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Rostislav Jolos

Biographical Sketch

On January 11, 2002. we celebrated the 60" anniversary of Prof. Rostislav Jolos's
birth. His scientific carrier began with the study of collective nuclear excitations at low
energies using the microscopical methods. Starting with the nuclear Hamiltonian as that of a
system of interacting nucleons, and using the finite boson expansion method, R.V. Jolos
jointly with his colleagues has managed to construct a Hamiltonian containing only collective
quadrupole degrees of freedom. Then the collective nuclear parameters can be calculated on
the grounds of the known data on the average nuclear potential and effective nucleon
interaction. The analysis of the collective Hamiltonian symmetry has shown that the
Hamiltonian can also be used for describing quadrupole movement in stiff spherical nuclei
and in the nuclei of the so-called transitional region, where quadrupole oscillations are very
far from being harmonic. It is also applicable to the strongly deformed nuclei. where the
rotational and oscillatory degrees of freedom can be singled out. These works were the first to
point out that the collective Hamiltonian of quadrupole movement has in the general case the
SU(6) symmetry, which, in the case of the strongly deformed nuclei, is reduced to a simpler
symmetry, SU(3). On the basis of the microscopically grounded collective Hamiltonian,
analysed and explained have been many properties of the excited levels of the nuclei in the
transitional areas.

These works had great resonance. In 1977, they won the First Prize of the Central
Institute of Nuclear Research in Rossendorf, and in 1980 — the JINR Prize. The approach
developed by R.V. Jolos has been appreciated by the cé)mmunity of nuclear theorists. It has
initiated the development of the so-called algebraic models in nuclear theory, of which the
interacting boson model is the most known. The authors of this model, which was immensely
popular in the 1980s, F. lachello and A. Arima, used the ideas and approaches of Dubna's
physicists and themselves repeatedly admitted it.

The story of the finite boson expansion and Hamiltonian of collective quadrupole
movement can create the impression that R.V. Jolos's style is purely mathematical and he
makes his discoveries following the formal logic of mathematical calculations. However, it is
not so. He rather chooses a mathematical apparatus on the grounds of his almost intuitive
understanding of the physics phenomenon being studied. The style of his works and his way

of reasoning are always clear. He begins to consider a problem starting from the physics of
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the phenomenon and using the simplest qualitative assessments. But apparent simplicity hides
his subtle intuition in physics. which sometimes leaves behind logical constructions and long
calculations. So lectures by R.V. Jolos have always drawn a diverse audience, including
students, postgraduates, and eminent scientists.

Up to now, R.V. Jolos's studies have been focused on the theory of low-encrgy
nuclear excitations, or, in other terms, theoretical nuclear spectroscopy. But since the early
1980s. a new subject has been present and gaining strength in his works: theory of collisions
of heavy nuclei at the energies of several tens of MeV. In his numerous works, R.V. Jolos
tries to resolve quite a complicated issue in this field: does the structure of the heavy nuclei
affect the result of their collision? This question has an answer now: yes, it does, and very
strongly, which is confirmed in the experiments on the deep inelastic collisions and fusion of
heavy nuclei. The model developed at R.V. Jolos's group has great predictive power and is
successful in the description of the experiment. For example, it has allowed the description of
mass and charge distribution of reaction products and explanation of non-statistical effects in
the excitation energy distribution between fragments. It has been shown that the dominating
mechanism of collision kinetic energy dissipation consists in the colliding nuclei exchanging
nucleons, neutron exchange being more important. Some of these works won the 1992 JINR
Encouraging Prize. One of the makings of this success should be specially noted: in the
1990s, a fruitful team of young researchers formed around R.V. Jolos. His group is supported
by the Russian Foundation for Basic Research as well as by various International Foundations
(Alexander von Humboldt Stiftung, Volkswagen-Stiftung, DFG, and DAAD).

R.V. Jolos continues his research in the theory of nuclear structure. He won the 1996
JINR Prize for his studies of the octupole correlations in nuclei. In this area, he is most
interested in the display of supersymmetry in the properties of the low-energy nuclear
excitations. In popuiar scientific publications and communications from physics institutes and
laboratories worldwide, the word "supersymmetry" appears so often that there is hardly any
need to explain how urgent and interesting is this topic. In their recent works, R.V. Jolos and
his colleagues suggested that the octupole vibrations in nuclei be regarded as the oscillations
in the mass asymmetry coordinate. The new approach allows us to explain in the same
manner many experimental data on parity splitting in actinides and to propose experiments on
the search of the octupole states.

This book is dedicated to Prof. Rostislav Jolos, to whom we wish further successes.
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DINUCLEAR SYSTEM PHENOMENA IN NUCLEAR
REACTIONS AND IN NUCLEAR STRUCTURE
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! Joint Institute for Nuclear Research, 141980 Dubna, Russia
2 Institute of Nuclear Physics, Tashkent, Uzbekistan
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The dinuclear system model considers a configuration of two touching
nuclei which exchange nucleons and/or clusters. Within this concept we
explain deep inelastic collisions, fusion of heavy ions to superheavy nuclei
and quasifission in collisions of heavy ions, study the production of angular
momentum of fission fragments, describe hyperdeformed states formed in
heavy ion reactions and interpret the parity splitting of rotational bands
observed in the spectra of actinides.

1. INTRODUCTION

Reactions between heavy nuclei, the structure of nuclei and the structure of nuclei
with cluster behaviour can be described with the dinuclear system concept [1,2]. A dinu-
clear system (DNS) is a configuration consisting of two touching nuclei which keep their
individuality and exchange nucleons and/or clusters. Other notationsfor a dinuclear sys-
tem are quasimolecular configurations, nuclear molecules and bi-cluster configurations.

Well known examples with light nuclei are the ®Be configuration built up by two touching '

a-particles and the nuclear molecular resonances [3] in the reactions ?C on '*C up to
58Ni on 38Ni. Also the fusion of heavy nuclei to superheavy nuclei can be explained by
the dinuclear system concept [4]. In this case a dinuclear system is formed in the reaction

between two heavy ions and then the touching nuclei exchange nucleons by transfer up to
the moment the system crosses the inner fusion barrier and an excited compound nucleus .

is formed.

The important collective degrees of freedom of the dinuclear system are described
by the relative internuclear distance R between the nuclear centers and by the mass
asymmetry coordinate defined as n = (A; — A2)/(A1 + Az) where A; and A, are the
mass numbers of the clusters. Here, 7 = 0 means a symmetric configuration (A; = Aj)
and n = *1 denotes the fused system (A; or A2 = 0). The mass asymmetry degree of
freedom was used to describe mass distributions in cold fission and to predict suitable
target-projectile combinations for producing superheavy nuclei [5].

In this review, which is dedicated to Prof. R.V.Jolos on the occasion of his 60th
birthday, we demonstrate the usefulness of the dinuclear system concept for the description
of the fusion of heavy ions to superheavy nuclei, of the quasifission, of deep inelastic
collisions (DIC), and of special cluster properties in the structure of heavy nuclei. In

Section 2 we discuss the fusion of heavy nuclei and justify the DNS concept; in Section 3 we

consider the quasifission; we describe the effect of the entrance channel in fusion reactions
in Section 4 and investigate the kinetic energy dissipation in DIC in Section 5; in Section 6
we study the role of the bending mode in fission; in Section 7 we interpret hyperdeformed
states as dinuclear resonance states and explain the properties of alternating bands in
actinides with collective oscillations in the mass asymmetry coordinate.
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II. FUSION OF HEAVY NUCLEI

The evaporation residue cross section is factorized as follows [2,4,6-8]
OER(Ec.m.) = Uc(Ec.m.)PCN(Ec.m.y J= O)H/sur(Ec.m.; J = 0)' (1)

The calculations of the evaporation residue cross sections demand an analysis of all three
factors in (1). The value of o, = 7r/\2(J,,mr + 1*T(Ecm,J = 0) is the effective capture
cross section for the transition of the colliding nuclei over the entrance (Coulomb) barrier
with the probability T. The contributing angular momenta in the evaporation residue
cross section are limited by the survival probability Wowr(Eem., J) with Joaz = 10 when
highly fissionable superheavy nuclei are produced for energies E.., near the Coulomb
barrier. The probability of complete fusion Poy in (1) depends on the competition be-
tweer; fglg]plete fusion in 5 and quasifission (decay of the DNS in R after the capture
stage) (b—¢].

A. Problems of adiabatic treatment of fusion

.Mod‘els describing the fusion process as an internuclear melting of nuclei usually use
adiabatic potential energy surfaces (PES). We apply the microscopic two-center shell
model (TCSM) [3] with the following coordinates: elongation A = ¢/(2R,), where ¢ is the
length of .the system and 2R, the diameter of compound system, neck pa;ameter € with
¢=0 showing no neck and € ~ 1 showing necked-in shapes, mass asymmetry coordinate
17 and deformation parameters f§; = a;/b; which are ratios of semiaxes of the clusters i=1
and 2. The adiabatic potential is obtained as

Vaa(A €,7,m:,B8:);= Vipm + 8Ushen, , . (2)

whefe Vipa is the liquid drop potential, §U,y.y the shell correction part originating from
the TCSM. In addition to the PES the masses Mg, = MW are calculated with the
V\{erner-Wheeler (or hydrodynamic) approximation and the friction coefficients are found
with the ex.pression Yaig, = [ Maq; /R (T is an average width of single particle states).
The 'fusmn takes place with a scenario of the macroscopic dynamical model (including
fluctuations): 1) By using the masses MJ:_‘;W, the neck fast grows after the nuclei touch
each other and the united system falls into the fission-type valley in a short time of
(3~4) x 107225, 2) The compound nucleus is formed due to the diffusion process to a
smaller elongation A (or relative distance R) in this valley. The necessary condition for
thz? compound nucleus formation is that the fusing system passes inside the fission saddle
point at A = A\
ﬁsSii)n or(}er to ca!culate the fusion pro.bability we.started from a value of A = ), in the
o n valley cfb.tan_led from t.he dynamical calculation of the descent into this valley. The
usion probability is determined by the leakage A},,() through the barrier in A which
Separates the strongly deformed configuration with an equilibrated large neck and the
compound nucleus:

to
Poy = /0 Aju(t)dt, (3)

19




T
where to is the lifetime of the system and A},, ~ exp(—B},,/(kO)) (Kramers expression). where ['x and g are the widths of the single particle states. The main contributions to

Here, B}u, = Vaa(Asa) — Vaa(A,) is the barrier for fusion in A and kO = (/12E*/A the
local thermodynamic temperature with the excitation energy E* of the system. For

nearly symmetric reactions °°Mo+'®Mo, °°Mo+'1°Pd, '°Pd+!'°Pd and others, the.

fusion probabilities in A are much larger [6] than the values found from experimental data.
While the experimental fusion probability decreases with mass asymmetry in the entrance
channel [9], the calculated data give the opposite tendency (Fig. 1). Experimental evidence
for a hindrance of fusion has been raised mainly by the impossibility to produce fermium
evaporation residues with nearly symmetric projectile-target combinations. The adiabatic
treatment of fusion in A mostly gives the wrong dependence of the fusion probability
on the isotope composition of the colliding nuclei [6]. The qualitative and quantitative
contradictions obtained with the adiabatic scenario of the fusion point to the existence of
an additional hindrance for the fast growth of the neck and the motion to smaller A.

10'l E T T T3
10%F 1
10°k ] FIG. 1. Fusion probabilities depending on
the starting value ), in the adiabatic PES
» for various reactions leading to the same
G107 F 1 compound nucleus ***Fm. The values ex-
tracted from experimental data are given
10°F 1 by horizontal lines
10°F 1
1 -7 L 2 " 1
0 1.6 1.7 1.8
A

B. Reasons for a breakdown of adiabatic treatment

Microscopic inertia tensor

The hydrodynamical mass for the neck coordinate is small and allows to increase the
neck of the DNS rapidly to a shape of a strongly deformed compound nucleus. However,
crossings of single particle levels lead to a large inertia of the system which hinders the
growth of the neck. Using the single-particle spectrum ¢, and wave functions |o > of
both the adiabatic and diabatic TCSM [10], one can obtain the mass parameters with an
extended cranking formula [6,11]

8H 8H
M = hzz < alaq-’w >< ﬂlaqjla )
Y (- + (T +Ta) g —ea’

(4)
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M¢r arise from the diagonal elements at €5 — €,. Comparing our results with MW ob-
1, . . - . » . .
tai?led in the Werner-Wheeler approximation for a touching configuration with excitation

_ energy 30 MeV (©=1.3 MeV), we find M55 = MW, M ~ (20-30)MY" and M§ ~

0.4 M¥W, practically independent of the mass number of the system [6,11]. As result
we conclude that the initial neck coordinate is nearly kept fixed due to the large micro-
scopical mass parameter for a time comparable with the reaction time. Since the mass of
the neck degree of freedom is large, the neck parameter can be taken approximately fixed
(¢ = 0.75) during the fusion. As in the previous case, the adiabatic treatment of fusion
in A (at the fixed neck parameter) yields fusion probabilities Poy which are considerably
overestimated in comparison to the experimental data. The reason of this overestimate is
clearly seen in Fig. 2. In contrast to experiment the hindrance of fusion in these potentials
is practically absent (Pcy = 1) because there is no internal fusion barrier for the motion
to smaller elongations. So, fusion probabilities will be considerably overestimated in any
model of fusion in A where only the neck parameter is taken fixed.

R
5T 0 “a

P

FIG. 2. Adiabatic potential in different
reactions leading to **Fm as a function of
A for a fixed € = 0.75. The crosses denote
the touching configurations

V (MeV)

Effect of structural forbiddenness of fusion in X

Since the adiabatic PES (with and without fixed neck parameter) is not adequate for
t}.le description of fusion, we have to answer how fast is the transition between an initially
diabatic (sudden or frozen density) and adiabatic regimes during the fusion process. The
main question is the validity of the use of an adiabatic PES from the beginning of the
fusion process.

a) Algebraic description. Let us first consider an algebraic description. After the for-
mation of the DNS there 1s large structural forbiddenness effect for the motion to smaller
elongations (melting) in the heavy cluster system [12]. This eflect arises from the differ-
€nce,created by the Pauli principle, between the compound state and the dinuclear cluster
state. For the fusion channel A; + A; = A, the wave function can be written

“IJAH'AZ = AM{\I’M lI’A2¢(R)}’ (5)
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where ¥4, are the cluster wave functions with the lowest oscillator quanta numbers Ny,
allowed by the Pauli principle, ¢( R) the function of their relative motion along the collision
axis z and A,, the operator of antisymmetrization. The minimal number of oscillator

quanta N4, 44, of Uy 44, is determined by application of the SU(3) group theory. The:

cluster wave function W4, 44, and the compound nucleus wave function ¥4 belong to
different SU(3) (or Sp(2,R) for deformed nuclei A; and A;) representations. We have
to construct the U(3) irreducible representation [f, f, fz] for ¥4, +4, which possesses the
minimal sum f; + f, + f. and does not vanish with antisymmetrization. The proper
procedure for the construction of the vector of highest weight of this representation is
the use of the vector of highest weight for the wave function of the relative motion and
the vectors of lowest weights for the wave functions of the fragments which possess the
maximal value of the sum f{!) + f{ + f) + f{?) (upper index denotes the fragment).
The resulting Ny, +4, value turns out to be essentially larger than N4 if the mass of the
lighter fragment is rather large. Therefore, we obtained the generalization of the Talmi-
Moshinsky rule for heavy ion physics. The minimal difference g = Ny, 14, — N4 is referred
to the degree of structural forbiddenness for the fusion channel A, + A; — A. The wave
function U4, 44, of the DNS has a nonvanishing overlap integral with the wave function
VU 4 of the compound nucleus if Ng 44, > N4+ q.

The forbiddenness eflect is model-independent and the SU(3) approach is only a sim-
ple method to determine it. With the pole-to-pole orientation of the DNS consisting of
deformed nuclei, the values of g are larger than those of the DNS with spherical nuclei.
The quantity B},, = fiwg (hw = 41MeVA~3) is a qualitative estimate of the minimal
energy thresholds for the fusion in the relative distance degree of freedom at fixed mass
asymmetry 7. .

Table 1. Experimental and calculated minimal values of the energy thresholds AF,,;,, at
which fusion is possible, are compared with the degree g of forbiddenness and B}\,“ (see text)

System |AEnin (MeV)]  AEni, (MeV) | q|B},, (MeV)
exp. [9] |DNS model [8,12,13]

1071 4-206Pp -0.5+3 0 16 105
®Ge+'"°Er 10+5 8 22| 144
86K r+180Gd >15.7 11.5 20 131
H0p (4136 e 223.5 15 26 170
96Zr+124Sn 6.5+3 b) 28 183

90Zr+%97r 0.0 0.0 30 196
100Mo+1%Mo 7.2 6.0 30 196
10p.4110p( 12.0 30 196

If the excitation energy of the system is much smaller than the value of B}\u,, the
fusion in A is strongly forbidden. The dependence of ¢ on 7 is not monotonic, the g¢-

value is maximal for almost symmetric combinations and decreases with increasing 7. For -

very asymmetric combinations, the structural forbiddeness practically disappears. The
structural forbiddenness in the A-channel is weakened by the coupling between cluster
channels with different mass asymmetries. Since the absolute values of g (or B},,) are large
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for not very asymmetric DNS, there is a strong hindrance for the evolution of these DNS
to smaller A due to the large energy barrier between the initial DNS and the compound
shapes (Table 1) [12].

b) Dynamical diabatic description. It is important to study whether the system has
time for destroying the "memory” on the structural forbiddenness and reorganizing the
density of the system for the transition from the sudden or diabatic potential Vy()) to
the adiabatic potential V,4()) [14]:

t t
dt dt
V /\,t = V" A — 2 = — —_— 1.
(A 8) = Vai(A) exp( O/TW)) + Va1 = exp( O/TW))} (6)
The diabatic potential can be written
Vd,*(/\,E) = V,,d()\,e) + (5Vd,'(/\,6), (7)

- di di d,ad ; ; . .
where §Vai = 2, e5'ng — T, €'n3?. Here, %, €2 and n?, n% are the single-particle

energies and occupation numbers of the diabatic and adiabatic levels, respectively. The
initial occupation probabilities n&' are determined by the configuration of the separated

nuclei. They depend on time since the excited diabatic levels get deexcited:

dnd(Me,t) 1 % nd
dt - _T(A,e,t)(n° (Ae,t) =ng(A, ), (8)

where 7 is a relaxation time determined by a mean single particle width depending on
the diabatic occupation numbers, 7(X, €,t) = 2h ¥, n%/ 3, nT,.

Diabatic potentials show a strong increase with decreasing elongation A. The dynami-
cal diabatic potential V(),) is the relevant tool to measure the structural forbiddenness.
Their repulsive character screens smaller values of the elongation and hinders the DNS
to melt into the compound nucleus. Fig. 3 shows the diabatic potential for the system
'9Pd+!1°Pd as a function of the elongation A for the initial time and the lifetime t; of
the DNS. The decay process in A determines the lifetime to &~ 102 of the DNS which
mainly depends on the quasifission barrier B,

100 (e ey

"%pd + "Pd — U

FIG. 3. The diabatic {¢ = 0) and fi-
nal (¢ = ¢t;) potentials (solid and dashed
curves, respectively) and the adiabatic po-
7 tential (dotted curve) for '°Pd+'°Pd as
a function of A
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The dynamical diabatic potential at the the lifetime tp of the initial DNS (Fig. 4)
has a very large fusion barrier in A and, correspondingly, the fusion probability in A is
negligible for combinations leading to 245Fm. It should be noted that these dynamical

potentials were calculated by using the smallest possible relaxation time for the transition

between diabatic and adiabatic potentials [11,14]. The calculated energy thresholds for the
complete fusion in the A- and 77-channels lead to the conclusion that the DNS evolution to
the compound nucleus proceeds in the mass asymmetry degree of freedom. For example,
the average fusion barriers B/*’ in mass asymmetry are about 10, 12 and 15 MeV for the
reactions Ge+1"Er (n=0.4), ®*Kr+'%°Gd (7=0.3) and *'°Pd+'3%Xe (y=0.1), respectively
[8]. The fusion barrier B{* in X is about 3-4 times larger than the fusion barrier BI* in
mass asymmetry. As shown in Fig. 5, the fusion probability Pcy in 7 strongly increases
with mass asymmetry in the entrance channel. The same behaviour was experimentally
established [9]. For the reactions ‘°Ar+?"Pb and "®Ge+!"Er, the values of Pon in 7 are
in good agreement with experimental data from evaporation residue cross sections.

60 T T T T T T

— "pd + e
- K+ Gd

FIG. 4. Dynamical diabatic potential.
" The notations are the same as in Fig. 2

V (MeV)

FIG. 5. Fusion probability Pcy in the re-
actions leading to **Fm with excitation
energy 30 MeV as a function of the mass
asymmetry in the entrance channel. The
result of the adiabatic treatment of the fu-
sion in A is presented by the dotted line.
The upper limit of the fusion probability
in A in the dynamical diabatic treatment
is presented by the dashed line. The fu-
sion probability in the 7 channel with a
closed fusion channel in A is presented by
the solid line
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In compound systems heavier than 2*Fm the difference between the fusion barriers
and fusion probabilities in both A- and - channels is even larger [14]. Our analysis with
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the diabatic dynamics demonstrates that a structural forbiddenness exists for a direct
motion of the nuclei to smaller internuclear distances during the fusion process. Fusion
of heavy nuclei along the internuclear distance in the coordinates R or X is practically
impossible. These facts strongly support our standpoint that the correct model of fusion
of heavy nuclei is the dinuclear system model where fusion is described by the transfer of
nucleons, i.e., by a motion in 7.

FIG. 6. Driving potential of the dinuclear
system in the *4Cr + 2°Pb — 262Gg reac-
tion as a function of n for L = 0.. The dot-
ted curve is calculated for spherical shapes
of the nuclei, the solid curve for deformed
shapes in pole-to-pole orientations. Ex-
4 perimental binding energies are used

- 10 ] 1 1
-1.0 -0.5 00 0.5 1.0

C. Fusion to superheavy nuclei

Fusion probability Pcy

After the system is captured in a dinuclear configuration, the relative kinetic energy
is transferred into potential and excitation energy. The dinuclear system develops in
time by diffusion in the mass asymmetry coordinate and in the relative coordinate (a
decay of the DNS). The fusion probability Poy gives the probability that the dinuclear
system crosses the inner fusion barrier B,{“‘ in 7 and forms the compound nucleus. This
probability can be calculated by solving a diffusion equation in the coordinates 5 and
1t with approximations [7,8]. The probability Pcy depends on the competition between
Folrlnplete fusion in 1 and quasifission (decay of the DNS in R) [8] and is expressed as
ollows

Pox = -)\#'r _ )\HK",\KT Ty — TR. (9)
/\ﬁ' + /\5’ Aﬁ' + /\NK' 1.72

The second term in (9) is related to the transient times 7p and T, to reach the quasi-
stationary rates along the R and 7 coordinates (rr'y 77t > AET, ART). In the case that
the fusion barrier is much higher than the quasifission barrier, B,';"’ > By, i.e. if the
transient time Ty in 77 is larger (or equal) than the lifetime ¢; of the initial DNS, we obtain
.[417,8] FPen = 'l\—.:';—;[r,,(exp[to/ 7y] — 1) — to]. For very shallow quasifisson barriers (B,; ~ 0)
In reactions with large Z; x Z,, the value of Ppy in this expression is smaller than the
one in the quasi-stationary regime, given by Eq. (9), which can not be reached due to the
small value of ¢,.
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As in Ref. [8] for the quasi-stationary rates of fusion AXr and quasifission A" through
the fusion barrier (B, = BJ**) in 5 and quasifission barrier (Br = Byy) in R, respectively,
we use a two-dimensional Kramers-type expression

1/2
F : k)2 r Bk

The frequencies w2 (k,i = R,7n) are calculated in the harmonic oscillators approximation
of the potential in the variables R and 5 around the tops of the barriers B;,’”’ and By,
and wg, wg (k # k) are the frequencies of the harmonic oscillators approximating the
potential of the initial DNS. Since the oscillator approximation of the potential energy
surface is suitable for the reactions considered, we neglect the nondiagonal components
of the curvature tensor in (10). As was shown in [4,7,8], the friction coefficients obtained
with [' = 2 MeV have the same order of magnitude as the ones calculated within other
approaches. BJ“* is the barrier with respect to the potential V(n:, R;) of the entrance
dinuclear configuration with the initial mass fragmentation 7; at the touching radius R;.
The height of this barrier is strongly influenced by shell and deformation effects as shown

in Fig. 6.

rr_ 1 wkwr

k T 5. B;
or wgkwn 3

(10)

10°

FIG. 7. Fusion probability for the reaction
$4(Cr4208Pb—2628g as a function of the
barrier height BJ¥™ in the 7-coordinate.
This barrier is assumed beside the lead
minimum in the potential energy surface
in the direction to more symmetric cluster
configurations. A realistic value is BjV™ =~
4MeV

10° o 1 1 1 1 " 1
0 1 2 3 4 5 6

B, MeV
n
The minima in the potential V (1, R = R,) give a sensitive effect on the fusion probabil-
ity and can be used in selecting optimum target and projectile combinations for producing
superheavy elements. This idea goes back to Sandulescu et al [15,16] who argued that
the nuclei can fuse with higher probabilities along the valleys in an adiabatic potential
in the R-coordinate and point to the experimentally successful choice of target-projectile
combinations with the Pb-nucleus as target as proof for their hypothesis. The potential

at the touching distance of two nuclei is an adiabatic-type potential and naturally shows

the same structure of minima as the potential energy surface of Sandulescu et al [15,16].
We interpret these minima as follows: A certain initial system in a minimum is hindered
by the barrier of the potential in 7 to change fast to a more symmetric system. A more
symmetric system has a much smaller probability of fusion and a much higher probabil-
ity for quasifission because of the larger Coulomb repulsion which leads to a dissolution
of the DNS. Therefore, an asymmetric dinuclear system in a potential minimum has a
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. longer lifetime with respect to its decay by quasifission than outside of a minimum and

Jience a larger cha'nce to fuse by diffusion via nucleon transfer into the compound nucleus.
7This point is clarified by an example for the reaction **Cr+2%Pb — 2Sg. In Fig. 7 we

" show the calculated fusion probability as a function of the height B,’,”"‘ of an assumed

parrier in 7 beside the lead minimum in the direction to a more symmetric cluster con-
ﬁguration of the system. One recognizes that the fusion probability increases over two
orders of magnitude with growing barrier height B:¥™ up to a saturation value. The lat-
ter value is reached when B¥™ is equal to the quasifission barrier B,; which is 2.7 MeV
for ¥ Cr+2%8Pb. Then the fusion probability can no more rise because the initial system
directly decays by quasifission.

Survival probability W,.,,

The compounc.i system is formed in an excited state and mainly decays by fission. If
only one neutron is emitted, the survival probability is roughly the ratio

Wiur (1 neutron emission) ~ I[“‘—:’ (11)

where [, is the neutron emission width and I’y the fission width. The widths and the
probability are obtained with a statistical model [14] and vary moderately with the shell
structure of the compound nucleus between 10~ and 10~2 for lead-based fusion with the
evaporation of one neutron as shown in Fig. 8.

O TR
Moee T WS |

“Ca a f’
mlf N ws, v v, { FIG. 8. Calculated T',/T'; values for the
< - “Ge® ! ]neutron-evaporation in the fusion reac-

Ce . S . 2] . .
, - SV " 1tions 4Z + 2°Pb. The calculations with
10 Fo gl wd 1 Fermi-gas model were done for J = 0 us-
ing the code GROGIF [17]
lo‘ L 'y W — 1 i 1 L 1 L
1024 104 106 108 Lie 112 14 e 118 120
z

Results for lead (bismuth) - based reactions 42 + 298Pp (*°°Bi)— superheavy nucleus + In

a) Optimal excitation energies: To get the largest cross section for producing a com-
Pound nucleus by fusion, one has to choose an incident energy which is sufficiently high
that the system is able to cross the inner fusion barrier B,{"’. Since the potential V(1, R)
counts the energy above the ground state energy of the compound nucleus, the optimal
1.e., smallest excitation energy of the compound nucleus is given by ’ ‘

Ein = Vi, ) + BJ™. (12)

I . . . . .
'II‘IhF]g. 9 we compare calculated optimal excitation energies with the experimental ones.
e calculated values depend sensitively on the deformation effects.
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2’ 2o FIG. 9. a) Calculated fusion probabilities
107F NEC o 1 Pcn for cold fusion in (HI,1n) reactions
107} zn 1 for the projectiles indicated (open circles).
10°} 5o ] For the compound nuclei with Z=104-112,
° the calculations were performed with Q-
10°f S . | values from Ref. [18]. b) Optimal excita-
10" k— ' } } + + : § tion energies of the compound nuclei. For
6k o © ] the nuclei with Z=113,114,116 and 118,
¢ 30 o © the lower and upper limits of bars were
I5F 2 sun o @ j[ i calculated with Q-values from Ref. [18]
< uf g 3 and Ref. [19], respectively. The experi-
2 . gy mental data [20] are shown by solid dia-
- 13 ¢ ®.] monds
'u.lu 12 G?Ni "GS 4
g g N E
10F “yi 8 I B
9 *Zn b) J

l(l)4 166 l(‘)S IILO 112 114 116 118
4

b) Capture cross section, fusion probability, survival probability and evaporation
cross section: In Table 2 we list the capture cross section, fusion probability, survival
probability and evaporation cross section for selected reactions (see Ref. [4] for further
reactions). Whereas the capture cross section is nearly constant, the fusion probability
is exponentially decreasing with increasing projectile mass (Fig. 9). The reason for this
strong decrease is that the mass asymmetry of the initial DNS gets smaller with growing
projectile mass which means an increase of the inner fusion barrier B,{"" and, therefore, an
exponential decrease of Poy according to Eq.(9). Since the variation of the survival prob-
ability is moderate, the evaporation cross section drops from nb over pb to fb because of
the exponential decrease of Ppn. The calculated evaporation residue cross sections agree
with the experimental data in about a factor of 2 as shown in Fig. 10.

In Pb-based reactions with neutron-rich nuclei 7478Nj, 8Zn 8Ge and %2Se a decrease
of Pen can be compensated by W,,, increasing with the number of neutrons (Fig. 11). For
example, in the *>Ni+?%Pb reaction the yield of the Z=110 element is comparable with
the yields in the 74Ni4-?%8Pb reactions. The calculated values of Pgpy in the cold fusion
reactions are maximal when the neutron number of the projectile is a magic number [4]. As
follows from our model, intensive beams of neutron-rich nuclei will be useful for producing
heavy actinides, for example Fm as listed in Table 2. In the Pb-based reactions the use of
neutron-rich projectiles leads to values of ogp comparable with evaporation residue cross
sections for reactions with stable projectiles. ’ :
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Results for actinide - based reactions

i Th.e actinide-based fusion reactions 48Ca + 28U, M2244py and 25Cm were used at
exl;jgim Du})na to syr.xthesize: the elements ‘112, 114 and 116 [21]. The theoretical and
- ofr:;l}t:nta devaporatlon residue cross sect_lons‘with the emission of 3 and 4 neutrons
rerction e (?:hefs ((_)‘;f lpl?. Tz.mble 3 shows -the various cross sections and probabilities for
b sdwx *Ca. Since in these rea_c.tlox%s the DNS are more asymmetric then in the
diminis;ee . r:actlons, the fusion probability is larger. However, the survival probability is
and. 1} ecause the compound nucleus ha..s an excitation energy of about 30-35 MeV
» therefore, 3 to 4 neutrons have to be emitted to reach the ground state.
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Table 2. Excitation energy, probabilities and cross sections for selected reactions

Reaction Ein |0wap| Pon Wor | ot otzp
(MeV)|(mb)
667n+171Yb—238Fm+2n| 26.0 | 9.6 | 4x107? |8x1077| 0.3 nb
7n+171Yb—?8Fm+2n| 23.0 | 8.8 | 2x1072 {6x107*}10.6 nb
6Get TOBr—24Fm+2n| 24.6 | 8.4 | 5x10~* {3x10~*| 1.3 nb [1.6}]3 nb
62N{4208Ph 32691 10+1n | 12.3 | 3.5 |4.5x107¢[5x10~4| 7 pb [3.5%37 pb
84N 4208Ph—271110+1n | 10.7 | 3.4 | 1x107% [5x1074| 17 pb | 1532 pb
TONi+29%8Ph—277110+1n | 13.5 | 3.1 | 7x1078 |5x1073| 1.1 pb
T4Ni4-208Ph—2811041n | 15.0 | 3.0 | 6x10~% |2x107%| 3.6 pb
8Ni4+208PhL 284110420 | 17.5 | 3.0 | 2x10™7 [6x1072%| 36 pb
BIN;+299Bi 221 11+1n | 10.5 | 3.4 | 2x107° {6x107*|4.1 pb {3.5335 pb

Table 3. Calculated evaporation residue cross sections in the actinide-based reactions leading
to the nuclei with Z =110, 112, 114, 116 and 118 are compared with available experimental data
(21]

Reaction |Efy (MeV)|zn| opn | . 0P
BCatZ2Th| 32 30| 1.4 pb| 24€ pb
#$Cat428U | 33 |3n|1.7pb| 5% pb
8Ca+t241Pu 355 [4n|[1.0pb| ~ 1 pb
8Ca+242Py 32 3n| 1.0 pb |2.5732 pb
BCa+218Cm 32 3n|0.2 pb
48Ca+28Cm 35 4n(0.2 pb |~ 0.5 pb
BCa+9Cf 30 3n|0.02 pb

I1I. QUASIFISSION

A. Mass and charge distributions

Quasifission means no formation of a compound nucleus but the decay of the dinuclear
system over the quasifission barrier Byy. The time-development of the dinuclear system
includes the transfer of nucleons changing the mass asymmetry coordinate and the quasi-
fission described by the internuclear coordinate {22]. Both processes are strongly coupled
and have to be treated simultaneously. We use master equations in order to calculate the
probability Pz 4(¢) for finding the dinuclear system at time ¢ in a configuration where the
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light fragment-nucleus has charge and mass numbers Z; = Z and A; = A, respectively,
and the heavy fragment-nucleus Z; = Zyprar — Z and Az = Agorar — A.

dP. { _
dPoal) _ ACO - Py anr () + ASD L Proyaa ()

+ AP Pran(t) + AFE) Prasa(t)
—(ASY +AFD + AR + ADD + AY ) Pza().

Here, the transport coefficients A(zi'ao)

- dt

(13)

and A(ZO_'Ai) are probability rates for transfer of a
proton and neutron, respectively, and A"Z{A the decay rate in the coordinate R for quasi-
fission. The transfer rates are calculated microscopically, the decay rate is approximated
by the Kramers rate which is proportional to exp(—Bqs/(k©)). The measurable charge
and mass yields for quasifission are obtained from

to
Yz.4(to) = AY,, /0 Pza(t)dt, (14)
where the reaction time {p is determined by solving the equation
to
S AL [ Poatydt =1~ Pon. (15)

ZA
Fig. 12 shows the mass yield as a function of the mass number of the light fragment for
the hot fusion reaction *3Ca + ?**Pu — 92114 in comparison with experimental data [23].
We note that near the initial masses, the quasifission events overlap with the products of
deep inelastic collisions and were taken out in the experimental analysis since they are
difficult to discriminate from the deep inelastic events. Maxima in the mass yield arise
from minima in the driving potential which are caused by shell effects in the. dinuclear

system.
0.020 vy
0015 .

FIG. 12. Mass yield Y(A) = 35 Yz 4(to)
< of the quasifission products as a function
> of A of the light fragment for the hot fu-

0.010 sion reaction *®Ca+2"Pu —%?114 at a
bombarding energy 230 MeV correspond-
ing to an excitation energy of the com-

0.005 pound nucleus of 30 MeV. The experimen-
tal data [23] are shown by solid points

0.000

70 BO S0 100 110 120 130 140

A

B. Total kinetic energy distribution
In order to calculate the average total kinetic energy (TKE) of the quasifission products

apd its dispersion, one has to regard the deformation of the fragments in addition. The
distribution of the fragments in charge, mass and deformation can be written as
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P = P(Zl,AhﬁhZ?vA%ﬂ?) = YZ:,Al(tD)Pﬂl(Zl’Al)Pﬁz(ZivA2)' (16)

Here, P3(Z, A) is a distribution in deformation at fixed values of Z and A. 1t can be taken
as

Pp(2,A) = exp(— (A~ < 8 >)*/(207)) (17)

To}

with o} = 2—2’1:'1: coth(hwy /(2k0)), where w,i(Z, A) and C,is(Z, A) are the frequency and
stiffness parameter of quadrupole vibrations, respectively, and ©(Z, A) is the temperature
of the dinuclear system. Applying the distribution (16) we calculate the average total

kinetic energy as a function of the mass number A; of light fragment:

< TKE(A) >=//dﬁ1dﬂ22T1{E-P/(//dﬂldﬂ,;P)
VA 1

~ Y TKEls=cp,5Yz 4, (to)/ 3 Yz,.4,(t0), (18) .

2z, 2z,

with TKE = Viua(Rs) + Voou (Rs), where the radius Ry = Ry(Z1, Ay, B1, Z2, Az, B2) is the
position of the Coulomb barrier. The variance of TKE can be written as a sum of the
contributions of variances from the exchange of nucleons and from the deformations:

orkp(A) = ) THE?|g=cp5Yz ,Al(lo)/; Yz,.4,(to)— < TKE(4A;) >*
Zy 1

; .
+ (U%EI{E(A‘))fight nucleus 1 T (UTCI{'E(Al))?leavy nucleus 2 (19)
where
OTKE\*
d
(UTCI{E(Al)ﬁ = Z ( aB; ) a-gjyz\.Ax(tO)/Zyzx.A\(tG)' (20)
Z, J By =<B;> Z)
By=<pBy>
1200 1
1000 - "
N "%}  FIG. 13. Calculated variance of the total
800 L - - kinetic energy of quasifission products in
2 . -~ . the reaction *8Ca+2*Pu as a function of
e ool «, T . w" | the mass number of light fragment. The
»-OE ™ ) - ‘:.-",' incident energy 230 MeV corresponds to
> U o * an excitation energy of 30 MeV of the
ot . " "' { compound nucleus
g F
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Calculations of the mean value of the TKE yield < TKE > = 260 MeV of quasifission
products for A = A; = 146 =+ 20 in the reaction ¥Ca + ?**Pu at an incident energy 230

32

MeV which corresponds to an excitation energy of the compound nucleus of 30 MeV.
Fig- 13 shows the variance of the TKE as a function of the mass number A = A4, of
the light fragment. The minima in o%,p appear at mass numbers where one of the
fragments is a very stable nucleus, namely Pb, Zr and Sn. The ratio between both kinds

exchange

- . . . d. P .
of contributions to the variance, r(4;) = (o5nn %) /(07 g)? is in the same reaction

(76) = 30/570, r(110) = 27/610 and r(144) = 1/893, which shows the high importance
of the fluctuations in the deformation for the variance of the TKE. Further investigations
and comparison with experimental data are presently carried out.

10 15 20 25 30 35 40 45 50 53 60 65 70 75 &0

FIG. 14. Comparison of the calculated
capture (a) and fusion excitation function
(b) as well as calculated total excitation
functions of evaporation residues with the
experimental data (c) for the *°Ar+17Hf
[25], '#Sn + 9%Zr [27], and K1 + 13°Xe
[24] reactions leading to 2'8Th
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IV. EFFECT OF ENTRANCE CHANNEL IN COMPLETE FUSION
REACTIONS

Differences between fusion excitation functions of reactions leading to the same com-
pound nucleus allow us to analyze the effect of the shell structure on the fusion mechanism.
Experimental data [24-27] reveal that the maximum value of the evaporation residue (ER)
cross sections in the *°Ar+!7Hf (I) reaction is twelve times larger than in the 8Kr + 13Xe
gl) reaction and three times larger than in the '24Sn + 92Zr (III) reaction. Since the
_ Ar+17Hf reaction has the largest initial charge asymmetry (z = (22~ Z0))(Z1 + Z3))
' comparison with the two other reactions (ILIII), the height of the inner fusion barrier
(BJ**) is smaller than those in (ILIII). The excitation functions for capture and fusion
calculated within the DNS model (28] for these reactions are presented in Fig. 14. The
calculated excitation functions of the ER are in good agreement with the experimental
data. Taking into account the deformation effects in the calculation of the DNS potential
€nergy as a function of n or 7z, one can explain that the maximum value of the ER cross
section for '?4$n + %?Zr is four times larger than for Kr + 3Xe at nearly the same
value of £,
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The ER cross section in the %Kr + '3*Xe reaction is about 500 times larger than in
reaction (II) (Fig. 15c). This result is related to the two characteristics of the fusion-fission
mechanism. First, the fusion cross section calculated with the approach given in Ref. [28)
is larger for the reaction 3Kr+!%Xe than that for 86K r+13%Xe (Fig. 15b). Second, the
survival probability [29] of 22Th is larger than the one of 218Th because the fission barrier
is larger for the isotope A = 222 than for the isotope A = 216 and the neutron separation
energy of 222Th (S, = 7.808 MeV) is smaller than that of 215Th (S, = 8.701 MeV).
Therefore, the T'y /Ty ratio is larger for 2227} than for 215Th. :

V. DEEP INELASTIC COLLISIONS

Dissipation of a large amount of the kinetic energy in deep inelastic heavy ion collisions
(DIC) is a fundamental time-dependent process [30-37) that has attracted theoretical
interest since the discovery of this class of reactions. At an earlier stage of investigations
it was assumed that the excitation energy is distributed between reaction partners in
proportion to their masses. However, after a series of experiments, it became clear that
a large part of the excitation energy is concentrated in the light fragments for a wide
range of total kinetic energy losses. Various models have been proposed to explain this
phenomenon, taking into account the coupling of the relative motion to intrinsic degrees
of freedom. The simple macroscopic models with phenomenological friction forces can
1ot be used to treat this problem. The important aspect of the description of the nucleon
transfer and kinetic energy dissipation is connected with an influence of the peculiarities of
the shell structure of the interacting nuclei on the correlations between the kinetic energy
loss and the width of the fragment charge distribution. Indeed, it was demonstrated by
analysing experimental data of different reactions that these correlations are sensitive to
the projectile-target combination.

(mb)

]

FIG. 15. Comparison of the calculated
capture {a), fusion (b) and evaporation
residue (c) excitation functions as well as
the measured excitation functions of evap-
oration residue cross section (c) for the
8Ky 4+ 13Xe (solid curve, open circles)
[24] and #Kr + 3%Xe (dashed curve, solid
squares) [24] reactions
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The>present microscopical model is based on the assumption that the colliding nuclei
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moving approximately along the classical trajectories conserve mainly their individual
propemes at the kinetic energies under consideration. Each nucleus is described by nu-
cleons captured in a potential well (Woods-Saxon potential). During the interaction time

. poth potential wells act on the nucleons in each nucleus causing transitions of nucleons be-

{ween single-particle states. The transitions taking place in every nucleus are particle-hole
excitations while those occurring between partner-nuclei are nucleon exchanges. Thus, in
the proposed model the single-particle mechanism is considered as the main mechanism
of excitation and dissipation. Although easily excited surface vibrations can contribute
{o the dissipation, the adiabaticity of the relative motion with respect to these vibrations
decreases their effect. R :

The total llamiltonian of a dinuclear system H is taken in the form

lA{ = [{rel + H{n + ‘A/l'nt (21)

The Hamiltonian H,q = 132/2;1 + U(R) of the relative motion in R consists of the kinetic
energy and the nucleus-nucleus interaction potential U(R) “The last two terms in (21)
describe the intrinsic motion of nuclei and the coupling between the relative and intrinsic
motions. Employing the Ehrenfest theorem it is easy to obtain the classical limit of
equations of motion in the collective variable R from {21):

R = Vp(Heat < )Vint >), (22)
P = ~Vp(Hrat < t|Vimelt >), ) (23)

where < #]...]t > means an average over the intrinsic state at the time t. It is clear
that the relative motion of the nuclei additionally depends on the nonconservative and
nonstationary coupling potential < #|Vinlt > which can be calculated by solving the
equation of motion for the single-particle density matrix 7. '

The single-particle basis is constructed from the asymptotic single-particle state vec-
tors of noninteracting nuclei: for projectile ”P” |P > and target "T" |T > in the form
[P>=|P> -1 rT><TIP>,|T>=|T> —1Tp|P >< P|T >. The orthogonality
cor;ilition for the given basis is fulfilled up to the second order of the overlapping integral
< P|T >.

The single-particle Hamiltonian of a dinuclear system # is as follows

- A — l? - -
H(R(t)) = Z (5;—1-A, + Up(l',‘ - R(t)) + UT(I‘;)) y (24)

w‘here m is the nucleon mass, A = Ap+ Ar is the total number of nucleons in the system.
The average single-particle potentials of projectile Up and target Ur include both the
nuclear and Coulomb fields. '

In the second quantization form the Hamiltonian (24) can be rewritten as

H(R(t)) = Hin(R(£)) + Vim(R(1)),

Ha(R(1) = TS &(R(t))ata = 3o ep(R(1)apap + Y ér(R(t))afar, (25)
Vi (R(t)) = 3 Ve (R(t))af ay
Ry
= T ULR@))atap + 3 xr2(R(E)aFan + Y ger(R(1))(@bar + atap).
oy T#T’ P
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Up to the second order in < PIT > ép(R(t)) =€ep+ < P|Ur(x)|P >, Er(R($)) = e+ <
T|Up(x — RIIT >, XHh(R() =< PIUT()IP" >, WEL(R() =< TUR(e-R())IT" >,
gpr(R(t)) = i< PUp(x-R(t)) + Ur(r)IT >- Here, ep(r) are single-particle energies of
nonperturbed states in the projectile (target) nucleus. These states are characterized by
the set of quantum numbers P= (np,jp,lp,mp) and T = (nr,j1, 7, m71)- The diagonal
matrix elements < P|Ur|P > and < T|Up|T > determine the shifts of the single-particle
energies of the projectile nucleus caused by the target mean field. The corresponding
nondiagonal matrix elements Xg}, and ,\(TPT), generate particle-hole transitions in the same
nucleus. The matrix elements gpy induce the nucleon exchange between the reaction
partners due to the nonstationary mean field of the dinuclear system. The contributions
of noninertial recoil effects to the matrix elements are neglected since they are small.

Since a residual interaction requires extensive calculations, it is customary to take the
two-particle collision integral into account in a linearized form (r-approximation) in the
equation for the single-particle density matrix:

240 _ (0] - i) - RO (26)
where 7 is the relaxation time, n9(R(t)) is a local quasi-equilibrium density matrix at
fixed value of R(t) which is determined by the excitation energy of each nucleus.

The present model allows us to calculate the average number of protons < Zp(r)>=

,g(:TZ)nP(T)(t) or neutrons < Np(ry>= %:(:) np(r)(t), their variances oZn) = E;Z(N)HP(’)[I -

np(t)] and to determine the intrinsic excitation energies Ep(q)(t) = Tpmlepm(R(E)) —
€FP(FT)(R(t))][HP(T)(t)], for every nucleus. Here, €rp(Fp)(R(1)) is the Fermi energy ofa
projectile-like nucleus "P" or target-like nucleus "T". The top index Z(NN) at the sums
restricts the summation over the proton(neutron) single-particle levels.

0.7 vrreerr yrerrrererT
MGe + '®Ho d
0.6
. Eiob =629 MeV FIG. 16. a) Ratio Rp of the projectile-like
0:0‘5 fragment excitation energy (Ep) to the total
04 SEaabaacassts® excitation energy for the reaction Ge(629
’ n/ (A MeV) + 'Ho as a function of the total
0.3 excitation energy Eiss = Ep + Ep. Trian-
gles mark the experimental data. Solid line
0.2 + + A presents the theoretical result of our model.
__________ .- Dotted line corresponds to thermal equilib-
D:’;os - b rium (E;:/Ex,),,—_—Ap/(Ap+AT)).
Y b) Calculated ratios Rg” = Ep** HEX +
Foal N 1 B, RS = BOV/ESD + B as
) . a function of Ej,, are presented by long-
---------------------- dashed and short-dashed lines, respectively

0_20... N s.ol A ..‘.66... {éb 20
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The model described is capable to explain both the multinucleon transfer data (the
values of charge (mass) drift and variances of charge (mass) distributions) and the distri-
bution of the excitation energy between the primary fragments in DIC for a wide range
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of 1ot al‘ energy losses (Figs. 16-18). The results obtained show that a redistribution of
(e excitation energy takes place during the whole interaction time, not only at the initial
«age. Nucleon exchange, particularly, neutron exchange is a dominant mechanism of

_ epergy dissipation. However, for the heavy DNS {(Apr >100) the p — h excitation ener-

gics E;,(}h) become equally important as the nucleon exchange energies E,*,(ff). Influence
of the shell structure of the interacting nuclei on the nucleon transfer and the partition
of excitation energy is significant. The density of the single-particle levels of the proton
and nentron subsystems near the Fermi surface determines the ratio between the excita-
tion energies of the products of the collision. The shell structure strongly influences the
correlations between the width of the charge distributions and the total kinetic energy
losses.

o>

FIG. 17. Centroids of the Zp, Ap dis-
tributions for projectile-like fragments of
the reaction 7Ge(629 MeV) + ®*Ho as
a function of the total excitation energy
Fjoss. Circles give the primary values {38],
dashed lines present results of the nucleon
exchange transport model [39] and solid
lines are predictions of the primary distri-
butions with our model

<Ap>

FIG. 18. Variances of the Zp, Ap dis-
tributions for projectile-like fragments of
the reaction ™Ge(629 MeV) + **Ho as a
function of energy loss Ej,,. Symbols are
the same as in Fig. 17
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VI. APPLICATION TO FISSION

At the scission point, a fissioning system can be approximately considered as a DNS
whose intrinsic degrees of freedom are in thermal equilibrium. However, the shape of the
DNS is not equilibrated. We assume [40] that the angular momenta of fission fragments are
generated by small bending vibrations of DNS nuclei around the pole-to-pole orientation.
This model [40] describes quite well the measured angular momenta of fission fragments
as a function of the total number of evaporated neutrons v for the fragmentation Mo+Ba
of #2Cf [41] as shown in Fig. 19. The DNS excitation was estimated for the standard
fission mode by assuming a small deformation energy of the nuclei. :

For v > 5, the calculated values of the angular momenta of the fragments, obtained
by neglecting a possible formation of an alpha particle chain in the neck, deviate from the
experimental ones. However, the higher values of the neutron multiplicity are connected to
the second mode of fission which could have a different cluster composition which is more
complicated than that of the DNS. The system 1027r +*He+*He-+'*Xe which supplies the
experimental TKE is assumed for the second fission mode. The calculation for this mode
is done for v > 8 by assuming a rigid coupling between the alpha particles and heavy
nuclei. The calculations for the cluster configuration give a better agreement with the
experimental data for v >8 than the calculations with the’ DNS used for the standard
fission mode.

8+

j22]

E FIG. 19. Calculated and experimental [41]
§o (solid circles) angular momentum (unit &)
g 6 of fission fragments as a function of the to-
E tal number of evaporated neutrons v. The
gL secondary fragment pairs involve %Mo
‘ri with different Ba isotopes. The numbers
o in the upper figure are the adjusted num-
f—j 2 bers of emitted neutrons from the primary
om i Mo fragments. The calculations for the
5 144 first fission mode performed with experi-
S sl . mental and rigid body moments of iner-
g tia are shown by solid and dashed lines,
] ol respectively. The calculations for the sec-
s | 7 T e ond fission mode performed with experi-
= ab “Ba mental moments of inertia are shown by
::1 the short-dashed lines
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160 +

“Cas+*"Ce

FIG. 20. The potential V(R. L) for the
systems ¥Ca + *°Ce and *°Zr + °Zr as a
function of R for L = 0, 20, 40, 60. 80% pre-
sented by solid, dashed, dotted, dashed-
dotted, dashed-dotted-dotted curves. re-
spectively

Vii. APPLICATION TO NUCLEAR STRUCTURE

I)in.ucl(‘a‘r configurations are also important for the explanation of special nuclear struc-
tute effects. In this section we report on states of the dinuclear system in the relative
'(m(.l tmass asymmetry motions and therewith explain hyperdeformed states and the parity
splitting in alternating parity bands of actinides. .

A. Hyperdeformed nuclei as dinuclear configurations

. Hyperdeformed (HD) nuclei are usually assumed as strongly deformed nuclear systems
w.1t11 an ratio of axes of about 3 : 1. For such large ratios a neck could be formed and a
dinuclear configuration could be thought. Under the assumption that HD states can he
(‘XP.la;ined as states with a dinuclear configuration. we consider their direct formation in
f;(gllmons of heavier nuclei [42]. As example we choose the reactions ®Ca + °Ce and
e 4 97y,

The potential for dinuclear configurations has a depression around the touching dis-
Lz‘\.ncc as shown in Fig. 20 in which quasi-bound states are situated. In the examples of
Fig. 20 we find one to three quasi-bound states with fw & 2.2 MeV for angular momenta
L'> 40k, The escape width through the fission barrier is about 10 eV. The absolute
energy values at L = 0, the quadrupole moments of (70 - 80)x 10% efm? and moments of
;Sl(lltllld) (‘iﬁ?—\lvﬂ)(]) )Tl)./MvV of these dinuclear conﬁ{;ura,tionls are close to those estimated
e ”(‘h ‘al;:.‘ Qlldb:l*l)()llnd states are also known in reactions of light heavy ions. e.g. in
e + ‘ wartl.on, where they. show up as qua.sn.nolef'u]ar resonances.
oecnns l)lolfose o form HI) stat'es with heavy ion reactions in which quasi-bound states are
cupied [42). In order that this can happen, the DNS must be formed nearly cold which
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means that the nuclei are captured into a quasi-bound state via a quantum tunneling
through the potential barrier. The target and projectile nuclei should be magic or double
magic, i.e. they should be stiff against nucleon transfer which has as consequence that the
potential energy is in a minimum with respect to the mass asymmetry coordinate. The
quasi-bound dinuclear state can decay by 7-transitions to energetically deeper dinuclear
states, i.e. HD states, with lower angular momenta in coincidence with fragments of the
DNS decay. The lifetime against DNS decay is of the order of 10-1s.
Optimum conditions for the considered reactions are

90h < L < 100,
40k < L < 50h.

48(Ca + 10Ce: Eem. = 147 MeV,
907 + 97r: E.m. = 180 MeV,

The estimated cross section for the formation of a HD nucleus is about 1 pb.

Heavy ion experiments with coincidences of v-rays and quasifission could verify
whether the cluster interpretation is suitable for hyperdeformed nuclear states. In princi-
ple, this means the search of nuclear molecular resonances in heavier systems.

B. Parity splitting in alternating parity bands of actinides

The actinide isotopes of Ra, Th and U have a ground state band with positive parity
and a related first excited band with negative parity. In comparison with the positive
parity states the negative parity states are shifted which is denoted as parity splitting.

This parity splitting is characterized by two quantities: the energy of parity splitting at-

the beginning of the bands and the critical spin value when the effect vanishes. The parity
splitting can be explained by octupole vibrations superimposed on the rotation spectrum
of a quadrupole-deformed intrinsic shape. Here, we apply the dinuclear model for the
description of the parity splitting [43]. ‘
Calculating the binding energy of the dinuclear system for the actinide nuclei Ra, Th
and U, we find an alpha-cluster configuration mixed to the ground state wave function:

A7 AN (Z-2) +a.

The united {(compound) system has an higher binding energy than the alpha-cluster con-
figuration. The potential is schematically depicted as a function of the mass asymmetry
coordinate in Fig. 21, where also the reflection-asymmetric shapes of the alpha-cluster
configuration are shown. The mass asymmetry coordinates of the later configurations are
7o = £(1 — 8/A). The deformation parameters of the dinuclear ground-state shape of
226R45 are §; = 0.17 and B3 = 0.09 in agreement with the measured octupole deformation
of ,33 ~0.1. .

According to quantum mechanics the dinuclear system oscillates in the potential V(1)
(see Fig. 21), which is a two-center potential in the coordinate z = n—1 for > Oandz =
7+ 1 for n < 0. The ground state in this potential is split in a lower positive parity state
and a higher negative parity state where the difference in energies (splitting) decreases
with an increase of the barrier at 7 = 1 (z = 0). This splitting is interpreted as the parity
splitting observed in experiment. With increasing nuclear spin I the splitting approaches
zero because the moment of inertia in the rotational energy Vo = R+ 1)/(2J(x, R))
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which is added to the potential V() lets increase the barrier at n = 0 with increasing
puclear Spin.

Vin)

1 FIG. 21. Schematic picture of the poten-
1 tial in the mass asymmetry and of the
n two states with different parities ( paral-

lel lines, lower state with positive parity,
higher state with negative parity)

FIG. 22. Experimental (points) and theoret-
P ical rotational spectra for 238:236,234,237(]

E (keV)
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For the application of this model to the spectra of the isotopes of the actinides Ra,

41



Th and U, we calculated the eigenvalues of the Hamiltonian

h2 d2 4
e+ Y an(I)(™ ~ 2Z),

= —2M,, dz? (5

(27)
where M, are chosen as a constant mass for all the considered nuclei: M, = 20 x 10'm
fm?. The parameters as;([) are obtained by fitting the calculated potential values for
[l =1, |n.=1-8/Aand [prif =1— 14/A. Fig. 22 shows the results for U - isotopes in
comparison with experimental data. Similar agreement with the experimental spectrum
is found for the isotopes of Ra and Th [43].

VIII. SUMMARY AND CONCLUSIONS

The dinuclear system concept assumes two touching nuclei which.can exchange nucle-
ons by transfer. In this concept one describes the fusion of heavy nuclei to superheavy
nuclei, the competing quasifission, fission and nuclear structure phenomena connected
with cluster structures. The dynamics of the dinuclear system has essentially two degrees
of freedom: the mass asymmetry degree of freedom and the relative motion of the nuclei.

The fusion is described by nucleon transfer between touching nuclei. The potential
energy surface is diabatic and forbids a direct melting of the nuclei. The transfer process
proceeds by diffusion. Available experimental data for fusion and quasifission of super-
heavy systems formed in lead- and actinide-based reactions can be well reproduced. This
large set of data gives a strong experimental support for the usefulness of the dinuclear
system concept. -

HD nuclear states and the parity splitting observed in the spectra of actinides are
explainable by clusters within the dinuclear model. In heavier nuclei HD states are inter-
preted as dinuclear resonance states which can be formed in heavy ion reactions. These
configurations have very similar properties as the well-known quasimolecular resonances
in light heavy ion systems, e.g. in the 1?C + **C system. '

The properties of alternating parity bands in actinides can be described with collective
oscillations in the mass asymmetry. The octupole-deformed reflection-asymmetric shapes
near the ground state are thought as dinuclear configurations with a large component of
an alpha-cluster configuration.

The fusion and quasifission proceed at excitation energies and level densities of the
dinuclear states where statistical methods can be used. The nuclear structure phenomena
are explainable by selected states of the dinuclear system, quasi-bound or bound states
in the relative and mass asymmetry coordinates, respectively. So, the dinuclear system
concept has a large variety of applications to heavy ion scattering, fission and bound
nuclear systems, and is astonishing which large part of nuclear structure physics and
dynamics can be described within this model. Future experimental and theoretical studies
will settle down further details of the basic principles of this concept. '
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The paper discusses the concept of Q-invariants and its connection to the Q-
phonon scheme and the shape parameters of nuclei. It will also discuss the simple
relations among @-invariants, many of them discovered in seminal work by R.V.
Jolos.
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I. INTRODUCTION

This paper is dedicated to the scientific work of Professor R.V.Jolos on the occasion of
his sixtieth birthday. We had the pleasure to work with him on many projects. On this
occasion we remember many fruitful discussions and the discussion of science is very much
at the heart of science.

The paper will discuss the concept of @-invariants and its connection to the @-phonon

" scheme and the shape parameters. It will also discuss the simple relations among the Q-

invariants, many of them discovered in seminal work by R.V. Jolos. These relations allow
one to determine crucial nuclear observables, like the quadrupole moment, Q(27), in future
measurements with rare isotopes beams.

After a brief survey over collective models we will introduce the concept of Q-phonon
excitations. The Q-phonons serve as a basis to the concept of Q-invariants that lead us to
the dimensionless K-invariants, K. These K-invariants serve as a suitable generalization to
the shape parameters beta and gamma, which work only for rigid rotors. Finally we discuss
the determination of the K-invariants from accessible observables and simple relations among
these observables, which were proposed by Prof. Jolos.

The low lying excitations of nuclei can be described by a few nucleon Shell Model [1] near
the magic shells and by the collective model [2] nearly everywhere else. In recent years the
technology of Shell Model has made marvellous progress in the hands of Tokyo, Tiibingen,
and Madrid groups (cf. [3-5] and references therein) so even the heavy nuclei may become
accessible. At present the collective models are still the centre of our understanding of
lon-magic heavy nuclei.

_ In the geometrical model of Bohr and Mottelson [2] the low-lying excitations are described
In terms of three different Hamiltonians for vibrators, rigid deformed and gamma soft rotors
2,6, 7). The different models clearly led to a search for unification. This was achieved in

€ seventies by various models such as the Bohr Hamiltonian [2], the Greiner Gneuss model
(also called GCM model) [8], the quadrupole boson model [9, 10], and the Interacting Boson
Mode} (IBM) [11-14]. Of these models the quadrupole boson model is by Janser, D6nau,
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and Jolos. They are right to be proud of it. The most developed and used model is of course
the IBM. Although these models differ in various aspects they all achieve the unification of
the three separate collective Hamiltonians.

From this unification one may surmise that there is an underlying similarity of the wave
functions of the various modes. This similarity is put in evidence by the so called Q-phonon
scheme. This scheme was suggested for the O(6) dynamical symmetry by Otsuka and Kim
[15} and was developed by the Cologne, Dubna, Tokyo, Yale collaborations [16-23].

II. WAVEFUNCTIONS OF THE 2} AND 2] STATES IN THE ¢-PHONON
SCHEME

In the @-phonon scheme one exploits the fact that there are comparably simple, ap-
proximate relations between the wave functions of different collective states, including the
ground state. These relations stay the same for a wide range of values for the Hamilto-
nian parameters. The wave functions of some excited states can be described by successive
actions of one-body operators on the ground state wave function with good accuracy. In
even-even nuclei, where the ground state is a 0% state, the wave function of the 2 state
is given by the quadrupole operator, @), acting on the ground state. The generalization of
this concept has been named the Q-phonon scheme [15-23]. In this approach one describes
the low-lying collective positive parity states of even-even nuclei in the basis of multiple
(-phonon excitations of the ground state, |07}, ’

|L*,m) = NE(Q...Q)Pof) . (1)

In the IBM-1 the @ operator of the @-phonon scheme is the isoscalar electric quadrupole
operator, which is also the E2 transition operator in the Extended Consistent @ Formalism
(ECQF) [24, 25],

T(E2) =Q =ep Q™™ 2

where Q"M is the quadrupole operator in the IBM
QM = QX = std + d*s + x[d*d]® (3)

and ep is the effective boson quadrupole charge which is fixed for a given nucleus.

In the framework of the IBM-1 [12, 13] it has been shown over the whole parameter space
of the Casten triangle [26] of the ECQF (Extended Consistent @@ Formalism) Hamiltonian
[24, 25] that each of the wave vectors of the yrast states can be described by only one
multiple @-phonon configuration with good accuracy [16, 17, 19]. This finding has been
recently supported by the results of microscopic calculations in terms of the shell model
done by the Tokyo group [27]. The Q-phonon scheme suggests the existence of selection
rules for the matrix elements of the @) operator. These selection rules may not always
be exact since the (J-phonon excitations do not form an orthogonal basis in general. But
indeed, one finds that E2 transitions between @-phonon configurations, that differ by more
than one Q-phonon, are weak compared to transitions between those configurations that
differ by only one @-phonon. During the last years much data on -soft nuclei has been
collected, especially in the A = 130 mass region [28], which support these selection rules,
e.g. (16, 18, 29, 30]. s
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Since sin‘gle @Q-phonon excitations generally exhaust large portions of the wave function
of a8 .collectxve state, they can be used as an alternative basis with a faster convergence
(few important terms). In the O(6) dynamical symmetry of the IBM, which describes ~y-

 soft rlu({lei, all low-lying states with the O(6) quantum number ¢ = N can be described
as multiple Q-phonon excitations of the ground state [15]. The 2} and 27 states in the

0(6} dynamical symmetry are represented exactly by only one individual multiple Q-phonon
excitation. In general, however, multiple Q-phonon excitations may not be eigenstates of the
Hamiltonian. The wave vectors of the lowest-lying eigenstates may then be approximated
by series expansion in multiple Q-phonon excitations of the ground state

ILH ~ | Y an(@i... Q0P| [of) . (4)

k>L/2

It has been §h.own'th:}t, for the ECQF Hamiltonian of the IBM, and for the Davidov Fillipov
model of a rigid triaxial core, the convergence of this series is fast. This makes the Q-phonon

scheme a useful concept for semi-analytical descriptions outside the dynamical symmetries
of the IBM.

To be §peciﬁc we will now give the Q-phonon wave functions for the first and second
2t st:dte‘s in nuclfel. These wave functions are generically valid for collective nuclei, e.g., for
nuclei with a ratio Ry/» = E(4F)/E(2}) > 2, i.e., for which the 4} state has at least double
the excitation energy of the 27 state [26].

The wavefunctions of the first two 2% states are well approximated by the expressions

[23):
128) = Ng Qlot) 5

and
1240) = Nao [(QQ)? ~ v Q] Jo}) (6)

in large regions of the Hamiltonian parameter space. The quantity v is obtained from the
orthogonality condition

(2]124¢) =0 (7)
The value of v is
_ (01(QQQ)%)07)
O QQO0) ®
The normalization constants My and Ngq are obtained from
(2512$> =1= (2$Q|23Q) 9)
Yielding the expressions
1
=V 0 1(QRY™|oy) (10)
and
A (071(QQQ)|0})?
o \/ 7 [ori@am@aeoiy - C0aDB0

" These “wave func.tion_s” are, of course, implicit as nothing is said about the structure of
one t%round state which is highly complex, in general. The “wave functions” depend further
te structure of the @ operator, e.g., on the y parameter of the quadrupole operator
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in the IBM as is shown in Eq.(3). In the Davidov Fillipov model of a rigid triaxial rotg,
[7] with -y = 30° expressions for the wavefunctions in the Q-phonon scheme were obtaineq
by Jolos [31]. The normalization constants, N are expectation values of multiple momentg
of the quadrupole operator (0F|Q™0) up to n = 4. These quantities were discussed anq
extensively used first by Kumar and Cline [32, 33], who called them quadrupole shape
invariants. We will refer to them mostly as Q-invariants. They can be calculated from a few
B(E2) values between low-lying states [21].

III. Q-INVARIANTS

Following Kumar {32] and Cline [33, 34] we define [35] (J-invariants up to fourth order of
the quadrupole operator:

» = 011Q- Q) 12
» =y Zioteeanr) 09

There are three possibilities to couple the quadrupole operators to obtain fourth order
scalars, .

@’ = (OflQ- Q- o}, (19
o = I 011 [lR@®l0Qi®)® o) 3)
4" = 2 071 [ 1@ ") o) (16)

The notation [...](") abbreviates the tensor coupling of two operators to rank L, the dot
denotes scalar product, and [QQQ]® abbreviates the unique tensor coupling to rank zero.
These three scalars are equal according to Dobaczewski, Rohoziniski and Srebrny [36], if

the Q-operators commute.
(0 _ )

= =g’ =qu. (17)

In the IBM-1 the Q-operators do not commute. The effect of the non-commutativity of the
quadrupole operators scales, however, with 1/N and is, therefore, neglected in first order.

With the Q-invariants (12-16) we define [35] the dimensionless K-invariants by normal-

izing relative to an appropriate power of g,

K, = Ef:/_” for n € {3,4,5,6} . (18)

The quantities Ky, do not depend on the effective boson charge es. The shape invariants

K, differ slightly from earlier definitions of Jolos et al. [21] by normalization constants and

tensor coupling. We stress again that we neglect in this work the non-commutativity of the

Q operators implying interesting ambiguities for the tensor coupling scheme in the definition

of the K-invariants that we will exploit below. All K-invariants are exactly equal to unity
in the limit of the rigid symmetric rotor and in the SU(3) limit of the IBM. .
In the rigid rotor the shape invariants are functions of the fixed deformation parameter

B and 7. If we do not stipulate a rigid deformation, we can give expressions for the shape
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iIlVﬂri ants as

2\ ? 3ZeR?\’
o (B (5 0 oo
K3 = (—ﬁ—:—ﬂc;;i—/iﬂ = c05 Iest (20)
_ 8 (21)
o= 1oy

explicitly using expectation values of 8 and cos3y. We can define effective values of the

i . (19,20).
formation parameters feg and e by Egs ( , . ‘
& The shape invariants are measures of effective deformation parameters and their fluctu-

ations. This is made more explicit by defining the following quantities as measures of the
fluctuations of § and cos 3y

oﬁ=(—ﬁ%g—2>—2=m—1 (22)
oy = (B8 cos? 3725_2)?3 cos 37)? = Ky~ Kq? . (23)

We note that in the large N limit of the IBM-1 the theoretical vz}lu‘es f()‘r t.he K4 are 1 for the
SU(3) and the O(6), and 1.4 for the U(5) dynamical symmetry limit, distinguishing between
B-rigid and vibrational nuclei, respectively. ) o

The invariant Ky, as well as the fluctuation o, = K¢ — K3, are of specx‘al interest as they
differ clearly between rigid and soft potentials in 5 and v, r&syectively, which can b.e dl‘ﬁicult
otherwise, e.g., for the O(6) and U(5) symmetries. @-invariants have bfeen studied in the
GCM, as well [37]. Finally we note that the values of g, change most rapidly [35] for IBM-1
Hamiltonians that show shape coexistence [38, 39]. )

Iv. SIMPLE'R.ELATIONS AMONG E2 MATRIX ELEMENTS BETWEEN
COLLECTIVE STATES

From the Q-invariants one can deduce information about nuclear deformations. iI‘he Ya]ue
of the K’s can be obtained from a complete set of E2 matrix elements. Shape invariants
were first introduced by Kumar [32] and Cline [33] in the discussion of a large set of E2
matrix elements obtained in Coulomb excitation experiments. Calculating shape invariants
in the geometrical model shows their connection to the deformation Rarameters B anq ¥
introduced by Bohr and Mottelson. Actually the K-invariants gex{erahze the deformation
parameters 4 and - to soft nuclei. In this case we can define effective parameters, B and
Yesr, and the fiuctuations of those. o )

For the determination of the shape invariants from experimental data it is convenient
to write the expressions for the Q-invariants as sums over E2 matrix elements: The ten-
sor properties of the quadrupole operator are taken into account and the unit oPerator
1=y . |JiM)(J;M| is inserted between every pair of quadrupole operators. Using the
Wigner-Eckhardt theorem and the unitarity relation of Clebsch-Gordan coefficients one ob-
tains

@ =y OflelzhHeE el (24)
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o = |15 IS0 IQIDE QNG 12 10 2

& = StQlzh eIl o; izl , (25)
1,3k
@ = L3 wtliQizheielzh e iRl (27
i,5,k
o = & SOl I IRl e IRl (28)
i,5,k

that involve reduced matrix elements between 0 , 2% and 4*states only. Equations (24 -
28) allow the calculation of the Q-invariants in all nuclear structure models able to predict
E?2 transition matrix elements. ‘

We note that gy is equal to the total absolute E2 excitation strength from the ground
state

g =Y B(E%0f —+2). (29)
7

Thereby, ¢, is the only quantity in the set of ivariants ¢, K, where an absolute value of the
effective quadrupole charge (ep in the IBM) appears.

In view of the (approximate) selection rules of the -phonon scheme, the sums (24 - 28)
can be reduced drastically in first approximation. If, for instance, E2 transitions between
states with AQ > 1 are neglected [15], the set of F2 matrix elements necessary for the

calculation of qi") (n = 0,2,4) reduces to the matrix elements "

@Rl — i=1, (30)
el — i=12, (31)
@rilof) — i=1,2,3. (32)

The first three 0F states are taken into account, because the 07 ,-eigenstates of the ECQF
Hamiltonian are mixtures of two- and three-Q-phonon 0% conﬁgﬁrations for a wide range of
parameter values. Of course, if there are low-lying non-collective 0% states, the ECQF 0;',3
eigenstates may refer to higher lying physical states. ‘

We will show now how one can obtain simple relations [40] between matrix elements of
E?2 operators from the above. As an example we consider fourth order scalars obtained
by coupling the four quadrupole operators in different ways. One obtains several different
expressions for the fourth order quadrupole shape invariants in terms of only a few £2 matrix
elements. The approximate identity of these expressions can be used to derive approximate
relations between various observables, e.g., for the quadrupole moment of the first 2+ state
or the lifetime of the first excited 0% state, and more easily accessible nuclear data. Such
information is very desirable for nuclei where complete experimental information about low-
lying states is not — or not yet — available as, e.g., nuclei which are produced using rare
isotope beams. -

From Eqs. (17,26 -~ 32) one obtains a relation for the quadrupole moment of the 2] state:

2 llQlizty + (2FlQlI2)? = St lIaller) (33)
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or . 327

2 20

@ =35

_if we define B(EZ; 27 — 2}) = 1/5(2}]jQ]|2})? we can rewrite expression (33) in an
jutuitively appealing way:

B(E2;2F — 2f) + B(E2;2§ = 2f) = B(E2; 47 — 2{) . (35)

We stress that this relation is exactly valid in the ECQF for the 0O(6) limit, for the whole

o) - U(5) transition path and for the U(5) limit with x = 0. Its approximate validity
for all U(5) and SU(3) like nuclei was already well known, while now it can be extended also

[B(E2;4f — 2f) - B(EZ; 25 = 21)]. (34)

to transitional nuclei. The predictive power of relation (34) is tested for several nuclei with

dramatically different structure in Table I. A relation similar to (34) for N — oc has been
obtained earlier by Jolos et al. {20].

Applying the above results leads to an important approximation formula for K, that has
already been obtained by Jolos [21]

7 B(EQ) 4i+ - 2-1‘-) — 1-appr.

PO b Rl it £ 36
Ko~ BBz Son) - (36)
Combining Eqgs.(34,36) one finds
2
35 + 10 B(E2;2} - 2}
o= 2w Wy, BUERR o)) (37)
327 B(EZ 2 = 0f) |7 B(E2; 27 = 0F)

Eq.(37) connects in a remarkably simple way three fundamental quantities of nuclear
quadrupole collectivity: the quadrupole moment of the 2} state, and the relative quadrupole
transition strengths within the yrast cascade and to off-yrast states. This relation can well
be used to demonstrate key signatures for structure changes. We note that Ky € [1,1.4].
Let us consider the O(6) to SU(3) transition for which K4 = 1. In the SU(3) limit
[B(B2;2f — 2})/B(E2;2} — 0f) = 0] the relative quadrupole moment, ¢(2{), is 10/7.
In the O(6) limit [g(2}) = 0] one finds B(E2;25 — 2{)/B(E2;2{ — 0f) = 10/7. In the
transition from O(6) to SU(3) the value of ¢(2]) rises from zero to 10/7, while the value of
B(E2;2f — 2})/B(E2;2] — 0}) drops from 10/7 to zero in leading order. Thus, these
ratios characterize nicely the change of structure.

To summarize, the (J-phonon scheme and the concept of Q-invariants is reviewed. This
concept offers a simple method to derive sets of relations between experimental observ-
ables for the quadrupole operator, including quadrupole moments and reduced transition
matrix elements. This approach is based on the use of the quadrupole shape invariants,
the approximate selection rules of the @ phonon scheme and the fact that corrections from
non-commutativity of the components of the quadrupole moment operator in the IBM-1 are
small. As an example of the general scheme, up to fourth order Q-invariants of the ground
state are given. A satisfactory agreement between data and theoretical relations has been
obtained in many cases, but some exceptions clearly need further study.
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TABLE I: Comparison of the experimental value for the quadrupole moment of the 2F state-wit},
the relations obtained from the Q-phonon scheme for various nuclei.

(%% [e®b?)

Eq. (34) exp.
156Gd|3.79(11) 3.72(15)
158(3d|4.19(11) 4.04(16)
160Gd|4.20(10) 4.33(17)
164Dy 14.09(22) 4.12(81)
18605} 1.97+14  1.761%
188(] 1.80+7, 1.72}12
1900g| 1.14+35 0.90113
19203] 0.56+8, 0.8412
l94pgi 0.2032
196p¢ | 0.26(9) 0.24(18)
106pq | 0.28%5, 0.307%
lepg|0.20%5, 0.38%3
U2C4| 0.43(6) 0.14(3)
1404 0.31(4) 0.13(6)
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Phase Transitions and Critical Behavior in Nuclei
R. F. Casten

WNSL, Yale University, New Haven, CT 06520, USA

The origin of shape transitions in finite nuclei is discussed, focusing on
the conditions under which finite nuclei undergo shape changes with nucleon
munber in a way which closely resembles phase transitional behavior. Evi-
dence for such behavior has led to the proposal, and discovery, of a new class

of critical point symmetries that provides new paradigms for structure.

1. INTRODUCTION

Traditionally, the concept of phase transitions has been reserved for infinite, many-body,
systems in which some observable (the order parameter) changes rapidly as a function of a
control parameter (typically the temperature in macroscopic systems). However, in recent
years, the idea of finite system phase transitions has also been much discussed [1].

Nuclei play a unique role in many-body physics, being composed of two interacting
“Huids™ (protons and neutrons) interacting under the strong and electroweak forces. They
have sufficiently many constituents that many-body methods are essential for the microscopic
calculation of their properties. Yet, as finite systems, one would not expect them to exhibit
sharp phase transitions. On the other hand, the conceptual separation of their constituent
nucleons into closed shells and valence nucleons means that their structure is usually, in
fact, determined by just a few nucleons and, therefore, the variation of nucleon number
by small amounts can often alter structure dramatically. Thus, the irony that finite nuclei
can display phase transitional behavior, reminiscent of many-body systems, as a function of
nucleon number precisely because so few nucleons determine structure and, hence, a small
change in the number of such key constituents is fractionally significant.

Thus, a key question is what is it about nuclei that allows phase transition-like behavior

to occur? Why are just a few nucleons so potent as to induce major, and often sudden, equi-
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librium shape changes? This is not such an easy question and has been the subject of mug},
discussion [2]. It is the purpose of the present paper to try to put together some commentg
on this issue and to briefly summarize recent experimental results on phase transitions, phase
coexistence, critical points, and critical point symmetries in nuclei.

This paper is dedicated to Slava Jolos to commemorate his many major contributions to
nuclear physics over decades of prominence in the field. Despite his quiet and unassuming
manner, he has played a pivotal role in so many aspects of nuclear structure ranging from
fundamental work on the collective building blocks of nuclei [3,4], to simple models [5,6]
of octupole correlations, parity splitting and octupole deformation, important insights into
the Q-phonon structure [7-10] of collective modes, and elucidation of concepts of nuclear
supersymmetry [11,12]. He has also played a significant role for me personally, as an admired
collaborator, as one who can explain difficult ideas simply {13], and, in general, as a friend

and colleague for many years.

II. BEHAVIOR OF SHAPE TRANSITION REGIONS

In trying to understand why nuclei become deformed and how phase transitional behavior
can result with the addition of just a couple of nucleons, it is useful to first inspect the
phenomenology of different transitional regions. The most obvious fact is that some regions
are gradual and smooth, while others are extremely rapid. The actinides, and the region
around A~120-130 with N<82, are examples of the former. The A=100 and 150 regions are
extraordinary paradigms for the latter.

Of course, with integer nucleon number as the control parameter, one cannot, even in
principle, discuss real phase transitional behavior, which involves concepts of discontinuous
derivatives of some observable against the control parameter. However, we have shown
(14] that a change in variables to a control parameter that is potentially continuous can
obviate this dilemma. The energy of the first 2* state, E(2]), serves this purpose. Figure 1

illustrates this with 2-nucleon separation energies in the N<82 and N>82 regions. For N<82,
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{here are gradual changes reflecting a gradual onset of collectivity. For N>82, though, the

pehavior of Sy, resembles that of a classic phase transition with a sharp kink - nearly a

Jiscontinuity - at E(2{") ~100 keV, where deformation is indeed known to set in.
30 T T
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FIG. 1. Two nucleon separation energies against E(2}) for two regions. From ref. [14]

Deformation depends on the buildup of correlations and configuration mixing and there-
fore on a certain abundance of valence nucleons. However, singly magic nuclei (such as Sn)
do not deform regardless of the number of valence neutrons. Their level schemes resemble
mmore those of the single-j seniority scheme. The like-nucleon interaction is strong but it is
strongly attractive primarily only in the J=0* pairing channel which favors spherical shapes.

Rather, it is generally accepted that deformation arises primarily because of valence
Proton-neutron interactions. Thé competition between these and the like-nucleon pairing
interaction determines how structure evolves. Since the latter scales with total valence
Mucleon number, N, + N, it will invariably lose out [15] to p-n correlations, which go as
NN, [ref. 16], if there are sufficient valence nucleons of both types. How quickly this will
happen depends on the strengths of the p-n and pairing interactions, which depends on

%hich orbits are being filled. A useful guideline [16] is the parameter P=N,N,/(N, + N,).
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When P R 5, nuclei become deformed, reflecting the fact that p-n interactions {whig
individually are on the order of 200 keV) achieve structural control over pairing inter:achtionS
(~1 MeV) when there are about 5 p-n interactions for each like-nucleon pairing interactioy,
However, as noted, there are variations from region to region. To understand how and where
phase transitional behavior can occur in nuclei, it is necessary to understand the origins of
these variations, in particular the relation of the p-1 interaction to shell structure, and the
relative importance of deformation-driving quadrupole correlations involving normal. anq
unique parity orbitals.

Since (J # 0*)configuration mixing is tantamount to deformation, and since the multi-j
environment of normal parity orbits offers more opportunity for configuration mixing [17],
then, everything else being equal, the normal parity orbits should be dominant in promoting

spherical-deformed transition regions. However, not everything else is, in fact, equal. Resid-

ual interactions depend on the n! quantum numbers of the independent particle model orbits |

occupied by the valence nucleons. The smaller the differences An and Al are between two
interacting orbits, the larger the interaction [18]. In typical major shells in heavy nuclei there
is a wide range of principal quantum numbers and of orbital angular momenta (e.g., n=1-3,
{=1-5 for N=82-126). Hence, many p-n interactions will be rather weak. However, intérac—
tions between particles in the highest j orbits (e.g., 1h11/z, and Li13/2,) or between spin-qrbit
partner (SOP) pairs (e.g., 1h11/z, and 1hga) are enhanced, and further augmented since
high-j orbits can contain larger numbers of nucleons than low j orbits.

So, what then, is the relation of normal and unique parity configuration mixing iﬁ:tthe
development of deformation? The answer depends on the mass region. In some regions (é.g-y
A~120-130: see Fig. 1 (top)), where deformation sets in gradually, interactions involving
protons and neutrons in both types of orbits are important. The abundance of J# 0+ pairs
that éan be made from the normal parity orbits controls the development of collectig}ity-
Here the quadrupole interaction (especially the quadrupole p-n interaction) is paramoﬁnt.

However, in other regions, where there are significant sub-shell gaps, it is the mondpole
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pI interaction that plays a key role. This is the renowned Federman-Pittel mechanism
[15,19] and is illustrated in Fig. 2. In the %Zr region, the 28-40 proton shell is too small
and has too low degeneracy to develop enough quadrupole correlations for the develop-
ment of deformation. Moreover, the proton-nentron correlations are relatively weak with
An=1 and/or Al=1. However, above N=56, when neutrons begin filling the 1g7/s, orbit,
the strong monopole p-n interaction with the 1gg, orbit leads to a lowering of the pro-
ton 1gg/2 single particle energy {15,18,19] and to the obliteration of thg Z=40 shell gap.

This immediately increases the “gene pool” of proton configurations that can contribute to

correlated J 3 0 configurations and leads to the sudden onset of deformation.

50
'8, . Tteel L 50
4 ~..
2p
W —————— e e e m e o
2p3/2 """:::—'——“_ ;57/2
”5/2 -~ 77 50
28 28 . 50

L8 v

FIG. 2. Evolution of proton single particle energies, due to effects of the monopole p-n interaction
{18}, as the neutron 1g;/; orbit is filling in the A~100 region. The p-n interaction leads to a rapid

dissolution of the Z=40 mid-shell gap {19]. Other p-n interactions among high-j orbits, such as

19y/2p — 1hy12n, also play key roles {20]

Thus, it is the effect of the monopole p-n interaction in modifying the effective space in
which quadrupole p-n and like-nucleon interactions operate that allows this extremely rapid
transitional region to occur. A similar explanation applies to the A~150 region [21] and
accounts for the very different “trajectories” of nuclei like Ba and Gd through the spherical-
deformed transition region.

A related way to look at this is directly in terms of the kind of level crossing phenomenon

that underpins the idea of a first-order phase transition and the Jahn-Te]Ie(r effect [20]. As
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long as the Z=40 gap is pronounced, configuration mixing involving the 1gg/5, orbit wilj
lead to highly excited deformed configurations. However, when the SOP 1gg/2p — lgz5, or
other large, monopole p-n interactions, reduce the Z=40 gap, this deformed configuratig,,
is lowered in energy. At some point - the critical point - its energy “crosses” that of th,
spherical ground state (whose proton configurations are composed primarily of orbits in the

28-40 shell) and deformation immediately ensues [18-20) as in a true phase transition.

III. PHASE TRANSITIONS AND CRITICAL POINT SYMMETRIES -

Having seen how, under appropriate circumstances of shell structure and proton kand
neutron orbits near the Fermi surface, phase transitions can develop in finite nuclei, we now
turn to the description of nuclei undergoing such phase transitions, that is, at the critical
point (or configuration crossing point). Such nuclei have tra-ditionally been considered the
most difficult to treat, precisely because of the competition between such different (i.e.,
spherical and deformed) degrees of freedom.

Thus it is all the more remarkable that Iachello has recently been able to develop [22] 2
new class of symmetry that describes critical point nuclei analytically and in a parameter-
free way (except for scale). The idea is the essence of simplicity. Before the phase transition,
the potential has a global minimum for quadrupole deformation §=0 and an excited nﬂni—

mum at finite 8. After the phase transition, the energies of the two minima are reversed. At

the critical point the two minima are degenerate, with a small barrier between them. If one !

assumes that the “walls” of this potential are very steep (that is, the nuclear oscillations in

B are strongly confined), and if we ignore the small internal barrier between the minimé, we
can approximate the potential by a square well in 5. This is the ansatz leading to the E(5)
and X(5) critical point symmetries that describe the second order vibrator to -soft rotor
[U(5)—0(6)] and the first order vibrator to symmetric rotor [U(5)—SU(3)] critical points,
respectively. The main difference between these two cases is that, for X(5), the potential is

not 4-flat so that a change of the potential in « is involved as well. Of course, to describe

60

actual nuclei, the problem must be solved in 5 dimensions (8, v and the three Euler an-
g]es)~ In the important 3 degree of freedom, the resulting wave functions are simply Bessel
functions. However, their order is half-integer for E(5) and irrational for X(5), and the
eigenvalues are given by the zeros of these Bessel functions. The essential point is that the
predictions are completely characteristic of the critical points — that is, they are completely
analytic, and parameter-free (except for energy and transition rate scales). We stress that
these two new critical point symmetries are solutions to a differential equation in § and
(i.c., the Bohr Hamiltonian). They are not symmetries of the IBA [although the IBA can

pe used to numerically simulate E(5) and X(5)].

s=1 s=2

E(MeV)

0.5

0.0

E@VE(2)=2.91 2.80
E(QVE(3)=5.67
X(5)

FIG. 3. Comparison of X(5) [see ref. 22] with the data for 1%2Sm. From ref. {23]

As soon as lachello developed the E(5) and X(5) symmetries [22], empirical examples
were found [23] - in '3*Ba and *2Sm - and, subsequently, an additional candidate for X(5)
has been found in %°Nd [24]. Figure 3 shows a comparison of X(5) with the data for '*Sm,
The overall agreement is superb, and discussed in detail in the literature [22), as have the
discrepancies seen in Fig. 3. E(5) and X(5) provide two new paradigms of structure as

llustrated in the symmetry triangle of Fig. 4. These are the first wholly new, analytic,
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paradigms in half a century, since the development of the vibrator, axial rotor, and y-soft

rotor in the 1950’s.
Ax. Asym. Rotor

(Y - soft)
0(6)
E(5)
U(s) X(5) SU3)
Vibrator Sym. Rotor

FIG. 4. New structural triangle for nuclei showing the three historic benchmarks of structure
at the vertices. The new critical point symmetries E(5) and X(5) are noted along two transition
legs. The line connecting X(5) and E(5) is a region of first order transitions (rigorously, the line .

i

has small but finite width) culminating at the second order phase transition point E(5) %

IV. CONCLUSIONS

We have discussed the origins of deformation and shape transitions as a function of *

nucleon number in nuclei, with emphasis on understanding how phase transitional behavior
can occur in finite systems, especially in systems whose structure is doniinated by the effeéts
of only a few valence nucleons. One conclusion, perhaps ironic when expressed this way, is
that it is precisely because of the dominance of a few nucleons that small changes in particle
number can induce sudden structural changes in many-body nuclear systems so that tileir
systematics resembles the phase transitional behavior of larger systems. This resemblance
is not accidental since the origin of such rapid structural changes is in fact a crossing of
spherical and deformed configurations with nucleon number, a characteristic feature of 2
first-order phase transition.

Such phase transitions develop in regions where the evolution of shell structure fosters

rapid changes, namely regions with significant sub-shell gaps, whose obliteration by the
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offects of the monopole p-n interaction in modifying single particle energies can suddenly
alter the size of the valence space available for deformation-inducing configuration mixing.

We then discussed the development by Iachello of a new class of symmetry [developed in
two manifestations, E(5) and X(5)] that gives analytic descriptions of nuclei at the critical
points of first and second order phase transitions, respectively. Finally, we discussed the
discovery of empirical manifestations of these critical point symmetries and we showed the
comparison of X{(5) with the data for 1%2Sm.

I am grateful to Slava Jolos for wonderful collaborations and for many enlightening
discussions over the years. I am also grateful to Victor Zamfir for help in preparing this
paper and to he, Peter von Brentano, Stu Pittel, Alejandro Frank, Witek Nazarewicz, and
Kris Heyde for discussions of these issues in recent years that have helped me in putting
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USDOE Grant Number DE-FG02-91ER-40609.
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A variety of dynamical symmetries related to nuclear clusterization is
discussed.
I. INTRODUCTION

Clusterization is an important phenomenon of nuclear structure, covering a broad
range of mass number, excitation energy, angular momentum, deformation, and clus-
ter types. Its theoretical description is a fairly complex problem, and symmetry-
considerations can help in finding the solutions.

Different symmetries may show up in cluster configurations, here we concentrate on
the dynamical symmetries. Even they have remarkable variety, and we discuss them in
the sequence of increasing complexity.

We pay more attention to the method, than to the details of the phenomenon; and
the physical examples mentioned below simply illustrate, how the concept of dynamical
symmetry can contribute to our understanding of nuclear cluster structure.

II. EXACT SYMMETRIES

A quantum mechanical system is said to have a continuous symmetry described by a
Lie group G, if its Hamiltonian (H) commutes with all the group-generators (X;{G}):

[H,x{9 =0. (1)
The algebraic properties of the group is defined by the corresponding Lie-algebra:

G
X9, x9N = ;c.‘,?’*,xk{c}, 2)

where c,-{'(-;} * denote the structure constants. In such a case H can depend on the generators

only through the Casimir-invariants of the group.

If both the potential and the total energy is invariant, the symmetry is called geomet-
rical, contrary to the dynamical symmetry which leaves invariant only the total energy
[1]. Well-known examples are the O(4) dynamical symmetry of the Coulomb problem,
and the U(3) dynamical symmetry of the harmonic oscillator problem. In both cases 0(3)
Is a geometrical symmetry.

_ If an ‘exact symmetry holds, then several important consequences follow.
i) Good quantum numbers specify the energy-eigenstates. In other words: the eigenvectors

—

‘It is a pleasure to dedicate this paper to Professor R. V. Jolos, an expert of clusterization and

Symmetries, on the occasion of his 60th birthday.
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are symmetric in the sense that they transform according to irreducible representations
(irreps) of the symmetry group and its subgroups:

GOGE DG >... (3)

ii) The states have a multiplet structure (defined by the relations of irreps of groups in
(3)).
iii) The eigenvalue-problem has an analytical solution.
iv) The multiplets are degenerate.
v) Selection rules are available.
It is worth stressing that some of the consequences [i), ii), iv), v)] apply even if the
exact Hamiltonian is not given explicitly, only its symmetry is known. :
In short, we can say that an exact symmetry holds, if both the (Hamilton) operator
and its eigenvectors are symmetric.
Familiar exact (geometrical) symmetry of nuclear structure is the three-dimensional
rotation, giving rise to the conservation of angular momentum. When applied to a cluster-
decay of a parent nucleus (P) into two daughter nuclei (C; and C?) it reads:

JIPY = g6} g glC2) @J{m’ (4)

where J indicates the angular momentum of the nuclei (P, Cy,C2), R stands for relative
motion, ® denotes direct product (vector coupling), and the ' =’ sign says that JIP} g
supposed to match with one of the results of the products on the right hand side.

The exact dynamical symmetries, as discussed here, hold only for very special forces,
therefore, in this strict form they are not very helpful in building up models of few- and
many-body systems. )

III. DYNAMICAL(ALLY BROKEN) SYMMETRIES

It is a generalized version of the dynamical symmetry that proved to be very successful
in various areas of physics: when the Hamiltonian can be expressed in terms of Casimir-
invariants of a chain of nested subgroups (3) (see e.g. [2,3]).

From the presence of such a dynamically broken symmetry consequences i) ii) iii) and
v) still follow. The degeneracy, however, which corresponds to an exact G symmetry
splits up. The Hamiltonian with this kind of dynamical symmetry contains more general
interactions than the one with an exact G symmetry. The symmetry-breaking interaction
does not have to be week (perturbative), it can be very strong, but it needs to be very
special, expressed in termns of the invariant operators of the subalgebras. '

In case of this kind of general dynamical symmetry (or as it is called sometimes
dynamically broken symmetry) the operator is not symmetric, yet its eigenvectors are
symmetric. ’ '

Dynamical symmetries (in its general form) are very important in nuclear structure.

The isospin UT(2), Wigner’s UST (4) spin-isospin symmetry [4], and Elliott’s U(3) (space)
symmetry [5] are well-known examples. »
When applied to the cluster-decay of the previous section the U(3) and UST(4) selec-

tion rules read:
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Py (P} (P
[n‘,[ },n.g }.ng }] = [nfc‘},ngc'),ngc‘}] © [nfc’),ngc’),nf’)] ® [nfR},O, 0], (5)

P P P 4 b ) >
UL A5 1500 g0 = ({00, g6, ffen flod @ (99, (9, fde) gleay ()

\«.zhelre [1,n2, 3] and [f1, f2, f3, fa] denote irreps of the U(3) and U/ST(4) groups, respec-
tively.

The U(3) and U757 (4) symmetries turned out to be relevant for light nuclei, therefore,
the application of these selection rules provide us with interesting information on the
possible cluster structure, and consequently, on the possible decay modes of states of light
nuclei.

In [6] the relation of special deformed states and cluster configurations were investi-
gated. Special deformation includes spherical, superdeformed, hyperdeformed, etc shapes;
in general: any ellipsoidal shape with the ratios of main axes expressed as ratios of integer
numbers. Alpha-like light nuclei were considered from '*C to “*Ti, and alpha-like binary
and multicluster configurations were taken into account. )

In [7] the allowed and forbidden binary cluster-configurations were determined for
the ground-state-like configurations of the sd-shell nuclei. They are considered to be
i[n]u)ort‘ant in the fission studies of light nuclei [8], as well as in elastic transfer reactions
9]. '

A further interesting study can investigate the structural influence on the mass-
distribution of cold binary fission (as a function of the quadruple deformation of the
parent nucleus) [10].

Similar questions are even more interesting concerning heavy nuclei, due to the fact
that fission can take place from their ground-state (contrary to similar procedures in light
nuclei, which are energetically forbidden). Unfortunately, however, the U/(3) symmetry
is not valid for heavy nuclei (in its original form), due to the strong spin-orbit and other
symmetry-breaking interactions; therefore, one can not apply the U(3) selection rule, as
it‘ is done for light nuclei. Nevertheless, it seems that an even more general symmetry, as
discussed in the next section, may work, and enable us to formulate a selection rule based
on the microscopic structure.

IV. EFFECTIVE SYMMETRIES

Is there any way for a quantum mechanical symmetry to act, when neither the (Hamil-
ton) operator, nor its eigenvectors are symmetric? Surprisingly enough, the answer is yes.
This kind of symmetry is called effective symmetry, and its consequences are as remark-
able, as its appearance is.

'Ijhe"effective symmetry is more general, than the dynamically broken symmetry of the
brevious section in the sense that the symmetry-breaking interactions of the Hamiltonian
In this case mix the basis vectors of different irreps, thus the energy-eigenstates are given
In terms of linear combinations. -

In order to illustrate the situation, let us consider a case characterized by a simple
group-chain:

GoOdG, (7)
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la, B), (8)

where we have indicated the representation labels as well, and in general o and g may
denote several indices. The matrix elements for a representation are:

(@, B0(XN)a", 8"y = f(a,B), (9)

where the [‘(X,-{G)) operator represent the X,«{G) generator, and f stands for a function
of the representation labels, which is well-defined for the group G. We take the linear

combinations:

Yo=Y cala, B). (10)

Let us assume that this kind of expansion is available for several ’s, and the coeflicients
¢ are the same for each 3. We can calculate the matrix elements between the 5 states:

ParlDX D) ). (.

If the f(a, 3) function is linear in the & quantum numbers (which is the case for some
physically important groups), then the equations (9) hold also for the linear combinations
(10). Then, supposed that there is enough y3’s, (9) is again a representation of G. This
kind of representation is called embedded representation [11], and the states (10) are said

to form a soft band. A soft band is an intermediary between the extremes of pure bands
(belonging to a single irrep) and arbitrarily mixed states. An embedded representation

behaves like a representation of its own.

If the f(«,3) function is not linear in the a quantum numbers, then we can make a’
series expansion, and the linear approximation may still prove to be reasonable in some"
domain of the parameters (which is the case for some other, physically important groups)

[11-13].

A couple of remarks seems to be appropriate here, concerning the physical appllcatlons
of the embedded representation (i.e. effective symmetry). The approximation that gives
rise to its appearance in physical terms corresponds to the assumption of adiabaticity
{11]. Since it is the basis of many models, the effective symmetry opens up new territories
for symmetry-considerations. Once, however, the presence of a symmetry seems to follow
from the experimental data, attention has to be paid to the distinction between real or
effective symmetry {i.e. simple band structure, or the presence of soft bands).

The very general nature of the effective symmetry explains, why some models are
successful, when seemingly they do not have any right (due to their assumptions) to be
s0.

Shell model studies of heavy nuclei revealed the important role of the effective SU(3)

symmetries {13]. On the one hand side experimental data gave evidence for the soft -

SU(3) band, and furthermore, microscopic shell-model configuration could be assigned to

the intrinsic state of a soft band. These essential findings inspired the application of the

effective symmetry in cluster studies of heavy nuclei.

A novel feature of nuclear clusterization was found by the recent multiple gamma-

coincidence measurements of spontaneous fission [14]. Cold binary fission processes were
detected from the ground state of the **2Cf nucleus. The results indicate the presence of
very exotic (e.g. **Ba + '®Mo) cluster-configurations. The relative importance of these
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kind of very exotic clusterization in the ground state of the parent nucleus is, therefore,
an interesting question.

The relative preference of the Ba+Mo configurations were studied from the viewpoint
of nuclear structure in [15], based on the concept of effective U(3) symmetry. The main
point of this work is, that both the Pauli-principle, and the deformation of the nuclei
(parent and daughters) are taken into account, as well as the possible relative orientation
of the deformed clusters. The calculated relative forbiddenness characterizes the overlap
of the ground-state wavefunction of the parent nucleus (with its well-defined normal de-
formation) with the possible exotic cluster configurations. Further studies are in progress
[16], considering other nuclei, as well as the question of the deformation-dependence of
the mass-distributions.

We note here, that somewhat similar firbiddenness-calculations have been carried out,
based on the real SU(3) scheme [17,18]. There are, however also important differences
between the two methods. One of them is the use of the real or effective SU(3) symmetries,
and the other is the way how the forbiddenness is defined. In [17,18] it is calculated on the
basis of the number of oscillator quanta, making no difference between different nuclear
shapes, and orientations, while in [15] these effects were taken into account, and proved
to be important.

V.BEYOND THE SYMMETRIES: SPECTRUM-GENERATION

In light of the usefulness of the algebraic methods in the description of (exact or
broken) symmetries, one may wonder, if similar techniques could be used for generating
the excitation spectrum of the system as well. We may try to look for an algebra, which can
describe not only the symmetries of the system, but also generates its energy-spectrum,
and accounts for the transitions between its states as well, in such a way, that all states
belong to a single irrep. Such an algebra is called dynarmcal algebra (19] (sometimes it
is called spectrum generating algebra [2]). Obviously, the dynamical algebra has to be
a bigger algebra, than the symmetry algebra, and the latter needs to be its subalgebra.
If a dynamical algebra can be found, then several of the fruitful consequences discussed
in Section 2. are still valid. We illustrate the situation with the example of a dynamical
algebra for the two-body-problem, which is important (among others) in the description
of the relative motion of clusters.

The relative motion of a two-body system reduces to a one-body problem after remov-
ing the center-of-mass-motion. We can apply a harmonic oscillator basis, thus we start
from the single-particle harmonic oscillator problem in three dimension. It has an exact
U(3) dynamical symmetry [1], and the generators of the symmetry group are the particle
number conserving bilinear products of the oscillator quantum creation (a}, i =z,Y,2)
and annihilation (a;) operators: A;; = a:»raj. They close under the commutation relations:

[Aijs Ar] = 1 Au — SaAjk. (12)

If we introduce a fourth dimension (s) and associate a boson to this direction as well
(which is called scalar boson, as opposed to the vector-bosons a) then we can generate
the spectrum in the followmg way. The s boson is supposed to have a lower-lying single-
particle state, than the vector boson. Then the ground state of the system corresponds
to the case when there are only s bosons. The oscillator spectrum is obtained by creating
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a bosons and annihilating s bosons: als. Now we have four creation and annihilation op-
erators, they give 4x4=16 bilinear products, which close under the commutation relation,
exactly like (12), except that the indices run over four coordinates: ¢ = s,2,y,z. The
resulting algebra is [/(4), and a possible algebra-chain is: .

U4) > U(3) D 0(3). (13)

One can introduce symmetry-breaking interactions, expressed in terms of the invariant
operators of (13), and the result is a dynamical symmetry starting with a dynamical
(spectrum-generating) algebra. Thus, one has again good quantum numbers, multiplet-
structure, analytical solution, and selection rules. ‘

The U(4) algebraic model of the two-body problem is called vibron model [20], and
it is applied in molecular physics, hadron spectroscopy, and nuclear structure. as well,
The physical operators of the model are expressed in terms of the U/(4) generators, the
model states belong to an U(4) irrep, therefore, the matrix elements can be calculated
with group-theoretical methods. '

Similar (spectrum-generating) procedure can be applied for the description of other
degrees of freedom. E.g. the (five dimensional) quadruple collectivity is essential in
nuclear physics which has a U(5) symmetry-group. A possible dynamical algebra is U(6)
[21,2). ~

VI. SYMMETRIES OF THE SEMIMICROSCOPIC ALGEBRAIC CLUSTER

MODEL

The basic assumption of the cluster models is that the relevant degrees of freedom of

the atomic nucleus are the relative motion of the clusters, and their internal structure.

The vibron model can be applied for the algebraic description of the former one, in case of
a multicluster configuration one U(4) model for each independent relative motion. As for
the internal structure of the clusters, they can be accounted for by the U(3) shell model.
or by the U(6) collective model. )

One further aspect has to be considered. A nucleus consists of protons and neutrons,
which are fermions, therefore, the total wavefunction should be antisymmetric. Thus, in'a
cluster picture one has to take into account the Pauli-exclusion principle not only between
nucleons in the same cluster, but also between nucleons sitting in different clusters. When
it is appreciated, we talk about a microscopically constructed model space, and the model
is called fully microscopic, or semimicroscopic, depending on the fact whether or not the
applied interactions are microscopic (effective two-nucleon forces), or they are treated
phenomenologically. If the exclusion principle is not taken into account, the model is
called phenomenological. The latter one has the advantage of being simpler, and in some
cases, when the antysimmetrization is not important, e.g. in highly excited molecular
states of nuclei, it can be very fruitful, too.

Algebraic cluster models can be formulated both on the phenomenological, and on
the semimicroscopic level. Here the adjective ’algebraic’ is meant in the strict sense that
not only the basis states of the model are characterized by the irreps of an algebra, but
the physical operators as well. Thus the matrix elements can be calculated by algebraic
methods. {Group-theoretical techniques are very useful also in fully microscopic models,
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but they are not algebraic in the strict sense used here.) We summarize briefly the basic
concepts of the semimicroscopic algebraic cluster model (SACM) [22] which can be applied
both in the ground-state region, and at the high excitation energies.

The internal structure of the clusters are described by Elliott’s shell model, and the
relative motions by the vibron model. For a configuration of k clusters the model has a
group-structure:

UST(4) @ Uc,(3) ® ...UZT (4) ® Uc,(3) ® Ur,(4) ® ...Un,_,(4), (14)

where Ug.r(zl) stands for the spin-isospin symmetry of the C; cluster, Ug,(3) is its space-
symmetry-group, and the Up (4) are the dynamical groups of the vibron medels, associ-
ated to the k — 1 independent relative motion.

The physical operators are given (phenomenologically) as expansions of the generators
of this direct-product group. The Pauli-exclusion principle requires a truncation of the
corresponding model space (otherwise we end up with a phenomenological cluster model).
The exclusion of the Pauli-forbidden states can be done by different methods, one of them
requires a matching between the model space of the (not antisymmetrised cluster model
(14)), and the fully antisymmetric U(3) shell-model space of the whole nucleus.

Several dynamical symmetries of this model can be constructed. A very important
one is obtained by the coupling on the U(3) level:

UET(1) 9 Uc,(3) ® ..UZT(4) © Uc, (3) ® Ur,(4) ® ..UR,_,(4) D ...
DU U3)@Ur(3) D ...

S ULR) e Ui(2) 9 U(3)

D UL2) @ UI2) ®0@3)

DUT2) @ U(2).

When the Hamiltonian is expressed in terms of the invariant operators of the groups
in this chain, an analytical solution of the energy-eigenvalue problem is available. This
circumstance makes the application fairly easy and the model can be applied for the
unified description of the clusterization in the ground-state region together with the very
high-lying molecular resonances (observed in resonant reactions of heavy ions). Low and
high-spin states and different clusterizations can be calculated in this way. Spherical, and
deformed (including triaxial deformation) can be accounted for, as well as the different
relative orientation of the deformed clusters [23].

A special case of the model reduces to a simple vibron model, as far as the operators
are considered. It happens when we consider a binary configuration of two closed-shell
clusters, and there is no need to involve coupling between the relative motion and the
internal cluster degrees of freedom. The model space, however, is different even in this
case from that of the simple vibron model; the Pauli-exclusion requires the truncation of
the U(3) basis from the low-lying side.

Due to the break-down of the U(3) symmetry in the heavy nuclei, as mentioned in
Section 3, this dynamical symmetry is applicable only for light nuclei. One of the spec-
troscopic features of heavy nuclei, which calls for a detailed description in terms of cluster
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configurations is the appearance of low-lying negative-parity bands {24]. For problems,
like this the SACM and its dynamical symmetry has to be extended. A possible way
is offered by the effective symmetry of Section 4, or the application [25] of pseudo U(3)
symmetry [26].

VII. DYNAMICAL SUPERSYMMETRIES

Supersymmetric (SUSY) schemes, in general, give a unified treatment of bosonic and
fermionic degrees of freedom. In a supersymmetry model of nuclear cluster systems the
bosonic sector of the superalgebra describes the relative motion of the clusters, while
its fermionic sector is associated with their internal structure. Supersymmetry connects
similar cluster configurations of different nuclei.

" An example is the core+a configurations. The relative motion is described by the
vibron model with a Ugr(4) (dynamical) group-structure, while the dynamical group for
the fermionic sector, when restricted to the p shell, is Ug(12). This latter group contains
the U5T(4) @ U(3) symmetry-group, mentioned in Section 6. A supersymmetric model
is obtained by embedding the Ur(4) ® Uc(12) direct-product group into a supergroup:
U(4]12). In order to embed the bosonic and fermionic algebras in a superalgebra, one has
to define generators which create a fermion and annihilate a boson, or vice verse. This
problem has been discussed in detail in [27].

As an application for the cluster supersymmetric model, the a-cluster states of the
nuclei *Ne and !9F were analyzed and correlations between their spectra, electric quadru-
ple transitions, and one-nucleon transfer reactions were interpreted in terms of [/{4]12)
supersymmetry.

The relevant classification is

U(4|12) D Un(4) x Ug(12)

D SUR(3) x SUc(3) x U5¥(4)

D SU(3) x SUE(2) x SUL(2)

D 50(3) x SUS(2) x SUL(2)

D SU(2) x UL(1) , (16)

which is the group structure of the SACM for core+a cluster systems, embedded i in

U(412).
The unified desctiption of the core-plus-alpha-particle states of the two nuclei showed

the presence of the dynamical supersymmetry with an accuracy, which is comparable -

to the that found in the application of the dynamical supersymmetry of the quadruple
collectivity to heavy nuclei [28].

VII. MULTICHANNEL DYNAMICAL SYMMETRIES

Multichannel dynamical symmetry (MUSY) may describe different cluster configu-

rations of the same nucleus in a unified framework {29,30]. The basic concept can be -

formulated as follows.
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For the sake of simplicity we consider two different binary clusterizations of an atomic
nucleus:

[ Cl + Cz, d : D1 + D2. (17)

(E. g. the 2*Si nucleus may have, and in fact has, some important contributions from the
150412 and **Mg+*He configurations.)

The relation of these different binary cluster configurations can be established by
cousidering an underlying three-cluster configuration. Then we have two independent
relative motions. both of them are described by a vibron model with U{4) group structure.

Let us suppose that the relation of the mass-numbers of the clusters are:

Ac, > Acyy Ap, 2 Ap,, Ap, 2 Acy, (18)

what can be done without any loss of generality. (In the example of the 28Si nucleus,
mentioned before, (1:1%0, Cy:12C, Dy:**Mg, D,:*He.) Let us consider the three-cluster
configuration

() +(CD)+(Da), (CD)=(Co— Do) = (D1 =Cr). (19)

(In the example: °0 + ®Be + “He.)
We choose the following two sets of Jacobi-coordinates:

t. =rp, — rep, s = re, — (Mp,rp, + Mcprep)/(Mp, + Mcp), (20)

ty = r¢, — rep, Sa = rp, — (Mg e, + Mopren)/(Me, + Mon),

where M is the mass and r is the space vector of the corresponding cluster. Then,
obviously, the clusterization C; + C3, corresponds to the coordinate set ¢ with some
restriction on t., while clusterization D; 4+ D, corresponds to the coordinate set d with
some restriction on tg.

Since we are interested in the transformations which connect the different binary con-
figurations (different Jacobi-coordinates of the three cluster system), instead of applying
a Uy(4) @ Uy{4) model, we embed it into the larger group of U(8).

The transformation from the clusterization C; + C, to that of D; + Dy amounts to
a transformation between the two sets of Jacobi-coordinates: t.,s. and tq,s4, known as
the Talmi-Moshinsky-Smirnov (TMS) transformation [31,32]. These transformations are
known to have a [/,(2) group structure [31], where g refers to the quasispin group, which
acts in the particle index space [33].

Thus the multichannel symmetry is described by the group-chain:

U(8) D U(6) D {I,(2) D SUL2) D S0,(2)} @ {U(3) D SU(3) > SO(3)}  (21)

and the Hamiltonian of the system is obtained in terms of the invariant operators of these
algebras [30].

The multichannel symmetry establishes a strict correlation between the observables of
different clusterizations. In this sense it is a very restrictive symmetry, however, because
of the same feature it has a very strong predictive power as well. For example, the
Hamiltonian of one cluster configuration may completely determine the energy spectrum

73



of another cluster configuration, without any free parameter (and without any ambiguity
in the model space, due to its microscopic construction).
Some applications of this kind have been carried out [29,34]. In [29] e.g. the 2*Mg +

*He, and '°0 + 2C spectra were described with the same Hamiltonian in a wide energy

range. Furthermore, the density of a-particle (scattering or capture) resonances were
predicted by this Hamiltonian, without any parameter fitted in the relevant energy region,
and the result turned out to be in good agreement with the experimental observation.

IX. ON THE COMPOSITE DYNAMICAL SYMMETRIES

Both the dynamical supersymmetry and the multichannel dynamical symmetry deal
with composite systems consisting of two different sectors. Therefore, they are called
composite symmetries. Their logical structure show remarkable similarities, and it was
discussed in detail in [35].

In addition to the similarities, however, one can realize considerable differences as well.
Here we mention one, which has to do with the physical nature of the transformations
between the two sectors (supertransformations in SUSY, and TMS transformations in
MUSY).

In the case of SUSY the dynamical breaking of the symmetry is (usually) carried out
in such a way the invariance with respect to the super transformations is not required,
because already in the first step only classical Lie algebras (not super algebras) appear in
the algebra-chain.

In the multichannel symmetry, however, the situation is different. Here the dynamic
symmetries of the two different cluster configurations are combined with the U,(2) trans-
formations of the cluster indices. This requires real invariance with respect to some extra
transformations (i.e. the generator of SO,(2)). ‘

In this respect the situation is similar to the SUSY models typical in field theory, and
exceptional in nuclear physics [36].

X. SUMMARY AND CONCLUSIONS

Nuclear clusterization offers a rich-laboratory for the study of symmetries. Dynamical
symmetries of different complexity seem to appear in cluster configurations:
e simple dynamical symmetry in the relative motion of two clusters,
e dynamical symmetries in the coupling of the relative motion and internal cluster degrees
of freedom,
o effective symmetries in heavy nuclei,
¢ spectrum-generating dynamical symmetry in light nuclei,
¢ dynamical supersymmetry, connecting odd and even nuclei,
¢ multichannel dynamical symmetries, describing different cluster configurations of a nu-
cleus. '

This work was supported by the OTKA Grant (No. T22187).
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Abstract

A finite rank separable approximation for the particle-hole RPA calculations with
Skyrme interactions is extended to take into account the pairing. As an illustration
of the method energies and transition probabilities for the quadrupole excitations
in some nuclei are calculated. The values calculated within our approach are very
close to ones that were calculated within QRPA with the total Skyrme interactions.
They are in a reasonable agreement with experimental data.

1 Introduction

Many properties of the nuclear states can be described within the random phase approx-
imation {RPA)[1, 2, 3, 4]. The most consistent models employ an effective interaction,
which can describe, throughout the periodic table, the ground states in the framework
of the Hartree-Fock (HF) approximation and the excited states in time-dependent HF,
or the random phase approximation (RPA). The Gogny’s interaction[5] and the Skyrme-
type interactions[6] are very popular now. Such models are quite successful not only for
predicting accurately nuclear ground state properties(7, 8] but also for calculating the
main features of giant resonances in closed-shell nuclei{9, 10]. Taking into account of the
pairing effects enables one to reproduce many properties of collective states in open-shell
nuclei too[11, 12, 13, 14].

It is well known that due to the anharmonicity of vibrations there is a coupling between
one-phonon and more complex states [2, 4. The main difficulty is that the complexity
of calculations beyond standard RPA increases rapidly with the size of the configuration
space and one has to work within limited spaces. From another point of view more phe-
nomenological models that assume some simple separable form for the residual nucleon-
nucleon interaction while the mean field is modelized by an empirical potential well allow
one to calculate nuclear excitations in very large configuration spaces since there is no
need to diagonalize matrices whose dimensions grow with the size of a configuration space.
The well-known quasiparticle-phonon model (QPM) of Soloviev et al.[4] belongs to such
a model. Very detailed predictions can be made by QPM for nuclei away from closed
shells[15].

A possibility to solve easily the RPA problem when the residual particle-hole (p-h)
interaction is separable in considerably smaller configuration space than one for a non-
separable interaction was the motivation for proposing in our previous work {16] a finite
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rank approximation for the p-h interaction resulting from Skyrme-type forces. Thus,
the self-consistent mean field can be calculated in the standard way with the origina]
Skyrme interaction whereas the RPA solutions would be obtained with the finite rank
approximation to the p-h matrix elements. -

In the present work, we extend a finite rank approximation for p-h interactions of
Skyrme type to take into account pairing paying a special attention for the quadrupole
excitations in nuclei with very different mass numbers. As an application we present
results of calculations for low-lying 2% states in some O, Ar, Sn and Pb isotopes.

2 Hamiltonian of the model and QRPA

We start from the effective Skyrme interaction[6] and use the notation of Ref.{17] contain-
ing explicit density dependence and all spin-exchange terms rather than the original form
of Ref[6] where density dependence at the HF level was introduced by a three-body contact
force and where some spin-exchange terms were dropped. The exact p-h residual interac-
tion V., corresponding to the Skyrme force and including both direct and exchange terms
can be obtained as the second derivative of the energy density functional with respect to
the density[18]. Following our previous paper(16] we simplify V;., by approximating it by
its Landau-Migdal form in the momentum space:

k «
Veeo(lt o) = N ! Z [Fi+ Gio102 + (F, + Giow2)mims] Bi( ) (1)

=0

where k;, 0; and 7; are the nucleon momentum, spin and isospin operators, and Ny =
2kpm* /n?h? with kp and m* standing for the Fermi momentum and nucleon effective
mass. For Skyrme interactions all Landau parameters with { > 1 are zero. Here, we keep
only the [ = 0 terms in V¢, and in the coordinate representation one can write it in the
following form:

Vies(T1,12) = Nyt [Fo(rl) + Go(r1)o1090 + (F(;(n) + Ga(rl)alag)ﬁ*rg] 3(r1 —12) 2)

The expressions for Fy, Gy, Fy, Gy in terms of the Skyrme force parameters can be found
in Ref.{17]. Because of density dependence of the interaction the Landau parameters of
Eq.(2) are functions of the coordinate r. In what follows we use the second quantized
representation and V,., can be written as:

. 1 .
Vies = '2‘ Z Vioas : a;“a}awa : (3)
1234 s

where af (a,) is the particle creation (annihilation) operator and 1 denotes the quantum
numbers (nyl;jim1).

Viss = [ $10003(2)Veus(ri, r2)s(r1)a(r2)dridrs, O
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Vigss = 3. I H(=)K Gymugs —ma | J — M)(Gamaja — ma | IM)Vigass (5)

M
where K = J + ja + ja — M — m3 — m4 and

Vibar = GillYsllds) GellYollia) Im (Grgagada) —

> GillTanllis)alToellia) Is(Grszdsda), (6)
L=J g+t :

where (j1||Ys||7s) is the reduced matrix element of the spherical harmonics Yj,, J =
VAT +1, TH(#,0) = (Y1, x 0]} and In(51527374), Is(j1jadsjs) are the radial integrals:

Ine(jrgagadn) = Ny /000 (Fo(r) + Fo(r)mime) us (r)us, (T)ujs(r)un(?”)%, (M)
Is(jijadsia) = Ng' /;oo (Go(r) + Go(r)mi72) ujy (T)ujz(r)uja(r)uﬁ(r)g;v (8)

where radial wave functions u(r) are related with the HF single-particle wave functions:

u;(r1)

¢i,m(r1) = yl.,]. (7‘1, 01) . (9)

As it is shown in [16] the radial integrals can be calculated accurately by choosing a
large enough cutoff radius R and using a n-point integration Gauss formula with abscissas
and weights 3, wg. Thus the residual interaction can be presented as a sum of n sepa:able

terms.
So we employ the hamiltonian including an average nuclear HF field, pairing inter-
actions, the isoscalar and isovector particle -hole (p-h) residual forces in a finite rank

separable form:

r 1
H = ¥ | (B - Aajmam — 369 B ()P (7) : =
m

T J
1 Y Mk k
52 5 X [(W" + st - M ()M (gr) s +
k=1g==%1 Ap )
k ‘
(k5% + gs{™) : SI0F (1) S3Dula) - ) (10)
L=XAA %1

We sum over the proton(p) and neutron(n) indexes and the notation {7 = (n,p)} is used
and a change 7 ¢ —1 means a change p «¢* n; k is a rank. The single-particle states -
are specified by the quantum numbers (jm); E; are the single-particle energies; A, is the
chemical potential; G is the strength in the p-p channel; sK*®) (x(5%)) are the multipole
(spin-multipole) strengths in the p-h channel and they can be expressed via the Landau
parameters as:
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“(:)Z:; ,(Tk)
“lan | =g | Bl (1)
K?Sk) 2rg ?E:k; A
Ky o\"k

The monopole pair creation, the multipole and spin-multipole operators entering the
normal products in (10) are defined as follows:

P0+ (T) = ZT (_l)j_ma;ma;—"”

. T : . N ' Ak
M () = A0 3 TN m = m | A S (D)
3i'mm’
k 5= m ,\Lk
S () =37 X T ms —m | M £ (T adma g,
35" mm’
where f;, are the single particle radial matrix elements of the multipole and spin-
multipole operators:

£ = gy (ri)ug (re)i (| Yall2)

I = s (ro)usa (re)i® (G| Tl 52)
One can see that the hamiltonian (10) has the same form as the QPM hamiltonian with
N separable terms, but in contrast to the QPM all parameters of this hamiltonian are
expressed through parameters of the Skyrme forces.
In what follows we work in the quasiparticle representation, defined by the canonical
Bogoliubov transformation:

a’.‘i+m = uja;’m + (_l)j_mvjaj-m' i (12)

The hamiltonian (10) can be represented in terms of bifermion quasiparticle operators
(and their conjugate ones) [4]:

B(ij' ;) = Z( 1Y (img'm | Mi) @yt

rnm

A* (g’ Ap) = Z(ij m [ Mool .

mm

We introduce the phonon creation operators

1 ; , ; , '
Qi = 3 Z (W3 ATG5'5 M) — (10l AG A= ). (1)

Ji
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where the index X denotes multipolarity and p is its z-projection in the laboratory system.
One assumes that the ground state is the QRPA phonon vacuum | 0), i.e. Qy,; | 0) =0.
We define the excited states for this approximation by Q}'m- | 0). For the QRPA the
following relation is valid:

O o Q110 =Snc8uy 3 (3 5 - )

The quasiparticle energies (g;), the chemical potentials (A;), the energy gap and the
coefficients u,v of the Bogoliubov transformations (12) are determined from the BCS
equations with the single particle spectrum that is calculated within HF method with the
effective Skyrme interactions [6]. Making use the linearized equation of motion approach

(1}
(0] [8Quis [H, @3] 1 0) = (0] [6Q@ai Q] 1 0) (14)

with the constrained condition:

(0 | [QN‘HQ,\#, ] l 0) = 6::" (15)
one can derive the QRPA equations (3, 4].

(% 2)(3)=+(2) o

In QRPA problems there appear two types of interaction matrix elements, the A&)j;)f

matrix related to forward-going graphs and the B((;\l)j;)r(jz 7,)qr T0ALTIX related to backward-
going graphs. For our case we get the following expressions:

(3 _ 3—2
A(jlzji)f(jzz:';)qr = €150521 055,01 — A ( 5]2])

M.k Mk Ak +) Ak
S [(9)+ s )it 0 )uiu’, o

(s k) (S,k) (,\,\k) (A)Jc)
. ( +qK‘1 ) J‘Jl _11]‘ ( ) ]232 ]2_72 (qT)]’ (17)
oy $-2 -1
BGs itz = 30 (L4 8ng) X
N
(M) (M k) (+) (/\k) (+) ('\k)
kX_: [( +grp T u 2T Jm (r )“mz Jadh (g7)~
Sk Sk ) ANE Ak
(66 + gl £ ()l ) 1000 (ar)] (18)

where ¢;; = ¢; + €5 and ugf,) = uyvy & viuy.

One can find a prescription how to solve this system and to find the eigenenergies and
phonon amplitudes in [16]. The matrix problems never exceed the dimensions 4N x 4N.
The derived equations have the same form as the QRPA equations in the QPM [4, 19], but
the single particle spectrum and parameters of the p-h residnal interaction are calculated
making use the Skyrme forces.
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3 Details of calculations

In this work we use the standard parameterization SIII [20] for the Skyrme force. Spher-
ical symmetry is assumed for the HF ground states. The pairing constants G are fixed
to reproduce the odd-even mass difference of neighboring nuclei. As a result constant
pairing gaps have values that are very close to A = 12.A71/2 besides a case of semimagic
nuclei. It is well known [11, 13] that the constant gap approximation leads to an overes-
timation of occupation probabilities for subshells that are far from the Fermi level and it
is necessary to introduce a cut-off in the single-particle space. Above this cutoff subshells
don’t participate in the pairing effect. In our calculations we choose the BCS subspace
to include all subshells lying below 5 MeV. In order to perform RPA calculations, the
single-particle continuum is discretized [21] by diagonalizing the HF hamiltonian on a
basis of twelve harmonic oscillator shells and cutting of the single-particle spectra at the
energy 190 MeV. This is sufficient to exhaust practically all the energy-weighted sum rule
(EWSR). As it was shown in our previous calculations [16] we have adopted the value
N=24 for the finite rank approximation for the dipole and quadrupole excitations in Ar
isotopes. An increasing of a mass number and a multipolarity of excitations demands of
an increasing of a rank to keep an accuracy in calculations. Our investigations enable us
to conclude that N=45 is enough for a multipolarity A < 3 in nuclei with A < 208. In-
creasing N, for example, up to N=60 in 2®Pb changes results for energies and transition
probabilities not more than by 1%, so all calculations in what follows have been done
with N=45. Our calculations show that for the normal parity states one can neglect by
the spin-multipole parts of interactions as a rule and this leads to the double reduction of
the total matrix dimension. For example, for the quadrupole excitations in 2> Pb we need
to diagonalize a matrix having a dimension 2N=90 instead of 1086 as it takes place for
the exact diagonalization case. In our calculations for light nuclei a reduction of matrix
dimensions due to the separable approximation is 3 or 4. So for heavy nuclei our approach
gives a visible gain in comparison with an exact diagonalization. It is worth to point out
that after solving the RPA problem with a separable interaction taking into account of
the coupling with two-phonon configurations demands to diagonalize a matrix having a
size that does not exceed 40 for the giant resonance calculations in heavy nuclei whereas
one needs to diagonalize a matrix with a rank of an order of a few thousands at least for
a nonseparable case. :

4 Results of calculations

As a first example of calculations within our approach we demonstrate our results and
experimental data [22] for the 2] state energies and transition probabilities B(E2). They
are shown in the table 1. One can see that there is a satisfactory agreement with experi-
mental data. Results of our calculations for isotopes of O and Ar are close to ones within
QRPA with the Skyrme forces [11, 23] and calculations fail to reproduce the B(E2)-value
in 130. Making use of the SGII interaction(17] improves a description for the O isotopes
and gives practically the same results for the Ar isotopes, but for Sn and Pb isotopes 2
description becomes much worse. Calculations with Ski4 forces don’t change conclusion
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Table 1: Energies and B(E2)-values for up-transitions to the first 2+ states

Nucleus Energy B(E21)
(MeV) (e*fm?)
Exp. Theory Exp. Theory
BO 198 475 4532 14
200 1.67 4.17 2842 20
36Ar 1.97 1.91 300430 310
AT 2.17 2.51 13010 110
OAr 146 217 330+40 290

H2gy 1.26 1.49
gy 1.30  1.51
200pp - 0.80  0.96
208php 409 5.35

2400+140 2600
2400-£500 2100

100020 1700
3000+£300 2000

mentioned above. A behaviour of the B(E2)-values in the Ar isotopes demonstrates clear
effects of the pairing. The experimental and calculated B(E2)-value for 3¥Ar is three
times less than ones in 6CAr. A closer of the neutron shell leads to the vanishing of
the neutron pairing and a reduction of the proton gap. As a result there is a remarkable
reduction of the E2 transition probability in *®Ar. Some exceeding of calculated energies
over experimental values indicates that there is a room for the two-phonon terms effects.
As it was found in calculations that were performed within the QPM for 2®Pb {24] taking
into account of the two-phonon configurations can shift down the 21 energy by more than
1 MeV. The B(E2)-value reduction is about 10% in this case. The study of an influence of
the two-phonon configurations on properties of the low lying states within our approach
is in progress now.

An additional information about a structure of the first 2% states can be extracted
from an investigation of the ratio of the multipole transition matrix elements M,/M,
that depends on the relative contribution of the proton and neutron configurations. In
the framework of the collective model for the isoscalar excitations this ratio is equal to
M, /M, = N/Z and any deviation from this value can indicate on an isovector character of
a state. The M, /M, ratio can be determined experimentally by using different external
probes [25, 26, 27]. Recently [12, 23] the QRPA calculations with Skyrme forces for
the M, /M, ratios for the 2} states in some O and Ar isotopes have been done. The
microscopic calculations are in a good agreement with experimental data [23]. Our results
support conclusions of papers [12, 23] about the isovector character of the 2 states in
8200 and *¥Ar. This conclusion is valid for any set of the Skyrme forces parameters
discussed in this work.
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5 Conclusion

A finite rank separable approximation for the particle-hole RPA calculations with Skyrme

interactions that was proposed in our previous work is extended to take into account the -

pairing. The QRPA equations are derived for this case. These equations are used to study
quadrupole excitations in nuclei with very different mass numbers. It is shown that the
suggested approach enables one to reduce remarkably a rank of matrixes that must be
diagonalized to perform structure calculations in very large spaces.

As an illustration of the method we have used the finite rank p-h interaction derived
from the Skyrme force SIII to calculate the energies and transition probabilities for the 2}
states in some O, Ar, Sn and Pb isotopes. The values calculated within our approach are
very close to ones that were calculated in a framework of QRPA with the total Skyrme
interactions. They are in a reasonable agreement with experimental data mostly. A
developed approach can be generalized to take into account the coupling between the
one- and two-phonon terms and such investigations are in progress now.
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EFFECT OF STRUCTURAL FORBIDDENNESS IN FUSION
OF HEAVY NUCLEI '

Yu.M.Tchuvil’sky!*3, G.G.Adamian?%*, N.V.Antonenko®®
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With a microscopic approach based on the formalism of irreducible
representations of the SU(3) group the influence of structural forbiddenness
on the fusion of heavy nuclei and the dinuclear system phenomenon are
investigated for different symmetric and asymmetric reactions used in the
synthesis of heavy and superheavy nuclei. A large hindrance is obtained for
the motion to smaller elongations of dinuclear systems. The comparison of
the calculated energy thresholds for the complete fusion in different relevant
collective variables shows that the dinuclear system prefers to evolve in the
mass asymmetry coordinate by nucleon transfer to the compound nucleus.

With an algebraic description [1,2] we try to study the structural forbiddenness effect

on the fusion of heavy nuclei and the factors decreasing forbiddenness, and the competition
between two possible fusion channels. The first one (R-channel) is the transition of the
dinuclear system (DNS) into the compound nucleus with increasing neck and decreasing
relative distance R between the centers of interacting nuclei at fixed mass asymmetry
n = (A2— A)/A (A, and A, are the mass numbers of the DNS nuclei and A = A, + 4,).
The second channel (-channel) is the evolution of the DNS to the compound nucleus
in mass asymmetry by nucleon transfer from a light nucleus to a heavy one [3-6] (DNS
concept).

The concept of structural forbiddenness [1] is based on the difference created by action
of the Pauli principle between the compound state and the heavy cluster state. If the wave
functions of colliding ions are described with the oscillator quanta numbers N4, and Ny,,
the differénce n = Ngy — N4, — N4, determines the minimal number of oscillator quanta
for the wave function of relative motion characterizing by the number of nodes (n —1)/2
({ is the angular momentum of relative motion). This is referred to the Talmi-Moshinsky
rule which holds good for light cluster channels. For heavy cluster channels the problem
is essentially more complicated. For the fusion channel A; + A, — A, with the wave
function

\I’A1+A2 = A{\PAllIlAzd’(R)L (1)

where U4, are the cluster wave functions which have the lowest numbers N4, allowed by
Pauli principle, $(R) is the function of their relative motion along collision axis z and A
is operator of antisymmetrization, the minimal oscillator quanta Ny, 14, is determined
by application of the SU(3) group theory [1,2]. The fact is that ¥4, 4, and ¥, belong
to different SU(3) (or Sp(2,R) for deformed nuclei 4, and Ay) representations. We have
to construct the U(3) irreducible representation [f, f, fz] for ¥ 4,44, which possesses by
minimal sum f; + f, + f, and does not vanish with antisymmetrization. The proper
procedure for the construction of the vector of highest weight of this representation is the
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use of the vector of highest weight for the wave function of the relative motion and the
vectors of lowest weights for the wave functions of the fragments which possess by the
maximal value of the sum f{V + f{ + 7@ + £ (upper index denotes the fragment).
The resulting Na, 44, value turns out to be essentially large than Ny if the ‘mass of
the lighter fragment is rather large. Therefore, in heavy ion physics we obtained tl{e
generalization of the Talmi-Moshinsky rule. The minimal difference ¢ = Npy+a, — Nais
referred to the degree of structural forbiddenness for fusion channel 4, + 4, — A. The
wave function W4, 4, of the DNS has nonvanishing overlap integral with wave function
¥4 of the compound nucleus if Ng, 44, > Na+gq.
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FIG. 1. The degree of structural forbiddenness g as a function of mass asyminetry 4 (solid
line) in the DNS correspouding to 2*Fm compound nucleus (upper part). The contributions to
g from protons and neutrons are presented by dotted and dashed lines, respectively. Potential
energy of the DNS corresponding to 26Fm compound nucleus as a function of mass asymmetry
7 at zero angular momentum (low part). Solid and dashed lines present the results obtained
with realistic and liquid drop binding energies in (2), respectively. The spherical nuclei were
taken in the DNS i
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The forbiddenness effect is model independent and the SU(3) approach is only the
simple method to determine it. The numbers N4, may be larger than lowest ones allowed
by the Pauli principle due to the same reasons as in the compound nucleus. As the

result, the order of structural forbiddenness g slightly decreases. With the pole-to-pole . .

orientation in the DNS consisting of the deformed nuclei the values of ¢ are larger than
ones for the DNS with the spherical nuclei. Since in the collisions near the Coulomb
barrier this orientation effect is more important than other effects leading to the decrease
of g, in our calculations with spherical nuclei we obtain the minimal value of g.

The quantity By = hwq (fw = 41MeV A~1/3) is a qualitative estimation of the minimal
energy thresholds for the fusion in relative distance R degree of freedom at fixed mass
asymmetry 7. If the excitation energy of system is much smaller than the value of By,
the fusion process in the R-channel is strongly forbidden.

One can see in Fig. 1 that the dependence of ¢ on 7 is not monotonic, the g-value
is maximal for almost symmetric combinations and it decreases with increasing 7. The
neutron subsystem mainly contributes to the g-value for small mass asymmetry. Since
the absolute values of g (or Bg) are large for not very asymmetric DNS, there is a strong
hindrance for the evolution of these DNS to smaller R due to the large energy barrier
between the initial DNS and compound shapes. The reason is likely that the shape
change must proceed via intermediate shapes that have higher energy.

50 ¥ T T T T T

Ax+208pb . 209Bi

a0t
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S 20t
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FIG. 2. The degree of structural forbiddenness ¢ for different Pb- and Bi-based reactions as
a function of mass asymmetry of the entrance DNS. The contributions to g from protons and
neutrons are presented by dotted and dashed lines, respectively

The potential energy [4,5]
U(n) = B1 + B2+ V(Rm,n) — B (2)
of the DNS leading to the same 2*Fm compound nucleus as function of mass asymmetfy

7 is presented in Fig. 1. In Eq. (2) By, B, and B, are the realistic (for small excitation
energy) or liquid drop (for large excitation energy) binding energies of the fragments and
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the compound nucleus, respectively. The DNS are localized in the minimum of the pocket
of the nucleus-nucleus potential V(R,n) at R = Ry, = By + R, + 0.5 fm ( R; and R,
are the radii of the DNS nuclei). In the DNS concept [3-5] the complete fusion occurs
through the n channel. It is in opposite to the macroscopic models in which the fusion
is mainly considered as the motion in R-channel. The complete fusion in the 7-channel
is assumed to occur when the DNS overcomes the maximum of U(n) (Businaro-Gallone
point) at n = nge [4] (Fig. 1). The value of B, = U(npg) — U(m;) (m; is 1 for the initial
DNS) supplies the hindrance of complete fusion in the DNS concept. The energy required
to overcome the fusion barrier By, is contained in the DNS excitation energy. Starting
with hypothesis that DNS configurations do not dissolve in the R-channel, the DNS fusion
model gives impressive agreement with the experiment [4,5].

Table 1. Calculated with the DNS model [th.] [5] and experimental [exp.] [9] evaporation
residue cross sections for several 1n Pb-based reactions. Calculated [th.] values of excitation
energy Efp of the compound nucleus are compared with the experimental [exp.] ones. The
values of ¢, Br and By are explained in the text.

Reactions Ety [th]|Egy [expl]| By, |q| Br | 0n | Om
(MeV) | (MeV) [(MeV)| [(MeV)| [th.] |[exp.]
SUTi4-208Ph 258 104| 16.1 16 47 120} 129 }14.3nb{10 nb
54Cr+-2%pPb —%? 106 16.0 15.5 5.5 (22| 141 (0.4 nb |0.5 nb
8Fe+205Ph 266 108  15.5 148 | 7.2 |24 153 | 48 pb |70 pb
SINi+2%Pb 272 110 10.7 10.5 7.2 [30] 190 |{ 17 pb {15 pb
MZn+2%pPh —»27% 112 9.8 10.0 8.8 (40| 251 |1.8 pb|0.5 pb
0Zn4+29Bi —27 113| 10.6 9.3 (40| 250 |0.2 pb

It is seen in Fig. 1 that the fusion barrier B, for the initial DNS increases with
decreasing i (7 < npg). The decrease of the fusion cross section with 77 was experimentally
confirmed [7]. The comparison of calculated energy thresholds for complete fusion in
the R- and 7- channels demonstrates the preference of the 7-channel considered in the
DNS concept. For |] > |ngg|, the very asymmetric systems can fuse in the 7-channel
as well as in the R-channel. As follows from our analysis, in the R-channel as well
as in the n-channel the complete fusion in symmetric reactions (1; = 0) yields smaller
cross sections in comparison with asymmetric combinations. With the large g-values the
nuclei of the DNS keep their individuality during the evolution to compound nucleus
in . The effect of structural forbiddenness is the one of reasons for the stability of
the DNS against the dissolution into the R-channel. In addition, within the microscopical
treatment (8] we obtained the large inertia and friction coefficients for the neck coordinate
which supply the long lifetime for the DNS-type configuration and the applicability of our
algebraic approach to calculate the energy threshold in the R-channel. There is strong
correlation between large mass inertia and large degree of structural forbiddenness for
the heavy DNS. Since the g-values are very large for heavy DNS and the fusion is quite
fast process, the system has no time for destroying the "nuclear memory” about the
structural forbiddenness (2,6]. This time, which is necessary to reorganize the densities of
the system for the transition from frozen density to the adiabatic potential, is related to
the characteristic time 7 for the deformation (neck) degrees of freedom. The value of 7 is
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comparable with the fusion time and correspondingly the fusion process is mainly ruled
by the frozen density potential.
For the reactions '#*Sn+'#38n, **Sn+'249n, 1328n+-1328n, 130Xe+130Xe, 196Xe+136Xe,

136X e+142Ce, 136Xe+!""Er and *2Te+'3Ba we obtained g=46, 44, 40, 40, 40, 42, 44 and- -

40, respectively. Since the fusion probabilities in symmetric reactions with heavy nuclei
are very small in the R and 7j-channels (B, > 20 MeV), one can not expect large yields of
evaporation residues in these reactions. In the reactions 2?Bi + !%6Xe and 298Pb + 197Ay
the dominance of the binary reaction channel at bombarding energy till 30 MeV /nucleon
[11] is supported by large g-values 40 and 96, respectively.

For symmetric and Pb~, Bi-based reactions in Fig. 2 the obtained g-values are large
enough for keeping the DNS configurations and their evolution in 7 or decay in R. The
barrier in R-channel is much larger than one in #-channel but the trends of these barriers
on the charge number Z¢y of compound nucleus are similar. The experimental {9] evap-
oration residues cross sections opp are in agreement with the data calculated with the
fusion in 75 [5] (see Table 1). :

20}
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FIG. 3. Calculated values of ¢ for actinide-based reactions **Ca+%2Th, 24/Pu, 23Am,
28Cm, 29Cf (solid line), 4°Ar+22Th, 244Pu,83 Am, 248 Cm, 249Cf (dashed line) and 3284243Am,
248Cm,?"9Cf (dotted line) as a function of atomic number Zcy of the compound nucleus

The results of Fig. 3 show that g¢-value decreases with increasing atomic num-
ber of target-nucleus for actinide-based fusion reactions [10]. For the reaction
BCa+219CE—27118, the g-value is the smallest one and Bg=25 MeV. The fusion barriers
By, in mass asymmetry are 7, 9, 11 and 15 MeV for the reactions #Ca+232Th— 289110,
BCa+P8U—20112, ¥Ca+2*Pu—22114 and *¥Ca+2"9Cf—-27114, respectively. For the
reactions Z8U+50Ti, *Cr, ®Fe, %Ni, Zn we obtained ¢=12, 10, 8, 8, 14, respectively.
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For these reactions, the fusion barriers B, are large (in comparison to the ones in reac-
tions with **Ca) but much smaller than Bp. For very asymmetric actinide-based fusion
reactions with 4, <12, Bp=8B,=0.

With the concept of structural forbiddenness we demonstrated large energy hindrance
for the motion to smaller R in the initial DNS. Therefore, the internal fusion barrier in R
seems to be much larger than the barrier in 7. The actinide-based reactions with *Ca and
lighter projectiles are seemed to be useful for producing superheavies beyond Z = 114,

This work was partly supported by RFBR, grant 00-02-16683.
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Octupole deformation in the actinides

and the Interacting Boson Model

N.V. Zamfir
WNSL, Yale University, New Haven, CT 06520, USA

The occurrence of nuclear octupole deformation in the framework of the Interacting
Boson Model and the SU,pq(3) dynamical symmetry are discussed. The predictions
of spdf calculations in the actinides that at medium spin there is an onset of octupole

deformation are in agreement with phenomenological staggering index results.

1. INTRODUCTION

Octupole deformation in atomic nuclei have attracted over the years a widespread inter-
est. The question of the existence of octupole deformation is still open and the evolution of
octupole correlation is not yet very well understood. There is yet no definite answer which
nuclei are octupole deformed, if any, or in which conditions strong octupole correlations
occur. The difficulty arises from the fact that there are no specific established phenomeno-
logical criteria for the degree of octupole collectivity.

Experimentally, one of the most unique features of the presence of octupole modes is
the appearance of alternating parity rotational bands in the form 0%,17,2%,37,.. [1]. If the
octupole degree of freedom is a vibration built on the ground state, as is typical in quadrupole
deformed nuclei, the negative parity states appear at rather high excitation energies, well
separated from the positive parity even members of the ground state band. If significant
octupole deformation is present, the negative parity states lie much lower and can form an
alternating parity sequence with the positive parity levels. Jolos and Brentano [2] related
the observed parity splitting to the barrier height of the potential and the tunnelling effect,
as a main source of the parity splitting, was calculated in the quasiclassical approximat‘ion
[3). It was shown by Jolos et al. [3] that there is a strong spin dependence of the parity
splitting and a phenomenological unified staggering index can be introduced (see for ex. Ref.
2, 4)). |
In this article, dedicated to Slava Jolos on the occasion of his 60th birthday, a rotational

dynamical symmetry of the spdf-Interacting Boson Model related to the onset of octupole
deformation will be discussed and the results for actinide nuclei will be presented.
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II. ROTATIONAL DYNAMICAL SYMMETRY SUgpq:(3)

Dynamical symmetries of the Interacting Boson Model (IBA) [5], as idealized limits
of nuclear collectivity, play a major role in the study of positive parity states in nuclei.
Although, the negative parity states were also successfully described in the framework of
the IBA, none of the dynamical symmetries of the spdf model have been yet fully exploited.
The dynamical symmetries of the associated group, U(16), were studied [6] and completely
constructed and classified [7).

An interesting dynamical symmetry is the rotational limit defined by the group chain:

Uspar (16) D Usy(6) @ Up(10) D SU(3) ® SUps(3) D SUsper(3) D O (3)

(1)
Ng Ny N_ Asps)  (Aop-) (Aw) J
This subalgebra separately conserves the number of s, d(N, ) and p, f(N_) bosons.
A simple dynamical symmetry Hamiltonian for this rotational limit is:
H=e¢ N_- “Qapdf : Qspdf )

where ¢ = ¢, = ¢; is the boson energy, N_ = iy + Ay is the boson number operator, and
Qopar = Qea + Qs is the quadrupole operator of SUspgr (3)-

The spectrum is given by:

(3)

Figure 1 shows a typical spectrum corresponding to this symmetry. The ground state

E=¢ N_~- g[z\2+u2+/\,u+3()\+lt)]+gnJ(J-f-l)

and the first excited negative parity band are not dipole-octupole deformed, since N_ = 0

. and 1, respectively. Rather, this deformation (N_ = 2 and 3, respectively) sets in at higher

excitation energy (the right-most and left-most bands). If e_/k(2Np + 4) = 1 these two

bands will form a rotational band of alternating parity states (0%,17,2+,3-,...).
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FIG. 1: Spectrum of the SU,,4(3) dynamical symmetry [Eq. (3)] for Np(total number of
bosons)=9, e_=0.4 MeV, £=0.014 MeV. The number of negative parity bosons, N_, and the

rotational quantum numbers (A, p), are indicated for each band
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III. IBA-SPDF CALCULATIONS FOR ACTINIDE NUCLEI

An extensive study of transitional and rotational actinides in the framework of the IBA-
spdf model shows that. while the properties of the low-lying states can be understood with-
out stable octupole deformation, higher spin states in some of these nuclei have properties
which suggest that octupole deformation develops with increasing spin [8].

An Hamiltonian containing the essential degrees of freedom of the evolution from vibra-

tional to rotational structure is:

i H = e4fg + €pfty + €4ty ~ I{def . Qspdf (4)

The numerical diagonalizations were done using the computer code OCTUPOLE {10].
The IBA calculations were performed for Rn, Ra, Th, U, and Pu nuclei and some of the
results were previously reported in Refs. [8, 9]. The energy of the d boson was ¢; = 0.3 Mev
and the strength of the quadrupole-quadrupole interaction x = 0.014 MeV. The presence
of all terms in the Hamiltonian prevents the appearance of a pure dynamical symmetry.
However, in some cases (***?*Ra, *®Th), as can be seen in Fig. 2, ¢, = ¢, and, except for

the 1nion zero ey, it is precisely the Hamiltonian [Eq. (2)] for the above mentioned dynamical

syminetry.
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w €1 / € - €y .

FIG. 2: The energy of the p and f bosons used in the IBA-spdf calculations

An important effect of the term ¢4y is that the bands do not have now the same moment
of inertia. The dipole-octupole deformed bands (the K™ = 0+ band with N_=2 and the

K™ = 0~ band with N_=3) have a larger moment of inertia than the yrast positive and
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negative parity bands. Consequently, at a medium spin the dipole-octupole states become

yrast states. The content of pf bosons in yrast states for positive parity is 0 (at low spin) or

2 (at high spin) and, similarly, for negative parity states is 1 or 3 since the above Hamiltonian

conserves separately the number of sd and pf bosons. An additional dipole-dipole interaction
mixes the states with different pf components. If the interaction is very small the energies
are only slightly affected. However, the pf content, due to the increasing with spin of the
mutual interaction, is changed, especially at higher spin. The content of pf bosons in yrast
states will increase with spin.

Figure 3 shows a comparison of the experimental spectra of 22Ra and 228Th with the IBA
calculations. The positive parity band, labelled “a” contains almost no pf bosons at low
spin and the band labelled “c” is primarily composed at low spin of (p f)? bosons. HoWever,
at higher spin (J ~ 14h for *6Ra and J ~ 20h for ?®Th), the states in bands “a” and
“c” mix strongly and the (pf)? character of the wave functions now appear in band “a”.
Similarly, the content of pf bosons in the negative parity yrast band K™ =0~ is increasing
with spin from mainly (pf)' at low spin to (pf)® at high spin. Figure 4 shows that the
amount of negative parity bosons in yrast states, i.e., the dipole-octupole deformation is
increasing with spin with a sudden increase at spin J ~ 14% for 226Ra and, although less
evident, at J ~ 20h for 28Th. ‘

This behavior is mirrored by the data. Figure 5 shows the empirical spin-dependent
signature splitting index S(J) [2, 4] for **°Ra and #*Th. The critical spin where S(J) ~ 0,
ie., where there is the onset of strong octupole correlations, is indeed J ~ 14k for 226Ra
and J ~ 20h for 28Th.

IV. CONCLUSION

A systematic study of the transitional actinides in the framework of the Interacting

Boson Model with s,p,d, and f bosons shows that some of these nuclei are very close to

the rotational dynamical symmetry SUgpge(3). Although, in the ground state these nuclei

are not octupole deformed, the octupole correlations increase with spin and at medium spin

there is an onset of octupole deformation, in agreement with phenomenological analysis.
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FIG. 3: Comparison of the experimental spectra of 22°Ra (11,12] and *8Th [13-15] with IBA-spdf

calculation with the Hamiltonian in Eq. (4) with the bage containing up to 3 negative parity

b . L .

% osons) and a very small dipole-dipole interaction (0.0005 MeV). The other Parameters are Np=9,
4 =0.3 MeV, ¢ = ¢; = 0.63 MeV, k = 0.014 MeV for %Ra and Np=10, ¢; = 0.3 MeV, ¢, = ¢5
=0.74 MeV, & = 0.014 MeV for 228Th. At low spin, the pf composition in the bands is mainly

npf:O(for band ((a”), I(Nb”)’ 2(“(:!7)’ 3(“d”)’ O(K‘e”), and 0(“{)7)
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A soft mode in a finite Fermi-system:

anharmonic effects near the instability point

Vladimir Zelevinsky'? and Alexander Volya?
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2 National Superconducting Cyclotron Laboratory,
Michigan State University, East Lansing, Michigan 48824-1321 USA

We consider a finite Fermi-system where the residual interactions create
a soft mode of the excitation spectrum. Because of the large vibrational
amplitude, the standard random phase approximation does not work in this
situation. We develop a regular method for constructing the anharmonic
potential and illustrate the application of the formalism by a simple model.

I. INTRODUCTION

The appearance of a soft collective mode of vibrational nature is quite common in nu-
clei and in other mesoscopic quantum systems, such as atomic clusters. The conventional
theoretical way to handle this situation [1-4] goes along the standard line: meéan field (MF)
— residual interactions — random phase approximation (RPA). The MF determines the
symmetry of the system around the ground state and corresponding elementary excita-
tions, fermionic quasiparticles. The residual interactions include both coherent effects and
collision-like processes responsible for the chaotization of motion and lead from a Fermi-
gas to Fermi-liquid. The formation of coherent modes is described within the framework
of the RPA where the quanta of those modes are treated as independent quasibosonic
excitations [2,4]. In the low-lying states, kinematic corrections due to the fact that the
quanta are built of fermions, as well as high order dynamic effects, can be accounted for
perturbatively [2,5].

The RPA-type theories become insufficient when, in some region of the parameters, the
vibrational frequency w approaches zero. The vibrational amplitude then grows o< 1//w
revealing the instability of the MF. In a finite system, this is not necessarily a vestige of
a phase transition or sharp restructuring of the system. Rather it might be a signature of
the failure of the theoretical consideration based on the picture of harmonic vibrations.
For instance, a low energy of the first excited quadrupole state does not mean that the
nucleus becomes deformed. In the regime of large amplitude collective motion, we need to
reject the harmonic approximation and find a way of calculating the anharmonic effects
which cannot be here treated as small corrections.

The estimates [6], as well as more detailed unrestricted MF calculations, show that
in the quadrupole case the effective potential is close to the vy-unstable {7] quartic one,
~ %, and the spherical symmetry of the MF still holds but only on average. The popular

| interacting boson model [8] with the phonon number fixed by a number of fermion pairs

cannot describe the soft vibrational bands which stretch to very high spins. In this sense
the phenomenological models [9-12] based on a specific form of the collective quadrupole
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Hamiltonian are more successful. The onset of deformation occurs beyond the point of
the RPA instability when some previously unoccupied configurations sharply lower their
energy as a function of deformation and thereby select the equilibrium static value of +,

usually ¥ = 0. The macroscopic analog of this scenario would be the first order phase....-

transition.

Below we consider a typical collective soft mode and show a way of constructing
the effective nonperturbative anharmonic potential for large-amplitude collective motion
starting with the full microscopic many-body Hamiltonian. We present only the skeleton
of the formalism and apply it to the Lipkin model known as a testing ground of various
theoretical approximations (the first version of this approach was published in [13]).

II. GENERALIZED DENSITY MATRIX

It is convenient to use the operator language with the generalized density matrix
(GDM) as the main tool [14-17]. We consider a truncated single-particle space of orbitals
[1) of full dimension Q. The GDM is the set of the operators

R12=a;a11 (1)

where a and a' are fermionic operators in the second quantization (in a similar way, one
can consider Bose-systems), the subscripts 1,2 form a matrix in single-particle space §,
and each element R, is an operator in the many-body Hilbert space. These operators
generate a closed SU(§) Lie algebra given by the commutation relations

[Ri2, Ra3q) = 614 Raz — 623 Ry 4; (2)

the trace of the GDM in single-particle indices (tr) gives a number operator, tr(R) = N.
The GDM is Hermitian in the combined space of single-particle and many-body variables,
RI? = R3;. ‘ -
The dynamics of the system are governed by a standard Hamiltonian which contains
one-body and two-body terms, ‘

1
H=Y eala+ i Y Viaaualalasas, @) .

1,2 1,2,3,4

where €;2 = €5,
combined space) as a linear functional of the GDM,

1 1
Wu{R} = 2 Z WVigas B3z = 2 222 V12,34 a; asz. (4)
2,3 ) ,

The hamiltonian in eq. (3) can’also be written in terms of the GDM. -
The equations of motion for the creation and annihilation fermionic operators are

[a1, H] =Z(612+W12)‘12, [a{, H] = “Z 02(621+W21), (5) ,

2 2

whereas the total GDM (1) satisfies the nonlinear operator equation
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WVi2;34 = Vj5,21, and we assume the antisymmetrized form of the two- .
body interaction. We define a self-consistent field W (similarly to R, an operator in the.

i

[R, H] = [e+ W{R}, R]. (6)
These equations are still exact. Here the commutators are understood to act in the
combined space, for example,

[W,R), = Z(Wm]faz — Ri3Wa,); (7)
3

all elements are many-body operators.

III. MAPPING ONTO COLLECTIVE SPACE

Now we make two crucial assumptions: (i) there exists a “collective band” as a set of
stationary states which are coupled by strong intraband transition amplitudes while the
transitions to the states of a different nature are weak and can be ignored, or be taken
into account perturbatively later; (ii) the nomenclature (quantum numbers) of the band
states can be built with the aid of the operators of collective coordinates a and conjugate
momenta m. These assumptions are fulfilled accurately [18] for low-lying quadrupole
vibrations in medium and heavy spherical nuclei where it is known that the quadrupole
transitions from the ground state are nearly saturated by the first excited 2+ state, which
in turn gives rise to transitions to the “two-phonon” triplet of states 0+, 2+ and 4+, and
so on. This means that there is a good correspondence between the ideal quadrupole
phonon space and realistic spectra in spite of the fact that the predictions of the naive
model of harmonic quadrupole vibrations are badly violated. If so, the observed states
can be generated by the quadrupole coordinate and momentum operators ag, and 7y,
although the collective Hamiltonian H (e, ) might be very far from the harmonic one.

According to our assumptions, the collective subspace is spanned by the operators o
and 7 with normal commutation relations

e, 7] =1, (8)

and their high order products. For simplicity we take here scalar quantities; the rotational
tensor character can be introduced in a straightforward way. The general form of the
eflective Hermitian collective Hamiltonian acting within this subspace is

H=Y

m,n

Almn)
[@™, 7"]4. (9

2mn

Our goal is to derive the unknown c-number coefficients A from the microscopic Hamil-
tonian H, eq. (3). This can be done by the corresponding mapping of the exact operator
equations of motion (6).

We are interested in the matrix elements of the equations of motion between collective
states. Since the dynamics are saturated in the collective space, we leave as the interme-
diate states in those equations only the states within the band. Then operators R and 1}*
can be effectively represented by the functions of & and = similarly to (9),

L L NN R e (10
= a™, 7"y, = a™, 7", . 1
m,n 2mn * mn 2mn +
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The question of mapping is now formulated as a problem of finding a set of numbers A(™")
and quantities r(™ ™, (™™ (matrices in single-particle space) which express the contribu-
tions of specific elementary excitations to a given collective operator. The corresponding
parts of (™™ and w(™" are interrelated by the self-consistency conditions (4).

Physical arguments of time-reversal (T) invariance and the possibility of canonical
transformations in the collective space, such as shifts and rescalings of collective variables,
allow us to consider only A™") with even n and start the sum with the harmonic terms,
(mn) = (02) and (20), so that eq. (9) becomes (A®? = 1/B, A = ¢ give the mass
and force parameters of the harmonic part)

(30 (12) (40) (04) (22)
ATa3+A4 [a,7r2++A a"-}-A ! A

1 c n
4 4 8

_ 22 _12
H=spmtgo+

(11)

Under our assumptions, the full operator equations of motion (6) should be satisfied
inside the band. Therefore we require that in this space

[R, H + e+ W{R}] = 0. (12)

Commutators involving H and ¢ in the above expression are simple since H does not

contain single-particle variables, whereas ¢ is a c-number matrix in the Hilbert space.’

The commutator of W with the GDM is more complex as both operators act in the
combined space. :

Below we show the lowest order equations. As seen from (12), it is convenient to
introduce a self-consistent MF Hamiltonian as .

h=e+Wip}, (13)

and a self-consistent RPA operator I defined [15,16] by its action on an arbitrary single-
particle matrix r,

Lr =[] + W{r}, o). (14)

In egs. (13) and (14) we used the ground state single-particle density matrix p = r(09,
The lowest static part, (mn) = (00), produces a set of the MF equations

0= [h, p] +i6C%, (15)

where 8% is a correction to the usual Hartree-Fock approximation from higher orders
which changes the average MF single-particle occupancies (eigenvalues of p) due to the

fluctuation effects coming from the soft mode [17]. The next set of equations corresponds :

to the parts linear in o and 7 operators (T-even and T-odd terms, respectively),

—iAGRORO) _ f(10) 4 ;5(10) , (16)

ACDID) 00 4 o0 an

These terms are analogous to the RPA although it is not assumed that the occupation
numbers are 0 and 1. The following three equations in quadratic order are
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[ 7Yy +....

A0 _ jA(30),.001) Li.co + [w9, r(19] 4 620 (18)
2

—iARO02) | jA0D,(20) 4 jA0DL(10) = FOD) 4 1y, (10) pO1) 4 [w®8, (0] 4 4601
(19)

A0, (1) _ ;a2 00 % £ 4 [ (O1] 4 50D (20)

We limit ourselves here to the fourth order of anharmonicities, i.e. cubic operators in
equations of motion. The four corresponding equations are

R 1 1

GO 4 5 [w(20)’,.(10)] + 5 [w(“’),r(“’)]
+i6G0)

—iACROL(12) 4 A 02).(30) IA(B0)(02) + iA(12),(20) + .;_A(”)r(l 0)

_LAo 1) _ jAB0) (1) _ j5(0),01) — %
2

iren é (020, D] 4 (1), A00)] 4 %{w(on), P(20] 4. (010 FA1] 4 j521)

B} —

_iACO,03) 4 A02),01) 4 % A2 _ % AQ2,01)
= 5 L 4 500,100 4 [, O] 4 D, 1] 4 2 1,0, 0] 4 g0,

. 1 1
Pr©@3 4 5 [0, O] 4 5 [w®), +02)]

i (02),.(12) _ 1 (12),.(02) 4 ;A(04),.(10)
2/\ r ‘)A r®% 1A
+46(03) (21)

1
3

The higher order corrections 509 arise from the commutators [R, W] and [R,#],

500 % ({w(m)) rO] o), r09) 4 ) ,

- (%A(zo)rus) - %A(oz)rwu + %A(SO)T(%) - %A(”)r(“) +.. ) . (22)

Each next term denoted by dots is four orders higher than the previous one. Furthermore,
the lowest correction due to [R, W] is always two orders higher, while the terms from
{R, H] are four orders higher, than the similar terms in the left hand side of (21). Their
contributions become less important [6] because there the small statistical weight < 1/v/Q
of the collective mode is not sufficiently compensated by the inverse powers of the low
frequency w. We can note parenthetically that this compensation can occur only in ﬁx}ite
systems so that the whole approach is tailored for mesoscopic physics. Since the typl.cal
estimates for the realistic soft modes show the dominance of the quartic anharmonicity,
we keep the main corrections to the RPA terms

5010 — ;: ([w(zo), r(m)L — [w(m)’ r(zo)]+ + [w(lo), A 1)]+ - [w(l n, ,.(10)]+> . (23)
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son _ % ([ an, T(OI)L ~ [weD, ,,(u)]+ + [wt, r(tn)]+ = [wed, ,(m)L) . (24)

Let us stress here that the method suggested above differs from numerous attempts at

boson expansion, see [5] and references therein. We do not map the wave functions

from the microscopic space to a bosonic one. We also do not map directly the operators
of observables. We map the equations of motion explicitly truncating the intermediate
states. This method is regular, does not violate general principles, and, being in fact
variational, allows for the further improvements by including other intermediate states.

IV. LIPKIN-MESHKOV-GLICK MODEL

Using the commonly accepted procedure of testing the validity of many-body approx-
imation techniques, we apply the method to the two-level Lipkin-Meshkov-Glick (LMG)
model [19]). The space contains two single-particle levels of energies +¢/2 with a large
degeneracy {2/2 of each of them. We label the § fermionic states™by quantum numbers
(ol), where ¢ = £1 denotes one of the two single-particle levels and | = 1,2,...,8/2

distinguishes the degenerate states on each orbital. The many-body Hamiltonian of the

system is

€ 1 v
H = 52‘7“;,:%.! + §V > af,,,al,,, Q0,11 Gy, - (25)
a,l

ol

The special feature of the problem is that the collective dyriamics are expressed in terms
of the quasimomentum operators Jx, J,,

) 1
Je=Jdl = +iJ, = > 111,1,10—1.{, J, = 5 > o‘a;,,aa,l. (26)
] a,i

The Hamiltonian (25) can be expressed as

1 ‘
H=¢l, + -2-V(Ji +02) =l + V(JZ~JD). (27)

The LGM model is ideally suited to our approximate mapping procedure. The SU(2)
symmetry of the problem can be also combined with particle-hole symmetry, which allows
us to limit the consideration to the cases with the particle number N < 2/2, and discrete

symmetries (we can take V > 0 without loss of generality). For the unperturbed system,

V =0, the ground state with all N particles on the lower level belongs to the largest
representation J = J, = N/2 with J* = [(N/2) + 1}(N/2), and then J, is an operator
that creates a collective state. In this model the collective degrees of freedom are decoupled
exactly, and we need to reproduce the equations of motion '

v

Vo, H) = —iedy, —iV[J,, L]y, [, H) =iedy ~iV]Js, L]y, (28)
[Jay H] = 2V J,, J,)s (29)

in the mapped space of collective variables o, m , with a collective anharmonic Hamiltonian
(11). The kinematic constraints, analogous to eq. (2, arise from the mapping of the
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quasimomentum algebra onto a Heisenberg algebra of a and #. These constraints can be
accounted for by the Holstein-Primakoff transformation

Jy=Jl= AN20 - A4 = 2T 41— AL, = —d 4 A4, (30)

where operators A and A" are bosonic aunihilation and creation operators, [A4, A1) = 1.
The RPA corresponds to keeping only quadratic terms in .4 and A' which leads to
the RPA Hamiltonian

/
Hppa = —¢ (J + é) + é(A'A+ AAN + 14—\/16J2 -1 ((A')2 + A’) . (31)

The diagonalization of (31) results in the harmonic approximation with an RPA frequency
20

1
Wips = € — V2 (4J2 - 4-) . (32)

The instability point, V'? = €?/(4J?), exists in all J-subspaces emerging first for the largest
J with a greater degree of collectivity.

The collective coordinate and momentum can be introduced with the aid of the canon-
ical transformation

1 !
A= — ({ua 4 vr), A"=—~iua+v7r, uv = —1. 33
T liuatum), A= ) (5)
The LMG model has only even order anharmonicities, and in our choice of expansion
the correction to the n-th order will come from the (n + 2)-th order in o and #. An
expansion up to the sixth order retaining only quadratic and quartic terms is necessary
for determining the effective quartic Hamiltonian. The appropriate choice of © and v as

16J% +8J — 1\'/? 1
= e = —_—- 4
u (e+V T ) , v " (34)

sets a scale of the collective Hamiltonian at B = 1 and the parameters in eq. (11} as

2 v 2 2(16‘]2—*_8‘]—1)2 2 252
= = - —_—— ) —-4Vv:J y 5
w'=0C=¢-V 20677 = 1) € (35)
320° —2J — 1 320% -2 —1\ \
A(40) = 2V (m) ’U4 ~ VU", A(04) = —2V (m) VvV —Vv .
(36)

At the instability point of w — 0, assuming that J > 1, ¢ 3> V, we obtain an approximate
collective Hamiltonian (V > 0) :

w? 4y, 4 -
H=-2—+4c Va'. (37)

The negative 7% term in the collective Hamiltonian is very small in the vicinity of the
instability point in contrast to the quartic potential o which has large matrix elements

107



because of the large amplitude of collective motion. This is a typical situation which
emerges with a suitable choice of collective coordinates (T-even) and collective momenta,
(T-odd). The next order terms and, in general, coupling to non-collective space, will
correct the behavior of the n* term but this is not important for low-lying states.

4
, 10 . .
> y N
e 10° | "l ——- A*%0% |
@ _—
8
C 1
a
c
§e)
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©
= ] + + ]
‘ exact '
i — — - anharmonic
---- RPA

~
11 " N s

0.1

EO
O =L MNMWHAOO N

o
o
o
a

FIG. 1. Parameters of the collective Hamiltonian (harmonic frequency and quartic parame-
ters) for the LGM model with N = 20 particles in the largest representation J = 10 as a function
of the interaction strength V' (e = 1), upper panel (note the logarithmic scale with the strong
growth of A% at the point of the RPA instability); excitation energies of the first five states for
the same case of the LMG, exact solution, solid lines; RPA solution, dotted lines; anharmonic

oscillator solution with the 7% term ignored, dashed lines, lower panel

In Fig. 1 we show the behavior of the harmonic term (w) and quartic corrections A“%
and A in the dimensionless normalization, upper panel, and present a comparison of the
exact LMG model spectrum (solid lines), RPA solution (dotted lines), and an improved
anharmonic oscillator solution with the ignored divergent #* part (at large V it should
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be included along with the high order coordinate terms), lower panel. The anharmonic
effects produce a dramatic improvement as compared to the RPA. At the point of the
RPA instability, the contribution from the large quartic potential restores the stability.
As the interaction strength V increases, the effective potential
Ula) = Lo 2, 1)) 4
(a) = zw’e’® + A (38)
2 4

evolves, Fig. 2, from the harmonic oscillator to a pure quartic oscillator at the instability
point, and to the “Mexican hat” potential with two minima. In the last limit the lowest
states of opposite parities located in the minima become degenerate as clearly seen in
Fig. 2 (“chiral symmetry”). Contrary to the macroscopic second order phase transition,
the higher states are located above the barrier and feel only the main quartic potential.
A similar phenomenon should exist in soft nuclei beyond the RPA instability point when
only the lowest states are influenced by the presence of the minima in the § coordinate;
however, there the minima are connected along the  coordinate which is absent in the
LGM.

6

X
B4y !
<
& 27 ]
o3
O ‘
L
D_z 1 Il 1 1 L 1 L Il 'l

-2 0 2 -2 0 2 -2 0 2

o

FIG. 2. The spectrum of the lowest levels in the model of Fig. 1, dasheé lines, and the shape
of the effective potential U(«a) for (a) V = 0, the harmonic limit; (b) V = 0.05, pure quartic
potential at the RPA instability point; (c) V = 0.08, beyond the instability point, the splitting
of the levels of opposite parity (symmetry in J, in the limit of VJ? 3> ¢) below the barrier

decreases as V increases

V. CONCLUSION

We have suggested an alternative approach to the construction of a collective Hamil-
tonian for large amplitude collective motion in a finite Fermi system in the presence of
a soft vibrational mode. In such a situation, the RPA is insufficient as near the RPA
instability the anharmonic effects dominate. The advantages compared to conventional
techniques, such as the generator coordinate method, are related to a fully quantum con-
_sideration which does not require the derivation of an approximate classical Hamiltonian
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with the subsequent ill-defined procedure of requantization. It differs from the approaches
utilizing various versions of the boson expansion in the variational character of the for-
malism. We can vary the collective space assuming the saturation of the exact operator
equations of motion within-a part of total Hilbert space. With our techniques we also
avoid the slow convergence problem of the naive boson expansion.

Of course, the illustrative example of the Lipkin model is perfectly suited to our
goal since the collective modes of this model are fully decoupled. However it emphasizes
the predominance of the quartic anharmonicity near the RPA instability. Because of
the convenient operator distinction between the coordinate and momentum parts, we

concentrate the most important anharmonic effects in the quartic potential which has .

large matrix elements in the dangerous region of interest. )

In realistic cases, the collective space is not decoupled completely. The effects of
coupling to noncollective states lead to the spreading of the collective strength and the
chaotization of motion in the region of high level density. To treat this situation as well,
we can include the matrix elements of the GDM connecting the collective band with in-
coherent states. One promising approach would be to consider these states on average,
making the random phase assumption on a new level of treatment. This would introduce
an effective background for the collective mode to describe its spreading and damping.
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