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Foreword

The International Workshop ”Supersymmetries and Quantum Symmetries 2001” (SQS'01)
was held 21-25 September of 2001 in Karpacz, Poland, in the framework of the Max Born
Symposia organized by Institute for Theoretical Physics of the University of Wroclaw. The
SQS workshops were founded by Victor I. Ogievetsky and, since 1993, were organized by
JINR in Dubna. Since 1997 they are biennial and are intended to commemorate the
contribution to theoretical physics of V.I. Ogievetsky who passed away in 1996. Max
Born Symposia started in 1991 as a continuation of Seminars in Theoretical Physics
“Leipzig-Wroclaw”. The present meeting is sixteenth in this series.

Like the previous SQS workshops, SQS’01 was devoted to recent developments in
supersymmetric theories including string theory and to mathematical aspects and appli-
cations of quantum groups. Supersymmetries, introduced in seventies as a tool to describe
dynamics of fundamental interactions, imply the existence of anticommuting group pa-
rameters; quantum groups further generalize classical symmetries, replacing the notion
of Lie groups and Lie algebras by noncommutative Hopf algebras. Since their start, the
SQS workshops were aimed at providing a joint discussion of these two basic tools of the
contemporary theoretical physics. A considerable attention at this meeting was paid to
noncommutative geometries which underly quantum groups and have deep implications
in string theory.

The workshop offered an excellent opportunity for research contacts between the world-
known theorists and, in particular, supplied a good example of international scientific
collaboration between a research group in Poland and Bogoliubov Laboratory of Theoret-
ical Physics in Dubna. It was organized and financially supported by both Institutions:
Institute for Theoretical Physics, University of Wroclaw, and Bogoliubov Laboratory of
Theoretical Physics, JINR (Dubna). We would like also to acknowledge a support from
the Bogoliubov - Infeld Foundation and Polish Ministry of Education and Sport. Based
on the success of this meeting, we are convinced that the tradition of such joint research
ventures should be continued in the future.

Evgeny Ivanov
Jerzy Lukierski
The Directors of International Workshop "SQS5°01”
organized as XVI Maz Born Symposium
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Massless Higher Spin Fields in the AdS Background and BRST
Constructions for Nonlinear Algebras

I.L. Buchbinder® *, A. Pashnev’' and M. Tsulaiabc!

@ Department Theoretical Physics, Tomsk State Pedagogical University
Tomsk, 634041, Russia

®Bogoliubov Laboratory of Theoretical Physics, JINR
Dubna, 141980, Russia

¢The Andronikashvili Institute of Physics, Georgian Academy of Sciences,
Thilisi, 880077, Georgia

Abstract

The detailed description of the method of the construction of the nilpo-
tent BRST charges for nonlinear algebras of constraints appearing in
the description of the massless higher spin fields on the AdSp back-
ground is presented. It is shown that the corresponding BRST charge
is not uniquely defined, but this ambiguity has no impact on the phys-
ical content of the theory.

BRST - BFV method [1] is a powerful tool for the quantization of the wide class of
the physical systems, invariant with respect to the gauge symmetry groups. The physical
content of the theory is singled out by the BRST quantization condition

Q|Phys) =0 1)

for the nilpotent Q2 = 0 BRST charge. Obviously due to the nilpotence property of the
BRST charge the BRST quantization condition is gauge invariant i.e., the physical states
are defined up to the transformation |Phys)’ = |Phys) + Q|A) where the last term is
a “spurious” state with the zero norm. Therefore to find the physical spectrum of the
theory, one has to solve a cohomology problem of the corresponding BRST charge.

On the other hand the BRST method can be applied for the construction of the
field theory, which corresponds to some first quantized system. Namely if one succeeds
to construct the nilpotent BRST charge for the given system of constraints, then one
can straightforwardly write the corresponding field theoretical Lagrangian of the form
L ~ (®|Q|®) which gives the condition (1) as the equation of motion. At the same time
the Lagrangian is gauge invariant under the transformations

§|2) = QIA), (2)

The later property is crucial for eliminating nonphysical degrees of freedom from the
spectrum. The famous example of such kind of construction is BRST string field theory.

The method of construction of the nilpotent BRST charge is well known when the
corresponding constraints form the closed linear Lie algebra. The situation becomes more

*E-mail: joseph@tspu.edu.ru
tE-mail: pashnev@thsunl.jinr.dubna.su
tE-mail: tsulaia@thsunl.jinr.ru



complicated when one deals with the second - class constraints and (or) the algebra of

constraints is nonlinear. In the present paper we analyze this situation and show, that
at least for the system of constraints describing irreducible massless higher spin fields
the corresponding BRST charge is not unique. Rather it can contain a number of free -
parameters which, nevertheless does not affect the physical content of the corresponding
field theory. These parameters, leading to the noncanonical form of the BRST charge, can
be present even in the case of closed linear algebra of constraints. The particular choice of
these parameters ensures the possibility to simplify the expression for the BRST charge,
and correspondingly the procedure of construction of the field theoretical Lagrangian
becomes simpler as well.

Below we concentrate on the construction of the nilpotent BRST charges and corre-
sponding field theoretical Lagrangian for the theory describing the higher spin fields in
the flat space and in AdS spaces. In particular, we investigate an arbitrariness in the
BRST charge, which is described by some free parameters, and show that the physical

content of the corresponding field theory is independent of the values of these parameters.

First we briefly describe the system of the free higher massless spin fields propagating
through the D — dimensional flat Minkowski space time in the framework of the BRST
approach [2] and then generalize the method for the interaction with AdSp background
(3]

For the free massless higher spin fields the corresponding system of constraints imposed
on the physical states includes the mass — shell constraint Ly = pﬁ, transversality condition
L\ = p,a*, and tracelessness condition L, = %apa“, where

Pu=0u [0a0}] =T Tap = diag(-1,1,1,..,1), (3)

These constraints are written down in terms of creation and annihilation operators a+ ak.
The general vector in the Fock space generated by these operators has the form

) = D Payar-an ()0 Fa* - 0). (4)

Obviously, the high spin fields ®q, ay...a, (%) are automatically symmetrical with respect
to the permutation of their indices and therefore representations of the corresponding flat
space little group O(d — 2) are characterized by the Young tableaux with one row. Note,
that more complicated Young tableaux need for their description more then one set of
creation and annihilation operators.

The operators Lg, Ly, L, along with their conjugates LT and L] obey the following
commutation relations.

[L_l*-le] - _L01 [LT, LZ] = _Lla [L;-7L1] = —LT7
[Go, Li] = —L1, [L{,Go] = -LT, (5)

and
[Go, Lz] = -'2L2, [L_{, Go] = —-2L;_, [L;_, Lz] = —Gg. (6)

where we have denoted Go = a™a, + 2.

The construction of the nilpotent BRST charge for this system of constraints is not
straightforward since as it can be seen from (6) the constraints L are of the second class.
It is a consequence of the fact that the operator Gy is strlctly positive and therefore can
not be considered as an additional constraint.
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Let us first introduce the anticommuting ghost variables ng, 77, n1, 75, 72, ne which

correspond to the operators Ly, Ly, LT, Ly, LT and Gy and have the ghost number equal

“to 1, as well as the corresponding momenta Po, Py, Py, Pa, P5, Pe with the ghost number
—1 obeying the anticommutation relations

{770,730} : {m)P;} = {77;,732} = {772,73;} = {77;7732} = {7767736} =1 (7)

Then we build the auxiliary representations of the generators of the algebra (6) in terms
of the additional creation and annihilation operators 4" and b, [b, b*] = 1 with the help of
the following construction using the Verma module. We introduce the vector in the space
of the Verma module |n)y = (LF)"|0)y, n € N, Ly|0)y = 0 and the corresponding vector
in the Fock space
In) = (67)"10), b]0) =0.
Mapping the vector in the space of Verma module into the vector in the Fock space one
obtains the representations of the generators of algebra SO(2,1) in terms of the variables
bt and b
L} e =b, Goauz =26 b+ h, Loguz = bbb+ bk (8)
where h is the highest welght of the Verma module Gg 443|0) = k|0). Then defining the
operators F = Li + L2 au:’GO = GO + Go.quz, We construct the corresponding “bare”
nilpotent BRST charge for the total system of constraints (5)—(6)
Q = mLo+mLi+nf Li+mLf uf Lo+
+ne(— Go+3~ M P1—Pim — 2PFn, — 20 Pa)
+n3 1P —n mP + 0 Py — nymP1. (9)
In order to avoid the condition of the type Go|®) = 0 one has to get rid of the variables

7 and Pg in the BRST charge (9), keeping its nilpotence property at the same time.
This can be done by replacing the parameter i by the expression

~(Go + 267b — 3+ 0 Py + Py + 2PFn, + 20 Py) (10)

and then simply omit the dependence on Pg in the BRST charge (see {4] — [5] for the
general treatment).
The “reduced” BRST charge thus takes the form

Q = moLo+m(Li + ) +mLi+0f L1+172 (Ly — Gob+ b — b+bb)
‘ - mP + 0y P — nfmPr + nfnd Pib— nf Pimb — 203 Pmed - (11)

Finally to restore the hermiticity property of the BRST charge, which is lost due to the
nonhermitian form of auxiliary representations (8) one has to define the scalar product in
the Fock space as (®;|K|®;) were K is a nondegenerate kernel operator

K=2%2, Z= Z (o] (12)

satisfying the property KQ = QT K.
Let us define the ghost vacuum in the way that the operators ny, 7,73, P{ and Pg
are creation operators. Then the BRST invariant Lagrangian for our system will be.

L= / MO KQIX) (13)
5



The state vector |x) along with the oscillators af and b* depends on the ghost cre-

ation operators as well and therefore the Lagrangian (13) contains some auxiliary fields.
However one can show that after making use of the BRST gauge invariance (2) and the
equations of motion with respect to the auxiliary fields, one is left with the only physical
field with no ghost and b dependence. This field is double traceless LyL,|®) = 0 and
the corresponding Lagrangian for this field has the form [6]

L= (®|Ly— LTLy — 2LFLoLy + LE L1 Ly + Li LY Ly — LY LT L L,|®) (14)
and the Lagrangian (14), is invariant under the gauge transformations
618) = L) (15)

with the traceless parameter of gauge transformations La|A;) = 0.

Let us note that, the “bare” nilpotent BRST charge (9) has been constructed in the
standard fashion adopted for the system of the first — class constraints i.e., the terms
nonlinear in ghost variables have the form given in [1]. However there exists an ambiguity
in the expression of the BRST charge for this system as we shall see below.

Now we generalize this procedure for the description of the higher massless integer spin
fields interacting with D — dimensional Anti - de - Sitter background. The main feature
we face in this case is the nonlinear character of the corresponding algebra of constraints
[7]. In the AdS space the momentum operator p, (here we denote Einstein indexes as
i, v, ... and the tangent space indexes as «, 3, ...) gets modified as

Pp=0,+ wu"ﬁaiaﬁ. (16)

Using this equation one cane easily check that the operators L = a#*p, are mutually
hermitian conjugated with respect to the integration measure d”z./=g. After introducing
the covariant d’Alambertian

Lo = g (pupw = Thup2) an
one obtains along with (6) the following commutation relations

[Lf, L) = ~Lo, [L},Lo)=~Li, [L},L]=~Lf,

[Lo, L1} = —2r Ly + 4rGoLy — 8rL{ Ly,

(L}, Lo] = —=2rL} +4rL{ Go — 8rLT Ly,

[GO;Lll =L, [LT:GO] = ‘L1+’ (18)

where
2

Ly=Ly+r(-D+ DT) +4rLf Ly — 1GoG + 2rGh, (19)

and the parameter r being related to the inverse radius of the AdSp space X via r = A2,
As it can be seen from the relations (18) and (6) the operators obey the nonlinear
algebra being analogous to the finite W3(2) algebra [8]. Again our goal is to construct the
nilpotent BRST charge for this system, where the operator Gy is excluded from the total
set of constraints.
As a first step we construct nilpotent BRST charge for the operators Ly, L¥, L and
G\ satisfying the nonlinear algebra (6), (18). However in contrast to the case of the

6



flat space — time i.e., when the constraints form the linear algebra there is no standard
prescription for the construction of nilpotent BRST charge for the system of operators
forming a nonlinear algebra. For this end we add step by step all possible higher order
terms in the ghosts with arbitrary coefficients to the BRST charge (9) and require its
nilpotence. Simultaneously we modify the operator at the linear term in ghost variable
70, instead of being simply Lg it becomes the nonlinear combination Ly of Ly, Gy and L.f
(19).

This procedure leads to the family of “bare” nilpotent BRST charges, which turn out
to depend on three free parameters ki, ks, k3, namely i.e, the expression of terms which
contain higher degrees in the ghost variables turn out not to be uniquely defined. The
possible solution of the problem (not necessarily the most general one) has the form

Q' = Q4+ kiQL, +kQL, + ksQL, (20)
where
Qs = mo(Lo+6r)+mLT + 1oL + i Ly + 1§ Ly — ng(Go — 3)
+2rnont Py — 8rngnd Pa + 2rePim

—8rmoP3n2 — 17 mPo + nf neP1 + nf P — 4rgf Pamy
—nmP1 + 20 neP2 ~ 0 Pz + Pinem + 2PFnenz — 8rmomP1 Ly

—4rnony P1Go + 8rmomy P Ly — 4rmePimGo — 12rmen; P+771P1 (@
QL = —210(Go — 3) — 6noni Py — 610PF s — 37 Pom — 2nomP1 L

—noni P1Go — 2nomt P2 LT + 207 'P+L2 — nony Peln

—noPimGo — 2neP3m Ly — noPemLi — 6noni PTmP, (22)
Qk, = —m(Go—3) — noni Pr— 2momd P2 — mPim — 2mP3m —ni Pam (23)

Qka = noP3nz + nond P2+ nomP1Li + noni PoLT ~ nonf PT Ly + neP3m Ly
+nomi 13 P1P2 + 2nony PYmP1 + nonf P Pcnz — nor{ Pina Py
—n0m PTmP2 — momd PemPi1 + noPTP3min (24)

All these operators are nilpotent and mutually anticommuting so that their sum is
nilpotent as well. Let us note that the particular choice of the parameters k; = 0,k =
0, k3 = 8 leads to the BRST charge constructed in [3], which includes terms up to the fifth
order in ghosts. The simplest expression including only third powers of ghosts corresponds
to the choice ky = ~2,ky = 4,k3 = 0:

Q' = mo(Lo+6r) +mLi 4+ moLld +nf Ly + 15 Lo

~16(Go — 3) — 2rnon{ Py — 4rnon3 Py

—2rneP{m ~ 4rnoP31e — i mPo + 1 neP1 + nf Py — 2rniPamy
—mmP1 + 20§ neP2 — 13 Pome + Pinem + 2P3nene — 4rnomP1L3
=2rnony P1Go + drnonf Po LT + drnonf P Ly 4 2rmont Pe Ly
—2rnoPimGo + 4rnePFmLy + 2rngPem LY. (25)

To get rid of the nonphysical constraint G, we again take the auxiliary representations
for the operators L¥ and Gy in the form (8) and construct the “bare” nilpotent BRST



charge adding step by step all possible higher order terms in the ghosts. The result is

similar to (20), namely

Q = QO + leh + kZka + k3©k37

but now

Qo = mo(Lo+6r — 4rGoaus) +mLT + i Ly
+7]2(L;'aua: + L+) + n;(LZ auz + LZ) nG(GO.au: +Go— 3)
+2rnonf P — 8rnong Pz + 2rnePim

=8rnoP3ne — i mPo + nf neP1 + i Pine — 4rniPem — nfmPy

+2nFnePs — 13 Poma + Pingm + 2P3ngme — 8rnomPL Ly

—drnen] P1Go + Srngns PT Ly — 4rnePTmGo — 12rmeni PTm Py,

Qr = —2m0(Go.auz + Go — 3) — 6mongd P — 6mP3 02 — 30 Pem

—2710771P1( 2.aur + L+) + 277077 P+(L2 aur + LZ) UOTIT'PI(GO.auz + GO)

—2non{ P2 LT — non{ PeLi — mPin(Go.auz + Go)
—2n0P3m Ly — noPomLi — 6nonf PImPa,

Qr, = —1o(Go.auz + Go — 3) — mom P1 — 2nen3 P2
—noPm — 2n0P3 e — 1 Pom,

Q~k3 = nonf P2+ mP3me + nomP1(Lieus + L3) — 1o Py (L2.ausz + L2)

+nonf P2 LT + noP3mLy + noni i PPz + 2nomf PIm Py
+nomy P Pane — moni P3meP1 — noni Pim P
—nom3 PemP1 + nPF Pmns.

(26)

(27)

(28)

(29)

(30)

Taking the free parameters as in (25) again leads to the simplest form of the BRST charge

Q@ = no(Lo+6r — 4rGogyz) + mLT +nf Ly
+n2(L3 4uz + L3) + 13 (L2guz + 15 L2) — 16(Go.aus + Go — 3)
—2rnon Py — drnony Py — 2rnePim — 4Py — i mPo
+ni 6Py + i Ping — 2rnf Pam — nymPa
+2n3 16 P2 — 13 Penz + Pinem + 2P3nenz + 4rnomP1L3 s

—4arnem P1L + 2rnonf P1Go.auz — 2rmonf P1Go + 4rnony PoLi
—47'710771 Pl L2 auT + 4T7707]1 P+L2 + 27'7707]i+-’PGL1 + 2TUOP1 771G0 aur

—2rnoPTmGo + 4rnoP3mLy + 2rngPem L.

(31)

The further procedure goes on in the complete analogy with the case of the flat space
— time background. Namely we obtain the reduced BRST charges @ from (26) after the
transformation (10) and than construct the Lagrangian (13) being invariant under the
gauge transformation (2). Though the BRST charge which corresponds to the system
(18), (6) is not unique, one can show following the lines of [3] on the base of the explicit
calculations that all these BRST charges after making the partial BRST gauge fixing in
the Lagrangian (13) lead to the unique final form of the Lagrangian, which contains only

one double traceless physical field |®) (L;L2|®) = 0)

L = (®|Lo—L¥Ly — 2L oLy + LI Ly Ly + LY LY Ly — L LY Lo Ly
1 1

—r(6 — 4Go + 10LF Ly — 4LF Gy L;)|®).
8
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The Lagrangian is invariant with respect to the gauge transformation (15) with the trace-
less parameter |A) and describes massless irreducible higher spins in AdS space which

“ correspond to the Young tableaux with one row in complete correspondence with [3]. The
same result concerning non-uniqueness of the BRST charge will take place if we apply
above construction to the system of constraints (5) ~ (6) describing the propagation of
higher massless integer spin fields in the Minkowski space as well.

1 Conclusions

In this paper we have shown that the BRST charge which corresponds to the system
of constraints describing higher massless integer spin fields is not unique. Rather there
exists a family of charges even for the case of the flat space background. As a result the
form and the number of terms which contain the third and higher degrees of the ghost
variables may be different. However the final form of the corresponding gauge invariant
Lagrangian and of the gauge transformations are such, that the physical spectrum of the
theory does not depend on the particular choice of free parameters entering into the BRST
- charge. That means that in this particular case the cohomologies of the all family BRST
charges given by the equation (26) both for the case of the flat and AdSp backgrounds
are the same. Moreover we conjecture that generically the analogous ambiguity if it is
observed for other gauge systems should have no impact on the physical spectrum for the
different particular choices of the free parameters. The number of free parameters can be
different as well. Let us note also that the nilpotence of the BRST charge for the case of
AdSp background requires the modification of the mass — shell operator, which leads the
constraint, giving the correct unitary massless representations of AdSp group.

It seems interesting to apply this procedure to the more complicated representations

of the AdSp group, when the corresponding representations of the flat space time little
group is described for two and more rows. It is interesting also to construct the auxiliary
representations of the whole nonlinear algebra (18), (6) in terms of Verma module, as well
as to study the possibility for the construction of finite dimensional representations for
such kind of algebras.
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Trojanova 13, 120 00 Prague 2

A. Pashnev?

JINR-Bogoliubov Theoretical Laboratory,
141980 Dubna, Moscow Region, Russia

Abstract

The method of construction of Fock space realizations of Lie algebras
is generalized for nonlinear algebras. We consider as an example the
nonlinear algebra of constraints which describe the totally symmetric
fields with higher spins in the AdS space-time.

1 Introduction

It is well known that many physical systems are invariant with respect to nonlinear sym-
metries. As the most known examples one can mention the Kepler motion of the planets
or the hydrogen atom. Though the general classification of nonlinear algebras does not ex-
ists, the examples of such algebras, as well as the description of physical systems in which
they act, one can find in the literature. Some references and rather detailed investigation
of the so called finite W-algebras see in [1].

The very interesting class of nonlinear symmetries arises in the description of the
higher spin fields in the AdS space-time. They depend on the type of the corresponding
Young tableaux|2] and become more complicated when the number N of raws is growing.
The simplest of these symmetries is connected with the Young tableaux with N = 1
and describes the totally symmetric fields of higher ranks which correspond to unitary
representations in the AdS space-time of arbitrary dimension.

Starting from a given physical system with known nonlinear symmetry one can con-
struct the explicit expressions for the generators of the symmetry transformations, usually
in terms of the harmonic oscillators connected with the physical observables. In the case at
hand the generators are constructed in terms of a space-time derivatives and NV additional
harmonic oscillators, which describe spin degrees of freedom and can be viewed as some
internal distances in the classical models of composite particles like a discrete string(3],[4].
No doubt that this representation of the algebra generators is not unique. The question
arises, how one can construct other representations of nonlinear algebras? Moreover, the
knowledge of such -new realizations of the algebras can help in the search of physical
systems having these algebras as a symmetries. It can also help in the investigations of
mathematical properties of these algebras.

*E-mail: burdik@decl.fjfi.cvut.cz

tE-mail: navratil@fd.cvut.cz
YE-mail: pashnev@thsunl.jinr.dubna.su
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In the present paper we propose the regular method of construction of realizations
for nonlinear .algebras. We begin with the description how the method works in the
case of linear algebras, [5],[6], and after that generalize it for the simplest case (N = 1)
of totally symmetric fields describing the higher spins in the AdS space-time. For this
goal we construct the Verma module for this nonlinear algebra. The representation of
the algebra generators is constructed in terms of some auxiliary harmonic oscillators as a
result of establishing the one-to-one correspondence of the Verma module vectors with the
vectors of the Fock space generated by these oscillators. In conclusions we mention some
interesting mathematical problems connected with the construction and some possible
developments.

2 Construction of the Fock space realizations in the
Lie algebra case
In this section we describe the method, based on the construction given in [5],[6]. Let

Hi (t=1,..,k) and E* be the Cartan generators and root vectors of the algebra with
the following commutation relations

[A, B%] = a(i) B°, (2.1)
[E“, E“’} =Y o'H, (2.2)
[B2, B9] = NP o, (2.3)

Roots a(4) and parameters o, N are structure constants of the algebra in the Cartan
— Weyl basis.

Consider the highest weight representation of the algebra under consideration with
the highest weight vector |0}y, annihilated by the positive roots

E°|0)y =0 (2.4)
and being the proper vector of the Cartan geherators
HY0)y = K|0)y. (2.5)

The representation which is given by (2.4) and (2.5) in the mathematical literature is
called the Verma module [7]. Following the Poincare - Birkhoff — Witt theorem, the basis
space of this representation is given by vectors

Iy, ma, - M)y = (B0 (E-02)"2 . (B=0r)™|0)y (2.6)

where oy, @, . . . o is some ordering of positive roots and n; € N.
Using the commutation relations of the algebra and the formula

AB™ = g::o (Z) B™*[[...[4, B, B]..]

one can calculate the action of all generators on arbitrary vector of the Verma module.
In [5] it was shown that, making use of the map

|1, ng, ... )y < 01,09, , 1) 2.7
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where. |n;, ny, ..., n,) are base vectors of the Fock space

Iy, nz, ..oy me) = (BF)™1(83)2 ... (6F)™|0). (2.8)
generated by creation and annihilation operators &} ,b; ¢ = 1,2,...,r with the standard
commutation relations

[b:, 7] = 655, (2.9)
the generators of the algebra in the Fock space can be written as polynomials in creation

operators.

As an explicit example of the construction given above let us consider the represen-
tations of the algebra, which can be used for the description of the higher spin fields
in the flat space-time. This algebra is linear and its generators L], L7, Ly, Ly, Go, Ly,
which single out the irreducible representation of the Poincare group have the following
commutation relations

[L?—; Ll] = —L07 [LT7L2] = _Lla [L;-a Ll] = _L-l*-a

[LO, L] =0, [Lo, Lg] =0, [LT, L;] = (), (2.10)
[L;-:LO] =0, [LhLO] =0, [Ll, LZ] =0,

[Go, Ln) = =Ly, [L},Gol=—LT, [Lo,Go] =0,

with the so(2,1) subalgebra
[Go, Lo] = —2L,, [L3,Go] = —2L3, [L3,Ls] = —Go. (2.11)
The defining relations for the highest vector of the Verma module are:
L1|0)y = 0, Ly|0)y = 0,Go|0)v = h|0)v, Lo|0)y = e[0)y.
As the base of the representation space one takes the following vectors
Iny, ma)v = (L)™ (L3)™10)v (2.12)

and after the simple calculations one obtains

Lflng,na)y = |ni+1,ng)y

Li|ni,nody = |ng,ne+ 1y

Golni,na)y = (n1 + 2ny + A)jny, nadv

Lolni,na)v = elni,ma)y (2.13)
Lijn, )y = malny +1,ng — Dy +englny — 1, no)y

Lylny,na)y = ne(h+mny+ng—1)|n,ng — 1)v+enl(%l)-|n1 —2,n3)y.

Consider the auxiliary Fock space generated by the annihilation and creation operators
by, by, b, b3, If one takes the vectors in the Fock space

In1,ma2) = (67)™ (b5)™0) (2.14)
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in one-to-one correspondence with the vectors (2.12) in the Verma module, it can be seen
that the action of the following operators in the Fock space

Lf = b

Ly = &

Go = biby+2b3bs+h (2.15)
Ly = ¢

Li = biby+eby,

is identical to the expressions (2.13) for the Verma module. So, (2.15) gives realization of
the algebra in the Fock space.

3 Construction of the Fock space realization in non-
linear algebra case

In the AdS space-time the algebra (2.10) is modified by terms proportional to the para-
meter r which is the square of the inverse radius of this space. When r # 0 the algebra
is nonlinear and have the following nonzero commutation relations [2]

(LT, L)) ==Ly, [Lf,L)=~Ly, [L§,Ly)=-Lf,

[Lo, L1) = —=2rLy + 4rGoLy — 8rL} Lo,

(Lf, Lo] = ~2rLf +4rL}Go — 8rLE Ly,

[Go,Ll] = —Ly, [L?LaGO] = “LT7 (3-1)

with the so(2,1) subalgebra (2.11). The structure of this nonlinear algebra is simplified
if one introduces new generator C instead of the generator Ly: Ly = C + 2K, where K is
the Casimir operator of the subalgebra s0(2, 1)

K= 4L_2+_L2 — GoGy + 2Gy, (32)

The generator C' commute with all other generators and is the central charge of the
algebra.

It means that we are still able to define the Verma modules as the highest weight
representation of this algebra under consideration with the highest weight vector |0)v,
annihilated by L, L,

Li0)y-=0, Lyj0)y =0, (3.3)

and being the proper vector of the generators Gy, C and, correspondingly, of Gy, Lg
Go]O)V = th)V, L()IO)V = 6|0>v. (34)
The basis of the representation space is given by vectors

(LT)M(L;)MIO)V = lnl,nz)v-
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For further calculations we w1ll define the operators K, K, with the help of the following
relations

[K,L{] = L{ —2L{ Gy + 4L L, = K,

[LO,LH =2rK,

[K1, L] = 4Lf Lo — 2(LT)* = K,

(Ko, LT] = 8r LT K,

[K1,L3] =0, [K;L3]=0 (3.5)

It is easy to see that

K1]0) = (1 - 2h)|1,0)
K,|0) = 4]0, 1) — 2|2,0).

To obtain the explicit form of the representation we need the commutation rules with
L)

Go(LT)" = (L{)"Go+n(L{)"
Go(L3)" = (L3)"Go+ 2n( ;)
Lo(L)* = (L)'Lo+ Z —4“ (an_ 1) (L) (L) E +

+
M

L(L})" = L) "Li+nLi)" Lo+ Y
k=1

& ) L K,
B8 ()t g+

(8r) ( n ) Fyn-2k-1 k-1
+ (LY (L) K,
= 4 \2k+1/"" 2

2Ly +nLi (L)

k
LLy)" = (L
Ly(L)" = (L) "Ly +n(L)" 'L + (Z> (L) 2Lo +

T k H 2k-1 -1
w S EE(R Jarsan

r)k n 1
+ kgl (84) (2k+2> (L2 2Lk,
Ly(Li)" = (L)' Lo+n(Lf)""'Go +nln - 1)(LF)" (3.6)

With the help of these formulas we obtain explicitly the Verma module representation

) |nl + 1)n2>V

) [ny, ng + L)y
Golny,nz)y = (n1 + 2np + h)|ny, nodv

)

\ o (8r)F
L0|n1,n2 vy = Elnl,n2>v -+ (1 - 2h} Z 1
k=1 2

Lng, na)v

Lz 'nlv na)v

m

b )]m 2k+2,n2+k—1>v+
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(8r)F (ny
+ X ok (4elns — 2k,ma + K)y — 21 — 2k +2,ng + k — 1))
k=1

nafni +1,mp — L)y +enylng — 1, ng)y +

1-2h
£4—) Z(8r)k(;‘,‘c)|n1 — 2%+ 1+ k- L)y +
k__

2k - -
+ ezl (8r) (2k+1>|n1 Liny+k)y

Lijng, noyv

- 5’;(&) (2k+1)|"1 2k+1,np+k— 1)y

ni(ng —1
L2|n1,n2)v = nz(h+n1+n2—1)|n1,n2—1)v+el(—12—)|n1—2,n2)v+
k[ Tm _ _
+ )(2k+1>|n1 2k,na+k -1y +

+ 6;(87‘) (2k+2>|n1 2k —2,n0 + k)y —

- %;(ST) (2k 2)|nl 2k,n2 +k— 1)y (8.7

Now again if we use the operators by, by, b7, b3 we obtain the Fock space realization of the
algebra (3.1)

o= b

Iy = o

Go = bib+2bjba+h (3.8)
_ f € _2r(2h.—1)Jr 4r 11272\ 12kt

Lo = 2.(81) ((2k)! BTy T Gy O D"

o X e 2r(2h-1).,. 4r +1272 ) p2k+1 074k
Lo = blb”,;,(sr) ((2k+1)! (2k +2)! by (2k+3)!(l’1)b1 b )

Ly = (bfbi+bfby+h)bo +

€ 2T(2h 1) 4r 2
* ,;,(ST)k ((2k o ek T @Er ) bf) (b5

The infinite sums in this expressions are rather simple. For example, first of them can be
written in terms of the formal variable z = 1/87b%b, as

e Z E2k)) b*(bF)* = ecosh z.

All the other sums can be also written in terms of the coshz and sinh z.

4 Conclusions

In this paper we have generalized the method of constructions of Fock space representa-
tions for nonlinear algebras, developed for linear algebras in [5],[6]. The method uses the
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notion of the Verma module for an algebra under consideration. Taking as an example the
very important physically case of higher spin fields in the AdS space-time we constructed

. the Verma module, as well as the Fock space representation for the generators of the

corresponding nonlinear algebra.

From the mathematical point of view the construction of the Verma module gives the
possibility to analyze its structure and search for the singular vectors in it. The general
procedure will then help to construct the finite dimensional representations of considered
nonlinear algebra. It would be interesting to carry out investigations along this line,
as well as make the generalization on the case of more complicated nonlinear algebras
connected with irreducible unitary representations in the AdS space-time of arbitrary
dimensions, described by the Young tableaux with more then one raw.
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project No 00-00254 and by the RFBR and joint DFG-RFBR grants. The research was
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Curved BPS Domain Walls in Four and Five Dimensions
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Abstract

We review our recent work on curved {non Ricci flat) supersymmetric
domain wall solutions in A/ = 2 gauged supergravity theories in four
and five dimensions.

1 Introduction

According to the domain wall/QFT correspondence [1], the renomalization group flow
in quantum field theories may be described in terms of domain wall solutions in dual
gauged supergravity theories. So far, this correspondence has mainly been studied in
the context of flat supersymmetric domain walls. It is, however, natural to ask whether
there also exist curved (i.e. non Ricci flat) supersymmetric domain wall solutions. Here
we review our recent work on curved BPS domain wall solutions in N/ = 2 gauged
supergravity theories in four and five dimensions (2, 3]. In five dimensions, curved BPS
domain wall solutions should provide a gravitational description of RG flow in dual
four-dimensional field theories on backgrounds of constant curvature [4].

2 N =2 gauged supergravity

Domain walls are codimension one solutions that separate the spacetime into regions
corresponding to different vacua. In the simplest case, a domain wall is supported by
a gauge potential that couples to its world volume. The field strength of this gauge
potential is dual to a cosmological constant. In a more general setting with non-
trivial couplings to scalar fields, this cosmological constant appears as an extremum
of the potential term in the Lagrangian. The resulting solution then describes a flow
towards an extremum, and if the potential possesses several extrema, the solution may
interpolate between them. In the following we will be interested in constructing domain
wall solutions in /' = 2 gauged supergravity theories in four and five dimensions.

The NV = 2 gauged supergravity theories that we consider are based on abelian vector
multiplets (labeled by an index I = 0,...,ny) and ng hypermultiplets coupled to the
N = 2 supergravity fields. Potentials that are allowed by M = 2 supersymmetry are

*e-mail address: gca.rdoso@physik.hu-berlin.de
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then obtained by performing a gauging of (some of) the various global symmetries.
There are two different types of gaugings, namely (i) one can either gauge some of
isometries of the moduli space of ungauged N = 2 supergravity or (ii) one can gauge
{part of) the SU(2) R-symmetry, which only acts on the fermions. In N = 2 supergrav-
ity, at the two-derivative level, the moduli space is a direct product M = My x My,
where My and My are parameterized by the scalars belonging to the vector multi-
plets and to the hypermultiplets, respectively. The hypermultiplet scalars parametrize
a quaternionic Kéhler geometry. The vector multiplet scalars, on the other hand, para-
metrize a special K&hler geometry in four dimensions, whereas in five dimensions they
parametrize a very special Kédhler geometry.

3 Four-dimensional curved BPS domain wall solutions

The four-dimensional N = 2 gauged supergravity theories we will consider are obtained
by performing a gauging either of a U(1) subgroup of the SU(2) R-symmetry or of a
particular Abelian Killing symmetry of the universal hypermultiplet moduli space.
We refer to [5]-[7] for a detailed description of the gauging. The former results in
models with a potential term for the vector scalars only, whereas the latter results in
a potential term for the vector scalars and for the dilaton field entering the universal
hypermultiplet. In the context of string theory, the latter models can be obtained
by Calabi-Yau threefold compactifications of type II string theory in the presence of
internal H-fluxes [8]-[12]. Non-vanishing H-fluxes do allow for supersymmetric anti-
de-Sitter groundstates with non-vanishing cosmological constant A4. This implies that
the associated four-dimensional field equations possess solutions describing non-flat
gravitational backgrounds, such as domain walls.

In [2] we constructed four-dimensional domain wall solutions of the gauged supergravity
theories described above. We showed that these walls are, in general curved, i.e. there
is in general also a three-dimensional cosmological constant A3 on the domain wall.
This is due to the presence of a U(1)-Kihler connection in four-dimensional N' = 2
supergravity. We also showed that the behaviour of the scalar fields belonging to the
vector multiplets is governed by a set of equations already known from the study of BPS
black hole solutions in ungauged N' = 2 supergrawty theories, namely the so-called
attractor equations [13, 14].

The potentials appearing in the four-dimensional gauged supergravity theories de-
scribed above are based on the following symplectic invariant superpotential,

W=e’¢(a1LI—ﬂIM1) , §=0,2, (1)

where the symplectic vector (Lf, M;) (I =0,...,ny) denotes the sections which depend
on the physical vector scalar fields, and ¢ is the dilaton field entering the universal
hypermultiplet. The entries of the constant symplectic vector (ey, ') correspond to
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the electric/magnetic U(1)"v*! charges of the universal hypermultiplet and emerge in

type IIA/B string compactifications as internal H-fluxes on Calabi-Yau threefolds with
hU(h21) = ny for type IIA (type IIB) [9, 10]. The dependence of this superpotential
on the vector scalars is, on the other hand, the direct analogue of the central charge Z
of the A/ = 2 supersymmetry algebra that plays a key role in the context of BPS black
holes in ungauged A = 2 supergravity. In the black hole context, the (s, 87) are just
the electric/magnetic U(1)"v*! charges of the black holes.

We are interested in the construction of curved BPS domain wall solutions. These are
solutions which are uncharged, which are supported by non-constant scalar fields and
which have residual supersymmetry. We take the associated spacetime metric to be
given by

2 =eV@g  dz™dz" 4 e PV 52 2)
with G = Gmn(z™). Here we denote spacetime indices by z# = (z™, 2), 2™ = (¢, 1, y),
and the corresponding tangent space indices by a = (0, 1,2, 3). The constant p is intro-
duced for later convenience. We assume Lorentz invariance in the three-dimensional
subspace a = (0, 1,2). The metric g, is thus a three-dimensional constant curvature
metric, i.e. fimn = —41724,... For the solution to be supersymmetric, we must take
to be imaginary [2], which corresponds to a three-dimensional anti-de Sitter spacetime.
Since we take the solutions to be uncharged, we set the gauge fields to zero.

Supersymmetric domain wall solutions will, in general, only preserve part of N' = 2
supersymmetry. A condition on the supersymmetry parameters that is consistent with
local Lorentz invariance in the subspace a = (0,1, 2) and that gives rise to BPS domain
wall solutions is given by 2]

a=hoh7d )

where h = h(z) denotes a phase factor with chiral weight ¢ = —1. The BPS nature of
the solution then requires that [2]

2¢°U0,U = hW -+ hW (4)
as well as
- WDk =1 (BW — hW) = Fe~(4)0, (5)

The former describes the BPS flow equation for the warp factor U. The latter re-
lates the imaginary part of AW to the U(1)-Kihler connection alluded to earlier. A
non-vanishing U(1)-Kahler connection thus provides a three-dimensional cosmological
constant Az = |!|~2 on the domain wall, leading to a curved anti-de-Sitter like domain
wall solution. On the black hole side, the same object corresponds to the angular
momentum of stationary but in general non-static solutions [15]-[17).

A convenient form of the BPS flow equation for the vector scalars can be obtained in
the following way [2]. We introduce the chiral invariant variables [2]

Yi=e"hL! |, FR(Y)=e"RAM; . (6)
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Inserting (6) into i(L! My — LY M;) = 1 yields
& =i[PTF(Y) - YIF(Y)] . ©)

The BPS flow equation for the scalar fields Y7 is then given by [2]
I_ I 1
8, (y }_/ > = —js¢t-pU (ﬂ > . (8)
F-F ar

o5 = o(P-1)U , (9)

If we now set

then we may integrate (8),
YI_}'/I hl_ﬂlz ] HI
_ =1 =1 ) (10)
Fr—-F /] « \h—opz H;
where the (H!, H;) denote harmonic functions. These equations, which determine the
behaviour of the physical vector scalar fields z4 = Y4/Y?, are also known from the
study of BPS black hole solutions in ungauged A" = 2 supergravity theories, where they
are called attractor equations [13, 14]. Thus we see that the BPS flow equations (8) are
equivalent to the set of algebraic equations (10). A solution to the attractor equations

(10) expresses the complex scalar fields Y in terms of the harmonic functions. Via (7)
then also the warp factor U gets expressed in terms of harmonic functions.

Let us now return to (9). For the case s = 0 (corresponding to an Abelian gauging of
the SU(2) R-symmetry), (9) holds for the convenient choice p = 1. For the case s = 2
(corresponding to the Abelian gauging of a particular isometry of the universal hyper
moduli space) we will show below that (9) solves the BPS equation for the dilaton (the
non-constant hyper scalar field) provided that p = —3.

Next, consider inserting (10) into (5). This yields
i7"t = —Le** (ash! - B'Ry) . (11)

Since ! has to be constant, we conclude that it is not possible to have a non-vanishing
three-dimensional cosmological constant Az = |I|~2 for the case s = 2. That is, for
s = 2 the domain wall solutions have to be flat (a;h’ — Bfh; = 0), whereas for s = 0
they may be curved. This implies that in the latter case there is no restriction on the
integration constants (h?, hy), whereas in the former case there are such restrictions.

Let us perform two consistency checks on the solution given above. Let us first return
to (4). Using (8) as well as (9), equation (4) may be rewritten as

0. = (a(Y! + V") = pi(Fr+ F)) =i, (V' F - Y'Fr) . (12)
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which is in perfect agreement with (7). Next, let us consider hD,h = hd,h—iA,, where
. — “ —

A, =AY ~ 10, logh, AY = Le=2U(y! — V1) 5, (F; — Fy). Using (10) it follows that

hD.h = —i A = —1e % (a;h! — B"h;) which, upon using (11), precisely yields (5).

Finally, the BPS flow equation for the dilaton (the non-constant hyper scalar field) is
given by (2] B B
e?V0,e7 =4 h(oqL! — B'M)) = 4e 2 hIV . (13)

We infer from (13) that AW = AW, and hence we obtain from (5) that |{|~! = co.
Using (4) it follows that (13) is solved by

e~ A9%0) = U (14)

This is consistent with (9) provided that p = —3.

Let us briefly summarize some of the properties of the domain wall solutions we have
constructed. For both cases (s = 0,2) we find that the behaviour of the vector scalar
fields is determined by a set of attractor equations given in (10). For the case s = 0,
the hyper scalars are all constant and the domain wall solutions are, in general, curved,
with the three-dimensional cosmological constant A3 = |I|~2 determined by (11). The
assoclated spacetime metric is given by (2) with p = 1. For the case s = 2, on the
other hand, we find that the dilaton field exhibits the run-away behaviour (14). The
domain wall solutions must be flat, and the associated spacetime metric is given by (2)
with p = —3.

4 Five-dimensional curved BPS domain wall solutions

The five-dimensional N = 2 gauged supergravity theories that we consider are in the
class constructed in [18], describing the general coupling of ny abelian vector multiplets
and of ny hypermultiplets to supergravity. The scalar fields ¢* (z = 1,...,ny) of the
vector multiplets parametrize a very special manifold. The hypermultiplet scalars ¢%,
on the other hand, parametrize a quaternionic Kahler geometry determined by 4ny-
beins fi2(¢*), with the SU(2) index i = 1,2 and the Sp(2ny) index A = 1,...,2ny,
raised and lowered by the symplectic metrics &;; and Cyp. We refer to [18] for more
details.

The scalar potential in such theories is given by [19]
9 9
V=—6W?+ 3 g EONW IS + 5 W2(0,Q°)(5°Q*) . (15)

Here gpx denotes the metric of the complete scalar manifold, which is positive definite,
involving the scalars of both the vector and the hypermultiplets. W (¢, q) and Q*(¢, q)
denote the norm and the SU(2) phases, respectively, which appear in the decomposition

of the triplet of Killing prepotentials P*, i.e. P* = \/§WQ’ with Q*Q* = 1. Note that
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in (15), the derivatives acting on the SU(2) phases Q° are only computed with respect
to the scalars of the vector multiplets.

It is convenient to rewrite (15) as follows {4]
9 9
V=—6W?+ '2' -2 egBzWByW + 5 gXYGXWayW (16)

where

I'%(¢,q) = 1+ w2 E8:Q0(0,0°)

GO W O, W (17)

We are interested in the construction of curved BPS domain wall solutions. These are
solutions which are uncharged, which are supported by non-constant scalar fields and
which have residual supersymmetry. We take the associated spacetime metric to be
given by

ds® = eV, dz™de™ + dr? (18)

where z# = (z™,r) (with 2™ = (¢,2,9,2)) and Gmn = gmn(2™). We denote the
corresponding tangent space indices by & = (0,1, 2,3,5). The metric g, is taken to
be a four-dimensional constant curvature metric, i.e. R = —12072 Gmn, With the
four-dimensional cosmological constant proportional to I=2. For the solution to be
. supersymmetric, we must take [ to be imaginary [3], which corresponds to a four-
dimensional anti-de Sitter spacetime. We allow for a non-trivial dependence of the
scalar fields on the coordinate r, and we write ¢' = 9¢/0r, ¢ = 0q/dr as well as
U =9oU/or.

We observe that in contrast to what happens in four dimensions (c.f. (11)) the cos-
mological constant on the domain wall is now an independent quantity, not related to
any of the objects appearing in very special geometry.

For solutions with spacetime line element (18), the appropriate projector condition on
the supersymmetry transformation parameters ¢; leading to residual supersymmetry is
given by [3]

i’)’5€i = A(T) Qijfj + B(T) M,‘jfj . (19)

Here @ = iQ°0°® and M = i{M*c* denote SU(2)-valued matrices satisfying Q;7Q;* =
~&E MIM* = ~8;% (ie. Q*Q° =1, M*M* =1). Q and M are orthogonal in SU(2)
space, i.e. @*M* = 0. The consistency of (19) then yields

AXr)+ B*(r)=1. (20)

A curved BPS domain wall solution is supported by a non-trivial warp factor U as well
as by non-constant scalar fields. The curved BPS flow equation for the warp factor U
is given by [3]

U'= +ygW , (21)
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where

4e—2U

The BPS flow equation for the vector scalars, on the other hand, is given by
¢ = F3g7 ' gO,W . (23)

The flow equations for the warp factor U and for the vector scalars ¢ were also derived
in [20] in the context of non-supersymmetric five-dimensional gravity theories.

The flow equation for the hyper scalar fields is more complicated than the one for the
vector scalars (23) and will be discussed in [4].

In the case that a given gauged supergravity model contains vector multiplets, a so-
lution to the BPS flow equations (21) and (23) will also have to satisfy the following
consistency condition due to supersymmetry [3, 4]

T(¢,q) =(r) . (24)

If a gauged supergravity model contains only hypermultiplets, then this consistency
condition is absent.

It can be shown that the various integrability conditions associated to d,; = 0 are all
satisfied [4].

It is not guaranteed that a solution to the BPS flow equations will also automatically
solve the equations of motion for the scalar fields {21, 4]. Thus, in order to construct a
curved BPS domain wall solution one should proceed as follows. First one constructs
a solution to the BPS flow equations. It may be that in order to achieve this one has
to expand vy in powers of |I|2 and to solve the flow equations iteratively as a power
series in [{]~2. Then one checks whether the consistency condition (24) is met by this
solution (this only applies to models which include vector multiplets). If so, then one
finally checks the scalar equations of motion. If they are satisfied, one has managed to
construct a curved BPS domain wall solution.

The RG flow interpretation of curved BPS domain wall solutions will be discussed in
[4].

As an application of our results, it would be interesting to construct a curved version of
the flow discussed in {19], which is an A/ = 2 version of the flow discussed by Freedman,
Gubser, Pilch and Warner [22]. This is a flow in A = 4 super-Yang-Mills theory broken
to an A =1 theory by the addition of a mass term for one of the three adjoint chiral
superfields [23].
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Non-_Abelian Born-Infeld Revisited
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Abstract

We discuss the non-abelian Born-Infeld action, including fermions, as
a series in o’ . We review recent work establishing the complete result
to a'?2, and its impact on our earlier attempts to derive the Born-Infeld
action using x-symmetry.

1 Introduction

The Born-Infeld action for the Maxwell field was originally introduced to obtain a finite
electrostatic energy for the electron. This is achieved by constructing a nonlinear theory
for the Maxwell field with an upper bound on the allowed electric field. With just this
requirement the theory is far from unique. In his review [1] Born indicates that he prefers

the following action:
Lp = —\/—det(n”,,-}—Fﬂ,,). ) (1)

His reasons for this choice are that the combination of metric and fieldstrength suggests
a geometric interpretation, and that this particular example satisfies the requirement of
electric-magnetic duality: the equations of motion are symmetric under the exchange of
electric and magnetic fields.

These two properties are partly resposible for the fact that the Born-Infeld action
reappeared in string theory, as the effective action for the open (super)string. Since then
a lot of work has been devoted to studying the properties of (1). Calculations of scattering
amplitudes in the bosonic string {2, 3] and in the superstring [4] revealed the terms of
order F* in the expansion of (1) and their fermionic partners. The same result was
obtained by extending the super-Maxwell action in d = 10 with F* terms and requiring
supersymmetry [5].

The Born-Infeld action is also the effective theory for the vector field on the worldvol-
ume of a D-brane. For p < 9 this requires a generalization of (1) with worldvolume scalar
fields describing the transverse modes of the D-brane. For p = 9, the spacetime filling
brane, the ordinary Born-Infeld theory is recovered. In [6] the complete result for p = 9
was presented.

In the case of n parallel branes the gauge invariance is extended to U(1)®. Open
strings stretching between the branes give rise to massive vector fields, which however
become massless when all branes overlap. In that case there are n? massless vector fields
on the common worldvolume, and the gauge invariance is enhanced to U(n) [7]). The
worldvolume theory for a system of n overlapping D9-branes is called the non-abelian
Born-Infeld theory, and coincides with the effective theory for open superstrings with
U(n) Chan-Paton factors. For p < 9 transverse scalars, also in the adjoint representation
of U(n), appear.

The construction of the non-abelian Born-Infeld theory has turned out to be a difficult
problem [8]. However, a lot of progress has been made this year and in the following
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sections we will give an overview of recent work. In Section 2 we will expand the Born-
Infeld theory in o, and discuss symmetric traces. In Section 3 we will show that there
is no need for o/ terms. In Section 4 we discuss the recent results of [9] on «/?, and our
string theory calculation [10] at this order. We compare with a k-symmetry [11] approach
in Section 5, and discuss higher orders in ¢/ in Section 6.

2 The o' expansion and symmetric traces

In this paper we will discuss the Born-Infeld theory as a nonlinear deformation of the
supersymmetric Yang-Mills theory in d = 10. We define fields such that the dimension of
the fieldstrength dim F' = 2, and the adjoint Majorana-Weyl fermion x has dim x = 3/2.
The action then takes on the form

L:lz(F2+a'F3+a'2F4+a'3F5+...), (2)
9

where in each order in o we should add the fermionic partners, keeping in mind that
dim o/2x8x = 0. The Yang-Mills coupling constant g plays no role in the following and
can be set equal to one.
The terms at o'® are
Lo=—3F¥eF% 4+ 33 PX*, 3)

where the indices a,b, ... indicate the U(n) adjoint representation. The action (3) is
invariant under the following supersymmetry transformations:

60Ap.a = E"/;/.Xa s 60Xn = 'IQ'Y“VEF;wa . (4)

Besides the linear supersymmetry the action has an obvious nonlinear sypersymmetry,
related to the fact that a D-brane in type II theories breaks half of the maximal d = 10
supersymmetry. This takes on the form

dox* = 17", (5)

where 7 is constant. The property of being constant is not preserved under Yang-Mills
transformations, therefore we need to restrict n by the condition

fnbcnc =0. (6)

This means that 7 commutes with all U(n) generators, and is therefore in the U(1) factor
of U(n).

The question is then how to extend (3) to higher orders in o’ in a supersymmetric
way. A first result on the o’? contribution was given in [5]. There it was shown that
a supersymmetric extension can be obtained if the terms at order o/2 are written as a
symmetric trace, that is, the terms F* should be written as

tr Ty TeTy FOFPFF® = Str F*, )

{where the parentheses indicate symmetrization) and similarly for the terms bilinear in
the fermions (quartic fermions were not considered in [5]). With this symmetric trace the
a'? terms are a straightforward generalization of the abelian result [5].
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The discussion about non-abelian Born-Infeld has been dominated by the possibility
that the complete result might be symmetric trace (see [12] for a careful discussion of this
issue). The full result at order ¢/™ must be of the form

S =25+ S+ 53, (8)
with

S ~ Str F"’+2,
Sy ~ F"[F,F],
SS ~ Fn{D)D}F1 (9)

that is, all terms which are not written as a symmetric trace must contain commutators of
fields (or of derivatives of fields). In case of higher derivative terms, as in S3, commutators
of derivatives need not appear since they can be rewritten as terms in S,. Of course more
derivatives than indicated in S3; may appear. It was known that for the terms given in
[5] at order &’? S, = S3 = 0. But is was also known from earlier results from string
theory [13] that S; terms are needed at order /% and that they are not in the form of a
symmetric trace.

Therefore the conjecture that the full answer is a symmetric trace cannot be true, a
statement that will derive further support from results to be discussed later. However, it is
still possible that the symmetric trace part of S will turn out to be a useful approximation
to the full result.

3 Contributions at order o/
There are three possible terms in the action at order ¢':
['1 — blfach#VaFuprppc + (bzfabc + bsdabc)F/.wa Xb'Y#DVXC . (10)

Here fo = trT¢[T%, T¢] and d** = tr T*{T*, T¢}.
The terms containing fermions can be eliminated from Ly + £; by a field redefinition.
Note that by a change AA and Ay the order o/ action changes as

Lo = Lo— AAD,F™e + AR IDX°. 11)

This implies that any term in the effective action that is proportional to the order o'°
equations of motion can be eliminated by a field redefinition. The fermionic term in (10)
proportional to b, can be rewritten as

~3ba f° D, P XPyx© (12)
while for the bs-term we find
+%b3dachﬂua Xb,nwlpxc . (13)

Therefore both terms can be eliminated.
This is in agreement with string amplitude calculations which give a vanishing on-shell
three-point function. String theory therefore tells us that the bosonic term in (10) should
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be absent. However, this term cannot be redefined away. Therefore the coefficient b,
should be set equal to zero. We will now show that supersymmetry also forces us to do
this.

The idea of order by order in &' supersymmetry is that the transformation of the
action

L= anck ' (14)
k

by the transformation rules of order o’f, 0 <[ < n, should be compensated for by a new
order '™ transformation rule of the fields. This is possible only if the transformation of
L, is proportional to order o/® equations of motion.

The variation of L£,, after the fermionic terms have been redefined away, takes on the
form:

8Ly = 6bfD, A F*PF e
= 3b,f%%Ey,x D" FH#PF,," — 6bi f*ey, X" F*** D, F,*°, (15)

We see that last term in the variation is proportional to the equation of motion, but the
other one is not. Thus the b;-term cannot be supersymmetrized, and we must set b; = 0.

In conclusion, at order o' two fermionic terms in the action are allowed. They do not
contribute to the on-shell three-point function, and can be redefined away. Although one
is not forced to do this redefinition, we will from now on assume that there is no order o'
contribution to the action.

4 The order ¢'? terms

The full order o/? action including quartic fermions was recently constructed with super-
space methods [9]. The result is, in our notation,

Ly = SUUGFL P FP PP — g Fu PR P4 — (F F¥ 39" Doy
—& ¥ D F¥ X + S XY DX X Yu Dy X”
(= P KMo X XK+ g Y XK YwrpaX - (16)

One sees that the result is a symmetric trace, except for two four-fermion terms. The
method of [9] guarantees supersymmetry, but of course this can also be checked explicitly.
Imposing supersymmetry, using the method indicated in Section 3, also gives the super-
symmetry transformation rules at o/2. This was done by [14], with the aim of extending
the o'? supersymmetry to to the context of the non-commutative Yang-Mills theory, as
well as in [5], for the transformation rules linear in x. Let us present the complete result
here. The calculation requires the use of the commutator of two covariant derivatives

[Dm Dx* = fachpVchy 17

as well as the U(n) identity
fab(chef)a =0. (18)

The transformation rules for linear supersymmetry are then
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A0 = gabed] %Fuprupcg,Y#Xd 4 %F#prup cE’Yde _ éF#VbF/\ch,Yw\de
+a N FP e g X+ G687 P I X Vo X + 35 Voo XXV X
~ e D XN X — g€ Nup DX XY X + 555€ Yupo DuX* X7 x(19)
670 = Sabcd[é_F,uV bF#/\cprdE,yz\p _ 3_12F,uu bF#ucF/\pdg A
_l_Sln_FuubF/\chaTdE,Y#w\paT _ Tng“”bg’Y'\Xcidﬁ’Yuw\
+ L PRy, X% Py — s PRy o X8 Py
— 2%y, XD, % — 5 F* €Y X Dy vup
_%Fuubg,ypchpid,yyy i %Fpubg,yuypchpxd
_E%Fpubg,yﬂpachde,yua N %Fpubg,yypachy)—(d,ypv

L
192

_ TSIJ_ZI;v,uu bE ,Y#upaTXchXd,yaT + ﬁF,uv bE ,Yuz\pa‘rXch)zd,yl\paT
+E17D#Fv/\bic’7#paxd€ ’Yy/\pv - %D#kabic')’w\pxdg ’Y"p] - (20)

_ 6_14I;v,uu bg,ypa‘rchde,Y#uaT - FH bE,Ypa‘rch#Xd,yupUT

The modifications at &'? to the transformation rules for nonlinear supersymmetry were
presented in [9].

Note that there is an ambiguity in determining the transformation rules. Certain terms
in the variation are proportional to the product of the fermionic equation of motion and
the equation of motion for the vector field. In that case one may cancel this contribution
by either changing the fermionic or the bosonic transformation rule. We have always put
such terms in the transformation rules for the bosons.

In a recent paper [10] we have calculated the open string four-point function. This
allows the calculation of terms quartic in the basic fields in the effective action. This
calculation also gives the order o/? action except the last terms in (16) which are a
product of five fields. Let us briefly recall the basics of such a string calculation [15, 16].
The four-point function is given by the following formula:

Ay = —8ig® K(1,2,3,4) (ThabeaG (s, 1) +
+T2abch(37 t) + Taabch(ty U)) 9 (21)

where g is the Yang-Mills coupling constant and s,t and « are the standard Mandelstam
variables satisfying s +t + u = 0. K contains the wave-functions of the external fermion
lines, the T; contain the traces over U(n) generators, and satisfy in particular the relation

(Tl +T + T3)abcd = Sabcd - (22)
G is the Veneziano amplitude

1T1-d's)I(1-a't)

Gt = i w G+
= ;1; - "22"2 —(B)ua’® +... (23)

From this it is already clear that the four-point function at order o'? contains a symmetric
trace over the Yang-Mills indices. For higher orders in o' this will not occur.
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This does not immediately imply that in the effective action which reproduces at tree-
level this string four-point function at order /2 will be a symmetric trace. If the effective
action contains either or both of the fermionic o’ contributions discussed in the previous
section, these contribute to the four-point function through reducible diagrams, and the
o'? contribution will then not be a symmetric trace. It is only when the o’ terms are all
absent that the full o/? four-point function is produced by the irreducible diagrams from
the o'? effective action. Full details are given in [10].

With this proviso our result for the effective action at order o’? agrees completely with
the result of [9].

Clearly the four-point function also has contributions at higher orders in o’. The
terms in the effective action at order o’? were recently constructed from this part of the
four-point function [17].

5 The fate of k-symmetry

In a recent paper [11] we proposed a method to obtain the non-abelian Born-Infeld action
using x-symmetry. In such a construction one starts with an N = 2 supersymmetric theory -
on the worldvolume. The fields are (in the abelian case) the embedding coordinates X#(o)
of the brane, a 32-components target space spinor #{c), and the worldvolume vector 4;(o).
The symmetries acting on these fields are a global N = 2 supersymmetry (parameter ¢),
a local N = 2 supersymmetry with parameter x{(c), abelian gauge transformations and
worldvolume reparametrisations with parameters £'(c). On the fermions 6 the fermionic
symmetries act as

88 =0"—e+{1+Dx), (24)
where T is a field-dependent object satisfying I['? = 1. This implies that by gauge fixing
k-symmetry half of the fermions can be gauged away, leaving only the N = 1 fermion
Xx- The worldvolume reparametrisations can be gauge fixed by identifying the embedding
coordinates with the worldvolume coordinates o (the static gauge). After this gauge fixing
two global supersymmetries remain, one realized linearly (the parameter ¢ from previous
sections), the other realized nonlinearly.

In the abelian case, k-symmetry has been very useful in obtaining the effective action
for single Dp-branes in flat [6] and curved backgrounds (18]. In particular, the complete
result for the abelian D9-brane was given in [6].

In our approach for the non-abelian case we start with a non-abelian x-symmetry. The
idea is that we now have n? type 1l fermions on the worldvolume, and to the reduce all
of these to 16-component type I fermions we need n? local fermionic symmetries, i.e., 6
should transform as

86° =o' M — € + (6% + )k, (25)
again with I'? = 1. The parameter €* is constant, and therefore has to satisfy f2*¢® = 0.
Early on in our analysis we discovered that our approach could only work in the static
gauge, so there are no embedding coordinates X*.
We obtained a x-symmetric action of the following schematic form:

L=F?+600(1 +o'F + o'*F?) (26)
Invariance under x-symmetry requires
SA=kr(1+d'F+..)90 27)
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We checked the k-invariance to order o' in the variation. This gave us only the terms at
order o’? with fermions (26). It turned out that these were not in the form of a symmetric
- trace, which is in contradiction with the results of the previous section. There are now
three possibilities:

e Note that (26) also contains terms of order ¢'. We know from the previous sections
that these can be redefined away, and it might be that this redefinition modifies the
o/? terms to a symmetric trace.

e It might be that supersymmetry does not fix the action uniquely, and that our
k-symmetric action leads a different supersymmetric invariant (which then would
have no obvious relation to string theory).

e k-symmetry, based on our assumptions, cannot be extended to order o'2.
We have checked that the first two possibilities are not realized, so we conclude that at
least one of the assumptions used in deriving (26) is false. Let us briefly review the main
assumptions:

e k-symmetry is non-abelian, each type I fermion is doubled. This still seems the
most reasonable starting point to us. A proposal with only one k-symmetry in a
non-abelian Born-Infeld action has been proposed by [19].

e For n overlapping branes we use only one set of worldvolume coordinates and em-
bedding coordinates (before going to the static gauge). In principle one could think
of a more ambitious approach, which starts with as many coordinate systems and
embedding coordinates as there are branes. The difficulty here is to impose the
enlarged (non-abelian?) reparametrization invariance.

Presently it is not clear how to proceed with x-symmetry in the non-abelian context.
Because the nonlinear supersymmetry is still present at order o'? it is neverthless tempt-
ing to believe that the results of the previous section are the gauged fixed version of
formulation with a larger, local symmetry.

6 Higher orders in o

For a long time the only information on orders &’%, k > 2 came from [13]. Recently more
details about the case o’® have been obtained, while some partial results for order o/* are
also known.

Let us start with o/3. In [20] the one-loop bosonic five-point function in supersym-
metric N = 4 d = 4 Yang-Mills theory is evaluated. The corresponding contribution to
the effective action must be supersymmetric. If supersymmetry uniquely determines this
term in the effective action, then it should be the same as the corresponding contribution
to the non-abelian Born-Infeld theory.

In [21] the bosonic terms at o/® have been determined by requiring that a particular
BPS solution, related to branes intersecting at angles [22], of the o' field equations,
remains a solution of the deformation of the Yang-Mills theory with nonlinear terms. It
has been shown that in the abelian case this method gives the complete Born-Infeld theory
to all orders in o' [23].
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There are two types of terms in the result of [20, 21], those with F®° and the terms
of type F?2(DF)?. In ten dimensions there six independent F® terms, while there are
only four in d = 4. The d = 4 result therefore leads to a two-parameter solution in
d = 10. For the terms with derivatives there is no such ambiguity. Indeed, all authors
([13, 20, 21, 17] agree on the the F?(DF)? terms. For the F® terms the free parameters in
the ten-dimensional version of [20] cannot be chosen in such a way that it agreement with
[21] is obtained. The ordering of the Yang-Mills fields in the {13] result is not sufficiently
specified to make a comparison with the new results possible.

So at this stage there are two candidates for the o3 terms in the open superstring
effective action. One way to settle this problem would be to use the Noether procedure
to supersymmetrize the o’® terms. Such a calculation is presently under way [24]. One
starts with an Ansatz containing all bosonic terms and the terms bilinear in the fermions,
and requires supersymimetry (four-fermion terms will not be considered at this stage).
This procedure is simplified somewhat by the following observation. The supersymmetry
transformation rules obtain corrections for each order of @’. In the absence of order o/
terms in the action the first modifications occur at order o/2. At order o/3 the action
and transformation rules of order o/? then play no role. This implies also that the o3
terms will be multiplied by an arbitrary constant, which can only be determined by a
string theory calculation (and turns out to be proportional to ¢(3) [13]). Thus, as far as
supersymmetry is considered, there are two invariants at this stage, one containing £y, £,
and all other terms at higher orders implied by supersymmetry, and another one starting
with Lo and £3. More invariants are likely to appear at still higher orders in o'. String
theory will lead to a particular combination of these invariants.

At order o/* some higher derivative terms are known from [17], and partial results on
the bosonic terms were presented in [25].

Although we still seem to be far from a complete result, a lot of information has
become available in the past year, and more is likely to appear next year. Hopefully the
new results will reveal sufficient structure to recognize the form of the complete answer.
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Bihamiltonian Approach to the Closed String Model in the Background
Fields
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Abstract

The closed string model in the background gravity field and the an-
tisymmetric B-field is considered as the bihamiltonian system in as-
sumption,that string model is the integrable model for particular kind
of the background fields. It is shown, that bihamiltonity is origin of
two types of the T-duality of the closed string models. The dual nonlo-
cal Poisson brackets, depending of the background fields and of their
derivatives, are obtained. The integrability condition is formulated
as the compatibility of the bihamiltonity condition and the Jacobi
identity of the dual Poisson bracket. It is shown, that the dual brack-
ets and dual hamiltonians can be obtained from the canonical (PB)
and from the initial hamiltonian by imposing of the second kind con-
straints on the initial dynamical system, on the closed string model in
the constant background fields, as example. The closed string model
in the constant background fields is considered without constraints,
with the second kind constraints and with first kind constraints as
the B-chiral string. The two particles discrete closed string model is
considered as two relativistic particle system to show the difference
between the Gupta-Bleuler method of the quantization with the first
kind constraints and the quantization of the Dirac bracket with the
second kind constraints.

1 Introduction

The bihamiltonian approach [1, 2, 3] to the integrable systems was initiated by Magri
[4] for the investigation of the integrability of the KdV equation. A finite dimensional
dynamical system with 2N degrees of freedom z%, a = 1...2N is integrable, if it is described
by the set of the n integrals of motion Fj,..F, in involution under some Poisson bracket
(PB)

{Fi, Fxlpp =0 1)
The dynamical system is completely solvable, if n = N. Any of the integral of motion (or
any linear combination of them) can be considered as the hamiltonian

Hk = Fk (2)
The bihamiltonity condition has following form
A ) dxa a a
T =E={$,Hl}1=...={I,HN}N (3)

The hierarchy of new (PB) is arose in this connection.

{7}1,{»}27"{:}1\7 ' (4)

*e-mail address: gershun@kipt.kharkov.ua
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The hierarchy of new dynamical systems is arose under the new time coordinates .
dz®
dtn+k

= {z°, Hpo e (5

The new equations of motion are describe the new dynamical systems, which are dual
to the original system, with the dual set of the integrals of motion. The dual set of the
integrals of motion can be obtained from the original it by the mirror transformations and
by the contraction of the integrals of motion algebra. The contraction of the integral of
motion algebra means, that the dynamical system is belong to the orbits of corresponding
generators and is describe the invariant subspace. The set of the commuting integrals of
motion is belong to Cartan subalgebra of this algebra. Consequently, duality is property of
the integrable models. KdV equation is one of the most interesting examples of the infinite
dimensional integrable mechanical systems with soliton solutions. We are considered the
dynamical systems with constraints. In this case, first kind constraints are the generators
of gauge the transformations and they are integrals of motion. First kind constrains
Fi(z®) = 0, k = 1, 2... form the algebra of constraints under some (PB).

{Fi, Fe}pp = Ci{Ri = 0. (6)

The structure functions C, may be functions of the phase space coordinates in general
case. The second kind constraints fy(z®) = 0 are the representations of the first kind
constraints algebra. The second kind constraints is defined by the condition {f;, fx} =
Cix # 0. The reversible matrix Cj; is not constraint and it is function of phase space
coordinates also. The second kind constraints take part in deformation of the {,}pp to
the Dirac bracket {,}p. As rule, such deformation leads to the nonlinear and to the
nonlocal brackets. First kind constraints are imposed upon the vector states under the
quantization: Fy|¥ >= 0. The same spectrum of the excitations and of the wave functions
are obtained under the Gupta- Bleuler method of the quantization. One-half of the second
kind constraints can be considered as first kind constraints and they must be imposed
upon vector states in Gupta- Bleuler method of quantization. The (PB) is not deformed to
the Dirac bracket in this connection. The bihamiltonity condition leads to the dual (PB),
which are nonlinear and nonlocal brackets as rule. We suppose, that the dual brackets
can be obtained from the initial canonical bracket under the imposition of the second kind
constraints. We make this conclusion from the consideration of two dynamical models,
closed string model in the constant background fields and two particles discrete closed
string model, as examples. The Gupta- Bleuler method of the quantization may be more
preferable in some case, if the dual bracket is nonlocal. We have applied [5] bihamiltonity
approach to the investigation of the integrability of the closed string model in the arbitrary
background gravity field and antisymmetric B-field. The bihamiltonity condition and the
Jacobi identities for the dual brackets have considered as the integrability condition for
a closed string model. They led to some restrictions on the background fields. The local
dual (PB) of the similar type have considered [6] in the application to the hamiltonian
hydrodynamical models. The (PB) of the hydrodynamical type for the phase coordinate
functions u’(z,t) is defined by formula

{u' (@), W* (1)} = g% (u(2))9:6(x — y) + b (u(2))u;6(z — y) (7

There g*(u), b%(u) are the arbitrary functions of the phase space coordinates and u, =
d:u. The Jacobi identity is satisfied under the following conditions:
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1. Tensor g* is symmetric tensor and it is define some metric on the phase space.

2. b¥(u) = —¢"T*(u) and connection I'%; is consistent to metric g°* and it has zero cur-
vature and zero torsion.

Therefore, there are such local coordinates, that g*= const, b% = 0. This (PB) was used
for description of the hamiltonian system of the hydrodynamical type. That is systems
with functionals of the hydrodynamical type. The density of this functionals does not
depend of the derivatives uf,u” .. and hamiltonian is functional of the hydrodynamical
type also.

In opposite this models, the functionals of the closed string model is depended of the
derivatives of the string coordinates. As result, we need to introduce additional nonlocal
term with the step function e(z — y) = 20;16(z ~ y), which is the origin of the difficulty
of the Jacobi identity proof.

" The plan of the paper is following. In the second section we are considered closed string

model in the arbitrary background gravity field and antisymmetric B-field as the bihamil-
tonian system. We suppose, that this model is integrable model for some configurations of
the background fields. The bihamiltonity condition and the Jacobi identities for the dual
(PB) must be result to the integrability condition, which is restrict the possible configura-
tions of the background fields. The well known examples of the integrable gravity models
with the gravity metric tensor, which is depended of one or of two variables only. In this
paper we are assumed the metric dependence of the arbitrary number of the variables for
generality and we did not analyzed the particular cases of the metric dependence. In the
third section we are considered three examples of the closed string model in the constant
background fields: without constraints, with the second kind constraints and the B-chiral
string with the first kind constraints. In the four section we are considered two particles
discrete closed string model to show the difference between the (PB) structure under the
Gupta-Bleuler method of the quantization and under the quantization of the system with
the second kind constraints. :

2  Closed string in the background fields

The closed string in the background gravity field and the antisymmetric B-field is de-
scribed by first kind constraints

hy = %gab(z)[pa - aBac(x)"rlc] [pb - aBbd(I)x,d]

1 I I 1
+§gab(l‘)27 2P x 0, hg = poz® & 0 (8)

where a,b = 0,1,...D — 1, z%(0), p,(0) are the periodical functions on ¢ with the period
on 7 , a -arbitrary parameter. The original (PB) are the symplectic (PB)

{2%(0),po(0 ) = 838(0 = o) 9)
{xayzb}l = {paapb}l =0
The hamiltonian equations of motion of the closed string, in the arbitrary background
gravity field and antisymmetric B-field under the hamiltonian H, = [ h;do and (PB)
0

{, h, are
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i = g%py — @By’ (10)
Pa = 0Bug™p,+ [gas — 0*Bacg™Ba)r * —

169”‘ a a dey b
9 e PP T A5 (Brag™)z® Pc+aa 5 (Badg™) "pe—
19

7] ,
2 7 u[gbc a2Bbdgd€Beb]$ .’E +5";[gac - a2BadgdeBec]x bx

The dual (PB) are obtained from the bihamiltonity condition

= (a9, / hido'} = {z°, / hado'} 1)
0 0

Pa = {pa’/hldal}l = {pa,/h2dal}2
0 0

and they have following form
{A(0), B(o)}2 = (12)

04 OB 11 (o) + w0 YJe(o' — o)+

Oz° Oz a1
[0%(0) + 80" )] s ‘Z 50’ — o)+
[ (0) + 2°*(0")]é(0" ~ o))+

0A OB
6p Ops
[Cbab(U) + Cbab(ol)]ég;é(ol - U)+
[Qap(o) + qu(al)]é(a’ - o)+
HdA OB OA OB ay ! '
[5;% + 3—1,;6:6“][[%?(0) + wb(a )elo — o)
+03(0) + 94 3
O0A OB 0OAIB /
—_— - Qp Q d(oc —
[axa apb apb axa][ b(a) + b(a )] (0 0)
The arbitrary functions A, B, w, ®,Q are the functions of the z%(c), p.(c). The functions
w®, wap, B, @, are the symmetric functions on a,b and 09 Q,, are the antisymmetric
functions to satisfy the condition {4, B}; = —{B, A}2. The equations of motion under

the hamiltonian Hy = }rhz(a')da' and (PB) {, }; are
0

o [[war(0) + wap(o)e(0” — o)+

8’ — o)+

P° = —2w“x"+4w“"p,,+2«1>°bp;’ —208z"® + 208z — 20%p, + (13)
3&) ' '
/do[ Wiz 0 . = zp.+ o —ppcle(o — o)

8% ,, 9% ,

8%s , 02
o g PP (g

+( (6 rT o, Dp)T
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Po = —2wea®—~28uz % + 2002 + +4wp, + 20%p; + 2007,

, 82wed Ouwbe ,
/ do’ (wapz °— 7 pepa — Pbpc) (0 —o)

ua b a a
0P 1, OBE , .. ODE w O®S
_(Wx o, Dy)T +(a$b$ + o ——%p,)p.

The bihamiltonity condition (11) is led to the two constraints

—2wgz® + dwpy + 20%p, — 288z + 20870 — 20%p, +
ac wﬂ.C

™
’ ’ Ow 2 ’ [
d a,'a b 4+ = € -
‘0/ o [wiz ® + 5L Pet o PpPcle(o o)

a@uc ’ b a¢ac 1

+( b z + apb pb)pc_

(0% ., 00t

(5 o =57 ° = "y — ag®Byez’®

——2wu,,$ —Qq)abl' +29ab$ +

+4wlp, + 2<I>upb + ZQ"p,, + /da (wapz *—

32 cd awbc , ,
a:l:aazbz pcpd P Pbpc)f(a —0)
LIS en
Find prp
0%e
+(6$b b b) Pe =

= aBabgbcp,c + [gub - a2Budgchcb]$lb_
1 agbc
T 20z9

a 1
Pepe ~ am o 7z (Buag™)z *pet

d dey b
+a%(3adg )T "pe—

10 ’
- aszdgdeBe,,]x byp'et

~ 5 5ga l9bc
a ’ ’
ééj[gac - azBadgdeBec]$ bx ¢

+

(14)

(15)

(16)

In really, there is the list of the constraints depending on the possible choice of the
unknown functions w, {2, ®. In the general case, there are as the first kind constraints as
the second kind constraints too. Also, it is possible to solve the constraints equations as
the equations for the definition of the functions w, Q, ®. We are considered last possibility

and we obtained the following consistent solution of the bihamiltonity condition.

% =0,0% =0, =0,w™ = Cg®
C 32 cd agac
2 al'aal'bpcpd’ =-C ) De,
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1
D, = —§[gab — &?Bycg®Ba),

1 0B 0Duc 1.
oy = 2( dze Ozt Je -
o 0, Gw®

= dz% Oz b )P " Op. ’

ab 1

20 = —ag* B, %zc =ng®,C = WD)
The metric tensor g*(z) is the homogeneous function of z* order n and C is arbitrary
constant. In the difference of the (PB) of the hydrodynamical type, we are needed to
introduce the separate (PB) for the coordinates of the Minkowski space and for the mo-
menta because, the gravity field is not depend of the momenta. Although, this difference
is vanished under the such constraint as f(z% p,) = 0. One can see, that the main term
in the (PB) with the metric tensor is the term with the step function e(o — ¢'). The
functions w?, ab are proportional to the connection and to the torsion. The function we
is proportlonal to the curvature and the product of the connections. The dual (PB) for
the phase space coordinates are

{z%(0),2%(0") }2 = [w®(0) + w™(d")]e(c” - 0)
{Pa(0), Ps(0) }2 = [Was(0) + wan(0 )]elo” — o)+

[@as(0) + <1>a,,(a’)]%a(a' — o)+
[Qus(0) + Qab(al)]é(al —0) (18)

{z°(0),ps(0) }2 = [wi(0) + wi(0)]e(o' = o)
+[Q4(0) + ()

{Pa(0), %0 )2 = [w}(0) + Wi (0 (o' =)
+[(0) + Q5 (0))o(0 - o)

The functions w®(x), we(z),Pas(x), as (), wi(z), 2 (z) is defined in (17). It is rather
easy to prove the Jacobi identities for the local part of the dual (PB) {, }2. It does not
understand, how to prove the Jacobi identities for the nonlocal part of it. The principal
term of the Jacobi identities with the step functions only is the term with the structure
function w®(x).

dg*(0)

210 (o) + g0 (19
20N g0 4 (e’ — el — )+
2D g ) 4 o)
ab
-2 )+ 40 el = 0 )elo” — )+
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39°(a”) 4y, by ! 3g®(0")  gay
[W[g (0)+g%(0)] - —&Ed__[g (0)
+g*(0)]le(0 = o")e(o" = 0") =0
It is possible to reduce this condition to the unique equation

ab o " ec( 5
2L gte(0) + 910 ~ 22 Do)

+9%®(0)))e(d" = 0)e(6” — o) =0 (20)
One of the possible way of the solution of this problem is the consideration of the metric
tensor on the phase space to count the contribution of the structure functions Q and
® to this expression. The second possible way is the consideration of the second kind
constraints from the list of the constraints (15),(17), instead of the solution (17). It is
necessary to introduce this constraints to the initial model with the hamiltonian Hj, the
(PB) {, }1 and to obtain the bihamiltonity condition in this case. As we will see later on
the some examples, the second kind constraints of the f(z%,p,) =~ 0 type can lead to the
nonlocal Dirac bracket with the step function from the one side, and they can introduce
the dependence of the metric tensor of the momenta on the solutions of this constraints
from the other side. At present, this problems are under the consideration.

3 Constant background fields

The bihamiltonity condition (15),(17) is reduced to the following constraints on the phase
space
—2wz® + 4wp, + 20%p, — 20¢z 0+
+QQ‘;Z"’ = g%p, — ag®Byez’c, N =0 (21)
—dwgrb — 287" + 2Quz" + dwdpy+
+28bp, + 20%p, = aBug" P+
+[gab — @*Bacg™Ba)

There is the unique solution without constraints
. 1
wab = Zgab7 QQZL = —agaCBcb = aBbcgcaa
_2(Dab = Gab — a2BachdBdb (22)

The rest structure functions are equal zero. In this section we are supplemented the
bihamiltonity condition (11) by the mirror transformations of the integrals of motion.

i = (o, [ mdo'}y = (", [ £hado'}a2 (23)
0 0

The dual (PB) are

’

{2%(0),2%(0 )} 22 = ﬂ:%gabe(o

{2%(0), po(0") }42 = Fg*Bad(o

{Pa(c), (0 )} 42

(24)

[

— 0')

— 0')

= :F[gab - azBachdBdb]'—a_‘(s(o" - 0)
do’
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The dual dynamical system
It = {.’L‘a, iHZ}l = {Iu, Hl}:!:? (25)
is the left(right) chiral string
3% =41, P, = +p, (26)
In the terms of the Virasoro operators

/ (hy + ho)e*do @27)
0

T 1 7 tko
Lk-4—7r-b/(h1 hy)e™ do

1

Ly =—
k 47

the first kind constraints form the Vir @ Vir algebra under the (PB) {, }1.

{Ln,Lm} = —i(n = m)Lpym
{Zm zm}l = —z(n - m)I_,,H_m
{Ln, Ly} =0 (28)

The dual set of the integrals of motion is obtained from initial it by the mirror transfor-
mations

H1 g in,Lo - :J:Lo,zo - :Fz’077— -0 (29)

and by the contraction of the first kind constraints algebra L, =0, or L, = 0, n # 0.

3.1 Second kind constraints

Another way to obtain the dual brackets is the imposition of the second kind constraints
on the initial dynamical system, by such manner, that F; = F for ¢ # k,i,k = 1,2, ...
on the constraints surface f(z%,p,) = 0. Let us consider the closed string model with
B, = 0 for simplicity.

1 .,
hy = %y“"pam + 59T )
By = paz’® (30)

The constraints f{)(z,p) = pa — gasz™ =~ 0 or fP) = p, + gapz™ ~ 0(do not simultane-
ously) are the second kind constraints.

{(fP), o h=CP0-d) =
= :l:2ga,,§6(a' —0) (31)

The inverse matrix (C)~! has following form

(g _ o) = ﬂ:%g“bc(a' ~ o) (32)
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There is only one set of the constraints, because consistency condition

{f®(0), Hh = f®(0) =0, ...
{fB®(g), Hi}y = fE(0) %0 (33)

is not produce the new sets of constraints. By using the standard definition of the Dirac
bracket, we are obtained following Dirac brackets for the phase space coordinates. -

2%0), 20 )}p = #39e(0’ ~ ), (34
(o), (o)} o = T30 7800’ o),
{2°(0), poo)}o = 5526(0" — )

The equations of motion under the hamiltonians Hy = h;, H, = hy and Dirac bracket

i:a = {.’L‘E,HI}D = {.’L‘G,HQ}D = gabpb = :f.’l?’a (35)
Pa = {pay Hih = {Pa, Ha}p = gupz” = £,

are coincide on the constraints surface. The dual brackets {, }.o are coincide with the
Dirac brackets also. The contraction of the algebra of the first kind constraints means
that the integrals of motion H; = Hj are coincide on the constraints surface too.

3.2 B-chiral string

Let us consider the following constraint from the list (24)
Ya =Pot+ ,BBabl'lb ~0 (36)
The consistency condition

{‘pav Hl}l = (a + ,B)Babgbcgolc""
+{gab — (@ + B)?Bacg®Ba)z ® = 0 37)

show, that under the additional condition on the B-field
Gob = (a + ,B)zBachdBdbi (38)
the constraints , ~ 0 are first kind constraints. The motion equations are

i% = —(a+ B)g* Bz (39)
i’a = _(a + ,B)Babgbcp::v 3% = ‘T”a

This model is the bihamiltonian model under (PB) (26) also. The B-chiral string model
is dual to the chiral model also.

45



4 Two particles discrete string

In this section we are considered two particles discrete closed string model, as two rela-
tivistic particles model, to show the difference between the Dirac brackets quantization
and the Gupta-Bleuler quantization methods. Two and three pieces discrete string in
Gupta-Bleuler method of quantization was considered in the paper [7] and it is described
by the following constraints

1
h= Z(p2 +¢%) +wirt = 0,

fl=pq%07f3=qrzoy (40)
1
fa=pr=0fi= 4 P —wpr?

This model is the two relativistic particles system with the oscillator interaction. The
constraints (40) are two particles discrete analog of the Virasoro constraints and p,gq,r
are the collective variables p* = p§ +p{,¢® = py —pf, r* = 25 ~z{. Under the hamiltonian
H = h and the canonical (PB) {r%,¢*} = 27, the constraints f; are the second kind
constraints.

{fl,fz} =29 #0, (41)
{fs, fa} =@ +4ugr? # 0

The string coordinates are satisfied to following Dirac brackets.

Toda — Talb
{Ta7 Tb}D = q—zz_ﬁ%a {qa: q{;}D = 4(.«)0{7‘(1, Tb}y
i
PaPy __Gas + 4wirars
{ra,gp}a = 2(77ab - W—) (42)
In the terms of the amplitudes a{"), a, of the equations of motion solutions
Ta = aae™T + a{Hle™™07, (43)
o = 2iw0(auei‘”°7 - aff)e_i“’”)
they have form
{ra, s} z(a,(,+)aa — a{May)
2 TbjD = ————
¢ 2woa§c+) ax
{4, &} = 2wo{ra, s}, (44)
(+) (+)
DaPb Gy 'Gp + a4
{res@}p = 2(76 — ~da BT fe
ay } a p % ;:_) 2
This Dirac brackets is possible to solve in the terms of the variables a,a{*).
; ialt)
1 PaDp R2NgL]
{a ,a(+)}u=—(ﬂb——‘—‘a — 45
@™ 2wp ¢ p? 2w0a,(c+)ak ( )
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The hamiltonian and the linear combinations of the constraints f, . f4 have following form.

1
H= Zp2 + 4wialPax, (46)

h= Pkak, fa= Pkaf:r), fz= akak, fa= a£+)a(+)k

Under the quantization [,] — 4{, }p, ak,af:r) — operators ak,a£+), the commutation
relation is

(1 DPrDI
far, q;'] = —‘QUO(TIH - p—2)+
1 .
+z)—0(a(+)’a,~)‘la§€+)a, (47)

Last term of the commutation relation has transposed Lorentz indices k,{. The wave
function

¥ (p) >= al", alP...a{ Wy 1, 4, (P10 > (48)

of the physical states must to be the own function of the hamiltonian H on the constraints
surface. Let us consider the two particles excited state, for example.

1
HIWa(p) >= (39" = ) Unyes (D)o a0 > o (9)
+ terms, which are proportional to the expressions

Pkl \I/kxkz (p), T]klkz \I"Iukz (p)y al(+) a(+)l‘yk1k2 (P)

Consequently, we must to impose additional conditions on the wave function Pl =0,
nHW, = 0 to satisfy the request about the own function. Last term a,(+)a(+)i\11k, is
vanished on the constraints surface. In contrast to the nonlinear and to the nonlocal Dirac
bracket (45), we have the canonical (PB) and two first kind constraints pya* =~ 0,axa* = 0
in the Gupta-Bleuler method of the quantization. The first kind constraints H, fi, f3 are
imposed on the vector states and they are led to the following equations on the wave
function.

(p2 — 160.)3)‘1’1“1:2..1:,. (p) = 07 (50)
Pty £ (P) = 0,7 Wik, (p) =0

5 Relativistic particle in the constant electromag-
netic field

The relativistic particle in the constant background electromagnetic field is described by
the Hamiltonian

H = £{(pa + B Baszs)? + ) (51)

The electromagnetic field is Aq(z) = —2Fa2s=—BayTs. The simplest constraint from (21)
is
Po = Pa + 10Bgpzy = 0 (52)
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The consistency condition
{®as H} = jaefo + B)Basps (53)

shows that there is a unique set of constraints if & + 8 = 0. They are the second
class constraints {@a,¥s} = 2iaBg. There is the following algebra of the phase space
coordinates under the Dirac bracket

- “tg _1
{Ia., Ib}D = % (B )aln {Iaapb}D —‘ 2T’ab
—ia
{Pa,;Ps}p = —‘2—Bab (54)
The motion equation under the Dirac bracket
o + 2iaByyzy = 0, P, + 2iaBgzy =0 . (55)

has the solution z,(7) = {€=%@87},,24(0). The quantization of the Dirac bracket results
in the following commutation relations.

1 «
[Iaazb] = %(B—l)aba [paapb] = EBab
)
[Iaipb] = _2°T’ab (56)
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Abstract

We give a brief account of supersymmetric Born-Infeld theories with
extended supersymmetry, including those with partially broken super-
symmetry. Some latest developments in this area are presented. One
of them is N = 3 supersymmetric Born-Infeld theory which admits a
natural off-shell formulation in N = 3 harmonic superspace.

1 Introduction

The main source of current interest in superextensions of the Born-Infeld (or Dirac-Born-
Infeld) action is the fact that these super BI actions constitute an essential part of the
worldvolume actions of Dp-branes (see [1] and refs. therein). It is tempting to formu-
late super BI actions-in a manifestly supersymmetric way using an off-shell superfield
approach. In this approach the worldvolume SUSY is linearly realized, as opposed to
the approach proceeding from a gauge-fixed form of the Green-Schwarz Dp-actions [2], in
which all SUSYs are nonlinear and non-manifest. As was shown in |3], the N =1,d =4
super BI theory first formulated in [4] in terms of superfields can be re-interpreted as a
theory of partial spontaneous breaking of global N = 2 SUSY (PBGS) down to N =1
SUSY, with vector N = 1 multiplet as the relevant Goldstone multiplet. Thus the PBGS
approach provides a powerful way of deriving super BI actions with extra hidden nonlin-
early realized supersymmetries.

This contribution is a brief survey of super BI theories of this kind known to date. A
short description of the recently constructed N = 3 supersymmetric BI theory [5] is also
given.

2 Super BI Theories as PBGS Systems

2.1 N =2— N =1,d=23 BI theory. The basic object of this simplest super BI theory [6]
is the N = 1,d = 3 spinor gauge superfield strength u®(z%,64), a,b,¢,d = 1,2, subjected
to the constraint

Dop* =0, (1)

where D, = 8/00° + 1/26%0,;. A nonlinear extension of the free N = 1,d = 3 Maxwell
action, with the d = 3 BI action as the bosonic core, reads

5 ~ /dsxdzow ,

1 I
21+/I-D42
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Besides being manifestly N = 1 supersymmetric, this action possesses the hidden nonlin-
ear SUSY

Onlia = Ta (1 - D2w) +nPduw . (3)

The superfield p* is the Goldstone superfield associated with the spontaneous breaking
of the N = 2,d = 3 SUSY,

{Qme} = {Sa,Sb} = Pa.b y {Qaa Sb} =0 3 (4)

down to the N = 1 one generated by @, Fp;. The Goldstone fermion ¢* associated with
the spontaneously broken generators S, in the standard nonlinear realizations approach
(with making use of the exponential parametrization of the Poincaré supergroup elements)
is related to u® by

a

a__ K
w_l-—D2w' (6)

In components, (2) gives rise to a static-gauge form of the space-filling D2-brane action.

Now let us briefly outline how the super BI action (2) can be deduced. The derivation
follows a generic method [7, 8] which is also applicable to other PBGS cases [9, 10].

The starting point is the appropriate linear realization of the considered PBGS pattern.
It is obtained by embedding the N = 1, d = 3 Maxwell superfield strength p, into a linear
N = 2,d = 3 multiplet. The latter should have such a transformation law under the
S-supersymmetry that p, transforms with an inhomogeneous term ~ 7, and so can be
interpreted as the Goldstone fermion of linear realization.

The appropriate N = 2,d = 3 supermultiplet was proposed in [11] as a deformation
of the N = 2,d = 3 Maxwell multiplet. The superfield constraints defining this deformed
multiplet can be taken in the form {10]

(a) [(D)2 - (D‘)2] W=-2,
(b) D°DW =0, (6)

where W(z,0,¢) is a real N = 2,d = 3 superfield ({, is an extra Grassmann coordinate).
The standard S-supersymmetry transformation law of W,

a
Jle = —ﬂa (60; - %Cbaab> w ’ (7)

implies the following transformation laws for the irreducible N = 1 superfield components
of W(z,,¢), pta = —iD{W |0 and w = /2 W],

(a) Oppta =10 (1 - D2w) + 0w ,
1 a
(6) by = 5 ©

It is easy to check that eq. (8a) is consistent with the Bianchi identity (1) (which is none
other than eq. (6b)).

The additional homogeneously transforming N = 1 superfield w(z, 8) can be expressed
in terms of the Goldstone-Maxwell one p, by enforcing nonlinear constraints the precise
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form of which is dictated by the generic method of refs. [7]-[10] applied to the given
system. ‘

As the first step, one defines superfields ji, and @ as finite S-supersymmetry transforms
of u, and w, with the transformation parameter n* being replaced by —*(z, 9):

Ba = o=t (1= D) ~ $0uw — 10un’
IS U PR
W = w—§1,[)ua+z¢ (I—Dw). (9)

These quantities homogeneously transform with respect to the whole N = 2,d = 3 SUSY.
Therefore, one can covariantly equate them to zero,
fo=w=0. (10)

From these covariant constraints one derives the equivalence relation between ¢* and p®
(5), as well as the relation

1 12

W= ——. 11

41— D?w (11)
These are precisely the equations postulated in [6] (up to a rescaling of w). They can be
used to express w in terms of either ¢® or p®

_1 1,[)2 _l /1«2
T41+iDW? T 21+/1-D%?

This composite superfield is just the Goldstone superfield Lagrangian density in the action
(2).

The same superfield D2-brane action can be written in a manifestly N = 2 super-
symmetric form as an integral over the whole N = 2 superspace, with either W2 or
N = 2,d = 3 Fayet-lliopoulos term as the Lagrangian densities.

w (12)

2.2 N=2 - N =1,d=4 BI theory. This case [3] corresponds to the partial breaking
of N =2,d=4SUSY,

{Qand} = {Saygd} = 2P, )
{Qaa Sﬂ} =0 3 (13)

down to the N = 1,d = 4 « (@, Q, P), with a vector N = 1,d = 4 multiplet as the
Goldstone one. In terms of the N = 1,d = 4 Maxwell superfield strength W*(z), W4(z)
(z = (z°¢,6°,0%)),

D*WP =0, D*W, + DsWé =0, (14)
the Goldstone superfield action (N = 1,d = 4 BI action) reads

S~ / Az d®0 ¢

=W+ Lpe wew?
27 1-A+\i-A+1B
A= % (D*W? + D*W?)
B= % (D*w? - D*W?) . (15)
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The equivalence relation between the canonical nonlinear realization Goldstone spinor
superfields 1%, 1% and We, W@ is [10]

)
We = e (1—ZD2¢)+... , (16)
where ... stand for terms with z-derivatives. The nonlinear SUSY acts as
1o\ .oa
0 Wa = Na (1 - ZD2¢) ~ i1]%0ag® - (17)

In components, (15) describes the space-filling D3-superbrane in a static gauge.

The action (15) can be deduced {10] from the appropriate linear realization of the
PBGS pattern N =2 — N = 1,d = 4, following the procedure similar to that applied in
the N =2 - N = 1,d = 3 case above. The starting point is N = 2,d = 4 Goldstone-
Maxwell multiplet in the N = 2 superspace z = (£%%, 8%, #%). Tt is defined by the following
deformation [12] of the standard N = 2 Maxwell superfield strength constraints

(a) D*W — D*W =M |

(b) D:IW = Ddiw =0. (18)
Here, a a
Da% 6—6',3—20 Oads Dai=—5§d—,~+19iand ,

Dik — DaiD(’; , Dik — Dngk ,

and M* = M¥ is a triplet of constants which explicitly break the automorphism SU(2) 4
of N = 2 supersymmetry down to U(1), and satisfy the pseudo-reality condition

(Mik) = EinkaMnm .

Now we pass to the N = 1 superfield notation by relabelling the Grassmann coordi-
nates and spinor derivatives as

02 =0",03=(* D:=D,, D2=D;.

In order to have the off-shell S-supersymmetry (acting as {-supertranslations) sponta-
neously broken while the Q-supersymmetry unbroken, we choose the following frame with
respect to the explicitly broken SU(2)4

MR2=0, MY"=M2=m, (19)

where m is a real constant. Like in the case of D2-brane it is fixed up to rescaling of W.
A convenient choice is
m=—-2.

It will be also convenient to choose a basis in N = 2 superspace where the chirality with
respect to the variable (® is manifest

D = DS = — — 2i(%8,4 . (20)



In this basis, constraints (18) imply the following structure of the superfield W(z, ¢, ()
_ & o 1,7 1 ‘2—)
W= =26 +iC"Wa - iz (1 10°),
where ¢ and W, are chiral N = 1 superfields
Bd¢ = DdWa =0 3 (21)

and the fermionic superfield W, obeys the N = 1 Maxwell superfield strength constraint
(14).
The S-supersymmetry transformation of the N = 2 superfield W

implies the following ones for its N = 1 superfield components ¢ and W,
b =2W), & =2W7),
6 Wa =10 (1= 0°6) = i1°0ust
6 W = (6, Wo) . (22)

The superfield W, shows up an inhomogeneous shift ~ 7, in its transformation, so it is
the Goldstone fermion of the linear realization of the considered N=2 -+ N =1, d=4
PBGS pattern (Goldstone-Maxwell N = 1 superfield).

After this one can start the algorithmic procedure of passing to the relevant nonlinear
realization. It goes in full analogy with the N = 2 — N = 1,d = 3 case. Firstly
one constructs finite 7-transformations of the superfields ¢ and W, proceeding from the
infinitesimal ones (22). As the next step, one replaces, in the transformed superfields,
the transformation parameters by the original nonlinear realization Goldstone fermions,
Ta = —Va, la = —Pa- At last, one imposes the covariant constraints on the so defined
superfields

q;:Wa:O; (23)

and obtains the appropriate relations between ¢, W, and ,. After some algebra, one
ends up with the simple relations

(24)

which, up to a rescaling of ¢, are just those postulated in [3] and derived from the
nilpotency condition in {13]. Their solution is the expression for ¢ in (15).

Note that the Goldstone superfield Lagrangian density for the N = 2 - N =1
PBGS in (15) can be equivalently rewritten in N = 2,d = 4 superspace in terms of the
constrained N = 2 gauge superfield strength W, W as the Fayet-Iliopoulos term or as the
kinetic term of N = 2 Goldstone-Maxwell multiplet.

23N =4—- N =2,d=4 Bl theory. The N=2,d =4 super BI action can be con-
structed in terms of the N = 2 Maxwell superfield strength W(z), W(z), z = (z°%, 8%, %),
defined by the constraints

Diw=DsW=0, D*W=D*W, (25)
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(3,k = 1,2), which is the M* = 0 version of the constraints (18). The simplest N = 2
BI action was proposed in [14]. It goes into the previously given N = 1 BI action after
the appropriate reduction, but it does not possess a second nonlinearly realized N = 2
SUSY. So it cannot be interpreted as the Goldstone superfield action for the PBGS option
N=4—-> N=2ind=4.

A recursive procedure of restoring the correct action was developed in [15, 16]. The
point of departure is the following N = 4, d = 4 superalgebra

{Q27de} = {Sciu de} = 26§Pad ’
QiS5 = 269,52 . (26)
{@a 53}

The basic Goldstone superfield supporting the 1/2 breaking of this N = 4 SUSY is a
scalar one W, W associated with the complex central charge generator Z, Z. It obeys
a nonlinear version of the constraints (25) and is related to W, W by a complicated
equivalence redefinition. Up to the sixth order, the N =4 — N = 2 Goldstone-Maxwell
superfield action and transformations of the central charge and second hidden SUSY (with
the generators S, 5) read

_ 1 .- 1 .= -
W = f—%D“(fA)JrZD(f )+ EDme;'aadA, (27)
A2 1.4 2) o 1 i
A_w(ufzpw , D= D*Dy,
f = c+2i7%, (28)

SO~ / dCW? +ce. + % / dz{ WW? 2+ (D'W? + D'W?)|
- éw“DVW +0O(W8 }, (29)

where dz and d(; are measures of integration over the whole N = 2 superspace and its
chiral subspace. In [16] the action was restored up to 10th order using some algorithmic
iteration procedure. The full action contains the standard BI action and some disguised
form of the Nambu-Goto action for two physical scalar fields. It is a gauge-fixed action
of D3-superbrane in D = 6.

Let us say a few words on the aforementioned recursive procedure of restoring the full
superfield action and its relation to the approach based on the linear realizations of PBGS
exemplified in the previous two subsections.

As was proposed in [16], the linear Goldstone-Maxwell multiplet relevant to the case
at hand is an infinite-dimensional linear multiplet of N = 4 superalgebra (26), with a
non-trivial realization of the central charges Z, Z. To be more precise, one embeds the
N = 2 Maxwell superfield strength W into an infinite-dimensional N = 4 multiplet

W, W, A, A, (n=0,1,2,..), (30)
where A, are chiral (otherwise unconstrained) N = 2 superfields,
DsiAn=0,DiA, =0. (31)

The following transformations
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= 3D A0) + 30T Ao)3; DTS Buso (32)

W = i
Ay = 2fW+ %fDAl + %Didfug Dosds,
GA = 2fdo+ % FoOA + %Dié FD Bos Az
........... N B
6 = 2 Aus 4 2 fO A + %D“’ FDEOusAn, (n>1) (33)

where the function f was defined in (28), close off shell both among themselves and with
those of the manifest N = 2 supersymmetry just according to the superalgebra (26).
The central charge (c,¢) transformations non-trivially act on this infinite tower of N = 2
superfields.

A good candidate for the chiral N = 2 Lagrangian density is the superfield A,. Indeed,
the “action”

S:/#MW%+/¢MW% (34)

is invariant with respect to the transformation (33) up to surface terms.

It remains to define covariant constraints which would express .Aq, A, in terms of W,
W, with preserving the linear representation structure (32), (33). Because of an infinite
number of N = 2 superfields .4, there should exist an infinite set of constraints expressing
these superfields through the basic Goldstone ones W, W. The procedure of deducing
this set of constraints was described in [16]. The first two constraints read

A, (1 - %D%) W

(=D* 4 kpez
—Z 2,8k'AkDD'Ak=O’
k=1

%o

¢ = 041 +2 (.AODW - WDA(])
—1)* -
-> % (DAk+1DkD4-Ak
k=0
- Ak+le+lD4A_k) =0, (35)

and so on.

At present we do not know how to explicitly solve this set of constraints and to find
a closed expression for the Lagrangian densities A, Ag. We can only recover the general
solution by iterations. E.g.,

Ag =W+ AW + A9 + AP 4
1 -
AP = SWDW (36)
The action, up to the 10th order in W, W, was found in [16]. It turned out to coincide,

at least up to the 8th order, with the action deduced in [17] from the requirements of
self-duality and invariance under nonlinear shifts of W, W (the ¢, ¢ transformations in our
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notation). This is an indication that the full N =4 — N = 2 BI action is also self-dual
like its N = 2 — N =1 prototype [3].

2.4 N =8 — N =4,d =4 BI theory. No manifestly N = 4 supersymmetric off-shell
actions are known for N = 4, d = 4 Maxwell theory, so no such actions can be defined for
the BI deforinations of the latter. The best what one can hope to gain is N = 4 BI actions
with the N = 1, N = 2 [1] or at most N = 3 [5] manifest off-shell SUSYs. However,
it is still possible to derive the superfield equations of motion of N = 4 BI theory, in a
manifestly N = 4 supersymmetric form and with one extra nonlinearly realized N = 4
SUSY, within the nonlinear realizations formalism applied to the following N =8,D =4
superalgebra [15]:

{ Ldej} = {S;,de} = 20;Pog
{

Qi Sh} = €apZ¥ (37)
_ N |
Zij = (Z”) = 5&;’1:!2“ . (38)

The basic Goldstone superfield supporting partial breakdown of this SUSY down to N =
4,d = 4 SUSY  (Q,P) is an N = 4 superfield Wy, ,W¥ = 1e9*Wy, , associated with
the generator Z*. One also introduces spinor Goldstone superfields ¥¢, 9% associated
with S¢ and S'dj. The covariant superfield equations of the N = 8 =+ N = 4 super BI
theory read

(a) wai + %

1 Co
(b) DEW — 3 [SFDIWos — (i 4 )] =0 (39)

DZ:VVIJ = 0)

(plus their c.c.). Here Di, D¢ are the appropriate covariantization of the flat N = 4
spinor derivatives. They nonlinearly depend on 9§, ¥ which can be covariantly expressed
through derivatives of Wy, by eq. (39a). Eq. (39b) is a covariantization of the standard
superfield constraints of the on-shell N = 4 Maxwell theory [18], and it contains the
dynamical equations for the component fields. One of them is a disguised form of the BI
equations. The full set of equations is a manifestly worldvolume supersymmetric form of
the equations of the gauge-fixed D3-superbrane in D = 10, with 6 physical bosonic fields
of N = 4 Goldstone-Maxwell multiplet being transverse brane coordinates.

As was already mentioned, one cannot hope to construct an off-shell N = 4 super-
symmetric superfield action for this super BI system, since no such action exists even for
the ordinary N = 4 gauge theory. However, for the first non-trivial term in the BI action,
the quartic term ~ FaﬂFaﬂFdﬂFdﬁ, N = 4 completions with N =1 and N = 2 off-shell
supersymmetries are known. These were given, respectively, in terms of N = 1 superfields
[1] and N = 2 projective superfields [19]. Here we present this completion in terms of
off-shell NV = 2 harmonic superfields [20].

In the harmonic superspace (HSS) description [21, 22], N = 4 vector multiplet is
represented by the standard gauge N = 2 superfield strength W(z), W(z) and the analytic
hypermultiplet superfield ¢*%(¢,u). Here {¢,u} = {z°#,6%°,8+% u*'} are co-ordinates
of an analytic subspace of N = 2 harmonic superspace {z,u*'} and u®, y*iu; = 1, are
harmonic variables parametrizing some internal 2-sphere S2. The indices a and i are
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doublet indices of two mutually commuting SU(2) groups, a = 1,2;3 = 1,2. Further
details can be found in {21, 22]. The free N = 4 Maxwell theory action is given by

Sizt =1 [dow vee - L [dc9gmDrgt (40)
where D is the analyticity-preserving harmonic derivative and d¢(-* is the measure of
integration over the analytic superspace. Besides being manifestly NV = 2 supersymmetric,
the action (40) is invariant under one more N = 2 SUSY which forms NV = 4,d = 4 SUSY
together with the manifest N = 2 one. For our purposes it suffices to know only the
on-shell form of transformations of this hidden SUSY:

1 .. 5 _'
§W =38 Diaf, oW =ze" D!,
1 o
bgt = 3 (EDFW +EDEW), (41)
where €2, &% are the Grassmann transformation parameters, D, D are harmonic pro-
jections of the flat N = 2 spinor derivatives and ¢~ = D~"¢*"®, D™~ being the second
harmonic derivative. The quartic superfield term which is invariant under the transfor-
mations (41) and yields the correct quartic term ~ F2F? in the component BI action

(with the correct relative coefficient w.r.t. the free Maxwell action) is uniquely restored,
up to terms vanishing on the free mass shell,

N=1 _ 1 21492 + ., -
4 .
Sy 32/dzdu{VV 1% (¢t -q)

X W - 2@+ N, (42)

+ +a . —

(e7-¢7)=q"q .

Here du is the measure of integration over harmonics (fdu -1 = 1). The problem of
N = 4-completing of higher-order terms of the N = 2 BI action (even of its simplest
version [14]) is technically very complicated because the form of the hidden on-shell N = 4
transformations (41) is modified from order to order in superfields.

It is remarkable that in N = 3 HSS [23] one can construct an off-shell N = 3 super-
extension of the full BI action [5].

3 N=3 Born-Infeld Theory

3.1 Introduction. Since the N > 2 super BI actions are extensions of the corresponding
super Maxwell actions, the necessary condition of the existence of some off-shell super
BI action is the existence of such an action for the relevant free super Maxwell theory.
The maximally supersymmetric off-shell formulation of N = 4 gauge theory is that with
manifest N = 3 supersymmetry. It was given in [23] in the framework of N = 3 harmonic
superspace (HSS).

In [5], starting from this formulation, we have constructed an N = 3 superextension
of the full BI action. As distinct from the previously known N = 1 and N = 2 super
BI actions, the construction of the N = 3 BI action is by no means a straightforward
order-by-order supersymmetrization of the bosonic BI action. The main novel feature
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stems from the crucial property that the Grassmann-analytic gauge potentials of N =
3 gauge theory in N = 3 HSS (23] contain, besides the physical fields including the
standard gauge potential A,,, also an infinite number of the auxiliary fields. Among
them there is an independent bispinor field H,p = Hg,. The correct bilinear Maxwell
term in the component action arises only after elimination of this field by its algebraic
equation of motion. The N = 3 gauge superfield strength contains the combination
Vas = §1Hag + Fap(A)] of the auxiliary field and the gauge field strength.

The auxiliary component V,z can be interpreted as a Legendre-type transform variable
for the gauge field strength F,g(A). It turns out that this specific Legendre transform of
the standard bosonic BI action is determined by a real function E of the single variable
a = V2V? where V2 = V*#V,5. The problem of N = 3 supersymmetrization of the BI
action is then reduced to the construction of self-interaction superfield terms of the order
4k in the auxiliary field V,4. All these terms can be constructed as the appropriate powers
of the off-shell N = 3 superfield strengths and their spinor derivatives in the framework
of an analytic subspace of N = 3 HSS. A generic function E(a) exhausts the complete
set of the SO(2) self-dual nonlinear extensions of the Maxwell action, the BI one being a
special representative of them. All such actions can be N = 3 supersymmetrized off shell.

3.2 Elements of N = 3 harmonic formalism. The fundamental objects of the abelian N =
3 gauge theory are three harmonic gauge potentials living as unconstrained superfields on
the (4+6|8)-dimensional analytic subspace H(4+6|8) = {¢,u} of N = 3 HSS
V(Gw, V3w, Vi,
Vi =—(V§), Vi=04). (43)
The definition of the generalized conjugation ~ preserving N = 3 Grassmann harmonic
analyticity and the precise content of the analytic coordinate set {{,u} can be found
n [23, 5]. The potentials undergo abelian gauge transformations with a real analytic
parameter A(C,u):
SVi =iDix, 6V =iDi), 6Vi@=1iDiX. (44)
The potential V! can be consistently expressed in terms-of the two remaining ones by
imposing the conventional constraint
Vi = Dyvi - Dy (45)
The free N = 3 gauge theory action has the following form:
SV V) =~ 73 [ dCCal VDIV + Lowi-Dwiry, )

where the analytic superspace integration measure d¢(33)du = d*z4d%0(33)du is defined
in {23, 5] and we have introduced the coupling constant f of dimension —2, so that
[VZ] = ~2 and the gauge field strength is dimensionless. Besides an infinite number of
gauge components accounted for by the gauge freedom (44), the gauge potentials possess
an infinite number of the auxiliary field components. The latter disappear only on the
mass shell defined by the free equations of motion following from (46):

F =DV} - D3V3 =0,
Fi$ = DV§ ~ DyjV§ = 0. (47)
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For our further purposes it will be important to know the full structure of the bosonic
SU(3) singlet sector in the component expansion of the off-shell analytic potentials V3!
and V2 in the WZ gauge. A simple analysis yields

vl = 050" A5 + i(02) 0 COP H g + i(0,)2(0'FP)C (48)
v = 0307 A5 — 65765 (8)? Hop — i(0265)(8%)°C, (49)

~ where H,s = Hp, ,C = C, and the spinor representation for the gauge field strength was
used

Fup(A) = aquﬂ)ﬁ , Fyp(A) = ag.,AﬂB) ,
8 F s ~ 04Fpa =0. (50)

We observe that the auxiliary dimensionless symmetric tensor and scalar fields Hqg and
C are present in the off-shell SU(3) singlet sector in parallel with the gauge potential A_;
and its covariant field strength. The fields Hyg, I:IdB play a crucial role in constructing
N = 3 supersymmetric BI action.

The gauge fields part of the off-shell super N = 3 Maxwell component Lagrangian
corresponding to (46) is

1

Ly(F, H,0) = {5

[H*+H* - 6(HF +HF)+ F*+ F?+8C*]. - (51)

Eliminating the auxiliary fields Hqg, I-_Id[,, C by their algebraic equations of motion

Hog=3Fop, Hyy=3F,;,C=0, (52)
we arrive at the standard Maxwell action
— 1 2 D2\ _ 1 n
Ly(F) = 2f2(F + F%) = 4f2.7-"" Fon » (53)

where F., = O An — On A

The basic building-blocks of the N = 3 BI action are the analytic superfield strengths.
Like in the N = 2 gauge theory in N = 2 HSS [24], one firstly defines the non-analytic
abelian connections V2,V via the harmonic zero-curvature equations

DV - DiVy =0, DiVy - D3Vi=0, (54)

where V3 = —V2, 6V3 = iD3), 6V2 = iD2X and the explicit form of the harmonic
derivatives is given in [5]. Then the mutually conjugated Grassmann-analytic off-shell
superfield strengths of the N = 3 Maxwell theory are constructed as follows [25]:

1, - - 1
Way = 2(Ds)*V5, W = —Z(Dl)zvf- (55)

These off-shell superfield strengths satisfy the following Grassmann analyticity conditions:

DyWay = D3aWas = DLW =0,
DIW'? = D2W" = D3 W2 = 0 (56)
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and harmonic differential conditions
DWy =0 , DIW2=0. (57)

We shall need the full off-shell SU(3) singlet component structure of Wy, W2, The
explicit expressions for relevant parts of the latter read

Was 0505 Vg — (02)2050% Vs » (8)

B2 = 0PV + (0)%050Y03V,; (59)

where 1
Vap = 7 (Hap+ Fap) , Vag = (Vap) -

One can directly check that wsg3, W!2? on their own obey the off-shell conditions (56) and
(67).
The free Maxwell Lagrangian (51) (with C' = 0), being rewritten through the newly
introduced auxiliary fields Vog, V4, reads
_ 1 -
Ly(F,H,0) = By(F,V) = fz[v"’ +Vi-2(VF+VF)+ 5(F2 +F%].  (60)
The algebraic equations of motion for Vg4, leé giving rise to the standard Lagrangian (53)
are simply
_ Vs =Fap s Vig=Fy. (61)
From the above discussion one infers two important properties of the off-shell descrip-
tion of N = 3 gauge theory in N = 3 HSS having no direct analogs in the N = 1 and
N = 2 cases. First, the free Maxwell component Lagrangian appears in the unusual forms
(51) or (60), while its standard form is recovered only after eliminating the auxiliary fields
Vs, V, '+ by their linear algebraic equations of motion (61). Secondly, the off-shell super-
field strengths contain just these tensor auxiliary fields, but not the ordinary gauge field
strengths Fug, Faﬁ
These surprising features suggest a non-standard approach to constructing nonlinear
and non-polynomial superextensions of the off-shell N = 3 Maxwell theory. One should
modify (51) by proper terms which are nonlinear (and/or non-polynomial) in the auxiliary
fields Vog, V4, such that nonlinearities in Fyg, F;; inherent in the BI action are regained
as the result of eliminating these auxiliary fields by their nonlinear equations of motion.
Then one can hope to N =3 supersymmetrlze the terms nonlinear in Vg, V with the
help of the above superfield strengths Wa3, W2 which contain just these aux111ary fields.

8.8 N =3 BI action. Without entering into details, the modification of the free Maxwell
Lagrangian (60), such that it becomes the correct bosonic BI Lagrangian,

Lo, F) = 5 [ — /=det(thmm +.7-',,,,,)]

= 51 Q) Qo) = VITX, (©2)
o=F,p=F?,

X, 9) =0+ @)+ (1/4) (0~ ¢, (63)



after elimination of the auxiliary fields V4, V ; by their algebraic equations of motion, is
as follows [5]
B(F,V)

Bo(F, V) + 2E(v2 72)

f
%[ v+o = 2AVF+VF)+ 5 Yo+ @)+ EwD) . (64)

Here v = V2,7 = V? and E(v7) is a real function of the single argument v? = a defined
by the following equations

E(a) = 2[2t*(a) + 3t(a) + 1] , E(0) =0, (65)
#4(a) + t%(a) — i-a —0,40)=—1. (66)

Note that the generic choice of the function E(a) corresponds to a wide class of self-dual
(by Legendre transformation) extensions of Maxwell action, the BI one being merely a
particular case of these nonlinear actions. !

The problem of constructing a manifestly N = 3 supersymmetric superfield action
which would yield, in the bosonic sector, the F,V form (64) of the BI action amounts to
setting up a collection of superfield monomials which extend the appropriate terms in the
power expansion of the function E(V?V?) defined in (65), (66).

Given the function E(V2V?2), we introduce the new function E(V2V?) by

E(V2T2) = %V"’V"’E(sz/z) , (o)

with E(a) = 1 — a/4 + O(a®). Then the whole sequence of higher order terms in the
N = 3 generalization of the Bl-action can be written as a closed expression in the analytic
superspace,

1 33 2/1A712\2 £
Se =337 [ dude @)W (W22 E(A) (68)

Here A is the following real analytic superfield:
A= on ( 1)2(D3)2[D2aW12Dc2!W12 DdeZSDgWZ.'i] = VZVZ +... , (69)

W12 = D1W23 = —4z Hgaﬂf)Va,g +... 3
W% = DWW . (70)

Thus we have obtained an N = 3 generalization of the Born-Infeld action using the
off-shell Grassmann-analytic potentials V;} and V}

ng3=S2+SE . (71)

The substitution of generic function £(A) = 1+ O(A) into (68) yields N = 3 superexten-
sions of a wide class of the self-dual nonlinear deformations of Maxwell theory.

Finally, we notice that the above N = 3 BI action is a minimal N = 3 extension
of the bosonic BI action. It still remains to examine whether it admits a treatment

1See [26] for a detailed discussion of the self-duality issues in this new setting.
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as a N = 3 Goldstone-Maxwell superfield action describing an off-shell PBGS option
N =6 - N = 3,d = 4 which could amount on shell to the option N =8 -+ N =4,d =4.
By analogy to the situation with NV = 2 BI action {14, 15, 16], one could expect that for
such an interpretation to be possible the above action should be modified by some extra
terms with extra z-derivatives on them.

4 Concluding Remarks

In conclusion, it is worth mentioning a few important unsolved problems in supersym-
metric BI theories.

e Constructing a BI deformation of the off-shell N = (1,0),d = 6 super Maxwell
action. Such super BI action should amount to a static gauge of the space-filling
D5-superbrane action in a flat Minkowski background.

e Adapting the nonlinear realizations formalism to the case of non-abelian BI actions.
This would seemingly require introducing the notion of generalized supersymmetry
algebras incorporating the non-abelian gauge group structure.

e Constructing superconformally invariant versions of N = 2 and N = 3 super BI
actions reviewed in this article. Such modifications could play an important role in
the context of the AdS/CFT correspondence [27]-[30], providing the PBGS form of
the effective worldvolume actions of D3-superbranes on superbackgrounds with the
AdS, x S™-type bosonic body (AdS; x S' in the N = 2 case and AdS; x S° in the
N =3 and N =4 cases).

Note that an N = 4 completion of the F* term [31] of the N = 2 superconformal
BI action in N = 2 HSS was found in a recent paper [32]). It radically differs from its
non-conformal counterpart (42):

con w W ln(l - X .
54 fw/.dzdu{lnxlnx-k(X~1)——X——)+[L12(X)—1]}. (72)
Here
q+ .q_
X =-92_-—_
Ww ' (73)
and X In(1 1) .
. n(l—-t) & n
Liz(X) = —/o —t—dt-—; ~X

is Buler dilogarithm (A is an arbitrary scale). The action (72) is invariant under both
N =2 superconformal group and NV = 4 supersymmetry (41), hence it is invariant under
the whole N = 4 superconformal group.
As distinct from (42), the contributions to the component F* term come from both
the pure W, W and mixed W, W, ¢* pieces of (72). It reads
F2F?
~ e, (74)
(lpl? + f1fia)?
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where ¢(z), (z) (< ¢ ># 0) and f*(z) are physical bosonic fields of the vector N = 2
multiplet and hypermultiplet.” Together they form a 6-dimnensional multiplet of the R-
symmetry group SU(4) of N = 4 SUSY. The SU(4) invariant square of these fields in
the denominator of (74) ensures the scale and conformal invariance of the corresponding
z-space action and can be identified, from the AdS; x §® D3-superbrane perspective [27],
with the fifth (radial) co-ordinate of AdSs.

It would be extremely interesting to find a superconformally invariant version (if exist-
ing) of the N = 3 BI action (71). Such an action is expected to be unique and to provide
a manifestly off-shell N = 3 supersymmetric superfield form of the abelian D3-superbrane
action on AdSs x S°. It is very important to know this hypothetical maximally worldvol-
ume supersymmetric form of the D3-brane action both for further clarifying the AdS/CFT
correspondence and, as a closely related goal, for exploring the precise structure of the
quantum low-energy effective action in N =4 SYM theory.
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Superbranes in AdS background*
E. Ivanov and S. Krivonos

Bogoliubov Laboratory of Theoretical Physics, JINR,
Dubna, 141 980 Moscow region, Russia

Abstract

Proceeding from the 1/2 partial breaking of global N = 1 AdS; and
AdS, supersymmetries in the nonlinear realizations approach, we de-
rive the worldvolume superfield actions of AdS; superstring and AdS,
supermembrane. Their bosonic cores are the Maldacena-type confor-
mally invariant actions of the AdS; string and AdS4 membrane.

1 Introduction

Superbranes partially break the translational invariance and space-time supersymmetry
and so they can be considered as notable examples of systems with partial breaking of
global supersymmetry (PBGS). In.the approach with- PBGS as the guiding principle,
the manifestly worldvolume supersymmetric superbrane actions emerge as the Goldstone
superfield actions associated with nonlinear realizations of some global space-time su-
persymmetry spontaneously broken down to a smaller supersymmetry. The Goldstone
superfields carry the superbrane physical worldvolume multiplets and are identified with
coordinates of some superspace of the initial supersymmetry.

Until now, only branes on a flat background were treated in the PBGS framework
(see, €.g., [1, 2, 3] ). To incorporate general curved backgrounds, one should generalize
the PBGS approach to the local supersymmetry by properly turning on supergravity, both
on the super worldvolume and in the target superspace. As one of the approaches to this
difficult problem, it is natural to start by considering PBGS branes on some particular
curved superbackgrounds. Here we elaborate on the simplest examples of this kind, the
type I superstring on the AdS; superspace and N = 1 AdS; supermembrane.

The AdS (super)groups are realized as (super)conformal groups on the boundary
(super)spaces whose bosonic dimension is smaller by 1 compared to the bulk AdS (su-
per)spaces. Thus, the PBGS approach to AdS superbranes of co-dimension 1 should deal
with proper nonlinear realizations of superconformal groups. Whereas nonlinear realiza-
tions of superconformal symmetries in superspace were already considered in literature
{4], it turns out that relevant to the PBGS point of view is a rather special type of them.
In both considered cases, the underlying AdS supersymmetries are realized as Goldstone
superfield-modified superconformal transformations of the worldvolume superspaces.

2 Type I superstring on AdS;

Our starting point will be a realization of the corresponding PBGS pattern on the super-
space coordinates. We are going to find a realization of the N = 1 AdS; supergroup, such
that only its N = (1,0),d = 2 Poincaré subsupergroup is realized linearly.

*This talk is based on the results obtained in the collaboration with F.Delduc and E.Ivanov
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The N =1 AdS; superalgebra in the obvious notation reads:

[Ma.by Mcd] = 6a.chd + fa.dec + ebcMad + 6bdj\la.c = (M) 3

(May, Red) = (R) ,  [Rap, Red] = m* (M) ,{Qa, Qo} = 2Rap + 2mM

[Maby Qc] = €ac@y + €0c@a s [Rapy Q] =m (€ac@p + €cle) - (2.1)
One of the possible bases in this superalgebra is the conformal basis, in which it is recog-

nized as the minimal N = 1,d = 2 superconformal algebra (a direct sum of N =1,d =1
superconformal algebra osp(1]2) and conformal d = 1 algebra sls ~ so(1, 2)):

Loy = (Rap + mMp,)
L., = g (Rp — mMyp) Ly= ("Mu + R12)
slhoc{ Ly=1 (Mg~ LR) , 0sp(1{2) o< { Ly = A (Ryy + mMy))
L = 4_1,;, (Ru - mM11) G—1/2 2\/,;Q2

G1/2 = ﬁ@l

Two mutually commuting sl subalgebras constitute the finite-dimensional d = 2 confor-
mal and AdS; algebra so(2,2). From the d = 2 point of view, the generators M), and
Ry, are, respectively, the SO(1,1) Lorentz and dilatation generators.

For our purposes more appropriate is another basis which is a superextension of the
so-called “solvable subgroup basis” of the AdS; group SO(2,2) [5]:

Pyy = Ry +mMoy, P__ = Riy —mMy, K, =My, K__ = My,
U=Mpy, Z=Ri, Q. =@z, Q-=C . (2.2)

The main peculiarities of this basis are as follows:

e [Py, P__] =0, therefore we may introduce the flat coordinates z** as parameters
assqciate with Pyy;

e The generators {U, K.} form so(1,2) and K14 span the coset SO(1,2)/50(1,1);

e The generator P__ commutes with ¢} while P, , commutes only with ¢);.. Thus in
this basis the N = (1,0),d = 2 Poincare superalgebra « (@4, P++) is explicit and
this allows us to deal with standard N = (1, 0) superfields as the worldvolume ones;

e In the flat limit m — 0 the algebra (2.1) becomes the central-charge extended
N = (1,1),d = 3 super Poincare algebra (amounting to N = 1, D = 3 one);

e The N = (1,0),d = 2 Poincaré supertranslations subalgebra together with the
dilatations generator Z form the maximal solvable subalgebra [5] of N = 1 AdS;
superalgebra.

Now we wish to construct a nonlinear realization of this N = 1 AdS; supergroup with
unbroken N = (1,0),d = 2 Poincaré supersymmetry. Our basic object is a superfield
®(z*, %) which we associate with the generator Z in the following coset element:

g =" Pl Qugf7Q- 27 (2.3)
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The left action of the full supergroup on this element amounts to the following transfor-
mations of the coordinates:

ozt = ot —eT0T — dme=01zT + 2maz T,

Sz =a " —e 07 e"™® + 2maz ",
80t = et + dme~ T + mabt, 607 =7 + dme= 010" — mab™,
58 = —2e70" + o, (2.4)

where a** %, o are the group parameters related to Pyi, Q. and Z, respectively. One

observes that the spinor derivative of ® with respect to 8% is shifted by £~, so this deriva-
tive is a Goldstone fermion and the nonlinear €~ supersymmetry is actually spontaneously
broken in this realization, despite the fact that its generator ()_ picks up the coordinate
0~ as the coset parameter. This realization is an analog of the “quasi-linear” realization
in the case of the D = 3 PBGS superstring in the flat background [6], and it goes into
the latter in the limit m — 0.

From the “active” transformation properties of the Goldstone superfield ® with respect
to the broken supersymmetry ¢)_:

fo = —2e76" — ¢ (1+4mot07) a%cb —4me=zt* (D4 ® — 20%0,., @)

+e707e'™*9__ 0, (2.5)

where D, = 8§/80% + 6+, one may easily find the transformation properties of the
N = (1,0) components of &(z**,0%) = ¢(z*E,0) + 0~ y_ (2=, 0+):

b = —2c70% —e"y_ — dme™z* (Dyd — 20704 4), (2.6)
Sy = —dme=0%p_ — dme~ T (D+7,D_ - 20+6++z/)_) —e"e'™o__¢.

One sees that 1, = D, ¢ is the inhomogeneously transforming Goldstone fermion for the
broken ()_ supersymmetry, while 1_ is an extra homogeneously transforming N = (1, 0)
superfield. Using it, one can construct an invariant of both supersymmetries:

S~ / Prdote ™y (2.7)

To make this invariant a meaningful action, we are led to covariantly express the superfield
1_ in terms of our basic Goldstone superfield ¢. To find the proper constraints we shall
follow the general strategy of [7, 8] which includes the following steps:

e One finds the finite supersymmetric transformations of ¥y = D¢ and ¢_. In these
transformations, one replaces the constant parameter e~ by an arbitrary, for the
moment, spinor N = (1,0) superfield £~ taken with the sign minus;

¢ Finally, one shows that it is possible to define the transformation properties of the
superfield £~ with respect to both supersymmetries in such a way that putting the
transformed superfields D, ¢ and . with the above replacements equal to zero is
an invariant procedure.
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Carrying out this procedure, we get the following system of equations:

i+ 27 + € Dytp — AmEa M (Bgd = 20* 0140 ) =0,
Yo — dmEztt (Dyyp_ — 20%0,19_) — €7e™0__¢ = 0. (2.8)

These equations can be easily solved for 1/ and £:

- ™D, ¢0__¢ _ Py (2.9)
T 14/1—etmea g0 ¢’ T 2+ Diy '
Thus, the action (2.7) for the type I superstring in super-AdS; background is
S= [ dads* D+¢0__¢ . (2.10)

1+4/1 — etmd, , $0__¢

By construction it is invariant with respect to both supersymmetries and, therefore, with
respect to the super-AdS; symmetry defined by the superalgebra (2.1).
It is instructive to explicitly write the bosonic part of the action (2.10):

§= [ dzeime (1 —/1- e4’"%°3++<p3__<p) , (2.11)

where ¢ = ¢|g+—0. To see that the action (2.11) describes a string embedded into the
AdS; background, let us introduce U = €™ and rescale z* = ;-%*. Now one can
rewrite (2.11), up to some overall constant factor, in the form

S=/d2:EU2 (1—\/1~@+—[(]J‘?—"—U)) . (2.12)

Thus S is recognizéd as d = 2 analog of the Maldacena scale-invariant brane action on
AdS; [9] (actually, of the scalar fields piece of the full D3-brane action).

3 AdS, supermembrane

Our starting point in this case will be the N = 1 AdS, superalgebra osp(1|4) in the d = 3
spinor SL(2, R) notation, once again in the basis which is a natural generalization of (2.2)
and is most convenient for our purposes

[Mab, Med) = €acMba + €aaMae + EveMad + €6aMac = (M) gy e = — (M) g0

(Kb Koa] = — (M) g0 » [Ma, Keal = (K) g cq » [Mab, Ped] = (P pcq

[KabyD] = ~2Py +2mKg , [PabyD] = —2mPy, [Pab: Pcd] =0,

[Kaby Ped] = =2 (€acEba + EvcEaa) D —m (M) 4y 4

{Qa, @} = 2Py, {Sa, So} = 2Py —4m Koy, {Qa, Sy} = 260D — 2mMyp ,
[Maln Qc] = Each + Echa = (Q)ab,c ) [MMH SC] = (S)a,b,c )

(Kab Q] = (S)ab,c » [Kab, Se] = — (Q)ab,c ’

[Pab:Qc] =0, [Pab, Sc} =-2m (Q)ab,c , [DyQa] =mQ,, [D,Sa] =-mS5, -(3'1)
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Here, a,b = 1,2 and the contraction parameter m is proportional to the inverse AdS,
radius.

The SO(1,2) generators M,, together with K, form the algebra of D = 4 Lorentz
group SO(1,3). The advantage of the basis (3.1) is that it manifests the N = 1,d = 3
super Poincaré subalgebra of osp(1{4) and still yields the N = 1, D = 4 super Poincaré
algebra (in the d = 3 notation) in the contraction limit m = 0. The N = 1,d = 3 Poincaré
supertranslations subalgebra o< (Q,, Pa) together with the generator D form the maximal
solvable subalgebra of osp(1]4).

We wish to construct a OSp(1|4) extension of the AdS,; membrane action [8, 10]

S = /da.'c e 5ma (1 - \/1 - %e“’"@“”q@abq) , (3.2)

such that it possesses a manifest N = 1,d = 3 supersymmetry extending the manifest
d = 3 Poincaré worldvolume invariance of (3.2), and becomes the PBGS action of the
flat N = 1,D = 4 supermembrane [11] in the contraction limit m = 0. Just like the
latter action is the Goldstone superfield action for the 1/2 breaking of the N =1,D =4
Poincaré supersymmetry down to the NV = 1,d = 3 one, the action we are seeking for is
expected to be a Goldstone superfield action describing the 1/2 spontaneous breaking of
the OSp(1]4) supersymmetry down to its N = 1,d = 3 super Poincaré subgroup.

We shall construct such an action along the same lines as in Sect. 2. As a first step we
need to define the appropriate analog of the “intermediate” nonlinear realization (2.4).

As a natural extension of the coset element (2.3) we choose the following one:

g = %" Fub " Qa g¥° 5o gulz)D A (2) K (3.3)

Here, the parameters z = (:c“",f)“, 1/)“) are N = 2,d = 3 superspace coordinates, while
u = u(z) and A*®(2) are Goldstone superfields given on this superspace. The subspace
spanned by the coordinate set { = (:c“", 0“) is the standard flat N = 1,d = 3 superspace
in which N = 1,d = 3 Poincaré supertranslations & (Q,, Pas) are realized in a standard
way:

b = 0 (04 O07) 0= (3.4)
These transformation laws are obtained by acting on (3.3) from the left by the group
element gy = e2* Posec* @,

The rest of the OSp(1[4) transformations except for the SO(1, 2) rotations is nonlin-
early realized on the coset coordinates, mixing the N = 2 superspace coordinates with the
Goldstone superfield u(z). Acting on (3.3) from the left by different supergroup elements,
it is easy to find the explicit form of these transformations.

Covariant derivatives of the Goldstone superfield u(z) can be constructed by the super-
coset element (3.3) following the generic guidelines of the nonlinear realizations method.
Of actual need for us will be spinor covariant derivatives. Without entering into details,
these are as follows

- 1 - 1
Vou= 5w (V2 —2XV))u, Viu= = (V5 +2Xv7)u, (35)
V= ™ (Da - mt/)zaiwa) u— 2e™p, = <70Qu — 2™, ,
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Vfu = ™ [63" + etme (1[1b5ab =+ 3m1/)2Da)] u. (3.6)

Here

Da = ‘6% + 9”6@ y {Da, Db} = 260,1, y (37)

is the standard covariant spinor derivative of N = 1,d = 3 Poincaré supersymmetry. The
Goldstone superfield A?* is related to A% as

= tanh \/2A2Aa

/\n.b
2A2

PN =00y, - (3.8)

What we have at this stage, is a nonlinear realization of the N = 1 AdS, supergroup
on the N = 2,d = 3 Goldstone superfield u(z,6,). The first component in the 6,
expansion of u can be regarded as the Goldstone dilaton field. The spinor derivative D u
is shifted by 7, under the S -supersymmetry, suggesting that we actually face the 1/2
spontaneous breaking of the AdS, supersymmetry, with D,uly=p as the corresponding
Goldstone fermionic N = 1 superfield. However, u contains quite a few extra component
fields having no immediate Goldstone interpretation.

To construct the minimal Goldstone multiplet, we shall generalize the method which
was applied in [6] to d = 2 PBGS systems and, in {12], to the case of flat-space N=1,D =
4 supermembrane. Following the reasonings of [12] and keeping in mind that the minimal
scalar multiplets of N = 1 AdS, supergroup are represented by chiral ¥ =1,D =4 or
N = 2,d = 3 superfields, we shall regard the Goldstone superfield u(z) to be complez and
subject it to the covariant chirality constraint

(ve-ivi)u=0. (3.9)

This condition is equivalent to the similar one in terms of the full covariant derivatives
(3.5) in view of the relation

5{." FiA
Vv1—=2)2

and so it is covariant with respect to the whole OSp(1]4). Using the explicit form of the
covariant derivatives (3.6), it is straightforward to check that (3.9) is self-consistent, in
the sense that the appropriate integrability condition is satisfied

V9 +iVS = (V¥ £iV5) , (3.10)

(V2 —iV3, Vg —iVi}u—2 (VI - iV5) em™yy, — 2 (V= iV5) ™4,
=T5 (V8- iV5)u. (3.11)

The constraint (3.9) can be solved by expanding v in powers of ¢*. It is easy to check
that (3.9) expresses all terms in this expansion in terms of ug = u|ye=g and D, derivatives

of up. In particular,
Ou

6—wal¢=0 = —i€2muDaU|¢:0 . (312)
Thus the complex N = 1,d = 3 superfield
uO(zvg) = q(.’L‘, 0) —{-i@(z‘, 0) s qt =-q, (I’t =-2, (3'13)
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incorporates the full irreducible field content of the N = 2,d = 3 Goldstone chiral super-
field u(z,6,v). Its S-supersymmetry transformation reads

(5’U/0 = L’LLO + 277“96 + iezmu’ana’LLo ; (314)
where 5
L=-m (0277“ + 4:5“‘5771,) 507 + 4mn0°2°°0,, . (3.15)

For the imaginary and real parts of ug eq. (3.14) implies the following transformation
rules

6g = Lq — ™% [sin(2m®) Dogq + cos(2m®) D, ®] + 2n°0, ,
6@ = LP + 2™ [cos(2m®) D,g — sin(2mP) D, ) . (3.16)

The nonlinear realization we have at this step is still non-minimal in the following
sense. Besides the N = 1 superfield ¢(z,8) which contains all Goldstone fields required
by the 1/2 breaking of OSp(1}4) down to its N = 1,d = 3 Poincaré subgroup (gp=o for
the dilatations, (D,gq)|p=o for the broken S-transformations and O,qls=o for the broken
S0(1,3)/50(1,2) transformations), there is an extra non-Goldstone N = 1,d = 3 su-
perfield ®(z,0). The last step is to eliminate the latter in terms of ¢ and its derivatives
by imposing some nonlinear covariant constraint on uy(z, 8), analogous to the constraints
imposed in the flat case [11]. The precise form of such a constraint can be found by
applying the general procedure of refs. (7, 8, 6] to the given case. We skip details and
present the final form of the constraint

e’ D°qDag

= ITemD (3:17)

It can be directly checked to be covariant with respect to (3.16).
From our superfield ug we can construct the following two simplest invariants (up to
normalization factors)

S, = % / Lzd® (e'4'"“° + e""ﬂ%) = / dPzd?fe=4™ cos(4m®) , (3.18)

and

. __1_ 3 —4muo __ 4muf) _ l 3 420, —4Mq o3 |
Sy = 2im/d zd*9 (e e ) = — /d zd“fe sin(4mQ) . (3.19)

After solving the constraint (3.17)

b= e2mqDanaq
24 it oD D)

(3.20)

in the Lagrangians in S and S, only lowest terms in & survive in view of the nilpotency
of ® in (3.20). So the actions take the form

S, ~ / Pod?e=m™ | (3.21)
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e ?™D%Dy,q
2+ /4 + etm1D2(DbqDyq)

Relevant for our purposes is just Sz, because it contains the kinetic term of the Goldstone
superfield ¢(¢). Its bosonic part, with the fermions omitted and the auxiliary field B =
D?q|sp eliminated by its equation of motion (B = 0 in the vanishing fermions limit), is
recognized as the AdS, membrane action (3.2).

We come to the conclusion that the Goldstone superfield action (3.22) is the nat-
ural superextension of the conformally-invariant AdS,; membrane action. Besides being
manifestly invariant under N = 1,d = 3 Poincaré supersymmetry, it is invariant under
the nonlinearly realized part of N = 1 AdS, supersymmetry OSp(1]4) which acts on
the N = 1,d = 3 superworldvolume as the Goldstone superfield-modified d = 3 super-
conformal transformations (egs. (3.16) with (3.20) standing for ®). Thus it is a PBGS
superfield form of the worldvolume action of N = 1 AdS, supermembrane. In the limit
m — 0, it reproduces the known PBGS action of N = 1, D = 4 supermembrane in the
flat Minkowski background [11].

Sy~ / &zd?6

(3.22)

4 Conclusions

Proceeding from a 1/2 partial breaking of the N = 1 AdS; and AdS; supersymmetries
in the nonlinear realizations description, we have constructed the worldvolume super-
field actions for AdS; superstring and AdS, supermembrane. Their main characteristic
feature is that the spontaneously broken parts of AdS supersymmetries are realized as a
Goldstone-superfield modified d = 2 and d = 3 superconformal symmetry. Like in the case
of flat supermembrane [11] and other PBGS systems, the superfield Lagrangian densities
of the AdS; superstring and AdS, supermembrane PBGS actions are not of a tensor form,
they are shifted by a full derivative under the broken parts of the AdS supersymmetry
transformations. In this sense, they resemble WZNW or Chern-Simons terms.

Our consideration here can be regarded as a first step towards constructing analogous
worldvolume superfield actions for more interesting examples of branes on the superback-
grounds with the AdS,, x S™ bosonic part, including the appropriate Dp-branes. It also
remains to be examined how such actions are related to the more familiar Green-Schwarz
type ones.
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Abstract

We discuss symmetry properties of actions which describe dynamics
of multiple brane configurations and analyze a possible way of making
them supersymmetric. Supersymmetric and x-invariant NDO-brane
models are proposed.

1 Introduction

Branes attract great deal of attention of the theoretical community because they play or
may play an important role in the construction and implications of the unified theory
of fundamental interactions based on string theory and M-theory. Branes are stable
BPS configurations of string and M-theory, and they ensure and reflect the existence
of various string/M-theory dualities. Branes are “on the boundary” of the AdS/CFT
correspondence, and they provide us with a natural geometrical mechanism of breaking
(super)symmetry spontaneously. Various brane world and cosmology scenari have been
proposed, and possibilities of getting the Standard Model at intersections of multiple
brane configurations have been analyzed. So there are many motivations for studying
branes. .

The main purpose of this paper is to discuss symmetry properties of actions which
describe dynamics of multiple brane configurations and analyze a possible way of making
them supersymmetric. This topic is intrinsically related to the problem of the construction
of a relevant non—-Abelian Dirac-Born-Infeld theory which would reproduce the super-
string theory effective action.

To better understand peculiarities about multiple brane actions it would be instructive
to first recall properties of worldvolume actions for single superbranes, which for different
types of superbranes have been constructed by different authors and which all have a
generic structure. We shall concentrate on Dirichlet branes [1, 2, 3].

2 Single (Dirichlet) Branes

The Dirichlet branes are hypersurfaces on which open strings can end. They propagate
in space-time and their dynamics is described by worldvolume actions whose structure
and properties are known in detail for the single branes. We shall consider the general
structure of the single brane action with the example of a D3-brane propagating in type
IIB D=10 (flat) superspace [1].
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The action, which is an integral over four-dimensional D3-brane worldvolume, has
the following form! ' v

S=- /d4f\/—det[H£’IH{,v7]MN + Fop + Ba)

+ C ,0)+ Fiy AC , 9], 1
/., [Cw(@.0)+ Fioy A Cea (. 0)] M
where £* (a=0,1,2,3) are worldvolume coordinates,

7 = 9,z™ + i6"yM 9,0,

™M (M = 0,1,---,9) and 81 (I = 1,2; « = 1,---,16) are respectively bosonic and
fermionic (Majorana—-Weil) coordinates of type IIB D=10 superspace;
Fpp = 0,A(€) — 8,40(E) is the field strength of an Abelian worldvolume gauge field
associated with the end of the string, and
B)(z,0), Cipy(x,0) and Cyyy(z, ) are the worldvolume pull backs of two— and four-form
fields of type IIB supergravity whose functional dependence on z, § and their worldvolume
derivatives is exactly known when type IIB superspace is flat (see [1] for details).

By construction the action (1) is invariant under target space Lorentz transformations
and type IIB D=10 supersymmetry

80 = ¢!, §zM = —ielyMol,  AL(€) #£0. C@)

Note that the worldvolume vector field transforms nontrivially under space-time super-
symmetry. The exact form of its variation the reader may find in [1].

The action is invariant under worldvolume reparametrizations (diffeomorphisms) £¢ —
which allow one to impose the static gauge by splitting the D3-brane space-time coordi-
nates along and transverse to the brane and identifying the longitudinal coordinates with
the worldvolume coordinates

ZM = (zﬂ(é‘)’zi(é‘)), a= 07 11 273) 1= 17 to 76

% =&, 3)

In addition the action is also invariant under fermionic x-symmetry with a spinorial
parameter x3(§)
‘ 861 = P, /'], 6z =ib0yM0, 64, #0. (4)

wlhich because of the projector P, Jﬂ ! allows one to eliminate one of 87, for instance to put
g Bgc'ause of the local worldvolume diffeomorphisms and k-symmetry (which one can

gauge fix as discussed above) the physical degrees of freedom of the D3-brane form an
N =4, D = 4 vector supermultiplet

A6, (6), va(6)=02. (5)

which on the mass shell contains eight bosonic and eight fermionic degrees of freedom.

1We put the D-brane tension to unity.
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The D3-brane action in the static gauge [2] is the component action for N =
supersymmetric Dirac-Born-Infeld theory

§ = [ diy/~det(n + 0,207 + Fup + O), (6)
where O(1) stands for the fermionic terms

O() = 2ih(Ya + BaT' %) 0t + VY Dutpthym 059 . @)

This action possesses additional N = 4 supersymmetry which is nonlinearly realized
on the fields (5) and is spontaneously broken (see e.g. [2] for the discussion of this point).

We have thus demonstrated that the form and the symmetry properties of the world-
volume actions for the single superbranes are exactly known and well understood from
various points of view.

We now turn to the consideration of multiple brane configurations.

3 Multiple D—Branes and the Appearance of Non—
Abelian Fields

3.1 The ND-brane action

If we have a stack of N D-branes, strings can end on each of them and/or can link different
branes together. As a result [4], if the distances between the D-branes tend to zero, in
the limit when they coincide there occurs the enhancement of U(1)¥ Abelian symmetries
of individual branes up to a U(N) group, and corresponding non-Abelian massless gauge
fields A,(€) in the adjoint representation of U(N) appear on the worldvolume of the
coincident branes. In the supersymmetric case the vector fields A,(£) have non-Abelian
scalar and spinor superpartners as in the case of the single D-brane (5). An interesting
effect which takes place in systems of N D-branes coupled to Ramond-Ramond fields
first observed by Myers [8] is that, for instance, N DO-branes blow up into a higher
dimensional abelian D-brane configuration. This has also been demonstrated to happen
with N D1-branes growing into a D5-brane [9].

Now the problem arises how to construct the action for the N D-branes. An “honest”
but hardly realizable way would be to start with the sum of the actions (1) for non-
interacting single Dp-branes and to add terms which describe interactions of the D-branes
via strings

S /dp+1£1 El +/dp+l§NL fN)+ Z Sznt(£n7§m) (8)

n#Em=1

It is not quite clear how to determine the detailed structure and symmetries of the iu-
teraction terms Sin:(&n,&m), but in the absence of these terms the action (8) is invariant
under N copies of worldvolume diffeomorphisms, N target space supersymmetries and N
k—symmetries. It has been assumed (see for example a discussion in [5]) that the inter-
action terms Sipi(€n, &) might have a structure such that all these symmetries become
non-Abelian in the limit where the branes coincide, and in [5} a possibility of constructing
a supersymmetric action for N space-filling D9-branes in type IIB D=10 superspace with
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. a non-Abelian k-symmetry has been considered up to quadratic terms in the variation
© of fields, but then the conclusion has been made [6] that such a construction would fail
- beyond the quadratic approximation. At least in the case of N space-filling branes, also
the possibility of the existence of U{N) valued worldvolume diffeomorphisms seems not
* natural since all the branes occupy one and the same space parametrized by a single
set of coordinates. So we shall take another point of view on the structure and sym-
metries of coincident branes. Since the N D9-branes are space filling they necessarily
coincide, therefore there is actually only a single brane carrying non-Abelian vector and
~ spinor fields on its worldvolume and the action of this brane should be invariant under
conventional “Abelian” diffeomorphisms, target-space supersymmetry and (possibly) -
symmetry. Then, since actions for lower dimensional systems of coincident Dp-branes can
be obtained from the N D9-brane action by T—duality the same reasoning may be applied
for the systems of these branes as well. Namely, let us consider them as a qualitatively
new single brane configuration which is created when N Dp-branes stack up together. We
shall call it the N(onabelian) Dp-brane, because it propagates non—Abelian scalar, vector
and spinor fields on its worldvolume [11].

The bosonic action for N coincident Dp-branes has been obtained by T-dualization
of the ND9-brane action in [7, 8] and by T-dualization of NDO-brane action in [10]. The
action has the following form

S=Swz— /dp+1£T‘r{e‘4’

x\/—det (P[Bas + Ea;(Q~! — 8)JEj) + Fab)\/det(Qij)} ) 9)

where ¢ is the dilaton field. Foy = 8,4y — 3pAa + i[Aq, Ab] is the field strength of a
worldvolume U(N) gauge field A,(¢). In addition, the action (9) depends on D ~p ~1
scalar fields ®*(€) and on their covariant derivatives D,®* = §,3" +i[A,, ®] taking values
in the space of the adjoint representation of U(N) (i.e. they are N x N Hermitian
matrices).

P denotes the pull back onto the worldvolume of the matrix

Eyn = Gun + Bun (10)

composed of the target-space metric sy and an NS-NS field Bpy. The explicit form
of the pullback of Epry (10) is

P[E)y = Eay + Eu Dy® + D@ Ey + D3 Dy Ej;. (11)
The matrix Q; in (9) has the form
Q=65 +i[0, N Ey, (12)

The diagonal elements of the N x N matrix ® are associated with transverse space
coordinates of the N Dp-branes when they are separated.

The term Swz in (9) is a Wess—Zumino term which describes the coupling of the
NDp-~brane system to lower as well as to higher-rank RR fields (compare with (1)), the
coupling to the latter is possible because of the non-commutativity of the adjoint scalar
fields @' [8, 10]. It has been shown [12] that Sy z is invariant under gauge transformations
of the antisymmetric background fields, as in the case of the single branes.
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Finally, it should be noted that all the background fields in the non-Abelian action (9)
are assumed to be the same functionals of the adjoint scalars ®* as they are in the Abelian
theory of a single Dp-brane [13, 14]. Further details on the structure of the action (9)
may be found in [8].

3.2 Problems

The NDp-brane action has several important problems. One of them is the “trace”
problem already paused in [15] which is similar to answering the question “What is the
exact form of the non—-Abelian Dirac-Born-Infeld action which is the effective action of
superstring theory?” . This problem has been intensively discussed in the literature and
will not be touched here. We shall simply adopt that the trace in eq. (9) is symmetrized
[15], which means that all non-Abelian quantities inside the trace can be regarded as
commuting ones, which drastically simplifies the analysis of the action.

The action (9) is constructed in the static gauge, it is therefore not worldvolume
diffeomorphism invariant and it is not invariant under a full space-time symmetry of the
target space (except for the space-filling branes). For instance in D = 10 the Lorentz
group SO(1,9) is broken down to SO(1,p) x SO(9 — p).

Another problem is how to supersymmetrize multiple brane actions and to make them
invariant under k-symmetry, or in other words what is the basic symmetry principle for
introducing fermionic modes into the construction?

We now plunge into the consideration of these problems.

3.3 Restoration of worldvolume reparametrization invariance

To make the action (9) worldvolume diffeomorphism invariant we shall follow the point of
view, introduced above, that eq. (9) is essentially the action for N coincident D-branes, i.e.
for a single NDp-brane, because the integration is taken over a single set of worldvolume
coordinates and not over N worldvolumes as in the schematic multiple brane action (8).

We should identify the transverse coordinates of the single NDp—brane in space-time.
A natural choice is the trace of the scalar matrix ®*(£) which is associated with the center
of mass of the N brane configuration

£(E) = £ Tro(e) (13)

The full set of ND-brane coordinates in space-time is then £ = (€2, z*(¢)), which upon
removing the static gauge z* = £* becomes

oM = (2°(€), 2'(€)) - (14)

We have thus extracted the U(1) scalars z*(£) from the U(N) scalars and identified them
with the transverse target space coordinates of the ND-brane. The traceless scalars

G =0 -1 ¢ SUW)

which take values in the space of the adjoint representation of SU(N) and the U(N)
vector fields A,4(§) are considered to be pure worldvolume fields living on the ND-brane.
One should therefore forget about the space-time origin of ¢*(£).
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3.4 The reparametrization invariant action for an ND-brane of
codimension one

To simplify further analysis let us consider ND-branes of codimension one [11]. These are
branes whose worldvolume has one dimension less than the dimension of target space, i.e.
p+ 1= D — 1. In this case there is only one U(N)-valued scalar and one coordinate z*
transverse to the brane

Ot =zt T+, (15)

hence the matrix @ in (12) is equal to one, the ND-brane action simplifies and in the
flat background has the following form (where we have introduced the ND-brane coordi-
nates ™ and restored reparametrization invariance as has been described in the previous

subsection)
S = /Tr [Z ¢+ eB] e

1
- /d”‘“fTr [—det (aazMa,,anMN + Fop + DypDyp + 28(aa:LDb)Lp)] 2, (16)

where C(®**1) are Ramond-Ramond (n+1)~form potentials with n = p,p — 2,p — 4, .

As one can see the last term in the determinant mixes the transverse ND-brane coor-
dinate with the non-Abelian SU(N) scalar. Thus the action is not Lorentz invariant in
target space though we have restored the worldvolume reparametrization invariance. At
present it is not clear yet whether breaking of Lorentz invariance is an intrinsic property
of coincident brane configurations, or whether it is still present in a somewhat hidden
non-linearly realized way, or this is just a shortcoming of existing ND-brane actions?.

If we drop the last “bad” term from the action (16) it becomes Lorentz invariant. Thus
there may exist ND-brane configurations which preserve (manifest) Lorentz invariance
(i.e. are Lorentz covariant) and their study may be of interest on its own. Below we shall
study both Lorentz non—covariant and Lorentz covariant models.

Though the ND-brane systems based on the action (16) are not Lorentz covariant,
they are invariant under target-space (Poincare) translations

™ - M oM. (17)

This is a necessary condition for the possibility of the supersymmetrization of the ND-
brane systems which we shall carry out below for a simple model of an NDO-brane in
type IIA D=2 superspace.

4 NDO-branes in type ITA D=2 superspace

4.1 Bosonic NDO-brane action

Since there is no place for dynamical vector fields on the worldline (parametrized by
7), the NDO-brane action contains only (derivatives of) NDO-brane coordinates z™(r)
(M=0,1) and an SU(N) traceless scalar matrix o(7)

§=-m / d7 Tey/—iM iy — @2 — 21, (18)

2There are other examples of dynamical systems with broken Lorentz invariance, these are superpar-
ticles which preserve 1/4 supersymmetry {19] and not half as the conventional ones.
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where m is the mass of the single DO-brane (the mass of the N DO-branes being, naturally,
Nm).

The action is worldvolume reparametrization invariant hence there must be a first
class constraint on the dynamical variables associated with this local symmetry. If ¢ was
zero the constraint would have the form of the standard mass shell condition for a particle
of mass Nm

pup™ + (Nm)? =0, (19)

where pps = (pg, p1) is the particle canonical momentum conjugate to z.
When ¢ # 0 the first class constraint becomes [11]

pup™ + M*(py,p1) =0, (20)
where
1 2
M? = (Tr (Npl +py)? + m2) -3 (21)

is the effective mass of the system which depends on the momentum p, conjugate to the
non—Abelian scalar ¢(7) and on the spatial momentum p, %, the dependence on the latter
reflecting Lorentz non-invariance of the NDO-brane.
For further consideration it is convenient to present the NDO-brane action in the
first-order form
e(r)

1. .
§= [ drTr {=pmc™ + po@ — == (Pup™ + M*(py,11)) ¢ , (22)
N 2N

where e(7) is the Lagrange multiplier for the mass shell condition.

2

4.2 Supersymmetrization

We shall now generalize the action (22) to be supersymmetric in target type IIA su-
perspace whose Grassmann directions are parametrized by a two-component Majorana
spinor % (a = 1,2) or a pair of (one-component) Majorana-Weil spinors 6% = 1(1++%)8,
where 7% = 4%y! and ¥ = 4%,4! are D = 2 Dirac matrices®.

To guess the form of the supersymmetric NDO-brane action let us recall the structure
of the standard action for a type ITA D=2 superparticle of a mass Nm (see e.g. [16])

S = /dr {pM(z'M + i0yM6) — ?@MPM + (Nm)?] + iNmG'y?é} , (23)
where the last term in (23) is the Wess—Zumino or the Chern—Simons term. The ac-
tion (23) is invariant under the D = 2 Lorentz rotations, Poincare translations, global
supersymmetry

5% =¢*, b.aM = —ieyM9, 8Py =0 = 4. (24)

3The exact expressions of par and p,, in terms of ¥ and ¢ are given in [11).
4Note that the superspace under consideration is a direct low dimensional analog of type IIA D = 10
superspace.
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and local fermionic k-symmetry
5.0 = (ppY™ + Nmoy?)x, 8™ =i60yM0, S.e= 4in“9a, Sepr = 0, (25)

where k%(7) is a Grassmann-odd Majorana spinor parameter of the xK-symmetry.

We are now in a position to write down the supersymmetric generalization of the NDO-
brane action (22). To this end in the action (23) we should replace the mass Nm with
the effective mass (21) and add the kinetic term for the non-Abelian SU(N) scalar field
. We shall also add a kinetic term for a fermionic superpartner of ¢(7) the worldvolume
Grassmann-odd field ¢(7). The super-NDO-brane action is [11]

/dTTI‘{ —pum(EM +i6yM6) (26)
M . .
=5 [ + 302 0)] 4122202 4y .

The action (26) is invariant under the following xk-symmetry variations of fields

8.0 = (pM7M + M(ptpapl)72) K(T)a

5™ = 150y Mo + isoy2e 2L PeP) gur (27)
dp, ’
e = 4ik%0,,
. OM(p,, 1)
— 2 T\ 1/ =
6K(p - 1607 ? [ Na trless’ 6K¢ o (28)

In (27) ¥ = (0,1) is a unit space-like vector, which reflects Lorentz non-invariance of
the model.

The action (26) is invariant under the following global N = 2 supersymmetry trans-
formations of the fields

M(ptpvpl)

50% =¢€®, SaM = —ieyMO —iev?0 &, (29)
Om
. IM(p,,p1)
etp = —16')’20 [ o , 6 =0. (30)
Naptp trless

Note that since M(p,,p1), is a function of p, and p; the global supersymmetry transfor-
mation of the spatial coordinate z! gets modified (as under k-symmetry (27)), which is
the price for the model to be non-invariant under D = 2 Lorentz transformations.

The modified global supersymmetry transformations (29), (30) of z! and ¢ close on
generalized global bosonic ‘translations’ of z! and ¢, therefore the supersymmetry alge-
bra of the transformations (29)-(30) generated by the Poisson brackets of the Noether
supercharges derived from the action (26) has the following form (26)

{Qm Qﬂ} = 2ipM7£,lB + 2iM(P«p:P1) 7(21/3 ] (31)

where
Qo =7o+ ipM('YMo)u + iM(p«papl) ('720)11 s (32)
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and 7, is the momentum conjugate to 6°. ~

We observe that the superalgebra (31) has the “central charge” term proportional
to the effective mass M(p,,p1) which arises because the SU(N) adjoint scalars and 1!
nontrivially transform under supersymmetry. Such a “central extension” of the super-
algebra is akin to the superalgebras associated with the single superbranes having the
Wess-Zumino terms in their actions [17] and gauge fields on their worldvolumes which
vary under target-space supersymmetry transformations [18]. :

The NDO-brane action (26) is also invariant under the following rigid worldvolume lin-
ear supersymmetry transformations of v and v with a U(N) adjoint fermionic parameter
o

(5’(/) = [apw]h‘less? &P = 2i[aw]trless- (33)

4.3 The Lorentz—covariant super—-ND0O-brane system

We now consider the Lorentz-covariant counterpart of the above model. For this we
assume the effective mass (21) to be independent-of the spatial momentum p;, which is
amount to dropping the term 3¢ in the action (18)

M(p,) = Tr\/p? + m?1. (34k)

The supersymmetric and s invariant action for the Lorentz invariant NDO-brane is
1 . ‘
§=[arTs { Spu(E =+ i070) (35)

62(N) (pup™ + M*(p,)) + Mj(é)“’)

The variation properties of the fields with respect to the symmetries of the action (35) are
the same as written in equations (24), (27)-(33), except that now the spatial coordinate
z! transforms in the standard way under the k-symmetry, D = 2 supersymmetry and
translations. :
By integrating over the momenta par and p,, the Lorentz—covariant action (35) can be’
rewritten in the second order form® '

N T qu Y

07%0 + pop — iW} .

S= —m/dTTr

5 Interactions of Worldline Fermions and General— ‘
ization to Higher Dimensions

5.1 Fermion interactions

In the actions (26) and (35) the SU(N) fermions have only kinetic terms, which can
~ be generalized to include interactions with bosonic fields of the NDO-brane. A generic
structure of the interaction term is

Sins = = [ drTriV(py, 0,5, pac) 9. (37):

5For the non-covariant model we have not found a simple second~order form of the action.
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where V(py, @, ,py) is an N x N matrix which depends on the momenta and the
non-Abelian scalar. '

It would be of interest to find the most general form of V' which is compatible with
* the target-space and worldline supersymmetry. An example of such an interaction term
is the one in which V is a function of p; and p, only

Sint = = [ drTriV (pp, 1) ). (38)

If in the action (26) we replace the fermion kinetic term with eq. (38) the resulting
action will be supersymmetric, k-invariant and will remain invariant under the worldline
supersymmetry (33) provided the variations of ¢ and 7! get modified as

19lnV

S =2 [az/zV(l + 5—51)—%) (39)
@

trless
. ov
sz! = zTr[awa—z)Ip¢] .

In the case of the Lorentz—covariant model of the previous section we should choose
V(p,) to be independent of the NDO-brane spatial momentum pj, then z! will not trans-
form under (39).

5.2 A non—Abelian super—-D0-brane in higher dimensions

The models based on the actions (26) and (35) can be generalized to higher space-time
dimensions D, to contain a higher number of non-Abelian bosonic fields ¢* (which we
assume to be equal to the number of transverse spatial dimensions D — 1, as in the case
of the N coincident DO-branes) and non-Abelian fermionic fields which can take values
in the vector or a spinor representation of the group SO(D — 1).

Below we shall give an example of the action for a non-Abelian DO0-brane in type IIA
D = 10 superspace which possesses all the supersymmetries of the NDO-brane model in
D = 2, provided that the variations of the fields are modified accordingly,

S = / drTr {%pM(iM +iyM0)

e\T M i, Di -
—7(17) [pup™ + M 2(pw,pz—)]+z—(Plp—)07“0 |

N
. 9 JUNTE
o =i 3 Valpan) W'} (40)
n=1
where M =0,1,--+,9,71=1,--+,9 and
1 2
M?*(pgs,pi) = (TT\/(NI%‘ +py)? +m2) -l

As above, in (40) we have assumed the trace to be symmetric for the Grassmann-even
matrices and antisymmetric for the Grassmann-odd matrices, and the last term is a
polinomial in ") with the coefficients V,, depending on the momenta.
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The Lorentz—covariant D = 10 NDO-brane model is obtained from (40) by requiring
that M and V,, do not depend on p;.

With an appropriate choice of V;, the action (40) may be regarded as a supersymmetric
generalization of the bosonic action for N coincident D0~branes (9) in the approximation
where the commutator of the scalar fields [¢¢, #7] (12) is dropped out.

6 Conclusion

In this contribution we have raised a question about the Lorentz invariance of the actions
for N coincident Dp-branes and have found that this problem requires further analysis
and deeper insight. We have demonstrated that models of NDO-branes allow for super-
symmetric extensions invariant under the ‘abelian’ k~symmetry and worldline supersym-
metries if one interprets these models as single D0-branes carrying non-Abelian bosonic
and fermionic fields on their worldlines.

As a generalization of these results it would be of interest to construct a supersym-
metric version of the NDO-brane model with interactions of non—Abelian fields involving
the commutator of the SU(N) scalars (12), and to get supersymmetric extensions of
NDp-branes of higher dimension and codimension.
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Domain Walls and Spaces of Special Holonomy
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Abstract

We review the relations between a family of domain-wall solutions to
M-theory and gravitational instantons with special holonomy. When
oxidized into the maximal-dimension parent supergravity, the trans-
verse spaces of these domain walls become cohomogeneity-one spaces
with generalized Heisenberg symmetries and a homothetic conformal
symmetry. These metrics may also be obtained as scaling limits of
generalized Eguchi-Hanson metrics, or, with appropriate discrete iden-
tifications, from generalized Atiyah-Hitchin metrics, thus providing
field-theoretic realizations of string-theory orientifolds.

1 Introduction

Sets of magnetically charged p-branes with a compact transverse space necessarily in-
clude both positive and negative tension branes. This is because, although one allows
the Bianchi identities for the field strength F,) supporting the brane to be violated by
magnetic source terms, the resulting dFj, should still have a vanishing integral over a
compact space. This “cohomology condition” is at the origin of the pairing of positive
and negative tension orbifold planes in the Hofava-Witten construction [1] and in the
dimensionally reduced interpretation of this construction in terms of fixed 3-branes in
D = 5 supergravity [3]. Codimension-one BPS solutions are characterized by a linear
harmonic function, and the equality of positive and negative charges in such solutions is
a consequence of the necessity for this function to be continuous in the compact trans-
verse space, thus requiring equality of ‘upwards’ and ‘downwards’ kinks. The same basic
pattern is found in the more phenomenological approach of Randall and Sundrum {2] for
branes crafted from patched sections of D = 5 anti de Sitter space.

For purely gravitational solutions, we shall review below how a simple sum-rule argu-
ment establishes the impossibility of resolving all the singularities in domain-wall space-
times of this type with a compact transverse space [4]. A domain wall (i.e. a (D~2)-brane)
must be supported by the combined effects of gravity and a scalar field with a potential.
Descending from higher dimensions, this may be viewed as the result of a dimensional
reduction in which the supporting form field F,.,, has been reduced to a constant 0-form
in the “internal” dimensions. The source-free Einstein equations in this case may be or-
ganized so as to have a total derivative on one side and a sum of non-negative terms on
the other. Integration of the total derivative over a compact transverse space then yields
zero, forcing the vanishing of the derivative of the scalar field that would otherwise have
to support the domain wall, thus ruling out a non-trivial brane spacetime. Of course, if
a source is present the situation is different, and non-trivial spacetimes can in that case
be found. But with a source present, the spacetime has a singularity.

lResearch supported in part by the European Community’s Human Potential Programme under con-
tract HPRN-CT-2000-00131 Quantum Spacetime, and by PPARC under SPG grant No. 613
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Although it is not possible to find a solution with all singularities resolved on a compact
transverse space, it is still of interest to look for resolved domain-wall solutions with
noncompact transverse spaces. Such a solution could be viewed as “half” of a Horava-
Witten configuration. It is of particular interest to see whether the negative tension
objects can be resolved, as these are the ones for which no acceptable delta-function source
exists in string theory. Moreover, experience shows that the possibilities for resolving
singularities may be greater if one dimensionally oxidizes a solution into the highest-
dimensional parent supergravity, since dimensional reduction can introduce singularities
in otherwise non-singular spacetimes [5].

The tension T of a brane solution can be read off from the change in the extrinsic
curvature X, since by the Israel matching condition for extrinsic curvatures on + and
— sides of a domain wall, one has

AK, =K - K =—%T 1)

where in coordinates locally adapted to the brane geometry the extrinsic curvature is
given by K, = %n’\é‘;\gw, where n* is the normal to the domain-wall worldvolume. As
we shall shortly be considering both D and D — 1 dimensional contexts, we adopt the
convention that “hatted” indices refer to the full embedding spacetime containing the
brane, while “unhatted” indices refer only to the brane worldvolume coordinates z#. In
a BPS domain-wall spacetime characterized by a linear harmonic function H = ¢+ my of
the transverse coordinate y, with metric

ds? = Hﬂg—ﬂdz“dzu + HA0 dy? (2)

the extrinsic curvature is proportional to the slope parameter m. Thus, in a standard
domain wall setup where one reflects the harmonic function, e.g. at y = 0, so H = c+mly|,
the tension (1) is proportional to ~m. Accordingly, for a negative tension domain wall,
the warp factor e24%) = H A7 of the embedding D-dimensional spacetime grows as one
moves away from the brane, and conversely, the warp factor for a positive tension brane
decreases as one moves away from the brane. In the following, we will review what is
known about the possibility of resolving the singularities at such branes.

2 Difficulties with Singularity Resolutions

Quite a lot of effort has been devoted to the question of resolving domain-wall singular-
ities. This has been done by analysis of the possible renormalization group flows for the
supporting scalar fields {6, 7] in the embedding spacetime. Another approach is via sum
rules derived from the Einstein equations [4]. For example, one can start from the action
for gravity coupled to a nonlinear sigma model for a set of scalars ¢', 1 = 1,..., N with
a potential V (¢) and possible sources J,:

/ dd“m«,/_( R—G1,($)0ud' 3N¢J ZJ y—ya)>. (3)

For a generalized domain-wall spacetime, one takes the metric ansatz
ds? = e24Wg, (z)dr*dz” + 2PV | (4)
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leading to Einstein equations that can be combined to give on the left-hand side a total
derivative of the warp factor,

2
K 1
= E(T: - 4Té\5) - EE—ZARbrane y (5)
where Ryrane is the Ricci scalar for the brane worldvolume metric g,,. Substituting for
T, and T55 and integrating f dy over a compact transverse space, the total derivative A"
drops out and so one has the sum rule

AII

4x2

f dy <gu¢”¢" + > Jal0)8(y — va) + Le‘z"Rmm> =0. (6)

Thus, in order to resolve the singularities of a set of domain walls with a compact trans-
verse space and with vanishing worldvolume Ricci scalar Ryprane, the absence of sources
Jo would imply §dy (g,,9"'¢”’) = 0 and for positive definite sigma model metric g,,
this would require constant scalar fields, ¢'’ = 0 Vr. But nontrivial scalars are needed
to support a domain-wall spacetime, so this rules out the possibility of resolving all the
domain-wall singularities in a compact transverse space.

If one cannot resolve a full Hofava-Witten pair of domain walls, then one can try
the next best thing, i.e. to resolve just half of it, removing the second brane to infinity
and looking for a nonsingular solution for just one brane. Here one encounters a further
difficulty: “double-ended” spacetimes with growing warp factor as one recedes from the
brane cannot be resolved. The best chance of resolving such a spacetime would be after
oxidizing it from D dimensions up into a solution of its maximal-dimension parent su-
pergravity, e.g. into D = 11, where singularities in dilatonic scalars are not a problem
because there are no such scalars. After this dimensional oxidation, one is not dealing
anymore with a brane of codimension one, but instead the (D — D + 1) dimensional
transverse space now becomes a space of cohomogeneity one, with the y = const slices
representing homogeneous spaces on which the (b — D) dimensional oxidation has been
performed, A negative tension domain wall in D dimensions with H = 1+ m|y}, m > 0,
would lift after such dimensional oxidation to a spacetime with a “saddle,” reducing to
a minimum cross-sectional volume in the extra d = (D — D) dimensions and then re-
expanding. But for solutions to the purely gravitational sector of D = 11 supergravity,
there cannot be smooth solutions of this sort, as a result of the Cheeger-Gromoll theorem
[8], or as can be seen by the following simple argument [9]. First transform the transverse
y coordinate into , the proper distance from the cross section of minimum volumne, and
consider the metric ansatz ds® = djj* + gi;(z, §)dz*dz?, where i,j = 1,...d = (D — D).
Let V(z,y) = y/det g;; and consider © = V'/V, which is the expansion rate of geodesic
congruence in this spacetime. This quantity is subject to the Raychaudhuri inequality

de

et _l 2 _ 3.3
4 S a® —E, (7)
where X;; = %g;i - ﬁg”gg?gij. Thus, if © is negative at some value of §, it remains
negative always, so a nonsingular “saddle” spacetime is not possible, at least in this
purely gravitational setting.

Thus, we now come to consider “single-sided” domain walls, whose BPS metric can be
taken to be derived from the harmonic function H = my. The “single-sided” space is ob-
tained from the double-sided space by making a Z, identification between the two halves.
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, A priori, the single-sided case may lock even less promising for singularity resolution than
- -the double-sided one, since one is trading in a fairly mild delta-function singularity in the

- double-sided metric with H = ¢+ m|y} for a more serious single-sided singularity in the
curvature where H = 0. However, one has to remember that problems with singularities
can be improved after dimensional oxidation, so one needs to keep an open mind at this
©.point.

3 Homothetic Heisenberg Brane Metrics

“Let us now consider a specific class of domain wall solutions [9] which oxidize up to
““a very suggestive class of metrics in D = 11. As a basic example, consider a domain
- wall in D = 8, supported purely by fields derived from the D =11 metric. In order to
: generate the scalar potential needed to support this domain wall in D = 8, the dimensional

reduction down from D = 11 needs to have a constant flux turned on in the compact 9
" & 10 directions: F1,, = m, where F! is the field strength of the Kaluza-Klein vector .A!
*“arising in the initial D = 11 — 10 reduction. The resulting 6-brane metric in D = 8 is

dsi = H%da:“da:,‘ + H3dy? 8)

" As we have noted above, the best chance for a resolution of the singularity at the surface
.~where H = 0 is to be found after oxidation on coordinates (2, 29, 23) back up to D = 11,
- yielding the metric '
, ds?, = dr*dz, + ds3 9)

_where the transverse metric ds* is
ds? = H Y (dz; + mzsdz)? + H(dy* + dz2 + dz3) . (10)

The metric (10) has some striking properties [8]. First of all, it is Kéhler. To see this,
let us adopt an orthonormal basis of vierbein 1-forms

e® = Hidy el = H™3(dz, + m2ydz)

e* = Hidz ¢ = Hidz . (11)
v{ Using these, we can give the Kahler form J = e? Ae! —e? Ae® = LJj;dw' Adw?. where w* =

iy, 2, zz, zs) Using J’ one can make holomorphic P = 1((5 ;/ —1J;%) and antiholomorphic
Q7 = 3(6+1J) projectors. The Darboux form for the metric (10) is achieved by solving

. the dlfferentlal equations Q;78;¢* = 0 for complex coordinates ¢*, 4 = 1,2. A sample
solution to these equations is

' = iz
G = y+in—im@@+22)+ %mz;)za . (12)
- Changing over to these complex coordinates, the metric becomes
| dsi = 2g,d(*d(” = H|d('|* + H'd¢? + md(|? (13)
. where now H = Q+m@+3)+ %KIP]%. The Kihler structure is then made explicit
by writing g,, = 8,8, K with K = 2H?/(3m?).
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Constructing the curvature for the vierbeins (11) shows it to be self-dual in the d = ¢
Euclidean-signature dimensions w?, and to have SU(2) holonomy. The suspicion arises
thus that the metric (10) may have something to do either with the gravitational instanton
K3 or with the Eguchi-Hanson metric. We will confirm these associations by cons1dermg
the symmetries of the metric (10).

For simplicity, we now let the slope parameter be m = 1, and rewrite the metric (10) |

using the proper distance § = §y3/ 2 as the radial coordinate. The metric (10) becomes’
2 g2, 902 o 3z o o
ds* = djj +(2) 3a3+(—2—)3(01+02), (14) |

where 0, = dzy, 09 = dz3, 03 = dz) + 23d2y. The o; are 1-forms satisfying the algebra
d0'1=0 d0'2=0 d0'3=—0'1/\0'2 . (15)

They are left-invariant with respect to the Hezsenberg group of 3 x 3 upper—trlangular
matrices

1 ke ki
g=[0 1 k& (16)
0 0 1
with corresponding Killing vectors
éJ éJ éJ 0
= —— e = - R = T
b=t =y BTy an
satisfying the Heisenberg algebra
(R, Rs] = [Ry, Rs] = 0, [Ri, Re] = R . (18)

In addition to the Heisenberg symmetry, the metric (10) is characterized by a rate of
growth in volume between o and § that goes like g%. :

The Heisenberg symmetry and the rate of volume growth for the metric (10) led
Gibbons and Rychenkova [8] to identify it with a singular (BKTY) limit of the K3 metric
identified by Tian & Yau and Bando & Kobayashi [10]. In this singular limit, K3 is
rendered noncompact: the parts of the manifold that do not correspond to the metric (10)
are “blown away” to infinity. The Heisenberg (or “Nil”) symmetry appears only in this:
singular limit, since the compact K3 has no Killing vectors. Accordingly, we shall call such
limits “Heisenberg limits.” From the present example, we learn that domain-wall solutions
with singularities can sometimes be resolved into nonsingular spaces after taking a single-:
sided interpretation of the original space and then dimensionally oxidizing into the highest-
dimension parent supergravity theory. In this construction, the original single transverse
coordinate y becomes firstly the radial coordinate for a space of cohomogeneity one, in" |
which the y = const slices are homogeneous subspaces. In the subsequent resolution into
a smooth space like K3, this cohomogeneity-one structure may be lost.

Another characteristic property of the metric (10), which will generalize to other’
examples of this sort, is its homothetic scaling symmetry. The transformation /

71— Mz, 23— Azg 23— Aza, y— Ay (19)
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causes the metric to scale by a constant factor, ds3 — A%ds2. A conformal symmetry of
_this sort, with a constant scaling factor for the metric, is known as a “homothety.” The
corresponding Killing vector is

0
9 +2Zl-§—+22—+23—g— ; (20)

b= y—a_y S0z 0z Oz

the existence of this conformal symmetry derives from the fact that the Heisenberg algebra
is itself scale invariant under

gy — /\0’1 , Og — /\0'2 s 03 — /\20'3 . (21)

Note in particular that the “slope” parameter m is not changed in this transformation,
so, unlike apparently similar integration constants for higher codimension branes, m does
not fix a dimensional quantity that determines how the geometry changes as one moves
away from the H = 0 surface; indeed, if it did, there could be no such scaling symmetry.
. The scaling symmetry is obtained, however, only for the single-sided metric with H = my
that we are considering here; the double-sided case with H = const + m|y| breaks the
‘scaling symmetry at the point of reflection.

4 Relation to the Eguchi-Hanson metric

The resolution discussed above for the metric (10) is highly implicit, owing to the fact that
the explicit metric on K3 is unknown. At the expense of retaining the singularity, however,
one may find a rather more explicit relation to a self-dual metric that has frequently been
discussed in connection with approximations to K3, namely the Eguchi-Hanson metric
(11]. The Eguchi-Hanson metric is

~\ =1 ~
dsiy = (l + %) di? + 17 (1 + %) &3 + 172907 + 03, (22)
where the &; are left-invariant 1-forms with respect to SU(2), satisfying the algebra
d&l = —6'2 A 5’3 5 d&g = —5'3 A 5’1 5 d5'3 = —61 A 5’2 . (23)
It one now performs an Inénii-Wigner contraction,

61 = /\02 y 62 = /\0'2 , 5’3 = /\20'3 , (24)

therl in the limit A — 0, one obtains the previous differential algebra (15) for o1, 02, 03.
In order to take this limit in the metric, one needs first to rescale the radial coordinate
. and the charge, 7 = A~1r, Q = A~%Q, and also needs to make a coordinate transformation
Y= %mr"’. Then, upon making the identification @@ = %, one obtains the internal sector
(10} of the D = 8 domain wall metric, with o1 = mdz,, 62 = mdz;, 03 = m{dz; +mzsdz).
Thus the scaling by A blows up the EH region ¥ ~ 0 into the region described by the
domain-wall metric (10). —
" Note that one is dealing here with a singular version of the Eguchi-Hanson metric
with'@ > 0 (the non-singular metric has @ < 0, and is complete for 7 > |C~2|%), so this
construction does not actually resolve the domain-wall singularity.
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Within the unscaled EH metric, the far region where 7 — oo asymptotically tends to
a Ricci-flat cone over RP2. This region has a scaling symmetry 7 — M, dsky — sy,
generated by a homothetic conformal Killing vector E = F%. In fact, one also has in this
region V,E, = g, and since V[, E,| = 0, it follows that E is a gradient (this is also clear
from its explicit form). So F is also hypersurface orthogonal.

In the middle region of the EH metric, 0 << ¥ << 00, the F scaling symmetry is lost.
This accords with the fact that the slices at fixed 7 are orbits of SU(2), which does not
have a scaling symmetry.

The region near the EH singularity # ~ 0 blows up, as we have seen, into the metric
(10) which has the Heisenberg group symmetry and also a homothetic conformal Killing
vector D = ya% + 2zlaiZl + z25‘2—2 + 23-3‘973. This conformal Killing vector is not, however,
proportional to a gradient, so it is not hypersurface-orthogonal.

5 Higher Dimensions and Orientifolds

Starting from a series of gravitational domain-wall solutions in lower dimensions, with less
preserved supersymmetry than in the above D = 8 + d = 4 example, one can similarly
oxidize up to D =11 and so obtain from their transverse spaces a series of cohomogeneity-
one manifolds of special holonomy with varying amounts of preserved supersymmetry.

For example, we can consider a domain wall in D = 6 for the theory obtained by
turning on fluxes JFg 10 and Frg for the gravitational Kaluza-Klein vector .A4,, arising in
the original D = 11 — D = 10 reduction (in the notation of Ref. [12], these fluxes
correspond to the zero-form field strengths .7-'(10) o3 and ]-'(10) 45)- In D = 6, one then obtains
a single-sided domain wall metric depending on a linear harmonic function H = my in
the codimension-one transverse space,

ds* = Hide*dz, + Hidy® p=0,1,...,4. (25)

Oxidizing this metric up to D = 11, one obtains a metric d§? = dz#dzx, + dsZ, from which
one may extract the d = 6 cohomogeneity-one part

dsi = H™?[dz; + m(zadzp + 25d20) ) + H?dy? + H(d22 + +-- +d2}) . (26)

Defining an orthonormal basis for this metric by

e’ = Hdy el = H—l[dzl + m(z3dze + 25d24)]
€2=H2d22 €3=H;d23
el = H%dz e’ = Hidz , 27

one finds a Kihler form J = e’ Ae! —e? Ae® —e* Ae’. The metric (26) has SU(3) holonomy,
corresponding to the i supersymmetry preserved by the D = 6 domain wall.

By a generalization of the arguments in the d = 4 case presented above, the d = 6
metric (26) may also be obtained as a Heisenberg limit of a smooth gravitational instanton,
in this case a Calabi-Yau 3-fold [8]. Now the volume grows as §% as one recedes from
the singularity, and, after taking a scaling limit analogous to the BKTY one, the metri¢
develops a generalized Heisenberg symmetry with respect to which which the homogeneous
% = const slices are group orbits having the structure of a T* bundle over T¢ [9]. For
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H = my one finds again a homothetic conformal Killing vector D = y5- a + 322 5+
g (az2 + 23— 6:3 + 247 62 + 2z, ) And, similarly to the d = 4 example, the d = 6 metric

7-{26) can also be obtained from a d = 6 generalization of the Eguchi-Hanson metric [9).

) Higher-dimensional cohomogeneity-one gravitational domain walls of special holonomy

“ may also be obtained as Heisenberg limits of corresponding-dimensional gravitational

instantons. For example, one has a i supersymmetric D = 5 ¢ d = 7 metric with G,

“holonomy,

ds?, = H4dy2 + H‘z[dzl + m(24d23 + st25)]2 + H_z[dZQ + m(25d23 - stZ4)]2
+H*(dz2 + -+ + d2l) (28)

sorayg supersymmetrlc D =4 & d = 8 metric with Spin(7) holonomy,

ds? = Hdy®+ H ¥dz1 + m(zsdzs + 27d25)|* + H % [dz2 + m(26d2q — 27d25)}
+H Y dzs + m(z7dzg + zedzs)]? + H3(d22 + -+~ + d27) . (29)

The relations between domain walls and gravitational instantons that we have reviewed
~ here all have negative tension, as can be seen from their growth in volume as one recedes
from the singularity and in analogy with the matching condition (1). Moreover, we
have seen that there can be Heisenberg limits to domain wall spacetimes from various
. previously known spacetimes: we have seen implicit limits to such domain walls from
nonsingular K3 and Calabi-Yau spaces and also more explicit limits (but without resolving
the singularities) from generalized Eguchi-Hanson spaces.

Now, in string theory, one does not have acceptable source actions for negative tension
objects, since the corresponding brane waves would have negative kinetic energy. Thus
it is fortunate that the cases we have investigated can actually be resolved into portions
of nonsingular gravitational instanton spaces, which do not require such sources. The
~ negative tension objects that string theory does contain, however, are orientifold planes.
These avoid having unacceptable negative energy brane waves since they are fixed in
position by virtue of their Z, identifications: the orientifold plane is located at the Z,
* fixed point. Returning to the effective supergravity theory, one is, accordingly, interested
in finding spacetimes corresponding to orientifold planes. One such orientifold plane
is related to our basic 6-brane example (9,10). In this case, the orientifold spacetime
corresponds to the product of d = 7 Minkowski space times the Atiyah-Hitchin (AH)
metric [13], which can be written in the form

dsiy = dt* +a*(t)o} + b2 (t)os + ()03 . (30)

At large ¢, one has a(t) — b(¢) and the AH metric tends to the Taub-NUT metric, which
in appropriate coordinates is

dsay = 4(1+ %) Ydyp + cos8dg) + (1 + -2-TM)(clr2 + r%(d6? + sin? 8d¢?)) (31)

with, however, M < 0 and which is here taken subject to the Z, identification (¢, 8, ¢) >
(¢ — 7,7 —8,¢+ ). Taking a Heisenberg limit of this metric, one reobtains our conical
spacetime (10), but subject now to the Z, identification (z1,2,23) > (—21,—22, 23)-
Accordingly, the AH metric is described as being “asymptotically locally conical” (ALC).

In string theory, the macroscopic curvature of a supergravity solution is interpreted
as arising from the accumulation of charge ¢ tension for a stack of microscopic extended

93



objects. Accordingly, one may interpret our basic 6-brane solution (9) also as the Heisen- :
berg limit of the metric for a stack of orientifold planes, subject also now to the above Z,
identification. The ADM mass M of this spacetime is negative, corresponding to the neg- .
ative tension. However, there are no negative energy brane waves on such a background
because the Z, identification eliminates translational zero modes. This ALC solution
manages to avoid being inconsistent with the positive mass theorem because its structure
at infinity is not simply-connected, owing to the Z, identification, and this interferes with
the solution of the Dirac equation subject to boundary conditions at infinity, which is an
essential element of the positive mass theorem proof.

Higher-dimensional examples of ALC metrics can be found using the recent explicit
constructions of metrics with Spin(7) holonomy {14} and G, holonomy [15].
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Noncommutative Geometry, Noncommutative Field Theories and String
Field Theories*
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Abstract

In this lecture notes we review applications of noncommutative geom-
etry to construction of noncommutative field theories and string field
theories. We consider noncommutative quantum field theories empha-
sizing an issue of their renormalizability and the UV/IR mixing. We
describe main ingredients of cubic string field theories and methods

pe which are used to study the cubic open string field theory around the
tachyon vacuum.

1 Introduction

It is well known that the gauge invariance principle is a basic principle in construction of
-, modern field theories. Both general relativity and Yang-Mills theory use the gauge invari-
ance. Another example of gauge invariant theory is string field theory [1]. To formulate
“this theory it is useful to employ notions of noncommutative differential geometry.
Noncommutative geometry has appeared in physics in the works of the founders of
quantum mechanics. Heisenberg and Dirac have argued that the phase space of quantum
mechanics must be noncommutative and it should be described by quantum algebra.
- After works of von Neumann and more recently by Connes mathematical and physical
‘investigations in noncommutative geometry became very intensive.
.. Noncommutative geometry uses a generalization of the known duality between a space
and the algebra of functions on it [2, 3]. One can take .4 to be an abstract noncommutative
-, associative algebra A with a multiplication * and interpret A as an ”algebra of functions”
"’on a (nonexisting) noncommutative space. One can introduce many geometrical notions
~'in this setting. A basic set consists of an external derivative Q@ (or an algebra G of
" derivatives) and an integral, which satisfy ordinary axioms. In Section 3 we will present
several examples of noncommutative spaces. ,
. Let us sketch motivations/applications of models of noncommutative differential geom-
etry (NCDQ@) in physics:

¢ Noncommutative space-time;

Large N reduced models (quenched Yang-Mills theory);

o D-brane physics, (M)atrix theory;

o Description of the behavior of models in external fields;

a—

e Noncommutative Solitons and Instantons;

*A short version of Lectures notes, hep-th/0111208
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e Smoothing of singularities;

e String Field Theory (SFT).

Noncommutative Space-Time

e Uncertainty principle in gravity
There is an absolute limitation on length measurements in quantum gravity
2> ep. 1

The reason is the following. If we want to locate a particle we need to have energy greater
than the Planck mass mp, = (FcG~')? (G is Newton’s constant). The corresponding
gravitational field will have a horizon at r = 2Gmp;c=? = 2£py, shielding whatever happens
inside the Schwarzschild radius and therefore the smallest “quanta” of space and time
exists. It is tempting to relate the uncertainty dz in the length measurement (1) to the
noncommutativity of coordinates

[x#, £"] = k6. (2)

The idea of quantization of space-time using noncommutative coordinates z, is an old
one [4]-[7]. Snyder [5] has proposed to use the noncommutative space to improve the
UV behavior in quantum field theory. An extension of the Snyder’s idea was considered
in [8] where the field theory with the momentum in the de Sitter space was considered.
A proposal for a general (pseudo)Riemannian geometry in the momentum space was
discussed in [9].

Deriving relation (1) from (2) by analogy with the derivation of the Heisenberg uncer-
tainty inequality one gets the problem because (1) has to hold even for one-dimensional
space. In [10] it was suggested that (1) indicates that at the Planck scale one should use
non-Archimedean geometry. For recent discussion of space-time noncommutativity see
[11]-[15]. The space-time stringy uncertainty has been discussed in [12, 16].

e UV divergences in QFT

One of earlier motivations to consider field theories on noncommutative space-time
(noncommutative field theories) was a hope that it would be possible to avoid quantum
field theory divergences [11, 12, 3, 18, 14, 17]. Now a commonly accepted belief is that
a theory on a noncommutative space is renormalizable if (and only if) the correspond-
ing commutative theory is renormalizable. Results on the one-loop renormalizability of
noncommutative gauge theory [19]-[21] as well as the two-loop renormalizability of the
noncommutative scalar ¢} theory [22] support this belief. However the renormalizability
does not guarantee that the theory is well-defined. There is a mixing of the UV and the
IR divergences {23, 22]. For further developments see {24] and refs. therein.

D-branes and M(atrix) theory
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Connes, Douglas and Schwartz {25] have shown that supersymmetric gauge theory on

" a noncommutative torus is naturally related to a compactification of the M(atrix) theory.

: M(atrix) theory is a maximally supersymmetric quantum mechanics with the action:
[t T YD) = T X (D TaX ®)
i=1 i<j

Here D, = §/8t + iAp, and variation over Ay yields a Gauss law. This action is also
“ known as a regularized form of the supermembrane action. Equations of motion for the
action (3) admit the following static solutions

[X*, X¥) = ing™ (4)

. that are nothing but commutation relations (2) defining noncommutative space-time.
Compactification on torus

U X9U; = X7 + 6127 R,.

" leads to the relations

U,U; = % U,U;,

. which define the algebra of functions on a noncommutative torus with the noncommuta-
tivity parameter 8, (see [26] for reviews and further developments).
: One of the natural questions is whether noncommutative gauge theory can be used
-+ to describe more general compactifications in string theory. In order to have progress in
- this direction one has to develop the theory of noncommutative quantum gauge fields not
only on the torus, but also on more general manifolds [27]-[29]. A framework for a non-
commutative gauge theory on Poisson manifolds by using recently developed deformation
quantization [30, 31] has been discussed in [17].

|  ; Models in external fields
¢ Dipole in a magnetic field

. It is well known that the position operators in quantum mechanics in the presence of a
. magnetic field does not commute. A model consisting of a pair of opposite charges moving
in a strong magnetic field can be described as a particle moving on the noncommutative
2-plane [32].

¢ Quantum Hall effect

“* The model describing electrons in a magnetic field projected to the lowest Landau level

- can be naturally treated as a noncommutative field theory. Thus noncommutative field
theory is relevant to the theory of the quantum Hall effect [32, 33]. It has been pro-
posed that a good description of the fractional quantum Hall effect can be obtained using
noncommutative Chern-Simons theory [34, 35].

o Strings in a magnetic field
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Noncommutative geometry appears in string theory with a nonzero B-field [36] (see
(24] for refs. on earlier considerations). The action is
Pz 10,500 — 2mic! Bye®0,20,0
m (gij a X — 4TQ Dyj€ al Op T ) . (5)
by
Seiberg and Witten have found a limit in which the entire string dynamics is described
by a supersymmetric gauge theory on a noncommutative space and shown an equivalence
between ordinary gauge fields and noncommutative gauge fields.

Noncommutative Solitons and Instantons

In commutative scalar field theories there is Derrick’s theorem, which prohibits the
existence of finite energy solitons in two and more spatial dimensions. The proof is
based on a simple scaling argument according to which no finite size minimum can exist,
since upon shrinking all length scales both kinetic and potential energies decrease. This
argument does not work in the presence of a length scale V8. It has been shown in
[37], that for sufficiently large & stable solitons exist in the noncommutative scalar field
theory. For example, for a cubic potential solitons are defined as solutions of the following
equation

¢=¢*¢. (6)

While in a commutative theory this equation would admit only constant solutions, in a
noncommutative theory there are countable many solutions, see [38] for more details.

As for noncommutative instantons it was found that the ADHM construction admits a
generalization to the noncommutative case [39]. Noncommutative instantons in the limit
8 — 0 are pure U(1) gauge configurations with a singularity at the origin. For nonzero 6
instantons are nonsingular objects with a size of order v/8.

Smoothing of singularities

Solutions of a local field theory usually can be extended to the solutions of noncom-
mutative theory. As a rule in such extensions any singularities disappear due to the
position-space uncertainty. In particular, the noncommutative rank 1 theory has non-
singular instanton, monopole and vortex solutions.

Solitons in noncommutative theories can be stable even when their commutative coun-
terparts are not, so noncommutativity provides a natural mechanism of stabilization for
objects of the size v/8. This behavior is naturally related to nonlocality. In other words,
noncommutativity inevitably leads to nonlocality.

String Field Theory
One of the main motivations to construct string field theory (SFT) — an off-shell

formulation of a string theory — was a hope to study non-perturbative phenomena in
string theory [1, 40). The Witten SFT action for open bosonic string is

S:%/Q*Q¢+%/¢*¢*Q )
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:-Open bosonic string has a tachyon that leads to a classical instability of the perturbative
. vacuum. In the early works by Kostelecky and Samuel {41] it was proposed to use SFT to
- describe condensation of the tachyon to a stable vacuum. By using the level truncation
- scheme they have shown that the tachyon potential in open bosonic string has a nontrivial
. minimum. Further [42], the level truncation method has been applied to study an effective
potential of auxiliary fields in the cubic superstring field theory (SSFT) [43, 44]. It
"~ was found that some of the low-lying auxiliary scalar flelds acquire non-zero vacuum
- expectation values that was considered as an indication of supersymmetry breaking in
- this vacuum. )
Later on, Sen has proposed {45] to interpret the tachyon condensation as a decay of
. unstable D-brane. In the framework of this interpretation the vacuum energy of the open
.~ bosonic string in the Kostelecky and Samuel vacuum cancels the tension of the unstable
.. space-filling 25-brane. This cancellation has been checked with high accuracy {46](see [47]
for review).
‘ The cubic open string field theory around the tachyon vacuum, or the vacuum string
. field theory (VSFT) was proposed in [49] and it is investigated now very intensively (see
refs. in [24]). This VSFT has the same form as (7) but with a differential operator Q,
which is related with shifted charged

Qsh:Q+{(I)uac7 : }

by field redefinitions
: Q= RQ.R".

The triviality of the cohomology of the new BRST operator @ around the tachyon vacuum
is expected [45]. This means that this theory should not contain physical open string
excitations. The evidence in favor of this conjecture was also found by demonstrating
the absence of kinetic term for the tachyon field in nonperturbative vacuum [50]. VSFT
is conjectured to describe the appearance of closed strings after the open string tachyon
condensation. Moreover, it was suggested [49] that after some (maybe singular) field
redefinition Q. can be written as a pure ghost operator Q. If this conjecture is true it
is instructive to search solutions of VSFT equation of motion

Qb+ &b =0 8)

in the factorized form ® = ®paper ® Pynost, thus obtaining a projector-like equation for

. matter sector:

(I)matter = (I)matter * (I)matter- (9)

An equation similar to (9) has appeared in construction of solitonic solutions in noncom-
mutative field theories in the large coupling limit [37].

As an example of the projector-like solution, there is a state called sliver, |Z). This
projector was constructed in the oscillator formalism by Kostelecky and Potting [48]. In
fact a wedge state as a candidate to solve (9) was appeared first in the CFT framework
[52]. Then it was at first identified with the sliver numerically [51] and later on by direct
calculations [53]. The sliver state is special in a sensethat it can be defined in an arbitrary
boundary CFT (52].

The projector-like form of eq. (9) gave a new impulse for the development of the half-
string formalism [1],[54],[55], which drastically simplifies Witten’s x-product. To construct
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projections more systematically, it is useful to find a matrix representation of open string
fields. To see matrix representation in a more transparent way it is fruitful to use the so-
called “comma” form of the overlap vertex [54},[56],[53). The Bogoliubov transformation
that makes the sliver to be a new vacuum requires the 3-string vertex to take a comma
form [48]. The Bogoliubov transformation relating the sliver and initial Fock vacuum
cannot be defined as an operator in the Fock space [61]. This is not surprising since we ;
deal with infinite number of degrees of freedom. One can use the dressing transformation
technique to give to the sliver a meaning of a state in the Hilbert space. Just due to the
infinite dimensional nature of the star product appear associativity anomaly and twist
anomaly.
Several tools are used to study VSFT:

1. the functional approach, where string fields are discussed in terms of left-right modes
functionals, is developed in [55],

2. the operator approach, where explicit Fock-space operators for left-right parts of
the string are explored, is presented in [54].

In [49] a simple linear form for @ = ¢, + 3 fa(cs + (=1)"ct) was proposed. Under
this assumption the ghost part of the equation admits an analytical investigation [59, 60,
61, 62, 63]. Since an analytic tachyon vacuum solution is unknown, it is impossible to
derive this form of VSFT action [49] from the initial Witten action (7). However, one can
check if the proposed VSFT action passes some tests to be acceptable. In particular, in
[50] a classical solutions of VSFT that reproduces the perturbative open string vacuum
is constructed (see {60, 63]). Several attempts of getting closed strings from VSFT have
been recently performed [64, 62].

This consideration concerns only bosonic cubic SFT. To study the same questions in
the superstring case it is worth to work with a formalism which deals with equations of
motions in the simple form (8) without any modifications. String fields in 0 picture [43],
[44] give us a suitable formalism.

2 Axioms of Noncommutative Differential Geometry
Let A be an abstract associative algebra with the multiplication %

*: ARA A (10)
One can interpret .4 as an “algebra of functions” on a (nonexisting) noncommutative
space.

Let us introduce some basic geometrical notions on this algebra A: external derivative
Q (or an algebra G of derivatives)

Q: A A (11)

and integral (linear map)
/ A C, (12)
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- Noncommutative space is the set

(xa)

~* which satisfies the following axioms:

e associativity

Ax(B*xC)=(AxB)xC, A B,Cc A (14)
e nilpotency
Q* =0 (15)
e Leibnitz rule
Q(AxB)=(QA)«B)+ A (@B), A,Be€ A4 (16)

cyclicity property

/(A*B):/(B*A); )

“integration by part”
J@a=o. (18)

/ In the most applications the algebra A is also equipped with a natural Z,-grading:

|A % B| = |A| + |B|. For example, in Section ?? Z,-grading is usual boson/ferimon
- super-grading. One has to modify Leibnitz rule (16) and cyclicity property (17) to be in
" agreement with Zs-grading:

QA B) = (QA)* B +(-1)"14x (QB), (19)
A Be A;
/(A*B) = (—1)'A"B'/(B*A), ABe A (20)
* where (—1)MlIBl = —1 if both A and B are odd elements and equal 1 otherwise.

If A admits a Lie algebra of derivatives one can develop a noncommutative bundles
theory generalizing the standard theory. Let G be a Lie algebra of derivatives on A and
oy,...,04 be generators of G. Then one can generalize the notion of non-commutative

- space (13) to the set
<Ay g7 /) 4 (213.)
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which satisfies axioms (14) and (17) as well as
ai(A* B) = (¢;A) x B+ A% (o, B), (21b)

where A,B € A, o; € G; and

/ai A=0. (21¢)

If V is a projective module over A (i.e. a “vector bundle over .A”) one defines a connection
in V as the set of linear operators Vy,..., V4 on V satisfying

Vi(ag) = aVi(¢) + aila)g (22)
foralla€ Aand ¢ €V, i=1,...,d. The curvature of connection V; is
Fy=VV; = V;V;— fEVi (23)

belongs to the algebra of endomorphisms of the .A-module V.

A profit from such kinds of constructions is that we can immediately write an action
that is invariant under gauge transformations. If we deal with the set of axioms (15)-(19)
we can define the gauge transformation as

SA=QA+AxA—AxA, AAeA (24)

The gauge invariant action is [1]
S[A]:%/A*QA+%/A*A*A. (25)

This is a generalization of the Chern-Simons action.
In the case of axioms (14), (17), (22), (21b) and (21c) one has a generalization of the
Yang-Mills action
1 g
s=-1 [#F) (20
with
-Fij = aiA_,- — a_,«A,- + A; *Aj - AJ' * A;. (27)
The action is invariant under the following gauge transformations
(5(44,) =ai(w)+Ai*w—w*A,~, (28)

where w € A is a gauge parameter.
There are several examples of realization of axioms (2.2) and (2.3). We will discuss
the following realizations of axioms (21):

o The d-dimensional noncommutative torus T¢.
¢ The d-dimensional noncommutative Euclidian space Ry.

String field theory (SFT) presents an example of axioms (2.2). There is also a real-
ization of axioms (2.2) on matrices.
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-3 Examples.

3.1 Noncommutative torus T¢.

The d-dimensional noncommutative torus is defined by its algebra 4, with generators
Ui, ..., Uy satisfying the relations

U,;Uj = 621:7‘6"'" U_-,Uz

where 7,7 = 1,...,d and 8 = (6;;) is a real antisymmetric matrix. The algebra A, is
equipped with an antilinear involution * obeying U} = U (i.e. Ay is a *-algebra). An
element of Ay is a power series

f= Zf(pl, ey ) U UR?

where p = (py, ..., ps) € Z% and the sequence of complex coefficients f(py, ..., ps) decreases
faster than any power of |p| = |p1]| + ... + |pa] when |p| — co. The function f(p) is called
the symbol of the element f. We denote by UP the product U*..U%. Then one has
UPU* = e?imelehptk where (p, k) = 3. ¢i;pip; and y; is a matrix obtained from
after deleting all its elements below the diagonal. To simplify the product rule we replace
U?P by em@0P 50 that we have

UpUk — ei7r6(p,lc:)(jp+lc .

If f and g are two elements of Ay,

F=Y_foUr, g=Y_ gk)U*

k

then the product

fo="_ f(p)g(k)UPU* =

=" f(P)g(k)eFPRUPE =N " (f % g)(q)UY,
k

q
where the star-product (f  g)(g) of symbols f(p) and g(k) is

(f *9)( Z flp )eime(pa—p)

The differential calculus on the noncommutative torus is introduced by means of the
derivations 0; defined as
o;UP =ip;UP, j=1,...,d

They satisfy the Leibnitz rule 8;{fg) = 0;f -9+ f - 8;9 for any f,g9 € A,.

The integral of f = 5 f(p )U” is deﬁned as [ f = f(0), which is in correspondence
with the commutative case. The integral has the _property of being the trace on the
algebra Ag, i.e. [ fg= [gf for any f,g € As. Moréover one has

[o5-9=- 091
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The gauge field A; on the noncommutative torus is defined as
A=) Ap)Ur, i=1,....d
pezd

Here A;(p) is a sequence of N x N complex matrices indexed by a space-time index. It
corresponds to the Fourier representation of the ordinary gauge theory on commutative
torus. The gauge field is antihermitian, A = —A;, or 4;(p)* = —A;(=p). A, is an element,
of a matrix algebra with coefficients in Ay and its curvature is defined as

Fij = 8;A; — 0; A +[Ai, A,
where §; is a derivative on Ay defined above. The Yang-Mills action is
S= *i/tr(EjF”').
This action is invariant under gauge transformations
A= QAT+ Q807 Fy; o QF;Q7T,

where 2 is a unitary element of the algebra of matrices over Ay.

3.2 Noncommutative flat space Ry.

The main property of the noncommutative flat space RZ space is the non-zero commutator
of the coordinates
[.’l‘i,.’lfj} = it’hj

where 8 is called the parameter of noncommutativity. We begin with the formulation of
the Moyal product as one of the important realization of such multiplication law.

Let us consider one-dimensional quantum mechanics in the Hilbert space of square
integrable functions on the real line LZ(R) with ordinary canonical operators of position
¢ and momentum p,

[ﬁl Q] = —‘Lh,
acting as q¥(z) = zy(z), py(z) = —ihdy(z)/dz. If a function of two real variables f(q,p)
is given in terms of its Fourier transform

fa,p) = f 09 F(r 5)drds,

then one can associate with it an operator f in LZ(R) by the following formula

f= /ei(’ﬁ+“ﬁ)f(r, s)drds.

This procedure is called the Weyl quantization and the function f (g,p) is called the
symbol of the operator f [30, 31). One has the correspondence

fe f=flgp).
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If f" is the Hermitian adjoint to f then its symbol is f* = f*(q, p)
fr e f(@.p) = fla,p).

If two operators f1 and f, are given with symbols f, (g,p) and fo(q, p) then the symbol of
“product fi f, is given by the Moyal product

fixfa=(fi* f2)(p,q)
as [30, 31]

: (fl*fz)(P,Q) =
=™ (f1(q1,p1) f2(a2, P2))li=az=q, p1=pa=p>

whe
: L # &
2°0q10p;  OgaOpy””

4 Noncommutative p*-model.
The simplest nontrivial model which can demonstrate the most important properties of

the noncommutative field theories is a non-commutative ¢*-model [18].
The theory is defined by the action

S = Sy + Sins (29)
. dd la 2 1 2,2 2
= [ @z[5(0u0)" + 5m’e + (e xoxoxp)(a)),

“where « is a Moyal product

(f % 9)(z) = ¥ %8% f(2) ® g(x),

¢ is a deformation parameter, #** is a non-degenerate skew-symmetric real constant ma-
trix, 82 = —1, d is even. In this section we deal with four dimensional Euclidean space.
~Also, we introduce the convenient notation

P1 A D2 = EprOp;.

“Let us rewrite the interaction term in the Fourier representation
Sint = o dp1dpadpydp, e~ PP TIPIAPL (30)
! 41(2r)d

©(P1)p(p2)0(P3)0(Pa)d(p1 + p2 + P3 + pa).

 There are the following distinguished properties of the deformed theory as compared with
- standard local ¢4 model:

¢ There are non-local phase factors in the vertex.

e These factors provide regularization for some loop integrals but not for all [19, 20,
21, 17, 32).
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e To have renormalizability the sum of divergences in each order of perturbation
theory must have a phase factor already present in the action.

To single out phase factors it is convenient to use the 't Hooft double-line graphs
and a notion of planar graphs. For planar graphs the phase factors do not affect the
Feynman integrations at all (see [18] for details). In particular the planar graphs have
exactly the same divergences as in the commutative theory [32]. There are no superficial
divergences in nonplanar graphs since they are regulated by the phase factors [19, 20, 21,
17, 32]. Moreover, oscillating phases regulate also divergent subgraphs, unless they are -
not divergent planar subgraphs.

D D
7 T

Figure 1: Planar graph with a nonplanar subgraph.

So, at first sight it seems that the proof of renormalizability is rather trivial. One -
has divergences only in planar graphs, so one can use the fact that planar theory is
renormalizable if its scalar counterpart does [65]. In other words, one can expect that it
is enough to take the planar approximation of an ordinary theory, find divergences within
this approximation and write counterterms in the noncommutative theory as divergent
parts of planar graphs multiplied on the phase factors. However, these arguments work
only for superficial divergences. The situation is more subtle for divergent subgraphs. The
reason is that a planar graph can contain nonplanar subgraphs (see simple example on °
Fig.1) and these divergences should be also removed. Therefore, renormalizability of the
theory (29) is not obvious. This gave us [22] a reason to consider explicitly the two-loop
renormalization of the theory (29)

In explicit calculations we will use single-line graphs and symmetric vertices. After
the symmetrization of (30) we get (up to numerical factor)

4 . ;
/Hdwp(m)d(m + P2 + 3+ p4) X (31) -
i=1

[cos(p1 A p2) cos(ps A ps) + cos(py A p3) cos(pa A ps)+
cos(py A pa) cos(p2 A ps))

and the vertex is a sum of three terms (see Fig.2). Here we would like to say a few words

2 3 2 3 2 3 2 3
XK= K X X
1 4 1 4 1 4 4

Figure 2: The symmetric vertex.

about a general technique of calculations in the presence of non-local phase factors in the
vertex. In our calculations we always denote external momenta by p; and loop momentum -
by k. In order to perform an integration over loop momenta the a-representation and
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Feynman parametrization are used[66]. Using a-representation we get the Gauss type
integral over internal momentim

7D/
Vdet A

Namely, an expression for an arbitrary graph is a product of n propagators with expo-
nential factor coming from trigonometric structure of the vertex. We put the parameter
«; in correspondence to the i-th propagator.

The most general expression for a one loop graph can be written schematically as

fe—u.AundDw — eitATH (32)

L= /ddkexp [—(ak® + lk + M?) + ibOk] ,

where a depends on o, | and M depend on «; and p;, b depends on p;. Using (32) the
integration over k is evident and the result is

n?/2 —M24 L (12674 2i10b)
L i

—75€

prE)

The next step is an integration over parameters ¢;. There are two formulae we work
with

/ et da = LVI‘(II), (33)
0 H

oo ,B v/2
/ o’ le S da = 2 (;) K.(2+/87). (34)
0

Note that function ['(v) has simple poles at points v = 0,~1,-2,..., which corre-
spond to UV divergencies (the momentum space ultraviolet divergencies become a small
« divergence). Meanwhile the RHS of (34) for 8 # 0 has no singularities at points
v=0,-1,-2,..., since the factor e produces a regularization for small a. It is easy
to show that the integral

/leal...dan
also is well defined if b # 0.

Now we are going to compute explicitly one-loop counterterms using dimensional reg-
ularization d = 4 — 2¢. We will also present the explicit form of finite part for two
point and four point 1P functions I'® and T'® in the one loop approximation. We use
the standard notations for perturbation expansion of 1PI-functions, IV = Y, g"F,(f),
r® =1 + AT® and 1@ =) + AT®,

a O b

Figure 3: 1“52’ - AF?).
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The only graph 3a contributes to I‘(lz) and

@ _ g(u?)e /de +cos2p Ak
= 6(2m)d k2+m?

Here we have introduced a new parameter p of dimension of mass to leave the action
dimensionless in 4 — 2¢ dimensions.
We present this expression as a sum of planar and nonplanar parts I‘g I‘(z)l-i-F

1,npl?
where ) 5
@ _ _9w)*
Min = 6(2m)4 /dkk2 +m?’
2\e€
@ g ,u ) cos2p A k
r = 2 [ g

We see that only the planar part has a dlvergence

@ _ 9 2 5,(1 _ m?
Mg = Tor23™ (‘E +9(2) = In yrm + O(e) ‘(35)

and this divergent part is subtracted by the counterterm 3b.
The nonplanar part can be calculated explicitly using a-representation

2 _ g 2 me
Fl,npl - _327T2 § H WIQ(?mEIp]) (36)

and as has been mentioned above has no divergencies. Note that this representation takes
place only for p # 0.

ng) is a sum of s-, t- and u-channel graphs, I‘g‘) = I‘(4) + F(4) (4) . The explicit form
of I‘(z‘g is

@ _ 93ud)* Pua({p}, k) ‘
F“_IM%V/}H+mmUH%V+mH%

where P = p; + p,,
Paa({p}, k) =
[2cos(p1 A p2) cos(k A P) + cos(pr A pz + (p1 — p2) A k)] x
[2cos(ps A pa) cos(k A P) + cos(ps A pa + (ps — pa) A k)]

The trigonometric polynomial P4, can be rewritten in the form

2 cos(py A p2) cos(ps A ps) + Z lc;ei® PV (P)AK (37)
J

where the sum ¥’ goes over all j for which linear functions & (p) are nonzero for almost all
{p}. This representation is useful to separate the terms which do not depend on internal
momentum and, therefore, produce divergencies. Other terms have phase factors which
contain k and provide a finite answer. Thus, the only first term in (37) contributes to a
pole part (see Fig. 4a) and we have

@ _
P2 = 32 29

[cos p1 A p2) cos(ps Apa)
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o= Ce X

Figure 4: a) Al’glz, b) Cross denotes the 4-vertex counterterm.

ro]o
N
P
[
- N

(%er(l)—/ol dzlnM) +

4drp?

_'_Zlcjeitbf(p)/ deO(X) izh! AP
j

where X; = \/ﬁzlﬂ'z(m2 P2z(1 — z)). This representation is well defined only if all &’
are nonzero, i.e. for non exceptlonal momenta It is the matter of a simple algebra to
sum up the divergent parts of I’,“, 5“ and I’“ to obtain a graph with the symmetric
- vertex.
Therefore, at the one-loop we have
Ar® - _9 ™
482 €’

7
AI’E‘;) = 6 2 0c [cos(p1 A Do) cos(ps A pa)+

cos(py A ps) cos(pz A pg) + cos(p1 A pa) cos(pz A p3))-

It is evident that our renormalized 1PI functions do not have the limit £ — 0. Due
_ to this there is a nontrivial mixing of UV and IR divergencies (see {23, 22] for details). It
~ turns out that a type of the UV divergency of the integral corresponding to the Feynman
graph in a local model

Jov(p) = / £ (k,p)dk

" is the same as a type of the IR behavior of the integral corresponding to the Feynman
- graph in a noncommutative model

Tinlep) = [ €91k, p)a

For example, the logarithmically divergent integral Jyy ~ log A corresponds to a loga-
-~ rithmic singularity log(£|6p|) in J;g, the quadratically divergent integral Jyv corresponds
to a quadratic singularity (£|6p|)~? in Jig, and so on.

| Indeed, the UV behavior of the Feynman graph is defined by its index of divergence
- w. For w > 0 one has the asymptotic UV behaviour as A — oo

A 1
Ji, = / ko ldk = =AY, (38)
0 w

The IR behavior is described by integral
Jiy = / ko tefkdk (39)
0
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as € — 0. This integral is the Fourier transform of the distribution £%~!

I'(w)

Jes — iZ(w—1)
IR 1e'2 (£ + Z-O)wy

i.e. for w > 0 one has the correspondence with UV behaviour (38).
To see logarithmic singularities on £ let us note that

A 4 A d2k A :

and the corresponding non local integral is

0 gikphk .

Jig (€p) =/md k. (42) .
The latter integral can be calculated explicitly and the result is |
Ji0 = an Ko(mélpl). (43) -

The modified Bessel function Kg(z) has an expansion

Ko(2)(€p) = —In(2) +1n(2) — C + O(z?)

as,0

where C is Euler constant, i.e. Jrg (£p) has the logarithmic dependence on &.

IR poles appear in the corrections to propagators and can produce IR divergencies in
multi-loop graphs even in the massive theories. One has not to worry about logarithms,
since in the origin the logarithm is an integrable function. Let us consider a example.
One can calculate explicitly the finite part of the tadpole graph in the noncommutative
¢* theory. The answer is given by the sum of (36) and (35). The behavior of (36) in the
limit p? — 0 (the same as the limit £ — 0) is the following

@ ., _°
L1220 (€l

This result can be easily obtained from the series expansion of the modified Bessel funiction
Ki(2)

Ki(z)=1/z+ %zln(z) + (—21-0 - % - %ln(2))z +0(2%)

where C' is Euler constant. Caused by this asymptotic there are problems with an IR
behavior of graphs with tadpoles. They produce divergence in the IR region if the number -
of insertions is three or more. Thus, theories with a real scalar field have problems with
infrared behavior [23, 22] originated in multi one-loop insertions.

5 Cubic String Field Theory

5.1 Witten’s realization of axioms on space of string functionals.

Witten [1] presented realization of the set (13-20) in the case when A is taken to be the
space of string fields

F = {¥[X(0); c(0), b(o)]} (44)
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which can be described as functionals of the matter X (¢), ghost ¢(c) and antighost fields
b(o) corresponding to an open string in 26 dimensions with 0 € ¢ < w. For this string
field theory @@p is the usual open string BRST charge of the form

Q= [ do ) (Talo) + }1ie)) (45)

Ts and Ty, are stress tensors for the matter field and ghosts.

The star product % is defined by gluing the right half of one string to the left half
of the other using a delta function interaction. The star product factorizes into separate
matter and ghost parts. For the matter fields the star product is given by

(T % @) [X ]_/ I @x'(e) dx"(x - o)

F<osn

1 31X'(0) = X"(r - 0)] ¥[X'(0)]B[X" (o)),
X(o)=X'(c) for 0<o g

X(o) = X"(0) for

Nl

<oc<m. (46)
nd ghost parts, and in the matter

/ / I éx'e (47)

0<o<n

IT oix X'(m - 0)] [X'(0)]-

0<o<y

The integral over a string field factorizes into matter
sector is given by

o

Performing a Fourier mode expansion of the 26 matter fields X* through
oo
X#(o) = zb + V2’ Zzﬁ cos(na) (48)
n=1
one can consider string field ®[X(o)] (we consider there only the X-part of string field for
simplicity and we omit the space-time index p) as depending on the set {z,,}, ® = ®[{z,}].
Then one can regard ®[{z,}] a wave function in the coordinate representation of a system
with an infinite number of degrees of freedom.
5.2 String functionals as matrices or symbols for operators.
One can consider string functionals as vector states in the coordinate representation
Y[X(o)] = (X(0)|¥). (49)
Our goal is to obtain the mapping from string fields |¥) to matrices

[¥) <= ¥y m (50)
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so that

[2)* |) ==Y TogcTicum, (51)
K

/ [0) == Tr¥ = Uiy (52)
k

Also we want to find a map from string fields to operators

|0y = T (53)
with
[) % | ) <= . (54)
In other words we look for a map between string functionals and operators
V[X (o)) <= ¥, (55)
such that
U[X (0)] x B[ X (0)] <= ¥. (56)

There is an analogy between this map and the relation between operators and their
symbols [58]. Using this analogy one can interpret the Witten multiplication as a Moyal
product of two functionals.
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Abstract

All the explicitly known twisting deformations for universal enveloping
algebras of simple Lie algebras g are factorizable. They can be per-
formed as a sequence of successive elementary twistings. Only three
types of nontrivial elementary twists (basic twisting factors) are found
in these decompositions. The factorization property together with the
general structure of the basic factors can be used to find new twist
deformations. To illustrate these possibilities a new form is obtained
for the twisting element with the parabolic carrier subalgebra.

1 Introduction

Let g be a simple Lie algebra over C with the root system A(g). We study quantum
deformations of the universal enveloping algebra U(g) considered as a Hopf algebra with -
primitive coproducts for the generators g € g, A(g) = ¢®1+1®g. The deformations of -
U(g) governed by the coboundary Lie-Poisson structures play the significant role having
nontrivial applications in mathematical physics. The coboundary Lie-Poisson structure :
is fixed by the r-matrix, the solution of the classical Yang-Baxter equation (CYBE).
The set of nonskewsymmetric solutions r(g) of CYBE was described by Belavin and
Drinfeld [1]. :
For the special case of the Cremmer-Gervais quantization Ucg(gl(V)) Kulish and
Mudrov (2] have found the twist connecting the Hopf algebra Ugg(gl(N)) with the stan- "
dard quantization Uy(gl(N)) {3],{4]. Etingof, Schedler and Schiffman [5] had proved that
such twists can be constructed for any r-matrix from the Belavin-Drinfeld list and an
arbitrary simple Lie algebra g. This solves the quantization problem for Lie-Poisson:
structures described by nonskewsymmetric r-matrices. A compact expression for such
twists was found by Isaev and Ogievetsky [6].
For skewsymmetric r-matrices Drinfeld {7] had reduced the quantization problem to
the solution of the twist equations:

(€@id) F=(idoe) F=11. (1)

The solutions of (1) are called the twisting elements. Given a Hopf algebra A(m, A, S, 7,¢) "

and a twisting element 7 € A® A we have a map F : 4 — Ay, where the Hopf algebra .

Azr(m, Ar, Sy, n,€) has the same multiplication, unit and counit (as in A), the twisted

*Supported by Russian Foundation for Fundamental Research under the grant N 00-01-00-500.
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“coproduct Ar = FAF~! and the twisted antipode S». There is an important subclass
of twists that satisfy the factorized twist equations [15], )

(A [ Zd)]'- = .7'-13f23,

2
(Zd® Ap)j'- = .7'-12.7:13. ( )
When A is a universal enveloping algebra U(g) the minimal subalgebra L C g on which
F e U(L)®U(L) is defined is called the carrier subalgebra of the twist.
. The knowledge of the twisting element is important in applications. When A is quasi-
triangular with the R-matrix R then such is Ax with Rx = Fp; RF 1. For any skewsym-
.. metric r-matrix the solution of the equations (1) can be constructed [7] by means of
Campbell-Hausdorff series using some special extension of the initial universal enveloping
algebra. However, these constructions are obviously inappropriate for an efficient usage
of quantum R-matrices.
; The classification scheme for skewsymmetric classical r-matrices was developed by
Stolin [8]. .

There are different classes of multiparametric skew r-matrices that are quantized ex-
- plicitly [9],{10],[11]. For them the solutions of the twist equations are found in terms of
. elementary functions on L thus providing the possibility to construct explicitly the de-
+ formed algebras and the corresponding R-matrices. Most of these sets of twisting elements

. have important algebraic properties induced by the structure of the root system A(g) [11].
In this report the factorization property of twists will be studied. It can be shortly formu-
lated as the possibility to factorize the twisting element F into such ”two-dimensional”
parts F;

; F=F... R, (3)
that every F; is a twist for the Hopf algebra deformed by the previous factors. Thus
the decomposition (3) presents F as a sequence of elementary twists. Trivial factors
(coboundaries) do not contribute to the r-matrix. Nontrivial F;’s can be characterized
as "two-dimensional” as far as they are in one-to-one correspondence with the summands
of the classical skewsymmetric r-matrix. For nontrivial factors the function In(F;) is a
tensor product of two elements fi, fo € A.

We call the nontrivial twists F; the basic twisting factors. It will be demonstrated that
all the explicitly known twists can be presented in the factorized form (3), moreover all
-~ of them can be composed of only three types of basic twisting factors (and some trivial
- twists).

2 Basic Twistihg Factors

Consider a quasitriangular Hopf algebra A(m, A, S,7,¢,R; €1, - .., &-1) which is the de-
formation of the universal enveloping algebra U(g) with the deformation parameters

&,...,&-1. The deformation can be coordinated so that there exists a smooth curve
with the parameter £ and the expansion
Ra(€) = 1@ 1+ £&ra+off). (4)

This testifies that the quantization was performed in the direction pointed by the classical
r-matrix r4. From now on we shall denote by r the skew part of 4. Notice that we
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have a multiparametric family A(&y, ..., &) of Hopf algebras. Different boundaries of
the variety A(£;,...,&-1) can correspond to different classical limits and we can have "
different r-matrices for A.

The basic twisting factor (BTF) & = ®(&;) is an element of .4 ® A such that

1. it is a parametric solution of the twist equations (1) for A(&1, .- ., &-1)

2. its logarithm In(®) has the form
In(®) = f1 ® fa e (5)

3. in the variety parametrized by &,...,&k-1,& there exists a smooth curve C(y)
(where ¥ is the parameter of C) such that in the neighborhood of its origin the
antisymmetrized logarithm of the twisting element (id — 7) In(®) has the form:

(id = 7) In(®) = g1 A g2 + o(¥),
e ©
1,92 g
and
TAe =TA+ 1A G2 » (7

is a solution of CYBE for g.

According to the definition the minimal carrier subalgebra of BTF is two-dimensional. -
As far as there are two inequivalent two-dimensional Lie algebras we must have two basic
twisting factors. In fact we have at least three inequivalent BTF’s. The reason is that
the dimension-of-carrier arguments are valid only when the twisting element is applied to .
the undeformed universal enveloping algebra. For an arbitrary Hopf algebra the notion
of the carrier changes and is not more correlated with the classical m-matrix, its relations
with the Frobenius subalgebras in g are much more complicated. Still there is at least =
one type of twists that has all the properties of BTF though it cannot has a carrier in a -
Lie algebra (see point 3 below).

The restriction of a BTF to the curve C(3),

(&1, - - - &o)lew) = (), (8 -

is called the canonical form of the BTF. Notice that the parameter & is not necessarily
independent of those that are present in the Hopf algebra A(&,...,&-1). As it follows
from the definition & must provide the possibility to determine the canonical parameter ¢ -
and establish the connection with the classical 7-matrix. In particular this means that to
introduce & (or 1) we can use only the automorphisms of the carrier that do not change
its structure constants. ‘

Below the basic twisting factors are presented in their canonical form.

1. The first BTF was obtained in 1990 by Reshetikhin [15]. It was formulated for
an Abelian Hopf algebra AB of arbitrary dimension. Let {/;;i=1,...,k} be the .
primitive elements of AB. The following expression is a solution of (1):

FABzexp(Zni,jli®lj)a ,7=1,...,k

i,j
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Only the antisymmetric part of the matrix 7 contribute to the r-matrix. So we shall
- consider only antisymmetric 7’s. The twist F4p can be obviously factorized. For
any pair {,!' € {li|i = 1, ..., k} there exists a solution of (1) and the corresponding 7
plays the role of canonical parameter. We call these solutions the Reshetikhin basic
twisting factors (RF’s):

P = exp(Pl ® ). 9)
The costructure of the carrier is not changed by such twists though the universal
.. R-matrix is nontrivial,

Rp = (B))n®;! = exp(l' Al). (10)
The corresponding classical r-matrix is
re=1UAL (11)

The factor RF induces deformations in the costructure of g when the carrier L. is
nontrivially injected in g and g is nonabelian.

. In 1992 Ogievetsky had found the so called Jordanian BTF (JF) [16]. Its carrier is
the two-dimensional Borel algebra B,

[H,E]=E. (12)
For U(B) the following element is the solution of (1):
By =MW (13)
with
a(y) = In(1 + ¢ E). (14)

This basic factor belongs to the class of twists that satisfy the factorized equations
(2). As far as (for BTF’s) we have the relation (5) to fulfill the conditions (2) it is
sufficient to have primitive element f; in A and check that fs will be primitive in Ag.
It is easy to prove that the basic factor ®; has such a property. The result of the
deformation ®; : U(B) —» U;(B) is the Hopf algebra U,(B) with the coproducts:

A HY=H®e "W +1®H,

AyE)=E®e™ +19 E. (15)
The universal element and its classical counterpart are as follows:
Ry =(0;)n®;! = e”WIDH g~HoolW), (16)

TJIE/\H

. The third BTF was first considered as a part of the so called extended Jordanian
twist (EJ) [13]. It is easy to see that it can be treated as an independent twisting
factor. Consider the universal enveloping U(H) of the Hiesenberg algebra H:

[A,B]=E, [A E]=[B,E]=0. 7)
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1t can be supplied with the nontrivial costructure defined by the expressions

AjA)=A®e*®) +1® A,

A;(B)=B®ef® +1@ B,

AJE)=E®e®+1QE,
a+f=1 !

(18)

(where o(£) = In(1 +£E)). Thus we get the Hopf algebra #,(€) = U;(H). For this
algebra the following elements are the solutions of the twist equations (1):

& = exp(A ® Be~P71)),

&z =exp(—B® Ae_a”(f)). (19)

These BTF’s are called the extending factors (EF’s) or simply the eztensions. They
induce the deformations of the costructure in Uy(H), for example ®g : H,(§) —
Hg(£), where the coproducts of the algebra Hg(£) are fixed by the relations

Ap(A)=A®e P +1® A,

Ag(B) = B® 7€) +¢7€) @ B, (20)

Ap(E)=E®e’®© +1QE.
Here the parameter 1 coincides with £ in H;(£). The reason is that the EF factors
are the discrete twists and can only borrow the parameter from A(¢) = H,(£). So
far we cannot check the third point of the definition because H,(§) is not quasitri-
angular. To connect EF with the r-matrix it is necessary to find the quasitriangular

Hopf algebra containing H ;(£). Such algebras exist, the minimal one is the universal
enveloping algebra U;(L(«, 8)) with the four-dimensional carrier L(e, 8):

[H,E]=E, [H Al=aA,
(H,B]= BB, [A,B]=E,

[E,A]=[E, B] =0,
at+ =1

(21)

Notice that the parameters @ and 8 that appear in (18) are to coincide with the
corresponding eigenvalues of the operator ad(H). The costructure of Uy (L(c, ) is
defined by (20) and the coproduct

AyH)=H®e® +10 H.

The Hopf algebra U,;(L(c, 8)) can be obtained by applying to U(L(a, 8)) the Jor-
danian factor JF, ®; : U(L) — U,;(L). Here we have the R-matrix R; =
eT&)®H~H®a() Lot us put € = & and further apply ®u(&) to U;(L{w, B)). The
necessary condition for the parameters is & = & = 1. Thus we have ascertained
that the expressions (19) are the EF’s in the canonical form with the deformation
parameter ¢ = . Two factors JF and EF can be applied to U(L{«, B)) successively
forming the extended Jordanian twist [13): Fg; = ®p®,;. The twisted algebra
Ugs(L(a, B)) is triangular with the universal element

REJ — elﬁBe‘B”(w)@Aea(q&)@H x e—H®a(1{;)e—¢A®Be"B"W’) (22)
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and the r-matrix
res=ENH+BAA (23)

that contains the term corresponding to the EF factor. (All the constructions above
can be equally performed for ®z — the second type of EF (see (19))). Despite
the close relations between EJ and EF it is important that the factor EF can be
considered as an independent BTF.

3 Compositions

In this section we shall demonstrate how the basic factors are composed, the known
twists are factorized into sequences of BTF’s and trivial twists and also how the canonical
expressions for BTF’s can be deformed in such sequences.

1. In the root system A (g) of a simple Lie algebra g choose any long root as the initial
root Ag and consider the set 7 of its constituent roots:

= {A, AN 1A = A
N+ Ao, A+ o E Alg)}
7= n' Uz’ w' = {X}, 7" = {A"}.

Consider the subset Ai—o of roots orthogonal to Ay and the corresponding subalgebra
g =g, C g =g, (For sl(N) we have g, = si(N —2).) It was shown in [9],
[11) that for any classical Lie algebra it is possible to compose chains of twists
corresponding to the sequence of injections g, C ... C g, C g; :

-%axg(ep)

pr’\l®E/\g_’\re

% e{HAg®”,\g(fp)} x F %

Sp—1

}-Bx.(p(gl’ e 7§p) - HA’GWI') €

—&uxg-uep_l)

tp1Ey®E po1 e H p-1®0 p-1(Ep-1)
P A )‘5 _af e Ag Ag (3%

Mer,, € (24)
—%0)‘(1](51)

E\uQF
HEN® AL-ar€ %

H
Fo % H»e,; e e{ *tl&®a"\1>(&).
All the exponents in these chains are the canonical BTF’s of two types: extension
and Jordanian. Each JF has its proper parameter and each EF depends only on the
parameter borrowed from only one preceding Jordanian factor. Each BTF has the
corresponding term in the r-matrix

r P
TBip(E1s -3 &p) = 9 D GEx ® Eyi_x+ Z&H,\g ® Ey;. (25)
=1 xen! =1

The chain in the form (24) contains also the trivial factors F,, different for different
series of simple algebras (for the series A, they degenerate into tensor units, for
details of their construction see [11}).

2. In [14] the quantum Jordanian twist was constructed. It is an analogue of the
Jordanian twist for standard quantization of Lie algebras. In this case A(&;) = U,(g)
and & = h = Ing. The quantum Jordanian twisting element has the following form:

Fag(h, &) = O hlIOH (26)
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with
w=1n((&E+1)e""). (27)

The first factor of F 7 is trivial while the second is the JF. When & = h = 0 the
factor e#® obtains its canonical form.

3. The twists that enable the transitions from the standard quantization to the other
types classified in the Belavin-Drinfeld list (see [2}, [5], [6]) can be expressed in
terms of BTF’s. From the r-matrices’ point of view the purpose of that twisting is
to convert one type of quantization into the other, but not to enlarge the carrier
subalgebra. The twisting elements have the same parameters as the initial quantum
algebra A(g) = U,(g). They can be scaled to obtain the ordinary BTF form.
For example, the twisting element that transforms the standard U,(sl(3)) into the
Cremmer-Gervais quantization looks like

F h) = e_uE1®er—h7h"jH§®}1j
CG( ) q? X ) (28)
p=q—q "

As far as 7;; is arbitrary and p can be multiplied by an arbitrary scaling factor one
can cancel the dependence on h. Then for h = 0 we get the canonical forms of two

Reshetikhin factors and the trivial twist factor depending on the symmetric part of
Mg+

In the cases presented above the deformation of the twisting factors was induced by the
standard quantization of the universal enveloping algebra. One can find also the deformed
EF’s in the chains of twists. In particular this happens when the compensating trivial
twists are cancelled in Fg,_,(£1,...,&). Such cancellation leads to the deformation of
the remaining factors of the chain. The reason is that all the factors F;, are cohomo-
logically trivial only for the costructures deformed by the previous links. But they could
be nontrivial when the links that follow the particular F;, are applied. One can drag all
F..’s to the very end of the chain. This highly cumbersome transformation will deform
the exponential factors though they will remain BTF’s and the factorization property will
still be valid. It can be checked that the product [1; F, is a solution of (1) for the co-
products transformed by the remaining part of the chain. This means that the sequence
(I F5.) " Foyop &1y - - -, &) is also a twist. In general it is composed by the deformed
BTF’s (except the factors of the first link of the chain that are always in the canonical
form). To describe such effects the notion of the deformed carrier space was introduced
(see [17]).

4 Quantizing the Parabolic r-Matrix

In this section we shall consider the situation when the deformation of the basic factor is
produced by the nonstandard quantization and at the same time this BTF cannot recover
its canonical form with the help of trivial twists (like F;, in (24)).

Let g = si(3) and

Tp = HZJé AE;3+ B A Ey+ HlJ's A Ej. (29)
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with

‘ 1 2 1
Hf = gEn - §E22 + §E33,

2 1 1

Hiy = ZEy—->Ep—:
23 3E11 3Lz 3E33,

H23 = E22 - E33 = Hi’é - 2H1Jé

(E;; are the ordinary matrix units). The element r, € g A g is the parabolic r-matrix
defined on the carrier p generated by the Borel subalgebra B(sl(3)) and the element Fj,
i.e. on the parabolic subalgebra of si(3).

According to our main statement the twisting element 7, (that will quantize r,) can
be presented as a product of basic twisting factors. The form (29) of the r-matrix suggests
that two of them correspond to the extended Jordanian twist. It follows immediately that
the third factor is also a JF whose structure might be deformed by the previous twists.
We start the composition of F,, by the JF and EF factors on the carrier subalgebra L
generated by Fiq, Ey3, Fog and Hog:

Fpy = Opdy = e TVEnOERe3() o(Hu®013(1)) (30)
with o33 = In(1 + ¥ E}3). The Cartan element is chosen here to be Hyz in order to have
the simplest possible form for the coproducts of the last two generators that we need: Hi

and E32;
Ap;(HE)=H5®1+1Q HE,

Api(Es) = By ® e720136) 1 1 @ Fay.

Now for the deformed algebra A(£;) = Ugy(p; £1) and we are to construct the (deformed)
JF for the Borel subalgebra generated by Hi and Es,,

(31)

Dy(61,2) = eMis®i0ra), (32)

Here the element f; = H{; is primitive, thus only the function f, = w(€1,2) is supposed
to be deformed (different from the canonical o32(&2)).

As we have seen in the Example 2 in the deformed case the Borel subalgebra is to be
considered in the form

[His, e@ — y(1)] = /612 — (1), (33)
where the element v(&1,2) € Ugs(p; &) commutes with Hij,
[Hi3,v(612)] = 0, (34)
and is group-like,
Aps(7(&12) = 7(612) @ 7(&12)- (35)

To find the solution of the factorized equations (2) we must construct w(;2) that will be
primitive in A;(£12) = Usps(g; &1,2), or in other terms, to impose the condition

e2d(Hi38w) Apy(e¥) = (A ow) Apy(e? —v)+ e24Hi38w) o (Y®7)=e"®e”. (36)
If (¥ — ) is quasiprimitive this condition can be simplified:
Apje) =("—7) Q@1 +v®e€". (37)
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Our deformations are smooth and in the limit £&; — 0 the basic factor ®;(£; o) must
have the canonical form ®;(0,£,) = e#15%952(6), So we can consider the deformed factor
in terms of the expansions,

Y(€12) = 1+ Tic1 m(&2)8,

e812) — y(€12) = &2Bn + Ty mi(&)EL,
The corresponding power series for the left-hand side in (37) can be found using the
expression (30). Now we can construct the deforming functions ; and #;. It can be

proved that in our case the solutions contain only the first and the second order of the
deformation parameter £;:

e”612) — y(£)) = &E3p + 266 EnEs + E6EsEl, (&) = 1 + 26 B3 + €2E%. (39)

(38)

This result can be presented in a compact form

ew(fl,z) — 6032(52)62013(51). (40)

Thus we have obtained for the basic Jordanian factor $;(&;) the deformed expression
©,(6,2) = exp(Hjs ® In(e72(E)e212(80))) (41)

that satisfy the factorized twist equations for Ag;. We can apply this JF to the previously
deformed algebra ®;(£12) : Ugs(p;€&1) —  Usrs(p;€12). The composition of twist
deformations

D (&12) Fra(&1) : Ulp) — Usgs(p;€1,2) is the parabolic twist factorized into a sequence
of BTF’s:

Fo(€r2) = ©5(61,2)2p ()2 (61) = elis®In(era1(Der13(00) o ~61 Bn®B13e12(61) 5 gHasBors(61),
(42)
This solution of twist equations corresponds to the r-matrix r, (29). The parabolic twist
was first constructed in {12]. There also the factorization properties were exploited and
the generalized Verma relations were used to obtain the twisting element in the form

(51,2) — eHlJa@n(ena(ex)6032(62)3:’13(51)) x e—ElE23®E128“3(51)6H23®”13(§1). (43)

In the calculations presented above the factorization property was combined with the
perturbation approach. As a result we obtained the new deformed Jordanian factor.
Notice that the parabolic twists F,,(€,2) are Fiy(£2) inequivalent.

5 Conclusions

It is not evident that one can consider all the twists (for the universal enveloping algebras
of simple algebras) to be factorizable into the basic factors. At the same time we have seen
that these properties are valid in quite different situations including quantum algebras and
carrier subalgebras with generators from positive and negatives sectors of A(g). Moreover
the factorization ansatz can be used to construct new twists. Its application simplifies
considerably the solution of twist equations reducing it to the problem of finding the
suitable deformations for functions fi 5 in (5). :
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There could be more than three basic twisting factors. In the Lie algebras (whose root
system contains long series of roots) a pair of generators can have relations different from
those typical to the three known BTF’s (Abelian, Borel or Heisenberg).

The factorization property means that any twisted ”symmetry” can be constructed
step by step, deforming each time only one pair of variables from the classical phase space.
It would be important to relate this effect to the complete solvability of the corresponding

- quantum systems.
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Abstract

It is shown that the fermionic Heisenberg-Weyl algebra with 2N =
D fermionic generators is equivalent to the generalized Grassmann
algebra with two fractional generators. The 2,3 and 4 dimensional
Heisenberg - Weyl algebra is explicitly given in terms of the fractional
generators. These algebras are used for the formulation of the N =
2,3,4 extended supersymmetry. As an example we reformulate the
Lax approach of the supersymmetric Korteweg - de Vries equation in
terms of the generators of the generalized Grassmann algebra.

1. Introduction

Generalized Grassmann algebras have been introduced firstly in [1] in the framework of the
2D conformal field theories. Later these algebras were rediscovered in the contexts of quantum
groups {2] and fractional generalizations of supersymmetric quantum mechanics [3]. Next, these
algebras were used for the generalization of the supersymmetry to the fractional supersymmetry
1), 51, 18], 7).

Interestingly the generalized Grassmann algebras (or their intimate analogs) have found ap-

plications in the construction of the finite dimensional (cyclic) representations of the quantum
groups, covariant quantum algebras and zero-mode algebras in WZNW models (see e.g. [2], [§],
19], [6], [10)). The generalized Grassmann algebras should be also useful for the construction of
finite dimensional representations of the quadratic diffusion algebras [11] which are employed in
the theory of one-dimensional stochastic processes with exclusion. The fractional extensions of
the Virasoro algebra [4] utilizes generalized Grassmann algebras as well. Recently generalized
Grassmann algebras appeared in the systems on linear lattices with periodic boundary condi-
tions [12] (see also [9]). In this paper we find the irreducible representations of the Clifford
algebras by realizing them in terms of the generalized Grassmann algebras.
: The main idea of the introduction of the generalized Grassmann algebras is to replace the
usual fermionic condition 2 = 0 by the more general nilpotence condition #**! = 0. The p
number in the physical literature is usually called the order of parastatistics. Due to the big
interest to such generalization it is tempting to try to use these generalized algebras to the
supersymmetric solitonic equations.

In this paper we propose the method of the reformulations, in terms of the generalized
Grassmann variables, the usual extended supersymmetric models. We concentrate our attention
to the supersymmetric Korteweg - de Vries (SKdV) equation only. However our approach could
be used to any N = 1,2, 3, 4 supersymmetric model as well.

We explicitly show that the fermionic Heisenberg-Weyl algebra with 2N = D fermionic
generators is equivalent to the generalized Grassmann algebra with two fractional genera-
tors 6,0 where the order of parastatistics p is 2% — 1. We explicitly construct the 2,3, 4-
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dimensional Heisenberg-Weyl algebras in terms of the generalized Grassmann algebras with
p+1 =4, 816. It appears that this Heisenberg-Weyl algebra is closely related to the Clifford
algebras in Euclidean spaces of the dimensions D = 4,6,8. One can use this observation to
formulate the N = 2,3,4 extended supersymmetry. All of this allowed us to formulate the !
N = 2 SKdV equations in terms of the generalized Grassmann algebras for p+ 1 = 4. .

The paper is organized as follows: In Section 2 we recall the basic facts about generalized -
Grassmann algebras. In Section 3 the Weyl construction for the Heisenberg-Weyl and Clifford
algebras is discussed. In Section 4 we construct fermionic N = 2, 3,4 Heisenberg-Weyl algebras
in terms of the generators of the Zy, Zy and Zy¢ generalized Grassmann algebras. In Section 5
we discuss the example of the N = 1,2 SKdV equations rewritten in terms of Z; and Z graded .
algebra respectively. The Section 6 contains conclusions. :

2. Generalized Grassmann Algebra
Consider a deformed oscillator algebra with two generators 6 and 9 satisfying([1], [2], [5] |
80 —-q00=1, @21)

P =Pt =0 = ¢Hl=1, (2.2) -

where p is an integer. Note that the complete basis of this algebra is given by the {p + 1)
elements (§"9™) (0 < n,m < p) and this algebra is isomorphic to the algebra of matrices
Mat(p + 1) {2], [17]. The grading in this algebra is

deg(0" 0"y =n—m. (2.3) |
It is convenient to introduce the grading operator [2]
w=00-00 = wtl=1, (2.4)
which defines the automorphisms
whwl=¢qh, wow'l=q"'0. (2.5)
Using (2.1) and (2.4) we obtain useful relations

po=""1 pp=29"1

= =1’ =1 (2.6)

The algebra only defined by (2.1), but not (2.2), has been firstly considered in [13]. This
algebra is closely connected to the algebra of Macfarlane - Biedenharn quantum oscillators [14].
For the nontrivial case, when ¢ is root of unity, this connection has been discussed in [9].

A characteristic equation w?*! = 1 for the grading operator (2.4) can be rewritten in the

form
P

@-D)w-a)...-¢) =[] @-¢) =0, (27)
n=0Q
and one can introduce the projection operators
P W —q"
P= ]I fw=d) (k=0,...,p). (2.8)

n=opzr (@ ="
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These projectors satisfy the following identities

Z‘I::OPk:l; PnszdnlcPka
wP, = Pow = ¢* P,

R0=0, 0P_,=PF6, 0P =0, (29)
8P0=0, Pk_16=6Pk, Pp6=0
In view of the nilpotence conditions (2.2) one can deduce
grrin QP gn =0 = I (w — ¢¥) 8" = 0.
. (2.10)
gropri-noptln = = 6" [P0 (w —¢¥) = 0.
It means that
0" Prn=0=Pr0" (p—n<m<p). (2.11)
'Ageneric function u, with 8 as an argument, can be expanded in power series as
u(f) =uo+0u; +...+ 6 u, (2.12)

where u; are in general noncommutative coefficients. The left action of 6 on () is given by
Ou(f) =0up+0%u; +...+ 67 u,_;. (2.13)

To define the left action of the operator 9 on the function u(6) (2.12) we find, using the relation
(1), that

06" =(1+q+¢ +..+ ¢ )0 +4"0"0 = (n), 0" + ¢" "5, (2.14)

whére the g-number (n), is
_(-q)
‘ (”)q =9z 7
It is clear that & can be considered as a generalization of the ordinary derivative and using
(214) we obtain

(2.15)

O(u(®) =ur1+ (2)0uz+...+ (), 6" 'y (2.16)

The equation gP*! = 1 is a consequence of the nilpotence condition #7*! = 0 (2.2) and relation
(214) for n = p 4 1. If in addition we require that d(8™) #£ 0 for n < p+1, then ¢ should be
s primitive root of unity (¢" # 1 for all n < p+ 1) and one can choose g = exp(2ri/(p + 1)).
In this case, generators 6 and @ (2.1), (2.2) are reduced to the ordinary fermionic (p=1) and
bosonic (p — oo) creation and annihilation operators.

Equations (2.13) and (2.16) give a matrix representation for # and 8. Indeed, arbitrary
finction u(6) (2.12) can be realized as (p + 1) dimensional vector

Ug .
y up=<klu>. (2.17)

e
il

Up
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To reproduce the actions of # and d on the function u(#) (2.13) and (2.16) we need the followmg
matrix representation of § and 9

0. . 0
b= " O [ =<kioim>,
0 10
01 0 . 0 (219
.02, 0 .
Fm=1{ - - . . . =< k|0jm > .
L0 )
o. . . 0
The corresponding matrix representations of w (2.4) and projectors (2.8) are
10 . 0
0 g . .
Wem = =< klw|m >, )
0.0 ¢ (2.19)
(Pn)km = 6kn 6lcm7
and one can obtain the relations
wl=w, 7= (49, (220)
07 =0 (Shur o Pk) '

where T is a transposition of the matrices. The last equation in (2.20) has been obtam thh
the help of projectors (2.8).

In egs. (2.17) - (2.19) we have introduced the ladder of p + 1 states [m > (m = 0,...,p)
defined by: 9]0 >= 0, flm >= jm+1 >, dm >= (m)qjm — 1 >. The dual states < k|
satisfy the orthogonality condition < k|m >= éj,,. The matrix 6, has the form &y ;41 and
in general (6™)gm = Ok mtn, While for the matrix & we have (")t ~ 8gynm. The form of the
matrices (6"}, (0") and w corresponds to our choice of Z,4y grading (2.3) which is naturally
called in [2] as ”along diagonal” grading. We use the matrix representations (2.18), (2.19) in
our calculations below.

Note that the algebra (2.1), with additional relations (2.2), represents a special case of the
more general algebra

DO—¢gOD=1, (2.21)
=, D= & ¢=1, (2.22)
where operators ¢; are central elements, deg(©) = 1 and deg(D) = —1. For all fixed values
of ¢; these algebras are isomorphic to the algebra of matrices Mat(p + 1) and, therefore, the }
generators ©,D can be expressed in terms of the elements 8, @ of the generalized Grassmann

algebra (2.1), (2.2). In the case ¢; = 0 we have © = 8, D = J. Let ¢; # 0 (the case ¢; # 01s
considered below) and operators © and D are

1
O=0+—r¢, D=o12¥"1
(p)q! ! g-—1
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 where z is a function of central elements c; which is fixed below; (n),! := (1), (2)4- - - (n),. To
i find the expression for D we have used (2.21) and the identity

DO-0D=zw.

 Note that the operator © in the matrix representation has the familiar form of the cyclic matrix:

0 . 0 5]

10 . 0
ekm = 0

0 .10

“Operators ©, D (2.23) automatically satisfy conditions (2.21), (2.22) except eq. DP*! = ¢,
. which connects the parameter z with the central elements ¢;:

P
ac(l-@f'=J[(1-2q" w) =12, (2.24)
: k=0

%'where we have used that wP*! =1 = ¢gPt1,
The case ¢ # 0 can be considered analogously and one can take

D=0+ e, 0=22"1
) (p)g! g-1 _
instead of (2.23) with the same relation (2.24) on the elements ¢; and z. This relation is
“tewritten in the form of Fermat curve y?*! + 2P*! = 1 where y = (c; ¢p)"/®*1) (1 — g). At the
“end of this Section we note that the differential calculus on the generalized Grassmann algebras
2], [17] is closely related to the differential calculus on the finite groups Z, [15].

DY (2.25)

3 The Heisenberg-Weyl and Clifford Algebras

;The N-dimensional Heisenberg-Weyl algebra is generated by 2V operators 6; and 9; (i =
'1,2,.,, N) satisfying the following commutation relation

0,0, + 6,0, =0,
8,0, + 8,8, =0, (3.26)
8,0, + 0,8, = G,

It is straightforward to check that
V=0 +0u, YN4u =190k — Oy, (3.27)

, ( where p=1,2,.,N) is a realization of 2N - dimensional Euclidean Clifford algebra
|74, ¥8]+ = 2648. For our purposes it is convenient to recall the Weyl construction [16]
of the generators 0, 9, of the algebra (3.26)

0,=0008..00000])...01, (3.28)
S—— st N ———
(u—1)times (N-p)times
0,=0R0®..00008]®...01 (3.29)
(p—1)times (N—u‘)'times
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via the generators § and § of the 1-dimensional fermionic Heisenberg - Weyl algebra (2.1), (2.2)
(forp=1) :

Go+06=1, P=0=8, o=10,0. (3.30)

Using relations (3.28) and (3.29) one can construct the irreducible representation of the HW
algebra (3.26) and even dimensional Clifford algebras using the representation (2.18), (2.19) of
the generalized Grassmann algebra for p = 1:

0:(?8)(3:(8(1’) (3.3;)

Recall that the tensorial product (in particular the tensorial products in (3.28), (3.29)) of
two matrices A and B (n ® n and m ® m respectively) is defined by the followingn-m®@n-m

matrix
auB .. alnB

AeB=| - - - | (332)

anlB - a,mB
The matrices (3.28), (3.29) are 2V x 27 dimensional matrices. Our task is to embed the
2N dimensional Heisenberg-Weyl algebra (3.26) into the generalized Grassmann algebra (2.1),
(2.2) for some fixed p. It is clear (by considering the dimensions of the matrix representations
(2.18), (2.19) and (3.28), (3.29)) that the Heisenberg-Weyl algebra can be realized in terms of
the q-operators only if p + 1 = 2V and, thus, p must be odd. '

Remark 1. Matrix representations of the generators 6, and d, (3.28), (3.29)), (3.31) sati‘sfyk
conditions :
0L =0,, O =0,, 6,=0,, 8, =0, Y (3.33)

where T is a fransposition and * is a complex conjugation of the matrices. It means that eqs.k
(3.27) define the real representation of the Clifford algebras.

Remark 2. The Weyl construction (3.28), (3.29) can be generalized for the case when the
algebra {6, 5} is taken to be Z,;, algebra (2.1), (2.2) for arbitrary p. In this way one can
construct multidimensional generalized Grassmann algebras (see [17), 9] for details) and the
algebras of covariant quantum oscillators {2].

4. N =2,3,4 Heisenberg-Weyl Algebras via Zg 5 Gener-

alized Grassmann Algebras

4.1 N =2 Heisenberg-Weyl algebra

To understand what we mean with embedding of algebras, let us consider the case N = 2 (or
p = 3). We will consider only primitive roots g. It means that for ¢* = 1, we have to put
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0000
9.~ 0000
=11 00 0|
0100
00 0 0 (4.34)
9, ~| 10 0 0
2“1{oo0 0 o]
00 -10
0010
0001
o = 000D}
0000
010 o (4.35)
000 O
0, = 000 —1
000 0

Note that the non zero elements of §; and 8, are in the sites (k,k —2) and (k — 2, k), while
the'non zero elements of #, and &, are in the sites (k,k —1) and (k — 1,k).- It means that
the generators 6; and 8; can be expressed (according with the along diagonal grading (2.3)) in
terms of the generators of the generalized Grassmann algebra as

0) = 1,82 + t,0%0,
8y = ty0 + 1620 + t,0°5°.

61 = d062 + d1063,
0y = dyd + d}00% + dy078°.
Our aim is to determine the coefficients #;, ] and d;, d; in (4.36) and (4.37) in such a way that

generators 6,, 9, obey the defining relations (3.26). According with the representation (2.19)
we find that

(4.36)

(4.37)

O =0>, 0,=0(P,—P,) = (P~ P)0. (4.38)

Since the generators J, are related to the generators 6, by the transpositions (3.33) and using
(2.20) one can deduce from (4.38) the expressions

o= (P2+ﬁP3),

4.39)
- 1 (
=0 (P—g-h).
Since ¢ is a primitive root of the equation g* =1 the following identities hold:
¢=-1, 2g=1+q, @)y=1+q+g=¢
(4.40)

{
(2)sB)g=(1+q)g=qg~1,

and using relations (2.1), (2.6) one can deduce another representation for the generators of the
N =2 Heisenberg-Weyl algebra

bh=0%, 0,=0-620+q0°0°,
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1
61 = ‘2'(1'—11)62—063 y 62=6—062+(1+q)0263
One can express these generators in terms of the operator w using (4.38), (4.39) and (2.10)

61=(w 1-—)62

b= 0(0)?, 0 =w(§D)o.

4.2 N =3 Heisenberg-Weyl algebra

Using Weyl construction (3.28), (3.29) one can obtain the following matrix representations for
the generators 6, (1 =1,2,3): ‘

01 Z?n —0 ém+4,m; ‘
02 E =0 (em+3 m — €m+6, m+3) (441)
03 =e10 — €32 — €54 + €76,

where the matrix units e;; have been introduced
(€i)km = 0ik Ojm , €350 = ik €q. - (4.42)
According with the representation (2.19) we find that k
01=04, 02202(P0+P1—P4‘—P5)=
(P, + Py — Ps — Pr) 6%, :
(4.43)

0320(P0—P2—P4+P5)=
(PA—P—F+Pr)e.

Applying the transpositions (3.33) and using (2.20) one can deduce from (4.43) the expressions

for generators 0,: :
01 = 04(Tikes ggrmemmngimi ) o %
0y = 0*(Zk=23 — Tk=6,7) k(k) ] Py, (4.44)
03 = 0(Tke1,7 =~ Zi= 35) e == P.

4.3 N = 4 Heisenberg-Weyl algebra

Using Weyl construction (3.28), (3.29) one can obtain the following matrix representations for
the generators 6, (1 =1,2,3):

01 = 1m0 Emt8ms ,
02 - ( 3,1:0 - E}n_s) €m+4,m; - (4 45)
03 = (Tin=0,1,12,13 — Lm=4,58,9) Em+2,m; o
64 = (Zm=06,1012 =~ Lm=2,4,8,14) Em+1,m-

According with the representation (2.19) we find that
01 - 0
0, = ( Zm 12)

03 = (Em—2,3,14,15 Em_6,7,10,11) Pm@2 s
0y = (Zm=1,7,11,13 - Em:3,5,9,15) P9
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‘Applylng the transpositions (3. 33) and using (2.20) one can deduce from (4.43) the expressions
for generators 0,

& = 0% (T B Py,
284(22 4 Zk 12)‘k(k—l)4-g"Pk7
!
a3 (Zk =2,3,14,15 — k= 671011) k(k)zu P,
(Zk 1,7,11,13 =~ Zk—35915) ®. Py

5. Example: N = 2 SKDV Equations in Terms of Z,
' Generalized Grassmann Algebra

We start with the discussion of the N = 1 super-extension of the KdV equation

0%

5 =0 ((62) + 3%(D3)). (5.47)

“1t is known (see e.g.[20]) that the Lax operator L with the Lax pair representation in this case
can be taken in the form oL

ot
where > 0 denotes the projection onto the purely (super)dxﬁ”erentlal part of the operator,
8, = £ and we have used the odd superfield ®(z,6) = ¥(z) + 6u(z) and covariant super-
“derivative D = b + 00,.

The operators f, & are the same as in (3.30), (3.31). Since the fermionic field 1(x) anticom-
“mutes with § and & (3.31) we should represent it in the form

L=02+3D = [L, L), (5.48)

Mﬂ=®wﬂ=(f_%), (5.49)

“which guaranties the anticommutation of 1 with § and 8. Substitution of the matrix represen-
tations (3.31) and (5.49) in (5.48) gives the matrix representation for the N = 1 SKdV Lax

-gperator  ° A A
2 v 0 0 1y 0 v
L_a’+<u —1[1) (61 0’) _a:+(—1z33: u) (5.50)

‘Here the field 9)(z) should be considered as a fermionic field while u(z) is a bosonic Virasoro
field. Thus, we represent the Lax operator L for super-KdV equation in two different but
absolutely equivalent forms. The first formula (5.48) gives the representation of the L-operator
“in terms of Z, graded algebra (2.1), (2.2), while the second formula (5.50) gives corresponding
“graded matrix realization.
Now the discussion of the N = 2 SKdV Lax operators is in order. It is well known that there
are three different completely integrable N = 2 supersymmetric extensions of the Korteweg-de
Vries equations [18] [19]. All these extensions could be written as

o

55 = 0= (- (920) + 32(D1D22) + %(a - 1)(D1D2%?) + a®?), (5.51)
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where a = 4, -2,1 and ®(z, 61, 6) = w(zx) + 61 Y1(x) + 62 Y2(z) + 026, u(x). We would like
to show that the Lax operators for these generalizations could be written in terms of the Z,
generalized Grassmann algebra. Let us notice that the Lax operators for the oo = 1 case is

L1 = 61 - (9;1 Dl D2 . <I>(.’13, 01,02) 3 (552)
where the superderivatives D; are

D1=0,+6,0,, Dy=0,+0,0;. (553)

The supersymmetric KdV equation is obtained from the Lax pair representation as

oLy
ot

The Lax operators for the & = 4, —2 are described in terms of the previous operator L, as

= [L1, (L3)30] (5.54) |

Lo=LL , Li= (L} L), (5.55)

where t denotes the hermitian conjugation. From that reason we consider therefore the case |

o =1 only. k
The component u(zx) is a Virasoro field and variables 6; and 1); anticommute with each

other. It means that we can represent v in the form '

W; OA 0 0
¢z=("’:}®[’:’) 7/31— g _(;/)1 __01/)"‘ g

o
o
o

§)

In matrix notations we have

0 0 10
0 0 01
Di=14 0 00|
0 8 00
01 0 0
_ta 0 0 o0
=490 0o -1
0 0 -9, 0
00 0 -1 (5.56)
0 0 -8, 0 ‘
iD=\ g 9. o o |’
2 0 0 0
w 0 0 0
_ ¢2 w 0 0
¢ = P 0w 0 |°
—u =1 Y2 w




Finally we write the Lax operator (5.52) in the matrix form

00 0 -87! w 0 0 0
_ 0 0 —1 0 v w 0 O
az 0 0 0 ~u _1/)1 1/)2 w

The superfield @ and covariant derivatives D; in terms of Z, variables are represented in
the form

® = w(z) + 0 (Po + Py) Ya(x) + 6° (Po — P1) Y (z) — 0° u(x). (5.58)
DlzLag(P2+ﬁP3)+026z »

Dy =0y e;;i - (—31)‘; Ps) + 0 (P~ P) 0g, (5.59)
ud using these relations we obtain
. 01Dy Dy = (‘“2”) 8ot +(—q%i)a¢,132+¢9131 +6%8,. (5.60)
Let ﬁs introduce the Z; covariant derivative
| D=0+ 0°0: =0 —3(q+1)6°9, (5.61)

D! =4,

ihere the operators # and 0, generate the Z, algebra (2.1), (2.2) for p = 3 and parameter q
atisfy g2 = ~1. Now we express all 85 via operator # and Z4- covariant derivative D:

B =D+%(g+1)60,,
8 =D+ (¢D0* + L) o,
=D+ (D0 + LU DE? 1+ q0) 0, .

lsing this relation the differential operator (5.60) is rewritten as

‘ {_q;fla;lps_%kuv((q;l) Pg'—%02)+0<P1+ (qgl)) +0363} :

Finaily we obtain the expression for the Lax operator L (5.57) as a pseudodifferential oper-
#or with respect to the fractional covariant derivative D: :

L=0,+D v u_+ug+D-u; +D?* uy+8,-us, (5.62)

were the fractional superfields ug(z, #) are defined in terms of the unique fractional prepotential
1(5.58).

1 1
= —— = — =P |
U_1 q—lq), U 9<q+1 1) 3
- 1
U1=(12qP2+§92>‘I), 2U2=—U4=03(I).
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6. Conclusion

In this parer we have shown that the fermionic Heisenberg-Weyl algebra with 2N = D fermionit
generators is equivalent to the generalized Grassmann algebra with two fractional generatorso
the order of the parastatistic: p = 2V — 1. The 2,3 and 4 dimensional Heisenberg - Weyl algs
bras (they are related to the 4,6 and 8 dimensional Clifford algebras) were explicitly given. Th
N = 2,3,4 extended supersymmetries can be described in terms of these algebras. We refor
mulate the Lax approach for the supersymmetric Korteweg - de Vries equation in terms of the
generators of the generalized Grassmann algebra. Note that the theory of the pseudodifferentia
operators on the (1|1) superline [20] can be directly generalized to the theory of pseudodiffer
ential operators on the fractional superline (z,6) (we plan to return to these problems in on
of the forthcoming papers). On the other hand, in the similar manner, one can construct th
Zp41- graded extensions of the KAV and Kadomtsev-Petviashvily hierarchies. These extensios
should be probably related to the graded matrix generalizations of the KdV and KP equations.
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On the Construction of a Noncommutative Action for the D =11
Supermembrane
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Abstract

We formulate an action for the D = 11 Supermembrane over the Weyl
algebra bundle in terms of a noncommutative geometry. The action
reduces on a Darboux chart to the D = 11 Supermembrane action. We
propose an extension of the Seiberg-Witten map obtaining a geomet-
rical construction of the action depending only on the class of admis-
sible symplectic connections. We briefly review the noncommutative
approach over the Weyl algebra bundle.

1 Introduction

The formulation of superstrings in 10 dimensions , supermembranes and super5 branes
in 11 dimensions in terms of noncommutative geometry has been recently analized from
different points of view, for a recent review see [1]. Most of the work has been performed
in the context of the interaction of open strings with constant antisymmetric background
fields which are assumed to be much larger that the background metric. The precise limits
in which the noncommutative geometry arises were discussed in [2).

The approach we followed in [3] and [4] was to emphasize the residual gauge symmetry
of the D = 11 supermembrane in the light cone gauge , the area preserving diffeomor-
phisms. In two dimensions they are the same as the symplectomorphisms on the, world"
volume . The idea was then to formulate a new action for the supermembrane in terms of
a noncommutative symplectic geometry. The symplectic two-form arises naturally from
the existence of a non trivial central charge on the supersymmetric algebra. In order to
formulate the action in terms of a noncommutative geometry the fields describing the
supermembrane action were lifted to Yang-Mills connections and associated gauge fields
over the Weyl algebra bundle, where a general framework for the symplectic formulation
of noncommutative geometry was introduced by Fedosov in [5]. One of the results in
[4] was the construction of a geometrical action over the Weyl bundle which reduces to
the well known action of the D = 11 supermembrane in the light cone gauge when the
geometrical objects are projected down from the Weyl algebra bundle to fields over the
world volume and a formal parameter in the expansion of the elements of the Weyl algebra
tends to zero.

In this paper we first briefly review Fedosov’s general framework and the introduction
of Yang Mills connections over the Weyl Bundle. We then propose an extension of the:
action in [4] which becomes independent of the symplectic connections introduced by
Fedosov. ‘

To do so we introduce a map similar to the one used by Seiberg and Witten in [2]
but on the Weyl algebra bundle. This new map has the advantage that it is globally
defined over the world volume, it is not a local map as the Seiberg-Witten one. This is
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an-important advantage to the construction we followed in {4] with the usual formula-
tions. The current approach considers constant symplectic structure, constructed from
the constant background antisymmetric field, and it is then valid only over a Darboux
chart. The price paid in order to have a global cobnstruction is the introduction of a
symplectic connection over the world volume that, in general, is not unique. There is a
class of admissible symplectic connections which may be introduced. One would like then
to have an action which depends only on the class of symplectic connections. This is the
problem we address in this paper.

2 Yang Mills connections over the Weyl bundle

In [5] a formal Weyl algebra W, corresponding to a symplectic space T;%, where I is
a symplectic manifold (£,w) of dimension 2n and T,X is its tangent space at x, is an
algebra whose elements are given by a formal series

aly,h) = Z h"a.,,y,‘lmupy"1 Lyt (1)

k.p>0

where h is a formal parameter, gy = 0 and g, runs from 1 to 2n when p # 0. To order
terms in the summation, we give the following degrees to variables: deg y* =1, deg h = 2
and we order by increasing degrees 2k + p. The Weyl product of elements a,b € W, is
defined as

X ith, 1 da b
b= e el Y S T N 9
e ,:2::0( ) T W By Bym oy L O @)

- This product is associative and independent of the basis in T, ¥.The union of W,
defines the Weyl algebra bundle W. We will consider g-forms on ¥ with values in W.
A.torsion free symplectic connection preserving the symplectic structure is introduced
on the tangent bundle of £. This connection is then lifted to the Weyl bundle W by
considering its action directly on the coefficients of the expansion 1, we denote it Dg

Dsa = dz? A D,ya (3)

where D, denotes the symplectic connection on £. General covariant derivatives D on the
bundle may be considered with one-form connections -y globally defired on £ and with
values in W,

Da = Dga + %[fy,a.] (4)

The two-form .
i
Q=R+ Dsv+ 5-(17] (5)

is the Weyl curvature of the connection D. R is the curvature of the connection Dg. The
Weyl curvature satisfies the Bianchi identity

DO = DsQ + %h,n] =0 ‘ (6)
moreover, for any sectiona € W® A
D= %[Q, a) (7)
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In general, transitions on the bundle 73 will induce transitions on the algebra W.The
infinitesimal gauge transformations on elements of the algebra are expressed as automor- -
phisms given by v
a—a+la, (8)

with ‘infinitesimal’ A € W.
The corresponding gauge transformations for the connections D are
DD+ DA 9
implying o
Da — Da + [Da, Al (10

Abelian connections D, are connections D with Weyl curvature  being a central form
of the algebra. Let us denote it £24. It then satisfies

[a,a] =0 (11) -

for any section a € W. Associated with D, there is a subalgebra of W, denoted Wy,
defined by o
WAz{aEW:'DAa:O}. (12),

There is a one to one correspondence between the C* functions ag(x) over £ and the . |

elements of W. In fact, given a € W, , the projection is defined as
oa = a(.’E,y =0, h) = aO(x)v (13) :

and given ag(r) there is a unique element a € W, with such projection. If a and b € W,
its Weyl product is projected to the globally defined x-product

a(aob)=a0*b0 (14)

In the particular case when W, is constant and the symplectic connection is zero, the "
formula agrees with the Moyal product. In [4] we constructed the Yang Mills connection
over the Weyl algebra bundle. Let & be a symplectic manifold with a symplectic two- -
form wy,dz* Adz”. In this section, we assume w to be an arbitrary non-degenerate closed
two-form over Z. A set of multi-beins is defined by

Wy = ELed € (15) -

where ¢;; is the canonical symplectic tensor. Because of Darboux theorem, locally we '
always have S
sL =9,4". (16) -

We may consider an atlas where on each chart we have (16) . The transitions on g¢*
between different charts preserve the symplectic structure (15). The multi-bein &, will
then have transitions over X, otherwise, one would have a set of 2n non-singular vector
fields globally defined over X, but this is not true in general.

Let us discuss the transitions on intersection of charts in more detail. Consider two .

open sets U and U, UNU = 0 in which
&), = 0,g', and &, = 8,8’ 17)
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’respectively. In UNU we then have

: wu,, = ELE‘;’;E,'J' = éLEAf;Eij, (18)
from which we obtain '
f €, = Siel, where 5} = e“‘ekel €15, (19)

we define the inverse of € by eijejk = §i. One may verify that S preserves the canonical

“symplectic tensor and hence S € Sp(2n). Consequently in order to have a global con-
struction over ¥, one must begin by introducing a symplectic Sp(2n) connection on the
tangent bundle. We first consider the following symplectic connection over X,

10wy, ,n 10wy oy
3o T30 Y

where (., is a totally symmetric tensor. This is the most general expression for a con-
nection satisfying

O = Guw™ + (20)

0
(a -+ 0w =0 (21)
‘here ©3), is expressed in terms of w,, and its derivatives. It is invariant under the Sp(2n)
transition of the multi-bein. We now consider the following torsion free connection on the

tangent space
FJ = el -e
&; (a " p.u /\) - (22)

1t transforms as a Sp(2n) connection under Sp(2n) transformations on the tangent space.
In fact,

IcaSk
l a ﬂ
thls connection is symplectic on the tangent space. We may construct from it the most
general symplectic connection on the tangent space in the following way. Let us denote

[ = (STHITRST - (5715 (23)

ﬁ# =0,+T,, (24)
a symplectic connection must satisfy
(D, + AT )ei; =0 (25)
this equation has the general solution
; 1 . | . . ~ .
ALY, = g(D#ei,)el-’ + gsﬁs;’(D,,eu)el-’ + ek Clunye” (26)

AI" is acovariant vector on the world volume and a tensor under Sp(2n) transformations.
Smce the connection (24) is symplectic the first two terms of the right hand side member
in (26) are zero. We may finally construct our symplectic connection D , when acting on
mixed indices vectors V! it yields

D,vi = %% 4 (v, + ATV - LV (27)
it satisfies
D,pr,\ = 0, DHE,'J' =0 (28)
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and it has the right transformation law on the world volume and in the tangent space.
The final form of the Yang Mills connection is

D= %[Giei,.] " %[n,, o (29)

where G; obeys the following equations
DuG; =0, 0G; = €;5¢° (2) (30) 
where g7(z) is defined in (16) and -; also obeys
Day; = 0. (31)

The curvature of the connection D is then given by

Q= 511G, Gl + 3[G 71+ 7). (32)
it satisfies the Bianchi identity
DO=0 (33)

this property follows from the Jacobi identity for the bracket. The first term in (32)
reduces in the flat limit to :

. 1
ﬁ[a,g] = -3¢ Aeey; = —w (349)
The projection of Q has in general the expression
h? 1 PR
o = —w+F- % (Rjkli(D;Dl‘:D[Am)) - ((ZR;Efpeququ)) eljekkellez Ae™
h? T ;
—56—.—8RjkziR5-Hme“ekke”e’ Ae™+ O(h3).. ~ (35)

where the curvature is constructed from the Sp(2n) symplectic connection (27), the re-.
maining terms are higher order in h and depend also on the derivatives of the curvature.
The curvature F is the Yang Mills field strength

F = %ei A CJ(D,A] - Dj.Ai + %{Ai, -Aj}sta.r) (36)
constructed now with the Sp(2n) covariant symplectic derivative introduced in (27) ,
notice that the star bracket in (36) is the global generalization of the Moyal bracket over
the whole symplectic manifold obtained in [5]. We notice that, because of (16) and (19),
the first covariant symplectic derivative of g* is a simple derivative. We will assume the
same transformation law under Sp(2n) for A. :

3 Supermembrane action and the Seiberg- Witten
map

The starting point in the construction of the noncommutative action for the supermem- -
brane in (4] was to consider a nontrivial central charge of the supersymmetric algebra.
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This condition defines in a natural way a nondegenerate closed two-form w over the spa-
tial world volume, which may be taken to be a Riemann surface. This closed two-form
is invariant under the area preserving diffeomorphisms which is the residual gauge sym-
metry of the supermembrane in the light cone gauge. We may then write the following
Hamiltonian density on the Weyl algebra , see [4] for more details,

H = %(pMo*PM)Jrl(ﬁo*ﬁ) (Gi€' +7, XM 0 +[Gue + 7, XM))

2h2

— (XM, X o XM, X)) + (20 40) (37
where the Hodge * is constructed using an induced Riemannian metric.
We may inmediately project out the center components of this Hamiltonian yielding

oM = (PM) W+ = (n/\*n) (DAXM AxD4XM)

4h2{XM XN}starw+ (:F w)(*}-_*w)+

+more terms (38)

where D4 = DgX™ + {A, XM} ;4r corresponds to the first terms in a projection of the
gauge covariant derivative,

ODXM = 2{Giy XM Yutar + 5 (s, XM} ter = D i XM o (i, XM} sr

+curvature terms. . . (39)

If we consider the terms of o4 independent on the formal parameter i we obtain exactly
the D = 11 supermembrane Hamiltonian in the light cone gauge. Let us know consider
a generalization of the Seiberg-Witten map to the Weyl bundle, we will then use this
map in order to write an action for the supermembrane depending only on the class of
symplectic connections introduced on the previous section. the construction will be based
on the Hamiltonian (37).

The Seiberg-Witten map [2] is a map between gauge equivalent classes of noncommu-
tative gauge fields and commutative ones. That is,

Az) L™ A(z) (40)

such that i
AgA=dr+ {4, } & A JA(z) =dX (41)

where X and ) are infinitesimal gauge parameters. This map was explicitly constructed
for a constant background antisymmetric field. It may be generalized to the Weyl algebra
bundle for arbitrary symplectic structures in the following way. We may associate, in
a unique way, to each Yang Mills connection over the Weyl algebra bundle an abelian
connection D4 whose curvature is of the form

Qa=F +hQ + 52 +... (42)
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where F Q,,€,,... are closed two-forms which are gauge invariant. Moreover, this map
associates to each non-commutative gauge equivalent class, corresponding to D, the gauge
equivalent class of D4:

DA=3A+[7,A] 2> d(A+5)

where s = s(v, A). If we define the projection

oy = Az, h), (43)
then
It turns out that
F = F(4) (45)
Y = (4, A) (46)
QQ = Q2(A, Al, A2) (47)

and so on. If we impose now the conditions

Q=0,i=1,...,00 (48)

we exactly recover the Seiberg-Witten map over any Darboux chart. The procedure
provides then a global extension of the Seiberg=Witten map.

There is also a geometrical construction based on a Poisson bracket, instead of the
Weyl one, which is relevant in our discussion. We consider the vector bundle P constructed
with the same geometrical objects defined in section 2 but instead of constructing a Weyl
bracket from the noncommutative product, we introduce a Poisson bracket.

All the analysis of section 2 follows in a similar manner, in particular the construction
of Yang-Mills connections and the abelian ones. An action may be constructed from such
geometry by replacing the Weyl brackets in (37) by the Poisson ones. It turns out that
for such construction the action is independent of the formal parameter h. Moreover its
projection over the central components gives rise to the D = 11 Supermembrane action
in the light cone gauge [3]. We may now consider in this geometry the construction of
a Seiberg-Witten map, furthermore, we may construct a map between gauge equivalent
classes of noncommutative Yang-Mills connections over the Weyl algebra bundle and the
gauge equivalent classes of Yang-Mills connections over P. It is then possible to rewrite
the action of the D = 11 Supermembrane in terms of the noncommutative Yang-Mills
connections and gauge fields X, thec first relevant terms of such action agree with (37).
The action depends only on the class of admissible symplectic connections, two elements
of the class differ by a totally symmetric symbol. We will discuss the explicit construction
of this action in a forthcoming paper.
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Abstract

The realization of the two-dimensional Poincare algebra in terms of
the non-commutative differential calculus on the commutative algebra
of functions is considered. The corresponding algebra of functions is
commutative and is defined by the spectrum of unitary irreducible
representations of the two-dimensional De Sitter group. The Gauge

invariance principle consistent with this quantum geometry is consid-
ered

1 Introduction

The suggestions to consider the non-commutative space-time at small distances are as old
as quantum theory itself. ' Today it is commonly accepted that the most probable scale
for these ”small” distances is that of Grand Unified Theories, i.e., the scale close to the

Planck one .
h
Iy = ,/—gﬁ ~10"%cm (1)

One of the most convincing arguments for this is that at this scale the curvature radius
of space-time is of the order of the De Broglie wave length of a test particle.

Recently the possibility of non-commutative space to emerge in the framework of the |

string theory has been indicated first in [6]. More recently Yang-Mills theories on non-
commutative spaces have emerged in the context of M. -theory compactified on a torus
in the presence of constant background three-form field, or as a low-energy limit of open
strings in a background B-field describing the fluctuations of the D-brane world volume.
(See the review article [7] and references therein.) :

It is worth mentioning a series of recent papers 5]-[8] where it has been shown that
the curved momentum space and the corresponding Snyder-like quantum space naturally
arise when considering the 2+1 model of gravity interacting with the scalar field. The
canonical momenta belong to the hyperboloid in three-dimensional space, Lobachevsky
space.

One of the first NG models is connected with the modification of the momentum
space and goes back to H.Snyder (see review article [1] for further references, and also

!There is a terminological unexactness here: non-commutative space-time is often referred to as the
quantized space. But the space in quantum theory is quantized by definition”, simply because the
position is a measurable quantity and as any other physical quantity is presented by the operators Z,. In
standard quantum theory different components of the position operator mutually commute and can be
simultaneously diagonalized, i.e., represented by numbers. By this reason the coordinates are referred to

as ”"non-quantized”. Hence, when introducing noncommutativity in geometry it is better to speak about
the non-commutative Geometry (NG).
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[ - [4]). In this approach, usual commuting position op'erators werebcharéged :)ry;lt‘z)l;tsz
on-commutative quantities of a concrete form, more precisely by' the boost gen i
Ef the De Sitter or Anti De Sitter momentum space. The geomet.rles of momentfum an
onfigurational spaces are closely connected. As quanturq mecpar.ncal operators of energy
: d momentum are the derivation operators in space-time, it is clear that transfer to
?}Ille non-commutative geometry requires the modification of the' geometry of momentum
space. And vise versa. It is not obvious which is prir.ne. Choosmg. the. moment'um spacel
with geometry different from the standard Minkowski one we obtain different (in genera
i f space-time.
nOn'_I‘cl(l)em él?:zzzl‘;ef )thgee (;I:;ggtfy olf) the momentum space leads to the modification of .the
procedure of extension of the S-matrix off the mass shell, i.e., to a different dﬁnﬁn}lc?.l
description. Establishing the geometry of the momentum space of.f the massds Z Q1; '}n
fact an additional axiom of quantum field theory (QFT). Actually, in the sjcaihar do_,
the axiom that the geometry of the momentum space faff the mass shell is teh 'pskelzhat
euclidean (Minkowski) is accepted as an evidegt fact, without saying. We can t in hat
some background interaction exists which modifies the geometry of the momen utr)n sp e
[1]. In consequence of the change of the geometry of th.e p-space‘the spahce-tlme tecox;nd
quantum (non-commutative). We stress that the p%lysxc'al meaning of the %eo’;nhe ry nd
topology of the momentum space has no clear physical mtgrpretatlon as ye f e Si)-?n °
time groups considered in QF T as covariance groups are thfe lsometry.gropps}(: space-ti k.
The explicit character of Snyder’s approach to space-time quantization a.sf a rem::r -
able consequence: we can define the common spectrum of a (complete) set o . operators
constructed from 9:,‘ and some other operators from Fhe centrum of .the un1¥e;zal eer‘:
veloping algebra of the De Sitter Lie algebra and co.n51der them as points El,: ct) ferrli1 v
quantum (and non-commutative in general) space-t1m(‘a. It can be showr} t af::h'o e
lation of the generalized causality condition and ‘QFT in terms of'th.e Pomlll:s 0 IISQFT
numerical quantum space-time is as comprehensive procedure as it is in t e usula oy
with the Minkowskian space-time. In this approach, the structure of the singu ard eh
theoretic functions is entirely reconstructed as compared‘ to the standard QFT, and the
corresponding perturbation theory is free of ultraviolet divergences [4].

2 Non-commutative configurational space

Let us consider the two-dimensional momentum space of cor.lstant curvature rrllodelled by
the two-dimensional surface embedded into the three-dimensional pseudo-Euclidean space

prL = pllpu - pg = -1 L=071’2’ B = 071 (2)

The ”plane waves” in this case, i.e., the kernels of the Fourier 'transform connecit:mrg
the p-space and the new configurational space and 'at the same time tl.le stafte (xi'ec i(t),]e
describing the free motion of the particle are the matrix elements of the. umt}::.ry 1rreduc e
representations of the isometry group of the space (2) (£ | p). Orin o’? erl v:rtl);n:; he
surface (2) is the uniform space of this group. 2. To describe these matrix ele ,
use the hyper-spherical coordinates

2Evidently, dimensional physical constants including the fundamental length IO. musthenter e;:pl:iess:;r;
(2). We use tl,1e unit system A = ¢ = I. All relations of the theory must go over into t' e.stan ar:
Wh;:n lp can be considered as a small quantity. This will be called the correspondence limit.
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p? = sinh¢ p' = cosh(sinw p? = cosh{cosw

-0 < (<00 T <Ww<T

In the correspondence limit
2 0,0l A }
the generalized plane waves (£ | p) have the form

o+1
(€l p) = ol Gu) = ‘2757—(—%

where P¥ () are the associated Legendre functions, £° is the sign of the discrete tirﬁé

n, and
n(a,n)=F<0+;+2)F(a—;+2) (6)

Let us list some important properties of the generalized plane waves

e P, (% )(g tanh() (5)

1. Behavior at the origin

€10 =1 @

2. For principal series of the irreps

o |
o= ZA_§’ 0<A<o0,oro=k=0,1,2,..., n=0,+1,%2,... = (8)

We call the set £ = (o,n) a point of quantum space.

3. Orthogonality and completeness

s [ 401 BE| €) = 1 (0)gadumd(A - A)

(2n)
1 I U 2 ~ ~!
[ 461 O€1 ) = 56 = 6~ 5) ©)
an, = W
o

(0 + %) cotw (0 + %) r (i“'—’2‘+—2) r (—“”;"“)
T T ()

plo,n) =

The volume element d{2; symbolizes the integration over the continuous part of the
proper time ¢ and summation over its discrete part as well as the summation over
the discrete time n (cf. [4]).
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4. The correspondence limit

n~zl, Vo?+ n?x {19 (10)
(€1 p) = ™=
Relations (10) suggest our identification of ¢ and n as quantum analogs of the two-
dimensional space-time coordinates (interval and time).
3 Holomorphic realization

Let us consider the holomorphic realization of the plane waves (5). We start with the
continuous part of the spectrum of the interval ¢. Introducing the new variables

1 1
z=iA+n=ar+n+§, and E:—iA+n=—0+n—§ (11)

and using the connection between associated Legendre functions and hypergeometric
functions [9] we come to the following holomorphic representation for the plane wave

€l p=(n| (uw)=(27] (w) =

9 ;—gil eiwg-__

= " (2, Z)P 34 (' )(§°tanh() (cosh ¢)~ 5 giwfE. (12)
F (—;i 223 L tanh? c) -
—2€%anh ¢ - ¢ (2, z)F(fi% Ztsl,z,tanhZC)
where
r(=i\p (=2
C(z’—z-) — _<2_)*<_2_2 (13)

- 241 —z+1
r(5)r (=)

As the hypergeometric function is the entire function of its first two parameters we can
easily prove that the plane wave (z,Z | (,w) is an analytic function in its first argument
z and anti-analytic in its second argument Z. This function obeys as well as { (z,%) the
symmetry condition

f(2,2)=f(z2) (14)

At the same time it is well known fact that hypergeometric functions don’t obey

any differential relation in its parameters, but obey the recurrence relations [9]. This

makes them the subjects to the non-commutative differential calculus. The holomorphic

representation leads to the simplest form of such a calculus. We introduce this calculus
starting with basic relations
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[2,d2] = dz, [z, dZ] = dZ, [2,dz} = 0, [2,d2] =0, [2,2] = 0 (15)

in which in contrast with the standard (commutative) calculus the coordinates z, and
7 commute between themselves but don’t commute with corresponding differentials. It
can be shown that the comprehensive differential calculus based on the relations (15)
exists [1]. We can introduce the generalized interior derivatives right T and left @ of the
function f (2, z) as

df =[dz, f] = B,fdz = dz 6, f (16)

and similar formulae for the non-commutative differentiation in Z. The Leibnitz rule
is fulfilled for the exterior differentiations (16)

d:(fg) = (d:f)g + f(d9) (17)

and in modified form for the interior derivatives
3(79) = (3f) 9+ 1 (Bg) + (9:5) (29)
(18)

5.9 = (5:5) 9+ (B:0) + (81) (Bu)

We refer the reader for the detailed theory of non-commutative differential forms on
the commutative algebra of functions to [1, 7, 15] and deliver here the only information
necessary for introducing the physical operators. Using right and left non-commutative
Hodge operators ¥ and % ([1]) we define the symmetrized interior derivatives in the form

1

z

It can be proved that non-commutative interior derivatives in our case can be expressed
as the finite-difference derivatives [1, 7, 15].

Bf=(F - 1) 52, 95=(1-¢#)fz2) (20)

momentum operators

- _ 1 _l 2L —_l 2L
P _(z—E){(Z 5) 7k = (2-5) k) @)
0o_ 04 =Y o 9 _ 9
p =-£ P _E)C(z,z))smh (az -
pr=p +ipt pT=p" —ip

Operators p” mutually commute. Their common eigen-functions are the plane waves
(5) with eigen-values (3). Momentum operators obey the hermiticity condition
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o = %(;’-i-?)dz 6;:5(?’—¢)dz+1 (19)

w (o) w=p @) w=p (22)

Now we write down the three generators

M= EEE M0 = 20570, MP = 26€¢(I0E (@9
2 2

which are as well as (21) the non-commutative differential operators and complete the
set (21) up to the Lie algebra of the inhomogeneous 2 - dimensional De Sitter group.
For 8%, and 8'9; the following relations

2 2:
2 2

are fulfilled
Let us consider the gauge transformation localized in non-commutative space-time

¥(E) = AOvE) 2O =9 (25)
Unlike the usual theory the gauge transformation entangles the components of mo-

menta:

Q7(¢) PH(E) = CH k() P* (26)

For the sake of simplicity we write down the C_L x(z, E_)—matrix separate_ly for the cases
when it depends on only one of the variables 5% or 42, For Q = Q(Z3%) we have

et = (a0 5D) - 25 (e 05) e e

2 2 z—Z\ 7T

%' —MBO _pg2
£ = (—M“’ i M7 ) (28)

__M20 _ M12 %

For the case Q = Q(2£2) = A A= —ilQ

2
if(ec.-—1)a
() :
: ) e
+% i(ai);,\(zi—'))
CLK(Z z)=€ = 0 cos O34z A —sin(aiﬂ/\) (29)
2 2

2
0 sin (03.22)  cos (agﬁ,\)
2 2

Also the following the following relations are true

0Nz, 2) PLQ(z, Z) = PxCl¥(z,2) Ct=C7! (30)

It is easily seen that in a consequence of (26) and (30) the De Sitter condition (2) is
invariant in respect to the gauge transformations (25). It can be easily shown [4] that to
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make the theory gauge invariant we must introduce the complex De Sitter vector AL of
electromagnetic field and require that it transforms similarly to (26) and (30):

Q7 (2, 2) AL Q(z, 2) = C*k(z, 7) AK
(31)
Q7 (z, 2) AL Q(z, 2) = ALCI%(z, 2)
It follows from (31) that the components of electromagnetic field do not commute with the

gauge function and in a consequence do not commute between themselves. Introducing

the covariant derivatives R R
Df = i (p* - A%) (32)

we obtain the De Sitter invariant equations for the matter fields. The tensor of electro-
magnetic field is given as

FEL — [DL, bk] - [ﬁL7 AK] _ [ﬁK, AL] _ [AL’ AK] (33)
The action of the electromagnetic field is
S =Tr / EXLfrep QY (34)
and the non-commutative analog of the D’Alembert equation takes the form |
[Dk, F¥E) =0 (35)
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Abstract

We consider the hydrodynamics of the ideal fuid on a 2-torus and its
Moyal deformations. The both type of equations have the form of the
Euler-Arnold tops. The Laplace operator plays the role of the inertia-
tensor. It is known that 2-d hydrodynamics is non-integrable. After
replacing of the Laplace operator by a distinguish pseudo-differential
operator the deformed system becomes integrable. It is an infinite
rank Hitchin system over an elliptic curve with transition functions
from the group of the non-commutative torus. In the classical limit we
obtain an integrable analog of the hydrodynamics on a torus with the
inertia-tensor operator 42 instead of the conventional Laplace operator

8d.

1 Introduction

The Euler-Arnold tops (EAT) are Hamiltonian systems defined on the coadjoint orbits
of groups {1]. Particular examples of such systems are the Euler top related to S50(3),
its SO(N) generalization [2] and the hydrodynamic of the ideal incompressible fluid on &
space M. The corresponding group of the latter system is SDiff(M). We consider here
the case dim(M) = 2 and then restrict M to be a torus T2,

EAT are completely determined by their Hamiltonians, since the Poisson structure is
fixed to be related to the Kirillov-Kostant form on the coadjoint orbits. The Hamiltonians

are determined by the inertia-tensor operator J mapping the Lie algebra g to the Lie

coalgebra g*. Special choices of J lead to completely integrable systems (see review [3D).
In the case of the 2d hydrodynamics J is the Laplace operator and it turns out that the
theory is non-integrable [4]. The goal of this paper are integrable models related to SDiff.
Some integrable models related to SDiff were considered in [5, 6, 7, 8]. ;

These type of models can be described as the classical limit of integrable models
when the commutators in the Lax equations are replaced by the Poisson brackets. This
approach was proposed in Ref.[9], where the dispersionless KP hierarchy was constructed
and later developed in numerous publications (see review [10]).

Here we use the same strategy defining an integrable system on the non-commutative
torus (NCT) and then taking the classical limit to SDiff(T?). The starting point in our

construction is the integrable GL(N,C) EAT introduced in Ref.[11, 12]. Their inertia-

tensor operators depend on the module 7, Im7 > 0 of an elliptic curve. This curve is the
basic spectral curve in the Hitchin description of the model. We consider here a special
limit N — oo of GL(N, C) that leads to the group Gy of NCT, where 6 is the Planck
constant.! The group Gy is defined as the set of invertible elements of the NCT algebra

As- It can be embedded in GL(c0) and in this way Gy can be described as a special

* e-mail olshanet@gate.itep.ru
'For Manakov's top lim N = oo was considered in Ref.[13).
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. it of GL(NV,C). We define EAT related to Gy depending on a pfirameter T Tllllen, we
hon! truct the Lax operator with the spectral parameter on an elliptic curve with the same
cons

7. o
ar?mizirclassical limit # — 0, Gy —SDiff(T?) and the inertia-tensor operator J takes
n s

form 0°. The conservation laws survive in this limit while cor.nmuFat.orts in the 'Lax
tl}e Ol’h become the Poisson brackets. It turns out that the classical limit is essentially
g Z as the rational limit of the basic elliptic curve, such that the prf)duct (?f the
tl;e Sczicnt:onstant 9 and the half periods of the basic curve are constant. In this way in the
fl:;ical limit NCT becomes dual to the basic elliptic curve.

9 The Lie algebra of the non-commutative torus

Here we reproduce some basic results about NCT and related to it Lie algebra Sing [14].

1. Non-commutative torus. ' '
Quantum torus Ay is the unital algebra with two generators (Up, Us) that satisfy the

ti .
relation U, = e(O)UzUl, 9(0) =" 0, 0 [0, 1) . (21)

Elements of Ay are the double sums

Ag={z=) amlU"U;, amn € C},
m,nel
where an., are rapidly decreasing on the lattice Z?

2.2
SUP,, nez(1+m° + n2)*|amn|? < o0, for k € N. (2.2)

The trace functional tr(z) on A is defined as tr(z) = ag. It is positive definite and
satisfies the evident identities

tr(e’z) = 3 lamal® 2 0,

mmn€el

tr(1) =1, tr(zy) = tr(yz,

where the star involution acts as Ur =U;, a},, = Gmn. The relation with the commu-
tative algebra of smooth functions on the two dimensional torus
T*={R*/Z®Z} ~ {0<z<1,0<y <1} (2.3)
comes from the identification
Ur— e(z), Uz—e(y), (2.4)
and the multiplication on T2 becomes the Moyal multiplication:
(f*9)(z,9) = fo+ (2.5)

§ : (7T9|)"Erm <« Erpsn (371...r,.f) (a;'l___s"g).
n!
n=1
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Another representation with the operators, that acts on the space of functions on R/Z,
has the form

Up — expl(ip), U2 — e(00,). (2.6)
Finally, we can identify Uy, U, with matrices in GL(c0)

Ul — Q: U2 — A7 (27)
where @ and A are defined as :
Q = dlag(e(]H)), A= Ej’j+1, ] eZ.

The trace functional in the Moyal identification (2.4) is the integral
trf :/ fdzdy = foo. (2.8)
T? :

2. Sin-algebra
Define the following quadratic combinations of the generators

i mn mrn
T"m = Ew—ae (70) Ul U2 . (29)

Their commutator has the form of the sin-algebra
1-
[Tonns Trwn] = pr sinwf(mn’ — m'n)Tnsm ntn’ - (2.10)
We denote Sing the Lie algebra of the series

"/) = Z"/)mnTmn (2-11)

with rapidly decreasing coefficients (2.2) and the commutator (2.10).
In the Moyal representation (2.5) the commutator has the form

[f(z,9),9(z9)] = {f.9}",

where

Uy =3Urg-9+0). (212

The algebra Sing has a central extension %g that comes from the one-cocycles ‘of
Ajp. The corresponding additional term in (2.10) has the form

(am + bn)bm,—m On v - (2.13)

Let 6 be a rational number 8 = p/N, where p, N € N with ged(p, N) = 1. Then Sing
has an ideal
In = {Tn = Ty Nintnk, Ky L € 2}, (2.14)

and the factor Siny,y /Iy for odd N isisomorphic to GL(N, C). Similarly, we can consider
the ideal A -
Iy = {Tﬂm ~ 4dm4Nin, le Z}7 (215)

in §i719. The factor ﬁl@ / Iy is isomorphic to the central extended loop algebra L(gl(n, 0))-
162 '

3 2d-hydrodynamics on Ay

1. 2-d hydrodynamics
Let v = (V;, V,) be the velocity vector of the ideal incompressible fluid on a compact
manifold M (dim(M) = 2, divv = 0). ? The Euler equation for 2d hydrodynamics takes
the form [1]
d;curlv = curl[v, curlv], (3.1)

where curlv = 8,V, — 8,V, is the vorticity of the vector field v.
Let 1(z, y) be the stream function. It is the Hamiltonian generating the vector field v

tydz Ady =dip.

In other words Vi = —8,3, V, = 8,;3. There is a isomorphisms of the Lie algebra of
vector fields divv = 0 on M and the Poisson algebra of the stream functions g = {%} on
M defined up to constants
{"r/)vn "/)Vz} = "/)[thz]
Let g* be the dual space of distributions on M. The vorticity S = curlv of the vector
field v

S=-Ay
can be considered as an element from g*. The Euler equation (3.1) for § takes the form
88 ={S,y}, or 2S5 ={S,47'5}. (3.2)

We can look on (3.2) as the Euler-Arnold equation for the rigid top related to the Lie
algebra g, where the Laplace operator is the map
A:g—og

that plays the role of the inertia-tensor. The phase space of the system is a coadjoint
orbit of the group of the canonical transformations SDiff(M) = exp{%,-}. The equation
(3.2) takes the form

8,8 = ady S, (3.3)
where VH = 'f,—g = 1) is the variation of the Hamiltonian
H= l/ 8A“18=/ PAY. (3.4)
2/m M

There is infinite set of Casimirs defining the coadjoint orbits
Ce = / S (3.5)
M

Certainly, these integrals cannot provide the integrability of the system (4]
Consider a particular case, when M is a two-dimensional torus (2.3). In terms of the
Fourier modes s, of the vorticity

S= Z Smne(mz + ny)

mn

2For simplicity we assume that the measure on M is dz Ady, though all expressions can be written in
a covariant way.
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the Hamiltonian (3.4) takes the form

1 1 v
H= —W mZﬂ msmns—m,—n s (36)

and we come to the equation

1 jn—km

OiSmn = ~ 8.2 mSijm—j,n-k. (8.7
Ik

2. 2d hydrodynamics on non-commutative torus.
We can consider the similar construction by replacing the Poisson brackets by the
Moyal brackets (2.12) [15, 16]. Introduce the vorticity S as an element of Sin

S= Z SmnTmn- (38)

The equation (3.2) takes the form
S = {8,A™18}*,
or for the Fourier modes

Oy = — 1 sin7f(jn — km)

8738. 2y gz ikSm—jnek - (3.9)
3.k

This system is the Euler-Arnold top on the group Gy of invertible elements of Ay and the
coadjoint orbits are defined by the same Casimirs (3.5) as for SDiff(7T?).

4  Elliptic rotator on 4y
Let p be the Weierstrass function depending on the modular parameter 7, Imr > 0.
1 ¢ 1 1
p(“’T)_ﬁ+jZk((j+kr+u)2 - (j+kT)2) . (4.1)

We replace the inverse inertia-tensor A~! of the hydrodynamics on the pseudodifferential
operator 37! = J: & = ¢ acting in a diagonal way on the Fourier coefficients (3.8): .
m

J: Spn — p[ n ] Smn = Vimn. (4.2)
Here
p[T:] =p((m+n7)6;7) .

We consider the Euler-Arnold top with the inertia-tensor defined by J=! (4.2). It has
the Hamiltonian
62 62 62 ‘
t=5 [ s19=2 [ @ =25 o[ s @3
2 Jp2 2 Jr2 2 o n ’
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where the integral is the trace functional (2.8). The equation of motion in the form of
the Moyal brackets has the standard form

3,8 = 6%{S, J(S)}*, (4.4)

or for the Fourier components
6 il .
O1Smn = - Xk: sjksm-j,,._m[ L ] sinw6(jn — km). (4.5)
J»

Consider the classical limit § — 0 of this system when the Moyal brackets in (4.4) pass
to the standard Poisson brackets. In this case we come to the top on the group SDiff(7?).

Since
lim6p| ™| = — L
850 p n (m + m’)2
the Hamiltonian (4.3) takes the form
1 _
7=3 [ wors, (16)
T

where 8 = %(7'6, —8,), p=1 — 7. The operator & plays the role of the inertia-tensor.
It replaces the Laplace operator A ~ 99 for 7 =i (0 = 1(-79, + dy)) of the standard

p
hydrodynamics.

5 Integrability of elliptic rotator on Ay

1. The Lax pair.

We will prove here that the Hamiltonian system of the elliptic rotator (4.4), (4.5) have
an infinite set of involutive integrals of motion in addition to the Casimirs (3.5). It will
follow from the Lax form

oL =[L,M] (5.1)

of the equations (4.4), (4.5). To define the Lax operator we introduce the basic spectral
curve
E,=C/Z+7Z), (5.2)

with the already defined modular parameter 7. The Lax operator L(z) is (1,0)-form on
the spectral parameter z € E, taking value in the coalgebra Sinj.
Introduce the following functions

I(u + 2)0'(0)

dlu,z) = —ﬂ(u)ﬁ(z) s (5.3)
where J(u) is the odd theta-function on E,,
— T _1\nomi(n(n+1)T+2nz)
I(z|7) —e(E) ;( 1)remitrtntraing (5.4)
and
o| 7)) = e-ntalo(—(m +nr1o,2), 55)
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n

f ,: m J(Z) = e(—n02)8u¢(u, z)’u:—(m+nr)9 - (5.6)

Then the Lax operator takes the form

L= %T;smngo[;’:}(z)Tmn , (5.7)

and

M= Zsmnf[ }(z mn - (5.8)

The equivalence of (5.1) and (4.5) follows from the Calogero functional equation
m J|_ 13 m| _ m _|J m
AR CHEERIEE

and the identity
o o] T Je = - o[ 7]

2. Hitchin description.

It turns out that the elliptic rotator is the Hitchin system [17, 18] on E;. It was proved
in [12] for the group GL(N,C). Here we replace GL(N,C) by the infinite-dimensional
group Gy. It means that we consider the infinite rank vector bundle P over E, with the
structure group Gg. The Hitchin systems of infinite rank were introduced in [12, 19]. Here
we reproduce the properties of the concrete Lax equation as the Hitchin system. The Lax
operator plays the role of the Higgs field. It satisfies the Hitchin equation

OL=0, ResL|,-o=38
with the quasi-periodicity conditions

Liz+1) = QL(z)Q",

L(z+71) = AL(z)A™?

Ttis easy to see that (5.7) does satisfy these conditions.
3. Integrals of motion. e
In the Hitchin construction the integrals are defined by means of the (7, 1)-differentials
i € QUID(E,). Let us choose the representatives from Q-50(E,) that form a basis in
the cohomology space H!(E,,I7), (dim H! = j)
= (0¥ @ dZ, s ;B @ dz. ..y ;00 @ d7) .
Let x(z,z) be a characteristic function of a small neighborhood of z = 0. We can choose

5,5 in the form N
o~ 0z - z)(1-x(2,2)),°

Psj=C ;2 Ox(z,2) for j>1,5>5>1, (5.9)
Coj ~ 970 :
34102 is the Beltrami differential
166

The integrals
(5.10)

. 1 )
Is,j == / / (LJ)/‘s,j
3 JE, J12

are well defined and generate the infinite set of conservation laws. Here we integrate over
the basic spectral curve E; (5.2) and NCT 4y4. The conservation laws can be extracted
from the expansion of the elliptic function

1 . i r_ '
—./ Li(z)=1Ip; + ZI’JP( A2), 1=2..).
J Jr2 pr
In particular,
‘ / LA (2) = Io2 + p(2) / 8%, H=1Iy,.

T2 T2
Note that
Lij~Ci= [ &

T2

»

are the Casimirs (3.5).
Consider, for example, the integrals, that have the third order in the field S . Let

Ey(u) = 9, logI(u),
be the first Eisenstein function.* The second Eisenstein function is

p(u) +20(1/2).

For the functions ¢(x, z) (5.3) we have the following relation. If u; + up + u3 = 0 then

Ez(u) =

B, 2) (2 ), 7) = — 2 Fa(e)+ (5.1)

EQ(Z) (El (ul) + El(’UQ) + E, (’LL3)) +
By(us) (Bx () + By (u2) + By (us)) ~ 5B (us)

This relation allows to calculate szvL3(z). Let

n

Es [m] = Ey((m + n7)6),

E, [’T’:] = Ey((m + n7)f).
Then in terms of the Fourier modes S = {Smn} the integrals take the form
e g m Tty
11,3=—3~ Z Hsm],.] (Ezl: ]ZE [ J]__ 2[n3 ]) , (5.12)

Y m;=53 n;=0j=1

1t is related to the Weierstrass zeta-function as Ej (1) = ((u) ~

20(1/2)u.
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9 3 e
Iy = 5 Z HSm,-n,- ZEl { nJ :, : (5'13)
Tmy=Fn;=05=1 j ’
The integrals (5.10) allow to write the hierarchy of the commuting flows
85,1-5 = {VIS,]',S}‘ (85,]' == 815”,) N (514)
They have the Lax representation with L (5.7)
01 = [L, M, 5] = {L, M, ;}*, (5.15)

and M, ; is partly fixed by the equation
EAISJ = —L(Z)j_l/.ls’j .

4. Classical limit.
In the limit # — 0 the Lax hierarchy (5.15) is replaced by the classical equations

63’]‘L(_l) = {L(_l), Ms(g)} ’
where
) AGH .
(m +n1)

and M, ; = Ms(g.) +O(f). The integrals of motion in this limit survive. We already pointea
the form of the Hamiltonian H = Iy, (4.6). The third order integrals take the forms

1 : 1 1 1
Iip=~ Smjn; -
3 Z 1 o (m3 + na7)? JZ mi+n;7  2(mz +ng7)3 |’

Em_,-:z n;=0j=1

7 3
Bo==3 Y Tlommx>—1

T my=Fn;=0j=1 7 Mt T

It turns out that the classical limit in some sense is the same as the rational limit of
t.he.basm spectral curve E,. Let w;,w, be two half-periods of E,, 7 = w, /wy. The rational
limit means that w), wy — o0o. In this case the Weierstrass function is degenerate as -

1
p(u) — ok

Consider the double limit § — 0, w1, wy — oo such that
limw @ =1, limwd=r

It follows from the definition of the Weierstrass function #(u; w1, ws) that in this limit :

v ] e

Rescale now the Hamiltonian (4.3) by the dropping the 62 multiplier. The new Hamil-
tonian in the double limit takes the form (4.6).
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6 Conclusion

There are three related subjects that are not covered here. The first will be elucidated in
separated publications.

o The elliptic rotator on GL(N,C) can be transformed to the elliptic Calogero-Moser
system (ECM) by the symplectic Hecke correspondence [12]. For general orbits we obtain
ECM system with spin. The spin degrees of freedom disappear for the most degenerated
orbits. The similar approach can be developed for the elliptic rotator on Ag. In other
words, there should exists a symplectic Hecke correspondence between a special thermo-
dynamical limit of ECM and the elliptic rotator on Ay. The general thermodynamical
limit of the ECM system leads to ECM system related to GL(o0), but here we consider the
NCT subgroup and it means that the limit is special. For = p/N after the factorization

* over the ideal (2.14) we come back to the ECM system for GL(V, C). I plan to describe

ECM system for Ay and its symplectic (Hecke) transformation to the elliptic EAT for .A,.

e The EAT can be considered on the central extended algebra Sing (2.13). For the
hydrodynamics (3 = A) this case was investigated in Ref. [15]. Incorporating of the central
charge drastically changes the dynamics of EAT. In particular, the integrals (5.10) are
no longer the conserved quantities, as well as the Hamiltonian (4.3). For ECM system
related to GL(V, C) this construction leads to the two-dimensional ECM integrable field
theory [12, 19]. In the group theoretical terms it means that we pass from GL(N,C) to
the central extended loop group L(GL(N, C)).

The same symplectic transformation that maps ECM system to the elliptic EAT is
working in the two-dimensional case. In particular, the two-dimensional ECM system for
N = 2 is mapped to the Landau-Lifshitz equation [12]. In the limit N — oo we obtain the
symplectic map from the thermodynamical limit of the ECM field theory to the central
extended elliptic rotator. The both cases can be described as the systems related to Sin,.
When 0 = p/N after the factorizing over the ideal (2.15) we come back to the systems
considered in [12, 19].

e Two different tori are incorporated in our construction - NCT 44 and the basic
spectral curve E,. In the classical limit they become dual. It seems natural to replace
E, on another NCT Ag. In a general setting it means a generalization of the Hitchin
systems to the non-commutative case. One attempt in this direction was done in Ref.[20].
As we have seen, the theta-functions with characteristics are the building blocks for the
Lax operators. The analogs of theta-functions on NCT are known [21, 22, 23]. We can
hope that they will play the essential role in the construction of the Hitchin type systems
in the non-commutative situation.
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Abstract

A twist of quantum Lorentz group depending on two parameters and a
one-parametric family of quantum Lobachevsky spaces are considered.
For three collections of these parameters the Casimir operators are
connected with the two-body relativistic open Toda lattice Hamiltoni-
ans. Their eigen-functions are the modified Bessel-Jackson functions
of three types. The principal series of unitary irreducible represen-
tations of the quantum Lorentz groups is constructed. The matrix
elements in the irreducible spaces are the Bessel-Macdonald-Jackson
functions. They are the wave functions of the two-body relativistic
open Toda lattice.

1 INTRODUCTION

In the classical Harmonic Analysis the zonal spherical functions play the role of the wave-
functions of some integrable models [1]. In particular, the Bessel functions are the zonal
spherical functions related to the group symmetries of the Euclidean spaces. On the other
hand, they are the wave-functions of the rational Calogero-Moser model.

The modified Bessel functions and the Bessel-Macdonald functions are the Fourier
transform on a horosphere of the eigen-functions of the Laplace-Beltrami operator in the
horospheric coordinates on the Lobachevsky space. From the point of view of integrable
systems the Laplace-Beltrami operator in horospheric coordinates gives rise to the sim-
plest form of the open Toda Hamiltonian. B. Kostant generalized this connection and
established the similar relations between an arbitrary open Toda lattice and the Whittaker
model of irreducible representations of the splitted simple group G [2].

In [3] we applied the Kostant scheme to the quantum Lorentz group constructed by
Podlez and Woronowicz [4]. It turns out that the corresponding integrable system is the
open two-body relativistic Toda lattice. Its Hamiltonian is related to the Casimir operator
of the quantum Lorentz group being written in an analog of the horospheric coordinates
on the corresponding quantum Lobachevsky space. Up to the g-exponents multipliers the
eigen-functions are the modified ¢-Bessel-Jackson and the g-Bessel-Jackson-Macdonald
functions. Their properties were investigated in [5, 6, 7]. Recently, the integral repre-
sentations for the wave functions of the N-body case based on the Whittaker model of
U,(SL(N,R)) was presented in [8].

*Supported by INTAS (grant no. 99-01782) and the grant 96-15-96455 for the support of scientific
schools. ,

tSupported by RFFR, (grant no. 00-01-00143.) and the NIOKR foundation of the Ministry of Means
of Communication of Russia
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In this work we investigate the two-body case in detail. Our a.naly.sis is based on Fhe
Whittaker model for the quantum Lorentz group U,(SL(2,C)). In this way we describe
the group theoretical approach to the modified q—Bessel-'J acks.on a.nd‘the ¢-Bessel-J a'ckson—
Macdonald functions. For this purpose we construct unitary 1rredu91ble represent:.mons of
a twisted family of quantum Lorentz groups. There are several s'pemal types of twists. For
our purpose the most interesting will be the twist of Reshetikhin type [9]. As by product
we obtain some results in the Harmonic Analysis on quantum Lobach(?vsky spaces. The
quantum Lobachevsky spaces play the role of homogeneous spaces w1t.h 'respfect to the
twisted quantum Lorentz groups. Three members from the family are distinguished. For
these cases the Casimir operators realized on the quantum Lobac.hevsk.y spaces lead to
second order difference operators. Up to a conjugation they coincide with the quantum
relativistic two-body open Toda Hamiltonians. Their eigen-functions are the three types

"of the modified Bessel-Jackson functions. We construct an analog of the principle series

unitary irreducible representations. Then we consider some special ma.tfix elements of
group elements acting in an irreducible space of the class-one representations. They are
the wave functions of the Toda lattice. These matrix elements have the form f’f the double
integral. It follows from [6] that they are g-Bessel-Jackson-Macdonald functions.

The authors thank S.Kharchev for useful discussions.

2 Classical Case

1. Lorentz group. The matrix Lorentz group is the group of complex unimodular
matrices of second order

G=SL(2,C)=<: ‘2) (@f — By =1).

Its Lie algebra has three generators

01 1. T
— p— _1 —
e—(o 0),h— diag(1,-1), f=e

with commutators

le, f] = 2h, [h,e]=e¢, [h,fl=—1.
They generate si(2,R) over R and sl(2,C) over C. As a real algebra sl(2, EZ)_ has six
generators and one should consider the second copy of sl(2,R) generated ‘t'>y (&R, f) -

2 Principal series. The principal series representations m,,, of G are mducefd by the
characters of the Borel subgroup of G. It can be realized in the space of sections of a
linear bundle £, over P! ’

Vin =T(Lon) ~ (2.1)
ACE-E (PYy(r=iv+n-—-1, F=iv—n-—1).

The sections have the form f(z, 5)(dz)‘§(d2)"§, where f(z,Z) are smooth functions with
the asymptotic

F(2,2) 1000 ~ 22 - (2.2)
The restriction of 7,,(g) on Vin (2.1) has form
on(9)f(2,3) = (v2 + )" (32 + @) £ (29, 2)- (2.3)
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Since 7 + 7 = ~2 there is a Hermitian form on A(-5-3 (P
< filfa >= /1 f1(2,2) fa(z, 2)d2dz. (2.4)
, P ‘
The representation , 5 (2.3) is realized in V. by the unitary operators because
< myn(g) filfe >=< fll"rl',n(g_l)fZ >
The infinitesimal version of this construction takes the form:

6—)T+=6z, h—>T3=—261+%;

f=T =-2%9, + 2, (r=n-1+i) (2.5)

é—)T+=aiy E%Tsz—faz'f‘g,

This action preserves the asymptotic (2.2).
There are two Casimir operators of SL(2, C)

Q=h"+h+fe, Q=R +h+ fe

They become the scalar operators in V,,,
Qv >=(‘1(‘ 712——1 v 26);‘
1 w+n) 4)] > (2.6)

~ 1. . 1
Q¥ >= (Z(U/ -n)? - Z)|‘I’ >, ¥ >€eV,,.
If n = 0 then there exists a SU(2) invariant vector in Vo
(1 + 2

3. Lobachevsky space. A subclass of these representations r = iv — 1, (n = 0)
(the representations of class one) are related to the decomposition of functio’ns on the
Lobachevsky space L = SU(2)\SL(2,C). The later can be realized as the space of second
order unimodular Hermitian positive definite matrices. The Iwasawa decomposition -

9=kb, g€SL(2,0), ke SUQ), be AN

allows to introduce the horospheric coordinates on L:

kh hhz
=bp=1( ¥ - a
7 =0 (zhh Zhhz + (hh)~! )

rl“.he triple (H = hh, 2,Z) is uniquely determined by z. It is called the horospheric coor-.
dinates of z. '/‘

Sonsider the space of smooth complex valued integrable functions Ry, = {f(H,z,2)}
on L: ‘

/ \F(H, 2 )P HdHdzdz < oo. (2.7)
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The Lie operators generated by the right shifts act on Ry, as
1
e—Dt=0,h—=D= §H6H — 20,

f =D = Hz0y — 220, + H™?0;. (2.8)

The generators &, h, f give rise to the complex conjugate operators.
Consider a family V,,, v € R of subspaces in Ry,

V. ={f(z,aH,2) = a(i”'l)f(i, H,2)}.

Assume that e, h, f act on the subspace of holomorphic (Z independent) functions and

_ &, h, f act on the subspace of antiholomorphic functions. After comparison (2.8) with (2.5)

one concludes that V,, = V,, . The invariant integral (2.7) coincides with the hermitian
form (2.4) on the irreducible subspace.
The Casimir operators in the horospheric coordinates take the form

Q= inai, + ZHBH +H?2#, Q=0
According to (2.6) they are scalar operators on V,
1
Qy, = —Z(VZ + 1)Id.

4.Whittaker functions. Let U, , = {f.(%, H, 2)} be the space of smooth functions
on L satisfying the following conditions:
(i) Qf.(2,H,2) = -1 + 1) fu(%, H, 2);
(i) 8. £z, H, 2) = inf (7 H,z), 8:f(z H,2) =iuf(zH,z2).

The last condition means that

fo(Z, H,2) = expip(z + 2)F,(H).
Substituting this expression in the equation (i) one obtains
(%Hza';’, + %H@H ~H %A F,(H) = —i(u2 + 1)F,(H). (2.9)
Two independent solutions of this equation are modified Bessel functions
H™ ' 1y (2pH ™).

The bounded solution is the Bessel-Macdonald function
m(w(2uH ) - L,(2pH ™)
2isinh v )

HK,CuH Y=H (2.10)

The bounded solution (2.10) can be represented as a special matrix element of the

operator
9(T°p) = exp2(T° @ p) € Us1.(2,C) ® A, H = ¢,

which is a special group element defined in the tensor product of the universal enveloping
algebra L4(SL(2,C)) and the group algebra Ay. It acts on the irreducible space V,,. Define
two vectors v, g such that

Ttpr = impr, THpp=ippn, (T°—T3)yr=0.
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It means that 2y is the eigen-vector of the nilpotent subgroup N, and 1y, is the SU(2)‘
invariant vector. The state yp is called the Whittaker vector. Then it follows from (2.5)
that N

1
i+ Py
In fact, ¥ does not lie in V., but rather it is a distribution over some subspace of V..

Nevertheless, the integral < y)y,| 9(T%)|¥or > is well defined. This matrix element satisfieg
(2.9) and

Yr=expip(z+2), o=

< Yelg(T°lp)lbn >= exp((iv + 1)p) x (2.11)

-1, exp(ip(z + 2)) 1 -1
X //dZdsz ~H Kw(2,uH )
In this formula the angular integration in the polar coordinates allows to rewrite it as
- - NH-v-1 [ Jo(2up)p
H'Ky(2uH™Y) == (1 H“"/OR_.
(ZuH™) ==T(1 +w) L +p2)1+,,,dp

This construction can be generalized to an arbitrary splitted Lie group. The bounded
solution is called the Whittaker function.

3 Quantum Lorentz group

1. General construction. Deformations of the group algebra A(SL(2,C)) based on
the Iwasawa and the Gauss decompositions were considered in [4] and [10]. Later three
parameter deformations were found in [11]- ,
We start from a pair of the standard Ug(SL(2,R)) Hopf algebra. The first one is
generated by A, B,C, D and the unit with the relations ~

AD =DA=1, AB=qBA, BD = qDB,

AC=¢7'CA, CD = ¢ 'DC, (3.1)
1
g-q!
It is a Hopf algebra where the coproduct is defined as

[B,C) = (A2 - D?).

A(A)=A®A4, AD)=DgoD,

A(B)=A®B+B®D,
A(C)=Ag®C+Cw®D,

(65)-(a1)

s(4 BY_( D ~¢'B
C D)\ —qC A ’
There is a copy of this algebra u; (SL;) generated by A*,B*,C*, D* with the relations

following from (3.1). The star generators commute with 4, B, C, D. The coproduct for the
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with the counit

and the antipode

Y

i i *) = * he antipode is extracted from the

enerators is determined by A(X™) = (A(X)) and.t ;
Stz;x %o *0S o+ = id. The pair of two independent copies U, (SL(2, R)) and U} (SL(2, R)),
ruh"ach commute and cocommute, defines the untwisted version of the quantum Lorentz
:lglebra U,(SL(2,C)). Note that this form differs from the Iwasawa [4] and the Gauss [10]

structions. )
CorlThe U,(SU(2)) subalgebra [13] is defined as
U(SUs) = (B =C, C"=B, A*= A},

There are two Casimir elements in Z4{"*)(SL(2,C)) which commute with any v €

ns(SL(2,C)).
e BLE O T+ A2+ A7) —4

2(¢7t —g)?

Q=0 (3.2)
To go further we following V.Drinfeld [12] introduce depending on two parameters twist
in the form [9]. Let A = ¢, A* = ¢¥" and

F(r,s) = g HOOKHE®K" c 1 (SL(2,R)) ® Uy (SL(2,R)).

1
Q, =t +3(BC+CB),

The element F(r, s) is the so-called left twisting because it satisfies
(FOAQdF=(1®F)(id®A)F,
(e®id)F=1=(id®e)F.
These properties allow to generate a new coproduct from the old one:

AT = FAF

In our case
AT(A)=A(A) =A A,

A¥(B) = (A*)TA® B+ B® D(A*), (3.3)
AT(C) = (A*A®C+C ® D(A")™".
The antipode is changed in a consistent way with the new coproduct.

m(S7 @ id) A% (u) = m(id ® S7)AT (u) = e(u),

where m is the multiplication. So we have

5¢(ég)=(_%£h@—ﬂﬂfrw>.

In this way we obtain the twisted algebra U (SL(2,R)). T}.le algeb‘ra. (U;)” (SL(2,R))
with F depending on the same pair (r, s) can be constructed in the similar way.
AT (A =AA) =A"R A",
AF(BY=ATA"®B*+ B @D'A’, (3.4)
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AT(CY=A"A"QC*+C* @ DA%

S}_ Ai Bt _ D: _qAr-s Bt
c* D* _q——lAs—rCt A* .

The pair U (SL(2,R)) and (U;)”(SL(2,R)) forms the family of commutative, nonco--

commutative quantum Lorentz algebras U,gr”)(SL(2, C)). In particular, forr =1, s =1
its dual object is just the Gauss form of the quantum Lorentz algebra [10].

2. Quantum Lobachevsky space. The quantum Lobachevsky space L, is the
associative *-algebra over C with a unity and three generators

(2*,H,2), H*=H, (2)'=2", 1I"=1.
The commutation relations depend on two parameters x,q € C

2H=kHz, 2z'H=Fr"Hz", (3.5)

2 2 _ L
22" =02’z —-bH?, a= (E) , b=r"" (E) (1 - qQE) (3.6)
q q K

The both parameters should be tune in a such a way that the coefficients a, b become real.
It is happened in two cases

(1) x and q are real,

(ii) lg] = 1 and Arg(q) = Arg(x).

Proposition 3.1 Ly, is a right U7 (SL(2, C))-module.

Proof.
Define the right action of 4{""(SL(2,C)) on L, :

A= Z', HA= q%H, 2. A= q_1z7

P AT = <g) % 2*, HA® = (%) %.H, 2 A" =2,

z2*B=0, HB=0 z.B=q"* (3.7)
z*.C = qgn‘lH"z, HC=Hz 2C = —q%zQ, o
z.B*=0, z.C*=0 forany z € Ly,

Similarly, the left action of A*, A, B*, C* takes the form
A2 =g, A" H=gH, A" 2=2,
1 N2
Az =2 AH= (%), H Az= (%) z
Bz =gt B"H=0, B'z2=0,
C*2 = —qi‘(z’)Q, C*.H =2*H, ’
Ctz=giRtH? (3.8)
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The coproduct in 24" (SL(2, ©)) (3.3),(3.4) is compatible with the commutation rules
in Leg (3.5), (3.6). Similar, the *-structures in Ly, and in u,;o”)(SL(2,C)) are also
compatible. It means that (3.7) and (3.8) are related as

(z.K)* = K*.z*.

for K=A,B,Candz=2",H,2 O

To eliminate the ambiguities related to the noncommutativity of L, , we consider only
the ordered monomials putting z* on the left side, z on the right side and keeping H in
the middle of the monomials:

(2% H,2) =) empmw(m, k),

mk.n
w(m, k,n) = 2™ H*z".

The actions (3.7), (3.8) on the ordered monomials w(m, k,n) take the form

w(m, k,n).A= q“”+%w(m, k,n),

(-2m+k)/s
w(m, k,n).A* = (2) w(m, k,n),
K

£¢_+_11 _q2n
w(m,k,n).B = q—n+ 2 1 q2 w(m’k7n - 1)’
w(m, k,n).C =
_se=ny 1 —¢g¥™
=g 7 gF! =g wim—1,k—2,n)—
. nn-2k
- —n+%—31 13(]2 w(m, k,n +1), (3.9)

A w(m, k,n) = (j""+%w(m, k,n),

A _ q (—2n+k)/s
w(m,k,n) = = w(m, k, n),
1— ~2m
B*w(m,k,n) = (T'"Jr% ﬁw(m —1,k,n),
C* w(m,k,n) =
- 1 - =2n
_ qm_a(k 1 k‘l—l—%w(m,k -2,n—1)—
1— ~2m—2k
g lq-q"z w(m+1,k,n) (3.10)
and k+1)2
w(m, k,n).Q, = (1= ) w(m, k,n)+
y By TL).3eg = ¢ (1_q2)2 BT
Kup 1_q2m (1_q2n)
(E)Ir l(__T—l_W_—w(m — 1,k — 2,7’L - 1).
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4 Principle series of unitary representations

The principle series representations for quantum Lorentz groups were considered in (14,
15]. Here we present the formulae for principle series operators inspired by the action of
operators on the quantum Lobachevsky spaces. In what follows we forget the coalgebrajc
structure and for this reason use the notation U, (SL(2,C)).

Consider the same space Vo as in the classical case (2.1). But now we introduce
another Hermitian form

< flg>= q'—"'%q";z"ﬂ //f(q‘_"‘T"“i'_lZ,qiu:};zn—lz)g(qiv—znil Z,qui;_lZ)dZdz. (4;1)

Define the action m, of U, (SL(2, C)) on V,,,. We assume that Uy (SL2) acts only on the
holomorphic part of Vi, while U, (SL3) acts on the antiholomorphic part. Following our
notations in Section 3 we write the holomorphic action from the right hand side, while
the antiholomorphic action from the left hand side. The right action takes the form

F(@)m(A) = ¢™F f(g '),

[@)m(B) = T D) = Je2) .

— (4.2)
1E@)m(C0) = 1= 510" 5 1(g™2) + ¢ 520 gay)
Similarly, for the left action we have ’
T(A")-f(5) = 2V f(g7e),
wem FI5-13) _ f(r%
) ) =g LD @) 43

3(iv—n)

(07 1(2) = 5 Zqz[—ri‘";ﬂ"ﬂf(q-lz)w- T35 (g2)).

Proposition 4.1 (i) The operators =, (4.2), (4.8) are irreducible representations of
Uy(SL(2, C));
(#) for v € R they are unitarity with respect to the form (4.1):

< glfm(u) >=< m,(S(u")).g)f >,
9 [ €Von, uely(SL(2,C)).

Proof. The direct calculations show that the operators , (u) satisfy the same commuta-
tion relations as u (3.1). Moreover, the representation actions r, preserves the asymptotic
(2.2).

Another way to see that m, satisfy the commutation relations for the case n =0 is to
consider the subspace V, of L, of the form

f(2',cH, z) = ¢ f(2*, H, z).

In other words, the basis functions in V, are w(m,w — 1,n) = (2*)mH-1z, Starting
from (3.9), (3.10) we define the action of u(sL(z, C))) on V, in a such way that the
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. -ht actions of m,(4, B,C) do not touch z*-variable (m = 0 in (39)) Similarly, the_lelft
oe. operators m,(A*, B*,C*) do not touch z-variable (n = 0 in (3.10)}. Then V, is
.acwiigant with respect to m,. Since the dependence on H is fixed one can put H = 1.
311“1;1]:11 we come to the representation (4.2) and (4.3), where V, is defined as V,, = V, | y=1.

Consider the action of the Casimirs (3.2) on V,. They become the scalar operators

m() = (-, (@) = (=25 e,

In this sense the representations m, are irreducible.

itarity i i lations. I
The unitarity is proved by direct calcu . . ‘ ‘
In the classical limit we come to the principle series representations of SL(2,C) since

.5 )
(2 limn,(B) =T", limn,(C)=T" limn,(4)=(1+T3%,
g1 v g1 g—1

and the Hermitian form (4.1) takes the classical form (2.4).

It follows from (4.2) that v is defined up to a constant. Two representations (v, )
and (¢, n) are equivalent if

u'=u+§£’?, meZ, h=lIng,

4
and we assume that v € R, 0<wv < 3.

The case n = 0 corresponds to the class one representations V,p = V,,'. These reprei
sentations are related to the quantum Lobachevsky space. Moreovel'r, as in the classical
limit there exists a U, (SU(2)) invariant state in V,. It will be found in Section 6.

5 The ¢’>-Bessel functions

We take here g and & to be real, and put & = q‘i.. . _
Consider the eigenvalue problem for the Casimir (3.2} acting on L4

13 1, 2 = (VA )

Thereby, 7o (2*,H,z) € V,. Assume

iv)2

—ivr2 (1 — %)

L I

3 * } L (6) * th

We seek.solutions of the equation fy)(z ,H,2).Qy =0, where f” (2%, H, 2) takes the

form .

FO(, H, 2) = ep(ip(l — ¢*)2")F) (H)eq(ip(1 - ¢°)2),

and e is the g*-exponential egz(z) = GT;?T.:' o o
It follows from (3.9) and properties of g2-exponential that F;”’(H) is the solution o

the difference equation

i ; _1p(8)
un(‘”(qH)—(Q‘"+q"")Fu(5;(H)+q ETGTH) it g2 p®( ) = 0. (5.1)
(1-¢2)?
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Substitution F.S‘”(H) = H“}‘.S‘s)(H‘l) and H™! = z leads to the difference equation for
F(a) o
F)g'2) = (g% + ¢ ) FD (z) + FO (gz)—
~12q7%(1 - )22 FO(¢'~%z) = 0 (5.2)

Define the second order difference operator

vy = MELZHEL )

Then (5.2) takes the form
A FD (@) = Wq 2 ¢! n) = (51, FP ().

1t is just the discrete analog of the quantum Liouville equation corresponding to the
two-body case of the quantum open relativistic Toda lattices [?] with depending on the
parameter  Hamiltonians :

= A, + qu—25+2$2(Tq)1—5,

where T; is the shift operator T,1(z) = ¢(gz). The wave-functions of these systems are
among the solutions of (5.2). It follows from (5.2) that the second ordered difference
equations arise only for three values § = 0,1,2. The other cases lead to higher ordered
difference equations. In what follows we consider only these three cases. :

The solutions of (5.2) are the modified ¢>Bessel functions [5]
) q~%i5u
G o, 2y -1 . 2
Jio (2ip(1 - 1) = m———————x
w (2ip(1 - ¢')g*°z;4%) ol 1)

y i (_I)kq@«a)k(uiu)—ka(l — )% izt
(q?) q2)k(q2iu+2) q2)k

k=0
Here
1 for 6=2
J=4 2 for §=0 (5.3)
3 for §=1. '

Three values of j correspond to the known functions 5, 6, 7, 16]:
D@1~ ¢)q™H;4%) = 271D 2ip(1 - ¢?)g~ ¥, ) -

modified ¢>—Bessel function of type 1, = 1
— ¢ modified ¢>~Hahn — Exton function, j = 3
modified g*~Bessel function of type 2, j = 2

Obviously ISJ,-),,(Qu(l - qz)q‘%‘sz;q2) is the solution of (5.2) also. The corresponding
Wronskians are not vanishing. Thus, the modified ¢*-Bessel functions Ii(,f), IS’,),, form the
fundamental system. Though they are unbounded functions, and our goal to find their
linear combination providing the bounded solution as in the classical case (2.11). '
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6 The g-Whittaker functions

In this Section we assume as before that & = ¢° and ¢ are real. )
Consider an analog of the group element defined on #4,(SL(2,C)) @ Ly 4.

g(A|H) =% A=c™ H=¢* h=ng
The action of m,(g(A|H)) in V, (see (4.2))
m(g(AlH)) : f(2,2) = H¥ ' f(z, H %2).

We rewrite the Hermitian form (4.1) as
< flg >= "+ / f T a(a" ™2, ¢+ 1 2)dzdz. (6.1)

By means of (6.1) we define the matrix element of n,(g(A, H)) in V,
FO(H) =< ylyn.g(A|H) >=< S(g(A"H)) vrlvr >, (62)
We drop here and in what follows the notion of the representation =,.
Let vy, g € V, satisfy the following conditions
C*YL(z,2) = YL(Z,2).B
B*yr.B = —jiug' e A6,
In other words, from (4.2), (4.3)
B*yg(z,2).B = —-ﬁpq(i”'z)(""l)dzk(é, q2‘25z).

Thus g can be considered as the quantum Whittaker vector for 4, (SL(2, C)).
Proposition 6.1 F,E”(H) satisfies (5.1)
Proposition 6.2 The matriz element F&) (H) =< 11|g(4, H)|¥r > (6.2) has the form
of the double integral

] i R T
e &(2) = 12100~ ¢, ~ip(1 - ¢*)g'2),

0P2(—;0,—g; 9, —ip(l — ¢*)¢**2),6 = 0
121(0; -3¢, —ip(1 — ¢*)gz),6 = 1
3<D1(07 07 01 -q;q, —Z}l(l - qZ)qw—lz)’ 6 = 27

and .®, is the basic hypergeometric series.

&a(z) =

!The group elements g are defined in the tensor product U4, ® A, and satisfy the relation Ag & id =
912923 {17, 18].
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It is easily to show that the (6.3) is the g-analog of the (2.11). If we rewrite the integra]
(6.3) in the polar coordinates z = pe®

F(J)(H) — quu—lHiu-—l oc(_qziu+4p2, q2)oo
0~

* / (@™ pe )& (@™ H2pe™)dg,
-7

and represent the functions £, and &, as series, we can calculate the inner integral. So

pdpx

. . oof _ 2iv+4,2 2
FISJ)(H) — 4ﬂ.qw—1Hw—~l/ ( q - 2p 72q )oo x
o (=90 4%
xJP (@u(1 — g D H p; %) pdip.
Setting ¢'*%"p = r we obtain finally

Fy{&) (H) — 4ﬂ,qiu(5+1)Hiu—l x

ivd 1n . .
y /ooelié q (___qzw+2—zm57.2’qz)00
0 (_q—w‘srzqu)oo
XJO(J)(Zu(l - qz)q“%H"lr; qz)rdr =
— 8mgV 3 Ing iv

== X
(1— )T (iv + 1)A 3"
xHTUKD (2u(1 - ¢))g TH,; ),

where
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19,2, %)’

find j = 1,2,3 are connected with § = 2,0,1 by relations (5.3) (see [19]). The curve of
integration for § = 2 (j = 1) should satisfy the condition »Ing # (k + LS
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Area Preserving Diffeomorphisms and the Dynamics of Nonrelativistic
Charged Point Particles on a Plane :

P.C. Stiche] *

An der Krebskuhle 21
D-85619 Bielefeld

Abstract

We deform the interaction between nonrelativistic point particles on
a plane and a Chern-Simons field to obtain an action invariant with
respect to time-dependent area-preserving diffeomorphisms. The de-
formed and undeformed Lagrangians are connected by a point trans-
formation leading to a classical Seiberg-Witten map between the cor-
responding gauge fields. The Schroedinger equation derived by means

of Moyal-Wey! quantization from the effective two-particle interaction
exhibits

— a singular metric, leading to a splitting of the plane into an interior
(bag-) and an exterior region,

- a singular potential (quantum correction) with singularities located
at the origin and at the edge of the bag.

We list some properties of the solutions of the radial Schroedinger
equation.

1 Introduction

Two-dimensional incompressible fluids, in particular quantum-hall fluids (QHF’s) are well
known to be invariant with respect to time-independent area-preserving diffeomorphisms
(cp.[1])- In a particle picture a QHF is usually described by neglecting the kinetic energy
compared to the magnetic field term leading to noncommutative geometry and a reduced
phase space (cp.[2]). In the present paper we generalize this picture by allowing

- the particles to move in full phase space,
- the area-preserving diffeomorphisms to become time-dependent.

To do this we consider a deformation of the interaction of nonrelativistic charged point
particles on a plane coupled to a Chern-Simons (CS) field such that

— the deformed action is invariant with respect to time-dependent area-preserving dif-
feomorphisms Vo,

— the deformed and undeformed particle Lagrangians are connected by a point trans-

formation leading to the classical analogue of a Seiberg-Witten (SW) map between
the deformed and undeformed gauge fields.

There is a second reason for studying such a model. A theory, unifying translatjonal-
and U(1)-gauge invariance in 2d contains nine independent gauge fields: six dreibein
components and three U(1)-gauge fields [3]. Our model shows that the restriction of the

*E-mail: pstichel@gmx.de
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oup of local translations to its subgroup vy reduces the number of independent gauge
fgirelds to three as the dreibeins are built from the deformed .U(l)—gauge ﬁe!ds. '
We begin by constructing the deformed Lagrangian, consider the equatuf)i@ of m(;tll(‘)lré
(EOM) and discuss the properties of the deforme.d gauge fields. After gauge .txll)ng wean(; ve
the nonlinear Gauss-constraint for the two-particle problem and q'uantlze. 1l q )}/l medin o
the Moyal-Wey! prescription. We discuss the structure of the result.lng ra 1aﬁ clroe aris
equation and list some properties of its solutions. We conclude with some final remarks.

2 Deformed Lagrangian

Infinitesimal elements of v, are defined byt
éx; = —BeiijA(g, t) , ,7=12 (1)

at fixed time t, where A is an infinitesimal gauge function and ¢ is a finite deformation
parameter. The corresponding change of a field f(z,t) is defined by

dof(z,t) = f'(z,t) - flz,?) (2)
or, if we include the coordinate change, we define
6f(z,t) = f'(z,t) - f(z, 1) (3)
Now, we want to deform
L = 53+ e(Al, 0 + do(z, 1)) ()

in such a way that I:,,m becomes quasi-invariant with respect to (1) where A, transform

ast
5Al1 (Q, t) = 8#A(27 t) (5)

ivalentl A
o SRR SoAu(z,t) = 0,A(z, 1) + 0ei;0;A,0;A (6)
ie. the gauge transformations of the A, fields mix local U(1)-transformations with space

tions (1) (cp. [5))%. . .
trariif(i)r;g:rlto de(:f(grr(n the first term in (4) we define invariant coordinates 7; (cp. [8])

iz, t) ==z + Heijz‘ij(g, t). @
Obviously, we have N o
Then, by means of the invariant velocity &;
. 9)
i = =iz, t),
&= oz, t)

YSuch transformations are used also in [4].

tDeformed quantities are marked by a hat. ' . )
§Tleie i(rilzea. o(f] mixing coordinate transformations with gauge transformations has been developed in (6]

and extended to noncommutative space in (7].
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we define Ej;,

- 1
Eyin := 55,? . (10)
The deformation of the interaction term in (4) is more involved. It is given by
. 5. . ed . d . A )
e(A,-z,- -+ AU) — G(Ai.’l,‘,‘ + Ao) + ?E,‘jA,'%Aj =: Lint; (11)

where an additional CS-term is needed because §z; # 0 and because we want I:in, to be
quasi-invariant:

2 d g . 3
JLint = e_(A — §€5inajA). (12)

dt
To do this it is advantageous to replace ﬁpa,t by its first-order form
A . N € ~ N 1
Lpart = Zx(& +edy + fei; (& + EAi)akAj) - 5&& o
~ e - “
+0€ij (agAj)(fi -+ Q-Ai) + edp. (13)
By varying the action S',,a,t with respect to &; and z; we get (9) as a constraint
. d k
&:$f+%ﬁEAj (14) .
and the invariant nonlinear Lorentz-force equation
. e A ~
= ———(enbeF + F, 15
& 1+0F(”& ko) (15)
with the invariant field strength Fuv
Fuu = au/iu — ayAu -+ 06,'/5(8,‘14”)3/5/1” (16)
and R .
Ej = fijF . (17)
We note that in the particular case of a constant external magnetic field B, ie. for

F =B, (14) and (15) are equivalent to the EOM given by Duval and Horvathy [9] for
a particle which possesses a nonvanishing second centra] charge k of the planar Galilei
group [10] with ek = —g.

Finally, the CS-interaction of the Au field invariant with respect to the gauge transfor-
mations (5), is given by [35] ’

7 i - [ N . .
Los = g/d2:l:eﬂ”ﬂAu(auAp + ge,-k(a,-A,,)(akAp))_ (18):

3 Deformed gauge fields

Usually the invariant velocity &; is defined in terms of nonrelativistic dreibein fields E;
(v =0,1,2)7 [g]

VThe space indices can be taken equivalently as lower or upper indices.
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paring (19) with (14) and considering time as fixed leads to dreibeins expressed in
Com A

f gauge fields Ay X
terms Ol gaug E? = Ocus, A + b (20)

E}=1 and E}=0,

nich, due to (5), transform covariantly with respect. tO. . Note Ehat m. the cas‘;e o:
y l' : Iocal translations as an invariance group, dreibeins and the A, are independen
arbltfﬁfé’tl‘:er [3]. Only the restriction to the subgroup vz, allows the relation (20). '
gj;c the transft;rmation law (6) we infer that the Au are the %ﬁuge ﬁ:}c(iijnot;) ;h: (I:)lz;sssllgi

i i - eory. This raises the que Q
HH‘lll)tero{\?\li{c!to;lc?én\irvn)uEngg]Utgtla‘zvizl;gfhzhdef;med and undeformed gauge fields A, and
ie:. F(;gr this we consider the point transformation

z; — mi(z, t) (21)
and redefine the gauge fields R )
Au(z, 1) = Au(,t)

that ) . . '
* : Lpart (Au (.2; t): Ii) = Lpart (Au (ﬂa t)) le) (23)

(21)-(23) defines the classical analogue of an inverse SW-map between gauge fields on a

commutative space.!

. . ,
This inverse SW-map may be given explicitly in terms of inverse dreibeins {e},}

A2 0),1) = 5 A2, )(8 + bz, 1) (20
with, according to (20), . 5y 0eik(?kAj, -
’ 1+ 60F
e = —Bejkatflkej»,
ed=1 and &) =0.
Solving (24) for Au to leading order in & we obtain
(26)

Au = Au - g‘fikAi (akAu + Fku) + 0(02)

in agreement with [12].

A different definition of such a classical SW-map has been given in [13].
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4 Gauge fixing and residual symmetry

Apisa Lagrange multiplier whose variation in the total action

S= Spart + Sﬁeld (27)
leads to the Gauss-constraint
1 X :
t)= —;Zeaé(z—za)- (28)
a=1 ) )
Eq. (28) can be integrated once
s e .. . 1 N
Ap + EegsAgakAs = “ﬂ Zea6k¢(l - Qa) + 6k’\(-"£y t) (29)
where z i
&(z) := arctan z_z (30)
1

is a singular gauge function which has to be regularized (cp. [11]) and X is an arbltrary
gauge function to be determined by fixing the asymptotic behaviour of A For that we
follow closely the procedure described in [11]:

i) We decompose

A, = A, + A (31)
with . s
A0 ). (32)
In order to fulfill (32) the A; should be chosen as solutions of (29)2=o-
ii) We require the asymptotically Euclidean metric leading to
Aas 1
Aj = Eejkak(t) (33)

ie. the A;’ transform covariantly with respect to translations, local in time (residual

symmetry). This requirement fixes also Ag’. Thus our procedure fixes A (gahge
fixing). s

ili) We redefine the Lagrangian in terms of the new variables {A,,a;(t)} such that the
solutions of the Euler-Lagrange equations minimize the new action.

5 The classical two-particle problem

We consider two identical particles of charge e. Applying the Legendre transformation to
our Lagrangian and using the Gauss-constraint (28) we obtain

12 i
=52 e (34)
a=1
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with the constraint

i Ez’,a =0 (35)

t) in the redeﬁned action. In order to express the ;o in

arising from the ot il } we need the A, at the particle positions £ = z to be

terms of canonical variable {Za, P,

b S (36)
A+ —ftSAlakAS = g6kt Z <|$ e |2>

We find in obvious notation

solutions of

37
A, = Fepe(T1 — T2)ex(|z1 — 2] (37)
k2
with . ; " "
x(r) =3 (1— (1—ﬁ>
where i o "
Tk . .
With (37) and the position and momentum variables for the relative motion
= 40
T:i=2z,— L2, £=§(£1—I_72) (40)

. . Ttomian H in
e obtain by means of a straightforward computation the two-particle Hamiltonian H 1
w

terms of canonical variables
2 62 Ty kk'
c o - 1= (41)
H= (Pk — GretkE > (Pk’ T 2 > g

! .
with the inverse metric tensor g** given by

= 5(2 - 5/1‘2) TrTk 49
gkk' =(1— 0/7“2)‘1&1:’ - ——;‘2—:5————1_—2— (42)

In plane spherical coordinates (41) reads
e+ ) 43)

201 _ §/r2 :
H=p(1-6/")+ Ry

where f is the Canonical angular momentum
= €T 44
f = €;xTiPk- ( )

we conclude that H is singular at P2=0=1r2if0>0
tween
d so that E ; 0 for r > ro. Thus we conclude that we have no Coilmumcaet:ﬁ;le?fl :vte)z "
f}rlle interior (r < ro) and the exterior (r > mo) space reglodns e\tizflec ave a g
determined by the singularity of our dynamically generated m

From (43), respectively (41 42),
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6 The two-particle Schrodinger equation

By applying the Moyal-Weyl quantization procedure (cp. {14] eq. (3.7)) to H given in
terms of Cartesian variables (eq. (41)) we obtain the radial Schrédinger equation

B2 . m2 ‘
(——a,ra ~0/r?)0, + ——= +V(r) — E) Pm(r)=0 (45)
r ri—¢
with a singular potential V'(r)
R 1 1 g
Y= (“Tﬁ %) (46)
and a fractional (anyonic) angular momentum
m:=m+§a, meZ. (47)

Let us list some properties of the solutions of (45):

i) For r — ry we obtain a behaviour which is typical for the singularity there (cp. [15])

C(é d 7'2)1/4 exp (fé%) if r< To
= 5 /931/2
Pmlr) = ¢ (r? — g)/* (A cos ((%%)LU—Z) + (48)
+Bsin (%)) it r>r

With the required continuity of the partial radial current Jm at r = ro we infer from
(48) r<r, that

Jm(ro) =0. (49)
Therefore A/B in (48) must be a real number. ’
Due to (49) we have no communication between the interior (bag-) and the exterior
region also in the quantum case. In particular, a scattering wave ariving from the
exterior region is totally reflected at the edge of the bag. Thus the bag acts like a
white hole. :

ii) For r — 0 we obtain

O =

/) = (r})52 | Sy = (50)

ie. all solutions are regular at the origin (cp. [15]).

iii) From (48) and (50) we infer that all solutions are square integrable within the bag
region. As we have no additional boundary condition at hand which would determine
a discrete spectrum, we expect the spectrum to be continuous. Such a situation is
characteristic for singular potentials (cp. (15]). :
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7 Final remarks

We have shown that a deformed interaction between charged point particles and a CS-field,
made invariant with respect to time-dependent area-preserving diffeomorphisms, leads to
a two-particle Schroedinger equation of a highly singular nature. We have obtained some
properties of its solutions but a complete discussion of its solution structure is still lacking.
Work on the continuum generalization and the inclusion of an external magnetic field is

in progress.
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Abstract

In this talk I discuss the properties of the symmetry algebra (de-
nominated “residual symmetry”) of a QFT in the presence of a non-
vanishing, constant, electro-magnetic background. It is shown that
this problem can be formulated and solved on a purely Lie-algebraic
ground (i.e. it is model-independent).

One of its simplest consequences consists in recovering the central
extension in the commutator of the translations, associated with the
abelian U(1) charge.

For illustrative purposes the case of the (2 + 1)-dimensional Poincaré
invariant QFTs coupled with a constant external EM background is
discussed in detail. The deformed (and gauge-fixing dependent) sur-
viving Poincaré generators are explicitly computed. In the generic case
the residual symmetry algebra is isomorphic to u(1) & P.(2), where
P.(2) is the centrally extended 2-dimensional Poincaré algebra.

The connection with the Noncommutative Field Theories is briefly
mentioned. A short discussion concerning the possible physical impli-
cations and the outline of the forthcoming research is given.

1 Introduction

In the present days the issues of Noncommutative Field Theory are vastly explored. Much
of the activity on this topic was in consequence of the Seiberg and Witten’s observation
[1] that a non-commutative gauge theory may be equivalently described by a commuting
gauge theory formulated in terms of ordinary (not star) products of a commuting vector
potential A,, together with an explicit dependence on 6°# which is regarded as a con-
stant background. The equivalence established by Seiberg and Witten motivated much
of the following investigations on Field Theories formulated in terms of the Moyal star-
product (for more information and references see, e.g., the now available book collecting
the Proceedings of the Winter School held here in Karpacz few months ago [2]).

On the other hand, the Seiberg and Witten’s observation can inspire a complementary
and, so to speak, more “conservative” point of view, namely the investigation of QFT’s
in a given constant background within the standard commuting space-time framework.
This is the viewpoint advocated here. :

In this talk I will furnish an answer to the following question: which symmetries survive
w.r.t the free case, for a system described by a QFT in a given constant background (which,
in practical applications, can be regarded as reached adiabatically). This is why I have
employed the notion of “residual symmetry” in the title, even if the term “residual” could
be misleading. It appears to suggest that such symmetries form just a subalgebra of the
original symmetry algebra. I will prove in the following that this is not the case.

My motivation in investigating such a problem came after the work of [3]. Based

on some previous results, especially of Cangemi and Jackiw [4, 5], the analysis of [3]
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concerned the very simple, almost trivial, model of a free massive complex boson in 1+ 1
dimensions minimally coupled to an external gauge-field.

The main result of [3] consists in the proof that, in the presence of a constant electric
field E, the Lie algebra of symmetries of the action is the centrally extended Poincaré
algebra in 1+ 1 dimension. Basically, what happens is that the originally internal U(1)
global charge for E = 0, for E # 0 appears as a central charge in the commutator of the
momenta. Despite the extreme simplicity of the model, the result of [3] is nevertheless
noteworthy because it produces another mechanism to produce centrally extended sym-
metries, besides the known ones based on the arising of anomalies, either quantum [6), or
even classically [7]. A systematic analysis of all these features is presented in [8].

On the other hand, the result of [3] concerns a very specific model. In this talk I will
prove that the analysis of the residual symmetries and their central extensions can be
performed by using solely Lie-algebraic methods, which are model-independent. Due to
such a reformulation of the problem it is tempting to say that it is the property of the
symmetries themselves which dictates how the residual symmetries are rearranged and
the central extensions make their appearance. The generators of a surviving symmetry
correspond to a deformation of the original generators.

In consequence of this purely Lie-algebraic investigation, it turns out that the results
here obtained have a more general validity (they can be applied, e.g., also to interacting
theories). Furthermore, the computations involved are technically simple, which make
them easily applicable to more elaborated frameworks, such as standard and higher-
dimensional field theories.

In this talk I will limit myself to treat and compute the residual symmetry algebra as-
sociated to a Poincaré-invariant theory in (2+1) dimensions coupled with an abelian U(1)
external gauge-field, assumed in a constant electric and magnetic background. The choice
of this example is just for illustrative purposes. The analysis of the residual symmetries
originated by more complicated Lie and super-Lie algebra is currently under investigation
(further comments will be furnished in the Conclusions). The mathematical techniques
employed in such analysis, however, are straightforward generalizations of the techniques
furnished here. -

2 Statement of the Problem

For pedagogical reasons it is convenient to formulate and solve the problem by working
out a specific example. It will be clear, however, that the problem and the method for
its solution can be straightforwardly generalized to more complicated algebraic structures
than the one here discussed. The case here treated concerns the computation of the resid-
ual symmetry for generic Poincaré-invariant field theories in (2 + 1)-dimension, coupled
with an external constant EM background. The two-dimensional case of {3] is recovered
by performing a dimensional reduction.

In the absence of the external electric and magnetic field, the action S is assumed
to be invariant under a 7-parameter symmetry, namely the six generators of the (2 + 1)-
Poincaré symmetry which, when acting on scalar fields (the following discussion however
is valid no matter which is the spin of the fields) are represented by

P = —id,
Muu = i(zuav—zvau)1 (1)
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(the metric is chosen to be + — —). The remainin
' . g symmetry generator correspo
the 1nFernaI global U(1) charge that will be denoted as Z. ’ nds o

It' is further as.sumed that in the action S the dependence on the classical backgrounq
field is expressed in terms of the covariant gauge-derivatives '

D, = 0-—ieA,,

with e the electric charge.

In the Presence of constant external electric and magnetic fields, the F** = 6“}‘1"(_
0”A* field is constrained to satisfy
F%=F', F9=¢iB, (2

where v = 0,11,2 and i,j = 1,2. The fields E* and B are constant. Without loss of
generality the z', z? spatial axis can be rotated so that E! = E, E?* = 0. Throughout
the text this convention is respected. s

In order to recover (2), the gauge field A, must d i

. , epend at most linearl -

dinates z° =t, z' = g and 22 = y. g b ety on the oo
The gauge-transformation

1
Ar A = Ay + 20,a(z’) ®
allows to conveniently choose for A, the gauge-fixing

A = 0,
B . e
A,' = Eit—-é-f,'jlfj. (4)

The above choice is a good gauge-fixing in the sense that it completely fixes the gauge (no |

g?uge-free.dom is left). It is easily proven that the discussion which follows is independent
of the cthowe ((;f the gauge-fixing. In particular, the residual symmetry is a true physical
symmetry and its symmetry algebra is the same no matt hi -fixi '
Symme er which gauge-fixing has been
. Due to (4), the action S explicitly depends on the z# coordinates entering A,. The
simplest way to COmpl{te the symmetry property of an action such as S which explicitly
depends on the coordinates consists in performing the following trick. At fitst A is
regarded on the same foot as the other fields entering S and assumed to transforrr‘: as.
standard vector field under the global Poincaré transformations, namely B

Al@") = ASA() (5)

for z#' = A#, + g#. :
For a generic infinitesimal Poincaré transformation, however, the transformed \A;
gfa.uge-f'ield no longer respects the gauge-fixing condition (4). In the active transformatior‘; '
viewpoint only fields are entitled to transform, not the space-time coordinates themselves
Ay ‘plays the role of a fictitious field, inserted to take into account the dependence of th(;j
action S on the space-time coordinates caused by the non-trivial background. There-
fore, the overall infinitesimal transformation 8A, should be vanishing. This rt;sult can.
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be reached if an infinitesimal gauge transformation (3) §,(A,) can be found in order to
compensate for the infinitesimal Poincaré transformation §p(A,), i.e.

J(A,U) = ‘SP(Au) + Jg(Au) =0. (6)

Only those Poincaré generators which admit a compensating gauge-transformation sat-
isfying the (6) condition provide a symmetry of the & action (and therefore enter the
residual symmetry algebra). This is a plain consequence of the original assumption of the
Poincaré and manifest gauge invariance for the action S coupled to the gauge-field A4,.

Notice however that the original Poincaré generators are deformed by the presence of
extra-terms associated to the compensating gauge transformation. Let p denote a gener-
ator of (1) which “survives” as a symmetry in the presence of the external background.
The effective generator of the residual symmetry is

p = p+...,

where ... denotes the terms arising from the compensating gauge transformation asso-
ciated to p. Such extra terms ... are gauge-fixing dependent. The “residual symmetry
generator” p can only be expressed in a gauge-dependent manner. However, two gauge-
fixing choices are related by a gauge transformation g. It can be easily seen that the
same residual symmetry generator expressed in the new gauge-fixing and denoted as 3, is
related by an Adjoint transformation

P = gig™ (7)

to the previous one. Therefore the residual symmetry algebra does not dependent on the
choice of the gauge fixing and is a truly physical characterization of the action S.

The extra-terms ... are necessarily linear in the space-time coordinates when associ-
ated with a translation generator, and bilinear when associated to a surviving Lorentz
generator. They are the reason for the arising of the central term in the commutator of
the deformed translation generators.

The scheme being clear, it is just a matter of straightforward computation to perform
the analysis of the residual symmetries in different contexts and starting from different
symmetry algebras. In the next section the results for the residual symmetry of the
Poincaré invariance in (2 + 1) dimensions are furnished.

3 The residual symmetry for the (2+1) Poincaré case.

The framework and the conventions have been illustrated in the previous section, here
just the results are quoted. The residual symmetry algebra of the (2+ 1)-Poincaré theory
involves, besides the global U(1) generator Z, the three deformed translations and just one
deformed Lorentz generator (the remaining two are broken, not providing a symmetry).
With the (4) gauge-fixing choice the deformed translations are explicitly given by

PO = -*7:6: - eEl',
P) = —iaz - gBy7
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The deformed generator of the residual Lorentz s i ici i i
r ymmetry is explicitly given, in th
gauge-fixing and for E # 0, by ¢ ésame

. B
M = (28, +1t9;) — iE(yBI —z8,) +
B 2 _
2(Et + Ez* — Bty). (9)

The residual symmetry algebra is given by the following commutation relations

[P, )] = iEZ,

[Po, Pz] = 0,

[P,P] = iBZ, (10)

together with
M,P] = —iP,
M, P] = —iPy— z'—ng,
.B

[M,PQ] = Z'E‘PI. (11)

The U(1) charge Z is no longer decoupled from the other symmetry generators, but it
appears in (10) as a central charge. ’

The residual symmetry algebra of the (1+1) dimensions of ref. [3] is recovered from the
Py, P, M, Z subalgebra and corresponds to the centrally extended 2D Poincaré algebra
tl.loroughly studied in [5]. This is, however, the residual symmetry algebra for any (1+1)-
dimensional theory coupled with an external constant electric background, not only the
symmetry algebra of the specific model studied in (3]. ’

Th.e 5-generator solvable, non-simple Lie algebra of residual symmetries admits a
canonical presentation, obtained by a careful choice of the generators in its presentation

At first it should be noticed that

7 =45 BP, + EP, (12)
commutes with all the other * generators 5
(2,4 = o, (13)

so that the residual symmetry algebra is given by a direct sum of u(1) and a 4-generat6r
algebra. The latter algebra is isomorphic to the centrally extended two-dimensional
Poincaré algebra. Such an algebra is of Minkowskian or Euclidean type according to
wh«?ther E > B or respectively E < B (the case E = B is degenerate). This point can
be intuitively understood due to the predominance of the electric or magnetic effect (in
ihe akt)sence of the .electric field the theory is manifestly rotational invariant, so that the
Bor>enE ? tg};a;ezzio;llgse kz:f;omated with the Euclidean symmetry). We have explicitly, for

[Mv Sl] = iS27
[M, 8] = —is, (14)
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is reproduced by

=7 1
M = EM———,
VBB
B
S] = P+ EPz,
B2 L2
52 = -—E—_Pl’ (15)
while for E > B the algebra
[—M’ Tl] = iTZ?
M) = iy (16)
is reproduced by
= 1
M = ——M

JE— g
B
Tl = P0+—P27

E
T2 = —VE2—‘B2P]. (17)
In both cases the commutator between the translation generators Sy, Sz, and respectively
T, Ty, develops the central term proportional to Z which can be conveniently normalized.
The residual symmetry algebra of the (2 + 1) case for generic values of £ and B (the
E = B case is degenerate) is therefore given by the direct sum

u(1) ® Pe(2). (18)

No new residual symmetry algebra is produced starting from the three-dimensional case
(and in contrast with the 2-dimensional and ordinary Poincaré cases).

Three central charges are found, namely Z, Z and the order two Casimir of the
centrally extended Poincaré algebra (see [5]).

The introduction of a constant EM background implies, in some sort, that for the
peculiar three-dimensional case the effective theory corresponds to a field theory in one
dimension less (albeit a noncommutative one), with respect to the physical space-time
dimension of the formulated problem. Notice that this is true for (2 + 1), while it is not
so in the case of (1 + 1) dimensions since the unique Lorentz generator “survives” as a
symmetry generator. In D = 4 the residual symmetry algebra admits seven generators
(instead of five). Its explicit form will be reported elsewhere.

Some considerations are in order. The above residual symmetry algebra should be
regarded on the same foot as the ordinary Poincaré invariance for theories formulated in
a constant background. Issues such as the spin-statistics connection in the presence of a
non-trivial background could be formulated in terms of the residual symmetry algebra.
Furthermore it should be possible, e.g., to discuss the consequences of such symmetries
at the level of Feynman diagrams. The notion of residual symmetry could be helpful in
analyzing questions like the renormalization property for perturbative field theories in the
presence of a given background. A vast range of concrete applications can be found for
the realm of residual symmetries.
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I conclude this section with two further remarks. The first one concerns the nop,.
commutativity. The noncommutativity is implied by the presence, in the commutator
of the deformed translation generators, of a central extension. Such deformed symmetry
generators are associated with the corresponding Noether charges, which should develop
the same central extensions. In reality we should further check that no extra anomaly ig
produced by the quantum Noether charges. This analysis, however, requires a detaileq
investigation of the concrete given model and is less likely being conducted in a model.
independent way. To avoid such kind of problems, we can just assume working with
classical field theories. -

The non-commutativity of the momenta is a converse picture with respect to the.
noncommutativity of the spacetime coordinates which is usually discussed in the current
literature. At least in some particular cases, the connection between the two pictures is
well-established. In [9] such a connection is explained in detail for the case of a point-
particle moving on a plane, in the presence of a strong, perpendicular to the plane,
magnetic field and at the lowest Landau level. It should be noticed that this particular
case can be recovered by specializing the residual symmetry algebra obtained in this paper
and given by the formulas (10) and (11). Due to the rather complete discussion of [9]
there is no need here to spend more words on that.

Finally, let me point out another reference, given by [10], in which the noncommuta-
~ tivity of a (24-1) theory (with just Galilean, instead of Poincaré invariance) was discussed.

4 Conclusions

In this talk I have discussed the issue of the residual symmetry in the presence of a
constant electro-magnetic background. I worked out in detail the case of the originally
(2 + 1)-invariant Poincaré theory and shown that its residual symmetry is isomorphic to
the direct sum

(19)
the latter being the centrally extended two-dimensional Poincaré algebra. It should be
noticed that the u(1) generator does not correspond to the U (1) global charge generator
Z which, in the presence of a constant background, appears as a central charge in the
commutator algebra of the deformed translation generators. Despite the fact that the
explicit computations presented regarded a particular algebra, the method employed is
quite general and can be applied straightforwardly to any initial symmetry algebra. Such
symmetries include Poincaré invariance in any dimension and the conformal transforﬁla-
tions, as well as their supersymmetric extensions. Issues related with the partial breaking
of extended supersymmetries can be studied in the light of this method. All such cases
are currently under investigation and the final results will be reported in a forthcoming
paper [11]. o

The algebra of the residual symmetries, being not a subalgebra of the symmetry algebra
in the absence of electro-magnetic background, is interesting in itself. It can define for
instance some dynamical models. It is tempting for instance to use, for more general
residual symmetries, the approach of [4] in which a gravitational theory based on the
centrally extended two-dimensional Poincaré algebra is constructed. For what concerns
the residual symmetry of the (2 + 1)-dimensional Poincaré invariance, the results of [4]

u(1) @ Pe(2),
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can be immediately borrowed, due to the (19) decomposition of such an algebra‘. .In more
complicated cases such as the Minkowskian (3 + 1)-dimensional case, decompositions like
(19) no longer apply. . . N )
The present talk concerns only the residual symmetries arising from a constant baf: -
ground of an abelian U (1) gauge-invariance. Generalizations.can be done in two' ways, i.e.
considering the residual symmetries for constant background in the presence of higher rank
antisymmetric tensor fields. Such backgrounds are relevant in the string/brane context
121 |
Conversely, residual symmetries can be studied also for non-constant background. In
the presence of a linear homogeneous electric background it is I-mown. that a phenomenon
of particle production is produced {13]. It is quite tempting t'o m.vestl'gate .SllC}'l a p.roblern
in the light of the residual symmetries of the model. Investigations in this direction are

* currently under consideration.
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Abstract

We present here a detailed analysis of the local symmetries of su-
pergravity in an arbitrary dimension D, both in the component and
superfield approaches, using a field—space democracy point of view. As
an application, we discuss briefly how a complete description of the
local gauge symmetries clarifies the properties of the supergravity—
superbrane coupled system in the standard background superfield ap-
proximation for supergravity.

1 Introduction

A recent supersymmetric analysis of the supergravity-superbrane interaction [1, 2] in
which supergravity is described by its group manifold action (not as a background), as
well as other related models [3, 4, 5], makes desirable a reexamination of the réle of local
supersymmetry and, more generally, of the gauge symmetries in supergravity models.

We present here a detailed account of local symmetries, beginning in Sec.2 by the
differential forms formulation of D~dimensional general relativity. We describe in Sec.3
the complete set of its spacetime gauge symmetries, including diffeomorphism invariance
whose discussion, together with general coordinate transformations, becomes especially
relevant when the interacting system of (super)gravity and (super—p-)brane is considered.
This is so because in the super-p-brane action the spacetime variables play a dynamical
TOle.

We explain how the presence of diffeomorphism invariance provides the possibility of
presenting the general coordinate invariance in an equivalent form, its ‘variational version’,
which does not act on the spacetime coordinates (see [6] for the D = 4 N = 1 superfield
Supergravity case). In Sec. 4 we consider the second Noether theorem for general rela-
tivity. Then, in Sec. 5, we describe the general structure of the action for the standard,
component formulation of supergravity, its local symmetries and their associated Noether
identities.

Sec. 6 is devoted to the superspace general coordinate symmetry and other gauge
Symmetries for the on-shell superfield formulation of supergravity, where supergravity
is described by the set of constraints on the superspace torsion, which imply dynamical
equations. We apply this knowledge in Sec.7 to uncover the relation between the lo-
cal supersymmetry and the x-symmetry of the supermembrane in a D = 11 superfield
Supergravity background.
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2 D- dimensional General Relativity in differen-
tial form

D-dimensional gravity models can be formulated in terms of the moving frame or vielbein
fields e,(z) (tetrad in D = 4), which determine the vielbein one-forms on spacetime MP,

e*(z) = dzte, M(z) . (1)
A change of frame is given by a matrix of the local SO(1, D — 1) group,
e(z) - e¥(z) = eb(z) A2 (z),
Aacnchbd = Tay =diQ9(1,—1,---7~1)- - (2)

This local Lorentz symmetry is the first gauge symmetry of gravity theory to be noted.
Its infinitesimal form is

(51;1:“ =0 y
Lab(l‘)

(@) = (@) Li(a)
= L), ®

where Ay*(z) = 6* + Ly*(z) + O(L?). It is convenient to introduce the spin connection
w®(z) = drrwe(z) = —w*(z) , (4)

with the transformation rule w*(z) — w®(z) = (A~Y(z)dA(z))* +
or ,

Spw™®(z) = DL® = dLeb — 2L [elegy 6] (5)

The spin connection can be either expressed from the beginning through the vielbein ﬁeld

by imposing the covariant torsion constraint
T = De® = de® — b Aw,® = 0 ()

(second order approach), or treated as an independent variable in the action principle
(first order approach). In both cases the dynamics is determined by the Einstein-Hilbert
(EH) action, which can be written in terms of differential forms on M? as (see e.q. [7, 8]
and refs. therem)

Sp,6 = fyp R* A efiP?, (‘7)

/\D q — b bp_ 3 H .
where ¢/ ( ) = = 5o q),eal agbibp_g €A ... Ae’P-e and R® is the Riemann curvature,

. j
R® = duw® —w* Awl = idz" Adz*R,," = %ed AE R . “(8)

The variation of the EH action (7) reads!

4Spa =

/\(D 2)

/ M(p_ya A de® +/ AP AT p Gyt (9)

—(=1)Pel77 A des, d(epPT) = ~(=1)PepP™) A det and D(EPY) =

Lsince de;;
abc

(1P p e
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where

= Rbe A e/\(D 3) =dr /\(D I)AI}L
ZéabRchd) 3 ( ) » (10)

IW(D L)a
M;‘  (Rea® —

is the Einstein tensor as a (D — 1)-form.
The de® variation produces the free Einstein equation

M(D—-l)a =0 & RcaCb - %6abRchd =v. (11)

In the first order approach, eq. (9) also gives the torsion constraint (6)

A(D-3)

S,
wao,(i). =0 = €abe ATE =
= T°=ieAe Ty =0. (12)

In the second order approach, the torsion constraint (6) is imposed ab initio, so that

6SD,GIT°:0 = —(—I)D fMD IW(D-I)a A ded . (13)

Thus, varying the EH action one can ignore the dependence of the spin connection on the
vielbein (see [12] and refs. therein).

3 Gauge symmetries of General Relativity

3.1 Diffeomorphism invariance

All the above formalism is written in terms of differential forms on spacetime. Clearly,
these are invariant under an arbitrary change of local coordinates i.c., they are MP-
diffeomorphisms invariant

T ot = oF + Sypprt = 2t + W (2), (14)
e*(z) > e%(z') = e*(z) , etc. (15)

In field theory analyses, where only fields, such as ef‘(z), are considered as dynamical
variables, this obvious invariance can be ignored in favour of general coordinate symmetry
(see below). However, when the coupled system of (super)gravity and (super)brane is
considered in the framework of an action principle (see [1, 2]) the set of dynamical variables
includes, besides the fields e}(z) etc., the local coordinate functions £#(€) defined by the
map ¢ : WP MP, where WP is the worldvolume with local coordinates & =
(r,0%,...,0"). This suggests adopting a field-space democracy approach [10] where the
fields (e%(x) etc.) and the spacetime coordinates z* are treated on equal footing.

3.2 General coordinate symmetry and its ‘variational version’

Besides being local Lorentz and diffeomorphism invariant, the EH action (7) is invariant
under general coordinate transformations as we discuss below.
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To derive the equations of motion for a field theory from the variational princip]é, asg
e.g. eq. (11) for general relativity, one uses arbitrary variations of the fields only, e.g
d'es(z), so that .

Sah=0,  §et(z) = datdes(z) . (16)
On the other hand, a general variation §e?(z) is -

de*(z) = d'e®(z) + dspe(z) , (17)

where &5, denotes the variation due to the change z — z’ = £ + §z. The &, variation ig
given by the Lie derivative Ls, = dis; + i5,d. For instance,

0s2€%(z) = e(z + 0z) — *(2) = L5z €%(z) = dige®(z) + igode’(z) = ,
= D(iJZea(z)) + iJzTn(z) +é g Wp" ’ (18)
where |
lgze® = 0zel(z) , i5w = bziwi(z), .
iJzTa(m) = ebiJzecchn(x) ; (19)
:tshe last term in (18), €% wy® = €®8z#w,(x), is the local Lorentz rotation inducedi'by
zH.

In the above notation, diffeomorphism invariance ((14), (15)) can be formulated as a
symmetry under the transformations '

daifr7* = b(z) , (‘2()),

daipre®(z) = él',iffe“(z) + Lye®(z) = 0. ~(21)

Thus, &, ,ex(x) is defined by —(Lye®),, i.e. ;
Sairre () = —Lye® (22)

and 047 Sp, = 0 follows as an evident consequence of (13) and (21). -
In contrast, general coordinate transformations or local translations are defined as
arbitrary displacements of the spacetime points, i

z# ey g = gk 4 Gzt = TP + (1) (23)

(¢f. (20)) which induce differential forms transformations as e. g

e(z) > e(2) = e*(z + b4e7) = e%(z + 1), (24) :

e,
bgce®(z) = b5,€%(7) = 61¢%(z) = Lye®(z) = D(t*(2)) + 4,T°(z) + €’ 410, (25)

(as in (18)) where t*(z) = 1,e%(z) = t*(z)en(z) . »
. Consider a D~form Lp on M7, involving the A product of forms, their exterior deriv-
atives and, possibly, the + Hodge operator. Then Lp(z) — Lp(z") = Lp(z +1t), and

8gcLp = LyLp = (4ed + diy)Lp = d(4Lp), (26)
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gince any D—form on MP? is closed. Thus, any S = [y;» Lp is general coordinate invariant.
In particular, the EH action (7) possesses this invariance.

Thus, one may look at dg4;; and &, respectively, as passive and active forms of the
same spacetime coordinates transformations, unaffecting any theory defined through an
integral of a D~form Lp on MP. This picture changes when the action of a p-brane,
which is given by an integral [y fp+1 on the (p + 1)~dimensional worldvolume W#*!,
is considered together with f,,p Lp. The coupled action [0 Lp + fiyrn [Z,,H will still
possess spacetime diffeomorphism invariance provided [:,,H is formulated in terms of
pull-backs of spacetime differential forms (so that eq. (14) implies Z#(§) — &¥(£) =
##(€) + b*(2(8)) ), but it will not be spacetime general coordinate invariant, since such
an invariance means equivalence between different spacetime points, and points on the
brane are not equivalent to points outside it.

Let us go back to the pure gravity case. On account of diffeomorphism invariance, one
can use equivalently (rather than 8,.(t), eqs. (23)-(25)), d4c(t) followed by a diffeomor-
phism (egs. (20), (22)) with b#*(z) = ~t#(z), Sz (b = —t). As we are dealing with a local
Lorentz invariant theory, we may also add a local Lorentz transformation with parameter
L% = —4,w® and get

8e(t?) 1= Bae(th) + Saigy (V¥ = —t*) + 8,e(L* = —i,w™) . (27)

This 6,,(t*) will be called, following [6], the ‘variational version’ of the general coordinate
transformation dy.(t*). Indeed, it does not act on z*,

bgc” =0, (28)
so that, e.g. (eqs. (16), (25)),
8gee®(z) 1= Dt* + Ty’ (z) = & e%(z) . (29)
Thus 3yc provides the complete general coordinate variation of a differential form, e.g.
dgce’(z) = dgce®(z), as a result of the field variation 4y, only.

In the second order approach, where T® = 0, the Sgc transformations (29) simplify and
acquire the characteristic form of a gauge field transformation,

b0c€%(2)| om0 = Dt° . (30)

This provides the possibility of treating gravity as a gauge theory of local translations in
their variational form Sgc (see [9] for early discussions of gravity as a gauge theory).

Note, finally, that since the above D—form Lp is diffeomorphism invariant and 64,5 = 0
by (26), it follows directly from (27) that §,.S = 0 also.

4 Second Noether theorem applied to General Rela-~
tivity
The invariance of the EH action (7) under the variational version of the general coordinate
transformations dgc(2%),
84eSp,6 = (=1)? fagp DM(p-1)a t*(z) =0, (31)
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follows from the fact that the Bianchi identity DR® = 0 and the torsion constraint (6)
imply R

DM(D—I)a =0 (32)

(for simplicity, we use in this section the second order approach). This is the so—Cvalled
Noether identity (NT) which reflects the presence of a gauge symmetry, here the symfnetry
under Jg.. )

In general, the second Noether theorem states that any gauge symmetries, dgaugeS = 0,
given by transformation rules that involve the derivatives of the local parameter up to k-
th order, are in one-to-one correspondence with their associated NIs, 7.e. with identically
satisfied relations between the (I.A. sides of the) Lagrangian equations of motion and their
derivatives up to k-th order. :

To discuss also 457 and &g in this framework, consider the second order approach to
D-dimensional general relativity in a field-space democracy context [10], where coordi-
nates and fields are treated on the same footing.- Then, the dynamical variables are the
vielbein field eZ(:v) and the spacetime coordinate z#. Their Lagrangian equations are -

Ny=0, N,:=5 and (33)
Mg=0, M¢=-(-1)"z%, ‘(’3'4’)

where M# defines the differential D—forrh M(p-1) €q. (10).

To find an explicit expression for NV, one uses the splitting (17) of the general variation
of the EH action (13) ' ‘

68p g =—(-1)P | o M-1a A (6'e*(z) + b5:6% (7)) - (35)

The Einstein equation (34) now follows from the ¢’e®(z) variation, while the §z* variation
entering d5-¢*(z) = D(isz€%(z)) +€¥iszwp® (eq. (18) with T = 0) results in eq. (33) with
N, defined by : .

dPzN,, = (~1)°DMp_1ja €% — (~1)PM(p-1)a A ePw,4° . (36)

The variational version of the general coordinate transformations Sgc, (28)-(30), as
well as the local Lorentz transformations 8, (3), do not act on the spacetime coordinates.
As a result, the NIs reflecting the invariance under Sgc and &1, only involve the Lh. side
of eq. (10) (egs. (34))

3eSpc =0 © DMp_1a=0, 37)

SLSD,G =0 & M(D—l)[a Neg =0 . (38)

In contrast, for the general coordinate symmetry in its original form &, (23), (24),
the basic transformations are arbitrary changes of the spacetime points, eq. (23). Thus,

8eSpc=0 &  Nyo=7Zr=0. (39)

Using éq. (36) together with (37) and (38) one finds that the identity (39) holds indeed.
It might look strange that two equivalent formulations of the same general coordinate
symmetry, g, and dg, have different NIs. The reason is simple: a linear combination of
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these NIs reproduces the NI for diffeomorphism invariance dg;jf, (20),' (21) (or,. equiva-
lently (14), (15)). Indeed, the explicit form of N, (36) actually provides us with such

NI
5diffS =0 & dD.’L‘Nu — (—1)D X ('DM(D_l)an - M(D—-l)a A wub“) =0. (40)
As the two terms inside the brackets are identically equal to zero due to the NIs for Sgc

and dz, (eqs. (37) and (38)) the NI (40) implies (39) and viceversa. This translates the
definition of &, in eq. (27) to the language of the second Noether theorem.

5 D-dimensional supergravity

5.1 Local supersymmetry and supergravity

Supergravity (see e.g. [12] and refs. therein) is the gravity 'the'ory invariant und.er local
supersymmetry &s. This is a local symmetry involving a fermlofuc (Grassm'ann) spinor pa-
rameter €2(z), (@ = 1,...nis a D-dimensional Lorentz sp'{nor index, n :dlm(S.pm.(l, D-
1)). Hence 4;,(e2) mixes the graviton field, i.e. the vielbein €5 (x), with a fermionic field,
the gravitino or Rarita-Schwinger field ¥2(z). Specifically,

di,€8(z) = —2ip(z)Tagel(z) - (41)

Using the fermionic oneform e2(z),

e2(z) = de*yi(z) = e"Ye(z) , (42)
eq. (41) reads
§ise8(z) = —2ie°—(:v)1’gﬂe§(:v) , (43)

The vector-spinor gravitino field has the proper index structure to be the gauge field
for local supersymmetry. Thus it is natural to assume that

Sisyg(z) = Due(z) , (44)
or, equivalently
51se%(z) = De2(z) . (45)
The guess (44) or (45) is supported by the fact that the linearized form &}, of (45),
Ree(z) = de(x) , Yg(x) = Oue(a) , (46)

is an evident symmetry of the free D-dimensional Rarita-Schwinger (RS) action on flat

spacetime
. - o
SES = -‘231 Jro de® A A (dz)ﬁl(,f S)F;E

o [ dPyeTe D7 . (47)
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The first candifiate for a locally supersymmetric action is the sum of the free EH actiop
(7) and the RS action (47) ‘covariantized’ with respect to the local Lorentz transformationg

(3)

243
SD+ 2 = Juo ‘C2D + fup C%ﬁ , (48)
L3 = Reb A NP (49)
3/2 _ _ 2ipy.a D-3) abe .
Lp=—ZDexnel A e":b(c ) ngé . (50)

_ 2 . "
For D = 4, N =1, $D+3/ ? is indeed locally supersymmetric under (43), (45) and provides
the action for the simple D = 4 supergravity [11] (see also [12, 13]). ~

_ o232
Si56 = Sp_y .

(51)
5.2 General structure of the supergravity action and equatidhs
of motion k

In higher'dimensiops (in particular, in D = 10,11) the supergravity multiplet involves a
set of antisymmetric tensor gauge fields Cy..u,(z) described by differential forms :

—1
Cq = ad{l}u" A...A dI#lCul---lJ-q (:L') s (52)

(Cs for D = 11; Cy, Cy and By in D = 10 type IIB, €}, C; and B, in D = 10 type ITA
etc..) a.nd3 in 4 <D <11, scalar fields (e.g. dilaton ¢ in D = 10 type IIA and 1IB and’
axion Cp in D = 10 type IIB) and spinors. Thus, in general

Sse,p = o (Lh + LY + L) (53)
Lp=! includes, in particular, the kinetic term for the g—form gauge fields )
o [ dPz det(el) N s S S (54)

where
Hot1:=dCy — cre® A e ATOD (55)

_ 1

= @ A (@), (56)
T®ye = Le AL Ae™ Ty o, (57)

is the generalized field strength of C,.

These kinetic terms can be written in a first order form (which is suitable for discussing
the .rt.alation with superspace approach, see [7, 8]} if one adds to every gauge ¢g-form C, an
auxiliary antisymmetric tensor field Fay..0041(T) = Fla,...0041)(2)- These fields can be Ssed
to construct the (¢ + 1)—forms and the (D — ¢ — 1)—f0rmqs

Fq+1 = meaﬁ'l A...Aedt Fax.,.aq+1 (I) s (58)
Fooger = D050 Foreun(g) (59)

which allow us to write the kinetic term(s) (54) as
LDSI = C(Hq.H - %Fq+1) A fD—q—l +..., (60)
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where the terms denoted by dots do not contain F® %+ (z).
Indeed, the variation of F®1-%s+1(z) leads to the algebraic equation

Het1 — Fe1 =0 (61)
which identifies the auxiliary field F®~%+:(z) with the generalized field strength of the
tensor gauge field Cy, . q, (),

Fal.--aq+l (x) = (q + 1)V[alca2...aq+1] +...=
- (q + l)e'“’ . euq+1]amcm._#q+l +..0,

far* " " Fag41

where the dots denote the terms with torsion and fermions. Substituting eq. (61) into the
Lagrangian form (60) one arrives at the standard, second order approach, representation
for the kinetic term of the gauge field Cy, .., (), eq. (54). On the other hand, varying
(53), (60), with respect to the gauge field(s) Cj,..,,(z) one finds

G(p-g) = d(epP - DFu-tatt) ... =0, (62)

ay...8g+1

which, after the use of eq. (61), becomes the dynamical gauge field equation.
For future reference we note that the equation (5SD,5G/6w“" = 0 determines the ‘im-

proved’ constraint on the spacetime torsion T° (cf. (6)),
T +iet AeTg, =0, (63)

while e and Se® provide the differential form expression for the RS and Einstein equa-
tions of supergravity

U(p_1ya = EDet Aefty TS +... =0, (64)
M(D—l) e ‘= Rbe A eaAb(cD—-'i) +...=0. (65)

For simplicity, we will not consider here the cases where the supergravity multiplet
involves scalar and spinor fields. Thus our basic examples are D = 3,4 and 11 supergrav-
ity.

In the above notation a generic variation of the supergravity action reads

JSD,SG = —(—1)D fMD M(D—l)a Ade® + (—I)DfMD \I’(D—l)g A de2 + (66)

+ o (=1)Pepe ™ A (T° +iel A eT5g) A Sw™ +

+c fMD(Hq+1 - q+1) A eNP—4-D)§[o10et1 C(—l)Dp Jup GD_q A 6Cq .

@1..-Gg 41

Local supersymmetry, general coordinate symmetry and
Noether identities
The above first order form of the supergravity action (see [8}), eq. (53) with (49), (50) and

(60), is written in terms of differential forms on M? (including the covariant zero—forms
Fu,. 0.1 (%)) and thus is invariant under M D_(iffeomorphisms, defined by eqs. (20), (22)

and the analogous ones for e2(z) etc.

5.3
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The action of D-dimensional supergravity (53), being a generalization of the EH gen-
eral relativity action, eq. (7), possesses local Lorentz invariance (3) and general coordinate
invariance under d, (egs. (23), (25)) or, equivalently, under its variational version Oge (eq.
(27)). Moreover, it is invariant under local supersymmetry transformations d;,(e2)

k]

(5131'“ =0 N (67)
bise®(2) = ~2ie%(z)Te.e () (68)
bi,e2(z) = De(z) + €£(z) M, 2(z) , (69) -

01sCp11(z) = 2¢1€2 A I—“(”)% e(z) , (
Sisw(z) = Wfé’(z)eﬁ(z) , (71)
(72)

513Fa1..‘aq+1 (l‘) — Sgl...aq+lcg(z) ,

where S¢'***!(z) and the one-forms M, 2(z), W, (z) are constructed from the fields
of the supergravity multiplet and the auxiliary fields Fay..api2(3) (cf. (43), (45)).

Then, the experience of Secs. 3,4 allows one to conclude (actually without any further
calculations) that the general coordinate symmetry in its variational form Sgc, egs. (28),
(29), and the local supersymmetry 4, eqs. (67)-(72), are reflected by Noether identities
relating the LA. sides of the field equations only, namely o

D\I/(D_l)g - ZiM(D_l)a A eﬁF;g +...=0, (73)
DM(D—-I)a_--~ EO, (74)

where the terms denoted by dots turn out to be proportional to the Lh. sides of egs. (61)-
(64), but not of the Einstein equation (65). For example, for D=4 N =1 supergravity
the full NIs (73), (74) read .

D\I";;g— 2’iM3a A eﬁl“gﬂ — Fa.gé Deé A (Ta' +ieX A eél‘;ﬁ) =0 , (75)
1
DMz,— §5abcdec A (T +ie® A eﬁl“gg) =0.
'To check that §;,5p s¢ = 0 (or SchD,SG = 0) implies (73) (or (74)) and viceversa it is

sufficient to insert (67)-(72) (or (28), (29)) in the general expression for the supergravity
action variation (66),

955p,56 = =(~1)P fy0(M(p_1)q A Gjpe® — Uip1yg A2 +...) =
= —-(—l)D Jup (—QiM(D_l)a A eEI‘; +D¥p_pya+...)e2 =0,

Then, one sees again (cf. Sec. 4) that the gauge invariance of the action and the Noether
identities imply each other.

6 Supergravity in superspace

The local supersymmetry d,(e2), egs. (67)—(72), has a structure _which resembles that of

the variational copy of the general coordinate transformations, 0,.(¢%) (egs. (23), (25)),
but with a fermionic parameter. The similarity can be recognized also from the struc-
ture of the Noether identities, (73), (74). This is one more reason for the existence of
superspace £(°") (originally introduced [14] in connection with global supersymmetry)
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with coordinates ZM = (z#,0%), « = 1,...,n, where, e.g. n =2 for N=1, D # 1'0
and N = 2, D = 10. The holonomic or coordinate basis for the cotangent superspace is
provided by dZM = (dz*,d§%), while the general unholonomic basis (with Spin(1, D —1)
indices denoted by underlined greek letters) is defined by the supervielbein forms 2

EA(Z) = (B*(2), EX(2)) = dZME4(Z). (76)

The differential geometry of spacetime can be extended to superspace [6]. In particular,
introducing the spin connection superform

w® = dZMwP(Z) , wal = LT el (77)
one can define superspace torsions and curvature

T¢ := DE® = dE* — E* Aw,®

= LEA N EPTpct (78)
T2 := DE® = dE® — Efw,t

= 1EA NEBTpe (79)
Rab = dwab — WA wcb

= %EA A EBRBcab y (80)

as well as, when the supergravity multiplet contains antisymmetric tensor gauge fields
C,(z), the generalized field strengths

Hyp1 := dCy — et BEA EEATOY (81)
= (qJ:l)!EA”l A EA‘HAL--A‘;H(Z) ’ (82)
I_‘(k)% = Eleal A.A Eakralmapg , (83)

of the various gauge superforms

Cy = LB AL ANEMCY, 4,(Z) . (84)

qt

6.1 Local supersymmetries of supergravity in superspace

The differential forms on %P} are invariant under arbitrary changes of coordinates, .e.
under local superspace diffeomorphisms,

ZM ey ZM = ZM L pM(7) | (85)
EA(Z) = E*(Z') = EA(Z) , etc., (86)
for which (¢f. (20), (21))
buaif ZM = 8M(2) (87)
Ssaiss B4 = 8ig s B + LyEA =0, etc. . (88)

. . b _
The superspace local Lorentz transformation &z, with superfield parameter L®(Z) =
—L%(Z), is also a manifest symmetry of supergravity.

28uch superforms, but depending on a Goldstone fermion ©2(z) rather than on the superspace coor-
dinate 8%, were already used in [13].
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"The superspace general coordinate transformations are defined by an arbitrary change
of the local superspace coordinates (as in (87)),

JSQCZM = tM(Z) , (89)
but, in contrast with (88),
Osge B4 = L EA = Di,EA +4§,TA + EBjupt (90)
wwp? = tMwpypt | [, FA = tME{, | etc.
wp = diag(w,®, wps) . (91)

Using the superdiffeomorphism invariance, the variational COPY 8ygc [6] Of Jsgc is defined
by (cf. (27)) '

(5sgc(tA) = 6sgc(tM) + 6,d1~ff(bM = —tM) + §L(Lab = —i,w“”) ,
t4(Z) = i, EA(Z) = tM(2)EL(2) . (92)

Again gsgc does not act on the superspace coordinates (z*,6), but acts on superforms as
the Lie derivative (cf. (29)) '

850 ZM =0, (93) -
8o EA(Z) = dZM8,  Efy(Z) := Dt + ECtBTpcA(2Z), (94) -
bsgcw®(Z) := EPt°Rep®(Z) . (95)

(0,6X(2)), b5ges(e2(2)) = 5596(0, €2(Z)), can be called superspace local supersymmetry.
Its action is given by

In particular, the fermionic part Ssgcf (€2) of gsgc, determined by the parameter ¢t4(Z )=

Bsgef ZM =0, (96)

bsger E2(Z) = E°LTsc(2), 97

bsgef B2(Z) 1= Dea + ECeLTyc%(Z), (98)
Brgew™(Z) = EPEIR p(Z) , (99)"

and is similar, albeit not identical, to the straightforward extension of the local super-
symmetry transformations dj, (eqs. (68)-(72)) to superspace. We will see below that
the desired identification of dgeglgmg = Joges(€2(z, 0)), with d15(e2(z)) appears when the
superspace constraints are taken into account.

6.2 Superspace constraints

The unrestricted supervielbein and spin connection contain a large amount of fields
{(mostly unwanted). The supergravity multiplets can be extracted from the superviel-
bein by imposing covariant constraints on the superspace torsions, curvature and the
gauge superform field strengths. The main constraints have the form

T*=iE= A BT,

Hor 1= dCy — e B2 A BEATO Ny = Lo
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(100)
Bttt N ANEBUF, .., (Z), (101)

and can be derived as a straightforward extension of the 001np9nent, first order form
supergravity eqs. (63), (61) to superspace. This fact is not accidental. It reﬂects the
existence of the so—called group manifold or ‘rheonomic’ approach to su.pergravn:y 17, 8},
which provides the bridge between the component and superfield formalism (see also Sec.
2 of [1] for a brief review).

6.3 Local supersymmetry of (D = 11) supergravity constraints

After the constraints (100), (101) are taken into account, the fermionic general coordinate
transformations d,4.¢ simplify. In particular,
Ssgcf ZM =0 s
bsges E4(Z) = —2iB2T3,4€E | ete.

(102)
(103)

Now one can easily see that SsgcfE“|9=0 becomes identical to &;e®, Osges B |o=0 = di5€°,
after the usual identification of the supergravity forms with the leading components of
superforms, (E*, B2)|g_g,4=0 = (€%, €2), etc., is made.

To be specific, let us consider D = 11 supergravity [15] (e = 0,1,...,10 , @ =

1,...,32). Here the superspace constraints (100), (101),
T = —iEXAEfTe, (104)
Hy=dC; — sEANEEATY) = LE“A .. .AE* F, ,, (105)

imply
Te = %Eb A Ecchg — %Eb A E_ﬂ_TbE.a_ , (106)
Tig® = §(Fobabata (T7%) 5% + FFP205% (T 00,)57) (107)
R® = —2iB% A BETRITY, + B¢ A B2(iT*%T cgo — ATIET)) +

+3EYAE° Ry . (108)

Using (104)-(108), the superspace local supersymmetry (96)-(99) takes the form

beges ZM =0, (109)

8oges B = —2iBTgpék(Z) , (110)

Buges B = De2(Z) + BTp2 (Z) (111)

BaoesCs = B AT £(2) (112)

bages Farazasas = 3Tfarar T asasjas€2(Z) , (113)
bagesw®® = —4iEe Tt 1 TV, £(2) +

+iE (T 8T pg — 2T (22T, 5) €l . (114)

Setting § = 0, df = 0 in eqs. (110)-(114), one arrives at the on-shell version of Fheslqcal
supersymmetry transformations characteristic of the component supergravity action® i.e.,

3 Alternatively, substituting 6(z) for § in (110)-(114) one obtains the on-shell version of the local
supersymmetry transformations characteristic of the group manifold or rheonomic action for D=11 su-

pergravity. [8].
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the actual local Supersymmetry transformation which leaves the action invariant differg
from the pull-backs of (110)-(114) to MP by terms which vanish on the mass shell 4. -
The discussion of the previous section suggests the following observation. The Same
transformation rules for superfields {superforms), (110)—(114) appear for the original form
of the fermionic general coordinate transformations with '

dsgesZM = &(Z)E}(2) (115).

- i‘suc/Ea = 5,ycfZME174 =0,
i«Lgc/Eg = 6«vycfZME1%1 = fg‘(Z) ,

BugesB® = —2E2T3,€8(7) , (116)

Ssges B = De(Z) + E'Ty2 (Z), (117)
0r9esCs = B2 AT £(2) (118)
8sgesFurazasae = 3Tjay0 gl ap?(Z) | 119)

Gugesw®™ = —4iB= T "2 [y B(Z) + BT 2l — 2T ) . (120)

Thus the D = 11 superspace constraints are invariant under both 0sgcy and &gcf. This
reflects the superdiffeomorphism invariance (85)—(88) of forms.

7 Local supersymmetry and k—symmetry of a super-r
brane in a supergravity background

To see why a full account of the local gauge symmetries in supergravity can be relevant,
let us now consider the standard description of a super~p-brane moving in a supergravity
background 3. :

Consider, e.g. the supermembrane (M2-brane) in the D = 11 supergravity background
defined by the constraints (104)—(105). Its action is [16]

511,2=fw33“1!*EA‘a/\Ea"“éa(jyé) ) (121)
where
Ee = dZM(€)B3(2) = dea.ZME(2), (122)
C’a = %dZAM"‘ AN dZMlCMxMzMa(Z) ’ (123)

are the pull-backs qg*(E“), @‘(C’g) of the supervielbein and gauge field superforms on the
2012 syuperspace by the map :

G WM Gy gmey (124)

“Note that the restoration of such terms is an involved technical problem. However, the use of the
second Noether theorem can simplify the proof of the local supersymmetry of the action, as it allows to -
work with equations of motion instead of the general variation. =

5Such description could be regarded as the background field approximation to a fully dynamical de-~

scription of supergravity—super-p-brane system based on 3 coupled action including both the supergravity
and super-p-brane Lagrangians (1. : v
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so that ZM = ZM(¢£) etc. As supergravity is treated as a bac}:%lround, tAhue set ‘Oaf dynarr;j;aﬁ
variables includes only the local supercoordinate func‘;llons Z(11|§§)) = g\f (&), 13 €), ;\II ic

define the worldvolume as a surface in superspace, {ZM € © | ZM = ZM(6)}. enci
the basic variations, 62 M(£), can be recognized as a t?otfnterpart of superspace genera
coordinate transformations (89), (90), and can be split into the bosonic and fermionic

parts
ishi* = 62V B3 (2(9)) ,
iske = 6ZM(€)ER(2(6)) - (125)

Taking into account the constraints, one finds that the fermionic variations of the super-
coordinate functions, §; Z* (€), defined by (cf. (115))

) i5fE'“=O, i5fE'Q-7éO,
& §2M(E) = is BXE)EM(2(0)) (126)
lead to
8;Be = —2iEere iy BB (127)
6;Cy = B2 AT 45 EF (128)

(¢f. (115), (116), (118), where the réle of €2(Z) is played by i5£2). Hence,
7S = fys s % Ea N6 E® - 5,05 =
~ ~ ~ 2(2) Fre
= Jwa(—ix Eq A B2l — B2 AT )is B

= i fiys *Eo N B2 (T(] — 7)) gpis, EZ, (129)
where
~— i ijk fra b Acra . (130)
y= v EEZELT

is the well known matrix satisfying try = 0, ¥° = I, .thaAt enters in _t}ie th-braneﬁK;
symmetry projector £(1+4) (16]. Thus, for is, B2 = 45 B := (1 — 7)—21;)—(5) \1[/;36] n
0,.S112 = 0, which expresses the fundamental n—syrpmletry of the supermem ranel28 . ]
We see that when computing the fermionic variation & (eqs.‘ (1.26), (127), ( d)) E
the supermembrane action we actually perform a superspasce f:armmmc gene?ilcoor .11;?(;
transformation d,4.f, egs. (115)- (118), pulled back to w3 ¢ ((ngcf)Aj 6,: e_varla— ,
&8s produces the superbrane equations of motion on W3, Ep = *E?AE~ (r (I —'17321?% —th(;
Thus, the whole variation d; is not a local symmetry of t%le. dy.namlcz‘a.l sys‘terr} 1711((; t.gns)
superbrane (otherwise, the brane dynamics would b(? trivial in the 'fefmlonlc ! 1re_c io i e.
However, this fermionic equation becomes an identity when multiplied by (() -{; };y) ,th.el;
Z4(1+7) = 0. This is the Noether identity (Sec. 1‘1, 5.3) for k-symmetry. On biac; het
hand, as @*(0sgc§) = O, this means that the brga.km'g of ds4cr by the supem;em rane Js
partial and that the part of d,4.5 preserved on W* is given by the K—symmetr.y Tans 0;]1.1'1
tions. Moreover, as the brane action possesses manifest local Lorent? and dlﬁeoqlorpslsm
invariances, we can use (27) to conclude that 6,512 = 8sgepS11,z 15 equal to Oyg01.511,2-
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Hence 5395}‘511,2 = 0 for the superfield supersymmetry transformations (109)-(112) with
the parameter restricted on W3 to be of the form e2(Z) = (1 — 7)23x2(£), and we can
state that k—symmetry is just the part of the local supersymmetry which is preserved by
the brane action®.

8 Concluding remarks

The above considerations indicate that
i) The s-symmetry of the superbrane in the superfield supergravity background is the
part of the superfield local supersymmetry characteristic of the supergravity constraints
which is not broken by the presence of the superbrane.
ii) In any complete Lagrangian description of the supergravity—superbrane coupled sys-
tem which includes the standard superbrane action, the local supersymmetry will be
partially broken. Any coupled action describing both supergravity and the superbrane
will possess not more than 1/2 of the local supersymmetry characteristic of the ‘free’
supergravity action. )
iii) As the superbrane action is written in terms of pull-backs of superspace differential
forms and, possibly, the worldvolume Hodge star operator, the complete coupled action
evidently possesses superdiffeomorphism symmetry dqq;ys.
iv) As the superfield local supersymmetry can be equivalently considered as originated.
either from the superspace general coordinate transformations d;4c5, (115)-(120), or from
their variational copy degcs, (109)-(114), we conclude that the coupled system of super-
gravity and bosonic p-brane should possess 1/2 of the local supersymmetry characteristic
of the free supergravity, if the bosonic p-brane appears to be the é(E) = 0 ‘limit’ of a
superbrane {2].

We hope to return to these points in forthcoming publications.
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Abstract

We first consider the most general o-model defined on a group manifold
(G x G r)/Gp. Tts metric, invariant under the action of G L, includes
appropriate parameters describing all the possible breakin’gs of the
group Gg. A direct computation of the Ricci tensor shows that the
one-loop renormalisability of its T-dualised o-model is strictly equiv-
alent to the one-loop renormalisability of the original model for an

symmetry breaking. Then, restricting ourselves to the simple exampli
of the T-dualised SU(2) o-model, we show that, even if this model has
been. claimed to be non-renormalisable at the two-loop order, it is still
possible to define a correct quantum theory - at least up to th,is order -

bydmodifying its target space metric in a finite manner at the one-loop
order.

1  Introduction

‘The subject of classical versus quantum equivalence of T-dualised g-models h b
st'ro.ngly studied in recent years, and extensive reviews covering abelian non—abelajs gen
alities and their applications to string theory and statistical physics are z,wailable [ia; ?:l )
More rec'ent developements on the geometrical aspects of duality can be found in [,4] 3
The interpretation of T-duality as a canonical transformation, for constant b:ack-

grounds, was first given by 5, 6. Its i i
moneabelion sams o o 5, 6] more general formulation [7] was applied to the

Restricting ourselves to the non-abelian dualisations of Lie groups, the one-loop equiv- -

alence was established for the group manifold of SU(2) in [10 11]. A further decisi

progress was to gene?alize the one-loop equivalence to an arbitr:ary Lie group (12] I-;(S)lv‘:/(-3
ever, as pointed out in [13], Tyurin’s analysis considers only models with explicit .invari-
ance under the left group action (whose existence is crucial for the dualisation process)

leaving aside the right action and the possible symmetry breaking schemes for it. The one- -

loop equivalence problem in this more general setting has been examined recent]

: 1
g)zlthtiriroup man1f91d (SU(2)L X SQ(2)R)/SU(2)D, where SU(2)g is broken goEvi]’t[;ﬂ
C)). e renormalisability does survive despite the lowering of the right isometries
- ;ufa of the purposes of the present paper is to analyze the geometry of the duaiised

el for any (G’ 1 xXGR)/Gp, with arbitrary breaking of G . While in [12] supersymmetr
considerations & la Busher [15],[16] were of great help to derive the dualised geometr;

r}/lee v;{ﬂl s‘htow tha.t a direct computation in local coordinates is fairly efficient to extract -
1ccl tensor in the presence of Symmetry breaking. An interesting expression for the "

Ricei tensor of the dualised i i
; geometry (with torsion) exhibits its depend i
to the geometrical quantities of the original model. pendance with respect

*e-mail address: casteill@lpthe.jussieu. fr
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Then, we ask ourselves the problem of the two-loop renormalisability of dualised mod-
els. Some years ago, it was noted that in the minimal dimensional scheme, two-loop
renormalisability does not hold for the SU(2) T-dualised model [17, 18]. The second pur-
pose of the present work is a more precise analysis of this two-loop (in)equivalence, still
on the simple example of the original SU(2) T-dualised model.

The main remark is that, part of the isometries being somehow lost, the T-dualised
models are not - as they should be if one wants to give an all-order analysis - defined by
a sufficent system of Ward identities. For example, in our simple case there is, a priori
only a linear SU(2) [or O(3)] invariance, and any O(3) invariant action is allowed ( let us
remind the reader that in higher-loop corrections to a classical action, all the terms which
are not prohibited by some reason such as power counting, isometries or conservation
laws..., would appear). To our present knowledge, the extra constraints coming from the
origin of the model (dualisation of an (SU(2)1, x SU(2)r)/SU(2)p chiral model) are not
understood. As it is highly probable that they are linked with the space-time dimension,
it is not surprising that a minimal dimensional renormalisation scheme fails : as is well
known, when the regularization method does not respect all the properties that define
the theory, extra finite counter-terms are needed. [19].

The content of this article is the following : after setting the notations, in section 2
we characterize the geometry of the group manifold (Gz x Gg)/Gp. This is most con-
veniently done using frames and, despite symmetry breaking, one obtains a simple form
for the Ricci tensor. In section 3 the dualised theory is examined. In section 4 we use
the previous results to discuss the one-loop equivalence. In section 5, we focuse on the
SU(2) o-model and its a priori quantum bare action and obtain through A expansion the
possible counter-terms that may be added to the classical action in order to reabsorb the
divergences. Then in section 6 we give the 2-loop divergences and in section 7 we discuss
how they match with the candidates in section 5. Our result is that coupling constant and

field renormalisations (infinite and finite ones ) are not sufficient to ensure the two-loop
existence of the T-dualised theory but the metric itself has to be deformed (in a finite
way). Some concluding remarks are offered in section 8.

A more complete description of these derivations was published in [20, 21].

2 Geometry of the initial theory

Let us consider a target space with coordinates g, with a left and right action of some Lie
group G with structure constants f;7. Its corresponding action can be written

S = % [ @By 2, (1)
where the J. are defined by
(Ti)jk = —fijk'
The matrices of the adjoint representation T; verify the Jacobi identity
[Tf, TJ] = fijkaa

For the reader’s convenience we present the derivation [1, 10] of the dualised model. The
essence of the dualisation process is to switch from the coordinates g to new coordinates
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g_laﬂg = J;‘ T‘i;

i,j,k=1,...v=dim(G).



1); defined as the Lagrange multipliers of the Bianchi identities. Concretely this transfor-
mation is carried out starting from the action

1 i . . . .
S = Z/ &z [Bij ' J, I3 — €0, — O, + Fi I A J‘E)] .

The field equations obtained from the variations with respect to the currents Jj give,

using minkowskian coordinates on the worldsheet
Je = BY e (B, — (A-9)je JE)
where (A°);; = (T3);* = —f;f and (A-9)y; = (A°);;%s. Using this relation, the action can

be written, up to total derivatives and in light-cone coordinates (zy = ”o\%”l) :

5= %/ &z 0,9 (B+ A-¢)70-¢;. )

Let us emphasize that the final action of the dualised theory is independent of the choice
of the representation for the fields parametrizing G. :

As we have seen the starting point is the theory defined by the action (1), where the
constant matrix B;; is symmetric and invertible.

Let us begin with a discussion of the isometries. The groups Gy, x G and Gp act on
g according to

9— ¢ =GLgGg, ¢—4¢=GpyGp,
so that
¢7'8,9 — Grgl'o.g Gl

It follows that the action (1) is invariant under G, while the matrix B;; will generally
break Gr down to some subgroup H (possibly trivial). For a simple group G the most
symmetric action is given by the bi-invariant metric ‘

By = %gz’j: gij = Tr (TT3) = pTr (tit;), ' (3)
where g;; is the Killing metric and the ¢; the defining representation of the simple alge-
bra under consideration. For instance, for a simple compact group, with the standard
normalization Tr (£;t;) = —24;;, we see that taking p = —2p gives B;; = §y;.

This choice enlarges the isometry group to Gy X G because (Ty);*gr = — fo is fully
skew-symmetric.

In order to have a better insight of the geometry of this model it is convenient to use
a vielbein formalism, through the identification of the currents J: with the vielbein e’.
We shall write the metric Bjje'e’ and the Bianchi identities (in fact the Maurer-Cartan
equations) ‘

A
de' + Ef,t‘e’ Aet=0D.
We follow the notations of [22] and define the spin-connection w’; by

def +uwi, e =0, W= i el
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. i s ij _ p-t
The frame indices are lowered or raised using the metric B;; and its inverse BY = Bj;.
A straightforward computation gives

ik = (TjB)i — (TiB)k; — (TiB)jk-
The curvature is defined by
R, = dw'; + wh Aw'; = %R’Ij’st e’ Ae,
and the Ricci tensor by ricy = R ;- One gets easily
rici; = —w’;, wh, + w0

Therefore, as expected for an homogeneous space, the scalar curvature R = (B~');; rici;
: aA(:O(Iilrsz:satliltt:.simpliﬁcation takes place for the bi-invariant metric (3), for which we have

rici; = —g By. (4)
The metric is therefore Einstein, i.e. the Ricci is proportional to the metric, and such a

simple structure will have a counterpart in the dualised theory.

3 Geometry of the dualised theory

In (2) we come back to standard notations and change the coordinates ; to ', Let us
write the dual action

§= 1 [#2 G0 0, Gy=(B+ AV,
which, written in minkowskian coordinates, gives
S= %/ &’z [gij ﬂ#”ay'lpiau"z}j + hyj G#Uaplplaud’]] )
where g;; = Gj) 18 the target space metric and hy; = G is the torsion potential. The

i i i i, and with
torsion Ty is defined by Tijx = %a[,'hjkl. The connections without torsion 73, an
torsion [, respectively write :

. 1.
ik '2'9'3(3jgsk+5kgsj — 35958 »

e = 20" (0Gh + 0Goy — 0.G)
= Y+ T,
and the coresponding covariant derivatives are :
Dik; = 8ik; — Dk = Vik; — szlvs ,
Dk = 8kt + D k® = Vik? + Tiv'.
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The Riemann tensor without torsion will be noted R;; . whereas we will denote the one
with torsion as Rjj . .
The Ricci tensor, defined by

R’iC,‘j = Rsi’sj = 8,[‘;,- — I‘;tI‘; - DjD,'(lIl \/det g),
can be expressed as (see [20] for explicit details) :
Ricy; = —Gys rice Gy + Dy, (5)

where
v = =2Gy f,f — Oiln(y/det g).

One can notice that relation (5) relates Ricci tensors living on different manifolds.
Defining

w; = g;s°, Wi =9¢°Gy ,
it is also possible to show the useful relation :
1 1
Djwi+ Wy = 5Gi + 5(GBG)y; (6)

When we dualise the bi-invariant metric on G, the initial Ricei tensor is given by (4), and '

we get for the dual theory
RiCij =

|

(GBG)y; + Djv;.
Relation (6) then becomes :
Djw; = %Gu‘ + %(GBG)u‘, wi = W; = (B™)iy?,
which makes us deduce
Vi=v+ gwi .

This last relation establishes the quasi-Einstein character of the bi-invariant torsionful
dual metric.

R’iC,'j = —fz) Gij + Dj Vi,

4 One-loop equivalence

We are now in position to discuss the quantum properties of the dualised models at the
one-loop level.
Let us first consider the broken principal models with classical action (1). Its one-loop

divergence is
_L 1 2z ric.: o b I
e 2 / zrici; nYJ, J},
where the Ricci components are computed in the vielbein basis.
Renormalisability in the strict field theoretic sense requires that these divergences have
to be absorbed by (field independent) deformations of the coupling constants p, hidden

in the matrix B and possibly a non-linear field renormalisation. This last ingredient is not

d=2-—¢,
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required here because the scalar curvature is a constant. Therefore the renormalisability
of the theory (1) is ensured by

9
9pe

The one-loop renormalisability is clear for two extreme choices of metrics :

rici; = Xi(Ps) 5 Bij- (7)

1. The bi-invariant metric, for which relation (4) shows that it is Einstein.

2. The maximally broken metric, for which the matrix B contains v(v + 1)/2 inde-
pendent coupling constants j,. Since the Ricci is also a symmetric matrix, it can always
be absorbed by a deformation of the coupling constants.

For partial breakings of the group Gp, relation (7) may fail to hold and is indeed a con-
straint which mixes conditions involving the breaking matrix B and the algebra through
its structure constants.

We will now assume that the initial theory is renormalisable at one-loop order so that
(7) always holds.

In order to define cleanly the coupling constants and their renormalisation we switch
from the couplings {p;, i = 1,...,c} to (A, pi) by the relations

L 1 . i .
=7 =% i=lL..c-L ®)
We scale similarly the breaking matrix
1
By = +S5(pi),
3 Si(pi)

where, for simplicity, the matrix S can be taken linear in the couplings p;. Writing (7)
with these new coupling constants, the full one-loop action for the initial theory becomes,
with € = 2 — d,

22X 2me  2me

We see that the divergences can be absorbed through coupling constant renormalisations.
In order to compare to the renormalisation properties of the dualised theory, let us
recall that the most general conditions giving one-loop renormalisability (we work with

worldsheet components) are

[L (1+A—X*-+ —/\—széi—> Su(p)JL 3. (©)

. . 0
Ricisy = Xs %%, gij + D uyy,
. . 0
Ricpjy = Xs . hij +us T + 03 Uy,
where the p, are the coupling constants in the principal model we started from, appearing
now in a non trivial way in the dualised model. The only constraint on the functions g,

is that they should be field independent.
These relations can be gathered into the single one

0
Ricij = Xs ﬁ Gij + Dju; + 0 (u+ 1)y
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In order to compute the divergences of the dualised theory in terms of the coupling
constants defined in (8), we start from the dual classical action =

1 ~ ~ - -
X Gij(S$ ’lp) a+1f/" a—d}J y

where G(B,v) = AG(S,%) and 9 = At. The one-loop counterterms follow from the
Ricci tensor taken from relation (5) and written

Ricij = N {~Gs(S, ¥)ricaGe; (S, %) + Djvi} .

Using (6) and (7) appropriately scaled out, we get finaly for the one-loop action of the
dualised theory

d*z Ao A o] A i ]
/—,\— [(1 + m + Zr; A XSE,Z) Gij + Er-g (DjVi - 2X)\6[iwj])] 04t 01,

where V; = v; — 2xaw; . Comparing this relation with (9) we conclude that, up to the non-
linear field re-definition described by the vector V; and the jauge transformation described
by W;, the coupling constants renormalise in exactly the same way than in the principal
model we started from. We have thus established their equivalence, in the strict field.
theoretic sense, and proved that their beta functions do coincide. What is really new is
that this equivalence survives even for the maximal breaking of G.

As a remark, let us point out that after dualisation, the isometries of G, essential for
the dualisation process, are lost. Hence for the maximal breaking of Gg, no trace seems to
remain of the original isometries in the dualised theory. This constitutes a nice example
of non-homogeneous metrics with torsion, with no isometries to account for their one-

loop renormalisability. Our computation which puts forward an experimental fact (the .

one-loop renormalisability) needs some basic theoretical explanation since we know that
renormalisability is never accidental but the result of some underlying deeper symmetry.

5 The two-loop order bare action for the T—dualised
SU(2) o-model

In the special case considered here, the original model is the _&(%%gg) non-linear o
model, and its dualised metric writes :

-~ 1 Lo

Gij¢] = m;; [Jij +¢'¢ + 5ijk¢k] , (10)

where ¢ is a SU(2) (real) vector representation and the ¢* , i = 1, 2, 3, are the coordinates

on the dualised manifold. Then 52 is a SO(3) invariant and the symmetry is linearly

realised. Torsion breaks parity, but the model is invariant under the simultaneous change

¢ — —¢ and €5 — —e€;5x - Let us emphasize that no other local symmetry exists for that
model.

In order to analyse the two-loop renormalisability of the dualised SU2 o-model, we

first examine all the possible ways to reabsorb the divergences through local counter-

terms. As usual, we should allow for finite and infinite renormalisations of both field
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and coupling. But, as it was already shown (17, 18, 21}, this appears as msu.fﬁmerfltt}tl(:3
bsorb the various divergences. Thus, we also allow for a ﬁm.te deformation o :
r(13:ssical metric and torsion potential g;; + hi; = Gij to describe its quan.tl.lm 'extenswn
(-: of course, this & la Friedan [23] extension of the notion (.)f renormalisability 1’nvolvesla
' riori an infinite number of new parameters. Let us empha‘sme that we shall consider only
If)inite deformations. Furthermore, we would obviously introduce tot') many para{neters
by allowing finite counterterms of the field and the coupling and 3 ﬁmfie deforme(\)tlrcr)]r; 1fi22
the metric simultaneously. Indeed, the finite cou_nterterms ad'ded in order tf) 'renl Iy s
the coupling and the field could be seen as finite .deforma.tlons qf theil orlgm? $ﬁnité
So, without restricting the generality of our .analysm., we will conmder' e;efon y infintte
counterterms for both coupling and field, while w‘e will only tak.e a ﬁnlt'e e 0r}11na on for
the metric. This deformation must of course satisfy the same isometries as the origina

metric. ‘
Let us first write the bare action :
50 = ;\1— [e50.870-¢7 (11)
where : ) )
Lt B ()
X A 2n € PAis €
" 2 L
To > h) ’(71(¢) @ ’(U2(¢) I (12)
=90+ € t\ox € ’
R\ AN\ 4
L ng—:G,'j-i-a; Gij + (g) Gij+---

. 1
The double poles % have been hidden in the dots : we only need the COGfﬁClEI'It of ¢ (tlhe
double poles are ni)t new quantities as they are directly related .to first order simple po eis
and it has already been proved that the dualised SU2 o-model is one-loop renormalisable

[10)).

In order to express (11), we shall introduce the Lie derivative é‘, For. any tensor Sjj
defined on a manifold with coordinates ¢’ , one has, in a change of coordinates :
S5(#)04470_9% = 5:;($)0+4'0-¢"
andif@=$+nﬁ, . .
5:i(®) = S%UP) — 1 L(SH(@) + O(n)- (13)
k

We remind the reader that
ﬁ(S,'j) = k’VsSi_,- + SsjV,-k’ + S;SV,-k’. (14)
E
Expanding (11) with the help of (12), one gets the possible counter-terms at lowest
orders :
. R
e 0 order in o :
1 9_¢ 15
XG:‘15+¢'5-¢’ (15)
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o first order in h—/\ :
27

% E (AlG*‘i + 5(@,—)) + G,»,-} d,4'0_¢7 (16)

A
® second order in — :
2T

%[Eiz ( . ) + -61- (Al éij + A, Gij + ;_;CI(G”) + ,ELZ(G’J)) + ( . )J a+¢ia_¢j . (17)

As we don’t consider the 3-loop order, only the term in I needs to be explicit in (7).

6 The two-loop order divergences

We use the expression of the covariant divergences given by Hull and Townsend [24], in

the background field method and in the minimal dimensional scheme, up to the two-loop
order :

h
.1 -
Dl'l)ij = —%chu
Di’u2 — _ﬂ R.klm(R L ER ) + 2Tk Tl"‘"R -
AN 872 * kimj 2 Imky “+ mn kijl

In order to ensure the renormalisability of the theory, these divergences should match
with the candidate counter-terms given by (18) and (17) :

h
2 P/ ~
C:r” = 47!'25 (AlGij + ‘g(GiJ) + A2Gij + é(GU))

It has been previously proven that the dualised metric is quasi-Einstein as soon as the
original metric is Einstein. So, the first counterterm in (18) can match the one-loop
divergences Div}j, and in our special case, we get :

1 1/1-¢42) .
b=z "1—5(1172)‘75

The addition to the effective action of a A finite deformation of the metric modifies the
h? divergences. The additional term is easily obtained as

h . hA ~ . ﬁ2A
._% {Rlcz‘j (le + gle) - RZC,‘j(GkI)} = _EAﬁ + o(ﬁa) ]

Finally, the dualised SU2 g-model will be renormalisable at two loops if and only if
we can find {Gij[qb]; Az, u'/'g[gzﬁ]} such that :

WA () & . 12
4r% (AlGij + 1%"(Gij) + MGy + é‘;(Gv‘)) =

472e

Ay~ Divfj. (19)
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(18). :

An important fact must be pointed out here as the last tequation, once the one-loop
divergences have been reabsorbed, is equivalent to the following one :

h ~ hA c R ~
] = — +—G
Rie(G +5-C) = (A1 + 5249 ( N )m -
—ZG) ~ Z=Di® + O(h?) .
* méiwz (G T o G) h
This means that the finite deformation of the metric G will be defined up to the ones that
keep the quasi-Einstein property of the metric at the A order.

7 Results

According to the linearly realised symmetry of the T-dualised SU2 g-model, the finite
deformation of the metric Gi; writes :

Gij = a(r)8i; + B(7)¢'¢ + 6ijk’7(7)¢k )

where 7 = ¢? and the vector W, writes W, = wo(7)¢. It is then po§s1b¥? to rve;;exglc'les?t (51(:2

as a set of three linear differential equations (see'[21] fqr more etai s)..bl et ot pus

any finite counterterms for the field and the coupl.m'g. ag it is alwfiys éxifim e to salisation

as a deformation of the metric. Indeed, the pos31b11‘1ty for a finite fie frenortr'n ation

W and a finite coupling renomalisation & could be interprated as a de f)rmla ion ;) the

form 8Gy; + £ (Gy;). In an opposite view, we can say now that there is always a p
w(é)

of the deformation éij that can be transferred into such finite counterterms. Using this
freedom, it is possible to reabsorb a(7) and redefine Gy; such that :

éij = Gij + bGij +L Gij (21)
w

ith B ~ o i
" Gi; = B(r)¢' ¢ + ein7(T)0" .
i i B d (7). It is possible to express
t 20) depends now on the two functions 3(7) an :
g?:)a;;) I; (furgctiol; of 4(r) which itself satisfies a non-homogeneous linear fourth order
differential equation :
- 2y 2(17+37) _
Blr) = 3(1 T)(l3+67‘+37‘ ) ( )’Y(T)
46+7)1+7) 647
46-6r -1, \ 8 _, .
S A st R
F(r) + Ki:%(i)&%ﬁ,—y(s) ()

1260-2767—9172 4373474 T
+ 472(647)2 v ( )

—120425474+5772 4373 <1

J Sl () (22)

1384257472 =
T TBr2(6+1)? (r)

3(6402—86817—585672 - 2273+39074+3975) )
= 6472(1+71)3(6+7)2
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The two-loops quantities A; and o, are then fixed as :

b
_5 ,
11—;2 = — 34242526 741743724244 13 627430 75-376
8(1+7) (6412
2
+ 1-27r—7 7 1-1)7 "
Tt W)+ G2 wi(r)

Ar=

22746721722, ¥(r)

(647) v
. 120-110 7410 241178444 _
(6+TT)Z -+ 7’(7_)
671(22-37—72) _
- —(w—ﬂz—l F'(1) — 4= 50)(r) .

The model will be renormalisabl i :
which is analytic near 7 o 0. 1o € up to two loop iff equation (22)

qf Frobe:nius for linear differential equations [25),
s.mgular‘lty (notice that we are only interested in
linear differential equation (22) around the singul

. —_ 3
.V———z-)

independent solutions of the homogeneous equation associated to (22). 7{;7?2 give here the

first terms of such series (it happens that for » = ~2 we have an exact solution )

Foar) = Sy L VT

2 3 20/T T 90
% 1 11
(1) = F<1_€T+%5§T2+...) ,
- 23
Yol7) = 14 —724 ...
o(7) + 840T + ,
_ 1 1
n(r) = T(1+~ — 72 4...
- 2" "3t )
en, we use the method of variation of
A1(7) such that parameters to find A-3(m), A_t(7), Aol

() = /\_%(T) ’7_%(T) + /\_% (7) '7_%(7')
| +20(7) Fo(r) + Ay (1) T (r)
is the general solution of the inhomogeneous equation (22).
The first terms in the expansion of these functions are :

Ag(r) =A%y + 73 (%_E%T+...)
Aylr) =22, +w (_%L%?;_O%?H...) ,
Yor) =Xt it - BB,

Ai(7) =/\i’—%%7r+-2g%r2+.._
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has a solution
order to reach such a conclusion, we use the method

Let us observe that 7 = 0 is regular

T > 0) The indicial equation of the

ar point 0 has four different solutions
00

1
-1 9 1. w v T T
2 0, 1. For each one, we can find con ergent series 7Y ¢,7" that are

7) and

The analyticity requirement near 7 = 0 enforces the choice A% ; = A%, = 0; #(r) is then
2 2

expressed as a convergent series in 7, and the same will be true for B(r).

The final expression (21) for the deformation G;; depends on 3 constants (b, A§ and A%)
and an arbitrary function (W(7)). The constant b is the finite coupling renormalisation
while W is the finite field renormalisation. The dualised SU(2) o-model is therefore
renormalisable at the two-loop order if and only if we add a finite /i deformation of the
classical metric, depending on two parameters A and A9 .

As these two parameters are in fact the factors of the analytic solutions of the ho-
mogenous equation given from (22), they can also be interprated as the factors of the
analytic solutions of equation (20) where the divergences Div® would have been set as
vanishing quantities. In other words, these two parameters that appear in the study of
the two-loop renormalisability of the SU(2) dualised o-model are independant from the
divergences at this order and reflect only the freedom of reabsorbing the divergences at
the one-loop order without adding new divergences at the two-loop order.

8 Concluding remarks

We have been able to exhibit some set of counter-terms that ensures the two-loop renor-
malisability of the T-dualised chiral non-linear ¢ model. The one-loop effective metric is
defined up to two constants (A} and A9), and some finite arbitrary field and coupling
renormalisations. As is well known (e.g. in [26]), the two-loop Callan-Symanzik 8 func-
tion (related to Az) depends on these finite counterterms. Notice that the normalisation
condition b = 0 (no h extra finite coupling constant renormalisation) enforces A, = 0.

We emphasize that, contrarily to D. Friedan’s approach to ¢ models quantisation,
where the classical metric receives infinite perturbative deformations, our candidate for
the deformation of the classical metric is a finite one, depending on only two pa-
rameters (plus the usual infinite, and finite, renormalisations of the field and of the
coupling constant) : our ansatz is that a proper understanding of the dualisation process
will precisely offer the extra constraints that uniquely define the quantum extension of
the classical theory, order by order in perturbation theory, in the same spirit as Ward
identities determine what otherwise would appear as new parameters.
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Abstract

We elaborate on a new representation of Lagrangians of 4D nonlinear -
electrodynamics including the Born-Infeld theory as a particular case.
In this new formulation, in parallel with the standard Maxwell field
strength Fog, Fy 3, an auxiliary bispinor field Vo, V4 is introduced.
The gauge field strength appears only in bilinear terms of the full La-
grangian, while the interaction Lagrangian £ depends on the auxiliary
fields, E = E(V?,V?). The generic nonlinear Lagrangian depending
on F, F' emerges as a result of eliminating the auxiliary fields. Two
types of self-duality inherent in the nonlinear electrodynamics models
admit a simple characterization in terms of the function E. The con-
tinuous SO(2) duality symmetry between nonlinear equations of mo-
tion and Bianchi identities amounts to requiring £ to be a function of
the SO(2) invariant quartic combination V22, which explicitly solves
the well-known self-duality condition for nonlinear Lagrangians. The
discrete self-duality {or self-duality under Legendre transformation)
amounts to a weaker condition E(VZ2,V?2) = E(~V?,-V?). We show
how to generalize this approach to a system of n Abelian gauge fields
exhibiting U{n) duality. The corresponding interaction Lagrangian
should be U{n) invariant function of n bispinor auxiliary fields.

1 Introduction

It is well known that the on-shell SO(2) (U(1)) duality invariance of Maxwell equations
can be generalized to the whole class of the nonlinear electrodynamics models, including
the famous Born-Infeld theory. The condition of SO(2) duality can be formulated as a
nonlinear differential equation for the Lagrangian of these theories |1, 2, 3]. Up to now,
the general solution of this equation was analysed only in the framework of proper power
expansions. Here, based on our recent paper [6], we present details of new representation
for the Lagrangians of these theories. Alongside with the electromagnetic field strength
FanFdB1 it involves an auxiliary tensor (bispinor) field Vqg, Vdé- It will be shown that
the SO(2) duality condition can be explicitly solved in this formalism, without resorting
to any perturbative expansion. The general Lagrangian solving this constraint is a sum
of an interaction term E(V?2,V?) depending only on the U(1)-invariant combination of
the auxiliary fields, E = E(V2V?), and non-invariant terms which are bilinear in V
and F. The Lagrangian involving only the Maxwell field strengths emerges as a result of
eliminating the tensor auxiliary fields by their algebraic equations of motion. More general
nonlinear electrodynamics Lagrangians respecting the so-called discrete self-duality (or
duality under Legendre transformation) also admit a simple characterization in terms of
the function E. In this case it should be even, E(V2,V?) = E(-V?, —V?), and otherwise
arbitrary.

In Sect. 2 we give a brief account of the continuous and “discrete” dualities in nonlinear
electrodynamics in the conventional approach. A novel representation of the appropriate
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Lagrangians via bispinor auxiliary fields Vo5 and Vj; is discussed in Sect. 3. Two exam-
ples of duality-invariant models in the new setting, including the Born-Infeld theory, are
presented in Sect. 4. An extension to U(n) duality-invariant systems of n Abelian gauge
fields is given in Sect. 5. The corresponding Lagrangian in the V, F' representation is
fully specified by the interaction term which is an U(n) invariant function of n auxiliary
fields V/f;. The discrete self-duality also amounts to a simple restriction on the interaction
function.

2  Self-dualities in nonlinear
electrodynamics

We shall discuss nonlinear 4D electrodynamics models which reveal duality properties
and include the free Maxwell theory and Born-Infeld theory as particular cases. Detailed
motivations why such models are of interest to study can be found, e.g., in [3].

2.1 Continuous on-shell SO(2) duality. In the spinor notation, the Maxwell field strengths
are defined by :

1 . .
Faﬁ(A) = E(agAﬂﬂ + 3gAaB) R
= 1
FoplA) = 5(08A05 + 95 Ass) W

where 8,; = %(am)aﬁa,,, and A, is‘the corresponding vector gauge potential. Below we
shall sometimes treat F,g and FdB as independent variables, without assuming Egs. (1).
Let us introduce the Lorentz-invariant complex variables
¢0=F¥Fy, ¢=F%F,. 2

In this representation, two independent invariants which one can construct out.of the
Maxwell field strength in the standard vector notation take the following form:

F™Fpn = 2(p + 9) ,

Frn ™ = —2i(¢ - @) . 3)
Here

1
Fon = OnAn = OnlAn ,  F™ = 2 e™ME,,.

It will be convenient to deal with dimensionless Fig, F‘dﬁ and ¢, @, introducing a cou-
pling constant f, [f] = 2. Then the generic nonlinear Lagrangian L(F, F) = f~2L(y, @),
where )

L(‘p7 (/—7) = _5(90 + 95) + Lint(‘/): Y—)) (4)
and Lin{p, @) collects all possible self-interaction terms of higher-order in ¢, @.

We shall use the following notation for the derivatives of the Lagrangian L(yp, @) !

Pap(F) = i0L/OF° = 2iF 4L, , (5)
L,=0Lfdp, Ly=0L[0g,
Lys =0°L/0pdp... ,

In these and some subsequent relations it is assumed that the functional argument F stands for both

Fyp and F a4+ we hope that this short-hand notation will not give rise to any confusion.
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in the vector notation,

and for the bilinear combinations of them

7= P¥Pyp= —4p(Ly)? » )
7= P¥ P,y = —4p(Lo)’ - (6)

the same quantities read
pm = %smﬂwpm = 20L/0Fnn

i s _
§PmﬂPm ="T—T7.

. s tion:
The nonlinear equations of motion have the following form in this representatl

Eaa(F) = 8' P.(F) - B P.s(F) = 7
ad( ) Z dB( ) & aﬂ( ) 0. ( )
These equations, together with the Bianchi identities

Boa(F) = & F;5— 0Fas =0, (8)

i i F. 5 as uncon-
constitute a set of first-order equations in which one can treat Fop and Fyp

i jugated variables. . ) ‘ i o
Stm}l‘nheii (sxe);l J'1sgsaid to be duality-invariant if the Lagrangian L.((p, ?) sa.tl.sﬁes. cetrhz;u; on-
li condition {1, 2, 3] The precise form of this self-duality condition in p
inear , 2, 3.

notation is
S[F, P(F)] = FoBFyg + P Pog — C-C.
=p+T—P—T 0
= ¢ — 7 —Alp(Ly)* — P(Ls)) =0 (

Let us define the nonlinear transformation

L 10
S,Fas = wPap(F) = 2w FopLy , (10)

ion i i izati e SO(2
here w is a real parameter. This transformation 1s a nonlinear realization of th (2)
w

i i F) form
group, provided the condition (9) is satisfied. Indeed, in this case Fop and Pos(F)

an SO(2) vector

5. Pugl(F) =~ Fog el = PlL)') = ~Fos - (1)

The set of equations (7), (8) is clearly invariant under these transformations

Bad 0 w Bad . (12)
6w ( gad = —w 0 gad
an obvious generalization of the SO(2) duality transfor-

Thus these transformations are
mation in the Maxwell theory:

(13)

5wFaé = —iw Fop » JwF[,[s = iw Fdé )
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which is a symmetry of the vacuum Maxwell equation 65Fag =0.

The authors of [2] analyzed the self-duality condition (9) as an equation for the un-
known L, using the power expansion in some variable. They have found that in each
order of the perturbation theory the general solution for L is specified by some arbitrary
function of the single variable ¢@. In Sect. 3 we propose the explicit solution to this
problem, without resorting to any power expansion.

It should be pointed out that the SO(2) duality transformations in the standard .

setting described above cannot be realized on the vector potential A,,; they provide a
symmetry between the equations of motion and Bianchi identity and as such define on-
shell symmetry. The manifestly SO(2) duality-invariant Lagrangians can be constructed
in the formalism with additional vector and auxiliary fields [4]. Here we shall not discuss
connections with this extended formalism.

Although the Lagrangian L(yp, @) satisfying (9) is not invariant with respect to trans-
formation (10), one can still construct, out of ¢ and @, the SO(2) invariant function

IFP(F) =L+ %(FP _FP)
=L~¢L,—¢Ls=1(p, ), (14)

?
6401(90,95):5&)(()0—1—7(_()5_7?):0’

where FP — FP = PgFf — PdBF"’B . This function cannot be taken as a Lagrangian
since it contains no free part.

2.2 Self-duality under Legendre transformation. For what follows we shall need a first-
order representation of the action corresponding to the Lagrangian (4), such that the
Bianchi identities (8) are implemented in the action with the appropriate Lagrange mul-
tipliers and so Fug, F, g are unconstrained complex variables. This form of the action is
given by

}15 [deLiE, B = 2 [ d5{L(g,5) +i[FF*(B) ~ FF*(B)]},  (19)
where
F2(B) = 5(08By; + 94B,5) (16)

Varying with respect to the Lagrange multiplier B, ;, one obtains just the Bianchi identi-
ties for Flp, F&B (8). Solving them in terms of the gauge potential A,z and substituting
the result into (15), we come back to (4). On the other hand, the multiplier B, is de-
fined up to the standard Abelian gauge transformation, which suggests interpreting B,g
and FJ;(B) as the dual gauge potential and gauge field strength, respectively. Using the
algebraic equations of motion for the variables Fyg, Fy5, one can express the action (15)
in terms of ;’B(B),F‘ :ﬂ(B) If the resulting action has the same form as the original
one in terms of Fog(A4), Fs;(A), the corresponding electrodynamics model is said to enjoy
the “discrete” self-duality. This sort of duality should not be confused with the on-shell
continuous SO(2) duality discussed earlier. The relevant SO(2) symmetry is realized on
the variables Fpy according to (10) and it is not defined on the dual vector potential B,;.
However, as we shall see soon, any L(p, @) solving the constraint () corresponds to a
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i i t generally true,
- ity. The inverse statement 18 not '
S dmitting SO(2) duality of equations

system revealing the discrete s ‘ :
hich are self-dual in the “discrete

. . . . a
so the class of nonlinear electrodynar'mcs aCtIOtI-lsnS w
£ motion forms a subclass in the variety of actio
0

sense.
Let us elaborate
with respect to the independ

al picture is achieved by varying (15)

is 1 detail. The du
rate on this in some de el

ent variables Fog, Fap

F ﬂ(B) ZaL/ Pﬂﬁ(F) 21»FQ5L¢ 3 ( )
where ti 1,
h P (F) 1S the same as m (5). Substltutlng the Sol“tlon) Of thlS algebralc equa. ()
e aff (
F = 1 1 1Ilt0 15 1ves us the dual Lagranglan L 1
afl aff ’ ( ) g

L(FP) = L(x®,7") = LIF(F),F?],

and 7, © were defined in (6)-

where 7° = FrefFgy = w(F) s well as the definitions (15),

Using (17) and its conjugate, a
check the property

(18), one can explicitly
Fap = —i0L/0F7% and cc.. (19)
e one {17), one can treat the equation

(20)

elation, and keeping in mind the invers
i’(ﬂaﬁ) = L((P,(ﬁ) +1(FP - FP)

L « L between two functions of 6

Due to this

as setting the direct and inverse Legendre transforms

complex variables
Fap = P =0L[OF ‘ o
@ .5 . JpaB
dL = —iPagdF*? +iPspdF
Pag = Faﬁz—iai/apuﬂ,
dl, = iF*®dPag — iF"ﬁdeB .

defined above and amounting to

(22)

i ‘di » self-dualit
Within this interpretation, the “discrete” self-duality

the condition "
i(x,®) = L7, 7) 5

I ]
e ¢ \'% ll a. le Se}f duaht:y ““del Le endle tIanSfOImatIOIl [1 3
can b qul a.len y C. 1 d ju ( )

the SO(2) duality condit : e
dLetLus Shgrvz E?;I:sfo:matic(m)(%). The simplest proof of this statement (see, e.g-, [ 1)
egen :
‘rlrila!::s usi of the finite discrete S0(2) transformation \
2
Faﬂ“)Puﬂv Puﬂ")“'uﬁ (

under the global version of the SO(2) transformations

o . 4
and the imariancs 6 L oo o is invariant with respect to (24) too

(10). Due to the latter property, (14)
‘ LpF - _ Lpp+ <FP.
L(p, @) + %PF ~ZPF= Lim, ™) ~ 5 :
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Compari i i i
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h P . -

bilipenr o o (P), P] is obtained by substituting Fop(P) from (26) into the upj |
niversa

3 A new form of the action

. s of nonli
namics and self-dualities linear electr ody-

The infinite-dimensio
nal off- =
(1) and auxiliary fields H.p andsl}'];]]- e
Maxwell component Lagrangian isag

ctor multiplet contajng gauge field strengths

[5). The gauge field part of the off-shell super N = 3

1 - _
iﬁh+h—wHF+HF%+w+¢L

where h = [fes g (29)
N ag and HF = B s
their alpebraj . X ag (A) Eliminati il _
gebralc equations of motion we arrive at the Stzrgldt::da&);ilarﬁ fields H, ,H, 5 by
well action
LZ(F) = —_( =
P+ @)
In the rest of the baper we put the overall coypli (30)

(15)

(25)

et P e

NP

The N = 3 off-shell superfield strengths contain the following combinations of fields

[6]:
1
Vaﬂ = Z (Hqﬂ + Faﬂ) !

Vag = 3 (g + Fag) (31)
The free Maxwell Lagrangian (29), being rewritten through V,g, Vdﬂ, reads
EZ(V,F)=V+17—2(VF+VF')+%(§0+¢), (32)
where
=V, 2=V,
VE=VPF,y, VF= V&BF—‘dB. (33)
Eliminating V' by its algebraic equation of motion,
Vel = Fof | yeb = pb (34)

we arrive at the free Lagrangian (30).

Our aim will be to find a nonlinear extension of the free Maxwell Lagrangian using
the N = 3 supersymmetry-inspired form Ly(V, F) of it, eq. (32), such that this exten-
sion becomes the generic nonlinear Lagrangian L(F?, F'?), eq. (4), after eliminating the
auxiliary fields Vg, V; by their algebraic (nonlinear) equations of motion.

By Lorentz covariance, such a nonlinear Lagrangian has the following general form:

LIV, F(A)] = L[V, F(A)] + E(v, 7) (35)

where E' is a real function encoding self-interaction. Varying the action with respect to
Vag, we derive the algebraic relation between V and F(A4) in this formalism

Fop(A) =Vo3(1+ E,) andc.c., (36)
where E, = 0E(v,7)/0v. This relation is a generalization of the free equation (34)
and it can be used to eliminate the auxiliary variable V' in terms of F# and F%
Vag = Vap[F(A)] (see eq. (40) below). The natural restrictions on the interaction
function E(v, ) are

E'(O’ 0) =0, E,,(O, 0) = EI‘I(O’ 0) =0, (37)

which mean that its (v, 7)-expansion does not contain constant and linear terms. Clearly,
given some non-singular interaction Lagrangian Lin(p, ®) in (4), one can pick up the
appropriate function E(v,7), such that the elimination of V' V4 by (36) yields just
this self-interaction. Thus (35) with an arbitrary (non-singular) interaction function E is
another form of generic nonlinear electrodynamics Lagrangian (4). The second equation
of motion in this representation, obtained by varying (35) with respect to Aag, has the
form

04 Fap(A) — 2Vop] +cc. =0, (38)
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;‘\ftt}i s?is)ti;lti?i)vaﬂ = Vaﬂ[ﬁ’(A)] from (36), eq. (38) becomes the dynamical equation
or Fog(A), Fyp corresponding to the generic Lagrangian (4). C i i
(7) yields the relation sranginn (4). Comparing (35) with

Paﬂ(F) :i[Faﬂ - 2V05(F)] s (39)

where P,g(F) was defined in (5).
. Let us elaborate in more detail on the relation of the V, F' representation of the non-
linear electrodynamics Lagrangians to the original “minimal” one (4) which involves only

F,s and F. ap- The general solution of the algebraic equation (36) for V,5 can be written
as

Vag(F) = FoG(p, @) . (40)

rI?he tra.nsition .fu.n'ction G (¢, ¢) can be found from the basic requirement that (35) coin-
cides with the initial nonlinear action after eliminating V4, V, 5
) Y,

LIV(F), F]=L(y, ) - (41)
Using eq.(40), one can obtain the relations
v=9G*, p=¢G*, (42)
VI(F)F =G, V(F)F=¢G. (43)
After substituting these expressions in (41) with makin ici i
g use of the explicit
(32), (35), eq. (41) can be rewritten as PO expressions
- SRR | ~ 5 5
E(,p) = L(p,¢) - 5(p+9) + 9G(2- G) + ¢G(2 ~ G) . (44)
One should also add the relations:

G'=1+E,, G'=1+5, (45)

which follow from comparing (40) with (36).
Differentiating (44) with respect to ¢ and using the relations

v oG 8v ~0G
=G +2060—, = =262
dy 14 90’ B 2(,0Ga(p ,

one obtains the simple expression for transition functions
Cloa) < 1
(@) =5-L,. (46)
A useful corollary of this formula and egs. (42), (45) is the relation
1
vE, = Z<,o(1 —4L%) . (47)

h Given a fixed L(ip,. ), one can express ¢, ¢ in terms of v, U using eqs. (42), (46) and
then restore the explicit form of E(v,7) by (44). Conversely, given E(v, D), one can restore
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L(p,®). In practice, finding out such explicit relations is a rather complicated task, as
we shall see on two examples in Sect. 4.

3.2 Self-dualities revisited. Until now we did not touch any issues related to self-dualities.
A link with the consideration in the previous Section is established by Eq. (39) which
relates the functions Pog(F) and Vg(F).

Substituting this into the SO(2) duality condition (9) and making use of eq. (47) we
find

S[F,P(F)] = [F* — Vo(F)|Vos(F) — c.c = vE, — 7E; . (48)

Thus passing to the V) F' representation allows one to reduce the nonlinear differential
equation (9) to a linear differential equation for the function E(v, 7):

Eq(9) © vE, -DE;=0. (49)
The corresponding realization of the S0(2) (or U(1)) transformations (10), (11) in terms
of Fo¢ and V°#(F) is given by

$.Vap (F) = —iwVas(F) , (50)
SuFop = iw[Fap — 2Vas(F)] . (51)

It is worth recalling that the on-shell SO(2) duality transformation mixes the dy-
namical equations of motion for Faﬂ,pdé with the Bianchi identities (8), and so in this
extended set of equations one should treat Fog, F, af 8 unconstrained conjugated complex
variables (without explicitly solving (8) in terms of gauge potential A ;). Correspond-
ingly, the algebraic relation (36) should be viewed to connect two independent sets of

variables, (Faﬂvpdﬁ) and (Vﬂﬂ’Vdﬁ):
Fog =Vag(1+ E,) . (52)

Due to this relation, one can equivalently formulate the dynamics and duality transfor-
mations in terms of either the set (Fyp,Fy;) or the set (Vag, V). Respectively, one
can choose as the basic one either the transformation (51) or (50). It is important to
be sure that (52) is covariant under the transformations (50),(51). It is straightforward
to check that both (52) and the constraint (49) itself are indeed covariant under these
transformations on the surface of eq. (49).

It is important to emphasize that the new form (49) of the self-duality constraint (9)
admits a transparent interpretation as the condition of invariance of E(v, P) with respect
to the U(1) transformations (50)

0,F = 2iw(wE; —vE,) =0 (53)

The general solution of (49) is a function E(a) which depends on the single real U(1)
invariant variable a = v0 quartic in the auxiliary fields Vi and V5

Eu(v,p) = E(a) = E(vp) , E(0)=0. (54)

Thus we come to the notable result that the whole class of nonlinear extensions of the
Maxwell action admitting the on-shell SO(2) duality is parametrized by an arbitrary

SO(2) invariant real function of one argument E,q = E(v7) in the representation (35).
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The remarkable property of Eyy is that only terms ~ v"P™ can appear in its power
expansion. Below we shall present this expansion for two examples, including the most
interesting case of Born-Infeld theory.

In the V, F' representation it is very easy to construct invariants of the SO(2) duality
rotations. Besides the function E(v, D) itself, one more real invariant combination of Vg
and Fug(V) is as follows '

Iy(V,F)=v+9—-VF-VF=—vE, - bE, . (55)

Finally, let us examine which restrictions on the interaction Lagrangian E(v,?) are
imposed by the requirement of the “discrete” self-duality with respect to the exchange
F(A) & FP(B). For this we shall need a first-order representation of the Lagrangian
(35) similar to (15).

Let us treat £(V, F) in eq.(35) as a function of two independent variables and im-
plement the Bianchi identities for Faﬂ,FdB (amounting to the expressions (1)) in the
Lagrangian via the dual field-strength F.5(B) (16):

LIV, F,F?(B)] = L(V, F) + i[F°(B)F — F°(B)F] . (56)

The algebraic V*# equation of motion AL/8V® = 0 is just the relation (52). On the
other hand, varying (56) with respect to Fi,g, one obtains the linear relation

Fop — 2Vag = —iF5(B) and c.c. (67

23

as the corresponding equation of motion. The Bianchi identities for F; £9(B) following from
the definition (16) imply for Fog = Fus(A) just the dynamical equation (38) (with V,z.

expressed in terms of Fyg, Fz5 from (52)). This proves the equivalence of the dynamics
described by (56) with that associated with (35) or (4).
The function L[V, F, FP(B)] in (56) contains only quadratic and linear terms in F

and F, so one can explicitly find the dual form of (56) in terms of F&(B),F‘lﬁé(B) and "

Ves, Vdg, expressing Fog and F‘d[; from Eq. (57):

LV, F(V,FP),FP] = L(U, FP) = £y(U, FP) + E(—u, —@) , (58)

where

Uaﬁ = —iVaﬂ , U= UaﬂUaﬁ .

Comparing the dual Lagrangian (58) with the original one (35), we observe that the neces- |

sary and sufficient condition of the discrete self-duality is the following simple restriction
on the function E [6]

E(v,7) = E(—v,-D) . (59)

Obviously, an arbitrary SO(2)-invariant function E,y = E(v%) corresponding to a SO(2)
self-dual system automatically satisfies the discrete self-duality condition (59). This el-
ementary consideration provides us with a simple proof of the fact (mentioned in Sect.
2) that the SO(2) self-dual systems constitute a subclass in the set of those enjoying the
discrete self-duality.
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4 Examples of self-dual systems

4.1 Born-Infeld theory. The Lagrangian of the Born-Infeld theory has the following form
in terms of complex invariants (2)

L0, 0) =[1-Qle,9)] , (60)
where
Qlp,p) =vi+ X,
X(@, @) = (p+ @)+ (/)0 - 9)* . (61)
The power expansion of the Bl-lagrangian is
1 1 1 _ 1 . _
Loy ==5(p+ @)+ 500 = 5500(¢ + 9) + 500306 + 0" + @°) +0(¢) . (62)
In the BI theory the function (5) has the following explicit form
0Ly, . 1 - 1 =
Pa (F)_zaFaﬂ _-’LFaﬂQ (‘pvtp)[1+_2_((p_(p)] - (63)

It is easy to check that this function satisfies the SO(2) self-duality condition (9), so BI
theory belongs to the class of self-dual models [1, 2].

Let us study the Lagrangian V, F function L5, (V, F') (35) for this particular case. Our
basic purpose will be to find the corresponding function Ey, (v, 7).

The function G(yp, @) relating the variables V,5 and F,s and defined by eq. (46), is
given by the expression

1 1 _
GEg=§{1+Q_1[1+§(tp—tp)]} (64)
—1-lp4l '+l(')2+
= 290 29090 490
It is easy to find the inverse relation
_ 1-7
T o

Our aim is to find Ey, as a function of the variables v = V2,5 = V2. As the first step,
one expresses v, 7 in terms of g and g, using (43) and (65)

1-9
= 2 — 2a 2___ -~ 7 . 66
VTeT R T (g )P (%)
Introducing
99
t= ——r, (67)
1-(9+9)

one finds that ¢, as a consequence of (66) and the fact that g(¢ = 0) = 1, satisfies the
following quartic equation:

t4+t3—iw7=0,t(u=tp=0)=—1. (68)
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It allows one to express ¢ in terms of a = v

a 3a®2 154°
Ha)=-1-24°2% _
(@ =-1-7+76" &

(69)

One can write a closed expression for t(a) as the proper solution of (68), but we do not
present it here in view of its complexity.

Now we are ready to find Fj,(v,7). Taking into account the explicit expressions
(65) and (66) and substituting all this into (44), one finally finds a simple expression for
Eg;(v,P) through the real variable t(a) [6]

Ez(a) = 2[2t%(a) + 3t{a) + 1]
a a®  3d
'_E_E_*——?E_*—”'. (70)

4.2 One more ezample. Let us now consider the self-dual system corresponding to the
simplest choice of the function E in the action (35)

B= %m; (vE, = B) (71)

which is the lowest order self-dual approximation of Ej;. This model is distinguished in
that the relation {52) and the corresponding representation of equations of motion via
variables V are polynomial. )

Using Eq.(45) one can obtain the relation between variables v, 7 and ¢, @ in this case

1
e=v(l+ —2-17)2 and c.c. . (72)

Like in the previous example, we present here first terms in the power expansion of the
solution

_ _ 3
V:(p—<p<p+<p2<p+ztp<p2+.... (73)

The corresponding expansion of the transition function is

- 1 . 1_._
GZE—L”=(1+§V)1
1 1 1
=1—23+=pg+ (@) +...
2<p+2<p<p+4(<p) + (74)

and one can directly find L{p, @) for this case. The Lagrangian L(p, $) turns out to be
highly non-polynomial, despite the fact that the interaction in the V, F' representation is
specified by the simple monomial (71).

Note that the first two orders of the solution (74) coincide with the corresponding terms
in the Born-Infeld theory (64), while the terms starting from the 3-rd order are different.
It can be also checked that the first three terms in the non-polynomial Lagrangian of this
model L(p, @) coincide with those in L, (62).
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5- U(n) self-duality
Let us consider n Abelian field-strengths
Fig, F

a ag !

(75)

where i = 1,2...n. As the first step, one can realize the group SO(n) on these variables

6Fiy = E%Fly , €= —¢*. (76)

This group is assumed to define an off-shell symmetry of the corresponding nonlinear
Lagrangian L(F*, F*¥) = —L(FiFi) = L(F'F*) + Ling(F*, FF). . N

The U(n) self-duality conditions for the Lagrangian L(F¥, F*¥) gfmerahzmg the'lf (1)

condition (9) have been analyzed in Refs.[7, 8, 3]. In the spinor notation, these conditions

read

AR = (FkPYy — (F'P*) —cc. =0, (77)
S®) = (F*F!) 4+ (P*PY) —cc. =0, (78)

where
PEy(F) = i——af_,faﬂ (79)

(FFPh = F"‘:""’Ptiﬂ , etc.

The condition (77) amounts to the SO(n) invariance of the Lagrangian ar.ld holds off
shell. The second condition is the true analog of (9). It guarantees the covariance of the
equations of motion for Flg, F‘;‘B together with Bianchi identities,

EE,(F) = 98P (F) — 05P&(F) =0, (80)
BE.(F)= aﬁFgB —8iFy =0,

under the following nonlinear transformations:
5,Fag = —n"'Pag(F) , (81)
‘snP:ﬂ(F) = nHFclzﬂ

where nt* = 7'¥ are real parameters. On the surface of the condition (78) these transfor-
mations, together with (76), form the group U(n). The U (n) group structure becomes
manifest after passing to the new variables:
1 .
Viy(F) = 3[Fdy +iP5(F)
SVE(F) = wHVas(F) , (82)
W= gH i ot =

The particular solution of the U(n) self-duality conditions (717, (78) cor.lstructeg 50 fa;lf
8] is formulated in terms of the algebraic equation for auxiliary scalar variables x* = x

1 -
L= __2_(ka + kk) ,
X+ %x"j;zj’ = (F*F"). (83)
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Et generalizes a similar representation for the BI Lagrangian (or its N = 1 extension)
9, 10]

1
LB' :—§(X+)_<) y
1
X+ 5xx=¢=(FF), (84)

where x is an auxiliary scalar. This n = 1 version of Eq.(83) can be readily solved

1
XZE(‘P_S‘_’)“LBI-

The solution for an arbitrary n has been constructed in [8] within a perturbative expan-
sion.

Passing to an analog of the V, F' representation in the U (n) case will allow us to find
the general solution to (77), (78).

Let us define a new representation for the SO(n) invariant nonlinear electrodynamics
Lzli:granglans in terms of the Abelian gauge field strengths F¥;(A%) and auxiliary fields
Vi

L(VF, F¥) = (VEVE) + (V5VR) — 2(VEFF) — 2(7F %)
+%(F"‘F") + %(F*Fk) +E(VE T4 | (85)

T'he real.Lagrangian of interaction E(V, V) is SO(n) invariant by definition. In the case
without interaction (E = 0), the bilinear part of (85). gives the standard free Lagrangian
of n Abelian fields,
— 1 1, -
Ly(F*, F*) = -E(F"F") - 5(Fka) , (86)
as the result of eliminating the auxiliary fields,

In the general case of F # 0 the algebraic equation for Vag is
1 9FE

E __ 1k
Faﬂ = Vuﬂ + -2‘5@ . (87)
Using the relation
P:ﬂ = I[F:ﬂ - 2V:ﬂ] ’ (88)

one can rewrite the U(n) self-duality conditions (77) and (78) in this representation as
follows

WFV*) —i(F*V!Y) —cc. =0,
(FVF) + (FFVY = 2(VFV) —cc. =0 . (89)

One can .readily show that, after making use of the relation (87), these conditions can be
brought into the form quite similar to the U(1) self-duality condition (49)

vk OB o, OE

af avéﬂ - V(,ﬂ a‘—/—}ﬁ =0. (90)
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This constraint is none other than the condition of invariance of E(V, V) with respect to

the U(n) transformations (82).
Using the U(n)-invariant function E one can also construct the simple invariant

¢ OB _ o, OB

oV

S ATE (91)
anB

Io='—

It is easy to see that the whole Lagrangian (85) is not invariant with respect to the
nonlinear part of the U(n) transformations, being invariant only under the off-shell SO(n)
ones (corresponding to 7* = 0 in (82)). This matches with the fact that these U(n)/SO(n)
transformations define an on-shell symmetry of the joint set of equations of motion and
Bianchi identities. Just these transformations are true analogs of the standard U(1)
(S0(2)) duality rotations discussed in previous Sections.

The conclusion is that the V, F' representation in the case of n Abelian gauge field
strengths allows one to reduce the nonlinear U(n) self-duality conditions to the U(n)
invariance condition (90) for the interaction function E(V, V) and so to obtain a general
description of the U(n) self-dual models of nonlinear electrodynamics in terms of an U(n)
invariant function of n complex auxiliary variables V4, V; 5

The passing to the standard F, F' representation of the corresponding Lagrangians
requires solving the nonlinear algebraic equations (87) for V;ﬂ, Vdiﬁ' In general, this can
be done only within power expansions. It would be interesting to find an example of
self-dual system with a few gauge field strengths, where a solution to such equations can
be found in a closed form, like in the BI example of Sect. 4, and to establish the precise
connection with the Lagrangian (83).

Finally, let us notice that the condition of “discrete” self-duality in the general case is
as follows

E(Vya, Vi) = B(=iVi, V) . (92)

It is an obvious generalization of the n = 1 condition (59).

6 Conclusion

This talk is an extended version of Sect. 3 of our work [6] devoted to the construction of
N = 3 supersymmetric Born-Infeld theory (see also [11]). We have introduced a new V, F
representation for the Lagrangians of nonlinear electrodynamics and shown that it allows
for a simple description of systems exhibiting the properties of on-shell U(n) self-duality
or/and off-shell discrete self-duality in terms of real function of auxiliary bispinor complex
fields. In the V| F representation, the nonlinear self-duality conditions are reduced to
the simple U(1) or U(n) invariance conditions (49), (90) for this function. The general
condition of the discrete self-duality, or self-duality under Legendre transformation, is the
invariance of this function under some discrete reflections of its arguments, Egs. (59),
(92).

It is an interesting and quite feasible task to extend this consideration to the case of
N =1 and N = 2 supersymmetric extensions of nonlinear electrodynamics [3, 8] in order
to obtain a general characterization of the corresponding self-dual systems. Also, finding
out a similar V| F representation for non-Abelian BI theory and its superextensions could
shed more light on the structure of these theories.
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On Unconventional Integrations and Cross Ratio on Supermanifolds
Dimitry Leites*

Department of Mathematics, University of Stockholm,
Kréftriket hus 6, SU-106 91, Stockholm, Sweden,; mleites@matematik.su.se

Abstract

The conventional integration theory on supermanifolds had been con-
structed so as to possess (an analog of) Stokes’ formula. In it, the
exterior differential d is vital and the integrand is a section of a fiber
bundle of finite rank. Other, not so popular, but, nevertheless, known
integrations are analogs of Berezin integral associated with infinite di-
mensional fibers. Here I offer other unconventional integrations that
appear thanks to existence of several versions of traces and determi-
nants and do not allow Stokes formula. Such unconventional integra-
tions have no counterpart on manifolds except in characteristic p.
Another type of invariants considered are analogs of the cross ratio for
“classical superspaces”.

As a digression, homological fields corresponding to simple Lie algebras
and superalgebras are described.

For the basics on Linear Algebra in Superspaces and Supermanifold theory see [1]; for
notations and useful facts see [2], [3]. At the talk I also considered related issues partly
collected in {4]. As compared with the talk, §§2, 3 are new; they are a part of the talk
given 10 years earlier [5] but yet unpublished. Encouraged by Manin’s selected examples
[6] and recent results in classification of simple Lie superalgebras {7] I decided to draw
attention to these issues.

1 Integration

1.1 Integration with Stokes’ formula

In mid 1970’s J. Bernstein and I discussed how to construct an analog of integration
theory on supermanifolds. We had at our disposal (1) the differential forms, i.e., functions
polynomial in differentials of the coordinates, the coefficients of these polynomials being
usual functions and (2) volume forms, the latter constituted a rank one module Vol over
the algebra of functions and under the change of coordinates the generator vol(z(y)) of
Vol accrued the Berezinian (superdeterminant) of the Jacobi matrix as the factor. Each
of the above notions had to be carefully reconsidered in super setting because even the
most innocent-looking notions and theorems (e.g., the Foubini theorem) displayed, in
supersetting, funny signs at unexpected places, see [8], v. 31.

On manifolds, one can integrate differential forms; on supermanifolds, one can not:
their transformation rule yields no analog of determinant, except in the absence of odd
parameters. On the other hand, one, clearly, can integrate elements of Vol, provided they

*I am thankful to NFR and TBSS for financial support, to J. Lukiersky for hospitality, to B. Zupnik,
0. Hudaverdyan and A. Vaintrob for inspiring discussions, V. Serganova and P. Grozman for help.
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are with compact support, of course. But we wanted to have some analog of Stokes’
formula, and, therefore, needed (1) elements of “degrees” lesser than that of volume
forms, and (2) the notion of the supermanifold with boundary to overcome the puzzle
demonstrated by “Rudakov’s example”; for solution see [9].

To have integration theory, one needs not only what to integrate (the integrand), but
ovel' what (cycle), and orientation. The latter two notions turned out to be more involved
than we originally thought; Shander clarified this in his development of integration theory,
see [10] and the details in [8].

Actually, what we had had was sufficient to construct the integration theory desired:
by setting ©_; = Homg (2, Vol), where F is the superspace of functions, we obtain a
complex dual to the de Rham one with ¥ = Vol as forms of the highest degree. We
called the elements of . integrable forms (the ones one can integrate) and described how
to integrate such forms in [9].

1.2 Veblen’s problem and Rudakov

We wondered for a while if there is another integration theory with Stokes’ formula,
and to investigate the options, considered the following problem: describe all differential
operators acting in the spaces of tensor fields and invariant with respect to any changes of
variables. Indeed, the exterior differential (instrumental in Stokes’ formula) is, evidently,
an invariant and, as is proven in [11], this is the only invariant unary differential operator
between spaces of tensor fields whose fibers are irreducible gl(n)-modules with vacuum
vector. So, in order to scan the options on supermanifolds, it was necessary to list all
such operators. ‘

This problem (to list all invariant differential operators) goes back to O. Veblen (see
[4] for a review). For unary operators on manifolds it was solved by Rudakov [11] as a
part of another problem (description of irreducible vacuum vector modules over simple
Lie algebras of formal or polynomial vector fields).

1.3 Unconventional integrations

A. Shwarts and his students [12] attempted to integrate densities and objects depending
on higher jets of the diffeomorphism but all their examples boil down to either pseudodif-
ferential ({14]) or integral forms. Having obtained an analog of Rudakov’s result for the
general vectorial Lie superalgebra [13], we can be sure that there is only one integration
theory on supermanifolds provided the integration involves tensors

with irreducible finite dimensional fibers. (%)

The result of [13] do not preclude, however, unconventional integrations. For tensors
other than (x) constructions 4 la Shwarts may lead to an integration theory (perhaps, [18]
leads to it). Such a theory does exist and in (16] the calculations from [13] are used to con-
sider infinite dimensional fibers snubbed at in (13] for no reason except tradition. It turns
out that in the spaces of such tensors there act invariant operators similar to Berezin inte-
gral. Next, observe that having stated that it is impossible to integrate differential forms
on supermanifolds, we almost immediately published a paper [14] showing, nevertheless,
how to do it if one is very eager to. More exactly, one has to consider pseudodifferential
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forms, i.e., functions nonpolynomial in differentials. Of course, there are no su'(:}.l fugc-
tions on manifolds. Certain types of pseudoforms lead to new invariants — semi-infinite
cohomology of supermanifolds; quite criminally, no examples are calculated yet.

Here I consider still another type of “integrations”.

1.4 Supertraces and superdeterminants

From the very beginning I wondered what if we stop insisting on having an analog of
the Stokes’ formula? What remains of the integration then? Only the Jacobian, one can
say. Since it is easier to deal with Lie algebras than with groups, let me l%st analogs 9f
trace for Lie superalgebras. Then, if the Lie superalgebra g can be exPonentlated to a Lie
supergroup, we can consider the analog of the determinate defined via the formula

detexp X = ") forany X € g. (1)

In other words, I mean: '

1) Let us consider the Lie superalgebras g with a trace also denoted by tr (i.e.,
tr([z,y]) = O for any z,y € g); then for the role of Vol we can ta.ke tensor fields of
type tr, its infinitesimal transformations being the Cartan prol})ngatlon (see [4]) of the
pair (id, g), where id is the “standard” or “identity” representation of g.

The prime example is provided by the Poisson Lie superalgebra g= po(0|2n). I‘ndged,
there is a parametric family (quantization) of Lie superalgebras g; which at ¢ = 0 coincides
with po(0|2n) and g, ~ gl(2"~'|2""?) for ¢ # 0, see [17}.

2) From various points of view it is clear that gl(n) has at least two superanalogs:
the “simple-minded” one, gi(n|m), and the “queer” one, q(n}). On q(n), the supertrace
vanishes identically but there are specially designed for it its particular, queer', trace
and determinant. Regrettably, the queer trace is odd and, therefore, to (.iescrlb.e the
corresponding representation, we need odd parameters, which causes e}.(tra difficulties.

So, still another versions of integration theory, if exist, are related with the‘ qugertr'ace
and its “quasiclassical limit” as ¢ —» 0: the restriction of the above quantlzatlgxll is a
parametric family g; which at £ = 0 coinsides with po(0|2n — 1) and. g = q(2"1) for
t # 0. In 1) and 2) the identity representation of po(0|m) is the adjoint one and the
Berezin integral serves as tr. . ‘

3) The analog of trace on the general vectorial algebra vect(m|n) is the dlvergence.. I
do not know how to generalize formula (1) with divergence serves as tr, so let me mention
two other, more obvious, analogs of tr: (a) in characteristic p such analog t?x1sts, e.g.,
for Lie algebras of contact vector fields (but not only), see [18]; another one is pr0v1‘ded
by (b) “superconformal” algebras of divergence-free series spect(1{V)and the exceptions
related with N = 4 and N = 5 extended Neveu-Schwarz algebras, see [19]; these traces
are of the same parity as N.

2 Jordan superalgebras

I consider here certain algebraic structures associated with certain selected “tfl?.ssical su-
perdomains”. So far, nobody knows yet (as far as [ know) even a “right” definition o_f this
basic notion, to start with: for finite dimensional manifolds all is clear, for supermanifolds
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we just consider the most easy to handle simple Lie supergroups and their Lie superalge-
bras whereas the elusive “right” definition requires, perhaps, semisimple or almost simple
Lie superalgebras. So we take the road of least resistance:

Unless otherwise mentioned the ground field is C, the classical superdomains are con-
sidered as quotients of simple or close to them “classical” Lie supergroups modulo certain
maximal parabolic subsupergroups; for the list see [20].

This paper is an attempt to tackle the following questions: What are the criteria
for selecting the above-mentioned subgroups among other maximal ones? Why cosets
modulo other parabolic subsupergroups are seldom considered in Differential Geometry
whereas only these “other” cosets are the main topic of study in analytical mechanics of
nonholonomic dynamical systems and in supergravity ([21], [22])?

In these questions “super” is beside the point, so we can very well begin with manifolds.
The classical domains are distinguished among symmetric spaces by the fact that the Lie
algebra of the symmetry group of any classical domain (Hermitian symmetric space) M
is a simple complex Lie algebra of the form

9= ®pu<1 i (d=1)

the tangent space to M at a fixed point can be identified with the g—; and, on it, one can
always define a Jordan algebra structure, by fixing any element p € g; and setting

zoy=[p,z},y] foranyz,ye€g_. (2
Recall that a Jordan algebra is a commutative algebra J with product o satisfying, instead
of associativity, the identity ‘ :

(z2oy)oz =10 (yox). (JI)

In a very inspiring paper [23] McCrimmon gave an account of some applications of Jor-
dan algebras from antiquity to nowadays, see also refs. in [24], [25]. The paper and
books strengthen my prejudice that general Jordan algebras are, bluntly speaking, use-
less. Contrariwise, simple Jordan algebras give rise to several notions important in various
problems. For simple Jordan algebras the so-called general norm [26] should be nonde-
generate which imposes additional constraints on the parabolic subalgebra. This answers
the above questions but tempts one to make use of the other coset spaces as well.

I wish to make similar use of simple Jordan superalgebras, especially infinite dimen-
sional ones, associated with infinite dimensional classical superdomains listed in [5]; for
convenience I reproduce these tables.

In the '60s a remarkable correspondence between Jordan algebras and certain Z-graded
Lie algebras became explicit, cf. [27], [28]~[29] and [25]. Kantor used this correspondence
to list simple Jordan algebras (over C and R) by the, so far, simplest known method. He
clarified the mysterious relation of Jordan algebras with classical domains and actively
studied certain generalizations of Jordan algebras associated with Z-graded simple Lie
algebras of finite depth d (since all of them are of the form g = 1'?2:1 gi, their length is

]

equal to d). Supersymmetry, supertwistors etc. are related with gradings d > 1 almost
without exceptions; so it is interesting to find generalizations of Jordan algebras (or,
rather, useful related structures).
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Following Freudental and Springer, Kantor generalized products (2) to several argu-
ments which is natural for d > 1. I suggest, contrariwise, to stick to formula (2), even for
d > 1, with the minimal modification: fix p € g; and for g = 'E?o gi set

RS

zoy=|[p,z],y] foranyz,y€g.. (3)

In this way we obtain noncommutative generalizations of Jordan algebras (with unknown
relations instead of (JI)) and it is interesting to investigate what type of integrable systems
are associated with them under the Sokolov-Svinolupov’s approach, cf. [30], [31].

Kac [32] has already applied this correspondence to list simple finite dimensional
Jordan superalgebras.

Tables (borrowed from [5]) provide with a list of simple Jordan superalgebras associ-
ated with the known in 1991 simple Z-graded Lie superalgebras of polynomial growth
(SZGLSAPGs for short), cf. [32], [17], [33], namely, with Z-gradings of depth 1 of
SZGLSAPGs including finite dimensional ones. (This is the place where {32] contains
an omission — cf. Kac’ exceptional Jordan superalgebra K with our series sh discovered
by Serganova in 1983, see [8], and later rediscovered several times.)

2.0.1 Tits—Kantor-Kocher’s functor tan

Let J be a Jordan superalgebra and p the tensor that determines the product in J, i.e.,
p(z,y) = zoy. To J, Kantor assigns (see [32]) a Z-graded Lie superalgebra tan(J) =
@ tan(J);, a Z-graded Lie subalgebra in vect(J) such that (here Lo(z) = a o z)

lil<1
tan(J)-1 = vect(J)-1,
tan(J)o = Span(Ly, [La, L] | a,b € J),
Eu'“(‘])l = Span(p7 [me] l ac ‘])

Conversely, for any Z-graded Lie superalgebra of the form g = 9 . g:; we define a

Jordan superalgebra structure on g_; if (g1)s # O in the following way. Take p € (g1)s

and for z,y € g_1 set
zoy=[pzl,y]. ()

2.0.2 Digressioin: on homological fields

I do not know what structure is related with an arbitrary odd p but if p is homologic, i.e.,
[p,p] = 0, then the formula
[Zl:, y]I = [[p7 I]v y] (L)

determines a Lie superalgebra structure on II{g_;). This structure had been first noticed,
perhaps, by M. Gerstenhaber in ’60s and rediscovered many times since then. It seemed in-
teresting to describe in intrinsic terms the p’s which determine simple Lie (super)algebras.
Homological vector fields were first introduced, in connection with the problem of integra-
tion of differential equations on supermanifolds, by V. Shander [34], who gave a normal
form for the nonsingular fields. However, Shander did not consider singularities of the
fields in that work; this was recently done by Vaintrob in a series of articles (e.g-,[39])
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in which he showed that the study of singularities of homological fields, and their clas-
sification, turns out to be rather similar to the case of singularities of smooth functions.
Regrettably, the answer, as we have recently established with Grozman, is more trivial
than expected: . ]

Let, first, g = gi(n); denote the matrix units by &/, let (8/)* = z} be the dual basis.
Then p = ZE}E@{‘, where £} is the odd copy of z} and 6f = %. Similarly, if the X; form
a basis of g and [X;, X;] = Zcijk, then the operator p € vect(0]dim g) is of the form
32 ¢E X X5 Xy, where X; is the dual of X;.

Having observed that every simple finite dimensional Lie algebra (over C) possesses a
nondegenerate symmetric bilinear form, we see that for such algebras p is a hamiltonian
vector field; to find the corresponding generating function is easy: it is the sum of all
elements of degree 1 and weight 0 with respect to the Cartan subalgebra of po(0]dim g).
Generalization to Lie superalgebras is straightforward. Still, observe that some simple
Lie superalgebras have no form at all, some (e.g., q(n)) possess an odd nondegenerate
symmetric bilinear form in which case p belongs to the antibracket algebra, not to the
Poisson one.

2.1 SZGLSAPGs of depth 1 and length 1

All possible Z-gradings of SZGLSAPGs g are listed in {32] for dimg < oo and in [§]
for most of the other cases. Our job is to pick those of them which are of depth 1, in
particularly, of the form HEB @i, see Tables.

i<1 .

Albert’s notation for Jordan algebras were given in accordance with Cartan’s notations
for the corresponding Lie algebras. As follows from Serganova’s classification of systems of
simple roots of simple Lie superalgebras [36], Cartan’s notations are highly inappropriate
for Lie superalgebras.

2.1.1 Matrix Jordan superalgebras

Let By on = (1(')" J(z) ), where Jo, = (_(i 16‘) Set
n n

Mat(m|n) = {X € Mat(m|n)},

An|n) = {X l {X, J2ﬂ] = 0}1

OSp(m[2n) = {X I XSth,2n = Bm,2nX};

Pe(n|n) = {X | X**Jo = (=1)PX) ], X}.
In the first two of these spaces the product is given by the formula

XoY =XY + (_I)P(X)P(Y)YX'

I leave it as an excersise to figure out the formula in the other two cases; for the answer
see [32].

256

2.1.2 Jordan algebras from bilinear forms

Set
Qm[2n = Cm[2n

with a nondegenerate even symmetric bilinear form (-,-) and the product
zoy = (e, 7)y +2(e,y) — (z,y)e Q)

where € € (Qumj2n)5 satisfies (e, e) = 1.

Set HQm.|2n = H(C[p7q1 e])a where m > 07 P = (pl;"':pn)i q = (QIa--~aQn); 0 =
(€1yee s &, -y mp) form =2r, 0f © = (&, g) for m = 2r + 1 with the Jordan product
defined with the help of the symplectic form w on the supermanifold with coordinates

0,4,0: _ ,
zoy = w(e, o)y + w(e, y) — w(z, Y)e, (H')

where € € (HQum2n)5 satisfies w(e,e) = 1. )

To explicitly give the product, consider the space Clp, ¢, 9, a, f] with two extra odd
indeterminates and the Poisson bracket such that p and ¢, £ and 7, and a, B are dual.
Setting deg o = —deg 8 = —1 the degrees of the other indeterminates being 0, we obtain
the Z-grading of the Poisson algebra, and its quotient modulo center, of the form (d = 1).
On g_, = C|p, ¢, ©]a, define the product

HpaoHya = {{HB’ Hfa}v Hga} = (_l)p(f)H{l,g}a'
In other words, on the superspace of functions with shifted parity, we set

fog=(—1PY"f, g}. (H,K)

2.1.3 Exceptional Jordan superalgebras

There are two of them associated with the gradings of 0sp(4|2; ) and ab; from Table 1
and the corresponding loops.

2.1.4 Stringy Jordan superalgebras

These are obtained from £(1|n) by formula (J) with the grading from Table 1. They will
be denoted, respectively, by

K'Qyp 2 TH(C[t™, 2,61, - -, Bn))

K*Qyp, 2 TH(CLt™L, 2,01, .., VEBa]).
The product is given by formula (H, K).

2.1.5 Loop Jordan superalgebras

For a finite-dimensional Jordan superalgebra J denote by JW = J@ C[t™!,1] the loops
with values in J and point-wise product.

2.1.6 Twisted loop Jordan superalgebras
These are associated by formula (J) with the Lie superalgebras from Table 2.
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3 Cross ratios

In [37] Kantor generalized the cross ratio of four points on P! to most of the quotients
G/P, where G is a simple Lie group and P is its parabolic subgroup. The Lie algebra

g = Lie(G) in these cases is of the form g = TB gi- I do not know any paper referring to
: lil<d

[37], so Kantor’s studies drew no attention at all. His constructions, however, naturally
appear in supersetting [6]; this prompts me to try to decipher a part of [37]. I will
consider here the simplest case, when d = 1 and the corresponding Jordan algebra is
simple. In this case one can generalize the cross ratio from P! = Gr? to a collection of

2mf2n .
™2n  Pirst, consider

G1(2m|2n)-invariants of four points on Gy

(4,B,C,D)=(A-B)(C-B)}Y(C-D)A-D). (CR)

Let mn = 0. Now, replace the rhs, X, of (CR) with det(X — AE); the collection of all
coefficients of the powers of A is the analog of the cross ratio. These are all the invariants
of four points for the general, orthogonal and Lagrangian grassmannians.

For their super counterparts we take the Berezinian (superdeterminant) and the amount
of polynomially independent invariants is infinite, cf. [3]. If, however, we consider rational
dependence, which is natural in super setting, the coefficients of the first n + m powers
of A generate the algebra of invariants and is a natural candidate for the cross ratio.

On Q(n|n), we should take the queerdeterminant, qet, instead of det; the collection
obtained is finite.

For loop Jordan superalgebras we consider matrix-valued functions and det(X — \E)

returns a collection of functions, rather than numbers.

I do not know the complete cross ratio for Jordan superalgebras related to quadrics and
do not know at all what are they for twisted loops and in stringy cases, most interesting
to me. One invariant is obvious (but there should be several if dimQ > 1): given the form
(,+), or the symplectic form w in the curved case, set (for the A-points (see [1]) of the
Jordan algebra J, i.e., for A, B,C,D € (J ® A)p

(A-B,A—B)(C~D,C-D)

4.B.C.D) = CTBC-B) (A~D.A-D)’

(CRQ)

For curved quadrics, take w(H 4_p, Ha_p) instead of (A — B, A — B), etc.

4 Tables

Everywhere we assume the notational conventions of [3] and definitions adopted there.
In Table 1 we say that the homogeneous superspace G/P, where G is a simple Lie
supergroup, P its parabolic subsupergroup corresponding to several omitted generators
of a Borel subalgebra (description of these generators can be found in 38}), of depth d and
length 1 if such are the depth and length of g = Lie(G) in the Z-grading compatible with
that of Lie(P). Note that all superspaces of Table 1 possess an hermitian structure (hence
are of depth 1) except PeGr (no hermitian structure), PeQ (no hermitian structure, length
2), C’Grg,’,':z and SCGrg:: (no hermitian structure, lengths n — & and, resp., n.— k — 1).
Let s(g) be the traceless part of g and p(g) = g/center; let gfpm) be the stationary
subalgebra of the loop algebra with values in g singled out by the degree m automor-
phism ¢ of g;for G = g{™ with the Z-grading of type (d = 1) the last column of Table
1 contains Gy; the map —st, “minus supertransposition”, sends X to —X*, the map II
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a b d ¢ a b a zb\, .
sends (c d> to (b a>’ and 4, sends (c d) to (zc d ), the automorphism

A of po is defined on monomials f(8) as id if agaL, = 0 and otherwise; irr(...) is any of
the two irrducible components; LGr and OGr stand for the Lagrangian and orthogo-
nal Grassmannian, respectively; the dual domain is endowed with an asterisk as a left

superscript.

Table 1: Gradings of twisted loop (super)algebras corresponding to hermitian superdo-
mains.

gl ® grading elements from b B
sI(2m|2n)@ | (= st) o Ad diag(llzm,Jan) | diag(lm, —lm, 1n, —1n) sl(m|n)®
sl(2m)@ (—t) o Ad(TT2m) sl(m)
sl(2n)@ (t) o Ad(J2p) sl(n)®
sl(njn)® I diag(ly, Onp, 15, 0np) | 5(aiplP)$ @ gl(n — pln — p)iP)
sl(njn)® o (-st) diag(ly,~ Ln—ps—1p,Ln—p)s(@lEID) oy o @8N —pln—D)y 1))

05p(2m|2nY Mo nAd diag(lzm-1,1,120)]  diag(Jz, Oz(min-1)) (cosp(2m — 212n))5)_, |

o(2m)® (co(2m — 2))®
psg(2n)(® (=st) 06 1 diag(Jan, J2n) peq(n){?,
sh(2n)@ A (sh(2n - 2) ® A2n - 2))P
psa(n)® 6 diag(1p, On—p, 15, Onop) ps(a(0)s”, @ q(n—p){)

Table 2: for the lack of space I give an interpretation of the supergrassmannians
here, linewise: the supergrassmannian of p|g-dimensional subsuperspaces in C™" and
same for n = m, p = ¢; superquadric of 1|0-dimensional isotropic (wrt a non-degenerate
even form) lines in Cl; ortolagrangian supergrassmannian; queergrassmannian; “odd”
superquadric (wrt a non-degenerate even form) of 10-lines in C**; odd-lagrangian super-
grassmannian; curved supergrassmannian of 0|1-dimensional subsupermanifolds in Coln,
curved superquadric; two exceptions.
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Table 2: Classical superspaces of depth 1.

g go g—1 Underlying Name of the
domain superdomain
sl(m|n) s(gl(plg) & gl(m — pln - q)) id ® id* Gr™ x Gr? Grimn
psl(m|m) | ps(gl(plp) ® gi(m — plm — q)) id®id" Gy xGryt Grynm
osp(m|2n) cosp(m —~ 2|2n) id Qm-2 Qm-2,n
0sp(2m|2n) gl(m|n) A? *OGrm x LGrp | OLGrma,
sq(n) s(a(p) ® 9(n - p)) irr(id @ idx) Gry QGry
psq(n) ps(a(p) ® a(n —p))
pe(n) cpe(n — 1) id cpn-l PeQn1
spe(n) cspe(n — 1)
pe(n) gl(p|n — p) (5% (id)) Grp PeGry
(spe(n)) (sl(pln — p)) or II(A*(id))
vect(0n) | vect(Ojn — k) @ gl(k; A(n — k) | A(k) ®II(id) CGryy
svect(0[n) | vect(Oln — k) ®sl(k;A(n— k) | H(Vol) if k=1 - SCGT&Z
5(0lm) 50lm -2) S A(mn — 2) - 2 - CQm—2,0
sh(m) shim—-2) B A(m—-2)-2 Ii(id)
0sp(4]2; @) cosp(2]2) ~ (g!(2|1)) id CP! x CP! E,
ab(3) cosp(2}4) Ls,, CP* x Qs AB(3)

The curved superquadric has infinite dimensional “stringy” counterpart with §(0|m)
replaced with the centerless N-extended Neveu-Schwarz algebra ££(1|N) or Ramond al-
gebra EM(1|N).
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Supersymmetry Breaking from Coset Space Dimensional Reduction
P. Manousselis* and G. Zoupanos!
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Zografou Campus, 157 80 Athens, Greece

Abstract

The Coset Space Dimensional Reduction scheme is briefly reviewed.
Then a ten-dimensional supersymmetric Eg gauge theory is reduced
over symmetric and non-symmetric six-dimensional coset spaces. In
general a four-dimensional non-supersymmetric gauge theory is ob-
tained in case the used coset space is symmetric, while a softly broken
supersymmetric gauge theory is obtained if the used coset space is
non-symmetric. In the process of exhibiting the above properties we
also present two attractive models, worth exploiting further, which
lead to interesting GUTSs with three families in four dimensions.

1 Introduction

In the recent years the theoretical efforts to establish a deeper understanding of Nature
have managed to achieve a number of successes in developing frameworks that aim to de-
scribe the fundamental theory at the Planck scale. On the other hand a real breakthrough
in a deeper knowledge of Nature should include an understanding of the, at present, free
parameters of the Standard Model (SM) in terms of a few fundamental ones. Clearly the
apparent success of the SM is spoiled by the presence of a plethora of free parameters
mostly related to the ad-hoc introduction of the Higgs and Yukawa sectors in the theory.
It is worth recalling that the Coset Space Dimensional Reduction (CSDR) {1, 2, 3, 4] was
suggesting from the beginning that a unification of the gauge and Higgs sectors can be
achieved in higher dimensions. The four-dimensional gauge and Higgs fields are simply
the surviving components of the gauge fields of a pure gauge theory defined in higher
dimensions. In the next step of development of the CSDR scheme, fermions were intro-
duced [5, 6] and then the four-dimensional Yukawa and gauge interactions of fermions
found also a unified description in the gauge interactions of the higher-dimensional the-
ory. The last step in this unified description in high dimensions is to relate the gauge
and fermion fields that have been introduced. A simple way to achieve that is to demand
that the higher-dimensional gauge theory is A/ = 1 supersymmetric which requires that
the gauge and fermion fields are members of the same supermultiplet.

In the spirit described above a very welcome additional input is that string theory
suggests furthermore the dimension and the gauge group of the higher-dimensional super-
symmetric theory [7]. Further support to this unified description comes from the fact that
the reduction of the theory over coset [4] and CY spaces [7] provides the four-dimensional
theory with scalars belonging in the fundamental representation of the gauge group as
are introduced in the SM. In addition the fact that the SM is a chiral theory leads us

*e-mail address: pman@central.ntua.gr. Supported by I'TET grand 97EA/71.
te-mail address: George.Zoupanos@cern.ch. Partially supported by EU under the RTN contract
HPRN-CT-2000-00148 and the A.v.Humboldt Foundation.
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to consider D-dimensional supersymmetric gauge theories with D = 4n + 2 [8, 4], which
include the ten dimensions suggested by the heterotic string theory [7].

Concerning supersymmetry, the nature of the four-dimensional theory depends on
the corresponding nature of the compact space used to reduce the higher-dimensional
theory. Specifically the reduction over CY spaces leads to supersymmetric theories [7] in
four dimensions, the reduction over symmetric coset spaces leads to non-supersymmetric
theories, while a reduction over non-symmetric ones leads to softly broken supersymmetric
theories [9, 10, 11}. Concerning the latter as candidate four-dimensional theories that
describe the nature, in addition to the usual arguments related to the hierarchy problem,
we should remind a further evidence established in'their favor the last years. It was found
that the search for renormalization group invariant (RGI) relations among parameters of
softly broken supersymmetric GUTs considered as a unification scheme at the quantum
level, could lead to successful predictions in low energies. More specifically the search for
RGI relations was concerning the parameters of softly broken GUTs beyond the unification
point and could lead even to all-loop finiteness {12, 13]. On the other hand in the low
energies lead to successful predictions not only for the gauge couplings but also for the
top quark mass, among others, and to interesting testable predictions for the Higgs mass
[14].

The review is organized as follows. In section 2 we describe the CSDR. In section 3 we
describe two representative examples of CSDR of a ten-dimensional supersymmetric Eg
gauge theory over symmetric coset spaces. In section 4 we present the CSDR of the same
Eg gauge theory over the three existing non-symmetric coset spaces. Finally section 5
contains our conclusions. )

2 The Coset Space Dimensional Reduction (CSDR)
scheme

Let us proceed by recalling the fundamental ideas of the dimensional reduction procedure.
Dimensional reduction is the construction of a lower dimensional Lagrangian starting from
higher dimensions. In our construction we will use the symmetries of the extra dimensions.
The CSDR is a dimensional reduction scheme where the extra dimensions form a coset
space S/R and the symmetry used is the group S of isometries of S/R.

Given this form of the extra coordinates one can construct a lower dimensional La-
grangian by demanding the fields to be symmetric. This means that one requires the
fields to be form invariant under the action of the group S on extra coordinates,

8@ = Le®* =0, 1)

where L is the Lie derivative with respect to the Killing vectors £ of the extra dimensional
metric. However this condition is too strong when the higher-dimensional Lagrangian
possesses a symmetry. Then a generalized form of the symmetry condition (1) can be

5@ = L' = U®, (2)

where U is the symmetry of the Lagrangian.

When we apply CSDR in a gauge theory the U is a gauge transformation. Then
the original Lagrangian becomes independent of the extra coordinates because of gauge
invariance.
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To be specific we consider a Yang-Mills-Dirac Lagrangian with gauge group G in D
dimensions

§=[dPsv=g [—&Tr (FanFia) g% g™ + %EFMDMw], 3)
where capital indices M, N run from 0...D — 1. The field strength is
Fun = 0uAn — OnAn — [Am, AN], (4)
with Ay the gauge field. '™ are the D-dimensional gamma matrices satisfying
{Tn, Ty} =2gun, ()

% is an anticommuting spinor in D dimensions and % is the Dirac adjoint. Dy is the

covariant derivative, '
Dy = 0m — 0 — Am, (6)

with 1
Or = EBMNAENA, (7)

the spin connection of MP.

Then the original spacetime (MP, gM¥), is assumed to be compactified to M* x S/R,
with S/R a coset space. The original coordinates 2M become coordinates of M* x S/R,
zM = (z,y°),where a is a curved index of the coset, and with a we will denote a flat

tangent space index. The metric is

o [ O] ®
g [ 0 __gaﬂ 3

where n* = diag(1, -1, —1, 1) is the Minkowski spacetime metric and g%f is the coset

space metric.

To develop the geometry of coset spaces we divide the generators of 5, Q4 in two
sets, the generators of R, Q; (i = 1,...,dimR) and the generators of S/R, Q, (a =
dimR+1...,dimS). Then the commutation relations for the S generators become

Q@] = FEQk
{Qi) Qa] = fil;Qb\ )
[Qas @] = faQi+ fapQe- 9)

The coset space S/R is a symmetric one when f7, = 0. .
The coordinates y define an element of S, L(y), which is a coset representative. Then
the Maurer-Cartan form with values in the Lie algebra of S is defined by

V(y) = L7\ (y)dL(y) = eaQady® (10)
and obeys the Maurer—Cartanvequation,
dV+V AV =0. (11)

From the relation (11), and using standard techniques of differential geometry we can
develop the geometry of coset spaces, and compute vielbeins, connections, curvature and
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torsion. For instance the vielbein and the K-connection can be computed at the origin
y = 0, and the results are, e2 = 62 and ¢!, = 0.

Next we require that the fields are invariant up to a gauge transformation when S acts
on S/R. Let €5, A = 1,...,dimS, be the Killing vectors which generate the isometries
S of S/R and denote by W4 the compensating gauge transformation associated with £4.
Define, next, the infinitesimal coordinate transformation

6AEL£A- (12)

Then the condition that a coordinate transformation is compensated by a gauge trans-
formation takes the following specific form when it is applied to the higher-dimensional
vector and spinor

6AAM
dat

805 Anr + OmERAg = OuWa — [Wa, An), (13)
1
€30 — EGAbchCL’{: D(Wa)y. (14)

Il

Inspecting eq. (13) we recognize the familiar form of the Lie derivative of a vector and the
gauge transformation appropriate for the adjoint representation. The same is true for the
spinor in eq. (14). There D(W,) represents a gauge transformation in the representation
to which the spinor belongs. The quantities W, may depend on internal coordinates y.
The conditions (13), (14) should be covariant when Ay (z,y) and ¥(x,y) transform under
a gauge transformation, therefore W’s transform under a gauge transformation as

Wa=gWag™ + (Sag)g™" (15)

Egs (13), (14) and (15) provide us with the gauge freedom to do all calculations at y = 0
and W, = 0. Note also that the variations 8, satisfy [64,8p] = f{5dc leading to a further
consistency condition for the W’s

£20.Wp — ggauWA - [WA’ WB] = ngWC' (16)

The above conditions imply certain constraints that the D-dimensional fields should
obey.
The solution of the constraints provide

o The remaining gauge invariance in four dimensions,

e The four-dimensional spectrum,

e The scalar potential of the four-dimensional theory.

More specifically to find the four-dimensional gauge group we embed R in G

G D RgxH,
H = Cg(Rg). (17)
Then H, the centralizer of the image of R in G, is the four-dimensional gauge group.

The scalar fields that are obtained from the higher components of the vector field are
obtained as follows. First we embed R in S and decompose the adjoint of S under R

S OR
adjiS = adjiR+)_si. (18)
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Then we embed R in G and decompose the adjoint of G under R x H,

G DO RgxH
adiG = (adjR,1)+ (1,adiH) + > (ri, h). (19)

The rule is that when
8 = Ti,
i.e. when we have two identical representation of R in the decompositions (18), (19) there
is an h; multiplet of scalar fields that survives in four dimensions.
To find the representation of H under which the four-dimensional fermions transform,
we have to decompose the representation F' of G to which the fermions belong, under

RG X H, ie.
F =3 (i hi), (20)

and the spinor of SO(d) under R :
04 =Y 0j (21)
Then for each pair ; and o;, where ¢; and o; are identical irreducible representations,
there is an h; multiplet of spinor fields in the four-dimensional theory.

In order to obtain chiral fermions in four-dimensions we have to impose the Weyl
condition in D dimensions. In D = 4n + 2 dimensions, which is the case of interest, the
decomposition of the left handed, say spinor under SU(2) x SU(2) x SO(d) is

0D=(2,1,0d)+(1,2,—(7d). (22)
So we have in this case the decompositions
Ud—_—ZUk, a-d=2_5k- (23)

Let us start from a vector-like representation F' for the fermions. In this case each term
(t:, hs) in eq.(20) will be either self-conjugate or it will have a partner (%, h;). According
to the rule described in egs. (20), (21) and considering o4 we will have in four dimensions
left-handed fermions transforming as fr = Y hf. Since oy is non self-conjugate, fi is
non self-conjugate too. Similarly from &4 we will obtain the right handed representation
fr = Eﬁf but as F is vector-like, Ef ~ hE. Therefore there will appear two sets
of Weyl fermions with the same quantum numbers under H. This is already a chiral
theory, but still one can go further and try to impose the Majorana condition in order
to eliminate the doubling of the fermionic spectrum. If we had started with F* complex,
we should have again a chiral theory since in this case Ef is different from A% (o4 non
self-conjugate). Starting with F vector-like along with the Majorana condition will be
used in our discussions. The Majorana condition can be imposed in D = 2,3,4 + 8n
dimensions and is given by ¢ = CET, where C is the D-dimensional charge conjugation
matrix. Majorana and Weyl conditions are compatible in D = 4n + 2 dimensions. Then
in our case if we start with Weyl-Majorana spinors in D = 4n + 2 dimensions we force
fr to be the charge conjugate to fr, thus arriving in a theory with fermions only in fi.
Furthermore if F is to be real, then we have to have D = 2 + 8n, while for F' pseudoreal
D=6+ 8n.

The potential is obtained from the internal components of the field strength. In CSDR

they are given by
Fuy = fS¢c — [$as bl (24)
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so the potential is

V(9) = ~ 30" Tr(G6c — [gur ) 120D  [der b)) (25)

The minimization of the potential is in general a difficult problem. If however S has an
isomorphic image Sg in G which contains Rg, the minimum is zero. Furthermore, the
four-dimensional gauge group H breaks further by these non-zero vacuum expectation
values of the Higgs fields to the centralizer K of the image of S in G, i.e. K = Cg(S)
[15]. More generally it can be proven [4] that dimensional reduction over a symmetric
coset space always gives a potential of spontaneous breaking form.

The effective action in four dimensions can be written as

- c/&(_4ﬁFW—-(y%MD%W+VW)

4w
+SPTD — SITDLY), (26)
where
Dy =8, — A, (27)
is the spacetime part of the gauge covariant derivative and
D, = aa - ea - ¢av (28)

is the internal part of the gauge covariant derivative, with
1
011 = Eeabczbcy

the spin connection of the coset space. C is the volume of the coset space.
Note that the second fermion term in eq. (26) can be written as

= PV + 9V, (29)
where
Vo = —-80,+ f.bce 7% + @,
vV = Zraca,,czbf. (30)
In eq. (30) we have used the full connection with torsion,
~fached = (DG + 355) = ~fiehed — €5 (31)
with
D8 = g2 {figec + fs0e — e (32)
and X%, the contorsion. The general choice of the contorsion tensor is
Zate = 27(Dave + Dyca — Deva), (33)

where 7 is a free parameter. Furthermore the constraints imply, that V, = ¢,, when V,
acts on a spinor field, and the term '1/)F“Va1/) in eq. (29) is exactly the Yukawa term.
The last term, V = 'I“’G,,bc)lz’c gives mass to the gaugino as will be explained in the next
section.
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3 Coset Space Dimensional Reduction over symmet-
ric coset spaces

Recently we have examined the CSDR of supersymmetric gauge theories in ten dimensions
over all six-dimensional coset spaces [11]. Our results are that when the coset space is
symmetric, there is no remnant of the supersymmetric spectrum in the four-dimensional
theory. Here we present two examples representing this case, one is instructive and the
other is a promising candidate to become a realistic model.

3.1 CSDR over SO(7)/S0(6)

The ten-dimensional gauge group that we consider is G = Fg. First we examine the
dimensional reduction over S/R = SO(7)/SO(6), which is a symmetric coset space. To
apply the rules we need the embedding of R = SO(6) in G = Es and the decomposition
of the adjoint of G,

Es D S0(6) x SO(10)
248 = (15,1) + (1,45) + (6,10) + (4, 16) + (4,16). (34)

Then the four-dimensional gauge group is H = Cg,(SO(6)) = SO(10).
To find the R = SO(6) content of SO(7)/SO(6) vector and spinor we need the
decompositions

SO(7) > SO(6)
21 = 15+6, (35)

and

50(6) > SO(6)
4 = 4. (36)

Therefore the R = SO(6) content of the vector and spinor of SO(7)/SO(6) are 6 and 4
respectively.

The rules stated in section 2 are telling us that from the ten-dimensional gauge field

4, we obtain in four dimensions the gauge field Afjﬁ and the scalars x™, where a is a 248

Eg-index, af8 a 45 and m a 10 SO(10)-index. From the ten-dimensional gaugino ¢, we

obtain the four-dimensional left-handed matter fermions ¢°, belonging to 16 of SO(10).
In summary

A?W — Azﬁ1xm)
P — g (37)
Note that there is no supersymmetric partner of the four-dimensional gauge field
and the scalar matter in four dimensions transforms as a 10-plet, while fermion matter

as a left-handed 16-plet, therefore the spectrum of the four-dimensional theory is non-
supersymmetric.
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3.2 CSDR over CP? x S2

Choosing G = E3 and S/R = CP? x S§? which is the coset SU(3) x SU(2)/SU(2) x
U(1) x U(1) we have an interesting and promising example. The embedding of R =
SU(2) x U(1) x U(1) in FEj is given by the decomposition

Es D SU(2) x U(1) x U(1) x SO(10)

248 = (1,45)00) + (3, Do) + (L, o) + (1, Do) + (1, D2y + (1, 1) (-2
+(2, a2+ (2, D19+ (2, D) c1-2+ (2, Da,—2) + (1,10)0,2) + (1,10) (0,2
+(2, 10)(1‘0) + (2, 10)(_1‘0) + (2, 16)(0‘1) +(1, 16)(1,-1) + (1, 16)(_1,_1)
+(2,16)(0,-1) + (1, 16) 1,1y + (1, I6)(1,1)- (38)

The four-dimensional gauge group is H = Cg,(SU(2) x U(1) x U(1)) = SO(10) x U(1) x
U(1). The vector and spinor content under R of the specific coset are, 1g2 + lo~24 +
250 + 240 and 1p_, + 1.4 o + 29, respectively. Choosing a = b = 1 we find that the
scalar fields of the four-dimensional theory transform as 10(02), 10(,—2), 101,05, 10(—1,0)
under H. Also, we find that the fermions of the four-dimensional theory are the following
left-handed multiplets of H: 16(_,_1), 16(1,—1), 16(0,1y. Therefore altogether we find

Alfl\'{ — Azﬂ7 X;nv X;ni Xgl: Xrln
1/’“ — 1/’f, 1/’5, 1/’57 (39)

where the index conventions are as in the previous subsection 3.1. Worth noting are the
non-supersymmetric spectrum as in the previous example as well as the three fermion
generations which is a clear improvement as compared to the previous case.

Analogous conclusions concerning supersymmetry can be drawn by examining the rest
six-dimensional symmetric coset spaces [11].

4 Soft SUSY breaking by CSDR. over non-symmetric
coset spaces

In the present section we examine the reduction of a ten-dimensional E3 gauge theory
over the three non-symmetric coset spaces. We find that a softly broken supersymmetric
four-dimensional gauge theory is obtained.

4.1 CSDR over G»/SU(3)

As first example of CSDR over a non-symmetric coset space, we present the case of
Ga/SU(3) [9]. The rest two six-dimensional non-symmetric coset spacesi.e. Sp(4)/(SU(2)x
U(1))non.maz and SU(3)/U(1) x U(1), are examined in the following subsections 4.2 and
4.3 according to refs. [10, 11].

We start again with G = Es in ten dimensions, S/R = G2/SU(3), and R = SU(3).
Now we need the decomposition

Es D SU(3) x Es
248 = (8,1)+ (1,78) + (3,27) + (3,27), (40)
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from which we find that the four-dimensional gauge group is H = Cgy)(Es) = Eg.
Next, to find the R = SU(3) content of G2/SU(3) vector and spinor, we examine the
decompositions

Gy D SU(3)

4 = 8+3+3 (41)
and

S0(6) > SU(3)

4 = 1+3 (42)
from which we conclude that the R = SU(3) content of G2/SU(3) vector and spinor are
3+3 and 1+3 respectively. Then the CSDR rules determine that from the ten-dimensional
gauge field A%, we obtain in four dimensions the gauge field A% and the scalars B¢, where
a is a 248 Eg-index, a a 78 and ¢ a 27-Eg index. From the ten-dimensional gaugino 1°®
we obtain the four-dimensional gaugino A* and the left-handed matter fermions ¢}. In
summary we find

A?\'{ R AZv ﬁia
P — A%, . (43)
Note that the surviving fields are organized as four-dimensional A" = 1 vector and

chiral multiplets V* and B'.
Moreover the scalar potential, using the metric of G»/SU(3),

ab = B8z, (44)
where R is the radius of G3/SU(3), was found [9] to be
V(B) = = sl — | nBBIB + h] + F s
7 S HGAH A (45)
In turn it was found that the F-terms are obtained from the superpotential
W(B) = %dijkBiBjB", (46)

where dijx is the Eg-symmetric invariant tensor [16].
Similarly the D-terms were found to be

D= \/gjﬁ*(cu):fﬂ,-, (47)

 where (G*)! are representation matrices for the 27 of Es. The rest terms of the scalar po-

tential that are not obtained from F- or D- terms belong to the scalar Soft Supersymmetry
Breaking (SSB) part of the Lagrangian, given by
0 o, [4 ini gk
il | BBt + h]. (48)
The SSB sector is completed by the gaugino Mass M, which is obtained from the V
operator of egs.(29), (30), and was found to be in the present case

6

Lssp = —
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4.2 CSDR over Sp(4)/(SU(2) x U(1))non.maz

This time we have again G = Ej in ten dimensions but S/R = Sp(4) /(SU(2) xU(l))"o"_mu;,.

The decomposition to be used is

Ey D> SU(2)xU(1) x Eg
248 = (30,1) + (10,1} + (10, 78) + (23, 1) + (2_35,1)
+(21,27) + (221, 27) + (1_3, 27) + (1, 27). (50)

Thus the four-dimensional gauge group is
H = Cg,(SU(2) x U(1)) = Eg x U(1). (51)

Now the R = SU(2) x U(1) content of Sp(4)/(SU(2) x U(1))non—mas. vector and spinor
are
2+ 2.1+ 1+ 1y, (52)

and
21+ 1+ 1, - (53)

respectively. From the CSDR rules we read that from the higher-dimensional gauge field
we obtain the four—dlmensmnal gauge fields, A3, A,, with a a 78 Eg-index, and two
complex scalar fields 8¢, 4%, with ¢ a 27 Eg-index. From the ten-dimensional gaugino we
obtain the four-dimensional gaugino A®, A, and two spinors ¥h, and 1/)’ belonging to the
27 of Eg, i.e.

AR{ — A;.uAu)ﬂi)’Yi; '
wa — An: Aa TPZaa wi . (54)
Note that the surviving fields can be organized as two vector multiplets V¢, V and two
chiral multiplets B?, and C". ’

As in the previous case, the Lagrangian is A" = 1 supersymmetric supplemented by a
soft SSB part. The F-terms of the supersymmetric part are obtained from superpotential

W(B',C%) = \/3 dijB'BIC*, (55)
while the scalar SSB part is,
6 4
Lscatarssp = _Efﬂ B: — E;;’Y Yi
fio_ 1 1 ‘i
+ [4 7R2(}—?2 + m)d,‘jkﬂ ﬂj’)‘k + h.C] . (56)
R, and R; are the coset space scales coming from the metric,
9 = diag(RY, R}, B, RS, R}, RY). (57)
Finally the gaugino Mass calculated from the V operator is,
R+ 2R}
= 1 _—
M=(1+3r) SIOE, (58)
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4.3 CSDR over SU(3)/U(1) x U(1)

The G = Eg, ten-dimensional theory is now reduced over the last non-symmetric coset
space S/R = SU(3)/U(1) x U(1). From the decomposition
FEg D U(l)l X U(l)g X Fg
248 = 100 * Lo + 11+ 1sy +1e-1 + 1o
+1(_3,_%) + 1(_3‘_,;_) + 78(0,0) + 27(3’%)

+2731) + 27(0,-1) + 273, -1y + 2751y + 2T(0,), (59)
we conclude that the four-dimensional gauge group is,
H =Cg(U(1)1 x U(1)g) = U(1); x U(1), x Es. (60)
The R = U(1) x U(1) content of SU(3)}/U(1) x U(1) vector and spinor are
(3, 5) +(=3,2) + (0,=1) + (=3,~5) + (3, —3) + (0,1), (61)
and 1 1
(0,0) + (3, —2-) + (-3, 5) +(0,-1), (62)
respectively.

Applying the CSDR rules we find that from the ten-dimensional gauge fields we ob-
tain the four-dimensional gauge ﬁelds A5, with a a 78 Eg-index, An),, Ay, the two
U(1) gauge fields, three scalars of, 8%, 4%, with i a 27 index, and three E; singlets but
charged under the U(1)s, a, B, and ~. From the ten-dimensional gaugino we obtain the
supersymmetric partners of the above scalars, i.e.

AR/I —> Aﬁ)A(l)/,nA(Z)u;ai7ﬂi:7iya7ﬂ)71
IP" — ’\na’\(l)vA(l)’w;’w,.mw;a¢a1¢ﬂ7¢7' (63)

Therefore the surviving fields are organized as three vector multiplets, V*, V3, V), and
six chiral multiplets, A}, B}, Ct, A, B, C.

As in the previous two cases the Lagrangian is softly broken supersymmetric. The
F-terms come from the superpotential

W(A', BY,C*, A, B,C) = V40d;; A'B'C* + V40 ABC. (64)

The scalar SSB part of the Lagrangian is,

AR 8 AR 8\_
['scalarSSB = (m - R_g)a o; + (RgRZ RZ)aa

(- e (=

4R? i).—_+(4R2 8)_
+(R2R§ ®)TTT\BR TR

R Rs
[\/_80( + == +3 )dijka'ﬂJ’Yk

R2R3 R\R,
+\/_80( + i + R ) aﬂ7+hc] (65)
R2R3 R1R3 RZRI
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The coset space radii, R;, Ry, R3 are entering the above formula (65) through the metric,
which takes the following form for the present coset SU(3)/U(1) x U(1)

Gab = diag(Rf, Rf7 R‘ga R‘g’ Rg? Rg) (66)
The SSB sector is completed by the gaugino mass,
R2 2 2
M=(0Q+ 37-)(_1_+_R_2-*ﬁ_ (67)

8/ RZRZRS

Thus we have established that besides the supersymmetric spectrum, we obtain a
softly broken supersymmetric Lagrangian by CSDR over a non-symmetric coset space.

5 Conclusions

The CSDR. was originally introduced as a scheme which, making use of higher dimensions,
incorporates in a unified manner the gauge and the ad-hoc Higgs sector of the sponta-
neously broken gauge theories in four dimensions [1, 2]. Next fermions were introduced
in the scheme and the ad-hoc Yukawa interactions have also been included in the unified
description [5, 8].

Of particular interest for the construction of realistic theories in the framework of
CSDR are the following virtues that complemented the original suggestion: (i) The pos-
sibility to obtain chiral fermions in four dimensions resulting from vector-like represen-
tations of the higher-dimensional gauge theory [8, 4]. This possibility can be realized
due the presence of non-trivial background gauge configurations which are introduced
by the CSDR constructions {17], (ii) The possibility to deform the metric of certain
non-symmetric coset spaces and thereby obtain more than one scales [4, 18], (iii) The
possibility to use coset spaces, which are multiply connected. This can be achieved by
exploiting the discrete symmetries of the S/R [19, 4]. Then one might introduce topolog-
ically non-trivial gauge field {20] configurations with vanishing field strength and induce
additional breaking of the gauge symmetry. It is the Hosotani mechanism [21] applied in
the CSDR.

In the above list recently has been added the interesting possibility that the popular
softly broken supersymmetric four-dimensional chiral gauge theories might have their
origin in a higher-dimensional supersymmetric theory with only vector supermultiplet
[9, 10, 11}, which is dimensionally reduced over non-symmetric coset spaces.

Let us also note that the current discussion on the higher-dimensional theories with
large extra dimensions [22], provides a new framework to examine further the CSDR since
the classical treatment used in CSDR is justified in the case of large radii which are far
away from the scales that the quantum effects of gravity are important.

On the other hand we should also note that the effective field theories resulting from
compactification of higher-dimensional theories contain also towers of massive higher har-
monic (Kaluza-Klein) excitations, whose contributions at the quantum level alter the
behaviour of the running couplings from logarithmic to power [23]. As a result the tra-
ditional picture of unification may change drastically {24, 25]. Combining the quantum
behaviour of the higher-dimensional theories [24, 25], with the unification at the classical
level of the gauge-Higgs and the gauge-Yukawa sectors that can be achieved in the CSDR
scheme, one might hope to achieve a reduction of couplings of the SM by reducing the
dimensions of a higher-dimensional theory.
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