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Preface 

The tradit onal International Conference on Computational Modelling 
and Co11puting in Physics organized by Laboratory of Computing 
Technique~ and Automation was held in Dubna (Russia) on September 16-21 
1996. The Conference follows the rich traditions of the previous conferences on 
Numerical Methods and Applications that have been held in Dubna since 1964. 
The prese1 t Conference was organized in honour of M.G.Meshcheryakov the 
famous sci•~ntist and the founder of the LCTA. 

Mor ~ than 160 scientists from IS countries attended the Conference and of 
about 130 ·eports and short communications were presented. The topics cover the 
wide score of problems including computational simulations and models, 
numerical methods (finite difference methods, finite and boundary elements 
methods, 11umerical linear algebra, parallel algorithms and their applications), 
inverse anc ill-posed problems, computer algebra, neural networks, wavelets, data 
processing bifurcations and chaos, computing and networking for physical 
research, c )mputer education. 

This book contains refereed and edited versions of the papers presented at 
the Confer·~nce. 

I an. grateful to all the authors for their contributions. I appreciate the 
cooperatio 1 of Prof R.Pose (Director of LCTA, member of the Organizing 
Committee), Prof I.VPuzynin (Deputy Director of LCTA, member of the 
Organizing Committee), Dr V.V.Korenkov (Deputy Director of LCTA, Co 
Chairman). Academician A.A.Samarski (Moscow, Honorary Member), Prof 
V.P.Shirikov (LCTA, member of the Organizing Committee), Dr S P lvanova 
(LCTA, n ember of the Organizing Committee) and Dr L.A.Sevastyanov 
(Moscow, nember of the Organizing Committee). The success of the Conference 
has been e 1sured in many respects by the efficiency of the corresponding offices 
of JINR. Special thaflks to Dr A.P.Korol (JINR International Department, 
member of the Organizing Committee). The tough daily work related to the 
technical a 1d scientific organization has been shared by my colleagues, members 
of the (lrganizing Committee: Dr E.A.Airian, Dr A.V.Fedorov (Scientific 
Secretary), Dr S.O.Lukianov (Deputy Director ofLCTA), Dr RR.Shahbaghyan 
and Dr T A Strizh. Without their efforts it would have been impossible to 
organize this conference. The financial support of the Russian Foundation for 
Basic Res( arch, Russian Ministry of Science and Technical Policy and Russian 
University JfPeople's Friendship is gratefully acknowledged. 

ISBN 5-85 65472-4 

E.P.Zhidkov 
Chairman of CMCP'96 
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On numerical-analytic investigation 
of scalar scatterin~ by ideal prolate spheroids 

and tnaxial ellipsoids 1 

A. A. Abramov, A. L. Dyshko, N. B. Konyukho-ra, 
and T.V. Levitina 

Computing Genie!', Russian Academy of Sciwces. 
Vavilova 40, 117967 Moscow GSP-1, Russia 

e-mail: ala/abr@ccas. ru, nadja@ccas. I'U. lev<t#ccas.ru 

Abstract. The brief survey of papers (1-6] is given. The exterior Di,·ichlet <nd Neu­
mann problems for the Helmholtz equation are considered for scattc>rers of a shape 
pointed out in the title. The problems are solved by the Fourier met hod • ia sepa­
ration of variables in either spheroidal or ellipsoidal coordinat{' system. In ~ o doing. 
complicated special functions arise, which are calculated h~· mc·thod:-. claho ·nted hy 
the authors. The methods allow one to carry out calculation~ forth<' li~tld aho\'c 
classical scattering problems in a wid(' range of parameter \'ariation:'.. ( 'akul.ttions of 
distinct terms in the Fourier series are independent of each otlH'r. tlHT('fon' he~· can 
be done in parallel. The calculations for a triaxial ellipsoid hm·(' I wen nuTi<·· I out. on 
a multiprocessor computer based on a net. of t.ransputPrs. 

I. The plane monochromatic wave ui(i') = exp [ik(( i")] propagat('S t Jro;1gh a homo­
geneous isotropic space and hits a finite obstacle D with surfaceS bPing either a spheroid 
or a triaxial ellipsoid. Here the time dPpendence factor exp(-i..J0 1) is omitted, ...:0 is the 
incident wave frequency, k = Wo/ Co is the wave number' Co is th!' sound spe«l. r = (1, .. 1 Y• I:) 
is the unit vector specifying the direction of th(' plane waYe prop;1gation i" = (.r. !J. z) is 
the radius vector of the observation point. Outside the obstacle both t h ,, incident ui ( i") 
and scattered u•(i') waves satisfy the Helmholtz e()uation 

( 1) 

where~=: 82 j8x2 + ()2 j8y2 + 8 2/8z2 is the Laplace opo:-rator. \\'0 suppls!' as well that 
on Seither a Dirichlet or Neumann boundary condition is imposed: 

(2) 

Here 8/fJn is the derivative in the direction of the exterior normal to I h<' <urface S. 
Far from the scattering object the scattNPd field is clos<' to a sphNical wan' 

exp(ih) [ 1] u'(,-,O,cp)=F(O,cp)-k--+0 -
2

• 
'7" I' 

I" --+ .XC. (:l) 

uniformly with respect to (8, cp), whero:- (r, fi, cp) ar<' sphNical coordinates. I· or tho:- solutions 
of the Helmholtz C()Ua.tion relation (3) is C()uivalcnt to the SomnlPrf.-ld rad ation condition 

I. [au• .k ·] 1111 I' --::;--- -7. 'II = 0 
''-+00 (j1' 

(I) 

1
This work was supported by t.he Russian Foundat.iou for Ba.o;.;ic Hc:-o('i\rdl IIIH)t'r ( :rau No. ~)G-01-00!)!') I 
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uniformly with respect to (6, <p). 
The solution of (1)&(2)&(4) yields both the far field amplitude F(B, <;)from the asymp­

totic representation (3), and other principal scattering cha ·a.cteristics of the ellipsoid S 
such as the differential and total cross-section. For a more detailed discussion of the 
problem see, e.g, [1, 2). 

Since the scattering surface may be identified with a. coordinate stu-face of an orthogonal 
curvilinear coordinate system which enables separation of tile variables in the Helmholtz 
equation, this problem may be solved 'exactly' via. the Four er method. 

2. In case of a prolate spheroid the solution of the above Etated problem via the Fourier 
method has been considered carefully in [1) and the litera.tu ·e cited therein. For methods 
for computing the spheroidal functions one should be referro•d to [4,5). 

Further we will consider briefly the case of an ellipsoic. The ellipsoidal coordinate 
system associated with the ellipsoid S of principal semia.xe>. a > b > c > 0 is defined by 
the equa.tioQ. x2 I (a2 + 17) + y2 I (b2 + 17) + z2 I (c2 + 17) = 1. Going over to dimensionless 
variables~= (17 + a2)/(a2 - b2), one writes 

x2 y2 z2 

(a2 _ b2)~ + (a2 _ b2)(~ _ 1) + (a2 _ b2)(; _ p2) = l. 

Here we have set p2 = (a2 - c2)1(a2 - b2), i.e. p2 > 1. This equation for each point 
(x, y, z), xyz f= 0, has exactly three different roots: 6 E / 1 = (0, 1), ~2 E h = (1, p2 ), and 
6 E !3 = (p2, oo). If~ = ~1 , the surface defined above is a typerboloid of two sheets, for 
~ = 6 it is a hyperboloid of one sheet and for~ = 6 it is an ellipsoid (e.g., the equation 
6 = ~j = a 2 l(a2 - b2

) defines S). 
The above three families of confocal surfaces form an ort togonal curvilinear coordinate 

system related to Cartesian coordinates within each octant (e. g., :r 2 0, y 2 0, z 2 0) by 
the one-to-one correspondence. 

On separating variables, we arrive at a system of three identical equations known as 
the Lame wave equations 

~d{ ~dA;} 1 V J \<:.i! ~; y /(~;) d~; + 4q(~;, h, l,w)A; = 0, ~; E /;, i = 1,2,3, (.5) 

where h, I are the separation constants,/(~)=~(~- 1)(~- 12), q(~, h, l,w) = hp2 -lp2~ + 
w2e, w2 = k2(a2- b2). 

Owing to the symmetry of the problem, a particular S·>lution must be either odd or 
even with respect to each coordinate plane. Since coordinate planes correspond to the 
ends of the intervals of ellipsoidal coordinate variations, Wf have 

lim At(~I) = 0 or lim ( fj(i;}A' (~t)) = 0, 
{t--++0 {t--++0 

lim At(~I) = 0 or lim ( J f(~I)t't(~t)) = 0, 
{,--+1-0 {,--+1-0 

lim A2(6) = 0 or lim ( J-/(6lA;(~2)) = 0, (6) 
{,--+1+0 6--+1+0 

lim A2(6) =0 or lim ( FJ(f.-:JA;(6)) = 0, 
{2--+p>-o {,-+p>-o 

10 
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besides the boundary conditions for ~1 -+ 1 - 0 and for 6 -+ 1 + 0 must be identical as 
well as the conditions for 6 -+ p2 - 0 and 6 -+ p2 + 0. 

No reliable methods for the evaluation of ellipsoidal wave functions existed until pa­
pers [5,6) appeared and therefore the application of these functions had b"en delayed (see 
paper A. A. Abramov, A. L. Dyshko, N. B. Konyukhova, T. V. Levitina, V. I. Ul'yanova 
of this volume). This is because the solutions to (5) defined on h a.nd !2 - the angle 
ellipsoidal wave functions - compose the eigenfunctions of a two-param,ter self-adjoint 
eigenvalue problem. That is, one must find such a couple of values for the separation con­
stants, that (5) has on both h and 12 non-trivial solutions satisfying th•! corresponding 
boundary conditions. The eigenvalue of the problem is such a couple of values, and the 
product of the corresponding solutions to the system gives its eigenfunctio 1 (see, e.g., [7)). 

Eigenfunctions associated with different eigenvalues a.re orthogonal <•n ll = h x 12 

with respect to the weight u(6, 6) = (6 - ~1 ) [-/(~J)/(6W 1 /2 . Since an eigenfunction 
is defined only on a part of S enclosed in an octant, one must to prolong it to the hole 
space in accordance with its parity, i.e., with the boundary conditions chosen from (6). 
We will call such a prolonged function a surface ellipsoidal function >li(~1 , <;2). Normalized 
by 

JJ [w(~J,6)tu(6,6)d6d6 = 1/8, 
II 

all the functions for all possible boundary conditions constitute a.n orthonormal basis in 
C2(S, u). 

To solve the problem under consideration we also need the radial ellipwida.l functions, 
i.e., the solutions to (5) defined on a. semi-infinite interval h il-nd sa.tisfyin ~ a.t infinity the 
radiation boundary condition 

A(3)(6)= ~exp{i(wVb+&(h,I)}+O(i-), 6-+oo. 
yW<;3 <,3 

Here the phase shift &(h, l) is determined (up to a summand mr) by the r"quirement that 
A(ll(6) = ReA<3l(6) is subject to (6). Such a nontrivial solution exists for any h and I. 

The methods proposed in [4-6) provide an efficient and economic way to calculate the 
wave functions for spheroids and ellipsoids at a rather wide range of parameter variations, 
they are involved in the survey [8) .. 

Thus, when separating the variables in terms of ellipsoidal (spheroid~!) coordinates, 
particular solutions of the Helmholtz equation are formed as products of the surface and 
radial ellipsoidal (spheroidal) wave functions. For comparison, in case :>f a. sphere the 
analogue of a surface ellipsoidal wave function is a spherical function, •vhile the radial 
ones are the Bessel and Hankel functions. 

3. Here we do not dwell on the expanding of the incident and scattered wave as well 
as the far field amplitude. For details we refer to [1-3). We will only pres1·nt the ultimate 
expressions for the case of an ellipsoid. 

For the plane wave propagating in the direction f specifeid with sphencal coordinates 
(}' and t.p' (the angle (}' is counted off the axis x) we have the expansion in ellipsoidal wave 
functions at an observation point r= (~1.6.6) 

(7) 
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Here angle ellipsoidal coordinates ~~ and ~~ specifyi 1g the incident direction are related 
to the angles fY and 1./)1 by the equations 

~~~~ =p2 cos2 £Y, 
(~~ -1)(~~ -1)=-(p2 -1) ;in2 £Ycos2 <p', 

(~~ - p2)(~~- p2) = p2(p2 - 11 sin2 fY sin2 <p'. 

The scattered wave may be represented as a series 

u"(i") = :~:>n\lln(~I>6)\IIn(~;,~;)A~3)(~3)· 
n 

where 

. 1 i6n { A~Il(~j)/ A~3J(~j) 
• Un = 161fl foe ~ A~l)(~j)/ ~3 A~3)(fj) 

for the Dirichlet problem, 

for the Neumann problem. 

Finally the far field amplitude of the ellipsoid S is given by 

F(8,~.p,£Y,~.p') = Vw~::>nei6"\lln(6,6)\lln(~;,~;), 

(8) 

(9) 

(10) 

where the angle ellipsoidal coordinates ~I> ~2 are wnnected with the angle spherical co­
ordinates 8 and 1.p via the same relations as connect ~L ~~ with 8' and <p' (see (8)). The 
expressions (7), (9) and (10) have been first obtained by M. V. Fedoryuk in [9). 

These expressions are simplified, if the direction of the pla.ne wave incidence coincides 
with one of the coordinate axes. Therefore in [2,3) tl e consideration has been restricted to 
the case of incidence in the direction parallel to the aKis OX, ui(i") = exp( -ikx), still these 
calculations require considerable time. That is wh) the parallel version of the programs 
evaluating a plane wave field at a given point and a far field amplitude for a triaxial 
ellipsoid have been devised in "Parsytec C" languag~ for a net of transputers. The idea of 
parallel realization is natural for the Fourier methcd, as distinct harmonics in the series 
are calculated independently of each other, and the·efore can be calculated in parallel. 

As a basis of parallel programs the so-called" 'farm-processor' concept exploits: there 
is 'master' processor, which sends tasks (i.e., the number n of an eigenvalue and a set of 
boundary conditions to 'worker' processors, receivef the replay (the array of values of the. 

corresponding ellipsoidal wave functions An(~I), An1~2), A~3)(6) at given points) and adds 
the new term to the series. The time required to cakulate any term of the above series, 
is much more than that of data exchange among processors, therefore regardless of the 
configuration of a transputer net the speeding up tnay be attained up to nearly p times, 
where pis the amount of occupied processors. (Here we assume that p < N, where N is 
a total number of calculated harmonics.) 

In case of an arbitrary incident direction the total amount of calculations becomes four 
times more, therefore the possibility to carry out computations in parallel is of special 
significance. 

Here we present the results of several calculatiom. done by means of the above programs. 
Fig. 1 and Fig. 2 show the same far field amplitudes •>fideally rigid ellipsoids (the Neumann 
problem) observed from opposite points of view. fl.ll the calculations have been done for 
a2k2 = 105.0, b2k 2 = 55.0 and c2k 2 = 5.0. For both pictures the incident directions 
specified by spherical angles<;/, fY are given by the table: 
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rp' = 0 B' = 0 
rp' = 0 B'='lr/4 rp' = 'lr/4 B' = 7r/4 rp' = 1r /2 B'='lr/4 
rp' = 0 B' = 1r /2 rp' = 'lr/4 B' = 1rj2 rp' = 1r /2 B' = 1rj2 

Calculation of each series continued till all the series terms corresponding to the main 
index n became sufficiently small. Besides, the particular sums of the plane wave expansion 
were compared with its exact value, in order to test ellipsoidal wave fun :tions and to 
estimate the number of harmonics required. To verify the reliability of th ~ program we 
have compared the results of calculations for nearly prolate spheroid with the calculations 
obtained for a corresponding spheroid in [2). We have found that these calcHlations are in 
a good correspondence with each other. Note that the far field amplitudes lor the case of 
an arbitrary incident direcition are published for the first time. 

References 

[1) A. A. Abramov, N. B. Konyukhova, and T.V. Levitina, Differentsial'n~e Uravneniya 
29 (8), 1347 (1993). 

[2) A. A. Abramov, A. L. Dyshko, N. B. Konyukhova, and T.V. Levitina, Zh. Vychisl. 
Matern. i Matern. Fiz. 35 (9), 1374 (1995). 

[3) A. A. Abramov, N. B. Konyukhova, and T.V. Levitina, Design Enginee ing Technical 
Conferences (ASME, New-York) 3, Part B, 437 (199.5). 

[4) A. A. Abramov, A. L. Dyshko, N. B. Konyukhova, T. V. Pak, and E. S. Pariiskii, 
Zh. Vychisl. Matern. i Matern. Fiz. 24 (1), 3 (1984). • . 

[5) A. A. Abramov, A. L. Dyshko, N. B. Konyukhova, and T.V. Levitina, Zh. Vychisl. 
Matern. i Matern. Fiz. 31 (2), 212 (1991). 

[6) A. A. Abramov, A. L. Dyshko, N. B. Konyukhova, and T.V. Levitina, Zh. Vychisl. 
Matern. i Matern. Fiz. 29 (6), 813 (1989). 

[7) H. Volkmer, Multiparameter Eigenvalue Problems and Expansion Theorems, 
(Springer-Verlag, Berlin-Heidelberg) (1988). 

[8) D. W. Lozier, and F. W. Olver, Proc. of Symposia in Appl. Math. (ed. W. Gautschi, 
AMS, Providence) 48, 79 (1994). 

[9) M. V. Fedoryuk, Differentsial'nye Uravneniya 25 (11), 1990 (1989). 

15 



A Universal Program to U neouple Linear Systems • 

Sergei A. Abramov 
Computer Center of 

the Russian Academy of Science, 
Vavilova 40, Moscow 117967, Russia. 

abramovOccas.ru 
sabramovOcs.msu.su 

Eugene V. Zima 
Comput. Math. & Cybernetics dept., 

Moscow State University, 
Moscow 119899, 

Russia. 
zimaOcs.msu.su 

Abstract. We describe a program to uncouJ ·le a linear system of equations. An 
algorithm is described in terms of an arbitrary Ore polynomial ring. It allows to 
adjust the program for the differential, differen :e, q-difference and many other cases. 

1 Introduction 

The search for solutions of a system of linear ordinary differential equations can be re­
duced to the search for solutions of scalar (i.e., with one unique unknown function) linear 
equations. Such a reduction is possible for sys1ems of linear difference and q-difference 
equations as well. 

Theoretically, this reduction is not hard for any kind of system. Algorithms to uncouple 
linear differential and difference systems are bi.Sed on very similar ideas. There is a 
mathematical abstraction connecting, in particuiar, linear ordinary differential, difference 
and q-difference equations. This is Ore polynomial rings [1, 2, 3]. In this paper we describe 
a Maple implementation of a universal (based OIL Ore polynomials) algorithm to uncouple 
a linear system to scalar equations. The impkmentation assumes that coefficients are 
polynomials (in the usual sense). If coefficientE are rational functions then preliminary 
clearing of denominators is needed. 

The algorithm has been described by the at thors in [4]. It is a generalization to an 
arbitrary Ore polynomial ring of an algorithm to uncouple a system of linear ordinary 
differential equations [5]. 

In Section 2 we recap basic notions connected with Ore polynomial rings. Then, in 
Section 3 we describe shortly the uncoupling algorithm. Section 4 discusses a Maple 
implementation. A few examples of uncoupling :an be found in Section 5. 

•work reported herein was supported in part by INT.tl S-RFBR under Grant 95-412 and State program 
"lnformatization of Russia". 
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2 Basic notions of Ore polynomial rings 

Let k be a field of characteristic zero, 8 an indeterminate over k. a an automorphism of 
k, and fi: k -t k a map satisfying 

fi(a +b) = fia +fib, fi(ab) = a(a) fib+ fia b (1) 

for any a, b E k. The Ore polynomial ring k[8; a, fi] given by a and fi is the ring of 
polynomials in 8 over k with the usual addition. Multiplication in k[8; a, ,i] is defined by 
the following relation 

8a = a(a)8 + fia (2) 

for any a E k. 
Let l' be a linear space over k (if k is a functional field then usually \- is a wider set 

of functions). Let the application of 8 to elements of l' be defined in such a way that 

8(u + v) = 8u + 8v, 8(au) = a(a)8u + fia u (3) 

for u, v E l', a E k. Then we can consider the application of Ore polynomials A( 8), B( 8), . .. 
to elements of l', with A(8)B(8)v = A(8)(B(8)v), (A(8) + B(8))t> = A(8)v t- B(8)v and so 
on. It allows to consider l' as a module over k[8; a, fi]. From herP on 8a, 81, ... we denote 
the results of applying 0 to a, u, ... rather than products of the ekments o' k[8; a, fi] as in 
(2). 

Let k C l' (this inclusion is natural in the functional case).. Thanks to (3). 

8a = a(a)01 + 8(a) (.J) 

for a E k. Therefore, in order to define the result of application of II to on element of k 
it is enough (in addition to a and fi) to know 81, i.e. the result of applica1 ion of 8 to the 
unit of k. The following table shows that linear ordinary differential, recurrent, difference 
and q-analogs of recurrent and differential equations can be considerPd in the framework 
of the theory of Ore polynomial rings: 

case 8 (T 8 
differential 8J(x) = fxf(x) 1,. ( 

JX 
recurrent 8J(x) = EJ(x) = J(x + 1) E 0 
difference 8J(x) = D.J(x) = f(x + 1)- f(x) E D. 
q-recurrent 8f(x) = Qf(x) = f(qx) Q 0 
q-differential 8J(x) = Dq/(x) = f(q:J-~(r) Q Dq 

The list above is not exhaustive. It can be extended easily by spl'cial cas<'; likP 
and so on. 
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a nonstandard 
q-difference 

3 The algorithm 

9/(x) = xfxf(x) 
9/(x) = ll.9 /(x) = f(qx)- f(x) 

Consider a linear system (in general, inhomogeneous) 

fi9yl =allYl+ a12Y2 + ··· + llnYn + rl> 

fn9Yn = an1Y1 + an2Y2 + ··· + annYn + rn, 

a;j E k, r;, y; E V, where y; are unknown. The result of the application of 9 is defined in 
accordance with (3). 

Ttle application of the algorithm starts with the following transformations, which give 
a scalar equation in Yl· 

Consider the first equation. If a12 == ... = a1n = ) then we already have an equation 
in y1 alone. Let a12 # 0 (if a12 = 0, but ali # 0, i > 2, we can re-enumerate unknowns). 
Introduce new unknown z2 (instead of Y2): 

Z2 = a12Y2 + ... + ahYn· (5) 

The first equation can be rewritten as 

/19Y1 = auYl + Z2. 

In all the remaining equations we can eliminate Y2 w th the help of (5). After this elimi­
nation the second equation will have the form 

929Y2 = b21Y1 + b22Z2 + ... + b2nYn + 82. (6) 

Application of 9 to both the sides of (5) gives us 

9z2 = u(al2)9y2 + 8(a12)Y2 + ... + u( aln)9yn + 8(aln)Yn· (7) 

We can use (6), (5) together with 

939Y3 = b31Y1 + b32Z2 + b33Y3 + ··· + b3nYn + 83, 

9n9Yn = bnlYl + bn2Z2 + bn3y3 + •• + bnnYn + 8n 

in order to eliminate y2, 9y2, 9y3, ... , 9yn from (7). After that (7) contains only 

9z2, Yl• Y3, · · ·, Yn: 

h29Z2 = c21Y1 + C22Z2 + c23Y3 + · ·· + C2nYn + t2. 
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Hence we have as the result of these actions the system 

f18yl = auYI + z2 + r1, 
h28z2 = c21Y1 + C22Z2 + C23Y3 + ... + C2nYn + t2, 
938y3 = b31Y1 + b32Z2 + b33y3 + ··· + UJnYn + 83 1 

9n8Yn = bnlYl + bn2Z2 + bn3y3 + ··· + UnnYn + Sn• 

(8) 

If c23 = c24 = ... = c2n = 0 we can obtain a second order equation in y1 from the first two 
equations of (8). The first equation allows to express z2 via y11 8y1. Ap>lying 8 to the 
first equation we can express 8z2 via y1,8y11 82y1. Substituting in the seco1d equation we 
have the desired result. 

If at least one of c231 c241 ••• , c2n (for example c23) is nonzero, then W«· introduce the 
new unknown Z3 (instead of Y3) 

and so on until for a value l ~ n we obtain a system 

a:18Y1 = fJuY1 + Z2 + r1, 
0t28z2 = fJ21Y1 + fJ22Z2 + Z3 + t2, 

Dtl-l8Zl-l = f31-1,1Yl + fJ1-1,2Z2 + · · · + f31-l,l-!Zl-l + Zl + Ul-l, 

Otj8Zl = f3l,lYl + f31,2Z2 + ... + /31,1-IZI-1 + f3l,IZI + Uj. 

We can get an equation of degree l in YI with the help of these equations. 

(9) 

(10) 

In the rest of the initial system we consider Y1, z2, ... , z1 as knowns a 1d perform the 
same transformations. It gives us an equation of order m, m ~ n- l, for .II+I and so on. 
Finally, we will have several scalar equations (in Yl• Yl+I etc). The sum of their orders 
will be equal to n. Relations, analogous to (10), allow to express all z; •ria Yl! Yl+J, .... 

Formulas (5), (9) and so on form a triangle system of linear algebraic eqt ations. Hence, 
we can express all remaining y; via solutions of scalar equations. 

Let the initial conditions for equations of the initial system be given. Then it is easy to 
get initial conditions for split scalar equations. For example for an /-order equation in YI 
one can find linear expressions of 8y1, ... , B'-1YI via Yl! ... , Yn· If YI, ... , h are functions 
and the values YI (0), ... , Yn(O) are known, then these linear expressions allow to compute 
8y1 (0), ... , B1- 1yi(O). In order to construct the linear expressions menti<•ned above, we 
apply 8 to the first equation of the initial system and then eliminate in the right-hand side 
all By; by means of equations of the initial system. This gives a linear expression for 82y1. 
Repeating these steps we obtain expressions for 03yl, 04yl, ... Analogous • ~xpressions can 
be obtained for the scalar equation in YI+I and so on. 

4 The program 

The algorithm from the previous section has been implemented in Maple l.3 with several 
improvements like 

• preliminary splitting of scalar equations on each step, 
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• reducing coefficients by their gcd, 

• choosing the most suitable unknown for excluding on each step 

and others. 
The user is provided with the three main procedures set_Ore_ring, uncpl_sys 

and get_sol. Procedure set_Ore_ring(indvar, case 1 sets the program to a concrete 
k[8; u, 8) by selecting the independent variable and concrete 8, u and 81. It takes unas­
signed names as parameters. The value of the first para neter stands for the name of the 
independent variable, the value of the second parameter 1 elects a concrete k[8; u, 8]. In the 
standard cases (differential, difference, recurrent, q-recurrent, q-difference, 
q-differential) adjustment of the program is hidden from the user; for example, the 
call 

set_Ore_ring(x,differential) 

sets the ,program to the differential case with x as indep·mdent variable. 
If the value of the second parameter is nonstandarcl, the program prompts the user 

for input of definitions of 8 and u (in procedural form) and the value of 81. Below we 
show a Maple session setting the program to the nonsta 1dard case: 

> set_Ore_ring(x, 'nonstandard'); 
Enter definition of automorphism sigma 

> proc(y) y end; 
Enter definition of map delta 

> proc(y) x-2•diff(y,x) end; 
What is the value of theta_l ? 

> 0 
program is set to the nonstandard case 

Procedure uncpl_sys(sys ,unklst) takes a system of linear equations as the first 
parameter, a list of unknowns as the second parameter an• I returns the result of uncoupling. 
The result is a list of scalar equations, expressions of auxiliary unknowns in terms of 
solutions of these equations and linear expressions of t"he 1 emaining un"knowns via solutions 
of the scalar equations and the auxiliary unknowns. The ·e is the optional third parameter 
ch_flag of type Boolean, which is set true by default. If ch_flag=false then the choice 
of the most suitable unknown for excluding is switched off. 

Procedure get_sol(unres, unkl) takes the result ·>f uncoupling and the list of un­
knowns as parameters and finds a solution of the initi tl system by means of standard 
Maple tools. In the differential case the procedure dsolve is used for this purpose. If the 
optional third papameter has the value rat, then Bron>tein's procedure ratlode (from 
the Maple share library) to find rational solutions is use :I instead of dsolve. 

5 Examples of uncoupling 

In this section we give several examples of using the program from the previous section 
together with timings1 • 

1 All the reported timings were obtained on 66Mhz IBM PC 48HDX. 
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Example 1. Consider the well known combinatorial problem: n pairs of inimical 
knights are invited to dinner. How many ways yJ(n) are there to seat them at a round 
table so that no enemies are beside each other? Let Y2(n) be the number o' ways to seat 
them so that exactly one pair of enemies is beside each other; y3(n) be the number of ways 
to seat them so that exactly two pairs of enemies are beside each other. It is possible to 
show [6], that for 11 2: 2 

EyJ(n) = 2(2n- 1)nyt(n) + 2(2n- 1)y2(n) + 2y3(n), 
Ey2(n) = 4n(n + 1)Yt(n) + 2(n + 1)y2(n), 
Ey3(n) = 2n(n + 1)Yt(n) + 2(n + 1)y2(n), 

(11) 

Yt (2) = 2, Y2(2) = 0, Y3(2) = 4. In the session below we first set the program to the 
recurrent case and then (after initial assignments) call the procedure uncpl_sys: 

> set_Ore_ring(n, 'recurrent'): 
> eql:= theta(yl(n),n) = 
> 2•(2•n-1)•n•yl(n) + 2•(2•n-1)•y2(n) + 2•y3(n): 
> eq2:= theta(y2(n),n) = 
> 2•(n+1)•2•n•yl(n) + 2•(n+l)•y2(n): 
> eq3:= theta(y3(n),n) = 
> 2•(n+l)•n•yl(n) + 2•(n+l)•y2(n): 
> eq:=[eql,eq2,eq3]: 
> varl:=[yl(n), y2(n), y3(n)]: 
> rez:=uncpl_sys(eq, varl); 

rez := [[( 64112 + 3211 + 8114 + 40113 ) yl( 11) + ( -1- n) 0( 0( 8( yl( n)))) 

+ ( 20 n2 + 20 + 3411 + 4113 ) 0( 0( yl( 11))) 

+ ( 40 + 108 n + 108 11
2 + 8 n4 + 48 n3

) 0( y1( n) ) = 0, 

y3 _ _z( 11) = O(yl( 11))- ( 4n2
- 211 )y1( 11},yLz( n) = %1- 60( d( 11)) 11 

- 20(y1( 11))- 40(y1( 11)) 112 - (28112 + 1211 + 16n3 b•l( 11 )], 

[ 2( n) = yLz( n) 3( 11 ) = ~ Lz( 11 ) _ ~ ( 4 n - 2) y2--2 ( n )]] 
y 16 n + 8 + 8 n2' y 2 y 2 16n + 8 + 8 •12 

%1 :=0(0(y1(11))) 

Here (in 2 seconds) we get as the result one scalar equation in yl(n), ,•xpressions of 
auxiliary functions via y1(n) and linear expressions of y2( n), y3( n) via yl ( 11) and auxiliary 
functions. Using the remark at the end of Section 3, it is possible to get the initial 
conditions for the scalar equation y1(2) = 2, y1(3) = 32, y1(4) = 148i. The scalar 
equation has the following solution with these initial conditions 

Yt(n) = t(-1)k(;)2k(2n- k- 1)!. 
k=O 

Example 2. In order to demonstrate the work of the program in the q-recurrent case 
we consider the system (11) using Q instead of E. 
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> set_Ore_ring(n, 'q-recurrent'): 
> eq1:• theta(y1(n),n) = 
> 2•(2•n-1)•n•y1(n) + 2•(2•n-1)•y2(n) + 2•y3(n): 
> eq2:• theta(y2(n),n) = 
> 2•(n+1)•2•n•y1(n) + 2•(n+1)•y2(n): 
> eq3:= theta(y3(n),n) = 
> 2•(n+1)•n•y1(n) + 2•(n+1)•y2(n): 
> eq:=[eq1,eq2,eq3]: 
> varl:=[y1(n), y2(n), y3(n)]: 
> rez:=uncpl_sys(eq, varl); 

rez := [[( 8 n2 q + 8 n3 q2 + 8 n2 q2 + 8 n q) y1( n) + ( 2 q + 4 n2 q4 ) 9( 9( y1( n))) 

+ ( 12n2l+ 8n3 q4 + 4nq2 - 4n2q2 - 4~<q) 9(y1( n)) 
• - 9( 9( 9( y1( n)))) = 0, 

y3~( n) = 9( y1( n))- ( 4 n2 - 2 n) y1( n, y2~( n) = %1 

- 4 n2 q2 9( y1 ( n)) + 2 n q 9( y1( n) ) 

- ( -4n2 - 4n+ 16n3 q+ 16n2q)y1(n)] 

[ ( ) y2~( n) ( ) 1 ( . ) 1(, 4_n_-~2:..!.)...::..Y.=.::2~:=_;_( n~)]] y2 n = , y3 n = - y3~ r - - -
8n2q+8nq 2 2 8n2q+8nq 

%1 :=9(9(y1(n))) 

Here (in 4 seconds) we again get one scalar equatior in y1(n), and expressions for the 
remaining unknowns via y1(n). 

Example 3. In both the examples above we get ore scalar equation. Now we consider 
a differential linear system (8] which will be split into >everal scalar equations: 

x2y~ = (1 + 4x)yi- Sxy2 + 7xy3- 8xy4 + 8xys- 6xy6, 
x2y~ = -10xyi + (9x + 1)y2- 14xy3 ;l-1tixy4- 16xyr.+ 12xys, 
x2y~ = -5xyi + Sxy2 + (1 - 8x )y3 + 8xy 1 - 8xys + 6xys, 
x 2y4 = 10xyi - 10xy2 + 14xy3 + (1- 1h)Y4 + 16xys- 12xys, 
x2y~ = 5xyi- Sxy2 + 1xy3- 8xy4 + (1-t 7x)ys- 6xys, 
x 2y6 = -5xyi + Sxy2- 1xy3 + 8xy4- 8ay5 + (1 + .5x)ys. 

(12) 

In the session below we first set the program to the dif 'erential case and then (after initial 
assignments) call the procedure uncpl_sys: 

> set_Ore_ring(x, 'differential'): 
> eq1:= theta(y1(x),x)•x~2 = 
> (1+4•x)•y1(x) + (-5•x)•y2(x) + (7•x)•y3(x) + 
> (-8•x)•y4(x) + (S•x)•yS(x) + (-6•x)•y6(x): 
> eq2:= theta(y2(x),x)•x~2 = 
> (-10•x)•y1(x) + (9•x+1)•y2(x) + (-14•x)•y3(x) + 
> (16•x)•y4(x) + (-16•x)•y5(x) + (12•x)•y6(x): 
> eq3:= theta(y3(x),x)•x~2 = 
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> (-S•x)•y1(x) + (S•x)•y2(x) + (-8•x+1)•y3(x) + 
> (8•x)•y4(x) + (-S•x)•yS(x) + (6•x)•y6(x): 
> eq4:= theta(y4(x),x)•x·2 = 
> (10•x)•y1(x) + (-10~x)•y2(x) + (14•x)•y3(x) + 
> (1-17•x)•y4(x) + (16•x)•yS(x) + (-12•x)•y6(x): 
> eqS:• theta(y5(x),x)•x·2 • 
> (S•x)•y1(x) + (-S•x)•y2(x) + (7•x)•y3(x) + 
> (-8•x)•y4(x) + (1+7•x)•yS(x) + (-6•x)•y6(x): 
> eq6:= theta(y6(x),x)•x·2 a 

> (-S•x)•y1(x) + (S•x)•y2(x) + (-7•x)•y3(x) + 
> (8•x)•y4(x) + (-S•x)•yS(x) + (1+S•x)•y6(x): 
> eq:z[eq1,eq2,eq3,eq4,eq5,eq6]: 
> varl:•[y1(x), y2(x), y3(x), y4(x), yS(x), y6(x)]: 
> rez:•uncpl_sys(eq, varl)~ 

rez := [[-x4 /J(IJ(y1(x)) )+3x3 /J(y1(x)) + 2x2 /J(y1(x)) + 5x
2
yl(x) 

- 5 X y1( X)- y1( X)= 0, y2_.z( X)= x2 /J( y1( X))- ( 1 + 4 X)) 1( X)], [ 

-x2 /J( y3( X))= 5 X y1( X)+ y2__z( X)+ (X- 1) y3( X), 
-x2 /J( y4( X))= -10 X y1( X)- 2 y2__z( X)+ (X- 1) y4( X), 
-x2 /J( y5( X))= -5 X y1( X)- y2_z( X)+ (X- 1) y5( X), 

-x2 /J( y6( X)) = 5 X y1( X)+ y2_z( X)+ (X - 1) y6( X)], 

y2( X) = - - + - y3( X) - - y4( X)+ - y5( X) - - y6 (X) 
[ 

1 y2_z( X ) 7 8 8 6 ]] 
5 X 5 5 5 5 

Here we get (in 3 seconds) as the result a scalar equation of the second order in y1(x), 
an expression of auxiliary function y2_z(x) via y1(x), a list of four scalar first-order 
equations and a linear expression of y2(x) via solutions of the scalar equ'l.tions and the 
auxiliary function. Now we can find the solution of the system using proctdure get_sol: 

> get_sol(rez,varl); 

[

e(- t) ( _Cl + _C.h6 ) _ ~ e<- H ( -3 _Cl + 5 _Cfiz6
) _ e<- t) ( _C2 :e6 

- _Cl ) 
z ' 5 z ' z ' 

e<- H (2-Ch6 + _CJ) e<- t) (-Cl + _Ch6 ) _ e<- t) ( _Ch6
- _cl)] 

% ' Z I :1! 

Example 4. Consider the previous example in the nonstandard case, taking 8 = x
2 fx: 

> set_Ore_ring(x, 'nonstandard'); 
Enter definition of automorphism sigma 

> proc(y) y end; 
Enter definition of map delta 

> proc(y) x·2•diff(y,x) end; 
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What is the value of theta_l ? 
> 0 

program is set to the nonstandard case 
> eql:• theta(yl(x),x) • 
> (1+4•x)*yl(x) + (-5•x)•y2(x) + (7•x)•y3(x) + 
> (-8•x)•y4(x) + (8•x)•y5(x) + (-6•x:•y6(x): 
> eq2:= theta(y2(x),x) • 
> (-to•x)•yl(x) + (9•x+l)•y2(x) + (-14•x)•y3(x) + 
> (16•x)•y4{x) + (-16•x)•y5(x) + (12•x)•y6(x): 
> eq3:= theta(y3(x),x) = 
> (-5•x)•yl{x) + (5•x)•y2(x) + (-8•x+l)•y3(x) + 
> (8•x)•y4(x) + (-8•x)•y5(x) + (6•x)•y6(x): 
> eq4:• theta(y4(x),x) = 
> (lO•x)•yl(x) + (-10•x)•y2(x) + (14•x)•y3{x) + 
> (1-17•x)•y4(x) + (16•x)•y5(x) + (-12•x)•y6(x): 
> eq5,;= theta(y5(x) ,x) = 
> (5•x)•y1(x) + (-5•x)•y2(%) + (7•x)•y3(x) + 
> (-8•x)•y4(x) + (1+7•x)•y5(x) + (-6*E)•y6(x): 
> eq6:= theta(y6{x),x) • 
> (-5•x)•yl(x) + (5•x)•y2(x) + (-7•x)•y3(x) + 
> (8•x)•y4{x) + (-8•x)•y5(x) + (1+5•x,•y6(x): 
> eq:=[eq1,eq2,eq3,eq4,eq5,eq6]: 
> varl :•[yl(x), y2(x), y3{x), y4{x), y5(x), y•)(x)]: 
> rez:=uncpl_sys(eq, varl); 

rez := [[-0( O(y1(z))) + 20(y1(x)) + 5zO(y1:x)) + 5x2 y1( x)- 5zy1( z) 

-y1(z) = O,yLz(z) = O(y1(z))- (1+4 z)yl(z )],[ 

-O(y3( z)) = 5z y1( z) + yLz( z) + ( z- 1 )y3( x ), 

-O(y4(z)) = -10zy1(z)- 2y2__z(z) + (:: -l)y4(z), 
-0( y5( z)) = -5 z yl( z) - y2__z( z) + (-z- 1) y5( z)' • 

-O(y6(z)) = 5zy1(z) + y2__z( z) + (z -1 )y6( z )], 

[ 
1 y2__z( X ) 7 8 8 6 ]] y2( Z) = - - + - y3( X) - - y4( X ) + - y5( X ) - - y6( Z) 
5 z 5 5 5 5 

Here the result of uncoupling (obtained in 2 seconds: looks slightly different from the 
previous one. But again we have a second-order scala: equation in y1(z) and four split 
first-order scalar equations. Using procedure get_sol we obtain the same solution as in 
the standard case: 

> get_sol(rez,varl); 

[
e(- ~) ( _Cl + _ce x6 ) _ ~ e(- ~) ( -3 _CJ + 5-C ~ x6 ) _ ef- :!;) ( _ce x6 - _cl) 

z , 5 z ' z , 

e(- ~) ( 2 _ce x6 + _CJ ) e(- t) ( _Cl + _ce x6 l _ e(- t) ( _C2 x6 - _Cl >] 
Z 

1 
Z 

1 
X 
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Example 5. Now we demonstrate how to use the program in order ;o get rational 
solutions of linear systems. Consider the system [7] 

Yi = Y2, 
Y~ = Y3 + Y4, 
Y~ = Ys, 
Y4 = 2y, + 2xy2 + Ys, 
y~ = x2y, + 2xy3 + Y6, 
y~ = x 2y2 - 2Y3· 

> set_Ore_ring(x, 'differential'): 
> eq1:= theta(y1(x),x) y2(x): 
> eq2:= theta(y2(x),x) y3(x) + y4(x): 
> eq3:= theta(y3(x),x) = yS(x): 
> eq4:= theta(y4(x),x) = 2•y1(x) + (2•x)•y2(x) + yS(x): 
> eqS:• theta(yS(x),x) • x-2•y1(x) + 2•x•y3(x) + y6(x): 
> eq6:= theta(y6(x),x) x-2•y2(x) -2•y3(x): 
> eq:=[eq1,eq2,eq3,eq4,eq5,eq6]: 
> varl:=[y1(x), y2(x), y3(x), y4(x), yS(x), y6(x)]: 
> rez:=uncpl_sys(eq, varl); 

rez := [[-8( 8( 8(%1))) + 6%1+ 4x 8( %1) = O,yLz( ~) = 8( y1( x) ) •• 

y3__z( X) = %1, y5_z( X) = 8( %1) - 2 y1( X) - 2 X 8( y1( X) ) , 

y6.._z(x) = 8( 8(%1))- 48(y1( x))- 6x %1- 2x2 y1( .r )], 

[28(y4(x)) = 4y1(x) +4xyLz(x) + yLz(x )], [ 

1 1 
y6( X)= 2 y6.._z( X)+ 2 X y4( X), y5( X)= 2 y5__z( X), 

y3( X)= y3~( X)- y4( X), y2( X)= y2__.z( X l]] 
%1 := 8( 8( y1( X))) 

This result was obtained in 4 seconds and consists of a fifth-order seal tr equation in 
y1(x), a first order equation in y4(x) and linear expressions for the remaiuing unknowns 
via solutions of the scalar equations. We can use the procedure get_sol with the third 
parameter set to rat in order to find all rational solutions of the initial sy:;tem: 

> get_sol(rez, varl, rat); 

[-co+ -Ct z, -Ct, --C2- -C2 z- -C2 z2, -C2 + -C2 z + -C2 .r2, --Co·- 2 _Ct z, 

(-_C, +LC2) z3 + (--Co +LC2) z2+ LC2x- 2-C,] 
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6 The uncoupling program family 

Another universal algorithm to uncouple linear system! is proposed in [7]. Additionally 
the paper gives a review and an analysis of known mf'thods for uncoupling systems of 
linear ordinary differential equations. It was observed t tat only very few of them can be 
generalized to arbitrary Ore polynomial rings. Once th01;e methods are generalized, differ­
ent methods give very different uncoupled equations. The generalization of the successive 
elimination algorithm which has been done in our publtcation [4] was considered in this 
context. The conclusion is that the generalization "tel ds to yield equations with fewer 
extra singularities than others, which improves the effici•mcy of the solving process". This 
remark gives a hope that the program which we describ~ can be useful. 
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Abstract. The numerical method for the inverse problem of qnlllltnm oca1 tering 
theory for a aet of coupled Schriidinger radial equations with 11er0 orbital mom·!lltnm 
is suggested. It is bued on the llllalysis of an asymptotic behaviour of S-matr.x IUld 
Jost function for high energies and on the corresponding asymptotic regnlari,.t.tions. 

1 INTRODUCTION 

The problem of a numerical reconstruction of a potential by scattering data is well known 
and important from the mathematical point of view and for .such physic;d applications 
as the analysis of a nuclear interaction potential by experimental data. The main ap­
proaches at the theoretical investigations of the problem are well-known G~Uand-Levitan, 
Marchenko and Krein methods reducing the problem to the families of integral equations. 
At the same time the development of the corresponding numerical methow; is sufficiently 
complicated by the reason of ill-posedness of the mentioned inverse problems (as it has 
shown by A.M. Denisov, their solutions are nonstable with respect to perturbations of 
input data). On the other hand the algorithms basoo on the Tikhonov method of regu­
larization of incorrect problems are considerably more effective. There is a series of the 
papers devoted to the applications of the Tikhonov method to the numerical solving of 
the inverse problems. 

In this report rather different regularization is suggested. It is based c•n the analysis 
of the asymptotic of the spectral properties of the problem for high energiet.. By means of 
the obtained asymptotic characteristics of the spectral data, the regulariz}.ng algorithms 
are constructed. The essential steps of the algorithms are the regularization of the Fourier 
transformation and the special inversion of "almost" Toeplitz, block Toeplitz and Hankel 
matrices. The last one permits to determine the asymptotical behaviour of the inverse 
matrix with respect to the discretization step and, by this way, to avoid th«• unstable pro­
cedure of a numerical differentiation. The testing of the programs based on this algorithms 
shows their high accuracy and stability with respect to small perturbations of input data. 

1This work was snpported in part by RFFI under Grant No. 9lHil-01467a 
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2 STATEMENT OF THE PROBLEl\1[ 

The following Cauchy problem for a set of coupled Schrooi 1ger radial equation with zero 
orbital momentum and k E [0, +oo) is considered: 

(::.2 + k2
) iP'(r,k) = V(r)iP'(r,k), 

iP'(O,k) = 0, iP''(O,k) = kl, 

(1) 

(2) 

where iP'(r,k) is an-dimensional vector function defined on R+ x R+, V(r) is a real 
symmetric n x n matrix function, and I is an identity mat:·ix. 

It is well-known that, for the potentials satisfying the c Jndition 

00 

j rjV .. p(r)idr < oo, a,{J = 1, ... ,n, 
0 

the wave function has the following asymptotic behaviour: 

1 ~ -~ iP'(r,k) = 2i(G(k)e"- G( -k)e-• ) + o( L), r ,_.. oo, 

or 
iP'(r,k) = ~(S(k)eikr- e-ikr)G( -k) + o( L), r ,_.. oo, 

where G(k) is Jost function and S(k) is S-matrix: 

S(k) = G(k)G-1
( -k), S( -k) = 5 - 1(k). 

(3) 

(4) 

(5) 

(6) 

The inverse problem of the Quantum Scattering Theory is ;he problem of the reconstruc­
tion of unknown potential V(r) by the known S-matrix S(k). The problem is uniquely 
solvable if there are no bound states. In this case 

arg detS( +oo) = arg detS( -oo ). (7) 

So let us assume that this condition holds. 

3 THE KREIN APPROACH 

In the framework ofthe Krein's approach at the first step we determine the matrix function 
F(t) from the following relations: 

+oo +oo 
F(t) = _!_ j e-ikt(S(k)- In) dk = !_ j Re {[S1 k)- In)e-ikt} dk = 

2~ ~ 
-oo 0 

+oo 
= ~ j ((ReS(k)- In)coskt + lmS(klsinkt] dk. 

0 
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The last integral is conditionally convergent. So, for the numerical calcula·.ion of F(t) one 
needs some regularization procedure. 

At the second step we solve the integral equation: 

+oo 
K(t) + j K(s)F(s- t) ds = -F( -t), 0 ~ t < +oo. (9) 

0 

Then we determine the inverse matrix-function to the Jost function G(k) and the matrix­
functions H(t) and H'(t) 

+oo 
G-1(k) =In+ j K(t)e-ikt dt, 

0 

H(t) = {!; T[GT(-k)j;JJ-
1

- In cosktdk, 

0 

{!; +oo T J-1 
H'(t)=- jk[G (-k)G(k) -Insinktdk. 

-.& 
0 

Further we solve the one-parametric family of integral equations: 

2r 

X2r(t) + J H(t- s)X2r(s)ds = H(t), 
0 

0 < t < 2r . . - -

and finally reconstruct the potential by means of the formula: 

(10) 

(11) 

(12) 

(13) 

(14) 

4 ASYMPTOTIC BEHAVIOUR OF S-MATRIX AND OF 
JOST FUNCTION 

Let Mn be the set of real symmetric matrices of order n. Denote by L~(il b Mn), m > 1, 
the set of Mn-value functions V(r) belonging to L1([0,+oo),Mn) with all derivatives 
v(jl(r), j ~ m. 

Lemma 1. If V(r) E L~(il+,Mn) n C 1(R+,Mn), then 
a) the Jost function has the following asymptotic 

G(k) =In+ V2k-2 + iVok-1 + O(k-3
), 

b) S-matrix has the asymptotic 

S(k) = In- 2V0
2k-2 + 2iV0k- 1 + O(k-3

), 

c) the "module" of the Jost function has the asymptotic 
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where 
+oo 

Vo = -~ j V(r)dr, 
0 

r 

v2 = ~ [v(o)- T V(r)W(r)dr] W(r) = j V(E,)d{. 
0 

5 Algorithm 

(18) 

(19) 

I. From (16) the Vo is numerically calculated, then S-ma.trix is representated in the form 

2 1 
ReS(k) =In- 2Vo k2 + 

1 
f R(k), (20) 

• lmS(k) = 2Vok2 : 
1 
+ ~:k) . (21) 

The cos- and sin- transformations of the functions 2VJ I : k2 + 1) and 2k Vol ( k2 + 1) are de­
termined exactly, and of the functions Rand 'J are calculated numerically (the asymptotic 
behaviour of the functions R, ~provides the stable Fourier fast transformations). 

II. The Wiener-Hopf matrix problem is solved. For t:us goal the trapesoid formula and 
inversion of block-Toeplitz matrix are used ([14)). Note that the matrix functions F(t) 
and K(t) exponentially decrease fort ..... oo. 

III. Matrices G-1(k) and [ar(-k)r1 
are calculated by means of formula (10). For 

the stable calculation of the matrix functions H(t) and H'(t), by means of formulae (11) 
and (12) the asymptotic regularization described above (at the step I) is used. 

IV. At the last step the family of the matrix second kind Fredholm integral equations 
(13) are solved. For this goal a special inversion of the block-Toeplitz matrices is done. 
It permits to extract the asymptotic behaviour of the inverse matrix with respect to the 
discretization step h. After such inversion the potential V(r) can be stable calculated. 
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Abstract. The numerical approach for study of the 3D-nonlinear problem for the 
spherically~nonsymmetric polaron is considered. An expant.ions in spherical harmon­
ics are used for the approximation of the solution. The i~erative Newton's scheme 
with an additional parametrization of the initial equation 'or the solving of the non­
linear problem is proposed. The results of numerical moe elling are discussed. The 
comparison of the obtained eigenvalues with the known ones confirms the efficiency 
of the elaborated algorithms. 

1 Introduction 

We consider the problem of numerical solving of the spher cally-nonsymmetrical model of 
polaron [1] in the limit of strong coupling. Such a model of polaron describes the behavior 
of a non-relativistic particle (electron) in the field, created by thE' interaction with medium. 

Let us formulate a mathematical statement of the problem. The wave function 1/J and 
potential u satisfy the following system of partial differential equations in the space R3 : 

~1/J(x) + (u(x)- v(x))!/J(x)- .X!/J(x) = 0, 

~u(x) + 47r!/J2(x) = 0, 
~v(x)- c2v(x) + 47r!/J 2(x) = 0, 

where ~ is the Laplace operator and c is the constant of< oupling. 
The wave function 1/J(x) satisfy the normalization COIH ition: 

{ !/J2 (x)dVx = 1. 
}R3 

(1) 

(2) 

(3) 

(4) 

In spherically symmetrical case (when 1/'(x) depends on r = JxJ only), the system 
(1)-(3) may be reduced to a boundary problem for the system of ordinary differential 
equations on semi-axis [2],[3]. This problem has been studiE'd quite WE'll. In paper [4) the 
authors consider the axi-symmetrica.l solutions of the polaron model. The papers [5),[7) 
are devoted to numerical investigations of the problem fo1 the nonsymmetrica.l case. 

In the present paper to approximate equations (1)-(3: we use the approach proposed 
in [5),[6). To solve the nonlinear discrete problem, a. pa.rarr et.rization of initial equations is 
introduced by means of the additional continuous pa.ram(ter t [8). At the initial moment 

1 This work was supported in part by the Russian Foundation of Basic Researches under Grant. No.94-
0l-01119. 
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t = 0 the problem is reduced to the sufficiently simple spectral Helm holt~ problem for 
a ball. All eigenvalues and eigenfunctions of this problem may he easily found. After 
that, the solution of the original nonlinear problem (1)-(2) ma~· be obtaiw'd if we use a 
movement with respect to continuous parameter t. 

2 Discretization 

In this section we consider the problem of discretization of the system of equations (1)-(3). 
For this aim we use the Bubnov- Galerkin method [9). Let functions 1/•(x), u(x) and v(x) 
be expanded in spherical harmonic series [5): 

k 

v•(xl = L:: L:: ,pk,(•·llic,(e,.,), (5) 
k=O 1=-k 

00 k k 

u(x) = L:: L:: 1tkl(1·)Ykl(8, <p), v(x) = L:: L:: l'kl(r)Y../(8. d. (6) 
k=Ol=-k k=Ol=-!· 

where Ykl are spherical harmonics [10). 
Taking into account a finite number/\. of terms in the expansions (5),((·) for approxi­

mations of functions ,P(x), u(x), v(x), multiplying (1)-(3) by the spherical I armonics and 
integrating over the angle variables, we get the following approximate s~·stPJl of equations 
for the functions ,j,kl = tl>klr, ftkl = Uk/1", 1\1 = v;.1r: 

en 

(8) 

(9) 

k = 0, 1,2, ... ,/\";i= 0,±1,±2, .... ±k. 

Here coefficients Wk:~;~3 equal to the intPgral over the unit spher<' for the product of 
spherical harmonics: 

wa;k
3 

= trr[f YM(8,<p)Yk2 L2 (1i,<p)}"k3 L3 (8,<.p)sinlidli]d<.p. (10) 

The normalization condition (4) may be written in the following form: 

E lnoo ,J,~,/d!· = 1. 
k,l 0 

( 11) 

Let [0, R] be an interval of the variation of 1". We assume that li is large enough, so 
functions ,J,kl(r), Ukl(r), Vkl(r) have a behavior, which may be approximated analytically 

for r 2: R. We choose a uniform grid of nodes for varia.blP r: {r,:i c= T;'IV}(r, = 
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(i- 1)h,h = ~) to discretize the system (7)-(9). The second order accuracy finite 
difference scheme with respect to step h is used br the approximation of equations (7)­
(9). Let the functions '1/11,1, ui1, vi1 be 1/ll,1 = t/>kt(r;), ui.,1 = Ukt(r;). v),1 = Vkt(r;). Then the 
discrete system of equations has the following forn: 

'1/JW- 21/lit + 1/1~1
1 

- k(k + 1) 1/•kt +.!.. ~~ .E Wk~,1%.v•tt, ui..t. = >.1/Jkt 
h

2 
rf r; k,J, k•,l• 

(12) 

u~t
1 

- 2uit + u~[
1 

_ k(k + 1) u~1 + 41!'..!, ,E ,E Wk~,1%2 1/ll:,t,1Pl:.t. = 0 
h2 rf r,k

1
,t,k.,t. 

(13) 

i+1 2 i + i-1 k(k + 1) . l """ """ wu,t. ,,,i ,,,; - 0 
vkl - vkl vkl _ (c2 + ---)vl,1 + 41!'-- L.. L.. kk

1
k

2 
'l'k,t, '~-k2l2 -

h2 rf · !'; k
1 
,I, k2,12 

(14) 

k = 0, 1, 2, ... I<; 1 = 0, ±1, ±2, ... , ±k; i = 2, N =1. For r 1 = 0 we have the following 
let't-hand boundary conditions: 1Pl1 = 0, ul1 = 0, vd = 0. Taking into account exponential 
vanishing of the function 1/!kt on infinity, we get thE right-hand boundary condition for 1/li,1: 

,t,N ,t,N-2 k 
'l'k/- 'l'kl = (-'li'A"+ --)1/lt;-1. 

2h rN-1 

Analogously, for uj,1 and vl1 we have 

N N-2 
ukl- ukl 

2h 
k N-1 = -- -Ukl 

rN-1 

N N-2 k N-1 
Vkt - lg_ = ( -c + --)vkl · - --2-h I'N-1 

(15) 

(16) 

By using some numerical approximation for (11) the normalization conditions may be 
written in the form: 

N 

"""""" i 2 L,L,O'i(1/!kl) = 1, (17) 
k,l i=1 

where a; are the coefficients of the quadrature formula for calculation of integrals. 
To find the approximate solutions of the original problerri (1)-(2), it is necessary to 

solve the nonlinear system of algebraic equations (12)-(17) for the unknown variables 
Nit, ui1, vi1, i = 1, N} and the spectral paramete1 >.. 

3 The method for solving the nc•nlinear discrete systems 

Let Iii; be the vector with the components 1/111 , tl; and V; be the vectors with the com­
ponents ui1 and vk1 correspondingly. Analogously we define the vectors corresponding to 
the nonlinear terms (double sums) in the equati•>ns (12)-(14), as F; = F;(lii;,U;),G; = 
G;(lii;, Iii;). Then the system (12)-(14) can be written in the form: 

lii;+J - 21ii, + lii;-1 + [D;)Iii; t- f;(lii;, U;) =>.Iii;, 
h2 

oi+1- 20; + oi-I + [D;JO; + c;(lii;, Iii;)= o, 
h2 
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(20) 

where i = 2, N- 1; the matrices [D;] are diagonal matrices with coeffcients on the 
main diagonal depending on the number k of the correspondent harmonic. The normal­
ization condition (17) may be written in new variables as 

N 

" - 2 L...a;llll;l -1 = 0, (21) 
i=l 

The left-hand boundary conditions reduce to the following equations: 

Iii!= 0, tA =o, (22) 

Analogously, we rewrite the right-hand boundary conditions: 

(23) 

(24) 

where [E] is an identity matrix, [BI] , [B2] are diagonal matrices. 
Let us consider an auxiliary problem. We can write the right boundary condition for 

the wave functions in the following form: 

(25) 

Then the system of equations (18)-(23),(25) also approximates the problerr (7)-(11), but 
with the lesser accuracy. To solve the nonlinear problem (18)-(23),(25), Wl use the con­
tinuation method from [8]. In equations (18)-(20) we introduce a paramet1 r t, (t E [0, 1]) 

by the following way: 

After this substitution the system (18)-(20) may be transformed to the fo lowing system 

of equations: 

qii+l- 2qi' + q;,_1 + D·lii· + tff.·(•i:. U.-·)- Alii h2 t I I ~" I - I 
(26) 

(27) 

V;+!- 2lf; + lf;_l - 2i1. + D . .-J. + tG-·(Iii· Iii·)- 0 h2 C Yi I Yi I " I - ' 
(28) 

with boundary conditions (22)-(23),(25). In this case the solutions ~;,, U;, A of the 
problem (21)-(23),(25)-(28) will be the functions of the parameter t (t E [0, .. ]). Obviously, 
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fort= 1 we have the original system of equations (18)-(23' ,(25), and for t = 0 we obtain 
th~ sufficiently simple non-connected linear spectral problen, for each harmonic separately. 

To fin9 the values of functions U(t), V(t), ~(t), .\(t) at the moment t = 0 for the fixed 
orbital momentum ko, we solve the one-dimensional spect.ral problem for one equation 
only: 

Yi+1 - 2y; + Yi-1 ko(ko + 1) y· _ .\y· 
1 

= 2 N- 1 
h2 - rf ~ - " , 

with boundary and normalization conditions 

Y1 = 0, YN =0; 
N 

""' ' 2 L..a,y; = 1. 
i=l 

(29) 

(30) 

Let {yiJ, .\i be a solution of the problem (29)-(30). Fer the fixed number 10 : -ko ~ 
lo ~ ko we assume 

' { y;/,;2, 
?jlkl(t)it=O = y;/,;2, 

0, 
0, 

l = 10 , k '= k0 

I= -lo,k = ko 
l # lc 

k;f: k(. 

(31) 

This case corresponds to the real initial approximation for determing the solutions which 
are even functions with respect to angle 'P· The case corresponding to the odd initial 
approximation can be written by the following way: 

{ 

y;/,;2, l=lo,k=ko 

.1.i (t)i- = -y; /V2, l = -lo, 1: = k0 
'l'kl l-0 0, l # '0 

0, k # ho. 

(32) 

Accordingly for the spectral parameter we have .\(t) =-.\* fort= 0. 
So, for every t E [0, 1) we have obtained the nonlinear boundary problem. Let {tj;j = 

0, M}(to = 0, tM = 1) be some partition of the interval [0.,1.). To J:jnd the solutions 
1/!kl(tj), Ukl(tj), Vkl(tj), .\(tj) of the problem (29)-(30) in the point tj the Newton method 
is used. Supposing the difference lti - ti+tl is small e1wugh, we have the good initial 
approximation from previous time step tj_1 for Newtonia1 iterative procedure. 

Let ~:" be the vector of components 1f!i1 on m-th step of Newtonian iterative process. 
Analogously let Ot and V;m be the vectors with componnnts uj..1 and vi1• Then we have 
the following boundary problem for the vectors of corrections o~i = ~7'+ 1 

- ~i, oOt = 
Ot+~ - Ot, oV;m = V;m+I - V;m : 

o~:+l - 2o~i + o~i 1 -m """ -m -m -m -m 
h2 + [D;)olll; + [Au](u; )o\11; + [A 12)(111; )oU; - .\molll; + 

< m (~Y:1 - 2~:" + ~:+1 [ J•T:m ~ ('T:m u-m) \ -m) +oAmW;=- h2 +D;..,;+•'i"'i•i -AmW;, 
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oOt+1- 28&;m + .sOr.:.1 + [D;]our + [A2l](O;m).s0r + [An](iTt)ocit = 

= -(Or.:.J- 2fr +Or~~+ [D;]Ot +G;(Iii;n, ~iii)), 

.sV;'+1 - 28~m + oV;~~\ + ([D;)- c2[E]).SV;m + [A31](V;m).Si7;m + [.432)(i7;"').Sf't = 

=- (V;~\- 2~;m + i7:+1 + ([D;)- c2 [E))l~m + G;(liij, liij)), 

where [Au), [An), [A2d, [An], [A3J], [A32) are the matrices corresponding .o differential 
operators for functions F; and G; from (18)-(20). After that. the boundary conditions can 
be written in the following form: 

oOQ' = o,.sO;v = o: 
To find the correction OAm for spectral parameter, we have tlw equation: 

To solve this boundary problem, we apply the matrix sweep method [1 ). The found 
solutions {liii(tM ), U;*(tM) V;•(tM )}, A*(tM) are used as the initial a.pproxima.· ions for New­
tonian iterative process to solve the problem (18)-(23) with th.r non-zPro boun.dary con­
ditions (24). Initial approximations {yi}, A* for t = 0 have be<'n found by using the 
procedure from [12). 

4 The results of numerical simulation 

On the base of the proposed techniques the FORTRAN codP to calculate the three­
dimensional egenvalues and eigenfunctions for the polaron modPI has been c1 eated. These 
programs allow one to find as spherica.lly-symmetrica.l a.nd axi-symmetrica solutions as 
essentially three-dimensional solutions. 

Now we define some classification of solutions. Let the class of solutic ns Qkolo cor­
respond to the solutions obtained from initial guesses with k = k0 ./ = 10 in (31),(32). 
It should be noted that from iteration process we have functions ~'kf· !lkf £qual to 0 for 
k < ko. So the class !100 includes the spherically-symmetrical solutions o · thl' polaron 
problem. The case with /0 = 0 corresponds to the axial s~·mnwt.r~· of the problem. In 
Table 1 the summary of the obtained results for polaron mod!'! in the limit of strong cou­
pling (c = oo) a.nd the comparison with results from [5) are shown. From thi~ Table we see 
that the fast convergence of solutions in respect to the number of harmonics takes place 
near the ground state, but there is a. dynamics of the numerical results for the low part 
of spectrum. In order to obtain the reliable results in this case it is 1H'cessa1 y to incr!'ase 
the dimension of the solving discrete problem. 

37 



Table 1. T 1e calculated eigenvalues >. in dependence on the number of harmonics 
K = ko. 

Eigenvalue Class /( = 1 /( = 3 /( = 5 results from (5] 
.\o noo 0.08139 - - 0.0814 
.\1 noo 0.01540 - - 0.0154 
.\2 noo 0.00626 - - 0.0062 

r----.:\3 noo 0.00337 - - -
.Ia Ow 0.02705 0.03392 0.03443 0.0343 
.\1 Ow 0.00880 0.00833 0.01327 0.0126 
.\2 Ow 0.00432 0.00407 0.00415 -
.\3 Ow 0.00255 0.00263 0.00276 -

~~0 n21 - 0.01490 0.01642 0.0159 
.\1 n21 - 0.00618 0.00573 -

L_____ _· 1_2 ~ - ~-- - 0.00342 - -
L___ ·--'-·---· 

Table 2. Eigenvalues >. in dependence on the value of the constant of coupling c. 

~value Class C=0.1 c = 1.0 c = 10.0 C=oo 
~0 noo 0.0347194 0.07695.')4 0.0813419 0.0813949 

) 1 noo 0.0127952 0.0153239 0.0153978 0.0153986 
)2 !lao 0.0058969 0.0062565 0.0062632 0.0062638 

r-------:s 0 Ow 0.0215822 0.0333973 0.0339144 0.0339199 
) 1 Ow 0.0078265 0.0083211 0.0083275 0.0083276 
)2 Ow 0.0039902 0.0040679 0.0040688 0.0040688 
)3 Ow 0.0026181 0.0026338 0.0026339 0.0026339 

>o n21 0.0126877 0.0148575 0.0148967 0.0148970 
) 1 n21 0.0059044 0.0061771 0.00618088 0.00618088 

. ) 2 O:z1 0.0033554 0.0034145 0.0034152 0.0034152 
-- - --

In Table 2 1 he numerical results in dependence on the constant of coupling c for different 
classes nkl arE given. From this Table one can see the fast convergence of the solutions 
for large value c to the solutions in limit of strong coupling. 

This investigation has been supported by the Russian Foundation of Basic Researches, 
grant N 94- 111- 01119. 
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Abstract. Some modifications of Coulomb and increasing potentials are considered. 
Propo"ed approaches are suitable for numerical investigation of eigenvalue problems 
in mm nentum space. Their efficiency is demonstrated for the Schroedinger equation 
as well as relativistic generalization of the latter in the framework of a QCD potential 
model Some properties of considered equations solutions with the specified potentials 
are diE cussed. 

1 Introduction 

A numerical s ;udy of some relativistic potential QCD models reduces t.o a solving of the 
problems in a momentum space (for instance, relativistic generalizations of Schroedinger 
equation [1],[2], Schwinger-Dyson and Bethe-Solpeter equations [3]). One of the difficul­
ties is that in the mentioned models a combination of the increasing V1 and Coulomb Vc 
potentials is usually used as an effective potential of interquark interactions. That leads 
to a singularity in the kernels of the integral equations. To prevent this, one can modify 
the initial potnntial at the coordinate representation by way of its approximation by some 
functions with "good" cha,racteristics. Thus, the initial potential V(1·) is replaced in the 
equation by a modified potential VM(r), the properties of which can be investigated on an 
example of thf non-relativistic Schroedinger equation [4]. Solving the equation in a coordi­
nate representation with the potentials V(r) and VM(r), we can compare the eigenvalues 
En, E~ obtai 1ed for n-state (n = 0, 1, 2, ... ) and corresponding eigenfunctions l/>n, 4>~. 
The modified potential VM(r) should be selected so that the spectral characteristics agree 
with the giveu accuracy E: for the given finite number of states N, i.e. 

lEn- E~J < e:, JJl/>n- l/>~JJ < E:, 0 :::; n :::; N. (1) 

Only if the re. ationships (1) are fulfilled, the Fourier-image of the modified potentia.! can 
be used as approximation of the initial potential for the solving of relativistic equations 
in momentum space. It should be noted that the given potential V(1·) can be modified in 
a different ways. Moreover, some modification procedures appear to be more convenient 
for numerical study. Therefore, the goal of this investigation is to perform a comparative 
numerical an~ lysis of accuracy of the most used ways of approximation of Coulomb and 
linear potentials. 

1 This work Has supported in part by the Russian Foundation for Basis Research under Grant No 
94-01-01119 
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Programs developed on the basis of the continuous analog of the Newton s method [5] 
- SLIPH4 [6] and SYSINT (SYSINTM) [7] was used for numerical investigation. 

2 General statement of the problem 

The eigenvalue problem for Schroedinger equation in a coordinate representation can be 

written as follows [8): 

[d2 jdx2 + 2!vl£nl- I (I+ 1)/x2
- 2MV(x)]4>nl(x) = 0. (2) 

Here x is a dimensionless variable, £nl is a system of energy levels, n = ), 1, 2, ... , l = 
0, 1, 2, ... , M is a dimensionless parameter, V(x) is a given potential. Below we will use a 

Coulomb potential 
V(x) = afx 

and increasing potentials 
"I> 0. 

Boundary conditions and normalization conditions are defined as 

OC• 

<Pni(O) = 0, 4>nl(oo) = 0, J <t>?,,(x)ril: = l. 
0 

In momentum space eq.(2) has the form 

00 

[Q(p)- £n,J4>ni(P) + J dq\',(p, q)l/>nl(q) = 0, Q(p) = p2 /2A/ 

0 

with a normalization condition 7 4>?,,(p)dp = 1. 

Here 

0 

4>ni(P) = ~ 7 dxg,(p.T)I/>nl(x), 
0 

1/>nl(x) = ~ 1 dpg,(p.r),P,,(pl, 
0 

V,(p,q) = ~ 7 d.r\'(.T)91(Px)g,(q.<) = 0, 

0 

where 91 is a Rickatti-Bessel function. 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

Let us note that a great variety of relativistic generalizations of Schroedinger equation 
differ from the problem (6) by the form of the function Q(p) only [1,2). 

Let's take one feature of Schroedinger equation with potential (·1). lla.vin ~ transfornwd 
eq.(2), one ca.n rewrite it in the form 

(10) 
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where 
Y = bx, 

I 

b = [2Mu-y]>+>. 

The important property of spectrum of eq.(10) is that the relation 

Ani/ Ao/ = fnl/ fo/ 

does not depe1 d upon the parameters M and u-y of the equation. 

(11) 

(12) 

As Coulorrb potential (3) can be presented in form (4) with "Y = -1 and u_ 1 = a 
everything me:1tioned above is related to it, too. 

This prope ·ty looks especially important for a numerical study of the mesons' spectra 
for comparing the calculated data with the experimental results. It is of importance to 
know the relat.onships between the energy levels in various states [3]. For this it is enough 
to solve the eq nation once at each fixed value of the parameter "Y. The "'(-dependence of 
the eigenvaluef An/ of the problem (10) is tabulated below. 

TABLE 1. 

n 1 "'= o.5 1 "'= 1 1 "'= 1.5 1 "'= 2 1 "'= 2.5 1 
0 0 1.833 2.338 2.708 3.000 3.242 

1 2.551 4.088 5.856 7.000 8.313 
2 3.051 5.521 8.227 11.000 13.737 
3 3.229 6.787 10.732 15.000 19.383 

1 0 2.300 3.361 4.251 5.000 5.639 
1 2.854 4.884 6.966 9.000 10.938 
2 3.286 6.208 9.521 13.000 16.496 
3 3.646 7.406 11.969 17.000 22.244 

2 0 2.658 4.248 5.705 7.000 8.141 
1 3.120 5.630 8.311 11.000 13.609 
2 3.502 6.869 10.796 15.000 19.286 
3 3.833 8.013 13.194 19.000 25.12<1 

Note that ;he condition (12) is not held for the potential combination and for the 
relativistic gen ~ralization of Schroedinger equation. However, it will be useful for selection 
of initial apprcximation for the eigenvalue. 

3 Modification of Coulomb potential 

In momentum space the Coulomb potential (3) can be written as follows: 

+I 
V(p, q) = ~ J dt J'l(t) 

211' y- t' 
-I 

Here 1'1 is Leg! ndre polynomial. 

2 + q2 P __ . 
y = 2pq (13) 

An analyti< al expression for the eigenvalues of Schroedinger equation at Af = 0.5 has 
the form [4] 

£~1 = -a2 j(n + l + 1)2
. 

Let us conside1 some modifications of potential [3]. Note that in some cases one has been 
succeeded in o )taining an analytical expression for integral (9). That lessens drastically 
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a computing time. The computations given below, show a dependence of so>lutions upon 
the parameters of approximating potentials. This allows to estimate their applicability 
for the solving of the problems in momentum space taking the required accuracy of the 
results into account. 

First modification. 
{14) 

Here JJt >> 1 is a parameter the value of which should be chosen sc that for the 
given number of states the conditions (1) are fulfilled. The eigenvalues depeadence on the 
parameter /Jl for problems (2) and (6) is given in Table 2. 

TABLE 2. a= -1,M=0.5 

n IJ I <no (2) <nl (2) <n2 (2) <no (6) <nl (6) ... (')l 0 5 -0.87529 -0.24962 -0.11111 -0.87603 -0.24997 -0.1111. 
0 0 -0.95198 -0.24907 -0.11111 -0.95192 -0.24910 -0.1111 

5 -0.23400 -0.11098 -0.06247 -0.23490 -0.11100 -0.0624'" 
0 -0.24813 -0.11111 -0.06249 -0.24809 -0.11111 -0.0624" 

2 5 -0.10631 -0.06238 -0.03741 -0.10629 -0.06240 -0.0374': 
2 0 -0.10931 -0.06247 -0.03747 -0.11057 -0.06243 -0.0374': 

Here and further the parameters of the computational scheme are select~ in order to 
provide a coincidence of the results of the numerical solving of the problerrts (2) and (6) 
with accuracy 10-3 . Thus, a disagreement between the numerical results and the analytical 
solution is connected rather with the choice of the approximating potential than with the 
calculation errors 

Second modification. 

{15) 

/Jl >> 1 H JJ2 << 1 are parameters. The results of calculations are tabulatld in Table 3. 

TABLE 3. a= -1,M=0.5 

n I" I 1"2 
0 5 0.010 
0 10 0.001 

5 0.010 
1 10 0.001 
2 5 0.010 
2 10 0.001 

Third modification. 

<nQ (2) <nl (2) <n2 (2) <no (6) <nl (6) 
-0.85548 -0.23012 -0.09212 -0.85513 -0.23012 
-0.94991 -0.24795 -0.10912 -0.94922 -0.24800 
-0.21462 -0.09218 -0.04436 -0.21463 -0.09213 
-0.24190 -0.10911 -0.06051 -0.24089 -0.10919 
-0.08765 -0.06237 -0.03157 -0.08769 -0.06213 
-0.10730 -0.06050 -0.03538 -0.10733 -0.06050 

0::; X< Xt 

{ 

afxt. 
vc¥ (x) ==- a/x, 

0, 
Xt ::; X::; X2, 

X2 <X< 00 

<m= 
-0.(09212 
-0.:0913 
-0.(•4432 
-0.(16049 
-0.(13150 
-0.(13532 

where x1 < x2 are parameters. Table 4 gives the results for this potential. 
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TABLE 4 .. :.: = -1, M = 0.5 

I .,, .... (2) <nl (2) <n2 (2) <no (6) <nl (6) <n2 (6) 
10 10 -0.98889 -0.25000 -0.11111 -0.98889 -0.25000 -0.11111 
l1 20 -0.99999 -0.25000 -0.11111 -0.99999 -0.25000 -0.11111 
10 10 -0.24865 -0.11111 -0.06248 -0.24862 -0.11110 -0.06247 
J1 20 -0.25000 -0.11111 -0.06249 -0.25000 -0.11111 -0.06249 

2 10 10 -0.11073 -0.06249 -0.03745 -0.11072 -0.06248 -0.03743 
2 0.01 20 -0.11111 -0.06250 -0.03749 -0.11110 -0.06250 -0.03748 

4 Modifi.::ation of increasing potentials 

Among the increasing potentials of type (4) a linear potential ('Y = 1) and an oscillator 
potential ('Y = 2) are usually applied to hadrons spectroscopy. Note that the use of the 
oscillator potential unlike the linear one, involves no difficulties. That's why this work 
presents the r1sults for a case of 'Y = 1, although the formulas of the approximating 
potentials are ~iven in general form. The eigenvalues of Schroedinger equation for 'Y = 
1, 0'1 = 1, M = 0.5 presented in (4], are 

€~ = :~.338, £j0 = 4.088,£20 = 5.521, (io = 6.787,£:0 = 7.944, £;0 = 9.023. 

Let us conside1 some modifications of approximation for potential (4). 
First mod if cation. 

V.,M (x) = V1-,(x) + V2-,(x), (17) 

{ 
x"Y _ x1, 0 ~X< XM 

VI.,(~') = u., 0, XM ~X < 00 ' V2-,(x) = u.,x1,0 ~ :r < oo, (18) 

where XM is a parameter. The results of the calculations are listed in Table 5. 

TABLE 5. 'Y = 1, u1 = 1, M = 0.5 

r <no (2) <nl {2) <n2(2) <no (6) <nl {6) <n2(6) II XM 

~) 3. 2.31865 3.12290 3.84161 2.31862 3.12285 3.84160 
•) 5. 2.33808 3.36075 4.24345 2.33804 3.36072 4.24343 
•) 7. 2.33811 3.36125 4.24818 2.33808 3.36121 4.24815 
) 10. 2.33811 3.36125 4.24818 2.33810 3.36124 4.24817 

,...i 3. 3.15919 4.62245 3.77400 3.15913 4.62213 3.77489 
l 5. 4.08088 4.82777 5.30294 4.08085 4.82776 5.30290 
l 7. 4.08794 4.88435 5.62885 4.08790 4.88431 5.62883 
l 10. 4.08795 4.88445 5.62971 4.08793 4.88442 5.62968 

r-! 3. 4.81313 3.88672 4.35192 4.81309 3.88670 4.35190 
l 5. 5.17286 5.37217 6.56140 5.17283 5.37215 6.56132 
l 7. 5.51954 6.20067 6.83369 5.51950 6.20066 6.83366 
l 10. 5.52056 6.20763 6.86896 5.52052 6.20763 6.86893 
l 3. 4.23014 4.65850 5.15077 4.23009 4.65845 5.15075 
l 5. 5.62870 6.06615 6.50373 5.62865 6.06613 6.50371 
l 7. 6.74819 7.25408 7.64995 6.74817 7.25407 7.64994 
l 10. 6.78679 8.01273 8.01276 6.78675 7.40562 8.01269 

It is clear that for each set ( n, I) the computed eigenvalues lnl coincide with those 
given in (4] if rM > lnl· Thus, correctness of the computations can be easily controlled 
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by means of computations on a sequence of increasing values of the paramEter XM· Note 
that this way of approximation of the initial potential looks the most convenient one. 

Second modification. 

V..,M (x) = a..,((2/ J.i~}(exp( -J.t!X) - 1 + J.i!X )/.r })". (19) 

Here J.ll << 1 is a parameter. The results are tabulated in Table 6. 
TABLE 6. 1 = 1, a 1 = 1, M = 0.5 

n I' I <no (2) <nt (2) <n2(2) <no (6) <nt (6) <n2(6) 
0 0.050 2.28978 3.26822 4.10422 2.28975 3.26820 4.10413 
0 0.001 2.33713 3.35938 4.24528 2.33708 3.35935 4.24525 

1 0.050 3.94074 4.67991 5.36406 3.94070 4.67987 5.36402 
1 0.001 4.08498 3.35938 5.62434 4.08494 3.35933 5.62431 

2 0.050 5.25293 5.87421 6.46686 5.25291 5.87413 6.46683 
2 0.001 5.51514 4.88032 6.86073 5.51509 4.88030 6.86067 

3 0.050 6.38338 6.93001 7.45939 6.38335 6.93007 7.45934 
3 0.001 6.77852 6.20086 7.99851 6.77845 6.20082 7.99848 

Third modification. 

V.;"1 (x) = a..,(2(J.t~- ll~)(exp( -III X) - PXp( -112.!') + {111 - 112).1·)/J P, (20) 

J.ll << 1 and J.l2 >> 1 are parameters. ThP calculation results are presPntec in Table 7. 

TABLE 7. 1 = 1, a1 = 1, M = 0.5 

n l't 1'2 <no (2) <nt (2) <n2(2) <no (6) ... , (6) (n2( 

0 0.050 5 2.28887 3.26685 4.10253 2.28886 3.26682 4.10, 
0 0.001 10 2.33696 3.33931 4.24216 2.33694 3.33928 4.24' 
1 0.050 5 3.93885 4.66230 5.36327 3.93880 4.66227 5.36< 
1 0.001 10 4.08339 3.31894 5.62378 4.08335 3.31890 5.62< 
2 0.050 5 5.25137 5.86448 6.46584 5.25133 5.86H5 6.46c 
2 0.001 10 5.51381 4.86996 6.85990 5.51378 4.86991 6.85[ 

3 0.050 5 6.38244 6.92142 7.45671 6.38241 6.92137 7.45( 
3 0.001 10 6.77680 6.18772 7.99355 6.77678 6.18768 7.99< 

5 Numerical solution of the relativistic equation 

Let us consider a relativistic equation [2]: 
00 

[2•/P2 + m2 - (2m+ Eni)]<i>ni(P) =-J clqFi(p, q)<.\,i(q). (21) 
0 

Here m = 2M is a parameter of the model, V( is a. linear potential for rep ·esentation of 
which the form (17)-(18) is used. Note that the equation (21) rf'dun•s tc (6) if to use 
Q(p) = 2( .jp2 + m2 - m) in place of Q(p). TabiP 8 giws the valul's of E;~H = £,.0 and 
E!(0 (n = 0, 1) for various value of them parameter for the relativistic proh!Pm (21) a.nd 
for the non relativistic Schroedinger equation. The latter case gives tlw computations both 
in coordinate and in momentum space. In doing so, for the coordina.tl' rep ·esentation of 
Schroedinger equation we used a non-modified linPa.r potential. The parameters of the 
computational scheme were selected in order to provide a. coincidl'nce of th' ee signs a.ftl'r 
the point for solutions of the problems (2) and (6). 
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TABLE 8. 
m E{;On EOc, E:On E:O 

O.Ql 10.888 3.134 18.983 4.687 
0.10 5.037 2.971 8.807 4.522 
0.50 2.946 2.513 5.150 3.986 
1.00 2.338 2.143 4.088 3.554 
2.00 1.856 1.782 3.245 3.033 
3.00 1.621 1.580 3.828 2.718 
5.00 1.367 1.350 2.391 2.337 

It is eviden. from the Table 8 that the value of E tends to decrease with increase of 
m. Moreover, 1 he solutions of the relativistic and the non relativistic equations converge. 
Note that for 1: = 1 the convergence of the eigenvalues with increase of m is more slow 
than for n = 0. 

It is easy to find a relationship between solutions { E;:;n, 4>~1/} of the non relativistic 
equation (6) ard solutions {E~, 4>~1 } of the relativistic equation (21) 

RM Ru 

EZR- E~ = [ j dpvn(P)<t>;:'/(p)<f>~1 (p)]/[ j clp<f>ZR(p)<f>~1 (p)], {22) 
0 0 

where 

vn(p) = (p2 /m)[l- 2/{ VI+ p2 /m2 + 1)], vn(p) 2 0, 0 :::; p:::; RM. 

Applying tl e theorem about average, for n = 0 the relation (22) can be rewritten as 

Note that 

Et{R- E{i = vn(~), 0 < ~ < RM. {23) 

min vn = vn(O) = 0, 
[O,PMl 

max vn = vn(PM)· 
[O,PMl 

In a similar way for n = 0 one can get a relationship of the eigenvalues of eq.(21) for two 
values of the parameter m: m1 and m2. 

E{i(ml)- E{i(m2) = wn(~), {24) 

u (~) = 2(mi- m2)[l- (m1 + m2)/( /e + m? + /e + mnJ. 
As Et{R(m) ~ f:{i(m) for large m, the equality (24) can be written as follows: 

E{i(md ~ Et[R(m2) + wn(~). (25) 

For n > 0 the equality (23) and (24) are fulfilled approximately. 
Relations (:!3)-(25) are useful for control of the numerical calculations as well as for 

approximate e~timation of relativistic effects without solving the equation. Analogous 
estimates -of the relativistic correction of the spectrum can be also obtained for other 
relativistic gen.,raliza.tions of Schroedinger equation. 

Table 9 givEs the relationships Enl/ E01 calculated. To compare the results, we present 
the ca.lculatiom performed in (8]. Our results prove the convergence of the solutions of the 
relativistic and the nonrelativistic equations with increase of the parameter m. Besides, 
it is seen from the tables that the relation Enl/ Eo1 does not depend upon the value of m 
in the nonrelat vistc case because of (12). 
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TABLE 9. 

M(eV) n ~~:z: ~ ~[8] t:z: ~ ~[8] ~ ~ e[8] Eo'JNR 

300 1 1.75 1.69 1.63 1.45 1.40 1.43 1.33 1.28 1.31 
2 2.36 2.22 2.11 1.85 1.74 1.80 1.62 1.53 1.58 
3 2.90 2.68 2.51 2.20 2.04 2.13 1.89 1.75 1.82 

500 1 1.75 1.71 1.67 1.45 1.42 1.39 1.33 1.30 1.27 
2 2.36 2.28 2.18 1.85 1.82 1.71 1.62 1.56 1.51 
3 2.90 2.76 2.62 2.20 2.14 2.00 1.89 1.80 1.72 

1500 1 1.75 1.74 1.72 1.45 1.44 1.36 1.33 1.32 1.25 
2 2.36 2.34 2.30 1.85 1.83 1.67 1.62 1.60 1.47 
3 2.90 2.87 2.80 2.20 2.17 1.93 1.89 1.86 1.67 

6 Conclusion 

This work represents an approach to numerical study of the effect of the potentials' ap­
proximation on the accuracy of solving the problems in momentum space. 1he performed 
numerical analysis of dependence of solving Schroedinger equation upon a :;ort of an ap­
proximating potential allows to estimate applicability of one or another modif cation taking 
the required calculation accuracy into account. It has been shown that with n the class of 
the potentials discussed the relations between the eigenvalues are independnnt of the pa­
rameters of Schroedinger equation. The efficiency of one of the proposed m•>difications is 
demonstrated on an example of solving a concrete relativistic equation. The .tpproximated 
estimations of the relativistic correction for the spectrum obtained for the given equation 
allow to determine, without solving the equation, the contribution of relativistic effects on 
change in the spectrum of the equation depending on the parameters of thE model. 

The authors are sincerely grateful to Prof. E.P. Zhidkov for his permar ent attention 
to the work and useful remarks. We also would like to thank Dr. A.A. Ma:havariani for 
materials presented for our tests. 
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Abst 'act. The quantumfield binucleon model for the case of the nucleon spot inter­
actior with the scalar and pseudoscalar mesons fields is considered. For the strong 
coupU ng limit the nonlinear equations describing two nucleons in the meson field are 
devei<•ped. Methods of numerical investigation and obtained results are discussed. 

The calculation of binucleon states has been the objective of many investigations, 
references to which can be found in books and reviews concerned with the binucleon 
problem (1,2] This problem is of interest because this is its solution that gives direct 
information on nuclear forces. 

In this paper we make an attempt to calculate a bound state of two nucleons in a meson 
field by using a consistent translation - invariant theory of strong interaction between a 
particle and <. quantum field. It is well known that in the limit of strong particle - field 
interaction the field can be considered as classical in zero approximation [3]. 

The theoretical consideration of this problem was done in (4] by use of the canonical 
Bogolu bov-T:•ablikov transformation in the limit of strong coupling. 

1 Differential equations for binucleon 

The Schroedi 1ger equation for binucleon with potential 

2 2 J -~<clr-r'l/2 
llc(r) = _...!!..._ d3r'lt/!o(,.tWe 

1 
, , 

1r r- r' 
(1) 

where g is th" constant of the interaction with the scalar field, Jlc is the scalar pion mass, 
can be preser ted in the form of variational principle with the functional: 

1i2 J 2 J -kclr-r'j/2 
F =- IV'¢>1 2dV- f!.... e I 'I lt/J(r)I2I.,P(r')l 2dVdV'-

m 1r r-r 
(2) 

J 
-krrclr-r'l/2 

-P (uV'r)(uY'r•)e 1_ _ 11 1'1/!(rWI'I/!(rWdVdV', 

1 This work was supported in part by the Russian Foundation for Basis Research under Grant No 
94-01-01119 
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where 

kc =Jlc, knc = tt = f.l"' 

(3) 

(4) 

Herem is a nucleon mass, Jl is the pion mass, f is the interaction constant and a is spin 
operator. Taking into account the condition for the: functional (2) minimum on the class 
of functions ¢(f) with the normalizing conditions 

(5) 

we get the following system of equations 

(6) 

Using the notation 

v3 = (aV'2)\f2 

and assuming h 2 = 1, we can present (6) as a following system 

(7) 

Energy levels c: and wave functions ¢ of the binucleon can be d<'termined by solving the 
system (7) on the set of functions ¢(i"J, which satisfy the normalization condition (5) and 
are limited for 0 < r < oo, with boundary conditions 

rl!.llJo ¢(r) = 0, (8) 

(Here r = .../x2 + y2 + z2.) Then for the binucleon radius Rand the quadr 1pole moment 
Q we have 

Turning in eqs.(7) to dimensionless variables 

f"= r·of, ¢ = 'Y'P· 

we get the following system of equations (bar mark for vector f was omittPJ) 

{ 

t.c.p- >.c.p+ (V1 + B\13)c.p = 0, 
t.VI- kf\II = -lc.pl 2 , 

t.V3- k5\f3 = -(aV',.) 2Ic.pl 2, 
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(10) 

{II) 



where 

.x 2 k2 ( kc )2 2 =c:mro, t = 2 ro, k2 _ (knc)2 2 
2 - 2 ro, 

B = j2 rr 
g2~' 

8g2mrh2 = 1. 

Using the last equation we can determine/, for example, supposing r0 = 10-13cm. 

(12) 

Taking the cltange of variables (10) into account, we rewrite the Eqs. (5),(9) and (2) 
in the form: 

1 
V =I dflc,ol2 = rg/2' R = rh2R, R =I drrlc,ol 2, (13) 

5 2 " " I 2 2 2 £ (T- ! Wl3) Q =: r01 Q, Q = dr(3z - r )lc,ol , F = A •·. , (14) 

T =' ro1
2T, T =I df1V'c,ol 2, W13 =I dr(Vt + BV3)1c,ol 2. (15) 

Then we will use the next relations between the variables: 

R 
R=ro(N), Q = r2(2,) oN. 

Here the express ons in the brackets are dimensionless variables. 

(16) 

The system of differential equations for bipolaron (11) is the nonlinear three-parameter 
eigenvalue problem. Numerical integration of ( 11) was perform in [.5] in the limit knc -+ oo. 
Thus, the solutic n of (11) for finite knc is an actual problem. 

2 StatemEnt of the boundary value problem for the system 
of equations 

Here we discuss the statement of the boundary problem for the system (11) in the specia.l 
case of axial symmetry, namely ¢!(p, z, <P) -+ ¢!(p, z) and for the finite interval: -ZM ::::; 
z ::::; ZM, 0 ::; ,J ::; PM· We can formulate the statement of problem in terms of the 
ordinary diffe_ren ;ial equation;;. The solution of the system (11) in cylindrical coordinates 
we present as 

00 00 00 

<p(p, z) = L Yn( ;)¢!n(p), Vt(P, z) = L Vtn(z)¢!tn(p), V3(p, z) = L V3n(z)¢!3n(p), 
n=l n=l n=l 

where function { :tn, ¢!n} are determined as the solution of a spectral problem 

¢!n + -¢!n + lln¢!n = 0, 0 :S P::::; PM, 

i
ll 1 1 

¢!~(0)~ 0, ¢!~(PM)- APM¢!n(PM) = 0, 
J dpp¢!~ = 1. 

Here APM is detumined from 

fLpM = 

i_[¢!A(P)] 
dp 

¢!A(P) 
P=PM 

ZM 

¢!A(P) = I dzyo(z)<pA(z,p). 
-ZM 
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The function 'PA is replaced by V1A or V3A, and the function y0 (z) is replactd by V10 or 
V3o, respectively, for the sets of {/Lin, Cllln} or {IL3n, 413n}· In special case we can use only 
one set of functions { Clln}· Substituting the expansion (17) into the system (11), we have 

where 

1 
Y~- (>. + ILn)Yn + f: WnmYn = 0, n = 1, 2, · · · 

m=l 

V{j- (k~ + /Lij)VIj = -Jii• j = 1, 2, · · · 
Vjj- (k~ +IL3i)V3i =-hi, 

00 

Wnm = ~)Qinjm Vlj + BQ3njm V3j], 
j=l 

PM 

00 

J1j = L QlnjmYnYm, 
n,m=l 

Qinjm = j dpp41n(p)41;j(P)41;m(P), 
0 

Functions Yn, Vlj, V3j satisfy the following boundary conditions 

where 

A(zM) = 

Al(zM) = 

A3(ZM) = 

l y~(zM)- A(zM)Yn(ZM) = 0, 
V{j(zM)- Al(zM)VIj(ZM) = 0, 
Vjj(zM)- A3(zM)V3j(ZM) = 0, 

l y~(-zM)- A(-zM)Yn(-zM) = 0, 
V{j(-zM)- Al(-zM)VIj(-zM) = 0,. 
Vjj(-zM)- A3(-zM)V3j(-zM) = 0, 

d 
d)YA(z)] {M YA(z) = 

0 
dppCilo(P)'PA(z,p), 

YA(z) 
z=zu 

d 
dz[VIA(z)] {M 

VIA(z) 
VIA(z) = 

0 
dppCilw(p)VIA(z,p), 

z=zM 

d 
d)V3A(z)] {M 

V3A(z) 
V3A(z) = 

0 
dpp413o(p)V3A(z,p). 

z=zM 

The coefficients A(-zM), Al(-zM) and A3(-zM) are determined in the similar way. 
The normalization conditions for the system (19) has the form: 

if we use the boundary conditions (22),(23). 
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Expressio.1s (2) and (9) for the physical values calculations using the expansion (17) 
can be writte1 as: 

+zu PM +zM PM 

R = 21r J dz J dppj(z2 + p2 )q}(z, p), Q = 21r j dz J dpp(2z 2
- p2 )4>2 (z, p), 

-ZM 0 -ZM 0 

£ • 1 • 
F = A[Tc- 2Wc]/(Nc * 21r), 

• +zM PM {}<f> 2 {}<f> 2 

Tc = 21r J dz J dpp[l &p I+ I {)z 1], 
-ZM 0 

+zM 

We= 21r I: J dz[Vlj(Z) + BV3j(z)]Yn(z)ym(z), 
Jnm_zM 

(24) 

(25) 

Using the problem symmetry the system (19) can be solved on the interval 0 :<; 0 :<; ZM, 

with appropr ate change of the boundary conditions and normalization. 

3 Numerical methods and analysis of numerical results 

Calculations Jfthe basic functions {.Pn} ={.Pin}= {.P3n},n = 1,L, L = 1,2,3,4,5, 
for the given PM was performed. The code SLIP1 [6] was used for the numerical solving 
of the problem (18) for the base functions {.Pn} with normalization (18). The algorithm 
suggested in [7] was used for solving the problem (19). This algorithm is based on the 
combination )f continuous analogue of the Newton's method (CANM)[8] and the contin­
uation methcd and allows to reduce the solving of the complicated system of nonlinear 
equations to ;he sequential solving of the relatively simple linear problems. 

The next iterative scheme was used: 

• The pwblem (18) was solved with the boundary conditions 

.Pn(PM) = 0 (26) 

for the ;et of basic functions determination. 
• For the given initial approximation for Yn(z) and a set of basic functions calculated 

on the irst step, we evaluate the right site of second and third equations of system 
(19) us: ng eqs.(20-21). Then we determine functions V1j and V31 (j = n) as the 
solutior of linear boundary problem by using the sweep method. 

• Substit 1ting the given approximations for V1j and V3j into the first equations of 
system (19), we have an eigenvalue problem for the system of linear differential 
equatio 1s, which can be solved by using CANM in the modified code based on the 
progran START [9]. The function exp( -lzl) was used as the initial approximation 
for Yn (;) together with the solutions founded for the other set of parameters. The 
number of Newtonian iterations does not exceed 10-13 usually. 

• Solutions Yn from the previous step are used for the calculations of Jlj and hi 
on the 1ext iteration and so on. The process of iterations stops when the solutions, 
obtaine:l after two sequential iterations, would coincides with each other with a given 
accuracy£. Actually the .5-8 iterations are enough to reach the accuracy£= 10-3 • 
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• Parameter Ap is calculated with the help of the obtained solutions Yn· Then the 
problem (18) is solved again with respective boundary conditions, wd a new set 
of basic functions is determined. The solution to the problem (19) are calculated 
again for this set accordingly to the algorithm described above. Such a process will 
continue until a stabilization, i.e. until the newly-obtained solutions and the value 
APM coincide with the preceding ones with the accuracy given a prior:·. Actually 3-4 
iteration steps are required to reach the stabilization. 

The discrete approximation of the problem was made on a h-step uniform grid {z;} with 
the help of the difference schemes of the second order convergence O(h 2 ). T 1e calculations 
on a sequence of the twice compressible grids were shown in Tab.1 and cc·nfirm the 2nd 
order of the convergence. 

Table 1. Nc = 10, PM= 5, kf = k~ = B = 0.1, L = 4, ZM = 10 .. 
- grid step number of points ,\ Yl(O) 
h 0.100 101 0.6362802 1.624439 

h/2 0.050 201 0.6360388 1.633.727 
h/4 0.025 401 0.6359781 1.636136 

0' h!r-m -- 4. 4. 

Table 2 lists the results obtained on a sequence of expanding int.enals ( -ZM, zM] 

showing convergence on parameter ZM. 

Table 2. Nc = 10 p - 5 k2 k2 B 0 1 h - 0.05, L = 4. , M- , ,= '2 = = . , .-

ZM ,\ Yl(O) Y2(0) Y3(0) Y4(0) 
5. 0.538 1.641 0.428 0.033 0.003 
10. 0.532 1.634 0.423 0.032 0.003 
15. 0.531 1.630 0.422 0.032 0.003 
20. 0.531 1.630 0.422 0.032 0.003 

Table 3 lists the results for different number of basic functions L. In 1 he top raw of 
each column the value.\, normalization N,. and amplitude¢,(:-) for n = 1, J,, obtained for 
the boundary conditions (26) was given. The same values after tht' solutio 1 stabilization 
for parameter APM was given in the bottom row. 

Table 3. Nc = 10, kf = k~ = B = 0.1, PM= 5 

L ,\ Nn,n-l,L Yn(O),n-1,£ 
2 0.538 8.88,1.12 1.78,0.62 

0.632 8.87,1.13 1.61, 0.59 
3 0.616 8.86,1.10,0.04 1.78,0.62,0.16 

0.635 8.01,1.94,0.05 1.59,0.79,0.15 
4 0.626 8.82,1.13,0.05,0.001 1.65,0.45,0.33,0.03 

0.636 8.86, 1.10,0.04,0.001 1.59,0.42,0.32,0.02 
5 0.637 8.82, 1.13,0.05,0.001, 10-· 1.65,0.43,0.33,0.0:l,0.002 

0.636 8.85,1.10,0.05,0.001, 10- 5 1.63,0.42.0.32,0.03,0.003 

Now let us turn our attention to experimental data. According to [10] radius is R = 
1.963 · w- 13cm, quadrupole momentum is Q = 2.86 · 10-2icm 2 and binding ( nNgy is equal 
to 2.246MeV. 
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It follows frcm (24)-(25) that at 1·0 = 10- 13 the calculated dimensionless values corre­
spond to the experimental ones if the following relations are fulfilled 

Q/(Nc · 21r} ~ 0.29, R/(Nc · 21r} ~ 1.96, F ~ 2.246 (27) 

According to (12), the parameters of the model must be kr ~ 3, ki ,.... 0.1 , and 
the B and Nc nust be free. However, we failed to get satisfactory results for these pa­
rameters. Consi 1ering k 1 as arbitrary parameter and fitting its value from the conditions 
of fulfillment of the mentioned relations (27), we succeeded in obtaining the best re­
sults at Nc = ~,.5, kr = 0.1, B = 0.001. Hence, we have A = 0.41, R/(21rNc) = 
2.19, Q/(21rN,) = 0.27, c = A* 40 ":;;< 25.6. Turning to dimension values we find 
R ~ 2.2 · 10-13crn, Q ~ 2.7 ·10-27cm2 , F = 2.43eV. 

4 Conclusion 

Calculating numerically the nonlinear equations for two nucleons in a scalar and pseu­
doscalar field, \\e evaluate binding energy, effective radius and deuteron quadrupole mo­
mentum, which fit the experimental data, if we assume the effective mass of scalar meson 
to be near the nass of pseudoscalar meson Jls :::::: 140Mev and kr = ki = 1. At the same 
time, this fittin1; yields the coupling constants g and f one order less than experimen­
tal data determ ned by the local model of nucleon-meson interactions. But our model is 
nonlocal and nonlinear. 

Note that \\e investigated only the simplest case of spot interaction. The nucleon 
formfactor inclu 1ed in the equations can change significantly the final results. The other 
important trend is to generalize the theory of the case of intermediate coupling constants 
and take into account relativistic effects. 
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BEAMS WITH SPACE CHARGE 1 

Serge Andrianov 

St.Petersburg State University 
e-mail: serge@asn.apmath.spb.su 

Abstract. This paper is devoted to problems of modelling of particle beam! with 
space charge. For some models of space charge distribution functions the nee• 'ssary 
motion equations are written. For solving of these equations the matrix forn alism 
for Lie algebraic tools is used. This approach permits to obtain solutions • >f the 
motion equations in symbolic forms. These solutions have forms of block-me trices· 
(solution matrices) which can be created in advance for different control beam sy>tems 
and the distribution functions. All symbolic information about model distril uti on 
functions and solution matrices form is involved to some base-dates. In this paper 
we suggest two methods of space charge description: the nonlinear rms-en• dope 
matrices language and the distribution functions language. The necessary syr tbolic 
computations are performed with the help of computer algebra codes REDUC.O: and 
MAPLE. 

1 Introduction 

Many approaches to the space charge modelling problem are known. The basic difficulty 
which arises for this problem is a nonlinearity of corresponding motion equations even for 
simplest cases. In this paper evolution of long beams with an elliptical c1oss-section in 
transverse phase space is discussed. As examples some special forms of phase space dis­
tribution function are described [1]. For these distribution functions the FeHer's integrals 
technique are used. It allows to obtain motion equations in symbolic forms as expansions 
in series. These equations are written in a matrix form. The truncated matrix equation 
(up to a certain order) are solved with the use of the matrix formalism for Lie algebraic 
tools [2]. Nonlinear nature of these equations lead to a necessity to use ,he successive 
approximations method. Obtained convergences bounds and algorithms give opportunity 
to estimate a current step value in advance and to create necessary software for modelling. 
More over the suggested approach allows to use object-oriented ideology md to realize 
the dynamic modeling paradigm [3, 4]. 

2 A Space Charge Description 

2.1 The Initial Space Charge Distributions 

A researcher can use two types of space charge description. The first is b !Sed on space 
charge distribution in the phase space and the second on the distribution i 1 the configu­
ration space [1]. Note that in general a phase-space distribution function 1 or a particle 

1 This work was supported in part by the Russian Foundation for Fundamental Researches under Grant 
No. 96-02-17336 
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density distribu .ion ) fa( X) = f( X, sa) can be written in the form fo( X) = f JE X [k] or 
k=O 

in the case of eliptical symmetry 

00 00 

fa( X)= .Po(~~:2 ) = :~::.>Z~~:2k = L:.>Z(xlkl)* A6klxikJ, (I) 
k=D k=D 

where X[k] =X®· ... · ®X is the Kronecker power of the phase vector X == (:c, P.r. y, ]Jy)* • 
._-....---' . 

k-times 

dim X[k] == (kk 1
), A6k} is the symmetrical Kronecker power of the initial form m<ttrix 

Ao: ~~:2 == X*AoX: 

{k} [k] . -- (n + k- l) 
(A )il=b;(k)(A0 );1, ~,l==l,d[k], d[k]== k 

and b;(k) are the polynomial coefficients of k-th order, which can be calculated from tiH' 
known expressic n k!/ k1! ... kn! using the lexicographic order k1 >- k2 >- ... >- kn. 

2.2 The Self-Field of Space Charge 

Using the Ferrers's integrals we can calculate the desired potential for t!H' beam in thP 
form 

oo du 
V =- 7rab j <I>(~~:i(u)) ~(u)' 

Eo. 
0 

,2 

when <1>(~~:2 ) = J p(t)dt, 
( 

~2 (u) = (a 2 + ·t)(b2 + u), ~~:i(u) = a4u + ~- After some transformations we obtain 
the components of the vector of self-electrical field 

21r~b joo{ ~ • 2 } du 
Ee=----;;-PJ a2+u<l>(~~:l(u)) ~(u)' 

21rab joo{ ~ 2 } dv. 
E" == ----;;-P b2 + u <l>(~~:l(u)) ~(u)' 

0 0 

and for our par ide density distributions we can write 

o Eo== 47rpo_a_b_···~, 
Ef.," ,= Ee," + 6Ee,"' f. Eo a( a+ b) 

Eo_ 47rpo ab 
T}--

(O b(a+b/1· 

The values of 6 Ee, 6E" can be easily calculated with the help of MATH I~ MAT I C A ( or 
REDUCE) codes. Note that for the K-V distribution we have 6Ef, = 6E,1 = 0. Besides, 
if the arbitrary distribution p(x, y) = p0 <1>(~~:i) is a polynomial of n-th order with respect 
to the variables Kt the functions 6Ee and 6E" are polynomials of (2n + I )-th order with 
respect to the 'ariables ~ and ry. Then we can return to the coordinates referenced to a 
desired system. 
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3 The motion equation 

3.1 The motion equation for a single particle 

As an example we consider the transport system with the rectilinear optical axis (there 
are no dipole magnets ). For a non bunched beam ( the longitudinal self-e ectric field is 
missing ) the motion equation for single particle can be written in the form 

x" = lj_T{y1 B.- (1- :r 12 )By + J:
1y1 B,. + T ,JEr

3 
}. 

p ~~· 

II qT{ 1B (1 12 )B I 1B T Ey } y = - p X • - - y :r + X y y - f)cj3 ' 

where T = y'1 + x 1
2 + y1

2, 
1 = d/ds. Note that the self-magnetic liPid is considered with 

the help of the coefficient 1/'y3 . 

These motion equations can be rPwritten in following matrix form 

dX _ ~{p'k ( ) ptk l} -(kJ ds - L....- <''f s + selj(s .\ . 
k=l 

The matrices P!;t and P!;11 describe the external and self-liPids corrPspondingly. As an 
example the corresponding motion equations for a quadrupole IPnsP systPm i11 the presencP 
of space-charge up to third order on phase space variables arP considPrPd in [1]. 

3.2 Transfer map in the presence of space-charge 

The transfer map approach has been very useful for studying bPam d~·n; mics without 
space-charge. In this case we can write 

M: Xo--+ X= M(siso) · Xo. 

where M is called the transfer map ( or Lie map ) between moments s0 and s. If tl]{' 
beam is an ensemble of interacting particles then the map o\11 (slso) depend only on control 
system parameters. In the frame of the matrix formalism [2] we <·an represp 1t this map in 
the form 

X= M(siso) ·.Yo= f: M 1k(sls0 )X,\kl. (2) 
k=l 

where M 1k are matrices which can be calculated with the lwlp of tlw ma11·ix formalism 
tools. 

According to the previous sections our beam has the elliptical cross-sect on. So )pt. M0 

be an initial phase set occupied by particiPs: 

Mo = {xo: X0A~1 Xo :S: 1 }-

Let uJ 1 = (A~ 1 )- 1 
• The other definition of the u-matrix ( so-caiiPd rms-PnvelopP matrix 

) is following 

aJ' = f fo(X)XX*dX, 

Mo 
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where fo is ;en initial phase space distribution. The similar formula can be used for the 
definition 

<4 = j fo(X)X[iJ(x[kJ)·dx. 

Mo 

These definitions allow the beam dynamics to be investigated in the terms of envelopes. 
Indeed, acco ·ding to the matrix formalism for both cases of the definition of the a-matrix 
we have 

00 00 

u 11 (s) = LLM!ka~i(M1i)*. 
i=l k=l 

In the preser,ce of space-charge the Lie map will depend on the parameters of the beam 
too. In this case the operator equation for the map M is a nonlinear equation. The 
solving this £quation requires the another approach. In this paper we suggest the method 
of step-by-st•!p approximations. The basic idea of this m£>thod in our case is to calculate 
the envelope matrix according to the following algorithm (comparE> with [5)). 

Step 0: 
1) Choos•! the initial model distribution function f 0 (x) according to the Eq.(1) and the 

order of our tpproximation equal toN. 
2) Define the set of matrices u(/ according to the corresponding equations and then 

form the in it al nonlinear envelope matrix a{/: 

N { ik} -· ao = ao i,k=I,N 

3) Define the sequence of subintervals /; = [s;, s;+J), U /; = /101 = (so, s.), i = 0, m, 
i=O 

Sm = s •. 
Step 1: 
Calculate the auxiliary envelope matrices by 

ulk(so) = aabk(so) + (1- a)uhk(st), 0 <a< 1, 

N 
ik( ) ~ Mii il( )(Mik)• 

0"0 S1 = L...J I aO So I ' 
j,l=l 

M1 = Mii (s 1lso; { a~1 }) is the block matrices calculated according to the matrix formalism 
by constant natrices a~i (self-consistent motion equations or self-consistent Hamiltonian 
functions), s£e the Eq.(2). 

Step 2: 
If lluP(st)-uJ 1(sJ)II < e then go to finish else change s1 on s2 and so on s1 and return 

to the Step .. 
Not~ tha1 in the frames of the matrix formalism we can also calculate the particle­

density distri ~uti on function. According to the Eq.(2) and the properties of the Kronecker 
product we c tn write the transformation of X[k]: 

x[kJ = ( M . Xo) [kJ = (f: M 1i x~') [kJ = f: Mki x~l, 
j=l j=l 
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i,From the known properties of Lie maps we can write for an arbitrary f1 nction of an 
initial distribution fo(X) = f(X,so): f(X,s) = fo(M- 1(siso) ·X). In our case we 

have M-1(slso) ·X= f: T 1k(slso)X[kl, where T 10 = -M10, Tu = (Mll)-1 and other 
k=O 

matrices T 1k for k > 1 can be calculated with the help of the recurrenG generalized 
Gauss's algorithm using the matrices M 1k. It is worthy to note that acccrding to this 
algorithm one should inverse only the matrix Mll and then use only matr.x operations 
(with the Kronecker operations extension) for calculation the necessary rna .rices T 1k up 
to the desired order. So after some calculations we can obtain the following Equation (see 
the Eq.(1)) 

f(X, s) = fo(M- 1 ·X)= 

ag f: a~(M- 1 · x[kJ)* A~k}(M- 1 . x[kl) = 
k=1 

ag + f: aZ f: f<x[IJ)*a~ xUl, 
k=1 l=kj=k 

B~ = (Tk1)* A~k}Tki. 

For the convergence of our approximations methods for envelope matrices .he following 
condition has to be satisfied 

for /3 < 1. The constant of this method f3 can be calculated as a function )f the initial 
beam characteristics and the transport system parameters. The condition ,~ < 1 allows 
the limitations on the step values isk - Sk-11 = 6.sk to be calculated which guarantee 
the fulfillment of the inequality /3 < 1. The preliminary calculations showed that it is 
sufficient to use two- four steps of this iteration process for some value of 6.t k· Note that 
the convergence condition does not depend on the parameter a. 
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A bstJ act. This paper is devoted to description of bssic concepts for modelling pro­
cess o · such kind of nonlinear dynamical systems as beam line systems. There are 
two different types of beam physics problems: long time evolution of beams and syn­
thesis of beam line systems with desired characteristics. Both these problems have 
some 1eneral lines. Indeed, a researcher can include different kind of effects step by 
step. In this paper the matrix formalism for Lie algebraic tools for these mentioned 
probl• ms is used. This formalism allows to create databases of necessary matrices 
for ad vance. For this purpose it is necessary to use computer algebra codes. They 
allow oot only to do symbolic calculations but to do necessary investigation on early 
modelling steps. In particular this helps to realized a process of synthesis of dynami­
cal sy,.tems. This approach can be realized with the help of expert systems ideology. 
Some bssic concepts of this process are described. 

1 Introduction 

At first, let us consider some problems which appear during any process of dynamical 
systems modelling. A researcher obviously must pass following steps: 

- to defim· an initial set of decisions (preliminary judgements on a design problem); 
- to applicate one or more mathematical models of various properties of the dynamical 

system (in our case of the beam line system). 
- to analyse the solution and then accept or reject corresponding model, and in the 

later case; de1ine a new set of decisions and return to the second step. 
These poi 1ted steps can be put into new paradigm for modelling process - dynamic 

modeling, if this process will be ensured by necessary attributes among the we should 
emphasize thn following: 

- the using mathematical methods have to be adequate both to physical models and 
modern programming methods, to put it in another way the mat./Jemat.ica.I methods have 
to permit usi 1g of artificial intelligence methods and facilities; 

-objects which are manipulated by a researcher must maintain a natural extension of 
the set of precesses and effects being investigated; 

- objects which are manipulated by a researcher must admit maximal simple (from 
the a computational point of view) operations necessary for calculations. 

These and other reasons as well as author's experience show that one of the methods 
satisfying thEse requirements is the matrix formalism of Lie algebraic methods [1). In 
this work we discuss how this approach can be used for beam physics, how the modelling 
process can be formulated and what place in this process we must assign computer algebra 
methods. 

1 This work Has supported in part by the Russian Foundation for Fundament.al Researches under Grant 
No. 96-02-1733 i 
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2 The Basic Definitions and Concepts 

2.1 Lie Transformations 

It is known that for any dynamical system we can write 

M(tlto): Xo H X(t), ( 1) 

where Xo = X (to), X (t) are an initial and a current states of our dynamic.J system (i.e. 
corresponding phase vectors), M(tlto) is a dynamical mapping. Such repr>sentation we 
can write for both autonomous and time dependence systems. In the second case we must 
use either chronological ordered operators or so called Magnus's represent;otion [2]. For 
both cases the map M can be written as an exponential operator in the form 

M (tlto) = exp { .Ca(X.t!to)} • 

where .Ca(X,tlto) is a Lie operator associated with a vector function G(X. tlt 0 ). For example, 
for an autonomous system we have G(X, tlto) = (t- t0 )F(X0 ), where F(X) sa right part 
of evolution equation for the dynamical system. The knowledge of thesf.' operators is a 
main goal of our modelling process. 

2.2 The Matrix Representation for Lie Transformations 

The polynomial representation for Lie transformation is well 'known [:3]. Bur this rep­
resentation does not have necessary properties for above mentioned steps of modelling 
process in the full scope. That is why we suggest to usP thf.' matrix forn: alism for Lie 
algebraic tools [1]. The basic concepts of this formalism is to com par<' a set of matrices to 
an operator representation for Lie transformation according the following n le: 

M I ) ,.. ~ Mtk I -(kJ (t to o ··•o = ~ (t to) · .X 0 • 

k=O 
(2) 

where M 1k are matrices to be found and Xbk] - the 1\.roneckPr pmn•r of k-th order for the 
phase vector X 0 . The basic theory of this comparison is published in previJus works by 
the author (see, also [4]). Here we must mention that if therf' is a symbolic 'orm for M 11 

(for a matricant of linearized motion equation) then we can calcula.tP all ( tp to dl"sirP<I 
order) matrices M 1k, k ~ 2 in symbolic form too. Here let us point following propertiPs of 
the matrix representation for Lie transformation which are very important 'or modPlling 
process: 

-the simplicity of the mathematical nature of used objects matricl"s: 
- the possibility of unifying description of a. subject of control (a lwam litH' systPm) 

and an object of control (a particle beam) using tlw matrix tools including space-charge 
effects (see, for instance, [5]); 

- the possibility of extensive application of such mod<'l'n COlllfHttf.'l' approachPs a., 
object-oriented programming, computer algebra., iut.t>llig<'ut iut.PrfiiCPs. <'XJ><' ·t sysll'ms. 

-truncated Lie maps (Lie approximants) can be Pasily corn•ct<•d for Pnsunng IH'Cf.'ssar~· 
properties (for example, symplectic properties for Hamiltonian s.\·stPnls); 
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- a possibi ity to create databases for corresponding matrices in symbolic form and 
include them t J a calculation module. 

-the runni 1g calculation experiments allow to create knowledge bases, for example in 
the form of recommendations and exclusions which can help to select models (here the 
reference is to :orresponding matrices) in the future. 

3 Computer Algebra Calculation Problems 

3.1 The Linear Matricant Calculation 

As we have mentioned above a knowledge of symbolic form for a linearized equations 
matricant plays a main role. It is known that symbolic forms can be obtained in the 
case for au tone mous linear systems. There are some other cases of time dependence when 
such forms exi::t. As examples we may mention so called bell-like model (in the terms of 
trigonometrica functions) and linear dependence (in the terms of Airy's functions). There 
is an interest in an approach based on series representation for elements of matricants. 
This is very useful for some limit cases (for example, the thin lens approximation in 
beam physics). For this purpose the Baker approximants representation is useful too. The 
truncated serie> (polynomials) allow to create necessary symbolic forms for matricant very 
simply. But in this case one must point limits of polynomials approximations. There is 
an interest approach (see for eaxample, [6]). According to this approach we can create 
some set of linear differential equations with time dependence coefficients which permit 
symbolic form of solutions. In particular, this approach can be use for investigation of 
fringing fields in magnetic lenses. 

3.2 The Block Matrices Calculation 

The second st€p of matrix representation calculation is to obtain symbolic form for block 
matrices M 1k, k 2:: 2. For this one can investigate systems with time dependent nonlinear 
part. Indeed, if we know symbolic form of the matricant then we can calculate symbolic 
form for Mlk using an integrator procedure. For this purpose we can use either built in in­
tegrator packages for computer algebra codes or generated integrator packages. In the last 
case one can s;.ve computer resources. We should mention that necessary calculations for 
every block m<.trix are performed only once. The corresponding results must be included 
into two types of databases. The first type consists of symbolic forms of matrices M 1k 

for analytical investigations on early steps of the modelling process. The second type of 
databases is a 1.et of procedures (in one of high level programming languages) for numerical 
modelling. De Jending on the types of matricant representations and time dependence of 
nonlinear terms one use corresponding integrator procedures. 

3.3 The Structure of Databases and Knowledge Bases 

Here we must point out the block structure of the matrix representation, see the Eq.(2). 
But there is a subblock structure for the matrices M 1k. This structure is defined from 
symmetry properties of the system under study. The knowledge of these symmetries allows 
to create a hieritrchy of calculation procedures for different kind of objects. For example the 
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manipulation with noncommutative variables in the frame of Lie algebra descriptions for 
our objects ( CBH and Zassenhause formulae, their analogies and so on). Titis approach 
allows to create more economical calculation procedures and databases. "<'or this one 
can create several levels of databases. Every level corresponds to special set of objects: 
noncommutative abstract variables, block matrices and block vectors (withm t knowledge 
of their inner structures) and at last the databases of block matrices whicl correspond 
to some specific effects (spherical or chromatic aberrations) or stirring elen.ents (dipole 
magnet and so on). If these databases are supplied with corresponding cl oosing rules 
and comments (help files) then we obtain a set of knowledge bases. In particular, these 
correspondence can be obtained by using oriented graphs methods. This apr roach allows 
to use object-oriented projecting process on all levels of the modelling proce>S (7]. 

3.4 The Basic Advantages of the Matrix Representations 

The use of the matrix representation for transfer maps allows to apply the power of 
computer algebra methods and codes more completely. Indeed, we can point out the 
following moments of such approach. 

1). All calculation have severa.llevels. Eacl! level can be used separa.tely .tnd indepen­
dently. For example: the level of manipulating by non-commutative variables of different 
nature and the level of calculation of Kronecker products and sums. One ~an generate 
corresponding databases for every level and fill up them independently. 

2). All objects of databases have similar nature - they are matrices. 
3). All operations are algebraic, necessary integration operation are rea,ized in some 

set of function and can be done without using integrator modllle of a computl!r algebra 
codes. 

4). Block structures of matrix representations of Lie transformation allow to work with 
matrices of low dimensions. 

5). Every elemental matrix can be compared some physical effect. For 1sing of such 
comparision one can build oriented graphs. These graphs help to create kno•vledge bases. 

6). A user of such approach has a possibility to fill up his databases st )p-by-step in 
different ways, using his own ca-lculations and results from different sources. 

6). Symbolic forms of results permit to make corresponding numerical calculation (for 
modelling and/or optimization of beam dynamics) more effective and flexible. Indeed 
manipulation by matrix objects (corresponding to any physical effect) is moM simple than 
by another objects. 

4 Conclusion 

In the conclusion we want to do some remarks. At first, an application of methods and 
codes computer algebra allows to go to another level of modelling - dynantic modeling. 
Indeed, in this case symbolic form of all necessary for solving process information leads 
to a possibility of more flexible parameters manipulation. Every "physical" object has its 
mathematical image in the form of a matrix. Such matrices are bricks of corresponding 
databases and knowledge bases. Secondly, there appears an opportunity to investigate 
qualitative properties using well designed symmetry packages which are l uilt into the 
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most of compu·.er algebra codes. The matrix structure of thE' repr!'sentation of dynamic 
systems information allows to use parallel processing both in symbolic and numerical 
modes. 

For practic;.l goals as a kern of such approach we use the REDUCE codes. These 
codes are compact and sufficient. For different tests we used the MAPLE codes. But to 
our opinion thEse codes are excess for our problems and they can be used for helping to 
REDUCE. 
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Abstract. Some techniques and examples of the numerical calculation of IL•.p.t'. 

(nonlinear sin~ularly perturbed ('quat.ions) solutions wit.h infn·ior· lnyfT, called coH­

tm:.;l stn,ctw-c, an· proposed. TIH!S{' techniqul's arc based 011 the combinati111I of 
lllllllerical and asympt.otical met hods. The lat.t.cr ones allow to make up t IH· L!,mHl 

qualitative comprehension of t.hf' solution being searched and to d1oos<· t.IH' most 
effective uumerical nH't.hod and suitable initial approximation for it.crations. The 
rcsult.s an· rcprest~nt.ed by graphs. 

In this papN WP discnss solntio11s of hon11dary probkms for singnlarl~' p!'l"tnri•Pd <'qnatiolls 

ami systPins or pquations. Eqnatioll is call('(! singulm·ly pn·t~r·brd if it ("t>!lt;lins S!llall 

para.ln<'t<•r in till' higlll'st dPrivativP. As a ruiP t.IH• solutio11 rapid I~' cha11gPs JH'<H t hP bo­

undary i11 thP form of bonndm·y layn·. Solutions contaillillg iHtn·im· layer c; 11 appPar for 

llonlinP;u· pqnatio11 (so call<•d contrast s/7·ucturo c.s.). ThNP arP two mai11 typ<'s of" c.s.: 

I). st.ep-typP c.s. (fig. I) 

:2). spikP-type c.s. (fig. :2) 

Figur<' I: Fignr<' :2: 

/\syn1ptotical thPory of c.s., i.<'. filldi11g t.lw Pxpallsio!l of t.IH' solnt.io11 wil h r<'HJH'ct to 

t.h<• small pa.ramet.P!' is IIOW tl!ld!'l' illi.!'IISiVP dPVPiop!'IIH'IIt ([1, :2]). 
Last y<•ars lllllll<'rical !liPt.hods an• oft,pn nsPd, thPy play douhiP roiP: 
I) t.hPy illnst.ratP t.hP a11alytical rPsnlts, 

:2) t.IH'.Y dPscribP PXJ)('Cted phPIIOIIIP!Ii\. which an• partially 01' !lOt at all illV!'stigatl'd Ill 
analytical lll<l.llll<'!'. 

1supported i11 part. hy tlw HFFI (<haul. No.!)(i~OJ-00(i!H) 
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IX --,x 

V1 Vi 

ll!- IX ---
Figure 3: Figure 4: 

N umerica integration of singularly perturbed equations, particularly for boundary 
problems mef ts specific difficulties - standard routines do not work in the proper manner 
because of th ~ transition layer exists. So one has someway take into account the specifics 
of asymptotics. 

Applicatic,n of asymptotical theory for numerical solution of boundary problems for 
singularly pet turbed equations and systems of equations was used earlier (see for instance 
[3, 4]). 

The probllm with contrast structures is more complicated because one does not know a 
priori the poi ~t where interior transition layer occurs. Some information can be provided 
only on the basis of asymptotical theory. This theory prompts the succesfull choice of 
initial approximation for the solution being searched for. 

Following problems were considered. 
I. The syftem 

c2u" _ F(u,v,x,E:) 
c2 v" - G(u,v,x,E:) 

is not still im estigated in the sence of appearance of c.s. with the interior layer in both u 
and v compo tents at the same point. 

We prove, I the existence and found the asymptotic of c.s. for two specific forms of F 
and G. 

As illustr Ltion plots are given in figs. 3,4 for the computated c.s. of the equations 
system 

c2u11 
- (u2

- l)(u- 0.5X + 0.125)- 2E:UV 
c2 v" - v- (1.7- x)u 2 + cu2 v2 
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under boundary conditions of II kind 

u'(O) u'(1) = 0 
v'(O) v'(1) = 0. 

The right side of the last system was chosen in the special form, so that 11-component 
ha.s a step, while v-component has a spike. In agreement with boundary ccnditions the 
boundary layer was absent for the zero approximation in points x = 0 and x = 1. The 
small parameter was£ = 0.01. 

The solution of this system was calculated as stationary solution of parabolic system 

-Ut + £ 2Uxx (u2
- 1)(u- 0.5x + 0.125)- 2£uv 

-Vt + £ 2
Vxx = V- (1.7- x)u2 + £u2v2 

under boundary conditions 

Ux(O, t) = ux(1, t) = 0, Vx(O, t) = v.,(1, t) = 0 

and some initial conditions (one can see them on the plots as a dotted line). 
The Krank-Nicolson schema, quasilinearization and "progonka" were usee. Transition 

from layer to layer in the variable t was performed when the difference · >etween two 
sequential iterations in each component was less than 10-5 • The maximal number of 
iterations was 3 and occured on the first layer. The solution was considered stationary 
when its variation was less then 10-5 at least on 20 000 layers. 

As example of the system of more general form we considered the system 

t:2u" (u2 - 1)(u- 0.5x + 0.125) + 0.9v 
t:2v" (v2

- 1)(v- 0.5x + 0.25) + 4.5u 

under boundary conditions of I kind 

u(O) u(1) = 0 
v(O) v(1) = 0. 

Computations were done in the same manner, some c.s. are given in the fig. 5,6. Here, 
as it must be in agreement with boundary conditions of I kind the boundary hyer exists in 
points x = 0, x = 1. The dependence of step-type c.s. in both componentf. from initial 
conditions is evident. Worth to be noted that transition in both u- and v- components 
takes place in the same point in x (with precision 5 · 10-3). 

II. The parabolic equation is considered in the domain D = {(0 < x < 1) X (t > 0)} 

£Ut - £ 2u.,., = /( u, X, t) 

under boundary uix=O = uix=I = 0 and initial conditions uit=O =sin 1rx, f is a periodical 
function in t. 

This problem can have the solution both step-type and spike-type. Th•' step (to be 
definite we discuss step) can change the place when t changes. Situations when step-type 
c.s. survives as a step when t changes were asymptotically investigated. Eut there are 
situations when there appears one or more steps or step disappears at all, as well exist 
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situations whPn thP spikP appPars. TIH'y call tiH's!' c.s. changing sh·uctun·>. ThPy are Y<'l 

not studiPd analytically. 
You ran Sf'<' thc' n'sults of computations pPrformf'd by A.A. Plotnikov lor 

.f(u. .. r.l)= (l-tt 2 )(u.-O.!"isinr.J·+O.I:lsin"21+0."25). :=001. 

111 thP fig. I. for so111P valu<:'s of I. TIH' quasilin<'arization method was used hPr<' too. 
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Taking into account the finite statistics of Monte Carlo 
simulation for parameters estimation from experimental 

data 1 

Anykeyev V.B, Popov A.V., I Zhigunov V.P.I 

IHEP, Protvino, RUSSIA, 142284 
e-mail: anikeev@mx. ihep.su 

Abstra ot. One of the most important problems in modern high energy physics ex­
perimen ~s on measuring cross sections is the problem of parametric analysis, which 
includes testing the hypothesis about agreement between some parametric model and 
experim :!ntal data. In this problem we must take into account statistical fluctuations 
in Mont o-Carlo sample, that is used for correcting experimental data by limited accep­
tance aid finite resolution of the detector. These fluctuations lead to the distortions 
of the fi 1al distribution used in x2 criterion (because of these fluctuations, the final 
distribw ion, used in the criterion, differs from the x2 distribution). In this report we 
propose the method to take into account these fluctuations and, as a consequence, 
correcti« ill of the final distribution, that allows to use the x2 criterion correctly in the 
problem of the hypothesis testing. Our numerical experiments show that this method 
provides significant improvement of the final distribution and it's proximity to the 
correspc nding true x2 distribution. 

Model of measurements [1,2,3] 

We consider s(a) = <T:o, ~ - p.d.f. for some differential cross section. 

L = N 10t/at.>t- integral luminosity of experiment. 

Expected number of events in histogram bins will be 

Introducing 

- • 1x~+' - ' I da Yn=L x:. dx'E(x) dxE(x)R(x'lx)dx· 

S(x) = Ldajdx, An(x) = 1x~+' dx'E(x')R(x'lx)E(x), 
x:. 

we can rewrite ' 7 n 

Yn =I dxAn(x)S(x), n = 1, ... , N. 

We inttoduc~ smearing matrix 

J;;:+' dxAn(x)S(x) 
Anm = fXm+I dxS(x) 

Jxm 

Model of mEasurements can be rewritten 

M 

Yn = Y,. +En= L Anmfm +En, 
m=l 

1 supported by the RFFI grant •96-02-16495 
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where fm = J;;•+• dxS(x)- expected number of events in interval [xm, Xm+l] correspond­
ing true kinematical variable x; En - fluctuation of events number Yn ir n-th bin of 
experimental histogram. 

Apparatus functions, i.e. rows of smearing matrix (2D-histogram Mtru• X Nobserved) 

can be obtained from Monte Carlo simulation of the detector. 

Anm=Snmllm; n=l, ... ,N; m=l, ... ,M; 

where Snm - contents of n, m-th bin of 2D histogram; Im - contents of m-th bin of 
input vector (uniform high statistics vector preferred, but it depends on the variable and 
simulation program). 

2 Parameter estimation 

Our aim is to estimate S(x). Suppose we know functional form of S(x): S(a ]a) and want 
to estimate unknown parameters a. To estimate unknown parameters an :i to test the 
hypothesis that chosen model corresponds to experimental data we use the 'unctional: 

N 

F = L [Yn- Yn (a)] K;;-/[Yi- Yt(a)], 
n,l=l 

where K,~/ is the element of weight matrix for this functional, 

. M 
Yn (a)= L Anmfm (a), 

m=l 

1
Xm+l 

fm (a) = dxS (x]a). 
Xm 

First we find estimate of parameters if from minimization of the functional F, then we use 
obtained minimal value of the functional 

N • • 
Fmin = L [Yn- Yn (if)] K;;-/ [Yz- Y1 (if)] 

n,l=l 

to test the hypothesis if the chosen model corresponds to experimental dat<,. 
Usually elements of covariation matrix 

supposed to be 

for n = l; 

71 



Figure 1: Smearing matrix for 40 000 MC Figure 2: Smearing matrix for 400 000 MC 
events. events. 

and the value F,.;n to be distributed in accordance with x2 distribution with N - r- 1 
degrees of freedc m, where r is the number of estimated parameters if the model adopted 
fits experimental data. 

But the prob <em is that we use estimates of measurements instead of expectations. We 
also use estimat,,s of elements of smearing matrix, obtained from simulation. Sometimes 
the statistics of 'vl.onte Carlo simulation is limited or is comparable with the statistics of 
experiment. You can see the role of statistical fluctuations from the figures (Monte Carlo 
statistics differs in one order of magnitude: 40 000 and 400 000 events). We use here the 
standard "camel'' numerical test. 

As the resull. the distribution of the functional differs from Xh-r-l and we cannot 
use this statistics to test hypothesis if our model (chosen parameters) corresponds to 
experimental da·.a. We found this problem in DELPHI experiment at CERN [6, 7]. 

We write.the expression (or the matrix inverse to weight matrix: 

Knt = [Yn- Yn (t1J] [Yi- Yt(a)], 

and we expect tl at functional will follow x2 distribution when the model fits experimental 
data. The number of degrees of freedom will be discussed later. 

After the sirr pie transformation 

[Yn- Yn (t1J] = [Yn- Yn] + [Vn- Yn (a)]. 
1-st term descril es experimental fluctuations, second- Monte Carlo fluctuations. As they 
are indepeqdent 

Knt = [Yn- ( n (a)] [Yi- Yt(aJ] = [Yn- Y n][Yi- Yt] + [Y n- Y n (a)] [Yt- Yt(a) ]. 
The estimate ol the second term is 

• M M 

Yn- Yn (a)= L Anmfm (a)- L Anmfm (a) 
m=l m=l 
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\\'<• dividP and multiply by /"' (contents of m-th bin of input vector) it thP assumption 
fm ~ J,n. 

i.From thP dPfinition of SIIH'aring; matrix 

Finally 

-}, -}-, (-) ~ ("' c• ) fm (a) 
-1~- n a~ L ,.Jnm-·Jnm ~-

1n== I n~ 

S,,,, 11 = I,'"' N for fixPd m is the 1-D histogram, the slice of 2-D hi ;tog ram used to 
g;Pl t hP smParing; matrix in .r' ax<'. SupposP thP numb<.'r of bins is big; Pnough. nPglecting 
hin-hin !'OITP]ations W<' C~ll n•writP thP Sf'!'OIHi tPrm: 

As it was postulated l)('forP S,,, for fixPd 111 is 1-D slicP in .r1 of 2-D his .ograttL Though 
Wf' ha.VP a fixed IIUI!lbt'r of PVE.'nts in input Vf'ClOf, thP number of PVPilts in ra.cJJ sJicP S,m for 
fixPd w s;,~ 1 = L:;.'=1 S,,. will be the random va.luP, Two approaches c 111 [)(' considPred 
(s<'P [•l]): WP ra.n consider s;,~ 1 as fixt>d valuE', so wp considt>r thP numlwr of PvPnts in bin 
S,,, 11 =I,"'' N m = con8t as multinomial. WP obtain 

[ c• _ c ] [ c• _ 'i ] ~ { S,, (I.- I\,) , for I = 11: 
,_Jnnt Dnu• ,Jlu• .._ llfL ,......__ A 

- .'·in-m Ptm, for l f:. 11 

WP !"itll considPr s;,~t ~s till' r<tndom value and !"OIIsidN thP distribution a~ Poisson: 

Finally for the first, multinomial a.pproa.ch full cova.ria.tion matrix (<'X]H'rinu•ntal and 
MontP Ca.rlo Prrors inrludPd) will bP 

l v (J - ) + "'M L' (! {> ) [f,..(a)l2 
/" ~ In - Pn L.... 1n=l •7 n1n - HHL J

111 
' 

\ nl ,....._, T - M ~ -J fm (it) '2 
-},Jit- L:m=l s,,lt, [ 1 ... ] , for n # t, 

for 11 = /: 

w hPrP Pn = Y,/ ( L:~ 1 }i), It is obvious that thP distribution of thP functit~nal is \ ~· _, _ 1 if 
the mod£'! desrribes PXpPritnental data. in thP cotTPct w~y (r is thP nutnh •r of par:ttll<'l<'rs 
il). 
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Figure 3: Distribution of ~ neglecting 
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histogram) and taking them into account 
(Poisson approach, bottom) for 40 000 
Monte Carlo eve,1ts. 
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For the second, Poisson approach 

Knt ~ dnt (Yn + E Snm [!m (a)]
2

). 

m=t lm 

The functional vrill follow X~-r distribution. 
Numerical e>periment wa.s [1, 2, 3]: 

[ 

G2 c2 ] 
S(x) = C At ~ 

2 
+ A2 :; 2 , 

(x- xt) + Gt (x- x2) + G 2 

[ 
(x-xt) ]

2 
- , 

E(x) = 1- G , E(x) = 1, 
X2- Xt + 2 2 

R(x'lx) = N(x'lx,a), 

where x E [4, 161, At = 2, A2 = 1, Gt = G2 = 1, Xt = 10, x2 = 14, a = 1.5, 
C from the concition J dxS(x) = 4 · 104 (number of events in experiment). As unknown 
parameters of the model we chose amplitudes At, A2 and peaks position Xt, x2. Input 
vectors for Monte Carlo were uniform with 4 ·104 events (equal to experimental statistics) 
and 4·105 • Mininization wa.s done with MlNUIT [5]. In figures one can see the distribution 

{Fmm 2 2 
cp = lo dxt 'P(Xt ), 

where <p(XF) - p.d.f. of x2 distribution with l degrees of freedom (l = N - r - 1 for 
multinomial approach and l = N -r for Poisson). It is evident that if Fmin really follows xF, 
the distribution of iP will be uniform. In our experiment N = 10, r = 4, l = 5 or 6. ;,From 
Figures it is evident that when Monte Carlo statistics volume is close to the experimental, 
one should take into account fluctuations in the smearing matrix; this makes possible to 
use x2 criterion for hypothesis testing. 

It also m'!st lte noted tha~ estimated parameters obtained from for all three approaches 
are very close. 
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THE METHOD OF CONSIDERATION OF A STRONG 
SCATTERING ANISOTROPY IN TRANSPORT 

EQUATION 1 
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Mittsskay >'q. 4-A,Moscow 125047,Russia 
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Abtitract. A new method is propo!:'t:J to con:-;iJt·r the strong scattering anisotropy. 
The method makes possible to take into account :;ome peculiarities and ruptu es in ~he 
scattering indicatrlx a.s a result of a chaugf' of varia.Ulcs into the scattering integral. 
The presence of 6~pecularity ma.y he- naturally ta.kf'n into account in the method 
framework. The m~lhoJ pt•rJuils lo rcdun· t.h .. integral lo the Slielljes form !hal 
is more convenient for real ca.kulations. The tpm.-,i-diffusion system, which includes 
three first terms of 1 he LeJltt'Ju.hc polinumiall" dc·nunposition of the indicil trix and 
t('flll l'OI'ft.'tipOndin.,_ /1-pt·ndarit.y. was writt.<·u. IJuuudary <.:utu.litious, which .akc into 
account the.• rdh•ctiuv, ;uaisutrupy, wne writlt·n. TIH· couvt>rgcncy rate of iLeratious 
was compared with olhn 111l'l hods. 

1 Introduction 

Let us consider a steady Pquation of radiation or particle transport in 1L plane geometry 

for one group with regard to scat t.t•ring anisotropy [I] in usia! notations: 
I ~,.. 

iJ.p !! Jl iJ:: + rr.; = ;; w(Jt0 )d\ .;( :,jt')dtt' + q(:::,j.t). ( 1) 

-1 u 
ll<•rp 11 = cos B. Jlo is a rosin<' of a.n ;ut)!;i<' '"'' 11"<'<'11 t he• dir<'ctions of falling ;wd sratt!'l"ing 

pari ide~ Jlo = JIJI 1 + J( I - ,,~)(I - 11'~) ws \. rr is a htll rross-s!'ction, rr, < rr is a sratteriug 
ro<'lliri<'Hl, w(ttu) is a. sratt.t•rin)!; indiratrix fulfillitt)!; t.h<' norming conditiLu: 

I 

j ll>(jto)djto =c I. 

-I 

(:l) 

Tit<' boundary wndit ions with 

sid<' radiatiou ar(' [I]: 

n•gard to anisol ropy of n•flt•ction a.111l falling frotn out-

(J 'ltr 

Jl'f'L{ft)\
1
,> 0 = J!fl.{jt) + :l~ J J J,' IJI.{Jl.JI

1
, \) .pL(jt

1 

)d\lft/, (3) 
-1 (I 

I :•tr 

J.I'PR(Jt)\p<O = ttfu(tt) + 
1

1
11" j j Jt.'yu(Jt,J.I',\) .PR(Jt')dvlp'. (I) 

0 0 

At strong scattering a.nisotropy, tt•(Jt0 ) ran ltav<' a. singularity near to b-functiou at. 
i'o- I as well as to be m•a.rly diswntinuous fuurtiou [1, :l] (ref. Fig.la made according 
t.o data from[:.!]). These farts make it diflicult to rakulate an integral in tit!' right hand 
sid<' of ( 1 ), besides, the itNation prorpss of soh· in)!; iut<'gro-differentidl e4u<ttiou (I) is 

strougly accomplislwd. 

1This work wa.s supported in p;nt. hy 1ST<~ untln <:r;aut No. 115-~l!i 
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Fig. I G). Separation of 6-pecularity in scatter­
ing indicatrix. Smooth part u(Jlo) is drew by 
daslll'd line. 

2 Method 

It was shown in (41 that at strong scattering anisotropy w(J!o) = ( ~) 10 
a convergence of 

quasi-diffusion ite·ations (for multi-group problem) slightly depends on anisotropy. How­
ever the direct int ~gration of remainder of expansion in terms of Legendre polynomials of 
scattering indicatJ ix is still expansive in computational respect because of discontinuities 
ami 6-singularity. Let's make the following transformation of equation ( 1) for obtaining 
an l'flici<>nt methocl. 

I) Isolate 6-lib singularity in th<' s<·att.Prinl!; indi•·atrix (rd. Fig. I b): 
fii(Jtu) = U(Jt 11 ) + h,..(Jt11 ), (5) 

wh<•rt• u(Jto) is a 'mooth part of tht• smllerinl!; indi<·a.trix, l'u E [-1, 1], ami b.,(Jtu) is the 
isolated singularity, Jl11 E [ji 11 , 1]. Partly t•xpaml in tenus of Legendre polynomials thl' 
fnnct ion u(Jio): 

I :I 5 ( :111~ - I) l .. 
u(Jt 11 ) =-Ito+ -UJJiu + -u., + -u(Jlo) 

:.! 2 2 - 2 :.! 
(G) 

and I rausform tlw equation ( l) to the form: 

{)cp 
I' {)z + u.p 

u, ( . (:W- 1){3J!2
- 1) ) 2 u0 1/• + 3u 111'p. + 5u, 

4 
.,P + 

I 2• 

+ ;; j j {~u(J!n) + b,..(lt.u)}d\ cp(z,J!')dll' + q, (7) 

-1 u 

I 

</• = j cp(z,Jt)dJt. 
-I 

I 

w = J Jt.p(::,jt)djt, 
-I 

/) = j Jt 2 '{J(Z,J!)djt/ j '{J(Z,JI)dJ!. (8) 
-1 -1 
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1) Hl'placl' 6"'(/10 ) by b-fuuct.iou with ronsNva.tiou of scattering iudicatr x norming (1): 
W(/tu) = U(/lu) + (1- Uu) O(J.Iu- 1). (9) 

"" 1u + 1 . 
As O(J.Io- 1) = L -

1
-P,.(J.Lo), then: (10) 

fl:=O 

n=1,2, ... 

A comparisou of w,. and w,. for the indicatrix shown in Fig.1, (jl0 = 0.~8) gives: 
w1 = 0.8732 w1 = 0.8822 w2 = 0.8109 w2 = 0.818). 

For an integral of 6-function we can write: 
1 2• 

;~ j j Ow(Jto)d\ ..p(z,Jt')dJt1 ~ a,(l -110 ) ..p(Z,Jt) 
-1 u 

and rarry the corrt>sponding term in the l~o.ft side of the equation. 

(11) 

(12) 

;J) In the remaining integral, let us make a change of variables: frout x., J-1
1 pass to 

variables x, J.lo· This trausfonuation is not au injt-ction and is carried out aceording to 
standard techniqut> for thcst• transformations [I OJ. 

Au inner integration with respect to angle va.riabl<> leads to a function of two variables 
<l>(JL.Jto), and thus makes it possible to reduce thl' original integral to Scieltjes integral 
which is more appropriate for real calculations at presente of singularities of function 

it(J10): 
1 2'11'" 1 1 

;~ j c.p(Jt')dJ.L' j iu(Jt0 )dy = j <l>(J.Lo,JL)!!(J.Lo)dJ.Lo = j ifi(J.Lo,J.L)dll(J.Lo), (13) 
-1 0 -1 -1 ,,, 

wlwre 0(J.Lu) = j u(ji.)djl: (14) 

-1 

-I) Transform the integral of indicat.rix smooth part expausion remaim er by introduc-
tion of linear fractional functional: 

1 3•/2 I 

11 = 1~ j j tl(Jtu)clx ..p(z,Jt')clp'l j c.p(z,J.L')dJL', (15) 
-I -'f'l/2 -1 

1 h" first iutPgntl is raknla.tl'd arrording t.o variabll' rhangt• formula!'. 
:\sa rPsult of thesl' transformations, t.hl' transport equation with the L ouudary condi­

tions (:l,-1) is ~olved with til<' hl'lp of itl'ratiou pron•ss of the following for u: 

(16) 

This equation solving gives a possibility to find a quasi-diffusion coeflicient Dk (8) as 
wl'll as 17k ( 15) for the next iteration for the transport equation. 

The simple iterations of the form (16) converge slowly. A transiticn to the quasi­
diffusion, when 1/J and W are determined iudependently from the system 

dWt t dz +(a- a, )1/.• = qo, (17) 

dDkt!Jk ( - )u;k 
~+ CT-CT,W1 ro =ql, (18) 

79 



IPads to a fast convergent itNation process. 
The bounda ·y conditions for this system at presence of rellection anisotropy are derived 

in [10] and havE the form (for example, for the right boundary) 
Wn- Wjl 1 cu(1 + g1; 2 ) 

l/.•n-v'ii 1 = 1+g1; 1cn' 
( 19) 

where 1/18. 1, WJi 1 are defined by falling from outside particles, and en, g1; 1 , g1; 2 are linear 
fractional funct onals of distribution function of particles with some different weights. 

Note that the suggested nwthod is practically without changes applicable for solving 
transport probl>ms in multi-resonance n1ediun1 by Lt>besgut' averaging method [7]. 

3 Calculc.tiou results 

We applied a scheme with quasi-a.nalytiral solution interpolation for quasi-diffusion equa­
tions led to Rhimaun invariants. lt.s applira.t.ion ll<'n'ssity for diffusion and quasi-diffusion 
t'quations in He optically thick ll!Pdia. was point.<'d out long ago [5, 8], and a transi­
tion to Rhiman11 invariants was propos!'d by A.V.Shilkov. Provided equation coefficients 
constancy insid ~ a difference cell, a solution of q nasi-diffusion problem ( 17 )-( 18) can be 
constructed exactly and this solution is put into rip;ht hand side of equation ( 16). 

Problem I A problem of anysotropical scatt!'ring with llenie- Greenstain indicatrix: 
1 1 - g2 1 1 + g 

IJ!H-G(It) = 2(1 +g2- 2gjJ-)3/2 w(l) = 2(1-gj2" 
Here g is a parameter responsible for the sharpness of a pick at 11 ~ 1. As nearer the 
value of g to ore, theu the singularity is stroup;<'r. The problem geometry is presented at 
th<' following sche111P [9]: 

Vacuum 

I 

a=1 "·· = (' 

I 

Va.ruun1 
q=l 
(:!0) 

z = 0 z- 10 

W<' a.dd11ce a ta.bl<' of tk<' itNation nundH'rs for differ<'nt paranwters of thl' problt'lll 
with t.h!' COnWlg!'nCl' rrit.Priou: 

1 ~1- 0t_, I -4 
111ax k < t" = lO 

I lf\ 
("20) 

- 1t.Nat.iull number 

P.o 
g c l\S.4" N /11 6 1'1 SA-~' 0.95 0.99 O.fl99 1. 
(f.g 0.9 20 + 15 (j(j + 45 9 11 12 

<f.gg 
0.99 (j(j + 23 392 + 8fl 1"2 17 19 

0.9 28 ·18 7 30 
0.99 75 1"20 1:1+"21 10 101 

0.999 0.99 5-;-7 7 --
a,b,r) are the data taken from [9]. a) correHponds to completely consistent P1-synthetic 
srh<'lll<' with a:n•leration; it.Pra.t.iou lllllllh<'r dPp<'uds on thP rhoic<' of (1uadra.turcs. b) 
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rorr<'sptHtds to a srlt<'tll<' without itt•ration acrPIPration. r) t'otT<'SjHHt<ls to a srltPIIIP with 
spparation of b-function. Till' last four columns arP I. itt• rpsults of pn•sent jHper. Here (to is 
a point of indicatrix n•ctification arrordiu!', to til<' dPrivative in this point for smooth part 
Sl'pHation. iiu = 1 cotTPspotllls to an ahsPncl' of sill!',llla.rity separation. A rase g ~ 1. 
c- 1 corresponds to dirPrl partirlt• transit forwa.rd without absorption a computation 
without singularity separation is sPnselPss. 

Problem II. A probktll of a.n_ysolropiral "·at tt•rinl!; with iudiratrix 'hown at. Fig. I. 
ThP problem geometry is pn•sPntpd at lit!' folluwiul-\ srlteme: 

I 
(T = :I (T. = ('(T 

------J,--'-IJ_=_l_l _12__':' -'>(:-I )('2- z) J q = U 
: - U : -, I z = '2 

Vacuum 

I 
z- :1 

Vacuum 

ltl'l'ation roltverg<'nn• fm dili'l'l'<'ttt pMattH'tt•rs oft It" problt•ttt at th<' ·ollvt'l'l-!;<'nrt• rri­
lPria ('20) is adduced in lh<' t;thk: 

10 ·1 10"'' 10 7 lo-'' 
--

X 10 lu :ZJ 
II II '20 n 

-----
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Spline approximation and smoothing using the adaptive projective 
filters 

M.V.Avdeev, N.D.Dikoussar 

Abstract 

A new algorithm for determining the adaptive cubic spline (ACS) which 
approximates o· smoothes functions on a given interval, is proposed. The automatic 
search for the spline nodes is realized in the algorithm. To search for the spline nodes, 
the local one-pilrameter three-point cubic splines are constructed and fitted to a given 
function using tl1e adaptive projective filter (APF). The boundary points of the intervals, 
on which the fu 1ction is approximated sufficiently well by the local splines, are chosen 
as the nodes of the global spline, which is further determined by the two- or three-point 
model. 

The first ·1ersion of the library in C++ for working with ACS is presented. 

The examples of the treatment of model data are given. 

1. Introduction 

In spite of a tremendous growth in the theory of spline approximation 
(interpolation) a1d function smoothing [e.g. 1 ,2), the fundamental problem of sampling 
the spline nodes [3,4) remains to be solved. Up to now, there has been no strict 
approach either to the choice of the number of the nodes, or their position, and this 
question is still \tithin the power of the art. 

We propose to use the adaptive projective filters (APF) based on the four-point 
transformation t•> choose the nodes of the spline, which approximates (interpolats) or 
smoothes the ·unction. The ideas and mathematical formalism of the four-point 
transformation v•ere developed in [5,6,7]. Such kind of APFs were used in [6) to find 
linear and quadratic tracks. l'heoretic consideration of the proposed algorithm presents 
a problem, sine~ every so often one has to check its working capacity for different 
classes of functil)ns by experimental way. 

The object of our work was to create both algorithmic and software basis for 
investigations o' the four-point transformation, specifically as regards the above­
mentioned probiHm. 

In the p·esent paper we shall introduce the concept of the four-point 
transformation in accordance with [6, 7]; consider the algorithm for constructing the local 
adaptive projective filter and the algorithm for constructing the adaptive cubic spline 
based on this filter; report the first results of its application to the model data; present 
the library for wo·king with adaptive cubic splines. 
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2. Four-point transformation 

The four-point transformation [6,7] is based on the cross-ratio fLnctions. This 
transformation is defined by the mark R: {(xo, f0), (Xt. f1), (x2, f3)}, (Fig.1 ). Le us introduce 
the following designations: 

A. = X 1 - Xo , L = X2 - Xo, r =X - Xo, '• = f(x0 + A.) , fL = f(x0 + L). (1) 
Then, by definition, the direct and inverse four-point transformations are gi ten by: 

3 

h(r) = F(x,R) = (P,F) = LP.(r,A.,L)f, (2) 
I= I 

and 
3 

f(x) = h~ (r,R) = (D,Z) = "i..d,(r,A., L)z, (3) 
i=l 

where: 

F=(h,fr.,f(x))r, Z=<J,.,J;_,h(r))r, P=(p1,p2 ,p3 )r and D=(d1,d2 ,d3 )r are the 3D­

vectors of the direct and inverse cross-ratio functions: 
Lr -A.r U 

p1 = (r-A.)(L-A.)' p2 = (r-L)(L-A.)' p3 = (r-A.)(r-L) 
(4) 

and 
d = -r(r-L) 

I A.(L-A.)' 
d = r(r-A.) 

2 L(L-A.)' 
d = (r-A.)(r-L) 

3 LA. 
(5) 

Let us list the peculiarities of the four-point transformation, forminoJ the basis of 
the presented algorithm: 

1) use of the projective transformation based on the cross-ratio of four coli near points; 

2) stability to errors everywhere but for two points; 

3) reduction of the polinom power by 2; 

4) possibility to parametrize functions using the coordinates of the pivot 1 experimental) 
points; 

5) comparatively small number of numerical operations. 

Items 2) and 4) make it possible to work with experimental data. Items 1) and 3) allow 
us to set a problem of finding the intervals where the function is describe j by the cubic 
parabola to a specified accuracy. The endpoints of the found intervals are used as the 
nodes of the global cubic spline, which is determined using the standard methods. 

3. Local adaptive projective filter for the cubic model 

When applied to the cubic parabola: 

YJ(x) = ax3 + f3>( + rx. + o 
the four-point transformation gives us a linear function with respect to,;; 
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Y3 • (x; R) = h('r) = aU:r + YJ(Xo) (7) 

Let us shift tt1e origin to the (xo, YJ(Xo)) point. Then the function (6) changes to: 

h('r) = aU..r (8) 

and using Ire inverse transformation (3) Y3 can be expressed in the new system of 
coordinates as: 

YJ{r) ,, h• (r; R) = Y3(A.) d 1 + YJ(L) d2 + aA.Lrd3• (9) 

This E•Xpression is the cubic model for APF, which treats a set {<x,,l,)} of 

experimental points in the case of smoothing, or a set of support points in the case of 
approximatio1. The filter looks for the interval where the function can be described by 
cubic parabo a with the precision Tv . The functional of the form: 

'fJl, -B,dlx,)-iJ2d2 (x,)-B 3A.Lx,d3 (x,)]2 ~mjn (10) 
8 

is minimized, where B=(B,,B2 ,B3J < 8, .. a l is the vector of the estimated parameters. 

When N pain :s are treated, B can be expressed as: 

~r =( 4r Af'B 

where: 

A' A. [I d,'(>,) 

and 

Id 1 (x, )d2 (x,) 

Id/(x,) 

ALI x,d1 (x, )d3 (x, )] 

ALix,d2 (x, )d3 (x,) 

(.U)2 I x, 2d, 2 (x,) 

(11) 

(12) 

B=(2:7d,(x,), 2:l,d2 (x,), .U2:x,l,d3(x,))r,i=1,2, ... ,N (13) 

However, we jo not treat all N points at once lik: in the ordinary least-squares method, 

but use the ac aptive algorithm to determine the 7J vector [6) by the following seqence: 

step 1) the ini· ial mark and xo ,A., L are set; 

step 2) the inilial values of Bare estimated: 

B,=J. B2 =]L, B,=(ALI•/f'L;r)i,, (14) 

where 
li, =],,p,(r,)+ ]Lp2 (r,)+ ],p,(r,) (15) 

and summatio 1 is taken over the points between x, and x2; 

step 3) ttie no11-mark point (x, ,], ) is taken and the prediction is made: 
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],,." = B1d 1(x,) + B,d,(x,) + B,Mx,d,(x,) 

step 4) if the prediction is good, i.e.: 

(16) 

(17) 

where T, is the given threshold, then the point is entered into (A' A) <~nd A in the 

required way and the vector of the parameters is corrected according (11 ). 

step 5) move to the next point (step 3). 

This is continued until we have a number of unsuccessful predictions, which 
means that the function cannot be further described as a cubic parab<•la. The last 
endpoints x, and x,, where the obtained cube parabola satisfies (" 7), are the 
boundaries of the desired interval. An example of smoothing the sine fun.:tion .with an 
additive noise s = N(O, cr), cr = 0 15, is presented in Fig.2. The adaptation of the vector 
of the parameters is presented in Fig.3. One can see that the parame:ers become 
stabilize long before the fitting process is finished. To save the number of numerical 
operations we can introduce, in principle, some criteria for the sta:>ility of the 

parameters, and hence do not correct () at all points. 

4. Construction of the global spline 
Here we give a simplified algorithm for finding the nodes of the ~lobal spline 

(Fig.4): 

step 1) set the first mark: 

x~ 1 > is the left boundary point, 

x~1 > is an arbitrary point at the right, x~n > x~ 11 , which is not so far a'<' ay from x~ 11 , 

x~ 1 > is the point to the right from x~'>, x~'> > x~11 ; 

step 2) determine the x~ 1 > and x;11 points using the local APF; 

step 3) set the next mark in the following way: 

x~:n = x~') 

x~~) = x~n, 

xi'> -the point at the right from x~'l, x~'> > x~' 1 ; 

step 4) determine the x?' and x;'> points using the local adaptive filter; 

and so on until you reach the right end of the interval, where the functic n is defined. 

Then the {x;•>} points and also the xi'> and x~1 > points are used as the 110des for the 

standard spline interpolation. In fact, the algorithm is more complicated, si1ce we move 
the basis points so that the x;•> point moves to the right as far as possible. 
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5. Examples. 
Let us uive an example of sampling nodes when approximating the sine function. 

The algorithrr sets the nodes uniformly to make a good spline interpolation. It is 
interesting the:! the number of nodes N for the sine function grows as the accuracy of 
approximation increases as: 

N --In(.), (18). 

where cis the respect precision of approximation, 0 < c < 1. This problem as regards 
other functiom is to be studied thoroughly. 

The in!<lrpolation using the obtained nodes can be performed in the following 
ways: 

• 2-point cub: spline with continuous 1st and 2nd derivatives; 

• 3-point cub: spline with continuous 1st derivative [7]; 

• 2-point cub: spline with continuous 1st derivative and locall fitting. 

The chc·ice of one of these ways depends on an experimenter, since we often 
deal with the s tuation when one method works well while the other does not. 

The res:Jits of the preliminary investigations of the algorithm let us conclude that 
it works satisf<:ctorily for approximating (interpolating) to any possible accuracy and for 
smoothing dat11 with additive noise (Fig. 5). 

The situ3tion is more complicated for the data with multiplicative errors. We know 
that the four-pc in! transformation is stable for the additive noise. The extent to which the 
smoothing by :he four-point transformation is affected by the multiplicative errors is 
being studied <ll the moment. Preliminarily we can say that the points obtained as the 
result of the application of the described algorithm to the regression data, define the 
neighbourhoods where one should look for the nodes of the global spline. 

6. Library for working with ACS 
The first version of the "acs1" library for working with ACS has been designed 

using the C.:~-+ •>bject-orientild programming language. The library consists of four small 
libraries: 

"discr" - library for working with "discrete" functions, i.e. the functions which are defined 
on a discrete sot of points. 

"dpt4" -library tor working with the four-point transformation; 

"apf' - library tor working with the adaptive projective filters based on the four-point 
transformation; 

"spline"- library for working with the spline interpolation. 

These ;;: re the sets of classes using which you could easily realize and 
modernize the <lbove-described algorithm, as well as investigate the applications of the 
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y 
f(x) 

X X 

L 

Fig. 1. Mark of the 4-point transformation. 

y 15 

·2 
X 

Fig. 2. Local smoothing with the adaptive projective filter for the sine function 

with additive normal distributed error 0.15. 

The starting (A-; L) and the ended (x,; x,) points of the cubic approximation 
are indicated. 
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Fig. 3. Adaptation of vector of the parameters when smoothing. 
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Fig. 4. Sch :lme of the algorithm for searching the nodes of the global spline. 
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Fig. 5. 3-point ACS for the sine function with additive normal distribu1ed error 0.05. 

four-point transformation to· different problems. Those who are interested in the library 
and algorithm, please, contact: avd@nf.jinr.dubna.su or dikoussar@main1.1inr.dubna.su 

7. Conclusions 
The purpose of the paper is to present the algorithmic and software bases for 

investigating the four-point transformation, particularly in respect of sampling the nodes 
for spline approximation and smoothing. 

Some peculiarities of the four-point transformation makes it possi Jle to design 
the adaptive projective filters. The algorithm for constructing the adaptive cube spline is 
presented. It determines the intervals where a function can be well approx mated by the 
cube parabola. Then, the ends of these intervals are used as the nodes for spline 
interpolation. 

The preliminary investigations of the algorithm let us conclude that it works 
satisfactorily for approximating to any possible accuracy and for smooth1ng data with 
additive normal distributed errors. 

When smoothing regressions we can preliminarily say that the poi 1ts which are 
the result of the application of the presented algorithm define the ne ghbourhoods 
where one should look for the nodes of the global spline. 

The first version of the library in the object-oriented C++ programrr ing language 
for working with ACS is presented. It contains the classes using which y Ju can easily 
realize and modify the algorithm, as well as investigate the applications of the four-point 
transformation to different problems. 

The approach of the four-point transformation as applied to the problems of 
approximation, interpolation and smoothing holds much promise. 
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Abstract. Attention is focused on non-dispersive, form-steady solutions of Klein­
Gordon, SchrOdinger and homogeneous wave equations which are very perspective 
from the viewpoint of practical applications. The group velocity of packets m .de of 
superposition of such solutions can exceed the plane light wave velocity in va:uum. 
That seems to be strong contradictory to Einsteinean theory of relativity. The physi­
cal meaning of such superluminal solutions is discussed. Though t.he faster-than-light 
wave beams predicted by mathematic can be launched not only in gedanken 'xperi­
ments but also in practice, they are incapable of energy and information trans fer. 

Here is a widely accepted standpoint that solitons (steady wave packets) are·peculiar to 
non-linear equations only. The reason of a spreading of wave solutions of any linear differ­
ential equations is a dependence of wave velocity on the wave frequency (wa"e length). For 
example, the group velocity of a wave exp(ikz- iwt) where the frequency"" = cv'k2 + m2 

(1) 

diminishes when w is up. 
Nevertheless, using such a spreading wave, one can make wave packets ·vhich are solu­

tions to the linear equations are beeng stable non-dispersive objects. Perha )S, H.Bateman 
was the first who proved [1] a possibility of such unexpected solutions forth·~ homogeneous 
equation. 

(

2 lfP) v - ~ 8t2) <]> = 0, (2) 

In the well known Stratton's book (2) the cylindrically symmetrical solution to eq. (1) is 
adduced also developing with no change of its form: 

<l>(p, z, t) = AJo(ap)ei(wt-kz) (3) 

where A is a constant coefficient, w and k are connected by the rela.tion 

(4) 

and the separation constant a defined by boundary conditions takes the part of an effective 
mass of the packet. Averaging these solutions over an appropriate transnitting transfer 
function F(w), one can make up the soliton-like packet in any desired fonr1. 
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Practically, of course, we can not launch absolutely steady beams since the solutions 
of type (3) concern the infinity emitter aperture while in practice it is always finite and 
creates diffractio 1 effects destroying the developing beam. However though one can say 
only on quasi-sol' ton packets, they are rather long-living. 

In spite of the remarkable properties of such wave beams they remained known for 
a long time only for particular specialists. The intensive study began in the mid-80s in 
connection with ~xpectations to use the soliton-like packets in communication networks, 
in optical and u trasound instruments (see papers [3, 4, 5, 6) and especially [7) where 
one can find th( detailed bibliography). The quasi-non-dispersive pulses can be used 
for essentially mJre accurate ultrasound location in medicine and technical, for seismic 
"exploratory dril ing", even in quantum mechanics [8). 

One should s ;ress that up to now only a small part of pulse shapes has been investi­
gated. It is of specials interest to investigate the particle beams which must possess also 
non-dispersive properties because after separation of time variable [il>(x.f) = .,P(x) expiwt] 
Klein-Gordon ani even Schrooinger equations have the some form 

(V' 2 - U).,P = 0. (5) 

Having in mind its practical significance, we may say that the discovery of a family 
of the non-dispe1sive beams is one of the most important achievements of mathematical 
physics. 

One shows now a particular interest to non-dispersive beams with an imaginary sepa­
ration constant n. From the physical point of view it means that we consider an object 
with an imaginary mass and superluminal speed v9 > c.. It is especially interesting 
that such faster-than-light objects can exist in vacuum and have properties of indepen­
dent space-locali1ed material bodies ("wave torpedo", "purely electromagnetic particles" 
) [5, 7, 8, 9, 10) 1 A modeling of such striking objects by means of acoustic pulses in water 
confirmed that u ~der appropriate conditions quasi-undistorted wave groups traveling with 
a superluminal ( n the case supersound!) speed v > c. can be launched indeed [7). 

However, as it is known (see, e. g. a reviews (n•12l), the hypothesis of an existence of 
superluminal boclies (tachyons) with V > c contradicts drastically the causality principle. 
An appropriate transition of the observer to another co-ordinate frame turns immediately 
the tachyon receiver into a transmitter sending messages spontaneously, by itself. This con­
clusion is a strong consequence of Lorentz transformations in the region of the customary 
subluminal observer's velocities where these transformations are precisely checked. One 
would have to w tit for an appearance of tachyons only in very small space-time intervals 
where an opposi1.ion of the Past and the Future becomes relative or in some exotic events 
where the theor) of relativity and Lorentz formulae are inapplicable. What meaning have 
then the solutior s with v > c? 

One may rna ntain that the faster-than-light pulses can be launched in a medium only, 
the group speed of all non-dispersive beams in vacuum is always less than the plane wave 
light velocity c == 3.1010 emf c. 

Indeed, in ar appropriate media, as it is, for example, for acoustic pulses in water [7) 
the group speed of massive packet 2 v9 can exceed the phase light velocity c.= cfn where 

1 In the paper [7J the principle possibility of superluminal speeds exceeding the vacuum light velocity 
( v > c) is emphasiz ,d even by the paper title 

2 Let us rememb" that the constant a takes formally the part of the packet. mass. 
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n is the refraction coefficient. It is the well known Cherenkov's effect 3 \\hen the pulse 
speed v9 remains, however, always less than c. 

Al'l energy transfer speed which in the case of electromagnetic waves is < efined usually 
by the relation 

v. = IPoyting vectorl/energy (6) 

and, as a rule, coincides with the group speed v9 is also less than light velccity c. 
The appropriate value of the "mass" a can be obtained by means of suitable chosen 

boundary conditions using, for instance, a superficially charged cylinder as it is proposed in 
the Band's papers [9]. Formally, from the viewpoint of the equation (5) and the dispersion 
relation (4) such an approach is equivalent to a charge of the medium pro~ erties (i. e. U 
and c. = cjn). In this case the pulse speed v9 = c2wfnk can exceed thE vacuum light 
wave velocity c (in this case n < 1). Nevertheless, theory of relativity says tl1at the energy 
transmission speed has again to be less than c. 

By way of illustration one may point out the light field created b~· a string of neon 
advertisement where each letter flashes irrespective of the preceding one. In that way. 
by using the independent switches, oue can attain a superluminal alteratio 1 of superficial 
charges in the gedanken experiment discussed in tlw Band's paper [9]. 

Here we encounter a very interesting circumstance. \Ve do not learn yet to change 
properties of vacuum, however, one can simulate such alteration with the help of an 
appropriate choice of the constant a. That allows to launch in vacuum a soliton-like 
faster-than-light pulse. It would be a. real, observable motion - an electro nagnetir wave 
excited by the charged Band's cylinder or by the just mentio11ed string of adxertisement 
letters, a reflection of a light beam or something analogous. However, in all these cases 
such a motion can not transfer any energy and information. One can not se 1d Morse code 
signals or launch tachyon wave "torpedo" 4

• 

Of course, these conclusions are valid within the bounds of Lorentz I ranslormations and 
the causality principe only, i. e. they suppose that the cause pr<•n•dps aiWil)'S their effect. 
Any superluminal transmitting of energy (ve > c) violates at onrP thPs!' roncitions [11, 12]. 
They may be wrong in not yet investigated regions of ultrasmall spacP-tin,e intervals or, 
for example, in extremely strong gravitation fields. 
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Abstract. A family of high order finite difference schemes is developed for the nu­
merical integration of the one-dimensional Schriidinger equation. With the aid of 
proposed method his been calculated the resonance energy, phase shift and eigen­
value with higher accuracy. Numerical results also indicate that the new m 'thods 
are much more accurate than the Numerov-type exponentially fitted metho• Is and 
predictor-corrector methods . 

1 Introduction 

The numerical solution of the radial Schrodinger equation has attracted continuous interest 
over many years. The radial Schrooinger equation can be written 

u"=-J(r)u, rE(O,oo), (1.1) 

where f(r) = E- W(r) and W(r) = 1(1 + 1)/r2 + V(r) is an effective potential and 
potential V ( r) is sufficiently smooth function with satisfies, V (r) -t 0 as r ·-+ oo. E is real 
number denoting the energy, I is a nonnegative integer denoting the orbitvl moment. 

The boundary conditions are: 
u(O) = 0 {1.2) 

and a second boundary condition, for large values of r, determined by phy:;ical considera­
tions. 

The solution of the equation (1.1) for large values of r has the follow ng asymptotic 
form: 

(1) For positive values of the energy, E, 

u(r)"'Csin(VEr-11!"/2+.5), r-too, (1.3) 

where .5, the phase shift is to be determined. 
(2) For negative values of the energy, E, 

u(r) "'Cexp(-vC£r), r -too. (1.4) 

In the traditional approach for the construction of finite difference scher 1es with higher 
accuracy, only sufficiently smoothness of the solution is assumed, but the whole informa­
tion from (1.1) namely the behavior of the coefficient is discarded. On the other hand, 
many problems of practical interest call for very fast, accurate and relia.blf algorithms for 
solving such problems. The growing abilities of modern computer algebr;. systems allow 
to review the traditional approach in an attempt to construct algorithmE which use not 
only the coefficient of (1.1) but also their derivatives up to the necessary order. Tracking 
the above idea, we constructed high order difference scheme for solving 1 he Schrooinger 
equation and applied the obtained scheme to the computing of resonanc! energy, phase 
shift and eigenvalue. 
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2 The difference scheme 

We construct an uniform mesh Wh = { r; = ih, 0 ~ i ~ N, hN = R} on the interval (0, R]. 
Because of the sufficiently smoothness of f ( r), all derivatives uln) ( n 2: 2) of the solution 
can be expressed using u;, ui and the derivatives off at the point Ti i. e. 

ul2n) = (-lt Jtu; + A2nUi + B2nui, i =O,l, ... ,N, 

ul2n+l) = (-It Jtui + A2n+l u; + B2n+l ui, 

where some valu·~S of coefficients An and Bn are given in appendix. 
Using the Taflor expansion and presentation (2.1), we obtain 

(2.1) 

Ui+l- 2u; + Ui-1 = 2p1Ui + 2q1ui + O(h2m+2), i = 1, ... , N- 1, (2.2) 

u +I - Ui-1 = 2p2ui + 2q2u: + O(h2m-l ), i = 1, ... , N- 1, (2.3) 

where 
m h2n 

PI= ,P(f;, h)+ L A2n (2n)!' 
n=2 

m h2n 

ql = L 82n(2n)!' 
n=2 

m-2 
P2 = '"""' A h2n+! L.J 2n+l, ·~---

n:::::l · -.\'' 

m-2 h2n+l 
q2 = <p(f; 1 h) + L B2n+1-;;;-:-:;"' 

n=l 

{ 
cos v'lh - 1 f 2: 0 

,P(J; h)= cosh vtf7Th- 1 f < 0 1 ~ <p(J, h) = sinh lflh 
III 

If eliminate ui fmm (2.2) and (2.3), then we obtain 

f>O 

f<O 

f=O 

(2.4) 

(1- 2!.)u;+ -2(1+PI- P22!.)u;+ (1+ 2!.)ui-l = O(h2m+2), i = l, ... ,N -1. 
ft ft ft 

Thus we obtain the following three-point difference scheme 

ql) ( ql) ql) (1-·- y +I- 2 1 +PI- P2- Yi + (1 +- Yi-1 = 0, 
ft ft ft 

i = 1, ... , N- 1. (2.5) 

which has 2m-o :der approximation. 
Note that t'te scheme constructed above gives exact solution of the equation (1.1), 

when W(r) = 0 
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3 A numerical example 

In this section we present some numerical results to illustrate the perhrmance of our 
method. 

1. We consider the one-dimensional oscillator problem 

rt(±oo) = 0. 

Eigenvalue and eigenfunction of problem (3.1) has form 

An= 2n + 1, 

where Hn(r) is the Hermite polynomial. For the purpose of our numerical computation 
we take the domain of integration to be [-9,9]. In the Tab.l are given at solute errors of 
fourteenth eigenvalue and given the values · 

I 
).(h) _ .).(h/2) I 

C7h = .).(h/2)- .).(h/4) 

which must be theoretically equal to cr = 22"' for tiH' 2m-ordPI' sch!'lll!'. 

Table.1 
h m=3 m=4 1H = 5 '" = G 
1/8 8.7£-6 9.9£-8 6 .. 5£-10 2.8E-12 
1/16 1.3£-7 3.7£-10 6.0£-1:3 6.'\E-Ifi 
1/32 2.0£-9 1AE-12 5.7 E-16 1.7/:"-lk 

ah 66.2 267.7 1078 .. 5 -t:l:l6.!i 
(7 64 2.56 102·1 ·109G 

2. We consider Schrodinger equation with I = 0 and with Wood-Saxon >ot!'nt.ial 

V,. = ....!!5'_ _ 11ul 
() 1+1 a{1+1) 2 

where t = exp( (r- r 0 )/ a), a = 0.6, l"o = 7.0 and n0 = -50. As in [I ]-[:1] t I e fi nit<' domain 
0 ~ ,. ~ 15 is chosen for till' purpose of illustration. 

For positive energies one has tiH' so-called r('sonanc<' probl!'m. This prohl!'m consists 
either of finding the phase shift J = J(E) or finding thos!' E at which 6 equals 1r /2. 

Table.2 Absolute ermrs of the resonance energy in 10-7 IIIli's .. 
E h [1 J [2] 

53.5888719 1/8 987 -

1/16 12 G 
1/32 4 0 

341.49587 43 1/8 9318 -

1/16 372 977 
1/32 23 70 

989.7019159 1/8 45G78 -

1/16 6813 9862:1 
1/32 549 304·1 
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[3] m=·l 
3 -19 
0 0 
0 0 
8 -IGXIG 
() 2-l 
() () 

12 ]!):17:1!)2 
1 l!ik:l 
0 I 

111 ==!) 

I 
() 

() 

·1216 
0 
() 

()!""l;)!"")l 

10-1 
() 

ll I=G 
0 
0 
0 

2-15 
0 
0 

!J!Jik 
·I 
() 



Table.2 Absolute errors of the phase shift in w-6 units 
~--E~ 

h [4] [5] [6] m=4 m = 5 m=6 
53.588~ 72 1/8 126121 8578 74 1 0 0 

1/16 6698 12 0 0 0 0 
1/32 405 0 0 0 0 0 

341.495 l74 1/8 - - 864 50 4 0 
1/16 59154 1460 1 0 0 0 
1/32 3170 7 1 0 0 0 

989.701 )16 1/8 - - 543289 450 1.5 2 
1/16 400726 213334 4060 0 0 0 
1/32 15071 10 1 0 0 0 

Table 4.Absolute errors of the eigenvalue in w-" units 
E h [1] [2] [3] m=4 m=.5 m=6 

-41.232607772 1/8 0 0 0 0 0 0 
1/16 0 0 0 0 0 0 

-26.873448916 1/8 12 87 0 'j 0 0 
1/16 0 0 0 0 0 0 

-8.67608 .670 1/8 45 504 0 58 1 0 
1/16 1 5 0 0 0 0 

Tab.2 shows the absolute errors of the eigenenergies in 10-7 units for different choices 
of constant step::ize , which are shown in column 2. 

In Tab.3 we Jresent the absolute errors of the phase shifts from the exact value 1r /2 in 
w-6 units. 

In Tab.4 we list the true eigenvalues correct to nine decimal places and the absolute 
errors obtained JY our method. 

The differen·:e problem were solved by shooting method. We need initial value Yl· 
Since equation • 1.1) is linear and homogeneous then y1 can be chosen arbitrarily. For 
convenience we 1se Y1 = h. 

4 Appendix 

Here are given s·>me coefficients in presentation (2.1). 

A3 = -f' 

B3 = 0 

A4 = -!" 

B4 = -2/' 

As = 4//'- !"' 

Bs = -3/" 

As = 7//" + 4/'2- JIV 

Bs = 6//'- 4f"' 

A1 = -9J2 t' + ut t"' + 15/' r- r 
B1 = 13/ !" + 1Qp2- .5//V 
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As -22j2 f"- 28/ /'2 + 16/ Fv + 26!' f"' + 15/"2 - JY 1 

Bs -12j2 f' + 24/ !"' + 48f' !"- 6JY 

A9 16P t'- 46/2
/

111
- 148/ t' r + 221 r- 28f'3+ 

42f'Jiv + 56/"/111
- JVII 

n9 -34f2 r- s21 ! 12 + 4ot JIV + 98f' f 111 + 63/"2 - 1 r~ 

Aw sop!"+ 100j2 ! 12 
- 86j2 Fv- 338f f' !"'- 211/ f"2+ 

29fjYI- 232/12!" + 64f'JY + 98/"JIV + .56/"'2 - rill 
Bw 20j3 f' - 80j2 f"' - 320/ f' f" + 62/ JY - 80f'3+ 

180/' F'' + 280/" !"'- 8JVII 

Al2 -95/4 !"- 260f3 j'2 + 296j3 JIV + 1878j2 f' f 111 + 1201j2 J'12 -

239j2 r/ + 2972//'2 !"- 1292/ f'r- 2288/ rrv- 1371)/ !"'~+ 
46fJYIII + 280/'4 -1260f'2FV- 3530f'f"f"' + 130f'JVI'_ 
675/"3 + 255f"jYI + 372/"'r + 210flv2

- jX 

n12 -30/4 t' + 2oot3 
/

111 + 12oop t' r- 314f2 r + 6oot J'3 -
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Abstract. The data base of primary space physical data obtained on spacecrafts 
(SC DB) oriented on archiving and primary analysis of large sets of data containing 
informat on about particle fluxes in the near Earth space. SC DB software is used to 
perform detail scientific analysis and interpretation. The system is integrated with 
UNIX b•sed software "Model SC and Physical Fields in the NES DB". Primary data 
are archived to binary files in predefined SC DB format. Data files contain the time 
ordered information about particle fluxes and spacecraft orbital elements (geographic 
co-ordinBtes, B and L-shell) and local time (LT and MLT). Orbital elements appended 
to data c n the stage of data conversion. The primary analysis includes: data validity 
cheeks, < letector calibration, on line calculating of magnetospheric and heliospheric 
physical parameters. The physical parameters values and diagnostic messages are 
presente•l in terminal of SC DB operator. The additional SC DB software packages 
may be 1sed by scientists to perform multidimensional graphic analyses of data in 
interacti 1e regime and to develop various semi-empirical models of space environment. 
The flex ble SC DB structure permits to develop the software for additional data 
processir g. OS DOS and high level programming languages (PASCAL, FORTRAN) 
were use 1 to develop the SC DB software. The SC DB is currently used to perform 
data analysis for data obtained on CORONAS-I satellite and on MIR station. 

1 INTRODUCTION 

The data bases (DB) for near Earth spacecraft experiment are an important tool in ac­
cumulation, rep ·esentation and investigation of information on the structure of magneto­
sphere and ~n tile radiation "environment. Since the number and dimension of measured 
parameters is wdl defined the data base storage format and data a.ccuniula.tion operations 
are uniform anc simple. In this case we do not need to use a. complicated DB product 
such as 'CDF'. 

The alternative project is so-called a local 'mini' DB. This DB has to have firstly a 
simplest data aJ•pending and effective data packing operations which provide the shortest 
read-out time o · large data volumes. Secondly a special operations for automatic calcu­
lation of standa :d detector capability indexes and of some necessary physical parameters 
have to be used in on line regime. Thirdly a complex data representation and data op­
eration softwan has to be developed for data interpretation and for scientific analysis of 
experimental re,.ults. The SC DB has been created in manner of the described 'mini' DB. 

2 INSTRUMENTATION 

The scientific instrument package RIABINA operates since 1990 on board MIR. The de­
tectors measure a fluxes of neutrons (E<15 MeV) and high energy charged particles (rel­
ativistic electro 1s and protons with energy more than .50 MeV) [1). The CORONAS-I 
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spacecraft was launched on March 2, 199-t into a 500 km circular orbit with 83 degree 
inclination. The scientific instrument package SCR on board CORONAS-I contains the 
detectors for measuring gamma- spectra (E=O.l-200 IVIeV). rE-lativistic electron spectra 
(E=0.5-124 MeV) and high energy charged particlE' fluxE-s [2]. Using the< ata obtained by 
the RIABINA and SCR instrument packages a data base SC DB for th ~ time period of 
1991- 1996 has been developed in the Institute of Nuclear Physics. 

3 DATA BASE CAPABILITIES 

1. The data base has sufficiently flexible software cleveloped using higl-level languages 
PASCAL and FORTRAN and works in the DOS operating system. Tr< nsition to other 
operating systems is achieved via compilation of the initial code in the re·]liired operating 
system. 

2. The data base may be stored on any dPvice with a nwmor~· capac ty not less than 
600Mb (e.g. hard disk or CD- ROl\1). 

3. When used in a computer network the data base may lw utilised si nultanPously by 
any number of users. 

4. The data base permits easy update or modification of t lw storl'd data, including 
total substitution of the formal parameters ancl corresponding data. The data base concept 
may be applied with minimum alterations to many otht>r data s<'ts. whi ·h art> organised 
in terms of monotonously incr<'asing tim<'. 

5. The special SC DB software package pNmits on lirw autonratic cahrlation of stan­
dard detector capability indexes and of nt>cessary physical t>aranr<'tPrs (; v<>raged particle 
fluxes, radiation belt boundary positions and so on) . 

6. The standard SC DB Management System permits t.h<' ns<'rs tc: I) browse the 
required data parameters and time intervals; 2) quickly view the browse parametE-r timE' 
profile; 3) plot intensity graphs in both L, B, MI:f and geographical co-ordinates; -1) 
determine the range of local times (LT, MLT) and L valut>s in which the d"' .<>ctors operated; 
5) select, sort and average data in the graphics mode; 6) store th<> data for the selected 
parameters in an external file; 7) run soft wan• packages. develop<>d in th<' ~;('DB st.anclard; 
8) run alternative computer programs and program packages, which wNr created by the 
user for further data processing. SC DB FLOWCHART 

The SC database is a set of sub-directories, containing tlw data fik;. l<'xt fil('s. and 
executable files. All the sub- directories ar"' united into on<' main director~·· 

When the SC DB is run the main residE-nt program code (less than ::0 KB) is loadE-d 
into the resident memory. When the standard DB opl'fations ar<' call<':l, the rwc<>ssary 
codes will be loaded into the operating memory, overlapping those wl ich were loaded 
earlier and are no longer in use. Henc<', the DB pNforms dynamic nwmory allocation. 
The high memory is not used during DB operation. 

4 SC DB DATA LOADING 

All the data in the SC DB is stor<>d according to tPl<'lll('tr~·-n·ad-out s<•,.sions ~bout 1.!">-

12 hours long, recorded as binary sequPnt.ia.l arc<>ss fiks. Th<' d~ta divi,ion 011 th<' small 
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binary files provides the fast data searching operation. The data file list is contained in 
the text file which can be read by the SC DB software. 

The primary data is telemetry-read-out data accepted on the RIABINA and SCR 
instrument packa@eS. This data consists of the satellite operation mode, session descriptor 
and primary count rates of detectors. The satellite operation mode contain the information 
about operation r~gimes of instrument packages and about operation modes of detectors 
(on/off). The session descriptor describes the recount coefficients for restoring of primary 
count rates of det?ctors which are written in telemetric code. 

The software )ackage for adding primary data into the SC DB makes the following 
automatic operations: 

- finding and 1;etting of a new primary data using a UNIX based software "Model SC 
and Physical Fields in the NES DB"; 

- restoring of a real count rates of detectors from the primary data; 
- calculating of a satellite co-ordination (Altitude Alt, Latitude Lat and Longitude 

Lon), magnetic fidd parameters (magnetic Latitude mLat and Longitude mLon, L-shell 
and magnetic field strength B) and local times (geographic LT and magnetic MLT) using 
the standard soft•vare packages for co-ordinate and magnetic field model (IGRF) calcula­
tions; 

- creating of a new binary data file in SC DB standard; 
- loading of ~ new data into the SC DB: loading the binary data file in the data 

directory and mo.iifying the data file list. 

5 SC DB ON LINE DIAGNOSTIC 

The new data loaled into the SC DB is cultivated automatically by On Line processing 
and Calculating wftware package. This package checks the satellite operation mode and 
forms the messag·~ about operation regimes of detectors. The calculation of some averaged 
particle fluxes are necessary to com pare these fluxes with standards fluxes. If the calculated 
flux and standard flux are non equal with some accuracy than the diagnostic message is 
formed. The bouudaries of radiation belts are determined as a. boundary between relatively 
high and low ch~rged particle fluxes. The boundary location in magnetic co-ordination 
system permits to estimate the geomagnetic activity and to check the accuracy of co­
ordination calcul;,tions. The result of last procedure is message too. All these operations 
are made immedi ttely after the loading of new data into the SC DB therefore the operator 
has an opportuni1.y to recognise a failure in operation of detectors with shortest time delay. 

The diagnost c messages are used by investigators in the next operations by means 
of DB ManagemE,nt System and of Complementary Software or in the next steps of data 
restoring by mea 1s of special Initial Data Investigation program package. 

6 SC DB MANAGEMENT SYSTEM 

The core of SC ])B Management System is 'Main Menu'. The DB permits the user to 
choose from seve ·al standard operation modes: fast data browsing, output of information 
on spacecraft location, data processing in the graphics mode, data output into an external 
file, LB-diagram plotting, raining users program from users menu. In order to conduct 
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these operations the user should identify the input parameters (define the time interval of 
interest, state the time-averaging period for the data, and denote the requir"d parameters) 
in the 'Parameter Menu'. Since these initial settings may be needed later, 1 hey are stored 
in the so-called scratch directory, for storing the files with all the DB cu1 rent settings , 
and DB operation results. 

This scratch directory is created prior to the beginning of the user worl; with the DB, 
by running the SC DB Installation code. The program creates for user all the necessary 
directories if they did not exist earlier, as well as all the necessary files \lith the initial 
settings. In addition a batch file for running the SC DB 'Main menu' from the scratch di­
rectory is created. The general path structure for the SC DB is described in the respective 
DB readable file in the scratch directory. 

1 COMPLEMENTARY SOFTWARE 

The record string in the SC DB data file contains the record number, time, c ata error code, 
counts in the channels of the parameters, corresponding to the various typ·~s and energies 
of the measured particles, and co-ordinates of the observation point. The de;cription of the 
data recording structure in the binary file is given in the respective text file and is software 
readable. The description includes parameter names, data read out time w th preliminary 
re-count coefficients and geometric factors for corresponding particle pa: ·ameters. The 
time interval between each record string in the data file (DB time resolutic n) is about 2.5 
seconds. The high time resolution permits investigation of the spatial structure of particle 
fluxes in detail. 

The binary file is equivalent to a matrix where the columns are the ir dependent pa­
rameter values ordered by time dependence in the rows (record string). Ttis independent 
columns structure adds the capability of multidimensional analysis of any I>B parameters. 
SC DB software operates with columns of the matrix. The matrixes and column numbers 
are browsed by the investigator in the SC DB 'Parameter Menu' as an Jperating time 
interval and parameter names respectively. The time averaging is set in 1.his menu also. 
The initial settings are saved in the service files and are software readable !'or later access. 

The program packages of SC DB Complementary Software are run in the 'Users pro­
gram menu'. 

7.1 Plotting of Intensity Diagrams 

For the selected SCR and RIABINA parameter this program plots in tens ty diagrams in 
different co-ordinate systems: 1-B, LAT-LON, mLAT-mLON, invLAT-nLon, invLAT­
MLT (invLAT is invariant Latitude); in various intervals in LT and ML':'. Both middle 
latitudes and polar regions are presented on this diagrams. These dia.gr;,ms permit the 
user to trace the structure and dynamics of particles in the Earth's magnetosphere. The 
capability to average the particle fluxes in the bins of different co-ordination matrix (Lat­
Lon, 1-B, mLat-mLon, invLat-mLon) on the certain altitude region permits to use the 
SC DB in comparable analysis of near Earth radiation distribution obser•·ed by different 
satellites. 
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7.2 A Semi-Empirical Model of Energetic Particle Fluxes in the Inner 
Radiation Belt 

For a given time period in a given range of MLT, averaging of proton intensities is per­
formed in the nodes of the L-B grid. The resulting matrix is plotted in L-B co-ordinates. 
For the selected L-shell values additional data processing is performed: the cosmic ray 
background is Eubtracted from the proton flux values (latitude flux dependence forming) 
and the cases of detector saturation are treated. The resulting altitude dependencies for 
protons are approximated with a running exponent and for regions of equal intensities are 
interpolated via same interpolation. The approximated altitude dependencies on the some 
L-shells and L- 3 diagrams of equal intensity contours in the inner radiation belt region 
are the final results of the operation. This contours can be used for verification of existing 
trapped radiati•m models (AP-8, AE-8) and for development of new models including the 
dynamic effects in trapped particle distribution. 

8 CONCLUSIONS 

1. The SC DB permits to store a permanently increasing extensive volume of uniform 
experimental d<ota. 

2. The SC DB provides fast input/output data operations. 
3. The SC DB generates on line detector capability and data diagnostic. 
4. The SC DB permits the user 1) to view experimental data in different co-ordinate 

systems, 2) to ~xtract the necessary data to external files, 3) to select and modify the 
selected data. 

5. The SC DB Complementary Software can be used for data redistribution which 
permits 1) to compare the data obtained in different experiments 2) to build new empirical 
models and to "erify existing theoretical and semi- empirical models. 
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Abstract. Study of long-lived exotic molecular systems He H p. is important for for 
the understanding the muon kinetic in hydrogen media and nuclear interactior at very 
low energies. The method of hypcrspherical "surface" functions has been appl ed to f.o 
the calculation of th(' nonstable three-body systems He H Jl, contained the J,

4 lJ r and 
1 

'
2 II isotopes. Energies of these systems, radiationless decay rates and ')'-ray spectra 

of radiative decay havC' been obtained and compared with the recent expc im('ntal 
data. 

During last dt>radPs, study of rharg<'-nonsymnlPtrir muonir molPcni<'s attrarts a roll­
tilluous illtPr<'st both th<'or<'tically alld <'XJH'rimPntally. The first !llPasnrPillPills of thP yiPld 
of ')-rays duP to thP dPray of th<' lied/! nto!PctdPs [I, 2] rE'viv<' intPr<'st in th<' inwstig;ation 
of this syst.Pnl. In til<' n•cpnt PXpPrimPnts [:!]')-rays spPrtra of'3illl<'dp s~·>t<'!lts havP hPPn 
IHPasurPd with YPI'.Y high rPsolution. }lf>sidPS, thP first lll<'aSUrt"IIIPIIt of ')-r; )'S SJlPCtra front 
thP :lAIIPpp,- moleculPs has bPPn don<' [4]. Tht>s<' rPsults call for thPor<'ti.-altn•atm<'llt of 
romparabk arruracy. 

All t.hP abovP mentionPd PXJJ<'rimPnts giv<' PvidE'nc<' of thP significant rok of thP llOH­
radiativP <!Pray chann<'l. Strollg isotopic d<'p<'nd<'nrP of this procPss was fonlld hot h <'X­
pNimelltally and in the diff<'rPnt calculations [5]-[8]. 

ThP competition of two d!'cay chanuPls aud til<' strong isotopir d<'J'<'IId<'llfP of til<' 
nollradiativP decay rat<'s arE' of sperial int.PrPst. A comparisoll of th<' r<tlcnlat<'<l )-rays 
spPctra with recPnt <'XpPriments allows thP dPlPrmination of th<' total ang dar momPillnm 
of IIPIIIL lltokrul<'s. llesid<'s, thP invPstigatioll of th<' nonradiat.iv<' d<'c<J~· ratP providPs 
illformatioll Oil thP b<'havior of thP wav<' futl<'tion at small dist.atH'PS, whirh is importa.llt 
for dPscript.ion of llUCI<'ar trallsitions. ThP unifi<'<l trPa1.m<'nt of radia.t.ivP and noll radial iw 
dPray rat<•,; and Pigenenergi<'s of t.h<' :l,411PuHp syst<'ms for all possiblP valuPs of thP total 
angular momentum are givPn in this papPr. 

The <tpprnach basPd on the hypersphNiraJ "surfarp" functions (II SF) nPthod [10] has 
h<'PH appliPd in this papPr. This mC'thod is well known in lit<'l'a.tnr<' [10] [I!i]. allows th<' 
rPliahlP treatmPnt of til<' JHlS<'d problPms. and is dPscrilwd in dPtails in t hP papPr [!!]. For 
this rpason t.hP notation and units of this pap<'r will I)(' ns<'d !)('low. 

ThP followiug prop<'rtiPs of th<' syst!'ms undPr consideration should h' t.a.k<'n into ac­
rount in_ thP otkulation of thP rPsonanr<' <'n<'rgy and wavP functiott. ThP d01ninant. rlustN 
strurt.ur<' of tlw typ<' lie+ !Ill is a r<'ason to liS<' in this ralculat.ion t.hP sprond Pfl'Prti"'' 
pot<'tt1.ial <z(p). This potPntial has an attractiVP part a,nd supports t.h<' rrsonallt stat.P. 

NPxt., tlw widths of surh r<'sonallrPs ar<' rat.lwr narrow. ThPrPfor<'. rrupliug with tlH' 
OJH'II rlt<utiH'l desnil)('d by th<' <'igPnpo1.<'ntial Et (p) can hf' ll<'gl<'ct<•<l. lndPPd, til<' ralrula t Pd 
ron piing l<'rnts Q12 (p) and /'12 (p). as canS<'<' from Fig. I [9], a.r<' small in tit<' n•gion. wh<'r<' 
thP rolnpon<•nt n2 of 1h<' n•sonant wavP function is localizPd. Thi>< coils dNat ion ln·in~s 
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to the well-know 1 "uncoupled adiabatic approximation" for the calculation of enPrgy En 
and the radial w;cve function u2 (p) as an eigenvalue problem: 

{ 
[ 

d
2 

15 ] dp2 -
4

p2 - E2(p)- Pdp)+ ER u2(p) = 0 

u2(0) = u2( oo) = 0. 
(I) 

Possible final states in the decay of HeHil are the scattering ones of hydrogPn nuc!Pus 
on the Hell atorr. Eigenpotential E 1 (p) asymptotically approaches the He11 atom ground 
state energy E1ov and describes the dynamics in the open channel. 

The scatterin~ wave function u1(p) can be found as a solution of the boundary problem 
at fixed HeHil re;onance energy E = ER: 

1 
[ d2 

15 ] dfl- 4(7- Ei(P)- P22(p) + E ulk(P) = 0, 

Uik(O) = 0, 
UJk(P) ~ sin(kp +b), 

(2J 

where k = (E- ,·100 ) 112 . 

Due to the smallness of coupling the interchannel transition can be definPd by the 
matrix element 11 of the coupling operator: 

Mk = 7 dpulk(P) [Q12(p) :P + :P Q!2(p)- P12(p)] u2(p). 
0 

The radiationlesf decay rate ,\ has the form: 

1 2 
-\ = -IMkl . 

k 

(:!) 

(4) 

The radiativE decay of thr systems under the consideration proceeds by means of the 
dipole transition 1-ray spectra and total rates of all dipole transitions from the states 
with angular momenta L = 0, I have been calculated. The final state radial wave function· 
u 1k(P) describin1: relative motion of a hydrogen isotope nucleus and Hell - atom is a 
solution of cquat on (2) at the energy carried by these particles E = ER- E-.1• 

The dipole transition rate per unit energy (spectrum of 1-rays) is given by 

d,\-, = ~(aE-,)
3

. -'-2:::1 < WJIIdlllli; > 12 

dE-, 3 k1 2L; +I L
1 

(5) 

where n is the fine structure constant, k2 = ER- E100 - E-, and L;, Lj are total angular 
momenta of the initial and final states, respectively. Dipole operator d is expressed in 
terms of the sea],,<] Jacobi coordinates x, y 

-(m2 + m3)- :lmt 2m2- m3 
d = y + X---r=~;==~=~ 

(mJ + m2 + m3)yfm2 + m3 Jm2m3(m2 + m3) 
(6) 
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Figure 1: 1-ray spectra of the 3•4HeHJL system in the initial states with the total.angular 
momenta L; = 0 and L; = 1, 
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Figure 2: Comparison of the normalized theoretical1-ray spectra with the eJ periment for 
the 4HedJL and 3HedJL systems. 

The binding energies EB = £ 200 - ER, 1-ray spectra of radiative decay -i&-, radiative 
a~"! 

decay rates A-y = J ~dE and nonradiative decay rates >. have been calculated for the 

systems 4HedJL, 4HepJL, 3 HedJL, 3 HepJL in the states with the total angular momenta L = 
0, 1, 2. 

Calculated values and available results of other authors are presented in fable 1. The 
type and number of trial functions, interval of radial integration, masses of Jarticles and 
resulting accuracy of the numerical procedure are the same as in [9]. 

To demonstrate the isotopic dependence all theoretical 1-ray spectra fJr the decay 
from L; = 0, 1 states are presented on Fig. 1. 

At the moment new and accurate 1-ray spectra from the decay of the 4HedJL, 3HedJL 
and 4 HepJL systems are measured in the experiments [3] and [4]. Since the absJlute yield of 
1-ray was not obtained in the experiments and due to the presence of a background, only 
shapes of the experimental and theoretical spectra can be compared. Taking these facts 
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into account, on" can assume that the following two-parameter normalization procedure 
should be applie•l to fit the experimental spectrum 

( :~ t = A + B ( :~) th ' 

where the pararr eters A and B are determined through the least squares procedure. The 

normalized theOJ etical spectra ( ~) n for L; = 0, 1 are presented in comparison with the 

experiment in Figs. 2. 

Table 1. Calculated binding energies EB(eV) and decay rates A, A~ (1011s- 1 ) of the systems 
3 •4He12Hp, *- pr<sent results. 

system ref. 1=0 1=1 1=2 
EB A A--, EB A A--, EB A 

4 Hedp [5] 58.221 1.67 
I [8] 58.225303 1.80 

[16] 57.84 1.69 
I 

[6] 77.96 2.3 56.10 2.4 
[7] 78.7 1.85 1.94 57.6 1.38 1.74 20.3 0.9 

* 77.49 0.73 1.76 55.74 1.20 1.58 17.49 1.04 
"Hedp [5] 48.419 5.06 

[8] 48.420890 5.29 
[16] 70.74 1.75 47.90 1.55 
[6] 69.96 8.0 46.75 7.0 
[7] 70.6 3.58 1.80 48.2 2.77 1.58 9.6 1.54 

* 69.37 2.87 1.64 46.31 3.22 1.44 7.11 1.74 
4 Hepp [16] 50.0 1.92 

[6] 74.36 71 41.17 38 
[7] 75.4 . 35.4 2.24 45.4 24.8 1.89 

* 80.64 70.7 2.02 47.45 38.5 1.74 
'· 

3 Hepp [6] 67.70 100 33.85 46 
[7] 69.0 47.3 2.11 38.1 31.6 1.74 

* 72.76 97.7 1.91 38.82 46.7 1.60 _I -- --

All the calctlations (see Table 1) support the strong isotopic dependence of the nonra­
diative decay rate noted in experiments [1]-[4]. This rate decreases rapidly with increasing 
reduced mass cf two heavy particles. Qualitatively, the muon transfer in the nonradia­
tive decay proc ~ss takes place mainly at small internuclear distances. Due to the cluster 
He+ Hp structure, two heavy particles should penetrate under the potential barrier to 
bring together. As a consequence, the transition probability decreases exponentially with 
increasing reduced mass. Besides, the nonradiative decay rate is sensitive to the total 
angular momer tum and reduced mass due to the interference of the initial and rapidly 
oscillating final state wave functions. 

Opposite tc the nonradiative decay channel, the radiative decay rate (as it is clear 
from Table 1) depends slightly on isotope masses. The different isotopic dependence can 
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b<' explained by the different spatial structure of the transition operators. Considering the 
position of 1-ray spectra presented in Fig. 1, one can conclude that the total radiative decay 
ratt• increases with the 1-ray energy both for L; = 0 and L; = 1. A change ,,f the spectrum 
position for different isotopes is a consequence of a change of the threshold •nergies for the 
initial and final states. As a matter of fact, the transition energy inrreas•·s slightly with 
inrreasing mass of the helium isotopes due to lowering of the first eigenpotential. At the 
sanw timP, increasing the mass of the hydrogen isotope gives rise to a bit more decreasing 
in tlw transition energy due to the lowering of the SPcond eigenpotPntial. 

The dPfinite conclusion about the total angular momentum of thP 3
•4 HepJl molecules 

ran not b<' made due to the low 1-ray yields and, therefore, the compantively low ex­
pNinwntal accuracy [4]. In this case the nonradiative decay dominatPs owr the radiative 
()(}('. 

ThP shapPs of 1-ray spectra for different total angular momenta L; c= 0. I arP very 
sin1ilar and the D; = I SJH'Ctra are slightly shifted to higher energiPs in f( mpatison with 
thP L, = 0 ones. HowPver, thP accuracy of rPrently nwasured 1-ray spPctr;. of 3 .4HedJl [3] 
is high Pnough to distinguish the L; = 0, I theoretical spectra on qualito tiw lew!. For 
this reason. the experimental and theoretical 1-ray spectra of thes!' systPI 1s for tlw total 
angular InomPnta L; = 0, I have been romparE>d in Fig. 2. From tlw comp~rison. on<' has 
to conrludP that radiative transitions takP plan• from tlw L; = I stak of tiH' 3 l!Pdji and 
1 11edJL molecules. One should mention that this result is the first d<'finitr «ssignm<'II1 of 
th<• tot<tl angular momentum of the 3 •1 HPdjl - moleetdes obsPrved in Pxper ment. 

The providing of thE' experimental data by B. Gartner and S. TrPS< h is gratpfully 
<tcknowlE'!!;<'d. 
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1. Introduction. 

Informati•m hypertext system (IHS) for access to physical data bases and information 
servers in the world is designed at the WWW/ORACLE-server of Joint Institute for Nuclear Re­
search (JINR). TI is work is a part of the project BAPHYS-96, granted by Russian Fund of Fun­
damental Researc 1 for seven physical institutes : Joint Institute for Nuclear Research (Dubna), 
Institute of High ::nergy Physics (Protvino), Institute for Nuclear Research (Moscow), Institute 
of Theoretical ani Experimental Physics (Moscow), Institute of Nuclear Physics of Moscow 
State University, Institute of Nuclear Physics (Sanct-Petersburg), Institute of Nuclear Physics 
(Novosibirsk). Th! main purpose of this project is elaboration of a unique network system of in­
formation servers in the field of fundamental matter properties and applied nuclear physics. 

The network of information servers, which will be created under this project, should pro­
vide the follo"':ing basic possibilities: 

• information su Jport of the participation of physicists in the international experimental col­
laborations such as ATLAS, CMS, ALICA, EAST, ZEUS, NA48, HERMES etc.; 

• Effective usag<: of the information and search systems as WWW, WAIS, GOPHER etc., easy 
access to some scientific data bases such as INIS, PPDS, RPP, PREP, INSPEC, COMPUS­
CIENCE, MA"n-IDI, VINITI, STN Int. etc.; 

• representation of data and knowledge available for all scientists in Russia, Europe and in 
other world. 

The structure ofiHS is given in Section 2. An Oracle Data Base (DB) for accelerators of Russia 
and former Soviet Union designed at WWW/Oracle-server of JINR is described in Sections 2 and 
3. An access to th1 s DB is realized via IHS using special Web/Oracle gateway. 
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2. A structure of IHS. 

IHS designed as a system of files in IITML-format. This set ofHlML·pages provides a 
fast and easy access to a wide variety of information, service and data on nudear and particle 
physics at low, medium and high energies, which is available via World Wid( Web. The main 
HTML-page consists of the following sections. 

• Physics Servers and Services around the world give access to Physics Enc) clopedia, Educa­
tional Resources, News in Physics, Data and Tables on Physical Constants et cetera. 

• Physics Conferences, Workshops and Summer Schools. This WWW-sener contains a list 
of various conference, workshops and schools. It is possible to give your ovm announcement 
about your conference etc. 

• Institutions around the world. This page consists of the following IITTP-re 'erences: 
I. Institutions in Russia; 
2. Institutions by Country; 
3. Institutions by Field of Research; 
4. Other (non-university) Research Laboratories. 

• Hi&h enerey physics (HEP) section, which includes current news, educational materials, 
information about HEP centers, programs and service packages on data am lysis and model­
ing, detector simulation, event generators etc. Data bases, supplied by fr endly interfaces, 
give direct access to information about conferences, institutions, accelerat• >rs, experiments, 
publications and numerical data obtained in HEP experiments. • 

• Low and medium enerey physics section, which includes servers with t ibliographic and 
numeric data covering nuclear structure and decay, nuclear reactions, group constants, neu­
tron capture and other information in computerized files. These services are maintained by 
National Nuclear Data Center (NNDC) of Brookhaven National Laboratof) in collaboration 
with other institutions, and Nuclear Data Section (NOS) of the International Atomic Energy 
Agency .. 

• Russian WWW-Servers. Now there are available the following Russian W'VW-servers: As­
trakhan, Barnaul, Bryansk, Chemogolovka, Chelyabinsk, Dubna, Ekaterinburg, Gelendzhik, 
Irkutsk, Ivanovo, Izhevsk, Kaliningrad, Kazan, Khabarovsk, Kostrorna, Krasnoyarsk, Li­
petsk, Moscow, Murmansk, Nizhny-Novgorod, Novgorod, Novosibirsk, Obainsk, Ore!, Per­
slavl-Zalessky, Petrozavodsk, Penza, Perm, St. Petersburg, Pskov, Rostov-on-Don, Ryazan, 
Samara, Saratov, Serpukhov, Severodvinsk, Simbirsk, Surgut, Taganrog, Tlmbov, Togliatti, 
Tomsk, Tula, Tver', Vladimir, Voronezh, Vyatka, Ufa, Yaroslavl. 

• Publishin& offices. This section consists of a List of Publishin& Offices heme pages which 
gives an access to book and journal catalogs, their tables of contents and abs1racts of articles, 
covering wide areas of science and technique. Some offices maintain electron.c versions of is­
sued journals. This section includes (La)TeX Navieator, as well. 

• A list of WWW-servers with an information concerning accelerators arounc the world. This 
IITML-page contains three IITTP-refpreDCef. 
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• A list of ace elerators around the world is a reference to WWW -server with the informa­
tion on all a::celerators in foreign physical centers. 

• AcceleratOJs Data Base placed at the JINR WWW/Oracle-server is a reference to the 
Oracle data bases concerning various information on the most important machines in Rus­
sia and fomter Soviet Union. 

• Software fhr calculations and modeling of accelerator technique consists of descriptions 
and referenc:es to various programs for simulating and modeling experiments, magnetic and 
electric systems of accelerators, detectors and other experimental technique etc. 

The basic idea of lHS is to order HTIP-references to various data available via INTERNET at 
Russian and foreign sites. II-IS is available via the following HITP-reference: 

1. Directly, via tl:e URL http://sunctl.jinr.dubna.sul-nikonov/phbd.html; 

2. Via the INFO->ection of JINR Home Page http://www.jinr.ru; 

3. Via the seclion "Special home pages and Web-servers" of LCTA Home Page 
http://jicom.jinr.ru/LCTA/. 

3. Accelerator ard Software Data Bases. 

Section Accelerators of main HTML-page of II-IS consists of hypertext references to the 
following DBs. The first one is a hypertext DB of software for physics research. It is based on 
the collection of amotations of programs for calculations of accelerators devices and its compo­
nents, for modeling a dynamics of charged particles beams in these devices. The second reference 
points to Accelentor DB which is placed at the JINR WWW/Oracle-server. It was created to 
provide easy accc:ss to the information on big accelerator complexes by a queries about types of 
accelerator machines and a main trends of their development. This DB also has to give the infor­
mation on a beant energy, inteRSity, luminosity, a type of particles and other parameters, which 
could be interesting for both to realize physical experiments and to find directions of a progress 
of accelerator sci•mce and technique. 

It is sup(IOSed to renew these Data Bases and, in particular, to enlarge it by including of 
more and more rr achines and selecting of perspective directions of a development of accelerators 
of charged particles. It is foreseen creating new sections on every machine such as measurement, 
management, hig:t frequency, magnetic, vacuum systems and other elements of accelerators. It is 
important that a concrete list of these sections on every complex will be defined by specialists 
responsible for (•reparing corresponding Web-pages who is directly working at described ma­
chines or with pr•>jects of new accelerators. 

The Dat1 Bases will promote getting more information for specialists and help to access 
to new accelerat>r and physics technologies. This system of data bases is open for all persons 
who is interested in. By means of its public character and under the condition of an interest of 
accelerators spe< ialists in creating DB, these DB will be al>le to get such properties which will 
provide principally new environment for Scientific and Technical Designs. This new environment 
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will enlarge co-operation between various organizations and application a new experience. It will 
improve tutoring of stuff and their professional skills. 

4. A structure of Accelerator DB. 

This DB consists of projects of accelerators. All projects grouped in 9 main directions: 
- Proton and electron complexes of high energy; 
- Linear colliders; 
- B-factory; 
- High current accelerators of protons and positrons; 
- Accelerators of heavy ions; 
- Synchrotron radiation sources of third generation; 
- Superconductor resonator in big electron accelerator complexes; 
- Accelerators of radioactive beams (Acceleration of particles); 
- Accelerators of radioactive beams (Acceleration of radioactive beams); 

A description of a project consists of a general information, physics anc technical pa­
rameters and also can include photographs, graphical and other materials. Struc:ure of Accelera­
tor DB is represented by Figure I. 

PARAM_C 
PARAMETER 
PARAM_UNIT 

PROJECT_C 
PARAM_C 
VALUE 

PROJECT_C 
FIELD_C 
PROJECT 
TYPE 
CENTER_CITY 
COUNTRY 
MOUNTING_YEAR 
STATUS 

PROJECT_C 
SCHEMA_C 
SCHEMA( OLE) 

Figure 1. 
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An acces1 to Accelerator DB via IHS is realized by ORALink gateway. ORALink is a 
multithreaded CGl (Common Gateway Interface) l.l application that uses HTIP POST method 
to get output from HTML forms. More information on ORALink gateway is available at 
http://oradbl.jim·.ru/software/oralinkl. Scheme of access to Accelerator DB by ORALink is 
shown at the picture bellow. 

End User r···································-················· Application Developer 

Environ nent l. ORActZ WorliiWibeWeb Environment 
: Conndon (Oet-ay) 

Mecrofile 

;·--------------·---·------.! 

~·ab-k~ Acc.c~ 
==~--'== 
•WebStrv.- . 
•TCPnP 

Vllu .. Qu.ry Tool 

;. ................. ; •••••••• · • .!: 

Figure 2. 
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THE U(l) GAUGE-INVARIANT HEISENBERG 
ANTIFERROMAGNET MODEL AND 

MULTIDIMENSIONAL TOPOLOGICAL SOliTONS 

I.L.Bogolubsky and A.A.Bogolubskaya 

141980, Dubna, Moscow region, JINR, LCTA, Russia 
e-mail: bogoljub@main1.jinr. dubna.su 

Abstract. The 3-compooeot U(l) gauged oigma model with the ocoken Z(2) sym­
metry ("the A3M model") is diacuaoed, which admits aean:b for topologicalaoitooa in 
(D + 1)-dimenoiODal apace-time (D = 2,3). ForD= 2 string-like localized sJlutiODs 
are studied numerically using the "hedgehog" ansatz. Three-dimensional part ide­
like solutions d the A3M model and ita extension ("the Dirac-Heisenberg-Maxwell 
model") could he conoidered as daaaical prototypes of maasi'Wl quantum part ides. 

1. Presently, one century later since the discovery of the electron, :here is still no 
commonly accepted theoretical description of its internal structure. One of possible ways 
to imagine a plausible model of the electron is to conjecture it to be :he bunch (i.e., 
a 3D soliton) of interacting fundamental fields, localized within a small space region. 
However till now, a satisfactory soliton model of the electron has not yet 1>4-en constructed. 
Nevertheless, we believe that the considerable progress can be achieved hen if one considers 
the topological solitons (see, e.g. (1,2,3)) within nonliear sigma models. Classical sigma 
models describe the evolution in time of N-component unit isovector field s0 (x, t), s0 sa = 
1, a= 1, .. , N, in (D + I)-dimensional space-time; field manifolds of these models are unit 
spheres sN-l. In sigma models with some specific pair combinations of D and N (for 
example, D = 2, N = 3; D = 3, N = 3; D = 3, N = 4) the localized distributions of unit 
isovector s.(x) are divided into disjoint classes with different integer topohgical "charges" 
Qti solitons with the nonzero Qt are referred to as "topological solitons". I1 is worth noting 
that the existence of solitons is not yet guaranteed for the sigma model with nontrivial 
topological properties, though in the cases of nonzero Qt additional pass bilities arise for 
solitons to exist. 

2. First let us consider the 3-component unit isovector field s.(x) with the "easy-axis" 
anisotropy defined by the Lagrangian density 

1:. = (811s.) 2 - V(s), s 0 s 0 = 1, V(s) = 1- s5, (1) 

1.1 = 0, 1, ... , D, a = 1, 2, 3. 

(it was called the A3-field in (4]; "A3" stands for "anisotropic 3-componert"). It is impor­
tant to note that the Lagrangian (1) possesses U(1) X Z(2) internal symmetry; its vacuum 
manifold comprises two points on the S2 sphere: 83 = 1 and s3 = ·-1 and ~assesses discrete 
Z(2) symmetry (4], which is broken both on vacuum solutions and topological solitons for 
D = 1, 2 (see, e.g., (5-8)). 

The Lagrangian density (1) can be derived when describing in con·inuous approxi­
mation easy-axis Heisenberg antiferromagnets (6] and ferroelectrics (9] w.th the easy-axis 
anisotropy; thus, the pattern of the symmetry breaking under discussi•>n is realized in 
condensed matter physics. It seems interesting to investigate possible im Jlications of this 
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pattern (which differs from that used in the Standard Model) for high-energy physics, 
especially having in mind intensive use of sigma models in modern particle physics. The 
scalar (with r~pect to Lorentz transformation) A3-field used by us to this end can be 
regarded either as one belonging to the set of basic quantum fields or as coherent state 
[10] of more fundamental (e.g., spinor) fields. 

3. Next consider "minimal" interaction of the A3-field with the Maxwell field A11 (x) 
in (D + 1)-dim4,nsional space-time (D = 1, 2, ... ),described by the U(1) gauge-invariant 
Lagrangian ("tlte A3M model"): 

£ = '72(a,s.)!- V(s.) - ~~ ... + 2g'72 A,(s28" 81 - s18"s2) + g2'72 (8~ + snA,A". (2) 

F11 ., = a,A.,- a.,A 11 , V(s.) = ,62(1- s~), (3) 

where ,62,172, are constants, ['72] = L(1-D), [,82] = L-(1+D), g is a coupling constant, 
[g:lj = L(D-3), 1-, v = 0, 1, ... , D, and summation over repeated indices I': vis meant. The 
Lagrangian (2),(3) of the A3M model possesses both U(1) local symmetry and sponta­
neously broken Z(2) symmetry. It should be noted that the existence of 2D and 3D 
solitons in this ; wo-fte.ld model is not forbidden by the Derrick theorem [11]. 

It is instruct veto present the equations of the A3M model in terms of angular variables 
9, if> on the unit sphere S 2, 

s1 =sin 9 cos¢>, 82 =sin 9 sin¢>, 83 =cos 9, (4) 

and to make rescaling x 11 ~ g-1,-1x11 , A11 ~ '7-1 A11 • As a result the Lagrangian density 
(3) takes the form (in rescaled x11 ,A11 ): 

g-2'7- 4 £ = a,98"9 + sin2 9 [a,¢>811¢>- 2A 11 a 11 ¢> + A 11 A 11 - p] - ~FJ.,. (5) 

and the Euler-L tgrange equations become ( the Lorentz gauge, a, A" = 0, is chosen): 

a,a11 9 + ~~in 29 [p- a,¢>811 ¢> + 2A11 8"¢>- A 11 A 11
] = 0, 

a, [sin2 9(8"¢>- A")] = 0, 

(6) 

(7) 

a, a" A.+ 2j., + 2A.,sin2 9 = 0, j., = - sin2 9a.,¢>, Jl, v = 0, 1, ... ,D. (8) 

Note that Eqs. 16)-(8) can be satisfied if 

if>(x) = if>(x) -~•t, Ao = w =canst, A,.,(x) = A,.,(x), 9(x) = 9(x), k = 1, ... , D, (9) 

where A,.,,9 sati;fy equations which do not contain w (k,m = 1, ... ,D, summation over 
repeated k}: 

af9- ~sin 29 [P + ({],.,¢>- A,.,) 2] = 0, 

a,., [sin 29(a,.,¢>- A,.,)]= 0, 

a~Am + 2sin29(am¢>- Am)= 0. 
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4. Below we shall study localized solutions to Eqs. (10)-(12) for £ = 2 using the 
"hedgehog" ansatz for the unit isovector field s;(x), i = 1, 2, 3, 

s1=cosmxsin6(r), s2=sinmxsin6(r), s3=cos6(r) 

sinx = .!!:, cosx = =. r 2 = z 2 + y2, 
r r 

where m is an integer number, and the "vortex" ansatz for the Maxwell f eld A,.(x), 

Ao=O, 

As a result we obtain equations for 9(r) and o(r) [12], 

d29 1 d9 . [m2(o- 1)
2 

] - 2 +--d -sm9cos9 2 +p =0, 
dr r r r 

with boundary conditions 

d2o 1 do . 2 -d 2 - --d +2(1- o)sm 9 = 0. 
r r r 

9(0) = 7r, 

o(O) = 0, 

9(oc) = 0, 

do 
dr (oc) = 0. 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

Note that field configurations s;(x) given by Egs.(13),(17) correspon·l to maps from 
R~P to S 2 with integer homotopic indices ("winding numbers")[2,3], and we shall refer 
to solutions of the problem (15)-(18) as topological solitons with the "to(>(] logical charges" 
Q,=m. 

Using series expansion of 9(r) and o(r) at r -t 0, we find from Eqs. ( L5) and (16) for 
m=1 

and form= 2 
9(r) = 7r- C2r2 + o(r2

), 

2 2 1 24 6 o(r) = r (E2 -
12

C2r) + o(r ). 

(19) 

(20) 

(21) 

(22) 

Equations (19},(20) and (21},(22) are useful when searching for solutions of the problem 
(15)-(18) with m = 1 and m = 2, respectively, by the shooting method. C.treful numerical 
investigation shows that for small positive p values there exists a unique solution to the 
problem (15)-(18); the functions 9(r) and o(r) of solitons with m = L are presented 
in Fig.1 for p =0.01, 0.1, 0.15. Note that the asymptotic value Ooc = ~(oc) decreases 
monotonically asp is increased, with Ooc -t 1 when p -t o. With the function Ooc(P) at 
hand one can find the asymptotic form of the soliton solution for r -t oc: 

T 
9(r)::::: Vrexp(-y'jir), T=const, (23) 
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T2 
a(r) ~ Ooc- (1- aoc)2r"exp(-2y'pr). 

Distribution; of the energy density 

1i( ) _ (d(J) 2 
• 26 [ m2(a- 1)2] m2 (1 da)

2 

r - dr + sm p + r2 + 2 ;:- dr ' (24) 

and the magnetic field, -B(r) = (dafdr)fr, for solitons with m = 1 are plotted in Figs. 
2 and 3, respectively. The magnetic flux of the 2D solitons in the A3M model is uniquely 
determined by \ alues of p and the topological charge Qt = m, 

cfl =I BdS =I AkdZk = m fo2

"' a(oc)d<; = 271"maoc(P) = 271"Qtaoc(P)· (25) 

4,---~-~~~--~---. 

ro 
Qi 

£3 
,I ,, 
a ' 2f \1\ 

1!1 
0. 
iii 

1\ 

2 

a) p=0.01 
b) p=0.1 
c)p=0.15 

a 
b 

- b a-- c 
C - -- ----------

4 6 8 10 

Figure 1: Fllnc1ions a(r) ana O(r) ofthe 2D 
A3M solitons \\ ith m = 1 for various p . 

a) p=0.01 

b) p=0.03 

c) p=0.05 

d) p=0.1 

e) p=0.15 

2 3 4 

Figure 2: Energy density of the 2D A3M 
solitons vs r for various p; m = 1. 

The depende1ce of the soliton energy E = 271" f1l(r)rdr on pis depicted in Fig.4; it 
is natural to coniecture that the dependence E(logp) is exactly linear. It is important to 
note that E(p) < 871" for p < po ~ 0.4 (recall that 871" is the energy value of the Belavin­
Polyakov localiztd solutions in the 2D isotropic Heisenberg ferromagnet [13]). It means 
that at least for p < po the particle-like solutions (18)-(23) of the A3M model describe 
spatially localizeol bound states of the A3- and the Maxwell fields, and hence it is natural 
to conjecture th•!se 2D solitons to be stable for p < po (indeed, to destroy them it is 
necessary to supj)ly an amount of energy exceeding the appropriate "mass defect"). 

4. One can cc nsider the 2D A3M solitons as strings with finite radia embedded into 3D 
space. Such strings-solitons can be used when designing cosmological models of evolution 
of the early Univ·~rse and its present large-scale structure (for review see, e.g., [14]). From 
mathematical po nt of view these solitons are well suited for computer simulation of inter­
action of extended cosmic strings, indeed, to investigate the interaction of M strings within 
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a) p:0.01 

b) p:0.03 
c) p:0.05 

d) p:0.1 
e) p:0.15 

2 3 4 

Figure 3: Magnetic field of the 2D A3M soli­
tons with m = 1 for various p. 
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Figure 4: The dependence of the 2D A3M 
soliton energy Eon log(p); m = 1. 

the A3M model initial data for the evolutionary PDE problem could be ch JSen as a set of 
M solitons well separated from each other. Notice that this physically nato ·al prescription 
cannot be used for computer simulation of interactions of the Abrikosov· Nielsen-Olesen 
strings-vortices[15] within the abelian Higgs model[16], which.are widely discussed (along 
with their non-abelian generalizations) in cosmological models[14]. 

Further computer studies of the 2D solitons within the A3M model <ere in progress, 
in particular, investigation of the boundary value problem (15)-(18) for various m and 
p. Next, we are starting computer study of dynamical processes in which the 2D A3M 
topological solitons take part, using evolutionary PDEs of the model preSI·nted above. 

5. From the viewpoint of particle physics the most important line of further studies 
within the A3M model is certainly the search for stable 3D solitons. Cur preliminary 
analysis shows that existence of stationary 3D A3M solitons with nonzero integer values 
of the topological charge of the A3-field (the Hopf index, see, e.g., [2a,17]1 is quite likely. 
If such solitons are found in computer experiments that we are preparing, then the next 
natural step will be the search for 3D localized "electron-like" solution! with nonzero 
values of electric charge and internal angular momentum (spin) within the 3-field ("Dirac­
Heisenberg-Maxwell") model, or the "extended electrodynamics" (EED), defined by the 
U(1) gauge-invariant Lagrangian density (e, K. are constants) 

2 - - 1 2 
C = f7 ('V(g) 11 8-'V(g)"8+ + 811 8381183) + iK.'IjYy11'V(e)",P- V(8a)- 4F11 vr (26) 

V(g)
11 
= 811 + igA11 , 'V(g) 11 = 811 - igA11 , 'V(e) 11 = 811 - ie,l11 , 

8+ = 81 + i821 8_ = 81 - i82· 

However, serious mathematical difficulties should be overcome first in or< er to make a(r 
propriate computer investigations reliable and successful. 
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THE HALL EFFECT IN TWO-DIMENSIONA:~ MHD 
PROBLEMS WITH TRANSVERSE MAGNETIC FIELD 1 

K. V .Brushlinsky, T .A.Ratnikova 

Keldysh Institute for Applied Mathematics. Russia Acad.Sci, Moscow 
e-mail: oyufed@spp. keldysh. ru 

Mathematical models, based on the MHO-approach, are successfully ttsed in solving 
pure and applied problems in the hot and dense pla.:.;ma physics, including nuclear fusion 
and astrophysics. But investigation of some phenomena, e.g. interaction cf plasma flows 
with the electrodes, need more complicated models. at least because the }.[liD-equations 
cannot recognize the electrode polarity: they remain unchanged, when the dectric current 
and the magnetic field invert simultaneously their directions. We consider b£ low a modified 
MHD-model taking into account the Hall effect, that is a first step at the way from the 
usual ("one-fluid") MHD to the strickly two-fluid one. It is d£>riYed from th£> transport 
equations of ions and electrons [1] jointly with the Maxwell ones, if we neglect there 
the electron mass m, and the displacement current DE/eDt (2]. This model describes a 
continuous medium with the density p = m;n, £>qual (for simplicity!) ten peratures and 
pressures of the components (T; =: Te =: T; p; =: ]Je; p =: p;+p,). different velocities v; =! v, 
and in general with the finite plasma conductivity. It is based.on tlH• set o · eq_uation: 

{)p 
-+v(pv)=O 
{)t 

dv .., . H 
P dt + vp =J X 

T cis ·2 ~ T . ...., p -=I/)+- JvS 
dt 2 

DH . j X H - \ p,. 
"'!) = V X (v X H) - V X (1/j) - ~V X =-------'--'-
ut p 

'" 
]J -- f!_ pT-- f!_ P""' ·, d il 2 2 c j = v X H ; dt = ilt + \v, 

( l) 

that are written in a. dimensionless form: units of mPasurPment of all Yarialll's arl' formed 
from their characteristic values in spPcific problems. There are lwrf' three dimensionl£'ss 
parameters: 

The exchange parameter~ (2-4] is related to the Hall eff£Oct. that. dPscril•l'S int.Praction 

1 This work was supported in part, by International Science Foundation jointly with the Hussia Fedt·r­
ation Goverment under Grant.s No MJXOOO and No ~13X300 and hy the· Bul"sia Fmu.l~ mt•nt.al Rel"earch 
Foundation under Grant No 9-1-01-01083. 
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between the curnnt and the magnetic field in the Ohm's law and supposes the ion and 
electron velocitie! to be different: 

v=:vi; ~j = p(v- Ve) . 

The generaliz·•d Ohm's law 

vj = E + v x H + ~ ("Vp.- j x H) . 
p 

(2) 

(3) 

is the electron d:•namic equation, where the electron inertia m.dve/dt is neglected. It 
follow from (3) in particular, that the current and electric field are not collinear in general, 
and the plasma CJnductivity is nonisotropic, tensor-type. 

The MHD-model, taking into account the Hall effect, is being used for example in 
investigation of p asma flows in channels of plasma accelerators, magnetoplasma compres­
sors and MHD-gE nerators (2-6], when the electrode polarity and near-electrode processes 
are essential. It i! realized by the authors (7-10] in flow computations, connected with the 
elaboration of re< ent high-current quasi-steady-state plasma accelerator (QSPA) [11-1.5]. 
The accelerator channel (fig.1) is formed by two coaxial electrodes. 

r 
(f) 

3:f:JEE 
z 

Fig.1 

The electric curr·•nt between them generates azimuthal magnetic field and, interacting 
with it, induces plasma to move in the z-direction. The nozzle-type channel shape insures 
the transonic pl<wma acceleration: the velocity gets over the fast magnetic sound speed 
in the minimal cJoss-section. Basic flow features are investigated in the MHD-approach 
[2,12,16], but some specific '$henomena near the electrodes need to be simulated using the 
Hall effect. 

The flows of interest are steady-state as a rule, since the discharge duration is much 
longer than the !low time. They are being calculated by means of the time-relaxation 
method. Plasma lows in coaxial channels (fig.1) may be considered as axisymmetric: 

{) 
arp := 0 ; v'{J := 0 ; H, := Hr := 0 ; , 

i.e. they belong to the class of two-dimensional flows across the magnetic field. The 
equations (1) in ;~eneral, second order, quasilinear, of parabolic type, degererate, being 
applied to this cii.SS and, when v = 0, make up a first order nonlinear system: the Hall 
term in the fourt 1 equation (1) consists only of first derivative products. By this reason 
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problems with finite plasma conductivity (v > 0) and infinite one (v :: 0) are different in 
setting boundary conditions at the electrodes. When 0 < v ~ 1, solutio~s include Hall 
boundary layers, that are in direct relation with flow anomalies, detected n experiments: 
current sliding and potential jumps near the electrodes. 

The paper (9] presents an analysis of the nonlinear system (1) (v = 0) in terms of at­
tendant linearized equations and gives conditions of its being hyperbolic (all characteristic 
velocities in any direction are real). These condition are usually fulfilled :or steady-state 
plasma flows in QSPA, when € ~ 1. The characteristic velocities are founc, and electrode 
boundary conditions in flow computation are agreed with them. The number and the 
content of the boundary conditions are different for the anode and the cathode. In partic­
ular, it is shown, that the equipotential electrode condition contradicts v·ith the regular 
acceleration of the infinite conductive plasma. 

In investigation of plasma flows in a channel including near-electrode zones, we take 
into account the finite high conductivity (0 < v ~ 1) and consider three va ·iants of bound­
ary conditions, that correspond to three principal types of flow-electrode nteraction. 

1) Electron current transfer (ECT) regime 

Vn == 0; Er == 0, (4) 

where n and T are the normal and tangent directions relative to the bour dary. The elec­
trodes are equipotential and unpenetrable for ions, the current is carried by electrons.In 
this case steady-state flow regimes may be obtained only if € < ~·, where the critical value 
C depends on v and /3. If € > C, the computation loses stability and leads to an explosion 
type phenomenon at the anode. Before the explosion we cab see thin layers, where the 
current slides along the electrodes (fig.2) and the plasma density falls off 1 ear the anode. 

0.19 

0.10 

2) Ion current transfer (ICT) regime 

Ven = 0; Er == 0, (5) 

The plasma (ions) is allowed to penetrate through the electrode surfaces in amount 
pvn == ~in (see(2),(5)), that is proportional to the current and the exchange parame­
ter. This regime may be realized in cases of rod electrodes or more corr plicated devices 
-transformers (11]. In such a model steady-state flows are obtained under the condition 
€ < €**, but the restriction is less strong here: €* < €**. In the opposite case computation 
leads again to an explosion type instability and electrode boundary layer, as a rule, at the 
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cathode. A serie:; of computations established the dependence of the exchange parameter 
critical values e and e· on the magnetic viscosity v in the both electrode polarity cases 
and for different values of parameter (3 [7]. They confirm the advantage of ICT (C < C*) 
and showed, thai the central position of the cathode admits steady-state flows with more 
strong Hall effec1 then the inverse polarity. 

3) The most ~fficient plasma acceleration regime is connected with an "ideal" current 
distribution, ortl ogonal to unpenetrable streem boundaries 

Vn = 0; jT = 0. (6) 

As a result of co nputation with boundary conditions (6) there are obtained steady-state 
flow regimes witl finite values of v, including v := 0 [8]. No boundary layers appear in this 
case. A distincti"e feature of such flows is that the stream boundaries are not equipoten­
tial: the electric field has a positive component, hence the potential decreases down the 
boundaries. ThiE result may be useful for plasma. accelerators with electrodes, consisting 
of separate sections: the voltage at the sections is to be agreed with computations. As 
applied to the Q~iPA, whose electrodes have longitudinal metal elements and therfore are 
equipotential, th·~ computation result may be related to the "stream kernel", that is the 
most part of the channel. To determine its position in the channel space and calculate 
complements to ;he remaining part - thin (of order e ~ 1) zones near electrodes - the 
"smooth channel'' approximation for two-dimensional steady-state flows [3,4] may be used. 
As a result we oJtained a complete flow picture and electric current distribution in the 
channel in the o~timal acceleration regime (fig.3). 

~(z) 

c 
In particular, the flux densities of plasma. passing through the anode and cathode, 

appropriate for tltis regime, are found [10]. 
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Abstract To use the Java programming in WWW technology for NEMO experi­
ment is pr >posed. We use Java code for presentation of NEMO software. Evolution 
of trackin1 algorithms is demonstrated: elastic net method and cellular automaton. 
Event visualization code was designed in Java to provide a monitoring system. We 
propose to use CGI program as a Log Book for NEMO. These applications are avail­
able through the Internet and allow all the collaboration members to be well informed 
about the present state of the experiment. 

1 Introduction 

Today large physi ;s collaborations need a uniform and simple system to share and deliver 
information. WVti W was invented at CERN and is progressively becoming the standard 
way to distribute information in High Energy Physics. The use of WWW technology 
in NEMO collab(•ration is proposed. The World Wide Web is rooted in the Internet 
technology. It mes the HyperText Transfer Protocol (HTTP) which allows clients to 
get documents fnm WWW servers. HTTP supports documents of different types thus 
permitting formal negotiation between clients and servers. Documents are referred to 
by clients with Uniform Resource Locators (URL) based upon a naming scheme that 
guarantees unicity. Hypertext documents are formatted with the HTML language. The 
usual way to acce:ts HTML documents is using browsers: Mosaic, Netscape and others. 

Interfacing to ;he World Wide Web becomes necessary when we want to do more then 
distributing static documents. Interfacing to the Web may be split up in two parts: server 
interfacing and client interfacing. 

2 Log Book via WWW 

As an example of the first way we propose practical use of the server interface program 
(CGI programmirg) as a Log Book (a Journal) of the experiment to collect all the in­
formation and th1• current status of the experiment(2]. We have a test program called 
GuestBook. You •:an look through the messages that somebody leaves in your database. 
You can leave you own message. This program runs on server site. How does it work? 
You fill a form via HTML document and send it to server. The server runs this GuestBook 
program and recoptizes your information as an input for the database. It is possible to es­
tablish restricted access for collaboration members only. This is a simple example of such 
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program. It gives you only the list of all messages. It can be developed by introducing 
different search or sorting: for example, you can retrieve messages specifyiltg the date, the 
author, the keyword. 

3 Java programming language 

3.1 What's Java? 

Next step of our problem is if we want to have graphical presentation of experimental data. 
In this case we need a fast graphical interface with user. But the server interfacing is too 
slow to react on our action such as mouse move, click, key press. There is a possibility to 
have a client interfacing. That means the program for graphics is running on your local 
computer. Such a possibility is via using Java programming. Java is a new programming 
language. It was developed by SUN Microsystems[l]. 

Java is a new, object-oriented, general-purpose programming language, with elements 
from C, C++. It is platform independent as it is interpreted by virtual n.achine. Java is 
a system that has been designed to make it easy for users to master. It cc-ntains libraries 
that give simple convenient use of Internet features. Java specification indudes standard 
on new tools of modem computing: graphics, audio, networking support. No need to have 
any separate graphics package like HIGZ which we use in our software. Jav!i allows anyone 
to create a WWW page with code in it, that can be executed by anyon~ else accessing 
that page regardless of hardware. A program in a web page is called an "~pplet". 

3.2 Life way of Java program 

The Java source is compiled to class file, which contains the bytecode rE,presentation of 
the program. Bytecodes are very similar to the machine instructions, so Java programs 
can be very efficient. However, bytecodes are not specific to a particu.ar machine, so 
Java programs can be executed on lots of different computers without ::ecompiling the 
programs. Then this class file can be transported via the Internet as o·;her documents 
and executed by any computer that supports Java. Java bytecodes are interpreted by the 
virtual machine. For example, such browser as Netscape of latest versions has a virtual 
machine inside itself. So the program of graphics user interface can ru 1 on your local 
computer and allows you to work interactively. 

3.3 Security of Java 

About security in Java. The reason that Java applets are secure is that Java programs 
are compiled into bytecode instructions that can be verified. BytecodE contains addi­
tional information that is used to verify that the program is legal. A verified program is 
guaranteed not to break any of the Java language constraints and can be 3afely executed. 
Verification is used by browsers to make sure that applets don't contain viruses, cannot 
crash or damage the computer. Java applets loaded via net have additional restrictions: 
they don't have an access to local file system. 
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4 Application of Java to NEMO problems 

4.1 Events Yisualization 

We created the Java program for visualization of experimental data for NEM0-34.1. User 
can download the Java code with a browser and run it. This program reads experimental 
data via Interne ;, draws setup and waits for the user action. The user can then interact 
directly with the event and is able to zoom, scale, move the event. So you can look at the 
events from any point of world and use this program for example as a remote monitoring. 
This program ca a be modified for the reading data that are taking at the moment and for 
the analysis of the apparatus status. 

Fig rre 1: Visualization of NEMO 3 event using Java program. 

4.2 Software presentation 

One more field fer application of Java to NEMO is a presentation of the NEMO software. 
Usually in a phylics collaboration each member has his task and makes only his part of 
work. It is useful for everyone to have a simple way to be knowing about the programs and 
algorithms ~hich are used to interpret experimental data. In NEMO experiment Elastic 
Net Method is used for reconstruction of charged particles tracks. We present you the 
applets that explain this method and demonstrate it in action[4, 3]. Any user can easily 
learn the idea of the algorithm and conclude that it really finds a good solution. 
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Figure 2: Demonstration of NEMO 3 tracking using Java program. 

5 Conclusion 

The analogous approach is already used at CERN. There is 'Online' Vata Acquisition 
System of the DELPHI Experiment[5]. This is server interface system which is built as 
a CGI program so it allows restricted interface: only text information is available. If we 
would like to have something more the main problem of systems of th<.t type arises: a 
slow performance. 

To conclude, our suggestions are to : 

• use CGI program as a Log Book of the NEMO experiment; 

• use Java for visualization of NEMO 3 data; 

• use Java for the NEMO software presentation. 
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Abstract. A Cellular Automaton method is used to model underground caves where 
the struct1 res are predominantly formed by rock collapse. The vertical cave profile 
is generate :l on a square lattice with random configurations where 70% of the sites 
represents rock elements and the remaining 30% represents air. The system is iter~ 
ated according to rules which take into account gravity and rnechanical interaction~. 
After conv ~rgence, the scaling properties and corresponding fractal dimensions are 
estimated . md compared with real cave profiles. In spite of the approximations used 
(all water i'Tosion processes are neglected) there is a satisfactory agreement between 
simulated ~ Lnd real data. 

PACS: 91.35.cb, 07.05.Tp, 93.85+q, 91.60.-x 
Underground cavE formation is due to several concurring processes, usually taking place 
over several lengh· and time scales. These processes can be roughly divided in: 1, Lime­
stone erosion by v·ater; 2, Mechanical erosion by underground rivers; 3, Rock fall due to 
gravity. In a complex, structured cave it is possible to distinguish regions that are a, com­
pletely devoid of v. ater; b, partially filled with water; c, totally filled with water. Processes 
1 and 2 are assoc: a ted with regions b and c, usually younger and below regions of type 
a where rock collapse is dominant and often drastically changes the shape and ramifica­
tions of the lmderground cavities determined by previous wat er erosion phenomena[lj. 
According to its history, a caVJ! may have greatly varying shapes and size, ranging from 
the relatively simple vertical pits or underground rivers to majestically large environments 
of several kilometus, developing on several levels at different dephts. 

Over the years several simulations and studies on the fractal nature of rivers and rocks 
have been carried .mt [2], here we present a model simulating the formation of caves: for 
their simplicity and speed Cellular Automata (CA)[4j have been used. Their versatility 
has made CA a "idely employed tool in several fields, ranging from the modeling of 
physical systems td noise removal and signal processing in particle detectors[3j. To speed 
up calculations an•l to employ a binary state (rock/air) CA, all water erosion processes in 
limestone ha':'e no been considered in the present application. These simulations apply 
therefore only to caves where the erosion role of water has taken place so far in the past 
that its structural characteristics have been reshaped by rock fall. 

A dynamical s1 udy of the development and formation of the cave would have to take 
into accmmt a thn estate system (air, rock and water) where the partial pressure of C02 
takes a critical rol~ in determining the amount of diluted calcium carbonate[!]. In this 
case we are concened with the static configurations which are produced by gravitational 
and mechanical forces: as initial conditions a percentage P = 30% of empty (air) sites has 
ueen assumed. In oJur case the two. states that each site (or cell) of the binary automaton 
can assume repres• ·nt, respectively, the presence (State 1) or absence (State 0) of rock. 
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Figure 1: An example of a 128 x 128 structure obtained after convergence of theCA (each 
pixel pictures a lattice site). The vertical axis represents the depth belcw ground. For 
clarity, rock sites have light colour, while air sites are black. 

Vertical cave profiles were simulated in order to compare them with these of real caves: 
the evolutionary rules have been devised to take into accmmt gravity . md· mechanical 
interaction among nearby rocks. The gravitational forces move rock sites v~rticaliy toward 
the lower row if the rock is not stopped by its directly lower element or by at least two 
upper and one lateral element (on the same side). 
TheCA is updated until convergence in a stable state (no more rock movements). Several 
underground structures resembling a cave profile and showing undergroun :l. chambers and 
passages have taken place, as shown in one case in Figure 1; the fractd nature of the 
resulting system is evident1 . It is to be noted how vast air structures tel td to be formed 
at larger depths, while smaller formations appear closer to the surface. As with real cave 
profiles, the presence of apparently suspended rock is to be attributed to a orthogonal 
projection effect, to passageways that are not necessarily one above t:1e other but in 
different positions along the z axis (orthogonal to the plane of the paper). It is also 
clear from the resulting pictures how the system is invariant under X (horizontal) axis 
translations, in accordance with the properties of the update rules. Thif. invariance also 
produces a great number of "cave entrances", holes leading from the surface lead to larger 
underground structures. As most speleologists sadly know, this is ve1y far from real 
conditions, where entrances leading to huge underground complexes are ex :remely rare and 

1 The structures formed present some similarity with the 'class 3' (chaotic) lD+ li' automata present 
in [4]. The patterns that appear in that case are due to the presence of some particu ar combinations of 
cells that produce the observed 'empty' structures. Tbe analogy with our case is duet.> the fact that only 
particular structures are stable from the mechanical point of view and do not collapse under gravity. The 
rock fall could be therefore be seen as a propagation of that initial structure forward n time (that is the 
Y axis in the cave model) 
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X size Y size Da 
64 64 1.71 ± 0.05 
128 128 1.71 ± 0.03 
256 256 1.76 ± 0.02 
256 512 1.78 ± 0.01 
512 256 1.78 ± 0.02 
512 512 1.78 ± 0.01 
1024 1024 1.83 ± 0.01 

Table 1: Fractal dimension of the air (Da) zones for grids of different size. 

hard to find. Th.s depends on the boundary conditions chosen; infact a layer of completely 
filled space cloS<· to the surface would have produced results with fewer entrances. The 
quantitative stuoiy of this model has been performed analyzing the scaling properties and 

· fractal dimensio lS of the air sites using the box cmmting method. Several different grids, 
from 64 x 64 up :o 1024 x 1024 elements, have been considered to study the dependence of 
the fractal dimeJlSion from the size of the SYStem. In each case a set of N = 100 stuctures 
have been gener 1ted. 
The conversion of each grid element to meters, that is the lenght represented by each 
lattice site, is not immediate: the same update rules considered are indeed valid for the 
structural and n cechanical properties of rocks of different sizes. Experimental evidence for 
rock collapse with boulder size from ~ 50 em (i.e. Pozzo Arcaro, It) to 2 5m (Grotta 
dell'Ovito, It) can be easily found. More6ver, the overall size ofthe underground structure 
simulated must be finite: for instance, a lattice of 1024 sites - each of about 1 m x 1 m 
- implies a cave depht of 1 km. These kind of caves, albeit found in nature, are not 
very common ar .d have been formed by several different concurring processes. Therefore 
simulations on a larger grid would not find their geological counterpart. These limitations 
do not pose a real problem since the fractal dimension of the simulated caves will be 
shown to be.constant over several scales, so that a comparison with experimental values 
will be possible without having to fix a precise value for size of the lat.tice elements. Let 
us come back to the scaling properties of the SYStell1S considering the empty elements 
(air). The scalillg properties for grids of different sizes are shown in Figure 2 where the 
number of elemEnts N(>.l) present at each scale )..lis shown (lis the size of a lattice site 
and ).. takes the values of integer power of 2: 1,2,4 ... ), N(>.l) is the average taken over 
all the N = 10t) simulations performed for each grid. Errors (usally smaller than the 
SYmbols shown) represent 1 r.m.s. from mean values. Since the relation between these 
values and the fractal dimension D of a SYstem is[5] N(>.l)/N(l) = ;>..-D, a linear fit in 
double log1:1rithnic scale yields the estimated value of D. Note that the fit is in good 
agreement with data points over all statistically significant lenght scales. The resulting 
fractal dimensio lS for the empty area zone Da are shown in Table 1. It is possibile to see 
how the value o" Da slowly grows as the grid size increases: this is due to the formation 
of larger structures. The dependence of the fractal dimension from the grid size is linked 
to the finiteness of the SYStell1S considered and finds its counterpart in the variety of size, 
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Figure 2: Scaling properties for different size grids of the simulated cavEs. The mm1Ler 
of air sites present at scale >. is plotted as a function of the scale >.. Th• absolute value 
of angular coefficent of the linear fit in double logarithmic scale repres:nts the fractal 
dimension Da. Note how the fit is consistent with data points almost ove · all scales. 

structme and value of Da of real caves. 
A detailed study of the dependence of the value of Da from the percen1 age of air sites 
1' was carried out in order to determine the values which - 1mder thesE update rules -
were more consistent with real caves. It is to Le expected that in the limit of 1' -> 0% 
the air sites are so far away one another that there is little rock collapsE and clustering 
of air sites with and no subsequent cave formation, whereas in the limil of 1' _, 100% 
the amo1mt of empty space is such that all the few rocks present fall to the "'bottom·· 
of the grid. Simulations performed on a 64 x 64 grid comfirm this hypL tesis. as shown 
in Figure 3 where the value of n, tends to 2 and to 1 for 1' _, 0% and 1' _, 100%. 
respectively. Values of P < 25% have very big statistical errors due tu a wry large spread 
in the behavior depending on the initial conditions: indeed only values of 2 5% < 1' < 35'7c 
seem to produce meaningful results. If P > 35% the empty structmes formed are tou big 
and different with real caves. There is a connection between this system .md percolation 
models. It is indeed possible to note how, in order to obtain a model with a certain degree 
of complexity and physical meaning we need to retain some kind of conne~tivity which is 
related Loth to the past erosion rule of water and the 'exploraLility· of Jeal caves (that 
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Figure 3: Values )f the fractal dimension Da for different air size percentage Pin a 64*64 
grid. 

is, only those pa1 ts of underground complexes which are connected can be explored and 
studied). Howev·~r, unconnected systems with P < 25% (that is below the percolation 
critical exponent:, are not devoid of physical meaning. They represents those formations 
where the exciJ.Va :ion of water has taken place over a too small time scale (or the erosion 
has not taken p!.tce for some reason). On the other hand systems with high P can be 
viewed as fully eJ.cavated karst landscapes. 

The same scaling studies have been performed on real cave profiles as published in 
the bulletins of f peleological societies. The chosen caves present absence of water and 
dominance of gr~cvity effects in their structure; they have been scanned with a 300dpi 
resolution and th·esholded in order to remove shades of grey. The problem in these profiles 
is that they ariSE from measurements often taken by speleologists in extremely difficult 
conditions and subject to errors. This is mostly true for the rock - air boundary drawn 
by hand and theJ efore not very reliable, whereas, the lenght and area size measurements 
are usually far m)re accurate. For this reason the properties for the boundary lines of the 
simulations have not been presented. 

The values o:· Da have been estimated m;ing the same method described above for 
five caves of diffErent size and origin. The overall characteristics and resulting values of 
/Ja have been re:;umed in Table 2; the scaling properties are also shown in Figure 4 for 
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Figure 4: Scaling properties evaluated from five real cave profiles. The nu:nber of off (air) 
sites present at scale >. is plotted as a function of the scale }., The absolute value of angular 
coefficent of the linear fit in double logarithmic scale represents the fracta dimension Da. 
Also in this case the fit is representative of data over all scales. 

comparison with the simulations. The errors are those calculated from tht fit. There is a 
satisfactory agreement with the simulated data. Some trends can be seer : the cave with 
the most complex system of galleries (Monte Cucco) also exibits the low!st value of Da, 
whereas very small and simple have higher fractal dimensions. 

A more systematic work will be carried out in the near future with the analysis of 
the different problems arising from the determination of Da in real cave r:rofiles and with 
more complex models which take into account water erosion processes. Io. this paper we 
have shown how a simple model of cave formation may be used in the prediction and 
understanding of the fractal nature of underground structure formation. 
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Name 
Pozzo Miscutriglio 
Pozzo il Ferro 
Grotta di Luppa 

Grotta di Monte ( 

Pozzo della Neve 
0.6 

~ucco 

Ref. hsize(m) 
[6] 35 
[6] 20 
[7] 1024 

[8] 1400 

[8] 1900 

Vsize(m) Da Notes 
-55 1.70 ± 0.03 simple str. due to rock collapsE 
-50 1.79± 0.02 simple str. due to rock collapse 
-174 1.76 ± 0.03 underground river 

str. mostly due to water eros. 
-900 1.68 ± 0.03 very complex multilayered 

str. due to fault and rock collapse 

-800 1.64 ± 0.5 long winding canyon due 
to water erosion 

Table 2: Fractal dmension of the air (Da) zones for caves of different size and structure. 
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The orientation distribution function (ODF) of a polycrystallin ~ sample is of 

special interest in texture analysis, but ODF is seldom if ever determ med in a direct 
manner. The mathematical problem of quantitative texture analysis is calculation the 
ODF from experimentally obtained pole figures (PF). With any sets of PFs the 
solution of this problem is non-unique. Therefore we need an in1ormation about 
ODF structure. We consider ODF as superposition of the canonical normal 
distribution (CND) on the rotation group S0(3) [ l] . 

Definition of the canonical normal distributions on SO (l) and S 

Let us consider the normal distributions on the rotation group ~0(3) as 
defined in [2,3] . 
Definition l. A distribution d,u(g), geS0(3), is said to be normal (Gauss tan) if it 
admits representation of the type 

3 3 

J T(g)df.l(g) = exp( Ia!i A; Ai + L~ A;) , 
,\r)(3) l,j~l 1~1 

(I) 

where T (g) are the irreducible representations of the b'Toup S0(3); A,, i=l,2,3, are the 

infinitesimal operators of representations T (g); (a;;), i,j=l,2,3 is a real positive definite 

or semidefinite matrix and a,, i= l ,2,3, are real constants . 

Definition 2 The normal distribution d,u(g) on SO (3) is said to be the canonical normal 
distribution (CND), if we have a,, =0, i~i. a, =0, i,i= I ,2,3 in the expression ( l ). 

The normal distribution dJ..I(g} f(g) dg of general type can be transfi.)rmed to 
CND by two rotations. J-lere./(g) is the density of normal distribution, d[.. is the invariant 
measure on S0(3). 
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Let g {a, fJ, y } , -J[ s a, y< J[, Os fJs J[ be three Eulerian angles that 
describe three rotations of Cartesian coordinates (X,Y,Z) (right-handed) by rotation 
through angle cr, -J[ s a < 1r, around axis OZ , then by rotation through angle fJ, 
0 s fJs J[ arouni axis OX and by third rotation through angle y, -J[ s r< J[, about 
axis OZ. 

We have dg = ~sin fJ dadfldy 
81[ 

Normal distributi()n dj.i(g) may be represented by series 
~ I 

j(g) L: I (2/ + I)C~,,7~ .. (g), 
J,Q m.11~ -1 

(2) 

where 7L(~·) are generalised spherical functions, cL are corresponding Fourier-

type coefficients :hat can be calculated from expression (I) 

C 1 = c;,. ) = exp ( R1 
) , /·0,1,2,3 ... 

ForCNDwe have 
J 

B l "' I 2 I = L,a;;(A 1 ) = (bmnl, I 0,1,2,3 ... , (3) 
i=l 

where I I [ 2] 2 hmm=-?.1(1+1)-m (a11 +a22 )-ma 33 , 

I I I I I { }1/2 hm.-: = h_2 m = h-m.-m+2 =h_m+2 -m =4 (1-m+IXI +m-1Xl-m+2Xl +m) (a22 -a11 ) , 

m -1,-1' I, ... ,1-1,1, and the rest h~ = 0. 

If a!t=O. i;t!j, a,=O, a"=li2
, i,j=l,2,3,we obtain the central normal 

distribution on S0(3) from formulas (1), (2) 

00 

f(g)= LC21 + l)exp{-/(1 + 1)li2} sin[(/+ 1/2)t] 
1~o sin(t/2) ' (4) 

where cos(t/2t=cos(fJ/2)cos[(a+y)/2]. 

The normal distributions on the sphere in R3 can be obtained as "projections" 
from normal distrtbutions on the group S0(3) [1] .We can get the functions on S2 if 
we consider the functions on S0(3) that are constant on right-hand contiquity classes 
for the subgroup )f rotation with respect to a certain axis. 
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Definition 3. We get a normal distribution f(f), ~= {a,ft}ES 2 
,-;r sa< 1r, Os ps ;r, on 

sphere 8 2 in R3 from normal distribution dp(g) on the group S0(3) , where a.=<>, 
a!i=O, if i=O or j-O,i,j=I,2,3, 

I 2.- I ~ I 

f(~)d~= S;r2 f[/(g)sinfiladP~r= 4;r~'];1C/.oT/.o(g)sinfiladp. (5) 

If a!i=O, i;tfj ,a,=O, a.,=~, i,j=1,2, in expression(5), 

we have the central normal distribution on S2 

~ 

f(/3)= ~)21 + I)exp{-/(1 + I)e 2
} P 1(cosp) , 

where P 1(cosft) are Legendre polynomials. 

The properties of normal distribution on S0(3) 

(6) 

Using the properties (3) of B 1 we can get next note for caronicai normal 
distributions 

~ I 

f(a,p,y) = ~)21 + 1){ Crio P,(cosft)+2 :Lc~,.P~,.(cosp)cos[n(a + y)]+ 
1=0 

I 

+ 2 :Lc~.-,.P:._,.(cosp)cos[n(a- y)]+ (7) 
n=l 

I n-1 

+4 LLc;_,.+21 P; __ 21 (cosft)cos[k(a + y)]cos[(n- kXa- r>: }, 
n::::2 k=l 

where -;r sa, r < 1f, -;r s ps 1f. p ~ .. (p) are Jacoby polynomials. 

From formula (7) we get the properties of CND 

1) symmetry with respect to angles a and r , -;r s. a, r < 1f, 

f(a,P,y)=f(y,fl,a); 

2) property of being even with respect to angles a and r , -;r sa, r < n , 

f( a. fl. rJ= f(-a./1. -rJ; 
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3) periodicity with respect to angles a and r , -J[ 5 a, r < 7f , 

f( a.P, r) =f(a+ 7r,{J. y+ 7f}=j( a+ 7r,{J. y-7f) 

From properties 1), 2), 3) follows that it is possible to reduce the volume of 
calculations in 8 times -instead of calculation j(g) in the domain -J[ 5 a, y < 7f we 
can consider tlte domain 

{ I 
- r ~ a ~ r, o ~ a ~ 7f/2} 

G= (a,y) -7f+y~a~7f-y,7fj2~a<7f 

4) The peak of CND f(a,fJ,y) achieves at P=O,a+y=O and it is equal to 
"" I "" 

maxf(a,(J.y)=f(O,O,O)= ~)21+ 1) ~:C·~n = ~)2/ + 1)Sp( exp(i\1
)). 

1=0 n=-1 1=0 

5) At fJ= 7f we b.ave 
"" I 

tra.7r,r}· :Lc21 + 1)( -1)1 
{ c;o + 2 :L c:.-n cos[n(a- rm. 

~0 -1 

Let's consider dependence of CND from parameters ( a 11 ,a22 ,a13 ). 

We shall desigmte f(g)=f(g, a, 1 ,a22 ,aJJ). 

6) Let the rotation g0eS0(3) leaves the invariant square-law form 

a 11 X2 + a22 Y
2 + ~3 Z2

, where X, Y, Z are cartesian coordinates. 

Then we have tlte equality 

f(g) =/(gog g;1
) · 

Such type of rotations have the kind g01 =(a,7r,y) when a-y 7f, · 
goz=(a,7r,y) when a-y=O and g03 =(a,O,y) when a+y=Jf. 

lj 8) If we have the transformation g ~ g1gg,-1
, g1=(0,1V2,0) then the parameters a22 

. and a 33 are replaced one by another 

f(g,au. a22,a3J) = f(g,g g,-1 ,all ,a33•a22) · 

If the transformation g ~ g2 gg;1
, g2=(1V2,1V2,-1V2), is used then the parameters 

a 11 H a33 mmt be replaced one by another 

f(g,all. ~2,aJJ) = f(g2g g;' ,aJJ•a22•au). 

140 



Respectively, we have 

where g~=(a,O,y) with a+y=Jr/2. 

8) From the properties 4) and 7) we get max.f(g) f(e), where e (( 1,0,0) and does 
not depend from the order of the parameters ( a 11 , a 12 , a 3_, ) . 

The conclusion 

Owing to simplicity of approximation ODF by normal distributions the central 
normal distributions on the group SO (3) are used (4). 
Development of computing opportunities permits to use distribution of a general kind for 
approximation ODF ,such as except for rare cases the experimental poie figures have 
distribution differs from circular character. The problem of the determination of 
parameters of distributions in case of approximation by the central normal distributions 
and in case of approximation by the CND of a general kind is nonlinear and at a initial 
stage is decided by a trial error method . · 

The present work gives the simple formula for calculation CND (7) 
and number of their properties I)- 8), that are useful for approximation CDF. 

The given work is executed pursuant to the program GRUNT trom 
State Committee Institution of Higher Education in Russia on fundamental researches in 
the field of a geology. 
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Abstrao:t. The results of cosmic gamma-ray spectra processing by means of CASE 
(comput~r applied software environment) technology are presented. The gamma-ray 
spectra ;.re detected by the SONG (SOlar Neutrons and Gamma-rays) and ATS (Am­
plitude .md Time Spectrometer) instruments onboard CORONAS-I satellite. This 
computer technology is an example of screen editing the subject domain and software 
and allo'is to form the intellectual work station (IWS) for experimental data process­
ing and >perating under their graphical imaging. The particle acceleration, propaga­
tion and absorption on the Sun and other astrophysical objects are investigated by the 
SONG- .md ATS instruments. One of the investigation methods is analysis of spectra 
of gamma-lines formed in nuclear interactions between the accelerated particles and 
environment matter. These lines are detected simultaneously with a large gamma-ray 
backgrm.nd. It arise in the interactions of protons of galactic cosmic rays and of the 
Earth ra:liation belt with Earth atmosphere, as well as with the material of the space­
craft and detector itself. The IWS for physicist-investigator is designed by using of 
TG-l}SS platform. Th-:, main aim of the IWS is the restoration of gamma-ray spectra 
from ganma spectrometer data. This restoring procedure includes: gamma-ray back­
ground c nalysis, time dependent instrument calibration, computer searching for solar 
and cele,,tial gammd-ray lines, studying their spectral and intensity dynamics. The 
linear-exponential dependence is chosen as the mathematical model of instrument 
calibrati• >n function. To calculate the calibration parameters t.he original version of 
algorithn of searching for resonance inhomogeneities (lines) which is based on the 
inter-co\1 u:iance function analysis is used. The data processing is realised in the form 
of prepa ·ed by experts TG-GSS software metastructures. The la•t ones include, in 
particulcr, the data editing and running utilities. The operator ha' a possibility to 
check and control the main analysis stages and to get a computer system dialogue. 
The computer system allows in many cases to avoid the spectrum distortions caused 
both by external apparatuses and by own instrument elect.ronic circuits. The IWS 
possibilil ies were presented and discussed last year in following centres: Navy Re­
search Laboratory, Maryland, Washington DC, USA; Marshall Space Fly Centre, 
Space Sciences Laboratory, Huntsville, Alabama, USA. 

1 INTRODUCTION 

To investigate osmic gamma-ray spectra scintillation crystal Csi(Tl) 20cm diameter by 
10 em thick Wal' used. This crystal was installed in SONG-instrument. The large crystal 
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volume causes a high intensity of gamma-ray background. Intensities of gamma-ray fluxes 
from the Sun and other astrophysical objects are as a rule very small. T 1erefore a good 
enough data processing method is necessary to interpret the experimental data. 

The space detector tuning can be changed during a long time flight. Because of that 
regular detector calibration based on the measuring of background gamma-line positions 
is necessary for restoring and studying of gamma-ray spectra. 

The gamma-line spectra measurements can be accompanied by distor1.ions connected 
with pollution from other devices and by operation distortion of instrument itself. The use­
ful signal extracting is a very important stage in gamma-ray restoring process. Dialogue­
Graphic system "TG-GSS" (DG "TG-GSS") (1) is applied to form the intellectual work 
station (IWS) for solution all this problems in the gamma-ray spectrometf r data process­
ing. 

2 METHOD 

The IWS is based on the sequence of successive stages of calculations. fhe setting up 
parameters of data processing and initial conditions is done by operator investigator in 
dialogue regime (DG TG-GSS provides this regime). 

The aim of IWS first stage of calculations is selection and summarising of measured 
gamma-ray spectra to get the highest statistical accuracy of experimental < ata. Investiga­
tor has a possibility of visual selection of necessary (suitable) gamma spe<tra. The steps 
of this stage of calculations are realised by means of special algebra of or erations under 
digital functions like time series. 

The summarised averaged spectrum is used at the second IWS stage )f calculations. 
The last one is aimed to gamma-lines searching for. This stage is based on the original 
version of algorithm of resonance ingomogeneities searching for and of e:;timating their 
location areas; this algorithm is dealing with the inter-covariance functior analysis. The 
IWS possibilities allow to investigator to change the sensitivity of gamma-lines searching 
method and therefore permits to omit the instrument distortion effects in .he gamma-ray 
spectrum. 

At the third ISW stage one calculates a detector energy calibration fmtetion by using 
of gamma- lines picked out at the previous stage; the energy values co~responding to 
selected gamma-lines are giving by investigator. The operator has a possibility to choose 
the way of approximation of calibration dependence (i.e. energy as a function of channel). 
The calibration accuracy is calculated by using of deviations between sim J!ated gamma­
line energy values and initially given ones. The restoring procedure of em rgy dependent 
gamma- spectrum uses the obtained calibration function. 

3 RESULTS 

The first IWS stage is used to form the summarised averaged initial gamma spectrum. 
Investigator selects and summarises the low intensity gamma-ray spect1a detected by 
SONG-instrument in the equator region in 1994. 

Gamma-lines searching for is doing at the IWS second stage. The low I wei of method 
sensitivity permits to omit the instrument distortion effects and to pick ou1 the four most 
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Fig. 2. Restored gamma-ray energy spectrum observed by CORONAS-I 
in January 1995 (a) and gamma-ray energy spectrum detected by GRS SMM 
instrunent in 1982. 

Table 1 
Line UneCenlre Une Energy (MeV) CalcUlated Line Deviation ' 

Number (Channel) Ene1-g_y_(MeV)_ (o/o) 

1 33.65 0.390 0.377 3.3 
2 49.72 0.511 0.521 1.9 
3 65.59 0.668 0.718 7.$ 
4 97.71 1.4 1.374 1.9 
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intensive gamma-ray lines. These gamma-lines correspond to galactic cosm :c ray particles 
and trapped radiation interactions with detector crysta.l matter (Iodine) an·l with satellite 
matter (Aluminium) [2,3). The results of this stage of calculation are pnsented at Fig. 
1. The initial averaged spectrum (histogram), picked out gamma-ray lin •s (marked by 
dashed lines) and their areas bounds (marked by dotted lines) are shown at Fig. la. The 
corresponding inter-covariance function which is used to estimate thP statistical weights 
of gamma-lines is shown at the Fig. lb. 

The gamma-spectrum calibration stage uses the values (in channels) of c1 ntres of picked 
out gamma-line peaks (see second column of Tab. 1) and corresponding to the peaks Pnergy 
values (see the third column of Tab. 1) [2,3). -The calculated (simulated) energy values of 
gamma-lines and the deviation from initially given energy values are presented in the forth 
and fifth columns of Tab. 1 rPspectively. As we can conclude from Tab. 1 .he calibration 
relative deviation is less than lOenergy region is about 10-16 percentages s) the accuracy 
of calibration stage is satisfactory. 

Instrument calibration is a dependence of the gamma-quantum PnNgy Son thP order 
number of channel N in which the signal from gamma-quantum is dPtecte:l. In the case 
of logarithmic impulse analisator, calibration stage prPsents thP ralibration dependence as 
exponent: 

E(MeV)=0.19*exp(0.02*N) (1) 

The result of calibration stage is a normalised energy gamma.-spPctrum rPstored from 
initial spectrum (Fig. 2a). The arrows at Fig. 2a mark the centrPs of ref!'feJH e gammalines. 
Fig. 2b shows the gamma-spectrum measured by the a.nalogilus detector GRS onboard 
satellite SMM in 1982 [3) for comparison with our results. As it can be see 1 from Fig. 2a. 
and Fig. 2b the experimental data obtained by two detectors in t lw differer t timP pPriods 
well coincide. 

4 CONCLUSIONS 

1. DG TG-GSS allows quickly and comfortably to sPlect and to sum up the~ amma. spectra. 
and also to identify the gamma-lines by using of dialogue mode. 

2. The gamma-spectrum calibration is carrying out by TG-GSS th<' 11 o:;t effectively 
with accuracy that satisfies to the experiment conditions on thP SONG ins rumPnt. 

3. TG-GSS realises the possibility of gamma.-spPctra rpstoration by 1 sing of calcu­
lated calibrations, that allows to use them to analyse the fl:amma-sp<•rtr 1 of solar and 
astrophysical origin. 
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Abstra~:t. Visualization of relativistic string dynamics is performed. A set of basic 
tools for string world sheets visualization is developed, which enables construction of 
static in,ages of the world sheets and representation of string dynamics as a film. 

Relativistic .;tring is a curve moving in the space which spans in its motion some surface 
in Minkowski space-time. This surface is called the world sheet. The area of the world 
sheet should be extreme at fixed initial and final positions of the string. This requirement 
completely defines the motion of the string. 

Physical de! tination of the string theory is a description of strongly interacting ele­
mentary partichs, called hadrons. String models describe them as the systems of quarks, 
connected by string-like tubes filled by gluonic field. Break of the string looks like a decay 
of the hadron. Jiadronic strings have a size 10- 13 em, a tension about 10 tons and typical 
energies 1 Ge V 

String theory considers the world sheets of various topological types. The world sheet 
of open string is obtained by a mapping of an infinite band into Minkowski space, the world 
sheet of closed ;tring is a mapping of a cylinder, the world sheets of Y-shaped string is a 
mapping of 3 b ~nds, sticked together along one edge. Solving the equations of motion in 
each topologicat class one obtains a simple geometrical receipt for world sheet construction. 
Particularly, th ~ shape of the world sheet of open string can be reconstructed if the shape 
of its edge i~ gilen. The mttthod is the following [1]. 

Let in Minlwwski space a periodical light-like curve Q,.(u) be given: 

<},.(u + 211") = Q,.(u) + 2P,., Q'2(u) = Q~2(u)- Q'2 (u) = 0, 

2P,. is a period of the curve. This curve is shown on fig.l. We will call this curve a 
supporting cur\ e. 

World shee1 of open string is a geometrical locus of middles of segments, connecting 
all possible pai ·s of points on supporting curve: 

z,.(u1 , u2 ) = t(Q,.(u1 ) + Q,.(u2 )). 

Surface constn; cted in such a way has two edges, one of which coincides with the supporting 
curve, another one is the supporting curve shifted onto a semi-period P,.. 

Edges of W•Jrld sheet are world lines of the ends of the string. The ends of the string 
move at light \elocity. World sheet is the periodical surface with the period P,.. In string 
theory P,. is equal to the vector of total energy-momentum of the string. The space, 
orthogonal to P,., is the rest frame of the string. One can project the world sheet into 

1 This work is fulfilled as a part of International project of Russian Ministry of Science "Visualization 
of Complex Physical Phenomena in Virtual Environment". 
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the rest frame and consider the evolution here. In the rest frame the supp•lrting curve is 
closed. The string can be reconstructed from the supporting curve as foll<•WS ([2], fig.2). 
Let's (1) mark some initial point A on the supporting curve; (2) draw fro n the point A 
two arcs of equal lengths I; (3) mark the middle of segment, connecting the ends of arcs. 
When I changes, the middle of segment draws some curve from point A top Jint B, shifted 
from A by a half of total supporting curve's length. The curve constructed is the string2 . 

In evolution the initial point moves at light velocity along the supporting cu~ve and entails 
the described construction. 

Geometrical algorithms given were realized in the complex of programs for visual­
ization of world sheets, comprehensively described in [3]. Now we will presem new features, 
included in this complex. 

Animation. To show the string dynamics as a movie it is sufficient t<• draw sequen­
tially the time slices of the world sheet (fig.l) or (more convenient in practice) use the 
description of string dynamics in the rest frame (fig.2). All calculations 1.re being done 
between the frames. The parameters, which determine the form of the supporting curve, 
can be changed by user during the movie, it allows one to study the string dynamics 
interactively. For a DEC Alpha station (DEC AXP 3500) we are able 1 o generate 20 
frames/sec. For a more slow computer the same speed can be achieved by precalculation 
and bulferization of frames. The movie can be stored in a file and then p .ayed with the 
help of a special program on computers like VAX or IBM PC. 

Stereoscopic images. We have also experimented with stereoscopic images (fig.3) of 
the world sheets. To obtain a stereoimage one need to create two images of the 3D object 
from two different points of view, related to left and right eye. respectively_ They can be 
seen as one stereoimage by means of a stereoscope or, after some training, without it3

. 

Examples of visualization 

Singular points on strings. At definite conditions [1] singular points ap1 ear on strings. 
The most interesting case is when the supporting curve lies in a plane and has loops 
(winding number of tangent vector in passage along the supporting curre is not unit) 
or non-convex parts, bounded by inflection points: In this case cusps appear on strings, 
see fig.4. Cusps behave like point particles, they move at the velocity of light, scatter or 
annihilate in collisions, form bound states. If the supporting curve does not belong to a 
plane, the cusp on the string appears for one instant, periodically in the same point. The 
world sheet has in this point the singularity, called pinch point, see fig.5. 

General properties: (1) singular points are topologically stable, they CUIIlOt be elim­
inated by small deformations of the supporting curve; (2) the linear demity of energy­
momentum of the string infinitely increases in the vicinity of singular points. 
Disconnected strings. Supporting curves can be non-monotonous alon1~ the time axis 

2 Example: if the supporting curve is the circle, then the string is its diameter. 
3 H one tries to see a stereoimage without a stereoscope, the biggest problem is to ·'ocus eyes on the 

paper (display) and at the same time to cross them at the point before the paper, where the image should 
appear. The idea is in short as follows [4]. Look at the point somewhere in the middle between the paper 
and the eyes. The images, as a result, will split in two and cease to be sharp. The relati 1e position of the 
paper must be chosen in such a way that two central images merged in one. (It is unnec !ssary to put any 
attention on two other images.) The central image is actually 3-dimensional. At first it won't be sharp. If 
one manages to hold this image for some time, it becomes sharp. 
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Fig.l. World sheet of open 
string is constructed as geometri­
cal locus of middles of segments, 
connecting all possible pairs of 
points on the supporting curve. 
The world sheet has two edges: 
supporting curve (1) and its image 
in translation onto semi-period 
(2). Section of the world sheet by 
plane of constant time gives the 
string in this instant of time. Time 
axis is directed from left to right. 

Fig.2. The shape ofthe string in 
the rest frame can be determined 
as follows. Let's draw two arcs 
of equal lengths on the support­
ing curve (projected to the rest 
frame), lying in the opposite sides 
from initial point A. Connect the 
ends of arcs by straight segment 
and mark its middle. The set of 
all such middles give the string 
at time instant, when its end is 
placed in the point A. 

Fig.3. Stereopair. 
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Fig.4. 
For flat supporting curves the sin­
gularities have a form of c1 LSp lines 
(folds) on the world sheet. Left 
upper part shows the world sheet. 
Left bottom part shows itf projec­
tion into the rest frame. Num­
bers denote: 1,2 - the 'dges of 
the sheet, 3 - cusp line Near 
the point Q the world sleet has 
self-intersection. Right :part dis­
plays (from top to botto:n): the 
cusp, the line of self-intersection 
PQ, the self-intersection on the 
string. 

Fig.5. For non-flat support ng 
curves the &insularities are lo- .. 
calized in isolated pinch poil Lts. 

In the vicinity of pinch pc int 
the world sheet has the foll,w­
ing canonical form: (X, Y, Z) = 
(e,e'l,e + 11'). The string laS 

an instantaneous cusp in pass 1ge 
through the pinch point. 

Fig.6. Supporting curve, nor­
monotonous along time axis. Due 
to light-likeness property sue 1 

supporting curves necessarily have 
singularities (cusps), correspoll­
dent singularities are also induce•l 
on the world sheet (not shown: . 
The supporting curve is the worl·l 
line of one end of the string, we se ~ 
in the figure, that the end of th' 
string appears more than once i t 

one time slice. 
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Fig. 7. Motion of c isconnected strings. Bold lines are the strings, thin line is the supporting curve 
(projected to the res. frame). The supporting curve has two segments, marked by + and - on the first 
frame, directed in M inkowski space forward and backward in time respectively. There is a long string, 
which constantly preEents in the system. The common features of its evolution a.re shown on the upper-left 
frame sequence. Tim• ~ is measured in periods. Lower-left sequence shows in details the time interval, when 
the end of the string passes the part (- ), Additional short string appears near t = 0.10. At t = 0.17 the 
recombination ( •) oc• :urs: short string is attached to the long string and a part of long string is detached, 
New short string dis;.ppears at t = 0.24. Some parts of the string have negative energy. Density of the 
energy changes the si 1n in passing through the cusps. The right frame shows the distribution of energy on 
the strings near the I ecombination point. 

lt:JJTfJltJ , , :r ~ : ~~-l~------j 
lifj~~Jcl~~ 
lEl!Jl!iE 
ltJLY:I~2: 

Fig.8. More complex processes in the formation of disconnected strings. On the first frame the 
following 4 disconnected elements can be found: Z-shaped long open string in the center, two short open 
strings in the corner~ of supporting curve and closed string B, looking like a butterfly. In the process of 
further evolution th• long string recombinates ( •) with short strings, adopting the shape of reverted Z 
(frame 8). During this time the butterfly B is decreased and disappears on the frame 5. On the frame 4 
new butterfty B' app ~ars. On frame 10 it enters into recombination with the long string and is included in 
it. There are no clos•d strings on frames 11-14, here the long string in the center is simply connected. On 
the frame 15 the but Lerfty B is detached from the long string, The frame 16 coincides with the frame 1, 
and the evolution is epeated again. 
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Fig.9. Disconnected strings with sp1 .ce­

like period in simultaneous refert nee 
frame. An infinite number of strings, pe­
riodically located in one space direct on, 
simultaneously appear on the fram1 1. 
On the frame 4 the strings recombine. On 
the frame 7 they simultaneously ditap­
pear. Further observation will show the 
empty space. 

Fig.lO. The same evolution observing in other reference frame. Here we see the moving string 
formation, which periodically repeats its form. On the frame 1 strings a, and b, are preoented. The string 
a, disappears on the frame 3. The string b1 deforms to the string a,. The string b, is created from vacuum 
on the frame 2. The recombination ( •) occurs on the frame 5. In these processes all part of the system 
do not exceed the velocity of light. But the mean velocity of the system is greater th.m the velocity of 
light. The simplified model of energy transfer in this motion is shown on right figure. At first, there is 
moving subsystem with positive energy, one •ero energy subsystem is borning ahead it. and another one 
is disappearing behind. Then the front subsystem pola.rioes, and the subsystems exchan1:e by a portion of 
negative energy (by string segment at the moment of recombination). After this exchang" the { +) acquires 
zero energy and disappears. The remaining part of the front subsystem, carrying the initial positive energy, 
continues to move. 
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(fig.6). As earli~r, the problem consists in reconstruction of the world sheet from the sup­
porting curve by the method, described above, and determination of its equal-time slices. 
The world shee :s generated by non-monotonous supporting curves are again topologically 
equivalent to the band, i.e. correspond to open strings. However, the mapping of the band 
in Minkowski nace is such that its equal-time slices contain disconnected parts. In time 
ordered slicing such world sheet looks like a formation of the strings, which periodically 
appear, disapp.,ar, split, fuse and rearrange parts. 

Now we wil describe the common properties of evolution of this system. For non­
monotonous suJporting curve the vector P,. might be either time-like (P2 > 0) or space­
like (P2 < 0). For time-like period we can choose the rest frame for the system, directing 
time axis alon@ the period. The examples of evolution are shown on fig.7,8. The typical 
processes here .Lre creation of strings from vacuum, their recombination and annihilation. 
A study of ene:gy flows on the world sheets shows, that some parts of strings have neg­
ative energy (energy flow through the slice of the world sheet is directed backward in 
time). Those components of the system, which born and disappear, have zero total en­
ergy, momentum and angular momentum. Therefore these processes do not violate the 
conservation laws. 

The picture changes dramatically, when the period is space-like (mass squared is neg­
ative). In par·:icle physics such objects are called the tachyons. Correspondent world 
sheets are stre1 ched not in time direction, but in the space one. There is no rest frame 
for this system. One can use simultaneous reference frame, where the period has pure 
space direction. In this the world sheet has finite size in time direction, the evolution 
lasts a finite time, see fig.9. In other reference frames the world sheet is sloped to time 
axis, the string formation has finite sizes in space. It moves with the velocity, equal to the 
slope I PI/ P0 , vrhich is greater than 1, the light velocity in our units. At the same time, 
all parts of strings in formation do not exceed the light velocity. This motion is shown 
on fig.10. It be comes clear from this figure, that there is no direct hyper-light transfer of 
energy or information in the system, this transfer occurs through a sequence of creation, 
annihilation and recombination processes. Not initial string but its exact copy arrives in 
the finite point. 

In classical string theory such solutions are usually rejected due to their exotic prop­
erties. Howeve·, their rejection lead to extra difficulties in quantum theory [5]. 

Conclusion 

The visualizati Jn of the relativistic string dynamics have been accomplished. To fulfil the 
research we cr•!ated a set of programs for the visualization of the world sheets of open 
strings. As a r ext stage we plan to study singular points on strings of other topological 
types and the processes of string breaking. 

Reference:; 
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Abstract. The new method of net domain decomposition for nonlinear pc rabolic 
problems is suggested. It involves the construction of the explicit. iterative sch ~mes ip 
each subdomain that provides high degree of parallelizing. The convergence t 'leorem 
of iterative procedure is given. 

The domain decomposition methods are widely used in the solution of partial dif­
ferential equations in order to reduce tlH' problem to some separate pre blems in more 
simple subdomains [1, 2]. Such methods are especially effective when they are realized 
on multiprocessor parallel computing systems. Two main approaches ar•• considered in 
this method. The first one is connected with using implicit difference sclwmes which are 
solved by iterative processes like component-wize splitting-up. method. alternilting direc­
tion method and others [3 - 5]. The second approach is characterized l·y constructing 
noniterative methods directed to nonstationary problems [G, 7]. In both cases it seems 
most perspective to use multicomponent alternating direction schemes [8, 9], which have 
several advantages in comparison with classical schemes. 

In the work [10] the new decomposition method with arbitrar~· subdo nain set based 
on multicomponent alternating direction schemes for two-dimensional line< r elliptic equa­
tions wa.s suggested. In the present report this result is extended to nonlnear parabolic 
equations in arbitrary dimensions. 

In the domain G with the boundary r let us considN the boundary va]up probl!'m for 
quasilinear parabolic equation 

011 
,-- = Lu + f(x, t), (x, t) E G x (0. T]. 
ut 

(1) 

u(x, 0) = tto(x), X E G, u(x, t) = lt(:r, t). (.r, t) E r X (0, r], (2) 

P 8 ( au ) where Ltt = L: ,....- k.,(x, t, tt) ,....- , Ct < ka(a:, t, u) :::; c2 , n = l, ... , p, ··; > 0, i = 1, 2. 
a=l UXo UXo 

It is assumed that the functions ka(x, t, u), o = 1, ... , p, an• continuous wil h rPspect to u. 

We specify in G the net Whr = Wh X Wr, Wh = {J:l") = i 0 h0 , i,, = 0 .... , N". N,h" = 
=La, o = 1, ... ,p}, Wr = {t,. = nT, n = 0, 1, ... }, and consider diff<>r('IH'!' >rhPnH.' approx­
imating (1), (2): 

Yt = Ay + <p(x, i), (x, t) E Wh x Wro (:l) 

y(x,O)=tto(x), .rEw,, y(x,t)=p(:r,t), (:l',f)E!hXwT. }h=~h\w,, (·I) 
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where aa are fun:tionals defined by the coefficients of the equation (1) [11]. In order to 
solve (3), (4) we Jse the iterative process 

•+I 
y - y - •+I 0 
---=A y + <p, s = 0, 1, ... , Y = y, 

T 
(5) 

- p - ... .... , -
Av = L: Aav, flav = (aa(x,t,Y)vxalxo· We suppose that the operator A involves the 

o=l 
boundary conditions approximation. For solving of linearized equation (.5) the next two 
multicomponent tlternating direction schemes may be used [12, 13]: 

a-1 P 
(E + TAa) •t~(k+l) + r{L Ail •t~(k+l) + L Ag •t~(k)} = Y + T<p, 

/J=l /J=a+l 

p 

(E + TAa) ·t~(k+l) + nr(Aa •t~(k+l)- Aa ·t~(k)) + T L .4" ·t~(k) = y + T<p, 
n=l 

- - - •+l(o)- • . -k-0,1, ... , Aav--Aav, Ya -Ya, D-1, ... ,p. 

These methods g ve successive and parallel realization of algorithm. We construct analo­
gous methods on the basis of net domain decomposition. 

We shall partition the net wh into elementary subdomains w;, , ... ,ip = { (x;,+j,, x;2 +J>, ... 
. . . ,x;p+)p), Ja E {0, 1}, a= 1, ... ,p}. In each point of subdomain (there are 2P such 
points) define 2P components of solution. Each component in w;,, ... ,ip is accosiated with 
index j = (j1, ••• }p]· Note that anumeration of components is unessential. 

Let us define m subdomain w; 1 , ... ,ip network operator 

A· . ' . = (A(I) . . . .4(2) . ' ' 4(2P) ' . . ) 
'I····•~PY'-1 ···•'P t 1, ... ,zpY(l)tt 1 ••• ,tpl z1, ... ,tpY(2)ti,···•1P' · · .,. t 1, ... ,tpY(2P)tJ, ... ,tp' 

u p - ' 
A.) ·Y(·)· · --"'A(J")Y(·)· · J. -01 J·-1 2P 

,.,, ... ,ttJ J tt,···•'P -. L..J o J ,,, •.• ,tp' a- ' ' - , · · ., , 
a=l 

A~'lv=h;;: 1 aaVx01 A~1 )v=-h;;; 1 a~-lo)V;;01 a=1, ... ,p. 

Then we can write "intrinsic" iterative processes of the decomposition method for the 
problem (5): 

( ) •+l(k+l) ( ') •+l(k - ) (E+rA: ) Y ... +rB_; (Y +Jp)=y+rr;, j=1, ... ,2P, 
t: , ... 11p (J)q, ... ,tp lt,. .. ,tp 

(6) 

(17 + arA(j) · ) 't
1
(k+l). + (1- a)rAU) . •tl(k) . + 

11 , ... ,tp (J )tt , ... ,tp 'I , ... ,tp (J )tt , ... ,tp 

(j) s+l(k)) . 1 •)P + T B;, , ... ,ip ( y = y + T<p, J = ' ... '- ' (7) 

B(j) ('+l(m))- A(]) •+l(m) 
i,, ... ,ip y - ii+(-!)Ji+l, ... ,ip+(-!)JP+I y(j)i,+(-I)Ji+l, ... ,ip+(-i)Jp+l• 

By ] = (}1, .•• ,] ,] we denote inversion of index, for example, if j = (1, 0, ... , 0, 1) then 
] = (0, 1, ... , 1, o:. The method (6) is realized successively in subdomains W;1,;2, ... ,ip-l,ip-lr 
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i 0 = 0, ... , N 0 -1, then in subdomains w;1 ,;2 , ... ,ip-l,ip and so on. The algorithm (7) admits 
parallel computation of the solution in all cells of the net wh. 

It is not difficult to show that the operator A;,, ... ,ip is positive defini ;e. Really, by 
definition we have 

for y(x) 1=. 0. Thus the system (7) into 2P unknowns is explicit solvable unjer s fixed. So 
one can consider constructed iterative process like explicit. 

For each subdomains let us introduce the error vector 

The following theorem is valid. 

Theorem. The iterative process (6} converges to a]Jproximation 't 1 
a,' the solutiony 

of difference scheme (9), (4) ((7) converges to •tl under condition rT 2: 1). The recurrence 
inequality estimating degree of convergence takes place: 

qk = 1 + v(1- TVJlk), 

where the summation is over all cells of the net domain. 
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Abstr>.ct. Approximate evaluation of functional integral based on measure interpo­
lation f Jrmula is considered. 

In this repcrt we give a short description of the method of approximate evaluation of 
functional integrals which is based on the formula of the interpolation of measure. The 
method was in detail developed for integral with respect to Gaussian measure (see [1, 2]). 
Now we consid•!r integrals on linear topological space X= X([O, T]) of functions x = x(t) 
defined on the segment [0, T] of the real line w.r.t. quasimeasure J.L with characteristic 
functional of He form 

{
(-l)P } x(~)=exp (2p)!K(~, ... ,~) , 

where K{~1 , .. , 6p) is a real symmetric continuous n-linear form on X'x ~2~! xX'. 
We suppos€ that 

{T (2p) {T 
Kt~, · .. ,~) = lo · · · lo B(t1, .. . ,t2p)Wl) .. . w2p)dt1 ... dt2p, 

where B(tl, ... , t2p) is the 2p-moment function of quasimeasure J.L· Our. approach is based 
on employment the measure interpolation formula (see [3, 2]): 

L f(x(·))dJ.L(x) = fx f(x(·))dJ.Lo(x) + 

-1 e r rT (2p) rT 
+[(2p)!] lo lxlo ... lo (B-Bo)(tJ, ... ,t2p)x 

xj(2Pl(x;tl, . .. ,t2p) dt1 ... dt2pdJ.Ludu, (1) 

where J.Lu is th€ quasimeasure with the 2p-moment function 

Bu(tl, ... , t2p) = uB(tl, ... , t2p) + (1- u)Bo(tl, ... , t2p), 

J.Lo be some fixed quasimeasure defined by 2p-moment function B0 (t1 , ••• , t2p); 
f(2P) (x; t1, ••. , 2p) is functional derivative of the order 2p for the functional f(x) at points 
tl' . .. 't2p· 
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Iterating equality (1) we obtain the expansion 

1 N 1 !aT'P (k) !aT'P k 
J(x)dlt(x)=L[( )']kkl ··· II(B-B 0 )(t\

1
l, ... ,t~~)x 

X k=O 2p · · 0 0 j=l 

{ j(2pk)( . (I) (t) (k) (k)) I ( ·) d2pkt . (f) -I 
X lx x,t1 , ... ,t2p'""">tl , ..• ,t2p Cflo .T .+IN = , (2) 

where rN(J) is the residual of the formula, d2Pkt = dt\') ... dt~~) ... dt\k) ... dt~~)' T 2P = 
(0, T]x ~2!'! x[O, T]. 

The next important point of our approach is partition of the domain 1'2P of moment 
function into subsets of the form 

(j) (2p-j) 
(0, T/2]x · · · x(O, T/2] x (T/2, T]x · · · x(T/2, T]. j = 0.1.2, .... 2p, 

and estimate of the integrals 

I - 2p-l j laT/2 (j) laT/2 hT (2p-j) hT 2p 2 
B (T) = L c2p . . . . . . II (B- Bo)(l,, ... ' 12 ,) d Pt. 

j=l 0 0 T/2 T/2l=l 

j = 1, 2, ... ' 2p- 1; d2Pt = dt, ... df2p· 

where we choise Bo(t) = B(t) fort belonging dia.gonal subsets and 8 0 (1) o= 0 otherwise. 
In the case of Gaussian measures (p = 1), B'(T) is boundea for all T '' ni when the 
correlation function is ~ exp{ -It - sl}, and B'(T) ~ oo as T ~ oo fer Wiener and 
some other measures. In our case appropriate quasimeasures with B'(T) ~ oo are the 
quasimeasures with 2p-moment function 

B(t1 , ••. , tp) = exp{ -max( I,, ... , t2p) +min (t,, ... , l2p)}. (3) 

For these quasimeasure B'(T) is bounded for all T and j = 1. 2, ... , 2p - l. So, if the 
derivatives j( 2Pkl(x; t) increase slovely the series (2) will be convergent. By t.he analogy of 
Gaussian case we consider the integrated functionals of the form 

f(x(·)) = exp{ .X loT V(:r(r))dr} 

and we use the fact that under above chosen B0 (t 1 , •••• t2p) the functioi•al integral in 
(2) may be represented in this case as a finite sum of products of integnls ovN space 
X((O,T/2]). 

Then we can apply the partition to integrals over X ((0, T /2]) and X ((1 /2, T]) and so 
on while after l steps we come to approximate expression containing the integrals over 

X ( T·k T(kzl)) k 1 21 spaces Y• 2 , = , ... , . 
As an example we consider evaluation by the proposed method the int(·~ral 

T 
I= j exp{i.X 1 a:(r)dr}dJi. 

X([o,T]) 
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This integral may be calculated exactly: 

{ 
(-l)P {T (2p) {T } 

I= exp (2p)! fo · · · fo B(t1 , ••• , t2p) dt 1 ••• dt2P • 

We take p = 2 wd in this case 

I= exp{(3 + 2T + T 2 /2) exp( -T) + T- 3}. 

The derivative in the formula (2) is evaluated exactly and it is equal A4k, 

B'· T) = 4! [3 + (3 + 2T + T 2 /2)e-T + ( -6- 2T- T 2 /4)e-TI 2
]. 

Then the inte~ raJ from B(t1 , ••• , t2p) over [a, b] x ... x [a, b] is equal to integral from 
B(t1 , ••• , t2p) over [0, b- a] X •.. X [0, b- a], so we only have to evaluate the functional 
integral over X ([0, T /21]). For calculation of this functional integral we use approximate 
formula of givelt algebraic accuracy degree 2p(n+ 1) -1 (see also in [4] the another formula 
for B(t1, ... ,t2) = min(t1, ... ,t2p)): 

1 f(x)dJ.L(x) ';::! Lxn · . . LxJ (:t(cin))i/(2p)X1) =: Lnf, 
X 1=1 

(4) 

where cln), I== 1, 2, ... , n, are the roots of the polynomial f ( -1)kcn-k /k!; Lx; is 
k=O 

the functional r:, applied to f considered as a functional of the single argument x; E X; 
the functional .~f(·) is defined by the equality 

Lf(·) =loT [o S4j(pJ(u, ·)P2(v, ·))eu-vdudv+ 

+ fooo S4j(p2(v, ·))e-vdv + /(0) (1- eT), 

4 
where S4 f(x) == :l L: f(zkx); Zk, k = 1, ... ,4, are the roots of the equation z4 = 1; 

• k=l • 
PI ( u, t) = l[o,t] ' u) is the characteristic function of the segment [0, t]; P2 ( v, t) = 1 for v > t 
and it is equal l for v ~ t. 
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Abstract. The problem of solidifying (melting) under the action of a forced hydro­
dynamic flow is considered. The problem admits a formulation in terms of an< ·n-local 
Lowner-Kufarev type PDE for analytic functions. This gives a useful tool fo · study 
the behaviour of solutions. It is shown that a crystal with parabolic tip pro •agates 
without change of its shape at a steady velocity. 

1 Introduction 

For the last decade much attention has been paid to the problems of pal tern formation 
in two-dimensional hydrodynamic systems [1]-[3]. One of them is conc~rned with the 
problem of dendritic crystallization in the so-called diffusion-limited re1~ime when the 
growth velocity is determined by the rate of diffusion of latent heat away from the front 
[2]-[11]. As was first shown by lvantsov [4], the dendrite of parabolic shapn propagates at 
a constant velocity; however, the tip radius I and· velocity v cannot be se ected uniquely 
within the framework of lvantsov's approach. One possible mechanism of dendritic shape 
selection is influence of crystal anisotropy [2]-[11]. It has been shown that the anisotropic 
surface tension breaks the lvantsov family into a discrete set of possible shapes [11]. But 
it is not completely clear that anisotropy is the sole mechanism involved n the selection 
process. In real experiments the existence of hydrodynamic flow can play significant 
role in selection process and very little is known about the action of imposed flow on 
crystal growth [12]. Boisson and coauthors [12] drew attention to analysif of influence of 
hydrodynamic forced flow on the growth process because the results conic help in better 
understanding of the selection problem. By the way, the problem of solidilying of moving 
liquids is far itself to be studied in detail. Recent theoretical studies [13]--[17} have been 
performed to extend the lvantsov parabolic solution over the potential and the viscous 
flows. In particular, it has been found that the Navier-Stokes model wi I not allow an 
exact similarity solution any more [15]-[17] while the potential flow admits the lvantsov­
like solution [13]-[14]. The last problems appear, for example, in context of the method 
of artificial freezing and thawing of flow in porous media [6] -[8] and it is applicable to 
study the process of crystal solidifying and melting in the Hele-Shaw cell. 

This work is aimed to formulate the problem of two-dimensional solidify:ng and melting 
in potential flows in terms of analytical functions. Such a formulation em.bles us to give 
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an effective too for analysis of more complicated thermo-hydrodynamic regimes and to 
find the comm<·n mathematical nature of patterning in different, at a glance, physical 
problems [1]-[3]. The semi-infinite frozen bodies will be considered. As an example the 
growth of parabolic dendrite will be discussed. 

2 Mathematical model 

We consider two-dimensional steady-state flow that satisfies Darcy's law. We assume 
that the liquid is incompressible and the thermophysical parameters of the matter are 
constant. The temperature and the velocity at infinity are denoted by Too and V00 • In a 
plane orthogonal to the wide side of dendrite we introduce the coordinate system z = x+iy 
and the comple { flow potential W = cp + i'I/J, where cp is the velocity potential and '1/J is 
the stream func :ion. The velocity potential is related to the pressure p by cp = -kp/VooJll 
where k- is the permeability of the medium, Jl is the viscosity of the fluid and I is the 
characteristic si !e of dendrite which must be found. The variables x, y and function W 
are dimensionle:;s so that x = x' /I, y = y' /I, where symbols x' and y' denote dimension 
variables. The nathematical model of the phenomenon in dimensionless variables has the 
form 

V·V=O, 

(} = 0, 

v = V'cp, 

f)(} 
- fJn = Vn, 

PeV · V'(} = 6.(}, z E D(t); 

fJcp = 0, z E fJD(t); 
fJn 

V = (1,0), izl-t oo 

lim (} = 1, lim f)f)(} = 0; 
x--oo 11-±oo y 

D(t)j1=0 = D0 • 

(1) 

Here Vn is tne normal (outward with respect to liquid region) velocity of dendrite 
growth associatEd with the dimensionless time t = t' >.(T 00 - Tp )/ I2 H, t'. is the dimensional 
time. Note that such a normalization describes both the melting t > 0 and the solidifying 
t < 0. H is th" latent heat, >. is the heat conductivity of liquid, and phase transition 
temperature is c enoted by TP. We assume it to be a physical constant of the solid-liquid 
pair. Function(}= (T- Tp)/(Too- Tp) describes the temperature field within liquid. The 
Peclet number l'e = Vool/a is a measure of intensity of the convection heat transfer with 
respect to conduction and a is the thermal diffusivity of liquid. The region Dis occupied 
by liquid, fJD is its boundary and D 0 is the corresponding initial domain. 

We use the time independent equations, because in most applications the effect of 
volume heat ca)'acity is negligibly small compared with the surface heat release effect 
[5],[17]. We also assume that the imposed hydrodynamic velocity is much greater than the 
velocity caused hy the effect of the solid-liquid density difference and, more strongly, the 
velocity of forcec flow is much greater then the velocity of crystallization. Then the frozen 
body at any inst ~nt of time serves as an obstacle for flow and does not change the velocity 
distribution due to interface motion. When hydrodynamic and crystallization velocities 
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are comparable the problem becomes more complicated and we cannot dir ~ctly apply the 
technique proposed below. At the same time the experimental situation m ~ntioned above 
is wide spread [ 12, 5] so that the model is reasonable. 

3 Splitting of the problem 

It is remarkable that the moving boundary problem (I) may be split into two "indepen­
dent" subtasks [14]-[17], where the first one is the problem of the heat exc 11ange between 
the semi-infinite isothermic knife and the homogeneous flow. The second subtask is it­
self a free boundary problem. To demonstrate such a reduction we apply he Boussinesq 
transformation [!9] to the convective heat transfer Pquation. This is equivtlent to a con­
formal mapping of the liquid region from the physical plane onto a domain in the plane 
of complex potential W or use cp, tf; as independent variables. The res~ ective balance 
equation for the temperature field is written in the form . 

(2) 

The body cross section must map into the cut directed along the real axis 1)1 = 0 in 
the complex potential W-plane. In accordance with the above mentioned \le have 

lim 8 =I, lim 
88 

= 0; 
<p--oo ot>-±oo 81/1 8=0, cpE[O,oo), 1/1=±0. (3) 

The problem (2)-(3) may be treated as a problem of heat exchange bet weer the knife and 
homogeneous flow of velocity Pe. The problem (2)-(3) is solved separately :9J and for the 
solution one can find the relation 

1
881 = f2"h, 
81/1 v-;:;; 1/1= 0. ( .t) 

The heat flux at the unknown boundary will be transf(mned to 

1881 = 1881181/11 = 188118WI = {i"hi8WI· 8n 81/1 8n 81/1 fJz V -;:p {)z (5) 

Condition (5) enables us to reformulate the initial problem in terms of analytic func­
tions by the same way as for the Hele-Shaw problem [1, 10, 3]. 

4 Polubarinova-Galin equation 

We introduce the auxiliary plane w (the plane of canonical variables) so t 1at tlw upper 
half of the plane corresponds to the region of flow and note that H' = w 2 • We attach the 
origin of coordinates to the stagnation point and the corresponding point in the auxiliary 
plane is also placed at the origin of coordinates w = ~ + irJ. Let function f 111ap the upp<•r 
half of thew-plane onto the region D(t): z = f(w, t) . The unit normal vPct.or tot hP 
moving interface {}D(t) = x0 (t) + iy0 (t) can be expressed as 
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n=n +in =/'1181~-1 
x u at; at; 

Then the normal velocity of the interface has the form 

Vn = (xonx + iJony) = R{(xo + iiJo)(nx- iny) }= 

R{aliallall-
1

}, E. E (-oo,oo), 1'/ __, +O. at aw aw (6) 

On the other hand, the boundary of the frozen region is a stream line. Therefore, at the 
interface of dendrite we have 

·1 80 l(v. -v.) ·1 80 I aw ±1 O'I/J x-I y = ±1 O'I/J Bz = -Vnll, 1/J= ±0. (7) 

Combining Eqs.: 4 )-(7) we get the condition 

R ral ial} = _ {2P; aw 
l at ow V ;w ow , f. E ( -oo, oo ), 1) __, +0. (8) 

In Eq.(8) we ta (e into account the multivalence of the square root function so that the 
heat fluxes at tb e different sides of the cut have the different signs. Finally using 

W=w2
, (9) 

we find the Polu barinova-Galin equation (3] 

{a I 7fT} {2P; 
R Ftl aw = -2v ---;;:-· E. E ( -oo, oo ), 1)=0 (10) 

In addition tj_o the boundary. condition ( 10) we must clarify the asymptotic behavior of 
function I at inf nity and specify the initial dendrite shape. To do the former, one can use 
the boundary cc ndition for velocity at infinity. There are many lot of possible hydrody­
namic situations which are distinguished by boundary conditions at infinity. One of them 
is specified in pr,Jblem statement (1). However, this is not the only possibility. We specify 
the initial dendr te shape as 

l(w,O) = lo(w), (11) 

where lo is the mapping of the upper half plane onto the initial region D0 • We thus 
arrive at the nou-linear boundary value problem (10)-(11) for analytic function f. Thus 
the boundary vame problem (1) is reduced to the system of Eqs.(lO),(ll) and a boundary 
condition at infi 1ity. 
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5 Ivantsov's dendrite. 

We reproduce here the Ivantsov solution, i.e. we show that the dendrite of parabolic shape 
grows at constant velocity. We shall deal with a dendrite whose transverse sizes increase 
at infinity not faster than ....(i. The solution was obtained by another way in (13, 14]. 

To obtain such a solution we use the boundary condition for flow veJ<,city at infinity 
mentioned above in (1) 

oW oWow 
7iJ = ow of = 1 w--+ oo. (12) 

Equation (12) is written in such a form which presumes that the symmetry !.Xis of dendrite 
to be aligned in x direction. Substituting Eq.(9) into Eq.(12) we arrive at asymptotes 

f ex w 2
, w-+ oo. (13) 

On the basis of problem (10),(11),(13) we seek the steady shape of dtndrite growing 
in supercooled liquid. Consider the solution of this problem in the parabo ic form 

f = w 2 + iA(t)w + B(t). (14) 

Then the boundary condition (13) is satisfied automatically and Eq.(10) leads to formulae 

A.= o; B = 2 {2Pe !._. 
V7A (15) 

In the third formula of Eqs.(15) without loss of generality we can set A = 1. It means 
that all spatial variables are normalized by the tip radius I. In dimensional form we find 
the velocity of propagation of the parabolic dendrite as 

( 16) 

This formula differs from the lvantsov formula and we cannot take the limit Voo -+ 0 
because the time dependent solution destroys. Remind that within the framework of our 
statement the hydrodynamic velocity is much greater than the crystalli~ation velocity 
v. Namely such a regime enables us to separate the Boussinesq problem from the free­
boundary problem itself. In opposite limit the explicit solution is more c<mplicated and 
has been presented in (13, 14]. 
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Abstract. Calculations of entropy and critical phenomena are challenging 1 •roblems 
in computational physics, which have attracted L1e attention of many res·~archers. 
We have proposed histogram Monte Carlo simulation methods (HMCSM) to solve 
these problems. There are two versions of the HMCSM: simple sampling 1 SS) and 
important sampling (IS). Our SS-HMCSM is simpler than our lS-HMCSM: it may 
be applied to random percolation models on very large lattices and correlat.t d perco­
lations corresponding to spin models or hard-core particle models on medi11m-sized 
lattices. Our IS-HMCSM may be applied to correlated percolation on larg• lattices 
and it. is still simpler than the method of Ferrenherg and Swendsen. Our I~ICSt\1 

may be applied to calculate very accurat.e entropy of pha.,;;,r t.ran~it ion lllO< els wit.h 
relatively little effort. The HMCS?\.1 may also he combined \Vit.h a ))('rcolat i( n renor­
malization group method to obt.ain very accurate critical point, crit.ical C'Xponents, 
and thermodynamic order parameter of phase transition models. Ren·ndy. w• · applied 
our HMCSM to calculate the existence probability Ep. the percolat.ion prob•hility P, 
and the probability Wn for the appearance of n, n = 1, 2, .... t.op to hot tom 'lercolat­
ing clusters for bond and site percolation on finite square (sq), planar triangtlar !pt), 
and honeycomb (he) lattices. Here Ep(G,p) is the probability that the S)'Ste n perco­
lates and P(G,p) is the probability that. a given latt.ice site belongs t.o ape ·colating 
cluster. We found that, by choosing appropriate aspect ratios for each lattice and 
nonuniversal metric factors for each model, we can obtain universal :-::caling hmct.ions 
for Ep, P, and Wn for six different percolation models on planar lattices. 

1 Introduction 

It is my plea.sure and honor to come from Academia Sinica [1]. Taipei [:2], Taiwan [3] 
to give a talk at CMCP'96 at Joint Institute for Nuclear R.Psearch [-!], Dubna, Russia. 
Taiwan is located between Korea. and the Philippines and to tlw east of ],Jainland China. 
Although the total population in Taiwan is only about :21 millions. Taiw; n ranks third in 
the world in manufacturing computer products, after only USA and .Jap;tJL Thl'refore. it 
seems appropriate that I come from Taiwan to give a talk at C~l('P'96. 

I begin by outlining some of the important and intl'r!'sting curr<'nt pr Jbkms in statis­
tical and computational physics. 

1. Calculation of entropy by a Monte Carlo method 
It follows from the second law of thermodynamics that for <'V<'I'.\' th<'rllH dynamic system 

we may define a state function, called entropy and denotNI by .'i. \\'hich i> a fuction of the 
thermodynamic variables of that sta.te and does not depend on tlw hist.o1·y of thP system 
[5]. The second law of thermodynamics implies that the entropy is a monotonic incr!'asing 
function of time. It is easy to ca.lculate the internal energy [T' thP SJWC lie hPat n,. thP 

1Key lecture presented at International Conference: Comput.at.ional rvfod(·lliup,: md Computinp; in 
Physics, 16-21 September 1996 (CMCP'96), Duhna, Hussia. 
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magnetization M, etc of a thermodynamic system by Monte Carlo methods; howevt>r, it 
is not so easy to< alculate entropy. In the traditional Monte Carlo calculations of entropy 
for a thermodynamic systems at a temperature T, one should calculatE' the specific heat 
of the system frow zero temperature to temperature T, then usE' numerical integration of 
the specific heat I rom 0 toT to obtain the entropy at T [6]. This procedure is very time 
consuming and t"dious. In the last few years in his life, Shang-Keng Ma tried various 
methods to calculate entropy by Monte Carlo simulations and proposed a. coincidence 
method (7], whid may give entropy of a thermodynamic system at T from Monte Carlo 
data at T only. H )wever, the method is very time consuming. The time required to obtain 
the entropy of a ,.ystem of size N is propotional to exp(cN), where cis a constant. We 
need more efficient ways to calculate entropy of a thermodynamic system. 

2. Calculation of order parameter for phase transition models 
A very impor·.ant quantity in phase transition problems is the ordt>r parameter, t>.g. 

the spontaneous 1nagnetization in the paramagnet to ferromagnet transition, the density 
difference of two kinds of atoms in a sublattice of a binary alia~·, etc. Famous models 
for phase transitions include the Ising model (8, 9, 10], the q-state Potts model [11], and 
the percolation node! (12]. In 19.52, C.-N. Yang spent much <>ffort to obtain an exact 
solution for spont weous magnetization of the Ising model on a square lattice (9]. In 1972, 
Yang sa.id:"lt seems to me that the prospects of finding an exactly soluble two-dimensional 
quantum mechani:al problem or a three-dimensional classical problem of a nontrivial type 
are rather remotf. Perhaps the combinatorial problem of paths in three dimensions is 
just too com plica .ed (13]." More than 20 years have passed. The progress in the exact 
solutions of order parameters for phase transition models is vt>ry slow. What Yang said 
in 1972 is still tru~ today. We must try to find other methods to calculate accurate order 
parameter for ph<se transition models. 

3. Calculation of universal scaling functions for critical phenomena 
Universality aud scaling are important concepts developed in statistical physics, which 

have applications in many branches of sciences. In 1971, M. E. Fisher proposed the idea 
of finite-size scali 1g in static ·critical phenomena. (14] and in 1977 M. Suzuki proposed 
the idea of finite-size scaling in dynamic critical phenomena (1.5]. Before 1984, it was 
widely believed that universality holds for critical exponents and not for finite-size scaling 
functions, e.g., all two dimensional Ising models have the samE' st>t of critical exponents, 
but different latti:es have different finite-size scaling functions. In 1984, Privman and 
Fisher proposed t 1e idea of universal finite-size scaling functions and nonuniversal metric 
factors in static c ·itical phenomena [16]. For about 10 years after 1984, there have been 
no important pro~ ress in the calculation of the universal finite-size scaling functions. New 
approaches to attack this problem is needed. 

We have prop<•sed histogram Monte Carlo simulation methods (HMCSM) (17, 18, 19, 
20], which are useful for solving these problems. There are two versions of the HMCSM: 
simple sampling (SS) (18, 21] and important sampling (IS) (19, 20]. Our SS-HMCSM 
is simpler than o1r IS-HMCSM; it may be applied to random percolation models on 
very large lattices and correlated percolations corresponding to spin models or hard-core 
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particle models [22, 23] on medium-sized lattices. Our IS-HMCSM rna.) be applied to 
correlated percolation on large lattices a.nd it is still simpler tha.n the metho:l of Ferren berg 
a.nd Swendsen [24]. Our HMCSM ma.y be applied to calculate very accu :a.te entropy of 
phase transition models with relatively little effort. The HMCSM ma.y alw be combined 
with a. percolation renorma.liza.tion group method [25] to obtain very a:cura.te critical 
point, critical exponents, a.nd thermodynamic order parameter of phase tr:.nsition models 
[17, 21]. 

We ha.ve a.lso applied our HMCSM to calculate the existence proba.bilit) Ep, the perco­
lation probability P, a.nd the probability Wn for the a.ppea.ra.nce of n, n = L, 2, ... , top to 
bottom percolating clusters on finite square (sq), pla.na.r triangular (pt), ;.nd honeycomb 
(he) lattices. Here Ep(G,p) is t.he probability tha.t the system percolates a.nd P(G,p) is 
the probability tha.t a. given lattice site belongs to a. percolating cluster. Ne found tha.t, 
by choosing appropriate aspect ratios for each lattice a.nd nonuniversa.l mntric factors for 
each model, we ca.n obtain universal scaling functions for Ep, P, a.nd Wn ·or six different 
percolation models on pla.na.r lattices [26, 27, 28, 29]. 

2 Calculation of entropy 

The free energy f of a. thermodynamic system is related to the the internal energy U a.nd 
the entropy S of tha.t system by f = U- TS. Since it is easy to ca.lcula.te U, the difficult 
problem of ca.lcula.ting S is eqiva.lent to the problem of calculating f. In 1 his section, we 
present HMCSM to calculate f. We first present SS-HMCSM [18] for the q-sta.te Potts 
model (QPM), then outline ma.in ideas for IS-HMCSM [19, 2Q]. 

Based on the subgra.ph expansion of Ising-type models in external fields, Hu has shown 
tha.t phase transitions ofma.ny Ising-type models ca.n be described as geometric percolation 
transitions [22, 30, 31, 32, 33]. In particular Hu has shown tha.t phase transitions of the 
QPM a.re percolation transitions of a. q-sta.te bond-correlated percolation m>del (QBCPM) 
[22, 31], in which a. subgra.phs G' of b(G') occupied bonds a.nd n(G') clusters will appear 
with the probability weight: 

1r(G',p, q) = l(G')(1 _ p)E-b(G')qn(G'), (1) 

where p = 1- exp( -K) = 1- exp( -{JJ) with J being the nearest neighbo ·ferromagnetic 
coupling constant a.nd {J = (kBT)- 1 • The spontaneous magnetization M a.~d the magnetic 
susceptibility X of the QPM a.re related to the percolation probability P a.nd the mea.n 
cluster sizeS of the QBCPM, respectively [22, 31]. In the following, we pres~nt our method 
for the QPM and the QBCPM [22, 31]. The extension to other systems a.nd the potential 
applications of the method a.re discussed a.t the end of [18]. 

In the SS-liMCSM [18] for the QBCPM on a. lattice G of N sites a.nd En ~a.rest neighbor 
bonds, the bond random percolation process is used to generate subgra.ph:; G' of G using 
a. sequence of bond probabilities of increasing magnitudes: 0 S PI < P2 < 1'3 ... < Pw S 1. 
For each p;, 1 S j S w, we generate NR different subgra.phs G' of G. The total number 
of occupied bonds in G', b(G'), ma.y be calculated easily. The multiple la.b~ling technique 
[34] is applied toG' to calculate the total number of clusters in G', n(G'), a.nd the total 
number of sites in percolating clusters, N*(G'), which is 0 for nonpercola.1 ing subgra.phs. 
The da.ta. obtained from wNR different G' a.re then used to construct thn:e ma.tries with 
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elements Np(b, n), Nj(b, n), and Npp(b, n), with 0 5 b 5 E and 1 5 n 5 N. Here 
Np(b, n) is the ;otal number of generated percolating subgraphs with b occupied bond 
and n clusters, Vj(b, n) is the total number of generated non percolating subgraphs with 
b occupied bonds and n clusters, and Npp(b, n) is the sum of N*(G') over percolating 
subgraphs with b occupied bonds and n clusters. In the large number of simulations, 
we expect that the total number of percolating subgraphs with b occupied bonds and 
n clusters, N 1p(u,n), and the total number of nonpercolating subgraphs with b occupied 
bonds and n clusters, N 1J(b, n), should be proportional to Np(b, n) and NJ(b, n) with the 
same proportior al constant C(b), which may be determined from the following equation: 

N N 
C(o) L[Np(b, n) + NJ(b, n)] = L[Ntp(b, n) + N 11(b, n)] = Cf, (2) 

n=:::l n=l 

Now we defi~e I(p,q,b,n) by the equation: I(p,q,b,n) = (e1'-- 1)bqn = eh'Epb(1-
p)E-bqn. The sum of I(p, q, b, n) over all possible percolating subgraphs G~ gives R(G, p, q); 
the sum of I(p q,b,n) over all possible nonpercolating subgraphs gives Q(G,p,q). In 
the HMCSM, l'(G,p,q), Q(G,p,q), and the percolation proba.bility P(G,p,q) may be 
calculated from following equations 

R 'G ) -~~I( b n)CE Np(b, n)qn (3) 
',p,q -L.....L..... p,q,' b "N [N(b )+N (b ))' 

b=On=! Lm=! p ,n f ,n 

Q 'G ) -~~I( b n)CE NJ(b, n)qn (4) 
· ,p,q -~~ p,q,' b L;;;=dNp(b,n)+NJ(b,n)]' 

P(C ) - _1 ~~I( b )CE Npp(b, n)qn/N ( ) 
,p,q- Z L.....L..... p,q, ,n b "N [N (b ) N (b )). .S 

N b=On=! Lm=! p ,n + f ,n 

The sum of R(G, p, q) and Q(G, p, q) gives the partition function ZN(G, p, q), from 
which we may c tlculate the free energy f(G, p, q) 

f(G, p, q)"= lnZN(G,p, q)/N = Fe(G,p, q) + K z/2, (6) 

where Fe(G,p,q) is the difference between f(G,p,q) and Kz/2 with z being the coordi­
nation number )f the lattice. It approaches lnq as p -+ 0 and approaches 0 as p -+ 1 
and N-+ oo. The internal energy U and the specific heat Ch may lw obtained from the 
derivatives of the free energy 

a a 
U(G,p,q) =- a(3 f(G,p,q), Ch = aTU(G,p,q). (7) 

The existenc~ probability Ep(G, p, q) is defined to be the ratio of R(G, p, q) and Z(G, p, q). 
It should be noted that Fe, U, Ch, Ep, and P presented above are continuous function of 
p. This is quite iifferent from the results obtained by traditional MC simulation methods 
[6). We have calculated Fe, U, Ch, Ep, and P for the QPM on lattices of different linear 
dimensions L. Typical calculated results for the square (sq) Iattin• are shown in Figs. 
1(a)-l(b) of[18) where the exact results of Ferdinand and Fisher [10) arP shown by dotted 
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lines for comparison. Fig. 1(a) of [18] shows that our Fe. U, and Ch are :onsistent with 
the exact results [10] to high degree of accuracy. 

For large lattices, the SS-HMCSM gives low statistics to elements of Np :b, n), Nj(b, n), 
and Npp(b, n) with large n and results obtained from Eqs.(3)-(.5) for large q are not ac­
curate. To overcome this problem, we may use an importance-sampling rr ethod, e.g. the 
cluster algorithm [35], to calculate histograms, then use a sum rule similar t) that of Eq.(2) 
to analyze the data [17, 19, 20]. Using such IS-HMCSM, we have obta.iJwd accurate F., 
U, and Ch for the Ising model on a large lattice [20]. 

3 Calculation of order parameter 

Suppose we already carry out histogram MC simulations on lattices G1 a1d G2 of linear 
dimensions L1 and L2, respectively, where L 1 > L2 • The percolation RG transformation 
from lattice G1 to lattice G2 is given by [2.5]: 

(8) 

which gives the renormalized bond probability p' as a function of p. Tlu fixed point of 
Eq.(8) gives the critical point Pc· The thermal scaling powPr y1 and tlw liPid scaling power 
Yh, which is equal to the fractal dimension D of the pPrcola.ting clustPr at l'c [36, 37], may 
be obtained from the equation: 

1 (In ?Jf) I P(G!.p"q)Lj' 

- - Yt- --:---;P,..-"p"'-, Yh = D = n P(G;.p,..q)L~ (9) 
v - - In i; In i; 

Using Eqs. (8) and (9) with L1 = 16 and L2 = 8, we calculated flc, y1, and Yh for 
the QPM on the sq lattice. The results were shown in Fig. 2(a) of [18], v·here the exact 
solutions [11] were also shown by solid lines for comparison. Figure 2(a) ;hows that our 
method gives quite accurate results. Using the method of Ref.[2.5], we ite ·ated Eq.(8) to 
obtain the percolation probability, i.e. the spontaneous magnetization, fc r the QPM on 
the sq lattice in the thermodynamic limit. The results were shown by solid lines in Fig. 
2(b), where the exact result of Yang [9] for the Ising model was shown by a dotted line for 
comparison. The agreement of our result with Yang's exact solution [9] if excellent. We 
also used the same method to obtain very accurate order parameter for site percolation on 
sq and simple cubic lattices [21], which is certainly a. nontrit•ial typf' [13] phase transition 
model. 

4 Universal scaling functions 

In 1995 ~ 1996, we applied the HMCSM to calculate the existence proba.bility Ep, the 
percolation probability P, and the probability lV,. for the appPara.nce of 11, n = 1, 2, ... , 
top to bottom percolating clusters on finite square (sq), planar triangular (pt), and hon­
eycomb (he) lattices. Here Ep(G, p) is the probability that thP systpm pPrcolatPs and 
P(G,p) is the probability that a given lattice site bPiongs to a JWrcola.t.ing cluster. We 
found that, by choosing appropriate aspect ratios for Pach Iattin• and non universal met ric 
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factors for each model, we could obtain universal scaling functions for Ep, P, and IVn for 
six different per•:olation models on planar lattices [26, 27, 2~. 29]. We also found that the 
non universal m{tric factors are independent of the boundary conditions and <>xtra factors 
multiplied on ~pect ratios of each lattice [27, 29]. The values of Wn at the critical point 
are useful for UI derstanding a';',"x in the quantum Hall effects [38. 39. 40]. Very recently, 
Wang and I US{d a Monte Carlo method to find that the continuum percolation of soft 
disks and hard c isks have the same universal scaling functions as the percolation on planar 
lattices [41]. W<.ng and I also used heat bath dynamics and Glaub<'r dynamics to evaluate 
the dynamic critical exponent z and the dynamic finite-size scaling function of an Ising 
model on sq, pt, and he lattices. We found convincing evidenc<' that z is universal and, 
by choosing appropriate nonuniversal metric factor for each lattice, the scaling function is 
also universal [42]. Based on the connection between the q-state Potts model (QPM) and 
a q-state bond-•:orrelated percolation model (QBCPM) [22], Chen and I used a cluster 
Monte Carlo si1~ulation method [3.'>] to calculate the universal scaling functions for the 
QPM on sq, he, and pt lattices [43]. The nonuniversal metric factors for the Ising model , 
i.e. QPM with ·I = 2, are consistent with nonuniversal metric factors in dynamic critical 
phenomena obtained by Wang and Hu [42]. 

5 Final remarks 

In summary, WE have developed histogram Monte Carlo simulation methods, which may 
be implemented easily, yet they give fairly accurate critical points, critical exponents, and 
order paramete1s. We have used such methods to find universal scaling functions for bond 
and site percolation on lattices. 

Many scient sts and engineers are working very hard to improve computer hardware, 
software, and n<'tworks. Improved technology has helped computational physics to make 
progress very qnickly. This trend will continue in the futurP and computers will play an 
increasingly imr·ortant role in our resParch. 
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FAST MULTILEVEL ITERATIVE SOLVER FOR 
HARMONIC BOUNDARY VALUE PROBLEM ON 

POLYGONAL DOMAIN. 

B.N.Khoromskij and E.G.Nikonov. 

141980 Dubna, Moscow region, Russia JINR LCTA. 
e-mail: nikonov@cv.jinr. ru 

Abstra·:t. Fast iterative solver for harmonic boundary value problem (BVP) on 
polygon. II domain is presented in this paper. Harmonic BVP was solved by conjugate 
gradient (CG) method with multilevel preconditioner[4] based on optimal algorithm 
of a ma ~rix-vector multiplication. This matrix corresponds to a discrete Poincare­
Steklov >perator. Results of comparative analysis with cascaclic CG[3] and computers 
tests an presented. 

Consider an application of ca.sca.dic conjugate-gradient algorithm (CCG-algorithm) to 
solving BVP fer Laplace equation on right triangular domain. Let !1 be a triangular 
domain compofed of M matching rectangles R; and [( regular right triangles T;, such 

- I oM - M+K - 0 

that !1 = (Ui=l R;) U(U;=M+l T;) (see F1g. 1). 

Figure 1: 

Let Th be 1he piecewise uniform triangulation of !1 aligned with the skeleton r.k = 
U; r,, r, = 8R; or f; = 8T; including r = 8!1. Assume the triangulation of any subdoma.in 
R; or T; to be aniform. Starting with the above coarse decomposition of !1 we introduce 
a. more refined me assuming that any triangle T; is composed of n; - 1 rectangles and n; 

triangles of sizE O(h), as proposed in [1],[2). This produces the so-called refined skeleton 
r~k J r .k, wh lCh defines the resultant decomposition of !1 into !vi' rectangles R; and 
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[(' triangles T; (we use just the same notations for corresponding subdorr ains as in the 
case of coarse decomposition). The fast algorithm of computation~ with Poincare-Steklov 
operator Sr,h, defined on the relined skeleton r sk is based on the fast comp rtations of the 
harmonic Poincan\-Steklov operator Sh, defined on each rectangles R; prod rcing fsk with 
the complexity (1]: 

M 

log.o- 1 LO(n; log2 n;), 
i=l 

where E is the error reduction factor. 
Apply CCG-algorithm to the following mixed BVP. 

~u 0 in 0; 

fl lr, 0; 

au 
0 - lr, .P2: n 
au 
i)ii lr, ..P3· 

This BVP is equivalent to the operator equation for PoincarP-St!'klo,· operator 

Su = <p. 

( 1) 

(2) 

Here u is a trace of ii on r.k. <pis equal ffil on exterior" boundary ond "equal zero 
on interior lines of r.k· Then consider a sequence of finite-dimensional vector spaces 
M0 , Mr, ... , AJ1 corresponding a sequence of skeletons (f s<·)o. (T'.,.) 1 •.•.• (f',.-)1,. Assume 
also that linear "interpolation" operators 

l;:M;-+M;+r· i=O,l. ... ,l-1. 

are given. Besides we have linear invertible operators 

S;: A/;-+ M;, i = 0. J. ... ,/. (I} 

Then the main objective of the CCG-algorithm consists in soh·ing the following prob­
lem in a vector space M1: for a given 'PIE M1. find u1 E J'h 8uch tho! 

(5} 

The main feature of the casca.dic algorithms consists in sucn•ssivPI~· ~olving t.llP prob­
lems: for a git•en 'PiE M;, find tl[ E M1 ,,uch that 

S;u; = <p;, i = 0, l. .... I. (G) 

Now we can formulate the CCG-a.lgorithm in morP <ktail (:.l]. 

CCG-algorithm. 
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{ 1. Set uo = S01cpa. 
2. Fori= 1, 2, ... ,/do: 

{ 2.l. Set w; = /;-JUi-1; 

2.l. Do m; iterations of the conjugate-gradient method: 
Yo= w;; 
Po = ro = 'Pi - S;yo; 
uo = ( ro, ro);; 
for i = 1, 2, ... , m; do: 
{ Cl'k-1 = (Pk-!,SiPk-d/uk-1; 

Yk = Yk-1 + aL
1
Pk-1; 

rk = rk-1- - 1-SiPk-1; 
O'k-l 

O'k = (rk. rk);; 
!h = O'k/O'k-1; 

Pk = rk + flkPk-1; 
} the end of the iteration; 

2.: :. Set u; = Ym, ; 
} th· ~ end of the level i ; 

} the e 1d of the algorithm. 

Computer t1sts were made for the problem (1,2) with the model function: 

sinh(CI'k(Y + x)) sin(CI'(y- x)), 
u*(x, y) = sinh(CI'kax) 

flrrk 
_2 ·-. Cl'k- B (7) 

Results of computations without applaying CCG-algorithm are presented in table 1. 
After applying CCG-algorithm results shown in table 2 can be obtained. 

i I\ see/ iter Init.approx. iiu;- u"ilc iiu;- u"IIL1 Time 
2 9 10 O.OOE+OO 3.94E-02 3.1.5E-02 2.28E-01 
3 : ~-5 20 O.OOE+OO 9.91E-03 8.1.5E-0:3 4.38E-01 
4 li5 34 ·o.OOE+OO 2.60E-o:3 2.11E-03 1.31E+OO 
.5 161 51 O.OOE+OO 6.54E-04 .5.44E-04 4 . .59E+OO 
6 38.5 75 O.OOE+OO 1.64E-04 1.39E-04 1.78E+Ol 
7 897 108 O.OOE+OO 4.10E-0.5 3.49E-0.5 6.26E+01 
8 2(149 154 O.OOE+OO 1.02E-0.5 8.77E-06 2.29E+02 
9 4(:09 219 O.OOE+OO 2.57E-06 2.20E-06 8.39E+02 
10 10241 311 O.OOE+OO 6.67E-07 .5.62E-07 3.12E+03 

Table 1: CG.jjS;- 1u;- cp;IIL2 /IIS;- 1u?- cp;IIL2 ::; E10, E1o = 9 .. 54£-07 

Using multil1 vel Schvarz method with BPX preconditioner [4] we obtain the follow­
ing algorithm w th CG a.s a smoother: Find the solution of S1u. = 'PI by solving the 
preconditioned s:rstem 

-Is· s-1 B[ [U = I 'PI, (8) 
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i Nscel iter Init.approx. llu;- u*llc llu;- u*IIL, T 
2 9 10 6.74E-01 3.94E-02 3.15E-02 1.8 
3 25 22 2.65E-01 9.91E-03 8.15E-03 4.6 
4 6.5 35 9.16E-02 2.60E-03 2.11E-03 1.5L 
5 161 48 2.85E-02 6.54E-04 5.44E-04 4.6: 
6 385 63 8.30E-03 1.63E-04 1.39E-04 1.5: 
7 897 80 2.33E-03 4.09E-05 3.49E-05 4.8' 
8 2049 90 6.39E-04 1.02E-05 8.78E-06 1.41 
9 4609 107 1.73E-04 2.55E-06 2.23E-06 4.4: 
10 10241 65 4.62E-05 9.67E-07 1.23E-06 9.2: 

Table 2: CCG ·IIS;-1u;- tp;ll£2 ~ £;, £;-1 = c;/3, £10 = 9.54£-- 09 

where 

(9) 

Here II; : M; -+ Mt is the standard nodal value interpolation operator and Ill : Mt -+ M; 
is the adjoint operator of II;. The diagonal elements of D; contain information on the 
shapes of the triangles and the coefficients of the problem. The results c f computations 
are presented in the Table 3. 

m N«el iter Init.approx. llu- u*llc llu- u*IIL, Ti 
0 1 2 5.31E-01 8.45E-01 8.45E-01 0.00 
1 3 8 1.88E+OO 1.28E-01 1.31E-01 0.00 
2 9 13 2.66E+OO 3.94E-02 3.15E-02 1.00 
3 25 19 3.39E+OO 9.91E-03 8.1.5E-03 1.00 
4 65 26 3.63E+OO 2.60E-03 2.11E-03 1.00 
5 161 19 3.71E+OO 6.54E-04 .5.44E-04 6.00 
6 385 16 3.82E+OO 1.63E-04 1.39E-04 1.00 
7 897 16 3.82E+OO 4.09E-05 3.49E-05 2.20 

8 2049 17 3.91E+OO 1.02E-05 8.77E-06 6.30 

9 4609 20 3.94E+OO 2.63E-06 2.19E-06 2.32 
10 10241 20 3.97E+OO 6.95E-07 5.97E-07 5.44 

Table 3: PCG with BPX.IIS-1un- /ll£2 ~ 10-6 

Number of iterations (IT) for obtaining the same accuracy as a function of a number 
of grids (N) is presented on the Fig. 2 for CG, CCG and CG with BPX Feconditioner. 

These computations were made on CONVEX 220. 
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THREE-BODY RESONANCES IN FRAMEWORK OF 
THE FADDEEV CONFIGURATION SPACE APPROACH 

E. A. Kolganova, A. K. Motovilov 

Joint ln.sfifnlt for Nuchar lhsmrch. Dubna. Ru.s.sia 
t -11wil: kcwriit h8unl.ji 11 r. ru. mol o vii IJiCVfh.stml.ji 11 r. ru 

Ab~t.ract.. Algorithm, ba:->ed on explicit represC'ntat.ions for analytic continu ltion of 
the T-matrix Faddc<'V comporwnts on unphysical sheets. is worked out for calclllations 
of n•son;u1n·~ in the thrc<·-body quanttnn problem. Accordinp; to the represt'n at ions. 

pole:-; of th(' T matrix, s<:at.tcrin~ matrix and resolvent on unphysical shPct.~, inter­
prdcd as rcsuna.IHTS, coin rid{' with those compkx energy values whert' app· opriatc 
truncations of the s<"at.tering matrix have zero a..~ eigenvalue. Scattering am 1litudf's 
on the physical sheet. necessary to construct. srattf'ring matrix. arC' calculah'f on the 
ba:-.is of the Faddt'ev differential equations. Efff'ctivenc.ss of the algorithm de~·dopcd 
i:-. dcruonst.ratf'd for example of searchinp, for resona.ncTs in the system nup ;-nd in a 

nwdel three-boson system. 

Wf' makP a uumerical tPst of thP approach proposPd iu HPL [I] to trPat t hf' t.hrf'f' body­
rf'souaun•s in t.h<' rasP of pa.irwisP int.Nactious fa.llin~ off in roordiuat.<' s >a.C<' uot slowN 
t hau <'Xpoll<'llt.ially. This approach is basPd 011 a coustructio11 of <'Xplicit. r<'l'"'"f'S<'IIt at io11s 
for t.lw Fadd!'<'V compo11<'111.s M<>.o(z). n.1i = 1,2.:1. of t.lw tim'<' bod~· T tuatrix T(.::) as 
wf'll as for t.hP scatt!'riu~ matrirPs S(.::) aud rPsolv<'ut U(.::) contiuu<'d ou Uti phy-sical sh<•Pts 
ofth<' <'ll<'r~y z piau!'. Fort!H•shl'<'ts, tlw uotatio11 lit is us!'d with l.a.ll <'lllllll<'ratiu)!; multi 
i11d<'X (s<'<' [1]). Th<' n•pr<'S<'nt.a.tious coustruct!'d d!'moHstratP a st.ructnrP of kPrnPls of th<' 
a.hov<' opNators <tftPr continuatiou aud ~iv<' IH'W ca.pacit.i!'s for aualytica. aud lllllltNical 
studiPs of t.hrP<' body n•soua.IIC<'s. lu particular thP r!'pr<'S<'IItat.ious for lltalytic coutiu­
uatiou M(.::)i 11 , of th<' matrix M(z) = {M,.1J(.::)} 011 th<' shP<'t lit with d<•tails OlltittPd 

Mitt,= Millo- qjJtAst-'J(Jt 

Th<' opPrat.or CJt(z) a11d thf' "transpospd'" <lllf'. (Jf(.::) arf' obviously cot struciPd of thf' 
matrix M(.::) takPn on thf' physical slw!'t 11 0 . A(.::) is a llllllllwr 111atrix. at <'lllir<' fuuctiou 
of:: E ~·. lly St(.::) w<• uudPrsta.nd a trul!catiou (d<'IH'IIdiu~ PSS<'Iltia.ll_v 01 /)of th<' total 
thr<'<' body srattNin~ matrix 8(::). OpNators J(.::) a.ud Jt(.:;) r<'a.liz<' a n•striction of 

kPrn!'ls of thP opPra.tors CJt(=) and (Jf(.::) 011 thP <'nl'r~Y slwlls. r<'sp<'ctiv•ly. in lirst and 

la.st. 1110111<'111.11111 variabl!'s. So that th<' products QjJt and J(Jt ha.w half oil slwll k<'rn<'ls. 
Hqm•s<•nta.tions [I] for a.Halytica.l continuation of th<• thr<'<' body sratl!•ri !)!; tuat rin•s atHI 
rPsolv!'nt follow illllll<'diat<'ly from thf' r<'pr<'sPnta.tious ahov<' for .11(.::)1 11 ,. 

i\s follows front t.h<' repr<'S<'ntatious ronstruct.<'d, th<• uoutrivial (i.<'. difi"Nill)!; fro111 tl~t• 

poles at tlw discr!'t<' spPrtntm Pi~<'IIVahtf's of th<' thr<'P body lla.miltouiau1 sin)!;ttlarili<'s of 
th<' T nta.trix, scat.tNill~ ma.t.ric<'s aud n•solvPut situat<'d on a.u unph~·si< al slu•Pt lit. ;m• 
singularitif's of th<· iuvf'rs!' trunrat.f'd sca.ttniu~ lllo.trix st-l (.:; ). ThNf'fon·. I hf' I"<'SOn<lllrt'S 
ou thf' shf'<'t lit !'llltsid<'f<'d as poll's of till' T nta.trix. sca.ttPrin)!; 111ai rix aud r<'sol\"<'111 
contiuuPd 011 fit an' thos<' val uPs of th<• <'ll<'f)!;Y .:; for which t.hP mat ri) St( :) has Zl'ro 

as Pi)!;<'nva.luP. ThPrPhy, to sParch for thP rPsonanc<'s si1 ua1.Pd 011 a n•tl ain uuph.1·sical 
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Figure 1: Surfac' of the function IS01 (z)l in the model system of three bosons with the 
nucleon masses. The potential Va(r) is used with the barrier Vb = 1.5 MeV. Position of 
the resonance Zre/3B) corresponds to the minimal (zero) value of IS01 (z)l-

sheet 11[, one cat apply any method allowing to compute analytical continuation on the 
physical sheet of the elastic scattering, rearrangement or breakup amplitudes necessary 
for construction of respective Sf( z ). In particular such is the algorithm developed for 
(2 ~ 2, 3) processes in Ref. (2] on the base of Faddeev differential formulation of the 
scattering problen in configuration space (see also (3, 4] and Refs. therein). It is only 
necessary to go 01 tin this formulation on the complex plane of z including the asymptotical 
boundary conditi Jns. 

In the present work we utilize a code based on the algorithm (2]-(4], for computations 
of s-state nnp resonances situated on the unphysical sheet Il(o,J) connected with physical 
one by crossing ·he spectral interval (Ed, 0) between the deuteron energy z = Ed and 
breakup threshold z = 0. We solve the two-dimensional Faddeev integra-differential equa­
tions (4] with the (2 _, 2, 3) asymptotical boundary conditions (2]-(4] at complex energies 
z and extract th' truncated s-state scattering matrix S01 (z) = 1 + 2ia0 (z) with ao(z), 
the amplitude of elastic nd scattering continued on the physical sheet. When making a 
finite-difference approximation of the equations above in polar coordinates we take up to 
liiO points of grids in both radial and angular variables, the cut-off radius being up to 
:Jg frn. As aNN- nteraction, the Malftiet-Tjon potential MT I-III (5] is chosen. 

Firstly, we ha{e checked a validity of the code finding the 3H bound-state energy E1 

as a pole of the ft net ion S01 ( z ). More precisely, the location of the Sol ( z) pole was found 
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Figure 2: Trajectory of the resonance z..,.(3B) on the sheet ll(o,1) in the model system of 
three bosons with the nucleon masses. The potential VG(r) is used. Value1 of the barrier 
Vi, in MeV are given near the points marked on the curve. 

as a root of the inverse amplitude 1/ao(z). Beginning from the grid dimemion 80x80, we 
have obtained E1 = -8.55 MeV. Hereafter all the energies are given with respect to the 
breakup threshold. Note that the value stated is in a good agreement with known results 
on E1 in the MT I-III model (see Ref. (6)). 

Concerning the nnp resonances on the sheet ll(o,1), we have inspecte l a domain of 
a range about 10 MeV in vicinity of segment (Ed, OJ in the c6mplex z plane.· Especially 
carefully we studied a vicinity of the points z= -1.5±0.3+ i(0.6±0.3) Me \I interpreted in 
Refs. (7, 8) as a location of an exited state energy of 3H. Unfortunately we have succeeded 
to find only one root Zres of the function S01 (z), corresponding to the known virtual state of 
the nnp system at total spin S=l/2. On a 180x180 grid, we have found Zres = -2.728 MeV 
i.e. it is situated 0.504 MeV to the left from the nd threshold Ed= -2.224 MeV (in the 
MT 1-111 model). Note that the shift Ed- Zres found from experimental data on nd 
scattering, is 0.515 MeV (see Ref. (9)). Its value (9) computed in a separabilized MT 1-111 
model on the base of the momentum space Faddeev equations, is equal to ).502 MeV. As 
one could expect (see the data on three-nucleon resonances in (9)), we hav~ failed to find 
any resonances in the quartet state at L = 0 as well as at L = 1. 

Also, we have studied a behavior of a resonance situated on the unphysi :al sheet ll(o,1) 

in a model three-body system including bosons with masses of the nucleon As a pairwise 
interaction between the bosons we have used the Gauss-type potential SU{Iplied with an 
additional Gauss repulsive barrier term, 

where the values Vo = -55 MeV, IJ.o = 0.2 fm- 2
' l'b = 0.01 fm- 2

' Tb = 5 fm have been 
fixed while the barrier amplitude Vi, varied. A resonance (with non-zero imaginary part) 
on the sheet II(o,1) arises in the system concerned just due to the presenc1 of the barrier 
term. Example of a surface of the jS01 (z)l function for the barrier amplitud1 Vi, = 1.5 MeV 
is shown in Fig. 1 (for a 80 x 80 grid). A trajectory of the resonance z..,.i3B) (a zero of 
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Figure 3: Dependence of the "deuteron" energy Ed (curve 1) and real part of the resonance 
Zres(3B) (curve l) on the barrier value VI,. 

the function S0 (z)) is shown for the changing barrier \-1, in Fig. 2. This trajectory was 
watched for the larrier Vt, decreasing in the interval between 1.5 MeV and 0.85 MeV. When 
drawing the tra_,ectory, we have used a 160 x 160 grid. It can be seen from Fig. 2 that the 
behavior of the resonance Zres(3B) is rather expected: with monotonously decreasing real 
part, the imaginary part of the resonance changes also monotonously. For Vb :0:: 0.95 MeV 
the energy Zres( !B) becomes real, turning into a discrete spectrum eigenvalue. In Fig. 3 
we plot both th• trajectories of the resonance real part Re Zres( 3B) and two- boson binding 
energy Ed. As one can see from this figure, the value of I Rezres(3B)J increases more 
quickly than JE,d, coinciding with IEdl at Vt, ~ 0.97 MeV. 

Trajectory o' the resonance concerned in the lower complex half-plane is symmetric to 
the curve showr in Fig. 2 with respect to the real axis. Respective points, symmetric to 
those marked in Fig. 2, correspond to the same values of Vb. 
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Abstract. We consider a model of I D foam confined in a wavy capillary. The liscrete 
model is a kind of Ulam map which admits many metastable states as governing 
parameters overcome certain barriers. Randomization of lamella positions SJ: eaks in 
favour of the glass-like patterning. The start-up pressure drop is studied in a wide 
range of the input physical parameters. 

1 Introduction 

Recent studies [1, 2] have shown that foam, because of its unique structure, reduces gas 
flow in porous media. This blocking action makes foam a promising blocking fluid for 
underground gas storage and for other engineering applications (1]. It has been shown 
[1, 2], that at any given instant of time, foam flows in a small fraction of the pores. The 
rest of the pores contain "trapped foam" which effectively blocks the flo'v. As a result, 
the permeability to gas is reduced by several orders of magnitude over th,tt which would 
be assumed with a gas-liquid system without a foaming agent. 

In addition to reduction of permeability, foam drastically changes the rheological be­
havior of the gas phase (1, 2]. In particular, in the presence of a foam, g.LS flows as if it 
were a homogeneous fluid with a start-up yield pressure drop. Such a st:trt-up pressure 
drop must be applied before foam will move through porous media. 

This paper concerns the physical nature of the start-up yield pressure drop. 

2 Formulation 

We shall discuss the nature of foam patterning under the following assumptions. 
l.We shall model the porous medium as a rigid capillary with a radius (Fig. 1) 

(211"X) 
r = r 0 + li cos T . (I) 

Here r 0 , ~and li are some characteristic scales of porous medium and the x-· axis coincides 
with the axis of the symmetry of a capillary. 

2. The pore aspect ratio is a low li < < r 0 < < ~-
3. In an initial undeformed state, foam is perfectly ordered. Under a load, all the 

bubbles keep the same mass, i.e., we prohibit diffusion to occur. 
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4. The gas n the bubbles is ideal. 
5. One can gnore the Plateau borders and assume that the lamellae intersect the pore 

walls at 90' angles (2]. 
Under these assumptions one can write the model of I D foam in dimensionless variables 

as the map (4]< Fig. 1) 

4a6 
Pi+l - Pi = - 27rllsinpi, ll = -[' , , 

gToA 

21rK 
Pi+l- Pi=--- 21rK, 

Pi+l 

Po = P.,., PN = P, 

(2) 

(3) 

(4) 

Here Pi is tl e gas pressure within the i-th bubble, normalized by 1'9 • The parameter 
P9 is the initial gas pressure in an individual bubble. Pi is the displacement of the i-th 
lamella, normal zed by A/27r. The displacement is measured from its equilibrium position 
at the Ki-th throat of the channel. K A is the "wagon length", i.e., the distance between 
adjacent lamellae in an initial unperturbed state. K is an integer number, in Fig. I K = I. 
a is the surface tension. P and P.,., are the dimensionless applied pressures. Hereafter, 
we shall considu the case in which P = I. The parameter ll serves as a measure of the 
intensity of capillary forces with respect to the elastic forces. 

The dimensi lnless energy of the system can be exp;essed as 

2F 21rK {~ ( P) J1. ~ } (P - P.,.,)p0 
PAr2 =N ~ lnpi+-:- - K~cospi + N (5) 

g 0 a=l Pa •=0 

where N is the uumber of lamellae in the train. 
We turn now to the physical picture of the displacement of the bubble train. It 

should be remembered that whenever the last lamella is free, i.e. P = 1, there is a 
single pinning force- capillary force, which tends to keep the last N - 1-th lamella at an 
equilibrium position. Moreover, this force resists forward displacement only within the 
period PN-I E [(, A/2], where the lamella bulges forward. Within this period, the profile 
ofthis force has a single extreme point - the maximum. Therefore, it might be expected. 
that the bubble train begins motion immediately after the last lamella has reached the 
extreme point. The pressure drop required to overcome this barrier will be called the 
critical pressure drop, G = P.,., - I. Precisely speaking, if the dependence G(PN-d is 
nonmonotonic, the maximum of possible G(PN-I) within the period 0 < PN-I < A/2 
should be called the critical pressure drop. By this reason, the solution of the boundary 
value problem is ·eplaced into the solution of the Cauchy problem: the knowledge of P = I 
and PN-I determ nes recursively Pi and Pi for all i. Then Eqs.(2) and (3) define such a map 
T that a point U +I = (Pi+hPi+t) is transformed into point Vi= T(Ui+t) =(pi, Pi)· This 
map is usually called the Ulam map (3]. Within the framework of the problem of foam 
patterning, we sEek the relation of P.,., = P.,.,(PN- 1 ), where the parameter PN-I is used 
to distinguish different solutions to Eqs. (2) and (3). Then we determine the maximum 
pressure drop ammg those calculated. The goal of this study consists in solving the reverse 
problem, i.e., the prediction of critical pressure drop as a function of the input parameters. 
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3 Results 

The well-known Ulam model [3] contains some characteristic features of th·! model under 
consideration. The main result lies in the fact that the Ulam map has stochastic solutions 
which lie within stochastic domains, separated by domains of regular sohttions [3]. All 
the trajectories, starting from the vicinity of hyperbolic point p = 0, p =' 1, belong to 
stochastic layer. The stochastic layer is separated by regular trajectories fJ"Om the upper 
and lower regions of regularity. Near the elliptic singular point p = 71", p = 1 there is a 
"stability island" separated from the stochastic layer by a cyclic regular tr;,jectory. 

Fig. 2 shows the typical curve P.,,1(PN-d for long trains, N = 101, K = 1, p, = 
0.008. In the description of the steady equilibrium state of the bubble train we start with 
pair (PN-1> 1), PN-l --+ 0 and use map T. The expected result, based on the analysis of the 
continuous model [4], is that the trajectory is unable to overcome the barrio!r- separatrix 
of the respective continuous dynamic system. But the discrete picture is more .complex. 
Namely, when displacement PN-l becomes nearer to zero beyond a certain critical value, 
chaotic behavior is observed, Fig. 2. This means that the corresponding trajectories of 
solutions to Eqs. (2), (3) pass through the stochastic layer on the pha.Ee plane. The 
randomization of the lamella distribution speaks in favour of the glass-likE patterning of 
foam. 

The energy F, as a function of PN-1> is presented in Fig. 3 for the same parameters. 
From this Figure, we see that the solutions for trains with N = 101 and m nima energies 
correspond to small displacements of the last lamella, PN-l· On the other hand, the 
randomization of the bubble train is observed (Fig. 3} within the sam1 range of the 
displacements of the last lamella as that in Fig. 2. A dashed li~e in Fig. 3 o:or~esponds to 
the respective energy in continuous approximation. 

The complexity of the foam texture can be revealed by analyzing the mmber of do­
mains in the train. We use here the term "domain", in order to distinguish the region 
within which the displacements of the lamellae are almost constant, Fig. 4. In our numer­
ical experiments (N = 101, K = 1, I' = 0.008}, we found that the states with more 
complex structure, containing several domains of extended or compressed bubbles, may 
have a smaller energy than those which have a lesser number of domains. llifferent labels 
mark the distinguishing initial data, PN-I· This is contrary to the tendenc f which might 
be expected in the region of the regular solutions of Eqs.(2}, (3}, where thE more domain 
walls are associated with the larger energy. 

In this work we choose the ground state of a charged bubble chain ty variation of 
the initial lamella positions under slow continuous variation of the pressue P • .,1• This 
configuration has the smallest PN-l> among other states with the same P • .,., and the 
simplest domain structure, N D = 1. 

The maximum pressure drop G is estimated by using the relation bet Neen P • .,, and 
PN-l, near the first maximum. This is the smallest estimate because we expect the onset 
of motion as soon as the applied pressure drop overcomes this barrier. 

Figure 5 demonstrates the first maximum pressure P • .,,(PN-d which He observed in 
the range PN-l --+ 0 for various I' and K. One can see that, for a smallp and K, the 
maximum admissible pressure is well predicted by the continuous model [4]. When I' or K 
increase, the prediction of the continuous model underestimates the admissible pressure. 
This can be explained by the fact that a solution of Eqs. (2}, (3} follows an integral curve 
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of the respective continuous dynamic system only approximately. The original validity of 
the continuous model can be quantitatively estimated with the help of the corresponding 
linearized model. Moreover, to elucidate the assertion we consider the semi-infinite chain 
N -+ oo. The solution to the corresponding linearized problem can be writt~n in the form 
p; = ae_..,;, where a is a constant defined by the boundary conditions and ..; satisfies the 
following transcendental equation 

cosh w = 1 + 47r2 K p.. (6) 

Parameter Ncor ~ 1/w can be called the correlation length. But it is better to call this 
parameter the screening length, because it defines the characteristic distar ce over which 
the pressure in the bubbles decreases from r ••• to I. 

In regimes where colligative properties of foam play the crucial role, the Jarameter K p. 
is less than unit and the screening length of a caravan is estimated as 

In the opposite case 

I . 
Ncor ~ 21r.,JKii' Kp. << 1. 

N ~ I 
cor ln(2+47r2Kp.)' 

I 
Kp.>> 411"2. 

(7) 

(8) 

Thus, in the former case, the load is distributed over a large number of lamellae. In the last 
case, the small number of first lamellae bear the main load. Therefore, c>n<• expects that 
a continuous approximation of model (2)-(3) appropriately ~scribes the characteristic 
feature of the foam patterning, whenever K p. << I and contrarily, the discrete effects 
should be taken into account for cases where KJl ~ 1/411"2 . 
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Abstr> ct. The problem of toroidal plasma equilibrium evolution with account of 
non-ohJrtic currents is considered. The mathematical formulat.ion of the problem is 
given with discussion of its unusual features. A computationall~· tractable numerical 
algorithm has been developed, and the code SCoPE writt.en to solve the problem. 
Results of numerical modelling for tokamaks plasma of differl:'nt geom<'tries are pre­
sented. It is shown that the intrinsic pressure-gradient-driven currents can play an 
importcnt role in the evolution process. In particular, these <'llrrents can lead to 
the cun-ent density being greatest away from the plasma centre, which may indicate 
how im >roved plasma confinement regimes could be obtained. Results from studies 
of how ,o access to hollow current density profile and advanced confinement regimes 
are discussed. Formulation and solution of the current profile control problem using 
externa current-drive systems are presented. Examples of maint.aining a given radial 
profile in the case of strong time-variation of plasma parameters are given. 

1 Introduction 

The work is. devoted to mathematical modelling of phenomena in toroidal systems with 
magnetic plasma confinement, such as tokamaks. 

In "quiet" ·egimes the tokamak plasma is in a near-equilibrium state. This state, 
however, does rot remain unchanged. On the one hand different plasma processes lead to 
a slow rearrang~ment of magnetic field, by changing the pre~sure and current, and on the 
other hand thefe plasma processes are themselves influenced by the magnetic field. Thus 
there is self-con ;is tent evolution of the plasma column and it; gr·a.dua.l transition from one 
quasi-equilibriu 11 state to another. 

Most existir g models either give too general a formulation, which is very difficult to 
implement., or :oncentrate on one or other particular aspf'ct of tlw problem, ignoring 
the others. In particular they do not allow accurate self-consistent description of some 
important phenomena, such as externally and internally driven non-ohmic currents. 

This paper is devoted to modelling of toroidal plasma equilibrium evolution with 
account of !PC D (Intrinsic Pressure-Gradient-Driven) currents - so called bootstrap, 
Pfirsch-Schluter, diamagnetic currents [1-.5] - and external currents, driven by high fre­
quency electromagnetic waves. Accurate description of non-ohmic currents is very impor­
tant for tokam;.ks since, for example, bootstrap current can be a large fraction of total 
plasma. current. In this paper we concentrate on perspective tight aspect ratio tokamaks 

186 



(which have small ratio of major and minor radii of the torus), such as STAf~T or MAST 
at Culham Laboratory, UK. 

2 Mathematical Formulation of the problem 

With the help of a special choice of phase space variables and the introductbn of special 
unknown functions, the problem of toroidal plasma equilibrium evolution with account 
of non-ohmic currents can be reduced to the coupled solution of (i) the sy ;tern of two, 
strongly non-linear equations involving the partial derivatives for the magnEtic field and 
(ii) the system of four non-linear transport equations that determine the evolution of 
quantities like the spatial distribution of plasma pressure [1,3, 6-8). 

A computationally tractable numerical algorithm was developed, and the code SCoPE 
(Self-Consistent Plasma Evolution) was written to solve the problem. However, in this 
paper, for the purpose of separating different physical effects, we consider ~quations (i) 
only, replacing the solution of system (ii) with some model functions of time and space. 
Equations (i) are 

!.._ (922 i) _ .£._ (912 i) __ JloJl (r &P + _1_ 8F
2

) ( 1) 
&p r &8 r - j &p 2ttottr &p ' 

&iJ! p d<I>max &iJ! 1 & ( {Jijl) 1 lo2" 7 ~ -- ------- = 2 C22C33- + --- )ext· Bygd8, (2) 
at <I>max dt &p Jlottallc33 &p &p aii<I>max o 

Eq. (1) is equation for the instantaneous equilibrium ("the Grad-Shafran w"equation) 
and Eq. (2) describes the evolution. System (1), (2) is a compli~ated strongly '!on-linear 
system of integra-differential equations. It is an unusual system since time der vative enters 
Eq. (2) only. Here i(t, p, 8) and iJ!(t, p) are unknown functions of time, p = <l>/<I>max(t) 
and generalised poloidal angle 8, (p,8) E [0,1) X [0,21r], t E [O,TmaxJ, iJ!(t,p)- is poloidal 
magnetic flux, i(t, p, 8)- is the Jacobian of transformation of (iJ!, 8) to (r, z, coordinates 
taken with sign minus, <I>- is toroidal magnetic flux a~d <I>max- its maximum value (<I>max(t) 
is considered as a given function). Other quantities are defined by 

<I> max ( 1 lo2
" d8 {)ijl) " F(t,p)=--

2
-/ -

2 
---..-

8 
, P(t,p)=L..,knaTa, 

1r 7r o r/ P " 

9ll = (~:r + (~;r' 922 = (~;r + (:;r' 933 = r
2
, 

&r &r &z &z 
912 = 921 = &p &8 + &p &8' 913 = 923 = 931 = 932 = 0, 

1 lo2
" 922 1 lo 2

" yg r d[! C22(t,p) =- -d8, C33(t,p) =- -d(J, Vg = --::--, 
21r o yg 21r o 933 I do 
r(t, p, 8) = rm(t) + o(t, p, 8)(rp(t, 8)- rm(t)), 

z(t, p, 8) = Zm(t) + o(t, p, 8)(zp(t, 8) - Zm(t)), 

8(t,p,8) = fP &iJ!&(t,x) /i(t,x,8)dx/ {
1 

&iJ!&(t,x) ji(t,x,8)dx, 
fo x fo x 

rm(t) =lim 
8
8
8 

{ r(t,p,8)dS, Zm(t) =lim 
8
8
8 

{ z(t,p,8)dS. 
p-+O fs p-+O fs 
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with (rm(t), z,.(t)) -coordinates of the magnetic axis, (rp(t, 8), zp(f, 8)) - coordinates of 
plasma bound.~ry, S = S(t, p) - area of cross-section within a magnetic surface p =const, 
P - plasma p ·essure, lext - external and IPGD currents. Expressions for neoclassical 
conductivity au and IPGD currents lext · B are clearly written in, e.g. Ref. [5]. These 
expressions in•rolve dependence on the magnetic field geometry, plasma temperature To 
and density n" etc. 

System (1), (2) is completed by the following boundary conditions limp-+09221 fr = 0, 
i(t, p, 0) = i( :, p, 21r), limp-+0 llll(t, p, 8)1 < oo, lll(t, 1) = lllp(t) - given poloidal flux at 
the edge or o~•(t, 1)/op = -p.0 p.lp(t) /(27rc22(t, 1))- given total current lp(t), and initial 
conditions 8111 :o, p)fop, 8P(O, p)fop, 8F2(0, p)fop. 

The code ~CoPE can solve this specified problem numerically as one of its options. 

3 Numerical algorithm 

The problem >f numerical approximation and solution of equilibrium equation (1) was 
studied thoroughly in Ref. (8]. So in this section we concentrate on the numerical algorithm 
as a whole an< on the evolution equation (2) in particular. 

An importtnt feature of approximation of system of equations (1) and (2) is discreti­
sation over tilne. We assign equilibrium equation (1) to the whole time points tn and 
evolution equ< tion (2) to half points tn+l/2 , calculating metric coefficients in eq. (2) at 
points tn front solution of eq. (1) and taking (ll!n+I/2 + llln-l/2)/2 instead of Ill in p 
derivatives. This procedure gives the second order of approximation over time at points 
tn. 

Eq. (2) ir volves p derivative of the first order. To obtain a monotonic numerical 
scheme we re'll rite it as (9] 

vP8111 '= ~i_ (avP8111) - i_ (vP8111)' 
op aop op op op 

vP =: _P_ d<I>max 
<I>max~' 

a= expp. 

At internal po nts of the p grid, the p derivative operator in Eq. (2) is approximated with 
3-point differe ICe operator of the second order of approximation using technique of (9]. 

At boundaries p = 0 and p = 1 the difference operator is calculated from the following 
conditions "with the second order of approximation. At p = Pi= I = 0 ,spatial derivative 
operator in Ec. (2) is approximated with 

A -4Bi+1-Bi+2q,. ABi+2q,. A4Bi+I -3Bi+2q, I 
I 4h2 I + I h2 I+! + I 4h2 •+2 i=J l 

where 
1)• =: (111n+1

/
2 + ll!n- 112)/2, A=: 1/ (P.oJ.lallc~3) , B = cnc33· 

Here we used B1 = vf = 0. At p = Pi=N = 1 the boundary condition is for given poloidal 
flux 

lPi=N = lllp(tn) 

or for given total current 

IPi-2 - 4\Pi-1 + 3lP; I 
2h i=N 

J.loJ.llp(tn) 
211'C22,N(tn, 1). 

The scheme c<.n be resolved, e.g., using one of the fast algorithms for .)-diagonal matrix. 
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4 Access to advanced regimes 

A fixed plasma boundary problem for START-like plasma was considered with account 
of three IPGD currents: bootstrap, Pfirsch-Schluter and diamagnetic. Cakulations start 
from some reasonable initial equilibrium and run until a quasi-stationary regime is ob­
tained. A large number of runs have been performed with various pl;,sma pa.rame­
ters. Different plasma characterisitics were analysed, including how the safety factor 
q = -d~/d'II/(27r) varies across the plasma as this variation determines the plasma stabil­
ity. We discovered that in some cases monotonic initial safety factor q-profile eventually 
becomes non-monotonic at the magnetic axis which is appropriate to the so called ad­
vanced confinement regime. Special numerical studies allowed to draw a c•mclusion that 
the main reason for this behaviour of q is presence of relatively high bootstrap current. 
This conclusion can be explained by the specific radial dependence of the boctstrap current 
density. It has maximum off the magnetic axis where the pressure gradie1 t is la.rge and 
if its value is high enough it can make total current density to lw hollow at the magnetic 
axis which may result in non-monotonic q-profile. 

Firstly, it is important to note that in most of thl' considl'r<'d variants th·· total current 
density was eventually forced to the outer part of the torus. The total c 1rrent dPnsity 
has its highest value in this region. This can be Pxplainl'd by somf' comrrl'ssion of thl' 
flux surfaces due to the Shafranov shift on the outside of tlw magnetic axts resulting in 
higher pressure gradient which is balance by current according to Grad-Shafranov equation 
(equation (1)). The bootstrap current in the equatoria.l plan<' is equaJ to zero at the 
magnetic axis r = R0 , and has two maxima located either 'Sid<' of the nagnetic axis 
(r < R0 and r > R 0 ). The maximum at ,. < R0 can form the second inne1 maximum of 
total current., and therefore a hollow total curn•nt profile within this maximum and the 
larger maximum at r > R0 • The Pfirsch-Schluter current has the opposi ;e sign to the 
bootstrap currl'nt to the inside of the magnPtic axis (r < Ro) and t.lwrefo ·e reduci'S the 
role of the pressure current here: conversely for r > Ro the two pressure-d riven currents 
are in the same direction and thl' pffect is greatl'l'. So the I'Xist<'ncc of "· hollow total 
current density profile and the appearance of a non-monotonic q-profile c epend on the 
balance between the bootstrap and Pfirsch-Schluter currents to the low ma. or radius side 
of the magnetic axis. 

After the effect of bootstrap current on non-monotonic q-profill' was :liscOVI'I'!.'d we 
started to search for genera.! plasma parameters responsibiP for accPss to this regimE.'. W!.' 
found that the regime is reached with incr!.'ase of ;Jpol 

,~ . _ '2J1oJI fs PdS 
!'pol = f, B2 dS . 

~ pol 

(3) 

This conclusion was determined first on the basis of num!'rical Pxperiment and tlwn !'X­
plained analytically using formula (3). lncr!.'a.~!.' in f3pol with fixed plasma pre>sure Pis du!.' 
to decay of the poloidal magnetic field Bpol· Bootstrap current is inversl'l) proportional 
to Bpol [1] and total toroidal current is proportional to Bpol· This mPans tltat the role of 
bootstrap current can increase in respect to other currents. 

Here are examples of calculations which illustrate COIT<'Iation betW!'<'n /~pol and qua.,i­
steady-state equilibrium with non-monotonic/monotonic q-profiiP. ThP following plasma 

189 



parameters haw been considered for the base variant: Ro = 0.3 m, a = 0.21 m, n,(O) = 
n;(O) = 2.5 x 10: 0 m-3 , Bo = 0.4 T, T,(O) = 0.18, T;(O) = 0.15 keY with time independent 
plasma pressur~ profiles P(p) = kn,(p)T,(p) + kn;(p)T;(p)), n,,;(p) = n,,;(0)(0.9(1 -
p)I.OS + 0.1), T,,;(p) = Te,;(0)(0.9(1- p)L05 + 0.1), fixed total current lp=121 kA and 
8F2(0,p)j8p = 0.4(1- p). In this variant plasma evolves to a quasi-equilibrium state 
with non-monotonic q-profile and /3pol = 1.21. (One can note that finding initial plasma 
parameters for such a case is a separate rather complicated problem which involves many 
SCoPE runs). F'or other variants we changed different plasma parameters of the base 
advanced regim< variant and studied their influence on quasi-equilibrium q-profile and the 
value of /3pol· These variants were: (a) lower plasma pressure due to two times drop in 
plasma density; (b) lower initial /3pol given by a different initial 8F2 (0, p)/Dp = 0.6(1- p); 
(c) growth of t<•tal current over time from 121 to 1.50 kA; (d) increased magnetic field 
Bo = 0.6 T; (e) increased major radius R0 = 0.4.5 m. In cases (a)-(c) quasi-equilibrium 
q-profile becam~ monotonic with /3pol equal to 0.91, 0.86 and 0.57 appropriately. In cases 
(d), (e) the effe< t of non-monotonic q-profile became a bit stronger and /3po/ increased to 
the values of 1.~ 4, 1.33. 

lnvestigatior of how access to reversed shear regimes varies with aspect ratio has been 
performed. Run3 with larger aspect ratios have been done, including the values of 3 and 
4. In these runs we were changing the position of magnetic axis (as in case (e)) and, 
besides this, th•• value of the magnetic filed at the magnetic axis and coefficient fl. in 
8F2 (0,p)/Dp = fl.(1- p) in order to get qat the centre and minimal q in the range 
of 1.7-2.3 (as specified in the contract): R0 = 0.65, 8 0 =1.3 T, fl.=0.6 and R0 = 0.85 m, 
8 0 =1.0 T, fl.=O 6. It was found that with increase of the aspect ratio the effect of reversed 
shear did not di:;appear. For aspect ratios 3 and 4 the value of f3pol became 0.88 and 1..51, 
bootstrap curre 1t was 48.3 and .56 .. 5 kA, total current - 13.5 and 111 kA appropriately. 
Current densitie3 and q are plotted in Figs. (e1) and (e2). 

Critical values of /3pot. required for access to the reversed shear, verses the aspect 
ratio were found: aspect ratio 1.3- /3pol ~1, 2.1 - /3pol ~0.8, 3 - /3pol ~0.6 (here we set 
Bo=l.5 T and L>=0.6 in order to get initial and quasi-steady-state q near the axis in the 
range 1.7-2.J), ·I - /3pol ~0.7 (here we set 8 0=1.0 T and fl.=0.6 in order to get initial 
and quasi-stead:t-state q near the axis approximately in the range 1.7-2.3). Critical /3pol 

were calculated with the help of several runs for each aspect ratio. In each run the value. 
of initial total current was increased over the first 7 ms and then kept constant. Runs 
continued until the increment to initial current was so high that the effect of reversed 
shear disappean•d. 

However on~ should note that comparison of tokamaks with different aspect ratios is 
a complicated p ·oblem. In presented calculations we were changing several SCoPE input 
parameters, keeping other initial parameters the same, and it is not clear whether obtained 
quasi-steady-state START-like plasma with aspect ratios of 3 and 4 is realistic or not. The 
value of /3pol ap >ears to be more important for access to the reversed shear than aspect 
ratio and tokarr aks with different aspect ratios should be compared in respect to what 
values of /3pol can be achieved in real experiment. 

The observed phenomena may give theoretical indication on how to access the advanced 
regimes in tight aspect ratio and other toka.maks. 
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5 Control of the q-profile 

In this section we describe formulation of the problem for the q-profile cant rol and present 
the results of calculations. 

The q-profile in START-like plasmas, calculated from solution of Eqs. (1), (2) has to 
be maintained with 10 % accuracy at every moment of time in respect to a given profile 
q9iven(P) by varying the magnitude Ut (t) and u2 (t) of two non-inductiv! current drive 
systems, one centered at Pc,tfa = 0.2, one at Pc,2/a = 0.75. Both driven ~urrent density 
profiles were assumed to have the following form 

j;(t, p) = u;(t) exp( -(p- PcY /(f:.p;) 2
), i = 1, 2, 

!::.ptfa = 0.3 and f:.2p/a = 0.2. 
Two different norms for measurement of difference in the q-profiles were considered 

D (t)- { lq(t,p)-qgiven(P)Id ;f d 
L, - l[o,0.2]u[0.45,0.55] q9iven (p) p J[o,0.2]u[0.45,0.55 p, 

D (t) 
l

q(t,p)-qgiven(P)I c = max . 
p€[0,0.55] q9 iven (p) 

Here ranges of integration over p are taken over the most interesting re!;ions of plasma 
column. 

The coordinate descent method was used to search for the minima o! the functional 
DL, (t) or Dc(t). One of the difficulties in the q control problem is that for some extreme 
external currents equilibrium does not exist. Coordinate descent method allows to treat 
this by setting the range of amplitudes of externally driven currents. 

In numerical implementation the amplitudes of external currents WEre adjusted on 
every time step to get the solution of Eqs. (1), (2) which gives the req Jested q-profile 
within the required accuracy. The code SCoPE was optimised in respect to the requireJ 
computer time. In particular amplitudes of external currents were sear< hed on a fixed 
equilibrium. The increase in CPU time is normally only ~30% compa·ed with a run 
without q control. 

Here we present two examples, which demonstrates the possibility o' maintaining a 
given q-profile within 10% in time varying START-like plasma. In these examples the 
pressure was increased by changing linearly Te(O) from 0.1 to 0.18 keV for t E [0, 7] ms, 
from 0.18 to 0.36 fortE [7, 20] ms and stays constant fortE [20, 30] ms. A fixed boundary 
problem (1), (2) with IPGD currents present was considered: R = 0.3 HI, a = 0.21 m, 
n.(O) = 2.5 x 1020 m-3 , B0 = 0.4 T, T;(O) = 0.15 keV. The q-profile waE maintained by 
varying the magnitude of two non-inductive current drive systems. It w<s found that it 
is possible to achieve ~10% error with only two current drive systems. Cc ntrols obtained 
with error calculated in Lt space appeared to be smoother than with error inC space, but 
the characteristic magnitudes of control currents and qualitative behavim r in both cases 
were similar. 

With implemented control option SCoPE can be used to solve a wid" variety of dif­
ferent control problems and to control different plasma parameters. In pa1ticular one can 
consider radial positions of external currents as additional controls. Cant ·ol modules are 
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structured and allow easy change of the minimised functional, the number and meaning 
of the controls. 

6 Conclusion 

The mathematical formulation of the problem, numerical algorithm and results of mod­
elling for tokam 'Lks plasma of different geometries are presented. It is shown that the IPGD 
currents can ph.y an important role in the evolution process. In particular, these currents 
can lead to the current density being greatest away from the plasma centre, which may 
indicate how improved plasma confinement regimes could be obtained. Results of study­
ing of access to advanced regimes by varying basic plasma parameters are presented. It is 
found that grmrth of /3pol can lead to advanced regime with non-monotonic q-profile. 

Formulation and solution of the current profile control problem using external current­
drive systems h presented. The possibility of maintaining a given radial q-profile in case 
of strong time-"ariation of plasma parameters is demonstrated. 
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ON NUMERICAL SOLVING OF THE PROBLEM OF 
PREASSIGNED MOTIONS FORMATION OF CHARGED 

PARTICLES IN MAGNETIC FIELD 1 

E.D.Kotina 

St.Petersburg State University, RUSSIA 
198904, St- Petersburg, Bibliotechnay pl. :2 

Abstract. The charged particles motions formation in axially simmetric n agnetic 
field in accordance with the preassigned velocities field is considered. The pre blem of 
magnetic field finding, initiating the preassigned charged particles dynamics can be 
reduced to the solving of Goursat problem for the system of quasi-linear difierential 
equations of the first order [1, 2]. We consider the way of solving t.his systen on the 
base of characteristic method. For the construction of numerical solution of ':ioursat 
problem we substitute the dirT£>rf'ntial equat.ionl" of characteristics for corresponding 
finite difference equations. The problems of char act £•ri!<it ics net. work con !:it ruction and 
the choice of initial conditions are discusseJ. The algorithm and the fonnLalas for 
calculation of magnetic field components, providing needed part iclef' d~·nar 1ics are 
proposed. 

1 Introduction 

This paper deals with investigation of the control fields formation in eiPctrodynamics prob­
lem. This problem attracted attention of many researchers. In particula1, the solving of 
inverse electrodynamics problem is considered in works of G.A.Grinberg (:.l]. V.T.Ovcharov 
[4, 5], V.I.Zubov [6]. In the paper the approach, suggested by V.I.Zubov is developed. 

We consider the following formulation of the magnetic field dPtermination. Let us have 
the velocities field 

dr 
ry,.(t·,O,.:), 

dt 

d(} 1 
(1) 

dt 
-!Jo(r·, (}, z), ,. 

dz 
t}; (r, (}, z). 

dt 

Here r·, 0, z a.re cylindrical coordinates, 7Jr(t·, (}, z), 1JB(r, 0, .:),t}=(t·,ll . .:) arl' component.s of 
the given vector function 17 in cylindrical system of coordinates, I is timP. 

Let us describe charged particles motion in stationary magnPtic field I y the system of 
differential equations 

1 This work was supported in part by t.he Russian Foundat.ion for Flmdament.al H<·sec rches under Grant 
No. 95-01-00926 
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dr 
dt 

= }':., 

d8 
= ~Yo, 

dt ,. 
dz 
dt 

(2) 

= Y,, 

dY 
= eY x B+ mQ, mdt 

where we have Y = (Yr, Yo, Y,) as particle velocity vector in cylindrical system of coordinates,m 
is particle mass, t is particle charge, B = (Br, Be, B,) is vector function, determining mag­
netic induction,()= Q(Y) = (~Y/, -~YrYo, 0)* is vector column. 

It is necessar;r to find stationary magnetic field (i.e. vector function B which satisfies 
Maxwell equation divE = 0) in which charged particles motion accords to velocities field 
(1). This means that in configuration space charged particles trajectories determined by 
system (2) under the same initial conditions will coincide wllith trajectories of the system 
(1). 

We can formtlate the following theorem [1, 2). 

Theorem 1 Let '7 be an arbitrary twice continuously (/iffer·entiabhe vector function. Then 
such magnetic fidd exists in which charged particle motion defined by the system (2) coin­
cides with motior: of the system (1), when initial conditions of these motion m-e the same 
, and 7]2 = canst . This magnetic field B can be represented in lhf form 

B =_'!!_roll]+ h7], 
e 

where h = h(r_,8, z) is functior satisfying the following condition 

div(hTJ) = 0. 

In this paper \le consider in details the problem of charged particles dynamics formation 
in the case of stat onary axially symmetric magnetic field, i.e we suppose that Be = 0, B. = 
Br(r, z), B, = B, :r, z). 

Charged part cles motion in stationary axially symmetric magnetic field we describe 
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by the system of differential equations: 

dr Yr, lJl 

d8 1 
lJl rYo, 

dz Yz, lJl 

~ 
e y:2 

rrrYoBz+!.,f-, 

(3) 

~ ~(YzBr - YrBz) - YrJo 1 

~ -~YoBz. 

In many problems of focusing and transportation of charged particles WE are interested 
in particles behavior in the plane (r, z). Therefore, we consider the followhg formulation 
of the problem. 

Let suppose, velocities field is given, as 

dr 
dz = f(r, z), (4) 

i.e. f(r, z) is a given function, which provides the needed motion of charged particles in 
the plane (r, z). 

It is needed to find stationary axially symmetric magnetic field in whi<:h the charged 
particles motion described by the system (3) coincides with the motions :letermined by 
the equations (4) in the plane (r, z). 

Let us consider the following system of differential equations [1, 2) : 

Here 

l 
_11 aL + 1aL = d (Jz Or ,, 

-qf)h + 9 8L _ fqf)h + fgf)L = d . 7Jz (Jz Or Or 2 

2 L2 
_ hL 1-m L d _ m L2 mF 

q = c,- -::T•Y- -=r· - e::!• '- e3- e q, r r r r 

F = M+~f, d2 = h(c~ir + q( 0!- /F)), c1 is a total velocity of par .icle. 
1+/ Or 

(5) 

We assume, the solution of the system (5) will be twice continuous!~ differentiable 
vector function L = L(r, z) and continuously differentiable vector functiDn h = h(r, z) 
making this equations in identities. 

We can formulate the following theorem (1, 2). 

Theorem 2 For arbitrary continuously differentiable function f , for whi ~h the solution 
of the system (5) exists, there is such axially symmetric magnetic field B, where charged 
particle motion determined by the system (3) coincides in the plane (r, z) w th the motions 
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of equations (4) The considered motions had of course the same initial conditions. The 
components of ~wgnetic field B are determined by the formulas 

2 L2 ~ 2 2 L2 ~ 2 B = nJJL + fh(cl -r )1/2 B = _ m {)L + h(cl -r )1/2. 
r el 7JZ 1 + f ' z er 7Jr 1 + f (6) 

Further we vrill consider the algorithm of numerical finding of these components. 

2 The characterictics equations 

Thus, in the ca.~e of axially symmetric stationary magnetic field the problem of charged 
particles dynamtcs formation is reduced to solving of the system (5). It is the system of 
quasi-linear par ;ial differential equations of the first order. The system (5) depends on 
some arbitrary function f(r, z) determining the velocities field in the plane (r, z). Under 
any choice of th s function the system (5) will be the hyperbolic system. 

We consider the way of solving this system on the base of characteristics method. 
Let us write out for it the equations of characteristics directions and differential cor­

relations for them. The first family: 

The second fam ly: 

dr = fdz, 
qdh + gdL - d2dz = 0. 

dz = -fdr, 
ldL- d1dr = 0. 

(7) 

(8) 

Characteristics ·lirections equations are determined just by the function f(r, z) and they 
do not depend c n unknown functions. 

3 Gom:sat probleip 

Let us consider 1he problem of finding solution for the system (5). For numerical solving of 
this problem it is necessary to assign additional conditions. Using differential correlations 
(7), (8) for the system (5) we will consider the Goursat problem, i.e. we will search for the 
solutions L(r, z), h(r, z) of the system (5) under the condition that on two characteristics, 
outgoing from one point, values of L and h are given. 

We will asst me that function. f(r, z) , defining velocities field is such that /(0, z) = 
f(r, 0) = O.lt is not difficult to notice that in such case straight line r = 0 is characteristic 
for the first family and the straight line z = 0 is that for the second one. 

Let us 'form !late Goursat problem in the following way. To find the solution of the 
system (6) assu ning that function L and h are given on characteristics r = 0 and z = 0 

L(O, z) = Lro(z), h(O, z) = hro(z), 0 S z S Zn , 

L(r,O) = -~zo(r), h(r,O) = h.o(r), 0 S r S rm, here Lro(z), L.o(r), hro(z), hzo(r) 
are given functic·ns, Zn, rm are given values. In addition, values of corresponding functions, 
given on charac ;eristics, coincide in the generic point 

Lro(O) = -~zo(O), hro(O) = h.o(O). 
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Naturally, it is supposed, that given functions L,.0 (:::), L,0 (r). h,.0 (:::) •• t,0 (r) on every 

characteristic are such that differential characteristics E>quatious are satisfiE>d. 
Let Lro = 0, L,0 (r·) = -kr·2 , herE> ~· is some constant. \\'e deterr1ine the values 

of function h on mentioned above characteristics, i.e. functions hro(:::}, h,0 (r) , using 
corresponding differentia.! equations on considered characteristics. 

As result we get 

h (r) = _illk(c2 _ 1,:2r2)-112 _ m of(r O)(c2 _ k2 7.2)112 
zO e I ffroz ' I ' 

a.nd by solving differential equation 

dhro + hro( t(O, z) + U(o, z))dz = 0 

with initial conditions hro(O) =- ~~~- w(r/zfr)(O, 0) WE' will find thE' function hro(z). 
For the construction of numerical solution of Goursat problem WE' usE>d \1asso mE>thod, 

based on the substitution of differential equations of characteristics 'or 

corresponding finite difference equations. 
As differential equations of characteristics dirPction not depPnd on ft nctions L. h . 

so at first we can construct network, formed by intPrspct ions of characte ·is tics families. 
Afterwards we will calculate val uPs of functions L and h in nodPs of oht •inPd network. 
Then by vahws of Land h in nociPs of net\\'ork of charactPristics. usin~ furmula (6) . IVP 

will obtain magnetic field compon<:>nts providinp; nPPdPd particl<•s dynamic.;. 

4 CONCLUSION 

The proposed method allows to find the magn<:>tic fiPid. iniriatinp; t h(' IIP('d(•d motions 
of charged particles. Notice, that the functions /,,.0 (:::), L,0 (r) assip;nmPnt contains some 
difficulty. Although obtained magu('tic fil'ld will satisfy thP main task of J•roviding given 
dynamics of charged particles, it may, however, bE> that this map;netic fi('ld < oes not satisfy 

one or another practica.l requirement connected with realization of this field. Bearing this 
in mind , these functions can be considered as control functions. So. wp c; n considPr not 
only the problem of magnetic field finding , providinp; giv('n dynamics of ch; rp;Pd particiPs, 

but needed characteristics for magnetic field. 
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Cellular automaton and elastic net 
for event reconstruction in the NEM0-2 experiment 
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e-mail:koval(i'j)n u.jinr. dubna.su 

Abstract. A cellular automaton for track searching and an elastic net for charged 
particle lrajectory fitting are presented. The advantages of the methods are: simplic­
ity of th! algorithms, fast and stable convergence to real tracks, and a reconstruc­
tion effie ency close to 100%. Demonstration programs are available at http://nu­
web.jin:·.dubna.su/LNP/NEMO using a Java enabled browser. 

1 Introduction 

The goal of the .~EMO collaboration[!] is to study (3(3 decays of 100 Mo and other nuclei to 
probe the effecti re Majorana neutrino mass down to 0.1 eV. A prototype detector NEM0-2 
designed for (3(3 ;tudies has already provided some measurements and is presently running 
in the Frejus Ur derground Laporatory. The detector is a 1 m3 volume made of tracking 
chambers compc sed of drift cells operating in the Geiger mode and two plastic scintillators 
arrays fur energ.r and time-of-flight measurements. In the following the Geiger drift cells 
will be called dr Jt tubes to avoid confusion with the cellular automaton cells. 

A typical ev! nt in this experiment has a few number of tracks usually well separated in 
space. Hut this ;ituation is complicated by essential effect of multiple scattering and even 
hard scattering Jn wires. Reconstruction of such events in the presence of the left-right 
ambiguity of drift tubes becomes a task lying out of typical problems of event reconstruc­
tion in high emrgy physics. Therefore cellular automaton and e]asic net methods were 
choosen as flexible ones and "suited to work in nonstandard situations[2]. 

Another reawn for using algorithms different from the traditional least squares method 
in high energy physics has statistical ground. Usually the least squares method is used to 
fit a particle tr;jectory to position measurements in such detectors as bubble chambers 
where errors of measurements are independent and Gaussian distributed. But this is no 
longer valid for ~lectronic experiments with discrete detectors like multiwire proportional 
cham hers and c ther devices, which are essentially digital in character. Here errors of 
measurements a ·e in fact correlated and their distribution is not Gaussian. In such cases it 
is better to use nethods having statistical basis corresponding to a.n experimental setup[3]. 

The trackinL procedure based on a cellular automaton and a.n elastic neural net was 
developed for t.l e NEMO experiment during the last year. It was applied to real data of 
the N EM0-2 ex 1eriment and compared with the previous tracking procedure based on the 
Kalman filter. This comparison promoted strong confidence in the new tracking methods. 

2 Searching for Tracks 

Specific features of the experiment make preferable the segment model of cellular automaton[4] 
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Figure 1: Initial and final configurations of the cellular automaton for 1 complicated 
NEM0-2 event. For the drift tubes perpendicular to the figure plane, the d ·ift distance is 
represented by the radius of a circle. For the drift tubes parallel to the figure plane, the 
small segments indicate the trajectory position along the drift tube. 

where an elementary unit( cell) is the segment connecting two fired wires in neighboring 
layers. 

To construct a cellular automaton for track searching in NEM0-2 data, one follows 
the logic of cellular automata defining cell, neighbors, rules of evolution an l time flow. 

Cell. The cellular automaton is three-dimensional. A cell is identified v, ith a straight­
line segment connecting two fired wires in neighboring layers, making the ce lular automa­
ton essentially local. To take into account inefficiencies of the experimen ;a) device one 
must also include segments connecting wires over one layer. This initial sta .us is depicted 
in the top half of Fig. 1. During evolution each cell is characterized by i ~s position on 
track. 
Neighbors. ln establishing the criterion for assigning segments to a tracL it is obvious 
that only segments with a common extremity can be considered as neighbor;, Then owing 
to the coordinate detectors having a discrete structure and to multiple sc< .ttering in the 
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material of the ~xperimental apparatus, the angles between track segments in the real 
experiment are Hot zero, but an upper limit </>max can be imposed. 
Rules. All free cells are initialized with position value l and at each step of evolution 
they look on ne ghbors and increase the position value if there is a neighbor at the left 
(suppose) side v. ith the same position value. This is similar to the rule SAFE-PASS[5]. 

Time. Time eve lves discretly. All cells change their states simultaneously. 
Knowing po::itions on track for all segments it is easy to collect all track-candidates. 

Upon completio: 1 of the work of the cellular automaton additional testing of the quality of 
tracks is carried out. This permits rejecting "phantom" tracks, which could be constructed 
from hits belon~ing to different tracks. 

In lower hal" of Fig. 1 the final configuration of the cellular automaton is shown for 
a complicated r-·EM0-2 event. Two tracks which originate in the central source foil are 
shown. One is l>ack-scattered on the front face of a scintillator and leaves the detector 
after crossing n e central foil. 

3 Fitting of Tracks 

Actual fitting oJ charged particle trajectories with multiple scattering and hard scattering 
on wires is mad~ by the elastic net method[6]. 

Let us 

Define a track with multiple scattering as the "smoothest" line joining experi­
mental points defined by hit drift tubes. 

Then try to construct the elastic net as a line that is deformed under the influence of 
two types of force: 

1. the first pulls it to the edges of drift cell circles for which the radius is directly pro­
portional to the proximity of particle path with respect to the anode wire, (depicted 
in Fig. 1). 

2. the seconol smooths out the line defining the particle track. 

To avoid th~ problem of local minima because of left-right ambiguity of drift tubes, 
we propose to ::tart from two tracks which place bounds on the geometrical area where 
there is the real track. Effectively one of them touches the drift circles on the "upper side" 
while the other one on the "lower side". Next a third type of force is introduced: 

3. an attraction between these tracks squeezes the geometrical area to get the real 
track. 

This method allows one to find an optimal trajectory which corresponds to the track. 
The elastic 1et can be simply modified to be able to reconstruct hard scattering tracks. 

Here one has oHly to switch off track smoothing at hard scattering points which are found 
during the pre iminary analysis. Fig. 2 presents initial and final configurations of the 
elastic net for the same NEM0-2 event shown in Fig. 1. 
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Figur<' :1: Initial and final configurations of thP <'iastic n<'t for til(' NEI\·10-2 PVPnt a.lr!'ady 
showu. 

4 Results of an Application 

Th<' mmpiPtP data sPt (65RR h of running timP) was prPviously procPss('d using a tracking 
procedurP based on thP Kalman filtPr [7]. ThP nPw tracking mPthod pr<'s<' J!<'d hPrP was 
appli<'d to rP-proccss th<' data.. 

An ekctron is identified by a track linking tlw sourc<' foil and on<' sci1Itillator. Th<' 
maximum scattering angiP along tlw track is requirPd to b!' }pss than 20" .o rPjPct hard 

scattering. A photon is r!'cognizPd as <HlP or two adjac<'nt firE'd scintillator; without any 
associatPd partie!!' track. For photons and Pkrtrons an !'nPrgy dPposit gr<'alPJ than 200 k<'V 

is r<'quir<'d for obtaining a sufficil'ntly good tim<' r<'solution. In til(' analysis< f two-<'kct ron 
<'V<'nts a cut on th!' angl!' betWPPn the two Pl!'ctron tracks is appliPd (roso ( O.!i). In thP 

case of two-electron events, tlw diff!'fcncP lwtwet'n th<' vPrtices of th!' two tra ·ks is rPquirPd 
to b!' less than 5 em. This condition is impos<'d becausp of multiple scat.t.Nil g which kads 
to a fillS of l rn1 for a 200 k!'V PIPctron. 

After applying th<' ruts to <'xtra.ct th<' ;1;121/ candidatPs with th<' ll<'W tra ·king 111<'1 hod. 

:1:1:1 two-l'lectron events wcr!' s<'l<'ct<'d in thP PnrirhPd foil, and (i l in th<' nat.u1 al <HI<' iurlud-
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ing 14.8 calcula1 ed {3f32v events. The Monte-Carlo simulation data of the {3{32v decay in the 
N EM 0-2 detec1 or was also analysed using the new tracking program. An overall effil-iency 
of 1.88% for extracting two-electron events is obtained. The numbPr of events entPring thP 
half-life calcula.ions is 185.8. A half-life of T 112 = [3.75 ± 0.35(stat) ± 0.2l(sy.,t)j · IO'"y 
has been derived for both tracking programs. This supports strong confidence in thf' new 
tracking metho is. 

5 Conclusion 

In summary th ~ main features of the tracking program based on the cellular automaton 
and elastic net methods are given below: 

• increase i 1 the tracking efficiency of 9% (in the {3{32v analysis); 

• increase l:y a factor 35 in the processing speed; 

• working in 3D space to separate close tracks in a projection; 

• good reconstruction of tracks with hard scattering on wires; 

• reconstrUo:tion of short tracks (2 planes involved); 

• simple to modify by introducing additional criteria in the analysis. 

The results of the application to real NEM0-2 events demonstrate reliable operation 
of the cellular ;.utomaton and elastic net methods in the case of multiple scattering in a 
gas and hard interactions on wires in the tracking detector. 

In the next stage of this investigation a detector with a magnetic field will be taken 
into account to develop algorithms for the NEM0-3 experiment. 
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Abstract. The conception of R• -structure, combieoed a strongly nonsingular sym­
metric matrix A, an indecomposable Hessenberg matrix T and polynomial systems, 
is given. In the case of Hankel matrix A (then the matrix T is tridiagonal one) 
the following new results are presented: 1) the Hamilton form of a positive definite 
(semidefinite) matrix T; 2) the complementary property of a symmetric matJix T; · 
3) the statistical properties of orthogonal polynomials; 4) the D<Hleuclidean ~ turm 
properties of the matrix T. 

1. It is well known that the space R" has good approximating propertie:;. It has also 
good interpretative and representative properties. Let the matrix A be symmetric and 
strongly nonsingular: IAA:I#- 0, k = 1(1)n. 

Theorem 1 Let the triangular decomposition 

(1) 

be valid, where R = (r;;), P = R-1 = (pt:), i,j = l(l)n, E = diag(l~t ... ,£,.), £; = 
sign(IA;I/IA;-11). Then the polynomial 

P;(x) = 
1 I A;- 1 x~•i+I I, j = 0(1)n- 1. (2) 

V£"IA;IIA;+II 1 · · .xJ-

has the representation 
j 

P;(x) = I>fxi, 
i=l 

where pf are elements of the (j+l}-th column of the matrix P. 

The polynomials p;(x), j = 0(1)n-1, form a basis in the polynomials space. Therefore 
[1] 

i+l 
XPj-1(x) = L:t;;Pi-1(x), j = l(l)n,t;+IJ 1-0. (3) 

i=l 

The matrix T = (t;;) is the upper Hessenberg one and 

V;PT = X; V;P, (4) 

where V; = (1, x;, ... , xi-1) is the i-th row of the Vandermonde matrix V [~ -3]. 
If the nodes x;, i = 1(1)n, are distinct, then 

(5) 
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where 
0 1 

0 

F= 

0 

Pn · · · P2 PI 

is the Frobenius matrix, i.e., 

Rok+l = T Rok = ruTkel, k = 0(1)n- 1. 

i,From this the following assertions are valid: 

(6) 

Theorem 2 The k-th column of the matrix R is proportional to the first column of the 
matrix Tk-l. The k-th column of the matrix P is the coefficient vector of the polynomial 
XPk-l(x). The system of polynomials xp;(x), j = 0(1)n, and the Hessenberg matrix Tare 
connected by the relations 

'PI (x;), · · ·, Pn-dx;))T = x;(PI (x;), ... , Pn-t{x;)), i = 1 (1)n. 

Theorem 3 'J'he Hessenberg matrix T (except the last column Ton) is determined by the 
nonsingular m. 1trix R. The first n - 1 columns ofT are linear·ly independent and 

1 n-1 
Ton= -(RP- z::>inTo;), (7) 

rnn j=l 

where P = (Pn ... , pt) T is the vector of coefficients of the polyiwmial Pn ( x). The spectrum 
ofT (at R is }\xed) may be preassigned. If 

A= flTDR, 

whereR=W11, W=diag(w 1 , ... ,wn), W 2 D=£, then 

t = wTw-1• (8) 

The aggregate, involving the matrix A, the matrix T and the polynomial system Pk(x), 
k = 0(1)n, are called the Rn-structure; the independent parameters determining the Rn-
structure are called the degrees of freedom. · 

Theorem 4 :"he degree.~ of freedom number of Rn-structure are equal to n(n + 3)/2. For 
setting Rn-slrt cture it is sufficient to set one from the following: 1} the triangular part af 
A and P; 2) T. and P; 3} P and P; 4) T; 5) Pk(x;), k = 0(1)n -1, i = 1(1)k+ 1 and x;, 
i = 1(1)n. 

Theorem 5 Jf A is a Hankel matrix, A= (ai+j-2 ), then T is symmetric in modulus one, 
i.e., T is.tridiugonal matrix and tj+l,j = tj,j+l EjEj+t = aj, fjj = !Ji. 

In this cas" (the Hankel Rn-structure) the polynomials pk(.T), k = O(l)n- 1, are the 
quasiorthogon;•l ones: 

n 

z::CiPI-dx;)Pk-dx;) = Ek8k/, k, l = I( l)n, (9) 
i=l 

The values x;, c; may be complex ones. 
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2. A special case of the Hankel Rn-structure is the classical structure w th conditions 
IAki > 0, k = 1(1)n. Its elements: the orthogonal polynomials system, the positive 
definite Hankel matrix and the symmetric Jacobi matrix are well known. 

The classical structure is the basis of the analysis on the discrete set • ,f points: the 
integration operator is replaced by the Hankel matrix; the differential opera .or is replaced 
by the Jacobi matrix and its triangular decomposition factors; the functi•m classes are 
replaced by the polynomial system. Let us consider the third assertion i 1 more detail 
(4-5]. 

The system of polynomials Pk-dx), k = 1(1)n, at the fixed value x is a function of 
the integer variable k (for example, the Chebyshev polynomials). If :r = 'i• j = 1(1)n, 
x; > xi+l• then the sequence Po(Xj), ... ,Pn-dxi) has (j -1) the changes of sign. Let this 
sequence (normed in the suitable way) define a polynomial of order j- 1. If 

j, k = l(l)n, (10) 

where "li• Kj are real positive numbers, then q0 (yk) = 1, k = 1(1)n, at some unknown 
points Yk· Let Q = (qf) be the upper triangular matrix and 

j 

qj(x) = 'L,qfxi, j = 0(1)n- I. 
i=O 

As q1 (x) is a polynomial of order 1, then the equation 

j = l(l)n, (11) 

follows from the relation {10). 

Theorem 6 Let the eigenvalue of the Jacobi malriJ· T be decreasingly orde•-ed. Then the 
values Yi defined from ( 11) are decreasingly ordel-ell. also. 

It is possible to point out the compatibility criteria. of equation ( Hl) with :he triangular 
form of the matrix Q. 

The polynomial system qj(x), j = 0(1)n, induces the symmetric .Jacobi n atrix T* with 
the elements aj;, k = 1{1)n- 1, bz, k = 1{1)n, 

q'!_ 1 = 0. The polynomial system q;(.r), connected with pk(:~·) h~· tla• relations (10), may 
be called the conjugate Sturm system and the matrix T* is a mmplm1Filh1·y one. TIH' 
values Yi are eigenvalue of matrix T*, i.e., the equation \'T(y)QT* = }'l.'''(y)Q is valid 
(Y = diag(y,, ... , Yn); V(y) is the corresponding VandPrmonde matrix). 
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Theorem 7 The matrices T and T* are mutial complementary. i.e., the equation (T*)* = 
T is valid. 

The orthogJnal matrices 0 
connected: 

D-i/2prvcif2, 0 • D-if2(y)QTV(y)Cif2(y) are 

Theorem 8 The relations 0* = OT and 

TO= OX, OT* = YO, (12) 

are valid. 

The matrix T connects three of neighbouring polynomials at on(' point. The comple­
mentary matri:; T* connects the values of one polynomial at three neighbouring points. 
In this sense tl e second equality (12) is an analog of the hypNgeornl'tric type equation. 
There is exists an analog of the Pearson equation for the orthogonality weights. 

Theorem 9 The orthogonality weights of the polynomials Pk(x), Qk(l:) satisfy the equa­

tions 
K(y)p = D(y)d(y)p, K(x)p(y) = D(.r)p(y), 

where K(x), 1\ (y) are twodiagonal skew-symmetric matrices and D(:r), D(y) are the eli­

agonal matrice '• p = (p 1 , ••• , Pn)T, p(y) = (p~y), ... , p~y))T. 

The given < nalysis shows that the classical structure has the approximating and iner­
pretability properties, which is important both the direct and the inverse problems. The 
following exam ;:>le confirm this idea. 

3. The Hamil.on bundle of the quadratic forms is determined by the matrix S+xD, where 
xis real, D = ·liag(m, ... ,mn), m; > 0, and S = (a;_ 1 ,,6;,a;), i = 1(1)n, is the positive 
definite (may b~ semidefinite) symmetric Jacobi matrix with conditions O'i-1 +.B;+a; = 0, 
i = 1(1)n. Let :r; = -1/1;, { = 1(1)n-1, and ao = -lidlo, O'n = -lin+dln, where li1, lin+! 
equal 0 or 1; I; > 0, i = 0(1)n. The Hamilton bundle of the quadratic forms is interpreted 
as an oscillatiou system with n degrees of freedom. The matrix S + :r D is congruent to the 
matrix T +xi . where Tis defined by Theorem 3 atE;= 1, i = 1(l)n, with the elements: 

a; 

b; 

a;(m;m;+!)- 112 , i = l(l)n- 1, 

-(ai-l+ ai)_!_, i = 1(1)n, 
m; 

(13) 

(14) 

Let us show [4J, that elements of the Hamilton form (i.e., tiH• values a/1;, m;) may be 
found for any r ositive definite (may be semidefinite) symmetric Jacobi matrix T with the 
definition (13). 

Let us denc te 
fi!ii±i > 0, 0;=-a;y~ 
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The comparison of the matrices T and S gives then equations 

8; 
a~ 

b·- __!=.!_ i = 2(1)n- 1, 
' 8;-1' 

(16) 

i,From the first equation (16) we found E = b1 - 81 • Using another equatio1s, we found a 
continued fraction, from whichthe equality followes 

Ehn- 9n 
/l = Ehn-1 - 9n-l' 

where 9k, k = 1(1)n, is the matrix T major successive minor of the or:ler k and h,, 
k = 2(1)n, is the major successive minor of the order k- 1 of the matrix, obtained from 
r by rejecting the first row and the first column. 

Theorem 10 The Hamilton form may be obtained from the Jacobi matrix r according to 
the definition (13} and the condition x1 ~ 0 if and only if E E [0, E1), £ 1 = ~- At this 
condition 11 E [0, 11d, 111 = ~· and 

i 

mi+l = m; II 8] ;a;, i = 1(1)n- 1, 

1/lo 

1/l; 

1/ln 

i=l 

Emi> 

-a;Jm;m;+l, i = 1(1)n- 1, 

/lffin• 

(17) 

(18) 

If E = 0 (or 11 = OJ, then 81 = 0 (or <5n+l = OJ. In this case the value 11 (or ln) is no 
difference. 

4. The new view [4] on interconnection the orthogonal polynomial Pk(x) and the poly-
nomials with roots { x1,, ... , XI•} C X = { x1, ... , Xn} (the node polynomi !.Is). If subset 
{ i 1, ... , in-k} is complement of the subset { 11, ... , lk} with respect toN = { L, ... , n }, then 
the polynomial <p;1, ... ,in-k(x) is determined by the relations 'f'i1, ... ,in-•(x) = [Jj=1(x- Xlj). 
The role of node polynomials in the analysis on discret points set we note only by the 
following relation [4] 

n I 
I I """' X· Ll[x1, •.. ,xnJ = L....,~(· ·) = 91, 

i=l 'f'• x, 

where 91 is the divided difference of the order n - 1 of the function x 1• 

Theorem 11 The relation 
n n 

Pk(x) = L ... L c;,, ... ,in-•'f'i,, ... ,in-k(x), (19) 
it=l in-.t=l 
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where 
n n 

E · · · E c;,, .... in-• = 1, (20) 
it=l in-k=l 

and 
n-k ( 1 j-1 

ci,, ... ,in-• = rk II c· ~ <x· l II (xi, - Ximl
2

) > o, 
J=l 11 <1',, 11 m=l 

(21) 

is valid. 

Let us introc uce the space fln-k having the dimension n-k, and let the j-th coordinate 
is characterised by the index i; E N. Then the orthogonal polynomial Pk(x) may be 
interpreted as the mean value of the polynomials 'Pi, , ... ,in-• ( x) having the same order, 
which is interpreted as the (n - k)-dimentional random variable from fln-k with the 
distribution (211. 

5. The orthog•ma.l polynomials have the Euclidean signature 

Ci > 0, i = 1(1)n, 

and the distinct roots: if Pk(xJkl) = 0 then xJ!l1 < xJk-1) < :rlkl. Let us consider [6] the 
signature of Miukowski: 

Ci > 0, i ~ /, c; < 0, i > /, l = lO)n- 1, (22) 

at condition Xi > Xi+ 1, i = 1(1)n- 1. It means that the sequence c;, i = 1(1)n, has 
only one sign's change. Corresponding this signature, the polynomials will call as the 
pseudoorthogonal ones. The roots of the pseudoorthogona.l polynomia.ls have distinct real 
roots as well. 

To show it et us introduce the condition Xi > 0, i = 1(1)n, and denote for Ci the 
Eucludean case and for c;- the Minkowski case. For any sequence c;, i = 1(1)n, may be 
found the seljuence Ci, i = 1(1)n, and the such b that Ci = (xi- b)ci, i = 1(1)n. On Xi, Ci, 
i = 1(1)n, and ~i, Ci, i = 1{1)n, as well, we construct the systems of polynomials Pk(x), 

k = 0(1)n- 1, and Pk(x), k = 0(1)n- 1, respectivly. Let pk{.ilkl) = 0, Pk(xJkl) = 0, 
. - 1(1)k k - 0(1) d /(k) - ( (k) (k)) . - 0{1)k 1-(k) - ( .(k) -(k)) . - 0(1)k 1- , - n, an i - x;+1,x; , J- , i - xi+1,xi , J- , 

where (x~~~, x~ l) is some interval, containing all roots of the polynomial Pk(x) and point 

b. The interval (x~~i' .i~k)) has the analogous sence. By definition xln) = xlnl = :c;, 

I]nl = Ij. The integer value m = 0(1)n is such that bE Im. 

Theorem 12 ,;et b E I!/:l, m = 0(1)k. If Pk(b) ;;j: 0, k 
inequlities take place: 

1(1)n, then the following 

if Pk-t (b)pk(b) < 0; 

-(k) < .(k-1) < -(k) 
xi+I xi xi , 

.(k) < .(k-1) < -(k) 
xi+2 xi xi+1• 
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j = 1(1)m- 1, (23) 

j = m(1)k·- 1, (24) 



or 

j = 1{l)m. 

j=m+1{1)k-l. 

(2.5) 

(26) 

Let us remark that it is no analogy to pseudoorthogonal polynomia.ls on he continuum. 
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Abstrad. The proposed paper develops the mathematical model and optimization 
methods for the dynamic systems of the special form. The computer codes has been 
develope :1 for the RFQ ion linac design and an analysis. The package consists of 
the thre•' levels ~odes as well as the linac designing process has three main stages: 
the channel choose, the exact calculation, the simulation and the optimization. The 
optimization methods are developed for the presented functionals and mathematical 
models. The computer program realizing this mathematical simulation of the cotrol 
make mwd of the optimization in particular heavy-ion RFQ linacs and also project of 
compact 8 MeV deutron linac for PET isotops production. 

1 Introduction 

Mathematical methods of a control and an optimization are extensively used in many fields 
of the science a1td engineering. The development of the specialized software for various 
applications bee Jmes of the increasing importance. 

The special :lass of problems attracting attention of the numerous researcher is the 
control and optimization [1). The proposed paper develops tlH' optimization methods in 
this direction f01 the dynamic systems of the special form [2). The problem of the control 
is the set as a p10blem of a trajectory ansemble control. 

The computEr codes has been developed for the RFQ ion lina.c design and an analysis. 
The package·cor sists of the three levels codes as well as the linac designing process has 
three main stag1s: the channel choose, the exact calculation, the simulation and the opti­
mization. The fi ·st level can be used for the accelerating/focusing RFQ channel calculation 
and help user in choosing the best channel version. The second is the program for the 
simulation of th" charged particles beam dynamics. By using this mathematical model it 
is possible the p ·oblem of the optimization for the RFQ parameters. New classes of func­
tionals are intro:luced for an estimation of beam dynamics. The optimization methods 
are developed foe the presented functionals and mathematical!liodels (3,4). 

2 The model of optimization 

Let us assume that beam dynamics of the charged particles is given by the system of 
equations [2) 

dx = f(t, x, u), 
dt 

(1) 

1 This work was 1 .upported in part by the Russian Foundation for Fundamental Researches under Grant 
No. 95-01-00926 
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{)p {)p . 
{)t + axf(t,x,u)+pdwf(t,x,u)=O, (2) 

dz 
dt = h(t, x, z, u), (3) 

where 

f(t,x,u) = !J(t,x,u)+ 1 h(t,x,y1)p(t,yt)dy1 
Mt,u 

with initial conditions 

x(O) = xo EM;;, p(O, x) = Po(x), 

z(O, Xo, zo) = zo E Jif'(;, u E /( C Rn. 

At this point Mo, No are compact in Rn and Po(x) is continuosly differenti:Lted function. 
It is conceived that /J, /2, h, divft. div/2, divh are continuous for all their arguments and 
have a. continuous particular derivative for x, y, z. In this case the problem ( a.uchy (1)-(3) 
possess a. single solution. Control u = u(t,x 1 , ••• ,xn) E [(will be conside1ed to depend 
on the t (time) and phase coordinates x 1 , ••• , Xn (I< is a. convex set). 

We examine the problem of the minimization for the functional /(u) [1,·!] 

/(u) = {T f rp(t,x1,z(t,xt),p(t,xt))d.-rtdt+ (4) Jo JMt,u 

1 1/J(xT, z(T, XT),p(T, XT))dxT 
MT,u 

on the solution of the system (1)-(3) by parameters u(t,x) E /( ( rp(t,x(t),; (t,x)), 
1/J(xT,z(T,x)) E C2([0,T) x M x N) ). 

For such problem the representation for the variation of the functional and the neces­
sary conditions of the optimality in the form of the maximum principle are received. 

This mathematical model enables us to solve the several problems of practical im­
pota.nce namely the problem of the optimization of beam particals in the heavy- ion RFQ 
linacs. 

3 The mathematical model of dynamic of the beam particals 
in heavy-ion RFQ linacs 

We'll assume that beam is an elliptical cylinder with charge distribution d !pended only 
from the longitudial variable z. Then radial particle dynamics can be described by equa­
tions [2,3] 

(5) 
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where 

e Uk2
() • + 1 

Qx,y = -((-
2
-sm kz_ 2 ) coswt + 

mo rr R0 

I fT Y ---(r;: v~u- V"n )). 
4rrt:v.aa a+a (6) 

Here U, 8, Ro, k w are given parameters of the electric field; e, mo are the charge and the 

mass of the par ;ide, I is the beam current. Values y'st = r·x, a = r y are an envelopes 
of a beam by vuiables x and y correspondingly. The elements s~jy, s~2Y, s~:t completely 
define the bean pfase condition ellipses in XX and yiJ planes. The quantities sf2, sr2 
characterize thE angle between main axes of ones ellips and ox, oy axes correspondingly. 

The parameters of the system (5)-(6) depend from z thus the system (5)-(6) should be 
coupled with ec uation 

d2z 2eU8k 
-d 2 = ---2 coskzcoswt + Fz, 

t morrw 
(7) 

where F. is the beams particle interaction force. In this work one considered the Coulomb 
forces action in longitudinal and radial movement separately. Besides that ones assume 
that the beam i:; axisymmetric and moves in the cylindrical tube of the radius r. The disk 

.model is used for the beam longitudinal movement modelling. 

4 The numerical optimization 

By using this mathematical model of the charged particl dynamics (5)-(7) it is possible 
to solve the pre blem of optimization for the accelerating structure [3, 4). Lengths of the 
semi periods of a modulation, the effetiveness of the acceleration ()and the" median" radius 
of the structure Ro must be selected as the cotrol parameters. The functions cp and 1/.• in 
the function~( ( 1) will be represented in the form 

({) = a1 CfJT + U2C{Jx + U3({Jy; 

'1/J = a4'1/J13 + asl/.'L· 

Here a;, i = 1,5 are weight coefficients, 

_ { ZT - j3T)..- Zt. if ZT - j3T)..- Zt > 0 
CfJT - 0 otherwise 

C{Jx,y = ll ~ r2, 
{ 

sx,y if s~jy > r· 2 

otherwise 

'1/Jf)= { 
(f3T - f3L) 2, if f3T < f3L 

0 otherwise 
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•1 { (::r-::L) 2
, ifzr<=L 

lf-'L = 0 otherwise 

The functions 'Pn <py, r.p, describe the capture of particls in the radial an-I longitudinal 
dynamics correspondigly (f3n z, are a relative velocity and a longitudinal < oordinate for 
the singled out partical); functions t/-•13, V'L define tiH' receiving of tiH' preassigned energy 
and the limitation on the length (L) of the structure. 

The gradient method of the descent is determined for the probiPm of thi> optimization 
(5)-(7) ,(8)-(9). 

5 The application 

The computer program realizing this mathematical simulation of the cotrol was created 
and make used of the optimization in particular heavy-ion RFQ linacs (:3) and also. for 
example [4), project of compact 8 MeV deutron linac for PET isotops prod 1ction is pro­
posed. It includes surface plasma source of JJ- ions. preaccelerating syst<'n of ion beam 
up to 60 keY, 2.5 meter 433 1\lllz RFQ cavity and 1.:, m -1:!:3 .tllllz :\PF (al Prnate phase 
focusing) II- type resonator with drift tubes. Output deutron <'IH'gy of Hl Q is 2 !\leV. 
APF resonator accelerates deutrons from 2 up to~ 1\leV. Original software environment 
has been developed for the computing of an electrodPs geomPtry of tiiP HFQ and gaps ge­
ometry of the APF structure with using of matlu•matical mPthods of the b0am dynamics 
optimization. RF system is basPd on endotron typ<' d0vices. Totall0ngth of acc0lerator is 
near 6 meters. 
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Abstrad. An algorithm for circles recognition using deformable templates was car­
ried out and its performances were studied. The displacement of the points from 
circles and the presence of noise that appear in real situations were taken into ac­
count. 1 'he deformable templates are initialized by Hough transforms. This technique 
was exp ored in a number of different situations ranging from sets of simulated cir­
cles to r Jal data obtained in lead-gold interactions from the RICH detectors used in 
CERES I NA45 experiment. Results show the robustness of our algorithm to back­
ground 'ontaminatioas. It can be used in many data handling problems that appear 
in high "nergy physics like Cherenkov rings recognition and tracks reconstruction. 

1 IntrodL.ction 

An important problem in the area of pattern recognition is curve recognition. In the 
context of high •mergy physics, Cherenkov rings finding represents such a problem. This is 
getting more important with inventing such modern detectors as for example RICH (Ring 
Imaging CHere1tkov) requiring in each event the determination of parameters for tens or 
hundreds rings · 'ormed by Cherenkov photons. The presence of the background noise and 
the appearance of several overlapping rings, along with the displacement1 of the points 
from the circle make inapplicable classical methods for circles fitting due to their noise 
sensitivity. In this work a new deformable templates algorithm for circle reconstruction is 
presented and i1.s performances are evaluated. These deformable templates are initialized 
by Hough ttan,;form. The "algorithm effectively represents a merger between neuronic 
decision and parameter fitting that are made simultaneously by solving the equation of. 
the motion for 1 he analogous dynamic system. 

2 Hough Transform 

The idea of 1 he elastic arms algorithm is to match the observe<;! events into a known pa­
rameterized mo·iel. To ensure a fast convergence towards a high quality solutions avoiding 
the local minima, the elastic arms algorithm must be initialized with approximate values 
for the positioru of the centers and the radii of the circles. Hough transform is appropriate 
for this task. 

An event is defined as a set x = XI, x2, .... , XN• of Np signal points. Each event also 
corresponds to 1 set of circles (Cherenkov rings) and the aim of the algorithm is to find 

1 l•br real data the displacement is defined as the error in determining the coordinates of the signal 
points 
"Home Institute: .nstitute of Physical Chemistry "I. G. Murgulescu", Spl. Independentei No. 202, R0-
77208, Hucharcst, Romania 
.. Home Institute: Institute of Atomic Physics {!FIN) R0-76 900 P.O. Box MG 6, Bucharest, Romania 
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these circles knowing x. If we denote the coordinates of three arbitrary nor linear points 
by (xi, y;) i = 1, 2, 3 the circle which passes through these points has for centu the (xo, Yo) 
coordinates [3): 

xo = ~ (x~- x5 + Y~- y~)(YI- Y2)- (xj- X~+ Y~- YmY2- Y3~ (1) 
2 (x2 - XJ)(YI - Y2)- (xi - x2)(y2- YJ) 

1 (xy- x~ + Yt- y~)(x2- X3)- (x~- x5 + y~- y5)(x1- x,) 
Yo= (2) 
. 2 (x2- XJ)(YI - Y2) - (xi - X2)(Y2 - Y3) 

and for the radius: 

R = J(x;- xo)2 + (y;- YoF i = 1,2,3 (3) 

We use a Hough transform which consists in two steps. As a first ste J, us!ng the 
formulae (1), (2), we calculate the centers of the circles described by each p<>Ssible set of 
three points. In the space of the centers, we made a two dimensional histogram (xc, Yc, N) 
where Xc and Yc represent the coordinates of the centers, and N the numhe · of possible 
combinations in each box. In the second step, for each found center we define a ring 
centered in the ( Xc, Yc) and limited by Rmin, Rmax. For each data point sit" 1ated inside 
this ring we use (eq. 3) to calculate the polar radius related to this center. Tl en, for each 
center we made a histogram of these radii. 

In order to have better solutions (even in the case of splitting peaks or if t b.e displace­
ment of the points from the circle is large) we give as good value for centers ar .d radii, not 
the center of the square (or the segment) defined by granularity, but a weigh ted average 
over the neighboring cells 

3 Deformable Templates (Elastic Arms) Algorithm 

Each event corresponds to a set of rings (circles). In order to find these rin ~s (circles), 
a set 7f= {1f1, .. , 1f M} of M deformable templates, or elastic arms, is introdt ced, where 
an arm a is completely described by its P parameters: 1r;.= (1r~, .. , 1rf). 

We reduce the circle finding problem to finding minimum of the following energy 
function: 

E({S;a}; 7f) = ~~S;aMia(x, 1f) +A~ (~sia -1) 2 , (4) 

where S;a is a binary decision unit (neuron) Sia = 1 if i is assigned to arm a aCJ.d Sia = 0 
otherwise, M;a(J5, 1f) is the Euclidean distance bet-ween signal point i and rum a. The 
parameter A imposes a penalty if La S;a = 0, that meaiiS, signal i is not assigned to any 
arm. In this way the parameter A governs the amount of noise the algorithm aUows for. 

In order to avoid local minima when minimizing E, one often introduces thermal noise 
into neural system. A commonly used procedure for doing this is simulated artnealing 
where the neural system is allowed to be thermalized for a sequence of ten tperatures 
Tn > Tn-1 > .. >To according to the Boltzmartn distribution (1] (2], : 
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We procee•l by calculating the marginal probability distribution by summing out the 
neuronic degnes of freedom, S;a· We obtain: 

1 ~ 
PM(rr) = -ze-f3 E.u<"l, (5) 

where the effe;tive energy is defined as: 

EeJJ(rr) =-~~log (e-(3.\ + ~:e-f3M•·) (6) 

The most ?robable configuration according to (eq. 5) corresponds to the minimum of 

Eeff· 
In our cas•~ the templates are circles with variable center and radius. The template is 

defined in thi~ case by the coordinates of center and by the radius (xa, Ya, Ra)· 
Using a gradient descendent method to minimize Eeff one gets the updating rules for 

the elastic cirdes: 

~ "~ {)M l:::.xa = -'Tia~ = -'Tia wi V;a~' 
~ "~aM· !:::.ya = -'Tia~~ · = -'Tia wi V;a~> 

"D r~ r" v:~ Wr 
U.£La = -'r/a~ = -TJa L..,i ia a ' 

a= {1, .. M} (7) 

where 'f/a is tlte updating parameter for the coordinates and 11~ for the radius. V;a is the 
Potts factor: 

~ e-f3M;a 
V;a = -...,...,.--.....,----.,.~ 

e-f3 .\ + L;{;!l e-f3 M.-
(8) 

The relati.re importance of the different signals is measured by the Potts factor (eq.8). 
Also the Potts factor implicitly contains a repulsive force between each two arms. The 
repulsive fore.~, generated by the V;a term, is useful when the main problem is to separate 
two overlapping circle (Fig.2) but it is also an important source of local minima. Many 
local mini.Ina appear when the sum L;{;!1 e-f3 M,. is not e-f3 M,.. To avoid this we use a 
new simplified form of Potts factor without interaction between circles: 

e-f3Mta 

Via= e-f3.\ + e (3M,. (9) 

In (eq.7), the partial derivatives 8Eeff /8xa, 8Eeff f{)ya, 8Eeff /8Ra haveinfluence is 
not important in this situation. Even for 200 % noise/signal ratio in more than 80% of 
cases the distmce is less than 0.01. Then we can observe that the algorithm is very robust 
to noise. We studied the influence of number of points per circle in the range [6, 10] at 
0.1 displacement and 100% noise/signal ratio. The precision of results decreases with the 
number of pc int per circle because the amount of information about the circle decreases. 
The histograms in this case depend strongly on displacement. In Fig. 1c we use 0.1 
displacement and different number of points per circle. If the displacement increases the 
required N P P must be increased to maintain the same amount of information about the 
circle. 
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Fig. 1 Histogram of the distance between the center of Monte Carlo !·enerated 
circle and the obtained circlefor 0, 0.1 and 0.2 displacement , 100% wise, 10 
points per circle (a); for 0%, 100% and 200% noise 0.1 displacement, 10 points 
pe1· circle (b) and for 6, 8 and 10 points per circle. (0.1 displaceme·.d, 100% 
noise){c). · 

Deformable template approach performs a simultaneous fit of circles. W wn two circles 
are present, from one circle point of view, the points corresponding to other ;ircle are noise 
points. If two circles are very close and have the same radius the relative di>turbing effect 
increases. The histogran1s of x coordinates of centers for two crossing c rcles, without 
interaction (given by Potts factor (eq.9), are shown in Fig. 2a correspoHding to three 
various distances between centers. The most difficult case when circles I tavc the samt' 
radius was d10sen. Each elastic arm is attracted by both sets of points. The attraction 
force increases when the distance decreases. Using Potts fa€tor (eq.8) the -circles will 
interact and as we demonstrated in subsection 4.3 a repulsive force will chan~ e the behavior 
of two crossing circles. Fig.5b shows a histogran1 represented in the same C• mditions as in 
Fig.2a, but we use (eq.8) instead of (eq.9) to compute the Potts factor. Jcs one can sec 
the repulsive force will generate the decrease of the attractive force of points belonging to 
other close circle. 

L 
·----------

H md(-.l>.cl ""'llol nO<Ho.~.<l or><lll>l..,..llo) 

·---.,~.\} 

~ 
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Fig. 2 Histograms of x coordinates of centers for two crossing circles at different 
distances without interaction (Potts factor eq.9 )(a) and with intem.ctit n (Potts 
factor eq.8 ){b). 

This technique was applied to real data obtained in lead-gold interactio ts from RICH 
detectors used in CERES/NA45 experiment. In our example we identify p ons with p1 > 
4.5 GeV (asymptotic radius = 16.2 pads) in RICH 2. In Fig. ;{, all resu ts of the ring 
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reconstruction that can be given by pions (we use Rmin = 5, Rmax = 17, displacement= 
0.2) and numbe: of pointsper ~cle::;>: 6-~~ll_o~~-----

Ci) 
oo® 0 0 

~g. o eo 

0 \ ___ 

0~ 
\_J 

IBo 

Fig. 3 O~tput of the algorithm (RICH 2 detectors CERES NA45 experiment). 

Looking at ;he results we may say that the deformable templates algorithm is useful 
in identificatior of rings given a very good simultaneous fitting with a satisfactory effi­
ciency. During data analysis we observed that the choice of parameters. (required N N P, 
displacement, r mge of radii) according with the experimental setup is very important for 
the algorithm ability to recognize the Cherenkov rings. 

4 Conclusions 

We propose a circle finding method that combines the matching and the fitting problem 
into a single al!:orithm. It goes from coarse to fine resolution by using a Hough transform 
to initialize a s•:t of elastic arms. A simultaneous fitting of these input arms is performed 
by deformable .em plates method finding the circles with high precision. Our use of Potts 
factor as a ~epulsive force i~ similar to using robust weights [4]. Therefore the algorithm 
is closely related to robust statistics, it ignores noise data to a required level. The elastic 
arms approach has the advantage of being flexible to host a variety of experimental se-. 
tups. Concludi11g, we can say that our deformable templates algorithm is a considerable 
contributions t•) pion physics since it can be applied in cases of arbitrary ring radii where 
known convent onal algorithms are helpless. 
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Abstract. Comments on a new operator factorisation theory of multiple hy:>ergeo­
metric series are given. Some examples relating to transformation theory of the series 
are presented and possible aplications to development of advanced computer ugebra 
systems are also indicated. 

Mathematical models which play the role of theoretical substitutes for underlying nat­
ural or technical phenomena including those under supervision of computH-aided control 
systems give us an information about the phenomena in terms of functic ns having spe­
cialized structures. The vast majority, up to 95%, of the special functions involved in 
description of fundamentally important processes are connected with hypergeometric 
series which thereby give us a key to a substantial part Qf applied m&thematics 
really needed by numerous users . It suggests that along with eleme 1tary functions 
higher transcendental functions ofhypergeometric type will inevitably turn into an oblig­
atory component of modern software especially for the new comp•1ter generation 
with prevailing role of "intellectual" interactive symbolic analysis over purely numerical 
computations. 

The new non-elementary level of problems invoked by the immensely grown 
number of functions of several variables with analytically comlicated coeificients cannot 
be coped with the help of traditional mathematical methods. First, an <opproach based 
on first principles rather than a collection of artificial calculational expedients is 
needed to provide reliable foundation for a new comprehensive theory. So!cond, recourse 
to the methods of computer algebra allowing automatical performance of analytical 
transformations is highly desirable to provide greater calculational p10ductivity and 
prevent misprints and errors. 

The only approach meeting the above requirements is the operator factorization 
method based on the use of a new binary analytical operation < u * vlx >= 
u(dfds)v(xs)i.=o [ 1-5] which allows any hypergeometric series (in any number of variables 
) to be expressed through simpler, eventually, simplest series of the same 1ypergeometric 
type {closure property). Utilizing known properties of the simple serie> any property 
of the initial complicated series can be established with the help of conv·mient operator 
technique. In practice this very simple idea works with striking effectheness . 

As an illustration we present here a set of formulas relevant to the transformation 
theory of hypergeometric series. It gives us an indication at what the core of universal 
computer algebra system capable of working with multiple hypergeometric series may look 
like. 
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First we int10duce, for multiple hypergeometric series, the following three canonical 
forms belonging to Bessel-type (B), Kummer-type (K) and Gauss-type (G), respectively 

B ::N+t F [L • / /(vo 11, mo); xo, x) (1) 

K::N+! F[(vtll,mt),L*//(vo l1,mo):xo,x) (2) 

G :N+! F[(vtl1,mt),(v211,m2),L*//(vo ll,mo);xo,x) (3) 

where x = [xt, ... ,xN),m8 = [m!, ... ,m~]; The complex set of parameters (v.l1,m8 ) 

corresponds tot 1e coefficient (v., i0+m!i1 · · +m~ iN) where (11, n)- Pochhammer symbol; 
it, ... , iN - sun,mation indicies; L* symbolises coefficients L(i 1, ••• , iN) independent 
of i 0 • Note that any series having type B, K or G is necessarily contained in one of the 
above formulas. The simplest linear transformation connecting B and K series 

F[(vtl1,mt),L* ;xo,x]-LoF-
(vo 11, mo) - -

exo F [ (11oi 11, moT), (lit I 0, mt), L* ; -.To, x ] 
(vo 11, mo), (1101 I 0, m 01) 

(4) 

is the most general analog of the well known first Kummer-type transformation of F{(x). 
The complete set of linear transformations of Gauss-type form is given by: 
G = LtG = ·1- xo)-""x 

F [ (1101 II, m 01), (112 II, m2), (vt I 0, mt), L* ; ~. x(I- xo)-012 
] (.S) 

(vo II, rna), (1101 I 0, m 01) 

G = L2G = (1 - xo)-v1 x 
. . 

F [ (vt II, mt), (v02II, m 02), (112 I 0, m2), L • ; ~· x(I - x0 )~ 01 ' ] 6 
(vo II, rna), (v02l 0, m 02) ( ) 

G = LoG= (I- xo)-vorrx 

F [ (11oi II, moil• (vo21I, mo2), (lit I 0, mt), (112 I 0, m2), L • 

(vo II, no), (v01 I 0, m 01), (v02l 0, m 02) 

X 
; .To, (1-xo)mi20 (7) 

which are the m:>st general analogs of the well known Euler transformations of the F{(x). 
The si~plest quadratic transformation is given by the formula 

F[L* ;xfi,x]=e-2xoF[(v-I/2II,m),L* ;4xo,4mx] (S) 
(vII, m) (2v- 1 II, 2m) 

which connects Bessel-type form with the Kummer-type series. 
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To formulate quadratic transformations of the canonical form (,'we first introduce the 
following three basic series 

Fi = Fi ((vill,mi),(vi + 1l211,mi),L*II(vo l1,mo);xo,xl (9) 

F2 = F2 [(vi 11, mi), (v2 11, m2), L *I 1(1 + vi2 11, mi2); Xo, x (10) 

F3 = F3 [(vi 11, mi). (v2 11, m2), L *I l(2v2 11, 2m2); xo. x] (11) 

Three basic quadratic transformations relating to the series have the form: 
Fi = QyFi = (1 + y'x0)- 2Vt X 

F
3 

[ (2vi 11, 2mi), (vo- 11211, m 0), L* 

(2vo- 111, 2mo) 

F3 = Q~F3 = (21(2- xoW' x 

Fi [ (3" 11, y), (~ 11. y),L* 
(v2 + 11211, m2) 

Fi = QfF1 = (21(1 + v1- Xo)) 2Vt X 

F
2 

[ (2vi 11, 2m1), (2vi- vo +.1 11, 2m1- m 0), I"* 

(vo 11, mo), (2v1 - vo + 1 I 0, 2mi - mo) 

F2 = Q~F2 = (1 + x0 )-v1 x 

F
1 

[ (3" l1,y),(~ l1,y),(v21 O,m2),L* 
(1 + V1 - V2 11, ffi1 - m2) 

F3 = Q5F3 = (21(1 + v'I'='Xa))2Vt X 

F
2 

[ (v1 11, mi), (v12 + 112 II, ~12), L * 

(v2 + 11211, m2), (vi2 + 112 I 0, m 12) 

F2 = Q~F2 = (1 + y'x0)- 2
''1 x 

; l+x~:l • (I+ro) 111 t 
4x 2"'tx ] 

(12) 

(13) 

(1-t) 

(15) 

(16) 

F
3 

[ (vi 11, mi), (vi2 + 11211, m 12), (v2 I 0, 1112), L * ; ( 1 :~~ )', (!~~:;~ ] (II) 
(1 + 2v12 11, 2m12) 

Using linear transformations many additional induced quadratic formulas <an be readily 
obtained. First we untroduce 6 associated series 

F1,w = Fi,w((v111,mi),(vlll,m2),/,*11(11i2 -w+ li2II.mtl):.l 0 ,x) 

F2,w = F2,w ((vi 11, mt), (1- vi+ 2w(vo- 1) I I. -1111 + 2wmo). /, • I I 
(vo 11, mo); ;ro, x) 

Fo,w=: Fo,w[(v1 l1,mi),(v211,m2).£*11(w+ li2II.O):.r0 ,x) 
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where w = 0, 1. We then introduce notations 

L(O, ()=I, L(1, 0) = L 1 , L(O, 1) = h L(l, 1) = Lo. Lg = I, L,\ = L0 , (21) 

Finally, the conplete list of quadratic transformations takes on the following compact 
form: 

Ft = L(wt,w2)QfFt "'F3, F3 = L0Q1F3"' Ft (22) 

Ft = LgQfFt "'F3, F2 = LgQ1F2 "'Ft (23) 

F3 = LgQ§F3"' F2, F2 = L(w1,w2)Q~F2 "'F3 (24) 

Ft,w = L(wt,w2)QfL2Ft,w"' F3, FJ = L2-wQ1f3"' Ft,w (2.5) 

Ft = LI+wQf Ft "' F2,w, F2,w = Li)Q~L2F2,w "' Ft (26) 

Ft,w == Li)QfL2Ft,w"' F2, F2 = L2-wQ~F2"' Ft.w (27) 

Ft," = Lt+w•QfL2Ft,w"' F2,w'• F2,w' = L2-wQ1L2F2,w•"' Fl.w' (28) 

F3 = Lt+wQ§F3"' F2,w, F2,w = L(w1,w2)Q~L2Fz.w"' r2 (29) 

In particula1 case of one variable (N = 0) the above formulas give us a systematic 
and comprehem.ive alternative to the chaotic and incomplPte Goursat list of quadratic 
transformations of Gauss function. 

Many other properties of the multiples series including anal~•tical continuation for­
mulas, function.d expansions, recurrence rPlations, linearization theorems, addition and 
multiplication formulas, generating functions, etc. were also inwstigatPd in detail. 

We note th< t the whole set of rPlations including thosP pres('nted in the report not 
only gives us a complete theory of linear and quadratic transformations and 
analitical continuation formulas of whatever complicated series but allows us to 
immediately US! this relations to develop a computer program capablP of handling with 
those hundreds and thousands of seriPs which werP mentioned b~· Erdely as a dramatic 
challenge for th" theory of hypergeometric series. 

Executiop of the project.may give us a useful and sophisticated superstructure 
over existent < omputer algebra systems not only in the field of transformation theory 
but in a. numbe:· of other important classes of formulas including those popular amongst 
physicists and theoretical chemists. The total outcome of the project is expected to ex­
ceed in power all known means of analyzing special functions. Moreover the projected 
interactive knowledge-based Special Functions Adviser is Pxpected to acquire 
essentially new ··acuity of synthesizing necessary relations at the moment they are needed 
by the user. 

Co-operati.m efforts would be desirable to speed up realization of the rather 
ambitious plan outlined above. Inquiries about technical details of the project are invited 
to be sent to the author by the above working address or residence address: Russia 300 
062, Tula, Gorky st., 11, 304 . 

The author ts highly indebted to Russian Foundation of Fundamental Research 

for Support of the author's hypergeometric project (grant 97-01-00317). 
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Abstrsct. Problem of computation of direct regulator matrix, providing given eigen­
values br closed loop system, is considered. System of the form 

dx 
dt =Ax+ Bu, y = Cx, (1) 

where .tl, B and Care matrices given, and asymptotic observer equation 

~ = Az+ Bu+H(y- Cz), u = K(z-x') 

are investigated. Transient processes of ( 1) closed with controls of u = /( ( z - x') and 
u = K( c- x') are known to be equal if A- BH matrix is Hurwitz and x(O) = z(O). 
(Here x • is a constant vector.) Matrix H is supposed to be an optimal observation 
problen solution. Transient process analysis problem is reduced to the analysis prob­
lem of •ystem (1) closed with u = K(x- x') control. Matrix {(is chosen to provide 
eigenva ues given for A+ BK matrix. Theoretical bases of this type regulator con­
struction are well known. However, practical implementation of familiar algorithm 
is troullesome. Especially, difficulties appear in studies of high order controlled sys­
tems. 1 Jertain modification of common algorithm of spectrum assigning for closed 
system based on exploitation of special orthogonal transformation instead of the or­
dinary one is proposed. Suggested algorithm is used for solving tokamak plasma shape 
stabiliz. 1tion problem. Plasma cord behaviour is described by 22th-order system of 
linear d lfferential equations. Transient process optimization is performed by means of 
eig<:nvaue choosing in. a given domain of characteristic polynomial roots plane. The 
corresp' mding computer program is composed. 

The system of linear ordinary differential equations is considered: 

dxjdt =Ax+ Bu (1) , 

where x is n-dimensional vector of system state, A is n X n constant matrix, u is r­
dimensional ve.:tor of control, B is n X r constant matrix. 

To construct the control of the form u = K x is required; K is r X n matrix such that 
matrix (A+ BX) of closed loop system has given eigenvalues. 

It is well k:wwn fact of the control theory that sometimes it is impossible to assign 
all spectrum. ~.o further we must bear in mind that spectrum assigning means to assign 
controlable part of spectrum. 

Let us tran>form system (1) by special orthogonal transformation x1 = Sx to block­
triangular forrr such that diagonal blocks have almost triangular structure. The way of 
constructing tile matrix S is following. Let take linear independent vectors 

bt, Ab1, ... , Ak'- 1b1, 
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when' number k 1 is chosen such that vPctor Akt b1 is a linear combination of them.( b; is 
tlw it.h column of the matrix B.) 

LPt. column b2 is linE'ar indE'pendcnt on built vectors. Then we consid<:>r the sPcond set 
of V!'ct.ors 

bz, Abz, ... , Ak'- 1b2 , 

which havP propPrty that tlwy and tiH' first vector set are linear indep<:>nd 'nt but vPctor 
Ak2 b2 is a linPar combination of all pr<:>vious vectors. 

If W<' continue this pron'ss to the last . W<' will find final seriPs 

that arc linear indepPndE'nt on themsPives and all <:>arlier found v<:>ctors. And rE'Iation 
k1 +k2 + .. . +k,. = n is satisfiPd whPn the systE'm ( 1) is all-controllabl<:>. or k1--k2 + .. . +k,. = 
m < n is reiPvant in thE' other case. In the SE'COIHI ca.~e we must compiP !' built wctor 
colkct.ion to ba.sis by any suitabl<:> vectors t,, .... lkc+t; (k,·+I = n- 111). 

Let. all thes<:> vectors arE' subjPct<:>d to proc<:>dun' of orthogonalization a1 d normalizPd. 
So WP havp orthonormal basis of whole spacE'. Let us take these basis vectors as columns 
of matrix S: 

,','== (,..;!, -"'2,••·1 811LJ; 81/j.t+ll'''l ,"i11L 2 ; •••• ,,.; S71Lr-J+Il'''l 8111. 1-; 811L,·+ll'''' 811), 

wherP m 1 = k,, mz = k, + kz, .... m,. = k 1 + k2 + ... + kr. 
SOJnP numbers among tlw k1, ••• , kr can bP Pqual zero. I~ nwans that corPsponding 

column b; of matrix Band pr<'viously built vrctors ar<' linPar dPpPndPnt. · 'lwsp columns 
arP not nPedPd for control constructing. 

Built by this way matrix ,)' will b<:> orthogonal : 

s-' = sr, s. sr =E. 

After tlw transformation thE' system ( l) will havP thP form : 

Let us detail structurP of th!' matrix A 1 : 

Evidently the following corrdations arP fulfiliPd: 
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dk+I,k#O, k#m;, i= 1,2, ... ,1' 

dm,+I.m, ==0, i== 1,2, ... ,r 

It is clear that d; 1 and corresponding elements of the matrix A1 are Pqual; all th(• 
others element' of A1 are equal to zero. Hence thP matrix A1 has a block-trian!!,lllar 
structure. And diagonal blocks have the following dimensions: m 1 X m 1 , (m 2 - 111 1 ) x 
(m2- mJ), . . . (mr- Tnr-d X (mr- mr_I), All diagonal blocks have almost triangular 
form and non-z~ro subdiagonal (a,11 = 0, i > j + l; a)+I,i # 0), except (r+ l)th block. 

Those corre ations give us the way of tlw matrix S calculating: 

-'1 = b1/llbiii, 

s2 = [As1 - (As1, sJ)si]/11[ ... ]II , 

k 

Sk+I =[Ask- ~)Ask, s;)s;]/11[ ... ]II , 
i=l 

nq 

till Asm 1 - L(Asm 1 , s;)s; = 0 , 
1"=1 

ml 

then Sm1+I = [b2- L(b2, s;)s;]/11[. ·.]II , 
i=l 

TnJ+l 

8m 1+2 = [As,"+I- L (Asm 1+J,s;)s;]/II[ ... JII, 
i=l 

where s; is ith :olumn of the matrix S , b; is of the matrix B correspondingly. 

The cha,acteristic polyn.omial of the matrix A1 is a product of the characteristic poly­
nomials of the Jiagonal blocks. Let a control u 1 acts at the first block, a u2 acts at the 
second, etcetera, a ur acts at the rth diagonal block. Thus we will find the first control as· 
a linear com bin cttion of xl, ... , x:,

1
, the second as a linear combination of x:,

1 
+I, ... , x:,,, 

... , the rth a.s i linear combination of x:,r-t +I, ... , x:,r. 
In accordance with configuration of the matrix B1 , any control will modify the first 

row of correspc nding block. Is it possible to a.<;Sign any eigenvalues to almost triangular 
matrix by fixin:~ the values of the first row elements? 
Theorem. Let us consider almost triangular k x k matrix P such that its subdiagonal 
dO!~s not contan zero. ( Pi+I,i # 0, i = 1, ... , k- 1). Let given polynomial Qk(>.) has 
k prPdesigned ·oots (taking into account multiplicity). (Degree of the polynomial is k, 
and its leading coefficient is unity.) Then there always exists such one set of numbers 
r: 1, e2 , ..• , q, tl at a matrix being the result of replacement of the matrix P first row with 
this s•~t has the same roots a.s the given polynomial. 
J>mof. We den Jte the matrix P after the first row substitution by Pc· Let consider the 
de1Nminant: L'k = det(Pc- >.E). It ha.<; a connection with the characteristic polynomial 
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of the matrix Pc by formula: x(>.) = (-l)kDk. We can decompose determinant Dk via 
the first row: 

k i 

Dk = ->.Dk-1 + L:c;[Dk-i(-l)i+l ITPj,j-tl, 
i=l j=2 

where Dk-i is determinant of a matrix that built from (Pc- >.E) by discarding of i front 
rows and columns. 

lt is clear that 
k 

Dk = ->.Dk-1 + L CiVk-i(>.) ' 
i=l 

where vk-i(>.) are (k- i) degree polynomials. Let us demand that x(>. 
( -l)kqk(>.) =: Dk. Hence we can draw the conditions for c1 , ... , ck: 

k 

( -l)kqk(>.) + >.Dk-l = L C;Vk-i(>.) ' 
i=l 

Let denote the polynomial staying at left part of equation by Wk-l (>.). Its d )gree is equal 
to (k- 1). Finally we obtain: 

k 

Wk-l(>.) = LCiVk-i(>.)' (4) 
i=l 

It means that coefficients at the same degree of left and right polynomials must be equal. 
So we have triangular linear system to find c1 , ... , Ck. (As coefficient at the >,k-l linear 
depend on c1, one at >,k-2 count on Ct, c2, and at >,k-i - on Ct, c2, ... , c;). And diagonal 
of the system matrix does not contain zero. There always exists only decisi01 L of such type 
systems. Q.E.D. 

Thus the procedure of closed-loop system matrix spectrum assigning has the following 
framework: 

1. Calculating of the matrices S, At, B1. 
2. Assigning of polynomials qk, (>.), qk2 (>.), ... , qkr (>.). 
3. Deriving and solving of the system (4) for each diagonal block except r.1aybe the last 
one if the system ( 1) has uncontrollable part. Finding of the sets c~, ... , cl. ; c~, ... , C~2 ; 

. c}, . .. , ckr· 
4- Matrix K designing: 

The ith row elements from the (mi-l+ l)th position to the (m;)th of the K1 are equal to 
a difference between c~ and the jth element of the first row of the ith diagoaal block (j = 

1, ... , k;), di·vided by bl,m•-•+1, (mo = 0; i = 1, ... , r; bl,m,_,+l I 0 by the Comstruction of 
B 1). The other elements of the matrix K1 are equal to zero. 
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1 Introduction 

Let a function f(x) be approximated in the interval [a, b] by one of the ratic nal expressions 

k . 

j~o aixJ 

I 
Rk,I(A,x) k=O,l, ... ,m, l=m-k. (1) 

L: bjxi 
j=O 

It is sometimes convenient to use different approximations on diffPrent subintervals 
of the interval [a, b], i.e. to change to an approximations by splines. If the maximum 
approximation error is the same on each subinterval (spline links) then the approximation 
is called a "balanced" spline approximation. If each splinE! link is a test. Chebyshev 
approximation then such approximation is an optimal one [2). This mews that if the 
boundaries of the spline links (knots of spline) are selected from the condition of the 
balanced approximation we get the least possible error with the fixed number of links or 
the least possible number of links with the fixed maximum error. 

The balanced approximation usa.ge may greatly reduce the evalution time and it makes 
it possible to approximate functions on large intervals. The approximation efficiency may 
greatly increase if different approximating expressions of fixed number s = m + 1 are used 
on different subintervals. 

The balanced approximation is not found in any computPr algebra , ystPms due to 
the great amount of calculations needed. All the more thE' balancl'd appr•)Ximation with 
different expressions on subintervals as it. increases tlw cakulaiton amout t. in 8 times in 
the case of the simple sort. But the evaluation time can be decreased by t sing analytical 
transformations on the error expressions for the balanced approximation. 

2 Theoretical Background 

Consider a set of points Z = { z;}, i = 0, ... , ,. in [a, b] that are arrang£d in ascending 
order: a= zo < z1 < ... < Zr =b. If the function f(.r) is approximnted on e,tch subinterval 
(zi-1, z;), i = 1, ... , r by a.n expression of the form (1) with diffPn·nt. nuntrrical values of 
approximating parameters then this function is approxima.t.Pd on t h•• wholl' interval [a. b] 
by the spline: 

S(F,x) = L Rk,I(A;,.r) 8((a:- z;_I)(z;- .r)), (2) 
i=l 

where 8(x) is the Heavyside function. 
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If approxim< tions on each link of spline (2) are the lwst C'hPi>yshev approxima.tions, 
the spline is call ~d a Chebyshev spline. 
Definition. If or all i = 1, 2, ... , r links of spline (2) 

It;= max !f(x)-S(F,x)!w(x)=it=C'onst, 
xE[z,_l ,z,} 

(3) 

where w(x) is an approximation weight function, w(x) > 0 for all x E [a, b], then the 
approximation cf f(x) by spline S(F, x) on the interval [a, b] is called a balanced approx­
imation with wetght w(x). 

Let as defin1 the kernel IJk,l(f) of approximation of the function f(x) by a rational 
expression ( 1) : 

where 

~~ .• (!) 

IJk,L(f) 

Ct+l-s 

Ct+2-s 

Ct 

(m+ 1)! ~k+l,I+I(/) 
~k,l(f) 

Ct+2-s ... Ct 

Ct+3-s ... Ct+l 
... ... . .. 

I ... . .. . .. 
Ct+l ... Ct+s-1 

for s ::; 0 

for8=1,2, ... , 

Cv = Cv(x) = { ~("i(x) 
v! 

for v < 0, 

for v = 0, 1, 2, ... 

For the pol in :>mial of degree m the kernel is 

IJm,o(/) = /(m+I)(x) . 

(4) 

(5) 

The error of a balanced Chebyshev rational spline approximation is extablished by the 
following theorern [3]. 
Theorem.Suppose that /(xj E cm+2[a, b], w(x) E C[a, b), 'lk.l(f) E C'[a, b],w(x)7Jk,t(x) "# 
0 for x E [a, b]. "hen, for r -t oo, the error 11 of the balanced Chebyshev approximation 
by spline (2) wit 1 r links of function f(x) on the interval (a, b] will be 

e-m-1 ( b m+l 

11 = 22m·l(m+ 1)! f!IJk,L(f) w(:r) !m~•dx) ( l+oC~a)) (6) 

3 Finding Kernel Expressions 

We can find the kernels l]k,l(/) from the formula (4). This transformations are generally 
beyong the capabilities of pen-and-paper. But a symbolic computation system such as 
Maple, however, ha.~ no difficulty with these manipulations. We use Maple V Release 3 
(1]. Procedure rtc (F,k,l) was created for this purpose. In the procedure F stands for 
the approximate·! function, k and l are numerator and denominator degrees of rational 
expression (1) (I= 0 by default). 
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> #Kernals for rational expressions 
> rac:=proc(F,k,l) 
> local v,c,i1,i2,a,b,A,B,j,m,eta; 
> if nargs < 3 then v:=O else v:=l fi; 
> with(linalg,matrix,det): 
> if v=O then a:=l else a:=matrix(v,v) fi: m:=k+v: 
> b:=matrix(v+l,v+l):c:=O; 
> for il to v+l do j:=k-v+il: 
> if j<O then c:=O elif j=O 
> then c:=F(x) 
> else if c<>O then c:•factor(simplify(diff(c,x)/j)) 
> else c:=factor(simplify(diff(F(x),x$j)/j! >) fi fi; 
> b [il, 1] : =c; od; 
> for il to v+l do for i2 from 2 to v+l do j:=k-v-1+i1+i2; 
> if i1<v+1 then b[i1,i2]:=b[i1+1,i2-1] 
> else c:=factor(simplify(diff(c,x)/j)); 
> b[i1,i2] :=c fi od od; 
> for il to v do for i2 to v do a[i1,i2]:=b[i1,i2] od od; 
> if v=O then A:=l else A:=factor(simplify(det(a))) fi: 
> B:=factor(simplify(det(b))): 
> eta:=factor(sort(simplify((m+l)!•B/A))); 
> end: 

Let us consider some examples of kernels finding : 
Example 1. Find the approximating kernels for F =ex; m = 9; l = 0, 1, ... , 9; k = m-1. 

> m:=9:for 1 from 0 tom do k:=m-1: a[l+l]:=rac(exp,k,l); od: 
> print(seq(a[l],l=l .. m+l)); 

ex ~ e" _!_ex _!_ e" - 1- e" - - 1- e" _!_ e" - _!_ e" ~ e", -•!x 
'- 9 ' 36 '- 84 ' 126 ' 126 '84 ' 36 ' 9 

The results can be obtained from the general expresion for 1]k,l (e") [3). 
Example2. F=ln(x); m=4; 1=0,1,2,3,4; k=m-1. 

> m:=4:for 1 from 0 tom do k:=m-1: a[l+l] :=rac(ln,k,l); od: 
> print(seq(a[l],l=l .. m+l)); 

24 _!_ ~ _!_ ~ _!_ ~ -;;3_In~(--;x-,;.)--,.2 +-'::-:-1--.,.41;-n~( x~) +;:-;--1<9 
x5 '2 x5 '3 x5 '2 (ln(x)2+3In(x)+3) x 5 ' 

2 
12ln( x )4 +50 In( x )3 + 105ln( x )2 + 120 In( x) + 60 

x 5 ln(x)4 

The first three expressions can also be obtained from the general expressio1 t for TJk,l (In x), 
which is valid for k ~ I [3). 
Example 3. F = r(x); m = 2; I= 0, 1, 2; k = m- l. 
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> m:=2:for 1 from 0 tom do k:=m-1;a[1+1]:=rac(GAMMA,k,1) od: 
> print(seq(<[1],1=1 .. m+l)); 

(w(x)3 +3111(x)ll1(1,x)+ll1(2,x)) r(x), 

1 (lll(x) 4 -2111(x)ll1(2,x)+3111(1,x) 2) r(.r) 
-2 lll(x) 

- (-w(x )3 + 3 lll(x) Ill( 1,x)- 111(2,x l) r( a:) 

Example 4. _ <' = xv; m = 2; I= 0, 1, 2; k =m-I. 

> m:=2:for 1 from 0 tom do k:=m-1:a[1+1] :=rac(x->x-v,k,1); od: 
> print(seq(c.[l] ,1=1. .m+l)); 

( v- 1) ( v- :! ) v x< v-3) _ ~ ( v- 1 ) ( V + 1 ) v (.!.) ( -v) 
' 2 - X 

( 1) ( -v) 
(v+Z)(u+l)v ;: 

.T3 

The results can be obtained from the general expression for T/k,l (.Tv) [3]. 

4 Selectbg Approximating Expressions 

The numerator and denominator degrees k and l of the rational expression that give the 
least approximLtion error on the interval [a, b], with the weight w(x) and m = k+l = Canst, 
can be found f10m formula (6). This is done in the procedur.e selection(F, m, a, b, w). If 
w is omitted then w(x) = 1 is used (approximation with absolute ermr). To speed up the 
calculations th1· series expansion of the integrated expression in the neighbourhood of the 
point x = (b+aJ/2 is used. If b is omitted the values of the functions 4>~·.1(.•) = ITJk,I(J)w(x)l 
at the point x = a are compared. If a is omitted then the point .1: = 0 is taken. The 
examples from the previous section show that this is often sufficient. The results of the 
procedure are t 1e optimal values of k and l and corresponding kernel expression multiplied 
by the weight hnction. Let·us consider several examples: 
Example 5. Find the optimal k, l and the kernel for F =ex, m = 9,. w(.T) = 1 

> se1ection(E•Xp,9); 

k = .5, l = 4, kernel= 1 ~6 ex 

The result i> the same a.s follows from example 1. 
Example 6. ·"' = ln(x), m = 4, w(x) = 1 in the neighbourhood of the point x = 1 

> se1ection(ln,4,1); 

2 1 
k = 2, 1 = 2, kernel= 3 x5 

The result i> the same a.s follows from example 2. 
Example 7. Find the optimal k, land the kernel multiplied hy w(.1:) for F = r(x), m = 2, 
for approximat on with relative error on the intervals [1, 2] and [2, :!]. 
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> selection(GAMMA,2,1,2,1/GAMMA); 

k = 2,1 = 0, kernel= 111(x )3 + 3111(x) 111( 1,x) + 111( 2,x) 

> selection(GAMMA,2,2,3,1/GAMMA); 

k = 0, I= 2, kernel= 111( x )3
- 3111( x) 111( 1, x) + 111( 2, x) 

Here 111(x) = f'(x)/f(x), 111(k,x) = dkll1(x)/dxk. 
Example shows that the same function can have different optimal apr roximating ex­

pressions on different subintervals. 
Example 8. It is impossible to find the optimal k and I for F = .r", if p.t.rametr v have 
no concret numerical meaning. But if, for !.'Xample. I'= ±1/3. m = 5 . . 1· E [1. 2]. w(x) = 
1/ F it is quite possible. 

> selection(x->x-(1/3),5,1,2,x->x-(-1/3)); 

22.J 1 
k = 3 I = 2 kane/ = - - -' ' - 729 .r.t) 

> selection(x->x-(-1/3),5,1,2,x->x-(1/3)); 

5 Conclusions 

224 1 
k = 2 I = 3 kemel = - -

' ' 729 x6 

It is possible to extend the set of valide approximations to non-linear "or parameters 
expressions (sum of polynomials and exponent, sum of logarithm and pol momials etc.). 
Analytical expressions for corresponding kernels can be found in [3..J]. II is possible to 
build procedures that derives an optimal ba.lanced approximation on the b IS'-' of selecting 
the optimal expression on each link. 
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Abstract. Electrical breakdown of gases, liquids and insulators frequently occurs 
by mean:, of the narrow plasma streamer channel that inhibits a strong tendency to 
branchin. ~ into complicated stochastic pattern . In order to describe these structures 
it is uselull on to calculate the fractal dimension of channel pattern. It is shown 
that the Jrocess of electrical breakdown is more intensive by means of photoinisation 
mechanism. Also, it is shown that the growth of a leader channel should be non­
regular a 1d t he velocity of its spreading is variable in time. 

Electrical br·~akdown of gases, liquids and insulators frequently occurs by means of 
the narrow plasma streamer channel that inhibits a strong tendency to branching into 
complicated stO< hastic pattern [1, 2]. In order to describe these structures it is usefull to 
take into considf ration the fractal formalism. In that way a number of interesting results 
have been obtained with the using of computational simulation on the basis of the equation 
of potential [3, ·1]. However, an analytical approach allows us to obtain more detailed 
information abo 1t the space properties of branching structures and a physical processes 
under their forn: in g. A characteristic process of development of electrical breakdown by 
means of the forming of the high conductive plasma streamer has some stages. This 
process initiates with the motion of weak-luminous pilot-streamer, which moves forward · 
continuously from cathode to anode. The weak-ionised channel produced by pilot-streamer 
becomes unstabl ~. A secondary ionisation takes place in the channel for a some time, and 
as a consequene<• of that more bright radiation and more high conduction are appeared. 
That process re )resents motion of the branching leader which spreads fast and stagly 
inside the chann·~l produced by pilot-streamer. The velocity of single stage can be reached 
109 cm/s. Moticn of a leader is due to an additional ionisation which is produced by the 
increasing of electric intensity or by the amplification of photoinisation as a consequence of 
irradiation of channel plasma. The problem is to determine types of elementary processes 
which cause the high conduction. Thus, a leader type of streamer is characterised by 
bright radiation lnd non-regular motion. In this paper we propose an analytical approach 
to the description of the branching properties of the leader type of streamer channel on 
base of the theo ·y for the reaction-diffusion growth on fractal clasters [.5, 6]. Consider a 
radial discharge in continuum. In that case the spreading of a leader is described by the 
equation of a re<.ction-diffusion growth in fractal geometry where the diffusion coefficient 

1 This work was ;up ported in part by Ministry of Science and Technology Policy of Ukraine 
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is used in the form of the diffusion coefficient of the channel plasma and the reaction order 
parameter ( corresponds to the order of ionisation reaction: 

~ = x}=rfx [k ·x-u· xP- 1 · ~] + R · p", (1) 
where is the p = (x, t) density of probability, which represents the l·elonging of the 

space point to the channel; x and t are radial and time dimensionless c<•ordinates; D is 
fractal dimension, u is the anomalous diffusion parameter (u = D- de; de is the dimension 
of Euclidean embedding space); R is parameter which represents the p<.rt of ionisation 
in the process of structure growth and which has a different value for th•· different types 
of discharge; ( -y is parameter corresponded to the order of ionisation 1 eaction, and is 
determined via spectral fractal dimension : ('Y=1 + d/2, where d, = 21J/(u +2). It is 
considered the two ionisation processes: both the ionisation by means of el€ctron strike and 
photoionisation. Spectral fractal dimension corresponds to an effective number of degrees 
of freedom in physical system. It should be have in mind that for the case <f electron strike 
ionisation it is essential the influence of external electric field because of 1 hat the derived 
direction is appeared . According to that an effective spectral dimension is introduced in 
the following form deJJ = d, -1, where (-1) points the derived direction. Thus, for the 
case of prevail ionisation by electron strike we have , and for the photoini:;ation . The eq. 
(1) has the solution at the form p (x, t) ex: tcx · xf3 , where a, {3 are para!lleters depended 
on D, d.,-y. It should be pointed that the evolution of channel have a dym.mical character 
due to the density of probability depends obvious on time. For the fractd cluster should 
be valid the dependence p (x, t) ex: xD-d•(according to such rule the density of particles 
numbers on fractal is distributed in a space [4]), wherefrom we obtain that the fractal 
dimension D is the certain function of -y3 • de . The value of D may b" obtained from 
algebraic equation: 

2-D2 -3·D·(de-1)-l+de.·(d.-2) + _1 __ 0 (2) 
2·(D d.+2) -y-1 - • 

Substituting into eq. (2) the values of -y for different cases of ionisation, it may be 
obtained the corresponding values of D. In that way, in three-dimensional space for the 
case of prevail ionisation by electron strike we obtain D = De = 2.15, :.nd for the case 
of prevail photoinisation D = DJ = 2.25. It should be pointed that the global space 
properties of fractal structure are characterised by the fractal dimensioH D. The sense 
of this result in that the process of electrical breakdown is more intensive in a case of 
photoinisation mechanism. Also, it is shown that the growth of a leader channel should 
be non-regular and the velocity of its spreading is variable in time. Thus, the character 
of evolution and the parameters of the fractal structure of leader channel are determined 
by the prevail type of ionisation. The parameters of fractal structure (f1actal dimension 
and spectral fractal dimension) have the different values in dependence on the mechanisms 
of channel growth by means of the ionisation by electron strike or photoinisation. The 
process of electrical breakdown is more intensive under the prevail photoi<•nitation growth 
and channel have a more strong tendency to branching by comparison with the case 
of ionisation by electron strike. Also, it is shown that the growth of < leader channel 
should be non-regular and the velocity of its spreading is variable in · .ime. It should 
be pointed that the considered theoretical model of electrical breakdov. n in continuum 
may be modified and improved with the involving of the others elementa1y processes: ion 
diffusion, recombination processes, secondary order ionisation etc. Also the considered 
theory may be applied to describe an initial stage of arc ignition in the <on trolled fusion 
reactors. 
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Abstract. It is considered the nurncrkal model for the simulation of a th n high­
densit.y layer formed between the high-dPnsity non-ideal pla.·nna and bound<'d nedium 
that o<Tur:-; in an ele<'trical pulsc dischar);t' in eond<'nced media. To study t w b .. ~.. ... ic 
:-;yst.em of the equations in orw-dimensiona1 approximation tht• met. hod of lart e part.i­
des ha,.,; been used with tht> separated solving of the energy equation to nury out. the 
<'ollservation of encTR,Y in tht> studied ('ell. 

The electrical pulse discharges in liqnids and high pressnre dischar.~es in capillary 
tubes has been thoroughly studied tu use in a number uf technulugic1cl alJplicatiuns. 
In that. discharges a thin high-density layer is formed between the high-density 
plasma and bounded medium. In this layer gas-kinetical paramet.en varied mostly 
into the direction of normal tu ablation surface and the large flows of energy and 
matter has been observed. The behavior of plasma and gas in this lay'r is important 
fur the dynamics and fur the all uf disrharge characteristics. The :;imilar layer is 
formed also under optical breakdown uf transparent mat.t.ers at. the fL cusing of layer 
irradiation. Experimental studying uf temperature and density in l>uJmdary layer 
have a number of difficulties. Because of that the numerical simulation allows to 
obtain a number uf the essential results. The basic system uf the eq tatiuns of one­
dimensional model for boundary layer have the form 

fi ·II=-%~+ .fi, (f; o) (1.1.) . 
ii(p··p) = u (1.2) 

d:r 

~ a(tJ·v) 8 ( 
8 

' ') = U·, (= W") (L~) iJx +a:;:--a;: A·a;:f '--
,',' (1', p, T) = 0 (1.4) 
where eq.(l.l) is the hydrudynamical equation uf mutiun, eq.(l.2) equation uf 

continuity, eq.(1.:3) is the energy conservation law, eq.(l..!) is the eqttatiun uf state 
fur potential in nun-explicit furm, p is density, ·p is velocity , 1' i:; pressme.'/' is 
temperatme, E(p, T) is the internal energy of gas, >..(p, T) is heat runductivit.~·J; 
is the density uf inertial forces in accelerated frame of reference (as a mle f; = U). 
W is a tutal density uf energy sunrces = U under an absenre uf i Jnizatiun !uses 
and Joule heating that. is valid in this approximation. The .r-axis is dirE>cted un 
normal tu the ablation snrface (the external smface uf layer). The ,;tudied s~·stem 

1'1'his work wa . ..; S11}J]J(Jf!.cd in part by Mini:-~try tJf ~kie11ee ami 'l'cduH,lt,gy l'ttlicy \tf ,lkraiTw 
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(1)-(-!) having reduced and solved by the numerical methods. For energy equation 
the non-local st btraction scheme is used with the calculation of. 1st, 2nd, and :3rd 
terms in different space points under averaging step by step in following iterations. 
For this schemE the non-linear coefficients E(p, T) and >..(p, T) are calculated with 
solving the equ.1tion of state which having solved by the method of large particles 
in plasma cubic cell with the radii of 2-4 De bay radius when the number of particles 
no more then 51)-100 and averaging at center. In that. way the spatial distributions 
of temperature, pressure and internal energy were calculated in boundary layer fur 
the various initi oll conditions which are correspond to the physical experiments. The 
obtained resultf have a good agreement with the experimental data. The equations 
(1.1) and (1.2) :1ave analytical solutions that allows to reduce the system (1) to the 
following form 

c. p. v = l'o- p (2.1) 
p. v = c (2.2) 

C. a(~v') + D(EV)- .E..(>.. . .E..r) = 0 (2.3) 
dx ax ax ax 

where Can<. Po are the certain constants. The system (2) is studied with using 
the numerical rr.ethods. For energy equation (2.3) the non-local subtraction scheme 
is used with the calculation of 1st, 2nd, and 3rd terms in different space points under 
averaging step by step in the following iterations: 

2 2 

C . V. -V(, + Eo·Vo-E- 1-V_ 1 _ (-'o+LI)·7o-(-\o-2·A-I+A-2)·T-I+(-'-I+A-2)·T-2 = O (3 'J) 
2-h h 2·h' ' ·" 

Fur this schEme the non-linear coefficients internal energy E(p, T) and heat con-
ductivity >..(p, 1) are calculated with the combined solving of the equation of state 
(2.4) which having solved by the method of large particles in plasma cell with the 
radii of 2-4 Deb 1y radius r D when the number of particles no more then 50-100 and 
averaging at center. 

The choice ·Jf scheme (3.3) is determined to find in each spatial point x the 
routs of algebra c subsystem (2.1), (2.2), (2.4) in explicit form as a result of a single 
iterated evaluation of numerical model (2.4). The using of standard subtraction 
schemes for ~q.,2.3) makes.the non-explicit form of system (2.1), (2.2), (2.4) with 
reference to the variables P, p and v that having caused to the re-iterated evaluations 
at the calculatir g of routs and lead to the unwarranted expenses of computer time. 

Then, if it i:: needed, the obtained in this way the first approximation may be 
made more pre1 ise by the using of local subtraction scheme which is the analogue 
of the standard scheme for the heat conduction equation: 

C. v'-v' + E 1 -V_ -E_,.v_, _ (-'t+-'o)·Tt-(>.t-2·>.o+L)·To+(>.o+L)·T- = O 
2·h h 2·{h') 

In plasma the interaction between particles is small and may be neglected for due 
to the De bay shielding (decreasing as exp( -R/x). Hence, having used the method of 
particles to- sim1.late a plasma, it is enough to calculate the interactive forces between 
charges placed •m a relative distance no large than (1,5-2). In the case of plasma 
with non-ideality parameter 0.1-1 (the ratio of Coulomb energy to heat one) the 
number of parti ~les is no more than 10-15. Because of that the number of particles 
in calculation cdl measuring (2-4) should be no more than 50-100, that it allows to 
obtain the solution of eq.(2.4) for acceptable time. To eliminate the edge effects a 
calculation cell is bounded by "blanket" having the thickness about , with taking 
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into account in a dipole approximation. The statistical distribution of particles in 
"blanket" is given by the chance translation of central cell in the region of "blanket" 
after the certain iterations. To carrying out a several conservation Jf energy after 
the each 4-10 steps the multiply normalization of a kinetic energy of all particles 
is done to conservate a total energy of a cell. The calculation of the statistically 
averaging values is done on a central region of cell measuring . To calculate the heat 
conduction coefficient a central cell is redoubled. Between the both of its halfs by 
means the normalization of energy the small overfall is supported, .md the energy 
flow is integrated over a separating surface. Because of the smooth dependence of 
gas-kinetic parameters on space coordinate in a boundary layer th•l simulation of 
cell is carried out in the space point x from its established state in the previous 
point. 

In that way the spatial distributions of temperature, pressure a 1d internal en­
ergy were calculated in boundary layer for the various initial condi1 ions ·which are 
correspond to the physical experiments (Fig.l). The obtained results have a good 
agreement with the experimental data. 

4 

0,5 

Fig.l. 

L------cT:-----x 
0,1 em 

X 
0,1 em 

9190 

X 
0,1 em 

The results of calculation for the typical conditions under the pulse electrical 
discharge in a water (energy power is 300J per a em of the channe length). Here 
Vo = 104cmjs, T0 = 4eV, p = 0.5gjcm3

. 
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Abstrac· .• An iterative algorithm for numerical solving the partial Sturm-Liouville 
problem I >r the system of second-order linear differential equations with homogeneous 
boundary conditions is described. The discrete scheme which has been realized by 
means of the continuous analog of Newton method provides an accuracy of the four 
or six ore er with respect to mesh steps of the quasi-uniform grid of an independent 
variable. The method allows to inverse a conventional three-point difference operator 
during it< ration process. The efficiency of the implemented algorithm is demonstrated 
by solvin! the eigenvalue problem for the system of the radial equations with the rota­
tional cm piing describing pHe+ atomcule and verified on the exact solvable problem 
with the :;oulomb potential. 

1 Introdudion 

In the recent work (1] the energy level scheme of the pH e+ atomcule ha.<; been studded in 
an adiabatic approximation with help of "SLIPH4" program (2] for the numerical solving 
of Sturm-Liouvil e problem for the radial Shroedinger equation. For the further study of 
the rotational-vihrational spectrum of this exotic Coulomb system with the values of the 
total orbital Q10mentum J = .30-40 the high-accuracy program for solving the eigenvalue 
problem for N radial equations with the strong rotational coupling should be applied. 

In present w11rk we describe an iterative algorithm for numerical solving the partial 
Sturm-Liouville >roblem for the system of N-th radial differential equations 

</>1 1 A, y) = Iy" (x) + 2p(x)y' (x) + (q(x) - Ar(x))y(x) = 0 , 

with homogeneo,Js boundary conditions. 

</>2(A, y) = dJ(A, a)y' (a)+ /J (A, a)y(a) = 0 , 

</>J(A, y) = d2(A, b)y' (b)+ h(A, b)y(b) = 0 . 

(1) 

(2) 

(3) 

Here I is an un t matrix of size N x N, p(x) ,q(x) ,r(x) are square matrixes N x N 
which are given JS a table of numerical values on the quasi-uniform grid (1,3], y(x) is an 
eigenvector and A is an eigenvalue. To find an isolate solution z• = {A*,y(x)*} on an 
interval (a, b] we will specify matrixes d;, /;, i = 1, 2 and fixed a normalization condition 

1 The talk has b ~en presented on International Conference Computational Modeling and Computing 
Physics, Dubna, Se· >tember, 16-21, 1996, and submitted to Proceedings CMCP-96 
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f, 

</>4(A,y) = J 1/(:r)r(:r)y(.c)d.r- 1 = 0. (·I) 

In th<' sPction two Wf' prPsf'nt thP it.Pration schPnH' that has bPen rPalizPd in thP con­
tinuous analog of NPwt.on nwthod. llsing thP pPrturbation function allov·s us to inversf' 
a conwntiona.l thrf'P-point difff'rf'IICf' opPra.tor during iteration procE'SS. Tl E' proposE'd ap­
proach providPs an accuracy of thE' four or six ordPr with respE'ct to mfsh steps of thf' 
quasi-uniform grid of an indepE'ndf'nt variablP. 

In thP sPction t.hreP WP dE'monstratf' the efficif'ncy of the implement.f':l algorithm by 
solving thf' PigPnvalue problf'm for thf' system of thf' radial equations witl1 thf' rotational 
coupling dPscribing pH,+ atomculf' and verifif'd on thP f'Xact solvablP pnb!Pm with thf' 
Coulomb pot.Pnt.ial df'snibing p£1r++ atom. 

2 Iteration scheme 

WP ran trPat. thP problf'm (1)-(4) a,.; a nonlinf'ar Pquation with rPsJ)f>d to som<' isola.t<' 
solution z following to papPr[4) 

r/>(z) = 0. (5) 

W<' suppos(' that a convPntional finit.P difff'I'Pncf' approximation of 11-t.h ordPr accuracy 
with r<'spPct t.o thP m('sh stPp h of an appropriatf' qua,.;i-uniform grid w; (.t) [5) may b<' 
a.ppliPd to rPducP nonlinP<tr f'quation (5) to the following on<'. 

(!i) 

\VP supposf' also that a pPrturbation parametrization of thf' reducPd f'< nation may bf' 
imp!f'mPnted by such a. way 

(I} 

that a rf'al value paranwtE'r g E [0, I) will spPcify a finitf' differf'nc<' a.pprox 111atio11 of ll(g)­

th order mPntionE'd above. In furthf'f Wf' will nsf' thP short notation <f(g. :) =~"~,")(g. z;.), :; = z;.. t.o r('writP equation (7) without. subsnipt h : 

<.p(g, z) = <.p0 (z) + g~<.p(z) , :; = z;. . (K) 

Now W<' introduce a. continuous paramPt.Pr t E [0. oo) and considPr P< nation (K} '"' a 
paramPtric onf' with rPspE'ct to t: 

<.p(t, z(t)) = <.po(z(t)) + g(t)~<.p(z(t)), 
g(t) = I - c-"1 

, 0 < n ::; I . 

(9) 

To solve nonlinear equation (6) WP will consider tllP abstract Cauchy prohlPnl 111 t.hP 
framework of thP f'Volut.ion thP NPwton procf'dnrf' following by papPI' [<i) 

d 
-d <.p(t,z(t)) = -<.p(t,z(t)), z(O) = z0 , <.p(O,z(O)) = <.p0 (z0 ). 

t 
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We can rewrite •·quation ( 10) in the conventional form 

I dz I 
'Pz dt = -<p(t, z(t))- g (t)tl<p(z(l)) , (II) 

z(O) = z0 , <p(O,z(O)) = <p0 (zo). 

Here <p: means ~r'eshet derivative [4]. In particular case, when a = I one can see that 
g(t) + g1(t) = 1 ;,nd one can rewrite (11) as follows 

('P~z(z(t)) + g(t)tl<p~(z)) ~; = -<p(z(t)) , 

z(O) = zo , g(O) = 0 . 

To solve the equation (II) WP use Euler's method 

'P~zvk = -<po(zk)- (gk + g~)tl<p(zk)- 9kLl<p~Vk-I , 

Zk+J = Zk + TkVk , 9k+l = 9k + Tk9~ , 

k=O,I,··· ,O<ro:S:rk:S:I. 

Let the cor recti( n Vk = {J.Lk, vk} to the solution Zk = { Ak, yk} be defined as follows 

Vk = -yk + Vtk + J.lkV2k · 

Then we have t\IO boundary problems for determining the corrections Vtk and v2k: 

'P~yVIk = -(gk + 9k)fl<p(zk)- 9kLl'{J~Vk-l , 

'P~y(v2k) = -<p~_x(zk) , 

and the followin ~ equation for determining the correction J.Lk: 

J.Lk = 
<f>4 (yk) - <f>~yVIk 

</>~yV2k 

(12) 

(I :i) 

(14) 

(15) 

(16) 

(17) 

Thus, we can fiud the iteration corrections Vk at the k-th step and go to next layer k +I. 
with help of the following equations: 

Ak-j I = Ak + TkJ.Lk , Yk+I = Yk + TkVk ' 9k+I = 9k + TkY~ . (18) 

The iteration process (l:i)-(18) will be finished at such k = kmax if for a given and sufficient 
small value of£ > 0 the discrepancy Ok = 11</>(zk)llc :S: £. 

3 Numerical results and discussion 

The pH e+ atorr cule has reach rotational-vibrational spectrum. The most interesting for 
t.hP experimPntal observing part of the spectrum lie between J = 30···43 [7,8]. In a 
general approa~: 1 the corresponding states will have the widths, which are caused by the 
radiativP transit ions and Auger's decay pH e+ = pH e++ + e-. In the latter the exit 
channPI is descr bed by the product of the wave function of a bound state of the pH e++ 
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atom and the wave function of Auger's electron. As an example of implementation and 
efficiency of the proposed iteration scheme, in Tables 1,2 we present the results of our· 
numerical calculations of the eigenvalue problem for the radial Shroedinge1 equation with 
Coulomb potential describing the bound state with J = 31, v = 0. In tab e 3 we present 
our results for the problem {1)-{4) describing the bound state of the pH e+ atomcule with 
J = 31, v = 0. Here we restrict our attention by the system of 7-th radial equations with 
the rotational coupling. As an initial approximation z0 = {Ao, y0 (x)} WE have used the 
numerical solution zad ={A ad, yad(x)} of the adiabatic approximation obtained with help 
of SLJPH4 program. 

Table 1. Numerical solution of the problem for the radial equation with Coulomb 
potential describing pH e++ atom (J = 31, v = 0) on interval x E [0.1, 1.0] with the mesh 

step h = 0.00625, by means of 4-th order difference scheme. 

Ah Ah/2 Ah/4 A* a 
.840543622E+04 .840543560E+04 .840543556E+04 .840543551iE+04 15.95 

X Yh Yh/2 Yh/4 y* a 
0.1 .102908995E-06 .1 05560356E-06 .105721635E-06 .105732313E-06 16.44 
0.2 .473713820E-01 .4 73702828E-O 1 .473702134E-01 .473702088E-01 15.84 
0.3 .213188499E+01 .213188278E+01 .213188264E+01 .213188261E+01 15.88 
0.4 .221380394E+01 .221381068E+01 .221381110E+01 .221381111E+01 15.93 
0.5 .291472399E+OO .291473186E+OO .291473235E+OO .29147323 m+OO 15.98 
0.6 . 103928520E-01 .103928860E-01 .103928882E-01 • .1039288~3&01 15.83 
0.7 .150433327E-03 .150442152E-03 .150442703E-03 .150442740E-03 16.01 
0.8 .112551101E-05 .112575768E-05 .112577304E-05 .1125774( 6E-05 16.05 
0.9 .508662278E-08 .508926106E-08 .508942513E-08 .5089436( 6E-08 16.08 
1.0 .154452575E-10 .154603385E-10 .154612752E-10 .15461337 6E-10 16.10 

Table 2. Numerical solution of the problem for the radial equation wi•.h Coulomb 
potential describing pH e++ atom (J = 31, v = 0) on interval x E [0.1, 1.0 with the mesh 

step h = 0.005, by means of 6-th order difference scheme. 

Ah Ah/2 Ahf4 A* a 
8405.435558477 8405.43555 7369 8405.435557352 8405.435157351 63.72 

X Yh Yh/2 Yh/4 y* a 
0.1 .105776617E-06 .105733004E-06 .1 05 732324 E-06 .10573231 4E-06 64.16 
0.2 .473702158E-01 .473702090E-01 .473702089E-01 .473702019E-01 63.38 
0.3 .213188265E+01 .213188264E+01 .213188264E+01 .21318826iE+01 63.32 
0.4 .221381111E+01 .221381113E+01 .221381113E+01 .221381113E+01 63.69 
0.5 .291473238E+OO .291473239E+OO .291473239E+OO .291473239E+OO 63.06 
0.6 .103928882E-01 .103928884E-01 .103928884E-01 .1039288~:4E-01 63.86 
0.7 .150442744E-03 .150442740E-03 .150442740E-03 .1504427, OE-03 63.71 
0.8 .112577460E-05 .112577 408E-05 .1125 77 407E-05 .1125774(17E-05 64.18 
0.9 .508944463E-08 .508943619E-08 .508943606E-08 .5089436(16E-08 64.33 
1.0 .154613995E-10 .154613386E-10 .154613376E-10 .1546133''6E-10 64.43 
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The calculations are realized on a sequences of three uniform grids w,. (x) of the intPrval 
[0.1, 1.0] with Eteps h, h/2, h/4. It needs to calculate the relation a: 

Zh - zh/2 
CT= 

zh/2 - zh/4 
(19) 

It allows us to ,.how the order n of approximation of the implemented difference srhemP. 
Note, that the theoretical value of a for the scheme of accuracy O(h") is defined as 2" [9]. 

Table 3. Num~rical solution of the problem for system of 7-radial equations desrribin[!; 
pHe+ atomcul~ (J = :n, v = 0) on interval x E [0.1, 1.0] with the mesh step h = 0.02!i. 

by means of 6-th order difference scheme. 

\h )..h/2 )..h/4 CT 6).. 
.1029031 38895E+5 .102903753093E+5 .102903751659E+5 59.87 0.14E-03 

X l l,h Yt h/2 Yt,h/4 CT 6yi 
0.1 0.4396: 4387E-06 0.62304 7062E-07 0.559552734E-07 59.4 0.20E-Ol 
0.2 0.2854: 9112E-01 0.284966990E-01 0.284958277E-01 53.0 0.45E-02 
0.3 0.16553 !273E+01 0.165537380E+01 0.165537427E+01 66.7 0.14E-02 
0.4 0.25687 2480E+01 0.256884048E+01 0.256884258E+01 55.0 O.llE-02 
0.5 0.59205 5730E+OO 0.592079636E+OO 0.592080012E+OO 61.0 0.34E-02 
0.6 0.4338, 9716E-01 0.433890427E-01 0.433891141E-01 57.0 0.54E-02 
0.7 0.15061 5918E-02 0.150714972E-02 0.150715414E-02 65.7 0.72E-02 
0.8 0.3129: 5709E-04 0.3126804 72 E-04 0.312676708E-04 65.1 0.88E-02 
0.9 0.4488, 1116E-06 0.446973317E-06 0.4469460 17E-06 68.4 O.IOE-01 
1.0 0.48841 0410E-08 0.4830713:30E-08 0.482995616 E-08 70.3 O.l!E-01 

In the last column of the Table 3 we point out also the value of 6z = { 6>., 6yJ} which 
shows relative :lifference between the adiabatic approximation z0 = {)..ad, yad ( x)} and 
solution z = {>., Yt (x)} of the problem for 7 radial equations with the rotational coupling. 
The obtained "alues 6z confirms the theoretical estimation of [1]. In calculations Wf' 

have used the following values of masses of the particles M'He++ = 7294.299 me and 
Mp = 1836.1521 me. 

The obtain<·d results indicate that the implemented high-accuracy Newton iteration 
scheme may be applied for further study of physical characteristics of the exotic Coulomb 
few- body systems. 
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Abstra ,t. By using CAS REDUCE and MAPLE the Gary scheme with initial, com­
plement u-y boundary and overlap conditions is studied. In the case of two different 
grids wi.hout displacement a power instability in space L2 is proved:ll!/"11 grows at 
least as (tl, when n.....,. oo. It is an example of interesting instability phenomenon. The 
instabili .y is observed in calculations, if only the overlap interval has an even number 
of full sl eps for the outflow problem. We state the power instability for 6, = 2h,, 6, 
is the le 1gth of the overlap interval. In the case of 6, = 2.5h, the stability is proved. 

1 Introdt.ction 

We developed and realized on PC by using CAS an algorithm for stability verification of 
difference boun< ary problems. In this report we demonstrate possibility of this algorithm 
by searching th•· Gary scheme [1]. This scheme is used in airflow simulations. 

The one-stage form of the Gary scheme for Ut = Ux is 

n+l _ n ° , n n °2 
n n n °3 

n n , n n 
Uv - Uv +.2( tv+l -ltv-d.+ S( Uv+2- 2uv + Uv-2) + 32 ( llv+3- 3uv+l + 31tv-1 - ILv-3). 

The corresponding Cauchy problem is stable in space L2 , when [2]a = rjh ~ 2. Following 
to [2], we consider model problem on substructured domain consisting of two semiinfinite 
intervals with d fferent grids G 1 and G2, having h,, h2 steps in x. 

Xo,G1 XN,,G, G, 

I d,; 
·d2 I 
1--. 

G2 X-N2,G2 Xo,G2 

Nt, N2 are ,.upposed independent of h1 , h2 • A problem with initial data is solved: 
wn+l = 9wn, u = {ltv} U { Vv }, v ~ 0. 9 is the operator of transition from the layer t to 
the layer t + T. Nhat is 9 here? · 

1 The research of this author was supported in part by the International Science Foundation and the 
Russian Govemme 1t under Grant No. NKCOOO and Grant No.NKC300 

2 The research o ·this author was funded through a faculty grant from Uppsala University 
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On grid G 1 the left boundary problem (the outflow problem) is solved u~+l, v ~ 3 
are calculated by the Gary scheme with a = T / ( h!). The Gary scheme 

• 
• • • • • • • 

requires two complementary boundary conditions to define u~+l, u~+l. We use (2] 

a a a 
u~+l = u~ + 4(2(u~- un + 4(2u~- 4u~ + u(i + u(j+l + 2(u5- 3tt~ + 2tt~))]. 

The value of u0+1 is calculated by the interpolation of the solution values h the points of 
G2 closest to Xoo,. 

Solution on G 2? On grid G 2 the right boundary problem is solved for u1 = u,. This 
inflow problem can be interpreted as the left boundary problem for v1 = - 1,. The values 
of v~+l, v ~ 1, are found by the formulas above with u replaced by v and a replaced by 
a = -T /h2 = -</>a, 4> = h!/h2. The value of v(i+l is found by the inteqolation of the 
solution values in the points of grid G 1 closest to the considered boundar:r point X0,a2 • 

Put j11 = d!/hr < 1, !12 = d2/h2 < 1. In the case of the linear interpolation the overlap 
conditions are 

u0+1 
= (1- f12)vN~ 1 + f12vN~! 1 , v(i+l = (1- f1d.uN; 1 + f3ruR~~ 1: 

The operator 9 is presented. 
The considered problem with initial, complementary boundary and overlap conditions 

(i.b.o. problem) is stable if there is a positive constant c such that ll9nll :S ''for all n ~ 0. 
It is necessary for the stability, that the spectrum of 9 lies in the unit di! k lzl :S 1. The 

classic definition is used: a point of the complex plain z0 is a spectrum poinG of 9, if there 
is found a nonzero sequence w0 with 9w0 = z0 w0 . Here, w consists of twJ semi-infinite 
sequences { u,}, { v,}, v ~ 0, from L2 satisfying the complementary bounda1 y and overlap 
conditions. 

2 Spectral problem 

The spectral problem for the considered i.b.o. problem is a system of o ·dinary differ­
ence equations with a spectral parameter z, which is obtained from the original one by 
substituting zu,, zv,.., u,, v, instead of u~+I, v~+I, u~, v~, respectively. The ,;olution of the 
spectral problem can be represented by the roots of the characteristic polynomials: 

a a 2 a 3 

P, (z, ~>) = (1- z)~>3 + 2("4- ,_2) + -g(~>s- 2~>3 + ~>) + 32 (~>6- 3~>4 + 3~>2- 1), 

P( ·)-(1 )·3 <l>a(-4 ·2)+(</>a)2(-s 2·3+·) (<f>a)3(·6 3'4+3·2 1) 
2 z," - - z " - 2 " -" -8- " - " " -~ " - ,. " - . 

It is necessary for the stability of the considered i.b.o. problem that the :orresponding 
Cauchy problems on the infinite grids with the steps h 1 , h2 are stable. So we suppose, 
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that a 2 :S 4, ~·2a2 :S 4. Then [3] for z with lzl > 1 each of the characteristic equations 
P1 (z, ~~:) = 0, P2 (z, k) = 0 has exactly three solutions less than one in the absolute value: 
11:1, 11:2, 11:3 and P. 1, k2, k3, respectively. In the general case (when ~~: 1 , K2, K3 are different and 
k1 , k2 , k3 are d .fferent) the solution of the considered spectral problem has the following 
form: Uv = CJI:! + c2~~:2 + C3K3, Vv = c4k! + c5k2 + c6k3, v ~ 0. On introducing these 
functions into ·.he boundary and overlap conditions we get a linear homogeneous system 
for the definitic•n of c1 , c2, c3, c4, c5, c6. This system has nonzero solution, if 

-1 -1 -1 e1 (kt) et(K2) et{K3) 
e2(K1) e2(~~:2) e2(K3) -1 -1 -1 

D(z) = dd(E) = det I e3(Kt} e3(~~:2) e3(~~:3) o. o. o. I = 0. 
0 0 0 e4(~~:t) e4(~~:2) e4(K3) 

e5(K1) e5(K2) e5(K3) 0 0 0 
0 0 0 e6(Kt) e6(k2) e5(k3) 

Here e; are th•> polynomials determined by the boundary a.nd overla.p conditions. The 
coefficients oft 3, e4, e5, e6 a.re linear functions of z. We have shown tha.t the spectrum of 
the considered i.b.o. problem is described by a system of seven polynomial equations with 
seven variables 

D(z,~~:t,K2,K3,kt,K2K3) = 0, lzl ~ 1, 

PI(z, KI} = 0, PI(z, K2 ) = 0, Pt(z, ~~: 3 ) = 0, 

P2(z, Kt) = 0, P2(z, k2) = 0, P2(z, k3) = 0. 

We reduce :his system to a system of two polynomial equations in two variables 
x = "1"2"3' y = Ktk2k3. At first the determinant equation is transformed by a number 
of elementary J~anipulations with the columns of E into 

det(E(x1, x2, x, x1, :!:2, y, z)) = 0, 

XI = KJ + "2 + K3, XJ = kt + K2 + K3, X2 = KJ (K2 + K3) + K2K3, :1:2 = Kt (k2 + k3) + K2k3· 

Then by usrng :he Vieta relMions for the characteristic equations we get x 1 , x1, x2, :!:2, z as 
functions of x, ~·All these functions are simple ratios of polynomials .. After substituting 
them into the 1 ransformed determinant equation we get one of the polynomial equations, 
another equation is obtained from one of the Vieta relations: 

P(x, y) = num(a3(x?(x, y)- x~(x, y) + x2 - 1)- x(8a2 + 32(z(x, y)- 1))) = 0, 

Q(x, y) = num(det(E(xt(x, y), X2(x, y), x, Xt(X, y), x2(:r, y), y, z(J:, y)) = 0. 

Remark, that ·.his system automatically describes the spectrum points z, lzl ~ 1, when 
there are coinc dent roots among ~~: 1 , K2, 11:3 or among kt, k2, k3. 

3 Separation of the false spectrum points 

The attemp tc solve this system by using REDUCE: solve({P,Q}, {x,y}); ha.ve given 
no result. Aft !r this we used the resultant method. This leads to the false solutions. 
Another reasor why the false solutions arise is the following. We ca.n 't say a. priori in the 
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program, that the new variables x 1 , x 2 , x, x1, x2 , y are symmetric functiom of Kj and Kj 

with the absolute value less than one only. Therefore in the program x 1 , x:, x depend on 
three arbitrary Kj and x1, x2, y depend on three arbitrary Kj. An algorithm for separating 
the false spectrum points was developed and implemented on a PC using ltEDUCE and 
MAPLE systems. The separation has two steps. 

In the first step, for each x, lxl::::; 1, (the solution of the resultant) we fin j all solutions 
y, IYI ::::; 1, of P(x, y) = 0 (the first polynomial equation). For each of the selected 
pairs (x,y) the values x1,x2,x1,x2,z are calculated by the simple explicit formulas. For 
the following analysis we kept only the sets (z,x1,x2,x1,x2,x,y) satifying the natural 
inequalities lx1l :s; 3, lx2l::::; 3, lx1l :s; 3, lx2l :s; 3, lzl 2: 1- L 

In our program E = 10-10• The points z, 1- E ::::; lzl ::::; 1 + E, from the ,_ vicinity of 
the unit circle are replaced by z/lzl, the closest points of the unit circle. After this we 
separate the false spectrum points, arising in the reduction to the result<Jnt. We must 
simply verify if the selected (.r,y) satisfy Q(.r,y) = 0 (the second polynomial equation). 
But x, y were found numerically and Q(.r, y) has many terms with rather b g coefficients. 
In order to avoid numerical difficulties W<' solve the resultant equation with I igh accuracy: 
in our REDUCE calculations PRECISION !.5 was. Consequent!~·. tiH' soluti ms .r, l:rl::::; 1, 
lie at a distance less than 10- 15 from the corresponding exact. solutions. h1 our program 
x0 , y0 are assumed to satisfy the second equation if the followin11; in<'qualit~· holds 

I I -151 P,.(.ro. Yo) I Q(xo, Yo) < 2 X 10 Q,.(:~:o, Yo)+ Qy(.ro. Yo) p ( . ) . 
y .!o, Yo 

This completes the first step of the separation. 
In the second step the selected sets (z, x 1 , x 2 , x 1, x 2 , x, y) are analysed. For each set 

we find K1, K2, K3, f;1, f;2, f;3 less than one in absolute value (the root.s of P11,.;, .::), P2(i; . .::) 
characteristic polynomials with z from the considered set). We check if .1' , .i: 1 from the 
considered set are really the sums of the computed ~-; 1 , ~-; 2 , ,.;3 and i> 1• i> 2 • i;3 respectively. 
In our implementation, this is considered to be the case if the following ine< ualiti<'s hold: 

All constants and inequalities were chosen in the process of numerical experimf'nts. Further 
we present the results of concrete studies produced on a. PC.. using HEDllCE and MAPLE. 

4 Example I. Power instability. 

The Gary scheme with a= 2, N 1 = 2, N2 = 1. </> = 1/2. 3 1 = ;12 = 0 s considPred. 
There is no displacement here. The overlap conditions are u~+l = ,.;•+ 1. ,.~+ 1 = u~+l 
simply. The resultant R(x) is a polynomial of900th degreP. HEDll('E was n»t able to find 
it. MAPLE did this and factored R(x) in approximately 4 hours on PC4R6- i6/4MB. The 
factored R(x) has 10 different factors-polynomials of maximal degrPP (jk wi h snfficiPntly 
small coefficients. The resultant has 96 nonzPro solutions .r.l:rl ::::; l. For p; ch computPd 
x the polynomial equation P(x,y) = 0 of the fifteenth order is solved with respect toy. 
Thus we have to solve a lot of polynomial equations with t ilf' complex m•·fficiPnts. All 
polynomials were solved and all the selected solutions Wl'r(' analysed. As the result thP 
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unique ( in the region lzl 2: 1) spectrum point z = 1 was found. Here ;,;1(1) = -1. 
This leads to a power instability in space L 2 . For the considerpd problem with initial, 
complementary loundary and overlap conditions ll9nll grows as .,fii when n-+ oo. Such 
instability is given (4] by 

n 1 lr "( ) n dz /v=-
2

. K1 ZZ-(--),V2:1. 
1rz r z- 1 

For 1 ~ v ~en t 1e principal part of,; is equal to ( -1)" residual with respect to the pole 

z = 1 : yfl::J'nll ~1 2 grows as ,fii when n -+ oo. This is in agreement with the results of 
numerical experi nents (2]. It is an example of an interesting phenomenon: the instability 
is observed in calculations only in the case of an even number (NJ) of full steps (hi) on 
the overlap inter ral for the outflow problem. 

5 Exampl·~ II. Displacement gives the stability. 

The Gary scheme with a = 2, N 1 = 2, N2 = 1, 4> = 1/2. !31 = 1/2, fh = 1/4 is 
considered. Thi:: time there is a displacement and we get stability. u0+1 is found by 
the linear interp·>lation of v;+l, v~+! values. And v0+1 is found by the interpolation of 
u;'+l,u~+I soluton values in the inner points of G 1 • The resultant is a polynomial of 
924th degree. MAPLE determined and factored it in 20 min. approximately on PC486-
66/16MB: 

R(x) = 694133687839319798821386491223.52914571223692047.50211.57521633209 

79402989.59( 1702626290806.511.5724783004460397076682867.5.5942.53762.56 * x188* 
*R2 (x) * R3(2) * (x 2 + 1) 24 * (x 2 + 2x- 1) 96 * (4x 8

- 32.-c 7 +89x6
- 96x 5 + 1.52x4

-

-96x3 + 80x 2
- :12x + 4) 2 * (4x 8 + 32x7 + 80x6 + 96x5 + l.''i2x4 + 96x3 + 89.-c 2 + 32x + 4) 2* 

* (x 2
- 4x + 1)8 * :21 + 88x + 80x2

- 1080x3
- 1.524.-c 4

- 3960x5 + 1072x6
- 2792x 7 + 894x8 + 

+2792x9 + L072x 10 + 3960x11
- 1.524x12 + 1080x13 + 80x 14

- 88x15 + 21x 16
)

16
. 

Here R2 (x), R3(::) are polynomials of 92 and 100 orders respectively with big integer 
coefficients. So VIe have 9 different factors of degrees not more than 100. These polynomials 
were solved in ltEDUCE by using the special patch of I Stan Kameny I· All solutions 
were analysed. '~he characteristic equations have not zero solutions. So only x, lxl ~ 1, 
are interesting. The resultant has 113 such solutions among 231 distinct solutions. We 
demonstrate below, how the real false spectrum points are separated. After the first step 
of separation onl f four sets were kept. They originate from two pairs of complex-conjugate 
solutions of the rolynomial R3 (x). We present sets corresponding to solutions with positive 
imaginary parts. The other two give complex-conjugite sets. 

[z, X1, .i1, X2, .i2, X, y] 

[-4.116441888993069 + 3 . .5181243208337.5 * i, 0.1.5832.512.5400724-

2.2220:1.591880914 * i, -0.0.5.54991:i.523291884- 0.04121.52.5621.5.5017 * i, 
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1.0 + 9.40653804848424E- 16 * i, O.D170645465805749 + 0.0126272932: 92366 * i, 

0.22492368095103 + 0.231563119097344 * i, 

-0.00423895984976586- 0.00307054241832905 * i], 

(2.23261162700076 + 1.87010672569856 * i, -1.584099.55347 499-

1.76688689793465 * i, -2.61811328317628- 1.16678863932354 * i, 

0.999999999999995+ 6.72205346941013E- 17 * i,0.618777428864"25+ 

0.148165305765429 * i, 0.126226951078023 + 0.536255125209603 'i, 

-0.0945070704296629- 0.00572603218332348 * i]. 

On the second step all sets were rejected. Let us consider, why the sets, pnsented above 
were rejected. The polynomial P1 (~>, z) with z = -4.06441888993069+3.51812432083375*i 
from the first set has the roots 

KJ = -0.015530062967580.5- 0.379309688698518 * i, 

1>2 = -0.232113823750295 + 0.357542143667048 * i, 

1>3 = 0.282678861784193 + 0.05237811687 48906 * i, 
1>4 = -3.42015856072792 + 0.63372784117.5.572 * i, 

~>s = 1.27736349829478 + 1.967617766332Q9 * i, 

~t6 = 0.107760087366824- 2.63195617935108 * i. 

PC found K 1 + ~>2 + 1>3 = 0.0350349750663175 + 0.0306105718434206 * i, 

KJ * (1>2 + 1>3) + 1>2 * 1>3 = 0.0703603925019518 + 0.06336602492944(19 * i, 

KJ * 1>2 * 1>3 = 0.03503497.50663178 + 0.030610.5718434205 * i. 

These values don't equal x1 , x2, x from the considered first set: 

XJ = 0.158325125400724- 2.22203591880914 * i, 

X2 = 1.0 + 9.40653804848424E- 16 * i, 

X = 0.2249236809.5103 + 0.231.563119097344 * i. 

But you can see, that the last ones are close to the values of 

~>2 + 1>3 + ~t6 = 0.158325125400722- 2.22203.591880914 * i, 

~>2 (~>:l + Ks) + K3 * ~t6 = 0.999999999999998 + 1.1639994.5238044E- 15 * i, 

~>2 * ~>3 * ~t6 = 0.224923680951029 + 0.231563119097343 * i 

respectively. As a matter of fact they coincide in 14 digits printed, which g 1arantees the 
correctness of the results computed indepedently on the PC. The values ~ 1 in the sets 
were obtained at the end of long analytical and numerical calculations. So t.1e considered 
z is a false spectrum point. 
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The polyno nial P1 (K, 2.23261162700076 + 1.87010672-569856 * i) has solutions 

"1 = -0.56769819895633 + 0.180684005867448 * i, 
K2 = 0.296965367383044 + 0.213386989838339 * i, 
K3 = 0.20538455976233- 0.337931042601437 + i, 

K4 = -2.22075946537033 + 1.5957455970249 + i, 

Ks = -1.31336672190171- 2.16095789364045 * i, 
K 6 = 1.599474459083+ 0.509072343511198 * i. 

The values of l1, x2, x from the second set are close respectively to 

K1 + K2 + Ks, K! (K2 + Ks) + K2 * Ks, K1 * K2 * 1">5. 

They coincide n 14 digits printed again. So the considered ;; is a. false spectrum point. 
No spectrum point were found in lzl 2 1. This and the stability of the corresponding 

Cauchy problens gives [5] the stability of the considered i.b.o. pmblem. Previous attempts 
to study the s ;ability of the Gary scheme, under such nontrivial conditions, have been 
based on numerical approaches [2]. 

Preliminari y i.b.o. problem for the Rusanov scheme [6] had been searched (7]. The 
stability in £ 2 and in uniform metric had been proved. The Rusanov scheme 

• 
• • • • • 

has only five points on the low layer. Calculations here are not so complicated as in the 
case of the Ga1 y scheme. The results of searching the Rusanov scheme had been reported 
at the 4th International Conference on Advance Numerical Analysis, August 15-18, 1995, 
Moscow, Russi~. 
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GRID APPROXIMATION OF THE SOLUTION AND 
DIFFUSION FLUX FOR SINGULARLY PERTURBED 
PARABOLIC EQUATIONS WITH DISCONTI~UOUS 
COEFFICIENTS AND CONCENTRATED FACTORS 1 
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Institute of Mathematics and Mechanics, Ural Branch of Russian Acad. Sci. 
S. Kovalevskaya Str., 16, Ekaterinburg, 620219. Russia 
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Abstract. One-dimensional singularly perturbed parabolic equations, defi11ed on 
composite type domains, with mixed boundary conditions are considered. The: )aram­
eter e2 multiplying the highest derivative takes any values in the half-interva (0, I]; 
for ~ = 0, the reduce equation involves the time derivative only. Coefficients of the 
equation and the right-hand side have discontinuities of t.he first kind on the int ~rfaces 
of the suhdomains. These problems describe heat. and mass transfer in inhomog ~neous 
media and with complex exchange conditions on the interface of mt"dium. B.' using 
special piecewise uniform grids which condense in t.he boundary and int.erior layers, 
we construct difference schemes that converge uniformly in e. The approxin ations 
of normalized diffusion fluxes, i.e. products of the parameter e and the fin• -order 
derivatives of the solution with respect to the space variable J', art' 1'tudied. 

1. Problem formulations 

1. In the domain G with the boundary S = G \ G where 

G = D x (0, T], D = {x: d.< J: < d*}. 

we consider a boundary value problem for the para.bolic equation 

L(1. 2 ju(x, t) = f(a:, t), (x, t) E G. 

Here 

{ 
i:J i:J i:J } iJ 

L(l.2) = c2 
i:Jx a(x, t) ox+ b(x, t) ih - c(.T, t)- p(.r, t) iJt' E E 0, 1), 

(1.1) 

(1.:2a) 

the functions a(x,t), b(x,t), c(x,t), p(a:,t), f(x,t) are sufficiently smooth on the set G, 
a(x, t), p(x, t) 2 a 0 > 0, c(x, t) 2 0, (x, t) E G. The boundary S is represented as a sum 
of sets: S = S0 US0 uSN = S0 USL, where 5°= {(.1·,t): .1: E 75, I= 0} is the lower base 
of G. The lateral boundary consists of two parts: SL = S0 USN; Dirichlet a.nd Neumann 
boundary conditions are given on the sets S0 and SN, respectivdy. Assunu tha.t the type 
of the boundary conditions does not va.ry in time. One of tlw SE'IS S 0 or sN can be empty. 
The function u(x, t) on S satisfies the boundary conditions 

i:) N 
C"£>u(x,t) = 1/J(x,t), (x,t) E S , u(x,t) = <p(J:.t), (.r,t) E .~·O U S0

. 
un 

(1.2b) 

1This work was supported in part. by the Russian Hlllndat.iou for Basic Hest•arrh 1 udf'r (~raut No. 
95-01-00039 

253 



Here 8j8n is a derivative with respect to the outward normal to the set G, the functions 
cp(x, t), (x, t) E S0 U SD and 1/J(x, t), (x, t) E SNare sufficiently smooth on the set S0 , SD 
and 5N respectively, cp(x, t) is continuous on S0 U 5D. 

The solution of problem (1.2), (1.1) is regarded as a function u E C 2 •1(G) n C(G) n 
C 1·0 (G usN), which satisfies the differential equation (1.2a) on G and the boundary 
conditions (1.2lo) on S. For simplicity, we assume that the compatibility conditions [1] are 

fulfilled on the set 'Y = S 0 n SL that ensure the sufficient smoothness of the solution on 
G, in particula1, u E C 1•0 (G), for each fixed value of the parameter E. 

When the ~arameter c: tends to zero, parabolic boundary layers appear in the neigh­
bourhood of th ~set 5L that are described by a parabolic equation. 

We are interested in the function u(x,t) and its gradient (8/i:lx)u(x,t), (x,t) E G. 
Notice that thE solution of problem (1.2), (1.1) depending onE is bounded uniformly in 
the parameter.:. However, as c: -t 0, the derivative (i:lji:lx)u(x,t) increases unboundedly 
in the boundarr layers. It is convenient to consider instead of (8j8.r)u(x, t) the function 
P(x,t) = c:(8j(lx)u(x,t) (x,t) E G, which is bounded uniformly in Eon the set G. The 
function P(x, t is called the normalized diffusion flux or, in short. the flux. 

We are to find the functions u(x, t) and P(x, t), (x, t) E G for problem (1.2), (1.1). 
2. We cons der also the parabolic equation with discontinuous coefficients and right­

hand side. Let the domain G be divided into several subdomains G(j), j = 1, 2, ... , J: 

G = UG(j)' cUl = D(j) X (0, T], D(j) = {.7:: dj-1 <X< dj}, (1.3) 

where d0 = d., dJ = d", d = d(l.3 ) = min(dj- dj_i) :::: m; on each of G(j) we give the 
J 

equation 

£Ulu(x, t) = { c;
2 

{ :x (a(j)(x, t) :x) + b(j)(x, t) :.7:} - (1.4a) 

- c(j) ( x, t) - p(j) ( x, t) :t } u ( x, t) = jU) ( x, t), ( .7:, t) E G(j). 

On the every ~ u bdomain G(j), the coefficients and right-hand side of the equation are 

sufficiently smcoth, moreover, a<il(x,t), pUl(x,t):::: no> 0, c<il(.r,t):::: 0, (x,t) E G(j). 

On the boundary S the function u(x, t) satisfies the boundary conditions 

c::nu(x,l)=..P(x,t), (x,t)ESN, u(x,t)=cp(x,t), (x,t)ES 0 uSD, (1.4b) 

and, on the bot ndaries slil, slil = {cUJ n cU+~J} \ S0 for the interface of the subdomains 
G(j), G(i+l), j = 1, 2, ... , J- 1, it satisfies the conjugation conditions 

[ a(x, t)#-;;u(x, t)] = q(x, t), ( u(x, t)] = 0, (x, t) E 5*. (1.4c) 

Here [ v(x, t) ], (x, t) E slil is a jump which the function v(x, t) has Oil the interface slil; 
[ a(x, t)(8j8x)t (x, t) J = aU+ll(x + 0, t)(8j8x)u(x + 0, t) - aUl(x- 0, t)(8/8x)u(x- 0, t), 
(x, t) E slil; s• = UjSlil, j = 1, 2, ... , .J- 1. The functions cp(x, t) and ,P(x, t), q(x, t) are 
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sufficiently smooth on the sets S0 n s<il, sD and sN, s· respectively, sUl = G(j) \ G<il, 
cp(x, t) is continuous on S0 usn. We suppose G* = G \ S*. 

The solution of problem (1.4), (1.3) is regarded as u E C 2•1 (G*) n C(G, n C 1•0 (c;<il \ 
{S0 Usn}), j = 1, 2, ... , J, which satisfies equation (1.4a) on GU), bound try conditions 
(1.4b) on Sand conjugation conditions (1.4c) on s•. Notice that, for a fixed c, u ¢ C2.l(G); 
the derivative (8/8x)u(x, t) has a discontinuity on the sets·. 

We suppose that, on the set 'Y = S0 n {SL US*}, the compatibility :onditions are 

satisfied that ensure the sufficient smoothness of the solution on c;<il, in {articular, u E 
C 1•0 (c<j)) for each value of the parameter c. The solution of the reduced problem with 
c = 0 is discontinuous on S* and does not satisfy the conjugation conditions (1.4c), and 
conditions (1.4b) on SL. When c -t 0, parabolic boundary and interior la:rers appear in 
the neighbourhood of the sets SL and S*, respectively. 

In the case of problem (1.4), (1.3) we are to find the functions u(x, t), :x, t) ·E G and 
j - -(j) . P (x,t) = c(8j8x)u(x,t), (x, t) E G , J= 1, 2, ... , J. 

2. A priori estimates 

By the analog of the maximum principle [1] and the technique of barrier fuactions (2], we 
establish the c-uniform boundedness of the solution for problem (1.4), (1.3: 2 

I u(x,t) I :S M, (x,t) E G. (2.1) 

To estimate the derivatives, we assume that the following c"ondition is s ttisfied: 

either a(x, t) = a(x), b(x, t) = b(x) or a(x, t) = a(t), b(x, t) = 0, (x, ( E G. (2.2) 

Let us find the derivatives (&ko j8tk0 )u(x, t) fort= 0, k0 = 1, 2, 3 accor<ing to (1.4a). 
Under conditions imposed on the problem data, these derivatives are bounde:l €-uniformly. 
Applying the operators {jko j8tko, k0 = 1, 2, 3 to the data of problem (1.4) fort > 0 and 
using the maximum principle, we find the estimates 

ako 
I Btko u(x, t) I :S M, (x, t) E G, k0 :S 3. 

The solution of problem (1.4) in each G(j) can be represented as a sum 

u(x, t) = U(x, t) + V(x, t), (x, t) E G(j), 

(2.3) 

(2.4) 

where U(x,t) and V(x,t) are the regular and singular parts of the solution. Using (2.3), 
we can get the estimates 

&k+ko &k+ko 
I Bxk&tko u(x, t) I :S Mc-k, I BxkBtko U(x, t) I :S M(1 + c3

-k] (2.5) 

ak+ko l < l 
laxkBtko V(x,t) I :S Mc-kexp(-mC 1r(x,rU )), (x,t) E G 1

, k+2k0 :S 6, j=1,2, ... ,J 

where r<il = IJUl \ DUl. Here we used the estimation technique like that ii (3]. 
2 We denote by M different positive (sufficiently large) constants which are independe•t oft. 
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Theorem l • Let condition (2.2) be satisfied. Then, for the solution of problem 
(1.4), (1.3) and for its components from (2.4), estimates (2.1) and (2.5) are valid. 

Remark. We assume that the solution of problem (1.4), (1.3) satisfies the estimates 
of Theorem 1 e;en if condition (2.2) is violated. 

3. Finite difference schemes 

1. Classical difference scheme. On the set G(1.3 ) we introduce the grid 

Gh = 75h x wo = w1 x wo, (3.1) 

where wo is au 1iform grid on (0, T] with the step-size T = T N01; N0 + 1 is the number of 
nodes in the gr .d w0 • The grid w1 is assumed to be a. grid on the interval [d., d*] with an 
arbitrary alloc~tion of the nodes, and dj E w1 , j = 1, 2, ... , J- 1; N + 1 is the number 
of nodes in the grid w1 • On the set Gh, to problem (1.4) we assign the difference scheme 

A(3.2)z(x, t) = f(x, t), (x, t) E Gj,, 

o-[ah(x, t)oxz(x, t)- ah(x, t)8xz(x, t)] = q(x, t), (x, t) E Sj,, (3.2) 

c-onZ:x, t) = ¢(x, t), (x, t) E Sf, z(x, t) = <p(x, t), (x, t) E S~ U Sf?. 

H G• G* -G s• s• -G r ( ) { -oxz(x,t), a:= d., } ( ) SL ere h= n h, h= n h, OnZX,t = '( t) -l* 'x,t E h• vxz x, . ' .1:- ( 

A(3.2) = c-2 { ~;,(ah(x, t)8x) + b+(x, t)ox + b- (x, tJ8x} - c(x, t)- p(.r, t)oi, (x, t) E G~), 

where G~) = G (i) n Gh, b+(x, t) = 2-1(b(x, t) + ib(x, t)l), b-(x, t) = 2-1 (b(x, t) -ib(x, t)i), 
8;, ( ah(x, t) 8x < (x, t)) = ( ah(x, t) zx );; , cf. (4], ah(x, t) = a(2- 1 (xi- I+ xi), t), x =xi, 
ah(xi, t) = ah(::i+J, t) for (xi, t), (xi+ I, t) E Gh. For the approximation of the diffusion 

flux pi (x, t), ( e, t) E G(j) we use the grid function 

pih+ (x, t) :: EOxz(x, t), (.r, t) E G~)-, j = 1, 2, ... , .J, (3.3a.) 

where 
G~)- = D~)- x w0 , D~)- = {w1 n n<il} U {.1: = dj}· (3.3b) 

Taking into account the estimates of Theorem 1 a.nd Remark, we establish the conver­
gence of the sclution of scheme (3.2), (3.1) and the functions pih+(x,t) to the solution 
u(x, t) and the functions pi (x, t), respectively, for a fixed value of the parameter 

iu(x, t)- z(x, t)i ~ M[c-- 1 N- 1 + N0 1
], (x, t) E Gh, (3.4a} 

IFi(x, t)- pih+(x, t)i ~ Mc-- 1 (c-- 1 N- 1 + N01], (x, t) E G~l-, (3.4b) 

j = 1, 2, ... , J. To obtain (3.4b), we assume the fulfilment of the condition 

b(x,t)::O, (~,t) E G; a(x,t)=a(x) or a(x,t)=a(t), (x,t) E cUl, j=1, ... ,J. (3.5) 
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If condition (3.5) is violated, for the approximation of the fluxes P1 (x t) we use the 
functions pOJh+ (x, t) 

(3.6a) 

where 

(3.6b) 

the function z(x, t), x E 75, t E w0 is continuous in x and discrete in t, i(x. t) is the linear 
interpolation in x from the grid function z(x,t), (x,t) E Gh· We define h0 by 

(3.6c) 

where d=d(l.3 ), M is any number, the function {3(N, No, f) is the right-ha.nc side in (3.4a). 

The modified flux Pt{~i (x, t), j = 1, 2, ... , J satisfies the estimate 

IPJ( ) ....ojh+( )I< 'f[~-IN-1 N-1]112 (. t) r·!Jl . < I 1o· x,t -r- x,t -" c + 0 , x, Euh .. 1 _c 1 - 1. (3.7) 

2. Special difference scheme. On the set G we construct a grid cordensing in the 
neighbourhood of the boundary and interior layers 

(3.8) 

Here w0 = w0 (3 .1 )• Wj is a. piecewise uniform grid on 75. We dividP th(' inte ·val 75 into 3J 
parts: [dj-l, dj-! +a], (dj-l +a, dj- a], [dj- a, dj], j = 1, :2, ...• J. The step-size of 
the grid wj equals h(l) = 4aJ N- 1 on the intervals [d;- 1 , dj-l +a], [dJ - .r, d;], and it is 
equal to hl2) = 2(dj- dj-l- 2a)JN-l on the interval [d1_ 1 -t-a. d 1 - a]. Th<' value a is 
chosen to satisfy a= min(4- 1d, m- 1 f InN], where d = d(l.3 )• m is an arbit ·ary constant.. 

On the grid Gh(3 .s) the solution of diffNence scheme (3.2) conn•rgr•s un formly in E 

lu(x,t)- z(x,t)l ~ M(N- 1 ln N + N 0 1
], (J".f) E Ch. (3.9) 

The modified flux pOih+ (x, t) converges €-uniformly to the exact flux pi (.r. t) 

IPi(x,t)-pOih+(x,t)l~ M(N- 1 lnN+N01]
112

, (x.t)EG~l . . rS:d -h0
, (3.10) 

j = 1, 2, ... , J. Here the set c~l is generated by the grid Gh(3 .sJ· h0 = h:'3 _6 J where the 

function f3 = f3(N, N0 ) is the right-ha.nd side in (3.9). 
In the case of condition (3 .. 5), for the computed flux pih+(.r,t) we get the estimate 

I pi(x,t)- pih+(x,t) IS: M(N- 1 ln N + .i\'ij 1
], (.r.l) E cj;l -, (:3.11) 

where cUl- - c(i)- (-G ) . - 1 2 J h - h(3.3) h(3.8) 'J- ' .... , . 

Theorem 2. Let the solution of problem (1..1), (1.3) sati8jy lhr t-'lin ales of T/l('o­
rem 1 and Remark. Then the solution of scheme (:3.2), (3.8) (or ·'rhe111c (:3 :2), (:3.1)} and 
the function pOJh+(x, t) converge to the solution of the boundary l'rliuc pr 1blcm all(l lilf' 
function pi (x, t) €-uniformly (for a fixed t>alue of the ])(lmmeffT E). Bstilwtles (:3.9) and 
(3.10) (or (3.4a) and (:3.7)) are ualitl for the di.-crele ,,o[ution and for thr con pulEd fttu:. f11 

the case of condition (:3.5), estimates (3.4b), (3.11) are fulfil/({/ for the funclwn 1'111+(:r,l). 

All the considerations of sections 2, 3 can be Pasily modiftPd for prohiPn ( 1.2), ( l.l ). 
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Pixel Decimation Motion Estimation 
using Wavelet Transform 
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Abstract 
Traditional exhaustive Block Matching motion estimation (BMME) is difficult 1 o achieve in real 

time. Several methods had been proposed in order to simplify the process while at the same time 
maintaining good matching performance. Uniform pixel decimation [1] is one of the methods. The 
disadvantage of it is some crucial pixels in a block may not be selected for the motion matching criterion, 
resulting in inaccurate motion vectors. To overcome this problem, Chan and Siu [2] prOJ•Osed an adaptive 
pixel decimation method. However, this method still contains inactive pixels at the begiuning of the pixel 
selection stage. It also employs different number of pixels in each block, which mak !s it difficult for 
hardware implementation. In this paper, we use Wavelet Transform to extract the high a;tivity pixels and 
adaptively select a fixed number of the most representative pixels for the matchir g criterion. The 
simulation result shows that the performance of this adaptive pixel decimation is clo ;e to that by the 
traditional exhaustive search with a significant reduction in computation. 

Introduction 
BMME is widely used in video coding. Exhaustive full search BMME (FSBMHE) is one of the 

most popular methods because of its optimal solution and low control overhead. T ~e basic idea of 
FSBMME is to search all the possible displaced candidate blocks within. the search area in. the previous 
frame to find the best match block using either Mean Square Difference (MSD) 01 Mean Absolute 
Difference (MAD) matching criterion. Obviously, the FSBMME requires a large amoun. of computations 
and cannot be performed in real time by a single processor. To reduce the computation time, Koga et al [1] 
proposed to use a uniform subsampled pixels for the matching. However, the rna :ching is mainly 
controlled by the highly active pixels, such as those representing edges and textures. TI tese active pixels 
may not be selected during uniform subsampling, which leads to a poor accuracy of the rr otion vectors. 

To overcome this problem, adaptive pixel decimation had been proposed by <:han and Siu[2]. 
However, their method still contains inactive pixels at the beginning of the pixel selection stage. Their 
method also uses different number of pixels in each block, which increases the diffi< ulty in hardware 
implementation. In this paper, we propose to detect the active pixels by means of "'ave let transform. 
S.Mallat [3] proved that for particular class of wavelets, the zero crossing or the local ext ·ema of a wavelet 
transform provided the location of the signal sharp variation points (edges or textures). 

High variation point extraction by wavelet transform 
If a signal f(x) is smoothed (low passed), the extrema of their first derivative and he zero crossings 

of the second derivative provide the location of high variation points. A smoothing ft nction is defined 
here as a function, 6(x), whose integral is equal to 1 and that converges to 0 at infinity. For example, one 
can choose 6(x) equal to a Gaussian. Supposing this smoothing function is twice differentiable, we can 
define, ljl'(x) and ljl"(x) as the first and second order derivative of 6(x), respectively, 

lfl' (x) = dO(x) 
dx 

lit• (x) = dzO(x) 
.,. dx2 

(1) 

These two functions can be considered to be wavelets because their integral is equal to 0. 

The wavelet transform of f(x) at the scales and position x, computed with respect to the wavt let \f(x), is 

(2) 
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and the wavelet tra 1sform of f(x) with respect to ljl"(x) is 

w,• f(x) = f * lf/~(x) (3) 

The wavelet transform W," f(x) and w,• f(x) are, respectively, the first and second derivative of 

the signal smoothe l at the scale s. The local extrema of W," f (x) thus corresponding to the zero crossings 

of w,• f(x) and tJ the inflection points off *8,(x). In particular case where 9(x) is a Gaussian, the 

zero-crossing dete< tion is equivalent to a Marr-Hildreth [4] edge detection, whereas the extrema detection 
corresponds to a Canny [5] edge detection. And generally, the local extrema method is preferable to the 
zero-crossing due · o the simplicity of implementation. It also generates more information about the edge, 
such as if the edge is rising or falling. The zero crossing method only tells whether the pixels are edges or 
not. Therefore, we ~hose the local extrema method for the high activity pixel selection. 

In this papc:r, we chose the Daubechies' 4 tap wavelet fllter to extract the edge information. This 
filter is better thau the others in the same Daubechies' fllter family due to its compacted format. It also 
generates less ring .ng effect on the edge map. Since images are two dimensional, equation (2) has to be 
applied on both th ~ horizontal and vertical directions in order to obtain the final edge map as shown in 

Fig. I. w,~ represe 1ts the fllter in horizontal direction, while "':2 in the vertical direction. After filtering, 

all the output coeff .cients will be retained without subsampling, i.e. s=O. 
By adding these two edge maps together and taking the absolute values of the coefficients, we 

obtained the desir ~d edge map. Thresholding will then be applied on the coefficients to remove the 
unwanted noise. A typical edge map for the image of Fig.2 is shown in Fig. 3. 

Adaptive Pixel Decimation 
In order to select the pixels with highest activity for motion estimation, the coefficients of each 

block from the ed;~e map are sorted in descending order. The high value coefficients represents highly 
active pixels. Depending on the requirement of computational reduction, a certain number of pixels (with 
the highest activit) within a block) will be selected to enter the MAD matching criterion. For instance, a 
four to one decim1 tion, which gives a 75% reduction in computation time, for a 16xl6 block, results in 
only 64 pixels for r 1otion estimation (Fig. 4). 

Computational Complexity 
The compu ing time for detecting the activity pixels is negligible as compared to the exhaustive 

full search proces1. The average number of operations for motion estimation using the adaptive pixel 
decimation per blo• :k (F) is, 

SKN'L,.!,_, 
F=--ttH(x,y) 

PL •=• ,=o 
S=Number Jf location searched (Searching window size) 
K=MAD m itching operation 
N=Square t lock width 
P=Width of the image 
L=Height o 'the image 
H(x,y)=Nm1ber of pixels selected at block location (x,y) in the frame 
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The computational complexity of the adaptive pixel decimation is determined by t 1e following 
factors: 
o Searching window size (S) 
o Image size (P & L) 
o Square block width (N) 
o Number of pixels selected for each MAD matching criterion (H) 

Results and Discussions 
A series of experiments were carried out to evaluate the performance of th ~ adaptive pixel 

decimation technique. The Table Tennis (720x486) video sequence is used as the test sequence and it 
follows the MPEG 2-frame interpolation structure (i.e. IBBPBBI... ). The public doma n PVRG-MPEG 
Codec 1.1 package has been adapted. Fig.5 and Fig.6 show the results of B frames. It caJt be seen that the 
adaptive wavelet pixel decimation produces better peak signal to noise ratio and, it emp .oyed less bits to 
encode the sequence at the same time. Fig. 7 shows that the Displacement Frame Difference (DFD) of our 
method is always less than the uniform decimation, which means more accurate motior estimation. The 
results show the performance of the this motion estimation technique is close to that >f the· traditional 
exhaustive full search method, while the computational time has been reduced by 75%. 

Conclusions 
Wavelet Transform has been successfully used to detect the active pixels in a bl<,ck. These active 

pixels are then selected for motion estimation. Results show that this new pixel decimation technique is 
superior to the uniform decimation, in terms of the peak signal to noise ratio, bits per pixel and the DFD 
values. Its performance is close to the traditional exhaustive full search method, with a 7 5 % reduction in 
the computation time. 
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Fig.2 One of the images in the Table tennis sequence. 

Fig.3 The edge map generated by Wavelet Transform. 
The brighter the pixel, the higher the activity is. 
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Fig.4 The selected pixels for motion estimation. The white pixels indicate the location of ::elected pixels. 
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Fig. 5) Peak Signal to Noise Ratio results of the table tennis sequence. 

mpeg- MPEG-1 exhaustive full search with one pixel accuracy motion estimation 
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Fig. 6)The bit per pixel for the table tennis sequence encoding. 
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Execution Time Analysis for Least Squares Probl·~ms on 
Massively Parallel Distributed Memory Compt.ters 

Tianruo Yang 

Drpartm.fnl of ('ompulrr Srirnrr. Linkoping l!ni1•rrsily 
S-.5fil i'i:J, Linkoping. Swtden 

Ahstrad. In this pap<'r W<' mainly focus on thP study of til<' paraiiPiiz; lion 
of P( '( ~ LS, a hasir iterativ~~ method whosf' n1ain idea is to organizP tht'' 1 0111-

put,ation of ronjugatP gradient Ill<'! hod wit.h prrconditioner applied to no ·mal 
equations. l:la-'ed on tlw data distribution model. we analyze fully the Jnost 
suitable roiJJJJJUnication JJetwork topology for solving least squares prob ems 
nn tnassively distrihutf'd lllf'lliOry rotnput.Prs. A theoretical model of ron IJIU­

nicatiun phases is prt~sPnt.ed which allows us to givt~ a dt>tail t"Xerution .itth' 
ro111plt•xity analysis and invest.igat.Ps its wwfuhte:-:s. It is shown that the itnplP­
JUcnt.atioJJ of I'('(; LS, with a row-block dt'romposition of the roefficieJJt matrix. 
on a ring of rollllllllllirat.ion strurturt• is t.lw n1ost dlirient rhoire. Perfonn Ulrt' 
t.<'sts of the dev<'ioped parallel f'( :(; LS al~orit.hm haw been nuriPd out 01 tht• 
lllassively tlistrihukd nwntory ~yst.Pnt Parsyt.f'd;( '/PowPrPius and I'Xpt'l'itiWil~ 
tal tituiug re-sul!.s arc' c:ontpart•d with the theort>tical f'Xerution tinw ("OIItpkxity 

a.nalysi~. 

1 Introduction 

Mauy sciPnt.ilic <tpplirations such as tomography. gPodPtir survPy ami st rurt nral analysis 
givP risl' to th<' kast squa.rPs prohiPms 

( l) 

with a.la.rgl' aud spars<' co<'lliriPut matrix A. Minimizing by solving tlu• non1a.l <'qua1ions 
is a romn1on and oftpn plficif'nt. approach, lwrausP .4T4 is symnwtrir and po:.i1ivo• ddiuit<' 
a.nd it. ran hf' solvf'd by using ronjugat<' gra.dio•ut. mPt.hod with pr<•coiulit ion •r whirh W<l' 

d<'V<'lopPd in tiiP <'a.rly 1950's hy IIPstPnPs and StiPf<'l [~]. ThP rrstrlting niPtlood. }'('(;LS. 

is us<'d as th<' ha.sir it<'l'a.tiv<• nwthod to solvP t.hP !Past squarPs probl<'niS . .-'J1 hough this 
111<'1 hod do(',; not. <'Xplirit.ly forn1 tlu• norma.! f'qua.tion,;, t.hP rat<' of ronvPrg<'I r<' ,;till ro•li<•s 
on t.hr sjH'ct.rum of AT.-1. i'rProndit.ioning l<'rhniqurs that arrl'lPrat.P t.h<' rPll\'<'I-gl'nn• of 
t.hPSP lliPt.hods haVI' rPCPiVPd PXI.PIISiVP a.t.I.Plltion in thf' !it<'l'ai.Url'. 

In many situations, <'Sp<'ria.lly wlwn matrix op<'ra.t.inns a.rP wPll-,;1 rurtur •<!. t h<'"'' op­
Na.t.ions ar<' suit.a.h!P for implf'm<'nt.ation on VPrtor and sha.r<' HH'lllllr_v para.IIPI ronljltJt<'rs 
[ri. !l But. for pa.ra.IIPI distributPd mPmory marhinPs th<' pirtnr<' i,; Pnt.ir<'ly difl"<•n•nt. In 
g<'nNa.l th<' ma.trirl's and thP VPrtors ar<' dis1.ribut<'d OVPT thl' prnrPssors. so that 1'\'Pll who•n 
tiH' matrix opN<ttions ran lw implPlll<'lli.Pd <'lficiPnt.ly b~- pa.raiiPl "l"'rat.ioi~>. WI' ran nol 
avoid t.hl' romninniration r<'quirPd for information <'Xrhall)!;P . .-\bout disrus;io>JIS on ho11· 

to rPdun• t.hP ronilllllnirat.ion costs on distribut<•d 1111'11101')' syst.<'IllS. SP<' [2.: . -1. I:l]. In " 
word, tlu:.:-;p romnHIIIiration costs hPromP rPlativPiy morP a.nd ruorP irnporto~nt \\ .. 111'11 t !Jt• 
llllilllH'r of t.lw pa.ra.ll<•l prun•ssors is iii<T<'asPd aud thus t.hPy lrav<' t hi' pot <'I t ial to ;dl'<•o·t 
t.h<• scalabilit.y of t.h<' a.I)!;<Hit.lll!l iu a. llP)!;at.ivl' way [:!]. 
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WP arP also hi)!;hly ronrPrnPd with prProtHlitiot!Prs for massivPly pa.rallPl distribntPd 
lllf'111or~· computPrs I>PcausP thP lHPCOJHlitionin)!; part is oftPn thP most prob!Pmatic part 
in a parallel Pn"ironmPnt. ThP prPconditionin)!; techniquPs havP bePn studiPd b~- many 
authors. In our paper we will focus on thP Incomplete Modified Gram-Schmidt( IMC;s) 
preconditioner, L class of incomplete QR factorization preconditioners, lwcause thPir PX­
istences can be :;uarantePd [ !!i]. 

HPrP, we pre ;ent thP functional aspects of parallelizin)!; tbP P< :c; LS lllPthod for soh·in)!; 
!Past squares problPms. ParallPlizing a problem basically implies answPrin)!; tllP following 
quPstions: what is thP best decomposition for problem or data distribution and which 
communication ;chPmP is best suited. Since the first onP bas bPPn analyzed in [IS]. WP 
will foucs on thE second issue. 

A snitablP 1 IPtric is nrPdPd to decidP which data distribution and communication 
schPIIlP should I e selected. WP will follow the definition and thP abstract mod PI of thP 
parallel computing system proposed in [10, 11]. WP also cboosP tbP total PXPcution timP 
of thP parallel p ·ogram 1~or as our metric. The decomposition and interconnection that 
minimizP tbP total PXecntion-timP of tbP paraliPl pro)!;ram TP"'' must be chosen. For data 
parallPlism, thP 1 otal exPcution timP Tpar dPpends on two variablPs and systPm paraniPtPrs 

Tp«r = Tp«r(p, n, sy,,lem pa1·amrters ), 

wherP p is the n·tmber of processing elements and n is the data sizP. 
lu genPral tho' communication is described by a startup time Tstartup plus a pure sending 

tirnP UT,- 0 ,,. wherP n is tllP numl>Pr of bytes that is sent, and Tromm thP timP to sPud 
oiiP byt.P. Now VP restrict oursPlVPS first that our parallel computin)!; system is Hoare's 
Communicating SPquential ProcPsses [9]. In other words, this means that the system 
consists of a set • >f sPquential procPsses, running in parallel and exchanging data by means 
of synchronous ]'Oint to point communication. This kind of model needs to lw specified 
how thP parallel procPssors are connPcted, thP timP needPd to send a CPrtain amount of 
data ovPr a. link ·onnecting two processors, and Pxecution times on a single procPssor. WP 
will dr>srrii)P ou1 platform Parsytec GC/PowerPlus's communication model later which 
suits our ass~llll] tion well. T:_he next assumption is that the action within the sequential 
procPsses mainly consists of manipulating floating point numbers, and that the timP needPd 
to ])Prform onP floating point operation can be described with a singlP parameter Teale· So 
based 011 ahovP ;"ssumptions, Tp«r can be specified as follows: 

Tpar = Tpar(P, n, Teale, Tstctrtup, Tcomm' topology). 

Finally W<' as;umP that tbP parallel program consists of a sequence of cycle [I]. During 
a cyclP a.ll procPs;ors first perform some computations and after finishing the wmputation 
th<>y all synchrouizP and exchange data. This program execution model is valid if paral­
lelism is obtainP I through data decomposition. With the final assumption, 1~ar can be 
<>xpr<>ssed as fol111ws: 

Tseq 
Tpar = -- + Tcalc.np + Tcomm' 

p 

wh<'r<> 'J'.,.,1 = T,c .(p = 1, n), is the execution time of the sequential algorithm or thP execu­
tiou timP of t.hP parallel algorithm on 1 processor; Tcalc.np = Tcalc.np(p, n, Teale, topology), 
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is tiH' part that can not be performed completely in parallel; Tcomm = Tcomn (p, n, Tstartup, 

Teo"'"" topology) is the total communication time of all cycles of the paralle program. 
In this paper, we will focus on how to minimize Tpar as a function of pan< nand decide 

thP corresponding data distribution and communication network topology combination for 
PCGLS method. Here we assume throughout that no preconditioner is usee to verify the 
ptfpct different parallelization strategies do. 

Several timing experiments are carried out on Parsytec GC/PowerPlus ;,t the Nation­
al Supercomputing Center, Linkiiping University, in order to verify the validity of our 
theoretical expectations. The Parsytec GC/PowerPlus consists of 64 nodes, Each node 
contains two PowerPC601, four T805 transputers and 32Mbyte memory. Th·~ machine can 
bP partitioned so that users can have their partitions when running a progran. In addition 
to this there is a parallel file system for input and output. Parix provides a set of easy 
to use functions to build and use a communication network matching our problem and 
define suitable routines manage data operation. This enables us to write effi.:ient, ·reliable, 
scalable programs for a large variety of applications. Parix's partition ma1agement, the 
NRM software, assures flexibility and versatility in using a Parsytec GC/PowerPlus's ca­
pabilities. Depending on your request you are granted sets of processors accc•rding to your 
requirement. The basic communication facility of Parix are virtual links. .\ virtual link 
is a bidirection, synchronizing, non-buffering, point to point communicatim line between 
two threads on different or same processor. The links are called 'virtual' because there is 
no need for a direct hardware connection or link between the communication processors. 
Communication is modeled based on virtual topologies, which build point to point con­
nections between arbitrary threads. A well defined set of virt11.al links can be·combined 
to build a virtual topology such as grid, tree, ring. We will introduce the wmmunication 
model in detail in our experimental part. 

The left of paper is organized as follows. In section 2, we will present s 1ortly our in­
troduction for the PCGLS method with IMGS preconditioner. And an abst1 act model for 
data distribution or decomposition and communication schemes will be described shortly 
based on [18] in section 3. In section 4, the comparison of actual implen entation and 
theoretical total execution time complexity analysis will be described fully. Finally, per­
formance tests of the developed parallel PCGLS have been carried out and experimental 
timing result are compared with the theoretical time execution analysis. 

2 PCGLS with IMGS Preconditioner 

PCGLS [16] has been used widely for large and sparse least squares problems whose main 
idea to organize the computation of conjugate gradient method with precondi· .ioner applied 
to the normal equations. 

The PCGLS algorithm contains three distinct computational tasks per it.,ration name­
ly, two matrix vector products, Atk and AT Tk+1' where r:::;v = 8nTcalci two inner prod­
ucts, (qk, qk) and (sk+I. Sk+1), where T;~n = (8n-2)rcalci three vector updat·~s, Xk+l, Tk+t 

and Pk+I. where T;:,~u = (8n2
- 2n)Tcalc· 

IMGS, is an incomplete modified version of Gram-Schmidt orthogonaliza .ion to obtain 
an incomplete orthogonal factorization preconditioner M = M, where A = 1~ R + E is an 
approximation of Q R factorization, Q is an orthogonal matrix and R is a upper triangular 
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matrix respecti'rely. The main advantage of the preconditioner is that its existence can be 
fully guarantee< I [16]. The IMGS preconditioning procedure requires approximately ~( n2 + 
5n) inner products, and ~( n 2 +n) vector updates, and n matrix-vector multiplications [ 17]. 

3 Data Distribution and Communication Schemes 

In [18], three different data decompositions of the matrix havP been discussed: row-block 
decomposition, column-block decomposition and grid decomposition. First of all, we will 
present briefly the basic parallel vector operations and their execution time complexity 
based on [10, 1 , 18]. 

3.1 Vector update operations 

The parallel ve<tor update operations can be performed in parallel. The computing time 
for the parallel vector update operations 

v-u n T;~~u(n) n n 
Tpar (p, n) = 8f -1Teale = --- + 8(f -1 --)Teale, 

p p p p 
(2) 

where r X 1 is th€ ceiling function of X. It does not have to communicate data, so Tcomm = 0. 
And non-paralld part is a pure load balancing effect. From (2), we can know that 

rv-v. ( ) (fn1 n np.calc p, n = 8 - - -)Teale, 
p p 

(::1) 

if the length of the vector is not divisible by the number of processor p, then some pro­
cessors receive >ieces of the vector with size f~ 1, and some with size f~ 1 - !. This will 
lead to a load ir !balance, of which the effect is presented by (3). In general, for large grain 
size, n/pTnp.cale is very small compared with Tseq/p. 

3.2 Inne~ product op~rations 

The total comp 1ting time for the parallel inner production operations is 

r;:~(p, 1.) (8 r !!_1 - 2)Teale + t~:~~ale +tea 
p 

Ti""(n) . 1 n n 
~ + (t~:~alc- 2(1-- )Teale)+ 8( r -1 --)Teale+ tea' p . p p p 

where tea is the time for a complex accumulate, the total communication time to send thP 
complex partial inner products resident on each processor to all processors. The t"'·"P is 
a computing time introduced by summing the partial inner products after or during the 
scalar accumulation. It is quite easy to know that 

T~~~~m (p, n ' = tea, T i"n ( ;,.,. ( 1) ) (fn1 n) calc.np = tca.calc - 2 1 -,- Teale + R - - - Teale· 
p p p 

This part consi: ts of two terms. The second term is the load imbalance term and the 
first tPrm describes the summations in the parallel vector inner product that can not be 
performed comr letely in parallel. 
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3.3 Matrix vector multiplication operations 

Tl"' <'X<'cution timPs for V!'ctor updat!'s and innPr products an' indPp<'nd •nt of the dP­

romposition of tlw nwfficiPnt matrix. But thf' matrix vPctor multiplication opPrations ar!' 

th<> only matrix d<'pPIHIPnt parts of th!' algorithm. Full study has h<'<'ll ronluct!'d in [IX]. 
I!Pr!' Tabk I summariz!'s '/~.""'"'and T,.l' ofth<' matrix vector product forth' thrPP d!'com­

positious. naliiPiy row-block. rolumn-block and grid d!'compositions. whPrP '1;,1' is furthl'r 
suhdividPd in thP loa.d balancP and thP nthn non-parallel floating-point opf'rations. HPr<' 

TabiP 1: '1;,1, and'/;."""" of thP matrix VPctor produrt for diffPrPnt decompositions 

llPCOill position '/;,,, Load balanrP T, 1, othN non-paraiiPI 

floating-point OJlPrations 

How-block (Hn- :2)( f~l )Tr•tlc !lOll!' 

('olnlnn-block Xn(f~l- ~)Tmf(· l,,1r.calc - 2n( 1 - -; )T,·rdc t,.,, 

<:rid X(f~l 2 - ~)Tcafc f /)I'II.Crr/c - 2n( r -Jp l ~ - t, )Tnrk I. 1-,11 + /pl•rr 

1,,_,1 is thP tim!' llPPdPd for thP V<'ctor gath<'r OIH'ration in till' row-block dPcompnsitinn. 

t,, is th<' tim<' to acrumulatP and scattPI' thP rPsulting V<'ctor. and 1,.,_,.,1,. is tiH' tim<' to 

PvaluatP tiH' partial sums in till' column-block dPcomposition. 11,_!1 is t hr tim<' for t IH' 

partial VPctor gatht>r OIH'ra.tion, 11,,, is thP limP for thP partial v!'ctor acr·nmulat<'. and 

11,.,..,.,(,· th<' t.iniP to <'valuat<' til<' partial sums aftN or during !-h<' vPrt.or a•TIIt_nulatiou in 

thl' grid dPCOillpOsition. 

l:lasPd on tlw theor<'tical analysis. it is quit<' cl<'ar that t.hP row-block rkro111pnsition 

is murh mor<' etficiPnt than tlw column and grid dPrompositions of .. 1 for an~· paralkl 

COillplltPrs. 

4 Theoretical Time Complexity Analysis 

W<' willlli'PS!'llt tlw PX!'cution tim<' romplPxity analysis of thP row-block""' OIIIJH>sitioll on 
a ring. WP also hav!' a.nalyzPd tlw row-block dPcomiH>sition on a binary I r•'<' and a tor11s. 

Th<• total till I<' on t.IIP torus is highN than on thP ring and thP binary I 1'1'<' t >polngi<'s. Th<' 

last two arc' co1npa.ra.bl<'. FurthNilllll'<' W<' will focus on tiH' grid dPcolltp.,si ion on a torus 
topology. 

4.1 The row-block decomposition on ring topology 

Th<' row-hlork dProntpositiou giv<'s ris<' to a VPct.or 01wration with assoc al<'d ov<'rh<';HI 

computations. During t.hP VPCt.nr gath<•r op<'ra.tinn. Pa.rh pror<'SS<H r<'c<'iVPs fr.,tn all ntiH'r 

proc!'ssors in tlw network a piPrP of tlw vPctor. whirh is suhs<'qll<'lltl,v st< rPd. ,\rtpr till' 

ga.thN, <'VNY llfOr!'ssor ha.s a ropy of t.hP total VPclor in its Inca.! ln<'lnor: ·. On I hP rill~ 

topology it ca.n lw achi<'V<'d as follows: 

I. First stPp Pa.rh IHOn'ssnr sPnds its priva.tP pa.rt of th<' v<•rtor tilth<' 1<•11 and 1 "" ri~ht 
and. at. th<' sam<' tiiiH', l'f'CPivPs fro111 thP l<'ft and ri~hl pmc<'ssllr t llf'ir prival<' p;nl. 
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PROCESSOR 1·1 PROCESSOR l PROCESSOR 1+1 

STEP 1 --[1-1)- -lit- •-(1+1}--• 

STEP K .. -{fl•k-2) mod p) -{[l•k·1) mod p) -ill•kl mod p} 

((l·k) mod p) -• {(l·k+1) mod p)- {ll·k+2) mod PI -• 

•o 

-}- ;_-'--, {---, r·--1 r-(;::2_ --{_~_r-- _,_ J- -- '"L •r 
I 

F ip;urp 1: ThP V!'ctor gathE'r operation on the ring topology 

:2. :\'Pxt. tbP parts rPrrived in tlw prPvious stPp, arf' passed ou from ]pft to right and 
virP \'Nsa. ami i11 para.l]P], parts from }pft aud right iHP rPcPivl'd. 

So, after [pi:2J ~ t!'ps, each proc!'ssor in the riug receive the total vector where [xj is the 
floor functiou of x. 

If wP assumf that point to poiut communication of n floatinp; poiuts takPs a time 

tl)Oint-tu-point = Tstnrtup + nTcmnm, (4) 

then t,_9 (p, N J ~an eXJHessPrl as follows: 

rmg • _ p . N _ p [PJ ioN 
t,_fl (p, N)- l2J (Tstnrtup + ifipTcomm)- [:;!jT_,tnTtup + :;! PTcomm• 

During Pvery communication step Pach JHOCf'ssor simultaneously sends :2 messages and 
recPives :2 messa ~es of NIP complex nmnbers. A total of [PI:2J steps are performed. 

In Figure I, f ach processor simultaneously sends to and recE'ives from both nPighboring 
processors a ·part of the vector. The ~ symbol gives the communication directiou, the 

nundJPr b!'tW!'Pll thP brackets is the processor number where the package originally comes· 
from. 

The• timf' for .ht> scalar accumulatP is easily derived from the previous analysis. Instead 
of a complex VE'C .or of NIP elements, a real number is sent, tht> communication pattern is 
tiH• samr as the rector gather. After each communication step, the uewly received partiaJ 
inner products a ·p addPd to the partial inner products of the receiving processor. In total 
p rPa] numbers ~rP added, This leads to the following expressions for ten and tca.np 

nnJ- []lj( + 1" ) tnt - 2 Tstnrtup uTcom.m , (ing - 2( 1 ca.calc - P- )Tcnlr· 

4.2 The grid decomposition on a torus topology 

ThP parallPI PCCLS with grid decomposition ofthP matrix contains a partial vector gather 
opt>ration, a par· ial vPctor arcumulatf' oper<~tion, and a complex aceumulate operation. 
[)Privation of thr PXPcution timP of thf'se op/rations on a torus topology is not easy. 
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We will analyze the partial vector gather operation first. The partia vector gather 
OJH'ration is implemented in this way, consists of p112 simultaneous vecto1· gathers along 
the columns of torus topology. Every processor in the column must recei•·e a package of 
Ln/pj complex words of every other processor in the column. 

The vector accumulate can be separated into two communication steps The first step 
is a communication in the horizontal direction. The vector, which is sum decomposed 
in the horizontal direction is accumulated in the diagonal processors of 1 he torus. The 
vector is now decomposed over the diagonal of the torus in parts of r n/(p 112 )1 elements. 
These parts are scattered in the second step in vertical direction, resulting in the column 
wise scattering of the original vector. The first step implies that every p1 ocessor on the 
diagonal must receive packages off n/(p112 )1 complex numbers from every I•rocessor in the 
row of the grid. In the second step, the diagonal processors must send packages off nfp1 
complex words to all processors in their columns. 

Here, we note that both in the partial vector gather and in the vecl or accumulate 
the grid can be viewed as p112 independently operating pipelines or rings ·:ontaining p112 

processors. In the first step of the vector accumulate the largest packaget must be sent. 
Therefore it is most advantageous to create rings in row wise direction. 

The partial vector gather is a gather operation of packages of f n/ p 1 conplex words on 
p112 simultaneously operating bidirectional pipeline each containing p1 / 2 p·ocessors. This 
can be implemented in the same way as the vector gather operation on the ·ing, but now a 
total of p112 - 1 steps are required to get the messages from every processor in the pipeline 
to every other processor. So the execution time of the partial vector gathE•r operation on 
the torus topology is 

The vector accumulate operation is an accumulation to the processors !Ill the diagonal 
of the torus of a sum decomposed vector of r n/(p112 )1 complex words on :J112 simultane­
ously operating bidirectional rings of p112 processors, followed by scattering of packages 
of fn/p1 complex words from a proce$SOr to all other processors in p112 ;imultaneously 
operating pipeline containing p112 processors, therefore 

t~':aus = l '7J( Tstartup + 16f ~ 1rcomm) + ( yP- 1 )( Tstartup + 16f~1Tc>mm)• 

The first step of the partial vector accumulate operation introduces the corr putations that 
should be accounted for by tpva.calc· After every communication step the r ~ceived vectors 
of fn/p1121 complex words are added to the partially accumulated vector ;n the diagonal 
processor. A total of p112 vectors must be added, therefore 

t~':a~~alc = 2( yP- 1 )f ~ 1 T calc· 

The complex accumulate is quite simple, the partial inner products are the first accu­
mulated in the horizontal direction, followed by an accumulation in the ve1tical direction. 
In both sweeps p112 complex number are added. So, this leads to the follow ng expressions 

t~~rus = L '7j(Tstartup + 16Tcomm) + (.JP- l)(Tstartup + 16Tcomm), 
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t~~~~:lc = 4( yiP - 1 )Teale• 

The derivatic n of the expression for the communication and non-parallel routines, as 
a function of the system parameters, allows us to compare Tpar of the PCGLS with IMGS 
preconditioner fc r two different parallelization strategies. 

Here we will :om pare Tnp and Tcomm of both parallelization strategies in some limited 
cases. From the previous parts, we know that 

TJ'CGLS.IMC!S = ~(n2 + 5n)Tinn + ~(n2 + n)Tv-u + nrm-v 
n J 4 ' np 2 np np ' (5) 

and 

T PCC!LS.IMGS = ~(n2 + 5n)Tinn + ~(n2 + n)T"-~, + nT;~,~~~· 
con< m 4 comm 2 com (6) 

Combining the e~pression of the previous section with (.5) and (6), we get 

PCC!LS JMGS row-block 2 n n 1 2 1 ~ 
(Tnp · ) . =(14n +12n)U-l--)Tcalc+-(n +5n)(p+--2)Tcalto (•) 

rmg p p 2 p 

(TPCC!LS.IMC!S)'ow-block = (~n2 + ~n)l eJTstartup + 16l~J(nl~l + _41 n2 + _45 n)Tcommo (H) 
comm rmg 4 4 2 2 p 

and 

(T,;CGLS.IMGS) 1rid 
P .orus 

2 n n 1 2 , I 
(6n + 14n)(l-l-- )Teale+ -(n + 5n)(2y!P +-- :l)Tw/r + 

p p 2 0 p 

n 2 n1 n n 
n(l r,;l --)Tcalc+n((2y!P-4)1 r,;l+2-)Tcn/c, (9) 

vP P yP P 

(TPCG LS.I M a; )grid 
comrn torus (32n( VP- 1) I ~l + 4( n2 + .5n )( l v; J + VP- I) )Tcomm + 

y'Pn 1 2 9 v'P 
)6nl2 J I p lTcomm + ((4n + 4nJl2 J )Tstartup + 

1 2 13 
(4n +4n)(y!P-I)Tstartup· (10) 

If we assume that n ~ pin case of a perfect load balance, we know from (7) and (9) that 

( TPCGLS.I \1G8)row-block _ e( )T 
np ring - P calc, (T PCGLS.IMGS)grid = 0(n)Tcalc· 

np torus (ll) 

From (11) wi1 h a load imbalance in the system, T,.p for the grid-torus combination has 
the same order of magnitude as with a perfect load balance. However, a load imbalancP 
has a strong imptct on the row-block-ring combination; Now, Tnp becomes 

(TPCGLS.IMGS)'~w-block = 0(n)T 
np nng calc, (12) 

which is the sam~ order of magnitude as the grid-torus combination. The corresponding 
order of magnitu :le of Tcomm follows from (H) and (10) is 

( ff. )CGL8.1 MG8)r~w-block = 8(p )rstartup + 0( n )rcomuH 
cmnrn nng (13) 
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and 

( 14) 

Frotll (II) ami ( 14 ), it is Pasy to show that Tnp and Tcomm for the row- Jlock-ring com­
hinat ion and thP grid-turns cotnhination arP comparab!P. WP nf'Pd to dPcid' thP numPriral 
val uPs of thP syst<:'m param<:'tPrs. FurthPrmnrP, WP must rPmPmlwr that 1;,ar for P< '(; LS 
with IMGS ]H<'CmtditionPr is main]~· detf'rminPd by Tsu

1
/p, with an ordf'r Df magnitude 

(l'i) 

Now. W<' can nsP th<' crndP PXIHPssion suggPstPd in [10, II] for tiH' pffi ·ipncy E of thP 
para.lld l'C<:LS with 1!\!(;S pn•cotHiitiotwr. whPrf' WP hiiVP ta~Pn tiH' worst cas<' 7;."""" of 
(I:!) 

:~"1 ~ ------------------------~-----­
pi,,,, ] + {-)( j'_ }(] + ~) + {')( s) TofaoiUJ> • 

n r, al< 11 T01 j, 

( ](j) 

W<• know from ( ](i) that <IE'viations from E = I is <htP to thrPf' r<:'asons. W< will first focus 
on tlw tPrm rPlatf'd to Tram"'. This term ran b<:' viPWPd as t.IH' communi< ation ovPrhPad 
.fc. ddinPd by Fox in [7]. For a prnhiPm dim<:'nsion r/1, and a dimPnsion >f th<• complr•x 
contpntPr (lc, hP shows that 

f, = { 
if d •.• ?. d,, 

if de < r/7, 

Tints. for thP row-block-ring combination dl' = 2 and d,. = I, thl' communi< at ion owrhPad 
f. is 

which is in a.gn•Pment with ( ](i). llowPvPr, for tiH' grid-torus rombinat i HI d,. 
would <'X]H'rt 

:2 011(' 

which disa.gr<'PS with our rPsults. ThP rPason for this is thP impl<'m<'ntatio 1 of th<• partial 
vPrtor a.ccnmulatP. Th<' first stPp of this OJWration can not PXploit thP full dinH•nsionality 
nfthP nt'f.work, giving ris<' to an ord<'r ofmagnitnd<• of'/~.""'"' as in ( 1-1 ). The sr•cond INn I of 
thr• dPnomina.tor in ( 16) is dnP to non-pa.ralkl rnmputation (thP grid-toru' rntnhination) 
or du<' to load imba.lanrP (tlw row-block-ring rombinat.ion) and has thP sanH' ord<'r of 
magnitud<' as thP rommnniro.tion ovN]wad. TIJP last tPrm in t.IH• dPnotni tator dPsrrihr•s 
thP dfici<•nry n•durtion du<' to cotntnnniration startup timPs. This t<'l'ln hoWPVPI' is an 
orciN of tnagnitudP sntallPr than thP ]>rPvious two. 

J\s lon~ as T~·alc• Tcmnm a.ud T8 1ar1u11 hav<' t.hP sa.nH' ordPr of lllap;nitudP. tnd 11 >"-I'· lltl' 

elfiriency of thP para.ll<'l PC{;LS with IM{;S prProtulit.iunN ran hr• V<'r,V rlcos<' It> unit.\". In 
thP nPxl. sPcl.ion W<' will inv<'stigatP this in dPtail. 
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(b) Hierarchy of topologies 

The Parsytec ( CfPowerPlus combines the state-of-the-art RISC processor PowerPC-601 
and advanced t ·ansputer communication technology and achieves top-end supercomputer 
performall<'e with a scalable architecture supporting thousands of processor and offers a. 
clear future upuade path to PowerPC-604 and PowerPC-620 microprocessors. About thP 
test matrices, \H' use • he matrices from the simulation of the Elastic Light Scattering from 
arbitrary shapt d micron sized biological particles by using the Couple Dipole method 
dPscribPd in [11, 14]. In this case, A is symmetric :lN by :!N complex matrices with 
N ~ 105 and ve generate the right-hand side vector consistent with a solution vector 
whose compomnts are equal to 1. 

5.1 Parsytt c architecture 

We will intr_ocll ce briefly th.e architPcture of Parsytec GC/PowerPlus. It employs a scal­
able routing network and a node dPsign featuring a scalable number of application and 
communication processors. The overall architecture is optimized for most efficient exeru- · 
tion of parallel >rograms composed of compute and communication threads. The Parsytec 
GC/Powerplus architecture supports parallelism at all three levels: 

• Per-chip parallelism: thP PowerPC-601 executes :l instructions per cycle, the T805 
transpute- supports R independent concurrent communications. 

• Per-node parallelism: 4 communication and 2 application processors forms a single 
GC/PowHPlus node and allows 6 parallel threads. 

• Per-appli< ation parallelism: a large number of physical nodes is connected through 
a bidirect on fat-grid network with packet message routing. 

The node <.rchitecture uses a 'variable balance architecture' and supports a vari­
ablP number of application and communication processors and memory modules. Parix 
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givPs transparPnt accPss to any node configuration and allows steamless prcgramming of 
both rompute and communication tasks using the same programming envirmment. The 
GC/PowerPius node design has been selected after extensive simulation as the best com­
promisP bPtwPen cost and scalability. The use of intelligent transputer communication 
procpssors has already triggered the development of advanced communica1 ion firmware 
to support monitoring, fault-tolerant, global operations, high level protoCJls and scat­
tPr/gather communication. Scalable I/0 performance is achieved via the G :::jPowerPlus 
boundary links to the parallel storage system. 

5.2 Parix operating system 

Parix is designed as an open development platform for super massively parall~l processors. 
To a gn•at extend Parix is hardware independent. Concurrently it has been implemented 
for transputer based systems(T800/T9000) and systems based on the Powerl'C. Standard 
UNIX systems serve as the embedded host machines. 

There are four types of communication available in Parix [12]: 

• Synchronous virtual link bound communication, is the GC's and Xp orer's native 
form of communication. The communicating processes have to be conJLected with a 
virtual link and are synchronized upon communication. The process, for example, 
which reaches the point of communication first has to wait for the o1 her one, and 
data transfer takes place when both process are ready to communica1 e. A process 
can await communication from one of several links simultaneously. 

• Synchronous random communication, does not require the definition of virtual links. 
For long messages, however, the library calls internally establish a virtual link due 
to performance reasons. 

• Asynchronous link bound communication, can be carried out concurren;ly with com­
putation. It therefore optimizes processor usage, as sending and recdving is per­
formed in the background while the processor continues working. 

• Asynchronous random communication, based on mailboxes is the most general form 
of data exchange. There is no need for a link between the two communicating 
processes, but the size of messages is limited due to the store-and-for\\ ard principle 
of the router and the mailbox. 

As we mentioned before, the first communication model suit our asst mption well. 
Communication via virtual link can be performed by the following library wutines of the 
Parsytec system: 

Send, Recv, SendLink, RecvLink, Select, ASend, ARecv 
The first four operates on virtual topologies, specifying the relative orientatinn within the 
topology, whereas the last couple refers to a link control block directly. 

To ease handling of the theoretically thousands of virtual links per proce ;sor, link can 
be ordered in virtual topologies. Virtual topology libraries relieve the prog ·ammer from 
having to building communication networks for some standard problems. The libraries 
provide calls for building grids, trees, hypercubes etc. The number of topologies defined 
on a single processor is practically unlimited, and any number of topologie; can coexist 
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(c) Vi ·tual links and topologies 

llnkCID:Connoclllnk(I4,Pnu;C) 

llnkCID::Conn•c1Link(I4,PracDJ LlnkiA:G•tLink(42,ProcAJ 

(d) Make virtual links 

on a processor without interfering witch each other. The concept of virtual topologiPs 
offers a maxim 11m of flexibility to modeling parallel algorithms. The hierarchy of virtual 
links, user defi 1ed topologies and topology libraries including the corrPsponcling calls for 
handling links'topologies can be structured as shown in Figure b. Virtual links am] 
virtual topologies are managed on the base of some data structure kept locally by rarh 
Parix kernel. I'igure c describes this in more detail. 

Building sc me special virtual topologies is done in the following thrPP steps: 

• Make vir;uallinks. A virtual link is made through 'wormhole routing', during which 
a route t > the other side is searched and buffer space is allocated at all intPnnediatP 
nodes. Use unique ReqlD's to avoid incorrect virtual link connections to be made. 

• Allocate the new topologies. All virtual topologies are administrated by the Parix 
runtime >ystem; The space reserved for this must be allocated from the systPm 's 
heap. A unique topology ID is returned as handle to be used in all further actions 
on this t >pology. 

• Add link> to the topologies. The Link Control Block that is allocated as the loeal 
endpoint of a virtual link is added to the new topology by placing a LinCB-t pointPr 
in the co Teet slot of the topology. The index of the LinkCB-t pointer in thP topology 
is its Lof;LinklD. 

Now, we v. ill describe the structure of the program to create a ring by using another 
way independent of the physical network where each processor runs the same main program 
and determine> from its own ID what to do. 

1. Create ring 
If MylD even 

1. Connect link to the next processor. 
2. Connect link to the previous processor. 

Els!' 
1. Connect link to previous processor. 
2. Connect link to next processor. 

2. Communication 
If processor 0 
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My0wn:oN•wTop(7) 

Top 10 LogLinkiO 

.. sy•Top> 

? ? ? .. sy•Top> 

X X ' ' Toru• 

X ' Tr•• 

Rln&1 

Rln&2 

' X ' ' X X ' MyOwn 

Sud (Myown, •· lm•g, •In) 

(e) Allocate the new algorithm 

ElsP 

5.3 Hardware parameters 

Top 10 ( __ LogLin~~~-- ------------

0 ? ? ? cSy•Top:a-

? ? cSy•Top> 

X X X X Toru• 

' X T~o 

A1ng1 

A1ng2 

X X X MyOwn 

(f) Add links to topologie' 

l. !!Pad lin" fro11t kPyword. 
2. SPnd lin<' t.o nf'xt JHOCPssor. 
:l. !!<'ad lin<' from prPvions pror<'sst -r. 
-1. Print litH' to scrPPtl. 

l. !!<'ad litH' from prPvious JHOC<'SSl r. 
2. SPud lin<' to n<'xt prllr<'ssor. 

Thf' IIHHIPI parantf't.Prs Teale• T.-;tart 111) aud T['(Jnw 1 dPJH'ttd on the hard wan'. u11 runt i111P (\nvi­
ronnH'llt and on rompilNs. DirPrt dPriva.tion of thPsP para.mptpn; from har< warP sp<'rifica­
tions alon<' ~iv!'s a.lwa.ys too optimistic va.hH'S. ThPr<:>forP rPiiabl<• nllm<'rir;,J vahH's of 1 h<' 
ntod<'l pa.ramPtPrs ra.n only IH' ohta.itt<'d by actua.lmPasurPIIH'nts on thP par; IIPI rotllput<'rs. 
Th<' rorr<'SJHHI<Iin~ vaht<'s a.r<' 

With thP PXpPrimPntal va.luPs for thP systPm pa.ra.mPtPJ's a num<•riral ralculat ion of 
'!;,,,.is possihlf'. To romp<U'P thP row-hlock-rin~ and th<' ~rid-torus rotnhination n•lativ<' 
difi'<'rPnr<' function 1'd(p,n) is <iPfitH'd in [10. 11] 

( 11) 

ThP si~n of rd(p,n) tPils whiclt paralldi?.ation stra.tP~.Y is fa.st<•r. th<' atnpl tud<' t<'ils how 
hi~ th<' r<'la.tivP dilfer<'tH'<' IJPtWP<'n th<' two is. 

Sine<' th<' <'XPrution tint<''/;,,,. ran not justify a choir<' IH•tw<'<'n t h<' row hlork-rini!, and 
~rid-t.orns combinations, oth<'r critPria such as '1/ .. _,_, Pnt<'r th<' discussion Now W<' ratt 
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FigurP :l: Tlw thPoretical Pffiriency with a row-block-ring combination 

compute T/ 0 _,, a; function of p and N. Figure 2 gives T1oss as a function of N, for p equals 
:l2 and 64, botl for the row-block-ring and thf' grid-torus combinations. For very small 
N thP grid-torn; has a smallf'r noss· HoWPVPr, if N grows thf> Tloss of thP row-block-ring 
combination is ;Jways smaller than for the grid-torus combination. This was concluded in 
the previous se< tion. For realistic problems the row-block decomposition implemented on 
a ring topol6gy is the best ohoice for PCGLS with IMGS preconditioner. 

From an im1l<>mentation point of view the row-block-ring combination is preferable. 
ThP row-block cl.ecomposition introducPs just one communication routine, thf> gather op­
eration. PC(;L i with lMGS pr!'conditioner via a grid-decomposition contains more and 
more complex communication routines. Furthermore, from a user point of view the row­
block-ring combination has one important advantage. The ring can have any numlwr 
of procPssors, a Hi therefore the maximum number of freP. processors can always be used 
during production runs. This is quitP. important in parallel computing when' thE> users 
can rPquest any numbPr of processors. ThP.se considerations arf> in favor of the row-block­
ring combinatic n. FigurP :l shows that thE> theoretical efficiency of this parallel PCGLS 
without preconditioner. If the number of rows per processor is large enough the efficiency 
will IJP very clo:.e to unity. So parallel PCGLS with IMGS preconditioner with row-block 
dPcomposition, implementf'd on a ring is very well suited for the Parsytec system. 
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5.4 Performance measurements 

We have implemented the parallel PCGLS with IMGS preconditioner, with row-block de­
composition of A, on a ring topology. This section we will describe some inplementation 
issues and present preliminary measurements of Tpar(P, N). These perform tnce measure­
l!H'nts are compared with the theoretical expectations for this derived ir the previous 
section. The preliminary results of the measurement of Tpar(P, N), the tim~ per iteration 
as a function of p and N, and comparison of the results with theory is described in Figure 
4. It gives the results for N equals 64, 250, 496, 918 and 1 :::; p :::; 64. The relative 
difference between theory and measurement is almost 3.5%. 

6 Conclusions 

Our approach to parallelization of PCGLS with IMGS preconditioner is to s· art as general 
as possible, that is without any special knowledge of the computing systen, and try to 
minimize Tpar· Next limited characteristics of the computing system are spec fied, trying to 
find a good parallel implementation without detailed knowledge of the parallel computer. 
Finally numerical values of the model parameters which of course strongly •lepend on the 
particular parallel computer are needed to make an ultimate choice, if nece1 sary, between 
different parallel implementations, and to compute theoretical performancE figures. This 
allows a generic approach to the parallelization of the application. The dec om position is 
the only property of a parallel application that is independent of the compnting system. 

Here three data decompositions are considered: the row-.block , colu nn-.block and 
grid decomposition. The resulting expressions for Tpar contain the only pa1 ameter of the 
abstract model of the computing system, namely Teale· And we have proved that an im­
plementation of PCGLS with IMGS preconditioner with the column-block decomposition 
is always slower than with the row-block decomposition [18]. This conclusio 1 holds for all 
parallel computers which fall in the range of the abstract computing system. Although the 
difference in execution-time will be small in practice, it is an important point of principle 
that these conclusions can be drawn at such a high level of abstraction. 

We have proceeded the row-block decomposition on a ring topology and the grid-torus 
combination. We also have derived some theoretical expressions for Tpar as a function of 
the decomposition, topology and time constants. These theoretical detailEd expressions 
are compared by an order of magnitude analysis, where in case of assuming n ~ p. 
The first striking feature is the sensitivity of the row-block-ring combination to a load 
imbalance, which is completely absent in the grid-torus combination. Actnally the load 
imbalance in the grid-torus combination is 0(1)Tea/e, which is negligible to tle 0(n)Tcale of 
the row-block-ring combination due to the computations in the partial vector accumulate. 
The total number of communication startups is smaller for the grid-torm combination 
than the row-block-ring combination, but the total amount of transmitte:l data is the 
same of 0(n). If Tstartup and Teomm have the same order of magnitude, the startup time 
for communications is negligible compared with the pure sending time. In that case the 
communication overhead for the torus and the less rich ring topology have tlte same order 
of magnitude. These above considerations show that the row-block-ring and ;he grid-torus 
combination have comparable execution times. As long as the time constants have the 
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Figure L: Comparison between experimental and theoretical l'Psnlts of 7;,,-r 

same order of nagnitude and n ~ p, both parallel implementation will have an efficiPilry 
close to 1. 

Next, we measure the time constants and introduce them in the <>Xpression for 7;,". 
It is shown that the row-block-ring and the grid-torus combinations are almost indistill­
guishable if om looks at th<>ir PX<>cution tim<>. This means that Pven on a low comwrtivity 
network as a ri tg it is possible to implement a parallel PCGLS with IMGS preconditionPr 
with a very high efficiency, comparable with implementations on a torus topology. WP 
will consider tl is problem based on two practical consideration: programming effort and 
system resourc.,s. 

ThE> numeri ~.a] exp<>riments are carried out with relatively small matricPs, which could 
be kept in J.llemory. For very large problems, both combinations will havP a. compa.ra.hiP 
efficiency. We have implemented thP row-block-ring combination because it contains ]pss 
different comm mication routines, we can simplify the implementation. 

Theoretical predictions of the execution-time for the parallel implementation agr<><> very 
well with the e <perimental results and the abstract model we assumed of the computing 
system is well 1 uited to present the numerical behavior of regular numerical applic.a.tions, 
for example, solving the least squares probl<>ms using PCGLS with IMGS preconditioner, 
on parallel dist ·ibuted memory computers. 
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Abstra ~t. Formulae of linear interpolation for operators defined on the set contin­
uous an :l continuously differentiable matrices have been obtained. 

Introduction 

Let X and Y are some sets of matrices and F: X -t Y. OnP of the problems of interpola­
tion consists in the following: for given function F and knots :q. E X to construct another 
function cp : X -+ Y such that 

<P(xk) = F(xk)· 

Usually cp i" constructed in the form of a matrix polynomial of the fixed order. For 
example, when X = Y is a set of square matrices of the dimPnsion nand inverse matrices 
for .4;- Aj for (i #- j i,j = 0, 1, ... ,m) exist then one can take <P(A) as 

Lm(A) =I: F(Ak)lj; 1(Ak)lk(A), (1) 
k=O 

where 
lk(A) =(A- Ao)(A- AI)··· (.4- Ak-I)(A- Ak+I) ···(A- Am)· 

In the genenl case, the matrix polynomials (1) will not coincide identically with F(A) 
even if F(z) is an algebraic polynomial of the order ::=; m. This will take place, e.g., when 
Ak = OikE (01o < OIJ < ... < Oim), E is an identy matrix. 

If Ak = ),.k,<; (k = 0, 1, ... , n- 1; m = n- 1), where ),.k are different eigenvalues 
of matrix A, then Ln(A) := F(A) for any analytic function F(z) ( Lagrange -Sylvester's 
formula, see [1]. 

It is import< nt for applications to construct interpolation formulae for functions of ma­
trices that waul j be invariant with respect to matrix polynomials with matrix coefficients. 

Some such f<>rmula.e of linear interpolation in the space of continuous and continuously 
differentiable matrices will be given below. 

Formulae of interpolation in the space of continuous matrices 

Let X = C(T) i>e the space of continuous on T = [a, b] matrices of dimension n and Y be 
some another s >ace of functional matrices of the same dimension. A matrix polynomial 
of the first order P1 (.4) E Y in this case has of the form 

PI( A)= K 0 + ~ h [(!i(t)A(t)K2;(t) rlt, (2) 
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where Ko, J<,;(t) and K2;(t) are given matrices, A(t) E C(T). 
Introduce the number function 

Xr(t) = { 1, for T > t 
0, for r < t, 

x.(t) = o, Xb(t) = 1. 

Let Ao(t) and A, (t) be matrices such that there exists on [a, b] an inverse matrix 
[A,(t)- A0 (t)]- 1• 

Then 
L10(A) = F[Ao(·)]+ 

+ lr[A(r)- Ao(r)][AI(r)- Ao(rJr1 d,.F[Ao(·) + x,.(·)(A,(·)- A1(·))] 

is linear interpolation matrix polynomial for the function F(A) relatively t:1e kn~ts A0 (t) 
and Al(t). 

This formula is invariant with respect to polynomials of the form (2) wi1 h K,;(t) =: E 
fori= 1, 2, ... , m. 

Let the operator F(A) be differentiable in the sense of the Gateaux. Tl en the matrix 

1 h r -a L,(A) = F(A0 ) + -b - W[Ao + -b -(A,- Ao); A- Ao] d -, 
-a T -a 

where oF[ A; h] is the Gateaux differential at the point A in the direction h, be a linear 
interpolation matrix polynomial for the operator F(A) with respect to kncts .l\o and A,. 
If F(A) is a matrix polynomial of the form (2), then LI(A) =: F(A). 

Example. Let 

F(A) = lr N(t)A2(t)M(t) dt, 

where N(t) andM(t) are a given matrices. Then 

L1(A) =! { N(t)[A01 (t)A(t) + A(t)A01(t)]M(t) dt-
2 lr 

-~ lr N(t)[Ao(t)A1 (t) + A1 (t)A0 (t)]M(t) dt, 

where A01(t) = Ao(t) + A,(t). 

Formulae of interpolation in the space of continuously differtmtiable ma­
trices 

Let CP(T) be a space of matrices that have continuous derivatives up top -t 1 order (p 2 1) 
on T and F(x) be an operator mapping CP(T) into another space of funct .onal matrices. 

An operator (matrix) polynomial of the first order P, (A) has, in the space under 
consideration, the form 

p-1 

P,(A) = C + L CvA(vl(a)Dv + ~ Q(t)A(Pl(t)G(t) dt, 
v=O T 

(3) 
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where C, Cv, Dv, Q(t) and G(t) are given matrices. 
Let's assune that the inverse matrices and integrals, which are contained in the con­

sequent interpJlation formulae, exist. 
Introduce ·.he designations 

p-1 

loi(A) = -"'(Ao) + L[F(uk)- F(uk-d][A\k)(a)- Abk)(aW 1 (A(k)(a)- Abk)(a)), 
k=O 

p-1 

lw(A) = "'(Ao) + L(A(k)(a)- Abk)(a))[A\k)(a)- Abk)(aW 1[F(uk)- F(uk_l)], 
k=O 

where 

(t- a)k (k) (k) 
u_,(t) = Jlo(t), uk(t) = O"k_I(t) + -k-! -[A1 (a)- A0 (a)] (k = 0, 1, ... ,p-1). 

Theorem 1 The matrix polynomials 

L01(A) = 1oi(A) + 1r drF[g(r, ·)]· [A\PJ(r)- A~J(rW 1 [A( 1'>(r)- A~J(r)] (4) 

and 
Lw(;l) = lw(A) + h[A(Pl(r)- A~)(r)][A\P)(r)- A~J(rW 1 drF[g(r, ·)], (.5) 

where 
g(r, t) = O"p-l + A1 (min(r, t)) - O"p_!(min(r, t)) 

are linear int.:rpolation polynomials on C(Pl(T) with respect to knots A0 (t) and Al(t) for 
the matrix-vaiued function F(A). Formulae (4) and (5) are invariant with respect to matrix 
polynomials of the form (3) correspondingly for 

Dv = G(t; := E and Cv = Q(t) := E (v = 0, 1, ... ,p- 1). 

Proof, T 1e coincidell!;e £ 01 (A) and Lw(A) with F(A) at knots Ao and A, is verified 
simply. Let 

F(A) = CvA(v)(a)Dv. (6) 

Then the ntegrals in formulae (4) and (5) are equal to zero since in this case F[g(r, ·)] 

does not depEnd upon r: F[g(r, ·)] = CvA\v) (a)Dv (v = 0, 1, ... , p- 1). 
Using the correlation 

we obtain 

{ 
A\v)(a), 

uiv)(a) = Abv)(a), 
v = 0, 1, ... , k 

v = k + 1, k + 2, ... , p- 1, 

F[uk(·)]- F[uk_l(·)] = { Cv[A\v)(a)- AJ;')(a)]Dv, 
0, 

v=k 
vfok 

and, consequ ~ntly, £01 (A) and L 10(A) coincide with (6) for Dv = E and for Cv = E 
correspondin! ;ly. 
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If F(A) = Q(t)A(Pl(t)G(t) (t E T), then the difference F[ak(·)]- .;'[ak_J(·)] = 0 
(k = 0, 1, ... ,p- 1), and 

F T • - { Q(t)A~p)(t)G(t), 
[g( ' )]- Q(t)AlJ'>(t)G(t), 

T > t 
T < t. 

Hence it follows, that L0J(A) = F(A) for G(t) = E, and Lw(A) = F(A' for Q(t) =E. 
The theorem is true. 

Theorem 2 The matrix polynomials 

1 h T- a Loi(A) = lot(A) + -b- OF[ap_J(·) + -b-(AI(·)- ap_J(·)); h ·)]dr, 
-a T -a 

(7) 

1 h r-a L 10 (A) = lw(A) + -b- 8F[ap_J(·) + -b -(AI(·)- ap_J(·)); h ·)] dr:, 
-a T -a 

(8) 

where 8F[y; h] is the Gateaux differential of opemtor F at the pointy in tl e direction h, 

p-1 k 
_ " (t -a) (k) (k) 

h(t)- A(t)- Ao(t)- L.. -k-
1 

-[.4 (a)- A0 (a)], 
k=O . 

(9) 

will be a linear interpolation matri2: polynomials of the first order for the operator F(A) 
with respect to knots Ao(t) and AJ(t). 

The first from these polynomials is im•ariant with TY'spect to nwtriJ· pol!IWIJlials of the 
form{3} for Dv = E, the second one with respect to that kind ofpolynomials wlten Cv =E. 

Proof. Note, that lot(Ao) = lw(Ao) = F(Ao) and lodAJ) = lw(AJ) = F( Tp_J). Accord­
ing to the fact, that h(t) = Ai(t)- ap_J(t) for A(t) = At(t), the intPgral n formulas (7) 
and (8) for such direction h(t) can be calculated. It. is equal to (b- a)[F( .. lJ)- F(ap_ 1 )]. 

Consequently, the interpolation conditions for tlw polynomials L01 a1 d 1~ 10 are exe­
cuted. 

Let F(A) be of the form (6). Then the differPntial 8F[y; h] in thP dir!'ction (9) at any 
point y equal to zero. 

As aip)(t) = AlJ'l(t) fork= 0, 1, ... ,p- 1, then for matrix functions of he form 

F(A) = 1r Q(t)A(Pl(t)G(t) dt 

we have F(ak) = F(ak-tl or loi(A) = lw(A) = F(Ao). 

(LO) 

The integral term in the formulae (7) and (8) for the opNator ( 10) 1s <'qual to the 
difference F(A)- F(A0 ). ;,From this follows a validity this th!'ol"!'lll. 

Linear interpolation of matrix-valued functions of two varic bles 

Let X = C(l,l}(T2 ) be thP space of square ma.t.rices A(t) = :1(1 1 t 2 ) such that 

A(i,O)(t 1,a2 ) = oAg;;"') and .4(o,l)(a 1,t2 ) = "A\)1 ~" 12 ) an• continuous corr •spondingly on 

intervals T1 = [a1,bt] and T2 = [a2,b2], A(l.l)(t) =a',;~~;.;;~') is continuous en thP rPctanglP 

T 2 = Tt x T2. 
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In this case we consider the operator polynomials of tlw first ordPr PJ(A) of the fol­
lowing form 

PI(,!)= N + NooA(a)Moo + r NIO(ri)A(i,O)(T), a2)MIO(rl) dr!+ 
lr, 

+ r 'Vodr2)A(O,l)(aJ,T2)MoJ(T2)dr2+ r Nll(r)A(!,!)(r)Ml!(r)dr, (11) 
h ~ 

where N, Nij a 1d M;j (i,j = 0, 1) are given matrices, a= (a1. az), T = (TJ, T2). 

Theorem 3 T.1e operator polynomials of the first order 

Lo1(n) = F(Ao) + [F(O")- F(Ao)][Al(a)- A0 (a)t 1[A(a)- A0 (a)]+ 

+ l JF[O" + s(A1 - O"); h] ds, 

L10(n) = F(Ao) +[A( a)- Ao(a)][A1(a)- A0 (a)t 1[F(O")- F(Ao)]+ 

+ l JF[O" + s(A 1 - O"); h] ds, 

(12) 

(13) 

where O"(t) =A< (t) + A 1 (a)- A0 (a), h(t) = A(t)- A0 (t)- A(a) + .40 (a), are interpolating 
for F(A) with respect to knots A0 (t) and Al(t). 

If F(A) comcides with polynomial (11} for Moo = E, then L0 I(A) = F(A) on 
c< 1•1l(T2), or i; N00 = E, then the identity L 10 (A) = F(A) is valid. 

Proof. For F(A) = NooA(a)M00 the integral in formulas (12) and (13) is equal to zero. 
The first two summands coincide with this operator when Moo = E for the formula 

(12) and Noo = E for the formula (13). 
Note furthe1 that F(l1) = F(Ao) for all summands of the polynomial ( 11) exept of the 

second one. 
If F(x) has the form of one of the integrals in (11), then after calculation of the 

differential ofF (x) in the given direction h(t), we obtain that the last summand in (12) 
and in (13) is e•1ual to F(x)- F(x0 ), i.e. for the matrix polynomia.ls of the form (11) we 
have L0 l(A) = 1,10 (A) =PI( A). The execution of interpolation conditions in this case is 
verified simply. 

Remark. Formulas (12)and (13) are invariant relatively operators of more general 
form than (11). For example, this fact holds true for the following integral operator 

h fJ" A(t) 
F(A) = N(t) {) "'{) "2 M(t) dt, 

T2 t1 t2 

where a =·a,+ 0!2 ~ 1, a 1 and a 2 are not negative integers. The formula (12) is invariant 
also for the operator of the form 

F(A) = { K(t)A(t) dt. lr2 
A variety of similar formulas of the linear interpolation in the spaces of continuously 

differentiable functions have been obtained in [2]. 
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OF DATA LIII:E SET OF TIME SERIES AND ILL-POSED INVERSE PROBLEMS 
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Abstra :t. The principal problems of creating software manager for computer-aided 
procedu ·e of simulating applied software for some typical kind of science investigations 
and ind tstrial technologies, where images of observed data are like sets of digitised 
time ser _es, are discussed. 

1 Introduction. 

Nowadays the s tuation around the using of computers and especially of personal ones has 
lead in many cases to necessity of essential reconstruction of methods, devices, simulating 
models, tools aHd numerical methods when one is dealing with applied systems of sciencP 
investigations and industrial technologies. The red-lines of using computer-aided tech­
nologies are: tl e including of computer processors into detectors and devices, the using 
of data banks and of data knowledges banks, of dialogue-graphics tools of reprPsentation 
of subject dom;.in objects and operating under their screen images, and at last providing 
the experts (thE knowledge engineers) with the possibilities of planning the computer da:ta 
processing and :Jf choosing the final solution. 

Notice that the enough reach software and experience of its using is accumulated in 
each subject domain. Therefore the last years the CASE (computer applied soft war<' 
environment) t•·chnology is widely using. 

2 Methods. Mathematical models. 

In our subject domain the observed data may be represented by unique digital one- or two­
dimensional fm ctions like time series. One get two-dimensional functions, for example, 
when the series of measurements are conducting according to the time factor. The mathe­
matical model c f phenomenon under investigation consists of two kinds of functions: one is 
enough smooth function, another part is a set of local resonances. The cause-consequeno~ 
relations here a -e enough complicated and involve a non-linear calibration function, an ef­
ficiency functio 1, a non-linear main dependence. Therefore the problems of data analysis 
are ill-posed on~s. 

It is often s 1pposed that theoretically the radiation spectra may be represented by a 
set of single lin••s like delta-functions, whose locations are depending on energies of nuclei 
radiation spect ·a lines. But the registration devices change significantly the theoretical 
representation :Jf radiation spectra. The process of registration may be described by 
integral equatic n of the first kind. 

The different types offunctions are using to describe the mathematical modds of spec­
tral curves. Th' forms of single lines in spectra are depending on registration devices and 
may be whethe1 symmetric whether asymmetric ones to the left or to the right from the line 

288 



location. Sonwtime the single line is represented by a sum of components, v·hich describe 
the complicated processes taking place in devices when the nuclei radiatio 1 spectrum is 
mPasuring. 

ThP top idea of regular algorithms in our subject domain consists of computing, firstly. 

til(' most stablP part of solution in that way thPn the model is nearly arCJrding to the 
<'Xp<'rinH'ntal data. The computing of other part of solution is possible o dy by taking 
into account whether time dependencP in modPl whether another strategy )f conducting 
PXJ><'rinH'nt., dPtecting data and data procpssing. The non-uniquP models of PXperirnental 
data iutPrprPtation takP placP also. The usPT has a possibility to get information from 
Pstimat.Pd data bank and data PXpPrt knowledge hasP. 

TIIP differPnt kinds of programming tools (packages of applied program' designPd by 
diffPrPut. firms and authors) arP using to process such experimPnt.al data. Th ' most part of 
thPs<• packag!'s use the fixed sPt of mPthods and non-changeable schemes of data processing. 
But iu pract.in' thP necessity oftl'n arisPs t.o change thP givPn (fixed) way o · calrulations. 
That. is why onP of the urgPnt probiPms nowadays is tlw design of sud1 programmiug toob 
of da.t.a processing which providP tlw usPr with thP possibility to changp t. IP sriH'IIIPs of 
calndations and to choosP the SP<tUI'nCP of computing stages in interactiw 1nodP. 

ThP dialogup-graphics Pnvironnwnt TG-G~S is dPsigned to solvP thP .vidl' rangp of 
prohiPms of I'!Pml'nts analysis, in particular, of alpha- and gamma- radiat.i<'n analysis h)· 
using of lll<'thods of nurl<'a.r spP<·troscopy. 

TG-GSS l'nvironmPnt allows to reach two purposes: 
- to create thP semantic models of data and proc!'SSI'S of USPT subjPct d< main: 
-to •·onstruct the semantic rwts of complicated sclwmPs of <'xperimental d tl.a'proc!'ssing 

providing thP user both with flexibll' s!'tting up of system on concrPtP probl!'nl s pPculiaritiPs 
and data frames and also with tlw possibility to gPt informational and <'XIH rt support. 

TG-GSS is designed in such a way tha.t. t.hl' a.ppli<'d mathematicians a.ndjor th<' suhjP<·f 
domain experts can construct thems!'lvps (without tlH' help of systPm propramm<'rs) th<' 
a.ppliPd programs packag<'S to solve tlw corH-rPtl' probll'ms of Plem!'nt.s a11al~·sis. TllPr<' 
are special dialogue means in TG-GSS allowing to writ!' the complicatl'd sriH'nl<'s of data 
pron•ssing and to c.reat<' t.h<' appliPd programs parkag<'s by using of sPt.s o · rPa.d~· t n run 
modules (utilities). There arP fornll'd som<' standards on data filPs for111<1f.s and snnH' 
agrePml'nts on running, organising and s!'t.t.ing up utilitiPs in TG-GSS. 

ThP main dialoguP-gra.phi<-s systPm TG-GSS romponents a.rl': 
- gra.phieal monitor, 
- Jlla.nag<•r of objP<"I.S and pTIH"!'SSPS, 
- subsystPm working with "se'lnenrps'", 

subsystem working with Pstimated data. hanks, 
- subsystem working with drivPr of registration instrnment, 
- inrorma.t.ional support, 
- 1111'1111 snbsystems. 
At the pi<·tnres bl'low on<' •·an S!'!' two ma.in windows of TGo(;SS: t.hP gra >hiral IIH>Ilitor 

wiudow (where om' ran Sl'l' graphs) and objl'rts a.nd proci'SSPS l\lanag<'r '' indow (wlu•n• 
on<' r;u1 see files uanlPS or rnf'ssa.gPs ). 

The following information ean be S!'Pn in graphi•·a.l monitor window: t.lw ~raphs or 
sp<'rf.ra., the images of nnd!'i spp,·tra.l lines from •·nrrl'nt nndid<' library. t.ll<' dia~ra11ts 
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of busyness graphics (for example, the results of data processing can be represented as 
diagrams). 

The graphical monitor is intended to show and to operate with the gr tphical images 
of subject domain objects (spectra, lines centres marks etc.). No more than 16 graphs of 
functions (function here is a one-dimensional vector of length up to 4096) can be loaded 
in two special windows of graphical monitor. Each graph may be showe i in own style 
and colour. Both regular and irregular argument grid are allowed. There if mobile cursor 
in these two special windows by means of which it is possible to shift 1 he pictures in 
horizontal direction, to get the values ofloaded functions at current argun ent point etc. 

Unlike the others data processing programs packages the dialogue-gn.phics environ­
ment TG-GSS includes the objects and processes Manager which is the ke) component of 
TG-GSS. This Manager window looks like a six-windows area. The list ol files names of 
different groups of objects can be seen in different Manager windows. The1e are such files 
( objPcts) groups as: spectra files; the spectra marks files; auxiliary ( servic J) system files; 
files of "chains"; running utilities (applied programs); listings of utilitief; nuclide data 
libraries; "set up" files of utilities. A sets of available operations under file; in each of six 
Manager windows are completely depending on and defining by semantics oJ corresponding 
objects groups. 

One can see in objects and processes Manager window (at the same tinte with looking 
through the graphical information) depending on current mode of TG-GS~; the following: 

- list of files of subject domain objects (initial spectra, marks of peaks centres and of 
peaks bounds etc.), 

- list of nuclei from current library, 
- listings of utilities being run, 
- comments, announcements, prompts, advices, questions, 
- special editors window to view /to edit files or to set parameters of n nning utilities. 
The looking of information in two main windows is organised in such a way that the 

user can work simultaneously with two mentioned above kinds of data prEsentation. 
The subsystem working with "chains" is aimed to give to the user the possibilities 

to write, to edit and to run the data processing schemes. The special p10blem-oriented 
language (the "chains" language) was created to describe the semantic s :hemes of data 
processing. The "sequence" here is a sequence of commands of this special language. This 
language includes such structures as linear sequences of operators (commands), "enclosed 
sequences", loop, conditional and unconditional jump instructions. There are also the 
following groups of commands: 

- utilities running commands, 
-commands to load (in graphical window) graphical images of subject domain objects, 
- commands to show some text information (comments, announcerr ents, prompts, 

advices, questions) in objects and processes Manager window, 
- special commands of data processing, 
- commands to view and to edit files by two special editors, 
- commands to copy or to erase files. 
These mentioned above structures and commands are sufficient to wr .te a very com­

plicated computational block-charts. The processing of "chain" in TG-GSS involves the 
following steps: the reading of next command from "chain" file, the analysis of this com-
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mand by interpreter and carrying out of indicated in the command actions. 
It is worth 1 o note that TG-GSS allows using of different algorithmical languages: the 

instrumental language here is Pascal but the running utilities (EXE-files) may be written 
in any languag" (Fortran, Pascal, Basic etc.). 

3 Result;;. 

The described methodology is realised in TG-GSS monitor to generate applied software to 
process, in par1 icular, alpha- and gamma- spectra in elements analysis of samples. Other 
example of usir g TG-GSS is analysis of cosmic gamma-ray spectra in CORONAS-I span' 
experiment. 

Reference;; 

[1) A. V. Dmitriev, S. N. Kuznetsov, S. P. Ryumin, P. N. Zaikin, T. B. Podosenova, I. I. 
Petsilyak, Yu. D. Kotov, A. S. Glyanenko. Using "TG-GSS" dialogue-graphics plat­
form for p ·ocessing the cosmic gamma-ray spectra in CORONAS-I space experiment, 
(this issue I 
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MeTO.D:hl peweHIUI aeKoTophlx MHorouapaMeTpuqecKux 
cneKTpa.TibHhiX 3a,n:aq MaTeMaTU'IecKoi: «Pu3HKH 1 

A. A. A6paMoB, A. Jl. llbiiiiKo, H. B. KoHJOXoBa, T. B. Jl~BHTHHa, 
B. Jll. YJib.fiHOBa 

Bbi'lUC.tlume.ttbltbiU qenmp PAH 
Ba6u.tlo6a 40, 117967 Mocx:6a TCJI-1, Poccu1l 

e-mail: alalabr@ccas. ru, nadja@ccas. ru, lev@ccas. ru 

AunoT&QHa. MHoronapaMeTpH'IecKHMH cneKTpanbHblMH 3a.lla'laMH mnJJ.J01 CJI 3a­

Jl8'1H ua co6cTBeHHhle JHa'leHHJI, BLI,llemnontHeCJI reM, 'ITO B03HHKaeT ua6op He :twnh­

KHX cneKTpanLHbiX napaMeTpoB, 3Ha'leHue xoropYx nQAnelKHT onpe.neneuu10. TaKH~ 
38JJ.3'1H oqeHb TPYJlHbl u nns uccne.nosauu•, H .ll11JI qucneHHoro peweHIUl (c1t., Ha­

npuMep, [I]). B pa6o-re coaceM KpaTKO HlJJaraJOTCH HeKoTOphle "' pelyJJL raTOB, 
co.o:epJKalllHXCJI a [2-8], r.n;e JlJUI HexoTopwx tcnaccos raxux Ja,naq y.nanoc& ;>a3pa-

6oTaTb rJio6a.JlbHO CXO.llJilU,HeCJI MeTO.ltbl DOHCKa HY»C:HbiX C06cTBeHHbiX 3H8'1f Hlfif If 

Bbi"'HCJleHHJI COOTBeTCTBYIOlllHX HM C06cTBeHHhlX ~YHKUUi1:. 

§1. MeTo,n: Bhi'!Hcneaua sonHOBhiX 3nnuucou,n:a.TibHhiX IPYHK­

nui: (cM.[2,3]) 

Mw Ha'!HeM c 3a..naqH, nocnyJKHBweii ocHosoii Haweii pa.5oTbl B :noii o5JJa.cnt. Pa.c­

CMOTpHM ypaBHeHHe renhMrOnhUa 

&2 &2 &2 
r.ue k - 3a..llaHHoe qHcno, d - onepa.Top Jlannaca: d = &x2 + &y2 + 9z2 ; x, y, z 

.ueKapTOBbl Koop.uuHaTbl B npocTpaHCTBe. BcJO.uy B pa5oTe see aemlqHHbl BemecTBeHHbi. 

flepeii.lleM B ypaBHeHHH (1) K :mnHUCOil.llanbHblM KOOp.llHHa..TaM. flpn I cnonb30BaJIJJJl 

B 3THX KOOp.llHHaTa..X MeTO.lla <f>yphe .llnll (1) B03HHKaeT CJJCTeMa. 

v'tW ~ { v'tW ~~} + ~q(e, h, I) A= o, o < ~ < 1, (2a) 

J-!(e) :e { J- J(el ~~} - ~q(e, h, I)A = o, 1 < e < p2
, (2b) 

JfW ~{ J!W~~} + ~q(€,h,I)A = o, p
2 < e < oo. (2c) 

3.uecb /(e) = e(e - 1)(e- p 2), q(e, h, l) = hp2 - lp2€ + w2e' 1 < f' - - 'JJCJJO, Ollp<'ll<'­

nlleMoe 3HaqeHHliMH napaMeTpoB Bb15paHHOJi 3nnllOCOJlJiaJ!biiO(I KOOpJIJJJJa: 'JJOJi CJJCH'Mhl, 

1Pa6oTa BhmonHeua npn no.n.nep»(J'e PoccmicKoro «J>ou.na <f>yH,naMeHTi\JihllhiX IICTJI<'.lOBamtfl (npoe~T 
N 96-01-00951). 
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w 3aBHCHT oT oTHX napaMeTpoB H 3Ha'leHHll k; h H I- HeH3BeCTHble KOHCTaHTbi pa3.ne­

neHHll. 3To TaK Ha3b!BaeMall anre6paH'IecKall <jlopMa sonHosoro ypaBHeHI!ll JlaMe. Mbi 

paccMaTpHBae!.- HCKOMJIO <jlyHKUHIO A(~) Ha (0, 1) U (1,p2) U (p2, oo). 

B J(ononHeHRe K (2) Mbl nony'laeM TaKlKe rpaHH'IHble ycnoBHll 

lim A(~)= 0 HnH lim ( {i(i)A'(~)) = 0, (3a) 
e-++o e-++o 

lim A(~)= 0 HnH lim ( J=Ff(~)A'(~)) = 0, (3b) 
{-+1:1:0 e-+I±o 

lim A(~)= 0 HnH lim ( J±t(OA'(~)) = o. (3c) 
( -+p,±o e-+p,±o 

<l>yHKUHH A(~), paccMaTpi!BaeMble Ha (0, 1) U(1, p 2), J(aiOT TaK Ha3biBaeMble yrnosble 

3nnHncoH.llanbH ble son HOBble <jlyHKUIIH (y .3.B.<jl.), Ha (p2, oo) - pa.nllanbnble. YpasHe­

HIIll (2) IIMCIO'I OCOOCIIHOCTII B TO'IKaX 0, 1, II p2 • HecnOlKHOll 3aMeHoii He3aBHCHMOro 

nepeMeHHOro nt'rKO H36aBHTbCll OT 3TIIX OCOOCHIIOCTeii. 

0 TPY.llHOC':liX1 CBJI3aHHbiX C Bbi'IHCneHHCM 3TIIX <jlyHKUIIH, CM., HaUpiiMep, (9]; 3a 

HCKniO'ICHIICM JeOOnbWOffi 'lllcna DpocTeHWHX cny'laeB, npHBC.llCHHb!X B 3TOH paOOTe, 

pac'ICTbl .llnll ) .3.B.<jl. npaKTII'ICCKII OTCJTCTBOBanH. 8 TO lKe BpeMll BOn HOBble :mnH­

DCOHJ(anbHble «J•JHKUHH CTOnb lKC BalKHbl UpH peweHHH 3aJ(a'l MaTeMaTH'ICCKOH <jl113HKH 1 

paccMaTpiiBae~ biX BHJTpH HnH BHe 3nnHDCOHJ(a, KaK H <jlyHKUHH JlelKaHJ(pa H oeccenll 

.llnll 3a.lla'l, pac :MaTpnsaeMbiX BHYTPH Hnll sne c<jlepb!. llp11MeneHHe sonHOBbiX 3nnHnco­

H.llanbHbiX <jlyH <UHH Ja.neplKaHO HMCHHO TpJ.llHOCTliMH IIX Bbl'll!CneHHll (H HCcne.noBaHHll 1 

KOHe'!Ho). 0TM~THM salKHblii 8Kna.ll M. B. <l>e.nopiOKa 8 pa38HTHe TeopHH 3THX <jlyHKUHii. 

Mbi paccMarpH8aeM ceii'lac .ll8yxnapaMeTpH'IeCKYIO cneKTpanbHJIO 3a.lla'ly .llnll y.3.B.<jl.: 

ypa8HCHHll (2a II (2b) C rpaHH'IHbiMH ycn0811JIMH (3a), (3b), (3c) ((3c) TOnbKO UpH ~ -t 
p2 - 0). JhnOJI< HM MCTO.ll 8bi'IHCneHHll HCH38CCTHbiX HaM CUCKTpanbHbiX napaMeTpoB h H 

I. BoJbMeM J(n 11 onpe.neneHHOCTII ne8yl0 KonOHKY rpaHH'IHbiX ycno8Hii (3). 06o3Ha'IHM: 

k1 - '!Hcno 11;•neii A(~) Ha (0,1), k2 - Ha (1,p2), u =h-I, T =I. 3a<jlHKCHpo8a8 

k1 H k2 , nony'la.eM 8 nnocKOCTH U 1 T .ll8C CDCKTpanbHble KpH8ble: KpH8all (a) COlleplKHT 

TO'IKH, KOOP.lliiHaTbl KOTOp~x .llaiOT HeTpH8HanbHoe peweHHe (2a), KpH8all (b) COlleplKHT 

TO'IKH 1 KOOpJ(HKaTbl KOTOpbiX J(aiOT HeTpH8HanbHoe peWCHHe (2b). MolKHO DOKaJaTb, 

dr dr 
'ITO Ha (a) HM ~T MCCTO du < 0 H Ha (b) HMeeT MCCTO du > 0. flanee Mbl H3naraeM 

HeCKOnbKO ynpoweHHo peKoMeH.llyeMble 8bl'IHCnenllll. OcywecT8HB npeo6pa3o8aHHe llpJO­

r,-;;;:; I I 

<jlepa y::r.J \<;}_:_ = ctgO, nonyqaeM .llnll 0(~) ypa8HeHHe nepsoro nopll.llKa Ha (0, 1) H Ha 
'~ 

(1,p2). rpaHHCHbie ycno8Hll (3) C J'ICTOM 83l1Tb!X k1 H k2 l(aiOT 

0(+0) = 0, 0(1- 0) = (k1 + 1) 1r, 0(1 + 0) = 0, O(p2 - 0) = (k2 + 1) 1r. 

B3ll8 KaKHe-nM6o u H T, pewHM ('IHcneHHo) nnll 0(~) .llBe 3a.lla'IH KowH: ypa8HeHHe na 

(0, 1) C rpaHH'IIIbiM ycn08HCM 8 +0 H ypa8HCHHe Ha (1,p2) C rpaHH'IHbiM ycn08HCM 8 1+0, 
nony'laeM ll8a IHa'leHHll 

'Pa(•r, r) = 0(1- 0)- (k1 + 1) 1r, 'Pb(u, r) = O(p2 - 0)- (k2 + 1) 7r. 

294 



3HaKH 'f!a H 'fib .naiOT 8alKHYIO HH<j>OpMaUHIO 0 pacUOJIOlKeHHH 83JITOH TOqKI (u, r) OTHQ­

CHTeJibHO KpH8b!X (a) H (b). MolKHO .110Ka3aTb 1 qTo 8 O.IIHOM H3 IIOJiyqn8mH:~CJI KpH80JIH­

HeHHb!X K8a.npaHT08 'f!a < 0 H 'fib < 0, 8 .npyroM 'f!a < 0 H 'fib > 0, 8 TpeTJ.eM 'f!a > 0 H 

'fib > 0, 8 qeT8epTOM 'f!a > 0 H 'fib < 0. 
3TO .naeT 803MOlKHOCTb 1 OTIJpaBJIJIJICb OT JII06oro HaqaJibH0£'0 11pH6JIHlKeH U .II Jill ( 0" 1 T) 1 

3aKJIIQqHTb HCKOMYIO TOqKy nepeceqeHHJI (a) H (b) 8 npliMOYl'OJibHHK CO CT•lpoHaMH, na­

paJIJieJibHb!MH OCJIM <T H r, H .llaJiee 8eCTH npouecc TaK: 6epeM cepe.nHHY 11pli~IOYl'OJibHHKa, 

pemaeM .nae Ja.naqn Komn, onpe.neJIJieM no JHaKaM 'f!a H 'fib, 8 KaKoM HJ KpH80JIHHeii­

Hb!X K8a.llpaHT08 JielKHT :na cepe.nHHa, pa3pe3aeM npliMOYl'OJibHHK Ha .118e qacTH npliMOH 1 

IlpDXO.IIJIWeii qepe3 :ny cepe.nHHY H napaJIJieJibHOH OCH <T HJIH OCH r, OT6racb18aeM ny­

CTYIO noJIOBHHy. B cpe.nHeM Mbl 3a .nBa mara ynonoBHHHM KalK.nblil H3 pa3MepoB npli­

MoyroJibHHKa. UeHa o.nHoro mara- .nae Ja.naqn Komn .IIJIJI o.nHoro ypaBH<,HHJI nepBoro 

nopll.nKa. TeM caMb!M JTOT npouecc no qncny onepaunii TOJibKO B qeTblpe pa3a .nopolKe 

qacTO ynoTpe6JIJieMOl'O MeTO.lla .neJieHHJI 0Tpe3Ka cneKTpa nonoJiaM .IIJIJI O.IIHOnapaMeTpH­

qecKOH cneKTpaJibHOH Ja.naqu lliTypMa-JlHyBHJIJill. 0TMeTHM 1 qTO B npOU!CCe pemeHHll 

Mbl He BblqHCJilleM KOOp.IIHHaT KaKHX-JIHOO ToqeK, JielKawHX Ha (a) HJIH (b), TaKoe BblqH­

CJieHHe nOTpeOOBaJIO 6bl Ha Ka)l(.liOM mare pemeHHJI O.IIHOnapaMeTpHqecKOH ClleKTpaJibHOH 

Ja.naqn H CTOHJIO 6bl cnnmKoM .noporo. Mb! He ocTaHaBJIHBaeMcll Ha Ja.naq€ BblqHCJieHHll 

y.J.B.<j>., HOpMHpoBaHHb!X HYlKHb!M o6pa3oM, Ha BblqncneHHH A(~) B npe.nenaJ (p2, oo) H Ha 

MHOl'OM .npyroM. 0TMeTHM TOJibKO O.IIHY TPY.IIHOCTb (Ha MeTo.nax npeo.nom HHll KOTOpoi! 

Mbl TaKlKe He OCTaHaBJIHBaeMCll) - B03MOlKHOCTb nOJIBJieHHll B ypaBHeHHJIX (2) 60JibUIHX 

BeJIHqHH (H3-3a CHJibHOH cnmocHyTOCTH HJIH Bb!TJIHYTOCTH 3JIJIHnCOH.lla, He -3a 6oJibmHX 

3HaqeHHH w2, k1 H/HJIH k2 H T. n.). 

PaJpa6oTaHHble MeTO.llbl BblqncJieHHJI JJIJIHncon.naJibHbiX BOJIHOBb!X <j>yJKUHil peann-

3oBaHbl B BH.lle IJaKeTa nporpaMM. 3TH nporpaMMbl pa60TOCIIOC06Hbl .IIJIJI mllpDKOrO .IIHa­

naJOHa HCnOJib3yeMbiX BeJIHqHH H npoliBIIJIH ce6JI KaK oqeHb J<j><j>eKTHBHble ,lalKe 11pH Ha­

JII!qHH YKaJaHHb!X Bblme Tpy.nHocTeli. 

Pa6oTbl (2,3] KaK co.neplKawne aJiropHTMbl BblqncJieHHll JJIJIHIJCOH.llaJibH >IX BOJIHOBb!X 

<j>yHKUHli BKJIIOqeHbl B MelK.llyHapo.nHb!li 0030p (10]. 
Y noMJIHYTb!e MeTO.llbl Bblqi!CJieHHJI 3JIJIHncoH.llaJibHb!X BOJIHOBb!X <j>yHKUI iH 6b!JIH npH­

MeHeHbl K pemeHHIO H3BeCTHOH 3a.llaqn .IIH<j>paKUHH IIJIOCKOH 3BYKOBOH BOJ!Hb. Ha 3JIJIHnCo­

H.lle (eM. [11,12], a TaKlKe CTaTbiO A. A. Abramov, A. L. Dyshko, N. B. Ko lyukhova, 
and T. V. Levitina HacTollwero c6opHHKa). 0 HeKoTopb!X noneJHb!X CBOH<TBax y.J.B.<j>. 

CMOTpH (13]. 

§2. 06o6meHue MeTo,n;a (eM. [2,4,5,6]) 

1. PaccMOTpHM cncTeMy .nByx o6b!KHOBeHHb!X .nn<l><!>epeHUHaJibHb!X ypaBH•!HHi! BToporo 

nopll.nKa 

(p;(x;)yi)' + q;(x;, A, ~t)Y; = 0 x; E [0, 1], i = 1, 2. (1) 

3.necb p; > 0 Ha (0, 1], cneKTpaJibHble napaMeTpb! A, IL BXO.llliT B (1), BoJ6we roBopll, 

HeJIHHeHHO, 

llonOJIHHM 3TY CHCTeMy rpaHHqHb!MH yCJIOBHJIMH CJie.IIYIOWero (.IIJIJI npOCTOTb!) BH.lla 

y;(O) = y;(1) = 0, i = 1, 2. (2) 
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IlycTb qi .103pacTaeT no A H Jl, q2 B03pacTaeT no A H yowaaeT no Jt. Torna npH 

COOTBeTCTBYIOWHX aKKypaTHhiX OI'OBOpKaX TOT MeTOJI perneHHJI JIByXnapaMeTpHqecKOH 

cneKTpanbHOH 3aJJaqH, KOTOphlii Ohln H3nO)J(eH B §1, Oe3 KaKHX-nHOo cyll{eCTBeHHhiX H3-

MeHeHHH npHMeHHM H K perneHHIO 3aJJaqH (1)&(2) (4). B qacTHOM cnyqae, KOI'Jla 

q;(x;) = Q;(x;) + AP;i(x;) + JlP;2(x;), i = 1, 2, 

JJOCTaToqHhJM ycnoaHeM npHMeHHMOCTH MeTQ!la §1 npH HenpephiBHhiX Q;(x;) H Pij(Xi) 
liBnlleTCll Tpe(<>BaHHe det IIP;i(x;)ll of. 0 nnll acex (xi, x2) E [0, 1] x [0, 1]. 

2. MeTOJI j1 oOoOll{aeTCJI B [5] Ha HeKOTOpbie CHCTeMbl TpeX ypaBHeHHH C nHHeHHbiM 

BXO)J(JleHHeM C ~eKTpanbHhJX napaMeTpoB 

3 

Yi' + ( q;(x;) + L AjPii(xi) )y; = 0, 0 ~ Xi ~ 1, 
i=i 

Yi(O) = Yi(1) = 0, i = 1, 2, 3. 

Ilpennonar aeTCJI, qTo det IIPij(Xi)ll i- 0 B n = [0, 1] X [0, 1] X [0, 1]. IlpH BblnonHeHHH 

nocnenHero n~ennono)J(eHHJI, KaK H3BeCTHO, nnll cneKTpanbHbiX napaMeTpoB cymecTayeT 

HeBblpo)J(JleHHiiJI nHHeHHall 3aMeHa C nOCTOJIHHOH MaTpHUeii TaKaJI, qTo 3HaKH 3neMeHTOB 

Pij HOBOH MaT >HUbl B Q TaKHe, KaK B TaOnHUe 

+ 
+ + 
+ + + 

TaKHe 3HaKH K03¢xi>HUHeHTOB npH cneKTpanbHbiX napaMeTpax o6ecneqHaaJOT HY)J(HYJO 

MOHOTOHHOCTb ypaBHeHHH OTHOCHTenb!lO 3THX napaMeTpoB. 

EcnH ,llOnO.iHHTenhHO npennonO)J(HTh, qTo BCe 3neMeHTbl MaTpHUbl oOpaTIIOH K HOBOH 

MaTpHUe OTnH'IHhl OT uynll B Q H 3HaKH HX JJaJOTCJI TOH )J(e TaOnHnell, TO yJJaeTCJI nocTpo­

HTb MeTOJI, OCOOll{a!Oll{HH MeTQ!l §1 H o6naJJa!Oll{HH TeMH )J(e CBOHCTBaMH: CoOcTBeHHoe 

3HaqenHe ('c.3.l 3aKnJOqaei'cx B napannenenHnen co cTopouaMH, napannenhHbiMH Koop­

JIHHaTHbiM nn•>CKOCTJIM, H 3aTeM yToqHJieTCJI oT6pacwaanHeM nycTbiX qacTeii napanne­

nenHnena. OT deTHM cymecTBeHHoe ycno)J(HeHHe B03HHKaJOmeii CHTyauHH: cpeJJH BOChMH 

OOnacTeii, BhlllenxeMhJX cneKTpanbHbiMH noBepXHOCTIIMH, I!MelOTCll JIBe oonacTH TaKHe, 

qTo pe3ynhTa~·w perneHIIII 3anaq KornH nn11 $11KC11poaaHnoro ua.oopa. cneKTpanbHbiX na­

paMeTpoB He J. aJOT ocuoaaHIIII nnx yMeHhllleHHII YKa3aHHoro napannenenHnena. 

3.8 [2,6] p I.CCMOTpeHbl n-napaMeTpHqecKHe 3aJJaqll, B03HIIKaJOll{lle np11 IICDOnh30Ba­

HHH MeTona <l>ypbe B ero npocTellrneii .popMe. Mbi I!MeeM 3anaqy ua c.3.: 

Lu = Apu, u 't 0, 

I'Jle U - HCKO dall CoOcTBeHHall 4JYHKUHJI (c.4J.), 4JYHKUHll N He3aBHCHMbiX nepeMeHHbiX, 

A - HCKOMoe c.3., L H p - 3aJJaHHble JJII$$epeHUHanbHhle onepaTopw. PaccMoTpHM 

cnyqaii L = l.i + ... + LN, p = Pi + ... + PN, rne Li H Pi - onepaTopw no i-oMy 

nepeMeHIIOMy. TJpH HCDOnb30BaHHH MeTOJla <flypbe nonyqi!M CHCTeMy 

L;u; = Ap;u; + a;u;, u; 't 0, i = 1, ... ,N, (3) 
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r.ne Uj 3aBHCHT TOTibKO OT i-ro He3aBHCHMOrO nepeMeHHOro, Ot, ... , ON·· HeH3BeCTHble 

KOHCTaHTbl pa3.aeneHHJI, HMeeT MeCTO paBeHCTBO 

<l't + ... +aN =0. (4) 

Mw npe.nnonaraeM, 'ITO onepaTopw L; H Pi caMoconplllKeHHhle, Pi- nono;.t, HTenhHO onpe­

.neneuuwe. 

BalKHhiM oonpocoM xanxeTcll son poe u.neHTH$HKauuu oT.nenbHhiX peu euuii :nail 3a­

.na'lu. llnx npocTOThl orpann'IHMCll 'lacTHhiM cnyqaeM, Kor.na Li - .nn<P<tJ•!peuuuanbHhlii 

onepaTop BToporo nopx.nKa 6e3 ocooeunocTeii, a Pi- yMHOlKenue ua q,yu~ UHIO (nonolKH­

TenhHYJO). llycTb k;- 'IHCTIO Hyneii Uj Ha COOTBeTCTBYJOIUeM HHTepaane, k; 2:: 0. Tor.na 

.UTili KalK.noro HaOOpa { kt, ... , kN} cyiUecTByeT 1 H npHTOM e.nHHCTBeHHhiH COOTBeTCTBY­

IOIUHH eMy HaOOp {.>., <l't, ••• , <l'N }, .naJOIUHH pellleHHe CHCTeMbl (3)&(4). llpe.nnolKeH H 

HCCTie,UOBaH rnOOanbHO CXO.UJIIUHHCJI (T.e. CXO.UlllUHHCJI npu TI!Ofib!X Ha'la.JlhHbiX npHfiTIH­

lKe!IHliX) HTepaUHOHHbiU MeTOD Bhi'IHCTieHHll A, Cl't, ••• , <l'N Up !I 'la.UaHilbiX I :1, .. :, kN. 

§3. qucneHHoe pemeHHe 3a~aqu o caooo~HbiX aKy< TH"'eCKHX 

KoneoaHHBX BHYTPH TpexocHoro 3nnuncou~a (eM. (7]) 

llycTh Tpexocnwil 3nnuncou.n S orpann'IHBaeT oonacTh D. HylKno uaiiTH c.3. k2 Ja.na•tu 

HTIH 

~u + k 2 u = 0 B D, 

uis = 0 (u.neanbHO MllrKHi\ 3TITIHIIC011.U), 

OUI -0 (u.neanhi!O lKeCTKHH :mTIIIIICOHJI). on s-
3a,naqa pemanacb B :JTIJJHIICOHJiaJihiiOH CHCTeMe KOOpJIHIIaT. 3necb 80' HHKaeT cneny­

IOUla.ll TpexnapaMeTpn'lecKax cneKTpanhHa.ll Jana'la. PaccMaTpunaJOTCll ypa.aueuux (2) 

u3 §1: onuo ua (0, 1), npyroe ua {1, p2), TpeTbe ua (p2, ~.), rne ~. onpe.neilleTcll <tJopMoii 

3nnuncouna. Ypaauennll nononHliJOTCJI rpann'IHhiMH ycnoBHliMII (3) 113 §1; B ~. cTaBIITCll 

ODIIO H3 JIBYX ycnOBIIH 

A(~.) = 0 HTIII A'(~.) = 0. 

3,neCb HeH3BeCTHbl k2 H nne KOHCTaHThl pa3,neneHHll. 

Hcnonh3Yll MeTon, cxonnwii c ynoMliHYThiM B n.2 §2, ynaJiocb nponecnt neTanbHhle 

pac'leThl H Hhi'IHCTIHTh co6cTBennwe 'laCTOThl Kone6anuil aKycTn4ecKoft :pe.nbi BII)'Tpn 

3TITIHIICOH,na IlpH pa3TIH'IIIb!X 3Ha'leHHliX na.pa.MeTpoH 3a.Jla'lll. 

§4. MeTo~ pemeHHB n-napaMeTpuqecKoi cneKTpanbHoi 3a­
~aqu, OCHOBaHHbiH Ha BBe~eHHH napaMeTpa ( CM. (H]) 

PaccMoTpHM cucTeMy ypaBHenuii 

(Pi(t;)yi)'+(q;(t;)+i:Uij(t;).Xi)Yi=O, o;~l;~/3;. i=l, ... ,n. (1) 
j=l 
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llpe.nnonaraeM, 'ITO p; > 0 ua (a;, {j;]ltnll Bcex i. YpaBHeHHll ( 1) nonoJJHlleM rpanH'!HbiMH 
yCJJOBHliMH BHJl< (Jlilll npocTOTbi) 

y;(a;) = y;({j;) = 0. (2) 

3anaeM uenble neoTpHnaTeJJbHble 'IHcna k1 , ••• , kn. CTaBHTCll Janaqa: HaiiTH '!Hen a 
AI, ... , An TaKH.,, 'ITO cnpaBenJJHBO: 

Yi HMeeT Ha (a;, {j;) poBHO k; uyneii , i = 1, ... , n. (2') 

lhBeCTHo, 'I ro ecnu D(t1, ... , tn) = det lla;ill > 0 npu a; :::; t; :::; {j;, i = 1, ... , n, TO 
Janaqa (1)&(2)11;(2') HMeeT H npHTOM enHHCTBeHHoe perneuue. 

Mbl HaKJJaJliJBaeM 6onee cna6ble orpaHH'IeHHll: 

D(tJ, ... ,tn) 2:0, (3) 

cyrnecTBYIOT tY, ... , t~ TaKue, 'ITO 

D(t~, ... , t~) > 0. (4) 

Bo3MOlKHOCTb: ~ ueoTpuuaTenbHO, 110 o6pamaeTCll Koe-rne (ue BeJne) B 0- peanuJyeTCll 

B HeKOTOpbiX n~ HKJJaJlllbiX 3a)la'laX. 

flpH orpaHH'!eHHliX (3)&(4) yJKe HeB03MOlKHO rapaHTHpoBa.Tb cylUeCTBOBaHHe pewe­

HHll Jana'IH (1)~c(2)&(2'). Mbi npennonaraeM, 'ITO paccMaTpHBaeMall Janaqa, ynoBJJeTBo­

pliiOIUall JIHWb 13)&(4), HMeeT pelliei!He, ero e)lHIICTBei!HOCTb JlOKa.3biBaeTCll. 

B cnyqae, ecrru a;j(t;) = a?i- const Jlilll Bcex i,j, JaJla.'la (1)&(2)&(2'), otJeBHJlHO, pe­
rnaeTcll nerKo .. lnll nepexona K ucxonuoii o6meii Janaqe ucnoJJbJyeM MeTon JlBHJKeHHll no 

napaMeTpy (eM., uanpHMep, [14]). llpu 0:::; u:::; 1 onpe.nen11eM ii;j(t;,cr) = ua;j(t;) + (1-
cr)a;j(t?), rne t\, ... ,t~ ynoBJJeTBOpJIIOT (4). Hcnonb3YJI npeo6pa3oBaHue llp!OQ>epa, no­

nytJaeM npH 0 ~ 0':::; 1 H3 (1)&(2)&(21) CHCTeMy JIH4><flepeHUHaJJbllbiX ypaBHeHHH nepBoro 

nopJIJlKa C rpaHK'IHbiMH ycnOBHJIMH B <l'j H {j; H napaMeTpaMH 5.I(u), ... , ).n(cr). 3Ta CH­

CTeMa pelliaeTCJI npH6JIHlKeHHO waraMH no 0' Ha CeTKe 0 = O'Q < 0'1 < 0'2 < ... < O'N = 1; 
JIJJJI nepexona K npu6nHJKeHHbiM 3Ha'leHHliM 5. 1, ... , 5.n B cnenyiOmeii TO'!Ke ucnoJJb3yeTCll 

O)lHa H3 <j>OpMyi, peKOMeHJIOBaHHbiX B [14]. 
llnJI Bb16pa~ uoro cnoco6a BBeneHHJI napaMeTpa H Bb16pauuoii <j>opMynhi peanuJaUHH 

onuoro mara n< u naeTcJI npH npoH3BOJJbHOM n nonuoe o6ocHOBauue MeTona: JIOKa.Jauo, 

'ITO He B03HHKa~T TynHKOBbiX CHTyaUHH H 'ITO norpelilHOCTb OTBeTOB UOIIY'IaeTCJI 0(h2), 

rne h = m,:x (u,.+i - um)· 
MeTon 6bln lnpo6oBaH ua JIByx- H TpexnapaMeTpH'IeCKHX 3anatJax, onucaHHbiX B §1 H 

§3 . .ilnJI nony'IE HHJI BblcoKoii TO'IHOCTH B paccMaTpHBaeMbiX BapuauTax '!Hcno N (rnaB­

HbiH nOKa.JaTen:, JaTpa'IHBaeMoli paOOTbi) 0Ka3aJJOCb HeOOJJblilHM, KaK npaBHJIO UOpliJIKa 

necJITH. 
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IIOBE.IIEHHE PEIDEHHH CHHrYJI51PHO 
BO 3MYID:EHHOrO .liH<I><I>EPEHUHAJibHOrO 
YP ABHEHH51 BECKOHEl.JHOrO TIOP51.IIKA 

H.E.AMnpxaHoa,C.A.BacuJibeB,E.II.)Ku.llKOB,lf.E.)Ku.llKOBa 

141980 JIBTA OHHH 
lly6ua MocK06Cl\:oi1 o6Jiacmu, Poccux 

AHlfOTBUHJI. B pa6o-re paccMaTpHBaeTCJI ypasueHHe Ka.n;hlwescKoro (pen11THTHCT­
CKHJi auanor ypasHeHHll Illpe.nmrrepa): 

[2cJQ2 + m2c2- H~··- V(r)]w91 (r) = 0, 

r11.e 

H~·• = 2mc2ch (i!!._.!!_) + li
2
l(l + l) exp (i!!_.!!_). 

mcdr mr(r+~) mcdr 

JlnJI 9TOI'O ypasHeQHJI HCCJie,D;YIOTCJI cnoco6hl DOCTaHOBKH Kpaenoft 36,lJ;3'1H. llpHBQ. 

)lJIT :JI pe3JJibT6Thl 'IHCJieHHhiX pac'leTOB DO peWeHHIO 3a.D;6'tllf Ha C06cTBeHHhle <I>YHK­

l.UIH H Co6cTBeHHhle 3Ha'leHHJI .D,nJI .O:H4;HPepeHUHa.rrbHOro ypa.sHeHIUI BOCbMOro DOpj(JlK6 

C MhJILIM napaMeTpOM DpH CTapWHX DpOH3BOJlHhiX. 

1 BBEUEHHE 

CymecToyeT uecKonbKO IIO.llXO.llOB K rrpo6neMe orrHcaHHll penliTHBHCTCKHX .llBYX'!acTH'!HbiX 

cHcTeM B KB:tHToooit TeopHH rronll. B 60-e ro.llbl JloryuoBbiM A.A. H TaoxenH.ll3e A.H. 6wn 

pa3BHT KBa3HIIOTeHUHanbHblit ¢lopManH3M B paMKaX :noii 3a]la'IH, B KOTOpOM CO'!eTanCJI 

IIOnHOCTblO KOBapHaHTHbiU IIO.llXO.ll, BepoliTHOCTHaJI HHTeprrpeTaUHll BOnHOBOii ¢lYHKilHU 

B .llyXe KBaETOBOit MeXaHHKH H TpexMepHOCTb (1]. B 3TOM IIO.llXO.lle BOnHOBall ¢lYHKilHll 

Bblcyrrae"r KaK HeiiOCpe.llCTBeHHOe o6o6meHHe HepenliTHBHCTCKOii BOnHOBOU ¢lYHKUHH, no­

CKOnbKY 3aBHCHT TOnbKO OT O.llHOro BpeMeHHOrO apryMeHTa U IIO.ll'IHHlleTCll ypaBHeHHIO 

Tnrra llipe.lllrHrepa. 

B 3TOM uarrpaoneHHH Ka.llblllleBcKHM B.r. 6bln rrony'leH penliTHBHCTCKHii auanor ypao­

ueHHll llipe.rHHrepa [2] . .ilnll pa]lHanbHOU BOnHOBOU ¢lYHKilHH IJ!ql{r), OIIHCbiBaiOII.Ieii OT­

HOCHTenbHOI> .llBHJKeHHe .llBYX cKanllpHbiX '!acTHil c HMrrynhCOM q, yrnoBbiM MOMeHTOM I 
H paBHbiMH MacCaMH, O]lHOMepHoe penliTHBHCTCKOe ypaBHeHHe 6y.lleT UMeTb cne.llyiOII.IUit 

BH]l: 

[2cJQ2 + m2c2 - H~ad- lf(r)]IJ!ql(r) = 0, 

H rad 2 2 h ( ih d) h
2
/(/ + 1) ( ih d ) = me c -- + exp -- , 0 

mcdr mr(r+~c) mcd1· 

r]le V(r)- KBa3HIIoTeHUHan, c- cKopocTb coeTa. 

B pa6oTn [3] rroKa3auo, 'ITO rrpH ¢lopManbHOM ycTpeMneuHn c -t oo, pellleHnll ypaoue­

HUll KanhlllleBcKoro perynllpuo CXO.llliTCll K pellleHHliM ypaaueHnll llipe.llHHrepa. 

300 



Ecnn orpaHti'IHTCll cny'!aeM S-aonHbl (l = 0) n pa3nmKnTb onepaTop ch ( :!:c f.) B Pllll, 

TO ypaBHeHne KanwrneBCKOro 6yneT HMeTb cnenyiOLUHH BUll: 

rne c: = (.:c) 2
- Manwil napaMeTp. 

3To ypasneHne npencTaBnlleT co6oil nn<jlq>epenunanbHoe ypasHenne 6eC"KOHe'!Horo no­

pllnKa C ManbiM napaMeTpOM npn CTaprnnx npon3BOllHbiX, 'ITO ll03BOnlleT OTHeCTn ero K 

Knaccy CnHrynllpHO B03MyllleHHhlX ypaBHeHnil. 
TpynHoCTH, B03HHKaiOLUI!e npn perneHnn nono6Horo pona ypasHeHuiL ( Bll3aHhl c TeM, 

'ITO 3necb HeB03MOlKHO npuMeHnTb o6bi'IHYIO cxeMy pa3noJKeHIIll B CTeneH~oil pllll noMa­

noMy napaMeTpy, Bellb ecnn <j>OpManbHO ycTpeMnTb C: -t 0, TO nopllllOK rpaBHeHnll n3-

MeHnTCll, a perneHnll TaKoro "ynpomeHHoro" ypaBHeHnll He cMoryT ynosn••Tsopl!Tb seeM 
ycnoBIIliM, KOTOpble Hanaranncb Ha perneHIIll ncxonHoro ypaBHeHnll. HeKOTOpbte ll3 3TIIX 

ycnOBllH OKalKyTCll nnlliHIIMII. TaKnM o6pa30M, 3lleCb Mbl IIMeeM neno C CHHrynllpHO 803-

MyLUeHHhlM nn<j><j>epeRunanbHhlM ypasHenneM. 

2 MCCJIEilOBAHME MOilEJihHOH 3AilA YM 

Ecnn orpaHn'II!ThCll mtrnh 4-oil nponJBOllHOil a ypasRenHn Kan~>IrneBrKc ro 11 Bhi6paTb 

cnenyiOLUIIil noTeHunan: 

V(r)=O, rs;rr, 

V(l') = oo, I'> 1!', 

Torna ypaBHeHne MOlKHO JanncaTb a TaKoM anne: 

(1) 

Perne11ne TaKoro ypanHeHnll MOlKHO npencTaBIITh 11 BIIJW 1/• = o·pikr. flocne ero non­

cTaHOBKn B (1), nony'lnM cneny10mee 6nKBanpaT!IOe ypaBHeHne: 

Kopnn 3Toro ypannel!nll nMeiOT Bnn: 

npn C:-+ 0 OIIH BellyT ce6ll Ta.KHM o6pa.30M: 

kt,2-+ ±iq, 
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06wee pewe me ypaoHeHUll (1) MOji(HO JanucaTb KaK 

1/l(r) = Ct sin k 1r + C2 cos k2r + C3shk3r + C4chk4 r, 

npn'!eM K031jlq)Ul[UeHTbl Ct' c2, c3, c4 onpe.uen.IIIOTCJI 83 KOHKpeTHblX KpaeBblX ycnoouii. 

Ecnn .un.11 :nnii Ja,lla'!n Bb16paTb cnMMeTpH'!Hble Kpaeoble ycnoon.11 on.ua: 

1/1(0) = 0, 

1/1"(0) = 0, 

1/1(7r) = 0, 

1P"(7r) = 0, 

TOr.Ua ypaBHeHU·! .Unll HaXOJK.UeHUJI CoOCTBeHHbiX 3Ha'!eHUH 6y.UeT: 

f(q,c) =sin k 11r = 0, 

aero KOpHn-

q~ = n 2 (1 + cn2
). 

Ecnn nonoji(UTb B nocne.uHeM Bbipajl(eHnn c = 0, TO nony'lnM Ha6op co6cTBeHHblX 3Ha­

'!eHnii "Bbipojl(.neHHoii" 3al!a'!u (q~ = n). Hano 3aMeTUTb, '!To npn HecnMMeTpU'!HblX 

KpaeBbiX ycnoon ~x TaKoii npe.uenbHblii nepexon He nMeeT MecTa. :)Tn coo6pajl(eHnll na10T 

UOBOli Bbl6paTb ~MeHHO CUMMeTpU'!Hble KpaeBble ycnoBUll npU uccne.UOBaHUU Hawei\ Ja­

l!a'!U. 

3 PE3YnhTAThl ql-fCJIEHHhiX HCCJIE.UOBAHHH 

llnll '!ncneHHblX nccne.uooaHnii 6blnn Bbl6paHbl cneliYIOWUe nn<jJ<jlepeHunanbHble ypaoHe­

HHll CO cnel!y!OUJUMU KpaeBblMU ycnOBUJIMU: 

{ 

£ d4 1/11v d21/lrv 2 - 12 ~ + ---;[;:2 + qrvtPiv = 0, 

1/Jrv(O) = 0, tPIV(7r) = 0, 
1/IJ~(O) = 0, 1/1Jv(7r) = 0, 

l 
£ 2 d!'?J1vr £ d41/Jvr d21/Jvi 2 
360 ~- 12 ~ + ---;{;2 + qyJtPVl = 0, 
1/lvr(O) = 0, 1/lvJ(7r) = 0, 
1/1~/(0) = 0, tP~J(7r) = 0, 

(4)( ) (4) 1Pv1 0 =, 0, 1/lv1(1r) = 0, 

I 
c3 d8 PVIII £

2 d!'?J1viii c d41Pviii d21/lvru 2 
-20160 -~ + 360 ~- 12 ~ + ~ + qvm1Pvm = 0, 
1/lvm(O) = 0, 1/lvm(?r) = 0, 
1/l~m(O) = 0, 1/l~m(7r) = 0, 

(4) ( (4) tPvuJ 0) = 0, tPVJu(7r) = 0, 
(6) ( (6) tPvm 0) = 0, tPvm(7r) = 0. 
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3TH 33J(a'IH pe111MHCb 'IHcneHHO Ha HHTepoane (0, 1r) C lllai'OM h = 0.0157(,796 MeTQROM 
MaTpH'IHOH nporoRKH. 

DblnH nony'leRbl cnEmJIOiliHe pe3ynbTaTbi.Zinll !:J.:r/JN UpH pa3nH'IHbiX € 1 I .Zie 

c l!UpJV D.:r/Jvi l.lt/Jv III 
1.0 0.000358713 0.000395262 0.000404331 
0.1 0.000071391 0.000077381 0.000079648 
0.01 0.000010428 0.000012284 0.000016074 

0.001 0.000005691 0.000003759 0.000001611 

llnll HecKonbKHX uepBbiX CoOCTBeHRbiX 3Ra'leHHH HMeeM 

c n q"iv qh qhii 
1 1.081520 1.084354 1.084276 

1.0 2 5.297297 5.471528 5.483795 
3 15.507309 17.438434 17.747194 
1 1.008163 1.008188 1.008184 

0.1 2 4.130520 4.132255 4.132193 
3 9.659969 9.679848 9.679782 
1 1.000814 1.000827 1.000547 

0.01 2 4.013033 4.013046 4.081444 
3 9.065955 9.065967 9.075564 
1 1.000079 1.000089 1.000068 

0.001 2 4.001272 4.001292 4.033378 
3 9.006441 9.006839 9.054243 

4 BbiBOll 

H3 npHmmeHHbiX pe3ynbTaTOB MO)I(RO C.ZienaTb Bbi!IO.ZI o CXO.ZIHMOCTH co6cTBEHRbiX cpyRK­
UHii (B Bb16paRROB HOpMe) H CoOCTBeHHbiX 3Ra'leRHH .Zinll ccpopMynHpoBaRRbiX Bblllle 33J(a'l 
K pemeHHIO Bblpo)I(.ZieHHOB 33J(a'IH. 3TO CBH.ZieTenbCTByeT 0 TOM, 'ITO Bb16op CHMMeTpH'I­
HbiX KpaeBbiX ycnOBHH .Zinli.ZIHcpcpepeHUBMbHbiX ypaBHeHBB BbiCOKOI"O UOpJI.ZIK3 - OUpaB.ZiaH. 

[1] Logunov A.A.,Tavkhelidze A.N. Nuovo Cimento, v.29, 380 (1963). 
[2) KanblmeocKBi B.r., MHp-KacaMoB P.M.,CKa'IKOB H.B. 3YA51, T.2,Bb1u.3,c.636-

690,(1971). 
[3) )I(H.ZIKoo E.n.,KanblmeocKHit B.r. TM<I>,T.3, N 2, (1970). 
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0 HeK•>TOpHX HeJIHHeHHHX CHHrymipHHX aa~aqax B 
lO!O~eJIJIX peJIJITHBHCTCKOH KOCMOJIOrHH 1 

Bopouos H.A.*, .ll:hlwKo A.JI., Kouroxosa H.B., CTaposeposa M.B. 

Bnl'lHCJIHT< 'JII>HMif IJ,eHTp PAR, BaBHJIOBa 40, 117967 MocKBa GS P -1, Pocci!H 

e-mail: nadja@ccas.ru 
* HHCTHTYT n opeTwrecKoif H 3KcrrepHMeHTaJII>HOH cjJH3HKH, B. lJepeMymKHflCKaH 25, 

117259 MocKBa, PoccHH 

AHHOTRilHJI. Jlau RpaTKHit o63op [1]-(4]: npe.n;cTaBJICHbl MaTeMaTHl.JCCKHC MOJ];CJIH H 

OCHOBHJIC peayJII»TaThl Ka'ICCTBCHHOI'O auaJIH3a HCJIHHeAHLIX OfihiKHOBCHHLIX JlH4>cl>epeu­

llHaJILH oiX ypaBHCHH:A BTOpOI'O DOpJI,ZJ;Ka C BHp01R,llCHHJIMH, OllHC:hiBaiOlllHX 3BOniOilHIO 8 

npocTp.LHCT:.,ax MHHKOBCRoro, Cl>pn,n;Maua H t~;e CHTTepa TOHKoro c¢lepHliCCKOI'o "ny-

3Lipa" JIOKaJIH30BaHHOI'O ccpepHqeCKH CHMMCTpH'IHOI'O peiDCHHJI ypaBHCHHJI CRanllp­

HOI'O DCJIH XHrrca B npH6nHmenHH, Kor.n.a u:omuo npeue6pettL Tonmnnoit o6oJIO'IRH no 
cpanHeHHIO c ee pa.n;Hycou. Ocuonuoe OTJIH"'HC B none.n;eHHH o6'LeKTa: paCIUHpeuHJI 

Bceneu m:A no <l>pK.li,MaHy He.li,OCTaTo'IHO .li.JUI Toro, t~Tofihl npH mo6oM Hat~aJILHOM pa­
JJ.Hyce I Y3HpL He CXJIOllHBaJICJI 3a ROHe'IHOe BpeMH, \ITO aHaJIOrHtiHO ero OOBC,llCHHIO B 

IIJIOCROJt: rrpocTpaHCTBe-npeMeHH; B rrpocTpaHCTBe .ne CHTTepa rrpH BCJIHtiHHC HattaJIL­

uoro p(l,ll,Hyca, fioJILIDCM HCROTOporo KpHTH'ICCROro 3Ha\ICHHH, OIIpC,llCJICHHOrO napaMC­

TpaMH la)l;a'IH 1 IIY3hlp:L HC CXJIOIIhiBaCTCJI HH 3a ROHC'IHOC, HH 3a 6eCKOHC1.fHOC UpCMJt, 

T .C. HM !CT KOHC'IHH:ft DpC,lJ;CJILHH:A pa,nHyC IIpH CTpCMJICHHH Bp6MCHHOit IICpCMCHHOit K 

fieCROHt "'HOCTH. 

1. IIoJie Xv.rrca B rrpocTparrcTBe MHHKOBCKOI'O OIIHCh!BaeTCJI narpaHJKHaHoM [5]: 

L = (fJcp) 2/2- U(cp), U(cp) = _x2('P2 _ v2)2, (!) 

r.n:e (fJcp)2 .= ?ik~i;., .1Jik = diag(1,-1,-1,-1)- MeTpH'lecrudi TeH3op nnocKoro 

npocTpaHCTBa-HpeMeHH, i, k = 0, ... , 3, x 0 = t ( CKOpOCTb CBeTa B BaKyyMe HpHHRTa 3a 

e.n:rnrnuy ), A, V - napaMeTphl. JlarpaHJKHany ( 1) COOTBeTCTByeT BOJIHOBOe ypaBHeHHe 

D<p + 4<p.X2('P2- v2) = 0, (2) 

r.n:e D = 82/ f)( - Ll, Ll - onepaTop Jlannaca no nepeMelilihlM xj, j = 1, 2, 3 . .Ll:JIR (2) cnpa­

ae.n:mmo: coxpoHHeTCJI HHTerpan :mepnrn, E(t) = J[oik ;;:. /;. /2+U( cp)]dV =canst, r.n:e oik 
- cHMBoJI KpoH ~Kepa, a HHTerpaJI 6epeTCJI no BCeMy R3 ( HOJI.hiHTerpaJILHoe BhlpaJKeHHe - ra­

MHJ!hTOHHaH, H lli nJIOTHOCTb 3Hepnrn)j noCTORHHhle <p = ±v- perneHHR C HyJieBOH 31H'prHeti 

( 3Ha'leHIDI <p" ±v: U(±v) = 0 Ha3h!BaJOT "oaKyyMaMH" O.lllfliaKoBoli "rny6HHhl", a no11e 

( 1) - CKaJ!JipHLI M noJieM C .liBYM.ll BhlpOlK,ll.elliThiMH BaKyyMaMH) j 3) cymeCToyeT CTaii.HOH a pHOC 

nJIOCKOe perneiCHe 'Pc(i') = vtanh[.Xvv'2(ii,T- ro)], r,ro E R3 , nopOJK.llaJOUlee 6ei'YlllYIO 

yeromeirnyJO aoJIHy 'Pc(r,t) = vtanh{Avv'2[(ii,r- io)±vo(t- to)]/ VI- v5}, t 2> to, ecJIH 

3a.llaHa Ha'laJILHaR CKOpOCTb Vo : 0 < Vo < 1; 3.lleCL n = (n1, n2, n3) - HeRTO(l e;(H1111'1-

HO:ti .liJIHHhl, x<.paKTepH3YJOIIlH:ti nanpaBJieHHe· .liBHJKeHHH tj>poHTa DOJIHhl. Pemmme 'Pc( f), 
Ha3BaHHOe B [61 "cTeHKOi!:", 06Jia.llaeT HOBepXHOCTHOi!: HJIOTHOCThiO 3Hepr11H Jl = 4v'2.Xv3 j'J, 

1 
Pa6oTa ITO.ltll.''PJKaHa PoccH:ACKHM <PoHJI.OM ¢lyH.naMeHTaJILHLIX accne,uonaHHA {HpoCH'fl>l N95-02-04681 H 

N96-0l-00951). 
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cocp<'/lOTO'f<'IIHOM n o6JiaCTH TOJIIUHIIOM I = [vf2A,,]- 1 (aenwmua JL IIOJIY'Iili'TCJI llhl'lHCJie­

"11<'M llJIJI .p0 (i) 0/lHOMepHOf'O HHTI'rpana 3Hepnm OT -00 JlO +oo). B (6]. [ij11p11 113~"'-f('HHH 
KOCMOJIOI'H'II'CKI1X CJie}lCTBHM JIOKaJIH30BaHHhiX pemeHHM (2) 6hiJIO BBPJlPIIO IIOIIJITI1P 11:V3hlpll 

Kall OJlHOCHII311oi1 o6JJaCTH, OKPYlfi<'HHOM CT<'HKOM, T.P. o6neKTa. DH<' KOToporo IIOJI<' .p 3Kcno­

HI'IIIlHaJihHO •·TpeMHTCII K OJlHOM.Y 113 oaKyyMoB. BHYTPH K np~ToMy. a IIO""rH nc11 mPpf'HII 

COCJli'JlOTO'II'Ha II ofiOJIO•IKe ny:1hlp11. Jlnll nj>epH'IPCKH CHMMeTp11'11101'0 II.V:1hiJHI IIOJIP 8 Ha­

•laJII,IIhiM MOMI'IIT COCTOIIIIHII IIOKOII 3a}laPTCII B BI1Jll' .,:>( r,O) = V tanh[Avvf2( 1"- Ho)]. /l.0 > 0. 
a ·•noJIIOllHII IIOJIII OIIHChiRai'TCII Ha•JaJibHO-Kpaenoi1 3aJla'IPH: 

cP.p iP.p 2 iJ.p 
i)/~ - iJr2 - -;: iJr + -lA2<P( <fl - v2) = 0. I 2: 0. () < ,. < '!C. 

.p(r,O) = tltanh(Avh(r- Ro)). .p1(r,O) = 0 Vr 2: 0. 

I lim .p(r.l)j < oo. lim .p(r.l) = '' VI 2: 0. 
r---0 r--•x· 

(:Ia) 

(36) 

(:!o) 

II •mrJII'Jillo-auaJIHTH•II'CKHX HITJI<'/lOIIaHI1JIX [X]-[10] :laJta•m (:!) o6nap_v;KI'Hh ll.vm.cai(I11111.V­

:IMJHI I' 11:1JI.Y'II'IIHCM 3111'Jlf'l111 llil fii'CKOIII''IIIOCTI• 11 o6pa30IIalll11' HfiJII1311 naH.vyna <f = /1 /(OJII'O­

lfii111,YIIl11X JIOIIilJII130DilHHidX 01'1{11JIJIHJl.VIOIIlHX COCTOIIIIHM. :VI"fOH'II1HOI'Tb KOTI JlhiX 11:1Y'IaJiill"h 

11 [II]. 

2. /J parumpHIOIL(dicll Tlri'Jif'IIIIOH 11CIIOJih3.Y<'M paBI'IICTDO s = Sr.t + s/1-+ ~/( l(iJr( :). I'll<' 

S Ofillt<'l' Jli'HCTBHf' }(Jill I'JlilBHTI1Jl.VIOIIl11X Mili1JlOCKOIII1'1<'1"110H MilT<'JlHI1 11 fl aJUIJliiOI'O IIOJIII 

[ 12]. :J/tf'l"h SM Jlf'MCTBI11' J(JIII MaTf'Jli1H, OIIJlf'Jlf'JIIIIOIIll'ii IIHJl !l3C111HpJ11011li'JirJI '!lc!'JII'IIIIOii; 

~ CKaJIIIJllla.ll KpHBI13llil IIJlOCTJlil!ICTBa, (,' - llhiOTOIIORcKaJI I'Jliliii1Talll101111 HI IIOCTOIIIIIIall; 

SH Jli'HCTDI11' /(Jill IIOJUI XHlTca (I) "l'panHTilllHOIIHOM IIOJI!'. s/1 = I Fr[.lJik<f.i.,:".k/2-

A2( <P2 -v2 )2] d4 :r. (HIITPI'paJifii'IH'TI'JI 110 III'I'M.V 1{1 11 110 IIJI<'M<'IIIIOii III'Jli'MI'IIIII ii ~~~·m;~\· Jtny~u• 
1'1' IIOIII''IIIhiMH 3llil'JeHHJIMH, IIJlH'II'M IIJli'}(IIOJial·apTI'II MHIIHMaJihiiOI' ll:laH~IO/l 'HCTIIHI' IIOJUI .,:' 

r l'panHTilllHOIIIIhiM noJI<'M .Qik· HapHallHJI S 110 .Qik npHBOJlHT 11 ypanH<'IIHJo )iiHIIIT<'iilla: 

(I) 

I'll<' ~ik - TI'H:IOp 1'11'1'111, THik 11 Tr.tik TI'II:IOJlld ·m<'JH'I1H-11MII.YJihl'a IIOJIII X 41TCa 11 Malipo-

nwni1'11'CII.oii MilTP.p1111 I'OOTDI'TI'TIII'IIIIO (12]. Baph11Jl.YJI S 110 .p. IIOJI~··Jal'~l: 

(.'i) 

Ypaml<'IIHJI (·1), (5) u conoKynno•·TI1 c ypauni'III11'M JlBI1lfii'IIHJI MaT<'Jli1H OIIJH'J.<'JUIIIlT IIOJIII~·,o 

n1CT<'M.Y ypallll<'lll1ii JlJIJI :la}la•JH Tpannt<'ll/l<'IITHoii I'JIOJKIIOCTH. II [ 1]-[·1] J .I'Jiili'TrJI <jJI1:111-

'Jei'KI1 onpall}(ai!HO!' IIPP.JUIOJIOlKI'IIHI', 'ITO II ('I) MOlKIIO IIJll'll!'fipl"ll. IIOMIIOIII'IIT<IMI1 Til ok 110 

cpanll<'HI11o ,. I!I'JIH'IHHaMH Tr.tik· Tm'.lta 11rXOJlllall :ta;ta•Ja parllaJliii'TfJI 11a . tn••: 11:1 (·I) na­

XO/l11M lj>onony1o M<'TJlHIIy; ( 5) oHp<'/li'.JIJI<'T :~uommti1JO l'llaJIIIJliiOI'O IIOJIJI X 11TI'it na <jJOIII' 

Haii}(I'IIIIOH MI'TJlHI{H. 

H upon·pallcTnax cPpHJ{Milllil 111''1'0'1111111 l'panHTilllHOIIIIOI'O IIOJIJI 11 lll'iiJihlll.oii ra:.: 

'/'Mik = (p + p)1Li1Lk - P.Qiko 1'/ll' tti, p, p COOTIII''ITTIII'IIIIO "•II'Tblp<'X<"IIOJHlCTI:·. !l<I­

IIJII'III11' 11 IIJIOTHorTJ. ra3a; p, p If<' :laiiHriiT OT xi, j = I, 2.:1 ( 11:1()TJH 11111111 MOJli'JII. ). 

11CIIOJih:I,YII 110 llpOCTJlaiiCTI!I'IIIIIdM ll!'pi'MI'IIIIIdM Clj>I'Jll1'11'flll11' liOIIJl/l1111iiTO.I 11 III!O)lJI 110-

llldl' "I!Jli'MJI" 1} 11 "pil/lH,VC" \ 110 I~OJlM,YJiilM d/ = a(1J)d1j. I' = (/(7j)siroh \• L'll' II( If) 
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HOKa HCii3BCCTJiaR HCOTpHUaTf'llbHaR !jl,YHK!llill, HOII,V'!af'M li:l ( 4) M!'TJH1Hy' <J>p11J(M<IIIa: 

ds2 = a
2 (77)[dry2 

- dx2 - sinh 2 x(d82 + sin 2 Od¢2 )]. B ;~nyx cJI,Y'laJIX a(11) IIOII,Y'l<'llo IIBI!o 

[12]: a) a( 17) = a0( cosh rJ- 1 ), 0 < a0 = con.-t, PCIIH p = 0 ( ra:1 6P3 ;(aHIIPHI1H 111111 llhlllh ); 6) 

a( 17) = a0 sinh 17, J < ao = canst, ecnw p = pj:3 (,VIIhTpape1UITHBI1<"1TKHli ra:1 ). B IIJlOcTpaii­

cTBax C MeTpliKOI i <J>plill.MaHa 113 ( .')) HOIIY'laPM :la)~a'I,V 1(1111 1101111 C'!j>Pp11'1PCIWI'O II,v:lhlJHI, 

o6pa30BaHHOfO B 1a'la1Ihllh!H MOMeHT CTE'HIWli: 

<p,, + 2<piL/a- 'Pxx - 2<px coth X+ 4a2 >. 2<p( <p 2
- u2

) = 0, 11 2: T/o· 0 < \ < oo. ( 6a) 

<p(x. 7o) = utanh{a(77o)>.r;J2( x- X0 )}, <p,(x, 1/o) = 0 V\ 2: 0. (66) 

llim<p(x,rl)i<oo. lim <p(X,TJ)=r; 
x-o x-o:::, '111 2: 11o > 0, (fin) 

rne 0 < Xo·-- !jlwK:wponaHo. B TaKoM BHIV' 3ana'la (6) He wccnenonallaCh. JlonoJIIIHTPJlhHhl<' 

TPYIUIOCTH JIIIR e•' 'lHclleHnoro pemenwn 110 cpaoneHHIO r ( 3) cnn3aHhl c Il<'llhlllOJIHPIII1<'M 

3aJWHa roxpaHf'll lR >neprwH ( TaKoll 3aKOII OTC,YTCTB,YPT n parumpJIJOII~!'ticJI BrPJICIIHoti ). r 

HblpOlKJICHiiPM 3a!(a'lH Hpli 770 ~ 0, C >KC!JOIIPHI~IiaJihHhlM J>OCTOM a( 1/) 11Jll1 1J ~ 00 11 I(J>. 
B npoCTpam:"ne JJ.e CHTTepa cnpaoennwoo TMik = 1\g;k/2, rne 1\ IWC'MOJIOI'I1'1PrKaH 

IIOCTOJIHHaJI, li pe fllPHHeM ( 4) JlBJIReTCJI MeTJ>HKa ds2 = dt 2 - a2( t )[ dr2 + r 2( d82 +sin 2 8d¢2 )], 

me A= :lll2 , a(~)= a0 exp(Ht), 0 < a0 =canst, H IIO<:TOJIHHaJI Xa6611a [13]. B ·noM 

llf>OC'IJ>ai!CTIIP H ( cpepWICCKii CliMMPTJlWIHOM CII,Y<Jae ( 5) HMPPT Blill 

'Ptt + :ltpriL/a -- 'Prr/a2 - 2'f!r/(a2 r) + 4>. 2 <p(<p2 -u2) = 0, t 2: 0, 0<7'<00. (7a) 

}liiJI li3,Y'IPHiiJl >B JIIJOI!HH IIOIIJI C!j>PpH'lPCKOro H,Y:!hlpJI, KOTOTJhlH B Ha'lallhHhiH MOMCHT IIOKO­

IiJICJI, Ha;l() JIO[]OJ HHTh HO ypaBJieHiiC ,YCJIOBiiJIMii 

<p( c,O) = utanh{a0 -XuJ2(r- Ro)}, 'Pt(r,O) = 0 Vr 2: 0, (76) 

I lim <p~r, t)i < oo, lim <p(r, t) = v Vt? 0, r-o r-+oo 
(7o) 

I"JIP, 0 < Ro - cpl KCiipOBaHo. B TaKOM BHJIP 3anaqa {7) He HCCIIPJIOBaJiaCh. (0 IlOBCJICHi'UI. 

!jJH3WiecJmx nom ll Ha cpone MeTpHKH ne CwTTepa eM., nanpwMep, o [14], [!.')].) 
PaJJ.IfycoM R( ~) IIY3bipH npH !jlwKcwponammM t Ha3h!BaCM H,YIIh !jlyHKI!Iili <p Ka 11 pmueHHJI 

3anaqw (3) (3anacm {7)): <p(R(t),t) = 0, t 2: 0, R(O) = R0 , R(O) = 0; nnn :1anaqw (6): 
<p(X(11),17) = 0, '12: 77o, X('l/o) = Xo, X(11o) = 0. 

;3, B l1pM6JIHJKCHifM TOHKOtl. CTeHKif 3aJia'lH (3), {6), {7) paCCMOTpeHhl B [1]-[4]: 110-

II,Y'lPIIhl H liCCJIC, (OBaHLI HCJIHHPll:HhlP OfihlKHOBeHHhle Jlli!jlcpepeHIWallbHhle ypaoHeHHJI BTO­

poro IIOPJIMa c owpoJKJIPHiiJIMH, onwch!BaJOIII,He 3BOIIJOUHJO R(t) (X(17)) B npH611IDKeHHH, 

JWrJia MOliUIO lip ~He6pe'lh TOIIIII,HHOll: c!jlepH'IPCKOll: OfiOJIO'lKii riO cpaBHeHHJO C ee paJIIiy­

COM. CooTneTcn yJOIII,He JlliHaMH'lecKiie aana'lH rrony'lenhl KaK "MeTOJIOM coepnyToro nell­

CTB1i11" [ 16], TaK 11 6onee Q>opMalll!30BaHHhlM crroco6oM: npH nocTaTO'lHO 6ollhlllOM na'lallh­

HOM paJIIiyce JIIIJI pewenliJI (3) ((7)) rronaraeM 'f'n{r,t) ~ utanh[a{r,t)/1] (1111H (6) rrona­

raeM <pu(x, 17) ~ u tanh[a(x, 17)/l]), rne 0 < l -- Mallo, a -- nouan newauecTHaJl !jlyHKUifJI, 

R(t): a(R(t),t = 0 (X(ry): a(X(77),77) = 0); npH l--> 0 nonyqaeM ypasnenHe nnn R(t) 
( X{ry)). Panee 1, [8], [10] 6hlJIO noKa3aHo, 'ITO TaKoe rrpHfillliJKeHHe JIJIR 3ana'll!: (3) o'lem. 

XOpOUIO O!lliCh!BaeT CTaJIIiiO CJK3TiiJI IIY3hlpJI BIIJlOTb 11.0 R "-' /, XOTJl CaMO peiiieHHP CTaHO­

HiiTCJI COBCeM HeiJOXOJKiiM Ha <pn( r, t). 3TO naeT JIOIIOIIHHTPJihHOe OCHOBaHHe HOIIaraTh, '!TO 
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IIpH6JIIIJKe!llle TOHKOH CTeHKH rrpe,ZJ;CTaJIJIBeT HHTepec }{JIB OIIHCaHHII IIOBe,ZJ;eB R11 113JqaeMHX 
o6'beKTOB u o paciiiHpHJOmel!:~ Bcenmmol!:. 

3.1. )l.HHaMwleCKaH 3a}{a'la }{JIH TOHKoro rry3upH B rrpocTpaHCTBe MHHKo~cKoro: 

R = -(2/ R)[ l - R2
), t 2: o, 

R(O) = Ro > 0, R(O) = 0. 

(Sa} 

(S6} 

HHTepec npe.n;cTaBJIBeT noJIOJKHTem.noe pememm (S), ero none,n;eHHe c pocTOH t H HHTepBaJI 
ero cymecTBOBaHHH rrpH pa3JIWIHI>IX 3HaqeHHHX Ro- CrrpaBe.zunmu yTBepm.n~HRII: (Sa) o6-
Jia,n;aeT ceMeiicTBOM qacTHhiX perneHHi!: R±( t, c) = ±t + c, rne c -npoH3BOJThHiiH nocTOHHHaa; 

JlJIJI mo6oro perneHHH (Sa), KpoMe R±(t,c), cnpaoe.n;mmo R2J../Il- R 2 1 = cmst; pemeHHe 
(S} y6LioaeT, He BLIXO,ZJ;HT H3 o6nacTH Ro- t ::; R(t) ::; Ro, 0 ::; t ::; tcx, r.(e t,,,; : t= > 
Ro, limt~tc% R(t) = 0, limt-tc% R(t) = -1, H HMeeTBH,ZJ; [S): R(t) = Rocn{ v'itf Ro, ../2/2}, 
I'JJ.e cn(x, k}- 3JIJIHIITH'leCKHi!: KOCHHJC C MO,ZJ;yJieM k. 

B [3) onucano none.n;eHHe pemeHRII (S) rrpH ero rrpH6JIIDKeHRH K nyJIIO (rrp1 cxJiofiLIBamm: 
IIJ3Lip11) H ,ZJ;aHLI OIJ;eHKH tcx = tcx(Ro). B OKpeCTHOCTH J11060i!: q>HKcHp(BaHHO:ii TO~ 
t = tcx ypaoHe!llle (Sa} HMeeT O.l{HonapaMeTpaqecKoe ceMei!:cTBo pemeHHi!:, rrpeJJ.cTaBHMOe 
PJIJI.OM JIJmynooa: R(a, tcx, t) = (t- tcx){ -1 + a(t- tcx}4 + L:;~2 q[a(t- t,r)4]k}, r.ne a­
rrapaMeTp, ia(t- tcx)4 1 Mano, c2 = -5/6, ... (q He 3aBHCHT oT a H tcx); 3TH pemeHRII rrpH 
a > 0 He BLIXO,!J;JIT 113 o6JiacTH 0 ::; R(t) ::; t= - t, 0 ::; t ::; tcx. YqaTIJ:Baa J(Ba cnaraeMHx 
pJIJI.a H (S6}, rrpH6JIIDKeHHo rronyqaeM tcx ::::: l.25Ro. lib TO'IHOI'O pemeHID lillllleeM tcx = 
RoK(../2/2)/../2, r.ne K(k)- rro.n:m.d!: 3JJJIHIITB:qecKHi!: HHTerpaJI rrepnoro poma c Mo.nyneM 
k. 06o3Haqao m = (2- ../2)/(2 + .../2), 113 rrpH6JIIDKeHHi!: JJ.JIB K(k} rro.nyqa{M 6onee Toqno 
tcx ::::: Ro(1 + m)(1 + m 2 /4}/(2.../2}::::: 1.310S67 Ro-

3.2. )l.HHaMH'leCKaH 3a}{a'la }{JIH TOHKOro IIY3UpH B IIpOCTpaHCTBaX <1>pHJJ.IIfaHa: 

x + [2cothX + 3a(71)X/a(77}][1- X 2) = o, 112: TJo > o, 
X(TJo} = Xo > 0, X(TJo) = Xo, IXol < 1. 

(9a} 

(96} 

3.necb paccMaTpHBaeTCH o6maa 3a,n;aqa, KOr,n;a B naqam.HLIH MoMeHT IIJ3blpb Eieo6H3aTem.no 
IIOKOHTCJij BH,ZJ; a( 71) 3aq>HKcHp0BaH B II.2 IIpH OIIHCamm: 3a,ZJ;aqa ( 6) - CJiyqau a) H 6). MH­
Tepec rrpe,li;CTaJIJIHIOT: IIOJIOJKHTeJThHOe pemeHHe ( 9), ero IIOBe,ZJ;eHHe C pOCTI oM 71 H HHTep­
oaJJ ero cymecTBOBaHHII ,n;JIB pa3JIH1lHLIX 3Ha'leHHi!: Xo, X0; noneneHHe pen:eHRII rrpH ero 
rrpo,n;oJDKelll!H oneno K oco6ol!: To~e 71 = 0; rrpe.nem.HL!e cHHryJIBpHhle 3a,n;;,qn KoiiiH, oT­
oeqaroiiiHe (9} rrpH flo = 0 H Xo = 0 («JIH Xo = 1, HJIH Xo = -1). CnpaBe,n;mmLI 
yToepm.neHHH: (9a} o6Jia.n;aeT ceMei!:cTBOM qacTHhlx pemeHHi!: Xt(71,c) = ·!::71 + c, r.ne c 
- rrpou3oom.naa rrocTOHHHaa; ,n;JIB Jll06oro pemeHB.II (9a}, KpoMe Xt(71,c). cnpane.nmmo 

f.;{tn (sinh2 Xh/11- X 21)} = -3X2ti(77)/a(71) ::; 0 \/71 > 0; 71 = 0 - oco6aa To~a 
(9a}, TaK KaK ti(71)/a(71) = 2/(j71) + 0(71), 77--> 0, r.ne j = 1 ,lJ;JIB a) H j = 2 .DJIB 6}. XapaK­
Tep BLipOlK,ll;eHHH ( 9a) IIpH 71 --+ 0 II03BOJIBeT IIOCTaBHTb }{JIB HerO TpH CHHrJI HpHLie 3a,n;aqn 
KoiiiH: (9a} rrpu 71 > 0, ycnonue limfi-+O X(71) = Xo 11 ycnonae limfl-+0 X(1') = 0 (3a}{a'la 
1}, HJIH ycnooue lim"~+o X(71) = 1 (3a}{a'la 2), HJIH ycnonae lim"-+o X(71) = -1 (3Ma'la 
3). Cne.nyromue yTBepm.neHHH .noKa3aHLI B [3): 

1) VXo > 0 H VXo : IXol < 1, pemeHHe (9) He BUXQll.lfT H3 o6nacTH, JrpaHH'leHHoii 

rrp.HMLIMH X1(71) = 71-flo+Xo H X2(71) = flo-77+Xo, 772: 0, T.e. rrp1171 >flo ono HeBuxO}{HT 

H3 "cBeTOBOl'O Koeyca B 6y.zzymee", a IIpH 7l < flo - H3 "cBeTOBOl'O Koeyca B IIJ>OHIJlOe". 
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2) VXo > ( If VX0 -1 < Xo ~ 0, pemeHHe (9) c pocToM 11 y6bluaeT M 'l1h : 
'flex> 'flo+ Xo, lim~~~c,-oX(ry) = 0, lim~~~'"-oX(ry) = -1; rrp11 0 < .\'o < I TO lK<' 

yTuepHf,ll.eHHe cr;paBe,ll.JIHBo, Ha'lHHaH c HeKoToporo ry = ij0 : X(ijo) = 0. 
3) V X 0 =P 0 pemeHHe CHHI'.YJIHpHoif Ja,ll.a'lH 1 ,ll.JIH ,ll.OCTaTO'lHO MaJibiX I "'I cymr'CTH,Yf'T M 

e,ll.HHCTBeHHO, OdO roJIOMopqmo IIpH"' = 0 : X(ry) = Xo + x(1lry2 + )((2)11
4 + ... , IJW 

)((!) = - coth ,(o/p, p = 7 ,ll.JIH a) If p = 4 ,ll.JIH 6), ... (Kmpqmr<Mf'HTbl jlJl//il OjjiJ(J:Hlil'/110 

onpe,ll.eJIHIOTCH H3 (9a)). (B [3] t~:JIH perneHHH X(ry) 3a,ll.a'fl1 1 rrony<wHa Ol\t'HHa RJ.J6opa 
'flo: IX(ry)- x,- x{llry2 l < E, 0 <"'~'flo, rt~:e 0 < f- ¢l1KC11pOBaHo: 01\PHHa nalKHa J\JIJJ 
HaXOJK,UeHHH peueHHH C 3at(aHHOH TO'fHOCThiO Bhl'llfCJieHHH.) 

4) VX0 =J (I CHHryJIHpHaH 3a,ll.aqa 2 (3a,ll.a'la 3) o6JJaJJ.aeT oJJ.HOJJapaMPTfJM'It't'UMM n•­

MeifcTBOM peme'lHM X+('fi,C) (X_(ry,c)); OHH I'OJIOMOpt/JHbl IljlH 'f/ = 0 M HUJIIO'IilUH JJ 

ce6n npnMyro Y1 (ry) = X 0 + ry (X 2 (ry) = X 0 - ry) npH HyJJeuoM 3Ha'leHHM napaMPTpa: 

X±(ry,c,X0 ) = \"0 ± ry + cry[ry>- + !3±"1>-+1 + ... ],me A= 12, f3± = ±13coth X0 /7 !/JIH a) M 
A= 6, f3± = ±7 coth X 0 /4 ,ll.JIH 6); c- napaMeTp, I cry-' I MaJio (uo.~t/Jt/JMI(MeH'/'M pH/(il, noo6uw 
rouopn, JaBHCHT OT c H X 0 ); npH c < 0 ( c > 0) cnpaBeJJ.JIHBO Xo-1/ ~ X±( 1J, c, )(0 ) ~ Xo+f/-

5) \/'flex > (· ypaBHeHHe (9a) o6Jia,ll.ae'/' OJJ.HOIIapaMeTjll1'l8ClfMM CeMPM("/'HOM jl<'lllt'llMii. 
,Y,ll.OBJieTBOpHIOILUX IIpH 'f/ --+ 'flex ,YCJIOBHHM II.2); .~TH pemeHHH I'OJlOMOpt/JHbl HjJM 1J = 1/<-.r 

H BKJIIO'laiOT B ce6n npHM.YIO Xl('T/) = -ry + "'ex IIjJH HyJieBOM 3Ha•leHHM napaMr''l'pa: 

X( ry, c, "'ex) = - ( ry- "'ex)+ c{( ry- "'ex )5 + 5[ri( "'ex)/a( "'ex)]( ry-11cx) 6 + ... }, r;w (' uapaMt'Tp, 
lc(ry- 'f/ex) 5 l Mallo (Ko3t/Jt/JHr<HeHTbl pHJJ.a, uoo6me rouopn, 3aBHCJIT oT c M 1/cx); npu ,. > 0 

crrpaBe,ll.JIHBO "' -- "'ex ~ X ( 'f/, c, "'ex) :S "'ex - "'· . 
l-!3 1 ), 3), 4) cnet~:yeT, 'ITO perneHI-!e (9), rrpot~:OJIJKeHHoe BJJeBo K oco6oi1 TO'!IW 11 = 0, 

COBIIat~:aeT C pe UelllieM Ja,ll.a'fH 1, HJII-I 3aJl,a'lH 2, 1-!Jil-1 3aJl,a'lH 3 C HeKOTOplJM :ma'lt'I-HICM 

X(O) = Xo: X 1- 'flo< Xo < Xo +'flo- Ma 5), Y'li-IThlBan nsa cnaraeMhiX p.HJ\a 1-1 (!J6), JVJII 
perneHHH (9) Be<hMa np1-16JII-!JKeHHO rronyqacM 'flex~ 5Xo/(4- Xo) + 1/o-

HanoMHHM, 'ITO rrpH X ~ l HCTHHHan 3BOJIJOUHH ny3hipn o npocTpaHCTHax <l>pHJ\MilJia 
OIIHCh!BaeTCH 3a,(a'leil (6) t(JIH ypaBHeHHH C 'lilCTHh!Ml-1 IlfJOl13BOt(Hh!Ml1. 

3.3. _n:miaMH'lecuan JaJJ.a~a ,ll.JIH TOHiwro IT.Y3b1pH B npocTpaHCTIW /(<~ Cwrrepa: 

R+{2/[a
2
1i]+3aRfa}{1-a2 k 2 }+aRfa=O, t;:::o, R(O)= R0 , il(O)=O, (10) 

rt~:e a(t) = a0 e.cp(Ht), R0 , a0 , H > 0. l1HTepec npet~:cTaBJJJICT rroJIO}KlfT<'JJhiiOe pelii<'­
HI-!e ( 10): ero f OBet(elllie C pOCTOM t, 1-!HTepBaJJ ero cyll[eCTBOBaHI-1H t(J!JJ pa:JJIII'!Hh!X :ma­
'leHI-!ll R0 , B03J-. OJKHOCTI-I ero rno6aJihHoro cymecTBOBaHHH Ha [0, oo) 1-1 acHMllTOTI-1'lecJW<' 
rronet~:elllie rrp1-1 t ----> oo. B [1] nposet~:eHh! npensapHTeJihHhle pac'!CThJ, a 11 [2] aJJOHCI-1-
poBaHhl aHaJIHT1'lecKHe cuotlcTBa (10), t~:oKa3aHHhle B [4], 113 KOTOfJhiX cJJet~:yJOT: I) ry­
IrrecTBoBanHe K~ HTH"!ecKoro pat~:Hyca Rc < ( a0 H )-1 11 OTBe'!aJOJHero eMy I<Jli-1TI-1'WCJWJ'O 
perneHHH (10) HpH R0 = Rc, TaKoro, 'ITO rrp11 t ----> oo cnpane.~<JJHHO { ll(t), il(l)} ~ 
{0, 0} - rry3hlpl CXJIOIThlBaeTcH 3a 6ecKoHe'lHOe apeMn, npH'IeM lim ,~,x' [ ll(l) exp( II t )] = 
/213/(aoH), limt~oo[R(t)exp(Ht)] = -/2!3/a0 ; 2) VR0 > llr; rJJo6aJIJ.Hoe ryJJ!<'CTHO­
BaHI-!e rroJIOJKHT,,JihHoro perneHI-IH (10) Ha [O,oo), rrpH'IeM {R(t), R(t)} ~ {Hj,O} IIJll-1 
t--+ oo, rne R· = Rj(R0 ,a0 H) > 0 11 crrpancnmmo limh,x,{[/l(t)- flt]Pxp(2lll)} = 
[2Rt(aoH)2]-1, limt~oo[R(t)exp(2Ht)] = [llta6HJ-1; :l) VRo < flc cXJIOIIhlllaJJI-11' ny-
3hlpn 3a csoe KOHe'lnoe npeMH: {R(t),R(t)}--+ {0,-exp(-/lt0)/a0} np1-1 l--+ l0, llpii'I<'M 

lim 1~ 1,{R(t)/[1- exp[-H(t- to)]]}= -exp(-flto)/(a0 ll); -1) npH6JJmJWJJJJhJ<' oJ(eHJII-I 
KJllfTWiecKoro l1 c 11 acHMIITOTI-I'lecKoro ll 1 pa/\Hycon rry:lhiiHI •1epea :ma•Jelll-1.11 flo 1-1 "-o II. 
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}lJUI C"I'JlOI'OH lj:lopMymtpORKH Jl<':lYJihTaTOR 08<'/l<'M D ( 10) HOBO<' IIJlNIJI.. T 

- PXJl( -Ill)/( a 0 //) H paccMOTJlHM 6oJI<'<' o6utyJO 3aJta'ly: 

ll" = -[2/ R- :IR1/Tj( I- R'2
). To:':: T < 0. (II a) 

/l(To) =flo> 0. ll'(Tu) = lio. IRol <I. To= -(aul/)- 1 < 0. ( 116) 

rJlP N' = dRfdT, a TO'!Ka I = oo li<'Jl<'IIIJia o oco6y10 TO'IKY T = 0. ( 'npall<'JlJIHBhl 

.VTII<'JllKJl<'liHJI: (I Ia) 06JiaJtaPT C<'MC'HCTBOM •!aCTHhiX Jl<'III<'HHH fl~)(T,r) = ±T + r. fll<' (" 

-llpOH:IIIOIIt.llall IIOCTOJIHHaJI. H Jl<'IIIPIIHJIMH fl~)(T) = ±J273T: JlJIJI 1110601'0 IC'IIIPHHJI ( !Ia). 

HjlOM<' H1±11
(T.r). Cllllaii<'Jli!HRo -1d { ~} = 1 ~ < 0. To< T < l. CII<'Jl\"JOIItH<' 

•T vll-/l'2j rvJI-R'2j- - · 

,VTII!'JllK/li'IIHJI JlOI!a:lallhl II [·1]: . 
I) V flu > 0 u V /l0 : I ifol < I. p<'III<'HHI' (II) II<' BIJXOJmT u:1 "cn<'Tolmro KOII.\Ta n 

6_y;l_VUI<'<'": To-T+ flo:':: fi(T) :':: T- To+ fl0 • To:':: T < 0. ·r.<'. 01/0 t".\"lli<'I"T1.\'!'"f l".llo6aJlb/IO 

Ha (To. 0). 110 l{paiim•ii M<'l)(' !IJIH flu 2': -T0 . 

t) V /{ f m• <".\'lltl't"TII.Y<'T /IP.\TitX IWIIWIIUii (II a). _\'liOIIJIPTIIOfJHIOfltUX 11 ocoti oii n>•ll{l' r = 0 
.I'I'JIOIIUHM limr~-n ll(T) = flJ. limr~-n H'(T) =-I ( limr~-o H'(T) = I). "I'""''' /L(r) = 

ll1- T ( ll+(T) = llf + r). 
3) V R f =F 0 C.YIIIPCTBJ't'T 11/liiOIIapaMI'TPH'IPCKOI' n'M<'HCTIIO l)('lii<'IIUH ( I ·a) . . \711111JI<''fllo­

pHIOII(UX n oco6oii TO'IKt' T = 0 ycJWIIUJIM lim r~-n /{( T) = ll J. lim r~-n U'( r) = 0: 01111 

I"OJIOMOpi/JIIbl IIJ'U T = 0: Jl(T.r.flf) = flJ+T
2
j(2ffJ)+cT'

1
-[(:Ij2)cJf/+ fft/XjT';+ .... 

1:111' l' llapaMt''fll, jl-T1 j MaJIO (Ko•I/JI/JUI(UI'/I'fbl pHJ(a. 11006111!' I'OIIOpH. :laiiUl WI" liT I" If fl f): 

nu 1'1'111£'/IUH HI' IIIJXOJl.IIT u:1 "rii£'TOIIoro KoHyra o IIJ'OillJIO<'": llJ+T :':: ll(r.c HJ) :':: RJ-T. 

·1) (~YIIIl't"TH.YPT OJ(IIOIIapaMPTIIU'II'CKOI' ("('Aff'Ht"THO IIPIIII'IIUH ( /Ia) •. \71011Jif'"I"IIO!JHIOIIIUX 

11 omtioii TO'IKP T = 0 _YCJIOHUHM limr~-o N(T) = 0. limr~-o H'(T) = -fifl: IIO'ITit 

Hn• fJt,lllr'IIHJI ,~Toro C't'Mr'ifCTHa lit' itiiRJlHTH 111lbl II T011Kt' T = 0 :~a ur·KJIIO U'lllft'Af OJlllOI't) 

fll!.) ( T) = - ./mT, KOTOpO<' O"l'lll"lil<'T ll.YJI<'IIOM_\' :ma•I<'/IH/{1 llilJ'ilAU"fpa; l"llpa 'II'JIJII1111> pa:I!/0-

JK!'I/HI' /l( T, a) = - fi[JT + T{a( -T)·1 + L:~2 bk[a( -r)·1]k}. CXO/I.Hlii('('I"JI 111111 AraJIIJX :ma­

'11'/IUHX ja(-T)·1 j, T < 0. 1/II'A = Ji, a llapaM!'Tp. b2 =(II+ 12//2)/(20;) .... 

( I{O:~f/11/JUI(Hf'IITIJ pHJia llf' :laiiUCH'f OT a.); !IJIH /II'O'I'J'UI(a"ff'JibiiiJX /)l'lllf'/111Ji Cllpallt'!l!IIIIIO 

0 <:: U(T,a) :<:: -T. 
fi) 3 He( ll0 • il0 , To) : He < - ./mTn. V lln > U e I"'IIU'IIUI' ( II) 111111 r - ~ 0 .I:'IOII-'11' mo­

pm'T.YI"JWIIUHM 11.:1) c IIPKO'fOJlh!M U1 > 0.11pu U0 = He mw HIIJIH<'H"II o;umAr.l:l /'l'llll'llllii n•­

M!'HrTIIa 11A), a VRo <lie 3Ta: Tr,· >To+ Uo. limr~r,._,-0 /l(T) = 0. limr ~r, ,-n U'(r) = 

-I. 

lj) VT,.,. E (Tu, 0) _ypallllf'IIHI' ( /Ia) otiJiil/laPT o;IHOHap<LIIf"I'J'H'If'n>HAI I"I'Al'lknw.\1 1"'1111'· 

/IHH, .YIIIliiJII''fiiOIWIOIIIUX 11pU T ~ T,.,. _yCJW/1111/M /l.fi); 0/IU I"OJIOAIOpf/1111>1 11p11 T = T,._,. 11 111-i.'llll­

'laiO'I' II l"I'6H IIJ'IIM.YIO Jl1(T) =Ta-T llpU IIYJII'IIOM :lllil'II'IIUI1 llap<t.lll'"f/'<1. /((r.ll. T,._,.) = 
-(T-Tr,·l+n[(r-Tc,.)5 +lJ!i/14)(T-Tr,·l''/r, .. ,.+ ... ]. Ill<' a -llapaMPTp.jt~( r- r,._,.)'•j.lril.'ltl 

( lllHf/11/JUI(UI'II'fiJ I'll/la. 1100611((' I'OIIOpH, :liliiUCH'I' 0"1' fL U T,._,. ); llpU ll > 0 JIJIII 111'1 Tpllllill"f'!II,IIIJX 

f'l'lllt'IIHH l"lll'aiii'/IJIHIIO () :':: U(T,li,T,.,.) :':: T,._,.- r. 

1-1:1 :1), Y'IHTMII<ul TjlH cJiaraPMMX IIJIJlil H ( llfi), JliUI IH'IIIPmlll (II) np11fi,lltll><'lllln """-'" 

'Iii PM U 1 "" [ Uu- /luru/-1 + V( flu - kuTu/-1 )2 - r,f]/2: na IIWJIAI.\"Jia .'l<H' row !IIi_\" nnt:•y :tJIII 

H f, npH llu > :1 <'<' OTIIOI"HTPIII·IIall IIOI")H'IIIIIO!"Tt. liP fioJI<'<' I% n c poe rn~1 /111 fi1.1n pn _vfi~o~ 

llii!'T. l;h [2]. [·I] JlJUI ll!'III<'IIHJI (II) HMP!'M lie> (2/,j'j- /l0 )/[a0 //( I + J~l] . .'lJIII 1"!1\"l<tll 
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flo=() HW'PM- annH' lfc- < (6j7)-/ITJj(a 0 1/ ). a H:l par'I<'TOH JtJI11 HOI'O CJI_Y'Iall IIOJI_I''IHJIH 

Rr· = C'/( aoll ). r.u(' ('"" 0.62040:!2. 

B :~aiUIIO'If'f Hf' OTMeTHM, 'ITO f'rJJH HHJI<'IIW' ruoHTaHHoro Hapym<'IIHH JlHfKJH'TIIOH CHM­

Mt'TJlHH HO H:JaliMO,Uf'HCfRHRX ';J]('Mf'HTaf>IIhlX '!aCTHI! 6yJlf'T OIHlll'la'I'PJibiiO _YC'I'ai!OIIJIPIIO ( C 

noi-i ll!'JihiO B ( ERN crpoHTrR MOIIlllhiH _vnwpHTPJih Will uoHn\a XHITroBCHOI'o 6o:~m1a ). ro 

lH'H:J6f'MHh!MH HJCMOJIOI'WIPCH11MH CJ!t'j(CTHHHMH !'OOT!lf'TCTHyiOI!lPH T<'OJ>HH 6VJt~'T IIIIJIPIIHII 11 

o6'hf'HThi no Bn JIPHHOH, H3_Y'IaeMhl<' n [I J+IJ 11 n .uam10i-i pa6oT<'. Er1111 11p11 no~1 <''IHTar~o 

cnpanewmnoH l3DTpormyw MO.UE'JJh <l>pH.UMaHa 11a parli!<'H rTaJ[HH CVIIIPrTIIOIIaiiHJI Brf'JI<'II­

HOH, TO fHIII'_YJIIJH!hlf' 3a.Ua•m J{oum, parrMOTJlellllhlf' H II. :1.2, !!aH 61.1 OTII<''IaiOT o6pa:~o­

BaHHIO ll MOMf'IIT l'f' :~apOlK.UPI!I1Jl (H HX paii!H'H ..UOJI!Ol[HH) 06'I.PHTOII TH!Ja 'IOIIHO<"I'<'IIIIhiX 

r<jlep11'1f'fKHX II!:lbiJlPH. 

Awropi.I BhiJlaMaiOT 6JiaroJJ.apHorTI. E.ri .11{11Juwn_v :1a IIOJIP:lllhH' :JaM<''IaiiH>!. 

Jl:u:TepaTypa 

[l] T. VI. f)<~JIOHa. H. A. BopoHon. IIWhMa n }l{'iT<t>. 61(!i), :1:17 ( 199!i). 

[2] II. A. llop•Hion, A. Jl. /Jhluiiw, VI. 10. l{o6:~apen, H. li. l{oHioxona. H<t>. 60( 1 ), l•W 

( !997). 

[:l] H. A. Bop li!OB, A. Jl. /.lhlliiKO, II. n. KoHIOXODa, VI. !). CTaponPpona, }1{. Bhl'lHfJI. 

MaTI',\1. H M ITPM. <jJH:J. ( H llf''laTI1 ). 

[~] II. A. Bop•>IIOR, A. Jl. Jl,hiiiiHo, H. li. l{omoxona, VI. f). CTaponPpona, }H. Hhi'IHfJI. 

MaTPM. 11 M.tTf'M. fjH13. (U llf''laTH). 

[.1] 1'. W. lligg;, l'hys. Rev. Lf'tt. 13(16), .5()k (1964). 

[6] H. li. 3em.,tODI1'1, VI. 10. Ho63apen, Jl. li. 0!\ym., }I{Tf<t>. 67( I), :1 ( 197~ ). 
[7] T. D. Le<~, ~;.C. Wick, Phys. HPv. D9. 9(k), 2291 ( 1974). 

[k] II. A. Bop< HOB, VI. 1{). l{o6aapPB, H. B. KoHwxona, rll1ci.Ma n }WiT<t>. 22( II), !i90 

( 197.5). 

[9] VI. n. i}_oro'IJ06C!mii, H .• r. MaxaHhKOII, 1111ChMa II }l{~~T<t>. 24(1), l!i (EJ76). 

[10] T. VI. l)eJ!OUa, H. A. Boponon, VI. I{). Ko63apen, H. n. KoHJOXOIIa, }I{~~T<t>. 73(!i), 

Ifill ( 1977 . 

[II] T. VI. lii'JIOI a, H. A. Hopouon, H. Li. J{ouwxona, r.. C. !1ap11iicK11il, }1{. Hhi'HirJJ. MaTeM. 

H MaTPM. fj>ll3. 21(1), k9 (J9fll). 

[12] Jl. JL. Jlau;ay, E. M. JlH<jlumu. TeopHR !IOJJR. M.: 1-layKa (197:3). 

[I:!] A. JL. JLonnu, H. B. 3eJJhJJ.OHll'l, M. B. CalKI1H. KocMoJJorH.R pamJeil Bcf'JieHHoii. M.: 

VIMI'Y (19:lkJ. 

[H] A. St.arobinsky, .J. Yokoyama, Phys. Rev. D. 50(10), 63.57 (1994). 

[Ifi] R. llasu, A Vilenkin, Phys. Rev. D. 50(12), 71.~0 (1994). 

[lfi] M. 1>. 'BoJio lli1H, VI. fO. l{o63apeu, Jl. n. 0Kym, R<t>. 20(6), 1229 (1974). 

310 



MonH<PHKamui MeTana K.Jla.Huorna BhHIE.JieHH.si 

CKphiThiX rrepHO.llHliHOCTeH 

E.A.fpe6euHKoB, C.B.~HpoHoB 

(HBBC PAH, ~OCKBa, 117312, yn.BaaHnoBa, 3~', 
Ten. (095) 129-04-74, e-mail:gea@ipk.msk.su) 

1. BBeJXea:a:e 

B [I] K.JiauuoweM B3JIOJKeu MeTQLI peweuall B3BeCTHoi IUlacCII'IecKoi 33-

lla'IB TeOpBB aunpoKCBMaiiBB, c«JJopMyJIBpoBaHHOH JlarpaHlKeM B IIOJIY'IBBWei 

Ha3BaHBe "3alla'IB 0 B&lliBJieHBB CKp&IT&IX nepBQilB'IHOCTei". 

3aaa'la ctx>pMyJIBpyeTCll CJienyiOIIliiM o6pawM. 

IlyCTb: 

1. Ha OTpe3Ke t E [Tt, T2] 3allaH .IIBCKpeTH&Ii Macc&B 

{f(t.),s = 1,2, .. ·,2N + l,t1 = T1,T2N+1 = T2 } 3Haqeu&il ueKOTOpoii 

$YHKIIBB /(t); 

2. cf>yuKIIBll /(t) liBJilleTCll nonarapMOHB'IecKoi, T.e. pa3naraeTcll ua ueKo­

TOpoe 'IBCJIO nepBOllB'IecKBX rapMOHBK C paiiBOHaJibHO HecOlllMepBM&IMB 

'lacTOTaMB; 

3. qBCJIO rapMOHBK"m", BXaMBJIBTYll&l ale, b1e B 'lacTOT&IWie (•: = 1, · · ·, m) 

- HeB3BeCTH&I. 

Tpe6yeTCll onpene.n&Tb napaMeTp&I m, a1e, b1e, w1e ( k = 1, · · · , m). 

IlpoBelleHH&IB HaMH aHaJIH3 MeTQlla JlaHIIOWa BOKa3&1BaeT, '1'10 OR MOlKeT 

6&ITb 3$$eKTHBHO np&Meueu, ecJIB B&InonHeH&I cne.ayiOm&e ycnoBJ:ll: 

1. To'IKB t. paHHOOTCTOliT llpyr OT llpyra, T.e. 

T2 -T1 
~t. =t•+l-t. = ~; 

2. OTCyTCTBYeT "uHTep$epeHIIHll" 'lacTOT [2], T.e. 'lacTOT&I w~ He TOJibKO 

B3aBMHO paiiHOHaJibHO HecoB3MepBM&I, HO BX 'IHCJieHH&Ie 3Ha'leHHll "llOCTaTO'IHO 

llaJieKH" llpyr OT .npyra. Halllll 'IHCJieuu&Ie 3KcnepHMeHT&I noKa3biBaJOT, 'ITO 

npeue6peJKeHHe 3THMH yCJIOBHliMB MOJKeT npHBeCTH K cymecTBeHHbiM OWH6KaM 

B OBpelleJieHHH napaMeTpoB, B03TOMY BpeLICTaBJilleTCll uenecoo6pa3H&IM peWaTb 

npeacTaBJieHHYJO 3allaqy 6e3 yKa3aHH&IX B&IWe orpaHH'IeHHH. Tcuoe peweu&e 
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6b1JIO BnepBhle H3JIO)KeHO B [2,3), H OHO OCHOBaHO Ha TaK Ha3hiBaeMOM HTepauH­

OHHOM MeTO.Ie C llOillai'OBhiM YTO'IHeHUeM 3Ha'IeHUH BCeX onpelleJilleMbiX 110 j -
ro mara HTI panuif napaMeTpoB a 1, · · ·, aj, b1, · · · bj, w1, · · · Wj. 

0nHpal!Cb Ha MaTeM3TH'IecKyiO TeopHIO ODTHMH3aUHH, li3JIOlKliM HOBYIO no­

CTaHOBKY 3aUa'IH. 

2. Heo6xo~HMhle ycnoBHJI MHHHMyMa 

cllYHIUHOH8Jia Jle)l(aH~pa - raycca 

JlpeaCTa3HM annpoKCHMllpyiOillliH (HHTepDOJIJIUHOHHhiH) MHOrO'IJieH llJIJI no­

JIHrapMOHH"eCKOH cpyHKUHII f(t) B BHlle 

m 

Pm(t) = :~:)ak cos(wkt) + bk sin(wkt)) ( 1) 
k=l 

H HanumeM ::opomo H3BeCTHhiH KaanpaTH'IHhiH cpyHKUHOHaJI JleJK:aHnpa- faycca 

N [ m ] 2 
L(a b,w, m) = ~ f(t.)- t;(ak cos(wkt.) + bk sin(wkt.)) , (2) 

rne a= (a1,· ··,am), b = (bl, ·· ·,bm), w = (wl, · · ·,wm)- cyTb m- MepHhle 

BeKTOphl. 

CyillHOCTb KJI3CCH'IecKOro MeTOlla HaHMeHbillHX KBallpaTOB COCTOHT B TOM, 

'ITO HeH3BeC'~Hhle napaMeTphl annpoKCHMHpyiOmero nonnHoMa Pm (t) onpelleJIJI­

IOTCJI H3 Heo5XOllHMhiX ycnoBHH MHHHMyMa cpyHKUHOHana L(a, b,w, m). 

ECJIH np!llllOJIO)KHTb1 'ITO 'IHCJIO rapMOHHK m H '13CTOTbl W1, · · ·, Wm H3-

BeCTHhl, a n lpaMeTphl a1, · · ·,am 1 b1, · · · bm JIBJIJIIOTCJI HeH3BeCTHbiMH, onpe­

lleJieHHe O:OC. Ie11HHX CBOJIHTCJI K pemeHHIO CHCTeMbl 2m JI!IHeHHbiX anre6pauqe­

CKHX ypaaHeHUH 

aL =O, 
8a; 

aL =O 
8b; 

(i = 1, · · ·m). (3) 

Ecnn llOIIYCTl!Tb, 'ITO 'Il!CJIO rapMOHHK m H3BecTHO, a 'IacTOTbl w1, · · · Wm 

H aMDJIHTYll.:d a1, ···am, b1, · · ·bm HeH3BeCTHhl 1 TO He06XOlliiMble YCJIOBHJI MH­

HHMyMa cpyH KUHOHaJia £(a, b, W, m) 33lll!ChiB310TCJI B Blflle 

aL = o, 
a a; 

8L = O, 
8b; 

aL =O 
aw; 

(i=1,···m). (4) 

CncTeMa ypaaHeHHH (4) UMeeT pa3MepHOCTb 3m, JIBJilleTCJI HeJiuHeiiuoii (TpaHc­

neHneHTHoli), II ee pemeHHe CJienyeT Ollpe!leJIJITb lfTepaUliOHHbiMH MeTOll3MH. 

JlpeanoJI·))KHM llaJiee, 'ITO UeJIO'IHCJieHHhiH napaMeTp m TaK)Ke He!I3BeCTeH. 

Tor na llJIJI " 13Mb!KaHHll" Heo6XOliHMbiX ycnoauu 3KCTpeMyMa cpyuKnnouana L (a, b, w, m) 
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c.ne.ayeT BBecTH OUpe.aeneHHe npoH3BOl{HOH cj>yHKUHOHaJia DO UeJIO~:y napaMeTpy 
m. HaH6o.nee ecTe<:TBeHHblM liBJilleTCll onpe.aeneHHe 3TOH npoHJsonuoii qepeJ 
OTHOIUeHHe npHpaiUeHHH, a HMeHHO, 6yneM C'IHTaTb, 'ITO 

:~~m-l = .6.~:-~~) =b.m-!L=L(a,b,w,m)-L(a•,b•,w•,m-1), (5) 

rne b.(m- 1) = m- (m- 1) = 1, 
a, b, w- m - MepHble BeKTOpbl (a,,··· am), (61, · · · bm), (wl, · · ·wm), 
a•, b• ,w•-(m-1)- MepHble BeKTOpbl (a1, ···am-d. (b,, · · · bm- I),(,.;,,·· ·Wm-d· 

Ilo3TOMY B o6weM c.nyqae nnll peweaHll c<J>opMynHpoBaHuoii llb!We Jana'IH 

HeOOXOllHMO peiUHTb c.nenyiUyJO CliCTeMy TpaHCUeneHTHbiX ypaBHI~HUii: 

BL {)L BL 
Ba = Bb = ow = b.m_,L = O, (6) 

DOpllllOK KOTOpOH paBeH (3m+ 1) H 'IHCIIO Helt3BeCTHblX TO&e paEHO (3m+ 1). 
HecMOTpll Ha TO, 'ITO ypasHeHHll (6) liBJiliJOTCll cywecTBeHHO Hl·miHeii:HbiMII, 

"llByMepHblM HTepaUHOHHblM npoueccoM" (2,4) OHU MOI"YT 6biTb 3<J>1peKTHBHO pe­
IUeHbl nnll llOCTaTO'IHO 6o.IJbiUUX 3Ha'leHHH m(m ~ 100- 500). 

1. JlaHuow K. IlpaKTH'IeCKHe MeTOllbl npHKnanHoro aHBJIHJa.- \L: <I>H3MaT­

I"H3, 1961. 

2. MHpoHOB C.B. PenyKUHOHHbiii MeTOll BbiliBJieHHll cKpbiTblX ~epnonn'IHo­
CTeH. - B KH. MaTeMaTu'lecKHe sonpocbl HeJIHHei'IHoro aHa.mna 11 ynpa­
BJieHull llHHaMH'IecKuMH cucTeMaMH- M.: lbn-so MocK. yt nsepcnTeTa, 

1985, c. 3-18. 

3. fpe6eHHKOB E.A., KHoca M.H., MHpoHoB C.B. Ync.neHHo - aHBJIIITH'Ie­

CKHe MeTOllbl HCCIIellOBaHHll perynllpHO B03MyiUeHHbiX CHCTe~. - 1\I.: 11Jl1-

BO Mocx. YHusepcHTeTa, 1985. 

4. Grebenicov E. and Mironov S. Reduction Method for the D ~termination 
of Unknown Periods in Processing a Sequence of Observations. - D KH. 
Annales de Physique. Collocue C1, supplement au n° 1. Vol. 21. fevrier 

1996, s. C1-175- C1-179. 
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q.MC.JEHHOE MO.IJ:EJI11POBAH11E HEHOTOPhiX 
MArH.MTHhiX C.MCTEM COJIEHO.M.IJ:AJihHOrO T.MllA 1 

E. n. JRH.UKOB, B. n. 0BCJIHHHKOB, P. B. lloJIJIKOBa, 11. n. lO.liHH 

06aeauHeHHbti1 uucmumym ,qaepHbl.r ucc¥doeaNuii. /)y611a 141980, 
Jt.fonwec1wst o6.-t., Poccu.<t 

Ilpouecc C03,l\<lHHH MHOI'I1X M3l'HI1THhlX CI1CTeM, BIUIJO'lal! TjlaHThl JIHl!I'MllhlX ynmpi1TP­

nelt, COBpeMeHHhll\ 11CTO'-!H11KOB 'IaCT11U 11 ,1\Jl., napll,l\Y C HaDOM JlJIHTeJJhHO!'O 11 T(lY.l\Of'MllOI'O 

<j>l1311'-!eCKO!'O MO,l\E 1!11JlOB3HHI! B 3H3'-!11Tel!bHOH Mepe Olll1(laeTCI! Ha 'IMC JI('IHJO(' MOJl('JIH(lOJla­

HHe pacrrpe,lleneH} 11 rroJII! coneHOI1,l\al!bHhlX MarHI1TOB n pa6o'!ei1 o6J1acm ycranoBHI1. 3na•m­

MOCTb <mcnennoro MO!I.en11ponamll! rrp11 KOHCTPYI1JlOBaHI111 paccMaTJli1HaeMI>IX ManmTHhiX nt­

CTeM onpe}lel!l!eTC I He TOI!hKO 113BeCTHhlMI1 llOCTOI1HCTBaMI1 BJ,J'!I1CJIHTPJihllOI'O 3HCII<'Jl11~!el1Ta. 

HO 11 TeXHI1'-!eCKI1MH oco6eHHOCTI!MI1 KOHHpeTHOM :VCTaHOIIIiH. nanpHM<'p. llilJJWIHCM !ipHorell­

HhlX Te~mepaTyp, 3aTJlY.l\HIIJOll!11X nponenen11e 113uepen11ii Mili'I!HT!Ioro IIO!Ifl. J)JJaro}!apn 

,1\0CTaTO'-!HOM TO'!HOCTI1 Bhl6paHHOH MaTeMaTWJeCIWM MOJleJII1. C II<H!OIIIhiO llhi'II1CJIHTeJJhllOI'O 

3KCI1ep11M('HTa llOCMOlKHO pellleH!1e TIJl061!eMbl llhi60pa 11 OllTI1~111:la!ll111 CjlOJl~lhl Mal'I!HTIJhlX 

TIOHIOCOB HOHI(JleTIIOH Ma!'HI1THOlt CI1CTeMbl. 

B naHHOM pa6·>Te paccMaT]mnaeTCI! npo6neMa MO,l\eJmponalll111 IIOJJH ~lrtriiHTHhiX CI1CTPM 

COJieHOI1JI.allbHO!'O TI1I1a C JKel!e3HhlM 3HJlaHOM 11 6e3 nero; TI]WJlJJaraPTCII MPTOJI. ,YTO'IH!'HMII 

pellleHI111 TaKOlt K Jaenolt 3a,l\a'-!.Hj HJyqaeTCI! npo6ne11a !IOJI,Y'lt'HYHI llJT('~I '111CJI<'HHO!'O MO­

J(eJII1JlOBaHHH KOH jmrypaU1111 C.HCTeMhl, J(aJOJU('M HaM60Jiee Hjl,YTOM CTTaJl TIOJ!Jl Ha TOpUaX 

Ma!'HI1Ta. 

1. ,ll1111 MCCJJe) ,OBaHI11! pacrrpe,llel!eH.HI! Ma!'IIMTHOfO !IOJIH Ha 0\11 Z 6e3JH('JJ('31101'0 COJJ('l!0-

.11,!\a Mcrrom.JoBana:b cj>opMyna BHo-Canapa-Jiannaca: 

l R,j-'' H,(r, z) = J Gz(r1
, z1

, r, z)d::1rl1.'. 
Rt Z1 

( 1) 

. . 
!'.l\e ( r, z) - TOL Ka, rrp11Ha,l\nelKaiUal! o6nacTM pacrrpe!l.eneHMII Manmnwro rronn, ( r 1, z 1

) -

TO'-!Ka, IIJl.HHa!l.neHcaiUal! TOKOHeCyiUeM o6naCTH, z 1 , z 2 - ll[JOJlOJlhHhl(' KOO]l!I.MHaThl KaTyiiiKM, 

R1 , R 2 - BHyTpeHfJ.Hlt 11 BHeiiiH.Hlt paJlHyc KaTylllKH, Gz( r1
, z1

• r, :;) - <I>.YHIHlHII fp11Ha JlJII! 

TIJlO,l\OI!bHOlt COCTa ~I!I!JOIUe~ TIOI!I! B aKC.Hal!bHO-CI1MMeTp114I!Olt Cl1CTeMe 11Ml'eT Bl1,l\ [1]: 

I I k [ , 1,12 - /'2 - (:;I - :; )2 '] 
Gz(r,z r,z)= X !1 + E 

J(rl + 7')2 + (zl- z)2 (rl- r)2 + (_c;l- .:)2 

rne ]( 11 E- rronHh e 31!JII111TH'!ecH.He mnerpaJILI 1-ro 11 II-ro poJ[a or MO!l~'JIH X 2 = ,_,_,__,t';-_, __ ,,, 
k - K03cjlcj>HUHeHT 3all.HCI!ll(11lt OT CHCTeMhl e}ll111HU. 

Ha ocHonaHI11l MeTo,lla perneHMH neHoTopoi·o Knacca o6paTHhlX :<a!la'l MarHI1TOCTaTI1KH, 

OI111CaHHOI'O B pa6< Te [2], pa3pa6oTaH 'li1CJieHHhllt aJI!'OJlMTM cj>OJlMM]lO!Ialll11! TIOJIH Mal'H11THhlX 

CMCTeM COI!eH011,l\al!hHOI'O TI1Tia. 

,llnH '-!HCJieHHO '0 MO,l\ei!.HJlOBaHI11! Ma!'H11THOI'O TIOI!I! COI!eHOH,!I.a B DJlHCYTCTBI111 lKelle3HOI'O 

3Kpana HCI1011b30B-ll!aCb CI1CTeMa rrporpaMM J{IIMMC-1.0 [3], B COCTaB KOTopolt BXO,l\IIT npo­

rpaMMhl POISCR [4] 11 RELAX3D [5] . 

1 Pa6oTa BwnonueJ a npH no.lUlep}I(Ke PoccHA"CJwro <l>oH.na <l>yHJlaMetnanbHLIX Ylccne)J.oBanHA:, 

rpaHT No 95- 01 -I 0737 •· 
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B qacTHOCTH H3yqaJIOCL pacrrpe.neJieHHe cTammHapHoro 3JieKTpoMarHH1Horo rroJIH coJie~ 

HOH,na 3JieKTpOHHOtl IIJIIIKR [ CM.6] (pHc.la) H KpHoreHHLJX 3JieKTpOHHO-JiyqeB hlX HOHH3aTOpOB 

[7] (pHC. 2). 
IJo,no6Hoe MaTeMaTHqecKOe MO.!{e!IHpoBaHRe COBMeCTHO C H3MepeHHJIMH 1>1 arHHTHOrO IIOJIH 

<IJOKJCHpyiOIUetl CRCTeMLI JIBJIJIJIOCL OCHOBOIIOJiaraiOIUHM marOM IIpR C03.!{aHl:R aHaJIOrl{qHLJX 

ycTaHoBOK, HarrpHMep CRYEBIS-II, DIONE (ci>paHUHH), CEBIS-11 (CiliA) R .np. [8]. 
la. IlycTL B - BeKTop MarHRTHOA HH.nyKUHH, H - neKTop HarrpJilKeHEIOCTR rroJIH, j -

BeKTop o6'LeMHoA IIJIOTHOCTH TOKa. Tor.na ypaBHeHRJI MaKcBeJIJia .nJIH cTau;Ho HapHoro cJiyqaJI 

HMeiOT BH.!{ [9] 
rotH= coj, 

divE= 0, 

lim H(x)=O. 
llxll-= 

(2) 

r,ne Co - KOHCTaHTa, 3aBHCJill(aJI OT CRCTeMLI e.nHHHIJ;, Jto - MarHHTHaJI IIpO ElHIJ;aeMOCTL Ba­

KyyMa; JL = p.(IIBII2) - MarHRTHaJI rrpoHHuaeMOCTL <IJeppoMameTHKa. YpanHeHHJI (2), .no­

IIOJIHeHHLie JCJIOBHJIMH HerrpepLIBHOCTH HOpMaJILHOtl COCTaBJIJIIOll(etl BeKTOp.t B H KaCaTeJIL­

HOtl cocTaBJIHIOIUeA neKTopa H Ha rpaHRuax pa3,neJia pa3JII{qHLJX cpe.n 

(3) 

r,ne n1 - HOpMaJIL K IIOBepXHOCTH pa3,neJia, O,nH03HaqHo orrpe,neJIHIOT HCK01 ILJe <IJH3HqecKHe 

xa paKTepHCTRKH . 

.LJ:JIJI OCeCHMMeTp~oro IIOJIH qi{CJieHHO peiiiaJIHCL ypaBHeHHJI .l{JIH a3H>1JTaJILHOtl KOM-

IIOHeHTLI u = Ae neKTOpHoro rroTeHIJ;HaJia A, orrpe.neJIJieMoro paneHCTBOM • 

B =rotA, 

r.ne cJie.nyeT rroJIOlKHTL Ar = Az = 0. EcJIH o6o3HaqHTL 

j = (O,O,jef, I= ]e, 

TO ypaBHeHRe .l{JIH u( r, Z) IIpHMeT BH.!{ 

a ( 2 (au u)) a 2 au or vilE II · or + -;: + az v(IIBII ) az = cof, 

u(oo) = 0, 

r,ne V = (JLoJL )-l, a KOMIIOHeHTLI B BOCCTaHaBJIHBaiOTCJI ITO <IJopMyJiaM 

1 a 
B.= --

0 
(ru), 

r r 
B __ ou 
r- {)z' Be= 0. 

(4) 

(5) 

(6) 

(7) 

Ha rpaHHD;ax pa3.neJia cpe.n RCIIO!IL3JIOTCJI ycJIOBHJI ( 3). CoJieHoH,naJI .naJI MarHRTHaJI 

CHCTeMa MOlKeT JIBJIJITLCJI "oTKpLITOtl" ,T.e. He 3aMKHJTOtl lKeJie3HL!M 3KpaHOJI. IJ03TOMJ IIpH 

rrpoBe.neHRH qHcJieHHL!x pacqeTOB y,neJIHJIOCL BHRMaHRe norrpocy arrrrpoKcH <IaUHH Kpaenoro 

ycJIOBHJI Ha 6ecKoHeqHoCTH u( oo) = 0. Pa3JIHqHLJe crroco6LI yqeTa 3TOr· 1 ycJIOBHJI, Tpe-

6yiOIUHe .norroJlHRTeJILHOro rrporpaMMHoro o6ecrreqeHHJI, o6cyJK.naiOTCJI B [q. B KOMIIJieKce 
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rrporpaMM RIIM:viC-1.0 [3] peaJIH30BaH crroco6, cno.LVImHlicR H Hcrront.3onaHMJO ycJIODMJI .l{M­

pHxne 

u(~) = o, ~ E r (8) 

r.ne f - rpaHHUa paC'leTHOli 06JiaCTH fl (B HameM CJI,Y'lae 3TO II]lll1!0.YI'OJihHMH, COt(l?]llKaUtHli 

TOKOBiile 06JiaCTH H <t>eppoMarHeTHK (MarHHTHiile IIOJIIOCa) C HOO]lt(HHaTaMM CTO]JOH /, M /,. ). 

2a. B rrpoue:ce rrpoeKTHponanHJI MOnH<l>HKaUHli MarnHTa, KOTO]lhli1 npeaCTaUJIIleT cono­

KYIIHOCTb B3aHMOCBJI3ai!HiiiX pa3JIH'li!IiiX TeXHH'leCKHX H IIporpaMMHh!X cpet~:CTD, ll!.'OfiXOti:MM 

KOMIIpOMHCC Melli ~y TaKHMH <PaKTOpaMH, KaK ,YJI,Y'IIIIei!Me TeXHH'J('CJ(HX M "HCl!JtyaTal!MOI!llhlX 

xapaKTepHCTHK 1·arHHTHOli CHCTeMiil, COKpamenl!e ee CTOIIMOCTM M Ot(JJOIIIJ!.'M!.'HHO !IODhllUe­

HHe Tpe6oBaHHli K 3KCIIJiyaTaUHOHIIhiM Ka'leCTBaM MarHMTHOli CMCTE.'MI~, HeofiXOtJ:I!MhlM JlJIH 

3KCIIep!!MeHTOB H a <l>H3H'leCKOli ycTaHODKe. 

B KOMIIJieKc rporpaMM RIIMMC-1.0 cocTaBnoli 'laCThJO nxonHT naHorrnen11e 6auHa nan­

I!IiiX HccnenyeMiil:c KOH<l>HrypaUHli MarHHTHiiiX cHcTeM anR nanoneJ:!mero rpaqmqecKoro Hc­

cne.nonaHHJI rronyt~eiiiiiilx 'IHCJieHHiiiX pe3yJILTaTon, 'ITO 3Ha<mTeJILHO o6ne!"ta<>T H ycHopneT 

IIpOUeCC OT6opa I:OH<l>HrypaUI!li MarHHTHOli CHCTeMLJ t(JIJI ee TeXHH'I<'CliOl! ]H'aJIH3aiiHH. 

Ilponeneni!Iil€ naMH 'IHCJieHHLJe pacqeTiil nOI<a3aJIH. 'ITO t~JJJJ 6t>aH><>JJ<'3Horo coneuoHna 

II]JH BHJIIO'lei!I!H ~OIIOJIHHTeJihHLlX BHTKOB Ha TO]lUaX o6MOTHM l!a6Jl!OI!aPTCH 60JJ<'l' ll]l,YTOH 

cna_a: IIOJIJI Ha Kp< RX MarHHTa. 

Pac'leT noJIJI ~Jill CHCTeMiil c "6poHeDLJM" 3HpanoM (pHc.la) npoH<'Jl<'ll npH JtoJJe<mo3JJe­

MeHTHOM pa36Hemm pac'leTHOli o6nacTH na 4·104 neH3necTHLJe. Pe3,VJlhTaT. npeJ!CTaBJJemu~l! 
Ha ]JHC.l6, IIOKa31BaeT, '!TO JKeJie3HLJe HaKone<IHHRH Ha TO]litax o6eci1t''II1Ha!OT :Jll<'Ch H,YlKHLJli 

RpyToli cnaa nonH. 

PacqeTLJ nonfl <PoKycHpyJOmeli ycTanonim KPHOH-C npononHJII!cJ. pa~J!eJihHO nnn rrpa­

noro H nenoro M< rnHTHiiiX nonJOcon. Ha o6meli rpanHUC pac'!eTHh!X o6nacTeli cTanHnoch 

ycJlOBHe HeliMan.t. Pac'leTLJ MarHHTHoro ITOJIJI nnR o6oHx rromocon npononi!JJHCL rrpH HO­

ne'IH03JieMeHTHOll< pa36HeHI!H o6JiaCTH f!, CO.UepJKallleM 4 • 104 IH'H3IIE'C'I'IJldX. 

IlpH cpannemm c 3KcnepHMeHTaJihi!LJMH 3Ha<JeHHJI B(z) ona3anon,. '!TO pa:mocTL MemJ.I.Y 

3KCIIepi!MeHTaJibflhlMH H pacqeTHLJMH BeJIWIHHaMH HaXOJ.lHTCJI n lTJH'Jit'JtaX 'JO•ll!OCTH H3MP­

peHHli. ' 

IIony'leHHI.Je Je3,YJibTaTLJ noKa3aJIH, 'ITO B o6nacTH Marmuuoro noJnora JtJIJJ 3JJeJ<T]lOH­

uoro KOJIJieKTopa ie o6ecrre'IHnaeTCJI neo6xonmtLJl!: crran MarHHTHoro rronll. Docnenuee rro.u­

TnepJKJieHo H 3KC1epHMeHTaMH C 3JienT]lOHHhlM Il,Y'lliOM. tJHCJleHHhl(' 3HCIH'Jli!MeHThl II)ll! 

B03MOJKHOM napbEponaHHH pa3Mepon o6nacTH <jleppoMarnenma rronaaanl!, 'ITO .uocTHrH,YTJ, 

Heo6xOnHMoro em na MarHHTnoro rroJIJI TaHHM crroco6oM ue y.uaeTcJI. 

Pac'leTiil .UJIR upyroro THrra HaKone'IHHHOD, cooTneTCTB,YJOllli!X nnyxrnH:iannol! o6nacTH 

G1 = G U G2, rro{a3aJIH, '!TO no6anneHHe !peppoMarnHTHoro ROJihlla G 2 no:monneT, coxpa­

HRJI Tpe6oDaHHJI I HOHCTJlYKUIIRM, l(06HTbCII Heo6XO,UHMOrO cna;{a 1lilri!HTHOJ'O fJOJIJI Ha OCH 

CHCTeMLJ. CepHR !IIilllOJIHeHHLJX 'lHCJieHHLJX 3J{CrrepHMeHTOD fl03BOJHIJJa uatiTH orrTI!MaJthll,YJO 

!pOpMy H paCITOJIO<KeHHe JIOIIOJIHHTeJibHOli o6JiaCTH G2 HCXOt(JJ 113 TpP60I!illll1li H llil!UIOH HOII­

CT]JYKUHII (pHc.3). 

3. B rrpoueC( e 'IHCJieHHLJX pac<JeToB npoBO.l(HJICR norroJIHHTPJihHJ.IM IHJHTpoJih To•mocTI! 

aiTII]JOI!CHMaUHH yCJIOBHJI U( 00) = 0 Ha OCHOBe MeTO,UHI!H, I!CITOJlh3,VIOll!el! 3HCTpano­

JIJIUIIIO no napaMETPY R- 1 , rne 

R = max(!., I .. ) (9) 
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a [z H [r- .llJIHHbl CTO]JOH Il]JJIMO)'l'OJII,HH!ia. orpai!WIHDaiOU!f'fO paetJ('THYIO o)JJaCTb !1. IJpen­

llOJiaraeTCII, 'ITO rrorpemHOCTh arrnpoKCH~JaUHH Hpaeuoro ~·r JIODHR u( x) = 0 paJJiaraeTCJI B 

p11n no cTeneHH na paMeTpa R- 1 . ,ll,n11 paccMaTpHnae~JOti Jana'm HCIIOJib:lOB ;ncR cnenyiDumti 

anropHTM. PemaJOTCII nocJie!loBaTeJILHO npaen&Ie JanatJH ( 7 ), ( 8) LlJIJI nor IenonaTeJILHOCTH 

pacmHpii!OlllHXCJI o6nacTeti !1k> k = l, ···,AI, HMCIOlllHX rronapno paaJIWilibie JHa'!eHHH Rk 
H3 (9). ,lJ,anee cpaBHHBaiOTCII 3Ha'J('JIHJI pemeHHH 1!k(]J) (Il]JH pa3JIWlllbiX /\') B HOHT]JOJ!b· 

HhiX To•max P pacqeTHoti: o6nacTH !1. EcJIH LlJIII nannoro nhl6paHHOJ'O f > 0 BhiilOJIHI!eTcH 

ycJIOBHe 

( 10) 

TO IlOJiaraeM, 'ITO YCJIODHC ( 8) )'LlODJICTDO]JHTCllbHO arrnpOKCHMH]J~'PT J, paenoe ~'CJIODI1!' 

u( oo) = 0. EcJIH anpHop!!o rrpennoJIOlliHTh, 'ITO cymecTByeT perynnp!!oP pa lJimHeHHe norpe­

lllHOCTH annpm<CHMaUHH ycnonHJI Ha 6ecnone'IHOCTH no rrapaMeTpy R- 1 

1 
lLR(]J) = u(p) + R"g(p) + O(R-'

3
). .] > (t > 0. ( 11) 

]'L(C u(p)- TOt!HOe ]JClllCHHC ypanHeHHJI (fi). a <l>:VHHI!HH f}(jJ) !W :J<tB;J(')H OT /l. TO MOHil!O 

HCIIJIIO'IHTL DTO]JO(' CJia!'aCAIO!' ll ( 11) II)'TP11 )HCTpanOJIHIU1H. llJIJl HOl'O 0 IJWJ!PJIH~I 'IHCJ!a 

/1, /2 H3 CHCT!'Mbl ypaDIIf'HHti: 

/1 +!2 = 1, ( 12) 

rne R1 , R2 cooTBCTCTHYIOT nnyM pa3JIWrrn.nt paCti<'THhi~J o6JJa<'}'ll~1. Tor;1a J 11H<?tiHan IWM611-

HaUHJI 

ynouneTuopJieT oueune 

T.e. IlpH6JimKaeT ycJIODHC 11.(00) = 0 C 6oJiblli!'H.TO'IHOCfb!O. '1<''1 l(il>lillO<' H:l l/f/
1 

11 IIR2 . 

Ilp11neneM rrpHMep pac,IeTon no noti: cxeM('. llonarae~J n = '2. R2 = :!.0 · 10- 1• R3 :!.!i · 

10- 1
, R1 = 1.6·10-1 . Ha pH c. 4 npenrTaHJI<'Hhl rpa<lmHH <I>:VlllillHti II/I- /i( If, lll- i = l. :1: R 

cooTneTcTnyeT u. Ha6monaiOTCJI yTotJHeiiHe ]lP:JYJihTanm n o6J1arn1. f>JIIJ:tho ,j h 'I>trHHTH<niy 

IJOJIIOCy, f!(e II]JCJI'J,JIIIJIIIIOTCJI 60JIP!' llhiCOHH(' TJlC'60HaHHII ); TO'IIIOCTI1 llloi'IH! Jl<'lll1iL 

4. B I<atJecTne 3aHJJIO'I!c'HHJI MOHH-IO Clia3aTh fJI<'Jl~·wuwe: 

a.) ll pe3yJibTaTe '111CJIPHHOfO MOL(Clii1]HlllilH111f llhlltl(' IIJ1HilPll<'HIIhiX "l<ll'll\1 rllhiX CHCT<'"I CO­

JICHOHL(3Jihll01'0 THila CO:JL(3H fiaHH J{aHHLIX, HHJilO'IaiOII(HX HIHjlOJl"lilllHIO IIJ fl 11111JHlHOl'O lla-

6opa paC'ICTl!hiX CHCTCM 11 COOTilPTCTH,VIOIUPH HM HapThl llOJIH. a T<lhiiH' IIJl.l' '11X llapa~H"f]lOil 

(ll '13CTI!OCTH OTHOCHTCJ!h!IO l'f.'OM!'TJlHH Mai'III1TIIbiX CHCT<'M), tJTO IIO:lBOJIHPT J>ilCIIIJ.1Jli1Th "<l>H-

3Hl:leCKYIO" JUITyHruuo .una n.anbnethuero pct3£H1TMH r..~arHHTIIhtX CIH'T(1 :'11 Tah< ro J\JJacca: 

6) II]JOL(eMOHCT]JH]lODaHa 3<lH)lE'HTHIIHOCTJ, IIJH'Jll!Olli<'llllOH "I<'TOII>I h 1\ .1'1 0' 11('1111 fl JH'IIH'mlfl 

llOCTaBJI!'HUOti: npaenoti 3a!la'II1 M<ll'HI1TOCTiiTJ.11<11; 

ll) IlOJIY'lCIIJIIM' pacupell<:'JI!'IIHII MarHHTHOI'O !IOJIJI llllfl lii11Jl0HOI'O 1\<IOOJ>< Jl<IC'I('TIIhiX <"11· 

CTeM IIpeJI.JiaraJOTCJI .li.JIR HC'IJOJill:lOJJaHMfl B Jia1Jf'CTBP ''3al'OTOBOH •• IIJH1 hOIIC I'Jl.' I-1JlOBC\IJl.H1 ~JH'Ii­

T]JO<pH3H'IeCHHX ycTaHOIIOR, COtle]HKa!l(HX COJI!'Il011J\hl. 
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P11c.l Cone1 Oll.ll c JHeJJe3HhiM 3HpaHoM 3aHpJ.noro nma: a) CXPWITH'H'<"Jmt! !Jl.!Jl 11 6) 

Manmnroe none B( z) na oc11 z rrp11 pa6o'!eM TORe n o6MOT!iP I = :l A. 

lt:±?J.t= 
~ ~ 

/ r l z 

P11c.2 CoJieJ:Oll.ll c nomocHhlMll HaJwHe'!HI1RaMll .llJIH 3Jie!ITpomw-Jiy'Ienoro llCTO'IH11Ka 

KPHOH-C: cx<·MaTWJeCKlllt Dll.ll 11 MarHllT!IOe none B(z) Ha oc11 z. 1 - JJJeHTpOHHall ny­

JUHa, 2,6 - ManmTHhle nomoca, 3 - cuepxrrponOJtllll~lllt roJieHoMJI, ·l - Tpy6Ha .upelt(j:>a, !j -

3JJeKTpOHI!hlH HOJIJieKTOp. 
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PHc.3 Cna.n MarHHTHoro noJIJI Ha ropue coJieHoH.n;a npH pa3JIH'IHLIX JWHqmrypal{HJ!x 

ropueBo« o6nacTH. 
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TIOBbiiDEHME TOqHOCTM u 

TIPMJ)nM2KEHHhiX PEIDEHMM u 

KP AEBOM 3A.UA q11 HA nonYTIP51MOM I 

E.II.)Kn.llKOB, A.r.ConosbeB 

141980 JIBTA OJfHJf 
Dy6ua !l'foc~>:oBC'IWU o6Jtacmu, PoccuH 
e-mail: so/ovjev@main1.jim·. dubna.s11 

AHHOTRUHJI. Tipe.nnmKeH M€TO.ll 00Bbllll€HHH TO'lJHOCTH npu6mnK€HHbiX r eweHJiff 

tcpaesoii 3a.LJ..a'C.IH ua nonynp}IMoii nmr o6biKHoseuuoro .nH<P<f>epeumtanbHoro ~rpasue­

HHJI BTOporo llOpJIJlKa. TipH t.IHCJ1€HHOM peW€llJ.U1 TaKoff 3a,nat.IH HHT€pBaJI [l·o, 00) 

3aMeuaeTCJI oTpe3KOM [x0, R], ycnosue s TO"'Ke R Bb16npaeTCH ucxo.n>~ 113 a_·uMnTo­

THKH peweHHR: H3 6eCKOH€'1HOCTH, H Kpaesai: 3a,nat.ta pewaeTCH Ha 3TOM KOH€'- HOM OT­

p€3Ke. B pe3y1IbTaTe TaKmi JaMeHbl BOJHIIKaeT norpemnocTb. Tipe.nno&t>HHhdt MeTOll 

OCIIOBaH Ha MHOf'OKpaTHOM pCUieHJUI 33Jla'-UI Ha KOU€''-UihiX OTPt:'"JKaX pa·mofl llllllHbl. 

Tiocne,nyJOlllfUI KOMfiHH3UIHI II011Y'li€JIHbiX peWelfUft ( ''")KCTpano.'HIU11){ flo n.r lfHe OT­

pe3K311) .naer yTO'"IHeHHoe peweHJre. 

1 TiocTaaoaKa 3a,naqu 

PaccMaTpuaaeTcll cneuyimuall Kpaeaa.ll Jaua.qa. Ha nonynpntoi't: 

lu"- (1+~+1/'(x))u=O, 
u(xo) =A, 
u(+oo) = 0, 

(1) 

rue 1/l(x) ~ Henpepb!BHa.JI Ha HHTepaaJU' [x0, oo) <jlyHK!Illll, Ta.Kall 'ITO l/•( 1·) = o (;.) npn 

x -+ oo, a 3auaHHall nocTOliHHa.ll A f= 0. 
flpu 'IUCJJeHHOM peWeHJlll Ta.KitX 3alla'l IIHTepaaJI [J:0, 00), KaK 11pa111110, 33MPIIliPTCll 

oTpe3KoM [x0, R], ycnoane U3 6ecKoHe'IHOCTI1 nepeHocuTCll B TO'! K~' R CM. [ 1 :3]). 11 

pewa.eTcll cneuyrowa.ll Kpaeaa.ll nnaqa. ua. Kolle'! HOM oTp<'3K<' ( nt. [,1 !l]i: 

l y"-(1+~+~.'(J:))y=0, y(xo) =A, 

y'(R) + (1 + ~~) y(R) = 0. 
(2) 

B pe3yilbTa.Te TaKoft 3a.Menw pewenne y(:r) Jana•Ju (2) oTJIII'taPTCll <•T P<'III<'Hitll u(.r) 
UCXOllHOH 3a.lla.'IU (1): 

y(x) = 11(:r) + .\ · 11(J·), 

1 Pa6ora BI.Jnonnena npu ¢nmancoaoH liQHJWP)KKe Poccnflc..:oro Tmuta <t)~'lllli\Mt'll'l aJihllhiX ncnH'JlOHa­

mn:i (npoeKT 95- 01- 01467). 
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rne v(x)- JlHHe~ HO He3aBHCIIMOe OT u(x) peWCHIIC ypallllt>lfll~, a IIOB!'li<'HIIC KO'lcpcpi!UIICHTa 

A= A(R) npn 6)Jlbllillx 3Ha<JeHllliX R onncbJBaeTc~ cJJeJI~'JOIUPtl TPOJ>NIOi1, JJOKa.3auuoii n 

pa6oTe [.5]: 

TeopeMa 1 nycTb cpyHKUllll !f(x) IIMCCT aci!MilTOTIIKY 

!f(x) = 0 C\), x-+ oo. 

Torna A(R) ~ 0 np11 R-+ oo, npn<JeM 

).(R)= ~e-2Rwc• [!/I(R)- cJ(:~-;- 2 )) (t+o(-1)). R-too. 

TaKIIM o6pa IOM, A(R) -+ 0 np11 R -+ oo. 3To OJHa<JaeT, 'ITO peweu11e JaJia.<Jll (2) 
ua oTpe3Ke [xo, R] 6yneT TeM 6nll)f(e K pemeHHIO Ja.Jia<Jn (1), <JeM 6onbme R. J1JnO)f(HM 

Tenepb MCTOJl, ll03BOJlliiO!UHH nyTeM MHOfOKpaTHOfO peUJ!'HII~ 'lalla'lll (2) Ha pa3JlH'!HbJX 

OTpe3KaX nony<JIITb pelliCHHC C norpe!UHOCTbiO, cymeCTBCIIHO hiCHbUJefi, 'ICM norpell!HOCTII 

Ka.)f(noro 113 pemeHnii no-oTnenbHOCTII. 

2 Jil~eg M•~TO~a 

llycTb Yl (x) n y~ (x)- pellieHHll Ja.na'lll (2) na OTJ>C3Kax [x 0 • Rt] 11 [x0 , R2] cooTBeTCTBeHHO 

(R2 > RJ). 3am meM 

yi(x) = u(x) + ). 1 · v(x), 
Y2(x) = u(x) + A2 · v(x). 

0THOlliCHI!e norpeUJHOCTCH pemeHIIH yi(x) If Y2(.1:) CCTb BCJJII'IIIHa, liP 'l3BI!Cli!Ua~ OT x; 

Y2(x)- u(x) _ A2 
yi(x)- u(x) - ). 1 

3Ta BCJIII'IIIH·a ~ O)f(CT 6b!Tb "nony<JeHa npn6JJII)f(CHHO, IICXOl!ll JH a.CI!MilTOTIIKII pellieHIIll 

u(x) npn x-+ oc (eM. (4- .5]): 

A2 I;= a· (1 + o(1)), R1 -+ oo, R2 -+ oo. 

OnpenennM yTo< neHuoe pellieHI!e cJJenyJOIUIIM o6pa3oM: 

IJI(x) = Y2(x)- a· yi(x) 
1- a 

(3) 

Ecnn R 1 11 R2 LOCTaTO'IHO aennKn, TO norpelliHOCTb 1Jt(.1:) MeHbJUe, '!eM norpelliHOCTH 

Yl (x) 11 y2(x) no-oTnenbHOCTII. 3ToT cpaKT ycTanonneu B pa.6oTe (5), rne noKaJaHa cneny­

JOIUall 
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TeopeMa 2. llycTh yt(x) u y2(x)- pemeuux 3anaqu (2) ua oTpe3Kax [xo, Rt] u [xo, R2] 
cooTBeTCTBeHHo, rne R2 > Rt, H BhlnoJIHeHhl ycnoBHll TeopeMhl 1. lly<Th, KpoMe Toro, 
Rt u R2 Bhl6paubl TaKHM o6pa3oM, qTo6bl napaMeTp 

e-2R2R2c' [1P(R2)- c,~;t>J 
a- ---------r--------~~T 

- e-2R,R!c' [1/l(Rt)- c,~ckt'J 

ynosneToopxn ycnoBHIO 0 < [al < 1 - o, rne 0 < o < 1 H ue 3aBHCHT OT Ht u R2. 
Torna nuueiiuax KOM6uuauux 

npu6JIHlKaeT HCKOMoe pemeuue u(x) c norpelliHOCThiO 

rne 11·11 = max I· (x)J. 
xE[xo,Rd 

llpouecc yToqueuux MOlKHO npo.uomKHTh, ecnu HMeiOTCll Tpu pemeHJll Yt(x), Y2(x) u 
y3(x) 3anaqu (2) ua oTpe3Kax [xo, R1], [xo, R2] u [xo, R3] coOTBeTCTBeuuo :n3 > R2 > Rt). 
B noM cnyqae yToqueuue npoH3BOllHTCll B nsa :nana. Cuaqana no <f>opMyne (3) uaxo­
llliTCll llBa yToqneHHhiX peliieHHll: OllHO - JIHHeiiHall KOM6HHaUHll Yl (X) H y2 (X), H llpyroe 
- nuueiiuax KOM6uuauux y2(x) u y3(x). 3aTeM H3 :nux nsyx"nonyqenHhl} peirreuuii cuosa 
COCTaBJilleTCll JIHHeiiHall KOM6HHaUHll no <f>opMyJie (3). B pe3yJihTaTe norpelliHOCTh yToq­
HeHHOro pemeuux 6yneT MeHhllie no cpasueuuiO co cnyqaeM, Korna 3ana1a (2) pemanach 
nsalKllhl. YToqueuue no 6oJihliieMy KOJiuqecTBY pemeunii no3BOJilleT aonyqnTh, cooT­
BeTCTBeuuo, u OOJihlliYIO ToquocTh. B pa6oTe [4] npennolKeH ocuosauuuii ua :noli unee 
anropHTM nonyqeuux npu6JIHlKeHHoro pemeHHJI c 3anauuoii ToquocThiO. 

3 IlpHMep 

B KaqecTBe npuMepa, HJIJIIOCTpupyiOmero npuMeneuue npenno:lKeuuoro \leTona, paccMo­
TpHM CJiel!YIOillYIO 3anaqy: 

(4) 

pemeuue KOTOpoii H3BeCTHO: 

x4(1 1 1) u(x)=e- x ---+- . 
5 x x 2 (5) 
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3aMeHHM HCXO.ZU JIO 3a.Lia'ly (4) 3a]la'leii Ha KOHe'IHOM 0Tpe3Ke (1. R]: 

{ 

11 ( 8 2) y - 1 - - + - y = 0, 
x x2 

y(1) = u(1), 

y'(R) + ( 1- ~) y(R) = 0. 

(6) 

3a.naqy (6) 6yneu peiiiaTb 'IHCJJeuuo, nony'la.JI ee peiiieHHll c norpemHOCTbiO nopllnKa 10-4. 

Bbi6epeM R 1 = 10.0 H R 2 = 10.1. B Ta6nuue 1 npuaenenbi TO'IHoe pewen11e (5) 
ucxonuoii 3a.Lia'IH (4), peiiieHHll 3ana'IH (6) ua oTpe3Kax [1, R1]11 [1, R2] (c norpewnocTbiO 

nopliJlKa 10-4), .L TaKJKe JTO'!HeHHoe pemenue, nocTpoeHHOe no !J>opMyne (3). 

Ta6nnua 1. Y TO'IHeHHe no .llBYM peweHHJIM . . 

X u(x) yJ(x) Y2(x) lli(x) 
1.00 0.0735759 0.07357.'i9 0.07357!)9 0.07357-59 
2.00 -0.1082682 -0.109440.5 -0.1092989 -0.1082872 
3.00 -0.0896167 -0.0894744 -0.089491.5 -0.0896141 
4.00 O.O.'i86100 0.0600683 0.0598922 0.0.586340 
5.00 0.1684487 0.1700714 0.16987.'i4 0.1684748 
6.00 0.1963172 0.1972682 0.1971533 0.1963319 
7.00 0.1697924 0.1697796 0.1697810 0.1697912 
8.00 0.124.'i237 0.123.'i234 0.1236440 0.124.5062 
9.00 0.0819688 0.0799324 0.0801781 0.0819343 
0.00 0.0499399 0.046.'i732 0.0469797 0.0498834 

Bbi6epeM Ra = 10.2 u no6aBHM a paccMoTpeune TpeTbe peiiieHHe 3ana'IH (6) na OT­

pe3Ke [1, Ra]. PeJyJJbTaT yTotJHeHHJI no TpeM peiiieHHliM npuaeneu a Ta6nuue 2. 

Ta6nnua 2. Y TO'IHeHHe no TpeM peweHHJIM - -
X u(x) yJ(x) Y2(x) Y3(x) lli(x) 

l.OU 0.0735759 0.0735759 0.0735759 0.073.5759 0.0735759 
2.00 -0.1082682 -0.1094405 -0.1092989 -0.1091736 -0.1082648 
3.00 -0.0896167 -0.0894744 -0.089491.5 -0.0895067 -0.0896168 
4.00 0.0586100 0.0600683 0.0598922 0.0.597364 0.0.586062 
5.00 0.1684487 0.1700714 0.1698754 0.1697019 0.1684438 
6.00 0.1963172 0.1972682 0.1971533 0.1970.'i16 0.1963137 
7.00 0.1697924 0.1697796 0.1697810 0.1697823 0.1697914 
8.00 0.1245237 0.1235234 0.1236440 0.1237.'i08 0.1245253 
9.00 0.0819688 0.0799324 0.0801781 0.08039.'i6 0.0819731 
10.00 0.0499399 0.046.'i732 0.0469797 0.0473392 0.0499476 

llpH nonyqe IHH peiiieHHJI C 3a]laHHOH TO'IHOCTbiO no npennoil\ei!HOMY B pa6oTe [4] 
anropHTMY BbiO•!peM i = w-s (nonycTHMaJI norpemnocTb), R 1 = 10.0 u Rn+I = Rn + 
h, n = 1, 2, ... B 3TOM cnyqae 3anaqa pemaeTCJI 4 pa3a. B Ta6nuue 3 npuseneubl TO'!Hoe 

peiiieHHe H KOHe IHbiH pe3JJJbTaT. 
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Ta6n11ua 3. IIony'leHHe pemeHH.JI c 3RliRHHOH TO'IHOCTI.JO 

X u(x) IJI(x) 
1.00 0.07357.59 0.07357.59 
2.00 -0.1082682 -0.1082683 
3.00 -0.0896167 -0.0896163 
4.00 0.0586100 0.0586105 
5.00 0.1684487 0.1684486 
6.00 0.1963172 0.1963165 
7.00 0.1697924 0.1697914 
8.00 0.1245237 0.124.5224 
9.00 0.0819688 0.0819671 
10.00 0.0499399 0.0499377 

KaK BIIJIHO 113 Ta6n11u 1 - 3, Ka£noe nononHIITenbHoe peiiH'HIIP 3ana'lll (6) np1111ocnT 

OJIIIH Bl'pllblll 3Ha.K B yTo'!HeHHoe pewe1111e. 3ToT <jJaKT npencTaRneH B "a6nuue 4, rne 

llln(x)- yTO'!HeHHoe pernell lie, nocTopeHHoe non pewen11n1 3aJia.'lll (6). 1. = 2, 3, 4. 

Ta6n11ua. 4. l'IJJJJJOCTpanH.JI npouecca yTO'IHeHH.JI 

npu nony 'leHHH pemeHH.JI C 3RllaHHOH T O'IHOCTbiO 

X= .5 .T = 10 
u(x) 0.1684487 0.0499399 
y(x) 0.1700714 0.046.5732 

lll2(x) 0.1684748 0.0498834 
IJI3(x) 0.1684438 0.0499476 
IJ14(x) 0.1684486 0.0·199377 

4 BbiBO,ZJ;bl 

flpenno£eH MeTOJl IIOBbJWellllll TO'IHOCTII 11p116llii£1'HIIbiX peWt'liiiH Kpa.e lOll Ja)la'III Ha 

nonynpliMOli Jlllll o6biKIIOBeHHoro nu<jJ<jJep!'HUIIanb!ioro ypa.BHI'IIllll BToporo nopliJlKa. Pa3-

pa6oTaH anropiiTM Ha.XO£)leHHll 11pH6J111£e!IHOrO pel!ICHIIll Ha. )laii!IOM OTpe!Ke C Ja.na.HHOH 

TO'IHOCTbiO. flpll'leM M0£110 llOJIY'IIITb J1106y10 Halll'peJl 3a)laHH~'IO TO'IIIOCT ,, 110 Jlllll 3TOrO 

He06XO)liiMO o6ecne'II!Tb liOJiy'leHHC JIOCTaTO'IHO TO'IIIb!X peWPIIIIli 'l<lJ!a'IJI Ha KOH!''IIIOM 

oTpc3Ke. lJI!cneHIIbie 3Kcnepi!MeHTbi, TPCTnpooannP nporpaMMhl. ocnonan1 oil na npenno­

£enHoM anropi!TMe, Jlann xoponme peJynbTa.TLI. 

[1) A.A.A6pa.Mon. CpaoHeHHe pP!lleHnil nporoHO'IHbiX ypa.BHI'Hilll npn Ill'! enoc!' rpa.Hn'I­

Hblx YCJIOBIIH 113 6ecKOHe'IHOCTII )lllll ra.MIIllbTOHOBbiX JIIIHI'IJHblX CI!CT~M. - )J\:BM ll 

M<P, 1995, 35, N12, 1808- 1818. 
(2) A.A.A6pa.MOB. 0 11p116Jlll£eHHbiX peWI'HilliX, OCHOBaHHbiX !Ia TPOJ>PMaX cpa.B!H'Hilll, 

CKanllpHLIX II Ma.Tpll'lllb!X ypa.BHl'HIIif Pl!KKa.TII I! a 6PCKOIIl"liiOM IIIITI'l ·BaJIP. - fh:ll!d 
II M<P, 1993, 33, N1, 3.5- 51. 
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[3] E.C.£uprep. 06 ouenKe norpemnocTn "Ja.MeHbi ycnonnll orpaHII'H'HHOCTII pemennll 

JII!Helluoro x HtP4JepeuunaJibnoro ypannenull na 6ecKone•n1oM nnTepnaJie. - jJ\:Bl\1 11 

.M<t>, 1968, 8, N3, 674- 678. 
[4] E.li.)l{uJlKO J, A.r.CoJIOBbeB. floswwen11e TO'IHOCTH npn6JII!lfo;eHnbiX pewenull Kpae­

noll 3ana'lll 1a nonynpliMOll. - 1996, lly6na, OH51H, Pll-96-153. 
[5] E.li.)l{nJlKOJ, A.r.CoJIOBbeB. YTo'lnenHe npH6JIHlKennwx pemenuil Kpaenoll 3ana'lll 

na nonynplltiOll. - 1996, lly6na, OH51H, Pll-96-480. 
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TipuMeueuue Tennu~eBhiX MaTpB~ .z:tJI.H peweuu.sr 3a.z:ta'l 
KBaHTOBOB MeXaHHKII 

H.B. HtiparuMoB, E.E. ThlpThiWHHKOB 

Hncmumym Bl>l'lUCJ!UmMbllOU MameMammw, PAH, 
117333, Mocll:6a, Fy61l:una 8 

e-mail: ilghiz@inm.ras.ru, tee@inm.ras.ru 

Abstract. B .lliUIHOH pa6oTe npe.nnolKeH HOBhiH nQilXO.ll K pemeHHIO ypasnemti Xap­

TPH - <l>oxa .Q.IIJI MHOI'0311eKTpoHHLIX CHCTeM, KOTOphiH HCDOJih:JyeT H.l{eiO pel ynJI~ 
HhiX 6a3HCHhiX <I>YHKUHH. B 3TOM cnyqae MaTpHUa HHTerpanoB o6na.naeT CBOii :TBOM 
TenmtUeBOCTH. 3TO 3H8'111TellbHO COKpaiU&EIT qJtCIIO ORepallHii C RJJa.B310uteH: 1 oqxo:H 

npH pemeHHH 3THX ypasneiUdl:. A .nnll .llByxsneKTpomroA •a.na'DI B HeKOTOpo>: npH- · 
6SIH)KeHHH H3 HemmefmoH 3a,ll8q}( Ha Co6cTBeHHI:le 3H&tleHHJI Tpaucct»opMHJ>YI'TCJI B 

:Ja,naqy peweHHJI cucreMhl IIHHeHahlx ypasueaitil c TenJIHueso.H HJIH UHPKYIIJI iTHoii 

MaTpHUeH TO.A lKe p83MepHOCTH . 

.Ua.HHYH no.nxo.n 6LlJI npoaepeu Ha TeCTOBhiX npuMepax orrpe.n.eneHIHI 3Heprn t B3a­

HMo.neiicTBHJI aTOMOB B KpHCTMmN:eCKOit peWeTKe H onpe.neneHHJI BUJl8 BOJl HOBOH 

~YHKUHH .D.JHI CBOOo.ll:Horo aroMa. BliiJIH nonyl.leHhl xopowHe pe3yJibT8Thl. 

1 Bse.z:teHue 

8 HacTOliWee BpeMll OllHOH H3 BalKHbiX 3alla'l KBaHTOBOH MeXaHHKH liBnlleTCll HaXOlKlleHHe 

3HeprHH B3aHMOlleHCTBHll llBYX HnH HecKOnbKHX aTOMOB. llnll perneHHll TaKOH 3alla'IH 

pa3pa6oTaHo MHoro pa3nH'IHhiX MeTonoa, rro3aonliiOWHX y'IHTbiBaTb pa3nH< Hble caoiicTsa 

paccMaTpHBaeMbiX CHCTeM. 

Hau6onee OOWHe (H, B TO lKe BpeMll, 3Ha'IHTenbHO 6onee TO'!Hble MeTCllbl Ha OCHOBe 

ypaaHeHHii XapTpu-<l>oKa [1] unu Teopuu cpyHKUHOHana rrnoTHOCTH [2]) CBQlliTCll K pewe­

HHIO sapuauuoHHoii 3alla'IH nnll HenHHeiiuoro orrepaTopa, 'ITO Tpe6yeT pern.,HHll HenHHeii­

Hoii IIOnHHOMHanbHOH 3alla'IH Ha CoOCTBeHHble 3Ha'leHHll. 

PernaeTCll CTaUHOHapHoe ypaBHeHHe lJlpenHHrepa B IlpH6nHlKeHHH cpl KCHpoBaHHbiX 

llnep [3] ffil! = EiJ!, rne II = Te + Cnn + Vne + v •• , a 

f. = -¥ L:~1 n!. (-£; + £r + /.r) -orrepaTop KHHeTH'!ecKoii 3HE pruu scex M 

3neKTPQHOBi 

Cnn = L~i ~~~':t,1 - 3HeprHll B3aHMoneiicTBHll acex llnep (s naHHOM npu6nulKeHHH 

liBnlleTCll KOHCTaHTOH, B nanbHeiilliHX BhiKnanKaX cpurypupoBaTb He eyneT, TaK KaK 

MOlKHO OT E rrepeiiTH K Ec = E- Cnn); 

Vne = L~l L~l ~~~;, 1 - orrepaTop 3Hepruu B3aHMoneiicTBHll llllep c JneKTpoHaMn; 

• M q2 v •• = Li<J. ,..-:"L.,. - orrepaTop 3Hepruu B3aHMoneiicTBHll scex 3neKTpc HoB, 
lri-ril 

iJ! liBnlleTcll, TaKHM o6pa3oM, co6cTBeHHoii cpyHKUHeii orrepaTopa II, JaBHCliWeii oT 

KOOpllHHaT BCeX '!acTHU B TpeXMepHOM IIpocTpaHCTBe, 
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E- co6cToeoooe JHa'!eHIIe onepaTopa il, MIIHIIMaJibHoe 113 lji!X cooTBeTcToyeT Ha-

6mo,!1ae~ oil :~oepr1111 cllcTeMbl. 

MIIHIIMaJI~HOe E II COOTBeTCTBYIO!l.IYIO <flYHKUIIIO lJI MOiKHO HaHTII BapllaUIIOHHbiM Me­

TO.l10M B 011.11e .leTepMIIHaHTa Cnei!:Tepa [1,3]: 

¢ 1 (r1)a1 .,p, (ri),8, ... ¢M;2(ri)a, ~'Mf2(ri),8, 
- 1 I ¢I (r2)a2 .,PI(r2).82 ... ¢M;2(r2)a2 ~'M/2(r2).82 
W = -=det 

vl'f! ' 
.,Pi(rM)<l'M ¢1 (rM).8M · ·· ¢Mf2(rM)<l'M ¢Mf2(rM).8M 

r.11e 

<l'i II ,8;, i = 1, ... , M- CUll HOBble KOMUOHeHTbl BOJlHOBb!X (j>yHKUIIH (3a]la.Hbl B Jla.HHOM 

np116nllll:eHIIII), 

r;, i = 1, ... , M,- pa.1111yc-oeKTopw ocex :~neKTpoHoo; 

.,P;, i = 1 ... , M, - HeKOTopwe HeiiJBeCTHble opTooopM11pooaHHbiP (j>yHKUIIII 113 L2 c 

o6nacTbJO onpe,11eneH11JI apryMeHTOB R3 • 

lln.11 oaxoll~.lleHIIll ¢;, i = 1, ... , M .l111CKpeTII3YK>T Ja.na.qy. llnll HeKoToporo 6a.J11ca. 

(j>yHKUIIH </>j,j = 1, ... , /( npe,!1CTaBnll.ll .,P; = 2::_f=1 Cj;</>j, llll.IYT TaKIIP Cj;, nnll KOTOpLIX 

fn w• Hwdn M IIHIIMaJibHO upll In w•wdn = 1. 3To npiiBOnHT K ypaBHeHIIliM XapTpH­

<I>oKa: 

K 

:~(Fpq- EkSpq)Cpk = O;'v'q = 1, ... , K;'v'k = 1, ... , M/2; (1) 
p=l 

r.ne 

K 1 . 
Fpq =< piHiq > + .. L . . P;j( < ijlpq > -2 < ipljq >) 

t,J=lii:#J 

f ( l(d2 d2 d2) N Q) 
< PIJrlq >= <J>;(r) -2 dx2 + dy2 + dz2 + t; IR; ~ rl </>q(r)dr 

. 'lkl j 4>i(r,)</>j(r2)4>k(ri)<f>t(r2) d l 
<11 >= r 1cr2 

rl2 

S;j =< iiJ >= j </>i(r)</>j(r)dr, 
M/2 

P;j = L c;xcjx 
x=l 

B oacTO.IIILee opeM.II npe.llnolKeHo 6onbllloe KOJlll'leCTBO pa3Jlii'!Hb!X 6a3ncowx oa6opoo 

<flYHKUIIH (4): 3TO II <flYHKUIIII, liBJl.IIIO!l.llleCll Co6cTBeHHb!MII <flYHKUIIliMII nnll '!aCTHoro 

cny'lal! pellleH Ill 3TOH 3a.Qa'lll, II (j>yHKUIIII, liBJlliiO!l.llleCll COOCTBeHHb!MII <flYHKUIIliMII .D;Jlll 
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pa3mi'IHbiX onepaTopoa, 6mnKIIX K Ii, 11 no380JJJIJO!UIIX anaJHITH'H'<:J\11 nony'IIITb BIW 

CoOCTBeHHbiX $,YHKUIIH, a TaK)I(e HeKOTOpble, He I!MeiO!UIIe 4J1131l'!eO;oro CMbiCJJa 4JYHKUIIII 

Tllna B-cnnailnoa. 

PaccMoTpiiM Bbi'IIICJJIITeJJbHble 3aTpaTw np11 pewen1111 3Toil Jana'lll JlJJJI pa3JJII'IHbiX 

6a311COB. Bo-nepawx, JlJJll 3Toro neo6XOJliiMO Bbi'IIICJJJtTb noplll!Ka Jo.~' nnTerpaJJOB ne­

peKpblBaHIIll < ijlk/ > II IIOpl!JlKa ~
2 

IIHTerpaJJ08 nepeKpbiBaHIIJI < il.'-fiJ >, eCJIII BCe 

6a311CHble 4>YHKUJtll IIMeJOT nenyneawe 3Ha'lellllll na aceil o6nacTn onpen•·nennll. B TO iKe 

8peMliii3BeCTIIO 113 'IIICJieHHbiX 3KCnepi!MeHTOB [1,3], 'ITO <jJ,YHKUIIIt ~-'i 06bl ~HO 3KCliOHeHUII­

a.JibHO CTpeMl!TCll K H,YJIIO na 8Ceil 06JJaCTII onpeJleJJeHI!ll 3TOil <jl)'lllillllll 'Ia IICKJIIO'I('HJieM 

OJliiOI'O IIJIII HeCKOJibKIIX JIOKaJlbHbiX ,Y'IaCTKOB; T3KIIM o6pa30M onpaHJlbl taeTCll npi!MeHe­

Hile 8 Ka'!eCT8e 6a311CHoro na6opa 4>YHKU11il 8-cnnai\noa. TaK 8 pa6oTe [>] cpaBHIIBaJII!Cb 

naa TaKIIX 6a311CHbiX na6opa 11 6biJJO nonyqeno, 'ITO .512 cneuuaJJbHbiM pynKUIIliM cooT­

BeTCTByeT 6a311c 113 10000 B-cnnailnoB (B o6o11x TaKIIX 6a311cax JlOCTIII'a.Jiacb OJliiHaKOBal! 

TO'IHOCTb 8bi'IIICJJeH11il). Ho 6aJIICHbJe cnnai!Hbl Tpe6yJOT ropa1no M!'Hh!le 8bi'IIICJJI!TeJJb­

nwx 3aTpaT BO BpeMll JlaXOlKJll'HIIll IIHTerpaJJ08 ll!'pl'KpbiBaHIIll: COOT8eT< T8eHHO liOpliJlKa 

[(2 11 [(. KpoMe 3Toro, TaKne IIHTerpaJJbl npmue Hbi'III<'JiliJOTCll [6]. 
Ha CTaJ]IIIl peweHIIll nemlllei\noii CIICT!'Mbl ypaBH£'HIIi\ na6op ql)'HK !IIH, COCTOli!UIIH 

113 B-cnnaiiHOB 3Ha'IIITeJJbno nponrpb!Ba!'T: TaK KaK o6bi'IHWII MPTon pum'HIIll cncTeMbi 

(J) - MeTOJl llpOCTOil IITepaUIIII [4], Ha KaiKJ]OM ware KOTOj)Ol'O Ha)IO j)fWaTb npo6JJeMy 

co6cT8eHHLIX 3Ha•Iennil J!Jill nnoTuoi\ 3pMIITOlloii MaTpllllhl. B CJI:V'Iae ~-cnnai\no8 pa3-

Mep Jana'ln 3Ha'IIITeJJbHO 6onbme, •IeM B cny'lae cneunanbHbJX <)>,YHKUIIii. HepenKo 3TO 

IIOJIHOCTbiO KOMlleHCII pyeT 6biCTpOT,Y Bbl'l I!CJI£'1111ll I!IIT!'rpaJJOB ll!'J>f'K j)hll a HIll!. 

2 Cao:UcTBa 6a3uca Ha ocHoae perynapHbiX 6a3HCHbiX cnna:U­

HOB 

OpllrHHaJJbllbiM MeTOllOM peuJPHIIll nocTaBJJf'ltHoi\ nhmte 'laJia'tll liBJlli!'T•'ll Hbi6op 6a3nca 

na ocHone perynllpllbiX 6a311CIIh!X cnnai\non. Tor11a cucre~ta (I) ll<'jWIIIICt.InaeTrll B ~Ia­

Tpii'IIIOM BIIJ]e: 

(2) 

rne L 11 ,';- neHTO'IHble Tpexypoaneawe [9]noJIOiKIIT<'JlhHO onp<•neJieH !hie cnMM<'Tpll'I­

Hble MaTpiiUt.l, npll'leM S MOlKeT 6biTh etUillii'IHOii; T -· TenJII!Uena Tpexyponnenall no.no­

lKIITeJJbHO onpenenennall CllMMeTpwmall MaTpnna; C; - JieHTO'!Hbie ·qwxyponneBhlf' no­

JJOlKIITeJJhHO onpe,neJJ!'IIIIble CIIMM!'Tpll'lllhlf' MaTpl!llbl, COCTaliJ!('IIIIblf' Wl '3JINH'IITOIJ i-oro 

co6cTnennoro 8eKTopa; Cj n Ej - j-wil co6cTBPHIIhiH HCKTop 11 rooTB< TCTB~'IOIU<'<' eM~' 
co6cTnennoe 3Ha'!enne. 

CooTneTCTDJ!e 3TIIX Ma.Tpllll a.uanoni'IflbiM n !)lopM,v.ne (1) CJII.'Jl)'Kllll!P: 
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(1) 
t 
s 

. ( • M/2 • - ) dwg T Li=l C;C; 
1 M/2 • • • 

-2 Li=l C;TC; 

(2) 

< PIHiq > 
Spq 

"K P. . 'I L..-i,j=l;i#j ij< IJ pq > 
I"/\ P. . I' -2 t..-i,j=l#j ij < 1p )q > 

lln11 Toro, qTo5b! nocquTaTb see :meMeHTb! MaTpuu i, S u i', Heo5xonuMo ownon­

HHTb ocero I< one >auuii - 3TO JaTpaTb! Ha npenoapuTeJJbHYIO pa6oTy, npuqeM ecnu He 

H3MeHIITb OObeM npocTpaHCTBa, B KOTOpDM HaxonHTCll HHTepecyiOlllHii HaC 06beKT, TOT 
TaKlKe OCTaeTCll H•m3MeHHb!M. 

B KaqecTBe HT·~pauuoHHOii cxeMb! MOlKHo npennolKHTb npeno6ycnooneHHb!ii MeTon co­

nplllKeHHb!X rpanHeHTOB, KOTOpb!ii HCUOJlb30BaJJCll nJJll aHaJJOrllqHOH 3anaqH nnll He pery­

JJllpHb!X 8-CUJJaHH•>B B (7,8). 3aTpaTbl Ha ,YMHOlKeHI!e Ma.Tpllllbl Ha BeKTOp COKpaTIITCll no 
[( log2 [( UpDTHB , '(2. 

PaccMoTpHM cryqaii TOJJbKO neiicTBHTeJJbHb!X K03<}l<jmuuenToB C'ij nn11 npu5JJulKeHHll, 

B KOTOpOM 6a3HCH ,Je <}lyHKUHH npencTaBJIJIIOT co6of1 CTyneHbKY, TO ecTb 8-cnnaiiH HyJJe­

BOH cTeneHIL Qq.~ounHo, qTo LC: = CL, a TaK KaK oeKTop (: He nonlKeH coneplKa.Tb 

HyJJeBb!X 3JJeMeHH•B, TO ypaoHeHue (2) npu Af = 2 3annweTcll B nnne 

i'CC: = 2L + 2SE. (3) 

0oCKOJlbKY Ha BeKTOp (: HaJJOlKeHO YCJJOBUe HOpMHpDBKH, TO perneHUe CUCTeMbl (3) 
HaxonuTCll peweHJieM Tennuueooii TpexypooHeooii nonolKnTeJJbHO onpeneneHHoii cnMMe­

TpuqHoii CllCTeMb! JIHHeHHb!X ypaBHeHHii C noyMll npaBb!MH qa.cTJIMH. 

KpoMe 3Toro o6HapylKeHo, qTo cymecToyeT 6onhwoii Ha6op <}luJnqecKnx o6beKTOB, 

TaKUX, KaK KpHC'IaJJJJUqecKUe peWeTKH H peryJJllpllb!e UOBepXHOCTil, nJJll KOTOpb!X Ta­

Kall TeUIJUUeBa M3Tpuua liBJJJieTCll TaKlKe H CllMMeTpl!qHb!M Ullpl\yJJliHTOM 00 noyM HJJII 

TpeM ypOBHliM. 3TO 03HaqaeT, qTo MOlKIIO npuMeHl!Tb 3<}J<}leKTIIBHbie MeTOnbi perneHHll 

JIUHeHHb!X CHCTeM C TaKHMH MaTpHUaMil. 

B 3TOM CJJ)4qaE 6yneT Heo6KonuMo pernHTb cucTeMy ypanHeHIIil c ennHcTBeHHoii npa­

aoii qacTbiO (TaK 1 aK peweHI!e CI!CTeMb! ypaaHeHI!ii c UIIPKYJJliHTIIoti Ma.Tpi!Ueii n npa.ooii 

qacTbiO, COCTOllllJE ii 113 oni!H3KOBb!X 3JleMeHTOB oqeonnHo ll Tpe6yeT TOJlbKO /( BbJqUCJJe­

HHH nJJll CYMMilpOBaHilll BeKTOpa). 3TO U03BOJIHT pernaTh T3K,YIO CHCTeMy 3a UOpllnKa 

I< log2 I< onepaun11 c nnaoa!Omeii ToqKoil. 

3 qucneHH UI npoaepKa 

llnll nonToeplKneHall Bb!rnen3JJOlKeHHb!X pe3yJJbTa.ToB 6b!JJH npooenenw qncneHHhle 3Kcne­

puMeHTb!. PaccMarpuoanucb 3anaqa o pacnpenenenuu o npocTpa.HcToe oKoJJo 11npa oono­

pona noyx cnapeniwx 3JJeKTponoo. Eb!JJa B3l!Ta caMall npocTa.ll annpoKCI!Mauull cTenesu 

0, B-cnnaiis open< TaBJJliJJ co6oii cTyneHbKY. UeJJbiO nassoro 3Kcnepi!MeHTa liBJJliJJOCb: 

1) UOJJyqHTb 'HaqeHUJI nJJll 3JleKTpDHHOH UJIOTHOCTH H cpa.BHHTb ee C H3BecTHb!MH 

pasee; 
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2) npoclle.uHTb 3aBHCHMOCTb TO'IHOCTH llOIIY'!aeMOl'O perneHHll OT OO'btMa llpDCTpaH­
CTBa, B KOTOpDM paccMaTpHBaeTCll JlaHHoe pa36HeHHe H 3Ha'!eHHll /(. 

Eb!IIH npooe,ueHbl 'IHCIIeHHble 3KcnepHMeHTbl. H3MeHliiiHCb cnenyiOIIIHe napaMeTpbi: 

[( = 43, 83,163,323,643,1283 (OOIIblliHe 3Ha'!eHHll /( 6b!JIO CJIOlKHO HCllO!Ib30BaTb, TaK 
KaK noTpe6ooanacb 6bl onepaTHBHall naMliTb o6oeMOM 6onee 32 MEaliT). 

PaccMaTpHoaeMblll o6'beM oapbHpooancll a npenenax oT 23 A no 323 A. 
BpeMll pac'!eTa nl06oro 3KcnepHMeHTa Ha nepcoHanbHOM KOMllbiOTepe Pentium 120 He 

llpeBbllllaJIO MHHYTbl. 

Hano OTMeTHTb, 'ITO, llpeJlCTaBJillll cj>yHKUHH ¢; B BHJle 6a3HCHbiX cnm.HHOB Hyneooll 
CTeneHH, Mbl 3apaHee OTKa3aJIHCb npaBHIIbHO Y'IHTb!BaTb BKJiaJ{ KHHeTH'I<!CKOH 3HeprHH 
3JieKTpDHOB1 'ITO He MOriiO He CKa3aTbCll Ha llOIIY'!eHHbiX pe3yllbTaTaX. 

06cyJlHM llOIIY'!eHHble pe3yllbTaTbl. 
Haa6ollblllall TO'!HOCTb JlOCTHranacb npH MaKCHManbHOM pa36HeHHH ]{ = 1283 H Bbl-

6ope o6nacTH OOIIbllle 43 A. Pe3yllbTaT xoporno KopennapyeT c 3KcnepHMeH roM: rnaBHblll 

MaKCHMYM B 0.75A OT liJlpa (3KCnepHMeHTaJ!bHO 0.59A). Ban lt/11 2 TaKlKe COOTBeTCTByeT 
3KCnepHMeHTy: !!pH r--+ 00 H llpH r--+ 0: lt/112 --+ 0. llpH llOllbiTKe yMeHblliETb 06'beM npo­
CTpaHCTBa, B KOTOpOM paccMaTpHB3J!OCb JlaHHoe pa36HeHHe pellleHHe CTaHC BHJIOCb 3Ha'!H­

TellbHO HeycTOH'IHBbiM. 
llpH llOHHlKeHHH 3Ha'!eHHll /( llOHHlKaJiaCb H TO'IHOCTb annpOKCHMaUHH: TaK Ha 32 

OTpe3KaX lt/JI 2 » 0, 'ITO He COOTBeTCTByeT nellcTBHTellbHOCTH. 3To MOll' HO 06'bliCHHTb 
TeM, 'ITO lt/11 2 B 60IIblliOH OKpeCTHOCTH TO'IKH r = 0 MOlKeT 3Ha'!HTellbHO !>TIIH'!aTbCll OT 

HYIIll. 
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METO,l~l1KA TIPEOBPA30BAHl1J1 KOOP,ll;l1HAT 
JIOEAJibHbiX ,li;ETEKTOPOB B E,ll;l1HYIO 

Cl1CTEMY1 

3.M.MsaH<IeHKo, M.M.MsaH<IeHKo, H.H.KapneHKO 

JrBTA OH.HH, 141980 ,4y6ua Moc'K:OBC'K:Oil o6.A.., Poccua 
e-mail: iva@cv.jinr.dubna.su 

AHHOT. l.ll;KR. AaanusupyeTc.a: MaTeMaTH'llecRa..a MO.llem, ( nepeonpeJleJieHHa.R cHcTeMa 
HCJIHHe~ H:&IX ypaBHCHH:A) H MeTOJl.LI onpe.rteJieHHJI napaMeTpOB JIOKaJILHI:.IX CHCTeM RO­

Op.llHHa'l UOSHUHOHHD-'liJBCTBHTCJILHLIX .llCTeKTOpOB, o6pa3JIOinHX e,llHH:&Iit ROMIIJICKC pe­

rHCTpaUHH TpaeKTopao:A: HH¢>opMaiJ;HH. IlporpaMMa CORPAR, peanHsyromaH paccMo­

TpeHH:&IJt MeTO,ZJ;1 HCIIOJIL3JCTCJI J.VIJI reoMeTpHqecRoft KaJIH6pOBKH CHCTeMLJ nponopUHO­

HaJILHLt:: KaMep ycTaHOBKH SKC'IAPM Ha ycKopHTene Y-70 (IIpoTBHHo). 

CoBpeMeHHl> 1e II03HUHOilliO-'fYBCTBHTeJrr.Hhle .neTeKTHPYJOU(He MO.!IYJIH II03BOJIRJOT perH­

cTpHpoBaTI> KOO l.nHHaTy TO'fKH TpaeKTOpHH 'faCTHllhl B C06CTBeHHOl!: JIOKaJihHOl!: CHCTeMe KO­

Op.nHHaT, TaK 'ffO .!IJIR rrepexo.na B e.nHHYlO CHCTeMy Heo6XO.!IHMO orrpe.neJIHTh napaMeTphl 

cooTBeTCTBYJOlll"ro rrpeo6pa3oBaHHR. IOcTHpOBKa CHcTeMhl H Herrocpe.ncTBeHHhle reo.ne3Hqe­

CKHe H3MepeHif.f BCeX Tpe6yeMhiX BeJIHqHH .!IJIR MHOrOKOMIIOHeHTHOJ!: ycTaHOBKH COllpRJKeHhl 

co 3Haqi{Tem.m MH TPY.!IHOCTRMH H pacxo.noBaHHeM BpeMeHH. Hepe.nKH CHTyaUHH, Kor.na 

rrpoHcxo.nnT rrep eMemeHHR omem.Hhlx H3MepHTem.Hhlx Mo.nynel!: B rrpouecce rrpoBe.neHHR 3KC­

rrepHMeHTa. ITo -pell!HOCTH rrepe.naTo~ol!: <l>YHKUHH, rrpHHUHIIHam.Ho HeyCTpaHHMhle TOJibKO 

3a cqeT reo.ne3H '!eCKHX H3MepeHHJ!:, He II03BOJIR10T a.neKBaTHO peaJIH30BaTh IIpOCTpaHCTBeH­

HOe pa3penreHH" HCIIOJrr.3yeMhiX TpaeKTOpHhiX .neTeKTOpOB. Bee 3TO o6ycJiaBJIHBaeT He06XO­

.!IHMOCTh orrepa1 HBHoro H Ha.neJKHoro crroco6a rronyqeHHR rrapaMeTpoB, xapaKTepH3YJOll\HX 

3<l><l>eKTHBHY10 J'eOMeTpHlO ycTaHOBKH. 

PaccMoTpHM penreHHe 3aiJ:aql{ orrpe.neneHHR napaMeTpoB npeo6pa3oBaHHR HH<l>opMaUHH, 

perHCTpHpyeMOJ! KOOp.nHHaTHhiMH .neTeKTOpaMH, B e.nHHyJO IIpRMoyroJILHyJO .neKapTOBY CH­

CTeMy Koop.nHHa T XY Z. RaJK.Z~OMY .neTeKTopy cooTBeTCTByeT JioKaJILHaR ~HcTeMa Koop.nHHaT 

X;Y; (i = 1. 2, ... ,m) TaKHM o6pa30M, qTo CBR3L MelK.lly KOOp.nHHaTOl!: B JIOKaJILHOl!: CH­

CTeMe H COOTBe CCTBYIOll\HMH el!: KOOp.nHHaTaMH B e.nHHOl!: CHCTeMe BhlpaJKaeTCR <l>YHKUHel!: 

X; = X cos a; -t Y sin a; + h; . IIapaMeTphl a;, h;, z; HllleM H3 ycJIOBHR MHHHMyMa <l>YHKUH­

OHana: 

1 N m ( )2 
M = ~ L L Wij (axjZi + bxj) cos a;+ (ayjZi + byj) sin a;+ h;- Xij 

J=lt=l 

(1) 

3.necL 

N - KOJ:wieCTBO TpaeKTOpHl!:, rrponre.llll!HX qepe3 m .neTeKTopoB; 

axj, ayj, bxj, byj- rrapaMeTphl TpaeKTOpHH j B e.nHHol!: CHCTeMe KOOp.nHHaT XY Z (rroJIHhll!: 

Ha6op rrapaMe1pOB rrpocTpaHCTBellliOl!: TpaeKTOpHH, anrrpOKCHMHpyeMOl!: JIHHel!:HOl!: <l>YH­

KUHel!:)j 

Xjj, Wij - HIMepeHHaR KOOp.nHHaTa H ee Bee. 

1 Pa6oTa BI:.Inon {eHa npH no.zu:tepmRe PoccHAcKoro 4>oH.na 4>YH.llaMeHTaJILHLIX Hccne.noBaHHA, rpaHThl N 95-
01-00736, N 96-07-89190 
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.LJ:JIH yMeHhiiieHHH BJIHHHHH BhJqHCJIHTeJihHhlX rrorpeiiiHOCTe:li [1 j rrpe.UC1 aBHM a;, h;, z; B 

BH.l(e: 

a;= a?+ ~a;, h; = h? + ~h;' z; = z? + ~z;, (2) 

r.ue a?, h?, z? - pe3yJihTaThl reo.ue3HqecKHX H3MepeHH:li. IIo.uCTaBJIHH (2) B ( 1 ), rroJiy'lHM 

BhlpameHHe cpyHKUHOHaJia B BH.Ue 

(3) 

HcnoJIL3YH H3MepeHHH TpaeKTOpHii qacTHU onopHhlMH .ueTeKTopaMH, l!aXO.l\HM oueHKH 

ITa paMeTpOB rrpoCTpaHCTDeHHhlX TpaeKTOpHH Uxj, Uyj, bxj, byj. .LJ:JIH peiiiel HH 3TOi1: 3a.Ua'!H 

pa3pa6oTaHa rrporpaMMa cpHTHpOBaHHH TO'-IeK, perHCTpHpyeMhlX B Kocoyr O!IhHOH CHCTeMe 

KOOp.UHHaT. 

r.ue 

Bne.ua HOBble o6o3Haqerma, ¢YHKUHOHaJI (3) MomHo 3aiiHCaTh n cJie.uyiO~reM BH.ue: 

a~j = Uxj coso.? + ayj sino:?, 

a~j = ayj cos a? - axj sin a?, 
b~j = ( Uxj z? + bxj) cos a? + ( Uyj z? + byj) sin a?, 
b~j = ( Uyj z? + byj) cos a? - ( Uxjz? + bxj) sin a?, 
Cij = b~j- Xij + h?. 

(4) 

l13 ycJIOBHH MHHHMyMa cpyHKUHOHaJia ( 4) IIO!iyqHM CHCTeMy HOpMaJihHh X ypaBH<'IIHll 

N 

L w;j(a~j~z; cos ~a;+ b~j( cos ~a; - 1) + (a~j~z; + b~j) sin ~a;+ '•.i + ~h; )• 
j=l 

N 

L W;j( a~j~z; cos ~a; + b~j( cos ~a; - 1) + ( a~j~Z; + b~j) sin ~n; + ·'.1 + ~h; )• 
j=I 

N 

L Wij(a~j~z; cos ~a; + b~j( cos ~n, - 1) + (a~1 ~z; + b~.l) sin Lw;+ 
j=I 

+c;j + ~h;) = 0, 

1'/1<' i = . '2, ... ,Ill. 
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IJoJiy<J:eHHal! :HCTeMa TpaHcUeH,UeHTHhiX ypaBHeHH~ pewaeTCI! HTepaUHOHIIhiM MCTO.UOM . 

.LJ:JII! orrpe.uen ~HHI! MHOJKeCTBa rrapaMeTpoB, BKJIJO'!aJOIUero aiiiiJIHKaTy H yroJI IIOBOpOTa, 

HeOfiXO,UHMO, '!TODhl TpaeKTOpHH fihiJIH HerrapaJIJieJihHhl, a .UHCIIepCHH pacrrpe,UeJieHHI! KO· 

op,UHHaT TpaeKTC pH~ B KaJK.UOM .ueTeKTope - HeHynenh!e. B Ka<J:eCTBe HCXO.UHhiX .uaHHhiX 

HCITOJih3YJOTCI! p£ 3YJ!hTaThl reo.ue3H<J:eCIGIX H3MepeHH~ H pe3yJihTaTh! perHcTpaUHH Kyco'!Ho­

rrpi!MOJIHHe~HhiX rpaeKTOpH~ 'laCTHU ( CileUHaJibHal! TeeT-KaJIHfipOBO'!Hal! H pa6o'!al! HH<jlOp­

MaUHI!). 

PaccMoTpeHHhl~ anropHTM rronoJKeH B ocHony rrporpaMMhl CORPAR[2], HCITOJih3yeMoH 

.UJII! reoMeTpH<!eC W~ KaJIH6pOBIGI KOOp,UHHaTHhiX ,UeTeKTOpOB ycTaHOBKH 81{Cl.JAPM[3]. fna­

BHO~ UeJibiO Hay'!HO·<tJH3H<J:eCKHX HCCJie,UOBaHH~ Ha 3TO~ ycTaHOBKe I!BJII!eTCJI IIoJiy'leHHe 

HOBhiX ,UaHHhiX C pOJK,UeHHH H CBO~CTBaX O<!apoBaHHhiX <J:aCTHU H Y3KHX pe3oHaHCOB, CO· 

.uepJKall(Hx cTpat Hh!e KBapKH. YcTaHOBKa ¢yHKUHOHHpyeT Ha KaHane 5H ycKopHTeJII! Y- 70 
(II poTBHHO) B II) <J:Ke He~TpoHOB c 3HeprHe~ 50-70 f3 B. 

B rrporpaMM" CORPAR peaJIH30BaHo HeCKOJihKO ,UHHaMH'IeCKH Bh!6HpaeMh!X peJKllMOB 

(MeTO.UOB), KaJK,UJJH H3 KOTOphiX .UOITYCKaeT rrapaMeTpll<!eCKYIO HaCTpO~Ky. PeJKHMhl onpe.ue­

JII!IOTCJI MHOJKeCTJOM HCKOMhiX rrapaMeTpoa: ( h; ), ( h;, z; ), ( o:;, h;, z; ). Cne.uyeT 

OTMeTHTh, '!TO B dfiOp MHOJKeCTBa rrapaMeTpOB onpe,UeJIJieTCJI He TOJihKO TO'!HOCThiO reo.ue-

3H<J:eCKHX ll3Mep( HH~ H Ka<J:eCTBOM IOCTHpOBIGI ( O,UHHM H3 rJiaBHhiX TpefioBaHll~ K KOTOpo~ 

JIBJIJieTCJI ycTpaH ~HHe .UO MHHHMyMa yrJIOBblX CMell(eHHH ,UeTeKTOpOB )., HO H ypOBHCM illY MOD 

B HCXO.l(Hh!X ,UaHI!hiX H MHOJKeCTBeHHOCThiO TpaeKTOpH~ B COfihiTHH. 
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B ycnoBHHx peamHLix 3KcrrepHMeHTOB rrpone.nypa reoMeTpH<IecKoA KammpoBKH pea=" 

3YeTCH MeTO,ll;OM IIOCJie,ll;OBaTeJThHLJX IIp.ldiJIIDKeH:I!:A. Ha rrepBLIX HTepau;HH )( HCIIOJTh3yeTCH 

( h; ) - MeTo.n; c rronraroBLIM yMemnreHHeM ll!HpHHLI .n;opolllK.I'I rrpH pacrroa: IaBaHHH TpaeK­

ropd. Ha IIOCJie,ll;y!OlliHX HTepaD;HHX HCIIOJIL3yeTCH ( h;,z; ) HJIH ( a;,,l;,z; ) - MeTO,ll; 

s aaBHCHMOCTH oT Ka'!ecTBa IOCTHpOBKH H TO'!HOCTH reo.n;eaHtiecKHX H3MepeHd. IIpH TaKoM 

IIO,ll;XO,ll;e Y'!HTLJBaeTCH cpaBHHTeJILHO MaJiaJI 'lJBCTBHTeJILHOCTb ( h; ) - UeTO)l;a K CT3TH­

CTH'!eCKHM Onr.H6KaM BTOporo po.n;a 6Jiaro.n;apH JIHHel11:HoJ11: 33BHCHMOCTH cp) HKIJ;HOH3JILHOrO 

apryMeHTa OT HCKOMoro rrapaMeTpa. 

AKTyaJibHOCTb BLI'!HcJieHHH reoMeTpH<IecKHX rrorrpaBOK o6ycnosneHa, B '!aCTHOCTH, cnoJK­

HOCTbiO H3yqaeMLJX C06LITHJ11:. cllyHKIJ;HH MarHHTHOro IIOJIH H THillfllliOe C06LJT,fe, 3aperHCTpH­

pOB3HHOe CIIeKTpOMeTpOM 91{ClJAPM, COOTBeTCTBYIOll!ee poJK.n;eHHIO oqapoBaHHoro 6apH­

OHa I;~ , IIOK333HLI Ha pHC.2.,1. 
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II pHMeHeHHe reoMeTpH'IecKHx rrorrpanoK yny'llllaeT TO'IHOCTh BhiqHcJieHHH rra paMeTpon 

HaJl:J.IeHHh!X Tpa! KTOpHJ!: H COfihiTHJl: H paJ.~HKaJihHO yMemrnaeT CTaTHCTHqecKHe IIorpelliHO­

CTH rrepBoro H nroporo poi-\a Ha Bcex 3Tarrax pacrro3HaBaHHH H aHaJIH3a TpaeKTOpHoll: HH­

<t>opMarum:. Har:pHMep, J.~aJKe J.IJIH J.~ByxqaCTH'llloll: cHcTeMh! (Ta6JIHu;a) HCIIOJih30BaHHe rrony­

qeHHhlx OIIHCaHl OJ!: MeTOi-\HKOJl: Be.JIWIHH II03BOJIHeT ycTpaHHTh 3Ha~yJO CHCTeMaTHqecKyJO 

IIOrpelliHOCTh, fi< Jiee, qeM B J.~Ba pa3a YJIYqrn:HTb OTHOllieHHe CHrHaJI/ <t>oH, IIOBhiCHTh 3<l><l>eK­

THBHOCTh Hi-\eHTH<l>HKaUHH IIOJie3Hh!X COfihiTHJ!:, YJIY'IliiHTh MaCCOBOe pa3perneHHe H T .J.I. 

Ta6JIHQa. CTaTHCTH'IecKHe xapaKTepHCTHKH crreKTpa 3<l><l>eKTHBHoll: Macchi cHcTeMhl 

p1r- B o6nacTH uacchi A0 (M3B/c2 ) 

HoMep ceaHca 3KCII03HQHH 8RCqAPM 

HoMepa <t>all:JIOB (RUNS) 

RoJiifli ecTBO TpHrrepoB 

F - OK'>eCTHOCTh 

B - OK JeCTHOCTh 

CMern• HHe ou;eHKH Macchi 

Pa3pemeHHe 

RoJiifli ecTBO A 0 

0THOmeHHe CHrHaJI/<l>oH 

0THOD!eHHe CHrHaJI/TpHrrep 

10 

268-270 

782752 

CORPAR 
0.17 ± 0.02 

1.50 ± 0.03 

8348 

1.5 

1.1% 

± 12 

± 5 
rEO,ll;E311:JI 

0.67 ± 0.08 

2.66 ± 0.14 

4276 

0.67 

0.55% 

IlporpaMMa CORPAR HBJIHeTCH cocTaBHOll: qacThJO MaTeMaT!fliecKoro o6ecrreqeHHH 3KC­

rrepHMeHTOB, rrpoBOi-\HMhlX Ha ycTaHOBKe 8RCqAPM. Pe3yJihTaThi orrpeJ.~eJieHHH reoMeTpH­

qecKHX rrapaMe1pOB CIIeKTpOMeTpa HCIIOJih3YIOTCJI IIpH MOJ.IeJIHpOBaHHH, MaTeMaTHqecKOJl: o6-

pafiOTKe H <l>H3HqecKOM aHaJIH3e[3,4j 3KCIIepHMeHTaJihHOJl: HH<l>OpMaUHH. 

JlHTepaTypa. 

1. BeHTUeJih E. C. TeopHH BepoHTHOCTell:.H3J.I·Bo "HayKa", M., 1964. 

2. 3HHqeHKo A.H. 11 l-IP· MeToJ.~HKa reoMeTpH'IecKoll: KaJIH6poBKH KOOpi-\HHaTHhlX J.~eTeK­

TopoB yeT moBKH 8RCqAPM. OHJIH, P10-95-541, ,ll,y6Ha, 1995. 

3. AneeB A.JI. H l-IP· Ha6JIJOJ.IeHHe oqapoBaHHoro 6apHoHa E~ B 3KcrrepHMeHTe 

8RCqAF M. RpaTKHe coo6m:eHHH OHJIH 3[77]-96, ,ll,y6Ha,1996,c.32. 

4. AneeB A.li. H l-IP· HccJiei-\OBaHHe HHKJIJ03HBHoro poJKJ.IeHHH cp -Me30HOB Ha ceprryxo­

BcKOM ycKJpHTeJie. OHRH, P1-96-437, ,ll,y6Ha, 1996. 
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IIAPAJIJIEJibHAR Cl!ICTEMA OBPABO TKI!I 
9KCIIEPI!IMEHTAJibHbiX ,li;AHHhlX HA BA3E 

MO,li;EJII!I KJII!IEHT-CEPBEP I 

H.M.HsauqenKo, B.B.KopeHbKoB, IO.A.KpeToE 

JIBTA 011HJ1, 141980 j.(y6ua Moc!WBC!Wil o6.11., Poccui! 
e-mail: ivanko@cv.jinr. dubna.su 

korenkov@cv.jin r. dubna.su 
kretovyu@dct119.jinr. dubna.su 

AHHOTaiJ;HJI. Pa3pa6oTHa 3cpcpeKTHBHhiX MeTonoa u cpe.ncTB o6pa6oTKH .nau1 biX 3KC­

nepHM.eHTOB B Q:>H3HKe BhiCOKHX 3HeprHA CB.R3aHa C peweHHeM .llBY€JlHHOii 3a.n;a·m o6ec­
nel.leHH.R CKOpOCTHLIX BltlliHCJIHTeJJLHbiX npol{eCCOB H oficnymuBaHHJI BLICOKO}' HT€HCH­

BHLIX HHc:lJOpMaUHOHHLIX UOTOKOB npH BhiCOKOM ypOBHe aBTOMaTH3aUHH npoueo :oB MaC­

COBOit o6pa60TKH.B pa6oTe auaJIH3HpyeTCJI pa3pa6oTaHHa.R H pa3BHBaeMa.R E JIBTA 
OHJIH cucTeMa napanneJILHoit o6pa6oTKH naHHhiX B paMKax apxMTeJ<TypLI KJIHeHT­

cepoep ua 6a3e KJiacTepa 9BM, pa6oTaiOIUHX non OC Tuna UNIX u coe.ru uennhlx 

ceTLIO ETHERNET. 

Pa3pa6oTKa 3l\>l\>eKTHBHhiX MeTO.UOB H cpe.UCTB o6pa6oTKH .uamlblx 3Hcne pHMeHTOB B l\>H-

3HHe Bh!COHHX 3HeprHt! .UOJIJKHa npJJMO yt.IHTh!BaTb UHHJIOIIHt.IecuHe o6"hi'Mbl 3 <cnepHMCHTaJib­

HhiX .uaHHhiX, Tpe6yJOIUHX orpoMuoro KOJIH'!eCTBa Bhlt.IHCJieHHH.• HanpHMep, u UVIHJie oTHJO.Uh 

He caMhlx pecypcoeMKHX 3KcnepHMeHTOB EX CHARM Ha ycuopHTeJie Y-70 ( lpOTOHHhiH CHH­

xpo-rpoH .l.f<t>B3, IJpOTBHHO) .UJIJl O.UHOrO q>at!Jia ,UaHHhiX, perHcTpHpyeMbiX B Te'!CHHC 18-20 

MHHYT peaJJbHOrO BpeMeHH, TOJlbKO .UJIJl nepBH'IHOH o6pa60TKH Tpe6yeTCJl OHOJIO 10 '!aCOB 

npoueccopHoro BpeMeHH Ha caMot! MOIUHOH UNIX-3BM o6meHHCTHTyTcuo 'O noJih:JoBaHHn. 

Q,UHo H3 HanpaBJieHHH llOBbii!JeHHJl npOH3BO.UHTeJJbHOCTH H 3¢¢eHTHBHOCTI! CHCH'M Maceo­

DOH o6pa6oTHH CBH3aHo c pacnapaJIJieJIHBaHHeM npouecca o6pa6oTHH . .i1MP.IIIo noT IIOJ\XO.U 

noJioJKeH n ocHoBy C03.UaHHJl IIApaJIJICJihHOH Pacl!mpJJcMOH HHTerpHpon IIIHOH CHCTCMIJ 

(IIAPHC-96). OcHOBOH napaJIJICJIH3Ma B paccMaTpHBaeMOH CHCTeMc JJBJIJ!F 'CJI pacnapaJJJW­

JIHDaHHe .uauHhlx. RoMnLJOTepHbiH unac-rep nnJIJO'!aeT 3BM no.u OC THna UNIX, CBJI3a!!Hh!E' 

qepe3 ceTb ETHERNET. RJiac-rep fiAPHC coJ.uaeTCJl no cxeMe HJIHCHT-ce mep. CepncpoM 

JlBJIJlCTCJl Bbi.UeJICIIHbiH IWMllbJOTep !IO.U QC Linux, 11pCJ\OCTaDJIJIIOIUHH IUIH· 'II TaM ( pa60'!HM 

MaHpOMO.UYJIJJM) TaHHe pecypcbl, HaH OfiJUCC .UHCHOBOC npOCTpaHCfBO H HpOI paMMY·MO!!HTOp 

.UJIJl .uoCTyna u oqepe,UJJM BBo.ua/BhiBO.Ua .uaHHhiX. YnpanJJeHHe nceM I<J!a<"' cpoM JIOHaJIH3o­

BaHo Ha cepBepe. RnHeHTbl HCllOJIL3YIOT co6cTBeHHbiH nn .UJIJl o6pa6oTHH Hlll\>OpMai\HH, 

a .uaHHble 6cpy-r c cepnepa. 3anycu y.uanenHhiX 3a.uanHll Ha HOMIIbJOT<'paJ -HJIHCHTax npo­

H3DO.UHTCJJ aDTOMaTHt.IeCHH cneUHaJILHOii pe3H.UCHTIIOH nporpaMMOH, HOTOpaJI HhlliOJII!JI<'TCJ! 

na cepaepe. Bee ycTpot!cTBa HHemuet! naMHTH ( cTpHMepLI THna EXABY'l E) IIOJ!HJIIO'lCHbi 

I< cepuepy, no3TOMY rMra6at!nlhle Hnq>opMal!HOHHhle noTOJm JIOHaJm:JonaHb. Maiq>oMOJ\YJIH 

CHCTeMbl 6Jiaro.uapH HX MYJILTHIIporpaMMHOCTH MoryT HCliOJib30UaThCJI II Hll" q>aHTHBIIO~I jH'· 

lliHMC l!J!Jl MOHHTOpHHra, aUaJIH3a ,UaHHbiX , IIO.UrOTOBHH HporpaMM H T.II. II<\ <\lOll<' lljlOXO­

lKl\eHHII ocnon11oro npouecca - au-roMaTHt.Iecuot! Macconot! o6pa6oTHH l!illl IhiX. Ociioniii.Ie 

CDOHCTDa CHC"feMbl: BIJCOHaJl IIpOH3BO.UHTeJibHOCThj MaCUITafiHpycM<JCI'I,j Il<'Bh!COHH<' :JallpOChl 

1 Pa6oTa BbiDOJIHCHa npu no,llllcp»me PoccuikKoro <t>on;ta cpyn;taM('!I'faJihiiiJX uccJH'JlO 1amtH, rpai!T i\ ~l:l-
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pecypcoB pa6o'!l x MaKpoMo,uyJiei!: (HHTeHcHBHo HCIIOJih3yeTcH TOJihKO UII); B03MOJKHOCTh 

HCIIOJib30BaHHH y,(aJieHHhlX 3BM, TaK KaK HHTeHCHBHhli!: o6MeH C BHei!IHHMH HOCIITeJIHMII 

JIOKaJIII30BaH BHY rpH cepaepa; BhlCOKaa Ha,ueJKHOCThj BhlCOKIIi!: ypoaeHh aBTOMaTIIJarum. 

PeaJIII3aUHH ~.ue11 aBTOMaTII311poBaHHoi!: o6pa6oTKII ,uaHHhlX 3Kcrrep11MeHTOB 3KCLIAPM 

O.uHOBpeMeHHO H<l HeCKOJibKIIX 3BM HaqaJiaCb B JIBTA OMRM B 1992 r. ,LJ:o 3Toro o6pa-

6oTKa BeJiaCb He3l.BIICHMO Ha HeCKOJihKIIX EC 3BM. IlpH 3TOM He IICIIOJih30BaJiocb To, qTo 

3TH Mai!IIIHhl liMe oT o6myw .uHCKOBYJO rraMHTh. KoMIIhJOTepHyJO rrJiaT<j>OpMy rrapaJIJieJihHOi!: 

CIICTeMhl o6pa6o1KII IIAPMC-BM [2] rrpe,uCTaBJIHJI KJiaCTep BllpTyaJihHhlX Mai!IIIH (BM) 

C 06ll(IIM IIpOCTp<tHCTBOM MHHH,uHCKOB, r,ue xpaHHJIHCb BXO.uHhle II BbiXO.uHhle oqepe,uH ,UaH­

HhlX, a TaKJKe Ha )op cpyHKIU!OHaJibHhlX rrporpaMM o6pa60TKII ,UaHHhiX II ,UOCTyrra K oqepe­

MM.ApXI!TeKTyp:' IIAPMC-BM MOJKHO oxapaKTep1130BaTh KaK CHMMeTpllqHyw (6e3 Bhi.Ue­

JieHHoi!: yrrpaBJIHJ<>mei!: BM), r.ue t:pyHKIUIH ,uoCTyna K o6ll(HM pecypcaM KJiacTepa B03JiaraJiacb 

Ha I!ITaTHYIO YHH JepcaJibHYIO onepaiUIOHHYIO ciiCTeMy VM-CMS. 

BhlCTpoe pa3J IITIIe 11 BHe,upeHHe TaK Ha3hlBaeMh!X nepcoHaJihHhiX 3BM Ha 6a3e npouec­

copa Intel noKa3<.JIO nepcneKTIIBHOCTh HCITOJih30BaHIIH TaKIIX Mai!IHH .UJIH pei!IeHIIH Ja,uaq B 

o6JiacTII cpH311KH Bh!COKIIX 3Hepr~~i!: [3]. II3BM .uoBOJihHO 6blcTpo .uocTIIrJIII nplleMJieMoro 

ypoBHH IIHTerpamm: CO CJIOJKHBIIIHMCH KOMIIbiOTepHbiM OKpyJKeHHeM H,UepHO-cp11311qecKIIX IIC­

CJie,UOBaHHi!:. Tor.ta 6blJio pei!IeHo peaJIH30BaTh npHHIUIIThl napaJIJieJihHOi!: o6pa6oTKII .uaHHhiX 

KJiaCTepa IIAPM<>BM Ha HOBoi!: KOMllhJOTepHoi!: nJiaTt:popMe.B IIAPI1C-9411cnoJih30BaJIIICh 

II3BM pa3JIIIqHJJX KoH!pHrypal(lli!: rro.u MS DOS. B KaqecTBe KOMMYHIIKaiUIOHHoi!: cpell:hl 

IICITOJib30BaJiaCb c6meiiHCTHTYTCKaa ceTh ETHERNET. B KaqecTBe t:pai!:Jioaoro cepaepa KJia­

CTepa cHaqaJia llt:ITOJib30BaJiacb PC-486/66 rro.u MS DOS c ceTeaoi!: Ha,ucTpoi!:Koi!: NWLite, 

a JaTeM Bh!.UeJieHHhli!: t:pai!:JI-cepaep Novell NetWare 3.12. ApXI!TeKTypa IIAPMC-94 TaKJKe 

HBJIHeTCH CIIMMeT pHqHoi!:. KOHTpOJib 3a IICITOJib30BaHHeM 06ll(HX ,uHCKOBbiX pecypCOB ocy­

ll(eCTBJIHJia ceTeB lH OC (Net Ware IIJIII NWLite). 11cnoJib30BaHIIe Bhi.UeJieHHoro cepaepa 

Net Ware nopo,uH 10 cJie.uywmyw npo6JieMy. 06'heM .uaHHhlX, o6pa6aTh!BaeMhlX 3a cyTKII, co­

CTaBJIHJI ITOpH,uKa 0.5-1 r6. TaK KaK cpai!:JI-cepBep HBJIHJICH Bbl,UeJieHHhlM ( HHKaKIIX .UOITOJIHII­

TeJibHhlX cpyHKIU!l OH He BhliTOJIHHJI), a KOMMYHHKaiU!H 6blJIII o6ll(HMH, TO HHcpOpMaiU!OHHhli!: 

noToK no ceTH ETHERNET, coJ,uaaaeMbli!: cHcTeMoi!: IIAPMC-94, npiiBO.uHJI K omyTIIMhlM 

neperpy3KaM B 061I(ei!HCTIITYTCKOi!: KOMMYHHKaiUIOHHOi!: cpe,ue. BhlJIO BBe,UeHO HCKYCCTBeHHOe 

orpaHHqeHHe"t:KO JOCTH nepe.ua~ ,uaHHhlX B ceTh (He 6oJiee 100 K6/c), HO TaKoe pa3paBHIIBa­

HIIe IIH!popMaiUICHHoro noToKa 3HaqHMO CHHJKaJio npoH3BO,uHTeJihHOCTh KJiacTepa IIAPMC-. 

94. LITo6h! He c1po11Th CJJeiU!aJibHhli!: JioKaJibHhli!: cerMeHT ceTH, t:pyHKUHH t:pai!:JI-cepaepa 11 

cepaepa aao.ua-BJ>Bo.ua (HMewmero .uocTyn K cTpi!Mepy EXABYTE) 6h!JIH coBMemeHhl B paM­

Kax O.uHOro KOMIIIIOTepa. 3cpcpeKTIIBHOe pei!IeHHe 3TOi!: qacTHOi!: , HO HeMaJIOBaJKHOi!: 3a,Ua~, 

6blJIO Oil:HIIM 113 Y< JIOBHi!: llpll Bbl6ope onepaiUIOHHOi!: CHCTeMbl Ha oqepe.uHOM 3TaJJe pa3BIITIIH 

CIITeMhl IIAPMC 

KaK H B KJiac·:epe IIAPMC-94, KOMMYHHKaiUIOHHoi!: cpe.uoi!: KJiacTepa IIAPMC-96 ocTa­

JiaCb o6meiiHCTH1YTCKaH ceTh ETHERNET. Cepaep cHcTeMhl (Pentium-166), 3all(HmeHH1di!: 

OT KOJie6aHHi!: HarrpHJKeHHH B ceTII HCTOqHH:KOM 6ecnepe6oi!:Horo ITI!TaHHH BackUPS, cpyH­

KIUIOHlllpyeT no.n oc Linux. rHra6ai!:THhle JJOTOKII ,uaHHbiX JIOKaJIII30BaHhl BHYTPH cepaepa: 

o6mee ,uHCKOBOe HpOCTpaHCTBO KJiaCTepa H CTp!!MepHhle HaKOITI!TeJIH JJO,uKJIJ<)qeHbl K cepBepy 

HarrpHMyJO. Taru:M o6pa3oM, rroToK .uaHHhiX B o6mei!: ceTH ETHERNET, nopolK,l{aeMbli!: .ue­

HTeJibHOCThW ITA PMC-96, orrpe,ueJIHeTCH TOJibKO KOJIHqecTBOM 11 npoHaBO,uHTeJibHOCTbiO pa-
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6otiHX Y3JIOB KJiacTepa. Cne.n;osaTeJibHO, HeT Heo6xo.n;HMoCTH co3.n;asaTL oT)IeJibHJ.Il!: cerMeHT 

CeTH, MOJKHO CTpOHTL pacrrpe.n;eJieHHyiO CHCTeMy ofipafiOTKH .n;aHIILIX. B Ka< eCTBe cl>YHKIJ.HO­

HaJILHLIX 3Bemes KJiacTepa IIAPHC-96 (KJIHeHToB) MoJKHo HCIIOJib30BaTL JJI06LJe 3BM rro.n; 

yrrpasJieHHeM OC UNIX (II3BM-486, Pentium, pa6o'TII:e cTaiiiJ;Irn, MaiiiHHll KOJIJieKTHBHoro 

IIOJib30BaHHH), B TO speMH KaK B IIAPHC-92 3To MOrJIH 6LJTL TOJibKO EC-3BM, a a KJiacTepe 

IIAPHC-94 - I13BM rro.n; yrrpasJieHHeM MS DOS. Co cTopoHLI KJIHeHTOB rpe6yeTcH JililliL 

rro.n;.n;epJKKa ceresLJx rrpoToKoJioB TCP /IP, rsh/rcp. 

B OTJIHqHe OT rrpe.n;LI.n;yru;Hx BepcHl!: IIAPHC, cHcTeMa IIAPHC-96 rrucrpoeHa no re­

xnoJiorHH KJIHeHT-cepBep, r.n;e cymecTByer He TOJibKO BLJ.n;eneHIILil!: cpa:l!:JI-cep Jep, Ho H crreiJ;H­

aJILHaH 3anaqa (rrponecc), yrrpaBJIHIOmaH Bce:l!: pa6oTo:l!: KJiacrepa. TaKo:l!: mmxo.n; rro3BOJIHeT 

OIITHMaJibHO CHHXpOHH3HpOBaTL B3aHMQJle:l!:CTBHe Y3JIOB KJiaCTepa. HaJIH'TII:e B KJiaCTepe JlBYX 

ycrpo:l!:cTB BHeniHel!: rraMHTH THrra EXABYTE (nJIH xpaHeHHH BXOJlHLIX H pe3yJibTHpyiOll(HX 

J(aHHLIX ) II03BOJIHeT IIOMepJKli!BaTL pafioqyJO cpa3y KOMIIJieKCa 6e3 BMeiiiaTeJI ,CTBa orrepaTopa 

Ha BpeMH o6pa60TKH OJlHO:l!: KacceTLJ (eMKOCTL KacceTLJ EXB-8500 COCTaBJIHtT OKOJIO 4.5 r6). 

Bee naHIILie, xpaHHru;HecH B o6meM .n;HCKOBOM xpaHHJIHll(e KJiacrepa, M JJKHO pa3J(eJIHTL 

na cJienyiOru;He nor:~~qecKHe oqepeJIH: 

- BXOJlHaH oqepeJlL ( C'TII:TaHIILie c JieHTLI cpa:l!:JILJ naHIILix, oJKlil.n;aiOru;He Haqa Ia o6pa6oTKH); 

- pafioqaJI oqepeJlL (naHIILie B rrponecce o6pa6orKH); 

- oqepeJlL OTJioJKeHIILix 3anaHHl!: ( ciOna .n;aHIILie rrorranaiOT H3 pafioqe:l!: oqepe.n;H rrocne aBa-

pH:l!:Hol!: OCTaHOBKH cqera)j 

- BLIXOJlHaH oqepeJlL ( conepJKli!T o6pa6oraHIILie .n;aHIILie, roTOBLJe JJ:JIH c6poca Ha pe3yJibTHpy­

IOmJIO JieHTy). 

Cepsep mcreMLJ o6pa6oTKH rrpeJJ:Ha3HaqeH nJIH BLIIIOJIHemiH cne.n;yiOIUH IC 3anaq: 

- aBTOMaTH3HpOBaHHOe IIOIIOJIHeHHe BXOJlHO:l!: oqepe.n;Hj 

- OCBOfiOJKJ(eHHe BLIXOJlHO:l!: oqepe.n;Hj 

- o6ecrreqeHHe neJIOCTHOCTH naHIILix KJiacTepa rrpH rrepeHoce 3JieMeHTOB H< OJlHO:l!: oqepe.n;H 

B npyryiO (TaKJKe BOCCTaHOBJieHHe neJIOCTHOCTH IIOCJie CfiOH cepBepa); 

- aBTOMaTHqecKHl!: 3arrycK ynaneHIILix 3anaHHl!: Ha pa6o'TII:x y3nax KJiacTep< (rrpoTOKOJI rsh, 

cepBep BLICTyrraeT B KaqecTBe HHHIJ;Haropa). 

KJIHeHT (pafioqHI!: y3eJI) KJiacrepa rrpeJ(Ha3naqen TOJibKO JJ:JIH Be.n;eHHH o6pa6oTKH Toro 

cpparMeHTa .n;aHIILix H3 o6mero xpaHHJIHll(a, KOTOpLI:l!: yKaJKeT cepBep rrpH 3arrycKe cqeTa. 

EJlHHCTBeHIILI:l!: pecypc KJIHeHTa, KOTOpLI:l!: fiy.n;eT HCIIOJib30BaTLCH HHTeHCYBHO - 3TO U:IJ. 
CKopocTL ceresoro HHTepcpe:l!:ca H eMKOCTL JioKaJibHoro .n;HCKa He HBJIHIOTCJ: KpHr:~~qecKHMH 

rrapaMeTpaMH KJIHeHTa. HarrpHMep, JJ:JIH o6pa6oTKH naHIILix 3KcrrepHMeHTOB EX CHARM no­

cTaTo~o:l!: rrporrycKHo:l!: crroco6nocTLIO ceTeBoro anarrTepa HBJIHeTCH 40 K61'c, a cBofioJlHLI:l!: 

Ofi'beM JIOKaJibHOfO .n;HCKa .LIOJIJKeH COCTaBJIHTL Menee 4 Mfi ( BKJIIOqaH pa3Me J HCIIOJIHHeMOfO 

MO.LIYJIH o6pa60TKH .n;aHIILIX). 

llcXOJlfl H3 apXHTeKTypLI KJiaCTepa MOJKHO BLIJ(eJIHTL HeCKOJibKO IIOCJieJ(OBaTeJibHLIX yqa­

CTKOB, qepe3 soropLie rrpoXOJlJIT .n;aHIILie B rrponecce HX o6pa6oTKH: 

1) KmrnpoBanHe BXOJlHLIX naHIILix co crpHMepa na o6mHl!: .n;HCK. 

2) QfipafiOTKa J(aHIILIX 3BeHLHMH KJiaCTepa ( qTeHHe H 3aiiHCL .llaHIILIX IIpOH: :BO.n;HTCH C CeTe­

BOfO .n;HCKa). 

3) KoiiHpoBanHe rronyqeHIILix pe3yJibTaToB Ha cTpHMep. 
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lJTO KacaeTCH y'IaCTKOB 1 H 3, TO 3,ll;eCb orpaHH'IeHHe CKOpOCTH nepe.n;a'IH .n;aHHbiX (He 

6onee 500 HfJ/c) onpe.n;eJIHeTcH xapaKTepHCTHKaMH HaKoiiHTeJIH EXB-8500. Ha yqacTKe 2 

3<l><l>eKTHBHOCTb C Jie.n;yiOIIJ;HX Y3JIOB cepBepa MOJKeT BJIHHTb Ha npOH3BO.n;HTeJibHOCTb KJiaCTepa 

IIAPHC-96: 

- .n;HCKOBO:l!: nO,ll;CHCTeMbl (.n;HCKH H .n;HCKOBbl:l!: KOHTpOJIJiep )i 
- ceTeBoro HHTepope:l!:ca (ETHERNET-a.n;amep ); 

- peaJIH3an;HH HCHOJIL3yeMo:l!: OC UNIX (Mpo UNIX H ceTeBble npoTOKOJibi) . 

.Il:JIH OC Linux 2.0.0 Ha Pentium B o6meM cnyqae MOJKHO .n;o6HTLCH <l>YHIII.\HOHHpoBaHHB 

BCeX Y3JIOB, OIIHC.lHHbiX Bbiiiie, B TeMIIe 700-1000 l{fijc. 

Ilo.n;Be.n;H HTOI, MOJKHO BH.n;eTL, qTo KpHTH'IecKHM 3BeHoM B KJiacTepe IIAPHC-96 BblcTy­

naeT cTpHMep E:(B-8500 c orpaHH'IeHHeM 500 R6/c. H3 3Toro orpaHHqeHHH, 3HaH npo­

H3BO.n;HTeJILHOCTL nporpaMMbl ofipafiOTKH .ZJ;aHHbiX, MOJKHO BblqHCJIHTb MaKCHMaJibHOe 'IHCJIO 

pa6o'IHX Y3JIOB ( ~JIHeHTOB) KJiacTepa. HanpHMep, ,ll;JIH paccMaTpHBaeMbiX 3KcnepHMeHTOB 

IIHKOBaH npOH3BO!{HTeJibHOCTb (npe.n;eJI MaCIIITafiHpyeMOCTH) ,ll;OCTHraeTCH B CJie.n;yrorn;e:l!: KOH­

<!>Hrypa:rurn: 20 IOMIILIOTepoB THIIa Pentium/166 HJIH HP-9000/712, JIH6o 45 KOMIILJOTepoB 

THIIa Pentium/6ti HJIH SUN-20, JIH6o 111 KOMIILJOTepoB THIIa IBM PC 486/66 . 

.IJ:JIH nOBbiiiiei!HJI IIHKOBO:l!: npOH3BO.n;HTeJibHOCTH (ypoBHH nJiaTO) CHCTeMbl XOTH fibl B .n;Ba 

pa3a HYJKHO pa.n;lliaJILHO MeHHTb 3BeHLH KJiaCTepa (nepexo.n;HTb Ha FastEthernet, Hcnom-

30BaTL fioJiee CKCpOCTHble CTpHMepbl H T . .n;.), qTO npHBe,ll;eT K CHHJKeHHIO TaKoro BaJKHoro 

napaMeTpa , KaR OTHOIIIeHHe npOH3BO.n;HTeJibHOCTb/UeHa. IJOBbiiiieHHe ypoBHH aBTOMaTH3a­

n;HH 6e3 CHHJKeHP.H .n;pyrHX xapaKTepHCTHK ,ll;OCTHraeTCH 3a cqeT HCnOJib30BaHHH pofioTa HJIH, 

no Kpa:l!:He:l!: Mep< ,, noCJie,ll;OBaTeJibHOrO fiJIOKa ,ll;JIH HeCKOJibKHX KaCCeT. 

IloTeHUHaJI oiTHcaHHoro KOMIIJieKca IIAPHC-96 .n;JIH o6pa6oTKH .n;aHHbiX .n;oCTaToqHo Bid­

coR (.n;o 700 COfib.TH:l!: B CeKyH.n;y, qTO noqTH B 3 pa3a npeBbiiiiaeT CKOpOCTb HX H3MepeHHH), 

HO Ha npaKTHKe OH ern;e He fibiJI nOJIHOCTblO HCnOJib30BaH H3-3a He,ll;OCTaTKa <!>HHaHCHpOBa­

HHJI. IJpaKTH'IeCKOe HCnOJib30BaHHe CHCTeMbl [4] nO,ll;TBep.n;HJIO ee OCHOBHble CBO:l!:CTBa: BbiCO­

KaH npOH3BO.n;HTellbHOCTb, 3KOHOMH'UIOCTb, MaCIIITafiHpyeMOCTb, B03MOJKHOCTb HCnOJib30BaHHH 

y.n;aJieHHbiX 3B'!V, BbiCOKaH Ha.ZJ;eJKHOCTb. 
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PACITPOCTPAHEHHEPAllHOBOnH 
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ME)KllY llBYM51 CPEllAMH 

A.C.HnbuHcKun, T.H.raJiuwHnKosa 

C/Jax:yJtbmfm BI>PtUC.!L1lmf.ttblt01t .Mamf.Mamux:u ll ?>u6rplinmt.:u 

J\1oct.:06Cr>O<'O cocydapcmBfltlio,•o YlillBt:pcurnrma U.M. 1\1. H.Jlo IWIIor·oba. 

Pocntll. 11.9R99. !vloc?>Ba. Bopo61>rBul ,•opbt 

··-mail: crldrd!cs. msu.su 

Abstract. The problem of elec:t.roma,e.netic field diffraction by a c.vlindr cal non­
rc~ular interface between two rn~dia is discussed. The boundary value proble n for t.lw 
Maxwt·ll set of equations in tlw half-space-~ is reduct>d to sets of integral equati m~. The 
Illllllt'rical al,e.oritlun:-; arc ha .. -.ed 011 the summahilit.y theory of series with lo~ a.rit.hmic 
singularity which defin(' tlw integral t'quation kernels. The Immerical algori hms ar<' 
used to evaluate the mathematical models domain of application. 

O!ll!ltM WI pacnpocrpaHPHHblX MPTO)lOB I!CCJTPJlOBallHJl oKpylK<tKllllPlt ,.JH'J1Ll JlBJlMPTrM 

Mf'TOil o6·10pa. CI!'MHOil llOBPpXHOCTI! C llOMOlllbiO p<t3Jllt'lllblX TPXllll' <'I'KIIX cpPJ!CTll, 

ycranoBJJPilllhJX ua. Jl('T<tT<'JlbHhlX annapaTa.x. Cpe!lll T<tKnx rp<'JlCTI' B<;lKHOP MPCTo 

'la.HI!Ma.JOT pa)li!OJlOKa.lli!OHHbl!' CT<tHUI!It 061opa. 1f'MHOil liO!WpXHOCI'JI. IIO'lJIOJIJlJOUliiP 

uoJtY'li!Tb WJo6p<t)I(PHI!f' c 6onhmoro paccTOJlHIIJl. 11HTPJHlpPTa.HJ Jl JWIYJJbTanm 

ClJJPKTpOMa.I'HIITllbiX '.IOH)lllpOBa.HIIH l!O'IliOJlJlPT OOHa.pylKilTh M<tJlOpa·l~l 'J>IlblP llO.PKThl, 

IIOJIY 11HTL JlCTaJJhHLie H306pa)f\~HIUI. MPCTHOCTI1, na.Th ':JaKJIJOtiP!IliP 0 Clll"l'OSillllll lltl'IB. 

·•arpll'IIH'HIIIt BO)li!Oii nmwpxHocTI!, a. Ta.KlKP p<'tlii!Tb pllJl .upyrnx aKT.I'aJJ hllhlX ·laJta'J. 

llnll llllTPJlllJH'Ta.Uilll pP:JyJJbTa.ToB 30H!lltpoB<tHI!ll 6on~>woli IIHT<'J>P · npPJKTaBJJJlPT 

Wl)"l<'lllle '!a.BIICI!MOCTII X<tp<tKTPpi!CTI!K OTpa.lKPIIIIOI'O llOJlll OT <jlOJlMbl II llpOilllll<H'MOCTII 

y>JaCTKa. oTpa.lKatouteil !IOBPpxnocrll. J1Jtll T<tKUX HCCJIPJ!Oll<tlllllt TpPCiyc JTJl p;npafioTKa 

')(jHjlPKTIIllllblX ~I<'TUJlllll 

pPIIIeiiHSI '!a.ua.tt llH<J>paKIU1H :lJH~KTJ>OMa.I'HHTIIOI'O 1JOJISI 1 Ila.JLCliOIIlPI'O ll<l IIOB<'j>XIIOCI'h 

pa.'l)!PJJa. cpe!l c !lOcT<tTO'llJO Hpot!'lBOJlhHblMH xapa.KTPpnrTHKa.MII 11 <I><'JlMUIJ. Bandlbl 

Ka.K IJO<'TO.HOBKa. Il)HIMOii ·~a)JatJJ1 - onp('nenPIHlf' '3a.BHCitMOCTlf OTJ>(l.)t\('Hillli'O CIII'IICUJa OT 

<jlOpMhl II <jllt:III'IPCKIIX Xap<tKTPJH!CTI!K OTp<tlKa.Klll!Pii 11011('pXHOCTII, TaK II< fipaTJla.Jl 'lilJ[il'la 

BOCC'l'a.HOBJWH lUI xapaKTPJH1CTI1 K OTpa)K<tJOIIH"'ii IIOBC'J>XIIOCTII l10 HPJ) lit, II If(' Jl p11 II~ TOI'O 

Clll'Ha.Jla.. )JJl~ pemeHI!ll o6pa.TIIblX ·~a.)la.q ll<'OOXOlliiMO 11MP'l'J. ')(jHj><'J,TJI lJli,Jii <IJJI'OJ>IIT~I 

P<'lllCili!Jl llJlllMbiX '3<t)la.'l. 

B ua.crolltUeil pa6oTP o6cylKJta.JOTCJl 'IIICJJeltHbW M<'TO.llbl auamna ··a ta'J JliHjlpaKllliJJ 

IIJJOCKOH C)Jlf'KTpOMa.rUI!'l'llOii BOJIIlbl 1 ll<t)!a.lOlllPlt Ha. llPperyJl~Jlll:VlO llOlii'J>XIIUCTl· J><I'I)[('Jl<l 

JlBYX pa.'IJlll'lllbiX cpPJl. PaccM<tTJ>IIB<UOTrJl K<tK crporo uepiiOJ[!l'H'CKaJl JJJI.IJIIJJJlJlll'J<'cKaJl 

IIOUCj)XIIOC'I'h, Ta.K 11 ll11JIHIIJ11HitJf'Ch:a.M rJOBPj>XIIOCTh, OTJJI.1 11JICHI 0 I' IIJIOCh.Ot" I'll 1101 h.t)IJ(''III0.\1 

YlJ(l.C'J'I\:(~. 

1. llnTerpaJihHble ypaBHeHHJI B 3a,naqe .nH<PpaKUHH ua n''PHO.IlHqecKoii 

rpaHHUe pa3,neJia .llBYX cpe,n. f>yJH'M p<tcCMil.TJH!ll<tTh liPJllltlJ[II'II'CKYIU I'Jl<IIJI!Jl,. 

pa'lJWJJa. JlBYX cpPJl. BJ.lOPJlNI Jl!'KapTolly rnrTPM:V KoopJliiH<tT .ry: 1 ilKIHJ Utlpa·•ml. 
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qTo6bi ocb z 6bi 11a rrapaJJnenbHa uummnpuqecKoii o6paJyJOIUeii rrosepxHOCTH pa3nena, 

rrepuonuqecKoii B HarrpasneHHH ocH x. EyneM cquTaTb, qTo qTo KaJKnall ToqKa Ha rpaHuue 

pa3nena OllH03Ha•mo rrpoeKTHpyeTcll Ha ocb x, T.e. ypasHeHHe rpaHHUbi ecTb y = f(x). 
llycTb cpena Hall rpaHuueii, B KOTopoii pacrrpocTpaHlleTcll rranaJOwee none (o6nacTb 

Dt), H non rpaH~ ueii (o6nacTb D 2) orrpenenlleTCllllH311eKTpHqecKHMH c: 1,2 H MarHHTHLIMII 

Jlt,2 rrpoHHUaeMo~TliMH cooTBeTCTBeHHO. BonHoBbie qucna ecTb k 1,2 = w.jEt,2Jlt,2. ...; -

Kpyrosall qacTo'Ia. EyneM rrpenrronaraTb, qTo c:1 - neiicTBHTeJJbHoe qucno. 3aBHCHMOCTb 

OT speMeHII exp( -iwt). 
0603Haqi!M ~epe3 Eo(x, y, z), H 0 (x, y, z) rranaJOwee none rrnocKoii sonHLI suna 

rne 

Eo(x, y, z) =Eo exp ( -iaox - i{3oy + hoz) , 

Ho(x, y, z) =Eo (!i exp ( -iaox- if3oy + hoz), V/4J 

ao = kt sin <po sin Oo, f3o = kt sin <po cos Oo, "Yo = kt cos 'Poi 

(I) 

(:2) 

1necb 'Po - yron ~eJKllY ocbJO z 11 HarrpasnenHeM pacrrpocTpaHeHI!ll rranaJOweii BOJJHbi, Oo 
- yron MelKllY O"pi!UaTeJJbllbiM HarrpasneHHeM OCII y H rrpoeKUHeii Ha IIIIOCKOCTb Z = 0 
HarrpasneHI!ll pao:npocTpaHeHHll rranaJOwero rronll, HMeJOwero aMrrJJIITYllY Eo. 

Tpe6yeTCll H tiiTII peweHIIe onHoponHoii CIICTeMLI ypasHeHHii MaKcsenna B o6nacTliX 

Dt. D2 
rotH(1·2)(x, y, z) + iwEt,2E(t,2)(x, y, z) = 0, 

rotE(1•2)(x, y, z)- iWJLt,2H(t,2)(x, y, z) = 0, 

C rpaHI!qHbiMII yci!OBIIJIMII HerrpepbiBHOCTH TaHreHUIIaJibHbiX 

:meKTpoMarHIITHoro rronll rrp11 rrepexone qepe3 rpaHHUY pa3nena cpen 

[n,E(l)] = [n,E(2)], [n,H(l)] = [n,H(2)], 

oTpaJKeHHoe H rr >owenwee rronll ynosl!eTBOpliiOT ycnoBI!liM 113JJYqeHIIll. 

(3) 

KOMIIOHeHT 

(4) 

C yqeToM. re•>MeTp1111 CTP.YKTYPLI H xapaKTepa rranaJOwero rron.11 3anaqa llll<j>paKUIIH 

BO BCeM IlpOCTp<.HCTBe CBOlliiTCJI K peweHHIO BHyTpH OllHOfO rrepi!Olla, rpaHHUY pa3llella 

B KOTopoM o6o1~ aquM So. 
nyneM IICKa'Ib IIOIJHOe 'lJJeKTpOMarHIITHOe IIOJJe B BHlle 

E(x, /, z) = E(x, y) exp (i')'oz), H(x, y, z) = H(x, y) exp (i')'oz). 

MolKHO IIOKa laTh, qTo rrpoeKUIIII Ha OCb Z KOOplli!HaT IIOJJeii E(l,2)(x, y), 

ynosneTBopliiOT llBYMepHoMy ypasHeHIIJO fenbMf011bUa 

( 
tJ2 o2 

2 2) (EF'2)(x, y)) _ 
{)x2 + {)y2 + k1,2- "Yo H~l,2)(x,y) -0, 

rpaHI!qHbJe YCIIOBHll (4) 1Ip11MYT Bllll 

E~t) = E~2), HP)=HP), 

342 

(5) 

H(l,2)(x,y) 

(6) 



WJ-11 tmil) 'Yo vEil) WJ-12 oHi2) 'Yo oEi2) 
-ff --a:;;- + !3('~ = - !3~ iJn + !3~ --a;:-' 

WEl 8E}1l 'Yo oHi1) WE2 8E}2l 'Yo oHi2) 
!3f -a;;- + !3f a:;:- = !3i -a;;- + !3i a:;:-' (7) 

r.ue 

nx, ny- HanpaBJili!OlllHe KOCHHYChi HOpMaJIH n, BHelllHeii K 06JiaCTH D1, f3f,2 = kf,2 - 'Y~· 
llanee 6y.ueM npe.unonaraTh, qTo J-11 = J-12 = J-IO· 

flilll noJiyqeHHll HHTerpanbHhiX ypaBHeHHH HCnOJih3yeM «flopM filhl rpHHa II 

.UByMepHb!e KBa311nep110.llllqecKHe «flYH.UaMeHTaJihHh!e pelll~HIIll 91,2(M, p: .llilll ypaBHeHIIll 

reJibMroJ!bUa: 

691,2(M, P) + ( kt2 - 'Y~) 91,2(M, P) = -21r8(M, P). (8) 

tl>yHKUIIII 91,2(M, P) oupe.ueneHhi so seeM npocTpaHCTBe R2, y.uooJieTBC pli!OT ycJIOBIIl!M 

113JiyqeHIIll II IIMe!OT Bll.ll 

i1r 00 exp (iAnL::.x) exp (ir~1 ' 2llt::.yl) 
91,2(M, P) = 2 L (1,2) ' 

n=-oo rn 

An = (t + 21rn)jb, r~1 • 2 ) = ..jkf,2 - -yJ- A;, Im r~1 • 2 l > 0, 

Im r~1 • 2 l = 0, Re r~1 • 2 ) > o: (9) 

r.ueb-nepllo.upeiUeTKII, k2=k1..jE2, t=k1bsinBo, L::.x=XM-XP, L::.y=yM-YP· 
HcnoJih3Yll rpao11qoh!e ycnoBIIll (7) 11 cooiicTBa nooepxoocTHhi < noTeHUIIaJIOB, 

nonyq11M CIICTeMy qeTh!pex IIHTerpaJibHhiX ypaBHeHIIH BTOporo pO.ll L OTHOCIITeilhHO 

HeH3BeCTHhiX u(P) = E}1l(P), v(P) = H~1)(P), ou(P)jon, ov(P)/on Ha rpaHIIUe 

So .UOBOJ!bHO rpOM03.llKOro BH.Ua, CO.UeplKalllyJO, KpOMe TOro, H npOH3BJ.UHhle HCKOMOrO 

peweHHll no KacaTeJihHoii [1]. 
B cnyqae, Kor.ua na.uaJOwee none He 3aBHCHT oT KOOp.UHHaThi z, T.e. 'Yo = 0, 

rpaouqoh!e ycJIOBHll npHHHMa!OT BH.ll 

~ _a_n_ - t ~--a:;;-' (10) 

a nonyqeooal! paoee cHcTeMa qeTh!pex ypaoHeHHii pacna.naeTCJI oa .use He3aBHCHMh!e 

CHCTeMhi 113 .UBYX HHTerpanbHhiX ypaBHeHHH OTHOCHTeJihHO u(P), Vi P), ou(P)jon, 
8v(P)/8n: 

u(M) = 2~ f [u(p) o:p (92- 91) + o~t;) (91- a92)] dsp + 'io(M), (11) 

So 

1 ou(M) 1 J [· 8
2 

-(1 +a)--=- u(P) (92- 91)-
2 on 21r onMonp 

So 
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au(P) a ] auo(M) 
- ---- (ag2- gt) dsp + ---, 

anp anM anM 
MESo, (12) 

r.ue 

a= 1, u(P) = u(P) = E11l(P), E- Pi 

a= e2/E1, u(P) = v(P) = H!1l(P), H- Pi 

uo(M) = Eo,z(x, y), vo(M) = Ho,z(x, y). 

B ypaBHeHH9X (11), (12) li.Upa HHTerpaJibHhlX ypaBHeHHH HMeiOT CJiafiyiO 

OC06eHHOCTb npH COBna,lleHHH apryMeHTOB1 nOCKOTibKY Bh!pa)l(aiOTCll '!epe3 pa.3HOCTb 

<lJYH.UaMeHTaJ!bHJ.IX pellieHIIH II HX BTOphlX HOpMaJibHhlX npOH'lBO.llHbJX. nocrpoeHbl 

anropHTMbi .UTili HX Bhl'IHCTieHHll 1 OCHOBaHHh!e Ha cyMMHpOBaHHH B l!BHOM Bll.lle pliJlOB 

C norapH<lJMH'IeCKOH OCOfieHHOCTbiO II ynyqrueHHH CXO.llHMOCTH BXOJlliWHX B nepByiO 

npOH3BO.llHYIO PllllOB. npH nocTpoeHHH 3THX anropHTMOB Y'IHTb!BaJiaCb aCIIMTITOTIIKa 

HCcne.uyeMh!X 4Jy HKUHH. 

B <JacTHOM c~yqae, Kor.ua ofinacTb D 2 liBTilleTCll xoporno npoBO.llliWeil, Ha rpaHHUe 

pa.3,lleTia cpe,ll 3TIE KTpOMarHHTHOe none Y.llOBTieTBOplleT YCTIOBHliM JleOHTOBH'Ia 

(n, E1] = -W (n, (n, H1]], (1~) 

r.ue W = VJlo/e: - IIMne.uaHc cpe.uhl D 2 • .ilH<lJpaKUHOHHall 3a.Ua<Ja CBO.llliTCll K perneHHIO B 

o6naCTII Dr nay;: He3aBHCHMhlX ypaBHeHHH renbMrOTibUa BH,lla bo = 0) 

( 
a2 a2 

2) (u(P)) _ 
ax 2 + ay2 + kr v(P) - O, 

C HMne.uaHCHbiM 'paHH'IHhlM ycnOBHeM 

u(P) +a au(P) E~=O, 

aHv(P) -. av(P) an =0, 

iW 
aE = k;' 

aH = ikrW, 

(14) 

E-p, 

H -p. 

Paccel!HHoe noJ e B o6nacTH D 1 .uomKHO y.uoaneTBOpl!Tb ycnoBHliM 113JJY'IeHHll. 

CooTBeTCTBYIOillle IIHTerpanbHbie ypaBHeHllll 3anHCh!BaiOTCll cneJlyiOWHM o6pa3oM: 

1 au(P) 1 J [ agr(M,P)] au(P) -aE--;-+- gi(M, P) + O!E --dsp = -uo(M), 
2 (In 211' anp an 

So 

ME So, E-pi (15) 

1 1 J [agr (M, P) ] 2~:(M) + 
2

11' anp - aHgr(M, P) v(p)dsp = v0 (1'), 
So 

ME So, H-p. (16) 

3.uecb u0 ( P), vo I P) - na.ua10wee none. 

TaK KaK e 2 = t:/ + it:2", E~ - ia jw, TO .UJill xopowo npoBOJlliWIIX cpet~ 
cpaBHeHHe 'IHCTIEIIHhlX pe3yHbTaTOB perneHHll CHCTeM IIHTerpaJibHhlX ypaBHeHHH (11), (12) 
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C p<'lUPI!IIeM ypaBHeHIIil (15), (Hi) IIO'lBOJIJH'T OUPHIITb rpaHI!Ubl llpiiM 'HIIMOCTII 6onee 

npocroli MaTeMaTI!'!ecKoil MO.lleJIII. 

2. HHTerpaJibHble ypaBHeHH.II B 3a,naqe .nucppaKUHH Ha KoHeqHoM 

HMITe.QaHCHOM yqacTKe B3BOJIHoBaHHOH nosepXHOCTH. 

PaccMoTpiiM .llll<jlpaKUIIOHHYIO 'la.uaqy B npe.unonolKeHIIII, 'lTC oTpalKaiOWall 

IIOilPJlXI!OCTh II pe.UCTaBJIJIPT co6oi\ OTpalKaiOLUYIO IIJIOCKOCTb, .llE'QlO~ ~lllpOBaHH,VIO B 

KOllt''IHOH o6JJ<tCTII 1 npll'lf'M .llE'QlOpMllpOBai!HaJI nonepXHOCTb O.llH03Ha•JHO npoeKTIIJl,YE'TCl! 

na nnocKOCTb. oy.UE>M paccMaTpliBaTb TaKI!e nosepxnocTI! S, KOTJpLie 3a.llaiOTCll 

yp<tBI!eHIIPM 1J == j(a:), I'.llP supp j(x) orpaHII'IeH, II KOTOJlb!e UeJJUKml CO.llE'plKaTCJ! B 

IIOJI~'IIJlOCrpaHCTBe y 2: 0, 'ITO 1101BOJIJ!f'T CBE'CTII .llll<jlpaKUIIOHHyiO 33.ll<'IY K peillf'HIIIO 

OJ]1101"0 (a Hf' CIICTE'Mbl) IIHTE'I'paJJbHOI'O ypaBHf'HIIl!. 

06o·ma'IIIM '!epe3 D 1 nonynponpaHCTBO y 2: f(:c) c HE>perynllpHoi rpaHIIU<'il. na 

KOTOpyto 113113eT IIJIOCK3l! BOJ!Ha 

uo(x,y) == Pxp(ikl (-xsin Oo- ycosOo)). ( 17) 

TpP6yPTCJI naiiTII B o6JJacTII Ih pPLUPHI!e .unyMeJH!oro ypaBHE'Hitll r'e'thMt'OJJLUa. (14) 
OTIIOCIITt'JibHO IIOJIIIO!'O IIOJIJI u(P) B CJI)"13P E-110Jili!JII'l3llllil IIJIII !'(1') B CJI,V'Iat' H­

IIO.IIliJlll'laUIIII, YIIOBJJPTBOJll!IOillf'P na S IIMnPnancHLIM rpaHII'lHLIM y 'JIOIHIJIM. a na 

IIOJIYIIJIOCKOCTII ycJJOBIIJIM ll.llf'a.JibHOli IIJlOBO.lliiMOCTII 

n(P) == 0, 

iJv(P) 
-.-- == 0, 

iJn 

E- p, (18) 

H -p. (HJ) 

Ha 6PCKOHP'IHOCTII pacrPl!HHOe nonE> .llOJilKHO y.uoBJJf'TBOJll!Tb ycnoBI!liM II''JIY'If'HIIll. 

Bse!t<'M <jlyHKUIIII fp11Ha, onpP.llE'JJeHHhlf' B nonynpocrpaHCTBE' y 2: 0: 

gE(M, P) == i; [ H~1 ) ( kl\j(6.x )2 + (6.y) 2) - H~ 1 l ( k1 j(6.;~:)2 + (.,tJJ2)] • (20) 

gH (M, P) == i; [ H~ 1 ) ( k1 j(6.x) 2 + (6.y) 2) + H~ 1 ) ( kt j(6.:r)2 + (.,y)2)] . (21) 

YllOIIJIPTBOJll!IOllllle Ha rpaiii!UP 1J == j(:z:) COOTIIPTCT!IPIIHO KpaPBLIM )'CJIOBIIJIM IIPJ>IIOI'O 

IIJJII BTopo1·o po.ua, r.ue 6.x == :r:M - :rp, 6.y = YM - .IJf', -' 1 == Y.\1 + .Iii'· 
CooTBPTCTUyioiUII<' IIHTHpaJibllhiP ypaBHf'HIIll IIMeKn Bll.ll, a.HaHot·wtnt,tii ypanHPIIIIJIM 

(15), (Hi), ToJit.Ko BMecTo gt(M, P) 6PpeTcl! J1116o <jlyHKUIIl! gii(A/, /') (1·-lloJtl!pll"•anltl!), 

J!ll6o gfi(M, 1') (H-uonl!pll3aU11ll). HHTerpllpOBa.HIIP npo113BOJ111Trl! n< rpaHIIIl<' S. a 
npaBal! '13CTh II ypaBIJE'HIIJIX :mna.PTCJ! CJIP.ll,YIOLUIIM o6pa:10M: 

no(:1:, y) = exp ('ikt ( -:r sin Oo- ycos 00 ))- PXp (ik1 ( -:r sin 00 + yco:.00 )). (:!2) 

va(:r, y) == exp (ik1 ( -:r sin Oo- y cos Oo)) + exp (ik1 (-a: sin 00 + y cw 110 )). (2:!) 

B COOTBPTCTBIIII C pa:3pa60T3HHOli ME'TO.llllKOli IIOCTJ>O<'IIbl III.PlllCJIH'l't'Jihllbl<' 

ilJli'OfHITMhl II HpOilCJl!'ll iiHaJIII'! OCIIOBilblX OC06f'HHOCTPli 11011Pil<'l111l! XapaKTPJliiCTIIK 

OTpil)l\ellliOI'O IIOJIJI. )!Jill IIPJliiO.llii'IPCKOil IIOBP!JXHOCTII IIMIH'Jta.HCIIO< 11p11fiJIIIih<'1111!' 

xopomo OHIICblllaeT xapaKTepiiCTIIKII parrPJIIIHOl'O nonl! IIJHI naJIII'IItll IIIHlllnlll!lll<'ii cp<'JII·' 

(1]. 
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MOHOTOHHbiE P A3HOCTHbiE CXEMbl BE:rYIUErO 
cqETA HA HEP ABHOMEPHbiX CETKAX 1 

II. II. MaTyc 

J!Hcmumym .wame.uamww AHE, 
Pecny6AU!ca EeAapycb, 220072, 2. MuHc~e, yA. CypzauoBa, 11 

e-mail: imanb%imanb.belpak.minsk.by@demos.su, dns@im.basnet minsk.by 

Abstract. B pa6oTe JlJIJI o.u;HoMepHoro H MHOroMepHoro napa6o.rmqecxoro y >asHeHH.a: 

C DOCTOJIHHblMH KO~HUHeHT8MH CTpoJITCfl MOHOTOHH:ble p83HOCTHhle CXeMhl 6erywero 
C'leTa BTOporo DDpJI,Q;K8 a.IDipOKCHM&IUfH Ha npoH3BOJILHOH HepaBHOMepH<•H CeTKe . 

.iloK83aH8 CXQllHMOCTL npeJlJIOlKeHHYX CXeM B HOpMe 0 CO BTOpbiM DOpJIJlKOM. 

llpH qHCileHHOM MOlleiiHpoBaHHH COBpeMeHHhiX 3allaq HayKH H TeXHHK { C OC06eHHOCTli­

MH (ynapHble BOJIHhl, norpaHHqHble CJIOH H llp.) qacTO HCnOJlb3YIOT HepaBJlOMepHble CeTKH. 

KaK npasHno, oHH HMeJOT iiHWb nepshlii nopllllOK annpoKCHMaUHH no npocTpaHCTBeHHoii 

nepeMeHHOH. 

B [l]llilll OllHOMepHhiX HeCTaUHOHapHbiX 3allaq nocTpOeHbl H HCCilel!OIIaHbl pa3JIHqHble 

KilaCChl pa3HOCTHhiX CXeM nOBh!WeHHOrO noplll!Ka annpOKCHM3.UHH Ha HepaBHOMepHbiX 

npliMOyrOilbHhiX ceTKaX. lla)Ke llilll HeliBHhiX CXeM nonyqeHbl HeCKOJIJ.KO HeTHnHqHble 

ycnoBHll ycToiiqHBOCTH: T ~ ch2 , h = ffi!l-Xh;; T ~ Cffi!!-XIh;tol- h;l 2 , c = CORSt > 0. B [2, 
• • 3] nonyqeHHh!e peJyilbTaTh! o6o6ruaJOTC11 aa MHoroMepHhle 3iliiHnTHqec me ypasaeHHll c 

KpaeBh!MH ycnoBHliMH llHpnxne. OcaosHall Hllell MeTona JaKJIJOqaeTCll B annpoKCHMaUHH 

ypaBHeHHll B HeKOTOpoii HeyJiiOBOH TOqKe (s cnyqae npliMOyrOilbHhiX CelOK- 3TO UeHTp 

MacC CHCTeMbl MaTepHailbHhiX ToqeK eJIHHHqHOH MaCChi, BXOlllllUHX B Wa6JIOH CXeMbi). 

llocKOilbKY llilll HeCTaUHOHapHbiX ypaBHeHIIH B 3TOM cnyqae npOH3BOllllYIO no BpeMeHH 

npHXOllHTCll HHTepnOiiHpOBaTb no COCellHHM Y3il.aM, TO npo6neMa nocTpoeHHll H HCCilellD­

BaHHll liBHhiX pa3HOCTHhiX CXeM B 3TOM cnyqae npeJICTaBillleT CaMOCTOliT<!ilbHhiH HHTepec. 

1 O~HOMepuoe ypasueuue 

llnll npocTOThl paccMoTpHM napa6onHqecKoe ypasaeHHe 

fJu 82u 
fJt = k fJx 2 + f(x, t), 0 <X< l, 0 < t s T (1) 

C OllHOpOllHhiMH rpaHHqHhiMH YCiiOBHliMH H 3allaHHhiMH HaqanbHhiMH llaH lh!MH, k = COUst> 

> 0. BseneM B paccMoTpeHHe aepasHoMepayJO ceTKY yJnos no npocTpaHCTBY 

Wh = {x; = Xi-1 + h;, i = 1,2, ... ,N, Xo = 0, XN =I} (2) 

H paBHOMepHyJO no BpeMeHH 

wT = {ti = jT, j = 0, 1, ... ,jo; T = Tfj0 }. 

1 Pa6oTa BLinOIIHeHa npH <j>HHaHcoooli nQ!UlepJKKe BenopyccKoro <l>oHAa <l>yHAaMe> TaJILHLIX HccneAo­
BaHHH 
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.llnll onpe.neneHH•>CTH 6yneM npe.nnonaraTb, qTo h;+l 2: h.; (ceTKa. cryu.laeTCll K naqany 

KoopnunaT) . .lln:1 annpoKCHMauuu 3anaqH (1) npuMeHHM noyxcnoiiny10 cxeMy ouna 

h+- h -
Yt + -

3
-Ytx = kYxi: + f(x,t), 

Yo= YN = 0, y0
(x) = uo(x), x E 6h. 

3necb h± =hi±!, Yx = (y;- Yi-t)/h;, 1i = 0,5(h + h+), 

Y
-· _ .!_ (Yi+t- Yi _ Yi- Yi-1) 
XX- n; hi+! h; > 

X= X+ h+- h. 
3 

(3) 

(4) 

:r E wh. 

B pa.6oTe [1] noKa3ano, qTo cxeMbl ouna (3), (4) annpoKCHMHPYIOT ucxonny10 nn<IJ­

¢1epenuuanbHYIO 3a}laqy Ha npoH3BOflbHOH HepaBHOMepHOH npocTpaHCTBeHHOH ceTKe C 

nopliJlKOM 0(1i2 ·• T) OTHOCHTenbHO y3na (x, f). 
T e 0 p eM a 1 /Jycmb tua2 T noa'I!JHCH YC.ti06UH.M: 

h~+l- h~ < < h~+l + 2hihi+l 
---- T 

6k - - 6k 
hi+t 2: h.;, i = 1, N- 1. (.5) 

Tozaa pa3HOCm} aH cxe.ua 6ezy~ezo C'lema (3}, (4) .ACOHOmOHHa 1l0 IUI'I(/.J!bHbi.AC aaHHbi.M, 

npa6oil 11acmu u u.ueem .uecmo Oljemw 

t 

max l!y(t + r)llc :S lly(O)IIc + L rl!](t')llc·, 
tEw,.. 

t'='T 

t E Wn 

zae y(t) = y(tj) = (y{' y~, ... ' Y~-1), II ·lie = ma,x I ·I. v = v(.i:). 
xEwh 

.ll o K a3 aTe.I bC Too. Pa3nocTnoe ypaonenue (3) 3a.numeM B unneKcnoii ¢1opMe 

- , i+l ( rk - ) · ( - 2rk ) 
(1 +hi, Yi = hi hi - h; W-t + 1 + h; - h;h;+t + 

· Tk · - '+I -
. yf +.~h· yf+t + h;yf_l + T fi, 

t 1+1 

,-, = h+- h 
3h . 

(6) 

(7) 

TaK KaK npH BblnOnHeHHH CHCTeMbl Hepa.BeHCTB (5) BCe K03¢1q,HUHeHTbl B npaBOH qacTH 

nonOlKHTenbHbl I BblnOHHlleTCll CBOHCTBO MOHOTOHHOCTH), TO H3 (7) HaXOJlHM 

(1 + hi)lyt+tl ::; I!YIIc + hii!Yi+lllc + rllf(ti lllc- (8) 

TaK KaK nocnem ee nepanencTBo Bblnonneno Jlflll Bcex i = 1, 2, .. , N- 1, To H3 (8) cnenyeT 

(6). TeopeMa noKa3ana. 

3 aM e q an He 1. TaK KaK y~+t 3anano, TO pewenue cxeMbl na.xonuTcll nocnenoBaTenb­

no cnella HanpaBO no ¢lopMynaM 6erymero cqeTa. 

3 aM e q an He 2. Ecnu nepaBnoMepnall ceTKa crymaeTcll no npyroMy JaKony (hi+! ::; 
::; hi), TO B ypaBHeHHH (3) cnenyeT B3l1Tb Jlpyry!O nanpaBneHHJIO pa3HOCTb 

h+- h -
Yt + -

3
-Ytx = Yxi: + f(x, t). (9) 
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3 aM e 'I a H 11 e 3. Opn HaJIH'IHH B ypasuennH npo113BOJlHbiX nepsoro ll·)pl!JlKa cnenyeT 

HCIIOJ'Ib30BaTb CJ'IE"JJYIOWYIO annpoKCI!MaUHIO (4] 

8uj{)x ~ Ui;, u;; = (ux + u~ + 11,;;)/3, 

Ux = (u+- u)fh+, u; = (u+- u_)f(h+ +h), ui" = (u- u_ )/h. 

8u 
llpH'IeM, KaK noKa3aHo s :nail JKe pa6oTe EJx (.1:, tj) - u;: = O(n2

) ua npoH3BOJ1bHoil 

HepaBHOMepHOH npocTpaHCTBeHHOH ceTKe. 

3 aM e 'I a 11 11 e 4. 1Im1 ypasueHHll ( 1) 3a.lla.llHM neonuopO.llHbie rpau t'!Hble ycnoBHll 

nepsoro pona 

u(O, t) = JLI (t), u(l, t) = JL2(t), t;::: 0, u(:r, 0) = u0 (x , 

KOTOpoe Ha ceTKe Wh X W, annpOKCIIMHpyiOTll TO'IIIO 

l(.<) = !to(.l·) .. !' E:;,h· 

Torna TeopeMa 1 ocTaeTCll cnpasennnnoli npn p 1 (I) = 0, jt2 (1) # 0. 13 o6weM cnyqae 

oneHKa (6) nMeeT MecTo, ecnn nepnbte nna mara pannhl h 1 = h2. 
3 aM e 'I a II He .5. HaOCOBe anpt!OpHoft Ol!eiiKII (6) MOll\110 IIOJ'I~''IIITb II CCOTB!'TCTB)'IOIUIIE" 

OUeiiKH CKOpOCTII CXO.lli!MOCTII. lloncTaBJ'Illll y = Z + ll B ypaiiii!'IIIUI (:3), (10), IIOJ'I)''IIIM 

3a.lla'ly JlJ'Ill norpewnocTH z: 

h+- h -
z, + --

3
-=t:r = kzrr + ~·(.1·, 1), 

8u _ ( h+- h ) 1/Ji = {)f (x,t)- Ut + -3-Ut:t ' ( 
iJ2u ·) 

'1/,'2 = k u-. ·. - -
, iJ.r2 

HMeiOT MeCTO OUeHKH 

111/Jkllc :S c(h2 + r), k = 1. 2, h = max h;. c = const > 0. 
; 

(12) 

(13) 

(14) 

CnenoBaTeJ'IbHO, Ha OCHOBaHHII TeopeMhl 1 Jl!lll ]Willf'llllll Jal!a'lll (12), (1~) IIM!'f'T MeCTO 

oueHKa 

?J~~ llz(t)llc :S Tlll/•llc :S c, (h2 + r), c, = const > 0. (15) 

2 MuoroMepuoe ypaaueuHe 

HcnoJ'Ib3Yll nnen, H3JloJKeHIIble B pa6oTax [2, 3], JH'TPY.lliiO nocTpOIITh auaJic>rll'lllhH' aJiro­

pHTMbl 11 JlJ'Ill p-Mepnoro napa6onH'lecKor·o ypasl!eHI!ll 
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u(x, t) = 0, X E r; 11(.1:, 0) = uo(~:) .. r E G. (17) 

rne G = {0:::; Xa:::; Ia, a= 1, 2, ... ,p}. B G o6bl'lllhiM o6pa:1oM HBOlliiTCll nepa.BHOMepHaJI 
CeTKa. 

~h = {X= Xi 1 i2 = (x~1 ,X~2 , ... ,x~); X~0 = x~o-l +hi;, 
ia = 1, 2, ... , Na. X~= 0, x!;a = Ia; 0' = 1, 2}. 

CooTBeTCTBYJOWiiJI pa.3HOCTHa.ll cxeMa BToporo nopllllKa a.nnpoKCHMa.Uitll na. nepa.BHOMep­

noil CCTKe W = W,. X W-r HMeeT Bllll 

p p p 

Yt + L(htYtx• + hJ:Ytx.) = L L (y + htYx• + hJ:Yx. Jt~a + f(x, t), (18) 
k=l a=l k=1 

k#a 

y(x, i) = 0, X E /h, t E w.,; y(x, 0) = uo(x), X E wh. (19) 

3 h± - 0 5'h ± lh I) h - hk+- hk (0') - '+ (1 ) - - (~ - -.) necb k - , ~, k k , k-
3 

, v - av -a v, x- Xt,X2, ... ,xv, 

Xa = Xa + ha. 
B cooTBeTCT liiH c pa6oTa.Mn [1 - 3) HeTpynno noKa.Ja.Th, 'lTo norpewnoCTh a.nnpo-

KCHMaUHH 

1/J(x,t) = O(lhl 2 + rma), 

rne 

. { 2, (T = 0, 5, 
lhl 2 

=' h~ + h~ + .. + h;, ha = 1<:;~!~\ra h~o' m, = 1, (T # 0, 5. 

fiHTepeCHO OfMCTHTh, 'ITO B cny'lae paBHOMepHOH CI'TKH Wh pa3HOCTHOe ypaBHeHHC 

(18) BblpOiKllaeT:ll B 06bl'lHYIO CXCMy "KpecT" II B 3TOM cnyqa.e X= X E Wh - liBnlleTCll 

pac'leTnoil TO'lK<•il. B nacTollweil pa6oTe orpanu'lHMCll nccnenosanueM nuwb llByMepnoro 

ypasnennll npn "= 0 11 hk+ ~ hk, k = 1, 2. Torna 111 (18) 6yneM nMeTb 

Yt + h1Ytx1 + h2Ytx2 = (y + h2Yx1 lx2 i:2 + (y + I;1Yx2 lx1x1 + f(x, t). (20) 

.Unli npocTo~·bl paccylKnennil TaKiKe npennonoiKHM, 'ITO ceTKa no nanpasneHHJO x2 
pasnoMepHall (h 1+ = h2 ). Torna HMeeT MecTo 

Teo p eM a 2. Ilycm~> at>moo~~HeHbl co~~eay70tque yco~~oaua: 

2 h2 
h

2 
-h1<r<-2, I+ _ - 2c 6 

-1 h 
c :::; h+ :::; c, 

h~ > h?+- h? 
- 3 

a.~~a acex i1 = 1, 2, ... , N1- 1. Tozaa pa3HOCmHaH cxeMa (19}, (20} .IIOHOffiOHHa u u.weem 

.11ecmo oqe11~~:a 
t 

max lly(t + r)llc:::; lly(O)IIc + L rllf(t'lllc. 
tEw,. t'=r 

.il 0 K a3 aTe 11 bC T BO. YpasHeHHe (20) npeo6pa3yeM K KaHOHH'leCKOMY BHllY 

(1 + h1)i) = a1y + a2Y+1 + a3Y-1 + a4(Y+2 + Y-2l+ 
a5(Y+1,+2 + Y1+,2-l + h1i/-1 + r f(x, t), t E w., 

350 

(21) 

(22) 



r.ne 

T - r(l- ht+) Tht+ - ht+ - h - hl+- h1 
a3 = htht - ht. a4 = h~ , as = h~ , h1 = ~· ht+ = 3h1+ , 

Y±lr: = Yi.±t. Y+t,+2 = Yi,+t,io+t. Yt+,2- = Yi1+l,io-1· 

flpB BLinOJJHeHHB ycnOBBi TOOpeMLI K03CIMJIB11BeHTLI ypaBHeHBJI (22) a - HOOTpBUa­

TeJibHLI. Eepll no MQIIYniO o6e 'lacTB ypaaHeHBll {22), npBXQllBM K HepaaeHCTBY 

8 cany npoB3BOnhHOCTB iti2 B3 nocnenuei oneHKB cnenyeT (21). Teo pe M a. .no'Ka3aH a. 
JaMe'l aH He 6. llyCTbp = 2 B JIHll ypaaHeHBll {16) 3a.llaHLI HeQUHOpo.liHLie rpaHB'IHLie 

ycno&Bll u(z,t) = l'(z,t), z E -y. llQIIcTaBnllll Tenepb a (20) y = u+z B nOJiarall h2+ = h2 
(paaHOMepHall ceTKa no HanpaaneHBlO :1:2) nOJJy'IBM 3a.lla'ly 

(23) 

Cornacuo (2, 3]11?/JIIc ~ (h2 + r). Cne.noaarenbHo, npa BLinOJJHeHHH ycnm Hi reopeMLI 2 

c2 = const" > 0. 
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Poccuilcx:uil YnuBepcumem iJpy:»c6w napodoB 
KarfieiJpu iJurfirfiepenu,ua.A'b'lt'blX ypaBnenuil u rfiynr.:v,uona.tl'b'ltOi!O ana.llu.Ja 

117198 Mocx:Ba, y.n.. Mux:.n.yxo-Max:.n.aJI, d. 6 
phone: + 7 095 955 0936 

fax: +7 095 952 0745 
e-mail: vmaslennikova@mx.pfu.edu.ru 

B Ma-reMaTI!'lecKOM Mo.o;e.rr11pOBaHHH yparaiioB, TaJlcl>ynoB H co3.o;aBa.eMMX HMH BOJIH 

.no ue.u;a»uero I•peMeH11 no BIIOJIHe rroHHTHhlM rrpH'lHHaM rrpe.nrro'lHTaJIH 1136eraTb uerro­

cpe.u;cTBeuuoro HCIIOJib30BaH11H c11cTeMhl Ha»&e-CTOKca, JieJKameD, KaK 113BeCTHo, B OCHO· 

Be Bceil rH.u;pot,11HaMHKH. OTOT rrpo6eJI OT'lacT11 BOCIIOJIHHeTcu pa6oTaMH (1-5]. B KOTO· 

pbiX COIIYTCTB}IOIUee yparaiiaM 3MII11pH'lecK11 BbiHBJieHHoe HaJI11'!11e pa3pb!BOB [6· ~j MO· 

,ll;e.JI11pyeTCH 3aJ11CHIUHM OT BpeMeH11 pa3phlBOM B T11IIe I'paiiH'lHhlX YCJIOBHD. llpH 3TOM 

Herrocpe.o;CTBeH foe 11CIIOJib30Baii11e CHCTeMhl Ha»&e-CTOKCa IIOBbiiiia.eT ypoBeHb MaTeMa· 

TH'leCKOI. Mo,ne JIH, a COOTBeTCTBYIOIUee 3Ha'l11TeJibHoe YCJIOJKHeH11e aJII'OpHTMa pemeHHH 

KOMIIeHC11pyeT< H 3Ha'lHTe.JihHbiM pOCTOM Bhl'l11CJI11Te.JibHhiX pecypcOB. 

B HacTOHIUE'D pa6oTe 113Y'la.eTCH rrocTpoeuuau ua OCHOBe C11cTeMbl HaB&e--CTOKCa Ma­

TeMaTH'lecKau l&O,II;eJib ,11;11HaMHKH BOJIH, C03,11;aBa.eMbiX yparaiiOM Ha IIOBepXHOCTH OKeana. 

llpe.u;rroJiara.eT< », 'ITO ypa»HeH11H Ha»&e-CTOKca orrHChlBaiOT o.u;uoBpeMeuuo .nHnaMHKY 

aTMoccl>epbi 11 C Keaua, a He113BecTHaH IIOBepXHOCTb pa3,ne.rra .u;ByX Cpe,n ( BO,II;bl H B03,11;yXa) 

rrpe.u;cTa»JI»eT ·:o6oD BHyTpeHHIOIO rroBepXHOCTh pa3pbiBa. Haiiia rJiasuax rre.rrb - orrpe· 

,ll;eJI11Tb cl>opMy 3TOI IIOBepXHOCTH. 

Crrerr11$HKa yparaiiuoll. C11Jihl BeTpa y'l11ThlBa.eTCH rryTeM 3aMeHM Tpa.u;HrrHOHHhlX 

ycJIOB11D rrpHJillllaHHH ua IIOBepxHOCT11 pa3.u;e.rra cpe.u; yCJioBHHMH H3.B&e [9], KOTOphle 

COCTOHT B YCJIIIB1111 HeiipOTeKaiiHH H B yCJIOB11HX rrporroprrHOHaJibHOCT11 KacaTeJibHhlX K 

IIOBepXHOCT11 p.13)1;e.Jia cpe,n HarrpuJKeHHI pa3HOCTHM KacaTeJihHhlX CKOpocTeD, 'ITO COOT· 

BeTCTBYeT 3MII11pH'lecKH BbiHBJieHHOMY TpeH1110 yparaiia 0 IIOBepXHOCTb OKeana [6]. Pac­

CMaTp11Ba.eMau MaTeMaT11'lecKaH MO)I;eJib CBO,II;HTCH K Ha'laJibHQ-Kpa.eBoi 3a,naqe ,II;JIH He· 

JI11HeDuoD CHC'IeMhl HaBbe-CTOKCa B IIHJIHH.o;pe QT = n X (0, T), r.ne o6JiacTb n c JR3 

TaKJKe rrpe,II;CTcBJIHeT co6oil llliJIHH,II;p fl = W X ( -h, h) C OrpaH11'leHHbiM OCHOBaii11eM 

W C JR2
, h > 0. Ilpe,niiOJiara.eTCH, 'ITO IIOBepXHOCTb pa3,ne.Jia Cpe,n u(t) ,ll;e.JIHT IIHJIHH,II;p fl 

Ha,nBe '!acTH: JlepXHIOIO fl+(t) H H11lKHIOIO fl_(t) TaK, 'ITO fl = fl+(t)Ufl_(t)Uu(t). IlpH 

3TOM BepXHHH iacTb 3aHHTa B03,11;yXOM C IIJIOTHOCTbiO P+ 11 BH3KOC'fbl0 Jl.+, a HHiKHHH 

Bo.u;oD c IIJIOTHOCThiO P- 11 BH3KOCThiO JL-. 
)l.JIH rrpocTC•Thl orpaH11'111MCH CJiy'la.eM, Kor.u;a yCJioBHH Has&e 3a,ll;aHhl ua BceD rroBepx­

HOCTH pa3,11;e.Jia u(t). Pa3yMeeTCH, IIpH 3TOM TepHeTCH TaKaH XapaKTepHaH OCOOeHHOCTb 

yparaua, KaK J:a3phlB B T11IIe rpaHH'lHbiX YCJIOB11D, HO ,II;OCTHI'a.eMoe 3a C'leT 3TOI"O yrrpo-­

m;eH11e II03BOJilleT cocpe,nOTO'l11Tb BCe BH11MaH11e Ha peiiieHH11 11 6e3 TOI'O CJIOJKHOI 3a)l;a'!H 

1 Pa6oTa Bhlno~meua npK noJJ.AepJK:Ke PoccHKcxoro <PoH,Q;a «Pyu)la.MeHTCUibHYX HccJie)loBauall, l'pa.HT 

No. 96-01-01130 
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0 HaX()jKJlPHIIII IIPIBBPCTHOI! IIOBPpXHOCTII paJ.:tP:Ja CpP.l a( f). 

,'{.:1~ 110:1~ CKOJ>OCTPII I' = V( .l', f) = ( l'J· l'l· t';J) II naB.!JPHII~ Jl = p( .z:, f I na '3aBIIC~lUPM 

or BJl<'M<'IIII OTKJ>b!TOM IIO.!J.MIIOlKPCTBt' !!+(f) U !L(f) pa.ccMaTpltBat>TC~ < IICTPMa lJaBbt' 

( 'n>KCa. 

{ 
[iJt• l P i)t + ( t', '\') t' - Jlj,t• + '\'p = j(x, t). 

cli\'t' = 0. .z: E !!+(f) U !L{I). IE ( 0. 1'). 

r;l(' JJ:JOTIIOl'Tb fl = p( .l'. I) II B~'lK()('Tb Jl = Jt( .l'. f) II ~!PlOT Bllll: 

p(.1·.t) = { P+· .1· E H+(f}, 
fl-· .z: E H_(f). 

Jt(.t'. f)= { Jl+· .r E !1+' 1). 
1'-· .rEfLtl). 

(!) 

npu I E (0.'1') c Ja.n;annh!MII HO.IJOlKI!Te:IhHhiMII nocTO~HHhiM!f P+• P-· Jl+· JL. ,.],.1~ 

ciiCTl'Mbi (I) p<'UJa.eTc~ Ha'!a.•JbHo-Kpaeual! 3a.!l,a'!a c Ha'!a.•JhllhiMII yciOBIIll~lll. 

(:.!) 

II C rpa.HII'IIIbJMII JOIOBIIliMII JJa IIOIIt'JlXII()('TII Jlii.'IIIIIIlJ>a !!: 

l'lnn= 0. IE (0.1'1. 

KOTOpbl<' 6ep}'TOI 'J.Ul'<'b O.UIIOIJO.llllblMII TO.'JhKO Jl.'lll TOJ·o. 'IT06J.I II<' OTB.'H'K ITh<'>l 11<1 Ill' OT­

II<Klllili!POI K cymecTBY .uP.Jia T<'XIIII'!<'<'KII<' no.upo6nocTII. Ha liOIWJ>XHOc lil p;n:t<'.'Ja cpt>JI 

a(l) 3a..UaiOTCll lliffTb CK3..1JllpllbiX yc.>JOBllll. llPpBbl<' I'JHI )'CiiOBIIH COCI'O:JJ' II paBt'lll'IBl' 

H<IIIJ>lllK<'IIlll! 110 o6e CTOpOIIbl OT a( t): 

T111 = y,,, , IE (0.1'), 
"+(I) <'-(1) 

(J) 

l'.!l.l' T TPH'30Jl nanplllKt'llllll B HPClKIIMa.t'MOI! Bll'lKOfi Cll.10llii!Oii C!Jl',l<'. I' HOp~lii.'Ih K 

a{f), a a+(t) II a_(t) - CTOpOHbl IIOIIf'IJXHOCTII pa'3.l{t'.'Ia a{f), IIJJII.'It'J'ilK)J!IJ!' K !)+(I) II 

!L{/), COOTBf'TCTBE'HIIO. 

Ocraomuecll TPH ycJIOBHll na. a( I) l!B.Ill!IOTOJ yc.JJOBIIl!MII HaBio<'. cocTo:IIl!IIMII 11 yc:w­
BIIll Ht>llpOTf'Kalllfll 

{t•,ll)l,+(t)= (1',1')1,_(1)' t E {O,T}. 

'I<'P<''I J!BIIlK}'lllJI()('ll IIOBt'!JXIIOCTio pa:I}(('.'Ia CJ>t'Jl a(/) 11 II TIJE'HIIJI 

(.'i) 

(()) 

c Ko3Q><j>H!lii<'IITOM E > 0, I'll<' r 1 , r 2 - Kaca:n'.•IbllbH' K a(/) nanpaii.'It'IIII>I. (r1. r 2 ) = 0. a 

KJ>YL'Ib!MII cKo6KaMH ( ·, ·) o6o".Jna'!at>TCll cKa.IIliJ>IIOt' IIJlOII'IIWJJ.l'HII<' » IH'1• H 1 •1>11'111 'l<'<'ldiX 

coofipa.lKl'lllll! nopMa.ijb 11 11 .llt'BOH '!at'Tit (6) np11 yc.JIOBHII R > 0 :to.'JJKIIa ilhi rh IIII<'IIIII<'ii 

110 OTIIOllif'lllfiO K H_(l). 
lfOBPpXIIOCTb a( t) JaJI.il.t'TCH ypa.BHPI!IIt'M 

(I) 

()6o:JHa'JIIB </>(:!',/) = ;1';1 - 'if•(.r 1,f), MOiiOIO 'Ja.Jta.Th a(/) 11<'>111110 ,\'Jlilllll<'llllt'~l 

</>{.I', I)= 0, IE (0,'/') 
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B paccMaTpllsae dYJO MaTeMaTII'IeCKYJO MO,UeJib BXO,UIIT TaKJKe II .UII<j><j>epeHUIIa.%11()(' 

ypasHeHIIe cso6o 1Holi rrosepxHoCTII a( t): 

ci>1 + (v, V'.¢) = 0. x E a(t), t E (0, T). (9) 

KOTOpOl' ,U.~H 1/-•( .l 1, t) IIpiiHIIMal'T BII.U 

2 {) 

11 t + L Vj(x', ¢, t) {): = P3(x', 1/-·, t), x' E w, t E (0, T), 
J=l J 

(10) 

C Ha'l3..,"lbHblM yc. lOB HeM 

1/•lt=u = ~·u(x'). 2.1 E w. (II) 

PaccMaTpHsa••Ma» MaTeMaTH'Il'CKa» Mo.UeJib cso.uuTcH, TaKHM o6pa3oM, K pPliiPHIIJO 

Ha'laJibHO-·Kpaesoli Ja,aa'lll ( 1 )-( 6 ), ( 9 )-( 10) c Hl'113BecTHoli rrosepxHOCTbJO pa·1:J.l'.:1a cpP:l 

a(t). PerneHHl' 31011 3a,aaq11 arrrrpoKCIIMIIpyeTcH rrp11 E ~ 0 HeKoTopoli rrocJie.uosaTl'.llbHO· 

CTbJO perneHHli B<IIOMOraTeJibHOli 3a,Ua'lll C Ma.JlblM rrapaMeTpOM E > 0. 
BcrroMoraTeJI .HyJO 3a,aaqy c napaMeTpoM E y.uo6Hee c<j>opMyJIIIposaTb cpa3y a o6o6-

llieHHOli IIOCTaHOJIKe. LJ.JI» ::noro BBO,UHTCH CJie,UyiOLL\IIe 0003Ha'leHJIH. IlyCTb 

Qj; = {(x,t) E Qr:x E fl+(t),t E (O,TJ}, QJ- = {(x,t)E Qr:x E fl_(t),t E (O.TJ}. 

qepe3 Sr o6o3Ha'IIIM rrosepxHOCTb 

Sr = {(x, t) E Qr: x E a(t), t E (0, T)}. 

11 C'IIITaH [ .UOCTaTO'IHO 6oJiblliiiM Harrepe,U 3a,UaHHblM HaTypaJibHblM 'IIIC.IIOM, BBl'.Ul'M 

rrpocrpaHcTBO 

H 1(Qr) = { ?(x,t):vlqiE Wi(Qj;;IR3
), vlq:;:E Wi(Q]-;IR3 );vlt=O = O;vl80 = 0, 

(~, v ·lu+(t)= (v, v)lu_(t)' t E (0, T); divxv(x, t) = 0, (x, t) E Qr}, 

ua KOTopoM rrp11 ycJIOBIIII JIIIIIWIIuesocTII Sr onpe.n;eJieHbl JIIIHeliHble HenpepbiBHblP orre­

paTopbi rrpo.UOJI;R eHIIH 

£<+>: Wi(Qj;; IR3 ) 

L<->: WJ(Q]-;IR3 ) 

Wi(Qr; IR3
), 

WJ(Qr;IR3 ), 

C IIO,UMHOjf{eCTB C?t II QT Ha BeCb UIIJIIIH,ll;p Qy C COXpaHeHIIeM KJiacCa. Ilp11 3TOM, O'll'· 

BII.IJ;Ho, L<+>uiqi '= u 11 L<->uiq:;:= u. B coxpaHeHIIII JKe coJieHOII.UaJibHOCTII npo.uoJJjf{eHHll 

HIIKaKOli Heo6XO) ,IIMOCTII HeT. 

H.cuoJib1YH cJ:aJI»pHoe rrpo113se.n;eH11e [ u, v] riiJib6epTOBa npoCTpaHcTsa Wi(Qr; IR3), 

1a.ua.n;11M Ha H 1( (?r) 611JIIIHeliHyJO <j>opMy 

B(u,v) = [L<+>u,L<+>v] + [LHu,LHv]. 

C'HMBOJIOM Ti o6e>1Ha'IIIM j-10 cTpoKy TeH1opa HarrpHlKeHHli T. O'!eBH.UHo, Ti - seKTOp·· 

<j>yHKUIIH CO "3Ha•teHJIHMII B JR3 . Q6o6rneHHOe perneHJie v•(x,t) BCIIOMOraTeJibHOli "la,ll;a'lll 
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C napaMeTpOM f > 0 fiy.n:eT onpe)(eJil!eTCll C JIOMOID;h!O HHTerpaJibHOro TO:K)(eCTBa 

3 . 
J(vf,u)pdxdt+ J((v','iJ)v',u)pdxdt+ L f(T3 ,'Vuj)dx.lt+ 

Qr Qr i=lQr 
2 

+ L J E[(v',rilla+(t)-(v',ri)la_(t)][(u,ri)la+(t)-(u,ri)la_(t)J1sdt+ (12) 
J=lSr 

+eB(v',u) = f (f,u)dxdt VuE H 1(QT) 
Qr 

Teneph HaKoHeu, MOlKHO c<lJopMyJIHpoBaTh orrpe.n:eJieHHe o6o6rn;eHHoro peweHHll Bcno­

MoraTeJihHoit Ja,D;a'!H (10)-(12) C HeH3BecTHOit JIOBepXHOCThiO a(t). 

Onpe;J;eJieHue. Be~~:mop-!/iyH~~:qwo v'(x,t) E H 1(QT) u !fiyH~~:quro ~·(x',t), yiJoe.!le­
meopRIOtllYIO e w x (0, T) yc.!loeuro Jlunwuqa no ece.M nepe.MeHHWM, 6yiJeJ.t Ha3bl6am"b o6-
o6tl{CHHWM peweHue.M 3aiJa'lu ( 10}-{12}, ec.11u v'(x, t) yiJoe.~~emeopRem m•rnciJer:mey (12} 
c !fiyH~~:quei11j>(x', t), yiJoe.!lemBO]JJIIOtllei1 {10)-(11}. Ilpu 3mo.M ,P(x', t) mo:HCe 3aBucum 
om napa.Mempa E. 

"Ja)(a'!a C HeH3BecTHOit rpaHHI.(eit (10)-(12) pelllaeTCll HTepal.(HOHHhiM MeTO)(OM. fiyCTh 

m 2: 1- HOMep HTepal.(HH, H IIYCTh yJKe H3BeCTHa m-ll HTepal.(Hll am(t) )(JJll JIOBepXHOCTH 

a(t). PeweHHe v•·m(x,t) HHTerpaJihHOro TOJK)(eCTBa (12) 6y.n:eM HCKaTh MeTO)l;OM faJiep­

KHHa B KJiacce H 1(Q!p), COOTBeTCTByiOID;eM JIOBepXHOCTH am(t). 
Bhl6epeM B H 1( Q!p) 6aJHCHhle BeKTop-<lJyHKUHH { wk( x, t)}f:1. faJie ~KHHCKHe rrpH-

6JIHlKeHHll v• ,m,N (X, t) orrpe.n:eJIHM paBeHCTBOM 

N 

v•,m,N(x,t) = L cfw\x,t) 
k=l 

c '!HCJIOBhiMH K03<l><PHUHeHTaMH Cf. )l:JIH onpe.n:eJieHHll Ko3<P<PHUHeHTOB Cf HMeeM 

HeJIHHeitHyiO CHCTeMy N aJirefipaH'IeCKHX ypaBHeHHit. 3Ta CHCTeMa JIOJI;''!aeTCll H3 TO­

lK)(ecTBa (12) JIOCJie JIO)(CTaHOBKH v<,m,N(x,t) BMeCTO v'(x,t) H wk(x,t)- BMecTO u(x,t) 
JJ;Jill k = 1, ... , N. Pa3peiJIHMOCTh no.n:o6HoH aJire6paH'!ecKoH cHcTeMhl n6hi'!HO rapaH­

THpyeTcl! aiipHOpHOit orpaHH'!eHHOCThiO raJiepKHHCKHX IIpHfiJIHJKeHHit, KO ropall JIOJiy'!a­

eTCll yMHOJKeHHeM KaJK.n:oro H3 N ypasHeHHH Ha cooTBeTCTByiOrn;HH Ko3<P·~HUHeHT Cf c 

nOCJie.n:yiOID;HM cyMMHpoBaHHeM rro BCeM k. B .n:aHHOM cJiy'!ae .n:oKa3aTeJihCTBo anpHop­

HoH orpaHH'!eHHOCTH HaTaJIKHBaeTCll Ha npeii.l!TCTBHe, 3aKJIIO'IaiOID;eec.ll B HecOBJia)l;eHHH 

Ha am(t) HOpMaJihHOit rrpoeKI.(HH CKOpOCTH CJIJ!OliiHOit Cpe)(hl (v<,m,N,v) C HOpMaJihHOit 

npoeKI.(Heit CKOpOCTH ,D:BHlKeHHll CaMOit JIOBepXHOCTH am(t). 3ro CB.ll3aH•) C <lJopMyJioit 

.D:H<lJ<lJepeHI.(HpDBaHHll 

a a 
- Jiv•·m,N(x,t)i2dx =- J iv•,m,N(x,t)i2dx+ 
at n at n+<'> 
+i_ J iv<,m,N(x,t)i2dx = 2J ( v~·m,N,v•·m,N) dx+ 

at n'!'(tJ n ( 13) 
+2 J ( ( v<,m,N, 'V)v•·m,N, v<,m,N) dx+ 

{l 
2 

+?,: J [(v,ri?lam(t)-(v,rdla'!'(t)][(v'•m,N,v)- (Um,v)J~s, 
J=lam(t) + 

355 



r)J,e V- HOpMaJih, BH€lllHlUI K !1':'(1), a (Um,v)- HOpMaJihHaa I!p0€Kl(HR CKOIJOCTII )!Hit­

)((€HHR IIOB€pXHO:TH crm(t). 
(}To IIpeiiRTC"BH€ JI€rKO IIp€0)J,OJI€Th, )J,06aBHB B K03<jl<jJHl(H€HT Tp€HIIR }." C.'Ial'al'MO€, 

KOTopoe o6paTw·ca B HYJih rrpn m ____, 00. TaK, ecJin HaM Tpe6yeTca pemnTh ·la;:!a'ly 

( 10)-( 12) c rrocT JRHHhiM K03<jl<jlnuneHTOM TpeHna E = Eo > 0, -ro B onpe!J.P.'H'HHII o6-

o6meHHoro pelll€!-IIIR v<,m,N (X, t) Ha Ka)(()J,Ofi IITepal(IIH CJie)J,yeT HCXO)J,IITh Hl TOffi;\PCTBa 

( 12) c Ko3<jl<jllll\I eHTOM TpeHna E, l!M€IO!l\HM, Harrp!!Mep, Bli!J. 

2 

E =Eo+ Ml(v<,m,N,v)- (Um,vW2:)v'·m,N,Tj) 2 

j=l 

( 14) 

C H€KOTOpofi Hallepe)J, 3a)J,aHHOfi )J,OCTaTO'!HO 60JihlllOfi IIOCTORHHOfi M > 0, B~\'lli'IHHa 

KOTOpofi, B KOH€ 1HOM C'!€Te, OKa)((€TCR HecymeCTB€HHOfi, TaK KaK )J,06aBKa K }:'0 B ( 1-1) 
o6paTl!Tca B HYJJh rrp11 m ~ oo. Ilo)J.'!epKHeM O)J,HaKo, 'ITO M He >aBHCIIT O'J E, 111 11 ;'V. 

C K03<jl<jlnull ;HTOM TpeHl!R E Bl!)J,a (14) JierKo ycTaHaBJIHBaen:a Ol\<'HKa BJUa 

3 (a ,,m,N av<,m,N)2 
L f ~ + ---+x-- dxdt+ 

i,j=lQT 1 
' 

2 2 + L J [(v<,m,N,rJ)I"+(t)-(v'•m,N,rj)l"_(t)] dsdt+ 
J=lST 

+ II L(+) <,m,N 11 2 + II L(-) e,m,N 11 2 <('II f 11 2 
E m V Wj(Qr;llV) E m V Wj(Qr;JR3)- L,(Qr:ll{'·) 

(1-')) 

c rrocToaHHOfi C > 0, He 3aBl!Camefi OT E, m H N, r)J,e Ll;;l H L;,;-) -onepa:ropul Hpo;WJiffie­

HHR '!epe3 llOBepXHOCTh Sy, COOTB€TCTBYIO!l\YIO crm(t). lb (15), B 'laCTHOCTH, C'Jll'!J.YPT 

II L(+) <,n,N 11 2 + II L(-) <,m,N 11 2 < C II f 11 2 
E m V Wi(Qr;JR3) E m V Wi(Qr;JR3)- L,(Qr;JR3) (16) 

A Ol(€HKH (16) )J,OCTaTO'IHO )J,JIR pa3p€lllHMOCTH H€Jil!HefiHOfi aJire6paH'IPCKOit CIICTe­

Mhi, orrpe)J.eJiaiO uelt K03<jl<jllll(HeHThi ranepKHHCKHX npH6Jill)((eHHit C{;'. Bhl)J.eJta a H'l 

{ v<,m,N (x, t JFN'=, IIO)J,IIOCJie)J,OBaTeJihHOCTh, )J,JIR KOTopoit Ll;tlv<,m,N,. H Ll,~) v<,m,!Y,. ('XO­

)J,RTOI CJia6o B WJ(Qr;IR3 ), IIOJIY'!HM m-10 l!Tepal(HIO v'·m(x,t) o6o6J.l(eHHOI'O p<'lllt>HIIa 

HHTerpaJihHoro rD)(()J,eCTBa (12)B KJiacce H 1(Q?p), TaK KaK Ll;tlv•·m,N = v'·"'·rv np11 

X3 > 1/Jm(x',t) l L;,;-)Ve,m,N = v<,m,N IIpH X3 < 1/Jm(x',t). IlpH '3TOM B CHJIY (H) TO­

lK)J,eCTBO ( 12) )J,JlR v'•m(x, t) 6y)J,eT BhliiOJIHRThCR C K03<jl<jJHl(H€HTOM TpeHH}I 

2 

E =Eo+ Ml(v'•m,v)- (Um,vW2:)v'·m,rj) 2
, 

j=l 

a B CHJiy (15) !11 eeT M€CTO Ol(€HKa 

3 (a •m 0 <,m)2 
_ L J ~;, + ~x, dxdt+ 
•,J=IQr 

2 2 + L J [(v'•m,Tj)l"+(t)-(v'•m,Tj)l"-(t)] dsdt+ 
;=1ST 

+E II L ;tlve,m 11~j((Jr;JR3) +c II L;,;-)v<,m 11~j(Qr;JR3)::; C II f 11L(Q7';1R') 
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c nocTOliHHoll C, He 3a.Bllcllruell oT:: 11m. l'h (JR) C.'H'.l.Y<'T, B 'la.crHocTJI, 

c lll(+)v'·"' 11 2 +" lll(-l,,,.m 11 2 < C II f 11 2 (19) ' ~m ll"j(Qr:ll') c ~m 11"i(Qr:lli')- L,( Jr:IH'·) 

llocK0.1hK.Y p'·"'(.r, I) E H 1( Q!J!) c )l,OCTaTO'IHO 6o.•IhWIIM I II 1•'·"' I an= 0. TO "Ja.1a•1a 

O;JJI()"II!a'tiiO pa·Jpl'WIIMa. IIJlii'IPM r.•Ja,lKOCTh JlPUIPHI!ll l"m+l ( .l" ./) Ollj><'.:.l< :IHl'TCH Bl'."lll'lll· 

noH "Ja.paHPl' Bhr6pa.HHoro nopll.lKa. I 11 r.~a.lKOCThiO Ha.'la.TihHhiX ;(aHHhiX c-0 ( .r' ). ~- paBHP· 

IIIIP .I":J = l'm+I(J"',t) 6y)l,PT TI'IIPpb 3a.)l,a.Ba.Tb (m + 1)-IO IITPpaUIIIO am+l(l) ;J."IH IIOBE'(>X· 

I!OCTII a(t). B Ka.'leCTBE' IIP(>BOJ! IITPpa.UIIJI a 1(1) MO;KHO B3l1Tb, HallpiiM<·p. llOBP(>XI!OCTb 

.1·:1 = v 0 (.r'). 

HraK, Hocrpm•ua.noC.:Il';J.OBaTe.•rhiiO<"Th pPUH'Hllli {·1•'·"'(.r.l)}~=l 11 {v'·'"(.r'.I)}'~=I· 

BhllLP.:uJ.:H u·l IH'P IIOll.llOC.IlPIIOHa.Tt.'.:JbHOCTh. n.:I}} KOTopoit L!;t) l'e-' 11111 u L~~~ 1t•:·' 11
" cxo;UI I'C>f 

c1a6o B H"j(Q·r: 0(1), no.•I)"'IIIM o6oUll'HIIo<' p<'llll'IIIH' ·Ja;w•111 ( 10)-( 12) B ;.liHT<' !1 1(Qr). 

Tal\ Kal\ L!;;>l'e-.m = l':,m 11p11 .l":J > l"m(.r'.t) l1 L!1~)!,:' 111 = l':.m IIJH1 .l'.{ < 1''
11 (.1' 1

./). 0DH'­

TIIM, 'ITO B )l,OKa.:JaTE'JibCTBP pa.3pPUIIIMOCTll '.la.;(a'lll ( lO )·( I "2) H<tpHi!,Y C 0 ~!'HKO!i ( ]!) ) C)'· 

II!P<"TBPIIII}"IO po.nh llrpa.t'T KOMIIaKTHOP BJJO;K!'Hitf' J{"j( Qy) - ('l-:l( Qy ). 'OTOj.lO<' llj)IIM<'· 

lf}ff''fCH K IIOJJ.noc.ne.II.OBaTe.JlhHOC'fHM L!;t) l':'11111 u L~1~) ve,mll. E.;raro.n,apH . .,. ·o,\J,Y B.:IoJKPHIIK1 

)'J!a.eTC51 OUI'HitTh np0113BO)l,Hhl<' no .r,l OT l'e,m Bll.i!OTh J!O a+( I) 11 a_( I) lll>C!O>IIIIIhl\111. Ill' 

·•anncHII!IIMll OT 111. IIopH;(oK OU<'HI!Ba.t'MhlX HpOII'IBO;!HbiX ·1anncnT or H':lll'lllllbl ·•apa· 

ll<'l' Bbi6paHHoro 'IHCJia I HOT r.na)l,Kocnt ua•taJihllhiX "!aHHhlX v0 (.r
1

). O•L'Hh HalhiiO. 'I Ill 

ypaBHl'HIH' ( lO) npe.lCTa.B.~li<'T co6oll pa.B<'H<"TBo ua a( I) uopMa."lhiiOI! 11 JO<'I' llllll ( ,,, . IJ) 

Jl HOpM3.'1hHOJ! npoeKUllll ( lf, v) CKOpOCTII )l,l:!II;K!'HJIH caMoJ! IIOBl'IJXHOCTI a( I). B TO ;Kt' 

Bj.lt'M51 

lim (v'•"'",v) = (!'',r;), lim (l'"'"(.r,t).v) = (F.v) 
nln-oo rnn-o.:.' 

pa.BHoMepHo B QT. B cH.~Y (I I) 3TO 03Ha.'la.PT. •no Tom:)J,PCTBO (I "2) Bhl I<UIIH<'TOI :vnr 
u'(;~·.l) c Ko·~<j><j>IIUIIeHTOM TP<'HHH f.'= F0 . Ta.KIIM o6pa:toM, cnpaBP;I.'IIIBa 

TeopeMa. llycmb P+ > 0. P- > 0. J!+ > 0. Ji+ > 0. T > 0. ,- > 0. II II!JI'IIJI> I 2: :l 
l{f'J!O(. _'I.•LR 6f'f';l" f(:r, I) E L1(QT; IR:1

) 1/. ~·u(-1' 1 ) E c1- 2(:J) C.IJII((CIIlb.IJ> Ill o6o61!(1 //1/(k 

JIIUUN!U .lCIUI/.'IU (/0} ·(J:!) 6 l'.MblC.ilf' dmt.HO<'O 6b/.WC onpnJc.'tfHUJI. 

,Lf,.<lll <j>yHKI(liH «<>f(J', I) pa.t"CMOTpl!M 'laJ(a.'l)' J\oiUII 

{ 
«<>~+(v~(-1:,/),v,<!>.:)=~- .rE!!. IE(O."f') 
<t>,l,=o - ·' :1 - q•o(-l ), .1 E !!. 

("20) 

:~)~<'Cb, B OT.Illt'IIIP OT (9), ypa.l:!Hl'HHP BbiiiO.fiH}It"I'OI II (h·. a lH' I'O."IhKO 11a Sr. llnll:l)' 

r.rJa.)(KOC'I'll v'(x,t.) 3a.)l,a'!a. Komu (20) !VIH Ka.m:)lQI'O ,. > 0 llM<'<'l' <'Jllli!CTI'<'IIIIO<' 1 'lil:lh<H' 

I><'IU<'IIHP <l>'(:r, 1). HPTP.YJ!HO y6P)\11Th<'H, 'ITO HOB<'pXHocTh 

<l>'(.r,/.)=0 (:21\ 
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COBila,JaeT C IlOBEpXHOCTb!O X3 = 1/•(.r'. t). I'll<' <PYHKUHH ~~(~·'.I) OlljJE'.U<'JIH<'TCll If'! 'la;I<I'II1 

(I 0 )-( 11) c v' BM 'CTO t•. 

IIocKO,"IbKY Hi 3aBHCHIUell oT E noBepxnocTII :r:3 = ·4•( .r'. I) HbliiO.'l HllPTOI yc:IUHIH' 

nenpoTeKaHI!H. T J o6o6mennaH (B CMbJc,w Co6o.~esa) .UIIBeprel!l!IIH div,.t•'(.r./) = 0 B 

CJT· 0TCIO,la II II' IljJIIHUHila MaKCIIMyMa [10] (CM. TaKiKE' [11]) c.~e,UyeT, 'ITO 

mo:S min cJ>'(x,l)~ max <l>'(.r,t)~!v10 
(x,t)EQy (d)EQT 

(2:2) 

,J.<H scex ::: > 0. 1 .'le 'II!C.1a 

111 0 = min(l':l- 4'o(2'
1
)), JJ0 = max(.r:J- l'u(.r')) 

2·Eil rEO 

He 1aBJICHT OT E. 

113 oneHKII ( :21) cJie.uyeT orpaHH'IennocTb nocJie.uosaTeJibHOCTII <I>' ( x. t) B Lp( (Jr) ;!Jill 

mo6oro p E (1,0<,) npH E- 0. Bbi.UeJIHH no.unocJie.UOBaTe,lbHOCTb <l>'"(x,t), C.'Ia6o cxo­
ilH!UYIOCH B Lp( 1:; T ), IIOJIY'IHM ( CM. [10]) HeKOTopyiO cymecTBeHHO orpaHH'!eHH}IO B CJT 
<PYHKI..\1110 <I>( x, t) McKoMaH cso6o.uHaH nosepxnoCTb pa3,ueJia cpeJ.I 3a.uaeTcH TOUla .Y]Ja.B­

IIPHHeM 

<l>(x.t) = 0. (2:3) 

0TME"IIIM, 'IT J 1a)la'!a 0 HaXOiK)l<'Hllll CBOOO,UHOll IIOB<'pXHOCTH ( 23) pewena. 'I,!.IJ'Cb 

"B 1..\E'.lOM''. T.e. 6e·J KaKJIX-JIHOO orpaHII'!eHHll Ha BE'JIII'IIIH)' T ll HOJJMbl <j>,)'HK!ll!l! 

f(x, t ), v•o( x' ). E< .;m nal!,'!ennaH npH ·noM <I>( x, t) 111 L,x-( Qr) HP l!MeeT cooTBeTCTBJ'K>IU<'­

ro CJJe.ua, TO csoE o.unaa nosepxuoCTb pa1,ueJia cpeil MOiKPT CT'aTb nerJia)lKOl! 11.'111 soo6me 

pa1pywl!TbCH. 1 eM He Menee, nocTpoennaH BbiWe annpoKcl!MaUl!H c napaMerpoM E B 

mo6oM CJI)''!at' II J3BOJ!li<'T nal!TI! <PYHKlli!IO cJ>( .1:, t ), 3a,!(aiO!UYIO IlOBepXHOCTb ( 2J ). '-ITO 

iKE' KacaeTcll o6o•imennoro pewenHll v(x, t) iJ.IIll ( 1), TO ero cymecTBOBaHI!e o6ycJIOB.'Ieno 

r.naiJ,KOCTb!O IlOBE JJXHOCTI! ( 23) II xapa.KTepoM CXO.UI!MOCTll IlOBE'JJXHOCTI! ( 21 ) K IIOII<'jlXHO­

CTI! (23) np11 E =En- 0. Bonpoc o cymec-rsosaHl!l! o6o6mennoro peweHI!ll v(J:.t) ;jJni 

( 1) B cJiy'!ae, KOI na na cBo6o.unol! nosepxnocTl! pa3.UE'Jia cpe.u 1a.uaiOTCH yc.rroBliH HaBbE', 

1Ha'!HT<',1bHO cJic iKHee, 'I<'M B CJiy'!ae, Kor.ua 3a,n:aHbi Tpa.Ulll.\l!OHHbie ycJIOBI!H np11.11HIIa­

HI!ll. «l>l!1l!'leCKI! 3TO BIIOJIHe O'!eBI!,UHO, TaK KaK ycJIOBllll IljJI!Jll!IlaHI!ll COOTBE'TCTB,YIOT 

yciloBI!liM Hasbe c K034><PHU:li<'HTaMI! TpenHll Eo = +oo. 
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Maple- naKeT .ztJI.SI nocTpoeBn:.SI pewean:ii nn:aeiiahlx 
oobiKBOB•~BBbiX .nn:«!l«!lepeuun:anbBbiX ypaaaean:ii B an:,ne 

CTeDeBBbiX p.SI,ltOB 1 

A. A. PJI6enKo 

MTY BMuK, 
MocnBa 1199899, PoccuJI. 
e-mail:ryabenko@cs. msu.su 

1 Bae,nea:ue 

B :noii eTa The on HCb!BaeTCll naKeT npoue.ayp Jl./lll cucTeMbl KOMUhiOTepuoii anre6pbl Maple, 

npe.anaraiO!liHii •:pe,acTBa Jl./lll pemeHHll cne,ayiOmeii 3a}la'JH. llano onuoponuoe m!Heiiuoe 

o6biKHOBenuoe Jli!Cp<f>epeuuuanbuoe ypaaneuue c nonHHOMIIa./lbH!dMII Ko3<f><f>HU!IeHTaMII . 

.ilnll nero cTpoH1Cll, Korna 3TO B03MOlKHO, pemeuue B anne <f>opManbuoro cTenennoro pllna 

L::".o c(n)(X- an B TaKOH TO'!Ke a, 'ITO ero K03<f><f>HUHeHTbl c(n) l!BilliiOTCll "xopOUIIIMH" 

<f>JHKUHJIMH OT '.!. 3TO MOlKeT 6b!Tb UOIIHHOM, paUHOHaJlbHaJI <f>JHKUIIJI OT n Hill! 1'11-

UepreoMeTpH'leC!;aJI UOCJie.llOBaTe./lbHOCTb (T.e. c(n + 1)/c(n)- pa.UIIOHaJlbllaJI <f>YHKUHll). 

llocnenuuii cnyq a.ii, oqesunuo, BKJIIO'laeT B ce6JI nepable nsa . 

.ilnll pemeu!l.l nocTaB./Ienuoii 3ana'IH BbiUOIIHliiOTCll cnenyiO!lllle neiicTBIIll. Onpene­

JilleM UOJlXOJlll!liEe TO'JKH a, TaK KaK 3TO OUHCaHo B CTaTbe (1]. llocJie 3TOI'O Ha.XOJlHM Heo­

TpHUaTe./lbHOe U<!IIDe M H CTpOHM JIHHeHHJIO peKyppeHUHI0 0 C llOMOUibiO KOTOpoii MOlKHO 

Bbi'IHCJIHTh c(n) Jlllll acex n > M, onpe.aenlleM ua.'!anbHbie 3JieMeHTbl c(O), ... , c(M). Ha.­

'la./lbHble 3./leMeH rhl 3anaiOT IIHHeiiuoe npocTpancTBO acex pemen11ii na.nnoro ypa.aneHI!ll 

B anne <f>opManbHbiX pliJlOB. llo3ToMy 3Ha.'!eHHll c(O), ... , c(l\11) coneplKa.T np0113BO./IhHbie 

nocTOJIHHble sun a _B0, _B1, .... .ilanee, ucnoJib3Jll cTa.nnapTHblii Maple na.KeT LREtools, 

uaxonnM pemeuo e nocTpoenuoii peKyppeuuun. Ono 6yneT conep!Ka.Tb npoH3BOilbHbie no­

CTOliHHble BHl\a .C0, _C1, .... 'Bbi'JHCJIJieM 3Ha'JeH!IJI Up0113BO./IbHbiX UOCTOliHHhiX, np11 KQ­

TOpbiX UOIIJ'leHtOe pemeHHe peKyppeHUHH COf./laCyeTCJI C Ha.'Ja./lbHbiMII 3Ha.'JeHIIJIMH UQ­

C./Ie.llOBaTeJibHOCTII K03<f><t>HUIIeHTOB. 

B HHlKecnenyiO!liHX pa3nenax nponeMoncTpnpyeM pa6oTy ocuoanwx npouenyp naKeTa .. 

2 IIonn:aoMn:aJihBble K03«!l«lln:un:eaTbl 

KaK 6b!JIO yKa.Jano Bblme, nonunoM JIBJilleTcll 'laCTHbiM cnyqa.eM runepreoMenTpHqecKoii 

nocne.aosaTeilbH•ICTH. Ho nocTpoeuue noJIHHOMHanbnoro pemeHHll Jlllll peKyppeHUHH ocy­

mecTBJilleTcll ua Mnoro 6wcTpee. KpoMe Toro, a cTaTbe [1] yKa.3ano o KaKHX uMenno 

TO'JKaX MOlKHO <•lKHJlaTb, 'ITO pemeH!Ie JlH<f><t>epeHUIIa./lbHOI'O ypaBHeHIIJI B BHJle CTeneH­

HOfO pliJla 6yneT HMeTh UO./IIIIIOMIIa./lbHble K03<f><t>HUHeHTbl. 3TO Ta.KI!e TO'IKH a, 'ITO a+ 1 
- oco6all TO'!Ka ;,auuoro nn<f><t>epenuuanbnoro ypaaneHHll. B cne.ayiOmeM npi!Mepe oco6we 

TO'JKH - {0, -1, ~}: 

> L := (-2•x··~2•x-3+4•x-2)•diff(y(x),x$2) + 

1 3Ta pa6oTa nol.D.epliCHBaeTCH rpaHTOM INTAS-RFBR No. 95-412 
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> (-2•x-3-16•x-2-B•x) • diff(y(x),x) + 

> (2•x-2 + 16•x + B)•y(x): 

llpouenypa 'Slodejpolycoeffs' llb!TaeTCJI llOCTpOIITb peweHIIe C llOJIIIHO JlllaJJbHbiMII KQ-

3¢J<J>IIUIIeHTaMII B TO'lK3X {-1, -2, 1}, HO ClleJJaTb :no ynaeTCJI TOJlbKO B "O'lKe a= 1: 

>'Slode/polycoeffs'(L,y(x)); 

1 00 

{ 2 _cl (I: (2 n2 + 2 n + 1) (x- 1t)} 
n=O 

3 Panu:ouaJibHble Ko3«Jl«Jlu:nu:euTbl 

Auanorll'lHo npenb!llYllleii npouenype pa6oTaeT npouenypa nocTpoeuul! :>eWHIIii s Billie 

pllllOB c paUIIOHaJJhHbiMII Koe<J><!>IIUIIeHTaMII: 'Slode/ratcoeffs'. 3necb B Ka'leCTBe 3Ha'leHIIll 

TO'lKII a Bb1611]>310TCJI OC06ble TO'lKII ypaBHellllll, B !I]>IIBel!eHHOM llp11Mepe- 3TO {0, 1}: 

> Ll := 2•x•(x-1)•diff(y(x),x$2) + (7•x-3)•diff(y(x),x) + 2•y· x): 
> 'Slode/ratcoeffs'(Ll,y(x));}{Y. 

{
_C

1 
(f_ (n + 1) xn)} 
~=O 2n+ 1 

Ecn11 Mbl IICCJJel!yeM OC06bie TO'lKII ypaBHeHIIJI, TO c(n) MOjj.;CT Bbl]>tjio;3TbCJI paUII­

OHaJJbHOU <I>YHKUIIeii llJJll scex n 2: 0. Ho paccMoTpeHIIe HeKOTOpbiX nc nommTeJJbHbiX 

TO'leK ll03BOJJJieT llOCTpOIITb peweHIIll, rne K03<J><J>IIUIICI!Tbl ]>lllla 6yllyT ]>< UIIOHaJJbHbiMII, 

Ha'liiHall TOJJbKO c HeKoToporo MecTa (n > N): 

> L2 := (3-x)•diff(y(x),x$2)-diff(y(x),x): 
> 'Slode/ratcoeffs'(L2,y(x)); 

B [1] noKa3aHo, '!To JJIIHeiiHoe ypasHeHIIe c noniiHOMIIaJJbHbiMII K03<p<J>uulle I TaMil Moll\eT s 

OC06b!X TO'lKaX IIMeTb pelllellllll B Billie CTeneHHOrO plllla, K03q><J>IIUI!eHTbl J;OTOporo Ha'III­

Hall c ueKoToporo MecTa o6pa3yJOT rllnepremteTpll'lecKyJO nocnenona.TeJibHocTb. flo ecnu 

peweHI!e TaKoro Blllla cymecTByeT B K3KOU-JJII6o Heoco6oii TO'lKe, TO 3TO BE']>HO II llJlll 

scex Heoco6blx. llo3TOMY npouenypa 'Slode/hypercoeffs' nponeplleT see xo6ble 11 onuy 

Heoco6yJO (a IIMeHHO TaKyJO, rne MOjj.;eT 6b!Tb pellleHIIe B Hl!lle Jllll!a. C llOJII HOMIIaJJbllbiMII 

Ko3<J><J>IInlleHTaM11). HanpiiMep, cnenyJOmee ypanHeHIIe liMPeT OJIHY oco6yo TO'IKY I. llo 

pellleHIIe C "XOpolliiiMII" K03<J><J>IIUIIeHTaMII 06Hapyli\IIJ10Cb B H<'OC06ofi TO'l '(' a = 0: 
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> L3 := (3•x-2-6•x+3)•diff(y(x),x$2) + (12•x-12)•diff(y(x),x) + 6•y(x): 
> 'Slode/hyper:oeffs'(L3,y(x),_CC); 

00 

{L (_C, + _C2 n) xn} 
n=O 

C llOMOIUblO < lle.!lYIOIUeH Upoue,uypbl MOlKHO llOCTpollTb pewenne B n106oii TO'IKe: 

> 'Slode/hyper_in_point'(L3,y(x),_CC,2); 

-(L (-it (-.C, + _c, n + n_CC!) (x- 2rl 
n=O 

3Ta npoue.uypa ~·aKlKe MOlKeT 6b!Tb noneJna B cny'lae, ecn11 11ccne.uosanHe scex B03MOlK­

HbiX TO'IeK 3aHI!f,; aeT O'leHb MHOrO pecypcoB: 

> L4 := (z-3-2~z-2+z)•diff(y(z),z$3) + 
> (7•z-2-15•z+3)•diff(y(z),z$2) + 
> (10•z-13)•d~Ef(y(z),z)- 2•y(z): 
>'Slode/hyper_in_point'(L4,y(z),_CC,1); 

r~oo a-1 k3 + 4 k2 + .) k- 2 ) w) _cc4 :z- 1)
4 + _cc4 \..~ Jl (- (k _ 3) (k + 1)2 ) (z-

Ha cne.uy101UeM npHMepe Bll.llHO, 'ITO npoue.uypa 'Slode/hypercoeffs' MOlKeT nocTpollTb 

nonllHOMHanbnoe pewen11e .llll<j><j>epenullanbHoro ypasnenllll. 3To 03Ha'laeT, 'ITO Ha'IHHall 

c neKoToporo Me<Ta c(n) = 0: 

> L5 := -z•(-z-1)•diff(w(z),z$2)+diff(w(z),z)-2•w(z): 
> 'Slode/hyper:oeffs'(LS,w(z)); 

{ 

• • 3 
_Bo + ( -LC2 - 2 _Bo) (z + 2) + (-Bo + 4 _C2) (z + 2) 2 

( 

1 1 1 ) oo f(n- 2) (-2+ (-)nn2 + (-)n n+ 2(-)n)(z+ 2)n 
+6-C2 L 2 ( 2 ) 2 , _Bo+LBoz+-Boz2

, 
n=:l r n + 1 

_B, (' + 1)' l 
CnucoK JIB'I'epaTyphl 

[1] S. A. Abrarrov, M. Petkov8ek (1996): Special Power Series Solutions of Linear Dif­

ferential Eqtations, Proc. of FPSAC'96, 1-10. 
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OIIEP ATOP HO-P A3HOCTHbiE CXEMbl .UJI.Sl 3A.UA q 
MA TEMA TifqECKOH <1>1if31i1K1if I 

A.A.CaMapcKHH, II.H.Ba6HLUeBH'I 

Jfucmumym MameMamuttec~~:ozo ModeJtupoBanux PAH, Mo1 II:Ba, 
E-mail: samarskii@imamod. msk.su, vab@imamod. msk.st 

Abstract. 06cylK.IlaJOTCK ofuuHe npo6neMLt npu6JIHJKeHHOro peweHHK He< rauuo­
HapHLIX :laJla'l MareMaTH'IecJ<oH <j>H3HKH: TeOpHll YCroH'IHBOCTH (KoppeKTHOC' u) one­

paTOpHo-pa3ROCTHLIX CXeM H 8JUUITHBHLie pa3HOCTHYe CXCMLI:. ~pMymq>yiO rcJl o6-
IUHC KpHTepHH yC'I"'ii'lHBocTH llBYXCJJOiiH:HX onepaTOpHQ-pa3HOCTHLIX CXCM DO Ha­

'lallbHYM ,llaHHhlM H npaBOii: 'laCTH. llpHBe,ZteHbl HOBYC anpHOpHYe OUCHKH y< TOiAH­

BOCTH a HHTerpan:bHLIX no speMeHR HOJ>MaX. B HaCTOJIIIlee BpeMa reopug yeT< iAHBo­
CTH DpHMCHJieTCJI JlJIJI HCCJJe.llOBaHIUI pa3HOCTHblX CXCM ,llJJJI HeXOppeKTHhlX 38• mK>UH­

OHHbiX 3a,Q,aq, ct)opMyJIHpOBa.Hhl KpHTepHH ycTOH:qHBOCTH npoeKilHOHHo-pa3H( ~THIJIX 

CXCM. fipH pemeHHH MHOI'OMCpHLIX 3a,llA'1 1 nocTpoeHHH 6e31fTepallHOHHhiX 31 :ropHT­

MOB ,llJJJI DApa..liJieJibHbiX KOMDLIOTepoB aeo6XOJlHMO OpHCHTHpOB&TbCJI Ha HCIIOJih30-

BaHHe a.zt.JlHTHBHLIX pa3HOCTHbiX ClreM ( CXCM pacmenneHHliil). fipHBe.llCHbl OC iOBHble 

pe3yJibTAT:&I TeOpHH 3JUlHTHBHiiiX pa3HOCTHNX CXCM cyMMApHoH annpoKCHMaDHH 1 HC­

CJJe.llJIOTCK MHOf'OKOMDOHeHTHhle a.zutHTHBHhle CXeMhl 1 CTJXUITCJI: perynapH30l ~He 

8JJ.JXHTHBHhle CXeMY nom10ti annpoiCCHMau;HH. 

1 Bae.neuue 

llOCJie pa.3HOCTHOH HHH KOHe'IHQ-3HeMeHTHOH .IIHCKpeTH3aUHH no npocTpaHO:TBy HecTaUHQ­

HapHOH 3a.na'IH MaTeMaTH'IecKoii <!JH3HKH nonytiaeM 3a.naqy Konm .nnll cucTeMbl o6blKHo­

BeHHblX .IIH<I><!>epeHUHallbHblX ypaBHeHHH, KOTOpaJI pacCMaTpHBaeTCll B CeT<•'IHOM l'HHb6ep­

TOBOM npocTpaHCTBe. liHCKpeTH3aUHll no BpeMeHH .naeT onepaTOpHo-pa3HOCTHYIO CXeMy. 

3Jlecb Mbl OTMeTHM HeKOTOpble BalKHeiiWHe HanpasneHHll pa.3BHTHll TeOpi:H onepaTOpHo­

pa.3HOCTHblX CXeM .IIHll HeCTaUHOHapHbiX 3a.lla'l MaTeMaTH'IecKOH <!JH3HKH. 

llpH HCCHellOBaHHH pa.3HOCTHblX CXeM .IIHll HeCTaUHOHapHbiX 3aJ{a'l M.tTeMaTH'IecKOH 

<!JH3HKH WHpOKO HCnOHb3yeTCll OOWaJI TeopHll YCTOH'IHBOCTH (KoppeKTHOCTII) onepaTOpHo­

pa.3HOCTHbiX cxeM [1,2]. B HacTollwee speMll nonytieHbl TO'!Hble (cosna.naKwHe Heo6xo.nu­

Mble H .IIOCTaTO'IHble) yCJIOBHll WHpOKOl'O Knacca .IIBYX- H TpeXCJIOHHblX pamOCTHblX CXeM 

B Koue'!HOMepHbiX rHnb6epToBblX npocTpaHcTsax. OcuoBHble TeopeTH'IecKue pe3ynLTaTbl 

TeopHH YCTOH'IHBOCTH cyMMHpOBaHbl B KHHl'aX [3,4). 
Heo6xQUHMO OCOOo no.uqepKHYTb KOHCTpyKTHBHOCTb OOWeii TeopHH ycT·)H'IHBOCTH one­

paTOpHo-pa.3HOCTHblX CXeM, B KOTOpoii KpHTepHH YCTOH'IHBOCTH <!JopMynupyiOTCll B BH.IIe 

neno nposepJJeMblX HepaseHCTB .nnll onepaTopos. Cpe.nu HaH6onee saJKHblX o6o6weHHii 

OTMeTHM HCnOHb30BaHHe OOWeii TeopHH YCTOH'IHBOCTH .IIHll HeKOppeKTHblX JBOHIOUHOHHblX 

3a.lla'l [5,6] H .IIHll HCCJlellOBaHHll npoeKUHOHHo-pa.3HOCTHblX CXeM (cxeM KOI!e'!HbiX 3HeMeH­

TOB) [7,8]. llpHBelleHbl TaKJKe HOBble anpHOpHble OUeHKH YCTOH'IHBOCTH B HHTerpanbHblX 

no BpeMeHH uopMax. Ha HX ocHose MOlKeT uccne.nosaTbCll, B '!acTHOC'I H, cxo.nHMOCTb 

pa.3HOCTHbiX CXeM .IIHll 3a.lla'l C o6o6WeHHblMH peWeHHliMH. 

1 Pa6oTa BhiiTOJIHeHa npH <J>mmacosoH nQZUlep)I(Ke PoccuHCKoro <)>oH.Aa <l»YH.llaMeHTa lhHhlx Hccne.nosa­
HHii, npoeKT 96-01-00657. 
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Ilp11 OOCTJ>Ot!HIIII 3KOHOMIIqHbiX pa3HOCTHhlX CXeM .llllll MHOI'OMepHhlX 3a.llaq [3,4], Oe3-

IITepaUIIOHHb!X anropiiTMOB neKoMnOJIIUIIII oonacTII .llllll napaJJnenhHhiX KOMfihiOTepoB 

[9,10] HeOOXO.llHIW OplleHTIIpDBaThCJI Ha IICOOIIh30BaHIIe a.ll.lliiTUBHbiX pa3HOCTHb!X CXeM 

(cxeM pac!lleOI!EHIIll). Ilp11Be.lleHbl OCHOBHble pe3yllhTaTbl TeOpllll a.ll.lliiTIIBHbiX pa3HOCT­

Hb!X cxeM cyMMapHoii annpoKCIIMaUIIII, cTpOliTCll perynllp1130BaHHhie a.ll.lliiTIIBHhie cxeMbl 

OOIIHOH annpOKCIIMaUIIII. 0TMeTIIM TaKlKe BeKTOpHb!e a.ll.lliiTIIBHble CXeMhl [11,12]. 

2 YcToii~uaocTb ouepaTopHo-pa3HOCTHbiX cxeM 

HanoMHIIM ocHCBHble pe3YilhTaTbl Teopllll ycToiiqiiBOCTII .llByxcnol'tllhiX onepaTOpHo-pa3-

HOCTHbiX CXeM [::,4] II OTMeTIIM HeKOTOpb!e Hall6ol!ee BalKHble Hanpa.Bilellllll IICCI!e.llOBaHHH. 

2.1 OcHOBH,.te noH.IITH.II 

IIycTh H- KoueqHoMepl!oe I'lll!hoepTOBo npocTpaHCTBO, D, A- nnHeHHble onepa.Tophi 

B H. CKanllpHO•l npo113BeneHIIe 11 HopMa H H eCTb ( ·, ·) 11 11·11 cooTBeTCTBeHHO. 4epe3 Hv, 
rne D = D* > ( o6o3HaqiiM npocTpaHCTBO H co cKaJJllpHhiM npo113Be.llPHneM 11 nopMol'r 

(y, v)v = (Dy, v), IIYII = J(Dy, y). 

IlycTh T > 0- war ceTKII no B'peMeHII 11 Yn = y(tn), tn = nT. Pa.ccMoTpiiM O.llHOpD.llHYIO 

(.llllll OpOCTOTbl .llBYXCIIOHHYIO onepaTOpHo-pa3HOCTHYIO CXeMy, 3aOIIC3.HHYIO B KaHOHII'Ie­

CKOH «tJopMe 

Yn+l - Yn 
B +AYn = 0, n = 0, 1,... (1) 

T 

np11 Ja,naHHOM Yl· EyneM cqiiTaTh, qTo B (1) onepaTopbl A 11 B- nocToliHHhi (He JaBIICliT 

oT n), onepaTOI• A caMoconpliJKeH 11 nonolKIITeneH (A= A*> 0). 
Pa3HOCTHaJI cxeMa (1) Ha3b!BaeTcll p-ycToiiqiiBOii (pa.BHOMepHo ycToiiqiiBoii) no Ha­

qanhHhiM naHHIJM B Hv, ecn11 cywecTBYIOT nocToliHHall p > 0 11 nocTOliHHall M, He 

3aBIICll!llall OT ~-, n, TaKIIe, qTo np11 IIIOOhiX n 11 np11 Bcex Yn E H .llllll peweHIIll Yn+l 
pa3HOCTHOI'O ypaBHeHIIJI (1) "cnpaBe.lliiiiBa OUeHKa 

IIYn+rllv S PIIYnllo, n = 0, 1, ... , 

np11qeM pn S 1\(. B KaqecTBe KOHCTaHTbl p Bb!OIIpaeTCll OOhlqllo O.llHa. 113 BellllqiiH 

p = 1, 
p = 1 + CT, C > 0, 
p - exp (cr), 

I'.lle UOCTOJIHHM C He 3aBIICIIT OT T, n. B cnyqae p = 1 I'OBOpliT 00 ycToiiqiiBOCTII pa3-

HOCTHOH CXeMbl 

2.2 YcnoBnll ycTonqnBocTn 

C«tJopMynllpyeM cTaHnapTHhle ycnoBIIll ycToifqiiBOCTII pa3HOCTHhiX cxeM [1,2]. 
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Teo p e M a 1. H.u pa3HocmHotl cxe.«bl ( 1} c onepamopo.« A = .4* > 0 yc.w6ue 

B >:_A 
- 2 (2) 

H6.tiHemcH Heo6xodUMbi.A« II docmamO'IHbi.A« a.~H ycmot1'4!160CIJW 6 H A. m.l. d.tiH 6blnO.~He­

HUH Olj€HII:U 

llYn+ lilA ::; PliYnliA. n = 0, 1, .... (3) 

Ec.t~u onepamop B = B* > 0, mo yc.t~o6ue (2} H6.uemca Heo6xodu.«bl.« u docmamo'IHbl.« 

d.t1H ycmou'lu6ocmu u 6 HB. 

llpH paCCMOTpeHHH MHOfHX HecTaUHOHapHbiX Ja)la'l, npi!MI'J}OM KllTOpblX Bb!CTy­

naiOT JaJia'lH KOHBeKUHH-JIH!JxiiY3HH-peaKUIIII, ueo6xonnMo opneun1pouaT be~ ua ycnoonx 

p-ycTOii'liiBOCTH. 

T e o p e M a 2. H.t~H pa3HOCillHOU cxe.Mbl ( 1) c onepamopa.uu A = .4 •, B = B* > 0 
YC.ti06UH 

1 -pB<A< 1+PB (4) 
T T 

Heo6xodU.Mbl u docmamo'IHbl d.tiH ycm01l'1uoocmu 6 HB· 

CxoJIHMOCTb pa3HOCTHbiX cxeM ycTana.BJJHBa.eTcx B pa3JJII'lHbiX no >Max, KOTOpb!e 

JlOJilKIIbl COfJJacOBb!BaTbC11 C KJJacCOM fJJa.JIKOCTH peWeHI!H JliHjl<J>epeHUil>i.JibHOii Ja.Jia'lll. 

B cuny 3Toro ueo6xonnMo nMeTb cneKTJl oueHoK nnx pa.JuocTnoro peweu1u. llpu pa.cnw­

Tpeunu pa.JHOCTHbiX cxeM nnx uecTa.uuouapuwx Kpa.eublx Ja.Jia'l c o6o6utennwMn pewe­

HIIXMH OCOOOfO BHHMaHil11 JacJJylKHBaiOT OUeHKil pa.3HOCTHOfO pelllellllll B IIHTerpaJJbHbiX 

no BpeMeHH HOJlMaX. 

B pa6oTe [13) OTMe'laeTcx BOJMOlKIIOCTb nony'lenn~ ycnonllft ~TToii'l IBOCTII B IIHTe­

rpanbHbiX no BpeMeHH HOpMaX. lloJJy'll'llbl anpl!OflHble OUeHKII JIJIJI liB) XCJIOHHbiX pa3-

HOCTHbiX CXeM, Jannca.HHbiX B Ka.HOHH'lecKOH tj>opMe. llpHHUIInllaJJbHblif MOMeHT CB~Ja.H C 

nonyqeuneM oueHKH JIJJ~ paJHOCTnoro peweuux B nonyueJJbiX yJ.~ax no Bp~Menn, KOTopoe 

onpenen~eTcll mmeii11oii nuTepnoJJllUHeii no ceTO'IHbJM tj>yHKUil~M B yJna~. 

Teo p eM a 3. H.t~H pa3HOCillHOii cxe.«bl ( 1) c onepmnopa.uu :I = .4 • > 0, 
npu 6bl1IO.tiHeHuu yc.t~0611H (2} UMeem .uecmo lmpuopuaa Ollf'Hh'll 

B=B*>O 

(5) 

OueHKa (5) nonyqeua Jl11~ pa3HOCTHoro pememt~ B noJIYllt>JibiX y:ma:;. rne pellii'HIIe 

onpenenxeTcll uwpalKenneM Yk+l/ 2 = (Yk+l +yk)/2. 0TMeTHM, 'ITO ycroii'lHBOCTb B Ta.Koil 

HHTerpaJJbHOH no BpeMeHH HOpMe ycTaHOIIJJeHa. npll YCJIOBII~X (2), KOTilflhl(' ~llJJ~IOTC~ 

HeOOXOJlHMb!MH H JlOCTaTO'lHbiMH JlJill YCTOif'liiBOCTII B paBHOMPJlllbiX 00 O:>eM!'HII HOpMaX 

(eM. ouenKy (3)). 
llpn 3arpy611eHHH HepaBeHCTBa (2) MOlKHO nOJJY'liiTh anpuopii~'Kl OllPIIK)' ycTOH'IIIIID­

CTH no npaBOH '!a.CTH B HHTerpaJJbHbiX no BpeMPHII HpJH!aX J]JIJI pa·moCTIH>I'O fl<'lll<'llll~ Ha 

ueJJbJX npeMeHHbiX marax. 
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2.3 CneUHaJibHble KJiaccbi onepaTopuo-pa3HOCTHbiX cxeM 

Opu peweHHH HecTauuoHapHbiX Ja.Ua'! MaTeMaTu'!ecKoli <jli1111KI! oco6oe BHitMaHHe y.uemt­

eTCJI CXeMaM C Be:OBblMH MHOiKHTeJiliMH, KOr.Qa, HanpHMep, B (1) 

B = E + raA, a= const ~ 0. 

OocTpoeHue a.ua lTHBHblX Bbl'IHCJIHTeJibHbiX anropHTMOB Ha JioKaJibHO crywaJOweiicll 

CeTKe no BpeMeHH HJIH npOCTpaHCTBY (14,15), perHOHaJibHo-a.U.QIITIIBHbiX pa3HOCTHb!X CXeM 

(9,10) (6e3blTepat HOHHblX CXeM .UeKOMn0311UIIIf 06JiaCTH), KOTOpble OplleHTllpoBaHbl Ha na­

panJieJibHbie KOM.IbiOTepbi, pa3HOCTHbiX CXeM .UJill ypaBHeHIIH CMeliJa!IHOrO Tllna 6a311py­

eTCJI Ha ucnOJibJOBanuu cxeM c nepeMeHHbiMH secoBbiMII MHOJKIITeJiliMII. CxeMbi OTMe'!eH­

Horo Knacca paccMaTpnsaJOTCll a pa6oTax [16,17). Opuae.ueM xapaKTepHbili peJyJibTaT 

(18) o6 YCTOH'IHEOCTH no Ha'laJibHblM .UaHHblM B HecKOJibKO 6onee o6weii onepaTOpHOH 

<jJOpMyJIHpDBKe. 

Teo p eM a 4. /Jycmb 6 (1} A - nocmoRHHbiU u no.!lO:HC1tmf,c!bHbll1 onepamop, a 

Toi!da yc.!lo6ue 

B = E +rCA, GA # A'G'. 

1 
G> -E - 2 

(6) 

(7) 

iJocmamootHo d.!lJ ycmoiiotu6ocmu cxe.Mbl 6 llA'A· CxeMaM c nepeMeHHblMH secosblMH 

MHOJKHTeJIJIMH CODTBeTCTByeT Bbl6op .UHarOHaJibHOro ceTO'IHOrO onepaTopa G B (6). 
Opu orpaHH'I•!HHliX (7) ycTaHaanuaaeTCll [18) ycTOH'IHBOCTb paJHOCTHoli cxeMbl (1), B 

KOTOpoli 

B = E+ rAG, GA # A'G'. 

TaKoli Bbl6op on.,paTopa B CBJI3biBaeTCll, HanpuMep, C HOBbiM TllnOM B3BelllHBaHI!ll 11p11 

HCnOJib30BaHHH C <eM C nepeMeHHbiMII BeCOBbiMII MHOiKI!TeJiliMH . 

.ilnll caMoconplliKeHHoro onepaTopa A paccMoTpeHbi [19) TaKJKe cxeMbi Tuna 

'B = E + rT'GT, A = T'T. 

Hccne.uoaaHI!e T~excnoiiHhlX pa3HOCTHblX cxeM c nepeMeHHbiMH secOBbiMII MHOlKIITeJiliMH 

npoae.ueHo a pa6<•Te [20). 

3 A,n:.n;HTHBHble pa3uocTHble cxeMhl 

llp11 pacCMOTpeHIIII MHOrOMepHbiX 3a.Qa'l OOJiblllOe BHHMaHI!e y.aeJilleTCJI nocTpGeHIIIO CXeM 

pacmenneHI!ll. 3 n1 cxeMbl CBll3b!BaJOTCJI c a.a.UIITIIBHbiM npe.ucTaaJieHneM onepaTopa Ja­

.aa'lll II n03TOMY HX Ha3blBaiOT a.U.UIITIIBHb!MII pa3HOCTHbiMII cxeMaMII. ,ilaeTCll KpaTKall 

xapaKTepiiCTIIKa Haii60Jiee BalKHbiX KJiacCOB a.U.UIITIIBHbiX CXeM. 
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3.1 IIocTaHOBKa 3a.lla'IH 

PaccMaTpaua.eTC.II Ja.,na'la Koma ,llnll 3BOHIOUHOHHoro ypauuenHll nepooro ropll,llKa, KOI'.lla 

HmeTc.IIIJlynKUHll y(t) E H, y.lloBneToopliiOlla.ll ypauueuHJO 

dy 
dt + Ay = f(t), 0 < t ~ T (8) 

H Ha'lanbHOMY ycnoBHIO 

y(O) = Uo· (9) 

Ey.11eM C'IHTaTb, 'ITO onepaTOp A nonoJKHTenbHblii, uecaMoconpliJKenub ii H uecTauHo­

uapublit, T.e. A(t) =f. A*(t) > 0. Ilpa TaKHX ycnoBHliX .llnll pemeHHll Ja..na'lll (8),(9) aepua 

anpaopuax oueuKa 

lly(O)II ~ IIUoll + fo' llf(s)llds, (10) 

BbipaJKaiOilla.ll ycTOB'IHBOCTb DO Ha'lanbHbiM ,llaHHbiM H npaooit 'lacTH. 

IlpH pacmennenHH onepaTOpa A ua cyMMY OT.llenbHbiX (6onee npocTii!X) onepaTOpoB 

MOJKHO CTpoHTb Be.IIBHble CXeMbl, B KOTOpbiX nepeXO.ll Ha HOBbiH BpeMeBHOB CHOH CBJI3aH C 

pemeuHeM Ja..na'IH ue c onepaTOpoM A, a c pemeuHeM pll.lla 3a.J1a'l .IIHll OT.ll'!JJ.bHbiX onepa­

TOpHbiX cnara.eMbiX. Cpe.~~a TaKHX a.ll.llHTHBHbiX cxeM Mbl OTMeTHM 3.llecb KnacCH'IecKHe 

6e:JycnOBHO YCTOB'IHBble CXeMbl DOKOMDOHeHTHOI'O pacmenneHHll (noKaHbl Q-QHBOMepBble 

pa3HOCTHble CXeMbl), opHeHTHpoBaHHble Ha o6mee MHOI'OKOMDOHeBTHoe pat:menneBHe. 

Ey.11eM C'IHTaTb, 'ITO .llnll onepaTOpa A cnpaBe,llnHoo cne.~~yJOmee a.ll.ll!ITHBHoe npe.11-

cTauneuae 

" A= L Aa, Aa 2 0, a= 1, 2, ... ,p. (11) 
a=l 

A.u.uHTHBHble pa3HOCTHble CXeMbl CTpoliTCll Ha OCHOBe Dpe.IICTaBneHHll (1 .), DpH'IeM ne­

pexOll C O,llHOI'O BpeMeHHOI'O CHOJI tn Ba .llpyroii BpeMeHHOB CHOH tn+l = t, + T CBJI3aH C 

pemeuHeM Ja..na'l .IIHll OT.llenbHbiX onepaTOpoB Aa, a = 1, 2, ... , p B a..n.IIHTH aBoM paJnoJKe­

HHH (11), T.e. 3a.,na'la pacna..na.eTC.II ua p DOll3a.J1a'l. 

IlpHMepoM a.ll.llHTHBHbiX CXeM JIBnliiOTCll KHacCH'IecKHe CXeMbl DOKOMDOHeHTHOI'O pac­

menneBHJI (noKanbuo-onuoMepubie cxeMbi) [3,4]. Heo6xo,llHMO OT.llenbHO ynoMliHYTb a.J1.11H­

THBHo-ycpe.~~ueuuble cxeMbl noKoMnoueuTuoro pacmenneHHll [21,22]. Tai(He cxeMbl no­

CTpoeHbl He TOHbKO ,llHll 3BoniOUHOBHbiX ypaBHeHHB nepooro nopll,llKa, HO H .lHll ypaBHeHHH 

BTOporo nopll.llKa [23]. 

3.2 CxeMbl DOKOMDOHeHTHOI'O pacmenneHHJI 

A.u.uaTHBHble pa3HOCTBble cxeMbl ,llnll 3a.J1a'l c pacmenneuHeM ua TPH H 5oJiee nonapuo 

BeKOMMYTHpyeMbiX ODepaTOpoB Tpa.J1HUHOHHO CTpoliTCll Ha OCHOBe DOHJI"I Hll CYMMapuoii 

annpoKCHMaUHH- CXeMbl DOKOMDOBeHTHOI'O pacmenneHHll (nOKanbHQ-O,llHOMepBble CXeMbl). 

Hn.11 Ja..na'IH (8),(9),(11) HMeeM 

n+afp _ n+(a-1)/p 
Y Y + Aa(CTaYn+afp + (1- CTa)Yn+(a- 1)/P) =. ';:, (12) 

T 

a=1,2, ... ,p, n=0,1, ... , 
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r.ue 
p 

r = 'L,t::. 
a=l 

Xoporno H3 JeCTHO, 'ITO npH O'a ~ 0.5 CXeMa UOKOMUOHeHTHOrO pacmenJJeHIH! (12) 6e3-

YCJIOBHO yCToilqHBa. llpHBe,UeM COOTBeTCTBYIOillYIO (eM. (3,4,23]} anpHopHyiO OUeHKY 

ycTOH'IHBOCTH ao Ha'laJJbHhiM .uaHHhiM H npasoil '!aCTH. 

llnll npaBbl ( '!acTeD /;;,a = 1, 2, ... , p HCUOJ!b3yeTCll CUeUHaJJbHOe U pe.UCTaBJJeHHe 

0 • 

J;: =J:: + J;:, a= 1, 2, ... ,p, 
p 0 

I: J> o. (13) 
o=l 

llnll cxeMbl nm oMnoHeHTHoro pacmenneHHll sepHo cne.uyiOmee YTBepJK.ueHHe. 

Te 0 pe M a 5. llpu 0.5 s O'a s 2, a= 1,2, ... ,p u T > 0 a .• !H (12),(13) BblnOJIHHemca 
anpuopHaa oqeu~a 

llYn+! II S lluoll + E T j; (11 j~ II+ riiAo ;!; ~~ 11) (14) 

llpH OpHeHTaUHH Ha COBpeMeHHble napanJJeJJbHbie KOMllbiOTepbl MO;t;HO HCUOJJb30BaTb 

a.u.UHTHBHo-ycpe.uHeHHble cxeMbl noKoMnoHeHTHoro pacmenneHHll. B :noM cnyqae [21,22] 
nepexo.u Ha HOBbiH BpeMeHHOH CJIOH ocymeCTBJJlleTCJI CJJe.UyiOill11M o6pa.3oM: 

n+l yn 1 ) n) J.n 
Ya - +Aa(O'aY::+ + (1- O'a Y = "' 

PT 
(1.5) 

a= 1,2, ... ,p, n=O,l, .... , 

1 p 
yn+l = - L y;:+!. 

p a=! 

YcJJOBHJI ycTOH'IHBOCTH TaKHX CXeM TaKHe lKe KaK H CTaH.Ua.pTHbiX CXeM UOKOMUOHeHTHOro 

pacmenneHHll. lo.uo6Ho TeopeMe 5 .uoKa3b!BaeTCll cne.uy101llee yTsepa;.ueHHe. 

T e 0 p eM a 6. llpu O'a ~ 0 .. 5, a= 1, 2, ... ,p u J!706blx T > 0 a.,!H ( 13),(15) tJbln0.4HH­

emcH anpuopHall oqeH~a 

llYn+! II S lluoll + E T j; (11 j~ II+ pru,IIAa ~~ 11). (16) 

lloTeHUHaJJI Hoe llpeHMyllleCTBO a,U.UHTHBHo-ycpe.UneHHbiX CXeM (15) CBll3aHO C TeM, 

'ITO .UonyckaeTC ll napanJJeJJbllaJI opraHH3aUHJI Bbi'IHCJieHHH ceToqHbJX !j>yHKUHH y;:+l, a= 

1, 2, ... ,p. 
llpHBe,Uellllb.e Bblllie OUe!IKH YCTOH'IHBOCTH (14) H (16) CJJylKa.T OCHOBOH npH HCCJJe­

.UOBa!IHH TO'IHO:TH paccMa.TpHBaeMbiX cxeM pa.cmenneHHll. B sn.ue (12), (15) !j>opMy­

nnpyeTcll 3a..Ua.' a. .UJIJI norpelliiiOCTH pa3HOCT!IOfO pellie!IHll. llpHHUHUHaJJbHbiH MOMeHT 

CBJI3a.H C TeM, 'I ro B HCCJJe,nyeMbiX CXeMaX UOKOMUOHeHTIIOfO pa.cmenJJe!IHll H a..U.UHTHBHQ­

ycpe.uneH!IbiX CJ:eMaX OUeHKH YCTOH'IHBOCTH CyllleCTBeHHO 3a.BHCJIT OT pa.cmenneHHll (13), 
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OT TOJ'O KaK BbiJ(CJiliiOTCll OTJl('JibHble cnaraeMble. <J>a.KTII'JecKJI 3TO 03Ha•laeT TO, 'ITO TO'I­

IIOCTb TaKHX aJIJlHTHBIIbiX CXeM 3aBIICHT OT TOJ'O, KaK Mbl lj>OpMynnpyeM npoMe:.KyTO'IHble 

3aJ(a'IH, KaK HX annpoKCHMHpyeM H T.Jl. 

C npyroii CTOpoHbl npoMeJKyTo'IHble 3aJta'IH (ocnoMoraTenbHbJe ceT<J'IHble oemf'IHHbl 

yn+ofp, y:;, a = 1, 2, ... ,p) KaKoro-To ca.MOCTOliTenbnoro 3Ha'lennx He 11 deiOT. B uneane 

XOTeJJOCb 6bl o6oiiTHCb 6e3 HHX, T.e. CTpDHTb CXeMbl He npnoneKall IIOHATHll CYMMapHOH 

annpoKcHMauuu. HuJKe OTMe'laiOTCll HeKoTopbie B03MO:.KHOCTH o 3TOM, • a.K naM npeJicTa­

BnlleTcll, o'leHb nepcneKTHBHoM HanpaoneHHH. 

3.3 PerynKpH30BaHHble aJlJlHTHBHble cxeMbl 

llocTpoeHHe pa3HOCTHbiX cxeM 3anannoro Ka'lecToa MO:.KHO npooecTu na ocuooe oowero 

MeTonorn'lecKoro npnuuuna- nplfHUHna perynllpH3auun pa3HOCTHbiX c:~eM [3,2-t]. 3necb 

Mbl HCIIOJib3JeM 3TOT npHHUHII J(Jill IIOJJJ'IeHHll HOBbiX 6e3yCJJOBHO YCTOU'IIIBbiX aJ(JlHTHB­

HbiX cxeM. 

llnll IIOCTpoeHHll 6e3JCJJOBHO ycTOU'IHBbiX pa3HOCTHbiX CXeM Ha. OCHOBe llpiiHUHHa pe­
rynllpH3aUHH ucnonb3yeTCll cnenyiOWaJI Texnonorn'lecKall ueno'!Ka.: 

• Bb16upaeTCll KaKaK-nu6o npocTeiimaK pa3HOCTHall cxeMa (np0113BoJlliUlall pa3HOCT­

Hall CXeMa), KOTOpall He OTIIOCHTCll K lleOOXOJlHMOM)' KJJa.ccy 6e'l)'CJIO'JHO YCTOH'IIIBbiX. 

e llaHHall CXeMa 3aJIIICblBaeTCll 8 Ka.HOHII'IecKOH ljlOpMe. JlJill KOTopoii .J3 OOUleii TE'Opllll 

ycToii'IHBOCTil onepaTopuo-pa3HOCTHbiX cxeM y:.Ke 113BeCTHhl KpiiT••pnn ycTOH'IIJBo­

cTH. 

e llnll BBeJ(eHHll B KJiacC 6e3yCJJOBIIO ycTOH'IIIBbiX pa3HOCTIIhiX CX!'hl onepaTOpbl IIQ­

pDJKJlaiOWeii pa3HOCTIIOH CXeMbl B03MyUlaiOTCll 0 COOTBeTCTRIIliM ,J C KpnTepllliMII 

JCTOH'IHBOCTH. 

B Ka'lecToe npoH3BO.IlliWeii npu nocTpoennn 6eJycJJoono ycToil'IIIR>IX a.JlJliiTJJBHbiX 

CXeM pacCMOTpHM npocTeUlllJIO liRHJIO CXeMy 

n+l n P 

Y - Y + L Aoy" = /", 
T 

n = 0, !, .... (17) 
n=1 

AnnHTHBHble cxeMbl nocTponM na ocnone noJMywemlK Ka:.KJtn•·o oT IINJhHoro onPpa­

Topnoro cnaraeMoro o aJtJlHTHBIIOM npencTa.nnennn (11): 

n = 0.1. ... (18) 

Teo p eM a 7. llpu U 0 2: p/2, a= 1, 2, ... ,p 11 .uo6blr r > 0 d .. IH (I'?) 6P>llllMHHcmcH 

anpuopuaa oqeu~a 

lly"+lll ~ lluoll + :L:;rll/kll· ( l!l) 
k=O 

PaccMaTpnnaeMall perynllpHJOnannax cxeMa (18) JHH'PT n•cn~·Kl <"IIlith <. aJutnTnnno­

ycpennenHoii cxeMoii cyMMapnoii annpoKCIIMa.Unll. liJJx Ton> 'ITOOhl npoJt''toncrpnponan. 
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3TO, BBe.IIeM <j>HI THBHble CeTO'IHble BeJJII'II!Hbl y~+i, a· = 1, 2, ... , p, 1\0TOphlM Tenepb HII­

KaKoro caMOCTOl TeJibHoro 3Ha'leHI!ll He npn.aaeTCll. Ey.aeM peamnoeweaTb cxeMy (18) B 
cne.ayiOweil <j>op ~e: 

n+l yn 
Yo - +(E+aTA0 )-

1Aayn=J;:, 
PT 

a= 1, 2, ... ,p, n = 0, 1, ... , 

1 p 
yn+l = _ L y~+l. 

P o=i 

TeM CaMbiM Mbl CHOBa IIpHXO.lliiM K a.II.IIHTHBHo-ycpe.IIHeHHOH CXeMe, IIOCTpOeHI!e KOTOpoH 
IIpoBO.lli!TCll Teii·~pb 6e3 IIpHBJie'!eHHll IIOHliTI!ll cyMMapHOH annpOKCHMaUIIII. 0TJIH'IIIe 

OT panee npHBe,(eHHOH CXeMbl (15) CBll3aHO C pa3JIH'IHbiMII annpOKCHMaUHliMII npaBbiX 

'lac Tell. 
Cpaenenne cuenoK ycTOH'IIIBOCTII cxeM (16) 11 (19) cywecTBE'HHO n nonb3Y perynll­

pH3oeannoii CXe!Ibl. A HMeHHO, .llJill CXeMbl (18) OUE'Hl\a (19) HHI\al\ He CBll3b!BaeTCll C 

pacwenneHHeM I paBOH '!aCT II, C Bbi60pOM <j>yHKUHH j'{), 0' = ), 2 .... , p. 11MeHHO 3TO o6-
CTOliTeJibCTBO '!oCTo, KaK OTMe<Janocb BbiUie, nopoiK.aaeT Tpy.anocTn nccne.aoeaHI!ll annu­
THBHbiX pa3HOCTHbiX CXeM CYMMapHOH annpOKCHMaUHII. 
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Abstr ict. B pa6oTe .n.ng peTpocneKTHBHOii o6paTno:H 3a.lla"'H TennonpononuocTH 

( 3a,11a•u c o6paTHbiM BpeMeHeM llnll napa6oJDNecxoro ypaBHeHHH) pa3pa6oTaH HTe­

paltHOl HLIH Bhi'IHCJJHTeJJhHhlii anropHTM, B KoTOpoM yTOtJHJJ:eTCJI uaqanbnoe ycno­
aue, T. e. na Krutc..no:H urepamm pernaeTCJr o6LiqaaJr xpae.Brul 3a,naqa .nn11 ypasneHHJI 

Tenno11 poBOJtHOCTH. Ha OCHOBe o6meH TeopHH HTepauHOHHhiX MeTo.noe peweuHJI one­

paTOpl LIX ypaBHelfHii: ycTa.HaBJIHBaiOTCJI ,llOCTaTIJ'DU:ole JCJJOBHJI CXO,llHMOCTH HTepa­

llHOHHC ro npouecca, Dj)OBOJlHTCJI Bhlfiop HTepaiUfOHHhiX napaMeTpOB. 

1 Bae~enue 

Cpe11u o6paTHJJX JaJJaq Tennoo6MeHa [1,2] MO)J(HO BhiJJenHTb peTpocneKTHBHYJO o6paTHYJO 

Janaqy (3anaqy c o6paTHhiM BpeMeHeM) no onpe11eneHHIO Ha.qanhHoro TeMnepaTypHoro 

COCTOJIHHJI no •:eMnepaTypHhiM H3MepeHHJIM Ha KOHe'!HhiH MOMeHT BpeMeHH. flnll ee npH-

6JJH)J(eHHOrO ycToii'IHBoro perneHHll ucnonb3YJOTCll pa3RH'!Hhle nonxonh!. Cpe11u OCHOBHbiX 

MO)J(HO OTMeTH rb MeTOJlhl C B03MJllleHUeM HCXOJJHOro ypaBHeHHll - MeTOJlbl KBa.3H06parne­

HHJI B pa3RH'IH >IX oapua.HTax [3]. BTopoii Knacc MeTOJJOB CBll3a.H c B03MyrneHueM Ha'la.JJb· 

Hh!X JCROBHH. TaKOH nOJJXOJl pea.JJII3JeTCJI npu HCnOJJb30BaHHH <jlopMJRUpoBKII 3a]Ja'IU 

KaK Janaqu on ruManbHoro ynpaBneHHJI [4]. AHanorH'IHall npouenypa <jlaKTU'IecKu nopo­

)J(JJaeTCll npu I cnOJJb30BaHHH npouenyp HeJJOKa.JlbHOrO B03MyllleHHll Ha'la.JJbHbiX ycnOBIIH 

[5]. 
B HacTOliiiJee BpeMll B Teopuu npu6nu)J(eHHhiX MeTOJJOB pellleHHll HeKoppeKTHhiX 3a­

naq [6] c<jlopMMpoBanocb HanpaBneHue uccnenoBaHuii, KOTOpoe cBll'la.HO c ucnonb30BaHHeM 

HTepaUHOHHhiX MeTOJJOB [7]. llpu TaKOM nOJJXOJJe B Ka'!eCTBe napaMeTpa. perynllp113aUHII 

BbiCTyna.eT 'IHC:JlO HTepauuii, KOTOpoe cornacyeTCJI C norpeiiiHOCTbiO BXOJlHhiX JJaHHbiX. 

flpu peiiieHHH o6paTHhiX 3a]Jaq ]JJlJI ypa.BHeHHH MaTeMaTH'IE'CKOit <jJH311KII IIIIIpoKO [8] 
ucnonb3JIOTCJI rpanueHTHhle nTepauuoHHble MeTOJJhl npu oapuauuoHHoii <jlopMynupoBKe 

o6paTHOii 3aJJaiu. B naHHoii pa6oTe paccMaTpuoa.eTcJI Hau6onee npocToii HTepauuoHHhlii 

MeTOJl npH npu'inH)J(eHHOM peiiieHHII peTpocneKTHBHOH o6paTHOH 3a]Ja.'IH TennonpoBOJlHQ­

CTH. flnJI nocT tBneHHOH o6paTHOH 3a)la'IH UTepaUHOHHO JTO'IHlleTCll Ha.'la.JJbHoe ycnOBIIe, 

T.e. Ha Ka)J(Jlcii HTepauuu perna.eTcll o6bi'!Hall Kpa.eoa~~ Jana.qa nnll ypaBHeHIIll Tenno­

npooonHocTu. fia ocHoBe o6rneii Teopuu uTepauuoHHhiX MeTOJJOB peiiieHIIJI onepaTopHhiX 

ypaBHeHHH [9,J 0] JCTaHaBnUBaiOTCll JJOCTaTO'IHble JCJlOBHll CXOJliiMOCTII HTepaUIIOHHOrO 

npouecca, npoiiOJJHTCll Bb16op HTepauuoHHhiX napaMeTpoo. B Ta.Kux Ja.na.'Iax onepaTop 

1 Pa6oTa BLIDO.IHeHa npu ~HHa.HcoaoH no.zt.n;ep)I{Ke PoccuHcKoro <t>oH.na 4>.YH.naMetiTaJ1hHbiX uccne.noaa­

HHH, npoeKT oo.o· -00657. 
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nepexona. na. nosoe I!Tepa.uHonnoe npn6nl!lKenne noJsonl!eT swnennTb npllliHIIlKeHHOe pe­

weHne ncKoMoro Kna.cca. rna.nKocTn. 

2 TiocTaHOBKa 3a,n;a'IH 

Pa.ccMOTJliiM B Ka'leCTBe MonenbHoil nsyMepHyJO Ja.na.qy B npliMoyronbHIIK' 

n ={xI X= (x,,x2), 0 < Xo < 1.,, 0' = 1,2}. 

B n I!!UeTCJI peweHI!e na.pa.6onl!'lecKoro ypaBHeHJIJI 

8u ~ 8 8u 
-- L.... -k(x)- = 0, 
Ot <>=I OX0 OX 0 

xE f!, 0 < t < T. (1) 

nononnen11oro npocTeliwnMII onnopOllHhiMII rpa.Hn'lHhiMII ycnoBnll nepsor< pona.: 

u(x, t) = 0, X E an. 0 < t < T. (2) 

B pa.ccMa.Tpnsa.eMoil o6pa.THoil 3a.Jta.'le BW'CTO 3a.na.nnll pemeunll na naqa.Ibllbiii MOMeHT 

BpeMeHI! t = 0 3a.na.eTCJI pewenne Ha. KOIIP'lllb!H MOM<'IIT BpeMeHII: 

u(x, T) = g(x). X E n. (3) 

Ta.Ka.JI o6pa.THa.JI Ja.na.'la KoppeKTHa., Ha.npHMep, B KJia.ccax orpa!III'IPIIIIbiX pemeunil (no­

HOlKHTeHbllbiX) peWeHHii. 

3 llH~~epeHil;Ha.JlbHO-pa3HOCTHaJI 3a,n;aqa 

OocTa.BnM 11 cooTBeTCTBIIe lliHj><!JepeHUJJaJJbHOII 3ana.•1e ( 1 )-(:3) JHI~J<j>epei!Ulla.nbHo-pa3-

HOCTHYIO Ja.na.'ly, npoBenll lliiCKpeT113aUIIIO no npocTpa.HCTBy. oyJ!eM (''Ill' 'aTb, llHJI npo­

CTOThl, 'lTO B OOHacTII fl BBel!eHa. pa.BHOMepHaJI no KalKllOM)' Ha.npa.BHeHIIIO C 'TKa. C mara.MJI 

h0 , a= 1, 2. OycTb w- MIIOlKeCTBO BHYTJleHHIIX YJJIOB. 

Ha. MHOll\eCTBe ceTO'lHbiX <!JynKUllll y(x) Ta.KI!X, 'lTO y(x) = 0, x of "' onpenennM 

ceTO'lHhlii onepa.Top A cooTnowenneM 

2 

Ay =- L:;(a,,y_i·0 ).ro> (·I) 
l):::l 

nOHOlKIIB, Ha.npi!Mep, 

8 CeTO'liiOM ri!Hb6epTOBOM IIJ>OCTpa.HCTBe lf CK<lJJllpiiO<' npOII'lii<'Jl<'llll<' II IIOJ>M)' BII<'Jl<'M 

COOTHOllleH II Jl M II 

(y, w) = L y(x)w(x)h1h2, IIYII = ~-
xEw 

B H HMeeM [9,10] A= A* > 0. OT (1)-(3) nepeilneM K Jlll~lepenunaJJbHO·onepa.TopnoMy 

ypa.BHeiii!IO 
dy 
dt + Ay = 0, X E w, 0 < t < T (:i) 

np11 Ja.na.nnoM 

y(T) = !J, X E u.J. ((i) 
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4 MTepa~HOHHoe yToqHeHHe HaqaJibHoro ycJIOBH.sl 

llm1 np116moK! HHoro peweHilll o6paTHoll 3a1la'!u (.5),(6) 6yne~1 HrnoJJb30ilaTh nTepauu­

OHHble MeTOJlbJ, CBll3aHHbie c yTo'!HeHHeM Ha'!aJJbHoro ycnoanll. Ha Ka;.Knoil IITepaunu 

COOTBeTCTBYIOIUIJ.e KoppeKTHble 3a)la'!IJ. pelllaiOTCll Ha OCHOBe IJ.CliOJJb30IJaHIJ.ll CTaHnapT­

HblX 1lBYXCJJOilJ:blX pa3HOCTHblX CXeM [9,11]. 
OycTb BMe<TO o6paTHoil 3a1la'!H (5),(6) paccMaTpllBaeTcll npllMalJ. 3a!la'!a 1lJJll ypaa­

HeHIIJI (5), KOf)la BMecTO (6) IJ.CliOJJb3YeTCll Ha'!aJJbHOe ycJJOBIJ.e 

y(O) = v, X E w. (7) 

06o3Ha'!IIM qepe3 Yn pa3HOCTHoe peweHIJ.e Ha MOMeHT BpeMeHil tn = nr, rne r > 0-
war no apeMelll, npH'!eM Nr = T. llp11 HcnoJJb30BaHIIII o6bl'!Holl nayxcnollHoll cxeMw 

c aecaMII [9,11 nepexon Ha HOBblil BpeMeHHoll cnoll B Janaqe (.5),(7) ocywecTBJJJJ.eTCJI B 

COOTBeTCTBIIII •: 

bn+l - Yn + A(uYn+I + (1- u)yn) = 0, 
T 

Yo= v, x E w. 

n = 0, 1, ... , N- 1, (8) 

(9) 

KaK xopow l 113BeCTHO [9], cxeMa c aecaMII (8),(9) 6eJycnoaHo yCToil'IHBa np11 u ~ 0 .. 5 
II cnpaBe1lJJHBa CJJe1ly10WaJI OUeHKa YCTOH'lllBOCTII 

llYn+! II S llYn II S · · · S IIYoll = II vii, n = 0, 1, ... , N- 1. (10) 

TeM caMbiM Ho )Ma peweHHll co apeMeHeM y6bJBaeT. 

flJJJI llpH6llJ:iKeHHOf0 pellleHIIJI o6paTHOH 3a)la'!ll (5),(6) 6y1leM IICliOllb30BaTb llpocTeil­

WIIH IITepaUIIO,IHblH npouecc, OCHOBaHHblU Ha liOClle1lOBaTellbHOM yTO'!HeHIIII Ha'!aJJbi!OfO 

ycnOBilll II pem~Hilll Ha KaiK)lOH IITepaUIIII npJIMOU 3a1la'!H. llp111la1IHM 'HOD 3a1la'!e COOT­

BeTCTBYIOIUYIO onepaTOPHYIO lj>opMynHpOBKy. 

~b (8),(9) .llJIJI 3a1IaHHOfO Yo Ha KOHe'!HblU MOMeHT BpeMeHH llOllY'!IIM 

YN = sNv, (11) 

rne S- oneparop nepexona c onHoro opeMeHHoro cnoJI Ha npyroii: 

S = (E+urA)- 1(E+ (u -l)rA). (12) 

C y'!eTOM (.5),(5) II (ll) llpH6llHlKeHHOMY peWeHIIIO o6paTHOU Jalla'!ll ecTeCTBeHHO cono­

CTaBIITb peweHHe cneny101Uero ceTO'!Horo onepaTopHoro ypaaHeHIIll 

Av=g, xEw, A=SN. (13) 

B cHny caM lConpJJ.iKeHHOCTII onepaTopa A caMoconpJJ.iKeHHhiM JIBJTJJ.eTcll onepaTop ne­

pexona S 11 onepaTop A B (13). 0nH03Ha'!Hall pa3peWIIMOCTh ceTO'!Horo ypaoHeHHll (13) 
6yneT IIMeT Mec:To, Hanp11Mep, 11p11 nonmKIITenbHOCTH onepaTopa A. 3To ycnon11e 6yneT 

BhlliOJTHeHo nm nonmKIITeJThHoro onepaTopa nepexona S. llpHHHMall oo HIIMaHHe npen­

CTaoneHHe (12), nony'IIIM S > 0 npu 

0' ~ 1. (14) 

374 



YCJJooue (14) na nee cxeMbl (8),(9) liB1IlleTcll6onee lKeCTKHM, qeM o6blqHOf ycnooue ycToii­

quoocTu. B narneM cnyqae o (13) npu orpanuqenuxx (14) 

0 <A= A*< E. (15) 

llnx pernenux ypaonenull (13),(15) MOlKHO ucnonb30BaTb liBHbiii JIByx:noilnhlii HTepa­

uuonnhlii MeTOJI, KOTOpbiH 3aTIUCb!BaeTCll [10) B BU}Ie 

vk+l- vk + Avk = g, 
Sk+t 

r11e Sk+l - nTepauuoHHble napaMeTpbl. 

(16) 

PaccMaTpHBaeMbiH HTepaQUOHHbiH MeTQ!l COOTBeTCTByeT cneJiyiOIUt!H opraHU3aQUH 

BblqUCJJeHUH TipH npuonHlKeHHOM pellieHUU peTpocneKTHBHOH oopaTHOH ~aJiaqu (1),(2). 

• llpu 3aJiaHHOM VA: pernaeTCll npliMaJI 3aJiaqa c ucnonb30BanueM pa:HocTnoii cxeMbl 

k k 

Yn+!T- Yn + A(uy!+l + (1- u)y!) = 0, n = 0, 1, ... , !I - 1, (17) 

(18) 

11nx onpeneneHHll yfv. 

• B cooTBeTcTBHH c (16) yToqnxeTcll uaqanbHoe yCJJouue: 

Vk+! = Vk- Sk+t (yfv- g). (19) 

KaK cnenyeT H3 OOIUeii TeOpHH UTepaQUOHHbiX MeTQ!lOB [10) CKOpo:Tb CXOJIHMOCTH 

MeTO}Ia (13) OllpenenlleTCll TIOCTOliHHbiMH 3HepreTuqecKOH 3KBUBaneHTHO< TH '"fa, 0! = 1, 2: 

(20) 

llpHHHMaJI BO BHUMaHUe (15), MOlKHO TIOnOlKUTb -y2 = 1. llonOlKUTenbHal IIOCTOliHHaJI '"fl 

3a.BucuT oT ceTKH u nelKuT B6nu3u uynx. 

llnll CTauuonapuoro HTepauuounoro MeTOJia (sk = so = const B (H)) yCJJoBHJI cxo­

JIHMOCTH UMeiOT (10) B HalliUX YCJJOBUJIX BHJI So ~ 2. llnJI OTITUManbH<•ro TIOCTOJIHHOro 

3HaqeHUll UTepaQUOHHOro rrapaMeTpa HMeeM So ~ 1. llnll YCKOpeHHll C~OJIUMOCTH Heo6-

XOJIHMO OpUeHTHpoBaTbCJI Ha IIpUMeHeHUe UTepaQUOHHbiX MeTOJIOB oapHLQHOHHOro TUTia. 

llpu HCTIOnb30BaHUH UTepaQUOHHOro MeTO}Ia MUHUManbHbiX HeBli30K }Ins HTepaUUOHHbiX 

napaMeTpoB UMeeM 

(Ark, r.~:) 
Sk+l = (Ark, Ark)' 

8 3TOM CJJyqae Ha Ka.li(JIOH UTepaUUH MHHHMU3HpyeTCJI HOpMa HeBli3KH, T.e. oepHa OQeHKa 

llpH HCTIOTib30BaHUH 6onee OOIUero HeliBHOro UTepaUUOHHOro MeTO[(a BMecTO (16) 
UMeeM 

(21) 
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r.ue B = B• > 0 B 3TOM cnyqa.e (MeTO.Il MHHHMaJJbHb!X nonpa8oK) .unll HTepauaoHHb!X 

napa.MeTpo8 HCUC nb3YIOTCll pacqeTHble <tJopMynbl 

(Awk, wk) 
Bk+J = (B-IAwk, Awk)' 

Wk = B-!rk. 

.ilnll 3T0£'0 cny'I<JI MHHHMH3HpyeTCJI nonpa8Ka Wk+! Ha KalK.UOH HTepaUHH, T.e. 8epHa 

oueaKa 

llwk+III < llwkll < ... < llwall· 
Aaanornqao pac<:Ma.TpaaaJOTCll n 6onee 6blcTpble TpexcnouHble 8a.paauaoHHble HTepaua­

OHHble MeTO,Ilbl. 

0TMeTHM HeBOTOpb!e oco6eaaocTH Bbl6opa onepa.Topa B npn peweann aeKoppeKTHbiX 

3a.,lla'!. B OObl'll b!X HTepaUHOHHb!X MeTo.ua.x 8bl6op onepa.Topa B UO.ll'IHHeH HCKniO'IH­

TenbHO YCKOpeHHIO CKOpDCTH CXO.llHMOCTH HTepa.UHOHH0£'0 MeTO.lla .. Opu perneHHH HeKOp­

peKTHb!X 3a,lla'l J:TepaUHOHHb!H npouecc o6pbiBa.eTCll .llO .llOCTIIlKellllll Hl'8li3KH, aenH'IHHa 

KOTOpOH OUpe,llelllleTCll UOrpe111HOCTbiO BXO.UHb!X ,lla.HIIb!X. flnll HaC nalKHO He TOnbKO C 

KaKOU CKOpOCTbiO CXO.llllTCll HTepaUHOHHbiH npouecc Ha. 3TOM Y'laCTKI' y6hiBaHHll, HO H B 

Ka.KOM Knacce rna,llKOCTH 3TOT HTepaUHOJIJib!H npouecc CXOJlHTCJI, 8 KaKoi"J HOpMe He06-

XO.llHMb!H ypo8eHb He8li3KH .uocTara.eTCJI. OpHHUHUHaJJbHa.JI oco6ennocTb npu6nnlKeaaoro 

perneHHJI HeKopp~KTHb!X 3a,lla'l HTepaUHOHHb!MH MeTO,llaMH COCTOIIT 8 TOM, 'ITO 8b!Jlene­

HHe npa6nHJKeHIDfO perneHHJI 83 HeOOXO.llHMOfO Knacca rna.JlKOCTH .llOCTHf'a.eTCJI 8b!OOpOM 

onepa.Topa.B. 
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