xapaHTOp COIJI-!HHBapt1aHTa KaH MOpl:l 38Bl-!CHMOCTH CJiytJ:ai!HbiX 

BOJIHlJI'IH. 

IIpnBeZlOLI aKcnoMaTHlJOCKYIO xapaKTepnaaunro ceJJHHHnapnaHTOB, npHHazt

JieiKB.mJIO IIepKycy. 

JleMMa l.l. EcJm Bl:l1IOJIH9HO CBOllCTBO 1.3 H ~ ,..-., ... "<" ) 
....... Ji_.> ) ~I-\ 

llPOZlCTaBJIH~TCff B BHZle 

~ ' .L cL(.'-)..::.. ~r ) . .. <. "§; ) 
f ~ 1 Tk • /, = Ti>· .. J Tk 

c 
. lt·t1< I 

cl( .1) = 1 , TO d. l .o : (-i) ( ~-i).} T.e. OHH 

COBIIal{aiOT C COUHI-!HBapHaHT8WH. 

J!OK838TOJI:&CTBO. PaCCI.lOTpHM,_ HOKOTOpoe p_a36!-!eHMe J} =(A~>· .. ,Ap), 
ll TiyCT:& CHCT9MH ( ~JtE-A H038BMCIHlU. Torzta OTJ!MlJ:HbiMH OT H.fJ!ff'MO-

rjT ObiT:& TOJI:&KO < :;~) ; rZle T noJIHOCT:&!O COZlep:nmTcH n OztHOM na 
T . 

6JioKon p-:ta6tmHHH flf . IIoaToMy cJ[~) llOnyCJ:aroT HHZl.YKTHBHoe BbJtJ:HCJIOHHe. 

I.4. Bup8llteHHe Mo~;eaTOB qepea ceuHHHBapnaHTbJ 

<. '3; ) ... 
j 

< 3 > =-2: 
Nn .I.. 

rzte ·CJIU.Ia 6epeTCH ITO BCOll pa36UeHHHM 

na..IV • 
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<. 3' > r!t , 

.1... , f T :1. ) ... > T-k ! 
(I. 3) 

MHm:;ecT-



.l!OimsaTeJI:ocTBO. Hau Hallo ·Bbllll1C3IHTl> Roawr~l11.lHeHT rrpu A.t. ··., >.,, 
.\ 3 + ... +>.~ . 

ti:opi.la3I:OHOro Pfllla Tefinopa llJlfl <. e 1 
,j, • ") • c 01l;HOi1 CTOPOHhl, 

sTo eCTl> ieBaf! liaCT:O wopuynbl (1.3). C ~yroil cTopoHH, o6osHa~ 

::; =A~ t __ ~X3,Hl.leeM 
J 1 i. • " 

"3 rh < e~ > ( 0<::> 1. ,s )-< e · > - e - e;)(. p ?:.~. Sf <. S > -
C>C> k 

:2: _I I ( L ...1, < ~' s >) . 
k=O R. S=! S. 

<illmcupyeM {~ If Bbllii'ICJlHM R03rlJi[ll11.ll19HT npu A.1· .. \ • HeTPYllHO BH-

ll9Tl>, liTO STO 9CTI> CJL!t.la TIO BC9M pa36!19HiiHIM C ~ 03IORalll1: 

<..-..:-' > ) JT. ... <. ~ > . 
1 Tk 

I. 5. BliPaJKSHIDI ceMIDIHBapHaHTOB '!apes MOMSHTH 

< 3' > 
.At;; 

= 
'- -1 

L (- i) ( k- l) ~ < ~ T ) ... <.. 3 ')' 
.f.. 1 Tk 

(!~4) 

r,JJ;e CyMMa TaK iKS,KaK H B (!.3) ,-IIO BC9M pa30H9Illi.RM d.- .,U0~3aT93Il>CTBO 

MOJKHO npOBSCTH TaR JKe, RaR l1 llJlf! ti;opt.lj3Ihl (I. 8)1 l1Jll1 BOCmJJil>30BaTI>CH 

II·op1!YJIOi1 o6palJ.l9Hl1f! •;vle61'!yca [I2] • 

I. 6. Cnc TeMa . CJIY'!J:aHHhlX B93IH'IHH .3
1 

, ••• , 3 " JmJIReTcsr 

rayCCOBOll TOrlla I! TOJll>I\0 TOrlla, ROrlla 

<. 3· ; ... ) 3· ) -=0 ·s >2.. 
'1 '" :> ' 

llJlfl rrpo 1'!3 BOJI:OHhiX : 1 > · • • l i. s E. Jf. 
3TO CBO~CTBO C319llj9T !13 OIIP9lleJieH!1fl rayCCOBOll Cl1CT91lhl. 

I. 7. 0600I!l9HH09 pa3JIOiK9HH9 no CBR3HllM rpyrrnaM 

.l!Jifl n~6oro pa361'!eHMfl J.. = f T1 , ... ) 1k J IJHolitecTBa J( Hl.le6T 

LI6CTO 
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( ~ :;;;:- > = L: < ~ • ) _ _ . < ~ > '> (I. 5) . 
::>T ' . . . > :::>T Q ~ Q ' 

1 ~ .}}: .(\1~=-1 ~ . .. 

r:n;e· cyuua-rro ~ceu pas6HeH!1HU j\ = { Q.i.) ... J Qm~'TaRHM, liTO or( V ~ = 1. 
,l{ORB.3aTe3Il>CTBO. PaCCMOTpHLI CHati8;1Ia tia~THhlil C3Iytiai1, KOr:n;a 

I T1 \ == •... =·I Tk-~ I =iJ I Tk I= 1 • VlHatie roBopH, :n;oKa;KeM cHatm

na, liTO :n;nfl Bcex cpe,ll;HHX 

(. '3i., · ··1 ~1\-2. > ~n-~~n) = <. 3 ... ~ ·:.:- > -t 
1) J h-.1.)~1\ 

+ .G <--:;" 
Ar" n-1. ~ Tc JV,.__'-

Ha ct.6) <Ix>:PMYJia ·(1.5) 

( I.6) , ) < ? 

~T 3 .. ) ~ J./ - T ) • 
n-!1.. 

Jierxo c.ne,JJ;yeT uo ~. 

)l;1m ,ll;OKa3aT93I:&CTBa (1.6) J?aMOJJWM corJiaCHO CBOHCTBY I.4: 

<. ~i~·. ~" > {I. 7) = 2.: <- ~., >---<s' > 
A1 . . Ak ' 

<( f 1 •.• f .. -~ > = L ..::.... f8, > . . . < f I > 
. t . Bk ' 

rlle MH II0310iKH3IM t 
1 

= ~ .i > ... > f · "' :S • J Y = 3 . · ;;;:-
"-~ n-.._ n-.1. n-,1. :>h. • 

IIpnpaBHReM rrpaBue 'l:acm (!.7). MMaeM 

< ~ ... 3 > -t .2: < ~, > ... < :;;;-, .> = 
1.> • ' " '- A ::>A ft.~~ 1 1<. 

<. \, ... Jfn-.1.) + JL:. <. .:f~ >.:.< j-;1>. 
11.~1 i. 'Je 

JLOKaJKSM (l. 7) C IIOMOI!ll>JO ~ UO 11. ~ ·!JyCT:&, HaiipHMep,f.,~-t 

BXOllHT B Cl1CTel.ly f~~ . PasnoJKHI.l TOrlla < Y > corJiacHo HH:n;yKTHBHO-

MY rrpe,IUIOJIOlKSHHIO no qJOpMYJie {!". 7). Tor,JJ;a · 
8
k 

.L <~' > ... <~, >-.2: 
-(<;,_. Ai AJr. k?-2. 

<f'>--.<1'>= 
81 . ·. Bk 

) > < . • ) =- L: < z:- ~ ~. , ;; .• 
, ~ .. -1 ' T "· . ::> }.{ - T 

Tc JV h-t. n- 2.. 

lis lilJyx IIOCJI9,1l;lmX <lJopMYJI CJI9,JJ;y9T (1.6). 
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i 

Jl ,, 
11 
ij 
i 

il I, 
I II 

II 
ij 
I' 
II 
iJ 

ll 
" 'I !I 
•I 

i/ 

,\ 

>.s-t -+.\~ 
1.8. HepaneHcTna KomH • EcnH < e 1 

" • · · " "> . 
anamlTHilHa n He o6par;\aeTCH n HYJJ:& n saMKHYTOll nonnKpyre · / .A 1 I ,;, ZJ> •• :J. 

I >.. . 1 £, z c ocTo noM· r To · h h , . 

{I (' I z 3 ~ 1\ ... , ~: k. > \ ~ ~ j_ n • 

r1f; ... rto-kft ' 

r~e 

c = ~;r I lh <.e)."~~ + ... +A,.3"> I· 
8TO CBOUCTBO 'ecT:& nepe~pasnponKa HepaBOHCTB Romn. 

3aMellaHne I. Ecnn n Q.JnKcnp~nano, a kt., ... > ~" cTpeMHTCH 

K 6eCKOHellHOCTH, TO CTaHl~apTHble MeTOZihl aC!1MITTOTHileCKOrO aHaJJH3a ll 

TeOpllll tpyHK!llm KOMIIJJeKCHblX nepeMel!HblX IT03BOJJHIOT llaCTO ITOJJYtiHTl> TOilHbJe 

8.CHMITTOTHileCK!10 O!lCHKH < ~: k,, ... , ?;': ~. > • 
Tipll ll3Yil0Hllll CJJytiailHblX IIOJJei1 OCHOBHOf.i HHTepec !IpOZ\.CTBBJ!flOT 

c nytiai1 · n ~ <>C> • 

I. 9. <lJopMaJJ:&HbJe ceMHHHnapnaHTbl • TiycT:& KaJK~OMY Tel{ corro

CTaBJieHo llllCJJO tr .. 8TU ll11CJJa 6y~eM Ha:mnaT:& MOJ,\eHTaMH (HOKOTO

poro "nnpTyan:&Horo" rronH). 

Orrpe~ennM ceMHHHnapnaHTbl '1
8 

, 11H1!YKTHBHOi1 cpopMynoi1 

fT = L: 1 B ..• , Bk ' 
1 

. ( 1.8) 

r11e cyMua-no ncell pas6neHnHM ( 81; ... , Bl..~ MHO.lKeaTBa T • JlerKo nn~eT:&, 

liTO II3 (I.S) ' onpe11eJJHIOTCH 01!H03HallHO. qncr.a ~8 YZIOBneTnOpRIOT .a 
MHOTI1M CBOllCTBaM 06h!llHh!X. CeMnllHBap.HaHTOB, HanpnMep, I. 5 l1 l. 7.: 

Hau ITOHU1!06!1TCH CBOWCTBO l. 3, HOTOpoe !Ahl cel\qac Hal!JJe;i{amm.t o6-

pa30M nepe~opMynnpyeu. llyCTl> Jf HBJJHeTCH IJHO;r.eCTBOM nepmllH HeKOTOpO

ro rpawa G • 06oaaaqnu: GA , A c ff,- no11rpaw rpa~a G ,. HaTHHJTHli 

•92 

aa MHO.lKeCTBO A nepmna. Haaoneu QB KOMnoHeHTOi1 GA , ecmt B c.. A . · 

II eCJIH MS.lKJJY 8 II. A - B HaT pe6ep. 
BHpTyaJil>H09 IIOJI9 j A Ha30B9M H93aBIICID.WM OTHOCIITeJil>HO 6 , 

ec.J[tf ,rr,n:f! Bcmtoro Ac N II Bcex paa6uemtii f!t 1 , A.t.~ MHOlitecrna A 
'l'::t'Ktcr, liTO 6 A i. acT:& KOMIIOHSHTa 6 A, HMeeT MSCTo fA= fA-t· fA 

2
. 

JleMMa 1.2. ECJIH b He CB!I3aH II 'BHpTYaJil>HOS IIOJIS fA H93aBHCU-

UO OTHOCIITeJI:&HO Q , TO ~ ( JV) = 0 • 

.lloKaaaTeJI:&CTBo. VTuee!l ns (8) 

9.N = t - :L 1 ... d 
J.r- &~ B~ 

fx 
f II ( l. 9) 

= - 'L - 'L . 
.J. "' 

ITycn 5 = { A1) AJ - pan6neHne Jf, TaHoe, liTO G,., .. n G HBJifl;!JTCH 
. . I L AL 

KOMIIOHeHTaMn G-=G • B npaBoii liaCTII · (I.9) B .L: - CjMrmponaHne no nceu 
!/ . . ,;.._ 

J.. < :3' , a B 2} - ITO BCell O(!TE'Jll>Hb!M at.. f. 1 . 
,(.. 

£yl!eM 1!0Ha3HBaT:& net.IMY HHZIYK!lneil no n . Bee 
1/ 

qJieHh! B L:: paBHbl 
.,( 

ITO l'IHl!YRTHBHOI.IJ npe~ITOJJO)I(eHHIO •. B TO .lKC npeMH cornaCHO (I.Ci) 
I 

fA . fA 
j_ 1 

fJV. L: 
·'-

0TCIOl!a 11 cne~yeT neMMa. 

CeunnHBapnaHTH aa acco!lnaTHBHOil anre6pe c I 

TIJCT:& Ol.- rrponsnon:naan e_cco!lnaTHBHaH. HeKOMMyTaTHBHaH anre6pa 

c 1 (Hall fY ) • llycn Ha OZ. nallaH nnaeiiHhlil WJHI\llllOHan < · > co 

CBOi!CTBOIJ <. i > = :1 • TiycT:& 3 . . . ~ E Q . ,llJIH JJI060rO 
:1. J -' ::; n 

;~rropm~oqeaaoro aa6opa T -= ( i.~. 1 · .. 1 i~c.) 1 
~ 1 <.. -· < ~k 

(Mhl 6y11eu nncan T c:: ..JV-=(l., ... Jn), ecnn TeN KaR IIOZIMHO:if.eCTBo), 

o6osaattnu 

3T = ~~ ... <:"'· 
j_ :..k. 

~u orrpe11eJIHM ceunnanapnaHTH 
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< ~ 2 > = < '3· ,.-. > 
I "i. > • - - J ;::; '1t_ 

ITO l1HztYK~HU <jlopuyJIOli 

L... ~ > = 2: < ~' > .. - < "":>N o<... . =:>T 
1 

rzte C.fiJMa-ITO BCe!J .,(} T1. u- - . u T m = JV 

~, ), 
Tm 

{ 7i - yrropRztoqenHr.Je B nopRztKe BoapacTaHHH Ha6op!l). 

8aztaqa I • .[. .l!oKasan wopM.fJIY o6p8llleHHH 

(l.IO) 

m-.1 (I. II) 
< ~' ) == ~ < ~ > · .. <.. 3 '> (-1) (m-:L)! 

X ~ Tm • 

ITO!:lTO!.!Y C81JlH'IHBapuaHThl HBJ!fli3TCH IIOJIHJ!l1He!1Hhl/Jl1 (HO B 06ll\8M CJiyqae 

nee MMMeTpHqecK11MH) WYHK~l1fl!JH OT 3. . 
t 

I. IO. HMeeT MeCTO W<Jp!.laJII>Hblll PRzt (A; € c) 

en >..J. '31 + ... + A. 3 
< e . "~ =E 

=<> 

-k = j 

IT\ 

_.L:L 
1 I i~1 f(. . .1 

.A- ·-· ~~{._ 
~1 < ~ ~i :> • --) 3 ~ft. ) • 

~· IT\ . 

2:., 
i'k""' 1 

(I. 12) . 

JlOKa3aTeJI:OCTBO. TaK JKe, !\air B KOMJJyTaTHBHOM CJijqae, l1M8eM. ~JIH5t::Ol.' 

(,., < e?: > :E ~ <~ .. ·-·.}~ >. 
ln. 

.,., =.1 

IToztcTaBJIHR B aTy (j)opuyJiy 3 = -\ ~:1. 1-.•. + A.'3., .li UCIIOJI:b3YR ITOJIII-

JlliHeii:HOCT:b,ITOJIY'IaeM (I.I2). 

8aM8THM, tiTO llpaBM lffiCT:b ( 1. 12) 3aBl'!Cl1T ijlaKTl'!qecKH OT TaK 

Ha3hlBa8Mb!X CHMMeTpl130BaHHhlX C8Ml1l1HBapHaHT~B, T.e. 

rn rn" 0 >.1 ~1. t ___ + >..3,) == L >.1. _s. __ A., <~,mi. ~·m,)s 
l.h < e 1 I :1.. , ••• J~., ' · m rn _- .. rn -

~) ---J ... 1 " 
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rn:lt ... -tm" ~1.> m· ~ 0 • , l1 Z(Jlfl Jllo6!1X ~ .1 J . _ . l~, E Gz. 

s 
<.. 31.,. -·, 3, > =.i 

h! 
:L < '371{1) ) . --} ~lT( .. ) ), 
If 

rzte CjJJMa-ITO BCeJJ ITOZ(CTaHOBKaM ( 
i . -. ") 1r - • 

- . ll(1.) : .. lf(ll 

3aztaqa 1.2 • .l!oKaaaTI>, qTo o6o6mennoe.paaJioJKeHl1e no CBH3HilM 

rpynnaM I.? COXpaHH8TCll B H8KOMMyTaTHBHOM CJiyqae. 

· 3aMetre.HHe I.2. ·Ha aJire6pe KAC·BOSMOJKHO .zu>yroe, "rurTHCRMMSTJlH

soBaHHoe", onpezteJI6Hl'!e C8MHl1HBapl'laHTOB. 

IT. OnepaTOpHhle aJire6p!1 

ITyCTI> Je - KOMIIJieKCHOe rl'lJII>6epTOBO llpOCTpaHCTBO, 
• 7f 

re6pa Ecex .nnael1H!1X orpaaMqeHHhlX onepaTopoB B HeM, A 
Y.3 (:1(_)- aJI-

oaaaqae<r 

conpHlKeHHill1 orrepaTop K onepaTopy A ·E S3 (X) • 

·Xopomo M3B8CTHO, qTO 

* ..,. * - * ( .\.1. Ai. + A A,_) · = Ai. Ai. + ).,__A,_ , 

( A. A )* = A* A* (A*)*= A 
1.'-. ~.1> • 

(IT. I) 

Saztaqa I~ ,lloJ\asaTI>, tiTO · 

II A£11 *· ~ JIAAJI. (IT.2) 

BhlB8CTH l'l3 (2), tiTO 

IIAII =nA*ll 
J 

II A A*il Jl A lJ 9.... 
(ll. B) . 

Orrpezte.neHHe I~ A.nreopol1 c HHBOJIIlUl'lel1 aaa!lBaeTCH aJire6pa (Hazt 
. * 

tD ) , B KOTopol1 BBezteHa onepaunR A- A ( l1HBOJIIOUl'!H), YztOBJieTBO-

PHIDll\aH CBOliCTBaM (ll.I) • 
.l( 

C -anre6pol1 Ha3!1BaeTcH·6aaaxoBa anre6pa c l1HBo.nrounen, ll KO-

<ropofi B!1ITanH9HO CBOl1CTBO (ll.2) (RnH BTOpoe CBOKCTBO (ll.3)). 

TaKnu o6pasow, 13 (dl.) M JIJ06aH ee saMKHYTaH no aopue 
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*-IIOztanreopa ( T. e. 3aUKH.)'TaH OTHOCUTSJI:&HO ~HBOJI!OIUU!) CCT:& 

pa. 

~ 
C -anre6-

~ 
OrrpezteneH~e 2. Mop¢uauou (oTo6p~eHneu) /r C -anre6pu ~1 B 

* C -anre6py 0?.2. Ha3UBa8TCH JI~H8HH08 OT06ptmeH~8 ' OlL B (){~ 1 GOX-

paHHIOIIl88 YMHOJ:t8H~e H UHBOJI!Olt~IO. 

YTBep.hU{eHne I. ,llJIH nro6oro uopqmaMa If II JII06oro A e. 0{ 
1 

tln(A)II "" /1 All 

,llOKa3aTCJI:&CTBO Ci.l, []) 1 CTp. 18] , 

YTBePJKZleH~e 2. IIycn ·Ol.. - C~mrre6pa, I-Z{BYCTOpOHHUii saMit-

HYTBi1 Ullean B .Ol.. ; Torzta T saMRHYT OTHocnTeJI:&HO UHBOJllO!t~H, n 

anre6pa · Gy'I C HOpUOll 1 CTpOHl!l8llCH KaR HOp!Ja B ~DaKTOp-rrpOCTpaHCTBC' 
6aHaxoBa rrpocTpaHCTBa, flBJIRCTCH ~*-anre6poil. 

Ecnu If -MopqmaM Ol B Ol 1 TO /( e ~ 1T eCT:O 3a!JRHYTUM ZlBY-
L . ~ . 

I 'll 2. 
CTOPOHH~ll UZ{CaJI B Oz

1 1 a In 7T 3aMRHyT l1 eCT:& C - IIOZlaJire6pa . CJt . , 

l130!.!0pt[JHaH OZ.J. 1 I<' e 't:. If 

YTB9PJK,l(9Hl19 3. JLo6aH C' * -anre6pa H30!!0priJHa HCKOTOpoii . c*
- rroztanre6pe £(Jl). 

,llOK83aTeJI:&CTBO CM. [])]. 

3nerJeHT A c"" -anre6pu Ol.. nasbiBaeTcR. aprmTDBbiiJ (caMocorrpR:t:eHHbiM, Be-
. ~ * 2 

mecTBeHHhTM), ecn11 A= A ; rrpoeRTOpou, ecnu A= A ~ A =A 

.yHl1TapHuu, ecnn AA * = A"' A "' i 

YTBep.lKztCH~e 1+. 
c)( . 

Jlro6af! KO!lMJTaTHBH~H C' -anre6pa C 1.. U30!!0p(lJHa 

Bcex HerrpepbiBHilX t!JyHRI..lHi1 Ha HeRoToporl ROMrraRTe X 
* . 

Jf 

C -anre6pe C(X) 
JJro6aH KouuyTaTUBHall anre6pa C -a.JiredpH nsouop~JHa anreeipe C

0
(X) 

Bcex HerrpepuBHilX ilJYHRl.lnii, CTpeMHnt~XCR K HyJiJO Ha 6ecRoHe'!nocTn 1 Ha 

H·eKOTopou noRan:&HO KOMITaKTHOIJ npocTpaHCTBe X • 

,lloKasaTeJI:&CTBO CM, [ ])]. 

[])] - JlnKcu:oe in.. C.~t-anre6pu ~ ~ npeztcTaBneH~H. "HayKa", :.1., 
1974. 
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YTBep.lKzteHne 5. Ecn~ Q*- mrre6pa Ol.. c 1 np~HallJieli;~T 9(1l) 

A € 02. o6paTU!.I B S(X), TO ~H oopa·.cuu B Q • 

,I(oKaaaTeJII.CTBO. OnepaTOp A A ¥t C8!i!OCOIIpillit8H II o6paTmJI B a ( ;;i;). 
noaTouy CYillCCTByeT T E: .3(X),TaKoi1; 'ITO A A *T ,. 1 . 

' ~ 
11a yTBep.lKZ{eHl-!R 4 cneztyeT, 'ITO . T rrpnHaztJIC.lKHT KOMMJTaTlf.BHOi1 C -

. * 
-noztanre6pe, nopOJKZlCHHOi1 A A 1 u,aHa'l~T, T E Ol. • AHanori-t'!Ho, cy-

lJl9CTByeT T'€ oz...., TaRo it, 'ITO T "A A* = 1 . Ho Tor.n;a T = T 1 

CrrerrTpO!A Sp A aneueHTa A ,anre6pu Oz. c 1 ~;~asuBaeTCH 

MHO.lKeCTBO ). E ([', TaKoe, 'ITO A-A-.i HeoCipaTHM B oz 
YTBep.lKZ{eH~e-orrpezteneHne 6. 3pi.IHTOB aneMeHT A E Ot Ha suna

eTCR IIOJIOJK~T8JI:&HI:I!.I 1 CCJIH BLJIIOJIH8Hbl CJI8ZlJIOill~8 3KBHBa1ICHTHLI8 JC!!OlliUI: 

I) S'pA~O ,T.e • . SpAc[o).x.); 

* 2) A = B B ztJifl HCKOTOporo f3 E m; 
3) A = B 2. ztJifl HeRoToporo apu~rona B e at; 

4 ) ZIJIH HCKOTOPOI'O (31!000!'0) TO'lHO!'O ( }(' e <=. 71 = 0 ) rrpeztCTI1B-

JI9HIDI -rr: Q __., 53(X) ( xJ A.x)~o Zl.JIH ncex x eo'}(. 

,lloKa3aTe1J:&CTBO (:D , CTp, 24). 

1.iHO}!teCTBO IIOJIO.lK~TCJI:&HilX 3JI8M8HTOB 06pa3J8T 3alfRHJTbiH KOHJC 9=.1('~ 
OrrpellCJieH~e 3. COCTORH~Cll Ha <h. Ha3biBa8TC!I JIIIHCWHUt\ TIOJIO-

;.;nTeJl:&Hhlit (T. e. ileorp~l..laTen:&Hblii nn 9(01..)) iJ!JHKI..lllOHan <.. ·) Ha Ot ~ 

TaKo}i, tJTO <.1> =:l. 

YTBCPhlleH~e 7, COCTORH~e HBJIHCTCR Herrpe pbfBHO~i JI~Hei1HOli. ~Op-

UOii Ha r7z..., u ero Hopua paBHa 1. .VI Hao6opoT, MJI Helrpeph!BHoii mrneiiHo~ 

iflopr,ru < · ;:. ee HOpMa paBHa < 1 7. 

,li,OKa3aTeJII.CTBO CM. (Jl 1 CTp. 3'+ 1 37). 
I I 

JTBep.lKZ{8HH8 &, :~HQ)i,CCTBO BCCX COCTOflHHil !j) : !jJ (ct.) Ha (k_ 

llBJIHeTCH B!llljKJILIIJ CJl800~KOI.!IIaKTHWJ II01{1JHD;i:8CTBOIJ 6aHaXOBa 
~ I 
IIpOCTpaHCTBa CJt , COIIpillit9HHOrO K CJZ,, 

. .lloRa3aTeJI:&CTBO [ :::0 1 CTp. 50] , 

Kpafume TO'llill f?' Ha3ImaiOTCJI 'lliCTUMH COCTOmillRMli. 
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ll 

JTnepl~eane-orrpe~eReaue 9. ITpe~cTanReHne If c*-anre6pu 

B ri1Jl:&6epTOBO rrpOCTpaHCTBO J(_ ( T. e. UOpilJH3!.! en_ B 5_3(J9) H33U-

B36TCH HeiiplmOllHMUM, eCJlll BUIIOJIH6HI:l Z{Ba 3KBHB3Jl9HTHUX (CM. (:D,2. 3. 1 

ll 2.8.'-ij) YTB9PJK,n9IDUI. 

I. TorrOJior:a'!ecKM HerrpHBO.n;uMOCT:&: • 

ecnu C E P>CU) u [ CJ Tl (A)] = 0 ~JIH llC6X 

A € oz. • TO c = A 11 

2. AJire6paH'l9CKaff H911pl1BO.n;llMOCT:b: B }( H6T H9TPHBI18.Jll>HhiX 

HHBapHaHTHhiX OTHOCUT6Jll>HO 7 (Oz. )-rro~rrpOCTpaHCTB. 
3. 3a Mb!K3HH6 If ( 0t.) B cna6oil TOIIOJIOrHH •COBIIa~a~T C J3 (X-) • 

4. Jli060ll B9RTOP J{ HBJIH9TCH TOT3JIH3HpJlOI!{HM (llUKJIHqecKHM) 

~JIH IT ( Ol) . 
llpel{CTE!BJI6HH9 IT H33h!Ba6TCH J.lll!{]!Hll9CKHU C l.lHKJIHqecKHI4 

neKTOPOM SL E X , ecJIVI T ( Ot.)Jl. IIJIOTHO B X . 
YTB9pWJ;9Hli9 10 

rHC - KOHCTPYKI.lHH (rrpellCTaBJieHVIe). IljCT:b f ( ·) = .t. ' "> 
~ 

- coCTOHHI1e aa c - anre6pe ot • Bne~eu B Ot rrpe~cKanHpHoe 

rrpousne~eHVIe (aeoTpnl.laTen:&HO orrpe~eneHHOe) 

(A,B)=<B*A>. 

.v!HOlK6CTBO Jr = { A : < A *A > = o J 6CT:b R6BUU' 111{63JI B Q _, 

'ITO cne~yeT 113 aepaneHCTBa llinapl.la 

'l. 
I(AJB)I ~(AJA)(B,B) 

11 aepaneHCTBa 

< .B lf A B > I ~ II A II < B ~ B >' 

KOTOpOe,B CBOID O'!epe~:b 1 'CJI9Z{J6T 113 IIOJIO~I1T9Jll>HOCTI1 !JJopMhl 

J(A)=<B-l'AB> 11 JTBep;K~eHI1H 7. 
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Tor~a . OV.n- ecT:& npe~run:&6epTOBo npocTpaHcTno; o6osHa'lHM '!apes 

KtHc= X.,. ero rrorronaeHne. Ecmr A ec Q , TO '!epes [A] ooosHa

'lVI!l COOTB6TCTBYl01!{1111 CMSJKHuii KJiaCC ay .Jr ; B qaCTHOCTH JL = [ 1..] . 

' r HC- rrpe~CT8BJI6HH6 ,-f rurreopii OL B J( orrpe~eJII1!l 
rHc 

wopuynoil 

lfr (A)[BJ = [AB). 

9TO OITpe~eJI6HH6 ROppeRTHO, 1100 JV 6CT:b JI9Bhlll H~ea.n. i{HRJIHqHOCT:b 

lT~ oqen~Ha. 

JTnep~~eHI16 II. COCTOHHH6 f - quCT06 TOr~a 11 TOJI:bRO TOrZ{a, 

KOrzta rHc -IIP9Z\CTaBJieHI1~ trf' HeiipHBO~HMO. 

Orrpe~~eHHe 4 · (rrpHMUe nponsnezteHHH) 
• - . ot 

Ecmr 07_. , t. E 1, - CHCTe!la C -aJire6p, TO HX rrpHMhiiJ (~eRap-
L 

TOBb!M) IIPOH3B6Z!6HI16M 0t = X (){ · H8.3b!B36TCH MHOlKSCTBO Ha6opOB 
.:~r L 

A ~ ( { Ai \ A·Eot· LEI) 
L (. ) • , 

-TaRHX, 'ITO HOpua 

II A II 5 ':1-P II A L II 
L 

< """ = 

IIpH 3TOM CJ!OlK6HH6, J!lHO;K6HH9 1 H HHBOJllOI.lHH IIOJ\OWIOH6HTHhl. 

Orrpe~~eHHe 5' (TeHsopahle nponsnezteHMH) 
• I II · 

Ecnu ot H ~ - HeKoTopue n11aeilHhle rrpocTpaHCTBa WYHRI.lnn Ha 
I II 

MHO;K6CTB3X J1 11 J1 COOTB6TCTB6HHO, TO MX (aJJre6panqecRHU) T6H-
. I II . 

30pHhlM IIp0113B6~6Hl'I6M 01 QV ~ Ha3UB36TCH JIHH6HH06 IIPOCTpaHCTBO 

• f If I ' V " 
WYHKI.tl'IH Ha J1. x Jl. , rropo;K~eaaoe npousnezteHMHUH A ( w) A ( w), 

· · · ·t II 

A 1 E at' , A 11 E ~ u • A 1 ,ct" o6oaHa'!aeTCJI TaKJKe '!apes A ®A 

ll y~OBJI6TBOJlH6T TaKH!.I 06pa30!l CBOiiCTBa!l IIOJIMJIHHBHHOCTH: 

c-(A'0A") := (cA')®Au = A'®(cA'), 

( A1 + B')® A'' = A®A
11
+ B

1®A': A'0(A"+ s')=A'®A
11

'*- A'<»s'
1
• 
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I . 

TaK KaK nro6oe nnaeiiaoe rrpocTpaHCTBO uo~eT OUTb rrpe~cTaBneao 

KaK rrpocTpaHCTBO WYHKqnii, TO Teasopaoe rrponsBe~eane orrpe~eneao ~nfl 

nro6ux nnaenaux rrpocTpaHCTB. HeTpy~ao ~oKasaTb aesaBHCHMOCTb sToro 

orrpe~eneann OT rrpe~cTaBneann. 

Ecnn B az.' II I U 
H 01_ 3a~aHH CKa.JiflpHHe rrpOH3Be~eHHll, TO B at @ 0?. 

CjD{eCTBJCT CKaRflpHOe llpOH3Be~eHHe, O~H03Ha'IHO orrpe~enfleMOe COOTHO!lle

HHe!.l 

(A 1 ®A'1) B 1 ®B'') =(A~ B 1)(A
11
JB') 

(~OKi'J.3aTb 3TO,, BOCITORb30BaBIIIHCb ITORHRHHCHHOCTb!O), 

TeasopHbi!.I rrponsBeneaneu rnnb6epTOBHX rrpocTPaHCTB H33hiBaeTcfl 

. ITOITORHCHHe HX anre6paM'l8CKOrO TCH30pHOrO ITpOH3Be~eHHfl ITO EBC~CHHOMy 

Bblllle CKanHpHO!Jj IIpOH3Bel{CHHIO, 

I 1/ * 
Ilycn Ol H GL - C - aJire6pu. Cyi~ecTByeT uaoro paanH'IHHX 

H83KBHBa.JI8HTHHX: CIIOCOOOB BBe.n;emiJI HOpMhl B rue aJireclprurqecKOM T9H30pHOM 

IIPOH3BCZ{eHHH, .. !bl Oj~C!.I IIOJib30BaTDCH TORbKO. CRe~yiOI!{HM, 
I II 

IlycTb X H X - rnnMlepTOBhl rrpocTpaacTBa H 
r,) I (;) 'c II 

BROlKeHH B .n(Jlj H B J:> 'J(.) COOTBeTCTBeHHO, 

Ol.l 
J 

m "· 

I I II II I A II 
,Zinu nro6blx A 6 oz. , A E Ol orrpe~ennu A <iD . KaK one_; 

I 11 
X ® Jt , o~aoaaaqao orrpe~eneHHbii1 1J;opMynon paTOpB 

( . A I ® A It) ( :X l ® .X II) = ( A I .X I) @ ( A I( :X: ')' 

:x. 1
EJl

1 

) 

:>::II E J{ ~~ 

* I II ~ 
C - anreclpa, rropoJK~eHHaH BCel~n A ® A , aaab!BaeTCH C -Teaaop-

' It I .' If 
Hblll IIpOH3Be~eHHe!.l 02. H 0z . (H 0003HU'!aeTCH Ol ® 0Z ), HeTp.)'~-

· . I u 
HO ~OKasaTb HC3aBMC!1UOCTb 3TOro OIIpel{eneHHH OT BHUOpa Jl , Je H 

Bno~eann. 

Onpe.n;eJieiDie 6. Anre6poi1 woa HeilMaaa B )( aaaHBaeTcfl * -rrol{-

anre6pa Oft c £(Jt), 3aUKH.)'Tafl B cna6oi1 TOIIOROrHH £(JC), qepes 
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.. 

I 
fQ 0003Ha'laeTCH KOUU.)'TaHT j A E 3('J() AM=MA l{Rfl 

Bcex M € m]. 
Aue6pu woa Hei1oona - 6onee ysKHi1 Knacc, 'leu c * -ar.reclpu [8] • 

[py6o roBOpfl, OHH RHKBHl{HPYRJT TOIIOJIOrH'!CCKHe TCHKOCTH CTpOeHHfl cif_ 

-anreop. Harrpm.wp, eCJIH X -KOMIIaKT, r -KOffC'!HaH IIOJIOJKI1T9JlbHM 

Mepa Ha X ' TO cnaooe aawKaHHe C( X) B L 2 (X, d r) ecn a.nreclpa 

Bcex naMeprrwx <J]yaKqml f()() c KOHetiHol! aopMoi1 ll:fll ~ ess sup j fcx.Jj. . 
. Teopna To~>UITN-TaKecaKH (cu. [ 8] ) 

Il.)'cT:& m- a.nre6pa WOH Heiiiuana, ~eiiCTEJIOJnaH. B ]{ (cerrapabeJI:E-

HOll), n IIYCTb a~aH BeKTOP .n. e. X , HBJIHIO!llHtlCH lii1KJIHI!ecKH!l H OT!IC-

JJHromnu (T.e, ecnn · ASL,; 6 ~JIH Bcex A Eta. ). Tor~a SL HBJia-

1 
eTCH qHKRHI!CCKHM H OT~CJ!fllOI!{HM .~Jifl m , 

PaccuoTpHM Z{Ba aHTHmmeililblx onepaTopa 

* s 0 ( A .n.) == A Jt ) . A E ·m > p ( B.n.) '= B *.n B E 'ffi.. I 
o I I 

Onpe~OJICHHb!X Ha BOIO~Y IIJIOTHb!X MHOlilOC.TBaX 'tfl.Jl. H m !n_ COOTBCT

CTBOHHO, 

YTBe~em~e 12. S 
0 

n F;, aawmaew», H 

<Uf = p) c;~ == F' 
0 0 

F' * = T ~1 s 
0 6 

f:,jCTb fl - 9.n;lUICTB9HHilli IIOJIOJi\HTCJI:bHblii Cai.IOCO!IpH;;:eHHHi1 OIIepaTOp H J
- el{HHCTBeHHhlil aHTHJHHTapHblii OrrepaTOp, C~H3aHHb!O C S IIOJIHpHb!M 

1:; 
p·~llJIO~:eaneu S . = J ..1 2. •• • 

TeopeMa. 1. -H!IiOIOT •llOCTO COOTHOlllOHHii 

D. = ~ s 
J = .J ,j( 

Jon_~ 

-! 
6.=51=') 

2. 
J = i 

} 

Oft 
I· 

) 

.:1. 
S=Jil2. 

) 

_.L 
F'=Jb!., 

.L - 1 
6.I !L =J.ll J, 

~-l 

6 
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f:l. H8.3biB8.eTC_fli 1lOZ{Y1lflPH.bll.l _ onepaTOpOM 1 CBfl38.HHbl!.t C napoi1 ( OQ,St ), 
d. -~ 

6 ( ·) l\ - IJOZ{Y1lflpHOi1 rpynnoi1 8.BTOI.!Opqn!ll!JOB, 

ITpocTpaacTBO ~oRa 

!IycTI> .. J(_ - ROUTI1leRCH09 rH1l:&6epTOBO IIpOCTpaHCTBO, BBel{eU npo-
1 . 

CTpaHCTBO(H8.3biB8.eiJ09 n -ll8.CTI1llffbl1l) 

J(_ == Jl® . .. ® Je fl. pa3, 
1\ . 

]{ = q: 
0 ' 

-=:::. 

11 H8.30BeM rl11l:&6epTOBO IIpOCTpaHCTBO ~ - 'Y':Jl ' ; (!) X - l• j) ~ ·npOCTpaH-
h::.D 

CTBOU ¢01{8., li01I0~\11M 

p ( :f ® . -. & f) = _I 
+ i " h ~ L: ± ® ... ® hc,J ' crr.4) IT(!) -rr 

/1f/ p_ ( f1 ® .. -®{) == ~ ;=, (-i) f7f{LJ® . .. ® .:f7T(n)' 

rn;e cytu1a-rro nceu rrepecTaHOBKau If. • I 7f I - ll9THOCT:& 7T • 

. ITo JlliHeilHoc_T:u P:. 3aMmta.HHeM npo.n;OJDKa.IOTc.a: ,n;o Ca.MoconpHllteHHHX npoeR

TOPGB Ha ~(7tj. 

f-i ~ ('J{J..) H8.3b!B8.JOTCII Cl1!l!.I9TpH1:leCRI1M (0030HHI:UI) H 8.HTHCHU-

IJ9TPI1ll9CRI11J (<IJep!AHOHHb!M) rrpocTpancTnou ~oRa coOTBeTcTneaao, 

.1l1III 1IJ06oro j E J( i. orrpen;e3IHIJ onepa.Topbl poJK,IteHH.a:-ymr<ITOJKeHHSI 

B Sf(:JtL): 

Cl (f) 'f' 
0 

= 0 a.*(fJ 'fo =:fEJt:1 '}'fi..EJ( 
0 . 0 ., 

u{J) ( f
1 

® ... @ :f,.) {;; ( f f ) f .. ® ... <!,) 1 
J .1 ;L. ht 

(II.5) 
Q~!J) (:f a> ... ® :f:) = il'lfi

1 f ® .:f ® .-· .. ® :f ' l-' 1. " i n 

I i CO BCIOZ\Y IIJIOTHOll OU3!8.CT1>10 OIIpen;e1leHHII g:-o c. c;f , COCTOII!llS.ti H3 BSK-

TOPOB ( 'f/, J 'f-'J. 1 ·--J 'f'n l -··) J 'f'x_ E: J(k_' 

Torzta aa Y;; ( J(1 } onpen;eJieHbl onepaTOpbl 
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<U.f 
Q± (:f)= ~ Q(:f)~ == a(:f) ~ 

* <U.f ~ * 
CL (fJ =- ~ a[f)P. = a. (f:J P~. 
± t. ± (II.6) 

3an;a qa I. ffa g:-o 

( Q. *(n j>) 'f') = ( ':f) a (f) 'f1) . 

3aztalla 2. a._ (JJ orpaHH"leH. 

8a1{8.ll8. 8. ~MeJOT UeCTO R8.HOHR"l6CK~e ROUMYT8.~HOHHbl6 COOTHOill9HHH 

(KKG) aa 
c-;
"j-0: 

[ Q_,. (f)> q-t- (j)] . = 0 

[ a._,. (f), ·u *(3)] 

* * == [ q+ (J) J a..,. (3)]' 
(II, 7) 

= (f) ~)1, 

H R8.HOHH"l9CI\He 3HTHROMMYT8.~HOHHbl9 CO<?THOIII9HHfl {Kft.C.) C 38.!.16HO.ti KOMI.Iy

T8.TOpOB Ha 3HTHROIJMYT8TOp~. 

ECJIH B }(1 aa~aH YHHTapHblll orrepaTOP v ' TO YHRT8.PHbl.ti orrepaTOP 

r(v) B T • eztHHCTBSHHbiiJ o6pa30M. orrpe~eJIH9Ub!H CJI9ZlYI01JlHU COOTH0ill9HH91.C 

r(v)( :f1 ® ... ®f.,)== (Vfj_)®.-.®(Vf ... ), 

H8.3biB8.6TCfl BTOPHllHbiU RB8.HTOB8.HH91l tJ • 
• 3aM9TRM 1 llTO r ( V) OCT8.BJIH9T g:; H 9.:: HHBapHaHTHbii.IH, 

EC3IH H3B6CT~O CIT9KTpa3I:&HOe pa3JIOJKeHH6 (! , TO CIT9RTP8.JI:&H09 pa3-

JI0~6HH9 r(\T) JierKO CTpOHTCfl, • 

ECJIH 6BOJIJOUHII CBOOO~HOll ll8.CTH~~ OIIHCbiB8.6TCII JHWrapHOii rpynrroil Vi 1 

TO 3B03IID~HII 6eCKOH9llHOll CRCTSYH TOXZ{eCTB9HHbiX H9B33HU01{9HCTBYIDillHX 

ll8.CTHU B OCHOBHOI.! COCTOIIHHH OITJI!Cb!B8.6TCII rpynnoil . r ( ~) D ,IIpOCTpaH-

CTBe ~olta -~ 1 a B T6UTiepaTypHOU (KMill) COCTOHHHH_- B !1;.. @ :f* 
( ~* . . ~ -

- r~e :f - COJ:IIlmK6HH06 R 3-- rRJI:&6epTOBO !IpOCTpaHCTBO, a CRa.rurpH09 npo-

H3B6Z1;9HH9 38.1l9HII9TCII Ha KOUITJI9KCHO-COIIpHlK9HHO~ 
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A~reopa uaTpMQ B s~aqax 

ll.YCTl> m - Mreopa KOMII~BKCHI:JX nx n MaTPMQ. i.,W cqMT8BJ.I
1 

qTQ 

" mn ~eilcTByeT B IlpOCTpaHCTBe ~ n = ~ ;x: = ( .:x:. ~ ... > ·~ ") J 
CO CKMHpHUJ.I IlpOM3Be~eHHB!.I 

(~, 'J-) n e. -L 
.L: :>c ~ • ,_·., 

* C - CTP,YKTypa 

I. ,lloKasaTI>, ;.qTo onepaQMH MHBO~IOQMM * ( TpaacnoaupoBaHMe + 
KOUII~8KCHOe COIIpH~8HMe) ynoB~8TBOPH8T YC~OBMHJ.I• 

( A1 Aj_ + >.,_A.;_)*= );
1 

A
1
* 

( AA)*=A*A'* 
12. 1. 1' 

2. ,lloKasan, qTo 

IIAII2.~11A*AII. 

BUBBCTM M3 (2), qTQ 

-+ A A* 
!1. !. ) 

(A*)*~ A. 

}/ A II = fl A *II, I[AA*JI = I/AII 1
• 

Ruaellaue WJHKQMoaa~u 

3. AI060ll ~MHellHhl~ ~YHKQMOHa~ ~ ) Ha oY( H!.I88T BM~ 
" 

< A >' "" 

4. R~6oe COCTOHHMe H8 

<. A '> 

Tc:.yA, f"' 
ffi Mll88T BM~ 

" 
T~ fA 

·T~r 

mn. 

r~e J - HeHy~eBaH H80TPMQ8T8~l>HO onpe~eJieHHaH apMHTOB!J. U8TpMQa. 

104 

ABTOI.!Op<lm31W 

k A~60H 8BTOMOPWM31.1 ~ MreopJ:J ffi HBJIH8TCH .BHJTPCHHMM, T. e. .. 
'f (A) = v-1 A V; 

r~e V - HCKOTOpafl oopaTH!.Iafl 1.!8TPMQa 

6. JIIOOOH * -8BTOIJOp~H3M M!A88T BM~ (5), r~e U -yHMTapHaH 

WlTPHl.la. 

7. Jiro6aJI O~HOIIapaMeTpMqeCK8fl rpy~na ci..t * -aBTOlJOpQJM3MOB 

11!.188T B~ 

J.. ( A ) = e i i H ,, - ; ·t.t-1 
t 11 e • 

8. JliOOOe ~M!MJepeHQMpOBaHMe OQ (mmellHOC OTOdpa.;;;eHMB O'fZ. B 
h ~ 

CBOH, J~OB~8TBOPH100188 rrpaBMJIY JleMHMQa M COXp8HfllOU188 7\- ) 

cl(A) = [ H 
1
A] 

* ~JIH aeKoToporo H " 1-1 • 

9. E~MHCTBCHHOe rJial{KOe pemeHMe JP2BHCHMfl rert3CH6epra 

A (i) = i [ H f\ (t)1 
) ) 

ACo)=A, 

MMCCT Btl~ 

H~M 

~Ht -~Hi 
A (t) = e A e. 

..,..., 

A(i) = A + z 
h =I 

!"HB8pll8HTHblB COCTOHHilfl 

t'l 

(~t) [H) ... ,[H.1[HJA)) ... ].· 
n! 

10. COCTOHHllB (4) UHBapMaHTHO OTHOCUTCJ!l>HO rpyiiiihl 83TOl.IOpqlll3MOB 

(7), T.a.· 
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,., 

< A > = <.. ..<::t {A)> 

TOr~e 11 TOnnRO TOr~a, ROr~a 

[H ~ .P 1 =- o. 

J 'iaCTHOCTM, 11Hllapv.aHTHhl!Jll HB1!R!OTCR: 

OCHOBHOe COCTOEHlle 

<A~= (e}Ae), 

r~e e - e~llHM'1Hhli1 co6crBeHHbli1 BeRrop H c MMHMMaJinHh!U co6crBeHHbiM 

3H£Hletmeu; 

TCUIIepaT,YpHoe (rv.66COBCKOe) COCTORHMe 

<..A.> = 
Jh 

-l"l!H 
T~ ( e A) 

Tz. (e-\:>H) -~ 
0"'-)o 

ll. Ji:C1!11 OCi!OBHOe COCTORHMe e~l'IHCTBCHHO, TO 

.cA> ._<A) 
~ e 

rH_; -· npeucraBJ'leHne 

~ <><;:) 

!2. B:·qv.cr.v.n ciim J(rHc. ~1!ll OCHOBHOrO COCTOflHMll 

Te:.mep1:TjpHOrO COCTORHllll (IO). 

.fc11onue K .. llll 

(IO) II 

13 • ./{1!R TeurrepaT,y'pHoro COCTOllHMll (iO) Bl:JUOnHeHO JC1!0BMe K:;llll ~1!ll. 

~Byxi<aCTUqHOl! •J;yHRUHil fp11aa: 

.c A1 J..t (A,_)> = < ..<::-1:.-;_~ (A.2.} A:t >. 

!4. Cymecnyer pOBHO 0~!!0 COCTORHHe <. · > , ~1IR ~OTOporo rrpH ~aH

HOH ~HHa1.nme .(-t uueer Mecro yc1!0Blle lG.llil (I3). 

(C!A. ( 9] , CTfl• 246). 
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IS. CylllecnyeT T01!:&KO o~aa ZlHHaUMKa .Lt , Zl1lll KOTopoi.'i rrpv. 

Zl8HHOM COCTO!IHMH <. > Bb!II01!H9HO JC1!0Bll9 Ki..uJI (!3). 

Pemea11e aaanorH'iHO rrpeZlb!ZlYilleii 3a1laqe. 

i~Ollf1!HpHhli1 orreparop 

16. IIycn Zl8HO KMIII-cocroHHHe < · > OTHOCllT91!:&HO ZlaHHOH ZlUHa-

I.IUKH 
• Jr 

eLi. • 
C1!81lYDIJlH9 TPH orrpe1le1!eHHR I.IOZlYRHpHoro orrepaTopa ~ B J('rHC 

3KBJ.!Ba1!eHTHbl: 

a) ( A, 6. B) = < A*B > 
J(n-lt. 

, 

6) 6.A -~H A ~1-l 
"" e e . , 

B) 
d.H - i. .:t 

e ri-le. = {), ~ 

A1lre6paH'ieCKHe crpyKTYPbi 

11. m ® m ll3011op<IJao m 
~ ~ . ~n 

ilia T p llllbl IIayJIH 

Go,(:t.o) 6 ·.1= 0 x=(o1.) 
O:l' S.O> 

6r.=u'l == (~-:). 
6'3:6z=(.1.0) 

. 0 -1. 

o6o3Ha'll!M B 
• . ® n. 

m ® ... ®on = m : 
~ L ~ 

G• 
-l 

::: :i® ... ®6't ® ... ®i 
L > 

i: =1,.-·)". 

To rna 
[ ()J 6 k] = 

t > t.l 

• 2. 

(G~) =i) !l.i Jlt I Gt.. 
J t. t ' 

107 



rzte j.J 1: l f. - QIU\1II!'l6CK9fl nepeCT9HDBKa HHZ{BKCDB X, ~, ~. 
18. /1Dlf939T:b 1 'lTD 

- ~=f... r. Z!. ( .:t ( ..... X. . ~ )) 
Q-t - 1.(.1 of. .•• ot..-1. 2. Qt. +I. 6t ' 

a* = 6i'.G~ 6z 
t 1 1. 0 0 0 -L-1. ( t ( ()t ~ - i. 6'/ )) 

YztDBJJBTBDpfliOT K9HDHU'l6CKl!M aHTHKD!.IMjTaQHDHHbfM CDDTHDIIIeHHflM (KAC)! 

[ qt 1 q-t' lr = 0 - * a.* ] = L a..-t> t' :r' 

[ C{t I q:/ ]f = J'tt 1 

i.[D:msaTI>, 'lTD 

6-z: 
i. = * i'\.'\-1. 

Gx ~· i!'. * = 6 . 0. 6 ( U.i:+q ) t j. i.-~ t , 

E) 'J 
t 

= b'i! 0 0. 6' 'Z 
:1. f.-1. (ct= -at). 

0TCIOzta CJJ8ztJBT 1 'll'D '\_ ITDpDJKzt910'1' BCIO 'if -aJireopy Ofl.tg)n. 
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