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COMPUTER MODELLING 01' A HIGH SOLID ANGLE 
MASS-SPECTROMETER 1 

S.N. Andrianov, N.S. Edame:.1ko, D.A. Ovsyannikov 

Bibliotechnaya 2, Computational Mathemdics & Control Processes Institute, 
St.Petersburg State University, St.Petersburg, 198904, Russia 

e-mail: vmpu@ap7'Lath.spb.su 

W. Mittig 

GANIL, Caen, France 

Abstract 

As an entrance focusing elements for mass-spectrometers we can use both 
quadrupole lenses and a solenoid ·lense. The first case can be realized using 
quadrupole lenses with high apperture. I 1 the second case the lense aperture 
is more less. That is why for high solid angle mass-spectrometer design problem we 
consider the system which consists of two solenoids at the entrance and at the exit 
of the system, two electrostatic deflectors and two magnets separated by either a 
quadrupole lens or a solenoid. The central qu :~.drupole lens can be used for focusing 
in Y -plane (the deflection plane) or in X -pi< ,ne. 

1 . Optical Structure of the Mass-Spectrometer. The above-mentioned structure 
should ensure the following conditions: 

o there must be kinetic achromatism; 

o mass dispersion must be not less than 10 mm/%; 

o resolution must be not less than 100. 

The most important condition is the first one. It means that all particles with different 
velocities for point source are focused into a poiut on the detector. The second condition 
guarantees mass separation in the pointed inte:val: two particles with masses M, M + 
~M, 8M = ~M/M = 0.01 are separated by be distance 10 mm. The third condition 
is closely connected with a finite emittance o: the beam and is defined by a particle 
distribution function on the detector. 

As usual, solution of the motion equatiom in linear approximation in the X -plane 
(this is a deflection plane) is presented in the iorm 

where R = {rik}, ·i, k = 1, 6 is the transfer matrix for our spectrometer, x, y are 
coordinates in X- and Y -plane corresponding y. 

For our goal we must distinguish the coefficients r 15 and r 16 . Than we must create 
a procedure to vanish the coefficient V = r 15 attached to the fractional deviation of 
velocity 8v and simultaneously to increase the coefficient 1) = r 16 attached to the 
deviation 8m = 8M/Q of the ratio mass/chc:.rge. This coefficient defines the mass 

1 Work supported by the Russian Foundation for Be sic Research (grants No.96-02-17335, No.96-0l-
00926). 
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dispersion V, which value is usually supposed equal to 1 to satisfy the usual requirement 
lOmmj%. · 

As in this work we consider a linear m)del for the mass-spectrometer, then we use 
the matrix formalism for beam-line design. For this purpose computer algebra codes 
(CAC) are more preferable than pure nurr..erical codes. The modern CAC furnished by 
vizualisation tools make design of beam lines more flexible. A designer can build 2D­
and 3D-surfaces V = const and V = cons1 in the parameters space. 

Because the solenoids mix X- and Y -r lanes the structure of these surfaces becomes 
too complex. The visual modelling proct: ss admitted by such computer algebra code 
as MAPLE V [1] permits to select some appropriate systems more operative and 
then selected appropriate systems can be considered as starting systems for the next 
optimization process. The set of appro1:oriate systems is necessary for the following 
process of high order aberrations investigation too. 

2 . Interpretation of Results. Fo~ the mass-spectrometer design problem the 
FMA structure was chosen as an starting problem on which we tested our concepts 
and algorithms. The parameters for this system were taken from the paper [2]. This 
information is incomplete, that is why we m.ake some modelling process. As an example 
we demonstrate the calculation results in corresponding pictures (see Figures 2-5) 
of the Appendix B. 

For our mass-spectrometer with higl:. solid acceptance we consider two solenoids 
instead of two doublets of quadrupole lenses (at the entrance and at the exit of the 
system) and two magnets separated by either a quadrupole lens or a solenoid instead of 
one magnet at the center, see Figure 1 in the Appendix B. 

The central quadrupole lens can be ~sed for focusing in X -plane (the deflection 
plane) or in Y -plane. In the case of focusing in X -plane the envelopes along the 
total system are acceptable. Because tbis case can be sensitive to influence of high 
order aberrations then this variant must be investigated more carefully in the frame of 
nonlinear model. In the case of focusing : n Y -plane the envelope values are acceptable 
too, but the drift length d2 (see Table 1 in the Appendix A) is almost on the 
boundaries of an admissible region for the system parameters. The variant with 
central solenoid seems promising. But this solenoid must be short (not greater than 
0.4 m ). Besides, the used solenoid as a cen;ral focusing element introduces more complex 
dependence on a set of the system parameters. This variant should be investigated for 
high order aberrations in detail . On · Figures 4, 5 of the Appendix B one can see the 
dependences of d2 (from the condition v:d2 ) = 0) and Von some essential parameters 
omega= wand Bs2=B,2 , where 

w={~ 
_1!g_ 
2mocf3"'f 

for the reduce(. gradient for the central quadrupole, 

for the reduced magnetic field on a pole 
for the central solenoid, 

B2 
B82 == 2mocf3/' 

q, m0 , {3, 1 are a charge, a rest mass a reduced velocity and energy for a reference 
particle, G, B0 , B2 are a gradient, ma~;netic fields for the corresponding lenses. 

We should note that for achromatic s~'stem creation (with V = 0) there are two ways: 
the corresponding distance d2 is calculated from the achromatic condition for the total 
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system and this distance is calculated from similar condition for the truncated system 
when we do not consider last solenoid and last two drifts (with d1 and d4 as distances). 
The corresponding dependence d2 on the system parameters has different forms. For 
the total system there is a ravine on a smooth slope (see Figure 4 in the Appendix 
B). For the truncated system condition we obtained the same smooth slope, without 
the ravine. The Bs2 values corresponding to be ravine location should be avoided for 
stability of the system working. On Figure i) one can see the dependence of the beam 
spot size Xmax on d4 • The character of such dependences is similar for quadrupole and 
solenoid as the central focusing elements. We should note that the similar behaviour 
there is for the FMA structure. 

For the FMA system the beam has a crossover in center of the system in the deflection 
plane. This condition is one of possible conditions which can be imposed on the system. 
For the designed system we also consider differe:1t additional (besides main conditions for 
achromatism and mass-dispersion) cop.ditions. Tpis is necessary for next investigations 
including high order aberrations. The made investigations show that the system with 
desired characteristics exists. As an example vre consider the variant when there is the 
crossover in the center of the system. For our system we have the crossover in both 
planes (compare with the FMA structure). Th( corresponding envelopes in the designed 
and the FMA systems are demonstrated on Figure 2). On that Figure one can see 
the beam spots on the detector for the corresr onding structures. too. 

Our CAC for the procedure of parameters ranging are flexible and suitable for 
swithing from one model to another. These tools are based on symbolic formulae and 
their visual interpretations. As one can see fr )ill the corresponding Figures 4, 5 there 
are some problems attached to ranging of the £ nal variant of the mass-spectrometer. In 
particular, the value of d4 corresponding to mmXmax is selected so that in the 1lerminal 
solenoid there are no crossovers. What is more such ranging procedure should lead to 
a set of variants, which should be investigated including high order aberrations. Some 
model initial distributions of transverse phase :oordinates are chosen for demonstrating 
distortion and resolution. 

3 . Conclusion. Symbolic and immerical calculations demonstrate a principal 
opportunity of designing of High Solid Angle Mass-Spectrometer. But it is necessary to 
investigate an influence of high order aberrations on the basic system parameters (for 
example, dispersion, resolution). Decreasing of this influence can be realized including 
optimization methods and/or additional comp ~nsating structure elements (for example, 
sextupoles, octupoles ). 
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App{!ndix A 

The list of basic syste1n and beam parameters. 

TE,ble 1 

Geometrical parameters [m] 
do distance between t:ource and first solenoid 
dt distance between Hrst solenoid and first electric dipole 
d2 distance between dectric dipole and magnetic dipole 
d3 distance between magnetic dipole and central focusing 

element 
d4 distance between ,econd solenoid and target 
Le length of electric dipole 
Lm length of magneti~ dipole 
Lsl length of first sol€ noid 
Lq length of central quadrupole 
Ls0 length of central wlenoid 
L112 length of second wlenoid 

Field parameters 

Eo field in electric dipole [kV/cm] 
Bo field in magnetic :iipole [T] 

B111 field in first solen Jid [T] 
G field gradient in central quadrupole [kG/em] 

Bso field in central solenoid [T] -
B112 field in second so:.enoid [T] 

ae =am deflection angl~s [n electri.c and magnet dipoles 
Epo electric rigidity [MeV/Q] 
BpO magnetic rigidity [Tm] 

Beam parameters at start 

Xm X-size of beam spot [mm] 
Ym Y-size of beam spot [mm] 

(dX/dZ)m X-plane angular acceptance [mrad] 
(dYfdZ)m Y-plane angular acceptance [mrad] 

bp momentum acceptance[%] 
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The values of the basic s:rstem parameters: 

Table 2 Table 3 

Geometry [m] Fields 

do 
dt 
d2 
d3 
d4 
Le 
Lm 
Lat 
Lg 
Lao 
La2 

0.200 Eo· 50.00kVjcm 
0.200 Bo 1.500T 
2.110 Bat 4.666T 
0.300 G 3.000 kGjcm 
1.600 Bso -T 
1.496 Bs2 1.900T 
0.244 =.am 14.0° 
0.600 E:po 20.00MeVjQ 
0.400 '3po 1.100Tm 
-

1.000 

The values of the basic heam parameters: 

X max 
Ymax 

Table 4 

Beam at start 

Xm ±0.5 
Ym ±O.E 

(dXjdZ)m ±121 
(dYjdZ)m ±121 

8p ±101 

Table 5 

mm 
mm 
)mrad 
)mrad 
1o 

Envelopes along the system [em] 
II St I Et I Mt I Q (So) I M2 I E2 S2 

8.67 8.10 1.39 0.6 2 1.39 8.74 9.40 
8.67 8.10 1.40 0.7 8 1.40 8.75 9.48 
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F:.gure 2 

For the Gl!S structure 

a) The envelopes iD the X- andY-planes; 
b) The beam spots )0 the detector; 
c) The beam distritutions on the detector. 
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Figure 3 

For the FMA stru :ture 

a) The envelopes in the X- and Y-planes; 
b) The beam spots on the detector; 
c) The beam distributions •>n the detector. 

Figure 4 

The dependence of the d~ on Bs2 and omega 
in the cases with and without the fmal focusing 
solenoid. 
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a)- the dependenct! of the dispersion D on Bs2; 
b)- the dependence of the beam spot size Xmax 
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Software for the Solving of the Problems of 
Optimization of Beam Dynamics in Linear 

Accelerating and Focusing Structure * 

O.I. Drivotin, D.A. Ovsyannikov 
St.Petersburg State Universi ;y, St.Petersburg, Russia 

The main purpose of the present report is to show the possibility of application of 
mathematical methods of control theory for optimal choice of accelerating and focusing 
structures [1]. These methods can be cQ..lled comtructive methods of control theory. They 
are based on using of analytical expression of V<lriation of functional which describes the 
quality of the structure. The variation, which is also functional in the space of infinite 
dimension, can be approximated by the function :d defined in the space of finite dimension, 
namely, gradient of the functional on the paraneters by which the control function can 
be parametrized. After that, minimization of tLe quality functional can be fullfiled with 
the usual methods of gradient descent. 

Generally speaking, many problems of mathematical physics can be formulated as the 
problems of the control theory and solved with proposed methods. These methods require 
great amount of computations and so are not V\ idely practiced. But recent development 
of computing devices allows to apply them. :<'rom our point of view the accelerating 
technology is the field where these methods can be used with great efficiency. 

The mathematical and computational diffice1lties in modelling of the high intensity 
beams can be overcome when we use some simr:lified beam models. Let's concern one of 
such models. If the longitudinal motion is assu ned not to depend on the transverse 
motion of the particles and the transverse forces acting on a particle are assumed to be 
linear on transverse coordinates, then the longitudinal and transverse coordinates can 
be considered separately and coordinates chanderized at once some aggregate of the 
particles can be taken as the transverse coordinates. So, this particles aggregate represents 
a macroparticle. 

In one of the simplest cases the control model Nill be the following. Assume that charged 
particles beam can be considered as a dynamica system described by the equations 

{ 

dZ:dt ~ f,(t, Z, U): IM, u f,(Z, Z')p(t, Z') dZ', 

d.\jdt- h(t, z .. \. [,) 
(1) 

where Z, X are vectors characterizing longitudiml and transverse motion correspondingly, 
U = U(t) is control vector, Z E Rn,X E Rm,['(t) E J( C R1,t E [O,T], T < oo. The 

*Work supported by the Russian Foundation for Basi,· Research, grant 96-01-00926. 
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initial values of Z are supposed to fill ~orne compact set M0 : Z(O) E M0 C Rn and 
X(O) = X

0
. The image of the set M0 at ;he mapping given by the system (1) is denoted 

by Mt,U· The integral term describes th·~ interaction between macroparticles. e(t, Z) is 
macroparticles density and satisfies tbe equation 

~~ + z~ · ~~ + e{divzfi(t,Z,t!) + !Mt,u divzfz(Z,Z')e(t,Z')dz'} = 0, 

which is partial integra-differential equdion with characteristic lines described by the 

system (1). The initial condition fore is e(O,Z) = eo(Z), Z E Mo. 
The problem is to minimize the func1 ional 

T 

I(U) = j j g(t, Zt, Xt)e(t, Z() dZt dt + j G(ZT, XT )e(T, ZT) dZT. (2) 
0 Mt,U MT,U 

where g and G are some integrable on t, Z and differentiable on Z and X functions 

characterizing the quality of the beam, ;~t = Z(t), Xt = X(t, Zt)· 
For such problem we can apply gen·~ral approach (see [1]) taking into account that 

integral on some components of the pha~e vector, namely X, is reduced to the only value 
of the integrand. The method of optim zation is based on the expression for functional 

variation 

T 

81=»--J j {wx(i,Zt)lluh(t,Zt,Xt U)+\IIz(i,Zt)llufi(t,Zt,U)}e(t,zt)dZtdt. (3) 

0 Mt,U 

where tluh = h(t,Z,X,U(t) +llU(t)) -- h(t,Z,X,U(t)). tluf1 is expressed analogically. 
The auxiliary forms \II x, \II z satisfy f )llowing differential equations and terminal con-

ditions: 

d\JI X 

dt 
d\JI z 

dt 

\II ah(t,Z,X,U) ag(~,Z,X) 
- x ax + ax ' 
-\II ah(t,Z,X,U) _\II _-aJI(t,Z,U) J aJz(Z,Z') ( Z')dz'} _ 

x az z _ az + az e t, 
• • l'vft,U 

_ J \JI(t Z')aJz(Z,Z') (t Z')dZ'+ag(t,Z,X) 
' az' e ' az ' 

Mt,U 

ac( z, x) 
1 

Z=ZJ 

\II z(T, Zr) = az x'=X(T,; Tl 

ac(z, X) I Z=ZT 

\Jix(T, Zr) =- clx X=X(T,ZT) 

The control model formulated abovE can be applied in the following important cases: 
radio frequency quadrupole (RFQ) chan1.el and drift tubes channel with alternating phase 

focusing (APF). 
Suppose that the beam entering to the RFQ channel is uniform along its longitudinal 

coordinate and has elliptical cross-sect on. It is convenient to approximate such beam 
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by the set of infinitely thin elliptic disks uniformely distributed initially in the segment 
1 = lo, <.p E [ -37r 12, 1r 12] in the phase plane of l mgitudinal motion ( 1 is reduced energy, 
<.p is phase). Every thin disk is represented by tle point of this segment. 

The equations of longitudinal dynamics of thc~se disks are 

{ 

dt.pld( = 27r I (12 -1)-1/2, 

d1 I d( = 2 e Uo~ k8 C)S Tf cos <.p + Fz. 
1r m 0 c 

(4) 

Here ( = z I).. dimensionless longitudinal coordir ate, ).. = 21rcl w is the wavelength, e and 
m 0 are charge and rest mass of the beam particlEs, U0 is intervane voltage, k = 21r I(LI >.), 
L is modulation period of the electrodes, 8 is effectiveness of acceleration, rt = f k d( is 
modulation phase for which we have additional ~~quation 

where <I> s is phase of synchronous particle relati,·e to phase of the space modulation. 
The term F 2 is due to the longitudinal action of self field and determined from the 

expression for longitudinal component of electric field acting on i-th disk from k-th disk 
avPragecl on disk: 

(5) 

Here (Ji,J(,z; are charge, average radius and lon~itudinal coordinate of i-th thin disk, a 
channel appcrture. 

Suppose also that transverse dynamics equat ons are linear and that motions in these 
planes arc independent (i.e.,angular momentum is neglected): 

2 I :2 d :r dt = Q~,x, 

If initially particles fill some ellipses in the planEs .r, 1,1 and y, y', then at all subsequent 
instants the\· fill some ellipses described by symt tetrical matrices Bx,y : X*(Bx)- 1 X ::::; 1, 
}'*(fJY)- 1). :S: 1, where X= (.L.I''t, Y = (y.y')*. Therefore, we can introduce 6 variables 
which ar(' elements of inwrse matrices of these ellipses: s~· 1 , .•:{2, s52 , si1 , si2 , s~2 for every 

Z E ,\/u . These varia.bles have simple sense. Fer example, ;;ff are maximal values of 
.r, y. 

The equations for them are [1] 

d J·Y 
~ -·)J,y 

d t - ~,';12 ' 

d ~x,y ~ - /) ,x.y J,Y 
dt - L(l·,y,';l1 + ,';2:2' 

l l",y 

~- ')Q ~:,y d t - ~ .r,y::i 2 . 
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For RFQ channel [2] 

eUo X k28 . 
Qx,y = --(±2 + --) sm ry) COS !.p + Qself x,y, 

mol a 1r 

where X= 1- 4810 (ka)l7r, and Qself x,y is coefficient accounting self field of the disk. 
In the framework of the thin disks m Jdel Q self x,y can be taken in the form 

e '"""" q, 
Qself x,y = -2--J L r:;:-:;; c;- ~ · 

7rl Eomo- i ,/ 5~iY;( \1 5fl i + V 5il;) 

The summation is implemented on all disks in some interval which length is D and 
including the disk under consideration. The sum arises due to confusing of disks along 
z-aXIS. 

The next three functions 1t 1 = dif>sl d(, 1t2 = 8, 1t3 = Kl a2 can be taken as the compo­
nents of the control vector. So, the dynamics equations in RFQ channel are analogous to 
the equations ( 1). 

The second case when the control me del under consideration can be used is drift tube 
channel with alternating phase focusing. In such case the longitudinal dynamics equations 
of thin disks can be written in the next >implified form 

{ 

dc.pld( = 27r I (12 -1)-1/2, 

d1 I d( = a(() COS !.p + F'z ' 
(6) 

where .,a(() = e>..Ez( () lmo c2
, and Ez( (I is longitudinal component of the electric field, 

for which can be taken various models, the simplest of them are piecewise constant and 
piecewise linear functions. The equations (6) are analogous to the equations (4). The 
term Fz accounting interaction between thin disks also can be calculated on the base of 
the expression (5). 

The transverse particles dynamics ec uations in the simplest case are also linear: 

{ 

dryld( = K, 

(7) 
dKid( =- 12 _

1 
(Ka + ~1]~~) cosc.p + 1r(!2 -1)-112ryasinc.p + Qtr"7· 

Here r1 = r I>., K = dr I dz, r is radial coordinate. As in RFQ channel, here we can 
introduce the variables analogous to s11 , 5 12 , 5 22 mentioned above but regarded to radial 
motion: 

--I 

( 1] K) ( ~ll 512) ( 77) ::::; 1. 
s1 2 sn K 

We assume that initial values of 7] and rc fill ellipse, inverse matrix of which gives the 
initial values of 5ik· It follows from (7) that the variables 5ik satisfy the equations: 

d su _ '). 
af- ~.S12, 

~ 1 ( 1 da) + ( 2 l)-112 ,· Q , - dt = -.,2--1 512a + 2511~ cosc.p 1f I - SuCYSID!.p + tr.Sll + 522, 

~ 2 1 ( 1 da) 2 ( 2 1)-1/2 · 2Q d t = - 12 - 1 5220: + 2512~ cos c.p + 1f I - 512a sm !.p + tr512. 
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QtrlJ is the term accounting the beam self field <,nd in the frame of thin disks model Qtr 

can be approximated by the expression 

e qi 
Qself x,y = 2 D L --. 

21r1 c:omJ i sni . 

In this case the control vector has one compo 1ent u1 = a((). Therefore, the dynamics 
equations for this case also have the form ( 1). 

So, both for RFQ channel and for APF channel we can use the mathematical control 
model described above. The wide choice of functional of the form (2) is possible. For 
example, we can take the functional (2) with fun :tions g and G describing the capture of 
the particles in transverse and longitudinal moti,m correspondingly: 

g(t, Z, )() = czgz(Z) + cxgx(X). 

Here cz. ex are coefficients, and gz, g x are given by expressions 

{ 

( ~- z -)P• z· > 7 · -z- u·t ' z -uz, 

gz(Z) = 0, Zi E [zti, ZuiJ, 
(7·-z1-)P• z·<zt· "-'1. 1. ' '1, z, 

where p,, qi are some positive numbers, and G(Z,X) has analogous form. 
As mentioned above, the technique of optimiz 1tion is based on approximation of com­

ponents of control functions by functions depending on finite number of parameters. So, 
instead of functional variation which is also funct onal in the infinite dimensional space of 
control function variations we have its approximc.tion, namely, gradient of the func;.tional 
on the parameters. Then method of gradient des :ent can be applied [1 J. Numerical real­
ization included replacement of integration by summation and considering of systems (1) 
for discrete initia.l set instead of Afo. [3] 

For the solving of beani dynamics modelling < nd optimization problems original soft­
ware en\·ironment has been developed. This scftware is based on the modern object 
oriented programming technique. According to t l1is approach, the program is the set of 
compotwttls and objects which are necessary for ;ome class of problems. The possibility 
of custotni:;,i ng of that components and methods s supposed. 

As an example. we consider the structure of tl e program for optimization of the RFQ 
chaunel. Program for APF channel optimization :1as analogous structure. 

The main component in the program is the corr ponent of the type T RFQ Acceleration, 
which is immediate descendant of the type TDi skDist?·ibution. The base type T Disk 
Distrilmt ion has methods for forming of initial d stributions of thin disks, graphical dis­
playing of distributions, ca.lculatiug of some chatacteristics of distributions and getting 
pa.rtia.l interval distributions on separate variabl ~s for given disk distribution. One of 
the fields of the type T Disk Distribution is EPolidion, which type is T Disk!ntegrator, 
the last being immediate descendant of the type T Inttgrator. The main method of the 
base type '1' I nffgratur - fntegraif implements the integrating of the system of ordi­
nary diff"ercttt ial equations. The type TDiskfnte!lrator contains also additional method 
Hfl.<.,'('alc for calculating of the right-hand sides cf equations being integrated. The type 
'f'RFCJ :lccclcrul/on cotnpared with tltc t~·pe :J'Di:: ~·Distribution has additional fields and 
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methods, the most important of which are Structure of the type T Structure and method 
FuncC ale for calculation of the functionc 1 which is minimized in the optimization process. 
In its turn, the type T Structure has tb e field Optimizer of the type TOptimizer, the 
latest being the base object for implem~ntation of optimization process and containing 
different methods of optimization. 

Besides that, there are two additiona types of objects: T RFQDynamics and T RFQ 
Optimization, which are descendants o1 the type TThread. On user call, i.e. choice of 
corresponding menu item on the progrc m form, their instance is created and, in turn, 
creates a component of the type T RFQ Acceleration, and after that their main method 
Execute is implemented. Such structun~ of the program allows user to work with many 
functionals and starting points of optimization at the same time because many components 
of types T RFQDynamics and T RFQ C1ptimization can be created simultaneously. The 
program form also can contain some windows for getting information on the course 
of optimization process, which are disi ributed among components and objects of the 
program. 

The programs were tested on the kno'vn structures with the frequencies 148.5 MHz and 
433 MHz. Results of modelling are satishctory: close similarlity with known dynamics for 
these structures was obtained. During t~sting of the programs the output energy spread 
and transverse normalized emittance o1 the beam after optimization can be essentially 
decreased compared with ones before 1 he optimization if their initial values were too 
great. 

The described software allows to descend from some initial point of multidimensional 
parameter space to the local minimum point, which is not always permissible from the 
point of view of physical realization. Sc, working with the software demands sufficiently 
satisfatorily choice of initial point and using different functionals during the optimization 
process. 
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Abstract 
Computer simulations for matching the high curre t, charge-state mixed ion beam in the real 
magnetic field ate presented. 3 kinds of computer codes were used: the fast code based on the 
Root-Mean-Square (RMS) technique, the Particle-i -Cell (PiC) code, and Multi-Charge-Cords 
(MCC) code. 

1. Computer Codes 
The Particle-in-Cell (PiC) code 111 and tw PC codes realised on IBM PC in Visual 

Basic common interface were used. The PC c des are destined for the simulation and 
optimisation of beam dynamics. They are based on the successive and consistent use of two 
methods: the momentum method of distribution functions 12

'
31 (RMS technique) and the 

method of Multi-Charge-Cords (MCC). The library allows to calculate the RMS parameters of 
electron and ion beams, passing through a set of uadrupoles, solenoids, bends, accelerating 
sections. It has a number of advantages: 

-the initial beam and beam-line parameters are interactive defined and redefined 
using a display visualisation; 

-the hard drive recording for the next simulations; 
- the usage of an experimental field of real elements of magnetic structure; 
- the calculation renewal at the beginning of a previous element after changing any 

element parameters while the simulation; 
-the evolution ofRMS beam dimensions (by using ofRMS technique) or particle 

trajectories (ifMCC) vs. distance is. reflected while simulations are performed; 
-four commonly used initial distributions (microcanonical, "water bag", parabolic and 

Gaussian) of particles 141 are available for the MCC imulation. 
The RMS code 151 is a fast code very suitable :tl r the first test, design and optimisation of 

the beam line parameters. The MCC code requires more time for execution but provides a 
high accuracy of simulation taking into account the pace charge effects, aberrations and beam 
losses. One of the main advantages of MCC code pr sented here is an ability to simulate a real 
multicomponent beam of different masses and charged states of ions from ion sources. 

2. Variants studied 
Three variants are studied (see Table 1 and Fig. 1): 

-present LEBT configuration 161
; 

- optimised LEBT; 
- ready-made SC solenoids. 

The LEBT tantalum ion beam parameters are in Table 2. 
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Table 1. The parameters of 3 LEBT lattice vanants. 
Drift 1 Solenoid 1 Drift 2 Solenoid 2 Drift 3 

Present LEBT L/R(cm) 17. I 5. 
(60 rnA) Bo(G) 
Optimised L/R(cm) 24. I 5. 
LEBT(60mA) Bo(G) 
Ready made L/R(cm) 24. I 7. 
SC coils Bo(G) 

*>The middle radius of solenoid. 

jGROUND 
ELECTRODE 

70mm , 

38. I 8.*> 93. I 5. 38. I 8.* 
6300. 8300. 
38. I 8.*> 86. I 5. 38. I 8.* 
8950. 10200. 
31. I 9.5*) 46. I 7. 31. I 9.5* 
12600. 13310. 

.,__ -LoRIFT 1 

I - . SOLENOI~ i DRIFT2 SOLENOID 2 

I 

: r 
INPUT 

' 
J 

Fig. 1. The sketch of LEBT 

Table 2. The ion beam parameters 

I-

15. I 5. 

15. I 5. 

18. I 7. 

DRIFT 3 

Beam Pipe 

OUTPUT i 

f:=4rms E(u) I a I ~ I ~ I RMS x I M I ~S 
cm·rad cm/rad em em rad x 

rad 
Input 0.025 0.0275 

Output 0.020 0.031 

3. Simulation of the experimental results 
The results of simulations by PiC code for the present LEBT configuration and Ta20

+ 

60 rnA 60 ke V are shown in Fig. 2. 
. . 

RMS method has shown that the beam line is not matched in the best way with the 
beam now. MCC simulation gives tht? same resu~ts. Less than 30% particles come through 
the LEBT. Figure 3 presents transverse phase space projections (a), trajectories and 
particle losses for each charge state (b) and the measured initial and calculated final charge 
distributions (c) simulated by MCC code for the charge-state mixed ion beam 1. 

1 It should be noted that the simulation was performed without taking into account the 6.5 mm 
input aperture of RFQ, therefore the final beam parameters can slightly differ from the values 
mentioned in Table 2. 
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Fig. 2. a) The axial magnetic field Bz, number of particles NINo and the normalised emittance 
vs. distance, b) the transverse phase space. projecti ns at Gaussian (above) and Vladimirsky­
Kapchinsky initial particle distributions. 
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Fig. 3a. The final transverse phase space projections of the left particles. 
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Fig. 3b. The trajectories (above) and particle losses for each charge state. 
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Fig. 3c. The initial (Z=17-23) and final (black) charge distributions. 

4. LEBT optimisation 
The optimisation is able to increase the efficiency of LEBT up to 90% for the only 

Ta20
+ charge state beam of 60 rnA and up to 70-75% for the total input current of 60 rnA beam 

of Ta14
+ - Ta23

+ charged states. The significant improvement by the magnetic field increasing 
and slight adjustment of the coil positions could be done. One can see that the value of beam 
current is very close to the space charge limit in thi "warm" variant of coils. 

Figure 4 shows particle losses for each charge state (a) and the initial (Ta17
+ ­

Ta23+) and final charge distributions (b) for the experimental charge states and VK particle 
distribution. 
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Fig. 4a. The particle losses for each charge state. 
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of mouse . 
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Fig. 4b. The initial (Z=17-23) and final (black) charge distributions. 

5. SC LEBT sample 
'fhe next step to improve the situation is to increase the LEBT aperture and magnetic 

field value. The third kind of simulations has been made for the ready made SC coils and has 
shown that they are easily able to transport up to I 00 rnA and higher total beam current. 

The ready made coils have 31 em length, 15.8 em inner tube diameter (without 
cryostat), 19 em mean diameter of the coil According to our estimations the maximum axis 
field is 3-4 T at the current of 60 A. 

The results of simulation at VK initial particle distribution are shown in Fig. 5: the ion 
trajectories (a), the particle losses (b) and the initial and final charge states (c). 
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Fig. Sa. The ion trajectories. 
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Fig. 5b. The particle losses at the 100 rnA tantalum ion beam transportation. 
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Fig. 5c. The initial (Z=l7-23) and final charge states. 
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6. Conclusion 
The simulation of the 60 rnA 60 ke V tantalum ion's transportation through the present 

LEBT configuration is in . good agreement with the experimental results. The numerical 
optimisation has shown that the efficiency of LEBT could be significantly improved (by 3 
times) by adjusting the coil positions and increasing the magnetic field. The higher current 
beam transportation requires to increase the LEBT aperture and the magnetic field level. A 
large inner solenoid diameter is also required to reduce spherical aberrations. 
The simulation for ready-made SC coils with a larger aperture and higher field level has 
shown the possibility to transport the 100 rnA (or more) total Ta 14

+- Ta 23+ beam current. 
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The practical sputtering of thin-film planar waveguide has shown the necessity of developing methods 

for the solution of certain problems, pertaining to shadowec ~puttering: 

A. Predicting the configuration of a layer obtained as a result of sputtering through the mask of a given 

shape (direct sputtering problem). 

B. Defining the shape of a shadowing mask used for the ;puttering of the layer of the given configuration 

(inversP sputtering problem). 

Obviously the configuration of a sputtered layer depen :is not only on the mask shape but. also on the 

entin· complex of physical characteristics of sputtering of w 1ich the main are: the total timtc of sputtering, 

the source prop<~rtics and operating conditions parameters. the properties of the physical medium (situated) 

between the source and the substrate, the laws of interacti01. of the sputtered particles with themselves and 

the medium particles as well as with the surfaces of the mask and the substrate. That's why the methods 

for solving the sputt.ermg problems and calculating the formulas depend on the physical characteristics of 

thP sputtering dPvJces and are usually developed for a parti< ular device. 

In view of the complexity of .the above physical phenorrena no comprehencible account and their theo­

retical description has been achieved. Theoretical predictic ns of the sputtering results are proposed in a 

series of papers [1.:!] and the mask shap<' necessary for thE sputtering of a layer of a given configuration 

(pariictdarl,y. of the waveguide Luneburg lens) and their th ~oretical calculations hav<:' been obtained [3,4]. 

However those results are valid only under conditions that can't be achieved so far in the existing sputtering 

devices [fdi]. 

Tills papn oti'crs it description of all possible physical c Iaracteristics of the sputtering device by using 

a single function of six idependent variables that can be tr·~ated as the distribution of particles flow over 

coordinates. velocities and t.ime and further termed an dfect1ve distribution. 

'L'h<" use of an effective distribution (concept) notion makes it possibiP to obtain a general formula and to 

dcY<'iop a unifor111 nwt.hod of calculating for sputtering procps i<~s with any sou reP and a mask of any arbitrary 

shape (t.imc-varif'd included). It appears besides that an effc~t.ive distribution or its integral characteristics 

may lw found for any concrete device by means of auxiliary >puttering experiments. 

1 l'nder support. of Russian Fou ndat.ion for Basic ResC'i rch (grant. N 94- (Jl ·0 1354a) 
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ln order to introduce the concept of an effe< tive distribution let us consider some mathematical cha-

racteristics of the sputtering process. Suppose that during the time of sputtering T, N sputtered particles 

passed through the inlet openings SH of the ma;k in the direction of the substrate. Each particle at the 

moment of passing through the plane of the mask inlet opening is characterized by : the time t E [0, T], the 

two-dimensional coordinate vector rH E SH and the three-dimensional velocity vector V. The distribution 

of all N particles that passed through SH over ~he coordinates, velocities and time may be given by the 

function p~1 (rH, V, t) so that 

T 

N = 1 dt fs { drH j dV p~(i;i1 . v, t). (1) 

The distribution p~ is determined by all tl.e device parameters (the properties of the source. of the 

medium, of the substrate: by the influence of th·~ mask, of the medium and of the substrate on the source 

etc.). On the other hand, p~ in combination with the device parameters (the medium propertied, the 

interaction laws, the mask form,etc.) determine .he sputtering result as a functional J: 

h = f[p~, M] (2) 

Here h = h(r) is the thickness of the sputt~red layer at the point r of the plane of the substrate, M 

is the mask shape. The concrete form of the fur ctional f is determined naturally by all the totality of the 

device characteristics. It must be noted that t h.e formula (2) cannot be used for calculating of concrete 

processes, because the complexity of the physiccl phenomena makes it impossible to predict both the form 

of the distribution p~1 and thf' form of the functional f Since only the configuration of the sputt<·n·d la\.<T 

h is measured expenmentally the two aboVP-m ~ntioned quantities cannot be restor('(i on the bas1s of t lw 

experimental results. Let us consider now the sinplified problem. Supposf' t h<-tt the di~t rihut Iun p~1 1s known 

and besides the reflecting capacities of the m<;sk and of th~ substrate are equal to zero. th<'r<' Is <-t vacuum 111 

the region L bdween the entrance of the mask and the substrate. the sputtered p<-trl 1cles in this r<~gion do 

not interact with each other. In this case it is p )Ssiblc to trace the straight paths of the uniform mm·enwnt 

of particles and to establish the linear functior al dependence [7 ,i:i] of thf' thickness of the sputt f'r<'d lay<·r 

h0 (ij (more precisely the number N°(r) of part ides arriving at the point r) over th<· distribution py1 and 

the mask form M: 

I II !()[ () '"] ! = PH· iVl ( :l) 
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It's obvious that the configuration h0 g1ven by the f•>rmula (3) may essentially differ from the real 

configuration h determined by the relation (2). The comJ:arison of formulas (2) and (3) clearly indicates 

that the calculation of all real influences of all the parame .ers of the device leading to the transformation 

from h0 to h consists in the substitution of the functional f 0 by the functional f. Thus the real physical 

processes may be regarded as a perturbation of the model (simplified) functional dependence f 0
. However 

it is possible to suppose that the transform from h0 to h m2y be realized by the corresponding perturbation 

of the distribution p~ (the transform from p~ to PH ) so t!tat the following relation would be valid 

(4) 

The auxiliary function PH determined by the. relations ( 2) ,_(3) and ( 4), if it exists, will be named further 

an effective distribution. It is evident that an effective dis .ribution exists if there is no interaction in the 

region L of the sputtering device. In this case f coincides with f 0 and consequently PH = p~. One may 

demonstrate that for a sputtering experiment with a conc1ete shadowing mask M there exists an infinite 

set {PH} 1 of effective distributions. It allows to suppose th;,t in the case of n experiments with near masks 

M1 , .. , Mn, in set {PH }I, ... , {PH }n the unique distribution OH for all those experiments may be found and 

to formulate the following assumption. For each fixed opera ;ing mode of the concrete sputtering device and 

for a finite number of shadowing masks with equal height H and similar forms M may be associated with a 

unique effective distribution of sputtered particles over cooJ dinates, velocities and time in the pla.ne of the 

mask entrance. It should be noted that the assumption for nulated above is valid in the case of sputtering 

devices with negligible interaction in the region L. Note as Nell that in contrast to the real distribution p~ 

the effective distribution PH makes it possible to calculate the result h of sputtering with the shadowing 

mask M. because the functional f 0 in the formula (3) is kno Nil. Due to this reason the effective distribution 

itself may be calculated by means of data hi of the series of experiments with the known mask Mi. For 

rnor<' accurat(' analysis of tlw influenc(' of the interaction on the evolution of sputterPd particles let us use 

the method, proposed in papers [9,10]. The particles movement in the process of sputtering has a stochastic 

character and so one may consider the process of sputteri 1g by the statistical mechanics methods. The 

sputtered particle considered as a Brownian particle satisfied the Langevin equation [10] 

(5) 

where m is a particle mass, i is its coordinate, f is the nomen tum of outside forces acting on a particle, 

(/5 is a derivative of the Wiener process which is characterize :I by the temperature (dispersion) B. The main 

task of the Brownian moVPment theory is evaluating of tht probability density of the system's transition 
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from the state with the fixed value of the coordinate x1 at the moment t 1 , to the state with the coordinate 

value x2 at the moment t 2 . Knowing the probal:ility density of the transition (the transition probability) 

W(i1 , t 1; i2, t2) one may calculate the probabilit) density W(i2, t2) of the given value x2 at the moment t 2 

if the probability density W(i 1 , t 1 ) of the initial "alue x 1 at the moment t1 is known. The above transition 

probability satisfies [10] the Einstein-Fokker-Plank equation 

aw a - aw - = ·-:;{JW + B-_}' at ,Jx ax (6) 

where W = W(i1 ,t 1 ;i,t). Thus the Brownian particle evolution is completely defined if the solution 

of equation (6) is known. To find the general form solution of equation (6), equation (5) is considered as the 

perturbation (not necessarily small) of the simp!( r Langevin equation 

mi+J~=~ 

to which corresponds the simplified Einstein Focker-Piank equation 

8Wo} 8Wo = ~~{f~Wo + () oi ' at ex 

(7) 

(8) 

which allow for simpler method of finding the: solution. In this case solution of equation (6) follows from .. 
rquation (8) solution with thP help of the functic nal chang<' of variahlcs witb tiw .Jan1biau 

1 t2 
J[{.fu] = exJ'{2 .ft, div(.{ -.l1)dt}. 

In order to use the above method in our specific problem let us denote by I: the surface constraining 

the particle movement: I: 1 is the entrance mask surface (secondary source of particles), 1:0 is the substrate 

surface, LM is a lateral surface. The Hamiltonian function of a given particle has the form 

-2 

II= L-+ u(L) + "-' uj(.r. rj)· 
2m L 

Here p is the particle momentum, u(I:) is the potential energy of the interaction of a particle with 

the boundary surface 1:, Uj(i, ij) is the potentid energy of the interaction of a given particle with another 

sputtered particle at point Xj. The action's function of a given particle has the form 

S(i1, t1; i2. t2) = (
2 

(pdtj) - H dt . 
.It 1 

And the relation [12] mi = p= 8S/8i is fulfilled. Thus the Langevin equation for a sputtered partie!<' 

may be written in the form 
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. as . 
mx- ax= ip, (9) 

where VJ is a three dimensional vector of non-correlated derivatives of the Wiener process with a tern-

perature B. To the Langevin equation (9) corresponds the Einstein-Fokker-Plank equation of a concrete 

form 

aw a as 
9
aw _ 

m7ft+ ax{W ax- ax} -O, ( 10) 

where W=W(x1,t1;x,t) S=S(x1,t1;x,t) 

Let us consider· a simplified problem for which the actior function So ( x1 , it; x, t) is chosen by the following 

specific mode. Let x 1 be a point on surface I; 1 , x- a point c n surface I;o, £( x 1, x) - a straight line connecting 

the points x1 and x. Let us assume So= (x1-l) 2 /4rrB(t 1 -f) for the case when £(x1,x) does not intersect 

the surface I;M and So = +oo for a contrary case. Then the transition probability which is the solution of 

the equation 

(11) 

is concentrated on trajectories non-intersecting I;M. T 1e particles movement along rectilinear trajecto-

nes Is uniform. Equation (9) considered as a perturbed eqt ation 

_ aso :.. 
mx- ax = 'P ( 12) 

with a rwrt.urbat.ion ~ = oS0 /ax- aS/ax leads to the functional change of variables with the Jacobian 

, 1jt . as aSo 
J[S,S0 ] = exp{~ 2 t, dzv( ax- ax )dt}, 

connecting the solution of the equation (10) with the solution of the equation (11). Thus 

i c , the resulting probability density W(x, t) is obtain ~d from the initial probability density W(x 1 , ti) 

with t.hf' aid of the transition probability W(x1 , t 1; x, t) as ·veil as from the initial probability density 

( 13) 

with the aid of the transition probability Wo(xl,tl;x,t). Consequently the passage from the system 

desniption by using equations (9),(10) to its description with the help of equations (13). (11) does not lead 
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toth.c information loss when instead of the real initial distribution W(i1 , t 1 ) one considers the distribution 

W1 (xi, tl) connected by one-to- one correspor dence (13) with the distribution W(i1 , t) and functionally 

depended on the total evolution of the particle in question. It is believed that the density of the particles 

distribution p(ii, t) over coordinates i 1 at the noment ti is proportional to the probability density. That is 

why the equations (6) ,(8) ,( 10) ,(11) remain valic in the case of the replacement of W(xi, t) by p( XI, t) and one 

may describe the process of sputtering with th~ help of the transition probability W0 which is the solution 

of equation ( 11) if instead of the real distributi )n p( XI, t 1 ) of sputtered particles over the coordinates of the 

entrance mask surface I:1 one uses the distribution 

pl[S, So](il, tl) = p(xi, t1)J[S, So]. (14) 

The distribution PI represented by the rei ttion {14) and functionally dependent on the total evolution 

of particles in the process of sputtering, may well be termed an effective distribution. The functiOn p1 

may be restored by the data of sput~ering ex )eriments because one knows an explicit expression for the 

transition probability Wo satisfying the equation ( 11). That is why for computational modeling of the 

sputtering process it's much more preferable to working with the effective distribution PI instead of the real 

distribution p that cannot be restored by the e (perimental results of sputtering . .. 
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E-mail: lsevastianov@mx.pfu.edu.ru 

K HHTerpaJibHO:Il: OIITHKe OTHOCJIT Hay'IHO-~'eXHH'IeCKOe HanpaBJieHHe, HMeromee ,JJ;eJIO C pacnpOCTpaHe­

HHeM CBeTa B TOHKHX CJIOJIX IIp03pa'IHbiX MaTepHaJIOB.XapaKTepHbiMH HHTerpaJibHO-OIITH'IeCKHMH ycTpO:Il:­

CTBaMH JIBJIJIIOTCJI TOHKOIIJieHO'IHbie JIHH3bl JIK He6epra - yqacTKH MHOrOCJIO:Il:Horo LJ:H9JieKTpH'IeCKOrO BOJI­

HOBO)(a C UHJIHHLJ:pH'IeCKH CHMMeTpH'IHbiM YTC JI111eHHeM BepxHero CJIOJI B Kpyre pa.LJ:Hyca Ro IIJIOCKOCTH 

BOJIHOBOLJ:a. 

)lml IIOJiy'IeHHJI rrpo<f>HJIJI HaiibiJieHHOrO CJIOJI, 6JIH3Koro K TeOpeTH'IeCKOMy1 B pa6oTaX [1-3] IIpe.LJ:JIO­

:lKeHa MaTeMaTH'IeCKaJI MOLJ:eJib 9KpaHHpyeMoro BaKyyMHOrO HaiibiJieHHJI. 

1. KaHOHHqecKoe ypaBHeHHe npou.ecc:a HanLrJieHH.H II.HJIHH)l.pHqecKH CHMMeTpHqHbiX nJie-

HOK 

I3 CJiy'lae UHJIHHLJ:pH'IeCKOll CHMMeTpHH yc1 aHOBKH HaiibiJieHHJI H 9KpaHHpyrometl MaCKH C OLJ:HHM BXOLJ:­

HbiM OTBepCUieM, T.e. B CJiyqae, KOr.LJ:a ycTaHOBKa H MaCKa IIepeXOLJ:JIT B ce6JI IIpH IIOBOpOTe Ha IIpOH3BOJib­

Hb!tl yroJI BOKpyr BepTHKaJibHO:Il: OCR CHMMeTpH H: ( TaKHe YCJIOBHJI BhiiiOJIHJIIOTCJI II pH HaiibiJieHHH y'laCTKOB 

TOHKO:Il: IIJieHKH C KpyroBO:Il: CHMMeTpHe:ll:, Haiip 1Mep, JIHH3 J1roHe6epra), OCHOBHa71 <f>opMyJia npouecca Ha­

IIbiJieHHJI Ha IIJIOCKYIO IIOLJ:JIO:lKKY HMeeT BHLJ: (<M. [3]) 

vT !Joo ~ Jc lit - iJ 2 ~ h(T)=-2 dr1 dupl(r1, u,u)u GM(rt.r), 
H -oo - lO H 

( 1) 

r.LJ:e 

H 

0M(rt,r) =ITt (R(z) 2 -lr+ ~(r1- TJI 2
). 

z=O 

(2) 

3LJ:eCb, KaK H B pa6oTe [3], V - 9JieMeHTapHbi:Il: Ot•beM, IIpHXOLJ:Rl11H:Il:CJI Ha OLJ:HY 'laCTH:llY HallbiJICHHOI'O Beme­

CTBa, T - BpeM71 HaiibiJieHHJI, H - BbiCOTa BXOLJ:a MaCKH M, eM - ¢YHKUH71 npo3pa•mocTH: :\1ilCKH: M' R( z) -

pa.LJ:HYC BXOLJ:HOro OTBepcTHJI MaCKH Ha Bb!COTe Z E [0, H] Ha.LJ: IIOLJ:JIO:lKKOil:, r1 = (xi, !/I)- KOOp.LJ:HIIaTbl TO'IKH 

IIJIOCKOCTH BXOLJ:a MaCKH, r = (X, y) - KOOp.LJ:HHa1 bl TO'IKH IIJIOCKOCTH llOJl,iiO:lKKH, a = Ia I - HOJlMa lWKTOpa a. 
iJ - ¢YHKUHR XeBHca:ll:LJ:a: 

iJ(a) = f 1, ecJIH a~ 0: 
l 0, ecJIH a < 0. 

Bbrpa:lKeHH71 ( 1)' (2) LJ:OIIYCKaiOT 3aMeHy nepyME HHbiX rl 1--;---t ij = ri - r. Ec.Jm nonoJIHHTCJibHO Y'leCTb, 'ITO 

pacnpe.LJ:eJieHHe 'laCTHU Ha BXOLJ:e MaCKH: OLJ:HOpO)JIO ITO KOOp.LJ:HHaTaM PI ( r1, V, U) = PI ( U, 1l), TO COOTHOIIIeHH71 

(1), (2) B HTOre IIpHo6peTyT BHLJ: 

T jj'oc ;·0 h(T)=~ di; dupi(~r/,u)u 2 GM(r,r/), 
H -= . -(").) 

(:l) 

I Pa6oTa BhiiiOJIHeHa np11 no.anep:lKKe P<I><IJI1 (rpaHT .:\1 94 01 Ol:~54a) 
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r.n:e 
H 

eM(i,ij) =II t9 (R(z) 2 - r
2

- :~ry) 2 - 2 ~(r,ifJ). (4) 
z=O 

<l>yHKUHH GM B BhlpruKeHHH (4) 3aBHCHT OT Tpex CKaJIHpHhX BeJIH'IHH: r, T], r.p =arccos(~,~) : 

a ypaBHeHHe (3) 3aiiHCh!BaeTCH B BH.IJ:e 

T 100 12" lo u h(r) = ~ drJ·TJ dr.p du1l(Hry,u)u 2 6M(r,ry,r.p). 
H 0 0 -oo 

(5) 

B ypaBHeHHYI (5) cPYHKUYIH eM 3aBYICYIT OT r.p , HO He 3aBJ!CYIT OT u, a cPYHKUYIH Pl, HarrpoTYIB, 3aBY!CYIT 

OT U, HO He 3aBYICYIT OT r.p. 9TO II03BOJIHeT rrepef.I:TY! K Oll.ll CaHY!IO 9cPcPeKTOB 9KpaHY!pOBaHYIH B rrpouecce 

HallhiJieHYIH C IIOMOIIIhiO YIHTerpaJihHhiX xapaKTepMCTYIK ycTaHOBKYI HaiihiJieHY!H . . 

(6) 

Yl MaCK¥! 
{271" 

A(r, TJ) = lo eM(r, ?, r.p)dr.p. (7) 

YpaBHeHMe (5) rrpM 9TOM 3aiiYIIlleTCH B BM.IJ:e O.IJ:HOMepHoro YIHTerpaJihHoro ypaBHeHYIH 

h(r) = 100 

A(r, ry)X(ry)dry. (8) 

0TMeTYIM BHaqaJie TOT ¢aKT, 'ITO cPYHKUYIH A(r, ry) o6Jia.n:aeT KoMrraKTHhiM HOCY!TeJieM. ,Uei-l:cTBM;eJihHo, 

TO A ( r, 1)) =: 0, eCJIYI XOTH 6hi JI.JIH HeKoToporo z E [0, H] Bhlll ::>JIHHeTca HepaBeHCTBo 

rrp11 .JII06oM yrJie r.p E [0, 2rr]. 
06o3Ha'IYIM qepe3 

(9) 

floJJ.hlHTerpaJihHoe BhlpruKeHYie B (7) He .n:aeT BKJia,n:a B A(r, 1)), ecJIY! xoTH 6hi rrpM o,n:HoM z E [0, H] BhmoJI­

HHeTni HepaBeHCTBO 

cos r.p > b ( z; r, 1)) - . 
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J1Hb!MYI CJIOBaM¥1, BKJial( B YIHTerpaJI (9) OTJI¥1-IeH OT HYJI~ l(JI~ TeX '{) 1 Tip¥! KOTOpb!X 

cos 'P < min b(z; r, ry) ::::: b(r, ry). 
z 

Ilp¥1 7TOM 

A ( r, 1J) = 2 { 1r - arccos b ( r, 1J)} . 

HocY!TeJib cpyHKI.I,¥1¥1 A( r, 17) Jie)KYIT B o6JiacTYI Q C R 2
, 3al(aHHoit HepaBeHcTBaM¥1 

0 :S r :S R( 0), 0 :S 17 ; 

H
r- R(z) _,. Hr + R(z) 
---'--'- ' 1J < , z - - z 

z # 0. ( 10) 

OrpaHWieH¥1~ (10) MO)KHO nepenY!caTb B BY!l(e 

r-R1z) 17 . R(z)+r 
sup---<-< mf --
z;to Z - H - z;tO z 

¥1 BBCCT¥1 KaHOHY!qeCKYIC nepeMeHHble, KOTOpJ.Ie TI03BOJI~IOT nepei!YICaTb ypaBHCHYIC (8) B KaHOHYI'IeCKOM 

BY!l(C. IlOJIO)KYIM 

f.1. = inf R(O) + R(z) 
z;tO Z -, 

Torl(a KaHOHY!qecKY!e rrepeMeHHbie 

R(z) 
1r(z) = R(O)' 

f.i.Z 

v(z) = R(O). 

O"=r/R(O). p=ry/pH, 

~BJI~!Olll,YieC~ 6e3pa3MepHb!MYI ¥1 rrpeBpalll,aiOlll, 1e HepaBCHCTBa (1 0) B HepaBeHCTBa Bl1,'la 

0::SO":S1; O::Sp; 
0"-7r(z) . CT+rr(z) 

n tax ( ) :S p :S mm ( ::S 1 
z v z z v z) 

TaKHM o6pa3oM, B KaHOHY!qecKHX nepeMeHHbiX HOCI1TeJib ~l(pa 11HTerpa.71bHoro ypaBHeHHl-1 (8) .:JC)KI1T ne.'IH­

KOM B KBal(paTe [0. 1] X [0. 1], a CaMO ypaBHem e "3aHY!CbiBaCTCl-l B Bl1l(e 

11 

A(,r,p)X(p)dp == Y(CT). ( ll) 

3necb 

Y ( O") == h ( O" R ( 0)), X ( p) == X ( p · p · H), A ( CT, p) == '2 { rr - arccos h (CT. p)} : 

rne 

b( ) 
- 7r(z)2- CT2- (v(z)p)2 

CT,(J-Illlll , () . 
z '2CTV Z p 

5I.:lPo A ( CT, p) 1111Terpa"1bHoro ypaBHCHHl-1 ( ll) "3i BI1CYIT lie OT ca:vrott reoMeTp11'H'CKot1: cj)opMhi "-7Kpa!!I1Jl!"fO!Il.el1 

MaCK H. a OT K.claCca 3KBI1Ba.JieHTHOCTI1 MiiCOK, ": anaHHOI'O ua6opOM HapaMeTpOB: 

v(z , rr(z), z E [0, H]. 
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HoCHTeJHI: <i>YHKU:HH Y ( O"), 3a)l.aiOmeit KOH<i>HrypaU:HIO Haiihl JieHHoro CJIOH, H IIO,IIbiHTerpaJibHOit <I>YHKU:HH 

X (p), HBJIHIOIUeitCH HHTerpaJibHOit ITO OTHOIIIeHHIO K a<P<P( KTHBHOMY pacrrpe)l.eJieHHIO XapaKTepHCTHKOit 

ycTaHOBKH HaiihiJieHHH, Jie)f(aT B e)l.HHH'IHOM 0Tpe3Ke [0, 1]. B HTOre OCHOBHOe ypaBHeHHe IIpou;ecca Ha­

IIbiJieHHH B KaHOHH'IeCKHX rrepeMeHHhiX 3aiiHChiBaeTCH CJie,LQ IOIUHM o6pa30M: 

11 7r(z)2 _ 72 _ (v(z)p)2 
Y(u) = 2 {7r- arccos [min 

2 
( ) ]}X(p) dp. 

0 z Til Z p 

2. AJirOpHTM BOCCT8HOBJieHH11 <}>yHKII,HH HCTO'IHHK8 pa3HOCTHbiM MeTO~OM 

J1oJiy'IeHHOe B IIpe)l.hl)l.yiUeM IIYHKTe KaHOHH'IeCKOe ypaB ieHHe ( 11) HBJIHeTCH O)l.HOMepHbiM HHTerpaJib­

HbiM ypaBHeHHeM <l>pe.n.roJibMa rrepooro po.n.a 

AX=Y 

c KBa.n.paTH'IHO-HHTerpnpyeMbiM H.D.POM A(u, p) 

TaK 'ITO A - BIIOJIHe HerrpepbiBHhiit orrepaTop. 

PeiiieHHe 3a)l.a'IH ( 11) c rrpn6JIH)f(eHHO 3a)l.aHHhiMH Aa, Y..., HaXO)l.HM MHHHMH3au;nett THXOHOBCKoro <I>YHK­

U:HOHaJia (4] 

11 11 [1 dX Mu[x] = { A(u,p)X(p)dp- Y(u)} 2 du + 0' {q(p)X 2 (p) + p(p)(-(p))2}dp. 
0 0 • 0 dp 

( 12) 

YpaBHeHHeM 3itJiepa .D.JIH 3a.n.a'IH (12) HBJIHeTcH HHTerpJ.n.n¢¢epeHu;HaJibHoe ypaBHeHHe 

1
1 1' d dX A(u, p){ A(u, r)X(r)dr- Y(u)}d(u) + O'{q(p)X(p)- -[p(p)-(p)]} = 0. 

0 0 dp dp (13) 

C rpaHH'lHb!Mii YCJIOBHHMH 

X(O) = 0, X(1) == 0. (14) 

3a)la'ly ( 12) peiiiaeM C aBTOMaTii'lCCKHM Bbi6opoM napaMeTpa peryJIHpH3aU:Hii MeTO)l.OM, H3JIO)f(eHHhlM B [5], 
T.e. OThiCKiiBaeM TO'IKY paBHOBeCHH no Haiiiy napbi <I>YHKU:Hc HaJioB: 

(15) 

(16) 

O.n.HMM 11:::1 Han6oJiee a¢¢eKTHBHhiX MeTo.n.oo peiiieHHH ~a.n.a'IH (15), (16) HBJIHeTcH [6] HTepaTHBHhlit 

IIOiiCK IIOCJie)l.OBaTeJibHOCTH (Xk, O'k), CXO.D.Hmet:tcH Knape (X', 0'*), rrepBaH KOMIIOHeHTa KOTOpOit X* HBJIH­

eTCH peiiieHiieM 3a)l.a'IH ( 12), T.e. HCKOMOft <I>YHKU:Iietl liCTO'lHHKa. 3TOT IIOHCK ocymeCTBJIHeTCH IIOIIIarOBOti 
MHHiiMii3al{ME~tl <I>YHKU:HOHaJIOB: 
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;;r 

rkN[Xk+ 1
, a]+ 11 

{a(p)- ak(p)} 2dp 

c rrapaMeTpaMn: Tk, Bbi6paHHbiMYI n:3 yc.JloBn:l1 :xonn:MocTn: n:TepaTYIBHoro rron:cKa. TaKn:M o6pa3oM, Ha 

Ka:iK!J.OM ware c HOMepoM k rron:cKa peweHn:R (X', a*) pewaeTcR napa ypaBHeHn:l1 3l1.nepa: 

11 j·1 1 d d 
A( O", p){ A(O", r)X ( r)dr- Y ( O")}dO"+(ak (p: +-){ q(p)[X (p)- Xk (p)]- d[p(p) d (X (p)- Xk (p))]} = 0, 

0 0 Tk p p 
( 17) 

dxk+ 1 1 
a(p){q(p)[Xk+l (p)f + p(p) -d -(p)f} + [a(p)- ak(p)]- = 0. (18) 

p ~ 

Cxo)J.11MOCTb a.Jlropn:TMa 11 rrpn:Ha)J.Jle)!(HOCTb peweH11R x· rrpocTpaHCTBY HerrpepbiBHbiX cPYHKli.Yii1 c KBa­

npaTWIH0-11HTerp11pyeMb!M11 I1p0113BO,UHb!M11 o6e:rre'-!11BaeTCR, B '-!aCTHOCTYI, 11 I1p11 Tk = 1, q(p) = 1, p(p) = 
canst. TaKn:e rrapaMeTpbl 6biJlYI Bbi6paHbl ,UJlR '-1 11CJieHHOJ1 pea.JlYI3ali.YIYI ITOYICKa cPYHKli.YIYI YICTO'iH11Ka. 

IlepeXO)l K )J.YICKpeTHOJ1 MO)J.e.JlYI ocymecTB.Il ReTCH KOt!e'!HO-pa3HOCTHbiM MeTO)J.OM. 06.naCTb YIWrerpn:­

poBaliYIR rro nepeMeHHbiM p, r pa36n:Ba.Jlacb Ha N 1 yqacTKOB paBHol1 )J.JlYIHbi C.p = C.r = I /N1 , o6.nacTb 

YIHTerpn:poBaHn:R rro O" pa36n:Ba.Jlacb Ha N2 = N1 --2 yqacTKOB paBHol1 )J.JlHHbi C.O" = l/N2. l1HTerpa.Jlbi 3aMe­

HRJlYICb YIHTerpa.JlbHbiMYI CYMMaMYI ITO cPOpMy.Jle '"parreun:J1, a BTOpb!e I1p0113BO,UHb!e- KOHe'1HO-pa3HOCTHb!M11 

Bblpa)!(eHYIRMYI: 

[X(pJ+I)- 2J'(pj) + X(PJ-d]/(C.p) 2
. 

fpaHW!Hble YCJlOBHR ( 14) I103BOJ1RIOT pa3peiiii1T , )J.Ba KpaJ1HHX ypaBHeHl.f}l ll03f!YIKa!OIUei:i II pH ,LI.I1CKfWTH:3a­

li.YIYI ypaBHeHYIR ( 17) CHCTeMbl JIHHeJ1Hb!X a.Jlre6J= an:'-!eCKHX ypaBHeHHJ1 J.1 IlpHBeCTH CHCTeMy K 1311i.lY 

N2 
1 

_L)A;j + (aJ + Tk )B;j )Xj = U;, i = l, .. , I\'"2. 
.1=1 

(19) 

"3nec~>X1 =X(pj). j= 1, ..... "12 ; 

1 .'V2-1 l 
C1 = U(p;) = C.0"{

2
A(0"1,p;)Y(O"J) t L A(O"j,p;)Y(O"j) + 2A(O".v,.p,)Y(O"y

2
)}: 

)=2 

l .'V2-i 1 
A;j = C.0"{2A(0"1,p;)A(0"1,Pj) + L A(O"k,pi)A(O"k,Pj) + 2A(O"N2,p,)A(O"j\",.f!,)}: 

k=~ 

Bh=q+p;(C.p) 2
, j=l ..... N 2 : 

B1,j+1 = -p/(C.p) 2
, j=I, ... ,N!-1: Bj-1,j = -p/(C.p) 2

, j = '2 . .... X2. 

IlpH ;J:HCKpeTH3ali.HJ.1 ypaBHeHHl'l ( 18) liO.iiY'IaeTCT CHCTeMa .ilHIIcli.l!biX a.nre6paH'-!CCKHX ypa!lliCIIHH. KOTOpali 

c Y'IeTOM rpaHH'-!HbiX yc1oBn:l1 ( 14) npHBO.UHTCli K BH;ly 

. !l' - (lk 
n (Xk+') _ r/n (xk+I _ 2 x_-k+I + xk+l) I(C.p)1 + 1 .7 = 0 .7 J J J + I .7 .7 - 1 I Tk . ('20) 

PacYeThi npoBO;J:H.ili1Ch c noMOIIlbiO naKeTa II:)orpaMM, pea:anyKnuero yK<nal!tthiH a.·Iropwr:\1 ua cjJOp­

Tpane. Ilpe;wapHTeolhl!aR o6pa60TKa "3KC!ICp11M ~I!Ta.iJbHbiX :latiiibiX OCYIIWCTB.!Ili.ilaCb :VH'TOJlO:VI CII."IaH!I-
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arrrrpoKcwMauww c rroMOll(hiO cooTBeTCTByromero KOMIJJieKca rrporpaMM. Bee rrapaMeTphi rk 6biJIH Bb16paHhi 

TO.lK)leCTBeHHO paBHwJi.m 1, rrapaMeTp q 6wJI Bhi6paH paBHhiJ\: 1. IIapaMeTp p w Hal.faJihHoe rrpw6Jiw.lKeHwe no 
rrapaMeTpa peryJIHpH3auww aapbwpoBaJIHCh rrpw rrpoae.ueHHl cepww qwcJieHHhiX aKcrrepwMeHTOB. B pe3yJih­

TaTe 6hiJIH Ha~.ueHhi .uorrycTHMhie o6JiacTw aw6opa p w no. IIpw JII06hiX p w no H3 o6JiacTw .uorrycTHMhiX 

3Ha'IeHH~ peiUeHHe 3a,lla'IH (11), (12) (.UHCKpeTHhl~ aHaJIOJ" cpyHKl(HM MCTO'IHMKa) IJOJiyqaJIOCb 3a 'IMCJIO 

maroa, MeHhrn"ee .uecHTM. 

3. AJiropHTM OThicKaHH.H <l>opMbi 3KpaHHpyrolll,eii MaCKH 

Mbi 6y.II:eM pernaTh 3a.II:aqy B KJiacce N-cerMeHTHhiX HacoK c oTBepcTMeM, o6pa3oBaHHhiM Ha6opoM 

corrp}l.lKeHHhiX KOHM'IeCKHX rroaepxHocTe~ c pa.II:MycaMM Rk j 1a BhiCOTax Zk. 
3aMe'IaHHe 1. B pa6oTe [1] rroKa3aHo, 'ITO TaKaH aKp<.HMpyromaH MacKa c KYCO'IHO-JlHHe~HO~ cpyHK­

u:we~ R(z) rrpw n --+ oo rrpw6JIH.lKaeT aKpaHMpyromyro MacKy c rrpoM3BOJibHO~ HerrpepbiBHO~ cpyHKU:Me~ 
R( z), z E [0, H], w MO.lKeT cJiy.lKMTh xoporne~ MO.LJ:eJibiO rrpoM 3BOJihHo~ U:MJIMH.LI:M'IecKH CHMMeTpM'IHO~ aKpa­

HMpyrome~ MaCKH C O)lHMM OTBepCTMeM. 

3aMe'IaHHe 2: Kyco'IHO-JIHHe~HaH HerrpepbiBHaH BI:IIJYKJiaR B cTopoHy ocw Oz cpyHKU:MH R(z) : 
R(zk) = Rk 3a.II:aeT Ty .lKe cpyHKU:HIO MaCKH A[R(z)](u,p) 1 TY .lKe rrpaayro l.faCTh Y[R(z)](u), 'ITO w JII0-

6aH ue BhiiJyKJiaH B cTopoHy Oz cpyHKU:HH R'(z): R'(zk) = Rk, T.e. M A[R'(z)](u,p) := A[R(z)](u,p) = 

A[Rk, Zk](u, p) M Y[R' (z)](u) := Y[R(z)](u) = Y[R'k, zk](u), 
A HMeHHo:cpyHKU:HR MaCKM 

A[Rk, zk](u, p) = 2{ 1r- arcco1 bN(u, p)}, r.II:e 

1!"2- u2- (vkp)2 
b N ( u, p) = mi!!_ -"'----'---~ 

kEI,N 2uvkp 

(21) 

(22) 

BwrneorrwcaHHaH N- cerMeHTHaH MacK a c rrapaMeTpaM w { Rk, Zk}, k = 1, ... , N ( TaK .lKe, KaK M N-
JIHCTOBaR MacK a c TeMw .lKe napaMeTpaMw) orrwchmaeTCH 2N -MepHhiM BeKTopoM w = (z1 , ... , ZN; R 1, ... , RN). 
CooTHorneHwe (22) conoCTaBJIHeT JII06oMy 2N-MepHoMy BeKropy w HeKoTopyro ¢YHKU:HIO Y[w](u) .. EcJIM 

H = ZN 2: ZN -I 2: ... 2: ZJ 2: 0, cpyHKU:MH R( z) : R( Z! ) = Rk - Kyco'IHO-JIMHe~HaH rroJIO.lKMTeJibHO 

orrpe;~eJieHHa71 cpyHKU:H71 Ha [0, H], TO w E R2N orrwcbiBaeT aKpaHwpyiOIUyiOMacKy, a Y[w](u) oiiMChiBaeT 

cpyHKUMIO CJI071, HaiihiJleHHoro 'Iepe3 aTy MacKy B Kpyre pa.myca R 0 . 06o3Ha'IMM 'Iepe3 Dn 3aMKHyToe 
HO,llMHO)K{'CTIJO B R2N 

DN={w={Rk,zk}: ZN2:ZN-12:··· 2:z1=0; Rj2:0,j=1, .. ,N} 

· Orrpe.LJ:e.JTwM paccTO}IHHe p(Y, Y[w]) Me.lK.LJ:Y Y(u) w Y[w](u) B MeTpMKe £ 2 [0, 1]: 

(23) 

Ha3oBeM 6N = infwEDN p(Y[w], Y) MaKCMMaJibHO .LJ:OCTM.lKMM)~ TO'IHOCTbiO rrpw6JIM.lKeHM71 cpynKuw~ cJioH, 

IIOJIY'IeHHbiX c noMOIIIbiO N-cerMeHTHbiX MacoK. 5IcHo, 'ITO 61 > 62 > ... > 6N > ... > O.Ha3oBeM 6 = 

limN -HXJ 6.1\' npe.LJ:e./TbHO )lOCTM.lKMMO~ TO'IHOCTbiO. 3a)lal.fa COC10MT~ TOM~ 'IT06-;,I rrpw6JlH3H-;b B MeTpMKe (23) 

3a,lla11HYIO cpyHKU:MIO CJ1071 Y ( 0'") C HeKOTOpo~ arrpwopHO 3a)laH IQJ;I TO'IHOCTbiO 6 ( TaKa71 3a)la'!a MMeeT CMbiCJI 

IIpM cl > 6o ) HpM .II:OflOJIHMTeJibHblX (TeXHOJIOrM'IeCKMX) orp tHM'IeHM71X Ha CMHTe3MpyeMb!MIIpOcpMJlb W = 

{ Rk, Zk}. K TaKMM orpaHM'IeHM71M oTHOCHTCR w MMHMMaJibHOC' 'b 'I MeJia cerMeHTOB N. HaJIM'IMe MMHMMaJibHO 

ocymecTBMMolt TOJill(MHbi KOHM'IecKoro cerMeHTa zo: Zj 2: Zj-l + z0 , j = 1, ... , N. K HMM MO.lKHO OTHeCTM 

MMHMMaJlbHOCTb TOJlll(MHbl MaCKM, a 3Ha'IMT1 MHHMMaJibHOCTJ, CYMMbl I:f==l zJ ; a TaK.lKe MMHMMaJlbHOCTb 
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.,..-

........___ 

OTBepCTIUI MaCKH, T.e. MHHHMaJibHOCTb 

z1 2: Zj-1 + zo, j = l, .. , N} 3aMKHyToe 

cPYHKUHOHaJia 

cyMMbl L::f= 1 R]. EcJIH o6o3Ha<JHTb <Jepe3 D'fv = { w E DN : 
TIO,Il.MH ::l:lKeCTBO lJ N C R 2N, TO 3a,Ua<Ja COCTOI1T B MI1HI1MI13aU1111 

N 

F"'[w] = p2 (Y [w], Y) +a l)R~ + zn (24) 
k=1 

Ha MHO:lKeCTBe D'fv np11 ycJIOBHffX 

p(Y[w], Y = 8, N = min k 
k=1,2, .. 

(25) 

;~11CKpeTHb!tl: aHaJIOf cpyHKU110HaJia (24) il(•JIY<JaeTCff 3aMeHOtl: 11HTerpaJia (23) 11HTerpaJibHOfi CYMMOfi 

no cpopMyJie Tpaneu11tt 

l L-1 

F~[Rk, zk] = 6a-{ 
2

[Y(ul)- Y(•rl; Rk, zkW + L[Y(uj)- Y(uj; Rk, zk)] 2+ 
j=2 

n-1 
1 ]2 ~ 2 2 +2[Y(uL)- Y(uj; Rk, zk) } +a L.)Rk + zk), 

k=1 

(26) 

rne 
L-l 

6u=li(L-l), 8p=li(L+l), Y(u;Rk,zk)={LA(u,pi;Rk,zk)X(p7 )[).p. 
]=2 

IlocJienoBaTeJibHO yBeJII1'!11BaR '!11c.no N c·~rMeHTOB MaCKI1, Haxo.U11M TaKoe :V*. np11 KOTopoM ,"lOCTI1-

raeTcff 3a,UaHHaff TO'IHOCTb 8. Hoc .Tie <Jero cPY CJ.KU110HaJI Ff ( 11') :vli11!11MWW!pyeTOI Ha D:<;. c I!apal\WTpoM 

ex, Bb!6paHHbiM 113 ycJIOBI151 (25). CooTBCTCTBYDIU11ti MI1HI1MI1311PYIOIUI1II BCKTop w~, cyiuecTByeT, T.K. D'fv.-
3aMKHY1lOC orpaHI1'ICHHOe TIO,Il.MHO:lKCCTBO KOHe'l HOl\ICIIOI'O npocrpaHCTRa. 

MI1HI1MI13aU11IO cpyHKU110HaJia (26) npoBon <~M MeTO.UOM . ..-w¢opM11pyeMoro :-.mororpaHHI1Ka [7] c ,wno.n­
HI1TC."IbHbiM npoeKT11poBaHI1CM Ha o6J"IaCTb D'fv )lonycTI1MbiX 3Ha<JeBI1i-l napa~lf'TOB fh, ;:;k. IlpoeKT11poBaHI1e 

OCYIUCCTBv"IffeTCR MCTOnoM ne¢opM11pyeMOfO MH< )J'OrpaiiHI1Ka 11 C.JiyYaH!!blM CflOC060M [8], COOTBf'TCTB~'lOULHC 
CIIOC06b! 113Bf'CT!!bl non Ha3Ba!!I151MH: MCTO).l CKCJib3}!1UCI'O ).lOllYCKa 11 Mf'TOJl DOKCa. J'aC'H'Tbl ll[lOllO)tH.;li1Cb 

o60I1MI1 Mf'TO).la!\111 B KJiacce TpexcerMeHT!!biX :\1 LCOK. 
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CALCULATION OF THE SP-94 MAGNET FIELD 
FOR EXCHARM 5~ETUP *) 

E.P. Zhidkov, S.V. Andreev, E.E. Perepelkin, R.V. Polyakova, T.V. Shavrina, 
I.P. Yudin 

Joint Institute for Nuclear Research, 141980 Dubna, Moscow region, Russia 
E-mail: mag@,;v.jinr.ru 

A distribution of the spectrometric SP-94 magmt field of the EXCHARM setup (Protvino, 
Russia) [1] has bee~ investigated in order to study decay processes for charm and strange quarks. 

A detailed field map has been calculated. The prohlem of obtaining a homogeneous field in a 
possibly large volume has been studied. An optimal co 1figuration for adheared ferromagnet bars, 
which solve the present problem, has been founa. 

1. Introduction 

IHEP (Protvino, Russia) plans ahead the ne'v project of the EXCHARM II experiment 
with two spectrometric SP-40A [2] and SP-94 magnets (~.ee fig. I). 

CIT-94 

• 

Fig.l. Layout of the EXCHARM II spectrometer. 

At the present moment on the EXCHARM setup the SP-9<~ magnet is not connected and is located in 

position 1. The proposal exists to connect this magnet an:i to transfer it on position 2, as shown on 
fig.l . The reason is in the possibility of the registration c f the larger number of multiparticle states 
consisting of complete tracks and half-tracks. 

The aim of our paper is studying the field distribution of the spectrometric 
SP-94 magnet of the EXCHARM setup for an investiga:ion of the hadroproduction and decay of 
charm and strange particles. 

A detailed map of the field has been calculated. received by computative means. The problem 
of obtaining a homogeneous field in a maximally wide region is studied. The optimal configuration 
for adheared ferromagnet bars, which solve the present prc·blem, has been found. 

*) Work supported by the Russian Foundation for Basic Research (grants no.95-0l-00737a and no.95-0l­
O l467a ) and supported in part by the Federal Centre "Integration" (project no.K0085) 
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2. Analysis of the numerical calculations 

The numerical modelling of the SP-94 nagnetic system of the EX CHARM setup was carried 
out by means of the CPMMS-v.l.l program complex [3]. As a component, an accumulation of the 
·data base of the investigated configurations oJ · magnetic systems for the further graphic research of 
the obtained numerical result, is part of the program complex, which makes easier and faster the 
process of _selection of the magnetic system configuration for its technical realization. 

The calculation of the SP-94 magnet field in the 2-dimensional system of coordinates was 
performed in this paper with the help of the program POISCR [ 4], being a part of the CPMMS-v .1.1 
codes. 

The task was also solved by the method of vector potential by applying the method of 
boundary integral equations (the new origina VP2DBIE code). At a computer realization there was 
used the multigrid algorithm of calculations 011 the sequence of grids with 40x60, 80xl20, 160x240, 
320x480, 640x960 nodes. 

The configuration ofthe 1/4 part oftte SP-94 magnet is presented on fig.2 with accounting 
the dipole symmetry. The area ofthe pole offle SP-94 magnet with the adheared ferromagnetic bars 
is shown in fig. 3. 

y, M 

1 . 061-------------------... 

0.49 
0.46 

0.302 

0.144 
0.114 

0.0645 1 I 
X, M 

0.15 0.3 Q.36 0.4f} 0.605 1.175 

Fig.2.View of the 1/4 part of the SP-94 magnet. 

The calculations ofthe magnet field fi>r two configurations (with the adheared ferromagnetic 
bars and without it , see fig.2) were carried )Ut. The graph of the magnetic field distribution for 
y = 0, BY ( x) for the first configuration ( without the adheared ferromagnetic bars ) is given in fig. 3. 

The sharp reduction of the BY ( x) field is observed after x = 1 Ocm on the x -interval 

( x = 1 Ocm, x = 1 Scm) 

For formation of the good homog( neous field, the ferromagnetic bars were added to the 
pole of the ferromagnetic yoke. The graph of dependence of B, (x) for the different y-values are 

given in fig.4 after this addition. 

42 



Y,m 

0.2 

0.144 

0.114 

0.1 

0.0645 

'0.06162 
0.05587 
0.053 

0.108 0.1235 1).1345 0.15 

Fig.3. The area of the pole with the adheared ferromagnetic bars. 

0.2 X,m 

In particular, it is clear from the B)x) graph for the 1-st (without the adheared ferromagnetic 

bars on the magnet pole, see fig.4) and 2-nd (with the adheared ferromagnetic bars on the-magnet 
pole, see fig.5) configurations that the sharp reduction of the magnetic field begins with x = 13 em 
in the second case. The bars added produce more homo!:eneous magnetic field in the magnet center. 
It is clear from comparison of the By (x) graphs for the first and second configurations of the pole. 

1. 

1. 

1 . 

By, Tn 
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,, 
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' ' ' 
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Fig.4. 
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3. Conclusions 

1. Using CPM:MS - v 1.1 code (the Compl1 ~x of Program for Modelling of Magnetic Systems), the 
field distribution is investigated for the SP -94 magnet of the EX CHARM spectrometer of charme 
and strange particles. 
The task was also solved by the method of vector potential by applying the method of 
boundary integral equations (the new original VP2DBIE code). At a computer realization it was 
used the multigrid algorithm of calculations on the sequence of grids with 40x60, 80x120, 
160x240, 320x480, 640x960 nodes. 

2. The configuration of the magnet is selected by means of numerical experiments. This magnetic 
field is homogeneous in the large half of the working area of the aperture. 

3. The computer model of the SP-94 ma5net is obtained and the map of the magnetic field 
for experimental physical data processing fo · the EX CHARM. II spectrometer is suggested. 
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THIRD ORDER BEAM OPTICS 

BY THE GREEN'S FUN<:TION METHOD 

V.V. Andreev, I. F. Yudin 

Joint Institute for Nuclear Research, Dubna 141980, Russia 
E-mail: MAG @ LCT A50. JINR. DUBNA. SU 

Specification of the charged particles bearo. behaviour in optical magnetic and 
electrostatic systems of accelerators in terms of the transfer matrix is developed 
completely for the linear paraxial approach used not only linear motion equations, but 
«rectangular» or «integral» field models of elemen :sin the beam transport channels. 

But in practice it is necessary to take into account nonlinear aberration members of 
the motion equation because of the smooth field decreasing within fringe regions of the 
optical elements, as well as nonlinearity in the con:;ervation laws being applied. 

Often such a type of computation is producfd by numerical methods (for example, 
by the Runge-Kutta method), or the motion eqm.tions are solved in integrals, that also 
requires significant timing and hardware re:;ources, especially in multi-particle 
applications. 

At present theoretical research and applicat le charged beam dynamics simulation 
in the real optical magnetic and electrostatic elements within the analytical solution 
approach of the second order nonlinear differential equations and the transfer matrix 
evaluation of elements are carried out at the Laboratory of Particle Physics, JINR. 

One of the solution techniques is the Green function method. The usage of this 
method is justified by the type of the obtained ;olutions and that is why it is ·quite 
reasonable. 

We shall search for the solution of the plane 1rajectory equation defined by Lorentz 
force, operating on particle q in the external electrostatic E or magnetic B fields 

i = q( i + [v x B ]) , 
(I) 

in terms of the so-called relative trajectory because the time dependence is often beyond 
the scope of interests in these problems. 

In some curvilinear coordinate system XYS we- shall determine the following 
variables x, x', y andy' as phase-space coordinaks defined from some selected relative 
trajectory, I - the path length difference bet\\ een the relative trajectory and the 
considered one. The deviation from relative momentum po is assumed as 5. 

So, the solution to be found in this problem is 6-vector X= (x, x', y, y', I, 5) with 
corresponding initial conditions. The main asstmptions which are the base of the 
solution method, are as follows: 

I. There is some scalar potential symmetry. 
2. There is a relative trajectory (i.e. it may be ,1/ways selected). 

Here several optical magnetic and electrostatic sy;tems are described: a dipole magnet, 
multi-pole lenses (up to the octupole), a solenoid, he axis-symmetrical electrostatic field 
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(for example, duoplasmotron), the toroidal focusing lens problem will be also touched 
upon. 

Note, that only the dipole magnet obtains a relative trajectory specified as an arc 
with the definite curvature, as for all the listed elements, the relative trajectory is 
accepted as the central particle trajectnry, that is easy to define equalising the initial 
conditions to zero with the known mom~ntum. 

Further assumption consists of n ~gligible parameter deviations from the relative 
trajectory. Then the decomposition on the initial parameters accepts the following, so 
called TRANSPORT type (according to the name of a well-known program) [IJ: 

6 6 6 6 6 6 

XJz) = IRu(z)XJ +I IT,k(z)XJX~ +I I IVuk1(z)XJX~X1°, 
J~l )~I k~J )~I k~J t~k (2) 

This expression determines the transfet map from the initial vector XO to the solution 
vector X and is fundamental for the matrix formalism evaluation. We shall define matrix 
R as the first order transfer matrix, anc matrices T and U - as the second and the third 
orders, respectively. 

Further we shall carry out the following: 

l. Decomposition of the field nem the relative trajectory using Maxwell equations 
and scalar potential symmetry. 

2. Then decomposition of the plant trajectory equation up to the necessary order. 
3. Replacement of the field decamp ?sition into the obtained equation. 
4. Equalising the similar members coefficients, differential equations for aberration 
.. coefficients will be obtained. 
5. Then linearly independent soluti'Jns of these obtained equations, Green's function, 

will be found. After this the Gr1'en 's function will be integrated "order-by-order" 
with the right hand parts of the obtained equations. 

This procedure does not comprise sopr isticated things, but requires only attention and 
time. 

Let us take the linear equation. 1 he magnetic field decomposition is known up to 
the third order in terms of «multi-pole» :orce: 

[ 

1 1 1 ' ] By(x,O, s) = BY(s I- k,hx + k 2h-.'c + k 3h x'+ ... , 
(3) 

where 

k (s) = -· ---1--B<nJ( x 0 s) 
n hnB (O,O,s) J . ' ' 

) 

h = h(s)- the rehtive trajectory curvature. 
( 4) 

In the general case the linear equation cf the plane trajectory in a curvilinear coordinate 
system is well known: 

{
x"- (I - ~~ )h 2

x = h5, 

y" + h-l.;,y = 0. 

The initial conditions are the following: 

{

x(O) = X0 , \"'(0) = .\'1;, 
y(O) = y0 , v'(O) = Y1;. 
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In the rotation plane let us determine two linearly independent solutions of the 
homogeneous equation for each coordinate and the partial solution of the 
inhomogeneous equation in the X-plane as follow~:: 

The sin-like function Sx(s): Sx(O) = 0, s'x(O) = 1, 5 = 0. 
The eosin-like function Cx(s): Cx(O) = 1, c'x(O/ = 1, 5= 0. 
The dispersion/unction dx(s): dx(O) = 0, d'x(G) = 0, 5= 1. 
The sin-like function sy{s): Sy{O) = 0, s'y{O) = 1, 5= 0. 
The eosin-like function cy(s): cy{O) = 1, c'y{O; = 1, 5= 0. 

These functions determine the so-called charact1~ristic rays of an arbitrary magnetic 
system and all its aberration coefficients. 

The general solutions of equation (5) in respect of the initial conditions, are the 
following 

{
x(s) = c,(~ · x 0 + sx(.:) ·X~ +.dx

1

(s) · 5, 

y(s)- cy(s) ·Yo +- sy(s) Yo, 
(6) 

defining the next elements of matrix R: R1J> RD R16, R
3

3, R
34

• 

From the general shape of the obtained ;olutions it follows that the Green's 
function 

G(s, ~) = s(s)c(~)- c(s)s(~), (s ~ ~): 

while the partial solution of the inhomogeneous eq 1ation of the following type: 

g"+k"g=f 

is to be searched for via integral: 

' 
· g(s) = J G(s, ~)/(~)d~. 

I) 

The dispersion function dx ( s) is: 

j s 

dJs) = s,(s) · J c)~)h(~)d~- c,(s) · J s,(~)h(~)d~. 
0 0 

One of the 6-vector elements lis equal by definition: 

,\ J l 

I= \ 0 · J c,(~)h(~'yl~ + x,; · J s,(~)h(~)d~ + 5 · J dJ~)h(~)d~. 
I) 0 

Then we can obtain the first order aberration coeffi( ients of matrix R: R
5

b R
52

, R
56

. 

(7) 

~8) 

(9) 

(I 0) 

(11) 

All aberration coefficients of matrices T,jl. ( s), U,jkl( s) are solutions of the 
inhomogeneous differential equations of type (8) with the initial conditions 

g(O) = g'(O) = 0. 
( 12) 

Substituting the decomposition (2) into the obtai :1ed equations, we shall obtain the 
following second order differential equations with non-zero right-hand parts: 
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... 

X/'+ k/ X, =I Du(s)X1 + 2:; I EUk(s)X1Xk +I I I Fuk1(s)X1XkX" 
j J k j k I (13) 

where values X; are components of theE-vector X(z). 
Thus, driving forces (i.e. the equation right-hand parts) to find the second order TiJk 

elements are square forms from the first order aberration coefficients: 

fu:(~) = I:f.EimnRm;(~)Rnk(~). 
m n 

Driving forces for the third order UiJkl ekments have a more sophisticated appearance: 

fij~/ = IIEimnRm)Tnkl +I ~EimnTrnjkRn/ + IIIFimnpRn)RrnkRpi· 
rn n rn n rn n p (14) 

The further calculations of aberration coefficients are associated with the integral type 
(9). 
Note: the «angular» matrix elements (i=2, 4) are reevaluated by differentiation on s from 
the «position» matrix elements ( i= 1, 3) (the direct differetiation condition). 

{ 

R2j = RIJ' R4j = R;J, 

T2Jk = T,'k, T4Jk = T3~k' 
u2jk/ = UiJ''u4jk/ = u;jk,. 

( 15) 

Therefore, the obtained differential equations, their solutions and Green functions fully 
solve the problem how to find the aber·ation coefficients up to the third order. Further 
the integration results are described. 

Dipole magnet 

The Green functions 

The dispersion function 

k, = k2 = k3 = 0. 

h(s) = p; 1 = const, 

sx =Po · sin(~0 ), s; = y, 

c, = cos(~,,), c, = 1. 

{
G,(s, ~)·= Po ·sin(';_%,,), 

G/s, ~) = s- ~,(s ~ ~). 

d,(s) = p 0 ( I- c,(s)). 

So, the non-zero elements of matrix R ( 13 elements): 
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The nineteen non-zero elements of matrix T (10 are shown): 

_ - C~ _ S,C X _ 2 _ _ S X 

I X: ~ X: T,ll -- 2po 'T,,2 - Po' T,l6 - s,, T 66 - 2po' 

s. sxl 
T31 ~ = j Po ' T324 = PoS · (1 - C x)' T346 = S - s,, 

Thirty seven non-zero elements of matrix U (9 are )hown): 

11 11 = c~h ~ I 8 - c,h 4 I 8 + c~h 2 I 8 - c ~h 2 I · + + c,h 2 I 8, 

11 1 2 = c ~h 4 
s, I 8 + c~h 2 s, I 8 - c~h 2 s) 8, 

1116 = ss,h
3 

I 2- ss,h I 2 -11cxs~h 5 
I 8- s:~s I 2 + c~s: I 2 + cxs:h 3 + 5cxs:h 5 I 8-

-c>~h
3 

I 2 + s;h
3 

+ c>;h I 2 + c~h I 4 + c:h .' 2 - c:h I 2 - c xh I 4, 
h 2 

I 4 3 
2 

h 
2 

I 8 3 4 I 8 3 I 8 3 I 2 3h 2 I 8 1122 = -ss, - c,s, - c,s, - c,s, - c,s, + s, -ex + 
+c, h 

2 
I 8 - c ~ I 8 + c~ I 3 + c ~ - I I c, I 8, 

I I 26 
~ ' ~ 4 ? = -sc ,h I 2 + sc, I 2h + c ,s,h' I 4 + c ,s ,hI 4 - c,s, I 4h - c;s, I 4h, 

II~~ = - s 
2 
s, h 

2 
I 4 + ss,h 2 I 2 + sc, I 4 - s, I 4 + c ~ I 2 - I I 2, 

116(, = -ss h 2 I 2 + ss I 2 + c s~h~ + s~h~ - c s~h 1 - c s 2h~ I 2 + 
r r rr x \\' xx 

~ , , , ') ., 3 ., ...j. .., 

+<s~h- I 2 + c,s~h- I 2- 2s;h- CJ~ I 2- c, + c;, 

1222 = sc, I 4 + c~s,h 2 
I 4 + c~s, I 4- s, I 2- 3c~ I 8h 1 + Sc! I 4h 2 - c~ I h 2 + 

+c, I 8h 2 
- 3c ~ I 8 + 3c, I 8, 

122(, = ss ,h I 4 + 3c~s ,h I 8 + 3c ~s, I 8h + c ~s, I 8h - c,s, I h + s, I 2h + c~h I 8 -

-c,h I 8 + c~ I 8h- c~ I 2h- c~ I 2h + 7c, I 8h, 

Here the direct differentiation condition is executed. 

Quadrupole 

The Green functions 

h( s) = k' = k, = 0. 
- ·' 

/.: 1 = k =canst, 

s, = /{ ·sinks,s, = /{ slks, 

c \ = c 0 s k s' c, = c h k;. 
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{ 

G xC s, ~) = X · sin k ( s - ~), 

Gy(s, ~)=X· sh k(s- ~),(s;::: ~). 

The dispersion function 

dx(s) = 0. 

Thus, the non-zero elements (10 elements are shown) of matrix R: 

R,, = c,, R,2 = sx, R33 = cy, R34 = s", R34 = k2sy, R44 = cy, R66 =I. Rss = 1, 

R2, = -k2s,, R22 = c,, 

The four non-zero matrix T elements are chromatic (contributing on 5): 

~ 16 = k 2 ss, I 2, 

~ 26 = (s, - sc J I 2, 

T336 = -k 2 ssY I 2, 

T146 = (s> - scJ I 2. 

The forty non-zero elements (4 are shown) of matrix U: 

1111 
= (3es,s,(4s) + 24ec,s~ -I2k

6
ssJ I 64, 

2222 
= -(3k 2c,s,J4s) + (24- 24(~)s, -I2escJ I 64, 

• 3333 = (3k 6 s
1
sy{4s) + 24k 6 c,s~ -12ess,) I 64, 

') "t .., 3 ') 

3
w = -(3k-c,sJ4s)- (24 + 24( ~)k-s1 -12/csc

1
) I 64. 

Here the direct differentiation condition is executed. 

Sextupole 

The Green functions 

The dispersion function 

h(s)=k,=k 3 =0. 

k 2 = k =canst, 

s, = s; = s, 

c = c =I X ) • 

Gx(s,~) = <1,(s,~) = s- ~,(s ~ ~). 

d)s) = 0. 

The non-zero matrix R elements ar·~ equivalent to the drift space transfer matrix 
elements. 
The ten non-zero matrix elements of m Hrix T: 

~ 11 = -T,l3 = -2T311 = -k"-s"- I 2. T112 = -T1 q = -T114 = -T124 = -k 1s1 I 3, 

~22 = -~ .... = -2T124 = k 2s4 I !2 
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The sixty non-zero matrix elements of matrix U ( 11 are shown): 

1111 = ull33 = u3113 = u3333 = 21u1222 = k 4
·'

4 1 12, 

1112 = %UII34 =- YsUI233 = %U3123 =- Ysd3114 = u3334 = k 4
S

5 I 12. 

Here the direct differentiation condition is executed. 

Octupole 

The Green functions 

The dispersion function 

h(s) = k 1 = k 2 = 0. 

k 3 = k = canst, 

S, = SJ = S, 

c =c =1. X }' 

d)s) = 0. 

The non-zero matrix R elements are equivaler t to the drift space transfer matrix 
elements. 

Since the octupole field components don't have ~quare members, all matrix T elements 
are equal to zero. 

The forty non-zero matrix elements of matrix U (10 are shown): 

1111 = 3UII33 = 3U3113 = u3333 = -k"s" I 2, 

1112 = -2UI13~ = -UI233 = -2U3123 = -U311~ = u333~ = -k"s 3 I 2. 

Here the direct differentiation condition is executed. 

Solenoid 

A similar consideration is important for any axial symmetry systems. In this case we 
shall find 4-vector X=(r, r', I, o) with the same definitions, but in a cylindrical coordinate 
system. Using the same assumptions and procedues, taking into account the condition 
of angular momentum conservation, the foiJo,ving nonlinear equation of a plane 
trajectory r(:) up to the third order in the magnetic solenoid field is obtained 

, [ ~ B" , , , , B' '] r" = -k-r I- 2o- -r + r'- + (-,.-- -rr' + 35-
2B B ' 

( 16) 
where k=qB/2p0 . Often the field B(:) near the solenoid axis is represented as «bell-like». 
The linear optics of this element is clear enough: 

s(:) =/{sink:, 

c(:) = cosk:. 

The Green function 

G(s, ;) =/{sink(: - ;), (s ?: ~). 
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.. 

The six non-zero elements of the R mat ·ix: 

Rl I = c' Rl 2 = s' R21 = -k 
2 
s' R22 = c' R33 = I' R44 = l. 

As in the quadrupole case, the si1. non-zero matrix T elements are chromatic 

(contributing on b): 

~ 14 = T224 = k::s,T124 = y;- zc,T214 = ks +k 2zc, 

T311 = k 2 z I 2, T322 = z I 2. 

The fifteen non-zero elements of matri:c U (6 are shown): 

- I ( 38 " 4k 2 )k ' k 8 ' k . k 8 ' 8 " k 8 ' (2k ) 1111 - 8 2B - zc + 8s zc - 48 s + 328 cs + \6B ss z ' 

_ I (38" k2)k-- I (38" 1,2) B' (1- 3 (21 -)) 38" ,3 1211--SA 273- .:.C+2k 873-h S+Ss t>.ZS+zSS tC +16k8.S' 

I ('8" 41 ")k 38" (21 ) 8' I 8' 38' 3 
1122 = u' '2B - tC -zs- 3U'H s.,' K:: + s'ks'\.ZC- 8k8 s + SkB s ' 

- _ _Lk-s- _Lk- 2 - 2c- J_k-cs·() 1--) 
I 144 - 2 '" 2 - 4 :.. ' -I\- ' 

_ I (38" I 2)(1- ) /i' L-. B" ,3 Fl' (21--) 
1
ooo - -, -o-

8 
- /( t\ZC- S + ~-/\_,\ + --,-.1 - --,--SS ''- , 

--- 2k C· 8k B 16k B 16k'B 

- I -s 1244 - --2 w • 

Here the direct differentiation condition is executed. 

It is useful to introduce the follov. ing formula for further computation: 

(:,) ~ [R + T, i' + U, r;' + U, O'] t} where 

(
R" 

R = R 
21 

Rl2 1 = r~ 14 . T4 
R2z Tzl4 

~"4) , _ (U"" 'vII - I 
Tn4 \. U 2111 

ul211)u =(u11n ul222)r; =(u"H ui2H) 
' )l , -1--1- • 

u2211 -- u212z u22n u2144 u22H 

With a relation of a selected soleno: d field model it is possible to build either the 
comprehensive resultant transfer map, or having chosen a small partitioning of the field 
action region, - to compute all transf,~r matrix elements within the chosen partitioning 
intervals, then to multiply the matric ~s in accurate correspondence using the matrix 
algebra rules. 

Electrostatic lens 

The beam optics in electrostati(' fields is considered by the same method. The 
particularity of this problem consists Jf non conservativity of the electrostatic system, 
unlike all the others considered earlier. All assumptions are perfect here, but it is 
necessary to use the energy conservaticn law. 

Abstracting the particle types after all the described steps in the cylindrical 
coordinate system, the following nonlinear plane trajectory equation r(.:) is obtained: 

• , 1 , 3 2 , , 2 , , 3 <t>" ( <t>" 2 <t>" If l ( <t>' <t>" <t>"' ) <t>" 
2szgn(q) · <t>r - <t> r - T' = 8-~-- -16- r + 

4
c£'- + - 4 r r + 

2 
rr + <t> r . 

( 17) 
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The equation (17) does not depend explicitly on the q/m ratio. Thus, all particles with 
the same sign in the same field will have the sam~: trajectories, but the particle velocity of 
passage through the transfer region will be differential. Due to this we shall restrict only 
an electron motion description by equalising sign1 q)=-1. 

Further solution of the motion equation is associated with the choice of the field 
model. We shall introduce the value 

n=~' <t>' 
0 (18) 

called the electron-optical index of refraction that is appropriate to Snellius' law, <l>o and 
<1>1 are initial and final potential values in the int1~rval from 0 up to D (D is the length of 
the acting field region). There is an important condition about n: the electron-optical 
index is equal to zero when the particle velocity is equal to zero only. 

Now we shall consider the linear potential 

where zo=D/(n2- I). 
The characteristic rays of the differential equation for the plane trajectory 

2"Jr"+r'=O, 

with sufficient initial conditions 

{ 
r(l) = r0 , 

r '(I) = z o . ro'· 

are determined in the following way 

and the Green function 

· {s(:) = 2 · [..):- I], 
c(:) =.I. 

G(:) = 2..):- I. 

The known motion equation solution 

r(z) = r0 + 2z0r{ Flo -1] 
r.' 

r'(z) = 0 

~: 
~~ T /: () 

gives us five non-zero components of the linear t1ansfer matrix R: R 11 , R21 , Rn, R33 
and R.H. The transfer matrix determinant is eqt.al to 1/n, that directly follows from 
Liouville's theorem of the phase volume conservati·)n. 
The non-zero components of the matrix T: 
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l 

T322 (z) = z; ·ln(l + lz
0
), 

T422(z) == 2(1+
1
j

0
J • 

The aberration coefficients of matrix U are obtained as an accurate analytical solution 
of the motion equation: 

1222(z) =- z (~l + /o -l)Y, 
0 -~r=l~+~'/= __ ~ ' 

I "0 

U - z/ 1222("') =- /=o 
2(1 + z/ )Y, · 

/=o 

Here the direct differentiation condition is executed. 

It is useful to introduce the follow ng formula for further computation: 

(:,) ~ [ R + U, r0''] (;~}where 

(

RII 

R = R 
21 

Ulzj,u,, = (o VlmJ. 
1~22 -- o Vmz 

This consideration allowed us to perform the series of important assumptions relatively 
initial parameters of the formed beam. 

The relation between the plasma temperature, the electrode system geometrical sizes 
and etectron-optical index brings up all coordinates of the phase ellipse basic points, the 
beam emittance initial value and others. A more sophisticated solution is obtained in 
consideration of the square potential of the following type 

(j)(::)=(j)o(l t :--'). where 

_ D/ .(n7:l). 
f ~}(c.,~/ ~]n' _:~ 

The sign ( ±) corresponds to electron acceleration ( +) and deceleration (- ). 

It is not so difficult to obtain the following differential equations for the plane 
trajectories 

if we perform substitutions: 

rJ" ± + 1J = ( '· 

{ 

r(.:) = ·1 /;), 

.: = sh( !;), ( +) 

.: =sin(/;),(-). 

The linearly independent solutions of tne acceleration equation are as follows: 

{
s( :::~ == :: 1) ~in(., 1 2 Arsh .:·). 

c(::) = cc s( ~~ Arsh :). 
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In this case the Green function is equal to: 

G+(z, r) = z0 sin(Jz- (Arsh 2-- Arsh r)). 

Therefore, the obtained first order matrix elements Ru are determined (6 ones). 

The determinant of the first order transfer matrix R is equal to Y.fin. 
The six non-zero (chromatic) elements of the matrix Tare considered: 

• 2 ;-

T + ( 7 ) _ --=-si_n--'--'='~ 
411 ~ - 4zg(I + z2), 

T+ ( 7 ) = _ sin (cos ( 
412 - - 2 z o (I + zz) , 

T + ( -) cosz S :. ;- I A h -
422 z = _2 , zue '=' = ,fi rs z. 

4(1 + z ) . 
The eight non-zero elements (2 are shown) of the matrix U: 

1+111 =- ~02 (sin ( arctg z- / 1 sin ( + 13 cos(), 
2.;0 

1+112 =- ~o (.fisin( -/1 cos(-/3 sins) 
2_0 

Here the direct differentiation condition is executd. 
The similar calculations may be performed for p 1rticle deceleration in the electrostatic 
field. 

It is useful to introduce the following formula for further computation: 

Conclusion 

Thus, we consider that the nonlinear third 01 der beam optics is built in general for 
a wide list of different elements of the beam transport channels. Currently a self­
coordinate space charge analysis is performed to integrate it into the considered model. 
The construction of the third order beam optics is near completion for toroidal focusing 
magnetic lens, too. All of the offered procedun~s are validated by real systems, full 
conformity correspondence with the results of numerical computation is presented. 
The simplicity and completeness of the obtained results allow us to perform a 
qualitatively comprehensive aberration analysis and obtain important parameters of 
projected mountings and beams. 
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ADVANCED EQUATIONS FOR INVESTIGATION OF BEAM 
ENVELOPE ANn EMITIANCE GROWTH 

Yu. Zuev 
D.V.Efremov Scientific Research Institute, St.Petersburg 

Emittance growth is an important subject for accelerator dynamics and 
beam optics design. Until recently experimental data and computer tracing were 
the only tools for emittance growtl estimation. Any estimations on the base of 
conventional coefficients of spherical aberration neglect space charge redistri­
bution and associated field chang•~ (1-3). Much used now the idea of relating 
emittance growth to the expected Iedistribution of the space charge (4-7) and to · 
beam field energy released in this process allows an asymptotic estimation only 
[8]. The actual emittance growth is determined by details of the transition proc­
ess. The simplest model for the transition process is described below. 

In the general case a beam of charged particles is characlerized by parti­
cle density in the phase space or l>y distribution function t6(r, v, t). Transfer of 
mass is handled with the local charge density p(r, t) = qn(r, t) and local average 

velocity V referred also to mass-flow or directed one and defined as follows 

V(r, t) = _,; t) 7 V !6 (r, ''· t1fV, n(r, t) = 7 !6(1, V, t1fV. 
, -oo -oo 

A single particle velocity at the point r is assumed to be a random value 
with· the expectation V and specifted by the matrix of the second moments or 

covariance matrix ((v- vXv- vf). Diagonal terms of the matrix are disper­

sions. Their sum in the case of equilibrium or Maxwellian distribution is related 
to temperature as follows: 

((vx-VxY) (i!!.:!rt) ((vz-VzY) _.a_ ksT 
2 + 2 + 2 -2 . 

Dl 

For this reason the second order miltrix is often referred as the temperature ten-
sor 

A -T xx T1r· T xz] 
Tps = 

1 
TYX Tyy Tyz r 

j_Tzx Tzy Tzz 

-(( \1 )) +coJ (vP-vPXv9 -V9 )16(r,v,t) _ 
Tps- vp- vpf'.Vs- vs = (- ) dV, 

n r,t 
-oo 

so the matrix trace is used as a mec.sure of the particle heat motion in non-
equilibrium configurations too: 

ksT elf T~1·ps] T XX + Tyy + T zz 
--"'-~ = --= -=:.::,_____;:...=,__=-

m 3 3 
Obviously, temperature tensor is involved to the pressure tensor, 

f>(r, t) = mn(r, t)Tp.~~(r, t), usually res•Jlved into the sum of viscosity stress tensor 
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and diagonal one. Relationships between ma:;s-flow velocity, charge density and 
temperature are known as the equations for transfer of mass, momentum and 
heat, and derived integrating the Boltzmamt equation over the velocity space 
[9). Single elements of temperature tensor Cim be found from the equations in­
volving the third moments, which in tum inc1ude the fourth moments, and so on 
indefinitely. 

Further charge particle flow is consid,~red neglecting the third moments 
of the distribution function and non-diagonal terms of temperature tensor. 
Physical sense of the limitation will discuss Inter on. Furthermore the flow is as­
sumed to consist of charge particles of an ideal gas, which interact to one an­
other through common smoothed out electric field only (any pair collisions are 
absent). In this case the equation for internal energy is an equivalent of the en­
tropy conservation law. For these assumptions the set of transport equations for 
axisymmetric beam with no magnetic .field follows [10): 

dp +p divV = 0, (1) 
dt 

dVR = FR _.!_ a(pTRR) + T99 _ TRR dVz = Fz _.!_ a(pTzz) (2)-(J) 
dt m p or r r ' dt m p oz ' 

dTRR = -2TRR oVR, dToo = -2Tae VR' dTzz = -2Tzz oVz (4)-(6) 
dt or dt r dt oz , 

h ..,. ·th d' · thal 1· de F c3ttl w ere ~ 99 1s e rms sprea m a.zJ.mu ve oc1ty, v9 = r -; z = q -, 
dt oz 

FR = q M> are the forces from self-consistent electric field with the potential 
or 

satisfying Poisson's equation 

1 a ( M>) c12
cl> p 

-;: or r or + ilz2 = ~· (7) 

Substantial derivation along lines of flow in the case of axisymmetric sta­
tionary configuration is ~t = VR %r + Vz %.::· The flow lines are governed by 
the equation 

VR = Vz or r' = dr = VR (8) 
dr dz dz Vz 

(tangent to the flow line specifies direction of the average speed vector V at the 
point of tangency, Fig.1). Notice that the line of flow here is no trace of a single 
particle due to heat motion in the beam. 

By replacing independent variable, Eqs. (1),(4)-(6) can be rewritten in the 
form 

dp + dr + dVz = ~:.. dT RR . 
p r Vz ~! TRR r 

(9} 

dT99 = _2 dr; dTzz = _2 dVz; dTRR = _2 dVR, 
T00 r Tzz Vz TRR VR 

(10)-(12) 

and give along the flow lines the integrals of motion: 
T99r 2 = const. TzzViz =canst. TRRVk =canst. 

canst. p pVz 
p = , = canst. or = canst. 

rVRVz ~TaaTRRT 7.7. ..jT00TRR 
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To solve Eqs. (1)-(7) in the general case one can use the method of series. 
Assuming that 

VR(r, z) = f u(z)2n+l r ln+l, Vz(r, z) = f u(z)2nr2n, 
n;O n=O 

FR(r, z) = f FR(z)2n+l r2n+t, Fz(r, z) = i: Fz(z)2nr2n, (18) 
n=O n=O 

Cll(r, z) = f ¢(z)2nr 2n, p(r, z) = f p(z)2nr2n, 
n=O n=O 

00 2n 00 2n 00 2n TRR(r,z) = L a(z)2nr , T00(r,z) = L b(z)2nr , Tzz(r,z) = L c(z)2nr , 
n=O n=O n .. o 

a0 = TRR(o,z) = b0 = T00(o,z) = TJ.(O,z), 
substituting the series (18) into the Jriginal equations and equating terms of the 
same power r, one can obtain an in 'inite set of the equations with respect to the 
expansion factors. The truncated set of the equations: 

, Po ('2 , ) , 1 (FRt "- 3 2 2aoP2) Po = - -·- nt + uo ' n1 = ---- - + '-'2 - a2 - n1 - ' 
~ ~ m ~ 

u(, = _t_(Fzo -- c(,- co pQ_J, a(, = --· 2aou1_, bo = ·- 2bout., cb =- 2couo 
llo m Po uo uo uo 

P2 = --1 
[P2(4u1 +u0)+p0(4u3 +u2)+p0u2 ], a2 = --

1 
(6a0u3 +4a2u1 +a0u2 ], 

uo uo 

, 1 [FR3 , 2a2p2 2a0p~] 
l>J =- -- 3Utl)3- U2Ut- + 2 I 

Uo m Po Po 

c2 =- -
1
-[2cc u2 + 2c2 (u1 + u0) + u2c0 ], (19) 

uo 

u2 = _1_[Fz2 _ c2 _ c
2 

Po _ co(Pi _ P2 Po)+~ Po]· 
uo m Po Po Po Po Uo Po 

b2 = --1
-[21>0u 3 + 4b2u 1 + b0u2 ), 

uo 
where 

Fzo = q<l>o, Fz2 = q (Po - <1>{)). FRt = q (Po._ <l>o)• FR3 = q (p2 + !(<l>:r- Po ))• 
2 s0 2 s0 4 Eo 4 Eo 

can be numerically solved for given initial conditions and known axial potential 
<l>o(z). 

Adding some restrictions, the set of Eqs ( 19) is possible to be reduced to the two 
equations, which describe the lines • )f flow near axis. For this purpose let rewrite 
the flow line equation {8) in the equivalent form 

dVR ,dVz 
__ , ___ > -· r . _____ _,_ 

r• = dt dt 
v] 

and replace all the values by their expansions (18). As o result we obtoin the 
non-linear equation 

• () ('' )3 ()'}.' r ="'C1 zr+C2 zr+C3(zr +C4 zrr+ .... 
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Assuming small non-linearity, i.e., being limited within the paraxial approxima­
tion, let approach solution of the equation by the sum r _, r0 + r1, where r0 is a 
solution to the homogeneous equation 

r0 + C1(z)r0 + C21:z)r0 = 0, (20) 
and r1, usually named as aberration, is a solution to the perturbed one 

rt + C1(z)r1 + C2(z)r{ = C3(z)r~ + C4(z)r5r0. (21) 
Let ~ be a marker or Lagrangian variable marking initial positions of flow lines 
on the phase plane (r, r'). If the initial positions lie on the straight line: 

(22) 
{

. r0(0) = ~. 

r0 ( 0) = ~, 0 ~ ~ ~ 1, 

r1(o) = r{(o) = o 
(Ro, RO are constants), then the flow lines due to linearity of Eqs. (20)-(21) are 
curves of the single-parametric family · 

{ 
r(z) = ~R(z) + ~3;t(z), 

r'(z) = ~'(z) + ~3 t'(z). 
(23) 

Here R(z) is a solution of Eq.(20) with the :nitial conditions (22) at ~ = 1 and 
x(z) is that of Eq.(21). According to the fmmulae (23), Eq.(20) represents the 
beam with geometrically similar flow lines, l4.1hereas Eq.(21) describes distortion 
of initial beam structure. Among all flow linE!S specified by the value of ~ one 
can select the line most remote from the axi!i at the given point z to treat this 
line as the beam envelope Rb: 

Rb(z) = R(z) + x(z), for R(z) ~ -3~(z), {24) 
2 R%(z) 

Rb(z) = 3.J3 ~(-x(z)), for R(z) < -3):(z1 R(z)x'(z) '1: R'(z)x(z) (25) 

R(z) > 0 

The ratio R = -3x indicates origin of so-called fold (in tenns of (11)) or agitating 
in the flow lines. 

As beam accelerated the particle heat spread in longitudinal velocities 
decreases according to the integral (14) repr,~senting the Liouville theorem. In 
standard ion sources for accelerators, mass-fl:>w velocity on a plasma emissive 
surface ranges up to several volts in energy units ( 12). Considering beam after 
an extracting optics, when particle energy reaches units or tens keV, one can 
neglect the temperature of longitudinal mot:on, put c0 (z) = c2(z) = 0 in the 

model and use for charge-transport velocity the relation Vz(z)- ~~ cll(r, z). 

This relation is extensively exploited in the paraxial optics and valid for rela­
tively slow variation in the beam envelope and axial potential (13). Notice that 
the longitudinal velocity of flow lines will be the same across the beam if only 
the external field will compensate exactly repulsion of the space charge p. 

To find relations between other expansion factors and beam envelope 
for the case with no fold, the integrals (13)-(17), expansions (18), single­
parametric representation (23) are used omilli11g x to lhe 2nd power and higher 
and x adjacent to R. Charge distribution across the beam in the form 
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p(r, z) Ill$ p0(z) + p2(z)r2 is easy deriv,3d from the current density 

J (z) = J0(0)R2(0) J ~z) = J2(0)R4(o) _ 4x(z)J0(o)R2(o) 
o R2(z) ' 2 R1(z) Rs(z) ' 

presuming the full current constan~r 

I~~~~ 1tRt(z~.T0 (z) + J2(z)R~(z)/2] 
(10 (0), J 2 (0), R(O) are constant vclues defined by initial beam state). Being 
equal at the axis, radial and azimutltal temperatures are related to R as follows: 

c a0 (z) = b0 (;~) = T1_ (o, z) = f , 
R (z) 

where C 1_ = a0(0)R2(0) = T1_ (o,O)R2 (o) is a constant too. Tn considered condi­
tions of collisionless rare plasma, b~am transport in a transversely limited chan­
nel occurs with momentary losses o:' the particle from the tail of like-Maxwellian 
distribution so with forming a limit,~d phase volume of beam particles. If radial 
temperature tends to zero at the beam edge, then 

a2(z) = .!_(iPT RR_) Ill$_ C 1_ (t- 2x(z))· 
2 or2 

t=O R1(z) . R(z) 
(26) 

The radial distribution of az:.muthal temperature can be found from the 
integral (13) representing the angul1rr momentum conservation: 

b2(z) =- --· =- 1+--. (27) 1 (a2
T00 ) c 1_ ( 2x(z)) 

2 . or2 
t=O R4(z) R(z) 

Different effect of aberration x is required to point comparing the formulae (26) 
and (27). Only vanished x gives the same radial and azimuthal temperatures. 

Based on the established relations Eqs.(20-21) for the envelope first ap­
proximation and aberration can be rewritten in the form: 

R" = _ Cl>oR' _ (l)oR + c D_ + 2c l_ (•- P2R
2 

_ 4x} 
2cl>o 4c!>o 4c!>~12 R c!>0 R3 Po R 

• - el eo I R3(e3 2u2 011 R2R{2u2 0o 02} X -2x--2 X+ -2 --2 + --2 -2 
u0 u0 u0 Uo u0 "' Uo u0 u0 

(28)-(29) 

R(O) = Rb(o), R'C>) = Rt,(o), x(o) = x'(o) = 0 • 

9o = <l>o 81 = R• + .!_ «~>oR' 82 = _ _! (<l>o + _! c!>(,CP -) 
U2 2c!> ' u2 R 2 c!> R ' u2 8 c!> 2 ;r,.5/2R2 ' o o o o o o ""o 

e3 = ~+ CP 4:>2 _Po + 2Cl_ P2 l- 2X+ P2R N - ( ) - ( 2) 
u~ 32c!>0 32ct>r R2 ~·o Po ct>0R4 Po R Po ' 

~ = _!( CP _ «~>o) P2 = _1_(~~P2 _ 4x)- U2 Po = ~(cl>o)
2 

_ cl>o _ 2R• 
8 3/2 2 ' 2 ' ' uo tll0 R tll0 Po R Po R uo Po 4 tll0 2tll0 R 

cp = Jo(O)R~(o) I c l_ = TRR(O,O)R~(O) = <PT(O)R~(o), p2 = J2(0)Rt(o). 
e0 J2qfm 2infq P0 2.10(0) 
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Here J0(0) is the initial current deiJsity on the axis, P2fP0 is the input beam 
nonuniformity; <pr(O) = k.BTJ.(o,o)fq is the initial temperature of beam on the axis 
in energy units. 

Beam optics quality is most often evaluated by the change in rms 
emittance. Concept of the rms errittance comes from statistical analysis of the 
particle spread in the phase space. When the particle coordinates are consid­
ered as random values and covarinnce matrix is calculated for them, then the 
rms emittance is proportional to the square root of the matrix determinant. Be­
ing properly factored, it equals to the area (volume) occupied by the particles in 
the phase space. [21). 

It can be shown [7) that square of the rms emittance defined as follows 
2 < r2 >< u~ >- < roR >2 E = ________ ....::..::__ 
nns ('YJX::)2 

is the sum 
= 2 2 E1ms = Bt + Eh, 

where Eh is the fluid or hydrodynamic part, 

2 < r2 >< y_i >- < rVR >2 
Eh = ----~-....,..--~-

(ypc)2 
and Et is the heat one in the full sense, 

E2- < r2 >< T > 
t - (ypc)2 

Here <>denotes an average across the beam, f3 is the beam velocity in term of 
speed of light c, y is the relativisUc mass-factor. For a cold beam with no fold 

TRR(r) = 0, uR(r) = VR(r), so emittance is completely determined by the term Eh 
(see Fig.2). If VR(r) a: r, then Ems = E, (Fig.t). In other words, the value 1tEt 
can be interpreted as an area of a figure fixed on the phase cuJVe of flow lines 
VR(r) (Fig.3). Contour of the figurE outlines the actual projection of the particle 
phase volume. Under the model asf;umptions the figure area is conseiVed, so the 
rms emittance heat term can be approximated as: 

E2(z I= E2(0) <l>o(O) 
t t «<>o(z )' 

The single-parametric representation of flow lines (23) allows the average 
<> to be calculated analytically md the rms emittance fluid part to be ex­
pressed in the terms of R and x: 

E2 = lc(u) (Rx'- R'x)2 
h 12 

The factor 1e( a) closes to unity, being dependent on the radial distribution of the 
space charge: 

K{ a) ~ 1 + _!_ (a + a 2 I 4) 
5 { 1 +a + a2 I 4)' (30) 
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where a = 4'1./ R + p2R2 /Po. 1f averaging is taJ~en over current density instead of 
density of charge, then a= J2(0)RUo)/J0 (0) and approximate equality in the 
equation (30) becomes the rigorous one. 

In the expansion for phase curve of flmi lines 
r'(r) = VR(r)/Vz(r) = C1.r + C3r 3 + ··· 

the non-linearity factor C3 is possible to relate with the fluid part of rms emit­
tance: 

(31) 

Factors of the inverse expansion 
r(r') = c1r' + c3r'~ + ... 

take the form c1 = R/ R', c3 = (xR' - x' R )/ (R')4 cllld can be interpreted as the focal 
length fe11 and spherical aberration coefficient C, of an equivalent thin lens (14), 
which are calculated now with consideration f•Jr internal beam process. By using 
those, the relationship (31) is rewritten as follcws 

E~ = ~e(a)(C5R~)
2 

72 ~~ 
(compare with (2]). More rigorous examinatior., of the flow lines phase portrait in 
relation to solutions of the advanced envelope equations (28)-(29) confirms the 
condition 

Rx' = R'x, • 
as the required one for linear, i.e., non-distorl.ion transfer of the phase volume. 
The condition without perturbation, x = x' = 0, is only a particular case. 

Evidently, Eq.(28) for the envelope first approximation is the conventional 
paraxial equation for th~ boundary particle trujectory in a cold beam, when the 
current density and the longitudinal speed of particles are assumed to be uni­
form across the beam [ 13). The microcanoni :al distribution of particle phase 
density (15] has different projections on the planes (r, uR),(r, u9), but exhibits 
common radial dependence in azimuthal and rudial temperatures: 

T00(r, z) = T RR(r, z) = T1. (o, zX1- r2 / R~(z)). 
Substitution of the temperatures into the expansion (19) reduces Eq.(28) to weU-

2 

known K-v equation in the form of paper [ 11 r because T J. ( 0, z) = ~ I where 
2Rb(z) 

1tE is the ellipse area covering K-V distribu1ion on the planes ( r, u R), ( r, u9), 
(x,ux) or (y,uy). 

As stated above, the assumed set of Eqs. (1)-(6) eliminates from considera­
tion such phenomena as particle pair collisions, dissipation of energy, heat ex­
change with surroundings and corresponds to an adiabatic plasma transport with 
entropy conservation. Pair collisions are of considerable importance in highly 
compressed beams (as those in probe devices), in particle flows extending 
through dense gas (beam in extracting gap of plasma source, gas neutralizer, 
welding equipment, etc.), in long life beams (storage rings). It is because of 
typical for other optics insignificant role of tht~ pair collisions that beam distri-
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bution function is highly non-equilibrium: the temperature gradient across the 
beam occurs, temperatures of transverse and longitudinal motion are substan­
tially different. 

Dissipation is always associatEtd with irreversibility of motion and entropy 
growth. So-called viscosity process or internal friction, described with non­
diagonal elements of temperature te:nsor occurs only when the substance motion 
proceeds along the flow lines with different velocities. In this case there are 
moving of the flow parts relative tc each other and interchange energy of the 
directed motion by heat migration :>f beam particles. In other words, viscosity 
takes effect of the transfer of the directed motion energy from place with higher 
flow velocity to that with lower one and dissipation of the energy into heat, i.e., 
increasing particle speed spread. Handling of the collisionless dissipation re­
quires the equation for non-diagonal terms of temperature tensor, T ZR = T RZ, 

and appropriate additions to be incl11ded in the model. Analysis of this equation 
(10] 

dTZR = -TZR(oVR + oVz)- Tzz oVR _ TRR oVz 
dt or oz oz or 

near the axis shows that heating of the beam due to internal friction decreases 
with increasing speed of particles and is negligible in the quasi-parallel beams 
of low temperature. In particular, K-V beam conseJVes transverse emittance as 
long as all beam particles have the same longitudinal velocity. 

The entropy conseiVation 1 equires in addition to low viscosity some 
conditions for eliminating the heat flow, which are associated with a certain 
symmetry in the distribution functio:1 or, more precisely, with zero third moment 
[ 10, 16,1 1]. From Lhis viewpoint lhe uppro.x.imaUon used consists in replacing ac­
tual speed distribution by a symmetric one. However, the analysis of full set of 
equations points surely that consenration of the distribution symmetry is possi­
ble, if only density of moving particles and their temperature remain properly 
coupled all time, as it is in so-called self-model distributions [1,11,15). 

On the other hand, it is known (18, 19) that entropy growth in adiabatic 
flows can result from irreversible losses of the directed motion energy, when the 
losses are accompanied by forming surfaces of discontinuity (jump) in tempera­
ture, pressure or density. Such a smface with moment flow through it is usually 
referred as a shock wave or shock: wave froJ!t [20]. The time and place of shock 
wave forming can be determined rr..athematically. Let us consider the flow line 
phase portraits shown in Fig .4 Dissimilar speed of phase point motion results in 
changing shape of the cuJVe VR(r). Eventually, the cuJVe can be crooked so 
much that it occurs many-valued. It is evident that multivaluedness of the mass­
flow, i.e., average velocity is physic ally impossible. In reality the mass-flow ve­
locity is a single-valued function of distance from the axis with jump at shock 
wave. The particle density and temperature exhibit similar discontinuous. 

Obviously, shock wave forming is followed by the fold with typical for it 
asymmetry in distribution function .:~.bout local average velocity. For this reason 
and requirement to conseiVe a ce1tain ratio between solution to the first ap­
proximation envelope equation (20) and its perturbation (21), application of the 
advanced envelope equations (28)-129) is limited within the range R ~ Jlxl· 
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The fold .in flow can arise from ordinary, non-singular initial conditions. 
Forced elimination of the fold is made difficult by multivaluedness of the flow 
line phase curve, then by necessity for selected action on the group of particles 
located at the same point of the configuration space. In the absence of electric 
field an asymptotical straightening of the fold is possible always and associated 
with beam cooling on expanding, i.e., transformation of the particle heat energy 
into the work of pressure forces (some examples see (1,11] and Fig.5) 

-1 ·1 .IJ.5 0.5 
A 

Fig. 5 
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.\..bstract 

This work is a continuation of the work [1] devoted to the problem of optical 
structure selection for the high solic angle mass-spectrometer. Here we consider 
influences of high order (second- and third-orders) aberrations on the achromatism 
property, mass- dispersion and resolution in this system. For this purpose the 
matrix formalism for Lie algebraic t·)ols is used. Some results of the investigation 
are demonstrated. 

1. Introduction 

The 'York [1] is devoted to the rangirLg problem for linear approximation of the 
mass-spectrometer system. This line u optic investigation allowed us to build a set 
of appropriate prototypes of the mass--spectrometers. As mentioned in the [1] for the 
high solid angle system it is necessary to study influences of high order aberrations of 
different kind. First of all a designer should consider high order chromatic aberrations. 
This investigation must be developed both for separate system elements and for the 
total system. Among the systems studied in the linear approximation we should select 
the more appropriate system- the syftem with the least high order aberrations. The 
geometric aberrations in such systems a.re not essential so that is why should be studied 
on the second step. 

2. Formulation of the :Probfem 

As distinct from the linear modeling h~re the main criterion is the size and distribution 
of the beam spots on the detector. For this purpose some model functions of particle 
distribution on the target are generakd. For obviousness here we consider two masses 
beam with masses M and M+~M, bm == ~M/M=O.Ol. The value of the mass-resolution 
R=M/ dM must be equal to 100 on the half of the maximal height of the central (which 
corresponds to the mass M) pick ( ~ee Fig.ll in the Appendix). -On- this picture· the 
values L and L + L\ L correspond to the locations of the beam spots for particles with the 
mass M and M+~M correspondingly. The value dL corresponds to a mass derivation dM 
in the resolution R definition. Simulta1eously we monitor other properties, for example, 

1Work supported by the Russian Foundation for Basic Research (grants No 96-02-17335, No 96-01-
00926). 

66 



focusing properties. We should note that these criteria and high solid angle acceptance 
condition should be considered as goal functio1s for the modeling and optimization 
process. Different kinds of aberrations in the mass-spectrometer must be considered 
thoroughly, and a designer should separate ah~rrations into groups of essential and 
unessential aberrations. As a support system w~ consider the linear model mentioned 
in [1]. 

The selection of the set of focusing and deflecting elements, their forces and 
geometrical parameters depend on properties of particles of the initial beam, among 
them we should mention the following parametc: rs: central energy and energy spread 
(or central impulse and impulse spread), central mass and mass spread, central charge 
and charge spread. The other set of particles parameters envelopes such parameters 
as magnetic and electric rigidities. These parameters are important for estimation 
of capabilities of the mass-spectrometer to work in the given reaction region. The 
estimations of these parameters can be obtained from the works similar to [2]. Total 
modelling process we separate into the following :>teps: 

o creation of achromatic linear structure for sc me variants of focusing and deflecting 
elements; 

o investigation of the stability and sensitivity selected variants (for linear model); 

o inclusion and investigation of linear aberrat: ons, such as fringing fields, displace­
ment of the structure elements (in transverse and longitudinal directions) and so 
on; 

o step-by-step inclusion of high order aberrations: on the first step for a separate 
element and than for the total system; 

o conclusion about an influence of these aberra;ions on optical beam characteristics, 
first resolution and sizes of a beam image; 

o inclusion of correction elements, for example sextupole lenses for compensating of 
chromatic aberrations; 

o optimization procedure for achievement of rc:quired characteristics. 

In this report we monitor distribution functions for the terminal beam spot for different 
combinations of aberrations in the mass-spectrometer elements for the generated 
parameters set for the linear models. 

3. Chromatic Aberrations in the Quadrupole and 
Solenoids 

Fig.1 demonstrates the beam envelope along be system in X- and Y- planes, the 
image for two mass values (bm = 0.01) (the down and left picture) and corresponding 
picks for distribution functions (the down and right picture) for one of the linear models 
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as a support picture. We study nonlinear aberrations for separate structure elements 
for detection what kind of aberrations and what kind of elements produce a greatest 
contribution to beam distortions. After this the common contribution is investigated 
also. The nature of chromatic aberrations in solenoids and quadrupoles allows us to 
investigate this kind of aberrations in all orders. On Fig.2, as an example, the 
influence of chromatic aberrations (in all order) in the solenoids and the quadrupole 
is shown. The separate influence of chromatic aberrations in the quadrupole is not 
significant. One can see a small shift the pick forM+ l:l.M, f:l.M = 0.01. 

4. Second Order Aberrations 

On the first step of the investigation we consider the influence of the second order 
aberratio~s (geometrical and chromatic) separately for every structure element and 
compare their influences. The geome1;rical and chromatic aberrations of the second 
order in the electrostatic deflector (ED) lead to the shift of the picks from the center. 
On Fig.3 one can see this shifting for some example of parameters. In particular, 
geometrical aberrations lead to the ;hift of the central pick equal to 7.2 mm and 
chromatic aberrations lead to the same shift and distortion of the first and second picks 
widths approximately up to three times (see Fig.5). On Fig.4 the influences of 
the geometrical and chromatic aberrations in the bending magnets are demonstrated, 
without aberrations induced by the ED. Separately these types of aberrations lead to 
the following distortions (in compariso:1 with Fig.l ): 

o for geometrical aberrations: the central pick is the same and the neighboring pick 
width grows two times. 

o for chromatic aberrations: the growth of both the picks widths has the factor 3/2 
(see Fig.6). 

All aberrations influences without chromatic aberrations in magnetic and electric dipoles 
are shown on Fig.7, and with chromatic aberrations in magnetic and electric dipoles are 
shown on Fig.8. 

These pictures in the full measure demonstrate the influence of second order 
aberrations ill: the mass-spectrometer. 8ertainly it is necessary to study these influences 
in more detail for some selected varian :s of the system. 

5. Third Order Aberrations 

Third order aberrations should be separated into two parts: 

o Geometrical aberrations in focming elements (in the solenoids and the quadru­
pole). Only chromatic aberrations induced by these elements we investigate in all 
orders (see Section 3). 

o Chromatic and geometric aberrations in deflecting elements: electrostatic and 
magnetic elements. 
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In particular, geometrical aberrations of the third order in the solenoids lead to the 
growth of the first pick width 1.2 tines. For the quadrupole geometrical aberrations 
the first pick has the same width bu: the second pick width has the factor 1.1 (see 

Figures 9,10). 

Figure 5 Figure 6 

~ 

~ I ~I 

Figure 7 Figure 8 

I 

Figure 9 Figure tO 
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6. Conclusion 

The developed calculations demonstrate that the chromatic aberrations exert greater 
influence upon the terminal distribution function in comparison with the geometrical 
aberrations. This allows us to declare that only chromatic aberrations should be 
compensated. In particular, for example, we can note that such system should contain 
sextupoles for correction chromatic aberrations in 1;he bends (for example, after the first 
bend and before the second). 
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One Variational Method for Solution of Magnetostatic Problems 

M.V. Aljeshin 

Moscow State Technical (Bauman) University, Russia 

The Formulation of Problem and Estimate 

of Error of Its Approximate Solution 

Investigated physical system - fem)magnetic in the field of the coil with current. 

Magnetic occupies the domain of space D, the magnet wire of coil - D', the density of 

current j. The system equation is presented in integral form 

H(T) + ~( __!__ j(M(?', ri(?')) · ~') 
1 
.. 

1 
.. ,1 dr') = Hs(i), 

4rr r- r 
D 

where H -the strength of magnetic fie d, M -the magnetization of magnetic and right 

part Hs(i) = [~ x __!__ j-
1 
.. ~1 }(r') dr']. Here as a variable is considered H, function 

4rr r - r' 
D' 

M (.H) and the density of current j are believed known. 

ln"'rder to define field outside the m<~gnetic, it's enough to solve the system equation inside 

domain D. The solution maybe is found on space L2 (D) of square-integrated measurable 

on D vector-functions. Confining to this space, we shall write down the equation in operata­

rial type H + FM(H) = H5 • It admits the estimate of the error of any its approximate 

solution without the precise value of Jj. This estimate permits to denote the method of 

the solution of the investigated problem possessing stop-criterion of computations. 

We shall begin with the properties <1f operator J. On L2 (D) it is continuous and self­

adjoint. For finite D with Lipschitz b"oundaries the range of values of J is V = ~[W](D)]. 

Here W:}(D) - the space that is measurable on D functions which are square-integrated together 

with its weak derivatives. The contract lOll J..j..V is positive definite. The substantiation of 

all the above-mentioned properties may be found in [1]. 

We shall exclude out of considerati3n infinite magnetics and magnetics with bound-

aries, not satisfying the Lipschitz condition. Such pa.ce permits to introduce orthogonal 

projector P from .i2 (D) on V and operator K, inverse 1-l.V. Making up of them non-linear 

operator R(H) = M(H- Hs) + PM( ff), we shall present the investigated problem by the 
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system of equations (1- P)(H- Hs) = 0, R(H) = 0. Obviously R has positive definite 

on V strong derivative. Just this circumstance makes possible the potential estimate of 

the error of the approximate solution of the problem [2]. It defines as well the existence 

of sole exact solution. 

We shall pass on to real situation when all phy'>ical magnitudes are known with finite pre­

cisions. Obtained in an outcome of measurementf the current density will be designated 

J + J]. It originates Hs(?) + JHs(?) = ['Vx __!__j
1 
.. 

1 
.. 

1 
{](r') + J](r')) dr']. As an ap-

4n- r- r' 
. D' 

proximation of the strength of field inside D we sh 1ll choose H + 'OH - an arbitrary element 

of L2(D). The approximation of magneti"zation replying this element, will be designated 

M + JM. Its association with H + 'OH shall be specified below. Then the field strength outside 

domain Dis Hs(r) + Jiis(T) + V( __!__ j((M(T)' + JM(T)') · V') 
1 
.. 

1 
.. ,

1 
dr)'. Its error in 

4n- r- r 
D 

any point r does not exceed as to absolute value 

(the symbols of norm and further scalar product 1elate to L2 (D)). Thus, it is necessary 

to evaluate II(M + JM)[.ii +Jill- M(H)II. 
Iffor J + Jj to retain the property of a current r reservation, then [V x (Hs + JHs)] = 0 

on D. Respectively (1 - P){Hs + JHs) = 0 [3] and Jlaving required (1 - P)(H + JH) = 0, 

it may be introduced as an approximation of the operator R 

Admitting onward into attention equality R(H) = 0, we shall receive 

Such form of operator prompts representation 

(M + JM)[H +Jill- M(H) = ((M + JM)[.H +cHi]- M(il + JH)) + 

+ (M(.ii + Jil)- M(il + Jii- Jiis)) + (jl1(ii + Jii- Jiis) - M(Ji)). 

The first two residuals in the right part of this idertity from H do not depend. In order 

to estimate the third residual, take advantage of relation (1 - P)(JH- JHs) = 0 and 

IIJH- JHslj 2~ (JH- JHs, K(JH- JHs)) [1]. 
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According to the properties of Lebesque integral [4] and positive perceptibility . of 

magnetic (the maximal value of percepti )ility is designated V), 

1 

IIM(I1 + u!- f>Hs) - M(II) II= II j :(f>.ii- f>Hs) · a~!)M(.ii + t(f>H- f>.iis)) dtll ~ 
0 

1 

~ j II ((o.ii- f>Hs) · i~)M(H + t(o.ii- f>Hs)) 11 dt ~ 
0 

1 

~ v112 j (f>.ii- o.iis, ((o.ii- 8Jt) . 8~)M(H + t(oH- 8Hs)))1
;

2dt ~ 
0 

1 

~ o112(8H- 8!Is, j ((MI- f>Jis). 8~)Jvi(II + t(f>JI- f>Hs)) dt) 112 = 
0 

= o112(o.ii- o.ii5 , .M :fl + f>H- oHs)- M(H))1
;

2 ~ 

~ ~(8JI- f>Hs, K(f>H- 8Hs) + P( M(H +oR- Mis)- M(Jl)))/IIMI- JH,jl ~ 

~ ~(ll(R + oR)(H + oH)ll + l(M + JM)[H + oH]- M(H + Mf)ll + 

+ IIM(H + JH ·- f>Hs)- M(H + Mf)ll) ~ 

~ ~(ll(R + oR)(H + JH)II + ll(M + 8M)[If + JH]- .ltf(H + JH)II + Dllf>Hs ID· 

Here ~ - is constant satisfying the inequality 

z}12
/{ ~ lloH- oHsll/(f>H- f>Hs, M(H + o.H- f>Hs)- M(H)) 112+ 

+ (811- f>Hs, M(H + oP- o.Hs) - M(H)) 1
;

2 1 llf>H- f>Hs II . 

Because the right part of the inequality is r.ot less than 2 , then { = D
1

/
2 /2. As a result 

II(M + f>M)[H + f>H]- M(-q)ll ~ (v112 /2)II(R + f>R)(H + f>H)II + 
. . 

+ (1 + v1
;

2/2)II(M + oM)([H + f>H]- M(H + f>H)Il + (v + v3
;

2 /2)IIMisll· 

Discretization of Problem 

Received estimate permits to transform the solution of magnetostatic problem in dig­

ital procedure minimizing this estimate. The real implementation of such procedure as­

sumes discretization of the problem. W ~ take ad vantage of the certain variant of piecewise­

constant discretization. Volume of the magnetic will be approached by polyhedron which, 

in its turn, will be parted on terahedrons. The characteristic functions of the tetra­

hadrons will be designated TJ/. The strength of magnetic field suitable to search in the 
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form fi + 8H = Hs + 8Hs + ]~1Ji with constant -:ci} (on repeated indices summing is con-

ducted). Chosen form fi + JH simplifies construction (R + 8R)(H + 8H), but makes 

difficult the magnetization computing. Therefore we shall introduce G = <H + 8H>- either 

approximation fi + JH, constant inside the tetrahedrons. To namely this approximation 

will match also piecewise-constant (M + 8M)[H t J.ii] = M(G) + 8M(G) = ~1Ji· 

After the above-made improvements we have 

II(M + &M)[il + &ii]- M(ii + JH)II::; IIM(<l)- M(ii + &ii)ll + IIJM(G)II::; 

::; viiHs + &iis- <Hs + 8Hs>ll + vii1~1Ji ·_ <Jci1Ji>ll + II&M(G)II, 

II(M + &.M)[ii + &ii]- M(H)II::; (1 + v112f2)(vlliis + 8Hs- <Hs + &Hs>ll + 

+ II&M(G) II + vii6Hs II) + (v112 /2) IIP(Ci + Si)1Ji II + (v + D3
/

2 /2) II l~1Ji- < lCi1Ji >II. 
Values II&MII, vii&Hsll are dependent on the precision of the measurements of current 

and magnetization. They dictate requirements for a smallness of the remaining addends 

of the right side of last inequality. Rather fine in [tial partition of D permits to satisfy 

this requirement in respect to viiHs + &Hs <Hs -t &Hs>ll· The further procedure is re­

duced to a construction { ~} for initial and fineer partitions of the magnetic. According 

to positive definiteness J .J.. V , the purpose of similar procedure may be to elect diminu­

tion <I>{ c,} = IIJ1 12 (~ + Si)1Jdl +vii Jc,1J,- < Jc,1J, >II· Advantages of this functional will be 

explicit below. 

Algorithm of Solution 

Let C, ~ Ci + dCi. Such substitution leads to 

= ((Ci + Si)1J,, 1 (dc,111 + e"'111e;-r (e-r111, 1 dci'1J'' )))/II J 112(cj' + ;], )171' 11, 

d(lllCi1J,- <l~1J,>II) = (1Ci1J,, (Jdc11Jj- <lclc;1J1 >))f11Jci'1J''- <JCi,1J,,>II. 

Here () ;Y is the magnetic perceptability depending on G. Direction of the quickest de­

crease of <I>{ C,} can be defined by the equations d~ == - (c, + 8;) dt under conditions dt>O 

and- :£(1111 1 2 (~ + S'i)1J1 11) > !!_(D .IIJCi1J,- <1Cr1~&>11) (t- arbitrary parameter). In order 
dt dt 
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the equations make sense on the finite interval of variations t, we shall add their require­

ment - :t (IIJ112 (Ci + si)rJi II)~ 10 :t(fJIIlcirJi- <lCirJi>ll) in initial moment t=O. To 

This requirement may be satisfied, if :tpproximation < Jc,rJ, > will correspond to a finer 

partition of D, than { Ci}. 

For construction Ci(t) the differenti<~l equations it is convenient. to transform in integral 
t 

Ci(t) = Ci(O) e-t- j si(t)'e-(t'-t')dt'. L;:,st equations belong to Volterra type and are solved 
0 

t 

by iterative procedure: c;<o)(t) = G;(O) e-1, c;<K+l)(t) = Ci(O) e-t- j ~(K)(t') e-(t-t')dt', 
0 

where ~(K)rJi = M(G(K)) + bM(G(K)), a<K) =<Hs + fdis + Jct>rJj>· The convergence 

of this procedure is specified by easily receivable estimate 
t t 

jl(ci(K+l) (t) - ~(K) (t))rJd2dr :; ~! (iJ2 ft' dt't f dt' e-'l(t-t') ~~~(O)rJd2dr -5:. 
D 0 o D 

t 

-5:. ( t2 /21f,.) 1/2(v2t: e /2,. )j dt' e-2(t -t' > jl~(o)rJ,I2 dr. 
0 D 

The second inequality is explained by Stirling formula (5]. 

By now the suggested algorithm of the solution of the magnetostatic problem may be 

described on the whole. As already was said, initial partition of the magnetic is chosen 

so, that piecewise-constant approximation of the current field Hs + 8Hs is rather exact. 

On this approximation the magnetiza·.ion of the magnetic is defined and its value in each 

subregion of the partition is identifiec with (-Ci). Thereby, we get initial field H + 8H, 
and with it G, {5;} and 4>. The ca:1e of small value 4> shall be considered below. If <I> 

is large, then it is necessary to construct new { c,}. 

We shall clear up in the beginnfng whether. the entry condition is fulfilled 

- :i(IIJ
1
1

2 (c, + Si)rJ ID ~ 10 :i(vi!Jc,rJ,- <lCirJ,>II). 

Its non-observance compels to pass to a fineer partition of the magnetic. By a sequential 

choice we shall discover a partition, for which the entry condition is performed. To it 

are matched their own { 8&}. Further from the integral equations, s(l) is found and from 

functional equation :t (II J 112(c,(1
) + t?l)rJdl) - 1t (vii Jc,(1lry,- < Jc,<1lry, >II) its nearest 

to zero root t1 is found. If t 1 will turn out to be more or comparable with 1/tJ, then 

we shall pass on to ~(2 ) and shall continue procedure. Otherwise for new value c, we shall 

admit ~(l) ( t 1). On step K. we will soh e the equation 
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:t 011112
( s(~> + s;(~))11dD = - :t ( Dll Js(~> 17i < Js(~>17i >ID 

and compare its root t~ with (Kfv2)112. 

The search for roots can be finished before <I> will is found to be enough 

small. Then we shall pass to a fineer partition ~)f D having restored the entry condi­

tion- :t(IIJ112 (C: + i1)11dD ~ 10 :t(vi!Jci17i <lc:m>ID· At such passage a variation of 

the functional <P'{Ci}- <P{Ci} does not exceed on a.n absolute value 

:$lis/ 11: - ;i77dl + v11Jci17i- <;1Ci17i>'l '7 vii1Ci17i- <1Ci17i>ll ~ 

~ vii< JC:17, >' - < JC,17, >II +vii JCi17, - < J~!i17i >'II -vii 1Ci17i - < 1Ci17i >II ~ 
~ 2viiJci17i- <IC.11i>'ll 

(the prime marks magnitudes, concerning a new Jartition). As a result it may be attained 

that I<P'{C:}- <P{C,}l has not exceed one tenth of the functional variation at expense of 

the previous optimization { C:}. Further everything continues as it is described above. 

Eventually I!J112(Ci + S';)11dl +v!IJCi17i- <lc,"ii>ll will become so small, as far as it 

is necessary. But we have II ] 112
( C: + S';)17,11 ~ II P( c, + S';)11dl [3], therefore one needs s"'epa­

rate research IIP(Ci + 8!)77dl· This magnitude coincides with a minimum of the functional 

(II ( Ci + S';)17,11 2
- 2( ( C, + S';)1J,, ·) + 11·11 2

) 
1

/
2 on orthogonal complement of V and with a max­

imum (2((C: + S';)7]&, J(Ci + S';)17, + ·) IIJ(ci + S';)17, + · 11 2
)

112 on the gradients of harmonic 

functions from WJ(D) (the range of values of P -- J is the space of similar gradients 

[3]). Any element of the orthogonal complement of V can be approached by piecewise­

polynomial vectors, any harmonic f~nction from Vl'l(D) 11- a potential of a simple layer 

with a piecewise-constant density [6]. These circumstances permit to construct upper and 

lower evaluations of IIP(c, + s,)7J,II, the residual of which can be made small as is wished. 

The computations stop, as soon as the upper evaluation becomes less admissible error. If 

in any moment the lower evaluation exceeds an admissible error, it is necessary to come 

back to minimising IIJ112 (C, + S';)r,,ll + vlllC.7J,- <JC.7J,>II· Thus, from a practical point 

of view the ad vantage of the explained method is tb e availability of the stop-criterion of 

computations. 
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CHANGE OF FIELD DISTRIBUTION 
FOR THE SPECTROMETRIC SP-40A MAGNET *) 

S.V. Andreev, V.A. Panacik, E.E. Perepelkin, R.V. Polyakova, T.V. Shavrina, 
I.P. Yudin, E.P. Zhidkov. 

Joint Institute for Nuclear Research, 14198C' Dubna, Moscow region, Russia 
E-mail: mag@cv.jinr.ru 

A significance ofthe numerical modeling for re)earch in magnet systems is defined by the 
known advantages of computational experiment and the fact, that a measurement of magnet field 
is a laborious and expensive problem. Therefore, sometimes one has to use the magnet field 
measured in one working mode of the physical setup for other working modes, accordingly, 
having recalculated it. 

In this paper a problem of recalculation of the SP-40 magnet field of the EXCHARM 
spectrometer [ 1] in another working mode is considered. The field distributions for these working 
modes are received by computation. At that the experimental data are available for the first of 
them. It is carried out a comparison of the computed distribution with the experimentally 
measured ones which turned out to be satisfactot:'· From the comparison of these two 
distributions, an algorithm of the recalculation of the field distribution from the mode of the 
known experimental data to another mode, is received. The magnet field maps are composed for 
two modes ofthe EXCHARM experiment. One ofthem is the mode of measurements for the field 
B0 = 0.78-IOT in the center and the other is one ( session N 10, 1995 ) for the field in the center, 

which is equal to 0.85 of the magnitude B0 = 0.7840T. The results of this paper are aimed to 

process of the experimental physical information having received in the session N 10 of the 
EXCHARM experiment. 

I. Field distribution for first work mode 

The SP-40A magnet field measurements of the EX CHARM spectrometer [2] carried out 
in March 1996 (3] have been processed and used forth(: receiving of the magnet field map. This 
map is applicable for the experimental physical information processing at present and in the 
sessions of the EX CHARM experiment carried out before. Two work modes of the spectrometer 
magnet are interesting at present. Namely, the mode with the field B0 = 7840Fc, in the center of 

magnet, is the 1-st mode, and it is the mode of measurements. The graphs of the components 
B,, B, and B: of the measured magnet field are presentt~d in [3]. And the 2-nd mode is one with 

the field B0 = 666-IFc, that is equal to 85 %of the first v1lue. 

The numerical modeling of the SP-40A magnet of the spectrometer (the configuration of 
the 1/4 part is given on fig. I) was performed by the CPMMS-v.1.1 complex of programs (4], 
including such programs as POISCR [5] for numerical modeling of two-dimensional magnetic 
fields, and other codes for solving of the Poisson equati )n ( of Laplace equation ) in two- and 
three-dimensional cases. Besides, the CPMMS-v.l.l complex of programms includes as a 

*) Work supported by the Russian Foundation of Basic Research (grants no.95-01-00737a and 
no.95-01-01467a) and supported in part by the Federal Centre "Integration" (project no.K0085). 
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constituent part the. data base of the configurations of magnet systems for graphic examination of 
obtained numerical results that makes considerably ea~ier and accelerates the process of selecting 
configurations of the magnet system for its technical re:tlization. 

Let us designate the components ofthe measured field as B~3l(x,y,z),B~3l(x,y,z) and 

B; 3
) (x, y, z) where the field in the center of magnet is B0 = 0.7840T. The results of the field 

calculation are presented in fig.2 (Bx component) and in fig.3 (BY component) depending on x 

at z = 0 and y = 20cm and y = 24cm, where inhomogeneity of the field look especially greatly. 

The field is more homogeneous for y < 20cm . 

Let us designate the computational values corresponding to the first work mode, as Nl and 
B(l) B(

1! and also the field in the center as B(l) Hen B(l) = B(
3

) 
X ' y ' 0 ,. 0 0 . 

In fig.4 these computational curves are comp;lred with experimental values ( they are 
labelled by thick points ) in the characteristic region of the magnet field. Analyzing the 
computational and measured fields, one may say about a good consent of the computational 
model of the field with experimental data. 

2. The field distribution in the second work mode 

The problem of using the obtained map of the measured field for physical data processing 
in other sessions of the experiment EX CHARM, where winding current differed from its value in 
carrying out measurements [2], is topical. 

Let us investigate a mode with the field in the center of the magnet 

Bb11 =a· B~' 1 
( 4) 

where a= 0.85 in our case.The received calculation values of the magnetic field components for · 

this mode are designated as B~2 l(x, y, z) and B~2 l(x, y, z). Further, the differences are determined 

as 

{ 

M, ( x, y, z) = B~ 21 
( x, y, z) - a · B~n ( x, y, z) 

M,(x,y, z) = B;2
J (x, y,z)- a· B;.n (x,y, z). 

The graphs ofthese values are given in fig.5. 

3. The field map for the second work mode 

( 2) 

For experimental physical data processing received under the conditions of the second 
work mode, one can suggest the following computed map of the magnet field: 

{ 

BJ x, y, z) = M3J x, y, z) + a · B~ :71 
( x, y, z) 

B, (x, y, z) = M3v(x,y, z) +a· B~_:71 (x, y, z) 

where a= 0.85, and Mx{x,y,z) and L1B,.(x,y,z) are determined from ( 2 ). 
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The computed map lets to use measured magnet field,and also take into account nonlinear 
effects of the real magnet field . 
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4. The precision condition u( oo) = 0 

It should be noted, that the last version of tt:e CPMMS-v.l.l complex of programs [4] 
includes an algorithm for studying the magnetic fie d behavior at infinity. It has considerably 
expanded the region ofthe application ofthis program. 

In the process of the numerical calculations of the SP-40A magnet field the 
complementary monitoring of the approximation accmacy of the u( oo) = 0 condition is performed 

on the base of methods, using by anology with [6], an extrapolation according to the parameter 
R-1

, where 

( 4) 

and lx and IY are the lengths of the sides of rectargle limitting computative region n. It is 

supposed, that the error of the approximation of 1 he. boundary condition u( oo) = 0 can be 

expanded in a series by power of parameter R-1
. For the considered task the following algorithm 

was used. The boundary value problems are solved for the sequence of widenned regions 

nk' k = I, ... ' M' having in pairs different values R, from Eq.( 4 ). Then the values of uAp) 
solutions (at various K) are compared in the check po1nts P ofthe computative region .Q. Iffor 
this chosen E > 0 , the condition 

( 5 ) 

is fulfilled, we suppose that condition u(~), where ~ belongs to the boundary of the computative 

region, will satisfactorily approximate the boundary cc ndition u( oo) = 0 . If one apriori supposes 

that there is a the regular expansion in series by power of parameter R-1 for the approximation 
error ofthe condition on infinity: 

( 6) 

where u(p) is the exact solution of the Poisson equation, and a function g(p) does not depend on 

R, then one can exclude the second term in Eq.( 6 ) by means of extrapolation. For this purpose 
we wilt define numbers y 1 , y 2 from the system of equations 

( 7) 

where R, , R] correspond to two various computative r·~gions. Then the linear combination 

u(p) = Y lllli
1 
(p) + Y ]UR

2 
(p) ( 8) 

satisfies the estimation 

( 9) 

i.e. approaches the condition u( oo) = 0 with a high accun.cy then each of u R and u R . 
1 1 

Using the described numerical algorithm, the configuration of the magnet SP-40A was 
calculated for two radiuses R1 and R], parameter y we: s taken equal to 2. 

The solution ( the magnitude of potential u(p) .vas founded by using formula ( 8 ). That 

gave us a more exact coincidence with the experimental values ofthe magnet field. 
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5. Conclusions 

1. The behavior of magnet SP-40A field lor two work modes of spectrometer EXCHARM is 
investigated by using the complex of programs for the calculation of the magnet systems 

(CP:MMS- v1.1). 
2. The good consent of our computational model with the available experimental data has been 

received. 
3. The magnet field map is suggested fc r experimental physical data processing that in the 

conditions of the second work mode of the SP-40A magnet of spectrometer EX CHARM (for 

session N 10 ). 
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Calculation of Planar Systems for Proton Beam Transportation to the Patient 

M.M. Kats, I K.K. Onosovsky 

-Institute of Theoretical and Experimentd Physics, Moscow, Russia. 

The system for transportation of a beam used for proton therapy is suggested. 
In this system a prone patient is placed perpendicularly to the beam axis. The beam is 
bent and focused in the vertical plane in such a way that makes possible patient 
irradiation from any direction. Three versions ,)f such a system are discussed. All of 
them give the opportunity to transport protons with energy up to 250 MeV and R *R'. 
up to 10 mm*mrad to targets with linear size it the interval between 10 and 300 mm. 
As compared to systems described in this paper have smaller weight of movable 
equipment, occupy less space and consume less power. 

It is know that for successful application of proton beam therapy it is necessary to 
have the system for the proton beam transportc:tion from the accelerator to the lying 
patient witch permit target irradiation from var ous direction. These systems have to 
transport proton beams with energies from various 70 to 250 MeV and transversal 
phase volume characteristic. for the slow extraction of the beam from the proton 
synchrotron [ 1]. At the same time they have to provide active formation of necessary 
dose fields using three-designed and introduced into medial practice [2,3]. However 
these systems have some features that put obstacles into the way of wide introduction 
into medical practice. These features are their ~ ize ( 5 x 13 x 13 m ), weight of the 
movable equipment ( up to 90 tons ) and nece~;sary electric power ( the field of 15 
kGs turns the beam to the angle of 360 degrees at the magnet crossOsection of ab<fut 
50 x 50 mm ). 

Trying to solve this problem, we have since 1993 designed several versions of 
the PLANE GANTRY [ 4,5,6, 7]. In the traditioml systems the patient is placed along 
the proton beam axis (towards the center of the irradiate target) by the magnet system 
placed on the rotating platform ( Figure 1a ) We proposed to place the patient 
perpendicularly to the beam axis and to turn anc focus the beam in the vertical plane 
(Figure 1 b). We used a vertical concrete wall as a main constructive supporting 
element. We used beam focusing by the quadrupole's lenses to diminish magnet field 
volume and to provide necessary beam size on ti-e target. We supposed that for target 
irradiation from various directions it is possible t) rotate the table with patient around 
the vertical axis to 180 degrees. We supposed th1t active scanning of the long targets 
can be provided in the pane of beam turns by on~ scanning magnet, along the patient 
axis- by the show (about I cm/s) movement of the procedure table and in the depth­
by the corresponding alteration of proton of proton energy and by using filters. 

All the versions of PLANE GANTRY de:;cribed here are preliminary. All the 
versions were calculated by using programs TRANPORT [8] and REVMOC [9] to let 
through the proton beam with energy up to 250 MeV and transversal half-size up to 
X*X'=Y*Y'=2mm*5mR and dP/P=O.l%. 

In the paper [6] the version of PLANE Gi\NTRY was described in witch only 
part of the magnet equipment is movable and tht~ procedure table with the patient is 
stationary ( Figure 2 ). In this version the proton beam is first transported through one 
of the nine stationary magnetic channels. The platform with movable magnets moves 
along the rails placed on the vertical wall. Beam direction is defined by its turns in the 
last stationary and the last movable magnets. It is supposed that the proton beam was 
focused in the initial point I. Then stationary quadrupole lenses refocus it into the 
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center of the stationary bending magnets ( in this way small cross-section of th~ beam 
in these magnets and thus small size, 'Neight and consumed power are provided). The 
scanning magnet, two quadrupole lenses and the last magnet with enlarged cross­
section are placed on the trolley. In cJmparison with traditional systems this system 
takes up less space in the building. The system needs less electric power (bending 
angles are up 200 degree at magnet ~ross-section of 20 x 80 mm ). The weight of 
movable magnetic equipment is small enough- of about 3 tons. 

It is worth noting two significant medical advantages of this system. Medical 
personnel is able to reach the lying patient from every side right before and after 
irradiation. Thus it is possible to thin c about partial combination of functions of the 
operation and the procedure tables. BE side there is a possibility to irradiate the patient 
from the directions not lying in the plane perpendicular to the patient axis by using 
table rotation in horizontal plane. This may permit to wide the possibilities of the 
proton therapy usage. 

In the paper [7] the sample ver ;ion of PLANET GANTY is described in which 
all magnetic equipment is stationary and only the table with patient and 
accompanying medical equipment an movable ( Figure 3. ). The necessity to move 
the table is a significant and obvious defect of such construction. This system may 
however be useful if there is few rc om or the height of the building is less than 
necessary because this system has re atively small size ( 3 x 7 x 8 m ). It is worth 
noting that movable table was used before ( PSI ) and is sometimes considerate in 
designing such systems [3]. 

The compromise version ofPLANET GANRTY is shown in Figure 4. In it 
all magnetic equipment is stationary, the system takes up few space and electric 
power and small weight. The necessi y to move the table with the patient a little 

(with the platform for the medical penonnel and accompanying medical equipment ) 
doesn't interfere much with the mec.ical work. Its construction resembles the one 
shown in Figure 2. Nine magnetic channels are placed on the vertical wall and they 
work one at a time. Each channel can transport the beam to the target in the limits of 
its direction interval ( 30 degrees ) using beam turn in the last magnet and the 
corresponding shift of the procedun table axis in the vertical plane. ( This shift 
doesn't exceed 70 em. ) As the platfc,rm moves together with the table axis medical 
personnel has circular access to the p.ltient at all irradiation direction. In this version 
there is also a possibility to irradiate '.he patient from the directions not laying in the 
plane perpendicular to the patient a_xi~. For the _irradiation from the lower hemisphere 
the platform has a slot witch is openec only in time of irradiation. The cross-section of 
the stationary bending magnets gap is 20 x 80 mm, maximum beam turn angle is 200 
degrees maximum magnetic field i:; 15 kGs. Stationary quadrupole lenses with 
product of aperture diameter to the lens length d x 1 of 60 x 300 mm are used in 
stationary magnetic channels. The tot.1l weight of movable equipment doesn't exceed 
500 kg. The place necessary for the rr agnetic equipment is 1 x 15 m at a height of 14 
m and beside it is necessary to have 5 x 5 x 6 m for the procedure table, medical 
equipment and medical personnel. 

It seems to us that in designing new medical centers for proton therapy it is 
useful to consider the systems like PL t\NET GANTRY along with traditional systems 
for beam transportation. 

The authors are grateful to V.S. Khoroshkov, V.M. Breev, L.L. Goldin for 
useful discussion of this paper. 

K.K. Onosovsky died in E 195 He was the leader of the ITEP proton 
synchrotron. He was the inventor of H- accelerator in medical purpose. PLANE 
GANTRY is his last work. 
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a Usual GANTRY 

b Planaz GANTRY 

c Planar GANTRY with movable patient 

Figure 1 
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Figure la. The layout of the beam transportation in usual GANTRY 
I. Direction of the proton beam. 
2. Magnets. 
3. Rotated frame. 
4. Direction of the beam transportation. 
5. The procedure table with the patient 

Figure lb. The layout of the beam transportation in the PLANAR GANTRY 
I. Direction of the proton beam. 
2. Magnets. 
3. Vertical wall. 
4. Directions of the beam transportation and working magnet channel. 
5. The procedure table with the patient 

Figure lc. The layout of the beam transportation in the PLANAR GANTRY 
with movable patient · 
I. Direction of the proton beam. 
2. Magnets. 
3. Vertical wall. 
4. Directions of the beam transportatio 1 and working magnet channel. 
5. The procedure table with the patient. 

Figure 2. The layout of the PLAN;\R GANTRY with partially movable magnetic 
equipment 
I. The point of focusing of the proton t earn. 
2. the magnets bending the beam by the angles up to 30 degrees. 
3. Quadrupole lenses. 
4. The magnet with the bending angle of 45 degrees. 
5. The magnet with the bending angle of 90 degrees. 
6. The magnet with the bending angle of 30 degrees. 
7. The magnet with the bending angle of 120 degrees. 
8. The last stationary magnet with bend angle less than 12 degrees. 
9. The rails along which the platform moves. 
I 0. The vertical wall to which all magnets and rails are attached. 
II. The platform that can be fixed with the step of 30 degrees moving along the circular 
rails. 
II a. The frame that can turn by the angles up to 15 degrees with respect to the platform 
12. Movable magnetic equipment: 'tht~ scanning magnet, two quadrupole lenses with 
enlarged cross-section and the magnet t 1at bends the beam by the angles up to 25 degrees. 
13. Procedure table with the patient. 
14. The mechanism of the axial shift of, he procedure table. 
15. Medical personnel. 
16. The platform for the medical personnel. 
17. The irradiated target. 

Figure 3. The layout of the PLANET GANTRY with minimum size and movable 
procedure table. 
I. The point of focusing of the proton ·Jearn. 
2. The scanning magnet. 
3. Quadrupole magnet. 
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4. The distributing magnet bending the beam by the angle up to 25 degrees. 
5. C-shaped magnets with the winding pole : in ~ach of them the beam is bent by the 

angle up to 25 degrees. 
6. Radiation protection around the insallation. 
7. The procedure table. 
8. The patient. 
9. The platform for the medical personnel witch is moved to the necessary position 

with the procedure table. 
10. The rails attached to the vertical wall. 
11. Plane vacuum camber in which proton beam is transported after its the magnets by 

the necessary angle. 
12. The mechanism of the axial shift of the procellure table. 
13. Medical equipment. 

Figure 4. The layout ofthe PLANET GANTRY with stationary magnetic equipment 
and slightly movable procedure table. 
1. The point of focusing of the proton beam/ 
2. The distribution magnet bending the beam by the angles to 30 degees. 
3. Quadropole leses. 
4. The magnet with bending angles of 45 degreEs. 
5. The magnet with bending angles of30 degreEs. 
6. The magnet with bending angles of 90 degreEs. 
7. The magnet with bending angles of 120 degn:es. 
8. The scanning magnet. 
9. The quadropole lens with enlarged cross-sect on. 
10. The quadropole lens with enlarged cross-sect on. 
11. The magnet with the bending angle of 15 degrees. 
12. Beam monitor. 
13. The platform for the medical personnel witch is shift together with the procedure 

table. During the irradiation from below a slit is open in the platform. 
14. Position of the procedure table with the patient during the irradiation from the 

direction of 115 degrees. 
15. Position of the procedure table with the patient during the irradiation from the 

direction of 115 degrees. 
16. Vertical wall with stationary magnetic equipment attached to it. 
17. The frame with movable medical equipment. 
18. The mechanism of the axial shift of the proct dure table during the irradiation. 
19. The mechanism of the horizontal shift of the platform during the change of 

irradiation direction. 
20. The mechanism vertical shift of the platfo ·m during the change of irradiation 

direction. 
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THE SIMULATOR OF 1viiCROTRON 1 

V.P.Gorbachev, S.V.Yerokhin, V.P.~:tepanchuk, V.V.Shlyapin 

Department of Physics,Saratov State University, Astrakhanskaya 83, 
Saratov 410601 Russia. 

E-mail: serg@sgu.ssu. runnet. ru 

The program packet, simulating the work o, microtron with microwave supply 
system on the base of magnetron, has been des,:ribed. Its basis is the program 

for the calculation of the transition processes i 1 microwave supply system of the 
microtron. While waking with the packet the calculated pulses of injection current 
from cathode microtron and accelerated current are being displayed at the monitor 
screen. The values of main parameters -of accelerate~r systems are also being shown 

on the screen and may be immediately changed. r'he programme packet may be used 
for training of microtron operators and teachin!: of students of physics of electron 
accelerator specialization. 

The software package is designed to simulate the work of microtron with microwave 
supply system on the base of magnetron connected 1Vith accelerating cavity through ferrite 
isolating unit. 

The packet consists of: a program-shell and a program Lar-Sim that calculates tran­
sition prosseses in microwave supply system of m crotron (including pulses of injection 
current from microtron cathode and accelerated current), and three files with the pata 
necessary from the mentioned above program. 

The program-shell designed to simulate a contr,)l mechanism of an accelerator is writ­
ten in Fox- Pro 2.6 language with the use of its standard means and intended for work 
in Windows environment. At the monitor screen i:; displays pulses of injection from mi­
crotron cathode and accelerated current of the targEt, calculated by Lar-Sim program and 
also, main six parameters of microtron (average a wd current of magnetron, generation 
frequency, "phase" and attenuation of accelerating ::avity-reflected wave, current magni­
tude of injection from microtron cathode and driving magnetic field magnitude), also 
average current of injection and accelerated current. The main parameters are digitalized 
and can be changed promptly with the help of "mouse". After that the program-shell 
repeats the submit of Lar-Sim program and disp:,ays at the monitor newly calculated 
pulses of accelerated current and injection current. The results of the previous submit of 
a Lar-Sim program are also displayed at the moni1 or but their color is different. 

Lar-Sirn program is based on the program de3cribed in [1]. The following models 
of system units have been included: magnetron generator and accelerating cavity have 
been represented as single oscillators. These oscillators loaded on long lines where wave 
processes occur. Electron conductivity of magnetron is the function of anode voltage and 
microwave voltage at the corresponding circuit. Thus, the finite duration of the edge 
of puis of anode voltage supply and hard excitati)n of magnetron generator are taken 
into account. Electron load of accelerating cavity in [1] was represented as a model of 
beam with lag of "relay" type [2]. The power of accelerated electron beam of all orbits 

1 Work supported hy the Russian Foundation for Basic Research (grants No 96-02-16360A). 
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(and its current) at moment t is defined by the value of the amplitude of oscillations at 
timet - Te (where Te-time of electron J•ath from the first to the last orbit). It has been 
assumed that interaction between bean: and cavity takes place only at the first harmonic. 
Phase shift between the accelerating vo· tage and first harmonic of the current of all orbits 
in the frame work of this model is dekrmined immediately. The elements of waveguide 
system have been represented as mult cpoles with corresponding matrices of scattering. 
The generalized equivalent circuit diagram of microwave supply system [1] on the base 
of mentioned above model representation has been drawn. Oscillation processes in it 
are described by the system of differe:1tial nonlinear equations with lag argument. To 
integrate the system the program achieving algorithm of Runge-Cutt of the fourth order 
is used. The program has been adapted for FORTRAN-51 that makes possible to use it 
in IBM compatible with PC. 

The modifications introduced by us for model representation described in [1] concern 
primarily microtron beam model. Further development of the model with lag of "relay" 
type [2] has been carried out. Micro ;ron orbits have been devided into three groups 
(1- N1), (N2- N1), (N3- N2). At N;; = 20- is a number of microtron orbits N2 = 12, 
and N 1 = 6. The summarized current that loads the accelerating cavity can be represented 
as: 

1e = 1e1 + 1e2 + 1e3 + ak h , ( 1) 

where: 

1e1 - is current of "first" ( 1 - N1) orbits; . 
1e2 -is current of "middle" (N1 - N~) orbits; 

1e3 - is current of "last" (N2 - N3) c rbits; 

ak - is a coefficient defined by the ''alue of the power of cathode electron beam with 
accelerating cavity field interactinn. 

Current 1e1, 1e2 and 1e3 is connectec. with the current injected from microtron cathode 
as following: 

12o = K h 1e3 = K h (N3- N2), (2) 

where: 

120 - is current of accelerated electrc·ns of the 20th orbits; 

K - is a capture coefficient; 

h - is injection current from micro .ron cathode. 

Using the curve of current distibutior over the orbits for certain mode one can obtain 
ffi . . f "fi ' d " 'dell " b' 'th h "1 " 1 l. coe c1ents connectmg current o rst an m1 e or Its WI t e ast ones. n tn1s 

case, as shown in fig.l. a smooth curv·~ is replaced by a bar graph.Thus, (1) becomes: 

1e = h K [K13 N1 t K23 (N2- NI) + (N3- N2)] , (:3) 

where ]{13,1(23 are coefficients connecting current of different groups of orbits. 
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The dependences of stationary value of the beam intensity on the oscillation ampitude 
in accelerating cavity have been calculated by calctrlation technique [2] for each group 
of orbits. The obtained dependences have been ncrmalized on the maximum for each of 

their values. Thus, the functions ie1 ( v), ie2( v), ie3: v) describing the dependences of the 
beam current of three groups of orbits on the ace elerating voltage have been obtained. 
Current of all orbits can be represented as followir g: 

Ie(v) = h K [K13 N1 iel + K23 (N2- NI) ie2 + (N3- N2) id (4) 

lel = iei(v(T- Tel)) ie2 = ie2(v(T- 7e2)) ie3 = ie3(v(T- Te3)) • 

where: Tet, Te 2 , Te2 are lag time corresponding to the three groups of orbits. 
The values of Ie ( 4) and the average phase o · a beam are used for the calculation 

of active and reactive conductivities of electron beam that is in equations describing 
oscillation processes in microwave supply system cf microtron. Current of the 20th orbit 
is estimated by equation (2). 

The software package demands 520 Kbites. Recently the parameters of microtrone 
with 20 orbit have been introduced into data ertry file. This S-hand microtron has 
acceleration mode of n = 1, 2. Microwave supply system of microtron is made on the 
base of magnetrone Ml-202. The form of modulator pulse is modified (nonuniformity 
of the plateau has been neglected). But in case of need the parameters of any of the 
microtron with any acceleration mode can be introduced to the data entry file of the 
package. The described software package can be used to train students specializing in 
physics and mechanics of accelerator and. probabl:;, to train microtron operators. 
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MICROTRON WITH AUTOGENERATIVE MICROWAVE 
SUPPLY SYSTEM ON THE BASE OF AMPLITRON 1 

I.V.Alekseyev, N.V.Vladimirov, V.P Gorbachev, V.P.Stepanchuk 

Department of Physics Saratov State University} Astrakhanskaya 83} 
Saratov 410601 Russia. 

E-mail: s,;rg@sgu.ssu. run net. ru 

The modernized microtron with autogenerative microwave supply system on the 
base of amplitron has been described in the pape~. It has been desined for exper-
imental research on the process of the acceleration and oscillation in microwave 
system at values of the relative elEctron conduction in the range of 2 - 10. The 
usage of acceleration mode with small increase of electron energy (n = 0.62 and 
n = 0.36) provides the increase of values of electron load. 

Use of experience of microtron with autogenerative microwave supply system on the 
base of amplitron [1] shows that its m<Lin merit is simple and fast putting into operation. 
The system once tuned doesn't need my adjustment in subsequent turning on. Yet, up 
to now transition processes and stead:' state in such accelerators have been investigated 
at value of relative conductivity of tl e electron beam not exceeding 2. The beam of 
electrons of all orbits is nonlinear loa 1 of accelerating cavity with a lag response to the 
chan_e;e of field amplitude in it. The increase of electron load can cause the change in 
acceleration process and the character of auto-oscillation processes in microwave supply 
system. The calculation results obtaned by us [2], prove the possibility of automodulation 
current in the beam of accelerated elec trans to exist in the microtron. The present paper 
contains the description of a modernized microtron [1] that is planned to be a means for 
experimental research on the process cf acceleration and oscillation in the autogenerative 
system when relative beam power is ir creased. The increase of relative power of electron 
beam is achieved due to realization of acceleration modes with n = 0. 62 and n = 0. 36 
instead Q :::::::: 1. The first one has be !n suggested and obtained in Scientific Research 
Institute of Mechanics and Physics, Saratov State University [3]. It is applied in all X­
band microtrons. The acceleration mo,le with n = 0.36 has been found experimentally [4] 
and up to now has not gained wide. acceptance. The use of these acceleration mode will 
allow to achieve the values of relative conductivity of beams equal to 4 and 10, respectively. 

An accelerator has 24 orbits, it corresponds to the finite energy of electrons- 8.6 and 
4.3 MeV due to the acceleration mode. Driving magnetic field is induced by electromagnet 
of armour type. Vacuum chamber is made as a copper ring enclosed between electromag­
net poles that are its sides. The copp·~r shell has a rubber seal. Electromagnet is placed 
on a metalwork with vacuum system pumps and stabilized power inside it. The last pro­
vides the stability of the current of electromagnet with accuracy 0.5% and adjustment 
within the limits of 20% from assigned va.lues that are specified depending on the applied 
acceleration mode. 

The scheme of autogenerative mic ·owave supply system that has been applied in ac­
celerator is shown in fig.l. The key elenent of this scheme is amplitron- V 1 with positiw 
feedback circuit including accelerating cavity of passing type-W.S. Amplitron output has 

1 Work is supported by the Russian Found ttion for Basic Research (grants No96-02-J6360 A). 
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Figure 1: The scheme of autogenerative microwa re system on base of amplitron: Vl -
amplitron; Wl, W8 - circulators; W2, W9, WlO, Wll - waveguide matched loads; W3, W6 
- directional couplers; W4 - waveguide unit with ceramics windows; W5 - accele;ated 
cavity; W6 - phas-shifter. 

been matched cavity input with the help of a circulator - Wl. To measure the power 
reflected from cavity to the third channel of the c: rculator - Wl, instead of load - W 4, 
a measuring load of the wattmeteer M3-13 can be switched. The values of the power 
supplying cavity. reflected from cavity and passed t :1rough it are measured by wattmeter 
l'vU-.51, where signals from directional coupler- W3,W6. Phase shifter- W7 allows to 
find optimal conditions for generation at the eigenirequency of cavity. To avoid a para­
site autoexcitation of the amplitron its input and cutput of cavity are isolated from each 
by circulator -WS. The application of circulator i~ connected with planned experiments 
with big feedback coefficients and abrupt increasing of an output power of the cavity 
without electron beam load. An attenuator can h~ connected to the circuit between the 
cavity output and amplitron input. The measurements of oscillation parameters and the 
observation on their enveloping have been carried out with the help of spectrum analyzer 
C4-27 and cavity waveguage. Accelerating cavity- W5 must provide the assigned modes 
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of the work of accelerator and autogeneJ ator. It has two coupling windows. The main win­
dow provides the connection with a wavegiude by which cavity is supplied by microwave 
power.The power which is needed for auto-oscillation mode is got from cavity through the 
second window. The coefficient power transmission through cavity at resonance frequency 

is defined by formula: 
4 (31 (32 

T = _ ___:___::_:__::.___ 
({31 + fJ2 + 'f7e) 2 

where: 

{31, (32 -the coupling factor of cavity with input and output waveguides; 

"le - relative conductivity (power) o · electron beam. 

The values {31 , {32 , ry~ - according to th~ assigned coefficient of the cavity transmission -
T can be defined by the technique [5] ( b.ere ry~ is the value of relative electron power at 
which the cavity is matched on the waveguide input side. This technique gives good results 
at T = 0.1 - 0.2 (it takes place when microtron is in use [1]). During experiments the 

value of 't as sums to be varied in the limi1 s of 0.1 - 0.5. In this case for engineering calculation 
of the cavity parameters it is advantageous to use the obtained from [5]: 

(32 
Koc Pg 

Pr(1 -fCc) 

P9 51 _ 1- /J2 'fl~ = Pr (1- Koc) 

P9 51 
fJ1 = Pr (1 - !{ oc) 

l(oc =51 52 T 

where: 

Pr is the power of loss by the cavity surface, which is necessary for acceleration mode 

realization; 

P
9 

is the power of oscillations, induced in retarded system of amplitron by an electron 
flow (it is found experimentally at an assigned feedback coefficient and anode current 
corresponding to the quenching nf oscillations in the second zone); 

Koc is a feedback coefficient at an assigned load of cavity; 

51 ,52 are the coefficients of the pow·~r transmission of output and input circuit of a.m-
plitron, respectively. 

The accelerating cavity is made of a vacuum copper, it consists of a case cooled by water 
and a cover attached to it screw heads. On the cover there is a directly heated cathod 
made of La B6 of a cylinder form. It is )Ut deeper into the cover surface and placed in cone 
hole as has been suggested in [6]. Tht~ size of the cone hole, the cathode and the depth 
of the hole have been estimated according to the results giVf'n in [7]. It has allowed to 
increase the size of emitting surface as twice and hence to get the larger injection current. 
Coupling windows are made on the generatrix of a cylinder cavity in a line. To connPct the 
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cavity with other autogenerative scheme units a special waveguide element- W4 is used. 
It consists of two waveguides having one common ;;ide. The waveguide connected to the 
cavity input has a standard eros section, while the size of narrow side of the waveguide, 
where the signal is divided into a feedback circuit, i; reduced. The Chebyshev's transition 
to the norrnal cross section is placed in vacuum. The vacuum part of both waveguides 
is separated by ceramic windows. Electric contact between the cavity and waveguides is 
implemented by leed plates. To cool the system elements a double-cohtour system of the 
water-cooled with thermostat coolant is used. In non-vacuum part of microwave track 
the exceeding power of 2 atm occurs. 

Recently the optimization of acceleration mod(~ with n = 0, 62 has been completed. 
The feedback circuit has been disconnected, while an amplitron has been connected ac­
cording to sche~e of a classic stabilitron. Pulses beam current of the 20th orbit equals 
12 rnA at Tle :::::: 4. After feedback circuit has been wnnected, the investigation on the pro­
cess of acceleration in microtron with aut€lgenerati ve· microwave system at the increased 
values of electron load can be started. 
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ON THE AUTOMODULA'TION OF THE BEAM CURRENT 
IN MICROTRON VfiTH AUTOGENERATIVE 

MICROWAVE SYSTEM AT THE AMPLITRON 1 

V.P. Gorbachev, V.P. Stepanchuk 

Department of Physics, Sara ov State University, Astrakhanskaya 83, 
Saratov 410601, Russia. 

E-mail: St rg@sgu.ssu. run net. ru 

The calculation results showing the possibility of amplitude automodulation of 
accelerating beam current in micrc tron with autogenerative microwave system on 
the base of amplitron have been ~lbtained in more precise form. The model of 
microtron beam with the lag of "1 elay" type has been modified. This alowed to 
take into account the influence oft he electrons that are lost at the first orbits. 

Use of experience of microtron with autogenerative microwave supply system on the 
base of amplitron [1] has shown that its main advantage is the simple and immediate 
putting into operation. The system oGce tuned does not need any adjustment in conse­
quent turning on. Recently, transition process and steady state in such accelerators have 
been investigated at values of relative cJnductivity of beam not exeeding 2. Electron beam 
at all orbits is nonlinear load of accelnating cavity with a lag response to the change of 
the ;:mplitude in it. The increase of dectron load can result in the qualitative changes 
of accelerating process and the char a :ter of oscillation processes in microwave system. 
Calculation results [2] obtained by us prove the occurrence of the automodulation of beam 
current in microtron with autogenerati ve microwave system on the base of amplitron. The 
aim of this paper is to precise the restlt obtaned in [2]. 

In autogenerative systems amplitr m is chained by a positive feedback circuit which 
includes accelerating cavity and matching elements. The autogenerative microwave sup­
ply system with external feedback circuit is sbematically shown in Fig.l. It includes 

Vl W1 W2 

I wj I j
3 ~---1-·J 

Fig. L The scheme of au­
togenerative microwave sys­
tem of microtron with exter­
nal feedback circuit, connected 
through accelerated cavity: 
Vl - amplitron; Wl, W4- fer­
rite isola.ting units; W2 - ac­
celerating cavity with two cou­
pling elements; W3 - pha.se­
shifter. 

amplitron- Vl, ferrite isolation units - Wl,W4; accelerating cavity with two coupling el­
ements- W2 and phase-shifter- W3. The amplitude conditions of generation are proved 
by the choice of the coefficient of cavity transmission whereas phase conditions - by the 
valteration of the position of phase-shifter - W3. A detailed description of this systPm 
can be found in [3]. 

1 Work supported by the Russian Founda ,ion for Basic Research (grants No 96-02-16360 a). 
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To describe oscillation process in microwave system, model representations analogous 
to [4,5] have been used. The cavity with two ompling elements has been represented 
as single lumped circuit connnected with two long lines and loaded by the current of 
electron beam. It has been assumed that intewction between beam and cavity takes 
place only at the first harmonic. The amplitron las been considered as a four-pole with 
assigned amplitude characteristics. Other system units have been described by matrices 
of scattering and lag time. These model representations have allowed to get the system of 
differential equations for oscillation processes in a 1togenerative microwave supply system 
of microtron. The equation given below has been obtained for the autogenerative system 
with external feedback circuit (their orders have been reduced by the method of slowly 
changing amplitudes). 

{ 

~~+(a+ Ge) v- [CV(T- TI)- DU(T -- rl)] cos(W(T- Tl)- el- w) = 0 

~! + 6D +Be- [C V(T;Tl) "+ D U(T~_:::Ul sin(w( T - Tl) - el - w) = 0 

where: 

(1) 

C,D - are constant defined by cavity parameters and losses in microwave system units; 

V - is slowly changing normalized amplitude microwave voltage a.t the cavity (the 
normalization has been carried out into vdtage amplitude corresponding to the 
power of acceleration mode losses); 

U -- is the slowly changing normalized amplit Jde of voltage induced in slow-wave 
system of amplitron by its electron flow; 

W - is slowly changing phase of oscillations in ~avity; 

B1 - is electric length of ring in waveguide syst·~m of autogenerator; 

T1 - is summarized lag in the ring; 

wo,ws - is resonance frequency of cavity and frequ~ncy of steady state oscillations in the 
system; 

Q0 , - is q-factor of accelerating cavity; 

d1, P2 -- are coupling factor of cavity with input and output waveguides; 

Gn Be - are active and reactive conductivities of elEctron beam (are to be discussed later). 

Electron load of accelerating cavity has been described by the suggested model of 
microtron beam with lag of "relay" type [6]. The power of beam of all orbits at moment T 

defined by the oscillation amplitude in cavity at moment T - Te. Lag Te approximates 
the time of electron flight from the first to the last orbit. Phase shift between the first 
harmonic of beam current and accelerating volt<:.ge is determined immediately. Then 
active and reactive electron conductivities can be 'Xpressed as following : 

(2) 
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where: 
be= 1Je(V(r- Te))tg(<fe) 1]e = 1Je(V(r- Te)) 1]e = Pe/Pr 

Pe - is the power of accelerated electron beam; 

Pr - is the power of loss in acceleracing cavity; 

1Je, be - are the relative active and reactive powers (conductivity) of electron beam; 

'Pe -is a phase shift between accelewted voltage and the first harmonic of beam current. 

The lag value of the last orbit, here in (2) is attributed to the beam spread over all 
orbits of microtron. So, the contribution of the first orbits to the reaction of the beam 
to the oscillation amplitude changing [n cavity is estimated not exactly enough. For the 
further development of the model [6] microtron orbits (it was suggested that there are 
twenty of them) have been devided ir to three groups: the "first" - from the 1 th to 6th, 

"middle" - from the 7th to the 12th ar d "the last"- from the 13th to the 20th. The value 
of electron load is distibuted between the groups according to the curve of distribution 
over the orbits, as shown in Fig.2. 
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Fig.2. The dependence of 
accelerated current value 
on the number of orbit. 

The lag for each group is equal to the time of electron fligth from the first orbit to the 
last one in the group. Then relative p )Wer of the beam can be written as: 

1Je = 1Jel(V(T- Tel))+ 1Je2(V(T- Te2)) + 1Je3(V(T- Te3)) · ( :3) 

where: 
Tel ,Te2,Te3 - are the times of electrc•n flight to the 6th ,12th and 20th orbits. 
Further, steady state of oscillations have been considered.lt was assumed, that their 

frequency values are equal to the res)nance of cavity and low deviations of amplitude 
from stationary values have been studied. 

V = Vo + V1(T) V1 = V1° e(JvJ+v2 ) V1 « V0 • 

where: 
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Vo -stationary solution of equation system (1); 

Vi ( 7) - is low disturbance of amplitude oscillatior; 

v;_o - is amplitude of low disturbance: 

v1 , v2 - is frequency and increment of low disturb<mce. 

The system of equations has been linearized and c 1aracteristic equations with roots equal 
to frequencies and increments of amplitude disturbance have been obtained: 

{ 

L~=l Fk cos(v1 7ek) + v1J;}J; ev2 cos(v11t) + /31 + /32 + 1- 2 v2 Qo = 0 

I:%=1 Fk sin(v1 7ek)-·~ ev2 sin(v1 71) + 2 v1 Q=O 
(4) 

F - ( Vr d'T/ek) -VJ Tek 
k - T/ek '+- o dV e · 

We have analyzed the indices of increments of amplitude disturbance. In cases when 
roots are real (v1 = 0) the values have been obtaired by calculation. To define increment 
indices of complex roots the method D-splitting 1as been used [7]. The main specified 
parameters of steady state of system are:electron I )ad- T/e, the amplitron gain at a work­
ing point Ea and an equilibrium phase - i.p 5 • The )arameters of cavity with two coupling 
elements have been chosen according to the calculation technique [3]. 

Main results are as follows: In the system under consideration aperodical increase of 
disturbance of oscillation amplitude. Typical dependen:es of increment of electron load to series 
of values are shown in Fig.3. At the increasing lle derendence of increment increases • 
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Fig.3. The dependences of 
increment of low distur­
bances of amplitude from 
the relative beam power. 
7t = 50, N = 20, Ka 
lOdE. 

Curves 1 - zp = 0.15; 
curves 2 - zp = 0.2; 
curves 3 - zp = 0.25. 

mouotonically. Positive value can be obtained a1 q>s > 0.25. The values of the positive 
increment correspond to amplitude alteration of 5-10% during the pulse of the enveloping 
of microwave oscillations duration. Apparently it will result in the shortening of pulse of 
accelerated current. 
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Complex root of system of equaticns ( 4) corresponds to the oscillation disturbances. 
Positive values of increment indicate the increase of oscillation disturbances and the oc­
currence of amplitude automodulation The results presented in [1] were obtained by 
the use of beam model [6]. Autogene·ative system shown in Fig.l. and the system made 

in accordance with the scheme of inve -ted stabilotron have been considered there [8]. In 
microtrons with autogenerative microvrave systems the occurrence of amplitude automod 
ulation is possible at the excess of the ;hreshold value by the beam power. The threshold 
value of electron conductinvity depen::ls on the scheme of turning on of amplitron, its 
gain in a working point and an equilibrum phase. Fig.4. shows the typical dependences 
of threshold on the value of equilibrum phase for values gain in a working point. Curves 
1-3 estimated considered system whereas curves 4-5 for the inverted stabilotron. Solid 
lines show the curves obtained in this )aper, dashed lines- the curves obtained in [2]. It 
also shows the curves obtained by the 1se of a modified beam model. It is not difficult to 
note that more precise estimation of the contribution of "the first" orbit results in the 10-
20% increase of threshold values of be.tm power according to the steady state and system 
parameters. It is easy to note that the t1reshold value of the occurrence of automodulations 
in the inverted stabilotron is lower th:w in the system with external feedback circuit. 
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Fig.4. The dependences of 
threshold values of relative 
beam power on the value of 
equlibrium phase. T1 = .50, 
N = 20. 
1 - Ka =lOdE, 
2- Ka = 6dE, 
3- J\'a = :3dE, 
4- Ka. =lOdE, 
5- I\a = .SdE. 

It is connected with fact that electro 1 load of cavity in inverted stabilotron influences 
the value of oscillation amplitude in He feedback circuit more than in the autogenerativt> 
system under consideration. In all sy~tems the threshold value of electron load is much 
reduced at I.Ps > 0.2.5. There is a sector of "volt ampere" characteristics of cavity which 
has negative differential conductivity :6]. The increase of the feedback coefficient (which 
is equivalet to the decrease of amplitro 11 gain) also results in the decrease of threshold value 
of electron load. The work of the low amplitron gain causes the increase of energy accu­
mulated in the system. The output power of amplitron consists of power induced by 
its electron flow and input power pass~d through lag system. The power induced by the 
electron flow of amplitron has weak d~pendence from the input power value and hence. 
from electron load of accelerating cavity. The value of power circulating in the system is 
defined by the electron load of the cav:ty. With increasing of its part in amplitron output 

power, the effect of the beam on itself in the lag feedback circuit, increases. 
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The use of a modified beam model with lag of "relay" type has allowed to reveal the 
possibility of aperiodic increase of amplitude distm bances which can cause the shortening 
of accelerated current pulses. The obtained data o 1 the threshold values of relative beam 
conductivity has been precised. The excess of the values causes the occurrence of amplitude 
automodulation. The question, whether the becm reached the last orbit under such 
conditions has no reply as yet. 

Further, more detailed estimations are planned to be carried out. Equations (1) are 
to be integered with initial conditions and autogenerative system parameters assigned on 
the basis of results obtained in the present paper. 
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to Halo creation problem 
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Abstract 

During last decade the halo creation problem became one of the 
most popular problems. It can be explained by the highest interest to 
intense proton machines fo · Kaon, Neutron Factories and the linac 
for the transmutation technology. At present three accelerators of 
such a class, JHF in KEK, ESS in Europe and SNS in Oak Ridge are 
under design and constructi )n. In two of them the author took part. 
The halo creation is most s'~rious problem in such machines, since 
it restricts the intensity of the beam and the life time of the facility. 
In this work the halo creation problem is investigated using the non­
linear mechanics apparatus 1nd the numerical modelling. The author 
considers two conceptions, the mechanical and the thermodynamical 
ones and gives the estimatic n of their applicability frame. 

1 Introduction 

During the last decade the pr,)blem of the halo creation in the high in­
tense proton accelerators is wid~ly discussed in all accelerator centres. First 
R.Jameson brought up this important problem[l]. Later the significant con­
tribution in the investigation of ;his problem has been done by K.R.Crandall, 
R.L.Gluckstern, I. Hofmann, L. ~aslett, G. P.Lawrence, S. Machida, R.S.Mills, 
M. Reiser, J. Struckmeier, T: ·wangler, for instance, [2-5] and certainly I. M. 
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Kapchinsky and F.J.Sacherer. The author of this article made the series of 
works dedicated to some particular problens of halo creation in the intense 
beam as well [6-9]. 

At present there are two conceptions ~xplaining the halo creation and 
behavior. The first one is the "mechanical" conception based on the analysis 
of the mechanical equation. The method w:es the linearized equation of the 
motion and introduces the so.,called "free" 1!nergy concept. The second one 
is the "thermodynamical" conception explc.ining this phenomena by means 
of the thermodynamical equations. It wa;; based on the statistic physics 
with the use of the thermodynamical equations, what allows to easier find 
the equilibrium distribution proceeding from the temperature equality for all 
directions. 

However, both the conceptions explain just the behavior of the second . . 
moments only, what is not enough for the understanding of the halo creation 
phenomena. Simultaneously in the method of the "free" energy the time 
dependence of Hamiltonian is not taken intc account. It is not quite correct, 
since any channel with the alternative grad ent has the explicit dependence 
of Hamiltonian on time due to the external focusing and defocusing forces. 
Some conclusions based on the thermodynamical consideration do not take 
into account such important characteristics as the ratio between the relax­
ation and acceleration time, what makes th(! scale to the process. 

Definitely, the halo creation problem is a very complicate phenomena 
and to solve it we need to make some sirr plifications, but they have not 
to be in a contradiction with the phenomEna itself. The author uses the " 
analytical methods of the nonlinear mechanics together with the numerical 
calculations. Firstly, to avoid the misunders·;anding we consider the system, 
where the external structure resonances are absent, what it is easy to get in 
the practice. Secondly, we can assume the b alo does not affect the main 
part of the beam, since it is usually assumed to be 90-95% of the beam. The 
most strong assumption in our analytical nodel is the axial symmetry of 
the beam. But in reality we can check it br the numerical calculation and 
understand how it is strong. The numerical simulations are carried out on 
the rectangular grid with the metallic bouncary and the requirement of the 
symplectical condition. 

The paper integrates the previous results of author and develops the self 
consistent imagination about the halo creation problem. 
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2 The motion equa1don with the space charge 

The distribution with the axial sy nmetry is represented in the common form 
of the binomial polynomial: 

p(r) = ~~nm [1 _ r2] m-1 

7rb2 b2 
(1) 

with the dispersion a = ~+2 , where m is the order of the binomial 
distribution, en is the linear demity of the charge in the beam. The force 
of the space charge affecting any particle F = e (E- vB) is determined 
from the Poisson equation solutic,n: 

F (r) = e2n Jl- [1- _r_2 ]m} 
27rcor'Y2 1. 2(m+1)a2 

' 
(2) 

where 'Y - Lorentz factor. 
Taking into account the ext(:rnal focusing forces, the final equation is 

represented in the form: 

-+K s r- 1- 1- =0 d2r e2n)..2k2 { [ r
2 l m} 

ds2 ( ) 27rcomoc2'1'3r 2 (m + 1) a 2 (s) ' 
(3) 

where K(s) = ±eG(s)L
2 

-the focusing-defocusing term, L = kf{3).. is the 
p 

focusing period length with the multiplicity k1 and s = z/ L is the new 
normalized longitudinal coordinate, which plays the role of time. Obviously, 
the dispersion a ( s) depends on 1 he time and this dependence is determined 
by the envelope equation. As a remark, we should say the space charge 
influence in the linear accelerators goes down as 1 3 , but not as {321 3 in the 
circular accelerators. The last one means the space charge effect in the linear 
accelerators remains to be strong c,uring all time of acceleration. Let us rewrite 
the equation (3) in the form: 

d2r 
-

2 
+ K(s)r="F(r,s), 

ds 
(4) 

where F (r, r) = Csc~ { 1- >- 2(m+;
2

)a2 (~]m} is the right part of the 
equation dependent on the coordinate r an the time s. The multiplier 
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Csc = 
2 

e
2
ns

2
>.2

2 

3 depends on the intensity of the beam and the parameters of 
1re:omoc "( 

the accelerator and practically does not depend on the energy. 
The solution of the equation ( 4) can be represented in the form r = TJ. jj112

, 
T 

where TJ ( r) = cos J .j§_ is the new function dependent on the coordinate r. 
0 {3( s) 

Following the Courant Snyder formalism [10], we get the equations system: 

TJ" +J-l2TJ=J-l2jj3f2(r)F(r,r)(lJ1f2)' +K(r)jjl/2_ jj~/2 =0, (5) 

where J-l is the phase advance per the unit period determined by the 
T ~ 2 2 

expression J-lT = J .j§_, and (3 = (3 / L. Then r 2 = ~ or .!. = ""ir2 , where 
0 {3( S) a {3LE:rrns a En 

En = ErmsL. Since the emittance Erms is changed along the focusing channel 
as 1/ /3"( and L as (3, the normalized emitt:tnce almost does not depend on 
the relative velocity (3 in the energy region approximately up to 1 Ge V. 
Substituting the new variables in the equation (5), we have 

" 2 2(3(r) TJ ~ { [ 2 ]m} 
TJ + J-l TJ =Gsel-l -TJ- 1- 1- 2 (m + 1) En . (6) 

The polynomial between the brackets multiplied 1/TJ can be represented 
through a Teylor series: 

1 { [ Tj
2 ]m} f (-1t-

1
m! 2n-l 

~ 1
-

1
- 2(m+ 1)En = n=l (m- n)!n!2n(m+ 1tE~ ·TJ . 

(7) .. 

If the coefficients of the series denote as en, the equation has the form: 

(8) 

So, in order to get the final solution of th(~ problem, we have to solve the 
system consistent of the equation (8) and the envelope equation. 

3 The envelope equationE: 

Firstly, since the structure resonances are ~ .ssumed to be avoided, the sta­
tionary solution for the envelope has to exist. Secondly, the behavior of the 
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Csc = 2 e
2n,!2 

~2 3 depends on the intensity cf the beam and the parameters of 
1reo oc 'Y 

the accelerator and practically does not dE pend on the energy. 
The solution of the equation (4) can be 1epresented in the form r = fJ·lJ112 , 

T 

where 'rJ ( T) = cos J ~ is the new functio:1 dependent on the coordinate T. 
0 (3( s) 

Following the Courant Snyder formalism [10], we get the equations system: 

'TJ" +f.12'TJ=f.121J3f2(r)F(r,r)(7Jl!2)' +K(r){Jl/2_7J;!2 =0, (5) 

where 11 is the phase advance per thE unit period determined by the 
. . JT ds d (.i f-ljL Th r2 r2 r _!]_ expressiOn f.-lT = =-, an tJ = tJ . en ~ = =---- or -;; = 1; 2 , where 

0 f3(s) (3Lerms E:n 

En = ErmsL. Since the emittance Erms is ch:mged along the focusing channel 
as 1/ /3"( and L as (3, the normalized emittan·ce almost does not depend on 
the relative velocity (3 in the energy region approximately up to 1 Ge V. 
Substituting the new variables in the equation (5), we have 

II 2 2 7J ( T) { [ 'TJ
2 l m} 

'rJ + f.1 'rJ = Gsel-l -'rj- 1 - 1 - 2 ( m + 1) En . (6) 

The polynomial between the brackets multiplied 1/fJ can be represented 
through a Teylor series: 

1{ [ 'r}
2 ]m} f (-1t-

1
m! 2n-l (7). 

~ 1
-

1
-2(m+1)En =n=1 (m-n)!n!2n(m+1tE~·fJ . 

If the coefficients of the series denote as en, the equation has the form: 

(8) 

So, in order to get the final solution of tht! problem, we have to solve the 
system consistent of the equation (8) and the envelope equation. 

3 The envelope equation~; 

Firstly, since the structure resonances are c-ssumed to be avoided, the sta­
tionary solution for the envelope has to exist. Secondly, the behavior of the 
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envelope does not depend on the particles in the halo, since it is the small 
part of the beam . Appositively; the trajectory of any particle in the halo is 
determined by the core. Therefore, knowing the solution for the envelope we 
can find the solution for any particle in the halo. So, first of all we should 
find the solution for the envelope. Following by Kapchinsky [11], we find the 
solution in the form: 

jjl/2 = R. (1 + q) , (9) 

where R and q are the slow and fast oscillating functions correspondingly. 
Taking into account the linear part of the space charge Ba, we get the enve­
lope equation 

1 - Ba = 0, R" + f.-L2 R - R3 R (10) 

where we would like to emphasbe the fact, that p, is the phase advance per 
the period for the case without be space charge. Obviously, for the matched 
beam R" = 0 and the radius is c etermined by the expression: 

R2 = Ba + VB~ + 4p,2 
2p,2 

(11) 

It is the expression, which has been got by Kapchinsky. However, we are 
.. interested, in the case, when the t,eam is mismatched with channel due to some 

reason, for instance, the space charge. Unfortunately, the equation (10) has 
not the analytical solution. Th~refore we use the perturbation method and 
seek the solution in the form P = R + 6r. Substituting the last one and 
remembering, the equation (10) is fulfilled for R, we get the equation for ~r 

6r" + f.-L2 6 r -t- 33 . 6r + Ba . 6r = 0 
r r r r . (12) 

Using Kapchinsky's parameter n = ~' the equation (12) is derived to the 
simplest form: 

6r" + 6r · p,
2 

[ 2 · (1 + : 2 )] = 0, (13) 
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where p = h + vfl + h2 . In result we get the important expression for the 
oscillation frequency of the envelope jl with allowance for the space charge: 

(14) 

At the small current, when h ---+ 0 an :i p ---+ 1 the envelope frequency 
equals the double value of the oscillatiorc frequency of the particles in the 
core of the beam jl = 2 · f-l· In the intensiv~ beam h---+ oo,then p---+ oo and 
the ratio (14) has the different meaning jl = J2 · f-l· This result is enough 
unexpected for us, that the frequency of tl e envelope does not tend to zero 
with the intensity growth and it is stabilizEd around the final value. Solving 
the equation (13), we can say the envelope breaths with the frequency jl: 

. . 
6r = 6rmcm jlT, (15) 

where the maximum ratio of the mismatchir g is determined by the expression 

6rm/ R = J J1 + h2 + h- 1. The meanin~ of q in the equation (9) can be 
found by the method of the averaging. w~ quote here the solution for FD 
meander case: 

1 = ( 1 )1 

q(T)=3L- 3 cos2(2l+1)7rT. 
11' l=O (2l + 1) 

(16) 

So, we have found the solution for the envelope in the form through !:::.rand 
q: 

(17) 

Now we have every thing in order to so ve the equation for the particles 
locating in the halo and executing a motion <,round the core with the changing 
sizes in an accordance with ( 1 7). 

4 The beam halo creation 

Let us denote the right part of the equation ~ 8) as F and represent it through 
the sum of two components depending and not depending on the timeT: 
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F- ( ) D ( 3 2n-1) + F- ( 3 2n-1 ) 7],T =ro 7],7] , ... 7] 1 7],7] , ... ,7] ,T , (18) 

where 

m 
2 1:1 ( 3 21-1) C 2{3~ "\;""" 2n-1 J.L ro 7], 7] , ... , 7] = scf.L 0 L,.- Cn7] , 

n=1 

(19) 

2p- ( 3 2n-1) C 2{3~ 6rm :.;:-. 2n-1 
J.L 1 7], 7] , ... , 7] == scf.L OR L,.- CnTJ COS j.LT. 

n=1 

(20) 

In accordance with [12] the solution is seek in the form 

7] =a· cos 8, (21) 

where the amplitude and the phase are described by the expressions: 

27r -
dda = _..1:!:...

2 
J F0 (cos 8, cos3 8, ... , cos2

n-
1 8) ·sin 8d8-

T 7r Q 

27r -
_..1:!:...

2 
J F1 (cos 8, cos3 E), ... , cos2

n-
1 8, cos !JT) ·sin 8d8, 

7r 0 

27r -
dde = fJ- _1!:_

2 
J Fo (cos 8, ·~os3 8, ... , cos2

n-
1 8) ·cos 8d8-

T 1ra 
0 

27r -
- _1!:_

2 
J F1 (cos 8, cos3 8, ... , cos2

n-
1 8, cos fJT) · cos 8d8 

7ra 0 

(22) 

(23) 

Since the average value of the product (cos2
n-

1 8 ·sin 8) for any n equals 
zero, the function Fo does not cause the growth of the amplitude a, but 
just causes the amplitude fiuctu.J.tion around the value of a only. However, 
the same function F0 brings in the frequency ~~ nonlinear dependence on the 
amplitude a since 1a2n- 1 cos2n 8) = b a 2n-1 where b = 12

n)! from where , \ n ' n ~' 
we can find the dependence of the frequency versus the amplitude: 

f::::.~J(a)- C {3~ ;,;:-. b 2n-2 
- sc 0 L,.- Cn na . 

fJ n=l 

(24) 

The first term n = 1 gives the.lilear part of the frequency shift. It depends 
on the distribution and in the cc.se of the uniform distribution, when m = 1 
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coincides with Laslett tune shift. The second term n = 2 gives the positive 
cubic frequency dependence. 

Now let us consider the term F1 . Substituting the function F1 in the 
equations (22,23) and taking into accoun; the simple relation cos2n-l 8 . 

2n-2 
sine = 2:: dk cos ( 2k - 1) e sin e 'we get t J.e equation system: 

k=l 

(25) 

d'ljJ ji ~ Tm 2k-2 
-d =j1-!::,J1(a)- k -j1CsJ3o-Rckdka cos2k'ljJ, (26) 

. 'T 2 -2 

where !::,11 (a) and ji are determined by the expression (24) and (14) 
correspondingly.. From all spectrum we f~xtracted the resonant harmonic 
(2k - 2) only, which is assumed to be the nearest to the total frequency ji. 
If such a harmonic exists, we can derive the slow phase for this harmonic 
2k'ljJ = (2k- 2) e- jir. 

From the equation (26) we can find thE "frame-work" curve of the non­
linear resonance: 

(27) 

Additionally we can find the phase inva ·iant curves determining the par­
ticles motion. Let us suppose under som ~ value of a we have resonance. 
Then we can expand the derivatives of a a 1.d 'ljJ in the vicinity of this point 
a= a0 + 15a and 'ljJ = '1/Jo + 15'1/J: 

(28) 

dl5'ljJ ( dl::,J1 (a)) ~ Tm 2k 3 
dr = - da a=ao · 15a- f1Cscf3oli ckdkao - (2k - 2) cos 2k'l/J. 15a. 

(29) 
Taking into account the first order terms only, we have the equation of 

the nonlinear resonance: 

(30) 
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where n~ = 2kfl ( dt:../:a(a)) a=aa Csc,Jo7fckdka6k-lis the frequency of the small 

oscillation in the vicinity of the r ~sonance. From these expressions it is easy 
to find the maximum amplitude ~~hanges 8a: 

( 
~ 2k-1) 1/2 

4kJ1Cscf3oftckdkao 
8a = (dt:..~(a)) 

~ da a=ao 

(31) 

Thus, the amplitude of the oHcillation is changed, but it is restricted by 
the final value. It means the hc:lo is created and then stabilized with the 
maximum size 8a. 

We have considered the problem in the "one resonance" approximation, 
when only one harmonic in the ~:pectrum of the beam envelope oscillations 
affects. However, the function ql r) has the wide spectrum. If the distance 
between two harmonics ~a less 1,he resonance width 8a we have the super­
imposing of resonances and in accordance with Chirikov's criterium the 
stochastic layer is formed with width[13]: 

a- ao ~rn ( 1r ) ex --exp -
ao R Jl- ~fl (ao) · 

(32) 

However, in our case, when the I'hase advance equals 30°-45°, the layer 
is extremely small value c:::: 10-10 

So, we have got the analytical description of the halo creation phenomena 
in the mechanical approach. 

5 The thermodynamical approach to the halo 
creation 

The thermodynamical equilibrium consideration is based on the determina­
tion of the condition, when the temperature is equal for all three directions 
in the three dimensional bunch: 

Tj_ = 111, 
what means through the emittance definition: 
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(34) 

where Enr, Enz and ar, azare the transverse and longitudinal emittances and 
the. semi-axes of ellipsoidal bunch correspondingly.. To follow this ratio 
we should keep the transverse wave number equal to: 

1 
kr ex 312 3(i' (35) 

f3s '"'/s 

where the index s means the synchronous particle. In accordance with the 
thermal equilibrium, if we follow this cor clition, we have to have the min­
imum growth of emittance. It is the truth f )r the stationary stage, therefore 
we should estimate what is the relaxation time of this process described by the 
equation: 

(36) 

For not strong coupled plasma the relaxati1m time is defined by the expres­
sion: 

(37) 

where wpis the plasma frequency: 

wv ~ J z~::~, {38) 

r is the parameter of one component plasma, determined by the ratio of the 
interparticle potential energy and the thernal energy : 

- z2e2 (nL .. :7r)l/3 r- --
co4kBT7r ~; ' 

and the Coulomb logarithm: 

3 
lnA = ln r 3 . 

(39) 

( 40) 

Let us consider the case with the parabolic distribution of the charge density: 
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3! 
(41) n == r2hunch21f 

At the average current I = 30mA, the emittance Ex,y = 2 · 10-6 , the charge 
density n = 3 · 1015pjm3 and kB'l, = 1.4 · 10-17the parameters of the plasma 
will be equal to: r = 4.0 · 10-6 , u_P = 0. 76 · 108 , ln A = 40 and the relaxation 
time .l = 1.5. But on the other hand, the acceleration time in the linear 

Tc 

accelerator up to 1 Ge V has thE scale of 5 11 sec, consequently k = 10-5 . 
Tc 

The last ratio means we cannot reach the thermal equilibrium for such short 
time and the nature of equipart ition has to be explained by the different 
way. Nevertheless many authors can object to this assertion, since they did 
the simulation by the code and c bserved transient process for the emittance 
growth. Let us estimate the par 1meters of the model plasma. For instance 
we take 3000 "particles" in each bunch and under the same current the 
parameter r = 0.015, the Coubmb logarithm ln A = 14 and the plasma 
frequency retains the same value. Then the modelling relaxation time equals 
10 Jl sec. The simple calculat on shows the possible growth of emittance 
could be around 50%, but it is the artificial effect, what in reality is not 
observed. 

6 The results of the numerical calculation 

.. The numerical model is based on ;he grid method of Poisson equation solution 
with the boundary condition. The calculation is done with the symplectic 
condition, what is the most im:r;ortant for so-called "long term instability" 
effect. 

Since the main purpose is tht~ study of the halo creation, we avoided any 
structure resonances /6,7/ and considered the simplest unit of the periodicity 
FODO cell. In this simple modEl we adjusted the channel with some phase 
advance per cell, for instance 8) degrees, and varied the current value to 
change the tune shift due to the space charge. The detuning value we took 
as the parameter of intensity. 

We could observe the halo creation phenomena at the different intensity 
of the beam. The figures 1 and 2 show the behavior of the rms beam size 
and the rms emittance versus He FODO cells number at the different tune 
shift (a-zero current, b-30% tun~ shift, c-90% tune shift). We can see from 
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Figure 1. The RMS size of the beam vs be FODO cells number at the 
different intensity of the beam. 
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Figure 2. The RMS emittance vs the FODO cells number at the different 
intensity of the beam. 
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the first picture the different character of the processes without and with the 
space charge. In all cases the beam is mismatched with the channel, but in 
the zero intensity case the envelope has the oscillating character and follows 
the Kapchnsky's equations. In ar.other two cases the envelope has the initial 
growth and then it is saturated practically without any oscillations. It 
can be explained, following by t: 1e theory expounded above. For zero case 
we have a good prediction in accordance with Kapchinsky's equations, 
since they coincide with the mc,dule solution behavior. In the case of the 
strong space charge we could sr,lit the process on two parts. In the first 
part we observe the resonant bE~havior exactly in accordance with the 
equations (28,29), when the particle amplitude grows due to the oscillation 
of the beam core. But the res~mant condition (27) is performed for the 
small part of the particles located enough far from the centre. In the same 
time for the main part of the bEam the space charge acts as the octupole, 
spreading the particles in the phHse plane and stabilizing the instability ( eq. 
24, n=2). This natural octupo:e forms the new core with the new ratio 
between the rms size and the nns divergence determined by the effective tune 
equal to 11 - D.t.t (a). 0 bviously, tl: e time of the fist stage is proportional to ex 
1/ D.t.t (a) . To convince in the nature of the "octupole" space charge action the 
author has done the numerical eYperiment with the space charge "octupole" 
compensating by the real octupoles up to the zero effective chromaticity [14]. 
These results confirmed this explanation. 

After the first stage of the new nuclear formation we get the stationary 
process without any beating of th ~ envelope, which now could be described by 
Kapchinsky's equations. The emittance slightly grows due to the self-heating 
process. This part of the proces' follows the thermodynamical description, 
when the beam is heated due to ;he envelope oscillation. The last one could 
be described by both the mechanical and thermodynamical models. Since 
the envelope oscillation will E~xist always, the heating process has to be 
observed always as well. 

7 Conclusion 

We have described the model of the halo creation. Obviously, the equipar­
tition, as phenomenon, exists an::! we can observe experimentally how the 
global growth of emittance is stabilized at some final value. This value de­
pends on many factors. For instance in the simplest case, when we have not 
external resonance, the beating of envelope could be such a source for the 
emittance growth. In common case the nonlinearity due to space charge is 
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the main reason of the emittance growth. In each particular case it is either 
the parametric resonance due to the space charge itself, or due to the external 
resonance crossing. We have shown what size of the halo could be expected. 
But later the halo continue to grow. This growth is very small and could be 
estimated by the thermodynamical equations. 

References 

[1] 
[2] R.A.Jameson, IEEE Thans.Nucl.Sci. 28, pp.2408-2412, 1981. 
[3] I. Hofmann, Negative energy oscillations and instability of intense 

beams, Particle Accelerator, 1980 V.lO, pp. 253-258. 
[4] Hofmann, J.Struckmeier, Generalized three-dimensional equations for 

the emittance and field energy of high-current beams in periodic focusing 
structures,Particle Accelera1or, 1987, v. 21, pp.69-98. 

[5] J.Struckmeier, Improved enuelope and emittance description of particle 
beams using the Fokker-Pla1ck approach, Particle Accelerator, 1994, v. 
45, pp. 229-252. 

[6] M. Reiser, Design of equipartitioned high-current RF linacs, Linac Con­
ference, 1994 

[7] Yu. Senichev, V.Balandin, Space Charge and Emittance Growth in 
some applications of accelentor, Proceeding of Workshop of Emittance 
Growth and Space Charge, Tsukuba, KEK, 1995 

[8] Yu. Senichev, A.Budzko, Study of space charge effects close by half­
integer resonances, HEACC·92, Hamburg. 

[9] Yu. Senichev, Passing through Half-Integer Resonance due to Space 
Charge under Different Init:al Distribution, PAC, Washington, 1993. 

[10] Yu. Senichev, V.Balandin, The Space Charge Effect in Slow Extraction 
by Third Integer Resonance, EPAC London 1994. 

[11] E.D. Courant, H.S.Snyder Theory of the alternating-gradient syn­
chrotron, Annals of physics. 3, pp. 1-48, 1958. 

[12] I.Kapchinsky, Dynamic of particles in linear resonant accelerators, At­
omizdat, 1966. 

[13] N.Bogoljubov,Yu. Mitropolfy, Asymptotic methods in the theory of non­
linear oscillation,M.: Science, 1974. 

[14] Chirikov B. Investigation ir the theory of nonlinear resonance and sto­
chastic, preprint INF 267, 1969. 

[15] Yu.Senichev, V.Balandin, The space charge effect in Slow Extraction by 
third integer resonance,EPAC London, 1994. 

122 



THE LOW ENERGY POSITRON (ELECTRON) STORAGE RINGS WITH 

LONGITUDINAL MAGNETIC FIELD 

LN. Meshkov'" AO.Sidorin, 

JINR, Dubna, Russia 

The general parameters of the low energy positron storage nng for positronium 

generation and the electron one dedicated to electron ::ooling are described. 

The methods of the intense positrbnium st·eams generation is based on positron 

storage ring equipped with electron cooling device. The positron beam energy in the range of 

several ke V is mostly interesting. The use of longitud mal magnetic field is very attractive way 

for positron focusing. In this case the long term stability of the positron beam can be provided 

with additional spiral coils, which form a quadrupole magnetic field, similar to the 

"stellarator" one. The same scheme of a storage ring for electrons permits to avoid the 

problems of the traditional configuration of an ele<:tron cooling system for ion energy of 

several tens ofGeV/amu (electron energy is ofseven:l MeV). For this purpose the ion storage 

ring is to be equipped with an additional electron one, which is periodically filled up with new 

portion of cold electrons. The electron beam circulates in longitudinal ( quasitoroidal) 

magnetic field. Using induction acceleration one can accelerate the electron beam without 

distortions caused by RF system oflinear acceleraton. 

The particle dynamics and the ring design are :iiscussed. 
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Introduction 

For generation of antihydrogen atoms an antiproton source (like the AA at CERN or 

the antiproton source at FNAL) has to be supplemented by two small rings- one to store low 

energy antiprotons and another to store positrons, respectively. The first ring is a conventional 

strong focusing storage ring for anti proto 1s with an energy in the range of 0. 5 - 50 MeV. The 

positron ring is proposed [ 1] to have a focusing system with longitudinal magnetic field and 

spiral quadrupole field. Such a magneti~ system is similar to the one used in a modified 

betatron [2] and its modification called 'stellatron" [3]. The rings have a common section, 

where the recombination of antiprotons and positrons occurs. Electron cooling is used for 

both antiprotons and positrons. In the electron cooling section of the positron ring the 

positronium is generated by recombim.tion of the positrons with cooling electrons and 

orthopositronium beam leaves the magnetic system. This means that the positron ring is a .. 
source oforthopositronium, which gives additional possibilities for physics experiments. 

A storage ring with longitudinal magnetic field for electrons permits to avoid 

the problems of the traditional configura :ion of an electron cooling system for ion energy of 

several tens of GeV/amu (electron energy is of several MeV) [4, 5]. For this purpose the ion 

storage ring is equipped with an additional electron one, which is periodically filled up with 

new portion of coold electrons. Using iLduction acceleration one can accelerate the electron 

beam without distortions caused by RF s:rstem of linear accelerators. The scheme proposed in 

Ref,[l] differs from earlier researches [2,3] by the injection method, which permits to inject a 

"magnetized" positron (electron) beam from a source immersed in longitudinal magnetic 

field. 
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1. Storage ring for positronium generation 

The low energy positron toroidal accumul~tor (LEPTA) designed in JINR for 

positronium generation [ 6] has 2 toroidal solenoids a 1d 2 straight ones, connected together as 

a racetrack. To obtain the longitudinal field homo~;eneity the common magnetic shielding 

surrounds all solenoids. The first of straight solenoids, so· called "septum", is used for 

superposition and separation of the cooling electron beam and the circulating positron one by 

the horizontal drift of the electron beam in transven;e magnetic field, which is produced by 

special coils. Beams superposition and separation in· the vertical plane are produced by 

centrifugal drift of electrons in the toroidal solenoids. The positron injection is performed by 

special kicker coil. After injection the orbit ofthe positron beam circulating inside the ring is 

placed between the septum coils, where the transverse magnetic field is absent. The spiral 

quadrupole coil is wound around vacuum chamber •)f the positron beam inside the septum. 

The ring circumference is about 12 meters. Positron energy can be varied from 5 to 20 keY. 

Longitudinal magnetic field value lies in the range of 300- 1000 G. 

2. Particle dynamics 

Unlike the stellatron [3] the focusing system of the rings described here is nonuniform: 

the quadrupole spiral winding occupies only some parts of the ring circumference. The 

focusing system of the positron ring (Fig 1) consist of three basic elements: two toroidal 

solenoids with additional coils forming bending field, straight solenoid with spiral quadrupole 

coil and straight solenoid ofthe electron cooling secti•)n. 

To estimate the general parameters of the focusing system we consider the particle 

dynamics inside the basic elements ofthe ring. 

In assumption that the longitudinal particle velocity ra = v is much larger of the 

transverse one, the equations of motion in the toroidal Ba -~B0R0 r (Bois the longitudinal field 
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on the particle trajectory, R0 - major toroid radius) and the uniform bending Bz=Bt=const 

fields can be written as: 

{

d 2 x R0 B, R0 dz R0 B, 
--x(l+2--)+---=R0(1+--) 2/3 
da 2 p B o da p B _ me Y 

0 0 'p- ) 
d 2 z R

0 
dx eB0 

-----=0 
da 2 p da 

(1) 

where x = r- Ro, z, a are polar coordinat(:S. 

Positron current is limited by the intensity of low energy positron source and lies in the range 

from 100 J..LA to 1 rnA Therefore, one can neglect, in first approximation, the beam field 

influence. When the bending magnetic fidd satisfies the condition 

u, = 
mc2f3r 

eR0 

the positron drift velocity inside the toroid is given by the following expression: 

(::)drift = - ~ ( ~ ( :: l +X 0 
} 

(2) 

(3) 

The spiral quadrupole coil is used to ~ompensate this drift and to form the equilibrium 

positron trajectory. Spiral coil consists of two pairs of conductors with opposite current 

directions, which form the rotating quadr 1pole field: 

Bx = -G(xsin 2ks- zcos 2ks) 

B= =G(xcos2ks+zsin2ks) 

Here G is the focusing field gradient value, k=2rr/h, h- the spiral step. 

(4) 

If the longitudinal positron velo::ity is much larger of the transverse one, the motion 

equations can be written as the following 

l
wl,IG k .k x + -z - ---(xcos 2 ·s + zsm2 ·s) = 0 

p f- B 
"I, IG. k k z -- x - --- ( x sm 2 s - z cos 2 ·s) = 0 , 

p f R 

where ( )' = !!____ , B- the longitudinal ma2 netic field. 
d') 
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When the conditiQn !!_ < 1 is satisfied, the solutic1n of the system (5) is the sum of three 
Bk 

oscillations: 

1) the fast Larmor rotation; 

2) the quadrupole oscillations with wave number of 

3) the slow betatron oscillations. 

From initial conditions we have: 

(( 
I G J I G J x(s)"=X(l 1--- cosQs+--cosqs 
2 Bk 2 Bk 

q ~ 2k-(G): _!.___; 
B :~k 

(l, 1 G ) . 1 G . J , . s ~ .> -z 1+--_ smQs---smqs +px sm-+p~, (cos---I) 
0 2 Bk 2 Bk ' 0 p 0 I) 

z(s)"' x I--- srn( s + --srn qs (( 
I G ) . J I G . J 

0 2 Bk - 2 Bk 

(( 1 (1 ) J 1 G J , s , . s +z) 1+-- cos(s---cosqs -p\-
0
(cos--I}+pz

0
srn-, 

( \ 2 Hk 2 Bk p p 

( c ): k where 0 = l-r - is the betatron wave number. 
- .Rk 2 . 

(6) 

Moving m the nng, a positron ro ates with fast Larmor frequency 

w1 = eB I ymc around the field line and drifts- insid~: the toroidal section in vertical direction 

and inside the focusing section around the axis of 1 he spiral coil. Let us consider now the 

positron dynamics as a drift motion of "the Larmor circle". One can describe the 

transformation ofthe coordinates of the Larmor circk center with the transfer matrixes: 

( I 

Mr.,~ l-~ 0~ (cosQL 
I)' A;fiJ = sit1 QL 

-sinQLJ 
cosQL ' 

(7) 

where Mror is the transfer matrix for toroidal se~~tion, M0 - for focusing section with 

quadrupole coil (when L nh 2, n IS integer). The matrix of the focusing period can be 
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Fig 1. The focusing system of the low energy positron accumulator. 
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Fig. 2. Schematics ofthe Modifkd Betatron Prototype: 1 -kicker, 2 -electron gun, 3 -
vacuum pump, 4 - section with quadrupole spiral coil, 5 - toroidal section, 6 - inductor. 
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obtained by multiplication of the matrices of the e: ements.The drift motion is stable, when 

the following condition is satisfied: 

1+(7rpJ
2 

cos(Ql-atan;rp) <1· 
Ro Ro 

(8) 

Then the Larmor circle crosses the electron cooling section (for instance) in the points, which 

lie on the canonical ellipse with eccentricity given by expression 

= ( J
2 

7rp 7r{-
l- - - 2--ctanQl . 

Ro_ Ro . 
(9) 

a 

b 

Such a simple two-dimensional model permits tc· estimate the minimal gradient value of 

the spiral focusing coil required for stability of the particle drift motion and to calculate the 

beam crossection inside the different elements of the ring. However, a correct solution of the 

problem of the particle motion stability and obtaining of the beam characteristics during 

acceleration and storing requires the numerical sinulation of the particle dynamics in six-

dimensional phase space (in progress presently). 

3. The prototype of the modified betatron dedicated to electron cooling 

In order to test the medium energy electron cooling system based on modified betatron the 

design of the prototype of such a system was started in the JINR. The focusing system of the 

prototype (Fig 2) consists of two focusing periods. The septum coils of the injection system 

are not necessary because only one beam accelerates and circulates in the ring. General 

parameters ofthe Modified Betatron Prototype are gi·;en in the Table. The relation between 

the frequencies of the electron revolution and of the accelerating induction field determines 

the energy spread of electrons due to acceleration. It; value is about 10·5 
[ 4 ], which satisfies 

the requirements to a cooling system. We plan to study experimentally with the prototype the 

following questions: the optimal parameters of the spiral focusing system for different 

electron energies, the space charge effects, the resonance phenomena, the electron momentum 

129 



Table. General parameters of the Modified Betatron Prototype. 

Ring parameters and electron beam 

Circumference m 18.28 

Maximal energy MeV 4.36 

Revolution period nsec 367-50 

Longitudinal magnetic field KG 1.0 

Bending magnetic field G 2.6-160 

Major radius of the toroids m 1 

Electron gun 

Injection energy keY 10 

Maximal beam current A 0.5 

Electron beam radius em 1.2 

Quadrupole spiral coils 

The length of the coil m 3 

Max gradient of quadrupole magnetic field G/cm 12 

The number of spiral winding 3 

Acceleration cycle 

Induction accelerating voltage amplitude v 50 

Acceleration repetition frequency Hz 1 

Acceleration cycle duration msec 10 

Diameter of vacuum chamber Cm 5 

Residual gas pressure Torr 10-9 
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spread at induction acceleration, the longitudinal eoherent instability threshold and some 

others. Presently the technical design of the standard section of the straight solenoid of the 

ring is completed and manufacturing of the ring elem ~nts is started. 

This work is supported by the Russian Foundation for Basic Research (Grant N 92-02-17211 ). 
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ON THE PARTIAL ST.ABILITY OF SOLUTIONS OF 
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Abstract 

Using the Lyapunov direct metl.od, the sufficient conditions of the asymptotic 
stability of solutions of nonlinear n,)nstationary systems with respect to a part of 
the variables are obtained. 

Consider the system of differential equations 

X= Y, (:nY) = qE + qY x B. (1) 

System (1) describes the motion of ::harged particle of mass m and charge q in an 
electromagnetic field [1]. This field i5 determined by the magnetic induction vector 
B( t, X) and by the electric field strength vector E( t, X); X and Y are respectively the 
position and velocity of the moving pc.rticle. 

According to Zubov's theorem of universality of the electrodynamic equations 
of Maxwell [2], for a given velocity field 

~( = 77(t, X) 

there exist vector-valued functions B(t, X) and E(t, X) that satisfy Maxwell's equations 
and such that system (1) admits the existence of the integral manifold 

~,. = 77(t,X) (2) 

in the phase space of the moving charged particles. The integral manifold (2) has the 
property that an arbitrary charged particle situated on it at t = t0 remains on this 
manifold for all times during its motion. 

The important problem is that .of stability, of the integral manifold (2). It can be 
reduced to the investigation of partial stability of an auxiliary differential equations 
system [3]. 

The aim of the present paper is 1;o obtain some conditions of partial stability of 
solutions of nonlinear nonautonomom systems. 

Let the system be given 

X 

y 

aw 
oX +G(Y)X, (3) 
H(X). 

Here X is am-vector, Y is a p-vector; H(X) is continuous p-vector defined for X E Em, 
and H(O) = 0; W(X) is continuou:dy differentiable negative definite homogeneous 
function of order JL + 1, JL > 1; and G(Y) is a skew-symmetric matrix of the order m 
defined and continuous for Y E EP. 
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Consider the function 

V(X) = ~IIXII 2 · (11x11 = .jx~ + ... + x~) · (4) 

Its derivative with respect to system (3) has the form 

dV 
dt = (p. + l)U'(X). 

Hence, the zero solution of system (3) is asymptotically stable with respect to X [4). 

Side by side with system (3), we will consider the perturbed system 

aw · 
X ax + G(Y)X + Bt(t)Rt(X), 

Y - H(X) + B2(t)R:(X), 
(5) 

where the elements of the land k-vectors R1(X) a:1d R2(X) are continuously differentiable 
homogeneous functions of order p.; the (m x 1) ar,d (p x k)-matrices B1(t) and B2(t) are 
continuous and bounded for t ~ 0 as well as the integral 

1t B1(r) d1. 

Let us suppose that G(O) = 0, and vector H( X) satisfies the inequality 

IIH(X)II :::; A IIXII>.' ). > 0, A > 0, 

in some vicinity of the point X = 0. 

Theorem 1. Under the condition A > p. -1 rhe zero solution of system (5) is stable 
with respect to (X, Y) and asymptotically stable IJJith respect to X. 

Proof. Construct the Lyapunov function for system ( 5) in the form 

Vi(t,X) = V(X)- X*1t B1(r)dr R1(X), 

where V(X) is defined by ( 4). 
Differentiate Vi with respect to (5): 

dVi (uw dt = (p. + l)W(X)- ~)X + G(Y)X+ 

+Bt(t)Rt(X)) .. a~ ( x·Lt Bt(r)dr Rt(x)). 

The inequalities 

atiiXII2 - a3IIXII!!+l :::; Vi ( t, X) ~; a2IIXII2 + a3IIXII!!+l, 

d: :::; -btiiXII!!+l(l- b2IIG(Y)II), IIB2(t)R2(X)II :::; b311XIII! 
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are valid for all X E Em, Y E E 11 • Here a1 , a2 , a3 , bt, b2 , b3 are positive constants. 
Therefore, there exists a 6 > 0 such that the conditions 

IIX(t)ll < 6, IIY(t)ll < 6, t E [to, t1], 

imply the inequalities 

IYs(t)l:::.; IYs(to)l + t (AIIX(r)ll'\ + IIX(r)ll~) dr, s = 1, ... ,p, 
}to 

~1 IIX( t)ll 2 :::.; l'} ( t, X( t)) :::.; 
3
;

2
IIX( t)ll 2, 

dVj(t,X(t)):::.; -- i IIX(t)ll~+l, t E [to,tl]· 

Here (X(t), Y(t)) is a solution of (5). 
Utilising the method of estimations [5], we get that all the solutions of (5) starting 

at t = t 0 from the point close enough ;o the (X, Y) = (0, 0) satisfy the inequalities 
1 

IIX(t)ll :::.; c1 (1 + c211X(to)ll~- 1 (t- t0))-~>-1 , 

IYs(t)l :::.; IYs(to)l + C3 (IIX(to)ll"+l-~ + IIX(to)ll), s = 1, ... ,p, 

for any t ~to. Here Ct, c2 , c3 are posi·;ive constants. That completes the proof. 

Corollary. Consider in (5) the pt:rturbation of the type 

B1(t)R1(( = b(t) 0~ (IIXII~+1 ), 
where scalar function b( t) and its integral J~ b( r) dr are continuous and bounded for 
t ~ 0. Then for all J-L > 1, >. ~ 0 the zero solution of system ( 5) is asymptotically stable 
with respect to X. 

Consider now the system 

. aw 
X= oX + G(X)X + B(t)R(X). (7) 

Here X is am-vector; W(X) is continuously differentiable negative definite homogeneous 
function of order J-L + 1, J-L > 1; G(X) is skew-symmetric matrix defined and continuous 
for all X E Em and satisfying the inequality 

IIG(X)II ~ A IIXII"' . A> 0, >. > 0, 

in some vicinity of the point X= 0; the elements of the !-vector R(X) are continuously 
differentiable homogeneous functions of order a, a> 1; the (m x I)-matrix B(t) and its 
integral J~ B( r) dr are continuous and bounded fort ~ 0. 

It is known [5], that in case where a > J-L, the zero solution of (7) is asymptotically 
stable. 

This condition can be strengthen~d if we use function (6). We get 

Theorem 2. If the inequalities 

2a > J-L + 1, a + >. > J-L 

are valid, then the zero solution of s;1stem (7) is asymptotically stable. 
To prove the theorem, one has to verify the conditions of Lyapunov's asymptotic 

stability theorem for the function V1 (t, X) constructed by formula (6). 
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On Application of ~flultiobjective Optimization 
to the Problem of Beam Dynamics Control *) 

L.V. Vladimirova, I.D. Rubtsova, M.V. Sukhomud 

St. Peterscurg University, Russia 

In the earlier published works [ l,2,3] the problem of beam dynamics optimization 
was reduced to minimization or maximization of the criteria connective 

J 

K = "f.c1K 1(u) (1) 
j=l 

with certain factors c1, j = 1,J. Her~ K 1(u), j = 1,J, are the criteria characterizing 

device quality, u is the control function. The factors c J, j = 1, J, are assigned with 

J 

allowance of criteria significance; L c 1 = 1 . In [ 1] the explicit expression of functional ( 1) 
J=l 

gradient is obtained. The experience of numerical optimization shows that tbe requirements 
laid on the beam are often contradictory and the improving of optimization results is reached 
as compromise between these requirements. For example, the requirements of high bunching 
quality and small energy dispersion c: re conflicting. After realization of several initial 
optimization steps the following situatio 1 may occur: the further increase of phase bunching 
quality entails increase of energy dispersion, and on the other hand, at a drop of energy 
spread the bunching worsens. Therebre in such situation it is advisable to apply the 
multicriteria! approach. In this paper the ~•olution of optimal control problem by the method of 
vectorial optimization is offered. 

We shall introduce some necessary definitions [ 4]. The criteria vector 

K = (K1,K2 , ••• ,KJ) is defined in the dcmain D of parameters space (D c £ 5
). 

Assume that we are interested in a minimum (maximum) on each criterion. 
Definition 1. The point A' E D s called unconditionally better than point A E D if for 

any v 
Kv(A') s Kv(A) (Kv(A') ~ Kv(A)) (2) 

and at least for one v = v 0 

Kv
0 

(A')< Kv
0 

(A, (Kv
0 

(A')> Kv
0 

(A)). (3) 

Definition 2. A point A E D is said to be effective point if there is no point A' E D to 
be unconditionally better than A . 

The set of all effective points is designated by E. 
Definition 3. The set P (in crituia space) which consists of points corresponding to 

all points A E E is named Pareto set . 
A set of Pareto points in two-di:nensional criteria space ( J = 2) is named compromise 

curve (trade-off curve). 
Now we explain the method of cpproximate compromise curve construction. Consider 

*)Work supported by the Russian Founcation for Basic Research, grant no. 96-01-00926. 
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a point A(a1,a2 , ..• ,as) ED. Let parametersa;, i = l,s satisfy the conditions 

* ** a; ::::; a; ::::; a; , i = 1, s. 

These limitations determine parallelepiped II in par:tmeters space. In addition to parametric 
constraints,· the problem formulation usually contains 1 he criteria! constraints .. -

Kv(A):s;Kv, v=l,J. (4) 
•• • The value Kv ts the worst of the allowable values of a criterion Kv (A). 

For the construction of approximate Pareto set we select trial points A; from II and 

calculate the values of all criteria K1 (A; ),K2 (A;), .. . ,KJ (A;). The points A; satisfying the 

condition (4) compose the finite set DN. Approximately effective points A are chosen from 

DN by rules (2), (3). The points B = (K1 (A ),K2 (A), ... ,KJ (A)) corresponding to 

approximately effective points A E EN COJ?pose th1: Cl;pproximate Pareto set in the criteria 

space. For J = 2 the polygonal line connecting apprmdmately Pareto points is the approximate 
compromise curve P N . 

We shall describe the algorithm of finding of approximately effective points in DN. 

Let's mark any A;
1 

E DN. Comparing it with all remaining points from DN we eliminate all 

points A 1 which are unconditionally worse than A;
1 

(for A;
1 

and A 1 the conditions (2), (3) 

are checked up). Then we choose A;
2 

from the remainder of points and mark it. Comparing 

A; with all points remained and with A; , we reject the points which are unconditionally 
2 I 

worse than A;
2

, etc. After a finite number of steps we'll have only marked points that 

compose a set of approximately effective points EN . 

The geometric interpretation of this algorithm is as f)llows. May B; in criteria space be the 
I 

transform of the point A;
1 

. We exclude the points A1 if their transforms B 1 get a quadrant with 

+ I 

I + + 
I 
I + 
I 

L-!::..------­
Bi + 

1 

-0~------------------~~Kl 

Fig. 1 
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the t·)P B;
1 

. The illustration ofthe algorithm 

is represented at fig. 1 for the case of both 
criteria minimization. The convergence of 
EN to Eis proved in [4]. 

We present the application of 
the method of vectorial optimization for 
obtaining of optimized parameters of two 
devices. The first is traveling wave linear 
accelerator of electrons LEA-15-M with the 
folio';ving main specifications: initial energy 
of P•trticles is W0 = 40keV, the length of 

accelerator is L = 78cm. The dynamics of a 
char~~ed particle in such a structure is 
desct ibed by equations [ 1] 



~: = -a(;)sin 17' 

d~' ( 1 r J d~~ = 2;r f3 ph - ~r2 -1 

(5) 

Here the control functions are as fo .lows: the pure value of amplitude parameter of 

accelerating wave intensity 

a(;)= eE0 A 
moc2 

and the reduced phase velocity of accelerating wave: 
vph 

/3ph = -. 
c 

(6) 

(7) 

From here on e, m
0 

are the charge and rest-mass of electron, c is the velocity of light, A is 

the accelerating wave length, ; = !._ is reduced longitudinal coordinate (the axis Oz coincides 
A 

with the channel symmetry axis), y is rt!duced energy, q> is the phase of a particle, Eo, Vph 

determine 

Oc, ,Bph 

"'"' -:r------f ~~~------ ~ N "' ,. 
"' Oc2 ecN .... 

,BN 
__ ---A~2N 

_,... ~ .... A. 
""_,,... rBN 

---r--------------------~~~ 

Fig.2 

a basic harmonics of accelerating wave. The initial data set for (5) is 

M
0 

= ~6i),IJ'6i), i = l,M}, where r6i),l7'g)(i = l,M) are the initial phase and energy values 

of M model particles. The initial energy is supposed to be identical for all particles and equal to 

yg) =; 
0 

= 1 + Wo 
2 

, i = l,M, (because of small dispersion of initial energies). We consider 
m0c 

the initial phases II' g) of particles to b ~long a segment [ -;r, ;r] . The results are represented 

forM= 20. 
The problem of optimization of beam dynamics in the accelerator is to determine the 

controls (6), (7) providing the minimal beam energy spread and minimal phase dispersion at 
maximal capture coefficient. Therefore vve introduce the following criteria 
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K1 (u) =max rpf- min rpf, 
j j 

K 2 (u) = maxyf- min rf, (8) 
j j 

K
3
(u) = ~rp, 

2rc 

where u = (a(r;),f3ph(r;)) is the control vector, ~rp i:; initial phase interval, rpf ,yf are the 

values of phase and energy of F
2 

i -th particle at accelerator exit . 
The controls ( 6), (7) are 

defined by the values in N grid 
points: 
a(r;; ), f3 ph (r;J, i = 1, N. So 

we have 2N optimization 

o.so 

parameters, which assume the o. 10 

values in parallelepiped 2 .oo 

TI = {x :a; :Sa; :S a;•, /3;• :S f3 ph,i :S /3;••, i = 1, N} · 

• 

The point in TI determines one control (6) and one control (7). 

...... 

We shall construct the Pareto set for criteria (8) under the condition 

7.00 

F1 
i:)!o--

Fig.3 

. . 
~:S~- ~ 

Let's select control u as a random point from I1 
( •• • • •• • * -) 

r; = \r;i =(a; -ai )xi +a;; r;N+i = (/3; - /3; )xN+i + /3;, i = 1,N , 

where x is 2N -dimensional vector with components miformly disrtibuted in [0,1] (Fig.2). 

After numerical intergration of the 
system (5), we compute values of 
criteria (8) and check the condition 
(9). If it is satisfied we receive a 
point in the criteria space, otherwise 

we compute a new point r; . We 
apply the described above method of 
approximate compromise curve 
construction. At first we receive the 
set of approximately effective points 
in TI . In our case it is the set of 
effective controls (6),(7) which 
provide the required beam 
parameters, in particular, the capture 
coefficient not less than preassigned 

* value K 3 . 

2.50 

0·.00 
I I I I I I I 

o.oo 8.00 

Rel..num. 

1.00 1 I 
0. 00 lJ. ... afQ .1"1. 

8.92 11.35 

ReLnum. 

1.00 ~ -

o.oo LU~d II 
-0.74 -J..02 

Fig.4 

139 

(a) 

(b) 

G 
i:)!o--

(c) 

Fi 



K1 
2.5178 
2.6450 
2.5647 
2.4514 
2.5835 
3.3902 
2.5709 

Tab.l 

K2 
0.2655 
0.2016 
0.2641 
0.2829 
0.21.20 
0.1736 
0.2423 

K3 
0.8947 
0.8947 
0.8947 
0.9474 
0.8947 
0.8947 
0.8947 

On fig.3 the points of approximate 
compromise curve for the circumscribed device 

* are shown at K 3 = 0. 7 . The values of three 

criteria for all points of a compromise curve are 
given in table 1. Fig.4 represents the controls (a), 
energy spectrum (b) and phase spectrum (c) for 
Pareto point which corresponds to the effective 
controls a(;), f3 ph(;) providing maximal 

capture. 
The next device to be discussed is 

buncher of klystron type. Longitudinal dynamics 
of relativistic particle in bunching system is described by equations: 

dz _ p 

dr- ~1 + p2 

dp e !' N J · - = --
2 

L_En(r,z,u)+Ep(r,z) 
dr moe ,n=l 

(10) 

Here r = ct, t is the time, z, p are bngitudinal coordinate and reduced momentum of 

particle, N is the total number ofresonatcrs ofbuncher, En (r, z, u) is longitudinal component 

ofRF field intensity in n-th resonator, EP ( r, z) is longitudinal component of Coulomb field 

intensity. We suppose the coordinate a):is Oz to be aligned with channel symmetry axis. 
Control vector u is introduced as a vector of device parameters, namely, the mismatches of 
resonators and drift tube lengths (excluding modulator and drift tube preceding it). The 
investigation of longitudinal beam dynamics in such a structure is carried out with due account 
of Coulomb repulsion and the excitation o1'RF fields in resonators. 

We designate phase vector of a particle as x = (z,p)T. Let M 0 be the set of initial 

phase states x0 = (z0 , p 0 l of particle:; of one or several consequent bunches. At fixed 

control u the system (10) defines the ensemble oftrajectories x = x(r,x0 ,u) emerging from 

the set M 0 . 

We investigate the problem of bunching system parameters optimization. The purpose 
of optimization is to maximize the share cf particles of a bunch satisfying some restrictions on 
phase and energy at the device exit. These restrictions are as follows: 

IW-W0 j 

191 ~ ~~), '---- ~ b . 
Wo 

Here <p E [ -n, n] , W are accordingly phase and energy of particles at the exit ; W0 is initial 

energy of particles; the constants ~<p, b characterize required phase width and reduced energy 

dispersion of a bunch. 
Let us introduce the following opt mization criteria characterizing bunching quality on 

phase and energy correspondingly: 
T 

K 1 ( U) = I I <1> 1 (-, z r )<1> 3 ( z r - z ex ( ll) )dz r dp r , (11) 
OMr.u 
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T 

K 2 (u)= J J<t> 2 (r,z,)<l> 3 (z, -zex(u))dz,dp,. (12) 

OM,,u 

Here 1/. Is the time necessary for model particles to pass the struture; .c 
M, u = {x, = x( T, x0 , u): x0 EM 0 } is T -cutset of tnjectory bundle of system (1 0) for the 

control u; zex(u) is device exit coordinate. The integrands in formulae (11), (12) are 

determined by expressions: 

cos(~: rp(r,z)J+l 
<l>1(r,z)= 't' 

0, 

!cos( 
2

7r ~) + 1, 1~1 :::; fu' 
<1>3~)= fu' 2 . 

O, 1~1:::; fu' 
2 

The function <1> 3 ( z- z ex (u)) IS different rom zero only in neighbourhood 

( z ex - ~ , z ex + ~) . That's why a particle makes nonzero contribution to quality functi~nal 
in only case the particle is · in the given neighbou ·hood. The size Az is preassigned for 
every numerical problem. The values of functions <l> 1 : T, z ), <l> 2 ( T, z) increase with lowering 

of deviation of phase and energy of particle from mear values 0 and W0 correspondingly. The 

function <l> 1 ( r, z) vanishes if the particle does not gd the required phase interval at device 

exit. 
Vectorial optimization of device parameters with criteria (11),(12) was carried out for 

the buncher with following main characteristics: the number of resonators N = 4 , 
W0 = SOOkeV, A =O.lm, mean value of beam cunent 10 =lOA channel aperture radius 

a= 0.006m, bean radius R = 0.003m, input power Pl = 0.3kVt The optimization parameters 

are resonator mismatches ( ~2 
, "'7-, "';4 J and drift tlbe lengths (J 2 ,1, ,14 ,15 ) So the control 

( 
/1f2 !1j3 !1j4 JT vector u = --- -- - 12 f, 14 15 .l , .l , .l ' '·'' ' 

For construction of Pareto set 150 trial points were used The coordinates of the 
points and corresponding criteria values are represent ~d in table 2. In this table the values of 

the following beam characteristics at device exit 1re given: relative value 1
1;,/ of the 
I lo 
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amplitude of beam current first harmonics; relative value 11~0 of energy dispersion; the 

percentage 17 of particles (of a bunch), which got into the required intervals of phases and 
energies at device exit. The total bunchet length L is presented in the last column of the table. 

The values of the same parame·:ers, criteria and characteristics for the device before 
optimization are given in the last line oft h.e table for a comparison. 

Table 2 
Optimization parameters Criteria Characteristics 

mismatches 
of 

resonators drift tube lengths 

4!;j !1f;j 11/it L2 L3 L4 L5 

.J 
K1 (u) K2 (u) 11110 1\'% Wo 

17 L 

0.0020 0.0088 0.0101 0.19 0.34. 0.2~i 0.82 2.57 2.21 1.07 0.170 75 1.74 
0.0025 0.0091 0.0151 0.34 0.71 0.3B 0.66 2.93 0.69 1.35 0.246 50 2.24 
0.0022 0.0088 0.0122 0.18 0.68 0.3·~ 0.91 2.88 1.55 1.30 0.206 68 2.25 
0.0025 0.0076 0.0154 0.22 0.60 0.3:~ 0.87 2.88 1.82 1.25 0.191 80 2.14 
0.0018 0.0107 0.0131 0.22 0.34 0.3•· 0.81 2.65 2.13 1.13 0.174 75 1.85 
0.0026 0.0094 0.0137 0.29 0.69 0.2fi 0.85 2.91 1.33 1.31 0.217 59 2.22 
0.0018 0.0072 0.0105 0.25 0.61 0.4tl 0.62 2.96 1.03 1.39 0.29 47 2.08 

The controls obtained (as a result of multicriteria optimization) provide high level of 
bunching at system exit. One can choose the proper device among the structures 
corresponding the Pareto points. 
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Summary. The background of the loop-shaping approach to the robust stabilizing 
controllers synthesis are presented. It may· be appli(:d to the plasma shape control problem 
taking into account unstructured uncertainties in the plant model representation. The 
main aspects of the LSH-approach to robust stabil ty margin analysis are discussed. It is 
shown, that optimal robust stability margin for th1~ augmented plant is not equal to that 
for the initial plant and augmented optimal cont ·oller. The method of the controllers 
comparison is proposed by means of robust stability margin estimation. The results of 
the computations for the same given controllers ar~ enclosed. 

1 Preliminary note 

As it is known, analysis and synthesis of dynamic ~ ystem under the various model uncer­
tainties is a matter of a great importance and hardness. 

As for plasma-shape control synthesis, some general remarks concerning this global 
problem should be noted. . 

1. For any controller of the power consumption in the working range the eigenvalues of 
the matrix of full plasma-shape control closed loop system are located in the neigbourhood 
of the imaginary axis. 

2. According to this, the stability margin of the closed loop system with respect to 
eigenvalues, the phase and the magnitude are extr~mely small (tend to zero). 

3. That is why, it's not fully correct in this :ase to apply the standard MATLAB 
methods to analyze the robust stability margins •)f the full closed loop system with 10 
control coils. 

4. The correct approach to the robust stabilit 'I margin analysis is to investigate the 
well controllable part of the system with non-effici ~nt coils excluded. Other way is to use 
modified MATLAB procedures without H 00 -norm computation. 

Taking into account all above remarks it is po:;sible to use various approaches to the 
problems of robust stability margin analysis, in particular, the methods offered in [1]. 

2 Background 

One of the most effective and suitable methods for the plasma shape control problem is 
the optimalloop-sha.ping synthesis (LSH-method) Let us consider its main aspects. 
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The controlled plant in plasma shape stabilization problem could be represented in 
standard LTI-form 

{ 

i· = "tr +Aid+ Bu, 

e = (:1:2" +Dud+ D121t, 

y = c2.T + D2ld + Dnu. 
( 1) 

Here x E En is state-space vector, 1l E Em is control vector, y E Ek2 is output vector 
of measurements, d = (so(t) 7/J(t))T is v~ctor of external disturbances, e E Ek1 is tracking 
error vector. 

Let the plant (1) be closed by the a ·bitrary internally stabilizing controller 

z = K(s)y. (2) 

The closed loop interconnection of the system (1), (2) is illustrated by fig. 1. Here G 
is controlled plant and W is stabilizing controller. 

Introduce the two auxiliary signals 7L and v being supplied both to input and to output 
of controller in addition to considered interconnection as it is shown in fig. 2. 

Let us consider the transfer matrix F?(s, G, I\) of the clo:oeclloop system from auxiliary 
signals (w, v) to input and output signals ( b, u) of the controller (2): 

[ u l [ w l b = PR ( s' G' [() v . ( :3) 

According to fig. 2 we have 

b = y + v, y = Ua, a= u + w = f(b + w 

and therefore y = G[K(y + v) + w]. This expression may be considered as the equation 
with respect toy, from which it follows that 

y = (E- C:J\)- 1Gf\v + (E- GK)- 1Uw. (-1) 

144 



In accordance with (4) we have the formula br input signal of the controller in the 
following form 

b = y + v = y + (E- GK) -1(E- GK)v = 

= (E- GK)- 1 GKv + (E- GK)- 1 Gw+ 

+(E- GKt1(E- GK)v = (E- GK)-- 1 [GI< + E- GI<) + Gw] 

or 

therefore 
u = I<b = K(E- GI<)- 1Gw t K(E- GI<t1v. 

Here E is identity ( k x k )-matrix. 
The expressions (4) and (5) give us 

i. e. the desired transfer matrix FR may be represented as 

or in other form 

FR(s, G, K) = [ ~ l (E -· GKt1 [G E). 

(5) 

(6) 

(6a) 

(7) 

Asit is noted in [1], [2], the transfer matrix FR:s,G,I<) is of the first importance for 
LSH-approach. It is determined by the following >tatement. 

Theorem 1. If an arbitrary controller with 1 ransfer matrix I< belongs to the set f2 
of the controllers internally stabilizing the nom nal controlled plant (1) with transfer 

matrix G, then for all model perturbations [~~], 3atisfying inequality 

(8) 

the closed loop system with perturbed plant G == (N + 6.I)(M + 6.2t 1 will be stable. 
Here N A1- 1 = G is a normalized coprime factorization satisfying the condition 

N(jw)* N(jw) + M(jw)* M(jw) = E 

for the nominal plant. The norm IIFRIIoo is deternined as 

jjFR(s, G, K)lloo = rna) a-(w, G, K), 
wE[O,o) 

(9) 

where i'J(w, G, K) is the maximal singular value o · FR(jw, G, I<) matrix. 
So the value of bm(G,I<) may be treated as rcbust stability margin estimation for the 

closed loop system with the plant G and controller f{. It is the certain characteristic for 
the arbitrary controller internally stabilizing the nominal plant. 
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3 Loop-shaping optirn.al synthesis 

As it was done in [1] on the base of .tpproach presented in the previous section, it is 
possible to expand robust stability margin. Note that LSH-method takes into account 
not only the robust stability but also tle closed loop system nominal performance. This 
is accomplished by the use of augmenkd plant model with the transfer matrix 

P = W2GW1, ( 10) 

where TV1 and W2 are given transfer m.ttrices of the weight multipliers. 
It is proposed i~ [1] to find the trawfer matrix of optimal controller for the plant (10) 

with respect to IIFRII= 
Koa = arg min IIFR(s, P, K)lloa· 

f{Efl 
(11) 

In accordance with (8), optimal controller (11) provides the best (maximum) robust sta­
bility margin for the augmented plant. This margin is determined by the formula 

bm(P, Koa) = bm(W2GW, Koa) = IIFR(s, W2GvV1, Koa)IJ~1 . (12) 

The final step of LSH-optimal synthesis procedure is to find the transfer matrix of 
augmented controller as follows 

A. = vV1 K 0::· 1112. (13) 

It is easy to see that augmented controller ( 1:3) stabilizes the initial plant G. 
Ht1wever it should be noted (this fac 1 is not mentioned in {1}} that the optimal robust 

stability margin for the augmented plan· is not equal to that for the initial plant with the 

augmented controller! So robust stabilitb margin estimation ( 12) could not be used for real 
closed loop system! because 

bm ( P. F ex ) -::J bm ( G, j{), ( 14) 

when: 

bm ( G' k) = bm ( G' wl I( 0 w2) = I JF R ( s' G' vVl f{ = w2) II ~1 . ( 15) 

The proof of the statement above is based on the formulae ( 6a), ( 12), ( 15) and may 
be easy carried out for the most simp_le situation. with the following weights 

WI(s) =: E, ,;{l2(s)=:1E. 1=const. (15a) 

4 Controllers comparison by means of robust sta­
bility margin estimation 

As it follO\vs from previous sections the value of 

bm(G, K) = IIFn(s, G, I\)11.::;1 
( 16) 

may be used as one of the most simple robust stability margin estimations for any con­
troller to be tested. This value may be ccmputecl with the help of standard procedures [1]. 
It is f'\·ideut that the larger is bm(G, 1\) the lwtter controller is. 

146 



Nevertheless it is necessary to highly stress tl at such an approach to the controllers 
comparison for plasma shape control system has ~ssential disadvantages pointed out be­
low. 

1. The matrix of closed loop plasma shape control system in superconducting coils 
tokamaks for any controller in the working range of control power consumption has the 
eigenvalues located near the imaginary axis. It lt:ads to the singular situation for which 
standard procedures give incorrect results. 

2. The value of estimation bm( G, K) is too pessimistic-it may be exceeded for the 
most part of the frequency range. So it is be;ter to use the function b(w, G, K) = 
lja-(w, G, K) as the frequency robust stability margin for the given controller and the 
nominal plant. . ' 

3. Besides the general pessimistic essence of ;he estimation bm( G, K) it is necessary 
to say, that experiments show the extremely small its value for all controllers have been 
tested. 

4. The estimation bm(G, K) does not take into account the closed loop system per­
formance for the certain transient processes. BeJore the comparison in the sense of this 
estimation it should be checked that the controll·~rs are comparable in the sense of some 
performance characteristics. 

In accordance with the notes above it is pos~ible to suggest the following procedure 
for the various controllers comparison. 

A. It is necessary to check that all controllErs to be tested internally stabilize the 
nominal plant and have the similar performance characteristics in the sense of stabilization 
accuracy and control power consumption. The last of them is of a great importance 
because for the controllers with small power the robust stability margin is large, and 
otherwise. 

B. For each of the comparable controllers to be tested it is necessary to compute the 
following characteristic 

b(w, G, K) = lja-(;1.), G, K) 

-frequency robust stability margin for the closed loop system with the nominal plant G 
and controller K. It may be done with the help oJ modified MATLAB-procedure emargin 
in which the H00 -norm computation is excluded 1]. 

C. The results of computations should be analyzed in different regions offrequency do­
main to determine the best controllers with the la1gest values of b(w, G, K) = lja-(w, G, K) 
in these regions. 

5 The results of controllers testing by means of fre­
quency robust stability rnargin estimation 

As the examples of using the proposed procedm e the corresponding computations were 
performed for the following controllers in FDR2 plasma shape control systems in ITER 
tokamak: · 

1. LSH-optimal controller Cl for the augment plant with the weights (15a). 
2. LSH augment controller C2 corresponding to Cl for the initial nominal plant. 
3. Boo-optimal controller C3 with respect to the direct transfer matrix of closed loop 

system from the input signal d to the output sigHal e (note that this controller is close to 
the corresponding LQG-controller ). 
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4. Internally stabilizing controller Cc. 
The analysis of the results leads to the following conclusion. 
1. In the region of the low frequencies the controllers C2, C3 and C4 have approxi­

mately the same robust stability margins. 
2. All the margins achieve their min rna at the frequency about 10 s- 1 and the values 

of these minima are extremely small. 
3. In the frequency range w E [0.02, 100] the controller C4 has the best robust stability 

margin, but it is also small. 
4. For the high frequencies w > 100 the controllers C2 and C3 have the best robust 

stability margins. It is very important because the high-frequency plant behavior is 
usually uncertain. 

5. The robust stability margin for 1 he controller Cl is generally best, however this 
margin may be achieved only for the augmented plant, but not for the real closed loop 
system. 

6 Conclusion 

This work is devoted to some questions concerning the robust stability margin analysis 
for the plasma shape control systems with various feedback controllers. The method of 
the controllers comparison by means of frequency robust stability margin estimation is 
proposed. The results of the computatinns for the several given controllers are obtained 
and discussed. 
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1. Introduction 
1.1. At the present report we continue the analysi 3 of the plasma shape stabilization that 

was started in [1 ,2]. The different approach to open loop system uncertainty modelling 
based on the systems of equations for the scenari<· points is proposed. 

Let's underline the main especiality of the equ.:ttions considered. For any controller of 
the power consumption in the working range the eigenvalues of the matrix of full plasma­
shape control closed loop system are located in th·~ neighbourhood of the imaginary axis. 
Thus the stability radius at the frequency domain and at the space of matrices is very 
close to zero. This unfortunate fact does not ailow to apply the standard MATLAB 
methods for the admissible perturbation range of the physical parameters of the system. 
At the present paper the methods which take inb account the mentioned especiality of 
the model are used. 
1.2. Let's investigate the stability of the system <•1 equations describing the dynamics of 

plasma shape deviation from the nominal 

(1) 

(2) 

where s=1,2,3,4,5 corresponds to the scenario points XPF, SOF, SOB, EOB and EOC 
in ITER tokamak. All of the three controllers .r: resented for investigation use at their 
feedback only the part of the observations (2) for which the corresponding entries of the 
matrices Ds are equal to zero. So the system (2) 1as more simple form here 

s = 1,2,3,4,5. (3) 

1.3. Let's construct the parametric model descri Jing the uncertainty of the system (1), 
( 3) at the space of the matrices 

Q = (L, R, c·~). 

Introduce the set of the admissible systems 

5 

r = {Q = L AsQs I (At, A2 A3, A4, As) E A}, 
s=l 

where A - some set at 5-dimensional space. I1 's natural to propose that the realized 
scenario points ( matrices Q1 , Q2 , Q3 , Q4 , Q5 ) belong to the admissible systems set r, and 
therefore 
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(1,0,0,0,0) E A,(0,1,0,0,0) E A,(O,C,1,0,0) E A,(0,0,0,1,0) E A,(0,0,0,0,1) EA. 

Note that the minimal convex polytope at the space of the system matrices containing 

all the five scenario points is the set 

5 5 

fo = {Q = L)sQs I As 2 o,L:As = 1}. (4) 
s=1 s=1 

Let's suppose hereafter that all the admissible parametric uncertainty of the system 
( 1), ( 3) is described by 5 parameters As. At the next sections we will consider the stability 
problem for the class of the systems (1), (3) closed by the controller under investigation 
with respect to some set of the admissible parameters A . 
1.4. The most well-designed methods of the linear systems with uncertain coefficients 

stability analysis deal with the class of ~:ystems whose characteristic polynomials families 
form the convex polytope at the coefficients space. The results concerning multidimen­
sional systems of differential equations robust stability analysis are far from systematic 
and the known robustness conditions ar·~ usually just sufficient. In particular, that is why 
the robustness of the system (1), (3) inYestigation leads to almost zero stability radius at 

the matrix coefficients space. 
At the present report we also used the sufficient conditions of the stability of linear 

one-parameter matrix family which bec::>me necessary for rank one perturbation matrix. 

2. Interval stability radius 
2.1. The concept of the interval stabtlity radius defined below reflects the admissible 

perturbation range of the parameters ,\s, introduced in section 1 to describe the set of 
the systems (1), (3) closed by the same controller. The norm reflecting the closeness 
of two parameter vectors (Au, A21, A31, A41, A.s!) and P12, A22, A32, A42, A52) is chosen not 
as Euclidean norm but as a norm induced by the given collection of the matrices Q s = 
(Ls, Rs, Cs) for the scenario points. 

For unit interval stability radius tf e new "ball" coinsides with the minimal convex 
polytope with matrix vertices Qs(s = 1, ... ,.5). 
2.2. The problem formulation and bas c definitions. 

Consider the set 
5 

Ao = {(,\1, A2, A3, A4, A.s) I As 2 0, LAs= 1}. (5) 
. . 

s=1 

and the point l = (A10,Azo,A3o,A4o, \.so), Aso 2 0, I:~=l Aso = 1. 
Definition. Let's call the set of the points as a closed ball of the radius r with the centre 
at the point p = (p1,p2,]J3,p4,]Js) (p1 + P2 + ]J3 + ]J4 + P.s = 1) 

Vr(P) = {J> + r(v -l) I v E Ao}. 

Note. For p =land r = 1 V1(l) = Ao. 
Let's also interprete the ball Vr (p) c.t the space of the matrices of the system ( l), (:3). 

Introduce the matrices 
.5 .5 

r1' ~ Qs = (Ls,Rs,Cs ), p = L,..PsQs, G = L AsoQs 
s=1 s=1 
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Then the interval matrix family of the radius r and the centre in P corresponding to 
the set V,. (p) is 

5 5 

Tr(P) = {P + r L As(Qs- G)}= {L VsQs}, 
s=l s=l 

5 

As 2: 0, LAs = 1; (VI, V::, V3, v4, v5) E V,.(P) · 
s=l 

Let's also introduce the median matrix of thE system (1), (3) 

Pm = (Ql + Q2 + Q3 -- Q4 + Q5)/5 · 

Definition. Let's call the first interval stability r;tdius r 1 of the system (1), (3) closed by 
the controller 

u·= W(p)r'", · (6) 

where W(p) is the transfer matrix with rat[onal-fraction coefficients, the maximal 
value for which the system (1), (3), (6) is asymp;otically stable if 

(L, R, CT) E T, 1 (Pm) · 

Definition. Let's call the second interval stabilit:r radius r 2 for the system (1),(3) closed 
by the controller (6), the maximal value for which the system (1 ),(3),(6) is asympotically 
stable if 

The analogous definitions are introduced for .he closed loop systems in normal form 

.y = Csx 

dzjdt = rlz + f2y 

u = f{z 

(7) 

and when considering the families of characteristic polynomials of these systems at the 
space of characteristic polynomial coefficients. 
Note. These methods are the evolution of the ro~mst technichs described in [3]. 

In Appendix we give the results of computa1 ion of the first and the second interval 
stability radii for three presented controllers C1, C2, C3. The computations were carried 
out with package MATLAB. 

3. Preliminary transformations 

Here we present the transformations of the omtrollers to the form that was used for 
computations. 
3.1. Controller Cl. 

In the controller C1 there were not used the 5, 8 and 9 coils, so 5, 8 and 9 columns 
of the matrix were treated as zeros. Besides that in the controller there were chosen 
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u
10 

= 0.1 * x 35 and only the first 6 cc mponents of observations were used. Thus the 
system ( 1 ), (3) was closed by the contrcUer 

dz 
- = Acz + BcfJ · 
dt 

(8) 

Let's denote as B - the matrix \''ithout 5,8,9 and 10 columns; C - the matrix 
consisting of the first 6 lines of the matrix ; E - the square [35:35]-matrix whose entries 
excepting one e10,35 = 0.1 are zeros. 

After that we obtain the characteristic [65:65]-matrix 

p ( ~s 0) _ ( -Rs ~- E 
I EcCe 

BCs) 
Ac ' 

s=1,2,3,4,5· 

3.2. Controller C2. 
For the controller C2 there were US( d the first 17 observations and the derivatives of 

the first 6 observations. The controller equations are 

dz 
dt = Acz +Be~, 

U = Ccz +De~. 

where the vector~ has the dimension 23 and equals to 

1:* * dg* h 2*) 
~ = I g , dt , E , E . 

Let's denote 

(9) 

as B~, D~ - the matrices compose·i by the 1-6 columns of the matrices Be and 
D c correspondingly. 

as B~, D~- the matrices composed by the 7-12 columns of the matrices Be and 
De correspondingly. 

as B~, D~ - the matrices composed by the 13-2:3 columns of the matrices Be and 
De conespondingly. 

as c;,c;- the matrices composec by the 1-6 and 7-17 rows of the matrices Cs 
correspondingly. 

Then the characteristic matrix of. tf e dimen:.ion 8.5 to consider is 

p (Ls- BD2Cl c s 
-B2 

c 

0) (-R +BD1C1 +BD3 C2 
s c s c s 

I - B 1C1 + B 3 C 2 
c s c s 

BCe) 
Ac . 

3.3. Controller C3. 
In this controller there are used all the observation components and it has the form 

dz 
- = Acz +Bey, 
dt 

U == -Ccz - Dey · 

(10) 

Excluding the variables, we obtc.in the system whose characteristic matrix of the 
dimension 87 is 

p ( ~s 0) _ (- Rs - B DcCs 
f BcC.s 

BCe) 
Ac . 
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4. Conclusions 

The results of computations of the first and tLe second interval stability radii given in 
appendix lead to the following conclusions. 
4.1. The methods of computation of the stabilit:r radii based on matrix and polynomial 
models are comparable with each other. 
4.2. All the controllers C1, C2 and C3 have the mfficient robustness. 
4.3. The methods proposed allow to estimate the parametric stability margin at the space 
of the initial physical parameters. To take better into account the nonlinear dependence 
of the system coefficients on the uncertain parameters one should construct the interval 
methods of the interval radii estimates based on variational theory. 
4.4. The algorithms designed give a possibility to take into account the controllers ro­
bustness at the early stages of their design. 

Appendix 

Table 1 
Interval Stability Radii of system (1), (3) 

C1 C2 C3 
r1 ( Qo) 2.1 3.1 3.8 
r2( Q!) 2.8 2.6 3.3 
r2(Q2) 2.1 2.6 3.3 
r2(Q3) 2.1 2.1 3.1 
r2 ( Q 4) 2.6 3.1 3.8 
r2( Qs) 1.1 5.3 4.6 

Here Q is a matrix at the space of the matrices of the system (1), (3) 

Q = (L, R, cr), 

Qo = (Ql + Q2 + Q3 + Q4 + Qs)/5. 

Table 2 
Interval Stability Radii of system (7) 

C1 C2 C3 
r1 ( Qo) 2.1 3.1 1.0 
r2( Q!) 2.6 2.9 0.0 
r2( Q2) 2.0 2.1 0.0 
r2( Q3) 2.0 2.5 0.0 
r2( Q4) 2.8 2.6 0.0 
r2( Qs) 1.1 4.3 0.0 

' 

Here Q is a matrix at the space of the matrices of the system (7) in normal form: 

Q = (A, B, C), 

A= -L-1 R, B == L-1 B. 
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Table 3 
Intervd Stability Radii 

at the space of characteristic polynomial coefficients of system (7) 

C1 C2 C3 
r1 (Po) 1.5 1.6 1.6 
r2 ( P1) 0.5 0.6 0.6 
r2(P2) 0.6 0.6 0.6 
r2( P3) 1.6 1.8 1.6 
r2(P4) 0.5 0.7 0.6 
r2(Ps) 1.1 4.4 4.3 

Here P is a characteristic polynomi :11 of closed loop system (7). 
Po = ( P1 + P2 + P3 + P4 + Ps) I 5 
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Abstract 
It is presented the mathematical model for electron-optical system as diode 

system: field cathode (the thin tip on a fiat !.ubstrate) - anode (a plane equi­
potential surface). In this paper the field emiss on gun is under investigation. The 
field emission gun is described as the rotationally symmetrical cathode lens, the 
effect of space charge is neglected. The potential of the tip and substrate is set to 
zero without the loss of generality (Uo = 0). The parameters of physical problem 

are: the tip radius of curvature (ro), the tip length (L), the tip shape (ro(z)), the 
length from substrate to anode (Zt), the anode potential (Ut). 

Rotationally symmetrical potentials V(r, z) without space charge obey Laplace's 
equation and the boundary values: 

.6V(r,z) = 0, VI =Uo, 
ro(z) 

(1) 

where (r,z)- cylindrical coordinates, r0 (z) - ;he tip shape; U0 -the tip potential; 
( -oo < r < oo, z = Z1) - the anode plane; U1 - the anode potential. 

From [1] the potential distribution V(r, z) wc•uld be expressible as: 

V(r,z) = V0(r,z) + Vi(r,;:) + V2(r,z), (2) 

where 
L-6 

J p(z'l , 
Vo(r,z) = J dz, 

r2 + (z- z')2 

0 

(3) 

and functions Vi H V2 are the solutions of the boundary- value problems: 

.6Vi = 0, Vij = Uo; 
z=zt 

(4) 

.6V2=0, V21 =-Vi. 
z=zt 

(5) 

It is obvious that Vi ( r, z) is the solution of the Doundary - value problem without tip. 
The function V2 can be represented as: 

L-6 

V2(r,z) = J u2(r,z;z')p(z') (6) 

0 

155 



., 
i' 

where function u2(r, z; z') is defined from: 

u2(r, z; z') = -47rG(r, .z; 0, z')- (r2 + (z- z'?t112. 

From (3)-(6), this function can be rer;resented as the solution of the boundary- value 
problem: 

{ 

6. u2(r, z; z') = 0 
2 -1/2 

u2(r, z; z')l _ r· =- [r2 + (Z1 - z') ] 
Z- L1 

From [1] p(z) can be written as: 

where 

{j = Ro/2 

00 

p(z) == L Pk(z ), 
k=O 

Pk+
1
(z) = _ (ln 4z(L- z))-1 [ 

r~(z) -

L-8 

J Pk(0- Pk(z) de+ 
le- zi 

0 

+ j'u,(O,z;Op(Od(l 
0 

(7) 

(8) 

(9) 

(10) 

(11) 

From V(r,O) = 0 the value-boundary problem (1) can be spreaded to z < 0. 
Then the functions Vi ( r, z) and V: ( r, z) are the solutions of the boundary - value 

problems: 

6.V1 = 0, V11 . = ±Uo; 
z=±Z1 

6.V2 = 0, v21 = -U1 . 
z=±Z1 

So to solve the boundary- value problem (1) (according to (6)) we have to solve two 
boundary - value problems: 

6.Vi=O, Vii = ±Uo; 
z=±Z1 

(12) 

6.u 2(r, z; z') = 0, u2(r, z; z')l 
z=±Z1 Jr2 + ( ± zl - z')

2 

1 
(13) 
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The solution of the boundary - value problem (11) is obvious: 

u1 
Vt(r,z) = zl z • (14) 

The function u2(r, z; z') from (13) can be represented as a Hankel transform [2]: 

u2(r, z; z') = 

(15) 

·Jo(>..r)d).., 

The unknown coefficients At, A2 are determim.ted from boundary values (13) for 
function u2(r, z; z') from inverse of a Hankel tranE:form: 

00 

A _ J r Jo( >..r) dr _ 1 
1 - - / 2 - e-.\(Zt-z') 

0 v r 2 + ( zl - z') 
00 

A _ J r Jo( >..r) dr _ 1 . 
2 - -J ( )2 - e-.\(Zt+z') 

0 yr2 + zl + z' 

So the function u2(r, z; z') can be written: 

00 ( . ') _ J [ -.\(Zt-z')sio.h >..(z + Zt) 
u2 r, z, z -- e sinh2)..Zt + 

. 0 

-.\(Zt+z')sinh>..(Zt-;:)]· 1 (' )d' 
+e sinh 2)..Z

1 
JO "r "· 

After some transformations (16) can be defined l:y the series (17]: 

00 

{ [ 1 u2(r, z; z') =- L 
k=O .Jr2 + (4kZ1 + 2Z1- (z + z'))2 

--r~~~=1 ]+ 
.Jr2 + (4kZ1 + 4Z1 - (z'- z))2 

The functions Vo(r,z) and Vo(r,z) can be represented as: 

L-S 

J p(z') 1 V0 (r,z) = J dz, 
r 2 + (.2 - z')2 

-(L-S) 
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! 

1-6 

V2(r, z) = ( u2(r, z; z')p(z') . (20) 
" -(L-6) 

Thus the formulas (2),(8)-(11),(14),(18)-(20) are the solution of the value­
boundary problem (1). 

And so the potential distribution i~ determined for our diode system. 
The emission characteristic values (the field strength for the cathode's top, the 

current density for the cathode's top, the emission area) are presented on Table 1 
and Tabl.2. These values are calcula;ed for various anode potentials (Tabl. 1) and 
for various distances between the cath)de top and anode plane (Tabl.2) from the next 
parameters: the tip radius of curvaturt) r0 = 10-6cm, the tip length L = 101cm. 

Let 
u1 - the anode potential, 
Eo - the field strength for the cat: 10de top, 
J0 -the current density for the c;;thode top, 
Sem- the emission area, 
I- the cathode current. 

Table 1 

The emission characteristic values for the various 
anode potentials. 

I u1 (B) II Eo (V /em) I Jo (.\jcm2
) I s~~Tcill:) I I (A) 

100 1.55709·107 3.22~ 158·10-8 .177319·10-12 .572666·10-20 

180 2.94974·107 2.50)54·101 .387 450·10-12 .968834·10- 11 

200 3.10834·107 8.22359·101 .415330·10-12 .341550·10- 10 

225 3.66420·107 2.37240·103 .519888·10-12 .123338·10-8 

250 4.09674·107 L75878·104 
• . 610108·10-u .107304·10-/ 

275 4.51379·107 8.53180·104 . 705440·10 12 .601867·10 7 

300 4.92709·107 3.15338·105 .808786·10-12 .255041·10-6 

325 5.33913·107 9.58303·105 .922394·10 12 .883933·10 6 

350 5. 75063·107 2.49093·106 .104 732·10 11 .260881·10-5 

375 6.16187·107 5. 73000·106 .118578·10-11 .679451·10-5 

400 6.57298·107 1.19396·107 .134014·10 11 .160008·10 4 

425 6.98400·107 2.28392·107 .151187·10-ll .345299·10-4 

450 7.39497·107 4.0£ 775·107 .170714·10-11 .699543·10-4 

475 7.80592·107 6.9(683·107 .192641·10-11 .133054·10-3 

500 8.21684·107 1.11109·108 .217866·10-11 .242069·10-3 

Table 1 is presented for z1 = .llcm (the anode plane). 
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Table 2 

The emission characteristic values for the various 
anode planes. 

I Zt (em) II Eo (V/cm) I Jo (A/cm2) I 8em (cm2) I I (A) 
.10010 7.70721·107 6.12427·107 .187134·10 :n .114606·10-3 

.10109 7.54038·107 4.96178·107 .1'78178·10-11 .884078·10-4 

.10208 7.37814·107 4.00599·107 .1f>9869·10 ·ll .680495·10-4 

.10307 7.22031·107 3.22287·107 .11)2143·10 "11 .522566·10 "4 

.10406 7.06665·107 2.58312·107 .11>4939·10 "11 .400225·10-4 

.10505 6.91685·107 2.06198·107 .148200·10 ·ll .305585·10 "4 

.10604 6. 77062·107 1.64551·10"{ .142012·10 ·ll .233682·10 "4 

.10703 6.62768·107 1.30736·107 .1:J6189·10 ·ll .178047·10 "4 

.10802 6.4877 4·107 1.03337·107 .1:10685·10-11 .135045·10-4 

.10901 6.35052·107 8.12207·106 .t~5470·10 ·ll .101907·10 "4 

.11000 6.21576·107 6.34435·10!5 .tW515·10 -u . 764586·10 -1) 

Table 2 is presented for U1 = 400V (the anode po1.ential). 
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The method to reconstruct the dipole magnetic field perturbations for synchrotron-type 

accelerator is represented. 

The deviations of closed orbit are considered. The proposed method is applied to 

JINR Nuclotron . 

T~e equation of the closed orbit is consider [ 1]: 

y" + Ky(O)y = Fyk(y.y'.O), ( 1 ) 

where Ky(O)- the frequancy. 0 E [0. :hr]- the azimuth and i'~k- the sectionally 
continuous unknown function. The )Oundary conditions arc : 

y(O) = y(:h). y'(O) = y'(2rr). ( 2) 

where y(O) - the unknown function ( dipole magnetic field function ) .which 
must be reconstructed. Besides this . l\.y(f)} = 1\. = ron.st and the constant is 
known. Fyk{y.y'.O) = f(O) and· · 

if(O)j -:; K = con.st > 0. (:)) 

Around the accelerator ring the 20 beam monitors arc stated practically pro­
portionally to measure the values of unknown function f(f)) in these points. 
The experimental values of such m ~asurements are known : 

Y = {yJ(el:·.l/2(0z) .... ,.IJzo(O~w)}. ('1) 

* The task was done with the support of RFBI . project numlwrs : 91 - 01 -
007 46,98- 01 - 00190, and with the support of FedPra I Cent Pr "Jnt<>gra tion" . project 

number K008.5/98. 
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where 8 E { 01 , 02 , .•• , 020}- the coordinateE of beam monitors, which are used 
as boundary conditions . 

So we have the uncorrect back problem , \\ hich was formulated for Nuclotron 
of JiNR. 

The next method to solve the problem (1; - ( 4) was proposed. The solution 
of the equation (1) , depends on f(O) , for Ky(O) = P = const is well known 
and does look like : 

y(O) = t f~ sink(()- t)f(t)dt+ 

cosk0-cosk(211'-8) f211' sink(()_ t)j(t)dt+ 
2k(l-cos2?rk) Jo 

(5) 

sin kO+sin k(211'-0) r2tr k(() _ t)j(t)dt 
2k2(1-cos211'k) Jo COS · 

Then , the experimental values of y( 0) E Y are known. So , let conside the 
functional 

20 

<l>{j) = L (y(lh)- Yk) 2
' (6) 

k=l 

where y( ()k) - the values of solution ( 5) in Ok points and Yk - the experimental 
values of function /( 0) . Let us minimize :his functional . ~(f) with respect 
to f . In such case ·we recieve : 1. the right-hand side of equation (1) is 
reconstructed , as the minimum of the fu 1ctional is reached just for such j 
function , which is good enough approximvted this right-hand side, 2. for this 
right-hand side function we reconstructed the function /(9), using the existing 
solution (5) . 

The values of y( 0) are equal to values of ·~xperimental measered function in 
points from set E> 

The programs are produced and testing to realize this algorithm. For func­
tional minimization the FUMILI program [2] was used. 
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