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COMPUTER MODELLING OF A HIGH SOLID ANGLE
MASS-SPECTROMETER !

S.N. Andrianov, N.S. Edameaiko, D.A. Ovsyannikov

Bibliotechnaya 2, Computational Mathemctics & Control Processes Institute,
St.Petersburg State University, St.Petersburg, 198904, Russia
e-mail: vmpu@apriath.spb.su

W. Mittig
GANIL, Caen, France

Abstract

As an entrance focusing elements for mass—spectrometers we can use both
quadrupole lenses and a solenoid -lense. 7T'he first case can be realized using
quadrupole lenses with high apperture.  I1 the second case the lense aperture
is more less. That is why for high solid angle inass—spectrometer design problem we
consider the system which consists of two solenoids at the entrance and at the exit
of the system, two electrostatic deflectors and two magnets separated by either a
quadrupole lens or a solenoid. The central quadrupole lens can be used for focusing
in Y-plane (the deflection plane) or in X-plane.

1 . Optical Structure of the Mass—Spectrometer. The above-mentioned structure
should ensure the following conditions:

o there must be kinetic achromatism;
o mass dispersion must be not less than 10 mm/%;
o resolution must be not less than 100.

The most important condition is the first one. It means that all particles with different
velocities for point source are focused into a point on the detector. The second condition
guarantees mass separation in the pointed inte-val: two particles with masses M, M +
AM, M = AM/M = 0.01 are separated by tie distance 10 mm. The third condition
is closely connected with a finite emittance o’ the beam and is defined by a particle
distribution function on the detector.

As usual, solution of the motion equations in linear approximation in the X-plane
(this is a deflection plane) is presented in the form

! !
T = ri%o + ri2Zy + r13Yo + 14y + 11500 + rieém,

where R = {ri4}, i,k = 1,6 is the transfer matrix for our spectrometer, x, y are
coordinates in X- and Y-plane corresponding y.

For our goal we must distinguish the coefficients r15 and rj6. Than we must create
a procedure to vanish the coefficient ¥V = r;5 attached to the fractional deviation of
velocity 6, and simultaneously to increase the coefficient D = r;¢ attached to the
deviation ém = 6p/q of the ratio mass/cherge. This coefficient defines the mass

!Work supported by the Russian Foundation for Besic Research (grants No.96-02-17335, No.96-01-
00926).



dispersion D, which value is usually supposed equal to 1 to satisfy the usual requirement
10 mm/%. '

As in this work we consider a linear model for the mass—spectrometer, then we use
the matrix formalism for beam-line design. For this purpose computer algebra codes
(CACQC) are more preferable than pure numerical codes. The modern CAC furnished by
vizualisation tools make design of beam lines more flexible. A designer can build 2D-
and 3D-surfaces V = const and D = consi in the parameters space.

Because the solenoids mix X- and Y~glanes the structure of these surfaces becomes
too complex. The visual modelling process admitted by such computer algebra code
as MAPLE V [1] permits to select some appropriate systems more operative and
then selected appropriate systems can be considered as starting systems for the next
optimization process. The set of approrriate systems is necessary for the following
process of high order aberrations investigation too.

2 . Interpretation of Results. Fo: the mass-spectrometer design problem the
FMA structure was chosen as an starting problem on which we tested our concepts
and algorithms. The parameters for this system were taken from the paper [2]. This
information is incomplete, that is why we make some modelling process. As an example
we demonstrate the calculation results in corresponding pictures (see Figures 2-5)
of the Appendix B.

For our mass—spectrometer with higk solid acceptance we consider two solenoids
instead of two doublets of quadrupole lenses (at the entrance and at the exit of the
system) and two magnets separated by either a quadrupole lens or a solenoid instead of
one magnet at the center, see Figure 1 in the Appendix B.

The central quadrupole lens can be ased for focusing in X—plane (the deflection
plane) or in Y-plane. In the case of focusing in X-plane the envelopes along the
total system are acceptable. Because tlis case can be sensitive to influence of high
order aberrations then this variant must be investigated more carefully in the frame of
nonlinear model. In the case of focusing :n Y-plane the envelope values are acceptable
too, but the drift length d, (see Tuble 1 in the Appendix A) is almost on the
boundaries of an admissible region for the system parameters. The variant with
central solenoid seems promising. But this solenoid must be short (not greater than
0.4 m). Besides, the used solenoid as a cen:ral focusing element introduces more complex
dependence on a set of the system parameters. This variant should be investigated for
high order aberrations in detail . On = Figures 4, 5 of the Appendix B one can see the
dependences of d; (from the condition V d;) = 0) and D on some essential parameters
omega= w and Bs2=B,,, where

\/;‘%—fm for the reducec. gradient for the central quadrupole,

By for the reduced magnetic field on a pole
2mochy for the central solenoid,
B
B,, := e
2mocBy

g, Mo, 3,7  are a charge, a rest mass a reduced velocity and energy for a reference
particle, G, Bo, B are a gradient, magnetic fields for the corresponding lenses.

We should note that for achromatic system creation (with V = 0) there are two ways:
the corresponding distance d; is calculated from the achromatic condition for the total
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system and this distance is calculated from simnilar condition for the truncated system
when we do not consider last solenoid and last two drifts (with d; and d4 as distances).
The corresponding dependence d; on the system parameters has different forms. For
the total system there is a ravine on a smooth slope (see Figure 4 in the Appendix
B). For the truncated system condition we oltained the same smooth slope, without
the ravine. The B,, values corresponding to t.1e ravine location should be avoided for
stability of the system working. On  Figure ) one can see the dependence of the beam
spot size Xax on dy. The character of such dependences is similar for quadrupole and
solenoid as the central focusing elements. We should note that the similar behaviour
there is for the FMA structure.

For the FMA system the beam has a crossovzrin center of the system in the deflection
plane. This condition is one of possible conditions which can be imposed on the system.
For the designed system we also consider differet additional (besides main conditions for
achromatism and mass—dispersion) conditions. This is necessary for next investigations
including high order aberrations. The made investigations show that the system with
desired characteristics exists. As an example ve consider the variant when there is the
crossover in the center of the system. For our system we have the crossover in both
planes (compare with the FMA structure). The corresponding envelopes in the designed
and the FMA systems are demonstrated on Figure 2). On that Figure one can see
the beam spots on the detector for the corresponding structures.too.

Our CAC for the procedure of parameters ranging are flexible and suitable for
swithing from one model to another. These tools are based on symbolic formulae and
their visual interpretations. As one can see from the corresponding Figures 4, 5 there
are some problems attached to ranging of the final variant of the mass—spectrometer. In
particular, the value of d4 corresponding to minXyay is selected so that in the terminal
solenoid there are no crossovers. What is more such ranging procedure should lead to
a set of variants, which should be investigated including high order aberrations. Some
model initial distributions of transverse phase -oordinates are chosen for demonstrating
distortion and resolution.

3 . Conclusion. Symbolic and numerical calculations demonstrate a principal
opportunity of designing of High Solid Angle Mass—Spectrometer. But it is necessary to
investigate an influence of high order aberrations on the basic system parameters (for
example, dispersion, resolution). Decreasing of this influence can be realized including
optimization methods and/or additional comp:nsating structure elements (for example,
sextupoles, octupoles).



Appendix A

The list of basic system and beam parameters.

Teble 1

Geometrical parameters [m]

do distance between source and first solenoid
dy distance between first solenoid and first electric dipole
dy distance between clectric dipole and magnetic dipole
ds distance between inagnetic dipole and central focusing
element
dy distance between second solenoid and target
L, length of electric dipole
L, length of magneti: dipole
Ly length of first solenoid
L, length of central quadrupole
Ly length of central solenoid
Ly length of second solenoid
Field parameters l
Ey field in electric dipole [kV/em)]
By field in magnetic dipole T
B, field in first solenoid : T
G field gradient in central quadrupol [kG/em
Byo field in central solenoid T]
B,, field in second so.enoid T]
e = a,, | deflection angles in electric and magnet dipoles
E electric rigidity [MeV/Q
By magnetic rigidity [Tm]
Beam parameters at start
Xm X-size of beam spot [mm
Y Y-size of beam spot [mm
(dX/dZ),, | X-plane angular acceptance [mrad]
(dY/dZ), | Y-plane angular acceptance [mrad]
by momentum acceptance [%)]




The values of the basic system parameters:

Table 2 Table 3
| Geometry [m] | | Fields
do | 0.200 Ey 50.00kV/em
d; | 0.200 Bg 1.500T
dy | 2.110 B 4.666T
dz | 0.300 G 3.000 kG/cm
ds | 1.600 Bso — T
L. | 1.496 B2 1.900T
L, [0244 [ =an | 14.0°
L., | 0.600 o [20.00MeV/Q
L, |0.400 B 1.100T'm
LsO -
Ly 1 1.000

The values of the basic beam parameters:

Table 4

I Beam at start |

X +0.E mm
Y, +0.E mm
(dX/dZ)m | £120 mrad
(dY/dZ)m | £120mrad
5y +10'%

Table 5

| Envelopes along the system [cm)] [
| [ S [ B [ M [Q(S) [ Ma | Es | S, |
Xmar || 8.67 | 8101139 | 0.62 [1.39|8.74|9.40
Yier || 86718101140 0.78 | 1.40|8.75| 9.48




Appendix B

Figure 1

Schematic layout of the High Solid Angle Mass-Spectrometer
S1, 82 - magnetic solencidy, ED1, ED2 - electric dipoles

MD1, MD2 - magnetic dioles, (3 - central quadrupole
TGT-targes, DET - detector

X -- plane
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“—, T,
~.\\\ - /‘ -,

// \‘*\
P ~

Y —-plane

P
e

Fgure 2
For the G}MS structure
a) The envelopes in the X- and Y-planes;

b) The beam spots >n the detector,
c) The beam distrit utions on the detector.
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Figure 3

For the FMA stru :ture
a) The envelopes in the X- and Y-planes;
b) The beam spots on the detector;
c) The beam distributions on the detector.
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Figure 4
The dependence of the d- on Bs2 and omega

in the cases with and without the final focusing
solenoid.
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Figure 5

a) - the dependenc:: of the dispersion D on Bs2;
b) - the dependence of the beam spot size Xmax
on the final dis:ance d4.
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Software for the Solving of the Problems of
Optimization of Beam Dynamics in Linear
- Accelerating and Focusing Structure *

O.1. Drivotin, D.A= Ovsyannikov
St.Petersburg State Universi:y, St. Petersburg, Russia

The main purpose of the present report is to show the possibility of application of
mathematical methods of control theory for optimal choice of accelerating and focusing
structures [1]. These methods can be called constructive methods of control theory. They
are based on using of analytical expression of variation of functional which describes the
quality of the structure. The variation, which is also functional in the space of infinite
dimension, can be approximated by the functionail defined in the space of finite dimension,
namely, gradient of the functional on the pararaeters by which the control function can
be parametrized. After that, minimization of the quality functional can be fullfiled with
the usual methods of gradient descent.

Generally speaking, many problems of mathematical physics can be formulated as the
problems of the control theory and solved with proposed methods. These methods require
great amount of computations and so are not widely practiced. But recent development
of computing devices allows to apply them. “rom our point of view the accelerating
technology is the field where these methods can be used with great efficiency.

The mathematical and computational difficalties in modelling of the high intensity
beams can be overcome when we use some simglified beam models. Let’s concern one of
such models. If the longitudinal motion is assumed not to  depend on the transverse
motion of the particles and the transverse forces acting on a particle are assumed to be
linear on transverse coordinates, then the longitudinal and transverse coordinates can
be considered separately and coordinates charecterized at once some aggregate of the
particles can be taken as the transverse coordinates. So, this particles aggregate represents
a macroparticle.

In one of the simplest cases the control model will be the following. Assume that charged
particles beamn can be considered as a dynamica system described by the equations

dZ/dt = filt, 2,U) + fy, , F2(Z, Z))elt, 7' dZ,
(1)
dX/dt = h(t,Z.X.U)

where Z, X are vectors characterizing longitudinel and transverse motion correspondingly,

U/ = U(t) is control vector, Z € R", X € R™,U(t) e K C R',t € [0,T), T < oo. The

*Work supported by the Russian Foundation for Basi:: Research, grant 96-01-00926.
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initial values of Z are supposed to fill tome compact set Mo : Z(0) € Mo C R" and
X(0) = Xo. The image of the set Mo at :he mapping given by the system (1) is denoted
by M,y. The integral term describes the interaction between macroparticles. p(t, Z) is
macroparticles density and satisfies  the equation

Jdo 0Jo dZ { . , .

ge 2¢ 22 04 A / divy fo(Z. 2 olt, Z' dz’}:o,

0 00228 faiva e zan + [ divafu 2,206 2)
which is partial integro-differential equition with characteristic lines described by the
system (1). The initial condition for g is 0(0,2) = po(Z), Z € M.

The problem is to minimize the functional

I(U):// o(t, 7, X0)o(t, 2,) dZq dt + / G(Zo, X)o(T, Z2) dZo. (2)

M v Mry

where g and G are some integrable on ¢, Z and differentiable on Z and X functions
characterizing the quality of the beam, .7, = Z(t), X; = X(t, Zy).

For such problem we can apply gencral approach (see [1]) taking into account that
integral on some components of the phate vector, namely X, is reduced to the only value
of the integrand. The method of optim zation is based on the expression for functional
variation

T
51:--»/ / {\Dx(t,zt)AUh(t,Zt,Xt U) +\Ilz(t,Zt)AUfl(t,Zt,U)}g(t,zt)dZt dt. (3)

M:,U

where Ayh = h(t, Z, X, U(t) + AU(t)) -- h(t, Z, X, U(t)). Ay fi is expressed analogically.
The auxiliary forms Uy, ¥z satisfy  following differential equations and terminal con-
ditions:

dUx (’)h(t,Z,X,U)+£’)_gdf,Z,X)
. X 0X ax
v, dh(t, 2, X,U) 9t Z,U) 0f:(2.2") o
i = W YTz +M/ 07 "(t’Z)d‘Z}‘
My U
WO0fAZ,7") o 09t Z,X)
N R T4 e i kil L2 2)
[ w01, 2y 47+
M, v
| 9G(Z,X) 0G(Z, X)
GT. Z) = — N Ry N 9G4 A)
21 Z1) EY/ 'xiéizﬂ’ Vx (T, Z7) OX xein

The control model formulated above can be applied iu the following important cases:
radio frequency quadrupole (RFQ) chanael and drift tubes channel with alternating phase
focusing (API).

Suppose that the beam entering to the RFQ channel is uniform along its longitudinal
coordinate and has elliptical cross-sect on. 1t is convenient to approximate such beam

14



by the set of infinitely thin elliptic disks uniforinely distributed initially in the segment
¥ = 70, € [=37/2,7/2] in the phase plane of ]>ngitudinal motion (v is reduced energy,
v 1s phase). Every thin disk is represented by tl.e point of this segment.

The equations of longitudinal dynamics of these disks are

do/d¢ =2m~v (v — 1)“1/2,

4)

_ 2¢ U()/\ } (
dv/d¢ = P kO cosncosp + F.

Here ( = z/) dimensionless longitudinal coordir ate, A = 27¢/w is the wavelength, e and

mo are charge and rest mass of the beam particles, Up is intervane voltage, k = 27 /(L/)),

L is modulation period of the electrodes, © is effectiveness of acceleration, n = [kd( is

modulation phase for which we have additional :quation

dn/d¢ = 2m, (v} =1 7% — d®, /d¢,

where @, is phase of synchronous particle relative to phase of the space modulation.

The term F, is due to the longitudinal action of self field and determined from the
expression for longitudinal component of electric field acting on ¢—th disk from k—th disk
averaged on disk:

R Rk . Ri jOl L
., = dsinls = a) & AUC ) WO )W G~ sl
i reokR; = R igJiUo) ShZﬂ

2a

Heve ¢, R;, z; are charge, average radius and lonsitudinal coordinate of :—th thin disk, a
channel apperture.

Suppose also that transverse dynamics equat ons are linear and that motions in these
planes are independent (i.e..angular momentum is neglected):

dPafdt* = Q.x, d*/dt* = Quy.

If initially particles fill some ellipses in the planes 2, 2" and y, y’, then at all subsequent
instants they fill some ellipses described by symietrical matrices B*Y : X*(B*)~'X < 1,
Y*(BY)™'Y <1, where X= (2.2")", ¥ = (y.y")". Therefore, we can introduce 6 variables
which are elements ol inverse matrices of these ellipses: si,, st,, s8,, s¥;, s¥,, 83, for every
Z € M. These variables have simple sense. Fcr example, \/ﬁT are maximal values of
Ty,

The equations for them are [1]

15



For RFQ channel (2

el ke
Qoy = - (ili + —) sinm) cos ¥ + Qseif zy,
mo7y a ™
where y = 1 — 401[y(ka)/7, and Qseif 5,y 1s coefficient accounting self field of the disk.
In the framework of the thin disks model Qe 5,y can be taken in the form

€ q;
Qself zy = —3 =D :
™Y €omo) Vetii(y/sie +v/shhi)

The summation is implemented on all disks in some interval which length is D and
including the disk under consideration. The sum arises due to confusing of disks along

z—axis.

The next three functions u; = d®,/d(, uy = O, uz = k/a® can be taken as the compo-
nents of the control vector. So, the dynamics equations in RF(Q channel are analogous to
the equations (1).

The second case when the control mcdel under consideration can be used is drift tube
channel with alternating phase focusing. In such case the longitudinal dynamics equations
of thin disks can be written in the next simplified form

dp/d( = 2wy (y2 = 1)71/2,
(6)

dy/d¢ = o) cos o+ P »
where () = eAE,({)/moc?, and F,(( is longitudinal component of the electric field,
for which can be taken various models, the simiplest of them are piecewise constant and
piecewise linear functions. The equations (6) are analogous to the equations (4). The
term F, accounting interaction between thin disks also can be calculated on the base of
the expression (5).

The transverse particles dynamics ecuations in the simplest case are also linear:

dn/d( = &,
(7)

dr/d¢ = *7—21—1(“’ + %’7%5) cosp + (32 = 1)7?nasin g + Qe

Here n = r/X, & = dr/dz, r is radial coordinate. As in RFQ channel, here we can
introduce the variables analogous to s11, 12, S22 mentioned above but regarded to radial

motion: 1
S11 S12 n
< 1.
(n K)<312 322) (K) -

We assume that initial values of 5 and & fill ellipse, inverse matrix of which gives the
initial values of s;. It follows from (7) that the variables s;; satisfy  the equations:

61811

TRt

dsp _ 7 (120 + 55 da)(os + 7(72 = 1)"Y25,1asin 0 4+ Qurs1y +

d1 ‘72 1512 25117 ¥ g S$11¢ 81N trS511 T S22,
%S—fi = —2;2—7:—[(522(1 + %512%%) cos o+ 2m(7? — 1) Y25 5a sin @ + 2Q ¢ 510
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Q:,7 is the term accounting the beam self field ¢nd in the frame of thin disks model @,
can be approximated by the expression
€ 4
Qocts 2 = 2y eomyD 4 8111'..

In this case the control vector has one compoent u; = «((). Therefore, the dynamics
equations for this case also have the form (1).

So, both for RFQ channel and for APF channel we can use the mathematical control
model described above. The wide choice of functional of the form (2) is possible. For
example, we can take the functional (2) with fun:tions ¢ and G describing the capture of
the particles in transverse and longitudinal motion correspondingly:

9(t,2,X) = czgz(Z) + cxgx (X).

Here ¢z, cy are coeflicients, and gz, gx are given by expressions

(zi = zu0)P, 2 > Zui, (i — 20 i), Ti> Ty
9z(Z) =40, =z € [z21i; Zui)s gx X)=1¢0, =z €z, zui,
(zi — Zu)p‘, z; < Zl4, (ﬂfi — Ezz‘)q", T; < Ty .

where p;, ¢; are some positive numbers, and G(Z, X') has analogous form.

As mentioned above, the technique of optimizition is based on approximation of com-
ponents of control functions by functions depending on finite number of parameters. So,
instead of functional variation which is also funct'onal in the infinite dimensional space of
control] function variations we have its approximetion, namely, gradient of the fung¢tional
on the parameters. Then method of gradient des:ent can be applied [1]. Numerical real-
ization included replacement of integration by suinmation and considering of systems (1)
for discrete initial set instead of Mg. [3]

For the solving of beani dynamics modelling ¢nd optimization problems original soft-
ware environment has been developed. This scftware is based on the modern object
oriented programming technique. According to this approach, the program is the set of
components and objects which are necessary for some class of problems. The possibility
of customizing of that components and methods s supposed.

As an example, we consider the structure of t e program for optimization of the RFQ
channel. Program for APF channel optimization nas analogous structure.

The main component in the program is the con ponent of the type T RFQ Acceleration,
which i1s immediate descendant of the type T DiskDistribution. The base type T Disk
Distribulion has methods for forming of initial d stributions of thin disks, graphical dis-
playing of distributions, calculating of some characteristics of distributions and getting
partial interval distributions on separate variablss for given disk distribution. One of
the fields of the type T'DiskDistribution is Evolution, which type is T' DiskIntegrator,
the last being immediate descendant of the type T'Integrator. The main method of the
base type T'Integrator - Integrate implements the integrating of the system of ordi-
nary differential equations. The tvpe T'DiskInteurator contains also additional method
RHSCale for calculating of the right-hand sides ¢f equations being integrated. The tvpe
T'REQAcecleration compared with the tvpe 1" DiskDistribution has additional fields and
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methods, the most important of which are Structure of the type T'Structure and method
FuncCalcfor calculation of the functionel which is minimized in the optimization process.
In its turn, the type T Structure has the field Optimizer of the type TOptimizer, the
latest being the base object for implem:ntation of optimization process and containing
different methods of optimization. _

Besides that, there are two additiona. types of objects: T REF'Q Dynamics and TRFQ
Optimization, which are descendants of the type TThread. On user call, i.e. choice of
corresponding menu item on the progrem form, their instance is created and, in turn,
creates a component of the type T RE'Q) Acceleration, and after that their main method
FEzecute 1s implemented. Such structure of the program allows user to work with many
functionals and starting points of optimization at the same time because many components
of types T RF () Dynamacs and T RF'() C'ptimization can be created simultaneously. The
program form also can contain some windows for getting information on the course
of optimization process, which are distributed among components and objects of the
program.

The programs were tested on the knovn structures with the frequencies 148.5 MHz and
433 MHz. Results of modelling are satistactory: close similarlity with known dynamics for
these structures was obtained. During tzsting of the programs the output energy spread
and transverse normalized emittance of the beam after optimization can be essentially
decreased compared with ones before the optimization if their initial values were too
great.

The described software allows to descend from some initial point of multidimensional
parameter space to the local minimum point, which is not always permissible from the
point of view of physical realization. Sc, working with the software demands sufficiently
satisfatorily choice of initial point and using different functionals during the optimization
process.
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The practical sputtering of thin-film planar waveguide has shown the necessity of developing methods
for the solution of certain problems, pertaining to shadowec sputtering:

A. Predicting the configuration of a layer obtained as a result of sputtering through the mask of a given
shape (direct sputtering problem).

B. Defining the shape of a shadowing mask used for the sputtering of the layer of the given configuration
(inverse sputtering problem).

Obviously the configuration of a sputtered layer depenis not only on the mask shape but also on the
entire complex of physical characteristics of sputtering of wiich the main are: the total time of sputtering,
the source propertics and operating conditions parameters, the properties of the physical medium (situated)
between the source and the substrate, the laws of interactior. of the sputtered particles with themselves and
the medium particles as well as with the surfaces of the mask and the substrate. That’s why the methods
for solving the sputtering problems and calculating the forinulas depend on the physical (:haracte;istics of
the sputtering devices and are usually developed for a particular device.

In view of the complexity of the above physical phenomrena no comprehencible account and their theo-
retical description has been achieved. Theoretical predicticns of the sputtering results are proposed in a
series of papers [1.2] and the mask shape n(—écess‘ary for the sputtering of a layer of a given configuration
(particularly, of the waveguide Luneburg lens) and their th:oretical calculations have been obtained [3.4].
However those results are valid only under conditions that can’t be achieved so far in the existing sputtering
devices [5.6].

This paper offers a description of all possible physical characteristics of the sputtering device by using
a single function of six idependent variables that can be treated as the distribution of particles flow over
coordinates, velocities and time and further termed an effective distribution.

"The use of an effective distribution {concept) notion makzs it possible to obtain a general formula and to
develop a uniforny method of calculating for sputtering processes with any source and a mask of any arbitrary

shape (time-varied included). It appears besides that an effective distribution or its integral characteristics

may be found for any concrete device by means of auxiliary sputtering experiments.

' Under support of Russian Foundation for Basic Resc: rch (grant N 94-01-01354a)

27




In order to introduce the concept of an effective distribution let us consider some mathematical cha-
racteristics of the sputtering process. Suppose that during the time of sputtering 7', N sputtered particles
passed through the inlet openings Sy of the mask in the direction of the substrate. Each particle at the
moment of passing through the plane of the mask inlet opening is characterized by : the time ¢ € [0, T, the
two-dimensional coordinate vector 7y € Sy and the three-dimensional velocity vector V. The distribution
of all N particles that passed through Sy over :he coordinates, velocities and time may be given by the

function p% (7x, V,t) so that

T
N:/ dt/ dFH/deg,(fH.V,t). (1)
4] Sy

The distribution p}, is determined by all the device parameters (the properties of the source. of the
medium, of the substrate; by the influence of th: mask, of the medium and of the substrate on the source
etc.). On the other hand, p} in combination with the device parameters (the medium propertied, the

interaction laws, the mask form,etc.) determine .he sputtering result as a functional f:

h = flo%y. M) (2)

'

Here h = h(7) is the thickness of the sputtzred layer at the point 7 of the plane of the substrate, M
is the mask shape. The concrete form of the fur ctional f is determined naturally by all the totality of the
device characteristics. It must be noted that the formula (2) cannot be used for calculating of concrete
processes, because the complexity of the physicel phenomena makes it 1mpossible to predict both the form
of the distribution p% and the form of the functional f. Since only the configuration of the sputtered layer
h 1is measured experimentally the two above-mi:ntioned quantities cannot be restored on the basis of the
cxperimental results. Let us consider now the siriplified problem. Suppose that the distribution pf, is known
and besides the reflecting capacities of the mask and of the substrate are equal to zero. there 15 a vacuum in
the region L between the entrance of the mask and the substrate. the sputtered particles in this region do
not interact with each other. In this case it 1s pssible to trace the straight paths of the uniform movement
of particles and to establish the linear functioral dependence [7,8] of the thickness of the sputtered laver
h°(7) (more precisely the number N°(F) of particles arriving at the point ¥ ) over the distribution Py and

the mask form M:

W=y M] (3)
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It’s obvious that the configuration h® given by the formula (3) may essentially differ from the real
configuration h determined by the relation (2). The comrarison of formulas (2) and (3) clearly indicates
that the calculation of all real influences of all the parame ers of the device leading to the transformation
from h° to h consists in the substitution of the functional f° by the functional f. Thus the real physical
processes may be regarded as a perturbation of the model (simplified) functional dependence f°. However
it is possible to suppose that the transform from h° to A mey be realized by the corresponding perturbation

of the distribution p% (the transform from pY to py ) so that the following relation would be valid

h=flon, M} (4)

The auxiliary function py determined by the.relations (2),(3) and (4), if it exists, will be named further
an effective distribution. It is evident that an effective dis:ribution exists if there is no interaction in the
region L of the sputtering device. In this case f coincides with f° and consequently py = pY%. One may
demonstrate that for a sputtering experiment with a concrete shadowing mask M there exists an infinite
set {pu } of effective distributions. It allows to suppose thit in the case of n experiments with near masks
My, ..., M,, inset {pg}1, ..., {ps}n the unique distribution op for all those experiments may be found and
to formulate the following assumption. For each fixed opera:ing mode of the concrete sputtering device and
for a fimite number of shadowing masks with equal height A and similar forms M may be associated with a
unique effective distribution of sputtered particles over cooidinates, velocities and time in the plane of the
mask entrance. It should be noted that the assumption fornulated above 1s valid in the case of sputtering
devices with negligible interaction in the region L. Note as well that in contrast to the real distribution p
the effective distribution py makes it possible to calculate the result h of sputtering with the shadowing °
mask M, because the functional f° in the formula (3) is known. Due to this reason the effective distribution
itself may be calculated by means of data h; of the series of experiments‘with the known mask M;. For
more accurate analysts of the influence of the interaction on the evolution of sputtered particles let us use
the method, proposed in papers [9,10]. The particles movement in the process of sputtering has a stochastic
character and so one may consider the process of sputtering by the statistical mechanics methods. The

sputtered particle considered as a Brownian particle satisfied the Langevin equation [10]

mf-%— f: 45; (5)

where m is a particle mass, & is its coordinate, f is the riomentum of outside forces acting on a particle,
<,'5 is a derivative of the Wiener process which is characterized by the temperature (dispersion) 6. The main

task of the Brownian movement theory is evaluating of the probability density of the system’s transition
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from the state with the fixed value of the coordinate z; at the moment ¢;, to the state with the coordinate
value z5 at the moment t,. Knowing the probatlility density of the tranéition (the transition probability)
W (&, ty; T2, t2) one may calculate the probability density W(Z;,1,) of the given value z3 at the moment ¢,
~ if the probability density W (#,t;) of the initial alue z; at the moment ¢, is known. The above transition
probability satisfies {10] the Einstein-Fokker-Plank equation

12%% d . =
FERb At

LAY )

0

where W = W(i’l,tl;i’,t) . Thus the Brownian particle evolution is completely defined if the solution
of equation (6) is known. To find the general forni solution of equation (6), equation (5) is considered as the

perturbation (not necessarily small) of the simpler Langevin equation

mf+ﬁ7:¢ (7)

to which corresponds the simplified Einstein Focker-Plank equation

which allow for simpler method of finding the solution. In this case solution of equation (6) follows from

-

equation (8) solution with the help of the functicnal change of variables with the Jacobian

.o 1ot L L
HF R = eapl; [ dio(f = fiyat).
Jey
In order to use the above method in our specific problem let us denote by ¥ the surface constraining

the particle movement: ¥, is the entrance mask surface (secondary source of particles), Ty is the substrate

surface, Xps is a lateral surface. The Hamiltonian function of a given particle has the form

o2

p . - .
I = o + u(¥) +Zu‘,(.1:‘.rj).

Here 7 1s the particle momentum, u(¥) is the potential energy of the interaction of a particle with
the boundary surface I, u;(#, ;) is the potenticl energy of the interaction of a given particle with another
sputtered particle at point £;. The action’s function of a given particle has the form

ity

S(fl,tl;fz,tz)z/ () — Hdt -

t

And the relation [12] mZ = 5 = 85/84 is fulfilled. Thus the Langevin equation for a sputtered particle

may be written in the form
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where 95' is a three dimensional vector of non-correlated derivatives of the Wiener process with a tem-
perature 8. To the Langevin equation (9) corresponds the Einstein-Fokker-Plank equation of a concrete
form
BW as oW

ma- {W—-—?——}_O (10)

where W = W (Zy,ty;Z,t) S =5(Z1,1;7,1)

Let us consider a simplified problem for which the actior function So(Z,¢1; Z,t) is chosen by the following
specific mode. Let £; be a point on surface X}, £ - a point cn surface g, £(Z;, ) - a straight line connecting
the points £ and Z . Let us assume Sy = (&) — &)%/470(t, —t) for the case when £(Z, ) does not intersect
the surface ¥y and Sy = +oo for a contrary case. Then the transition probability which is the solution of

the equation

maWO { (950 B dWO
ot EH

} =0, (11)
is concentrated on trajectories non-intersecting Xas. Tae particles movement along rectilinear trajecto-
ries is uniform. Equation (9) considered as a perturbed equation
L 08y -

mi— == (12)

with a perturbation A = 95,/0f — 05/07 leads to the functional change of variables with the Jacobian

1
J[S, So] = erp{h—§-/ di v(aS 8;:(,)
t

connecting the solution of the equation (10} with the solution of the equation (11). Thus

dt},

W(z,6) = fW<f,,n)W<fx,m;f,t)dfl:/W(fx,u)J[s,sowv(fl,tl;f,t)dfl,

i.e., the resulting probability density W (Z,t) is obtain:d from the initial probability density W(z, ¢;)

with the aid of the transition probability W (Zy,t1;Z,t) as 'vell as from the initial probability density

Wl[S,So](fl,tl): VV(il,tl)J[S,So] (13)

with the aid of the transition probability Wo(£1,¢1;Z,t) . Consequently the passage from the system

description by using equations (9),(10) to its description with the help of equations (13). (11) does not lead
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to the information loss when instead of the real initial distribution W (Z%1,%1) one considers the distribution
Wi(Z1,t) conne;:ted by one-to- one correspor dence (13) with the distribution W (&1,¢) and functionally
depended on the total evolution of the particle: in question. It is believed that the density of the particles
~ distribution p(Z, t) over coordinates £; at the moment ¢, is proportional to the probability density. That is
why the equations (6),(8),(10),(11) remain valic in the case of the replacement of W (z,t) by p(Z1,t) and one
may describe the process of sputtering with th= help of the transition probability Wy which is the solution
of equation (11) if instead of the real distributi>n p(F},¢;) of sputtered particles over the coordinates of the

entrance mask surface £ one uses the distribution

pl[’S,So](il,tl) :p(fl,tl)J[S',So]. (]4)

The distribution p; represented by the relition (14) and functionally dependent on the total evolution
of particles in the process of sputterinig, may well be termed an effective distribution. The function p,
may be restored by the data of sputtering exderiments because one knows an explicit expression for the
transition probability Wy satisfying the equation (11). That is why for computational modeling of the
sputtering process it’s much more preferable to working with the effective distribution p; instead of the real

distribution p that cannot be restored by the experimental results of sputtering.
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CHUHTE3 9KPAHUPYIOUIEM MACKW OJ151 HAIIBIJIEHU A
TOHKOIIJIEHOYHOM JIMH3EI TIIOHEBEPTA
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Poccuiickuit yHIBepcHTET OPYXObl HApOAOB
117198, Mocksa, I'C'Il, yn.M.-Maxuas, 1.6, Poccus
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BBenenue

K mHTerpajbHOU onTHKE OTHOCAT Hay4YHO-T'€XHHYECKOe HallpaBJIeHHMe, HMelollee IeJI0 C PacIpocTpaHe-
HUEM CBETa B TOHKHX CJIOAX MPO3padHbIX MaTepHaJsIoB. XapaKTepPHEIMU HHTErPaJIbHO-ONTUYECKUMH YCTPOH-
CTBaMU ABJIAIOTCHA TOHKOILJIEHOYHbIE JIMH3bI JIi Hebepra - y4acTKM MHOTOCJIOHHOTO IU3JIEKTPHYECKOTO BOJI-
HOBOJla C NMJIMHIPHYECKH CHMMETPUYHBLIM YTCJILEHUEM BEPXHEro CJIOA B Kpyre paauyca Ry MJIOCKOCTH
BOJIHOBO[IA.

ns nonyyenus npoduiIa HaIBLIEHHOTO €101, GJM3KOro K TeopeTuieckomy,B pabotax [1-3] npento-
JKeHa MaTeMaTHYecKas MOIeJIb 3KPaHUPYEMOro BaKyyMHOIO HAllbLIEHHA.

1. KaHoHH4Yeckoe ypaBHeHHe Npollecca HANBLIIEHHA TAJIHHIPHYECKH CHMMETPHYHBIX IJie-
HOK

B cny4yae musMHIpUYecKoif CHMMETPHH YC1aHOBKHY HaNblJIEHUA W KPAHUDYIOIER MacKM C OOHUM BXO[-
HBIM OTBEpPCTHEM, T.€. B CJydae, KOTJa yCTAHOBKa M MacKa NepeXoldT B cebd NpH MOBOPOTE Ha MPOU3BOJIb-
HBIl YIOJ1 BOKPYT BEPTMKaJIbHOM OCH CUMMETPHY (TaKUe YCJIOBUA BBHINOJHAIOTCA PH HANBLIEHHH Y4acTKOB
TOHKOH NJIEHKHU C KpYroBo# cuMMeTpuelt, Hanp iMep, uH3 Jlonebepra), ocHoBHas ¢opMyJia mpolecca Ha-
NBIEHHA Ha IJIOCKYIO NMOMJIOKKY uMeeT B (cM. (3])

T e} ( -
h(T—") = %—5// dFl/ dupl(rl, IT‘;II—L-‘]U,'U.)UQG)}\,j(T-“l,T_“)Y (1)

rae

H
Ou(7i ) = [T ¢ (RG:) ~ 17+ (7 =~ AP). @)

3nect, kak 1 B pabote (3], v - 3/IeMeHTapHBI} of 'beM, IPUXOAAMACA HA OMHY YACTHILY HAIBLICHHOIO Bele-
crBa, T - Bpems Hanblienus, H - Bbicota Bxona Macku M, O - byHKIUA Npo3padHocTH Macku M, R(z) -
pazuyc BXOIHOIO OTBEPCTHS MacKi Ha BbicoTe z € [0, H] Hax nonsioxkolt, 71 = (z),¥)) - KOOPAMHATH TOUKH
TJIOCKOCTH BXOa MacKH, T = (Z,y) - KOOPAMHA1 bl TOUKM IIJIOCKOCTH NOAJIONKKH, @ = |d] - HopMa BekTopa 4.
¥ - dbynkuusa Xesucaltga:

[1, eciu a > 0.

d(a) =
(@) lO, ecqin a < 0.

Boipaxkenus (1), (2) momyckalor 3ameHy NepEMe HHBIX 7] +— 1] = 7] — 7. EcJIM JOMOMHHTCIBHO y4eCThb, 4TO
pachpejiesieHe HacTHIL Ha BXOLe MacKH OJHOPO; HO 1o KoopauHaTtaM py (fy, ¥, u) = p (¥, u), To cooTHOEHU s
(1), (2) B uTore npuobpeTyT BUI

h(rd) N E " OG d.' 0 d u 2(:) . ‘
= 52 //_OO ’/_m uPl(ﬁU,u)u Mm (7 77), (3)

! Pabora Beimosnena npu noaaepxke POOU (rpant N 94 01--01354a)
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rae
z

H
- zZ .
O (i = [T 0 (R " = )" = 25579 @
z=
QOyHKINA O B BHIpaXKEHHU (4) 3aBUCUT OT TpeX CKaJIADHL X BEJIMYMH: T,7, ¢ = arccosﬁ%']’2 :

H
.z z
Om(r,n,p) = Hﬂ (R(Z)2 —r?_ \ﬁn)E - 2r7{—cos (,0) ,
z=0

a ypaBHeHHe (3) 3aIHMCHIBAETCA B BHIE

00 27 0 u
b =3z [ Cdnn [ de [ dun(pnuwOuinm.p) (5)

B ypasnenuu (5) dyHkuua ©p 3aBHCHT OT ¢ , HO He 3aBICHT OT %, a GYHKUHA p;, HAIPOTHB, 33aBUCHT
OT ¥, HO He 3aBHCHT OT . ITO MO3BOJIAET HepelTH K ON¥CaHMIO 3(p¢eKTOB 3KpaHMPOBaHUA B Npollecce
HallblJIEHHA C MOMOIIbIO HHTErPaJbHBIX XapaKTEPUCTHK YCTIHOBKM HANBLIEHHUSA

0
u
X(n) = 7;~H—2/ du py T u)u? (6)

U MaCKH
27

A(r,n) = Om(r, 1, p)dp. (7)
0
YpaBHenue (5) npu TOM 3alNMLIETCA B BHIE OAHOMEPHOrO HHTErPaJIbHOTO ypaBHEHHA

wr) = [ " Ar,m) X (n)dn. ®)

~ -
Otmerum sHadasne TOT $akT, 4To byHKUMA A(r, 77) 061anaeT KOMIOAKTHBIM HOCHTEIEM. JettcTBuTEIBHO,
TaK KakK

. or H z
A= [ TL0 (R == (Sn)? = 2r Encos) (9)

ze0
10 A{r,n) = 0, ecin xoTa 66l 11 HeKoToporo z € [0, H| BHINO/HAETCA HEPABEHCTBO

R(z)? —r% - (?21-7])2 < 21-%7;00590
tpu JioboM yrae ¢ € [0, 2n).
O6o3HayuM yepes

RE) =1 - ()

bzirn) = =T~
HY

[Tonbinrerpanbhoe sbipaxetine B (7) He naer Bk1aga B A(r, 1), ecin XoTs 6bi IpH OLHOM 2 € [0, H] Bbinon-
HAeTCH HEPABEHCTBO

cosp > b(z;r,7)
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WHBIMHA CJIOBAMM, BKJIAJA B MHTErpas (9) oT/iM1€H OT HY/Is IJIA TeX ¢, IPH KOTOPBIX

cos < minb(z;r,n) = b(r.n).

ITpu sTOM

A(r,m) = 2{m — arccos b(r, n)}.

2 .
Hocurteas dynkuun A(r, n) Jgexur B obractn @ C R, 3aganHol HepaBEeHCTBaMH

0<r<R0), 0<n;

H <n<HITZE a0 (10)
z z
Orpanudenns (10) MO)KHO Nepenucats B BUJE
— R
supr R‘z—<l<inf (z)+7
2#0 Z - H — 20 z

M BBCCTH KAHOHWYECKME [epeMeHHBble, KOTOplle [O3BOJAT epelucaTs ypaBHeHHe (8) B KaHOHMUECKOM
pule. Ilosoxnm

. R(0) + R(2) B _
L e

TOI‘H& KaHOHUYECKHUE [I€pEMEHHbIC

o=r/R(0), p=n/uH,

ABJALIMECA De3pa3sMepHBIMU | IIpeBpallaoll 1€ HepaBeHcTBa (10) B HepaBeHCTBa BUia

. 0<o<1; 0<yp; nlaxﬂl<p<mirlL
- - = z viz) —" -~ : v(z)

Takum 06pa3soM, B KAHOHWYECKNX TIEPEMEHHBIX HOCHTEb AAPAa MHTErPAILHOIO YpaBHeHUs (8) JA€KUT 1esu-
koM B KBaapate [0, 1] x [0, 1], a caMo ypaBHeHy € 3aNMChIBACTCA B BUe

| At o)X e = Vo) (1)

3neck i
Y (o) = h(cR(0)), X(p) = X(p-p- H), Alo, p) = 2{x — arccos b(r. p)}:

rie

= ot ()
b(o,p) = min Sov(7)p .

Aapo A(c, p) unterpasbroro ypasrerus (11) 3¢ BUcHT e oF caMoil reomMerpuucckolt bopMbl 3K paHupyIoed
MaCKH, a 07T K.JaCCca 5KBUMBAJIEHTHOCTH MACOK, =alJaHHOI'0 HAbOPOM [1apaMeTpoB:

v{z ,m(z),z€1{0,H)

36



Hocurenu ¢yukuun Y (o), sanaoueit KoHbUrypalyo HalblJIEHHOTO CJIOA, ¥ MOARHTerpajbHOi GbyHKIHH
X (p), aBasiouefica UHTerpaJbHO) MO OTHOWEHHIO K 3(pdEeKTHBHOMY paclpefeseHHIO XapaKTePHUCTHKOH
YCTaHOBKH HAaIbLIEHMA, JleXaT B exuHuyHoM oTpe3ke [0,1]. B uTore ocHoBHOe ypaBHeHHMe IIpollecca Ha-
[bIJIEHAA B KAHOHHYECKHMX TEPEMEHHBIX 3allMChIBAETCA CJIed} oMM obpasoMm:

W x () dp.

1 2)2
Y(o) = 2/0 {m — arccos [rnzin m(z) 27(2)p

2. AnropMTM BOCCTAHOBJIEHHA PYHKIHH HCTOYHHKA Pa3HOCTHBIM METOIOM
ITosty4ennoe B MpeablayIeM MYHKTe KaHOHHUYecKoe ypaB ieHue (11) ABAETCA OMHOMEDHBIM HHTErPaJIb-
HbIM ypaBHeHMeM PpenrosinMa nepeoro poma

AX =Y
€ KBaJIpaTHYHO-MHTErpUPyeMbIM anpoM A(o, p)

A€ Ly(I?), YelL(I), XeC(?, I=[0,1, I*=][0,1]x[0,1],

TaK YTO A - BIIOJIHE HENPEPLIBHLIA onepaTop.
Pewenne sanayu (11) c npubsmxerHo 3ananHbMu A, , Y, HaXONMM MHHHMU3ANUeH! THXOHOBCKOTO bysk-
uMoHaJIa [4]

el = [ | A0 x(e)dp - ¥(0))do + o [ @DX*0) + PG )N (12)
YpabHenuem Ditnepa ns1a sagauu (12) apasgerca uHTerponuddepernnanbHoe ypaBHeHHe
! 1 d dX
| Ao / Ale. )X (r)dr =Y (0)}d(e) + ata(p) X (o) = (o) 2 () = 0 (13)
C 'rPaHUYHBLIMH YCJIOBUAMH -«
X(0)=0, X(1):==0. (14)

3anmauy (12) pewaem ¢ aBTOMaTHYECKUM BrIOOpOM MapaMeTpa peryJifpu3alum METOMIOM, H3JIOXKEHHBIM B [5],
T.€. OTBICKHBAEM TOYKY paBHOBecus 1o Hauty napm ¢ysknucnasos:

1 1
M[X,a] = / { / Ao, p)X(p)dp — Y (0))2do, (15)

1
. dX
VX.al= [ o) ale)X*(0) + po) o (o). (16)
Onnum 3 naubosiee 3dbek THBHBIX METOIOB pewenus zanaun (15), (16) asnzerca [6] ureparusnmit

k _k :
NoMCK mocJiefoBaTeIbHOCTH (X ™, o), cxonsueitcs k nape (X, a"), neppaa komnoneHTa KoTopoit X* spns-

eTCs peweHneM 3anaun (12), T.e. uckomoit dbyHKIMER UCTOUHIKA. DTOT MOHCK OCYMECTBJIAETCA MOWAroBok
MUHHMHU3alHe# GYHKINOHAIIOB:

1
re M[X, a*] + (rea® — l)/o {X (o) — X*(p)}?dp,
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reNIX5¥1 o] + / {a(p) — 0 (p)}2dp

¢ mapaMeTpaMM Tk, BHIODAaHHBIMHM M3 YCJOBHIt >XONMMOCTH MTEPATHBHOTO MOMUCKA. Takum obpasoM, Ha
Kax<IoM Liare ¢ HoMepoM k moucka peurenus (X *, o) pemlaeTcsa mapa ypabHeHu# Jitnepa:

[ Aot [ At X (=Y (01} 4 0* (0 + D X (=X (= () (X (01X ()]} =0,

0 0 an
k+1 2 ka+l 2 k 1

(P {a(p) X)) + ple) == ()} + [elp) — o (p)] - = 0. (18)

CXOOUMOCTb AJrOPUTMA M NPHHALJIEKHOCTh pelleHrs X ™ NMpOCTPaHCTBY HeNpePBIBHBIX hYHKIUN ¢ KBa-
IPaTHYHO-UHTEIPUPYEMBIMH TIPOU3BOIHBIME OD€ *MEUNBAETCA, B YaCTHOCTH, ¥ mpu 7k = 1, ¢(p) = 1, p(p) =
const. Takue napameTps! Ob1JIM BHIOPAKBI AJ1 YUCJIEHHON peaM3alMy MOMCKA (pyHKIUMH UCTOYHHMKA.
ITepexon K OUCKPETHOW MOIEJM OCYWECTBAAETCH KOHEYHO-PA3HOCTHBIM MeToaoM. O6J1acTh UHTEIPHU-
poBalus MO llepeMeHHbIM p, T pasbubasack Ha N) y4acTKOB paBHOW mimubl Ap = A7 = 1/N;, obsacTs
MHTEIPUPOBAHNUA o 0 pa3bupaiach Ha Ny = Nj--2 yyacTkoB paBHolt nyiunasl Ao = 1/N;. Murterpansl 3ame-

HAJMUCH UHTETPAJIBHBIMH CYMMaMU 110 (bOpMyJIe "paneunﬁ, a BTOpbI€ IPOU3BOAHBIE - KOHEYHO-PA3HOC THBIMHU
BbIpaXX HUAMU !

[X(piet) = 227(0;) + X (pi1))/ (&),

['pannunbie ycioBus (14) mMosposAloT pasperuut > 1ba KpalHUX ypaBHEHU: BO3HUKAONIEN 1IPH AUCKPETH3A-
uuy ypapHenus (17) cHCTeMEl IMHEHHBIX aireOpaudecKuX ypaBHEHUH U {IDUBECTH CUCTEMY K BHY

N2
1 ‘ ,
. Z(Aij+(a§+;)3ij)x_,- =U;, i=1,.., Ny (19)

=1
3nech X; = X(p;). j=1,.... Ny

Na—1
. . 1 1
Ui=Ul(pi) = AU{§A(U1=/H)Y(01) + E Aloj. pi)Y (o) + 514((?%-/)i)Y(U;\'«,)}i
1=2
No-1

1 . 1
Aij = AU{§A(017P1')A(017PJ') + Z Aok, pi)Alok, ps) + FAlON,. ) Alon,. ;)
k="

Bjj =q+p/(Ap) j=1... Ny

Bjjtr=—p/(Ap)°, j=1...Ny—1i Bj_i;=—p/(Ap)*. j=12... Ny

[Ipu quckperusaunu ypabHenus (18) nojtydaercs cucreMa JAMHEHHBIX airebpandccKuX ypaBHCH M. KOTOpas
C Yy4ETOM I'PaHMUHBIX ycsoBuit (14) npusoautcs K BULY

Y N ) Y, — "
ay (X5 —plag(XEH —2xit 4 X5/ (ap)t + J—T—’ = 0. (20)
k

dacryerm - . . . PR, s
I acHdeThbl NPOBOAUIUCE ¢ MOMOULLIO ITaKeTa 11 D0rpaMMm, peasin3yrLero yK'd.'}HHHbll‘/l ATOPUTM Ha (1)()[)-
TpaHe. Hpe;wapMTeanaﬂ O6pa6OTKH. PKCIICPUM *HTAJbLHBLIX J[AHHBIX OCYHICCTBJIAJIACL MOTOJIOM CIL1AWH-
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AIMPOKCHMALIAY C TIOMOLIbIO COOTBETCTBYIOLIETO KOMIJIEKCa TporpaMM. Bce mapameTpsl 74 6b14 BoiGpanbl
TOXIECTBEHHO paBHbIMU 1, mapaMeTp ¢ 66171 BeIGpan paBrby 1. [lapaMeTp p n HavasbHOe pubMKeHue ag
MapaMeTpa peryJidpU3aldi BapbHPOBAJIMCh IIPH NPOBEEHMI: CEPHM YUCJIEHHBIX 2KCIEPUMEHTOB. B pesy.ib-
TaTe 6blIM HallZeHBl JOIMYyCTUMBbIe 06J1acTH BhIGOpa p M ag. [Ipu s1106bIX p M g U3 OBJIACTH JOMYCTHUMBIX
sHadeHHH pemenne 3agadd (11), (12) (ouMckpeTHbIR aHaJs0) DYHKUMH MCTOYHMKA) MOJIY4YaJoCh 3a YHUCIO
1LIarOB, MeHbllee JECATH.

3. AaropuTm oThickaHusa (POPMBI 3KpaHUpYyloweil Macku

Mbi 6yneM pelwath 3amady B KJacce N-CerMeHTHBIX MacoK ¢ OTBepCTHeM, ob6pa3oBaHHBIM Habopom
CONPsXKEHHBIX KOHMYECKUX MOBEPXHOCTeR ¢ paguycaMu Ry i1a BBICOTaX 2k.

3ameuanme 1. B pabore [1] mokasano, 4To Takad aKp: HUpyOlad MacKa C KyCOYHO-JIMHERHON yHK-
unelt R(z) npu n — oo npubimXKaeT KpaHHPYIOLYIO MacKy C HPOM3BOJILHON HempepbiBHOM dynKumeit
R(z),z € {0, H], u MOXeT CIyXHUTb XOpoliielt MOLEbIO NPOK 3BOJILHOM IMIMHANYECKH CUMMETPHYHON Kpa-
HUpYOllelf MacKu C OOHAM OTBEPCTHEM.

3ameuanmne 2. KycouHo-iiuHellHasi HemnpepbiBHAas BEIUNyKJas B cTOpoHy ocM Oz dyHkuus R(z)
R(z2x) = Ri 3anaet 1y xe dynkuuio Macku A[R(z)](c,p) v Ty xe npasyio yacts Y[R(z)](o), 9T0 1 JI0-
6as ne Bbinyksas B cropoHy Oz byHKuusA R'(z) : R'(z) = Rk, Te. u A[R'(2))(o,p) = A[R(2))(e,p) =
A[Rkv zk](") p) H Y[R (z)](a) = Y[R(Z)](O’) = Y[Rkv Zk](a’) . )

A uMenHoO: pYHKUNA MacK{

AlRy, 2c](o, p) = 2{m — arccosby (0, p)}, rme (21)

T2 — 02 — (p)?

T = m(zk), vk = v(zx), a PysEKUNS Ciios

KELN 20vkp

1
YRk 2l(0) = [ AlRe 2ll0,0) X (0)dp (22)

0
Bbrnueonucannas N- cerMeHTHas Macka C MapaMeTpamH {Re,z}, k = 1,.. N (takxe kak u N-
JIMCTOBasA MacKa C TEMH Xe [lapaMeTpaMH) ONUChIBaeTCA 2/N-MepHBIM BeKTOpoM w = (z), ..., zn; Ry, ..., Rn).
CootHouienue (22) conocrabiisieT M06oMy 2N-MepHOMY BeK ropy w HekoTopylo dbyukuuio Y[w](c), Ecan
H=1:2v2>2zv1 2 002 20 >0, dyskuna R(z) @ R(z) = Rk - KycodYHO-/MHERHAS NOJOKHTENBHO

onpesieslentas byHkuua Ha [0, H], 1o w € R*" omuceiBaer xpanmpyomyio Macky, a Y [w](o) onucerpaer

bYHKUMIO CJI0AA, HAIIBIJIEHHOTO Yepe3 3Ty MacKy B Kpyre paiuyca Ry . ObosHauum yepes D, 3aMKHYTOe
noamMuoxectso B BN

Dy = {u): {Rk,zk} D ZN Z‘ZN-l > ...2>2n=0 RJ’ >0,5j= 1,..,N} .

"Onpenenum paccrosuue p(Y,Y [w]) Mexay Y (o) n Y[w](s) B meTpuke Lyf0,1]):

1 .
2
PV = [ {YIullo) - Y(c))do, we Dy (23)
0
Hasosem dy = infyep, p(Y[w],Y) MakcuManbHO A0CTHXHMM 3 TOYHOCTBIO npubsmxenus dyukuut cios,
NONYYEHHBIX ¢ NOMOUIbIO N-CerMeHTHBIX Macok. fcHo, uto &; > §7 > ... > dy > ... > 0.Hasopem ¢ =

limy 0 dn MpenesibHO KOCTHAKMMOR TOYHOCTBIO. 3a1aya CoC10UT B TOM, 4TO6BI TPUGJIM3UTD B MeTpHKE (23)
3alatiHy10 Py HKIMIO ¢/10s Y (0) ¢ HEKOTOPO# anPHOPHO 3a1aH 10# TOYHOCTBIO & (Takas 3aa4a UMeET CMBICJ
npu & > Jp ) NpH AOIOJHHTEbHBIX (TeXHOJIOrHUYeCKMX) OrpiHMYEHHAX Ha CHHTE3UpYyeMBIA NpodHIb W =

{Rk, Zk}. K Takum OrPaHUYEHUAM OTHOCATCA U MUHHMAJILHOC b YHCJIa cerMeHToB N . HaJiM4Me MHHHMAJIBHO

OCYIECTBUMOR TOMUNHB KOHHYECKOTO CErMEeHTa 2p: zj > zj_1+ 20, j=1,...,N. K HIM MOXHO OTHECTH

MHHHUMAJILHOCTbh TOJIWMHBI MacCKH, a 3Ha4YUT, MUHUMAJIBHOCT CYMMBI Z_;V:l 2’2

j ; @ TaKX€ MHMHMMAaJIbHOCTDb
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N
OTBEPCTHA MAacCKH, T.e. MHUHHUMAJIbHOCTb CYyMME! ijl R]2-. Ecin obosnauntb 4yepes DY = {w € Dy

z; > zjs1+ 20,5 = 1, ..., N} samknyToe noamuoxkectBo Dy C RZN, To 3a7a4a COCTONT B MUHMMM3ALMHA
¢dpyHKUMOHAIA N
Felw) = (Y [w],Y) +a Y (R} +23) (24)
k=1

Ha MHOXecTBe Df, IpHu yCJIOBUAX

p(Y[w],Y =46, N= _rrlnzn k (25)
[luckpetHblit aHasnor pyHKIMOHAa (24) MGJIydaeTcs 3aMeHOlt HHTerpaJsia (23) uHTerpasbHO# cymMmol

no popMyJie Tpaneuuit

L-1

FX[Ry, 2] = Ao{%[Y(m) — Y (o R,z )P + D[V (05) = Vo Re, )]+
7=2

(26)

n—-1

[V(oL) = Y (00: R, 2))’} + @ Y (RE + 20),
k=1

+

N —

rae
L-1

Ao=1/(L—1), ép=1/(L+1), Y(0:Re,z)=1{)_ Al,pj: Re, z) X (p;)Ap.

1=2

ITocsienoBaTesIbHO yBeIUYUBAA 4YUCJA0 N CerMEHTOB MACKM, HAXOAUM Takoe N [pU KOTOPOM 10CTH-
raeTcd 3afaHHas ToddocTb 0. Ilocse yero dyakumonan Ff(w) munuMmusupyeTcsa Ha DY, ¢ napameTpom
@, BbIOpaHHBIM U3 ycjioBUA (25). CooTBETCTBYDILNA MUHUMU3UPYIOWMI BEKTOp w;, cymecTsyer, T.K. DY.-
3aMKHyPO€ OTpaHUYeHHOEe MOJMHOXKECTBO KOHEUHOMEHOr0 MPOCTPAHCTBA.

Munumusauuio byHKuMoHa a (26) MpoBOIAM METOAOM JepOpMHUPYeMOro MHOTOIpaHHkKa [7] ¢ jono-
HUTE TbHBIM IPOEKTHPOBaHNEeM Ha obstacTh DY JIONyCTUMBIX 3HaUeHn# nmapamerTos Ry, zx. llpoekrnpoBanue
OCYWECTBIACTCA METOIOM LebOPMHUPYEMOro MHOIOIPAHHHKA U caydaiiHbiv criocobom [8], cooTBeTeTBYIOMIME
CIOCOOBI U3BECTHBI MO HA3BAHUAMM: METOH CKCJ/IL3HILEr0 HONYyCcKa U MeTojl Bokca. PacueTsl npoboinancs
0BOMMH METOJAMHU B KJIACCE TPEXCErMEHTHBIX M.1COK.
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CALCULATION OF THE SP-94 MAGNET FIELD
FOR EXCHARM SETUP *)

E.P. Zhidkov, S.V. Andreev, E.E. Perepelkin, R.V. Polyakova, T.V. Shavrina,
[P. Yudin

Joint Institute for Nuclear Research, 141980 Dubna, Moscow region, Russia
E-mail: mag@:v jinr.ru

A distribution of the spectrometric SP-94 magnet field of the EXCHARM setup (Protvino,
Russia) [1] has been investigated in order to study decay processes for charm and strange quarks.

A detailed field map has been calculated. The problem of obtaining a homogeneous field in a
possibly large volume has been studied. An optimal co 1ﬁgurat10n for adheared ferromagnet bars,
which solve the present problem, has been found.

1. Introduction

THEP (Protvino, Russia) plans ahead the new project of the EXCHARM 11 experiment
with two spectrometric SP-40A [2] and SP-94 magnets (cee fig.1).

CII1-94 CIT-40A
CI1-94
—
| o = .
l——_—! - T
\
1 2

Fig.1. Layout of the EXCHARM II spectrometer.

At the present moment on the EXCHARM setup the SP-94 magnet is not connected and is located in
position 1. The proposal exists to connect this magnet and to transfer it on position 2, as shown on
fig.1. The reason is in the possibility of the registration cf the larger number of multiparticle states
consisting of complete tracks and half-tracks.

The aim of our paper is studying the field distribution of the spectrometric
SP-94 magnet of the EXCHARM setup for an investiga:ion of the hadroproduction and decay of
charm and strange particles.

A detailed map of the field has been calculated. received by computative means. The problem
of obtaining a homogeneous field in a maximally wide region is studied. The optimal configuration
for adheared ferromagnet bars, which solve the present prcblem, has been found.

*) Work supported by the Russian Foundation for Basic Rescarch (grants no.95-01-00737a and no.95-01-
01467a ) and supported in part by the Federal Centre "Integration” (project no. K0085)
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2. Analysis of the numerical calculations

The numerical modelling of the SP-94 magnetic system of the EXCHARM setup was carried
out by means of the CPMMS-v.1.1 program complex [3]. As a component, an accumulation of the
data base of the investigated configurations of’ magnetic systems for the further graphic research of
the obtained numerical result, is part of the program complex, which makes easier and faster the
process of selection of the magnetic system configuration for its technical realization.

The calculation of the SP-94 magnet field in the 2-dimensional system of coordinates was
performed in this paper with the help of the program POISCR [4], being a part of the CPMMS-v.1.1
codes.

The task was also solved by the method of vector potential by applying the method of
boundary integral equations (the new origina VP2DBIE code). At a computer realization there was

used the multigrid algorithm of calculations on the sequence of grids with 40x60, 80x120, 160x240,
320x480, 640x960 nodes.

The configuration of the 1/4 part of tte SP-94 magnet is presented on fig.2 with accounting
the dipole symmetry. The area of the pole of the SP-94 magnet with the adheared ferromagnetic bars
18 shown in fig.3.

>xX, M
0.15 0.3 Q.36 0.49 0.605 1.175

Fig.2.View of the 1/4 part of the SP-94 magnet.

The calculations of the magnet field for two configurations (with the adheared ferromagnetic
bars and without it , see fig.2) were carried >ut. The graph  of the magnetic field distribution for
y=0, By(x) for the first configuration ( without the adheared ferromagnetic bars ) is given in fig.3.
The sharp reduction of the B (x) field is observed after x=/0cm on the x-interval
(x=10cm x = 15cm).

For formation of the good homogeneous field, the ferromagnetic bars were added to the
pole of the ferromagnetic yoke. The graph  of dependence of B, (x) for the different y-values are

given in fig.4 after this addition.
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Fig.3. The area of the pole with the adheared ferromagnetic bars.

In particular, it is clear from the B, (x)graph for the 1-st (without the adheared ferromagnetic

bars on the magnet pole, see fig.4) and 2-nd (with the adheared ferromagnetic bars on the*magnet

pole, see fig.5) configurations that the sharp reduction of the magnetic field begins with x=13cm
in the second case. The bars added produce more homogeneous magnetic field in the magnet center.
It is clear from comparison of the By (x) graphs for the first and second configurations of the pole.

[ By, Tn ", By, Tn
1.6 1.7
1.5 1.6
1.4 1.5
1.3 1.4
1.2 1.3
1.1 1.2
1.0 1.1
1.0p==saez 77
0 b
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1.

2.

3.

3. Conclusions

Using CPMMS - v1.1 code (the Complex of Program for Modelling of Magnetic Systems), the
field distribution is investigated for the SP-94 magnet of the EXCHARM spectrometer of charme
and strange particles.

The task was also solved by the method of vector potential by applying the method of
boundary integral equations (the new original VP2DBIE code). At a computer realization it was
used the multigrid algorithm of calculations on the sequence of grids with 40x60, 80x120,
160x240, 320x480, 640x960 nodes.

The configuration of the magnet is selected by means of numerical experiments. This magnetic

field is homogeneous in the large half of the working area of the aperture.
The computer model of the SP-94 magznet is obtained and the map of the magnetic field

for experimental physical data processing fo:" the EXCHARM. II spectrometer is suggested.
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THIRD ORDER BEAM OPTICS
BY THE GREEN’S FUNCTION METHOD

V.V. Andreev, I. F. Yudin

Joint Institute for Nuclear Research, Dubna 141980, Russia
E-mail: MAG @ LCTAS0. JINR. DUBNA. SU

Specification of the charged particles beara behaviour in optical magnetic and
electrostatic systems of accelerators in terms of the transfer matrix is developed
completely for the linear paraxial approach used not only linear motion equations, but
«rectangular» or «integral» field models of elemen:s in the beam transport channels.

But in practice it is necessary to take into account nonlinear aberration members of
the motion equation because of the smooth field decreasing within fringe regions of the
optical elements, as well as nonlinearity in the conservation laws being applied.

Often such a type of computation is produced by numerical methods (for example,
by the Runge-Kutta method), or the motion equetions are solved in integrals, that also
requires significant timing and hardware resources, especially in multi-particle
applications.

At present theoretical research and applicatle charged beam dynamics simulation
in the real optical magnetic and electrostatic elements within the analytical solution
approach of the second order nonlinear differential equations and the transfer matrix
evaluation of elements are carried out at the Laboratory of Particle Physics, JINR.

One of the solution techniques is the Green function method. The usage of this
method is justified by the type of the obtained solutions and that is why it is quite
reasonable.

We shall search for the solution of the plane rrajectory equation defined by Lorentz
force, operating on particle g in the external electrostatic E or magnetic B fields

F =g(E +|v x B]),

q( ) )
in terms of the so-called relative trajectory because the time dependence is often beyond
the scope of interests in these problems.

In some curvilinear coordinate system XY'S we-shall determine the following
variables x, x', y and y' as phase-space coordinates defined from some selected relative
trajectory, / - the path length difference between the relative trajectory and the
considered one. The deviation from relative momentum po is assumed as §.

So, the solution to be found in this problem is 6-vector X= (x, x', y, y', [, 6) with
corresponding initial conditions. The main assimptions which are the base of the
solution method, are as follows:

1. There is some scalar potential symmetry.
2. There is a relative trajectory (i.e. it may be always selected ).

Here several optical magnetic and electrostatic systems are described: a dipole magnet,
multi-pole lenses (up to the octupole), a solenoid, “he axis-symmetrical electrostatic field
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(for example, duoplasmotron), the toroidal focusing lens problem will be also touched
upon.

Note, that only the dipole magnet obtains a relative trajectory specified as an arc
with the definite curvature, as for all the listed elements, the relative trajectory is
accepted as the central particle trajectory, that is easy to define equalising the initial
conditions to zero with the known mom:ntum.

Further assumption consists of n:gligible parameter deviations from the relative
trajectory. Then the decomposition on the initial parameters accepts the following, so
called TRANSPORT type (according to the name of a well-known program) (!:

6 6

6 6
X(2) =D R(2)X) + T (XX + U)X XX,
j=l ok

6 6
j=l k=j j=t k=j 1 (2)

This expression determines the transfer map from the initial vector X? to the solution
vector X and is fundamental for the matrix formalism evaluation. We shall define matrix
R as the first order transfer matrix, anc matrices T and U - as the second and the third
orders, respectively.

Further we shall carry out the following:

1. Decomposition of the field near the relative trajectory using Maxwell equations
and scalar potential symmetry.

Then decomposition of the plane trajectory equation up to the necessary order.
Replacement of the field decomp ssition into the obtained equation.

Equalising the similar members coefficients, differential equations for aberration
coefficients will be obtained.

Then linearly independent solutions of these obtained equations, Green’s function,
will be found. After this the Green's function will be integrated “order-by-order”
with the right hand parts of the obtained equations.

PICIE RS

This procedure does not comprise soplisticated things, but requires only attention and
time.

Let us take the linear equation. The magnetic field decomposition is known up to
the third order in terms of «multi-pole» “orce:

B, (x,0,5) = B}‘(sl[l —khx + k,h*N + k3h3.\'3+...], (3)
where

1
h"E (0,0, s)

h = h(s) — the relative trajectory curvature.

k,(s) =

B{"(x,0,5)

(4)

In the general case the linear equation of the plane trajectory in a curvilinear coordinate
system is well known:

{x” — (1= k)h*x = hs,

" 21\' =
y'+hky=0 (5)

The initial conditions are the following:
{x(O) = x,, V'(0) = x,
¥(0) = Yo ¥'(0) = yg.
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In the rotation plane let us determine two linearly independent solutions of the
homogeneous equation for each coordinate and the partial solution of the
inhomogeneous equation in the X-plane as follows:

The sin-like function sx(s): sx(0) = 0, sx(0) =1 6=
The cosin-like function cx(s): cx(0) = 1, ¢x(0, =1, &
The dispersion function di(s): di(0) =0, dx(C) =.0, &
The sin-like function sy(s): sy(0) =0, s'(0) = 1, §= 0.
The cosin-like function ¢, (s): cy(0) =1, ¢’y(0, =1, §= 0.
These functions determine the so-called characteristic rays of an arbitrary magnetic
system and all its aberration coefficients.

0.
= 0.
1.

The general solutions of equation (5) in respect of the initial conditions, are the
following

x(s) =c/(s) -'xo +5.(.7) - X, +d (s5)0,
y(s) =c,(s) y, +5,(5) ¥, ©)

defining the next elements of matrix R:  R;,, R,,, Ris R3s Ry
From the general shape of the obtained ;olutions it follows that the Green’s
function

G(s,8) = s(s)e($) = e(s)5($), (s 2 &), (7
while the partial solution of the inhomogeneous eqiation of the following type:
§' kg =1 ®)

is to be searched for via integral:

8(5) = [G(s, &) f ().
0 (9)

The dispersion function dy(s) is:

d,(s) = 5,(5) [ e (OMEEE - ¢ (5) - [ s (Oh( D).
0 0 (10)
One of the 6-vector elements / is equal by definition:

§ Ry

L=, [e ot + x - [s (OMEAE+ 5 [d(Hh(Dae . (11)

0 0 )

Then we can obtain the first order aberration coefficients of matrix R: Ry, Rs,, Rs,.

All aberration coefficients of matrices Ty(s), Ugy(s) are solutions of the

inhomogeneous differential equations of type (8) with the initial conditions
2(0) = g'(0) = 0. (12)

Substituting the decomposition (2) into the obtained equations, we shall obtain the
following second order differential equations with non-zero right-hand parts:
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X'+ klX, = ZDU(S)X + Z ZEuk(s)X X, + Z ZZ Fu ()X X, X,
(13)
where values X; are components of the €-vector X(z).

Thus, driving forces (i.e. the equation right-hand parts) to find the second order Ty
elements are square forms from the first order aberration coefficients:

f(&) = 2 Y EfuR (OR(D).

Driving forces for the third order Uy, el:ments have a more sophisticated appearance:

l_/k[ = ZZEmm mj nkl + Z S‘E:mn mijnI + ZZZEnlnpRﬂijkR
(14)

The further calculations of aberration coefficients are associated with the integral type
(9).
Note: the «angular» matrix elements (i=2, 4) are reevaluated by differentiation on s from
the «position» matrix elements (i=/, 3) (the direct differetiation condition).

R,, =R ,R,, =R,

T,lk =1 T =Ty

4 jk 3 jk

! ’
U2jkl = UU/ U4jkl = Uzju

(15)
Therefore, the obtained differential equations, their solutions and Green functions fully
solve the problem how to find the aber-ation coefficients up to the third order. Further
the infegration results are described.
Dipole magnet
ko =k, =k, =0.
h(s) = p,' = const,
S, = Py SIN(Y, )85, =y,
c, = cos( %)u)ﬁ) =1.
The Green functions
G.(5.6)= py -sin(77,),
Gy(S, 5) =35 - f,(s 2 g)

The dispersion function

d(s) = p,(| —c(5)).

So, the non-zero elements of matrix R (13 elements):
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R, = R, = Sx?Rl6 = p(l -c,), Ry =1LR, =2, R, =1 Re =1,

S A} R}
R21 :—%S,Rzz :Cx’Rze = %O,RSI = %O,sz =p0(1——cx),R55 =s5-95,

The nineteen non-zero elements of matrix T (10 are shown):

| -c} s.C s?
T, =- %poanz: X%O’Tlm:si’T%:_Apo’

S5
T, = X,OO 7T324 = pps - (1 _Cx)’T346 =855,

lez = pys, - (1 "Cx)> les =s,-( —Cy), T144 =-p, (1= c.),

Thirty seven non-zero elements of matrix U (9 are shown):
=kt 8—cht I 84+ 8—c3hP ) +ch’ /8,
e = Cihts 18+ cih’s, 18— cihis 8,
e =SSR 2—ssh 2 -1le s*h® 1 8~5*n° 12+ crsyl 2+, sth® + 5c s2h° 1 8 -
~Cs I 24 s+ elsPh 1 24 hl 4+ cth) 2 - cthl2-chl 4,

i = =SSP 4 =3cis h? ) 8~3cis 18— ¢is |8 —c. S, +3s, 1 2-c3n7 1 8+
e/ 8¢l 8+ci/3+c—11c /8, :
=-=sch/2+sc 1 2h+cish [ 4+cishld—cls | 4h- cls | 4h,
:—5'35'\h:/4+ss_\,h3/2+sc‘,/4—s\_/4+cf/ 2-1/2,

o = TS 24 ss [ 2w e st v st e s - e ST 2+
+elstht ] 2+ ¢ s2h ] 2= 25%h - clsil2-cl+ el

iy =Sc I dveishldtcls [ 4—s |2~ 3¢/ 87 +5¢3 1 4h* -2 | B +
e I 8h =3¢/ 8 43¢, 18,

2 =SS 4+3cis h] 8+ 3cis /| 8h + cls | 8h - cs T h+s | 2h+cih] 8-
el 8+ I 8h—c 1 2h -2 2h+Tc. | Sh,

H20

1144

Here the direct differentiation condition 1s executed.

Quadrupole
h(S) = /\'3 = /\'3 =0.
k. =k = const,
s, =Y -sin ks,s. = Y st ks,

¢, =Cosks.c = chh..

The Green functions
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G.(s5,8) = )i -sink(s =),
G,(5,8) =V~ shk(s=&),(s 2 ¢).

The dispersion function

d (s)y=0.

Thus, the non-zero elements (10 elements are shown) of matrix R:
2
R, =c. Ry =5, Ry =¢,, Ry =5, Ry, = Kos, Ry = ¢, R = 1. Rys = 1,
R’_’l - —kzsx’ RZ?_ = Cx'

The four non-zero matrix T elements are chromatic (contributing on 9):

T,

11
7126 :(Sx_SCr)/ 2’
T = «kzss‘y /2,

336
Ty = (s, —sc, )/ 2.

)
o =k'ss 12,

The forty non-zero elements (4 are shown) of matrix U:
1y = (3kCs s (ds) +24kSc st ~12k"ss ) | 64,
1y = —(3k%c s (4s) +(24 - 24¢t)s, —12k*sc ) | 64,
sy = (3kCs s (4s) + 24k c 57 — 12k ss ) | 64,
s = —(3k7c s (45) = (24 + 24¢)k’s] =12k sc,) | 64.
Here the direct differentiation condition is executed.

Sextupole
h(s)y =k, =k, =0.

k, =k = const,

The Green functions

G (5,8 =G (5.9 =5~ E(s 2 &),

The dispersion function

d(s)=0.

The non-zero matrix R elements are equivalent to the drift space transfer matrix
elements.
The ten non-zero matrix elements of matrix T:

T, =T, =-2T,,=-k’s | 2.T

111 133 112
T, =-T, =-2T,, =ks*/12

122 324
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The sixty non-zero matrix elements of matrix U (11 are shown):
tr = U1133 = U31|3 = U3333 = 21U1222 =k*5* 12,
1z = %U1|34 = _%U1233 = %U3IZ3 = _%‘]3114 = U3334 =k*s” /12

Here the direct differentiation condition is executad.

Octupole
h(s)=k, =k, =0,
k, =k = const,
S, =5, =5,

c,=c¢, =1L

The Green functions

GX(S, 5) = Gy(s’ 5) =0 = 5,(.5‘ 2 5)

The dispersion function
d(s)=0.

The non-zero matrix R elements are equivalert to the drift space transfer matrix
elements.
Since the octupole field components don’t have square members, all matrix T elements
are equal to zero.

The forty non-zero matrix elements of matrix U (10 are shown):

i) :3U|[33:3U3|13 =U :—/"252/2’
e = —2U =-U,;, =-2U;,, = U, =Ug;, = —ks7 ] 2.

1134

1111
RERRE]

Here the direct differentiation condition is executed.

Solenoid

A similar consideration is important for any axial symmetry systems. In this case we
shall find 4-vector X=(r. ', I, §) with the same definitions, but in a cylindrical coordinate
system. Using the same assumptions and procedt res, taking into account the condition
of angular momentum conservation, the following nonlinear equation of a plane
trajectory r(z) up to the third order in the magnetic solenoid field is obtained

r' = —k7r| —25—§—r3 +r7 4 —B;rr’ +3587 |,
2B B

(16)

where k=gB/2p,. Often the field B(z) near the solenoid axis is represented as «bell-like».
The linear optics of this element is clear enough:

S(z) = Y sinkz,
c(z) =cosh:.
The Green function

G(s.&) = Y sink(z = &).(s > &),
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The six non-zero elements of the R mat “ix:
R,=¢,R,=5 R, =-k’s,R, =c,Ry; =1, R,y = 1.

As in the quadrupole case, the six. non-zero matrix T elements are chromatic
(contributing on 9):

T, =Ty, =kzs, Ty, = % —z¢,T,, = ks +k’zc,
T, =k’z/2,T,, =z/2,

The fifteen non-zero elements of matri¢ U (6 are shown):

it :'§<%%—4k2)k26‘ +k ke —k B s+ 5% cs + k 25 55(2kz),

328
o =~ (3 ‘kz)l\'"c +?k—(%— 8 )s +-(/xzs+ ss(2kz)) + 285 87,
wa = 2 (B —4/<2)k:s B si(2kz) + g kze —Fy s + 355,
s = ‘Lkhs_ﬁl‘ 2’ _"k es(2kz),
o =3 (4— ~ k- )(kzc ~ s) + gf'gl(:s + 1(5(:1; — ?TE ss(2kz),

-
1244 T Ty A8,

Here the direct differentiation condition is executed.

It is useful to introduce the following formula for further computation:

r . ) o) ro
, :[R+T4-tv+U22-r0’“+U“~5']~ L where
r ry

Rll Rlz Tm Tm ;
R= 0=t
21 22 204 224

With a relation of a selected soleno:d field model it is possible to build either the
comprehensive resultant transfer map, or having chosen a small partitioning of the field
action region, - to compute all transfer matrix elements within the chosen partitioning
intervals, then to multiply the matric:s in accurate correspondence using the matrix
algebra rules.

kUZIII Ullll

Electrostatic lens

The beam optics in electrostatic fields is considered by the same method. The
particularity of this problem consists of non conservativity of the electrostatic system,
unlike all the others considered earlier. All assumptions are perfect here, but it is
necessary to use the energy conservaticn law.

Abstracting the particle types after all the described steps in the cylindrical
coordinate system, the following nonliniear plane trajectory equation r(-) is obtained:

‘ D" cDu'_’ cDHN b b D' . b |
251gn(q)-<br”~(b’ f - r = [—”“ et ]’ +(~—--+—;)r'r' +Trr" +CD’I"}.

2 4P 2

(17)
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The equation (17) does not depend explicitly on the ¢/m ratio. Thus, all particles with
the same sign in the same field will have the same trajectories, but the particle velocity of
passage through the transfer region will be differential. Due to this we shall restrict only
an electron motion description by equalising signi g)=-1.

Further solution of the motion equation is associated with the choice of the field
model. We shall introduce the value

(18)

called the electron-optical index of refraction that is appropriate to Snellius’ law, ®gand
@, are initial and final potential values in the interval from O up to D (D is the length of
the acting field region). There is an important condition about n: the electron-optical
index is equal to zero when the particle velocity is equal to zero only.

Now we shall consider the linear potential :

D(z) = O,(1 + =) = Db,7,
A

0

where zo=D/(n?-1).
The characteristic rays of the differential equation for the plane trajectory

2zr" +r' =0,

with sufficient initial conditions

{ r(l) =r, .

r'(ly =z, -r,.
are determined in the following way

'{sm:z{f—l}

o(Z) = 1.

and the Green function

G(T) =27 - 1.

The known motion equation solution

r(z)=r, + 2:0r0’[ I

<
3
ta
(=1
|
1

r

Yy s

r'(z) =

a

L ,7-”0

gives us five non-zero components of the linear t1ansfer matrix R: Ry, R, R». Rss
and  Ris. The transfer matrix determinant is equal to 1/a, that directly follows from
Liouville’s theorem of the phase volume conservation.

The non-zero components of the matrix T:



T,,(z) =% -In(l + %o)a
Tiy(z) = 2(|—+l/’0‘)

The aberration coefficients of matrix U are obtained as an accurate analytical solution
of the motion equation:

Here the direct differentiation condition is executed.

It is useful to introduce the following formula for further computation:

r 1 (T
= [R +U,, ~r0’“]-  where
r' ‘ Ty

R - Rll 1313‘ U _ 0 U1222
- Rll 1122 E 0 U2222 .

This consideration allowed us to perform the series of important assumptions relatively
initial parameters of the formed beam.

The relation between the plasma teraperature, the electrode system geometrical sizes
and efectron-optical index brings up all coordinates of the phase ellipse basic points, the
beam emittance initial value and others. A more sophisticated solution is obtained in
consideration of the square potential of the following type

(D(:):(DO(] £ 53), where

5:%,:() :7\/‘—7——1’»,(n¢1).
0 n —

The sign (i) corresponds to electron acceleration (+) and deceleration (-).

It is not so difficult to obtain the following differential equations for the plane
trajectories

n'+ % n= (1,
if we perform substitutions:
r(Z) = me),
= Sh(E),(+)
z =sin(&),(-).
The linearly independent solutions of the acceleration equation are as follows:
s(2) =z, sin(w—lz Arsh 2,
c(z) = ¢ s(:,% Arsh 7).
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In this case the Green function is equal to:

G*(z,7) = z, sin(J5(Arsh z — Arsh 7)).

Therefore, the obtained first order matrix elements R;; are determined (6 ones).

|
The determinant of the first order transfer matrix R 1s equal to V2n .
The six non-zero (chromatic) elements of the matrix T are considered:

_ sin® ¢
T, (2) = ———2,
an(2) 4z2(1+27)
. - sin { cos
T,,(2) = *‘2'—4—‘_—5‘,
zo(l+27)
_ cos’ &
T, =— 2
25 =

20e § = 4= Arsh Z.

The eight non-zero elements (2 are shown) of the rnatrix U:

+
Lt
“0

e = —;il(\/—z_Siné’ -1, cos¢ -1, siné’)

=0

Here the direct differentiation condition is executed.

= _gi—oz(sin{arctg 7z -1, sin§+13cos§),

The similar calculations may be performed for particle deceleration in the electrostatic

field.

It is useful to introduce the following formula for further computation:

[r,) = [Rt +Us, .(ro2 +r’z, )} : [:OIJ, where
.

Conclusion

R

+

1;2 aUlil = Ui”
RZZ . U?_lll

0

+
UIZII

b
UZZH

|

Thus, we consider that the nonlinear third order beam optics is built in general for
a wide list of different elements of the beam transport channels. Currently a self-
coordinate space charge analysis is performed to integrate it into the considered model.
The construction of the third order beam optics is near completion for toroidal focusing
magnetic lens, too. All of the offered procedures are validated by real systems, full
conformity correspondence with the results of numerical computation is presented.
The simplicity and completeness of the obtained results allow us to perform a
qualitatively comprehensive aberration analysis and obtain important parameters of

projected mountings and beams.
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ADVANCED EQUATIONS FOR INVESTIGATION OF BEAM
ENVELOPE AND EMITTANCE GROWTH

(u. Zuev
D.V.Efremov Scientific Research Institute, St.Petersburg

Emittance growth is an important subject for accelerator dynamics and
beam optics design. Until recently experimental data and computer tracing were
the only tools for emittance growth estimation. Any estimations on the base of
conventional coefficients of spherical aberration neglect space charge redistri-
bution and associated field change [1-3]. Much used now the idea of relating
emittance growth to the expected 1edistribution of the space charge [4-7] and to
beam field energy released in this process allows an asymptotic estimation only
[8]. The actual emittance growth is determined by details of the transition proc-
ess. The simplest model for the transition process is described below.

In the general case a beam of charged parlicles is characlerized by parli-
cle density in the phase space or by distribution function fg(F, ¥,t). Transfer of

mass is handled with the local charge density p(T,t) = gn(f,t) and local average
velocity V referred also to mass-flow or directed one and defined as follows
40
L [vt( w009, nFf)= Ifﬁ(r, 3,09
a.0) 2,
A single particle velocity at the point T is assumed to be a random value
with"the expectation V and specified by the matrix of the second moments or

V(§,t) =

covariance matrix <(i’r - VXV - V)T>. Diagonal terms of the matrix are disper-

sions. Their sum in the case of equilibrium or Maxwellian distribution is related
to temperature as follows:

x=Val\ | (O WP\ | [C2=v2)\ _ 3 KsT

2 2 2 A

For this reason the second order mitrix is often referred as the temperature ten-
sor

A Txx Txy Taz
Tps =; Tyx Tyy Tyz T
T Tzy Tz

_ _ ( p - pXV ) f6(F. V,8) _
Tps = <(VP ~Vp Xvs - Vs )) = :L n(r, t) av,
so the matrix trace is used as a mezsure of the particle heat motion in non-
equilibrium configurations too:

kpTogq =fi1‘£.J= Tx +Tyy +Tzz

m 3 3
Obviously, temperature tensor is involved to the pressure tensor,

P(F,t) = mn(T, £)T,,(F.t), usually resolved into the sum of viscosity stress tensor
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and diagonal one. Relationships between ma:s-flow velocity, charge density and
temperature are known as the equations for' transfer of mass, momentum and
heat, and derived integrating the Boltzmani equation over the velocity space
[9]. Single elements of temperature tensor cin be found from the equations in-
volving the third moments, which in turn include the fourth moments, and so on
indefinitely.

Further charge particle flow is considered neglecting the third moments
of the distribution function and non-diagcnal terms of temperature tensor.
Physical sense of the limitation will discuss later on. Furthermore the flow is as-
sumed to consist of charge particles of an icdeal gas, which interact to one an-
other through common smoothed out electric: field only (any pair collisions are
absent). In this case the equation for internal energy is an equivalent of the en-
tropy conservation law. For these assumptions the set of transport equations for
axisymmetric beam with no magnetic field follows [10]:

Zp +p divV = 0, (1)
dVp _ F_R__l_a(PTRR) Too _Trr dvy _Fp _13pTy) @)03)
dt m p or T r dt m p oz ’
dTgs _ Ve  dTe Ve dTy oV,

R _ o1, o o, R Sz o1, %2 4)(6

dt RR™ar > adt %, dt z=% WO
where Ty is the rms spread in azimuthal velocity, vg = rj—?; Fy = q%?-.
Z

Fp = q%—pr— are the forces from self-consistent electric field with the potential
satisfying Poisson’s equation )
-2
l a[r.@_).'.f_i?._—__p_ (7)
ror\ or iz €0
Substantial derivation along lines of flow in the case of axisymmetric sta-
tionary configuration is %t =Vp %r +V; %‘ The flow lines are governed by

the equation
_V_R_ = Z_Z_ or V = == == =i (8)
dr dz dz Vg
(tangent to the flow line specifies direction of the average speed vector V at the
point of tangency, Fig.1). Notice that the line of flow here is no trace of a single
particle due to heat motion in the beam.

By replacing independent variable, Egs. (1),(4)-(6) can be rewritten in the

form
dp,dr dVy . dT (9)
p r V, I Tpy
dT, d V.
=0 _ _» _d_r' aTz = _22_1.; AdTee = _2gﬂ?_, (10)-(12)
Tee b TH Vz TRR VR
and give along the flow lines the integrals of motion:
Teor? = const. Tz V2, = const. TggV3g = const. (13)-(15)
const. p pVy,
= ; = const. or = const. (16)-(1%)
I'VRVZ ;;T%TRRT” TOOTRR
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To solve Egs. (1)-(7) in the general case one can use the method of series.
Assuming that

VR(I' Z) = § D(z)2n+lrm+1' VZ(I' Z) = § u(z)2n1.2n
n=0 n=0
Fy(r,z) = §0 FR(Z)zmlrzml' Fz(r,z) = Z FZ(Z)znrzn' (18)
Nr, z) = EO ‘D(Z)znrz", p(r, z) = Z p(Z)2n '

Tea(r,2) = £ ale)yur™. Too(r,2)= £ bla)y,r 7 Tr)= § ey

n=0
ag = Tpp(0, 2) = bo = Tee(O z) = T, (0, z),
substituting the series (18) into the >riginal equations and equating terms of the
same power 7', one can obtain an ininite set of the equations with respect to the
expansion factors. The truncated set of the equations:

. F,
pb = ”"‘39-(2‘)1 + ua), \)'1 - __l_w(__lfl__ + b2 3(12 _ ‘)2 _ Zaopz)
Ug Ug\ m Po
F. ' ’
U6 = __1._ __719_-_ CE) — CO Rg.. 4 06 [ .g_a_g_!_)_l.' bb o ZbOD_ 1;_' CE) — 2C0u0 ,
’ 1 ’ ' ' ' i '
p2 S —-—u—--[p2(4l)l + uO) + p0(4l)3 + UZ)"‘ poUz], 02 = - »l—l—a-[ﬁaoua + 40201 + aou2]'
0 0
1 2 2a,p3
. 0'3 = — __’33__ 301,)3 - UZUi _ azP2 + 002p2 '
1
C'z = —‘“"“‘“[ZC( u'2 +2C2(Ul +u6)+U2C6], (19)
o
F ) /
'2 Z _CZ_CZP_Q__CO[DZ B_Z._B.O_J.'.EZ_RO_ !
u0 m Po Po PoPo/ Uo Po
b, = ——1—[2001)3 + 4byvy + bju, |,

Ug
where

, q(Po  m q(Po . q(p2 U .mw Ph
= q®,, Fro =P _or| F, %P0 _@r| F. =9[P2, 2 v _Po||
qd)o 22 2 (80 ) Rl 2 (80 ) R3 4 (80 4 ( 0 80 J)

can be numerically solved for given initial conditions and known axial potential
®o(2).

Adding some restrictions, the set of Eqs.(19)1s possible to be reduced to the two
equations, which describe the lines of flow near axis. For this purpose let rewrite
the flow line equation {8) in the equivalent form

- dVp dVZ
= dt dt
£
and replace all the values by their expansions (18). As a result we obtain the
non-linear equation

r' = Cy(2)r + Cy(z 1’ + C3(2)r® + Cy(2)r’r'+
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Assuming small non-linearity, i.e., being limited within the paraxial approxima-
tion, let approach solution of the equation tiy the sum r ~ ry + r;, where r; is a
solution to the homogeneous equation

1§ + Cy(z)rg + Cyi'z)rg = 0, (20)
and r;, usually named as aberration, is a solution to the perturbed one
1+ Cy(2)n + Cy(2)r] = Cy(2)r3 + Cy(2)rErs. (21)

Let £ be a marker or Lagrangian variable marking initial positions of flow lines
on the phase plane (r, r'). If the initial positions lie on the straight line:

A IO(O) = éRO:
rp(0)=¢&Ry, OSES]Y, (22)
5(0) = 5(0) = 0
(Ry, Ry are constants), then the flow lines due to linearity of Egs. (20)-(21) are
curves of the single-parametric family: )

1(z) = &R(z) + §1(2),
' . 3.1 (23)
r'(z) = ER(z) + £°(2).

Here R(z) is a solution of Eq.(20) with the :nitial conditions (22) at £ =1 and

x(z) is that of Eq.(21). According to the formulae (23), Eq.(20) represents the

beam with geometrically similar flow lines, whereas Eq.(21) describes distortion

of initial beam structure. Among all flow lines specified by the value of £ one

can select the line most remote from the axis at the given point z to treat this
line as the beam envelope R,;:

[ Ry(2) = R(z) + %Y; for R(z) > -3x(z), {24)
2 R%(z Nt :

1R =37 =k for R(z) <-3)(z) R(z)x(z) #* R(z)x(2) (25)

\ R(z)>0 -

The ratio R = -3y indicates origin of so-called fold (in terms of [11]) or agitating
in the flow lines. '

’ As beam accelerated the particle heat spread in longitudinal velocities
decreases according to the integral (14) reprasenting the Liouville theorem. In
slandard ion sources for acceleralors, mass-flow velocily on a plasma emissive
surface ranges up to several volts in energy units [12]. Considering beam after
an extracting optics, when particle energy reaches units or tens keV, one can
neglect the temperature of longitudinal mot.on, put cy(z) = cy(z)=0 in the

model and use for charge-transport velocity the relation V(z) = "_Z_q_ or, z).
m

This relation is extensively exploited in the paraxial optics and valid for rela-
tively slow variation in the beam envelope and axial potential [13]. Notice that
the longitudinal velocity of flow lines will be the same across the beam if only
the external field will compensate exactly repulsion of the space charge p.

To find relations between other expansion factors and beam envelope
for the case with no fold, the integrals (13)-(17), expansions (18), single-
paramelric represenlalion (23) are used omilling % lo the 2nd power and higher
and x adjacent to R. Charge distribution across the beam in the form

59



p(r, z) » py(2) + po(2)r? is easy derivad from the current density

2 4 2
Jolz) = Jo(OzR (o)' J,(2) = J2(OZR (0) 4x(z)J%(O)R (o)'
R*(2) R'(2) R>(z)
presuming the full current constancy
I % 7RE(2)To(2) + Jo(2)RA(2) 2]
(Jo(0), J5(0), R(0) are constant velues defined by initial beam state). Being
equal at the axis, radial and azimuthal temperatures are related to R as follows:

ao(2) = by(:1) = T, (0, Z)——gz")'

where C, = ay(0)R?*(0) = T, (0,0)R*(0) is a constant too. In considered condi-
tions of collisionless rare plasma, beam transport in a transversely limited chan-
nel occurs with momentary losses o:' the particle from the tail of like-Maxwellian
distribution so with forming a limitzd phase volume of beam particles. If radial
temperature tends to zero at the beam edge, then

1{ 0%Tgyg C, 2x(2)
R - e ) 2

The radial distribution of az muthal temperature can be found from the
integral (13) representing the angulir momentum conservation:

TR T

Different effect of aberration y is reguired to point comparing the formulae (26)
and (27). Only vanished yx gives the same radial and azimuthal temperatures.

Based on the established relations Eqs.(20-21) for the envelope first ap-
proximation and aberration can be rewritten in the form:

( =, ~
7 ” C 2
R = - PoR oR | - 2C, 1—_p2R _Ax
20, 40, 40/°R @ R’ Po

1. o e, O, 2u, € u, O, © (28)-29)
. u, © ®
X =—2ix— S0 4+ R 3_ 4uy ;] R2R‘( 2 o 2}
| ug ul ug U ug U ug
R(0) = R,(0), R'(D) = R;(0). x(O) x'(O) 0
G _ %o & R 1K -1 ¢5+
ud 20 u? R 2 &R’ uo 2¢5/2R2 ’
8; _ of . Cp (432 Po ZCJ_ P2 2x PzR
uj 320, 3207°R*\ o0 Po ¢0R“ Po

u _1f G @) pp_ 1 (’Pz 4x) u, pp_3(dp| _ @ 2R
u, 8la?R? @,) po R(R R) u,' pp 4\d,] 20, R
C = JO(O)Rb(O) C - TRR(O~O)R1'2)(O) (0) R2(0) P2 - Jz(O)Rg(O)

Pe2g/m Tt 2mjg 21,(0)
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Fig. 4.4 Fig. 4.5 Fig. 4.6
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Here J,(0) is the initial current dersity on the axis, P,/P, is the input beam
nonuniformity; ¢(0) = k3T, (0,0)/q is the initial temperature of beam on the axis
in energy units.

Beam optics quality is most often evaluated by the change in rms
emittance. Concept of the rms emrittance comes from statistical analysis of the
particle spread in the phase space. When the particle coordinates are consid-
ered as random values and covaricnce matrix is calculated for them, then the
rms emittance is proportional to the square root of the matrix determinant. Be-
ing properly factored, it equals to the area (volume) occupied by the particles in
the phase space. [21].

It can be shown [7] that square of the rms emittance defined as follows

25> -<mg>?

(vBe)’

<I'2 ><V

Efms =
is the sum
Ems = B? +E2,
where E; is the fluid or hydrodynamic part,

B2 - <r? ><V§ >-<rV, >2
2 '
(1Be)
and E; is the heat one in the full sense,
2

2 <r°><T>
. f= — =
(vBe)’
Here <> denotes an average across the beam, 8 is the beam velocity in term of
speed of light ¢, y is the relativistic mass-factor. For a cold beam with no fold
Tre(r) = 0, vg(r) = Vg(r), so emittance is completely determined by the term E,

(see Fig.2). f Vg(r) e r, then E,, = E, (Fig.1). In other words, the value nE,
can be interpreted as an area of a figure fixed on the phase curve of flow lines
Vg (r) (Fig.3). Contour of the figure outlines the actual projection of the particle
phase volume. Under the model assumptions the figure area is conserved, so the
rms emittance heat term can be approximated a(ts)
BX(z) = B2(0)=9\%),
¢(z) = Eg( )d>0(z)
The single-parametric representation of flow lines (23) allows the average
<> to be calculated analytically ind the rms emittance fluid part to be ex-
pressed in the terms of R and y:

(Ry' - Ry)”
E 2 = ——
h :c(a) 72

The factor k(a) closes to unity, being dependent on the radial distribution of the
space charge :
1 ((1 +a? / 4)

3 1+a+a2/4)'

(30)
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where « = 43/R +p,R?/p,. If averaging is taken over current density instead of
density of charge, then « = J,(0)R?(0)/Jo(0) and approximate equality in the
equation (30) becomes the rigorous one.

In the expansion for phase curve of flow lines

r(r) = Vg(r)/Vz(r) = Cyr + Cor” + -
the non-linearity factor C; is possible to relate with the fluid part of rms emit-

tance:
c.R1Y
E2 —x(a)i-—s ) . (31)

Factors of the inverse expansion

1(r) = cr' +car? + -
take the form ¢; = R/R’, ¢; = (xR - x'R)/(R’)*and can be interpreted as the focal
length £, and spherical aberration coefficient C, of an equivalent thin lens [14],

which are calculated now with consideration for internal beam process. By using
those, the relationship (31) is rewritten as follcws

’E?, _ "(0‘) (gﬁ‘_)z

Ly
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(compare with [2]). More rigorous examinatior. of the flow lines phase portrait in
relation to solutions of the advanced envelope equations (28)-(29) confirms the
condition
Ry = Ry, R

as the required one for linear, i.e., non-distortion transfer of the phase volume.
The condition without perturbation, y = ' = 0, is only a particular case.

Evidently, Eq.(28) for the envelope first approximation is the conventional
paraxial equation for the boundary particle trajectory in a cold beam, when the
current density and the longitudinal speed of particles are assumed to be uni-
form across the beam [13]. The microcanonical distribution of particle phase
density [15] has different projections on the planes (r,vg),{r,vg), but exhibits
common radial dependence in azimuthal and riadial temperatures:

Too(r, z) = Tp(r, 2) = T, (0, zXl - rz/Rg(z)).
Substitution of the temperatures into the expansion (19) reduces Eq.(28) to well-
2

known K-V equation in the form of paper [1], because T, (0, z) = . where

_E
2R;(2)
nE is the ellipse area covering K-V distribution on the planes (r,uvg), (r,vg),
(x,0x) or (y,vy).

As stated above, the assumed set of Egs.{1)-(6) eliminates from considera-
tion such phenomena as particle pair collisions, dissipation of energy, heat ex-
change with surroundings and corresponds to an adiabatic plasma transport with
entropy conservation. Pair collisions are of considerable importance in highly
compressed beams (as those in probe devices), in particle flows extending
through dense gas (beam in extracting gap of plasma source, gas neutralizer,
welding equipment, etc.), in long life beams (storage rings). It is because of
typical for other optics insignificant role of the pair collisions that beam distri-
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bution function is highly non-equilibrium: the temperature gradient across the
beam occurs, temperatures of transverse and longitudinal motion are substan-
tially different.

Dissipation is always associated with irreversibility of motion and entropy
growth. So-called viscosity process or intemal friction, described with non-
diagonal elements of temperature tensor occurs only when the substance motion
proceeds along the flow lines with different velocities. In this case there are
moving of the flow parts relative tc each other and interchange energy of the
directed motion by heat migration of beam particles. In other words, viscosity
takes effect of the transfer of the directed motion energy from place with higher
flow velocity to that with lower one and dissipation of the energy into heat, i.e.,
increasing particle speed spread. Flandling of the collisionless dissipation re-
quires the equation for non-diagonal terms of temperature tensor, T'zg = Tgz,
and appropriate additions to be inclided in the model. Analysis of this equation

[10]
dTz, T (aVR avz)
— Al o Rl — 4 — |-
dt ar 0z oz or
near the axis shows that heating of the beam due to internal friction decreases
with increasing speed of particles and is negligible in the quasi-parallel beams
of low temperature. In particular, K-V beam conserves transverse emittance as
long as all beam particies have the same longitudinal velocity.

The entropy conservation 1equires in addition to low viscosity some
conditions for eliminating the heat flow, which are associated with a certain
symmetry in the distribution functio: or, more precisely, with zero third moment
[10,16,17). From this viewpoint the approximation used consisls in replacing ac-
tual speed distribution by a symmeiric one. However, the analysis of full set of
equations points surely that conservation of the distribution symmetry is possi-
ble, if only density of moving particles and their temperature remain properly
coupled all time, as it is in so-called self-model distributions [1,11,15].

On the other hand, it is known [18,19] that entropy growth in adiabatic
flows can result from irreversible losses of the directed motion energy, when the
losses are accompanied by forming surfaces of discontinuity (jump) in tempera-
ture, pressure or density. Such a surface with moment flow through it is usually
referred as a shock wave or shock wave front [20]. The time and place of shock
wave forming can be determined mathematically. Let us consider the flow line
phase portraits shown in Fig.4 Dissimilar speed of phase point motion results in
changing shape of the curve Vi(r). Eventually, the curve can be crooked so

much that it occurs many-valued. It is evident that multivaluedness of the mass-
flow, i.e., average velocity is physically impossible. In reality the mass-flow ve-
locity is a single-valued function o!" distance from the axis with jump at shock
wave. The particle density and temgperature exhibit similar discontinuous.
Obviously, shock wave forming is followed by the fold with typical for it
asymmetry in distribution function iabout local average velocity. For this reason
and requirement to conserve a certain ratio between solution to the first ap-
proximation envelope equation (20) and its perturbation (21), application of the
advanced envelope equations (28)-(29) is limited within the range R > 3}].
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The fold in flow can arise from ordinary, non-singular initial conditions.
Forced elimination of the fold is made difficult by multivaluedness of the flow
line phase curve, then by necessity for selected action on the group of particles
located at the same point of the configuration space. In the absence of electric
field an asymptotical straightening of the fold is possible always and associated
with beam cooling on expanding, i.e., transformation of the particle heat energy
into the work of pressure forces (some examples see [7,11] and Fig.5)

05 45

Fig. 5
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Abstract

This work is a continuation of tlie work [1] devoted to the problem of optical
structure selection for the high solic angle mass—spectrometer. Here we consider
influences of high order (second- and third—orders) aberrations on the achromatism
property, mass— dispersion and resclution in this system. For this purpose the
matrix formalism for Lie algebraic tools is used. Some results of the investigation
are demonstrated.

1. Introduction

The work [1] is devoted to the rangirg problem for linear approximation of the
mass-spectrometer system. This lineir optic investigation allowed us to build a set
of appropriate prototypes of the mass--spectrometers. As mentioned in the [1] for the
high solid angle system it is necessary to study influences of high order aberrations of
different kind. First of all a designer shiould consider high order chromatic aberrations.
This investigation must be developed both for separate system elements and for the
total system. Among the systems studied in the linear approximation we should select
the more appropriate system — the system with the least high order aberrations. The
geometric aberrations in such systems :are not essential so that is why should be studied
on the second step.

2. Formulation of the Problem

As distinct from the linear modeling here the main criterion is the size and distribution
of the beam spots on the detector. For this purpose some model functions of particle
distribution on the target are generated. For obviousness here we consider two masses
beam with masses M and M+AM, ém := AM/M=0.01. The value of the mass-resolution
R=M/dM must be equal to 100 on the half of the maximal height of the central (which
corresponds to the mass M) pick (see Fig.1l in the Appenai){). “On this picture " the
values L and L + AL correspond to the locations of the beam spots for particles with the
mass M and M+AM correspondingly. The value dL corresponds to a mass derivation dM
in the resolution R definition. Simultaieously we monitor other properties, for example,

"'Work supported by the Russian Foundation for Basic Research (grants No 96-02-17335, No 96-01-
00926).
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focusing properties. We should note that these criteria and high solid angle acceptance
~ condition should be considered as goal functioas for the modeling and optimization
process. Different kinds of aberrations in the mass-spectrometer must be considered
thoroughly, and a designer should separate ab:rrations into groups of essential and
unessential aberrations. As a support system w: consider the linear model mentioned
in [1].

The selection of the set of focusing and deflecting elements, their forces and
geometrical parameters depend on properties of particles of the initial beam, among
them we should mention the following parameters: central energy and energy spread
(or central impulse and impulse spread), central mass and mass spread, central charge
and charge spread. The other set of particles parameters envelopes such parameters
as magnetic and electric rigidities. These parameters are important for estimation
of capabilities of the mass—spectrometer to work in the given reaction region. The
estimations of these parameters can be obtained from the works similar to [2]. Total
modelling process we separate into the following steps:

o creation of achromatic linear structure for scme variants of focusing and deflecting
elements;

o investigation of the stability and sensitivity selected variants (for linear model);

o inclusion and investigation of linear aberrations, such as fringing fields, displace-
ment of the structure elements (in transverse and longitudinal directions) and so
on;

o step—by-step inclusion of high order aberrations: on the first step for a separate
element and than for the total system;

o conclusion about an influence of these aberraions on optical beam characteristics,
first resolution and sizes of a beam image;

o inclusion of correction elements, for example sextupole lenses for compensating of
chromatic aberrations;

o optimization procedure for achievement of required characteristics.

In this report we monitor distribution functions for the terminal beam spot for different
combinations of aberrations in the mass-spectrometer elements for the generated
parameters set for the linear models.

3. Chromatic Aberrations in the Quadrupole and
Solenoids

Fig.1 demonstrates the beam envelope along t.1e system in X- and Y- planes, the
image for two mass values (ém = 0.01) (the down and left picture) and corresponding
picks for distribution functions (the down and right picture) for one of the linear models
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as a support picture. We study nonlinear aberrations for separate structure elements
for detection what kind of aberrations and what kind of elements produce a greatest
contribution to beam distortions. After this the common contribution is investigated
also. The nature of chromatic aberrations in solenoids and quadrupoles allows us to
investigate this kind of aberrations in all orders.  On Fig.2, as an example, the
influence of chromatic aberrations (in all order) in the solenoids and the quadrupole
is shown. The separate influence of chromatic aberrations in the quadrupole is not
significant. One can see a small shift the pick for M + AM, AM = 0.01.

4. Second Order Aberrations

On the first step of the investigation we consider the influence of the second order
aberrations (geometrical and chromatic) separately for every structure element and
compare their influences. The geomerrical and chromatic aberrations of the second
order in the electrostatic deflector (ED) lead to the shift of the picks from the center.
On Fig.3 one can see this shifting for some example of parameters. In particular,
geometrical aberrations lead to the ;hift of the central pick equal to 7.2 mm and
chromatic aberrations lead to the same shift and distortion of the first and second picks
widths approximately up to three times (see Fig.5). On Fig.4 the influences of
the geometrical and chromatic aberrations in the bending magnets are demonstrated,
without aberrations induced by the ED. Separately these types of aberrations lead to
the following distortions (in comparisoa with Fig.1):

o for geometrical aberrations: the central pick is the same and the neighboring pick
width grows two times.

o for chromatic aberrations: the growth of both the picks widths has the factor 3/2
(see Fig.6).

All aberrations influences without chromatic aberrations in magnetic and electric dipoles
are shown on Fig.7, and with chromatic aberrations in magnetic and electric dipoles are
shown on Fig.8.

These pictures in the full measure demonstrate the influence of second order
aberrations in the mass—spectrometer. Certainly it is necessary to study these influences
in more detail for some selected varian:s of the system.

5. Third Order Aberrations

Third order aberrations should be separated into two parts:

o Geometrical aberrations in focusing elements (in the solenoids and the quadru-

pole). Only chromatic aberrations induced by these elements we investigate in all
orders (see Section 3).

o Chromatic and geometric aberrations in deflecting elements: electrostatic and
magnetic elements.
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In particular, geometrical aberrations of the third order in the solenoids lead to the
growth of the first pick width 1.2 tiries. For the quadrupole geometrical aberrations
the first pick has the same width bu: the second pick width has the factor 1.1 (see
Figures 9,10).
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X=2%

Figure S Figure 6
] i ; :
, .
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*x=-28 nn
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x=25 1n
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6. Conclusion

The developed calculations demonstrate that the chromatic aberrations exert greater
influence upon the terminal distribution function in comparison with the geometrical
aberrations. This allows us to declare that only chromatic aberrations should be
compensated. In particular, for example, we can 1ote that such system should contain
sextupoles for correction chromatic aberrations in the bends (for example, after the first
bend and before the second).
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One Variational Method for Solution of Magnetostatic Problems
M.V. Aljeshin

Moscow State Technical (Bauman) Untversity, Russia

The Formulation of ’roblem and Estimate

of Error of Its Approximate Solution

Investigated physical system — ferromagnetic in the field of the coil with current.
Magnetic occupies the domain of space D, the magnet wire of coil - D’, the density of
current ; The system equation is presented in integral form

- - 1 1

A7)+ V(g [0IE, A - V) g 47) = B()
D

where H — the strength of magnetic fie d, M - the magnetization of magnetic and right

t H(7) =[V x _*—/"T.‘
par {(7) = 47rD, |7 — 7|

7(7')d7"]. Here as a variable is considered H, function

M(ﬁ) and the density of current ; are believed known.

In-order to define field outside the magnetic, it’s enough to solve the system equation inside
domain D. The solution maybe is found on space I-:z(D) of square-integrated measurable
on D vector-functions. Confining to this space,  we shall write down the equation in operato-
rial type H+ JJ\;I(I;) = IETS‘ It admits the estimate of the error of any its approximate
solution without the precise value of H. This estimate permits to denote the method of
the solution of the investigated problem possessing stop-criterion of computations.

We shall begin with the properties of operator J. On I':-g(D) it 1s continuous and seif-
adjoint. For finite D with Lipschitz boundaries the range of values of J is V= §[W21 (D)].
Here W} (D) — the space that is measurable on D functions which are square-integrated ~ together
with its weak derivatives. The contraction J.Lf/‘ 1s positive definite. The substantiation of
all the above-mentioned properties may be found in [1].

We shall exclude out of consideration infinite magnetics and magnetics with bound-
aries, not satisfying the Lipschitz condition. Such pace permits to introduce orthogonal
projector P from I-:z(D) on V and operator K, inverse J.U?. Making up of them non-linear

o -

operator R(H) = M(ﬁ - f:’fs) + PM(H), we shall present the investigated problem by the
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system of equations (1 — P)(I? - ﬁ;) =0, R(ﬁ ) = 0. Obviously R has positive definite
on V strong derivative. Just this circumstance makes possible the potential estimate of
the error of the approximate solution of the problem [2]. It defines as well the existence
of sole exact solution.

We shall pass on to real situation when all physical magnitudes are known with finite pre-

cisions. Obtained in an outcome of measurements the current density will be designated

- - . 4 - hy-d - . 1 1 * - * . -
7+ 63. It originates H,(7") + 8H, () = [Vx Z;fm (7Y + 65(7")) di"']. As an ap-

proximation of the strength of field inside D we shall choose H+8H - an arbitrary element
of I-:g(D). The approximation of magnetization replying this element, will be designated
M + 51\2. Its association with H + 8H shall be specified below. Then the ﬁeld strength outside

domain D is H,(7) + 6H,(7) + 6(11; Sy + 883(FY) - ¥) s dY'. s ervor in

7 =71

any point 7 does not exceed as to absolute value

S e 0T o+ MDY + 8701 = ED) + 19 o fr = 87(7) a7l

|7 =7

(the symbols of norm and further scalar product 1elate to Lz(D)). Thus, it is necessary

to evaluate ||(M + 6M)[H + 6H] — M(H)|.

-

If for 7 + 85 to retain the property of a current freservation, then [‘7x(ﬁs + 51;5)] =0
on D. Respectively (1 — P)(I;Ts + 61175) = 0 [3] and having required (1 — P)(fi.' + 6ﬁ) =0,
it may be introduced as an approximation of the operatorr R

(R+6R)(H + 6H) = K(H + 6H — H, — ¢H,) + P(M + 6M)[H + 6H].
Admitting onward into attention equality R(ﬁ ) = 0, we shall receive

(R+68R)(H + 6H) = K(8H — 6H, + P((M + $M)[H + 6H) — M(H)).
Such form of operator prompts representation

(M + 86M)[H + 8H]— M(H) = (M + $M)[H + 8H] — M(H + §H)) +

+(M(H +6H) — M(H + 6H — 6H,)) + (M(H +6H — 6H,) — M(H)).
The first two residuals in the right part of this idertity from H do not depend. In order
to estimate the third residual, take advantage of relation (1 — P)(éf; - 5ﬁ,) =0 and
I6H — 8H.|°< (6H ~ 8H,, K(6H — 6H.)) [1].
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According to the properties of Lebesque integral [4] and positive perceptibility —of

magnetic (the maximal value of perceptisility is designated V),
1

- -+ - -+ - e d - - 6 -+ - d e d
\M(H + 68 — 8H,) — M(H)|| =l / (8H — 8H) - —)M(H + (8 — §1.)) di]| <
0
1 ) -
< [N6H = 68, - “Z)M(H + (65 - sH,))|| d <
J oH
1
< fﬂ/?/(aff — 6H,, (6H - 81,) - ;—ﬁ)ﬁ(ﬁ +t(6H — 6H,)))%dt <
0
1
< 5M2(8H ~ 8H,, [ (6H — 63,) - %)M(ﬁ +t(6H — 8H,)) dt)/? =

0

= pV/%(§H — §H,, M'H + 6H — §H,) — M(H))'/? <
< (68 - 8H,, K(6H — 86H,) + P(M(H + 6H — 6H,) — M(H)))/||6H — §H,| <
< E((R+6R)(H + 8H)|| + |(M + SM)[H + 6H) —~ M(H + 6H)|| +
+ | M(H + 68 - 6H,) — M(H + sH)|)) <
< E(|(R + SRY(H + sH)|| + (M + 6M)[H + 6H] — M(H + 6H)|| + p||6H,])).
Here £ — is constant satisfying the inequality
V2€ < (|6H — 6H,||/(6H - 6H,, M(H + 6H — 8H,) — M(H))"*+
+ (8H — 6H,, M(H + 67 — 6H,) — M(H)Y?/||6H — 8H.]| .
Because the right part of the inequality is rot less than 2, then £ = p'/2]2. As a result
(M + 6M)[H + 58] - M(T)| < (/2R + 6R)(H + 8H)|| +
+(1+ 02 2)(M + SM)([H + 6H] — M(H + $H)|| + (7 + 5*2J2) |6 H.|| .

Discretization of Problem

Received estimate permits to transiorm the solution of magnetostatic problem in dig-
ital procedure minimizing this estimate. The real implementation of such procedure as-
sumes discretization of the problem. W= take advantage of the certain variant of piecewise-
constant discretization. Volume of the magnetic will be approached by polyhedron which,
in its turn, will be parted on terahedrons. The characteristic functions of the tetra-

hadrons will be designated ;.  The strength of magnetic field suitable to search in the
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form H + 6H = H, + 6H, + J&n; with constant - &} (on repeated indices summing is con-
ducted). Chosen form H + 6H simplifies construction (R+ JR)(PT + 6}?), but makes
difficult the magnetization computing. Therefore we shall introduce G = <H + §H> —either
approximaﬁon H+8H , constant inside the tetrahedrons. To namely this approximation
will match also piecewise-constant (M + 61@)[1; +6H] = AZ(G-.) + 61|2(é) = Sin.

After the above-made improvements we have

(R+ SR)(H + 6H) = KJZn + P&y = P(G + §))m,
(7 + SAD)[H + 68] — M(H + 6H)|| < ||M(G) = M(H + $H)|| + |16M ()| <
< D\ H: 4 6H, — <H. + 8H,>|| +5||Jén, = <J&m>|| + |sM(G)],
(M + SM)[H + 8H) — M(B)|| < (1 + 0/2/2)(p||H, + 6H, — <H, + 6H,>|| +
+ 1M +2I8H ) + 22| PE + S)ml| + (5 + 5°72/2)| Jém — <IEmi>]|

Values "M;I“, 17”5[?; || are depehdent on the precision of the measurements of current
and magnetization. They dictate requirements for a smallness of the remaining addends
of the right side of last inequality. Rather fine initial partition of D permits to satisfy
this requirement in respect to ﬂllﬁs + 51‘}, <I}, + 5I§s>||. The further procedure is re-
duced to a construction {&} for initial and fineer partitions of the magnetic. According
to positive definiteness JJ,17 , the purpose of similar ~ procedure  may be to elect diminu-
tion ®{&} = || JY4E + &)n|| + 2| J&n — <JEn>>||- Advantages of this functional will be

e;(plicit below.
Algorithm of Solution
Let & — & + d¢.. Such substitution leads to
AITYE + 5l = (G + Fam, Td(E + 51TV + Sl =
= ((& + S)m, J(d&m + &m0, (Evm, J o)) NIT3(E + 55 )mp l,
d({| J&m — <Jem>|) = (JSm, (JdEim; — <JdEm,>)) N J&me — <J&ime >|| .
Here 6], is the magnetic perceptability depending on G. Direction of the quickest de-

crease of {¢;} can be defined by the equations d¢; == — (& + §}) dt under conditions dt>0

d d, -
and — a(" JVAHE 4 soml) > E(V fJém — < J&n>))) (t — arbitrary parameter). In order
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the equations make sense on the finite interval of variations ¢, we shall add their require-
ment — ——(|| JVE + §)m) > 10 d ( | 7&ni — <J&n>||) in initial moment t=0. To
This requirement may be satlsfled, 1f approximation < Jé&n, > will correspond to a finer
partition of D, than {&}.
For construction &(t) the differentiul equations it is convenient. to transform in integral
t

&(t) =3d(0) et - /é'i(t)'e“("“")dt'. Lz st equations belong to Volterra type and are solved
)

3% (t') e—(t-t')dt!,

T

by iterative procedure: &V (t) = &(0)e™*, 2"V (t) = &(0) e —

c\ﬂ

where 5)p, = M(é(")) + 61\2(5(")), G =< H, + §H, + J"(") ;>.  The convergence

of this procedure is specified by easily receivable estimate
t

t
Jie= 0 - e oyniar < Lot v [ [15Onpar <
D D

K.
0

< (327 k) (PPt e [ 28) /dt'e"m z')/| O, |2dr.

The second inequality is explained by Stlrlmg formula [5]

By now the suggested  algorithm of the solution of the magnetostatic problem may be
described  on the whole. As already was said, initial partition of the magnetic is chosen
so, that piecewise-constant approximation of the current field H, + 6H, is rather exact.
On this approximation the magnetiza:ion of the magnetic is defined and its value in each
subregion of the partition is identifiec with (—¢;). Thereby, we get initial field H +6H,
and with it G, {§,} and ®. The case of small value ® shall be considered below. If
is large, then 1t is necessary to construct new {&}.

We shall clear up in the beginnfng whether the entry condition is fulfilled

~ LU + 50 1) 2 10 @ an — <En>).
Its non-observance compels to pass to a fineer partition of the magnetic. By a sequential
choice we shall discover a partition, for which the entry condition is performed. To it
are matched their own {§;}. Further from the integral equations, & ) is found and from
functional equation ;ld—t(“ J73ED 4 Oy - (L/”J"(l) ~ <J&Wn>|) its nearest
to zero root ty is found. If ¢; will turn out to be more or comparable with 1/, then

2(2)

we shall pass on to ¢;'*’ and shall continue procedure. Otherwise for new value & we shall

admit & )(tl). On step & we will solve the equation
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d (K (K d _ e d {5
7@ + 5l = - ZENIEn <188 n>1)

and compare its root t, with (k/5?)'/2.

The search for roots can be finished befors @ will i1s found to be enough
small. Then we shall pass to a fineer partition of D having restored the entry condi-
tion — -;—t-(ujl/z(é’l + s)n|) > 10%(17" J&n; <J6:,17,~$||). At such passage a variation of
the functional ®'{&;} — ®{&} does not exceed on an absolute value

N2 m, = Sam)|| + 2| Jém — <JEn>'|| — pl|J&m — <J&mi>|| <
<& n = &nll + 2l Jém — <Tén>'| = vl Jém — <J&n>|| <
< pll<Jm>" — <J&n>|| + o\ JEn — <JEn S| — Pl J&mi — <JEni>|| <
< 20|\ JEmi— < JEn>||

(the prime marks magnitudes, concerning  a new »dartition). As a result it may be attained
that |®'{c,} — ®{c.}| has not exceed one tenth of the functional variation at expense of
the previous optimization {¢;}. Further everything continues as it is described above.

Eventually ||JY%(& + &)ni|| 4+ 2|} J&m — <J&n:>]] will become so small, as far as it
is necessary. But we have [|JY(Z + &)n || < | P(E + )| [3], therefore one needs sepa-
rate research || P(& + §;)n;||. This magnitude coincides with a minimum of the functional
(& + 8 ?=2(C + §)n, ) +||-11*)/? on orthogonal complement of V and with a max-
imum (2((¢ + §)m, J(& + ) + ) WI(E + 5)mi 4 - "2)1/2 on the gradients of harmonic
functions from W}(D) (the range of values of P -- J is the space of similar gradients
[3]). Any element of the orthogonal complement of 1% can be approached by piecewise-
polynomial vectors, any harmonic function from WD) ‘Za potential of a simple layer
with a piecewise-constant density [6]. These circumstances permit to construct upper and
lower evaluations of || P(& 4 §3)n.||, the residual of which can be madc small as is wished.
The computations stop, as soon as the upper evaluation becomes less admissible error. If
in any moment the lower evaluation exceeds an admissible error, it is necessary to come
back to minimising || JY3(& + &)n. || + 2||Jém — <.Jén.>||. Thus, from a practical point
of view the advantage of the explained method is the availability of the stop-criterion of

computations.
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- CHANGE OF FIELD DISTRIBUTION
FOR THE SPECTROMETRIC SP-40A MAGNET *)

S. V Andreev, V.A. Panacik, E.E. Perepelkin, R.V. Polyakova, T.V. Shavrina,
I.P. Yudin, E.P. Zhidkov.

Joint Institute for Nuclear Research, 141980 Dubna, Moscow region, Russia
E-mail: mag@cv jinr.ru

A significance of the numerical modeling for research in magnet systems is defined by the
known advantages of computational experiment and the fact, that a measurement of magnet field
is a laborious and expensive problem. Therefore, sornetimes one has to use the magnet field
measured in one working mode of the phys1cal setup for other working modes, accordingly,
having recalculated it.

In this paper a problem of recalculatlon of the SP-40 magnet field of the EXCHARM
spectrometer [1] in another working mode is considered. The field distributions for these working
modes are received by computation. At that the experimental data are available for the first of
them. It is carried out a comparison of the computed distribution with the experimentally
measured ones which turned out to be satisfactorv. From the comparison of these two
distributions, an algorithm of the recalculation of the field distribution from the mode of the
known experimental data to another mode, is received. The magnet field maps are composed for
two modes of the EXCHARM experiment. One of them is the mode of measurements for the field
B, = 078407 in the center and the other is one ( session N 10, 1995 ) for the field in the center,

which is equal to 0.85 of the magnitude B, = 078407 . The results of this paper are aimed to

process of the experimental physical information having received in the session N 10 of the
EXCHARM experiment.

1. Field distribution for first work mode

The SP-40A magnet field measurements of the EXCHARM spectrometer [2] carried out
in March 1996 [3] have been processed and used for the receiving of the magnet field map. This
map is applicable for the experimental physical information processing at present and in the
sessions of the EXCHARM experiment carried out before. Two work modes of the spectrometer
magnet are interesting at present. Namely, the mode with the field B, = 7840/¢c , in the center of
magnet, is the 1-st mode, and it is the mode of measurements. The graphs of the components
B_,B, and B._ of the measured magnet field are presented in [3]. And the 2-nd mode is one with

the field B, = 6664[c, that is equal to 85 % of the first value.

The numerical modeling of the SP-40A magnet of the spectrometer (the configuration of
the 1/4 part is given on fig.1) was performed by the CPMMS-v.1.1 complex of programs [4],
including such programs as POISCR [5] for numerical modeling of two-dimensional magnetic
fields, and other codes for solving of the Poisson equatidn ( of Laplace equation ) in two- and
three-dimensional cases. Besides, the CPMMS-v.1.1 complex of programms includes as a

*) Work supported by the Russian Foundation of Basic Research (grants no.95-01-00737a and
n0.95-01-01467a) and supported in part by the Federal Centre *‘Integration’” (project no.K0085).
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constituent part the data base of the configurations of magnet systems for graphic examination of
obtained numerical results that makes considerably easier and accelerates the process of selecting
configurations of the magnet system for its technical realization.

Let us designate the components of the measured field as Bff)(x, ¥, z) , Bf) (x, ¥, z) and

B (x, y,z) where the field in the center of magnet is B, = 078407 . The results of the field
calculation are presented in fig.2 (B, component ) and in fig.3 (B, component ) depending on x
at z=0 and y = 20cm and y = 24cm, where inhomogeneity of the field look especially greatly.
The field is more homogeneous for y < 20cm .

Let us designate the computational values corresponding to the first work mode, as N1 and
B B and also the field in the center as B) ,. Here B\ = B\,

In fig.4 these computational curves are compared with experimental values ( they are
labelled by thick points ) in the characteristic region of the magnet field. Analyzing the
computational and measured fields, one may say about a good consent of the computational
model of the field with experimental data.

2. The field distribution in the second work mode

The problem of using the obtained map of the measured field for physical data processing
in other sessions of the experiment EXCHARM, where winding current differed from its value in
carrying out measurements [2], is topical.

Let us investigate a mode with the field in the center of the magnet

B = a5 (1)
where a = (.85 in our case.The received calculation values of the magnetic field components for -
this mode are designated as B\”'(x, y,z) and B(x,y,z). Further, the differences are determined

as
(2)

The graphs of these values are given in fig.5.

3. The field map for the second work mode

For experimental physical data processing received under the conditions of the second
work mode, one can suggest the following computed map of the magnet field:

B(x.3.2) = 8B, (x.3.2) v - B (x..2)

, 3
B_‘,(x,y, z)= AB (x,y,z)+a- B_E_“”(x, ,2) )

where a = 083, and AB, (x, V. z) and Ab’_‘,(x, y,z) are determined from ( 2).
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The computed map lets to use measured magnet field,and also take into account nonlinear

effects of the

real magnet field.
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4. The precision condition () =0

It should be noted, that the last version of tte CPMMS-v.1.1 complex of programs (4]
includes an algorithm for studying the magnetic fie d behavior at infinity. It has considerably
expanded the region of the application of this program.

In the process of the numerical calculations of the SP-40A magnet field the
complementary monitoring of the approximation accuracyof the u() = 0 condition is performed
on the base of methods, using by anology with [6], an extrapolation according to the parameter
R, where

R=max(1,,1,) (4)
and /_ and /, are the lengths of the sides of rectargle limitting computative region €. It is
supposed, that the error of the approximation of the boundary condition () =0 can be
expanded in a series by power of parameter R™'. For the considered task the following algorithm
was used. The boundary value problems are solved for the sequence of widenned regions
Q,, k=1,.,M, having in pairs different values R, from Eq.( 4 ). Then the values of uk(p)

solutions ( at various K ) are compared in the check points P of the computative region Q. If for
this chosen € > 0, the condition

““k(p) - uk+1(p)“ <e, peQ (5)
is fulfilled, we suppose that condition u(&) , where & belongs to the boundary of the computative
region, will satisfactorily approximate the boundary ccndition u(ec) = 0. If one apriori supposes

that there is a the regular expansion in series by power of parameter R™ for the approximation
error of the condition on infinity:

uR(p): u(p)+éy~g(p)+O(R‘9), B>y ?0 (6)

where u(p) 1s the exact solution of the Poisson equation, and a function g(p)does not depend on

R, then one can exclude the second term in Eq.( 6 ) by means of extrapolation. For this purpose
we will define numbers v,, 7y, from the system of equations

Y, +v,=1, y,R"+vy,R; =0, R #R, (7)
where R,, R, correspond to two various computative r2gions. Then the linear combination

’7(1)) =Y Uy, (P) TV U, (p) (8)
satisfies the estimation

Jilp)-7i(p) < O(R?) (9)

i.e. approaches the condition u(e0) = 0 with a high accuracy then each of u, and u, .

Using the described numerical algorithm, the configuration of the magnet SP-40A was
calculated for two radiuses R, and R,, parameter v wes taken equal to 2.

The solution ( the magnitude of potential u(p) wvas founded by using formula ( 8 ). That
gave us a more exact coincidence with the experimental values of the magnet field.
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5. Conclusions

. The behavior of magnet SP-40A field for two work modes of spectrometer EXCHARM is
investigated by using the complex of programs for the calculation of the magnet systems
(CPMMS - v1.1).

. The good consent of our computational model with the available experimental data has been
received.

. The magnet field map is suggested fcr experimental physical data processing that in the
conditions of the second work mode of the SP-40A magnet of spectrometer EXCHARM (for
session N 10 ).
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Calculation of Planar Systems for Proton Beam Transportation to the Patient

MM. Kats , | K.K. Onosovsky |

Institute of Theoretical and Experimente] Physics, Moscow, Russia.

The system for transportation of a beam used for proton therapy is suggested.
In this system a prone patient is placed perpendicularly to the beam axis. The beam is
bent and focused in the vertical plane in such a way that makes possible patient
irradiation from any direction. Three versions of such a system are discussed. All of
them give the opportunity to transport protons with energy up to 250 MeV and R*R’.
up to 10 mm*mrad to targets with linear size it the interval between 10 and 300 mm.
As compared to systems described in this paper have smaller weight of movable
equipment, occupy less space and consume less power.

It is know that for successful application of proton beam therapy it is necessary to
have the system for the proton beam transportztion from the accelerator to the lying
patient witch permit target irradiation from var ous direction. These systems have to
transport proton beams with energies from various 70 to 250 MeV and transversal
phase volume characteristic. for the slow extraction of the beam from the proton
synchrotron [1]. At the same time they have to provide active formation of necessary
dose fields using three-designed and introduced into medial practice [2,3]. However
these systems have some features that put obstacles into the way of wide introduction
into medical practice. These features are their tize ( 5 x 13 x 13 m ), weight of the
movable equipment ( up to 90 tons ) and necessary electric power ( the field of 15
kGs turns the beam to the angle of 360 degrees at the magnet crossOsection of abdut
50 x S0 mm ).

Trying to solve this problem, we have sirice 1993 designed several versions of
the PLANE GANTRY [4,5,6,7]. In the traditional systems the patient is placed along
the proton beam axis (towards the center of the iitadiate target ) by the magnet system
placed on the rotating platform ( Figure la ) We proposed to place the patient
perpendicularly to the beam axis and to turn anc focus the beam in the vertical plane
(Figure 1b). We used a vertical concrete wall as a main constructive supporting
element. We used beam focusing by the quadrupole’s lenses to diminish magnet field
volume and to provide necessary beam size on the target. We supposed that for target
irradiation from various directions it is possible t> rotate the table with patient around
the vertical axis to 180 degrees. We supposed that active scanning of the long targets
can be provided in the pane of beam turns by on= scanning magnet, along the patient
axis — by the show (about 1 cm/s ) movement of the procedure table and in the depth —
by the corresponding alteration of proton of proton energy and by using filters.

All the versions of PLANE GANTRY de:cribed here are preliminary. All the
versions were calculated by using programs TRANPORT [8] and REVMOC [9] to let
through the proton beam with energy up to 250 MeV and transversal half-size up to
X*X’=Y*Y’=2mm*SmR and dP/P=0.1%.

In the paper [6] the version of PLANE GANTRY was described in witch only
part of the magnet equipment is movable and the procedure table with the patient is
stationary ( Figure 2 ). In this version the proton beam is first transported through one
of the nine stationary magnetic channels. The platform with movable magnets moves
along the rails placed on the vertical wall. Beam direction is defined by its turns in the
last stationary and the last movable magnets. It is supposed that the proton beam was
focused in the initial point 1. Then stationary quadrupole lenses refocus it into the
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center of the stationary bending magnets ( in this way small cross-section of the beam
in these magnets and thus small size, ‘w¥eight and consumed power are provided). The
scanning magnet, two quadrupole lenses and the last magnet with enlarged cross-
section are placed on the trolley. In comparison with traditional systems this system
takes up less space in the building. The system needs less electric power (bending
angles are up 200 degree at magnet :ross-section of 20 x 80 mm ). The weight of
movable magnetic equipment is small enough — of about 3 tons.

It is worth noting two significant medical advantages of this system. Medical
personnel is able to reach the lying patient from every side right before and after
irradiation. Thus it is possible to thin< about partial combination of functions of the
operation and the procedure tables. Beside there is a possibility to irradiate the patient
from the directions not lying in the plane perpendicular to the patient axis by using
table rotation in horizontal plane. This may permit to wide the possibilities of the
proton therapy usage.

- In the paper [7] the sample version of PLANET GANTY is described in which
all magnetic equipment is stationary and only the table with patient and
accompanying medical equipment are movable ( Figure 3. ). The necessity to move
the table is a significant and obvious defect of such construction. This system may
however be useful if there is few rcom or the height of the building is less than
necessary because this system has re atively small size ( 3 x 7 x 8 m ). It is worth
noting that movable table was used before ( PSI ) and is sometimes considerate in
designing such systems [3].

The compromise version of PL ANET GANRTY is shown in Figure 4. Init
all magnetic equipment is stationary, the system takes up few space and electric
power and small weight. The necessi'y to move the table with the patient a little
(with the platform for the medical personnel and accompanying medical equipment )
doesn’t interfere much with the mecical work. Its construction resembles the one
shown in Figure 2. Nine magnetic channels are placed on the vertical wall and they
work one at a time. Each channel can transport the beam to the target in the limits of
its direction interval ( 30 degrees ) using beam turn in the last magnet and the
corresponding shift of the procedure table axis in the vertical plane. ( This shift
doesn’t exceed 70 cm. ) As the platform moves together with the table axis medical
personnel has circular access to the patient at all irradiation direction. In this version
there is also a possibility to irradiate *he patient from the directions not laying in the
plane perpendicular to the patient axic. For the irradiation from the lower hemisphere
the platform has a slot witch is openec only in time of irradiation. The cross-section of
the stationary bending magnets gap is 20 x 80 mm, maximum beam turn angle is 200
degrees maximum magnetic field 15 15 kGs. Stationary quadrupole lenses with
product of aperture diameter to the lens length d x 1 of 60 x 300 mm are used in
stationary magnetic channels. The totil weight of movable equipment doesn’t exceed
500 kg. The place necessary for the ragnetic equipment is 1 x 15 m at a height of 14
m and beside it is necessary to have 5 x 5 x 6 m for the procedure table, medical
equipment and medical personnel.

It seems to us that in designing new medical centers for proton therapy it is
useful to consider the systems like PLANET GANTRY along with traditional systems
for beam transportation.

The authors are grateful to V.S. Khoroshkov, V.M. Breev, L.L. Goldin for
useful discussion of this paper.

K.K. Onosovsky died in 1995 He was the leader of the ITEP proton
synchrotron. He was the inventor of H- accelerator in medical purpose. PLANE

GANTRY is his last work.
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a Usual GANTRY

b Planea: GANTRY

¢ Planar GANTRY with movable patient

Figure 1
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Figure 1a. The layout of the beam transportation in usual GANTRY
l. Direction of the proton beam.

2. Magnets.

3. Rotated frame.

4. Direction of the beam transportatior..

5. The procedure table with the patient

Figure 1b. The layout of the beam transportation in the PLANAR GANTRY
1. Direction of the proton beam.

2. Magnets.

3. Vertical wall.

4. Directions of the beam transportation and working magnet channel.

5. The procedure table with the patient

Figure 1c. The layout of the beam transportation in the PLANAR GANTRY
with movable patient

1. Direction of the proton beam.

2. Magnets.

3. Vertical wall.

4, Directions of the beam transportatio 1 and working magnet channel.

5. The procedure table with the patient.

Figure 2. The layout of the PLANAR GANTRY with partially movable magnetic
equipment

1. The point of focusing of the proton team.

2. The magnets bending the beam by the angles up to 30 degrees.

3. Quadrupole lenses.

4. The magnet with the bending angle of 45 degrees.

5. The magnet with the bending angle of 90 degrees.

6. The magnet with the bending angle of 30 degrees.

7. The magnet with the bending angle of 120 degrees.

8. The last stationary magnet with bend angle less than 12 degrees.

9. The rails along which the platform moves.

10. The vertical wall to which all magnets and rails are attached.

I'1. The platform that can be fixed with the step of 30 degrees moving along the circular
rails.

I 1a. The frame that can turn by the angles up to |5 degrees with respect to the platform
12. Movable magnetic equipment: the scanning magnet, two quadrupole lenses with
enlarged cross-section and the magnet t1at bends the beam by the angles up to 25 degrees.
13. Procedure table with the patient.

14. The mechanism of the axial shift of *he procedure table.

15. Medical personnel.

16. The platform for the medical personnel.

17. The irradiated target.

Figure 3. The layout of the PLANET GANTRY with minimum size and movable
procedure table.

1. The point of focusing of the proton Heam.

2. The scanning magnet.

3. Quadrupole magnet.
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12.
13.

The distributing magnet bending the beam by the angle up to 25 degrees.
C-shaped magnets with the winding pole : in 2ach of them the beam is bent by the
angle up to 25 degrees.

Radiation protection around the insallation.

The procedure table.

The patient.

The platform for the medical personnel witch is moved to the necessary position
with the procedure table. ‘

. The rails attached to the vertical wall.
. Plane vacuum camber in which proton beam is transported after its the magnets by

the necessary angle.
The mechanism of the axial shift of the procedure table.

Medical equipment.

Figure 4. The layout of the PLANET GANTRY with stationary magnetic equipment
and slightly movable procedure table.

NN bW =

—_— et e A\
W N — O

14.
15.
16.
17.
18.
19.

20.

The point of focusing of the proton beam/

The distribution magnet bending the beam by the angles to 30 degees.
Quadropole leses.

The magnet with bending angles of 45 degrecs.

The magnet with bending angles of 30 degrees.

The magnet with bending angles of 90 degrees.

The magnet with bending angles of 120 degrees.

The scanning magnet.

The quadropole lens with enlarged cross-sect on. )

. The quadropole lens with enlarged cross-sect on.

. The magnet with the bending angle of 15 degrees.

. Beam monitor.

. The platform for the medical personnel witch is shift together with the procedure

table. During the irradiation from below a slit is open in the platform.

Position of the procedure table with the patient during the irradiation from the
direction of 115 degrees.

Position of the procedure table with the patient during the irradiation from the
direction of 115 degrees.

Vertical wall with stationary magnetic equipraent attached to it .

The frame with movable medical equipment.

The mechanism of the axial shift of the procedure table during the irradiation.

The mechanism of the horizontal shift of the platform during the change of
irradiation direction.

The mechanism vertical shift of the platfo-m during the change of irradiation
direction.
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THE SIMULATOR OF MICROTRON !

V.P.Gorbachev, S.V.Yerokhin, V.P.Stepanchuk, V.V.Shlyapin

Department of Physics,Saratov State University, Astrakhanskaya 83,
' Saratov {10601 Russia.
E-mail: serg@sgu.ssu.runnet.ru

The program packet, simulating the work o microtron with microwave supply
system on the base of magnetron, has been described. Its basis is the program
for the calculation of the transition processes i1 microwave supply system of the
microtron. While woking with the packet the calculated pulses of injection current
from cathode microtron and accelerated current are being displayed at the monitor
screen. The values of main parameters-of accelerator systems are also being shown
on the screen and may be immediately changed. ""he programme packet may be used
for training of microtron operators and teaching; of students of physics of electron
accelerator specialization.

The software package is designed to simulate the work of microtron with microwave
supply system on the base of magnetron connected with accelerating cavity through ferrite
isolating unit.

The packet consists of: a program-shell and a program Lar-Sim that calculates tran-
sition prosseses in microwave supply system of m crotron (including pulses of injection
current from microtron cathode and accelerated current), and three files with the data
necessary from the mentioned above program.

The program-shell designed to simulate a control mechanism of an accelerator is writ-
ten in Fox-Pro 2.6 language with the use of its standard means and intended for work
in Windows environment. At the monitor screen i displays pulses of injection from mi-
crotron cathode and accelerated current of the target, calculated by Lar—Sim program and
also, main six parameters of microtron {average a1od current of magnetron, generation
frequency, "phase” and attenuation of accelerating :avity-reflected wave, current magni-
tude of injection from microtron cathode and driving magnetic field magnitude), also
average current of injection and accelerated current. The main parameters are digitalized
and can be changed promptly with the help of "nouse”. After that the program-shell
repeats the submit of Lar-Sim program and dispiays at the monitor newly calculated
pulses of accelerated current and injection current. The results of the previous submit of
a Lar-Sim program are also displayed at the monitor but their color is different.

Lar-Sim program is based on the program described in [1]. The following models
of system units have been included: magnetron generator and accelerating cavity have
been represented as single oscillators. These oscillators loaded on long lines where wave
processes occur. Electron conductivity of magnetron is the function of anode voltage and
microwave voltage at the corresponding circuit. Thus, the finite duration of the edge
of puls of anode voltage supply and hard excitation of magnetron generator are taken
into account. Electron load of accelerating cavity in [1] was represented as a model of
beam with lag of "relay” type [2]. The power of accelerated electron beam of all orbits

"Work supported by the Russian Foundation for Basic Research (grants No 96-02-16360A).
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(and its current) at moment t is defined by the value of the amplitude of oscillations at
time t — 7. (where 7.—time of electron path from the first to the last orbit). It has been
assumed that interaction between beam and cavity takes place only at the first harmonic.
Phase shift between the accelerating vo tage and first harmonic of the current of all orbits
in the frame work of this model is determined immediately. The elements of waveguide
system have been represented as mult.poles with corresponding matrices of scattering.
The generalized equivalent circuit diagram of microwave supply system [1] on the base
of mentioned above model representation has been drawn. Oscillation processes in it
are described by the system of differential nonlinear equations with lag argument. To
integrate the system the program achieving algorithm of Runge-Cutt of the fourth order
is used. The program has been adapted for FORTRAN-51 that makes possible to use it
in IBM compatible with PC.

The modifications introduced by us for model representation described in [1] concern
primarily microtron beam model. Further development of the model with lag of "relay”
type [2] has been carried out. Micro:ron orbits have been devided into three groups
(1 = Np), (N2 — Ny), (N3 — Ny). At N, = 20 - is a number of microtron orbits N; = 12,
and Ny = 6. The summarized current that loads the accelerating cavity can be represented
as:

Ie=1g+ To+ I3+ arly (1)

where:
Iy —is current of "first” (1 — Ny) orbits;
Iy - is current of "middle” (N; — N;) orbits;
I3 —1s current of "last” (N; — N3) crbits;

ay — 1s a coefficient defined by the value of the power of cathode electron beam with
accelerating cavity field interaction.

Current I.q, Ie2 and I3 is connectec. with the current injected from microtron cathode
as following:

Iy =KI, 153 =K1, (N3 - NQ) » (2)

where:
Iy — is current of accelerated electrcns of the 20 orbits;
K - is a capture coefficient;
I - 1s injection current from micro ron cathode.

Using the curve of current distibutior over the orbits for certain mode one can obtain
coefficients connecting current of "first” and "middle” orbits with the "last” ones. In this
case, as shown in fig.1. a smooth curve is replaced by a bar graph.Thus, (1) becomes:

[e = [k K {[(13 N] + [\,23 (N2 — N]) + (/Vg — NQ)] » (3)

where Kj3,[{33 are coefficients connecting current of different groups of orbits.
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The dependences of stationary value of the beam intensity on the oscillation ampitude
in accelerating cavity have been calculated by calculation technique [2] for each group
of orbits. The obtained dependences have been ncrmalized on the maximum for each of

their values. Thus, the functions 7 (v),%c2(v), .3 v) describing the dependences of the
beam current of three groups of orbits on the accelerating voltage have been obtained.
Current of all orbits can be represented as followir g:

]e(v) =L, K [1&’13 Niter + Kos (N2 - Nl)ie2 + (i]VS - N2) ieB] (4)

lel = iel(U(T - Tel)) leg = ie2(U(T - 7e2)) le3 = iea(U(T - Tea)) ’

where:  Tels Tez, Tz  are lag time corresponding to the three groups of orbits.

The values of I. (4) and the average phase 0" a beam are used for the calculation
of active and reactive conductivities of electron beam that is in equations describing
oscillation processes in microwave supply system cf microtron. Current of the 20** orbit
is estimated by equation (2).

The software package demands 520 Kbites. Kecently the parameters of microtrone
with 20 orbit have been introduced into data ertry file. This S-band microtron has
acceleration mode of 2 = 1,2, Microwave supply system of microtron is made on the
base of magnetrone MI-202. The form of modulator pulse is modified (nonuniformity
of the plateau has been neglected). But in case of need the parameters of any of the
microtron with any acceleration mode can be introduced to the data entry file of the
package. The described software package can be used to train students specializing in
physics and mechanics of accelerator and. probably/, to train microtron operators.

References
[1] N.V. Vladimirov at all., The Simulation of Transition Processes in Microwave Supply

Systems of Microtron. Saratov. 1991. Dep. in VINITI, No 1837-B92 Dep. 03.06.92.
[2] E.L.Kosarev. JTF. Vol LXIIL,(10) pp.2239-2247,1972.
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MICROTRON WITH AUTOGENERATIVE MICROWAVE
SUPPLY SYSTEM ON THE BASE OF AMPLITRON !

I.V.Alekseyev, N.V.Vladimirov, V.P Gorbachev, V.P.Stepanchuk

Department of Physics Saratov State University, Astrakhanskaya 83,
Saratov 410601 Russia.

E-mail: sorg@squ.ssu.runnet.ru

The modernized microtron with autogenerative microwave supply system on the
base of amplitron has been described in the paper. It has been desined for exper-
imental research on . the process of the acceleration = and oscillation in microwave
system at values of the relative electron conduction in the range of 2 — 10. The
usage of acceleration mode with smnall increase of electron energy (2 = 0.62 and
) = 0.36) provides the increase of values of electron load.

Use of experience of microtron with autogenerative microwave supply system on the
base of amplitron [1] shows that its main merit is simple and fast putting into operation.
The system once tuned doesn’t need .iny adjustment in subsequent turning on. Yet, up
to now transition processes and steady state in such accelerators have been investigated
at value of relative conductivity of tte electron beam not exceeding 2. The beam of
electrons of all orbits is nonlinear loal of accelerating cavity with a lag response to the
change of field amplitude in it. The increase of electron load can cause the change in
acceleration process and the character of auto-oscillation processes in microwave supply
system. The calculation results obtaned by us [2], prove the possibility of automodulation
current in the beam of accelerated electrons to exist in the microtron. The present paper
contains the description of a modernized microtron [1] that is planned to be a means for
experimental research on the process cf acceleration and oscillation in the autogenerative
system when relative beam power is ir creased. The increase of relative power of electron
beam is achieved due to realization of acceleration modes with {2 = 0.62 and Q = 0,36
instead Q =~1. The first one has be:n suggested and obtained in Scientific Research
Institute of Mechanics and Physics, Saratov State University [3]. It is applied in all X-
band microtrons. The acceleration mo.de with {2 = 0.36 has been found experimentally [4]
and up to now has not gained wide. acceptance. The use of these acceleration mode will
allow to achieve the values of relative conductivity of beams equal to 4 and 10, respectively.

An accelerator has 24 orbits, it corresponds to the finite energy of electrons — 8.6 and
4.3 MeVdue to the acceleration mode. Driving magnetic field is induced by electromagnet
of armour type. Vacuum chamber is made as a copper ring enclosed between electromag-
net poles that are its sides. The copper shell has a rubber seal. Electromagnet is placed
on a metalwork with vacuum system pumps and stabilized power inside it. The last pro-
vides the stability of the current of electromagnet with accuracy 0.5% and adjustment
within the limits of 20% from assigned values that are specified depending on the applied
acceleration mode.

The scheme of autogenerative mic owave supply system that has been applied in ac-
celerator is shown in fig.1. The key elenent of this scheme is amplitron - V1 with positive
feedback circuit including accelerating cavity of passing type-W5. Amplitron output has

! Work is supported by the Russian Found ition for Basic Research (grants No96-02-16360 A).
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Figure 1: The scheme of autogenerative microwa /e system on base of amplitron:V1 —
amplitron; W1,W8 — circulators; W2, W9, W10,W1! - waveguide matched loads; W3,W6
- directional couplers; W4 — waveguide unit with ceramics windows; W5 - accelerated
cavity; W6 — phas-shifter.

been matched cavity input with the help of a circulator ~ W1. To measure the power
reflected from cavity to the third channel of the c'rculator — W1, instead of load — W4,
a measuring load of the wattmeteer M3-13 can be switched. The values of the power
supplying cavity, reflected from cavity and passed tarough it are measured by wattmeter

M3-51, where signals from directional coupler - V/3,W6. Phase shifter - W7 allows to
find optimal conditions for generation at the eigenirequency of cavity. To avoid a para-
site autoexcitation of the amplitron its input and cutput of cavity are isolated from each
by circulator ~-W8. The application of circulator is connected with planned experiments
with big feedback coefficients and abrupt increasing of an output power of the cavity
without electron beam load. An attenuator can b connected to the circuit between the
cavity output and amplitron input. The measurements of oscillation parameters and the
observation on their enveloping have been carried cut with the help of spectrum analyzer
(*4-27 and cavity waveguage. Accelerating cavity - W5 must provide the assigned modes
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of the work of accelerator and autogenerator. It has two coupling windows. The main win-
dow provides the connection with a wavegiude by which cavity is supplied by microwave
power.The power which is needed for auto-oscillation mode is got from cavity through the
second window. The coefficient power transmission through cavity at resonance frequency
is defined by formula:

451 B2

B+ P+ 1)

T =

where:
81, B2 — the coupling factor of cavity with input and output waveguides;
n. - relative conductivity (power) o electron beam.

The values 8y, 82,70 — according to th= assigned coefficient of the cavity transmission -
7 can be defined by the technique [5] (here n? 1is the value of relative electron power at
which the cavity is matched on the waveguide input side. This technique gives good results
at 7 = 0.1 — 0.2 (it takes place when microtron is in use [1]). During experiments the
value of T assums to be varied in the limi's of 0.1 — 0.5. In this case for engineering calculation
of the cavity parameters it is advantageous to use the obtained from [3]:

K,. P,
Bz = P.(1 — K,.)
P, S
0 g1
. R S R
Te = B 1~ K..) P2
8 = _BS

P.(1—K,)
j(oc = 51 52 T

where:

P.  is the power of loss by the cavity surface, which is necessary for acceleration mode
realization;

P, is the power of oscillations, induced in retarded system of amplitron by an electron
flow (it is found experimentally at an assigned feedback coeflicient and anode current
corresponding to the quenching of oscillations in the second zone);

K,. is a feedback coefficient at an assigned load of cavity;

51,52  are the coefficients of the power transmission of output and input circuit of am-
plitron, respectively.

The accelerating cavity is made of a vacuum copper, it consists of a case cooled by water
and a cover attached to it screw heads. On the cover there is a directly heated cathod
made of La Bg of a cylinder form. It is >ut deeper into the cover surface and placed in cone
hole as has been suggested in [6]. The size of the cone hole, the cathode and the depth
of the hole have been estimated according to the results given in [7]. It has allowed to
increase the size of emitting surface as twice and hence to get the larger injection current.
Coupling windows are made on the generatrix of a cylinder cavity in a line. To connect the
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cavity with other autogenerative scheme units a special waveguide element- W4 is used.
It consists of two waveguides having one common side. The waveguide connected to the
cavity input has a standard cros section, while the size of narrow side of the waveguide,
where the signal is divided into a feedback circuit, i3 reduced. The Chebyshev’s transition
to the normal cross section is placed in vacuum. The vacuum part of both waveguides
is separated by ceramic windows. Electric contact between the cavity and waveguides is
implemented by leed plates. To cool the system elements a double—cofitour system of the
water—cooled with thermostat coolant is used. In non-vacuum part of microwave track
the exceeding power of 2 atm occurs.

Recently the optimization of acceleration mode with @ = 0,62 has been completed.
The feedback circuit has been disconnected, while an amplitron has been connected ac-
cording to scheme of a classic stabilitron. Pulses beam current of the 20 orbit equals
12 mA at . ~ 4. After feedback circuit has been connected, the investigation on the pro-
cess of acceleration in microtron with autegenerative-microwave system at the increased
values of electron load can be started.
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ON THE AUTOMODULATION OF THE BEAM CURRENT
IN MICROTRON WITH AUTOGENERATIVE
MICROWAVE SYSTEM AT THE AMPLITRON!

V.P. Gorbachev, V.P. Stepanchuk

Department of Physics, Sara‘ov State University, Astrakhanskaya 83,
Saratov 410601, Russta.

E-mail: serg@squ.ssu.runnet.ru

The calculation results showing the possibility of amplitude automodulation of
accelerating beam current in micrctron with autogenerative microwave system on
the base of amplitron have been obtained in more precise form. The model of
microtron beam with the lag of ”1elay” type has been modified. This alowed to
take into account the influence of the electrons that are lost at the first orbits.

Use of experience of microtron with autogenerative microwave supply system on the
base of amplitron [1] has shown that its main advantage is the simple and immediate
putting into operation. The system oace tuned does not need any adjustment in conse-
quent turning on. Recently, transition process and steady state in such accelerators have
been investigated at values of relative conductivity of beam not exeeding 2. Electron beam
at all orbits 1s nonlinear load of accelerating cavity with a lag response to the change of
the amplitude in it. The increase of electron load can result in the qualitative changes
of accelerating process and the chara:ter of oscillation processes in microwave system.
Calculation results [2] obtained by us prove the occurrence of the automodulation of beam
current in microtron with autogenerative microwave system on the base of amplitron. The
aim of this paper is to precise the restlt obtaned in [2].

In autogenerative systems amplitron is chained by a positive feedback circuit which
includes accelerating cavity and matching elements. The autogenerative microwave sup-
ply system with external feedback circuit is sghematically shown in Fig.l. It includes

v W Wz Fig.1. The scheme of au-
_((};_ togenerative microwave sys-

tem of microtron with exter-

wi w3 ) nal feedback circuit, connected

through accelerated cavity:
V1 - amplitron; W1,W4 - fer-
rite isolating units; W2 - ac-
celerating cavity with two cou-
pling elements; W3 - phase-
shifter.

s er—

amplitron ~ V1, ferrite isolation units - W1,W4; accelerating cavity with two coupling el-
ements -~ W2 and phase-shifter - W3. The amplitude conditions of generation are proved
by the choice of the coefficient of cavity transmission whereas phase conditions - by the
valteration of the position of phase-shifter - W3. A detailed description of this system
can be found in [3].

"Work supported by the Russian Founda ion for Basic Research (grants No 96-02-16360 a).
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To describe oscillation process in microwave system, model representations analogous
to [4,5] have been used. The cavity with two coupling elements has been represented
as single lumped circuit connnected with two long lines and loaded by the current of
electron beam. It has been assumed that interaction between beam and cavity takes
place only at the first harmonic. The amplitron tas been considered as a four-pole with
assigned amplitude characteristics. Other system units have been described by matrices
of scattering and lag time. These model representations have allowed to get the system of
differential equations for oscillation processes in aitogenerative microwave supply system
of microtron. The equation given below has been obtained for the autogenerative system
with external feedback circuit (their orders have leen reduced by the method of slowly
changing amplitudes).

Lt (a+G)V —[CV(r—m)=DU( - )] cos(¥(r — 1) — 6 -¥)=0

(1)

G+ A0+ B, [C X DG sin(U(r — ) = 0, - W) =0

a=0,5w(Bi+F+1)/w;Qo AN =1—wy/ws T =uw,t.
where:

(D - are constant defined by cavity parameters and losses in microwave system units;

V - is slowly changing normalized amplitude microwave voltage at the cavity (the
normalization has been carried out into vcltage amplitude corresponding to the
power of acceleration mode losses);

U - 1is the slowly changing normalized amplitide of voltage induced in slow-wave
system of amplitron by its electron flow;

U - is slowly changing phase of oscillations in -avity;
01 - is electric length of ring in waveguide system of autogenerator;
71 - 1s summarized lag in the ring;

wo,w;s — 1s resonance frequency of cavity and frequency of steady state oscillations in the
svstem;

(o, — 1s g-factor of accelerating cavity;
31,82 ~ are coupling factor of cavity with input and output waveguides;
Ge, Be - are active and reactive conductivities of electron beam (are to be discussed later).

Electron load of accelerating cavity has been described by the suggested model of
microtron beam with lag of "relay” type [6]. The power of beam of all orbits at moment =
defined by the oscillation amplitude in cavity at moment 7 — 7,. Lag 7. approximates
the time of electron flight from the first to the last orbit. Phase shift between the first
harmonic of beam current and accelerating volt:ge is determined immediately. Then
active and reactive electron conductivities can be >xpressed as following :

dn.

db
G€: € — 2 e — e
= (e + ~—)/2Q0 B (be + =

)/2Qo, (

o
~—
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where:

be = ne(V(1 = 7)) tg(¢e) e =ne(V(r = 7)) ne=Fe/P:

P. — is the power of accelerated electron beam;
P, — is the power of loss in acceleraiing cavity;
ne,be — are the relative active and reactive powers (conductivity) of electron beam;

e —is a phase shift between accelerated voltage and the first harmonic of beam current.

The lag value of the last orbit, here in (2) is attributed to the beam spread over all
orbits of microtron. So, the contribution of the first orbits to the reaction of the beam
to the oscillation amplitude changing in cavity is estimated not exactly enough. For the
further development of the model [6] microtron orbits (it was suggested that there are
twenty of them) have been devided irto three groups: the "first” — from the 1** to 6,
"middle” - from the 7" to the 12* ard "the last”— from the 13" to the 20t*. The value
of electron load is distibuted between the groups according to the curve of distribution
over the orbits, as shown in Fig.2.

200 T T T
175 .
<55150—
— 1254
100

754

50 - |
25+ = .
Fig.2.The dependence of

04— S — -
1 T - T accelerated current value

number of orbit on the number of orbit.

The lag for each group is equal to the time of electron fligth from the first orbit to the
last one in the group. Then relative power of the beam can be written as:

Ne = ncI(V(T - Tel)) 4- neQ(V(T - Te?)) + 7763(‘/(7' - 7'63))‘ (3)

where:

Te1,Te2,Te3 — are the times of electron flight to the 6,12 and 20" orbits.

Further, steady state of oscillations have been considered.lt was assumed, that their
frequency values are equal to the ressnance of cavity and low deviations of amplitude
from stationary values have been studied.

V=VW+W(r) Vi=Vem) Vi<V,

where:
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V, - stationary solution of equation system (1);
Vi(7) - is low disturbance of amplitude oscillatior;
VP - is amplitude of low disturbance:

vy, vy — is frequency and increment of low disturbance.

The system of equations has been linearized and c1aracteristic equations with roots equal
to frequencies and increments of amplitude disturbance have been obtained:

Yy Fi cos(vi17er) + v/ BiBae” cos(v1m) + Sr+ Ba+1=21,Q0 =0
: (4)
Zizl Fy sin(v17er) — /B1P2 €72 sin(v171) + 2v1 Q-0

dnek
dv

We have analyzed the indices of increments of amplitude disturbance. In cases when
roots are real (¢v1 = 0) the values have been obtair ed by calculation. To define increment
indices of complex roots the method D-splitting 1as been used [7]. The main specified
parameters of steady state of system are:electron 1>ad — 7., the amplitron gain at a work-
ing point A, and an equilibrium phase — ;. The >arameters of cavity with two coupling
elements have been chosen according to the calculation technique [3].

Fr=Mex + Vo

) e*”l Tek.

Main results are as follows: In the system under consideration aperodical increase of
disturbance of oscillation amplitude. Typical dependences of increment of electron load to series
of values are shown in Fig.3. At the increasing ne dependence of increment increases

0.0002 —
©.Q000
[
"_0.0002 —1 Fig.3. The dependences of
5 000 increment of low distur-
T bances of amplitude from
—0.0006 the relative beam power.
n = 50, N = 20, K, =
00008 10dB.
—0.001Q Curves 1 - ¢ = 0.15;
o

curves 2 — ¢ = 0.2;
curves 3 — o = 0.25.

monotonically. Positive value can be obtained at @s>0.25. The values of the positive
increment correspond to amplitude alteration of 5-10% during the pulse of the enveloping
of microwave oscillations duration. Apparently it will result in the shortening of pulse of
accelerated current.
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Complex root of system of equaticns (4) corresponds to the oscillation disturbances.
Positive values of increment indicate the increase of oscillation disturbances and the oc-
currence of amplitude automodulation The results presented in [1] were obtained by
the use of beam model [6]. Autogene-ative system shown in Fig.1. and the system made
in accordance with the scheme of inve-ted stabilotron have been considered there [8]. In
microtrons with autogenerative microv'ave systems the occurrence of amplitude automod
ulation is possible at the excess of the shreshold value by the beam power. The threshold
value of electron conductinvity depends on the scheme of turning on of amplitron, its
gain in a working point and an equilitrum phase. Fig.4. shows the typical dependences
of threshold on the value of equilibrum phase for values gain in a working point. Curves
1-3 estimated considered system whereas curves 4-5 for the inverted stabilotron. Solid
lines show the curves obtained in this >aper, dashed lines — the curves obtained in [2]. It
also shows the curves obtained by the 1se of a modified beam model. It is not difficult to
note that more precise estimation of the contribution of "the first” orbit results in the 10-
20% increase of threshold values of beam power according to the steady state and system
parameters.It is easy to note that the tareshold value of the occurrence of automodulations
in the inverted stabilotron is lower than in the system with external feedback circuit.

_ 8.00 3
& e Fig.4. The dependences of
- 700 é threshold values of relative
3 beam power on the value of
6.00 3 equlibrium phase. 1, = 50,
: N =20.
500 é 1-K,=10d8B,
E 2- K, =6dB,
] 3- K, =3dB,
400, 38 4- K, =10dB,
5- N, =5dB.

It is connected with fact that electroa load of cavity in inverted stabilotron influences
the value of oscillation amplitude in tke feedback circuit more than in the autogenerative
system under consideration. In all systems the threshold value of electron load is much
reduced at ¢ > 0.25. There is a sector of "volt ampere” characteristics of cavity which
has negative differential conductivity '6)]. The increase of the feedback coefficient (which
is equivalet to the decrease of amplitron gain) also results in the decrease of threshold value
of electron load. The work of the low amplitron gain causes the increase of energy accu-
mulated in the system. The output power of amplitron consists of  power induced by
its electron flow and input power passzd through lag system. The power induced by the
electron flow of amplitron has weak de2pendence from the input power value and hence.
from electron load of accelerating cavity. The value of power circulating in the system is
defined by the electron load of the cavity. With increasing of its part in amplitron output

power, the effect of the beam on itself in the lag feedback circuit, increases.
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The use of a modified beam model with lag of "relay” type has allowed to reveal the
possibility of aperiodic increase of amplitude distuibances which can cause the shortening
of accelerated current pulses. The obtained data o1 the threshold values of relative beam
conductivity has been precised. The excess of the values causes the occurrence of amplitude
automodulation. The question, whether the becm reached the last orbit under such
cenditions has no reply as yet.

Further, more detailed estimations are planned to be carried out. Equations (1) are
to be integered with initial conditions and autogenerative system parameters assigned on
the basis of results obtained in the present paper.
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Mechanical and Thermodynamical approach
to Halo creation problem

Yu.Senichev

Aarhus University, Denmark

Abstract

During last decade the halo creation problem became one of the
most popular problems. It can be explained by the highest interest to
intense proton machines fo- Kaon, Neutron Factories and the linac
for the transmutation technology. At present three accelerators of
such a class, JHF in KEK, I3SS in Europe and SNS in Oak Ridge are
under design and constructi>n. In two of them the author took part.
The halo creation is most serious problem in  such machines, since
it restricts the intensity of the beam and the life time of the facility.
In this work the halo creation problem is investigated using the non-
linear mechanics apparatus and the numerical modelling. The author
considers two conceptions, the mechanical and the thermodynamical
ones and gives the estimaticn of their applicability frame.

1 Introduction

During the last decade the problem of the halo creation in the high in-
tense proton accelerators is widzly discussed in all accelerator centres. First
R.Jameson brought up this important problem[1]. Later the significant con-
tribution in the investigation of :his problem has been done by K.R.Crandall,
R.L.Gluckstern, I. Hofmann, L. _aslett, G. P.Lawrence, S. Machida, R.S.Mills,
M. Reiser, J. Struckmeier, T. Wangler, for instance, [2-5] and certainly I. M.
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Kapchinsky and F.J.Sacherer. The author of this article made the series of
works dedicated to some particular probleras of halo creation in the intense
beam as well [6-9].

At present there are two conceptions explaining the halo creation and
behavior. The first one is the "mechanical” conception based on the analysis
of the mechanical equation. The method usies the linearized equation of the
motion and introduces the so-called "free" cnergy concept. The second one
is the ”thermodynamical” conception expleining this phenomena by means
of the thermodynamical equations. It was based on the statistic physics
with the use of the thermodynamical equations, what allows to easier find
the equilibrium distribution proceeding from the temperature equality for all
directions.

However, both the conceptions explain just the behavior of the second
moments only, what is not enough for the understanding of the halo creation
phenomena. Simultaneously in the method of the ”free” energy the time
dependence of Hamiltonian is not taken intc account. It is not quite correct,
since any channel with the alternative grad ent has the explicit dependence
of Hamiltonian on time due to the external focusing and defocusing forces.
Some conclusions based on the thermodynamical consideration do not take
into account such important characteristics as the ratio between the relax-
ation and acceleration time, what makes the scale to the process.

Definitely, the halo creation problem is a very complicate phenomena
and to solve it we need to make some sin plifications, but they have not
to be in a contradiction with the phenomena itself. The author uses the
analytical methods of the nonlinear mechanics together with the numerical
calculations. Firstly, to avoid the misunders;anding we consider the system,
where the external structure resonances are absent, what it is easy to get in
the practice. Secondly, we can assume the halo does not affect  the main
part of the beam, since it is usually assumed to be 90-95% of the beam. The
most strong assumption in our analytical riodel is the axial symmetry of
the beam. But in reality we can check it by the numerical calculation and
understand how it is strong. The numerical simulations are carried out on
the rectangular grid with the metallic bounc ary and the requirement of the
symplectical condition.

The paper integrates the previous results of author and develops the self
consistent imagination about the halo creation problem.
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2 The motion equarion with the space charge

The distribution with the axial sy nmetry is represented in the common form
of the binomial polynomial:

en r2]m !
o =T -5 )

with the dispersion ¢ = Trl;fw where m is the order of the binomial
distribution, en is the linear density of the charge in the beam. The force
of the space charge affecting  any particle F = e (F — vB) is determined
from the Poisson equation soluticn:

en | r? m
F(r)= 1- 11— — 2
1) = Grzory? { { 2(m+1) a2J } ! (2)
where v - Lorentz factor.

Taking into account the external focusing forces, the final equation is
represented in the form:

d*r e?nA\?k? r? ™
K(s)r——o" 1 |1- =0
ds? T 2megmoc?yir { l: 2(m +1)0? (s)} } G

where K(s) = :i:ﬁ(-;;&2 -the focusing-defocusing term, L = k;3\ is the
focusing period length with the multiplicity &y and s = 2/L is the new
normalized longitudinal coordinate, which plays the role of time. Obviously,
the dispersion o (s) depends on the time and this dependence is determined
by the envelope equation. As a remark, we should say the space charge
influence in the linear accelerators goes down as %, but not as 3%y3 in the
circular accelerators. The last one means the space charge effect in the linear
accelerators remains to be strong curing all time of acceleration. Let us rewrite
the equation (3) in the form:
d*r
;i—S_2+K() F(T‘,S), (4)
where F (r,7) = C’sci { m+1 02(3

]m} is the right part of the
equation dependent on the coordmate T oa

the time s. The multiplier
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Cee = 2—;{)”—%’%—3— depends on the intensity of the beam and the parameters of

the accelerator and practically does not depend on the energy. R
The solution of the equation (4) can be represented in the form r = 7-§1/2,

where 7 (1) = cos [ 3% is the new function dependent on the coordinate 7.
0

Following  the Courant Snyder formalism [10], we get the equations system:

" -~ -~ ! 1
v+ = BB Fn)(BY) +K MBS -mE =0, ()
where p is the phase advance per the unit period determined by the
expression put = f , and ﬂ B/L. Then o = FL—?—— or - = 7 where

En = ErmsL. Smce the emittance €., is changed along the focusing channel
as 1/B~ and L as 3, the normaliZed emittance almost does not depend on
the relative velocity [ in the energy region approximately up to 1 GeV.
Substituting the new variables in the equation (5), we have

0+ P = Cocp Bf} 7) {1 = [1 - 5(—12-—)5}771} (6)

m+ 1

The polynomial between the brackets multiplied 1/7 can be represented
through a Teylor series:

1 772 " _ i ('—l)n—l m! 2n-1 -
5{1— [1_ 2(m+1)€,j }_ 2 (m—n)lnl2n (m + 1)"en e (7)

n=1

If the coefficients of the series denote as c,, the equation has the form:

N+ p'n = Cop®B(r) 3 can®™ (®)
So, in order to get the final solution of the problem, we have to solve the
system consistent of the equation (8) and the envelope equation.

3 The envelope equations

Firstly, since the structure resonances are ¢ssumed to be avoided, the sta-
tionary solution for the envelope has to exist. Secondly, the behavior of the
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Cye = -2-%"%5\%5 depends on the intensity cf the beam and the parameters of

the accelerator and practically does not depend on the energy. R
The solution of the equation (4) can be 1epresented in the form r = 1.5/

,
where 7 (1) = cos [ 5% is the new function dependent on the coordinate 7.
0 8

Following  the Courant Snyder formalism [10], we get the equations system:

0+ 1P = 2B (1) Fr,7) (B) + K (DB - = =0, (5)

where p is the phase advance per the unit period determined by the

ﬂ() ,and 3= /L. Then—-:mor—z 7 , where

En = Epmsls. Smce the emittance €,p,s is changed along the focusmg channel
as 1/0~y and L as (3, the normaliZed emittance almost does not depend on
the relative velocity § in the energy region approximately up to 1 GeV.
Substituting the new variables in the equation (5), we have

N+ p*n = Cy 257(7){1_[1_%75_17;]’”}. ©)

The polynomial between the brackets multiplied 1/n can be represented
through a Teylor series:

1 n? " o (="' m -1 .
5{1_ {1_ 2(m+1)5J }_ z:l (m — n)Inl2n (m 4+ 1)" en e ()

n=

expression yt = f

If the coeflicients of the series denote as c,, the equation has the form:

| 77“ + Mzﬂ = Clycpt ﬁ zcnn (8)
So, in order to get the final solution of the problem, we have to solve the
system consistent of the equation (8) and the envelope equation.

3 The envelope equations

Firstly, since the structure resonances are «ssumed to be avoided, the sta-
tionary solution for the envelope has to exist. Secondly, the behavior of the
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v

envelope does not depend on the particles in the halo, since it is the small
part of the beam . Appositively; the trajectory of any particle in the halo is
determined by the core. Therefore, knowing the solution for the envelope we
can find the solution for any particle in the halo. So, first of all we should
find the solution for the envelope. Following by Kapchinsky [11], we find the
solution in the form:

BV*=R-(1+q), (9)

where R and ¢ are the slow and fast oscillating functions correspondingly.
Taking into account the linear part of the space charge B,, we get the enve-
lope equation

R'+p*R— — - = =0, (10)

where we would like to emphasize the fact, that p is the phase advance per
the period for the case without t1e space charge. Obviously, for the matched
beam R’ = 0 and the radius is ¢ etermined by the expression:

2 2
R2='Ba+\/Ba+4,U | (a1
22
It is the expression, which has been got by Kapchinsky. However, we are
interested, in the case, when the team is mismatched with channel due to some
reason, for instance, the space chiarge. Unfortunately, the equation (10) has
not the analytical solution. Therefore we use the perturbation method and
seek the solution in the form F = R + Ar. Substituting the last one and
remembering, the equation (10) is fulfilled for R, we get the equation for Ar

3 Ar B, Ar
.___+__..._._

Ar,/+u2Ar-+——3
T A

= 0. (12)

Using Kapchinsky’s parameter n = %;, the equation (12) is derived to the
simplest form:

A+ Ar -yl {2- <1+I?>] =0, (13)
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where p = h + 1+ h? In result we get the important expression for the
oscillation frequency of the envelope i with allowance for the space charge:

e (1 2] »

At the small current, when h — 0 anl p — 1 the envelope frequency
equals  the double value of the oscillatior: frequency of the particles in the
core of the beam 1 = 2 - p. In the intensive beam h — oo,then p — oo and
the ratio (14) has the different meaning i = V2 - . This result is enough
unexpected for us, that the frequency of tt.e envelope does not tend to zero
with the intensity growth and it is stabilized around the final value. Solving
the equation (13), we can say the envelope breaths with the frequency 1 :

Ar = A1y, cos T, (15)
where the maximum ratio of the mismatchir g is determined by the expression

Arp /R =1y/+v1+ h%*+ h —1. The meaninz of g in the equation (9) can be
found by the method of the averaging. W: quote here the solution for FD
meander case:

)
7 cos2(2l+ 1) mr (16)

; 21 +1
So, we have found the solution for the enveope in the form through Ar and

q: )

B;BO-<1+2-A;mcos&T+2-q(T)>. (17

Now we have every thing in order to so ve the equation for the particles
locating in the halo and executing a motion ¢round the core with the changing
sizes in an accordance with (17).

4 The beam halo creation

Let us denote the right part of the equation [8) as F and represent it through
the sum of two components depending and not depending on the time 7:
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F (77’7_) = ﬁO (7777737 Uzn_l) + Fl (777773’ ""772”—117_) ) (18>

where
/‘LZFO (77? 7737 ceny 772 1_1> = C’sn:,LL2BO Z Cn772n_1, (19)
n=1
27 3 2n~1 25 Orm & 2n—1
u Fl (77777 y ooy 17 ) == C’sc,LL ﬁo R Z (%1} COS UT. (20)
n=1

In accordance with [12] the solution is seek in the form
n=a-cosO, (21)

where the amplitude and the phase are described by the expressions:

2m

L — L [ Fy(cos 0,c0s2 09, ...,cos?" 1 O) . sin OdO—
2m 0 (22)
—£ [ Fi(cos©,cos® 6, ...,cos™* ! ©, cos uT) - sin ©dO,

0

2m
9 — - [ Fy(cos©,:08° O, ..., cos* 1 ©) - cos OdO—
T o ~7|'a 0 (23>
— ({ Fi (cos©,cos® O, ...,cos™ 1 O, cos ) - cos ©dO

Since the average value of the product (cos?™! © - sin ©) for any n equals
zero, the function Fo does not cause the growth of the amplitude a, but
just causes the amplitude fluctuation around the value of a only. However,
the same function Fy brings in the frequency % nonlinear dependence on the
amplitude a, since (a®*~! cos™ @) = b,a**"!, where b, = Z(f)(—z),—;g, from where

we can find the dependence of the frequency versus the amplitude:

Ap(a)

= Cueflo Y cpbpa®™ 2. (24)
n=1

The first term n = 1 gives the liiear part of the frequency shift. Tt depends
on the distribution and in the cese of the uniform distribution, when m =1
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coincides with Laslett tune shift. The second term n = 2 gives the positive
cubic frequency dependence. ~

Now let us consider the term Fj. Substituting the function F in the
equations (22,23) and taking into accoun: the simple relation cos®® 1O -

2n—2
sin® = ¥ djcos(2k — 1) ©sin ©,we get tae equation system:
k=1

d

dz MC’scﬁo = crdec 21 sin 2k, (25)
J -
d:/') =pu—Ap(a) - o — pCl ﬁo ckdka % cos 2k, (26)

2%k —2

where Ap(a) and i are determined by the expression (24) and (14)
correspondingly.. From all spectrum we extracted the resonant harmonic
(2k — 2) only, which is assumed to be the nearest to the total frequency .
If such a harmonic exists, we can derive the slow phase for this harmonic
2ky = (2k - 2)© — pr.

From the equation (26) we can find the ”frame-work” curve of the non-
linear resonance:

p—Ap(a) = o . (27)

Additionally we can find the phase inva -iant curves determining the par-
ticles motion. Let us suppose under som: value of a we have resonance.

Then we can expand the derivatives of a a1d ¢ in the vicinity of this point
a = agp+ da and ¥ = g + Y-

dé
dra = 2kqucﬁo dek 157! cos 2k, (28)

@— = (_Ma_)) -ba — ,qucBO ckdka?'c =3 (2k — 2) cos 2kv - ba.
dr da a=ag
(29)
Taking into account the first order terras only, we have the equation of
the nonlinear resonance:

d*ba
g + QF cos 2ky - ba = 0, (30)
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C’scao%ckdkagk‘lis the frequency of the small
ag

where 22 = 2kpu (%@)a:
oscillation in the vicinity of the r2sonance. From these expressions it is easy
to find the maximum amplitude changes éa:

~ 1/2
4kpCyoBo g crdrap’ (31)
(dAp!a!) :

a=agp

ba =
\ da

Thus, the amplitude of the oscillation is changed, but it is restricted by
the final value. It means the helo is created and then stabilized with the
maximum size éa.

We have considered the problem in the ”one resonance” approximation,
when only one harmonic in the spectrum of the beam envelope oscillations
affects. However, the function ¢(7) has the wide spectrum. If the distance
between two harmonics Aa less 1he resonance width éa we have the super-

imposing of resonances and in accordance with Chirikov’s criterium the
stochastic layer is formed with width[13]:
a—ay Ar, T
x -exp | - | . 32
ag R ( M—Au(ao)> 32)

However, in our case, when the phase advance equals 30° - 450, the layer
is extremely small value ~ 10710,

- So, we have got the analytical description of the halo creation phenomena
in the mechanical approach.

5 The thermodynamical approach to the halo
creation

The thermodynamical equilibrimin consideration is based on the determina-
tion of the condition, when the temperature is equal for all three directions
in the three dimensional bunch:

T, =1y, (33)

what means through the emittance definition:
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Enz a”f‘
where €,,, £,, and a,, a,are the transverse and longitudinal emittances and
the semi-axes of ellipsoidal bunch correspondingly.. To follow  this ratio
we should keep the transverse wave number equal to: '

1

k.,- o mi, (35)

where the index s means the synchronous particle. In accordance with the

thermal equilibrium, if we follow  this cor dition, we have to have the min-

imum growth of emittance. It is the truth for the stationary stage, therefore

we should estimate what is the relaxation time of this process described by the
equation:

d(Ti-T) 1

dt T

For not strong coupled plasma the relaxation time is defined by the expres-

sion:

(T2 - 1) (36)

1
— = 0.06w,I"*/21In A, (37)

Te

where wpis the plasma frequency:

Z2e29
“p= V mz—:g_’ (38).

I" is the parameter of one component plasma, determined by the ratio of the
interparticle potential energy and the therrial energy :

Z%e? nea\ /3
P i () )
and the Coulomb logarithm:
3
InA=1In o (40)

Let us consider the case with the parabolic clistribution of the charge density:
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31

[ — 41
Tzlbunchz'n- ( )

At the average current I = 30m.4, the emittance €, = 2-107%, the charge
density n = 3-10'p/m?3 and kgi” = 1.4 - 1071"the parameters of the plasma
will be equal to: ' =4.0-107%, «, = 0.76-10® | In A = 40 and the relaxation
time }1_ = 1.5. But on the other hand, the acceleration time in the linear
accelerator up to 1 GeV has the scale of 5 usec, Consequently = 1075.
The last ratio means we cannot reach the thermal equilibrium for such short
time and the nature of equipartition has to be explained by the different
way. Nevertheless many authors can object to this assertion, since they did
the simulation by the code and cbserved transient process for the emittance
growth. Let us estimate the parameters of the model plasma. For instance
we take 3000 ”particles” in each bunch and under the same current the
parameter [' = 0.015, the Coulomb logarithm InA = 14 and the plasma
frequency retains the same value. Then the modelling relaxation time equals
10 psec.  The simple calculat on shows the possible growth of emittance
could be around 50%, but it is the artificial effect, what in reality is not
observed.

6 The results of the numerical calculation

The numerical model is based on :;he grid method of Poisson equation solution
with the boundary condition. The calculation is done with the symplectic
condition, what is the most important for so-called "long term instability”
effect.

Since the main purpose is the study of the halo creation, we avoided any
structure resonances /6,7/ and considered the simplest unit of the periodicity
FODO cell. In this simple model we adjusted the channel with some phase
advance per cell, for instance 8) degrees, and varied the current value to
change the tune shift due to the space charge. The detuning value we took
as the parameter of intensity.

We could observe the halo creation phenomena at the different intensity
of the beam. The figures 1 and 2 show the behavior of the rms beam size
and the rms emittance versus tt e FODO c¢ells number at the different tune
shift (a-zero current, b-30% tunz shift, ¢-90% tune shift). We can see from
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Figure 1. The RMS size of the beam vs tie FODO cells number at the
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the first picture the different character of the processes without and with the
space charge. In all cases the beam is mismatched with the channel, but in
the zero intensity case the envelope has the oscillating character and follows
the Kapchnsky’s equations. In arother two cases the envelope has the initial
growth and then it is saturated practically without any oscillations. It
can be explained, following by tie theory expounded above. For zero case
we have a good prediction in accordance with Kapchinsky’s equations,
since they coincide with the mcdule solution behavior. In the case of the
strong space charge we could split the process on two parts. In the first
part we observe the resonant behavior exactly in accordance with the
equations (28,29), when the particle amplitude grows due to the oscillation
of the beam core. But the resonant condition (27) is performed for the
small part of the particles located enough far from the centre. In the same
time for the main part of the beam the space charge acts as the octupole,
spreading the particles in the phase plane and stabilizing the instability (eq.
24, n=2). This natural octupo.e forms the new core with the new ratio
between the rms size and the rins divergence determined by the effective tune
equal to g — Ap (a).Obviously, tk e time of the fist stage is proportional to o
1/Ap (a) . To convince in the nature of the ”octupole” space charge action the
author has done the numerical experiment with the space charge ”octupole”
compensating by the real octupoles up to the zero effective chromaticity [14].
These results confirmed this explanation.

After the first stage of the new nuclear formation we get the stationary
process without any beating of th2 envelope, which now could be described by
Kapchinsky’s equations. The emittance slightly grows due to the self-heating
process. This part of the process follows the thermodynamical description,
when the beam is heated due to :he envelope oscillation. The last one could
be described by both the mechanical and thermodynamical models. Since
the envelope oscillation will exist always, the heating process has to be
observed always as well.

>

7 Conclusion

We have described the model of the halo creation. Obviously, the equipar-
tition, as phenomenon, exists and we can observe experimentally how the
global growth of emittance is stabilized at some final value. This value de-
pends on many factors. For instance in the simplest case, when we have not
external resonance, the beating of envelope could be such a source for the
emittance growth. In common case the nonlinearity due to space charge is
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the main reason of the emittance growth. In each particular case it is either
the parametric resonance due to the space charge itself, or due to the external
resonance crossing. We have shown what size of the halo could be expected.
But later the halo continue to grow. This growth is very small and could be
estimated by the thermodynamical equations.
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THE LOW ENERGY POSITRON (ELECTRON) STORAGE RINGS WITH
LONGITUDINAL MAGNETIC FIELD
LN. Meshkov, A O.Sidorin,

JINR, Dubna, Russia

The gengral parameters of the low energy positron storage ring for positronium
generation and the electron one dedicated to electron zooling are described.

The methods of the intense positronium st-eams generation is based on positron
storage ring equipped with electron cooling device. The positron beam energy in the range of
several keV is mostly interesting. The use of longitud nal magnetic field is very attractive way
for positron focusing. In this case the long term stability of the positron beam can be provided
with additional spiral coils, which form a quadrupole magnetic field, similar to the
“stellarator” one. The same scheme of a storage ring for electrons permits to avoid the
problems of the traditional configuration of an electron cooling system for ion eneréy of
several tens of GeV/amu (electron energy is of severzl MeV). For this purpose the ion storage
ring is to be equipped with an additional electron one. which is periodically filled up with new
portion of cold electrons. The electron beam circulates in longitudinal (quasitoroidal)
magnetic field. Using induction acceleration one can accelerate  the electron beam without

distortions caused by RF system of linear accelerators.

The particle dynamics and the ring design are discussed.
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Introduction

For generation of antihydrogen atoms an antiproton source (like the AA at CERN or
the antiproton source at FNAL) has to be supplemented by two small rings — one to store low
energy antiprotons and another to store positrons, respectively. The first ring is a conventional
strong focusing storage ring for antiproto1s with an energy in the range of 0.5 — 50 MeV. The
positron ring is proposed [1] to have a focusing system with longitudinal magnetic field and
spiral quadrupole field. Such a magnetiz system is similar to the one used in a modified
betatron [«2] and its modification called ‘stellatron” [3]. The rings have a common section,
where the recombination of antiprotons and positrons occurs. Electron cooling is used for
both antiprotons and positrons. In the electron cooling section of the positron ring the
positronium 1s generated by recombinetion of the positrons with cooling electrons and
orthopositronium beam leaves the magnetic system. This means that the positron ring is a
source of orthopositronium, which gives additional possibilities for physics experiments.

A storage ring with longitudinal magnetic field for electrons permits to avoid
the problems of the traditional configura:ion of an electron cooling system for ion energy of
several tens of GeV/amu (electron energy is of several MeV) [4, 5]. For this purpose the ion
storage ring is equipped with an additionial electron one, which is periodically filled up with
new portion of coold electrons. Using ir.duction acceleration one can accelerate the electron
beam without distortions caused by RF s/stem of linear accelerators. The scheme proposed in
Ref.[1] differs from earlier researches [2.3] by the injection method, which permits to inject a
“magnetized” positron (electron) beam from a source immersed in longitudinal magnetic

field.
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1. Storage ring for positronium generation

The low energy positron toroidal accumulator (LEPTA) designed in JINR for
positronium generation [6] has 2 toroidal solenoids a1d 2 straight ones, connected together as
a racetrack. To obtain the longitudinal field homogeneity the common magnetic shielding
surrounds all solenoids. The first of straight solenoid‘s, so-called “septum”, is used for
superposition and separation of the cooling electron beam and the circulating positron one by
the horizontal ’drift of the electron beam in transverse magnetic field, which is produced by
special coils. Beams superposition and separation in- the vertical plane are produced by
centrifugal drift of electrons in the toroidal solenoids. The positron injection is performed by
special kicker coil. After injection the orbit of the positron beam circulating inside the ring is
placed between the septum coils, where the transverse magnetic field is absent. The spiral
quadrupole coil is wound around vacuum chamber of the positron beam inside the septum.
The ring circumference is about 12 meters. Positron energy can be varied from 5 to 20 keV.

-

Longitudinal magnetic field value lies in the range of 300 - 1000 G.

2. Particle dynamics
Unlike the stellatron [3] the focusing system of the rings described here is nonuniform:

the quadrupole spiral winding occupies only some parts of the ring circumference. The
focusing system of the positron ring (Fig 1) consist of three basic elements: two toroidal
solenoids with additional coils forming bending field, straight solenoid with spiral quadrupole
coil and straight solenoid of the electron cooling section.

To estimate the general parameters of the focusing system we consider the particle
dynamics inside the basic elements of the ring.

In assumption that the longitudinal particle velocityra =v is much larger of the

transverse one, the equations of motion in the toroidal B,=BuR; r (By is the longitudinal field
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on the particle trajectory, Ry — major toroid radius) and the uniform bending B.=B;=const

fields can be written as:

d’x R, B, Ry dz R, B

—x(1+2-2—-1)+ =R,(1+—=>—+ 2
o B pBo),pJ'C_ﬁy, (1)
d*z —&-—dizo eB,
da’ p da

where x = r - Ry, z, a are polar coordinates.
Positron current is limited by the intensity of low energy positron source and lies in the range
from 100 pA to 1 mA. Therefore, one can neglect,  in first approximation, the beam field

influence. When the bending magnetic field satisfies the condition

B, :_M, (2)
eR,

the positron drift velocity inside the toroid is given by the following expression:

. dzy __plpfd . 3
[dalnf Ro[Ro(da)o”‘)j ©)

The spiral quadrupole coil is used to :ompensate this drift and to form the equilibrium
positron trajectory. Spiral coil consists of two pairs of conductors with opposite current
directions, which form the rotating quadripole field:

B, = —G(xsin 2ks — z cos 2ks)
B, =G(xcos 2ks + zsin 2ks) .

4)
Here G is the focusing field gradient value, k=2n/h, h — the spiral step.
If the longitudinal positron velocity is much larger of the transverse one, the motion

equations can be written as the following

1 1G

x"+—z’——-—I(xc052ks+zsin2ks)=0
p (B (5)
G .
z”—ix'——1-—(xsm2ks—zc052ks) =0,
p B

where ()= di , B- the longitudinal magnetic field.
A
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When the condition G <1 is satisfied, the solution of the system (5) is the sum of three
Bk

oscillations:
1) the fast Larmor rotation,;

2) the quadrupole oscillations with wave number of

GV 1
S Y I R
7= %3] &

3) the slow betatron oscillations.

From initial conditions we have:
1G 1G
x($)=x,.l{1~——1cos s +——cos gs
) 0[[ ZBk) ¥ 2 Bk q]

1 G 1 G s
—z L+ —=——sin(s ————sin gs |+ px), sin—+ pz} (cos -——1
O{L 2Bkjst€ ZBksqu pxosmp p’b( 3 )

' 1GY . 1 G .
z2(s) = x l———j_‘m()s + ———3H¢s
0[( YT AN T

(6)

z Ul+l G }uo‘()s‘ LG o s) x! (co 5 1} + pz), sin i
+ ———1c08(Js — ———cosgs | — px| (cos—— Sin— »
Ol\" 2 Bk =7 2 Bk 4 0 P 7y P

-

a2
where O = l 73%} 1s the betatron wave number.

NI

Moving in the ring, a positron roates with fast Larmor frequency
w, =e¢B/ymcaround the field line and drifts — inside the toroidal section in vertical direction
and inside the focusing section around the axis of 1he spiral coil. Let us consider now the
positron dynamics as a drift motion of “the Larmor circle”. One can describe the
transformation of the coordinates of the Larmor circle center with the transfer matrixes:

" :( 1Tp ow o cosQL —sin QL o)
)

where My, is the transfer matrix for toroidal section, M, - for focusing section with

quadrupole coil (when L nh 2, n is integer). The matrix of the focusing period can be
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Quadrupole windings

Electron cooling section

Fig 1. The focusing system of the low energy positron accumulator.

% & x'd 4
-4 ;\- —
® =" [ B ft Il B
- F-_‘ —:
e \
e +
I/
- 2 -
G
oy | e
e
:Um !
-
|
oo | =
a o
6 N
- ) w
3/ 5
g g | = /é
- - ‘ - - :’ /
- ; Y
& .4 :) i 0 250 s00 750 1000

Fig. 2. Schematics of the Modified Betatron Prototype: 1 — kicker, 2 - electron gun, 3 -
vacuum pump, 4 - section with quadrupole spiral coil, 5 - toroidal section, 6 — inductor.
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obtained by multiplication of the matrices of the e ementsThe drift motion is stable, when

the following condition is satisfied:

1+ [—Zﬁj cos(QOL — atan %o—) <1. (8)

0 0

Then the Larmor circle crosses the electron cooling section (for instance) in the points, which

lie on the canonical ellipse with eccentricity given by expression

a_ 1~[2—3} —2%’6-ctanQL. )

Such a simple two-dimensional model permits tc estimate the minimal gradient value of
the spiral focusing coil required for stability of the particle drift motion and to calculate the
beam crossection inside the different elements of the ring. However, a correct solution of the
problem of the particle motion stability and obtaining of the beam characteristics during
acceleration and storing requires  the numerical siraulation of the particle dynamics in six-

dimensional phase space (in progress presently). -

3. The prototype of the modified betatron dedicated to electron cooling

In order to test the medium energy electron cooling system based on modified betatron the
design of the prototype of such a system was started in the JINR. The focusing system of the
prototype (Fig 2) consists of two focusing periods. The septum coils of the injection system
are not necessary because émly one beam accelerates and circulates in the ring. General
parameters of the Modified Betatron Prototype are given in the Table. The relation between
the frequencies of the electron revolution and of the accelerating induction field determines
the energy spread of electrons due to acceleration. Its value is about 10” [4], which satisfies
the requirements to a cooling system. We plan to study experimentally with the prototype the
following questions: the optimal parameters of the spiral focusing system for different

electron energies, the space charge effects, the resonance phenomena, the electron momentum
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Table. General parameters of the Modified Betatron Prototype.

Ring parameters and electron beam

Circumference
Maximal energy
Revolution period

Longitudinal magnetic

field

Bending magnetic field

Major radius of the toroids

Injection energy
Maximal beam current

Electron beam radius

The length of the coil

Electron gun

Quadrupole spiral coils

Max gradient of quadrupole magnetic field

The number of spiral winding

Acceleration cycle

Induction accelerating voltage amplitude

Acceleration repetition frequency

Acceleration cycle duration

Diameter of vacuum chamber

Residual gas pressure

130

m
MeV
nsec
KG
G

m

keV

cm

G/cm

\Y%

msec

Cm

Torr

18.28
4.36
367-50
1.0
2.6-160
1

10

0.5
12

50

10

10?



spread at induction acceleration, the longitudinal coherent instability threshold and some
others. Presently the technical design of the standard section of the straight solenoid of the
ring is completed and manufacturing of the ring elemznts is started.

This work is supported by the Russian Foundation for Basic Research (Grant N 92-02-17211).
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Abstract

Using the Lyapunov direct metl od, the sufficient conditions of the asymptotic
stability of solutions of nonlinear nonstationary systems with respect to a part of
the variables are obtained.

Consider the system of differential equations
X=Y, (mY)=qE+qY xB. (1)

System (1) describes the motion of :harged particle of mass m and charge ¢ in an
electromagnetic field {1]. This field is determined by the magnetic induction vector
B(t, X) and by the electric field strength vector E(t, X); X and Y are respectively the
position and velocity of the moving perticle.

According to Zubov’s theorem of universality of the electrodynamic equations
of Maxwell {2], for a given velocity field

X =t X)

there exist vector-valued functions B(t, X) and E(t, X) that satisfy Maxwell’s equations
and such that system (1) admits the existence of the integral manifold

V= p(t, X) (2)

in the phase space of the moving charged particles. The integral manifold (2) has the
property that an arbitrary charged particle situated on it at ¢ = ¢y, remains on this
manifold for all times during its moticn.

The important problem is that of stability of the integral manifold (2). It can be
reduced to the investigation of partial stability of an auxiliary differential equations
system (3].

The aim of the present paper is 10 obtain some conditions of partial stability of
solutions of nonlinear nonautonomous systems.

Let the system be given

. ow
)'( = X + G(Y)X, (3)
Y = H(X).

Here X is a m-vector, Y is a p-vector; H(X) is continuous p-vector defined for X € E™,
and H(0) = 0; W(X) is continuously differentiable negative definite homogeneous
function of order g + 1, g > 1; and (G(Y) is a skew-symmetric matrix of the order m
defined and continuous for Y € E?.
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Consider the function

voo=gixr. (Ix=yeeem). @

Its derivative with respect to system (3) has the form

= D),

Hence, the zero solution of system (3) is asymptotically stable with respect to X [4].
Side by side with system (3), we will consider the perturbed system

. ow '
X = S5 +GY)X 4 Bi(t)Ra(X),

. . : (5)
Y = H(X)+ By(t)R.(X),

where the elements of the [ and k-vectors Ry(X) a:ad R,(X) are continuously differentiable
homogeneous functions of order p; the (m x I) ard (p x k)-matrices B;(t) and By(t) are
continuous and bounded for ¢t > 0 as well as the integral

/0 t By(r)d1.

Let us suppose that G(0) = 0, and vector H(X) satisfies the inequality
IHOI < AlX)*,  £>0, A>0, :

in some vicinity of the point X = (.

Theorem 1. Under the condition A > pu—1 the zero solution of system (5) is stable
with respect to (X,Y) and asymptotically stable with respect to X.
Proof. Construct the Lyapunov function for system (5) in the form

Vi(t, X) = V(X) - X* /0 tBl(T)dT Ry(X), (6)

where V(X) is defined by (4).
Differentiate V; with respect to (5):

v, aw
0

* ¢
+Bl(t)R1(X) - (X*/ B](T)d’r Rl(X) .
0X 0
The inequalities
|| X|* — as|| X|**! < Vi(t, X) < a2l X|1* + aaf| X |4+,
dVy

- S by || X||** (1 = B||GY)II),  |IBa(t)Ra(X)|| < bl X1
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are valid for all X € E™, Y € EP?. lere a;, a3, as, by, by, b3 are positive constants.
Therefore, there exists a § > 0 such that the conditions

XN <6 Y@l <é ¢€lto,ta],
imply the inequalities
t
O] < )l + [ (ALK + X b s=1,....m
° 3a
22X (0P,
b
~ZIX@I, te Loyt

a
FIXOIF < Vi, X(#) <
dt -
Here (X(t),Y(t)) is a solution of (5).
Utilising the method of estimations [5], we get that all the solutions of (5) starting

at t = to from the point close enough :o the (X,Y) = (0,0) satisfy the inequalities

IXON < a1 (14 el X(Ho)[[*(t — b)) "7,
lys(8)] < lys(to)l + c3 (IX ()4 + | X)), s=1,...,p,

for any t > to. Here ¢y, ca, c3 are posisive constants. That completes the proof.
Corollary. Consider in (5) the perturbation of the type

BUORE = Bt (1XI4),

where scalar function b(t) and its integral fot b(r)dr are continuous and bounded for
t > 0. Then for all p > 1, A > 0 the 2ero solution of system (5) s asymptotically stable
with respect to X.

Consider now the system

. oW
X = % +G(X)X + BOR(X). (7)

Here X is a m-vector; W(X) is continuously differentiable negative definite homogeneous

function of order p + 1, p > 1; G(X) is skew-symmetric matrix defined and continuous
for all X € E™ and satisfying the inequality

NGO < AIXIP, A>0, A>0,

in some vicinity of the point X = 0; the elements of the I-vector R(X) are continuously
differentiable homogeneous functions of order o, ¢ > 1; the (m x I)-matrix B(t) and its
integral fot B(7)dr are continuous and bounded for t > 0.

It is known (5], that in case where o > p, the zero solution of (7) is asymptotically
stable. ‘

This condition can be strengthenzd if we use function (6). We get

Theorem 2, If the inequalities
20 >p+1, oc+A>p

are valid, then the zero solution of system (7) is asymptotically stable.
To prove the theorem, one has to verify the conditions of Lyapunov’s asymptotic
stability theorem for the function V;(¢, X) constructed by formula (6).
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On Application of Multiobjective Optimization
to the Problem of Beam Dynamics Control *)

L.V. Vladimirova, 1.1D. Rubtsova, M.V. Sukhomud
St. Petersturg University, Russia

In the earlier published works [(,2,3] the problem of beam dynamics optimization
was reduced to minimization or maximization of the criteria connective

J
K=Y ¢k, ) (1)
=]

with certain factors c¢ I

device quality, u is the control function. The factors ¢;, j= 1,J, are assigned with
J
allowance of criteria significance; Zc ; =1. In [1] the explicit expression of functional (1)
: J=1
gradient is obtained. The experience of numerical optimization shows that the requirements
laid on the beam are often contradictory and the improving of optimization results is reached
as compromise between these requirements. For example, the requirements of high bunching
quality and small energy dispersion ere conflicting. After realization of several initial
optimization steps the following situationr may occur: the further increase of phase bunching
quality entails increase of energy dispersion, and on the other hand, at a drop of energy
spread the bunching worsens. Therefore in such situation it is advisable to apply the
multicriterial approach. In this paper the solution of optimal control problem by the method of
vectorial optimization is offered.
We shall introduce some necessary definitions [4]. The criteria vector

K =(K,,K,,...,K;) is defined in the dcmain D of parameters space (D < E°).

Assume that we are interested in & minimum (maximum) on each criterion.
Definition 1. The point A" € D s called unconditionally better than point 4 € D if for

j=1J. Herz K ;(u), j=1J, are the criteria characterizing

any v
K,(4)<K,(4) (K, (4)2K,(4)) ¥)

and at least for one v =v . .

Ky (4) <Ky, (A1 (K, (4)> K, (4)) 3)

Definition 2. A point 4 € D is said to be effective point if there is no point A’ € D to
be unconditionally better than A .

The set of all effective points is designated by F .

Definition 3. The set P (in criteria space) which consists of points corresponding to
all points A€ £ is named Pareto set .

A set of Pareto points in two-dimensional criteria space (.J = 2)is named compromise
curve (trade-off curve).

Now we explain the method of ¢pproximate compromise curve construction. Consider

*) Work supported by the Russian Founcation for Basic Research, grant no. 96-01-00926.
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apoint A(a,,as,,...,a;) € D. Let parametersa;, i:=1,s satisfy the conditions
a; <q; Sa;*, i=1s.
These limitations determine parallelepiped Il in parimeters space. In addition to parametric
constraints, the problem formulation usually contains the criterial constraints
K, (D<K;, v=17. @

The value K :* is the worst of the allowable values of a criterion X, (4).

For the construction of approximate Pareto set we select trial points 4; from Il and
calculate the values of all criteria Ky(4;),K5(4;),...,K;(4;). The points A, satisfying the
condition (4) compose the finite set D, . Approximutely effective points A are chosen from
Dy by rules (2), (3). The points B =(K,(4),K5(A4),...,K;(A)) corresponding to
approximately effective points A € Ey compose the approximate Pareto set in the criteria

space. For J =2 the polygonal line connecting appro:imately Pareto points is the approximate
compromise curve Py .

We shall describe the algorithm of finding of approximately effective points in D).
Let's mark any 4; € Dy. Comparing it with all remaining points from Dy we eliminate all
points A; which are unconditionally worse than Ai1 (for 4; and A;the conditions (2), (3)
are checked up). Then we choose 4;, from the remainder of points and mark it. Comparing
A; with all points remained and with 4, , we reject the points which are unconditionally

worse than 4, , etc. After a finite number  of steps we’ll have only marked points that

=

compose a set of approximately effective points £ .
The geometric interpretation of this algorithm is as fillows. May B; in criteria space be the

transform of the point 4; . We exclude the points 4; if their transforms B get a quadrant with

the top B; . The illustration of the algorithm

K2 is represented at fig.1 for the  case of both

criteria minimization. The convergence of
Ey to Eis proved in [4].

We present the application of
the method of vectorial optimization for
obtaining of optimized parameters of two
devices. The first is traveling wave linear
accelerator of electrons LEA-15-M with the
following main specifications: initial energy
of particles is W, = 40keV , the length of
accelerator 1s L = 78cm. The dynamics of a

Fig. 1 charged particle in such a structure is
desciibed by equations [1]
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Here the control functions are as folows: the pure value of amplitude parameter of

accelerating wave intensity
eEyA
a&)=—" ©)

myc

and the reduced phase velocity of accelerating wave:
v
ph
IB ph = - (7)
c
From here on e,m, are the charge and rest-mass of electron, ¢ is the velocity of light, A is

the accelerating wave length, & = 7 is raduced longitudinal coordinate (the axis Oz coincides

with the channel symmetry axis), y is reduced energy, @ is the phase of a particle, Eo, Vph

determine

Fig.2
a basic harmonics of accelerating wave. The initial data set for (5) 1s
My = {y(()'),(p(()’), i= I,-M}, where 7(()i),(p(()i)(i =1,M) are the initial phase and energy values
of M model particles. The initial energy 1s supposed to be identical for all particles and equal to

i =1, M , (because of small dispersion of initial energies). We consider

N W,
7(%1):70:1"' 02,
mgc

the initial phases (p(()i) of particles to b:long a segment [-7,7]. The results are represented

for M =20.
The problem of optimization o' beam dynamics in the accelerator is to determine the

controls (6), (7) providing the minimal beam energy spread and minimal phase dispersion at
maximal capture coefficient. Therefore we introduce the following criteria
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K, (u) = max ¢f — min ¢;,
i i

K,@)=maxy; -miny;, (8)
1 1
A
K3w)==2,
2%

where u = (a($), B,,($)) is the control vector , Ag is initial phase interval, @,y are the

values of phase and energy of

i -th particle at accelerator exit. 5 5q
The controls (6), (7) are

defined by the valuesin N grid

points: ' . o

a(6;), Bpn(&i), i=LN. So VEhTe L

we have 2N optimization - 7 |

parameters, which assume the ©.10 ’ F1

values in parallelepiped a.on T e

* *% * *% . .
II = - $aiSai ’ﬂi Sﬂph,isﬂi ,1:1,N}

The point in I determines one control (6) and one control (7).
We shall construct the Pareto set for criteria (8) under the condition
*
Ky <Kj . )
Let’s select control # as a random point from I

¢=lt =@ ~al)x +a] &y = (B~ B yens + Bl 1= ), .
wherex is 2N -dimensional vector with components niformly disrtibuted in [0,1] (Fig.2).
After numerical intergration of the
system (5), we compute values of
criteria (8) and check the condition
(9). If it is satisfied we receive a
point in the criteria space, otherwise

we compute a new point S We
apply the described above method of
approximate  compromise  curve
construction. At first we receive the
set of approximately effective points
in TI. In our case it is the set of
effective controls (6),(7) which
provide  the  required  beam
parameters, in particular, the capture
coefficient not less than preassigned

*
value K5 .
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Tab. 1 - On fig.3 the points of approximate
' compromise curve for the circumscribed device

Ki Ka K3 are shown at K3 =0.7. The values of three
2.9178 0.2699 0.8947
2.6450 0.2016 0.8947
2.9647 0.2641 0.8947

criteria for all points of a compromise curve are
given in table 1. Fig.4 represents the controls (a),

2.4514 0.2829 0.9474 energy spectrum (b) and phase spectrum (c) for
2 5835 0.2120 0.8947 Pareto point which corresponds to the effective
3.3902 0.1736 0.8947 controls a(¢), Byn(8) providing maximal

2.5709 0.2423 0.8947 capture.

The next device to be discussed is
buncher of klystron type. Longitudinal dynamics
of relativistic particle in bunching system is described by equations:

a__ P _

dp e | & '

P E,(t,z,u)+ E,(7,2)
T mye =1

Here rv=ct, t is the time, z, p are longitudinal coordinate and reduced momentum of
particle, N is the total number of resonatcrs of buncher, £, (7, z,u) is longitudinal component
of RF field intensity in n-th resonator, £ ,(7,z) is longitudinal component of Coulomb field

intensity. We suppose the coordinate axis Oz to be aligned with channel symmetry axis.
Control vector u is introduced as a vector of device parameters, namely, the mismatches of
resonators and drift tube lengths (excluding modulator and drift tube preceding it). The
investigation of longitudinal beam dynamics in such a structure is carried out with due account
of Coulomb repulsion and the excitation of RF fields in resonators.

We designate phase vector of a particle as x = (z, p)T. Let M be the set of initial

phase states x; =(zg, pO)T of particle; of one or several consequent bunches. At fixed
control u the system (10) defines the ensemble of trajectories x = x(z,x,u4) emerging from

the set M.

We investigate the problem of bunching system parameters optimization. The purpose
of optimization is to maximize the share cf particles of a bunch satisfying some restrictions on
phase and energy at the device exit. These restrictions are as follows:

W —Wy
o <Ap, — ~<bh.

Wy
Here ¢ € [-m, 7], W are accordingly phase and energy of particles at the exit ; W, is initial

energy of particles; the constants A, b characterize required phase width and reduced energy

dispersion of a bunch.
Let us introduce the following opt mization criteria characterizing bunching quality on
phase and energy correspondingly:

T
K@) = [ [®,(-2,)05(z, -z, ()dz,dp, , (11)
OM,,
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T
Kyw)={ [®,(r,2,)05(z, -z, (w)dz,dp, . (12)
oM, ,

Here T/c is the time necessary for  model particles to pass the struture;

M., = {x, = x(7, Xg,U) . Xy eMO} is 7 -cutset of tréjectory bundle of system (10) for the
control u; z, (u) is device exit coordinate. The integrands in formulae (11), (12) are

determined by expressions:

2z ae
COS(A@ @(T,Z)]‘l‘l lp(z,2)) < 5

D (7,2) = ,
Ap
o (2> 27
2
2 /“7 2
@ :1——(\1+ 2_1)ch—W) :
2(p) [bWO ( v p 0 0
cos(zlﬁ}—l, £ A
@ _ Az 2
3(¢) :
0 d=7
2
The function ®s(z -2z, (u)) is different Tom =zero only in neighbourhood

Az z . 0 . :
(zex - E,Zex + E—} . That's why a particle makes nonzero contribution to quality functional

in only case: the particle is - in the given neighbouhood. The size Az is preassigned for
every numerical problem. The values of functions @, 7,z), ®,(r,z) increase with lowering
of deviation of phase and energy of particle from mear values 0 and W, correspondingly. The
function ®,(7,z) vanishes if the particle does not get the required phase interval at device

exit.

Vectorial optimization of device parameters with criteria (11),(12) was carried out for
the buncher with following main characteristics: the number of resonatorsN =4,
W, =500kel”, A =0.1m, mean value of beam curient /, =104 channel aperture radius

a = 0.006m , bean radius R = 0.003m, input power p, = 0.3k}t The optimization parameters

Af, A
are resonator mismatches (—&,4;13—,%} and drift t ibe lengths (I,,15,1,,15). So the control
T
A
vector v = (Af.z‘a—é‘»%,lz,l,z,lmlsj .
o f

For construction of Pareto set 150 trial points were used. The coordinates of the
points and corresponding criteria values are representzd in table 2. In this table the values of

the following beam characteristics at device exit are given: relative value 1/1/] of the
_ /Lo
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amplitude of beam current first harmonics; relative value A%o of energy dispersion; the

percentage n of particles (of a bunch), which got into the required intervals of phases and
energies at device exit. The total buncher length L is presented in the last column of the table.

The values of the same parameers, criteria and characteristics for the device before
optimization are given in the last line of the table for a comparison.

Table 2
Optimization parameters  Criteria Characteristics
mismatches
of

resonators  drift tube lengths

Af% Af% Afy Lz~ [L3 [Le JL5 [Ki(u [Kz2(u [0 Tawi ™ T [L
2 S

0.0020 ] 0.0088 | 0.0101 | 0.19 } 034 0.2 ] 0.82 | 257 2.21 1.07 0170 1751 1.74

0.0025 | 0.0091 ] 0.0151 ) 0.34 1 0.71 | 038 ] 066 | 2.93 0.69 1.35 0.246 | 50| 2.24

0.0022 | 0.0088 | 0.0122 | 0.18 } 0.68 | 0.3« | 0.91 2.88 1.55 1.30 | 0.206 |68 ] 2.25

0.0025 | 0.0076 { 0.0154 | 0.22 | 060 | 0.3:2 |1 0.87 | 2.88 1.82 1.25 0.191 180 | 2.14

0.0018 | 0.0107 | 0.0131 | 0.22 | 0.34 | 0.3« | 0.81 2.65 213 1.13 0.174 175] 1.85

0.0026 | 0.0094 { 00137 ]1 0.29 | 069 1026 | 0.85 | 291 1.33 1.31 0.217 | 59| 222

0.0018 | 0.0072 | 0.0105 | 0.25 | 0.61 | 0.4 | 0.62 | 2.96 1.03 1.39 029 |47 ] 208

The controls obtained (as a result of multicriteria optimization) provide high level of
bunching at system exit. One can choose the proper device among the structures
corre§ponding the Pareto points.
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Summary. The background of the loop-shaping approach to the robust stabilizing
controllers synthesis are presented. It may-be applied to the plasma shape control problem
taking into account unstructured uncertainties in the plant model representation. The
main aspects of the LSH-approach to robust stabil ty margin analysis are discussed. It is
shown, that optimal robust stability margin for the augmented plant is not equal to that
for the initial plant and augmented optimal cont-oller. The method of the controllers
comparison is proposed by means of robust stability margin estimation. The results of
the computations for the same given controllers arz enclosed.

1 Preliminary note

As it 1s known, analysis and synthesis of dynamic «ystem under the various model uacer-
tainties is a matter of a great importance and hardness.

As for plasma-shape control synthesis, some general remarks concerning this global
problem should be noted. .

1. For any controller of the power consumption in the working range the eigenvalues of
the matrix of full plasma-shape control closed loop system are located in the neigbourhood
of the imaginary axis.

2. According to this, the stability margin of the closed loop system with respect to
eigenvalues, the phase and the magnitude are extremely small (tend to zero).

3. That is why, it’s not fully correct in this -ase to apply the standard MATLAB
methods to analyze the robust stability margins of the full closed loop system with 10
control coils.

4. The correct approach to the robust stability margin analysis is to investigate the
well controllable part of the system with non-effici:nt coils excluded. Other way is to use
modified MATLAB procedures without H.,-norm computation.

Taking into account all above remarks it is possible to use various approaches to the
problems of robust stability margin analysis, in particular, the methods offered in [1].

2 Background

One of the most effective and suitable methods for the plasma shape control problem is
the optimal loop-shaping synthesis (LSH-method) Let us consider its main aspects.
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The controlled plant in plasma shape stabilization problem could be represented in
standard LTI-form

r = Ao+ Md+ Bu,
e = (711'+D11d+D12U, (1)
- y = (721‘ + Dgld + DQQU.

Here x € E" is state-space vector, v« € E™ is control vector, y € E*2 is output vector
of measurements, d = (p(t) ¥ (t))7 is vactor of external disturbances, e € EM is tracking
error vector.

Let the plant (1) be closed by the a-bitrary internally stabilizing controller

v = K(s)y. (2)

The closed loop interconnection of the system (1), (2) is illustrated by fig. 1. Here (&
is controlled plant and W is stabilizing controller.

Introduce the two auxiliary signals w and v being supplied both to input and to output
of controller in addition to considered interconnection as it is shown in fig. 2.

Let us consider the transfer matrix £ (s, G, R) of the closed loop system from auxiliary
signals (w,v) to input and output signals (b, u) of the controller (2):

u R o Tw
[ 5 } = 1r(s, G, K) [ . J . (3)

According to fig. 2 we have
b=y+v, y=Ga, a=u+w = Kb+ w

and therefore y = G[K(y + v) + w]. This expression may be considered as the equation
with respect to y, from which it follows that

y=(E~CGK)'"GKo+ (E - GK) '(hw. (4)
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In accordance with (4) we have the formula for input signal of the controller in the
following form
=y+v=y+(E-GK)(E-GK)v=
=(E~GK)'GKv+ (E - GK)'Gw+
+E -GK)™(E-GK)v=(E—-GK)'GK + E - GK) + Gu]
or .
b=(E—-GK)'Guw+ (E - GK) v,
therefore
u=Kb=K(E—-GK)'Guw + K(E — GK)™ 0. (5)

Here E is identity (k X k)-matrix.
The expressions (4) and (5) give us

b] (E—GK);lG (.E;Gl{)‘l w )
u| | K(E-GK)'G K'E-GK)™* || v |

i. e. the desired transfer matrix Fr may be represented as

L (E - GK)'¢ (E—-GK)!
Fr(s, G, K) = [ K(E — GK)'G K(E — GK)™ (6a)
or in other form
Fr(s,G,K) = { f, ] (E- GK)'[G E). (7)

As it is noted in [1], [2], the transfer matrix Fg s, G, K) is of the first importance for
LSH-approach. It is determined by the following statement.

Theorem 1. If an arbitrary controller with {ransfer matrix K belongs to the set (2
of the controllers internally stabilizing the nom nal controlled plant (1) with transfer
matrix G, then for all model perturbations [2;], satisfying inequality

| <G = [R5, G R, Q

the closed loop system with perturbed plant G == (N + A)(M + Az)~! will be stable.
Here NM ™' = G is a normalized coprime factorization satisfying the condition

N(juo) N(jeo) + M(jo) M(juo) = B
for the nominal plant. The norm || Fg||s is deterrained as

| Fr(s, G, K)||leo = rr[l(;?no:)&(w,G,K), (9)
we€l0,co .
where ¢(w, G, K') is the maximal singular value o’ Fr(jw, G, K') matrix.
So the value of b,,(G, K') may be treated as rcbust stability margin estimation for the
closed loop system with the plant G and controller K. It is the certain characteristic for
the arbitrary controller internally stabilizing the nominal plant.
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3 Loop-shaping optimal synthesis

As it was done in [1] on the base of approach presented in the previous section, it is
possible to expand robust stability margin. Note that LSH-method takes into account
not only the robust stability but also t1e closed loop system nominal performance. This
is accomplished by the use of augmented plant model with the transfer matrix

P = W,GW,, (10)

where W and W, are given transfer matrices of the weight multipliers.
It is proposed in [1] to find the transfer matrix of optimal controller for the plant (10)
with respect to || Frlleo
Ko = arg %?Eig“FR(S’P’ K)|oo- (11)

In accordance with (8), optimal controller (11) provides the best (maximum) robust sta-
bility margin for the augmented plant. This margin is determined by the formula

bn( P, Koo) = bu(WaGW | Koo) = || Fr(s, WoGW1, K o) ||2. (12)

The final step of LSH-optimal synthesis procedure is to find the transfer matrix of
augmented controller as follows

K o= Wi Ko W, (13)

It is easy to see that augmented controller (13) stabilizes the initial plant G.

However 1t should be noted (this fac' is not mentioned in [1]) that the optimal robust
stability margin for the augmented plan' is not equal to that for the initial plant with the
augmented controller! So robust stability margin estimation (12) could not be used for real
closed loop system, because

b P o) # b (G K, , (14)

where

b (G, K) = b (G, W1 K. Wy) = || Fr(s, G, Wy Ko Wa)||2. (15)
The proof of the statement above is based on the formulae (6a), (12), (15) and may
be easy carried out for the most simple situation with the following weights

Wis) = E, Vo(s) =+vE, ~ = const. (15a)

4 Controllers comparison by means of robust sta-
bility margin estimation
As it follows from previous sections the value of
b Gy K) = || Fr(s, G, K)|| 2! (16)

may be used as one of the most simple robust stability margin estimations for any con-
troller to be tested. This value may be ccmputed with the help of standard procedures [1].
[t is evident that the larger is b,,(G, &) the better controller is.
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Nevertheless it is necessary to highly stress tfat such an approach to the controllers
comparison for plasma shape control system has :ssential disadvantages pointed out be-
low.

1. The matrix of closed loop plasma shape control system in superconducting coils
tokamaks for any controller in the working range of control power consumption has the
eigenvalues located near the imaginary axis. It leads to the singular situation for which
standard procedures give incorrect results.

2. The value of estimation b,(G, K) is too pessimistic—it may be exceeded for the
most part of the frequency range. So it is beiter to use the function b(w,G,K) =
1/6(w,G, K) as the frequency robust stability margin for the given controller and the
nominal plant. . '

3. Besides the general pessimistic essence of he estimation b,, (G, K) it is necessary
to say, that experiments show the extremely small its value for all controllers have been
tested. . .

4. The estimation b,,(G, K) does not take into account the closed loop system per-
formance for the certain transient processes. Before the comparison in the sense of this
estimation it should be checked that the controllers are comparable in the sense of some
performance characteristics.

In accordance with the notes above it is possible to suggest the following procedure
for the various controllers comparison. ,

A. It is necessary to check that all controllers to be tested internally stabilize the
nominal plant and have the similar performance characteristics in the sense of stabilization
accuracy and control power consumption. The last of them is of a great importance
because for the controllers with small power the robust stability margin is large, and
otherwise. -

B. For each of the comparable controllers to be tested it is necessary to compute the
following characteristic

bw, G, K) =1/5(w, G, K)

—t{requency robust stability margin for the closed loop system with the nominal plant G
and controller K. It may be done with the help of modified MATLAB-procedure emargin
in which the H-norm computation is excluded 1J.

C. The results of computations should be analyzed in different regions of frequency do-
main to determine the best controllers with the lai gest values of bw, G, K) = 1/5(w, G, K)
1 these regions.

5 The results of controllers testing by means of fre-
quency robust stability margin estimation

As the examples of using the proposed proceduie the corresponding computations were
performed for the following controllers in FDR2 plasma shape control systems in ITER
tokamak:

1. LSH-optimal controller C1 for the augment plant with the weights (15a).

2. LSH augment controller C2 corresponding to C1 for the initial nominal plant.

3. H-optimal controller C3 with respect to the direct transfer matrix of closed loop
system from the input signal d to the output signal e (note that this controller is close to
the corresponding LQG-controller).
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4. Internally stabilizing controller C-..

The analysis of the results leads to the following conclusion.

1. In the region of the low frequencies the controllers C2, C3 and C4 have approxi-
mately the same robust stability margins.

2. All the margins achieve their min ma at the frequency about 10s~
of these minima are extremely small.

3. In the frequency range w € [0.02, 100] the controller C4 has the best robust stability
margin, but it is also small.

4. For the high frequencies w > 100 the controllers C2 and C3 have the best robust
stability margins. [t is very important because the high-frequency plant behavior is
usually uncertain.

5. The robust stability margin for the controller C1 is generally best, however this
margin may be achieved only for the augmented plant, but not for the real closed loop

I and the values

system.

6 Conclusion

This work 1s devoted to some questions concerning the robust stability margin analysis
for the plasma shape control systems with various feedback controllers. The method of
the controllers comparison by means of frequency robust stability margin estimation is
proposed. The results of the computations for the several given controllers are obtained
and discussed.

»
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1. Introduction

1.1. At the present report we continue the analysis of the plasma shape stabilization that
was started in [1,2]. The different approach to open loop system uncertainty modelling
based on the systems of equations for the scenaric points is proposed.

Let’s underline the main especiality of the equations considered. For any controller of
the power consumption in the working range the eigenvalues of the matrix of full plasma-
shape control closed loop system are located in th2 neighbourhood of the imaginary axis.
Thus the stability radius at the frequency domain and at the space of matrices is very
close to zero. This unfortunate fact does not allow to apply the standard MATLAB
methods for the admissible perturbation range of the physical parameters of the system.
At the present paper the methods which take into account the mentioned especiality of
the model are used. .

1.2. Let’s investigate the stability of the system of equations describing the dynamics of
plasma shape deviation from the nominal

L%X+&X:BM (1)
Y =C,X + DU, (2)

where s=1,2,3,4,5 corresponds to the scenario points XPF, SOF, SOB, EOB and EOC
in ITER tokamak. All of the three controllers resented for investigation use at their
feedback only the part of the observations (2) for which the corresponding entries of the
matrices D, are equal to zero. So the system (2) 1as more simple form here

Y =C,X, s=1,2,34,5. (3)

1.3. Let’s construct the parametric model descrising the uncertainty of the system (1),
(3) at the space of the matrices

Q= (L,RC).

Introduce the set of the admissible systems

5
I'={Q= z)\st | (A1, A2 A3, Ag, As) € A},

s=1
where A - some set at 5-dimensional space. It’s natural to propose that the realized

scenario points ( matrices @1, @2, @3, @4, @s) belong to the admissible systems set ', and
therefore '
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(1,0,0,0,0) € A, (0,1,0,0,0) € A,(0,(,1,0,0) € A,(0,0,0,1,0) € A,(0,0,0,0,1) € A.

Note that the minimal convex polytope at the space of the system matrices containing
all the five scenario points is the set

FOZ{Q:Z)stlkszanAszl}' (4)

Let’s suppose hereafter that all the admissible parametric uncertainty of the system
(1), (3) is described by 5 parameters A;. At the next sections we will consider the stability
problem for the class of the systems (1}, (3) closed by the controller under investigation
with respect to some set of the admissible parameters A .

1.4. The most well-designed methods of the linear systems with uncertain coeflicients
stability analysis deal with the class of systems whose characteristic polynomials families
form the convex polytope at the coefficients space. The results concerning multidimen-
sional systems of differential equations robust stability analysis are far from systematic
and the known robustness conditions are usually just sufficient. In particular, that is why
the robustness of the system (1), (3) investigation leads to almost zero stability radius at
the matrix coeflicients space.

At the present report we also used the sufficient conditions of the stability of linear
one-parameter matrix family which become necessary for rank one perturbation matrix.

2. Interval stability radius

92.1. The concept of the interval stability radius defined below reflects the admissible
pertutbation range of the parameters .\,, introduced in section 1 to describe the set of
the systems (1), (3) closed by the same controller. The norm reflecting the closeness
of two parameter vectors (A11, A21, As1; A1, As1) and (A2, A2, Aaz, gz, Asz) 1s chosen not
as Euclidean norm but as a norm induced by the given collection of the matrices (), =
(Ls, Ry, C;) for the scenario points.

For unit interval stability radius tte new "ball” coinsides with the minimal convex
polytope with matrix vertices Q,(s = 1,...,5).
2.2. The problem formulation and bas ¢ definitions.

Consider the set

ot
~—

5
Ao = {(A1, A2, Az A, As) | A > 0.) A =1} (!
: : s=1

and the point | = (Ao, Ao, A0, Aaos As0)s Ao = 0, oog Ao = 1.
Definition. Let’s call the set of the points as a closed ball of the radius r with the centre
at the point p = (p1,p2,p3, Pa:Ps) (p1 + P2 + 3 +pa+ps = 1)

Vip) = {r +rlv = 1) | v € Ao}.
Note. For p=1and r =1 Vi(l) = Ao.

Let’s also interprete the ball V;(p) et the space of the matrices of the system (1), (3).
Introduce the matrices

5 5
Qs = (LS,RS,CV;[ )7 P = ZPsta G = Z AsOQs
s=1 s=1
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Then the interval matrix family of the radius » and the centre in P corresponding to
the set V,(p) is

T(P) = (P 4+ (@~ 6)) = (2 0.0.)

5
A 20, A =15 (v1, v, v3,04,05) € Vo(P)-
s=1
Let’s also introduce the median matrix of the system (1), (3)

P,=(@Q1+Q2+Q3-Qs+Q5)/5-

Definition. Let’s call the first interval stability radius 71 of the system (1), (3) closed by
the controller

U=W(p)r, (6)

where W(p) is the transfer matrix with rational-fraction coefficients, the maximal
value for which the system (1), (3), (6) is asymp otically stable if

(L,R,CT) € T, ,(Pn)-

Definition. Let’s call the second interval stability radius r; for the system (1),(3) closed
by the controller (6),the maximal value for which the system (1),(3),(6) is asympotically
stable if

(L,R,CT) e T,(Q,), s=1,...,5.

The analogous definitions are introduced for “he closed loop systems in normal form

-

- dz/dt = —(L7'R;)z + (L]' B)u

y=Csz ' (7)
dz/dt =Tz 4 Ty
u= Kz

and when considering the families of characteristic polynomials of these systems at the
space of characteristic polynomial coefficients.
Note. These methods are the evolution of the roust technichs described in {3].

In Appendix we give the results of computation of the first and the second interval
stability radii for three presented controllers C1, C2, C3. The computations were carried

out with package MATLAB.

3. Preliminary transformations

Here we present the transformations of the controllers to the form that was used for
computations.

3.1. Controller C1.

In the controller C1 there were not used the 5, 8 and 9 coils, so 5, 8 and 9 columns
of the matrix were treated as zeros. Besides that in the controller there were chosen

/
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uo = 0.1 * z35 and only the first 6 ccmponents of observations were used. Thus the
system (1), (3) was closed by the contrcller

dz

— =A.z+ B.y- 8

7 z+ Bcj (8)
Let’s denote as B — the matrix without 5,89 and 10 columns; C — the matrix

consisting of the first 6 lines of the matrix ; £ — the square [35:35]-matrix whose entries
excepting one ejg3s = 0.1 are zeros.
After that we obtain the characteristic [65:65]-matrix

Ls 0 —Rs-'E BCS —
P(O ])—< B.C" AC>, s=1,2,3,4,5-

3.2. Controller C2.
For the controller C2 there were used the first 17 observations and the derivatives of
the first 6 observations. The controller equations are

dz

— = A, B.£, 9
2 et B )
u=C.z+ DLE.

where the vector £ has the dimension 23 and equals to

*

. £ = ‘g*’—%’el*’62*)'

Let’s denote

as B!, D! — the matrices composed by the 1-6 columns of the matrices B, and
D. correspondingly.

as B%, D?> — the matrices composed by the 7-12 columns of the matrices B, and
D, correspondingly.

as B2, D? — the matrices composed by the 13-23 columns of the matrices I3, and
D, coriespondingly.

as C!,C? — the matrices composec by the 1-6 and 7-17 rows of the matrices (s
correspondingly.

Then the characteristic matrix of. tt e dimension 85 to consider is
P (Ls — BD?*C! 0) B (—Rs + BD!C! + BD*C? BC.
—B? I BlC! + B3(C? A. )
3.3. Controller C3.

In this controller there are used all the observation components and it has the form

dz
EIAﬂ+&M (10)

u=—C.z— Dy -
Excluding the variables, we obt:in the system whose characteristic matrix of the
dimension 87 is
p (Ls 0) _ (—Rs — BD.C BCC)
0 I B.Cy A. /-
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4. Conclusions

The results of computations of the first and th.e second interval stability radii given in

appendix lead to the following conclusions.

4.1. The methods of computation of the stabilit;” radii based on matrix and polynomlal

models are comparable with each other.
4.2. All the controllers C1, C2 and C3 have the sufficient robustness.

4.3. The methods proposed allow to estimate the parametric stability margin at the space
of the initial physical parameters. To take better into account the nonlinear dependence
of the system coeflicients on the uncertain paranieters one should construct the interval
methods of the interval radii estimates based on variational theory.

4.4. The algorithms designed give a possibility to take into account the controllers ro-

bustness at the early stages of their design.

Appendix .
Table 1
Interval Stability Radii of system (1),(8)

C1 C2 C3
m(00) 21 31 3.8
r2(Q1) 2.8 2.6 3.3
r2(Q2) 2.1 2.6 3.3
72(0) 21 91 3.1
72(04) 2.6 31 38
r2(Qs) 1.1 5.3 4.6

Here ) is a matrix at the space of the matrices of the system (1), (3)

Qo=(Q1+ Q2+ Qs+ Qs+ Qs)/5.

Q=(L,R,CT),

Table 2
Interval Stability Radii of system (7)
C1 C2 C3
m(Qo) 91 3.1 1.0
r2(@1) 2.6 2.9 0.0
r2(Q2) 2.0 2.1 0.0
r2(@3) 2.0 2.5 0.0
r2(Q4) 2.8 2.6 0.0
T‘2(Q5) 1.1 4.3 0.0

Here ) is a matrix at the space of the matrices of the system (7) in normal form:

A=—-L"'R . B= L 'B.

Q = (A3B7(j)a
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Table 3
Intervel Stability Radii
at the space of characteristic polynomial coefficients of system (7)

C1 C2 C3
r1(Po) 15 1.6 1.6
r2(P1) 0.5 0.6 0.6
r2(Py) 0.6 0.6 0.6
r2(Ps) 1.6 1.8 1.6
r2(Py) 0.5 0.7 0.6
r2(DPs) 11 14 1.3

Here P is a characteristic polynomial of closed loop system (7).
P():(P1+P2+P3+P4+P5)/5
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Abstract

It is presented the mathematical model for electron-optical system as diode
system: field cathode (the thin tip on a flat substrate) — anode (a plane equi-
potential surface). In this paper the field emiss on gun is under investigation. The
field emission gun is described as the rotationally symmetrical cathode lens, the
effect of space charge is neglected. The potential of the tip and substrate is set to
zero without the loss of generality (Up = 0). 'The parameters of physical problem
are: the tip radius of curvature (rg), the tip length (L), the tip shape (ro(z)), the
length from substrate to anode (Z,), the anode potential (U;). ,

Rotationally symmetrical potentials V(r,z) without space charge obey Laplace’s
equation and the boundary values:

AV(r,z) =0, 1% =Uy, V =U, (1)

TO (z) Z=Z1

where (r, 2) — cylindrical coordinates, r,(z) — :he tip shape; Uy — the tip potential;
(—o0 <1 < 00, z=2Z;) — the anode plane; U; — the anode potential.
From [1] the potential distribution V(r, z) would be expressible as:

V(r, z) = V(r, z) + Vi(r, 2) + Va(r, 2), (2)

where
L5 ,
Va(r,z) = LSAN—Y 3)

=dZ/,
. Vi (z—2')?

and functions V; u V, are the solutions of the boundary - value problems:

AVi=0, W

= Up; (4)

=z

AV, =0, V =-V. ‘ (5)

=z

It is obvious that Vj(r, 2) is the solution of the boundary - value problem without tip.
The function V; can be represented as:

L-§

Vr,2) = [ walrzi2)0(2) | (6)
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where function uz(r, z; 2’) is defined from:
uy(r, z;2') = —4wG(r, 2;0,2') — (r? + (z — 21)2)—1/2'

From (3)—(6), this function can be represented as the solution of the boundary - value
problem:

D uy(r,z;2') =0

u2(r, z; z/) B — [rZ + (Zl . Z,)z] —1/2. (7)
2 =14
From [1] p(z) can be written as:
6= Rol2 (®)
p(z) = 3 (), ©)
k=0
where
po(z) = ¢°1;4?‘L(_‘1’ 23 (10)

3(2)

L-¢6

4 L— ) Pe(§) — pi(2)
(et | T

+ f uz(O,Z;é)p(é)dé} :

0

From V(r,0) = 0 the value-boundary problem (1) can be spreaded to z <0.
Then the functions V;(r,z) and Vi(r,z) are the solutions of the boundary - value
problems:

AV, =0,

= $Uy;
=174

AV, =0, V2

=_U, .
z=%27;

So to solve the boundary - value problem (1) (according to (6)) we have to solve two
boundary - value problems:

AV, =0, Vi

= +Uy; 1
z=% 7 + » ( 2)

Nuy(r, z;2') =0, uy(r, 23 2') =— . (13)

z=+2; \/7‘2 +(+ 2, - Z')2
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The solution of the boundary - value problem (11) is obvious:
U1

Vi(r,2) = Z1 (14)
The function uy(r, 2; 2’) from (13) can be represented as a Hankel transform [2):
ug(r, z;2') =
T sinh Az + Zy) sinh \(Z; — 2)
- . 15
/ [A smnonz, M+ —gaag A (1)
0
+Jo(Ar) dA, -7 <z< 2,

The unknown coefficients A;, A; are determineted from boundary values (13) for
function uy(r, 2; z') from inverse of a Hankel transform:

r Jo(Ar) 1
/ \/r2 + (2, - 2) dr T eNZ-7)
: (16)
/ r Jo(/\‘f‘) dT 1
Az = = N Zit)
0 \/1'2-+-(Z1+z')2 e\ &t
So the function uy(r, z; 2’) can be written:
oo
uy(r, 2;2') = —/ [ _,\(zl_z:)smh_______/\(z; Z1)+
‘ ) sinh 2AZ, (17)
—MZ1+¢ 510k M2y - )
te sinh2)\Z,  Jo(Ar) dA.
After some transformations (16) can be defined ky the series [17}:
ug(r z'z')=—-i [ ! -
. k=0 \/‘f‘2 + (4kZ1 + 2Z1 - (Z + Z'))2 (18)
1 ]+
V' + (4kZy 4- 42, — (2 — 2))?
+ 1 1 ]
Vit (4kZy +2Zy + (2 + 2'))2 \/r2 4 (4kZ, + 42, + (2’ — 2))?
The functions Vp(r, z) and Vy(r, z) can be represented as:
L-6
Volr,2) = LCOT— (19)

~(L-5)
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Thus the formulas (2),(8)—(11),(14),(18)—(20) are the solution of the value-

1-6

Va(r,2) = / ug(r, z;2")p(2') .

boundary problem (1).
And so the potential distribution is determined for our diode system.

The emission characteristic values (the field strength for the cathode’s top, the
current density for the cathode’s top, the emission area)
and Tabl.2. These values are calculased for various anode potentials (Tabl. 1) and
for various distances between the cathode top and anode plane (Tabl.2) from the next
parameters: the tip radius of curvature rg = 107%cm, the tip length L = 10'cm.

Let

U; — the anode potential,

Fo — the field strength for the cathode top,

~(L-8)

Jo — the current density for the cethode top,
Sem — the emission area,
I — the cathode current.

anode potentials.

Table 1

The emission characteristic values for the various

are presented on Table 1

Ui (B) [ Eo (V/em) | Jo (A/em?) | Sew (cm?) | I(A) |
100 [l 1.55709-107 | 3.22¢58-10-8 | .177319-10~ 12 | .572666-10~2°
180 [} 2.94974-107 | 2.50054-10T | .387450-10712 | .968834-10~ "
200 || 3.10834-107 | 8.22359-10' | .415330-10~% [ .341550-10~ 1"
225 || 3.66420-107 | 2.37240-10° | .519888-10~1% | .123338-1073
250 |l 4.09674-107 | 1.75878-10% | .610108-10~% | .107304-1077
275 | 4.51379-107 | 8.53180-10* | .705440-10"'? | .601867-10~7
300 | 4.92709-107 | 3.15338-10° | .808786:10~1% | .255041.10~°
325 [5.33913-107 | 9.58303-10° | .922394-10~ 12 | .883933-10~°
350 | 5.75063-107 { 2.49093-10° | .104732-10-T | .260881-10~°
375 |l 6.16187-107 | 5.73000-10% | .118578-10"1T | .679451-10~°
400 | 6.57298-107 | 1.19396-107 | .134014-10~™ | .160008-10~*
425 [1'6.98400-107 | 2.28392-107 | .151187-10" | .345299-10~*
450 || 7.39497-107 | 4.0€775-107 | .170714-10" ™ | .699543-10~*
475 |[ 7.80592-107 | 6.9(683-107 | .192641.10~ " | .133054-103
500 || 8.21684-107 | 1.11109-10% | .217866-10~' [ .242069-10~2

Table 1 is presented for z; =

.11cin (the anode plane).
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T

The emission characteristic values for the various
anode planes.

able 2

| z1 (cm) || Eo (V/em) [ Jo (A/cm?) | Sem (ecm?) | T (A)

.10010

7.70721-10°

6.12427-10°

.187134-10-11

.114606-10~°

.10109

7.54038-10"

4.96178-10"

.178178-10~1

.884078-10~*

.10208

7.37814-10"

4.00599-10"

.169869-10~ 1

.680495-10*

.10307

7.22031-10°

3.22287-10°

16214310~

.522566-10~4

.10406

7.06665-10"

2.58312-10°

.154939-10~

.400225-10~*

.10505

6.91685-10"

2.06198-10°

.148200-10~1

.305585-10~*

.10604

6.77062-10"

1.64551-10°

.142012-10~11

.233682-10~*

10703

6.62768-10°

1.30736-10"

.136189-10-1

.178047-10~*

.10802

6.48774-10"

1.03337-10°

.130685-10~1

.135045-10~*

.10901

6.35052-10°

8.12207-10°

.125470-10~1

.101907-10~*

.11000

6.21576-10"

6.34435-10°

.120515-10~1

.764586-10~°

Table 2 is presented for U; = 400V (the anode potential).
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The Computer Reconstruction
of Dipole Magnetic Field Perturbations
for the Synchrotron-Type Accelerator *
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Abstract

The method to reconstruct the dipole magnetic field perturbations for synchrotron-type
accelerator is represented.

The deviations of closed orbit are considered. The proposed method is applied to
JINR Nuclotron .

The equation of the closed orbit is consider [1]:

v+ K, (0)y = Fuly.y'.0), (1)

where K, (0) - the frequaiicy , 8 € [0, 27] - the azimuth and F,;, - the sectionally
continuous unknown function. The soundary conditions are :

where y(8) - the unknown function ( dipole magnetic field function ) ,which
must be reconstructed. Besides this . A,(#) = A" = const and the constant is
known . F(y.y'.8) = f(#) and )

1f(0)] < K =const > 0. (3)

Around the accelerator ring the 20 beam monitors are stated practically pro-
portionally to measure the values of unknown function f(#) in these points.
The experimental values of such m:asurements are known :

Y = {101 y2(02). ... y20(020) }. (1)

* The task was done with the support of RIF'Bl |, project numbers : 97 — 01 —
00746,98 — 01 — 00190, and with the support of Federal C'enter "Integration™ ., project
number K0085/98.
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where © € {6,,0,, ...,05} — the coordinates of beam monitors , which are used
as boundary conditions .

So we have the uncorrect back problem , which was formulated for Nuclotron

of JINR.

The next method to solve the problem (1) — (4) was proposed. The solution
of the equation (1) , depends on f(8) , for K,(6) = k* = const is well known
and does look like :

y(0) = L J2 sin k(6 — £) f(t)dt+

cos kf—cos k(2n—6) f021r sin k'(0 __ t)f(t)dt+ . (5)

2k(1—cos 2xk)

ainkOtsink(2n—0) (27 o0 f() _ 1) f(¢)dt.

2k2(1—cos27k)

Then , the experimental values of y(#) € Y are known. So , let conside the
functional

o(f) = ICX_: (y(6e) — wi)?, (6)

-

where y(6x) - the values of solution (5) in ¢, points and y; - the experimental
values of function f(#) . Let us minimize his functional . ®(f) with respect
to f . In such case we recieve : 1. the right-hand side of equation (1) is
reconstructed , as the minimum of the fuactional is reached just for such f
function , which is good enough approximated this right-hand side , 2. for this
right-hand side function we reconstructed the function f(8), using the existing
solution (5) .

The values of y(0) are equal to values of >xperimental measered function in
points from set ©

The programs are produced and testing to realize this algorithm. For funec-
tional minimization the FUMILI program [2] was used.
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