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PREFACE

The 3d International Workshop on Classical and Quantum Infegrable Systems
was organized by the Joint Institute for Nuclear Research and Ye-evan State Uni-
versity and was held in Yerevan (Armenia) from June 29 to July 04, 1998.

The first two Workshops of this series were organized by the Joint Institute for
Nuclear Research in Dubna in 1994 and 1996. The Proceedings of ‘hese Workshops
were published in Dubna (1995) and in the International Journal of Modern Physics

A (1997).

The scientific programme of INTSYS-98 covers the following topics:

Classical and Quantum Integrable Systems with N Degiees of Freedom
Dynamical Symmetries and Superintegrability

Supersymmetry Aspects of Integrable Systems

Nonlinear Phenomena and Integrability

Geometrical Methods and Integrability

Quantum Groups, Quadratic Algebras, Other Types of Symmetries
Separation of Variables, Special Functions

Contractions of the Classical and Quantum Groups

Integrability in Classical and Quantum Gravity

The Workshop was supported by UNESCO, Russian Foundation for Basic Re-
search, Ministry of Science and Technology of the Russia Federaion, Bogoliubov
Laboratory of Theoretical Physics, Heisenberg - Landau Programme, Infeld - Bo-
goliubov Programme and Yerevan State University.
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PROBLEM OF ROTATION IN ALTERNATIVE
THEORIES OF GRAVITATION

R.M. Avagyan, E.V. Chubarian. H.A. Grigorian

Department of Physics, Yerevan State University
I Alex Manoogian St., 375049 Yerevan, Armenia

Abstract

From astrophysical observations it is possible to conclude, that the rota-
tion of cosmic objects is the general property of celestial bodies. The problem
of rotation, as one of unsolved problem of astrophysics, represents purely the-
oretical interest. The solution of this problem is would given possil ility to find
the external solutions of axial-symmetric fields in the frames of the different
theories of gravitation and to calculate the internal aund integra character-
istics of rotating configurations, to define a role of rotation for s ability and
energetic reserves of celestial bodies. . .

In this report the Kaluza - Klein (five dimensional theory of gravitation).
Einstein and Rosen (bimetric theory of gravitation) equations in the case of
axial-symmetric fields are obtained. The rotation is considered as perturba-
tion to a spherical problem. [1]-[2] All unknown functions are expanded by
non dimensional parameter § = g%(— , where G is the gravitation il constant,
pc is the matter density in the center of the star. @ in order of vilue is coin-
ciding with relation of rotation energy to gravitational energy, which for the
configurations is much less than unit. A successful choice of paraneter of the
perturbation theory allows us to be limited by linear approximation. In this
approximation in the frame of Kaluza Klein’s, Rosen’s and Einstein’s theories
the analytical external solutions of field equations are founded.

The main theses of the bimetric theory can be explained in the terms of
coordinateless differential forms [3]. The problem of a self-consiztent choice
of the ground metric of the curved space-time manifold is discussed [4]. It is
proved that the choice of the flat space-time metric is elosely coniected with
the choice of the frame of references and in this theory the inerticd and grav-
itational effects can be separated. Curved space-time with axial symmetry is
considered. Solved the problem of the slowly stationary rotating star config-
urations with the usec of perturbation methods as well as in Einstein theory.
The exact solution of the external gravitational field is found anc defined all
the physical characteristics of the rotating star such as the active masses and
corresponding to them gquadrupole momentum, the momentum of inertia and
their dependences on the angular velocity of the rotation. Investigations of
the inner structure of the star configurations for several astrophy-ical models
has been done. In particular, an analytic solution of the problem of rotation
in second order perturbation theory is found for star with the Fypothetical
equation of staie p = al, where ov = V12 = 3 [5].



1 Introduction

From astrophysical observations it is possible to conclude that the rotation of the
cosmic objects is general property of celestial bodies. The problem of rotation, as
one of unsolved p-oblems of astrophysics, represents purely theoretical interest. It is
necessary to offer a technique for its solution, as within the frameworks the Newton
[6],(7] as in Einstein [2] and alternative gravitational theories. The solution of this
problem is would given possibility to estimate the angular velocity of rotation for
calculation of the internal and external characteristics of rotating configurations.

The problem of rotation of configurations is so complicated that the exact solu-
tion of this problem is impossible even within the framework of Newton theory. The
account of effects in general theory of gravitation complicates the problem much
more. It is enoug to tell that there are not exact general axial symmetric external
solutions for the Einstein and others equations. Therefore does not surprised that
the methods of solution of the problem of rotation arising in the last decade are
approximate.

In the most successful method of solution the rotation is considered as a per-
turbation to a stetic problem. All unknown functions are expanded with respect to
dimensionless parameter 8 = 0?/8rGp. < 1. In particular the metric coefficients
will be represented in the form

" (1 S mgf:y) |

Calculations shovs that the obtained results are satisfactory in the whole range of
possible angular elocities, starting form zero up to limiting value .y = (%)‘/2,
where M is the rass of star, R, is its equatorial radius, determined from the con-
dition of absence of matter flow from the equator.

Let us consider the metric of gravitational field, created by stationary rotation
of mass distribution. It is obvious, that in this case the gravitational field as the
mass distribution will be axial symmetric as well,

. Gik = Gik (7‘, 07 Q) .

In the common case angular velocity of rotation  depends on r and §. Here we
use the following definitions for the coordinates z° = t,z/l =r,z? = 9, = ,

0 0 .1 2

. . !
Let us make the transformation of coordinates z° = —z%z' = z,2° =

zz,z:” = —z% Dy this transformation the sign of angular momentum wouldn’t
change. Hence the components of metric tensor g;xdo not change too, due to the

invariance of intecrval for g; immediately follows, that
go1 = g13 = g23 = g20 = 0.

Therefore, in the common case of axial symmetry the 4-dimensional interval in
the Einstein theory we write in the form

ds? = goo(dzo)2 +- g“(dzl)2 + ggg(dzz)z + g33(dz®)? + 2g1,dx'dz? + 2g43d2%dd.



The future simplification of this expression we can get by suitable transformation of
coordinates r and 6. We require, that in new coordinates g;, = 0 and (4, = gy, sin? .
In new designations for 4-dimensional interval we can write

ds* = (e —e*w’r?sin®0) di* — eMdr® — r’e” (d6* + sin® Ga?) +
+2wrlet sin? fdepdt,
where A, g, w and v is the functions of r, # and 2.
The metric will be invariant corresponding to the time inversion ¢ — —¢, when

the angular velocity is changed the sign, hence all the components of metric tensor,
besides w, will be even functions of 2.

2 Axial-symmetric fields in Kaluza-Klein theory

In the 5-dimensional Kaluza-Klein theory, wherein Einstein space-tirne is extended
by the introduction of one extra dimension, and in the expression ds? we must add
—e"dip* [8]-[12]. The extra-coordinate is . The function 5 is a fuiction of r, 9,
and even function of 2. We assume, that all functions does not depend on extra
coordinate .

5-dimensional Kaluza-Klein metric 1s

ds? = (e" — e*wirlsin 0) dt? — rdr? — rle (d@z +sin?0cp )
+2wrle” sin? Odpdt — e"di*.

For nonzero components of Einstein tensor we get the following exy ressions:(equa-
tions in the vacuum)

o _ oLl mo m_h mh 3 mh 3 m
Go = 2 © [r2+r+4 r P T 3 a2t +2+#11
v L mm mh o
G = 6[7'2+rr+2+4+ +4+2]

s e afputiuitrn  m ﬁ_ﬁ_)\ﬂh mp | mh
Gy = Gy=—e 9 +2r+4 r 4+4+4+

#% n mn M K1l V_12
4 2r 4 2 2 2

To compare the results with the results of the Einstein theory one has to put = 0.



2.1 Static case

For static field ve have identity
v4+A+n=0

Solutions in the vacuurn in units G = ¢ =1 are the following

e/\o — A—(EH b); e = Aa; oMo = Al—-(u+b); ™ — Ab; A=1_— &VI.
r

’

where a = conct,b = const,are arbitrary constants fulfilling the equation a? + b* +
ab = 1. Transit'on to Einstein theory yields a = 1,b = 0 (Schwarzschild metric).

2.2 First order approximation by (2

In the static case 2 = 0 the components of metric tensor depend only on r. Since
the diagonal components of metric tensor are even functions of €, in first order
of approximation by Q the functions A, g, v, 7 are remained independent on angles.
However in this approximation the metric contains a non diagonal component gog,
since w is linea - function of (2. Therefore in this case we must add the equation for
non-diagonal element of metric

— XA — Vv 4 1
(1’3—%+2#1+;) + 5 (s + wp elg(6)) = 0. (1)

e M wy - wy

to the system f equations for static case.
Using the e<ternal spherically symmetric solutions

2M
et = (1-—)

and the definit on w = \/Bq the equation (1) can be rewritten

(-2

The solutio1 for ¢ we seek in the form

4 2M /r? 1
¢+ aq (;-i—(?—?a—-b)l _./2_1\_4)} ++r—2(q'n+3q2 ctg) = 0.

o]

g=3_ QNP

=0

where v = cos 7, Pl(l)(_’y)—associa,t,ed Legandre Polynomial, which are satisfying the
equation
dzpl(]) dpW

P
g T3 ctgd = +(I-D(+2)P" = 0.




(&2

Finally for the functions Q(r) we get

2N\ [ o (4 20 /r?
<1 - ) [Q, +Q <7~_+(2—2a—b)1%>

s

+ ;15([ = DI+ 2)Qu(r) =0 (2)

Introducing the new variable @ = 2M/r. from the equation (2) we have

‘ d? d
231 — ) diil —z[2-2(2-10)] % - (=N +2)Q, = 0.

The solution of this equation we seek in the form
— 20
Q[ =T I[(.I )

and for Fi(x) we get

d* I dl .
z(l —x) =R [2[—}-2—1’(21—}-2—}-(')}1- —(e+{=D{+2)F=0.
da

Solving this equation with the requirement, that f(r) has to go t» zero in infinity
(r — o0), when @ — 0, we have

Fi(e) = BiF({+ 2,1+ c—1,2042,r).

Here By are constants, ¢ = 2 — 2a — b and F(a, 8,r)~ influence hypergeometric
function. Thus

Qilz)= B FI+21+c— 1,20+ 2 0).

The constants By have to be defined from continuity conditions of w(r, ) and
its first derivative by r on the boundary of the configuration. Sinco in this approx-
imation the shape of the configuration is sphere, we require the continuity on the
surface of static configuration. Then easy to see that values of F£; with [ > | are
equal to zero. So in the first order of approximation the function g depends only on
rand

Qi(x) = Ba®1'(3,¢,4,2),
where

e 3
F(3,¢,4,2) = (1~ e)(2— )3 —¢) X

X[2= (=)' 724201 =)+ (1 = ) (2= )]

Function Q(x) can be performed with the expression
3B
(1 =e)2=e)3=¢)

To compare this result we the similar one in Einstein theor s one must take

a=1.0=0c=0and Q,(x) = B’

Q) 2= (=) @242l =)+ (= )2 =e)r?).



2.3 Second order approximation by (.

Here in after conveniently to use the following combinations of Einstein equations
Go—-Gi=0; Gi+G3=0, (1=0; (=0 (3)

The expansion of unknown function of small parameter 3, can be presented as [1]

et =14 Bf), e =e?(1+80), ¢ =(1+ fu),

el =e™(1 4+ Pv); [ = Z_l',]’,((:os 7).

1=0

In the conside ing case ! = 0,2.
One of the equations from the system of equations (3) defines the additional

condition

2] @ A2
v1+ul+¢1—g[(1—a—26)+;] —;[(1—20,—[))7'—{—;] -

between the unknown functions, where K(r) is an arbitrary function from r. This
function we assunic to be equal to zero.
From the field equations yields that there is a relation

v+ &+ fi =9

@1 obey the definite condition

] l 4 1 1 A 1 2Al—2a—b )
et (G )= B s,

Using this equation we can integrate the system of field equations, since the result
has a huge formula they are not written down.
This approximration allow us to find the mass, shape and quadrupole moment of

rotating star.

3 Choice of the frame of reference

3.1 Einstein theory of gravitation

For the sphericall 7 symmetric distribution of matter

ds? = a(r,1)dt® + b(r,t)dr® + c(r,t)(d6® + sin? 8dy?) + h(r, t)drdt.



The arbitrariness in choice of the frame of reference allows to transfcrmations
r=nr(r't"), t=t(r', 1),
since the number of equations and unknowns are not equal

quuations =4 7£ Nunknowns = 6.

Using such transformations the one can write the metric in Schwarzschild form
ds? = e’V Edt? — M dr? — r2(dh? 4 sin? 0dp?),

{scale transformations does not change the frame of reference), or in conformal
Isuclidean form

ds? = ea(r,t)c2dt2 _ eﬁ(r,t)[dTZ + 7‘2(d02 + sin? 9([@2)]'
The transformation into free-falling frame gives
ds? = Fdt* — PEIVIR? — r(R, 1)(d6? + sin? Odp?).

The specification of the Einstein theory is that the frame of reference can be defined
only from the solution of the problem.

3.2 Bimetric theory of gravitation

The flat metric y;4 in bimetric theories [13],[14] allows us to separate the pure grav-
itational effects from effects of non-inertially of the frame of reference. The problem
of the choice of the frame of reference can be illustrated in some sy ecial cases for
spherically symmetric distribution of masses.

The metric of the flat space-time in spherical coordinates is

do? = ctdt? — dr? — r*(df? + sin? 0dy?).
Thus the metric of the curved space-time has to be
ds? = 2002 dt? — Y dp? — p2e X402 4 sin? Adp?) — 2 (r t)drdt.
In arbitrary non inertial frames the flat metric is
do® = 28 c2de? — 2 dr? — 220 (g2 4 sin? Odp?) — 20(r, t)drdt.

Calculations of the unknowns are the following: 8 components of the metric
tensor, 2 components of 4—velocity u® u!, pressure —P, density -p. At all 12
unknowns.

The equations and connection are:



Equation of state (1 equation) P = P(p), normalization of 4-velocity (1 equation)
u-u = 1. Field equations (4 equations)

1, &G, . det g
N} — =6,N = — kTi k= [ ——
koogTk 2k det v’

equations of hydrodynamics (2 equations)

Tli;i:()v k:0717

which are not {ollow from the field equations. Requirements on v;;, to be the metric
of the flat space (2 equations): Pf, =0, (r,t) —transformation (2 equations). At
all 12 conditions.

So the syst:m of the equations are complete.

3.2.1 Metric in isotropic coordinates

ds? = 22 dt? — ¥ dr? — 122X (dh? 4 sin? 0dp?),
do? = Edt? — dr® — r*(d6* + sin® 0dp?).
The external solutions of the field equations are

L w = =5

where M and M’ are the constants of integrations and connected with the matter
distribution via

O(r) = —

’

c2r ctr

R R
M =: 47r/ k(p + 3P)rdr, M =4x / k(p — P)ridr.
0 Jo

3.2.2 The Metric of Schwarzschild
1s? = 2B g? _ BB GR _ R2(d6? + sin® 0dp?),
do? = cEdt* — PBR? — B2 (402 + sin® 0dp?).
From the conditions of the flatness we have
d
P “
¢t = (Re*).

The solutions can be done in the parametric form

A:9,3=~m0+2) A:ﬁ—m@+2) =2
T T T T T
where
: GM GM
R=re ", o =——, Cp = ——

c?

and k = eA3",



3.2.3 Synchronous System of the Frame of reference goo = |, 9o = 0

a)Spherical symmetric case
The solution is obtained far from the star r,/r << |

dst = et gt r2(d0* + sin? 0dp?).
-

f

do? c? (l + ’—q) drt — Vr/lfz —r ((/()2 +sin?0d p ) .
N

3(R—er)\
r=r, 5 .

= 2(;M/c? is gravitational radius.

where

Ty
b)Axially-Symmetric distribution of Masses
The solution far from the star and in the frame of freely falling body and drugging

under the forees of gravity 1s

2

‘ . . wirisin?o O N .
do? = & (1 + Ty 4’:1”—> dr? — 1’—’(//?2 — ,,z((”}z +in? Od?y —
r ¢ r

0 2sint0 0
—2———:1L--—(II?((/T ) m—f(/\,/((/T - sin —dRdyp
? ¢

6i3h, sin 0 cos Odfedr — 63bsin 0 cos Od 1RdD).

where

31— er P
A ; .
2,

- Cy b= (@)

I N Vr

# proportional to the Q7 square of the angular velocity of the rota ing star. ¢g.ep. )
are constants ol integration.
The thivd term in 40 corresponding to centrifugal forces.

7 '!l

. 2/3
3R —er\ M
L+ o ( ) Pyleo 0)] .

by =

4 Problem of Rotation in the Bimetric Theory
of Gravitation

Metric tensors of space-time manifold in frame bimetric theory of gravitation (BTG)
are
ddetdet (1)

ds? = Gudatde’ do? = Vyes
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The tetrad and vector basis’s for the flat space-time metric can be written in the

form
1d 7]
KL =cdl, eg= P w=dr, e = e
10 [
=1, e;=-—— V= rsinfdp, ey = .
“ reve Ca= g © T AU G rsinf dy

In this basis the metric’s (4) of axially-symmetric manifold can be written as [15]

d0.2 = TIOA'U')OW{}7 nﬂﬂ:diag(1’~17_17_l)7
ds? = M(W")? — V(W) — (W + vrw' ) — (W + wrsin OwO)?

So tetrad basis {6} and vector basis {£*} of the curved space-time will be expressed
in the following form
P =w’, fh=e;—rwsinb’, ' =w' £ =e —rre,,

0?=w +vrw', £ =€y =0 twrsinf’, & =e;
The equations of ;sravitational field in BTG can be written in non-coordinate form
N = -8k (T — %gS’pT) ,
where N will be expressed by the metric tensor of curved space g as
N=_V({ Vg
T is the energy-momentum tensor of matter and non-gravitational fields and
SpT = ¢g*'T,.,

V is the operator of the covariant differential by v,., § = ¢*"e,e,-projection to basis
vectors of gravitation metric tensor g.

The whole and exact expression for Rosen tensor N in the case of the axial
symmetry is [16]:

N = j—Aq) + % [(w +wyr)’ + (wo + wctgﬂ)z] sinzﬂeza"mJ Low® +

b, —« 1 9
(@) — o) (w+wir) + Z_T(%(w2 +wetgh) — 5 (wnr + dw) + _T“_’ +

N |-

. 1 ;
+ (w'zz + 3w,clgd + w (ctg20 — 1)):| sin Ocow® + {—Aa - 5[(w +w17')2 +



. 1 /1 ' 2 .
(wq + wctg0)2} sin? fe?*~2® 4 3 <r—2 - z/2ctg20) plo—2W 4 -—«c;ifeh_ a3 | +
2
1 2vctgh v+ ctgl 28| i pe® 1 2vctgh B l,e”’"z" B
2 r? r 2 r r*

g0\ * 1 2
- (1/ + c_g_) ez“_z"} esw + 5 jenr + 2w, <2a1 - 29, + —) ‘w4 wir)
r r

| :
+= {waz + 2wyctgd — w + (2a3 — 282 + ctgh) (wy + wctg@)}} e 2% 51 0¢,6° +
-

1 1 1 )
+§ {—QA\I' — <1/2 — —) <z/2 - 1/2r> e (v f ) et 4 f—z +

r

r T

1 1 1 v, — / 1
- <z/ctg9 - —) 820‘_”’} blwt + = {2 (U — ) (v +vyr) + 92— F2 vy — —)
T 2 T L
1 tqgl v, —
—v (1/2 — —) + bl (1 - 62"_2“) + 2-—2—'u2e2‘1'_2“ — w2 g1 0 cos O —
r

r? T

1 2 1
vpr —4vy — - (Va2 + voctgl) — % (6’_2” — eza) ctgd — v <21/2 + velgh — ;)

1| 20 1 2 v 1
X eqw! + 3 [-—21’ + - (1/2 — ;) + . (6“2“ + 6_2") + - (1/2 + veigh + 1/27‘)

r r2
1 20 1 t g0
—w?sin? 062‘1’_2(I):| eww! + +§ _the gt <1/2 -—— u2r> A
r
1 1 tql\ ctgl 1
<I/Ctg0 _ _) 620—2'{!] €1w2 4 - _2A# + <l/ + E_g._) leZu—Za + <l/2 . .,)
r 2 T r r

1 1 tg0
X <1/2 - - — 1/2r> e _ (v+ 1/17‘)2 e (y, 4 vetgd) — <1/ 5 _C_£_> X
r r

2uv 1 1 1 2w _2
_ +F<V2_“)+—z(1—e ok

r

1
6202 + é—

2u—-29

xrw? sin 6 cos fe

2
2 21y clg oeza—zuj, egw? 4 1 .
"

2 1
e, <u2 - — = u2r> el v +
T T

11
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o\ 1 , t g0 e ) tgh
(1/ + Eg_> Ze2a (1/ _ % > rw? sin 962“_2({' e 0% — <9 erw' —
- T

T T

1 2 1
—5 [VUT + 21/1 + (2#1 - 2‘1!1 — —) (I/ + 1/17') - - |:I/22 - 21/21/7' =+
T r

1 ) i ;
(212 — 2W5 + ctgh) <1/2 - = — uzr‘)” B te g2
”
Right side o’ the field equations in case of stationary-rotating source is:

1 ]
T - —gSpT = ~
98P =5 i

0 d ; 0
(pc* + P+ u) =dt — (pc> — P+ u) %a’@ — (pc* = P) Edr

24 p :
_ (pc2 — P) Qd@ —-u 0 do — (/J( LS w) uﬂﬁ—dl} ,
(

90 e Q I
where
U= 29 Q = (pc* + P) r?sin? 0 (w + Q) 2%
=1 “’“;QI?’ =(p . .
pct+

To complete the description of configuration we must add the equation of hydro-
dynamic equilibrium, i.e.

dP 1 o e
;m:~d <I>+§]n(l—r2(w+ﬂ)251112062_N) ,

to the system cf field equations.

4.1 First order of approximation

The complete system of equations for metric coefficients for the rotating spherical
star 1s

¢

2 2 2
b+ ;@1 =:mk(p+3P), Uy, + ;\Il] = T—2$i11l1(2\11 —2u) —drk(p— P),

2 I
,“11+;l1:’;2‘5111}1(2\1’_2#)—47710(/’_13)’ Pi+(p+P)0, =0,

1 2AM+ M 2(M+ M ,
q11 + ; _ ( + ) q = ( 7.3 ) + 167re¢n+3‘110 (p + 31_)) q—

r2

|
Tz (q22 + 3qactgl) + 167 (p + PtV /8rp.,.
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The external solution of this equation (region out of star I = p = 0) in the units
(=c=11s

i M 1
¢ == " V=1%o =", w“fq—\f (’1_3(&‘4_))
" T

- . . . g . ' .
where [7(e, 3, 0)-1s influence hypergeometric function, ¢y, M. M -constants of inte-
gration

R R
M=t /(p+3/—’)«~“"°+"’w°r2dr. M =ax /(,)_ Py Pt tdr,
.() .U
4.2 Second order of approximation

The system of the field ecquations for the second order corrections is:

] 0 _ g0
DX = —Sme®oto (h 31 {\ . T}
po — 3%
1 . < .
Ay = B (W(r)=V(r)+ Ame®F Vo K () (o + 1)
, i3
PpA = —8re®oto o apaytap DT 00 ) (5)
po— 314
LAl a8 B2 .
V(l) = Az]’ hd ,_2 d 7—2 —_ 7‘2 5 A;l = 0,
613 181 1 . .
DB =2+ — = V() = W) —are™ R (o4 ). (6)
where
P = B=2P4+2\% X=¢"+ P42 Y =/"-u
A = QP4 P42t B=f-wt =
and
L 2 2 2wg-200 (91 1 Ly 2wg—20
Wir)= —g°rée % [ =4 -] | Vr) = ¢ e"¥07%70,
3 qg 3

Solution of the system (5) out of matter has a form

, : g | .
X=by; @ =ay+&y); Y=oy — E«P“(!/): =0

A=byy’s @ =agy® +°(y); BHON = by + & y).

2¢02m? [, 2 | 2 | i
y)=1+=-" A== I+ ===+ —=
Sl) =1+ " {( ( 7 2!/”) R ~.,"}
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where y = m/2r

The constant s of integration are connected with inertial momentum, two masses

and two quadrupole momentum of the star and defined by conditions of continuity

of the external a1d internal solutions.
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Abstract

The complete integrability of the hyperbolic Gaudin Hamiltorian and
other related integrable systems is shown to be easily derived by taling into
account their s/(2,IR) coalgebra symmetry. By using the properties induced
by such a coalgebra structure, it can be proven that the introduction of any
quantum deformation of the si(2,IR) algebra will provide an integiable de-
formation for such systems. In particular, the Gaudin Hamiltonian arising
from the non-standard quantum deformation of the s/(2,R) Poisso1 algebra
is presented, including the explicit expressions for its integrals of motion. A
completely integrable system of nonlinearly coupled oscillators derived from
this deformation is also introduced.

1 Introduction: on ¢-Poisson coalgebras
Let us consider the si(2) Poisson-Lie algebra
{Js,Jpo} = £ 2 Jy, {J_,Jiy=alds (1.1)

(where « 1s a real positive parameter and the usual o = 1 case car be easily get
by performing the change of basis J. — Ji/+/a). The Casimir function for this
algebra reads

C(Js, Js) = %J; — Jd (1.2)

The Poisson algebra (1.1) is endowed with a coalgebra structure [1, ‘!] by means of-
the “primitive” coproduct A : sl(2) — sl(2) @ s{(2) defined as follow::

A(J3):J3®1+1®J3, A(Ji)ZJi®1+l®Ji (13)

Compatibility between (1.3) and (1.1) means that A is a Poisson niap: the three
functions defined through (1.3) close also a Poisson si(2) algebra. 'The map (1.3)
can be introduced in a similar manner for any Lie algebra. The coalg:bra structure,
together with the known relevance of Lie algebras in the context of Liouville inte-
grability {3, 4], are the keystones of the universal construction of intezrable systems
introduced in [5] that we shall summarize in the next Section.
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From that »oint of view, the search for g-Poisson algebras can be seen as the
problem of fincing deformations of a given algebra endowed with compatible defor-
mations of the coproduct (1.3) preserving it as a Poisson map. In fact, two relevant
and distinct structures deforming si(2,R) appeared in quantum group literature
during last years (see, for instance, [6]), and can be realized as ¢-Poisson algebras
as follows:

a) The “standard” deformation [7, 8] s{,(2), which is given by the following deformed
Poisson brackets (¢ = ¢*):
sinh zJ4

{Jl‘v']+}:2‘]+a {J37J—}:_2'I—7 {J_’J+}:__, ’ (14)

z

which are comatible with the deformed coproduct
A(s) = Js Q1418 s,
A(J)=Jy ®@eih i 00, (1.5)
AJ)=J-@e +e iR g,

in the sense tiat that (1.5) is a Poisson algebra homomorphism with respect to
(1.4). The fun :tion

z

. 2 2
CO(Ja, Jx) = <M> ~JyJ, (1.6)

is the deforme1 Casimir for this Poisson coalgebra.
b) The “non-standard” quantum sl(2, R) deformation [9, 10] is defined by:

AJ)=J_-®1+1J_,
AUy = Jy @ e + e @,
A(Js) =T ® el e 0 gy, (1.7)

‘)sinh zJ_

{-]37 J+} = i'l]_f_ cosh ZJ_7 {J‘j,l]_} = — s {v]_’(]+} = 4]3 (18)

The deformed Casimir reads
C (s, Jy) = JE — Si“h%];u. (1.9)
The aim o " this contribution is to present an application of this latter g-Poisson
algebra in the construction of an integrable deformation of the Gaudin Hamiltonian.
This deforma ion can be also interpreted in the context of a chain of nonlinearly
coupled oscill wors or, equivalently, in relation with a certain integrable perturba-
tion of the motion of a particle under any central potential in the N-dimensional
Euclidean space. Through these examples will show an intrinsic connection between
quantum deformations and nonlinear interactions depending on the momenta. Re-
sults concerniag the standard deformation of the Gaudin-Calogero system [11] can
be found in [t 12].
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2 The formalism

By following [5], we can state the following result: any coalgebra (A. A) with Casimir
element ' can be considered as the gencrating symmetry of a laige family of in-
tegrable systems. We shall consider here classical mechanical systems only and.,
consequently, we shall make use of Poisson realizations D of the ilgebra A of the
form D+ A — C™(q,p). However, we recall that the formalism is also directly ap-
plicable to quantum mechanical systems. The constructive procedt re is as follows.

Let (A, A) be a (Poisson) coalgebra with generators X, (¢ = 1,.. 1) and Casimir
[unction C'(X,,..., X;). This means that the coproduct A: A — A Ais a Poisson
map. Let us consider the N-th coproduct map AW

AM T AS AR AR ..V A (2.10)

which is obtained (sce [5]) by applying recursively the two-coprod ict A = A\ iy
the form ,
AN = (idvid @ . N7 id 0 APy o AN, (2.11)

By taking into account that the m-th coproduct (m < N) of the Casimir AUM(()
can be embedded into the tensor product of NV copies of A as
A A S {ARAR.. oA {1l N8 1) (2.12)

it can be shown that,

{AM(0),AM (X))} 0, i=1,....L < <N (213)

ARAR..MRA

With this in mind it can be proven [5] that, il H is an arbifrary (s nooth) function
of the generators of A, the N-particle Hamiltonian defined on A® 100, & A as
the N-th coproduct of H

HM = ANH(X,, LX) = HAM W), AWM, (2.11)

fulfils

{Ctm 11N =0, 1 < m < N, (2.15)

ARAR... VA

where the N functions CU (m = 1,..., N) arc defined through the im-th coproducts
of the Casimir ¢

O = AM(C(X, . X)) = CAMX ), AMX) (2.16)
and all the integrals of motion C™ are in involution
{(,‘(’”),(7(”)} =0, Ymn=1..., N. (2.17)

Therefore, provided a non-trivial realization of A on a one-particle phase space
is given, the N-particle Hamiltonian /1M will be a function of N canonical pairs
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{qi,p:) and is, by construction, completely integrable with respect to the ordinary

N .
X Af dg  dg Of )
oa) = 12:1: <(()qi Op; (')_qi(‘)pi ’ (2.18)

Poisson bracket

m

Moreover, its cot stants of motion will be given by the €™ functions, all of them
functionally indesendent since each of them depends on the first m pairs (¢, p;) of
canonical coordinates. Note that with such one-particle realizations the first Casimir
C will be a nuinber, and we arc left with N — 1 constants of motion with respect
to 1),

Let us stress now that the previous construction is valid for quantum alge-
bras with no extra assumptions. Quantum algebras are also (deformed) coalge-
bras (A,,A,), and any function of the generators of a given quantum algebra with
Casimir element ', will provide, under a chosen dcformed representation, a com-
pletely integrable Hamiltonian. Therefore, the obtention of quantum algebras is a
direct method tc get integrable deformations of those Hamiltonian systems with

underlying coalge bra symmetry.

3 Oscillator chains from sl(2,R) coalgebras

It is well-known that si(2,R) can be considered as a dynamical algebra for the
one-dimensional harmonic oscillator. As we shall sec in the sequel, the si(2, R)
coalgebra wilk give us the complete set of integrals of the motion of a chain of
N independent } armonic oscillators with the same frecuency w. When the non-
standard quantuin deformation is considered, a new integrable oscillator chain with
long range intera:tions depending on the momenta is obtained.

3.1 The non-deformed case

Let us consider the si(2,IR) coalgebra (1.1) and (1.2) with a = 4. A one-particle
phase space tealization of this Poisson algebra with vanishing Casimir is given by
the functions:

fO=py=¢, =pU)=p, V=D =apn. (31

From it, the harmonic oscillator Hamiltonian is recovered if the following linear
function of the generators of s{(2, R)

H=J, +uS o (3.2)
is represented thiough (3.1):

HY = D(H) = p} + ¢l (3.3)
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Now, the representation (D ® D) when applied onto the prim tive coproduct
(1.3), leads to the following two-particle phase space realization of s/(2, R)

f(—z) = ‘112 + ‘I%v f) = Pf + ng f:EZ) = qp1 t+ G212 (3.4)
that, in turn, gives rise to the uncoupled oscillator Hamiltonian:
H® = (D DYAR(H) = [0+ [P = pt + ]+ (at +a). (35)

Note that now the frecuency of both oscillators is the same. The phase space re-
alization of the coproduct of the Casimir will give us the corresponding integral of
motion

-

C® = (D @ DY(AP(C)) = —(q1ps - 02p1)%, (3.6)

that turns out to be the square of the angular momentum, as expec .ed.
The construction of the m-dimensional functions from the m-th coproduct is
straightforwardly obtained by the induction (2.11):

=Yg A=Yk A=Y e (3.7)
1=1 =1 =1

From it, the uncoupled chain of N harmonic oscillators (all of them with the same
frecuency) is obtained as the representation of the same dynamicil Hamiltonian

(3.2):

N
H® = (V) 402 f0 = 3 (pF 4 w2?) (3.8)
i=1

together with the integrals of motion (m = 2,...,N), that are deduced from the
m-th coproducts of the Casimir and are shown to be

m

O = = (qip; — qip:)"- (3.9)

i<y

Note that the integrals C(™ given by the sl(2,IR) coalgebra are just the quadratic
Casimirs of the so(m) algebras with m = 2,...,N. It is also well known that the
Hamiltonian (3.8) is so(/N) invariant, since it can be interpreted as the one for a
particle moving on the N-dimensional Fuclidean space under the potential w?r?.-

3.2 An integrable deformation from U,(sl(2,R)’

Now, we introduce a one-particle deformed phase space realization of (1.8):

O =D, (0= ¢,
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’ sinh z¢2 )
=D,y = - Lp?, (3.10)
“q1
sinh z¢?
0 = p(gy) = T,
Zq

This realization is also characterized by a vanishing deformed Casimir function (1.9)
Let us consiler again the dynamical generator H = J; 4+ w?J_. Under (3.10),
we obtain the Hamiltonian

sinh z¢? . ; .
Hil) =D,(H)= —Zg—z——lpf + wquz. (3.11)
1

The corresponding two-particle phase space realization of U, (s{(2,R)) is ob-
tained from both the coproduct (1.7) and (3.10):

9 = ¢t 4 ¢,

¥ 92 . 2
iz) _ sinh qu %62!13 + sinh jq'z )3(’,‘2{1?7
z2q3 243
. sinh zg? 2 sinh zg? :
JO = EE ey SR et (3.12)
2z 2492

The associated two-particle Hamiltonian is

sinh z¢? > sinhzg? . ) ,
1) = T 2 ey TOOR 2 ol 22 4 2), (3.13)
2 24,

and the deform:d coproduct for the deformed Casimir (1.9) reads
sinh zq? sinh z¢3

2,22
274914,

ci = (q1pz — qapr)* 72 (3.14)

JIf we rewrite (3.13) in the form

o, o
Y = HO) 4 p? (#——“nh I 1) +p <~—u‘““hf"2ﬁqf - 1)
! Z

24y ‘Z§

= HY + z(p} g5 — p2q}) + o[2Y), (3.15)

the nature of the interaction introduced by the non-standard deformation with re-
spect to (3.5) :an be apprecialed. Note that the series expansion (3.15) can be
meaningful when the deformation parameter z is small, and it should be explored
in order to ana yse the dynamics.

The N-dimensional generalization for this system can be derived from the m-th
order coproduc;s (2.11) induced from (1.7):

=3,
;q



m . .

(m sinh zg? , e,

/i ):Z~—21pf{‘l‘| (12)_ (3.16)
i=1 <q;
" sinh 2q? ()

{m) _ & 2q; oS m ('7)

/g = —piet e M

where the A-functions are defined as:

=1
[‘,l(m)(:r) = —Zrk+ Z €. ' (3.17)
h=1 1=it+1

Ry = K+ KM )

1~—1
= —(ri— ) f’Zqu Z i< (3.18)
I=j+1
Therefore, the N-dimensional Hamiltonian is just 1[ = / M zf( and the
following constants of motion are deduced:
o) " sinh z¢f sinh z¢? 2R _
= Z Iy pr e UL —qip) T (3.19)

<y ;495
Throughout all the computations leading to (3.19), the following property becomes
useful:

sinh(z Y0 x; L sinhozay oo,
sinh(z 00, ) _ §o LI k), (3.20)

i=1
Note that under the limit = — 0 we recover all the expressions jresented in the
previous paragraph.

3.3 Anharmonic chains and their deformation

We can now counsider a more general dynamical Hamiltonian H of the form
H=J+F(Jo), (3.21)

where F(J_) is an arbitrary smooth {unction of J_. The formalism summarized
in Section 2 ensures that the corresponding system arising from the N-th coprod-
uct of (3.21) is completely integrable, with H being any function of the coalgebra
generators. Explicitly, this means that any N-particle Hamiltonian of the form

N N
n™ = fMy F (Y ="t F (Z qf> . (3.22)

1=} i
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is completely in-egrable, and (3.9) are its constants of motion. Obviously. the in-
tegrability (in fect, superintegrability) of (3.22) is a well-known result, since (3.22)
1s just the Hamiltonian describing the motion of a particle in a N-dimensional 15u-
clidean space ur der the action of a central potential. In terms of oscillator chains,
the linear case F (J_) = w? J_ leads to the previous harmonic case. and the quadratic
one F(J_) = J: would give us an interacting chain of quartic oscillators. lfurther
definitions of the function F would give us many other anharmonic chains, all of
them sharing th= same dynamical symmetry and the same integrals of the motion.

Let us now stress that, by using the non-standard quantum s/(2, R) algebra, it
is clear that a rcalization of (3.21) in terms of (3.16) gives us:

N sinh zq? (M) N
3 & : - 2 P
[1£1\) — E —211112(»21‘; (7%) + F ( E qzz)
2q;

1=1 =1

al al ol sinhzg? _.(™
p i “Hi =K N q? DI U
= p?+f(§ q3> +> 9 (—z?—"l' () |>, (3.23)
=1 =1 i=1 ?

which is an intezrable deformation of (3.22) with (3.19) being again the associated
integrals. This r=sult can be interpreted as a perturbation of the original anharmonic
chain through long-range interacting terms depending on the momenta.

4 The CGaudin Hamiltonian and s{(2,IR) coalge-
bras:

If we substitute the canonical realizations used until now in terms of angular mo-
mentum realizations of the same abstract s/(2, R) Poisson coalgebra, the very same
construction wi'l lead us to a long-range interacting “classical spin chain” of the
(iaudin type on which the quantum deformation can be easily implemented.

In particular, let us consider the classical angular momentum realization S

g =Sy =oh g =S =0 JU=sU=6l (1
where the variables o fulfil
{0';;,(7+} = 20’+, {0'3,0'-} = _20'_, {(7_7(7'+} = 4(7'37 (42)

and are constra'ned by a given constant value of the Casimir function (1.2) in the
form ¢; = (03)? — olol.

As usual, m different copies of (4.1) (that, in principle, could have different values
¢; of the Casimir) can be distinguished with the aid of a superscript of. Then, the m-
th coproduct provides the following realization of the non-deformed s{(2, R) Poisson

coalgebra :

d" =(Se..Mas) AN @)=Y 0, =+-,3 (.3)
=1
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Now, we can apply the usual construction and take M from (3.2). As a conse-
quence, the uncoupled oscilator chain (3.8) is equivalent to

H(N):g( +wg_ Z o, +wlot ), (4.4)
=1

and the Casimirs C(™ read (m = 2,...,N):

O = (9" = gl =3 i+ 3 (ohoi —olol — ol (45)
1=1 i<g

Note that these Casimirs are just Gaudin Hamiltonians of the hyperbolic type [13,
14] (in fact, we shall consider C™ as the one defining a general Gaulin magnet).

The implementation of a non-standard deformation in the Gaudin system is now
straightforward. The deformed angular momentum realization corresy onding to the
non-standard deformation U,(s{(2,IR)) is

g = S,(J.) =al,

: 1
1y _ _ sinhzol |
9+ = 52(J+) = T0+a (4.6)
T sinh zo1
9" = S.(Js) = TU}”
where the classical coordinates all are defined on the cone ¢; = (aé)z — al_al+ =0

(therefore, we are considering the zero realization).
It is easy to check that the m-th order of the coproduct (1.7) in the above
representation leads to the following functions

9 =3 "d,
=1

" " ginh zo" ;LK™ ,
o™ = 270#3 e, (4.7)
i=1 -
(m) " sinh zo® i KM (o)
D L
i=1 -

that define the non-standard deformation of (4.4). Therefore, the fcllowing “non-
standard Gaudin Hamiltonians” are obtained

™)
m m SlI]th_ m
cim = (gf ))2————2 gy
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" /sinhzot \* 2:K™ (o) iv2 i i
= V) ¢ {(03)" —olot}
=1

" sinh z¢* sinh 207 A6y i ¢ P
+ Z T A (0303 —olo} —o\al). (4.8)
< 220t o’

Since we are working in the zero representation with (%) —o' %, = 0, the expression
(4.8) can be siriplified

™ sinh zo! sinh zo? (m)
m) _ - — 2K o) i g PR i g
cim = E BTy e (o304 —oLol —olol). (4.9)
1< -7

These integrals are the angular momentum counterparts to (3.19). Note that, as it
was found for he standard case in {5], the deformation can be interpreted as the
introduction of a variable range exchange [15] in the model (compare (4.9) with

(4.5)).
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Abstract

In this paper, the normalization of a class of polynomial Hamiltonians
based on the symbolic computing is disscussed from both the ordinary and
the inverse direction-points of view. The truncated three-particle Toda linear
chain(3-TLC) and the regularized system of a planar hydrogen atom with
the linear Stark effect (HLSE) are taken as examples to demonstrate the
symbolic-computational approach to the ordinary and the inverse problems
of the normalization. *

1 Introduction.

It is widely kncwn that the Birkhoff-Gustavson normal form (BGNF) expansion
works effectively to study a behavior of nonlinear dynamical systems; the Hénon-
Heiles system and Toda linear chain (TLC) are often taken as typical examples [1]
to describe such an efficiency.

Since a majcr part of the BGNF expansion is made on the polynomial algebra
[2], the BGNF expansion fits very well the symbolic computing on computers: For
example, the syribolic computing program named GITA realizes the algebraic proce-
dure of converting power-series Hamiltonians into their BGNF [3] on REDUCE 3.X
(X >3). '

One of the ai m of this paper is to demonstrate how the normalization into BGNF
works around inegrable systems. One might think it unnecessary to normalize the
Hamiltonian systems which are already integrable. However, the normalization of
integrable systeins is worth discussing especially in the case that the integrable
systems admit the trajectories tending to singularities; as a typical example, the

'The authors ar: trying to realize the same procedure on Maple V
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truncated three-particle Toda linear chain (3-TL.C) is taken in order to demonstrate
how the normalization of integrable systems works.

The ‘inverse problem’ of the BGNF expansion has been posed recently with
the aim of applying, to certain systems of physical interests, quanti m studies on
the bifurcations in the BGNF systems [4, 5]. The inverse problemr having been
proposed reads as follows: ‘Identify a class of dynamical systems which are reduced
lo the same BGNF up to a cerlain order’. The inverse problem can »e solved also
by a symbolic ecomputing; for example, by the symbolic computing program named
GITA™! proposed by the authors.

Another aim of this paper is to demonstrate how the inverse probl:m of normal-
ization is solved. As an example, GITA™' is applied to the regularized system of
planar hydrogen atom with the linear Stark effect (HLSE) [6]. It is shown that a
class of Liouville-typc system share the same BGNF with the regularized system of
HLSE.

The contents of this paper are organized as follows. In Scc. 2, the structures of
GITA and GITA™! for the general n-degree-of-freedom case is presented very briefly.
In Sec. 3, the direct problem of 3-TLC is discussed to show the no malization is
effective not only for non-integrable systems but also for integrable ones. In Sec. 4,
the inverse problem of HLSE is discussed to show the way to identify a class of
Hamiltonian systems which share certain BGNF Hamiltonian in com non.

2 A review of GITA and GITA !

Let Hin(q,p) and Hoyr(q,p) be the input and the output Hamiltonicns, which are
expressed as

[s.0) ] 1 n
Hi(q,p) Z (a,p) with H{P(g,p) = 3 2Pk + 90, (1)
h= k=1

where H/(\h) (A= IN,OUT, h = 3,4, ) is a degree-h homogeneous polynomial in
(¢,p) expressed as .

) P’ = a" gt el
Hﬁh)(q p) = Z cg\h (o, B)g°p®  with i d (2)
H ? 'a':zak’ 'ﬂl:Zﬂk
k=1 -

lol+|Bl=h

Let Gin(€,n) and Gour(€,7) be the input and the output BGNF Ha niltonian,

G ZG(“ (¢&,m)  with G(2 €&n) = QZ 7]k+ék (3)

7=1
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where G(Qj) (A =1IN,0UT, j =2,3,---) is a degree-2j homogeneous polynomial in
(€,7) expressed as

G eEm =Y 1B with {606} =0 (4)
Ja|+101=25

In eq. (4), o and 8 are multi-indices used in the same way as in eq. (2), and {-,}
is the canonical Poisson bracket associated with the position variables £ and the
momentum oaes 1. The coefficients 'y( ])( ,B8), (7 =2,3,--) are finded by solving

the key BGNF equation 5 5
W W
H(q,—) = G(—5—,n). 5
(0 50) = G50 (5

Here W(q,n is the generating function of the form, W(q,n) = (g1m + gam2) +
S e WHE(q ) (WH): k-th order homogeneous polynomial in (g,7)), which should
be identified together with G(£,7). We will not, however, get the identification of
W(q,n) into detail here {2, 3].

Let us denote, by P, the space of degree-£ homogeneous polynomials in 2n-
variables with real-coefficients, which can be identified with the vector space RN,
where N(n,£) indicates the number of degree-£ monomials in 2n-variables allowed
to exist. Then denotm% such a correspondence by ¢, : P, — RM™9 we associate

(2 , with Hy and G\ by

the vectors, (A and
&) = (HM) e RYOW  and 77 = 1,(GP)) ¢ RN, (6)

respectively. Further, us.ing t¢, we express the differential operator,

D= (n(0/34s) - a010p0)},

k=1

restricted on P, by the matrix M©® acting on RN(0), solD = M® oy,
After the preparation above, the h th order part of Eq. (5) is put into the series
of algebralc equations, »

7P = MOE + oMY, d)) (G =3,4,-0), M

for 4 'h ()\ = IN,0UT) [2, 6], which are the very equations solved by GITA. Note
that %) (\ = IN,OUT) turn out to vanish [6].

We are now in a position to present what GITA™ computes: Let us recall the
inverse problem posed in Sec. 1, which is put in the following: ‘For a given Hjp,
identify all t e possible (or a part of) HOUTsubject to G'iny = Gour up to a certain
order’. Since Gin = Goyr can read ¥ 71N = '7(0hUT (h=2,3,--+), GITA™" solves the
series of equations,

MPE =70 - MWe® (D &L (=344, (8)
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for &7 where 1% are determined beforehand from v through S1TA (ie. (1)-
oUt TIN g '

(7). In the succeeding seciions, we demonstrate how GITA and GITA™' work on
REDUCE 3.X (X > 3) in the direct problem of 3-TLC and in the inverse problem
of NLSE.

3 The truncated three-particle Toda linear chain

Let us consider like an example of an integrable system: the three identical particles
on the line governing by the Toda amiltonian {7]. The original Toda Hamiltonian
can be reduces to the two-dimensional one

Lo,
1= 50+ p) + plexp (§ +exp (n) +exp (O} (9a)

2 2 X f2
&= V2q + \/:;(M n=—V2 + \/?}w (= -‘ZV/ri(/z- E4+n+ =0 (9)

It is casy to verily that the Hamiltonian system (9) possesses additional integral of
motion in the form
1 ‘ 4 - : . )
! = Ep,(pf — 32 (g — Vi3p)exp (€) + {m + V3p2) exp () =2piexp (). (10)
Note that ansalzt ¢, = Vo, g = V6y. py = Vipe. py = \/pr and It — 611
brings the expressions (9) and (10) to the same ones as it is in the ook [8].
Ax the Toda Hamiltonian has the 'y, symmetry its power expi nsion is deter-
mined fully through the two invariant functions [ = ¢f + ¢3 and g = ¢{q; — +q; .
Below the first power terms of the Taylor series for Hamiltonian (9) are written

S T N R
I = 5+t (e +a) + —= (- ga)+ 50+ +

V6

6 . . R .
3 o %(qf*"lf)(‘lﬁh*g(lf)

Ly L
+rggllal + 62" + 2afe: — 5]+ (11a)
or \/_
30, L, 1] Lo, Ve Lo
Heom St p2) b~ 4 =g b — 124 L fr+ — (7 4 242
17 Pl gl ra g h g et g (2

+ l [+ _l T+ 1605 + ... (110)
906 15120
Thus, it is seen that any truncated Toda’s polvnomial series generates a generalized
Henon-Hetles Hamiltonian., Here a surprising situation arises: whils the full Toda
Hamiltoman (9) is integrated, Hs power expansion truncated in ary finite degree
presents a nonintegrable system 3-TCL.
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In some manner this phenomenon may be explained by the behavior of the neg-
ative Gaussian curvature(NGC) domain on the respective potential energy surface
PES of the Hamiltonian (11). Indeed, the NGC domain on the PES emerges if
the highest deg-ee (n,,.2) in the truncaled scries (9) is an odd number and, on the
contrary, if the highest degree is an even number then such NGC domain does not
appear at all. The emergence of the NGC domain is linked with the saddle points on
the PES. Moreover, if we take into account more and more terms in the expansion
(11) then the N'3C domain moves upwards on thf PES and in the case of the infinite
series the NGC region vanishes.

Below we have constructed the Birkhoff-Gustavson normal form and the ap-
proximated integrals of motion for some truncated Toda’s Hamiltonians in order to
understand a de pendence of the structure of phase space on the including of highest
degree polynomrial Hamiltonian (11). As an example, we present now the normal
forms in the sixth s,,,, = 6 approach all but which obtain for the different highest
degree of Toda's series from the value n,,,, = 3 (Henon-Heiles’s Hamiltonian) to
the n,,. = 5. These Birkhoff-Gustavson normal forms arc expressed below in the
action-angle variables are obtained with help GITA procedure:

¢y = \/2TVCOS(¢U)’ m = \/‘El—usin(qﬁ,,), (v=1,2). (12)

Nmar = 37 Smar = 6.

g 7 7 7.7
GO =(——r - Lpn- I Ty T T
(23" 1081367 Hisa gl T qagfe)eos(202)
155 7 7 35 7 1
- P L Ly 22 p_ L~y 13
38881 " T08 12T prea 2 T ggp 2 Tz 12t AN (134)

Nmazr = 47 Smoz — 6'

11 1 1
GP = (8113 1212 If - @1113 -k %Ig)cos(‘ldn)
2 11 5o, 1
Nmaz = 57 Smar T 6
o= L 121 1 1 I+ 13 ——12)c05(2¢ )
TR T R 12T y3072 T 3672 2

32 5
2.3 1_10812]2+ 1“22 129612_5612+ §h 42 (152)

The second integrals in the corresponding approximation are also obtained by GITA
procedure up to terms of degree sy, as quadratic form [3]

1O €], Wlsnae]) = D(Elmas],1lssie]) = 3 300 (Elsmas] + 1 lsmac), v = 1,2
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To obtain the integral in the original coordinatés, GITA express the final variables

(&,1) = (£[Smaz]s M $maz]) through variables (q = £[2],p = n[2]) making ($mar —
2) coordinate transformations v = 1,2; s = 3,4,3,..., Smaas in accordance with

eqs.(5)and definition of the generation function via coeﬂlaens W (€ [s — 1], 18]

oW W)
51/[5] - m(éu[‘s - 1]77711[5})1 771/[5 - 1] m(&J[ - ]7771/[5])

As an example, we present them in the explicit form : ez =3,  smez = 6.

385 o B, 3, A5 . 5, 1225
aa16P2 1V qiaP P T qiam P T figra 2t P2 ¥ ggq P12

288
+I§7\76p3p1q1 - 421844792173 i+ 6298172p§pfq§ - ﬁpizﬁq;
_23555”3’“%‘1f 11514”21"1 4?iingqg+ 21;{’33‘13
+%p§q§q’f TaaPa% + %pngqf + 41232;;3 !

1 7 7 217

+16P2q1 - 5184p2p1qzq1 54\/—p2p1q1 + 5184pzp1q2q1

] =

7 2 791 7
- — —P2P192¢
36\/6132}71(12‘]1 5184132191(]2‘11 361’21111211

7 3 847 2821 102 4 (A
36\/6[)2171‘11 1244167’1 41472171‘12 54\/6171‘12

847 42 i +177124_ 37T 4 5 1
11472 Phdh 288171 41472171‘12 216\/6171412 2304171 12‘11

+

L L 623 5, 545 6
16 P1‘Z2 8\/—171‘12‘11 414721”1‘11 144p1q1 124416%
5 i 943 42 5 4 5 3 2 1537 2 4 5 1

+mq2 + a2~ 28882~ M‘qul a7 2% T 5gg

B a2 5 4 4 6
12 20 T 2 68N T To4416 7

(13b)

Nmar = 47 Smaz — 6.

35 77 35 143 1
100 = gt et + gl gzl + agph 4 g v

+Lp3p o+ LP2P4 - —1-1—p2p2q2 - ip219"’<1
9\/6211 25922‘ 432212 9\/6212
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2 2.2 2 1 2.2 47 2 4 1 2 3

~ 432 PPIa + 36P2Pi + 9597 P29 ” \/—.qu

1 2 2 2 1 2z 2 5 2 2 17
+48p2q2q1 + 36 P21 + 18\/6112112111 2592 Py

(Ll A 2 L 19,
12172‘]1 324172?1‘12‘]1 27\/6172?1‘11 324727’1(]2 q1

1 2 13 1
—%szqqu + 324P2P1f12q1 - —)P2P1(sz11

1 3 49 4 _ 157 4 4 + 2,
9\/6732171‘]1 7776P1 2592P1 q, 27\/‘.[’1(12
1 11 7 0
72 4 2599 1‘I2 rs4\/~7’1 q2 + —Pf(I;‘Ilz
1 5 + 53 n 1 n 79
66 1 2592” 16T g T g
1 5 1 N 1 31 45, N 1,
_ —— ——
54\/6‘] 2592‘]2‘]1 2(12 27\/-(]2 11 9502 T2 79 aq

+1 22 1 .y 53 &
36‘12‘11 18\/6‘12‘11 7776(11

9
F 2592171‘11 + =

1
+EP$‘I§ +

(14b)

Nmazr = 57 Smaz = 6;

@3 e UT5 a 35, 205 95
= “T35P ta1ed" T 5isif% s 72’2 * Gaghanan
+orine ~ sl - 8—ng§p%q§ - st
22858p§p?qf+%r)§pf - 5};4172% 54\/6’73‘]3
b pida! + o quffpéngf il

+1 202 4 25 3 + 23
— b —
12!’2‘11 6481’271‘12(11 27\/-[72111(11 61 8!2111(12‘11

1 2 31 1
“ml’szhql - gﬁpsz{z(h g172111(12(11

1 sy B g WL 2
T AP - Py,
9\/6112171(11 15 552 5]84p1 /53 27\/6[1]2
35 4 2 | 4 59 54 2 3
CRIRIP T g T SR P T e~ i



Iy Ly 3y Iy By
+E[’]‘]z + 6\/61’1‘12(11 + :—)18'11)1(11 + %1’1(11 + 15552(12

'; 2.4 I 1
—q5q, + =-q;
Siap T Eh

| . 23 ,12+1 1. 1 12
1 . =4 =,
51\/(—)]2 ()16‘ /Z[l /212 21\/(—)12{[
1. 1
+—qiqt + q2q) +
367N T g

3
5

33

(15b)

The above integrals (13b-15D) and corresponding Poincare sections are presented

on Fig. 1-3. One can observe how the sequence of these sections step by step

tends to the limited section of the exact Toda integral (10) which is st own'on Fig. 1.

Note, the approximate integrals of motion will be described well theorctically regular

phase trajectories similar to the other generalization of the Henon-le les dynamical

system [9]. On this way one may expect to find additional criteria of a true choice

of BGNE structure connected with exact integrals.
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tod48, en=1.25
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Fig.4 Exect integral of motion 3-TLC (11)

4 GITA"! and the inverse problem of HLSE

GITA™" consists of a core part and a subsidary part. The core part is derived from
GITA [3] anc the subsidiary part coritains the procedures characteristic of GITA™' |
both of 'which are put together in a single file. The procedure list and the input
data (the input Hamiltonian) are loaded at the beginning of running GITA™! |

As an eximple of program fulfillinent, we take the inverse problem of HLSE. Let
the input Hamiltonian H;y be

L 8 ‘
Hinlq,p) = g(l’f +ptai+a)+ elal = a2, (16)

the Hamiltor ian of regularized system of HLSE [6]. The input BGNF Hamiltonian,
Giyn. for Hyp is calculated, up to the fourth order, to be

GUN(E ) = (€ + €2 4 n? + p2)(€ + 9 — € — ), (17)
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where € is a parameter. The vector '?52 in cq. (8) 1s hence fixed by “he coefficients,
7;"‘\),(01,(1'2,&, B,), of (,7(,4,\3 through (5). It is worth noting that all th:se preliminary
calculations can be made by GITA.

The GITAT! starts with generating the field Pr to describe the o v put Hamilto-
nian II((jIl),,,v all of whose coefficients ('(:l),,,-(n,;?) are unidentified. Next, eqs. (1)-(7)
with A = QUT are proceeded in GITA™ to caleulate (.(0',), all of whose coeflicients.
7((;’1),,1,(().,‘3), expressed in terms of ('((;,),v,‘((y. ) umdentified. On equiting Gya with
Goyr in GITAT' | eq. (8) takes the following form:

3 (0,4,0,0) + 501 (0,2,0.2) + 3¢5)1(0.0.0.4) = —3e.

‘, , A, (18)
3¢ 0(4,0,0,0) + ¢50.(2,0,2,0) + 3¢50.,(0.0..1.0) = 8¢,
where the coeflicients, "S()r'l'(/"le hyy €1,02), not listed in (18) are set to zero.
Applying the subroutine SOLVE in REDUCE to eq. (18), we ha e
Q) , - ) _
A (0,0,1,0) = u(1), (000,00 1) = u(2).
W (0,4,0,0) = (=3u(2) — u(1) = 82)/3,  ¢5),(0.2.0.2) = u(1). (19)
D (4,0,0,0) = (=3u(1) — u(3) +8)/3, Sl (2.0.2.0) = u(3).

as the solution of eq. (18), where u(z) (2 = 1,2, 3,4) denote the unidentified constants
‘arbcomplex(7)’ introduced automatically in SOLVIE.
FFinally, we identify the output Iamiltonian to be

15 (0, p) = w()p! + u(2)ph +w(3)gipE + u(1)gp}

! P
+ 3 {=3u(1) — u(3) + 8¢} ¢! + 3 {=3u(2) — u(l) — ) qp.

(20)
which admits Gy given by eq. (17) as the BGNI". Note that if all the «(i) vanish
in eq. (20), Hour becomes identical with Hyn given by (16).

On setting «(2) = u(4) = 0 in eq. (20), Hoyr becomes

1 4+ 2u(3)¢? . 4 2u()g? .
‘)( )Ilpf+ 2( )hp-ﬁ

Hour(q,p) =
| | (21)
+ 4+ 3 {—u(3)+ 8} q! +q; - 3 {u(1) + 87} q.

Surprisingly, Hoyr turns out to be a Hamiltonian admitting the separation of vari-
ables, which provides an integrable system accordingly. Although it seems to be
incidental that we encounter such integrable systems after GITA™' | one may ox-
pect to find a class of integrable systems whose Hamiltonians recuce to a given
BGNI Hamiltonian.
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5 Concluding Remarks

We would like 10 make a few remarks on the peculiaritics in a realization of GITA™! .
(1) In generatit g the field P and eq. (8), we have used REDUCE to implement the
combinatorial algorithms and the list processing. (1) As is seen from the algorithm
(1)-(8) presented in Sec. 2, GITA™! is proceeded by tracing back the procedures of
GITA in principle. Ilence we may expect that GITA and GITA™! are pul together
to provide a unified symbolic computing program for various calculation around the
BGNT expansion and integrable models in future.
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Abstract

We consider the construction of explicit solutions of a hierarcay of g-
deformed equations which are (conditionally) quantum conformal invariant.
We give two types of solutions - polynomial solutions and solutions in terms
of g-deformations of the plane wave. We use two g-deformations of the
plane wave as a formal power series in the noncommutative coord nates of
q-Minkowski space-time and four-momenta. One g-plane wave was proposed
earlier by the first named author and B.S. Kostadinov, the other is new. The
difference between the two is that they are written in conjugated bases. These
g-plane waves are used here for the construction of solutions of the massless
Dirac equation - one is used for the neutrino, the other for the antineutrino.
It is also interesting that the neutrino solutions are deformed only through
the g-pane wave, while the prefactor is classical. Thus, we can speak of a
definite left-right asymmetry of the quantum conformal deformaticn of the
neutrino-antineutrino system.

1 Introduction

One of the purposes of quantum deformations is to provide an alternative of the regu-
larization procedures of quantum field theory. Applied to Minkowski s pace-time the
quantum deformations approach is also an alternative to Connes’ no:icommutative
geometry [1]. The first step in such an approach is to construct a no:.commutative
quantum deformation of Minkowski space-time. There are several possible such de-
formations, cf. (2, 3, 4, 5, 6, 7, 8]. We shall follow the deformation of [5] which is
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different fron. the others, the most important aspect being that it is related to a
deformation of the conformal group.

The first problem to tackle in a noncommutative deformed setting is to analyze
the behavior »f the wave equations analogues. Thus, we start here with the study of
a hierarchy o deformed equations derived in [9] with the use of quantum conformal
symmetry. T 1e hierarchy is parametrized by a natural number a. In fact, the case
‘a = 1 corresponds to the gq-d’Alembert equation, while for cach « > 1 there are two
couples of equations involving fields of conjugated Lorentz representations of dimen-
sion a. For instance, the case a = 2 coresponds to the massless Dirac equation, one
couple of equ itions describing the neutrino, the other couple of equations describing
the antineutrino, while the case a =3 corresponds to the Maxwell equations.

In [9] the solution spaces were given only via their transformation propertics
under U,(sl(¢)) and quantum conformal symmetry. However, no explicit solutions,
which are im >ortant for the applications, were given. This was started in [10] with
the construct.on of solutions of the g-d’Alembert equation. Two classes of solutions
were given: polynomial ones and a deformation of the plane wave. It is a formal
power series in the noncommutative coordinates of g-Minkowski space-time and
four-moment . This g-plane wave has analogous properties to the classical one.
In particular it has the properties of q-Lorentz covariance, and it satisfies the g-
d’Alembert, equation on the g-Lorentz covariant momentum cone. On the other
hand, this q->lane wave is not an exponent or g-exponent, cf. [11]. Thus, it differs
conceptually from the classical plane wave and may serve as a regularization of the
latter. In the same sense it differs from the q-plane wave in the paper [12], which is
not surprising , since there is used different q-Minkowski space-time ({rom [2, 3, 4] and
different g-d’Alembert equation both based only on a (different) q-Lorentz algebra,
and not on g conformal (or U,(s{(4))) symmetry as in our case.

In the present paper we give polynomial solutions for all ‘equations of the hi-
erarchy. We give also another g-deformation of the usual plane wave written in a
conjugated basis with respect to the first g-plane wave derived in [10]. We give
solutions of t1e massless Dirac equation involving the two conjugated ¢-plane waves
- one for the neutrino, the other for the antineutrino. 1t is also interesting that the
neutrino solutions are deformed only through the g-pane wave, while the prefactor
is classical. ""hus, we can speak of a definite left-right asymmetry of the quantum
conformal de ormation of the neutrino-antineutrino system.

2 Prel minaries
First we introduce new Minkowski variables:

Ty = zoE T3, v o= oz — Ty, V= T +iTy, (1

which, (unlike the z,), have definite group-theoretical interpretation as part of a
coset of the conformal group SU(2,2) (or of SL(4) with the appropriate conjugation)
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[5]. The d’Alembert equation in terms of these variables is:
Op=(0.0: — 8,0 p =0, (2)

while the Minkowski length is: £ = z_zy —vo = 22— 1%

In the g-deformed case we use the noncommutative q-Minkowsl i space-time of
[5] which is given by the following commutation relations:

T4V = qi]v.ti, T4V = qilfnri,
Ty —T_Ty = A0V, Vv = 00, A=q-q"), (3)

with the deformation parameter being a phase: |q| = L. The ¢-Mink>wski length is:

L, = o ar—gvi. (4)
It commutes with the g-Minkowski coordinates and has the correc. classical limit
L,-1 = L. Relations (3) are preserved by the anti-linear anti-involution w acting
as

wae) = wp, wv) =0, wq) =qg=q", WX = =N, (5

ifrom which follows also that w(£,) = L, .
The solution space (for q-d’Alambert) consists of formal power series in the g-
Minkowski coordinates:

@Y = Z ,u'jnlm @jn(‘m7 @]nim = Hojn[mv kr:J'n[m (Ga)
jntm€Zy

A . . L =m ]

Pinem = VT TL U (6b)

~ _ =m ¢ n o3 __ A .

Pintm = V" 2L 2tV = w(Pjnem) (6¢)

The solution spaces (6) are representation spaces of the quantum algebra U, (s{(4)).
The latter is defined, (cf. [13]), as the associative algebra over @ wi h unit element

ly, *Chevalley’ generators kF, XE, 1 = 1,2,3, and nontrivial rclations ([r], =
(6" —q77)/A) :
k‘,lk] = k‘,jki, k‘lkl_l = kl-_lk?l = 1y, k,‘(li = qic"_‘:]ik,‘ s (7'«1)
[XF,X7) = b5 (K= K7%) /A (7h)
+\? 2 £yt oy + [ yt)? S -
(X)) XE - 2LXEXEXE + XE(XE) = 0, Ji-jl=1. (79

Further we suppose that ¢ is not a nontrivial root of unity. The action of U, (sl(4))
on @, uem was given in [14], (cf. also [10]). Using those formulac we c¢an find also the
action on @jnem :

(j—n+€-m)/2 Sajnlm , (8&)

(—j—n+é+m)/2 /yajnim , (Bb)

Tf(k]) ¢jnlm = q

Tf(k;;) @_jnim = q



—24(—j+n+l—m)/2 [

TF(X:_) ‘rajnlm = Tl}q @j-f—l,n—l,[m +

4 g rHien=tam)/2 [m), @rmestimat (9a)

q(-]‘—n-f-f-f-m)/Z U]q @]—!,n,l-f—l,m _

(=3-n+3t4m)/2 |

T(XT) Pomem = =

-9 ”]q (Pal,’ll—l,/,m-f-l s (()b)

(X 7) Pintm = (IH(J—TLH_"L)/Z Ul @imtnttem +
+ qH(-jHLH—m)/z (€] Pine—1,me1 5 (10a)
TF(X‘) @jnlm = - q1+(J+3n_2_3m)/2 [l)]q @]-f—l,n,[—l,m -

— ¢t ) Gkt (10b)

We have written only the action of in,k] for j = 1,3 since we shall use only

those. (Note that the representation formulae in [14] are for general holomorphic

representations >f U,(s{(4)) characterized by three integers (ry,72,73), (which here

are (0,—1,0)), a1d the functions depend in general on two additional variables z, z.)
Next we need the g-d’Alembert equation:

g9 = Linemezy Himem Do @jnim = 0, (1la)
Oy Pimem = ¢TI0 )y Ginrmim —
— ¢l m]e @51 mema (11b)
Lly Gynem = " nglfy Pin-r-1m

n+j+[+m+1[j]q[m]q Pj—1mbme1 (11c)

-9
(for (11b) cf: [9, 10]).
Remark: Equa.ion (11) may be rewritten in a form closer to the g = 1 in (2) by
introducing g-di:ference operators. For this we first define the operators:

M:: ¥ = Zj,n,[,m€Z+ Hinetm M:: Pintm R = :t,v,?? ) (123‘)
TS = Sinemenmy Hintm TE Ojnem , £ =%,0,0, (12b)
and Mf , M* , MUi , /\;Isz , Tesp., acts on Q;nem by changing by 11 the value of
Jyn, €,m, resp., while TE, T*, T* T#, resp., acts on @ju, by multiplication
by ¢*7,¢*", q%¢, ¢*™, resp. Using the above we define the g-difference operators as
follows:
A - -1 {n -1
Do = 3 M; (T.-T7") . (13)
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Using (12) and (13) then (11b,c) may be rewritten as:

(@D-Dy T = DuDs) LT Ty T = 0 (14a)
(25_ fh.'— q f% f% TL 7%) TL 7;. @ = 0 (14b)

Note that the operators in (12), (13), (14) for different variables ccmmute, i.e.,
using these one is technically passing to commuting variables. Note that keeping the
normal ordering it is straightforward to interchange commuting and nc ncommuting
variables.

3 qg-Plane Waves
We want to g-deform the plane wave. Clearly, the most general q-deformation is:

(explk-2), = 3 o o (15)

where f, is a homogeneous polynomial of degree s in both sets of variables, i.e.,
q-momenta {k,,k_,k;,k;) and g-Minkowski coordinates (v,z_,z4,7), such that
(fs)le=1 = (k-z)*. Thus, weset fo = 1. One may expect that f, for s > 1 would
be equal or at least proportional to (f1)*, but the outcome would be that this is not
the case. In order to proceed systematically we have to impose the :onditions of
g-Lorentz covariance and the g-d’Alembert equation.

The complexification of the q-Lorentz subalgebra of the g-confornial algebra is
generated by k;t, X;-t, j =1,3. Using (9a,c), (10a,c) it is easy to checl that:

A XE) L, =0, = w(XF)(L) =0, =13 (16)

Since (k - z)° is a scalar as (£,)*, then also the g-deformations f, shoud be scalars,
and thus also should obey (16). In order to implement this we suppose that the
momentum components are also non-commutative obeying the same riles (3) as the
g-Minkowski coordinates, and that they commute with the coordinates. Also the
ordering of the momentum basis will be the same for the coordinates. Taking all
this into account one can see that a natural expression for f; is:

) ) (_1)s—a—b
fs = E :Ba.,b,n Fq(a“‘n+1) I‘q(b_n+1) I‘q(s—a—b+n+1) [n]q!

abn €Z4
, (17)

s—a—=b+n pb—m pa—-n yn . n _a-n _b—n ~s—a—bin
x kj LS A A A AR S

where we have introduced some factors that are obvious from the ccrrespondence
with the case ¢ = 1. (The expression in (17) does not involve terms that would vanish
for ¢ = 1. Actually, we shall see that suci; expressions would lead to noncovariant
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momenta light-cone.) In order to implement g-Lorentz covariance we impose the
conditions:

X5 fi =0, j=13. (18)
For this calculation we suppose that the g-Lorentz action on the noncommutative
momenta is given by (8a,b), (9a,b), (10a,b). This was done in {10] and the following
result for # was found:

s _ n(s—2a—2b+2n) + a(s—a—1) + b(~-s+a+b+1) 7s
apn — 4 ﬁo,o,o > (]9)

where
s q(S~P)(r~1)+p

(ﬁ&o,e)_l = Z

iz [ple! [s = plg!

The functions f; obey the g-d’Alambert equation if the momenta are on the q-

(20)

Lorentz covar ant g-light cone:

L8 = k_ky — ¢V kks = 0. 21
+

q
We turn now to the conjugated case. The g-plane wave now is:
1

Xp,(k-7) = N fi

'MS

( 1)5 a—b
ZK””F —n—}—l)[(b—n+1)Fq(.9—a~b+n+l)[n]q!

ab,n

npa—-npb-ngs—a—b+n -s—a—btn_b-—n_a-n_n P’
kg kyTEITTES U Tt (22)

For g-Lorentz covariance we impose the conditions:
n(XF) fs =0, j=1,3. (23)

We use the commutation relations for the momenta components as for as the g-
Minkowski coordinates, and that momenta commute with the coordinates. We also
have to use tf e twisted derivation rule {14} :

T(XH) o = w(X) - owlk) W+ (k) @ - m(XE) (24)
1/) — k:ki_nkb__nkz_a~b+n , 1/)/ — i}s—a—b+nIl_)+_—nx¢i—nl77l. .

The four ¢>nditions (23) bring eight relations between the coefficients 3, however
only three are independent, namely, the relations:

s . 2n42u-b-2-s 7s 9K,
abn T q a—1,bn (25d)
_ 2n—a—2b+2+s -
Hu.bn =4q /gab 1,n (Q‘Jb)
ns - 2a+4-2b—4n+2—5 s .
abn T q /Ba,b,n—l » (25()



solving which we find the following solution:

ﬂa b — (171(2a+2b—2n—s) + a(a—s—1) + b(s—a—b+1) /BS’[),() (26)

e., for ecach s > 1 only one constant remains to be fixed. Next we impose the
g-d’Alembert equation:

O, f=0, (27)

which holds trivially for s = 0,1. For s > 2 we substitute (22) to o>tain that (27)

holds if the momentum operators are on the q-Lorentz covariant q-light cone (cf.

(21)).
Now it remains only to fix the coefficient 85, We note that for q=1 it holds:

(k-z)e 52 = (z-2) = L, (28)

and thus we shall impose the conditions:

)k sa = (L), (29)
A tedious calculation shows that:
- =s)(p=1)+p
(B00)” Z (30)
p=0 ‘l [ })](l

- —1 .
Note that s -1 = 2°/s!, as expected.
0,0,0 q

4 Polynomial solutions for nonzero spin

As we mentioned for ¢ € IN +1 there are two couples of equations mvolving fields
of conjugated Lorentz representations of dimension a. One of the couples is [9]:

{¢°la— 1~ N.),D,T- —D_D.} T,1,1, $ =0 (31)
{¢°la — | = N.},Dy T_T,T, — D;D,} T.T,T, $ =0 (32)

The solutions are polynomials in z of degree ¢ — | and formal pow-r series in the
g-Minkowski coordinates:

$ = Yo Pijum 2vialal e (33)
3l meZy

Substituting (33) in (31) and (32) we obtain two recurrence relations:

a+n [CL — 7 - 1](1[} + 1]‘)
[i + afn + g

Pivljnettm = 4 Pij+1nlm (34)
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a+y)+n+m [ll — l o 1]’)[[ + I]'l

Pitljnim+1 = ]+ 0, Pijn,l+1,m (35)

Solving (34) and (35) we obtain, respectively:
PR R R U [a = 1],!7 +1,![n = i],! 36
Pijn'm q [a~1— ]]q'[llq'[]] '[71] ' Poj+in—iim ( )
N _ ilatitntm=1) [a = 1},![L + 4], ![m —d],! 37
Portn = 4 (@ - DR e O

Combining (36 and (37) we obtain:
Prmdse = qn(a+d+c+%—%)+m(c+m+n) [a — 1],!(],[d],![c]q! %
[a = n = 1]![n]![m],![d — m],!
1

x Poodbe (38)

[b—n—m]![c+n+m]!

Accordingly, th : solution of (31) and (32) is given using (33) as follows (since pooasc
are constants):

min(d,b) g—
Pap = S(‘ ) z:l qn(a+d+c+§—;—)+m(c+m+n) [a - l]q![b]q![d]q![c]q!
D0 o0 [a — n — 1],!n] ! [m],!{d — m],!
1
X vam‘rd_—mzl;-n—ml—}c+n+m (39)

[5=n—ml!lc+n+m]!

Formula (39) is valid also for noncommutative coordinates. For commuting coordi-
nates it may be written in more compact form as follows:

Gare ==zt z o° F} (——b,l —d,c+1; qa+d+c—’— 7qc vy ) (40)
Ty T4T—

where FJ, .is a q-deformation of a double hypergeometric function:

2
0o oo 2 tmi4nm q b} (b,)?
Fé[aa ilab27ca 21722] = Z Z 1’ (a)"+m( 1)"( 2)'"1 2;12;" (4])

n=0 m=0 (S)ntm[rlglm]!

which for ¢ = 1 is given by [15], (f-la 5.7.1.6). For a = 1 these solutions coincide
with the results of [10].
We pass novw to the other couple of equations [9]:

(la = N; = 1],D4T5 — ¢*D,D:T ) T_T, @' = 0 (42)

(la= N; = 1,05 — ¢*D_D;T*T_) Ty ' = 0 (43)
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The solutions arc polynomials in z of degree a — 1 and formal power series in the
q-Minkowski coordinates:

S‘a/ = Z Dijnlm Umxzxaﬂj]zl (44)

L3l mEeZy

Substituting (44) in (42) and (43) we obtain two recurrence relations:

—a4j—n—-m [a —1— l]fl[l + 1]9

) nl,m = : iin m 45
Pit1,jnlmtl q GF m + 1, Pijn,l+1, (45)
—a—n—-2m [a -1 l]q[] + l]fl
7 )N m = g 7,7+1,nim 46
Pit1 g+, q FF i, P (46)
The solution of (45) and (46) is:
— UHT Hd T MY
Prmd’b'c! = q_n(a+d’+6,+%_%)+m(c,+m+n) {a qu‘[b]ql.[d]q"[cl]q' ] X
== ol [ - il
1
X 1htct 4
[ — n —m],![¢ 4+ n+ m],! Pood’s : : (47)
Accordingly, the solution of (42) and (43) is given by:
min(d',b') a—
B POV AR i 1 A N
‘ m=0 n=0 [a = n — 1! [n] ![m],! &' — m],!
1 ! ) ' !
x v° +m+'n.xz£~ml,i—n—-m FmEN =

[6' —n — m],!¢ + n+ m],!

;o 20 VU
efalo” F'p (—b’, L—a,—d ¢ + Lg- ¥t g ——) (48)
Ty TyT

where another deformation of the same double hypergeometric function as above is
used:

2
o o P im?inm N9 ' Ya (K o\a

DI @")nm (0'1)3(62)]
F/tb[a/7 bll’bl2’01721722] — ; ( )n+m l) ( 2) n

n=0m=0 (Cl)n+m[n]q![m]q!

2rz; (49)

The first formula in (48) is valid also for noncommutative coordinates. For a = 1
these solutions coincide with (39), (40), and all reduce to the result of [10].

5 Solutions of the massless g-Dirac equation in
terms of g-plane waves

As it was shown in [9] if a function satisfies (31) and (32) or (42) anc (43) then it
satisfies also the q-d’Alambert equation. Thus, it is justified to look for solutions in
terms of g-plane waves.
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Here we saall restrict to the case a = 2. In this case the relevant equations arc:

({1 = N.}yDy — qD_D,T) T, $ =0 (50)

(1 = N, DT — gD, DT T) T ¢ =0 (51)
(1 = N3, Dy ToT = DD ) T ¢ = 0 (52)
(- Nf]qﬁv - qu)_@ng) Ty ¢ =0 (53)

where (50), (51) are written in the conjugated basis, while (52), (53) are obtained
by setting a := 2 in equations (42), (43). The functions ¢, ¢/ are polynomials of
first degree ir  z, Z, respectively, and can be wriiten as:

p=dotzp, @ =@+ g, (54)

We note -hat the above equations are a g-deformation of the massless Dirac
equation. Indeed, for ¢ = 1 they can be rewritten in the two-component form of
the massless Jirac equation. [t is well known that the latter splits into independent
equations for the neutrino ®(_y and the antineutrino &4,

(afo + (01811 + 02012 + U38$3)) <D(i:)("[) =0 (55)

where o, arz the Pauli matrices:

0 1 0 -z I 0 .
“‘:<1.0)’ =7 3) =0 4) (56)

It is easy to see that @4, are expressed through our functions (for ¢ = 1) as:
2 N
® =i<¢‘3>, <I>_=l<“f1): 57
@ = 9\ g = = 2l (57)

Thus our field ¢ corresponds to the antineutrino, while ¢’ corresponds to the
neutrino.

We start irst with the g-deformation of the neutrino equations (52) and (53).
We shall look for solutions in terms of the q-plane wave (17):

L
5 [sle!

where ! are the analogs of f,, so we shall solve:

~l

¥, (58)

||M8

(Il = NoJ, Dy ToT = *DDST-) LTy o, = 0 (59)
([1 = NelyDo — ¢D_D:T2) T (60)

Furthermore we shall make the following Ansatz:

P! o= (aky + Bh- + vk, + Sks + 2(d'ky + 3'k_ + 7'k, + 8'ks)) [ (61)
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where o, /1,7,8,0',,7',4" are constants to be determined. We st bstitute (61) in
(59) and (60) for commutative Minkowski coordinates and nonccmmutative mo-
menta on the ¢-light cone. Solving we find that:

=0, v=0; o =0, &=0; 3 = -4, v —a (62)
Thus, the general solution of (59) and (60) is:

et = (aky + 0k, — (8k- 4 ok,)2) f, (63)

and so the two independent solutions arc given in terms of the g-plane wave:

[

py(k ) (64a)

polk ) (64b)

€X
cX

(7]

' = (ky — ky2)
PO = (ky — k)
Let us stress that the prefactors do not depend on ¢, i.c., they coincide with the

classical ones (which, of course, are obtained by a much shorter cal:ulation).
Now we pass to the antineutrino field:

. oo 1 v .
S o=y 7 Y (65)
=0 Lsl!
where we shall solve the g-deformed equations:
(1= N)Dy— gD D.T)T, ¢, = 0 (66)
(1 = N, Dy = DD TT) T2 9, = 0 (67)

Analogously to the above we shall write:
by = (aky + ke + vk, + 0ky + 2(a’ky + ke + 7'k, +5R)) fi (68)
where f, is from the conjugated q-plane wave. [If we use the other basis the

prefactors will depend on s and we would not be able to express the solutions in
terms of a g-plane wave.] Now the general solution of (66) and (67 is:

’(/);”’Y = (("k+ + vk, — qz(”ki/ + 7l‘7~)) .fs (()())

and so the two independent solutions of (50) and (51) are:

il

,(/N,(l)
(2)

(ky — qksz) exp,(k - x) (70a)
(ky — qhk_z) exp, (k- x) (70b)

il

Note that unlike the neutrino case, the antineutrino prefactors are j-deformed.
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QUANTUM CHAOS AND EXCEPTIONAL POINTS
W.D. Heiss

Center for Nanlinear Studies and Departament of Physics,
University of the Witwatersrand, PO Wits 2050, Johannesburg, So 1ith Africa

Abstract

The intricate connection between the distribution of exceptional po nts and
particular fluctuation properties of level spacings is discussed. A proczdure is
given to determine the distribution of the exceptional points in the A-plane
for a Hamiltonian of the form Hg + AH;.

1 Introduction

Quantum chaos has attracted great attention during the past few ycars. This is
remarkable since, in contrast to classical chaos, a proper definition is not available
as of yet. However, there is overwhelming experimental evidence, that, ¢n a quantum
mechanical level, nature shows characteristic features when systems arc investigated
which have a classical chaotic counterpart [1]. Even more striking is the fact that
some of such features are still awaiting a satisfactory explanation altho igh, as is the
case in lonisation of highly excited Rydberg states in hydrogen [2}, the dynamical
situation is supposed to be fully understood. It appears, that the semiclassical limit
(h — 0) of a system which is classically chaotic, is not understood. Th: formal root
of this difficulty lies in the non-uniform nature of the limit

lim e/, (1)

It is obvious that energy and time scales are crucial for the limit atlained. The
fascinaling aspect for the physicist seems to be the necessity of having 1nore detailed
experimental information to tackle this formal problem. Whether or not we have to
re-think our concepts of quantum mechanics remains to be seen; it appears to be
certain that we get at least a more thorough understanding of quantum mechanics
from such studies.

In this paper we attempt to address the questions: which are the common prop-
erties of the quantum mechanical operators that give rise to spectral properties that
are ascribed to quantum chaos. If a matrix representation of a Hamil:onian which
originates from a classically chaotic analogy is given, which is the riathematical
mechanism that yields the special features of the spectrum within t1e particular
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range of the parameter where classical chaos is discerned. While cases with a clas-
sical analog:’ have no intrinsic statistical element, a further puzzling question is:
why is it tht a statistical approach without physical input reproduces such good
agreement o the statistical properties of the spectrum.

We belie7e that the common root to the answer of these questions lies in what is
called the exceptional points [3] of an operator. Most physical problems in quantum
mechanics can be formulated by the Hamiltonian Hy + AH, where the parameter
A can play the role of a perturbation parameter, or it may serve to cffect a phase
transition, o it may under variation steer the system {rom an ordered into a chaotic
regime. The exceptional points of the full opcrator are the points A for which two
eigenvalues coalesce. Here we exclude genuine degeneracies of the selfadjoint prob-
lem, in othe* words, the eigenvalues coincide for no real A. The exceptional points
occur in the complex A -plane. Note that the operator is not selfadjoint for complex
A -values.

The defir ition of exceptional points is general and applies in particular to oper-
ators in an infinite dimensional space, also when the spectrum of the operator has
a continuum part. In the present work we restrict ourselves to finite dimensional
matrices Hy and H; as in this case the role of the exceptional points and the asso-
ciated Riemann sheet structure is thoroughly understood [4, 5]. We do not believe
that restrict on to matrices has a major impact on our conclusions since virtually
all the practical work even in connection with quantum chaos is done in a finite
dimensional matrix space.

The physical significance of the exceptional points is due to their relation with
avoided leve crossing for real A-values. The spectrum Fp(A), & = 1,...,N has
branch point singularities at the exceptional points, in fact, two of the N levels are
connected via a square root branch point. If this happens near to the real A-axis,
a level repulsion will occur for the two levels for real A-values. Globally, all the
exceptional point singularities determine the shape of the whole spectrum. There is
a nice analogy to the more widely known connection between the pole singularities
of the scattering function and the shape of the cross section: in a similar way as the
positions of the poles including their statistical properties determine the measurable
cross section, the exceptional points determine the shape of the spectrum and in
particular th= occurrences of avoided level crossings. The distribution of the excep-
tional points will therefore determine the fluctuation properties of level spacings.

The positions of the exceptional points are fixed in the complex A-plane and are
determined solely by Hy and H,. For large matrices it is prohibitive to determine
the positions of the cxceptional points. However, it is possible to determine the
distribution -easonably well [rom the knowledge of the two operators. A high den-
sity of excep .ional points is a sufficient prerequisite for the occurrence of quantum
chaos. In the following section we recapitulate the basics about exceptional points
for matrices .o render the paper self-contained.



2 Exceptional points and unperturbed lines

Avoided level crossing is alwayvs associated with exeeptional points [, 6. 7] if it
occurs for the levels Fi(A) of the Hamiltonian Iy + M. The exe ptional points
are square root branch point singularitics in the complex A-planc. We give an
clementary example for illustration and briefly 1ist the essential aspe “ts with regard
Lo exceptional points.

Consider a two dimensional matrix problem where 11, is diagona with cigenval-

ues ¢ and g5, while My is represented in the form
H=0-D-U7" (2)
lere. the diagonal matrix 1) contains the cigenvalues wy and wy of the matrix /1,

. COsyY  — sy i
e il (3)
Sl Cos

The cigenvalues of the problem My ++ M, are

and {7 is the rotation

Sy +éey+ /\(u«'| + u-"z)

12 ,(A) =

where

8%

1 — 942 ,\(wl—W2) 2 1 . 0 i -

R = (——1) + (h) + oA(g = 2wy — wy)cos e : (5)
Clearly, when o = 0 the spectrum is given by the two lines

EYA) = e+ A k=12 (6)

which intersect at the point of degeneracy A = —(g), — )/ (wr = ). When the

coupling between the two levels is turned on by switching on 2 the degeneracy is

lifted and avoided level crossing occurs. Now the two levels coalesce i1 1 he complex
A-plane where 2 vanishes which happens at the complex conjugate points

A = ﬁ—tl—;—ti(rxp(:(:‘_)iup). (7)
Wy —uwy

At these points, the two levels f55(A) are connected by a square root branch point, in
fact the two levels are the values of one analytic function on two different Riemann
sheets.

These considerations carry over to an N-dimensional problem []. The diagonal
matrix / contains the elements ¢ and D the elements we. A= 1,....V: the matrix
U is now an N-dimensional rotation which can be parameterised by V(N — 1)/2
angles. (In the guoted paper a parameterisation was chosen so that {7 s unity when
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all angles are zero.} The exceptional points are determined by the simultancous
solution of the »quations

det(fs — Ho — A1) =0

15 det(f£ = Hy — Ally) =0. (8)
There are gene-ically N(N — 1) solutions which occur in complex conjugate pairs
in the A-plane. At those points the N levels I/, (A) are connected in pairs by square
root branch po nts when they are analytically continued into the complex A-plane.
Since the positions of the singularities determine the shape of the spectrum, and in
particular the fluctuation properties, a closer analysis is indicated. Asis exemplified
in the next sect, on, the crucial condition for the occurrence of level statistics ascribed
to quantum chaos is a high density of exceptional points in the complex plane within
a small window of real A-values.

To get an icea about the density of exceptional points we introduce the concept
of unperturbed lines. Clearly, when U Is the unit matrix (all angles are zero), the
spectrum of Hy + Ay, = Hy + AD is.given by the lines gp + Awg with & =1,...,/ N.
The N(N - 1), 2 intersection points of the N lines depend on the relative order of
the numbers ¢, and wg. 1f both sequences are in ascending order, all intersections
occur at negative A-values; conversely, if one sequence is ascending and the other
descending all intersections occur at positive A-values. In general, the order which
is appropriate for the actual problem, is expected to lie between the two extremes.
To find out the appropriate order we are guided by the asymptotic behaviour of the
levels £, (A) of the full problem. For large values of A the leading terms are given
by

Ek(/\) =dwg +ag+ ... (())
where the dots stand for first and higher order terms in 1/A. Neglecting these terms,
154.9 yields just the unperturbed lines with the appropriate association of slopes wy
and intercepts v;. From perturbation theory we find the latter 1o be the diagonal
clements of the ’hackwards’ rotated Hy, viz.

Ok :((]_1 'Ifo'lj)kyk. (10)

The significince of the procedure lies in the casy availability of the parameters
of the unpertutbed lines from the knowledge of Ify and H, alone. The exceptional
points of the full problem are expected to lic near to the intersection points of the
unperturbed lir es (for the two dimensional problem the real parts of the exceptional
points coincide with the points of intersection). Hence, knowledge of Hy and H,
alone enables us to predict for which values of A strong fluctuations of the energy
levels are expected to occur and where they certainly do not occur.



Fig.1. A sample of exceptional points in the upper A-plane for ¢y & @erit/2
(top) and @g > et (bottom). An ensemble of 140 cases of 10 x 10 matrices is
displayed. The apparent hole around the origin is due to the finite sa nple size and
is insignificant.
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3 Distribution in the complex plane

While the inte rsection points of the unperturbed lines give a lair indication about the
range of the values of A where quantum chaos occurs, they do not give an indication
about the dis ribution in the complex plane. To make progress we consider the N-
dimensional riatrix model where Hy is diagonal with clements ¢; which we assume
to be different. The form of H| is again chosen as in Eq.(2) where the elements of D
are w; and the orthogonal matrix U is a random orthogonal matrix. For 7 = | the
levels of the full problem H = Hy+ M| are given by I2; = &;+ Aw;. The intersection
points of these straight lines have a well defined distribution if the g; or the w; or
both are unifcrmly distributed in a certain (large) interval. The distribution is given
by P(z) = ¢jz* where ¢ is a constant and z is the unfolded cnergy variable. We
now switch o1 the random angles from which the random orthogonal matrix U is
constructed by chosing them from the interval [—wg, o] As soon as py is nonzero,
each intersection point will become a pair of exceptional points. For very small
values of g t 1e exceptional points lie near to the real axis [rom which they emerge.
With increasi ig oo the exceptional points move further into the complex A-planc. In
Fig.1 examplecs of the pattern are given for ¢y about ey /2 and lor ¢y > @eq. An
empirical valt e for e, is 7/(2v/N); the distribution does not change for g > @eric-
It turns out that the distribution in the plane is again given by P(r) = ¢/r? where r
is the distance from the origin. It is remarkable that it depends only on the distance
from the origin; in other words, it is independent of a direction, that is ol an angle
against the real axis, if g > @eric-

The relation to quantum chaos lies in the corresponding necarest neighbour dis-
tributions (NND). We obtain a pure Poisson distribution for ¢5 = 0 reflecting an
integrable casz. A genuine Wigner distribution emerges il (, has reached its critical
value; it remeins a Wigner distribution for all values of @y > @i 1 o < @eny the
NND is betwcen the two, it can be fitted by a Brody distribution.

4 Summary and discussion

The connecticn between fluctuations in the level spacings and the distribution of the
exceptional points of the Hamiltonian Hy + AH; has been discussed. A constructive
procedure to >btain a distribution of the real parts, and thus of regions of A where
quantum chacs is to be expected, has been given in terms of the unperturbed lines.
The usefulness of the approach has been demonstrated by a number of examples
given in the iterature, where it has been found that quantum chaos is the more
likely to occu - the higher the density of exceptional points [8].

We mention that it was argued in a previous paper [7] that transitional regions
of finite Fermri systems which undergo a phase transition are generically expected
to show patterns ascribed to quantum chaos. This aspect has been further pursued
and confirmec. recently [9]. Exceptional points also explain why traditional approx-
imation methods like a mean field approach are bound to fail in these regions. The



-1

Zu

reasoning is based on the augmented occurrence of exceptional poiats in the tran-
sitional region. The singularities limit the radius of convergence of a perturbative
expatsion.

With the approach adopted in this paper one might trv to give a characterisation
ol quantum chaos: quantum chaos is quantum mechanies under spccial conditions.
IFavoided level crossing (or tunnelling) occurs on a large scale then quantum chaos
is likely to ocene. The high sensitivity {7} under generie perturbation of spectrum
and state vectors is explained in terms of the high density of exceptional points.
However, in contrast to the classical case. the transition from or ler to chaos is

smooth. although it can be dramatic.
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Abstract

The ‘amilies of quasi-simple or Cayley-Klein algebras associated to anti-
hermitian matrices over R, C and H are described in a unified framework.
These th ree families include simple and non-simple real Lie algebras which
can be o»tained by contracting the pseudo-orthogonal algebras so(p, ¢) of the
Cartan series By and Dy, the special pseudo-unitary algebras su(p, g) in the se-
ries A;, nd the quaternionic pseudo-unitary algebras sq(p, q) in the series C}.
This approach allows to study many properties for all these Lie algebras si-
multaneously. In particular their non-trivial central extensions are completely
determir ed in arbitrary dimension.

1 The three main families of CK algebras

The aim of this contribution is twofold. First, we present the structure of the three
main series o Cayley-Klein (CK) algebras (orthogonal, unitary and quaternionic
unitary) as associated to antihermitian matrices over R, C and H [1, 2]. These
families inclule real simple Lie algebras in the four Cartan series as well as many
non-simple Liz algebras which can be obtained from the simple ones by a sequence
of contractions [3, 4]. The CK approach is quite useful in the study of many struc-
tures associated to the algebras in a given CK family, such as their symmetric
homogeneous spaces [5], Casimir invariants [6], quantum deformations [7], etc. This
formalism allcws a clear view of the behaviour of such properties under contraction.

And secord, as an example of this approach, we focus on the complete and
general results concerning the non-trivial central extensions {8, 9, 10] for all the
algebras in th: three main CK families.

We consider N real coeflicients w = {w),ws,...,wn) and two-index coefficients
w, defined in terms of the former by

Wap = Way1Wags Wh a,b=01,...,N a<b Waa 1= 1. (L.
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Let K denote an associative division algebra; this can be either the reuls R, complex

C or quaternions H. The space K¥N*! can be endowed with a hermitian (sesqui)linear
form { . | . ), : KN*! x KN*! — K defined by

N
(a] b)Yy 1= a’b° + @'wyb' + @fwyweb® + ... + aNwy - wyb = Zéiwo,-bi (1.2)

=0

where a, b € KVt! and @' means the conjugation in K of the component a'. The
underlying metric is provided by the matrix

T, = diag (1, wo1, woz, - - -, won) = diag (1, w1, wiws, ..., wy---WN). (1.3)

The antihermitian CK family over K is defined as the family of Lie ¢lgebras of the
groups of linear isometries of this hermitian metric over the space K*Y*!. Thus the
isometry condition for an element U of the corresponding Lie group

(UalUb), ={(a|b), Va,beKVH, (1.4)
leads to the following relations for the group element U and generatcr X:
UL, U=1, X'IT,+I,X=0. (1.5)

For K = R, H these matrices span a simple Lie algebra. For K = C the algebra so
determined is not simple, but becomes simple if we add the unimodularity condition:

det(U) =1 trace(X) = 0, (1.6)

which 1s known as the special condition for the Lie algebra/group Hence from
condition (1.5) (and also (1.6) when K = C) we obtain Z,-antihermitian (N + 1) x
(N 4 1) matrices over K = R, C, H which generate the three families of quasi-simple
or CK algebras displayed in the following table [1, 2]:

K CK family Generators Dimension
R Orthogonal so,(N +1) Jab = —Wap€ap + €1 %N(N +1)
C Complex special unitary Job = —Wap€ab + €py (N+1)72-~1
su (N + 1) Moy = 1(waveas + €1)
By = i(ej—y-1 — en)
H  Quaternionic unitary Jab = —Wap€ap + €pa 2AN+ ) +(N+1)
5q,(N +1) M2 = io(wab€ab + €ba)

EY = 1464,
Hereafter it is assumed that a,b = 0,1,...,N and a < b; [ = 1,...,N; 1 is the
complex unit; @ = 1,2,3 and 7; =1, 12 = j, 13 = k are the usual quaternionic units;
and ey is the (N + 1) x (N + 1) matrix with a single 1 entry in row a, column b.
When all the coefficients w, # 0 these CK families include real simple algebras
in the four Cartan series:
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o The orthogcnal CK family so, (/N + 1) embraces the pseudo-orthogonal algebras
so(p,q) with 1 +¢= N + 1 in the Cartan series By for even N, and Dxs1 for odd
N' 2 2

e The special unitary CK family su,(N + 1) comprises the special pseudo-unitary
algebras su(p, q) with p+ ¢= N +1 in the Cartan series Ay.

o The quaternionic unitary CK family sq, (N + 1) includes the quaternionic pseudo-
unitary algebras sq(p,q) with p+ ¢ = N 4 1 (the usual name for these algebras is
sp(p, ¢)) in the Cartan series Cy1.

In all cases, p and g are the number of positive and negative terms in the matrix
7, (1.3), so when all w, > 0 we recover the compact real forms so(N +1), su(N +1)
and sq(N + 1). If we set one or several coefficients w, equal to zero, we obtain
a non-simple .ie algebra. This process is equivalent to perform the limit w, — 0
which corresponds to carry out an Indnii-Wigner contraction [11]. Therefore each
CK family includes simple as well as non-simple members and the latter appear by
means of contractions. These non-simple Lie algebras preserve properties related
to simplicity, «nd are also called quasi-simple [12]. For instance, it has been shown
in [6] that all -he algebras in the orthogonal CK family so, (N + 1) share the same
number of fun:tionally independent. Casimir operators no matter how contracted is
the Lie algebri. This not longer true if we go beyond the CK family as the abelian
algebra clearly shows: all its generators are invariants.

These families of quasi-simple algebras can be obtained by applying the graded
contraction theory {13, 14] to any simple member in each family {e.g., so, (N 4+ 1) is
provided by Z?®" graded contractions starting from so(N +1) [3, 4]). An alternative
approach te t}ese algebras can be found in [15].

In the sequel we write down the Lie brackets for these three families of Lie
algebras. We -emark that the values of each real coefficient w, can be reduced to
+1, —1 or 0 (by means of a rescaling), so that for a given N each CK family contains
3" Lie algebras (some of them are isomorphic as abstract Lie algebras).

The commritation relations of the orthogonal CK family so,(N + 1) can be ob-
tained from the matrix generators J,, and read {1, 8]

[Jaby Jac] = wabec [Ja67 ch] = _‘Jac [Jac, ch] = wchab [Jabdee] = 0. (17)

Hereafter wheever three indices a, b, c appear they are always assumed to verify

a < b < ¢; whenever four indices a,b,d, e appear, a < b, d < e and all of them arc

assumed to be different; and there is no any implied sum over repeated indices.
The Lie breckets of the special unitary CK family su,(N +1) are given by [1, 9]:

[Jab7 Jac] = ‘Uab-]bc [']alh ch] = _']ac [Jar:a ch] = wbct]ab
[Muba Muc] == wabec [Mu.ln Mbc] = Jac [Ma,(:7 Mbc] = wb(:']ub
[Ju.ba Mac] = wabec [Jab7 Mbc] = —Mu.c [‘]u,c, Mbc] = "'wbcMab
[Maln Jac] = _wabec [Mab7 ch] = _Mrzc [Mrzm ch} = wbcMab (18)
[Jaby Jae] =1 [Map, Mye] = 0 [Juby Mg,] = 0
[Jas, Bi] = (a0=1 = Ob1-1 4 ot — 8at) Muup
(M, Bll = —(8uioy — do 1 + 8 — Sar) Jap
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[Jabs Map] = =20 Z B, [Bi, B3] = 0. (1.9)
s=atl
Il we discard the condition (1.6) and cousequently. further to the generators of
suy(N + 1) we add the matrix [ = lza\:o €aa. We obtain the unitary CIK family
u,(N + 1) of dimension (N + 1)* and with commutators given by (1.3), (1.9) and

s [] =0 [My. I}=0  [B.1]=0. (1.10)

When all w, # 0 we find the pseudo-unitary algebras u(p.g) which ¢re not simple
(they are in the semisimple series Ay ¢ 1y) but their pattern is sim lar to that of
su(p, q) with respect to I,

The commutation rules of the quaternionic unitary CK family sq (N + 1) turn
out to be [, 10]:

[Jabs Jac] = wapdbe [/ ab Ihr] = —Jue [Jaes o] = whed 2

(M3, M3 = wap e [ nz,v bel = Jac (Mo, M) = wy o

[J. s MZ] = wa My, (Jab, M ] -M:3 (ace Mit] = —wnc M3,

(M2, Jue] = —was M) [/W"b,Jb(] =-M (MO e = wie M, (1.11)
[ aby - rit"] =0 [ ab? ds] =0 ['I”’“.“Irl{,’(’} =0 )

[J”l,7 Ld] — ( ad — (gb,[) 1‘1’!) [M:b, /‘:” = "((gml - (SI,,[)-I,,(,
[Jap, M) = 2w (B = ) (B3, 1] =

[ :bv Mfc] = “JabEwﬁW/VI7 (M3, Mlir} Eapy M. (M
[ ab7 M'%e] =0 [ ub’ A4ab] - QwﬂbE”ﬂ’Y(lj‘ + l‘h)
[ abv ;b] - ( ad + (gbd)Ea,U'yMab [E;,Yv IQ‘I{] — 2(5!11)-nd'\ I':,?

where €, is the completely antisymmetric unit tensor with 193 = 1. and whenever

3
,
M) = whnes g M.

ac ab

three quaternionic indices o, 3, v appear, they arc assumed to be dif erent.

Finally, we would like to remark that in addition to these three main ‘signature’
farnilies of CK algebras, whose simple members so(p.q), su(p.q), s1(p.q) can be
realised as antihermitian matrices over cither R, C or H. there are other CIK families
(1, 2]. In the Cnyy; Cartan series, the remaining real Lic algebra is the symplectic
sp(2(N + 1),R), which can be interpreted in terms of CIC families cither as the
single simple member of its own CK family sp,(2(N + 1), R), or al.crnatively, as
the unitary family w, ((N + 1), H') over the algebra of the split quaernions H' (a
pseudo-orthogonal variant of quaternions, where iy, 1y, iy still anticomute, but their
squares arc i2 = —1,12 = 1,12 = 1; this is not a division algebra). likewise there
are other CK families associated to the remaining real simple Lie algebras, namely:
su*(2(N+1)) = sl(N+1,H) in the Cartan series Ayygy. sH{N+ 1L R) 22 su( N+ 1.C)
also in Ay, and so*(2N) in Dy.

2 Central extensions

et G an r-dimensional Lic algebra with generators { Xy, ..., . Y, } and structure con-
stants (71»’;. A generic central extension G of G by the one-dimensional algebra gener-



62

ated by Zis a Lie algebra with (r 4 1) generators {X,,..., X,,=} and commutation
relations:
Xo X)) =D ChXe+ &2 [E.X]=0. (2.1)
k=1

Hence we consider an initial cxtension coeflicient &; associated to each Lie bracket
[X:, X;]. As G must be a Lie algebra, the extension coefficients &; must be antisym-
metric in their indices, §;; = —&;, and must fulfil the following conditions coming
from the Jacobi identities for the generators X;, X;, X; in G:

r

D (Gl + Chts+ Clty) = 0. (.

k=1

S
e
~—

Therefore as a first step in the study of the central extensions of a given Lie algebra
G we have to solve the set of linear equations (2.2) involving all initially possible
extension cocflicients ¢;; (2.1). Afterwards we have to find out which of these coeffi-
cients are trivial, that is, which can be removed from (2.1) by means of a change of
basis in G. Explicitly, if for a set of arbitrary real numbers u; we perform a change
of generators

Xk—)XL:Xk+/LkE, (23)

then the commutators for the generators {X7,..., X!, =} are given by (2.1) with a
new set of extension coefficients

€ =& — > Chu, (2.9)
k=1

where 6u(X;, X;) = 34, CEu is the two-coboundary generated by . Extension
cocfficients differing by a two-coboundary correspond to equivalent extensions, and
those extension coefficients which are a two-coboundary, &; = =377 _, Cikj,uk, cor-
respond to tr vial extensions. The classes of equivalence of non-trivial two-cocycles
determine the second cohomology group of the Lie algebra, H*(G,R).

The procedure we have just described can be carried out for each family of CK
algebras in a global way, so that this unified approach avoids at once and for all
the need of a case-by-case study for any given algebra in the family. In general,
the extension coeflicients arising for each CK family can be casted into three types
according to their behaviour under contraction (when some w, vanish):

e Type I eztension coefficients: they correspond to central extensions which are
trivial for all the CK algebras belonging to a given family simultaneously, no matter
of how many coefficients w, are equal to zcro. Therefore they can be removed at
once by means of redefinitions as (2.3).

o Type I eztension coefficients: they give rise to non-trivial extensions when some
w, = 0, and to trivial ones otherwise. Therefore these extensions become non-trivial
through contractions and are called pseudoextensions [16, 17).
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o Type 1] extension coefficients: they must fulfil some additional conditions in such

~ manner that whenever they. are non-zero they are always non-trivia . Therefore

these extensions cannot appear through the pseudoextension process.

In the sequel we present the complete results on the problem of finding all non-
trivial central extensions for the three main families of CK algebras. We will directly
discard type I extensions which are trivial for all CK algebras in each family.

2.1 Central extensions of the orthogonal CK algebras

The non-zero commutators of any central extension 36,,(N + 1) of the orthogonal

CK algebra so, (N + 1) are given [8] by:

[ zzbbic] - -

[Jab,Jab+l] - wabeb+1 + wab— labe_'.lE [Jab, Ju.c] = wabec fOI‘ c > b+ 1
[

[/,

Jau ]a+1r] - wa+1cJaa+1 +wa+2 ca£a+1E [Ju.c; ch] = wchab for b >a + 1 (25)

aatls cc+]] = ﬁa+1c+1u [Jaa+27Ja+1a+3] = "wa+2ﬁa+1a+55-

The extension is completely characterized by the following extension coefficients:

o Two type II coefficients, of,, a&_, y- The extension af; (resp. ok _, 5) is non-
trivial if w, = 0 (resp. wy_1 = 0) and is trivial otherwise.

o (N —2) type Il pairs, af, 1, 15, @by 1oy (a=10,1,.., N = 3), fulfilliag

F _ L
Wa43Qq1a42 = Wat1Qgp1at2- (2-6)

The two extensions afﬂ a2 ozﬂL+1 o2 BTE both non-trivial when wyy; = J and w43 =
0, and both are simultaneously trivial otherwise.

o (N — 1)(N - 2)/2 type III coefficients fs41441 (b = 0,1,...,N -- 3 and d =
b+2,...,N — 1) which must satisfy the following additional relations:

If d=b+2: wWhpi1p43 =0 for w = wp, Wy 1Whtz,Ws42Wht3, Woia @2.7)
If d>b+2: wBhi1a41 =0 for w = wy,Wsyz,Wd, Wdt2 )

where it is understood that conditions as wp3 = 0 or wny18 = 0 are not present.
Whenever the extension B541441 is non-zero it is always non-trivial.

The pseudoextension character of type II coefficients ol ai2s 041 apq Means
that if wey; # 0 and wets # 0 both can be simultaneously removed ty applying a
redefinition of the generator Juy1a42:

F L
@ = Qgt1at2 =
—atlet2= a+1a+2+La_+_:_ (2.8)

!
Jat1at2 — Ja+1 at2 = = Joplat2 +
Wa41 Wa43

The equality is guaranteed by the condition (2.6). Thus in this case both extensions
are trivial. If we perform, for instance, the contraction wst1 — 0, the relation (2.6)
implies that wa+3af+lu+2 =0, so if wey3 # 0 the extension af+la+2 venishes, while
@l | .42 can be eliminated by using (2.8). Therefore both extensions become non-
trivial only through the two contractions w,41 = 0 and w43 = 0. The rame happens
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for the rema ning type II extensions af, and af_, 5 with respect to w, and wy_i,

respectively. We remark that type III extensions do not appear under such process.
Let us illustrate now these results with some interesting algebras [8]:

(1) so(p,q) with p+g= N +1 (all w, # 0).

All type III coefficients vanish due to (2.7), and all type II are trivial as they can be

removed by nieans of redefinitions (2.8). Therefore, as it is well known (Whitehead’s

lemma) these algebras have no non-trivial extensions: dim (H?(so(p,q),R)) = 0.

(2) iso(p,q) with p+ g= N (w1 =0 and the others are non-zero).

These algebrits include the Euclidean iso(N) and Poincaré tso(N — 1, 1) ones. The

case N = 2 is special since w; = wy-; = 0, so that there is single non-trivial

extension ok _; v = of, and dim (H?(iso(p, ¢),R)) = 1; this extension corresponds

to a uniform and constant force field in the 1 + 1 Minkowskian free kinematics for

the Poincaré algebra 1so(1,1). However this extension is no longer possible if N > 2

(0 = w1 # wn-1) and there are no non-trivial type 11 extensions; furthermore it can

be checked tat all type III ones vanish so that dim (H*(iso(p,q),R)) = 0.

(3) itso(p, q) with p+q =N —1 (w; = w; = 0 and the others are non-zero).

We have to distinguish three cases according to the values of N:

N Non-trivial extensions  dim (H2(iiso(p, ¢), R))
2 ok ol 2
3 (K(l)‘l ; a;;, 313 3
>3 b 1

The physical 10le of these extensions for the Galilean algebra i1so( N —1) is as follows:
the only non-trivial coefficient which appears for any N, aél, is the mass; afz Is a
constant force for iis0(1); afy is a sort of non-relativistic rermainder of the Thomas
precession for i750(2) (18] and B3 has no physical meaning and disappears once we
move from th: Galilean algebra to the corresponding Lie group.

(4) .. .is0(1) (all w, =0).

This is the most' contracted CK algebra: the orthogonal flag algebra. All the condi-
tions (2.6) and (2.7) are fulfilled and all possible extensions are non-trivial, that is,
there are 2(N — 1) type Il and (N — 1)(N - 2)/2 type HI non-trivial extensions.

2.2 Central extensions of the unitary CK algebras

The commuta:ion relations of any central extension 5@, (/N +1) of the special unitary
CK algebra su, (N +1) can be written [9] as the commutation relations (1.8) together
with:

b b
[Jab7 Mab] = _2wab Z Bs + Z Wy s—1Wsh asE [Bk, B[] = ﬁklE k < l (29)
s=a+1 s=a+1

which will rep ace those in (1.9). The possible extension coeflicients are
o N type II coefficients o (k = 1,..., N). Llach of them gives rise to a non-trivial
extension if w; = 0 and to a trivial one otherwise.
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o N(N = 1)/2 type 11 coeflicients Gr (A <! and k.0 = 1..... N). sa isfving
Wi =0 widy =0, (2.10)

Thus, Bk vanishes when at least one ol the parameters wy. wy is different from zero.
When 8y is non-zero it is always non-trivial.

On the other hand, the Lie brackets of any central extension (N + 1) of the
unitary CICalgebra u (VN 4+ 1) are given [9] by (1.8), (2.9) and:

(Jap, 1]=0 M. 1] =0 [(Bi. 1] = = S0

which will replace those in (1.10). The extension is completely characterized by the
above extension coeflicients ay and Gy together with:
o N type T cocflicients . (k= 1,...,.V) satislying

Wi = 0. (2.12)

When 4 is non-zero, the extension that it determines is non-trivial.
Unlike the orthogonal CIK family we can give now the following closed expressions
{or the dimension of the second cohomology group of these two unitasy CK familices
which establish the number of non-trivial extension cocfficients according to the
number n of coeflicients wy which are equal o zero for a given unitary CK algebra:
dim (H(suo(N + 1),R)) = n + ”(”'_; D _ ”(”j b (2.13)

; (n— 1 3
dim (H*(u (N +1),R)) =n + ”(”? ) +n= ”(”j ) (2.1.1)

The first term n in the sum of (2.13) and (2.14) corresponds to the cen ral extensions
ayg, the second term ﬂnl;ll to the By and the third term nin (2.14) 10 the ;.

As far as the special unitary CK algebras is concerned, we find that the second
cohomology group is trivial for the simple su(p, q) algebras with all «, # 0 (n = 0).
The inhomogencous iu{p, q) algebras with w, = 0 and all other constants w, # 0
(n = 1) have, in any dimension, a single non-trivial extension: o The algebras
with wy = w; = 0 and the remaining w, # 0 (n = 2) have always three non-
trivial extensions: ay, ey and 3y, The special unitary flag algebra with all w, =0
(n = N) has the maximum number of non-trivial extensions: N(N 4+ 1)/2. A similar
discussion can be performed for the CK lamily w, (N + 1).

2.3 Central extensions of the quaternionic unitary CK al-
gebras
The algebraic structure of the CK family sq (N + 1) scems to be muct more compli-

cated than those in the orthogonal and unitary CIX families. However, the solution
to the central extension problem comes as a surprise and is quite s mple to state
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[10}: all centrel extensions of any Lie algebra belonging to the quaternionic unitary
CK family sq, (N + 1) are always trivial for any N and for any values of the set of
constants wy,wsq,...,wN:

dim ( H?(sq (N + 1),R)) = 0. (2.15)
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Abstract

Basis function for representations of rotation groups, corresponding to dif-
ferent chains of subgroups, are realized by different hyperspherical functions.
They are related amongst each other by interbases expansion coefficients. The
asymptotic limits of these interbases expansions are obtained when the cor-
respondiig rotation groups O(3) and O(4) are contracted to the Euclidean
groups E(2) and E(3).

1 Intrcduction

A recent article [1] was devoted to the relation between the separation of variables
in the Laplace-Beltrami operator on an n-sphere S, and the Laplace operator on the
Euclidean space E,,. The connection between the two spaces is studied using the
theory of Lie algebra and Lie group contractions [2]. The two groups related by the
contraction procedure are the isometry groups of the two spaces, i.e. the rotation
group O(n+1" and the Euclidean group E(n), respectively.

Let us consider the Laplace-Beltrami equation

ALBW(UI,Uz....,un) = —/\\IJ(UI,UQ,...,UH) (1)

on some homogeneous space M. We denote the isometry group of M and its Lie
algebra G and L, respectively. Separated eigenfunction of Ay can be characterized
as the common eigenfunctions of a complete set of commuting operators Y, a =
1,2,.,n

Y. W= _/\a\pa [YaaYb] =0, U = fl(ul)f2(u2)-"'fn(un)' (2)
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The set of operators {Yy,a = 1,2,..,n} includes the Laplace-Beltrami operator and
consists of second order operators in the enveloping algebra of L. The simplest
types of coordinates are obtained if all operators Y, in the set are Casi nir operators
of subalgebras of L. Different types of coordinate systems and different types of
cigenfunctions W correspond to different types of subalgebra chains L > Ly O L,.....
The corresponding coordinates are called subgroup type coordinates.

Smorodinsky. Vilenkin and collaborators introduced a graphical method. the
"method of trees”, for characterizing different subgroup type coorcinates. The
method is explained in the original articles [3, 1] and subsequent book [5]. The
relation between tree diagrams and subgroup (or subalgebra) diagrams is presented
in ref. [1].

The contractions considered in [I] were “analytical contractions™. The contrac-
tion parameter is the radius of the sphere . It is introduced into the generators of
the Lie algebra L, hence also into the operators {Y,} and thus into cig nfunction ¥
and cigenvalues A,. The effect of taking the limit # — oc. when S, gors to I9,, was
studied for coordinates, operators, eigenfunctions and cigenvalues.

In physical application one makes use of concrete basis functions ¢f representa-
tions and one needs other objects as well. Thus, in nucleat physics. cr any many-
body theory more generally, it is often necessary to expand different hases in terms

“of cach other. The different bases are related by unitary transformations. The
matrix elements of transformations between different bases for the group O(n+1).
i.e. between different types of hyperspherical (or polyspherical) functions. are called
"T-coefficients” and have been calculated explicitly [6].

The purpose of this article is to study the contractions of the interases expan-
sions and thus of the T - coeflicients, in the limit # — oc.

2 Contractions of interbases expansions for 0(3)

In the case of the S, - sphere only two trees exist (I7ig.1). They are opologically
equivalent and correspond to equivalent subgroup chains 0(3)20(2). llowever, in
the 3-body problem, one chain privileges particles (1,2), the other particles (2.3).
The spherical functions Yin, (01, 02) corresponding to these trees are contocted by the
transformation

i
s T 7 .
Vi, (5—0;,0;) = 2 Dins (5 500 Yo (01,0) (3)
1 2

my=-

where D) (o, B,y) = em™odl (B)e™™7 is the Wigner function [7] and the

mag,my
angles in both sides of the expansions arc connected by the relations
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uy = Rcosb = Rcos b} cos b,

U Rsin 0y cos6; = Rcos 0ysin 8,
u; = Hsinb;sinf, = Rsinf
We use an intzgral representation for the function d.,_ . (r/2)

T, = 2 f (L4 ma)l(1 = my)! 2
di’l?vml(?_(“l) ?{(Hml)!(l—ml)!}

s
/ (sin @) "™ (cos a)!+™ ¢2m2 gy,
0

and the formulas [8]
cos(ina) = T,(cos 2c), sin(2na) = sin 2a - U, (cos 2a),

where Ti(z) and Uj(z) are Tchebyshev polynomials of the first and second kind.
After integrat.ng over «, we obtain a representation of the Wigner D functions in
terms of the hypergeometrical function 3£, (of argument 1):

(1)

Do (520 = = VAT ma)T= )] @)

4my+1
—Mgy, My, 2

1] (l—=m)~even

1

Li+1

+mi42
2

1] (1= my) ~ odd

)
DS )r(=m )

1 1—mg,my+1
24l {r(’——'l‘,lﬁ e +2)}2 , nmET S
0 2

3042

Consider now the contraction limit R — oo in the expansion (3). For large R we

put
r
lNICR7 my NklR, : GINE’ 0;«;%7 0’2'\,%’
where k2 = kZ + k2, and have
. 1 ma+mgl eimat2
fim im0, 02) = (1) R (k)=

. _izhyl T ‘gt
i (7 e (5 - 002)

PARLE: cos kpy, ({ — |my|) — even,
Vk, =

—isin kgy, ({ — |m,|) — odd,
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Using known asymptotic formulas for the 3/, functions and I - functions in eq. (4)
we obtain:

lim (=1)" 5 VR D!

T W _ me [ 2
R—oo mz’ml(§’§70) = ( 1) ﬁ
(£)° 2R (cmamas 5 58) (1= mi) —even,
x
—imy (58)* 2R (mma+ Lma+ 15 35 558 (I —my) ~ odd.-
. 5 cosmyg, (I —my) — even,
=Y (5)
wk
2 | ¢sinmeg, (I —my) —odd,

Multiplying the interbases expansion (3) by the factor (—1)“1-2" ' and taking the

contraction limit B — oo we obtain (8 = 0,, m = m;)

ikaz ) COSkay | _ > fm| J COS TN ‘ imé :
¢ {sin kzy} - Z (2) {—sin mtp} Jimi(kr) € (6)

m=—00

or in exponential form

eikrcos(é‘—np) — 2 (Z)m Jm(kr) eim((?—(p) (7)
The inverse expansion is
imé (_Z)m s ik é
Jm(kr)ezm — / eime 7 cos(8—) d(p (8)
27 0

For § = 0 the two last formulas are equivalent to well known formulas in the theory
of Bessel functions [8], namely expansions of plane waves in terms of cylindrical ones
and vice versa.

3 Contractions on the interbases expansions for
O(4)
Let us consider now the interbases expansions for the hyperspherical functions on the

three-dimensional sphere S5. There are only three (see Fig.2.) elemer tary notrivial
transformations between trees for Ss.
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1. First ve consider the expansion between trees on Fig.2(a) (6]

J

N I—|m J=|m|-n ’
Um0, 92,02) = D ()M (=) 5O W (8,68),04), (9)
l:lm[ 2! 2 12 2
where

up = Rcosbcosly = Rcosb

u; = Rcosbsinf, = Rsinf]cosd)

u; = Rsinfcosfs = Rsin b sin ) cos b,

u3 = Rsinf sinf; = Rsind) sin 6 sin 05,

Ciabﬁ - are the Clebsch-Gordan coefficients for the SU(2) group and the corre-
sponding hyperspherical functions have the form:

m|+|n J—|m|-|n
\/2]+2\l (J+' 2|+l |)'( IZI : I)' infly _imbs

Wonm (61,82, 0) = — - THfml=Inlyy J=mlHalyy €
(TR
x (sin 8;)™(cos )l P(lm,'n"ll)" cos 26, 10
I=lml=ln|

2

VERI+ )T+ 1+ DI(J =)
2HIT(J + 2)

\I’Jlm(gia 0;7 03) =

x(sin 8,)' PSR (cos 01) ¥ (61, 6), (11)

where P,Sa’ﬁ)(s:) are Jacobi polynomials. In the contraction limit B — oo and

r T

0; ——)E 01—)%, 02—)El,

where r = \/f +p? = \/zf +z2+zi k= \//<:12+p2 = \/k12+ k2 + k2, we have
(1] '

J~kR, n~kR,

imf,

k ikizp ©
Rh—r.go \/—\I’Jnm(01702703) Pirym(z1,p,03) = \/;Jhnl(PP)e Vot (12)

and

! . k
I%l_{r;o E‘I’J{,,J_&i, 02, 03) = ¢k1m(7‘7 0;,03) = \/;JH_%(]CT‘) Y,m(0’2,03) (13)
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Taking the Clebsch-Gordan cocflicients in the form

oIl _ (—l)m () 20+ D)+ [m])
P E TP, Ul =000 + 15 D= ol

s

(LIl Sl Lol g,
X L [ I (14)
(J+|mH—|n|)'(J—|m|—|n|)| E
2 : 2 : ~J, |m| + 1.
in the contraction limit B — oo, we get
, d=lml=n i 204+ 1)+
Jim VR s = Whteoso) = [ %
— 00 2 , - g .

( 0] 2 7
—_—(‘SIISIT) 7 . ( [+ |m|, [+ |m|+ 1; pm| + |; %) = \/Aj 7)} t(ms 0), (13)

where

20+ 1) = |m])!
2(L + | |)!

arc the orthonormalized Legendre polynomials and cos ¢ = p/A&. Thus the interbases

'Pllml(ﬂ") — [)I|”'|(.,.)

expansion (9) transforms to the expansion between the cylindrical and spherical
bases for the Helmholtz equation

q)kklm(mh P703) = Z Wl£-|m|(cos (f)) (I)H,,,(r, 0")703)1 (l())
[=}m|

We use the formula
/ Wijmi(cos @) Wit (cos @) sin gdé = 26, (17)
Jo

to obtain the inverse expansion

i (1,05, 05) = / W) (€05 6) Pty m (21, . 03) sin ¢ dgb. (18)

Putting the exact form of the functions (12)-(13) and interbases cocfficients (15)
into the expansions (16) and (18), we obtain

1 100

Cikrrosq&cosf?; J|'"1|(pp) — Z (,L')l+m

N \/k_ Jl+ (kr) P I'"I(( s ) P l” (cos 83) (19)
I=|m| T
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1 m —g)Hm T 08 & cos 0 m .
\/TJ1+%(]€T‘)7)I' I(cos 0;) = ( \;{))_ etkr conpcost ./|,,,v,(pp)73,| 'I((:()S @) sindo
T T 0

The last two >xpansions coincide with well known formulas in the theory of the
Bessel functions [8].

2. The second expansion is:

J
Vinm(81,602,02) = > T35 Vi (8}, 04, 05). (20)
=|m|
where

ug = HRcosh cosb, = Rcos ¥,

u; = HRcosfsinb;cosf; = Rsin 0] cos 0, cos By

u; = Rcosfsinb,sinf; = Rsin 0] cos 0} sin b,

us = HRsinb,; = Rsind| sin 0.,

[see Fig.2(b)]. The hyperspherical wavefunctions corresponding to these two trees
are

VRI+ D +n+ 1)I(J —n)!
2MIT(J 4 3)

‘IJJnm(()] 5 ‘927 03) =

x(cos 61)" Pyt 3™ D (5in 0,) Y, (6, 03),

ooy YETT DO DT =
Vo000 09 = N
x(sin 0)' P2 D cos 0) Vim( 7~ 5,65)

The interbases coefficients T9,,, have the following form [6]

- [I_Hﬂ} () ogn 20 p(Zznsitinl | q)
jnm, 2 Im“ F(J+n+21-|m|_+_1)

20+ 1)(2n + 1)(n + [m)!(I + [m])!(J = DI(J — n)!
(n — [mD{(I = [mDI(J +n+ )I(J 11+ 1)

_n=ml_n-m[-1 _ i=|m| _ I-|m|-1
2 2 3 2 2
{ - .1}

Im] +1, _J+n+2[—[m[’ J—n—21+|m| +1
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In the contraction limit R — oo and

T3

r
R’ R’

where r = /p? + 22 and k = \/p? + k2, we obtain [1]

0~ 2

91 ~ R’

A J~kR, n~pR,

J—n

(=)
)%1{1;_‘7—1%'_“\1/]7”71(01;02303) = Bipm(p, T3,03)

€

Vk Jn(pp)

™

imbs { cos kszz, J —n.—even

1sinkazs, J —n —odd

o1 y , k ™
ngl;lo E\I!ﬂm(ﬂl,e’z,es) = @klm(r,02,03) = \/;JH_%(ICT) Yl.m('é- — 0;,03)

For the contractions of interbases coefficients T%, . we get *

| s 0= [+ + m)
Jlim (=1)"77 VR TS\, = Wipeos §) = ¢ |n)1|! ( ;I;(l)E I:rn)_'ll

[—|m| I—=|m|—-1
2 7 2

(cot ¢)|m|+% (sin @)' 2 Fy (—— . |m| + 1; = cot? ¢)

= (-1)"# \/% (cot ¢)F P™(sing),  (21)

where cos ¢ = p/k. The interbasis expansion in (20) transforms to the expansion
between the cylindrical and spherical bases for the Helmholtz equatioa

Jnpp) | %% =Z(__1)_lj_zm_ll][+%(kr)(cot¢)%’P,|ml(sin¢)’P}"|(sin9'2) (22)
a isin k33 ! Vr |

where the top line on the left hand side corresponds to a summalion over [ =
|m|, [m|+2, |m|+4, ... and the bottom one to a summation over [ = |m|+1, |m|+3, ...
on the right hand side. The E(3) expansion (22) is related to the expansion (19)
by the substitution k; = kcos¢ — ks, =1 = rcost — z3, ¢ = 7/2 ~ ¢ and
0y, — w/2 — 6.
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3. The tlird expansion is:

(J=Iml)

Uim(8,65,05) = > (=) ehin e Wina(6),6),05)
n=—(J=Iml) oo

where n has the same parity as J — |m/| and

up = fcostcosbycosf3 = Rcosb cos
u; = HRcosf cosbysinby = Rcosb)sin b
uy = Rcosf;sinb, = Rsin 6] cos 6,
uz3 = Rsiné, = Rsin @] sin 6,

[see Fig.2(c)] The corresponding hyperspherical function is:

VI + D) (J + 1+ DT =)

Wi (01, 0, 05) = 2H1IT(J 4 2)
2

1 1
(cos8,) P23 (5ing,) ¥, (g —0,, 9:,) ,

and the wave function W ;.. (8],05,04) is given by (10) (with n replaced by m).

(23)

The contraction in this case (see Fig.2(c) and eq. (24) below) will involve 3
quantum nuribers J, | and m. Eq. (14)expressinf Clebsch-Gordan coefficients in
terms of the ; F; functiop is not convenient for taking this limit. Instead, we use the

following integral representation [6)

I, N~
CilTnlﬂ—nJ jmpn = (—2) 711
2! 2 12 2

VAT = DT+ T+ 1)

(ZHzlnyy( LHmbny g )t

and the form 1las [8]

MNa+n+1)

P eosd) = S

1 .
2Fi(=%, 5 + o504 1;sin? ) n — even,

cos ¢2F1(—"2;1, F+a+lia+l;sin?¢) n—odd.

e {<l+ Imm(kwmm)y}”z

L PN (3045 in
2+ImH2P (] 4 3/2) ,ﬁ/o (sin ¢)' 1™ P57 (cos g)e ™ d
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After integrating over ¢, we obtain a representation of the Clebsch-Gordan coeffi-
cients in terms of the hypergeometrical function 4% (of argument 1):

somiran VLT | (4 L4 DY)

(,,'l’|m| ( )l ]m|( :
g lmkon  fniae = 20N\ (7 = )Tl Ty,
Cn len Jhlan =]
(O IR TR G el B ot
S " 1](J—=1)~even
r(l+|m|2—n+2)l (l |m[2~n+2) l(ﬁfb‘) 443 | l=jmlent2 Lilmlont2 ( )
20
1-n 2-n J+HI+3 1=J+1
—in /U mD )t T(5) P 22 2 2
Al L] (J =1 —odd
]‘(HI |1 +J)[‘(l I l; +5)I Jﬁ ‘ N 3 I=|m|=n+3 I+im|-n+3 ( )
2 z P
(To our knowledge, this expression is new). In the contraction limit /7 — oo and
Ty To €Ty , 14
Oy~ 2 Py~ =2, O~ =, O~ J~ER I~pR. m~ kR 21
TR TR TR ! e 20
we get :
2=lmi 2hp ok
li W i (604, 0,
HI_{IOIO( ) Jl ( 1 V2 ) kohs 7
cos kyTy cos kazg (J —|m]) —even, (! —|m}|)—even
—isin kyzo cos kaza (J —|m]) —odd, ({—Im])—ever. (25)
—icos kyzy sin kyz; (J — pin|) —even, (I —|m}) — odc. -
—sin kyzy sin kyzy (J —|m})—odd, (I—|m])—odd.
mle _ = |1n| ‘11 ',"_Ll
lim (—2)"m2(— ( =
er'{.lo( 1) VR min s lmlan
cos ng, (J —|m|) — even, (I —|m]) —cven,
—isinng, (J —|m|) — odd, (I —=1|m|) — cven, (26)
—isinng, (J — |ml]) — even, (! —|m])— odd, -

—cosng, (J —|m|) —odd, (I—|m])—odd,

where cos ¢ = (p? — k2)/(k? — k%) and k? = p? + k% = k¥ + &} + k3. Substituting the
formulas (12), (25) and (26) into the expansion (23) we have

cos kz2z2 €08 kaxs cosng
. o0 .
sin kpxy cos kazg | sin n¢ ind!
k ok = E . i (gp)e™
cos koxy sIn k3Ty sinng

. . (e o]
sin ka9 sin kaza cosng
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where

tan @, := =2 ¢ =kI+ k2, p? =zl 4z, cos? ¢ =

Z2 k% + k:%

Thus the interbasis expansion (23) transforms to the expansion between Cartesian
and cylindricel bases for the Helmholtz equation on F,.

4 Conclusions

In this article we rectricted ourselves to subgroup type coordinates only and more-
over to the lowest dimensional spheres S, and S3. Two earlier articles were devoted
to contractions of separated basis functions that correspond to nonsubgroup type co-
ordinates, in particular elliptic coordinates on \S; and on the hyperboloid I1; [9, 10].
It would also be possible to obtain interbases expansions for other types of bases,
though so far this has not been done.

We mention that though the two different trees on S, are topologically equivalent,
the contraction to E, destroys the symmetry between them. Indeed, one system of
coordinates on S, goes into polar coordinates on K,, the other into Cartesian ones.
Corresponding]ly, contracted interbasis expansions give relations between plane and
cylindrical waves namely eq. (7) and (8). These expansion formulas are of course
well known.

Five types of trees exist for S3. Only two of them correspond to mutually non-
isomorphic-susgroup chains. After the contraction, we obtain expansions between
functions separated in spherical, cylindrical and Cartesian coordinates, respectively.
We have presented only 3 of the 10 possible interbasis expansions and their con-
tractions. The others are either obtained by composing the 3 elementary ones, or
correspond to transitions within an O(3) subgroup. The transition between spheri-
cal and Cartesian basis in E(3) is obtained by composing the Cartesian to cylindrical
and cylindrical to spherical ones.

An article on constractions of interbases expansions on S, for n arbitrary, is in
progress. -
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THIE CONSTRUCTION OF DISCRETE TIME
INTEGRABLE SYSTEMS

George Jaroszkiewicz

Schol of Mathematical Sciences, Universily of Nottingham, UK

In the following C'T means continuous time, DT means discrete time, M means
mechanics and = refers to any equality holding modulo equations of motion.

There is 1.0 ;pace here to discuss our motivation for constructing discrete time
mechanics. 'This may be found in [1] and references therein. Suffice it to say
that continucus time and space have long been regarded with suspicion and that
theorists hav:: considered various alternatives, usually proposing that at short dis-
tances (~ la-ge momenta) interesting physics may occur. Our interest here is in
the consequences of taking temporal discretisation literally, not regarding it as an
approximation to continuous time, but as a fundamental aspect of a novel form of
mechanics. We will review the principles behind our DT mechanics [1], which differs
from the app oach of various other workers in that only our time is discretised.

Turning t> the subject area of this Workshop, Arnold’s definition of Liouville
integrability states that for an integrable C'T system with r degrees of freedom there
exist r sufficiently regular, functionally independent functions i (p,q) which are
in involution, i.e. their pair-wise Poisson brackets vanish, i.e. {Fi,F}pg =0. One
of the F s 1he Hamiltonian of the system. These Poisson brackets are local in
time in CTM, and they (or Dirac brackets in the case of second class constraints)
correspond tc¢ equal time commutators in canonical quantisation. We discuss this
later in the context of temporal non-locality, which is an inherent feature of DTM.

In the fiel1 of integrable systems (a tiny subset of all dynamical systems) tem-
poral discretisation has been discussed by several authors, but no general principles
have been stated. This leads to the questions: can we find different discretisations
of the same CT system? and: is there a ‘best’ or ‘proper’ way to discretise? The
answers are y=s and possibly. Our work has concentrated on the second question.

In our DT dynamics, systems are viewed at a sequence of discrete times {p; <
tmer < ... < ty-o1 < ty called nodes. Links are the intervals between the nodes.
Dynamical vasiables come in two sorts: node variables such as ¥ = > (t,,), defined
on the nodes cnly and link variables ¢¢ defined on the links connecting the nodes. We
distinguish two sorts of DTM. Stroboscopic mechanics (SCM) is just CTM viewed at
discrete times (see below). In this case all trajectories are continuous in time and it
is meaningful to discuss intermediate times ¢; < ¢ < t;;; if we so choose. The other
sort is genuine DTM, where the CT limit need not exist for certain trajectories and
in principle it is meaningless to discuss intermediate timnes.

Another issue concerns the intervals T, = ¢,41 — {,,. These may all be fixed
" independently of the dynamics (rigid DTM) or they may be determined by the
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dynamics (non-rigid DTM). lixamples of rigid DTM arc the discret: Toda lattice
discussed below and our own work on DT'M [1]. Examples of non-r gid DTM are
T.D. Lee’s DTM (below) and Moser-Veselov clliptic billiards (below).

An r'*-order function is any term or expression of the form f (Qu, @y 41+ - - - Qugr)-
We formulate our equations of motion using a first-order system function (DT ‘La-
grangian’) A" = A (¢2,92,,, 7). A number of discretisations of integrable systems
can be based on such functions. Note that an asymmetry between 1ode and link
variables occurs at this level in our approach, and that the system function A" is
much more like a Hamilton’s principal function than a Lagrangian, b»ing non-local
in time. Starting with the action sum A, = Z”\:_A; A", the equations of motion
follow from Hamilton’s principle extended to DT, §Ap = 0, giving

') 0
A"+A =00 M<n< N, —A"=0. M<n<A. !
In the case of non-rigid DTM we have the additional equations
7]
A" = M <n <N 2
o,V T A= . : (2)

The following are examples of discretised integrable systems for which the system
function approach works.

The Toda lattice

The CT model discussed by Symes [2] is given by the Lagrangian

S OMICHIED D )

In 1995 Suris [3] gave two different discretisations based on system functions. The
first has system function

eVe=r | 42— Ux , U S
A=Y T =Ty ¢ (1)

with equation of motion

Ur -2+ Uz l 1 —T?%exp (Ur — SU)
=5 In -
T? ¢ 1 —T?exp (SU.I? — U.T)

TR

whereas the other has system function

z-SUx

A= Z Uz - TZ/ In {1 4+ T%"} dy (6)

with equation of motion

Ur -2z +Ux | 1+ T2exp (S(/.‘I,'—‘.’I‘,)
g =5 n ’
K e 12 I+ T?exp (v ~ U Sx)
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The operators U and S are the temporal and spatial step operators respectively
with U, S the'r respective inverses, and we use the notation z, — x, Tap — Un,
Zn_; — Uz and suppress the temporal index n. This example shows that temporal
discretisation is not a unique process, unless some new principles are employed.
The Calogero-Moser model
A discretisition was given by Nihoff & Pang [4] with the system function

A" = Z Inlz2,, —zb| - Z Infz? ~zh|. (8)
ab a#b
DT Noetker Theorem
The DT analogue of Noether’s theorem is readily found. If the system function
is invariant to the infinitesimal transformation ¥& — ¥2 4 6y2, ¢ — ¢2 + 6¢F then
the first order «quantity

C" =Y 640N /0y (9)

is an invariant >f the motion. Generally, continuous symmetries found in CT'M will
occur in DTM ~vith the exception of translation in time. Therelore, we expect that,
for a given integrable non-relativistic CT system with 7 invariants, our discretisation
approach shoull generate at least  — 1 DT analogues. It is the non-existence of a
Hamiltonian which makes the discretisation of integrable systems interesting.

There are two possible ways around this problem. First, Logan suggested [5] that
if an infinitesimr al transformation gave a change in the system function of the form
§A™ = v,y — v, then we could construct an associated invariant (called a Logan
invariant by us - possibly analogous to the CT Hamiltonian. Unfortunately, finding
such a transformation may be near impossible for highly non-linear systems. Second,
Lee’s variant of non-rigid DTM gives us a method of generating an invariant which,
from Dirac’s reparametrisation approach discussed below, is a possible analogue of
the Hamiltonian.

To illustrate the problem with the Hamiltonian, consider the rigid, regular DT
system function

_ (Uz — z)?

A
2T

—-:TWUV+V), V=V() (10)
The equation of motion, which is explicit in Uz, 1s

Uz — 2z + Uz

= -0, V. (11)
The analogue of canonical momentum may be defined via p = —0,A, Up = Oy, A
and now we define the "Hamiltonian” H (Up,z) = Up (Uz — z) — A. Then we find

a— =Uz -1z, ~H=p—Up, (12)
Oz «
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from which we deduce that the two-form dz A dp is conserved, viz U(dz A dp) =
c
drAdp. Unfortunately, the H is not conserved in general, a fact rediscovered by many
authors. The origin of this problem (if it be regarded as a problem) is two-fold; first,
there is no continuous time translation in genuine DT mechanics, so the concept of
a generator of such a transformation is meaningless, and second, the step operator
U/ is not a derivation, i.e., it does not obey the Leibnitz rule of differentiation of
products.

Energy and Dirac’s reparametrisation

Before we discuss Lee’s DTM, consider Dirac’s approach [6] to encrgy.. Given
a CT Lagrangian L = L(q,q,t) Dirac rewrote the action integral in tie generally
covariant form A;; = fol dX\ L, wheret — t(\), t' = dt/d\ > 0,t; =t (0), t; = £(1),
L =VL(§ g/t t) with §(A) = q(t). With ¢ treated as a dynamical variable and
Hamilton’s action principle extended to variations of ¢, then in addition to the usual
Euler-Lagrange equations of motion for the ¢* we find the equation of raotion

d (aL oL
E{%.q-L}:—E, (13)

which is the usual rate of change of energy equation. When there iz no explicit
time dependence in L we have conservation of energy. We should ask, i there some
analogue of this approach in DTM? The answer is yes.

In rigid DTM there are two related fundamental questions connected with energy;
i) is there a DT analogue of the Hamiltonian, and ii) if so, how to construct it? In
CTM H is the generator of continuous translations in time and we -onstruct H
directly from L using the rule H = p-q— L. In DTM we simply don’t have this.
Yet if DTM is in some sense a discretisation of CTM, why should we nct have a DT
analogue of H?

Ad-hoc discretisations may or may not have invariants corresponding to the CT
Hamiltonian. Integrable rigid discretisations such as the DT Toda latt ce discussed
above were constructed with a Poisson bracket approach in mind, an1 because of
their very special construction have a conserved "Hamiltonian’ (or ratier Hamilto-
nians, because it is clear there is no uniqueness in the discretisation’. In general
however, there will be no guarantee of this.

A systematic way forward is to discretise via the non-rigid approach of T.D.
Lee, which generates a DT analogue of the Hamiltonian automatically, which for
autonomous systems will be a dynamical invariant. However, the Poission structure
may not then be so evident.

Before we discuss Lee's DTM, we discuss the concept of non-locality in time in
CTM, and the possibility of constructing non-local in time brackets.

Stroboscopic mechanics

If a system is integrable in CT mechanics it will certainly be integrable in SCM.
This proves that we can always find examples of integrable DT systeras. However,
not all DT systems are SCM systems, so it’s a good idea to understand how Poisson
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brackets (which are local in time) can be compatible with SCM (which is non-local
in time).

When we consider non-local in time (NLT) quantities in CTM, it is surprising
but true tha; such objects occur naturally, although some may be not so familiar.
A good exaniple is the action integral A[q] = ft” dt L itsell. Another example is
Hamilton’s principal function (HPF), defined as the action integral evaluated on a
true or class:cal trajectory. We now consider the construction of NLT brackets in
CTM.

Peierl’s Poisson brackets (PPB)

Poisson brackets occur in Arnold’s statement of integrability in CTM. The PPB
(7] allows us to define an NLT bracket which reduces in the limit of equal times to
the conventional PB. Moreover, it is formulated in configuration space and not in
phase space, so it is an inherently useful object to use in SCM.

Consider 1 configuration space q = {¢*, 4%, . .. ,q"}. Define the functional deriva-
tives 507 )
¢’ (L2

6q, (tl) 7 ( 1 2) ( 4)

Given a first order Lagrangian L = L(q,q,t) the action integral A[q] is just the
integral A[q] = f:ifdt L}, over a particular trajectory q. Then we define

— 6 = 8
MmN ey "

etc. using deWitt’s compact notation [8]. The second order Euler-Lagrange equa-
tions of motion are derived from the principle S; = A, l[q.) = 0, where the q. is the
[

true or classical trajectory.
The retarded Green’s function Gf-]-_) (t1,12) satisfies the equation

/dtZ S (t1,8) G8P (b, 15) = =656 (1) — ty). C(16)

and the condition GE;) (t1,t2) = 0,41 < ty. The advanced Green’s function G’f;r)

(t1 — t3) is defined by Gz(-f) (ti,t3) = G’gi_) (t2,t1) and then the Peierls propagator
kernel Gi; (t; — t3) is defined by

Gy (tr,t2) = G (b, 1) — G5 (1), (17)
Then the PP3 {f, ¢} ppg of two functions f, ¢ on configuration space is defined as
6f bg
— dty=——— G (11, tg) —9—.
Uadyrn = [ dudislsGy (6,1 222 (18)

In a more coidensed notation [8] we may write this in the form as {f,9}ppy =
61.f G2 629, where the repeated index implies appropriate integration and summa-
tion. The PFB provides a natural way to construct brackets which are NLT. We
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find for example _
{(]1(/1),(]"(12)}”)1_): M — ). (19)
This is an important result, because it tells us that in SCA there is a concept of a
NILT brackel between canonical coordinatcs.
For functions f, g of the ¢' and their derivatives evaluated at definite times, we
find

fim {f (1), 9U2)}pps = {9} pn- (20)

ty—t
where the Poisson bracket is evaluated at equal time ¢, In [8] deW tt discusses the
relationship between group invariants, the dynamical equation of motion and the
Jacobi identity in some detail. He also shows that the equation o motion can be
cast in the NLT form

(f(’l)f {6 () 1 ()} g - (21)

and proves that the Jacobi identity using the Peierls” bracket is ratisfied for any
three of the group invariants. This is the link between T Liouville integrability
and SCM, which in turn gives a link to genuine DTM.

example: the CT harmonic oscillator

Given the Lagrangian

_ .2 ! 2.2 9
L= sma® — smwa’, (22)
then the Peierls propagator kernel is just (7 (1) = —sin (wt) /mw. H nee we find the
NLT bracket |
{z (), 2 (t2)} ppy = —msiu[w(ll —1,)]. (23)

From the Lagrangian, we define the conjugate momentum p = dL/JF = mi and so
we find
{z(t1),p(t2)}ppy = cos [w (L1 — 12)]. (21)

which reduces in the CT limil to the standard PB {x.p};, = 1 Now a general
solution of the equation of motion is

Iy = _A(l — 2) (’)2 €Ly = ()zA(l — 2) Ty — A(l - 2)12 (25)
where A is the Schwinger function given by A (¢) = m( (1) ,with
]iII] f)gAl_z = l, I]m A]g =0. (2())
21 21
A canonical quantisation of this system gives the rule

B, 2 (L)) = ——sinfw(t, — £)]. (27)

Now consider a DT analoguc of this system. Lxpericnce shows [9] that the
appropriate system function corresponding to (22) is of the form

A" = ta (I'le +22) = Bragi,, B #0, (28)

-2
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where a and 3 are real constants, with equation of motion
Tl = 20Tn = Ty, 7= /P (29)

For quantisatio1, we may use the Schwinger action principle extended to DT [9], i.e.
we take

8(¢, Nltb, M) = ih(¢, N|6Annlp, M), (30)
and then we find
[’i'n+lvi‘n] = —th/B, (31)

which is the DT analogue of (27) . For an example from field theory, we find the free
scalar field commutator [10]

(Brin (), 0 (V] = e VIR, 32

T. D. Lee’s DT mechanics
In 1983 T.D . Lee [11] considered the discretisation of

ty
ACE/ Ldl, L=T8_V(r): (33)
t

[

in the form
N-1 N-1
Ac—»AD—:-ZA"+u{ZTn—TMN} (34)
n=M n=M
where
1M Ty *l'n)z 1
E—_ﬂ;—— — ET" [V (l‘n+1) + |4 (rn)] . (35)
Here the T, are considered dynamical degrees of freedom and u is a Lagrange mul-
tiplier. Then the equations of motion are

A'n.

In+l_rn e i ____l i
m T +m T T3 (T + Tnei) (')rnv(r")’ (36)
m(r r,)’ N-1
1 T+1 T In 1
2 +T2 + 2 [V (r"+1) +V (rﬂ-)] T u, Z T, f Tmn. (37)
n n=M

By inspection, equations (37) correspond to Dirac’s energy equation (13) for an
autonomous system. For a rigid regular case we would have T,, = T, giving only the

equations

Tng1 =2+ Ty 0
T2 ? 8rn V (rn) 3 (38)

with no obvious 2nergy invariant.
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An interesting point is that for the analogue of a path integral quantisation of a
non-rigid model we might need to consider the number of links to be variable, from
one to infinity. We would not naturally expect this to be the case for rigid DTM.

Moser-Veselov Elliptic billiards

We now discuss a simple system [12] for which Lee’s approach work:. Consider a
configuration space x = (z',z%,...,2") with action sum A[x] = Z::M [Xnt1 — Xq|
and constraint x Bx, = 1, where B is a symmetric positive definite raatrix. Then
the equations of motion are

Xnt1 — Xp T BnYn, Yan —¥n-1 T vnBx, ‘ (39)
_ xn+1 — Xn XZBYn YH—»Ian (40)
n = T, n = 3 Vn = — -
Y lxn+1 - xn| K YZBYn XZBZX’H

This can be rewritten as an example of Lee’s DTM as follows. Between the events
(Xn,tn) and (Xn41,tny1) the CT HPF S™ is based on free particle motion and given
by S™ = m (Xpng1 — xn)2 /2T,,. Then the action sum is

N-1 N N-u .

Asz:ZS”+Z%z\(X,Tlen—l)JrU{ZTn“TMN}- (41)
n=M n=M n=M

and hence the equations of motion are

m (Xn41 — Xn) m (Xn — Xn)

=\.Bx,, M
T, T, - x < n< N (42)
2
Xn — Xp
’m_(“;Tg“)T:“’ M < n<h (43)
N-1
Z T, =Tun, x,Tlen =1, M < n<AN. (44)
n=M ¢

Then we find g, = [Xn41 — Xu|, p? = 2T2u/m, A, = p.mv,/T,, giving complete
agreement between the Moser-Veselov equations (40)and our results (44). This
suggests that at least for some discretised integrable systems, there miy be value in
pursuing Lee’s approach.

Virtual paths

Even if we use Lee’s approach, the construction of a system function remains a
problem. We have proposed an approach based on the concept of virtual path [9)].
The basic idea is that if DT is fundamental, then there is a level belov which there
is no meaning to time. So, take a given link [t,?,4:], and consider the variables
associated with it. For a node variable 3, construct a suitable virtua: path running
from 4, to 1, ;. For example, for point particles the virtual path from.n to n 41
might be ¥y = Anyy + Ab,, A =1 — A For link variables, the virtual path may
just the variable itself. The choice of virtual path is really part of ou- modelling of
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the system and different virtual paths will give different system functions. Then our
virtual path prescription is

L (%) = A" = Tu(L (Dap, ). (15)

where (f,) := fol dAfy and D, = g—:. For example, the standard Lagrangian [ =
$mi? — V (2) goes over to the system function

m (Tpp1 — xn)Z

A" = T

1
- Tn/ dAV (Azpp + Az,). (46)
0

The point here is that the integration over the virtual path parameter ) leaves us
with a systen function depending only on the node and link variables. The choice
of virtual peth will influence the details of this function, however. For example,
gauge invariance can be readily incorporated in this approach, but the virtual paths
become non-linear in this case.

Summaiy

Our proposed strategy for finding integrable discretisations would be the follow-
ing: 1) find ¢n integrable CT model to be discretised; 2) rewrite the Lagrangian as a
non-rigid system function using appropriate virtual paths; 3) find all the continuous
symmetries :nd hence determine the DT Noether invariants; 4) vary with respect to
the 77,5 (using Lagrange multipliers) to get Lee’s analogue of the conserved energy;
5) investigate the symplectic structure; 6) quantise via the DT Schwinger action
principle.
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Abstract

A supersymmetric method for the construction of so-called condition-
ally exactl’ solvable quantum systems is reviewed and extended to classical
stochastic dynamical systems characterized by a Fokker-Planck equation with
drift. A class of drift-potentials on the real line as well as on the half line
is construc .ed for which the associated Fokker-Planck equation can be solved
exactly. Explicit drift potentials, which describe mono-, bi-, meta-or unstable
systems, are constructed and their decay rates and modes are given in closed
form.

1 Intr(_)d uction.

Many physical phenomena of nature are characterized by some basic differential
equations. For example, quantum-mechanical phenomena are described by Schré-
dinger’s equatior., which dictates the dynamics of some quantum system represented
by a Hamilton operator. One is therefore primarily interested in finding all eigenval-
ues and eigensta .es of such Hamiltonians. As a consequence, finding a large class of,
in this sense, analytically exactly solvable quantum systems is an important goal and
this search has already been initiated by Schrédinger using the so-called factoriza-
tion method [1, 2]. This factorization method is basically equivalent to Darboux’s
method [3] already invented 1882 and applied to Sturm-Liouville problems. Re-
cently, these methods have attracted new attention [4], in particular in connection
with supersymmztric (SUSY) quantum mechanics [5]. For a recent approach and
further reference: see, for example, [6, 7, 8].

Somehow unroticed by those working on the quantum mechanical problem the
same basic ideas 1ave been utilized in constructing exactly solvable classical stochas-
tic systems described by a Fokker-Planck equation [9, 10, 11]. In fact, the Fokker-
Planck equation can be put into the form of an imaginary-time Schrédinger equation
exhibiting SUSY. Therefore, exactly solvable SUSY quantum Hamiltonians also pro-
vide exactly solvable Fokker-Planck-type systems. Whereas until now these methods
have been appliei to mono- and bistable systems [9, 10, 11], they correspond to a
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situation with unbroken SUSY, we present here also examples with troken SUSY
giving rise to meta- or unstable drift potentials.

In the next two sections we briefly review the basic concepts of SUSY quantum
mechanics and its close connection with the Fokker-Planck equation [5 12]. Section
4 reviews our recent approach [6, 7, 8] towards a construction of the most general
class of SUSY partners of a given quantum mechanical Hamiltonian. This approach
is applied to the Fokker-Planck equation and allows to construct new diift potentials
with known decay rates and modes. Two examples are discussed in some detail.
The first one is related to the linear harmonic oscillator having unt roken SUSY
and leads to bistable double-well or monostable single-well drift potentials already
found by Hongler and Zheng [9]. The second example is the class relatec to the radial
harmonic oscillator with broken SUSY. Here the drift potential is eithcr metastable
or unstable.

2 Supersymmetric quantum mechanics.

To begin with, let us briefly review the basics of SUSY quantum mechaunics or, to be
more precise, Witten’s model of SUSY quantum mechanics [5]. This r.odel consists
of a pair of standard Schrodinger Hamiltonians (units are such that A =m =1)

He= -t D4V, )= (W) W) (1)

Evidently, this pair is completely characterized by the so-called SUSY potential W,
which is assumed to be real-valued and an at least once differentiable function inside
the configuration space. This configuration space will be either the 1eal line IR or
the positive half line RY. Thus the above Hamiltonians act on a suitable linear
space of square-integrable functions over R and IR™, respectively. Wish the help of
the supercharge operators

A= _\}—E (% + W(z)) , Al= % (—% + W(z)) (2)

the above pair of SUSY-partner Hamiltonians factorizes, H, = AA" > 0, H_ =
AtA > 0, and obviously obeys the intertwining relations AH_ = H, A and H_A" =
A'H,. As a consequence H, and H_ are essentially isospectral. In other words,
their strictly positive energy eigenvalues coincide and the correspondiig eigenstates
are related via the supercharges. However, there may exist an additional vanishing
eigenvalue for one of these Hamiltonians. In this case SUSY 1s said to be unbroken
and by standard convention [5] this additional eigenvalue is assumec to belong to
H_. If such a state does not exist SUSY is said to be broken. To simmarize, for
unbroken SUSY we have

Ey =0, E;,=E'>0, ¢5(z)=¢5(0)exp{—/0 dle(z)} ,
Yy = (BF)T2ANT wi = (B, ) P AYL,

(3)
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whereas for broken SUSY these relations read
E;=Ef>0, Yy = (BT ANE b= (L)) Ay (4)

Here we have denoted the eigenfunctions and eigenvalues of Hy by Y and E*
respectively. That is,

HypE = EXgf n=0,1,2..., (5)

and we also rote that throughout this paper we will consider, without loss of gen-
erality, quant 1m systems with a purely discrete spectrum.

We concli de this section by noting that for broken as well as unbroken SUSY
one can obtai the complete spectral information of one Hamiltonian, say H_, if the
eigenvalues and eigenstates of the corresponding partner, here H,, and the SUSY
potential W ire known.

3 Classical stochastic dynamics.

As mentioned in the Introduction we are also interested in classical systems with a
stochastic dynamics governed by the Fokker-Planck equation

0 1 o? 0

Emt(z,zo) =39 my(z,To) + a—z(U’(z)mt(z,zo)) . (6)
Here m,(x,2¢) denotes the transition-probability density of a macroscopic degree
of freedom tc be found .at time ¢ at position z if it initially has been at zq, i.c.
mo(z, o) = o(z — o). This degree of freedom is subjected to an external force
characterized by the real-valued drift potential U and to a stochastic random force
(white noise) resulting in the diffusive term on the right-hand side of (6) with diffu-
sion constant set equal to 1/2. Making the ansatz [12]

my(z, o) = e VO K (x, 24) (7
leads to
a . 1 62 1, 1 ., ;
—El‘t(%%): —58—1_2—+§U2(z)_§U/(m) Kz, z0), (8)

which may be interpreted as an imaginary-time Schrodinger equation for the SUSY
Hamiltonian H_ with a SUSY potential given by thec first derivative of the drift
potential, W = U’. Hence, the desired transition-probability density is given via the
Euclidean propagator for H_:

my(z,z0) = exp{U(zo) — U(z) (x| exp{—tH_}|z) . (9)

It is obvious “hat the decay modes and decay rates of this classical stochastic dy-
namical systein are related to the eigenfunctions and eigenvalues of //_. o be more
explicit, let us consider the cases of unbroken and broken SUSY separately.
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FFor unbroken SUSY the ground-state encrgy of [{_ vanishes and as a consequence
there exists a stationary, i.e. time-independent, probability distribution. Noting that
ii7 (z) = ¥g (zo) exp{U(zo) — U(x)} the transition-probability density can be put
into the form

my(z,T0) = [u’)o'(.r)]? + exp{U(zo) — U(x)} Z(‘_”’: U (x)y (30) (10)

n=1

which clearly shows that the strictly positive eigenvalues of [{_ anc the associated
eigenfunctions characterize the decay rates and decay modes of the system. In
addition the ground-state wavefunction represents the stationary distribution. That
is, a stable system is characterized by an unbroken SUSY.

In the case of broken SUSY, by definition, f_ does have strictly positive eigen-
vahies only and cannot lead to a stationary distribution. In other words, broken
SUSY is related to unstable systems. IHere the transition probabi ity density has
the form

o0

my(z, 2o) = exp{U(xo) — U(a)} Z g 0 P (11)
n=0 . .

Finally, we mention that in both cases we may invert the drift potential, I/ —
—U, which amounts in replacing /{_ by /. Hence, duc to the presence of SUSY
the inverted drift potential has the same decay rates as the original one. Only in
the case of unbroken SUSY a stable system becomes unstable upon inversion. This
is expressed in the fact that the vanishing cigenvalue I55 = 0 is missing in the
spectrum of ;. The decay modes of the original and the inverted drift potential
are also clearly related by the SUSY transformations (3) and (1), respectively.

4 Designing exactly solvable models.

From the discussion in the previous two sections it is clear that once the spectral
data, that is, the eigenvalues and cigenfunctions, of [/l arc known we also know
these data for the corresponding superpartner H_ and in turn the decay rates and
modes for the Fokker-Planck cquation with drift potential {/(x) = [:0 dzW(z). In
order to construct new exactly solvable systems we will search for the most general
class of superpartners associated with a given exactly solvable quant un Hamiltonian
H,. Such a construction method has recently been given {6, 7, 8 and we briefly
review it here.

In order to find the most gencral class of SUSY partners of a given SUSY Hamil-
tonian we make the following ansatz

(12)

where @ is a known SUSY potential belonging to some shape-invar ant. (i.e. exactly
solvable) potential. See, for example, Table 5.1. in ref. [5]. Il we now assume that u
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is a solution of

u"(z) +29(z)u'(z) — bu(z) =0, belR, (13)

we find that . | .
_ 1 H2 _d' _Z /
V+(z)_2(b(x)+2¢(.t)+2. (11)

By construction vy is up to the additive constant b/2 shape-invariant and, therefore,
the cigenvalues ind eigenfunctions of H, are exactly known. The corresponding
partner potentia can be put into the form

which, in genera , is not shape-invariant and thus a new exactly solvable quantum
mechanical potential. Similarly we may construct also a new drift potential

Ulz) = / dz ®(z) + log u(x) (16)
< T
for which the associated decay rates and modes are known cxactly.

Let us note here that we cannot take an arbitrary solution of (13) for the con-
struction of new quantum-mechanical and drift potentials. In order to circumvent
domain question: of the operators involved we will take only those solutions of (13)
into account which are strictly positive. Ilence, no singularities inside the configura-
tion space will appear in V_.and U/. For this reason the new Schrodinger potentials
V_ obtained in t'iis way have been called conditionally exactly solvable [6]. In the
following two subsections we will present two exarnples with unbroken and broken
SUSY, respectively. For further details and examples sec [8].

4.1 A system with unbroken SUSY.

The first example we are going to present is characterized by a linear SUSY potential,
®(z) = z, with configuration space given by the real line, z € R. This SUSY
potential gives rise to the harmonic-oscillator potential

Vi(z) =5 (z2+ b+ 1) (17)

and the corresponding eigenvalues and eigenfunctions of H, are

Ef =n+t/241, o (z)= [Va2n!] " H (z)exp{-2%/2} . (18)

n

Here H, denotes a Hermite polynomial of order n. In this case the general solution
of (13) can be exoressed in terms of confluent hypergeometric functions,

b1 2—-5b 3
uiz) = 1F1 (—2,5,—1}2) +ﬂ-’IJ]F1 (T,E,—.’Ez) (19)
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and is strictly positive for b > —2 and 8] < 2T'(% + 1)/T(*2), of. ref. [7, 8]. The
corresponding partner potential is given by

1, b+1  W(z) u'(z)

Vo(z) = 9 T 9 + u(z) [2I + u(z)} (20)
and plots of it for various values of the parameters b and 8 can be fouad in Figure 1
of {7] and Figures 1 and 2 of [8]. Here we only note that for large |z| this potential
becomes asymptotically that of a harmonic oscillator. For values of b close to the
lower bound —2 this potential exhibits two double-wells near the or'gin. Whereas
{or larger values of b these double wells merge to a single well at the origin. For
3 = 0 the potential V_ is symmetric about z = 0. This symmetry is broken for non-
vanishing §. Noting that SUSY is unbroken for all allowed values of the parameters,
the spectral properties of the corresponding Hamiltonian H_ are eisily obtained

from (3):

Fe=0 B =Bf=neb2sl vt = 8 e,

exp{—z?/2} : w(zy:
E Tl 1 b2 1 " (Hn+1(z) + Ha(z) el > . (21)

These results also allow a complete study of the Fokker-Planck ecuation for the
drift potential

¢;+1(I) =

Ulz) = %mz + log u(x) . (22)

In fact, this drift potential is stable and has a stationary distribition given by
[¢5 (2)]?. The decay rates and decay modes are given explicitly by E;,, and %, in
(21). Plots of this drift potential for various values of the parameter; can be found
in Figures 1 of {9]. Here we again briefly mention that for b close to it lower limit U
has the shape of a bistable (double-well) potential being symmetric ahout the origin
for 8 = 0. For larger values of b this drift potential develops also a st«.ble single-well
shape.

To conclude this subsection let us mention that the results pressnted here are
not new. They have first been derived by Hongler and Zheng [9] in 1982, which was
even before the work of Mielnik (4] who was searching for more genera. factorizations
of the harmonic oscillator Hamiltonian. His results can be viewed as special cases
of those presented here. The advantage of the present approach is that it can be
applied not only to the harmonic oscillator-like systems but to all exactly solvable
ones [8]. In particular, there exist also shape-invariant quantum systems which
allow for a broken SUSY [5]. That is, one may be able to design drift potentials
which are metastable and can be solved exactly. To our knowledge, such exactly
solvable systems are not available so far. Except, of course, the rathe: trivial case of
a piecewise linear drift potential. In the next subsection we are goin : to present an
exactly solvable metastable drift potential, which is related to the ridial harmonic
oscillator Hamiltonian.
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4.2 A system with broken SUSY.

In this subsection we will consider the case where the SUSY potential is given by
_ 2
O(z) =z + —, v>0, (23)
x

where the condition put on the parameter v leads to a SUSY potential ® which
characterizes 1 shape-invariant SUSY pair of radial harmonic oseillator-like Hamil-
tonians with broken SUSY. Due to the condition (13) even the SUSY potential (12)
with above @ gives rise to the radial harmonic oscillator potential

et (v —1) b+1

V+(I):?+ 972 +7+ 2

(24)

which is exactly solvable and leads to the following spectral properties of H,:

' 1/2
E: = 2n+2~+1+§ , 1[):(1) = [[‘(.}.ﬁ%ﬂ/—g)] 27 o=/ LS_I/Q)(:EZ) ] (25)
nay

Here LY denctes an associated Laguerre polynomial of degree n'and index v. As in
the previous cise the general solution of (13) can be expressed in terms of confluent
hypergeometric functions. Here, however, we are only interested in cases with broken
SUSY and with this constraint the most general solution reads

b 1

y b+2 1
u(a) = 151(—17’7+ 2

7_‘7:2):6—.1‘21171(7 —7+

Tty ()

This solution will be strictly positive if b > —4y — 2. The correspondlng SUSY
partner potential reads

Vo) = o M - M (e T )

and is plotted, for example, as Figure 5 in ref. [8]. The eigenvalues of the Schrodinger
Hamiltonian F'_ for this potential are identically to those of H, given in (25). The
eigenfunctions can also be obtained from those in (25) via the SUSY transformation

(4) and read

2n!
(n+y+5+2(n+v+1/2

(£ + 2GLY. (29

1/2
P, x) = ):l gt e/

Again, as in the previous casc we can construct a drift potential with decay rates
"and modes giv:n by the eigenvalues and eigenfunctions of H_. This drift potential
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is explicitly given by
1

t(x) = B 2t 4 ylogr 4 logu(r) =
b b+ 2 I
= —;:r‘z + yloga + log | Iy (v + ’ . A+ ;..1'2) (29)

and because of broken SUSY does not have a stationary distribution. To be more
explicit, for small # > 0 1t has a logarithmic “hole™ at the origin, i.e. U(r) =~
—~llogx] for # <« 1, whereas for large r — oo it becomes asviaptotically that
of a harmonic oscillator, i.e. U(z) = 2¢/2 for «+ > 1. In addition to that, for
values of b close to its lower limit —44 — 2 this drift potential exhibits a local
minimum. In other words, it is metastable. In fact. the smallest decay rate is
given by Iy = 27+ 1+ 6/2, 0 for b\, =1y — 2. Tor larger values of b this

local minimum disappears and the drift potential (29) becomes unstable. A typical

plot of this potential is given in Figure 1 where we have shown (2¢) for 4 = | and
b€ (—6,-=5). Note that in Figure 1 we have plotted U(a) versus exp{—.r}.

Figure 1: A family of drift potentials (29) for v = 1 showing a transition from
metastability to instability with increasing b, The corresponding lecay rates and
decay modes are known in closed form. Note that we have plot.ed U(x) versus
exp{—z}.
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5 Final remarks.

In this paper we have extended a recent approach to the construction of drift po-
tentials for which the associated Fokker-Planck equation can be solved exactly. As
starting point w2 have chosen a SUSY potential & which gencrates a pair of shape-
invariant quantum mechanical potentials leading to exactly solvable quantum Hamil-
tonians. This SUSY potential can be perturbed (by adding u'/u) in such a way that
one of these Hariltonians, M, remains in the class of shape-invariant exactly solv-
able Hamilton overators. The partner Hamiltonian ff_, however, is a new one and
due to SUSY its spectral properties can be obtained from /. in a straightforward
way. Using the :lose relations between SUSY quantum mechanics and the Fokker-
Planck equation we have used these results to find also new drilt potentials with
exactly known decay rates and modes. In this paper we have constructed stable as
well as unstable 1rift potentials associated with unbroken and broken SUSY, respec-
tively. The examr ples for unbroken SUSY are actually not new and have already been
studied by Hongler and Zheng [9]. However, the present results for broken SUSY
leading, in partizular, to metastable drift potentials are new. To our knowledge,
these are the firtt (on the positive half line) analytical metastable drift potentials
for which the decay rates and modes can be given in closed analytical form. Besides
some practical asplications these metastable potentials can also serve as a testing
ground for apprcximation methods. Recall that for metastable drift potentials the
fluctuation oper:tor for the classical “bounce” solution has a negative cigenvalue
and, therefore, l:ads to serious singularities within a saddle-point approximation
[13]. The standard treatment in such unstable situations goes back to Langer [14]
and is based on :ome analytical continuation techniques. These formal treatments
can now be appl ed to and (for the first time) tested with the examples presented
in Section 4.2.
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Abstract

In tlis talk we outline the basic ideas relating to the notion of super-
integrabdity. The fundamental notion we introduce is that of simultaneous
separability of the Schrodinger equation in more than one coordinate sys-
tem. The energy observable is degenerate for potentials of this type and the
correspcnding observables that arise from the simultaneous separability close
quadrat cally under repeated commutation. We give examples of these sys-
tems and indicate how superintegrability can be of use, particularly in relation
to beuni states. -

1 Introduction

It has long been known that there are potentials for which a given Hamiltonian sys-
tem in classical mechanics admits a solution via separation of variables in more than
one coordinate system [1,2]. The methodical search for such potentials was initiated
by Smorodinsky, Winternitz et.al. [3,4] in two and three dimensions. A subset of
such systems is called mazimal in dimension N if there exist 2N-1 functionally in-
dependent insegrals of motion. In this talk we show how to find the finite solutions
(bound state eigenfunctions) for those quantum mechanical systems in two dimen-
sions which admit separation of variables in at least two coordinate systems. We do
this for the corresponding systems defined in two dimensional Euclidean space and
indicate how these ideas work for quantum mechanical systems defined on the two
dimensional sphere [5].



105
2 The Euclidean plane and the two dimensional

sphere

2.1 To illustrate the basic idea we can consider the example of the Schrédinger
equation with potential

. , RS
Viz,y) = <w’(va2 +y) =t —2“1—4) ,

b =

0 0 20,2 2 /“f_% k%"lt
e P — — : —_ L = 2.
EA AR SURCET) M

This equation can be solved by the separation of variables ansatz W = y(u)y(v)
for a suitable choice of coordinates x = x(u,v),y = y(u,v). In fact t1is equation sep-
arates in three coordinate systems: Carlesian coordinates (r.y); Folar coordinates
xz=rcosl, y = rsinf, and Flliptical coordinates

2 2 —e)(uz — e1) 2 o (uy — ex)(uy = ¢y)

Tt =c¢ , Y=
(e1 =€) (e —¢1)

The bound state energies arc given by
Ly, =w@n+2+k + k)

for integer n. The wave functions for each of these coordinate systems are:
1. Cartestan coordinates

ny!nsy!

ny + Ajl + l)l‘('nq + A'-z + 1) ’

(ka+3)

r(k,+.}~)y

Vo np(2,y) = 2“’%(k1+k2+2)\/1\(

e~ %(‘TZHZ)L:‘;‘] (w:172 ) L:i (wy?)

where n = n, + ny,
2. polar coordinates

U(r,0) = q,(h,ka)(())w%(2q+kx+k2+l) 2m!
’ q U(im 4+ 2+ k + ky+ 1)

(—wr2/2) (2q+kyi+ko+1) | 2q9+kibhatty 2
el 123 1R )L"‘l trReT (W)
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where n = m + ¢ and

g Uk  + ko + g+ 1)

(I)((]kl'h)(e) — \/2(2(1 + k] + k2 + I)I\

x(cos )k 01/ (5in G)k”(l“)l’q(k’ *2)(cos 26).

3. elliptical coorlinates

n b .
—w(z?y?) kit g kot g ! y* 2
¥=c M TIyRTE H + —c
0 : om )

me=1 m — €1

where use has bezn made of the identity

z? y? 2 _ 2w = 0)(ug — )

[ ———

¢ T0—o O—e)0—ca)

The zeros §; saticfy the relations

ky +1 ko + 17 2
1+ n 2 + +Z Cw=0.

j#m (om - 0.7)

om_el om_e2

Because of the separability properties of the Schrodinger equation in these coordi-
nate systems there are second order symmetries. These are second order partial
differential opera.ors L which are such that if ¥ is a solution then so is LW. A basis
for such operators is

(%_kf) 2,2

_ 92
g —wz?, L2—dy+

(- k)

4

L1=(9§+ y?

; 1 y? 1 gxt
R a2 1y b2 L
M = (20, — y0s) +(4 kl)x2+(4 k’l)yz 9
The separable eigenfunctions already given are eigenfunctions of the symmetry op-
erators L1, M and M + e, L; + e, L, with eigenvalues

Ae = —w(ing + k1 + 1), A= (29 + ki + ko + 1P+ (1 + k] + K3),

Ae = 2( — k)1 — k) — 2eqw(ks + 1) — 2eqw(ky + 1) — wleles—

q

k 1 ke +1
4Z[czeltel+(: 2 ]
m=]

1
m ()m — €3
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The algebra constructed by repeated commutators is

Ly, M] = [M, L] = R, [L;, Rl = —4{Li, L;} + 16w*M, i 7,

[M,R] = 4{Ly, M} — 4{Ly, M} +8(1 — k3) Ly — 8(1 — k7)1,

8 64 .
R? = g{M, Ly, Ly} + ?{L,,LQ} + 16w M? — 16(1 — k3)1.2

128
—16(1 —k})L5 — Tsz — 64w?(1 = kB)(1 — k3).
These relations are quadratic.
2.9 In two real dimensions there are four potentials that have the miltiseparation
property. The second is
1 p2
V(e,y) = w4’ +y°) - < p )
4

The corresponding Schrédinger equation is separable in two coordinate systems:
Cartesian coordinates and parabolic coordinates

1
z= 5(62 —n%),y =&

2.3 The third potential is

Viey) = — @ . 1 (K2 -3 N (k2 -1
’ \/z2+y2 4\/z7+y2 \/z2+y2+:c /$2+92_z :

The corresponding Schrodinger equation is separable in two coord nate systems:
polar, parabolic and modified elliptic coordinates, where

2 _ Cz(ul —e1)(uz —e1) 2 _ Cz(ul —e3)(uz — €3)
=m0 CEC

This last coordinate system can be written as

_ (Ul - El)(UZ B El) _ (Ul - EZ)(UZ - EZ) /—?_—
o \/7 WE-B) U7 \/ 4B, - E) 2B - B

where By = —ejeq, Ea = —3(e1 + e;)? and U; = u? —uj(er + e2).



108

2.4 The fcurth potential is

a B, v z? +y + Bzy/ z? +y -z
V(‘Z‘fé):_’ 2 4
Val+y? x? +y 4 a2+ y?

Separation occurs here in parabolic and parabolic coordinates of the second type

1
=y, y =W =07,

As an illustration of the utility of the notion of a quadratic algebra consider the
last potential given. A basis for the quadratic algebra consists of Ly, Ly and H with
defining relat ons

(F,L] = —4L,H + BiB;,  [R,L3] =4LH + (132 BY)

R? = 4L!H + 4L2H —160*H + (B: — B}) L, — 2B1 B2 L, — 20*(B} + B3)

with R = [L;, L]. If we look for eigenfunctions of the operators L1, L, respectively,
we have

Llsom = /\msoma LZ"Z)n = pnwn-

If we write

Llwn = Z Cn‘rw-r

then the qua Iratic algebra relations imply

[(pn — pr)? + 8E|Crr = _[l

B? — BY) — 160 El6,,
2 1 2

Z Cn'rC‘ra(Qp‘r - Pn pa) = (8Epn + BIBZ + 160E)6TL0"

These relaticns in turn imply that

%(B% — B?) + 16aFE

Com =~ 8E

and Cpn41 = Criiy, are the only nonzero coefficents. Indeed they can essentially be
determined by the relation

AVZ2E (|Cpns1]* = |Cre1n?) = 8Epy + By By + 160 E
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where the eigenvalues A, and p, are given by

37 B + By)?
Am =20 — S - (2m+ 1)V=-2E, p, =20 — (*% - (2n+1)v-2F
"

and the quantisation condition for F is

B} + B} :
da — 8_; =—(g+2)V-2F

for integer q.
These ideas work also for separable coordinates on the two dimrensional sphere.

Two important examples are
2.5 The potential

b [k;-’_hk:;_% k;g_%]

2 2
EH E

8| —

The corresponding Schrodinger equation has the

where as usual .sf + sg + 92;

form 5 5 5 5 N .
LAY’ LA S AN CART] I
(bl({)32 82831) + (31(')83 53631) + (.7\;(')32 %2 ()S';) ] q’+
R
[(124)+(224)+(324)]\y__Iww.
S 52 53

This equation admits solution via separation of variables in two coordinate systems:

spherical coordinates

sy =sinfcosp, $; =sinfsing, s3 = cosl

and elliptical coordinates

e = VSR Sy

T (ey —ej)(e; —¢;)’

Indeed a basis for the symmetries of Schrodinger’s cquation with this potential is

'\-n\,l*n\,
I
e
.

L” = (Si(r)sj —_ Sj(()s')Z + (X - k?)—z + (X - k))
These symmetries satisfy the quadratic algebra relations

{L H] = 4{Lij-,]ljk} - 4{[4@‘, l/ik} + 8(] - k‘f)[,];\ - 8(1 — }'1’)2l.,'1\-

173
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64
3 { <13 ]k}'l" {Izks /k}

16(1 — k)L — 16(1 — k}) L2 — 16(1 — k? )L]k-l-

128 128 128 . . )
3 (1 - k )L]k + 3 (l — k]Z)le + T(l — kz)ljij, ) ?,é] ?,é k.

The eigenfunctioas with bound state energy eigenvalues

4 64
R = _§{L1.7v1’ikv Lk} + “.;{Lm L} + =

1 )
I‘J‘p = 5(2p+ 2 -I" k1 + k2 -I" I’C;;)2 —

in these coordinate systems are: polar
¥ = (sin§) "' @R (p)pZnthithks)(g)

where p = m + n, and elliptieal

Kl 2 2
(ket3) 32 S3
V=
(1 s H(e s 0j—eg+0j—es>

=1 5=1
where kit 1 k1l kst
1+ 2 + 3 +
71n_61+0m”"62+ +¢Z m
JEm

and ¢ = p. Here ve have made use of the identity

2 2 2 2
St 52 33 M (ue - 0;)

0~ e 8 ey D0, —em)

The separable eigenfunctions already given are eigenfunctions of the symmetry op-

erators L, and e3lq; + ep L3 + ey La2a:
As = (2n + kg + ky +1)2,

/\E = —Q[kl((ig ‘|" 63) -I" kz(el ‘|" 63) -I" k3(62 -I" 61) -I" 63k1k2 -I" elkzkg -I" Czklksl‘—

3 " !
5(61 -|- €g ‘I" 63) - 46263(k1 + 1) Z Hm — € B

q q 1

46»561(1(?3 + ].) Z 0 — es - 46163(/(32 + ].)

m=1 m=1
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2.6 A second multiseparable potential on the sphere is

po_ s 1 H-D , (B-)
N RWEE S e Vi8]~ s

Schrodinger’s equation for this potential has the form

) ., B ., d a .,
[(81 852 - 82851) + (81 853 - 53881) + (53832 T8 8_53) :| \I}+

1 k21 k21 '

o %% ( ) + (ks — 5) U= -2EV.
Vel+st 4/sttsy [Vesltsi+s Vit sios

This equation admits solution via separation of variables in two coordir ates systems:

spherical and elliptical coordinates of modified type

8y = cos f 51 +sin f s3, S = Sg, sy = —sin f s1 + cos f s3
where .
aolzanoa) 103 gk,
(e1 —¢;)(ei —¢5)
and
(e2—e1)
sin f =4/ ——= e1 =€+ — (E++E) €3 = ey + (1’+_E)

(e3—e1)’

1 .
i = et (E2 +EL)+ 7 E+E (Zi+-5), =12
]
Indeed if we use the variables

(Zy+ Q) (Zo + Q)
@-n

(Z1 + Q4 )(Z: +Q4)
@)

U2=7:2,, Ul= Uz =

where

Ey = E_

E. T T EY

then, putting k3 = 1/2(F —ia) + 1/4 and E =ia + E and multiplying the Schro-
dinger equation by (Z,Z,)~! — 1, we see that the resulting equation I as the form

_ g 9 9 . 9 0. 9 9
V= (Uigg = Uiy )" + (g = Us )" + Ws g = Vg

Q=

)2+
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G-#), G-8) , (G=H
Ut Uz U3

which is esseniially the same form as for the first potential. The bound state quan-
tisation condition has the form

)]w+2éwzo

!
)

E L
8

2
1 .

Outlook for this subject
Some natu-al questions arise from the outline of superintegrability given above.
[1]. What in general do the quadratic algebra relations imply?
[2]. How does one characterize the quadratic algebras?
[3]. Can we make systemmatic statements about superintegrability of Schrodin-
ger’s equation with a given potential in n dimensions?
[4]. What «re the complete sets of superintegrable potentials in complex spaces?

These are all questions for which a solution seems possible. In addition to these
considerations are the relations between the special functions that appear in the
solutions of th2se problems. This is a topic that is currently also being investigated.
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GENERALIZED DIFFERENTIALS GEODESICS
OF HIGHER ORDER

Richard Kerner

Laboratoire de Gravitation et Cosmologie Relativistes Université Fierre et Marie
Curie Tour 22, 4°™ étage, Boite 142 4, Place Jussicu, 75005 P1ris, France

Abstract

We present a Zz-graded generalization of the exterior calculus, claborated
and published in a recent series of articles. A new type of differer tials d2x*
is introduced, and binary and ternary relations that must be satisfed by the
differentials dz* and d?z™ ensuring that d®f(2*) = 0 are displayed. We
then discuss how the notions of connection, torsion and curvature can be
extended to this new differential calculus. A possibility of using a third order
gencralization of geodesic equation in the description of the two-body problem
is also evoked.

1 Introduction.

It is well known that when we try to solve a linear differential cquation of second
order, the first integral can be found usually without much pain. Nevertheless, as
a rule the first derivative of the function to be found is a complicated and highly
nonlinear expression. In the simplest case of a pendulum of mass m, the second
order linear equation

d20
ml —= +mg sinfd =0
leads to the first integral of encrgy E = mle (%)2 — 2 mglcosh = Const, yiclding the
well-known elliptic integral defining implicitly the function o(1) -

o [2
dt ~ Vmp2

+%cos() - f—to_/
fo :1112 + -‘Zco‘()

which can not be evaluated analytically. The analytical solution can be found in
the linear approxmlatwn when one can replace sinf by 0, and under the integral,
cosf by 1 — —2-, then the integral yields the function Arcsin g .

We would like to draw the attention to the corollary of this fact, namely, that
an extra differentiation of a non-linear equation may lead to a linea- problem that
can be treated more easily.

The use of differential equations of order higher than two is also inspired by our
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recent investigitions concerning the generalizations of the exterior differential cal-
culus, in which the operator d is no more nilpotent in the usual sense, i.c. d2f # 0,
but one imposzs ¢V = 0 instead ([1], [3], [6], [2], [4], [5]). Hecre we shall explore
essentially the case of N = 3, although the generalization for other values of N
is straightforward. In what follows, we shall try to show how these differentials of
higher order naturally lead to covariant equations of higher order generalizing the
usual geodesic esquation, which may be used for simplifying certain non-linear prob-
lems.

The usual exterior differential calculus is based on the identification of the differ-
entials of local coordinates, dz*, k'=1,2,...D, (D = the dimension of the manifold)
with the Grassmann algebra of ezterior forms spanned by all the skew-symmetric
tensor product; of differentials, e.g.

. 1. .
dz* A dz* = 3 (dz' @ dz* — dz* @ dz')  ete., (N

supplemented with the anti-Leibniz rule for the exterior differentiation:
d(wA @)= (dw) Ad+ (—1)* A dg (2)

where deg(w) is the degree of the exterior form w.
It is easy to prove now that d> = 0 when acting on any p-form. In particular,

on a function of coordinates f(z*) one gets, taking into account the rule (2) and
recalling that ¢, f is of degree 0 :

df = Opf di*; d*f = 0% fda' A dz* + O, f 2 = 0, (3)

which is consis ent with the assumption d?z* = 0 on the basic differentials (which
are just other functions on the manifold), and the fact that symmetric quantity i f
is contracted with the anti-symmetric quantity dz* A dz*.

In spite of the fact that in the exterior calculus d?z* = 0, this formal expression
appears in the 10tation for the second derivative of a function. The expression d;f:
can be interpreted as a short-hand notation of an iterated action of the derivation
%, but it can b also given an autonomous meaning as the ratio between the second
differential d*z* and the square of the differential dt, i.e.

d?zF _ d d*  d*z*

diz ~ dt dt  (dt)?

Clearly, d%z¢ can not coexist with the exterior product dz* A dz™, but it can be
related with the symmetric part of the tensor product dz* ® dz™ . Let us suppose
indeed that d?z* # 0, but d®z* = 0, and in general, d®f = 0 instead. Continuing to
apply the rules (2) and (3), but replacing —1 with the primitive third root of unity,
g =e5", we have then: (for simplicity, we have suppressed the tensor product sign
®)

&Pf =3, fdamda'dz™ + 0% f d*x'dz* + q 0% f da'd®z* + O f do'd?z* + Ok f &s*
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After a simple re-arrangement and re—labeli}lg of indices, and using the fact that
d* =0, we get

&Ef = 05 fdr'dzbdz™ + 0% f | (1 + @)dz'd*z* + d*zFdz' | = 0 (4)

As it can be seen, there are two types of forms of degree 3: terna-y products of
the first-order differentials, or binary products of first- and second-orde r differentials.
Because these combinations are linearly independent, the correspondi1g expressions
must vanish separately. Because 1 + ¢ = —g¢?, the last term will vanis1 identically if
we set '

dr'd*s* = qd*z*ds’ and  d*zFde’ = ¢* dr'd?s*. (5)

Now, assuming that the associative algebra spanned by the first- and second-
order differentials is Z3-graded, dz* being of degree one, and d?z™ f degree two,
the grades adding up modulo 3 under the associative multiplication, ve see that the
second differential d*z* in the above formula can be replaced by a product dz*dz™,
thus suggesting the following ternary relations:

dr'dz*dz™ = qdz*dz™dz' = ¢* dz™d dz* ) (6)
which make the terms containing the third derivatives vanish, too, because

1
Foem f = g( oS+ Oomif +00if), and  1+g+¢* =0.

The associativity together with the above térnary relation imposzs that all the
fourth-order products must vanish. The proof is straightforward: for a product of
any four 1-differentials one has:

(de'dz*dz!)dz™ = (qdz*dz'dz')dz™ = qdz*(da'dzidz™)
¢*dz*(dzidz™ds') = (¢*da*datdz™)dz' = (¢Pde'dz™dz*)dz!
= $dz'(dz™dz*dz') = ¢*da’ (de*dz'de™) = qdz'dz*dz'dz™ = 0 (7

1l

By extension, we shall require that all the products of differentials of order four
and higher must vanish: thus, we shall admit that

dzide*d*z™ =0, d*z*d*z™ =0, etc.

There is another important difference between the associative algebra of this
type and the usual Z,-graded Grassmann algebra, namely, the functions over the
manifold form a right module over this algebra. This means that we consider only
the expressions in which a function stands always on the left, multiplied from the
right by a product of differentials. In contrast, these expressions car. be multiplied
by functions on the left; but we can not multiply one such express on by another
(no internal multiplication can be defined in a module).
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To give an illustration how this Zs-graded differential calculus works, let us
compute the cifferentials of a 1-form A = Ay(z) dz*

dA = 0;A; dridz* + Ax dzfl?k;

d*A = 8,04 dz™dz'dz* + 3, Ay d2ida* + g8, Ay da™ dP2* + O Ax dz™ d?a* (8)

Taking int> account the commutation relations and the fact that

- 1 ,
Ofdm de'dds™ = o ( A + 902 Ak + aZmA,-)dz’dz"dzm,

everything can be expressed as

d*A = Fy d®z'ds* — —;— (@ka + akFim> i3 ((9 Fim — 3szm> 9)

which is a manifestly covariant expression, depending only on the Maxwell tensor
and its derivatives.

2 Covariant basis of Z3-graded differentials.

If we suppose that the formal expression d? f does not vanish identically as it is the
case in the usial Z,-graded exterior calculus of forms, then we must abandon the
antisymmetry of the product of 1-forms in this algebra. The vanishing of the expres-
sion d* f could be given an intrinsic sense in any local coordinate system because
one supposes that simultaneously d? = 0, so it applied to any second differential of a
local coordinaie, be it dz* or d?y*, and parallelly, taking into account the symmetry
of partial seco1d derivatives,

o f o f

0zkdz™ ~ QzmHzk’

it had to be postulated that the product of 1-forms must be antisymmetric:

dz* dz™ = —dz™dz*
Under a change of local coordinates, zF — y™' (z¥), and x = zk( ™), the basis
of 1-forms transformed as a covariant tensor, i.e. dz*¥ = : dy . However, had

a P
we abandoned the postulate d? = 0 and the antisyrnmetry of the product of I-
forms, the seccnd differentials of the coordinates, which are for the time being purely
formal expressions, would not transform as covariant tensors because of the non-
homogeneous ferm:

l2 k 6zk ’ 62 k

= d(W dy™) = Ewr dy dy™ &y (10)

dx*
() m!
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k

m We shall define the covariant second differ-

Introducing connection coefficients 1
entials Dz* as
D*c* = d*a* + 1}, dal de™ (11)

im

(in order to make our notation homogeneous, from now on we shal also note the
first differentials - which are naturally covariant - with capital D, i.e. we shall
identify Dz* = dz*.). Note that the above equation can be still interpreted in
terms of Grassmann algebra of exterior forms: if we still impose 2 = 0 and the
antisymmetry of the exterior product, the covariant 2-formn D?z* is equal to the
torsion 2-form. The vanishing of D%z* is then equivalent to the condition of null
torsion, which is valid in all coordinate systems.

Let us suppose now that the differentials dr* and d?2™ satisfyv the relations

imposed by the condition @ = 0 derived before, i.c.. with ¢ = ¢35

dz¥ de' dz™ = qda' dr™ dz*  and  dit dPa7 = qd*z™ da*

It is obvious that these relations remain valid if we replace the orcinary first and
second differentials by their covariant counterparts:

Dz* Da' Da™ = ¢ Da' Da™ D2*  and  Da* D™ = g D%’ Dot (12)

which span a covariant basis of the same Zy-graded algebra, which has the property
of transforming covariantly under the change of a basis.

Now, although D?z* represents a tensorial quantity. its covariant differential
D (D*z*) = D*z* can not be computed by simple iteration, i.c. by applying the
same formula as for the covariant differential of Da*. As a matter of fact, D3¢* has
to be a tensorial quantity of third degree, which in covariant. basis should contain
both Dx* D?z™ and Dz*Dz'Dz™ . That is why we should write:

D’z* = D (D**) = d(D*c*) + Bf, D2'D*c™ + %, Dat Da™ D (13)
with new coeflicients of two kinds, whose transformation properties ur der coordinate
change are yet to be derived, and which will assure the tensorial cha acter of D3c*.
Acting with the operator d on D?z* yields the explicit result:

D3z = P24 9, 1% dzdz'dz™ + l‘fm drlda™ + q 1% daet 20 +

Im {m

+BE, D' D*x™ + CF Dl Da™ D" (11)

imn
Now, using the fact that d*z' = D%z' — I\ dz” da™ . wecan express  DY*

by means of covariant quantitics ouly:

D¥F = Ph 4 [Bfm + ¢*TE 4 qUE 1 D' D2 +

mn {m

+[Cfm,,, + Ok, =1, U5 — g7 U5 Dt De™ D™
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= d*z*+ Bf Di'D*' + CE . Dz'Da™Dz" (15)

Now we shall proceed by analogy with the Z,-graded case. As we have scen, the

condition d” =: 0 implies also the ternary and binary ¢-commutation relations with
2m . N - . N -

¢ = ¢ . This means that in the final expression we remain with

D3z* = Bf

im

Dz'D*z™ + CF. Da'Dz™Da",

It is obvious that if we want to impose the tensorial behavior on D3z*, then both
coefficients B}, and Cf_ must transform as tensors given the mamfesily tensorial
character of the products of differentials they are contracted with. In contrast, the
coefficients Bf, and Cf, . have obviously non-tensorial character, which is compen-
sated by the -onnection coefficients and their derivatives entering the definitions
of Bk and C,’Wn In order to get the transformation rules for the coefficients Bf
and CF  we use the observation that the formula (13) implicitly determines how
the covariant lifferential D is acting on the sccond order differentials. Indeed the

left-hand side of (13) can be written in the form
D’z* = D(Dz*) = D(d*z* + T*, D" Dz°)

I ,
= D(d*z%) + or, Dz'Dz" Dz’ + (¢ T*, + ¢* I'* ) dz” D*z°. 16
Or a1

Before we express D(d*z*) in terms of the coefficients B;,, and Cj,__ let us introduce
the following notations. «Any 3-index quantity Rm. can be split into three parts
belonging to three irreducible representations of the cyclic group Zs:

len = R([mn) + R{lmn) + R(lmn],

defined as follcws:

1
R(lmn) = g ( len + Rnlm + Rmnl);
1
R{Imn} = ',; ( len + q Rnlm + qunI)
1
R[lmn] = i ( len + anlm +q Rmnl) (17)

Now we can express D(d?z*) in terms of coefficients B;,, and C}__ as follows
D(d*z¥) =: B, Dz'D*z™ + (C},,, = T4, Ty = TTnol,) Dz'Dz™ Dz’ (18)
Differentiating covariantly both sides of (10) one obtains the relation

9%k
By* oy"

oz*

o IV, Dz¥ D" Dz (19)

D(d*z*) = D(d2 Y~
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In order to give the transformation rules a more compact form we shall use the
following notations

. or ” Oy

Ui, =22 ol = 24—

7 Oy Oz*0zi
Then replacing D(d?z*) and D(d*y*') in the above formula by their expressions in
terms of the coefficients B} and Cj . according to (18) and collecting together
similar terms we get the transformation rules

; 3 ; 7 I
B =B  UU'UR

Ci = ULUL U™ UZ i+ USUE 8, Uy Ty + U0 UL UL U UL T+
UL0,U3 UL Us + USUL AU Th + UsO U U Un UL s + U Up 0, U Uy

3 The Z;-graded analogue of torsion tensor.

As in the case of torsion in ordinary exterior calculus, the tensorial character is dis-
played only by the irreducible part of these coeflicients displaying the corresponding
symimnetry.

Here is what we do mean by this. As in the usual case the connection coeffi-
cients I'* | could be split into two parts, the torsion (antisymmetric part) and the
symmetric part,

1 J &
It, = 2 [Tr, + T + 2 [Tk = Dol = Tty + St
so the four-index symbols CF = as we have mentioned earlier can be split into three
parts belonging to three representations of the cyclic group Zs :

Clkmn = C&mn) + Cflmn} + Cflmn]'
Therefore, only the part é[‘;mn] should appear in the final expressior:

D3zF = B,"m D' D™ + C’f}mn] D&'Dz™Dz™ =
= (B,"m + T, + qr;‘m) Dz'D*™ + Cf,, D' D™ Da™ (20)

Because the coefficients in both terms on the right-hand side are tensors, we can
start to investigate their intrinsic properties. Among these, the condition of reality
should be applied to both coefficients separately. Starting with the first coefficient,
Bf , and recalling that ¢ = —% + 52@ and ¢ = —% — 5,‘,@, we have explicitly

. 1 V3
Bt = B~ & (Mo 08 ) + 552 ()
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The imaginary part is the torsion tensor of the connection I'f , so the reality of

the coefficient Bf, is equivalent with the vanishing of the torsion, leaving only the
symmetric pa-t of I'¥ . So, from now on, we can write

B, =BE —T% ., with TE =T%,

This means that the Bf, transform as connection coefficients, so that the difference
BE, ~T¥% s tensor. As a corollary, the vanishing of D3z* implies that Bf =T,
and I'f =Tk .

The symmietry of the connection coefficients makes it possible to identify the
tensor appearing in the coeflicients Cfmn. As a matter of fact, only the part Cﬁmn]
is relevant he-e, the other two irreducible parts’ contribution vanishing when con-
tracted with she covariant expression Dz!Dz™Dz". The part of Cf  containing
the connection coefficients and their derivatives should be also Z3-anti-symmetrized,
yielding

1
3 <Czkm +4Crim + ¢*Ch + 0Tk, + q0,TF, + q20m) Dz'Da™ Da"T's,

1
_g < ;me7 - qF;IFfm - q2r:rmel - qr:nn - q2F;me” - :LlFfm> Dle‘Tszn

It is not difficult, taking into account the symmetries, to identify the final result
in terms of thz Riemann tensor: CFf  Dz!Dz™Dz™ is equal to

1 . 2
<Cﬁmn] + 3[R+ Rhn 1+ 5 (R + Rhn )+ T (RE + RE ]) Da'Da™Dz"

Taking int> account that
Clc — _1_ Clc + Clc + 2 (vlc
fimn] = 3 imn] T Y nim] T4 Yimny

and assuming that the coefficients C[’j'mn] are real, the vanishing of the above expres-
sion leads to the equality
Cﬁmn] == [Rilm + Rl:nln] (21)

The analogy with the usual exterior differential calculus is now obvious. In the
usual case the condition D?z* = 0 implied the vanishing of torsion,

1
St = 2l = Th] =0,

whereas now, .n our Zs-graded case, the similar condition D*z* = 0 implies not only
the vanishing of torsion, but also determines entirely the coefficients Bf, (equal to
: Ffml)), and partly the coefficients Cf, namely, their g-skew-symmetric part C[k

imn]
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(equal then to the expression —[Rnlm + R D). By «malog\' one car impose similar
conditions on the “conjugate” ¢®-skewsymmetric part C'f {mnt} def ning it e.g. as
('km”” (’ﬁmn lowever, the totally symmetric part () which is not a tensor.
is still undefined, because its contribution cancels aut()matl(al]v when contracted
with the 3-form Dal Dam D™

We also believe that thee exists a tensorial quantity that can b obtained with
the combinations of a certain number of derivatives of ('), maybe up to the third
order. just like the Riemann tensor is produced out of the Christoffel symbols. Until
now we haven’t found the proper expression.

4 Generalized geodesics of third order.

The symmetric part of CF . together with the cocflicients Bf, miay be used for
the definition of a new kind of parallel transport and generalized geodesic curves.

One can define, indopendemly of usual covariant derivative of a vector along a

im

parametrized curve zF(A) determined by connection cocfficients |

DY*  dv* L dat
DX~ d) o

Y™ =0, (22)
a second-order covariant derivative which is not an iteration of the first one:

DYF _dYh o datDYT DR da! 1™
Dx T e T UmTIX DX T im D " TIN d

Y (23)

where we use a different notation, % in order to stress that we don’t consider here

D . AT A
5y The cocflicients L7
are not identical a priori; all we need to know al)()ut the transformation

a simple iteration of the usual covariant differentiation
and I},
properties of EFf , Ff and G}, is that the resulting quantity
vector under a coordinate change.

transforms as a

mz

If we replace the vector ficld Y* (z™(A)) by the vector ’I < tangent to the curve,
we obtain a third-order generalization of the geodesic (‘(]lldl]()ll.

D3J?k ddmk ! ! ({TI I)Z:Cm ! I ld m (,, n
s g + [ [glk';” + 1”7‘7’7.’] N 1nv2 + ;?’7”” o - ! = () (2 l)
D3 dX® ’ dA D)2 A\ dh di

Now the ‘%\ cte. are commutative entities, so that Gf =~ = t‘(k,m”). Had we

iterated the usual covariant derivative in the above equation, then the cocflicients
2k 4+ Ff and CF would be completely determined from the connection coefli-

cients I'*

/{lmn)
¥ and their derivatives; however, we can introduce more general cocfficients
having the required transformation propertics and independent of I'¥,. This is rem-
iniscent of a similar situation one level below, when the Christoffel connection is
totally determined by the metric, but a larger class of affine connections exist which

are independent. of metric.
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The generalized geodesic equation of third order (24) defines a larger class of
curves that the usual geodesics and may be of interest in probing certain geometri-
cal objects. For example, in the flat Euclidean space the solutions of the equation

d*r . A2

T 0, which are  r(A) = a +bA+ec, (25)
where a,b and c are three arbitrary vectors casily identified with the initial condi-
tions at A = 0:
_dr _d’r
= ﬁ h:o, a= —/\—2 lA:O,
include not on y the straight lines, but also all possible hyperbolae. If we want to
include the closed trajectories, we must project the solutions of similar equation in
a four-dimensional Euclidean space onto its arbitrary three-dimensional subspace.

Thus, all trajectories which are solutions of the Kepler problem, i.e. the set of
all conics in a {-dimensional Euclidean space, can be put in a one-to-one correspon-
dence with the full set of solutions of a homogeneous third order differential equation
:37‘; = 0 in a foir-dimensional Euclidean space.

After identifying the constants that fix this correspondence, the time dependence
(i.e. the law of motion r(¢)) will be encoded in the functional dependence A = A(t),
which we can establish only implicitly, in the form of an integral (usually of elliptic
type).

If the equa:ion (25) is replaced by its covariant generalization (24), then the
influence of various perturbations, including the eflects of a post-Newtonian ap-

c=r |/\=O, b

proximation of General Relativity, may be encoded in the coefficients Ef , Ff and
G% .. We believe that this approach can lead to some interesting developments in

the research of approximate solutions of the two-body problem in General Relativity,
including eventually some modifications or deviations due to certain supplementary
effects.
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Abstract

The 1adius, mass and other parameters of static spherically symmetric
neutron stars are calculated in multidimensional space-time for different ver-
sions of the equation of state of superdense matter. A model with one Ricci
flat inter1al space of any dimension is used.

1 Introduction

The hypothes zed existence of additional space dimensions seems to adequately re-
flect the dynemics of interactions over small distances (r <« 107'®cm) typical for
grand unified theories. This is corroborated by the achievements of string theory
[1] and supergravitation theory [2, 3] (also see [4, 5] and the references therein on
the theory of multidimensional space-time). The main efforts made in the frame-
work of Einstein theory of multidimensional space-time have been directed to fitting
the predictions of multidimensional cosmological models (the universe arising from
some multiditnensional formation) to observed data. At the same time, it is fairly
important that the effects of additional dimensions may be manifested also in island
type gravitating systems.

The present work is a continuation of [6]. We determine the radius, mass and
other parameters of static spherically symmetric neutron stars in the space-time
of an arbitrary dimension, for different versions of the equation of state of stellar
" matter.



2 Field equations

Iu the field theory limit of the superstring theory, the gravitation is described with
sufficient accuracy by the Einstein equations

! -
H,\H — ;gAE[{ = 87!'21‘1‘4}5. (l)

inwhich R4pg 1s the Ricei tensor of multidimensional space-time with he line element
of the form .
ds* = g, detdz®, AB=0.1,2,..k+3 (2)

and a signature [ 4+ —...— }for the metric tensor g,,,. In (1) Typ is the multidi-
k+3

mensional energy-momentum tensor and a is the multidimensional analog of the

gravitational constant (the speed of light e=1). One is to remember that the boson

and supersymunetric string models of grand unified theories have a 1eaning only in

the space-time of dimensionality D=k+4=26 and 10. respectively [1.3]7 We confine

ourselves to the space-time model

RV =T x Ry x Ry, D =1+3+k=10or 26. (3)

in which the inner space Rf‘l) formed by the additional dimensions is the Ricei-flat:

Ry =0, a,b=4,5....k+3 (1)

and compact.
For a static, spherically symmetric celestial body the line elemen can be chosen
in the form

ds® = dsk — g(‘)ﬂb(t”dm“d.r{’. (5)

where
dsy = e’dt* — eMdr® + r3(d6? + sin? 0d?)), (6)
is the line element of the four-dimensional space-time ' = 7' x 11‘(‘“) in isotropic

spherical coordinates r, 0 and ¢, v, A, ¢ are functions of the coordinate . What
concerns the g, ., it is a metric tensor of the inner space-time I{fl) «ud depends on
the coordinate x* in the subspace Rf‘).

The energy-momentum tensor in the multidimensional space-time may be rep-
resented as

A . -
[B :dlaﬂ(sa_pa =p. = _PXV""—PI) (I)
R ———
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Here € and p are the energy density and pressure of the superdense matter of the
neutron star, and p, is the effective pressure corresponding to the additional dimen-

sions.
The solution of the field equations outside the neutron star is as follows

4 A{1+ok) afl
1 -v A w2 f1+vw | — v
! = —— ] , e =(1l- , " = , 8
‘ <l+v) - ( U) <l—z)) ‘ (l-{—n) (8)

where v = r,/23r,

r, = 2GM (9)

is the gravitational radius of the neutron star, M is iis gravitating mass and a, f
are connected hy a relation

8
- 14 a2k + (1 + ak)?’

Zh (10)

The integration constant o is determined by an integration over the distribution of
matter inside the star [7]:

_ 2b b 3P €= 2p
24 k(1 =) e +3p

where . -

(o]

(11)

P f b(e + 3p)y/lgld*+z 12)
[ (e + 3p)\/Igld*+3z

The functions v(r), A(r), and o(r) are determined by means of the field equations.
One can write three of them as:

T

Ry+ R} + R = 8nee (T} + T3), (13)
a a a T
R :87rae<Tb _6bk+2)’

where 8¢ is the Kronecker symbol. We shall also use the component A=1 of the
matter response equation

%5 =0. (14)

So we have four equations for six variables:

v(r), Ar), ofr), &), p(r), pi(r) (13)
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and we need two others.

As it is known [8,9], the pressure p of superdense degenerate mattzr is a function
of its energy density ¢.

In Table I we give information concerning 4 versions of the eqiation of state
p = p(¢) that we have used in our numerical calculations.

Table 1
Verson | References Equation of state
1 [9] Grigorian & Sahakian
2 10 Pandhriapande 1971 (neutron), BBP%, BPS’ and FMT®
3 11 PS? A@*=-5, BBP*—2 and BBP®-1
4 11 PSY WFF/-3, BBP*—2, BBS®1, and HZD?
“Baym, Bete & Pethik 1971 ¢Arnsten & (Ostgard 1984
*Baym, Bete & Sutherland 1971 fWiringa, Fiks & Fabrocinil 388

‘Feynman, Metropolis & Teller 1949 ?Haensel, Zdunik & Dobaczewski 1989
YPandharipande & Smith 1975

We have no information concerning the dependence of effective pressure p, on ¢
and p. We have used a simple linear approximation

p, = —¢/2 +ap, (16)

where a is some adjustable parameter. Such an approximation is in accordance with
known post-Newtonian effects of the relativistic gravity [6].

Having Eqns. (16) and fixing a and k (dimension of the inner space), we can
solve Eqns. (13) and (14) for different values of the pressure p(0) ¢t the center of
the neutron star. .

3 Results of numerical calculations

In Fig.1 we give the mass M of superdense spherically symmetric configurations
(in solar units) in space-time with D=10 and a=-1, 1.5, and 4 as a function of the
logarithm to the base ten of central pressure p(0) (in SGS units). Tte neutron stars
correspond to points to the left of the first maximum of each curve For a=1.5 the
results of multidimensional theory coincide with General Relativity predictions. It
is clear that the maximum mass of the neutron stars depends on the value of a.
Presented in this figure are results of calculation for one version of the equation
of state of superdense mater. Results of calculations for another versions of the
equation of state are presented in Figs.2-4. From these data it follows that the
maximum mass of neutron stars depends essentially on the value o’ the parameter
a: My, = M..(a) for all versions of the equation of state used.
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The dependence of M., on a is given in Fig.5 for equations of state under
consideration. It seems that the maximum mass has the greatest value at 3 < a <1
that exceeds tl e corresponding greatest General Relativity mass (Mo, = 2.14My,).
The M,,,. falls off monotonically with distance from its greatest value and this
conclusion is valid for all versions of the equation of state used in our calculation.

Such a depencence of M., on a enables us to determine the allowable values of

a by comparinz our results with observed data [12] (the dashed line in the figure).
Such a comparison leads to the strict limits: 1 < a < 7.
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SEPARABLE FOUR-DIMENSIONAL HARMONIC

OSCILLATORS AND REPRESENTATIONS OF
THE POINCARE GROUP.

Y.S. Kim

Department of Physics, University of Maryland,
College Park, Maryland 20742, U.S.A.

Abstract

It is possible to construct representations of the Lorentz group using
four-dimensional harmonic oscillators. This allows us to construct three-
dimensional wave functions with the usual rotational symmetry for space-like
coordinates and one-dimensional wave function for time-like coordinate. It
is then possible to construct a representation of the Poincaré group for a
massive particles having the O(3) internal space-time symmetry ir its rest
frame. This oscillator can also be separated into two transverse components
and the two-dimensional world of the longitudinal and time-like coordinates.
The transverse components remain unchanged under Lorentz boosts, while
it is possible to construct the squeeze representation of the O(1,1) group in
the space of the longitudinal and time-like coordinates. While the squeeze
representation forms the basic language for squeezed states of light, t can be
combined with the transverse components to form the representation of the
Poincare group for relativistic extended particles.

1 Introduction.

Harmonic oscillators played the essential role in the development of quantum me-
chanics. From the mathematical point of view, the present form of qua1tum mechan-
ics did not advance too far from the oscillator framework. Thus, the first relativistic
wave function has to be the oscillator wave function. With this point in mind, Dirac
in 1945 wrote down a normalizable four-dimensional wave function end attempted
to construct representations of the Lorentz group [1], and started a history of the
oscillators which can be Lorentz-boosted [2, 3].

Let us consider the Minkowskian space consisting of the three-dimensional space
of (z,y,2) and one time variable £. Then the quantity (z? + y? + 2? — #?) remains
invariant under Lorentz transformations. On the other hand, (2% + 32 + 22 + t2) is
not invariant. Thus, the exponential form

exp (z2+y2+22——t2) (1)
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is a Lorentz- nvariant quantity, while the form
exp (12 + yi4+ 2%+ t2) (2)

is not. The (Gaussian function of Eq.(2) is localized in the ¢ variable. It was Dirac
who wrote dewn this normalizable Gaussian form in 1945 [1]. In 1963, the author of
this report was fortunate enough to hear directly from Prof. Dirac that the physics
of special relativity is much richer than writing down Lorentz-invariant quantitics.
This could mr ean that we should study more systematically the above normalizable
form under the influence of Lorentz boosts, and this study has led to the observation
that Lorentz boosts are squeeze transformations [4, 5].

The exponential form of Eq.(1) is Lorentz-invariant but cannot be normalized.
This aspect ‘~as noted by Feynman et al in their 1971 paper [6]. In their paper,
Feynman et al. tell us not to use Feynman diagrams but to use oscillator wave
functions when we approach relativistic bound states. In this report, we shall use
much of the formalism given in Ref. [6],( but not their Lorentz-invariant wave
functions which are not normalizable.

In this re»ort, we discuss the oscillator representations of the O(3,1) and explain
why this rep esentation is adequate for internal space-time symmetry of relativistic
extended hadrons. This group has O(1,1) as a subgroup which describes Lorentz
boosts along a given direction. It is shown that Lorentz boosts are squeeze trans-
formations. t is shown also that the infinite-dimensional unitary representation of
this squeeze group constitutes the mathematical basis for squeezed states of light.

In Sec, 2, we discuss the three-parameter subgroups of the six-parameter Lorentz
group which leaves the four-momentum of the particle invariant. These groups
govern the iaternal space-time symmetries of relativistic particles, and they are
called Wigner’s little groups [7]. In Sec. 3, it is shown that the covariant harmonic
oscillators constitute a representation of the Poincaré group for relativistic extended
particles. If ‘ve add Lorentz boosts to the oscillator formalism, the symmetry group
becomes non-compact, and its unitary representations become infinite-dimensional.
In Sec. 4, we study an infinite-dimensional unitary representation for the harmonic
oscillator for nalism. '

2 Subgroups of the Lorentz Group.

The Poincare group is the group of inhomogeneous Lorentz transformations, namely
Lorentz transformations followed by space-time translations. This group is known
as the fundanental space-time symmetry group for relativistic particles. This ten-
parameter gioup has many different representations. For space-time symmetrics, we
study first V/igner’s little groups. The little group is a maximal subgroup of the
six-parameter Lorentz group whose transformations leave the four-momentum of a
given particlz invariant. The little group therefore governs the internal space-time
symmetry of the particles. Massive particles in general are known as spin degrees
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of freedom. Massless particles in general have the helicity and ga ige degrees of
freedom.

Let J; be the three generators of the rotation group and K; be t e three boost
generators. They then satisly the commutation relations

[J,‘, /,] = i(riijk» [.]“ I&']] = i‘zjk[\’lm [I\’,'. I\'J] = —I-(”k.]k. (3)

The three-dimensional rotation group is a subgroup of the Lorent: group. If a
particle is at rest, we can rotate it without changing the four-momsntum. Thus.
the little group for massive particles is the three-parameter rotation group. If the
particle is boosted, it gains a momentum along the boosted direction. If it is boosted
along the z direction, the boost operator becomes

By(n) = exp (—inh3) . (1)
The little group is then generated by
Si= Ba(m)dy (Bs(m) ™. . (5)

These boosted O(3) generators satisfy the same set of commutation relations as the

set for O(3).

Table 1. Covariance of the energy-momentum relation, and covariance
of the internal space-time symmetry groups. The quark model and the
parton model are two different manifestations of the same covariant en-

tity.
Massive, Slow COVARIANCE Massless. Fast
E=p*/2m Einstein’s £ = mc? S =cp
Ss Sy
Wigner’s Little Group
51,5, Gauge Trwns.
Quarks Covariant Harmonic Oscillators Partons

If the parameter 5 becomes infinite, the particle becomes like a massless particle.
If we go through the contraction procedure spelled out by Inonu and Wigner in 1953
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[8], the O(3)-like little group becomes contracted to the F(2)-like little group for
massless particles generated by J5, Ny, and N, [9, 10],where

AN[ = ]\'1 d .]2, l’\‘vz = ]\,2 ‘+' J|‘ (6)

These N gener¢tors are known to generate gauge transformations for massless par-
ticles {11, 12]. Gauge transformations for spin-1 photons are well known. As for
massless spin-1,'2 particles, neutrino polarizations are due to gauge invariance.

The transition from massive to massless particles is illustrated in the second
row of Table I. In Sec. 3, we shall discuss how a massive particle with space-time
extension be boosted from its rest frame to an infinite-momentum frame. This
aspect is illustrited in the third row of Table 1.

3 Covariant Harmonic Oscillators.

If we construct a representation of the Lorentz group using normalizable harmonic
oscillator wave functlions, the result is the covariant harmonic oscillator formalism
[3]. The forma ism constitutes a representation of Wigner’s Q(3)-like little group
for a massive particle with internal space-time structure. This oscillator formalism
has been shown to be effective in explaining the basic phenomenological features
of relativistic extended hadrons observed in high-energy laboratories. In particular,
the formalism shows that the quark model and Feynman’s parton picture [13] are
two different, manifestations of one relativistic entity [3, 14].

-The essentiil feature of the covariant harmonic oscillator formalism is that
Lorentz boosts ire squeeze transformations [4]. In the light-cone coordinate system,
the boost trans’ormation expands one coordinate while contracting the other so as
to preserve the product of these two coordinate remains constant. We shall show
that the parton picture emerges from this squeeze effect.

The covariat harmonic oscillator formalismn has been discussed exhaustively in
the literature, ¢nd it is not necessary to give another full-fledged treatment in the
present paper. We shall discuss here one of the most puzzling problems in high-
energy physics, namely whether quarks are partons. It is now a well-accepted view
that hadrons a'e bound states of quarks. This view is correct if the hadron is at
rest or nearly a. rest. On the other hand, it appears as a collection of partons when
it moves with a speed very close to that of light. This is called Feynman’s parton
picture [13}.

Let us cons der a bound state of two particles. For convenience, we shall call
the bound state the hadron, and call its constituents quarks. Then there is a Bohr-
like radius measuring the space-like separation between the quarks. There is also a
time-like separztion between the quarks, and this variable becomes mixed with the
longitudinal spatial separation as the hadron moves with a relativistic speed. There
are no quantum excitations along the time-like direction. On the other hand, there is
the time-energy uncertainty relation which allows quantum transitions. It is possible
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to accommodate these aspect within the framework of the present fcrm of quantum
mechanics. The uncertainty relation between the time and energy variables is the
c-number relation, which does not allow excitations along the time-like coordinate.
We shall see that the covariant harmonic oscillator formalism acccmmodates this
narrow window in the present form of quantum mechanics.

Let us consider a hadron consisting of two quarks. If the space-1ime position of
two quarks are specified by z, and z, respectively, the system can e described by
the variables

X =(za+m)/2, z=(za—3)/2V2 (7)

The four-vector X specifies where the hadron is located in space and time, while the
variable z measures the space-time separation between the quarks. In the conven-
tion of Feynman et al. [6], the internal motion of the quarks bounc by a harmonic
oscillator potential of unit strength can be described by the Lorentz invariant equa-
tion

! { - aa—} $(2) = Ap(e). (5)

We use here the space-favored metric: z# = (z,y, 2,t).

It is possible to construct a representation of the Poincaré groip from the so-
lutions of the above differential equation [3]. If the hadron is at rest, the solution
should take the form

1/4
P(z,y,2,t) = ¢(z,y,2) (%) exp (—t2/2) , (9)

where $(z,y,z) is the wave function for the three-dimensional osci lator. If we use
the spherical coordinate system, this wave function will carry app-opriate angular
momentum quantum numbers. Indeed, the above wave function cor stitutes a repre-
sentation of Wigner’s O(3)-like little group for a massive particle [3]. There are no
time-like excitations, and this is consistent with our observation o’ the real world.
It was Dirac who noted first this space-time asymmetry in quantum mechanics {15].
However, this asymmetry is quite consistent with the O(3) symm:try of the little
group for hadrons.

Since the three-dimensional oscillator differential equation is separable in both
the spherical and Cartesian coordinate systems, the spherical form of ¢(z,y, 2) con-
sists of Hermite polynomials of z,y, and z. If the Lorentz boost is made along the
z direction, the r and y coordinates are not affected, and can be dropped from the
wave function. The wave function of interest can be written as

1/4
(0= (1) ew(-£12)6,0) (10)

with
1
mn!2n

$n(2) = ( )1/2 Hy(2) exp(—2"/2), (11)
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where 3™(2) is for the n-th excited oscillator state. The full wave function ¥™(z,t)
is

(e t) = (— e l-L e m). (12)
() ;

Tn!2n
The subscript ) means that the wave function is for the hadron at rest. The above
expression is not Lorentz-invariant, and its localization undergoes a Lorentz squeceze
as the hadron moves along the z direction [3].
It is convenient to use the light-cone variables to describe Lorentz boosts. The
light-cone coordinate variables are

u=(:+ V2, v=(z-1/V2 (13)

In terms of thise variables, the Lorentz boost along the z direction,
2\ _ (coshy sinhp z
(t’>_(sinhn coshn)(t)’ (14)

1] ’ -
u' = e'u, v =¢e"

takes the simple form

v (15)

where 7 is the boost parameter and is tanh™ (v/c).
The wave unction of Eq.(12) can be written as

Vi) = G ) = (J—)/ Ha ((w+ 0)/VE) exp { —5 (0 + IR

Tn!2»

If the systém s boosted, the wave function becomes

In both Egs. (16) and (17), the localization property of the wave function in
the wv plane ‘s determined by the Gaussian factor, and it is sufficient to study the
ground state only for the essential feature of the boundary condition. The wave
functions in F.q.(16) and Eq.(17) then respectively become

WOz,1) = (%)1/2 eXp{—%(UZ +v2)}. (18)

If the system is boosted, the wave function becomes

1/2
Yoz, 1) = (%) exp {—% (e7™? + eZT’vZ)} . (19)

We note here that the transition [rom Eq.(18) to Eq.(19) is a squeeze transformation.

1

rn!i2n

st = (

The wave function of Eq.(18) is distributed within a circular region in the uv plane,
and thus in the z¢ plane. On the other hand, the wave function of Iq.(19) is
distributed ir an elliptic region.
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4 Unitary Infinite-dimensional Representation.

Let us go back to Eq.(16) and 1q.(17). We are now interested in writing them in
terms of the one-dimensional oscillator wave functions given in Eq.(11). After some
standard caleulations [3], we can write the squeezed wave function as

ntl AL
"*’"3(‘”"):< l ) Z<(—T_Al> (tanh Y ouse(z)o, (D). (20)
k o

cosh

Il the parameter 3 becomes zero. this form becomes the rest-frame wave function of
. (16).

It is sometimes more convenient to use the parameter J defined a:
3 = tanhy. (21)

This parameter is the speed of the hadron divided by the speed of light. In terms
of this parameter, the expression of Eq.(20) can be written as

. AN /2 . .
(=) = (1 - g)ese <—(” hi A’”) F 6 sil2)oull). (22)
k

ntkt

Il we take the integral

/|r(/);;(z,/,)|2(l:d/, = (1 — g Z ((””_ml') 3% (23)
- !

The sum in the above expression is the same as the binomial expansicn of
2\ —(n+1)
(1= g,

Thus, the right hand side of Fq.(23) is 1. The power series expansion of 1iq.(20)
reflects a well-known but hard-to-prove mathematical theorem that tnitary repre-
sentations of non-compact groups arc infinite-dimensional. The Lorer tz group is a
non-compact, group.

I n = 0, the above form becomes simplified to

alz,0) = (1= 4" ST B au2)ou(), (21)
k

This is the power series expansion of Eq.(19). This relatively simple form is very
uscful in many other branches of physics.

It is well known that the mathematics of the Fock space in quantur i field theory
is thal ol harmonic oscillators. Among themy, the coherent-state ropresentation
occupies a prominent place because it is the basic language for laser opt cs. Recently.,
two photon coherent states have been observed and the photon distribution is exactly
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like that of the wave function given in I£q.(20). These coherent states are commonly
called squeezec states. It is very difficult to see why the word “squeeze” has 1o be
associated witk the power series expansion given in Eq.(20) or 19q.(22). It is however
quite clear from the expression of Eq.(19) that Gaussian distribution is squeezed.
Thus, the above representation tells us how squeczed states are squeezed.

Next, let us briefly discuss the role of this infinite dimensional representation in
understanding the density matrix. For simplicity, we shall work with the squeczed
ground-state wave function. From the wave function of Eq.(24), we can construct
the pure-state density matrix

palz, 2, t) = Po(z, )ihg(2', 1), (25)

which satisfies the condition p? = p:

po(z, 42" 1) = /p,,(z,t;z”,t")p,,(z",l";z',i')dz"dt", : (26)

[However, there are at present no measurement theories which accommodate the
time-separation variable t. Thus, we can take the trace of the p matrix with respect
to the ¢ variab e. Then the resulting density matrix is

pol2:2') = / Polea) (0 di = (1= 8) S Fula)on(=). (27)
k

It is of course y-ossible to compute the above integral using the analytical expression
given in Eq.(1¢). The result is

polz,2') = (—1—) Y {—i[(z 4+ )2/ cosh 29 + (2 — /)2 cosh 27,]} ()

T cosh 2

This form of the density matrix satisfies the trace condition

/p(z,z)dz =1 (29)

The trace of ttis density matrix is one, but the trace of p? is less than one, as

r(p?) = /p:(z, Vo2, z)d7 dz = (1- [32)2 Z[)’U‘, (30)

k

which is less than one and is 1/ (1 + 3%). This is due to the fact that we do not know
how to deal with the time-like separation in the present formulation of quantum
mechanics. Our knowledge is less than complete.
The standard way to measure this ignorance is to calculate the entropy defined
as |16, 17]
S =-=Tr(pln(p)). (31)
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If we pretend to know the distribution along the time-like direction and use the
pure-state density matrix given in Eq.(25), then the entropy is zero. However, if
we do not know how to deal with the distribution along t, then we should use the
density matrix of 3q.(27) to calculate the entropy, and the result is [18]

S = 2[(coshn)*In(coshn) — (sinh n)? In(sinh 7)]. (32)
In terms of the velocity parameter, this expression can be written as

1 | 1 8 ) ¢
1B nl_[gz"l_ﬂz nl_ﬂz'

S (33)
From this we can derive the hadronic temperature [19].

In this report, the time-separation variable ¢ played the role of an unmeasurable
variable. The use of an unmeasurable variable as a “shadow” coordir ate is not new
in physics and is of current interest [20]. Feynman’s book on statistical mechanics
contains the following paragraph [21].

When we solve a quantum-mechanical problem, what we really do is divide the
universe into two parts - the system in which we are interested and the rest of the
universe. We then usually act as if the system in which we are interested comprised
the entire universe. To motivate the use of density matrices, let us se: what happens
when we include the part of the universe outside the system.

In the present paper, we have identified Feynman’s rest of the universe as the
time-separation coordinate in a relativistic two-body problem. Our ignorance about
this coordinate leads to a density matrix for a non-pure state, and consequently to
an increase of entropy.
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Abstract

We describe three ways of modifying the relativistic Heisenberg algebra -
first one not linked with quantum symmetries, second and third related with
the formalism of quantum groups. The third way is based on the dentifica-
tion of gencralized deformed phase space with the semidirect product of two
dual Hopf algebras describing quantum group of motions and the correspond-
ing quantum Lic algebra. As an example the & deformation of relativistic
Heisenberg algebra is given, determined by s-deformed D=1 Poin ‘aré sym-
metries.

1 Introduction

The “naive” canonical quantization scheme, based on the Heisenberg; relations (1 =
l,...N)
[z, p;] = théy; (1.la)

[7:, 8] = [P, ;) =0 (1.16)

has been applied to quantum mechanics (N = 3; in general N = 3n f{inite) as well
as to quantum field theory (N = o0). The modification of canonical quantization
scheme in the presence of interactions in quantum ficld theory is well known. and
the difficulty with existence of canonical ET limits causes the appearance of infinite
wave function renormalization. It appear however, that also quantum-mechanical
system in the presence of quantized gravitational forces can not be quantized canoni-
cally. The quantized gravitational ficld modifies the classical space tirie by replacing
classical Riemannian geometry by at present not yet well understood quantum Rie-
mannian geometry. One of expected properties of such a quantized geometry is the
noncomumutativity of space coordinates ([z;,x;] # 0) [1-4]. Further if we supplement
the fourth Minkowski coordinate zg = ¢t and add py = 1— one gets the following
relativistic extension of the relations (1.1a-b)

(Z,,p.] = ihn,, (1.2a)

*Supported by KBN grant 2P03B13012
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[£,5.] = [P, ] = 0 (1.26)

Again the relat ons (1.2a-b) will not be valid for arbitrary small distances, because
taking into con:ideration the quantum gravity effects [z,,z,] # 0 [1-4]t

In this lecture 1 would like to review briefly different ways of obtaining deforma-
tions of relativistic phase space algebra (1.2a-b). The distinction between different
ways depends ¢n the role played by quantumn deformations of respective symme-
try groups. We shall distinguish the following three classes of deformations of the
Heisenberg algebra (1.2a-b):

1) The deformed relations remain covariant under classical symmetry group. Such a
deformation we shall call as described in the framework of classical symnetries
(see Sect. 2).

ii) The quantnm phase space coordinates are the corepresentations of quantum
symmetry group and the deformed relations are covariant under the coaction
of quantum symmetries. Such formalism is based on differential calculus on
noncomm 1tative spaces, with the derivatives representing mornenta (see Sect
3). In particular the deformations of the relations (1.2a-b) is obtained if we
consider quantum phase space as described by the vector corepresentation
of quantum Lorentz group (deformed Minkowski space) supplemented with
noncomm 1tative vector fields (deformed fourmomenta).

iii) The generulized quantum relativistic phase space is described by the semidi-
rect prodiict of two dual Hopf algebras, describing respectively the quantum
Poincaré group and quantum Poincaré algebra. It appcars that if we perform
the contraction by putting trivial Lorentz group generators (A" = 4,) one ob-
tains the cight-dimensional deformed relativistic phase space subalgebra, span
by the translation generators of quantum Poincaré group and fourmomentum
generators of quantum Poincaré algebra. In particular we shall present in Sect.
4 such an example derived from deformed x-Poincaré symmectries. In Sect. 5
we shall present some final remarks.

2 Deformations of Relativistic Heisenberg Alge-
bra in the Framework of Classical Relativistic
Symmetries

The first well-kaown proposal of noncommutativity for four relativistic space-time
coordinates is due to Snyder ([5]; see also [6]). He assumed that (we put h = 1):

[/‘Tjuaiu] = 182 M;w 3 (21)

tThis conditiors is weaker than [Z;,Z;] # 0 because one can have in relativistic case [Z;,Z;] = 0
but [50,5;] # 0 (see also Sect. 4).
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where M), are Lorentz algebra generators, and -
(M, 2,) = i(ﬂuﬁu — Nuwp) (2-2)

In order to describe the deformation of relativistic phase space (1.2a-5) we employ
the commuting fourmomenta ([p,,p.] = 0). We get

. 0 0
o= (0573

1
~ 2 s Y
xﬂ_z(l-'_ép) ap“’
and .

[Zu P ] =1 (1+9%)% 1y (2.4)

It is clear from the relations (2.1-4) that the deformed formalism is co/ariant under
the classical Lorentz symmetries. Moreover, the relations (2.1-2) indicate that in the
momentum space one can introduce fifth momentum coordinate ps, satisfying the
five - dimensional mass-shell condition p? — p* = & or ps ="1(1 +£2p?)2. Tt appears
that the formalism has build in classical O(3,2) anti-de-Sitter symmetry with the
deformation parameter £ equal to the inverse de-Sitter radius in five-dimensional
momentum space. This property further was developed by Kadyshevscy [6] and his
collaborators [7,8] as a way of introducing regularization in local relativistic field
theory.

Second model which we would like to quote here has been recently proposed by
Dopplicher, Fredenhagen and Roberts (DFR) [1]. Starting from the aaalysis of the
uncertainty relations in the presence of quantum gravity effects (see also [2-4]) they
proposed the following model of noncommutative space-time coordinate:

[Eu3) =i, (2.5)

where &, = —~X,, is the two-tensor, commuting with the coordinates 2 .. It appears
that the relation (2.5) can be supplemented by the classical relations [p,,p.] = 0,
[Z,, pu] = 0. The DFR phase space relations are covariant under the classical
Lorentz symmetries, provided that the Lorentz generators Af,, contain additional
term rotating the tensor components %,

[Mu,,, Z:p‘r] = i(nvp Yr = Nup Bur + Mur Bup = Mor Y..) . (2.6)

Moreover, because ¥, are z,-independent translation-invariant ope-ator, we see
that the DFR formalism is invariant under the classical D=4 Poincare transforma-
tions.

The relation (2.5) can be written for any D, but only in D=2 one can use standard
Poincaré generators, because the central two-tensor ¥, will be described by a scalar:

S0 = - X (2.7)
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Interestingly, if we consider D=2 Euclidean space, and corresponding (2+1)-di-
mensional Galilei group, the relation (2.5) describes the second central extension
of classical (241)-dimensional algebra [9,10], with the nonrelativistic coordinates
described by boost generators.

The DFF. deformations is very mild, and its dynamical consequences can be
calculated explicitly (for D=4 see [1,11]; for Euclidean D=2 case see [12]).

It should be pointed out that both deformations presented in this section intro-
duce besides the phase space generators Y, = (Z,,p,) also additional gencrators
U, (Lorentz senerators M, or tensorial central charges X,,), which form together
consistent associative algebra:

[YA,YB] = QAB(Y’ U) )
[YAa UT] = QAT(Yv U) 3 (28)

[UraUs] = Qrs(YaU) .

The generalized quantum symplectic strncture (48 = —Qpa, Qar, s = —Q4)
satisfy Jacobi identities. In Snyder case the algebra (2.8) is the anti-de-Sitter algebra
in five-momentum space constrained by the mass-shell condition p? — p?* = [1—2

In general case discussing the geometric and algebraic nature of deformed phase
space algebru (2.8) one should ask three questions:

i) Under which symmetries the relations (2.8) are covariant? In the following two
paragraphs we shall consider the examples of deformations covariant under
quantum symmetries, described by noncommutative and noncocommutative
Hopf algebra playing the role of symplectomorphism group.

i) which reality conditions for the generators Y4, U, can be consistently imposed?

iii) which a-e the Hilbert space (or C*-algebra) realizations of the deformed quan-
tumn phase space algebra (2.8)7

In this brief review we shall discuss the deformations in purely algebraic frame-
work, and w2 shall be mainly concerned with the answer to the first question.

3 Deformations of Heisenberg Algebra Covari-
ant under the Quantum Group Transforma-
tions

For canonicel case, describing relativistic quantum mechanics (see (1.2a-b) the basic

set of relaticns (2.8) is reduced to the first one with Q48 = ( 2 TIS" ), and the
v

symplectomorphism group is described by Sp(8;R). The symplectomorphism algebra
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sp(8;R) contains the diagonal subalgebra O(3,1) describing the classical Lorentz
transformations in space - time and four-momentum sectors.

First step in considering deformed Heisenberg algebra (1.2) is to consider de-
formed Lorentz symmetry. At present there are well-known all possible quantum
Lorentz symmetries, in the form of real x-Hopf algebra [13.14]. The problem which
has not been yet solved is the embeddings of all these quantum Lorentz groups into
the possible quantum symplectomorphism groups described by quintum deforma-
tions of Sp(8;R).

At this point we would like to observe, that Heisenberg algebra (1.1) can be also

presented as an algebra of creation and annihilation operators a; = ﬁ(?l + ip;),
al = ﬁ(?, —1p;) satisfying well-known relation (we put h =1 )
laf,a;) = &;
(3.1)
[aia;] = [af,af] =0
If ¢ = 1,..., N the symplectomorphism groups is S‘})(LN) but there is a subgroups

U(N) C S, (ZN) of holomorphic transformations e = (7, ”a; where (i € U(N). The
problem of deformation of relations (3.1) consistent with vw]l known ])llnf(‘ld Jumbo

deformation {/,(N) has been solved by Woronowicz and Pusz ([15]: see also [16]).
The set of g-deformed commutation relations looks as follows ([A, B], = AB—qBA):

[a,,-,a,;'],, =0 1>

i—1
[ai,al]p = (¢ =1) Za ag 1= (3.2)

k=0
la: a;], = [("?—va’;—]q“ =0 1<
It appears that the n-dimensional modules (ay,...,ay) and (af,.. .ak) form the

corepresentation of quantum holomorphic symplectomorphism group /,(N)*. This
construction has been further generalized to the supersymmetric set of bosonic and
fermionic creation and annihilation operators [19] and to the case of quantum co-
variance group described by a quantum R-matrix {16,20].

In order to describe the quantum deformation of the relativistic phase space
(1.2a-b) one should perform the lollowing steps:

i) Specify the quantum deformation O(3,1){% of Lorents group O(3 1), which only
in particular cases can be described in terms of quantum R-n atrices for the
spinorial Lorentz group SL(2;c).

i1) Determine the algebra of quantum Minkowski space ,M,(,"), with four generators
ol algebra describing the lundamental representation of QW (3,1).

For the definition of U/,(N) sce [17,18].
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(ii1) Define the quantum fourmornenta p,, by noncommutative derivatives (noncom-

mutative vector fields) acting on the functions on M,({’).

It appears that depending on the type of deformations. we need to consider
hesides the genzrators Y, = (Z,.p,) also additional generators {/, (see (2.8)). We
shall mention hzre the following two cases:

1) Drinfeld-Jimbo deformation of Lorentz group.

Such a case was elaborated in detail by Munich group [21-23]. The relations
(2.8) are realized if we supplement 7 additional generators U, = (M,,,A),
where M,,, arc the Lorentz generators, and A describe the scaling generator.
An mtore%mg property of this scheme is the lasswal nature of time coordinate
(i.e. Tg can be chosen an central element of M4 )

ii) Podles clas: of deformations of Poincaré group, providing 8-dimensional quan-
tum phase space.

It is known [24,25] that the Drinfeld-Jimbo deformation of Lorentz group
can not be extended to quantum Poincaré group. Only the deformations of
Lorentz gioup with quantum R matrlx satislying R? = 1 permits the extension
to quantum Poincaré group 734 [26]. The translation sector of ”P describes

the generators T, of ./\/(4 );

(R—1), (37" — 273" +1°") = 0 (3.3)

where R 1s (-]uantum 0(3,1) matrix satisfying R* = 1 and Z,7, C,, are numeri-
cal dimensionless coefficients, satis{ying suitably set ol constraints (see [26]). The
fourdimensiona differential calculus, with four independent basic one-forms and cor-
responding four dual derivatives, are obtained if the parameters in eq. (3.3) satisfy
additional cond tions [27]. In such a case the space-time noncommutativity (3.4) can

be supplemented by the following remaining relations of deformed algebra (1.2a-h)

P8 — R, 3p, =6+ 2"p, (3.4a)

pupy — R, ,popr =0 (3.4b)

where p, can be identified with the noncommutative derivatives.

4 Deformed Phase Space as Heisenberg Double
of Quantum Space-Time Symmetries

In previous parugraphs we described deformed relativistic phase space as a deformed
Heisenberg algebra covariant under classical (Sect. 2) or quantum (Sect. 3) rela-
tivistic symmetries. In such an approach to “deformed physics” the basic object is
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a quantum phase algebra, and the quantum symmetries in form of respective Hopt
algebras describe its covariance properties. It should be stressed that the assump-
tions of covariance of deformed phase space algebra {deformed Heisenberg algebra)
under classical or quantum symmetries restricts substantially all possible class of
deformations.

In this Section we shall consider the scheme in which primary object is the
quantum symmetry. The deformed relativistic phase space will be obtained directly
from a dual pair of Hopf algebras, describing quantum Poincaré group Pﬁq) and
quantum Poincaré algebra P4(q). The realizations describing the noncommutativity
of coordinates and momenta will be obtained by introducing the semidirect product
P 1 P{” or so—called Heisenberg double [28,29].

If we have two dual Hopf algebras H, IN{, with duality generated by inner non-
degenerate product < @,a > (a € H;a € H), the Heisenberg double H(H) is the
algebra H ® H with the cross multiplication given by the relations:

Goa= aq1) < 5(1),11(2) > 5(2) (4.1)

where we use the notation A(a) = ag) ® a(y) etc. In particular one can apply this
definition to the multiplication of two Abelian Hopf algebras describing translation
sector of classical Poincaré group

(1’:1 = {z*}; [z* "] =0, Az =2zF@1+1® :ck)

and fourmomentum sector of classical Poincaré algebra (H = {px;[p¥,p"] = 0,
Alpr) = pr ® 1 + 1 ® pi). Introducing the Planck constant % intc the duality
relation

<z",p, >=1hé" (4.2a)

one obtains from (4.1)
. p=p, <L,1>z*+1 <z*p, > -1 (4.2b)

Because < 1,1 >= 1, substituting (4.2a) we obtain from (4.2a) the classical rela-
tivistic Heisenberg algebra (1.2a-b). Such a scheme can be generalized to the case
of any quantum - deformed relativistic symmetries. In this lecture I shell provide
the example of so—called k-deformations of D=4 relativistic symmetries.

We choose the following realization of the x-Poincaré algebra in bizrossproduct
basis [2,8] (g, v, A, p=0,1,2,3;4,7 = 1,2,3 and ¢** =g, = (-1,1,1,1))

-algebra sector

[P, P] =0

[Muuy M/\a] = ih(guaMu/\ + gu/\Mua - gu/\Mua - guaMu/\
[Mijvpu] = —ih(gin P; — g, F%) (4.3)
[Mio, Po] = ih P
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1 - .
[Mi07 Pj] = iéij (h2n sinh (%) e_iP?: + 2_KP2) _ %PzPJ

-coalgebra sector

AM;)=M;@1+13 M,;
1
A(Myo) = Mo ® emmk 4 1 ® Mo + —}{;MH ® P (4.4)

A(Pk):Pk®€_FP%+I®Pk

where % derotes Planck's constant and « deformation parameter. The formulas
for the antisode and counit are omitted because they are not essential for this
construction.

Using th> following duality relations, extending (4.2)

< a* P, >=ih6! < A", M,z >=ih (89,5 — 659ua) (4.5)

we obtain the commutation relations defining x—Poincaré group [3,8] in the form
- algebra sector

[2#,2*] = L (&= — 652*)
(A%, 2% = =% (A5 — &) A + (AD — &) g*) (4.6)
(AL, ALl =0

-coalgeb "a sector
Alz")y =N, Q2% +2* QI
(4.7
A(AL) = A, @ A,

The commt tation relations (4.3) and (4.6) one can supplemented by the following
relations obtained from (4.1), (4.4) and (4.7)
- cross r2lations:

[Pk,tli[] = ihékl [PU,IO] = 1h
[Py, z0] = —L P [Po,zi] =0
[P,,A3] =0 (4.8)

[Maﬁ’ AM } = Zh (6gAcxu - 6ZAﬁu)

v

(Mg, 2] = ik (6470 — §tzp) + L (85M," — 89M,")



149

where
M} =g"M,, MY =g M,

The relations (4.3), (4.6) and (4.8) give us the Heisenberg dousle H(Py) of «-
Poincaré algebra firstly presented in [32]. In order to define the x-deformed phase
space we should consider subalgebra of H(P}) given by the followis g commutation
relations:

[IL‘k,l‘[] = 0 [Pu, PL,] = 0
[0, T¢] = f.’rk
(4.9)
[:Ifk, [)1] = 7:]1,5“ [.‘L‘k, P()} =0
[107 PI} = f[)l [-T()a P()] = —h

For & — oo we get the standard nondeformed phase space satislying the Ileisenberg
commutation relations (1.2a-b).

It should be stressed that the x-deformed phase space (4.9) is not a Hopf algebra.
however, scparately in the translation sector (generators ) and ourmomentum
sector (generators P,) one can read-off from the relations (4.4) ard (1.7) (in eq.
(4.7) after contraction /\Z — 82) the coalgebraic structure. We ob ain that in
deformed phase space one can add two coordinates and two momenta as follows:

mflx+2) - ‘77511) + 5’75;2) (1.10a)

l)(gl+2) — ])é]) + [)0(2) (110[))
X(2)

[‘)‘(H.z) — P(I)C_i’?"_ + [_5(2) (411()

We sec that due to the x-deformation there is modified the addit ou law of two
three-momenta.

Analogous Heisenberg double construction can be performed for any quantum
Poincaré group listed by Podles and Woronowicz [26]. Tt should be mentioned how-
ever, that before solving such a task we should obtain the complete | st of quantum
Poincaré algebras, dual to quantum groups from [26] - the list whic) at present is
yet not known.

5 Final Remarks

The considerations of deformed quantum phase spaces goes along the ollowing three
lines:

® i) Mathematical consequences of deforming space time symmetries. In such
a way onc obtains the set of possible algebraic schemes, which we outlined in
this talk.
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e ii) Investigation of dynamical consequences of modifying Einstein gravity sche-
me (e.g. superstring theory) on Heisenberg uncertainty rclations (sce c.g.

(32,33])

o iii) Consid >ring different “gedenken-experiments” for the measurement of dis-
tances and time intervals in quantum theory, which include into analysis the
quantum property of the observer (reference system) (see e.g. [34-36]). It
appears that the “classical” measuring devices, with infinite mass as well as
definite pcsition and velocity are the idealizations in the description of mea-
suring pro:ess which is not realistic. It appears that introducing “realistic”
measurement theory in quantum mechanics we are bound to modify the stan-
dard Heisenberg uncertainty relations, with Planck length I, = mL ~ 10738

e
cm playing a crucial role in the modifications.

We see that the future modified models of quantum mechanics should have on
one side solid mathematical and dynamical bases, on the other should be consistent
with “realistic” measurement theory. A modest effort in such a direction has been
presented in [36], where there are given arguments based on “realistic” measurement
theory for the x-deformation of relativistic phase space, presented in Sect. 4. At
present, however, the choice of the deformation which is the most physical one is an
open question.
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HIDDEN SYMMETRY OF THE
YANG-COULOMB MONOPOLE

L.G. Mardoyan, A.N. Sissakian. V.M. Ter Antonvan

Joint Institute for Nuclear Research.
Dubna, Moscow Region, RU-111980, Russia

Abstract

Bound system composed of the Yang monopole coupled to a particle of the
isospin by the SU(2) and Coulomb interaction is considered. The peneralized
Runge-Lenz vector and the SO(6) group of hidden symmetry are established.
It is also shown that the group of hidden symmetry make it poss ble to cal-
culate the spectrum of system by a pure algebraic method.

During the last few years attempts was made to find the electromagnetic duality
phenomenon [1] in the framework of quantumn mechanics [2-11]. One of the systems
arising in these searches is the Yang-Coulomb monopole (YCM), a mique example
of an integrable non-Abelian system.

The YCM is defined as a five-dimensional bound system composed of the Yang
monopole [8] and a particle of the isospin. Both the monopole and particle are
assumed also having electric charges of the opposite signs. Thus, the monopole
particle coupling is realized not only by the SU(2) gauge field tut also by the
Coulomb interaction. At large distances the Coulomb structure becomes immaterial
and YCM seems to be purc Yang monopole.

In this article, we analyze the symmetry properties of the YOM. We establish
the SO(6) group of hidden symmetry of YCM and use this symmetry for calculation
of the energy spectrum of YCM by an algebraic method.

Let us introduce the space = R(z;) ® §* where R*(r;) and S* have the
meaning of the conhguratlon (md the gauge space of YCM. We keep the following
notation: j =0,1,2,3,4; a = 1,2,3; T, arc the SU(2) gauge group generators; A°
is the triplet of Yang monop()le s gauge potentials; o are the Pauli matrices. The
YCM is governed by the Hamiltonian

. | h? . e?
H=—#*4 ——_7*
2m 2mr? r
where r = (z;2,)"/2, 7 =17 T, 72 = i,

0
,l = —Yhﬁ- - hA I,,
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A% =

2 o
: )TijIJ

r(r + To

and 72 are the 5 x 5 matrices having the following explicit form

1 0o C 0 1 0 0 0 1 0 0 0
P, 5 0 ¢ —iol ), = 5 0 0 i0® ], = 5 0 o2 0
0 zc! 0 0 —0® 0 0 0 ot

and satisfying [72, 7] = €a. 7"

Each term «f the A‘“—triplet coincides with the gauge potential of the five-
dimensional Dirac monopole with a unit topological charge and the line of singularity
extended along “he axis zg < 0.

It is obvious that 77 = —77; and, therefore, A} are orthogonal to x;. Moreover,

it follows from
4T;]'-T;k = 5ab (51‘k b 51'051:0) + 2i€abc7'ick
that the vectors A? are also orthogonal to each other

A% AL = _T__.fo_gab

T ¥ r + x0)
The followin 7 fundamental commutation relations are valid:
[fi,@a) = —thbi, [#i, 7] = ih*F5T,
where
Ff = 0:A% — OeAY + €anc ALAG

is the triplet of sauge fields. In a more explicit form

a 1 e a .
Fi) = Tz [(zk +r610) AT ~ (; + rb0) AYY — 207,

The last expression follows from the formula:
1
EabcTib]'TI:m =5 [(5i05k0 = bik) Tim — (bi06mo0 — im) Tk +
+ (6506m0 — 6;m) ik — (8506k0 — 65x) Tﬁn]
The straighforward computation gives

a(+) pb(+ 1 1 co(+
F‘,‘ ( )F]IE ) = T_G (I.’Ik - T26ik) 6ab + T—Zfach‘,']f )

i
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Since YCM is a non-Abelian extension of the five-dimensional Coul>mb problem,
it is natural to try to construct an analog of the Runge-Lenz vector for YCM by
passing from R to IR*(z;) and taking account of the gauge field. The first step has
been made many years ago [12]

1 A A 2me? i
M = = A'l' li Ai e
k 2\/1—7-{ (pz ikt kP + 7 , )

where p; = —hd/0z;, hlAikAz z;px — zxpi. The second step can be realized by the
substitution [8]: p; — %, Ly — Lix where

,\ . . 2 ~
L;k = (.’Eiﬂ'k - .’Ekﬂ'i) —-T F‘ﬁcTa

St o=

It is possible to verify that
[iiky .’E]'] = i&-]-zk - i&kj.t,‘, [i,’k,fr]‘] = 1:51']";(‘[: - i&kjfri
[LU’ L ] 5,mi/jn — 16] i,‘n — i&,‘nijm + i&jnl:im,

i.e., Ly indeed are the generators of the group SO(5) and [f] Lk] = (.
A long manipulation exercise yields [H, Mi] = 0 which means that in fact M, is
the analog of the Runge-Lenz vector for YCM. It can also be shown that

[ifij7Mk] = i5iij - i5jkMi, [MiaMk] = _Qi]:]iik

These commutation rules generalize relations known from the theory of the Coulomb
problem [13].
Finally, let us introduce the 6x6 matrix

, L. —M
D= o J
(i 2"

N o\ -1/2 . R
where M! = (—ZH) M;. The components D, (here u,v = 0,1,2, 3,4,5) satisfy

the commutation relations
[D“,,, D/\p] = iSMD.,,, —_ i5,,ADM, — i&upr\ + i&upD“/\,

ie., D“,, are the generators of the group SO(6). Since (H, lA)W] = 0, one concludes
that YCM is provided by the SO(6) group of hidden symmetry.
The Casimir operators for SO(6) are [14]

1 A A
02 = §D“ .D
éa = 6uup¢7‘r/\Duu-Dp DT/\
N 1 A A N ~
C4 = _Q‘D‘WDDPDP D,,-“



156

According to [15], the eigenvalues of these operators can be taken as
C: = pi(pr +4)+ palpz +2) + 43
C: 48(p1 +2)(p2 + )ps
Co = piu +4)7 +6m (s +4) + ph(p2 +2)* + 3 — 243

where py, pg end pj are the positive integer or half-integer numbers and py > pa >
p3-
Direct calculations lead to the representation

A e"m

C, = ——— 42174 1
? 9h2f] @

a4\ 1/2
G, 48 (——’i) 72
2K%H

C2 4+ 6C, — 4C,T? — 1277 + 671

2
I

From the last equation we can obtain another expression for the eigenvalue C,
Cy == [Cy = 2T(T + 1)) + 6 [Co — 2T(T + 1)] + 2T*(T +1)?
and conclude that
Cy —2T(T +1) = m(m +4) (2)
Hy(pe+2)° +pd =205 =2T*(T +1)" (3)
The energy levels of YCM can be derived from (1) and (2)

4
T me

T oy + 22

The substitution of the eigenvalues of H and T? in the equation for C; gives one
more formula for C3

Cs =48(p +2)T(T +1)
Now, we have two expressions for Cy and the comparison leads to the relation
T(T+1)=(p2+1)ps (5)

Comparing this with (2), we have the equation

(13— p2) [(m2+2)* — 4] =0
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Since py < pg, one concludes that gy = py. Then, from (5) it follows that pe =T
and, therefore, py in (4) takes only values y, = T, 7T + 1,T+2, ..., - 1he result known
from our previous paper {11].

Let us complete the present consideration of YCM by three remarks:
(a) It is known [16] that the five-dimensional Coulomb problem is provided with
the hidden SO(6) symmetry. I'rom this position, our paper states that the inclusion
of the SU(2) gauge field doesn’t break the hidden symmetry of ths initial system.
The same phenomenon takes place for the Abelian particle-clharge system [17].
(b) The elegant approach presented above to solve the YOM cigcnvalue problem
has recently been used for the same purpose in connection with the so-called SU(2)
Kepler problem [18].
(¢) The eigenfunctions of YCM and the degeneracy of the cnergy levels has been
considered in our recent publication [11].

We would like to thank G. Pogosyan, A. Nersessian and H. K wdaverdian for
clarifying the ideas of this paper in some interesting discussions.
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Abstract

We describe three different extended (N=2) supersymmetric Lax operator
of the Korteweg de Vries Equation. These Lax operators are next ge1eralized
to more complicated form, including additionals fields. These ge:eralized
Lax operators create a hudge class of new integrable models for which the
hamiltonian structure is considered.

1 Introduction.

Integrable Hamiltonian systems occupy an important place in diverse branches of
theoretical physics as exactly solvable models of fundamental physicil phenomena
ranging from nonlinear hydrodynamics to string theory [1,2,3]. The ger eral Kadomt-
sev - Petviashvilli (KP) system is 1+1 dimensional integrable model -ontaining an
infinite number of fields. In the Sato approach, the KP hierarchy is described by
the isospectral deformations of the eigenvalue problem L¥ = A for the pseudodif-
ferential operator L = 8+ U,8~! + U302 which is given by

Lt,. = [anL]a (1)

where n = 2,3, .... and B, is the differential part of the microdifferetial operator
L™, 1f we require that L satisfies the additional condition that L™ = E,,n > 2 then
the hierarchy of equation given by Eq. (1) are reduced to the hiera chy of (1+1)
dimensional integrable systems called the n-reduced KP hierarchy. For example, the
Korteweg - de Vries equation and the Boussinesq equation belong to th > two-reduced
and three-reduced KP hierarchies, respectively. .

On the other side, a new type of reduction have been proposed recently in a
series of articles, which leads many (2+1) dimensional integrable systems to (1+1)
dimensional integrable systems [4-5]. For example, by assuming that - satisfies the
constraints

L" = B, +q07'r, (2)

we can obtain the so called k-constrained KP hierarchy. Interestingly, the one - con-
strained KP hierarchy coincide with the AKNS hierarchy, and the two - constrained
KP hierarchy coincides with the Yajima - Oikawa hierarchy. The k-constrained KP
hierarchy was shown to possess Lax pairs, recursion operatorsand the bi-Hamiltonian
structures.
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In this papzr we would like to discuss how this situations looks like in the super-
symmetric casz.

The idea t> use the extended supersymmetry (SUSY) for the generalization of
the soliton equations appeared almost in parallel to the usage of the SUSY in the
quantum field theory [6]. The main idea of SUSY is to treat bosons and fermions
operators equilly. The first results, concerned the construction of classical field
theories with fzrmionic and bosonic fields depending on time and one space variable,
can be found 111 [7-9]. In many cases, the addition of fermion fields does not guarantee
that the final theory becomes the SUSY invariant. Therefore this method was named
the fermionic =xtension in order to distinguish it from the fully SUSY way.

We have «t the moment many different procedures {10-26] of the supersym-
metrization of the soliton equations. From the soliton point of view we can distin-
guish two diffzrent recipes. In the first we add to the theory new anticommuting
Grassmann valued functions only while in the second case we also add the new com-
muting functions. In many cases, the addition of fermion fields does not guarentee
that the finalc theory becomes supersymmetric invariant.

From this :lassification one can infer that the second approach is more important
then the first one. We extend in this case, our system of equation, to the new larger
system of equations. This may be viewed as a bonus, but this extended case is in
no way more undamental than the non-extended one.

In this paper we would like to consider the supersymmetric Korteweg de Vries
equation and ts different genetralization, using second receipt. The interest to such
generalization is motivated by observation that special type of such generalization
describes the Lax operator for SUSY KdV equation in higher supersymmetric di-
mensions. Mcreover it gives rise to hudge classess of new integrable equations.

The paper is organized as follows. In the first chapter we describe the classical
Lax’s approach to the Korteweg de Vries equation. The superymmetrization of this
equation is described in the next section while last section contains the classifica-
tions of different generalizations of these supersymmetric equation. All calculations
presented in this paper have been obtained by extensive applications of the symbolic
computation ‘anguage REDUCE and special package written by author SUSY2 [27].

Acknowladgments. I am grateful to Prof. G.S.Pogosyan for very warm hos-
pitability dur ng the conference INTSYS-98 in Erevan in Armenia.

2 Lax operator for the classical KAV Equation
It is possible to write down the famus Korteweg de Vries equation
Ut = —Ugzg T Ouu,, (3)

using two diflerent Lax operators

L1 = 62 + u, (4)
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Ly=8+0 " u (5)

Both these operators give rise to the standart or to the nonstandard Lax pair rep-
resentation of the KdV equation. For the first case we have

1 (i1 0
while for the second case )
e i (1) e

Here + denotes the projection onto the differential part of the pseudodifferential
operators while > the projection onto the purely differential part.
Tyhis KdV equation is hamiltonian equation which usally is wrtten down as

. § ‘
up = (~8 + 20u + 211(‘?)5 / du?, (8)

The Lax formulation is very usefull in investigations of the (bi) hami tonian property
of the given system of equations. The knowledge of Lax operator allows us to
construct conserved currents for the given model.

3 The extended supersymmetric KdV equation
[t appeared that there are three different integrable extension of th extended N =

2 supesymmetric KdV equation. These cases are contained in the following one-
parameter [amily of super-Hamiltonian evolution equations [12]

| . .
b =0, +3(®D,Dyd), + E(a, — 1)(Dy{D,9%), + 30020,

.
1t

(D1 D20 + 209 + 200 — D, ®D, — 1)2¢1).2)
2 [ dadbydbyt (9D, Dy0 + ~0°) )
5P Tabdvy 142 3 ) :

where ® = ®(z,0,,0,) ia a commuting superfunction of space and two Grassmannian
variables §; and 85, D; is the usual supersymnmetric derivative D; = g, + 0;0.

Here the parameter a enumerates our extensions and take the values a = —-2,1,4
for which this system consitute the integrable model [12,24]. The supersymmnetric
Lax operators takes the following form [12,17,24]

a=—2: CL=0+ DD, — DD,
L=0"+9— (DO)D, (10)
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a=4: L=—(D1D2+(I>)2,
L=0-9 - D' (D), (11)
a=1: L:G—Dngf)_l(D,
L=8- [D,D]'d“(b. (12)

Here (D®) denotes the value of the action of D onto ® and D) = 85, — 30,0, D =
09, — %013. For the first three Lax operators we have the usual Lax pair

oL 2
5 =4l

; (13)

while for the last three operators we have the nonstandard Lax pair

%f— = [£,(2%)4] (14)
where (+) denotes the projection onto the super-differential part of the operator and
(> 1) the projec.ion onto the strictly super - differential part of the operator. All
these Lax pairs give us the super-hamiltonina formulations of the supersymmetric
KdV equation wiose Hamiltonian operator is connected with the supersymmetric
extension of the Virasoro algebra.

4 Susy generalization of KdV equation

At the moment e have two different approaches in this direction. In the first we
include additional chiral fields to the supersymmetric Lax operator while in the
second we incluce ordinary superfunctions to the Lax operator. Let us consider
these cases indenpendently.

In the first ap proach it is possible to generalize Lax operator for a = —2,4 only.
Explicitely we heve the following generalized Lax operator:

M
a=-2  L=08"+0d— (D®)D - S (FG;+ F.Do'(DG;)), (15)

i=1

WE

a:=4 L=08-0-D3 (D) - (FG:+FDs'(DG)),  (16)

1
where M is fixed number while F;, G; are chiral fields such that (DF;) = (DG;) = 0.
These generaliza:ion have been considered in details in [19] where the hamiltonian
structure have been considered also. Moreover in it was shown that the Lax opera-
tor constitute also the Lax operator for the extended N = 4 supersymmetric KdV
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equation. The Lax operators presented here create the new hierarch of supersym-
metric integrable models. Explicitely the second flow for the general zed @ = 4 Lax
operator has the following form:

M

3, = _[D,D] &, — 400, + Y DF.DG;, (17)
i=1

Git = —Gipe +4D(®DG;). . (19)

For the second approach where we include the usual supersymraetric field we
have the generalization for a = 4,1 case only.

For the a = 1 case it is possible to consider the following supersymmetric Lax
operator [21]

L=0- D, D] 071% — i D, D] 67'Gi[D, D] 071G, (20)
=1

where G; are usual superfermionic fields. The third flow in this hierirchy generate
the following system of equations for M =1

o =|-0.—9+38[D,D]0 +3G.[D,D]G - 120D5DG
+6D®GDG +6D2GDG] (21)
G. = ~Guw +60(DODG + D2DG) +3(2[D, D]G)

_ 38%G, — 6G,DGDG — 6 (GDGDG) (22)

One can check that the equations (21-22) are covariant with respect > the following
transformations of an extra hidden supersymmetry:

80 = eG,, 5G = €9, (23)

where ¢ is a Grassmann parameter. This additional supersymmetry together with
explicit N = 2 ones form N = 3 supersymmetry. This system of equa:ion is just the
N = 3 supersymmetric KdV equation which can be obtained from the Hamiltonian

[17] .
H=-3 / dodtyds, (8(D, D)@ + 2&° — G[D, D],
206G, + 8<1>DGDG) (24)

®, = {H,}, G, ={H,G}. (25)
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if we use the N = 3superconformal algebra Poisson brackets, which read in terms of
N = 2 supercu-rents ®(Z) and G(Z) as follows:
(8(Z1), ()} [D, D)9+ 9% + 80 + hD&D + DOD)A(Z; - Z),

{2(2:0,G(.%)}

Il

- (!
(aG+ ~Gd— DGD — DG’D) (Zy — Za),
G(z).0m)  =5(e+

,D])A(Z - Z). (26)

Here A(Z,— Z,) = (61— 92)(01 —02) (21— 22) is n 42 supersymmetric delta function
and all operators in r.h.s. are evaluated in the second point. The Lax operator
considered previously is a particular case of the hudge family of Lax operators of

the form:

L d + [D,D}a"%

Mz !

(Ip, D)o~ H:0™ [D, D] K. — [D, D]~ K;0™![D, D)o~ H,)+

1

o
il

M-

1

7

where H;, K; are the superbosonic functions while Gj, F; are the superfermionic
functions ,M «nd S are fixed numbers. This generalization give us a hudge class of
integrable gen sralizations of the solitons equation. In particular the following Lax

operator

L=0+0"[D,D)¢+H-0"[D,DIH[D,D] (28)
belongs to this class and its third flow is
¢, =[-0,-3[D,D]oe -0
+12DHDH — 6D®DH — 6ch>DH] E (29)
H, =[-6DHH +6DHH, +6D2DH® ~ 3H;
6DODH® + M., +3([D, D|H)* +3(2[D, DIH) |~ (30)

This equation reasembles the Hirota-Satsuma equation in the bosonic sector.
For the a -= 4 case let us consider the following generalizations,
Ly =DD,+®+HO'DiD,K—-KoDDH (31)
Ly =DiD;+%+ GO~ YDy Dy F + FO™' Dy D,(, (32)

(Ip,D]o™ 67 [D, D]G; + [D,D)97'G;07 (D, D] OE), (1)
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where H, K are the superbosons for Ly while G, F. Now it is rather technical prob-
lem to construct the Lax pair system which generate a rich hierarchy of integrable
equation. This construction has been considered in more details in [25] where the
hamiltonian structure has been discussed also. To finish this cons deration let us
consider the particular case of the L, operator in the form

L=DDy+®+20007"'D,D,II. (33)

The second flow give rise to the following system of equations
o, = ( — DyDy — 207 + AH 11, — 2D, H)? — 2(1)211)2:»1/2,' (34)
H, = (- 2Dy Dy H, — 11,0 — (D, &) Dy H) — (DD, 1) — Hq_,)/«x. (35)

The bosonic sector of this system of equations, in which & = ¢ + 00,0, and
H = 01ho + 021y where ®g, &4, hg, by are usual classical ficlds reads:

do= (= 61— 205 — 263 = 202) /> . 36)

¢ = (¢01‘1‘ — A o + 8hohy, — Shlll()_,-)J_/Z (37)
hov = ( = 2hizs — 260:ho — Adoho, — bl ) /2 (38)
b = (2hoes — 200sh1 — dohis + 6, ho) /2 (39)
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HIGHER LOOP STRING COSMOLOGY AS A
DYNAMICAL SYSTEM

A.A. Saharian

Department of Physics, Yerevan State University
1 Alex Manoogian St., 375049 Yerevan, Armenia

1 Introduction

The cosmological consequences of string theory and their possible manifestations
are important both for observational verification of theory and for the resolution of
a number of problems in modern cosmology. Increasingly growing number of works
in this direction (see [1], [2], [3] and references therein) has resulted to the formation
of a new area of cosmological investigations - String Cosmology. Recently, various
cosmological models with dilaton and antisymmetric tensor field have been investi-
gated to leading order in string tension as well as with higher-curvature corrections.
In most cases the universe evolves toward strong coupling region whare quantum
loop corrections become important and the tree-level effective action can not reli-
ably describe the dynamics. This motivates the consideration of mod:ls with loop
corrections. Another motivation is related to the fact, that the string; loop effects
may naturally generate different nonmonotonic coupling functions in the effective
action and consequently a relaxation mechanism (Damour - Polyakov mechanism)
[4] by which various moduli fields are attracted towards their present vacuum ex-
pectation values. In particular, in [5] it was shown that an inflationaiy era within
Damour - Polyakov mechanism could solve the Polonyi moduli problern. Note that
loop corrections together with the higher curvature terms are natural so irces provid-
ing the necessary conditions for graceful exit in pre big-bang models of cosmological
inflation (6], {7]. ‘

In the present paper we investigate cosmological models with variable dilaton in
the framework of low-energy effective string gravity with higher genus ccrrections. In
section 2 the structure of corresponding effective action is discussed and cosmologi-
cal field equations are derived. In section 3 the exactly solvable cases ar: considered.
These include pure gravi-dilaton anisotropic models with Ricci-flat subspaces, mod-
els with massless scalars and Kalb-Ramond field and radiation-dominated models.
For the general case of the barotropic perfect fluid as a nongravitational source the
set of cosmological equations can be presented in the form of the third-order au-
tonomous dynamical system. The corresponding phase-space analysis is presented
in section 4.
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2 String effective action and cosmological model

At lowest order in string tension the string effective action can be written down as

91, (4]
S = /de\/‘—g\ [~17n(90)f~3—4ﬁ¢ (1) O pd™ @ + Lum (@,(EMNW)] » (D

where @ is the dilaton field, R denotes curvature scalar of D - dimensional metric
Gun, L, - 1s the Lagrangian density of other fields, collectively noted by a symbol
¥ and, in general, depending on the metric and dilaton. Hereafter the symbol ~
above the let ers specifies the quantities in string conformal frame, the metric of
which is the mnetric of corresponding o- model. Note that the string coupling is
given by the vacuum expectation value of the dilaton field: g, = (¢**) .

The functions Fx (¢), K = R,,m (F, is dilaton coupling function to the var-
lous types of matter fields) receive string perturbative as well as nonperturbative
corrections. For the heterotic string we can write the following expansion

Fx (p) =e% <1 + Z 2,(\1)621“’) (2)
=1

where dimens onless coefficient Zg) - represents { - loop contribution, and the param-
eter of loop ex:pansion is €%#: each loop of the string diagrams gives the contribution
~ e¥. At ¢ & —1 the system is in the weak coupling region and is described by
tree approxiniation of the string diagrams. Note that for the type-1 and type-11
superstrings the kinetic terms of the R-R fields do not contain dilaton dependence
at tree-level.

The action (1) is written in the string conformal frame. In various cases it
is convenient to consider Einstein (E-) conformal frame, where the term with Ricci
scalar has the standard canonical form. E- and string frames are related by conformal
transformaticn of D - dimensional metric:

GMV = 2 () MY, Q(p) = Qo) = F (3)
Up to divergent terms the E-frame action takes the formn
S .- /d% IGT [~ R — 4F, (¢) 0000 + L (0, Gaans ¥)] @)

Here we assumed, that Fp > 0. If this function is negative valued, the conformal
factor can be chosen similarly (3) with the absolute value. Now in the corresponding
action the Ricci scalar will enter with positive sign, and the corresponding gravita-
tional constant will be negative. The function at the kinetic term of dilaton field
and matter .agrangian are related to the corresponding string frarne functions by

o\ 2 ~
n F F ~
4F, = =B 4=, Lp =021, (0, 026G 5
o (¥) — (Fn> + ) 2 Lm (9, 95Gun, ) (5)

s ot e e



169

For F, < 0 by introducing a new scalar field ¢ as

dé = 2¢/=F,dyp (6)

the kinetic term can be written in the canonical form. Below we shall consider just
this case. At tree-level £, = —1/(n — 1) and the new scalar field is proportional to
the dilaton: ¢ = 2p/v/n —1.

Another important conformal frame of scalar - tensor theories is the so-called
Jordan frame, in which the nongravitational part of the action does not contain the
scalar field. In this frame the laws of evolution of the nongravitat ona.l fields take
the same form as in multidimensional GR.

Here we shall consider D) - dimensional homogeneous cosmological model with
spacetime structure R® M! ® ... ® M and with the metric

GMN=diag(N2(t) —32()(;,,",...), : (7)

where M; is a maximally symmetric n; dimensional space , S n; = n, glm is the
metric in this space, R;(t) and N are corresponding scale factors anc lapse function.
From the field equations it follows, that for the metric (7) the energy - momentum
tensor is diagonal and has anisotropic perfect fluid form with the encrgy density «,
and the effective pressure p; in the subspace M. The cosmological field equations
are simplest in terms of the Einstein metric. By introducing new scalar field ¢ in
accordance with (6), the system of cosmological equations can be written as

P
+ (Z niHi— N /N> H; = N%be — Nzkifﬁ_‘ (8)
i=1 t
. P . 1
H(— N /N = -N*
¢+ (;n N/ ) @ 5V ae
n; — 1 i
Nt ¢ — > kiniN? ’R = Y aullH
t i,i=1
where the overdots denote time derivatives , k; = —1,0,1 for subspaces with nega-

tive, zero and positive curvatures, correspondingly,

- 1 1 ?
. IR, = g —— _ . = ¢
H; R;/R;, b 5 [a,+ — (l ;n,a,>] . a; = p;fe, 9)
1 6L/|G]
Gl 6

It can be seen that in the case of sources for which the Jordan frame -an be realized,
we have

ay = nymy — by

= (1 —na)dIn (/%) /dé (10)
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where §; corresponds to the Jordan frame conformal factor. In (8) the choice
N =1 correspo 1ds to the E-frame comoving time. From the second equation of (8)
it follows, that for the solutions with constant dilaton ¢ = y, the values py have
to be roots of the equation « (@) = 0. The dilaton can be fixed both by dilaton
potential, or by nontrivial dependence of Lagrangian of the other fields on dilaton
The second way is known as Damour - Polyakov mechanism [4]. The solutions with
constant dilator coincide with corresponding solutions of multidimensional GR.
In the cosmological context the continuity equation takes the form

5/£+Z (1+a)H;+aé=0 (11)

where the last .erm in LHS appears due to direct interaction of the dilaton ficld
with nongravitational sector. Note that in the Jordan frame such an interaction is

absent and o = 0.
In the case of the equation of state with constant a; and for the function a,

depending only on dilaton field , the integration of equation (11) yields

P
€ = const - exp (—/a (¢) dap) H Ri_n‘““') (12)
i=1

As an example of an additional source we shall consider system of massless scalar
fields ¥; with the E-frame Lagrangian density

. Zm. )i 0™ (13)

Within the frarnework of homogeneous cosmological models assuming that i, =
¥;(¢) we obtain for corresponding energy density and pressure

-2
E=p; :ZF¢i d)z’ /N27 a; = 17 1= 1a~"7p) (14)

By using the equation of motion for tlie field 1; the expressions for the energy density
and function a :ake the form

5=\/—2ZCEF,;, o= v2 > CHRyjFE, V= HR”' (15)

i=1

where C; are integration constants.

Another imy ortant example of an additional source is the antisymmetric Kalb -
Ramond field By y with strength Hpnp and Lagrangian density L, = %Fy(cp)
HynpHMYP 1n D = 4 the corresponding equations of motion are solved by the
ansatz

HMNP = p=1.MNFPQg,p (16)

\/@
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where eMNFQ is completely antisymmetric 4—fensor, h is the pseudoscalar axion

field. From the Bianci identity dig Hynp; = 0 the equation of motion for the field A
follows:
Oh — OMhOuFy/Fy = 0 (17)

The corresponding Lagrangian density has the form
Ly = Fy0Mhouh, Fy=1/(2Fy) (18)

Thus in this case the Kalb - Ramond field is equivalent to the pseudoscalar field A
and the corresponding formulas are a special case of the previous exaraple. However
it is necessary to note, that if for usual scalar fields in the string fran e at tree-level
Fy, = e, for the heterotic string axion, as it follows from (18), F, = e?*/2 .

3 Exactly solvable cases

In this section we shall consider cases when the set of cosmological equations (8) is
exactly integrable in terms of integrals containing dilaton coupling functions.

3.1 Pure gravi - dilaton solutions

We start with the simple case of Ricci - flat subspaces (k; = 0) and :zero nongravi-
tational sources (L, = 0). In terms of the E-frame comoving time the solutions to
cosmological equations can be written as

H;
Tt

P
Hi = R,’ = R‘iO lt - tole 3 Z Tl,‘HiO =1 (19)
=1

P
bolalt~to =2 [ g, Y kb =1 (20)
=1

where Hyg, Ry, ¢o,%o- are integration constants. The last relation is a consequence
of the constraint equation. Then ¢1p = 0 from (19),(20) one obtains the multidi-
mensional generalization of the Kasner solution of the D - dimensicnal GR. Note
that unlike the case of Kasner solution, the solution (19),(20) has an isotropic limit
when one obtains Hjg = 1/n, é10=2+/1—-1/n.

The corresponding solution in the string frame can be found by t-ansformation

R, =FYO™p,  dt, = F/0"d (21)

and has the form

g jod -n 2H1
Ri = RioFi/"exp (ﬁ/v—Fwdsﬂ) (22)
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t, = i%/,/—mﬁ,;/“‘") exp (%/,/—szﬂp) dy (23)
10 10

where £, is st1ing frame synchronous time coordinate. For given coupling functions
we can obtain the function ¢(¢;) by inversing equation (23) and then derive the
scale factors irom (22). At tree level from (22) and (23) one obtains the solution
previously derived in [10], [11].

3.2 Solutions with modulus and Kalb - Ramond fields

In the equations (8) as an additional source we shall consider a set of scalar fields
(moduli fields) and Kalb - Ramond field. As it has been mentioned already, if we
accept the ansatz (16), the Kalb - Ramond field is reduced to the scalar field with
Lagrangian (18). In particular, in cosmological context we shall assume

' -2 -2 .
expi=Ln= Fuv; [INN=3 Fuib [N+ F b [N (24)

and prime specifies the fact that the corresponding sum includes also the contribu-
tion of the ax on field. It follows from (24), that for a source under consideration all
coefficients a; are equal to 1, and therefore all coefficients b; are equal to zero. For
these values ¢nd for Ricci - flat subspaces the solution of the first equation (8) for
scale factors i1 synchronous system of coordinates is still determined by the relation
(19). The energy density is determined by (see (15))

! Z i (25)
E=——= ) —.
(t - t0)2 B Fw;

The substitution of this expression into the constraint equation and integration of
the obtained >quation leads to the following result

, -1/2

1 —_ inino — ZC?/Fw‘]

=1 )

it —tol = £ [ Aelde, Alp) =2V7F,

(26)
Here the functions Fy, are related to the corresponding string frame functions by
the relation £y, = Fy,/Fg. Further for given function  (t) one finds

[ A |
e [ R 0

For the given coupling functions in (1) the formulas (19), (26), (27) determine the
evolution of t1e corresponding cosmological model in the E-frame. The string frame
solutions can be found by transformations (21) and have the form

ﬁi = Rioﬁ}la/(l_n) exp (:tHiu / A(‘PM‘P) s (28)
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I, = tsgn(l — 1,0)//1(99)?,;/“"") exp (i/A(go)d¢) ap (29)

Note that unlike the case of the E-frame, the solutions for string frarie scale factors
do not coincide with corresponding vacuum solutions. At tree-level and for n = 3
from (28) and (29) one obtains the solutions alresdy derived in [8] for the case of
isotropic models with one modulus.

3.3 Isotropic spatially-curved models

We shall now consider the isotropic models with curved space. For a set of scalar
fields and Kalb - Ramond field the equation for scale factor coincides with the
corresponding vacuum equation and is solved most simply in terms of conformal
time 7, corresponding to the gauge N = R:

1/(n-1)

R=~R, Lsin [\/E(n - 1)7]]

vk

In view of this froin the constraint equation we find for cnergy density *

dé\* kn(n - 1) .
N?e + (—) = : 31
) dn sin® [\/E(n - 1)71] (3

(30)

In what follows we shall assume 0 < (n—l)p<wfork=1and 0 < (n— 1)y <
for k£ = 0,—1. The solutions in the other regions can be obtained {rom here. By
integrating the constraint equation for dilaton field we find the followving relation

!

~1/2
n(n —1) - Z c?/F,,,‘J dy (32)

i

+hnz = 2(n——1)/\/_—Tw

where we have introduced a new variable z according to

tan [\/E(n — l)g]

1
z={—= 33
% (3
For given functions Fx () in the action (1) this formula together with (30) deter-
mines the dynamics of corresponding cosmological model. For the function ¢ (7).
determined from (32), the dependence of the other ficlds on time ran be derived
from

% —1 dZ .
b= = [ e 2 (31)

In particular, for ¥; = i one obtains the equation for the axion field. For the given
coupling functions, the expressions (30), (32), (34) determine the evolution of the
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isotropic cosmological models with £ = 0, £1 in terms of conformal time coordinate
n, which is connected to E - frame synchronous time coordinate by rclation

2R 2 Glin=ly
t—tozﬂ:/Rdn:ﬂ; "/ i (35)
n=1Jo (1+kz2)"t""

where the integial in the right hand side can be expressed through hypergeometric
function. The fcrmula (30) for the scale factor can be written down as

; 1/(n-1)

The corresponding solutions in string frame can be found by conformal transforma-
tion and have tlie form

~ 1/(n-1 ~ 1/(n-1
B_nr / F10°% =) ‘= 2R, / F13% & )dz
S\ 14k T ol (1 + kz?)n

These relations determine string frame cosmological solutions, provided we specify
the dilaton cousling functions. For open models (k = —1) the variable z varies
within limits 0 < z < 1, thus, as it follows from (35), time coordinate is not limited.
In the case of clased models 0 < z < 0o, and ¢ varies in finite limits:

. Ry n n
- < =
8= tol < tem n—1B(2(n—1)’2(n—1))’ (37)

where B(z,y) - is Euler f-function. For the models with a flat space from (36) we
have R ~ |t — t,)'/™, which is the isotropic limit of the solution (19). In the limit
t — to the contribution of curvature terms is negligible and the behavior of open
and closed models is the same as in a flat case. For an open model and ¢ — oo from

(36) and (35) w> have R ~ t.

3.4 Radiation-dominated solutions

For the radiationr @ = 1/n and therefore according to (10) a = 0. Integrating scalar
field equation one has

n—1
2/\/—Fw(cp:d<p=con.st:l:1/n7_111n (1+%+2H\/u_0),u: (%) . (38)

where ug, Ry are integration constants. For the models with £ = 1 the possible
values of the function u are limited: v < u,,, where the maximum value can be
expressed via ccnstant ug by means of relation un, = (1 + 1+ 4u0) [2uq.
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The scale factor dependence on the conformal time is determined from

© sin [\/_(n ~ (- 770)] IVE, uo> —k/4

2ugu = (k+\/l4u0+k) X cosh(n —1)(n—mo)], k=—1uy <1/4 (39)

Vo [(n = 1% (n = n0)* /(4uo) = 1], k=0
(when ug = 1/4, k = —1 one has the solution u = =2 + 2exp[(n — 1) (n —70)] ).
The E-frame synchronous time coordinate ¢ can be expressed via u es
Vo Fo /(=D gy
n—1 VIFu— kugu?
The function ¢(n) can be found either by inserting (39) into (38) or riore simply by
direct integration of ¢ = const - [ dn/u with the help of (39).
The scale factor and comoving time coordinate for the corresponding radiation-

dominated solution in the string frame can be found by conformal - ransformation
and have the form

R = By [u/Fa(e)

t =

(40)

]1/(71-1) Py Vo R(u)du

n-—1 \/H_u:u—o t
For the given coupling functions ﬁw(go) and Fp(p) in the action (1) we can obtain
the function ¢(u) by inverting the equation (38) and then derive scule factor }Nf(u)
and commoving time £(«) from (41). Therefore the formulae (38) and (41) determine
the string frame radiation-dominated solution in parametric form a; a function of
u, provided we specify the dilaton coupling functions. By choosing P =Fp=¢?%
one obtains the corresponding tree-level solutions.

(41)

L]

4 Qualitative analysis in general case

In previous section we have considered some special cases for which cosmological
field equations are exactly solvable in terms of integrals containing d laton coupling
functions. For general case of barotropic fluid with equation of state p = ae, —1 <
a <1, this is not the case. In this section we shall consider the qualitative evolution
of the isotropic models by using dynamical system approach.

By introducing a new independent variable 7 and the function A(7) in accordance

with

_ 5 dln R H

=VH +kd,  h=—p R (42)
and substituting N2 from the constraint equation into the ones for scale factor
and scalar field the equations of motion can be presented in the form of third-order
autonomous dynamical system

% = =z, dz = [n(n -1 - z2] [a($)/2 — bhz], (43)

dr
j—f (1—h2) [(n—l)(nb-—l)—b:ﬁ] , b=

1——a_
2(n—.)

]




176

This system is invariant under the transformations

T -7, T——z, h— —h (44)
relating expanding and contracting models, and

6> —¢p, T —z, a— —«a (45)

relating the models, for two, in general different, functions a(¢) and —a(—¢). The
phase trajector es describing the models with nonnegative energy density lie in the
region

n(n —1) —z* > 0. (46)

Here the sign of equality corresponds to the pure gravi-dilaton models (¢ = 0), which
are considered in previous section. The solutions with A = +1 correspond to the
spatially-flat models. In this case the system (43) is reduced to the second order
dynamical sistem.

The key aspect for qualitative analysis is to determme the critical points and
their stability. At finite part of the phase space (¢, z,h) the critical points of the
system (43) are the points

(¢0703'—+—'1)a a(¢0) =0 . (47)

where upper/lower sign corresponds to the expanding/contracting models. We shall
consider the fi-st of these cases. The results for the contracting models can be
obtained from 1ere by means of transformation (44). Note that the points (47) are
GR solutions for £ = 0. The constant dilaton solutions for £ = 1 are presented by
segments ¢ = ¢, z =0, |h] < 1, and for k = —1 by ray ¢ = ¢o, z =0, |h| > 1.

Near the critical point (47) the equation for A drops from the other two ones and
the correspond ng eigenvalues are equal to

S12= kot \JKE +n(n—Dap/2, s =n(l+a)-2 (48)

where of = (d¥/dd)s=¢y, ko = n(1 — a)/4. The eigenvalues )\, ; define the nature
of the critical f oint for the trajectories in the invariant subspace h = 1, correspond-
ing to the spatially-flat models. The standard qualitative analysis shows that for
spatlally flat models the point (47) is (1) saddle when o > 0, (2) center when a = 1,
af < 0, (3) stable focus when o) < —al/8, an = 2by/n(n — 1), (4) improper node
when o) = —c2/8 and (5) node when 0 > af > —a}/8. In the case of expanding
models the existence for the function a(¢) of zero ¢ = ¢y with o/ (¢o) < 0 leads to
the efficient me chanism for the dilaton stabilization and relaxation of string effective
gravity to the GR. Indeed, for the relation of the dilaton variations at some time
moments ¢, and t, we have

ﬂte) - d)()
B(ti) — o

Il)(fl) ] |Re|

~exp {— |ReM[r(te) —7(8)]} = [R (149)



177

In the cases 3) and 4), when critical point is focus oiimpropor node one has {Re), | =
n(l —a)/4. In the inflationary stage ¢ = —1 and the relation of the s:ale factors at
the beginning and at the end of inflation is ~ ¢7% . Il initially the dile ton shift ~ 1,
one receives that at the end of inflation the dilaton variations are strongly suppressed
(n=3) é(t,) — ¢o < 107*2. Assuming that for the various sources t 1e zero of the
function @) is the same (in particular, this is the casc when the dilaton coupling
functions are universal) the subsequent expansion stages (radiation- and matter-
dominated) leads to the further suppression of these variations: [§o| < 10719 at
present epoch [5]. Such variations are much more {ar from observational restrictions
following from the tests of the equivalence principle. Thus this scheme leads to the
natural suppression of the dilaton variations in the expanding univeise and lies in
the basis of dilaton stabilizing mechanism known as Damour-Polyakov mechanism.
Note that this scheme will work also in the case 5), il the value of |2} is not too
small.

As it follows from (48) for the models & = +1 the critical point is unstable when
1 +a > 2/n. The corresponding GR solutions tend to the spatially flat solution
(point (47) with the upper sign) as { — —oo . In the case | + a < 2/n the GR
solutions with & = £1 tend to the solution (47) in the limit ¢ — 4o (inflationary
models). Then additionally ReX; , < 0, the critical point is stable and the solutions
of string cosmology with variable dilaton tend to the solution (47) too.

Now we turn to the investigation of the behavior of the phase trajectories at
infinity of the phase-space. For this it is convenient to compactify the phase space.
In the case of the closed models it is sufficient to use the mapping

et=-2_ 0<y<i (50)

The corresponding dynamical system differs from (43) by the first of the equations
and the phase space is the rectangular parallelepiped

0<y<i, lel<va@m-1, Ihl<! (51)

The houndaries of this parallelepiped are invariant subspaces. The trajectories on
the boundaries h = 1, —1 correspond to the spatially-flat cxpanding and contract-
ing models, respectively, and the trajectorics on the boundaries z = ++/n(n ~ 1)
represent the pure gravi-dilaton models.

For h =1 (the case h = —1 can be obtained by transformation (4<)) the critical
points on the boundary of (51) are the points (y,z, k) with coordinates (o = a(y))

(3 =va=D,1), j=0.1 (52)

(5,a(3)/26,1),  |a(f)] < o (53)

The eigenvalues for these points are

M =2(-1YvVnrn=1), d=n(l—-a)(l Fa(i)/a), Iy=2n-1) (54)
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for the point (52), and

= (F1Pa)/2, h = =51 - a)(1 - a’()/od (55)
23 = 2n(n—1)b[a?(j)/ad + 1/nb— 1] (56)

for the points (53). Thus, for the models with k = +1 the points (52) arc always
unstable. The points (53) are stable when
o?(j) _ 2(n—1)

(—l)ja(j)<0, 1‘——2‘—(2)—> m

(57)

Note that the :econd of these conditions is possible only if ¢ < 2/n — 1. Now by
taking into account (48) we conclude that for k = %1 all critical points with A =1
are unstable when a > 2/n — 1.

In the case ¢ < 2/n — 1 there are critical points laying on the boundaries y = 0,1
of parallelepiped (51):

: T - ta(y)
+v/(n = 1)(n — 1/b), h by = e
(3 £V =D =170 ka(ali)) b= — Wi
For these point;s the eigenvalues are determined by the relations
A o= H(=1Y(n~-1)(n—1/b) (59)

n—1

g = —5h [—1i\/1—8(nb—'1)(1-h;2) (60)

j=0,1 (58

When A2 < 1 the points (58) correspond to the closed models and are unstable, as the
eigenvalues A, end As have different signs. When 42 > 1 the solutions corresponding
to the points (58) describe the open models. For the case of upper sign the point
with 7 = 0 is unstable, and the point with j = 1 is stable when a(y = 1) > 0 and
corresponds to .he expanding models. Thus, the solution corresponding to the point
(58) can be stable only for open expanding models: +a(j) > 0, £(—1)’ <0, hf > 1.
For the ope1 models |A| > 1, to compactify phase plane in addition to (50) we
have to map
z=1/h, |2/ <1 (61)
By introducing the new independent variable dT" = hdr the corresponding dynamical
system can be ‘written as

% = zyz(l - ), g% = [n(n - 1) — 2%] [az/2 — bz] (62)
d:

i (1= 2%) [(n — 1)(nb —1) — bz?]
As above we stall consider the expanding models (the case of contracting models
can be obtained by transformation £ — —z, 2 - —z ). The phase space of the

system (62) is the parallelepiped

0<y<1, lg|<+/n(n-1), 0<2<1 (63)
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Fig. 1. Phase-space diagrams in the case of the models with pcsitive spatial
curvature compactified into space (y,z,h) for (a) a > 2/n —1 and (b) a < 2/n — 1.

Fig. 2. Phase-space diagrams in the case of the models with nrzative spatial
curvature compactified into space (y,z,z = 1/h) for (a) @ > 2/n — 1 and (b)
a<2/n—1.

and the critical points lie on the boundaries z = 1 and z = 0. For the first of
these cases (h = 1) the critical points and their nature are the same as in the
previous case and correspond to the spatially flat models. Thus we shall consider
the second case. At z = 0 (A = o0) the solutions of the system (62) are the
segments z = 0, y = constant . All points of the segments (z = 1),z = 0) and
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(z = £+/n(n - 1),z = 0) are critical points. The eigenvalues corresponding to the
axis z are equil to

A3 =(n—1)(nb-1) (64)

for the points £ = z = 0, and

for the points z = +4/n(n — 1}, z = 0. In the second case the critical points are
unstable. The points z = z = 0 are stable when a > 2/n —1 and unstable otherwise.
By taking into account that for the first of these cases the critical points for z = 1 are
unstable, we conclude that all models with k = —1 finish evolution on the segment
z =0, z = 0. Near the corresponding critical point the trajectories of the dynamical
system enter to this point lying in the plane (z, z). In this plane the corresponding
critical point is an stable node with the eigenvalues

Ag=—nbn—1), d=(n-1)(nb-1) (66)

In the case a -< 2/n — 1 the final point of the evolution for the models with k¥ = —1
are the points on the boundary z = 1, corresponding to the models with £ = 0, and
the points (5¢) under the conditions specified above (see the paragraph after the
formula (59).

On the besis of the analysis carried out above it is possible to construct the
phase portraits of the cosmological models for arbitrary function a(¢), defined by
dilaton coupling functions in the string effective Lagrangian.. As an illustration in
Fig. 1 and 2 e present ‘the phase portraits for the closed and open models in the
case of the fuiction a(¢), satisfying to the boundary conditions 0 < a(—o0) < ay,
a(+00) < —«p and with a single zero. For the models with nonnegative energy
density the pt.ase space is the parallelepiped (51) in the case k = 1 (Fig. 1) and. (63)
in the case k := —1 (Fig. 2). The trajectories lying on the upper boundaries (h = 1)
represent an invariant subspace and correspond to the spatially flat models. In
Fig. 1 the bostom boundary also corresponds to the spatially flat models (h = —1,
models of contraction). The vertical segments ¢ = ¢o, z =0, |h| <1 and 0 < z < 1
represent the corresponding GR solutions. Let us consider the presented phase
portraits in turn.

1. k=1, 2 > 2/n—1 (Fig. 1la). The function k(r) is decreasing. The only
stable c-itical point is (0, —4/n(n — 1), —1). All the models , except the ones
corresponding the separatrixes of the saddle points and GR solutions, begin
evoluticn in the weak coupling region from the point (0, /n(n — 1), 1) at some
finite tiine moment of the E-frame synchronous time coordinate, and finish the
evoluticn at the another finite time moment in the weak coupling region in
the state of contraction. Thus the pure gravi-dilaton solutions are early and
late tire attractors. The GR solution corresponding to the constant dilaton,
is unstable. k
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2. k=1,a<2/n~1(Fig. lb). Now therc is a region of the plase space, |z| <
(n — 1)(n — 1/b), with the inflationary segments of trajectcries. dh/dr > 0.
There are four qualitatively different classes of solutions with variable dilaton:

(a) models which begin and finish the evolution in the weak coupling region
and look like to those of Fig. la. However. now there are segments of
trajectories with dh/dr > 0;

(b) models beginning the evolution in the weak coupling region near the pure
gravi-dilaton spatially flat expanding solution {the point (0. y/n(n — 1),
1)). After the initial noninflationary expansion at some roment dh/dr =
0, the evolution enters to the inflationary era, dh/dr > 0. and the trajec-
tories enter to the point (47) with b = 1 (the transitions rom dh/dr <0
to dh/dr > 0 can take place several times ). All the mocels of this class
tend to the corresponding GR solution, and the curvature effects quickly
becomes inessential. In this scheme the dilaton variations becomes sulfi-
ciently damped to avoid the contradiction with the observations. This is
just Damour-Polyakov mechanism of dilaton stabilizatior ;

(c) models starting the contraction from the point (47) with the lower sign,
near the GR solution and finishing the evolution in the point (0, —n!/?
Vvn - 1, —1) near the pure gravi-dilaton solution. Note that in interme-
diate stages the contraction - expansion transitions can t: ke place. Asin
the first case the cosmological evolution does not stabiliz» the dilaton;

(d) trajectories starting from the point (47) with the lower sign and entering
the point (47) with the lower sign. For these models durir g the evolution
the initial contraction turns into the expansion, the curvature effects of
the space quickly becomes inessential and the models ter d to the corve-
sponding spatially flat GR solution.

3. k=~1,a >2/n—1 (Fig. 2a). E-frame expanding models are presented. The
phase portrait for contracting models can be obtained by tran.formation (4:)
(note that for the dynamical system (62) the variable 7' does not. change the
sign). The function k(7) is increasing and the function H(1) is decreasing..
All the models, except the special ones, begin evolution in the neighborhood
of the spatially flat pure gravi-dilaton solution and finish it on the segment
z =0, 2 = 0 on the lower boundary.. The corresponding limiting value of the
dilaton depends on the initial conditions.

4. k= —1l,a <2/n—1 (Fig. 2b). After the initial noninflationary expansion
in the vicinity of the pure gravi-dilaton solution the models enter into the
inflationary era and tends to the GR solution. The inflation leads to the
strong suppression of the dilaton variations.. The trajectories quickly tends to
the GR flat solution. There are also a class of models beginninz the evolution
on the segment z = 0, z = 0 (separatrixes of the degenerate seddle points on
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this segment). Thus, unlike to the case of the closed models (Fig. 1b), now
he dilaton stabilization takes place for the all models. As for the considered
example of the function a(y), we have assumed a(0) > 0 and a(1) < 0, then
the critical points (58) can not be stable.
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A NOTE ON QUANTUM
PITCHFORK/SADDLE-NODE BIFURKATIONS

IN A PERTURBED OSCILLATOR WITH
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Abstract

In this paper, a quantum mechanical study is made for a 1:1 resonant per-
turbed oscillator in the Birkhoff-Gustavson normal form with four parameters,
which exhibits both pitchfork and saddle-node bifurcations in its per odic tra-
jectories in classical theory. On quantizing that osc1lla.tor it is shown that
two kinds degeneracies of energy levels are shown to take place as juantum
counterparts of those bifurcations.

1 Introduction.

It has been an interesting question whether significant phenomena, such as chaos,
bifurcations, ..., etc., exhibited in classical dynamical systems admit "heir quantum
counterparts or not (see [N] and references therein). In a series ¢f papers [Ul-
3] of the author, quantum counterparts of bifurcations were studied in certain 1:1
resonant perturbed oscillators in the Birkhoff-Gustavson normal form “with two/three
parameters.

This paper is a continuation of [U1-3], and aims to study quantum counterparts of
pitchfork/saddlenode bifurcations of periodic trajectories in a 1:1 resor ant perturbed
oscillator with four parameters in the Birkhoff-Gustavson normal form. Through the
torus quantization, two kinds of degeneracies of energy levels are shown to exist as
quantum counterparts of the pitchfork/saddle-node bifurcation. The quantum study
of the saddle-node bifurcation has been prepared already [U4], anc. an extended
version of this note is in preparation [U5].

The perturbed oscillator to be dealt with in this paper is a Hamiltonian system
(R? x R? dp Adq, H,) defined as follows. Let (R? x R?, dp A dq) be the phase space
endowed with the canonical symplectic 2-form, dp A dg = Z?:l dp; \ dg;j, where ¢q
and p are the Cartesian coordinates of R%’s. The H, is the Hamiltorian given by

Hy=J+oJLy+anJLs + %iLg + %Lg (1)
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where J, Ly, 1.5, and L3 are defined by

1 1
=50+ + 5+ @), Li=aatne, &
1 i
L; == 1p2 — q2p1, Ly =Z(p* 4+ ¢*) — =(p} + ¢d).

2 2
The a = (;);=1,..4 in H, are the parameters taking their values in the region,
P == {a: (ala"'7a4) € R4 | a; > 0(] = 1?"'54)7 az > a4}' (3)

The H, is can be regarded as a Hamiltonian of a perturbed system of the 1:1
resonant harmronic oscillator, on account of Hy = J.Moreover, H, is in the Birkhoff-
Gustavson normal form since it Poisson-commutes with J. The cases of a; = oy = 0
and of oy = 0 were dealt with in [U1-3].

The conterits of this paper are summarized as follows. In Sec. 2, it is shown that
the perturbed oscillator exhibits both pitchfork and saddle-node bifurcations in its
periodic trajectories,whose bifurcation sets are given by

FP={acP|7(@) =0}, B%={acP|¢%c)=0}, ()

respectively, vhere ¢f' (@) and #°(a) are the functions defined by

2 2
@ -1-(2) = (2), = (a-aP - @+ 6
Qg3 Qy

With Section 3, the torus quntization of the perturbed oscillator starts. Since the
perturbed oscillator admits J as a first integral, all the regular compact connected
components of the level sets of H, and J, provide a family of invariant tori [AM]
required for tlie torus quantization. After the introduction of the torus quantization
condition, a s ifficient condition for degeneracies of energy levels is derived, so that
two kinds of degeneracies of energy levels are suggested as quantum pitchfork /saddle-
node bifurcations.

In Sec. 4, one of those kinds of degeneracies is shown to be a quantum pitchfork
bifurcation: The set of the values of parameters,a, at which the degeneracies take
place is bounded by the classical pitchfork bifurcation set BF.

In Sec. 5, the other kind of degeneracies is shown to be a quantum saddie-node
bifurcation: ‘The closure of the set of the values of parameters, ¢, at which the
degeneracies take place is bounded by the classical saddle-node bifurcation set BS.

2 Bifurcations of Periodic Trajectories. Classi-
cal Theory.

Since J is a first integral of the perturbed oscillator, the U/(1) action,
p+4ig € R? x R* v exp(is)(p +ig) € R?* x R? (s € [0,27)), (6)
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generated by J is admitted as a symmetry of the perturbed oscillasor. Hence the
perturbed oscillator can be reduced by the U(1) action to a Hamiltoaian system on
the quotient manifold, J='(»)/U(1), of the level manifold.

J7'(v) = {(¢,p) e R* x R* | J(q,p) = v > 0}, (7)

of J. The J~'(v)/U(1) is shown to be diffcornorphic to $?, the two-dimensional
sphere with unit radius, by using the Hopf{ map,

7, :(q,p) € J7'(v) = x = (1/v) (L1{q, p), La(q,p). Ls(q.p)) € §* C R“. (8)

of J7'(v) to S%. Through 7,, the Hamiltonian equation for the pertt rbed oscillator
is reduced to an ‘Kuler-like’ cquation [U2-3],

dx
dl

red

2 .
==z xgrad;5 (z € 5% C R’ x :the vector product) (9
v

on S?, where Hmd is the reduced Hamiltonian defined on S? of the form,

mred = 4 2 {1)2z2 + byrs + %mg + "T‘ri} : . (10)

which is induced from H, through =,. The reduction procedure provides us with
the following crucial fact [K,CR]:

Fact 1: For every equilibrium point of Eq. (9), therc exists c¢n cach J~Y(v)
the unique periodic trajectory which is projected to the cquilibrium point through .
Such equilibrium point and its associated periodic trajectory share the same stabilily
signature.

Owing to Fact 1, we look into the e.p.’s of Eq. (9) instead of the periodic trajec-
tories of the perturbed oscillator.

Lemma 2:  All the possible equilibrium points of I'q. (9) are classified as in
Table 1 according to the signatures of ¢5 and ¢¥ defined by (5). In Tablc 1. ‘', ‘h",
and ‘d’ stand for e. p.’s with a definite Jacobi matriz, with an indefinitc one, and
with a degenerate one, and the roman digits indicate numbers of the n.

| [¢7(2) <0[¢"(a) =0 [¢"(a) >0 |

¢°(a) <0 2-c l-e, 1-d 3-¢, 1-h
#3(a) =0 || 2-¢, 1-d l-e, 2-d 3-¢, 1-h, 1-d ¥~
#3(a) > 0] 3-¢, 1-h 2-e, 1-h, 1-d | 4-¢, 2-h

Table 1: The classification of the equilibrium points of Eq. (10)

Each row of Table 1 implies that a pitchfork bifurcation [MR] tak-s place for the
e.p.’s when « passes across the set BY defined by (4) with (5). So do-s cach column
of Table 1 that a saddle-node bifurcation [MR] takes place when o pisses across the
set BS. Recalling Fact 1, we have the following:
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Theorem 3:  On every J~!(v), the periodic trajectorics of the perturbed oscilla-
tor allowed to ezist by Fact | exhibit the the pitchfork (resp. saddle-node) bifurcations
as the parameter a € P passes across BY (resp. BS) defined by (4) with (5).

3 Setting up the Torus Quantization.

A. Family of Invariant Tori Since J is a first integral, we are able to construct
a family of invariant tori required for the quantization [AM] by collecting all the
compact connect:d regular component of the level sets of J and H, expressed as

M, (v, E) = {(g,p) € R* x R* | J(q,p) = v, Holq,p) = v +V*E}.  (11)

We note that, ac:ording to the Arnold theorem, each of such components is diffeo-
morphic to the two dimensional torus, which is called the invariant torus [AM].We
get a classificaticn of the topology of M, (v, E) [U5] in the following by using the
local triviality property [Nk] of the principal U(1) bundle =, : J~!(v) — S52.

Lemma 4: If a level set, M,(v,E), of H, and J is regular,it is diffeomorphic
to one of the foilowing listed in Table 2, where || stands for the disjoint union
operation.

[ [ ¢"(a)<0 ] ¢F(a)=0] ¢7(a) >0 |
@) <0 . 17 T° T2, T2 [ T?
¢5(a) =0 77 7 TE T[] T°
65(a) > 0 | T%, T2 T2 | 7%, T2 [1 T2 | T2, T7 || T2

Table 2: The classification of the regular M, (v, )

B. Quantization Condition We are now in a position to introduce the quan-
tization conditior for the invariant tori:An invariant torus is quantizable if and only
if the integral cor dition,

o fp q— -—M( ) € Z (the set of all the integers), (12)
is valid for every (smooth) loop c in the torus, where A = (Plank’s constant)/2r
[AM]. The first term of (12) is the action integral and the second one a quarter of
the Maslov index.The quantizable tori are said to represent ‘quasi-classical’ states
of a given Hamiltonian system [W].

Owing to the Stokes’ theorem, we have to estimate (12) only for a pair of topo-
logically indepen lent non-contractible loops in each invariant torus 7Z:Since the
local triviality [N <] of the U(1) bundle,r, : J=}(v) — 5% provides us with the diffeo-
morphism, T? ~ U(1) x «,(T?), for T?, one of the non-contractible loops, denoted
by ¢!, is the factcr space coming from the U(1) action (6):

= {(g,p) € T*|p + iq = exp(is)(p + i§), s € [0,27]}, (13)
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where (§,5) € T? is fixed arbitrarily. The other loop, denoted by ¢?, of T? is
constructed by using a local cross section [Nk|, o, : z(# (0,0,—1)) € S? —
V2v(Q(z), P(z)) € JY(v), of m, : J~1(v) — S?, where

Q@) = (VI+ )2, 0/ Vel + 1)), Pla) = (0, 2/v2(T F 35)). (1)

The ¢ for T? subject to (0,0, —1)7 ¢ 7, (T2 1 (v, E)) is defined by

o

¢ = 0,(m,(T%) = {(3,p) € T*| (3,p) = V2r(Q(2), P(2)), z € Wu(TZ)}7 (15)

which is oriented oppositely to the solution of (9) along ,(c?).

C. Sufficient Condition for Degeneracies Before estimating (.2), we are to
think of a sufficient condition for degeneracies of energy levels. Within the torus
quantization, an energy level, say £, admits is degenerate if and only if there are
at least two quantizable invariant tori both on which H, takes the common value
€. Assuming such quantizable tori denoted by T? (j = 1,2) are in:luded in the
level sets, M,(p;, E;), we have & = vy + V2E, = v, + v2E,. Hence, us a sufficient
condition for this equation, we obtain v; = v, = 3/, and- E; = E, = 3E', which
implies T2, T? C M,(v', E'). To summarize, we have the following:

Lemma 5: A degeneracy of energy levels takes place if there exisis at least one
level set, M, (v, E), homeomorphic to T* [ T? both of whose T* conponents are
quantizable.

We identify the families of the invariant tori made by collecting all the M, (v, E)
~ T?]] T? which emerge due to ¢7(a) > 0 (resp. ¢°(a) > 0:

Lemma 6: Let Ay =0 and A (k = 1,2,3) be the solutions of the equation,

{on/(A = aa)}? + {aa/(A —aa)}? =1, (16)
subject to A} < ag < Ay < A3 < a4, where Ay and A3 are admissilﬂe only in the case
of %(a) > 0. With A, (k=0,1,2,3), let E; be associated by
al ol alay alay

Os—as) g —an) | 205 —aa T 20y — aa)?

E; = (17)
Then the family of invariant tori emerging due to ¢¥(a) > 0 consists of all the
M,(v,E) ~ T*[[T? subject to E € (Ey, E;), which will be denoted by T¥. The
family emerging due to $5(a) > 0 does of those subject to E € (Ey, E,), which will
be denoted by T5.

4 Quantum Pitchfork Bifurcation.

So far we have specified the family of invariant tori, 77, associated w th the pitch-
fork bifurcation, we estimate the quantization condition (12) for the nvariant tori
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belonging to 7T, and then determine the values of « at which the degeneracies
allowed to exist by Lemma 5 for 77

It is conv:nient to denote the invariant tori in M,(v, E) ~ T?][T? € TF by
T?(a, +;v, E), which stand for

T, +;v, E) = Mo(v, E) " {(¢,p) € R* x R?*|Ly(q,p) > 0}

18
Tia,—;v, E) = Ma(v, E) 0 {(g,p) € R* x R} L(q,p) < 0}. (18)

Accordingly, we denote by ci,(a, +;v, E) (7 = 1, 2) the pair of non-contractible loops
defined by (13) and (15) for T3(a, +;v, E).
Equation (12) for ¢p(a, &; v, E) is easily evaluated to give
v="h(n+1) (n=0,1,--), (19)
which agrees with the usual quantized values of J. Since the canonical transforma-

tion, (q1, 92, p1,P2) = (g1, —¢2,P1, —p2), causes the interchange of TA(e, +; v, E), the
Maslov index and the action integral for c¢i(a, +;v, E) are calculated to be

1 1
2 . =9 Tdg = — Td
M(CP(av j:a v, E)) ’ Irh c";,(a,+;u,E) p aq Irh c%,(g,_;y,E) P aq, (20)
so that we heve the following.
Lemma 7 If one of T3(a, ;v, E) is quantizable, then so is the other.
We contir ue estimating (12) to identify the values of « at which degeneracies of
energy levels take place allowed to exist by Lemma 5 for 7. A key equation is

1
e % pldg = —ZAP(a;E'), (2n)
21k J 2 (o), B) T

X AR

where A”(a; E) is the area enclosed to the left by ¢(a,—; E) C S?. Note that
AP(a; E) is vell-defined even in the case of E = F; as the area enclosed to the left
by a simple component of the separatorix given by Hgid =v+v2E,. The properties
of AP(a; E) to be utilized are presented in Appendix.

Let o be ixed to satisfy ¢”(a) > 0 and v be quantized as (19). The increasing
and the continuity properties of AF(a, E) (see Lemma 13 in Appendix) are put

together with (21) to show that there exists at least a pair of quantizable tori,
T*(a, £;h(n + 1), E) if and only if

AP (e, By) > 2n/(n+1) (22)

holds true. S nce Eq. (22) is in fact valid for every sufficiently large n, we have the
following reculling Lemma 7:
Lemma 3 For every a belonging to

D" ={a e P|¢"(a) > 0} (23)

.

there exists at least a pair of quantizable tori, TE(a, &; h(n + 1), F) with large n.
Since 77 cannot exist anymore, we have the following.
Theoren: 9 The degeneracies of energy levels associated with T is a quanium
pitchfork bifurcation in the sense that the classical bifurcation set BY bounds DF.
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5 Quantum Saddle-Node Bifurcation.

Now that we have found the quantum pitchfork bifurcation, we move on to find a
quantum saddle-node bifurcation in the energy levels associated vith 7. Let us
denote the invariant tori in 7% by

T2, +;v, E) = M, (v, E) N {(g,p) € R? x R*|Ly(q,p) — V20/(As — a3) > 0}
Ti(e, = v, B) = Mo (v, E) N {(q,p) € R? x R*|Ly(q,p) — V20/(As — a3) < 0} (24)

Accordingly, we denote by (rfq(n, +;v, F) (7 = 1,2) the non-contractisle loops defined
by (13) and (15) for T3(e, £;v, E). While we have (19) and the irst equation of
(20) again for these loops, the second equation of (20) does not hold true anymore
because the pair of tori, T3(«x, +; v, E), does not admit the symmetyy admissible {or
T}(er, £;v, E). Hence, we have to think of another way to cstimate estimate (12) for
ci(a, £;v, F): The way is to put the sufficient condition for the degencracies given
by Lemma 5 into the condition,

f pdq + f pdq € 217, - (25)
c?g(o,-}-;u,[‘]) c%((r,-—;u,E)
with
}{ pdg + 7 € 2nZ. (26)
S.(ax +iv,E)

The . h. s. of (25) can be put in a complex integration of the form.

_ [+ 7} [1{ ]1/2
L.h.s. of (25) = V/[‘(Q;E) [S(Z) n 2a2[R(z)]1/2]1/2 X [(l (y4 o )
e (1~ arven ) e+ ] a7

S(Z) = aa(aa - a4)z2 + 2400z + (aj — 2y — za%'
R(z) = —a3a42% — 204002 + 2By + o,

with
(28)
The integration is taken along a non-contractible loop I'(a; E) cn the Riemann

surface diffeomorphic to 7% of [S(z) + 2a,[R(2)]'/%)'/2. Under (19), a calculation of
(27) with the Residue theorem [J§] results in

ar/vVaz(az —ag) =m/(n+1) (n=12,,--,m=1,2- -.n), (29)

a necessary condition for the degeneracies associated with 7.
We are now in a position to estimate (26). A key cquation is

1 vV g .
%ﬁ( ' F)pqu = ==A%(0; ) (30)
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similar to (21), vhere A%(c; E) is the area enclosed to the left by (o, —; 1) C S2

Note that A%(a E) is well-defined also in the case of ' = [, as the arca enclosed
to the left by siraple component of the separatorix given by I[gff,d = v+ 125, The

properties of AS(a; E) to be utilized are presented in Appendix.
In view of (13) and (29), our estimation will be made under the assumption,

¢5(@) >0 with (19) and (29). (31)

Under (31), the decreasing and the continuity properties of A%(r, I2) (see Lemma 13
in Appendix) aie put together with (30) to show that there exists at least one
invariant torus i and only if

A¥a; B3) > 21/(n 4+ 1) (32)

holds true. Undor (31), A(a, E3) will be denoted by A™(ay; as, a4) henceforth, on
account of & = my/ag —as/(n +1). Note that AT(ay; a3, y) satisfies (39) in
Appendix, whick will play a key role below.

We wish to describe a for which (32) holds true in more detail. Let as and oy
be fixed arbitrarily to be a3 > a4 (cf. (3)). Then under (31), @, can range over
(0,a7 (o3, 4)), where a™(aas, a4) is defined by

a7 (o, 0) = (03 — 0q)*° — {mPag(as — ay) }1*/{(n +1)}2° (33)

which obviously satisfies (39) in Appendix. In view of (32), let us look into the
solution of the equation

2r 27
AK'I’L . = —
x(n+1)—1(a2va37a4) n(n T 1) {K(n + 1) _ 1} 11’ (34)

for a; in (O,a:ﬁ“)_l(ag, ay)) under (31). If & is chosen to be sufficiently large, the
decreasing prope 'ty of A:Z’;H)_l(ag;ag,a.i) for a3 (see Lemma 13) implies the ex-
istence of the unique solution of (34) which will be denoted by ay, .(as, a4). Hence
recalling the decieasing property of AT (ay; a3, a4) again, we have a sufficient con-
dition for the degeneracies:

Lemma 10: Under (31), let the integer & be large enough for (34) to admit
the unique soluticn o, ,(as, o).

Since D can te shown to be dense in the subset of P determined by #5(a) > 0
(cf. [U3]), we have the following:

Theorem 12° The degeneracies of energy levels associated with TS is a quan-
tum saddle-node bifurcation in the sense that the classical saddle-node bifurcation
set BY bounds the closure of DS.
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6 Concluding Remark.

We have shown that, in the four-parameter perturbed oscillator, the d:generacies of
energy levels associated with the families of invariant tori Tp (resp. Ts ) are quantum
pitchfork (resp. saddle-node) bifurcations.From the results above and those in [Ul-
3], the structures of the set of the values of parameters admitting the degeneracies
associated with pitchfork/saddle-node bifurcations are conjectured as follows: For
pitchfork bifurcation, the parameter-set might be identical with eith:r of the sets
partitioned by the classical bifurcation set. In contrast with this, for saddle-node
bifurcation, the parameter-set might be dense in either of the sets pariitioned by the
classical bifurcation set. It will be checked in future studies on the reraining cases;
the five/siz-parameter cases.

Appendix

We present, very briefly, several properties of the areas, A¥(a, E) (reso. AS(a,E)),
enclosed to the left by the loops, é5(a, —; E) (resp. &é4(a, —; E), and thereby those
of A™(ay;as, ) = Ag(a,—; E3). It is convenient to introduce the :sometry x of
S®\{z, = 1} to D, the open disk with the unit radius, which is defined by

(6,m) = x(2) = (o1/ VAT = 22), 20/ v/2(1 = 72)) . (35)

Through x, AF(a, E) (resp. AS(a, E)) are mapped isometrically to the area on D
enclosed to the left by the loops expressed as

azt® + 203C1£% + (CF 4 2a3C,)¢* + (2C.C, + ag)fz +{C2+ a2n*(n* - 1)} =0 (36)

with E € (Ey, E,] and £ <0 (resp. with E € [E,, E3) and n < a1/(Ay — a3)), where
C, and C, are given by

Cr = (203 — aq)n 2 + (g — a3), (37)

4 2
Cr=(az—ay)n* — (a3 —ag—aq)y +(—4——2—2). (38)
FEstimating (36), we have the following:

Lemma 13 AF(a,E) is continuous in both E and a, and increasing with E.
AS(a, E) is continuous in both E and «, and decreasing with E. Further, AF(a, E)
(resp. AS(a,E)) tend to zero as E | Eq (resp. E 1 Es).

For A™(az; a3, ) identical with AS(a, E;) under (31) and al*(as, ay), we have

A7 (ag; a3, aq) = A ny-1(a2; 0, 04) a7 (@3, 04) = ynya(as, cu),  (39)

(k=1,2,---), on account of m/(n+1) = em/{(xk(n+1) — 1) + 1}.
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Abstract

Within a (generalized) power-series method the D + I —term recurrences
arc interpreted as a linear algebraic Schrédinger equation with a triangu-
larized Hamiltonian matrix. In partitioned notation, this equation may be
read and solved as two-term recurrences for D — dimensional arra:'s of coeffi-
cients. For illustration, bound states in all the shape-invariant-like potentials
are then shown obtainable in two steps. The first one is analytic: n terms of
certain generalized I'—functions, both (by definition, asymptotica ly corroct)
Jost solutions are constructed as D — dimensional matrix genera izations of
the Gauss hypergeometric function of. In the second step we recommend a
matching of the right and left Jost solution in the origin. This is shown sig-
nificantly facilitated by a PT —like double-parity symmetry of our particular
illustrative models.

1 The generalized power series method.

Bound states are often constructed, in an orthonormalized basis {|n)}, via a varia-
tional Ansatz

|¥) = |Wy) = Z Inyd,, N — oo. (1
n=0
This gives Hamiltonians H represented by hermitean matrices. Their diagonaliza-
tion becomes a routine numerical procedure [1]. Still, the requiremont of orthonor-
mality (m|n) = 6, is nontrivial and may even become counter-productive. For
example, the well known exact eigenstates

dy tanh? z

L | 1
W{PT}($)= 3F‘1(5(&%‘1+p+A),§(2K+p_/\)Y[+,"__ )

cosh™ cosh?x

of the one-dimensional Péschl-Teller model H{FTH = p2 — A(A 4 1)/ cosh? x (with
encrgics £ = —k? and paritics (—=1)®, p = 0, 1) may most casily b2 produced in a
non-orthogonal basis {|n{"Th} {2].

1
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The use of an “optimal”, Hamiltonian-adapted basis is characteristic, e.g., for
the numerical method of Lanczos iterations [3]. It might be recalled here as a
variational parallel and main methodical inspiration of our (orthcoming construction.
Unfortunately, ths analogies between variational and non-variational methods are
not too strong; tie related mathematics must be analysed with due care. In our
illustrative examgle, the insertion of the Ansatz (1) (with “the best” basis {InFTH ]
into the differential Schrodinger equation (H{PT) — E)|¥) = 0 only leads to a non-
hermitean linear .lgebraic problem

@@ 0 0 0 ... dy
bo 23] 0 0 e dl
0 bl as 0 e dz =0. (2)

Still, its “diagonalization” (i.e., explicit specification ot all the coefficients d, in
terms of a few I' —functions) is immediate: We have a norm do # 0 and explicit
d) = —dobo/a, etc, with a; # 0 etc.

The “next-to-solvable” cases (to be considered here) induce, as a rule, more
lower diagonals in eq. (2) [4]. One has to replace eq. (2) by another non-hermitean
equation. We muy only preserve its two-diagonal (or rather two-term recurrent)
form via its D~d mensional partitioning,

Ag .0 0 0 ... Dy
B, A, 0 0 ... Dy
0 B, A, 0 D, | =0 (3)
where we collect, say,
dm+1
'Dn:: s m:nD—mO, n=0,l,...
dm+D

with mg = 1 or, oetter, mg = D. Thus, the solution of the latter non-hermitean,
triangular-matrix problem is again recurrent and easy,

Dj:_Aj_lBij-l’ j=1,2,.... (4)

This is the core of our present proposal. We intend to de.onstrate that the degree
and range of parallelism between equations (2) and (3) (and, first of all, between their
respective “exact’ and “next-to-exact” solutions and their interpretations) is quite
surprising. This raight prove unexpectedly helpful in multiple physical applications.
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2 Asymmetric triangularized Hamiltonians.

Let us remind the reader that in one dimension the closed (a. k. a. st ape invariant)
Gauss hypergeometric bound-state solutions only exist for the Roren-Morse well
VIRMY(z) = (— — —A(A + 1) + B sinh 2z)/ cosh® z and for its “scarf” modification
visH(z) = [(2A+1)B sinhz+ B?— A(A+1)]/ cosh® z (cf. Table 4.1 i1 review [5] for
more details). Both these forces degenerate to their above-mentioned I’T predecessor
in the limit B — 0. Here we intend to show that their D = 1 Iypergeometric
solutions admit an immediate D > 1 generalization applicable, e.g., to the further
elementary forces

Vs{M}(f’ :E) =

__g-sinhz

, 1AM 5
cosh™ ¢ - (9:2) (5)

and their superpositions. For this purpose we shall introduce a pararreter ¢ > 0 and
indices p = 0,1, ¢ = 0,1 and k4 2n+p = o(n,p) = ¢ and contemplate the following
generalization of (z|n{PT})} with a multiple index p = u(n,p,q) = dn+2p+4¢ > 1,
— sinh' ™z

<x|:#> = fn,p,q,a.,»:(x) = cosh™ TP 1 ) )
After differentiation with respect to the coordinate z we may determine the action
of the kinetic Hamiltonian T' = — — 8?2,

T|Eunp0) = —(0 — 1)? Eutnp0) t (20 = 1) a|Eumpa) +
+o? + 0 = %) [Eunir,p0) — 20 +1) @ [Epnrap);

Tlsu(n,p,1)> = —o? [Eu(n,p,1)> + (20 +1)a ‘Eu(nﬂyp,l))) + (‘72 +o— ‘12) 'Eu(n+l,p,l)>‘
The states with p = 0, 1 stay decoupled. At e = 0 (to be fixed fron now on) the
action of T also conserves the spacial parity ¢. We may choose thz two different
and asymptotically WKB-compatible initial kets |0) withp=1-~¢ =0o0r 1, i€,
(z|Zu(00,1)) = cosh™ z or (z|Eu0,1,0)) = sinhz - cosh™ ! z. The repzated action of
H =T+ V on |0) generates then the two Krylov-like (or Lanczos-like) bases. In
this sense, our forces (5) split to the four different categories as listed in Table 1.

cosh™

a arctan(sinh z)

Table 1. Reduced bases {|n)} = {|Zk))} for potentials (5).

n 0123 4 . J01 2 3 4 ]
potential k,, (first option) k, (second option) |
=

V() |15 9 13 17 ...|2 6 10 14 18 ...
V@)1 35 7 9 .24 6 8 10 ...
Vi) [1 45 8 9 ...|23 6 7 10 ...]|
V) |1 5 6 9 10 .25 6 9 10 ...
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Recalling the first line of Table 1 for a more thorough discussion, we notice that
the p— and ¢--preserving Hamiltonians H = T+Vs(2m(z) act irreducibly on the two
alternative p == 1 —q = 0 or 1 bases. At K = 1 this reproduces our above observation
and replacement of the Poschl-Teller differential equation (H{FT) — E)|¥) = 0 by
the strictly tvo-diagonal algebraic equation Q(p)ti= 0(3) withD=1. At K =2
the coupling f would move one step down and require D = 2. A neat illustration
at D =K =7 witha; =—j(2c+7) and 8; = (k + j)(k + 7 + 1) reads

0ojo0 0 0/... 0|0 0 O

By, |, 0 0.} B, az O O

Q(0) = 0 |By as 0 |... |, Q) = 016 ag 0
_ f 0 B4 o6 f 0 B as

etc. The “forgotten” second symmetric model K(2K+l)(z) still complies with the
q—preserving twins |Zp,41) and [Eg,42), » = 0,1,.... The mere three neighbouring
diagonals appear in their lower triangular representants of Hamiltonains ) = Q(q)
at K = 0 so that a two-dimensional partitioning suffices in recipe (3). A three-
dimensional partitioning is needed for K = 1 while D = 2K + 1 further on.

The secon:1 half of Table 1 describes the g—mixing bases and antisymmetric po-
tentials Va(N)( r). The action of antisymmetic models ‘/,1(2L)(I) = g-sinhz-cosh™l' ¢
with L > 1 pieserves the value of p in the basis,

Va(ZL)(_z”Eu(n,p,q)) :.(1 -q)g- |Eu(n+L—l,p,l—q)> + (—'1)1_qg ’ |Eu(n+L.p,l—q)>'

With the same abbreviations as above, we get the explicit “antisymmetric scarf”
(AS) L =1 Hamiltonian at p = 0,

0
gio
Bo| g o2
awoo=| "% 517 . ©
0|81 g |os
-9 Bilg o

etc. The las: row in Table 1 seems to be most puzzling. Firstly, the simplest
Va(l)(z) = ¢ tanhz has to be eliminated as not confining at all. Secondly, the
reducibility of action of H = p* + Va(ZLH)(z) 1s controlled by numbers I = 2p +
g (modulo 4) which look mysterious. Elements with I =1 and I = 2 never mix with
their unphysi:al, I = 0 and I = 3 counterparts. Thirdly, both our initial choices of
10} = |=;) ani |0) = |Z;) generate the same output. The difference will only lie in
the elements >f ().
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3 Application: Bound states.

lixpansions (1) will define Jost (i.c., asymptotically correct) solutions of Schrédinger
equations, provided only that we prove their convergence at all cocrdinates. This
type of convergence (different form the possible loss of normalizability) is virtually
controlled by the mere asymptotically increasing kinetic matrix elements in Q). The
changes in the potential may only play a marginal role.

Let us pick up the AS model with L = 1 and D = 2 for deteiled study. In
its Hamiltonian (6) the contribution of the coupling g is clearly separated from the
growing and energy-dependent kinetic terms. This is a corc of the proof. Technically,
il recalls eq. (1),

K —_ 0) — 1 -
A R)) = D Euiai-ppn) - b @) + D [Euan) - aip®). (1)
7=0 7=0

We visualise our lincar algebraic Schrédinger equation (3) as two-dirr ensional recur-

rences (4) for doublets of coeflicients [Dpi1-p); = [Dagr1-,p(p)]; = dg(:;H-_p(p) with
[V 0 L0\ [ logea 0Y
a0 = (o e, ) (o 0) (oS

and j =1, 2,p=0, land n = 0,1,.... Aslong as we have 0 > a; > «a, > ...

at any & > 0, our vectors of solutions are well defined and unique. /symptotically,
‘their upper and lower components decouple in a p—independent way,

D), [= hprenat)] = |1+ 152 4 0

1
; —;)] [(D;-1(p)], » q=0orl.

J

(8)
Off the origin, the discussion of convergence of both our infinite series (7) is short.
As long as coshz > 1 for all the nonzero and real coordinates & # 1), the estimate
(8) implies that our series (7) arc absolutely convergent. For all the (complex)
couplings g and energies —«? this follows from an ordinary geometric criterion. The
same conclusion may immediately be extended to complex coordinat s & + 2y which
lie out of the fairly narrow strip |z| < In(1 + v/2) or, better, to the exterior of a
wiggly bounded domain |cosh(z + iy)| = v/sinh®z + cos?y < 1. A refined Raabe
criterion is only needed (and implies an indeterminate behaviour of the type 0 x oo)
in the timit # — 0. Strictly speaking, this entitles us to work on a punctured
domain of ¢ € (—0,0) [ J(0,00). Generically (i.e., at unphysical enzrgies) we may
only preserve the analyticity in the origin at the cost of violation ¢f the “second”
asymptotic boundary condition (by each analytic continuations of cur “one-sided”
Jost solutions). Vice versa, we have to match the left and right Jost solution at

x = 0, presumably, numerically.
At both p = 0 or p = 1, our Jost solutions (7) with cocfficients d; = dgq)(p)
consist of the two separate sutmnations, each with a well defined spacial parity (—1)9,
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|49 (p)) = [rem)(p)) + [WD)(p)). The first few coefficients d9(p) = d¥(p, g)
are easily derived

dM0) = , d(0) = —g/e, dV(0) = —folag + ¢*/(amas), ...,

dP1) =1, dV(1) = —g/ar, dV(1) = =B/ + ¢*/(ar ),

and seen to exhibit an unexpected symmetry,

dP(p,—g) = (=11 d(p, g).

A double parity operator may be introduced such that our generalized hypergeo-
metric functions (") (g, z, k) = (z|¥49(p)) (7) become its eigenstates,

P‘g(p)(fhz’n) = ‘P(p)(—gv —:L‘,K:) = (—-1)7’(,9(?)((],.2,&). (9)

In a reversal of this argument, any bound state ¥{45)(z) may be assigned, say, a
positive P—parity. Summarizing, we may recommend its following g—independent
normalization

VA (z) = MpO(g,z,8) + g N oV(g,2,k), (10)

Marginally, let u: note that the P—symmetry of our Hamiltonians is, at purely

imaginary couplings, an important quantum-mechanical analogue of PT invari-

ance in field theory [6]. Unfortunately, the “simplest possible” Rosen Morse model

VIBM}(z) with imaginary B = 1h/2 and parametrization h = —o?sin 27 € (—00,00)

fails to behave in the standard way: Its closed Gauss hypergeometric solutions
occosTHiosinT

W(z) = (Vi) (Viey) Filabiey) (1)

witha =ccosT+ A4+1,b=0cosT— A, c=1+cexp(—i7)and y = (1 +tanh z)/2
remain normaliza>le at all the real energies £ = —o? cos 21 € (—00,00).
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