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CB. aITocToJI IlaBerr 

IlepBoe rrocrram1e K KOp1mcp.imaM'I,. 

(II::rnrre':Iemur) 

B Jia6opaTopmo TeopeTII':IecKon cpII□IIKII Brrap;IIMIIP KoHcTaHTIIHOBII'I 6hIJI ITpIIrrra­

meH BeCHOH 1974 rop;a H.H.Boromo6oBhIM II c Tex ITOp JIBmreTCJI ITOCTOJIHHhIM coTpyp;­

HIIKOM JITct>. Ha BpeMJI pa6oThI B JITct> ITpIIxop;IITCJI BeChMa ITrrop;oTBopHhIH ITepIIop; 

Hay':IHOH p;eJITeJihHOCTII B.K.ct>ep;JIHIIHa. Op;HaKo II K TOMY BpeMeHII Brrap;IIMIIp KoH­

cTaHTIIHOBII'I y)Ke 6bIJI npeJihIM y'IeHhIM, IIMeIO~IIM Hay'!Hhle penyrrhTaThI MIIpoBoro 

ypoBHJI. 

CBoH ITYTh B HayKy B.K.ct>ep;JIHIIH Ha':IaJI B 1959 rop;y 6yp;y':III aCITIIpaHTOM H.H.Boro­

mo6oBa B MIIAH IIM. B.A.CTeKJioBa. B ITepIIop; c 1959 ITO 1962 rr. B.K.cI>ep;JIHIIHhIM 

6bIJIII ITOJiy':IeHhI ITepBbie cy~eCTBeHHhie penyJihTaThI - ITOCTpOeHa peJIJITIIBIICTCKaJI KII­

HeMaTIIKa ITpon;eccOB C )];BYMJI (pOTOHaMII II Ha OCHOBe )];IICITepcIIOHHhIX COOTHOllieHIIH 

ITO O)J;HOH ITepeMeHHOH BhIBep;eHhI TO'!Hhle ypaBHeHIIJI )];JIJI peJIJITIIBIICTCKIIX aMITJIIITyp; 

KOMITTOH-0q>q>eKTa Ha HYKJIOHax. Crrep;yeT OTMeTIITh, 'ITO B TO BpeMJI ITOp;o6Horo pop;a 

ITporpaMMa 6hIJia peaJIII80BaHa TOJihKO )];JIJI Me80H-HYKJIOHHOro pacceJIHIIJI II cf>oTopo­

)K)];eHIIJI 1Iy, Jioy, rorrhp;6eprepoM II HaM6y B 1956 r. IIcITOJih80BaB 0TII ypaBHeHIIJI 

II 0KCITepIIMeHTaJihHhle p;aHHhle ITO (pOTOpO)Kp;eHIIIO p;o ITopora po)Kp;eHIIJI p-Me80Ha, 

B.K.ct>ep;JIHIIH ITOJIY'IIIJI ':IIIcJieHHhie □Ha':IeHIIJI "IToJIJipIInyeMocTeH ITpoToHa a:;, /3;(i = 
0, 1 )". BerrII'IIIHa arreKTpII'IeCKOH II MarHIITHOH ITOJIJipIInyeMOCTII a:0 = 71, 71 • 10-44cM3, 

/30 = 6.95 · 10-44cM3 6hIJIII 0KcITepIIMeHTarrhHO II□MepeHhI BapaHOBhIM TI. II p;p. (BaTa­

BIIJI, CIIIA, 1973). ,Il;Be p;pyrIIe ITOJIJipIInyeMOCTII, ITorry':IeHHhre B.K.ct>ep;JIHIIHhIM B 1962 

rop;y' 0:1 = 10, ~3 . 10-44cM3
' /31 = -6.95 . 10-44cM3

' CBJI8aHHhie C BhICllIIIMII paCITpe­

p;erreHIIJIMII napJip;a II MarHIITHOro MOMeHTa, )];OJI)KHhI II8MepJIThCJI B ITOJIJIPII8all;IIOHHhIX 

0KCITepIIMeHTax, He ITpoBep;eHHhIX p;o CIIX ITOp. 8ToT D;IIKJI IIccrrep;oBaHIIn: B.K.ct>ep;JIHIIHa 

cTarr ITpep;MeToM ero KaHp;IIp;aTcKon: p;IIccepTaD;IIII (1962r. ). B HeM ITO cy~eCTBY BITepBhle 
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HaMe'-leH II KOJIII'-ICCTBCHHO ocpopMJICH Ha npIIMepe npoTOHa nyTb TeopeTII'-ICCKoro IIC­

crrep;oBaHII.lI arreKTpoMarHIITHOH cTpyKTYPbl a:;a;poHOB. 

B 1967 roµ;y cOBMCCTHO c C.B.T.H6JIIIKOBblM B.K.<Pep;.lIHIIHbIM 6blrra norry'-leHa TO'-IHM 

CIICTeMa anre6paII'-leCKlIX ypaBHeHIIH p;rr.H Kopperrm.J;IIOHHblX cpyHKI.J;IIH B Moµ;errII ll::rnHra 

(IIµ;eami,HblX II npIIMCCHblX CIICTeM). HepaBCHCTBa II annpoKCIIMaI.J;IIOHHbIC CXCMbl no­

rry'-leHII.lI npII6rrmKeHHbIX Bblpa)KCHIIH p;rr.lI KOpperr.lII.J;IIOHHblX <pyHKI.J;IIH, OCHOBaHHbie Ha 

GTIIX ypaBHCHII.lIX 6blJIII IlOJIO)KCHbl B OCHOBY pac'-leTa paBHOBCCHbIX II HepaBHOBCCHbIX 

xapaKTepIICTIIK MarHCTIIKOB, a;a;cop6n;IIII II a6cop6n;IIII, ynop.lip;O'-IIIBaIOI.I.l;IIXC.lI cnrraBOB II 

paccrraIIBaIOI.I.J;IIXC.lI cMe.ceii, µ;IIcppaKI.J;IIII Meµ;rreHHblX arreKTpoHOB noBepxHoCThIO (LEED), 

)KIIp;KocTeii. 8Ta nporpaMMa 6blrra peanII30BaHa B 1968-1976 ro;a;ax. B paMKax no;a;xo;a;a, 

pa3BIITOro B.K.<Pep;.lIHIIHblM, yp;anOCb o6'b.lICHIITb MHOrIIe '-ICpTbI p;aHHoro Kpyra q>II-

3II'-ICCKIIX .lIBJICHIIH, Bbl.lIBJICHHblX axcnepIIMCHTaJlbHO B KOHp;eHcIIpOBaHHOM COCTO.lIHIIII 

BCI.1.J;CCTBa, II npep;CKa3aTb HOBble oco6eHHOCTII B IlOBep;eHIIII p.Hµ;a <pII3II'-ICCKIIX xapaK­

TepIICTIIK. Cyw:ecTBeHHo, '-ITO annpoKCIIMan;IIII, ccpopMyrrIIpOBaHHbie B.K.<Pep;.HHIIHhIM, 

Ha .lI3bIKe Kopperr.lII.J;IIOHHblX cpyHKI.J;IIH (paBHOBCCHbIX cpep;HIIX) HaMHoro 6orree o6oCHO­

BaHHbl II ;a;onycKaIOT <pII3II'-ICCKII pa3yMHOe o6'b.lICHCHIIe, HC)KCJIII npon;eµ;ypbl pacw:enrre­

HIIH cpyHKI.J;IIH fpIIHa. (,Urr.H nocrreµ;HIIX OHII .lIBJl.lIIOTC.lI, no cyw:ecTBY, npe;a;norro)KeHII­

.lIMII 06 IIX aHanIITII'-lecKoH cTpyKType, KaK cpyHKI.J;IIH KoMnrreKCHhIX nepeMeHHbtx). TaK 

B.K.<Pep;.lIHIIHblM noKa3aHo, '-ITO II3BeCTHoe cynepno3III.J;IIOHHoe npn6JIII)KCHIIe BeTe­

IIaiiepnca-fyrreHrenMa (µ;rr.H )KIIµ;KocTII KIIpKByµ;a-3arrhn;6ypra) p;n.H BhICI.l.lIIX cpyHKI.J;IIH 

pacnpe;a;erreHII.lI '-Iepe3 napHyro, TO'-IHO yµ;oBJICTBOp.lieT CIICTCMe ypaBHCHIIH T.a6rrIIKOBa­

<Pep;.lIHIIHa (no;a;ocHOBOH ;a;rr.a GTOH annpoKCIIMaI.J;IIII .!lBJl.lICTC.!l Tpe6oBaHIIC MapKOBOCTII 

;a;rr.a COOT.BCTCTBYIOW:IIX ycrroBHhIX Bepo.aTHOCTeii). Crre;a;yeT OTMCTIITh, '-ITO Ha OCHOBe 

opIIrIIHaJlbHblX IIccrreµ;oBaHIIH B.K.<Pep;.HHIIHa II ero y'-leHIIKa A.E.Mo3oJlhKOBa nocB.a­

rn:eHHblX npo6rreMe LEED, B 1982 ro;a;y HanIIcaHa eµ;IIHCTBCHHM B MIIpe MOHorpacpII.a 

",I(IIcppaKI.J;II.lI Meµ;rreHHblX aneKTpOHOB IlOBepXHOCTbIO". Borrbll.laJI '-laCTb pe3yJlbTaTOB 

;a;aHHhIX IIccrreµ;oBaHIIH Brraµ;IIMIIpa KoHcTaHTIIHOBII'-la BOI.l.lJla B ero µ;oKTopcKyro p;IIccep­

Tan;IIIO (1973r.). 

B 1972 ro;a;y B.K.<Pe;a;.aHIIHbIM npe;a;rro)KeH coBepll.leHHO HOBhIH no;a;xo;a; K KIIHeTIIKe 

cop 6n;IIII. B OCHOBY ero IlOJIO)KCHO npeµ;cTaBJICHIIe O nepexop;HOM COCTO.lIHIIII ( aKTIIBIIpo­

BaHHOM KOMilJICKCe ), KaK O npIIMCCII B CIICTCMe MHOrIIX B3aIIMOp;eHCTBYIOI.I.J;IIX '-laCTIII.J;. 

Ha OCHOBe norry'-leHHblX 3p;ecb pe3yJlbTaTOB 6bIJIII KOJIII'-ICCTBCHHO npoaHaJIII3IIpoBaHbl 

cop6n;II.a, caMOp;II<p<py3II.!l, B.!l3KOCTh, BJIII.!lHIIe cop6n;IIII .Ha npon;eccbl nepeHOCa. llccrre­

µ;oBaHII.!l B aToH o6rracTII npIIBrreKaroT BHIIMaHIIe Brrap;IIMIIpa KoHcTaHTIIHOBII'-la II B 

HacTo.aw:ee BpeM.a. TaK, B pa6oTax B.K.<Peµ;.aHIIHa 1992-1994 rop;oB, KOJIII'-ICCTBCHHO 

npoaHaJIII3IIpOBaHo BJIII.lIHIIe aKTIIBHOH IlOBepXHOCTII Ha KOHI.J;CHTpan;IIIO coppIIpyeMoro 

KOMilOHCHTa B IlOTOKe. IloCKOJlbKY Y'-ICT BJIII.!lHII.H aKTIIBHOH IlOBepXHOCTII npIIBOp;IIT K 

cIIcTeMe HerrIIHeHHbIX p;II<pcpepeHn;IIaJibHhIX ypaBHeHIIH (;a;a)Ke B JIIIHCHHOM ;a;rr.a ypaBHe­

HIIH nepeHoca npII6JIII:lKCHIIH), TO B03MO:lKHbl pa3JIH'-IHbie pe)KHMbI: "nrraBHoe" Te'-le-
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HIIe, KOHI.l;eHTpaIJ;IIOHHhIX BOJIH II, IIpII orrpeµ;eJieHHbIX rrpeµ;rroJIO)KeHII.lIX O B3aIIMoµ;en:­

eTBIIII aµ;aToMoB, eTpaHHhIH aTTpaKTop (He IIeKJIIO'leH II xaoTII'leeKIIn pe)KIIM). A B 

l.l;IIKJie pa60T 1985-1994 roµ;OB Ha 6ane Moµ;mpIII.l;IIpOBaHHbIX Moµ;eJibHbIX raMIIJibTOHIIa­

HOB, rrorry'leHHbIX II3 "rrepBhIX" rrpIIHI.l;IIIIOB rrpII y-qeTe Me)K0l!eKTpOHHhIX KoppelI.lII.l;IIH, 

B.K.cf>eµ;.HHIIHhIM II ero y'leHIIKaMII paee'JIITaHbI Bee oeHOBHbre xapaKTepIIeTIIKII 0l!eK­

TpOHHOll rroµ;eIIeTeMbI aµ;eop6aT-aµ;eop6eHT (KOHKpeTHO paeeMaTpIIBalle.lI Boµ;opoµ; Ha 

rrepexop;Hh!X MeTarrrrax). PenyllbTaT_hI 0TIIX IIeerreµ;oBaHIIll o6oeHOBaJIII OeHOBHh!e rrpeµ;­

IIOlIO)KeHII.lI rroµ;xoµ;a B.K.cf>eµ;.HHIIHa, KOTop1,rn:, TaKIIM o6panoM, rrpIIo6perr eTaTye µ;o­

eTaTO'lHO rrpoeTon:, KOHeTpyKTIIBHon: TeopIIII. ll;IIKrr IIeerreµ;oBaHIIH B.K.cf>eµ;.HHIIHa II ero 

y'leHIIKOB IIO Me)K0JieKTpOHHhIM KoppelI.Hl.l;II.lIM B xeMoeop61.l;IIII (1975-1990r.) 61,m B 1990 

roµ;y OTMe'leH rrpeMIIen: OIIJHI. 

C 1977 roµ;a B.K.cf>ep;.HHIIH BhIIIOlIHIIlI BO MHoroM IIIIOHepeKIIe IIeerreµ;oBaHII.lI no µ;II­

HaMIIKe '1aeTIII.1;erroµ;o6HbIX B036y)Kµ;eHIIH B KBannoµ;HoMepHhIX Moµ;err.HX TeopIIII KOHµ;eH­

eIIpoBaHHoro eoeTO.lIHII.lI, KaHalIIIP<;>BaHIIII, IIpOXO)Kµ;eHIIII IIOlI.!IpII30BaHHOro II3lIY'1eHII.lI 

B MHOroel!OllHbIX eTpyKTypax IIJiaHapHon, ecpepII'leeKOH II l.l;IIlIIIHµ;pII'leeKOH reoMeTpIIII, 

orrnebrnaeMhIX pemeHII.lIMII HerrIIHeHHbIX 0BOlIIOI.l;IIOHHhIX ypaBHeHIIH. PenyJibTaThI, rrorry­

'leHHh!e nµ;ee1, B.K.cf>eµ;.HHIIHhIM II ero y'leHIIKaMII µ;JI.H MarHeTIIKOB, a-errIIparrII, (CH)x, 
AB-rrorrIIMepoB, MOJieKyrre ,IJ;HK, KaHarrIIpoBaHIIIO II03IITpOHOB B AB-KpIIeTarrJiax, OIITII­

'leeKon 6IIeTa6IIJibHOeTII IIMerrII 6orr1,moii: penoHaHe II y Hae, II na py6e)KOM. Ilo Hen 

B.K.cf>eµ;.HHIIHbIM II ero KOlIJieraMII orry6lIIIKOBaHo HeeKOllbKO o6nopOB II 6orrbIIIIIe l.l;IIKJihI 

eTaTen:. 0KOlIO 10 y'leHIIKOB B.K.cf>ep;.HHIIHa na~IITIIlIII IIO Hen: KaHµ;IIµ;aTeKIIe µ;IIeeep­

Tal.l;IIII. IIeerreµ;oBaHII.lI 0TII 6bll!II IIIIIpOKO rrpeµ;eTaBrreHbI µ;oKrraµ;aMII Ha BeeeOI03HbIX 

II Me)Kµ;yHapop;HhIX KOHcpepeHI.l;II.lIX B 1982-1994 rr., epeµ;II' KOTOpbIX naMeTHOe MeeTO 

namIMaIOT II KOH<pepeHI.l;IIII IIO HelIIIHeHHbIM 0BOlIIOI.l;IIOHHhIM ypaBHeHII.lIM II IIeIIOl!b30-

BaHIIIO IIX peIIIeHIIll p;lI.lI OIIIIeaHII.H enTyal.l;IIII B <pII3IIKe KOHp;eHeIIpOBaHHOro eoeTO.lIHII.H, 

rrpoBop;IIMhie rrpII y-qaeTIIII OIIJIII B 1985-1992 rr. 

IIerrOl!b30BaB rroµ;xoµ; Bororrro6oBa IIO eToxaeTII3al.l;IIII IIOBeµ;eHII.lI Marron rroµ;eIIeTeMh! 

B TepMoeTaTe B.K.cf>eµ;.HHIIH II ero y'leHIIK r.M.raBpIIlleHKO rroeTpOIIlIII opIIrIIHal!bHYIO 

TeopIIIO KaHalIIIpoBaHII.lI rrerKIIX -qaeTIII.l; ( e±, µ±) B KpIIeTaJirrax. MMII 61,ma o6'b.HeHeHa 

TepMOlIIIt3al.l;II.lI IIY'1Ka II03IITpOHOB e 0HeprII.HMII ~10 r0B IIpII KaHalIIIpOBaHIIII B rep­

MaHIIII II KpeMHIIII, Henaµ;orrro µ;o 0TOro Ha6rrroµ;eHHM B OIIh!TaX IJ;1,rraHOBa 8.II. II 

µ;p. B BaTaBnII (CIIIA), II rrpeµ;eKa3aHo IInrry'leHIIe Ha µ;Byx -qaeToTax rrpII KaHarrII­

pOBaHIIII e+ B 6IIHapHhIX KpIIeTarrrrax (NaCl, KBr II T.rr.) (1982r.). 8To rrpeµ;eKana­

HIIe 61,mo 0KerrepIIMeHTallbHO rroµ;TBep)Kµ;eHo IlaHTerrrroM (1983r., CT0Hcpopµ;, CIIIA). 

B pa6oTax B.K.cf>eµ;.HHIIHa II ero y'leHIIKa ,IJ;.MIIxarraKe (PyMhIHII.lI) 6h!rro rrpeµ;eKanaHo 

.lIBl!eHIIe OIITII'JeeKOH 6IIeTa6IIJibHOeTII B IIJiaHapHhIX eTpyKTypax e HeJIIIHen:HhIM 0l!e­

MeHTOM: IIO.lIBlleHIIe OKOH "Herrponpa'lHOeTII" rrpn II3MeHeHIIII MO~HOeTII rry-qa rranepa, 

rrporryeKaeMoro 'lepen rrrraeTIIHY e Hel!IIHeHHbIMII eBoHeTBaMII. Ha 0TIIX penyrr1,TaTax, 

BhI3BaBIIIIIX 6orr1,mon: Me)Kµ;yHapop;HhIH penoHaHe, oeHoBhlBaeTe.H l.l;IIKlI IIeerreµ;oBaHIIH no 
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co3µ;a1nno HOBoro noxonemm KOMnhroTepoB xomia6opa~eii IBM (CIDA), Beµ;y~IIXC.H c 

1985 r. fha TeMa nonrnrna npo;a;omKeHIIe B 1985-1994 roµ;ax B pa6oTax B.K.<t>eµ;.HHIIHa 

c JI.A.YBapoBon: ('Thepb), rAe IIccneµ;oBaJIHCh .HBneHH.H B HeJIHHeHHhIX cTpyxTypax pan­

JIII"IHOH reoMeTpIIH c TennoBbIM pe)KIIMOM THna "o.6ocTpeHII.H". 

B xnaccH"!ecxoii naµ;a"Ie o non.HpoHe B.K.<l>eµ;.HHIIH coBMeCTHO co CBOIIM y"IeHIIKOM 

K.Poµ;pHrecoM nony"IHJI TeMnepaTypHyro naBHCHMOCTh aqiq>eKTIIBHOH Maccbl non.HpoHa 

II aHeprHII OCHOBHOro COCTO.HHII.H BO BCeM HHTepBane KOHCTaHT CB.H3H II TeMnepaTyp T, 

M( a, T), Eo( a, T) (1982r. ). CooTBeTCTBYIO~IIe q>opMynhl npII T -t O II µ;n.H a ~ 1 

npexpacHo onHcaJIH axcnepIIMeHThl B HOHHhIX KpIIcTannax no M(a., T). Oco6eHHO µ;e­

TaJihHO OHH 6bIJIII npoBepeHbl IIrneTHCOM (ABcTpanII.H) B 1984 roµ;y. Ha;a;o cxanaTh, 'ITO 

6oJibWHHCTBO TeopeTH"IeCKHX pac"IeToB, npoBeµ;eHHbIX II B CHI' II na. py6e)KoM, npeµ;­

CK&JhIBaJIII yMeHbWeHIIe M(a. ~ 1, T -t 0). PenynhTaTbI B.K.<l>eµ;.HHIIHa II K.Poµ;pIIreca 

npHBenH K o6paTHOH CIITY~IIH - non.HpoH "T.H)Kenen" no BnonHe onpeµ;eneHHOMY naKoHy. 

8TII penyJibTaTbI TaK)Ke BbltJBaJIH 60JibWOH penoHaHC BO BCeM MHpOBOM coo6~eCTBe, 

:JaHIIMaIO~eMC.H npo6neMOH non.HpoHa, II .HBJI.HIOTC.H Tenepb o6~enpH3HaHHbIMII. Il;IIK11 

cTaTen:, BKJIIO"IaIO~IIH aTH nccneµ;oBaHH.H, 6bIJI yµ;ocToeH nepBoii npeMHII OII.fflI na 1982 

ro;a;. 

B.K.<l>eµ;.HHHH B CBOHX nccneµ;oBaHH.HX H B COBMeCTHbIX HCCJieµ;oBaHII.HX co CBOIIMII 

y"IeHHKaMII Ha"IIIHaJI c 1977 roµ;a CTaJI oµ;HIIM II:J nepBbIX B MIIpe CHCTeMaTH"IeCKII HC­

no1Ib30BaTb C01IHT9HHble peweHH.H HeJIIIHeHHbIX µ;IIq>q>epeHQIIaJibHblX ypaBHeHIIH B MO­

µ;eJI.HX TeOpIIH KOHµ;eHCHpOBaHHOro COCTO.HHII.H npocTpaHCTBa ( 1 + 1) µ;n.H HHTepnpeTa­

QIIII HX paBHOBeCHbIX II HepaBHOBeCHbIX xapaKTepIICTHK Ha .H:JhIKe rana "IaCTHQenoµ;o6-

HbIX B036y)Kµ;eHHH. lIM npeµ;Jio)KeH opnrHHaJihHbIH noµ;xoµ; K BbI"IIIcneHIIIO ocHOBHhIX 

TepMoµ;IIliaMH"IeCKIIX II µ;IIHaMH"IeCKHX xapaKTepHCTHK. B 9THX IICCJieµ;oBaHII.HX 6blna 

µ;eTaJihHO IIny"IeHa CHTY~H.H B KBa3HOµ;HoMepHbIX MarHeTHKax (CsNiF3, RbFeCl3 II 

;a;p. ), B I'eiineH6eproBCKOM MarHeTHKe, C Hx, a.-cnHpanII, AB-nonIIMepax, nonIIeHax, 

Monexyne ,U:HK n µ;p. (1977-1993 rr.). ,U:n.H cHcTeM c axcnToH-q>OHOHHhIM B:JaIIMoµ;en­

CTBHeM H Moµ;enn Xa66ap;a;a 6bIJIH nony'leHbl HOBble xnaccbl HeJIIIHeHHhIX ypaBHeHHII 

C COBepweHHO He06bI"IHbIMH CBOHCTBaMII C01IIITOHHbIX peweHHH. KonII'!eCTBeHHO IIC­

cneµ;oBaHHbIH II npeµ;cKa3aHHhIH B.K.<l>eµ;.HHHHhIM, B.I'.MaxaHbKOBhIM II B.Jlncn BKnaµ; 

6pHnepoB µ;n.H CsNiF3 (1982r.) 6bIJI Bhlµ;eneH B axcnepHMeHTax no pacce.HHIIIO Hen:Tpo­

HOB: (Ken:Mc, illTen:Hep, KaxypII, 1983r.). 

Bnaµ;IIMHp KoHCTaHTIIHOBII"I MHOro CII11 OTµ;aeT pa6oTe C M01IOµ;bIMH, Ha"IIIHaIO~IIMII 

nccneµ;oBaTeJI.HMH. Iloµ; pyxoBoµ;cTBOM B.K.<l>eµ;.HHIIHa c 1972 roµ;a na~II~eHo CBhIWe co­

poxa µ;IIn1IOMHbIX pa6oT, µ;Baµ;QaTb KaHµ;IIµ;aTCKIIX ;a;nccepTaQIIH. illecTb ero y"IeHIIKOB 

na~IITHJIH µ;oKTOpCKIIe µ;IIccepTaQIIII. Ilpoqieccop <l>eµ;.HHIIH MHOro CII11 OTµ;aeT npenoµ;a­

BaTeJibCKOII pa~oTe, "IIITaJI neKQIIIIj nocneµ;oBaTenhHO B MI'Y, MIIP8A (,U:y6Ha), TI'Y. 

B 'ThepcxoM rocyµ;apcTBeHHOM yHIIBepcIITeTe B.K.<l>eµ;.HHIIH pa6oTaeT Ha"IIIHaJI c 1986 

roµ;a II µ;o CHX nop, Ha conµ;aHHOM HM q>IIJIIIaJie Kaq>eµ;phl MeToµ;oB MaTeMaTII"IeCKOH 
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cpnmurn npII OIUUI. Ero npIIrrrarnaJrn p;mr 'ITeHIIJI JieKI.J;IIM B JHIIBepcIITeThI ropop;oB 

TapTy, JlpocnaBJih, Op;ecca. B.K.<Pep;JIHIIHa Heop;HoKpaTHo npIIrJiarnaJIII onnoHIIpoBaTh 

no p;OKTOpCKIIM II KaHp;IIp;aTCKIIM p;IIccepTaIJ;IIJIM, noCBJIW:eHHhIM IICCJie)i;OBaHIIJIM no BhI­

rneo'Iep'IeHHOM TeMaTIIKe. 

Crrep;yeT oTMeTIITh 6orrhrnoii Hay'IHo-opraHIInari;IIoHHhIM BKJiap; B.K.<l>ep;JIHIIHa. Bna­

p;IIMIIp KoHcTaHTIIHOBII'I y'IaCTBOBaJI BO MHOrIIx Hay'IHhIX KOHcpepeHIJ;II.lIX CHr II na py-

6e)I{OM. OH CTOJIJI y IICTOKOB opraHII3aIJ;IIII cepIIII Me)I{p;yHapop;HhIX Hay'IHhIX KOHcpepeH­

Il;IIM, npoBop;IIMhIX OlIJIII: KoHcpepeHIJ;IIII no cTaTIICTII'IecKoii MexaHIIKe (1977-1989rr.), 

"CoJIIITOHhI II npIIJIO)KeHmr" (1986-1989rr. ), NEEDS (1990,1992). B.K.<l>ep;JIHIIH y'Ia­

CTBoBaJI B HIIX II KaK npep;cep;aTeJih, II KaK p;OKJiap;'IIIK, II KaK. pep;aKTOp Tpyp;oB KOH­

cpepeHIJ;IIII. B KOHcpepe.HIJ;H.lIX npIIH.lIJIII y'IaCTIIe He TOJihKO npaKTII'IeCKII Bee Bep;yrn;IIe, 

aKTIIBHO pa6oTaIOrn;IIe no TeMaTIIKaM KoHcpepeHIJ;IIM IIccnep;oBaTeJIII CHr, Ho II cTpaH 

AMepIIKII, EBponhI, AnIIII. XoTerroch 6hr TaK)I{e OTMeTIITh era 6oJihlllOM BKJiap; B pa-

6oTy CaHKT-IleTep6yprcKoro oTp;eJieHIIJI BcepoccIIiicKoro MeHp;eneeBcKoro 06rn;ecTBa, 

Ha KOHq>epeHIJ;IIJIX II ceMIIHapax KOToporo OH Heop;HoKpaTHO BhICTynaJI C npIIrJiallleH­

HhIMII p;oKJiap;aMII. 

Bnap;IIMIIp KoHcTaHTIIHOBII'I <Pep;JIHIIH xopolllo IInBecTeH B Hay'IHhIX Kpyrax. IIn­

BecTeH KaK KpynHhIM cpIInIIK-TeopeTIIK, BHeCillIIM nHa'IIITeJihHhIM, na'IacTyro nIIoHepcKIIM 

BKJiap; B TeopIIIO 0JieMeHTapHhIX '!aCTIIIJ;, TeOpIIIO KOHp;eHCIIpoBaHHoro COCTOJIHIIJI, Teo­

peTII'IeCKIIe acneKThI XIIMII'IeCKOM q>II3IIKII II q>II3II'IeCKOM XIIMIIII, 6IIOq>II3IIKII. ;IJ;JIJI Hay'I­

Horo CTIIJIJI B.K.<l>ep;.lIHIIHa xapaKTepHO TO, 'ITO Ha 6ane TBepp;o ycTaHOBJieHHhIX 0KCne­

pIIMeHTaJihHhIX cpaKTOB CTpOIITCJI TeopeTII'IeCKaJI Mop;eJih paccMaTpIIBaeMoro JIBJieHIIJI, 

(KaK npaBIIJIO, Ha ypoBHe MOp;eJihHOro raMIIJihTOHIIaHa), KOTOpaJI naTeM IICnOJihnyeTC.lI 

( c npIIMeHeHIIeM annpo6IIpOBaHHhIX TeopeTII'IeCKIIX nop;xop;oB II COBpeMeHHhIX MeTO)];OB 

MaTeMaTII'IeCKOll q>II3IIKII) )];JI.ll o6'hJICHeHII.lI noBep;eHIIJI IIMeIOrn;IIXC.lI 0KCnepIIMeHTaJihHhIX 

p;aHHhIX Ha MaKCIIMaJihHO IllIIpOKOM KJiacce peaJihHO IICCJiep;yeMhIX CIICTeM, BnIIChIBaIO­

lll;IIXC.lI B p;aHHYIO Mop;errh, YTO'IHeHIIJI noBep;eHIIJI (pII3IIKO-XIIMII'IeCKIIX xapaKTepIICTIIK II 

npep;cKanaHII.lI HOBhIX 'IepT IIX noBep;eHHJI npII BaphIIpoBaHIIII ycJIOBIIll 0KcnepIIMeHTa. 

O'!ep'IeHHhIM Bhrrne Kpyr IIccnep;oBaHIIM B.K.<Pep;JIHIIHa, era Hay'!Ho-opraHII3~IIOHHaJI 

p;eJITeJihHOCTh CBIIp;eTeJihCTBJIOT, 'ITO Bnap;IIMIIp KoHCTaHTIIHOBII'I <l>ep;JIHIIH .lIBJIJieTC.lI 

y'IeHhIM MIIpOBoro ypOBHJI, panHOCTOpOHHIIM q>II3IIKOM-TeopeTIIKOM, )J;OCTOMHO npep;­

CTaBJI.lIIOlll;IIM Jia6opaTopIIIO TeopeTII'IecKoii q>II3IIKII IIM.H.H.Boronro6oBa. B.K.<Pep;JI­

HIIH BHeC 3Ha'IIITeJihHhlll BKJiap; B Te o6JiaCTII TeopeTII'IeCKOM q>II3IIKII, KOTOphle 6hIJIII 

npep;MeTOM era IIccnep;oBaHIIM. Hay'!Hhlll noTeHri;IIaJI era BhICOK, II OH, 6enycJioBHO, ern:e 

MHoro cp;enaeT B npori;ecce CBOIIX p;aJihHeMillIIX IIccnep;oBaHIIM. 
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0 no~cTaHoBKe KoyJia-Xomf>a 

B.K. <Pep;.nHHH 

Jia6opamopuK meopemu~ec'l'.ou (PU3U'l'.U UM. H.H.Bo2011,1060Ba 

06,,eau1-1,e'H,'H,blU u1-1,cmumym J[aep'H,blX ucc11,eao6a'H,UU, ,l{y61-1,a 

1.Byµ;eM IICXOl];IITb II3 ypaBHeHIIJI rrepeHoca B era o6rn;eii cpopMe: 

8p(x, t) 8q(x, t) _ 
0 at + ax -

3µ;ecb p( X, t) - II1IOTHOCTb Ha eµ;IIHIID;Y 1);1IIIHhI, q( X, t) - pacxoµ; B eµ;IIHIID;Y BpeMeHII 

( 'Iero KOHKpeTHO 3aBIICIIT OT rrpo61IeMaTIIKII 3aµ;a'III) .·II p(x,t) 'II q(x,t) II01IaraeM 

l];IIcpcpepeHD;IIpyeMbIMII cpyHKD;IIJIMII, XOTJI (1) O':IeBIIl];HblM o6pa30M o6o6rn;aeTCJI II Ha 

,c1Iy':Iaii pa3phIBHhIX cpyHKn;IIii [l]. 

Il;eHTpa1IbHbIM MOMeHTOM 1);1IJI l];a1!hHeMillero IICII01Ih30BaHIIJI (1) JIB1IJieTCJI rrpeµ;II01!0-

)KeHIIe O Bhl6ope q( X' t) ' KaK cpyHKD;IIOHa1!a II1IOTHOCTII: 

q = Q(p) (2) 

rrpIIBOl];IIT K II3BecTHoMy, Boo6rn;e roBopJI He1IIIHeiiH0My ypaBHeHIIIO 

(3) 

µ;orrycKarorn;eMy o6rn;ee IICC1Ieµ;oBaHIIe IIOBeµ;eHIIJI peweHIIH Ha ( x, t) - II1IOCKOCTII, µ;aBM 

II01IHYIO KapTIIHy µ;IIarpaMM xapaKTepIICTIIK 1];1IJI He1IIIHeMHbIX B01IH. Mo)KHO IIOKa3aTb 

, 'ITO Ha'IIIHM c orrpeµ;e1IeHHoro MoMeHTa BpeMeHII t B, B03HIIKaeT orrpoKIIl];hIBaHIIe [l]. 

Ilpeµ;rro1IO)KeHIIe (2) JIB1IJieTCJI II He o6JI3aTe1IbHhIM, II He <pII3II':IeCKIIM. 

Ilpeµ;c~aB1IJieTCJI ecTeCTBeHHhIM Bb16paTb q(x, t) B BIIµ;e 

(4) 

"µ;06aB1IeHHhle" C1IaraeMhle l];II<pcpy3IIOHHO-µ;IIcrrepcIIOHHOro TIIIIa "pa3Ma)KyT cppOHT" 

BepTIIKa1IbHOM xapaKTepIICTIIKII, C KOTopon: Ha':IIIHaeTCJI orrpoKIIl];bIBaHIIe II rrpIIBeµ;yT K 

ypaBHeHIIIO 

(Re, c5) > 0 (5) 

(B rrpIIHD;IIIIe MO)KHO 6bl1!0 6bl 6paTb II BhICillIIe rrpoII3BOl];Hhle, HO 1];1IJI HalllIIX n;e1Ien: 

MO)KHO orpaHII'IIITCJI pa31IO)KeHIIeM ( 4)). Ko0cpcpIIn;IIeHT rrpII Pxx, Re-1 = v / v L -
o6paTHoe 'IIIC1Io Pen:Ho1I1,µ;ca. CooTBeTcTByrorn;ee c1IaraeMoe OIIIIChIBaeT rrpon;ecc µ;IIccII­

rran;IIII, 06yc1IOB1IeHHbIM µ;IIcpcpy3IIen: (v - KIIHeMaTII':IeCKM BJI3KOCThj v, L - xapaKTepHhle 
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CKopocTb :0: panMep ). CnaraeMoe 8pxxx on:0:cbIBaeT µ;:0:cnepcmo. EcTeCTBeHHo, ocTaeTC.lI 

pellIHTb Bonpoc O Bbl6ope Q(p ). B npHH~ne ero MO)KHO BIJ.lITb B caMOM o6~eM BHµ;e: 

Hanp:0:Mep, 

I 

n k 

Q(p) = Lake_ 
o k 

(6) 

Oµ;HaKo, :0:n coo6pa)KeH:0:ii 'ITO y)Ke cny'Iaii n = 2 np:0:Boµ;:0:T K µ;ocTaTO'IHO C1IO)KHOH 

:0: B o6~eM cny'Iae HepernaeMoii naµ;a'Ie Mb! BOnbMeM ero B BHµ;e 

Q(p) = i p2 + bp + C 

'ITO µ;aeT µ;m1 ypaBHeHH.lI ( 5) 

€>0 

8tp + ( Ep + b)px = Re-1 Pxx + 8pxxx 

(7) 

(8) 

Ilpeo6panoBaH:0:eM p' = p+b/ € ypaBHeH:0:e (8) nepeBop;HTC.lI B "cTaHµ;apTHyro" <popMy 

[2] (rnTpHX Mb! onycTHM) 

atP +EPPx = Re-l Pxx + 8pxxx (9) 

Hen:0:HeiiHoe ypaBHeH:0:e (9) on:0:cbIBaeT :0: µ;:0:cc:0:na~:0:10 :0: µ;:0:cnepc:0:10. 3aMeT:0:M, 'ITO 

;a;o c:0:x nop He µ;enanocb KaK:0:x-11:0:60 npeµ;nono)KeHHH o BenH'IHHax E, Re,...1, 8: aMnn:0:Tyµ;e 

He1IHH€HHOCTH, B.lIIJKOCTH, KoacpcpH~HeHTe µ;:0:cnepc:0::0:. 

,[(eTMbHOe :0:ccneµ;oBaHHe noBeµ;eHH.lI Hen:0:HeHHbIX B01IH Manoii aMn1IHTyp;bI €, 'ITO 

nonBomieT cTapTOBaTb c perneHH.lI 11:0:HeiiHoii nap;a'IH :0: npocneµ;:0:Tb noBep;eH:0:e Hen:0:Heii­

HbIX B01IH Ha HHTepBanax t, ~ 1/€ npoBeµ;eHO B pa6oTe [2]. Ilp:0: 13TOM npeHe6peraH 

;a;:0:cc:0:n~:0:eii Re-1 < < 8 Mb! np:0:xoµ;:0:M K ypaBHeHHIO K;a;B, cbirpaBrneMy rnaBHYIO ponb 

B cpopMyn:0:poBKe MeToµ;a o6paTHOH nap;a'IH pacce.lIHH.lI [4]. Ecn:0: µ;:0:cnepc:0:eii MO)KHO 

npeHe6pe'Ib Re-1 >> 8, To Mb! np:0:xoµ;:0:M K ypaBHeH:0:10 Broprepca [5]: 

atP + EPPx = Re-l Pxx (10) 

KoTopoe :0: 6yµ;eT npeµ;MeTOM Ramero p;anbHeiirnero paccMOTpeHH.lI. 

2 .Mac~ITa6HbIM npeo6panoBaHHeM 

t = aT , x = bz ; a= (Re-1)1/2€-1 
' 

b = JRe- 1 

MO)KHO "y6paTb" napaMeTpbI € Ii Re-1 HIJ ypaBHeHH.lI (10), KOTopoe nepeiiµ;eT B ypaBHeHIIe 

8,,.p + PPx = Pxx (11) 

HO µ;nK yµ;o6CTBa conocTaBneHH.lI c npep;blµ;y~HMH pa6oTaMH [1] :0:n6aBHMC.lI OT napaMeTpa 

€j TO-eCTb MaClllTa6oM aMil1IHTyp;bI 6yµ;eT .lIB1I.lITC.lI p' (x, t). IIepexop;.lI OT t K r no 

cpopMyny t = aT HMeeM cneµ;yro~yro cpopMy ypaBHeHH.lI Broprepca 
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Re-1 1 
OTP+PPx.=VPxx, v=-- a=- (12) 

E E 

,Il;,r.lI 0TOro ypaBHeHIUI n:paKTII':IeCKII He3aBIICIIMO Koyrr [6] II Xomf> [7] rrpep;rrmKIIITII 

HeITIIHen:HyIO naMeHy rrepeMeHHon:, IIO3BOITIIBIIIYIO cBeCTII (12) K rrIIHeHHOMY ypaBHeHIIIO 

TerrrrorrpOBOp;HOCTII, a IIMeHHO 

0 
p = -2v ox [ln cp(x, t)] (13) 

IIop;cTaHOBKY 0Ty yp;o6Ho rrpoBop;IITh B p;Ba 0Tarra 

0 
p = ox 1/;(x, t). (14) 

3aMeTIIM, 'ITO 

1/;(x, t) = fox p(x, t) + po(t) (15) 

yp;oBrreTBOp.lieT (14); rrocrrep;Hee HIIrp;e .lIBHO He rrop;':IepKIIBarroc1,. Ilop;cTaHOBKa (14) 

B (12) p;aeT 

1PTX + 1Px1Pxx - V1/)xxx = 0 (16) 

IIITII 

(17) 

YpaBHe1;1IIe ( 1 7) IIHTerpIIpyeTC.lI TpIIBIIaITbHO II MbI IIMeeM B IITOre 

(18) 

rp;e f( T) HeKOTOpal! cpyHKIJ;II.lI "r". 3aMeTIIM, 'ITO rrpII CTaHp;apTHOM II3]!O)KeHIIII [1, 2] ee 

rrorraraIOT paBHOH Hyrr10. HII)Ke 6yp;eT IIO.lICHeHo p;rr.lI KaKoro Kpyra nap;a':I 0To BO3MO)KHO. 

,Il;arree rrorraral! 

1/; = -2v ln <p , (19) 

rrocrre HeC]!O)KHhlX Bhl':IIICrreHIIH rrpOII3BOp;HhlX, <pIIrypIIpyIO~IIX B (18) II rrop;cTaHOBKII 

IIX B (18) IIMeeM 

(20) 

HerrIIHen:Hoe ypaBHeHIIe B10prepca (12) cBerroc1, K rrIIHen:HoMy ypaBHeHIIIO Terrrrorrpo­

BOp;HocTII (p;mpcpynIIII), HO BO3HIIKITO p;orrorrHIITeIThHOe crraraeMoe C f ( T) - cpyHKIJ;IIen: na­

p;aHHOH Ha xapaKTepIICTIIKe ypaBHeHII.lI rrapa6orrII':IeCKOrO TIIIIa. EcrrII paccMaTpIIBaTb 

p;aHHYIO naMe':IaTeIThHYIO rrop;cTaHOBKY KaK ':IIICTO MeTop;II':IeCKIIH IIpIIeM CBep;eHII.lI HerrII­

HeIIHOro ypaBHeHII.lI K ypaBHeHIIIO TerrrrorrpoBop;HOCTII, TO B rrpIIITO)KeHIIe K KOHKpeTHhlM 

nap;a':IaM [ 1] rrpII f ( T) = 0 MO)KHO pemIITh TOIThKO m~,':IaIThHYIO nap;a'Iy: nap;aB p( x, 0) = 
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, 

F( x) - <p:i:mH'leCKOH BeJIH'lHHOll JIBmieTCH HMeHHO p( x, t), q>HrypHpyror.u;aH B ( 12) II, 

BOCilOJlbOOBaBIIIHCb <pyHK~Heii: HCTO'lHHKa AJIH (20) - norry'lHTb AOCTaTO'lHO · CJIO)KHOe 

Bbipa)KeHHe AJIH p(x, t). llMeHHO TaK H AerraeTcH B [1, 2]. 
Ho HaM npeACTaBJIHeTCH "'ITO AOilOJIHHTeJibHOe crraraeMoe C f( r) B (20) IlO3BOJIHT 

peIIIaTb pearrHCTH'leCKHe KpaeBble naAa'lH AJIH ypaBHeHHH (8),(9). KoHe'lHO MO)KHO 

CTaBHTb KpaeBble 3aAa'lH AJIH (20) npH f(r) = 0, KaK nepBOI'O pOAa <p(0, t) = <po(t), 
TaK H BTOporo POAa 'Px(0, t) = <pi(t) [9, 10] H IlOJlb3OBaTbCH anpo6HpOBaHHblMH Me­

TOAaMH [8, 9, 10]. Ho HaAO HMeTb B BHAY, "'ITO KaK <pyHK~HJI 1/J(x, t) B (14), TaK II 

<pyHK~HH <p(x, t) B (19) cyTb BCilOMOI'aTeJibHble <pyHK~HH H CTapTOBaTb HaAO OT ycrro­

BHH Ha peaJibHYIO Il1IOTHOCTb p(x, t), IlOA'lHHHIOIIJ;YIOCH (11); TO-eCTb CTaBHTb KaK Ha­

'laITbHble TaK H KpaeBbie ycrroBHH HMeHHO AITH Hee naAaBaH p(0, t) = p0(t), p(x, 0) = 
Pa(x), Px(0, t) = Pi(t) c panJIH'lHblMH KOM6HHa~HHMH KpaeBbIX ycrroBHll [8, 9] H "Hc­

KOBepKaB" HX noACTaHOBKOH Koyrra-Xon<pa peIIIa Tb ( 20) y)Ke He c npoH3B01IbHOH f ( r), 
a onpeAeJIJieMoii: 3THMH naAaHHblMH <pyHK~HHMH. 

8Ta nporpaMMa H 6yAeT peaJIH3OBaHHa HH)Ke. 3aMeTHM, "'ITO npH HCilOJlb3OBaHHH 

(12),(20) B KOHKpeTHblX 3aAa'laX HaAO Y'lHTblBaTb, "'ITO Mbl "y6HparrH" IlOCTOHHHYIO B 

(8) , nepeXOAH OT Il1IOTHOCTH B ypaBHeHHH (1) p K p' = p + bjf., co6blTHH pa3BHBa1IIICb 

BO BpeMeHH r = f.t H K03<p<pH~HeHT AH<p<py3HH B (12) V = Re-1 
f.. 3aMeTHM TaK)Ke, "'ITO 

H 'iHcrro Pen:HOJibACa Re H aMnJIHTYAa HeJIHHeHHOCTH OTJIH'lHbl OT HYITH , HO B npHH~Hne 

MOI'YT HMeTb JII06ble 3Ha'leHHH. 

3.BocnorrbnyeMCH Tenepb TeMH BO3MO)KHOCTJIMH, KOTOpbie BO3HHKaIOT H3-3a IlOJIB­

rreHHH <pyHK~HOHaJibHOI'O npOHOBOITa (18) AITH peIIIeHHH ypaBHem-1~ (12) Ha norryorpaHH­

'leHHOlI npHMon: t ~ 0 , 0 :'.S: x < oo. C y'leToM (15) norry'laeM 

= lim [fr(x,r) + !1/J;(x,r)- v(fx)] 
x-+0 2 X 

/ 1 2 
p0 (r) + 2p0(r) - vpx(r) V 

f(r) 

(21) 

I'Ae 

Po(r) = p(x == 0,r) Px(r) = Px(0,r) (22) 

H3BeCTHble <pyHK~HH, 3aAaBaeMble, KaK KpaeBble ycJIOBHH ypaBHeHHH Broprepca (12). 
,Il;onoJIHHTeJibHO AITH norrHoro onpeAerreHIIH naAa'lH HaXO)KAeHHH peIIIeHHH B o6rracTH 

0 :'.S: X < 00 , t ~ 0 ypaBHeHHH (12) He06XOAIIMO 3aAaTb Po(x) = p(x,r = 0). B 

BblilHCaHHblX HH)Ke HHTerparrax 6yAeM MapKHpOBaTb nr:ocTpaHCTBeHHble KOOPAHHaTbl 

CHMBorraMH (x, t z ), a BpeMeHHble ( r, µ, >.). llcnoJib3YH noACTaHOBKY 

<p = x(r)R(x,r) 

HeC11O)KHO noKa3aTb, "'ITO <pyHK~HH R(x, r) YAOBJieTBOpHeT ypaBHeHHIO 

RT(x, r) = vRxx(x, r) 
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ecirn: 

X = exp (-L for f(µ)dµ) = xoe½Po(O)e-r' 

r = 
2

1
v [Po(r) + for (1p~(µ)- vp1(µ)) dµ] (25) 

Xo, p0(0) - KoHcTaHThI, BbrforpaeMbie nn qmnn'IeCKHX coo6pa1KeHnrr. IIocKOJibKY Harrm:i;o 

CBJit3b (19), TO 

R(x,r) = Ra1
exp(r- 2

1
v¢(x,r)) = . 

- 'Ro1 
,exp 2

1
v [laT (1p~(µ) - vp1(µ)) dµ - lax p(t, r)dt] (26) 

\ 

Mb! BOCTIOJibt3OBaJIHCb (15), (19). Ifo Bb!pa1Kemm (25) crre;a;yeT 

R1(x) - R(x,O) =Ra1exp [-Llax p(t,O)dt] 

R2(x) - R(O, r) = Ra1 
exp 2

1
v [laT (1p~(µ) - vp1(µ)) dµ] 

TaKHM o6pat30M Mb! IlOJIHCTbIO onpe;a;eJIHJili nepByIO KpaeByIO nap;a'Iy [3, 9] p;JIJI BCTIOMO­

raTeJibHoro ypaBHeHHJI ;a;ncf>cf>ynnoHHoro Tnna (24). Hecrro1KH0 cf>opMyrrnpyIOTCJI BToprur 

n TpeTbJI KpaeBbre nap;a'IH ;a;rrJI (24); ( HapJI;a;y c R1( x) na;a;aeTcJI rrn6o R3( T) = BxR(O, r ), 
rrn6o BxR(O, r) = >. [R(O, r) - 0(r)]) a TaK1Ke nap;a'Ia 6en Ha'IaJibHhlX ycrroBHH (R1(x) = 
0), pat3Jili'IHble KOM6HHaI.J;lili KpaeBbIX nap;a'I. MoryT pewaTCJI li nap;a'IH Ha OTpet3Ke 

0 ~ x ~ l [3]. ,Il;rrJI nocrrep;Hnx, ecTeCTBeHHo, Heo6xop;nMo nap;aHne R(l, r), Rx(l, r), 
aJibTepHaTHBHO, p(l, r), Px(l, r) 0TO npHBep;eT K 6orree rpaMot3p;KliM cf>opMyrraM, HO Tpy;a;­

HOCTli f!OCJIT 'IliCTO BbI'IliCJIHTeJibHhlll xapaKTep. 

3aMeTHM, 'ITO B (21) nepBoe crraraeMoe MO)KHO 6b!JIO 6bl Bb!pat3HTb 'Iepet3 Po(x), 
(po)x, (po)xx BOCTIOJibt3OBaBWliCb ypaBHeHneM (12): 

(27) 

Ho, HMeJI B Bnp;y nop;cTaHoBKY (23) c nocrre;a;y10ru;nM npep;cTaBJieHneM (25) ;a;rrJI x( r) Mb! 

aToro He c;a;errarrn. 

IlepBrur KpaeBM nap;a'Ia ;a;rrJI (24) pewaeTcJI cTaHp;apTHhlM cnoco6oM [3, 9]. PeweHne 

ee ;a;ae-:r:cJI cf>opMyrraMn 

(28) 
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2 {" 8G(x, 0, r - ,\) R (,\)d,\ 
+ V lo ae 2 

R1(0 = Ra1 
exp (- 2

1
v le Po(()d() 

Ri(,\) = R01 
exp [-

2

1
v 1>. (vp1(µ) - tP6(µ)) dµ] 

1 ( h
2

) G±(x,(,r) = ~exp -
2

~ , h±=X±(, d=2vr 

8G(x, 0, r - >.) = 27rx exp (- x
2

) 
8( (27rd1 )312 2d1 

d1 = v(r - ,\) 

licKoMoe pewemi:e p( x, r) ypaBHemrn: . B10prepca norry'IaeTc.H, ecmi: Bocnorrb:JoBaTbC.H 

(14), (19), (23) n ;a;aeTc.H cpopMyrraMn: 

p(x,r) = "Px = -2v1; (29) 

r;a;e 

_ [oo [f)G_(x, (, r) _ 8G+(x, (, r)] Ri(()d( + 
Rx - lo OX OX 

{" oG_(x,0,r - ,\) R (,\)d,\ 
+ 2

v lo 8x8( 2 - (30) 

27l"h~ (. 5-) 
OxG~(x, (, r) = ± (27rd)3/2 exp - 2d 

OxeG(x, 0, r - ,\) = - [211" - (~::~
2
] exp (-;;

1
) (27rd1t 3

/2 

EcTeCTBeHHO, OKOH'IaTeJibHble cpopMyJibl ;a;rr.H p(x, r) no (29) norry'IaIOTC.H ;a;ocTaTO'IHO 

rpoMO:J;ll;KHMH, HO :Ja;a;aBa.H p0(x) = p(x, r = 0) - Ha'IaJibHOe :JHa'!eHne pacnpe;a;erreHH.H 

nrroTHOCTH no;a;'IHH.H10rn;eec.H ypaBHeHHIO B10prepca n po( r) = p( x = 0, r ), p1 ( r) = 
Px(x = 0, r) nHa'!eHn.H nrroTHOCTH nee nepBoH nponnBo;a;HoH Mbl Haxo;a;nM c noMOUJ;bIO 

(29), (30) naKOH GBOJIIO~llll p(x,r) ;a;rr.H r 2: 0 n 0 ~ x < 00. <l>yHK~llll Po(x), Po(r), 
Pi ( r) ;a;omKHbl y;a;oBJieTBOp.HTb ycrrOBll.HM 

IPo(x)I < A , IPo(r)I < B , IP1(r)I < C 

06ecne'IHBa10rn;HM e;a;HHCTBeHHOCTb norry'IeHHoro peweHH.H. 

MmKHO KOHe'IHO CTaBHTb Tenepb 

(1) IlepBy10 KpaeByIO na;a;a'Iy ;a;rr.H ypaBHeHH.H B10prepca, :Ja;a;aBa.H: p0(x) = p(x, r = 0); 
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p(x = 0,r) = Po(r), Px(0,r) = O; 

(2) BTopyro KpaeByIO na;r:i;a<i:y ypaBHeHII.lI Broprepca, na;a;aBrur: po( x ), Px(0, T) = Po( T) II 

[3, 9]; 
(3) TpeTbIO KpaeByIO na;a;aqy , na;a;aBrur: Pl ( r) = ,\ [po( r) - 0( r )] rrorry'IeHHbie Bblllle 

<J>opMyJihI (29), (30) ;a;aroT IIX pellleHIIe. 

TaKIIM o6panoM omichIBM KOHKpeTHhili rrpo:u;ecc Heo6xo;a;IIMO B R1(0, R2(,\) II R(x, T) 
rrepeiiTII OT p,v,r K p- b/E,v = Re-1/E,t = rjf., d = vr --t Re-1 

B 8aKJIIO'IeHIIII rro;a;qepKHeM e~e pan, 'ITO rrpII IICIIOJib80BaHIIII (12), (20) B KOHKpeTHbIX 

na;a;aqax Ha;a;o Y'IIITbIBaTb 'ITO Mb! "y6IIparrII" IIOCTO.lIHHYIO B (8), rrepexo;a;.ll OT IIJIOT­

HOCTII B ypaBHeHIIII (1)_ p K p' = p + bjf., co6bITII.lI .pa8BIIBaJIIICb BO BpeMeHII T = Et II 

"Koa<J>q>II:o;IIeHT p;IIq>q>y8IIII" 
0

B (12) V = Re-1 jf.. 

3aMeTIIM 'ITO II 'IIICJIO PeiiHOJibp;ca II :i,:00q>q>II:o;IIeHT HeJIIIHeliHOCTII OTJIII'IHbI OT HYJI.ll, 

HO B rrpIIHIJ;IIIIe MOI'YT IIMeTh JII06bre 8Ha'IeHII.lI. 

JI rrpII8HaTerreH B.M.Bap6aIIJoBy, B.A.OcIIrroBy, ILB.Ilynh!HIIHY, B.Il.CIIJIIIHY na 

o6cy)K;a;eHIIe penyrrhTaTOB II KOHCTPYKTIIBHble 8aMe'IaHII.lI. JI TaK)Ke rrry6oKO 6rraro;a;apeH 

,I(.B.IIIIIpKoBy, BHIIMaTeJihHO onHaKOMIIBIIJeMyc.lI c Ha'IaJibHhIM BapIIaHTOM naMeTKII. KoH­

cTpyKTIIBHM KpIITIIKa ,I(.B.IIIIIpKOBa co6CTBeHHO II crroco6CTBOBaJia IIO.lIBJieHIIIO ee TpeTb­

ero pan;a;erra. OH, KaK MHe rrpe;a;cTaBJI.lleTC.lI, II OTKpbIBaeT IIYTII IICIIOJib80BaHII.lI ypaBHe­

HII.lI Broprepca ;a;rr.ll pellleHII.lI KOHKpeTHbIX na;a;aq HM OIIIICbIBaeMbIX. 
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BTopoe npHOJilDKeHHe µ;JIJI oaµ;aqH onTH'l:fecxoro noJIJipoea B 

npeµ;ene CHJibHOH cBJIOH. 

H.H. Boromo6on• (Mrr.) 

MameMamu""ec'/Cuu Jlucmumym UM.B.A.Cme1C11,ooa, 

117976 Moc'/Coa, y11,.Baou11,ooa 42, PoccuE. 

MbI paccMoTpn:M raMHITbTOHnaH 

(1) 

op;ecb BCKTop x onn:cbrnaeT npocTpaHCTBCHHoe nonmKeHn~ aneKTpoHa., bj n: bJ - onepa­

TopbI pmKp;eHHJI l:t YHH''lTO)KCHl:tJI C BOITHOBbIM BCKTOpOM f = ( 2"';;1 
1 

2"';;2, 21r;;3) n1, n2, 

n 3 - I.:(eITbie "lncna, V = L3 
- o6'beM, c - ManhIH napaMeTp. 

IIpep;MeToM p;aHHOH pa6oTbI nBnneTcn BhI"!HcneHne aHeprnn ocHOBHoro cocTonHnn E 

B crry•mc Cl:tllbHOij CBJitll:t )];lIJI OilTl:t'ICCKoro nonnpoHa, Korp;a napaMeTpbI AJ n: VJ l:tMCIOT 

BII;r:( 

VJ= V, 

Ha ocHoBamm ap;na6aTn"lecKoro npn:6rrn:)KeHnn 1 

A _ 1 °" °""A2 J iJ(x-x'),1.*( ),1. ( ,.) <Pn(x)</Jn(x') d d '. 
u2 - -- L.., L.., J e 'f'O X 'f'O X 2 X X, 

2V n>O (/) En - Eo + c: v J 

n > O· - ' 

nocTpoeHHoro B [1] ncxop;n H::3 BapnaI.:(HOHHoro npnHI.:(nna Boro111060Ba. 

(2) 

(3) 

(4) 

(5) 

(6) 

B pa6oTe [2] K l:t::3Y'ICHHIO MOp;enn OilTl:t'ICCKOro nonnpoHa y)Ke npn:MCHJilICJI BapnaI.:(l:t­

OHHblll McTop;, oTrrn"laIO~HHCJI OT npcp;rraraeMoro B aTon pa6oTe, KOTOpbIH npn:Bop;n:T 

13nec1, MhI Y'IHThmacM Ko1111c11-ryan1,111,1ii 11011xo11 npc)\J10JKe11111,1ii n pa6oTe H.H.Eoromo6ona [1) 
npcnpmn ,l],y611a E:l--!J0-535,H.J!J0, cM. TaKiKe Prjcceding ltalo-Soviet Workshop Advances in Theoret­

ical Physics, 23-28 October, 1990 (World Scientific) ed. E.R.Caianicllo. 
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He K TO'IHhlM rrna'!emrn:M E0 H ~2, a K oQeHKaM )];JUI HHX. B pa6oTe [3] )];JUI OQCHKH 

E IIOCTpOeHa naµ;a•m Ha co6cTBeHHbie 3Ha'!eHlUI, onpeµ;eJUIIOI.IJ:M 'IaCTOTbI <p<>HOHOB, 

noKannnoBaHbIX B6nH3ll IIOJUipoHa, IIpH'IeM Eo ll ~2 Bbipa)KCHbI '!Cpcn co6CTBCHHb!C 

nHa'!eHmI. KaK Mhl YBH)];HM B µ;anbHCHilleM, Halli MeToµ; npHBO)];HT K TOMY )KC nHa'ICHIIK> 

µ;n.!l Eo ' 'ITO II B [3] ' HO µ;aeT OTnII'IalOllJ:CCC.!I ;JHa'!eHHC nonpaBKII ~2-

BbIIIOnH.!I.!I cyMMnpoBaHIIe no l 

1 eif(x-x
1

) 1 J eif(x-x
1

) 1 

V tf 111 2 = (27r)3 111 2 dl = 47rlx - x'I' 
(7) 

HMeeM 

r = _ ~x _ A
2 j l</Jo(x'),12 dx' + A

2 j l¢o(x)¢o(~')l2 dxdx'. 
2m 47rv Ix - x I 87rv Ix - x I (8) 

lIHTerpnpy.!I ypaBHeHHe Ha <Pn( x) c ¢0( x) no dx, nony'!aeM npn n = 0 

__ 1 j ,1.. ( ) " ,1.. ( )d _ A
2 j l</Jo(x)</Jo(x')l

2
d d , _ E 

2 1/'0 X Uxlf'O X X S I , 1 X X - O• m 7l"V X - X 
(9) 

BbIIIOnHIIM MaCillTa6Hoe npeo6panoBaHHe c 6enpanMepHbIM rrapaMeTpOM ~ 

X-+ Y = xj~ ; <Pn(x)-+ 0~(y)::::: C12</Jn(~y). (10) 

Targa 

r _ -~ _ ~ j 10&(y')l2 
d , ~ j 10&(y)0&(y')l

2 
d d '. ( ) 

e - 2 t:2 4 t I , I Y + 8 c I , I Y Y ' 11 m._ 1l"V<,, y - y 1l"V<,, y - y 

re0~(y) = En0~(y); (12) 

j l0~(y)l 2dy = l. (13) 

,Il;oMHO)KllB ypaBHeHne ( 12) Ha 0! ( y) n IIHTerpIIpy.!I IIO dy npII n = 0, HMCCM 

Eo = j 0~(y)r e0~(y}dy. 

Hcxoµ;.!I nn o'!eBII)];HhlX paBeHCTB 

8Eo = O 
a~ 

nony'!aeM 

j 0~(y) ;0~(y)dy = 0, 

j 0~(y) ( ;re) 0~(y)dy = o 
II nocne µ;ncpcpepeHQHpoBaHH.!I IIMeeM 

_1_J0e(y)~ 0e(y)dy + ~j l0&(y)0&(y')l2 d d, -o 
1n~3 0 y O 87rve IY - y' I y y - . 
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C µ;pyroii: CT0p0HbI, 1m (9) rrocn:e rrpeo6pa3oBamur (10) cn:eµ;yeT 

(18) 

OKOH"tJ:aTen:bHO, H3 (17) H (18) Haxoµ;HM 3Ha"<IeHHe HHTerpan:a 

(19) 

Yµ;o6Ho rron:mKHTb rrapaMeTp e paBHbIM e = lo = 1;;;.; H BBeµ;eM cpyHKIJ;HIO 

(20) 

H BBeCTH 6e3pa3MepHbIH rrapaMeTp 

A2 (m)1/2 2 2 1/2 
o: = 47rcv 2v = (c: v2mlo) . (21) 

Ilpn aToM H3 ypaBHeHH.lI (12) rrpn n = 0 rron:y-qaeM, "<ITO 7/Jo(Y) .HBn:.HeTc.lI co6cTBeHHOH 

cpyHKIJ;Heii: ypaBHeHH.lI 

(22) 

C00TBeTCTByrom:ee co6CTBeHHOMY trna"tJ:eHH!() Ao, K0T0poe paBH0 

2 Eo -2 Ao = 6ml0 Eo = 3-
2
-0: 

C: V 
(23) 

H .lIBIT.lleTC.lI HaHMeHbllIHM co6CTBeHHbIM 3Ha"tJ:eHHeM (22). 

Ilpn n > 0 H3 ypaBHeHH.lI (12) rron:y-qaeM ypaBHeHne 

[ J l7/J(y')l2d 1 
, -2] ( ) ( ) -6.y - 2 IY _ y'I Y - A+ 0: 1Pn Y = An7Pn Y , (24) 

rµ;e co6cTBeHHbie 3Ha"tJ:eHH.lI An CB.H3aHbI c En Bbipa)KeHHeM 

(25) 

Terrepb, rrpHMeH.lI.lI rrocn:eµ;oBaTen:bH0 K (3) cpopMyn:bI (6),(7),(10), (20),(21),(25) II0-

cn:e rrpeo6pa3oBaHHH Haxoµ;HM 

6.2 = -vI(a), (26) 

rµ;e 

J Q(y,y') I I 

J(o:) = IY _ y'l 1Po(Y)1Po(Y )dydy, (27) 
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Q(y, y') = L 1Pn(Y)1P~(y
1

) 

n>O An ' 

TaK KaK, corrracHo (21), a-1 = O(c:), TO c y'leTOM (23) H (26) rrorry-qaeM 

E = c: 2 v [ ~o a 2 
- I(a) + O(a-2)] . 

(28) 

(29) 

TaKHM o6paaoM, ypaBHeHIDI (22),(24),(27),(28) ::JaMKHYThIM o6pa::JOM IIO::JBOJIJIIOT 

BhI'lHCJIHTb rrpH6JIH)KeHue BTOporo IIOpJIµ;Ka K 0HeprHH OIITH'leCKOro IIOJIJipOHa B rrpeµ;erre 

CHJibHOH CBJI::JH. 

CnHcox JIHTepaTyp1,1 
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CBJmaHHbie 0JieKTpOHHbie COCTO.HHH.H B oaKpHTHqHQM KJiacTepe 

aMMHaKa B MarHHTHOM none' 

B.,II;. JiaxHo 

Jf 'H,cmumym MameMamu'l/,ecicux npo611,eM 6uo11,02uu PAH, 

llyw,u'H,o,Moc.0611,. 142292, PoccuJI. 

CoBpeMeHHaJI TeXHHKa ,norry'leHirn: MorreKymrpHbIX KrracTepoB C naµ;aHHbIM 'IHCITOM 

MOITeKyrr COCTaBIT5IIOIIJ;HX KrracTep OTKpbma B03MO:lKHOCTb HX nocrreµ;oBaTeITbHOro H3Y­

'ICHH5I. IIccrreµ;oBaHH5I TaKHX CHCTCM npeµ;cTaBrr5IeT HHTepec ' IIOCKOITbKY OHH 5IBIT5IIOTC5I 

IIpOMC:lKYTO'IHbIM 3BeHOM IIpH nepexoµ;e OT H3Y'ICHH5I CBOHCTB Bew;ecTBa KaK IIerroro 

K 11ny'leHHIO cocTaBrr5IIOIIJ;HX ero OTµ;errbHbIX MorreKyrr. ,C npaKTH'lecKon TO'IKH npeHH5I 

0TOT HHTepec CB5I3aH C nepcIIeKTHBOll pa3BHTH5I qmnHKH KOHp;eHCHpoBaHHbIX CHCTeM B 

HaHOMeTpOBOM p;HaII030He, npep;MCTOM KOTOpoiI 5IBIT5IIOTC5I o6'beKTbI KrracTepHoro THIIa. 

MorreKyrr5IpHbIH KrracTep cocTaBrreHHbIH H:J µ;ocTaTO'IHO 6orrbworo '!Herra MorreKyrr B 

npocTenweM crry'lae MO:lKHO paccMaTpHBaTb KaK c<pepH'IeCKH-CHMMeTpH'IHYIO o6rracTb, 

npeµ;cTa;Brr5Irow;yro p;rr5I arreKTpoHa IIOTCHIIHarrbHYIO 5IMY rrry611Hon Vo. TaK, HaIIpHMep , 

p;rr5I KrracTepoB H:J aToMOB rerr1151 V0 = faB, p;rr5I Ne Vo= -0.65aB [1]. B nepBoM crry<Iae 

naxBaT arreKTpoHa KrracTepoM (He )n HeBo:JMo:lKeH, ecrrH n He crrHwKoM BemIKo, Korµ;a 

B03MO:lKHO o6pa30BaHHe IIOBepXHOCTHbIX 0rreKTpOHHbIX COCT05IHHH. Bo BTOpOM crry'lae 

naxBaT 0rreKTpoHa KrracTepoM npHBOl];HT K o6panoBaHHIO nap5I:lKCHHoro KrracTepa (Ne);;:. 
Oco6bIH crry<Ian npeµ;cTaBIT5IIOT co6on KrracTepbI H:J MorreKyrr aMMHaKa. To'IHOe nHa­

'leHHe Vo l];IT5I aMMHaKa B HaCT05Iw;ee BpCM5I HeycTaHOBITCHO. 06bI'IHO C'IHTaIOT, 'ITO 0Ta 

BCITH'IHHa rre:lKHT B o6rraCTH (-0.5 - 0.50°I3). 8KcnepHMCHTaITbHO, oµ;HaKO ycTaHOBrreHo,. 

'ITO l];IT5I l];OCTaTO'IHO 6orrbWHX aMMHa'IHbIX KrracTepoB C n 2:'. 36 CTaHOBHTC5I B03MO:lKHbIM 

naxBaT 0rreKTpOHa KrracTepoM [2]. 8TOT penyrrbTaT II03BOIT5IeT IIOITY'IHTb o~eHKY l];IT5I 

rrry6HHbI IIOTCHIIHaITbHOll 5IMbI B KrracTepe aMMHaKa. Y'IHTbIBaJI ' 'ITO CB5I3aHHOe COCT0-

5IHHe c¢ep11<IecKH-cHMMeTpH'IHOH 5IMe rrry611Hon IVol cTaHOBHTC5I BO:JMO:lKHbIM TOITbKO 

IIpH ycrrOBHH: 
7r2n,2 

I Vo I 2:: 8mR2 

rµ;e m - Macca 0rreKTpoHa, R - paµ;11yc 5IMbI C HCIIOITb30BaHHCM COOTHOWCHH5I: 

R = R.n1!3 (2) 

rµ;e n - 'IHCrro MorreKyrr B KrracTepe H Rs - 0¢<peKTHBHbIH paµ;11yc MorreKyrrbI aMMHaKa: 

R.(N H3) ~ 2.85A [3], norry'IHM npH ~ = 35 p;rr5I !Vol BCITH'IHHy: 

Vo= -0.lfaB (3) 
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TaKOe tma"!eHHe Vo BblrJUigHT BilOJIHe npaBgonogo6HbIM n npHMepHo COOTBeTCTByeT 

panHHI~e Me)Kgy 9KCnepHMeHTaJibHhIM ::rna"IeHHeM aHeprHH q>OTOOTpbIBa grr.H )KIIgKoro 

aMMIIaKa II aKcTpanorr.HI.:(HH aKcnepHMeHTaJibHhIX ::rna"!eHIIH grr.H KrracTepoB (N H3);;_ K 

npegerry 6ecKOHe"!HO 60JibllIIIX n [4]~ 

XopoUio mrnecTHo, "ITO mo6a.H ga*e He6oJibIIIoii: rrry6IIHhI noTeHn;IIaJibHM .HMa Bo 

BHeUIHeM MarHIITHOM norre npHBOgIIT K o6panoBaHHIO CB.H:JaHHoro COCTO.HHII.H c aHeprIIeH [5]: 

€ _ me2
H2 

- - 81r2n4c2 (! VodV) 
2 

(4) 

rge MarHHTHoe norre B (4) C"IIITaeTc.H crra6hIM: p0 >> R rge p0 = /cn/eH - MarHIITHM 
( 

grrIIHa. ,il;rr.H paccMa TpHBaeMoro ngecb cq>epn-qecKII-CIIMMeTpH"IHoro KJiacTepa II:J ( 4) 

IlOJIY"IHM: 

c = -~ mR
2 

v,2 (R)
4 

9 ;,,2 o Po (5) 

XapaKTepHhIH panMep < r > TaKoro cocTO.HHII.H paBeH: 

;,,2 R 
< r >'.:::'. R mR2V

0 
(Po )

2 

(6) 

II HaMHoro npeBocxogIIT panMep KrracTepa. OTMeTIIM, "ITO grr.H TaKoro npoT.H)KeHHoro 

arreKTpOHHOro COCTO.HHH.H npII6JIII)KeHHOe OilIICaHIIe KJiacTepa KaK o6rracTII c IlOCTO­

.HHHI:,JM IlOTeHn;HaJIOM Vo MO)KeT BhIIlOJIH.HTC.H ga)Ke gJI.H 60JibllIIIX n. lln (5) crregyeT, 

"ITO BilJIOTb go O"!eHb CIIJibHhIX MarHHTHhIX norreii: aHeprH.H arreKTpoHa B naKpIITII"IHOM 

KrracTepe aMMIIaKa O"!eHb Marra. TaK , HanpHMep, grr.H H = 5 · 105a cooTBeTcByIOI.QM 

MarHIITHM gJIIIHa Po = 3.5. 10-7 CM . ,il;JI.H naKpIITII"IH0ro KJiacTepa C n = 35, "ITO co­

OTBeTCByeT KrracTepy c R = 9.3A, aHeprII.H CB.H:JII c ncnoJib:JOBaHIIeM (3) II (5) IIMeeT 

BeJIH"IIIHy c '.:::'. 10-4aB. TaKoe nHa"!eHIIe aHeprIIII CB.H:JII, ogHaKo, gocTynHo grr.H Ha6rrroge­

HII.H B COBpeMeHHhIX ycJIOBH.HX npoBegeHII.H aKcnepIIMeHTa. 
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Dedicated to Professor V.K.Fedyanin 

on the occasion of his 60th birthday 

Vortices in elastic media 

V.A.Osipov 

Bogoliubov Laboratory of Theoretical Physics 

Joint Institute for Nuclear Research, Dubna 

An investigation of problems concerning localised particle-like excitations in condensed 

matter physics was a subject of Fedyanin's continuous interest [1, 2]. As is known, a study 

of these problems meets considerable mathematical difficulties since essentially nonper­

turbative methods should be used in an analysis of strongly non-linear equations. It is 

clear that every new exact solution is of importance in understanding the physical nature 

of various phenomena. 

Point, line and wall defects are of remarkable interest in modern physics. They appear 

in a broad class of both condensed matter and field theory models. Point-like vacancies 

and interstitials allow rapid particle diffusion in crystalline solids. Vortex rings control 

the decay of supercurrents in s~perfluids and superconductors. Monopoles, instantons 

and magnetic vortices play an important role in modern field theory models and quantum 

chromodynamics. Dislocation lines mediate plastic flow. Disclinations are of importance 

in plastic crystals, liquid crystals, amorphous bodies, polymers, etc. 

As is known, there exists a close relationship between dislocations and vortices. In 

some sense, dislocations and disclinations are vortices in elastic media. The recent progress 

in theoretical study of elastic materials with topological defects is based on the principally 

new theoretical methods ( differential geometric approach, topological analysis, gauge ap­

proach). In particular, the gauge theory of dislocations and disclinations [3] has been 

proved to be the new powerful method to investigate defect media. The main idea of 

the gauge approach is the following: the space group G = S0(3) 1> T(3) is considered 

as the gauge group that leaves the Lagrangian of the elasticity theory invariant. Within 

this approach, the defect fields are treated as the compensating Yang-Mills fields. This 

theory is essentially nonlinear in its origin. It allows us to study nonlinear problems (in­

cluding nonperturbative solutions, like vortex and monopole) which are of a considerable 

importance for disclinations. 

Note that usually one uses the linear theory of elasticity to study dislocations. It 

is clear, however, that the linear approximation works well only in the case of small 

deformations. When deformations become large, the nonlinear theory of elasticity should 
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be used. Unfortunately, the nonlinear problems in dislocation theory turn out to be 

more complex since the nonlinear relation between stresses and strains must be taken· 

into account. In addition, all known approaches are based essentially on the perturbation · 

scheme. It is known, however, that topologically nontrivial solutions cannot be found in 

the framework of any perturbation scheme. 

It should be noted that disclinations are studied better in liquid cryst~ls. In par­

ticular, there is the known exact solution (a hedgehog) within the continuum model for 

nematics [4]. An important advantage of the gauge approach follows from the fact that 

the model obtained is similar to the known field theory models (first of all to the non­

Abelian and Abelian Higgs models) where topological objects are well studied at the 

present time. Taking into account this similarity we have found two exact static solutions 

for disclinations [5, 6]. 

The exact solution for the disclination vortex posseses cylindrical symmetry which 

is of interest for linear defects like strait wedge disclinations as well as for defects in 

planar elastic systems. Clearly, both these defects can be studied in the framework of 

the two-dimensional model (the first problem can be easily reduced to the planar one by 

considering the plane to be normal to the disclination line). In this case, the gauge group 

for the rotational defects
1 

becomes G = S0(2), that is the Abelian group instead of the 

non-Abelian group S0(3) in three space dimensions. 

In the cylindrical coordinates (r, 0), the stati~ vortex-like solution is written in the 

form [6] 

x1(XA) = F(r)cosv0, x2(XA) = F(r)sinv0, (1) 

and 

Wr(X8
) = 0, Wo(X8

) = W(r) = v/r, (2) 

Here xi is the state vector of elastic fields, WA is the gauge field due to disclinations. 

Clearly, WA is a pure (but topologically nontrivial) gauge. The Frank vector for ~uch 

a solution is normal to the plane w = (O,O,w), and rotW = wc52(r). Note that vis in 

fact the Frank index v = w /21r. One can see that this solution is similar to the well­

known magnetic Abrikosov-Nielsen-Olesen vortex. The function F(r) in (1) is expressed 

via g(r) = 8rF(r) where 

() {
91(t) = Nocosh[½cosh-1 ¼], t::; 1 () 

gt = , 3 
92(t) = No cos(½ cos-1 ¼ + 2;'], t 2'. 1 

.Here No= 2J{B/3A), t = r/ro, ro = J{2795A/4B3
) Let us note that that (1-3) corre­

spond to a topologically stable elastic vortex. It was found that this solution reproduces 

qualitatively the behaviour of strain and stress fields of a wedge disclination with the 

integer Frank index. 

At the same time, an analysis shows that the important electronic properties of discli­

nated crystals take place for topologically unstable disclinations with the non-integer 
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Frank indices. In particular, it was shown [6, 7] ·that conducting electrons can acquire 

the Aharonov-Bohm-like phase in elastic materials with fractional disclination vortices. 

It results in specific transport properties of defect materials. 

This finding is of importance for many elastic materials like amorphous bodies, glasses, 

liquid crystals, polymers, etc., where such disclinations can play an important role. Let 

us consider a linear approximation for the gauge model. It is clear that in this case we 

have to restrict consideration to defects with the sufficiently small Frank indices to justify 

the use of the linear theory. H~wever, even this problem is of interest for two reasons. 

First, one can compare our solution with the known results of the classic disclination 

theory. Second, in many physical applications one considers disclinations with a small 

Frank index. Notice that for instance 72° disclinations which are of interest in defect 

glasses [8] have the Frank index v = 0.2 which is quite appropriate in the linear theory. 

The calculations shown [7] that the equilibrium condition, takes the following form: 

6.ii + (L + l)v7divi1 = ](r). (4) 

where i1 are the displacements, and 

jx(r) = L(Wy + x8xWy) + x8yWx - (L + 2)y8xWx - y8yWy - Wy, (5) 

jY(r) = -L(Wx + y8yWx) -y8xWy + (L + 2)x8yWy + x8xWx + Wx. (6) 

Here L + l = (1 - 2at1, a is the Poisson constant. When the source in ( 4) is setting to 

be zero we get the well-known in the linear elasticity theory equilibrium condition that is 

expressed in terms of displacements fields, A source ](r) in (4) characterizes the density 

of elastic flow due to a disclination, r is a two dimensional vector. Let us note that a 

presence of such a source is typical to the dislocation theory. Namely, to take into accoiint 

the singular behaviour of the distortion tensor on the dislocation line, in the classic theory 

of dislocations the source is assumed to have a 8-function form ](r) = [ib]8( r), where b 
is the Burgers vector [4]. On the other hand, within the framework of a self-consistent 

gauge approach we can clarify the origin of J(r). As is seen, the source is completely 

determined by gauge fields. 

We have found a self-consistent solution of the problem [7]. The static vortex has 

the form (2) where, however, v is non-integer. The Frank vector for such a solution is 

normal to the plane and directed opposite to the z-axis w = (0, 0, -w). According to the 

generally accepted terminology it corresponds to the so-called negative disclination [9]. A 

disclination flow can be found from the circular integrnl 

i ... ... 
w = 

1 
Wdl = 27l"V. (7) 

Notice that the case v > 0 will correspond to a negative disclination whereas for v < Owe 

.get a positive disclination. Substituting (7) into (5) and (6), we obtain the flux density 
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in the following form: 
jx = _ 2vx 

r2 ' 
jY = _ 2vy 

r2 . (8) 

Finally, we have to solve (4) with a source (8). To do this, let us use the following ansatz: 

ui = xi(C1 In r + C2), (9) 

where C1 and C2 are arbitrary constants. After substitution of (9) into ( 4) we get that 

C1 = -v/(L + 2) = -v(l - 2a)/2(1 - a), whereas C2 remains still an arbitrary constant. 

The stress fields take now the following form: 

V ( y
2

) E: = - -- In r + 2 + C, 
l-a r 

V ( x
2

) EY=--- lnr+- +c, 
Y l - a r 2 

Ex EY ' V xy 
y = X = l - O' ~-

(10) 

(11) 

(12) 

Here C = (-v + 2C2)/(1 - 2a). Thus, one can see that stresses turn out to be just the 

same as those for the straight wedge disclination with an arbitrary (but small) Frank in­

dex in the classic theory [10]. It allows us to identify the elastic vortex with an individual 

wedge disclination. Stress tensor contains known logarithmic divergence for both r -+ 0 

and r -+ oo. The most essential difficulty results from the behaviour at the infinity. As 

it is known in the disclination theory, there are two possibilities to avoid this difficulty. 

Namely, one can consider arrays of disclinations, e.g., dipole as well as multipole config­

urations. Particularly, it was shown [9] that in many ways a disclination dipole behaves 

as an. indivi~ual dislocation or a dislocation dipole. In this case, the stress fields do not 

diverge at infinity. Alternatively, one can consider a finite crystal with the appropriate 
\ 

boundary conditions for a disclinated material. Namely, the following boundary condi-

tion at the free surfaces of the elastic body must be imposed: Ek1n1 = 0. It implies that 

disclination-induced stresses can not result in the non-compensated surface forces. The 

classic problems of this sort include the description of a wedge disclination in a cylinder or 

in a disk. In fact, both these problems are very similar in their mathematical description 

(see, e.g., ref. [9]). It was shown that all the formulas for a cylinder are valid for a disk. 

One has only to perform a replacement of coefficients: (1 - a)-1 to (1 + a). 
The topological origin of the disclination vortex will result in the non-trivial physical 

properties of disclinated materials. In particular, the possibility of the solid state realiza­

tion of the Aharonov-Bohm (AB) effect [11] was predicted first for metals in refs. [12, 13] 

and for dielectrics in ref. [14]. It has been shown that the AB effect results in oscillations 

of physical characteristics (transport properties, magnetic susceptibility) with a certain 

fundamental period <J>0 = hc/ne where n = l for pure metals and n = 2 for disordered 

metals and dielectrics. 
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There is another principal possibility to realize the AB-like effect in crystals. The 

fact is that the presence of topological defects in elastic medium changes the topology of 

space, a simple connected region becomes multiply connected whenever there are defects. 

As a result, the physical characteristics of quantum particles moving in defect medium 

will be modified in comparison with the defect free case. 

The AB-like effect in dislocated crystals ( called 'phase-dismatching') was predicted 

first by Kawamura in refs. [15]. He found that the Schrodinger equation for a tight­

binding electron is reduced to the AB-like equation in the presence of a screw dislocation. 

In this case, the t-matrix is found to depend essentially on the z-th component of the 

electron wave vector. In another interesting paper [16] the effects of Berry's geometrical 

phase were established in analyzing the high-energy electron diffraction from a screw 

dislocation. 

As we have shown [6], the AB-like effect can be realized in planar elastic medium with 

disclinations. In many respects this idea is similar to that considered in the gravitation 

theory where the gravitational analog of the AB effect was studied (see, e.g., ref. [17]). 
Namely, it was shown that the local curvature caused, e.g., by a static cylindrically sym­

metric cosmic string reflected in the phase of a quantum system moving through the 

otherwise flat space. It is known that a space with torsion and curvature is completely 

equivalent to an elastic continuum which has undergone plastic deformation being filled 

with dislocations and disclinations. Recently, some analogies between the geometry of 

planar arrays of disclinations and gravitation in (2+ 1) dimensions was studied in ref. [18]. 
In elastic continuum the disclination vortex will play a role analogous to a string. The 

long-range gauge vector potential due to a disclination vortex will induce a topological 

phase in direct analogy with the usual (electromagnetic) AB effect. 

For example, we have shown that the relaxation time Tdis related with disclination 

vortices has a form 
1 h . 2 - = -ndis Sill 71"11. 

Tdis m* 
(13) 

Here ndis denotes the disclination density. Thus, there is the oscillating contribution to a 

conductivity er (recall that er= nee2r/m* within the free electron approximation) which 

depends crucially on the disclination flux characterized by the Frank index. Note that in 

isotropic continuum medium we have no restriction on the value of II apart from 11 > -1 

for topological reasons. In real crystals, however, the values of II must conform to the 

point symmetry group of the underlying lattice. Namely, if we have the axis of m-fold 

symmetry, then the available values of II are equal to 11 = p/m where pis integer and fixes 

some restriction from above. Thus, we make a conclusion that the available values of 11 

,, t· d". _ 1 1 1 are quan 1ze . 11 - 6, 4, 3, .... 

Finally, we have established that conducting electrons or holes will acquire the Aharonov­

Bohm-like phase in the presence of disclination vortex. The vortex has physical effect if 
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the disclination flux happens to be fractional. This fraction of a flux is defined fairly well 

in crystals where the symmetry of the lattice plays an essential role. 
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K 60-rreTHIO npocI>eccopa B.K.<t>eµ;.Hmrna 

3eMJUI-aTMoccI>epa KaK caMoopraHHOyIOm;aa:c.a: OTKpbITaa: 
µ;HHaMH'tfeCKaa: CHCTeMa (K KOHn;em::,;HH peryJI:e:pyeMoro paOBHTHJI 

6:u:occI>epbI) 

C. ct>. ThMarneB 

I'HI{ P<P HJf<PXJf UM. JI.JI.KapnoBa, Moc'K:6a 

Pa□pa6oTKa KOH~emi;nn peryrrnpyeMoro ("sustainable", "ycTorr•rnBoro") pa□BHTH.H 

6noccI>epbI npeµ;cTaBJI.HeTC.H Ba21rneiirneii H3 Me)Kl];HC~HilJIHHapHbIX HayqHbIX npo6rreM 

[l]. OcHOBonorraraIOIII.a.H nµ;e.H Tarmii KOH~en~HH MO)KeT-cocTO.HTb B pa□BHTHH npeµ;­

cTaBJieHHrr B.M.BepHaµ;cKoro o cncTeMe 3eMJI.H-aTMoccI>epa KaK pa□BHBaIOIII.errc.H µ;n­

HaMnqecKorr Q_TKpbITOli CHCTeMe, IlOl];Bep)KeHHOli ynpaBJI.HIOIII.HM B03p;eHCTBH.HM CO CTO­

pOHbI CorrH~a H nrraHeT COJIHeqHOli CHCTeMbI, npH peaJIH:Ja~HH MHO)KeCTBa B:JaHMOCB.H­

:Jerr H BHyTpeHHero eµ;HHCTBa KOCHoro H )KHBOro BeIII.eCTBa Ha Bcex npocTpaHCTBeHHO­

BpeMeHHbIX ypoBH.HX opraHH:Ja~HH CHCTeMbI. Ilpn 0TOM MaCIIITa6bI H xapaKTep "npOH3-

BOl];CTBeHHOli µ;e.HTeJibHOCTH" qerroBeKa l];OJI)KHbI COOTHOCHTbC.H KaK co cnoco6HOCT.HMH 

caMOli npnpop;bl K BOCCTaHOBJieHHIO nocrre pa□pyrnaIOIII.HX aHTponoreHHbIX B03p;eHCTBHli 

H K caMooqnIII.eHHIO OT :Jarp.H3H.HIOIII.HX H TOKcnqecKHX BeIII.eCTB, TaK H C B03MO)KH0-

CT.HMH COBpeMeHHOli HayKH onpeµ;eJI.HTb npeµ;eJibI "TepnHMOCTH npnpop;bl K OCKop6rre-

" RH.HM" H rpaHH~bI µ;onycTHMoro pHCKa. Moµ;eJibHbie npeµ;cTaBJieHH.H, OTpa)KaIOIII.He yKa-

:JaHHbie BO:Jl];eHCTBH.H aHTponoreHHOli H HeaHTponoreHHOH, B TOM qncrre, "KOCMHqecKOH" 

CYIII.HOCTH H yqHTbIBaIOIII.He CJIO)KHYIO l];HHaMHKY Bcex reoccI>ep C IlOCTO.HHHO cI>opMHpyro­

III.HMHC.H MaCCOBbIMH IlOTOKaMH, BKJIIOqa.H o6pa30BaHHe BOl];bl H "BOCCTaHOBHTeJibHbIX" 

MaHTHHHbIX cI>rrIOHl];HbIX IlOTOKOB, cI>opMHpOBaHHe norre:JHbIX HCKonaeMbIX, npo~eCCbI ca­

MOBOCCTaHOBJieHH.H H caMooqnIII.eHH.H B 6noccI>epe, 6bIJIH pa3BHTbI B [2,3]. 
Mcxoµ;Hoe noJio)KeHne Moµ;errn - Harrnqne B )KHl];KO-MeTarrrrnqecKoM .Hp;pe 3eMJIH pac­

TBopeHHoro B BbICOKOli KOH~eHTpa~HH Boµ;opoµ;a, KOTOpblli "BKOJiaqnBaJic.H" BO cI>opMH­

PYIOIII.He 3eMJIIO nrraHeTo□eMarrn KaK ocHOBHorr KOMnoHeHT corrHeqHoro BeTpa npn ee 

o6pa30BaHHH 4,6 Mrrpµ;. JieT Ha:Jaµ; [4]. IIorraraeTc.H, qTo IlJIOTHOCTb paCTBOpeHHOro B 

)KHl];KOH cI>a□e .Hp;pa 3eMJIH Boµ;opoµ;a MO)KeT µ;ocTnraTb 0) -1,0 r/cM3 npn o6III.eii cpe­

µ;Heii: IlJIOTHOCTH )KHl];KO-MeTaJIJIHqecKoro .Hp;pa ~ 10 r/cM3 • B MeHbIIIHX KOJIHqecTBax B 

)Klll];KOM .Hp;pe MoryT 6b!Tb pacTBopeHbI rerrnii, a:JOT, KHCJIOpoµ;, HOHbI KOTOpbIX BXOl];HJIH 
' 

B cocTaB corrHeqHoro BeTpa "Morroµ;oro" CorrH~a. IlpHH.HTHe oµ;Horr JIHIIIb 0Torr rnno-

Te:Jbl npHBOl];HT K pa3Hoo6pa3HbIM crreµ;CTBH.HM rrro6aJibHOro MaCIIITa6a, BCKpbIBaIOIII.HM 

reHe□nc BHyTpeHHHX n BHeIIIHHX B□aHMOCB.H□eii B cncTeMe 3eMJI.H-aTMoccI>epa-KocMoc 
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H IIOKa::JbIBaIOm;HM HeH::J6e)KHOCTh <popMHpOBaHIIH p;HCCHIIaTHBHbIX CTPYKTYP B pa::JnH"I­

HbIX reoc<pepax - oT .Hp;pa 3eMnH p;o cpep;HeH H BepxHeH aTMoc<pephI. AHanH::J TaKHX 

<peHOMeHOB HnH HX rrpo.HBneHHH, ycTaHOBneHHe peanH::Jyrom;HXC.lI B::JaHMOCB.H::JeH Me)Kp;y 

reoc<pepaMH IIO::JBOnHT ou;eHHTh CTerreHh ap;eKBaTHOCTH rrpep;naraeMOH MOp;enH H pa3-

pa6oTaTh IIOl];XOl];bl K BbI.HBneHHIO yrroM.HHYTbIX Bblille rrpep;enoB ycTOH"IHBOCTH "Haillero 

p;oMa" - 6uoc<pephr B y~noBH.HX cnnhHbIX Bo::Jp;encTBHH HeaHTporroreHHOH H aHTporro­

reHHOH cym;HOCTH. 

IIepe"IHCnHM"OCHOBHble cnep;cTBH.lI MOp;enH ( CM. TaK)Ke [2,3]). 
1. PeanH::JaD;H.H Ha XHMH"!eCKH H TepMH"IeCKH Heop;Hopop;HoH Me)K<pa::JHOH rpaHHD;e 

)KHl];KOe .Hp;pO-HH)KH.lI.lI MaHTH.lI 0Hl];OTepMH"IeCKHX XHMH"IeCKHX peaKD;HH BOCCTaHOBne­

HH.lI OKCHl];OB (rrpe)Kp;e Bcero, KpeMHe::JeMa) C o6pa30BaHHeM BOl];hl rrpHBOl];HT K HHHil;HH­

pc>BaHHIO HeCHMMeTpH"IHhrx, Heperyn.HpHhIX p;uccurraTHBHhIX cTpyKTYP BeHapa-MapaH­

roHH B rrpune)Kam;ux K rpaHHD;e )KHl];KO-MeTannH"!eCKHX cno.Hx .Hp;pa. 8TH CTPYKTYPhI 

(Banhr, BHXpH) c Heperyn.HpHOH cpep;HeH CIIHpanhHOCThIO 6yp;yT o6ycnoBnHBaTh "xHMH­

'9:eCKHH MexaHH::JM" BO::JHHKHOBeHH.lI ::JaTpaBO"IHOro MarHHTHOro rron.H, KOTopoe ::JaTeM 

ycnnHBaeTC.lI rryTeM "pacT.H)KeHH.H" MarHHTHhIX CHnOBhIX nHHHH rrpH co6cTBeHHOM Bpa­

m;eHHH 3eMnH ("p;HHaMo-MeXaHH::JM"). Ilpu 0TOM 0BOnIOD;HOHHhie H::JMeHeHH.lI reoMa­

rHHTHoro rron.H MoryT CB.lI::JbIBaThC.lI c HeH::J6e)KHbIMH BapHaD;H.HMH "xHMH"IeCKOH aKTH­

BHOCTH" Me)K<pa::JHOH rpaHHD;hl. 

2. Bo::JHHKaIOm;a.H B )Klll];KOM .Hp;pe caMoopraHH::Jyrom;a.Hc.lI CHCTeMa l];HCCHIIaTHBHhIX 

CTpyKTYP MO)KeT orrpep;en.HIOm;HM o6pa::JOM BnH.HTh KaK Ha <popMHpOBaHHe CTpyKTyp­

HhIX HeOp;Hopop;HOCTeH MaHTHH (rrpou;ecc MO)KeT 6bITh caMocornacoBaHHhIM) H CHCTeMbI 

nnHeaMeHTOB nHTOC<pepbI [5] "Iepe::3 CHCTeMy MaHTHHHhIX KaHanoB, TaK u Ha HHHD;HH­

poBaHHe KOHBeKTHBHhIX l];BH)KeHHH B caMoH MaHTHH, BKnIO"Ia.H arrBennnHr MaHTHHHhIX 

rrnIOMOB u "rr~peBOpOThI MaHTHH" [6]. 
3. reHepupyeMbIH Ha Me)K<pa::JHOII rpaHHD;e .Hp;pO-HH)KH.lI.lI MaHTH.lI MaCCOBbIH IIOTOK 

"BBepx" (rroMHMO MoneKyn BOl];hl, BOp;opop;a u KHCnopop;a ero KOMIIOHeHTaMH MoryT 6hITh 

BbIXOp;.Hm;ue H::J .Hp;pa renHH H a:JoT, a TaK)Ke o6pa::Jyrom;uec.H rrpH rrocnep;yrom;ux XHMH­

"!ecKHX peaKl~H.lIX B MaHTHH MeTaH H OKCHI]; yrnepop;a) rrepeHOC.lITC.lI "Iepe::3 MaHTHIO K 

rroBepxHocTH 3eMnH. Ilpoucxop;HT rrop;rrHTKa "MaHTHHHOH BOp;on" pa::JH~o6pa3HhIX BO­

l];HhIX CHCTeM, rrop;p;ep)KHBaIOTC.lI rrpou;ecChI (B TOM '9:Hcne MHKpo6uonorH"!eCKHe CTap;uu) 

<popMHpOBaHH.lI yrnepop;- H MeTannocop;ep)Kam;ux l];HCCHIIaTHBHhIX CTPYKTYP - MeCTO­

pO)Kl];eHHH rrone::JHhIX HCKorraeMhIX (Heq>Th, yrnu, cnaHD;hI, llIYHrHTbI, pyp;hl). Ilpu 0TOM 

CTaD;HOHapHoe B cpep;HeM COCTO.lIHHe 6uoc<pephl o6ycnoBnHBaeTC.lI yxop;.Hm;HMH "BBepx" 

"Iepe::3 aTMOC<pepy B KOCMOC (u::J o6naCTH 0K30C<pephr) MaccOBhIMH IIOTOKaMH. 

4. TaKHe "caMoopraHH::Jyrom;uec.H" IIOTOKH c rrpocTpaHCTBeHHO-BpeMeHHbIM pacrrpe­

p;eneHHeM, orrpep;en.HeMhIM cno)KHOH p;uHaMHKoH reoc<pep, a TaK)Ke IIOTOKH Bem;ecTBa, rro­

rrap;arom;ero H::J KOCMOCa Ha 3eMnro ( KOMIIOHeHTbI conHe"!Horo BeTpa, MeTeOpbI, KOCMH"Ie­

CKa.H IIblnh) p;On)KHhI o6ycnoBnHBaTh "cToxacTH"IeCKH geTepMHHHpOBaHHhie" (Koppenu-
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poBaHHbie) [7] BapIIaD;l:Il:I cyMMapHOI'O MOMeHTa KOJlff'IeCTBa p;BI:I)KeHJrn Cl:ICTeMbl 3eMJI.!I­

aTMO_ccpepa. IlpaKTI:I'IeCKaJI HeI:I3MeHHOCTb nocneµ;Hen BeJII:I'Il:IHbI ( o6cy)Kµ;eHI:Ie o6rn;I:Ix 

npI:IHD;l:IIlOB ycTOll'Il:IBOCTl:I 3Be3p;HbIX l:I nJiaHeTapHbIX Cl:ICTeM B paMKaX npn:HD;I:IIla Maxa 

l:I ero B03MO)KHbIX o6o6w;eHI:Ill BbIXOp;l:IT 3a paMKl:I µ;aHHOI'O coo6w;eHI:I.!I) µ;aeT OCHOBaHI:Ie 

IlOJiaraTb, 'ITO o6MeH MaCCOBbIMl:I IlOTOKaMI:I Me)Kµ;y 3eMJiell I:I 6JII:I)KHl:IM KocMOCOM µ;oJI­

)KeH c Heo6xop;I:IMOCTbIO conpOBO)Kp;aTbC.!I npou;eccaMI:I, npl:IBOp;.!IIll;l:IMl:I K KOMileHcau;I:II:I 

l:I3MeHeHI:Ill cyMMapHOI'O MOMeHTa KOJII:I'IeCTBa p;Bl:I)KeHI:I.!I Cl:ICTeMbl 3eMJI.H-aTMOccpepe. 

8To MOI'YT 6bITb npou;eccbI, CB.!I3aHiibie C cprryKTyaD;I:I.!IMl:I Mal'Hl:ITHOI'O IlOJl.!I 3eMlll:I ("Me­

xaHI:I3M <PenHMaHa" [3]), a T8,K)Ke C lIOKaJibHbIMl:I nepecTpOHKaMl:I Jll:ITOC<pepbl l:Illl:I Bep­

XHen MaHTl:Il:I (rrpl:I 3eM![eTp.!ICeHI:I.!IX, l:I3Bep)KeHl:I.!IX BYJIKaHOB [2]). YcTaHOBJieHI:Ie Mexa­

Hl:I3MOB pealII:I3aD;I:Il:I TaKI:IX. nepecTpOeK, npl:IBOp;.!IUJ;l:IX 'IaCTO K KaTaCTpO<pI:I'IeCKl:IM no­

CJiep;CTBl:I.!IM, C pa3pa60TKOH MeTOp;l:IK l:IX npQI'H03l:IpOBaHI:I.!I HeCOMHeHHO p;OJI)KHbl CTaTb 

0JieMeHTOB pa3pa6aTbIBaeMOll KOHD;ellD;l:Il:I peryJII:IpyeMOI'O pa3Bl:ITI:I.!I. 

5. Pe3yJib'I'I:Ipyrorn;I:Ie noTOKH "BBepx" cpyHKD;I:IOHaJibHO I:IrparoT O'Il:ICTI:ITeJibHYIO 

poJib µ;rr.!I 61:IoccpepbI, nocKOJibKY cnoco6Hbl yHoCI:ITb 3a npeµ;eJihl 3eMHOH aTMoccpepbI 

'IaCTb Bpep;HbIX l:I TOKCI:I'IeCKl:IX coep;I:IHeHI:Ill ( l:IJII:I l:IX cpparMeHTOB), He pa3JIO)Kl:IBIIII:IXC.!I 

B aTMoccpepe noµ; µ;en:CTBI:IeM I'JlaBHbIX "CaHI:ITapHbIX" areHTOB, - I'l:Ip;pOKCI:IJia l:I 030Ha 

[8], a TaK)Ke npl:I pa3H006pa3HbIX <pOTO- l:I <pOTOKaTaJII:ITI:I'IeCKl:IX npou;eccax. 8TH 

)Ke "o'Il:ICTI:ITeJibHbie" IlOTOKl:I "BBepx"' IlO-Bl:Ip;l:IMOMY, MOI'YT y<IaCTBOBaTb, Hap.Hµ;y 

C MaCCOBbIMl:I IlOTOKaMI:I OT 0KeaHa B cpopMI:IpOBaHI:Il:I caMoopraHI:I3YIOill;l:IXC.!I napo­

ra30BbIX IlOTOKOB ("peK") B Tponoccpepe, npI:I'IeM MO~HOCTb HeKOTOpbIX l:I3 Hl:IX MO)KeT 

npeBOCXOp;l:ITb CTOK AMa30HKl:I. Bbl.!IBJieHI:Ie npI:IpOp;bI o6pa30BaHI:I.!I npocTpaHCTBeHHO­

BpeMeHHbIX cTpyKTYP B aTMoccpepe, paBHO KaK I:I oKeaHI:I'IeCKI:IX Te<IeHI:In Heo6xop;I:IMO 

p;ll.!I aµ;eKBaTHOI'O M9µ;eJII:IpOBaHI:I.!I p;I:IHaMI:IKl:I 61:Ioccpepbl I:I npou;eccoB ee caMOO'Il:IIll;eHI:I.!I 

l:I caMOBOCCTaHOBJieHI:I.!I. 

6. BapI:IaD;I:Il:I coJIHe'IHOH aKTI:IBHOCTI:I o6bI'IHO paccMaTpI:IBaeTc.!I KaK ocHOBHOH nepe­

MeHHbIH "ynpaBJI.!IIOUJ;I:IH" cpaKTop, Bo3p;encTByrow;I:In: Ha 0BOJIIOD;I:IIO 61:IoccpepbI. Corna­

CHO [3], TaKI:Ie BapI:IaD;I:Il:I MOI'YT onpeµ;eJI.!ITbC.!I oco6eHHOCT.!IMl:I TpaeKTOpl:Il:I u;eHTpa Mace 

ConHu;a npI:I ero p;BI:I)KeHI:Il:I OTHOCI:ITeJibHo 6apI:ID;eHTpa ( ConHu;e MO)KeT yp;an.!ITbC.!I OT­

HOCI:ITerrbHO u;eHTpa Mace COJIHe'IHOll Cl:ICTeMbl Ha pacCTO.!IHI:I.!I, 6orree 'IeM Bp;Boe npeBbI­

IIIarow;I:Ie coJIHe'IHbIH paµ;I:Iyc [9]). IlpI:I TaKOM µ;BI:I)KeHI:II:I Heoµ;Hopoµ;HoCTb rpaBI:ITau;I:I­

OHHbIX B03p;encTBI:IH Ha pa3JII:I'IHbie o6nacTI:I CorrHu;a I:I I:IHepD;I:I.!I coJIHe<IHoro Bern;ecTBa 

npl:IBOp;.!IT K B03Hl:IKHOBeHI:IIO B CoJIHD;e KOJie6aTeJibHbIX l:I Bl:IXpeBbIX p;Bl:I)KeHI:IH,KOTOpbie 

MoryT I:IHI:ID;I:II:IpoBaTb I:I3MeHeHI:I.!I B Ha6nroµ;aeMon coJIHe<IHon aKTI:IBHOCTI:I Ha pa3Hoo6-

pa3HbIX npocTpaHCTBeHHO-BpeMeHHbIX ypoBH.!IX - OT BapI:IaD;I:Ill IlOTOKOB Hen:Tpl:IHO l:I3 

u;eHTparrbHbIX o6rracTen CorrHu;a µ;o I:I3MeHeHI:IH B I:IHTeHCI:IBHOCTI:I I:I3Jiy<IeHI:I.!I coJIHe'IHOH 

KOpOHbl [10]. 3µ;ecb Mbl o6parn;aeM BHI:IMaHI:Ie ew;e Ha oµ;Ho o6cTO.!ITeJibCTBO. B [9] 6bIJIO 

noKa3aHo, 'ITO HeCMOTp.!I Ha cJIO)KHbIH xapaKTep p;BI:I)KeHI:I.!I u;eHTpa Mace ConHu;a oT­

HOCI:ITeJibHO 6apI:ID;eHTpa, pacCTO.!IHI:Ie OT 3eMJil:I µ;o CoJIHD;a npl:I 0TOM npaKTI:I'IeCKl:I He 
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ll:JMemreTC.H, 'ITO noµ;TBep)Kµ;aeTC.H Hell:JMeHHOCTbIO BeJill'IllHbI COJIHe'IHOll IlOCTO.HHHOll. 

Ho llTOT BbIBOµ; B TO )Ke BpeM.H O:JHa'IaeT, 'ITO n;eHTp Mace 3eMJill COBepmaeT TaKoe )Ke 

HenHepn;narrhHOe µ;Bll)KeHne, KaK n n;eHTp Mace CorrHn;a. IIocKOJihKY B cncTeMe 3eMJI.H­

aTMOcq>epa TaK)Ke MoryT reHepnpoBaTbC.H BnxpeBbIX n KOJie6aTeJihHhle p;Bll)KeHll.H ( He 

TOJihKO B aTMOCq>epe ll OKeaHe, HO ~ll B )Kllp;KO-MeTaJIJill'IeCKOM .Hp;pe), a JillTOCq>epa 

ll OT'IaCTll MaHT:ruI cnoco6Hbl K He60JiblllllM CTPYKTypHbIM nepecTpollKaM, yKa:JaHHOe 

p;Bll)KeHll.H n;eHTpa Mace 3eMJill, OCJIO)KH.HeMoe rpaBMTail;llOHHbIM B013p;encTBlleM co CTO­

poHhI JlyHhI, MO)KeT npllBOp;llTh K Il;llKJill'IeCKllM .HBJieH:ruIM nrraHeTapHoro MacmTa6a. 

KoHe'IHO, Moµ;errhHhlll pac'!eT TaKllX nepecTpoeK n BnxpeBhIX Bon6y)Kµ;eHllll e~e 6orree 

CJIO)KeH, '!eM B crry'Iae CorrHn;a. IIoaToMy 6orree aKTYaJihHhIM cen:'Iac npeµ;cTaBJI.HeTc.H 

IlOllCK, o6Hapy)KeHlle ll llCCJieµ;OBaHlle TaKllX q>eHOMeHOB. 8To TeM 6orree Ba)KHO, 'ITO He­

KOTOpbie lll3 lll3BeCTHhIX, HO noxa HeilOH.HTbIX KpynHoMacmTa6HbIX .HBJieHllll npnpop;bI, 

TaKllX KaK 8rrh-HllHb0 llJill rorrhq>CTpllM, KOTOpbie MoryT llMeTb llMeHHO yxanaHHyro 

npnpo;a;y, B :JHa'IMTeJihHOll Mepe onpeµ;err.HIOT aKorrorn'!ecxoe COCTO.HHlle 60JibillllX Tep­

pllTOpllll 3eMJill ll cyµ;h6bl MHornx rrroµ;en:. Mo)KeT oxanaThC.H, 'ITO aueprn.H µ;nccnnan;nn, 

BhIµ;err.HeMaJI npn paccMaTpnBaeMhIX CTPYKTYPHhIX nepecTpon:xax, BnxpeBhIX n Korre6a­

TeJihH~x Bon6y)Kµ;eHll.HX B 3eMrre n o6bl'IHO He Y'IllTbIBaeMaJI B o6~eM 6arrauce Te­

IlJIOBbIX noTOKOB, µ;ocTaTO'!Ha µ;JI.H panpemeHM.H T .H. napaµ;oKca "Marroro Corrun;a" [11]. 
Corrracuo [11], npn Tex noToKax aHeprnn, KOTOpbie 3eMJI.H norry'!arra OT Corrun;a B Te­

'IeHne 4 Mrrpµ;. rreT, Ha'IMHaJI c nepno;a;a "Marroro CorrHn;a", cBeTMMOCTh KOToporo 6blrra 

Ha TpeTb MeHbllle ceroµ;H.HlllHeH, a TaK)Ke npn y'IeTe ll:JBeCTHbIX TeilJIOBbIX IlOTOKOB lll3 

Heµ;p 3eMJill, IlOBepXHOCTh 3eMJill p;OJI)KHa 6bITh IlOKpbITa rreµ;.HHbIM naun;npeM. Ho llToro 

HllKorµ;a He 6bIJIO B llCTOpllH 3eMJill. 

Bo:JMO)KHOCTM coBpeMeHHon: KOMilhIOTepHon TeXHllKH H ycnexn B KOMilhIOTepHOM 

Moµ;errnpoBaHllll p;llHaMllKH µ;ocTaTO'IHO CJIO)KHbIX HeJIHHellHbIX CHCTeM µ;aroT Haµ;e)Kµ;y 

Ha nporpecc ll B Moµ;errnpOBaHllll µ;MHaMllKH npnpop;HbIX .HBJieHHH. licnOJih:JOBaHHe He­

JIHHeHHbIX Moµ;erreii c pearrnnan;nen: B nx pemeHn.Hx 6nqiypxan;noHHhIX nepexoµ;oB Me)Kµ;y 

pa13Jill'IHbIMll COCTO.HHll.HMll paccMaTpllBaeMOH CHCTeMbI IlO13BOJIHT He TOJihKO npeµ;cTa­

BllTh oco6eHHOCTll p;llHaMllKll OTµ;eJihHbIX q>parMeHTOB CllCTeMhI 3eMJI.H-aTMOCq>epa n 

6nocqiepbI, B 'IaCTHOCTll, HO n nocrreµ;oBaTeJibHO BBeCTll [2] TaKne Ba)KHble µ;rr.H IlOHll­

MaHll.H ll HanpaBJieHHOro peryrrnpoBaHll.H llBOJIIOil;Hll 0KOCllC~eM xapaKTepHCTHKH, KaK 

II,II;B ("npe;a;errhHO µ;onycTMMhle BbI6pocbI"), II,II;K (''npeµ;errhHO µ;onycTMMhle KOHD;eH­

Tpan;nn"), II,II;II ("npe;a;errhHO µ;onycTnMoe noTpe6rreune"). 

Ilpeµ;cTaBrreun.H o HerrnHenuon: µ;nHaMHKe CJIO)KHhIX MHoroq>aKTOpHhIX npon;eccoB rre­

)KaT ll B OCHOBe COBpeMeHHbIX MeToµ;oB aHaJill:Ja axcnepnMeHTaJihHbIX µ;aHHhIX (B '!a­

CTHOCTH, BpeMeHHbIX p.Hp;OB p;llHaMM'IeCKHX nepeMeHHbix), xapaKTepnnyro~nx 0BOJIIOD;HIO 

npnpop;HbIX CllCTeM. Hap.Hp;y C ll:JBeCTHbIMll MeTop;aMll [12] - onpeµ;erreH:UeM q>paKTaJih­

HOH panMepuocTn, noKanaTerreii Jl.HnyHoBa, K-aHTpOilllll KorrMoropoBa - BeCbMa aq>­

q>eKTMBHhIM MO)KeT7)Ka:JaTbC.H HOBbIH µ;nHaMH'IeCKllll MeToµ; aHaJIH:Ja - q>JIHKKep-myMo-
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BM CIIeKTp0CK0IUI.!I [13,14], rronBOlI.!IIOI.IJ;M rrorry'IaTb rimpopMaD;IIIO 0 xapaKTepe perraK­

ca:u;uoHHbIX rrpo:u;eccoB B uccrrep;yeMOM CIICTeMe II 0 06 unMeHeHIIII C0CT0.!IHII.!I CIICTeMbl 

B xop;e ee 3B0J'IIOIJ;IIII. 
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Abstract 

The path-integral representation for the two-photon process with a quantum 

pump is considered and gives the semiclassical picture via the condition for the 

action ( S / h) > 1. The corresponding inequalities for frequencies, amplitudes and 

dipole interaction appears in the nonlinear dynamics both of pump and registered 

field. These inequalities show the border of the regimes of the given and classical 

pump as well as the difference between nonlinear and parametrical effects. 

The recent interest in the wide class of quantum electromagnetic field states which have 

not classical analogies has been stimulated by a development of experimental technics in 

the quantum optics. One of this states is the electromagnetic field state with Sub-Poisson 

photon statistics. It corresponds to the smaller fluctuation as compared with coherent 

state which is close to laser field state. The criterion of the Sub-Poisson effect existence 

is that the average occupation number< n > exceeds its variance V(n) [l] - [3]: 

V(n) < < n > 

Formerly the details for the existence condition of Sub-Poisson photon statistics in the 

model of parametric amplification of the signal and noise superposition was established 

in the work [4]. The test of thermodynamic equilibrium Sub-Poisson effect was made in 

the papers [5], [6]. However all these models corresponds to classical pumping. In this 

paper we will touch quantum pumping in order to understand the frames of the classical 

approximation to be justice. 

Hamiltonian of the resonant tree-boson interaction is 

3 

H - "' . + . + ( + + + +) - ~ w1ai a1 g a1a2a3 a3a2 a1 , W3 = Wt +w2, [a;, at] = 8;i, (1) 
i=1 

g is the interaction constant, Wj is the frequency corresponding to j oscillator. This Hamil­

tonian gives a complete quantum description of second harmonic generation, frequency 
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conversion, so that a3 is amplitude of pump, while a1,2 are the amplitudes of generated 

fields. 

By using path-integral method we will consider the condition of applicability of the 

classical pumping by the way of research of the photon statistics. It is convenient to 

define the average photon number < n; > and its variance V(ni) for the problem of the 

Sub-Poisson statistics of the model (1) by the generating function 

+· 8Pil < ni >=< a. ai >= -- , 
I ac: c=O 

( ) a2 
pi I 2 V n; = B2 - < n; > , 

£ e:=O 

(2) 

where R = U R0U+, U - evolution operator and Ro - operator defining an initial system 

condition. For the thermodynamic equilibrium case R is equal to Gibbs operator. P 

should be calculated in the coherent state representation 

Pi= J dµ < zlU+lz' >< z'le-e:ata;lz" >< z"IUlz"' >< z111 IRolz >, 

dµ = 1r-
4d2 zd2 z' d2 z" d2 z'". 

Let us describe the matrix element of the evolution operator 

lzl 2 lz'l 2 

< z!Ulz' >= J e?(-2 - -
2
-), 

with the functional integral representation 

J= Jnna7Daiexp('P), 
I 

z* = a':(t) I I l 

(3) 

(4) 

(5) 

Hamiltonian function H is obtained from Hamiltonian H after replacing operators by 

trajectories. The pump amplitude a3 is taken as given C-number usually, as far as it is 

· assumed to be a strong enough. In the opposite case we must consider a3 as the unknown 

quantum amplitude which must be determined together with a1,2 • Such problem can not 

be solved exactly because the dynamics of this system is nonlinear. 

We are going to use a semiclassical approximation with the purpose to make clear the 

frames of C-number picture and follow the transformation of the non-liner process to the 
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parametrical one. Really, the dimentionless function Sin ( 4) is the physical S divided by 

h. So, we have a semiclassical approximation when 

S=(S!h)>1. (6) 

In this case the problem of dynamics reduces to the solution of the functional saddle­

point equation which is resulted from the condition 8S = 0. Therefore the approximated 

semiclassical formula is the following 

JIID *D s sjrrn *D 52s exp(<I>o) a; a;e ~ e0 a; a;e = -;:::====, . . ✓Det82So • • 
(7) 

if,. ·c, 1~ * '* 'l'O =zoo+ -~ z; ao; + z;a0;, 
2 . 

z; = a7(t), z: = a;(O), 
• 

where the subscript 'O' means that the action Sand the determinant of its second variation 
' are calculated on the extreme path a0 , a~. 

As the first step of our research we take the classical limit a3 ---+ C- number and show 

the application of the path-integral method in the simplest situation preliminary. This 

problem is solved exactly and we treat both statical and dynamical versions of it. In the 

first of these cases the photon-phonon interpretation of the problem is the best one [7]. 

1. Statical nodegenerate case. 

Hamiltonian of two-boson interaction 

H1 = w1a[a1 + w2af a2 + g(a1a2 + af at), (8) 

may be used for description of simplest case of monochromatic light interaction with 

izotropic crystal. In this case a[(a1) - creation (annihilation) photon operator and at(a2) 

- phonon operator accordingly. For establishing quantum statistics (phonon or photon) 

we introduce the function: 

F; = V(n;)- < n; >, i = 1, 2. 

If F; is negative the quantum statistics is Sub-Poisson. When F; is equal to zero we have 

Poisson statistics and Super-Poisson, if F; is positive. 

To define F; according to (2) in the thermodynamic equilibrium state it is need to 

calculate the matrix elements of Gibbs operator. Using Euclidean trapsformation 

it - /3, 
1 

/3= kT 
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in the formulae (3-5) we go from matrix elements of the evolution operator to matrix 

elements of Gibbs operator. To utilize formula (7) we should solve differential equation 

system: 

(9) 

which gives the exact solution of the system (8) via saddle-point (8S = 0) trajectories. 

Their values on the boundary term of the phase <I> are: 

sinh,BE 
T = cosh ,8 E + w E , 

So, the phase of the integral on the paths, which supply 8S = 0 is 

The calculation of the second variation of the action operator in (7) 

Det82 S0 = DetK, 

(11) 

may be reduced to defining the inverse operator K-1 with the zero boundary conditions 

8 8K 
Tr(ln K) = ln(DetK), ag ln(DetK) = Tr(J{-1 ag ), 

Detl( -exp(/ dgTr(r' ~; )) , 

a;'.(,B) = a;(,B) = 0. 
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The solution of the differential equations system (9) with the zero boundary conditions 

is equal to 

(;.) = K~' (:.) = J dT' { 0(T-T')e~M(,-r) - ,-M, ( ~' :, ) ,-M(p-,'f (:,), 
0 0 

M ( -m O ) ( Wt g ) ( 0 A3 ) 
= 0 m ' m = -g -w2 ' a = -A3 0 ' 

A
1 
= ( te-~13 

0 ) 
0 0 ' 

A2 = ( 0 t 0~11 ) ' 
0 Te2 

As a result we obtain external integral factor 

A,=O ~i) 

Det8
2
S = (~) 

2

, To= Tlg=O = el1w 

and in accordance with (2,4,11,12) the generating function is 

2( cash /3E - cash ~/3) 
Pe12= A - A 

' 2( cash /3E - cash 2 /3) + c( cash /3E - i sinh /3E - exp( =i::: 2 /3)) 

which gives the result 

2 F; =< n; > , i = 1,2 

A -
exp(=i::: 2 /3) - cash /3E + i sinh /3E 

< n1 2 >= ------------
, 2[cosh /3E - cash ~/3] 

(12) 

(13) 

(14) 

Evidently, the condition of Sub-Poisson statistics of both phonon and photon is not 

fulfilled for any parameters values of the system w1,w2 , T,g. The above calculation shows 

that the statement [6] concerning the possibility of the equilibrium state with Sub-Poisson 

statistics must be revised. Surely, this result may be received by the help of the canonical 

transformation in (9) as well. Still we prefer to present the functional- integral method 

here as far as we use it in the rest part of the paper. 

2. Classical pumping. Degenerate parametrical process. 
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The Hamiltonian of the hose-oscillator 

(15) 

describes the parametric excitement on the frequency 2w (pumping) of the field with the 

frequency w of the fundamental wave, c.p -is a pumping phase, g -is a pumping amplitude 

a3 multiplied by the interaction constant. The initial distribution for th~ radiation with 

the frequency w is assumed to be Gibbs distribution [4]: 

Q = exp(ljl2 /(w/3)) = TrRo, 
, 1 - exp(-w/J) 

/3 = r-1, (16) 

describing a superposition of the coherent signal with the intensity j and of the thermal 

noise at the temperature 'I'. It may be shown [4], [8] that the Poisson distribution 

p0 = lzo >< zol is the limit of the initial distribution (14) at the zero- temperature 

and the parameter z0 is connected with the dis~ribution parameter (14) by the formula 

z0 = 6- At high temperatures distribution (14) is the Plank distribution. The competition 

between these distributions leads to the formation of a new statistical state. 

The generating function P may be calculated by the use formulae (2,7). It is obtained 

in the way similar to the way (9-12). The result of such calculation [8] coincides with 

that one received by these authors earlier in the different way [4]. It gives the formula 

for the F function [4], [8] 

F V . h(- ) [sinh(3gt) - sinh(gt) 2 lj!
2 

• h(3_ ) = - < n >= sm gt 
2 

+ w2 sm gt + 

+ 2 1
~~

2 
cosh(3gt) sin( c.p - 20)] + (V - < n > )13 , (17) 

(V- < n > )13 = n~ cosh(4gt) + 2n0 sinh(gt) sinh(3gt) + 

+ 2n0 lj ~
2 

( cosh( 4gt) + sinh( 4gt) sin( c.p - 20)) , 
w 

0 = arg(j), 

which is the exact solution of the problem with the bilinear Hamiltonian and initial 

distribution. 

The Sub-Poisson photon statistics of the field with the frequency w is said to take 

place if the inequality V - n < 0 is fulfilled. At zero temperatures in formulae (15) the 

terms < n >13 and (V- < n > )13 are equal to zero and these formulae coincide with the 
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well known one [2] which is obtained for the initial distribution p0 • The inequality V < n 

is fulfilled when the relation between the phases is equal to cp- 20 = -J. With increasing 

temperature the positive addend (V - < n > ),a describes the influence of the thermal 

noise and prevents the establishment of the Sub-Poisson photon statistics. Also, this is 

prevented by the first terms in the square brackets (15) which are independent of the initial 

field j and describe the quantum noise. It can be noted that the thermal fluctuations are 

important at a small evolution time (gt < l). On the contrary, the quantum fluctuations 

are important at large times (gt > l), if the frequency is large enough w > j. 

3. Quantum pumping. Degenerate nonlinear process. 

It is seen, that the "classical pump" approximation gives the exact result in the prob­

lems with bilinear Hamiltonians (8) and (15). The quantum and classical properties of 

the registered field a1 ( or a2) were discussed in this approximation. Now let us turn to 

the general threelinear case (1), when a1 = a2. Using'the equation 8S = 0 for the as­

sumed semiclassical situation (6) we receive the equation for the extremal trajectories 

a1(t), ai(t), aa(t), a;(t) 

. d * * g ( * )2 0 z dr aoa - waaoa - 2 ao1 = ' 

. d g ( )2 0 z dr aoa - waaoa - 2 ao1 = , 

.d * * * 0 z dr ao1 - W1 ao1 - gaoaao1 = , (18) 

.d * 0 z dr ao1 - W1 ao1 - gaoaa01 = , 

Except the approximation (6) for the equations (18) to be valid we notice that some 

additional approximation must be introduced. Really, the nonlinear equations (19) ( even 

they are valid) can not be solved exactly. In order to look for the existence condition of 

semiclassical approximation we put the trajectories a3(t), a;(t) to be constant 

d 
dr aoa = 0., ao3 = a3e-i"'· 

In this case we take the solution of the last two equations (18) 

a~l e-iwi.,. = cosh(gra3)a~1 (0) + i sinh(gra3)ao1 (Ok"'' 

a01eiwir = cosh(graa)a01 (0) - i sinh(gra3)e-i"', 
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which depends on the amplitudes a03 , a~3 • One may notice that it follows from the first 

two equations (18) that the amplitude ao1 is close to the value 

(21) 

as far as the approximation for a03 is valid. The equation system (20) according with (19) 

and (21) may be transformed to the equations: 

2
w3 a31/"' = iii ei2

W'T [ cosh(gra3k<I> + i sinh(gra3)e-i(<I>-cp)J2 , 
g 

2
w3 a3e-i"' = iiie-i2w-r [cosh(gra3)e-i<t> - i sinh(gra3)ei(<1>-c,,)] 

2
, (22) 

g . 

which will give the condition looked for the parameters of the system. After taking into 

account the phase shift <I> - ~ = 1r in (21), the system (22) may be rewritten in the form 

which gives 

1 
cos(2wr) = -----

cosh(2gra3) 

(23) 

The condition (23) together with the inequality (6) is the condition for semiclassics to be 

a good approximation. As far as the action S was introduced in the symmetrical form, its 

contribution S0 to the phase <I> is zero. As to ,the boundary terms in (7) we must satisfy 

the inequality (6) and receive the condition a3 > l. Two possibilities may happen in this 

case: 

. < 1 
gr > -=-· 

a3 

These two possibilities correspond to the inequalities: 

and (24) 

The first of them assumes that the pump is low-frequency, a dipole interaction is strong, 

the initial field a1 is strong too. The second of them means that the dipole interaction is 

weak and initial field a 1 is weak too. 
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These unequalities give the quantitative measure of the applicability of the "classical 

pump" (a3 ---:+ C-number) approximation in (1). They mean that the condition for the 

"classical pump" approximation to be valid touches the initial amplitudes of the fields, 

frequencies and the coupling constant. Namely, the frequency of the pump must be small 

or its amplitude must be large in accordance with (24). 

So the influence of quantum fluctuation of the generated field in the parametrical 

process (15) is regulated by its initial magnitude j due to the parameter jw- 1 in (17). 

The role of the initial condition in such process was underlined earlier in [9]. The influence 

of quantum property of the pump in nonlinear process is also determined by the initial 

amplitudes of the fields. Still the additional parameter gw;-1 appears in this case. This 

parameter is the measure of nonlinearity: it shows the magnitude of dipole interaction g 

respecting to the energy of quanta w3 and it absent in the parametric process. Thus the 

main point is that the parametrical process (15) dos not full the deviation g/w, as far as 

this process is bilinear in the amplitude may be describe exactly. Just the opposite the 

dynamics of the nonlinear process ( 1) is, approximative and depends on the relative value 

of interaction g/w3. Let us take into account the inequality (g/w3) ~ 1 for the optical 

scale of frequency. Therefore, the initial amplitude of the generated field may be large 

when the period of interaction is small (gr < a;-1) and must be small when the period of 

interaction is large (gr > ii31 
). 
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