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np11MeHem1e 8nre6pbI Knmpq>opI18 K perne111110 38!18'!11 H311Hr8-0Hc8rep8 

. nonpo6HO 113nOlK0H 8nre6p811'I0CKllli Bb!BO!l "JW8CCll'I0CKOli q>OpM)'nbI 0HC8-

rep8 nnSI CT8TIICTll'IeCKOli cyMMbl !lByMepHOli perneTKII H311HI'8, npe!IB8PIIT0Jll,-

HO 11p11BeI1eHbl CBeneHIISI 113 8nre6pbi, HylKHbl0 nnSI IIOHIIM8HIISI Bb!BO!l8o 

IlpenpHHT O6"Le.llRHCHB0r0 BHCTHTYT8 •Jlepewx accne.llOBB.HHi. ,ll;y6Ka 1977 

Valuev B,N. 
P17 - 11020 

Application of the Clifford Algebra to the Ising-Onsager 

Problem 
An algebr_aic derivation of the Onsager formula for tlie partition function 

of two-dimensional Ising lattice is described in detaiL Some prelimi­
nary algebraic information is given which is needed for undE;?rstanding 

the derivation. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1917 
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I .BBe.1temre 

HHHe MO.itenL H3HHra BeCLMa nonynapHa cpe,ltH qJH3HltOB. OHa 

xanaraercs B yqeOHHxax no craTHCTHqecxoa uexaarute /I,2/ H reopHH 

MaraeTH3.Ma 131 , B ltHHrax, IlOCBHll!eHHHX qia30BHM nepexo.itaM H KPH­

TJNeCKHll HBReHHHM / 4,51, He roBops yx oO OT.itenLHHX CTaTLSX 161 

H neK~HHX 171 __ illHpOKaS H3BeCTHOCTL 3TOff MO,lteRH aaqanacL C 

Toqaoro pemeaHa, BnepBHe nonyqeanoro .itna .itByuepaoa pemeTKH 

OacarepoM /Bl H co.itepimBmero Heou~HHHe .itna Toro BpeMeHH pe­

aynnaru. 

Ba:HOCTL MO,JtenH H3HHra H8 CTORLKO B TOM, qTo oaa npHrO.itHa 

~a onHcaaHa KOHKpeTHhlX qJH3HqeCKHX CHCT8M ( HanpHMep, aHHSOTpon­

HOro qieppoMarHeTHKa) ,' CKORLKO B TOM; qTo OHa ,JtaeT IIp8,itCTaBneH.He 

o xapa1tTepHHX qeprax qiasoBoro nepexo~. Ham1qHe Toqaux pesynna­

TOB B JlBYK8PHOM cnyqae OOSBOn&eT npoBepaTL pasmtqHHe rHIIOTeSH 

H cxew·BHqHcneaHff H, 8CT8CTB8HHO, B,ltOXHOBnaeT Ha IIOHCltH roqHO-

ro pemeaHa TpeXliepaoa sa,llaqH. Mo.itenL Haxara npe.itcTaBnaeT HBTepec 

H JlRH Tex, ltTO samwa.eTC/l KBaHTOBOff TeOpHea nona, B CHRY 0011!HOCTH 

BonpocoB, CBSSHBaDll!HX TeopHD qiaSOBhlX nepeXO.llOB H TeopHD nonsf9 ,IO( 

Cy111ecTByeT Maoro cnocoOoB_nonyqHTL pesynLTaT Oacarepa, ao 

He Bee HS HHX Jl0B8.Jl8Hhl .ltO nonHoA HCHOCTH H CTporoCTH. UenL 3THX 

ne1t~HA - HanoxHTL BHBO.ll pesynLrara Oacarepa aaHOonee npawM 

nyTeM. ~na STOA ~enH nyqme ,itpyrHx no.itXO.JtHT cnocoo, npe.itno:eaaua 

KayqiMaH /II/ ( CM. raue /I/ ) H B. ,llMLHell111eu ynpcU!leHHhlil 1121. 

3TOT nyTL He cawlt KOPOTKHA, HO OH 003BORS8T C03.JlaTL anreOpaH­

qecxym OCHOBY MH IlOHIOlaHHH ,itpyrHX IlO.llXO.llOB It pemeH]i[J) sa~qH. 

CxeMa BWBO.ita npocra. CHaqana, KaK ~To .itenanocL e111e .ito paOoTH 

Oacarepa, cTaTHCTHqecxaa cywa npeoOpasyeTcs x BH.JtY cne~ aexo-

ropolt MaTp~, xoTopaa saTeM BWpaimeTca qepe~ "(- Ma'?p1nu1, 

acne.it BHqHcnae'?ca c IIOMOll!LD COOTHOmeHHff (I6) H (I7). BHBO.ll 
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H3noxen B pa3.itenax 5 H 6, a aeoOxo.itlWlle cBe.iteBHS H3 anreOpH 

.itaBH B pa3.itenax 2 H 3. 

OtMeTHM, qro MS OCBaHBaDJIIHX KBaBTOBYD T60pHD nona MOlleT 

OKa3aTDCS none3BHM H3nOll6BH6 anreOpH ){-Matpnn COBM6CTBO C 

anreOpol ~epimoHBHX onepatopos, a taKxe 3aueqaBne otaocntenDBO 

HBterpana no aBTHKOYMYTHPYDJllml nepeMeBHHM B pa3,Jtene 4. 3TOT 

pa3.iten Be ByxeB .itns noBHMaHHR H3naraeuoro cnocoOa pemeHHS sa.itaqn. 

2. HaqanDBHe csexeBna H3 teopnn anreOp 

Qnpeieneane anreopw. PaccMotplUl Bee na.itpatnwe ,mtpnuw 

n.-ro nopSAKa A,B,C •••• Cnoxenne Ma.TpHit H YMBOlleHHe MaTpHn 

Ha xounneKCBHe qncna onpeAensDtca ecteCtBeHHmi oOpa3oM: 

C = A+ e, 03Ha.1:1aet, q:ro. C •j = a.,j +g,j ; >i A = IJ >,. a.,j IJ. 
3TH nHHelHH6 onepaitHH Pl YKHOlleBHe MaTpm:~ AB = II L aid. &cl· II 

. ~ J 
ae BHBO,JtRT 3a npe.itenH BHOpaeaol COBOKYOHOCTH, KOTopaa aa3YBaerca 

nonnol »atpnqaol anreOpol. :3TO KH0ll6CTBO KOllHO·paccMatpHBaTD KaK 

B8KTOpBoe npoctpaHCTBO pa3M6pHOCTH n~, a B xaqecrse_ ane»eHTOB 

_ 0a3HCa BHOpan uatpHitY e tj , Y KOTOpYX Ma~pnqawlt 3!6M6HT, 

. CTOSJIIHI! Ba nepeceqeBHH L -a CTpOKH 1( J -ro CTO!Oita, paBeB 

8AHHHite, a OCTanDHH8 paBHH aynD. ITpaBnna YKHOll6HHB MR Oa3HCHYX 

aneK8BTOB 

eij e,a. = ~K e,e (I) 

~aDT B03KOllHOCTD Bairn npOH3B8,lteHH6 nDOHX BeKTOpOB ( KaTPHit). 

Tenepb 8CTeCTB8HBO npHB8CTH o0111ee onpeAeneBH8 aOctpaKTBOI! 

accOitHaTHBBOI anreOpu, KOTOPYD ~anee Oy,1teM Ha3UBaTD npoCTO 

anreOpol!. 

AnreOpa - 3TO B6KTOpBoe npocrpaBCTBO Ba~ BeKOTOPHK noneu, 

npnqey Ha 3TOM MBOlleCTBe BB6A6Ba e111e onepanHs YMB0ll6BHS B6KTOpOB, 
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KOTOpaa y,JtOBn6TBOpS8T ycnoBHRK aCCOitHaTRBHOCTH 

X(j2) ~(XJ)Z. 
H ,lU!CTpP!OytHBHOCTH 

x(g+i.J =XJ +xa , l:t+~iX=tJX+e.x. 

Ilpe,1tnonaraexcs taue, qto ~ XJ • ().xJ /j = X ~ JJ 1 

r.1te- ~ - qHcno ( ane1ten swOpaaaoro nona). 

Mw Oy,1te1t pacc:watpnaatD anreOpu Ha.it none» 1t0Mnne&ca~x 

qncen. CtO.Hl" OTK8THU, qro_ YKa3aBH6 nonR Becua CYJll6CTB6HHO ~ 

Tax, anreOpa KBatepBHOHOB onpe,1te~S8TCS Kalt COBOKynHOCTD aneMeH­

TOB B~.ita 't = i 0 e. + tJ., e, + 9,.i. e.1, .,. 'J,s e.3 _ , r,11;e ~ - se-

111ectseaHue qncna ( ol-= O,I,2,3), ~ OTOll,Jt6CIB!S8TCR C 

e,JtHHHite-A, a 0a3HCHY6 B61tTOpll e • YMHOZB.llTCB no npaunaK 
. . . .. ,.. ' 

e,e~ = e.a 
e-t e, = -e..3 

~e.3 = e, 
e.3e.t =- e, 

e3 e1 = e-l 
E:; e.3 = - e-l-

~ . e,. = - I .1 1. = Ir~-, 3 • 

(2) 

3Ta anreOpa ~Ona,llaet T6M CBOICTBOll, qto. ,JtnR ltf\Z,ltOfO 'j, :/: 0 

( tJ, = 0 O~HaqaeT, qTO ~= 0 UR BC8X o( _ ) C~D16CTByeT oOpaTHiil! 

aneMeHT. :3To CBOICTBO T~R6TCS npH ltOMnneKCHHX i~ 
AnreOpa £pacceHa - BaZHWI npHKep, KOTopwl.HIUI e111e 

noua,1t0Chcrca_. ITycn aa,11;aH1a1 aneKeBTli X1 J X,i ••• X-
4 

co cs·oAcrBoi: 

jKHOll8HHI 

X;~ =-Xix,> i.Jj=l,2 ... n.; -x/::JI. 0 •. 
(J) 

OOpa3ye» npo1!3B6,JteHHS X;,
1 

X'i-t ... X ,·1< :, i 1 < t~ < '. .. -<:ii<_.,. 
I<• r1.t • • • l'L > H Oy,JteM paccMaTpHBan 3TH 0,l(HoqneHH H ,11;0-

0aBJ16HHHI lt HJDI 6AHHHqaul aneM6HT ( 6AHBHey) et1, eoX1• X1e0 sX;_, 

5 



Kalt CSaaxc aJlI'eCSpH C Jl{HOX8HHeM, XOTOpoe·onpe,ll;eJIReTcR npaBHJiaMH 

(J). Ilonyqeuuaa COBOltynHOCTb 3JI8M8HTOB 

q - a e + " o • • · X· X· x· (4) 
(/ :-- d~ 0 -~ ef f..:l-.t.•·•LJ< .. ,, L.t, • •• -~I( 

•1< •.z.< • • •<"-N · 
aaaHaaeTca anredpol rpacc1.iaHa, a BeJIHqHBH x,- oCSpa3yD~MH 

HJIH rpaCCMaBOBHMH nepeM8BBHMH. 3JI8M8BT e0 MOXHO OTOE,ll;8CTBHTb 

C 06HqHol e~HHitell R B 36IlHCH (4) onycun. HeTpy,ItHO ,BH,ll;8TI>, iiTo 

pa3M8PHOCU ( I'OBOpai Taxxe -~OpS,ll;Olt 11 /r41 HJIH "paar• 1r91 )nony­

qeHHOI anreCSpll, · :r.e. qHCJIO JIHHelao··He3aBHCHMHX 3JI8M8HTOB, paBHa 

2 n. • 

OrueTHM, 11?0 CBOl!CTBO JMBOX8BHJI (J) liHBapHaB?HO OTHOCHT8Jlb;.. 

BO JIHB81BHX npeoCSpa30BaHHll rpaCCMa~Ol!llX neptUl8BHliX, T.e. 8CJill
0 ... ~ 

:f=Zf;xi, h,,,.~h;i'i> To fJ,=-'1·/, f.i.1,,-z,,..o. ,., 
Ily;;;, ID488TCR n•=• JlHBellBHX q>OpM Q.1 .:a ':!: Q.,I( XI(. , 1,':1

1
2, .. 11

1 .. . l(•I 

a.,-1( - BeKOTOpHe qHcna. PacCll.OTJlllll np_OH3B8,J,;8BH8 

ct, '2..t, ••• '2.,i. = E, 
.i,>L~ •. • t'ft. 

a.,,; 'l..t,.'.t, .•• a..,,,-,, X,;
1
X,~ .• -X,:"- • 

He pa:irnwH BYirD CSy;ryt. JIHma qneHil, ii 1totopux Bee HH,ll;eltcH 

t~. i,_ •· .. ,,·,, · PMJI:11:1rnu. Tait Ita1t' 

' ·• ' ' (.i,?, ... ,,,_). . . 
xi xi ... x;, = s,•0,,n. . . .. . . x, __ ~ ._ .. xii, 

. I ,t Ii. . (I - t,I a.,t;•. • &11,· . •c··· . • 

r,ll;e Sttn, 0003Haqaet q8THOCTD -COOTB8T-CtByDD1eJi' 118p8CT8.BOBltH, 

TO 

a., ~ ... a.11 = 'I>eJf II Cl,·1'./J x,x.t. ... x,,_ • 
(5) 

HcnoJia3ya anredpy rpaCCMaHa, MOZHO C IlOMOlllbD COOTBOmeBHS (5) 

nepe,1J;o1ta3an ·ocBoBHHe :reopew ocs onpe,ll;eJIHTe;ax ( cw/14 ,15/' ): · 

.) 

6 
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\ 
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I 

B npOH3BOJILHOll anrecspe He oCSaaaaa npHcyTCTBOBaTb 8,ll;HHHila, 

HO qaCTO ee Y.ltOCSHo BBO,ll;HTb. 3to CBa3aHO c Teu, qto JIDOaa 

anreOpa C e,ll;HBHitell Hll88T T0qff08 MaTpHqaoe npe,ll;CTaBJI8HH8 x). 

Jlellc:raHteJILHo, nycn sa,1,;aaa anreCSpa ;f"' c OasHco~ ·. e,, e.z. ... ell, 
H COOTB8TCTBYD!llHM 3altOBOM yMHoze~Ha:· E.; '1' = .E; c,:e" , I( Pl I 
q14cna C.:; B63HBaDTCB CTpyltTYPH!i!,MH ltOBCTaHtaMH a.11reOpll 

( B ,ll;aHBOM da3Hce) • Kolie1rno, HX H8Jlb3R 3a;i;an COBCeM npOH3BOJIL­

BO, Talt Kalt OHH ,ll;OJl:lllll J,ll;OBJI8TBOpan tpedoBaBHRM, CJie,ll;yDl!IHM 

H3 aCCOitH6THBBOCTH yMHoXeHHB: ,ll;OJillHO Oil!!> e,.(ejel<) = (e,eiJe/( 
npH JIDOLIX · i, j, I<. • JID60l4Y 3il8ll8HTY f H3 :F° MOJKHO IlOCTaBHTL B 

COOTB8TCTBM8MaTPHitY CJI8,ll;yD~HM oCSpa30M. PaCCMOTPHM ace ·npOH3B8,Jte­

HHB e, f H BHpasH11 HX qepes ·aJie11eHtL1 da3Hca: e, f = Z fi" el( 
I< ' 

r.1{8 f,I( Oy,ll;yT onpe;i;eneHHllMH KOMnneltCHllMH qncJiaMH. 3neMeHTY f 
"' noctaBHM B cooxaetctaHe uatpmiy / .::: // f,,<f} . H3· cootBetcT-

"' "' 
BHS / ➔ t, /,, _. h, CJI8,ll;y8T, {{TO 

.. "' 
). f + f ~ ~ >i f + t '1 , fh. - jl) 

-e ,· f I,, =- Z f,I( el<, /2, = E f,·I( /2,1< 1. ee) 
I<. i<,t 

r.lte A,f - npoH3BOJibHHe qncna. TaltHM oOpa3oM, yxa.3aHHOe 

COOTB8TCTBlle ,11;ellCTBHT8JlbHO ,ll;aet llp8,ll;CTaBJI8HHe anreCSpL! Ma.TPllitaMH. 

x)Ilp8,ll;CTaBJI8HHe H63HBa8TCa ToqHHM, eCJIH pa3JIHqBl,IM 3JI8118HTaM 

anreOpll COOTBeTCTByli:r pa3JIHiiHHe llaTJlHitll, T.e. COOTB8TCTBH8 

B3alll4HO 0,ll;H03Ha{IHOe • 
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OHO Ha3HBaeTCS npaBHM perynapHHM npe;;cTaBJieHHeM. AHaJIOrl[tlHO 

CTpOHTCS JieBoe peryJISpHoe npe;;cTaBJieHHe, eCJIH paccMOTpeTL nee 

npOH3Be,D;eHHS 

f ei == L f,a e" 
I(_ 

B o0111eu cnyqae perynapHoe npe;;cTaBneHHe He oOa3aHo 6uTL 

TOQHHM. EcJIH ze aJire6pa co;;epXHT e,D;HHJmY, TO npe;;cTaBJieHHe 

HenpeMeHHO roqHoe. ~eilCTBHTeJILHO, nycTL e~ - 8,ll;HHHUa aJireOpH. 

Tor;;a :rneueHrau f : L /1< e" u h. = ~ !,IC el< 
IC AC 

coornercTBYDT Marpl'IUH npaBoro perynapHoro npe;;ctaBJiemm 
I 

nepBHe 

CTpOKH. KOTOPHX HMeDT BU,11; f f,I"' .. · f,,) u (h,lt"' ... 1,,,J, 
T.e. pa3Jil'!qHu npl'l f ::fo lz_ 

Ecm-r anre6pa He co;;epltHT 8,ll;l'!HlfUY, TO ee Bcer;;a MOZ:HO 

BB8CTl'l l1 no.nyqHTL TOQHOe MaTpHQHOe npe,11;cTaBJI8HHe /IJ/. TaKHM 

oOpa3oM, JIDOyD aOcTpaKTHYD anreOpy MOltHO paCCMaTpHBaTL KaK 

no;;anreopy noJIHoB MaTpHqHol anre6pu x). Ilo,11;anre6poa ;;aeHol 

anreOpH Ha3uBaeTca no;;npocTpaHCTBO B Hel, KOTOpoe 3aMKHYTO 

OTHOCHTeJILHO YMHOX8HHH, BBe,D;eHHoro B anreope, T.e. ITO,D;aJireOpa 

CaMa HBJIS8TCS anre6poR. TaK, B anre6pe rpaccMaHa COBOKyllHOCTL 

3JieMeHTOB~ o6pa30BaBHHX JIHHeffHIDlH KOli6HH8UHSMH npOH3Be,D;eHHR 

qetHoro q11cna odpa3yD~nx, 6y,11;eT no,1tanre6po1. 

Anre6pa KnmMjopg. PaccJJoTpHM aneMeHTH Y_ 
• Q~, 

y,11;0BJI8TBOPHD~He COOtHomeHHHM 

'ti Y; + (JJ ~ = J. sij et> > ~Ji= 1,~ •. . 11,, 

x) liHUMH CJIOBru.tH, Ha a6crpaKTHHe aJireOp1,1 MOXHO CMOTpeTL 

Kalt Ha cpe,ll;CTBO, 00nerqa»111ee H3yqeHHe MaTpHIIHOI aJireOpH. 
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H o6pa3yeu 6a3HC H3 e,D;HHHqeoro aneuea:ra e0 = / H ncex pa3JIHq­

HHX npoH3Be,D;eHHll ?/',:1 ,r,A- . . . Y,·1< , r.1te i1 < ,'..t < . .. < i"', 
I{.: l,J. . .. 11, • YIIBOlt8BHe )J;JIS 3JI8118BTOB 6a3HCa 3a,D;ae:rca ec:rec:r­

B8HlmM odpa30M B corJiaCHH C (6). Bee JIHBellHYe KOM6HHaUHH 3Jl8M8H­

TOB a:roro Oa3HCa C KOllllJI8ltCHHMH K03gJqJHUH8BTaMH odpa3yD:r anreOpy 

KJIHqxpop,1ta aa,D; noJieM ioMnJie1tcm,tic qHceJI. Pa3Mepaocn aJire6pH paaaa 

2 "', n.. - qHcJIO o6pa3yDIJIHX auedpu. 3ta anre6pa, 11306pe:reHHaa 

CTO JieT TOMY Ha38,ll 3HaM8HHTHM a.HrJIHllCKHM MaTeMaTHKOM 

B.KJI11gxpop,11;oul161; qacro onpe,D;eJiaerca c noMOIJILD oopa3yn11111x e, , 
y,D;OBJI8TBOPIIDIJIHX ycJIO~HD e,• ej + e;;· e._ = -.tt~,.- . 
Hcao, q:ro HaA none11 .s:owne1tcHux qaceJI a:ro onpe,D;eneaHe npoctYM 

npeo6pa30BaHHeM Oa3HCa CBOAHTCS 1t npe,JtH,JtylJl8My. TaKHe anre6pH, 

3altOHY YMHOlleHHS ltOTOpHX COBllaAallT npH HeltOTOpo~ BHOope 6a3Hca,. 

Ha3HBallTCS H30MO:M>HW4H H cqHraDTCS 3ltBHBaJI8HTHYMH. 

Ctpyx:rypa anre6pH KJIHgJqJOp,Jta 3aBHCHT OT qeTHOCTH fl, • 

PaCCKOTPHM caaqaJia qeTHH8 11, • liMeHHO 3TOT cnyqall sa:a:eH ,JtJI/1 

npHJIOXeHHJ, Ta.It Kalt BltJil)qae:r H 11atpHUH lHpaJta ( 11, = 4), H 

aJireOpy onepa:ropoB POX,IJ;8HHS H YHHqro:a:eHHS ~epMHOHOB. neactBH­

T8JILHO, nycu n.. =.2.'I • BB8,Jt8M o6o3aaqeHHS: 

({Y-1-1< ES d"k , I<= /1 -4 .. , V ; 

..L • -
C.1e = <- ('It,, + i Y,c) + I • -

CK = .t (YI( - i lr'1e) 
(7) 

3A8Cl> z. -MBHllaS 8,JtHHHUa, a ltpec:r CJI8,Jty8T paccwa:rpHBan npOCTO 
+ Kalt o6o3saqeaae. HosHe odpa3YDlllHe aJire6pH Cl< , Ck , KaK 

Be:rpy,JtHO npoaepHTl> C Il0M0IJll>D COOTHOM8HH2 (6), y,11;o»ne:rsop11DT nepe­

craH?Boqa~ COOTHomeHH/111 ~JIB ~epMHOHHHX onepaTOPOB poX,D;eHHS H 

YBHqT0X8HHR: 
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{ cl< Ce}= o , f c/c/ }=;, (c1<c/}= J'ke (8) 

' 
I<, e = 1,2 • .. V; { XJ j E XJ +-gx • 

Iloctpoim Tenepb uaTpHqaoe npe.nct~BneuHe anreOpH ,11;na n.. =«JI. 

PaccwotpHM caaqana cnyqau n = 2,4 • IlpH IL= 2 nepectaaosoquHe 

COOTHOmeHHa (6) COBna.naDT c YCJIOBHBMH, KOTOpHM Y,D;OBJI8TBOPBDT 

MaTp~I,J IIayJIH: 

.,..., ( 0 I ) ( 0 -i; (i' OJ o. =- ~ = . 6'. == I I O , .t, t O , :.3 o -, 

"' .. "" 
CJie,ll;OBateJibHO' IlOJIOXHB r, = cs; ' ~ = cYi = ~' l,[1,J nonyqHM. .wupH'l-

H08 npe,11;ctaBJieHme anreOpH npH n= 2. Hetpy,11;Ho nposepHTb, 

HCilOJib3ya CBORCTBa npauoro npOH3B8,11;8HHa x) MaTpHn, qTo DpH 11.= 4 

MaTpHnl,J 

"' ... 
?r, = o;~x' i =~XI, 
..... "' I=(~~) ~ = ~ x~, ~ = ~x~ • 

TaKxe Y,ll;OBJI8TBOpBDT nepecTaHOBOQHYM COOTHomeHHBM (6). IlOCJie 3?0-

ro uoxao .nora,11;at~ca, KaK sanucaTb npe,11;cxasneaHe B oO~eu cnyqae 

npH Yl..=2.1/. OHO HM88T BH,11;: 
... ... 
~ = ~XIl(Il( ... JJ(I, 
A 

~ = '5j X ~><Ix ... z I( I, 

f.:1 = ~xil(I"··•IJCI 
~ ' 
cf.t.= ~J(~JCI~ .. •IXI 

' 
(9) 

" 'll'v = ~x ~x~x-,.~,c~ 
' 

"' ¥v = ~x.~,cGix•••~lC'~ 

xJ IlpBKoe np0Ksse,11;eaue ,11;anee·ooosaaqaeica xocHw xpectou~ HeoOxo­
,ll;HKHe CB8,11;8HHB O CBORCTBaX qpauoro npOH3B8~8HHB Matpun MOJ:HO 
HaRTH, HanpHMep, B XHHre /I/. 
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MaTpHru,1 3Toro npe,11;cTasneaua uMeDT nopa,11;0K 2Y • IToitaxeM, qto 
. y 

JIDOyD uatp~y nopa,ll;Ka 2 MOXHO BYpa3HTb qepe3 KOMOHaanHH 

MaTp~ (9). PaCCMOTpHM C 3TOR nenbD 
........ 

- i ~ ~ = I I( IX ... XI ,I( ~ X I)(, .. , l(I a:Zo1., 
A z, z~ ... Zo1-10o(=Il(I)( .. ,)( Ix ~XI.IC···JCI sX 

0( ' ..... 
Z, Z.t·· · · ZOi-1 ~ =-I" I" · · x i I( ~ )( I"· · · x I = 'Xt (IO) 

Ixilf••·•I)( I1tix••-XT - I 

3,11;ec& OTJIHqaHe ox I wHoxuteJIH ctoat Ha o( - u uecte. Matpuru,1 

; (I + l.«) = 1.;1-, 

l ( xo( - " ~ ) = z; +. 

l (Xq +t ¼ )= t;~ 
~ ( I - Zo1.) = i;-

HM8DT B KatieCTBe MHOJ:HT8Jia Ha o(, -M uecte uatpHIU,1 

(; : ) I ( ~ : ) > (; ~ ) J (i : ) 
COOTB8TCTB8HHO. Tenepb HeTpy,D;HO YBH,11;8Tb, qTo MaTpHna 

y 

e r7 fo(,"' . 
f, f.i,. "/11 J. t', z:--l- ... r,, := ol=1 'Zo1. , f o( = :t,, t:i = ±:' (II) 

co,11;epl:HT TOnLKO 0,ll;HH OTJIHqHHR OT HyJia MaTpH'lHHI 3JI8M8HT ( paBHHR 

8,JtHHHne) Ha nepeceqeHHH CTPOKH f'1 f.t ... fv co CTOJI0~014 
,ti/ ti. -c, r.t ... 1:.,, T.e • .,2 =~ MaTpH~ (II) CYTb Oa3HCHH8 

3JI8M8HTH nonaoR MaTpH'lHOR anreOpH. 

PasuepHOCTb HCXO,ll;HOR aOcTpaKTHOR anreOpw TaKJ:e pasaa 2 n.,. 

Hs cosna,11;eHHa pa3M8pHOCTel CJI8,ll;Y8T, q70 npe~cTaBJI8HHe (9) - TO'l­

Hoe. ~elCTBHT8JILHO, eCJIH OH OHO He OHJIO TO'lHHM, TO AOJIXHH OHJIH 

CYll!8CTBoBaTb taxHe aneweHTH /, l anreOpw, q70 / = h. npu /#/z.. 
A 3TO 03Ha'laJIO OH llOSBJieHHe JIHBeRaoR 3aBHCIWOCTH uew oOpa3aKH 

Oa3HCHWX aneueHTOB, T.e. Il0HHJ:8HH8 pa3M8pHOCTH. flCHO TaKse, qTo 
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npe.ncTaBneHHe anreOpH C IlOUOIJlbD (9) SBnseTCS HenpHBO,ll;HUHU, TaK KaK 

COBOKynHOCTb BCex MaTPHl.t ,l{aHHoro nopa.nxa aenpHBO,l{HMa. 

AnreOpa KJIHqJq)Op,Jta npH n.. = ~ J) OTHOCHtCS K Knaccy npoCTlilX 

anreop. AnreOpa aa31i1naeTca npocToR, ecnH oaa ae coAepxHT 

HeTpHBHaJibHlilX .nnyctopOHHHX H.l{eanon. IIpaBHU (neBHM) HAeanou 

anreOpu 3=' Ha3HBaeTca Taxaa noAanreOpa Je , QTO ueueuT /if 
( ..f Ii.) npHaa.nnexHT 'Je npH h. E :Je.. 1 f 6 T. H.Jtean, K0Top1i1ll 

SBJISBTCH 0,l{HOBpeweHHO H npaBHU H neBHM, Ha3HBaeTCH ABYCTOPOHHHU. 

TpHBHaJibHHe ABYCTOpOHHHe H,ll;eanu anreOpu - 3TO caMa anreOpa H 

HynL. IIoKaxeM, QTO nonHaa MaTplNeaa anreOpa npocTa. OTcD.na 

H H3 ,l{OKa3aHHOro H30UOpqlH3Ma anreOpu KnHqiqiop.na IlO}IHOR MaTpHQHOR 

anreOpe Oy.ner cne.nona 'IL H npocrora anreOpH KnHqiqiop.na npH n, .. .2.]) • 

,l{onyCTHM, QTO nonHaH uaTpHQHaS anreOpa COAepxHT .l{BYCTOpOHHHll 

H.nean, H paccuorpm, aneueHT H.neana h., = 4 /2ij ~7,rAe h.,j' - q.11c-,,, 
na, He BCe paBHlie HynD, a e3/. - Oa3HCH1ile 3neueHTH co 

CBORCTBaJ!.H (I). . 

IIycTb h.,a.:/:0 • Toua . ef'I<. /2, e,)I hi = er"' 
J<l 

r.e. H3 h, nyreu yuHoxee.11a cnpana H cnena uoxeo nonyqHTb 

ncOoa aneueer anreOpH, T.e. H.nean conna.nae:r co nceR BJireopoa. 

Bepaeuca Tenep» K oOcy:a:,JteHHD cnoRcTB npe.ncranneeHR anreOpH 

KnH4xPop.na npH 11~// • IIoxaxew, llTO ncooe aeTpHBHanLeoe npe.ncTaB­

neHHe 3TOA anreOpH - TOQHOe. IIpe.ncranneHHe TPHBHanbHO, ecnH 

Bceu 3}10M0HTIU4 anreOpu COOTB0TCTByeT Hynenaa MaTpHtta. EcnH 

npe.nc~anneem:e He TOllHoe, To HaR.nyTca TaKue 3neweBTH /,g ( /. :f ,7) > 
,I 

'QTO :f. =J I T._e. Oy.nyT cy111eCTBOBaTb Be paBBH8 HYBD 3JieMeBTH 

anreOpu, /- j =/= O , KOTOPHe OTOOpamDTCa B aynb. ConoxynHOC'Ib 

Bcex TaKHX aneweBTOB ( Blt}IDQaa HYnb) Ha3HBaeTca a.npoM npeACTaB­

neHHB. Jierxo nponepHn, qro a,1tpo npe,ncranneHHa annaeTca .itBY­

cropoHHHM H.iteanoM. Ho H3 npoCTOTH anreOpH cne,l!YeT, 'QTO H,Jtean, 
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He cocroa111HR H3 o,nHoro Hyna, conna.n;aer co ncea anreOpoR. 

Cne,noBaTe}lbHO, nee 3JI8M8HTH anreOpu ,ltOJIJ:HH Ownu OH OTOOpaxa.TbCB 

B aynL, QTO aenoauoDo. B xaqecTne npocroro cne.itcTBHB nonyqaeu, 

QtO BH311HA nopQOK MaTPHit npe,JtcTaBneHHS 8CTb 2 V. 
llpyroe npe,1tc:ranneaHe THna (9) woxHo nonyqH:rL, eanpHMep, 

B38B Bl48Ct0 MaTpHit (9) Ma'l'pH~ 
..-. -tt .u, "" (12) 
;yo( = ~ 0'1' ~ I c/,."" 11 ]. • • .:l,J/ 1 

f.,=I 

rAe qHcna O.,.,f coc:rannac:r op:roroaan»HYD waTpH~,mK qro 
. ,I ~ 

COOTHOmeHHB (6) y.nonnernopaDtCS H :r.mtpHttaMH ~ • IIepexo.it 

o:r o.naoro npe,n;cranneaHB·K ,npyrowy nopoJ:,JtaeT oroOpaxeuHe nonuoR 

MaTpHQHOll anreOpH paawepuocu 2 
2 v Ha ceOa. 3:ro oroOpaxemie 

naaHJLHO o.naoaaaqao H coxpaaaeT anreOpaHqecue onepa~H, 
-IP ti- I ff f!,lf'-

To8o H3 A -A 1 8 -a cne~e:r, tiTO ..\A +t/3 .--"A 1/f .,, 
AB ~ A * 8.., • Taxoe oroOpaxeu~e ua_3Hnae:rca anowop<f>Hauou 

anre6p1i1. IloKaxew, q:ro ncooa an:rowop<pH3M nonaoll MaTPHllHOR anreOpH 

annseTca nay:rpeuaHM, :r.e. cy111ecTBye:r :raxolt anewea:r . S , q:ro 

A ~ A * = SA s-~ 

HeocoOeHaaa wa:rpHtta S onpe,n;enae:rca caJLHu an:rowop<f>Hauow c 

T0QH0CtbD ,11;0 QHC}l8HHOI'O- MHOJ:HTUS. JleltCTBHT8JibH0 1 IlJCTb S,1. H 
.nae TaKHe · :r,m;~H~, q:ro A .,.. = $, A .s; ·1 = ~A~_, ,11;.na ncOoll 

MaTpmiw A; Tor,n;a A 4·~..t. = ,s;·~A , T.e. MaTPHtta ,.f~ 
KOMMJTBpyeT co BC8MH MaTPB~H. B nonHol MaTPHQHOA anreOpe 

TaltHM CB0ICTB0M oOna,n;aDT }IHmb MaTp~H, KpaTHHe 0,ll;HHH'QHOll. 

(13) 

s. -:.t 

,l{OltaJ:8M Tenepb cy111ecTBOBaHH8 MaTPH~ $ • )lna 3Toro 

paccMoTpHM MaTPHQHOe ypanaeaHe MB co<lcTBeaaux aaaqeHHI :DX=>.X, 
r,n;e D - aeKoTopas aa.n;rurnaa waTp~a, X - zcxowaa MaTpHtta, 
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.,\ - l'ICKOMlillt qHCJIOBOlt MHOXHTeJlb. 3TO ypaBH8HHe npH aBTOMOp-
"' tt \ if ~ . 

cpl'l3Me nepexo,n;HT B 1) X -= /\ X , T. e. IJ HMeeT Te xe coClcT-

BeHll!i e ql'ICJ!a, qTO l'I 1) • TaKHM oelpa30M, eCJIH B KaqeCTBe J:r 
B3J1Tb ,D;HaroHaJlbHYll MaTpHJ:.{y (,).

1 .>.~ '•, A j , r,n;e Bee )..l pa3-
n. 

nHqHH, TO Halt,n;eTCJI TaKaJI HeocoCleHHaJI MaTPHUa V , qTo 
.. -I . ...- -I Ill 

1) = VD V • PaccMoTpl'IM Tenepb aBTOMOpcpH3M A <- A = V A V, 
r,n;e A - J11>Claa MaTPHna. II pH 3TOM aBTOMOJXPH3Me, oqeBH.n;Ho, 

1) ,__. 1)"'..,= 1) • .nanee, paBeHCTBa 

1) e1<e = ).I( e1<e. el< e. n = >-e e1<.e. 

nepexo,n;JIT B paBeHCTBa 

tHt 'If It 

]) eKt. = ).I< el<e 
tlif *" 

el< e. :D = >-e el(e.. 

' 
** r,n;e e Ke. H e l<t., - Cla3HCHH8 3Jl8M8HTH OOJIHOH M.aTpl'lqHolt aJireClpli 

•Hf 
CO CBOltCTBaMH (l) H HX oelpa3H. 3JI8MeHTH ef<e. onpe,n;eJillllTCII 

nocJie,D;Hl'll.!l'I paBeHCTBaMH C ToqHOCTbll ,n;o MHO:Z:l'ITeJIJI 

** e Ke = ol 1<e. ei<e. ) d"'t =f:. o 

** ~ ** 
KpOM8 Toro, (eKK) = e,u, , OTKy,n;a CJie,D;yeT, qTO o/t<i< = j_ • 

.. * <lfl f(W ol _I-I 
,UaJiee, H3 et I = elK eJ<I CJie,n;yer, qTo I< I = °'I I< , a H3 · 

~• ,.,. "" _, o( o1-r 
ei:.e.. = et<., e,e cne,n;yeT, qTo °'1<e = ,e r1<. • OCloaHaqas: 

o\ - .t. qepea ol J< , nonyqaeM, qTo 
IK · 

• .. * -, v · ' 1 _, v-• e Ke = V e1<t. V = oi"' eKe "t 
HJIH 

~ 

eke = 
c-, 

$ eKe~ , r.D;e S= v('•• .. J) 
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B npHMeHeHl'll'I K pa3JIHqHw H8TpHBHaJ!bHID4 npe,n;cTaBJI8HHIIM 

't- MaTpHn pa3M8pHOCTH '-. 'J 3Ta TeopeMa x) 03HMaeT, qTO 

npe,n;cTaBJI8HHe (9) IIBJIJl8TCII 8,D;l'IHCTBeHHHM C ToqHOCTLD ,n;o npeoelpa-

30B8BHII 3KBHB8Jl8B THOCTH (IJ) • EcTeCTBeHHO, qTo TO :z:e cauoe cnpa­

Be,D;JIHBO H MIi COOTBeTCTBYDI118rO npe.D;CTaBJleHHII cpepMHOHBHX onepa..; 

TopoB, KOTOpoe Jierxo IlOJiyqaeTCII H3 (9) C IlOMOlllbD (7). 

B 3aJtJIDqeaHe OTM8TID4 cnenHqJHKy anreClpH KJIHcpcpop,n;a npH 

n.. = :t V -t- 1 • B 3TOM cnyqae B anreOpe co,n;epxHTca aneMeHT, OTJIHq­

HHR OT 8,IJ;HBHqaoro, KOTOp!iH KOw.tyTHpyeT co BCeMH 3Jielol8HTaMH 

aJireClpH: '\J': Y, Ol. ••. Yl.Y+I • OOI11Hlt 3JieM8HT W aJireClp!i 

uoxeT Oun npe,n;cTaBJieH B »11,n;e w = W:, + w_ , r,n;e 

ur-r = ~ 11J. .. ii( ~, a;'.t ... ~-/( r, + i \I 'II; , 
O~IC~V 

~ • z wJ~~ .. .jl( dj',(j°J, ... dj',c (1_- i,;?J) 
0~1(~11 

Herpy,n;ao 3aMeTHTb, q70 ~ H W:. IIBJIIIDTCII ,n;ilyCTOPOHHHMH 
. . 

H,JteaJiaMH aJireOpw H anreOpa npe,n;ctaBJiaerca B B11,n;e npaMoH cyMMH 

( W+. ut. = 0 ) .J;BYCTOpOBHHX u,n;eaJIOB. 3ta anreelpa HM88T 

aenpHBO,D;IDWe npe.n;cTaBJl8BHB pa3M8pHOCTH 2 '11'<2~ ORa aaM Re noRa­

.D;OOHTca. 

x) 3Ty Teope:wy ,D;JIS WTPHU ,UHpaxa IIayJIH 1171 Ha3BaJI ~YR.J;aM.8B­

TaibHOI. MW CJie,J;OBaJIH H3JIOXeHHD Epayapa H Bel4a /lB/ ( cw. 

raxxe xazry Bel~H /l9/ ). 
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J. CJI8JtH npOH3B8Jt8trnlt ~- uaTpHn H mjiadgrnan 

Tenepb ~ paccuoTpHU aa~aqy O BUQHCJieHHH CJl8~0B npOH3Be~e­

HHll uaTplU.\ ?f.j ( J = l ,2 , • • rt, ; h.. = .2. j ) , y~OBJl6TBOp1rn-

~HX nepecTaHOBOQHUM COOTHomeHHHM (6). ToqHee, Hae 6y~eT HHtepe-

COBaTb 
A A J\ ) 

Sp ( P;i ~ . . . P ..v , 

" .... 
r~e ~ - HeKoTopue JIHHeltHHe KOU6HHaUHH UaTpHU ~- c 

~ r&, <Ii .... 
KOMITJieKCHUMH K03ippHUHeHTaUH: r',c =~pl< ~ • Y~o6HO 

HCITOJlb30BaTb o6o3HaQeHHe Sp 
o<•1 ' 

~JIR CJie~a, AeJieHHOro Ha IlOPHAOK 

MaTp:lll.\ npe~CTaDJI6HHII, TaK 'llTO Sp(1)=.:J.. 
3ta aaAaqa Ouna ITOApo6Ho HayqeHa AJIH cnyqaa MaTpHU ~epa-

Ka 115 ,26< H,XOTH nepexo~ K o6~elzy CJiy'llaD He BHOCHT npaKTH'lleCKH 

HHKaKHX H3MeHeHelt, npeACTaBJIHerca ITOJ183HHU ITOCJie~oBateJibHO H3JIO­

:EHTb BHBOA HYXHUX Hau COOTHOW8HHlt. 

Ilpe:m:Ae ncero oruerHu, 'llTO cne~ npoHsae~eHHH He'lleTHDro 

QHCJia 't- MaTpHU paaeH HYJID, 3ro CJI8AYeT H3 roro, 'llTO cy1qecT-
11" .. .. 

nyer uarpHua L/" = ± (i.) 11 ~ ... ~.,, Kotopaa aHTHKouuyrHpyer .... 
C Ka:EAOlt H3 uaTpHU '(.; 

" .. .. .2 
5f{U~-1.i)= Sp~- =-Sf°Y;·, V=J. 

EyAel.l ll03TOMY CQHTarb, 'llTO QHCJIO COMHOXHrenea pl< qerHo, 

.N=2.m• TorAa,. llHOroKpaTHO HCilOJlb3YH nepectaHOBOQHUe COOTHO-

.... A'\ fl c(e( 

P.i pk. + p I( F;· = :t, z 'J ~ = ,Z {~·PtJ I 
. c(•/ 

meHHH 

Hetpy~HO ITOJiyQHTb, QTO 

-,11,,.-1i ,\ -""'" .,4, 

Sf (P, p.._ ... ~,,,) = ~,(P,P~) Sf (P:,P., ~ .. ,~n,)~ 
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- .... " I< - " .... .l 
-~ (P1 f!3) Sf (/':t P" ... P.zm) + · · • + (-1) ·-<.(P,P1<.)Sf(1 ... f;.,/k;;; + 

.. +)_ (P,P~,,,) Sf (P.,_ fa ... ~n,-i) 
- .. '1 "" ") sf { p~ p~ . . . ~"1 ~ 

OTKy.l{a s, (P,~ .. -~,,,) =(P,P.t)Sf (~P,, ... ~'")-(P,l?s) s, (~P,, ... ,tJ + 

JC. -"l AA A) 
+ . .. + r-,J {P,fK) sf (P.t ... Pl{_,PI<"'. • -~,,, + · · · 

- I"' .. "' \ (14) +(P, ~1>1) sf vt?t ~ ··· · ~111-11. 
I< 

3aueTIDit QTO 3HaKOBHI MHOXHTeJib (-1)· paaea 'lleTHOCTH nepecraHOB-

( 
I .t 3 , • , .t/11) 

KH / I<. .t . . . . . . . IlpHMeHHR renepb "1 - I pa3 rpopuyny (14), 

AOBOAHM pe.l{yKUHD CJie~a .1{0 KOHUa. 3HaKOBUe MHOXHTeJIH npOCTO 

yqeCTb, BOCilOJlb30BaBmHCb rpynnOBUM CBOltCTBOM nepectaHOBOK. 

B HTOre HUeeM 

_ " " ,,. \ I ( I ,t 3 I( ... ~"1)/, 
Sf{P,fi ... f.tnJ = L s;9n.t ,:,i"~/~-.. jtt, l Pi;~;)(P,-,_1~) ... (f.;,,1Jps) 

lla cnoco6a aonyqe~HH s:roa cyww acao, qro cyMll.a pacnpocTpaHaeTcH 

Ha ace nepectaHOBKH, YAOBJieTBOPHD~He aepaaeHCTBa.M: 

z.'1 <:_ ,;,t < ,:J • • • < I~) i, <i1 ) l'_i <j~ • .. •1ti <i11t (15a) 

( L,~ :a 1..) • 

llitpHX y 3HaKa cyuuu 6y~et 060:maqan 3TH orP,.HHQeHHH. YA06IIO 

BB8CTH B8JIHQHH!,I 

~ 
__ ,, ' 

. ,p, I • ''! 'I:~((:_. ~ .. , .•. L.a-TI~ \ 
~ ·~:~;::)tJ}',1~:x:-1 ~ 

I i., ,• L i·J ! ;_~~l-(f~ . -·-~---"" ...... ' 
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{ (P,~-) llpH i' <i 
C'J· = 0 OpH ,: =j 

- (f,·~·) DpH i'>i 
Toua 

- "'"' ,. ~I• /'~···~':') c., ... C· • s, (P,~ .. . Jl.,,,).: L, .S,f>t \ i,Ji ••: J111 '1/1 '"'/"' = P/C, (I6) 
• 

H B npaBoH qacTH :wH nonyqae» anre6paHqec1toe Bwpa:a:eHHe, H3BecrHoe 

C npomnoro B8Ka H Ha3HBaeMoe n~HaHOM. 06HllBO OHO o6o3BaqaeTCR 

qepe3 P/ C , r,!le C = // c"I. // • 3To BHpa:a:eaHe noRBHJIOCL B 

pe3yJILTaTe H3~JIBllBHHR KBa.JJJ)atHoro KOpHR H3 onpe,11;eJIHt8JIR KOCO­

CW.WBTpHqecKoH uarpHitH. 01tasanoc1,, qro aror 1topea1, &BJIRerca ~enoH 

pauHOHMl>HOH g>yHKUHBH MatpHqHWX 3Jl8WBHTOB H ,!laBTCS BHpa:a:eHHeM (16). 

,lloxa:a:e:w, llTO 

(Pf C ).i = J>~t C. (17) 

::lro paBeHCtl!O M0:1:HO ,lt0Ka3atl> Henocpe,!lCTBBHHO, cpaBHDaa npaByll 

,H JieByll qacTH (I7), qro H C,!leJiaHO B npHJIO:l:8HHH 1. MH npHB8,lt8M 

3,!l8Cl> ,11;pyroe ,!lOKa3aTeJILCTBO, HCOOJIL3Yll~ee rpacc:waHOBY anre6py. 

Bse,!leM rpopuy f = ,!.: CyX,Xj , r.ite x,, X_i .•. X,2,,, ,,,., 
rpaccuaHOBH nepeMeHHHe, H paCCMOTpHM ee m- I) CTeneHL 

-· C · • c . .... c. . . . . -f"' L - .,1, '.t./~ ,,,,1,,, X, XJ· X, ><i· ..• X, . X'J· • 
•• •• 11.t.i ,,,,,, .,,, ... ,,,,,. . 

B CHJIY CBOHCTB YMHO:l:8HHR ( cu. (3)) B 3TOI cyMMe OTJIHQHH OT 

HYJIR JIHlil> qneHH C pa3JIHQHLIMH HH,!l8KCaMH, T. e. BCero ( ~hi)! "IJie­

HOB. Cpe,!lH Bcex nepecraHOBOK HH,!lBKCOB nepecraHOBKH nap HH,!t8KCOB 

i..,/.jo{ ~ ~j, ( HX m! ) H nepecTaHOBKH IUl,!l8KCOB BHYTPH Ka:1:,!tOI 
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f. 

t I • • ( 1)1) H3 nap 'l.oljtll.. ~ )al. Z.o( HX 2 ,11;allT O,l!;HHaltOBH8 qJieHH. 

Iloatowy 

f"' =~n,.rn! P:fC x,x.i .. -X..zm • (IB) 

3TO COOTHOm8HHB MO:l:HO pacc:warpHBaTL H Kalt onpe,u;eJieHHB nrparpq>HaHa 

( cp. c (5) ) • ·PaCCMOTpHM reriep:& HBBHp0:1:,!tBHBOe JIHB8HBOB 

npeo6pa3oBaHHB rpacc:waHoBHX nepe:weuuux: 

Xi = i Ll1<J1< , 1>e.t L :p O . 

IlpH 3TOM 
x,x-t···X.a,,, = 1>dLJ~JJ.,, .. ·g.2,,, , 

= ·£- C1Ce/J,c1t 
1 

C = C,cch = L CL . f 
~ ~ . ,.., u~ rl T 

I(,( 

3uaqoK· T 03uaqaer rpaucnoBHpoBaHHB. llcnOJIL3YR (18)' nonyqaeM 

Pl C x, K.t, •• ·X~;,, = Pl C .])e,t L /Ji /f.1.. • -J.2,,,:: Pl C ff, l,. ·J.2,,, . ' 

orxy,u;a P/c = P/C .'J)e.fL. (19) 

IlyCTL C - se~ecrseaaaR warp~a. Tor.ita oprorouaJILHHM npeo6pa3o­

sauHeM ee M0:1:HO npHB8CTH K HOpMaJIJ,HOI rpopwe ( CM. 1201 ): 

0 ~.: 
...., -~, 0: -----1···· .. , 

,O>-.i• 
I I 

~-.>.a. o i 
·······-' 

C -

llpH arow npeo6paaoBaBHB wo:a:uo BH6pan Ta1t, qro6H 7)e,f L = i. . 
Tor.ita 

Pf-C ;j, l~ .. · )/,1.,,, = Pf Cg, /j.i. .. ·//~ -
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m~ (.>., J,/j~ +~//Ji~+ · · · +>.,,,J.ihf-1 J~111) m= 

= A, ~ ... >.,,, JI, /j.1. . . . J~,,, . 

TaK 1taK npH Hameu awoope L cnpaBe,ltJIHBY paaeHCTBa 'J)dC = 
~ .t = 1)e,t C =- { ~,A.,t ... An,) , no.ey11aeM (17). 1Ioc1tonuy paaeHCTBO 

(17) eCTb COOTHOlll6HHe MeX,Ity nonHHOllaMH, TO OHO coxpaHHerca H npH 

KOMIIneKCHblX C ,:i • 
COOTHomeHirn (17) noaaonaer CB8CTH 3a,l{a'ly BYllHCneHHH cne­

.JtOB K BblllHCneHHD onpe.itenHTenea. 0TM8THM O.JtHO npOCTOe If BaXHoe 

cne.itcTBHe npoae.iteHHWX npeo6paaoBaHHR: 

st (P,~- .. '1, l,:~, fo;i.--~;J = sf (P, l- .. AJ x 

--: (.._ I 1 I . ,... I) 
X s, ~+I Pk,.-t ... ~,,, ,J 

ecnH (Pi.~!}= 0 J i = 1,2. .. •I<,· j = 1<+1, K+-t • • ·.2.m. 

4. 06 HHTer-pane no aHTHKOlWYTH))YDmHM nepeueHBHJI 

(20) 

B HeKOTOpwx paCloTaX 121 ,221 , nocBa~eHHYX )UlyMepHoR MOAenH 

H3HHra, HCnonb30Banca TaK Ha3WBa8MWA HHTerpan no aHTHKOMMYTHPYD­

~HM nepeuesaw, ~opM.aJI»Hoe onpe.iteneaHe KoToporo 6yno AAHO 

Eepe3HHYM Bero KHHre 1231 • Bnocne.itCTBHH 3TOT HHrerpan DIHPOKO 

Hcnon&aoaancH B reopHH 'nona H B paOoTaX ,lij)YrHX aBTOPOB (cu.1241). 

Uen» aroro paa.itena - yxaaar» aa CBH3h aToro Hsrerpana co cne.itaMH 

aneMeHTOB aJireOpw KnH~OpAA. Teu caMYM KSnonyqHM peanH3aitHD 

3TOI aClCTpaKTIIO onpe.iteneHHOR onepaitHH HnrerplfPOBaHHR. 
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HHTerpan no aHTHKOwyrupyD~M nepeMeHHYK onpe.itenaeTCH 

Ha aneueaTax anre6pw rpaccuaaa BH.ita (4) H 06oaHa11aeTcH CHMBonou 

sac><) olX'n ~~n-1 ••. ~)( •• 
Ha o.itao11neaax 3TOT HHrerpan Own onpe.itenea ( cu.1231) KaK 

IlOBTOplll,la, npH1l8M O.ltHOKpaT!llie·HHTerpanw no onpe.iteneHHD TaKOBH: 

~ e.fxi. = o , ~ Xt ~Xt = i 

a CHMB0nli ol XI( IlO.Jt'lHHHDTCH COOTHOllleHHHM 

{ olxi.,olx"} = o, 

{ X, .~XI< } = 0 • 

(21) 

.(22a) 

(226) 

Ha npOH3BOnhHHe g (><) HH?erpan pacnpOCTpaaHeTCH !10 nHHeffHOCTH. 

Tor.ita, Kalt u_erpy.ituo BH.iten, 

-~ ~()()olx"cAXn-1 .. ,dx, =· ~•.i· ... t\,, 

r.ite ~ u, ... "- - xoa~HitH8HT npH cTapmeM 11neHe B paanoxe-

HHH s(x) • 

C.itenaeu .itaa aaue'laHHH no noBO.JtY aToro onpe.iteneaHa. Bo-nepa1,1x, 

TpeCloBaHHe (226) H3nHJIB8. CBOICTB (21) H (22a) .JtOCTaTOllHO .itnH 

BYllHCneHHR HHTerpana, TaK xax CHMBOnY olxK Bcer.ita CTOHT cnpaBa 

oT ~ (K) , H1nocne aa11.eu1,1 S X" ~X,,. ua e.itHHHey
1

1toxuo nocne.itoBa­

Ten&ao npoHHTerpHpOBaTh no BCeM OCTanhHHM npell8HHHM, ae HCnOnh3YH 

(226). 3To ycnosue cne~eT onycTHTh 1 Tax· KaK OHO uemaeT MaTpH'l­

HOR peanH3aIU!H HBTer~ana. neUCTBHT8nhHO, paCCMOTpHM BTOpOR H3 

HHrerpanOB (21) H npe.itnonoll'.HM, 'lTO xi H dxt npe.itcTaBJieHH . 

MaTpHUaM.H, Y.JtOBneTBOpHD~HllH (22a,6), r.e. MaTpHUaKH, peanH3YD~HMH 

anreOpy rpac~11.au,a C Y.JtB08HHblM llHCnOM oOpaayD~HX. Ilyc~b cy~eCTBY-

er oro6pallteHHe, Koropoe uarpmte )(i. o/Xl crrurnr B · coorBercTBHe +l. 

Tor.ita 6e3 HapymeHHH COOTHOmeaHU (22) B xaqecrae MaTpHUU )(~ 
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MOXHO B3RT& MaTpHey o( ){i. H HaoOopoT. IlonyqaeTca, qTo TO ze 

cawoe oToOpaxeaue ,11;acT -l. Cne,11;0BaTen&no, oToOpaxeHHa co cBolcT­

BOM (21), He 3aBHCID{8rO OT BH00pa npe,11;CTaBJ18BHI ,11;na 3Jl8M8BTOB 

anreOpw, ue cyutecTByeT. 

Bo-BTOpwx, HHTerpan onpe,11;eneH JIHJII, KaK HBTerpaJI MaKCHKaJI&HOI 

KpaTBOCTH n,. Hanpuuep, CHMBOn s x, x.v • ' X11, olxn. ~J(n-1 •• • ,lxK J I( ~ i 1 

ae onpe,11;enea. Ero woxao ,11;oonpe,11;enuu ,11;Bywa ecTeCTBeB·sHMH coocoOa­

MH. 

I) Ey,11;ew CQHTaT&, qTO H81IapHH8 nep8M8HHH8 ( B HameM npnepe 

x,,x.a. ... .xk-, ) MOXBO BHBOCHT& 3a 3BaK HHTerpana. OcraB-

mueca nepeMeHHHe Tor,11;a ,11;a,11;yT qacno. B 3TOM cnyqae HHTerpan ecT& 

3JI8M8HT aJireOps, BooOute roBopa, OTJIHQB!il OT xpaTaoro e,11;HHHQHOMy. 

2) Moxao CQHTaT&, QTO npH BaJIHQHH BenapBHX nepeMeBBHX HH­

Terpan paB8H BYJID. B 3TOM cnyqae HBTerpaJI BCer,11;a 8CT& QHCJIO H 

ero uoxHo peaJIH3oBaT& cne,11;1DDtHM o0pa3ow: 

s~(i<)~X11~X11_, ... ~x" = l"-W.+I Sp(~c.,_,x;x: ..... x:), (23) 

r,11;e cnpaBa BMeCTO aelcTpa.KTHWC 3Jl8M8BTOB,HM8DTCR B BH,l!;y npe,JtcTaB­

JIRDDtHe HX MaTp~H co CBOICTBaMH (pepMHOBBHX onepaTOpOB 

{ xj,xt}-= S-J°"' , i x:,xj} = { x1<,xjJ = o. 
CTeneB& ,l!;BOIKH paBHa QHCJIY •,11;ugq,epeB1.tHaJIOB". B cnyqae HHTerpaJia 

KaKCHKaJl&HOI KpaTBOCTH ,l!;BOIKH MOZBO onyCTHT&, ecJIH 3aMeBHT& 

Sp ➔Sp H c1rnTan, qTo acnon&ayeTca uenpHBO,l!;HMoe_ npeJtCTaBJieBHe 

,11;JIR onepaTOPOB pox,11;eBHR H YBHQTOZeBHR. 

B cnyqae l aeTpy,l!;Bo noxaaaT&, QTO onepa~a HHTerpupoBaHHa 

TO:a:,Jt8CTBeHHa nOCJI8,l!;OBaTeJI&HOJq ,JtH!ppepeu~pOBaBHD cnpaBa 

C\ ~ ,J ~ •• ~ • OnepaI.tHR ~epeBI.tHpOBaHHSI cH ee CBOICTBa 
(J 'l "" r) )( 11-1 '),~ / - ' 

onacauw B KHHre 3 • Taxaa HBTepnpeTa~a HBterpana yze oTweqa-
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nae& B JIHTepaType ( CM. 124 ,251 ), O,JtHaKO He ClHJIO 3aM8Q8HO, 

QTO ycJIOBH8 (220) CJl8,l!;y8T onycTHT&. 

0TM8THM Taxxe, QTO HBTerpan {23) MOXHO paccMa.TpHBaT& KaK 

cpe,11;uee BUpaxeHHH no,11; 3HaKOM cne,11;a no (p8pMHOHHOMy BaKyyMy. 

HBTerpan no aHTHKOMMJTHPYDDtHM-nepeMeHHUM B npHMeH8HHH K 

MO,ll;8JIH Ji3HHra 121 , 221 Hrpan,no CYDt8CTBY,POJI& y,11;aQHO yra,l!;aHHOro 

KOMClHHaTOpHO~O cpe,l!;CTBa, a He B03HHKaJI H3 HCXO,l!;HOI !pOpMyJIHpOBKH 

8CT8C'l'B8HHUM oelpa30M. 

5. IlpeoOpa30BaHH8 CTaTHCTHQ8CKOI -OyMMU 

IlpHCTJOHM, HaKOHe[l, It pememrn OCHOBHOI 3a.n;aqH. PaCCllOTpHM 

nnocxyD npa:uoyroJU,HYD pell!eTKy c pa3wepa1m px ty , r,11;e p -
QHCJIO Y3JIOB no B8p~HKaJIH, </, - QHCJIO Y3JIOB no ropH30HTaJIH. 

IlyCT& B KaX,l!;OM H3 Y3JIOB pacnonoxea MarHHTHUI ,ll;HilOJI& (crpenxa), 

npoeK~Ji KOTOporo St~ Ha HeKOTOpyD OC& MOXeT npHHHMaT& J!Hlll& 

,JtBa 3Haqemta: S,·1< =:!: I. 3,Jtec& i. - HOMep "cTpOKH", B KOTOpol 

pacnonozea ,11;unon&, a K - aouep "cronelua"~ IlpoeKI.tHH s,k 
{i== 1,:,. ... p 1 /(::, 1,:t., ... 'I,) nOJIHOCT&J) xapaKtepH3YDT COCTOR-

HHe TaKolt pemerKH. 3aeprHD COCTOJiHHJi E(.s) 3a,Jta,JtHM B BH,11;8 

EC.s): -ei.? s,.1<sl1<1-1 - e~r S,·1<.Si+11< (c.,>O,E,i>~ 
' , ~~ ~~ 

T.e. COC8,l!;HH8 ,l!;HllOnH CTpeMaTCJi opHeHTHpoBaT&CJi napannen&HO. 

TaKOBa nepBOHaqaJI&Haa <POPMYJIHpOBKa MO,Jt8JIH ~3HHra. 3.n;ec& lW CTaJI­

KHBaeuca C npHMepoM CHCTew, oelna,JtaDutel BHpox.n;eHHliM BaKJYMOM. 

,llaa COCTOHHHB, KOr,Jta Bee S;I<.: J. HJIH Kor;,;a BCe s,.J(. = - j_ , HM8DT 

HaHM8H&myD :rnepnrD. 

Hama 3a,ll,aqa 3aKJIDYaeTCJi B TOM, YTOOH BliQHCnHT& CTaTHCTH­

Y8CKyD cyWAy Q .1tna H3HBrOBCKOi pemetKH, r.e. nonyqur& BUpaxe­

HHe ,11;Jl.11 
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r, \ - :~> ~ t:t? S;1<.Silc+1 + CJ;s,-l<Sl+tl<. 
ut =Le = ~ e. &,'( ,,1e , (24) 

(S=~t) (S;,c=-J:t) • e.., Q 
y,11;06aoe ,ll;JUI BH'IHCJI8HHSI ;;'! ~ , T.e. ,JtnSI nepexo,r;a It 

TepMO,ll;HHaKH'l8CKOMY npe,11;e,?y-:~BHCHMOCTb OT TeMnepaTypH '°r 
MH BMll'IHJIH B napB.MeTpH a I C { tl. > o, 8 > o) · • Jlna ,11;an»aeltme­

ro y,11;06ao npe,ll;CTaBHTb pemeTitY CBepHyTol B TOP, a HMeBHO- ,11;06a­

BHTb B 3HeprHll 'IJl8HH a.~ si'J. s,,1 + 8 f s,.l(,s/1( H C'IHTaTb, 

• 
'ITO Sf#II(. = S11<" S 1, 1_,., .a Si1 • TepMO,ll;HHaJU!'IBCXHI npe,11;eJ1 

npH 3TOM ae weaaerca. 

Ilpeo6pa3yeM Tenepb CTaTHCTH'leCXYll cywwy (24) It MaTPHIIHOI 
~ 

~opwe. 06o3aa11HM 11epe3 SI< 

xapaKT8pH3YlllllYll COCTORHHe 

MOlmO nepenHCaTb B BH,1;8 

COBOltYllHOC:rb ( s,I< ,s-'1< ... S,01<), 

I< -ro CTOJI6~a. Tor,11;a BYpaZeHHe (24) 

r,11;e 

q = ~ M{S:,{.JM{{.~J ... M(-s7,,s,J ~~.. ,. ) 

~,.s.., ... s~ ,, ,!!,. ~ , 
_ e '- S;s;.,.1 a.""-- s, S;, 
M (s, s') = e i•I . • e •• , 

3TY BBJIH'IHBY MOEIO paccMaTpHBaTb Kalt MaTpHIIHHI 

M , a 

wae:r 2f 

- -, S H S - Kalt HH,11;8KClil 1 xaz,JtHI H3 

3JI8M8BT MaTpHIUI 

KOTOpHX npHHH-

3aa11eBHlt. Tor,u;a 

Q = Sf M'/,. (25) 

B CBOll oqepe,l!;b, watpHey M wozao 3anHcaT» B BH,l!;e npoH3Be,u;eaHa 

wa:rpH~ BA, HJIH, Ha 1131,1.lte MaTpHIIHHX 3Jl8M8HTOB, 

M(s-,S') = L B(s..,s")A(s~t'), 

(S/": -±:I) 
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r,11;e ,. 
A Ct", s1 = 

p 
Q.L s!'.s! e ,., , , &2. .s.s,+, P " 

B (.s..., tn) = e l•I ' • n d.s s" , 
IC•I I< I( 

Bli.RBH!A renep» ctpyit:rypy >.mrpm~ A H 8 . futeeM 
p A 

A (s'~ s') = n a cs;",s!). 
1•=1 H I ,.. , , a.s.s. 

3,Jt8Cb Bemt'IHHli Q. (s/, S1,) _!-,e 1 
' MOXHO paCCMaTpHBaTL 

"' Kalt MaTpH1uwe 3JI8l48HTH .ltBYXPR.ltHOlt MaTPHIUI a. , B ICOTOporl 
II I . 

S; = +I COOTBBTCTByeT nepBolt c:rpoKe H s,. = +I COOTBBTCTByeT 

nepBOMY CTOJI6ey. Tor,11;a, O'IBBH~Ho, 

I a... -Cl.ii q,. " - e ·e = e Q.. I + e- G"' 
a - -.:t.. a... :L ' 

e e. 
A " -" " H uarp~a paBHa a. X a.. X • • X a., ( Bcero p COMHO-

ZHTeJielt) corJiacao onpe,11;eJieHH1> npaworo npoH3Be,11;eHH.fl warpHn. 

HcnOJib3J8M renepL !,.!aTplU{H xo( J y~ 
1 

Zc1. 1 onpe,11;eJieHHHIJ8 

paaeHCTBaMH (IO) npH )/ = p . C noMOll!Lll 3THX MaTpHU A 
3anHCIJBaeTCR B BH,11;8 p 

A = n ( e Q.. + e-"-xl<). (26) 

1<,s/ 

Paccuo:rpHM ,11;aJiee MaTpHllHHll 3Jieuea:r {ZI<. Zk.+/ Js-s ... ,, 
' 

{Zt<.Z/(.+,J;.;n =I/J <1s,.s~1
)· (~J.s s" ·{~)s s 11 = s,,.s,<,,_,174_5,, 

I { l ... IC c. I(. IC IHI k.+I l=1 t i • 
• ,,. 1(.,./ . 

OTCll,l!a CJie;zye:r, QTO p 
eE zl(.zl<.+1 

B = e '<""' Zf+' = Z1 . 

Bupa3HM renep» uarp~u A H 8 qepes ¥' -MaTpHUli. 

(27) 

,llJIR noro Y.lt06Ho HCllOJib30BaTb npe,11;cTaBJI8HH8, KOTopoe DOJiyqaeTC.fl 

H3 npe,l!CTaBJIBHHa (9) npH Y=p 3aMeHOI! s; -~, ~ ~ ~. 
Tor,11;a, HcnoJI»3ya Ma:rpHUH Xo<, ~ 

1 
Zo1.. ( CM. (IO) ) H onycxaa 
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,11,anee mn11nxy B•oOoaooqeHHH (I" - JLa:rpHn, no.nyqaeJL 

;yl< = x, X.t ... xi(_, z,,. , r" = x, X.t .. -xi(_, Y"'. c2s) 

I<= 1,.2. ••• ·P, 

x" = i ¥1< ¥1< , 

z"'z"-+' = i rl< rK+/ (k-,,2. ... ,-,>, (29) 

r,11,e 

O:rcD~ 

z, Z, - -i ll~Y~, 
,f!.. p .e. - .:t 

U = I/ Xo< = i I I a-'CI( A"ot > U = :1. 
Cl( ■ f et•I 

p 

n /'. Q.. -a. - ) A = l e + i e -~ ~ , 
Q. ol=t . ;C 'f Y« ~+1 e_,-g VZ.ri 
U . .= e DC•I • • 

(30) 

O:rue:rm", q:ro Bee MHo:am:reJIH B A KOlWJTHPYDT ueJE,Jzy coOoR. To ire 

cnpaBe,lVIHBO H ,11,JISI l4HOXH:renea B e, , a JLaTpH~ V' KOJLllYTHpye:r 

co BCelW MHOlrHTeJISIMH, :raK KaK OHH co,11,epxa:r qe:rHoe qHCJIO cY-MaT-

pun • .I(n11 ,11,ani,HeRmero y,11,oCIHo aanHcan BLlpaireHHe ~SI B B BH,11,e: 

B = J, 8.;. (1+u) + f 8+ {l-u), 
.,t:,.,_ v + ,i - Y' (31) 

B e I 2_ Oo(Ot/(+f - l "~ffl/ ±:, I ' 

BOCilOJlb30BaBmHCb :raw, q:ro • _ -~ _ 
.1uyy -,ca-;,r, , '""Y,.°' e -,o u,u, = l e (t+V) + x-e. (i-v). 

IlOCKOJibKY 

[l (1:1:u;J'f=~(1:±u), v+VJ(1..:.uJ=o 1 

OKQHqa:r8JlbHO nonyqaew BLlpaireHH8 )VII c:raTHCTKqecKol CY.IOUi 

ABY•••••• pome,u Q a .S1 {013.>9'{,-v) +P,.B~)o/'1+1.fj (32) 
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CJI8,IU'eT CKa3aTb, QTO npHBe,11,eHHe K TaKOMY BH.Izy B npHHUHile 

pemae:r 3a.nt1qY, :raK KaK xax,11,oe H3 qe:r1,1pex cJiaraeuux no.D, aHaKoM 

CJie.D,a npe.D,CTaBJISieTCS! B BH.D,e npoH3Be.D,8HHSI mrneltHblX KOMClHHaUHll 

er' -MaTpHu: 
t:l. -a. - a. I' - -.ut e + i e ~ cY1< :a e, d"J< l cY'1c1- i ':, ~ ), ~ a: e , 

,· l d"~ Y-+1 _ J I IJ - • - I ~ - ( - • v. ) e = C/,, f, + ,· : ,, e, J",c ~ +I = CA1 b ~" <Y1e + , ? o "+1 , 

~ = -tJ, t . (JJ) 

A :ror,11,a ¢opuyn1,1 (16) H (17) Il03BOJISIDT CBeCTH aa,11,aqy K BHQHCJie­

HHD onpe.D,enH:renen. 

O:rueTHM :renepb, r,11,e CKa3LIBa.8TCSI cnenH~HKa .D,ByMepHolt 3a.D,aQH. 

Bee npeoOpa30BaHHSI BUJIOTb ,11,0 aHaJiora ¢opuyJILI (27) UOXHO npoBeCTH 

H B :rpexuepHOM cJiyqae. O~HaKo ua:rpuna, aeanorzqHaa B, BHpaxee­

HaSI qepe3 ~ -MaTpHULI, yxe B8 Oy,11,e:r HMeTb CTOJ!b npoc:roro BH~, 

KaK B (JO), H noKaeme HHKOMY He y.D,aJIOCb- npeo,11,0J18Tb B03HHKaDmHe 

ocno~HeHHH. 

6. Ji!iqHcJieH He CJ18Jl0B. Pe 3IJ!b'.1:Jl.l 

BliqHCJIHM :renepi, CJie.D,LI, ~HrypHpyDmHe B ~opuyJie (32). 

PaccMOTpHM CHaqaJia 
- f, Q. -r1 
.Sf ( A 8+J · { e c/4 C) = 

= .sf [r, + ·t., ;r,i,) ... (1+ i 5 or P,J{I + i·7i, "'-J ... r,.,.,.7 ft r;ji= 

= sf ( (i; tJ~ ;r, )(ii+;~~)••· {4"p + 1'5 'r;) • 

· (i; -ri7~){~ + ,·7 Y3) · · · (rp + ''I r,)J~r-,J"-1''. (34) 
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qTo0H npHMeHHTb ~OIJMYJIH (16) H (17), BWJHmeM MaTpHey C 
C00TB8TCTBYDIIIYD cne,izy (34): 

~

l{,$ ... S' 
. C = .g XS ... ' 

-t-$ X.· .. f 
: l I •• -s-t-~ ·K 

3Ta MaTpmta co,D;epll:HT ~"' 0JI0K0B, Jtax,JJ.HA H3 K0TOpHX HM88T 

nopa,D;oK 2 p : 

0 
1 

-1~ i 
-li 1 

-,~ t-\2. 
◄-', ... 

_ 11----+-- \. ~ii $ K- -.1~ti •• i-~ri. 
•-~ 

i -,, ~ -,, 
-,'l .. 

·-~ .. 
1-,2. 

-1-'\~ 
·. -S \'1. 0 i. ~l\ 

~~ ·-J 
·. ~'I . ~ 

~'I :.1 -l'l i 1 t-"\ 11 
• 

KaK HeTpy,D;H0 3aueTHTb, uaTpmta C npe,D;cTaBnaeT co0ol! qacTHHA 

cnyqaa 0noqaoa uaTp11n1i1 BH,JJ;a C_ ( cM. np,rno1:eaHe IT.2), a OnoKH 

nopa,ltlta p B uatp11nax K 11 $ aBnaDTca qacTHHMH cnyqaaMH 

n11pKynaaTa C+ . IlpHueaaa ~op1,1.yn1i1 (IT.3) npHno:s:eau, nonyqaeu, 

qTQ 1)e.t C ,. 11 Fi DC1<,e.), 
e•o 1(.110 

:D(1<,e-). 'D~l 
(1 - ~"-)'Le, (1 - ~~~('te+1) 

( 1- 5 )tolit)('Lt,-1) (t -tt) 'Li 

~K - -~K 
o(I( = e. P , ex~= e P 

~; (it+t) ' -' ~ 
j->e. = e. ,- ''Le - 1-:-fc. 
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I 

Ilocne 3JI8M8HTapHHX BllqHCJISHHI HM88M. 

'1>ei-C = .:t p(1-.i) x 

X CT ffi+ ,a.;(,+tJ -L/ 'i'l Co& -t;I< -{,-,1{,-t)e.dfr.itf':]. (35) 

OTM8?HM, qTo BHpaxeHHe B KBa,JtpaTHHX CK0OKax n0JI0:S:HTSJibH0, HO 

MOJ:8T CTpel.m:nca K HYJID npH 9 ➔ oO 
0

H ' = 'l . Cornacuo paB8HCTBY 

(17) uy:s:uo H3BJieqb KBa,JtpaTHHI K0p8Hb H3 onpe,D;eJIHTSJia. KaK BH,JJ;H0 
' H3 (34), eCJIH nono:s:HTb 5 = 1l = 0 ' npH 3T0M CJie,JtyeT B311Tb 

noJI0ll:HT8JibH0e 3HaqeHH8 K0pHa. BcnoM.HHaa Blilpall:8HHe ,JJ;JIII '1$ H ~ 

( cu. (33) ), nonyqaeM 

. ~ 

sf (Aa.,.l'=),,P'f, n [ cAt:/.a.. "1~ C -5h.2tl Cl/6; (U+t)-.sh.tC~f-j. (36) 
- 1<,e. 

Cne,JJ; (A 8_),-B1i1q11cnaexca auanorHqao, a pe3ynnaT oxn11qaeTc11 

OT (36) JIHmb 38l48H0I GD& :u;I( Ha co& ;- (.2.k.+I) • 

Heirnoro cnoxuee nonyq11n B1i1pa1:euHe ,JJ;Jia Sp {{AE-,.) 'J, V ]. 
B 3T0M cnyqae uyno B1,1q11cJIHTb onpe,D;eJIHTeJib :uaTpHnH C • 

KS ... S 
: II II i.~ ~i, { 1 1 

-SK s 
c. If . -i ·t; 

"f 

-S-$ · · · K R ' 
R_- o i\. 1 

· T T T 
0 't\ 1 

-R -R · · · -R 0 . .. . . . \ 

ttt, 0~ 
. 1 
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EnoKH K H S s.1tecb H1o1eDT npesHHil BH,It. 3ne1o1en:rapa1a1e npeo6pa-

30BaBHII ,ItaDT: 
K+$ s-l< 

J'+S $ -J< 
1)e.t R. J)e.t RT 

:be:!: c c J)e.t II . 
.• i<+s $-'X -2. ~p. l)e. t. s 

-2.s -:l..$ ... -:i.s -:J,$ 

0Ka3HBaeTCII, q:ro (7>,e,.,-t R. )" = 1)e,t $. IlepBlall! COl4HOllHTeJib 

CBO.It~TCII K ~HpKyJIIIHTY, ecJIH K nocJie,ItHel! c:rpoKe npH6aBHTb BCe 

oc:raJibHlale. IlocJie 3TOro npoc:r1a1e BlalKJia,ItKH npHBO,ItllT K BlalpaxeHHD, 

KOTOpoe OTJIHqaeTCII OT (36) JIHWb aaueaol! ~ 3{_ (.tt:.-,.1) Ba 

~ .2ie . tI:ro6u nonyqHTb peaynua:r .JVIII Sf ({Aa..)'I V ], 

HYllHO B (36) 3aMeHHTb Go6 ~I<. Ha G6&; (.Z.l(.rl) 

H ~ 11" (.U+1) aa CO& -!71! • 
3na! KOpBII B nocJie,ItHHt .ItBYX cnyqa11x y,1to6HO onpe,IteJIIITb H3 

cpaBHeHHII pe3JJlbT8T8 C HCXO,ItHWJ. BlipaxeHHeM ,ItJIII CJie,Ita npH ,..,.1~ 
? ➔ O , qTo cooTBetc:rBye:r TeM!lepa:rype T ➔ co • 3TOT 3HaK 

l40XeT H3MeHHTbCII, ecJIH BHpaxeHHe ,ItJIII c11e,1ta o6pa~aeTCII B HJ11b 

npH HeKOTOpliX 3HaqeHHHX napaMeTpOB. RaK HeTpY.ItHO IlOKa38Tb, 

w'(<f)rf)=c/4:2.a.c4'~~ -&1,:t.tt~r-s~-2l~f:? uJ;.,.,,,, 
. 2~ ~ 

wm,·,i, = e cA,;"'C (; -7) • 
H3 3Toro HepaBeHCTBa BH,ItBO, qTO B HY11b MOXeT o6paTHTbCII JIHWb 

CJle.It, CO,Iteplla!llHI! c.& -lplt H ~ it I IlpffqeM MHO:IHTeJib C e=l<•O 

nponop~OHaJieH 5 - ~ . OtCDAa BHTeKaeT' q:ro 3_TOT CJie,It MeBaeT 

3HaK npH ~ ='1 . 3TO YCJIOBHe onpe,1te1111eT HeKOTopoe 3HaqeaHe 

TeM!lepa:rypH T=Tc I npH KOTopol!, KaK OKa31a1BaeTCH, IlOIIBJilleTCII 

CilOHT8BHall HaMarHHqeHHOCTb ( ecJIH ,ItBHraTbCH co CTOpOHli BHCOKHX 

TeMnepaTyp). 
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TenepL !,ll,I Moseu BliilHCaTb TOQHOe BlalpaxeHH8 ,ItJIH CT8THCTH­

qecKOI! CYMJ.ll,[ pemeTKH H3HHra C nepHO,ItHQeCKHMH rpaHHQBllMH ycJIOBHII­

MH: 

Q = :l. vl-1 [1 [ c4i ~a.,c-h-1.& -s~).a.,~ f (i.t+1J-s/2.,,tC ~f(.?.1e+j~+ 
( 

k 

2£ I 4 I :J.ffl<J ¼_ -+ n [ ch!l.tl""1~C -s/2-1.a,~ 1 (J.t+1)-J.11.<f.b "44 T + 

l(,t 
. ~ 

+ n rc,1,<~c,,1,,1,& -s./,:t.a..~m _s,,f,,:t.C~ !{-t.1u1Jj ~-
'<,t (. 'J, . "J - cs' n ( cA,~ttcJ,.tt ;_&1,JtA.,~ ie -.sh-?.t tc,.! ~1 :.t. • (37) 

~t 

3.ItecL cS" o3Haqae:r 3HaK T - ~ , vV = f'J.,, • IIonyqenaaa qiopMy 11a 

,ItaeT pemeHHe 3a,ItaqH ,ItJIH KOHeQHOR pemeTKH. XOTH pe3JJibT8T (37) 

npoc:r, B8KOTOpHe Bl,IQHCJI8HHH 6UJIH cpaBHHT8JlbBO rpoM03,ItKHMH, 3:ro 

CBH3aHO C TeM, q:ro B H3JIOX8HBOM IlO.ItXO,Ite CTPOKH H CTOJI6~ 

pemeTKH paccMaTpHBaJIHCb BeCHMMeTpHllHlalM o6pa30M. 3TOT He,ItOCTaTOK 

HCKynaeTCR, Ha Ham B3rJIH.It, IlOC118,ItOB8TeJibBlalM H ql{CTO a11re6paH­

qecKHM xapaKTepoM BHBO,Ita • 

liM8H BUpaxeHHe (37),yxe HeTpy,ItHO nepel!TH K TepuO,ItHHaMH-

qecxoMy npe,1te11y H IlOJIYQHTL KJl8CCHQ8CKHI! pe3yJibTaT OHcarepa: 

.et'm. ~ = e,,J., + 
p ➔ oP .,,y 
, ... oO 2.tr :J.'lf' 

i. . .1.. ( (4~Jt11~ f rJ,1_1.,,),J.I, -v/iUMf-~,?tu1f}. (38) 
+ 2. (:ln-?) j. 1 T C 

0 O 

K 3TOMy paBeHCTBY MLI npHXO.ItIDl, 3anHClalB811 KaX,Itoe npOH3Be,IteHlie 

B (37) B BH,Ite 3KCilOH8HTlal H nepeXO,Itll 38T8M B UOKa3aTeJie 

3KCUOHeHTU OT cyMMU K HHTepany: 
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X:. en, w(f1r.•'ft-)&'f llf = J f ~w<f,rJ o11 o11 + ti¥ 
'<, t. { p = If,). 

A rfJ - ~ A tf., - :,_,r • ,1) ./J ~,rn, "JIH 
3,IteC.b _Ll 7 - f' J u.T - f' , 7 n,' 'f'l/f paBHH p n 

; {J..m-rl), BeJIH'IHHy S.-v JierKo oneHHTL, 11cn0Jl.baya reopeMY 

0 cpe,ItaeM H BIi.It 4}yHKI{l{H W : 

J,N' <. 
~r ~J~+(B1r~~~ 
v...v . - ur;,,,.,,,_ 

3TOR oneHKH ,ItOCTaTO'IHO ,ItJIJl OdOCHOBaHHJl npe,IteJI.bHoro nepexo,Ita 

np11 JIDdott TeMnepaType T=/=Tc. Caodo.ztaaa 3HeprHa, KOTopaa 

nponopnnoHaJILHa BHpaxeHHD (J8), aeaHaJIHTH'IHa B TO'IK0 T=Tc. MOXHO 

IlOKa3aT.b ( CM. 121 ), 'ITO BdJIH3H 3TOll TO'IKH CBOdO,ItH88 3HeprHa 

HMeeT BIi.It 

f,_ - l~{r-Tc)"'tn.,{r-Tc.),1., t>.o, 

OTKy.zta cne.n;yeT, qro TennoeMKOCTL nponopn11oaan.1,aa {!yz, / T -Tc./.; 
T.e. crpeMHTCa K decKOHe'IHOCTH npH T➔ Tc. 

lJia TpexMepaoa pemeTKII He cy~eCTByer IlO,ItOdHHX pe3yJILT8TOB, 

XOTJ! irnoroe yxe H3B8CTHO 1{3 'IHCJieHHHX paC'18TOB." Ilpe,ItCTaBnaeTCII 

aepollTHHM, 'ITO ecJIH KaKHe-JIHdO TO'IBHe peayn.1,TaTH B TpexMepHOM 

CJiyqae dy,ItYT nonyqeau, TO 3TO dy,IteT c,IteJiaBO C noMO~.bD aJiredpH 

KJIHcW01i.1ta, · ecTecriieaaocn np,11,1eaeii:aa KoTopoll K aa,Itat1e li3Hara-

0Hcarepa JW H crapanHcL no1taaaTL. 
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IIPHilOlKEHIDI 

IT.I. Ilpauoe ,ItOKa3aTeJI.bCTBO paBeHCTBa 'J)e,.-/; C = (Pf c).t 

IIycn C ='f/Cy/1, c,i"==-s·;., i,j=l,~, ... ~h1. 
IlpO.H3BOJILHHB llJielf B paanoxeaHH 1) ~t- C 

I I .i 
s;c7,i, l k, J{.,_ 

• .tl>J ) 
u .c,K c.,.4C ••. c-t,,, '< 
'\tn, I ~ :t"' 

38IlHW8l.rB BH,Ite npOH3B8,It8BHJl I{HKJIOB 

[7 . LJ;J~ ··•fe) _ S, 11, C. • • C • • C• . I ./41~ .. ·JL Jl/,l, '/4/~ ... "/ti~ ) 
. CJ;/~•-✓.;+ e.,-s,,,,,., I • • ti 
t1 .• J&/.1··/1 I • 

TaKoe npe,ll;CT8BJI8BK8 O,Itlf03Baqao, eCJIH 38Ill{CI, Ka~oro I{HKJia 

aaqxaar& c Hamteu.1,mero HH,Ite&ca B n11Kne, a UHKJW pacnonarar.1, 

B nopa,ItK8 B03paCTaHH8 nepBHX HH,IteKCOB. 

CaaqaJia 3all8THM, 'ITO B pa3JIOX8HHH onpe,1t8JIHTeJI11 KOCO­

CHMMeTpH'18CKOll MaTpHI{H ayxao Y'IHTHBaT& T~Jl&KO re 'IJ18HH, KOTOpHe 

pa3JiaraDTC8 B npOH3B8,It8BH8 I{HKJIOB J!Hm& qeraoR ,ItJIHHH e, 
J{ellCTBHT8Jl&HO ,_ llJieHH, CO,It8PX8J!IH8 I{HKJ!lii H8'18THOI ,ItJIHHH, B cyMMe 

,ItaDT .aym., 1100 aapa,ItY c I{HKJIOM ( hJ~ ... ie-,J~ ) acer,Ita ecr1, 

I{HKH (jeJe-1 • • • i-th )r.(J~jeje-1 ... J4 ) , a couHOXHTea1,, 

COOTB8TCTBY~~HA nocJie~HeMy ~HKJIY, paaea 

C • ' C... C ·_ - t:. ,;ec . . C . C · . c. .• 
J1Je /e/e-1 · · · 'l~/1 - 1..- '}1/L -;i;.1 · · · 1~-1/e It:/~· 

Jla.ue, Ka:i,uilt ~HXJI '18THOlt ,ItJIHBli e. =-l t MOXHO npe,acraBHTI, 

cJte,Ity~~mt odpaaoM • (J~ j~ : . · I~ 1/ 
S, C· • c. , C· · --pi j.,_ /~ • • • j, J,/~ 1~1~ . . . Ju/~ -

•Si _n. • • • s,. II,, • • • C . . C. . .-,(.. . • V (. 
al, ~ • ; : ~,t t.) ~ o(, q.t. ••• ~ / 

g Jt '"' • • • /tlt. ! J~ /J • • • J~ "J-t/~ 1.,p, "J.tr.-1).u, •. 

X c/.t/3 cl~is- . .• c;.,,,,Js J 
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r,ll;e' o1, Io("'- • • • o(.t. Z, - 3TO HaOop HH,ll;8KCOB J~ 
1 
J~, ... j~ t. J 

3anncaHHHX B 8CT8CTB8HHOM nopJ1,I1;Ke: at,< 0(-t <, .·. <c(.u. • 
IlpOH3B8,ll;8HH8 MaTpnqHHX 3JI8M8HTOB 3anncaHO B BH,ll;e npOH3B8,ll;8HHJI 

,ll;Byx MHOXHTeJiett TaK, qTo B KB.%,ll;OM H3 HHX JIDOott ~H,ll;8KC HaOopa 

ITOJIBHJ18TCJI O,ll;HH H TOJILKO 0,ll;HH pa3. RcnoJIL3YJI CBOllCTBa 

sla,n, {.". · ;;i·:.) c,i· = st'ri-{:. 'j ,;· .'.) ~-,:, 

Sl~ (.'. ·,.1/. ·. ·;~.)- _;_ s/~_(:. ·ke' .'.';-.;, 
:uoxHo 3anncan npoH3Be,ll;eHHJI C ,:,l Tax, qToOu. OHJIO . t' < i 
H qToOH nepsue HH,ll;8KCH CJI8,ll;OBam1 B 8CT8CTB81JHOM nopH,ll;Ke. 

0KOHqaTeJILHO noJiyqaeM, qTo JIDOol! •qJien pa3JioxeHHJI I>d C, 
KOTOp!il npe,ll;CT8BJIJl8TCJI B BH,ll;8 npon3B8,ll;8HHJI U~KJIOB qeTHO! 

,ll;JIHHJ,I, 3anHCHBa8TCJI B BH,ll;8 

,g,-n... . . . . . . Ci •C· . C· . X 
.S , ( I ~ 3 '-/. ... :2.n,) . . 

r,I j I Z..,t. /-', • • • j ltt : 1/t '.t/L • • • '1t1/1t1 

r,ll;e 

X s,. a,,,,,, ( I .t 3 'f ... -<-111) C . ',. 
· o·· ., ,, ,, 1 , ,, Ci'j.'' ,''i'•••'-,'1 j' 1 (II.I) ", it ".i. JL • • • In, I I :i,~ ht ',,. , 

, • . , I , • I 
,,,, <Jt, ~ <J1 I f=l,~, ... 111, 
t I • • / I/ t / 

", c::. ".t ~ .•• ""- ,,,, , z $. < i.,_ < ... < z.,,, 

If HaoOopoT, Ka.X,ll;Hi qJieH paano:a:eHHJI ( Pl, G).t paseH O,ll;HOMY na 

qneH os paanoJEeHHJI 1>e.-f C . 3To HeTpy,ll;HO noK8.3au, aanncuBaJI 

Bupa:a:eane (Il.I) B BH,ll;e npoH3B8,ll;8HHJI UHKJIOB qeTHOR ,ll;JIHHH, T.e. 

npoBO,ll;JI npeoOpa3oBaHHJI B oOpaTHOM nopJl,ll;Ke. R3 B3aHMHol! 0,ll;H0-

3HaqHOCTH COOTB8TCTBHJI H CJI8,lzy8T ,ll;0Ka3J,1Ba8M08 paB8HCTBO. HcHo, 

qTo Pfc MOXHO onpe,J1;8JIHTL KaK TO 3HaqeHH8 KBa,ll;paTHoro KOpHJI 

na onpe,1teJIHTena, B KOTopoe qJieH Cu. C3 " ••• C,i,,,.,.t,,, 

34 

BXO,ll;HT C IlJIDCOM. 

0l'M8THM, qTo _H3 IlPHB8,ll;8HHoro ,ll;OKa3aTeJILCTBa CJI8,JIY-8T 

TaKJCe, qTo IlOJIHoe qHCJIO nepectaHoBO~ ~/?'/ 3JI8M8BTOB, KOTOpHe 

paaJiaraDtca a npOH3Be,lteHHa UHKJIOB TOJILKO qeTaoa .itJIHHu, eCTL 

[(JAn-1) -~'J.t,. 

n.2. UnpKyJIJIHTH 

\ 
B 3a)taqax, CBJ13aHHHX C pemeTK8MH, npn IU{KJIHqecKHX rpanuq-

. I' HUX yCJIOBHJIX xapaKTepao Il0JIBJI8HHe MaTpHI~ 1H!,lta \ 

I 

co c .. c~- ... en-, 
:!:Cn-1 Co C,1 C.n-.i. I) (II.2) 

C + = 1/±Cn-i ± C.11-1 · ~o 
.C:1. · •· Cn-l 

:t C~ :t C.,_, :t C3 · · · C.o 

MaTpmta - C+ ( UHpKyJiaaT);ltaBHO nsecTHa ( CM_,aanpmo1ep, /Zl I). 

CoOCTB8HBHe 3aaqeaHa )..-'- H c'oOctseaHue BeKxopa nn~ :itaTPKU 
"" . .,_, e 

Jierxo HaRTH, 8CJII{ 38M8THTJ,, qTo Cr =. L c,ev± , 
r,ll;e ·l=o 

-,~-, 

0 

.d. · · · ir· ,· 0 ,i ' ,. w ·- . , 
± - ,H . ·· 0 ·:'.·J 
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fuleeM 

n.-1 

(A+):= L. c,_o<~ 
e-o 

n-1 

, ()-t = Z:cef~ 
. ,· e-o,. ' , 

2.n~ 
JI. ._ . . r:. (2.KH) . ·. 

o( 
-K 

K= e "" f 1t..= e , k• 0,1,2 •. 11.-1.(II.3) 

Ecni.t 3neueatairn uarpHI{ C± 11DJUIDTCa ae qncna, a uarpHJ:tU, ro 
I 

BHpa:semur (II.J) orrpeAeUDT AHarouan:&aue Ci,roitir aRBlfDaneuraux 

KBa3H,llHaroHaJI:&HHX MaTpHu. 

/ CTOHT OTM8THT:&, qro COBOKYIIHOCT:& BeBHpOX,lleHHHX MaTPHI{ 

BH,Jta C+ ( c_) 0Cipa3ye7 KOMUj'TB;THBHYD rpynny. 
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I. BBe.zi;eHHe •••••••••••••••••••••••••••••••••••••••••••••• , • • 3 

2. HaqaJibHHe CBe.n;eHHH H3 TeOpHH anreop •••••••••••••••••••••• 4 

3. Cne.n;u ITpOH3Be.n;eHHW f-uarpHU H IT~a.qiq>HaH ••••••••••••••; •••• 16 

4. 00 HHrerpaJie no aHTlUCOMMYTHPYIDll1HM. nepeueHHID.1 •••••••••• 20 

5. I1peoOpa30BaHHe crarHCTHQeCKOJ! CYJ,IMJ,I •• ~ ••••••••••••••••••• 23 

6. JJHQHCneHHe cne.n;oB. Pe3ynbrar •••••••• ·• ;··~ •••••••••••••••••• 27 

IIp11noxeHHJI ••••••••••••••••••••••••••••••••••••••••••••••• 33 

JlliTepaxypa ••••••••••••••••••••••••••••••••••••••••••••••• 36 

PyKOITHCb nocryITHJia B H3.n;areJibCKHll or.n;en 

17 OKTHOpa 1977 ro.n;a. 
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