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1 Introduction

These lectures are an addendum to a standard textbook on quantum field theory, such
as [I]. We shall discuss practical ways to calculate one- and two-loop diagrams in QED
and QCD and to obtain renormalized physical results. More details about calculation of
Feynman integrals can be found in my lectures at another Dubna school [2], or in the
textbook [3]. Calculation of colour factors of diagrams in QCD (Appendix [A]), and group
theory in general, is discussed in an excellent book by P. Cvitanovi¢ H] available on the
Web. In Sect. [ about decoupling of heavy-particle loops, we follow [B], but in a much
simpler case (QED at two loops).

It is well-known that Feynman diagrams with loops can diverge. The first thing we
have to do is to introduce some regularization. Regularized diagrams must converge, so
that working with them has sense. When the regularization parameter tends to some
value, the original theory must be restored. There exist many regularization methods. A
good choice of regularization is crucial for any non-trivial computation: the regularization
should preserve as much of the symmetry of the theory as possible, manipulating regular-
ized Feynman integrals should be simple, etc. Cut-off regularization is difficult to define
unambiguously; in gauge theories, it breaks gauge invariance; it is difficult to integrate
by parts because of boundary terms. Pauli-Villars regularization also breaks gauge invari-
ance. Lattice regularization preserves it, but breaks Lorentz invariance. The method used
in practically all multiloop calculations is dimensional regularization. It preserves both
Lorentz and gauge invariance, and rules for manipulating integrals are simple (no bound-
ary terms, etc.). We shall use it throughout these lectures. We’ll discuss the most widely
used method of multiloop calculations, integration by parts [6], in Sect. Bl

Another important concept is renormalization. Physical results should be expressed via
physical parameters (measurable, or expressible via measurable quantities), not via param-
eters in the bare Lagrangian. This re-expressing in physically necessary, independently of
presence or absence of divergences. After it, we can switch off regularization; in a sensible
theory, results must be finite.

Renormalization procedure is not unique. There are many renormalization schemes;
some of them depend on parameters. The most widely used scheme is MS. It depends
on a single parameter — renormalization scale. Physical results should not depend on
this artificial quantity. This requirement leads to renormalization group equations — a
very powerful instrument in quantum field theory. We shall use this scheme in Sects. BHAl
On-shell renormalization scheme (Sect. {) is also widely used, especially in QED at low
energies. In QCD, it is often useful to use on-shell renormalization for heavy quarks, and
MS for all the rest.



2 One-loop diagrams

2.1 Massive vacuum diagram

During these lectures, we are going to live in d-dimensional space-time: 1 time and d — 1
space dimensions. The dimensionality d must appear in all formulas as a symbol, it is not
enough to obtain separate results for a few integer values of d. After calculating a physical
result in terms of physical parameters, we take the limit d — 4. Therefore, d is often
written as 4 — 2¢, where the physical limit is € — 0. It is not possible to take this limit
in intermediate formulas, because they often contain poles 1/e. Such divergences must
disappear in physical (renormalized) results.

Figure 1: One-loop massive vacuum diagram

Let’s consider the simplest diagram shown in Fig. [k

ﬂ = in¥?md=V (n), D=m?—k*>—i0 (2.1)
on = , = . )
The power of m is evident from the dimensional counting, and our aim is to find the
dimensionless function V' (n); we can put m = 1 to simplify the calculation. Due to the
position of the poles in the complex ko plane (determined by —i0), we may rotate the
integration contour counterclockwise by /2 without crossing the poles. After this Wick
rotation, we integrate along the imaginary axis in the ky plane in the positive direction:
ko = ikg. Here kg is the 0-th component of the vector k in d-dimensional euclidean
space (euclidean vectors will be denoted by the bold font), and k?* = —k?. Then our
definition (Z1I) of V(n) becomes

/ﬁ = 742V (n). (2.2)

It is often useful to turn denominators into exponentials using the a-parametrization

ai" = ﬁ/o e "o o . (2.3)
For our integral, this gives
Vi(n) = " /e_a(kZJrl)oz"_ldoz dk . (2.4)
I'(n)



The d-dimensional integral of the exponent of the quadratic form is the product of d one-

dimensional integrals:
+o0 d d/2
/ e ik = { / e—akidkx] -(5) (2.5)
_ !

[e.e]

This is the definition of d-dimensional integration; note that the result contains d as a
symbol. Now it is easy to calculate

1 o
Vin) = —/ e a2 o 2.6
" =575 | (26)
the result is F(—d)2 )
- +n
Vin)=—~ /= 2.7
) ==t (27)
For all integer n, the results are proportional to
4
Vi=v(l)=———TI(1 2.8

where the coefficients are rational functions of d.

The denominator in (Z2) behaves as (k*)" at k — oo. Therefore, the integral diverges
if d > 2n. At d — 4 this means n < 2. This ultraviolet divergence shows itself as a 1/¢
pole in ([Z7) for n =1, 2.

Let’s calculate the full solid angle in d-dimensional space (we shall need it later). To
this end, we’ll calculate one and the same integral in Cartesian coordinates

+o0 d
/ e dlk = { / e—kidkx] = 7/ (2.9)

and in spherical coordinates

o0 Qq [ Qq(d/2
Qd/ e ki dk = —d/ e F (k)Y dk? = 2al'(d/2). (2.10)
0 2 Jo 2
Therefore, the full solid angle is
0= 2 2.11
For example,
V=2, =21, Qy=4rx, Q =27°, ... (2.12)

In 1-dimensional space, a sphere consists of 2 points, hence 2; = 2; the values for d = 2
and 3 are also well known.
What is the value of the massless vacuum diagram
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Figure 2: One-loop massless vacuum diagram

(Fig. &)? Its dimensionality is d — 2n. But it contains no dimensionfull parameters from
which such a value could be constructed. The only result we can write for this diagram is

/ﬁ = 0. (2.13)

This argument fails at n = d/2; surprises can be expected at this point.

Figure 3: A diagram for the quark propagator

This dimensions-counting argument is much more general. For example, the diagram
in Fig. B contains a sub-diagram which is attached to the rest of the diagram at a single
vertex, and which contains no scale. This subdiagram is given by an integral (maybe, a
tensor one) with some d-dependent dimensionality. It has no dimensionfull parameters;
the only value we can construct for such an integral is 0.

Now we shall discuss a trick (invented by Feynman) to combine several denominators
into a single one at the price of introducing some integrations. We’ll not use it during
these lectures; however, it is widely used, and it is important to know it. Let’s multiply
two a-parametrizations ([Z23):

1 1

_ —ajag—aga2 ni—1 n2_1d d . 2.14
a?lagw F(?’Ll)r(n2)/e “ 2 e ( )

It is always possible to calculate one integral in such a product, namely, to integrate in a
common scale 7 of all a;. If we denote n = ay + ao, i.e., make the substitution oy = nx,
ay =n(1 — x), then we arrive at the Feynman parametrization

I T(ni+ng) /1 (1 — x)" e
o |

_ . 2.15
aytay*  T'(ng)l(ny) ax + ag(1 — z)]™ " (2:15)
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This is not the only possibility. We can also take, say, n = as, i.e., make the substitution
a1 = nx, as = 1. This results in a variant of the Feynman parametrization, which can be
more useful in some cases:

1 L(ny+ng) [ a2 ldx
ni A n2 = ni+ng ° (216)
@y Gy F(n)l(n2) Jo (a2 + ao]
Let’s consider the general case of k& denominators:
1 B 1
agnagz .. .aZk F(nl)F(ng) .. F(nk) (2 17)

—ara1—azag-— ~1_na— -1
x/e mar—azay—agon M —lamel o g o dag - - - day, .

We can choose the common scale 1 to be the sum of any subset of «a;; the numbering
of the denominators is not fixed, and we can always re-number them in such a way that
n=a +ay -+ q;, where 1 <[ < k. We insert

dag+ag--+ o —n)dn

into the integrand, and make the substitution a; = nz;. Then the integral in 7 can be
easily calculated, and we obtain the general Feynman parametrization

1 F(n1+n2+nk)

ni n2

aytay?---ap”  D(ng)T(ng)---T(nyg)
o / Sz 4 - +a — Dttt ™ gy day - - iy,

ni1+n2--+ng
]

(2.18)

[alxl + aoxg -+ + ATy

Let’s stress once more that the ¢ function here can contain the sum of any subset of the
variables x;, from a single variable up to all of them.

2.2 Massless propagator diagram

Now we shall consider the massless propagator diagram (Fig. H),

dk
7D”1Dn2 — Zﬂ-d/2(—p2)d/2_nl_n2G(n1, n2> , Dl — _(k _'_p>2’ D2 — _k2 (219)
1 2

(from now on, we'll not write —i0 in denominators explicitly, but they are implied). We
shall consider this diagram at p? < 0, i.e., below the threshold of production of a real pair,
where the result is an analytic function. The power of —p? is evident from dimensionality.
Our aim is to calculate the dimensionless function G(ni,ns); we can put —p? = 1 to
simplify things. This diagram is symmetric with respect to 1 «<» 2. It vanishes for integer
ny < 0 or ny < 0, because then it becomes the massless vacuum diagram (Fig. H), possibly,
with some polynomial numerator.



k—+p

Figure 4: One-loop massless propagator diagram

Figure 5: Massless vacuum diagram

Using Wick rotation and « parametrization [Z3), we rewrite the definition (ZI9) of
G(nl, ng) as

—d/2
G(nla n2) = m / e_al(k+p)2_a2k204?1_10432_1d041 dOég ddk . (220)

We want to separate a full square in the exponent; to this end, we shift the integration
momentum:

aq
K =k+ :
oy + Oégp
and obtain
/2 a2 1 1 k2 5d
G(ny,mg) = 7/exp — o' an?  day dag/e_(o‘1+o‘2) d’k
F(nl)f‘(ng) oy + o (2 21)
1 Qe —d/2, ni—1,_na—1 '
— — T ag?  day das .
F(nl)r('nQ) /eXp |i ay +OK2:| (al ‘I‘OZQ) C]{1 Oé2 Q1 ad
Now we make the usual substitution ay = nz, ay = n(1 — ), and obtain
1 ' 1 1 = (1-z), —d/2 1
G(ni,ng) = / (1 —x)" dm/ e =T p=d/ztmAna—lg
( 1 2) F(nl)r(nz) 0 ( ) 0 n n (2 22)
. .
_ L(=d/2 + ni + ny) / pU/2na (] ) d2mml gy
['(n1)l(n2) 0
This integral is the Euler B function, and we arrive at the final result
I'(—d/2 I'(d/2—ny)l(d/2 —
G(nl,ng) _ ( / +ng + n2) ( / nl) ( / 712) . (223)

F(nl)F(TLg)F(d — Ny — ng)



For all integer n; o, these integrals are proportional to

2g1 L(1+e)?(1—¢)
G =G(1,1) = BCEDEDE g1 = (1 = 22) ; (2.24)
with coefficients which are rational functions of d.

The denominator in (ZT9) behaves as (k?)™%"2 at k — oo. Therefore, the integral
diverges if d > 2(n; + ny). At d — 4 this means ny + ny < 2. This ultraviolet divergence
shows itself as a 1/ pole of the first I" function in the numerator of (Z23) for ny =ny =1
(this T' function depends on n; + ng, i.e., on the behaviour of the integrand at k — o0).
The integral ([ZT9) can also have infrared divergences. Its denominator behaves as (k?)"
at k — 0, and the integral diverges in this region if d < 2ny. At d — 4 this means ny > 2.
This infrared divergence shows itself as a 1/ pole of the third I" function in the numerator
of (Z2Z3) for ny > 2 (this I' function depends on ny, i.e., on the behaviour of the integrand
at k — 0). Similarly, the infrared divergence at k + p — 0 appears, at d — 4, as a pole of
the second I'" function, if ny > 2.

—5 s+ 10
s — 10

Figure 6: Complex p? plane

Let’s consider the integral (Fig. H)

2 i ddk 2\—¢
1) ==2m / (k2 —i0)(—(k + p)2 —i0) Gi(=r) (2.25)

as a function of the complex variable p2. It has a cut along the positive half-axis p? > 0,
starting at the branching point p? = 0 at the threshold of the real pair production (Fig. H).

Analytically continuing it from a negative p? = —s (where the function is regular) along
the upper contour in Fig. B, p? = —sexp(—ia) with a varying from 0 to 7, we obtain
I(s+1i0) = Gys €™ (2.26)

Similarly, continuing along the lower contour, we get I(s — i0) having the opposite sign of
the imaginary part, and the discontinuity across the cut is

I(s+1i0) — I(s —10) = Gys “2isin(me) . (2.27)
At e — 0, Gy (24) has a 1/¢ pole, and the discontinuity is finite:
I(s+10) — I(s —i0) = 2mi. (2.28)



3 QED at one loop

3.1 Lagrangian and Feynman rules

First we shall discuss quantum electrodynamics with massless electron. This theory has
many similarities with QCD. Its Lagrangian is

L = oilPvy — iFOWFO“” : (3.1)
where 1) is the electron field,
D,y = (0, — iegAou) Yo (3.2)
is its covariant derivative, Ao, is the photon field, and
Fopw = 04 Aoy — 0, Aoy (3.3)

is the field strength tensor.

As explained in the textbooks, it is not possible to obtain the photon propagator from
this Lagrangian: the matrix which should be inverted has zero determinant. This is due
to the gauge invariance; in order to have a photon propagator, we have to fix the gauge in
some way. The most popular way (called the covariant gauge) is to add the term

1
2@0

AL = (9, AL? (3.4)
to the Lagrangian (Bl) (ag is the gauge-fixing parameter). This additional term does not
change physics: physical results are gauge-invariant, and do not depend on the choice of
the gauge (in particular, on ay).

T =15o(p)
STV VNV VVVV V.V Y —ZDgy(p)
p
]

+§+ = 1epY"

Figure 7: QED Feynman rules

Now we can derive the Feynman rules (Fig. [d). The free electron propagator is

_’
=3 (3.5)



and the free photon propagator is

1 PuPy
Dﬂu(p) = 72 9 — (1 —ao) ;2 - (3.6)

The Lagrangian ([B1), (B contains the bare fields ¢, Ay and the bare parameters ey,
ag. The renormalized quantities are related to them by

do=2ZJ%, Ag=Z"A, ay=Zaa, e = 2% (3.7)

(we shall see why the same renormalization constant Z,4 describes renormalization of both
the photon field A and the gauge-fixing parameter a in Sect. B2). We shall mostly use the
minimal renormalization scheme (MS). In this scheme, renormalization constants have the

structure )
Z1 « 299 291 «

Za) =1+ 224 (2 ) (L) 38

(a) +547r+ 62+6 = + ( )

They contain neither finite parts (%) nor positive powers of ¢, just 1/e" terms necessary
to remove 1/¢™ divergences in renormalized (physical) results. Sometimes, other renormal-
ization schemes are useful, see Sect.

In order to write renormalization constants (B.8), we must define the renormalized cou-
pling o in such a way that it is exactly dimensionless at any d. The action is dimensionless,
because it appears in the exponent in the Feynman path integral. The action is an integral
of L over d-dimensional space—time; therefore, the dimensionality of the Lagrangian L is
[L] = d (in mass units). From the kinetic terms in the Lagrangian (Bl) we obtain the
dimensionalities of the fields: [Ag] = 1 — ¢, [tho] = 3/2 — . Both terms in the covariant
derivative (B2) must have the same dimensionality 1, therefore [eg] = €. In order to define
a dimensionless coupling a, we have to introduce a parameter p with the dimensionality
of mass (called the renormalization scale):

2

=2 € —ve
— =Uu (47T)d/26 5 (39)

where v is the Euler constant. In practice, this equation is more often used in the opposite
direction:

R A (3.10)

We first calculate some physical quantity in terms of the bare charge eg, and then re-express
it via the renormalized a(pu).

3.2 Photon propagator
The photon propagator has the structure (Fig. B)

—iD,,(p) = —iD},(p) + (—i) Dy, (p)ill*” (p)(—i) DY, (p)
+ (=) DY, (p)ill1* (p)(—1) D, (p)ill"* (p)(—i) D, (p) + - -

11

(3.11)



where the photon self-energy iIl,, (p) (denoted by a shaded blob in Fig. B) is the sum of
all one-particle-irreducible diagrams (diagrams which cannot be cut into two disconnected
pieces by cutting a single photon line), not including the external photon propagators.

Figure 8: Photon propagator

The series (BI0]) can also be rewritten as an equation

Dy (p) = DRy (p) + DR ()1 () D (). (3.12)

In order to solve this equation, let’s introduce, for any tensor of the form

Pubv PuPv
AV:AJ_|igV_—:|+A )
i w 2 Il 2

the inverse tensor

| Pubv —1PuPv
Auv = A7 {glﬂ’ N 7] + AH 2

satisfying
—1 A X\v _ v
ANAY =4
Then
Dy, (p) = (D)0 (p) = M (p) . (3.13)
As we shall see in Sect. B3,
L (p)p” =0, Iu(p)p* =0. (3.14)
Therefore, the photon self-energy has the form
HuV(p) = (p29;w - pﬂpy)H(pz) ) (3-15>

and the full photon propagator is

_ 1 _ Pubv| . Puby
D)= gy [~ ) o 10

Its longitudinal part gets no corrections, to all orders of perturbation theory. The full bare
propagator is related to the renormalized one by

D, (p) = Zala(pn)) Dy, (p; 1) -

Therefore,

r r Pubv PuDv
Dy, (p; ) = D (p%; 1) {guu - ;2 } +a(p) s - (3.17)
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The minimal (B:§) renormalization constant Z4(«) is constructed to make

DL ) = 23000 i

finite at ¢ — 0. But the longitudinal part of (BI7) containing

a(p) = Z3 (o)) ag

must be finite too. This explains why Z4 appears twice in (B), in renormalization of A
and of ag.

3.3 Ward identity
It is easy to check by a direct calculation that (Fig. @)

Here ¢ = p' — p; substituting ¢ and using Sp(p) = 1/p, we immediately obtain (BIF).
We shall use graphical notation (Fig. [): a photon line with a black triangle at the end
means an external gluon leg (no propagator!) contracted in its polarization index with the
incoming photon momentum ¢. A dot near an electron line means that its momentum is
shifted by ¢, as compared to the diagram without the longitudinal photon insertion. For
an infinitesimal ¢, we obtain from (BI8) a useful identity

05 (p)
Op+

e

= —S0(P)7S0(p) - (3.19)

p p

Figure 9: Ward identity

Let’s calculate I1,,, (p)p” (BI4) at one loop:

o[ Or O] o

Two integrals here differ by a shift of the integration momentum, and hence are equal.
Now we’ll do the same at two loops. All two-loop diagrams for I1,,, (p)p” can be obtained
from one two-loop diagram with a single photon leg, and using the Ward identity (Fig. @)

13



we obtain

O O

All diagrams cancel pairwise, except the first one and the last one; these two diagrams
differ only by a shift in an integration momentum.
It is clear that this proof works at any order of perturbation theory.

14



3.4 Photon self-energy

Now we shall explicitly calculate photon self-energy at one loop (Fig. [M). The fermion
loop gives the factor —1, and

S N -

W Tr Zeo’yulmleo’}/yﬁ . (322)
To simplify finding the scalar function II(p?), we contract in u and v. In d-dimensional
space—time

(PG — pupy)II(P?) = —/

ou=d, (3.23)
and we obtain . Tk
2y — € Ty, Ay
) = (d—1)(-p?) / (2m) [—(k + p)2] (—k2) (3.24)
k
k4 p

Figure 10: One-loop photon self-energy

Now we make a short digression and discuss v matrices in d dimensions. Their defining
property is

Yy = 29" (3.25)
Therefore,
YA =d. (3.26)
How to find ,¢v*? We anticommute v to the left:
Yl = Y (= 4+ 2a") = —(d — 2)d . (3.27)
Similarly,
V" = Yuh (=" + 20") = (d = 2)df + 20 = da - b+ (d — )}, (3.28)
and

VP = ("¢ + 2c) = —da - b — (d — 4)h¢ + 24df = 24P — (d — 4)af¢ . (3.29)

15



The usual convention is?

Tr1=4, (3.30)
then the usual formulas for traces of 2, 4,... ~ matrices hold.
Now we can find the trace in the numerator of (B24l):
d—2 ie? dk Ak +p) -k
I(p?) = 0 / : 3.31
VI | e k() 331

We can set —p? = 1; it is easy to restore the power of —p? by dimensionality at the end of
calculation. The denominators ([ZI9) are

Dy =—(k+p)*, Dy=—Fk.

All scalar products in the numerator can be expressed via the denominators:

1
pP=-1, k*=-D,, p-k:§(1+D2—D1). (3.32)
We obtain p ”, H P
-2, —2Dy+1+ Dy — Dy
(p?) =2 2 2 . .
) = 25— / (27)d D1D, (3:33)

Terms with D; or Dy in the numerator can be omitted, because integrals with a single
massless denominator (Fig. H) vanish.
Restoring the power of —p?, we arrive at the final result

_a(=p) T d=2

(p?) = (e 210 (3.34)
or, recalling (224)),
o e(=p*) " d—2
U =~ T D@ -9 (3:35)

3.5 Photon field renormalization

The transverse part of the photon propagator ([BI6) is, with the one-loop accuracy,
1 B e2(—p?)~c d—2

D(pY) = ——— =1 . 3.36
PO =TTy T e e na-sa-o B
Re-expressing it via the renormalized «(u) (BI0), we obtain
d—2
2D 2y 1 Q(M) —Le e 4
e (3.37)
L =log —Z .
L

21t would be more natural to use 24/2, because v matrices can be defined in any even-dimensional space,
and they are 24/2 x 29/2 matrices; moreover, with this definition Fierz identities can be generalized to d
dimensions.
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We want to expand this at ¢ — 0. Using
[e'e) 1) g
I(1+4¢)=exp |—ye+ Z ﬁsn : (3.38)
n=2 n

where v is the Euler constant, and

=1
=) = (3.39)
k=1
is the Riemann ( function,
2 m
= — ~ 1.202 =—, .- 3.40
C2 6 ) C3 0 ) C4 90 ) ( )

we see that
eyggl =1+ O(€2> .

This is exactly the reason of including exp(—ye) into the definition (B9).
We obtain Lo(y) .
D) =1-- Ny (-2 . 3.41
DL =1 10 et (3.41)

This should be equal to Z4(a(u))p?D’ (p*; 1), where Z4(«) is a minimal (B.) renormal-
ization constant, and D’ (p%; ) is finite at € — 0. It is easy to see that

4 «

A -1 3.42
Ala) S Ire (3.42)
and A ( ) -
2D (i) =1+ W (2 3.43
p D' (p~; 1) 3 3 (3.43)

The bare propagator D (p?) = Za(a(u)) D’ (p?; 1) does not depend on p. Differentiat-
ing it in log x we obtain the renormalization group (RG) equation

D' (p*; ) roal N
W +yala(p)) D’ (p75 1) =0, (3.44)

where the anomalous dimension is defined by

_ dlog Za(a()
dlog i1 '

Yala(p)) (3.45)

For any minimal renormalization constant

a
Zi(a):1+2’14—m+"'

17



using (B9) dlog )
oga(p
TSN 904

dlog p =t

we find the corresponding anomalous dimension

) = TELC) 20

to be
o

47
In other words, the renormalization constant with the one-loop accuracy is

'yz(a) — —221 + ...

Yo @

The anomalous dimension of the photon field is, from (B242),

Yala) = 5=+ (3.46)

The dependence of the renormalized propagator (B:43]) on L can be completely deter-
mined from the RG equation. We can rewrite it as

8p2D1 YA o
= —p°D" . 4
oL B p L (3 7)

Solving this equation with the initial condition

p_ 2alp)

2D7 (2 2 = —p?) =
p D' (p°5 p°) 9 4n

at L = 0, we can reconstruct (B43).
We can also write the RG equation for a(u). The bare gauge-fixing parameter ag =
Za(a(p))a(p) does not depend on p. Differentiating it in log i, we obtain

da(p)
dlog

+yala(p))a(n) = 0. (3.48)

3.6 Electron propagator
The electron propagator has the structure (Fig. [[T)

iS(p) = iSo(p) +1S0(p)(—i)X(p)iSo(p) +iSo(p)(—i)X(p)iSoe(p)(—i)X(p)iSe(p) +- - - (3.49)

where the electron self-energy —i¥(p) is the sum of all one-particle-irreducible diagrams
(diagrams which cannot be cut into two disconnected pieces by cutting a single electron
line), not including the external electron propagators.

18
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Figure 11: Electron propagator

The series (B:49) can also be rewritten as an equation

S(p) = So(p) + So(p)E(p)S(p) - (3.50)

Its solution is

(3.51)

Electron self-energy ¥(p) depends on a single vector p, and can have two -matrix struc-
tures: 1 and p. When electron is massless, any diagram for 3 contains an odd number of
~ matrices, and the structure 1 cannot appear:

S(p) = pEv(p?). (3.52)
This is due to helicity conservation. In massless QED, the electrons with helicity A = IF%,

l£95
2

,lva,R - ’QD )

cannot transform into each other. Operators with an odd number of v matrices, like (B222),
conserve helicity, and those with an even number of v matrices flip helicity. Therefore, the
massless electron propagator has the form

1

S(p) = T\/(ﬁ)% : (3.53)
K
k=+p
Figure 12: One-loop electron self-energy
Let’s calculate electron self-energy at one loop (Fig. [2):
—ipSy (p?) = / (;Z:;dz'ew”z'(]f:g2z’ew”;—j (guu - fk:;];y) ; (3.54)

19



where we introduced the notation
E=1—agp. (3.55)

To find the scalar function Xy (p?), we take 1 Trp of both sides:

2 d% N
) 2 — €4 /
V(p ) _p2 (27T)d D1D2 )

- _Trm (F+p)" (gw fkf)]z”) . Y
Using the “multiplication table” ([B32) we obtain
N = LT+ + o TR+ R
= —(d=-2)(P"+p k) + D% [K?p-k+2(p-k)* — p°k?] (3.57)

1 1
S faere(2 )]

where terms with D; or D, in the numerator were omitted. Restoring the power of —p?,
we have

ep(—p*) "1
(4m)42 2

It is easy to derive a nice property

Zv(p?) =~ 5 (d=2-8G(11) +£G(1,2)] . (3.58)

G(?’Ll,ng—l—l) . (d—2n1—2n2)(d—n1—n2—1)

= — 3.59
G(nl, ng) ng(d - 2712 — 2) ( )
from the definition [Z2Z3) of G(ny,ns2). In particular,
G(1,2)
— —(d— :
and we arrive at 22 g
eg(—p*) °d —

Sy (p?) = -0 aoG1 - (3.61)

(4m)drz 2
Note that the one-loop electron self-energy vanishes in the Landau gauge ag = 0. Recall-
ing (Z24), we can rewrite the result as

eg(—p*)° d-2
~ (4m)d2 (d—3)(d —4)

aoJ1 - (3.62)

The electron propagator (B:53), with one-loop accuracy, expressed via the renormalized
quantities a(p) BI0) and a(p) B1) (we may take a(p) = ag, because it only appears in
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the «a correction) is

0 d—2
ga(hd—au-4)

a(pe ™ (14e+--+).

ps() =1+ 2
o4 (3.63)

4re

It should be equal to Zy(a(u),a(p))pS,(p; ), where Z,(a) is a minimal (B8) renormal-
ization constant, and S, (p; u) is finite at € — 0. It is easy to see that

=1-

Zyla,a) =1— a%ﬁ (3.64)
and
$S, (1) = 1+ alu) (L — 1)) (3.65)

47

The bare propagator S(p) = Z,(a(u))S,(p; ) does not depend on p. Differentiating it in
log ;+ we obtain the RG equation

95, (p; 1)

Doz Yo(a(u), a(p)) Sy (pip) =0, (3.66)

where the anomalous dimension

dlog Zy(a(), a(p))

ola), () = “EZTE L

(3.67)

18
o
= 2a— . 3.68
Yol a) a—+- (3.68)

3.7 Vertex and charge renormalization

Let the sum of all one-particle-irreducible vertex diagrams, i.e. diagrams which cannot be
cut into disconnected pieces by cutting a single electron or photon line, not including the
external propagators, be the vertex ieqI'*(p,p’) (Fig. [3). It can be written as

(p,p') =" + A (p,p), (3.69)

where A¥(p,p’) starts from one loop.
When expressed via renormalized quantities, the vertex should be equal to

I = Zpl*, (3.70)

where Zr is a minimal ([B8) renormalization constant, and the renormalized vertex I'* is
finite at ¢ — 0.

In order to obtain a physical scattering amplitude (S-matrix element), one should
calculate the corresponding vertex (one-particle-irreducible, external propagators are not
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Figure 13: Electron—photon vertex

included) and multiply it by the spin wave functions of the external particles and by the
field renormalization constants Zil/ ? for each external particle .. We can understand this
rule in the following way. In fact, there are no external legs, only propagators. Suppose we
are studying photon scattering in the laboratory. This photon has been emitted somewhere.
Even if it was emitted in a far star (Fig. [dl), there is a photon propagator from the far
star to the laboratory. The (bare) propagator contains the factor Z4. We split it into
Zix/ 2. Zix/ 2, and put one factor Zix/ ? into the emission process in the far star, and the other
factor Zix/ ® into the scattering process in the laboratory.

Lot )2
’ \Z A/ Laboratory

——

/

Far star A i ,

Figure 14: Scattering of a photon emitted in a far star

The physical matrix element eOFZwZi‘/ % of photon emission (or absorption) by an elec-
tron must be finite at € — 0. Strictly speaking, it is not an S-matrix element, because at
least one particle must be off-shell, but this does not matter. This matrix element can be
rewritten as eFrZé/ 2ZFZ¢Z;/ 2 The renormalized charge e and the renormalized vertex I,
are finite. Therefore, the minimal ([B8) renormalization constant z/ 2ZFZ¢ZX ? must be
finite, too. According to the definition, the only minimal renormalization constant which
is finite at € — 0 is 1. Therefore,

Zo=(ZrZy) 275" (3.71)

In order to obtain the charge renormalization constant Z,, one has to find the vertex
renormalization constant Zr and the electron- and photon-field renormalization constants
Zy and Z4. In fact, the situation in QED is simpler, because ZrZ,, = 1, due to the Ward
identity (Sect. B3).

Starting from each diagram for —i¥(p), we can construct a set of diagrams for ieg A*(p, p'),
by attaching the external photon line to each electron propagator in turn. Let’s calculate
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the contribution of this set to iegA*(p, p’)g, using the Ward identity of Fig. @ As an exam-
ple, we consider all vertex diagrams generated from a certain two-loop electron self-energy
diagram:

=

R
AT
RS TREL
TR U

Of course, such cancellations happen for vertex diagrams generated from any self-energy
diagram (and attaching the external photon line to an electron loop gives 0). Therefore,
we arrive at the Ward—Takahashi identity

A (p,p")q. = X(p) = 2(p'), (3.73)

which can also be rewritten as
T (p, p)gu =S~ (p') — S~ (p). (3.74)

For ¢ — 0, we obtain the Ward identity

(3.72)

_ 0X(p)
Op,,

A(p,p) = or TI'(p,p) = (3.75)

Rewriting (BZ4]) via the renormalized quantities,
Zelian = 2,0 S0 = 57 )]

we see that Z,Zr must be finite. But the only minimal renormalization constant finite at
e—0is 1:
ZyZpr = 1. (3.76)
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Therefore, charge renormalization in QED is determined by the photon field renormaliza-
tion:
Zo=27". (3.77)

We know Zr at one loop from the Ward identity (B76) and Z, (B64). Nevertheless,
let’s also find it by a direct calculation. This will be useful, because we’ll have to do
several similar calculations in QCD. We are only interested in the ultraviolet divergence
of the diagram in Fig. [Al This divergence is logarithmic. We may nullify all external
momenta, because terms which depend on these momenta are convergent:

. ddk . . . o . ,,_i k ku
iegAY = / (27T)d1607”2£2607 z%zew =] (g,w —£ ’];2 ) ) (3.78)

Of course, we should introduce some infrared regularization, otherwise this diagram van-
ishes. We have

Ak kRt — kP
A = —ie? £ . :
zeO/ o) L (3.79)
Averaging over k directions:
2
Frk = =™y,
we obtain (4-dimensional vy-matrix algebra may be used)
dk 1
Aa — 2 « ) )
iegapy / 2n) ()2 (3.80)

Figure 15: One-loop QED vertex

Now let’s find the ultraviolet divergence (1/¢) of this integral, introducing a sharp
infrared cutoff into the Euclidean integral (we may use €, (ZI2) here)

dk 1 i [ . i i
/ 2m) (k) JR = e =

1
oy 8m? (4m)2 ~ (4m)2e’
Any infrared regularization can be used; instead of a cut-off, we could insert a non-zero
mass, for example:

/ Ak 1
(2m)® (=k2)?

(3.81)

ddk’ 1 im—2€ i 1
— / (27T)d (m2 — k2)2 = (471')2 P(E) = (471')2g (382)
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(see (200), (22)).

Therefore, the 1/e part of A® is

A = a) 2 e (3.83)

(it does not depend on momenta). This calculation can be viewed as the simplest case of
the infrared rearrangement []. We obtain the renormalization constant

«
Zr=1 — 3.84
I + a47‘(‘5 ) ( )

in agreement with (B70), (B64).
The bare charge eq = Za/ *(a(p))e(p) does not depend on p. Differentiating (BI0) in
dlog j1, we obtain the RG equation for a(u):

dlog a(p)
——" =22 .
o) — e 23(a(y). (3.85)
where [ function is defined by
1dlog Za(as(p))
s = . 3.86
Blon(p) = 5 e C (3.56)
With one-loop accuracy, differentiating
@
Zo(a) =1 — ...
(Oé) + 21 Ine +
we can retain only the leading term —2¢ in (B:8H):
Q@ o
ﬁ(a)_ﬁoﬂ_l_...__zlﬂ_‘_...
In other words, at one loop
Q@
Zola)=1—Fg— +--- 3.87
(@) = 1= fo e + (387)
We have obtained (see ([B:77), (B:22))
4 «
Zo=2" =14 -— 4 --- :
A + 5 dme + (3.88)
Therefore, the QED [ function is
@ 4«
Bla)=Bop—+ - =g+ (3.89)

When we consider the renormalized «(p) after taking the physical limit ¢ — 0, we may
omit —2¢ in (B3H):

dloga(p)
Tdlogp —26(a(p)) - (3.90)
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In QED By = —4/3, and the S-function (BRY) is negative, at least at sufficiently small
«, where perturbation theory is valid. Therefore, the running a(u) grows with p. This
corresponds to the physical picture of charge screening: at larger distances (smaller ) the
charge becomes smaller.

The RG equation (B90) in the one-loop approximation,

d_ ol . (M) , (391)

dlogp A4Am 4T

can be rewritten as

d 47

—— —9 .92
dlog i a(p) - .
and its solution is 4 4 ,
T ™ 1%
— —— =2Flog—.
o) alp) T
Finally,
a(p)
Oz(lul) - Oz(u) /J’ : (3'93)
14206, log —
47

3.8 Electron mass

Until now we treated electrons as massless. This is a good approximation if characteristic
energies are large (in the Z region at LEP, say). Now let’s recall that they have mass. The
QED Lagrangian (B1) now is

LZ’(/_Jo(Z'ﬁ—mo)@DO‘l‘"' (3.94)
and the free electron propagator (BH) becomes

1 _ﬁ—i—mo

_Iﬁ—mo _P2—m(2)'

So (P) (3-95)

In addition to (B), we have also mass renormalization

mo = Zm(a(p)) m(p) . (3.96)

The electron self-energy has two ~-matrix structures, because helicity is no longer con-
served:

%(p) = P2v (p?) + moEs(p°) (3.97)

and the electron propagator is

1 1 1

) = S T ) — s E) - 1= )

(3.98)
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It should be equal to Z,S,(p; ). The renormalization constants are determined by the

conditions
1+ Xg

1—%y
The first of them is the same as in the massless case; the second one, defining Z,,, can be
rewritten as

(1—%y)Z, = finite, Z, = finite. (3.99)

(14 Xg)ZyZ,, = finite. (3.100)
The one-loop electron self-energy (Fig. [2) is
. ddk . . k"—]b—i‘mo . V—’i ]{II{ZV
—iX(p) = / (2W)dzeoyﬂzmzeov 72 \ 9w —£ 22 : (3.101)

In order to single out g, we should retain the mg term in the numerator of the electron
propagator (it flips helicity). At large p?,

, dik Hey¥ kuk,
Bs(p?) = —163/ (2m)d (k Z_;)%,z (9;”/ - 5%)
: d’k 1
= —ie(d=9) / (2m) (k + p)2k2

Retaining only the ultraviolet divergence (B:81]) and re-expressing via renormalized quan-
tities (this is trivial at this order), we obtain

(3.102)

Ss = (3 + a(u) =2 . (3.103)
From (BI00) we see that a terms cancel:

1+ Xs)ZpZm = (1+(3—|—a)4;;€) (1 — i) T =1,

and Z,, is gauge-independent:

(6%
T =1-3—4... 104
3+ (3.104)

The bare mass mo = Z,,,(a(p))m(u) does not depend on pu:

dm(p)
tt) () Jm(y) (3.105)
where the mass anomalous dimension is
dlog Zy(a(p))
" = ) 3.106
(o) = 2 C (3.106)
From (BI04]) we obtain
(@) = Yo 4= 6 (3.107)
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In order to solve the RG equation (BI0H) for m(u), let’s write it down together with the
RG equation [BEH) for a(u):

dlog a dlogm
= -2 = —Im )
los 1 Bla), dlogn ~ " (a)
and divide the second equation by the first one:
dlogm ()
= ) 1
dloga  206(a) (3-108)
The solution is )
ap
Ym (@) da
m(p') =m(p) exp/ —. (3.109)
a(pw) 26(@) a

At one loop, we obtain from (B89) and BI07)

(i) = m(3) (O“(“'))W%) — m(n) (C“(’“’))_M . (3.110)

a(p)

The running electron mass m(u) decreases with p.

4 QCD at one loop

4.1 Lagrangian and Feynman rules

The Lagrangian of QCD with ny massless flavours is
~ N 1 a auv
L= Z%ﬂlp%i 1 0w G (4.1)

where qo; are the quark fields,
D“qO = (8ﬂ - igvou) qo , AO,u = Aguta (42)

are their covariant derivatives, Aj, is the gluon field, ¢* are the generators of the colour
group, and the field strength tensor is defined by

[Duv Du]qo = _iQOGOMVQO ) GO/.U/ = Gguyta . (43)

It is given by
G(I

Opv

= 0,45, — 0, Ag, + gof“bcAguAgy : (4.4)

where the structure constants ¢ are defined by

[te, %] = i fobete, (4.5)
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Due to the gauge invariance, it is not possible to obtain the gluon propagator from this
Lagrangian. We should fix the gauge. The most popular way (called the covariant gauge)
requires to add the gauge-fixing term (with the parameter ay) and the ghost term to the

Lagrangian (E1)):
1 a, —=a a
AL = =5 = (9uAL")" + (") (Dyc) - (4.6)

Here cf is the ghost field — a scalar field obeying Fermi statistics, with the colour index a
(like the gluon). Its covariant derivative is

D,y = (auaab — igoASZ) cg , Agﬁ = Agu(tc)“b, (4.7)

where

(tc)ab — ,éfacb (48)
are the generators of the colour group in the adjoint representation.
—>——0 =iS(p)
[ VAV VoV V W VA VA VY ) = —i(sabDBV(p)

o> —— sl =BG (p)

Figure 16: Propagators in QCD

The quadratic part of the QCD Lagrangian gives the propagators shown in Fig.[[6 The
quark propagator is Sy(p) (BH); the unit colour matrix is assumed. The gluon propagator
is D7), (p) (B0); the unit matrix in the adjoint representation 0* is written down explicitly.
The ghost propagator is

Golp) = — (4.9)

9—§+ = 1% X 1goY"

Figure 17: Quark—gluon vertex

times 9?0,

The quark—gluon vertex is shown in Fig. [l The problem of calculation of a QCD
Feynman diagram reduces to two separate subproblems:

e calculation of the colour factor;
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e calculation of the “colourless” diagram.

The first subproblem can be formulated as calculation of the colour diagram. It looks like
the original QCD diagram, where quark lines and gluon lines mean the unit matrices in the
fundamental representation and in the adjoint one; ghost lines can be replaced by gluon
lines in colour diagrams. The quark—gluon vertex in a colour diagram gives t%, the first
factor in Fig. [ When calculating the “colourless” diagram, all factors except the colour
structure are included; the quark—gluon vertex gives iggy", the second factor in Fig. [

M1 a;
\Lpl
= G f192% x qgo VIHE3 (py, o, ps3)
DP3
/
as N 2
U3 P2 ay

Figure 18: 3—gluon vertex

The 3-gluon vertex is shown in Fig. When separating it into the colour structure
(which appears in the colour diagram) and the Lorentz structure (which appears in the
“colourless” diagram), we have to choose some rotation direction. These rotation directions
must be the same in the colour diagram and in the “colourless” one. The colour structure
is i f?192% where the colour indices are written in the chosen order (in Fig. I8 clockwise).
The Lorentz structure is

VIS (py, pa, ps) = (ps — p2) g™ + (p1 — p3)"* g™ + (p2 — p1)"* g™, (4.10)

where the polarization indices and the momenta are numbered in the same way, here
clockwise. Of course, the full 3—gluon vertex does not know about the rotation direction:
if we reverse it, both the colour factor and the V tensor change sign, and their product

does not change.

Figure 19: 4-gluon vertex
The 4-gluon vertex contains terms with 3 different colour structures. Therefore, any

diagram containing at least one 4-gluon vertex cannot be factorized into the colour diagram
and the “colourless” one. This is very inconvenient for programs automating diagram
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M b = id®(g"gP — gMPgre)

Figure 20: Propagator of the auxiliary field

14

b
v,C = if" X gog"g"”

Figure 21: Vertex of the auxiliary field interaction with gluons

calculations. The authors of (at least) two such programs (CompHEP and GEFICOM)
invented the same trick to ensure the possibility of calculating the colour factor as a
separate subproblem. Let’s say that there is no 4—gluon vertex in QCD, but there is a
new field interacting with gluons (this field is shown as a double zigzag line in Fig. [[J).
This is an antisymmetric tensor field; its propagator is shown in Fig. PO, and the vertex of
its interaction with gluons — in Fig. Il Its propagator in the momentum space does not
depend on p. Therefore, in the coordinate space, it contains d(x) — this particle does not
propagate, and two vertices of its interaction with gluons (Fig. [[9) are at the same point.
In the colour diagram, lines of this particle can be replaces by gluon lines, and vertices —
by 3-gluon vertices. In “colourless” diagrams, the second factor in Fig. 21l is used for the
vertices. The rotation directions must agree, as usual.

/b

= i X igop”

Figure 22: Ghost—gluon vertex

Finally, the ghost—gluon vertex is shown in Fig. 22 It contains only the outgoing ghost
momentum, but not the incoming ghost momentum. This is because its Lagrangian (6]
contains the covariant derivative of ¢ but the ordinary derivative of ¢. In colour diagrams,
we replace ghost lines by gluon lines, and vertices — by 3-gluon vertices; their rotation
direction is fixed: the incoming ghost — the outgoing ghost — the gluon (Fig. 22).

Calculation of colour diagrams is discussed in Appendix [Al

The renormalized fields and parameters are related to the bare ones, similarly to

QED B1), by
Go = Z,"%q;, Ao = ZPA, =2, ag=Zaa, g =72 (4.11)
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the QCD running coupling a(p) is

as(p) -2 g9’ — 9% 2e s (1)
_ e € =227, e 4.12

4.2 Quark propagator

The quark propagator in QCD has the same structure (B49) as the electron propagator in
QED (Sect. BH). In massless QCD, the quark self-energy has the form

%(p) = pEv(p?) . (4.13)

The one-loop diagram (Fig. B3) differs from the QED one (B:61]) only by the replacement
eg — go and by the colour factor Cp ([(A23):

aoGl . (414)

Zq_1—CFa4O: T (4.15)
and the quark-field anomalous dimension is
Qs
Vg = QCFCLE + e (4.16)

Pl

Figure 23: One-loop quark self-energy

If the quark flavour ¢; has a non-zero mass, its self-energy has also the helicity-flipping
structure Yg(p?). The calculation of its one-loop ultraviolet-divergent part (Sect. BJ))
applies in QCD practically unchanged, with the substitution @ — «, and the extra colour
factor Ck:

S = Cp(3 + a)40;:€ 4o (4.17)

Therefore, the quark-mass renormalization constant is

o
I =1—30p— 4.18
F47r5 + ( )
and the mass anomalous dimension is
«
= 6CF— + - - 4.19
9 Fo + ( )
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4.3 Gluon propagator

Ward identities in QCD are more complicated than in QED. Nevertheless, the gluon self-
energy i0°°Il,,(p) is transverse:

W ()p' =0, Tuw(p) = (0*gu — pup) (PP , (4.20)
as in QED. Explanation of this is beyond the level of these lectures.

P
s AN
/ \

A P

\ /
N e

\_</

Figure 24: One-loop gluon self-energy

At one loop, the gluon self-energy is given by 3 diagrams (Fig. B4). The quark-loop
contribution differs from the QED result (8:34) only by the substitution ey — go, and the
colour factor Trny:

(4.21)

—>
_'_

ol
3

Figure 25: Gluon-loop contribution
The gluon-loop contribution (Fig. 2H) has the symmetry factor % and the colour factor
C4 (AZ9). In the Feynman gauge ag = 1,
1 d’k N
" = —i=Cagg
= Tty A% / 2m)? k2(k + p)?’ (4.22)
N = V/wcﬁ(pa —k — b, k:)vuﬁa(_pv _k> k +p) .

The Lorentz part of the 3-gluon vertex ([EIM) here is
Vuaﬁ(pv —k — b, k) = (2]{7 +p),uga6 - (k - p)agﬁﬂ - (k + 2]9)59#(1 :
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V#Be(—p, —k, k + p) coincides with it. Therefore, the numerator in ([E2) is

N =d[(2k+p)*+ (k—p)* + (k +2p)?]
— 22k +p)-(k—p)—22k+p)- (k+2p)+2(k+2p)-(k—p).

Using the “multiplication table” (B32) and omitting terms with D; 5 in the numerator
(which give vanishing integrals), we have

1 1
pPP=-1, kK*=-Dy=0, p-k= 2(1—D1+D2) 5
N = -3(d-1).
Finally, we arrive at
_ 3, @)
k
<~
// \\
/ \
AN PN
\\ //
p

Figure 26: Ghost-loop contribution

The ghost-loop contribution (Fig. 26) has the fermion-loop factor —1 and the colour

factor Cy (A29):

oo [ A k- (Etp) ga(—p*)
Hois = 1Cado / R R+ p)? ~5Oa R (amyir C (4.24)

These two contributions, taken separately, are not transverse. Their sum is transverse,
and hence has the structure ([E20):

oy _ _ M +Tj - gl
) = T

In an arbitrary covariant gauge,

2= 342
Z)’/ Gisg—1) (4.25)

9%(=p*)° G
o) = Ca= (a5 — 1)

. (4.26)
3d =2+ (d = 1)(2d = 7)§ = 7(d = 1)(d — )¢
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(here £ =1 — ag (B5H); we leave the derivation as an exercise for the reader).
The transverse part of the gluon propagator with one-loop accuracy, expressed via
renormalized quantities and expanded in ¢, is

1 13 4
2D 2y 1 O‘S(:U) —Le|__— — —
o) =t e g\t g ) Gam gt
(4.27)
n 9a2—|—18a+97c 20T
— —Tpn
36 AT
where L = log(—p?)/u®. Therefore, the gluon field renormalization constant is
as |1 13 4
Za=1-— — T 4.2
A dre {2 (“ 3)CA+3 F”f}+ (4.28)

We don’t write down the expression for the renormalized gluon propagator; it is easy to
do this. The gluon field anomalous dimension is

13 8 Qg
= - — =T — - 4.2
YA [(a 3 ) Cy+ 3 F?’Lf} gy + ( 9)

Making the substitutions oy, — «a, C4 — 0, Tpny — 1, we reproduce the QED re-

sults (B42), (E24).

4.4 Ghost propagator
The ghost propagator has the structure

iG(p) = iGo(p) + iGo(p)(—1)XiGo(p) + iGo(p)(—i)XiGo(p)(—1)XiGo(p) + - -+ (4.30)

where the ghost self-energy —iY is a scalar function of p?, and the free ghost propagator
Go(p) is given by ([@H). Therefore,

Glp) = m' (4.31)
At one loop (Fig. E7),
o oo [ d'k pk+p) I
X(p7) = _ZCAQO/ (27m) k2(k + p)? ( w —§ 2 )
=Cy 90(( 47T)d)/2 [— G+ %G(l,Q)} (4.32)
_ _icAg ((MZ;?/;_sGl d—1—(d—3)a] .
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Figure 27: One-loop ghost self-energy

The propagator, expressed via renormalized quantities and expanded in ¢, is

1 3—a+4e

Glp) = 5 |1+Cl O‘ii‘;)e—m - (4.33)
Therefore, the ghost field renormalization constant is
Zy =14 (000 (4.34)
4 Ame
and the anomalous dimension is
%:—C'AB;CLZ—;—I—--- (4.35)

4.5 Quark—gluon vertex

Let’s find the ultraviolet divergence of the quark—gluon vertex at one loop (Fig. 28). The
first diagram differs from the QED one only by the colour factor Cr — C4/2 (A3Tl), and

a CA Qs «a
A = <CF 7) yr (4.36)

T

Figure 28: Quark—gluon vertex at one loop

The second diagram (Fig. 29) has the colour factor C4/2 [A33). It has a logarithmic
ultraviolet divergence. Therefore, as in Sect. Bl in order to find the 1/e term we may
nullify all the external momenta and provide some infrared cutoff. In the Feynman gauge

(ao = 1)7

o »CA 2 ddk ’}/uk')/,/ ovp
A2 - 1790/ (27T)d (k‘2)3 14 (07 kak)v (437>
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Figure 29: The non-abelian diagram

where the Lorentz part of the 3-gluon vertex [EI0) is
Vrr(0, —k, k) = 2k%g"" — kFg"* — KV gh*.

Therefore,

o .Ca d 2y, Pk — 2k
A5 =i—-95 :
2 (2m)d (k2)3

Averaging over k directions:
kRS — EW

and using the ultraviolet divergence (BXI), we obtain

3 «
AS = —Cyu—27". 4.38
2 5 A47T€”Y ( )
In the arbitrary covariant gauge
AS = 3(1 4 a)u 2oqe (4.39)
27 e ! '

(derive this result!).
The 1/e term (the ultraviolet divergence) of the one-loop quark-gluon vertex is,

from (E36) and (E39),

o a+ 3 s«
AY = (Cpa +Cy 1 ) 47?57 . (4.40)
Therefore, the quark—gluon vertex renormalization constant is
Zr =1+ (Cpa+c, 202 2 (4.41)
—_= a .
. FETRATL ) dge
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4.6 Coupling constant renormalization

The coupling renormalization constant is
Zo=(ZrZ,) 22", (4.42)
similarly to Sect. BZl The product ZrZ,, with one-loop accuracy, is, from (41 and (EI3),

a4+ 3 ag
4 Adrwe
In QED, it was equal to 1 (BZ6), due to the Ward identity (Sect. BZl). Ward identities
in QCD are more complicated. Making the replacements ay, — o, Cr — 1, Cy — 0, we
reproduce the simple QED result.
The coupling renormalization constant, with one-loop accuracy, is, from ([f43) and ([L2F),

ZvZ,=1+Cy

(4.43)

11 4 !
Zo=1—|—=Cy—=T LRI 4.44

(3 A 3an)47ra+ (4.44)
It is gauge-invariant. This is a strong check of our calculations®. The B-function (EX6) in
QCD is, with one-loop accuracy,

o 11 4
D)= B+ = —Cy— -Tpny. 4.4
Blas) 6047r + Bo 3 Ca 3 LEny (4.45)
If there are not too many quark flavours (namely, for N. = 3, if ny < 16), then Gy > 0, in
contrast to the QED case fy = —4/3.
The RG equation
dlog as (1)

dlogi —20(cxs(p)) (4.46)

shows that a,(u) decreases when p increases. This behaviour (opposite to screening) is
called asymptotic freedom. Keeping only the leading (one-loop) term in the §-function, we
can rewrite the RG equation in the form (BX2)). The running coupling at the renormaliza-
tion scale p' is related to that at p by B33), but now with positive ;. The solution of
the equation (B92)) can also be written as

27

as (1) (4.47)

= 7/,,6’
Bo log —
Ayrs

where Agg plays the role of the integration constant. It sets the characteristic energy scale
of QCD; the coupling becomes small at ;1 > Ayg.

Coupling-constant renormalization in the non-abelian gauge theory was first considered
in [§], and the sign of the g-function corresponding to asymptotic freedom was obtained.
The magnitude was not quite right (it is right for a spontaneously-broken gauge theory

3We have actually presented detailed calculations of Z4 and Zr only in the Feynman gauge ag = 1;
this is enough for obtaining ({EZ4).

38



with a higgs). The first correct calculation of the one-loop B-function in the non-abelian
gauge theory has been published in [9]. It was done in the Coulomb gauge, which is
ghost-free. The contribution of the transverse-gluon loop has the same sign as that of
the quark loop, i.e., leads to screening. However, there is another contribution, that of
the loop with an instantaneous Coulomb gluon. It has the opposite sign, and outweights
the first contribution. This [-function has also been calculated by 't Hooft [I0], but not
published (mentioned after Symanzik’s talk at a meeting in Marseilles in 1972). Later
it was calculated in the famous papers [I1), [2]. The authors of these papers applied
asymptotic freedom to explain the observed behaviour of deep inelastic electron—proton
scattering. This was the real beginning of QCD as a theory of strong interactions. The
authors of [TT1], T2] received the Nobel prize in 2004.

4.7 Ghost—gluon vertex

All QCD vertices contain just one coupling constant. Its renormalization can be found
from renormalization of any vertex: quark-gluon (Sect. EE4 EL6), ghost—gluon, 3-gluon, or
4-gluon. Here we shall derive it again by calculating the ghost—gluon vertex at one loop.

<
k

Figure 30: One-loop ghost—gluon vertex (diagram 1)

The first diagram (Fig. Bl) has the colour factor C'sx/2 ([A3H). The ultraviolet 1/e
divergence of this diagram is proportional to the bare vertex (i.e., to the outgoing ghost
momentum p®); the coefficient diverges logarithmically. We may nullify the external mo-
menta except p, and use ([BXI):

Oy A keprY ki k
Aa _ 04 2 IR M L — pnvy
1= / ami G2y 9w T8

Cy Ak kop -k
_ A 4.48

Cy 1, dk 1 1 as
= —i——g2ap-p / = —Cra——p“~.

2 4
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Figure 31: One-loop ghost—gluon vertex (diagram 2)

The second diagram (Fig. BIl) has the same colour factor; in the Feynman gauge (ag =

1),

dk p,k,
Agziggg/ Pu Verr0, —k, k)

2 (2m)? (k2)3
~ Ca 2/ dik p-k ke — k2pe
Rl PSRN R

_ Qs o

3
2m)d (k22 ~ 8 Aarel -

g [ 2]
4Z B JoP

In the arbitrary covariant gauge,

as
4W€p

3
A =-C
27 g Ad
(derive this result!).
The full result for the 1/¢ term in the ghost—gluon vertex at one loop is

1 Q
A= _-C u
2 Aa47r5

Therefore, the vertex renormalization factor is

(e7

p .

Qg
dre

1
ZFC:1+§CACL + -

The coupling renormalization constant
Zo = (ZreZ.) 270

is, from
3+a ag

ZreZe = 1
r 0= Are

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(which follows from (34 and 52)), equal to [@Zl). Thus we have re-derived [y ([EZH);
this derivation is, probably, slightly easier than that from the quark propagator and quark—

gluon vertex.
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5 Two-loop corrections in QED and QCD

5.1 Massless propagator diagram
Let’s consider the two-loop massless propagator diagram (Fig. B2),
dky doksy
D' D3? Ds* Dy* DZ®
Dy =—(ki+p)*, Dy=—(ka+p)*, Ds=—ki, Dy=—k;, Ds=—(k —ky)?.

= _ﬂ-d(_pz)d_zniG(n17n27n37n47n5) 5 (51)

The power of —p? is evident from dimensionality. Our aim is to calculate the dimensionless
function G(ny,ns, n3, ny, ns). It is symmetric with respect to the interchanges (1 < 2,3 <
4) and (1 < 3,2 < 4). It vanishes when indices of two adjacent lines are non-positive
integers, because then it contains a no-scale subdiagram.

k1 ks

ki+p ks +p

Figure 32: Two-loop massless propagator diagram

ns Ny

ny no

Figure 33: Trivial case ns = 0

When one of the indices is zero, the problem becomes trivial. If ns = 0, it is the product
of two one-loop diagrams (Fig. B3)):

G(?’Ll,ng,ng, TNy, 0) = G(nl,ng)G(ng,m) . (52)

For integer n;, the result is proportional to G? = G(1,1,1,1,0), see (ZZ4I).
If ny = 0 (Fig. B4)), then the inner loop gives

G(ng, 7’L5)

(_k%)ng-ﬁ-ns—d/Z ’
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n3 & ns n4+n3+n5—d/2
= X
ns U
na
Figure 34: Trivial case ny = 0
and hence
G(0,n9,n3,n4,n5) = G(ng, ns)G(n2, ny + ng + ns — d/2) . (5.3)

The cases ny = 0, ng = 0, ny = 0 are given by the symmetric formulae. For integer n;, the
result is proportional to

492
(d—3)(d—4)(3d — 8)(3d — 10)’

Gy = G(0,1,1,0,1) = G(1,1)G(1,2 — d/2) =

I(1+26)%(1 —¢) (5.4)

['(1—3e¢)

g2 =

(Fig. BH).

Figure 35: Basis integral

But what can we do if all 5 indices are positive? We shall use integration by parts [6]
— a powerful method based on the simple observation that integrals of full derivatives
vanish. When applied to the integrand of Bl the derivative 0/0ks acts as

0 N9 Ty N5
AL Y T ok + 59k — k).
Oky Do (2+p)+D4 2t D, (k2 = 1)

Applying (0/0ks) - (k2 — k1) to this integrand and using

(ky — k1) = —Ds, 2ky-(ky — ki) = D3 — Dy — Ds,
2(ka+p) - (ko — ki) =Dy — Dy — D5,

we see that this operation is equivalent to inserting

n n
d—n2—n4—2n5+D—22(D1—D5)+Fi(D3—D5)
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under the integral sign in (BI) (the term d comes from differentiating ks). The resulting
integral vanishes.
On the other hand, we can express it via G with shifted indices. Let’s introduce the
notation
1:|:G(’TL1, Ng, N3, TNy, ’TL5) = G(n1 + 1, Ng, N3, TNy, ’TL5) s (55)

and similarly for 2%, etc. Then the relation we have derived (it is called the triangle
relation) takes the form

[d—ns —ny —2n5+ 1227 (17 = 57) +n,4¥ (37 = 57)]G =0. (5.6)

Figure 36: Integration by parts

From (B6) we obtain

oo 2B 1) +ndt (5" -37) 57)

d—ng—n4—2n5

Each application of this relation reduces ny + ns + ns by 1 (Fig. Bl). Therefore, sooner or
later one of the indices ny, ng, ns will vanish, and we’ll get the trivial case (B2), (B3), or
symmetric to it.

Let’s summarize our achievements. There is one generic topology of two-loop propa-
gator diagrams (Fig. B@). This means that all other topologies are reduced cases of this
one, where some line (or lines) shrink(s) to a point, i.e., the corresponding index (-ices)
vanish?. All Feynman integrals of this class, with any integer indices n, ng, ns, n4, ns, can

4At first sight it seems that the diagram with a self-energy insertion into a propagator (Fig. BJ) is not
a reduced case of Fig. Bl But this is not so: we can collect two identical denominators together, and then
it obviously becomes Fig. B7 with one line shrunk.
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Figure 37: Two-loop propagator diagram

T —I—n2
nl: f :n2 E f }

Figure 38: Insertion into a propagator

Figure 39: Basis integrals

Figure 40: Sunset diagrams
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be expressed, by a simple algorithm, as linear combinations of two basis integrals (Fig. B9),
with coefficients being rational functions of d. The basis integrals are G2 and Gy, where

9n
(n+1-nf) (n+1)g-2n-1) °
L(1+4 ne)l (1 —¢)

I =TT (1))

TL:

(5.8)

is the n-loop sunset diagram (Fig. E0).
Let’s consider an example: Fig. Bl with all n; = 1, i.e., G(1,1,1,1,1). Applying (&)

to it, we obtain
1
_ - _ 5.9
: @ (X O] e

where the symmetry has been taken into account. Here a dot on a line means that this
denominator is squared. We have

G(1,1,1,1,1) = ﬁ [G(1,2,1,1,0) — G(0,2,1,1,1)]

ro |

2 G2, l)G2 B G(2,-d/2 + B)G
T d—-4 |G, Y GO, —d2+2) 7
because
Gi=G(1,1), Gy=G(0,1,1,0,1) = G(1,1)G(1,-d/2 + 2).
Using (B:29),
G(2,3—-d/2) B (3d — 8)(3d — 10)
G(1,2—4d/2) d—4 ’
and we obtain
_ 2 o, (3d—8)(3d—10) | _ 8(g2—gi)
G(LLL11) = o= |~(d = 3)G} + y G TR R (5.11)
It is easy to expand this result in £ using
o (14 2e)T2(1 — 2¢) 3
CL =1- 12
@2 T2(1+e)(1—e)(1—3e) 6ae” + (5.12)
We arrive at
G(1,1,1,1,1) =6(3 + - - - (5.13)

Three-loop massless propagator diagrams also can be calculated using integration by
parts [6].
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5.2 Photon self-energy

The photon self-energy at two loops is given by 3 diagrams (Fig. E). It is gauge-invariant,
because there are no off-shell charged external particles. Therefore, we may use any gauge;
the calculation in the Feynman gauge ag = 1 is easiest.

Figure 41: Two-loop photon self-energy

Figure 42: The first contribution

The first two diagrams contribute equally; we only need to calculate one (Fig. B2) and
double the result. This diagram contains one-loop electron self-energy subdiagram —ipYy :

o L rie imz’e %f —i )i
i == [ G Ty (R ()i

Substituting the result (B6]) in the Feynman gauge ay = 1, we obtain
M — % g =2 / (ddk‘ e, (f + )"k

1 (47r)d/2 D) 21) [—(k + p)?] (—k2)1+e

d

:iaf%EGxd—zf/kiﬁfiﬁg;f)

Using the “multiplication table” (B32) and omitting D; in the numerator, we have

(=)'
(4m)

Using the property (B59), we finally arrive at

4 2\1—2¢ 3
p__eo(=p7) 2(d —2)
H (47)d G20

(d—2)2G(1,1)[G(1,1 +¢) — G(1,¢)]

b
" =

(5.14)
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Figure 43: The second contribution

The second contribution (Fig. E3)) is more difficult. It is a truly two-loop diagram

(Fig. B2):

d%%, dk, fo + P fr+p k1 k2 —1
11 _ Tri . . , . . w1 v M2 :
1 2 / (27T)d (27T)d T1€ep7ut (k‘2 +p)2160”y Z(kl +p)27,€0’}/ Zk% €97y Zk% 7(]{:1 — k2)2
or
L i / Ak, ik, N
2u 0 (27T)d (27T)d D1D2D3D4D5 ’

N = Troyu(k2 + )k +9)v" ki ke

According to (BI), the “multiplication table” of the momenta is

p2:_1> k%:_Di’n kSZ_DA:’
1 1

p'/ﬁ:§(1+D3—D1)a P'k2:§(1+D4—D2)7 (5.15)
1

k’l'k’2:§(D5—D3—D4).

All products D;D; in the numerator can be omitted (produce vanishing integrals), except
DDy and DyD3. Calculating the trace with this simplification, we obtain

N = 2(d — 2)|—(d — 4)(D: Dy + Dy Ds)

+2(Dy + Dy + D3+ Dy) — 2Dz + (d — 8) D5 — 2| .

Therefore,

eo(=p*)' %
(4m)4

—2G(1,1,1,1,—1) + (d — 8)G(1,1,1,1,0) — 2G(1,1,1,1,1)| .

o}, = 2(d—2) [—Q(d -4)G(0,1,1,0,1) +8G(0,1,1,1,1)
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Some integrals here are trivial:
G(1,1,1,1,0) = G2, G(0,1,1,0,1) = Gy,

or simple:

3d—8
d—4
(here we used (BRd)). The only truly two-loop integral, G(1,1, 1, 1,1), has been calculated
in Sect. B and is given by (BI1l). But what is G(1,1,1,1,—1)? This integral would
factor into two one-loop ones (Fig. BJ) if it had no numerator. In principle, it is pos-
sible to calculate such integrals using integration-by-parts recurrence relations. But we
have not discussed the necessary methods. Therefore, we shall calculate this integral in a
straightforward manner:

G(0,1,1,1,1) = G(1,1)G(1,3 — d/2) = G

2 ky d%k; ko d¥ky
md D1D3 D2D4 '

1 dky  dk,

G(l,]_,l,]_,—]_) - —F mD2D4

[= (ki = ko)) = -

Both vector integrals are directed along p; therefore, we may project them onto p:

2 kyopdik\Y 1,
1,1,1,1,-1) = — = —=G7. 1
G( [t Rt Rt ) de2< D1D3 2G1 (5 6)

Collecting all this together, we get

d?® — 6d? + 20d — 32
d—4

eo(—p*) ¥, d -2

T, =
21 (4m)d  “d—4

{(CF —7d +16)G? — 2 Gg] . (517)

Separate contributions to II,,(p) are not transverse, but their sum is, i.e., it has the
structure (BIH). The full two-loop photon self-energy

201, % + ILH

(d—1)(—p?)
is
ea(—p?) % d—2 (d —3)(d* — 4d + 8)
IL(p?) = 2 2 —(d* = 7d + 16)G5 + 4
) = o Ya ey |4 TG i1 G
(5.18)
The one-loop result (Sect. B2 is given by (B34).
5.3 Photon field renormalization
The transverse part of the photon propagator, up to e, has the form
1 62(_p2)—5 64(_p2)—2e
2D 2 — — 1 0 0 “ .. 1
p J_(p ) 1— H(p2) + (47T)d/2 fl(g) + (47T)d f2(6) + (5 9)



From (B34) and (EIX), using (Z24)) and (&4, we have

1—¢
— 4
efi(€) (1—26)(3—2e)7"
1—¢ [6—3c+4e? — 4¢3 2 — 24 ¢€?
2 —4 2_ .
LIS e v s T o e Y e

We can expand these functions in e:

g€ f1(g) = cio + c116 + c108® + - - -

£2e® fo(€) = coo + Ca16 + o + - - -

At one loop, using

1
91:1—§§2€2+"'

4 20 2 112
€€ﬁ/€f1(€) = —g — 56 -+ (gCQ — 2—7) 52 + -

At two loops, using ([212), we see that 1/e terms cancel, and

we obtain

16 106 16 7
2 2ve — 16 _ _ — 2 N
e’ fa(e) —9+276+< G5 G 3)e+
In order to re-express it via a(u), it is sufficient to use (BI0) with the one-loop renor-

malization constant (B.87), (B88):

p’Di(p*) =1+ ) e <1 — 604&7% + - ) g€’ fi(e)

—e
L (5.20)
_ —2Le 2 2ve .
+(gpe) e +
where 2
L =log %
I
(indicating the argument of a in the o term would be beyond our accuracy). Substituting
the € expansions, we obtain at L = 0 (i.e. u? = _p2)
o
pzDJ_(pz) =1+ 4(IU) (CIO + c11€ + 01252 + .. )
me
a 2 ) )
* (R) [c20 4 €216 + Ca28” + - -+ — Bolcro + cnie + crae® +--+)] + -+

This should be equal to Z4(a(u))p*D’} (p?; 1), where

o a \?2
Zala) =1+ -2 (—) 5.21
() + ! + o= (290 + 201€) + (5.21)
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and

(8% o 2
p?D' (p* ) =1+ 4('u)(7”1 +rpe+--)+ <—> (ro 4+ )4--- (5.22)
T 47
Equating o terms, we obtain
Z1=~¢Cpo, T =C1, Ti1=C2. (5.23)
Equating o? terms, we obtain
290 = Co0 — PoCro, 221 = Ca1 — (c10 + Bo)c11, T2 = ca2 — (10 + Bo)cia . (5.24)

Therefore, we arrive at the photon field renormalization constant

4 « o \2
Zala)=1—-"2% _9 (—> 5.95
al@) 34re ¢ 4rre + ( )

and the renormalized photon propagator at u? = —p? (and € = 0)

20 () 55 a2
2 yr 2,,,2 __ .2 — 1 _ _ _
p D' (p7p” = —p) v (16C3 3) <47T) + (5.26)

The anomalous dimension (B:4H) of the photon field is

dlog Z d 1 2
ya = ZOBTA { - +(Z20__Z%+Z215) (ﬁ)}

dlogp — dlog Zl47r5 2 dme

« « 1 a \2
=2 (22 —) 2 ( 20 — =22 <—> —2 5.27
lemg( €= 2hog) ¥ (220 221+2215) ) (2 (620

« 1 1 1 a2
= _221E —4 |i(220 — 52% —+ 55021) g + 221:| <E> .

It must be finite at € — 0. Therefore, 2y, the coefficient of 1/£% in the two-loop term in
Z 4, cannot be arbitrary. It must satisfy

290 = %Zl(zl - /50) . (5-28)

In other words, cq, the coefficient of 1/£? in the two-loop term in D, (p?) (EIJ), must
satisfy

1
Co0 = 5010(010 + 5o) - (5.29)
Then
Yao = —2z1, Yar = —4z0,

i.e., the coefficients in the anomalous dimension are determined by the coefficients of 1/e
in Z4. Therefore, Z, must have the form

1 a

1 a \?2
Za=1— —ypo— + = 25,) — 2 <—> 5.30
A 540 — + S [Ya0(7a0 + 260) — 2741€] Ire + (5.30)
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This is indeed so (see (BEJ) for ), and we obtain

8 « o2
_ o 8<_) 5.31
vale) 34w * A * ( )

This can also be understood in a slightly different way. The information contained

in Z, is equivalent to that in y4(«). This renormalization constant is gauge-invariant,
because I1(p?) is gauge-invariant in QED (there are no off-shell external charged particles
in it; this is not so in QCD, where gluons are “charged”). Therefore, Z4 depends on pu

only via a(u) (there is no a(u) in it). Dividing (B45) by [B35), we obtain

dlogZa 1 yale)  yale)  Bl@)yale)
Toga = 2e4fa] - 2 Tzt (5.32)

Any minimal (B8) renormalization constant can be represented as
Zy  Z
ZA:eXp<—1—|-—22+---), (5.33)
e €

where Z; starts from the order o, Z5 — from o2, and so on. Then

dz, 1 dZ, 1

dlog « - _§7A(a)’ dlog « - 56(@)%4(@) T

and

1 [ do 1 o 1 a2
Zy = —5/ Yalo)— = —=Ya0— — Va1 <—> -
0 «

2 %%n 4 Arr
1 @ da 1 a2 (5.34)
Zy = 5/0 /5(04)7A(04)E = Zﬁo%&o <E> +e

One can obtain y4(«) from Z;, the coefficient of 1/¢ in Z,4, and vice versa. Higher poles
(1/€2,1/&3, ...) contain no new information: at each order in c, their coefficients (Z,, Z3,
..) can be reconstructed from lower-loop results. Up to two loops, this gives us (B30).

Now let’s return to (B20) with arbitrary L. It should be equal to the product of (BZ1)
and (222). Equating « terms, we obtain

2

21 = C0, Tl(L) =cy1 — col, 7’11(L) =cipg —cnlL+ C107 .

Equating o? terms, we obtain
220 = Co0 — PoCio, 2o1 = o1 — 2¢0L — (010 + 50)(011 - CIOL) )

L2
TQ(L) = C99 — 2021L -+ 2020L2 — (010 -+ ﬂo) (012 — 011L -+ 0107) .
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But the renormalization constant Z4 cannot depend on kinematics of a specific process,
i.e., on L. Therefore, terms with L in 2zo; must cancel. This is ensured by the consistency
condition (B:29). The renormalization constant is given by (B30), and the renormalized
propagator at ¢ = 0 — by

PO (p*p) =1+ %ﬁ) (7“1(0) + %7A0L>
) (5.35)
+ (%) {7’2(0) + % (va1 +71(0) (va0 — 260)) L + %'VAO('YAO —2B0) L | + - -

This result can be also obtained by solving the RG equation (B41). Taking into account

da
E = B(OC)OK,

we find that the coefficients obey the following equations

1 dry(L 1 1
25%, ;(L ) 25714- (570—50) ri(L).

d’f’l (L)
dL

Solving them, we reproduce (B3H).
Substituting the coefficients, we obtain

420 a(u)\? (16 52 55
2y (2 ) = 1 G (4,20 —2) (L= ZL+10G— — |+ (5.36
e e Y AT 9 7L 106 =5 )+ (5:36)

This is a typical example of perturbative series for a quantity with a single energy scale
(—p?). In principle, we can choose the renormalization scale u arbitrarily: physical results
don’t depend on it. However, if we choose it far away from the energy scale of the process,
the coefficients in the series contain powers of the large logarithm L, and hence are large.
Therefore, truncating the series after some term produces large errors. It is better to choose
the renormalization scale of order of the characteristic energy scale, then |L| < 1. The
coefficients contain no large logarithm and are just numbers (one hopes, of order 1). The
convergence is better.

For example, when describing QED processes at LEP, at energies ~ myy, it would be
a very poor idea to use the low-energy o with p ~ m.: coefficients of perturbative series
would contain powers of a huge logarithm log(my /m.). Using a(my ), which is about 7%
larger, makes the behaviour of perturbative series much better.

This renormalization-group improvement works for all processes with a single character-
istic energy scale. If there are several widely separated scales, no universal method exists.
For some classes of processes, there are some specific methods, such as, e.g., factorization.
But this depends on the process under consideration very much.
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5.4 Charge renormalization

In QED, it is enough to know Z4 to obtain charge renormalization [B77). With two-loop
accuracy, we have from (524

4 « 16 o \2
—_ 7-1 _ - _ -
Zo =77 _1+34m+(9+25><4ﬂ€) . (5.37)
The S-function (BRH) is simply
1
Bla) = —57a(a), (5.38)
or (see (B3TI))
4« o2
— 2 (= . '
fle) 34 (47?) + (5:39)
The information contained in Z, is equivalent to that in 3(«). Dividing (B:80) by [B.85),
e e dlogZ, ___Bla) __fla)  Pla)
0g Zqa 04 (0 o
. — . 5.40
dlog a £+ B(a) £ - g2 - (5.40)
Writing Z,, in the form (B33), we have
iz, iz,
dloga Bl dloga_ﬂ(a)"”
and
“ da a a2
Z = — - = — - N — e
e s e
: dow 1 5 (a2 (5.41)
7, = 2= =232 (=
? /0 Ga) o 2/60 (47r) +

One can obtain f(«) from Z;, the coefficient of 1/¢ in Z,, and vice versa. Higher poles
(1/€% 1/€3, ...) contain no new information: at each order in «, their coefficients (Z,, Z3,
..) can be reconstructed from lower-loop results. Up to two loops,

Za:1—ﬁ%i%%-oﬁ—%ﬂﬁ)<£%>?+H~ (5.42)

Comparing this with (£31), we again obtain (B:39).

We shall later need () for QED with ny massless lepton fields (e.g., electrons and
muons at energies > m,,). The photon self-energy at one loop (B34 (Fig. [0) and at two
loops (E-TH) (Fig. B gets the factor ny (at three loops, there are both ny and n} terms).
If 1 — II(p?) is expressed via the renormalized «(u), it should be equal to

1

1—11(p?) = Za(a(w) [P DL (0% )]
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where Z,(a) is minimal (B8), and the second factor is finite at ¢ — 0. Now we shall follow
the derivation in Sect. At one loop (B2ZZJ), z; gets the factor ny, because cig gets it
(from TI; (p?)). Therefore, 3y becomes n; times larger. At two loops ([B24)), 29; also simply
gets the factor ny from ¢y, because ci9 + By = 21 + fp = 0 for Z, (42). Therefore,

4 2
Bla) = —gnf% — dny (%) +oe (5.43)

At three loops, both n; and nfc terms appear. The photon field anomalous dimension is,

from (B38),

8 « a2
va(la) = 3 + 8ny (E) + - (5.44)

It is easy to write down the renormalization constants Z, ([42) and Z, (B30).

5.5 Electron self-energy
The electron self-energy at two loops is given by 3 diagrams (Fig. E4I).

A D

Figure 44: Two-loop electron self-energy

k+p

Figure 45: Photon self-energy insertion

The first diagram (Fig. HH) contains one-loop photon self-energy subdiagram
i (k*gu — kyuk,) II(k?). This tensor is transverse, and hence longitudinal parts of the pho-
ton propagators drop out. Therefore, this diagram is gauge-invariant:

. 5 S Y g A
—iXy1p = / (27T>d260fy”2 ¢ +p)2zeo’y (p) i (ngW — kuk‘u) II(k?).

We shall set p? = —1; the power of —p? will be restored in the result by dimensionality.
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Taking 1 Trp of both sides and substituting the result (834)), we obtain

ed d-2 dik N
Sy1 = i—
vt Z(47T)d/2d—1G1 / (2m)? D, D¥e

1 v
N = STy (k+ 97" (K9 — kuk) -
Using the “multiplication table” ([B32) and omitting D; in the numerator, we have

N = (d—2)D3—(d—3)Dy— 1,

and
ed d—2
Sy = @ﬁ@ [G(1,24¢) + (d—3)G(1,1+¢) — (d — 2)G(1,¢)] .
Finally, using (329) and restoring the power of —p?, we arrive at
64(_p2)—2a 2(d _ 2)2
Yy = 2 G : 5.45
i (4mid T d—6 (5.45)
k
Frny
k+p kE+p

Figure 46: Electron self-energy insertion

The second diagram (Fig. Hf) contains one-loop electron self-energy subdiagram
—iXy((k + p)?)(F + p). For simplicity, we shall calculate it in the Feynman gauge ag = 1:

Y L S ) ki
_ZZVQ]é—/(%T)dZeo’V Z(]{Z—l—p)z( )Xy ((k+p) )(}é+ﬁ)l<k+p)2wo”yu TR

Taking 1 Trp (with p? = —1) and substituting the result (1), we obtain

eg d—2 dk N 1
Vg = —i—0b = — N =ITrp* :

Using (B32) and omitting Dy in the numerator, we have N = (d — 2)(D; + 1), or

(4?)d@czl G(1,142) +G(1,¢)] .

Yyo =
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Finally, we arrive at

ea(—p? d—2)*(d—3
5y = 0 (Aj’r )) 6, d)_< ; ) (5.46)
The result in the arbitrary covariant gauge is very simple:
64_2—25 d—22d—3
Dy = 0((47; ))d G2( d)_(4 )ag. (5.47)

The reason is following. It is not difficult to show (using (BEJ)) that the diagram of
Fig. 2 (see (BA0)) with the denominator D; raised to an arbitrary power n instead of 1 is
proportional to ag (prove this!). This means that in order to calculate this diagram with
an arbitrary insertion(s) into the electron line, we may take the upper photon propagator
in the Feynman gauge, and then multiply the result by ay.

Ky
<

V% —ko
ki + PW”

—
ko +p

Figure 47: Truly two-loop diagram

The third diagram (Fig. B17) is truly two-loop; it has the topology of Fig. In the
Feynman gauge,

LSy = /dk1 dk2. fr—F . Rty . -1 —i

U - @
07 'l k‘2 2607 Z(k‘l k’ ) Zeo%ﬂ (kfl +p)27’6071/ k% (kQ +p)2 )

or

. / A%, diks N
V3= | 0n)d (21) D, DaDsDiD;

N = Tep k(s — 2wl + B

Using the “multiplication table” (EIH) and omitting all products D;D; except Dy D4 and
D> D3, we have

d—2
N=—= [(d — 4)D,Dy — (d — 8) Dy Ds

+2(Dy — Dy — Dy + Dy) + 2(D3 + D3) + (d — 4)Ds | .
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Therefore,

eo(=p*) > d -2
an? 2

Yyg = — 4G(0,1,1,0,1) +4G(1,—-1,1,1,1) + (d — 4)G(1,1,1,1,0)| .

What is G(1,—1,1,1,1)? It would be trivial to calculate first the inner loop integral
(d?ky) and then the outer one (d%k;), if there were no D, in the numerator. In principle, it
is possible to calculate such integrals using integration-by-parts recurrence relations. But
we have not discussed the necessary methods. Therefore, we shall calculate this integral
in a straightforward manner:

1 dk; dhs
7Td Dl D3 D4 D5
1 dek, d?k,

N 1— 2 k) .
74 | DyDs D4D5( P k)

G(1,-1,1,1,1) = — [— (k2 + p)?]

In the second term, the inner vector integral is directed along k;, and we may substitute

. 1
ko kl]ﬁ RS

k s -
2T T2 2

(the terms with D4 or Ds in the numerator give vanishing integrals). Therefore,

1 [ d%, d’ky
1,-1,1,1,1) = —— 1—p-
G( ) 5 Ly Ly ) ﬂ-d D1D3( p kl) D4D5
d d
:_1 dkll(l—Dg) d%ks
7Td D1D32 D4D5

|[G(1,0,1,1,1) — G(1,0,0,1,1)] .

N —

Using the trivial integrals

3d — 8
G(1,0,0,1,1) = Go,  G(1,0,1,1,1) = ———Ghs,

we obtain

d—2
G(L-11,11) = =—Cs. (5.48)
Substituting the integrals, we obtain the Feynman-gauge result
ea(—p?)~*d—2 d—3
Nyg = —-2 d—4)G7+8——G,| . 5.49
vam =022 - a6t 48556 (5.49)

A similar, but more lengthy calculation in the arbitrary covariant gauge yields

4(_p2)—2e d—2

e d—3
) — 0
v (4m)yd 4

[((d —2)ag+d—6)G; — 20— ((d—4)ag —d — 4)} . (5.50)
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We shall consider a more general case of QED with ny massless lepton fields; the results
for the usual QED can be easily obtained by setting ny = 1. Then the diagram of Fig.
gives (B4H) with the extra factor ny; the diagram of Fig. Bl gives (B247), and that of Fig. B
gives (B0). The complete result for the two-loop term in Xy (p?) is

4(__2\—2¢ —
S ) = D) g9 20260, - L (0 2a 1 d - 0) 63
(47)d d—6 4 (5.51)
1d—-3 '
+§m((3d—8)ag—d—4>G2 .

5.6 Electron field renormalization

Now we proceed as in Sect. The electron propagator pS(p) has the form similar
to (B2I9), but now the coefficients are gauge-dependent:

fi(e) = file) + fi(e)ao .

From (B61) and (&X21), using (Z24) and (E4), we have
1—-¢
efile) = — 1= o1,

e'fale) = (1—¢)

2e(1—¢)
(1 +e)(1—20)(1—32)(2—30) 72"
l+e , 4—e—(2—3¢)a?
1 — 22 7 201 —3)(2 —3¢) 2|

+

We can expand these functions in e:

/ / / / 2 " /1 /1 "2
e fi(e) =g+ e+ g™+ -+, e’ fl(e) =y + e+ pe” + - -

e2€” fo(e) = a0 + 216 + Cop” + -+ -

In our particular case, fi(¢) =0,

1
e’ fl(e)=—-1—¢e— (2— 5@) el
2
a 3 7 1 5}
2 fyle) = 2+ (np+a®+= ) e+ znp+3ad — =Cad + = ) 2+ -+

2 4 2 2 8
The situation here is simpler than in Sect. the terms with g7 and with go in €2 fy(e)
are separately finite at ¢ — 0, so that we can put go = ¢? with the &2 accuracy, and (3
does not appear.

The propagator expressed via the renormalized quantities a(u), a(p) is, with the o?

accuracy,

p50) = 1+ S etz [f1(6) + 110 Zaalu)] + (1

2
—2Le 2 2ve
e ge 15
4re ) fa(e),

4re
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see (20). At L = 0 we have

a(p)
PS(p) =1+ — [cho + cloalu) + (¢hy + ralp)) e + (g + palp)) e + - -]
e} 2
+ (R) |:C20 + Co1€ + 02252 +.--=5 (Clo + e + 01282 + .. )

1
+ 5700 (o + e+ e+ )
Here ¢y, = ¢}, + ¢],a(p); in cop,, we may substitute a(u) instead of ag. This should be
equal to Zy(a(p),a(w))pS.(p; ). Equating o terms, we obtain (B.23); equating a? terms,
we now have

o 1 i
290 = €20 — BoCio — 5%400106%

1
291 = €21 — (€10 + Po)c1n — 5%100/1/1@7

1
Ty = Ca2 — (c10 + Po)cra — §7AOC/1,2a-
There are extra terms as compared to the gauge-invariant case (2Z4)). In QED v49 = —20,.
We obtain

@ a? 3 a \2
7 S ° (—) 52
w(a, a) 0,47r€+|:2+(nf+4)5:| Tne + (5.52)
It is also easy to write down pS,(p;u) at L = 0 (i.e., u> = —p?), or even at arbitrary pu,
but we shall not do this here.

The anomalous dimension of the electron field is

dlog Z.
Ty = Y =

{_2(5 + B(a)) mfga 7o) 81§ga]

« 1 a2
|:(Zi + zi’a)R + (ZQO — 52% + 2218) <R> :|

«o 1 1 1 1 a2
- —2z1§ —4 {(@0 - 533 + 56021 + Z’YAOZYCL> z + 221} (E) ;

dlog

where z; = 2| + 2a. It must be finite at & — 0; therefore, the two-loop term must satisfy
the self-consistency relation

1 1
Z20 = 521(21 —B) — ZVAOZYC% (5.53)

or 1 ]
Cop = 5010(610 + /60) -+ Z’YAQC,{OCL. (5.54)
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The renormalization constant of a non-gauge-invariant quantity (such as the electron field)
must have the form, up to two loops,

1 «Q

1 a \2
Ty =1 — —ypo—e 4 = 2 " a9 <—) 5.55
P 5 Two Tre + 3 [W;o(%po +280) + a0V '71/115] - + ( )

where 740 = Yy + Vi@ (this formula generalizes the gauge-invariant case (E30)).
We see that the self-consistency condition is indeed satisfied, and

Yoo, a) = Qa% — (4ny + 3) (%)2 +--- (5.56)

In the normal QED, with just one charged lepton field,

2
Yoo, a) = Qa% -7 (%) +--- (5.57)

The electron mass anomalous dimension can be found in a similar way. We can calculate
Ys(p?) at two loops (neglecting m?) by retaining my in the numerator of a single electron
propagator in Fig. B4l and setting mg — 0 in all the other places. This single mq has
to be somewhere along the electron line which goes through all the diagrams, not in the
electron loop in the first diagram: we need one helicity flip of the external electron, and
one helicity flip in a loop yields zero contribution. Then we extract Z,, from [B39). It
must be gauge-invariant, because m(yu) is gauge-invariant. The result is

(@) = 6% - (é—onf - 3) (%)2 T (5.58)

In the normal QED, with just one charged lepton field,

a 11 /a2
V(@) = GE 3 (E> +oe (5.59)

5.7 Two-loop corrections in QCD
The one-loop S-function in QCD is ([E2H); the two-loop one is

34 20
ﬁl = EC% — 4CFTFTLf — ?CATan- (560)

The second term follows from the QED result (539); non-abelian terms (containing C4)
are more difficult to derive.

How to express ag(p') via as(p), if the scales p and p/ are not too widely separated?
We need to solve the RG equation (fE46) with the initial condition at u. Let’s introduce
short notation:

_ 5

=5

/ a(p)
= b
9 as A ) 1

ay(p)
s = 4
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Then the integral of our equation is

as 1 da T4
— _ = 20y log — . 5.61
/as 1+bas+--- a? ﬁOOg,u (5.61)

It is natural to introduce notation

/

I =26, log - .
W

Expanding the left-hand side, we obtain

“ da, 1 1 /
—/ (1 biag+ ) = =———+bllog%+---=l. (5.62)

2 /
a2 al, as s

The solution is a series:
/ 2
ay = asg (1+clas+02as+---) .

Substituting it into (.62), we obtain

1 1
— [1—cias + (6] — co)al + - - -] —a—+b1[01as+"'] =1
Therefore, ¢; = —{ and ¢y = [2 — byl. The final result is
a, =as [1—lag+ (I = bil)al +---] . (5.63)
It is easy to find a2, ... corrections; they will contain bs, ...

It is not possible to find the exact solution of the RG equation for a(u) in elementary
functions, if two (or more) terms in (3(a,) are kept®. However, an implicit solution can be
obtained. Separating variables in the RG equation (fE46), we can write it as

L da,
206(as) as

Let’s subtract and add two first terms in the expansion of the integrand in ay:

= —dlog . (5.64)

as() 1 1 B\ das 1 B H
_ ) = ___ - ] = —log —— . .
/0 (2ﬁ<as> 2h0as | 253) o ha(n)  2pg e = Tles e, (565)

The added terms are explicitly integrated; the difference behaves well at a, — 0, and can
be integrated from 0. The integration constant Ay has appeared here, as in the one-loop
case (LAT). We can solve for this constant:

= exo [ ()P (g
A= newp (=g ) ) D Ko, ). (5:66)

5With two terms, the solution can be written via the Lambert W-function.
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where

B s 1 1 pi\ das
K(as) = exp/0 <2/6(a5) - o, + 2—/63) W 1+ (5.67)

This is a regular series in ag; its as term contains 5, and so on.
The quark mass anomalous dimension is, up to two loops,

Q 97 20 s\ 2
=60+ Cp (3Cp + —Cp — = (2) +-- 5.68
Y F4ﬂ_+ F< F+3 A= 3 an) e + (5.68)
Everything here, except the Cy term in 7,1, can be obtained from QED result (E5S) by
inserting obvious colour factors. The solution (BI0Y) of the RG equation can be written
in the following convenient form. Let’s subtract and add the first term of the expansion of
the integrand in ay; the difference can be integrated from 0:

') = i) ()

¥mo/(260)
) KR ), (5.69)

where for any anomalous dimension

Qg 2
v(as) = Yo~ +m (7) +o

we define

K, (a,) = exp /OO‘S < Yas) &> da

a0 <ﬂ_@) o
200 \0 Do/ 4m
This function has the obvious properties
Ko(as) =1, K_,(a5) = K,Y_l(as) s K () = K (o) Koy (o) -
The solution (269) can also be rewritten as
'YmO/(ZBO)
- (as(p
) = () ). (5.71)

where m is a renormalization group invariant which characterizes the given quark flavour.
The running mass m(u) decreases when p increases, because 7,0 = 6Cr > 0, By > 0, so
that the exponent in (B7II) is positive, and ag(p) decreases with p.

The QCD f- and v-functions are also known at three [I3, 4, [[5] and four [T6, [I7, T8,
19, 20, 21] loops.
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6 On-shell renormalization scheme

6.1 On-shell renormalization of photon field

We shall consider QED with non-zero electron mass (894). Until now, we used MS renor-
malization scheme. In this scheme, the electron mass m(u) and the coupling (i) depend
on the renormalization scale p. It would be more exact to call MS a one-parameter fam-
ily of renormalization schemes. But what are the experimentally measured electron mass
m ~ 0.511 MeV and coupling o &~ 1/137? They are defined in another renormalization
scheme — on-shell scheme. It contains no parameters. MS scheme is most useful at high
energies, when the electron mass can be neglected (or considered as a small correction); u
should be of order of characteristic energies. When energies are of order m, the on-shell
scheme is often more convenient. We shall discuss it now.
The photon field renormalized in the on-shell scheme A, is related to the bare one Ag
by
Ayg = (235)1/2 Ags, (61)

where Z% is the renormalization constant (it is not minimal in the sense ([BH)). The
renormalized propagator is related to the bare one by

D.(p*) = ZZ DT (") - (6.2)
The bare photon propagator near the mass shell is
1 1 1 1
D (p*) TR (6.3)

TI-OpH)pE 1-1(0)p?

We require, by definition, that it behaves as the free propagator 1/p? near the mass shell.
Therefore, the photon-field renormalization constant in the on-shell scheme is

1

Ze = T10) (6.4)
How can we calculate I1(0)? From (BIH) we have
II,(p) = (d = Dp’I(p°)
and hence .
B, O Hﬁ(p)‘ = 2d(d — 1)II(0). (6.5)

p=0
The left-hand side has zero external momenta — it is a vacuum diagram, with the only
energy scale m. It is not difficult to calculate a few more terms of expansion of II(p?) in
p? in the same manner.

At one loop (Fig. BH), setting mo = 1 (it will be restored by dimensionality), we have

-2 d
o eg d*k L 0 0
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k+p

Figure 48: One-loop photon self-energy

Expanding the free electron propagator So(k + p) (B93) in p,

FA1 P 2p-k(k+1)

SO(/{?‘I‘p):kz_l 21 (k2 —1)?
2p-kp PE+D | Cp-RP(E+1) ,
k212 (k2 —1)2 (2= 1) + O(p°) ,
we obtain
0 9 2d(f +1) +4f 8k (k +1)
|:8pu a—pVSO(k' +p):| o = (/{?2 — 1)2 (k‘2 — 1)3 .

Using also (B2Z0), B28) to simplify 7,So(k)7*, we can easily calculate the trace:

2 d _ 2
1(0) — 4ie? /dk [8 4(d 3)+d 4d + 4

dd-1) e | D' T DB D?

= 4& [8V(4) +4(d—3)V(3) + (d® — 4d + 4)V(2)] ,

where D = 1 — k?, and the definition () of the vacuum integrals was used. Using (1),
we can express all V(n) via V(2) = I'(e); also restoring the power of my by dimensionality,
we finally arrive at
10) = —2 97 “rc)
3 (4m)d/2 '

(6.7)

The ultraviolet divergence of the diagram of Fig. [0 does not depend on masses and external
momenta, and is the same in (B7) as in ([B35).

Therefore, the photon-field renormalization constant in the on-shell scheme is, with

one-loop accuracy,
4 e2m—2a

728 =1--222T(e). 6.8

A 3 (47T)d/2 ( ) ( )

The renormalized photon propagator in the MS scheme and in the on-shell scheme are

both ultraviolet-finite, therefore, the ratio Z9/Z4(a(u)) must be finite at ¢ — 0 if both

of them are expressed via renormalized quantities (the on-shell photon propagator has

no IR divergences because the photon is neutral). Therefore, we can reproduce the MS

renormalization constant (B22) from ().
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6.2 One-loop massive on-shell propagator diagram

Before discussing the electron mass and field renormalization in the on-shell scheme, we
have to learn how to calculate the relevant diagrams.

ng

n
p KT+ p p

Figure 49: One-loop on-shell propagator diagram

Let’s consider the on-shell propagator integral (Fig. B9, p* = m?)

/ dk _ iﬂd/2md_2(m+n2)M(n n2)
D?lD;LQ 17 2 Y (69)

Di=m?>—(k+p)P=—k*-2p-k, Dy=—k".

The power of m is evident from the dimensional counting, and our aim is to find the
dimensionless function M (ny, ny); we can put m = 1 to simplify the calculation. It vanishes
if nq is a non-positive integer.

Using Wick rotation and « parametrization (£3]), we rewrite the definition (£9) as

/2

M(ny,ng) = L(n1)T(ny)

/ 6—0c1(k2+2p'k)—0‘2k2a?l_lagz_ldal day dk . (6'10)

We want to separate a full square in the exponent; to this end, we shift the integration

momentum:
o

Oél—l—OéQ

K =k+

p

and obtain

M(nl 712) — i/exp . O‘% am—lang—ldal daz/e—(m—l—az)kfzddk/
’ T(n1)T(n2) artag] b
1

2
T T T () % —d/2m—1 n2=1g0 g
I'(n1)I'(ns) /exp [ ap + QJ (a1 +az)™ " a* " ap* dan day .

Substituting n = oy + as, a3 = Nz, @ = n(1 — x), we get

1 ! o
M _ ni—1 1 — ng—ld / —nz —d/2+n1+n2—1d
(n1>n2) F(nl)l—‘(ng) /0 x ( Zlf) €z 0 € n n

_ F(_d/2 —+ ny + n2) /1 xd—nl—an—l(l _ x)’ng—ldx .
I'(n1)I'(n2) 0
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Finally, we arrive at

F(—d/2 +ny + ng)F(d — Ny — 2n2)

M(n1,n) = T(ny)T(d — ny — ny)

(6.11)

The denominator in ([EJ) behaves as (k?)"*"2 at k — oo. Therefore, the integral
diverges if d > 2(n; + ny). At d — 4 this means ny + ny < 2. This ultraviolet divergence
shows itself as a 1/ pole of the first I' function in the numerator of (GEIT) (this I' function
depends on nj + ng, i.e., on the behaviour of the integrand at k — oc). The integral (G.9)
can also have infrared divergences. Its denominator behaves as k™ 7272 at k — 0, and the
integral diverges in this region if d < ny 4+ 2n,. At d — 4 this means n; + 2ny > 4. This
infrared divergence shows itself as a 1/¢ pole of the second I' function in the numerator
of (EII) (this I' function depends on ny + 2na, i.e., on the behaviour of the integrand at
k —0).

LN\

Figure 50: One-loop on-shell propagator diagram

Q

Figure 51: The basis integral
Let’s summarize. There is one generic topology of one-loop massive on-shell propagator

diagrams in QED and QCD (Fig. Bl). All Feynman integrals of this class, with any
integer indices ny, ny, are proportional to V; (Z8) (Fig. Bl), with coefficients being rational

functions of d. For example, for M(1,1),
1d—2
-t~ . 12
2d=3 Q (6.12)

Two-loop [23], 24, 22] and three-loop [25], 26] massive on-shell diagrams can be calculated
using integration by parts.

6.3 On-shell renormalization of electron mass and field

The electron mass m in the on-shell renormalization scheme is defined as the position of
the pole of the electron propagator. On-shell external electron lines have p? = m?; it is
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convenient to use the free propagator containing the same quantity m rather than my.
Therefore, we rewrite the Lagrangian (B294]) as

L= Iﬁo(llp — m)lpo + 5m1§0¢0 s om=m — mo , (613)

and consider the mass counterterm not as a part of the unperturbed Lagrangian, but as a
perturbation. Then the free electron propagator

So(p) = ﬁ_lm = p]f J_r 22 (6.14)
contains m, and the mass counterterm produces the vertex
—>—x>— =idm. (6.15)
The mass renormalization constant in the on-shell scheme is defined as usual:
moy = Zym. (6.16)

It is more convenient to write the electron self-energy (B97) in the form

X(p) = mE1(p®) + (P — m)S2(p?) (6.17)

now. The electron propagator

1
S(p) = 6.18
P = TS, 6o = m) + om — e () (618)
has a pole at p? = m? if

dm = mX; (m?), (6.19)

or 5

m

7% =1-— —=1- i (m?). (6.20)

The equation (EI9) can be solved for dm by iterations (at higher orders, its right-hand
side contains dm because of the vertex (GIH).
Near the mass shell, we can expand ¥;(p?) as
om

Zi(p?) - gl Sm?)(p* = m?) + - (6.21)

so that
1 p+m

S(p) = 1 —Y5(m?) —2m2%) (m?) p* —m?

The electron field renormalized in the on-shell scheme,

S (6.22)

1/2

tho = (Z;ZS) Yos S(p) = Z;ZS os(p) ) (623)
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is defined in such a way that its propagator S.s(p) behaves as Sp(p) (EI4) near the mass
shell:

79 = [1 = Sa(m?) — 2m>s (m?)] . (6.24)
In order to calculate Z77 and Z7F, it is convenient to introduce the function
1
T(t) = .- Te(f + DZ(mo(1+ 1) = Ta(m?) + [Sa(m?) + 2m° Ty (m*)[ £+ (6.25)
m
so that
Z2=1-T(0), Zr=[1-T(0)]". (6.26)
i
P K+p P

Figure 52: One-loop electron self-energy

Let’s calculate it at one loop (Fig. B2). We put m = 1; the power of m will be restored
by dimensionality:
dk 1 1 k. k
T(t) = —ieg ~T 1)y DY | g L 2
0=-ich [ s g, 1 IO Dk 00 (a4 €52 (o

where

p=v(l+t), Di(t)=1—(k+p)?, Dy=—k>.

In calculating the numerator, we can express
1

and omit terms with D;(t), because the resulting integrals contain no scale. We obtain

dik 1 2 d-2
T(t) = —ie? — —— (1 -t t2
0 =-ict [ i |7~ a0+ 0()
This result is gauge-independent.

Expanding
Di(t)=D; + (D, — Dy =2t +O(*), D;=1—(k+v)?,

we obtain
d?k [2(1—t d—2)(1—2t At d—4t (d—2)Dyt
- i [ (=) (@=20-20) 4 (@4 (@-2D,
(27T)d D1D2 2D1 Dng Dl 2D1
+ O(tz)] .
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Using (E10]) and restoring the power of m, we finally arrive at

e2m~2% d—1
T(t)=-2 r 1—t t?) . 2
(1) = (sl =511+ O(r) (6.25)
Therefore,
2, —2e
0s __ 708 __ 1 __ €y d—1
VAES Zw =1 (47r)d/2r(€)d —3- (6.29)

The fact that Z77 = Z° at one loop is a pure accident; at two loops it is no longer so [23, 24].
The on-shell mass m is a measurable quantity, and hence gauge-invariant; therefore, 7> is

gauge-invariant to all orders. It has been proved that Z; is also gauge-invariant in QED
(but not in QCD). o
What'’s the relation between the on-shell mass m and the MS mass m/(u)?

mo = Zm(a(p))m(p) = Zym,

and therefore o8
m(p) = —"2—m. (6.30)
Zm(a(p))

We have to re-express Z% via a(p); then the ratio of renormalization constants is finite at
¢ — 0, because both renormalized masses are finite. At one loop

mp) e (i om 2
- =1 647T (logm+3). (6.31)

This formula is OK when p ~ m; otherwise, it is much better to relate m(m) to m, and
then to solve the RG equation with the initial condition m(m).

6.4 On-shell charge
On the mass shell (p*> = m?), I*(p, p) has only one y-matrix structure,
I(p,p) = 227", (6.32)

if sandwiched between s ...u; which satisfy the Dirac equation (see Sect. for more
details). The physical matrix element of scattering of an electron by a photon is

el 2% (Z3)* .

The only case when all 3 particles are on-shell is p?> = m?2, and the photon momentum
q — 0. By definition, this matrix element is

ey, (6.33)

where e is the renormalized charge in the on-shell scheme. It is related to the bare charge
by
eo = (22 e, (6.34)
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Therefore,
0s 0S r708 -2 0S\—
Ze = (Z32z23) " (Z9)7 . (6.35)

On-shell electron charge is measured in macroscopic experiments with smooth electromag-
netic fields (having ¢ — 0); it is

e? 1
In QED, the situation is simplified by the Ward identity (BZZH). Near the mass shell
ZOS
Sip) = 2
(p) Fom’
and hence )
M(p,p) = (Z3) "
Therefore,
Zypzr =1, (6.37)
and
Z% = (z9)"" . (6.38)
At one loop, from (B.F),
4 €2m—25
78 =1 00 _T(e). :

The MS (running) coupling () is related to the on-shell coupling a by

alp) = ale__ g [1 + dalu) <<ﬁ>2€ e I'(e) — 1)] :

Zo(p) 3 Am m €
Therefore .
a
=al|l+-—1log—]| . A
o(p) a[ i ogm} (6.40)

We can always find the p-dependence from the RG equation, the initial condition is a(m) =
a at one loop.

6.5 Magnetic moment

Let’s consider scattering of an on-shell electron in electromagnetic field. The physical
scattering amplitude is
o Z3 (Z5)* @TH (p, p')u, (6.41)

where p? = m?2, p’?> = m?, and the initial and final electron wave functions satisfy the Dirac
equation
pu=mu, uwP=um. (6.42)



We can substitute the on-shell charge

e = ey (225)1/2 .

Using the Ward identity (BZZ4) and the electron self-energy (E17), we obtain

T, 0)g, = (F' = P)(1 — Ba(m?)),
where ¢ = p’ — p, and hence for on-shell electron wave functions (642

uTrqu=0.

(6.43)

What y-matrix structures can uw/T*u have? Using the Dirac equations ([42), we can
always eliminate p by anticommuting it to u, and §’ by anticommuting it to @/. For example,

o qu=1diu ((p+p )" —2my")u.

(6.44)

We are left with 3 structures: v*, (p + p')*, and ¢* = (p’ — p)*. The last one is excluded

by (&43). Therefore,

zparu =i (R + Rl - m) L

2m

Using (6-24)), we can also rewrite this as

708 71Iw = F 2\ F 9 ig'l“/qy
p wThu =u" | Fi(g" )" + Fa(q”) u

2m

= [ IS () + R

Let’s rewrite (G20) as
v
W= (Y FT)u, T = e p) ;fj) o T=",
then
() =23 (fi+ ). B

If we introduce the traces

I

[
<3
=

1 Pu
vi= s T, +mI @ +m), T, ="t T =,

Am2 0
then )
vi = M f;, M= T2 T Ty, () +m)T}(p+m),
and we can find f; by solving the linear system:
fi= (M_l)ij Y -
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Let’s introduce the notation

Calculating the traces, we find

(1+1) 1+t
M:2( 141 1—(d—2)t>’

and hence

o 1 1—(d—2)t —(1+1)
M= T 2(d — 2)t(1 + )2 ( —(1+1t) (1+1)? ) ‘
Finally, we obtain from (G.47)
() = 2= 22)1‘21 gy i Tr[(d—1)v, — (L +t)y] (¢ + DIH($+ 1), (6.48)
By (¢ = 2 ! Tr[(1—=(d—2)t)v, — (L + )] + DI*(F + 1), (6.49)

2(d —2)t(1 +t)24

where v = p/m, v’ = p//m. At the tree level, '* = «*, and, naturally, we obtain F|(¢?) = 1,
F5(¢?) = 0. When calculating loop corrections, we can apply these projectors to integrands
of vertex diagrams, and express F} »(¢?) via scalar integrals.

The Dirac form factor ([B48) at ¢> = 0 is

F(0) = 2 i Tr 0, T (v, mo) (f + 1) - (6.50)

Due to the Ward identity (B7H),

01
Fi(0) = 7 | 1= o g T () + 1)

=ZF1-T'(0)] =1, (6.51)

p=muv

see (B2H), (B20). The total charge of electron is not changed by radiative corrections.
It may seem that the Pauli form factor (EZ9) is singular at ¢> — 0. Of course, it is
not. Let’s substitute the expansion

I*(mv, mv + q) = F6‘+F‘1Lyq—u + -
m

into (G49), split ¢ = (¢-v)v+ q, (where q-v/m = 2t, ¢3 /m? = —4t(1 +t)), and average
over the directions of ¢, in the (d — 1)-dimensional subspace orthogonal to v:

q q°q° 4t 8 8
— = 2tv” = — 1+t)g™ — (1 + dt)v” .
— =2, = = [(1+ )9 = (14 )]
We obtain
Z% 1
Fy(0) = T-2l1 Tr(y, — dv)IG(# + 1)

(6.52)

2 1 ,
+ ﬁz Tr (7/1%/ + ’}/M'UV - %/Uu - quu) F!ll (¢ + 1) .

72



This means that in order to calculate the anomalous magnetic moment we need the vertex
and its first derivative in ¢ at ¢ = 0.

=

q
mv k -+ mv +mv+q muv+gq

N

Figure 53: One-loop anomalous magnetic moment

As already mentioned, the tree diagram (I'yj = ~*, I'/ = 0) does not contribute to
F5(0). The first contributing diagram is one-loop (Fig. B3)). All charged external lines are
on-shell, therefore, this vertex diagram is gauge-invariant. We shall use Feynman gauge to
simplify the calculation, and put m = 1 (the power of m will be restored by dimensionality).
Then the one-loop vertex is

o [ A1 p N
—1€y WEVQS(]C“‘U‘I‘(])V S(k“l"l})'y .

We need to expand it in ¢ up to the linear term. In this diagram, only one propagator
depends on ¢. Using

q p+m
— — I . e )
S(p+q) S(p)+pz_m2 2= q+ (6.53)
for p = k + mv, we obtain (m = 1)

w o [ A% v(FF P DY R+ 1Y

(2m)¢ D?D,
w o [ A% v [D1y 2k +0) (B + DI (E P+ 1D

" =ieg )
(2m)¢ D3D,

where Dy = 1 — (k+v)?, Dy = —k? (see (E3)). We may replace Z* — 1 in (632), because
corrections are beyond our accuracy; the two contributions to F5(0) are

z’eg /ddk’ N()
d—2 ) (27)aD2D,’

No = 7 T = du )l + D" (k4 + D" (1),
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and

2ieg dk N,
(d—1)(d—2) / (2m)? DDy’
Ny = i Tr(fﬁﬂ/u + YUy — VU — UHUV)’)/Q
X [D1y" +2(k+0)"(k+ 9+ DIV E+P+ D7 (P + 1)

When calculating Ny, we may omit terms with D3:
No = —d(d —2)D1Dy — (d—1)(d —4)D;y + %d(d —2)D3 +d(d —3)Dy — 4(d —1).
When calculating Ni, we may omit terms with D3:
N, = % 3(d —2)DiDy + (d* — 8d* +17d — 14)D? — 3(d — 2) D, D;
— (d® — 8d?* +21d — 26)D1 Dy + 4(d — 1)>Dy + (d — 2) D3 4 4(d — 3)D3 — 16D, | .

Collecting all this together, we obtain

F(0) = — (4;;”2 ﬁ{ —d(d— 1)M(1,0) — (d — 1)(d — 4)M(1,1)
+ %d(d )M (2,—1) + d(d — 3)M(2,0) — 4(d — 1)M(2,1)
+ ﬁ [3(d ~2)M(1,0) + (d® — 8% + 17d — 14)M(1,1)

—3(d—2)M(2,—1) — (d* — 8d* + 21d — 26)M (2, 0)
+4(d = 1)°M(2,1) + (d — 2)M (3, -2)
)M

4(d — 3)M(3,—1) — 16M(3, 0)}}

Using (617]) and restoring the power of m, we finally arrive at the anomalous magnetic

moment
etm =% (d—4)(d—5)

amEl G =3

F(0) = (6.54)

As expected, it is finite at ¢ — 0:

F3(0) = % T (6.55)

As we can see from the second line in (E46), the total magnetic moment of electron is
a
Fi0)+ Fp(0) =1+ — +---
1(0) + F3(0) Tor T

(in units of Bohr magneton). It is not difficult to calculate the two-loop correction to the
magnetic moment, if one has a program implementing the integration-by-parts evaluation
of two-loop on-shell propagator integrals. The three-loop calculation [25] was a major
breakthrough.
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6.6 Two-loop massive vacuum diagram

Let’s consider the two-loop massive vacuum diagram (Fig. B4l):

d'ky dk L
oo e (d—nl—ng—ng)v
D?lDSQD;)H T™m (nla na, n3) ) (656)

D1:m2—k‘%, D2:m2—k‘§, Dgz—(k‘l—k‘g)2.

The power of m is evident from the dimensional counting, and our aim is to find the
dimensionless function V'(ny,ng, n3); we can put m = 1 to simplify the calculation. It is
symmetric with respect to ny < no; it vanishes if ny or ny is a non-positive integer. Using
Wick rotation and « parametrization ([23)), we rewrite the definition (Eh0) as

—d

T 2 2 2
v — —al(kl +1)—a2(k2+1)—a3(k1—k2)
(o) = Tty ] ©

x aP'tadr el doy dag dos kg dks

(6.57)

£y

2

Figure 54: Two-loop massive vacuum diagram

The d-dimensional integral of the exponent of the quadratic form is the product of d
one-dimensional integrals:

d d
—Aijki-k:j d d _ —Aijkizka — 771-
/ ¢ 'k, d'ky = { / e dk, dkzm} = A (6.58)

This is the definition of such d-dimensional integration; note that the result contains d as
a symbol. In our case,
A = < a1 + as —Q3 ) :
—Qs3 Qg + (3

and we obtain

1 —a1—ag
V(ni,ng,ng) = ['(ny)(ng)T(ns3) /e

—d/2a?1—1 ng—1

X (o + aaz + asag) b o day dag das .
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To calculate this integral, it is most convenient to choose the “radial” variable n =
ag + ay (Sect. 1), and substitute a; = nz;. The integral in 7 is trivial:

1 00
% = —Np=dtnitnatns—1 g
(n1> na, n3) F(nl)r(ng)r(ni’)) /0 o !

X /(1’11'2 + z1T5 + xgxg)_d/2x’f1_19322_11:33_15(1:1 + x9 — 1)dzy dzy drs

I'(—d+ ny 4+ ngy + n3) / —dJ2 ny-1 e
— 1 _ ni 1 _ no ns d d .
I'(n1)I'(n2)I(n3) [21(1 = @) @]l — )T g da vy

Substituting z3 = z1(1 — x1)y, we get

I(—d  ym-ig
V(ny,ng,n3) = ( +n1+n2+n3)/ (y Yy
0

['(ny)(ng)T(ng) Y+ 1)/

1
X / x—d/2+n1+n3—1(1 _ I)_d/2+n2+n3_1dm
0

The integral

/OO y*ldy  T(ng)l'(d/2 — ng)

o (y+1)42 I'(d/2)

is easily calculated using the substitution z = 1/(y + 1); the second integral is the Euler
B-function. We arrive at the result [7]

F(g—ng)l“(nl—l—ng—g)F(n2+n3—g)F(n1+n2+n3—d)

I'(2) D(n)T'(n2)T'(n1 4 no + 2n3 — d) (6.59)

V(nla na, n3) -

This is the only class of two-loop diagrams for which a general formula for arbitrary n;
(not necessarily integer) is known.

Figure 55: Two-loop vacuum diagram

Let’s summarize. There is one generic topology of two-loop vacuum diagrams in QED
and QCD (Fig. BH). All Feynman integrals of this class, with any integer indices n;, are
proportional to V{? ([Z8) (Fig. BAl), with coefficients being rational functions of d.

Three-loop massive vacuum diagrams can be calculated using integration by parts [22].
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Figure 56: The basis integral

6.7 On-shell renormalization of photon field and charge at two
loops
Using the results of the previous Section, it is not (very) difficult to calculate the photon

self-energy I1(0) at two loops. We apply (EX) to the diagrams of Fig. El calculate the
derivatives in p, and reduce the problem to the vacuum integrals (Eh0). The result is

2egmg (d — 4)(5d? — 33d + 34)

I1,(0) = 2 :
Therefore, for the on-shell charge e we obtain
63 0s os)—1
G =z = (3 =1-1(0)
.61
4 e2my e 4 9+7e—10e? [eimgy™ 2 (6.61)
=1+4+- () — ¢ () ) +-
3 (4m)d/ 37 (2—¢e)(1+2¢) \ (4m)¥

where II(0) at one (E1)) and two (EE0) was used. In the one-loop term, we have to
substitute €2 = Z%¢? and mg = Z%m, with one-loop Z% (G39) and Z% (E29). This
results in

[\

2=
o o 2
=1 SO e () T 6
- %%r@) (24 1B 41 (%r@))2+---
On the other hand, for the MS charge we have
626((2?) =71 '=1+2 ZE:;) + (220 + 291€) (%’?)2 + - (6.63)

(let’s pretend for a moment that we don’t know Z, yet). The ratio e?(u)/e? must be finite
at € — 0. At one loop, this requirement gives z; = —4/3. Setting u = m, we can substitute

a(m) _ e2m_2er(€> _ o«
Ime  (@n)n

dre
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in the two-loop term, because the differences are of a higher order (here o = e?/(4n)).
Thus we obtain zy = 0, 291 = —2. We have reproduced Z;! in MS ([&31), [E2H) from
our on-shell calculation. Finally, we arrive at the relation between the MS a(m) and the
on-shell a:

a(m):a{1+15 (%)QJFW} . (6.64)

The three-loop correction has been calculated in [22]. If we need a(u) for p # m, we can
solve the RG equation (B00) with this initial condition.

6.8 On-shell renormalization in QCD

QCD perturbation theory is only applicable at large momenta (or small distances). There-
fore, it makes no sense to renormalize the gluon field, the coupling, as well as light-quark
masses and fields, in the on-shell scheme. However, it is possible (and often convenient) to
use this scheme for renormalizing heavy-quark masses and fields, at the same time using
MS for o (1), the gluon field and light-quark masses and fields. One-loop renormalization
constants can be trivially obtained from the QED results (629):

2,0, —2¢€
gom d—1
r .
(47r)d/2 (6)d -3

7% =275 =1-Cp (6.65)

Similarly, the relation between the MS mass m(m) and the on-shell mass m is, from (E31]),

—mq(nm) —1- 4CF# +oe (6.66)

The two-loop correction has been found in [23] and the three-loop one — in [26]°. The
quark-field renormalization constant Zg' at two loops [24] is gauge-invariant, but at three
loops [26] not (unlike in QED).

7 Decoupling of heavy-particle loops
7.1 Photon field

Let’s consider QED with massless electrons and muons having mass M. When we consider
processes with characteristic energies £ < M, the existence of muons is not important.
Everything can be described by an effective low-energy theory, in which there are no muons.
In other words, muons only exist in loops of size ~ 1/M; if we are interested in processes
having characteristic distances much larger than 1/M, such loops can be replaced by local
interactions of electrons and photons.

The effective low-energy theory contains the light fields — electrons and photons. The
Lagrangian of this theory, describing interactions of these fields at low energies, contains

6Tt had been found numerically [27] before the analytical result [26] was obtained.
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all operators constructed from these fields which are allowed by the symmetries. Operators
with dimensionalities d; > 4 are multiplied by coefficients having negative dimensionali-
ties; these coefficients contain 1/M%~*. Therefore, this Lagrangian can be viewed as an
expansion in 1/M:

- 1 , 1 2 co - V 1
U= G = R~ s @A)+ o4 0 (5z) ()
0

(primed quantities are those in the effective theory). The coefficients in this Lagrangian
(¢, ...) are fixed by matching — equating S-matrix elements up to some power of p; /M.

Let’s imagine for a moment that we only know electrons and photons. There are two
ways to search for “new physics”:

e To raise energies of our accelerators in the hope to produce real new particles (e.g.,
muons);

e To measure low-energy quantities (such as the electron magnetic moment) with a
high precision in the hope to find effects of higher terms in the effective Lagrangian
caused by loops of virtual new particles (e.g., the last term in ([ZT])).

If we find such a deviation from predictions of pure QED (with only electrons and photons),
we can estimate the scale of “new physics”, i.e. the muon mass M. If there is an unknown
heavy charged particle, then it interacts with photon and gives a contribution ¢ ~ €°

(Fig. &)

Figure 57: The muon contribution to the electron magnetic moment

Operators of the full theory are also expansions in 1/M, in terms of all operators of the
effective theory with appropriate quantum numbers. In particular, the bare electron and
the photon fields of the full theory are, up to 1/M? corrections,

1/2

vo = (C) 2y, Ag=(¢§)"* 4. (7.2)

The bare parameters in the Lagrangians of the two theories are related by

o= ("¢, ap=CSap. (7.3)

"We suppose that it does not interact with electrons directly.
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The MS renormalized fields and parameters are related by

V() = G (), Alw) = P A (),

/ / (7.4)
a(p) = Ca(pa'(p),  alp) = Calp)d (1),
where
_ 2y (), d(p)) 4 _ ZH( (1) _ Zy () o

The gluon propagators in the two theories are related by

v v v ]‘
)+ = [P0 (on = ) i <0 (5m)
(7.6)
This explains why the same decoupling constant (4 describes decoupling for both the
photon field A and the gauge-fixing parameter a. It is most convenient to do matching at

p? — 0, then the power-suppressed terms in (IZ8) play no role. The full-theory propagator
near the mass shell is

Py
D, (p°) <9uv = ;2

Z% 1

I8 =——-. 7.7
Only diagrams with muon loops contribute to I1(0), all the other diagrams contain no scale.
In the effective theory

D.(p*) =

Z/OS 1

D/ 2) “A Z/OS EE— )
because all diagrams for IT'(0) vanish. Therefore,
7 1
0o_ ZA _
1= 7' 1-T1(0) (7.9)
At one loop, from ([B242),
8 « 4 «
Z =1--—, Zi(a)=1—-—
ala) 3dme’ a(@) 3 4me

(because there are two lepton flavours in the full theory). With this accuracy, we may put
o/ (1) = a(p). Re-expressing I1(0) (B7) via a(p) (and replacing mg by the on-shell muon
mass M, because the difference is beyond our accuracy), we obtain

C Zh(e() 1 Aalp) [rpNE L 1
G = e 1o~ T3 4 {(M) errle) - g] ,
and finally - ,
Calw) =1 =g~ log 77 (7.10)



We can always find the p-dependence from the RG equation, the initial condition is
Ca(M) =1 at one loop.

Let’s find (4(M) with two-loop accuracy. We express (4 (ZH) via the renormalized
quantities: «(M) and the on-shell muon mass M. Technically, this is nearly the same
calculation as in Sect. But now we express €2 in the one-loop term via a(M), and
Zo () contains two lepton flavours:

4a(M) (16 a2
G=1-3 im) - <§ 42t 1552) (475) (7.11)

(the extra term 16/9 as compared to (G.62) comes from the doubled ;). We can neglect
the difference between a(M) and /(M) with our accuracy (this difference is O(a?), see

Sect. [[3J). From (B21]) and (E-44]) we have
! 2
ZA(a) 1 4 « (32 6) < (e} ) '

Zala)  3dme 9 4re

All 1/e poles cancel in the renormalized decoupling constant (4(M) ([CH), as they should,
and we obtain

Ca(M)=1-15 (O‘Ef?\f)) T (7.12)
The RG equation
oA 4 ra(a() = Fala’ ) =0 (7.13)

can be used to find (4(u) for u # M. For example, for u = M (M), the MS muon
mass (.31) normalized at p = M, the difference

M(M) — M = —4—M, (7.14)

47

so that (4(M(M)) is still 1 4+ O(a?):

aron) =1- 3 () (7.15)

This result can be easily obtained directly: if we use My = Z,,,(a(M))M (M) to renormalize
the mass in the one-loop term of ¢4 instead of My = Z%M, we get the formula similar
to (IZI), but with o(M(M)) and 13/3 instead of 15.

7.2 Electron field

The electron propagators in the full theory and in the low-energy theory are related by

2

pS(p) = ¢S’ (p) + O (%) : (7.16)
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It is most convenient to do matching at p — 0, where power corrections play no role. The
full-theory propagator near the mass shell is
oz !

[ — (7.17)

S =7 A= TTe )

Only diagrams with muon loops contribute to ¥y (0), all the other diagrams contain no
scale; such diagrams first appear at two loops (Fig. BS). In the effective theory

Sy = e L (7.18)
A B O |
because all diagrams for 3, (0) vanish. Therefore,
ZOS 1
¢ =% (7.19)

YT 7 T 15 (0)

Figure 58: Decoupling of electron field
At two loops (Fig. B3,

Ak E+p —i\?

—ipXy (p°) = / erw”zmzeov 2 (k" g — kuky)II(E?) (7.20)
where i(k%g,,,—k,k,)I1(k?) is the muon-loop contribution to the photon self-energy (Fig. ES).
It is transverse; therefore, longitudinal parts of the photon propagators (~ &k,kg) do not
contribute, and the result is gauge invariant. We only need the linear term in p in both
sides:

d 2
PE0) = —ie} [ G (=2 kB (o — kuku>?,£f)4)
o [ d% 2 " 11(+?)
__zeo/wmk P2 KB = B2 KR

Averaging over k directions by p - k f = (k*/d)p, we obtain

_ _ d 2
EV(O):—zeg(d 12(‘1 4 / (gﬁl;d%f)g. (7.21)
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The muon-loop contribution to the photon self-energy (Fig. ) is (we set M = 1; the
power of M will be restored by dimensionality)

. N Rk U |
2 — 2 = — R
i(p* g — Pupy)(p%) / o) Tr ZeOWZ(k s 1160’7,,’& T

Contracting in g and v, we obtain
2 d%k N
(p?) = —i—2 / ,
)= | @ Db,
Dlzl_(k+p)2> D2:1_k27 N:Tr’}/u(k_‘_ﬁ_l_l)’yu(k_l_l)

Let’s calculate the integral

_ [ d% 1@
'~ | G 722

which appears in ([LZI). It is a two-loop massive vacuum diagram of Fig. b2k

S /d%1 Ak, N

"a—1) @n)i(@2n)iD, DD}’
Dlzl—]{?%, Dgzl—]{ig, Dgz—(kl—k2)2,
N =Try,(fr+ D" (k2 +1).

All scalar products in the numerator can be expressed via the denominators:
1
k%zl—Dl, kg:l—DQ, k1k2:§(2—|—D3—D1—D2)

Calculating the trace and omitting terms with D; or Dy (which produce vanishing inte-
grals), we obtain
N=2[4—-(d—-2)D3] .

Our integral I becomes (see (E50]))
2 €}

I —
d—1(4m)?

[4V(1,1,3) — (d —2)V(1,1,2)] .

Using (E09) and restoring the power of M, we finally arrive at

_ [ Ak IR M E 2(d — 6)
Therefore, we obtain from (ZI9)
0o egM— .,  2(d—1)(d—4)(d—6)
Cp=1+ (M)dF(a)d(d_Q)(d_5)(d_7). (7.24)
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The renormalized decoupling coefficient is

_ 02y (), d' (1)
Y Zy(a(p),a(p))

Its p-dependence can always be found by solving the RG equation. It is sufficient to obtain
it at one point, at some specific  ~ M, to have the initial condition. The most convenient
point is u = M, because a(M) = o/ (M) + O(a?) (Sect. [[A) and a(M) = /(M) + O(a?)
(Sect. [LTI), and the differences can be neglected with our accuracy. The renormalization
constant Zy, is given by (Bhd), and Z,, — by a similar formula with primed coefficients.
Their ratio is

Culp) (7.25)

Zy(ov, a)

1 1 a2
2NN 1 2 (0B + = Avaoya — A (—) 2
7 (@, a) + 1 (Wo Go + 527407yl 7w1€) ine) (7.26)

where v is the coefficient of a in vy, and

4 8
Aﬁo = _5 ) A’)/AO = g ) A’%/Jl =—4

are the single-flavour contributions to 3y, Y40, 741. We obtain

M:1+5(i>2.

Zy (o, a) dme

Re-expressing ([L24) via the renormalized o (M),

C$:1+8(1—%€+"') (%)2,

we finally obtain

7! (a,a a 2
o) = 20y 35 (24D 7o
The RG equation
%ﬁm yo(ap), a(p)) = vy (@ (1), a' () = 0 (7.28)

can be used to find {y(u) for u # M. In contrast to the case of (4(u) ([CI3), now vy — 7y,
is of order a?, so that changes of y or order o (such as, e.g., (ZI4)) don’t change the
coefficient of o in (IZT).
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7.3 Charge

The proper vertex egl" with the external propagators attached (two electron propagators
S and one photon propagator D) is the Green function of the fields 1y, ¥, Ay (i.e., the
Fourier transform of the vacuum average of the T-product of these three fields). Therefore,
the relation between this quantity in the full theory and in the low-energy effective theory
is

el'SSD = (9 (¢§) 2 epI"S'S' D (7.29)
or, taking into account S = (35’, D = ¢} D,
-1 ~1/2
el = (¢9) 7 (¢) ™2 e (7.30)
In the full theory, the vertex at p = p’ on the mass shell (p? = 0) is
i = Z2nh (7.31)

Only diagrams with muon loops contribute to A*(p,p), all the other diagrams contain no
scale; such diagrams first appear at two loops (see Fig. 7). In the effective theory

NIV (7.32)

because all diagrams for A’*(p, p) vanish. Therefore,

ZOS
D= I, (= = 2P (7.33)
ZFOS
and we obtain from ([Z30)
-2 -1
G = (Gr6s) (ca) - (7.34)
The situation in QED is simpler, due to the Ward identity (Sect.E4l). In the full theory,
we have (631) Z;7Zp° = 1; similarly, in the effective theory, Z;*Z1* = 1 (in fact, these
two renormalization constants are equal to 1 separately). Therefore,
-1
GG =1, G=(¢) - (7.35)
Recalling also (B717) Z, = Z;' and Z/, = Z'[!, we obtain
7/ 7! -1
— 0 Za _ 0“A — 1
N C AR (730
Finally, from ([Z12),
MO 2
C(M) =1+15 (#) T (7.37)
s

This means that the running charges in the two theories are related by

a(M) = Ca(M)d/ (M),
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i.e., the running charge in the full QED (with both electrons and muons) at u = M is
slightly larger than in the low-energy effective QED (with only electrons). If you prefer to
do the matching at = M (M) instead of p = M, you should use

<MMwm:1+§<ﬂf»—k~ (7.38)

(see (LIT)).

7.4 Electron mass

In the previous Sections, we considered QED with massless electrons and heavy muons
(with mass M). Now let’s take the electron mass into account as a small correction. We
shall expand everything up to linear terms in m. The electron propagator in the full theory
is given by (B98); in the low-energy effective theory, it involves Xy, ¢ instead of Xy s. These
two propagators are related by CS):

1 1 e 1 1
1-Sy(p?) , 1+3s(p?) “Y1-%,(p?) , 1+430%) ,°
ﬁ_ o 1o ﬁ_ 7o\ Mo
1 —Xy(p?) 1—3y(p?)

Comparing the overall factors, we recover ([L.IT9). Comparing the denominators, we obtain

(7.39)

1+ Xs(p?) L+ 36"
— 4
s ()" T TS ) (740
so that LS 2)1 o 2) .
m —2v(p7) L+ 26(p -1
(0 _ Mo v ) — (Cf/),) (7.41)

"oomp =X () 1+ Es(p?) L+ 5(0)
This is because X(0) = 0 in our approximation: after we single out my, in front of ¥/ (0)
in the electron self-energy ¥'(p?) (similar to (B37)), we can set m{, = 0 in the calculation
of ¥%(0), and it has no scale. Only diagrams with muon loops contribute to ¥¢(0); such
diagrams first appear at two loops (Fig. B5). The renormalized mass decoupling constant
is

_om(p) o Zp(@ ()
@NU_WNM__mZAMM)' (7.42)

At two loops (Fig. BY), we have to take mg into account, as compared to the massless

case ([L20):

. U* k+ptme ‘. 2 2
—i%(p) = / (27r)dwwul(k ST mgzeofy (ﬁ) i(k* g — Kk, )II(E?) .

Again, this is gauge-invariant. In order to extract g, we have to retain mg in the numerator
of the electron propagator; after that, we can put mgy = 0:

- 2 ddk HAY kz |28 kuku 2 . 9 ddk‘ II ]{32
=0) = e} | o ) = e =) [
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Using the integral (ZZ3), we obtain

M, 2(d —1)(d — 6)
2s(0) = - (47)d (¢) (d—2)(d—5)(d-17) (7.43)
Therefore, from (CAT]) and ([Z24]),
QO 14 egM— 8(d—1)(d — 6) (7.44)

a7 OIa—na—sa-1"
It is most easy to calculate (,,,(M); ¢ (1) can then be found by solving the RG equation.

To our accuracy, we can take a(M) = o/(M); the ratio of the renormalization constants
"

Zm(a)/Z! («) is given by the formula similar to (L28), but v, is gauge-invariant (v/, = 0),
and (see (ZB8)) Yimo = 6, Ay = —20/3:

1= (2-5) ()"

Re-expressing (L)) via the renormalized o (M),

5 89 a2
0 _1_-(2-2 22 —_
G ( 3T RE T )(47ra> ’

we finally obtain

Cm(M):l—%<aEé\f)) . (7.45)
The RG equation
%&w +Ym(@(n)) = V(@' (1)) = 0 (7.46)

can be used to find () for u # M (the difference ~,, — 7/, is of order o?).

7.5 Decoupling in QCD

In QED, effects of decoupling of muon loops are tiny. Also, pion pairs become important at
about the same energies as muon pairs, so that QED with electrons and muons is a model
with a narrow region of applicability. Therefore, everything we discussed in the previous
Sections is not particularly important, from the practical point of view.

In QCD, decoupling of heavy flavours is fundamental and omnipresent. It would be
a huge mistake to use the full 6-flavour QCD at characteristic energies of a few GeV, or
a few tens of GeV: running of a,(p) and other quantities would be grossly inadequate,
convergence of perturbative series would be awful because of huge logarithms. In most
cases, anybody working in QCD uses an effective low-energy QCD, where a few heaviest
flavours have been removed. Therefore, it is important to understand decoupling in QCD.
And to this end the lessons of QED are very helpful.
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Suppose we have a heavy flavour with on-shell mass M and n; light flavours. Then
running of the full-theory coupling ozgmﬂ)(,u) is governed by the (n;+ 1)-flavour -function;
running of the effective-theory coupling agnl)(u) is governed by the n;-flavour S-function;
their matching is given by

" (1) = Ca(p)al™ (n) (7.47)

with

Ca(M) =1+ (15C’F — %CA) Ty (asif))Q N

Here the Cr term can be obtained from the QED result (L37) by inserting the obvious
colour factors; the C'4 term is more difficult to obtain. The RG equation

dlog (o (1)
dlog

(7.48)

+ 280 (" () — 267 ("™ (1)) = 0 (7.49)

can be used to find (,(u) for p # M. The difference

4 g
BT — g0 = — TR T+ Oad),

and therefore for the MS mass M (M) (666) we have the well-known formula [25]

aman =1+ (Bop - 2o,y 1; (“gj@) . (7.50

The QCD running coupling a,(u) not only runs when p varies; it also jumps when
crossing heavy-flavour thresholds. The behaviour of ag(u) near my is shown in Fig.
(this figure has been obtained using the Mathematica package RunDec [29], which takes
into account 4-loop (-functions and 3-loop decoupling). At u > my, the correct theory is
the full 5-flavour QCD (a§5) (1), the solid line); at u < my, the correct theory is the effective
low-energy 4-flavour QCD (a@(u), the solid line); the jump at p = my, ([C4Y) is shown. Of
course, both curves can be continued across my; (dashed lines), and it is inessential at which
particular u ~ m;, we switch from one theory to the other one. However, the on-shell mass
my, (or any other mass which differs from it by O(ay), such as, e.g., the MS mass m;(m;))
is most convenient, because the jump is small, O(a?). For, say, pu = 2my, or p = my/2 it
would be O(a?).

Light-quark masses m; (i) also rum with u, and also jump when crossing a heavy-quark
threshold. The QCD result

D (0) =m0 () [1 e, (O‘s(M >)2 oo (751)

18 4m

can be obtained from the QED one ([LZ4H) by inserting the obvious colour factors.
All QCD decoupling relations are currently known with three-loop accuracy [4.
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Figure 59: a§5)(u) and al? (1)

8 Conclusion: Effective field theories

We already discussed effective field theories in Sect. [ When using QCD, one rarely works
works with all 6 flavours; more often, one works in an effective low-energy QCD with fewer
flavours.

In fact, all our theories (except The Theory of Everything, if such a thing exists)
are effective low-energy theories. We don’t know physics at arbitrarily small distances
(maybe, even our concept of space-time becomes inapplicable at very small distances). We
want to describe phenomena at distances larger than some boundary scale; our ignorance
about very small distances is parametrized by local interactions of low-mass particles.
These observable particles and their interactions are thus described by an effective field
theory with all possible local operators in its Lagrangian. Coefficients of higher-dimensional
operators have negative dimensionalities, and are proportional to negative powers of the
energy scale of a new physics (the scale at which the effective low-energy theory breaks
down). At energies much lower than this scale, these higher-dimensional terms in the
Lagrangian are unimportant. We may retain dimension-4 terms (renormalizable) and,
maybe, one or two power corrections.

The first historical example of an effective low-energy theory is the Heisenberg—Euler
effective theory in QED. It is still the best example illustrating typical features of such
theories.

In order to understand it better, let’s imagine a country, Photonia, in which physicists
have high-intensity sources and excellent detectors of low-energy photons, but they don’t
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have electrons and don’t know that such a particle exists®. At first their experiments
(Fig. BOh) show that photons do not interact with each other. They construct a theory,
Quantum Photodynamics, with the Lagrangian
1 v

L= —ZFWF“ : (8.1)
But later, after they increased the luminosity (and energy) of their “photon colliders” and
the sensitivity of their detectors, they discover that photons do scatter, though with a very
small cross-section (Fig.[60b). They need to add some interaction terms to this Lagrangian.
Lowest-dimensional operators having all the necessary symmetries contain four factors F),, .
There are two such terms:

1
L= Fu,F" + (F F™)? 4 ¢y F, FY Fo g P (8.2)
They can extract the two parameters ¢ » from two experimental results, and predict results

of infinitely many measurements. So, this effective field theory has predictive power.

Q:’—-lll”.till”

Figure 60: Scattering of low-energy photons

We know the underlying more fundamental theory for this effective low-energy the-
ory, namely QED, and so we can help theoreticians from Photonia. The amplitude of
photon—photon scattering in QED at low energies must be reproduced by the effective
Lagrangian (82). At one loop, it is given by the diagram in Fig. Expanding it in the
photon momenta, we can easily reduce it to the massive vacuum integrals (21I). Due to
the gauge invariance, the leading term is linear in each of the four photon momenta. Then
we equate this full-theory amplitude with the effective-theory one following from (82), and
find the coefficients ¢; o (this procedure is known as matching). The result is

1 v Oé2 v\ 2 vo
L= =Bl + oo [ =5 (Fu )" 4 14F, P Fag '] (83)

It is not (very) difficult to calculate two-loop corrections to this QED amplitude using the
results of Sect. B8, and thus to obtain a® terms in these coefficients.

8We indignantly refuse to discuss the question “Of what the experimentalists and their apparata are
made?” as irrelevant.
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Figure 61: Photon—photon scattering in QED at one loop

There are many applications of the Lagrangian (83]). For example, the energy density
of the photon gas at temperature T' is ~ T by dimensionality (Stefan-Boltzmann law).
What is the radiative correction to this law? Calculating the vacuum diagram in Fig.
at temperature T, one can obtain [30] a correction ~ a?T®/m*. Of course, this result is

only valid at T' < m.

Figure 62: Radiative correction to the Stefan—Boltzmann law

The interaction terms in the Lagrangian (83]) contain the “new physics” energy scale,
namely the electron mass m, in the denominator. If we want to reproduce more terms in
the expansion of QED amplitudes in the ratio w/m (w is the characteristic energy), we
can include operators of higher dimensions in the effective Lagrangian; their coefficients
contain higher powers of m in the denominator. Such operators contain more F},, and/or
its derivatives. Heisenberg and Euler derived the effective Lagrangian for constant field
containing all powers of F},,; it is not sufficient for finding coefficients of operators with
derivatives of F),,. The expansion in w/m breaks down when w ~ m. At such energies
the effective low-energy becomes useless, and a more fundamental theory, QED, should be
used; in particular, real electron-positron pairs can be produced.

QED, the theory of electrons and photons, is an effective low-energy theory too. The
leading non-renormalizable term in its Lagrangian has dimensionality 5. It is the Pauli
interaction, the last term in ([ZT]). It contains the scale of new physics, in this case the
muon mass M, in the denominator. In reality, hadronic loops produce a comparable contri-
bution to the electron magnetic moment. This hadronic contribution cannot be calculated
theoretically, because no one knows how to calculate low-energy hadronic processes from
the first principles of QCD?. Therefore, the coefficient of the Pauli term in the QED La-
grangian is a phenomenological parameter, to be extracted from experiment — from the
measurement of the electron magnetic moment.

We were lucky that the scale of new physics in QED is far away from the electron

9Tt can be calculated, with a good accuracy, from experimental data about eTe~ annihilation into
hadrons.
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mass m. Contributions of heavy-particle loops are also strongly suppressed by powers of a.
Therefore, the prediction for the electron magnetic moment from the pure QED Lagrangian
(without non-renormalizable corrections) is in good agreement with experiment. After this
spectacular success of the simplest Dirac equation (without the Pauli term) for electrons,
physicists expected that the same holds for the proton, and its magnetic moment is e/(2m,,).
No luck here. This shows that the picture of the proton as a point-like structureless particle
is a very poor approximation at the energy scale m,,.

Another classical example of low-energy effective theories is the four-fermion theory
of weak interactions. It was first proposed by Fermi as a fundamental theory of weak
interactions; now it is widely used (in a slightly modified form) as an effective theory of
weak interactions at low energies.

Let’s consider, for example, b-quark decays. In the Standard Model, they are described
by diagrams with W exchange. However, the characteristic energy E ~ m, < my, and
we can neglect the W momentum as compared to my,, and replace its propagator by the
constant 1/m?,. In other words, the W propagation distance ~ 1/my is small compared
to characteristic distances of the process ~ 1/FE. We can replace the W exchange by a
local four-fermion interaction; it is described by dimension-6 four-fermion operators, their
coefficients contain 1/mj,. There are 10 such operators. We can calculate QCD corrections
of any order to diagrams containing such four-fermion vertex without any problems; UV
divergences are eliminated by the matrix of renormalization constants of these operators.
Their coefficients in the effective low-energy Lagrangian obey a renormalization group
equation. The initial condition at u = my, is obtained by matching the full-theory results
with the effective-theory ones.

The “new physics” scale where this effective theory breaks down is my,. As is always
the case in effective theories, we have to fix the order of the expansion in E?/mj, we are
interested in. In this case, we work at the first order in 1/m?,, and there can be only one
four-fermion vertex in any diagram. What if we want to include the next correction in
E?/m2,?7 In this case we have to include all the relevant dimension-8 operators into the
Lagrangian; their coefficients contain 1/mg;,. Their number is large but finite. Elimination
of UV divergences of diagrams with two four-fermion vertices (i.e., renormalization of
products of dimension-6 operators) requires not only renormalization of these operators
separately, but also local overall counterterms (i.e., dimension-8 operators).

We see that the fact that the theory with four-fermion interaction is not renormalizable
(as all effective field theories) does not prevent us from calculating finite renormalized
results at any fixed order in the expansion in E?/m¥,. The number of coefficients in the
Lagrangian is finite at each order of this expansion, and the theory retains its predictive
power. In practice, this number quickly becomes large, and one can only deal with few
power corrections in an effective theory.

In the past, only renormalizable theories were considered well-defined: they contain a
finite number of parameters, which can be extracted from a finite number of experimental
results and used to predict an infinite number of other potential measurements. Non-
renormalizable theories were rejected because their renormalization at all orders in non-
renormalizable interactions involve infinitely many parameters, so that such a theory has
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no predictive power. This principle is absolutely correct, if we are impudent enough to
pretend that our theory describes the Nature up to arbitrarily high energies (or arbitrarily
small distances).

Our current point of view is more modest. We accept the fact that our theories only
describe the Nature at sufficiently low energies (or sufficiently large distances). They are
effective low-energy theories. Such theories contain all operators (allowed by the relevant
symmetries) in their Lagrangians. They are necessarily non-renormalizable. This does not
prevent us from obtaining definite predictions at any fixed order in the expansion in E /M,
where FE is the characteristic energy and M is the scale of new physics. Only if we are lucky
and M is many orders of magnitude larger than the energies we are interested in, we can
neglect higher-dimensional operators in the Lagrangian and work with a renormalizable
theory.

Practically all physicists believe that the Standard Model is also a low-energy effec-
tive theory. But we don’t know what is a more fundamental theory whose low-energy
approximation is the Standard Model. Maybe, it is some supersymmetric theory (with
broken supersymmetry); maybe, it is not a field theory, but a theory of extended objects
(superstrings, branes); maybe, this more fundamental theory lives in a higher-dimensional
space, with some dimensions compactified; or maybe it is something we cannot imagine at
present. The future will tell.

I am grateful to K.G. Chetyrkin and V.A. Smirnov for numerous discussions of the
topics discussed in these lectures; to the organizers of the DIAS TH-2005 school in Dubna
for inviting me to give this course; to S.V. Mikhailov and A.A. Vladimirov for useful
remarks on the contents of the lectures.
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A Colour factors

Here we shall discuss how to calculate colour diagrams for SU(N,) colour group (in the
Nature, quarks have N, = 3 colours). For more details, see [H].

Elements of SU(N.) are complex N. x N, matrices U which are unitary (UTU = 1)
and have det U = 1. Complex N .-component column vectors ¢* transforming as

qg— Uq or qi — Uijqj (A.1)

form the space in which the fundamental representation operates. Complex conjugate row
vectors ¢;” = (¢')* transform as

¢t —qtU" or ¢ — ¢ (U); where (U');= (U)"; (A.2)

this is the conjugated fundamental representation. The scalar product is invariant: ¢*¢' —
qtUTUq¢ = ¢*¢'. In other words,

8 — U WU, = U (U =6 (A.3)

is an invariant tensor (it is the colour structure of a meson). The unit antisymmetric
tensors €""Ne and €;, 4, are also invariant:

11...IN, J1--JNe 78 . .. TTiNe . LU UNe AUl NG
£ — € Uj - UNejy =detU - e =€ (A.4)

(they are the colour structures of baryons and antibaryons).
Infinitesimal transformations are given by

U=1+ia"", (A.5)

where a* are infinitesimal real parameters, and t* are called generators (of the fundamental
representation). They have the following properties:

UHU =1+ia* (1 — (1)) =1 = () =1,

. (A.6)
detU =1+1a*Trt* =1 = Trt*=0,

and are normalized by
Trt*® = Tpé®; (A.7)

usually, T = 1/2 is used, but we shall not specialize it. The space of unitary matrices is
N2-dimensional, and that of traceless unitary matrices — (N2 —1)-dimensional. Therefore,
there are N2 — 1 generators t* which form a basis of this space. Their commutators are i
times unitary traceless matrices, therefore,

[te, %] = i fobete (A.8)
where f®¢ are real constants.
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The quantities

Aa — q—l—taq/
transform as
A — ¢TUTtUq = U% A, (A.9)
this is the adjoint representation. It is defined by
UTt*U = U™t (A.10)
and hence 1
U = —Te Ut Ut". (A.11)
Tr

The components (t*)’; are some fixed numbers; in other words, they form an invariant

tensor (see (A-10)): ' ' '
(%) — UPUSE) (U5 = ()7 - (A12)

For an infinitesimal transformation,

A q+(1 _ Z’actc)ta(l + iOéCtC)q/ — q+(ta 4 iOécifGCbtb)q/,

so that
U™ = 5%+ ia®(t9)® (A.13)
where the generators in the adjoint representation are
(L) =if*. (A.14)

As for any representation, these generators satisfy the commutation relation
(ta>dc(tb>ce . (tb)dc(ta>ce — ifabc(tc)de : (A15)
it follows from the Jacobi identity
[, [t 4] + [0, [t ) + [t [t ] = 0
— (ifbdc,éface + 7;j:dacij:bce + ifabc,éfdce) te )

It is very convenient to do colour calculations in graphical form []. Quark lines mean
5;, gluon lines mean 0*°, and quark-gluon vertices mean (¢%)?;. There is no need to invent
names for indices; it is much easier to see which indices are contracted — they are connected
by a line. Here are the properties of the generators t* which we already know:

Tr1 =N, or O =N,
Tr¢® = or VO =0, (A.16)
Trot® = Tpd®  or WQW = Tp v
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There is a simple and systematic method for calculation of colour factors — Cvitanovic¢
algorithm [H]. Now we are going to derive its main identity. The tensor (£%)%;(¢t*) is
invariant, because (*)’; is invariant. It can be expressed via 5;-, the only independent
invariant tensor with fundamental-representation indices (it is clear that Ve and &;, N
cannot appear in this expression, except the case N. = 2; in this case 5““@-; can appear,
but it is expressible via 5;) The general form of this expression is

()5t = a [5i8" — bss}] | (A.17)

TR0

where a and b are some unknown coefficients. If we multiply (A17) by o7

or graphically

(t)(t)" = 0 = a [0} — bN.GF]

i. e., close the upper line in (AS),
= — b — 0 5
4| L —_——

b:

we obtain .
FG .
If we multiply (AI7) by (t°)7;,
(Y00 = Tole) = a | (= 307t

i. e., close the upper line in ([A-I8) onto a gluon,

A -l

a:TF.

we obtain

The final result is
(t“)ij(t“)kl =Tr [5}5’“ — —5’6l] , (A.19)
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or graphically

KZTF jE_NL+] (A.20)
¢ —<—

This identity allows one to eliminate a gluon exchange in a colour diagram: such an
exchange is replaced by the exchange of a quark—antiquark pair, from which its colour-

singlet part is subtracted.
% 1
+ N ] , (A.21)
(& <

It can be also rewritten as
N+ 1 Tpa I\ (pani Loy e
q"q; = 7 |(¢"t'¢)(t")"; + +(q7¢)0; | . (A.22)

or

1
=7
Tr N,

This shows that the product of the fundamental representation and its conjugate is re-
ducible: it reduces to the sum of two irreducible ones, the adjoint representation and the
trivial one. In other words, the state of a quark—antiquark pair with some fixed colours is
a superposition of the colour-singlet and the colour-adjoint states.

The Cvitanovié¢ algorithm consists of elimination gluon exchanges ([A20) and using
simple rules ([AJ6). Let’s consider a simple application: counting gluon colours. Their

number is
1 1
N, = E—— —
’ {:\:::} TF{::@ TF@
1
= E— =N?_1

as we already know.
Now we consider a very important example:

e N 7o\ N R

=] =

o

1
R L —

The result is

éJJ\N\/\/LL% =(Cp—>— or tt"=0Cp, (A23)
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where the Casimir operator in the fundamental representation is

1
Cp =T (Nc - Fc) . (A.24)

Colour diagrams can contain one more kind of elements: 3-gluon vertices if%°. The
definition ([A.8) when written graphically is

A TS R U

Let’s close the quark line onto a gluon:

: ii?

This is the final rule of the Cvitanovi¢ algorithm: elimination of 3—gluon vertices.
The commutation relation ([AIH) can be rewritten graphically, similarly to (A225):

Sometimes it is easier to use this relation than to follow the Cvitanovi¢ algorithm faithfully.

Therefore,
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Now we consider another very important example:

AL ¥
<D

%@@@@

= 2T N, ~annn

% = Cpnmmn o1 ifoedifile = O, 5 (A.28)

where the Casimir operator in the adjoint representation is

The result is

Cy = 2TFN, . (A.29)

Another example:

(A.30)
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or

T T C
10" = —FFtb, _FF = Cp— TA . (A.31)

One more example:

(A32)
_ §M .
o[ 4Q dg - Q dg ]
TN, §

" st = Cage (433

This can be derived in a shorter way. Using antisymmetry of fo%¢ (A2H) and (A2]),

TTrE

(A.34)
We shall also need the result

It can be, of course, obtained by using the Cvitanovi¢ algorithm. A shorter derivation is
similar to ([A34]), with the lower quark line replaced by the gluon one; the commutation
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relation [A27) in the adjoint representation is used instead of ([A2H]) in the fundamental
one.

Sometimes the colour factor of a diagram vanishes, and we don’t need to undertake its
(maybe, difficult) calculation. For example,

fﬁgﬁi}:: —0. (A.36)

This can be obtained by using the Cvitanovi¢ algorithm. A shorter derivation is following.
There is only one colour structure of the quark-gluon vertex:

Therefore, let’s close this diagram:

O -

Colour factors of not too complicated diagrams (e.g., propagator and vertex diagrams
which have to be calculated for obtaining QCD fields anomalous dimensions and -function)
with L loops (including L, quark loops) have the form

(Tan)Lq CprCy, np4+na=L,=L—1L,. (A.37)

This form is valid not only for SU(N,), but for any gauge group. At L, > 4, new Casimir
operators appear, which are not reducible to Cr and C'4. Suppose we have calculated the
colour factor for SU(N,) using the Cvitanovi¢ algorithm, and we want to rewrite it in the
form ([A31) valid for any group. Our colour factor is (Txn f) 7 times a sum of terms of the

L . . . .
form Tp.? N with various values of n. Using (A24]) and ([A29), we can rewrite each such

term as o o ’
<7A> <7A—C'p> where z+y=L,, z—y=n.

Therefore, we may substitute

Cy [ 2Cr -

TN = | Ca

YN (A.38)

[1 2,

Of course, if there are no errors, the result will contain no fractional powers, just a poly-
nomial in Cp and C4.1°

10T am grateful to K.G. Chetyrkin for explaining this trick to me.
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