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PREFACE 

The 3d International Workshop on Classical and Quantum In I egrable Systems 
was organized by the Joint Institute for Nuclear Research and Ye·evan State Uni­
versity and was held in Yerevan (Armenia) from June 29 to July 0'1, 1998. 

The first two Workshops of this series were organized by the J•>int Institute for 
Nuclear Research in Dubna in 1994 and 1996. The Proceedings of .hese Workshops 
were published in Dubna (1995) and in the International Journal of Modern Physics 
A (1997). 

The scientific programme of INTSYS--98 covers the following topics: 

• Classical and Quantum Integrable Systems with N Deg1 ees of Freedom 

• Dynamical Symmetries and Superintegrabilit.y 

• Supersymmetry Aspects of Integrable Systell'ls 

• Nonlinear Phenomena and Integrability 

• Geometrical Methods and Integrability 

• Quantum Groups, Quadratic Algebras, Other Types of Symmetries 

• Separation of Variables, Special Functions 

• Contractions of the Classical and Quantum Groups 

• Integrability in Classical and Quantum Gravity 

The Workshop was supported by UNESCO, Russian Foundati)n for Basic Re­
search, Ministry of Science and Technology of the Russia Federa .ion, Bogoliubov 
Laboratory of Theoretical Physics, Heisenberg - Landau Program me, lnfeld - Bo­
goliubov Programme and Yerevan State University. 

Editors. 
Du hna 1998 
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PROBLEM OF ROTATION IN ALTERNATIVE 
THEORIES OF GRAVITATION 

R.l\1. Avagyan. E.V. Clmbarian. H.A. Grigorian 

Department of Physics, h·rcvan State l'ni n~rsi ty 
I Alex lHanoogian St., 3/;)049 'lcn·van . . \rmcnia 

Abstract 

From astrophysical ohsPrvations it is possiblP to ronclud<'. th.tt the rota­

tion of cosmic objects is thP general propPrty of cel<:>stial bodi!'s. 1 hP probiE'm 

of rotation, as one of unsolvPd problem of astrophysics. rt'jHE'sents purely the­
oretical interest. The solution of this probll'm is would gin•n possil ility to find 

the external solutions of axial-syrnrnPtrir fields in t hP framPs oft h<:> diff<'r<:>nt 

theories of gravitation and to calculat<' the intPrnal and integra rharartl'r­

istics of rotating configurations, to ddirtc' a roiP of rotation for s ability and 

C'll<'l'gcl.ic rPSPrVPS of cekstial hodiPS. 
In this n•port thP Kaluza· Klein (fivP dimPnsional thPor-y· of )!ravitation). 

Einstein and Rosen (bimctric theory of gravitation) Pquations in tiH' rasP of 
a.xial-symmetrir liPids ar<:> obtained. ThP rotation is cortsidPrPd as pPrturba.­

tion to a spherical probiPm. [1]-[2] All unknown functions arP e ;panckd by 

non dimensional pararnetC'r {J = 8 (cl: , wherP (; is t hc> gravitationtl constant, 
7r 1 Pc 

p, is the m<tlter density in the center of tin• star. /J in ordPr of vduc• is coin-
ciding with relation of rotation energy to gravitational Prwrgy. w tich for t h<:> 
configurations is much less than unit. A successful rhoicP of parar wt<'r oft h<' 

perturbation theory allows us to be lirnitPd by linear approximation. In this 

approximation in the frarnP of Kaluza KIPin's. Rosen's and Einstein's thPoriPs 

the analytical external solutions of fidd equations arP foundPd. 
ThP main theses of thP birndric th('()ry can hP Pxplaim•d in th<' tnms of 

coordinatPless differ<:>ntial forms [:1]. The• prohkm of a splf-consi:.tPnt rhoicP 
of the ground metric of the curvPd sp<H·c·-tim<' manifold is discusfPd [·1]. It is 

proved that the choice of tlw flat spacP-tirnP Il\Ptric is closply con l<'ctPd with 

the choicP of the frame of referencPs and in this thPory thP inPrtid and grav­

itational effpcts can lw sPp<tra.tPd. CurvPd spacc•-tinH' with axial ; ymrnPt ry is 
considered. Solved th<' prob!Pm of the slowly stationary rotating star mnfig­
urations with the usc of perturbation mC'I.hods as w<:>ll as in Einst.Pin thPory. 

ThP PXa.ct solution of thP c•xternal gravitational liPid is found arH ddinPd all 

the physical cha.ract.C'ristics of the rot<tting star such as thP activ<' massPs and 

COITPSjJOIHlin?; to them quadrupolP tllOIIlC'ni.UIIl, thP IllOIIlPnt UIII of inPrt ia and 

t. h<'ir dqH'n<kn cPs on tiH' a.ngula.r VP!ocit y of t h<' rotation. In V<'f ti!!;a tions of 

thc> inrwr structtii'<' of the• star confi?;urations for spvnal astrophy .ira! modPis 
has 1)('<'!1 dotH'. In p<trticular. a11 a.nalyt ic solution of t.hc• probkrn of rot at ion 

in sl'cond orckr p<'rturh;ttion t.IH•ory is found for star with thP I ypothPtical 
<'<jlrat.ion of state• p oc n/', whPn' n = y'T2- :1 ['i]. 
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1 Introduction 

From astrophysic:d observations it is possible to conclude that the rotation of the 
cosmic objects is general property of celestial bodies. The problem of rotation, as 
one of unsolved p ·oblems of astrophysics, represents purely theoretical interest. It is 
necessary to offer a technique for its solution, as within the frameworks the Newton 
[6], [7] as in Einst·~in [2] and alternative gravitational theories. The solution of this 
problem is would given possibility to estimate the angular velocity of rotation for 
calculation of the internal and external characteristics of rotating configurations. 

The problem of rotation of configurations is so complicated that the exact solu­
tion of this problf m is impossible even within the framework of Newton theory. The 
account of effect~ in general theory of gravitation complicates the problem much 
more. It is enoug 1 to tell that there are not exact general axial symmetric external 
solutions for the Einstein and others equations. Therefore does not surprised that 
the methods of s Jlution of the problem of rotation arising in the last decade are 
approximate. 

In the most s Liccessful method of solution the rotation is considered as a per­
turbation to a stc.tic problem. All unknown functions are expanded with respect to 
dimensionless pa1 ameter (3 = !V j81rG Pc ~ 1. In particular the metric coefficients 
will be represent{ d in the form 

9~tv = 9~~ (1 + ~ (r69~:)), 
Calculations sho\1 that the ·obtained results are satisfactory in the whole range of 
possible angular ·relocities, starting form zero up to limiting value nmax = (~!If )112 ' 

where M is the nass of star, Re is its equatorial radius, determined from th~ con­
dition of absence of matter flow from the equator. 

Let us consid<!r the metric of gravitational field, created by stationary rotation 
of mass distribution. It is obvious, that in this case the gravitational field as the 
mass distribution will be axial symmetric as well, 

9ik = 9ik (r, 0, !1). 

In the common case angular velocity of rotation !1 depends on r and 0. Here we 
use the following definitions for the coordinates x 0 = t, x 1 = r, x 2 = (), x 3 = r.p. 

I I I I 

Let us make the transformation of coordinates x 0 = -x0, x 1 = x , x 2 

x 2, x:1' = -x3. I:y this transformation the sign of angular momentum wouldn't 
change. Hence the components of metric tensor 9ikdo not change too, due to the 
invariance of interval for 9ik immediately follows, that 

901 = 913 = 923 = 920 = 0. 

Therefore, in the common case of axial symmetry the 4-dimensional interval in 
the Einstein theory we write in the form 

ds 2 = 9°0(dx0? + 911 (dx1
)

2 + 922(dx2
)
2 + 933(dx

3
)
2 + 2912dx 1dx 2 + 29o3dx

0
dx3. 
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The future simplification of this expression we can get by suitable tra nsforination of 
coordinates r and B. We require, that in new coordinates 9~ 2 = 0 and ! ·~3 = 9;2 sin 2 B. 

In new designations for 4-dimensional interval we can write 

ds 2 = ( ev - el"w2 r 2 sin2 B) dt 2
- e>.dr 2 

- r 2 e/Jo ( dB 2 + sin2 Bacp2
) + 

+2wr2 e!J. sin2 Bdcpdt, 

where A, p, w and v is the functions of r, B and n. 
The metric will be invariant corresponding to the time inversion t --+ -t, when 

the angular velocity is changed the sign, hence all the components of metric tensor, 
besides w, will be even functions of n. 

2 Axial-symmetric fields In Kaluza-Klei n theory 

In the 5-dimensional Kaluza-Klein theory, wherein Einstein space-ti:ne is extended 
by the introduction of one extra dimension, and in the expression d~ 2 we must add 
-e~d1j; 2 [8]-[12]. The extra-coordinate is 1/;. The function TJ is a fu 1ction of r, B, 
and even function of S1. We assume, that all functions does not dt pend on extra 
coordinate 1/;. 

5-dimensional Kaluza- Klein metric is 

ds 2 = (ev- e!J.w 2r2 sin2 B) de- e>.dr 2
- r2 e!J. (dB2 + sin2 B£"cp2

) + 
+2wr2e!J. sin2 Bdcpdt- e~d1j; 2 . 

For nonzero components of Einstein tensor we get the following exuessions:( equa­
tions in the vacuum) 

e-!J. _ e->. [_!__ + "71 + Tf~ _ A1 _ "71A1 + 3pl _ P1A1 + ~~~ 'f/11 ] 
r 2 r 2 r 4 r 4 r 2 2r + 2 + p 11 

e-!J. _ e->. [_!__ + "71 P1 + P1"11 + Pi + v1 + "71V1 + P1V1] 
r 2 r·2 r r 2 4 r 4 2 

G2 = -e->. [P11 + "111 + V11 + '!!.!_ + TJi _ ~ _ A1 "71 + "11P1 + "71 A1 + 
2 2 2r 4 r 4 4 4 

Pi v1 "71 v1 A1 v1 p 1 v1 v{] 
+4 + 2r + -4- - -2- + -2- + 2 

To compare the results with the results of t.he Einstein theory one h.Ls to put TJ = 0. 
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2.1 Static case 

For static field Ne have identity 

v+A+1)=0 

Solutions in th( vacuum in units G = c = 1 arc the following 

e>-o = A-(a" b). , eva = Aa; e~'o = A1-(a+b); e~o = Ab; A= 1 _2M 
'f' ' 

where a= comt, b = const,are arbitrary constants fulfilling the equation a2 + b2 + 
ab = 1. Transit on to Einstein theory yields a= 1, b = 0 (ScltW<1rzschild metric). 

2.2 First order approximation by 0 

In the static case !1 = 0 the components of metric tensor depend only on r. Since 
the diagonal components of metric tensor are even functions of !1, in first order 
of approximation by !1 the functions .A, fl, v, 1) are remained independent on angles. 
However in thi:: approximation the metric contains a non diagonal component g03 , 

since w is linea· function of !1. Therefore in this case we must add the equation for 
non-diagonal element of metric 

J.L-,\ [ 1)1 - A1 - v1 4 ] 1 
e w11 -,-w1 ( +2!11 +-) ++2(wn+w2 clg(0))=0. 

2 r r 
(1) 

to the system c f equations for static case. 
Using thee dernal spherically symmetric solutions 

el'o->-o _ ( 2M - 1--) 
r 

and the definit on w = V{jq the equation (1) can be rewritten 

( 2M) [ (4 2M/r
2

)] 1 1--,- ~n+q1 -;+(2-2a-b) 1 _ 2~ ++,2 (q22 +3q2ctg0)=0. 

The solutio 1 for q we seek in the form 

00 

q = L Ql(r)P/1)(1), 
1=0 

where 1 = cos I, P?\1 )-associated Legandre Polynomial, which are satisfying t.hc 
equation 

d2 p(ll dP(1l 
--1 - + 3 ctg0-1- + (1- 1)(/ + 2)P(l)- 0 d0 2 dO I - . 
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Finally for the functions CJ1(r) we get. 

Introducing 1 he new variable .T = 2l'vf / r. from 1 he equation (2) we have 

2 rf2CJ1 dCJ 1 
.T (I - .r)-

2 
- :r [2- :r(2- c)]--(/- I)(/+ 2)CJI = 0. 

d.T d.r 

The solution of this equation wr· seck in 1lw form 

and for 1·/(.r:) we get 

rPI•/ dl·/ 
.r ( l - :r:) -. - [2/ + 2 - .t· ( 2/ + 2 + c)] ~ - ( c + l - l )( l + 2 I /•/ = 0. 

~2 ~ 

Solving this equa.tion with the requirement, that. /•l(.r) ]1as to got) z~·ro in infinit~· 
(r---> oo ), when :r---> 0, we have 

1•/(:r) = /J1F(l + 2, l + c- L 2/ + 2 . . r). 

Ilcrc IJ1 an~ constants, c = 2- 2a- b a.nd F(n, (1, .r)- influ<·nn hvpcrgcomdric 
function. Thus 

CJ1(:r) = liJ''(l + 2,/ + c- l. 2/ + 2..r). 

The constants /51 have to be defined from continuity conditio1 1s of w(t,/) and 
its first derivative by r 011 the boundary of the configuration. Sine in 1 his a.pprox­
imation the shape of the configuration is sphere, we require the <ontinuity on the 
surface of static configuration. Then easy to see that vahws of /:1 with l > l arc 
equal to zero. So in the first order of approximation t.he function q depends only on 
,. <tlld 

where 

F(3,c,1 1 :r) ~----~----~--~ X 
:r::1( l - c)(2 - c)(:l - c) 

x[2-(l ~-.r)i-<(2+2(l-c):r+(l-c)(!-c).r 2 ] 

Funl'1 ion q 1 ( :r) ca.n be performed with 1 he expression 

3/J . 
)(' ) . , [2- (l- .r) 1-'(2 + 2(!- c).r + ( - c)(2- 1').r2

]. 
( l -- (' 2 - ( ( .l ~ c) 

To compare this n•stdt we the similar one in Einst.<·in tl]('or 1 on<' must take 
a= l.h = O,c =()and CJ 1(.r) = IJ:r 3 
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2.3 Second order approximation by f2. 

Here in after comeniently to use the following combinations of Einstl'in c~quations 

cg - Gi = 0; G~ + Gi = 0; u; = o; (,'~ = 0 ( :l) 

The expansion of unknown function of small parameter (-1, can be prcsc~nted as [I] 

c>. =, >-o(l + (3!), cv = ev0 (1 + (:!<!>), £ 1' = (1 + (1v), 

e~ = c~0 (1 + (3v); I= L flJ>l(cosO). 
1=0 

In the conside ·ing case l = 0, 2. 
One of the equations from the system of equations (:l) defines the additional 

condition 

v [ , 2] <I> [ , A 1 2] v1 +u 1 +cfJ 1 -- (1-a-2b)+- -- (l-2a-b)-+--
2 r 2 A r 

f (;1' 2) T - -- +- =A (r·), 
2 A r 

between the unknown functions, where I<(r) is an arbitrary function from r. This 
function we assunte to be equal to zero. 

From the field equations yields that there is a relation 

V[ + <1>1 + f1 = 'Pi-

'Pl obey the definite condition 

[ 
l(l + 1) 1 (A 1)] 2Al-2a-b 

--;~r2A +-:;: A
1 +-:;: 'Pl = 3 r 2 q~ (bol- 82!). 

Using this equati<'n we can integrate the system of field equations, since the result 
has a huge formula they are not written down. 

This approxirration allow us to find the mass, shape and quadrupole moment of 
rotating star. 

3 Choice of the frame of reference 

3.1 Einstein theory of gravitation 

For the sphericall r symmetric distribution of matter 

ds 2 = a(r, 1 )dt2 + b(r, t)dr 2 + c(r, t)(dfP + sin2 Odr.p 2
) + h(r, t)drdt. 
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The arbitrariness in choice of the frame of reference allows to transfcrmations 

r = r(r',t'), t = t(r',t'), 

since the number of equations and unknowns are not equal 

Ncqnations == 4 =/=- Nnnknowns == 6. 

Using such transformations the one can write the metric in Schwarzschild form 

(scale transformations does not change the frame of reference), m Ill conformal 
Euclidean form 

The transformation into free-falling frame gives 

The specification of the Einstein theory is that the frame of reference ~an be defined 
only from the solution of the problem. 

3.2 Bimetric theory of gravitation 

The flat metric /ik in bimetric theories [13],[14] allows us to separate the pure grav­
itational effects from effects of non-inertially of the frame of reference. The problem 
of the choice of the frame of reference can be illustrated in some sr ecial cases for 
spherically symmetric distribution of masses. 

The metric of the fiat space-time in spherical coordinates is 

Thus the metric of the curved space-time has to be 

In arbitrary non inertial frames the fiat metric is 

Calculations of the unknowns are the following: 8 components of the metric 
tensor, 2 components of 4-velocity u0 u1 , pressure -P, density -p. At all 12 
unknowns. 

The equations and connection are: 
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Equation of state ( 1 equation) P = P(p ), normalization of 4- velocity ( 1 equation) 
u · u = 1. Field equations ( 4 equations) 

Ni- ~8; N =- S1rG kTi· k = (det; 
k 2 k c2 k' V det1' 

equations of h} drodynamics (2 equations) 

T~;i = 0, k = 0, 1, 

which are not bllow from the field equations. Requirements on /ikl to be thr~ metric 
of the fiat spa< e (2 equations): P~lm = 0, (r, t) -transformation (2 equations). At 
all 12 conditimts. 

So the syst, ~m of the equations are complete. 

3.2.1 Metric in isotropic coordinates 

<~52= c2e2'l>(r)dt2- e2W(r)dr2- r2e2x(r)(d82 + sin2 ()d,/), 

d0" 2 = c2dt 2 - dr 2
- r 2(d82 + sin2 Bdr.p2

). 

The extern'l.l solutions of the field equations are 

<I>(r) = _ GM 
c2 r ' 

w(r) = x(r) = _ GM' 
c2 r ' 

where M and M' are the constants of integrations and connected with the matter 
distribution vi 'l. 

M = 47r 1R k(p + 3P)r 2dr, M' = 47r {R k(p- P)r2dr. 
.fa 

3.2.2 The Metric of Schwarzschild 

is 2 ·- c2e2A(Rldt2 - e2B(R)dR2 - R2(d82 + sin2 Bdr.p 2 ), 

,f0"2 c2de- e2>.(R)dR2 - R 2 e21'(R)(d82 + sin2 Bdr.p 2 ). 

From the < onditions of the flatness we have 

>.- d (R '") e - dR e . 

The solutions can be done in the parametric form 

CJ ( Cz) Cz ( Cz) A = -;: , B = - ln 1 + -;: , >. = -;: - In l + -;: , 

where 

R = re-c2/r' 

and k = eA-3, 

GM 
Ct=-7• 

(JM' 
Cz = ---2-

c 

c2 
JL = -;:' 



3.2.3 Synchronous System of the Frame of reference g00 = I. 9on = 0 

a)Spherical symmetric case 
The solution is obtained l"ar !"rom 11lf' star r,jr << I 

d., 2 c2dr 2
- 'idR2

- r2 (dfP + sin 2 Od./). ,. 
'2 2 ( /' '1 ) 2 /''I 2 2 ( 2 • 2 2) d!J' c I+~ dr -~dl? -r dO +s1n Odp . 

,. J' 

wh<'r<' 

,. =,. (:ql?- cr))
2
f:' 

f} ') . .....r.r~ 

r.1 = 'l(,'i\1 jc2 is gravitat.iona.l radius. 

b )Axially-Symmetric distribution of Masses 
Th<' solution l"a.r l"romth<' sta.r and in the l"ramcol" i"r<'<'i~· !"ailing I od1· ;md drugging 

lllld<'r j h<' i"OI'C<'S oi" gravity is 

(i/Jh 1 sin 0 cos OdOcdr - Gdh sin 0 cos Od f{d(). 

J propor\.iona.Jt.o the n2 S<]Uilr<' or th<' <LllguJar VcJoci1.v or tJw rota ing star. l'oCJ. !'1 

i\l'(' constants or integration. 
The t.l1ird t.<'rm in /uo corr<'sponding to ccntril"uga.l l"orc<'s. 

4 Problem of Rotation in the Bimetdc Theory 
of Gravitation 

!\1 d ric 1<'nsors or spa.c<'-t i nw ma IIi !"old in rra Ill(' hi n wt ric tlwory or! .ra \'it at ion ( BTC) 
at<' 

( 1) 
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The tetrad and v•·ctor basis's for the flat space-time metric can be written in the 
form 

w2 rc 0, 

w0 =edt, 1 (} WI = dr, 
eo=~ at 

i) 

e1 = iJr' 

l () . 
ez = - "O, w

1 
= r sm Orllp, 

T' (J 

I () 
e:l= rsin0iJlp 

In this basis the ntetric's (4) of axially-symmetric manifold can be written as [15] 

da 2 T} 01 W
0

Wr
3

, T/a(J = diag(1,-1,-l,-1), 

ds2 e2q (wo)2- e21JI(wl )2- e2"(w2 + vrwl )2- c2'"(w:l + wr sin Owo)z 

So tetrad basis { B' } and vector basis {~a} of the curved space~- time will fw expressed 
in the following form 

0°=w\ ~o=ea-r·wsin0w0 , 01 =w 1,et=el-rve2, 

02 =w2 +vrw 1
, ~2=e2, 03 =w:l+wr·sin0w0

, e3=e3 

The equations of :~ravitational field in BTG can be written in non-coordinate form 

N = -81rk ( T- ~gSpT) , 

where N will he e~pressed by the metric tensor of curved spa.ce gas 

N = ~\l(g. Y'g). 
2 

T is the energy-rrnmentum tensor of matter and non-gravitational fields and 

SpT = g~'v1~w 1 

\7 is the operator of the covariant differential by /"v' g = g"ve1,ev-projection to basis 
vectors of gravitation metric tensor g. 

The whole and exact expression for Rosen tensor N in the case of the axial 
symmetry is [16]: 

N = ~ -64> + ~ [(w + Wtr)
2 

+ (w2 + wctgB)
2

] sin2 Be2
a-

2<1!] ~0w0 + 

(<1> 1 - a 1 ) (w + w1r) + (w2 + wctgfJ)--:- (w 11 r + 4wt) +- + 
[ 

<l>2- n2 I 2w 
r 2 r 

+~ (w22 + 3w 1ctgB + w (ctg 20- I))] sin Oc2w0 
+ [ -L:-.a- ~ [(w + w1·r)

2 
+ 
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1 [2vctgB ( ctgB) 
2 

2"_2..,] . ()t 3 l [2vctgB l 2..,_2" -- --- - v + -- e rw sm ~ow - - --- - - e -
2 r 2 r 2 r r~ 

ctg() 21' 2<> 3 l 2 ' 
( ) 2 ] [ ( ) - v+-r- e- e3w +2 wur+2wl 2al--2<I>1 +-:; ,w+w1 r) 

+~ {wn + 2w2ctgB- w + (2a2 - 2<I>2 + ctgB) (w2 + wctgB)}] e2"-2"' s n ()~0 ()3 + 

j [ 2 1\ •T• ( l) ( l 2 ) 2!'-2W ( )2 2 - '<> 2 +2 - L->'~'- v2 --:;: v2 --:;:- v r e - v + v1 r e " · + r2 + 

l ( 1) 2a-2W] 1 1[ , '112-!12 ( 1) - vctgB-- e ~lw +- 2 ('111- 111) (v + v11·) + 2 v2--
r r 2 • r \. r 

( l) + ctg() (1 2<>-21') + 2 '112- !12 21>-2" 2 2w-21> . () () - v v2 - - -- - e e - w e su, cos -
r r2 r 

-w sm Be e1w ++- ---+--v v2---vr e +--x 2 · 2 2w-21>] 1 1 [ 21112 v ( 1 2 ) 21'-2w ctgB 
2 r r r r 

( 
1)2a2w] 2 1[ ( ctgB)ctgB2"2" ( 1) vctg()- -:;: e - ~1w + 2 -2611 + v + -r- --r-e - + v2 - -:;: 

2 · 21'-21>] 2 1 [ 2f.12V 1 ( 1) 1 ( 21>-21') xrw smBcosBe e2B +- ---+- v2-- +- 1-e -
2 r r r r 2 
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v + -- -e v- -- r·w smBe e18 - --e1w -( 
c gO) 1 2~"_ 2 a ( ctgB) 2 . 2 ~"_ 2 q,] 2 ctgB 1 

r r r 2r2 

-~ [vllr + 2vl + (211]- 211'1- ~) (v + v1r)- ~ [vn- 2Vzll1' + 2 T" ,. 

( 
I 2 )l] 21,-2w 2 (2ftz-2W2+ctg8) vz-7-vr e 60 

Right side o ·the field equations in case of stationary-rotating source is: 

T - -gSpT = :- pc + J + u -dt - pc - P + 11 -dr.p - pc - 1 -;-dr 1 1 [( z , ) a ( 2 ) a ( 2 ') a 
2 2 ot ()r.p ar 

2 8 (} (pc2 + P ) f) ] - (pc - P) -dB- u-dr.p- - w un-;--dt , ae at q rJr.p 

where 

u =-
j _ (wHl)Q' 

pc2+P 

2Q 
Q = (pc2 + P) r 2 sin2 0 (w + n) e 2"- 2 <~>. 

To completE the description of configuration we must add the equation of hydro­
dynamic equilil,rium, i.e. • 

p,.z + p = -d <I>+ 21n (1- r 2 (w + n) 2 
sin2 Be2a~2<1>)] , dP [ l 

to the system c f field equations. 

4.1 First order of approximation 

The complete f ystem of equations for metric coefficients for the rotating spherical 
star is 

2 
<I>n + -4>1 =' 1rk (p + 3P), 

r 

2 2 
ll'u + -11' 1 =--:- sinh(2w- 2ft)- 47rk (p- P), 

r r-2 

ftn + ~ .t1 = -~ sinh(2w- 2ft)- 47rk (p- P), P1 + (p + P)<I>1 = 0, 
r r 

1

4 2(M+M')] 2(M+M') . 
qn + ; - r 2 ql = ·--~ + 167re<l>o+JI!Io (p + 3P) q-

I 
-2 (qzz + 3qzctg0) + 167r(p + l')c<l>o+3 1llo ;s;p:. 

r 



The external solution of this equation (region out of star 11 = p = 0) in the units 
(,' = c = l is 

!VI 
<l>=<l>u=--. ,. 

i\{ 
lli=llio= -, 

r 
_ r; _ r;c 1 l;o (· 2(M + M')) w- v .Jq- v ,J- 2. t. ------

r1 ,. 

wh<'re F(o,;-i,:r)-is infiuenu· hypergcomct.rir function. c1 , Jf, ;\;J'.u·nst.ants of inte­
gration 

II li 

I ¢ +"l\jl 2 M = 17r. (p + 3P) c o · 0 r dr·. . I ¢ +1\jl 2 Jl = 17r. (p - J>) r 0 
· J ,. dr. 

() lJ 

4.2 Second order of approximation 

The sysl<'lll of tlw field equations for the second ordn corrections i ;: 

where 

and 

-t\nc<l>o+Jijlo (po- :ln) X+_(--.-,- · . [ )() - :l/'0] 
Po- 31 o 

I' U-2F+2x 2
, X=cp0 +.f0 +2u 0

• }'=t'- u0
• 

!I cp 2 +.f2 +2u2
, H=.f2 -u.2

, F=, 2 r 

2 I 2 2 2\jl -2¢ ( IJI 1) W(r) = -q .,. c 0 0 
- +- , 

3 q r 

Solution of the system (:i) out. of matter has a form 

I ll ( ) . 'l l ()( ) X = J0 y; cp = aoy + ~o Y ; Y = no:r/ - 2'-P Y : r =c 0: 

(:i) 

(G) 
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where y = m/2r 
The constant' of integration arc connected with inPrtial momentum, two mass('S 

and two quadrur ole momentum of the star and definPd by conditions of ('(lilt irmity 
of the external a 1d internal solutions. 
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Abstract 

The complete integrability of the hyperbolic Gaudin Hamiltor ian and 
other related integrable systems is shown to be easily derived by taLing into 
account their sl(2, IR) coalgebra symmetry. By using the properties induced 
by such a coalgebra structure, it can be proven that the introduction of any 
quantum deformation of the sl(2, IR) algebra will provide an integJ able de­
formation for such systems. In particular, the Gaudin Hamiltonian arising 
from the non-standard quantum deformation of the sl(2·, IR) Poissor algebra 
is presented, including the explicit expressions for its integrals of m Jtion. A 
completely integrable system of nonlinearly coupled oscillators deri·red from 
this deformation is also introduced. 

1 Introduction: on q-Poisson coalgebra~ 

Let us consider the s/(2) Poisson-Lie algebra 

(1.1) 

(where a: is a real positive parameter and the usual a: = 1 case car be easily get 
by performing the change of basis h ___, 1±/ fo). The Casimir function for this 
algebra reads 

(1.2) 

The Poisson algebra (1.1) is endowed with a coalgebra structure [1, :~] by means of 
the "primitive" coproduct ~ : s/(2) ___, sl(2) 181 sl(2) defined as follow:: 

(1.3) 

Compatibility between (1.3) and (1.1) means that ~ is a Poisson map: the three 
functions defined through (1.3) close also a Poisson sl(2) algebra. The map (1.3) 
can be introduced in a similar manner for any Lie algebra. The coalg,~bra structure, 
together with the known relevance of Lie algebras in the context of Liouville inte­
grability [3, 4], are the keystones of the universal construction of inte5rable systems 
introduced in [5] that we shall summarize in the next Section. 
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From that Joint of view, the search for q-Poisson algebras can be Heen as the 
problem of fine ing deformations of a given algebra endowed with compatible defor­
mations of the coproduct (1.3) preserving it as a Poisson map. In fact, two relevant. 
and distinct structures deforming sl(2, IR.) appeared in quantum group literature 
during last years (see, for instance, [6]), and can be rea.lized aH q-Poisson algebras 
as follows: 
a) The "standard" deformation [7, 8] slq(2), which is given by the following deformed 
Poisson brackets (q = c2

): 

{J:,.J+} = 2.J+, {h,.f_} = -2.1_, {.f_,J+} = ~hz.Jl ( 1.1) 
'" 

which are com )atible with the deformed coproduct. 

6(J3) = 13 (>) 1 + l (>) ,h, 

"(.J) J '-J,+ -"-J., .. J '-' + = +(>)e2· c 2"·(9,+, ( l.fi) 

6(.l_) = .]_@ e~h + c-Ih@ .!_, 

m the sense t 1at that (1.5) is a Poisson algebra homomorphism with n~spect to 
(1.4). The fun :tion 

• 2 

cls)(.J3,h) = cmh~~h)) - J+ ,]_, (1.6) 

is the deforme :l Casimir for this Poisson coalgebra. 
b) The "non-standard" quantum sl(2, IR.) deformation [9, 10] is defined by: 

6(.l_) = .]_ (>)1 + l (>).I_, 

6(.J+) = J+ 0 ez.f_ + e-z.J_ 0 J+, 

6(-h) = -h Q9 ez.J_ + c-zJ_ (X) .f:1, 

{h,J+} = ::.J+coshz.f_, {h,.f_} = _ 2sinhz.f_ 
z 

The deformed Casimir reads 

C(n)(.J· ] ) _ 2 _ sinhz.J_ I 
z 3,. ± - .]3 • +· 

z 

( 1. 7) 

{.f_,J+}=4.f:J. (1.8) 

( 1.9) 

The aim o ·this contribution is to present an application of this latter q-Poisson 
algebra in the construction of an integrable deformation of the Gaudin Hamiltonian. 
This deforma ion can be also interpreted in the context of <1 chain of nonlinearly 
coupled oscillttors or, equivalently, in relation with a certain integrable perturba­
tion of the m Jtion of a particle under any central potentia.! in the N -di rnensional 
Euclidean spa:e. Through these examples will show an intrinsic connection between 
quantum deformations and nonlinear interactions depending on the momenta. Re­
sults concerni 1g the standard deformation of the Ga.udin-Calogero system [ 11] ca.n 
be found in [~, 12]. 
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2 The formalism 

By following [5], Wf' can stak the following result: any coalg<·hra (A.~) with Casimir 
cle-ment C can be considered as the general ing symnwt ry of a la1 ge family of in-
1<-gra hie systems. We shall consider here cla.ssical mechanical sy ;t ems only and. 
consequently, we shall make us<' of Poisson r<'alizations /) of the ; lgcbra A of the 
form /):A---> C""'(q,p). However, we rf'call that the formalism is llso directly a.p­
plicable to quantum mechanical systems. The const ructin· proced1 r<' is as follows. 

Let (A, b.) IH'a (Poisson) coa.lgebra with generators X, (i = 1, .. ,I) and Casimir 
function C(X1, ••• , X1 ). This means that the coproduct ...".: il---> A :1 is a Poisson 
ma.p. Lf't us consider the N-th coproduct map b,(N) 

b,(N) : A---> A~ ;1 ;:0 ... \'l :0 :1. (2.10) 

which is obtairwd (sec [5]) by applying n~cursively the two-coprod Jet _",.( 2) c:= ...",.in 
the form 

(2.11) 

By t<tking into account that the m-th coproduct (111 ::; ;\')of the Casimir _",.("'l(C) 
can be embedded into the tC'nsor product of N copies of :1 <ts 

b,(m): A---> {A IN A Q\1 ... "'l <Xi il} ::0 { 1 N 1 \~ ... \'-m) c:; 1 }. (2. 12) 

it can be shown that, 

i = 1'"' .I. 1 ::; 1 I ::; :V. (2.1:l) 

With this in mind it can be proven [5] that, if His an arbitmry (snoot h) fnnct ion 
of the generators of A, the N-partick Hamiltonian defined on /1\0.1 ~· .. _.v) ~ :1 as 
the N- 1 h mprod net of H 

(2.1!) 

fulfi Is 
1 ::; 111 ::; N. (2.1!i) 

where theN functions C(m) (rn = 1, ... , N) arc defined t.hrough the ,n-th coproducts 
of the Casimir C' 

(2.1(i) 

and a.ll the integrals of motion C(m) are in involution 

{ c(m)' c;(n)} = 0, Vm,n = 1 ... , N. (2.17) 

Thcrdon·, provided a non-trivial realiza.tion of A on a onc-part,ck phas<' space 
is given, the N-part.icl<• llamiltonian /l(N) will 1)(' a fnnction of N canonical pairs 
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( q;, p;) and is, b; construction. completely integrable with n'sj><'ct to t.hl' ordinary 
Poisson bracket 

N (DJ Dq ()g iJf) 
{!, g} = 2:: Dq; ap; - ()q; iJpi . 

t=l 

(2.18) 

Moreover, its cor stants of motion will be given by the C(m) functions, all of them 
functionally in de Jendent since each of them depends on the first m pairs ( q,, p;) of 
canonical coordinates. Not<> that with such one-particle rcali~at.ions the first. Casimir 
C(I) will bf' a number, and we arc left with N- I constants of motion with respect 
to JJ(N). 

Let us stress now that the previous construction is valid for quantttm alge­
bras with no extra assumptions. Quantum algebra.s are also (deformed) coalge­
bras (A" ~z), and any function of the generators of a given quantum algf'bra with 
Casimir element Cz will provide, under a chosen deformed representation, a com­
pletely integrablt Hamiltonian. Therefore, the obtention of quantum algebras is a 
direct method tc get integrable deformations of those Hamiltonian systems with 
underlying coalgt bra symmetry. 

3 Oscillator chains from sl(2, IR) coalgebras 

It is well-known that s/(2, lR) can be considered as a dynamical algebra for Hw 
one-dimensional harmonic oscillator. As we sbaJl sec in the sequel, the s/(2, lR) 
coalgebra will· give us the complete set of integrals of the motion of a chain of 
N independent l armonic oscillators with the same frecuency w. When the non­
standard quantum deformation is considered, a new integrable oscillator chain with 
long range inter a :tions depending on the momenta is obtairwd. 

3.1 The non-deformed case 

Let us consider the .~/(2, lR) coalgebra (1.1) and (1.2) with a= 4. A one-particle 
phase space Teali ~at ion of this Poisson algebra with vanishing Casimir is given by 
the functions: 

lt) = D(J_) = qi, ( I) 2 
I+ = D(J+) = Pt, JJ 1

l = JJ(.l:J) = q1Pl· (3.1) 

From it, the harmonic oscillator Hamiltonian is recovered if the following linear 
function of the generators of s/(2, lR) 

H.= J+ + w2.f_, (3.2) 

is represented tht ough (3.1 ): 

2 2 2 H(ll = JJ(H) = P1 + w qt · (3.3) 
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Now, the representation (D 181 D) when applied onto the prim tive coproduct 
( t.a), leads to the following two~ particle phase space realization of s/(2, lR) 

(3.4) 

that, in turn, gives rise to the uncoupled oscillator Hamiltonian: 

Note that now the frecuency of both oscillators is the same. The phase space re­
alization of the coproduct of the Casimir will give us the corresponding integral of 
motion 

(3.6) 

that turns out to be the square of the angular momentum, as expec ,ed. 
The construction of the m-dimensional functions from the m- t h coproduct is 

straightforwardly obtained by the induction (2.11): 

m m m 

J~m) = L qF, J~m) = LPL JJm) = L qiPi· (3.7) 
i=l i=l i=l 

From it, the uncoupled chain of N harmonic oscillators (all of them with the same 
frecuency) is obtained as the representation of the same dynamic tl Hamiltonian 
(3.2): 

N 

H(N) = Jfl + wz f~) = L(P7 + wzq;) (3.8) 
i=l 

together with the integrals of motion (m = 2, ... , N), that are deduced from the 
m-th coproducts of the Casimir and are shown to be 

m 

C(m) = - L(qiPi- qjpi) 2
. 

i<j 

(3.9) 

Note that the integrals C(m) given by the s/(2, lR) coalgebra are just the quadratic 
Casimirs of the so( m) algebras with m = 2, ... , N. It is also well ! ;nown that the 
Hamiltonian (3.8) is so(N) invariant, since it can be interpreted a> the one for a 
particle moving on the N -dimensional Euclidean space under the p< 'tential w2 r 2

. • 

3.2 An integrable deformation from Uz(sl(2, IR); 

Now, we introduce a one-particle deformed phase space realization of (1.8): 
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f (J) _ D (J) _ sinhzqi 2 
+ - z + - 2 P1, 

zqJ 

f (J) _ D (J ) _ sinh zqi 
3 - z 3 - P1· 

zq1 

(:uo) 

This realization is also characterized by a vanishing deformed Casimir function ( 1.9) 

Let us consder again the dynamical generator 'H = .J + + w 2 .J _. U ndcr ( :u 0), 
we obtain the I-J amiltonian 

H (l) _ ('1..1) _ sinh zq~ 2 , 2 2 z - Dz I L - 2 p1 + W ql. 
zql 

(:l.ll) 

The corresp Jnding two-particle phase space realization of l!z( s/(2, R)) is ob­

tained from both the coproduct (1.7) and (3.10): 

(2) 2 2 
J_ = ql + q2, 

. l 2 . h 2 

! (2) - Slll l zql 2 zq~ Slll zq2 2 -z'l~ 
+ - 2 P1 e + 2 Jl2 r ' 

zql zq2 

. h 2 • l 2 

!
(2) Sill zq1 zq' Sill l zq2 -z, 2 

3 = P1 e 2 + P2e 1
' (3.12) 

zq1 zq2 

The associated two-particle Hamiltonian is 

. h 2 • h 2 

1[ (2) _ sm zql 2 zq~ Slll zq2 2 -zql 2( 2 2) 
z- 2 P1C + 2 P2C +wq1+q2, 

Z!fi zq2 
(:U :3) 

and the deform ~d coproduct for the deformed Casimir (1.9) reads 

. h 2 ' h 2 
Sill zq1 Sill zq2 ( )2 , -zqf z'q~ 

2 
2 2 q1]12 - qzpl ( c . 

z ql q2 

c(2J-
z - (:l. 1 cj) 

J.If we rewrite (3.1:3) in the form 

H1 q = H(2) +Pi (sinh :qi ezq:f- 1) + p~ (sinh :q~ t'-zqf- 1) 
z~ z~ 

- (2) 2 2 2 2 2] -H +z(plq2-p2ql)+o[z' (3.15) 

the nature of t'te interaction introduced by the non-standard deformation with re­
spect to (3-<"i) :an be appreciated. Note that the series expansion (3.15) can be 
meaningful wh,,n the deformation parameter z is small, and it should be explorf'd 
in order to ana yse the dynamics. 

The N-dim•1nsional generalization for this system can be derived from the m-th 
order coproduc .s (2.11) induced from ( l. 7): 

lm) = Lqf, 
i::::l 
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(:l. j()) 

11'1\('re the /\-funct.ions ill'<' defined <Ls: 

,_J 

- 2.:: .rk + 2.:: .r,. (:l.ll) 
k=I 1=,+1 

f ·(,n)( ·) 
\ 1) .1 

,_J 

-(.r;-:r1 )-22.::.rk+2 2.:: .l'f. I < ). ( :l.l S) 
k=I I=J+I 

'1'1 1· 1 N 1· . 1 II 'I . . . ff_(.V) -- /·(Nl + 2 ((.\') I t I !('!'('ore, t Je -( llllCTlSIOna a1111 ton Ian IS .JUSt _ . + "'' .· _ anr J(' 

following constants of motion are deduc(·d: 

Throughout. <Lll thl' computations leading to (:l.I9). the following pl.Jpert\· lwconws 
useful: 

(:UO) 

Not.l' t.ha.t. under t.he limit :: -+ 0 we rccov(']' <Lll t.he expressions rn·sented in the 
previous paragraph. 

3.3 Anharmonic chains and their deformation 

VV(' Cil!l now consider a. IT\01'<' gcn('r<Ll dynamic<LJ Ilamiltonian 'H oft he form 

'H = .l+ + :F(L), ( :UI) 

wh(•n· :F(.f_) is an arhitra.ry srnoot.h function of .f_. The fonnali ;m summariz<•d 
in Section 2 cnsmes that. t.he corresponding syst.em arising from tJe .\'-t.h coprod­
uct. of (:l.21) is complct.cly iut.cgrable, with 'H being rwy function <·f the coa.lgcbra 
gen<~rat.ors. Explicitly, this nwans that a.ny N-part.iclc llamiltunian of the form 

(:l.22) 
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is completely in egrabk, and ( :t9) are its constants of motion. Obviously. the in­
tegrability (in f; cL superintegrability) of (:~.22) is a. well-known result, since (:!.22) 
is just the Hamiltonian describing the motion of it [Mrticle in a A'-dirrwnsiollitl Eu­
clideMI spitce ur der the action of a central potential. In t<·rms of oscillator chains, 
the linear case :f ( ./_) = ..v 2 J _ lcitds to the previous hitrrnonic case. a.nd the quadratic 
one F(.L) = .r would give us itn intcritding chitill of quartic oscillators. Further 
definitions of the function F would give us many other ilnharmonic chains. all of 
them sharing th" same dynamical symmetry a11d the sanH' i11h'grals of the motion. 

Ld us now ;tress that, by usi11g the non-standard qua.ntnn1 _,/(2, ll~) algebra, it 
is clear that a r<"alization of (:3.21) in terms of (:l.IG) gives ns: 

JJiN) = L sm :qi p;ezf{~N)(q2) + F L qf N.h2 (N) 
z=l zq; z=l 

_ "'.N 2 + F (~ 2) ~ 2 (sinhzq
2 .. 1-(NJ( 'l ) -~Pi ~qi +~p, _ 2 'e-'• q -1, 

z=l i=l i=l Z!J; 

(:t2:l) 

which is an inte~rable deformation of (:!.22) with (:l.l9) being again the associakd 
integrals. This r~sult can be interpreted as a perturbation of the origi11a.l a.nha.rrno11ic 
chain through l< •ng-rang<~ interacting terms depending on the momenta .. 

4 The Gaudin Hamiltonian and sl(2, IR) coalge­
bras· 

If we substitute th<~ ca.nonical realizations used until now in terms of a.ngula.r mo­
mentum realizations of the same abstract .s/(2, H) Poisson coalgchra, the very same 
construction wi 1 lead us to a. long-range intera.cting "classica.l spin cha.in" of the 
c:audin type on which the quantum deformation can he ea.sily irnplerne!ltcd. 

In particular, let us consider the classica.l angular momentum realization 8 

(I) ('( ) I g3 =.:; ":l = a3, 

where the varia.hles a} fulf-il 

{I7:J, a+}= 2a+, 

gil)= 8(J+) = 17~, g~l) = 8(.!_) =a~, 

{a3,a-} = -217_, { 17 _, 17 +} = 4a:~, 

( 1.1) 

(4.2) 

and a.re constra. ned by a given constant value of the Casimir fu11ction (1.2) in the 
form c1 = (17:\) 2 

- 17~a~. 
As usual, m different copies of (4.1) (that, in principle, could have different values 

c; of the Ca.simit) ca.n be distinguished with t.he a.id of a superscript ai. Then, them­
th coproduct provides the following realiza.tion of the non-deformed sl(2, R) Poisson 

coa.lgebra: 

(m ( (' rv. m) ~ 5)( A (m)( )) "' i Yt = ,) VY • • • 0 ' u at = ~ (JI' l=+,-,3. ( 4.:~) 
i==l 
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:-low, we ca.n apply the usual construction and take 7-{ from (3.2). As a conse­
quence, the uncoupled oscilator chain (3.8) is equivalent to 

m 

H(N) =giN)+ w2g{_!') = L (a~+ w2ai__), ( 4.4) 
i=l 

and the Casimirs C(m) read (m = 2, ... , N): 

m 

c*n) = (g:\m)) 2 -lm)gim) = L C; + L(a~a~- ai__a~- al_.r~).. (4.5) 
i=l i<j 

:'-lot.e that. these Casirnirs arc just Gaudin Hamiltonians of the hyperbolic type [13, 
11] (in fact, we shall consider C(N) as the one defining a general Gaudin magnet). 

The implementation of a non-standard deformation in the Gaudin >ystem is now 
straightforward. The deformed angular momentum realization corresr onding to the 
non-standard deformation Uz(sl(2, IR)) is: 

(4.6) 

where the classical coordinates aJ are defined on the cone c1 = (a~Jl- a~a~ = 0 
(therefore, we are considering the zero realization). 

It is easy to check that the m-th order of the coproduct (1.7) in the above 
representation leads to the following functions 

m 

g~m) =La~, 
i=l 

( 4.7)' 

that define the non-standard deformation of ( 4.4). Therefore, the f< ·II owing "non­
standard Gaudin Hamiltonians" are obtained 

. h (m) 
C(m) _ ( (m))2 _ SID zg_ (m) 

z - 93 z 9+ 
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Lm (sinh za'_) 
2 

2zK(m)(cr-) { ( i )2 _ i i } 
= . e • a3 a_a+ 

za' 
i=l -

Lm sinh za'_ sinh zal_ zK(m)("-)( ; 1 ; j i J) + . · e '' 0"30"3- a_a+- a+a- · 
. . z 2a' a 1 
•<J - -

(4.8) 

Since we are working in the zero representation with ( a~) 2 -a'_ a+ = 0, the expression 
( 4.8) can be sir 1plified 

(m) ~ sinh za~ sinh zal_ zK(m)("-) ( i j i 1 i j ) 
Cz = 0 2 i j e ., a3a3- a_a+- a+a_ . 

i<j z (]"_(]"_ 
(4.9) 

These integrals are the angular momentum counterparts to (3.19). Note that, as it 
was found for .he standard case in [5], the deformation can be interpreted as the 
introduction of a variable range exchange [15] in the model (compare ( 4.9) with 
(4.5)). 
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Abstract 

In this paper, the normalization of a class of polynomial Hamiltonians 
based on the symbolic computing is disscussed from both the ordinary and 
the inverse direction-points of view. The truncated three-particle Toda linear 
chain(3-TLC) and the regularized system of a planar hydrogen atom with 
the linear Stark effect (HLSE) are taken as examples to demonstrate the 
symbolic-computational approach to the ordinary and the inverse problems 
of the n"brmalization. · 

1 Introc.uction. 

It is widely knc wn that the Birkhoff-Gustavson normal form (BGNF) expansion 
works effectively to study a behavior of nonlinear dynamical systems; the Henon­
Heiles system a11d Toda linear chain (TLC) are often taken as typical examples [1] 
to describe .such an efficiency. 

Since a majc r part of the BGNF expansion is made on the polynomial algebra 
[2], the BGNF Expansion fits very well the symbolic computing on computers: For 
example, the synbolic computing program named GITA realizes the algebraic proce­
dure of convertillg power-series Hamiltonians into their BGNF [3] on REDUCE 3.X 
(X~ 3) 1

. 

One of the ai n of this paper is to demonstrate how the normalization into BGNF 
works around in ;egrable systems. One might think it unnecessary to normalize the 
Hamiltonian systems which are already integrable. However, the normalization of 
integrable systems is worth discussing especially in the case that the integrable 
systems admit the trajectories tending to singularities; as a typical example, the 

1The authors ar ~ trying to realize the same procedure on Maple V 
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truncated three-particle Toda linear chain (:{-TLC) is taken in order t<> demonstrate 
how the normalization of integrable systems works. 

The 'inverse problem' of the BGNF expansion has been posed recently with 
the aim of applying, to certain systems of physical interests, quanti m studies on 
the bifurcations in the BGNF systems [4, 5]. The inverse problerr having been 
proposed reads as follows: 'Identify a class of dynamical systems whi,·h are reduced 
to the same BGNF up to a certain order'. The inverse problem can Je solved also 
hy a symbolic computing; for example, by the symbolic computing program named 
GITA - 1 proposed by the authors. 

Another aim of this paper is to demonstrate how the inverse probl·~m of normal­
ization is solved. As an example, GITA -t is applied to the regulari ~ed system of 
planar hydrogen atom with the linear Stark effect (HLSE) [6]. It is shown that. a 
class of Liouville-type system share the same BGNF with the regularized system of 
HLSE. 

The contents of this paper are organized as follows. In Sec. 2, th( structures of 
GITA and GITA - 1 for the general n-degree-of-freedom case is presenttd very briefly. 
In Sec. 3, the direct problem of 3-TLC is discussed to show the no ·malization is 
effective not only for non-integrable systems but also for integrable ones.· In Sec. 4, 
the inverse problem of HLSE is discussed to show the way to iden1 ify a class of 
Hamiltonian systems which share certain BGNF Hamiltonian in com non. 

2 A review of GITA and GITA ~l 

Let. HIN(q,p) and Hour(q,p) be the input and the output Hamiltoni;.ns, which are 
expressed as 

lf:,(q,p) = "£Hih)(q,p) with Hi
2
l(q,p) = ~ t(p~ +q;), (1) 

h=2 k=l 

where Hlh) ( ,\ = IN, OUT, h = 3, 4, · · ·) is a degree-h homogeneous polynomial in 
( q, p) expressed as 

Ht\q,p) = "£ c~h)(a, (3)q 01 p(J with 

lal+lfJI=h 

q01p(J = q~l. ·q~np~l , ·p~n, 
n n 

k=1 k=l 

Let GIN(~, ry) and Gaur(~, TJ) be the input and the output BGNF Ha niltonian, 

~ (2) G>.(~,TJ) = ~G/ (~,TJ) with 
j=1 

(2) 

(3) 
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where G~2j) ( >. = IN, OUT, j = 2, 3, · · ·) is a degree-2j homogeneous polynomial in 
( ~, "') expressed as 

G)2i)(~,ry) = L: 1i2
j) (a, (3)C'ry(J with {G(2) aPil}- 0 7.\ '__I>. - • (4) 

iai+I(JI=2i 

In eq. (4), a and (3 are multi-indices used in the same way as in eq. (2), and{·,·} 
is the canonical Poisson bracket associated with the position variables ~ and the 
momentum ones "'· The coefficients 1i2

j) (a, (3), (j = 2, 3, · · ·) are finded by solving 
the key BGNF equation 

aw aw 
H(q, ory) = G( oq ,ry). (5) 

Here W(q,ry is the generating function of the form, W(q,ry) = (q1ry1 + q2 ry 2 ) + 
2:k=3 W(k)( q 'f/) (W(k): k-th order homogeneous polynomial in ( q, "')), which should 
be identified together with G(Cry). We will not, however, get the identification of 
W( q, "') into detail here (2, 3). 

Let us dE note, by Pt, the space of degree-£ homogeneous polynomials in 2n­
variables wit!t real-coefficients, which can be identified with the vector space RN(n,£), 

where N(n, l') indicates the number of degree-£ monomials in 2n-variables allowed 
to exist. ThEn) denotin~ such a correspondence by L£ : Pt --> R N(n,£), we associate 
the vectors, i.~h and :Yl21 

, with H>. and G>. by 

c\ •) = Lh(Hlh)) E RN(n,h) and _:y(2j) = L ·(G(2j)) E RN(n,2j) 
'>. 2; >. ) (6) 

respectiveiy. Further, u;ing L£, we express the differential operator, 

n 

D = L {Pk(ofoqk)- qk(ofopk)}, 
k=1 

restricted on Pe by the matrix M(£) acting on RN(n,£); L£ o D = M(£) o L£. 

After the preparation above, the h-th order part of Eq. (5) is put into the series 
of algebraic equations, 

~(h)_ M(h){.f...h) + ,...(h)(.J...h-1) .. .J...2))} 
I>. - c>. "' c>. , , , c>. (j=3,4, .. ·), (7) 

for ;yyl (>. =IN, OUT) (2, 6), which are the very equations solved by GITA. Note 

that :Yl2i+1
) ( \ = IN, OUT) turn out to vanish (6). 

We are n<•W in a position to present what GITA - 1 computes: Let us recall the 
inverse probkm posed in Sec. 1, which is put in the following: 'For a given HIN, 
identify all tl e possible (or a part of) Hour subject to GIN = GouT up to a certain 

order'. Since GIN= GouT can read :Y}~ = :ygJT (h = 2, 3, · · ·), GITA -t solves the 
series of equations, 

M h).f...h) _~(h)_ M(h),...(h)(.J...h-1) .. .J...2) )} 
COUT - liN "' COUT ' ' 'COUT (j = :~,4, .. ·), (8) 
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for <;;',J,T. wlwrc ')'~~~ are determined beforehand from l/ 1 y t hroug;h ;rL\ ( 1.<. ( l )­
(/)). In th(' succel·ding scciions. 1\'(' demonstrate hm1· CIT:\ and (;]'L\- 1 work orr 

HJ-:IHTE :l.X (.\' 2: :l) in the direct problem of :l-TU' nnd in the irm•rsl' problem 

of II LSI-:. 

3 The truncated three-particle Toda linear chain 

Let us consider like iifl exam pi<' of an inll'grahlc systern: I he tlrn·c· id"nl ical part iclcs 

on the line gm'l'l'lling by the Toda Hamiltonian [1]. The onl!,illnl Toda Hamiltonian 

can lH' reduces to the two-dimensional one 

(9o) 

~+,!+(=0. (%) 

It is easy to veril'v tha.t tlw Hamiltonian S\'stcm (9) possl;sscs add it i )JJ<d integral of 

mot ion in the form 

:\'otc tha.t ans<l.tzt q1 = /6.r, q2 = VGy, Jii = /6v,. 112 = VGp" and // --> ()/1 
brings the expressions (9) and ( 10) to the same OIH's as it is in tlw I ook [:-<]. 

:\s the Toda Hamiltonian ha.s the ( S.\'l!lml'lry its power cxp; nsion is dctcr-

tlliri('(l full,v· through the two invariant functions f = qf + qj and q = qfq<- tlfi 
Below the first pown terms of the Taylor snies for Hamiltonian (9) arc IHiltc·n 

( 1lo) 

or 
:l 1 2 2 l . I l .2 .j6 . l <l . 2 II---= -(JI +fl.)+- I+ -q +--I +-I IJ + --(I + 21/ ) <j 2 I 2 2. .j6. 1 2. ;l{) . . [X() . . 

+ l;z. 1' 2 <J t -1 -l·(:l{:~ + lfiq 2
) +... I) 

9()y()' . 15120' . . ( ll) 

Thus. it is seen that <HIY truncated Toda's polvnomial slTies generates a gctJl'ralized 

II<'JJOII-Ikilcs llamiltoniatJ. Here a surprising situai ion misl's: whil ·the full Toda 

llclilliltoniiln (()) is inll'gra.tclL !ts power cxp<illsion truncatc·d in a.t ,. finite dcgrc<' 

prl'Sl'tli s il nonint •·grahk system :l-T< 'L. 
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In some manner this phenomenon may be explained by the behavior of the neg­
ative Gaussian curvature(NGC) domain on the respective potential enngy surface 
PES of the Haniltonian (11). Indeed, the NGC domain on the PES emerges if 
the highest deg-ee (nmax) in the truncated series (9) is an odd number and, on the 
contrary, if the highest degree is an even numlwr then such NGC doma.in does not 
appear at all. The emergence of the NGC domain is linked with the saddle points on 
the PES. More<•ver, if we take into account more and more terms in the expansion 
(11) then the N•:;C domain moves upwards on the PES and in t.he case of the infinite 
series the NGC region vanishes. 

Below we h we constructed the Birkhoff-Gustavson normal form and the ap­
proximated intEgrals of motion for some truncated Toda's Hamiltonians in order to 
understand a dt pendence of the structure of phase space on the including of highest. 
degree polynorr:ial Hamiltonian (11). As an example, we present now the normal 
forms in the sixth Smax = 6 approach all but which obtain for the different highest 
degree of Toda's series from the value nmax = 3 (Henon-Heiles's Hamiltonian) to 
the nmax = 5. These Birkhoff-Gustavson normal forms are expressed below in the 
action-angle variables are obtained with help GITA procedure: 

t,.. = V2[ cos(</J,..), !]v = V2[ sin(</J,..), (v = 1, 2). ( 12) 

nmax = 3, Smac = 6. 

r;(6l- (__:_:____IJ- _!_e I - !_12- _7_1 12 + _}__{l- _7_/2)co,(2</J ) 
~ - 12 ~6 1 1 08 1 2 36 1 5181 1 2 132 2 111 2 

. 
2 

_ L'5s 13 - _!_I2 I - 7-I J 2 ~e- _!_12 - 2_/2 21 
3888 I 108 I 

2 + 5184 I 2 + 1296 2 144 2 12 I+ I 
(13a) 

nmax = 4, Smax 6. 

(6) ( 22 3 1 2 1 2 11 2 1 3 1 2 ' G = -1 + -1 12 - -1 - -111 - -1 + -1 )cos(2"2) 4 81 I 18 I 9 I 162 2 72 2 36 2 'I' 

2 3 1 2 11 2 5 3 1 2 1 2 
---1 + -1 12 + -111 - -1 - -1 + -1 + 211 (14a) 

2 43 I 18 I 162 2 216 2 36 2 3 I 

nmax - 5, .Smar = 6. 

(6) 4 3 1 2 1 2 1 2 1 3 1 2 
G = -1 - -1 !2- -1 - -!1! + -] +-I )cos(2"2) 5 81 I 108 I 9 I 81 2 432 2 36 2 'I' 

32 3 1 2 1 2 5 3 1 2 1 2 
-2t3JI- 1081112 + 81 Jl/2 + 129612- 3612 + 311 + 211 (15a) 

The second integrals in the corresponding approximation are also obtained by GITA 
procedure up to terms of degree Smax as quadratic form [3] 

J! 2 )(~[smaxJ, !][S,.ax]) = r(~[smaxJ, 1][Smax])- :E ~w,..(~~[smax] + 1]~[smax]), V = 1, 2. 
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To obtain the integral in the original coordinates, GITA express the final variables 
(~,1)) = (~[sm,u],1)[.Smax]) through variables (q = ~[2],p = q[2]) mtking (smax-
2) coordinate transformations 11 = 1, 2; s = 3, 4, 5, ... , smax in ao:ordance with 
eqs.(5)and definition of the generation function via coefficiens w(sl(C[s- 1], '7v[s]) 

As an example, we present them in the explicit form : nmax = 3, ;max.= 6. 

7 3 2849 2 4 287 2 2 2 7 2 2 
+ 18VGP2Ptql- 41472P2P! + 6912p2plq2- 18VGP2P!q~ 

35 2 2 2 5 2 2 385 2 4 5 2 3 

-256P2Plql- 144P2Pl- 41472p2q2 + 216VGp2q2 

245 2 2 2 5 2 2 23 2 2 763 2 4 

+2304p2q2ql- 144p2q2 + 72v'6p2q2ql + 41472p2ql 

1 2 2 7 3 7 3 217 3 
+if?2ql -

5184 
P2P1 q2ql -

54
y'6P2P1 ql + 5184 P2P1 q2q1 

7 2 791 :J 7 
-

36
VGP2P1q2q1-

5184
P2P1q2q1-

36
P2Jl1q2q1 

7 3 84 7 6 2821 4 2 7 4 

- 36VGp2p1q1 + 124416P1 - 41472p1q2 + 54y'6p1q2 

84 7 4 2 5 4 1771 2 4 37 2 3 91 2 2 2 
+ 41472p1q1 - 288p1 + 41472p1 q2 - 216VGp1q2 - 2304P1 I2q1 

1 2 2 1 2 2 623 2 4 5 2 2 545 6 

+16plq2 + 8v'6plq2ql + 41472plql- 144plql- 124416g2 

5 5 943 4 2 5 4 5 3 2 1537 2 4 5 4 

+ 215v'5q2 + 41472q2q1 - 288q2 - 1o8v'6q2q1 - 41472q2q1 - 288q1 

5 2 2 5 4 49 6 

-144 q2q1 - 12v'6q2q1 - 124416 ql (13b) 

nmax = 4, Smax = 6. 
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25 2 2 2 1 2 2 4 7 2 4 l 2 :l 

- 432p2plql + 3fiP2PI + 2592p2q2- 54J6p2q2 

2 2 2 1 2 2 5 2 2 17 2 4 
+ 48 p2q2ql + 36 p2q2 + 18J6p2q2ql - 2592 p2ql 

1 2 2 41 3 2 3 19 :l 
+12p2q1 + 

324
P2P1q2q1-

27
J6P2P1q1 + 

321
-112P1q2q1 

1 2 13 'l 1 
-

9
J6P2P1q2q1 + 

324
P2P1q2q]- gP2P1(/2(/1 

1 3 49 6 157 4 2 2 4 

- 9J6P2Plq! + 7776PI- 2592plq2 + 27VGpjq2 

49 4 2 1 4 11 2 4 7 2 3 1 2 2 2 
f- 2592 P1 q! + 

72
P1 - 2592 P1 q2 -

54
J6P1 q2 + )14111 q2ql 

1 2 2 1 2 2 53 2 4 1 2 2 79 6 

+ 12p1q2 + 6J6p1q2q1 + 2592p1q1 + 36p1q1 + 7776q2 

1 s 1 4 2 1 4 1 3 2 1 :n 2 1 1 1 

-54J6q2 + 2592q2q1 + 72q2 + 27J6q2q1 + 2592q2rlJ + 72q1 

1 2 2 1 4 53 6 

+ 36 q2q1 + 18v'6q2q1 + 7776 ql (14b) 

nmax == 5, Smax == 6; 

(2) - :t'i 6 175 4, 2 35 4 2 205 4 2 1 ' 4 95 :l 

I - -l i552p2 + 5184p2p1 - 5184p2q2 - 5184p2q1 + 72 112 + 648p2p 1q2q1 

2 3 175 2 4 5 2 2 2 2 2 2 
+ 

9
J6P2P1 ql - 5184 P2P1 - 846 P2P1 q2 -

9
J6P2P1 q2 

25 2 2 2 1 2 2 11 2 4 1 2 3 

-288p2plq1 + 36P2Pl -- 5184p2q2- 54J6p2q2 

;{5 2 2 2 1 2 2 5 2 2 5 2 1 

+864p2q2ql + 36p2q2 + 18J6p2q2ql + 5184p2ql 

I 2 2 25 :1 2 . 3 23 :l 
+ 

12
P2q1 + 

048
P2Jl1q2ql-

27
J6P2P1q1 + 

618
P2P1(/2q1 

1 2 31 3 1 ' 
- ;rP2Plq2q!- -p2p1q2ql- -p2fJ1(/2(/! 

9v6 648 9 

1 l :~5 6 27.1 4 2 2 1 

-9J6P2Piq] + 15.'i.'i2P!- 5181plq2 + 27VGp!q2 

:~.'i 1 2 1 1 .')9 2 4 7 2 :l 19 2 2 2 
-~ 5184 PJIJJ + 72P! + 5181 plq2- 5-IJ6Piq2- &;1f1Jq2ql 



33 

I s 2:~ -1 2 I 1 l l 2 7:l 2 1 I 1 
-~-(/ + --(/ (/ + -(/ + ~~(/. (/ + --(.,. (/ + --(/ • 1 17'(· 2 c I Q I 2 I -·) 2 ·)- 17'(· 2 I • I,, I 2 I - ) I 

:J· V \l <l o· 1- -1 V ll .J ,~ I " 

(I :ih) 

The ahow int.egra.ls (l:lb-Uih) and corresponding l'oinc;ne sections are presented 
on Fig. l-3. One can obser\'C' how the sequence of these scctiom step hv step 

tends to the limited sect ion of the exact Toda integral (I 0) which is sl 0\\'11 on Fig. 1. 
Note. t lw approxima.te integrals of motion willlw described well t hcon t icalh· n'gular 
phase 1 raject ories similar to the other gcncralizat ion of the I knon-1 k les dn1amical 
system [9]. On this wav one 111ay expect to find additional criteria o' a true choice 
of BC:'-JF structtm' con1wcted with exact integrals. 
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4 GITA -J and the inverse problem of HLSE 

GITA- 1 comists of a core part and a subsidary part. The core part is derived from 
GITA [3] anc the subsidiary part coritaim, the procedures characteristic of GITA -I , 

both of whir h are put together in a single file. The procedure list and the input 
data (the inj·Ut Hamiltonian) arc loaded at the beginning of running GITA -I . 

As an ex;mpk of program fulfillment, we t;tke the inverse problem of HLSE. Let 
the input Hamiltonian HIN be 

12 2 2 2 8~ ~ 
llJN(q, p) = 2(PJ -!- P2-!- !J1 -!- qJ-!- 3c:(q1 - !!2 ), ( lfi) 

the Hamiltor ian of regularized system of IILSE [6]. The input BCNF Hamiltonian. 
GIN· for Hrfl is ca.kulatcd, up i.o the fourth order, to b.: 

,( ~) . - 2 2 2 ' . 2) ( 2 2 2 . 2) GI.'\'(~, q)- c:(~l -!- ~2 + T}j T '12 ~~ + 171 -- ~2 - 172 ' ( 17) 



where Eisa. parameter. The vector 1}~ in eq. (8) is hence fixed by· he coefficients. 

,):~(a 1 ,a 2 ,(1 1 ,!12 ), ofU)~ through (5). It is worth noting that all t.h,se preliminary 
calculations can he made by CITA. 

The (i ITA - 1 st.a.rts with generating the field P1 to desnihe the o 11 put Hamill o­

n ian 11j;?rr all of whose coefficients c~;?n·(n.J) are unidentified. );!xt. eqs. (1)-(7) 

with,\ = (){ !'f' im' proceeded in CIT;\ - 1 to cakulitle (,·~;J.r· all of wh Jse codficients. 

,);?.,r(n. ;1), expressed in tnms of c~J'/rT{n . .J) unidentified. On equ; ling Gu,; with 
(/ouT in GITA - 1 . eq. (8) takes the following form: 

:H)1/rr(O, 1, 0, 0) + c~;(n-(0, 2. 0. 2) + :k~J?T(O. 0. 0. 1) = ~~E. 

:k~J1/rr(-1, 0, 0, 0) + c~;?,T(2, 0, 2, 0) + :~ciJ?T(O. 0. l. 0) = 8::, 

where the coefficients, c~;1),.r(k 1 ,k2 ,( 1 ,f2 ), not listed in (18) ill'(' set l·l zero. 

Applying the subroutine SOLVE in HI·:Dn'E to eq. ( 18), \\T ha '(' 

c~;1L-(o, 0, I, 0) = u(1), 

c~;(n.(O, 11, 0, 0) = ( ~Ju(2) ~ u( I)~ 8E)j:l, 

c~;[1 T( 4, 0, 0, 0) = ( ~Ju(•l) ~ u(:l) + 8c) j:l, 

(1) ) • c01 r(O. 0. 0. I = u(2). 
(·1) • . • • 

c·0 n(O. 2. 0. 2) = u( l ). 

c~;/,T(2.0,2.0) = u(:l). 

(18) 

( 19) 

a.s the solution of eq. (18), where u.(i) (i = l, 2, :~, •1) denote the unidentified constants 

'<ubcomplex(i)' introduced automa.tica.lly in SOLVE. 

Finally, we identify t.he output. Ilamilt.onian to be 

which admits GIN given by eq. (17) as the BGNF. Not!' that if all the u(i) vanish 
in eq. (20), Hou'J' becomes identical with li1N given by ( lli). 

On setting u.(2) = u(4) = 0 in eq. (20), llouT becomes 

) 
l + 2up)qf 2 l + 2u( l )qi 2 lfmrr(q,p = 

2 
P1 + 

2 
P2 

+ q~ + ~ { ~u(:n + 8::} q;1 + q~ ~ ~ { u( l) + 8-} qJ. 

(21) 

Surprisingly, Howr turns out. t.o be a Hamiltonian a.dmitt.ing tlw sq:ara.tion of vari­
ables, which provides an int.cgrable system accordingly. 1\lthough it seems to h<' 
incidental that W!' encounter such integra.bl<' syst!'llls aJt.n CITA - 1 . <liH' may <'X­

pcct. t.o find a. class of integrable systems whose llamilt.onia.ns 1'1'< un' to a. givPn 
BCNF llarniltonia.11. 
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5 Cone luding Remarks 

\Ve would like 1o make a few remarks on the peculiarities in a realization of CITA -I 
(i) In generati1 g the field Pe and eq. (8), W(~ have US('d REDPCE to implerrwnt the 
combinatorial . .Igorithrns and the list processing. (ii) As is seen from tlw algorithm 
(1)-(8) prescnt·~d in Sec. 2, GITA- 1 is proceeded by tracing back tlw procedures of 
GITA in princi pi(~. Hence we may expect that C ITA and (;ITA -I arc put to get her 
to provide a unified symbolic computing program for various calculation around the 
BGNF cxpansi m and integrable models in future. 
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Abstract 

We consider the construction of explicit solutions of a hierare1y of q­
deformed equations which are (conditionally) quantum conformal invariant. 
We give two types of solutions - polynomial solutions and solutions in terms 
of q-deformations of the plane wave. We use two q-deformatiom of the 
plane wave as a formal power series in the noncommutative coord nates of 
q-Minkowski space-time and four-momenta. One q-planewave was proposed 
earlier by the first named author and B.S. Kostadinov, the other is new. The 
difference between the two is that they are written in conjugated base3. These 
q-plane waves are used here for the construction of solutions of the massless 
Dirac equation - one is used for the neutrino, the other for the antineutrino. 
It is also interesting that the neutrino solutions are deformed only through 
the q-pane wave, while the prefactor is classical. Thus, we can speak of a 
definite left-right asymmetry of the quantum conformal deformatic n of the 
neutrino-antineutrino system. 

1 Introduction 

One of the purposes of quantum deformations is to provide an alternative of the regu­
larization procedures of quantum field theory. Applied to Minkowski fpace-time the 
quantum deformations approach is also an alternative to Connes' no:1commutative 
geometry [1]. The first step in such an approach is to construct a no1commutative 
quantum deformation of Minkowski space-time. There are several pm sible such de­
formations, cf. [2, 3, 4, 5, 6, 7, 8]. We sh<tll follow the deformation •>f [5] which is 
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different frorr, the others, the most important aspect being that it is related to a 
deformation ( ,f the conformal group. 

The first moblem to tackle in a noncommutative deformed setting is to analyze 
the behavior >f the wave equations analogues. Thus, we start here with the study of 
a hierarchy o ·deformed equations derived in [9] with the use of quantum conformal 
symmetry. T 1e hierarchy is parametrized by a natural number a. In fact, the case 
a = 1 corresp Jnds to the q-d' A! em bert equation, while for each a > I there are two 
couples of eqHations involving fields of conjugated Lorentz representations of dimen­
sion a. }or in3tance, the case a= 2 coresponds to the massless Dirac equation, one 
couple of equ ttions describing the neutrino, the other couple of equations describing 
the antineutr,no, while the case a= 3 corresponds to the Maxwell equations. 

In [9] the solution spaces were given only via. their transformation properties 
under Ug(sl(' )) and quantum conformal symmetry. However, no explicit solutions, 
which are im )Ortant for the applications, were given. This was started in [10] with 
the construct on of solutions of the q-d'Alembert equation. Two classes of solutions 
were given: polynomial ones and a deformation of the plane wave. It is a. forma.! 
power series in the noncommuta.tive coordinates of q-Minkowski space-time and 
four-moment t. This q-pla.ne wave has analogous properties to the classical one. 
In particular it has the properties of q-Lorentz covariance, and it satisfies the q­
d' Alembert Equation on the q-Lorentz covariant momentum cone. On the other 
hand, this q- >lane wave is not an exponent or q-exponcut, cf. [ 11]. Thus, it differs 
conceptually from the classical plane wave and may serve a.s a. regularization of tlw 
latter. In the same sense it differs from the q-plane wave in the paper [ 12], which is 
not surprisin~, since ther"e is used different q-Minkowski space-time (from [2, 3, 4] and 
different q-d' \lembert equation both based only on a (different) q- Lorentz algebra, 
and not on q conformal (or Uq ( sl ( 4))) symmetry as in our case. 

In the pr·~sent paper we give polynomial solutions for all 'equations of the hi­
erarchy. We give also another q-deformation of the usual plane wave written in a 
conjugated bisis with respect to the first q-plane wave derived in [10]. We give 
solutions oft 1e massless Dirac equation involving the two conjugated q-plane waves 
- one for the neutrino, the other for .the antineutrino. It is also interesting that the 
neutrino· solutions are deformed only through the q-pane wave, while the prefactor 
is classical. ''hus, we can speak of a definite left-right asymmetry of the quantum 
conformal de 'ormation of the neutrino-antineutrino system. 

2 Prelm1nanes 

First we introduce new Minkowski variables: 

X± Xo ± :c;3, V = ;r;l- '/,X2, iJ = x 1 + ix2, (I) 

which, (unlil<e the x~"), have definite group-theoretical interpretation as part of a 
coset. of the o mformal f!.IOUp 8U(2, 2) (or of S L( 4) with the appropriate conjugation) 
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[5]. The d' Alembcrt equation in terms of these variables is: 

(2) 

while the Minkowski length is: [ .r _x+ -vi! .r6- i 2 

In the q-deformed case we use the noncommutativf' q-Minkowsl i space-time of 
[5] which is given by the following commutation relations: 

±I ±1-:r±V = q v.r± , X±V = q v:r± , 

(3) 

with the deformation parameter being a phase: lql = l. The q-Mink l\Vski length is: 

(4) 

It commutes with the q-Minkowski coordinates and has the correc classical limit 
[ 7= 1 = [. Relations (3) are preserved by the anti-linear anti-invobttion w acting 
as : 

w(x±) = :r± , w(v) = i!, w(q) = q 

i.frorn which follows also that w([q) = [q . 

-l q (w(A) == :.-A) , (5) 

The solution space (for q-d' Alambert) consists of formal power series in tllf' q­
Minkowski coordinates: 

r.p = iJ.jnfm '-Pjnfm I.P;nfm ..Pjn(m' "f. .jnlm (Ga) 
j,n,l,mE7Z+ 

v.J xn xf vm - + 

--m l n j ( , ) 
V X+ X_ V = W '-P.infm 

(Gb) 

(Gr) 

The solution spaces (6) are representation spaces of the quantum a.lp~lna 1/7 (.,/(·1)). 
The latter is defined, ( cf. [13]), as the associative algebra over a wi .h unit element 
lu, 'Cheva.lley' generators kf, X;±, i = 1,2,3, and nontrivial nlations ([:rjq 
(q" - q-x)j A) : 

1u , k l(± 
,. J 

[Xt,xn = O;j (k[- k;-2
) /A, 

(xi±) 2 xf - [2]qxi± xf xi± + xf (x;±) 2 
0, 

(Ia) 

(ib) 

li - Jl = l . (ic) 

Further we suppose that q is not a. nontrivial root of unity. The ar1 ion of Uq(.-1(4)) 
on cf!Jnfm was given in [11], (cf. also [10]). Using those formulae we nn find also the 
action on tP.1nfm : 

(.J-n+f-m)/2 -. 
q '-P.1nfm , 

(- j-n+f+m)/2 -
q · '-P.7nfm 

(8a) 

(8b) 
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7r(XtJ tP1nfm 

7r( Xi) tP1nem 

7r( X-) 0jnfm 

7r( X-) tPjnfm 

q-2+(-J+n+f-m)/2 [n]'l 0J+l,n-l,fm + 

-2+(-j+n-f+m)/2 [rn]q 0
1
n.f+l,m-l + q 

(-j-nH+m)/2 [j]'l 0]-l,n,f+l,m -- q 

_ q(-3j-n+3f+m)/2 [n]q 0
1
,n-l.f,m+l ' 

ql+(J-n+f-m)/ 2 [j]q 0]-l,n+l.fm + 
+ ql+(-j+n+f-m)/2 [t']q 0jn,f-l,m+1 ' 

ql+(J+3n-f-3m)/2 [P]q 0 1+1,n,f-1,rn 

ql+(j+n-f-m)/2 [m]q 0J,n+1,f,m-1 · 

(lJa.) 

(9b) 

(lOa) 

(lOb) 

We have writte 1 only the action of X[, k1 for j = 1, :~ since we shall use only 
those. (Note th lt the representation formulae in [H] are for general holomorphic 
representations >f Uq(sl(4)) characterized by three integers (r 1 , r2 , r·3 ), (which here 
are (0, -1, 0)), a1d the functions depend in general on two additional variables z, z.) 

Next we need the q-d' Alembert equation: 

Oq<.p LJ,n,C,mEZ':'+ flJnCm D q 'PjnCm 0, 

[I q tPjnfm q1+n+2m+2j+f[n]q[f]q 0j,n-l,f-1,m 

_ qn+j+f+m[j]q[m]q tPJ-1,n,C,m-1 

[I q 01nfm qnH[n]q[f]q 0j,n-1,f-1,m -

_ qn+j+f+m+1[j]q[mjq 0j-1,n,f,m-l 

(for (llb) cf. [9, 10]). 
Remark: Equa .ion ( 11) may be rewritten in a form closer to the q = 1 
introducing q-dderence operators. For this we first define the operators: 

if; lf 

r; lf 

'± 
Lj,n,f,mEZ':'+ f.ljnfm M" 'PjnCm , 

Lj,n,f,mEZ':'+ f.ljnfm r;: 'Pjnfm ' 

K- ±, V, V, 

"'= ±,v,v, 

( lla) 

(llb) 

( 11 c) 

in (2) by 

(12a) 

(12b) 

and if!, if~, if;, iff , resp., acts on 'Pjnfm by changing by ±1 the value of 
j, n, P., m, resp., Hhile Tt, T~, Tv±, Tl, resp., acts on 'Pjnfm by multiplication 
by q±j, q±n, q±l, q±m, resp. Using the above we define the q-difference operators as 
follows: 

' 1 ' -1 (r -1) 'D" <.p = );" M" T" - T" <.p . (13) 



Using (12) and (13) then (llb,c) may be rewritten as: 

(q f:y_ v+ Tv Tv - Vv Dv) Tv T_ T+ Tv 0 0 

(v- v+ - q Vv Vv Tv Tv) T_ T+ 0 = 0 
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(14a) 

(14b) 

Note that the operators in (12), (13), (14) for different variables e<ommute, i.e., 
using these one is technically passing to commuting variables. Note that keeping the 
normal ordering it is straightforward to interchange commuting and nc ncommuting 
variables. 

3 q-Plane Waves 

We want to q-deform the plane wave. Clearly, the most general q-deformation is: 

00 1 
(exp(k · x))q = ?; [s]q! fs , (15) 

where fs is a homogeneous polynomial of degree s in both sets of vuiables, i.e., 
q-momenta (kv,k-,k+,kv) and q-Minkowski coordinates (v,x_,x+,1'), such that 
(Js)lq=l = (k · x) 5

• Thus, we set fo = 1. One may expect that fs fm s > 1 would 
be equal or at least proportional to (!1)", but the outcome would be that this is not 
the case. In order to proceed systematically we have to impose the :onditions of 
q-Lorentz covariance and the q-d' Alembert equation. 

The complexification of the q-Lorentz subalgebra of the q-conformal algebra is 
generated by kT, x 1±, j = 1,3. Using (9a,c), (10a,c) it is easy to ched that: 

j = 1, 3. (16) 

Since ( k · x )5 is a scalar as ( Lq )", then also the q-deformations fs shou ,d be scalars, 
and thus also should obey (16). In order to implement this we SUPI•ose that the 
momentum components are also non-commutative obeying the same n les (3) as the 
q-Minkowski coordinates, and that they commute with the coordina1 es. Also the 
ordering of the momentum basis will be the same for the coordinate;. Taking all 
this into account one can see that a natural expression for fs is: 

Js 2: 
a,b,n E-'Z't 

8 
( -1 )s-a-b 

f3a,b,n fq(a-n+1) fq(b-n+1) fq(s-a-b+n t1) [njq! X 

ks-a-b+n kb-n ka-n kn n a-n b-n -s-a-b+n 
X v _ + v V X_ X+ V , (17) 

where we have introduced some factors that are obvious from the ccrrespondence 
with the case q = 1. (The expression in ( 17) does not involve terms that would vanish 
for q = 1. Actually, we shall see that sucl1 expressions would lead to noncovariant 
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momenta light-cone.) In order to implement q-Lorent.z covariance we impose t.hP 
conditions: 

rr(Xf) fs = 0, J = 1, 3. ( 18) 

For this calculation we suppose that the q-Lorentz action on the noncommutative 
momenta is given by (8a,b), (9a,b), (10a,b). This was done in [10] and the following 
result for (3 w ts found: 

where 

{3s qn(s-2a-2b+2n) + a(s-a-1) + b(-s+a+b+l) (3s 
a,b,n - 0,0,0 ' 

( 
s ) -1 - s q(s-p)(p-1)+p 

f3o o o - L :-. -:-. -:-. -:-. ---=­
p=O 

(19) 

(20) 

The functiom fs obey the q-d'Alambert equation if the momenta arc on the q­
Lorentz covar ant q-light cone: 

[.k 
q k_k+ - q-1 kvkv = 0. 

We turn n )W to the conjugated case. The q-plane wave now is: 

ls 2.:: 
a,b,n 

expq(k · x) 2.:: 1 -
·'=0 [s]q! fs 

js ( _ l )s-a-b 

la,b,n l'q(a-n+l) I'q(b-n+1) l'q(8-a-b+n+1) [n]q! X 

k nka-nkb-nks-a-b+n ·s-a-b+n b-n a-n n 
X v + _ v V X+ :r_ V 

For q-LorEntz covariance we impose the conditions: 

± -
rr(Xj ) fs = 0, J 1' :{ . 

(21) 

(22) 

(23) 

We use the c )mmutation relations for the momenta components as for as the q­
Minkowski co )rdinates, and that momenta. commute with the coordinates. We also 
have to u,se tl e twisted derivation rule [14] : 

rr(Xf)1/; · 1/J' 

1/J 

rr(X[) ·1/J · rr(kj 1
) 1/J' + rr(kj) 1/J · rr(Xf)1/;', 

k~ k~-n k~-n k~-a-b+n ,/.' ·-s-a-b+n b-n a-n n 
'!' = V X+ X_ V 

(24) 

The four c mditions (23) bring eight relations between the coefficients~, however 
only three arc independent, namely, the relations: 

/3~,b,n 2n+2a-b-2-s ~s 
q a-1 ,b,n ' (25a) 

[J' , a,b,n 
2n-a-2b+2+s ~s 

q a,b-1 ,n ' (25b) 

~s _ 2a+2b-4n+2-s (p 
a,b,n q 1 a,b,n-1 ' (25c) 
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solving which we find the following solution: 

jJs _ ( n(2a+2b-2n-s) + a(a-s-1) + b(s-a-b+1) jjs 
a,b,n - / 0,0,0 (26) 

I.e., for each s 2:: I only one constant remains to be fixed. Next we impose the 
q-d 'Alcrnbert equation: 

Dq /, = 0, (27) 

which holds trivially for s = 0, I. For s 2:: 2 we substit utf' (22) to o Jtain that (27) 
holds if thl~ momentum operators are on the q-Lorentz covariant q-light cone (cf. 
(21 )). 

Now it rerna.ins only to fix the coefficient {i~.o.o· We note that for q= 1 it holds: 

(k · :r)lk _, x = (x · J:) = .C , (28) 

and thus we shall impose the conditions: 

(29) 

A tedious calculation shows that: 

(
- ) -1 
fi~.o.o 

2s / s!, as expected. 

4 Polynomial solutions for nonzero spin 

As we mentioned for a E IN+ I there are two couples of equations mvolving fields 
of conjugated Lorentz representations of dimension a. One of the co it pies is [9]: 

{q"[a- I- Nz]qVS_- V_Vz} TJ,/I+ t.P = o 

{q"[a- 1 - Nz]qV+T- Tv Tv- DvVz} Tz 1~,1+ tp = 0 

The solutions arc polynomials in z of degree a - I and formal pow ·r series in th<' 
q-Minkowski coordinates: 

.,.i j n l m 
Pijn/m ~ v x_x+v 

Substituting (:l:l) in (:H) and (:!2) we obtain two recurrence relation;: 

a+n [a- i- l]q[j + ljq 
Pi+l,j,n+1,/m = !f [' 1] [ 11 Jli,.J+l,n/m 

1. + q n + ,,1 

(34) 
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Pi+1,jnl,m+
1 

= q"+J+n+m [a- l- l]q[/ + !J,; 
[i + l]q[m + l]q Jlijn,l+1,m 

(:l.5) 

Solving (34) and (35) we obtain, respectively: 

Pijn·m 
qi(a+n-1)-9 [a- 1]q 1[j + i]q![n- i),;! 

[a- i- l]q![i]q![j]q![nJ,;! PO,j+i,n-i,lm 
(:l6) 

Pij
1

lm = qi(a+j+n+m-1) [a- ljq 1[1 + i]q![m- i)q! 
[a- i- 1]q![i]q![l]q![m]q! Pojn,l+i,m-' (:l7) 

Combining (:36 and (37) we obtain: 

Pnmdbc 
qn(a+d+c+~-~)+m(c+m+n) [a- 1]q![b]q![d]q![c]q! 

[a-n- 1]q![n]q![m]q![d- m]q! x 

I 
X [b J I [ J I Poodbc - n - rn q· c + n + rn q· 

(:lR) 

Accordingly, th ~solution of (31) and (32) is given using (:l:n as follows (since Poodbc 

arc constants): 

<f!dbc 

m1n(d,b) a-1 [ L qn(a+d+c+~-~)+m(c+m+n) [a- l]q![b]q![d]q![c]q! 
n=O n=O [a-n- 1]q![n]q![m]q![d- m]q! x 

1 X n m d-m b-n-m -c+n+m 
· ['J- n- m];![c + n + m]q! z v x_ x+ v (39) 

Formula (39) is valid also for noncommutative coordinates. For commuting coordi­
nates it may be written in more compact form as follows: 

• d b -c Fq ( b +d+ I ZV VV ) 'Pdbc X_X+V JJ - ,1-a,-d,c+l;qa c-2-,qc __ 
X+ X+X-

(40) 

where FJy . is a q-deformation of a double hypergeomctric function: 

oo oo q~+m2 +nm(a)q (b )q(b· )q 
FJy[a,J1,b2,c,z,,z2]=LL ()q [7~ j,n 2 mz~z;" (41) 

n=Om=O C n+m Tl q· rn q· 

which for q = 1 is given by [15], (f-la 5.7.1.6). For a= 1 these solutions coincide 
with the results of [10]. 

We pass nov to the other couple of equations [9]: 

([a- Nz- 1}q'i\Tv- qaiJJJzT-) T_Tv <f;' = 0 

([a-Ni -l]qVv- qaiJ_vir;r_) Tv <P' = 0 

(42) 

(43) 
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The solutions arc polynomials in z of degree a - 1 and formal power series in the 
q-Minkowski coordinates: 

•I 
'P 2:: 

i,j,n,l,mE~+ 

m n l -j --i 
Pijnlm V X_X+V z 

Substituting (44) in (42) and (43) we obtain two recurrence relations: 

-a+j-n-m [a- i- 1]q[l + 1]q 
Pi+l,Jnl,m+l = q [i + l]q[m + l]q Pijn,l+l,m 

-a-n- 2m [a- i- 1]q[j + 1]q 
Pi+l,j,n+l,l,m = q [i + 1]q[n + l]q Pi,jH,nlm 

The solution of ( 45) and ( 46) is: 

Pnmd 1b1c1 
q-n(a+d'+c'+¥--}l+m(c'+m+n) [a- l]q![b

1
]q![d

1
]q![c

1
]q 1 

X 

[a-n- 1]q![n]q![m]q![d1
- m]q! 

1 
x [b1 _ _ ] '[ 1 + + ] 1 Pood'b'c' n m q· c n m q· 

Accordingly, the solution of ( 42) and ( 43) is given by: 

(44) 

( 45) 

( 46) 

( 47) 

min(d',b')a-1 [ 1] l[b1] l[d1] '[ 1] I L L q-n(a+d'+c'+¥--~)+m(c'+m+n) a- q· q· q. c q· X 

m=O n=O [a-n- 1]q![n]q![m]q! d 1
- m]q! 

X 
1 c'+m+n d 1-m b'-n-m-m-n 

[ l 
V X_ X+ V Z 

[b1
- n- m]q! c1 + n + m q! 

xd' xb' vc' F,q (-b1 1 -a -d1 c1 + 1· q-(a+d+c-} l zv qc' vv -) (48) 
- + D ' ' ' ' ' X+ X+X-

where another deformation of the same double hypergeometric functiorr as above is 
used: 

oo oo -:/ +m2 +nm ( 1)q (bl )q (bl )q 
F lq [ I bl bl I ] """ """ q a n+m 1 n 2 m n m 

va, 1, 2,c,z1,z2 =L.JL.J ( 1 )q [ ]'[ ]' z 1z2 
n=Om=O C n+m n q· m q· 

( 49) 

The first formula in (48) is valid also for noncommutative coordinatel. For a= 1 
these solutions coincide with (39), (40), and all reduce to the result of [10]. 

5 Solutions of the massless q-Dirac equ.:ttion tn 
terms of q-plane waves 

As it was shown in [9] if a function satisfies (31) and (32) or ( 42) anc ( 43) then it 
satisfies also the q-d' Alambert equation. Thus, it is justified to look for solutions in 
terms of q-plane waves. 
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Here we s 1all restrict to the case a = 2. In this case the relevant equations are: 

([1- Nz]JJv- qV_VzT-) 1~ ~ = o 

([1- Nz]qV+Tv-l- qDvVzT_Tv) T_ ~ = 0 

([1- Nz]qV+TvTv- 1 -lVvDzT-) T_T, ~~ = 0 

([1- Nz]qVv- q2V_V;;T,7) T11 ~~ = 0 

(50) 

(51) 

(52) 

(5:3) 

where (50), (51) are written in the conjugated basis, while (52), (53) are obtained 
by setting a = 2 in equations (42), (43). The functions ~' ~~ are polynomials of 
first degree ir z, z, respectively, and can be wriitcn as: 

~ = ~0 + Z~J, ~~ = ~~ + z~~ (54) 

We note ,hat the above equations are a q-deformation of the massless Dirac 
equation. Indeed, for q = 1 they can be rewritten in the two-component form of 
the massless )irac equation. It is well known that the latter splits into independent 
equations for the neutrino <1>(-) and the antineutrino <I>(+) : 

(Ox0 ± (O"J0x 1 + O"z0x2 + 0"30x3 )) <l>{±)(:r) 0 (55) 

where O"k ar~ the Pauli matrices: 

( 0 1 ) ( 0 -i) ( 1 0 ) 
O"J = 1 • 0 ' O"z = i 0 ' 0"3 = 0 -1 (56) 

It is easy to see that <I>(±) are expressed through our functions (for q = l) as: 

1 ( 'Po ) 
<I>(+) - 2 -~1 ' 

I 'P! . 'I ) <1>(-)=2(~~ (<')7) 

Thus our field ~ corresponds to the antineutrino, while ~~ corresponds to the 
neutrino. 

We start irst with the q-deformation of the neutrino equations (52) and (5:3). 
We shall.look for solut.ions in terms of the q-planc wave (17): 

' 1 ~ 1 
o/,1 

'P = ~ -[ J-1 'f/s 
s=O 5 q· 

where 1/J: are the analogs of fs, so we shall solve: 

([I- N2]qiJ+Tv1~-~ -lVvDzT-) 1'-Tv 1/J: 

([1- N,]qVv- q2fJ_·bzr,7) Tv 1/J: = 0 

Furthermore ve shall ma:kc the following Ansat11: 

0 

(58) 

(59) 

(60) 

1/;: = (ak++f3k-+1kv+Skv+z(a'k++f1'k_+i'kv+S'kv))fs (61) 
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where a,j-J,,,fJ,o'JJ',/',fJ' are constants to be determined. We s1 bstitute (61) in 
(:i9) and (GO) for commutative Minkowski coordinates and nonnmrnutative mo­
menta on the q-light cone. Solving we find that: 

f-J = 0; 1 = 0; c/ = 0; 6' = 0; !1' = -6; 

Thus, the general solution of (59) and (GO) is: 

a.nd so the two independent solutions arc given in terms of the q-plane wave: 

(k+- kvz) expq(/,· · .r) 

(kv- Lz) cxpq(k · .r) 

(62) 

(64a) 

(G4b) 

Let us stress that the prefactors do not depend on q, i.e .. they n•incide with thP 
classical ones (which, of course, are obt<tined by a much shorter cal .. ulation). 

Now we pass to the antirwutrino field: 

00 l 
<P = 2.::: -[ l-, ~J., 

.<=0 s q· 
(G5) 

where we shall solve the q-deforrned equations: 

(66) 

(61) 

Analogously to the above we shall write: 

where J., is from the conjugated q-pla.ne wave. [If we use the other basis the 
prefactors will depend on s and we would not be able to express the solutions 1n 
terms of a q-plane wave.] Now the general solution of (66) and (67' 1s: 

aml so the two independent solutions of (50) and (51) are: 

(k:+- qk,;z) cxp'l(k .. r) 

(kv- qLz) 6xp'l(k · .r) 

(G9) 

( 70a.) 

(70b) 

l'iott· I hat unlike tht~ neutrino c<tse, the antineut.rino prdactors arc ]-deformed. 
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QUANTUM CHAOS AND EXCEPTIONAL POINTS 
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Abstract 

The intricate connection between the distribution of exceptional po nts and 
particular fluctuation properties of level spacings is discussed. A proc~dure is 
given to determine the distribution of the exceptional points in the .\-plane 
for a Hamiltonian of the form llo + .\J/1 . 

1 Introduction 
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Quantum chaos has attracted great attention during the past few Y"ars. This is 
remarkable since, in contrast to classical chaos, a proper definition is not available 
as of yet. However, there is overwhelming experimental evidence, that, < •n a quantum 
mechanical level, nature shows characteristic features when systems an investigated 
which have a classical chaotic counterpart (1]. Even more striking is the fact that 
some of such features are still awaiting a satisfactory explanation altho 1gh, as is the 
case in ionisation of highly excited Rydberg states in hydrogen (2), the dynamical 
situation is supposed to be fully understood. It appears, that the semiclassical limit 
(t~ -> 0) of a system which is classically chaotic, is not understood. Th ~ formal root 
of this difficulty lies in the non-uniform nature of the limit 

1. illt/n 1me . 
n~o 

(1) 

It is obvious that energy and time scales are crucial for the limit a1 t.ained. The 
fascinating aspect for the physicist seems to be the necessity of having more detailed 
experimental information to tackle this formal problem. Whether or Ill lt we have to 
re-think our concepts of quantum mechanics remains to be seen; it a ppea.rs to be 
certain tha.t we get at least a. more thorough understanding of qua.ntu m mechanics 
from such studies. 

In this paper we attempt to address the questions: which a.re the common prop­
erties of the quantum mechanical operators tha.t give rise to spectra.! p1 operties that 
a.re ascribed to quantum chaos. If a. matrix representation of a. Ha.miLonia.n which 
originates from a. classically chaotic analogy is given, which is the na.thema.tica.l 
mechanism tha.t yields the special feature:< of the spectrum within t 1e particular 
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range of the parameter where classical chaos is discerned. While cases with a clas­
sical analog:' have no intrinsic statistical clement, a further pm:zling question is: 
why is it th tt a statistical approach without physical input. reproduces such good 
agreement o ·the statistical properties of the spectrum. 

We belie re that the common root. to the answer of these questions lies in wha.t is 
called the ex:eptional points [3] of an operator. Most physical problems in quantum 
mechanics c m be formulated by the Hamiltonian H0 + All 1 where t.hc pmamet.er 
A can play the role of a perturbation parameter, or it may serve to effect a phase 
transition, o ·it may under variation steer the system from an ordered into a cha.ot.ic 
regime. The exceptional points of the full operator are the points A for which t.wo 
eigenvalues 'oalesce. Here we exclude genuine degeneracies of the selfadjoint prob­
lem, in othe ··words, the eigenvalues coincide for no real A. The exceptional points 
occur in the complex A -plane. Note that the operator is not selfadjoint. for complex 
A -values. 

The defir ition of exceptional points is genera.! and <tpplies in particular to oper­
ators in an i n.finite dimensional space, also when the spectrum of the operator has 
a continuum part. In the present work we restrict ourselves t.o finite dimensional 
matrices H 0 and H 1 as in this case the role of the exceptional points and t.he asso­
ciated Riem;cnn sheet structure is thoroughly understood [4, 5]. We do not. bclicw 
that. restrict on to matrices has a major impact on our conclusions since virtually 
all the practical work even in connection with quantum chaos is done in a. finite 
dimensional matrix space. 

The phyfical significance of the exceptional points is due t.o t.heir rel<ttion with 
avoided !eve crossing for real ,\-values. The spectrum Ek(A), k = I, ... , N has 
branch point singularities at the exceptional points, in fact, two of the N levels a.rc 
connected vi 1 a square root branch point. If this happens near t.o the real A-a.xis, 
a level repulsion will occur for the two levels for real A-va lnes. Globally, all the 
exceptionalJ'oint singularities determine the sh<tpe of the whole spectrum. There is 
a nice a.nalot y to the more widely known connection between the pole singularities 
of the scatteJ ing function and the shape of the cross section: in a. similar way as the 
positions oft he poles including their statistical properties determine the measurable 
cross section, the exceptional points determine the shape of the spectrum <tnd in 
particular th ~occurrences of avoided level crossings. The distribution of the excep­
tional points will therefore determine the fluctuation properties of level sp<tcings. 

The posit ions of the exceptional points are fixed in the complex A-plane and ;nc 
determined mlely by Fl0 and H1 . For large matrices it is prohibitive to ddcrmine 
the positiom of the exceptional points. However, it is possible to determine t.hc 
distribution ·easonably well from t.hc knowledge of the two operators. /\ high den­
sity of excep .ional points is a sufficient prerequisite for the occurrence of qua.nturn 
chaos. In t.h< following section we recapitulate the basics about. exn~ptiona.l points 
"for matrices .o render the paper sclf-conta.ined. 
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2 Exceptional points and unperturbed lines 

1\mided kvel nossing is alwa\'S associatt·d with t'Xceptional point~ [·L G. 7] if it 
occms for the lt'\'els Fk{).) of the Hamiltonian /10 + ,\/1 1, The <'XC •ptional poinb 
are square root branch point singularities in tii<' cotnpl<'x ,\-plan<, \\'e gin· an 
<'l<•tnet1t <HV <'Xatnple for illustration and hridh, list tlw essential asp<' 't s with regard 
to <'xcq>tional points, 

( 'onsider a t II'O dinwnsional matrix prol>lem wher<' //0 is diago11it with eig<'ll\'ili­
u<·s ,- 1 and c 2 , while // 1 is rq>r<'S<'ntcd in t lw fonn 

(2) 

llere. the diagonal matrix/) contains the eig<'n\'alues '"''1 and'"''" of lh<' matrix /1
1 

and 1-' is the rotation 

I,= (cos .p 
Sill 'f' 

-Stn.p) 
cos .p 

The <'igenva.lues of the problem //0 + ).f/
1 

arc 

w lwre 

( '!e;nly, when .p = 0 til<' spectntnl is giwn by the two lines 

k = I. 2 

(I) 

('l) 

( <i) 

which inters<'d ill. the point. of dcgcnera.cv ,\ = -(E 1 - c·c)/("-'t - "''!), \\'h<'n the 
coupling between til<' two levels is turned 011 b:f switching on ;: til<' d,·getH'raC\' is 
lifted a.nd avoided level nossing occurs, Now the two il'n·ls coalesn· i 1 till' cmnplcx 
/\-plane where /{vanishes which happens at. the C01llplex conjugat<' p >ints 

(7) 

,\1. tlwsc points, tii<' two levels lc'k().) an· connected by a square root In <tnch point, in 
fact the two levels arc the valtws of Ollt' a.nalytic fundion on two diff'cn•nt Hientann 
sheds, 

Tll<'sc considerations ca.rry oV<'r to an N -dinwnsional probletn [I], The diagonal 
111atrix //0 containstheeil'mentsEkand /)tlwelt•nwntsu.'k·/' = !,.,,, \'; tlw1natrix 
li is now an V dinwnsional rotation which Cilll lw p<trainetcrist•d h1 .\(.\'- I )/2 
angles, (In tltt' qttoted pil.p<'r a p<Hitlll<'l<'!'isat ion w;ts chost'11 .sot hat I, is unit~' when 
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all angles are ; Pro.) The exceptional points arc dctcrrnirwd by the sinmlt aneous 
solution oft he ~quat ions 

det(8-H0 ->.// 1) =0 

d ' 
dEdct(/c-J/0 ->.// 1 ) =fl. (R) 

There are gene·ically N(N- !) solutions which occur in complex conjugate pairs 
in the >.-plane. At those points theN levels/)\(>.) arc conrwcted in pairs by square 
root branch po nts when they arc analytically contimwd into the complex >.-plane. 
Since the positions of the singularities determine the shape of the spectrum. and in 
particular the fiuctuation properties, a closer analysis is indicated. As is <'Xemplificd 
in the next sect on, the crucial condition for the occurrence of level statistics ascribed 
to quantum chaos is a high density of exceptional points in the complex plane within 
a small windm\ of real >.-values. 

To get an icea about the d<~nsity of exceptional points we introduce the concept 
of unperturbed lines. Clearly, when {} is tlw unit matrix (all angles arc hero), the 
spectrum of H0 + >.!f1 = 110 +).f) is given by the lines Ek + >.wk with k = l, ... , N. 
The N(N- 1),2 intersection points of theN lines dcrwnd on the relative order of 
the numbers Ek and Wk. If both sequences arc in asc<'nding ordn, all intcrsPctions 
occur at negative >.-vahws; conversely, if orw sequenu~ is asn~nding and the other 
descending all ·ntersections occur at positiw >.-values. In general, the order which 
is appropriate for the actual problem, is expected to lie between the two extremes. 
To find out fhe appropriate order we are guided by the asymptotic behaviour of the 
levels Ek(>.) of the full problem. For large va.lues of>. the !Pading terms arc given 
by 

l~k(>.) = AWk + O'k +. '' (9) 

where the dots ;tam] for first and higher order terms in I/>.. Neglecting these terms, 
Eq.9 yields just the unperturfwd lines with the appropriate a.ssociation of slopes wk 
and intercepts Yk· from perturbation theory we f1nd the latter to be the diagonal 
clements of the 'backwards' rotated ll0 , viz. 

ak = (U- 1 
· Ho · lf)k,k. ( 1 0) 

The signific wce of the procedure lies in the easy availability of the p<nameters 
of the unperturbed lines from the knowledge of /[0 and f/ 1 alone. The exceptional 
points of the fell problem are expected to lie near to the intersection points of the 
unperturbed lir es (for the two dimensional problem the real parts of the exceptional 
points coincide with the points of intersection). Hence, knowledge of H0 and H 1 

alone enables c s to predict for which values of >. strong fluctuations of the energy 
levels are expe< ted to occur and where they certainly do not occur. 
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14 

14 

Fig.l. A sample of exceptional points in the upper .\-plane for i.po ~ i.(Jcrit/2 

(top) and r.p0 :::0 i.(Jcrit (bottom). An ensemble of 140 cases of 10 X 10 matrices is 
displayed. The apparent hole around the origin is due to the finite sa nple size and 
is insignificant. 
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3 Distribution in the complex plane 

While the int( rsection points of the unperturbed lines give a. fair indication about the 
range of the v1lues of A where quantum chaos occurs, they do not give an indication 
about the dis .ribution in the complex plane. To rna.ke progress we consider the N­
dimensional r tatrix model where ll0 is diagonal witb clements c, which W<' itSSII!lH' 

to be different. The form of H 1 is again chosen as in Eq.(2) wiH'r<' the elenH'n1.s of/) 
are w; and th• ~ orthogonal matrix U is a random orthogonal ma.trix. For I! = I tlw 
levels of the f1 .11 problem H = H0 + Alf1 are given by /~, = f, + Aw,. The int<Ts<'ction 
points of the'e straight lines have a well defined distribution if the f, or thew, or 
both arc unif( rmly distributed in a certain (larw~J interval Til<' distribution io giv<'n 
by P(x) = c;x 2 where cis a constant and :r is the unfolded energy va.ria.hlc. \N<' 
now switch o 1 the random angles from whicb the random orthogona.l ma.trix U is 
constructed by chosing them from the interval [ -cp0, cp0]. As soon as 'Po is nonzero, 
each intersect ion point will become a pair of exception a.! points. For very small 
values of 'Po t 1e exceptional points lie near to the real axis from which they emerge. 
With increasi 1g 'Po the exceptional points move further into th<' complex A-pl<we. In 
Fig.l exampks of the pattern arc given for 'Po about 'Pcri1/'2 and for 'Po 2 'Peril· An 
empirical valle for 'Pcrit is n/(2VN); the distribution does not change for 'Po> 'Peril· 

It turns out that the distribution in the plane is again given by F(r) = c/r 2 where r 
is the distanc" from the origin. It is remarkable that it depends only on the distance 
from the orig n; in other words, it is independent of a direction, that is of ar1 a.ng!c 
against the If a! axis, if 'Po 2 'Pcrit· 

The relati m to quantum chaos lies in the corn~sponding neMest neighbom dis­
tributions (N \fD). We obtain a pure Poisson distribution for 'Po = 0 reflecting an 
integrable cas c. A genuine Wigncr distribution emerges if 'Po has reached its critica.l 
value; it remc ins a Wigner distribution for all values of 'Po > 'Peril· If 'Po < 'Peril the 
NND is betw< en the two, it can be fitted by a Hrody distribution. 

4 Summary and discussion 

The cormccti< n between fluctuations in the level spacings and the distribution of tlH' 
exceptional p•>ints of the Hamiltonian Jl0 + AH1 has been discussed. A constructive 
procedure to !btain a distribution of the real parts, and thus of regions of A where 
quantum cha<·S is to be expected, has been given in terms of tfH' unperturbed lines. 
The usefulnef s of the approach has been demonstrated by a number of examples 
given in the iterature, where it has been found that quantum chaos is the more 
likely to occu ·the higher the density of exceptional points [11]. 

We menti<•n that it was argued in a previous paper [7] that transitional regions 
of finite Fern i systems which undergo a phase tr<1nsition a.rc generically <~xpect.ed 
to show patterns ascribed to quantum chaos. This aspect has been fmthn pursued 
and confirme<. recently [9]. Exceptional points also explain why traditional approx­
imation rneth !ds like a mean field approach arc bound to fail in these regions. Th<' 
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Abstract 

The ·amilies of quasi-simple or Cayley-Klein alg;chras associated to anti­
hcrmitia~ matrices over JR., <C and IHI arP described in a unified framework. 
These tl ree families include simple and non-simple real Lie alg;ebras which 
can be O)tained by contracting the pseudo-orthogonal algebras so(p. q) of t.he 
Cartan s~ries 13t and Dt, the special pseudo-unitary alg;ebras su(p, q) in thP se­
ries At, ;.nd the quaternionic pseudo-unitary algebras sq(p, q) in the series Ct. 
This ap1 •roach allows to study many properties for all these Lie algebras si­
multane,>usly. In particular their non-trivial central extensions are completely 
deter~ir ed in arbit;ary dimension. 

1 The three 1nain families of CK algebras 

The aim of this contribution is twofold. First, we present the structure of the three 
rna.in series o · Cayley -Klein ( CK) algebras (orthogonal, unitary and quaternionic 
unitary) as a;sociated to antihermitian matrices over !R, C and lH[ [1, 2]. These 
families incJu,Jc real simple Lie algebras in the four Cartan series as well as many 
non-simple Li :c algebras which can be obtained from the simple ones by a sequence 
of contractions [:3, 4]. The CK approach is quite useful in the study of many struc­
t IHCS associated to the algebras in a given CK family, such as their symmetric 
homogeneous spaces [5], Casimir invariants [6], quantum deformations [7], etc. This 
formalism alkws a clear view of the behaviour of such properties under contraction. 

i\nd secor d, as an example of this approach, we focus on the complete and 
11;cncral results concerning the non-trivial central extensions [8, 9, I OJ for all thr. 
alqrcbms in th ~ three main CK families. 

We consider N real coefficients w = (w 1, w2 , ••. , WN) and two-index coefficients 
w,~, defined in u~rms of the former by 

Wnb = Wa+JWa+2 ... Wb a,b=O,I, ... ,N a<b Waa := l. ( 1.1) 
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Let IK denote an associative division algebra; this can be either the re<cls IR, complex 
<Cor quaternions !Hl. The space JKN+ 1 can be endowed with a hermitian (sesqui)linear 
form ( . I . )w : JKN+1 x JKN+l -+ IK defined by 

N 

( ai b)w := a0b0 + a1w1b1 + a2w1w2b2 + ... + aNw1 ... WNbN = L c 'wo;bi (1.2) 
i=O 

where a, bE JKN+1 and ai means the conjugation in IK of the comp:ment ai. The 
underlying metric is provided by the matrix 

Iw = diag (1, wo1, Wo2, ... , WoN) = diag (1, w1, w1w2, ... , W1 ···UN). (1.3) 

The antihermitian CK family over IK is defined as the family of Lie c.lgebras of the 
groups of linear isometries of this hermitian metric over the space JK"+1. Thus the 
isometry condition for an element U of the corresponding Lie group 

(U aiU b)w = ( ai b)w 1::/ a, bE JKN+l, (1.4) 

leads to the following relations for the group element U and generatcr X: 

(1.5) 

For IK = IR, IHl these matrices span a simple Lie algebra. For IK = C the algebra so 
determined is not simple, but becomes simple if we add the unimodularity condition: 

det(U) = 1 trace(X) = 0, (1.6) 

which is known as the special condition for the Lie algebra/group Hence from 
condition (1.5) (and also (1.6) when IK =C) we obtain Iw-antihermi1ian (N + 1) X 

( N + 1) matrices over IK = IR, C, IHl which generate the three families of quasi-simple 
or CK algebras displayed in the following table [1, 2]: 

IK CK family Generators 
IR Orthogonal sow(N + 1) Jab= -Wabeab + eba 

C Complex special unitary Jab = -Wabeab + eba 

IHl 

suw(N + 1) Mab = i(wabeab + eba) 

Bz = i( ez-1,1-1 - eu) 
Quaternionic unitary 

sqw(N + 1) 
Jab = -Wabeab + eba 

M:;b = ia(wabeab + eba) 

E:; = iaeaa 

Dimemion 
----,..,-----

2N(N t 1) 
(N+li2 -1 

Hereafter it is assumed that a, b = 0, 1, ... , N and a < b; l = 1, ... , N; i is the 
complex unit; a= 1, 2, 3 and i 1 = i, i 2 = j, i 3 = k are the usual qua1ernionic units; 
and eab is the (N + 1) x (N + 1) matrix with a single 1 entry in row a, column b. 

When all the coefficients Wa -:f. 0 these CK families include real simple algebras 
in the four Cartan series: 
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• The orthogcnal CK family sow(N + 1) embraces the pseudo-orthogonal algebras 
so(p, q) with 1 + q = N + 1 in the Cart an series B !i for even N, and D .t!.±.!. for odd 

2 2 

N. 
• The special unitary CK family suw(N + l) comprises the special pseudo-unitary 
algebras su(p, q) with p + q = N + l in the Cartan series AN. 
• The quaternionic unitary CK family sqw(N + 1) includes the quaternionic pseudo­
unitary algebras sq(p, q) with p + q = N + 1 (the usual name for these algebras is 
sp(p, q)) in th·~ Cartan series eN+!· 

In all cases, p and q are the number of positive and negative terms in the matrix 
Iw (1.3), so when all Wa > 0 we recover the compact real forms so(N + 1 ), 8u( N + l) 
and sq( N + l). If we set one or several coefficients Wa equal to zero, we obtain 
a non-simple _,ie algebra. This process is equivalent to perform the limit Wa --+ 0 
which corresponds to carry out an Inonu-Wigner contraction [11]. Therefore each 
CK family includes simple as well as non-simple members and the latter appear by 
means of contractions. These non-simple Lie algebras preserve properties related 
to simplicity, <end are also called quasi-simple [12]. For instance, it has been shown 
in [6] that all ;he algebras in the orthogonal CK family sow( N + l) share the same 
number of fun :tionally independent Casimir operators no matter how contracted is 
the Lie algebr<L. This not longer true if we go beyond the CK family as the abelian 
algebra clearly shows: all its generators are invariants. 

These families of quasi-simple algebras can be obtained by applying the graded 
contraction th.~ory [13, 14] to any simple member in each family (e.g., sow(N + 1) is 
provided by 7!/~N graded contractions starting from so(N + 1) [3, 4]). An alternative 
approach t~ tl-ese algebra:s can be found in [15]. 

In the seq11el we write down the Lie brackets for these three families of Lie 
algebras. We :emark that the values of each real coefficient Wa can be reduced to 
+1, -1 or 0 (by- means of a rescaling), so that for a given N each CK family contains 
3N Lie algebras (some of them are isomorphic as abstract Lie algebras). 

The comm 1tation relations of the orthogonal CK family sow( N + 1) can be ob­
tained from the ma!rix generators lab and read [1, 8]: 

[Jab, lac]= Wablbc [Jab, Jbc] =-·lac [lac, Jbc] = Wbclab [Jab> ]de]= 0. (1.7) 

Hereafter whe wver three indices a, b, c appear they are always assumed to verify 
a < b < c; wh·~never four indices a, b, d, e appear, a < b, d < e and all of them are 
assumed to be different; and there is no any implied sum over repeated indices. 

The Lie bn,ckets of the special unitary CK family suw( N + 1) are given by [1, 9]: 

[Jab, lac] = <Vablbc [Jab, ]be]= -lac [lac, Jbc] = Wbcjab 
[Mab, Mac]== Wabjbc [Mab, Mbc] =.lac [MaC> Mbc] = WiJc.fab 
[Jab, Mac]= WabMbc [Jab, Mbc] =-Mac [.Ju.c> Mbc] = -WbcMab 
[Mab, lac]= -WabMbc [Mab, Jbc] =-Mac [Mac 1 .fbc] = WbcMab (1.8) 
[Jab, Jde] =I) [Mab, Mde] = 0 [Jab, Mdc] = 0 

[Jab, Bt] = (O'a,t-1- ob,t-t + obt- oat)Mub 
[ Mab, Bt] = -( oa,t-t - ob,t-t + Obt - Oat).lab 
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I 
[/h, Ht] = 0. ( 1.9) 

s::::::r1+l 

If w~ discard th~ condition ( I.G) and conscqtwnt 1~·. further to t lw g~rwrators of 
suw( N + 1) w~ add th~ matrix I = i 2:;~~0 C0 ,, we obtain the 1111ila ry CI\ family 
uw(N + 1) of dimension (N + 1) 2 and.with commutators given by(!.~). (1.9) and 

[M,"./] = 0 [Ht.f] = 0. (1.10) 

When all Wn # 0 we find the pseudo-unitary algebras u(p.q) which <rc not simple 
(they <U<' in the sernisimple series !l,v ··" /J 1) but their pattern is sim lar l·o that of 

su(p,q) with respect to Iw. 
The commutation rules of the quatemionic unitary ('/\'family sq,,( :Y + 1) turn 

out to be [L 10]: 

[Jab, .lac] = Wct&•hc 
[M~'b, M~'cJ = Wab•hc 
[Jnb, M:,J = W,{,Mb~ 

[Mr~b' .Inc] == -WabMb~ 
[Jab, .]de] = 0 
[.J,b, Ed'] = ( 6arl - 6bd) M,~/. 

[' M"] 2 (/''" [-'") • ab, ab == Wab . .Jb - ,;a 

[.J,/, ·he]= -.Jnr [./,"., .ft,,] = "'-'f,. .• J ,f, 
[ M~(,, Mb~] = .Inc [ .\/,;~, .\1;;.] = "'-'f, .fa/o 
[,Jnb, Mb;] == -M~~-- [.Jrzc• ~\/!~~] == -w' 1Jc~'\(~lb 
[M,~i,, .Jbc] = -M,;~ [.\/,;: .. h,] = v.'~>c \/,;/, (I. 11 ) 
[M,;I,, M,/~] = 0 [.J,,,:J\1,/~.] = 0 

[M~I,, ,,·:n = -(<~,d- iit.o~).l,{, 

[ ~~~' /Jl//] == 0 

[M:b, M~cJ = WabE<>f]-yM;, [M~'b, M/,~] = E,r~-yi\1,"/, [:1/,;'.-• ;\//,:.] = Wh,En;h•\1,~1, 
[M,;'b, M~e] = 0 [M,7b, M~b] = 2wabE"1~-y(E; + lo'~) 
[M:b, EtJJ =(bad+ obr~)E,r~-yM;b [L'~'. /o'CJ = 26,~oo,,JJ~ 

where Ecxf]-y is the completely antisymmctric unit tensor with o12:1 = 1. and wlwlwver 
three quaternionic indices n, {1, 1 appear, they a.rc assumed to lw dif 'crent. 

Finally, we would like to remark that in addition to these three lll.tin 'signal urc' 
families of CK algebras, whose simple memlwrs so(p.q), su(p,q), -'J(p,q) can be 
realised as antihermitian matrices over either~. Cor !HI. there arc otlwr C'K families 
[1, 2]. In the CN+i Cart.an series, the remaining rca.! Li<• alg<•hra is the s~'mplectic 
sp(2(N + 1),~), which can be interprd.ed in terms of('[.; families eithn as the 
single simple member of its own CK family 8Jiw(2(N + I),~). or al emativel~·. as 
the unitary family uw( ( N + 1 ), !HI') over the algebra of the split. qua ern ions !HI' (a 
pseudo-orthogonal variant of quaternions, where i 1, i 2 , i:1 still ant.icoll!Illll<'. but their 
squares arc if= -1,i~ = 1,i5 = 1; this is not a division algebra). Lik<·wisc then· 
are other CK families associated to the remaining real simple Lie algdHas. nanwl.v: 
su*(2( N + 1 )) ~ sl( N + 1, !HI) in the Cart an series !1 2N+l· sl( N +I,~) :::: su( ;\" +!. C') 
also in AN, and so*(2N) in DN. 

2 Central extensions 

Let 9 <111 r-dimensional Lie a.lgcbra. with gerwra.t.ors {X 1, .... X,.} and st rud til'<' COil­

st.ants C:i~· 1\ generic cent.ra.l extension!] of 9 by the on<·-dimensional algebra gc1wr-
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a ted by :=: is a Lie algebra with ( r· + 1) gennators { X 1, ••• , X,,:=:} and corm nut at ion 
relations: 

[X;, X)]= L C;~Xk + ~.j:::: [:=:,X;]= 0. (2.1) 
k=l 

Hence we consider ail initial extension coefficient ~iJ associated to each Lie bracket. 
[X;, X1l· As g must be a Lie algebra, the extension coefficients ~ij must be antisym­
metric in thc~ir indices, ~Ji = -~;j, and must fulfil th<~ following conditions corning 
from the .Jacobi identities for the generators X;, Xi, Xt in 9: 

L ( c.~~ki + c;i~ki + C1~~k~) = o. (2.2) 
k=i 

Therefore as a first step in the study of the central extensions of a given Lie algebra. 
9 we have to solve the set of linear equations (2.2) involving all initially possible 
extension coefficients ~ij (2.1). Afterwards we have to find out which of these coeffi­
cients are tri :ial, that is, which can be removed from (2.1) by means of a change of 
basis in 9. Explicitly, if for a set of arbitrary real numbers Ilk we perform a change 
of generators 

xk -t X£ = xk + f..lk::::, (2.3) 

then the commutators for the generators {X;, ... ,x;,:=:} are given by (2.1) with a 
new set of extension coefficients 

~:j = ~ij- L C;~f..lk, (2/1) 
k=i 

where op( Xi, Xi) = L~=' C';~Pk is the two-co boundary generated by p. Extension 
coefficients differing by a two-coboundary correspond to equivalent extensions, and 
those extensi·m coefficients which are a two-coboundary, ~ij = - I::=l ci~f..lk, cor­
respond to tr vial extensions. The classes of equivalence of non-trivial two-cocycles 
determine th( second cohomology group of the Lie algebra, H 2(9,R). 

The procedure we have just described can be carried out for each family of CK 
algebras in a global way, so that this unified approach avoids at once and for all 
the need of a case-by-case study for any given algebra in the family. In general, 
the extension coefficients arising for each CK family can be casted into three types 
according to their behaviour under contraction (when some Wa vanish): 
• T,ype I extc nsion coefficients: they correspond to central extensions which are 
trivial for all the CK algebras belonging to a given family simultaneously, no matter 
of how many coefficients Wa are equal to zero. Therefore they can be removed at 
once by meam of redefinitions as (2.3). 
• Type If extc n.sion coefficients: they give rise to non-trivial extensions when some 
wa = 0, and to trivial ones otherwise. Therefore these extensions become non-trivial 
through contractions and are called pseudoextensions [16, 17]. 
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• Type III extension coefficients: they must fulfil some additional conditions in such 
manner that whenever they are non-zero they are always non-trivia . Therefore 
these extensions cannot appear through the pseudoextension process. 

In the sequel we present the complete results on the problem of fin :iing all non­
trivial central extensions for the three main families of CK algebras. W( will directly 
discard type I extensions which are trivial for all CK algebras in each family. 

2.1 Central extensions of the orthogonal CK algebras 

The non-zero commutators of any central extension sow(N + 1) of the orthogonal 
CK algebra sow(N + 1) are given [8] by: 

[Jab, Jbc] = -lac 

[Jab, lab+!]= Wabjbb+l + Wab-!a[b+I3 [Jab, lac]= Wabjbc for C > b + 1 
[lac, I a+! c] = Wa+J cia a+! + Wa+2 cO:~ a+l3 [lac, ]be] = Wbcjab for b > a+ 1 (

2
·
5

) 
[Jaa+J,Jcc+d = f3a+lc+l3 [Jaa+2,Ja+la+3] = -Wa+2f3a+la+c3. 

The extension is completely characterized by the following extension coefficients: 
• Two type II coefficients, a&1, a~-JN· The extension a&: (resp. a~- 1 ~) 1s non­
trivial if w2 = 0 (resp. WN-1 = 0) and is trivial otherwise. 
• (N- 2) type II pairs, ar+Ia+2, a~+la+2 (a= 0, 1, ... , N- 3), fulfilli1g 

(2.6) 

The two extensions ar+I a+2' a~+I a+2 are both non-trivial when Wa+l = ) and Wa+3 = 
0, and both are simultaneously trivial otherwise. 
• (N -1)(N- 2)/2 type III coefficients f3b+Id+I (b = 0,1, ... ,N -· 3 and d = 

b + 2, ... , N- 1) which must satisfy the following additional relations 

If d=b+2: 
If d>b+2: 

wf3b+I b+3 = 0 
wf3b+I d+I = 0 

for W = Wb,Wb+JWb+2,Wb+2Wb+3,Wb+4 

for w = W&,Wb+2,wd,wd+2 
(2.7) 

where it is understood that conditions as w0f) = 0 or WN+If3 = 0 are not present. 
Whenever the extension f3b+ 1 d+J is non-zero it is always non-trivial. 

The pseudoextension character of type II coefficients ar+I a+2, a~·+I a+2 means 
that if Wa+J -=f. 0 and Wa+3 -=f. 0 both can be simultaneously removed l'Y applying a 
redefinition of the generator I a+ I a+2: 

The equality is guaranteed by the condition (2.6). Thus in this case both extensions 
are trivial. If we perform, for instance, the contraction Wa+I -+ 0, the relation (2.6) 
implies that Wa+3ar+l a+2 = 0, SO if Wa+3 # 0 the extension ar+I a+2 Vi .nishes, while 
a~+ I a+2 can be eliminated by using (2.8). Therefore both extensions become non­
trivial only through the two contractions Wa+ 1 = 0 and Wa+3 = 0. The 1 arne happens 
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for the rema ning type II extensions a~1 and a~-IN with respect to w2 and WN_ 1, 

respectively. We remark that type III extensions do not appear under such process. 
Let us illustrate now these results with some interesting algebras [8]: 

(1) so(p, q) "Aith p + q = N + 1 (all Wa =f. 0). 
All type III coefficients vanish due to (2.7), and all type II are trivial as they can be 
removed by means of redefinitions (2.8). Therefore, as it is well known (Whitehead's 
lemma) thesE algebras have no non-trivial extensions: dim ( H 2 (.so(p, q), IR)) = 0. 
(2) iso(p,q) with p + q = N (w 1 = 0 and the others arc non-zero). 
These algebras include the Euclidean iso( N) and Poincare iso( N - 1, 1) ones. The 
case N = 2 is special since w1 = WN-l = 0, so that there is single non-trivial 
extension a~-IN = af2 and dim (H2(i.so(p, q), !R)) = 1; this extension corresponds 
to a uniform and constant force field in the 1 + 1 Minkowskian free kinematics for 
the Poincare 1lgebra i.so(1, 1). However this extension is no longer possible if N > 2 
(0 = w 1 =f. WN-d and there are no non-trivial type II extensions; furthermore it can 
be checked tl-at all type III ones vanish so that dim(H2 (iso(p,q),IR)) = 0. 
(3) iiso(p, q) with p + q = N- 1 (w1 = w2 = 0 and the others are non-zero). 
We have to d1stinguish three cases according to the values of N: 

N Non-trivial extensions 

2 °01' 0'12 

3 n{J1 , a~, /3!3 

> 3 u~1 

dim (H 2(iiso(p, q), IR)) 
2 
3 

The physical I ole of these extensions for the Galilean algebra iisu( N- 1) is as follows: 
the only npn-trivial coefficient which appears for any N, a{;P is the mass; af2 is a 
constant forct for iiso(1 ); a~ is a sort of non-relativistic remainder of the Thomas 
precession for iiso(2) [18] and /313 has no physical meaning and disappears once we 
move from th·~ Galilean algebra to the corresponding Lie group. 
(4) ii . .. iso(1) (all Wa = 0). 
This is the most' contracted CK algebra: the orthogonal flag algebra. All the condi­
tions (2.6) an•l (2.7) are fulfilled and all possible extensions are non-trivial, that is, 
there are 2(N- 1) type II and (N--;- 1)(N- 2)/2 type III non-trivial extensions. 

2.2 Central extensions of the unitary CK algebras 

The commuta ;ion relations of any central extension suw( N + 1) of the special unitary 
CK algebra .su,( N + 1) can be written [9] as the commutation relations (1.8) together 
with: 

b b 

[Jab, Mab] = -2Wab L B, + L Was-1Wsbas3 [Bk, Bt] = f3kl::., k < l (2.9) 
s=a+l s=a+l 

which will rep ace those in (1.9). The possible extension coefficients are 
• N type II C(•efficients O'k (k = 1, ... , N). Each of them gives rise to a non-trivial 
extension if W! = 0 and to a trivial one otherwise. 

·-----------~ 
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• N(N- I )/'2 typ<' III coefficients fht (I.·< land k.l = I ..... :\'). sa isfying 

('2.IO) 

Thus, (ht vanishes when at least one oft he parameters""'". w't is diff<'J ent from zero. 
vVhcn i'ht is non-zero it is always non-trivial. 

On the otlwr hand, the Lie brackets of any central <'XI eusion 1/""1 .Y + I) of t lw 
unitary Cl\ algebra uw(N +I) are given [9] by (U\). ('2.9) and: 

[Jab,/] = () [/h.!]= Jk-:=. ('2.II) 

which will replace· those in (I.IO). The extension is co!nplet<'ly char<H terized by tl](' 
above extension coefficients nk and (1kl together with: 
• N typ<:' III coefficients {k (A:= l, ... , .\')satisfying 

Wk}k = (). ('2.1'2) 

When {k is non-zero, the <·xtension that it detPnnines is non-trivial. 

Unlike the orthogonal CI\ family W<' can give now t lw following elm('(\ expressions 
for the dimension of tlw second cohomology group of 1 hese two unit a ·y Ch families 

which establish the nurnlwr of non-trivial extensiou coefficients ac< ording to t lw 
number n of coefficients w,. which are <'qua.! to zero for a given unital\' Cl\ algebra: 

2 11(11- I) 
dirn(/J (suw(N +I),~))= 11 + '2 

11(11 +I) 
'2 

2 II (II. - I ) II (II + ;l) 
dim(// (uw(N +I),~))= n + '2 + 11 = '2 

('2.1:1) 

('2.II) 

The first term n in the sum of ('2.I :l) and ('2.It!) corresponds t.o the e<'ll ral extensions 

nk. tlw second term n(n
2
-l) to the fht and the third term 11 in ('2.I1) lo the }k· 

As far as the special unitary CK algd>ras is conn·nwd, we find that tlw second 
cohomology group is trivia.! for the simp!<· su(p, q) algebras with all""' cJ 0 (11 = 0). 
The inhomogeneous iu(p, q) algebras with w1 = 0 and all ot.hn con,t.ants "'-'a cJ () 
(n. = l) have, in any dimension, a sing!<· non-trivial ext<•nsion: n 1• The alg<·bras 

with WJ = w2 = 0 and the remaining w, cJ 0 (n = '2) have alw<Jys tim·<· !lOll­
trivial extensions: n 1 , n 2 and (112 . The special unitary flag a.lgebra \\it h all ~.<..', = () 
(n = N) has the maximum number of non-trivia.! <·xtensions: N(N + I )/'2. :\similar 
discussion can be performed for the Cl\ family uw(N +I). 

2.3 Central extensions of the quaternionic unitary CK al­
gebras 

The algebraic structure of the Cl\ fa.mil_v "'lw(N +I) S<'<'llls to lH' Jnucl mon• compli­
cated than those in the orthogonal and unitary Cl\ families. lloW<'V<'r·, the solution 
to the central <'XI.<·nsion problem conws a.s a smprise and is quit.<· s mpk t.o state 



~ 

i 
:J, 

•·(: 

1 
' ~~ 

66 

[10]: all centr;;l extensions of any Lie algebra belonging to the quaternionic unitary 
CK family sq"" ( N + 1) are always trivial for any N and for any values of t.hc set. of 
constants Wt,'-'2, ... ,wN: 

dim (H 2(sqw(N + 1), JR:.)) = 0. (2.1f\) 
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Abstract 

Basis function for representations of rotation groups, corresponding to dif­
ferent chains of subgroups, are realized by different hyperspherical functions. 
They arE related amongst each other by inter bases expansion coefficients. The 
asymptotic limits of these interbases expansions are obtained when the cor­
respondi 1g rotation groups 0(3) and 0( 4) are contracted to the Euclidean 
groups E (2) and E(3). 

1 Introduction 

A recent article [1] was devoted to the relation between the separation of variables 
in the LaplacE-Beltrami operator on ann-sphere Sn and the Laplace operator on the 
Euclidean space En. The connection between the two spaces Is studied using the 
theory of Lie .Llgebra and Lie group contractions [2]. The two groups related by the 
contraction procedure are the isometry groups of the two spaces, i.e. the rotation 
group O(n+f and the Euclidean group E(n), respectively. 

Let us consider the Laplace-Beltrami equation 

~LBW(u!,u2····,un) = -.\llt(ul> u2, ... ,un) (1) 

on some hom•)geneous space M. We denote the isometry group of M and its Lie 
algebra G and L, respectively. Separated eigenfunction of ~LB can be characterized 
as the comm<•n eigenfunctions of a complete set of commuting operators Ya, a = 

1, 2, .. ,n 

Ya 'lt = -Aa 'lt, [Ya, Yb] = 0, 1lt = JI(u!)h(u2) ... .fn(un)· (2) 
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The set of operators {Ya,a = 1,2, .. ,n} includes the Laplace-Beltrami operator and 
consists of second order operators in the enveloping algebra of !.. The simplest 
typ('S of coordinates arc obtained if all operators }·;, in the set arc Casi nir operators 
of subalgebras of !.. Different types of coordinate S)·stcms and diffcrPnt types of 
eigenfunctions \II correspond to different types of subalgebra chains /_ ) /_ 1 ~ L2 

..... 

The corresponding coordinates arc called subgroup type coordinates. 

Smorodinsky. Vilenkin and collaborators introduced a graphical method. the 
"method of trees", for cha.racterizing different subgroup tyjJe coon inates. The 
method is explained in the original articles [3. l] and subsequent h•>ok [:i]. The 
relation between t rce diagrams and subgroup (or subalgebra) diagram:; is presented 
in rd. [1]. 

The contract ions considered in [ l] were ., a.nalyt ical contractions". The cont rac­
tion parameter is the radius of the sphere H. It is introduced into the ~(·ncrators of 
the Lie algebra. /,, hence also into the operators { }~} a.nd t !ius into eig ·nfunct ion \II 
and eigenvalues\,. The dfect of taking the limit H-+ cc. when f.,', go•·s to F,. was 
studied for coordinates, operators, eigenfunctions and cigc·nvalues. 

In physical application one makes use of COIJ<Tcte basis functions d represent a­

tions and one needs other objects as well. Thus. in nuclcai· physics. < r <in)· nlan)·­
body theory more generally, it is often Il<'Cessary to expand different h.ts<'s in terms 
of each other. The different bases arc related by unitary transformations. The 
matrix dements of transformations betw<'<'n difr<'r<'nt has<·s for the group O(n+ I). 
i.e. between different types of hypcrspherica.l (or polyspllt'rical) fu[}('tio 1s. arc called 
''T-coefiicients" and have been calculated explicitly [fi]. 

The purpose of this article is to study the contract ions oft ]I(' intn >as<•s <'Xpan­
sions and thus of the T- coefficients, in the limit I?-+ ex:. 

2 · Contractions of inter bases expansions for 0 ( 3) 

In the case of the 8 2 - sphere only two trees exist (Fig.!). They arc opologically 
cquival<~nt and correspond to equivalent subgroup chains 0(:!)~0(2). llowewr, in 
the :!-body problem, one chain privileges pa.rticlcs ( 1,2), the other part.icles (2.:!). 
Th(• spherical functions Y/m ( 01, 02) corresponding to these trees arc con1:cctcd by t !lt' 
tra.nsformation 

I 

Ylrn, G- o;,o~) = L n;,,,,, ( %, %· O)}i,,(OJ. 02 ) 

m2=-l 

where D~n,,m 1 (n,fi,/) = e-im'"d~n,,·rn 1 ({-J)c-"'"'Y is the Vv'igrH'r function [7] and the 
angles in both sid<•s of the expansions are connected by the n•lations 
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uo Rcos01 = R cos o; cos o; 
U] = R sin 01 cos 02 = R coso; sino; 

u 2 = R sin 01 sin 02 = R sino; 

We use an int~gral representation for the function d~2 ,m, (7r/2) 

dl (~) = (- 1 )~~{(/+m2)!(/-m2) 1 } 112 

m2,m1 2 7r (/ + mJ)!(/- mt)! 

1" (sin a/-m1 (cos a)l+m, c2im 2 "dn, 

and the formulas [8] 

cos(::na) = Tn(cos 2a), sin(2na) = sin2a · Un_ 1 (cos2a), 

where T1( x) and U1( x) are Tchebyshev polynomials of the first and second kind. 
After integrat ng over a, we obtain a representation of the Wigner D functions in 
terms of the h ypergeometrical function 3 F2 (of argument 1): 

l+m2-m1 

I ~ ~ _ ( - 1) 2 
. I I _ I 

,)m2 ,m 1 ( 2 , 2 ,0)- ,jifJ! y(l+m2).(/ m2). (4) 

{ ~¢!-)r(~)}t (-m2,m2 , l+m.}+l I ) 
r(...i.':':l..±l.)r( I m, +2) 3F2 1 (/- ) ' 2 • 

1 
m1 -even 

2' l + 1 

l ( 1 _ m rn + 1 
1
+m, +

2
1 ) . r( l+mL±.?. )I'( /-mJt2) 2 21 2 l 2 

(I~~) { q'+,;L±2.)T'(~)} 3F2 1 (/- mt)- odd 
• 

2 ~. l + 2 

Consider now the contraction limit R -+ oo in the expansion (3). For large R we 
put 

l ~ kR, rn 1 ~ k1R, 

where P = kf + k?, and have 

I
. 1 
Jill -}"; ~~oo VJi lm2 (BJ, 02) 

lim (-1)----, Ylm, -- o;,o; 1-I•::L[ (7r ) 
R~= 2 

r 
01 ~ R' 

y o; ~ R' 
X 

o; ~ R' 

eim202 
( -1) m2+r21 Vkllm2l(kr) V2i' 

{k eik,x 

v k; 7r { 

cosk2y, (/-jm1 1)- even, 

-i sin k2y, (I- lm1l) -odd, 
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Using known asymptotic formulas for the 3F 2 functions and r- functions in eq. (4) 
we obtain: 

{ 

1 

( k')' F ( m m · 1 · k+k') (l- m 1)- even, I; 2 1 - 2? 2? 2' 2k 

x -zm2 (f,)t 2F!(-m2+l,m2+l; ~; k~t') (l-mt)-odd. 

~ {£ { cos m2¢J, (l - m1) - even, 
= ( -1) 2 -

7r k2 . . "' ( l ) dd z s1n m2'f', - m1 - o , 
(5) 

Multiplying the inter bases expansion (3) by the factor ( -1 t H;"'
1 

and taking the 
contraction limit R---> oo we obtain (8 = 82, m = m 2) 

(6) 

or in exponential form 
00 

eikrcos(B-<p) = L (ir lm(kr) eim(B-<p) (7) 
m:::::;-oo 

The inverse expansion is 

Jm( kr )eim8 = --=!:.___ eim<p-ikr cos(O-<p) dtp. ( ')m 12" 
27r 0 

(8) 

For 8 = 0 the two last formulas are equivalent to well known formulas in the theory 
of Bessel functions [8], namely expansions of plane waves in terms of cylindrical ones 

and vice versa. 

3 Contractions on the interbases expan:,ions for 

0(4) 
Let us consider now the interbases expansions for the hyperspherical furrctions on the 
three-dimensional sphere 53 . There are only three (see Fig.2.) elemertary notrivial 
transformations between trees for 53 . 
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1. First vre consider the expansion between trees on Fig.2(a) [6] 

J 

WJnm(01,92,(J3) = L (i)i-Jml(-1)
1

-l•;+nCi1'[JI+n.£ lml-n WJtm(o;,o~,03), (9) 

where 

i=JmJ 2' 2 '2' 2 

Uo = R cos 01 cos 02 = R cos o; 
u 1 = R cos 01 sin 02 = R sino; coso; 
u2 - R sin 01 cos 03 = R sino; sino; cos 03 
U3 R sin 01 sin 03 = R sino; sin 0~ sin 03, 

C~·.:;b,/3 - are the Clebsch-Gordan coefficients for the SU(2) group and the corre­
sponding hyperspherical functions have the form: 

WJnn(01,02,03) = )2J +2 ( l+JmJ+JnJ )!( J-JmJ-JnJ )! . . 
2 2 eme2 e'me3 

( J+J~J-JnJ )!( J-J~J+JnJ )! 

x (sin 01)1ml( cos 01 )1nl P~~~~~~~~~~l (cos 201), 
2 

\II Jim(o;, o;, 03) = V(2J + l)(J + l + l)!(J -l)! 
2i+1f(J + ~) 

( . O' )l p(l+t,l+t)( O') v (0' 0 ) X Sill 1 J -l COS 1 I lm 2 , 3 , 

where p~<>,/3)(;:) are Jacobi polynomials. In the contraction limit R--> oo and 

r 0' --+ -
1 R 

p 
o1 __, Ji' 

XJ 
02 __, R' J ~ kR, n ~ k1 R, 

(10) 

( 11) 

where r = vf:i + p2 = Jxi + x~ + x§, k = Jki + p2 = Jki + ki + kj, we have 
[1] 

1 If . eim03 
lim rnWJnm(0~,02,03)=<Pkk,m(x 1 ,p,03 )= -JimJ(pp)e'k,x, .m=' 

R-->oo y R 7r y 27r 
(12) 

and 

lim ]:_ w Jim( o;' o;, 03) = <)>kim (r, o;, 03) = IF_ Ji+l ( kr) Ytm ( 0~, 03)· (13) ~ooR y; 2 
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Taking the Clcbsch-Gordan coefficients in the form 

('21 + 1)(1 + lml) 
(.! -I)'(.J + l + 1) 1(1- lml)' 

{ 

1-n-Jml / / } (1+1";1-lni)!(.J-I,~I+Inl)! F --2-,-. + 1,1
1 

( .J+Iml+lni)I(.I-JmJ-Inl)l 3 2 

2 • 2 · - .J, I rn I + t. 
( 14) X 

in th<~ contraction limit R --> oo, we get 

. 10 .J-1•:•1-" ,I,Jml _ 11 . . _ fW'21 + 1 )(/ + lml)! 
lnnvH(-1) ' (!_~!_~-11klml(<os6)- -------;:-(/ I· I)' 

n--(X) 2 • 2 , 2, 2 fl., - rn . 

(sin<j>)lml " ( 1- cos6) {2 Jn.l 
'21mllml! 2}1 -1 + lml,l + lml +I; lml +I; '2 = V J: P1 (cos¢), (15) 

where 

P lml( ) _ 
I :r -

(21 + 1 )(!- lml)' et"l(.r) 
2(1 + lml)! 

are the orthonormalit~ed Legendre polynomials and cos <fJ = p/ 1.·. Thus I he interbases 
expansion (9) transforms to the expansion between the cylindrical and splwrica.l 
bases for the Helmholtz equation 

4>kk 1m(·rhp,03) = L Wklml(cos<j>)4>ktm(7·,0;,o:l), 
I=Jml 

We use the formula 

{" Wklrnl( cos 4>) Wt{:nl (cos 4>) sin </>de/> = '2 8u' 
.fo 

to obtain the inverse expansion 

( l (i) 

(17) 

Putting the exact form of the functions ( 1 '2)-( 13) and i nterbases nwfficicnt.s ( 15) 
into the expansions (16) and (18), we obtain 

~ cikrcos</>coso~ .llml(pp) = f= (i)l+m ~ .}l+l(h) P)'"l(cos </>) P)'"l(cos o;) ( 19) 
v2rr v b· 2 

I=Jml 
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1 ( ·)l+m 111' ,Jmj I _ -z ikrcos¢cos0~ , lml . .· f'l"'"jl+l(kr)1 1 (cos02)- ~ c Jlml(pp)P1 (cos,P)sm¢drb 
v kr 2 v 27r o 

The last two ~xpansions coincide with well known formulas in the thPory of the 
Bessel functions [8]. 

2. The second expansion is: 

where 

.! 
W.Jnm(01,02,03) = L T5nmW.Jtm(O;,o;,o3). 

l=lml 

uo = R cos 01 cos 02 = Rcos o; 
U1 = R cos 01 sin 02 cos 03 = R sin o; coso; cos 03 
u2 = R cos 01 sin 02 sin 03 = R sino; coso; sin 0.1 

U3 = Rsin 01 = R sino; sino;, 

(20) 

[see Fig.2(b)]. The hyperspherical wavefunctions corresponding to these two trees 
are 

J(2J + 1)(J + n + 1)!(J- n)! 
li.Jnm(Ot,02,03) = 2n+1r(J + ~) 

( 0 ) np(n+~,n+~)(. () )Y. (0 0) 
X COS 1 ./ -n S1n 1 nm 2, 3 , 

w (o' 0,' B)= v(2J+1J(J+t+1J!(J-tJ! 
.Jim 1'2'3 21+1r(J+~) 

( . O')ipU+~.L+!J( O')Y, (7r ()' 0) X s1n 1 ./-I cos 1 lm 2 - 21 3 · 

The interbases :oefficients Tjnm have the following form [6] 

21+n-2m f( ./-n-l+lml + 1) 
( l)J-ntl-m ~~~2~~~ 
- jmj! q.J+n~1-lml+1) 

Tl _ [1 + (-1).!-n+l-m] 
)nm-. 2 

(2! + 1)(2n + 1)(n + jmi)!(l + jmj)!(J- l)!(J- n)! 
(n- jmj)!(l-jmi)!(J + n + 1)!(J + l + 1)! 

2 ' 2 ' 2 , 2 
4F3 1 . 

{ 

_ n-lml _ n-lml-1 _1-lml _1-lml-1 } 

jmj + 1, _ .l+n~l-lml, J-n-,l+lml + l I 



In the contraction limit R --+ oo and 

X3 
()1~­

R' 

. p 
()2 ~­

R' 
() ' r 

1 ~ R' J ~ kR, n ~ pR, 

where r = Jp2 + x5 and k = Jp2 + k~, we obtain [1] 

For the contractions of interbases coefficients Tjnm we get · 

• _J-n In I I (-1)'-T 
hm ( -1) 2 v RTJnm = wklml(cos ¢) = I I 

R--.oo m! 
(21 + 1)(1 + ml)! 

2k(1- lm )! 

1 1 1 ( 1- lml 1- lml- 1 ) (cotrjJ)m+>(sin¢/ 2F1 --
2
-,-

2 
; lml+1;-co1 2

r/J 

!±.E.~. {2 1 lml · = ( -1) 2 y k (cot rjJ )2 P1 ( s m rjJ), 
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(21) 

where cos rjJ = p/ k. The inter basis expansion in (20) transforms to the expansion 
between the cylindrical and spherical bases for the Helmholtz equatio 1 

where the top line on the left hand side corresponds to a summa1 ion over 1 = 
lml, lml+2, lml+4, ... and the bottom one to a summation over 1 = lml+1, lml+3, ... 
on the right hand side. The E(3) expansion (22) is related to the e>epansion (19) 
by the substitution k1 = k cos rjJ --+ k3, Xt = r cos()~ --+ x 3, rjJ --+ 7r /2 - rjJ and 
()~ --+ 7[' /2 - ()~. 



I 
!$ 
w 
~~ 
~· 

,,J. 

f: 

~ 
.i 

I 
~ 

h w,;' 

I; 

1~'-_ . 

~ 
~ 
~ 

:11 

76 

3. The tl .ird expansion is: 

(J-Im!) 

lJ!Jlm((} ,B2,(J3) = L (-i)l-lmiCi 17!1-nl_ lml+n WJmn(B~,B;,B3) (2:3) 
n=-{J-Iml) 2' 2 '2' 2 

where n has the same parity as J -lml and 

u0 - R cos B1 cos B2 cos B3 = R cos (}~ cos (}~ 

u1 = R cos B1 cos (}2 sin (}3 = R cos(}~ sin (}~ 

u2 R cos B1 sin B2 = R sin (}~ cos B; 

u3 RsinB1 = RsinB~ sinB;, 

[see Fig.2(c)] The corresponding hyperspherical function is: 

q,Jlm(B1,B2,B3) = V(2J + 1)(J + l + 1)!(.1 -l)! 
0 21+1r(J + ~) 

(cosB) 1 P(l+~,l+~)(. (})y; (71' ) 1 J -I Sill 1 lm - - (}2 (}.l 2 ' , ' 

and the wavE function lJ!Jmn(B~,B;,B~) is given by (10) (with n replaced by m). 
The contJ action in this case (see Fig.2( c) and eq. (24) below) will involve 3 

quantum nunbers J, l and m. Eq. (14)expressinf Clebsch-Gordan coefficients in 
terms of t~e: F2 functioQ. is not convenient for taking this limit. Instead, we use the 
following intEgral representation [6] 

}

1/2 
(l I 1)1(1-lml-n)lf.l-lml+n)! I 1-lml+n + m . 2 ., 2 

Ci
1
7!1-n L jml+n = ( -i)l-lm ( - 1) 

2 
{ (~)!(~)!(/-jmj)! 

2' 2 '2' 2 2 2 

~- 1)(J- l)!(J + l + 1)! _1_ r'(sin ¢/-lml PJ~~,l+t (cos ¢)ein¢d¢ 
2•+1ml+2r(J + 3/2) ft Jo 

and the form 1las [8] 

p(a,a)(cos ¢)- r(a + n + 1) 
n · - r(a+1)n! 

{ 

2F1( -~, ntl +a; a+ 1; sin2 ¢) n- even, 

X cos¢ 2F1 (-n~ 1 ,~+a+l;a+l;sin2 ¢) n-odd. 
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After integrating over ¢, we obtain a representation of the Clebsch-Gordan coeffi­
rif'nts in terms of the hypergeometrical function 1Fl (of argument 1 ): 

,1, lml _ . 1-lml . l-ju.'j+2n ,j'21 + [ 
(.1 jmj-n .1 jmJ+u - (z) ( -z) 2 •)21 

:.1 ' 2 '2 , 2 ... 

(.f+l+l)'(~)!(~)! 
(.J _ /)!( .1-lr~l+n )'I l+lr;tl+n )! 

( 

n 1-n .1+1+2 1-.J I ) 
y'(l-lml)!(l+lml)! r(l=f±l) ,, -l.-2-.-2-·2 _f -'V 

r(~)r(~) r(2±!.±.J.l 1l3 l (J ) c en 
2 2 2 1 1-lml-n+2 l+lml-n+2 

2' '1. ' '1. ' 

( 

1-n 2-n .1+1+3 1-.1+1 I ) •( 1-1) -2-.-2-,-2-,-2-
-iny'(l-lmi)!(l+lml)! I "2 ,' 

r( l+lml-n+J )r('-1"'1-n+' l r( 1+1+2 l''l :J . . l ( J - I) -odd 
2 2 2 :J 1-llnl-n+J l+lml-n+.l 

l' 2 • 2 

(To our knowledge, this expression is new). In tiH' contract ion limit }{ -> oo and 

0 ~ :r3 () ~ X2 () ~ ~ O' ~ !!_ 
1 R' 2 !?' 3 R' 1 I{ 

we get 

{ 

cos h.r 2 cos k31::l 

-i sin k2.r2 c~Js k3x:l 
-z cos k2 x 2 sm k:J:£3 

- sin k2.r2 sin k:J1:3 

(.! -lml)- even, (1- lznl)- even 
(.!- lml)- odd, (1-lml)- <'V<'r. 

(J -lml)- even, (1-11111)- ode. 
(.!- lml)- odd, (I- lml)- odd. 

Sp ( ') .)_l 
(k2 _ kf)1r sln-cb 2 

{ 

cosn¢, (./ -lmi)- even, (1-lml)- even, 
-isinn¢, (J -lml)- odd, (1-lml)- <'V('n, 

x -isinn¢, (.1-lml)-even, (1-lmi)-odd, 
-cosn¢, (.J-Iml)-odd, (1-lml)-odd, 

(2.'l) 

(26) 

where cos¢= (p2
- knf(P- A:f) and k2 = p2 + kj = kf + ki + !.:j. 

formulas (12), (25) and (26) into the expansion (2:3) we have 

St bst.it.uting t lw 
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where 

tan o; x3 

X2 
l = k~ + k~, 2 2 2 

p = x 2 + X;1, 
k~ 

2"' - 2 
cos 'I' = k5 + k:l 

Thus the interbasis expansion (23) transforms to the expansion between Cartesian 
and cylindricd bases for the Helmholtz equation on R2 . 

4 Conclusions 

In this article we rectricted ourselves to subgroup type coordinates only and more­
over to the lowest dimensional spheres 5 2 and 53 • Two earlier articles were devoted 
to contractions of separated basis functions that correspond to nonsubgroup type co­
ordinates, in I'articular elliptic coordinates on S2 and on the hyperboloid ll2 [9, I 0]. 
It would also be possible to obtain interbases expansions for other types of bases, 
though so far this has not been done. 

We mention that though the two different trees on S'2 are topologically equivalent, 
the contraction to E 2 destroys the symmetry between them. Indeed, one system of 
coordinates on S'2 goes into polar coordinates on E 2 , the other into Cartesian ones. 
Correspondin1:Jy, contracted interbasis expansions give relations between plane and 
cylindrical waves namely eq. (7) and (8). These expansion formulas are of course 
well known. 

Five types of trees exist for S'3 . Only two of them correspond to mutually non­
isornorphic·su Jgroup cha:ins. After the contraction, we obtain expansions between 
functions separated in spherical, cylindrical and Cartesian coordinates, respectively. 
We have preso!nted only 3 of the 10 possible interbasis expansions and their con­
tractions. Th•! others are either obtained by composing the 3 elementary ones, or 
correspond to transitions within an 0(3) subgroup. The transition between spheri­
cal and Cartesian basis in E(3) is obtained by composing the Cartesian to cylindrical 
and cylindrical to spherical ones. 

An article on constractions of interbases expansions on Sn for n arbitrary, is in 
progress. · 
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THE CONSTRUCTION OF DISCRETE TIME 
INTEGRABLE SYSTEMS 

George J aroszkiewicz 

Sch Jol of Mathematical Sciences, University of Nottingham, UJ( 

In the following CT means continuous time, DT means discrete time, M means 
mechanics and = refers to any equality holding modulo equations of motion. 

c 
There is r.o space here to discuss our motivation for constructing discrete time 

mechanics. This may be found in [1] and references therein. Suffice it to say 
that continue us time and space have long been regarded with suspicion and that 
theorists hav·~ considered various alternatives, usually proposing that at short dis­
tances (:::: !a ·ge momenta) interesting physics may occur. Our interest here is in 
the conseque 1ces of taking temporal discretisation literally, not regarding it as an 
approximatiorr to continuous time, but as a fundamental aspect of a novel form of 
mechanics. We will review the principles behind our DTmechanics [1], which differs 
from the app ·oach of various other workers in that only our time is discretised. 

Turning b the subject area of this Workshop, Arnold's definition of Liouville 
integrability 'tates that for an integrable CT system with r degrees of freedom there 
exist r suffici~ntly regular, functionally independent functions pi (p, q) which are 
in involution, i.e. their pair-wise Poisson brackets vanish, i.e. {pi, F1} PB = 0. One 
of the pi is 1 he Hamilt~nian of the system. These Poisson brackets are local in 
time in CTM, and they (or Dirac brackets in the case of second class constraints) 
correspond tc equal time commutators in canonical quantisation. We discuss this 
later in the context of temporal non-locality, which is an inherent feature of DTM. 

In the fie] :l of integrable systems (a tiny subset of all dynamical systems) tem­
poral discreti::ation has been discussed by several authors, but no general principles 
have been stated. This leads to the questions: can we find different discretisations 
of the same C:T system? and: is there a 'best' or 'proper' way to discretise? The 
answers are y~s and possibly. Our work has concentrated on the second question. 

In our D1' dynamics, systems are viewed at a sequence of discrete times tM < 
tM+l < ... < tN-1 < tN called nodes. Links are the intervals between the nodes. 
Dynamical va·iables come in two sorts: node variables such as 1/J.~ = 1/J"' (tn), defined 
on the nodes c nly and link variables¢~ defined on the links connecting the nodes. We 
distinguish t~o sorts of DTM. Stroboscopic mechanics (SCM) is just CTM viewed at 
discrete times (see below). In this case all trajectories are continuous in time and it 
is meaningful to discuss intermediate times ti < t < ti+l if we so choose. The other 
sort is genuin<! DTM, where the CT limit need not exist for certain trajectories and 
in principle it is meaningless to discuss intermediate times. 

Another if sue concerns the intervals Tn = tn+l - in- These may all be fixed 
independent!} of the dynamics (rigid DTM) or they may be determined by the 
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dynamics (non-rigid DTM). Examples of rigid /) TM are the discret ' Toda. lattice 
discussed below and our own work on DTJJ [I]·. Examples of non-r gid DTM are 
T.D. Lee's DTM (below) and Moser-Veselov elliptic billiards (bdow). 

An r 1h-order function is any term or expression oft he form f ( q,, q, + 1 , ... , qn+r). 
We formulate our equations of motion using a first-order syslrm fundion (DT 'La­
grangian') An = A ( "lj;~, 1/J~+ 1 , <P~). A number of discrdisations of inte~.rable systems 
can be based on such functions. Note that an asymmetry between 10de and link 
varia.bles occurs at this level in our approach, and that the system Junction A" is 
much more like a Hamilton's principal function than a Lagrangian, b •ing non-local 
in time. Starting with the action sum Au = L;;~';A~ ,\". the equati,ms of motion 
follow from Hamilton's principle extended to DT, 5An = 0, giving 

r 

...!!.__{A"+ A"- 1
} = 0· M < n < N. 

()1/J~ c , 
~A" = 0. ;\1::::: II < N. 
(}<!J;, 

In the case of non-rigid DTM we have the additional equations 

() 

"'J' A"= 0, 
(J n c 

M:'::n<N. 

( l) 

(2) 

The following are examples of discretised integrable sys!Pms for whi· ·h the system 
function approctch works. 

The Toda lattice 
The CT model discussed by Symes [2] is given by the Lagrangian 

In 1995 Suris [:l] gave two different discretisations based on system fHnct ions. The 
first has system function 

.,Ux->: I + ,. [!x _ "'li;""' c - ·•·- · · _,, "'li;""' ,J·-liS.1· 
A-L T JL( (1) 

with equation of motion 

___ __:_ __ = -ln Ux-2x+U:r l {l-T
2

e.xp(U.r-. S'U.r)} 
T2 c ]'2 l -1'2cxp (Sl!.r- U.T) 

(5) 

whereas the other has system function 

(6) 

with equation of motion 

------=-In 
/! x - 2x + [J:r l { l + T 2 cxp (.'N I :r - :r) } 

7'2 c 7'2 l + T 2 exp (.T- {1,'-.':r) · 
(7) 
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The operators U and S are the temporal and spatial step operators respectively 
with tJ, S the r respective inverses, and we use the notation :en -> .T, J:n+l -> (/.r, 

Xn-i-> Ox an:! suppress the temporal index n. This example shows that tempora.l 
discretisation is not a unique process, unless some new principles are employed. 

The Calogero-Moser model 
A discretisdion was given by Nijhoff & Pang [1] with the system function 

An= LIn lx~+l- x~l- L lnj:r~- .c~j. (R) 
a,b a#b 

DT N oetl: er Theorem 
The DT an.tlogue of Noether's theorem is readily found. If the system function 

is invariant tot he infinitesimal transformation ·tj;~ -> 1/J~ + b1,U~, ¢~ -> ¢~ + b¢~ then 
the first order 'luantity 

en= L b1,b~aAn/o1,&~ (9) 

is an invariant )f the motion. Generally, continuous symmetries found in CTM will 
occur in DTM ·vith the exception of translation in time. Therefore, we expect that, 
for a given inteuable non-relativistic CT system with r invariants, our discretisation 
approach shoull generate at least r - 1 DT analogues. It is the non-existence of a 
Hamiltonian which makes the discretisation of integrable systems interesting. 

There are t\'·o possible ways around this problem. First, Logan suggested [5] that 
if an infinitesirr al transformation gave a change in the system function of the form 
bAn = Vn+l - 1'n then we could construct an associated invariant (called a Logan 
invariant by·us possibly analogous to the CT Hamiltonian. Unfortunately, finding 
such a transformation may be near impossible for highly non-linear systems. Second, 
Lee's variant of non-rigid DTM gives us a method of generating an invariant which, 
from Dirac's reparametrisation approach discussed below, is a possible analogue of 
the Hamiltoniart. 

To illustrate the problem with the Hamiltonian, consider the rigid, regular DT 
system function 

(Ux-x)
2 

_!.T(UV+V), 
A= 2T 2 

V = V(x). (10) 

The equation of motion, which is explicit in U x, is 

Ux- 2x + Dx = -oxV. 
T2 c 

(11) 

The analogue ol canonical momentum may be defined via p = -oxA, Up= OuxA 
c c 

and now we define the "Hamiltonian" if (Up, x) = Up ( U x - x) - A. Then we find 

afl =Ux-x, 
aUp c 

ail =p-Up, 
ax c 

(12) 
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from which we deduce that the two-form dx t.' dp is conserved, viz U(dx 1\ dp) = 
c 

d.rl\dp. Unfortunately, the ff'is not conserved in general, a fact rediscoveJ ed by many 
authors. The origin of this problem (if it be regarded as a problem) is two-fold; first, 
there is no continuous time translation in genuine DT mechanics, so th~ concept of 
a generator of such a transformation is meaningless, and second, the s1 ep operator 
U is not a derivation, i.e., it does not obey the Leibnitz rule of differentiation of 
products. 

Energy and Dirac's reparametrisation 
Before we discuss Lee's DTM, consider Dirac's approach [6] to en,~rgy .. Given 

a CT Lagrangian L = L ( q, q,t) Dirac rewrote the action integral in tle generally 

covariant form Aif = f0
1 

d). L, where t-+ t (>.), t' = dtjd>. > 0, ti = t (0), t1 = t (1), 
L = t'L(q,i'l/t',t) with q(>.) = q(t). With t treated as a dynamical·rariable and 
Hamilton's action principle extended to variations of t, then in addition to the usual 
Euler-Lagrange equations of motion for the qi we find the equation of !11otion 

!!:._ { 8L . q' _ L} = _ 8L 
dt aq_ c at' (13) 

which is the usual rate of change of energy equation. When there i, no explicit 
time dependence in L we have conservation of energy. We should ask, i:: there some 
analogue of this approach in DTM? The answer is yes. 

In rigid DTM there are two related fundamental questions connected with energy; 
i) is there a DT analogue of the Hamiltonian, and ii) if so, how to conitruct it? In 
CTM H is the generator of continuous translations in time and we :onstruct H 
directly from L using the rule H = p · q- L. In DTM we simply don't have this. 
Yet if DTM is in some sense a discretisation of CTM, why should we net have a DT 
analogue of H? 

Ad-hoc discretisations may or may not have invariants correspondiHg to the CT 
Hamiltonian. Integrable rigid discretisations such as the DT Toda latt .ce discussed 
above were constructed with a Poisson bracket approach in mind, an :l because of 
their very special construction have a conserved 'Hamiltonian' (or rat 1er Hamilto­
nians, because it is clear there is no uniqueness in the discretisation;. In general 
however, there will be no guarantee of this. 

A systematic way forward is to discretise via the non-rigid approach of T.D. 
Lee, which generates a DT analogue of the Hamiltonian automatically, which for 
autonomous systems will be a dynamical invariant. However, the Pois::on structure 
may not then be so evident. 

Before we discuss Lee's DTM, we discuss the concept of non-locality in time in 
CTM, and the possibility of constructing non-local in time brackets. 

Stroboscopic mechanics 
If a system is integrable in CT mechanics it will certainly be integr ible in SCM. 

This proves that we can always find examples of integrable DT systens. However, 
not all D T systems are SCM systems, so it's a good idea to understand how Poisson 



88 

brackets (which are local in time) can be compatible with SCM (which is non-local 
in time). 

When we consider non-local in time (NLT) quantities in CTM, it is surprising 
but true tha, such objects occur naturally, although some may be not so familiar. 
A good exar;1ple is the action integral A [q] = J/' dt L itself. Another example is 
Hamilton's principal function (HPF), defined as the action integral evaluated on a. 
true or class cal trajectory. We now consider the construction of NLT brackets in 
CTM. 

Peierl's Poisson brackets (PPB) 
Poisson brackets occur in Arnold's statement of integrability in CTM. The PPB 

[7] allows us to define an NLT bracket which reduces in the limit of equal times to 
the conventi(lna.l PB. Moreover, it is formulated in configuration space and not in 
phase space, so it is an inherently useful object to use in SCM. 

Consider 1 configuration space q = { q1
, q2

, ... , qn}. Define the functional deriva.-
tives 

8qj (t2) = 8;j8 (tl- t2). 
8qi (ti) (14) 

Given a. first order Lagrangian L = L ( q, q,t) the action integra.! A [q] is just the 
integra.! A [q] = ft~'dt Ll9 over a particular trajectory q. Then we define 

A- 8 
'= 8qi (ti) A[q], 

82 
A;j - ,. ; I' \ c ; I' \ A [ q]' (15) 

etc. using deWitt's compact notation [8]. The second order Euler-Lagrange equa­
tions of motion are derived from the principle S; := A; [qc] = 0, where the qc is the 

true or cla.ssic:a.l trajectory. 
c 

The retarded Green's function G)jl (t1 , t 2 ) satisfies the equation 

j dt L sij (t1, t) c);l (t, t2) = -8i18 (t1 - t2). ( 16) 
J 

and the cond tion Glj) (t1, t 2 ) = 0, t1 < t 2 • The advanced Green's function G)7l 
(t1- t 2 ) 'is d(·fined by G)7l (t 1, t2 ) = G)~l (t2 , t1) and then the Peicrls propagator 
kernel G;j ( t1 - t2 ) is defined by 

G;1 (t1, t2) = c;;) (t1, t2)- c;;) (t1, t2). ( 17) 

Then the PP3 {J,g}pp8 of two functions f, g on configuration space is defined as 

-J 8f 8g {J,g}pPB = dt1dt2~( )Gij (t1,t2) ~( )' 
oq' t1 uqJ . t2 (18) 

In a more co 1densed notation [8] we may write this in the form as {f, g} PPB = 
8d G12 82g, where the repeated index implies appropriate integration and summa­
tion. The PF B provides a natura.! way to construct brackets which are NLT. \Ve 
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find for example 
(19) 

This is an important result, because it tells us that in SCM there i i a concept of a 
Nl/1' bracket between canonical coordinates. 

For functions .f, g of the q' and their derivatiYes evaluated at ddinite times, WP 

find 
(20) 

where the Poisson bracket. is evaluated at equal time 11 . In[:-\] de\V tt discusses the 
relationship between group invariants, the dynamical equation of mot inn and the 
.Jacobi identity in some detail. lie a.lso shows that the <'quat ion <r· mot ion can be 
cast in the NC/' form 

(21) 

and proves that the Jacobi identity using the Peicrls' brackd is ~ atisfied for an~· 

three of the group invaria.nts. This is th<' link bet.we<'n C'F.\1 Liouvtlle inl<'grabilit~· 
and SCM, which in turn gives a link to g<'Illline f)J'M. 

example: the CT harmonic oscillator 
Given the Lagrangian 

(22) 

then the Peierls propagator kernel is just(;(!)=- sin (u:l) /nn._·. II 'IHT W<' find the 

NLT bracket 

(2:l) 

From the Lagrangian, we define the conjugat<' momentum p = i}[,j,).i- = 111.i- and so 
we find 

{.r (t!), p(t2)}/'PB =COS [w (11- /2)], 

which reduces in thP CT limit. to the standard Pn { .r. p} l'H 

solution of the equation of motion is 

(21) 

1 Now a general 

:1:1 =-~(I - 2) ()2 :r2 = d2~ ( l - 2) :r2- ~ ( l - 2) :i 2 
c 

where~ is the Schwinger function given by~ (t) = mU (I) ,with 

lim i.h~1-2 = l, 
2~1 

lim~12 = 0. 
2~1 

(2fi) 

A canonical quantisation of this system gives the rule 

(27) 

Now consider a [)'[' analogue of this system. Exp<'ri<·nce s]H,ws [9] that tlw 
appropriate syst<~m function corresponding to (22) is oft lw form 

;1 i- 0, (28) 
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where a and /3 are real constants, with equation of motion 

Xn+i = 2TJXn - Xn-1, TJ =: a/ {-J. 
c (29) 

For quantisatio 1, we may use the Schwinger action principle extended to IJT [9], i.e. 
we take 

b(¢J, N!1/!. M) = ih(¢J, N!bANM!V!, M), (30) 

and then we find 

[:i:n+J,Xn] = -ihj{-J, (31) 

which is the D1' analogue of (27) . For an example from field theory, we find the free 
scalar field commutator [10] 

[ ' ( ) ' -6i ~ 1pn+i X ,1pn (y)] = e-yi'
2
+6/T

2 Ix-yl 
4n-Tix- Yl (32) 

T. D. Lee'!: DT mechanics 
In 1983 T.D Lee [11] considered the discretisation of 

i
t, 

Ac= Ldt, 
t, 

L = Tr2
- v (r) : (33) 

in the form 

N-1 {N-1 } 
Ac---> .4D =: n~ An+ U n~ Tn- TMN (34) 

where 

1 m (rn+l - rn)
2 

_ !..r [V (r +J) + V (rn)] · An=:2 'T' 2n n (35) 
n 

Here the Tn are considered dynamical degrees of freedom and u is a Lagrange mul­
tiplier. Then tht· equations of motion are 

ln+l-rn rn-1-rn __ !.,(T T )_i_V() 
m- T + m T - 2 n + n-1 a r n , 

n n-1 c rn 
(36) 

!.. m (rr+l- rn)
2 

+!.. [V (rn+J) + V (rn)] =;:= u, 
2 '7'2 2 

n 

N-1 
LTn =;:=TMN· 
n=M 

(37) 

By inspection, Equations (37) correspond to Dirac's energy equation (13) for an 
autonomous syst~m. For a rigid regular case we would have Tn = T, giving only the 
equations 

rn+l - 2rn + rn-1 _ _ _i_V ( ) (
3 

) 
m - a rn ' 8 

c rn 

with no obvious ~nergy invariant. 
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An interesting point is that for the analogue of a path integral quaHtisation of a 
non-rigid model we might need to consider the number of links to be Viriable, from 
one to infinity. We would not naturally expect this to be the case for J igid DTM. 

Moser-Veselov Elliptic billiards 
We now discuss a simple system [12] for which Lee's approach work:.. Consider a 

configuration space x = (x1, x2
, ... , xn) with action sum A [x] = L:~;M lxn+I - Xnl 

and constraint x~ Bxn = 1, where B is a symmetric positive definite natrix. Then 
the equations of motion are 

Yn = 

Xn+I - Xn = flnYn, 
c 

Xn+l- Xn 
lxn+I - Xnl' 

__ 2 x~BYn fln- T B ' Yn Yn 

(39) 

( 40) 

This can be rewritten as an example of Lee's DTM as follows. Betwe•~n the events 
(xn, tn) and (xn+I' tn+I) the CT HPF sn is based on free particle motion and given 
by sn = m (xn+l - Xn) 2 /2Tn. Then the action sum is 

and hence the equations of motion are 

m (xn+l - Xn) - m (xn - Xn) = >-nBXn, M < n < l'v ( 42) 
Tn Tn-1 c 

N-l 

m (xn+l - Xn) 2 

2TJ 

L 'l'n =; TMN, 
n=M 

== ==u, 
c 

M < n <A 

M < n~l\. 

( 43) 

(44) 

Then we find fln = lxn+l - Xnl, p 2 2T'/;u/m, An flnffiVn/Tn, gi' ing complete 
agreement between the Moser-Veselov equations (40)and our results (44). This 
suggests that at least for some discretised integ~able systems, there m ty be value in 
pursuing Lee's approach. 

Virtual paths 
Even if we use Lee's approach, the construction of a system function remains a 

problem. We have proposed an approach based on the concept of virtual path [9]. 
The basic idea is that if DT is fundamental, then there is a level belo II/ which there 
is no meaning to time. So, take a given link [tn,tn+I], and consider the variables 
associated with it. For a node variable 'lj;, construct a suitable virtua. path running 
from '1/Jn to '1/Jn+I· For example, for point particles the virtual path from .n to n + 1 
might be '1/J>. = A'I/Jn+I + X'I/Jn, >. = 1- >.. For link variables, the virtual path may 
just the variable itself. The choice of virtual path is really part of ou · modelling of 
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the system and different virtual paths will give different system functions. Then our 
virtual path prescription is 

L (~,1f>) --tAn= Tn(L(D>.1f>>.,7f>>.)), (45) 

where (h) '= J: d).J>. and D>. = ~~. For example, the standard Lagrangian L = 

tm:i: 2
- V (:r) goes over to the system function 

m ( Xn+l - Xn)
2 

T 11 
d). v (>.xn+I + >.:r:n) . An- - n 

- Tn 0 
(46) 

The point h~re is that the integration over the virtual path parameter ).. leaves us 
with a syste n function depending only on the node and link variables. The choice 
of virtual pdh will influence the details of this function, however. For example, 
gauge invariance can be readily incorporated in this approach, but the virtual paths 
become non-linear in this case. 

Summa1·y 

Our proposed strategy for finding integrable discretisations would be the follow­
ing: 1) find en integrable CT model to be discretised; 2) rewrite the Lagrangian as a 
non-rigid syotem function using appropriate virtual paths; 3) find all the continuous 
symmetries ;,nd hence determine the DT Noether invariants; 4) vary with respect to 
the T~s (usirLg Lagrange multipliers) to get Lee's analogue of the conserved energy; 
5) investigate the symplectic structure; 6) quantise via the DT Schwinger action 
principle. 
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Abstract 

A supnsymmetric method for the construction of so-called condition­
ally exactl:r solvable quantum systems is reviewed and extended to classical 
stochastic dynamical systems characterized by a Fokker-Planck equation with 
drift. A class of drift-potentials on the real line as well as on the half line 
is construe .ed for which the associated Fokker-Planck equation can be solved 
exactly. E~plicit drift potentials, which describe mono-, bi-, meta-or unstable 
systems, are constructed and their decay rates and modes are given in closed 
form. 

1 Introduction . 

. Many physical phenomena of nature are characterized by some basic differential 
equations. For example, quantum-mechanical phenomena are described by Schro­
dinger's equatior., which dictates the dynamics of some quantum system represented 
by a Hamilton operator. One is therefore primarily interested in finding all eigenval­
ues and eigensta .es of such Hamiltonians. As a consequence, finding a large class of, 
in this sense, analytically exactly solvable quantum systems is an important goal and 
this search has already been initiated by Schrodinger using the so-called factoriza­
tion method [1, 2]. This factorization method is basically equivalent to Darboux's 
method [3] alretdy invented 1882 and applied to Sturm-Liouville problems. Re­
cently, these methods have attracted new attention [4], in particular in connection 
with supersymm~tric (SUSY) quantum mechanics [5]. For a recent approach and 
further reference:; see, for example, [6, 7, 8]. 

Somehow unr oticed by those working on the quantum mechanical problem the 
same basic ideas 1ave been utilized in constructing exactly solvable classical stochas­
tic systems described by a Fokker-Planck equation [9, 10, 11]. In fact, the Fokker­
Planck equation can be put into the form of an imaginary-time Schrodinger equation 
exhibiting SUSY. Therefore, exactly solvable SUSY quantum Hamiltonians also pro­
vide exactly solvable Fokker-Planck-type systems. Whereas until now these methods 
have been applie :l to mono- and bistable systems [9, 10, 11], they correspond to a 
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situation with unbroken SUSY, we present here also examples with l::roken SUSY 
giving rise to meta- or unsta,ble drift potentials. 

In the next two sections we briefly review the basic concepts of SUSY quantum 
mechanics and its close connection with the Fokker-Planck equation [5 12]. Section 
4 reviews our recent approach [6, 7, 8] towards a construction of the most general 
class of SUSY partners of a given quantum mechanical Hamiltonian. This approach 
is applied to the Fokker-Planck equation and allows to construct new d1 ift potentials 
with known decay rates and modes. Two examples are discussed in some detail. 
The first one is related to the linear harmonic oscillator having unl roken SUSY 
and leads to bistable double-well or monostable single-well drift poteHtials already 
found by Hongler and Zheng [9]. The second example is the class relatec to the radial 
harmonic oscillator with broken SUSY. Here the drift potential is eith.~r metastable 
or unstable. 

2 Supersymmetric quantum mechanics. 

To begin with, let us briefly review the basics of SUSY quantum mechanics or, to be 
more precise, Witten's model of SUSY quantum mechanics "[5]. This rr ode! consists 
of a pair of standard Schrodinger Hamiltonians (units are such that n = m = 1) 

H± = -~ d~2 + V±(x), V±(x) = ~(W2 (x) ± W'(x)). (1) 

Evidently, this pair is completely characterized by the so-called SUSY potential W, 
which is assumed to be real-valued and an at least once differentiable function inside 
the configuration space. This configuration space will be either the 1 eal line IR or 
the positive half line JR+. Thus the above Hamiltonians act on a sc~itable linear 
space of square-integrable functions over IR and JR+, respectively. Wi ;h the help of 
the supercharge operators 

t 1 ( d ) A=- -- + W(x) 
..j2 dx 

(2) 

the above pair of SUSY-partner Hamiltonians factorizes, H+ = AA t ::::: 0, H_ = 

At A::::: 0, and obviously obeys the intertwining relations AH_ = H+A and H_At = 
Al H+. As a consequence H+ and H_ are essentially isospectral. In other words, 
their strictly positive energy eigenvalues coincide and the correspondi 1g eigenstates 
are related via the supercharges. However, there may exist an additi<•nal vanishing 
eigenvalue for one of these Hamiltonians. In this case SUSY is said to be unbroken 
and by standard convention [5] this additional eigenvalue is assumec to belong to 
H _. If such a state does not exist SUSY is said to be broken. To s 1mmarize, for 
unbroken SUSY we have 

E0 =0, 1j,>0(x) = 1/->0(0) exp { -1x dz W(z)} , 
(3) 

.,,- = (E+)-lf2At.l.+ 
'f'n+l n 'f"n ' 

.!.+ - (E- )-1/2 A·'·-
'~'n - n+l 'l'n+l ' 
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whereas for broken SUSY these relations read 

E;: = E"!: > 0 , 1/!;: = (E::tl/2 At'~/!:: ' 1/!:: = (E;:tl/2 A1/';: . ( 4) 

Here we haw denoted the eigenfunctions and eigenvalues of Jf ± by 1/J~ and g;, 
respectively. fhat is, 

H±'l/!:!: = E:!:'l/!:!:, n = 0, 1, 2, ... , (5) 

and we also rote that throughout this paper we will consider, without loss of gen­
erality, quant 1m systems with a purely discrete spectrum. 

We conch de this section by noting that for broken as well as unbroken SUSY 
one can obtai 1 the complete spectral information of one Hamiltonian, say f/_, if the 
eigenvalues and eigenstates of the corresponding partner, here JJ+, and the SUSY 
potential W <.re known. 

3 Clas:;;ical stochastic dynamics. 

As mentioned in the Introduction we are also interested in classical systems with a 
stochastic dynamics governed by the Fokker-Planck equation 

a 1 ~ a 
at mt(x,xo) = 2 ax2 mt(x,xo) +ax (u'(x)mt(x,xa)). (6) 

Here mt( x, x0) denotes the transition-probability density of a macroscopic degree 
of freedom tc be found .at time t at position x if it initially has been at .r0 , i.e. 
mo(x, xo) = ,l(x - xa). This degree of freedom is subjected to an external force 
characterized by the real-valued drift potential U and to a stochastic random force 
(white noise) resulting in the diffusive term on the right-hand side of (6) with diffu­
sion constant set equal to 1/2. Making the ansatz [12] 

mt(x,xo) = e-U(x)J<t(x,x0) (7) 

leads to 

a 1 _ ( l [ 1 a2 
1 ,2 ( l 1 "( l] _ ( l -at it X,Xo = -2 ax2 + 2U X - 2U X [\ 1. X,.To , (8) 

which may be interpreted as an imaginary-time Schrodinger equation for the SUSY 
Hamiltonian r{ _ with a SUSY potential given by the first derivative of the drift 
potential, W = U'. Hence, the desired transition-probability density is given via the 
Euclidean propagator for H _: 

mt(x,xo) = exp{U(xo)- U(x)}(xlexp{-tlL}Ixo). (9) 

It is obvious ·.hat the decay modes and decay rates of this classical stochastic dy­
namical system are related to the eigenfunctions and eigenvalues of f[_. To be more 
explicit, let m consider the cases of unbroken and broken S USY scparatdy. 
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For unbroken SUSY the ground-state energy of H _ vanishes and as a consequence 
there exists a stationary, i.e. time-independent, probability distributi:m. Noting that 
1/'t~(:r) = ~'0 (.r 0 )exp{U(x0)- U(x)} the transition-probability den;ity can be put 
into the form 

n=l 

which clearly shows that the strictly positive eigenvalues of /1_ an< the associated 
<'igenfunctions characterize the decay rates and decay modes of ! he system. In 
addition the ground-state wavefund.ion represents the stationary dist rilHition. That 
is, a. stable system is characterized by an unbroken SUSY. 

ln the case of broken SUSY, by definition, II_ does han· stricti} positiw• eigen­
va.lues only and cannot lead to a. stationa.ry distrihut ion. In othc1 words. broken 
SliSY is related to unstabk systems. II ere the tra.nsit ion probabi itv density has 
the form 

m 1(:r,xo) = exp{//(.ro)- U(.r)} L<,-ll·:;;-l:'~(.r)i/•~(.ro . ( 11) 
n=O 

Finally, we mention that in both cases we may im·c•Jt the drift potential,{!--> 
-U, which amounts in replacing //_ by II+. Ilcnce, due to the pr •scnc<' of SUSY 
the inverted drift. potential has the same decay rates as tlw origin.d one. Only in 
the case of unbroken SUSY a stable system becomes unsta.bk upon inversion. This 
is expressed in the fact that the vanishing eigenvalue /c't! = 0 is missing in the 
spectrum of JJ+. The decay modes of the original a.nd the inverted drift potential 
arc also clearly related by the SUSY transformations (:l) and ( l), !'I'SIH'rlively. 

4 Designing exactly solvable models. 

From the discussion in the previous two sections it is cka.r that o·1n' t lw spectral 
data, that is, the eigenvalues and eigenfunctions, of //+ arc known we also know 
these data for the corresponding superpa.rtnn H _ and in turn the decay rates aml 
modes for the Fokkcr-Planck equation with drift potential U(:r) = r· d.:: IV(.::). In 
order to construct new exa.ct.ly solvable systems we wi 11 s!'a.rch for t i1:," most. genera 1 
class of superpart.ners associated with a given exactly solvable quant llll Hamiltonian 
If+. Such a construction method has recently been given [G, 7, 8 and we briefly 
review it here. 

In order to find the most general class of SUSY partners of a giwn SUSY Hamil­
tonian we make the following ansatt~ 

u'( :r) 
W(:r) = <l>(:r) + u(:r) ' ( 12) 

where <I> is a known SUSY potential belonging to some shapt•-invarant (i.e. exactly 
solvable) poU•nt.ia.l. Sec, for exampl<', Table' :>.1. in ref. [5]. If we no•v assume that u 
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is a solution of 

u11 (J:) + 2 <P(x) u'(x)- bu(.x) = 0, iJ E IR. (I :l) 

we find that 
I 2 I I b 

V+(.x) = 2' <P (.x) + 2 <P (:c)+ 2 . (1~1) 

By construction (+ is up to the additive constant b/2 shape-invariant and, therefore, 
the eigenvalues <tnd eigenfunctions of H + arc exactly known. The corresponding 
partner potentia can be put into the form 

V_ .1) = - <fl X - - 'i' X + -- 2 <fl J: + -- - - , ( 1 2 ( ) I"''( ) u'(J:) (' ( ) u'(:r:)) b 
2 2 u(x) v.(.x) 2 

(15) 

which, in genera, is not shape-invariant and thus a new exactly solvable quantum 
mechanical potelltial. Similarly we may construct also a new drift potential 

U(x) = lx dz<P(z) + logu.(:r) 
• :ro 

(Hi) 

for which the ass::>ciated decay rates and modes arc known exactly. 
Let us note here that we cannot take an arbitrary solution of (13) for the con­

struction of new quantum-mechanical and drift potentials. In order to circumvent. 
domain questiom of the operators involved we will take only those solutions of (13) 
into account. whi<h are strictly positive. Hence, no singularities inside the configura­
tion space will ar·pear in v_. and U. For this reason the new Schrodinger potentials 
V_ obtained in t 1is way have been called conditionally exactly solvable [6]. In the 
following two subsections we will present two examples with unbroken and broken 
SUSY, respectivf ly. For further details and examples sec [8]. 

4.1 A syst«!m with unbroken SUSY. 

The first example we are going to present is characterized by a linear SUSY potential, 
<P(x) = x, with configuration space given by the real line, x E IR. This SUSY 
potential gives ri::e to the harmonic-oscillator potential 

V+(x)=~(x2 +b+l) (17) 

and the corresponding eigenvalues and eigenfunctions of If+ are 

E:=n+l/2+1, 'lj;:(x) = [J7r2nn!r
112 

Hn(x)exp{-x2/2}. (18) 

Here Hn denotes a Hermite polynomial of order n. In this case the general solution 
of ( 13) can be ex )ressed in terms of confluent hypergeornetric functions, 

( 
b 1 2) ( 2 - b 3 2) uix) = 1F1 -4'2'-x +fJxJFJ -

4
-,2,-x (19) 
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and is strictly positive forb> -2 and 1/il < 2'r(~ + 1)/r(b~2 ), cf. rd. [7, 8]. The 
corresponding partner potef\tial is given by 

V_(x) = ~ x2 _ b + 1 + u'(x) [2 x + u'(x)] 
2 2 u(x) u(x) 

(20) 

and plots of it for various values of the parameters b and /i can be fou 1d in Figure 1 
of [7] and Figures 1 and 2 of [8]. Here we only note that for large lxl this potential 
becomes asymptotically that of a harmonic oscillator. For values of b close to the 
lower bound -2 this potential exhibits two double-wells near the orgin. Whereas 
for larger values of b these double wells merge to a single well at the origin. For 
(3 = 0 the potential v_ is symmetric about X= 0. This symmetry is broken for non­
vanishing (i. Noting that SUSY is unbroken for all allowed values of the parameters, 
th<~ spectral properties of the corresponding Hamiltonian H _ are e tsily obtained 
from (3): 

E;; = o, ,/-( ) 7f!;;(o) { 21 } 
¥JO X = u( X) C) p -X 2 , 

_ exp{-x2 /2} ( • u'(xl)" 
7J!n+l(x) = 

112 
Hn+l(x) + Hn(x) -(-- . 

[y'7r2n+ln!(n + b/2 + 1)] U X 

(21) 

These results also allow a complete study of the Fokker-Planck ec nation for the 
drift potential 

1 2 
U(x) = 2' x + logu(x). (22) 

In fact., this drift potential is stable and has a stationary distribt tion given by 
[4J0 ( x )]2. The decay rates and decay modes are given explicitly by E~ H and 7jJ~+l in 
(21). Plots of this drift potential for various values of the parameter:; can be found 
in Figures 1 of [9]. Here we again briefly mention that for b close to it; lower limit U 
has the shape of a bistable (double-well) potential being symmetric ahout the origin 
for /i = 0. For larger values of b this drift potential develops also a st<.ble single-well 
shape. 

To conclude this subsection let us mention that the results pres8nted here are 
not new. They have first been derived by Hongler and Zheng [9] in 1!l82, which was 
even before the work of Mielnik [4] who was searching for more genera. factorizations 
of the harmonic oscillator Hamiltonian. His results can be viewed as special cases 
of those presented here. The advantage of the present approach is that it can be 
applied not only to the harmonic oscillator-like systems but to all e l(actly solvable 
ones [8]. In particular, there exist also shape-invariant quantum systems which 
allow for a broken SUSY [5]. That is, one may be able to design clrift potentials 
which are metastable and can be solved exactly. To our knowledge~, such exactly 
solvable systems are not available so far. Except, of course, the rathe: trivial case of 
a piecewise linear drift potential. In the next subsection we are goin.~ to present an 
exactly solvable metastable drift potential, which is related to the r tdial harmonic 
oscillator Hamiltonian. 
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4.2 A system with broken SUSY. 

In this subsection we will consider the case where the SUSY potential is given by 

I <I>(x)=x+-, 
X 

I> 0, (23) 

where the C011dition put on the parameter 1 leads to a SUSY potential <I> which 
characterizes t shape-invariant SUSY pair of radial harmonic oscillator-like Hamil­
tonians with l'roken SUSY. Due to the condition (13) even the SUSY potential (12) 
with above <I> gives rise to the radial harmonic oscillator potential 

V ( ) _ x
2 

1( 1 - l) b + 1 
+ x - 2 + 2x2 + 1 + 2 ' (24) 

which is exactly solvable and leads to the following spectral properties of H+: 

b 
E:;, = 2n + 2" + 1 + 2 , + [ 2n! ]1/2 

1/Jn(x)= r(n+l+1/2) x'Ye-x2/2L~'Y-I/2l(x2). (25) 

Here Ll;l denctes an associated Laguerre polynomial of degree n' and index v. As in 
the previous c tse the general solution of (13) can be expressed in terms of confluent 
hypergeometric functions. Here, however, we are only interested in cases with broken 
SUSY and with this constraint the most general solution reads 

( ) , ( b 1 2 ) -x2 b + 2 1 2 u :z = 1} 1 - 4, 1 + 2, - x = e 1 F1 (! + -
4
-, 1 + 2, x ) . (26) 

This solution will be strictly positive if b > -41 - 2. The corresponding SUSY 
partner potential reads 

V ( ) x
2 

1(/ + 1) b + 1 u'(x) (
2 

21 u'(x)) x =-+ +1---+-- x+-+--
- 2 2x2 2 u(x) .T u(x) (27) 

and is plotted, for example, as Figure 5 in ref. [8]. The eigenvalues of the Schrodinger 
Hamiltonian P_ for this potential are identically to those of H+ given in (25). The 
eigenfunctions can also be obtained from those in (25) via the SUSY transformation 
( 4) and read 

1/;-'x = 2n! x'Y+le-x2/2 
[ ] 

1/2 

n,) (n+l+~+~)r(n+l+1/2) ~ 

(
L;:+I/2)( x2) + u'( x) ) . 

2xu(:z:) 
(28) 

Again, as i11 the previous case we can construct a drift potential with decay rates 
· and modes giv ~n by the eigenvalues and eigenfunctions of H _. This drift potential 
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is explicitly given by 

1 2 
f!(:r) = 2·T +) log.r + logu(.r) = 

=--.r +1log:r+log 1F1(/+--.1+-.. r) 1. 2 [ h+2 I 2 ] 

2 l 2 
(29) 

and heca.usc of broken SUSY does not han· a stationar.\' distributi:m. To be more 
explicit, for small J: > 0 it has a logarithmic ''hole" at the oripin. i.('. l'(.r) ~ 
-1llog:cl for J' « 1, whereas for large .r -> = it lH'conws asyi:lptotically that 
of a harmonic oscillator, i.e. U(:r) ~ :r 2 /2 for .r » l. In addit:oJI to that, for 
values of b close to its lown limit -·1-y - 2 this drift potential exhibits a local 
minimum. In other words, it is metastable. In fact. the smalle;t decay rate is 
given by br~ = 21 + 1 + h/2 '\. 0 for h '\. -11 - 2. For larger values of b this 
local minimum disappears and the drift potential (29) becomes unstable. A typical 
plot of this potential is given in Figure l where we han· shown (2!) for 1 = 1 and 
bE (-6,-5). Not(~ that in Figurc 1 we ha\'<' plotted l'(.r) \'<'rsus e).p{-.r}. 

2 

U(x) 

exp(-x) 
0 

b 
-5.6 

Figure 1: I\ family of drift potentials (29) for 1 = I showing a tr<tnsit ion from 
mdastability to instability with increasing b. Tlw corr<'sponding kcay rates and 
decay modes arc known in closed form. Note that we have plot <'d l 1(.r) versus 
exp{ -.r}. 
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5 Final remarks. 

In this paper w·~ have extended a recent approach to the construction of drift po­
tentials for whi< h the associated Fokker-Planck equation can be solved exactly. As 
starting point w~ have chosen a SUSY potential 1> which generates a pair of shape­
invariant quantum mechanical potentials leading to exactly solvable quantum Hamil­
tonians. This SUSY potential can be perturbed (by adding u'ju) in such a way that 
one of these Haniltonians, JJ+, remains in the class of shape-invariant exactly solv­
able Hamilton O:)erators. The partner Hamiltonian //_, however, is a new one and 
due to SUSY ito spectral properties can be obtained from H+ in a straightforward 
way. Using the dose relations between SUSY quantum mechanics and the Fokker­
Planck equation we have used these results to find also new drift. potentials with 
exactly known decay rates and modes. In this paper we have constructed stable as 
well as unstable irift potentials associated with unbroken and broken SUSY, respec­
tively. The exarr pies for unbroken SUSY arc actually not new a.nd have already been 
studied by Hongler and Zheng [9]. However, the present results for broken SUSY 
leading, in pa.rti :ular, to metastable drift potentials are new. To our knowledge, 
these are the fir~ t (on the positive half line) analytical metastable drift potentials 
for which the de< ay rates and modes can be given in closed analytical form. Besides 
some practical a. )plications these metastable potentials can also serve as a testing 
ground for apprc xi mat ion methods. Recall that for metastable drift potentials the 
fluctuation operdor for the classical "bounce" solution has a negative eige:1value 
and, therefore, ]~ads to serious singularities within a saddle-point approximation 
[13]. The standard treatment in such unstable situations goes back to Langer [14] 
and is based on ::orne analytical continuation techniques. These formal treatments 
can now be appl eel to and (for the first time) tested with the examples presented 
in Section 4.2. 
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Abstract 

In tl is talk we outline the basic ideas relating to the notion of super­
integrabtlity. The fundamental notion we introduce is that of simultaneous 
separability of the Schri:idinger equation in more than one coordinate sys­
tem. Tre energy observable is degenerate for potentials of this type and the 
correspcnding observables that arise from the simultaneous separability close 
quadrat cally under repeated commutation. We give examples of these sys­
tems and indicate how superintegrability can be of use, particularly in relation 
to b<mn,] states. 

1 Introduction 

It has long bt:en known that there are potentials for which a given Hamiltonian sys­
tem in classical mechanics admits a solution via separation of variables in more than 
one coordina1 e system [1 ,2]. The methodical search for such potentials was initiated 
by Smorodin >ky, Winternitz et.al. [3,4] in two and three dimensions. A subset of 
such systems is called maximal in dimension N if there exist 2N -1 functionally in­
dependent in;egrals of motion. In this talk we show how to find the finite solutions 
(bound state eigenfunctions) for those quantum mechanical systems in two dimen­
sions which admit separation of variables in at least two coordinate systems. We do 
this for the corresponding systems defined in two dimensional Euclidean space and 
indicate how these ideas work for quantum mechanical systems defined on the two 
dimensional ;pherc [5]. 
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2 The Euclidean plane and the two dimensional 
sphere 

2.1 To illustrate the basic idea we can consider the example of the Schrodinger 
equation with potential 

I. C., 

( 
[)2 [)2 ) ( 2 2 2 /,·f - ~ ki -- ~) . ' 
~ + -;)2 llJ - W (X + !J ) + -. -2 - + --2 

- llJ = - 2/~ llJ. 
ox uy .r y 

This equation can be solved by the separation of variables ansatz Ill = 4· 1 ( 11 h'·2 ( t·) 
for a suitable choice of coordinates .T = :r( u. v ), y = y( u, 1' ). In fact t 1is equation sep­
arates in three coordinate systems: Carlrsian coordinate's (.r. y ); l'ola r coordinates 
:r: = r cos 0, y = ·r sin 0, and Hlliplical coordinates 

The bound state energies arc given by 

for integer n. The wave functions for each of these coordinate syst·~ms are: 
I. Carte.~ian coordinates 

where n = n 1 + n 2 , 

2. polar coordinates 

:hn! 
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where n = m + q and 

cf>~k,,k,J(O) = 
q!I'(k:t+k2+q+l) 

2(2q + kt + k2 + I) I'(k
2 

+ q +I )l'(k
1 

+ q + 1) 

x (cos O)k' +(t/2) (sin 0 )k,+( 1/ 2) l',;k, ,k, J (cos 20). 

:3. elliptical coor linates 

,y, -w(,;2 +v2 ) k1 +l k2 +l rr .1: + Y ,2 n ( .2 2 ) "'=e .T 'Y 2 --- ----c 
m=t Om - t:t Om - c2 

where use has be~n made of the identity 

x2 y2 
2 2 (u1-0)(u2-0) 

--+---c =-c . 
0- e 1 0- c2 (0- Ct)(O- c2) 

The zeros OJ sati~fy the relations 

k 1 2 ~ + _2.±__ + L - w = o. 
Om- el Om- e2 rim (Om- OJ) 

Because of the st parability properties of the Schrodinger equation in these coordi­
nate systems there are second order symmetries. These are second order partial 
differential opera ,ors L whic.h are such that if l)i is a solution then so is Ll)i. A basis 
for such operator; is 

L - 'i + ( ~ - ki) - 2 2 
I - (x x2 W X ' 

( I 2) 
l - [}2 + ::t - k2 2 2 
"2- y 2 - w y 

y 

c c 2 1 2 y2 1 2 :r: 2 1 
M = (xo - 11a) + (-- k )- + (-- k. )-- -. 

y X 4 I X2 4 2 !/2 2 

The separable ei! enfunctions already given are eigenfunctions of the symmetry op­
erators L 1 , M and M + e2 L1 + e1 L2 with eigenvalues 

Ac = -w(~~nl + k1 + 1), 2 2 2 Ap = (2q + k1 + k2 + 1) + ( 1 + k1 + k2), 

A, = 2( - k1)(1 - k2)- 2e2w(k1 + 1)- 2c1w(k2 + 1)- w2e1e2-

~ kl + 1 k2 + 1 
4 L.)e2--- + e~---]. 

m=l Om - CJ om - e2 
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The algebra constructed by repeated commutators is 

i # j, 

These relations are quadratic. 
2.2 In two real dimensions there are four potentials that have the m1ltiseparation 

property. The second is 

The corresponding Schrodinger equation is separable in .two coordi ~at.e systems: 
Cartesian coordinates and parabolic coordinates 

1 ( 2 2) 
X= 2 ~ - 1J 'y = ~T/· 

2.3 The third potential is 

1 ( (k2 1) (P 1) ) V( ) = _ o: + 1 - 4 + 2 - 4 
x,y Jx2+y2 4Jx2+y2 Jx2+y2+x ~2-x · 

The corresponding Schrodinger equation is separable in two coord' nate systems: 
polar, parabolic and modified elliptic coordinates, where 

e = c2(u1- e1)(u2- el)' 
(e1-e2) 

This last coordinate system can be written as 

x= 
(U1- E1)(U2- Et) 

4(El- E2) 
y= 
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2.4 The fc urth potential is 

a El V Jx2 + y2 + x E2 V Jx2 + y2- x 
V(x, t) = - +- +- . " J x2 + y2 4 J x2 + y2 4 J x:2 + y2 

Separation occurs here in parabolic and parabolic coordinates of the second type 

1 ( 2 2 x = p,v, y = 2 p, - v ). 

As an illu ;tration of the utility of the notion of a quadratic algebra consider the 
last potential given. A basis for the quadratic algebra consists of Lh L2 and H with 

defining relat ons 

[li,L1] = -4L2H + E1E2, [ l ' 1 2 2) R,L2 = 4L!H + 2(B1 - B2 

R 2 = 4LfH + 4L~H -16o:2 H + (E~- Ei)LI- 2E1E2L2- 2o:
2
(Ei +En 

with R = [ L1, L2]. If we look for eigenfunctions of the operators L1, L2 respectively, 

we have 
Ll'f'm = Am'f'm, L2'lj;n = Pn'lj;n. 

If we write 
Li'lj;n = L CnT'lj;T 

T 

then the qua lratic algebra relations imply 

[(Pn- PT) 2 + 8E]CnT = -[~(Bi- E~)- 16o:EJ8nT 

L CnTCTu(2pT- Pn- Pu) = (8Epn + E1E2 + 16o:E)bnu. 
T 

These relaticns in turn imply that 

Cnn = HBi- ED+ 16o:E 
8E 

and Cnn+l = C~+ln are the only nonzero coefficents. Indeed they can essentially be 

determined 1 •Y the relation 

4yC2E" (ICn,n+JI 2
- ICn-l,nl2) = 8Epn + B1E2 + 16o:E 



wlwrf' the eigenvalues ,\m and Pn are given by 

f32 
,\m = 2a- 81~- (2m+ l)v-2E, (B1 +lh) 2 ~ 

Pn = 2a- T - (2n + l)v-2£ 
16 ~ 

and the quantisation condition for E is 

4a- Bi+B~ =-(q+2)v-2E 
8/<J 

for integer q. 
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These ideas work also for sPparable coordinates on the two di1rensional sphere. 
Two important f'Xarnples arc 
2.5 The potential 

v =- --'---" + __ 2 ___ 4 + _._l ___ •l 
t [e-.!. k2-.!. f.:2- .!.] 
2 sf s~ s~ 

where as usual s~ + ·'~ + 8~ = I. The corresponding Schrodinger equation has the 
form 

[( k2 -.!.) (P-.!.) (e-.!.)] 
1 2 " + 2 .2 4 + 3 .2 4 Ill= -2R\ll. 

81 82 s:l 

This equation admits solution via separation of variables in two coordinaJP systems: 
spherical coordinates 

8 1 = sin() cos <p, 8 2 = sin() sin <p, sa = cos 0 

and elliptical coordinates 

(u.l- ei)(u 2 - ci) 
(c 1 - ej)(e,- cJ' i,j,k = 1,2,:~ 

Indeed a basis for the symmetries of Schrodinger's equation with this potential is 

These symmetries satisfy the quadratic algebra relations 
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2 4 61 ()4 fi4 
R = - 3{ L,7 , L;k, L1 k} + 3{£;1 , L;k} + 3{1~,1 , L1 k} + 3{/~;b f~ 1 k}-

16(1- ki}L~1 - 16(1- kJ)rfk- Hi(!- kflL;k+ 

128 2 128 2 I 28 2 . . 
3(1 -- k; )Ljk + 3(1- k1)L;k + 3 (1- kk)l~;i, 1 ic 1 ic k. 

The eigenfunctio 1s with bound state energy eigenvalues 

, I (' 2 I lop = 2 2p + 2 + k1 + k2 + k:l) - S 

in these coordinate systems are: polar 

llJ = (sin8tlct>~k2,k!)(~)<l>~n+k1 +k2 ,k3 )(fJ) 

where p = m + n, and elliptical 

3 q( 2 2 2) . (ke+~) _s_l_ + _ 5_2_ + ~ 
\I = (II 8

£ ) II f). _ e
1 

0
1 

- e
2 

Oj - e3 
l=l J=l J 

where 
k! + 1 k2 + 1 k3 + l """ 2 
--+--+--+L =0 
Jm-e! Om-C2 8m-e3 ._.. (Om-01 ) 

Jr-m 

and q = p. Here Ne have made use of the identity 

s~ s~ s~ ITi- 1(u£-Oj) --+--+--= 3 . 
8j- e1 Oj- C2 8j- f:l Ilm=l(8j- em) 

The separable ei~:enfunctions already given are eigenfunctions of the symmetry op­

erators L 12 and t3£12 + e2L13 + e1L23: 

As = (2n + k1 + k2 + 1 )2
, 

AE = -2[k1(e + e3) + k2(e 1 + e3) + k3(e2 + et) + e3k1k2 + e1k2k3 + e2klk3]-

3 q 1 
-(e1 + e2 + e3 )- 4e2e3(kl + 1) L -

8 
---

2 m=l m-el 

q 1 q 1 
4e:e1(k3 + 1) L -

8
--- 4ele3(k2 + 1) L -

8
--. 

m=l m - e3 m=l m - e2 
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2.6 A second multiseparable potential on the sphere is 

V= as3 . 1 [ (ki-±) (k~-±)] 
Js~+s~ + 4Js~+s~ Js~+s~+s1 + Js~+s~-s1 · 

Schrodinger's equation for this potential has the form 

_ + 1 4 + 2 4 Ill= _ 2EIJ!. 
( 

as3 1 [ (P - :!.) (k2 
- :!.) ] ) · 

Js~+s~ 4Js~+s~ Js~+s~+s1 Js~+s~-s1 
This equation admits solution via separation of variables in two coordir ates systems: 
spherical and elliptical coordinates of modified type 

s; = cos f s1 +sin f s3, s; = - sin f s1 + em f S3 

where 

i, j, k = 1' 2, 3 i =f. j =f. k, 

and 

sinf = 

1( 2 2 1 1 
y = e2 +- E + E ) + -E+E (Z + -) 1 4 + - 4 - 1 Zj ' j = 1, 2. 

Indeed if we use the variables 

u2 _ (Z1 + fL)(Z2 + ~L) 
1

- (n:-1) ' 
u 2 _ (Z1 + n+)(Z~ + n+) 

2 
- (n~- 1) 

where 
,..., E+ ,..., E_ 
~t+ = E_'~t- = E+' 

then, putting k3 = J2(E- ia) + 1/4 and E = ia + E and multiplying the Schro­
dinger equation by (Z1 Z2t 1 - 1, we see that the resulting equation 1 as the form 
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4 1 + 4 2 + 4 3 w + 2Ew = o [(
l- k2) (l- k2) (l- k2)] 

U{ Ui U(f 
which is essen1 ially the same form as for the first potential. The bound state quan­
tisation condition has the form 

E= ~ [2q+2+kl+k2+)~+2(E-ia)r 
Outlook for this subject 

1 

8 

Some natu ·al questions arise from the outline of superintegrability given above. 
[1]. What in general do the quadratic algebra relations imply? 
[2]. How does one characterize the quadratic algebras? 
[3]. Can w•~ make systemmatic statements about superintegrability of Schrodin­

ger's equation with a given potential in n dimensions? 
[4]. What are the complete sets of superintegrable potentials in complex spaces? 

These are all questions for which a solution seems possible. In addition to these 
considerations are the relations between the special functions that appear in the 
solutions of th ~se problems. This is a topic that is currently also being investigated. 
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Abstract 

We present a Z3 -g;raded generalization of thP exterior rakulus, <'laborated 
and published in a recent series of articles. A new typP of differe1 tials d2:rk 

is introduced, and binary and ternary relations that must be satisf ed by the 
differentials dxk and d2xm ensuring that d3f(:rk) = () are displ<cyed. We 
then discuss how the notions of connection, torsion and rurvaturP ran be 
extended to this new differential calculus. A possibilit~·.of using a thin;) order 
generalization of geodesic equation in the description of thP two-bod v problem 
is also evoked. 

1 Introduction. 

It is well known that when we try to solve a linea.r differential equ.ttion of second 
order, the first integral can be found usually without much pain. l' everthdess, as 
a rule the first derivative of the function to be found is a com plica ted and highly 
nonlinear expression. In the simplest case of a pendulum of mass m, the second 
order linear equation 

d20 
ml-

2 
+ rngsinO = 0 

dt 

leads to the first integral of energy E ·= mi' ( ~ )2
- ~ rngl co.~O = Con ~I, yielding t lw 

well-known elliptic integral def1ning implicitly the function O(t) : 

dO 
dt 1° dO 

t - t0 = --,==== 
28 

Oo -;;[2 + fcm () 

which can not be evaluated analytically. The analytical solution c<tn be found in 
the linear approximation, when one can replace sinO by 0, a.nd undo•r the integra.!, 
cosO by 1 - ~; then the integral yields th<' function An·.~in 0 . 

We would like to draw the attention to the corollary of this fact, namely, that 
an extra differentiation of a non-linear equation may lead to a linea· problem that. 
can be treated rnon' easily. 

The use of dif!'ercnt.ial equations of order higher t.ha.n two is also inspired by our 
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recent investig ttions concerning the generalizations of the exterior differential cal­
culus, in which the operator d is no more nilpotent in the usual sense, i.e. d2 J =J 0, 
but one impos~s dN = 0 instead ([1], [3], [6], [2], [4], [5]). llcrc we sha.ll explore 
essentially the case of N = 3, although the generalization for other values of N 
is straightforw.trd. In what follows, we shall try to show how these differentials of 
higher order n.tturally lead to covariant equations of higher order generalizing the 
usual geodesic ~quation, which may be used for simplifying certain non-linear prob­
lems. 

The usual exterior differential calculus is based on the identification of the differ­
entials of local coordinates, dxk, k = 1, 2, ... D, ( /) = the dimension of the manifold) 
with the Grassmann algebra of exterior forms spanned by all the skew-symmetric 
tensor product; of differentials, e.g. 

dxi 1\ dxk = ~ (dxi ® dxk- dxk 0 dxi) etc., ( 1) 

supplemented with the anti-Leibniz rule for the exterior differentiation: 

d ( W 1\ tP) = ( dw) 1\ tP + ( -1 )deg(w) W 1\ dtj; (2) 

where deg(w) i; the degree of the exterior form w. 

It is easy t(• prove now that d2 = 0 when acting on any p-form. In particular, 
on a function of coordinates J(xk) one gets, taking into account the rule (2) and 
recalling that cd is of degree 0 : 

df = 8d dxk ; d2 f = 8fd dxi 1\ dxk + 8d d2xk = 0, (3) 

which is consis·.ent with the assumption d2xk = 0 on the basic differentials (which 
are just other functions on the manifold), and the fact that symmetric quantity O;k/ 
is contracted with the anti-symmetric quantity dxi 1\ dxk. 

In spite oft be fact that in the exterior calculus d2 xk = 0, this formal expression 
appears in the 10tation for the second derivative of a function. The expression d;~· 
can be interpreted as a short-hand notation of an iterated action of the derivation 
:Jt, but it can h~ also given an autonomous meaning as the ratio between the second 
differential d2x" and the square of the differential dt, i.e. 

d2xk 

dt 2 

d dxk 

dt dt 

d2xk 

( dt) 2 

Clearly, d2x' can not coexist with the exterior product dxk 1\ d.Tm, but it can be 
related with th·~ symmetric part of the tensor product dxk ® dxm . Let us suppose 
indeed that d2xk =J 0, but d3 xk = 0, and in general, d3 f = 0 instead. Continuing to 
apply the rules (2) and (3), but replacing -1 with the primitive third root of unity, 

q = e 
2
;•, we hare then: (for simplicity, we have suppressed the tensor product sign 

®) 

d3 J = a;,id dJ·mdxidxm + a;kf d2xidxk + q a;kJ dxid2 xk + 8fd dxid2 xk + 8d d3 xk 
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After a simple re-arrangement and re-labeli~g of indices, and usini~ the fact that 
d3 = 0, we get 

As it can be seen, there are two types of forms of degree 3: terna ·y products of 
the first-order differentials, or binary products of first- and second-ordt r differentials. 
Because these combinations are linearly independent, the correspondi 1g expressions 
must vanish separately. Because 1 + q = -q2

, the last term will vanis 1 identically if 
we set 

and (5) 

Now, assuming that the associative algebra spanned by the first- and second­
order differentials is Z3-graded, dxk being of degree one, and d2xm •)f degree two, 
the grades adding up modulo 3 under the associative multiplication, v·e see that the 
second differential d2xk in the above formula can be replaced by a pnoduct dxkdxm, 
thus suggesting the following ternary relations: 

(6) 

which make the terms containing the third derivatives vanish, too, b•~cause 

OTkmf = ~( a;kmf + a~mJ +&;,;d), and 

The associativity together with the above ternary relation impos~s that all the 
fourth-order products must vanish. The proof is straightforward: for a product of 
any four 1-differentials one has: 

(dxidxkdx1)dxm = (qdxkdx1dxi)dxm = qdxk(dx1dxidxm) 

q2dxk(dxidxmdx1) = (q2dxkdxidxm)dx1 = (ldxidxmdxk)dx 1 

= ldxi(dxmdxkdx1) = q4dxi(dxkdx 1dxm) = qdxidxkdx1dxm = 0 (7) 

By extension, we shall require that all the products of differentials of order four 
and higher must vanish: thus, we shall admit that 

dxidxkd2xm = 0, d2xkd2xm = 0, etc. 

There is another important difference between the associative oLlgebra of this 
type and the usual Z2-graded Grassmann algebra, namely, the functions over the 
manifold form a right module over this algebra. This means that w•~ consider only 
the expressions in whieh a function stands always on the left, multiplied from the 
right by a product of differentials. In contrast, these expressions caL be multiplied 
by functions on the left; but we can not multiply one such express on by another 
(no internal multiplication can be defined in a module). 
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To give au illustration how this Z3-graded differential calculus works, let us 
compute the <ifferentials of a 1-form A= Ak(x) dxk 

dA = a;Ak dxidxk + Ak d2xk; 

d2 A= ama;.tk dxmdx;dxk + a;Ak d2x;dxk + qamAk dxmd2xk + BmAk d:r'"d2 .1:k (R) 

Taking int) account the commutation relations and the fact that 

a;k.1m dx;dxkdxm = ~ (a;kAm + qa!;Ak + a~mA;)d.T;dxkdxm, 

everything cm l be expressed as 

2 2 i k 1 ( ) iJ3 ( ) d A= F;k d X dx - 2 a;Fkm + akFim + -2- a;Fkm- akFim (9) 

which is a manifestly covariant expression, depending only on the Maxwell tensor 
and its deriva1 ives. 

2 Covariant basis of Z3-graded differentials. 

If we suppose that the formal expression d2 f does not vanish identically as it is the 
case in the us 1al Zrgraded exterior calculus of forms, then we must abandon the 
antisymmetry of the product of 1-forms in this algebra. The vanishing of the expres­
sion d2 f could be given 'an intrinsic sense in any local coordinate system because 
one supposes that simultaneously d2 = 0, so it applied to any second differential of a 
local coordina1e, be it dxk or d2yk', and parallelly, taking into account the symmetry 
of partial seco 1d derivatives, 

a2j 

axkaxm 

a2j 

axmaxk' 

it had to be p•>stulated that the product of 1-forms must be antisymmetric: 

dxk dxm = -dxmdxk 

Under a change of local coordinates, xk ---> ym' (xk), and xk = xk(ym'), the basis 
of 1-forms transformed as a covariant tensor, i.e. dxk = &x•, d11m'. However, had 

Gym ,'J 

we abandoned the postulate d2 = 0 and the antisymmetry of the product of ]­
forms, the secc nd differentials of the coordinates, which are for the time being purely 
formal expresEions, would not transform as covariant tensors because of the non­
homogeneous 1 errn: 

2 k axk m' a2xk I' m' IJxk 2 m' 
.1 x = d( -a , dy ) = a 1, a , dy dy + ~ d Y ym Y ym uym 

(10) 
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Introducing connection coefficients l'7m we shall dd1nc tiH' r·m•ariar. I second differ­
rnlials fJ2.rk as 

(11) 

(in order to make our notation homogeneous. from now on \\'e sha I also note the 
first difkrentials - which arc naturally cm·ariant - with capital D, i.e. we shall 
identify Dxk = d.rk.). Note that the above equation can be still interpreted in 
terms of Grassmaun algebra. of exterior forms: if we still impose 1'2 = 0 and the 
antisymmetry of the exterior product, the covariant 2-fonn lJ 2:rk is equal to the 
torsion 2-form. Ttl<' vanishing of D 2:rk is then equiYaknt to the n•ndit.ion of null 
torsion, which is valid in all coordinate systems. 

Let us suppose now that the differentials d:rk and d2 .r"' satisL· the relations 
imposed by the condition d:l = 0 derived before, i.e .. with q = 1 ';': 

and 

It. is obvious that these relations remain valid if we rep Ia('(' the ore iuary first aud 
second differentials by their covariant counterparts: 

aud ( 12) 

which span a. covariant basis of the same Z:1-gradcd algebra, which h.ts the property 
of transforming cova.ria.ntly under the change of a. ba.sis. 

Now, although JJ 2xk represents a tensoria.l quantity. its covari mt diffnential 
f) (D2rk) = D 3 xk can not be computed by simple iteration, i.e. by applying the 
same formula. a.s for the covariant differential of D.rk. As a mat tcr of fart, /):1.rk has 
to be a tensorial quantity of third degree, which in mvariant basis '>hould ront a in 
both Dxk D 2x'" and Dxk Dx1 Dxm . That is why we should write: 

with new coefficients of two kinds, whose transformation properties m dn coordinate• 
change arc yet to be derived, and which will assure the tensorial cha ·act.c·r of fJ 3 .rk 

Acting with the operator don D 2xk yields the explicit result: 

[):
1
.Tk = d3 xk + Onl't dx"dx 1dxm + rt d2:r1d:r"' + q 1'~, d:r1 i2 .r"' + 

+ Btm Dx
1 
D

2
xm + C~"" Dx1 fh:'" fJ.r" ( l·l) 

Now) using the fact that d2x 1 = D 2x 1 
- r~m dxr d:r'" 'we can ex pi !'SS /):1.rk 

by means of covariant quantities only: 

J)3xk = d3 k + [ /]k + 2 rk + l'k J f) 1/)2 "' + - X lm if 1 rn.l if lrn X · .1' 

+ [ C k + !l f'k ['r ['k ['r ['k ] f) If) '"f) "' -'lmn U[ rnn - lm n1 - q mn lr ;r ;r, :r 
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d:lxk + Btm Dx1 D2x1 + C'/~mn Dx1 fh:"' Dx" (15) 

:\ow we shall proceed by analogy with the .%'2-grarkd case. /\s we have sr'r'n, the 
condition d3 =' 0 implies also the ternary and binary q-commut.at.ion rcl<tt.ions with 
q = e 

2

;•. This means that. in the final expression we remain with 

D3 xk = B~n Dx1 D2xm + C'1~nn fhJ JJxrn fh:", 

It is obvious that if we want to impose the t.ensorial behavior on IJ3 xk, then both 
coefficients B{ n and C'/'mn must transform as tensors given the manifestly tcnsorial 
character of the products of differentials they arc contracted with. In contrast, the 
coefficients Btn and ct"'" have obviously non-tensorial character, which is compen­
sated by the · :onnection coefficients and their derivatives cntf'ring the definitions 
of Btm and C'fnn· In order to get. the transformation rules for Uw coefficients 13~ 
and ct:mn We liSe the observation that the formula (Ia) irnplicit.Jy determines how 
the covariant :lifferential D is acting on the second order differentials. Indeed t.he 
left-hand side of (la) can be written in the form 

D3 xk D(D2 xk) = D(d2 xk + r;s Dxr Dxs) 

D(d2 k) + ar;s D tD 'D , + ( rk + 2 I'k ) d 'D2 , x 8xl x x x q rs q sr .x x . (16) 

Before we express D( (Pxk) in terms of the coefficients Bim and Cimn let us introduce 
the following notations. ·Any 3-index quantity Rtmn can be split into three parts 
belonging to three irreducible representations of the cyclic group X:l: 

defined as follc·ws: 

Rtmn = R(lmn) + 1?..{/mn) + R(lmn], 

1?..(/mn) 

1?..{/mn) 

1 
3 ( Rtmn + Rntm + Rmnt); 

1 2 ) 3 ( Rtmn + (j Rntm + q Rmnl ; 

1 2 
R[tmnl 3 ( Rtmn + q Rnlm + q Rmnl) · 

Now we can e:xpress D(d2xk) in terms of coefficients Bim and Cfmn as follows 

D(d2xk) =' Bim Dx1 D2xm + ( Cfms- r~[srrmJ - I'fmsri],) Dx1Dxm Dxs. 

Differentiating covariantly both sides of (10) one obtains the relation 

2 k Oxk 2 k' 02
Xk I' k' r' s' 

,)(d X ) =a k' D(d y ) -a k'a Jl r,,,,,Dx Dx Dx . 
y y y 

(17) 

(18) 

(19) 
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In order to give the transformation rules a more compact form we shall use the 
following notations 

. axi ' azyi' 
u;, = -a " ajuic = -a ka .. yJ x xJ 

Then replacing D(d2xk) and D(d2yk') in the above formula by their expressions in 
terms of the coefficients Eim and Cfms according to (18) and colltding together 
similar terms we get the transformation rules 

. ·f . [I I 

Eim = Ei'm' U;', Ul u;:: 

Ci U; ut' um' un' ci' Ui un' a U'' ri' [Ji a us' ut' um, U' r· r' 
lms == i' l m n l1m 1 s1 + i' [n m l] r 1n 1 + s1 r [n L m. r' l1m 1+ 

Ui a us' a U1' U' Ui U1' aU'' ri' Ui a rrs' um'un' U' r'' Ui U'a us' a U1
' s' r [n I m] t' + i' [n I m] l'r' + s' rU[n I m] r' m'n' + s' t' r [n I m] 

3 The Z3-graded analogue of torsion tensor. 

As in the case of torsion in ordinary exterior calculus, the tensorial dtaracter is dis­
played only by the irreducible part of these coefficients dis.Playing thE co:responding 

symmetry. 
Here is what we do mean by this. As in the usual case the connection coeffi­

cients r~m could be split into two parts, the torsion ( antisymmetri< part) and the 

symmetric part, 

so the four-index symbols Ctmn as we have mentioned earlier can be split into three 
parts belonging to three representations of the cyclic group z3 : 

ctmn = ctlmn) + czlmn} + ctlmn]· 

Therefore, only the part Cftmn] should appear in the final expressior: 

D3xk = f3k Dxl D2xm + (jk Dxl Dxm Dxn = lm [lmn] 

(20) 

with 6i'mn = ci:nn + azr~n- rrmr~n- q r:;,nr7, 
Because the coefficients in both terms on the right-hand side are tensors, we can 
start to investigate their intrinsic properties. Among these, the condition of reality 
should be applied to both coefficients separately. Starting with the first coefficient, 
Bf'm, and recalling that q = -~ + tf and q2 = -~-~'we ha•re explicitly 

- k k 1 ( k k ) iv'3 ( k k ) Ezm = Ezm - 2 r mt +rim + - 2- rim - r mt 
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The imaginary part is the torsion tensor of the connection r7m, so the reality of 
the coefficient Btm is equivalent with the vanishing of the torsion, leaving only the 
symmetric pa~t of r7m· So, from now on, we can write 

Btm = Btm- r7m, with r7m = f~ 1 • 

This means that the Btm transform as connection coefficients, so that the difference 
Btm - r7m is <. tensor. As a corollary, the vanishing of D3 xk implies that Btm = r7m 
and r7m = r~/· 

The symmetry of the connection coefficients makes it possible to identify the 
tensor appearing in the coefficients C{:,m. As a matter of fact, only the part 6

1
7mnJ 

is relevant he ·e, the other two irreducible parts' contribution vanishing when con­
tracted with .he covariant expression Dx1 Dxm Dxn. The part of c":l~nn containing 
the connectioll coefficients and their derivatives should be also Z:~-anti-symmetrized, 
yielding 

~ ( Ct,, + qC~lm + lC':nn1 + 81f~n + q8nr7m + l8m) Dx1DxmDxnr~1 

1 (rr rk rr rk 2rr rk rr 2rr rk rr rk ) D ID mD n -3 /m n - q nl rm - q mn rl - q mn - q /m nr - nl rm X X X 

It is not difficult, taking into account the symmetries, to identify the final result 
in terms of th~ Riemann tensor: C1~n Dx1 Dxm Dxn is equal to 

( C(/mn] + -~ [ £?';./m + R~;n] + ~ [R~nl + R7nm] + ~
2 

[R7mn + R~m/J) Dx1 Dxm !Jxn 

Taking int) account that 

ck 1 (ck ck 2 ck ) [lmn] = 3 [/mn] + q [nlm] + q -'[mnl] 

and assuming that the coefficients C(/:,.n] are real, the vanishing of the above expres­
sion leads to the equality 

C[7mn] = - [ R';.lm + R~ln J (21) 

The analogy with the usual exterior differential calculus is now obvious. In the 
usual case the condition D2xk = 0 implied the vanishing of torsion, 

k 1 k k 
slm = 2[rlm - r mil = 0, 

whereas now, .n our Z3 -graded case, the similar condition JJ3 xk = 0 implies not only 
the vanishing of torsion, but also determines entirely the coefficients B7m (equal to 

· rzml)), and partly the coefficients C1~n namely, their q-skew-symmetric part C17mnJ 
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(('qual then to the expression -[R~Im + R~, 1,]). By analogy, one car: impose similar 

1. · I " . " 2 k t . t ('k d f . .t con< 1t10ns on t w conjugate q -s ewsyrnm<' .nc par . {mnl} , e mng 1. e.g. as 

crmnl} = C[7,mJ· However, the totally symmetric part ct;,,l' which is not a tensor. 
is still undefined. lwcause its contribution cancels automatically 11 hen contracted 
with the a-form n:r1lh:"'D:r:". 

We also beli<•ve that t.hcf' <'Xist.s a tensorial quantity that can b·· obtained with 
the combinations of a certainm1mber of dcrivativ<'s of C:(lmn)• maybe up to t.hf' third 
ord<~r. just. like the Riemann tensor is produced out of the Christoffel symbols. Cnt il 
now W<' haven't found the proper expression. 

4 Generalized geodesics of third order .. 

Th(' symmetric part of C:L, togd her with the codlici('nt s Ht,, n ,a~· be llS<'d for 
the definition of a new kind of parallel transport and generalized geo<ksic cu!Tes. 
One can define, independent.ly of usual covariant <krivat i\'(' of a l"<•dor along a 
pa.rametri;r,ed curve .Tk ( >.) dd.ermined by connection codlicient s It,,. 

(22) 

a second-order covariant derivative which is not an iteration of the first one: 

wher<' we usc a different. notation, J}.\ in order to stress that we don't consider hne 
a simple iteration of the usual covariant differentiation {;.\. Thf' codlicients /c'{;, 
and f~~n are not. identical a priori; all we need to know about the transformation 

properties of Efm, ~~~and G7mn is that the resulting quantity P~.~· transforms as a 
vector under a coordinate change. 

If we replace the vector field yk (xm(>.)) by the vector ·~;,,• tangrnt to the cun·('. 
we obtain a third-order generalization of the geodesic equation: 

'1"13 .k d3 k d I J)2 m 1 .I d· m d 11 v .T . X [ •k f'k l .. 7: X ('k I .I .. r .. 1 

DXl = d).3 + ~~~~~~ + 'ml d), /)),2 + 1
lm11 J>: d). J.\ = () (21) 

Now the d;; etc. are commutative entities, so that n~;"" = 1 't;,,n)· IIad \V<' 

iterated the usual covariant derivative in the abov<' equation, then th(' rodlicient.s 
l~f, + F/:, and ctmn) would be completely determined from the n•nn<·ct.ion codli­

cients I'7rn and their derivatives; however, we can introdun• molT general coefficients 
having the required transformation properties and indqwndent of r7m. This is r<'l11-

iniscent of a similar situation one level below, wh<•n t.lw Christoff c>l ronm•ction is 
totally dct.err11ined by the metric, but. a larger class of affine connect ions exist which 
an· independent of metric. 
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The generalized geodesic equation of third order (24) defines a larger class of 
curves that tht· usual geodesics and may be of interest in probing certain geometri­
cal objects. For example, in the flat Euclidean space the solutions of the equation 

d3 r 
d)..3 = 0, which are 

)..2 
r(>.)=a2 +b>.+c, (2!5) 

where a, b and c are three arbitrary vectors easily identified with the initial condi­
tions at ).. = 0: 

c = r 1>-=o, 
b _ dr 

-d).. 1>.=(), 
a- d2r 

- d)..2 1>-=o, 

include not on y the straight lines, but also all possible hyperbolae.· If we want to 
include the clo ;ed trajectories, we must project the solutions of similar equation in 
a four-dimensional Euclidean space onto its arbitrary three-dimensional subspace. 

Thus, all trajectories which are solutions of the Kepler problem, i.e. the set of 
all conics in a :-dimensional Euclidean space, can be put in a one-to-one correspon­
dence with the full set of solutions of a homogeneous third order differential equation 
~:~ = 0 in a fonr-dimensional Euclidean space. 

After identifying the constants that fix this correspondence, the time dependence 
(i.e. the law of motion r(t)) will be encoded in the functional dependence)..= >.(t), 
which we can establish only implicitly, in the form of an integral (usually of elliptic 
type). 

If the equa;ion (25) is replaced by its covariant generalization (24), then the 
influence of various perturbations, including the effects of a post-Newtonian ap­
proximation. of General R~lativity, may be encoded in the coefficients Etm, F/:n and 
G7mn· We believe that this approach can lead to some interesting developments in 
the research of .tpproximate solutions of the two-body problem in General Relativity, 
including eventually some modifications or deviations due to certain supplementary 
effects. 
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Abstract 

The 1 adius, mass and other parameters of static spherically symmetric 
neutron ~tars are calculated in multidimensional space-time for different ver­
sions oft he equation of state of superdense matter. A model with one Ricci 
flat inter 1al space of any dimension is used. 

Introduction 

The hypothes zed existence of additional space dimensions seems to adequately re­
flect the dyncmics of interactions over small distances (r «::: 10-16cm) typical for 
grand unified theories. This is corroborated by the achievements of string theory 
[1] and superuavitation theory [2, 3] (also see [4, 5] and the references therein on 
the theory of multidimensional space-time). The main efforts made in the frame­
work of Einstt in theory of multidimensional space-time have been directed to fitting 
the predictions of multidimensional cosmological models (the universe arising from 
some multidiwensional formation) to observed data. At the same time, it is fairly 
important that the effects of additional dimensions may be manifested also in island 
type gravitatirrg systems. 

The prese rt work is a continuation of [6]. We determine the radius, mass and 
other parameters of static spherically symmetric neutron stars in the space-time 
of an arbitrary dimension, for different versions of the equation of state of stellar 
matter. 
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2 Field equations 

In the field theory limit of the superstring theory. the gra\·itation is described with 
sufficient accuracy by the Einstein equations 

(1) 

in which RAH is the Ricci tensor of nndtidinwnsional span·-t inw with he line elcment 
of the form 

/L !3 = 0. l. 2 . ... . k + :1 (2) 

and a sigm1tnre (+~)for the metric tensor gAw In ( l) '/:18 is the multidi-
k+:l 

nwnsional energy-momentum tensor and a· is the multidinH·nsional a.nalog of til<' 
gravitational constant (the speed of light c=l). One is to n'nl<'mll<'r that the boson 
and supersymmetric string models of grand unified theories han• a 1 l<'aning only in 
the space-time of dimensionality /J=k+1=2G and 10, n•sf)('ct ivdy [!.:!].· \VP ron fine 
ourselves to the space-time model 

l~v 7' /":l Rk 
1. = X t(o) X (!)> f) = 1 + :l + J.· = l 0 or 2G. (:!) 

in which the inner space Rtl) formed by the additiomtl dimensions i; the Hicci-flat: 

fl(l)ab = 0, a, h = 4, 5, ... , J.· + :! 
and compact. 

For a static, sphnically symmetric celestial body the line l'kmen 
in the form 

where 

l ,2 - d ,2 ·" l "d ,b ( S - .So- g(l)al>(. ( .• T .. ! • 

2 " 2 -\ [d 2 2 (d02 · 2 2 j ds 0 = c di - c r + r . +Sill Odr.p ) , 

(I) 

can be chosPn 

is tlw line element of t.he four-dimensional space-time H' = '/' x h(1o) in isotropic 
spherical coordinates ,., 0 and r.p, v, >., a are functions of th1• coordinat.1' r. \lv'hat 
concerns the g(tla•' it is a metric tensor of the inner space-time Ht'

1
) < nd depends 011 

the coordinate .1:"· in the subspace Rt,)· 
The energy-momentum tensor in the mult.idimensio11al spcH'I'·tinw may lw rep­

resented as 

I'fJ = diag(c:, -p, -p, -p. -p,, ... , -p,) 
~ 

(7) 



I 
,t· 
!( 
q 

126 

Here f and p arc the energy density and pressure of t.lw superdens<~ matter of the 
neutron star, and p1 is the effective pressure corresponding to the additional dinwn­
sJons. 

The solutio 1 of the field equations outside the neutron star is as follows 

v _ (1 -v)(J 
e- --

1 + v 

where v = r9 /29r, 

c-' = (l _ v2)2 (1 + 11 )(J(i+nk) 

1- v 

r9 = 2GM 

(~ = c ~::r{J (S) 

(CJ) 

is the gravitahmal radius of the neutron star, M is its gravitating mass and a, (1 
arc connected by a relation 

2 8 
(3 =1+a2k+(1+ak)2 

(10) 

The integratio~ constant a is determined by an integration over the distribution of 
matter inside the star [7]: 

where 

2b 
a=---~ 

2+k(1-b)' 
:~p- f- 2pl 

b= ' 
f + 3p 

b= f b( E + 3p )vlf9Jdk+3
.T 

j(E + 3p)JT!lfdk+3x -

(11) 

(12) 

The functions v( r), >.( r), and a-( r) are determined by means of the field equations. 
One can write 1 hree of them as: 

Rg = S1r<e ( rg - k: 2) , 

Rg + R~ + R~ = 81r<e (1~1 + Ti) , 

R/, = 81rre ( r: - 81, k: 2) , 

(13) 

where 81, is the Kronecker symbol. We shall also use the component A=1 of the 
matter respons•~ equation 

Tf,B = 0. (14) 

So we have foUl equations for six variables: 

v(r), >.(r), a-(r), E(r), p(r), p1 (r) (15) 
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and we need two others. 
As it is known [8,9], the .pressure p of superdense degenerate matbr is a function 

of its energy density c. 
In Table I we give information concerning 4 versions of the eq 1ation of state 

p = p( c) that we have used in our numerical calculations. 

Table I 

Verson References Equation of state 
1 [9] Grigorian & Sahakian 
2 [10] Pandhriapande 1971 (neutron), BBPa, BPS 
3 [11] PSd ,A0e-5, BBPa-2 and BBPa-1 

4 [11] PSd,WFF'-3, BBPa-2, BBSb-1, and HZD9 
aBaym, Bete & Peth1k 1971 e Arnsten & 0stgard 1984 
bBaym, Bete & Sutherland 1971 
cFeynman, Metropolis & Teller J 949 
dPandharipande & Smith 1975 

fWiringa, Fiks & Fabrocini1 )88 
9 Haensel, Zdunik & DobaczEwski 1989 

vVe have no information concerning the dependence of effective pressure p, on c: 
and p. We have used a simple linear approximation 

p1 = -c:/2 + ap, (16) 

where a is some adjustable parameter. Such an approximation is in accordance with 
known post-Newtonian effects of the relativistic gravity [6]. 

Having Eqns. (16) and fixing a and k (dimension of the inner space), we can 
solve Eqns. (13) and (14) for different values of the pressure p(O) ;,t the center of 
the neutron star. 

3 Results of numerical calculations 

In Fig.l we give the mass M of superdense spherically symmetric configurations 
(in solar units) in space-time with D=lO and a=-1, 1.5, and 4 as a function of the 
logarithm to the base ten of central pressure p(O) (in SGS units). Tl- e neutron stars 
correspond to points to the left of the first maximum of each curve For a=l.5 the 
results of multidimensional theory coincide with General Relativity predictions. It 
is clear that the maximum mass of the neutron stars depends on the value of a. 
Presented in this figure are results of calculation for one version •)f the equation 
of state of superdense mater. Results of calculations for another versions of the 
equation of state are presented in Figs.2-4. From these data it bllows that the 
maximum mass of neutron stars depends essentially on the value o · the parameter 
a: Mmax = Mmax(a) for all versions of the equation of state used. 
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The depen•lence of Mmax on a is given in Fig.5 for equations of state under 
consideration. It seems that the maximum mass has the greatest value at ;~ ::; a ::; 1 
that exceeds tle corresponding greatest General Relativity mass (Mrnax = 2.14Mc.1). 

The Mmax falls off monotonically with distance from its greatest value and this 
conclusion is V'llid for all versions of the equation of state used in our calculation. 
Such a depencence of Mmax on a enables us to determine the allowable values or 
a by comparin~ our results with observed data [12] (the dashed line in the figure). 
Such a comparison leads to the strict limits: 1 ::; a::; 7. 
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Abstract 

It is possible to construct representations of the Lorentz gronp using 
four-dimensional harmonic oscillators. This allows us to construct three­
dimensional wave functions with the usual rotational symmetry for space-like 
coordinates and one-dimensional wave function for time-like coordinate. It 
is then possible to construct a representation of the Poincare group "for a 
massive particles having the 0(3) internal space-time symmetry ir its rest 
frame. This oscillator can also be separated into two transverse components 
and the two-dimensional world of the longitudinal and time-like coordinates. 
The transverse components remain unchanged under Lorentz boosts, while 
it is possible to construct the squeeze representation of the 0(1, 1) group in 
the space of the longitudinal and time-like coordinates. While thE squeeze 
representation forms the basic language for squeezed states of light, :t can be 
combined with the transverse components to form the representation of the 
Poincare group for relativistic extended particles. 

1 Introduction. 
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Harmonic oscillators played the essential role in the development of quantum me­
chanics. From the mathematical point of view, the present form of qua 1tum mechan­
ics did not advance too far from the oscillator framework. Thus, the first relativistic 
wave function has to be the oscillator wave function. With this point in mind, Dirac 
in 1945 wrote down a normalizable four-dimensional wave function <nd attempted 
to construct representations of the Lorentz group [1 J, and started a history of the 
oscillators which can be Lorentz-boosted [2, 3]. 

Let us consider the Minkowskian space consisting of the three-dimensional space 
of (x,y,z) and one time variable t. Then the quantity (x2 + y2 + z2

- t 2
) remains 

invariant under Lorentz transformations. On the other hand, ( x 2 + ! 2 + z2 + t 2
) is 

not invariant. Thus, the exponential form 

(1) 
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is a Lorentz- nvariant quantity, while the form 

exp (x2 + y2 + z2 + t 2
) (2) 

is not. The Gaussian function of Eq.(2) is localized in the l variable. It was Dirac 
who wrote dc·wn this normalizable Gaussian form in 1945 [1]. In 1963, the author of 
this report was fortunate enough to hear directly from Prof. Dirac that the physics 
of special rehtivity is much richer than writing down Lorentz-invariant quantities. 
This could rr ean that we should study more systematically the above normalizabk 
form under t 1e influence of Lorentz boosts, and this study has led to the observation 
that Lorentz boosts are squeeze transformations [4, 5]. 

The exponential form of Eq.(1) is Lorentz-invariant but cannot be normalized. 
This aspect ¥as noted by Feynman et al. in their 1971 paper [6]. In their paper, 
Feynman et al. tell us not to use Feynman diagrams but to use oscillator wave 
functions when we approach relativistic bound states. In this report, we shall use 
much of the formalism given in Ref. [6],. but not their Lorentz-invariant wave 
functions which are not normalizable. 

In this re JOrt, we discuss the oscillator representations of the 0(3, 1) and explain 
why this rep ·esentation is adequate for internal space-time symmetry of relativistic 
extended hadrons. This group has 0(1, 1) as a subgroup which describes Lorentz 
boosts along a given direction. It is shown that Lorentz boosts are squeeze trans­
formations. .t is shown also that the infinite-dimensional unitary representation of 
this squeeze group constitutes the mathematical basis for squeezed states of light. 

In Sec, 2, we discuss .the three-parameter subgroups of the six-parameter Lorentz 
group which leaves the four-momentum of the particle invariant. These groups 
govern the i 'lternal space-time symmetries of relativistic particles, and they ar<> 
called Wignn's little groups [7]. In Sec. 3, it is shown that the covariant harmonic 
oscillators constitute a representation of the Poincare group for relativistic extended 
particles. If ·ve add Lorentz boosts to the oscillator formalism, the symmetry group 
becomes non-compact, and its unitary representations become infinite-dimensional. 
In Sec. 4, we study an infinite-dimensional unitary representation for the harmonic 
oscillator for nalism. . 

2 Subgroups of the Lorentz Group. 

The Poincar" group is the group of inhomogeneous Lorentz transformations, namely 
Lorentz tranlformations followed by space-time translations. This group is known 
as the funda nental space-time symmetry group for relativistic particles. This ten­
parameter gwup has many different representations. For space-time symmetries, we 
study first Vligner's little groups. The little group is a maximal subgroup of the 
six-parametn Lorentz group whose transformations leave the four-momentum of a 
given partich invariant. The little group therefore governs the internal space-time 
symmetry of the particles. Massive particles in general ane known as spin degrees 
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of fn~Pdorn. Massless particles in general havP t h<' hdicity and ga Igc dPgrees of 
frPedorn. 

Let .!, be the thre<' generators of the rot at ion group and /( be t 1c three boost 
generators. They tlwn satisfy the rornrnut at ion n·lat ions 

(3) 

The three·-dinwnsional rotation group is a subgroup of t lw Lorent ~ group. If a 
particle is at rest, we can rotate it without changing tlw four-mom:·nturn. Thus. 
the little group for massive part.iclPs is thP thre<'-paramder rotation grmlp. If tlw 
particle is boosted, it gains a Inorne·ntum along the boosted direction. If it is boostPd 
along the :; dir<'ct.ion, the boost operator llC'comcs 

(!) 

The little group is then generated by 

(!i) 

These' boosted O(:l) g<'nerators satisfy the same set. of comnmtation wlatiems as the• 
sd for O(:l). 

Table I. Covariance of the energy-momentum relation. a.nd co<ananeT 
of the interna.l space-time symmetry groups. The quark model and t IH' 
parton model are two different manifestations oft he same' cova1 ian! <'11-
ti ty. 

Massive, Slow COVAHIANCE l\lassiPss. Fast 

Einstein's /~ = mc2 lo' = q> 

Wigner's Little Group 
Cauge• Tr tns. 

Quarks Covariant Harmonic Oscillators Parton; 

If the parameter.,, becomes infinite, the particle l)('COIIH's like• a mafsless partie!<'. 
If W<' go through the contraction procc>dme spelled out by lnonu and V\'igr)('r i11 195;! 
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[8], the O(:q-lil:e little group becomes contracted to the /c'(2)-likc little group for 
massless particles generated by .h, N1 , and i\'2 [9, IO],wherc 

N1 = K1- .J2, [\'2 = /{2 + .JJ. (G) 

These N generitors are known to generate gauge transformations for massless par­
ticles [11, 12]. Gauge transformations for spin-1 photons a.rc wdl known. As for 
massless spin-1,'2 particles, neutrino polarizations are due to gauge invariance. 

The transition from massive to massless particles is illustrated in the s<~cond 
row of Table I. In Sec. :l, we shall discuss how a massive particle with space-time 
extension be b·)()sted from its rest frame to an infinite-momentum frame. This 
aspect is illustnted in the third row of Table I. 

3 Covariant Harmonic Oscillators. 

If we construct a representation of the Lorentt~ group using normalizable harmonic 
oscillator wave functions, the result is the covariant harmonic oscillator formalism 
[3]. The forma ism constitutes a representation of Wigner's O(:l)-like little group 
for a massive p trticle with internal space-time structure. This oscillator formalism 
has been showJt to be effective in explaining the basic phenomenological features 
of relativistic e::tended hadrons observed in high-energy laboratories. In particular, 
the formalism shows that the quark model and Feynman's parton picture [13] are 
two different. m1nifestatioqs of one relativistic entity [3, 14]. 

·The essenti tl feature of the covariant harmonic oscillator formalism is that 
Lorentt~ boosts tre squeeze transformations [4]. In the light-cone coordinate system, 
the boost trans 'ormation expands one coordinate while contracting the other so as 
to preserve the product of these two coordinate remains constant. We shall show 
that the parton picture emerges from this squeeze effect. 

The covaria tt harmonic oscillator formalism has been discussed exhaustively in 
the literature, <.nd it is not necessary to give another full-fledged treatment in the 
present paper. We shall discuss here one of the most put~t~ling problems in high­
energy physics, namely whether quarks are partons. It is now a well-accepted view 
that hadrons a ·e bound states of quarks. This view is correct if the hadron is at 
rest or nearly a, rest. On the other hand, it appears as a collection of partons when 
it moves with a speed very close to that of light. This is called Feynman's parton 
picture [13]. 

Let us cons der a bound state of two particles. For convenience, we shall call 
the bound statt the hadron, and call its constituents quarks. Then there is a Bohr­
like radius meamring the space-like separation between the quarks. There is also a 
time-like sepantion between the quarks, and this variable becomes mixed with the 
longitudinal sp;ctial separation as the hadron moves with a relativistic speed. There 
are no quantum excitations along the time-like direction. On the other hand, there is 
the time-energy uncertainty relation which allows quantum transitions. It is possible 
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to accommodate these aspect within the framework of the present fcrm of quantum 
mechanics. The uncertainty relation between the time and energy variables is the 
c-number relation, which does not allow excitations along the time-like coordinate. 
We shall see that the covariant harmonic oscillator formalism acc<•mmodates this 
narrow window in the present form of quantum mechanics. 

Let us consider a hadron consisting of two quarks. If the space-1 ime position of 
t.wo quarks are specifted by Xa and Xb respectively, the system can )e described by 
the variables 

(7) 

The four-vector X specifies where the hadron is located in space and tim~, while the 
variable x measures the space-time separation between the quarks. In the conven­
tion of Feynman et al. [6], the internal motion of the quarks bounc by a harmonic 
oscillator potential of unit strength can be described by the Lorentz invariant equa­
tion 1{ fP} 2 X~- OX~ 1/J(x) = )..lj;(x). (8) 

We use here the space-favored metric: x~' = (x, y, z, t). • . 
It is possible to construct a representation of the Poincare gro 1p from the so­

lutions of the above differential equation [3]. If the hadron is at r<!st, the solution 
should take the form 

(1)1/4 
1/;(x,y,z,t) = ¢(x,y,z) ; exp(-t 2/2), (9) 

where ¢(x,y,z) is the wave function for the three-dimensional oscilator. If we use 
the spherical coordinate system, this wave function will carry app ·opriate angular 
momentum quantum numbers. Indeed, the above wave function cor stitutes a repre­
sentation of Wigner's 0(3)-like little group for a massive particle [3]. There are no 
time-like excitations, and this is consistent with our observation o' the real world. 
It was Dirac who noted first this space-time asymmetry in quantum mechanics [15]. 
However, this asymmetry is quite consistent with the 0(3) symmdry of the little 
group for hadrons. 

Since the three-dimensional oscillator differential equation is s.:parable in both 
the spherical and Cartesian coordinate systems, the spherical form af ¢(x,y,z) con­
sists of Hermite polynomials of x, y, and z. If the Lorentz boost is made along the 
z direction, the x and y coordinates are not affected, and can be dropped from the 
wave function. The wave function of interest can be written as 

( 10) 

with 

( 
1 ) 1/2 

cPn(z) = -
1
- Hn(z)exp(-z 2/2), 

1rn.2n 
(11) 
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where 1/;n(z) is for the n-th excited oscillator state. The full wave function 1/;"(z, t) 

1S 

( 
1 ) 

1

/

2 

{ 1 } 1/J~(z, t) = rrn!
2

n Hn(z) exp - 2 (z
2 + t 2

) • ( 12) 

The subscript ) means that the wave function is for the hadron at rest .. The above 
expression is n )t Lorentz-invariant, and its localization undergoes a Lorentz squeeze 
as the hadron moves along the z direction [3]. 

It is convenient to use the light-cone variables to describe Lorentz boosts. The 
light-cone com dinate variables are 

u = (z + t)jV'i, v = (z- t)jV'i,. ( 13) 

In terms of th·~se variables, the Lorentz boost along the z direction, 

( 
z' ) = ( c~sh 7J 
t' smh 7J 

sinh 7]) (z) 
cosh 7] t ' 

( 14) 

takes the simr le form 
v' = e-~v, (15) u' = e~u, 

where 7] is the boost parameter and is tanh- 1 (v/c). 
The wave 'unction of Eq.(12) can be written as 

( 
1 ) 

1

/

2 

{ 1 } 1/;~(z,t)=!/J~(z,t)= rrn!
2

n Hn((u+v)!V'i)exp - 2(u
2

+v
2
). ( 16) 

If the system 1s boosted, "the wave function becomes 

( 
1 ) 1/2 { 1 } 1/J~(z,t)= rrn!
2

n Hn((e-~u+e~v)/V'i)xexp - 2 (e- 2~u2 +e2~v2 ) • (17) 

In both E1s. (16) and (17), the localization property of the wave function in 
the uv plane s determined by the Gaussian factor, and it is sufficient to study the 
ground state only for the essential feature of the boundary condition. The wave 
functions in E.q.(16) and Eq.(17) thtm respectively become 

(1)1

/

2 

{ 1 } 1j;0 (z, t) = ; exp - 2(u2 + v2
) . (18) 

If the system is boosted, the wave function becomes 

( 1) 112 

{ 1 ' } 1/;~(z,t)= ; exp - 2 (e- 2~u 2 +e2~v2 ) • ( 19) 

We note here that the transition from Eq.(18) to Eq.(l9) is a squeeze transformation. 
The wave function of Eq.(18) is distributed within a circular region in the uv plane, 
and thus in the zt plane. On the other hand, the wave function of Eq.( I 9) is 

distributed ir an elliptic region. 
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4 Unitary Infinite-dimensional Representation. 

L<'1 us go back to Eq.(IG) and Eq.(17). We arc now intn<·sted in 1niting; them in 
tnn1s of the onc•-dimensional oscillator wave functions g;in·n in Eq.( II). ,\fter some 
standard calcula.tions [:3], we can write the squeezed wan• function a~ 

( 
l ) n+l ((n + /,·)!) 1/2 

!/•;;(::, f)= -.-
1

-. L !1,-l (tanh IJ)k('>,H(::)o ,(1). 
COS l I) k II .. 

(20) 

Ir the paranwt<·r 'I beconws zero. this form becomes 1 he rest -frame wa ;e function of 

l·:q.( !G). 
It is sonwt.imcs more convenient. to usc t lw parameter d defined a~ 

(.-J =tanh IJ. (21) 

This parameter is the speed of the hadron divided by the sp!·ed of li.\ht. In tnms 
of this parameter, the expression of Eq.(20) ccu1 be wri1t!'n as 

n ·2(-n+l)/2 ll+h. k (( '·)') 1/2 • 
!/!~(::,I)= (l -;-J) L n!k! .-J o,+k(.r)c!.>"(l). 

k 

(22) 

Ir W<~ take til(' integral 

J I n 2 ( 2) n +I ~ ( ( II + /,-)! ) 2k l/•,1 (z,l)l d::dl = l- j-J Z: 
11

!/,·! ..i . 

The sum in the above expression is the same as the binomial expansi< 11 of 

Tlms, the right. hand side of Eq.(2:3) is !. The pown S!'ries !'Xpansion of Eq.(20) 
rdlect.s a well-known but. hard-to-prove ma.t.lwma.t.ical tlwon'lll that 1 nit ar~· repre­
sentations of non-compact. groups arc infinitc-dinwnsional. The LoiTI tz group is a 

non-compact. group. 
If n. = 0, tlw above form becomes simplifi<·d to 

(21) 

This is the power series expansion of Eq.( l<J). This rclat ivelv simple form is very 
useful in many other branches of physics. 

It is well known t.ha.t. the mat.lwmatics of tlw Fock spao· in qua.nt Ill ' field t hcory 
is that. of harmonic oscillators. Among tlwm, tlw colwn·nt-statc r··pws<•ntation 
occupies a promin<•nt plac<' because it. is th<· basic langua/-(!' for lasN opt. cs. Hen·nt ly. 
two photon cohc~rent. stat.<•s have· !wen observed and t lw photon dist.ribut ion is PXa.ct 1.1· 
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like that of the wave function given in Eq.(20). These coherent states are commonly 
called squeezec states. It is very difficult to sc'c why the word "squeeze" has to be 
associated witf the power series expansion given in Eq.(20) or Eq.(22). It is however 
quite clear from the expression of Eq.(19) that Gaussian distribution is squeezed. 
Thus, the abO\e representation tells us how squeezed states arc squeezed. 

:\ext, let m briefly discuss the role of this infinite dimensional representation in 
understanding the density matrix. For simplicity, we~ sha.l1 work with the squeezed 
ground-state \\ave function. From the wave function of Eq.(2!J), we can construct 
the pure-state :lensity matrix 

p~(z, t; Z
1

, 1
1

) = w~(z,l)1p~(z 1 ,l 1 ), (25) 

which satisfies the condition / = p: 

( t I tl) I ( t II til) ( II II I tl)d lid II p~ z 1 ; z 1 = . p~ z 1 ; z 1 • p~ z 1 t ; z 1 • .z t . (26) 

However, then~ are at present no measurement. theories which accommodate the 
time-separation variable t. Thus, we can take the trace of the p matrix with respect 
to the t variab e. Then the resulting density matrix is 

p~(z, : 1
) = J 1/;~(z, t){1p~(z 1 , t)}* dt = (1- {3 2

) L {3 2 k</>k(z)</>};(z1
). (27) 

k 

It is of cour11e I•Ossible to wmpute the above integral using the analytical expression 

given in Eq.(H'). The result is 

( 
1 ) 

1

1
2 

{ 1 } p~(z, Z 1
) = h exp --[(z + z1

)
2 /cosh 21] + (z- z1

)
2 cosh 21]] . (28) 

7r cos 21] 4 

This form of the density matrix satisfies the trace condition 

J p(z, z)dz = 1. (29) 

The trace of His density matrix is one, but the trace of/ is less than one, as 

'"r (p2
) = J p~(z, z1 )p~(z 1 , z)dz1dz = (1- {3

2
)

2 L {3
4 k, 

k 

(30) 

which is less than one and is 1/ (1 + {32
). This is due to the fact that we do not know 

how to deal with the time-like separation in the present formulation of quantum 
mechanics. Our knowledge is less than complete. 

The standard way to measure this ignorance is to calculate the entropy defined 

as [Hi, 17] 
S = - Tr (p ln(p)) . (31) 



139 

If we pretend to know the distribution along the time-like directio1 and use the 
pun·-state density matrix giyen in Eq.(25), then the entropy is zero. However, if 
\1'<' do not know how to deal with the distribution along t, then we :;hould use the 
density matrix of Eq.(27) to calculate the entropy, and the result is [18] 

S = 2[( cosh 1) )
2 ln( cosh 1))- (sinh 1) )

2 ln(sinh 1) )]. (32) 

In terms of the velocity parameter, this expression can be written as 

1 1 {3 {3 
S = -{32 ln -{32 - -{32 ln -

132
. 

1- 1- 1- 1-
(33) 

From this we can derive the hadronic temperature [19]. 
In this report, the time-separation variable t played the role of an unmeasurable 

variable. The use of an unmeasurable variable as a "shadow" coordir ate is not new 
in physics and is of current interest [20]. Feynman's book on statistical mechanics 
contains the following paragraph [21]. 

When we solve a quantum-mechanical problem, what we really do is divide the 
universe into two parts - the system in which we are inte.rested and the. rest of the 
universe. We then usually act as if the system in which we are intensted comprised 
the entire universe. To motivate the use of density matrices, let us se: what happens 
when we include the part of the universe outside the system. 

In the present paper, we have identified Feynman's rest of the universe as the 
time-separation coordinate in a relativistic two-body problem. Our i~:norance about 
this coordinate leads to a density matrix for a non-pure state, and consequently to 

an increase of entropy. 
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Abstract 

We descrilw three ways of modifyin!'; the rPlativistic lleisPnber!! algebra­
first orw not linked with quantum symmetries, second and third related with 
the formalism of quantum groups. The third way is based on the dentifica­
tion of generalized deformed phase span' with tlw semidirect product of two 
dual Hopf algebras describing quantum group of motions and the correspond­
ing quantum Lie algebra. As an PxampiP the " dPformation of r~lativistic 
Ileisen berg algebra is given, dderrnined by "- defomted D=·l Poin ·a.rf. sym­
metriPs. 

1 Introduction 

The ''naive" canonical quantization scheme, based on the Ileisenber~: n'lations (1 = 

1, ... N) 
[x;, fi7 J = ih8;1 

[x;,xjl = [fi;,/lil = o 

(I. I a) 

(I. I h) 

has been applied to quantum mechanics (N = ;!; in general N = :~n finite) as well 
as to quantum field theory ( N = oo ). The modification of canonical quantization 
scheme in the presence of interactions in quantum field theory is w•·ll known. and 
the difficulty with existence of canonical ET limits causps the appearance of infinit!' 
wave function renorrnalization. It appear however, that also quantum llH'chanical 
system in the presence of quantized gravitational forces can not. be qu.tnti11ed canoni­
cally. The quantized gravitational field modifies the classical space ti1 1e by replacing 
classical Riemannian geometry by at present not yet well understood quantum Hie­
rnannian geometry. One of expected propertiPH of such a quanti11ed F <'onwt ry iH t lw 
noncommutativity of space coordinates ([J:;, :r:j] # 0) [1--1]. Further if we suppknwttt 
t.hc fourth Minkowski coordinate xo = cl and add Jlo = ~. orw get; the followinp, 
relativistic extension of t.bc relations ( 1.1 a-b) 

( 1.2a) 

'Supporl.<'d by KilN grant. 2l'O:mt:IOl2 
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[x1,xv] = []J;,jlv] = 0 ( l.2h) 

Again the relat ons ( 1.2a-b) will not be valid for arbitrary small distance's, because 
taking into con:ideration the quantum gravity effects [:rl', :rv] ic 0 [1-4]t 

In this lecture I would like to review briefly different ways of obtaining ddorrn<t­
tions of relativi;tic phase space algebra (1.2a-b). The distinction between different 
ways depends c,n the role played by quantum deformations of respective symme­
try groups. Wf' shall distinguish the following three classes of ddorrna.tions of the 
Heisenberg algebra (1.2a-b): 

i) The deformed relations remain covariant under classical syrnnwtry group. Such a 
deforrnahm we shall call as described in the framework of classical symmetries 
(see Sect. 2). 

ii) The quantHm phase space coordinates are the corepresentations of quant urn 
symmetry group and the deformed relations are covari<wt under the coaction 
of quantu n symmetries. Such formalism is based on differential calculus on 
noncornm 1tative spaces, with the derivatives representing momenta (see Sect 
1). In particular the deformations of thf' relations ( 1.2a- b) is obtained if we 
consider quantum phasf' space as described by the vector corepresf'ntation 
of quantum Lorentz group (deformed Minkowski space) supplemented with 
noncomm 1tative vector fields (deformed fourmomenta). 

iii) The genericlized quantum relativistic phase space is described by the semi di­
rect prodHct of two dual Hopf algebras, describing respectively the quantum 
Poincare uoup and quantum Poincare algebra. It appears that if we perform 
the contraction by putting trivial Lorentz group generators (AI'v = b/) one ob­
tains the ('ight-dimensional deformed relativistic phase space subalgebra, span 
by the translation generators of quantum Poincare group and fourmomentum 
generaton of quantum Poincare algebra. In particular we shall present in Sect. 
4 such an example derived from deformed r;,- Poincare symmetries. In Sect. .S 
we shall present some final remarks. 

2 De for mat ions of Relativistic Heisenberg Alge­
bra in the Framework of Classical Relativistic 
Symrnetries 

The first well-k:10wn proposal of noncommutativity for four relativistic space-time 
coordinates is due to Snyder ([5]; see also [6]). He assumed that (we put n = 1): 

[x~", xv] = i£2 M~'v, (2.1) 

I This conditior s is weaker than [x;, x1] ::f 0 because one can have in relativistic case [x;, Xj] = 0 
but [x0 , x; j ::f 0 ( ;ee also Sect. 4). 
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where M~"v are Lorentz algebra generators, and . 

(2.2) 

In order to describe the deformation of relativistic phase space (1.2a-)) we employ 
the commuting fourmomenta ([p~", Pv] = 0). We get 

(2.3) 

and 

(2.4) 

It is clear from the relations (2.1-4) that the deformed formalism is corariant under 
the classical Lorentz symmetries. Moreover, the relations (2.1-2) indicate that in the 
momentum space one can introduce fifth momentum coordinate p5 , ::atisfying the 
five- dimensional mass-shell condition p~- p2 = -}x or p5 ="t(1 + £2p2)t. 1t appears 
that the formalism has build in classical 0(3,2) anti-de-Sitter symmdry with the 
deformation parameter £ equal to the inverse de-Sitter radius in fiv(:-dimensional 
momentum space. This property further was developed by Kadyshevs cy [6] and his 
collaborators [7,8] as a way of introducing regularization in local relativistic field 
theory. 

Second model which we would like to quote here has been recently proposed by 
Dopplicher, Fredenhagen and Roberts (DFR) [1]. Starting from the a1alysis of the 
uncertainty relations in the presence of quantum gravity effects (see also [2-4]) they 
proposed the following model of noncommutative space-time coordinate: 

(2.5) 

where I:~"v = -I:v~" is the two-tensor, commuting with the coordinates :iw It appears 
that the relation (2.5) can be supplemented by the classical relatiom [p~", Pv] = 0, 
[xMPu] = irt~"v· The DFR phase space relations are covariant under the classical 
Lorentz symmetries, provided that the Lorentz generators Muv contain additional 
term rotating the tensor components I:l'v 

(2.6) 

Moreover, because I:~"v are x1'-independent translation-invariant ope ·ator, we see 
that the DFR formalism is invariant under the classical D=4 Poincare~ transforma­
tions. 

The relation (2.5) can be written for any D, but only in D=2 one can use standard 
Poincare generators, because the central two-tensor I:~"v will be describEd by a scalar: 

(2.7) 
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Interestingly, if we consider D=2 Euclidean space, and corresponding (2+ I) di­
mensional G tlilei group, the relation (2.5) describes the second central extension 
of classical ( ~+ 1 )-dimensional algebra [9,10], with the nonrelativistic coordinates 
described by boost generators. 

The DFF. deformations is very mild, and its dynamical consequences can be 
calculated explicitly (for D=4 see [1,11]; for Euclidean D=2 case see [12]). 

It should be pointed out that both deformations presented in this section intro­
duce besides the phase space generators YA = (xl',pl') also additional generators 
Ur (Lorentz ~enerators Ml'v or tensorial central charges ~~w), which form together 
consistent as mciative algebra: 

[YA, YB] = DAB(Y, u), 

[YA, Ur] = DAr(Y, U), (2.8) 

[U"' Us] = Drs(Y, U) . 

The gene~alized quantum symplectic structure (DAB = -DBA, DAr, Drs= -Dsr) 
satisfy Jacobi identities. In Snyder case the algebra (2.8) is the anti-de-Sitter algebra 
in five-mommtum space constrained by the mass-shell condition p; - p2 = -J.r. 

In general case discussing the geometric and algebraic nature of deformed phase 
space algebr.L (2.8) one should ask three questions: 

i) Under which symmetries the relations (2.8) are covariant? In the following two 
paragr.Lphs we sh.all consider the examples of deformations covariant under 
quantum symmetries, described by noncommutative and noncocommutative 
Hop£ algebra playing the role of symplectomorphism group. 

ii) which reality conditions for the generators YA, Ur can be consistently imposed? 

iii) which a~e the Hilbert space (or C*-algebra) realizations of the deformed quan­
tum phase space algebra (2.8)? 

In this brief review we shall discuss the deformations in purely algebraic frame­
work, and w ~ shall be mainly concerned with the answer to the first question. 

3 Deformations of Heisenberg Algebra Covari­
ant under the Quantum Group Transforma­
tions 

For canonicd case, describing relativistic quantum mechanics (see ( 1.2a-b) the basic 

set of relaticns (2.8) is reduced to the first one with nAB = ( _
0 "~0~'v), and the 
f/tw 

symplectom>rphism group is described by Sp(8;R). The symplcctomorphism algebra 



14.5 

sp(K;H) contains the diagonal subalgebra 0(:1,1) describing the classical Lorentz 
transformations in space- time and four-momentum sectors. 

First step in considering defornwd Heisenberg algebra ( 1.2) is to consider de­
formed Lorentz symmetry. J\t present there are well-known all pc•ssibl!:' quantum 
Lorentz symmetries, in the form of real *-llopf algebra [J:l.l4]. Thr problem which 
has not been yet solved is the embeddings of all these quantum Lor('ntz groups into 
tllf' possible quantum sympkctomorphisrn groups describ(•d by qu< ntum deforma­
tions of Sp(8;H). 

At this point we would like· to observc, that Heisenberg algebra ( 1.1) can be also 
presented as an <tlgebra of creation and annihilation operators a; = fi(.T, + iji,), 
a'/'= fiCr;- ip;) satisfying well-known relation (we put h =I ) 

If i = I, ... , N the symplcct.omorphism groups is Sp(:!N). but thcrc is a subgroups 
U(N) C S'p(2N) of holornorphic transformations a;=(', '.a1 where (:E. ['(N). Thc 
problem of deformation of relations (3.1) consistent with W(•ll-known I )rinfeld-Jumbo 
deformation l/'1( N) has been solved by Woronowicz a.nd Pusz ([l r)] S('(' also [Hi]). 
The set of q-dcforrncd commutation relations looks as follows([/\, H]'l = ;\/3-qBA): 

[a;,a;"L, = 0 i > j 

i-1 

[a;,a;Jq2 = l + (l- 1) L.>tak I =J (:l.:!) 
k=O 

i<j 

It appears that then-dimensional modules (a 1 , .•. ,a,\') and (ai, ... a\-) form the 
corepresentation of quantum holomorphic sympled.omorphism group (''I(N)i. This 
construction has been further generalized to the SUJH'rsyimnetric sd. of bosonic and 
ferrnionic creation and annihilation operators [19] am! to tlw cast' <•f quantum co­
variance group described by a quantum R-matrix [LG,:!O]. 

In order to describe the quantum deformation of t.lw relativistic phase span· 
( 1.2a-b) one should perform the following steps: 

i) Specify the quantum deformation 0(3,1 )(q) of Lorentz group O(:l I), which only 
in particular cases can be described in terms of quantum H-11 atrin•s for tlH' 
spi11oria.l Lorentz group SL(2;c). 

ii) Det.crrnine the algebra of qua.nt.urn Minkowski space .A!f\'1), with iom generators 
of a.lgebra d(~scribing the fundamental r<'Pr<'S<'ntation of ()(q)(:l,l ). 

I For the ddinit.ion of Uq(N) '"'' [!7,!H]. 
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(iii) Define the quantum fourrnorncnta p1, by noncornmutatin' derivative's (noncom­

mutative lector fields) acting on the functions on M\"). 

It appears 1 hat depending on the type of deformations, we need to conside'r 
besides the gen~rators YA = (x1,.p'") also additional generators l!r (see (2.H)). We' 
shall mention h ~re the following two cases: 

i) Drinfeld-Jimbo deformation of Lorentz group. 

Such a ca;e was elaborated in detail by Munich group [21-2:3]. The relations 
(2.8) are realized if we supplement 7 additional generators llr = (M,w, !\), 
where MP" arc the Lorentz generators, and J\ describe the scaling generator. 
An intere~ ting property of this scheme is the classical n<llllr<' of time coordinate 
(i.e. x0 can be chosen an central element of M\'~)). 

ii) Podles clas:; of deformations of Poincare group, providing 8-dirnensional quan­
tum phas•~ space. 

It is knmm [24,25] that the Drinfeld-J imbo deformation of Lorent;~, group 
can not be extended to quantum Poincare group. Only the deformations of 
Lorentz g10up with quantum R-matrix satisfying R2 = I permits the extension 
to quantum Poincare group Plq) [26]. The translation sector of P~'l) describes 

h ~ f M(q) t e gener<Ltors x'" o 4 : 

(R- l)p/'" (xPxT- ZPTV:rv + TPT) = o (3.:l) 

where R is quantum 0(3,"1) matrix satisfying R2 = 1 and z,,:, Cnv are numeri­
cal dimensionle;s coefficients, satisfying suitably set of constraints (see [26]). The 
fourdimensiona differential calculus, with four independent basic one-forms and cor­
responding four dual derivatives, are obtained if the parameters in eq. (3.3) satisfy 
additional cond tions [27]. In such a case the space-time noncommutativity (3.4) can 
be supplemented by the following remaining relations of deformed algebra ( 1.2a-b) 

p,xv - Rvpjj.TXT Pp = b,," + zvpp.PP (3.4a) 

PuPv - RTPvp.PPPT = 0 (3.4b) 

where Pv can be~ identified with the noncommutative derivatives. 

4 Deformed Phase Space as Heisenberg Double 
of Qu:tntum Space-Time Symmetries 

In previous par<cgraphs we described deformed relativistic phase space as a deformed 
Heisenberg alg( bra covariant under classical (Sect. 2) or quantum (Sect. 3) rela­
tivistic symmetries. In such an approach to "deformed physics" the basic object is 
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a quantum phase algebra, and the quantum symmetries in form of re:;pective Hopf 
algebras describe its covariance properties. It should be stressed that the assump­
tions of covariance of deformed phase space algebra (deformed Heisenberg algebra) 
under classical or quantum symmetries restricts substantially all pm sible class of 
deformations. 

In this Section we shall consider the scheme in which primary object is the 
quantum symmetry. The deformed relativistic phase space will be obtained directly 
from a dual pair of Hopf algebras, describing quantum Poincare gfllup P~q) and 

quantum Poincare algebra P}q). The realizations describing the noncommutativity 
of coordinates and momenta will be obtained by introducing the semidirect" product 
P!q) t><1 P}q), or so-called Heisenberg double [28,29]. 

If we have two dual Hopf algebras H, H, with duality generated by inner non­
degenerate product< a,a > (a E H;a E H), the Heisenberg double 'H.(H) is the 
algebra H 0 H with the cross multiplication given by the relations: 

( 4.1) 

where we use the notation ~(a) = a(l) 0 a(2) etc. In particular one C<Ln apply this 
definition to the multiplication of two Abelian Hopf algebras describing translation 
sector of classical Poincare group 

and fourmomentum sector of classical Poincare algebra (H = {pk; [pk,pv] = 0, 
~(Pk) = Pk 0 1 + 1 0 Pk)· Introducing the Planck constant 1i intc the duality 
relation 

< x~',p v >= i1i8~-'v ( 4.2a) 

one obtains from (4.1) 

x~" · Pv = Pv < 1, 1 > x~" + 1· < x~", Pv > ·1 ( 4.2b) 

Because< 1,1 >= 1, substituting (4.2a) we obtain from (4.2a) the classical rela­
tivistic Heisenberg algebra (1.2a-b). Such a scheme can be generalizecl to the case 
of any quantum - deformed relativistic symmetries. In this lecture I ;hell provide 
the example of so-called ~~:-deformations of D=4 relativistic symmetri"s. 

We choose the following realization of the x;- Poincare algebra in bi :rossproduct 
basis [2,8] (p, v, >., p = 0, 1, 2, 3; i,j = 1, 2, 3 and g~"" = 9;<v = ( -1, 1, 1, 1)) 

-algebra sector 
[P~",P,] =0 

[Mi'"' M>.u] = i!i(gi'uMv>. + 9v>.M;<u- 9;<>.Mvu- 9;<uM;<>. 

(4.3) 

[M;o, P0 ] = ihPi 
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. ( 2 . (Po) _.!1. 1 ~2) i [M;o,Pj] = z{;ij n KS!llh nK e hK + 2Kp - ~P;Pj 

-coalgebra Sf ctor 
t:.(M;j) = M;j 0 I+ I 0 M;j 

_.!1_ 1 
t:.(Mko) = MkO 0 e hK +I 0 MkO + nK Mkt 0 Pt ( 4.4) 

t:.(Po) = Po 0 I+ I 0 Po 

.!Jl. t:.(Pk) = Pk 0 e-,K +I 0 Pk 

where n de!lotes Planck's constant and K deformation parameter. The formulas 
for the anti )Ode and counit are omitted because they are not essential for this 

construction. 
Using th~ following duality relations, extending ( 4.2) 

< x11-,P" >= iM~ < AtJ.",McxfJ >=in (8~g"fJ- 8~g"cx) (4.5) 

we obtain the commutation relations defining ~£-Poincare group [3,8] in the form 

- algebra sector 

[xtJ., xv] = * ( 8t{x"- 8gx11-) 

[A~: x"] =-*((A~- 8~) A~+ (A~- 8~) gil-") ( 4.6) 

[All- A0 ] = 0 "' 11-
-coalgeb ·a sector 

t:.(x11-) =All-ex 0 xcx + xP. 0 I 
(4.7) 

t:.(Ail-J =All-ex 0 A ex" 

The commdation relations ( 4.3) and ( 4.6) one can supplemented by the following 
relations obtained from (4.1), (4.4) and (4.7) 

- cross r ~lations: 

[Pk, xt] = iMkt [Po,xo] =in 

[Pk,xo] = -*Pk [Po,xt] = 0 

[Pp., A3] = 0 (4.8) 

[McxfJ, All-J = ih ( 8~Acx" - 8~A11") 

[McxfJ,xtJ.] =in (8~x"- 8~xfJ) + * (ogM"tJ.- [;~M/) 
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where 

The relations ( 4.:!), ( 4.6) and ( 4.8) givf' ns the Ileisf'nl)('rg dou )le 1i(Pk) of /\"­
Poincare algebra firstly presented in [:!2]. In order to define the K· :leformed phase 
space we should consider subalgebra of 1i(Pk) given by t he• followi1 g commutation 
relations: 

(4.9) 

For "' --+ oo we get the standard nondefornwd phase space satisfying the lleisenbe•rg 
commutation relations ( 1.2a- b). 

It should be stressed that the ~'>>deformed phase space (4.9) is not a llopf a.lgebra. 
however, separately in the translation sector (generator~ .r

1
,) and ·ourmonwntum 

sector (generators P") one can read-off from the relations (4..!) ard (·1.7) (in eq. 
(4.7) after contraction A~ --+ 8~) the coalgebraic structure. We ob ain that in ,.,. 
deformed phase space one can add two coordinate's and two moment a as follows: 

.• (1+2) = 1.(1) + J:(2) 
,{,JL ''JI Jt (1.l0a) 

J>JI+2) = pJI) + pJ2) (1.1011) 
/'(2) 

jJ{I+2) = j)(llc-1.;;-- + jJ(2) 
(4.llc) 

We sec that due to the K deformation there is modified tlw addit on law of two 
three-momenta. 

Analogous Heisenberg donblc construction can be pe•rformcd f01 any qnantnm 
Poincare~ group listed by Podles and Woronowicz [2G]. It shonld be lltt'ntioned how­
ever, that before solving snch a task we should obtain the complete• I st of qnantnm 
Poincare algebras, dual to qua.ntnm groups from [2G] - tlw list whic 1 at pn·sent is 
yet not known. 

5 Final Remarks 

The considerations of deformed quantum phase spaces goes a.long tlw ·ollowing three• 
lines: 

• i) Mathematical consequence's of deforming span· time synmH trit•s. In such 
a way one obtains the sd of possible a.lgt•bra.ic sd)('mes, which W<' outlined in 
this talk. 
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• ii) Investigation of dynamical consequences of modifying Einstein gravity sche­
me (e.g. mperstring theory) on Heisenberg uncerta.inty relations (sec e.g. 
[32,33]) 

• iii) Consid ~ring different "gedenken-expcrimcnts" for the measurement of dis­
tances and time intervals in quantum theory, which include into analysis the 
quantum property of the observer (reference system) (see e.g. [31-36]). It 
appears that the "classical" measuring devices, with infinite mass as well as 
definite position and velocity are the idealizations in the description of mea­
suring pro :ess which is not realistic. It appears that introducing "realistic" 
measurem<!nt theory in quantum mechanics we are bound to modify the stan­
dard HeisEnberg uncertainty relations, with Planck length lp = __!__ ~ 1 o-:l:l 

mpc 

em playin~ a crucial role in the modifications. 

We see that the future modified models of quantum mechanics should have on 
one side solid m.tthematical and dynamical bases, on the other should be consistent 
with "realistic" :neasurement theory. A modest effort in such a direction has been 
presented in [36]. where there are given arguments based on "realistic" measurement 
theory for the ~~:-deformation of relativistic phase space, presented in Sect. 4. At 
present, howeveJ, the choice of the deformation which is the most physical one is an 
open question. 
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HIDDEN SYMMETRY OF THE 
YANG-COULOMB MONOPOLE 
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Dubna, Moscow Hegion, HU-1 ·11980, nussia 

Abstract 

Bound system composed of the Yan~ monopole couplcd to a paiticll:' ofthl:' 
isospin by the SU(2) and Coulomb interaction is considcrcd. Thl:' genl:'ralizl:'d 
Runge-Lcm vector and thP S0(6) group of hiddcn symmPtry arc l:'itablishcd. 
It is also shown that thP group of hiddPn symmPtry ma.kP it poss blP to cal­
culate the spectrum of system by a purP algebraic mPt hod. 

1.53 

During the last few years attempts was made to find the Pkd.romagnetic duality 
phenomenon [1] in the framework of quantum mechanics [2-11]. On•· of the systPms 
arising in these searches is the Yang-Coulomb monopole (YCM), a mique exampk 
of an integrable non-Abelian system. 

The YCM is defined as a five-dimensional bound syst.em compowd of the Yang 
monopole [8] and a particle of the isospin. Roth thP IllOilopok and particle arc 
assumed also having electric charges of thl' oppositP signs. Thus, the monopok 
particle coupling is realized not only by the SU (2) gang<' fidd lut. also by the 
Coulomb interaction. At large distances the Coulomb structure becomes immaterial 
and YCM seems to be pure Yang monopole. 

In this article, we analyze the symmetry properties of the YCI\1. We establish 
the S0(6) group of hidden symmetry of YCM and use this symmetr.\ for calculation 
of the energy spectrum of YCM by an algebraic method. 

Let us introduce the space n = IR5
(3:j) ® 8:1 when· 1R5(:ri) aml .r..'1 haVt' th!' 

meaning of the configuration and the gauge space of YCM. WP kPcp thP following 
notation: j = 0, 1, 2, 3, 4; a = I, 2, :l; t arc the Slf (2) gauge group gennators: .T" 
is the triplet of Yang monopole's gauge pot<•nt.ia.ls; a" a.rl' th<• Pauli matricPs. Th<' 
YCM is governed by the Hamiltonian 

' 'h O hArt'/', 7r 1 == -z ,-, -- 11 n 
· d:r.~ .7 
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2i 
Aa r"x. 

i ( + ) l] J r r xo 

and Ta are the 5 x 5 matrices having the following explicit form 

0 
T

1 = - 0 (' -il7
1 

1 r 2 = - 0 1(0 ( 0) 1(0 
2 0 ic1 0 2 0 

0 
-il73 

il7
3 

1 r 3 = ;- 0 17
2 0 0) . 1(0 0 0) 

0 2 0 0 17
2 

and satisfying [ 7 a, rb] = iEabc Tc. 
Each term d the Jfa-triplet coincides with the gauge potential of the five-­

dimensional Dirac monopole with a unit topological charge and the line of singularity 
extended along .he axis x 0 ::::; 0. 

It is obvious that r;"; = -r1"; and, therefore, Aj are orthogonal to x1. Moreover, 

it follows from 

4r;'jrJk =Dab (D;k- D;oDkO) + 2iEabcTick 

that the vectors Aj are also orthogonal to each other 

r- Xo Dab AjA~ = r2(r + xo) 

The followin ~ fundamental commutation relations are valid: 

[7T;, xk1 = -iM;kl [7T;, 7Tk] = in2 F;"1}a 

where 

F;'k = o;A~- okAi + tabcA~A}; 

is the triplet of ~auge fields. In a more explicit form 

F a(+) 1 [( < ) Aa(+) ( < ) Aa(+) 2' a] . ik = r 2 Xk + rukO ; - X; + ru;o k - ZT;k 

The last ex pres~ ion follows from the formula: 

Eabc r!j T~m = ~ [ ( D;oD kO - D;k) rim - ( D;oDmo - Dim) Tjak + 

+ (DjoDmo- Djm) T;'k- (DjoDkO- Djk} T;";,.] 

The straighforward computation gives 

a(+) b(+) _ 1 ( 2< ) < 1 Fe(+) 
Fij Fjk - 6 X;Xk - r Uik Uab + 2tabc ik 

r r 
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Since YCM is a non-Abelian extension of the' five-dimensional Coul•)mb problem, 
it is natural to try to consti:uct an analog of the Runge--Lenz vector for YCM by 
passing from IR3 to IR5(xj) and taking account of the gauge field. The first step has 
been made many years ago [12] 

Ah = 2~ (PJik + iikPi + 
2~e

2 

xrk) 

where Pi = -lifJjfJxi, liiik = XiPk- XkPi· The second step can be rEalized by the 
substitution [8]: Pi--> R-i, Z;k--> Lik where 

L;k = k (xJrk- xkii)- r
2 Fi'kTa 

It is possible to verify that 

[L;j,Lmn] = i8imLjn- i8jmLin- i8;nLjm + i8jnLim' 

i.e., Lik indeed are the generators of the ~ro~p S0(5) and [if, L;k] = (. A 

A long manipulation exercise yields [H,Mk] = 0 which means that in fact Mk is 
the analog of the Runge-Lenz vector for YCM. It can also be shown that 

[i;j, Mk] = i8;kMj- i8jkMi, [Mi, Mk] = -2iif iik 

These commutation rules generalize relations known from the theory of the Coulomb 
problem [13]. 

Finally, let us introduce the 6 x 6 matrix 

D = .'J J A ( L· -M') 
Mj 0 

A ( A)-1/2A A 
where MI = -2H M;. The components DJl.v (here Jl, v = 0, 1, 2, l, 4, 5) satisfy 

the commutation relations 

[DJ1.v' D>.p] = i8J1.>.Dvp - i8v>.DJ1.P - i8J1.pDv>. + i8vpDJ1.>., 

i.e., DJl.v are the generators of the group 50(6). Since [if, DJl.v] = 0, <•ne concludes 
that YCM is provided by the S0(6) group of hidden symmetry. 

The Casimir operators for S0(6) are [14] 
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According to [15], the eigenvalues of these operators can be taken as 

c, = /ll (Ill + 4) + 112(112 + 2) + ll; 

c, = 48(flt+2)(1l2+1)/l3 

c, = lli(llt + 4)2 + 6flt(llt + 4) + 11~(112 + 2)2 + llj- 211; 

where /ll, 112 < nd 113 are the positive integer or half-integer numbers and 11 1 2:: 112 2:: 
/l3· 

Direct calculations lead to the representation 

62 
e4m 

- 21i2fi + 2f2- 4 

63 48 - me. j'2 
( 

4 ) 1/2 

21i2 H 
• '2 • • '2 '2 '4 

C4 - C2 + 6C2 - 4C2T - 12T + 6T 

From the last equation we can obtain another expression for the eigenvalue C4 

C4 == [C2- 2T(T + 1)]2 + 6 [C2- 2T(T + 1)] + 2T2(T + 1)2 

and conclude that 

C2- 2T(T + 1) = llt(llt + 4) 

ll~ (112 + 2)2 + llj - 211; = 2T2(T + 1 )2 

The energy lEvels of YCM can be derived from (1) and (2) 

ET = 
1'1 

me4 

21i2(1ll + 2)2 

(1) 

(2) 

(3) 

(4) 

The substitu1 ion of the eigenvalues of fi and T2 in the equation for 63 gives one 

more formula for c3 

C3 = 48(/lt + 2)T(T + 1) 

Now, we have two expressions for C3 and the comparison leads to the relation 

T(T + 1) = (112 + 1)113 (5) 

Comparing this with (2), we have the equation 

(ll~- 11D [(112 + 2)2 - 11;] = o 
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Since fl:l :S P2 1 one concludes that P:l = P2· Then. from (.1) it foll<•ws that p 2 = T 
and, therefore, p 1 in ( 4) takes only values p 1 = T, T + I, T + :2 .... , -- 1 he result known 
from our previous paper [11]. 

Let us complet.P the present consideration of YC:\1 by t hrPe remarks: 
(a) It is known [IG] that the five-dimensional Coulomb problem is provided with 
the hidden 80(6) symmetry. From this position, our paper states that the inclusion 
of the Sl/(2) gauge field doesn't break the hidden symmetry of th ~initial system. 
Tlw same phenomenon takes place for the A bel ian part ide· charge systPm [ 17]. 
(b) The elegant approach presented above to solve the YCM eig< nvalue probkm 
h<ts recently been used for tiH· same purpose in connPd.ion with the ,;o -called SU(2) 
1\epler problem [18]. 

(c) The cig<~nfunct.ions of YCM and the degeneracy of the <'nergy kw•ls has bePn 
considered in our recent publication [11]. 

We would like to thank G. Pogosyan, A. Nersessian and H. K l\ldavPrdian for 
clarifying the ideas of this paper in some interesting discussions. 
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GENERALIZATION OF SUSY.N=2 KDV EQUATION 
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Abstract 

We describe three different extended (N =2) supersymmetric Lax operator 
of the Korteweg de Vries Equation. These Lax operators are next ge teralized 
to more complicated form, including additionals fields. These ge teralized 
Lax operators create a hudge class of new integrable models for which the 
hamiltonian structure is considered. 

1 Introduction. 

Integrable Hamiltonian systems occupy an important place in diverse branches of 
theoretical physics as exactly solvable models of fundamental physical phenomena 
ranging from nonlinear hydrodynamics to string theory [1,2,3]. The ger eral Kadomt­
sev- Petviashvilli (KP) system is 1+1 dimensional integrable model :ontaining an 
infinite number of fields. In the Sato approach, the KP hierarchy is described by 
the isospectral deformations of the eigenvalue problem LIJ! = ).'lj; for the pseudodif­
ferential operator L = 8 + U28-1 + U38- 2 which is given by 

(1) 

where n = 2, 3, .... and Bn is the differential part of the microdiffere 1tial operator 
Ln. If we require that L satisfies the additional condition that Ln = Bn, n ~ 2 then 
the hierarchy of equation given by Eq. (1) are reduced to the hi era ·chy of (1 + 1) 
dimensional integrable systems called then-reduced KP hierarchy. For example, the 
Korteweg- de Vries equation and the Boussinesq equation belong to th ~two-reduced 
and three-reduced KP hierarchies, respectively. 

On the other side, a new type of reduction have been proposed recently in a 
series of articles, which leads many (2+1) dimensional integrable systems to (1+1) 
dimensional integrable systems [4-5]. For example, by assuming that ~satisfies the 
constraints 

(2) 

we can obtain the so called k-constrained KP hierarchy. Interestingly, ;he one - con­
strained KP hierarchy coincide with the AKNS hierarchy, and the two - constrained 
KP hierarchy coincides with the Yajima- Oikawa hierarchy. The k-constrained KP 
hierarchy was shown to possess Lax pairs, recursion operatorsand the hi-Hamiltonian 
structures. 
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In this paper we would like to discuss how this situations looks like in the super­
symmetric cas~-

The idea t) use the extended supersymmetry (SUSY) for the generalization of 
the soliton equations appeared almost in parallel to the usage of the SUSY in the 
quantum field theory [6]. The main idea of SUSY is to treat bosons and fermions 
operators equ tlly. The first results, concerned the construction of classical field 
theories with fermionic and bosonic fields depending on time and one space variable, 
can be found in [7-9]. In many cases, the addition offermion fields does not guarantee 
that the final theory becomes the SUSY invariant. Therefore this method was named 
the fermionic ~xtension in order to distinguish it from the fully SUSY way. 

We have <.t the moment many different procedures [10-26] of the supersym­
metrization of the soliton equations. From the soliton point of view we can distin­
guish two diff~rent recipes. In the first we add to the theory new anticommuting 
Grassmann valued functions only while in the second case we also add the new com­
muting functioms. In many cases, the addition of fermion fields does not. guarentee 
that the finale· theory becomes supersymmetric invariant. 

From this dassification one can infer that the second approach is more important 
then the first •me. We extend in this case, our system of equation, to the new larger 
system of equations. This may be viewed as a bonus, but this extended case is in 
no way more · 'undamental than the non-extended one. 

In this paper we would like to consider the supersymmetric Korteweg de Vries 
equation and ts different- genetralization, using second receipt. The interest to such 
generalization is motivated by observation that special type of such generalization 
describes t-he Lax operator for SUSY KdV equation in higher supersymmetric di­
mensions. Mcreover it gives rise to hudge classess of new integrable equations. 

The paper is organized as follows. In the first chapter we describe the classical 
Lax's approach to the Korteweg de Vries equation. The superymmetrization of this 
equation is dt!scribed in the next section while last section contains the classifica­
tions of differ•mt generalizations of these supersymmetric equation. All calculations 
presented in t b.is paper have been obtained by extensive applications of the symbolic 
computation· anguage REDUCE and special package written by author SUSY2 [27]. 

Acknowhdgments. I am grateful to Prof. G.S.Pogosyan for very warm hos­
pitability dur .ng the conference INTSYS-98 in Erevan in Armenia. 

2 Lax operator for the classical KdV Equation 

It is possible to write down the famus Korteweg de Vries equation 

Ut = -Uxxx + 6uux, (3) 

using two diflerent Lax operators 

L1 = 82 + u, ( 4) i 
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(5) 

Both these operators give rise to the standart or to the nonstandard Lax pair rep­
res(mtation of the KdV equation. For the first case we have 

(6) 

vvhile for the second case 

(7) 

Here + denotes the projection onto the differential part of the p ;eudodifferential 
operators while :C:: the projection onto the purely diffnential pa.rt. 

Tyhis KdV equation is hamiltonian equation which usally is wr tten down as 

u, = ( -iJ + 2ou + 2uo)- d.ru . 'l 8 J 2 
8u (8) 

The Lax formulation is very useful! in investigations of tlw (hi) hami tO!'tian property 
of the given system of equations. The knowledge of Lax operator allows us to 
construct conserved currents for the given model. 

3 The extended supersymmetric KdV equation 

[t appeared that there are three different integrable exl<'nsion of th' PXtPndPd N = 
2 supesyrnmetric KdV equation. These cases are containPd in th·~ following onP­
para.rneter family of super-Hamiltonian evolution equations [12] 

ll>t . I 2 • 2 
= -lf>xxx + .l(lf>D1 D2lf>)x + 2(a- 1 )( /J1 fJ21l> ),,. + .lnll> If>.,. 

= (n1D2o+2oll>+21l>o- D1ll>D1- n2~t>n2) 

(9) 

where II> = II>( J:, 01 , 02 ) ia a commuting superfunct.ion of spacp and two Grassman nian 
variables 01 and B2 , D; is the usual supersymmetric deriva.t.ivP /); = (}0, + O,i:). 

Here the parameter a enumerates our extensions and take the values a = -2, I, 'l 
for which this system consitute the integrable model [ 12,24]. The :.upersymmetric 
Lax operators takes the following form [ 12, 17,24] 

a= -2: L = iY + J)tlf>D2- fJ2Il>fJ1, 

/, = ()2 + ll>d- (!Jil>)f), ( 10) 
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a= 4: L = -(D1D2 + <1>) 2
, 

L =a- <P- Da-1(D<P), ( ll) 

a= 1: L =a- D1D2a-I<P, 

L = a - [ n, D] a-l <P. (12) 

Here ( D<l>) deno1 es the value of the action of D onto <P and D = ao, - ~02a, J) = 
ao

2 
- ~B1 a. For the first three Lax operators we have the usual Lax pair 

aL =4[L,(Li)], at 
while for the last three operators we have the nonstandard Lax pair 

aL = [L,(L3h!]· at 

( 13) 

(14) 

where ( +) denotf s the projection onto the super-differential part of the operator and 
(2:: 1) the projec,ion onto the strictly super - differential part of the operator. All 
these Lax pairs 1;ive us the super-hamiltonina formulations of the supersymmetric 
KdV equation w 1ose Hamiltonian operator is connected with the supersymmetric 
extension of the Virasoro algebra. 

4 Susy generalization of KdV equation 

At the moment 'Ve have two different approaches in this direction. In the first we 
include additional chiral fields to the supersymmetric Lax operator while in the 
second we induce ordinary superfunctions to the Lax operator. Let us consider 

these cases indenpendently. 
In the first ar:proach it is possible to generalize Lax operator for a= -2,4 only. 

Explicitely ~e hcve the following generalized Lax operator: 

M 

a= -2 L = a2 + <Pa- (D<P)D- l:::(F;G; + F;Da-1(DG;)), (15) 
i=l 

M 

a:= 4 L =a- <P- Da-1(D<P)- l:::(F;G; + F;Da-1(DG;)), (16) 
i=l 

where M is fixed number while F;, G; are chiral fields such that (DF;) = (DG;) = 0. 
These generaliza ;ion have been considered in details in [19] where the hamiltonian 
structure have bc~en considered also. Moreover in it was shown that the Lax opera­
tor constitute aho the Lax operator for the extended N = 4 supersymmetric KdV 
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equation. The Lax operators presented here c~eate the new hierarch:r of supersym­
metric integrable models. Explicitely the second flow for the general zed a = 4 Lax 
operator has the following form: 

M 

<l>t =- [n, n] <l>x- 4<1><1>x + L DF;DG;, 
i=l 

(17) 

(18) 

(19) 

For the second approach where we include the usual supersymrCJ.etric field we 
have the generalization for a = 4, 1 case only. 

For the a = 1 case it is possible to consider the following supenymmetric Lax 
operator [21] 

M 

L=B- [n,n]a-1 <1>- L [n,n]a-1 G;[n,n]a-1 G;. (20) 
i=l 

where G; are usual superfermionic fields. The third flow in this hier;Lrchy generate 
the following system of equations for M = 1 

<l>t [- <l>xx- <1> 3 + 3<I>[D,D]<I> + 3Gx[D,D]G -12<1>D~DG 

+ 6D<I>GDG + 6D<I>GDG] x' 

Gt = -Gxxx+6<1>(D<I>DG+D<I>DG) +3(<I>[D,DJGt 

- 3<1> 2Gx- 6GxDGDG- 6( GDGDG)x. 

(21) 

(22) 

One can check that the equations (21-22) are covariant with respect t•) the following 
transformations of an extra hidden supersymmetry: 

8G = c:<I>, (23) 

where c: is a Grassmann parameter. This additional supersymmetry together with 
explicit N = 2 ones form N = 3 supersymmetry. This system of equa:ion is just the 
N = 3 supersymmetric KdV equation which can be obtained from the Hamiltonian 
[17] 0 

H = -3 j dxd0rd02( <I>[D,D]<I> + ~<1> 3 - G[D,D]Gx 

+2<1>GGx + 8<1>DGDG) 

<l>t = {H,<I>}, Gt = {H,G}. 

(24) 

(25) 
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if we use the N = 3superconformal algebra Poisson brackets, which read in terms of 
N = 2 supercu:rents ci>(Z) and G(Z) as follows: 

{ci>(ZI),ci>h)} 

{ci>(ZIO, G(-~2)} 

= G[n,D]a+aci>+ci>a+1Wci>D+Dct>D)~(ZI-z2 ), 

= (ac + ~Ga- .DGD- DGD)~(Z1- Z2), 

{G(Z1), G(.~2)} = ~(ct> + [D,DJ)~(ZI- Z2). (26) 

Here~( Z1- Z :) = ( 01 - 02)( B1- B2 )8(z1 - z2 ) is n + 2 supersymmetric delta function 
and all operat )rs in r.h.s. are evaluated in the second point. The Lax operator 
considered previously is a particular case of the hudge family of Lax operators of 

the form: 

L a + [n, D]a-1+ 
M 2.:: ([n,D]a-1H;a-l [n,D]I<;- [n, D]a-l I<;a-l [D, D]a-l H;)+ 
i=l 
s L ([n, D] a-! Fja-l [n, D] cj + [n, D] a-~cja-l [D, D] a-! Fj), (27) 

j=l 

where H;, I<; ue the superbosonic functions while Gj, Fj are the superfermionic 
functions ,!y1. <.nd S are fixed numbers. This generalization give us a hudge class of 
integrable gen ~ralizations of the solitons equation. In particular the following Lax 

operator 
L =a+ a-1 [D,D]<P + H- a-1 [D, D]H[D, D] 

belongs to thi:: class and its third flow is 

cl>t = [ -ci>xx-3[D,.D]ci>ci>-ci>3 

Ht 

+12DHDH- 6Dci>DH- 6dci>DHt 

= [- 6DHJI + 6DHfix + 6Dci>DHci>- 3H; 

6Dci>DHci> + Hxxx + 3([D, .D]H)
2 + 3(ci> [D, D] H)x]. 

This equation reasembles the Hirota-Satsuma equation in the bosonic sector. 

For the a '= 4 case let us consider the following generalizations, 

Lb = D1D2 + ci> + Ha-IDID2I<- I<aD1DH 

Lf = D1D2 + ci> +ca-l D1D2F + Ffr' D,D2G, 

(28) 

(29) 

(30) 

(32) 
(31) j 
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where H, ]{ are the superbosons for Lb while G, F. Now it. is rather technical prob­
lnn to construct the Lax pair system which generate a rich hierarchy of integrable 
equation. This construction has been considered in more details in [25] where the 
hamiltonian structure has been discussed also. To finish this cons deration let. us 
consider the particular case of the L 1 operator in the form 

The s<~cond flow give rise to the following system of equations 

<l>t = (- D,D2<l>- 2<1> 2 + 41111,- 2(LJI/1) 2
- 2(1J2 ll)2,1 /2, (:J.I) 

'r 

fit = (- 2DI D2Hx- 4llx<l>- (D, <l>)JJ2H)- ( /J2<l>D1//)- l/4 ,) /1. (:J5) 

The bosonic sector of this system of equations, in which <I> = r/it + 01 02rp1 and 
H = 01 ho + 02h1 where <l>o, <l>1, ho, h1 are usual classical fields reads: 

</>o = (- ¢;,- 24>G- 2h~- 2hfj)2 

</>1 = (</>on - 4 </>1 </>o + Shah lx - Sh 1 hu.,}./2 

hot = ( - 2h1x., - 2</>oxho- 1</>oho,. - r/>1 h 1) /2 

hlt = ( 2hoxx - 2</>oxhl - 4</>ohb: + d>1 ho) /2 
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The cosmological consequences of string theory and their possible rr: anifestations 
are important both for observational verification of theory and for the resolution of 
a number of problems in modern cosmology. Increasingly growing nurnber of works 
in this direction (see [1], [2], [3] and references therein) has resulted to the formation 
of a new area of cosmological investigations - String Cosmology. Rec(·ntly, various 
cosmological models with dilaton and antisymmetric tensor field have been investi­
gated to leading order in string tension as well as with higher-curvature! corrections. 
In most cases the universe evolves toward strong coupling region wh~re quantum 
loop corrections become important and the tree-level effective action can not reli­
ably describe the dynamics. This motivates the consideration of modds with loop 
corrections. Another motivation is related to the fact, that the strinL loop effects 
may naturally generate different nonmonotonic coupling functions in the effective 
action and consequently a relaxation mechanism (Damour - Polyakov mechanism) 
[4] by which various moduli fields are attracted towards their present vacuum ex­
pectation values. In particular, in [5] it was shown that an inflationa1 y era within 
Damour - Polyakov mechanism could solve the Polonyi moduli problem. Note that 
loop corrections together with the higher curvature terms are natural so 1rces provid­
ing the necessary conditions for graceful exit in pre big-bang models of cosmological 
inflation [6], [7]. 

In the present paper we investigate cosmological models with variable dilaton in 
the framework of low-energy effective string gravity with higher genus ccrrections. In 
section 2 the structure of corresponding effective action is discussed and cosmologi­
cal field equations are derived. In section 3 the exactly solvable cases ar ~considered. 
These include pure gravi-dilaton anisotropic models with Ricci-flat sub ;paces, mod­
els with massless scalars and Kalb-Ramond field and radiation-domin tted models. 
For the general case of the barotropic perfect fluid as a nongravitation tl source the 
set of cosmological equations can be presented in the form of the third-order au­
tonomous dynamical system. The corresponding phase-space analysis is presented 
in section 4. 
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2 String effective action and cosmological model 

At lowest order in string tension the string effective action can be written down as 
[9], [4] 

5= j<~Dxvfcl[-FR('P)R-4F'~'(cp)8McpfJMcp+Lm (cp,GMN,7f!)], (1) 

~here <£ is th•) dilaton field, R denotes curvature scalar of /) - dimensional metric 
GMN, Lm- is the Lagrangian density of other fields, collectively noted by a symbol 
1jJ and, in general, depending on the metric and dilaton. Hereafter the symbol ~ 
above the let· ers specifies the quantities in string conformal frame, the metric of 
which is the netric of corresponding IJ- model. Note that the string coupling is 
given by the ,·acuum expectation value of the dilaton field: gs == (e2 '~') . 

The functions FK ( cp), I< == R, cp, m (Fm is dilaton coupling function to the var­
ious types of matter fields) receive string perturbative as well as nonperturbative 
corrections. For the heterotic string we can write the following expansion 

FK('P) = e-2
<p (1 + ~zfle21'~') (2) 

where dimens onless coefficient zfl -represents l- loop contribution, and the param­
eter of loop e):pansion is e 2 '~': each loop of the string diagrams gives the contribution 
~ e2 '~'. At cp ~ -1 the system is in the weak coupling region and is described by 
tree appr<?_ximation of t~e string diagrams. Note that for the type-I and type-II 
superstrings the kinetic terms of the R-R fields do not contain dilaton dependence 
at tree-level. 

The actiorr (1) is written in the string conformal frame .. In various cases it 
is convenient to consider Einstein (E-) conformal frame, where the term with Ricci 
scalar has the standard canonical form. E- and string frames are related by conformal 
transformatic n of D - dimensional metric: 

GMN = n2 (cp) cMN, S1(cp) = S1E('P) = J:j/(1-n) 
Up to diverg~:nt terms theE-frame action takes the form 

(3) 

5 = J dDx.JfGT[-R-4F'P(cp)8Mcp8Mcp+Lm('P,GMN,7f!)], (4) 

Here we assumed, that FR > 0. If this function is negative valued, the conformal 
factor can be chosen similarly (3) with the absolute value. Now in the corresponding 
action the Ricci scalar will enter with positive sign, and the corresponding gravita­
tional constant will be negative. The function at the kinetic term of dilaton field 
and matter Lagrangian are related to the corresponding string frame functions by 

n FR +4-'~', 
( 

-, )
2 

F 
4F'~'(cp)=-n-l Fn Fn Lm = S1~Lm (cp,S1~GMN,7f!) (5) 

I 

j 
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For Fop < 0 by introducing a new scalar field ¢ as 

(6) 

the kinetic term can be written in the canonical form. Below we sh lll consider just 
this case. At tree-level Fop= -1/(n- 1) and the new scalar field is proportional to 
the dilaton: ¢ = 2i.pf..;:n:=T. 

Another important conformal frame of scalar - tensor theories is the so-called 
Jordan frame, in which the nongravitational part of the action does not contain the 
scalar field. In this frame the laws of evolution of the nongravitat onal fields take 
the same form as in multidimensional GR. 

Here we shall consider D - dimensional homogeneous cosmological model with 
spacetime structure R 0 M 1 0 ... 0 MP and with the metric 

(7) 

where M; is a maximally symmetric n; dimensional space , L n; n, gi~ is the 
metric in this space, R;(t) and N are corresponding scale factors anc lapse function. 
From the field equations it follows, that for the metric (7) the energy • momentum 
tensor is diagonal and has anisotropic perfect fluid form with the energy density E, 

and the effective pressure p; in the subspace Mi. The cosmological field equations 
are simplest in terms of the Einstein metric. By introducing new ::calar fidd <P in 
accordance with (6), the system of cosmological equations ran be written as 

. ( P . ) 2 2 n; - 1 H ·+ "'nH-N/N H=Nbc:-Nk--
' ~ t 1 l , 1 R~ · 

i=l 1 

¢ + ( t n;H;- iv IN) ¢ 1 2 
-N nc: 
2 

(8) 

where the overdots denote time derivatives, k; = -1,0, I for subsptces with nega­
tive, zero and positive curvatures, correspondingly, 

Q = 1 oLJIGT 
c:VfGT 8¢ 

a;= p;fc:, (9) 

It can be seen that in the case of sources for which the .Jordan frame :·an be realized, 
we have 

a= (1- na) din (n.~;nE) /d¢ ( 10) 
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where fb cornsponds to the .Jordan frame conformal factor. In (8) the choice 
j\j = 1 correspo 1ds to the E-frame comoving time. From the second equation of (8) 
it follows, that for the solutions with constant dilaton r.p = r.p0 , the values r.p0 haw~ 

to be roots of 1 he equation a: ( r.p) = 0. The dilaton can be fixed both by dilaton 
potential, or by nontrivial dependence of Lagrangian of the other fields 011 dilaton 
The second way is known as Damour- Polyakov mechanism [4]. The solutions with 
constant dilator coincide with corresponding solutions of multidimensional GR. 

In the cosmological context the continuity equation takes the form 

p 

[ lc + L n;(1 + a;)ll; +a:~= 0, ( 11) 
i=I 

where the last .erm in LHS appears due to direct interaction of the dilaton field 
with nongravitational sector. Note that in the .Jordan frame such an interaction is 
absent and a: = 0. 

In the case of the equation of state with constant a; and for the function a:. 
depending only on dilaton field , the integration of equation ( 11) yields 

E = con.st · exp (-J a: (r.p) dr.p) g R;n,(J+a,) (12) 

As an example ::>f an additional source we shall consider system of massless scalar 
fields 'lj;; with He E-frame Lagrangian density 

• Lm = L F,p, ( '{! )fJM'IjJJ)M 'lj!; (13) 

Within the franework of homogeneous cosmological models assuming that 'lj;; 
'lj!;(t) we obtain for corresponding energy density and pressure 

~ .2 
[ = Pi = L F,p, 'lj!i I N2' a;= 1, i = 1, ... ,p, (14) 

By using the eqt ation of motion for the field 'lj;i the expressions for the energy density 
and function a .ake the form 

[ = F-2 ~ c2 F-1 
~ l 1/Jt' 

1 
0:- ~C2F' I 2 - V2EL i 1/J, F,p,, 

where C; are integration constants. 

p 

v = n R7· (15) 
i::::l 

Another imrortant example of an additional source is the antisymmetric Kalb­
Ramond field BMN with strength HMNP and Lagrangian density Lm = !FH(r.p) 
HMNPHMNP. ln D = 4 the corresponding equations of motion are solved by the 
ansatz 

HMNP 1 = y'jG{iflEMNPQOQh, (16) 

J 
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where EMNPQ is completely antisymmetric 4-tensor, h is the pseudoscalar axion 
field. From the Bianci identi.ty qQHMNP] = 0 the equation of motion for the field h 
follows: 

(17) 

The corresponding Lagrangian density has the form 

(18) 

Thus in this case the Kalb - Ramond field is equivalent to the pseudoscalar field h 
and the corresponding formulas are a special case of the previous exanple.· However 
it is necessary to note, that if for usual scalar fields in the string frarr.e at tree-level 
F,p, = e-2

"", for the heterotic string axion, as it follows from (18), Fh = e2""/2. 

3 Exactly solvable cases 

In this section we shall consider cases when the set of cosmological equations (8) is 
exactly integrable in terms of integrals containing dilaton .coupling functions. 

3.1 Pure gravi- dilaton solutions 

We start with the simple case of Ricci- fiat subspaces (k; = 0) and 1ero nongravi­
tational sources (Lm = 0). In terms of the E-frame comoving time the solutions to 
cosmological equations can be written as 

r/Jw ln It- tal = 2 J yCJ{,dr.p, 

p 

2:n;H;0 = 1 
i=l 

p 

¢~0 + L n; H;~ = 1 
i=l 

(19) 

(20) 

where H;0 , R;0 , ¢0 , t0 - are integration constants. The last relation is a consequence 
of the constraint equation. Then ¢10 = 0 from (19),(20) one obtains the multidi­
mensional generalization of the Kasner solution of the D - dimensicnal GR. Note 
that unlike the case of Kasner solution, the solution (19),(20) has an isotropic limit 
when one obtains H10 = 1/n, ¢10 = ±J1- 1/n . 

The corresponding solution in the string frame can be found by t ·ansformation 

R-.- p1/(1-n)R· dts = FR1/(1-n)dt 
1- R t' (21) 

and has the form 

R-. _ D. F-1/(1-n) (2H;o J CFd ) 
, - "-iO R exp A- y -r"" r.p , 

'1'10 
(22) 
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t. = ± <P~o J ~FJ/(1-n) exp ( ¢~o J ~dcp) dcp (23) 

where t. is stJ ing frame synchronous time coordinate. For given coupling functions 
we can obtain the function cp(t.) by inversing equation (23) and then derive the 
scale factors Jrom (22). At tree level from (22) and (23) one obtains the solution 
previously derived in [10], [11]. 

3.2 Solutions with modulus and Kalb - Ramond fields 

In the equations (8) as an additional source we shall consider a set of scalar fields 
(moduli fieldE) and Kalb - Ramond field. As it has been mentioned already, if we 
accept the anlatz (16), the Kalb - Ramond field is reduced to the scalar field with 
Lagrangian (18). In particular, in cosmological context we shall assume 

I 

'\' ·2 2_'\' ·2 2 ·2 2 
c==p;=Lm=LF,p,?./J;/N =LF,p,?./J;/N +Fhh /N (24) 

and prime spt~cifies the fact that the corresponding sum includes also the contribu­
tion of the ax on field. It follows from (24), that for a source under consideration all 
coefficients a; are equal to 1, and therefore all coefficients b; are equal to zero. For 
these values < nd for Ricci - flat subspaces the solution of the first equation (8) for 
scale factors i 1 synchronous system of coordinates is still determined by the relation 
(19). The emrgy density is determined by (see (15)) 

- 1 ~5__ 
c- 2L . 

(t-t 0 ) i F,p, 
(25) 

The substitution of this expression into the constraint equation and integration of 
the obtained ~quation leads to the following result 

[ 

1 ]-1/2 
In it- tal==± j A(cp)dcp, A(cp) = 2~ l-t n;H;20 - z; ci/ F,p, 

(26) 
Here the fun< tions F',p, are related to the corresponding string frame functions by 

the relation 1 ',p, = F,p.f F R· Further for given function cp ( t) one finds 

o/o.- ·JA(cp)dcp 
'~-'•- c, F ( ) . 

,P, 'P 
(27) 

For the given coupling functions in (1) the formulas (19), (26), (27) determine the 
evolution oft 1e corresponding cosmological model in the E-framc. The string frame 
solutions can be found by transformations (21) and have the form 

- -1/(1-n} ( J ) R; = R;oFR exp ±H;0 A(cp)dcp , (28) 
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l., = ±sgn(l- lo) j A(<p)FA/(l-n) exp ( ± j A(<p)d<p) a<p (29) 

Note that unlike the case of theE-frame, the solutions for string frane scale factors 
do not coincide with corresponding vacuum solutions. At tree-level and for n = 3 
from (28) and (29) one obtains the solutions alresdy dPrived in [8] for the case of 
isotropic models with one modulus. 

3.3 Isotropic spatially-curved models 

We shall now consider the isotropic models with curved space. For a sPt of scalar 
fields and Ka.lb - Ra.mond field the equation for scale factor coincides with the 
corresponding vacuum equation and is solved most simply in terms of conformal 
timeT/, corresponding to the gauge N = R: 

(30) 

In view of this from the constraint equation we find for energy density· 

kn(n- 1) 

In what follows we shall assume 0 :S ( n - 1 )'I :S 1r for k = 1 aud 0 :S ( n - 1 )17 < oo 

for k = 0, -1. The solutions in the other regions can be obtained from here. By 
integrating the constraint equation for dilaton field we find the follo¥ing relation 

[ 

I ]-!/! 
±In z = 2(n- 1) j FF:, n(n- 1)- y; cU F~,, d<p (32) 

where we have introduced a. new variable z according t.o 

!<or given functions Fg ( <p) in the action ( l) this formula togdher "ith ( :!0) deter­
mines the dynamics of corresponding cosmological model. For the funct.iou <p ('I). 
determined from (32), the dependence of the other fields Oil time ·au be derived 
from 

"/.-~ /1·'-1 ( (-)) d:: ~~. - l ~·. <p ~ . n- . z 
( :J4) 

In particular, for '¢; = h one obtains the equation for th<' a.xion field. For the given 
coupling functions, the expressions (30), (32), (34) determine the evolution of the 
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isotropic cosmobgical models with k = 0, ±1 in terms of conformal time coordinate 
ry, which is connected to E - frame synchronous time coordinate by relation 

t - t = ± Rd = ± --J 
2Ro jz z 1/(n- 1)dz 

o Tt n -I u (1 + kz2 )"/(n- 1)' 
(:t'i) 

where the integ1 al in the right hand side can be expressed through hyper geometric 
function. The krmula (30) for the scale factor can be written down as 

R = Ro ( _z ) 1/(n-1) 

1 + kz2 
(36) 

The corresponding solutions in string frame can be found by conformal transforma­
tion and have the form 

R = R ( zF[/ ) 1
/(n-1) 

0 -· 
\1 + kz2 , 

t, = ± 2R0 J ( zFR_1 ) 1/(n-1) 

n-1 (1+kz2)n dz 

These relations determine string frame cosmological solutions, provided we specify 
the dilaton cou >ling functions. For open models ( k = -1) the variable z varies 
within limits 0 :; z ::=:; 1, thus, as it follows from (35), time coordinate is not limited. 
In the case of cbsed models 0 S z < oo, and t varies in finite limits: 

. - _o_B ' ' R 
( 

n n ) 
Jt-to!Stern=n-1 2(n-1) 2(n-1) (37) 

where B( x, y) - is Euler ,8-function. For the models with a fiat space from (36) we 
haveR~ It- t>l 11n, which is the isotropic limit of the solution (19). In the limit 
t -+ t0 the contribution of curvature terms is negligible and the behavior of open 
and closed modds is the same as in a fiat case. For an open model and t -+ oo from 
(36) and (35) w~ haveR~ t. 

3.4 Radiation-dominated solutions 

For the radiatio1 a= 1/n and therefore according to (10) a= 0. Integrating scalar 
field equation oue has 

2 J V- F<P( <p: d<p = const ± J n ~ 
1 

ln ( 1 + ~ + 2H y'Ua) , u = ( ~) n-

1 

. (38) 

where u0 , Ro are integration constants. For the models with k = 1 the possible 
values of the function u are limited: u S urn, where the maximum value can be 
expressed via ccnstant uo by means of relation Urn= (1 + v'l + 4uo) /2ua. 
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The scale factor dependence on the confor~al time is determined from 

,.----:--:-· sin [v'k(n -1) ("'-"'a)] /v'k, uo > -k/4 
2uoU = (k + yfj4uo + ki) X cosh [(n -1) ('1/- '1/o)J, k = -1,u0 ( 1/4 (39) 

y'Uo [(n- 1)2 
("'- "'o)

2 
/(4uo)- 1], k = 0 

(when u0 = 1/4, k = -1 one has the solution u = -2 + 2exp [(n- 1) ("'-"'a)] ). 
The E-frame synchronous time coordinate t can be expressed via u < s 

t = y'UoRo J u1f(n-1)du . 
n-1 y1+u-ku0u2 (

4
0) 

The function c/;(ry) can be found either by inserting (39) into (38) or nore simply by 
direct integration of¢;= con$t · J dryju with the help of (39). 

The scale factor and comoving time coordinate for the corresponding radiation­
dominated solution in the string frame can be found by conformal ·,ransformation 
and have the form 

- [ - ] 1/(n-1) R= R0 u/FR(~) , - y'Uo J R(u)du t=±--
n - 1 y1 + u - u0~t 2 

( 41) 

For the given coupling functions F,.,(~) and FR(~) in the. action (1) we. can obtain 

the function ~( u) by inverting the equation (38) and then derive sc<~le factor R( u) 
and commoving time t(u) from (41). Therefore the formulae (38) and (41) determine 
the string frame radiation-dominated solution in parametric form a; a function of 
u, provided we specify the dilaton coupling functions. By choosing F P = FR = e- 2

'P 

one obtains the corresponding tree-level solutions. 

4 Qualitative analysis in general case 

In previous section we have considered some special cases for whicrr cosmological 
field equations are exactly solvable in terms of integrals containing d laton coupling 
functions. For general case of barotropic fluid with equation of stat( p = aE, -1 ::; 
a ::; 1, this is not the case. In this section we shall consider the qualitative evolution 
of the isotropic models by using dynamical system approach. 

By introducing a new independent variable T and the function h( T) in accordance 
with 

h = dlnR = H 
dT yH2 + k 

( 42) 

and substituting N 2c from the constraint equation into the ones Jor scale factor 
and scalar field the equations of motion can be presented in the form of third-order 
autonomous dynamical system 

d¢; dx 
dT x, dT = [n(n- 1)- x2

] [a(¢;)/2- bhx], (43) 

dh (1-h2)[(n-1)(nb-1)-bx2], b=~-
dT 2(n- .) 
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This system is j nvariant under the transformations 

r --+ -r, x--+ -x, h --+ -h ( 44) 

relating expanding and contracting models, and 

cP--+ -c/!, x --+ -x, a --+ -a ( 45) 

relating the models, for two, in general different, functions a( cjJ) and -a(-¢). The 
phase trajector es describing the models with nonnegative energy density lie in the 
region 

n(n-1)-x2 ;::0. ( 46) 

Here the sign of equality corresponds to the pure gravi-dilaton models (c: = 0), which 
are considered in previous section. The solutions with h = ±1 correspond to the 
spatially-flat models. In this case the system (43) is reduced to the second order 
dynamical sistEm. 

The key aspect for qualitative analysis is to determine the critical points and 
their stability. At finite part of the phase space ( c/!, x, h) the critical points of the 
system ( 43) an the points 

(¢a,0,±1), a(c/Ja)=O ( 47) 

where upper/lower sign corresponds to the expanding/contracting models. We shall 
consider the fi ·st of these cases. The results for the contracting models can be 
obtained fro.m 1ere by mep,ns of transformation (44). Note that the points (47) are 
GR solutions for k = 0. The constant dilaton solutions for k = 1 are presented by 
segments c/! =~·a, x = 0, lhl < 1, and fork= -1 by ray c/! = c/!a, x = 0, lhl > 1. 

Near the cdical point ( 4 7) the equation for h drops from the other two ones and 
the correspond ng eigenvalues are equal to 

) 1,2 = -ka ± Vk6 + n(n- 1)ab/2, .\3 = n(1 +a)- 2 ( 48) 

where ab = (d.-x/dc/!)¢>=1>o• ka = n(1- a)/4. The eigenvalues .\1 ,2 define the nature 
of the critical} oint for the trajectories in the invariant subspace h = 1, correspond­
ing to the spa1ially-flat models. The standard qualitative analysis shows that for 
spatially-flat rrodels the point (47) is (1) saddle when ab > 0, (2) center when a= 1, 
a~< 0, (3) stable focus when a~< -a~/8, aa = 2bJn(n- 1), (4) improper node 
when ab = -c 6/8 and ( 5) node when 0 > ab > -a6/8. In the case of expanding 
models the exi;tence for the function a(c/J) of zero c/J =cPa with a'(c/Ja) < 0 leads to 
the efficient m( chanism for the dilaton stabilization and relaxation of string effective 
gravity to the GR. Indeed, for the relation .of the dilaton variations at some time 
moments ti an•l te we have 

c/J(te) - cPa ¢( ti) - c/Ja "' exp {- IRe.\1l [r( te) - r( t;)]} = [ R(t;)] IRe>.,l 
R(te) 

(19) 

j 
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In thE' cases :J) and 1), when critical point is focus o~impropPr node Oil!' has IRe)q I = 
n( I- a)/1. In the infiationary stage a= -I and the relation of the s·:ale factors at 
the beginning and at the Pnd of inflation is ~ c-os . If initially 1 he dih ton shift ~ L 
orw receives that at the end of inflation the dilaton variations arc stron~:ly suppressed 
( n = :l) </J(tr) - r/>0 < 10-42

. Assuming that for the various sources t te zero of the 
function a(¢>) is the same (in particular, this is the case when the dilaton coupling 
functions are universal) the subsequent E'xpansion stages (radiation and matter­
dominated) leads to the further suppression of t h<•sc varia! ions: l8ol < 10-49 at 
present epoch [5]. Such variations are much more far from observatiollid restrict ions 
following from the tests of the equivalene<' principle. Thus this scheme leads to the 
natural suppression of the dilat.on variations in the expanding unive1 se and lies in 
the basis of dilaton stabilizing mechanism known as Dam om- Polyakm· mechanism. 
Note that this scheme will work also in tlw case 5), if the value of I <>I is not too 
small. 

As it follows from ( 18) for the models k = ± 1 the critical point is unstable when 
I + a > 2/n. The corresponding GH. solutions tend to t.lw spatial!) flat solution 
(point (47) with the upper sign) as t -+ -oo . In the case I +a < 2/n the GH 
solutions with k = ±1 tend to the solution (17) in the linli1 t-+ +ex (inflationary 
models). Then additionally Rd.1,2 < 0, the critical point is stable and 1 he solutions 
of string cosmology with variable dilaton tend to the solution (·17) to·>. 

Now we turn to the investigation of the behavior of 1 he phase 1 rajectori<•s at 
infinity of the phase-space. For this it is convenif'nt to <·ompad.ify t.lw phase span•. 
In t.he case of the closed models it. is sufficient to usc t.hc mapping 

c<~> = _}}__ 0 :S y :S I 
. 1- y' (50) 

The corresponding dynamical system differs from (1:3) by tlw first of the Pquations 
and the phase space is the rectangular parallelepiped 

0 :S y :S l, l:rl :S Jn(n- 1), lhl :S l (51) 

The boundaries of this parallelepiped are invariant subspacPs. The t ra.ject.ories on 
thP boundaries h.= l, -1 correspond to t.hc spatially-fla.t expanding and contract­
ing models, respectively, and the trajectories on the boundaries x = ±Jn(n- I) 
represent the pure gravi-dilaton models. 

For h = 1 (the case h =-I can be obtained by transforrnation (1' )) the critical 
points on the boundary of (51) are the points (y, x, h) with coordinate's (n = o(y)) 

(J,±Jn(n-1),1), j=O,l 

(j, a(j)/2b, 1), !n(j)l :S no 

The eigenvalues for these points are 

(52) 

(53) 

A1 =±(--1)1Jn(n-1), A2 =n(l-a)(l=t=o(j)/a0 ), A3 =2(n-l) (54) 
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for the point (52), and 

'•I 

'<3 

(-1)1a(j)/2b, >. 2 = -~(1- a)(1- a 2 (j)/a~ 

2n(n- 1)b [a2 (j)/a~ + 1/nb- 1] 

(55) 

(56) 

for the points (53). Thus, for the models with k = ±1 the points (52) are always 
unstable. The points (53) are stable when 

(-1)1a(j) < 0, 1 
_ a 2 (j) > 2(n- 1) 

a~ n(l- a) 
(57) 

Note that the ~econd of these conditions is possible only if a < 2/n- l. Now by 
taking into account ( 48) we conclude that for k = ±1 all critical points with h = 1 
are unstable when a > 2/n- 1. 

In the case~~ < 2/n -1 there are critical points laying on the boundaries y = 0, 1 
of parallelepipe:l. (51): 

(1, ±JG-1)(n- 1/b), h1(a(j))), j = 0,1 

For these point; the eigenvalues are determined by the relations 

>.1 ±(-1)1J(n -1)(n -1/b) 

>.
2

,
3 

= n ; 1 h
1 

[ -1 ± J'"i ___ 8_(_n_b ---1-)-( 1---h-j2-)] 

(58) 

(59) 

(60) 

When hi < 1 the points (58) correspond to the closed models and are unstable, as the 
eigenvalues 5.2 <.nd ,\3 have" different signs. When hi > 1 the solutions corresponding 
to the points (!18) describe the open models. For the case of upper sign the point 
with j = 0 is unstable, and the point with j = 1 is stable when a(y = 1) > 0 and 
corresponds to .he expanding models. Thus, the solution corresponding to the point 
(58) can be stable only for open expanding models: ±a(j) > 0, ±( -1 )j < 0, hi > 1. 

For the ope 1 models I hi > 1, to compactify phase plane in addition to (50) we 
have to map 

z=1/h, jzj::;1 (61) 

By introducing the new independent variable dT = hdr the corresponding dynamical 
system can be •vritten as 

dr 
dT 
d; 

dT 

dx 
xyz(1- y), dT = [n(n- 1)- x 2

] [az/2- bx] 

z (1- z 2
) [(n- 1)(nb- 1)- bx2

] 

(62) 

As above we sl all consider the expanding models (the case of contracting models 
can be obtaine•i by transformation x --+ -x, z --+ -z ). The phase space of the 
system (62) is the parallelepiped 

0::; y::; 1, lxl::; Jn(n- 1), 0::; z::; 1 (63) 
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Fig. 1. Phase-space diagrams in the case of the mod~ls with pcsitive spatial 
curvature compactified into space (y, x, h) for (a) a > 2/n - 1 and (b) a < 2/n - 1. 

Fig. 2. Phase-space diagrams in the case of the models with nr~ative spatial 
curvature compactified into space (y,x,z = 1/h) for (a) a > 2/n- 1 and (b) 
a< 2/n -1. 

and the critical points lie on the boundaries z = 1 and z = 0. F<•r the first of 
these cases (h = 1) the critical points and their nature are the same as in the 
previous case and correspond to the spatially flat models. Thus we ;hall consider 
the second case. At z = 0 (h = oo) the solutions of the system (62) are the 
segments z = 0, y = constant . All points of the segments (x = II, z = 0) and 
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(x = ±~=--!), z = 0) are critical points. The eigenvalues corresponding to the 
axis z are equ.tl to 

A3 = (n- 1)(nb- 1) (64) 

for the points x = z = 0 , and 

A3 = 1- n (65) 

for the points x = ±jn(n- 1), z = 0. In the second case the critical points are 
unstable. The points x = z = 0 are stable when a > 2/n -1 and unstable otherwise. 
By taking into account that for the first of these cases the critical points for z = 1 are 
unstable, we conclude that all models with k = -1 finish evolution on the segment 
x = 0, z = 0. ~ear the corresponding critical point the trajectories of the dynamical 
system enter to this point lying in the plane (x, z). In this plane the corresponding 
critical point ; s an stable node with the eigenvalues 

>-2 = -nb(n- 1), ,\3 = (n- 1)(nb- 1) (66) 

In the case a< 2/n- 1 the final point of the evolution for the models with k = -1 
are the points on the boundary z = 1, corresponding to the models with k = 0, and 
the points (5f.) under the conditions specified above (see the paragraph after the 
formula (59). 

On the bcsis of the analysis carried out above it is possible to construct the 
phase portraits of the cosmological models for arbitrary function a(</>), defined by 
dilaton coupling functions in the string effective Lagrangian .. As an illustration in 
Fig. 1 and. 2 Ne present "the phase portraits for the closed and open models in the 
case of the fu1ction a(</>), satisfying to the boundary conditions 0 < a(-oo) < a0 , 

a( +oo) < -no and with a single zero. For the models with nonnegative energy 
density the pl ase space is the parallelepiped (51) in the case k ~ 1 (Fig. 1) and. (63) 
in the case k o= -1 (Fig. 2). The trajectories lying on the upper boundaries (h = 1) 
represent an invariant subspace and correspond to the spatially fiat models. In 
Fig. 1 the bo .tom boundary also corresponds to the spatially fiat models ( h = -1, 
models of contraction). The vertical segments </> = </>0 , x = 0, I hi < 1 and 0 < z < 1 
represent' the corresponding GR solutions. Let us consider the presented phase 
portraits in tarn. 

1. k = 1, 1. > 2/n- 1 (Fig. la). The function h(T) is decreasing. The only 
stable citical point is (0, -jn(n- 1), -1). All the models, except the ones 
corresp<•nding the separatrixes of the saddle points and GR solutions, begin 
evoluticn in the weak coupling region from the point (0, jn(n- 1), 1) at some 
finite time moment of the E-frame synchronous time coordinate, and finish the 
evoluticn at the another finite time moment in the weak coupling region in 
the state of contraction. Thus the pure gravi-dilaton solutions are early and 
late tirre attractors. The GR solution corresponding to the constant dilaton, 
is unstable. 
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2. k = 1, a< 2/n- l (Fig. lb). Now there is a region of the prasP space, lxl < 
J(n- l)(n- 1/b), with the inflationary segments of trajectcries. dh/dr > 0. 
There arc four qualitatively different classes of solutions with ;ariable dilaton: 

(a) modds which begin and finish the Pvolution in tlw weak coupling region 
and look like to those of Fig. La. However. now there an~ segments of 
trajectories with dh / dr > 0: 

(b) models beginning the Pvolution in the WPak coupling region ncar the pur<' 
gra.vi-dilaton spatially flat expanding solution (the point (0. /n ( n - 1 ), 
l) ). After the initialnoninfiationary <~xpansion at somP rr orncnt dhj dr = 

0, thf' evolution cnt<'rs to the inflationary era, dhjdr > 0. and tlw trajec­
tories enter to the point (47) with h = 1 (the transitions "rorn dh/dr < 0 
to dhjdr > 0 can take place several times). All the mo< <'Is of this class 
tend to the corresponding GR solution, and the curvatur'' <'ffccts quickly 
b<~cornes inessential. In this scheme the dilaton variation; h<'comes suffi­
ciently damped to avoid the contradiction with the obserl'atious. This is 
just Damour-Polyakov mechanism of dilaton s_tabili;~,atiOJ; . 

(c) models starting the contraction from the point (17) with the low<'r sign, 
near the GR solution and finishing the evolution in the r;oint (0. -n 112 

.JT!=[, -1) near the pure gravi-dilaton solution. Not!:' that in int<·rnw­
diate stages the contraction - expansion transitions can t; ke plan·. As in 
the first case the cosmological evolution does not stabiliz' the dilaton; 

(d) trajectories starting from the point ( 4 7) with the low!:'r si;~n and entf'ring 
the point (47) with the lower sign. For tlwse models durir g the evolution 
the initial contraction turns into the expansion. the cun at.ure eff<•cts of 
the space quickly becomes inessential and tlw models ter d to the corre­
sponding spatially fla.t GR solution. 

3. k = -1, a > 2/n - 1 (Fig. 2a). E-frame expanding models are presented. The 
phase portrait for contracting models can be obtairwd by tran:forrnation (H) 
(note that for the dynamical system (62) the variable T does not. change th<' 
sign). The function h( T) is increasing and the function H(t) is derreasing .. 
All the models, except the special ones, begin evolution in tlw neighborhood 
of the spatially fiat pure gravi-dilaton solution and finish it <•n tlw scgnwnt 
x = 0, z = 0 on the lower boundary .. The corresponding limiting va.lue of the 
dilaton depends on the initial conditions. 

4. k = -l,a < 2/n- 1 (Fig. 2b). After the initial noninflationary expansion 
in the vicinity of the pure gravi-dilaton solution the models enter into the 
inflationary era and tends to the GR solution. The inflation leads to the 
strong suppression of the dilaton variations .. The trajectories quickly tends to 
the GR flat solution. There are also a class of models beginnin~ the evolution 
on the segment. x = 0, z = 0 (separatrixcs of the degenerate s< ddlc points on 
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this segmeitt). Thus, unlike to the case of the closed models (Fig. 1b), now 
he dilaton ;tabilization takes place for the all models. As for the considered 
example of the function a(y), we have assumed a(O) > 0 and a(1) < 0, then 
the critical points (58) can not be stable. 
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A NOTE ON QUANTUM 

PITCHFORK/SADDLE-NODE BIFURKA'IIONS 

IN A PERTURBED OSCILLATOR WITH 
FOUR-PARAMETRES 

Yoshio U wano 

Department of Applied Mathematics and Physics, 
Kyoto University, Kyoto 606-8501, Japan 

Abstract 

In this paper, a quantum mechanical study is made for a 1:1 resonant per­
turbed oscillator in the Birkhoff-Gustavson normal form with four pa1 ameters, 
which exhibits both pitchfork and saddle-node bifurcations in its per odic tra­
jectories in classical theory. On quantizing that oscillator, it is shnw~ that 
two kinds degeneracies of energy levels are shown to take place as 1uantum 
counterparts of those bifurcations. 

1 Introduction. 
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It has been an interesting question whether significant phenomena, ::uch as chaos, 
bifurcations, ... , etc., exhibited in classical dynamical systems admit ·.heir quantum 
counterparts or not (see [N] and references therein). In a series cf papers [U1-
3] of the author, quantum counterparts of bifurcations were studied in certain 1:1 
resonant perturbed oscillators in the Birkhoff-Gustavson normal form "'l'ith two/three 
parameters. 

This paper is a continuation of [U1-3], and aims to study quantum counterparts of 
pitchfork/ saddlenode bifurcations of periodic trajectories in a 1:1 resor ant perturbed 
oscillator with four parameters in the Birkhoff-Gustavson normal form. Through the 
torus quantization, two kinds of degeneracies of energy levels are shown to exist as 
quantum counterparts of the pitchfork/saddle-node bifurcation. The ouantum study 
of the saddle-node bifurcation has been prepared already [U4], anc an extended 
version of this note is in preparation [U5]. 

The perturbed oscillator to be dealt with in this paper is a Hamiltonian system 
(R 2 x R 2 , dp 1\ dq, H a) defined as follows. Let (R 2 

X R 2 , dp 1\ dq) be the phase space 
endowed with the canonical symplectic 2-form, dp 1\ dq = I:~=l dpj ,\ dqj, where q 
and pare the Cartesian coordinates of R 2 's. The Ha is the Hamil tor ian given by 

(1) 
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where J, L1, 1,2, and L3 are defined by 

1 2 2 1 2 2 
J = 2(Pl + ql) + 2(P2 + q2), 

L2 '= q1P2 - q2P1, 

L1 = q1q2 + P1P2, 

1 ( 2 2) 1 ( 2 2) L3 = 2 PI + ql - 2 p2 + q2 . 

The a= (aj)j=l,-··,4 in Ha are the parameters taking their values in the region, 

(2J 

Po= {a= (a1, .. · ,a4) E R 4
1 aj > 0 (j = 1, · · · ,4), a3 > a4}. (3) 

The Ha is can be regarded as a Hamiltonian of a perturbed system of the l:l 
resonant harrronic oscillator, on account of H0 =].Moreover, Ha is in the Birkhoff­
Gustavson nmmal form since it Poisson-commutes with J. The cases of a 1 = a 4 = 0 
and of a 4 = 0 were dealt with in (Ul-3]. 

The contents of this paper are summarized as follows. In Sec. 2, it is shown that 
the perturbed oscillator exhibits both pitchfork and saddle-node bifurcations in its 
periodic trajedories,whose bifurcation sets are given by 

r:P ={a E PI c/JP(a) = 0}, 8 8 ={a E PI ¢!8(a) = 0}, (4) 

respectively, v•here c/JP (a) and ¢!8 (a) are the functions defined by 

c/!P (a) = 1 - ( :: ) 2 - ( ::) 2 ' 
"s( ) _ ( _ )2/3 _ ( 2/3 + 2/3) 
'f' a - a4 a3 al a2 · (5) 

With Section 3, the torus quntization of the perturbed oscillator starts. Since the 
perturbed osctllator adm"its J as a first integral, all the regular compact connected 
components of the level sets of Ha and J, provide a family of invariant tori (AM] 
required for the torus quantization. After the introduction of the torus quantization 
condition, a s 1fficient condition for degeneracies of energy levds is derived, so that 
two kinds of d·~generacies of energy levels are suggested as quantum pitchfork/saddle­
node bifurcat:ons. 

In Sec. 4, ·me of those kinds of degeneracies is shown to be a quantum pitchfork 
bifurcation: The set of the values of parameters,a, at which the degeneracies take 
place is bounded by the classical pitchfork bifurcation set BP. 

In Sec. 5, the other kind of degeneracies is shown to be a quantum saddle-node 
bifurcation: The closure of the set of the values of parameters, a, at which the 
degeneracies 1 ake place is bounded by the classical saddle-node bifurcation set 8 8 . 

2 Bifm~cations of Periodic Trajectories. Classi­
cal Theory. 

Since J is a first integral of the perturbed oscillator, the U ( l) action, 

p -t iq E R 2 x R 2 ~ exp(is)(p + iq) E R 2 x R 2 (s E (0, 2rr]), (6) 
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generated by .J is admitted as a symmetry of the perturbed oscilla .or. Hence the 
perturbed oscillator can be reduced by the l1(1) action to a Hamilto1ian system on 
the quotient manifold, .J- 1 (v)/U(l), of the level manifold. 

J- 1 (v) = {(q,p) E R2 x R2 I J(q,p) = v > 0}, (7) 

of./. The ./- 1(v)/U(l) is shown to be diffeomorphic to .','2 , the t•vo-dinwnsional 
sphere with unit radius, by using the Hopf map, 

of .J- 1(v) to 8 2
• Through 7rv, the Hamiltonian equation for the pert! rbed oscillator 

is reduced to an 'Euler-like' equation [U2-a], 

dx 2 red ( 2 3 -d = -- x x grad/J" v :rES C R·, x :the vector product) 
l v ' 

(9) 

on 8 2
, where f(~~~d is the reduced Hamiltonian defined 011 S' 2 of the form, 

(10) 

which is induced from flo through 7rv. The reduction procedure p10vides us with 
the following crucial fact [K,CR]: 

Fact 1: For every equilibrium point of Eq. (9}, there e.rists en mch .J-1(1;) 
the unique periodic trajectory which is pmjccted to the equilibrium po inf thmugh 7r v. 

Such equilibrium point and its associated pcr·iodic trajectory share th1 same stability 
signature. 

Owing to Fact I, we look into the e.p.'s of Eq. (9) instead of the periodic trajec­
tories of the perturbed oscillator. 

Lemma 2: All the possible equilibrium points of Eq. (9) are cla.s8ijird as in 
Table 1 according to the signatures of ¢>5 and ¢>P defined by ( 5). In 'l'ablr I. 'c ', 'h ·. 
and 'd' stand for e. p. 's with a definite }arabi matrix, with an indefinite one, and 
with a degenerate one, and the mman digits indicate r1.umbrr·s of the n. 

II ¢/'(a) < o I ¢~'(a)= o 1 ¢/'(n) > o 
¢/'(a)< 0 2-e 1-e, I-d a-(', 1-h 
¢/j(o.) = 0 2-e, I-d 1-e, 2-d 3-<', 1-h, 1-d 
r(a) > 0 a-e, I-h 2-e, I-h, I-d 4-e, 2-h 

Table 1: The classification of the equilibrium points of Eq. ( 10) 

Each row of Table I implies that a pitchfork bifurcation [MR] tak 'S place for the 
e.p.'s when a passes across the set BP defined by (4) with (5). So do·~s each column 
of Table I that a saddle-node bifurcation [MR] takes place when a pc.sses across the 
set 8 5 . Recalling Fact I, we have the following: 
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Theorem 3: On every J- 1 
( v), the periodic trajectories of the perturbed oscilla­

tor allowed to exi.>t by Fact 1 exhibit the the pitchfork (resp. saddle-node) bifurcations 
as the parameter a E P passes across BP (resp. 8 5 ) defined by (4} with (5). 

3 Setting up the Torus Quantization. 

A. Family of In variant Tori Since J is a first integral, we are able to construct 
a family of invariant tori required for the quantization [AM] by collecting all the 
compact connect·~d regular component of the level sets of .J and !(, expressed as 

Ma(v,E) = {(q,p) E R2 x R 2
1 J(q,p) = v, Ha(q,p) = v + v2E}. (11) 

We note that, ac :ording to the Arnold theorem, each of such components is diffeo­
morphic to the t1vo dimensional torus, which is called the invariant torus [AM].We 
get a classificaticn of the topology of Ma(v, E) [U5] in the following by using the 
local triviality pnperty [Nk] of the principal U(1) bundle 7rv: J- 1(v)--> S2. 

Lemma 4: Tf a level set, Ma(v, E), of H"' and J is r·egular,it is diffeomorphic 
to one of the following listed in Table 2, where U stands for the disjoint union 
operation. 

[ II cV(a) < o I <V(a) = o I ¢/'(a)> o I 
'(a)< 0 T2 T2 T2, T2 UT2 

'(a)= 0 T2 T2 T2, T2 U T2 ·~ " (a) > o T2 ,T~ li T2 _'f_:_,_I2_ll T2 T2 ,_!~_U_'l'~ .. 

Table 2: The classification of the regular Ma(v, E) 

B. Quantization Condition We are now in a position to introduce the quan­
tization conditior for the invariant tori:An invariant torus is quantizable if and only 
if the integral cor.dition, 

-:: p dq- -M(c) E Z (the set of all the integers), (12) 1 i T 1 
27U c 4 

is valid for every (smooth) loop c in the torus, where n = (Plank's constant)/27r 
[AM]. The first t·~rm of (12) is the action integral and the second one a quarter of 
the Maslov index.The quantizable tori are said to represent 'quasi-classical' states 
of a given Hamiltonian system [W]. 

Owing to the Stokes' theorem, we have to estimate (12) only for a pair of topo­
logically indepen ient non-contractible loops in each invariant torus T 2:Since the 
local triviality [N {]of the U(1) bundle,1r.,: .J-1 (v)--> S2 provides us with the diffeo­
morphism, T2 c:::: U(l) x 7rv(T2

), for T 2
, one of the non-contractible loops, denoted 

by c1 , is the factcr space coming from the U(1) action (6): 

c1 = {(q,p)ET2 Ip+iq=exp(is)(p+iq),.sE[0,27rl}, (13) 
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where ( ij, p) E T 2 is fixed arbitrarily. The other loop, denoted h) c2 , of T 2 is 
constructed by using a local cross section [Nk], av: x(-=f. (0,0,-L)) E 5 2 r-t 

ffv(Q(x),P(x)) E J- 1(v), of "lrv: J- 1(v)--> 5 2 , where 

Q(x) = ( J(l + x3)/2, xdJ2(1 + x3)), P(x) = (o, xdv'2(i+ x3)). (14) 

The c2 for T 2 subject to (0,0, -1f rf_ 1rv(T;;,±(v,E)) is defined by 

which is oriented oppositely to the solution of (9) along 7rv(c2
). 

C. Sufficient Condition for Degeneracies Before estimating ( .2), we are to 
think of a sufficient condition for degeneracies of energy levels. Wit !lin the torus 
quantization, an energy level, say £, admits is degenerate if and onlr if there are 
at least two quantizable invariant tori both on which Ho: takes the ommon value 
£. Assuming such quantizable tori denoted by T] (j = 1, 2) are ino:luded in the 
level sets, Mo:(flj,Ej), we have£= v1 + vfEl = v2 + v?E2. Hence, <cS a sufficient 
condition for this equation, we obtain v1 = v 2 = :3v', and· E1 = E2 = 3E', which 
implies T1

2
, T:f ~ Mo:(v', E'). To summarize, we have the following: 

Lemma 5: A degeneracy of energy levels takes place if there exis1s at least one 
level set, Ma(v, E), homeomorphic to T 2 lJ T 2 both of whose T 2 co nponents are 
quantizable. 

We identify the families of the invariant tori made by collecting all the Mo:(v, E) 
~ T 2 lJ T 2 which emerge due to </JP(a) > 0 (resp. ¢J8(a) > 0: 

Lemma 6: Let .A0 = 0 and .Ak (k = 1, 2, 3) be the solutions of tht equation, 

(16) 

subject to .A1 < a 3 < .A 2 < .A3 < a 4 , where .A 2 and .A3 are admissible only in the case 
of </J8 (a) > 0. With .Ak {k == 0, 1, 2, 3), let Ek be associated by 

(17) 

Then the family of invariant tori emerging due to <PP(a) > 0 cons1sts of all the 
Ma(v, E) ~ T2 lJ T2 subject to E E (Eo, EI), which will be denoted by TP. The 
family emerging due to ¢J8 (a) > 0 does of those subject toE E (E2 ,El), which will 
be denoted by T 8 . 

4 Quantum Pitchfork Bifurcation. 

So far we have specified the family of invariant tori, TP, associated w th the pitch­
fork bifurcation, we estimate the quantization condition (12) for the nvariant tori 
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belonging to TP, and then determine the values of a at which the degeneracies 
allowed to exist by Lemma 5 for TP 

It is conv~nient to denote the invariant tori in M 0 (v, E) -::::- T 2 U T 2 E yP by 
T'j;(a,±;v,EI, which stand for 

T,;(a, +; v, E)= Mcx(v, E) n {(q,p) E R 2 x R 2 IL1(q,p) > 0} 

T,;(a, -; v, E)= Ma(v, E) n {(q,p) E R 2 x R 2 IL1 (q,p) < 0}. 
(18) 

Accordingly, vve denote by c~(a, ±; v, E) (j = 1, 2) the pair of non-contractible loops 
defined by (13) and (15) for T'};(a, ±; v, E). 

Equation (12) for c~(a, ±; v, E) is easily evaluated to give 

v=n(n+1) (n=0,1,···), (19) 

which agrees with the usual quantized values of J. Since the canonical transforma­
tion, (qh q2,Pt,P2) f-+ (qt, -q2,Pl, -p2), causes the interchange of T'j;(a, ±; v, E), the 
Maslov index and the action integral for c~(a, ±; v, E) are calculated to be 

2 )) 1 i T 1 i T M(cp(a, ±;v,E = -2, ----;; p dq =----;; p dq, (20) 
27rn c~(cx,+;v,E) 27rn c~(o,-;v,E) 

so that we h<ve the following. 
Lemma •r If one of T'j;( a,±; v, E) is quantizable, then so is the other. 
We contir ue estimating (12) to identify the values of a at which degeneracies of 

energy levels take place allowed to exist by Lemma 5 for yP. A key equation is 

1 i T V p ----;; p dq =--A (a; E), (21) 
• 2.1rn c~(cx,-;v,E) 7r 

where AP( a; E) is the area enclosed to the left by c~( a,-; E) c ,cp. Note that 
AP (a; E) is v•ell-defined even in the case of E = E1 as the area enclosed to the left 

by a simple o Jmponent of the separatorix given by H~~d = v + ~2 E1 . The properties 
of A:(a; E) to be utilized are presented in Appendix. 

Let a be ixed to satisfy qf(a) > 0 and v be quantized as (19). The increasing 
and the continuity properties of AP(a, E) (see Lemma 13 in Appendix) are put 
together witlL (21) to show that there exists at least a pair of quantizable tori, 
T 2(a,±;n(n t-1),E) if and only if 

AP(a,E1 ) > 27r/(n + 1) (22) 

holds true. S nee Eq. (22) is in fact valid for every sufficiently large n, we have the 
following rec;,lling Lemma 7: 

Lemma :~ For· every a belonging to 

VP ={a E Pi4/'(a) > 0} (23) 

there exists at least a pair of quantizable tori, T'j;( a,±; n(n + 1 ), /~) with large n. 
Since yP cannot exist anymore, we have the following. 
Theorerrt 9 The degeneracies of energy levels associatt:d with TP is a quanlmn 

pitchfork bifurcation in the sense that the classical bifurcation sri BP bounds VP. 
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5 Quantum Saddle-Node Bifurcation. 

Now that we have found the quantum pitchfork bifurcation, we rr:ove on to find a 
quantum saddle-node bifurcation in the energy levels associated \lith T 5 . Let us 
denote the invariant tori in T" by 

T~(a,+;v,E) = M"(1;,E) n {(q,p) E R 2 x R 2IL2(q,p)- ...f2;;j(>.2 - n:l) > 0} 

T~(n, -; IJ, E)= M"(v, E) n {(q,p) E R 2 X R 2IL2(q,p)- ..)2;;;(>.2- n:J) < 0} (24) 

Accordingly, we denote by<.,.( n, ±; J;, E) (j = I, 2) the non-contracti )]e loops defined 
by (t:l) and (IS) for T.Ha,±;v,E). While we haw (19) a.nd the l.rst equation of 
(20) again for these loops, the second equation of (20) does not hold true anymore 
because the pair of tori, 1:~( n, ±; v, E), docs not admit the symmetry admissible for 
Tj,( a,±; IJ, E). Hence, we have to think of another way to estimate c>stimate ( 12) for 
c~(n, ±; v, 8): The way is to put the sufficic•nt condition for the degeneracies giw·n 
by Lemma 5 into the condition, 

with 

i pdq + i pdq E 'brZ, 
c~(<>,+;v,lc) c~.(<>,-;v,E) 

i pdq + 1r E 21rZ. 
c~(o,+;v,E) 

The I. h. s. of (25) can be put in a complex integration of the form. 

with 
8(z) = a 4(a3- a 4)z2 + 2a4 o:2z +(a~- 2En.1 - 2ai I 

R(z) = -a3a4z2 - 2a4 a 1 z + 2Eo:4 +a~, 

(25) 

(2G) 

(2S) 

The integration is taken along a non-contractible loop I'(n; E) en the Hiemann 
surface diffeomorphic to T 2 of [S(z) + 2a2 [R(z)pi2J112

. Under (19), a calculation of 
(27) with the Residue theorem [JS] results in 

(n = 1, 2,, · · ·, 111. = I, 2, · ·, n), (29) 

a necessary condition for the degeneracies associated with Ts. 
We are now in a position to estimate (2G). A key equation is 

1 i T V 'i -,- pdq=--k(a;R) 
21rft c~(<>,-;v,E) 7r 

(30) 
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similar to (21), •vhere A 5 (a; E) is the area enclosed to the ldt by (:~(a,-; 8) c S 2 • 

:\Tote that A 5 (a E) is well-defined also in the case of E = /~:1 as the area enclosed 

to the left by sinple component of the separatorix given by /(~~:d = v + 11 2 /~3 • The 
properties of A 5 (a; E) to be utilized are presented in Appendix. 

In view of (D) and (29), our estimation will be made under the assumption, 

cjy
8 (a) > 0 with (19) and (29). (31) 

Under (31), the decreasing and the continuity properties of A'.,.(o, /~)(sec~ Lemma 1:3 
in Appendix) a1e put together with (30) to show that there exists at least one 
invariant torus i ·and only if 

A3 (a; E3 ) > 2-rr/(n + 1) (32) 

holds true. Und·~r (31), A( a, E 3 ) will be denoted by A;:'(a2; c~3 , o:4) henceforth, on 
account of a 1 = mJa3 -a4 j(n + 1). Note that A;:'(a2;a3,a4) satisfies (39) in 
Appendix, whicr will play a key role below. 

We wish to describe a for which (32) hold~ true in more detail. Let a.1 and a 4 

be fixed arbitrarily to be a3 > a 4 (cf. (3)). Then under (31), a 2 can range over 
(O,a;:'(a3,a4)), •rhere a;:'(a3,a4) is defined by 

a;:'(a2,a4) = (a3- a4) 213 - {m2a3(a3- a4)} 1
/
3j{(n + 1)VI3 (33) 

which obviously satisfies (39) in Appendix. In view of (32), let. us look into the 
solution of the equation 

2-rr 
A~(~+1)-J(a2;a3,a4) = K(n + 1) 

2-rr 
{ K( n + 1) - 1} + 1' 

(34) 

for a2 in (O,a~0-tl)-J(a3,a4)) under (31). If" is chosen to be sufficiently large, the 
decreasing prope·ty of A~0+l)- 1 (a2 ;a3 ,a4 ) for a 2 (see Lemma 13) implies the ex­
istence of the unique solution of (34) which will be denoted by a;:.,n(a3, a 4). Hence 
recalling the deCJeasing property of A;:'(a2; a 3, a 4) again, we have a sufficient con­
dition for the degeneracies: 

Lemma 10: Under (31), let the integer " be large enough for (34) to admit 
the unique soluti£·n a;:.,n(a3, a4). 

Since D can l•e shown to be dense in the subset of P determined by cjy5 (a) > 0 
(cf. {U3}), we ha Je the following: 

Theorem 12 · The degeneracies of energy levels associated with T 5 is a quan­
tum saddle-node bifurcation in the sense that the classical saddle-node bifurcation 
set 8 8 bounds thc closure of D 5 . 
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6 Concluding Remark. 

We have shown that, in the four-parameter perturbed oscillator, the d ogeneracies of 
energy levels associated with the families of invariant tori Tp (resp. Ts.l are quantum 
pitchfork (resp. saddle-node) bifurcations.From the results above and those in [Ul-
3}, the structures of the set of the values of parameters admitting tht degeneracies 
associated with pitchfork/saddle-node bifurcations are conjectured as follows: For 
pitchfork bifurcation, the parameter-set might be identical with eith,~r of the sets 
partitioned by the classical bifurcation set. In contrast with this, for saddle-node 
bifurcation, the parameter-set might be dense in either of the sets partitioned by the 
classical bifurcation set. It will be checked in future studits on the remaining cases; 
the five/six-parameter cases. 

Appendix 
We present, very briefly, several properties of the areas, AP(a,E) (resv. A 8 (a,E)}, 
enclosed to the left by the loops, c~(a, -;E) (resp. cHa, -;E), and thereby those 
of A;:'(a2;a3 ,a4 ) = As(a,-;E3). It is convenient to introduce the .sometry X of 
S2

\ { x 2 = 1} to D, the open disk with the unit radius, which is define<( by 

(35) 

Through x, AP(a, E) (resp. A 8 (a, E)) are mapped isometrically to the area on D 
enclosed to the left by the loops expressed as 

withE E (E0 , EI] and e < 0 (resp. withE E [E2 , E3 ) and TJ < aif(>-.2 - a 3)}, where 
cl and c2 are given by 

Estimating (36}, we have the following: 

(37) 

(38) 

Lemma 13 AP(a,E) is continuous in both E and a, and incrwsing with E. 
A 8 (a,E) is continuous in both E and a, and decreasing with E. Furt1.er, AP(a,E) 
(resp. A 8 (a,E)) tend to zero as E! Eo (resp. E T E3). 

For A;:'(a2;a3 ,a4) identical with A 8 (a,E2) under {31} and a;:'(a3,a4), we have 

{K = 1, 2, · · ), on account ofm/(n + 1) = Kmj{(K(n + 1)- 1) + 1}. 
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TRIANGULAR REPRESENTATION OF 

HAMILTONIANS AND GENERALIZED GAUSS 
HYPERGEOMETRIC SERIES 
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Ustav jaderne fyziky AV CR, 250 68 Rez, Czech Republic 1 

Abstract 

Within a (generalized) power-series method the /) + !-term ··ecurrences 
are interpreted as a linear algebraic Schriidinger equation with a triangu­
larized Hamiltonian matrix. In partitioned notation, this equati m may be 
read and solved as two-term recmrences forD- dimensional arra:'s of coeffi­
cients. For illustration, bound states in all the shape-invariant-like potentials 
are then shown obtainable in two steps. The first one is analytic: n terms of 
certain generalized r -functions, both (by definition, ~symptotica ly ~orrect) 
Jost solutions are constructed as D - dimensional matrix genera izations of 
the Gauss hypergeometric function 2F1 . In the second st<'Jl we re< om mend a 
matching of the right and left .lost solution in the origin. This is shown sig­
nificantly facilitated by aPT -like double-parity symnwtry of our particular 
illustrative models. 

1 The generalized power series method. 
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Bound states are often constructed, in an orthonormalized basis {In)}, via a varia­
tional Ansatz 

N 

j\ll) ~ l\l!N) = L In) dn, N ----> oo. (I) 
n=O 

This gives Hamiltonians II represented by hermitean matrin•s. Tl <'ir diagonaliza­
tion becomes a routine numerical procedur<' (1]. Still, th<• n·quirern•nt of orthonor­
rnality (mjn) = Dmn is nontrivial and may even become counter-productive. For 
example, the well known exact eigenstates 

d0 tanhP x , ( l I I ) 
I{!{PT)(x) = h" 1'1 -

2 
(~~: + 1 + p +A), -

2 
(2~~: + p- ;1); I + t;; --

2
-

cos X COSh X 

of the one-dimensional Poschl-Teller model fiU'T) = p2 - A( A+ I)/ rosh 2 :r (with 
energies E = -~~:2 and parities (-I )P, p = 0, 1) may most easily b ~ produced in a 
non-orthogonal basis { jn{PT))} [2]. 

1e-rnail: znojil«vujf.cas.cz 



194 

The use of an "optimal", Hamiltonian-adapted basis is characteristic, e.g., for 
the numerical method of Lanczos iterations [3]. It might be recalled here as a 
variational parallel and main methodical inspiration of our ,"orthcoming construction. 
Unfortunately, th~ analogies between variational and non-variational methods are 
not too strong; t:te related mathematics must be analysed with due care. In our 
illustrative ex amy: le, the insertion of the Ansatz ( 1) (with "the best" basis {In {PT))}) 

into the differenti :tl Schrodinger equation ( H{PT) - E) I \II) = 0 only leads to a non­
hermitean linear <Llgebraic problem 

( 

ao 0 0 0 . . . ) ( do ) 
bo a1 0 0 . . . d1 = 

0 0 b1 a2 0 . . . d2 · 
. . . . . . . . . 

(2) 

Still, its "diagon<dization" (i.e., explicit specification of <ill the coefficients dn in 

terms of a few r -functions) is immediate: We have a norm d0 # 0 and explicit 
d1 = -dobo/a1 et<, with a 1 # 0 etc. 

The "next-to-lOlvable" cases (to be considered here) induce, as a rule, more 
lower diagonals in eq. (2) [4]. One has to replace eq. (2) by another non-hermitean 
equation. We may only preserve its two-diagonal (or rather two-term recurrent) 
form via its D-d mensional partitioning, 

where we collect, say, 

Bo 
0 

( 

Ao • 0 0 
AI 0 
B1 A2 

D, ·~ ( :~::)' 

0 
0 
0 

... ) (Do) . . . D1 

... D2 

m = nD -mo, 

=0 (3) 

n = 0, 1, ... 

with m 0 = 1 or, :)etter, m 0 = D. Thus, the solution of the latter non-hermitean, 
triangular-matrix problem is again recurrent and easy, 

Di = -Aj1 Bi Di-I, j = 1,2, ... (4) 

This is the core of our present proposal. We intend to de;. ~onstrate that the degree 
and range of para] lelism between equations (2) and (3) (and, first of all, between their 
respective "exact' and "next-to-exact" solutions and their interpretations) is quite 
surprising. This might prove unexpectedly helpful in multiple physical applications. 
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2 Asymmetric triangularized Hamiltonians. 

Let us remind the reader that in one dimension the closed (a. k. a. sl.ape invariant) 
Gauss hypergeometric bound-state solutions only exist for the Rmen-Morse well 
V{RM}(x) = (---A( A+ 1) + B sinh 2x)/ cosh2 x and for its "scad" modification 
V{sc}(x) = [(2A+1)B sinhx+B2-A(A+1)]/cosh2x (cf. Table4.1 i1review [5] for 
more details). Both these forces degenerate to their above-mentioned J>T predecessor 
in the limit B ---+ 0. Here we intend to show that their D = 1 l ypergeometric 
solutions admit an immediate D > 1 generalization applicable, e.g., to the further 
elementary forces 

{M}(f ) f V{N}( ) _ g ·sinh X ( ) v. ,x = coshM x' a g,x - coshN x 5 

and their superpositions. For this purpose we shall introduce a pararreter a ~ 0 and 
indices p = 0, 1, q = 0, 1 and 11: + 2n + p = 17(n,p) = 17 and contemplate the following 
generalization of (xln{PT})} with a multiple index tt = tt(n,p,q) = 4n + 2p + q ~ 1, 

. hl-q 
( 1

- ) t ( ) Sill X a arctan(sinhx) 
X =.,11. := <,n,p,q,a,K X = +2 + e . 

cosh" n P x • . 
After differentiation with respect to the coordinate x we may determine the action 
of the kinetic Hamiltonian T =---a;, 

TI:=:IJ.(n,p,o)) = -( 17- 1 )2 I:=;IJ.(n,p,o)) + (217 - 1) a I:=;IJ.(n,p,l)) t 

+(172 + 17- a2
) 1:::;/J.(n+l,p,O))- (217 + 1) a i:=:IJ.(n+l,p,l)), 

TI:=:IJ.(n,p,l)) = -172 I:::;IJ.(n,p,I)) + (217 + 1) a I:::;IJ.(n+l,p,o)) + (172 + 17- a
2

) i:=:IJ.(n+l,p,I))· 

The states with p = 0, 1 stay decoupled. At a= 0 (to be fixed fron now on) the 
action of T also conserves the spacial parity q. We may choose the two different 
and asymptotically WKB-compatible initial kets IO) with p = 1 - q = 0 or 1, i.e., 
(xi:=:IJ.(o,o,1)) =cosh-" x or (xi:=:IJ.(O,l,o)) = sinhx · cosh_"'_1 x. The rep~ated action of 
H = T + V on IO) generates then the two Krylov-like (or Lanczos-like) bases. In 
this sense, our forces (5) split to the four different categories as listed in Table 1. 

Table 1. Reduced bases {In)}= {l:=:k(nj)} for potentials (51. 

n 0 1 2 3 4 ... 0 1 2 3 4 ·3 
potential kn (first option) kn (second option) 

v.,(2K)(x) 1 5 9 13 17 ... 2 6 10 14 18 --

v.,(2K+I)(x) 1 3 5 7 9 . .. 2 4 6 8 10 ... 
·-

vPLl(x) 1 4 5 8 9 . .. 2 3 6 7 10 ... --
vPL+I)(x) 1 5 6 9 10 . .. 2 5 6 9 10 ... 
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Recalling 1 he first line of Table 1 for a more thorough discussion, we notice that 
the p- and q--preserving Hamiltonians H = T+ v;PKl(x) act irreducibly on the two 
alternative p o= 1-q = 0 or 1 bases. At f{ = 1 this reproduces our above observation 
and replacemo!nt of the Poschl-Teller differential equation (H{PT)- E)l\fl) = 0 by 
the strictly t¥·o-diagonal algebraic equation Q(p)i = 0 (3) with D = 1. At /{ = 2, 
the coupling _r would move one step down and require D = 2. A neat illustration 
at D = /{ = ~ with ~Xj = -j (2r;, + j) and {3j = (r;, + j)(r;, + j + 1) reads 

0 0 0 0 ... 0 0 0 0 . -. 
~' a2 0 0 . . . {3!' a2 0 0 . .. 

Q(O) = 0 ~' ~ 0 . . . 

f 0 ~' ~ 
Q(1) = 0 {33, a4 0 . -. 

f 0 (is, a6 

etc. The "fo1gotten" second symmetric model V.,( 2K+I)(x) still complies with the 
q-preserving twins 1:=:2n+I) and !:=:2n+2), n = 0, 1, .... The mere three neighbouring 
diagonals appear in their lower triangular representants of Hamiltonains Q = Q(q) 
at /{ = 0 so that a two-dimensional partitioning suffices in recipe (3). A three­
dimensional partitioning is needed forK= 1 whileD= 2K + 1 further on. 

The secon-l half of Table 1 describes the q-mixing bases and antisymmetric po­
tentials Va(N) ( r ). The action of antisymmetic models vPL) (X) = g. sinh X- cosh - 2

L X 
with L :2: 1 p1eserves the value of pin the basis, 

vYLl(x) I :::l'(n,p,q)) = .(1 - q) g . l::::l'(n+L-l,p,l-q)) + ( -1 )l-q g - l::::l'(n+L,p,l-q)). 

With the sarrte abbreviations as above, we get the explicit "antisymmetric scarf' 
(AS) L = 1 Hamiltonian at p = 0, 

0 
g al 

f3o g a2 

Q(AS)(O) = 0 f32 g a3 
-g {32 g a4 (6) 

0 {34 g as 
-g {34 g a6 

etc. The las, row in Table 1 seems to be most puzzling. Firstly, the simplest 
vYl (X) = g tanh X has to be eliminated as not confining at all. Secondly, the 

reducibility of action of H = p2 + vPL+!)(x) is controlled by numbers I = 2p + 
q (modulo 4) which look mysterious. Elements with I= 1 and I= 2 never mix with 
their unphysi :al, I = 0 and I = 3 counterparts. Thirdly, both our initial choices of 
IO) = 1:=:1 ) an l IO) = 1:=:2) generate the same output. The difl'erc~nce will only lie in 
the elements Jf Q. 
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3 Application: Bound states. 

Expansions ( 1) will define .lost (i.e., asymptotically correct) solutions of Schrodinger 
equations, provided only that we prove their convergence at all coc rdinates. This 
type of convergence (different form the possible loss of normalizabil:t.y) is virtually 
controlled by the mere asymptotically increasing kinetic matrix elements in Q. The 
changes in the potential may only play a marginal role. 

Let us pick up the AS model with L = 1 and lJ = 2 for det< iled study. In 
its Hamiltonian (6) the contribution of the coupling g is clearly separated from the 
growing and energy-dependent kinetic terms. This is a core of the proof. Technicaily, 
it recalls eq. (1 ), 

00 00 

j=O ]=0 

We visualise our linear algebraic Schrodingcr equation (:q as two-ditrensional recur­

rences (4) for doublets of coefficients [Dn+t-p]j = [Dn+I-p(p)]j = d~~,:+-.i-p(p) with 

and j = 1, 2, p = 0, 1 and n = 0, 1, . . .. As long as we have 0 > n 1 > n 2 > ... 
at any K > 0, our vectors of solutions are well defined and unique. /1symptotically, 
·their upper and lower components decouple in a p-indep<•ndent way, 

q = 0 or 1. 

(8) 
Off the origin, the discussion of convergence of both our infinite sen's (7) is short. 
As long as cosh x > 1 for all the nonzero and real coordinat.cs .r "/= '), tlw <>stimatc· 
(8) implies that our series (7) arc absolutely convergent.. For all the (complex) 
couplings g and energies -K2 this follows from an ordinary geometric nitc•rion. Th<> 
same conclusion may immediately be extended to complex coordinat ·s .r + iy which 
lie out of the fairly narrow strip lxl :::; ln(l + v'2) or, bett.Pr, to th<> c·xterior of a 

wiggly bounded domain I cosh(x + iy)l = Vsinh2 x + cos2 y :::; l. A n·fined Haalw 
criterion is only needed (and implies an indeterminate behaviour oft lw type 0 x oo) 
in the limit x -+ 0. Strictly speaking, this entitles us to work on a punctur<>d 
domain of x E ( -oo, 0) U(O, oo ). Generically (i.e., at unphysical en ,~rgies) W<' may 
only preserve the analyticity in the origin at the cost of violation ( f the "second" 
asymptotic boundary condition (by each analytic continuations of < ur "one-sided'' 
.lost solutions). Vice versa, we have to match the ldt and right .lost solution at 
:r = 0, presumably, numerically. 

At both p = 0 or p = I, our .lost solutions (7) with codficients d1 = d~91 (p) 
consist of the two separate summations, each with a well defined spaci il parity (-I )q, 
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li[1(.4SJ(p)) = lw(e,en)(p)) + lw(odd)(p)). The first few coelficicnts d~q)(p) = d!,q)(p,g) 
are easily derived 

d~1 )(0) = , d\0)(0) = -g/at, d~1 )(0) = -/3o/a2 + g2/(nla2), 

d~0)(1) =I, d\1)(1) = -g/al, d~0)(1) = -/3I/a2 + l/(a1n2), 

and seen to exhibtt an unexpected symmetry, 

d)q)(p, -g)= ( -1)p+q+l d)q)(p,g). 

A double parity operator may be introduced such that our generalized hypergeo­
metric functions ~,(Pl(g, x, K) = (xli[1(.4S)(p)) (7) become its eigenstates, 

p,~(P)(g,x,K) = ~(P)(-g,-x,K) = (-1)P~(P)(g,x,K). (9) 

In a reversal of this argument, any bound state i[!(.4S)(x) may be assigned, say, a 
positive F-parit). Summarizing, we may recommend its following g-independent 
normalization 

i[!(.4S)(x) = M ~(0l(g, x, K) + g · N ~(tl(g, .r, K), (10) 

Marginally, let m note that the P-symmetry of our Hamiltonians is, at purely 
imaginary coupliugs, an important quantum-mechanical analogue of PT invari­
ance in field tqem y [6]. Unfqrtunately, the "simplest possible" Rosen Morse model 
V{RM}( x) with imaginary B = ih/2 and parametrization h = -a2 sin 2r E ( -oo, oo) 
fails to behave in the standard way: Its closed Gauss hypergeometric solutions 

w( X) = ( .JY)"" COST-i 0" sinr ( JI=Y)"" cosr+i O"Sin T ~~ (a, b; c; y) (11) 

with a= a cosT+ A+ 1, b =acosT-A, c = 1 +aexp( -ir) andy= (1 +tanh x)/2 
remain normaliza >le at all the real energies E = -a2 cos 2r E ( -oo, oo ). 
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