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Preface

The tradit onal International Conference on Computational Modelling
and Computing in Physics organized by Laboratory of Computing
Techniques and Automation was held in Dubna (Russia) on September 16-21
1996. The Conference follows the rich traditions of the previous conferences on
Numerical Methods and Applications that have been held in Dubna since 1964.
The presert Conference was organized in honour of M.G .Meshcheryakov the
famous scientist and the founder of the LCTA.

Morz than 160 scientists from 15 countries attended the Conference and of
about 130 -eports and short communications were presented. The topics cover the
wide scope of problems including computational simulations and models,
numerical methods (finite difference methods, finite and boundary elements
methods, numerical linear algebra, parallel algorithms and their applications),
inverse anc ill-posed problems, computer algebra, neural networks, wavelets, data
processing. bifurcations and chaos, computing and networking for physical
research, computer education.

This book contains refereed and edited versions of the papers presented at
the Confercnce.

I an: grateful to all the authors for their contributions. I appreciate the
cooperatio1 of Prof R.Pose (Director of LCTA, member of the Organizing
Committee), Prof I.V.Puzynin (Deputy Director of LCTA, member of the
Organizing Committee), Dr V.V.Korenkov (Deputy Director of LCTA, Co
Chairman), Academician A.A.Samarski (Moscow, Honorary Member), Prof
V.P.Shirikov (LCTA, member of the Organizing Committee), Dr S.P.lvanova
(LCTA, nember of the Organizing Committee) and Dr L.A Sevastyanov
(Moscow, nember of the Organizing Committee). The success of the Conference
has been e1sured in many respects by the efficiency of the corresponding offices
of JINR. Special thatks to Dr AP Korol (JINR International Department,
member of' the Organizing Committee). The tough daily work related to the
technical a1d scientific organization has been shared by my colleagues, members
of the Crganizing Committee: Dr E.A Airian, Dr A.V.Fedorov (Scientific
Secretary), Dr S.O.Lukianov (Deputy Director of LCTA), Dr R .R.Shahbaghyan
and Dr T A Strizh. Without their efforts it would have been impossible to
organize this conference. The financial support of the Russian Foundation for
Basic Resc¢arch, Russian Ministry of Science and Technical Policy and Russian
University of People’s Friendship is gratefully acknowledged.

E.P.Zhidkov
Chairman of CMCP’96
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On numerical-analytic investigation

of scalar scattering by ideal prolate spheroids
and triaxial ellipsoids !

A. A. Abramov, A. L. Dyshko, N. B. Konyukhoa,
and T. V. Leviiina

Computing Center, Russian Academy of Sciences.
Vavilova 40, 117967 Moscow GSP-1, Russia

e-mail: alalabr@ccas.ru, nadja@ccas.ru, lev@ccas.ru

Abstract. The brief survey of papers [1-6] is given. The exterior Dirichlet :.nd Neu-
mann problems for the Helinhollz equation are considered for scatterers of a shape
pointed out in the title. The problems are solved by the Fourier method via sepa-
ration of variables in either sphercidal or ellipsoidal coordinate system. In so doing.
complicated special functions atise, which are calculated by methods clabo ‘ated by
the authors. The methods allow one to carry out calculations for the listed above
classical scattering problems in a wide range of parameter variations. Calculations of
distinct terms in the Fourier series are independent of each other, therefore hey can
be done in parallel. The calculations for a triaxial ellipsoid have been carried out on
a multiprocessor computer based on a net of transputers.

1. The plane monochromatic wave u(#) = exp [ik(l-: f')] propagates tirough a homo-
geneous isotropic space and hits a finite obstacle D with surface § being either a spheroid
or a triaxial ellipsoid. Here the time dependence factor exp(—iwgt) is omitted, wp is the
incident wave frequency, k = wp/cp is the wave number, ¢g is the sound specd. [= (Lol 1)
is the unit vector specifying the direction of the plane wave propagation 7= (x.y.z) is
the radius vector of the observation point. Outside the obstacle both the incident u(7)
and scattered u*() waves satisfy the Helmholtz equation

Au+k?u=0, FeR*/D. (1)

where A = 02/02% + 9%/0y* + 82/3:? is the Laplace operator. We suppose as well that
on S either a Dirichlet or Neumann boundary condition is imposed:

(M), = —u' (M, or du’(P)/On|, = —du' (7Y onl,. (2)
Here 3/0n is the derivative in the direction of the exterior normal to the surface S.

Far from the scattering object the scattered field is close to a spherical wave

exp(ikr) 1 i .

w(r,8,0) = F(8,y)

uniformly with respect to (8, ), where (r, 8, ) are spherical coordinates. For the solutions
of the Helmholtz cquation relation (3) is equivalent to the Sommerfeld rad ation condition

L]
lim 1[0; — ik u’] =0 (N

r—oo or

' This work was supported by the Russian Foundation for Basic Research wnder Gran No. 96-01-00951,




uniformly with respect to (8, ).

The solution of (1)&(2)&(4) yields both the far field amplitude F(8, &) from the asymp-
totic representation (3), and other principal scattering cha -acteristics of the ellipsoid S
such as the differential and total cross-section. For a more detailed discussion of the
problem see, e.g, [1, 2].

Since the scattering surface may be identified with a coordinate surface of an orthogonal
curvilinear coordinate system which enables separation of tiie variables in the Helmholtz
equation, this problem may be solved ‘exactly’ via the Four er method.

2. In case of a prolate spheroid the solution of the above stated problem via the Fourier
method has been considered carefully in [1] and the literatu e cited therein. For methods
for computing the spheroidal functions one should be referred to [4,5].

Further we will consider briefly the case of an ellipsoic. The ellipsoidal coordinate
system associated with the ellipsoid S of principal semiaxe: ¢ > b > ¢ > 0 is defined by
the equatiog z2/ (a2 + 1) + y2/ (b* + 1) + 2%/ (¢ + 1) = 1. Going over to dimensionless
variables £ = (1 + a?)/(a? ~ b?), one writes

z? y? =2

@ - " @8- 1) (@ - o)

Here we have set p? = (a? — ¢%)/(a? - b?), i.e. p? > 1. This equation for each point
(z,y, 2), zyz # 0, has exactly three different roots: £ € I, = (0,1), & € I, = (1, p?), and
& € I = (p?,00). If & = &, the surface defined above is a 1yperboloid of two sheets, for
&€ =&, it is a hyperboloid of one sheet and for £ = &; it is an ellipsoid (e.g., the equation
& = £ = a?/(a® — b?) defines S).

The above three families of confocal surfaces form an ortogonal curvilinear coordinate
system related to Cartesian coordinates within each octant (e. g., x > 0,y > 0, = > 0) by
the one-to—one correspondence.

On separating variables, we arrive at a system of three identical equations known as
the Lamé wave equations

= d [ o dA ) "
f(Ei)Eé-—l{ f(Et) ‘E} +:‘1‘q(5i,h,l,w)Ai=0, Ei € Iiw = 1»2)3a (5)

where h,l are the separation constants, f(€) = &(€ — 1)(€ — 97), ¢(&, b, [,w) = hp? — [p*€ +
w2, W = k¥ (e? - 7).

Owing to the symmetry of the problem, a particular solution must be either odd or
even with respect to each coordinate plane. Since coordinate planes correspond to the
ends of the intervals of ellipsoidal coordinate variations, we have

= 1.

m, (VI€n &) =o,

im o M) =0 or tlim

im Ai(&)=0 or lim ( f(fl)/"l(gl))zo,

§1—+1-0 & —+1-0
Jim A =0 or  tim ( ~J@insien) =0, (6)
Jim nae=0 o im ((/oEINE)) =0
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besides the boundary conditions for £& — 1 — 0 and for &, — 1 + 0 must be identical as
well as the conditions for & — p? — 0 and & — p* + 0.

No reliable methods for the evaluation of ellipsoidal wave functions existed until pa-
pers [5,6] appeared and therefore the application of these functions had been delayed (see
paper A. A. Abramov, A. L. Dyshko, N. B. Konyukhove, T. V. Levitina, V. I. Ul’yanova
of this volume). This is because the solutions to (5) defined on I, and I; — the angle
ellipsoidal wave functions — compose the eigenfunctions of a two-parameter self-adjoint
eigenvalue problem. That is, one must find such a couple of values for the separation con-
stants, that (5) has on both I and I, non-trivial solutions satisfying the corresponding
boundary conditions. The eigenvalue of the problem is such a couple of values, and the
product of the corresponding solutions to the system gives its eigenfunctio1 (see, e.g., [7]).

Eigenfunctions associated with different eigenvalues are orthogonal ¢n Il = I} X I
with respect to the weight ¢(&1,£2) = (&2 — &) [—f(fl)f(fz)]_l/z. Since an eigenfunction
is defined only on a part of S enclosed in an octant, one must to prolong it to the hole
space in accordance with its parity, i.e., with the boundary conditions chosen from (6).
We will call such a prolonged function a surface ellipsoidal function ¥(&;,2). Normalized

by )
// [‘I’(fhfz)] o(£1,&2) d1déz = 1/8,
i

all the functions for all possible boundary conditions constitute an orthonormal basis in
L£%(S,0).

To solve the problem under consideration we also need the radial ellipsoidal functions,
i.e., the solutions to (5) defined on a semi-infinite interval I3 and satisfying at infinity the
radiation boundary condition

1 1
Vwts &
Here the phase shift §(k,!) is determined (up to a summand nr) by the requirement that
AM(&3) = ReAP®)(£&3) is subject to (6). Such a nontrivial solution exists for any & and I.

The methods proposed in [4-6] provide an efficient and economic way to calculate the
wave functions for spheroids and ellipsoids at a rather wide range of parameter variations,
they are involved in the survey [8]. .

Thus, when separating the variables in terms of ellipsoidal (spheroidal) coordinates,
particular solutions of the Helmholtz equation are formed as products of the surface and
radial ellipsoidal (spheroidal) wave functions. For comparison, in case of a sphere the
analogue of a surface ellipsoidal wave function is a spherical function, ‘vhile the radial
ones are the Bessel and Hankel functions.

3. Here we do not dwell on the expanding of the incident and scattered wave as well
as the far field amplitude. For details we refer to [1-3]. We will only present the ultimate
expressions for the case of an ellipsoid.

For the plane wave propagating in the direction I specifeid with spherical coordinates
' and ¢’ (the angle &' is counted off the axis z) we have the expansion in ellipsoidal wave
functions at an observation point = ({1,£2,&3)

e = —% 3 €U (61,62) Un (1, )ALV (&) (M

n

AN g) = exp{i(wv/Zs + 6(h,1)} + O(

)» 63_)00'

11



Figure 1.
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Figure 2.
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Here angle ellipsoidal coordinates & and &} specifyirg the incident direction are related
to the angles ¢ and ¢’ by the equations
6;.6’2 =P2 COSZ 0’7
(6 - 16~ )=—(p* - 1) sin? & cos? ¢, (8)
(€~ P& = P?) = PP(p* - Lisin? @'sin’ ¢'.

The scattered wave may be represented as a series

w(7) =Y un¥nl61,62) ¥a (€1, E)ADE). 9)
n
where
1, A€y /AR e for the Dirichlet problem,
o =16ri —e*"{ d
* ik Vw € EE—AS,"({;)/EE'LAS.“)@;) for the Neumann problem.
. 3 3
Finally the far field amplitude of the ellipsoid S is given by
F(0,0,6,¢) = Vo) une®"Wa (61, 6)¥n(E],6), (10)

where the angle ellipsoidal coordinates &, & are connected with the angle spherical co-
ordinates # and ¢ via the same relations as connect £}, & with @ and ¢ (see (8)). The
expressions (7), (9) and (10) have been first obtained by M. V. Fedoryuk in [9].

These expressions are simplified, if the direction of the plane wave incidence coincides
with one of the coordinate axes. Therefore in {2,3] tte consideration has been restricted to
the case of incidence in the direction parallel to the axis OX, u*(¥) = exp(—ikz), still these
calculations require considerable time. That is why the parallel version of the programs
evaluating a plane wave field at a given point and a far field amplitude for a triaxial
ellipsoid have been devised in ”Parsytec C” languag? for a net of transputers. The idea of
paralle] realization is natural for the Fourier methcd, as distinct harmonics in the series
are calculated independently of each other, and the-efore can be calculated in parallel.

As a basis of parallel programs the so-called ‘farm—processotr’ concept exploits: there
is ‘master’ processor, which sends tasks (i.e., the number n of an eigenvalue and a set of
boundary conditions to ‘worker’ processors, receives the replay (the array of values of the .
corresponding ellipsoidal wave functions A, (&), An(&7), As.a)(f;;) at given points) and adds
the new term to the series. The time required to calculate any term of the above series,
is much more than that of data exchange among processors, therefore regardless of the
configuration of a transputer net the speeding up inay be attained up to nearly p times,
where p is the amount of occupied processors. (Heie we assume that p < N, where N is
a total number of calculated harmonics.)

In case of an arbitrary incident direction the tot.l amount of calculations becomes four
times more, therefore the possibility to carry out computations in parallel is of special
significance.

Here we present the results of several calculation:. done by means of the above programs.
Fig. 1 and Fig. 2 show the same far field amplitudes »f ideally rigid ellipsoids (the Neumann
problem) observed from opposite points of view. All the calculations have been done for
a?k? = 105.0, b%k? = 55.0 and c2k? = 5.0. For both pictures the incident directions
specified by spherical angles ', # are given by the table:

14



=0 ¢=0
¢=0 O=x/d|=n/4 V=r/d|d=n/2 F=n/4
¢'=0 O=rn/2|¢=n/4 O=r/2]|¢=n/2 §=r/2

Calculation of each series continued till all the series terms corresponding to the main
index n became sufficiently small. Besides, the particular sums of the plane wave expansion
were compared with its exact value, in order to test ellipsoidal wave fun:tions and to
estimate the number of harmonics required. To verify the reliability of th: program we
have compared the results of calculations for nearly prolate spheroid with the calculations
obtained for a corresponding spheroid in [2]. We have found that these calculations are in
a good correspondence with each other. Note that the far field amplitudes for the case of
an arbitrary incident direcition are published for the first time.
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A Universal Program to Uncouple Linear Systems *

Sergei A. Abramov Eugene V. Zima
Computer Center of Comput. Math. & Cybernetics dept.,
the Russian Academy of Science, Moscow State University,
Vavilova 40, Moscow 117967, Russia. Moscow 119899,
abramov@ccas.ru Russia.
sabramov@cs.msu.su zima@cs.msu.su

Abstract. We describe a program to uncouple a linear system of equations. An
algorithm is described in terms of an arbitrary Ore polynomial ring. It allows to
adjust the program for the differential, differen e, ¢-difference and many other cases.

1 Introduction

The search for solutions of a system of linear ordinary differential equations can be re-
duced to the search for solutions of scalar (i.e., with one unique unknown function) linear
equations. Such a reduction is possible for systems of linear difference and g¢-difference
equations as well.

Theoretically, this reduction is not hard for any kind of system. Algorithms to uncouple
linear differential and difference systems are based on very similar ideas. There is a
mathematical abstraction connecting, in particuiar, linear ordinary differential, difference
and g-difference equations. This is Ore polynomial rings [1, 2, 3]. In this paper we describe
a Maple implementation of a universal (based on Ore polynomials) algorithm to uncouple
a linear system to scalar equations. The impl¢mentation assumes that coefficients are
polynomials (in the usual sense). If coefficients are rational functions then preliminary
clearing of denominators is needed.

The algorithm has been described by the aithors in [4]. It is a generalization to an
arbitrary Ore polynomial ring of an algorithm to uncouple a system of linear ordinary
differential equations [5].

In Section 2 we recap basic notions connected with Ore polynomial rings. Then, in
Section 3 we describe shortly the uncoupling zlgorithm. Section 4 discusses a Maple
implementation. A few examples of uncoupling -an be found in Section 5.

*Work reported herein was supported in part by INTA S-RFBR under Grant 95-412 and State program
?Informatization of Russia”.
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2 Basic notions of Ore polynomial rings

Let k be a field of characteristic zero, 8 an indeterminate over k, o an automorphism of
k,and § : k - k a map satisfying

§(a+b) = ba+8b, §(ab) =o0(a)db+bab n

for any a,b € k. The Ore polynomial ring k[8;0,8] given by o and & is the ring of
polynomials in @ over k with the usual addition. Multiplication in k[8; 0, ] is defined by
the following relation

fa = o(a)f+ ba (2)

for any a € k.
Let V be a linear space over k (if k is a functional field then usually V" is a wider set
of functions). Let the application of 8 to elements.of V' be defined in such a way that

O(u+v) =0u+6v, O(au) = o(a)fu+ da u (3)

for u,v € V,a € k. Then we can consider the application of Ore polynomials A(8), B(9),...
to elements of V', with A(8)B(8)v = A(8)(B(8)v), (A(8)+ B(8))v = A(f)v -+ B(f)v and so

on. It allows to consider V' as a module over k[6; o, ). From here on fa, 81,... we denote
the results of applying 8 to a, u, ... rather than products of the elements o k[#; o, 8] as in
(2).

Let & C V (this inclusion is natural in the functional case). Thanks to (3),
fa = o(a)fl + é(a) (4)

for @ € k. Therefore, in order to define the result of application of # to an element of k
it is enough (in addition to o and é) to know 81, i.e. the result of application of 8 to the
unit of k. The following table shows that linear ordinary differential, recurrent, difference
and g-analogs of recurrent and differential equations can be considered in the framework
of the theory of Ore polynomial rings:

case [ a |4 9
differential 6f(z) = £f(2) L 1L
recurrent 0f(z)=Ef(z)= f(z+1) Elo 1
difference 0f(z)=Af(z)=fe+1) - f(x) | E |A |)
g-recurrent 0f(z) =Qf(z) = f(gz) Q10 1
g-differential | 8f(z) = D, f(z) = L@f_g%iﬂ Q| p, |

The list above is not exhaustive. It can be extended easily by special cases like
and so on.
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a nonstandard 8f(z) = z£f(z) 1
g-difference | 8(z) = A f(z) = fg2) - f(z) | Q

D> ®
tﬁmg‘
(=]

3 The algorithm

Consider a linear system (in general, inhomogeneous)
fibyr = any + a2y + .o+ Unla 11y

fnoyn = a1 + an2y2+ .o+ GnnYn + 7,

a;j € k, r;,y; € V, where y; are unknown. The result of the application of 8 is defined in
accordance with (3).

The application of the algorithm starts with the following transformations, which give
a scalar equation in y;.

Consider the first equation. If aj2 = ... = a;, = ) then we already have an equation
in y; alone. Let ajz # 0 (if aj2 = 0, but aj; # 0,7 > 2, we can re-enumerate unknowns).
Introduce new unknown z; (instead of y,):

z2=any2+ ... + G1r Yn. (5)
The first equation can be rewritten as
fify = anyn + 2.

In all the remaining equations we can eliminate y; w th the help of (5). After this elimi-
nation the second equation will have the form

g20y2 = baiyr + bazz2 + ... + banyn + 52. (6)
Application of § to both the sides of (5) gives us - .
8z = o(ay2)8ys + d(ar2)y2 + - . . + 0(210)0yn + (A1) Yn- (7) .
We can use (6), (5) together with
930y3 = baryr + bazzz + basys + - + banyn + 83,
.g.r.lo!/n = bniy1 + bn2z2 + b3z + - + ban¥n +5a

in order to eliminate y,,80y2,0ys,...,0y, from (7). After that (7) contains only
0221111,!/3,---,!/"2

hy8zy = ey + c2222 + C23y3 + ... + Conlin +E2-
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Hence we have as the result of these actions the system

Hoy = any + 23+ 11,
habz3 = ey + 2222 + ca3ya + ... + Contin + tg,
930y = bayyn + bagza + basys + ... + aznyn + s3, (8)

gnbyn = bnlyl + bn2z2 + bn3yz + ... + Gnn¥n + Sn.

If c23 = €24 = ... = 24, = 0 we can obtain a second order equation in y; from the first two
equations of (8). The first equation allows to express 23 via y1,8y;. Ap»lying 8 to the
first equation we can express 02, via y;, 8y;, 8*y;. Substituting in the seco1d equation we
have the desired result.

If at least one of c33, €24, ..., C2n (for example cz3) is nonzero, then we: introduce the
new unknown 23 (instead of y3)

23 = Ca3y3 + ... +.C2n¥n, ' 9)
and so on until for a value /| < n we obtain a system

a0y = Pun + 22+ 1y,
2023 = By + Ba2za + 23 + ta,

o102y =Bty + Bicigze . Bo s+ wey,
0z = By + Biaza + .. .+ Bry—r1zi-1 + Bz + .

We can get an equation of degree ! in y; with the help of these equations. -

In the rest of the initial system we consider y;, z2,..., 21 as knowns a1d perform the
same transformations. It gives us an equation of order m,m < n — {, for 141 and so on.
Finally, we will have several scalar equations (in y1, yi4+1 etc). The sum of their orders
will be equal to n. Relations, analogous to (10), allow to express all z; ‘ia y1, Y141,
Formulas (5), (9) and so on form a triangle system of linear algebraic eq: ations. Hence,
we can express all remaining y; via solutions of scalar equations.

Let the initial conditions for equations of the initial system be given. Then it is easy to
get initial conditions for split scalar equations. For example for an /-order equation in y;
one can find linear expressions of y,,...,8 1y via y1,..., ¥ If y1,..., 1, are functions
and the values y;(0),...,yn(0) are known, then these linear expressions allow to compute
Oy, (0),...,0"“y1 (0). In order to construct the linear expressions menticned above, we
apply @ to the first equation of the initial system and then eliminate in the right-hand side
all fy; by means of equations of the initial system. This gives a linear expression for §2y;.
Repeating these steps we obtain expressions for #3y;, #%y;, ... Analogous :xpressions can
be obtained for the scalar equation in y;4; and so on.

4 The program

The algorithm from the previous section has been implemented in Maple £ .3 with several
improvements like

o preliminary splitting of scalar equations on each step,
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o reducing coefficients by their ged,
e choosing the most suitable unknown for excluding on each step

and others.

The user is provided with the three main procedures set_Ore_ring, uncpl_sys
and get_sol. Procedure set_Ore_ring(indvar, case! sets the program to a concrete
k[6; 0, 8] by selecting the independent variable and concrete 8, o and #1. It takes unas-
signed names as parameters. The value of the first para neter stands for the name of the
independent variable, the value of the second parameter :elects a concrete &[6; 0, 6. In the
standard cases (differential, difference, recurrent, q-recurrent, q-difference,
q-differential) adjustment of the program is hidden from the user; for example, the
call

set_Ore_ring(x,differential)

sets the program to the differential case with z as indep:ndent variable.

If the value of the second parameter is nonstandard, the program prompts the user
for input of definitions of 6§ and o (in procedural form) and the value of #1. Below we
show a Maple session setting the program to the nonstaidard case:

> get_Ore_ring(x, ‘nonstandard);
Enter definition of automorphism sigma
> proc(y) y end;
Enter definition of map delta
> proc(y) x~2*diff(y,x) end;
What is the value of theta_1 ?
>0
program is set to the nonstandard case

Procedure uncpl_sys(sys,unklst) takes a system of linear equations as the first
parameter, a list of unknowns as the second parameter and returns the result of uncoupling.
The result is a list of scalar equations, expressnons of auxiliary unknowns in terms of
solutions of these equations and linear expressions of the remaining unknowns via solutions
of the scalar equations and the auxiliary unknowns. The e is the optional third parameter
ch_flag of type Boolean, which is set true by default. If ch_flag=false then the choice
of the most suitable unknown for excluding is switched off.

Procedure get_sol(unres, unkl) takes the result of uncoupling and the list of un-
knowns as parameters and finds a solution of the initiil system by means of standard
Maple tools. In the differential case the procedure dsolve is used for this purpose. If the
optional third papameter has the value rat, then Bronstein’s procedure ratlode (from
the Maple share library) to find rational solutions is usel instead of dsolve.

5 Examples of uncoupling

In this section we give several examples of using the program from the previous section
together with timings!.

' All the reported timings were obtained on 66Mhz IBM PC 48¢DX.

20



Example 1. Consider the well known combinatorial problem: n pairs of inimical
knights are invited to dinner. How many ways y;(n) are there to seat them at a round
table so that no enemies are beside each other? Let y2(n) be the number o’ ways to seat
them so that exactly one pair of enemies is beside each other; y3(n) be the number of ways
to seat them so that exactly two pairs of enemies are beside each other. It is possible to
show [6], that for n > 2

Eyi(n) = 2(2n - 1)ny; (n) + 2(2n — 1)y2(n) + 2ya(n),
Eyz(n)=4"("+ Dyi(n) +2(n + 1)y2(n), (11)
Eys(n) = 2n(n + y1(n) + 2(n + 1)y2(n),

¥(2) = 2,¥2(2) = 0,y3(2 4. In the session below we first set the program to the
(aft

)=
recurrent case and then (after initial assignments) call the procedure uncpl_ sys:

set_Ore_ring(n, ‘recurrent‘):
eql:= theta(yi(n),n) =
2+(2#n-1)*n*y1(n) + 2%(2%n-1)*y2(n) + 2+y3(n):

eq2:= theta(y2(n),n) =
2+(n+1)*2*n*y1(n) + 2+(n+1)*y2(n):
eq3:= theta(y3(n),n) =

2+(n+1)*n*y1(n) + 2+(n+1)*y2(n):
eq:=[eql,eq2,eq3]:
varl:=[y1(n), y2(n), y3(n)]: .
rez:=uncpl_sys(eq, varl);

VvV VV V VVVV VYV

rez 1= [[(64112+32n+8n4+40n3)y1(n)+(—1—11)0(6’(6’(y1(n))))

+(20n74+204+34n+423)8(8(y1(n)))
+ (40 + 1087 + 108 n2 + 8n* + 48n3) f(y1(n)) =0,
y3-z(n) =6(yl(n)) - (4n? - 2n)yl(n),y2-2(n) = %1 - 68(v1(n))n
~20(yl(n))-46(y1(n))n? - (2802 +12n+160%) y1(n)),

2_z(n 1 1 (d4n-2)y2_2(n
[y2(n)= 167};+8(+;n”y3(n)= §y3_z(n)— 2 ( 16n+)8‘+8'(1_2—)”
%1 = 6(6(y1(n)))

Here (in 2 seconds) we get as the result one scalar equation in yl(n), ~xpressions of
auxiliary functions via y1(n) and linear expressions of y2(n), y3(n) via y1(n) and auxiliary
functions. Using the remark at the end of Section 3, it is possible to jet the initial
conditions for the scalar equation y1(2) = 2, y1(3) = 32, y1(4) = 148¢. The scalar
equation has the following solution with these initial conditions

vni(n) = i( 1)’°( )2"(211—1:—1)!.

k=0

Example 2. In order to demonstrate the work of the program in the g-recurrent case
we consider the system (11) using Q instead of E.
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set_Ore_ring(n, ‘q-recurrent‘):
eql:= theta(yi(n),n) =
2#(2#n-1)*n*y1(n) + 2%(2#n-1)*y2(n) + 2*y3(n):
eq2:= theta(y2(n),n) =
2%(n+1)#2+n+y1(n) + 2+(n+1)*y2(n):
eq3:= theta(y3(n),n) =
2%(n+1)*n*yi(n) + 2*(n+1)+y2(n):
eq:=[eql,eq2,eq3]:
varl:=[yi(a), y2(n), y3(n)]:
rez:=uncpl_sys(eq, varl);

VVVVVVVVVYV

rez i= [[(8n2q+8ﬂ3q’+8n’q’+8nq)y1(n)+(2q+4n’q“)0(0(y1(n)))

+ (12023 +8n3¢  +4ng® ~an?¢® —4nq)8(yl(n))
® —6(8(8(y1(n))))=0
¥y3.2(n)=8(yl(n)) - (42— 2n)yl(n ,y2_z(n) = %l
-4n’¢*9(yl(n))+2nqg6(yl(n))
~(=4n® —4n+16n3¢+160%¢)yl(n)]

_ ¥2_z(n) 21 . _1(4n-2)y2_2(n)
[ﬂ(n)—8n2q+8nq’y3(n)_2y3_z(‘) 2 8n?’qg+8ng ”

%1 :=6(8(yl(n)))

Here (in 4 seconds) we again get one scalar equatior in yl(n), and expressions for the
remaining unknowns via y1(n).

Example 3. In both the examples above we get or e scalar equation. Now we consider
a differential linear system [8] which will be split into several scalar equations:

22y = (1+ 42)y1 — 5zy2 + Tzys — 8zya -+ 8zys — 6zys,

z2yh = ~10zy; + (97 + 1)y, — 14zy;s & 162y — 16zys + 122y,

z?yy = —bzy; + 5zy2 + (1 — 82)ys + 8zy, — 8zys + 6zye, (12)
22y = 10zy; - 10zy; + 14zys + (1 — 172)yq + 16zys — 12zy6,

z?yy = Szy1 — 5zyz + Tzys — 8zya + (14 Tz)ys — 6zye,

z2ys = ~5zy + 5zy; — Tzys + 8zys — 8ays + (1 + 52)ye.

In the session below we first set the program to the dif’erential case and then (after initial
assignments) call the procedure uncpl_sys:

> set_Ore_ring(x, ‘differential‘):
> eql:= theta(y1(x),x)*x"2 =

> (1+4#x)*y1(x) + (-B#x)*y2(x) + (7tx)ty3(x) +

> (-8%x)*yda(x) + (B#x)*+y5(x) + (~6#x)*y6(x):

> eq2:= theta(y2(x),x)*x"2 =

> (-10%x)*y1(x) + (9#x+1)#y2(x) + (-14#x)*y3(x) +
> (16%x)*y4(x) + (-16%x)*»yB(x) + (12+x)*y6(x):

> eq3:= theta(y3(x),x)*x"2 =
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(~5#x)#y1(x) + (5*x)xy2(x) + (-8%x+1)xy3(x) +

(8xx)*y4(x) + (-8+x)*y5(x) + (6xx)*y6(x):
eq4:= theta(y4(x),x)*x"2 =

(10%x) *y1(x) + (-10%xx)*y2(x) + (14*x)*y3(x) +

(1-17+x)#y4(x) + (16#x)*y5(x) + (-12*x)*y6(x):
eq5:= theta(y5(x),x)*x"2 =

(5*x)*y1(x) + (~B*x)*y2(x) + (T*x)*y3(x) +

(-8%x)#yd(x) + (1+4Txx)*y5(x) + (-6xx)+y6(x):
eq6:= theta(y6(x),x)*x"2 =

(-5#x)#y1(x) + (S*x)*y2(x) + (-T*x)*»y3(x) +

(8ax)*y4(x) + (-8#x)*y5(x) + (1+6xx)*y6(x):
eq:=feql,eq2,eq3,eq4,895,696] :
varl:=[y1(x), y2(x), y3(x), y4(x), y6(x), y6(x)]:
rez:=uncpl_sys(eq, varl);

VVVVYVVVVVVVYVYVY

rez = [[-2*0(8(v1(2))) +32°0(31(2)) + 222 6(y1(2)) + 527¥1(=)

~52yl(z)—yl(z) =0,y2-2(z) =228(yl(z)) - (1+42)y1(2)}[
—z28(y3(z)) =5zyl(z)+y2-2(z) + (2 - 1)y3(z),
~2?9(y4(z)) = -10zyl(z) - 2y2-2(z) + (2 — 1) y4(z),
~2%0(y5(z)) = -5zyl(z) - y2-z(z) +(z - 1) y5(2),
—220(y6(z))=5zyl(z) +y2-2(z)+ (= - 1) y6(z)],

1y2_z(z)

[rag) = - 1224504 Dyaga) - Syaa) + o) - 3

Here we get (in 3 seconds) as the result a scalar equation of the second order in yl(z),
an expression of auxiliary function y2_z(z) via yl(z), a list of four scalar first-order
equations and a linear expression of y2(z) via solutions of the scalar equations and the
auxiliary function. Now we can find the solution of the system using procedure get_sol:

> get_sol(rez,varl);

=3 (Lc1+.002%) 268 (-3.c145.022%) _el-¥(.co:0— 1)
T 73 z " z ’

=3 (20228 +.C1) el-3) (Lc1+.C22%) el-%)(.C25°- C1)

Example 4. Consider the previous example in the nonstandard case, tiking § = ::2345:
> set_Ore_ring(x, ‘nonstandard‘);

Enter definition of automorphism sigma
> proc(y) y end;

Enter definition of map delta
> proc(y) x~2*diff(y,x) end;
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What is the value of theta_i 7
0
program is set to the nonstandard case
eqi:= theta(yi(x),x) =
(1+4#x)¢y1(x) + (~6#x)*y2(x) + (7+x)ry3(x) +
(~8ex)+y4(x) + (Bex)ey5(x) + (-6%x] *y6(x):
eq2:= theta(y2(x),x) =
(-10¢x)sy1(x) + (9+x+1)#y2(x) + (-144x)+y3(x) +
(16¢x)*y4(x) + (-16sx)*y5(x) + (124x)y6(x):
eq3:= theta(y3(x),x) =
(~5ex)*y1(x) + (6*x)#y2(x) + (-Bex+1)+y3(x) +
(8¢x)*+y4(x) + (-Bex)*y5(x) + (6+x)+y6(x):
eq4:= theta(y4(x),x) =
(10%x)*+y1(x) + (-10#x)*y2(x) + (14+x)+y3(x) +
(1-17+x)#y4(x) + (16¢x)#y5(x) + (-12%x)*y6(x):
eq5,;= theta(y5(x),x) =
(5#x)*+y1(x) + (-5#x)+y2(x) + (7+x)+y3(x) +
(-84x)*y4(x) + (1+7ex)*y5(x) + (-6*x)*y6(x):
eq6:= theta(y6(x),x) =
(-5#x)*y1(x) + (5*x)ey2(x) + (~T#x)*y3(x) +
(8ex)*y4a(x) + (-8Bxx)*y5(x) + (1+5*x)*y6(x):
eq:=[eql,eq2,eq3,0q4,095,0q6]:
varl:=[y1(x), y2(x), y3(x), y4(x), y5(x), yi(x)]1:
rez:=uncpl_sys(eq, varl);

v

VVVVVVYVVVVVVVVVVVYVVY

rez := [[—0(0(y1(z)))+20(y1(z))+5z0(y1[z))+532y1(z)— S5zyl(z)

—yl(2)=0,y2.2(z) = 8(yl(z)) - (1+42)yl(z)][
-0(y3(z)) =5zyl(z)+y2.2(z) + (2 - 1)y3(z),
-0(y4(z)) = -10zyl(z) - 2y2_2(z) + (= - 1) y4(=z),
—0(y5(z))=-5zyl(z) —y2-z(z) + (= - 1) y5(<),
—9()!6(3))—5zy1($)+y2-1(3)+ (z-1)y6(2)},

[y2(z)= El’y2_z( z) y3( )—%5’4(1)+§y5(z —-yﬁ(z)]]

Here the result of uncoupling (obta.med in 2 seconds looks slightly different from the
previous one. But again we have a second-order scala: equation in yl{z) and four split
first-order scalar equations. Using procedure get_sol we obtain the same solution as in
the standard case:

> get_sol(rez,varl);

z 5 z z

[e(' Hict+.c22) 28 (-3.0c145.022%) -3 (22~ C1)

el-2)(2.002+ 1) el-%) (Lor+.022%) o~V (02— C1)

z ! z z
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Example 5. Now we demonstrate how to use the program in order o get rational
solutions of linear systems. Consider the system {7]

yi =y
Yo = Ya + va,
y:’! = Ys,

yi =2y +2zy2 + 5,
§ = 2%y, +2zys + ys,
v6 = zly2 — 2y3.

«

set_Ore_ring(x, ‘differential‘):

eql:= theta(y1(x),x) = y2(x):

eq2:= theta(y2(x),x) = y3(x) + y4(x):
eq3:= theta(y3(x),x) = y5(x):

2+y1(x) + (2#+x)*y2(x) + y5(x):
eq5:= theta(y5(x),x) x"2+y1(x) + 2*x*y3(x) + y6(x):
eq6:= theta(y6(x),x) x~2#y2(x) -2+»y3(x):
eq:=[eql,eq2,0q3,0q4,eq95,6q6]:

varl:=[y1(x), y2(x), y3(x), ya(x), y5(x), y6(x)]:
rez:=uncpl_sys(eq, varl);

eq4:= theta(y4(x),x)

¥V VV V V V V VVYyV

nez—[[ B(6(6(%1)))+6%1+420(%1)=0,y2z2(z)=0(yl(z}),

y3_z(z )—%1,y5_z(::)=0(%1)-2y1(a:)—2::0(y1(x)),
y6_z(z)=0(8(%1)) —40(yl(z))~6z2%1-22%yl(z)],

[20(y4(z))=4y1(::)+4::y2_z(z)+y5-_z(z)],[
¥6(2) = 2 ¥6_2(z) +22y4(z),y5(z) = 5 ¥5.2(2),
y3(2) = y3-2(z) - y4(2), y2(z) = y2-a(a )|
%1 = 6(6(y1(z)))

This result was obtained in 4 seconds and consists of a fifth-order scalar equation in
yl(z), a first order equation in y4(z) and linear expressions for the remaining unknowns
via solutions of the scalar equations. We can use the procedure get_sol with the third
parameter set to rat in order to find all rational solutions of the initial sy:tem:

> get_sol(rez, varl, rat);

[_c0 4+.Ci12,-C1,—~C2— C3z— C32%,.Ca+ -Caz+-C22®,—_Co--2.C 1,
(~C1+2.C3) 2+ (~Co+2.C2) 22 +2_Cyz ~ 2_0,]
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6 The uncoupling program family

Another universal algorithm to uncouple linear system: is proposed in [7]. Additionally
the paper gives a review and an analysis of known methods for uncoupling systems of
linear ordinary differential equations. It was observed tiat only very few of them can be
generalized to arbitrary Ore polynomial rings. Once those methods are generalized, differ-
ent methods give very different uncoupled equations. The generalization of the successive
elimination algorithm which has been done in our publication [4] was considered in this
context. The conclusion is that the generalization “terds to yield equations with fewer
extra singularities than others, which improves the efficiency of the solving process”. This
remark gives a hope that the program which we describz can be useful.
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Abstract. The numerical method for the i problem of scal tering

theory for a set of coupled Schrodinger radial equations with sero.orbital mom-ntum
is suggested. It is based on the analysis of an asymptotic behaviour of S-matrx and
Jost function for high energies and on the corresponding asymptotic regulariziti

1 INTRODUCTION

The problem of a numerical reconstruction of a potential by scattering data is well known
and important from the mathematical point of view and for.such physicil applications
as the analysis of a nuclear interaction potential by experimental data. The main ap-
proaches at the theoretical investigations of the problem are well-known Gelfand-Levitan,
Marchenko and Krein methods reducing the problem to the families of integral equations.
At the same time the development of the corresponding numerical methods is sufficiently
complicated by the reason of ill-posedness of the mentioned inverse problems (as it has
shown by A.M. Denisov, their solutions are nonstable with respect to perturbations of
input data). On the other hand the algorithms based on the Tikhonov method of regu-
larization of incorrect problems are considerably more effective. There is a series of the
papers devoted to the applications of the Tikhonov method to the numerical solving of
the inverse problems.

In this report rather different regularization is suggested. It is based ¢n the analysis
of the asymptotic of the spectral properties of the problem for high energie:. By means of
the obtained asymptotic characteristics of the spectral data, the regularizing algorithms
are constructed. The essential steps of the algorithms are the regularization of the Fourier
transformation and the special inversion of "almost” Toeplitz, block Toeplitz and Hankel
matrices. The last one permits to determine the asymptotical behaviour of the inverse
matrix with respect to the discretization step and, by this way, to avoid the unstable pro-
cedure of a numerical differentiation. The testing of the programs based on this algorithms
shows their high accuracy and stability with respect to small perturbations of input data.

!This work was supported in part by RFFI under Grant No. 95-01-01467a
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2 STATEMENT OF THE PROBLENMNI

The following Cauchy problem for a set of coupled Schrodiiger radial equation with zero
orbital momentum and & € [0, +00) is considered:

(ﬁ{z + k') U(r, k) = V(r)¥(r, ), )

¥(0,k) =0, ¥(0,k)= kI, )

where ¥(r,k) is a n-dimensional vector function defined on R* x R*, V(r) is a real
symmetric n X n matrix function, and [ is an identity mat ix.
It is well-known that, for the potentials satisfying the cindition

d /er,,ﬂ(r)|dr <o, af=1,...,n, 3)
: 0

the wave function has the following asymptotic behaviour:

¥(r,k) = %(G(k)e"" —G(=k)e"*) 1 o(1), r+ o0, (4)

or

¥(r,k) = (SR — e FIG(—R) + o), 7 00, %)
where G(k) is Jost function and $(k) is S-matrix: .
S(k) = G(k)G7(—=k), S(—k)= S (k). (6)

The inverse problem of the Quantum Scattering Theory is :he problem of the reconstruc-
tion of unknown potential V(r) by the known S-matrix S(k). The problem is uniquely
solvable if there are no bound states. In this case .

argdetS(+o00) = argdetS(-—-o0). )

So let us assume that this condition holds.

3 THE KREIN APPROACH

In the framework of the Krein’s approach at the first step we determine the matrix function
F(t) from the following relations:

+oo0 +0co
F(t) = 2% / e~ M S(k) - I]dk = % / Re {[$' k) — L]e™*} dk =
—0oo 1]
17
== / [(Re S(k) — I,.) cos kt + Im S(k ) sin k1] dk. ®)
0
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The last integral is conditionally convergent. So, for the numerical calcula ion of F(t) one
needs some regularization procedure.
At the second step we solve the integral equation:

K(t) + / K(s)F(s—t)ds = —F(=t), 0<1t< +oo. 9)
0
Then we determine the inverse matrix-function to the Jost function G(k) ind the matrix-

functions H(t) and H'(t)

+o0

G\ k)=IL+ / K(t)e ¥ dt, (10)
°
H(t) = f / (167 '“)G(’“)]— cos kt dk, O ay
H'(t) = f/ GG k)G(k)]_ n ki dk. (12)
Further we solve the one-parametric family of integral equations:
2r
x,,(t)+/H(t-s)x,,(s)ds=H(t), 0<t<2 _ (13)
°

and finally reconstruct the potential by means of the formula:

V(r)= 2;—T[X2,-(21‘) - X2.(0)). (14)

4 ASYMPTOTIC BEHAVIOUR OF S-MATRIX AND OF
JOST FUNCTION

Let M, be the set of real symmetric matrices of order n. Denote by L} (R, M), m > 1,
the set of M,,-value functions V(r) belonging to L}([0,+00), M,) with all derivatives
v@(r), j < m.

Lemma 1. ¥ V(r) € LY R, M) N C' (R4, M,,), then

a) the Jost function has the following asymptotic

G(k) = I, + Vak ™2 + iVok ™! + O(k7?), (15)
b) S-matrix has the asymptotic
S(k) = I, — 2VZEk™2 4 2iVpk™! + O(k73), (16)
c) the "module” of the Jost function has the asymptotic
v
(67 (-HEWI™ - I = -V k-2 4 0(2), a7

29



where

1 Y7
Vo= / V(r)dr, (18)
0
+o00 "
Vi = % [V(O)— /V(r)W(r)dr] , W(r)=/V(£)d£- (19)
o o

5 Algorithm

I. From (16) the Vp is numerically calculated, then S-matrix is representated in the form

1
N 2__
Re S(k) = I, 2o g + R, (20)

Im S(k) = 2V°k2kT +9k). (21)

The cos- and sin- transformations of the functions 2V#/ k? +1) and 2kVy/(k? + 1) are de-
termined exactly, and of the functions R and S are calculated numerically (the asymptotic
behaviour of the functions R, & provides the stable Fourier fast transformations).

I1. The Wiener-Hopf matrix problem is solved. For this goal the trapesoid formula and
inversion of block-Toeplitz matrix are used ([14]). Note that the matrix functions F(t)
and K(t) exponentially decrease for t — oo.

II1. Matrices G~!(k) and [GT(—’C)]_I are calculated by means of formula (10). For

the stable calculation of the matrix functions H(t) and H'(t), by means of formulae (11)
and (12) the asymptotic regularization described above (at the step I) is used.

IV. At the last step the family of the matrix second kind Fredholm integral equations
(13) are solved. For this goal a special inversion of the block-Toeplitz matrices is done.
It permits to extract the asymptotic behaviour of the inverse matrix with respect to the
discretization step h. After such inversion the potential V(r) can be stable calculated.
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Abstract. The numerical approach for study of the 3D-nonlinear problem for the
spherically-nonsymmetric polaron is considered. An expan:ions in spherical harmon-
ics are used for the approximation of the solution. The i:erative Newton’s scheme
with an additional parametrization of the initial equation ‘or the solving of the non-
linear problem is proposed. The results of numerical mocelling are discussed. The
comparison of the obtained eigenvalues with the known ones confirmis the efficiency
of the elaborated algorithms.

1 Introduction

We consider the problem of numerical solving of the sphercally-nonsymmetrical model of
polaron [1] in the limit of strong coupling. Such a model of polaron describes the behavior
of a non-relativistic particle (electron) in the field, created by the interaction with medium.

Let us formulate a mathematical statement of the problem. The wave function ¥ and
potential u satisfy the following system of partial differential equations in the space R® :

890 + (ulx) ~ oK) B0 = M) =0, 0
Au(x) + 4rp*(x) = 0, (2)
Av(x) ~ c*v(x) + 4mp?(x) = 0, (3)

where A is the Laplace operator and c¢ is the constant of coupling.
The wave function 3(x) satisfy the normalization concition:

/ V() dVy = 1. @)
R3

In spherically symmetrical case (when (x) depends on r = |x| only), the system
{(1}-(3) may be reduced to a boundary problem for the system of ordinary differential
equations on semi-axis [2],[3]. This problem has been stucied quite well. In paper [4] the
authors consider the axi-symmetrical solutions of the polaron model. The papers [5],[7]
are devoted to numerical investigations of the problem fo1 the nonsymmetrical case.

In the present paper to approximate equations (1)-(3) we use the approach proposed
in [5],(6]. To solve the nonlinear discrete problem, a paran etrization of initial equations is
introduced by means of the additional continuous parameter ¢ [8]. At the initial moment

!This work was supported in part by the Russian Foundation of Basic Researches under Grant No.94-
01-01119.
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t = 0 the problem is reduced to the sufficiently simple spectral Helmholt: problem for
a ball. All eigenvalues and eigenfunctions of this problem may he easily found. After
that, the solution of the original nonlinear problem (1)-(2) may be obtained if we use a
movement with respect to continuous parameter .

2 Discretization

In this section we consider the problem of discretization of the system of equations (1)-(3).
For this aim we use the Bubnov - Galerkin method [9]. Let functions %(x), u(x) and v(x)
be expanded in spherical harmonic series [5]:

00 k

Z Z )Y (8, ©), (5)
ok x  k .
Z Z wa(Yu(@,9),  v(x) =30 > tu()Yu(.y), (6)
k=0 l=—k k=0l=~k

where ¥, are spherical harmonics [10].

Taking into account a finite number K" of terms in the expansions (5),((") for approxi-
mations of functions ¥ (x), u(x), v(x) , multiplying (1)-(3) by the spherical 1 armonics and
integrating over the angle variables, we get the following approximate systei of equations
for the functions IZJH = Y7, U = UNT, Ok = VKT

k+ ; ) -
b (—ll)u + - Z > Wﬁ' i, wltluwz = Avyy (7)

M-ll ka.d2
n k(lc Aty 5 S
gy — Ukl + 47"— SN Wilh ke Yty = 0, (8)
klv[l k2,2
- k+1 .
Ty = (" + g) +47f— Y3y w m)llk.ll Viyt, = 0, (9)
ki dy k2.l2
k=0,1,2,..,K;l=0,4+1,42, ... 4k
hilgls

Here coefficients W' 22 equal to the integral over the unit sphere for the product of
spherical harmonics:

2m r
wiitaly =/0 [/0 Yiut, (65 9)Yiots (6, 0) Yiata (6, ) sinfd8| dec. (10)
The normalization condition (4) may be written in the following form:
Z/ $Fdr = 1. (11)
ki 70
Let [0, R] be an interval of the variation of r. We assume that R is large enough, so

functions P (r), ik(r), Oxi(r) have a behavior, which may be approximated analytically
for r > R. We choose a uniform grid of nodes for variable » : {rj;i := 1, N} (r, =
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(i - 1)h,h = N’z—l) to discretize the system (7)-(9). The second order accuracy finite
difference scheme with respect to step A is used far the approximation of equations (7)-
(9) Let the functions v}, u;, v}, be wk, wkl(r,) uk, = f{ri). vy = Ox(ri). Then the
discrete system of equations has the following forri:

wt-H _ 2,¢,|’I + wi—l k(k + 1) ; ; ;
—_th'k—l =t § Y WL vk, = ML (12)
Ti k1dy k2 d2
i+1 t i—1
g —2uytu k(k+1) P
h? - re uH + 411._ Z Z ”/’:lklllzz ¢’klllwk’212 =0 (13)
¢ T ki ka2
vit! — 2vf, + vi}! k(k+1) P
———hM - (02 + __—_) vt 4” o Z Z ’il‘jl[izwklllwkzlz =0 (14)
T "k kaida

k=10,1,2,..K;0=0,%1,42, ..., £k;i = 2, N ~ 1. For r; = 0 we have the following
left-hand boundary conditions: ¥} = 0,u}, = 0,v,, = 0. Taking into account exponential
vanishing of the function ¥y on infinity, we get the right-hand boundary condition for ¥};:

N _ . N-2
Y —Yu

-1
h . (15)
Analogously, for u}; and v}, we have
N=-2 N-
up—un kN ol = 2:(_C+ Jol-1 (16)
2h TN-1 Ko 27 rN-1 ko

By using some numerical approximation for (11) the normalization condltions may be

written in the form: N
22 @)’ =1, (17)
ki i=1
where a; are the coeflicients of the quadrature formula for calculation of integrals.
To find the approximate solutions of the original probleni (1)-(2), it is necessary to
solve the nonlinear system of algebraic equations (12)-{17) for the unknown variables
{wi, vl vk, =1, N} and the spectral parameter A.

3 The method for solving the nonlinear discrete systems

Let @; be the vector with the components 1/);;, s 47,' and ‘7, be the vectors with the com-
ponents uf‘, and v;;, correspondingly. Analogously we define the vectors corresponding to
the nonlinear terms (double sums) in the equations (12)-(14), as F = F}(\flg,lj.-),é.' =
G-;,'(‘i;,', \fl,-). Then the system (12)-(14) can be written in the form:

\i;,' - Z\i;,‘ + \i”,‘_ = £ e -
—“—h,_,———‘ (D; + Fi(¥:,0;) = A, (18)
Uisr = 2Ui + Uiy +[DT; + G; (¥;,9;) =0, (19)

hZ
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Vigr = 2V + Viy
h2
where i = 2, N — I; the matrices [D;] are diagonal matrices with coeff.cients on the
main diagonal depending on the number k of the correspondent harmonic. The normal-
ization condition (17) may be written in new variables as

— &V, + [DiJVi + Gi(¥;, ¥;) = 0, (20)

N -
S al¥P-1=0, (21)
1=1

The left-hand boundary conditions reduce to the following equations:

¥ =0, U,=0  Vi=0 (22)
Analogously, we rewrite the right-hand boundary conditions:
Un — Un- - Vn — Vn- _
N2 o [BNoy, et = (—elE] + [Ba)) V-, (23)
2h 2h
Uy - Iy -
o = (VB + (B En -, (24)

where [E] is an identity matrix, [Bi1] , [Bz] are diagonal matrices.
Let us consider an auxiliary problem. We can write the right boundary condition for
the wave functions in the following form:

¥y =0. (25)

Then the system of equations (18)-(23),(25) also approximates the problen (7)-(11), but
with the lesser accuracy. To solve the nonlinear problem (18)-(23),(25), w: use the con-
tinuation method from [8]. In equations (18)-(20) we introduce a parameter ¢, (t € [0,1))
by the following way: .

F(t) = tF(8, 00, Gi(t) =tGi(¥:, Fi).
After this substitution the system (18)-(20) may be transformed to the fo lowing system
of equations:

Tigr — 20 + 0, S o -
= t Yot | b, 4 e B, O0) = A (26)
Uipr — 20 + U s 4=
Yin 2208 20 Dill+ 63, B) = 0, (27)
Vi Vit Vit 29 4 Dy +1Gi(¥:, 80 =0, (28)

h2

with boundary conditions (22)-(23),(25). In this case the solutions ¥;, 0;, X of the
problem (21)-(23),(25)-(28) will be the functions of the parameter (t € [0,.]). Obviously,
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for t = 1 we have the original system of equations (18)-(23 ,(25), and for ¢t = 0 we obtain
the sufficiently simple non-connected linear spectral problen: for each harmonic separately.

To find the values of functions U(t) V(t), ¥(t), A(t) at the moment t = 0 for the fixed
orbital momentum ko, we solve the one-dimensional spectral problem for one equation
only:

i1 — 20 + yi ko(ko + 1 e
v m Wity kolorl), o g N (29
with boundary and normalization conditions
N
n=0 yv=0; . > ayf=1 (30)

Let {y%}, AT be a solution of the problem (29)-(30). Fcr the fixed number ly : —kg <
lp < ko we assume

y;‘/\/iv l::lOwk::kO
y:‘/\/iv l=—101k=k0
0, 141
0, ko ke

This case corresponds to the real initial approximation for determing the solutions which
are even functions with respect to angle ¢. The case corresponding to the odd initial
approximation can be written by the following way:

¢;;l(t)|t=0 = (31)

yi/v2, I=lpk=ko

Yt = -—y,“o/’\/i, = —11;2 T:O= ko (32)
0, k ;é }70.

Accordingly for the spectral parameter we have A(t) =.A* for £ = 0.

So, for every t € [0, 1} we have obtained the nonlinear houndary problem. Let {t;;j =
0, M}{to = 0,tpr = 1) be some partition of the interval [0.,1.]. To find the solutions
Yri(t;), uki(t5), vki(t;), A(t;) of the problem (29)-(30) in the point ¢; the Newton method
is used. Supposing the difference |t; — t;+1| is small encugh, we have the good initial
approximation from previous time step ¢;_; for Newtonial. iterative procedure.

Let \I7m be the vector of components ¢,;, on m—th step of Newtonian iterative process.
Analogously let U™ and V™ be the vectors with components uk, and v};. Then we have
the followmg boundary problem for the vectors of corrections 6‘1’"‘ = ‘Il"'+1 g, 60m =
U:11+1 U'rn’ 5V:n = V,"'H V‘m .

SUT, — 26U + 60T |
h?

+ [DISTT + (A (EP)STT + [Ap)(FP)6U™ — ApsT ™+

~ 27 4+ 0T

soanwy = - (T2 +[DYEP + HFF,TF) - AP,
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80n, - 260 + 80
h?
Ugl - 201'". + Utnil-
= — —hrz——-—-————-

L+ [DNSTT + [An)(TM)8TM + [An)(TM)sUM =

+ D)0 + Gy(F7, wm))

§Vim, — 26Vm 4 §Vm

% L+ ([Di] - SPEDSV™ + [An](V7)8V,™ + [As] (V™) 6V =

Vm - 2vm + v,
=T\ TR
where [A11], [A12), [A21), [A22), [Aa1], [A32] are the matrices corresponding .o differential

operators for functions F; and G from (18)-(20). After that. the boundary conditions can
be written in the following form: '

+ ([Di) - HENV™ + Gi(¥7, \I:"'))

U7 =0,80% =0, SUP =080 =0; VI =046VF=0

To find the correction 8, for spectral parameter, we have the equation:

(6™, 3™y =0

To solve this boundary problem, we apply the matrix sweep method [1.]. The found
solutions {\Il"(tM) U"(tM) V (tar)}, A*(tar) are used as the initial approxima: ions for New-
tonian iterative process to solve the problem (18)-(23) with the non-zero boundary con-
ditions (24). Initial approximations {y]}, A* for ¢ = 0 have been found by using the
procedure from [12].

4 The results of numerical simulation

On the base of the proposed techniques the FORTRAN code to calculate the three-
dimensional egenvalues and eigenfunctions for the polaron model has been created. These
programs allow one to find as spherically-symmetrical and axi-symmetrica solutions as
essentially three-dimensional solutions.

Now we define some classification of solutions. Let the class of soluticns Qiptp cOI-
respond to the solutions obtained from initial guesses with k = ko.! = ly in (31),(32).
It should be noted that from iteration process we have functions . uy equal to 0 for
k < ko. So the class Qo includes the spherically-symmetrical solutions o the polaron
problem. The case with lg = 0 corresponds to the axial symmetry of the problem. In
Table 1 the summary of the obtained results for polaron model in the limit of strong cou-
pling (¢ = 00) and the comparison with results from [5] are shown. From this Table we see
that the fast convergence of solutions in respect to the number of harmonics takes place
near the ground state, but there is a dynamics of the numerical results for the low part
of spectrum. In order to obtain the reliable results in this case it is necessaiy to increase
the dimension of the solving discrete problem.
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Table 1. T e calculated eigenvalues A in dependence on the number of harmonics

K = ko.

Eigenvalue [Class | K =1 | K=3 | K =5 | results from [5]
o Q00 | 0.08139 - X 0.0814
M Qgo | 0.01540 - - 0.0154
A2 Qoo | 0.00626 - - 0.0062
3 Qo | 0.00337 | - - -
Ao Q0 | 0.02705 | 0.03392 | 0.03443 0.0343
A Q)0 | 0.00880 | 0.00833 | 0.01327 0.0126
Az Q¢ | 0.00432 | 0.00407 | 0.00415 -
A3 Q0 | 0.00255 { 0.00263 | 0.00276 -
o O - 0.01490 | 0.01642 0.0159
A Qa1 - 0.00618 | 0.00573 -
A Qu - 0.00342 | - -

Table 2. Figenvalues A in dependence on the value of the constant of coupling c.

Eigervalue | Class | C =0.1 c=1.0 C =10.0 C=00
Jo Qoo | 0.0347194 | 0.0769554 | 0.0813419 | 0.0813949
1 Qoo | 0.0127952 | 0.0153239 | 0.0153978 | 0.0153986
Je Qoo | 0.0058969 | 0.0062565 | 0.0062632 | 0.0062638
Jo Q10 | 0.0215822 | 0.0333973 | 0.0339144 | 0.0339199
21 Q0 | 0.0078265 | 0.0083211 ; 0.0083275 | 0.0083276
22 Q0 | 0.0039902 | 0.0040679 | 0.0040688 { 0.0040688
’3 Q0 | 0.0026181 | 0.0026338 | 0.0026339 | 0.0026339
Jo Qa1 1 0.0126877 | 0.0148575 | 0.0148967 | 0.0148970
1 Q2 | 0.0059044 | 0.0061771 | 0.00618088 | 0.00618088
- 2 Qg | 0.0033554 | 0.0034145 | 0.0034152 | 0.0034152

" In Table 2 the numerical results in dependence on the constant of coupling ¢ for different’
classes Qy are given. From this Table one can see the fast convergence of the solutions
for large value ¢ to the solutions in limit of strong coupling.

This investigation has been supported by the Russian Foundation of Basic Researches,
grant N 94 — 01 — 01119.
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Abstract. Some modifications of Coulomb and increasing potentials are considered.
Propotied approaches are suitable for numerical investigation of eigenvalue problems
in monnentum space. Their efficiency is demonstrated for the Schroedinger equation
as well as relativistic generalization of the latter in the framework of a QCD potential
model Some properties of considered equations solutions with the specified potentials
are discussed.

1 Introduction

A numerical s;udy of some relativistic potential QCD models reduces to a solving of the
problems in a momentum space (for irnstance, relativistic generalizations of Schroedinger
equation [1],[2], Schwinger-Dyson and Bethe-Solpeter equations {3]). One of the difficul-
ties is that in the mentioned models a combination of the increasing V; and Coulomb V¢
potentials is usually used as an effective potential of interquark interactions. That leads
to a singularity in the kernels of the integral equations. To prevent this, one can modify
the initial potential at the coordinate representation by way of its approximation by some
functions with "good” chagacteristics. Thus, the initial potential V' (r) is replaced in the
equation by a modified potential Vps(r), the properties of which can be investigated on an
example of the non-relativistic Schroedinger equation [4]. Solving the equation in a coordi-
nate representation with the potentials V{r) and Vjs(r), we can compare the eigenvalues
E.,EM obtaited for n-state (n = 0,1,2,...) and corresponding eigenfunctions ¢,,¢M.
The modified potential Vjs(r) should be selected so that the spectral characteristics agree
with the given accuracy ¢ for the given finite number of states V, i.e.

|En—EM|<e,  |lgn—oM|<e, 0<n<N. 1)

Only if the re ationships (1) are fulfilled, the Fourier-image of the modified potential can
be used as approximation of the initial potential for the solving of relativistic equations
in momentum space. It should be noted that the given potential V (r) can be modified in
a different ways. Moreover, some modification procedures appear to be more convenient
for numerical study. Therefore, the goal of this investigation is to perform a comparative
numerical analysis of accuracy of the most used ways of approximation of Coulomb and
linear potentiils.

!This work vras supported in part by the Russian Foundation for Basis Research under Grant No
94-01-01119
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Programs developed on the basis of the continuous analog of the Newton s method {5]
- SLIPH4 [6] and SYSINT (SYSINTM) [7] was used for numerical investigation.

2 General statement of the problem

The eigenvalue problem for Schroedinger equation in a coordinate representation can be
written as follows [8]:

[d2/da? 4+ 2Men — U1+ 1)/ = 2MV (2)]pni(z) = 0. (2)

Here z is a dimensionless variable, €, is a system of energy levels, n = ), 1,2,..,0 =
0,1,2,..., M is a dimensionless parameter, V(z) is a given potential. Below we will use a
Coulomb potential

V(z) = a/x . (3)

and increasing potentials
Vi(z) = 0,27, 4> 0. (4)

Boundary conditions and normalization conditions are defined as

¢'ﬂl(0) =0, ¢nl(w) =0, /12572]1(.1‘)(117 = 1. (5)
0
In momentum space eq.(2) has the form .
[Q(p) ~ eulgm(p) + [ daVilp,)bula) =0, QUp) =p*/2M ©)
0
with a normalization condition o
[ Suwdp=1. ™
0

Here

¢nl(p) = \/E/dzgl(pm)m[(z), ¢ﬂ[(l‘) = \/g/dpql(pl)‘bnl(p’w (8)
V] V]

Vitn,0) = 2 [ deV@atpatar) = 0. 9)
0

where g; is a Rickatti-Bessel function.

Let us note that a great variety of relativistic generalizations of Schroedinger equation
differ from the problem (6) by the form of the function Q(p) only [1,2].

Let’s take one feature of Schroedinger equation with potential (4). Havinz transformed
eq.(2), one can rewrite it in the form

[d2/dy® + A — W+ 1/¥ = v 1dm(¥) =0, Au = 2Menr/b’, (10)
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where .
y = bz, b=[2Ma,]7+7. (11)

The important property of spectrum of eq.(10) is that the relation

Ant/Aor = €nt/eor (12)
does not deperd upon the parameters M and o of the equation.
As Coulomrb potential (3) can be presented in form (4) with y = -1 and 6y = «

everything me:tioned above is related to it, too.

This prope-ty looks especially important for a numerical study of the mesons’ spectra
for comparing the calculated data with the experimental results. It is of importance to
know the relat onships between the energy levels in various states [3]. For this it is enough
to solve the equation once at each fixed value of the parameter y. The vy-dependence of
the eigenvalues Ap of the problem (10) is tabulated below.

TABLE 1.

l|ln]ly=05]y=1|vy=15] v=2 | y=25

0|0 1.833 2.338 2.708 3.000 3.242
1 2.551 4.088 5.856 7.000 8.313
2 3.051 5.521 8.227 11.000 | 13.737
3 3.229 6.787 10.732 15.000 19.383

110 2.300 3.361 4.251 5.000 5.639
1 2.854 4.884 6.966 9.000 10.938
2 3.286 6.208 9.521 13.000 16.496
3 3.646 7.406 11.969 | 17.000 | 22.244

2|0 2.658 4.248 5.705 7.000 8.141
1 3.120 5.630 8.311 11.000 13.609
2 3.502 6.869 10.796 15.000 19.286
3 3.833 8.013 13.194 19.000 | 25.124

Note that :he condition (12) is not held for the potential combination and for the
relativistic gen :ralization of Schroedinger equation. However, it will be useful for selection
of initial apprcximation for the eigenvalue.

3 Modification of Coulomb potential

In momentum space the Coulomb potential (3) can be written as follows:

o TR Pt g
Vi =— [ d-" = . 13
(pq) 27r/ vt YT o (13)
a1

Here P, is Legendre polynomial.

An analytical expression for the eigenvalues of Schroedinger equation at M = 0.5 has
the form [4]
e =—o2/(n+1+1)2%

Let us consider some modifications of potential [3]. Note that in some cases one has been
succeeded in o>taining an analytical expression for integral (9). That lessens drastically

42



a computing time. The computations given below, show a dependence of solutions upon
the parameters of approximating potentials. This allows to estimate their applicability
for the solving of the problems in momentum space taking the required accuracy of the
results into account.

First modification.

V& (z) = efexp(~p2) - 1)/=. (14)

Here g1 >> 1 is a parameter the value of which should be chosen sc that for the
given number of states the conditions (1) are fulfilled. The eigenvalues dependence on the
parameter g, for problems (2) and (6) is given in Table 2.

TABLE 2. = -1,M = 0.5

i [ e @) [ et ) | €0z @) ][ €m0 (6) | emi 6) | w2 (6)
5 -0.87529 | -0.24962 | -0.11111 || -0.87603 | -0.24997 | -0.1111 .
10 -0.95198 | -0.24907 | -0.11111 -0.95192 | -0.24910 | -0.1111".
5 -0.23400 | -0.11098 | -0.06247 || -0.23490 | -0.11100 | -0.0624"
10 -0.24813 | -0.11111 | -0.06249 || -0.24809 | -0.11111 | -0.0624""
5 -0.10631 | -0.06238 | -0.03741 -0.10629 | -0.06240 | -0.0374:
10 -0.10931 | -0.06247 | -0.03747 || -0.11057 | -0.06243 | -0.0374:

= =lo o3

Here and further the parameters of the computational scheme are select:d in order to
provide a coincidence of the results of the numerical solving of the problen:s (2) and (6)
with accuracy 10~3. Thus, a disagreement between the numerical results and the analytical
solution is connected rather with the choice of the approximating potential than with the
calculation errors.

Second modification.

V¥ (2) = alexp(—mz) — exp(—psz)]/= (15)
i1 >> 14 pp << 1 are parameters. The results of calculations are tabulated in Table 3.

TABLE 3. a= -1, M =0.5

T €no (2) | €n1 (2) | €n2(2) || €n0 (6) | €n1 (6) | en: (6)
5 0.010 [} -0.85548 | -0.23012 | -0.09212 || -0.85513 | -0.23012 | -0.(:9212
10 | 0.001 [{ -0.94991 | -0.24795 | -0.10912 || -0.94922 | -0.24800 | -0.:0913
5 | 0.010 || -0.21462 | -0.09218 | -0.04436 j| -0.21463 | -0.09213 | -0.014432
10 | 0.001 || -0.24190 | -0.10911 | -0.06051 || -0.24089 | -0.10919 | -0.06049
5 | 0.010 || -0.08765 | -0.06237 | -0.03157 || -0.08769 | -0.06213 | -0.003150
10 | 0.001 || -0.10730 | -0.06050 | -0.03538 |} -0.10733 | -0.06050 | -0.0:3532

NN ~O O3

Third modification.

afzy, 0<z< 1
VCM(z) == -1 afz, 7y <z< 22, (16)
0, 2 <2 <00

where z, < z; are parameters. Table 4 gives the results for this potential.
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TABLE 4. x=-1,M =0.5

2y | zZ2 || &0 (2) | en1 (2) | €n2 (2) €no (6) | €n1 (6) | €n2 (6)
0.10 | 10 || -0.98889 | -0.25000 | -0.11111 (| -0.98889 | -0.25000 | -0.11111
0.31 { 20 |{ -0.99999 | -0.25000 | -0.11111 | -0.99999 | -0.25000 | -0.11111
0.10 | 10 || -0.24865 | -0.11111 | -0.06248 || -0.24862 | -0.11110 | -0.06247
0.01 | 20 {i -0.25000 | -0.11111 | -0.06249 || -0.25000 | -0.11111 | -0.06249
0.10 { 10 |{ -0.11073 | -0.06249 | -0.03745 [| -0.11072 | -0.06248 | -0.03743
0.01 | 20 || -0.11111 | -0.06250 | -0.03749 || -0.11110 | -0.06250 | -0.03748

NN~ =0 O3

4 Modifization of increasing potentials

Among the increasing potentials of type (4) a linear potential (y = 1) and an oscillator
potential (7 = 2) are usually applied to hadrons spectroscopy. Note that the use of the
oscillator potential unlike the linear one, involves no difficulties. That’s why this work
presents the results for a case of ¥ = 1, although the formulas of the approximating
potentials are fiven in general form. The eigenvalues of Schroedinger equation for y =
1,0y = 1, M = 0.5 presented in {4], are

G0 = 1338, €5g = 4.088, €39 = 5.521, €3 = 6.787, 5o = 7.944, 5, = 9.023.

Let us consider some modifications of approximation for potential (4).
First modif cation.

VM (2) = Vin(2) + Vo (a), (17)
Y —zy, 0<z<
Vir(s) = o {g z]:::lM < :c_<zoo ™ y Vay(z) = 0y, 0 < 2 < 00, (18)

where zps is a parameter. The results of the calculations are listed in Table 5.

TABLE 5. y=1,01 =1, M =05

—
3

M || €n0 (2) | €n1 (2) | €n2(2) €no (6) | €n1 (6) | €n2(6)
1) 3. 2.31865 |} 3.12290 | 3.84161 ) 2.31862 | 3.12285 | 3.84160
T 5. 2.33808 | 3.36075 | 4.24345 || 2.33804 | 3.36072 | 4.24343
3 7. 2.33811 | 3.36125 | 4.24818 || 2.33808 | 3.36121 | 4.24815
} | 10. 2.33811 | 3.36125 | 4.24818 || 2.33810 | 3.36124 | 4.24817
3.15919 | 4.62245 | 3.77400 || 3.15913 | 4.62213 | 3.77489
4.08088 | 4.82777 | 5.30294 || 4.08085 | 4.82776 | 5.30290
4.08794 | 4.88435 | 5.62885 || 4.08790 | 4.88431 { 5.62883
4.08795 | 4.88445 | 5.62971 || 4.08793 | 4.88442 | 5.62968
4.81313 | 3.88672 | 4.35192 || 4.81309 | 3.88670 | 4.35190
5.17286 | 5.37217 | 6.56140 || 5.17283 | 5.37215 | 6.56132
5.51954 | 6.20067 | 6.83369 || 5.51950 | 6.20066 | 6.83366
5.52056 | 6.20763 | 6.86896 | 5.52052 | 6.20763 | 6.86893
4.23014 | 4.65850 | 5.15077 || 4.23009 | 4.65845 | 5.15075
5.62870 | 6.06615 | 6.50373 || 5.62865 | 6.06613 | 6.50371
6.74819 | 7.25408 | 7.64995 || 6.74817 | 7.25407 | 7.64994
6.78679 | 8.01273 | 8.01276 || 6.78675 | 7.40562 { 8.01269

SN WG N WS N w

It is clear that for each set (n,l) the computed eigenvalues ¢,; coincide with those
given in [4] if tpr > €. Thus, correctness of the computations can be easily controlled
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by means of computations on a sequence of increasing values of the parameter rpr. Note
that this way of approximation of the initial potential looks the most convenient one.
Second modification.

VM () = 0, [(2/u) (exp(~pmz) = 1 + puz)/2)]". (19)

Here p; << 1is a parameter. The results are tabulated in Table 6.
TABLE 6. y=1,00=1, M =05

m €0 (2) | €1 (2) | €a2(2) | €no (6) | €m1 (6) | €n2(®) |

n
0 | 0.050 || 2.28078 | 3.26822 | 4.10422 || 2.28975 | 3.26820 | 4.10413 |
0 ] 0.001 | 2.33713 | 3.35938 | 4.24528 || 2.33708 | 3.35935 | 4.24525 |
1 | 0.050 || 3.94074 | 4.67991 | 5.36406 || 3.94070 | 4.67987 | 5.36402
1 | 0.001 |j 4.08498 | 3.35938 | 5.62434 || 4.08494 | 3.35933 | 5.62431 |
2 | 0.050 || 5.25293 | 5.87421 | 6.46686 || 5.25291 | 5.87413 | 6.46683
2 [ 0.001 || 5.51514 | 4.88032 | 6.86073 || 5.51509 | 4.88030 | 6.86067 |
3 | 0.050 |[ 6.38338 | 6.93001 | 7.45939 || 6.38335 | 6.93007 | 7.45934
3 | 0.001 || 6.77852 | 6.20086 | 7.99851 || 6.77845 | 6.20082 | 7.99848 |

Third modification.
V.M(z) = 0,[2(6} — ) (exp(~uz) — exp(—puax) + (11 — p2)7)/a]", (20)

p1 << 1 and pg >> 1 are parameters. The calculation results are presentec in Table 7.

TABLE7.y=1,0,=1, M =05

I p2 || €no (2) | €m (2) €n2(2) €0 (6) | emr (6) €n2(3) |
0.050 5 2.28887 | 3.26685 | 4.10253 2.28886 | 3.26G82 | 4.10:50
0.001 | 10 2.33696 | 3.33931 | 4.24216 2.33694 | 3.33928 | 4.24:13
0.050 5 3.93885 | 4.66230 | 5.36327 || 3.03880 | 4.66227 | 5.36:23 |
0.001 | 10 4.08339 | 3.31894 | 5.62378 4.08335 | 3.31890 | 5.62:75
0.050 5 5.25137 | 5.86448 | 6.46584 5.25133 | 5.86445 | 6.46580 |
0.001 | 10 5.51381 | 4.86996 | 6.85990 5.51378 | 4.86991 | 6.85C87
0.050 5 6.38244 | 6.92142 | 7.45671 6.38241 | 6.92137 | 7.45C68 |
0.001 | 10 6.77680 | 6.18772 | 7.99355 6.77678 | 6.18768 7.995&

W Wl = =lo o3

5 Numerical solution of the relativistic equation

Let us consider a relativistic equation [2]:

25 + m? = (2m+ Eu)lui(p) = - [ dgVi(p. )oula). (21)
0

Here m = 2M is a parameter of the model, V; is a linear potential for rep ‘esentation of
which the form (17)-(18) is used. Note that the equation (21) reduces tc (6) if to use
Q(p) = 2(v/p* + m? — m) in place of Q(p). Table 8 gives the values of E!! = ¢, and
ER (n=0,1) for various value of the m parameter for the relativistic problem (21) and
for the nonrelativistic Schroedinger equation. The latter case gives the computations both
in coordinate and in momentum space. In doing so, for the coordinate rep esentation of
Schroedinger equation we used a non-modified linear potential. The parameters of the
computational scheme were selected in order to provide a coincidence of th:ee signs after
the point for solutions of the problems (2) and (6).
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TABLE 8.

m || EGF | ER || ERF | BN
0.01 10.888 | 3.134 18.983 | 4.687
0.10 5.037 2.971 8.807 4.522
0.50 2.946 2.513 5.150 3.986
1.00 2.338 2.143 4.088 3.554
2.00 1.856 1.782 3.245 3.033
3.00 1.621 1.580 3.828 2.718
5.00 1.367 1.350 2.391 2.337

It is eviden from the Table 8 that the value of E tends to decrease with increase of
m. Moreover, the solutions of the relativistic and the nonrelativistic equations converge.
Note that for 1. = 1 the convergence of the eigenvalues with increase of m is more slow
than for n = 0.

It is easy to find a rela.tlonshxp between solutions {ENF, ¢NF} of the nonrelativistic
equation (6) ard solutions {ER, #7} of the relativistic equatlon (21)
Ry Rys
ENF~ R = [ [ dpor(p)eFp)eR )/ / dps ()85 5)), (22)
0
where

vr(p) = (p*/m)(1 - 2/(\/1+p*/m?+1)], vr(p)20, 0<p< Ru.

Applying tle theorem about average, for n = 0 the relation (22) can be rewritten as

ENR - ER=vr(€), 0<E&<Ru. {23)
Note that
min vgp = vr(0) =0, max vp = Vr(PM).
[0,pM] [0,pm]

In a similar way for n = 0 one can get a relationship of the eigenvalues of eq.(21) for two
values of the piurameter m: m; and mo.

: « Efi(m1) — Efj(m2) = wr(€), (24)
w(§) = 2(my — ma)[1 — (my + m3)/(\/E2 + m? + /&2 + md)].
As EJJ*(m) ~ ER(m) for large m, the equality (24) can be written as follows:
Egi(m1) ~ E§;*(ma) + wr(£). (25)

For n > 0 the equality (23) and (24) are fulfilled approximately.

Relations (!3)-(25) are useful for control of the numerical calculations as well as for
approximate estimation of relativistic effects without solving the equation. Analogous
estimates -of the relativistic correction of the spectrum can be also obtained for other
relativistic generalizations of Schroedinger equation.

Table 9 gives the relationships E,;/Ey calculated. To compare the results, we present
the calculations performed in [8]. Our results prove the convergence of the solutions of the
relativistic and the nonrelativistic equations with increase of the parameter m. Besides,
it is seen from ihe tables that the relation E,;/Eg does not depend upon the value of m
in the nonrelat vistc case because of (12).
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TABLE 9.

E B EnoR " E B Enn Eyang | E Euar
Mievy | n Eoonr | Foor Eoor 8l Eoinr | Borr Eoxr (8 Eoanr | Eoar Eoar (8

300 1 175 1.69 1.63 1.45 1.40 1.43 1.33 1.28 1.31
2 2.36 2.22 2.11 1.85 1.74 1.80 1.62 1.53 1.58
3 2.90 2.68 2.51 2.20 2.04 2.13 1.89 1.75 1.82
500 1 175 1.7 1.67 1.45 1.42 1.39 133 1.30 1.27
2 2.36 2.28 2.18 1.85 1.82 1.71 1.62 1.56 1.51
3 2.90 2.76 2.62 2.20 2.14 2.00 1.89 1.80 1.72
1500 1 L.75 1.74 1.72 1.45 1.44 1.36 133 1.32 1.25
2 2.36 2.34 2.30 1.85 1.83 1.67 1.62 1.60 1.47
3 2.90 2.87 2.80 2.20 2.17 1.93 1.89 1.86 1.67

6 Conclusion

This work represents an approach to numerical study of the effect of the potentials’ ap-
proximation on the accuracy of solving the problems in momentum space. The performed
numerical analysis of dependence of solving Schroedinger equation upon a sort of an ap-
proximating potential allows to estimate applicability of one or another modif cation taking
the required calculation accuracy into account. It has been shown that with'n the class of
the potentials discussed the relations between the eigenvalues are independent of the pa-
rameters of Schroedinger equation. The efficiency of one of the proposed modifications is
demonstrated on an example of solving a concrete relativistic equation. The approximated
estimations of the relativistic correction for the spectrum obtained for the given equation
allow to determine, without solving the equation, the contribution of relativistic effects on
change in the spectrum of the equation depending on the parameters of the model.

The authors are sincerely grateful to Prof. E.P. Zhidkov for his permarent attention
to the work and useful remarks. We also would like to thank Dr. A.A. Ma havariani for
materials presented for our tests.
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Abstract. The quantumfield binucleon model for the case of the nucleon spot inter-
actior with the scalar and pseudoscalar mesons fields is considered. For the strong
coupling limit the nonlinear equations describing two nucleons in the meson field are
develuped. Methods of numerical investigation and obtained results are discussed.

The calculation of binucleon states has been the objective of many investigations,
references to which can be found in books and reviews concerned with the binucleon
problem [1,2] This problem is of interest because this is its solution that gives direct
information on nuclear forces.

In this paper we make an attempt to calculate a bound state of two nucleons in a meson
field by using a consistent translation - invariant theory of strong interaction between a
particle and : quantum field. It is well known that in the limit of strong particle - field
interaction the field can be considered as classical in zero approximation [3].

The theoretical consideration of this problem was done in [4] by use of the canonical
Bogolubov-Twablikov transformation in the limit of strong coupling.

1 Differential equations for binucleon

The Schroediiger equation for binucleon with potential
242 e—pclr=r'l/2
Ne(r) = _L/dsr'wo(r'w—_——,_, )
ks |r— 7|
where g is the constant of the interaction with the scalar field, p¢ is the scalar pion mass,
can be preserted in the form of variational principle with the functional:
F= [ivupav - & [ S i ravay - @
m ™ [r—r|

e—kaclr—r'l/2

—kclr=r'l/2

-7 [0V ov.) ()2l () PdvVaV,

=7

!This work was supported in part by the Russian Foundation for Basis Research under Grant No
94-01-01119
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where

., 3f2
2 _ 2
f - 47[_#21 (3)
kc = pc, kne = p = pr, (4)

Here m is a nucleon mass, u is the pion mass, f is the interaction constant and o is spin
operator. Taking into account the condition for the functional (2) minimum on the class
of functions ¥(7) with the normalizing conditions

[aw@r=1, (5)

we get the following system of equations

fimp —ey+ —v1¢+2f’[ oV )\Voly =0,
avi - (52, = —arlyp, )

knc
(-

AV, - 12Vy = —dn(a'V,) |92

Using the notation
Va=(aVa)V;

and assuming A% = 1, we can present (6) as a following system

—Aw e+ —vlw +2f Ve =0,
AV; — (292, = —arluf, ™)
AVa- (’“‘;C) Vs = —dx(o¥, .

Energy levels ¢ and wave functions ¢ of the binucleon can be determined by solving the

system (7) on the set of functions (), which satisfy the normalization condition (5) and
are limited for 0 < ¥ < 0o, with boundary conditions

Ag v =0 g Ve =0 fim Vi( =0. ®)

{Here r = \/22 4 y2 4 22.) Then for the binucleon radius R and the quadr ipole moment
( we have

R=[dwloP, Q= [arta - (9)
Turning in eqs.(7) to dimensionless variables
F=rof, =17y, (10)
we get the following system of equations (bar mark for vector 7 was omitte)

Ap = Ao+ (Vi+ BVs)p =0,
AV,—k%V, =—|<PI2, (l])
AV3 — k33 = (0,22,
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where
kc

kne
A= smrg, k? = (?)27'(2)! k% = (T)2rg1 B =

I

3 12 8¢ mriy? = 1. (12)
o

@

Using the last equation we can determine v, for example, supposing ro = 10~13cm.
Taking the cliange of variables (10) into account, we rewrite the Egs. (5},(9) and (2)
in the form:

V= /drM? - r%z R=rivyR, R= /dmw, (13)
0
. . T - 1w,
Q=rr"Q, Q =/dr‘(3z2 -r)elt,  F= §(——[;—‘3) (14)
T =2 roy?T, T‘:/dﬂwﬁ W13=/dr"(V1+BV3)|<p|2. (15)
Then we will use the next relations between the variables:

). (16)

Here the express ons in the brackets are dimensionless variables.

The system of differential equations for bipolaron (11) is the nonlinear three-parameter
eigenvalue problem. Numerical integration of (11) was perform in [5] in the limit ke — oco.
Thus, the soluticn of (11) for finite k¢ is an actual problem.

R=ro(),  @=rd

2 Statement of the boundary value problem for the system
of equations

Here we discuss the statement of the boundary problem for the system (11) in the special

case of axial symmetry, namely ®(p, z,#) — ®(p, z) and for the finite interval: —zpr <

z < zM, 0 <5 < pm. We can formulate the statement of problem in terms of the

ordinary differen iial equationg. The solution of the system (11} in cylindrical coordinates
we present as

[> .
z) = Z yﬂ( Z)(I)ﬂ(p), Z Vln (I)ln Z V3n (I)Bn v
n=1 n=1
amn
where function {u,,®,} are determined as the solution of a spectral problem
1
O+ =P+ un®n =0, 0<p<pm,

Q:'1(0) = Ov (I):.(PM) - Aqu)n(PM) - 01
[ dpp®2 = 1.

Here A,,, is determined from

(18)

d
—(®a(p)] M
o = | 2alo) = /M dzyol2)pa(z, p).
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The function ¢4 is replaced by Vi4 or Vau, and the function yo(z) is replaced by Vi or
Vao, respectively, for the sets of {g1n, @1} or {tan, Pan}. In special case we can use only
one set of functions {®,}. Substituting the expansion (17) into the system (11), we have

Un = A+pn)yn+ Y Wamn =0, n=1,2,--

m=1 . 19
V{;_(kf‘l'#lj)vu—_'—-]l;y .7=1i2)"' ( )

V3 — (k3 4 pa;)Va; = —Jaj,

where - o
Wom = Z[anjmvlj + BQanijSj]a Jlj = Z anjmynym1 (20)
=1 n,m=1
oo d2 M .
Jaj = Z Qanjm Ez—z(ynym)» Qinjm = / dpp®n(p)Pi;(p)Pim(p), i=:1,3. (21)
n,m=1 0

Functions y,, Vi, V3; satisfy the following boundary conditions

v (2m) — A(2m)ynlzar) = 0,
Wii(zm) = Ar(zm)Vaj(zm) = 0, (22)
V3;(2m) — As(zm)Vaj(zm) = 0,

Yn(—2n) = A(=2m)yn(~-2M) =0, .
WVii(=2m) = Ar(—2m)Vi;(—2m) = 0, (23)
Vii(—2m) — As(—2m)Vai(—2m) = 0,

where d
2 ya()] -
A(zM)=% ;)= [ " doptop)onte)
d
2 Via@)] o
Ay(2ym) = d—z‘,l—;—?z—)— , V1A(Z)=/0 dpp®10(p)V14(2,p),
d
_[V (Z)] M
Aa(zM)=iﬁT L V)= [ dopon(p) V().

The coefficients A(—2ps), A1(—2am) and As(—2zpr) are determined in the similar way.
The normalization conditions for the system (19) has the form:

ZM 1

d z = =N,
S [ i) = g =N
S

if we use the boundary conditions (22),(23).
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Expressioas (2) and (9) for the physical values calculations using the expansion (17)
can be writtea as:

+zar +zar (3]

R=2r / dz /Mdpp\/(z2+p2)¢2(z,p)y Q=2r / dZ/dpp(2z2—p2)¢2(z,p),

—Zpf o —zp 0
(24)
+zum oM
_ep 1y - 097 097
F=Slo- gWl/(Vorzm), To=2n [ @z [aol 32141550 (29)
—ZpM 1]
2z
We=2n > [ dalVis(e) + BVay(2)lun(2hum(2),
jnm_ZM

Using the problem symmetry the system (19) can be solved on the interval 0 < 0 < zp,
with appropr ate change of the boundary conditions and normalization.

3 Numerical methods and analysis of numerical results

Calculations of the basic functions {®,} = {®1.} = {Psn},n =1,L, L[ =1,2,3,4,5,
for the given pps was performed. The code SLIP1 [6] was used for the numerical solving
of the problen (18) for the base functions {®,} with normalization (18). The algorithm
suggested in [7] was used for solving the problem (19). This algorithm is based on the
combination >f continuous analogue of the Newton’s method (CANM)[8] and the contin-
uation methcd and allows to reduce the solving of the complicated system of nonlinear
equations to she sequential solving of the relatively simple linear problems.
The next iterative scheme was used:

The problem (18) was solved with the boundary conditions

. . ®n(pm) =0 (26)

for the set of basic functions determination. :

For the given initial approximation for y,(2) and a set of basic functions calculated
on the -irst step, we evaluate the right site of second and third equations of system
(19) us ng eqs.(20-21). Then we determine functions Vi and Vi; (5 = n) as the
solutior of linear boundary problem by using the sweep method.

Substit iting the given approximations for Vi; and V3; into the first equations of
system (19), we have an eigenvalue problem for the systemn of linear differential
equatio 1s, which can be solved by using CANM in the modified code based on the
prograr1 START [9]. The function ezp(—|z|) was used as the initial approximation
for y,(:) together with the solutions founded for the other set of parameters. The
number of Newtonian iterations does not exceed 10-13 usually.

Solutions y, from the previous step are used for the calculations of Jy; and Js;
on the 1ext iteration and so on. The process of iterations stops when the solutions,
obtaine] after two sequential iterations, would coincides with each other with a given
accuracy €. Actually the 5-8 iterations are enough to reach the accuracy € = 10~3,
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e Parameter A, is calculated with the help of the obtained solutions y,. Then the
problem (18) is solved again with respective boundary conditions, ind a new set
of basic functions is determined. The solution to the problem (19) are calculated
again for this set accordingly to the algorithm described above. Such a process will
continue until a stabilization, i.e. until the newly-obtained solutions and the value
A,,, coincide with the preceding ones with the accuracy given a prior’. Actually 3-4
iteration steps are required to reach the stabilization.

The discrete approximation of the problem was made on a h-step uniform grid {z;} with
the help of the difference schemes of the second order convergence O(h?). T ie calculations
on a sequence of the twice compressible grids were shown in Tab.1 and ccnfirm the 2nd
order of the convergence.

Table 1. N, =10, py=5 ki=k3=B=01, L=4, 2y =10.

— | grid step | number of points A % (0)
h 0.100 101 0.6362802 | 1.624439
h/2 0.050 201 0.6360388 | 1.633727
h/4 0.025 401 0.6359781 | 1.636136
F=h]2
(4 "r=hTa — 4. 4.

Table 2 lists the results obtained on a sequence of expanding intervals [—zas, zps]
showing convergence on parameter zys.

Table 2. N, =10, py=5ki=ki=B=01, h=005 L =4.
v | A [ 51(0) [ 4200) | ya(0) | va(D) :
5. 0.538 | 1.641 { 0.428 | 0.033 | 0.003
10. ] 0532 | 1.634 | 0.423 | 0.032 | 0.003
15. | 0.531 | 1.630 | 0.422 | 0.032 | 0.003
20. | 0.531 | 1.630 | 0.422 | 0.032 | 0.003

Table 3 lists the results for different number of basic functions L. In the top raw of
each column the value A, normalization N,, and amplitude ¢, (=) for n = 1, .., obtained for
the boundary conditions (26) was given. The same values after the solutio stabilization
for parameter A,,, was given in the bottom row.

Table 3. N.=10,k3=kZ=B=0.1,pp =5

L A Npy,n=1,L yn(0),n=1,L

2 0538 | 8.88,1.12 1.78,0.62
0.632 | 8.87,1.13 1.61, 0.59

3 | 0.616 | 8.86,1.10,0.04 1.78,0.62,0.16
0.635 | 8.01,1.94,0.05 1.59,0.79,0.15

4 [ 0.626 | 8.82,1.13,0.05,0.001 1.65,0.45,0.33,0.03
0.636 | 8.86,1.10,0.04,0.001 1.59,0.42,0.32,0.02

5 10.637 | 8.82,1.13,0.05,0.001,10~° | 1.65,0.43,0.33.0.03.0.002
0.636 | 8.85,1.10,0.05,0.001,10~% | 1.63,0.42.0.32,0.03,0.003

Now let us turn our attention to experimental data. According to [10] radius is R =
1.963-10~13cm, quadrupole momentum is Q = 2.86-10~7cn? and binding ¢ nergy is equal
to 2.246MeV.
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It follows frcm (24)—(25) that at ro = 10~'3 the calculated dimensionless values corre-
spond to the experimental ones if the following relations are fulfilled

Q/(N.-2m) ~0.29, R/(N.-27)~1.96, F~2246 . (27)

According to (12), the parameters of the model must be k¥ ~ 3, k% ~ 0.1 , and
the B and N, riust be free. However, we failed to get satisfactory results for these pa-
rameters. Considering k; as arbitrary parameter and fitting its value from the conditions
of fulfillment of the mentioned relations (27), we succeeded in obtaining the best re-
sults at N, = ¢.5, k¥ = 0.1, B = 0.001. Hence, we have A = 0.41, R/(27N.) =
2,19, Q/(2nN,) = 0.27, € = X +40 = 25.6. Turning to dimension values we find
R~22-107Bcm, Q~27-107%cm?, F =243¢V.

4 Conclusion

Calculating nunierically the nonlinear equations for two nucleons in a scalar and pseu-
doscalar field, we evaluate binding energy, effective radius and deuteron quadrupole mo-
mentum, which fit the expefimental data, if we assume the effective mass of scalar meson
to be near the riass of pseudoscalar meson p, ~ 140Mev and k? = k3 = 1. At the same
time, this fittinjy yields the coupling constants g and f one order less than experimen-
tal data determ ned by the local model of nucleon-meson interactions. But our model is
nonlocal and noalinear.

Note that we investigated only the simplest case of spot interaction. The nucleon
formfactor included in the equations can change significantly the final results. The other
important trend is to generalize the theory of the case of intermediate coupling constants
and take into account relativistic effects.
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Abstract. This paper is devoted to problems of modelling of particle beams with
space charge. For some models of space charge distribution functions the necssary
motion equations are written. For solving of these equations the matrix forn alism
for Lie algebraic tools is used. This approach permits to obtain solutions of the
motion equations in symbolic forms. These solutions have forms of block-me trices -
(solution matrices) which can be created in advance for different control beam sy stems
and the distribution functions. All symbolic information about model distril ution
functions and solution matrices form is involved to some base-dates. In this paper
we suggest two methods of space charge description: the nonlinear rms-envelope
matrices language and the distribution functions language. The necessary syribolic
computations are performed with the help of computer algebra codes REDUC % and
MAPLE.

1 Introduction

Many approaches to the space charge modelling problem are known. The ltiasic difficulty
which arises for this problem is a nonlinearity of corresponding motion equations even for
simplest cases. In this paper evolution of long beams with an elliptical cioss-section in
transverse phase space is discussed. As examples some special forms of phase space dis-
tribution function are described [1]. For these distribution functions the Fetrer’s integrals
technique are used. It allows to obtain motion equations in symbolic forms as expansions
in series. These equations are written in a matrix form. The truncated mutrix equation
(up to a certain order) are solved with the use of the matrix formalism for Lie algebraic
tools [2]. Nonlinear nature of these equations lead to a necessity to use she successive
approximations method. Obtained convergences bounds and algorithms give opportunity
to estimate a current step value in advance and to create necessary software for modelling.
More over the suggested approach allows to use object—oriented ideology and to realize
the dynamic modeling paradigm (3, 4].

2 A Space Charge Description

2.1 The Initial Space Charge Distributions

A researcher can use two types of space charge description. The first is bised on space
charge distribution in the phase space and the second on the distribution i1 the configu-
ration space [1]. Note that in general a phase-space distribution function | or a particle

!This work was supported in part by the Russian Foundation for Fundamental Researches under Grant
No. 96-02-17336
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density distribuion ) fo(X)= f(X,so) can be written in the form fo(X) = 5 FoxW or
£=0
in the case of el iptical symmetry

[e 3] [eS]

2 {k
Fo(X) = po(r?) = 3 adr* = 3 aQ(x My AL x4, (n
k=0 k=0
where X = 2(_ ® -...-®X is the Kronecker power of the phase vector X = (i, p;, 3, py)*.
k—times
dim X = (kt’),A({)H is the symmetrical Kronecker power of the initial form matrix

Aoi KZ = X‘A()XZ

(AW, = bk (A, i 0= T k], dlk] = ( " 1)

and b;(k) are the polynomial coefficients of k-th order, which can be calculated from the
known expressicn k!/ki!...k,! using the lexicographic order k1 > ko > ... = ky,.
2.2 The Self-Field of Space Charge

Using the Ferrers’s integrals we can calculate the desired potential for the beam in the
form

V= -2 [ a(ei) g,

€0.
0

2

“p(t)dt,

A%(u) = (a? + )(b2 + u), KZ(u) = E,C:_—u + p":—u After some transformations we obtain
the components of the vector of self-electrical field

orab T . d b T ' L
Eé = = .DD/{a]{-I—ud)('{%(’u’))}A("’:)7 By = 2:—:;)/{[)25_“4)(5%("))} G
2 )

when ®(x?) =

~e

€ A(u)

and for our par-icle density distributions we can write

dTpy  ab 4rpy, ab
B¢z B+ AEey, B¢ = )= :
3 ent Dben, B ¢ ala+ b)é’ K ¢« bla+ b)n

The values of A E¢, AE, can be easily calculated with the help of MATHEMATICA (or
REDUCE) codes. Note that for the K-V distribution we have AE; = AE, = 0. Besides,
if the arbitrary distribution p(z,y) = po®(x?) is a polynomial of n-th order with respect
to the variables x? the functions AE; and AE,, are polynomials of (2n + 1)-th order with
respect to the variables £ and 7. Then we can return to the coordinates referenced to a
desired system.



3 The motion equation

3.1 The motion equation for a single particle

As an example we consider the transport system with the rectilinear optical axis (there
are no dipole magnets ). For a nonbunched beam ( the longitudinal self-e ectric field is
missing ) the motion equation for single particle can be written in the form

g ' _ 1?2 E
_pT{yB,—(l «?)B, + 2'y'B; +Tﬂm }.

g —(1—? _
=_ T{J:B (1 - y?)B, + 2'y'B, TJC‘)B}

where T = /1 + 22 + y'2, ' = d/ds. Note that the self-magnetic field is consldered with
the help of the coefficient 1/73.
These motion equations can be rewritten in following matrix form

= Z{Peat s)+ Pul/(s)}_x’[k].

The matrices P, and Psel/ describe the external and self-fields correspondingly. As an
example the corresponding motion equations for a quadrupole lense system in the presence
of space-charge up to third order on phase space variables are considered in [1].

3.2 Transfer map in the presence of space-charge

The transfer map approach has been very useful for studving beam dvn: mics without
space-charge. In this case we can write

M: Xo = X = M(s]se) - Xo.

where M is called the transfer map ( or Lie map') between moments sy and s. If the
beam is an ensemble of interacting particles then the map M (s|syp) depend only on control
system parameters. In the frame of the matrix formalism [2] we can represe it this map in
the form
[o.9)
X = M(slso) - Xo = 3 M (s]so) X[, 2)
k=1
where M'* are matrices which can be calculated with the help of the matrix formalism
tools.
According to the previous sections our beam has the elliptical cross-sect on. So let Mg
be an initial phase set occupied by particles:

Mo={Xo: X;A{'Xo<1}.

Let 8! = (A}!1)~! . The other definition of the g-matrix ( so-called rms-envelope matrix
) is following
il = /IO(X)XX'(!.\'.
Mo
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where fp is an initial phase space distribution. The similar formula can be used for the
definition
ik = / FolX) XB ) x
Mo
These definitions allow the beam dynamics to be investigated in the terms of envelopes.
Indeed, accoding to the matrix formalism for both cases of the definition of the o-matrix

we have
oo oo

011(3) - Z Z Mlka(’;j(Mlj)-.
1=1 k=1

In the preser.ce of space-charge the Lie map will depend on the parameters of the beam
too. In this case the operator equation for the map M is a nonlinear equation. The
solving this equation requires the another approach. In this paper we suggest the method
of step-by-st:p approximations. The basic idea of this method in our case is to calculate
the envelope matrix according to the following algorithm (compare with [5]).

Step 0:

1) Choose: the initial model distribution function fo(z) according to the Eq.(1) and the
order of our ipproximation equal to N.

2) Define the set of matrices a* according to the corresponding equations and then

form the init al nonlinear envelope matrix of':

N { ik
oy =10 —
0 0 Jik=T,N
. m . _
3) Define the sequence of subintervals §; = [s;,8i41), U L = lor = [S0,8.], i = 0,m,
i=0
S = Sa. '

Step 1:
Calculate the auxiliary envelope matrices by

oik(s0) = aoif(s0) + (1 - @)aff(s1), 0<a <1,

. . N
aff(s1) = Y MY ad(s0)(MF)",
=1

Mij = M¥(s,|s0; {a'}) is the block matrices calculated according to the matrix formalism
by constant 11atrices agj (self-consistent motion equations or self-consistent Hamiltonian
functions), see the Eq.(2).

Step 2:

If lod*(s1) —ad!(s1)]| < € then go to finish else change s; on s; and s on s and return
to the Step ..

Note tha in the frames of the matrix formalism we can also calculate the particle-
density distribution function. According to the Eq.(2) and the properties of the Kronecker
product we can write the transformation of XK,

X~ (M . Xo) (K] : (i Mljxou])[k] _ f:lejX([’ﬂ’
= =
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M™M= ¥ éM“‘",lZm.

kp 4o tkm=l =]
k21

(From the known properties of Lie maps we can write for an arbitrary finction of an
initial distribution fo(X) = f(X,s0): f(X,8) = fo(M™(s|s0) - X). In our case we

have M~ 1{s}sg) - X = § T (s]s0) X8, where T} = —M!® TI! = (M!!)~! and other
k=0

matrices T'* for k& > 1 can be calculated with the help of the recurren: generalized
Gauss’s algorithm using the matrices M. It is worthy to note that acccrding to this
algorithm one should inverse only the matrix M!! and then use only matrix operations
(with the Kronecker operations extension) for calculation the necessary ma: rices T!* up
to the desired order. So after some calculations we can obtain the following equation ( see
the Eq.(1) )

f(X,8) = oM™ - X) =

a§ - ad(Mm - XU At x ) =
k=1
ag+y ayy E(X[’])*BEXU],

a
[
-
1
x
1]
x

j
BLj - (Tkl)-uA({)k}Tkj‘

For the convergence of our approximations methods for envelope matrices he following

condition has to be satisfied . .

llok! ~ oxill < Blloxty — oklsll

for # < 1. The constant of this method 8 can be calculated as a function >f the initial
beam characteristics and the transport system parameters. The condition ,3 < 1 allows
the limitations on the step values |s; — sg—;| = As, to be calculated which guarantee
the fulfillment of the inequality 8 < 1. The preliminary calculations showed that it is
sufficient to use two — four steps of this iteration process for some value of As,. Note that
the convergence condition does not depend on the parameter c.
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Abstiact. This paper is devoted to description of basic concepts for modelling pro-
cess o such kind of nonlinear dynamical systems as beam line systems. There are
two different types of beam physics problems: long time evolution of beams and syn-
thesis of beam line systems with desired characteristics. Both these problems have
some Zeneral lines. Indeed, a researcher can include different kind of effects step by
step. [n this paper the matrix formalism for Lie algebraic tools for these mentioned
problems is used. This formalism allows to create databases of necessary matrices
for advance. For this purpose it is necessary to use computer algebra codes. They
allow not only to do symbolic calculations but to do necessary investigation on early
modelling steps. In particular this helps to realized a process of synthesis of dynami-
cal sy:items. This approach can be realized with the help of expert systems ideology.
Some basic concepts of this process are described.

1 Introcluction

At first, let us consider some problems which appear during any process of dynamical
systems modelling. A researcher obviously must pass following steps:

~ to define an initial set of decisions (preliminary judgements on a design problem);

— to applicate one or more mathematical models of various properties of the dynamical
system (in our case of the beam line system).

- to analyse the solution and then accept or reject corresponding model, and in the
later case; deiine a new set of decisions and return to the second step.

These poiited steps can be put into new paradigm for modelling process - dynamic
modeling, if this process will be ensured by necessary attributes among the we should
emphasize the following:

— the using mathematical methods have to be adequate both to physical models and
modern programming methods, to put it in another way the mathematical methods have
to permit usiig of artificial intelligence methods and facilities;

— objects which are manipulated by a researcher must maintain a natural extension of
the set of prccesses and effects being investigated;

- objects which are manipulated by a researcher must admit maximal simple (from
the a computational point of view) operations necessary for calculations.

These and other reasons as well as author’s experience show that one of the methods
satisfying these requirements is the matrix formalism of Lie algebraic methods [1]. In
this work we discuss how this approach can be used for beam physics, how the modelling
process can be formulated and what place in this process we must assign computer algebra
methods.

!"This work vsas supported in part by the Russian Foundation for Fundamental Researches under Grant
No. 96-02-1733
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2 The Basic Definitions and Concepts

2.1 Lie Transformations

It is known that for any dynamical system we can write
M(tlto):/\'or—n\’(f), (1)

where Xo = X (to), X (t) are an initial and a current states of our dynamicil system (i.e.
corresponding phase vectors), M(t|tp) is a dynamical mapping. Such repr>sentation we
can write for both autonomous and time dependence systems. In the second case we must
use either chronological ordered operators or so called Magnus’s representation [2]. For
both cases the map M can be written as an exponential operator in the form

M(t|to) = exp {CG(_\'.mo)} .

where Lg(x 1)1) is a Lie operator associated with a vector function G'(X . {[to). For exampie,
for an autonomous system we have G(X, t{tg) = (f - to) F(Xy), where F(X) s a right part
of evolution equation for the dynamical system. The knowledge of these vperators is a
main goal of our modelling process.

2.2 The Matrix Representation for Lie Transformations

The polynomial representation for Lie transformation is well ¥nown [3]. But this rep-
resentation does not have necessary properties for above mentioned steps of modelling
process in the full scope. That is why we suggest to use the matrix formalism for Lie
algebraic tools [1]. The basic concepts of this formalism is to compare a set of matrices to
an operator representation for Lie transformation according the following rule:

Mtlto) o Xo = 3" M (t]to) - X1, (2)
k=0

where M'¥ are matrices to be found and X([,k] ~ the Kronecker power of k-th order for the
phase vector Xo. The basic theory of this comparison is published in previous works by
the author (see, also [4]). Here we must mention that if there is a symbolic ‘orm for M1!
(for a matricant of linearized motion equation) then we can calculate all (1p to desired
order) matrices M!¥, k > 2 in symbolic form too. Here let us point following propertics of
the matrix representation for Lie transformation which are very important ‘or modelling
process:

- the simplicity of the mathematical nature of used objects -~ matrices:

- the possibility of unifying description of a subject of controt (a heam line system)
and an object of control (a particle beam) using the matrix tools including space-charge
effects (see, for instance, {5]);

— the possibility of extensive application of such modern computer approaches as
object-oriented programming, computer algebra, intelligent interfaces, expet systems.

- truncated Lie maps (Lie approximants) can be easily corrected for ensuring necessary
properties (for example, symplectic properties for Hamiltonian systems):
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~ a possibi ity to create databases for corresponding matrices in symbolic form and
include them t> a calculation module.

- the runni1g calculation experiments allow to create knowledge bases, for example in
the form of recommendations and exclusions which can help to select models (here the
reference is to :orresponding matrices) in the future.

3 Computer Algebra Calculation Problems

3.1 The Linear Matricant Calculation

As we have mentioned above a knowledge of symbolic form for a linearized equations
matricant plays a main role. It is known that symbolic forms can be obtained in the
case for autonc mous linear systems. There are some other cases of time dependence when
such forms exist. As examples we may mention so called bell-like model (in the terms of
trigonometrica functions) and linear dependence ( in the terms of Airy’s functions). There
is an interest in an approach based on series representation for elements of matricants.
This is very useful for some limit cases (for example, the thin lens approximation in
beam physics). For this purpose the Baker approximants representation is useful too. The
truncated series (polynomials) allow to create necessary symbolic forms for matricant very
simply. But in this case one must point limits of polynomials approximations. There is
an interest approach (see for eaxample, [6]). According to this approach we can create
some set of linear differential equations with time dependence coefficients which permit
symbolic form of solutions. In particular, this approach can be use for investigation of
fringing fields in magnetic lenses.

3.2 The Block Matrices Calculation

The second step of matrix representation calculation is to obtain symbolic form for block
matrices M'%, k > 2. For this one can investigate systems with time dependent nonlinear
part. Indeed, if we know symbolic form of the matricant then we can calculate symbolic
form for M* using an integrator procedure. For this purpose we can use either built in in-
tegrator packaes for computer algebra codes or generated integrator packages. In the last
case one can siwve computer resources. We should mention that necessary calculations for
every block metrix are performed only once. The corresponding results must be included
into two types of databases. The first type consists of symbolic forms of matrices M¥
for analytical investigations on early steps of the modelling process. The second type of
databases is a set of procedures (in one of high level programming languages) for numerical
modelling. De>ending on the types of matricant representations and time dependence of
nonlinear terms one use corresponding integrator procedures.

3.3 The Structure of Databases and Knowledge Bases

Here we must point out the block structure of the matrix representation, see the Eq.(2).
But there is a subblock structure for the matrices M¥. This structure is defined from
symmetry properties of the system under study. The knowledge of these symmetries allows
to create a hierarchy of calculation procedures for different kind of objects. For example the
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manipulation with noncommutative variables in the frame of Lie algebra descriptions for
our objects ( CBH and Zassenhause formulae, their analogies and so on). This approach
allows to create more economical calculation procedures and databases. ‘“or this one
can create several levels of databases. Every level corresponds to special set of objects:
noncommutative abstract variables, block matrices and block vectors (withott knowledge
of their inner structures) and at last the databases of block matrices whicl correspond
to some specific effects (spherical or chromatic aberrations ) or stirring elen.ents (dipole
magnet and so on). If these databases are supplied with corresponding ctoosing rules
and comments (help files) then we obtain a set of knowledge bases. In particular, these
correspondence can be obtained by using oriented graphs methods. This approach allows
to use object—oriented projecting process on all levels of the modelling process [7].

3.4 The Basic Advantages of the Matrix Representations

The use of the matrix representation for transfer maps allows to apply the power of
computer algebra methods and codes more completely. Indeed, we can point out the
following moments of such approach.

1). All calculation have several levels. Each level can be used separately and indepen-
dently. For example: the level of manipulating by non-commutative variables of different
nature and the level of calculation of Kronecker products and sums. One can generate
corresponding databases for every level and fill up them independently.

2). All objects of databases have similar nature — they are matrices.

3). All operations are algebraic, necessary integration operation are rea.ized in some
set of function and can be done without using integrator module of a computér algebra
codes.

4). Block structures of matrix representations of Lie transformation allow to work with
matrices of low dimensions.

5). Every elemental matrix can be compared some physical effect. For ising of such
comparision one can build oriented graphs. These graphs help to create kno'vledge bases.

6). A user of such approach has a possibility to fill up his databases st :p-by-step in
different ways, using his own calculations and results from different sources.

6). Symbolic forms of resuits permit to make corresponding numerical ca'culation (for
modelling and/or optimization of beam dynamics) more effective and flexible. Indeed
manipulation by matrix objects (corresponding to any physical effect) is mor: simple than
by another objects.

4 Conclusion

In the conclusion we want to do some remarks. At first, an application of methods and
codes computer algebra allows to go to another level of modelling — dynanmic modeling.
Indeed, in this case symbolic form of all necessary for solving process information leads
to a possibility of more flexible parameters manipulation. Every " physical” object has its
mathematical image in the form of a matrix. Such matrices are bricks of corresponding
databases and knowledge bases. Secondly, there appears an opportunity to investigate
qualitative properties using well designed symmetry packages which are tuilt into the
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most of compuer algebra codes. The matrix structure of the representation of dynamic
systems information allows to use parallel processing both in symbolic and numerical
modes.

For practicil goals as a kern of such approach we use the REDUCE codes. These
codes are compact and sufficient. For different tests we used the M APLE codes. But to
our opinion these codes are excess for our problems and they can be used for helping to
REDUCE.
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Abstract. Some techniques and examples of the numerical calculation of n.s.p.e.
(nonlinear singularly perturbed equations) solutions with inferior layer, called con-
trast structure, arve proposed. These techniques are based on the combination of
nunerical and asymptotical methods. The latter ones allow to make up the good
qualitative comprehension of the solution being searched and to choose the most
cffective numerical method and suitable initial approximation for iterations. The
resulls are represented by graphs.

In this paper we discuss solutions of boundary problems for singularly perturbed equations
and systems of equations. Equation is called singularly pertarbed if it contains small
parameter in the highest derivative. As a rule the solution rapidly changes near the bo-
undary in the form of boundary layer. Solutions containing interior layer cin appear for
nonlinear equation (so called contrast structures - ¢.s.). There are two main types of ¢.s.:
1). step-type c.s. {fig. 1)
2). spike-type cs. (fig. 2)

u

b =

—_—

—x —_x

= T~ =z

Figure 1: Iigure 2:

Asymptotical theory of c.s., e, finding the expansion of the solution with respect to
the small parameter is now under intensive developement. ([1, 2]).

Liast years numerical methods are often used, they play double role:

1) they illustrate the analytical results,

2) they describe expected phenomena which are partially or not at all investigated in
analytical manner.

"supported in part by the RFFI (Grant. No.96-01-00694)
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X

Figure 3: Figure 4:

Numerica integration of singularly perturbed equations, particularly for boundary
problems meets specific difficulties - standard routines do not work in the proper manner
because of th: transition layer exists. So one has someway take into account the specifics
of asymptotics. '

Applicaticn of asymptotical theory for numerical solution of boundary problems for
singularly perturbed equations and systems of equations was used earlier (see for instance
3, 4)).

The problzm with contrast structures is more complicated because one does not know a
priori the point where interior transition layer occurs. Some information can be provided
only on the hasis of asyriptotical theory. This theory prompts the succesfull choice of
initial approximation for the solution being searched for.

Following problems were considered.

1. The system

e = F(u,v,z,€)

e = G(y,v,z,8)
is not still investigated in the sence of appearance of c.s. with the interior layer in both u
and v compo ents at the same point.
We provel the existence and found the asymptotic of c.s. for two specific forms of F'
and G.
As illustrition plots are given in figs. 3,4 for the computated c.s. of the equations
system
2" = (u?—1)(u—~ 0.5z + 0.125) — 2cuv
e = v— (1.7~ z)ul + eu?o?
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o S ey e

under boundary conditions of 11 kind

'(0)
v'(0)

The right side of the last system was chosen in the special form, so that t--component
has a step, while v-component has a spike. In agreement with boundary ccnditions the
boundary layer was absent for the zero approximation in points z = 0 and z = 1. The
small parameter was £ = 0.01.

The solution of this system was calculated as stationary solution of parabolic system

2'(1)=0
v'(1) =0.

Il

—up+ €tuy, = (uw?-1)(u~0.5z+0.125) — 2cuv
—v 4 ety = v— (17— z)u? +eu?o?

under boundary conditions
uz(0,t) = ux(1,£) =0, v-(0,t) = vz(1,£) =0

and some initial conditions (one can see them on the plots as a dotted line}).

The Krank-Nicolson schema, quasilinearization and ”progonka” were usec. Transition
from layer to layer in the variable ¢ was performed when the difference »etween two
sequential iterations in each component was less than 1075, The maximal number of
iterations was 3 and occured on the first layer. The solution was considered stationary
when its variation was less then 10~5 at least on 20 000 layers.

As example of the system of more general form we considered the system -

e2u” = (u?—1)(u— 0.5z 4 0.125) + 0.9v
2
v

e = (v?-1)(v— 0.5z + 0.25) +4.5u

under boundary conditions of I kind

u(0)
v(0)

u(1)=0
v(1)=0.

I

Computations were done in the same manner, some c.s. are given in the fig. 5,6. Here,
as it must be in agreement with boundary conditions of 1 kind the boundary lyer exists in
points z =0, z = 1. The dependence of step-type c.s. in both component:. from initial
conditions is evident. Worth to be noted that transition in both u- and v- components
takes place in the same point in z (with precision 5 - 10~3).

1. The parabolic equation is considered in the domain D = {(0 < z < 1) x (¢ > 0)}

euy — €2ugg = f(u,z,t)
under boundary #j;—g = %|;=1 = 0 and initial conditions u|{=¢ = sin 7z, f is a periodical
function in £.

This problem can have the solution both step-type and spike-type. The: step (to be
definite we discuss step) can change the place when ¢ changes. Situations when step-type
c.s. survives as a step when ¢ changes were asymptotically investigated. Eut there are
situations when there appears one or more steps or step disappears at all, as well exist
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situations when the spike appears. They call these c.s. changing structures. They are vet
not studied analytically.
You can see the results of computations performed by A.A. Plotnikov tor

flace ) = (1= u®)(u—05sinwe + 0.73sin 2t + 0.25). <= 0.01.

in the fig. 7. for some values of t. The quasilincarization method was used here too.
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Abstra:t. One of the most important problems in modern high energy physics ex-
periments on measuring cross sections is the problem of parametric analysis, which
includes testing the hypothesis about agreement between some parametric model and
experim=ntal data. In this problem we must take into account statistical fluctuations
in Mont :-Carlo sample, that is used for correcting experimental data by limited accep-
tance ard finite resolution of the detector. These fluctuations lead to the distortions
of the final distribution used in x” criterion (because of these fluctuations, the final
distribuion, used in the criterion, differs from the x? distribution). In this report we
propose the method to take into account these fluctuations and, as a consequence,
correction of the final distribution, that allows to use the x? criterion correctly in the
problem of the hypothesis testing. Our numerical experiments show that this method
provides significant improvement of the final distribution and it’s proximity to the
correspcnding true x? distribution.

1 Model of measurements [1,2,3]

We consider s(2) = a:—‘z—g - p.d.f. for some differential cross section.
o

L = Ny /04,4 — integral luminosity of experiment.

Expected number of events in histogram bins will be

R d
: V., =L / Y 4B () / d2F(z) R(z'|2) -

Introducing

S(z) = Ldo/dz, A,(z)= /T"“ dz' E(z')R(z'|z) E(z),

we can rewrite '/,
Vo= /d:cA,,(:c)S(z), n=1,..,N.
We introduce smearing matrix
_ ot dzAa(2)S(2)

Anm Jintt dzS(z)

Model of measurements can be rewritten

M
Yo=Yuten =3 Anmfm +6n,

m=1

'supported by the RFFI grant «96-02-16495
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where f,, = [7™*' dzS(z) - expected number of events in interval [z, ;41| correspond-
ing true kinematical variable z; ¢, — fluctuation of events number Y, ir n-th bin of
experimental histogram.

Apparatus functions, i.e. rows of smearing matrix (2D-histogram M., X Nobserved)
can be obtained from Monte Carlo simulation of the detector.

Apm = Som/Im; n=1,.,N; m=1,...M;

where Sy, - contents of n,m-th bin of 2D histogram; I, — contents of m-th bin of
input vector (uniform high statistics vector preferred, but it depends on the variable and
simulation program).

2 Parameter estimation

Our aim is to estimate S(z). Suppose we know functional form of S(z): S(a|@) and want

to estimate unknown parameters @. To estimate unknown parameters ani to test the

hypothesis that chosen model corresponds to experimental data we use the ‘unctional:
N P i
F=Y -V @] k3 [v-Vi@)],
n,=1

where K ! is the element of weight matrix for this functional,
-_— M ~
Y. (E) = E Anm fm (E)y
m=1

fu (@) = /:"'“ dzS (2]) .

First we find estimate of parameters @ from minimization of the functional F', then we use
obtained minimal value of the functional

Foin = 3 [P @] K3 (1 7(3)

to test the hypothesis if the chosen model corresponds to experimental date.
Usually elements of covariation matrix

K= (yn - ?n) (Yl - —Y-l),
supposed to be

K, ~6,Y,, or
Koy n { Ya(l=Bn), where pn = o/ (X, V), forn=1;
" ~Yopi, forn#l.
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Figure 1: Smeuring matrix for 40 000 MC Figure 2: Smearing matrix for 400 000 MC
events. events.

and the value F,,;, to be distributed in accordance with x? distribution with N —r — 1
degrees of freedcm, where r is the number of estimated parameters if the model adopted
fits experimental data.

But the probiem is that we use estimates of measurements instead of expectations. We
also use estimates of elements of smearing matrix, obtained from simulation. Sometimes
the statistics of Monte Carlo simulation is limited or is comparable with the statistics of
experiment. You can see the role of statistical fluctuations from the figures (Monte Carlo
statistics differs in one order of magnitude: 40 000 and 400 000 events). We use here the
standard "camel’ numerical test.

As the resull. the distribution of the functional differs from x%_,_, and we cannot
use this statistics to test hypothesis if our model (chosen parameters) corresponds to
experimental da.a. We found this problem in DELPHI experiment at CERN [6, 7).

We write the expression for the matrix inverse to weight matrix:

Ku=[Ya-YVa @] Y- Y1(@),

and we expect tt at functional will follow x? distribution when the model fits experimental
data. The number of degrees of freedom will be discussed later.
After the sin ple transformation

[Yo =¥ (@)] = [V - Vo] + [V - Vo @)] -

1-st term descrit es experimental fluctuations, second — Monte Carlo fluctuations. As they
are independent

K= [Yo= 0a (@] [Y - V1@] = W - Va] [ = Vi + Vo - Va @) 72 - Vi @)

The estimate of the second term is

Yo~ Ya(@)=

Mk

M ~
Aﬂmfm (a) - Z Aﬂm-fﬂl (a)
m=1

H
Il

1
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We divide and multiply by I, (contents of m-th bin of input vector) it the assumption

Ly =1,,. o

L s L + 3 fm (@)
yn - } n ((L) ~ Z (Anm Im - Anm’m) %‘
m=1 m
AFrom the definition of smearing matrix
A717717m = ﬁ"l"l!
Anm Im = Snm .
Finally
Al —
T = v S (@)
}‘ "o } n(“) ~ Z (bnm - bnm) 71 -
- I7”,
m=1
Somat = 1, ..., N for fixed m is the 1-D histogram, the slice of 2-D histogram used to

get the smearing matrix in @' axe. Suppose the number of bins is big enough. neglecting
hin-bin correlations we can rewrite the second term:

{T” B ?" (E)] [T’ - T’ (5)} ~ M [S,”,L - nm] [5[1” glm] [T,(,y_)]z ~
£ Bl B (5]

As it was postulated before S,,,, for fixed m is 1-D slice in 2/ of 2-1) his ogran. 'I‘h()ugh
we have a fixed number of events in input vector, the number of events in cach slice ! S, for
fixed m 8! = SN S, will be the random value. Two approaches can be considered
(sce [4]): We can consider S!°! as fixed value, so we consider the number of events in bin
Sum, n=1,..., N m = const as multinomial. We obtain

o T BTl = 5 G Pl

where
3] < tot
1717” - ‘571771/s .

™m

We can consider SE* as the random value and consider the distribution 4., as Poisson:

[Snm - Smn] [‘glm - Slm] ~ (snlsnm-

Finally for the first, multinomial approach full covariation matrix (oxperimental and
Monte Carlo errors included) will be

N - 12
)’ ( Pn) + Zm—l dnm (l - an) [f,,';ma)] ) for n = {;
> ; (@)
_yn."l - Z’"]_:] bnm l’lm [f_’"(l—)'] 5 for n ?é l

K=~

where p, = Y,/ (Zfil Y,-). 1t is obvious that the distribution of the functional is \%_, | if

the model describes experimental data in the correct way (r - is the numb v of parameters
).
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Figure 3: Distribution of ¢ neglecting
fluctuations in the smearing matrix (top
histogram) and taking them into account
(Poisson approach, bottom) for 40 000
Monte Carlo eveiits.
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Figure 4: Distribution of & neglecting
fluctuations in the smearing matrix (top
histogram) and taking them into account
(multinomial approach, bottom) for 40 000
Monte Carlo events.
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For the second, Poisson approach

M 2
Ko~ 6nl <Yn + Z Snm f"}(a)] ) -

m=1

The functional viill follow x% _, distribution.
Numerical e>periment was [1, 2, 3]:

S@)=C|A Gi +A G
R SRS e R SN L

R(z'|z) = N(2'|z, 0),
where z € [4,16], A1 =2, Ay =1, G1=Gz=1, z,=10, z2=14, o=15,
C from the concition fdzS(z) =4 -10* (number of events in experiment). As unknown
parameters of the model we chose amplitudes Ay, A3 and peaks position zy,z,. Input

vectors for Monte Carlo were uniform with 4 - 10* events (equal to experimental statistics)
and 4-10°. Mininiization was done with MINUIT [5]. In figures one can see the distribution

¢ = / dxt e(xih

where ¢(x}?) - p.d.f. of x* distribution with ! degrees of freedom (I = N —r — 1 for
multinomial approach and ! = N —r for Poisson). It is evident that if Fr;5 really follows x,z,
the distribution of ® will be uniform. In our experiment N =10, r =4, I =5 or 6. ;From
Figures it is evident that when Monte Carlo statistics volume is close to the experimental,
one should take into account fluctuations in the smearing matrix; this makes possible to
use x? criterion for hypothesis testing.

It also must he noted that estimated parameters obtained from for all three approaches
are very close.
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Abstract. A new method is proposed to consider the strong scattering anisotropy.
The method makes possible to take into account some peculiarities and ruptu ‘es in the
scattering indicatrix as a result of a change of variables into the scattering integral.
The presence ol é-pecularity may be naturally taken into account in the method
framework. The mcthod permits to reduce the integral to the Stieltjes form that
is more convenient for real calcufations. The quasi-diffusion system, which includes
three first terms of the Legendre polinomials decomposition of the indicatrix and
term corresponding 6-pecularity, was written. Boundary conditions, which .ake into
account the reflecting anisotropy, were written. The convergency rate of ilerations
was compared with other methods.

1 Introduction

Let us consider a steady equation of radiation or particle transport in IL plane geometry
for one group with regard to \(dll(‘llng dmsohopy [1] in usial notations:

dy
pyo tov =g //w pro )y (2 1 )i + gz, ). (1)
B
Here p = cos @, pig is a cosine of an angle between the divections of falling and scattering
particles oy = gt + /(1 = p2)(1 = p'?) cosy. o is a il cross-section, @, < @ is a scattering
cocllicient, w{gy) is a scattering indicatrix fulfitling the norming conditicn:
]

/m(;l(,)d/l“ = |. 2)

2y
The boundary conditions with regard to anisotropy of reflection and falling from out-
side radiation are {1}:

l 7 ’ I ! ’ .
k0o = 0000+ 5= [ [t ) wul v (3)
—l u
per()l,co = #lrln) + — ///l gr(pt 'y 0) wr(p Ydydy'. (4)

At strong scattering anisotropy, w(gg) can have a singularity near to é-function at
sty — | as well as Lo be nearly discontinuous function [1, 2] {ref. Fig.la made according
to data from {2]). These facts make it diflicult to calculate an integral in the right hand
side of (1), besides, the iteration process of solving integro-differential equation (1) is
strongly accomplished.

VI'his work was supported in part by ISTC under Grant No. 11595
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dashed line.
2 Method

It was shown in [4] that at strong scattering anisotropy w(u,) = (1—*'2“—‘1)lo a convergence of
quasi-diffusion ite -ations (for multi-group problem) slightly depends on anisotropy. How-
ever the direct int 2gration of remainder of expansion in terms of Legendre polynomials of
scattering indicatiix is still expausive in computational respect because of discontinuities
and é-singularity. Let’s make the following transformation of equation (1) for obtaining
an cllicient method.
1) Isolate é-lik> singularity in the scattering indicatrix (ref. Fig.1b):

w(pn) = u(pn) + (), (5)
where u(go) is a smooth part of the scatlering indicatrix, gy € [—1,1), and 8,(p0) is the
isolated singularity, py € [fig, t]. Partly expand in Lerms of Legendre polynomials the
function u(pg)? -
(3pi—1)

1
L=+ Sul) (6):

1 3 5
u{py) = Euu + Eullln + :2”:'

and trausform the equation (1) to the form:

. - 2_
(3D - 1)(3p 1)¢)+

uf)_(f i oy Z (uuu/'+3u1W;1.+5u! 4

2

1 2x
l ’ I
+ %//{iﬂ(#())+bu-(llu)}dx Plz,pw')dy' + g, (7)

-1 0

1 1 1 1
§ = /v(z,;t)dn- W= //tv(:,u)d/t, D= //t’@(z.u)d;t//tp(z,#)d#- (8)
-1 -1 -1 -1
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2) Replace 8, (jty) by é-Tunction with conscrvation of scattering indicatr x norming (2):

W(po) = ulpto) + (1 — uy) 8(po — 1). 9)
2+
As  d(po-1)= z ’2 P.(uo), then: (10)
n=0
Wy = Up + 1 — tp n=1,2,-- (11)
A comparison of w, and w, for the indicatrix shown in Fig.1, (fip = 0.38) gives:
w; = 0.8732 @, = 0.8822 wy = 0.8109 w, = 0.8183.
For an integral of é-function we can write:
1 2x
al I
3r /bw(uu)d\ @z, )i = a,(1 — wo) p(z,1t) (12)
S1 0

and carry the corresponding term in the left side of the equation.

3) In the remaining integral, let us make a change of variables: from x,u’ pass to
variables x,to. This trauslormation is not an injection and is carried out according to
standard technique for these transformations [10].

An inner integration with respect to angle variable leads to a function of two variables
& (4. 40), and thus makes it possible to reduce the original integral to Stieltjes integral
which is more appropriate for real calculations at presente of singularities of function
a(pro):

1 2 ) 1 1
2 [ ptr [ utholdx = [ o, piipo)dso = [ #lwo i), (13)
5 0 51 g :
Ha
* where U(uu)z/u(ﬂ)dﬁf : (14)
2

1) Transform the integral of indicatrix smooth part expansion remaincer by introduc-

tion of linear fractional functional:

| 1 3x/2 1
N = 2—"/ / ( pro)dx sa(z./t’)du-’//w(z‘u’)du’, (15)
: -1

-1 -xf2
the first integral is caleulated according to variable change formulae.
As a result of these transformations, the transport equation with the boundary condi-
tions (3,1) is solved with the help of iteratiou process of the following for n:

g, Ak
u%% +(0 - 0,(1 - u))p* = %mu‘v““' +3u W+
k-1 _ 2 .
+5u7(3D 1)(3“ l)wk—l + nk—lwk—l) + q. (16)

4

"This equation solving gives a possibility to find a quasi-diffusion coeflicient D* (8) as
well as n* (15) for the next iteration for the transport equation.
‘T'he simple iterations of the form (16) converge slowly. A transiticn to the quasi-
diffusion, when ¢ and W are detem}:iued independently from the system
dw

_E"‘z—‘l"(a’a’l)'/’k = 4o, (17)
konk
DL 4 (o= abWt =a, (18)
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leads to a fast convergent iteration process.
The bounda 'y conditions for this system al presence of reflection anisotropy are derived
in {10] and have the form (for example, for the right boundary)
Wi =Wz, _ call +45,)
— = ¥ ) ( 19)
wR_"l’Rl l+.‘lnlcR
where ¢z, Wg, are defined by falling from outside particles, and cg, g,, g}, are linear
fractional funct onals of distribution function of particles with some different weights.
Note that tlie suggested method is practically without changes applicable for solving
transport problams in multi-resonance medium by Lebesgue averaging method [7].

3 Calculction results

We applied a scheme with quasi-analytical solution interpolation for quasi-diffusion equa-
tions led to Rhimann invariants. lts application necessity for diffusion and quasi-diffusion
equations in the optically thick media was pointed out long ago [5, 8], and a transi-
tion to Rhimann invariants was proposed by A.V.Shilkov. Provided equation coeflicients
constancy insidz a difference cell, a solution of quasi-diffusion problem (17)-(18) can be
constructed exactly and this solution is put into right hand side of equation (16).
Problem I A problem of an_ysotrogzical scattering with llenie- Greenstain indicatrix:
LR Y G W E
2(1+ g% - 2gu)3? 2(1-g)
Here g is a parameter responsible for the sharpness of a pick at g — 1. As nearer the
value of g to ore, then the singularity is stronger. ‘Fhe problem geometry is presented at
the following scheme [9]:

wy_g(p) =

Vacuum ag=1 a, =¢ Vacuum
g=1
(30)
z=10 z=10

We adduce a table of the iteration numbers for different parameters of the problem
with the convergence criterion:

pko_ dvk"‘
max | == - L lce=10"" (20)
lteration number
fio

g ¢ P5A® N/A PSA-6°10.95] 099 0.999 1.
0.9 09 20+15] 6645 9 1 12
. 0.99 | 66 +23 | 392 + 89 12 17 19
0.99 | 0.9 28 48 71 30
0.99 75 120 13221 10} 101

0.999 | 0.99 5+ 7 7

a.b,c) are the data taken from [9]. a) corresponds to completely consistent Py-synthetic
scheme with acceleration; iteration number depends on the choice of quadratures. b)
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corresponds to a scheme without iteration acceleration. ¢) corresponds to a scheme with
separation of é-function. The fast four columns are the results of present paper. Here jiy is
a point of indicatrix rectification according to the derivative in this point {or smooth part
separation. fiy = 1 corresponds to an absence of singularity separation. A case g — 1.
¢ — 1 corresponds to direct particle transit forward without absorption. a computation
without singularity separation is senseless.

Problem IL. A problem of anysotropical scattering with indicatrix shown at Fig.1.
The problem geometry is presented at the following scheme:

Vacuum a=3 a. = ca
g=1 |(_=.’)(: )l (/:U

Vacuum

=1

13

fteration convergence for different parvianeters ol the problem at the -onvergence cri-
teria (20) is adduced in the table:

< =111 i
c=0.9 8 10 16 2]
=099 11 1 20 27
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Spline approximation and smoothing using the adaptive projective
filters

M.V .Avdeev, N.D.Dikoussar
Abstract

A new algorithm for determining the adaptive cubic spline (ACS) which
approximates o- smoothes functions on a given interval, is proposed. The automatic
search for the spline nodes is realized in the aigorithm. To search for the spline nodes,
the local one-pirameter three-point cubic splines are constructed and fitted to a given
function using the adaptive projective fiiter (APF). The boundary points of the intervals,
on which the fuction is approximated sufficiently well by the local splines, are chosen
as the nodes of the global spline, which is further determined by the two- or three-point
model.

The first ‘rersion of the library in C++ for working with ACS is presented.
The exanmples of the treatment of model data are given.

1. Introduction

In spite of a tremendous growth in the theory of spline approximation
(interpoiation) and function smoothing [e.g. 1,2], the fundamental problem of sampling
the spline nodes [3,4] remains to be solved. Up to now, there has been no strict
approach either to the choice of the number of the nodes, or their position, and this
question is still vithin the power of the art.

We propose to use the adaptive projective filters (APF) based on the four-point
transformation t» choose the nodes of the spline, which approximates (interpolats) or
smoothes the -unction. The ideas and mathematical formalism of the four-point
transformation vrere developed in [5,6,7]. Such kind of APFs were used in [6] to find
linear and quadratic tracks. Theoretic consideration of the proposed algorithm presents
a problem, sinc2 every so often one has to check its working capacity for different
classes of functinns by experimentai way.

The object of our work was to create both algorithmic and software basis for
investigations o’ the four-point transformation, specifically as regards the above-
mentioned problem.

In the present paper we shall introduce the concept of the four-point
transformation in accordance with [6,7]; consider the algorithm for constructing the local
adaptive projective filter and the algorithm for constructing the adaptive cubic spline
based on this filter; report the first results of its application to the mode! data; present
the library for wo king with adaptive cubic splines.
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2. Four-point transformation

The four-point transformation [6,7] is based on the cross-ratio functions. This
transformation is defined by the mark R: {{xo, fo), (xs, 1), (X2, f3)}, (Fig.1). Le us introduce
the following designations:

A=Xy=Xo,L=Xa—Xo, 1=X =X, h=f(xo+ ), f=f(xo + L). ()]
Then, by definition, the direct and inverse four-point transformations are gi/en by:

h(z)=f*(x,R)=(PF)= Z p(t.A.L)f, 2)
and "

f(x)zh"(r.R):(D,Z)=23:d,.(r,1,L)z, (3)
where: "

F=Uaf SN 2=y fh(e) P=(py,p2,p5)" and D=(d,,d,,d,)" are the 3D-
vectors of the direct and inverse cross-ratio functions:
Lt ~Ar AL

7y S Ry vy ) L Rl e ey “)
and
A Gt S Gl O oA L) )
A(L-2) L(L-2) LA

Let us list the peculiarities of the four-point transformation, forming the basis of
the presented algorithm:
1) use of the projective transformation based on the cross-ratio of four coll near points;
2) stability to errors everywhere but for two points;
3) reduction of the polinom power by 2;
4) possibility to parametrize functions using the coordinates of the pivot (experimental)
points;
5) comparatively small number of numerical operations.
ltems 2) and 4) make it possible to work with experimental data. ltems 1) and 3) allow
us to set a problem of finding the intervals where the function is describe] by the cubic

parabola to a specified accuracy. The endpoints of the found intervals are used as the
nodes of the global cubic spline, which is determined using the standard methods.

3. Local adaptive projective filter for the cubic model

When applied to the cubic parabola:

Ya) =’ + P+ + & (6)
the four-point transformation gives us a linear function with respect to t:
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1 (x; R) =h(7) = al At + Ys(xo) (7)
Let us shift the origin to the (xo, Y3(Xe)) point. Then the function (6) changes to:
h() =alir (8)

and using tre inverse transformation (3) Y: can be expressed in the new system of
coordinates as:

Ya(t) = B (1 R) = Ya(2) dy + Ya(L) 0z + AL ds. (9
This expression is the cubic model for APF, which treats a set {(x,,f,)} of

experimental paoints in the case of smoothing, or a set of support points in the case of
approximation. The filter looks for the interval where the function can be described by
cubic parabo a with the precision T, . The functional of the form:

S (7, -6.d,(x,)-0,d,(x,)~8,ALxd(x, )] - min (10)
é

is minimized, where @:(@l,éz,é,) (9, =a) is the vector of the estimated parameters.
When N poin's are treated, & can be expressed as:
" =(174)"B (11)
where:
Zd (x) Dd\(x)d,(x) ALY xd(x)d,(x,)
AT4= >d;’ (x) ALY x,d,(x,)dy(x,) (12)
()} Y x'd, (x,)

and

=3 Fdx), Y hdx) ALY xFd(x)) i=1,2 .., N (13)
However, we Jo not treat all N points at once like in the ordinary least-squares method,
but use the ac aptive algorithm to determine the 5 vector [6] by the following segence:
step 1) the initial mark and xo ,4, L are set;
step 2) the initial values of é are estimated:

b=F, b=F. b =(LX:) Tk, (14)
where

h=Fn @)+ Fip () + o () (15)
and summation is taken over the points between x; and x;;
step 3) the non-mark point (x,, £, ) is taken and the prediction is made:

84



Fona =0:di(x,) +0,do(x,) + 8,ALxd (x,) (16)
step 4) if the prediction is good, i.e.:

Vo= T < 7.0 (17)

where T, is the given threshold, then the point is entered into (ATA) and A in the
required way and the vector of the parameters is corrected according (11).
step 5) move to the next point (step 3).

This is continued until we have a number of unsuccessful predictions, which
means that the function cannot be further described as a cubic parabola. The last
endpoints x; and x, where the obtained cube parabola satisfies (" 7), are the
boundaries of the desired interval. An example of smoothing the sine fun:tion with an
additive noise ¢ = N(0, o), o = 0.15, is presented in Fig.2. The adaptation of the vector
of the parameters is presented in Fig.3. One can see that the parame:ers become
stabilize long before the fitting process is finished. To save the number of numerical
operations we can introduce, in principle, some criteria for the stanility of the

parameters, and hence do not correct @ at all points.

4. Construction of the global spline
Here we give a simplified algorithm for finding the nodes of the jlobal spline
(Fig.4):

step 1) set the first mark:

x{" is the left boundary point,
x" is an arbitrary point at the right, x{" > x{”, which is not so far away from x

I
L

x{ is the point to the right from x{”, x{7 > x{";

step 2) determine the x{" and x{" points using the local APF;
step 3) set the next mark in the following way:

xl(z) - xél)'
@) = ¢

ro

X,

o
x{ - the point at the right from x{?, x> x{7;

‘o0
step 4) determine the x> and x'® points using the local adaptive filter;

and so on until you reach the right end of the interval, where the functicn is defined.

Then the {x"} points and also the x and x" points are used as the 1odes for the

standard spline interpolation. In fact, the algorithm is more complicated, siice we move
the basis points so that the x* point moves to the right as far as possibie.

85



5. Examples.

Let us ¢jive an example of sampling nodes when approximating the sine function.
The algorithr sets the nodes uniformly to make a good spline interpolation. It is
interesting thet the number of nodes N for the sine function grows as the accuracy of
approximation increases as:

N ~-In(3), (18).
where ¢ is the respect precision of approximation, 0 < ¢ < 1. This problem as regards
other functions is to be studied thoroughly.

The interpolation using the obtained nodes can be performed in the following
ways:

* 2-point cubz spline with continuous 1st and 2nd derivatives;
* 3-point cub2 spline with continuous 1st derivative [7];
e 2-point cubz spline with continuous 1st derivative and local ¥? fitting.

The chcice of one of these ways depends on an experimenter, since we often
deal with the s tuation when one method works well while the other does not.

The res:its of the preliminary investigations of the algorithm Iet us conclude that
it works satisfe ctorily for approximating (interpolating) to any possible accuracy and for
smoothing datz: with additive noise (Fig. 5).

The situation is more complicated for the data with multiplicative errors. We know
that the four-pc int transformation is stable for the additive noise. The extent to which the
smoothing by :he four-point transformation is affected by the multiplicative errors is
being studied at the moment. Preliminarily we can say that the points obtained as the
result of the application of the described aigorithm to the regression data, define the
neighbourhoods where one should look for the nodes of the global spline.

6. Library for working with ACS

The first version of the “acs1” library for working with ACS has been designed
using the Ca#++ object-oriented programming language. The library consists of four small
libraries:

“discr” - library for working with “discrete” functions, i.e. the functions which are defined
on a discrete set of points.

“dpt4” - library for working with the four-point transformation;

“apf’ - library for working with the adaptive projective filters based on the four-point
transformation;

“spline”- library for working with the spline interpolation.

These cre the sets of classes using which you could easily realize and
modernize the :above-described algorithm, as well as investigate the applications of the
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Fig. 2. Local smoothing with the adaptive projective filter for the sine function
with additive normal distributed error 0.15.

The starting (4; L) and the ended (x; ; x;) points of the cubic approximation
are indicated. ’
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Fig. 3. Adaptation of vector of the parameters when smoothing.
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Fig. 4. Schame of the algorithm for searching the nodes of the global spline.
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Fig. 5. 3-point ACS for the sine function with additive normal distribuied error 0.05.

four-point transformation to" different problems. Those who are interested in the library
and algorithm, please, contact: avd@nf.jinr.dubna.su or dikoussar@main1.jinr.dubna.su

7. Conclusions

The purpose of the paper is to present the algorithmic and software bases for
investigating the four-point transformation, parncularly in respect of sampling the nodes
for spline approximation and smoothing.

Some peculiarities of the four-point transformation makes it possisle to design
the adaptive projective filters. The algorithm for constructing the adaptive cube spline is
presented. It determines the intervals where a function can be well approx mated by the
cube parabola. Then, the ends of these intervals are used as the nodes for spline
interpolation.

The preliminary investigations of the algorithm let us conclude that it works
satisfactorily for approximating to any possible accuracy and for smoothing data with
additive normal distributed errors.

When smoothing regressions we can preliminarily say that the poits which are
the result of the application of the presented algorithm define the ne ghbourhoods
where one should look for the nodes of the global spline.

The first version of the library in the object-oriented C++ programrr ing language
for working with ACS is presented. It contains the classes using which y>u can easily
realize and modify the algorithm, as well as investigate the applications of the four-point
transformation to different problems.

The approach of the four-point transformation as applied to the problems of
approximation, interpolation and smoothing holds much promise.
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SOLITON-LIKE SOLUTIONS OF LINEAR
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Abstract. Attention is focused on non-dispersive, form-steady solutions of Klein-
Gordon, Schrédinger and homogeneous wave equations which are very perspective
from the viewpoint of practical applications. The group velocity of packets made of
superposition of such solutions can exceed the plane light wave velocity in va:uum,
That seems to be strong contradictory to Einsteinean theory of relativity. The physi-
cal meaning of such superluminal solutions is discussed. Though the faster-than-light
wave beams predicted by mathematic can be launched not only in gedanken experi-
ments but also in practice, they are incapable of energy and information transfer.

Here is a widely accepted standpoint that solitons (steady wave packets) are‘peculiar to
non-linear equations only. The reason of a spreading of wave solutions of any linear differ-
ential equations is a dependence of wave velocity on the wave frequency (wave length). For
example, the group velocity of a wave exp(ikz — iwt) where the frequency « = evk? + m?

vy = dw/dk = ¢k jw ()
diminishes when w is up.
Nevertheless, using such a spreading wave, one can make wave packets ‘vhich are solu-

tions to the linear equations are beeng stable non-dispersive objects. Perha s, H.Bateman
was the first who proved [1] a possibility of such unexpected solutions for the homogeneous

equation.
2 _ _1__(_92_ =
(V 2589 =0, ()

In the well known Stratton’s book (?) the cylindrically symmetrical solution to eq. (1) is
adduced also developing with no change of its form:

®(p, 2,t) = AJ,(ap)e'@t—F) 3)
where A is a constant coefficient, w and k are connected by the relation
WE -k =a? @)

and the separation constant « defined by boundary conditions takes the part of an effective
mass of the packet. Averaging these solutions over an appropriate transnitting transfer
function F(w), one can make up the soliton-like packet in any desired formn.
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Practically, of' course, we can not launch absolutely steady beams since the solutions
of type (3) concern the infinity emitter aperture while in practice it is always finite and
creates diffraction effects destroying the developing beam. However though one can say
only on quasi-sol ton packets, they are rather long-living.

In spite of the remarkable properties of such wave beams they remained known for
a long time only for particular specialists. The intensive study began in the mid-80s in
connection with :xpectations to use the soliton-like packets in comnmunication networks,
in optical and u trasound instruments (see papers [3, 4, 5, 6] and especially [7] where
one can find the detailed bibliography). The quasi-non-dispersive pulses can be used
for essentially moare accurate ultrasound location in medicine and technical, for seismic
?exploratory dril ing”, even in quantum mechanics [8].

One should s:ress that up to now only a small part of pulse shapes has been investi-
gated. It is of specials interest to investigate the particle beams which must possess also
non-dispersive properties because after separation of time variable [®(z.t) = ¥(z) expiwt]
Klein-Gordon ani even Schrodinger equations have the some form

(V2 -U)yp=0. (5)

Having in mind its practical significance, we may say that the discovery of a family
of the non-dispeisive beams is one of the most important achievements of mathematical
physics.

One shows now a particular interest to non-dispersive beams with an imaginary sepa-
ration constant «v. From the physical point of view it means that we consider an object
with an imaginary mass and superluminal speed v, > c,. It is especially interesting
that such faster-than-light objects can exist in vacuum and have properties of indepen-
dent space-localized material bodies ("wave torpedo”, "purely electromagnetic particles”
)[5,7,8,9,10] ! A modeling of such striking objects by means of acoustic pulses in water
confirmed that uader appropriate conditions quasi-undistorted wave groups traveling with
a superluminal ( n the case supersound!) speed v > ¢, can be launched indeed [7].

However, as it is known (see, e. g. a reviews (1112)) the hypothesis of an existence of
superluminal bodies (tachyons) with V > ¢ contradicts drastically the causality principle.
An appropriate iransition of the observer to another co-ordinate frame turns immediately
the tachyon receiver into a transmitter sending messages spontaneously, by itself. This con-
clusion is a strong consequence of Lorentz transformations in the region of the customary
subluminal observer’s velocities where these transformations are precisely checked. One
would have to wait for an appearance of tachyons only in very small space-time intervals
where an opposition of the Past and the Future becomes relative or in some exotic events
where the theory of relativity and Lorentz formulae are inapplicable. What meaning have
then the solutiors with v > ¢?

One may ma ntain that the faster-than-light pulses can be launched in a medium only,
the group speed of all non-dispersive beams in vacuum is always less than the plane wave
light velocity ¢ =: 3.10'° ¢m/c.

Indeed, in ar appropriate media, as it is, for example, for acoustic pulses in water [7)
the group speed of massive packet 2 v, can exceed the phase light velocity ¢, = ¢/n where

'In the paper [7] the principle possibility of superluminal speeds exceeding the vacuum light velocity
(v > c) is emphasiz :d even by the paper title
?Let us rememb >r that the constant a takes formally the part of the packet mass.
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n is the refraction coefficient. It is the well known Cherenkov’s effect 3 when the pulse
speed v, remains, however, always less than c.
An energy transfer speed which in the case of electromagnetic waves is cefined usually
by the relation
ve = |Poyting vector|/energy (6)

and, as a rule, coincides with the group speed v, is also less than light velccity c.

The appropriate value of the "mass” & can be obtained by means of suitable chosen
boundary conditions using, for instance, a superficially charged cylinder as it is proposed in
the Band’s papers [9]. Formally, from the viewpoint of the equation (5) and the dispersion
relation (4) such an approach is equivalent to a charge of the medium progerties (i. e. U
and ¢, = ¢/n). In this case the pulse speed v, = c?w/nk can exceed the vacuum light
wave velocity ¢ (in this case n < 1). Nevertheless, theory of relativity says that the energy
transmission speed has again to be less than c.

By way of illustration one may point out the light field created by a stnng of neon
advertisement where each letter flashes irrespective of the preceding one. In that way,
by using the independent switches, one can attain a superluminal alteration of superficial
charges in the gedanken experiment discussed in the Band’s paper {9].

Here we encounter a very interesting circumstance. We do not learn yet to change
properties of vacuum, however, one can simulate such alteration with the help of an
appropriate choice of the constant a. That allows to launch in vacuum a soliton-like
faster-than-light pulse. It would be a real, observable motion --- an electro nagnetic wave
excited by the charged Band’s cylinder or by the just mentioned string of advertisement
letters, a reflection of a light beam or something analogous. However, in all these cases
such a motion can not transfer any energy and information. One can not sead Morse code
signals or launch tachyon wave ”torpedo” 4.

Of course, these conclusions are valid within the bounds of Lorentz transiormations and
the causality principe only, i. e. they suppose that the cause precedes always their effect.
Any superluminal transmitting of energy (v, > ¢) violates at once these conditions [11, 12].
They may be wrong in not yet investigated regions of ultrasmall space-tin.e intervals or,
for example, in extremely strong gravitation fields.
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Abstract. A family of high order finite difference schemes is developed for the nu-

merical integration of the one-dimensional Schrodinger equation. With the aid of
proposed method his been calculated the resonance energy, phase shift and eigen-
value with higher accuracy. Numerical results also indicate that the new m:thods
are much more accurate than the Numerov-type exponentially fitted methols and
predictor-corrector methods . '

1 Introduction

The numerical solution of the radial Schrodinger equation has attracted continuous interest
over many years. The radial Schrédinger equation can be written

o' = —f(r)u, r € (0,00), (1.1)

where f(r) = E — W(r) and W(r) = I(Il + 1)/r? + V(r) is an effective potential and
potential V'(r) is sufficiently smooth function with satisfies, V(r) = 0 as r -+ co. E is real
number denoting the energy, [ is a nonnegative integer denoting the orbital moment.

The boundary conditions are:

u(0)=0 (1.2)

and a second boundary condition, for large values of r, determined by phy:ical considera-
tions.

The solution of the equation (1.1) for large values of r has the follow ng asymptotic
form:

(1) For positive values of the energy, £,

u(r) ~ Csin(VEr — In /2 + 6), r—+ 00, (1.3)

where 6, the phase shift is to be determined.
(2) For negative values of the energy, F,

u(r) ~ Cexp(—v—Er), r — 00. (1.4)

In the traditional approach for the construction of finite difference schernes with higher
accuracy, only sufficiently smoothness of the solution is assumed, but the whole informa-
tion from (1.1) namely the behavior of the coefficient is discarded. On the other hand,
many problems of practical interest call for very fast, accurate and reliable algorithms for
solving such problems. The growing abilities of modern computer algebr:. systems allow
to review the traditional approach in an attempt to construct algorithms which use not
only the coefficient of (1.1) but also their derivatives up to the necessary order. Tracking
the above idea, we constructed high order difference scheme for solving the Schrédinger
equation and applied the obtained scheme to the computing of resonanc: energy, phase
shift and eigenvalue.
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2 The diffarence scheme

We construct an uniform mesh wy = {r; = th,0 < i < N,AN = R} on the interval [0, R].
Because of the sufficiently smoothness of f(r), all derivatives u(") (n > 2) of the solution

can be expressed using u;, ¥} and the derivatives of f at the point 7; i. e.

ul™ = (~1)" fPui + Azt + Bty i=0,1,.,N,
u§2ﬂ+1) = (=1)"fPul + Agnyrui + Bony1,

where some valu:s of coefficients A, and B, are given in appendix.
Using the Taylor expansion and presentation (2.1), we obtain

Uit — 2u; + ¥io1 = 2p1u; + 2q3uf + O(h2m+2), i=1,...N-1,
U 41— Uim = 2pyui + 2ot + O(R*™ ), i=1,.,N-1,
where

B(fi h) + Z 2n =

h2n
qQ = Z anmy

h2n+1
P2 = Z Aznt1 m

m=2 h2n+1

w(fis ) + Z an+1m

n=1

siny/fh £>0

| cosy/fh -1 f>0 _ VS
¢(f7h)'_{ coshmh—l f<0 Qo(fah)— Slnhlfll”h. f<0
h f=0

If eliminate !} from (2.2) and (2.3), then we obtain

(2.1)

(2.2)

(2.3)

(2.4)

(1- q_l)ui+ -2(1+p - P2§l)ui+ 1+ Z_l)ui—l = 0(h2m+2)v i=1,.,N-L
2 2

q2

Thus we obtain the following three-point difference scheme
a1 @ .
(1 —-a;)y.,.l—2(1+p1—p2q—2)yi+(1+ Lyyisy =0, i=1,...N-1

which has 2m-o-der approximation.

Note that the scheme constructed above gives exact solution of the equation (1.1),

when W(r) =0
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3 A numerical example

In this section we present some numerical results to illustrate the performance of our
method.
1. We consider the one-dimensional oscillator problem

W+ A —rHu =0, u(too) = 0.
Eigenvalue and eigenfunction of problem (3.1) has form
A =2n+1, 1L,.(7')=Hn(7')e_"2/2, n=0.1,..

where H,(r) is the Hermite polynomial. For the purpose of our numerical computation
we take the domain of integration to be [-9,9]. In the Tab.1 are given alsolute errors of
fourteenth eigenvalue and given the values '
AR _ 2 (R/2)
X(h/2) — \(h/4)

gh:‘

which must be theoretically equal to o = 22™ for the 2m-order scheme.

Table.1
h m=3 m=4 m=>5 m=206
1/8 8.7E-6 9.9F-8 6.5F-10 28E-12
1/16 1.3E-7 3.7E-10 6.0E-13 64E-16 *

1/32 2.0E-9 14F-12 57E-16 1.7E-IR
on 66.2 267.7 1078.5  4336.5
g 64 256 1024 1096

2. We consider Schrédinger equation with / = 0 and with Wood-Saxon »otential

Ug gl

Vip)= —— _ 9%
") 1+t a(l+1t)?

where t = exp((r — r¢)/a),a = 0.6,r790 = 7.0 and ug = —50. As in [1]-{3] tl e finite domain
0 < r <15 is chosen for the purpose of illustration.

For positive energies one has the so-called resonance problem. This problem consists
either of finding the phase shift &§ = §(F) or finding those E at which 4 equals n /2.

Table.2 Absolute errors of the resonance energy in 10=7 units

E h (1] (21 8]{ m=4 m=5 m=6
53.5888719 1/8 987 -3 49 1 0
1/16 12 6 0 0 0 0

1/32 4 0 o0 0 0 0

341.4958743 1/8 9318 - 8 46816 4216 245
1/16 372 977 0 24 0 0

1/32 23 W00 0 0 0

989.7019159 1/8 | 45G78 - 12 11937352 6h55HT 9918
1/16 | 6813 98623 1 1583 104 B

1/32 549 3044 O 1 0 0
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Table.2 Absolute errors of the phase shift in 107% units

E h [4] [5] [6] [ m=4 m=5 m=6
53.588672 1/8 | 126121 8578 74 1 0 0
1/16 6698 12 0 0 0 0
1/32 | 405 0 0 0 0 0
341.495374 1/8 - - 864 50 4 0
1/16 | 59154 1460 1 0 0 0
1/32] 3170 7 1 0 0 0
989.701)16 1/8 - - 543289 450 15 2
1/16 | 400726 213334 4060 0 0 0
1/32 | 15071 10 1 0 0 0

Table 4. Absolute errors of the eigenvalue in 10=% units
E h [1] [2) B m=4 m=5 m=6
-41.232607772 1/8 0 0 0 0 0 0
1/16 0 0 0 0 0 0
-26.873448916 1/8 12 87 0 v 0 0
1/16 0 0 0 0 0 0
-8.67608 .670 1/8 45 504 0 58 1 0
1/16 1 5 0 0 0 0

Tab.2 shows the absolute errors of the eigenenergies in 10~7 units for different choices
of constant stepsize , which are shown in column 2.
In Tab.3 we >resent the absolute errors of the phase shifts from the exact value r/2in

10~¢ units.

In Tab.4 we list the true eigenvalues correct to nine decimal places and the absolute

errors obtained

yy our method.

The difference problem were solved by shooting method. We need initial value y,.
Since equation '1.1) is linear and homogeneous then y; can be chosen arbitrarily. For

convenience we

1se 3y = h.

4 Appendix

Here are given s>me coefficients in presentation (2.1).

Az =
By =
Ay . =
By =
As =
By =
Ag =
Bg =
A =
B; =

..f’
0
._f”
_2f'
-
—3f"
L+ AL =
61f — 4"
SO LS f 1SS~
131"+ 10/ - 511V
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Ag - _22f2fll _ 28ff12 + 16fflv + 26flf//l+ 15fl12 — fV!

Bs — “12f2f’+24ff”'+48f,f”—6fv

As = 16f3f — 46f2f" — 148 f' f" + 22ffV — 283+
42fIfIV + 56f"f'" _ fvu

B9 = _34f2fll _ 52ffr2 + 40fflv + 98f’f"’ + 63f"2 _ 7fVI

Ao = B0f3f"+100f2f% — 86f2f7V — 338f f'f" — 211f f"2+
29ffVl — 232fl2fll + 64flfv + 98fllf1V + 56f"’2 - fVIII

Bio = 20f3f —80f3f" — 320ff'f" + 62ff" — 80"+
180flfn' + 280fllflll —- ngll

AIZ = __95f4fll — 260f3f/2 + 296f3f“' + 1878f2f'f’” + 1201f2f"2—
230 f2fV7 4 2972 f2 f" — 1292 f'fV — 2288f f'f1V — 1376 f"2+
46ffV111 + 280fl4 - 1260fl2f1V — 3530flfllflll + 130flfv1 "
675f”3 + 255f”f” + 372f"/fv + 210flv2 _ fx

Bia = —30f4f +200f3f" + 12002 f'f" — 314f2f¥ + 600f f°~
1840fflflv —- 2920ffllflll + 128ffV” _ 2180f/2flll - 2790 flfll2+
490 V7 + 1026 f"f¥ + 1440 f" f1V — 10 f1%
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Abstract. The data base of primary space physical data obtained on spacecrafts
(SC DB) oriented on archiving and primary analysis of large sets of data containing
informat on about particle fluxes in the near Earth space. SC DB software is used to
perform detail scientific analysis and interpretation. The system is integrated with
UNIX bz sed software "Model SC and Physical Fields in the NES DB”. Primary data
are archived to binary files in predefined SC DB format. Data files contain the time
ordered information about particle fluxes and spacecraft orbital elements {geographic
co-ordin:tes, B and L-shell) and local time (LT and MLT). Orbital elements appended
to data ¢n the stage of data conversion. The primary analysis includes: data validity
cheeks, detector calibration, on line calculating of magnetospheric and heliospheric
physical parameters. The physical parameters values and diagnostic messages are
presente in terminal of SC DB operator. The additional SC DB software packages
may be ised by scientists to perform multidimensional graphic analyses of data in
interacti /e regime and to develop various semi-empirical models of space environment.
The flex ble SC DB structure permits to develop the software for additional data
processit g. OS DOS and high level programming languages (PASCAL, FORTRAN)
were use] to develop the SC DB software. The SC DB is currently used to perform
data analysis for data obtained on CORONAS-I satellite and on MIR station.

1 INTRODUCTION

The data bases (DB) for near Earth spacecraft experiment are an important tool in ac-
cumulation, rep:esentation and investigation of information on the structure of magneto-
sphere and on the radiation “environment. Since the number and dimension of measured
parameters is well defined the data base storage format and data accumulation operations
are uniform anc simple. In this case we do not need to use a complicated DB product
such as 'CDF’.

The alternative project is so-called a local ’mini’ DB. This DB has to have firstly a
simplest data appending and effective data packing operations which provide the shortest
read-out time o’ large data volumes. Secondly a special operations for automatic calcu-
lation of standa:d detector capability indexes and of some necessary physical parameters
have to be used in on line regime. Thirdly a complex data representation and data op-
eration software has to be developed for data interpretation and for scientific analysis of
experimental results. The SC DB has been created in manner of the described 'mini’ DB.

2 INSTRUMENTATION
The scientific instrument package RIABINA operates since 1990 on board MIR. The de-

tectors measure a fluxes of neutrons (E<15 MeV) and high energy charged particles (rel-
ativistic electrois and protons with energy more than 50 MeV) [1]. The CORONAS-I
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spacecraft was launched on March 2, 1994 into a 500 km circular orbit with 83 degree
inclination. The scientific instrument package SCR on board CORONAS-I contains the
detectors for measuring gamma- spectra (E=0.1-200 MeV), relativistic electron spectra
(E=0.5-124 MeV) and high energy charged particle fluxes [2]. Using the c ata obtained by
the RIABINA and SCR instrument packages a data base SC DB for th: time period of
1991 - 1996 has been developed in the Institute of Nuclear Physics.

3 DATA BASE CAPABILITIES

1. The data base has sufficiently flexible software developed using high-level languages
PASCAL and FORTRAN and works in the DOS operating system. Trensition to other
operating systems is achieved via compilation of the initial code in the rejuired operating
system. .

2. The data base may be stored on any device with a memory capac ty not less than
600 Mb (e.g. hard disk or CD- ROM).

3. When used in a computer network the data base may be utilised si nultaneously by
any number of users.

4. The data base permits easy update or modification of the stored data, including
total substitution of the formal parameters and corresponding data. The data base concept
may be applied with minimum alterations to many other data sets. whi-h are organised
in terms of monotonously increasing time.

5. The special SC DB software package permits on line automatic cal-ulation of stan-
dard detector capability indexes and of necessary physical parameters (: veraged particle
fluxes, radiation belt boundary positions and so on) .

6. The standard SC DB Management System permits the users te: 1) browse the
required data parameters and time intervals; 2) quickly view the browse parameter time
profile; 3) plot intensity graphs in both L, B, MLT and geographical co-ordinates; 1)
determine the range of local times (LT, MLT) and L values in which the de ectors operated;
5) select, sort and average data in the graphics mode; 6) store the data for the selected
parameters in an external file; 7) run software packages, developed in the $C' DB standard:
8) run alternative computer programs and program packages, which were created by the
user for further data processing. SC DB FLOWCHART

The SC database is a set of sub-directories, containing the data files, text files, and
executable files. All the sub- directories are united into one main directory.

When the SC DB is run the main resident program code (less than 0 KB) is loaded
into the resident memory. When the standard DB operations are called, the necessary
codes will be loaded into the operating memory, overlapping those wlich were loaded
earlier and are no longer in use. Hence, the DB performs dynamic memory allocation.
The high memory is not used during DB operation.

4 SC DB DATA LOADING

All the data in the SC DB is stored according to telemetry-read-out sessions about 1.5-
12 hours long, recorded as binary sequential access files. T'he data divicion on the small
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binary files provides the fast data searching operation. The data file list is contained in
the text file which can be read by the SC DB software.

The primary Jdata is telemetry-read-out data accepted on the RIABINA and SCR
instrument packages. This data consists of the satellite operation mode, session descriptor
and primary coun! rates of detectors. The satellite operation mode contain the information
about operation ragimes of instrument packages and about operation modes of detectors
(on/off). The session descriptor describes the recount coefficients for restoring of primary
count rates of det:ctors which are written in telemetric code.

The software »ackage for adding primary data into the SC DB makes the following
automatic operations:

- finding and getting of a new primary data using 2 UNIX based software "Model SC
and Physical Fields in the NES DB”;

- restoring of i\ real count rates of detectors from the primary data;

- calculating of a satellite co-ordination (Altitude Alt, Latitude Lat and Longitude
Lon), magnetic fi:ld parameters (magnetic Latitude mLat and Longitude mLon, L-shell
and magnetic field strength B) and local times (geographic LT and magnetic MLT) using
the standard software packages for co-ordinate and magnetic field model (IGRF) calcula-
tions;

- creating of a new binary data file in SC DB standard;

- loading of = new data into the SC DB: loading the binary data file in the data
directory and molifying the data file list.

5 SC DB ON LINE DIAGNOSTIC

The new data lo:ded into the SC DB is cultivated automatically by On Line processing
and Calculating software package. This package checks the sateilite operation mode and
forms the messag: about operation regimes of detectors. The calculation of some averaged
particle fluxes are necessary to compare these fluxes with standards fluxes. If the calculated
flux and standard flux are non equal with some accuracy than the diagnostic message is
formed. The boundaries of radiation belts are determined as a boundary between relatively
high and low charged particle fluxes. The boundary location in magnetic co-ordination
system permits to estimate the geomagnetic activity and to check the accuracy of co- -
ordination calculitions. The result of last procedure is message too. All these operations
are made immediately after the loading of new data into the SC DB therefore the operator
has an opportuniry to recognise a failure in operation of detectors with shortest time delay.

The diagnost ¢ messages are used by investigators in the next operations by means
of DB Management System and of Complementary Software or in the next steps of data
restoring by meas of special Initial Data Investigation program package.

6 SC DB MANAGEMENT SYSTEM

The core of SC 1JB Management System is 'Main Menu’. The DB permits the user to
choose from seve -al standard operation modes: fast data browsing, output of information
on spacecraft locition, data processing in the graphics mode, data output into an external
file, LB-diagram plotting, raining users program from users menu. In order to conduct
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these operations the user should identify the input parameters (define the time interval of
interest, state the time-averaging period for the data, and denote the required parameters)
in the 'Parameter Menu’. Since these initial settings may be needed later, 1hey are stored
in the so-called scratch directory, for storing the files with all the DB cuirent settings ,
and DB operation results.

This scratch directory is created prior to the beginning of the user worl: with the DB,
by running the SC DB Installation code. The program creates for user all the necessary
directories if they did not exist earlier, as well as all the necessary files v/ith the initial
settings. In addition a batch file for running the SC DB "Main menu’ from the scratch di-
rectory is created. The general path structure for the SC DB is described in the respective
DB readable file in the scratch directory.

7 COMPLEMENTARY SOFTWARE

The record string in the SC DB data file contains the record number, time, ¢ ata error code,
counts in the channels of the parameters, corresponding to the various typ:s and energies
of the measured particles, and co-ordinates of the observation point. The description of the
data recording structure in the binary file is given in the respective text file and is software
readable. The description includes parameter names, data read out time w th preliminary
re-count coeflicients and geometric factors for corresponding particle pa-ameters. The
time interval between each record string in the data file (DB time resoluticn) is about 2.5
seconds. The high time resolution permits investigation of the spatial structure of particle
fluxes in detail. . .

The binary file is equivalent to a matrix where the columns are the ir dependent pa-
rameter values ordered by time dependence in the rows (record string). Tlis independent
columns structure adds the capability of multidimensional analysis of any I)B parameters.
SC DB software operates with columns of the matrix. The matrixes and column numbers
are browsed by the investigator in the SC DB ’'Parameter Menu’ as an operating time
interval and parameter names respectively. The time averaging is set in this menu also.
The initial settings are saved in the service files and are software readable for later access.

The program packages of SC DB Complementary Software are run in the 'Users pro-
gram menu’.

7.1 Plotting of Intensity Diagrams

For the selected SCR and RIABINA parameter this program plots intens ty diagrams in
different co-ordinate systems: L-B, LAT-LON, mLAT-mLON, invLAT-riLon, invLAT-
MLT (invLAT is invariant Latitude); in various intervals in LT and ML7’. Both middle
latitudes and polar regions are presented on this diagrams. These diagrims permit the
user to trace the structure and dynamics of particles in the Earth’s magnstosphere. The
capability to average the particle fluxes in the bins of different co-ordination matrix (Lat-
Lon, L-B, mLat-mLon, invLat-mLon) on the certain altitude region perinits to use the
SC DB in comparable analysis of near Earth radiation distribution observed by different
satellites,
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7.2 A Semi-Empirical Model of Energetic Particle Fluxes in the Inner
Radiation Belt

For a given time period in a given range of MLT, averaging of proton intensities is per-
formed in the nodes of the L-B grid. The resulting matrix is plotted in L-B co-ordinates.
For the selected L-shell values additional data processing is performed: the cosmic ray
background is subtracted from the proton flux values (latitude flux dependence forming)
and the cases of detector saturation are treated. The resulting altitude dependencies for
protons are approximated with a running exponent and for regions of equal intensities are
interpolated via same interpolation. The approximated altitude dependencies on the some
L-shells and L-3 diagrams of equal intensity contours in the inner radiation belt region
are the final results of the operation. This contours can be used for verification of existing
trapped radiation models (AP-8, AE-8) and for development of new models including the
dynamic effects in trapped particle distribution.

8 CONCLUSIONS

1. The SC DB permits to store a permanently increasing extensive volume of uniform
experimental duta.

2. The SC DB provides fast input/output data operations.

3. The SC IDB generates on line detector capability and data diagnostic.

4. The SC DB permits the user 1) to view experimental data in different co-ordinate
systems, 2) to 2xtract the necessary data to external files, 3) to select and modify the
selected data.

5. The SC DB Complementary Software can be used for data redistribution which
permits 1) to compare the data obtained in different experiments 2) to build new empirical
models and to verify existing theoretical and semi- empirical models.
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Abstract. Study of long-lived exotic molecular systems He Hpu is important for for
the understanding the muon kinetic in hydrogen media and nuclear interactior at very
low energies. The method of hyperspherical "surface” functions has been appl ed to to
the calculation of the nonstable three-body systems He Hy, contained the ** He and
Y211 isotopes. Energies of thesc systems, radiationless decay rates and 4-ray spectra
of radiative decay have been obtained and compared with the recent expe imental
data.

During last decades, study of charge-nonsymmetric muonic molecules attracts a con-
tinuous interest both theoretically and experimentally. The first measurements of the vield
of y-rays due 1o the decay of the Hedy molecules [, 2] revive interest in the investigation
of this system. In the recent experiments [3] y-rays spectra of **Hedp sy:tems have been
measured with very high resolution. Besides, the first measurément of y-re ys Spectra {rom
the **Hepp - molecules has been done [4]. These results call for theoretical treatment of
comparable accuracy.

All the above mentioned experiments give evidence of the significant role of the non-
radiative decay channel. Strong isotopic dependence of this process was found both ex-
perimentally and in the different calculations [5)-[8].

The competition of two decay chanuels and. the strong isotopic dependence of the
nonradiative decay rates are of special interest. A comparison of the caleulated -rays
spectra with recent experiments allows the determination of the total ang ilar momentum
of HeHp molecules. Besides, the investigation of the nonradiative decay rate provides
information on the behavior of the wave function at small distances, which is important
for description of nuclear transitions. The unified treatment of radiative and nouradiative
decay rates and cigenenergies of the **He!"2Hy systems for all possible values of the total
angular momentum are given in this paper.

The approach based on the hyperspherical *surface” functions (HSF) nethod [10] has
been applied in this paper. This method is well known in literature [10] {15]. allows the
reliable treatment of the posed problems. and is described in details in the paper [9]. Lor
this reason the notation and units of this paper will be used below.

The following properties of the systems under consideration should b~ taken into ac-
count in.the calculation of the resonance energy and wave function. The dominant cluster
structure of the type He + Hp is a reason to use in this calculation the second effective
potential 2(p). This potential has an atiractive part and supports the resonant state.

Next, the widths of such resonances are rather narrow. Therefore, ccupling with the
open channel deseribed by the eigenpotential £((p) can be neglected. Indeed, the calenlated
coupling terms Q2(p) and Pra(p), as can sce from Fig. 1 [9], are small in the region. where
the cotmponent uy of the resonant wave function is localized. This cons deration brings
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to the well-know1 "uncoupled adiabatic approximation” for the calculation of energy Er
and the radial wave function uz(p) as an eigenvalue problem:

L 15 0y~ Po(p) + Er| ua(p) = 0
47 T 17 2(p) — Paalp r| u2(p) =

{ (n
‘U.z(o) = ‘u.z(OO) =0.

Possible final states in the decay of HeHy are the scattering ones of hydrogen nucleus
on the Hep atorr. Eigenpotential €;(p) asymptotically approaches the Hey atom ground
state energy €., and describes the dynamics in the open channel.

The scatterin z wave function u1(p) can be found as a solution of the boundary problem
at fixed HeHyu resonance energy £ = Eg:

d* 15 _ _ _

v eilp) — Paalp) + E| uik{p) = 0,

dp  4p (2)
ulk(O) = 07

uik(p) 7=z sin(kp + 6),

where k = (£ — 1.100)1/2.
Due to the smallness of coupling the interchannel transition can be defined by the
matrix element /1 of the coupling operator:

7 d d
My = /dp u1(p) [le(ﬂ)— + —Qu(p) - Prap)| walp)- (3)
J “dp  dp
The radiationless decay rate A has the form:

1 2
= — . 4
A k|Mk| (4)

The radiagive decay of the systems under the consideration proceeds by means of the
dipole transition <-ray spectra and total rates of all dipole transitions from the states
with angular monenta L = 0,1 have been calculated. The final state radial wave function.
uik(p) describing relative motion of a hydrogen isotope nucleus and Hep - atom is a
solution of equat on (2) at the energy carried by these particles £ = Eg — E..

The dipole transition rate per unit energy (spectrum of y-rays) is given by

dA\, 4(aE,)? 1 2
—_—= . < Vylld||¥; > 5
iE =i R T <l )
where « is t:he fine structure constant, k2 = Ep — €10 — Ey and L;, Ly are tota} angular
momenta of the initial and final states, respectively. Dipole operator d is expressed in
terms of the scaled Jacobi coordinates x,y

——(m2 + TTL3) — 3m1 x 27'7”"2 — mg3
(my + mq + ma)y/mg + m3 Vmama(my + m3)

d=y (6)
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Figure 1: y-ray spectra of the »*HeHy system in the initial states with the total angular
momenta L; = 0and L; = 1.
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Figure 2: Comparison of the normalized theoretical y-ray spectra with the e> periment for
the Hedy and 3Hedy systems.

The binding energies Ep = €30, — ER, 7-tay spectra of radiative decay E‘%—-, radiative
“y

decay rates Ay = [ é%sdE and nonradiative decay rates A have been calculated for the
systems *Hedp, *Hepy, *Hedp, 3Hepp in the states with the total angular momenta L =
0,1,2.

Calculated values and available results of other authors are presented in Table 1. The
type and number of trial functions, interval of radial integration, masses of articles and
resulting accuracy of the numerical procedure are the same as in [9].

To demonstrate the isotopic dependence all theoretical y-ray spectra for the decay
from L; = 0,1 states are presented on Fig. 1.

At the moment new and accurate y-ray spectra from the decay of the *1edyu, 3Hedy
and *Hepy systems are measured in the experiments [3] and [4]. Since the absolute yield of
y-ray was not obtained in the experiments and due to the presence of a background, only
shapes of the experimental and theoretical spectra can be compared. Taking these facts
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into account, on:: can assume that the following two-parameter normalization procedure
should be applied to fit the experimental spectrum

d di
22Y A+ B[22
(35),=2+#(3),,
where the param eters A and B are determined through the least squares procedure. The
normalized theoetical spectra (g%) for L; = 0,1 are presented in comparison with the
n

experiment in Figs. 2.

Table 1. Calculated binding energies Eg(eV') and decay rates A, A, (10?!s™1) of the systems
3.9He!2Hpy, * - present results.

system | ref. L=0 L=1 L=2
Eg A Ay Egp A Ay Eg A
Hedu | [5 58.221 | 1.67
8 58.225303 | 1.80
[16] 57.84 1.69
6] | 77.96 | 2.3 56.10 2.4
71| 787 [ 1.85| 1.94 57.6 138|174 203 | 0.9
* 177491073 [ 176 [ 55.74 1.20 | 1.58 [ 17.49 | 1.04
SHedp [5 48.419 | 5.06
8 48.420890 | 5.29
[16] [ 70.74 1.75 | 47.90 1.55
6] | 69.96 | 8.0 46.75 7.0
71 1 706 | 3.58 | 1.80 48.2 277158 96 | 1.54
* 16937 1287 [ 164 4631 [322]144] 7.11 | 1.74
‘Hepy [16] 50.0 1.92
6] | 74.36 [ 71 41.17 38
. 7] | 75.4 | 35.4 | 2.24 45.4 24.8 | 1.89
* 18064 ]70.7]202] 4745 [385]1.74
SHepu | [6] | 67.70 | 100 33.85 46
71 | 69.0 [ 47.3 | 2.11 38.1 316 | 1.74
* 172,76 | 97.7 1 1.91 3882 [46.7]1.60

All the calctlations (see Table 1) support the strong isotopic dependence of the nonra-
diative decay rate noted in experiments [1]-[4]. This rate decreases rapidly with increasing
reduced mass cf two heavy particles. Qualitatively, the muon transfer in the nonradia-
tive decay proczss takes place mainly at small internuclear distances. Due to the cluster
He + Hp structure, two heavy particles should penetrate under the potential barrier to
bring together. As a consequence, the transition probability decreases exponentially with
increasing reduced mass. Besides, the nonradiative decay rate is sensitive to the total
angular momer tum and reduced mass due to the interference of the initial and rapidly
oscillating final state wave functions.

Opposite tc the nonradiative decay channel, the radiative decay rate (as it is clear
from Table 1) depends slightly on isotope masses. The different isotopic dependence can
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be explained by the different spatial structure of the transition operators. (Considering the
position of 4-ray spectra presented in Fig. 1, one can conclude that the total radiative decay
rate increases with the y-ray energy both for L; = 0 and L; = 1. A change of the spectrum
position for different isotopes is a consequence of a change of the threshold :nergies for the
initial and final states. As a matter of fact, the transition energy increases slightly with
increasing mass of the helium isotopes due to lowering of the first eigenpotential. At the
same time, increasing the mass of the hydrogen isotope gives rise to a bit niore decreasing
in the transition energy due to the lowering of the second eigenpotential.

The definite conclusion about the total angular momentum of the 34Hepyu molecules
can not be made due to the low y-ray yields and, therefore, the comparatively low ex-
perimental accuracy [4]. In this case the nonradiative decay dominates over the radiative
one.

The shapes of y-ray spectra for different total angular momenta L; := 0.1 are very
similar and the L; = | spectra are slightly shifted to higher energies in ccmpatison with
the L; = 0 ones. However, the accuracy of recently measured y-ray spectri: of >*Hedy 3]
is high enough to distinguish the L; = 0,1 theoretical spectra on qualitative level. For
this reason, the experimental and theoretical y-ray spectra of these systeris for the total
angular momenta L; = 0,1 have been compared in Fig. 2. From the comparison. one has
to conclude that radjative transitions take place from the L; = 1 state of the *Hedy and
*Hedp molecules. One should mention that this result is the first definitc assignment of
the total angular momentum of the 3"Hedu - molecules observed in exper ment.

The providing of the experimental data by B. Gartner and S. Tresch is gratefully
acknowleged. . -
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1. Introduction.

Information hypertext system (IHS) for access to physical data bases and information
servers in the world is designed at the WWW/ORACLE-server of Joint Institute for Nuclear Re-
search (JINR). Ttis work is a part of the project BAPHYS-96, granted by Russian Fund of Fun-
damental Researc1 for seven physical institutes : Joint Institute for Nuclear Research (Dubna),
Institute of High Znergy Physics (Protvino), Institute for Nuclear Research (Moscow), Institute
of Theoretical an] Experimental Physics (Moscow), Institute of Nuclear Physics of Moscow
State University, Institute of Nuclear Physics (Sanct-Petersburg), Institute of Nuclear Physics
(Novosibirsk). Th:s main purpose of this project is elaboration of a unique network system of in-
formation servers in the field of fundamental matter properties and applied nuclear physics.

The network of information servers, which will be created under this project, should pro-
vide the following basic possibilities:

M information support of the participation of physicists in the international experimental col-.
laborations such as ATLAS, CMS, ALICA, EAST, ZEUS, NA48, HERMES ctc.;

W Effective usagc of the information and search systems as WWW, WAIS, GOPHER etc., easy
access to some scientific data bases such as INIS, PPDS, RPP, PREP, INSPEC, COMPUS-
CIENCE, MATHDI, VINITI, STN Int. etc.;

B representation of data and knowledge available for all scientists  in Russia, Europe and in
other world.

The structure of IHS is given in Section 2. An Oracle Data Base (DB) for accelerators of Russia
and former Soviet Union designed at WWW/Oracle-server of JINR is described in Sections 2 and
3. An access to this DB is realized via IHS using special Web/Oracle gateway.
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2. A structure of THS,

IHS designed as a system of files in HTML-format. This set of HTML pages provides a
fast and easy access to a wide variety of information, service and data on nuclear and particle
physics at low, medium and high energies, which is available via World Wide Web. The main
HTML-page consists of the following sections.

B Physics Servers and Services around the world give access to Physics Ency clopedia, Educa-
tional Resources, News in Physics, Data and Tables on Physical Constants et cetera.

@ Physics Conferences, Workshops and Summer Schools. This WWW-serer contains a list
of various conference, workshops and schools. It is possible to give your ov/n announcement
about your conference etc.

B Institutions around the world. This page consists of the following HTTP-re erences:
1. Institutions in Russia;
2. Institutions by Country;
3. Institutions by Field of Research;
4. Other (non-university) Research Laboratories.

@ High energy physics (HEP) section, which includes current news, educitional materials,
information about HEP centers, programs and service packages on data anslysis and model-
ing, detector simulation, event generators etc. Data bases, supplied by frendly interfaces,
give direct access to information about conferences, institutions, accelerators, experiments,
publications and numerical data obtained in HEP experiments. - -

B Low and medium energy physics section, which includes servers with tibliographic and
numeric data covering nuclear structure and decay, nuclear reactions, grou)) constants, neu-
tron capture and other information in computerized files. These services are maintained by
National Nuclear Data Center (NNDC) of Brookhaven National Laboratory in collaboration
with other institutions, and Nuclear Data Section (NDS) of the International Atomic Energy

Agency..

@ Russian WWW-Servers. Now there are available the following Russian W\WWW-servers: As-
trakhan, Barnaul, Bryansk, Chernogolovka, Chelyabinsk, Dubna, Ekaterinburg, Gelendzhik,
Irkutsk, Ivanovo, Izhevsk, Kaliningrad, Kazan, Khabarovsk, Kostroma, Krasnoyarsk, Li-
petsk, Moscow, Murmansk, Nizhny-Novgorod, Novgorod, Novosibirsk, Obiinsk, Orel, Per-
slavl-Zalessky, Petrozavodsk, Penza, Perm, St. Petersburg, Pskov, Rostov-on-Don, Ryazan,
Samara, Saratov, Serpukhov, Severodvinsk, Simbirsk, Surgut, Taganrog, T:mbov, Togliatti,
Tomsk, Tula, Tver, Vladimir, Voronezh, Vyatka, Ufa, Yaroslavl.

B Publishing offices. This section consists of a List of Publishing Offices hcme pages which
gives an access to book and journal catalogs, their tables of contents and absiracts of articles,
covering wide areas of science and technique. Some offices maintain electron:c versions of is-
sued journals. This section includes (La)TeX Navigator, as well.

B A list of WWW-servers with an information concerning accelerators arounc. the world. This
HTML-page contains three HT TP-references.
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o A list of accelerators around the world is a reference to WWW-server with the informa-
tion on all a:celerators in foreign physical centers.

e Accelerators Data Base placed at the JINR WWW/Oracle-server is a reference to the
Oracle data bases concerning various information on the most important machines in Rus-
sia and fomer Soviet Union.

o Software for calculations and modeling of accelerator technique consists of descriptions
and references to various programs for simulating and modeling experiments, magnetic and
electric systems of accelerators, detectors and other experimental technique etc.

The basic idea of [HS is to order HTTP-references to various data available via INTERNET at
Russian and foreign sites. THS is available via the following HT TP-reference:

1. Directly, via tte URL http://sunct2.jinr.dubna.su/~nikonov/phbd.html;
2. Via the INFO-;section of JINR Home Page http://www.jinr.ru;

3. Via the section “Special home pages and Web-servers” of LCTA Home Page
http://jicom.jinr.rw/LCTA/.

3. Accelerator ard Software Data Bases.

Section A ccelerators of main HTML-page of IHS consists of hypertext references to the
following DBs. The first one is a hypertext DB of software for physics research. It is based on
the collection of znnotations of programs for calculations of accelerators devices and its compo-
nents, for modelirg a dynamics of charged particles beams in these devices. The second reference
points to Accelerator DB which is placed at the JINR WWW/Oracle-server. It was created to
provide easy access to the information on big accelerator complexes by a queries about types of
accelerator machines and a main trends of their development. This DB also has to give the infor-
mation on a beam energy, intemsity, luminosity, a type of particles and other parameters, which
could be interesting for both to realize physical experiments and to find directions of a progress
of accelerator scisnce and technique.

It is supposed to renew these Data Bases and, in particular, to enlarge it by including of
more and more mwrachines and selecting of perspective directions of a development of accelerators
of charged particles. It is foreseen creating new sections on every machine such as measurement,
management, higa frequency, magnetic, vacuum systems and other elements of accelerators. It is
important that a concrete list of these sections on every complex will be defined by specialists
responsible for preparing corresponding Web-pages who is directly working at described ma-
chines or with projects of new accelerators.

- The Dat:1 Bases will promote getting more information for specialists and help to access

to new accelerator and physics technologies. This system of data bases is open for all persons

~ who is interested in. By means of its public character and under the condition of an interest of
accelerators specialists in creating DB, these DB will be able to get such properties which will
provide principally new environment for Scientific and Technical Designs. This new environment
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will enlarge co-operation between various organizations and application a new sxperience. It will
improve tutoring of stuff and their professional skills.

4. A structure of Accelerator DB.

This DB consists of projects of accelerators. All projects grouped in 9 main directions:
— Proton and electron complexes of high energy;
— Linear colliders;
- B-factory;
— High current accelerators of protons and positrons;
— Accelerators of heavy ions;
— Synchrotron radiation sources of third generation;
— Superconductor resonator in big electron accelerator complexes;
— Accelerators of radioactive beams (Acceleration of particles);
— Accelerators of radioactive beams (Acceleration of radioactive beams);
A description of a project consists of a general information, physics anc technical pa-
rameters and also can include photographs, graphical and other materials. Structure of Accelera-
tor DB is represented by Figure 1.
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PROJECT_C
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Figure 1.
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An acces:. to Accelerator DB via IHS is realized by ORALink gateway. ORALink is a
multithreaded CG[ (Common Gateway Interface) 1.1 application that uses HTTP POST method
to get output from HTML forms. More information on ORALink gateway is available at
http://oradbl.jinr.ru/software/oralink/. Scheme of access to Accelerator DB by ORALink is
shown at the picture bellow.

EndUser [ 77T .. ... iApplication Developer
Environmnent . opacLE worid Wibe Web - Do t
HTML Query Form : _Wn@on (Goteway)

or RQ(:# e M‘Q‘° F"._
' SR | = | +Query Form |
v HTML
" LR | + SQL Query
__@_ Forms’
| i
|

 Weosewer
— e

Vieual Query Tool

. Figure 2.
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Abstract. The 3-component U(1) ganged sigma model with the broken Z(2) sym-
metry (“the A3SM model”) is discuased, which admits search for topological saitons in
(D + 1)-dimensianal space-time (D = 2,3). For D = 2 string-like localized s>lutions
are studied pumerically using the “bedgehog” ansatz. Three-dimensional partide-
like solutions of the A3M model and its extension (“tbe Dirac-Heisenberg-14axwell
model”) could be considered as classical prototypes of massive quantum par! icles.

1. Presently, one century later since the discovery of the electron, :here is still no
commonly accepted theoretical description of its internal structure. One of possible ways
to imagine a plausible model of the electron is to conjecture it to be :he bunch (i.e.,
a 3D soliton) of interacting fundamental fields, localized within a small space region.
However till now, a satisfactory soliton model of the electron has not yet ben constructed.
Nevertheless, we believe that the considerable progress can be achieved here if one considers
the topological solitons (see, e.g. {1,2,3]) within nonliear sigma models. Classical sigma
models describe the evolution in time of N-component unit isovector field s, (x,t), 5,5, =
l,a=1,.,N,in (D + 1)-dimensional space-time; field manifolds of these models are unit
spheres S¥=1, [n sigma models with some specific pair combinations of D and N (for
example, D =2, N =3; D=3,N = 3; D = 3, N = 4) the localized distiibutions of unit
isovector s,(x) are divided into disjoint classes with different integer topological “charges”
Q¢; solitons with the nonzero Q; are referred to as “topological solitons”. It is worth noting
that the existence of solitons is not yet guaranteed for the sigma model with nontrivial
topological properties, though in the cases of nonzero @ additional poss bilities arise for
solitons to exist.

2. First let us consider the 3-component unit isovector field s,(x) with the “easy-axis”
anisotropy defined by the Lagrangian density

L= ((‘9L,s,,)2 —V(8), su5,=1, V(g)=1- s3, (1)
p=0,1,..0, a=123.

(it was called the A3-field in [4]; “A3" stands for “anisotropic 3-componert™). It is impor-
tant to note that the Lagrangian (1) possesses U/ (1] x Z(2) internal symmetryj; its vacuum
manifold comprises two points on the §2 sphere: s3 = 1 and s3 = —1 and possesses discrete
Z(2) symunetry [4), which is broken both on vacuum selutions and topological solitons for
D = 1,2 (see, e.g., [5-8]).

The Lagrangian density (1) can be derived when describing in con'inuous approxi-
mation easy-axis Heisenberg antiferromagnets (6] and ferroelectrics (9] with the easy-axis
anisotropy; thus, the pattern of the symmetry breaking under discussion is realized in
condensed matter physics. It seems interesting to investigate possible im slications of this
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pattern (which differs from that used in the Standard Model) for high-energy physics,
especially having in mind intensive use of sigma models in modern particle physics. The
scalar (with respect to Lorentz transformation) A3-field used by us to this end can be
regarded either as one belonging to the set of basic quantum fields or as coherent state
[10] of more fundamental (e.g., spinor) fields.

3. Next consider “minimal” interaction of the A3-field with the Maxwell field A, (z}
in (D + 1)-dimensional space-time (D = 1,2,...), described by the U(1) gauge-invariant
Lagrangian (“tle A3M model®):

1
L= 112(0,,‘9,,)z — V(8a) ~ ZF:, + 291 A, (820" 51 — 518"52) + gPnP(s? + s3) A, A%, (2)

F,, =8,A, - 8,A,, V(s)=p1-3}), (3)

where 8%, 7%, are constants, [n?] = LU~D), [3%] = L-(+D)| g is a coupling constant,
(g7 = L(D'a), tyv=0,1,.., D, and summation over repeated indices g, v is meant. The
Lagrangian (2),(3) of the A3M model possesses both U(1) local symmetry and sponta-
neously broken Z(2) symmetry. It should be noted that the existence of 2D and 3D
solitons in this i wo-field model is not forbidden by the Derrick theorem [11].

It is instruct ve to present the equations of the A3M model in terms of angular variables
6, ¢ on the unit sphere 52,

sy =sinfcos¢, s =sinfsing, s3=cosé, (9)

and to make rescaling z, — g~'n'z,, A, - 771A,. As a result the Lagrangian density
(3) takes the form (in rescaled z,,4,):

G = 8,0040 4 5in? 80,8046 — 24,84 + A, A¥ — p] 411?3,. (5)

and the Euler-L igrange equations become ( the Lorentz gauge, 8,4* = 0, is chosen):

8,80 + %.sin 26[p — 8,00"6 + 24,0 ¢ — A, A¥] =0, (6)
3, [sin?6(8"¢ - 4*)] =0, M
8,0"A, + 25, + 24,8020 =0, j, = —sin208,¢, myv=0,1,..D. (8

Note that Egs. (6)-(8) can be satisfied if
#(z) = d(x) —wt, Ag=w =const, Ax(z) = Ai(x), 08(z)=6(x), k=1,..,D,;(9)

where Ay, 8 satisfy equations which do not contain w (k,m = 1,..., D, summation over
repeated kj:

826 — %sin 2 [p+ (86 - A1) =0, (10)
B [sin? 8(8ug - Ak)] =0, (11)
O Am + 25i020(Omd — Am) = 0. (12)
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4. Below we shall study localized solutions to Eqs. (10)-(12) for L = 2 using the
"hedgehog™ ansatz for the unit isovector field s;(x), i = 1,2, 3,

51 = cosmysin8(r), s =sinmyxsinf(r), s3=cosb(r) (13)
sinx:g, cosx:i, r?=z24y?
r r

where m is an integer number, and the "vortex” ansatz for the Maxwell feld A,(x),

Ag=0, A =A,= ——mo(r)’%_ -

As a result we obtain equations for 8(r) and o(r) [12],

d* 1df m?*(a - 1)? :
—— o -— — 8] —_——— =0, 1
dr7+rdr smﬂcosﬂl: e +p| =0, (15)
da 192 L 201~ a)sin?6 = 0 (16)
A A
with boundary conditions
6(0) =, 6(cc) =0, (17)
da
=0, — =0. 1
a(0) =0, F(e)=0 (18)

Note that field configurations s;(x) given by Egs‘(13),(1:(') correspon] to maps from
RZomp to S? with integer homotopic indices (“winding numbers”)[2,3], and we shall refer
to solutions of the problem (15)-(18) as topological solitons with the “topological charges”
Q=

Using series expansion of #(r) and a(r) at r — 0, we find from Eqgs. (15) and (16) for
m=1

B(r) =n — Cyr + o(r), (19)
a(r) = r*(E? - ;C?ﬂ) + o(r1). (20)
and for m =2
8(r) = 7 = Cor? + o(r?), (21)
o(r) = r*(E] - 11—2022’4) + o(r%). (22)

Equations (19),(20) and (21),(22) are useful when searching for solutions of the problem
(15)-(18) with m = 1 and m = 2, respectively, by the shooting method. C.reful numerical
investigation shows that for small positive p values there exists a unique solution to the
problem (15)-(18); the functions #(r) and a(r) of solitons with m = 1 are presented
in Fig.1 for p =0.01, 0.1, 0.15. Note that the asymptotic value a.c = 2(oc) decreases
monotenically as p is increased, with a,. — 1 when p — 0. With the function a.(p) at
hand one can find the asymptotic form of the soliton solution for r — oc:

8(r) = 7 (=vPr), T = const, (23)
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T2
o(r) oo — (1- am)a—;exp(—Q\/ﬁr).

Distribution; of the energy density
don? ., m¥(e—-1)?]  m? (1do)?
H(r) = (a—r-) + sin“8 [p-f— — + - (;E:) ' (24)
and the magnetic field, —B(r) = (da/dr)/r, for solitons with m = 1 are plotted in Figs.

2 and 3, respectively. The magnetic flux of the 2D solitons in the A3M model is uniquely
determined by values of p and the topological charge Q; = m,

27
d= /BdS = /A),dzk = m-/o’ a(oc)dg = 2rmaw(p) = 27Qi0n (p). (25)

4 : , 25
5
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Figure 1: Functions a(r) and §(r) of the 2D  Figure 2: Energy density of the 2D A3M
A3M solitons with m =1 for various p . solitons vs r for various p; m = 1.

The dependeace of the soliton energy E = 2r [ #(r)rdr on p is depicted in Fig.4; it
is natural to conjecture that the dependence E(logp) is exactly linear. It is important to
note that E(p) <: 87 for p < po = 0.4 (recall that 8r is the energy value of the Belavin-
Polyakov localized solutions in the 2D isotropic Heisenberg ferromagnet {13]). It means
that at least for p < po the particle-like solutions (18)-(23) of the A3BM model describe
spatially localized bound states of the A3- and the Maxwell fields, and hence it is natural
to conjecture these 2D solitons to be stable for p < pg (indeed, to destroy them it is
necessary to supply an amount of energy exceeding the appropriate “mass defect”).

4. One can cc nsider the 2D A3M solitons as strings with finite radia embedded into 3D
space. Such strings-solitons can be used when designing cosmological models of evolution
of the early Univ:rse and its present large-scale structure (for review see, e.g., (14]). From
mathematical po nt of view these solitons are well suited for computer simulation of inter-
action of extende 1 cosmic strings, indeed, to investigate the interaction of M strings within
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Figure 3: Magnetic field of the 2D A3M soli- Figure 4: The dependence of the 2D A3M
tons with m = 1 for various p. soliton energy E on log(p); m = 1.

the A3M model initial data for the evolutionary PDE problem could be chisen as a set of
M solitons well separated from each other. Notice that this physically natu -al prescription
cannot be used for computer simulation of interactions of the Abrikosov- Nielsen-Olesen
strings-vortices[15] within the abelian Higgs model[16], which.are widely discussed (along
with their non-abelian generalizations) in cosmological models[14].

Further computer studies of the 2D solitons within the A3M model :re in progress,
in particular, investigation of the boundary value problem (15)-(18) for various m and
p.- Next, we are starting computer study of dynamical processes in which the 2D A3M
topological solitons take part, using evolutionary PDEs of the model presinted above.

5. From the viewpoint of particle physics the most important line of further studies
within the A3M model is certainly the search for stable 3D solitons. Cur preliminary
analysis shows that existence of stationary 3D A3M solitons with nonzero integer values
of the topological charge of the A3-field (the Hopf index, see, e.g., [2a,17] 1 is quite likely.
If such solitons are found in computer experiments that we are preparing, then the next
natural step will be the search for 3D localized “electron-like” solutions with nonzero
values of electric charge and internal angular momentum (spin) within the 3-field (“Dirac-
Heisenberg-Maxwell*) model, or the “extended electrodynamics® (EED), defined by the
U(1) gauge-invariant Lagrangian density (e, x are constants)

£ =1n" (D(g)us-D(g)"s4+ + Busa0”53) + ixypruD(e)* — V(sa) - ;I'F,?w (26)

ﬁ(g)u =08, +igAy, D(g)y =0, —igA, Dle)y =0, -iely,
S5y =8 +185g, S. =5 —ts.

However, serious mathematical difficulties should be overcome first in orc er to make ap-
propriate computer investigations reliable and successful.
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THE HALL EFFECT IN TWO-DIMENSIONA, MHD
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Mathematical models, based on the MHD-approach, are successfully used in solving
pure and applied problems in the hot and dense plasma physics, including nuclear fusion
and astrophysics. But investigation of some phenomena, e.g. interaction cf plasma flows
with the electrodes, need more complicated models, at least because the MHD-equations
cannot recognize the electrode polarity: they remain unchanged, when the electric current
and the magnetic field invert simultaneously their directions. We consider below a modified
MHD-model taking into account the Hall effect, that is a first step at the way from the
usual ("one-fluid”) MHD to the strickly two-fluid one. It is derived from the transport
equations of ions and electrons [1] jointly with the Maxwell ones, if we neglect there
the electron mass m, and the displacement current 9E/cdt [2]. This model describes a
continuous medium with the density p = m;n, equal (for simplicity!) ten peratures and
pressures of the components (T; = T, = T pi = pe; p = pi+pe). different velocities v; # v,
and in general with the finite plasma conductivity. It is based on the set o” equation:

dp
5tV =0

dv .
pgtVr=ixH

ds 2, € o
pT o=V + 3 TjVs (1
JH ) - .
M G (vxH) -V x () - ev x L= VPe
o P
8 8 1 "’)
a (
=2 5T =2 e P= v o8 2 -
P=3f 2 7¢ J xH dt 01+\"v.

that are written in a dimensionless form: units of measurement of all varial les are formed
from their characteristic values in specific problems. There are here three dimensionless

parameters:
2

ﬁ_87rp0 b= 1 [ oy
HE T Re,,  4morowy’ T erg Vimpy

The exchange parameter £ [2-4] is related to the Hall effect. that descrilies interaction

' This work was supported in part by International Science Foundation jointly with the Russia Feder-
ation Goverment under Grants No M3X000 and No M3X300 and by the Russia Fundamental Rescarch
Foundation under Grant No 94-01-01083.
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between the currz:nt and the magnetic field in the Ohm’s law and supposes the ion and
electron velocities. to be different:

v =vj; Ei=p(v—ve). (2)

The generalized Ohm’s law
Vj=E+v><H+f—)(Vp,——jXH). 3)

is the electron d:'namic equation, where the electron inertia m.dv./dl is neglected. It
follow from (3) in particular, that the current and electric field are not collinear in general,
and the plasma cinductivity is nonisotropic, tensor-type.

The MHD-model, taking into account the Hall effect, is being used for example in
investigation of p asma flows in channels of plasma accelerators, magnetoplasma compres-
sors and MHD-generators [2-6], when the electrode polarity and near-electrode processes
are essential. It is realized by the authors [7-10] in flow computations, connected with the
elaboration of recent high-current quasi-steady-state plasma accelerator (QSPA) [11-15].
The accelerator channel (fig.1) is formed by two coaxial electrodes.

Fig.1

The electric curr:nt between them generates azimuthal magnetic field and, interacting
with it, induces plasma to move in the z-direction. The nozzle-type channel shape insures
the transonic plasma acceleration: the velocity gets over the fast magnetic sound speed
in the minimal cioss-section. Basic flow features are investigated in the MHD-approach
[2,12,16], but some specific Phenomena near the electrodes need to be simulated using the
Hall effect.

The flows of interest are steady-state as a rule, since the discharge duration is much
longer than the flow time. They are being calculated by means of the time-relaxation
method. Plasma lows in coaxial channels (fig.1) may be considered as axisymmetric:

a
¢
i.e. they belong to the class of two-dimensional flows across the magnetic field. The
equations (1) in :zeneral, second order, quasilinear, of parabolic type, degererate, being
applied to this cliss and, when v = 0, make up a first order nonlinear system: the Hall
term in the fourt1 equation (1) consists only of first derivative products. By this reason

0; v,=0; H,=H,=0; ,
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problems with finite plasma conductivity (v > 0) and infinite one (v = 0) are different in
setting boundary conditions at the electrodes. When 0 < v « 1, solutions include Hall
boundary layers, that are in direct relation with flow anomalies, detected n experiments:
current sliding and potential jumps near the electrodes.

The paper (9] presents an analysis of the nonlinear system (1) (v = 0) in terms of at-
tendant linearized equations and gives conditions of its being hyperbolic (all characteristic
velocities in any direction are real). These condition are usually fulfilled :or steady-state
plasma flows in QSPA, when £ « 1. The characteristic velocities are founc, and electrode
boundary conditions in flow computation are agreed with them. The number and the
content of the boundary conditions are different for the anode and the cathode. In partic-
ular, it is shown, that the equipotential electrode condition contradicts vith the regular
acceleration of the infinite conductive plasma.

In investigation of plasma flows in a channel including near-electrode zones, we take
into account the finite high conductivity (0 < ¥ < 1) and consider three va iants of bound-
ary conditions, that correspond to three principal types of flow-electrode nteraction.

1} Electron current transfer (ECT) regime
vy, = 0; E. =0, (4)

where n and 7 are the normal and tangent directions relative to the bour dary. The elec-
trodes are equipotential and unpenetrable for ions, the current is carried by electrons.in
this case steady-state flow regimes may be obtained only if { < £*, where the critical value
&* depends on v and 3. If £ > £*, the computation loses stability and leads to an explosion
type phenomenon at the anode. Before the explosion we can see thin layers, where the
current slides along the electrodes (fig.2) and the plasma density falls off 1.ear the anode.

Hr 0.88 0.78 0.67 0.57 0.48 0.39

0.19
©
0.10
Fig.2
2) Ion current transfer (ICT) regime
Ven = 0; E, =0, (5)

The plasma (ions) is allowed to penetrate through the electrode surfaces in amount
pvn = Ejn (see(2),(5)), that is proportional to the current and the exchange parame-
ter. This regime may be realized in cases of rod electrodes or more com plicated devices
~ transformers [11]. In such a model steady-state flows are obtained under the condition
& < £**, but the restriction is less strong here: £* < £**. In the opposite case computation
leads again to an explosion type instability and electrode boundary layer, as a rule, at the
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cathode. A serie; of computations established the dependence of the exchange parameter
critical values £* and £** on the magnetic viscosity v in the both electrode polarity cases
and for different values of parameter § [7]. They confirm the advantage of ICT (&* < &**)
and showed, tha! the central position of the cathode admits steady-state flows with more
strong Hall effect then the inverse polarity.

3) The most >fficient plasma acceleration regime is connected with an ”ideal” current
distribution, ortl ogonal to unpenetrable streem boundaries

v, = 0; jr=0. (6)

As a result of co nputation with boundary conditions (6) there are obtained steady-state
flow regimes witt finite values of v, including v = 0 [8]. No boundary layers appear in this
case. A distinctive feature of such flows is that the stream boundaries are not equipoten-
tial: the electric field has a positive component, hence the potential decreases down the
boundaries. This result may be useful for plasma accelerators with electrodes, consisting
of separate sections: the voltage at the sections is to be agreed with computations. As
applied to the QSPA, whose electrodes have longitudinal metal elements and therfore are
equipotential, th: computation result may be related to the "stream kernel”, that is the
most part of the channel. To determine its position in the channel space and calculate
complements to :he remaining part — thin (of order £ < 1) zones near electrodes - the
”smooth channel’” approximation for two-dimensional steady-state flows [3,4] may be used.
As a result we o>tained a complete flow picture and electric current distribution in the
channel in the optimal acceleration regime (fig.3).

Fig.3
D ig C

In particular, the flux densities of plasma passing through the anode and cathode,
appropriate for this regime, are found {10].
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Abstract. To use the Java programming in WWW technology for NEMO experi-
ment is priposed. We use Java code for presentation of NEMO software. Evolution
of tracking algorithms is demonstrated: elastic net method and cellular automaton.
Event visualization code was designed in Java to provide a monitoring system. We
propose to use CGI program as a Log Book for NEMO. These applications are avail-
able throu;sh the Internet and allow all the collaboration members to be well informed
about the present state of the experiment.

1 Introduction

Today large physi:s collaborations need a uniform and simple system to share and deliver
information. WWW was invented at CERN and is progressively becoming the standard
way to distribute information in High Energy Physics. The use of WWW technology
in NEMO collabcration is proposed. The World Wide Web is rooted in the Internet
technology. It uses the HyperText Transfer Protocol (HTTP) which allows clients to
get documents frcm WWW servers. HTTP supports documents of different types thus
permitting format negotiation between clients and servers. Documents are referred to
by clients with Uniform Resource Locators (URL) based upon a naming scheme that:
guarantees unicity. Hypertext documents are formatted with the HTML language. The
usual way to accets HTML documents is using browsers: Mosaic, Netscape and others.

Interfacing to ;he World Wide Web becomes necessary when we want to do more then
distributing static documents. Interfacing to the Web may be split up in two parts: server
interfacing and client interfacing.

2 Log Book via WWW

As an example of the first way we propose practical use of the server interface program
(CGI programmir g) as a Log Book (a Journal) of the experiment to collect all the in-
formation and the current status of the experiment[2]. We have a test program called
GuestBook. You i:an look through the messages that somebody leaves in your database.
You can leave yotr own message. This program runs on server site. How does it work?
You fill a form via HTML document and send it to server. The server runs this GuestBook
program and recognizes your information as an input for the database. It is possible to es-
tablish restricted :wccess for collaboration members only. This is a simple example of such
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program. It gives you only the list of all messages. It can be developed by introducing
different search or sorting: for example, you can retrieve messages specifying the date, the
author, the keyword.

3 Java programming language

3.1 What’s Java?

Next step of our problem is if we want to have graphical presentation of experimental data.
In this case we need a fast graphical interface with user. But the server interfacing is too
slow to react on our action such as mouse move, click, key press. There is a possibility to
have a client interfacing. That means the program for graphics is running on your local
computer. Such a possibility is via using Java programming. Java is a new programming
language. It was developed by SUN Microsystems(1)]. .

Java is a new, object-oriented, general-purpose programming language, with elements
from C, C++. It is platform independent as it is interpreted by virtual machine. Java is
a system that has been designed to make it easy for users to master. It ccntains libraries
that give simple convenient use of Internet features. Java specification includes standard
on new tools of modern computing: graphics, audio, networking support. INo need to have
any separate graphics package like HIGZ which we use in our software. Java allows anyone
to create a WWW page with code in it, that can be executed by anyon: else accessing
that page regardless of hardware. A program in a web page is called an “applet”.

3.2 Life way of Java program

The Java source is compiled to class file, which contains the bytecode representation of
the program. Bytecodes are very similar to the machine instructions, so Java programs
can be very efficient. However, bytecodes are not specific to a particuar machine, so
Java programs can be executed on lots of different computers without :ecompiling the
programs. Then this class file can be transported via the Internet as osher documents
and executed by any computer that supports Java. Java bytecodes are interpreted by the
virtual machine. For example, such browser as Netscape of latest versions has a virtual
machine inside itself. So the program of graphics user interface can rua on your local
computer and allows you to work interactively.

3.3 Security of Java

About security in Java. The reason that Java applets are secure is that Java programs
are compiled into bytecode instructions that can be verified. Bytecode contains addi-
tional information that is used to verify that the program is legal. A verfied program is
guaranteed not to break any of the Java language constraints and can be safely executed.
Verification i3 used by browsers to make sure that applets don’t contain viruses, cannot
crash or damage the computer. Java applets loaded via net have additional restrictions:
they don’t have an access to local file system.
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4 Application of Java to NEMO problems

4.1 Events visualization

We created the Java program for visualization of experimental data for NEMO-34.1. User
can download ths Java code with a browser and run it. This program reads experimental
data via Interne, draws setup and waits for the user action. The user can then interact
directly with the event and is able to zoom, scale, move the event. So you can look at the
events from any point of world and use this program for example as a remote monitoring.
This program caa be modified for the reading data that are taking at the moment and for
the analysis of tlie apparatus status.

Figre 1: Visualization of NEMO 3 event using Java program.

4.2 Software presentation

One more field fcr application of Java to NEMO is a presentation of the NEMO software.
Usually in a physics collaboration each member has his task and makes only his part of
work. It is useful for everyone to have a simple way to be knowing about the programs and
algorithms which are used to interpret experimental data. In NEMO experiment Elastic
Net Method is used for reconstruction of charged particles tracks. We present you the

. applets that explain this method and demonstrate it in action[4, 3]. Any user can easily
learn the idea of the algorithm and conclude that it really finds a good solution.
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Figure 2: Demonstration of NEMO 3 tracking using Java projram.

5 Conclusion

The analogous approach is already used at CERN. There is ‘Online’ 'ata Acquisition
System of the DELPH! Experiment[5]. This is server interface system ‘which is built as
a CGI program so it allows restricted interface: only text information is available. If we
would like to have something more the main problem of systems of thet type arises: a
slow performance.

To conclude, our suggestions are to :

» use CGI program as a Log Book of the NEMO experiment;
e use Java for visualization of NEMO 3 data;

e use Java for the NEMO software presentation.

References
[1} http://java.sun.com
[2] http://nuweb.jinr.dubna.su/LNP/NEMO/GuestBook/GuestBook.cgi?read
[3] http://nuweb.jinr.dubna.su/LNP/NEMO/nemoiiiN.html
[4] http://nuweb.jinr.dubna.su/LNP/NEMO/tspN.html
(5] http://www.ncsa.uiuc.edu/SDG/IT94/Proceedings/DDay/donszelin win/paper.litinl

129



Using cellular automata to model cave stuctures

M. Casolino®, P. Picozza
Dept. of Physice, II Univ. di Roma “Tor Vergata”, Via della Ricerca Scientifica 1., 1-00133.
Rome, Italy
INI'N. National Institute of Nuclear Physics, Sec. Roma II, Italy
e-mail: casolino@roma2.infn.it, picozza@roma2.infn.it
" Corresponding author

Abstract. A Cellular Automaton method is used to model underground caves where
the structires are predominantly formed by rock collapse. The. vertical cave profile
is generate on a square lattice with random configurations where 70% of the sites
represents rock elements and the remaining 30% represents air. The system is iter-
ated accoriling to rules which take into account gravity and mechanical interactions.
After conv:rgence, the scaling properties and corresponding fractal dimensions are
estimated .ind compared with real cave profiles. In spite of the approximations used
(all water vrosion processes are neglected) there is a satisfactory agreement between
simulated :ind real data.

PACS: 91.35.cb, 07.05.Tp, 93.85+q, 91.60.-x

Underground cave formation is due to several concurring processes, usually taking place
over several lengh' and time scales. These processes can be roughly divided in: 1, Lime-
stone erosion by v-ater; 2, Mechanical erosion by underground rivers; 3, Rock fall due to
gravity. In a comglex, structured cave it is possible to distinguish regions that are a, com-
pletely devoid of water; b, partially filled with water; ¢, totally filled with water. Processes
1 and 2 are associated with regions b and ¢, usually younger and below regions of type
a where rock collapse is dominant and often drastically changes the shape and ramifica-
tions of the underground cavities determined by previous wat er erosion phenomenall}.
According to its history, a cave may have greatly varying shapes and size, ranging from
the relatively simple vertical pits or underground rivers to majestically large environments
of several kilometers, developing on several levels at different dephts. .

Over the years several simulations and studies on the fractal nature of rivers and rocks
have bLeen carried dut [2], here we present a model simulating the formation of caves: for
their simplicity and speed Cellular Automata (CA)[4] have been used. Their versatility
has made CA a wvidely employed tool in several fields, ranging from the modeling of
physical systems t> noise removal and signal processing in particle detectors|3]. To speed
up calculations and to employ a binary state (rock/air) CA, all water erosion processes in
limestone have no” been considered in the present application. These simulations apply
therefore unly to caves where the erosion role of water has taken place so far in the past
that its structural characteristics have been reshaped by rock fall.

A dynamical study of the development and formation of the cave would have to take
into account a three state system (air, rock and water) where the partial pressure of COq
takes a critical rolz in determining the -amount of diluted calcium carbonate[l]. In this
case we are concer ied with the static configurations which are produced by gravitational
and mechanical forces: as initial conditions a percentage P = 30% of empty (air) sites has
been assumed. In our case the two states that each site (or cell) of the binary automaton
can assume represent, respectively, the presence (State I} or absence (State 0) of rock.
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Figure 1: An example of a 128 x 128 structure obtained after convergence of the CA (each
pixel pictures a lattice site). The vertical axis represents the depth belcw ground. For
clarity, rock sites have light colour, while air sites are black.

Vertical cave profiles were simulated in order to compare them with thcse of real caves:
the evolutionary rules have been devised to take into account gravity :and- mechanical
interaction among nearby rocks. The gravitational forces move rock sites vertically toward
the lower row if the rock is not stopped by its directly lower element or by at least two
upper and one lateral element (on the same side).

The CA is updated until convergence in a stable state (no more rock movements). Several
underground structures resembling a cave profile and showing underground chambers and
passages have taken place, as shown in one case in Figure 1; the fract:] nature of the
resulting system is evident!. It is to be noted how vast air structures tend to be formed
at larger depths, while smaller formations appear closer to the surface. As with real cave
profiles, the presence of apparently suspended rock is to be attributed to a orthogonal
projection effect, to passageways that are not necessarily one above tie other but in
different positions along the z axis {orthogonal to the plane of the paper). It is also
clear from the resulting pictures how the system is invariant under X (horizontal) axis
translations, in accordance with the properties of the update rules. This: invariance also
produces a great number of “cave entrances”, holes leading from the surface lead to larger
underground structures. As most speleologists sadly know, this is very far from real
conditions, where entrances leading to huge underground complexes are ex :remely rare and

!The structures formed present some similarity with the ‘class 3 (chaotic) 1D+1I) automata present
in [4]. The patterns that appear in that case are due to the presence of some particu ar combinations of
cells that produce the observed ’empty’ structures. The analogy with our case is due t the fact that only
particular structures are stable from the mechanical point of view and do not collapse under gravity. The
rock fall could be therefore be seen as a propagation of that initial structure forward n time (that is the
Y axis in the cave model}
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X size | Y size | D,

64 64 1.71 £ 0.05
128 128 1.71 £ 0.03
256 256 1.76 &+ 0.02
256 512 1.78 £ 0.01
512 256 1.78 + 0.02
512 512 1.78 + 0.01
1024 1024 | 1.83 £+ 0.01

Table 1: Fractal dimension of the air (D,) zones for grids of different size.

hard to find. Th s depends on the boundary conditions chosen; infact a layer of completely
filled space close: to the surface would have produced results with fewer entrances. The
quantitative study of this model has been performed analyzing the scaling properties and
- fractal dimensio:1s of the air sites using the box counting method. Several different grids,
from 64 x 64 up :0 1024 x 1024 elements, have been considered to study the dependence of
the fractal dimension from the size of the system. In each case a set of N = 100 stuctures
have been gener ited.
The conversion of each grid element to meters, that is the lenght represented by each
lattice site, is not immediate: the same update rules considered are indeed valid for the
structural and nechanical properties of rocks of different sizes. Experimental evidence for
rock collapse with boulder size from ~ 50 cin (i.e. Pozzo Arcaro, It) to > 5m (Grotta
dell’Ovito, It) can be easily found. Moreover, the overall size of the underground structure
simulated must be finite: for instance, a lattice of 1024 sites - each of about 1m x 1m
- implies a cave depht of 1 k. These kind of caves, albeit found in nature, are not
very common ar.d have been formed by several different concurring processes. Therefore
simulations on a larger grid would not find their geological counterpart. These limitations
do not pose a real problem since the fractal dimension of the simulated caves will be
shown to be constant over several scales, so that a comparison with experimental values
will be possible without having to fix a precise value for size of the lattice elements. Let
us come back to the scaling properties of the systems considering the empty elements
(air). The scaling properties for grids of different sizes are shown in Figure 2 where the
number of elements N(Al) present at each scale Al is shown (I is the size of a lattice site
and X takes the values of integer power of 2: 1,2,4...). N(Ml) is the average taken over
all the N = 109 simulations performed for each grid. Errors (usally smaller than the
symbols shown) represent 1 r.mn.s. from mean values. Since the relation between these
values and the fractal dimension D of a system is[5] N(M)/N(l) = AP, a linear fit in
double logarithnic scale yields the estimated value of D. Note that the fit is in good
agreement with data points over all statistically significant lenght scales. The resulting
fractal dimensio:s for the empty area zone D, are shown in Table 1. It is possibile to see
how the value o’ D, slowly grows as the grid size increases: this is due to the formation
of larger structures. The dependence of the fractal dimension from the grid size is linked
to the finiteness of the systems considered and finds its counterpart in the variety of size,
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Figure 2: Scaling properties for different size grids of the simulated caves. The number
of air sites present at scale A is plotted as a function of the scale A. The absolute value
of angular coefficent of the linear fit in double logarithmic scale represauts the fractal
dimension /),. Note how the fit is consistent with data points almost ove * all scales.

structure and value of D, of real caves.

A detailed study of the dependence of the value of D, from the percentage of air sites
P was carried out in order to determine the values which - under these update rules -
were more consistent with real caves. It is to be expected that in the limit of P — 0%
the air sites are so far away one another that there is little rock collapse and clustering
of air sites with and no subsequent cave formation, whereas in the limit of > — 100%
the amount of empty space is such that all the few rocks present fall to the “bottom”
of the grid. Simulations performed on a 64 x 64 grid comfirm this hypctesis. as shown
in Figure 3 where the value of ), tends to 2 and to 1 for 7 — 0% and > — 100%%.
respectively. Values of P < 25% have very big statistical errors due to a very large spread
in the behavior depending on the initial conditions: indeed only values of 25% < P> < 35%
seem to produce meaningful results. If £ > 35% the empty structures forimed are too big
and different with real caves. There is a connection between this system and percolation
models. It is indeed possible to note how, in order to obtain a model with i1 certain degree
of complexity and physical meaning we need to retain some kind of conne:tivity which is
related both to the past erosion role of water and the ‘explorability” of 1eal caves (that
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Figure 3: Values >f the fractal dimension ‘D, for different air size percentage P in a 64*64
grid.

is, only those paits of underground complexes which are connected can be explored and
studied). However, unconnected systems with P < 25% (that is below the percolation
critical exponent , are not devoid of physical meaning. They represents those formations
where the excava:ion of water has taken place over a too small time scale (or the erosion
has not taken pliace for some reason). On the other hand systems with high P can be
viewed as fully e>cavated karst landscapes.

The same sceling studies have been performed on real cave profiles as published in
the bulletins of speleological societies. The chosen caves present absence of water and
dominance of gruvity effects in their structure; they have been scanned with a 300dpi
resolution and th esholded in order to remove shades of grey. The problem in these profiles
is that they arise from measurements often taken by speleologists in extremely difficult
conditions and subject to errors. This is mostly true for the rock - air boundary drawn
by hand and therefore not very reliable, whereas, the lenght and area size measurements
are usually far more accurate. For this reason the properties for the boundary lines of the
simulations have not been presented.

The values o' ), have been estimated using the same method described above for
five caves of different size and origin. The overall characteristics and resulting values of
1) have Leen resumed in Table 2; the scaling properties are also shown in Figure 4 for
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Figure 4: Scaling properties evaluated from five real cave profiles. The nu:nber of off (air)
sites present at scale ) is plotted as a function of the scale A. The absolute value of angular
coefficent of the linear fit in double logarithmic scale represents the fracta. dimension D,.
Also in this case the fit is representative of data over all scales.

comparison with the simulations. The errors are those calculated from the fit. Thereis a
satisfactory agreement with the simulated data. Some trends can be seer: the cave with
the most complex system of galleries (Monte Cucco) also exibits the low:st value of D,
whereas very small and simple have higher fractal dimensions.

A more systematic work will be carried out in the near future with the analysis of
the different problems arising from the determination of D, in real cave grofiles and with
more complex models which take into account water erosion processes. In this paper we
have shown how a simple model of cave formation may be used in the prediction and
understanding of the fractal nature of underground structure formation.
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Name Ref. | hgize(m) | vgize(m) | D, Notes
Pozzo Miscutriglio 6 35 - 55 1.70 £+ 0.03 | simple str. due to rock collapse]
Pozzo il Ferro 6 20 - 50 1.794 0.02 | simple str. due to rock collapst
Grotta di Luppa 7] 1024 -174 1.76 £ 0.03 | underground river

str. mostly due to water eros.
Grotta di Monte ('ucco | {8] 1400 -900 1.68 + 0.03 | very complex multilayered

str. due to fault and rock collapse
Pozzo della Neve 18] 1900 -800 1.64 £ 0.5 | long winding canyon due
0.6 to water erosion

Table 2: Fractal cimension of the air (D,) zones for caves of different size and structure.
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CALCULATION OF CANONICAL NORMAL DISTRIBUTIONS
ON THE GROUP SO(3) AND THEIR APPLICATION

E.A. Davidzhan ,T.I. Savyolova , T M. Ivanova

MEPHI, Moscow, Russia

The orientation distribution function (ODF) of a polycrystallin: sample is of
special interest in texture analysis, but ODF is seldom if ever determined ina direct
manner. The mathematical problem of quantitative texture analysis is calculation the
ODF from experimentally obtained pole figures (PF). With any sets of PFs the
solution of this problem is non-unique. Therefore we need an intormation about
ODF structure. We consider ODF as superposition of the canonical normal
distribution (CND) on the rotation group SO(3){1].

Definition of the canonical normal distributions on SO (3) and S’

Let us consider the normal distributions on the rotation group £O(3) as
defined in [2.3].
Definition 1. A distribution dufg), ge€SO(3), is sald to be normal (Gaussian) if it
admits representation of the type

[ o) o Xa, 44, +Za4) )

NX3) ij=1

where T (g) are the irreducible representations of the group SO(3). 4,, i=1,2,3, are the
infinitesimal operators of representations T (g); (&, ), i, j=1,2,3 is a real positive definite
or semidefinite matrix and a,, /=1,2,3, are real constants .
Definition 2 The normal distribution dyfg) on SO (3) is said to be the canonical normal
distribution (CND) , if we have a, =0, i#, a,=0, i/=1,2,3 inthe expression (1).

The normal distribution dufg) ffg) dg of general type can be transtormed to
CND by two rotations. Here f{g) is the density of normal distribution, dg is the invariant
measure on SO(3).
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Let gfa By}, w<ay<wm 0<f<n be three Eulerian angles that
describe three rotations of Cartesian coordinates (X,Y,Z) (right-handed) by rotation
through angle o, -7 <a < =, around axis OZ ,then by rotation through angle 8
0 <pB<nm arounl axis OX and by third rotation through angle y, -7 <y< 7, about
axis OZ.

1
We have dg-= 8—75in pdadpdy
V4

Normal distribution dufg) may be represented by series

x I
@ Y 2 QI+NC,TL(8) 2)
1=0 m.n= -1
where I (g) are generalised spherical functions, ('! are corresponding Fourier-

type coefficients that can be calculated from expression (I) :

C'= ! y=exp(B'), 1-0,123... .

mn

For CND we have

3
B =Y a4y =), 10123, , 3)
i=1 )
|
where 4 =- )—[l(l+l )—mZ](a” ray,)-ma .,
] ;
h”lw.-: = hr:r—lm = h—lm.—rm-Z =h—[m+7.—m =Z{(1—m+l)(1+m—l)(l—m+2)(1+m)}l 2(azz —a,),

m--1-l-1 . 1-11, and the rest b,.j. =0.
If a,=0. i®, a,=0, a, =¢, ij~1,23, we obtain the central normal
distribution on SO(3) from formulas (1), (2)

= 5, sinf(/ +1/2)]
f(g):g(21+l)exp{—l(l+l)e }TI/Z)’ *)

where  cos(1/21=cos(S/2)cos[(a +7)/2] .

The normal distributions on the sphere in R® can be obtained as “projections”

from normal distributions on the group SO(3) [1] .We can get the functions on S> if
we consider the functions on SO(3) that are constant on right-hand contiquity classes
for the subgroup >f rotation with respectto a certain axis.
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Definition 3. We get a normal distribution f(&, &~fa,f}eS’ ,—w<a<n 0<B<7,on
sphere S? in R® from normal distribution du(g) on the group SO(3) , where a,=0,
a,=0, if i=0 or j-0,i =123,

1 2x 1 o I
@)= 5 [[7(e)sin Adadpldy = 15 2 2. CuaTno(g)sin fdadf. )

If a,=0,i% ,a,=0, a, = £, i,j=12, in expression (5),

we have the central normal distribution on S?
S(B)=Y.(21 +Dexp{-I1(I +1)e*} P'(cos B) , ©
1=0

where P/(cos ) are Legendre polynomials .

The properties of normal distribution on SO(3)

Using the properties (3) of B’ we can get next note for caronical normal
distributions

© i ) *
f(@.B.7)=2.(21+1){ Cq, P(cos f)+2 ) C. P! (cos f)cos[n(a + )] +
=0

n=1

+23Co_JPi(cos Boosin(a )]+ ™

+4 i ni Cr-nezt P -2 (€08 B)coslk(a + y)]cos[(n - kXa - 7) },

n=2 k=1
whete —z<ay<x -n<pf<m, P!(fB) are Jacoby polynomials.
From formula (7) we get the properties of CND
1) symmetry with respecttoangles ¢ and y ,-r<ay< 7,

flaBy)-frfa);

2) property of being even with respect toangles ¢ and y ,~-r<ay< 2,

faBy)- flraB-p);
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3) periodicity with respect toangles a and y, -x<ay< 7,

Hapy=farnpy-m)flarpy-n

From properties 1), 2), 3) follows that it is possible to reduce the volume of
calculations in 8 times -instead of calculation f{g) in the domain —7 <ay <7z we
can consider tte domain

-y<a<y, O<as<nx/2
=1(a.y) .

-m+y<as<mr-y,n2sa<nx

4) The peak ol CND ffa,By) achieves at =0,a+y=0 and it is equal to
max f{a,  7)~1{0,0,0)= 2(21+1)Zc 2(21+1>5p<exp<A’>>
5) At f=m we have
f(mrf—:g(zl + (1) {Coo +2"ZIIC"’,_, cos[n(a - 7)1},

Let’s consider dependence of CND from parameters (a,,,a,,a,;).

We shall designite flg)=f(g, a,,ax,0%,;).
6) Let the rotation gy,eSO(3) leaves the invariant square-law form

a, X+ @, Y +a, 77, where X, Y, Z are cartesian coordinates.
Then we have the equality

f(g)= f(g.g8").

Such type of rotations have the kind gy, =(a,zy) when a-y-r,"
gu=(a,my) when a-y=0 and gy=(a,0,y) when a+py=rx .

8) If we have the transformation g — g,gg’', g=(0.72,0) then the parameters a,,
and a,, are replaced one by another

(g ay ay,ay,)= f(glggfl,anaanaazz)-

If the transformation g—> g,gg;', g~(w2 m2,-7/2), is used then the parameters
a,, ¥ a,; mu:tbe replaced one by another

(8o ay,a5)= f(gzgg;aau’azz’au ).
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Respectively, we have
J(g.ay,an,ay)= f(g‘gg;',au,a,,,a_“),
where g;=(a,0,y) with a+y=n/2.

8) From the properties 4) and 7) we get max f{g) ffe), wheree ((,0,0) and does
not depend from the order of the parameters (a,,,a,,.@3,) .

The conclusion

Owing to simplicity of approximation ODF by normal distributions the central

normal distributions on the group SO (3) are used (4).
Development of computing opportunities permits to use distribution of a general kind for
approximation ODF ,such as except for rare cases the experimental poie figures have
distribution differs from circular character. The problem of the determination of
parameters of distributions in case of approximation by the central normal distributions
and in case of approximation by the CND of a general kind is nonlinear and at a initial
stage is decided by a trial error method . : )

The present work gives the simple formula for calculation CND (7)
and numbser of their properties 1) - 8), that are useful for approximation CDF.

The given work is executed pursuant to the program GRUNT from
State Committee Institution of Higher Education in Russia on fundament:l researches in
the field of a geology.
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Abstract. The results of cosmic gamma-ray spectra processing by means of CASE
(comput ar applied software environment) technology are presented. The gamma-ray
spectra :re detected by the SONG (SOlar Neutrons and Gamma-rays) and ATS (Am-
plitude .ind Time Spectrometer) instruments onboard CORONAS-I satellite. This
computer technology is an example of screen editing the subject domain and software
and allovss to form the intellectual work station (IWS) for experimental data process-
ing and >perating under their graphical imaging. The particle acceleration, propaga-
tion and absorption on the Sun and other astrophysical objects are investigated by the
SONG- uind ATS instruments. One of the investigation methods is analysis of spectra
of gamma-lines formed in nuclear interactions between the accelerated particles and
environnient matter. These lines are detected simultaneously with a large gamma-ray
backgroind. It arise in the interactions of protons of galactic cosmic rays and of the
Earth radiation belt with Earth atmosphere, as well as with the material of the space-
craft and detector itself. The IWS for physicist-investigator is designed by using of
TG-GSS platform. The main aim of the IWS is the restoration of gamma-ray spectra
from garima spectrometer data. This restoring procedure includes: gamma-ray back-
ground nalysis, time dependent instrument calibration, computer searching for solar
and cele;tial gamma-ray lines, studying their spectral and intensity dynamics. The
linear-ex ponential dependence is chosen as the mathematical model of instrument
calibration function. To calculate the calibration parameters the original version of
algorithr1 of searching for resonance inhomogeneities (lines) which is based on the
inter-covariance function analysis is used. The data processing is realised in the form
of prepa-ed by experts TG-GSS software metastructures. The last ones include, in
particuler, the data editing and running utilities. The operator has a possibility to
check and control the main analysis stages and to get a computer system dialogue.
The computer system allows in many cases to avoid the spectrum distortions caused
both by external apparatuses and by own instrument electronic circuits. The IWS
possibilities were presented and discussed last year in following centres: Navy Re-
search L aboratory, Maryland, Washington DC, USA; Marshall Space Fly Centre,
Space Sciences Laboratory, Huntsville, Alabama, USA.

1 INTRODUCTION

To investigate cismic gamma-ray spectra scintillation crystal CsI(Tl) 20cm diameter by
10 cm thick was used. This crystal was installed in SONG-instrument. The large crystal
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volume causes a high intensity of gamma-ray background. Intensities of gamma-ray fluxes
from the Sun and other astrophysical objects are as a rule very small. T erefore a good
enough data processing method is necessary to interpret the experimental data.

The space detector tuning can be changed during a long time flight. 3ecause of that
regular detector calibration based on the measuring of background gamma-line positions
is necessary for restoring and studying of gamma-ray spectra.

The gamma-line spectra measurements can be accompanied by distor.ions connected
with pollution from other devices and by operation distortion of instrument itself. The use-
ful signal extracting is a very important stage in gamma-ray restoring process. Dialogue-
Graphic system "TG-GSS” (DG "TG-GSS”) (1] is applied to form the intellectual work
station (IWS) for solution all this problems in the gamma-ray spectrometer data process-

ing.

2 METHOD

The IWS is based on the sequence of successive stages of calculations. [he setting up
parameters of data processing and initial conditions is done by operator investigator in
dialogue regime (DG TG-GSS provides this regime).

The aim of IWS first stage of calculations is selection and summarising of measured
gamma-ray spectra to get the highest statistical accuracy of experimental ¢ ata. Investiga-
tor has a possibility of visual selection of necessary (suitable) gamma spectra. The steps
of this stage of calculations are realised by means of special algebra of oferations under
digital functions like time series. . .

The summarised averaged spectrum is used at the second IWS stage >f calculations.
The last one is aimed to gamma-lines searching for. This stage is based on the original
version of algorithm of resonance ingomogeneities searching for and of estimating their
location areas; this algorithm is dealing with the inter-covariance functior analysis. The
IWS possibilities allow to investigator to change the sensitivity of gamma-lines searching
method and therefore permits to omit the instrument distortion effects in ~he gamma-ray
spectrum.

At the third ISW stage one calculates a detector energy calibration function by using
of gamma- lines picked out at the previous stage; the energy values co:responding to
selected gamma-lines are giving by investigator. The operator has a possibility to choose
the way of approximation of calibration dependence (i.e. energy as a function of channel).
The calibration accuracy is calculated by using of deviations between sim'ilated gamma-
line energy values and initially given ones. The restoring procedure of energy dependent
gamma- spectrum uses the obtained calibration function.

3 RESULTS

The first IWS stage is used to form the summarised averaged initial gamma spectrum.
Investigator selects and summarises the low intensity gamma-ray spectia detected by
SONG-instrument in the equator region in 1994.

Gamma-lines searching for is doing at the IWS second stage. The low l2vel of method
sensitivity permits to omit the instrument distortion effects and to pick out the four most
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Fig. 1. The result of gamma-ray peaks searching operation in initial spectrum (histogram):
a) centres .nd localization area bounds of picked out Eamma-ray peaks are marked by dashed
lines; b) st: tistical weight of picked out gamma-ray peaks.
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Fig. 2. Restored gamma-ray energy spectrum observed by CORONAS-1

in January 1995 (a) and gamma-ray energy spectrum detected by GRS SMM
instrurient in 1982.

Table 1.
Line | Line Centre | Ltne Energy (MeV) | Calculated Line | Deviation
Number | (Channet) Energy (MeV) (%)
1 33.65 0.390 0377 33
2 49.72 0.511 0.521 1.9
3 65.59 0.668 0.718 15
4 97.71 1.4 1.374 1.9
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intensive gamma-ray lines. These gamma-lines correspond to galactic cosm:c ray particles
and trapped radiation interactions with detector crystal matter (lodine) and with satellite
matter (Aluminium) [2,3]. The results of this stage of calculation are presented at Fig.
1. The initial averaged spectrum (histogram), picked out gamma-ray lin:s (marked by
dashed lines) and their areas bounds (marked by dotted lines) are shown at Fig. 1a. The
corresponding inter-covariance function which is used to estimate the statistical weights
of gamma-lines is shown at the Fig. 1b.

The gamma-spectrum calibration stage uses the values (in channels) of ce ntres of picked
out gamma-line peaks (see second column of Tab. 1) and corresponding to the peaks energy
values (see the third column of Tab. 1) [2,3]. The calculated (simulated) energy values of
gamma-lines and the deviation from initially given energy values are presented in the forth
and fifth columns of Tab. 1 respectively. As we can conclude from Tab. 1 :he calibration
relative deviation is less than 10energy region is about 10-16 percentages s> the accuracy
of calibration stage is satisfactory. :

Instrument calibration is a dependence of the gamma-quantum energy = on the order
number of channel N in which the signal from gamma-quantum is detected. In the case
of logarithmic impulse analisator, calibration stage presents the calibration dependence as
exponent:

E(MeV)=0.19%exp(0.02*N) (1)

The result of calibration stage is a normalised energy gamma-spectrum restored from
initial spectrum (Fig. 2a). The arrows at Fig. 2a mark the centres of reference gammalines.
Fig. 2b shows the gamma-spectrum measured by the analogeus detector GRS onboard
satellite SMM in 1982 [3] for comparison with our results. As it can be see1 from Fig. 2a
and Fig. 2b the experimental data obtained by two detectors in the differert time periods
well coincide.

4 CONCLUSIONS

1. DG TG-GSS allows quickly and comfortably to select and to sum up the gamma spectra
and also to identify the gamma-lines by using of dialogue mode.

2. The gamma-spectrum calibration is carrying out by TG-GSS the n ost eflectively
with accuracy that satisfies to the experiment conditions on the SONG ins:rument.

3. TG-GSS realises the possibility of gamma-spectra restoration by sing of calcu-
lated calibrations, that allows to use them to analyse the gamma-spectri of solar and
astrophysical origin.
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Abstrac:t. Visualization of relativistic string dynamics is performed. A set of basic
tools for string world sheets visualization is developed, which enables construction of
static in.ages of the world sheets and representation of string dynamics as a film.

Relativistic ;itring is a curve moving in the space which spans in its motion some surface
in Minkowski space-time. This surface is called the world sheet. The area of the world
sheet should be extreme at fixed initial and final positions of the string. This requirement
completely definies the motion of the string.

Physical destination of the string theory is a description of strongly interacting ele-
mentary particlas, called hadrons. String models describe them as the systems of quarks,
connected by string-like tubes filled by gluonic field. Break of the string looks like a decay
of the hadron. l1adronic strings have a size 10712 ¢m, a tension about 10 tons and typical
energies 1 GeV

String theory considers the world sheets of various topological types. The world sheet
of open string is obtained by a mapping of an infinite band into Minkowski space, the world
sheet of closed itring is a mapping of a cylinder, the world sheets of Y-shaped string is a
mapping of 3 bands, sticked together along one edge. Solving the equations of motion in
each topologicat class one obtains a simple geometrical receipt for world sheet construction.
Particularly, th> shape of the world sheet of open string can be reconstructed if the shape
of its edge is given. The method is the following [1].

Let in Minkowski space a periodical light-like curve @, (o) be given:

Ou(0 +27) = Qu(0) +2P,, Q(0) = Q2(s) - §"(s) = 0,

2P, is a period of the curve. This curve is shown on fig.1. We will call this curve a
supporting curve.

World shee! of open string is a geometrical locus of middles of segments, connecting
all possible pai-s of points on supporting curve:

z,(01,03) = §(Qu(a1) + Qul(0a))-

Surface constrt cted in such a way has two edges, one of which coincides with the supporting
curve, another one is the supporting curve shifted onto a semi-period P,.

Edges of world sheet are world lines of the ends of the string. The ends of the string
move at light velocity. World sheet is the periodical surface with the period P,. In string
theory P, is equal to the vector of total energy-momentum of the string. The space,
orthogonal to P,, is the rest frame of the string. One can project the world sheet into

'This work is fulfilled as a part of International project of Russian Ministry of Science “Visualization
of Complex Physical Phenomena in Virtual Environment”.
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the rest frame and consider the evolution here. In the rest frame the supporting curve is
closed. The string can be reconstructed from the supporting curve as follows ([2], fig.2).
Let’s (1) mark some initial point A on the supporting curve; (2) draw fron the point A
two arcs of equal lengths I; (3) mark the middle of segment, connecting th: ends of arcs.
When ! changes, the middle of segment draws some curve from point A to point B, shifted
from A by a half of total supporting curve’s length. The curve constructed is the string?.
In evolution the initial point moves at light velocity along the supporting cu-ve and entails
the described construction.

Geometrical algorithms given were realized in the complex of progriums for visual-
ization of world sheets, comprehensively described in [3]. Now we will presen: new features,
included in this complex.

Animation. To show the string dynamics as a movie it is sufficient t¢ draw sequen-
tially the time slices of the world sheet (fig.1) or (more convenient in pructice) use the
description of string dynamics in the rest frame (fig.2). All calculations «re being done
between the frames. The parameters, which determine the form of the sugpporting curve,
can be changed by user during the movie, it allows one to study the string dynamics
interactively. For a DEC Alpha station (DEC AXP 3500) we are able 10 generate 20
frames/sec. For a more slow computer the same speed can be achieved by precalculation
and bufferization of frames. The movie can be stored in a file and then p.ayed with the
help of a special program on computers like VAX or IBM PC.

Stereoscopic images. We have also experimented with stereoscopic irnages (fig.3) of
the world sheets. To obtain a stereoimage one need to create two images of the 3D object
from two different points of view, related to left and right eye, respectively. They can be
seen as one stereoimage by means of a stereoscope or, after some training, without it3.

Examples of visualization

Singular points on strings. At definite conditions [1] singular points apy ear on strings.
The most interesting case is when the supporting curve lies in a plane and has loops
(winding number of tangent vector in passage along the supporting curve is not unit)
or non-convex parts, bounded by inflection points. In this case cusps app:ar on strings,
see fig.4. Cusps behave like point particles, they move at the velocity of light, scatter or
annijhilate in collisions, form bound states. If the supporting curve does not belong to a
plane, the cusp on the string appears for one instant, periodically in the same point. The
world sheet has in this point the singularity, called pinch point, see fig.5.

General properties: (1) singular points are topologically stable, they cannot be elim-
inated by small deformations of the supporting curve; (2) the linear density of energy-
momentum of the string infinitely increases in the vicinity of singular points.
Disconnected strings. Supporting curves can be non-monotonous alon;; the time axis

?Example: if the supporting curve is the circle, then the string is its diameter.

*If one tries to see a stereoimage without a stereoscope, the biggest problem is to :ocus eyes on the
peper (display) and at the same time to cross them at the point before the paper, where the image should
appear. The idea is in short as follows [4]. Look at the point somewhere in the middle between the paper
and the eyes. The images, as a result, will split in two and cease to be sharp. The relative position of the
paper must be chosen in such a way that two central images merged in one. (It is unnec:ssary to put any
attention on two other images.) The central image is actually 3-dimensional. At first it won’t be sharp. If
one manages to hold this image for some time, it becomes sharp.
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Fig.3.

Fig.l. World sheet of open
string is constructed as geometri-
cal locus of middles of segments,
connecting all possible pairs of
points on the supporting curve.
The world sheet has two edges:
supporting curve (1) and its image
in translation onto semi-period
(2). Section of the world sheet by
plane of constant time gives the
string in this instant of time. Time
axis is directed from left to right.

Fig.2. The shape of the string in
the rest frame can be determined
as follows. Let’s draw two arcs
of equal lengths on the support-
ing curve (projected to the rest
frame), lying in the opposite sides
from initial point 4. Connect the
ends of arcs by straight segment
and mark its middle. The set of
all such middles give the string
at time instant, when its end is
placed in the point A.

Stereopair.
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Fig.4.

For flat supporting curves the sin-
gularities have a form of cisp lines
(folds) on the world sheet. Left
upper part shows the world sheet.
Left bottom part shows its projec-
tion into the rest frame. Num-
bers denote: 1,2 - the (dges of
the sheet, 3 - cusp line Near
the point @ the world sleet has
self-intersection. Right part dis-
plays (from top to botto:n): the
cusp, the line of self-intetsection
PQ, the self-intersection on th

string. .

t

Tight wone

Fig.5. For non-flat supportng
curves the singularities are lo-
calized in isolated pinch points.
In the vicinity of pinch pcint
the world sheet has the folliw-
ing canonical form: (X,Y,Z) =
(&,6n,€* + 7). The string 1as
an instantaneous cusp in pass \ge
through the pinch point.

Fig.8. Supporting curve, nor-
monotonous along time axis. Due
to light-likeness property suc:
supporting curves necessarily have
singularities (cusps), correspon-
dent singularities are also inducel
on the world sheet (not shown'.
The supporting curve is the worll
line of one end of the string, we se:
in the figure, that the end of ths
string appears more than once i1
one time slice.
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Fig.7. Motion of cisconnected strings. Bold lines are the strings, thin line is the supporting curve
(projected to the res. frame). The supporting curve has two segments, marked by + and — on the first
frame, directed in Minkowski space forward and backward in time respectively. There is a long string,
which constantly presents in the system. The common features of its evolution are shown on the upper-left
frame sequence. Tim:: is measured in periods. Lower-left sequence shows in details the time interval, when
the end of the string passes the part (—). Additional short string appears near t = 0.10. Att = 0.17 the
recornbination (*) oc:urs: short string is attached to the long string and a part of long string is detached.
New short string disi.ppears at ¢ = 0.24. Some parts of the string have negative energy. Density of the
energy changes the sizn in passing through the cusps. The right frame shows the distribution of energy on
the strings near the recombination point.

1
|

Fig.8. More complex processes in the formation of disconnected strings. On the first frame the
following 4 disconnected elements can be found: Z-shaped long open string in the center, two short open
strings in the corners of supporting curve and closed string B, looking like a butterfly. In the process of
further evolution the long string recombinates (*) with short strings, adopting the shape of reverted 2
(frame 8). During this time the butterfly B is decreased and disappears on the frame 5. On the frame 4
new butterfly B’ app :ars. On frame 10 it enters into recombination with the long string and is included in
it. There are no closed strings on frames 11-14, here the long string in the center is simply connected. On
the frame 15 the butterfly B is detached from the long string. The frame 16 coincides with the frame 1,
and the evolution is “epeated again.
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1
2 Fig.9. Disconnected strings with spiice-
like period in simultaneous reference
3 frame. An infinite number of strings, pe-
“ = g g “  riodically located in one space direct on,

simultaneously appear on the fram¢ 1.
On the frame 4 the strings recombine. On

the framec 7 they simultaneously ditap-
5 pear. Further observation will show the

empty space.
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Fig.10. The same evolution observing in other reference frame. Here we see the moving string
formation, which periodically repeats its form. On the frame 1 strings a; and b, are presented. The string
a, disappears on the frame 3. The string b, deforms to the string aa. The string b; is creited from vacuum
on the frame 2. The recombination () occurs on the frame 5. In these processes all part of the system
do not exceed the velocity of light. But the mean velocity of the system is greater than the velocity of
light. The simplified model of energy transfer in this motion is shown on right figure. At first, there is
moving subsystem with positive energy, one sero energy subsystem is borning ahead it. and another one
is disappearing behind. Then the front subsystem polarizes, and the subsystems exchan;e by a portion of
negative energy (by string segment at the moment of recombination). After this exchang: the (4) acquires
gero energy and disappears. The remaining part of the front subeystem, carrying the initil positive energy,
continues to move.
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(fig.6). As earlizr, the problem consists in reconstruction of the world sheet from the sup-
porting curve by the method, described above, and determination of its equal-time slices.
The world shee:s generated by non-monotonous supporting curves are again topologically
equivalent to the band, i.e. correspond to open strings. However, the mapping of the band
in Minkowski s>ace is such that its equal-time slices contain disconnected parts. In time
ordered slicing such world sheet looks like a formation of the strings, which periodically
appear, disappear, split, fuse and rearrange parts.

Now we wil describe the common properties of evolution of this system. For non-
monotonous suoporting curve the vector P, might be either time-like (P? > 0) or space-
like (P? < 0). Yor time-like period we can choose the rest frame for the system, directing
time axis along the period. The examples of evolution are shown on fig.7,8. The typical
processes here are creation of strings from vacuum, their recombination and annihilation.
A study of ene:gy flows on the world sheets shows, that some parts of strings have neg-
ative energy (energy flow through the slice of the world sheet is directed backward in
time). Those components of the system, which born and disappear, have zero total en-
ergy, momentum and angular momentum. Therefore these processes do not violate the
conservation laws.

The picture changes dramatically, when the period is space-like (mass squared is neg-
ative). In pariicle physics such objects are called the tachyons. Correspondent world
sheets are stretched not in time direction, but in the space one. There is no rest frame
for this system. One can use simultaneous reference frame, where the period has pure
space direction. In this the world sheet has finite size in time direction, the evolution
lasts a finite time, see fig.9. In other reference frames the world sheet is sloped to time
axis, the string formation has finite sizes in space. It moves with the velocity, equal to the
slope |P|/ Py, vhich is greater than 1, the light velocity in our units. At the same time,
all parts of strings in formation do not exceed the light velocity. This motion is shown
on fig.10. It becomes clear from this figure, that there is no direct hyper-light transfer of
energy or information in the system, this transfer occurs through a sequence of creation,
annihilation and recombination processes. Not initial string but its exact copy arrives in
the finite point. ]

In classical string theory such solutions are usually rejected due to their exotic prop-
erties. Howeve, their rejection lead to extra difficulties in quantum theory [5].

Conclusion

The visualization of the relativistic string dynamics have been accomplished. To fulfil the
research we cr:ated a set of programs for the visualization of the world sheets of open
strings. As a 1ext stage we plan to study singular points on strings of other topological
types and the processes of string breaking.
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Abstract. The new method of net domain decomposition for nonlinear p:rabotic
problems is suggested. It involves the construction of the explicit iterative sch :mes in
each subdomain that provides high degree of parallelizing. The convergence tneorem
of iterative procedure is given.

The domain decomposition methods are widely used in the solution of partial dif-
ferential equations in order to reduce the problem to some separate prcblems in more
simple subdomains [1, 2]. Such methods are especially effective when they are realized
on multiprocessor parallel computing systems. Two main approaches are considered in
this method. The first one is connected with using implicit difference schemes which are
solved by iterative processes like component-wize splitting-up method. alternating direc-
tion method and others [3 — 5]. The second approach is characterized Ly constructing
noniterative methods directed to nonstationary problems [6, 7]. In both cases it seems
most perspective to use multicomponent alternating direction schemes [8, 9], which have
several advantages in comparison with classical schemes.

In the work [10] the new decomposition method with arbitrary subdo nain set based
on multicomponent alternating direction schemes for two-dimensional linezr elliptic equa-
tions was suggested. In the present report this result is extended to nonl near parabolic
equations in arbitrary dimensions. ‘

In the domain G with the boundary I' let us consider the boundary value problem for
quasilinear parabolic equation

%:Lu-}-f(z,t), (z,t) € G x (0,T]. (1)
u(z,0) = up(z), z€G, u(z,0)=up(xt), (z,1)€lx(0,"] (2)
0 Ou . )
where Lu = agl m(ka(z,t,u) 5;;), oy <ko(z,t,u)<egoa=Ll,...,p, i >0,i=1,2.

It is assumed that the functions k,(z,t,u),« = 1,..., p, are continuous with respect to u.
We specify in G the net Tp, = Ty, X &y, W = {arsa) = iaha, to = 00, Noy Noho =
=l a=1,...,p},@, = {t, = nr,n=0,1,...}, and consider diflerence scheme approx-

imating (1), (2):
¥ = Aj+@(z, i), (2,1) € wp x wy, 3

y(x,0) = uo(z), =z €wp, ylz,t)=p(z,t), (x, )€ xwre T=2n\wh, (4
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where a, are functionals defined by the coefficients of the equation (1) [11]. In order to
solve (3), (4) we 1se the iterative process

s+l
y - ~ 8+l 0
Y_R% 4o s=01,..., Y=y, (5)

T

Av = Z Aav, Aov = (aalz, i, y)u,a),a We suppose that the operator A involves the

bounda.ry conditions approximation. For solving of linearized equation (5) the next two
multicomponent ilternating direction schemes may be used [12, 13]:

s+1
(E+7q) G640 +T{ZA Y 4 Z 4558} =y + 7o,
B=a+1

»
el s4+1 s+1 s+1
(E+71Ad) U 4 ro(Aa 9055 — A, 4,0 473 AL 8,0 =y + 1,

a=1

k=0,1,..., Aavz—xav, y(o) ya, a=1,...,p

These methods g ve successive and parallel realization of algorithm. We construct analo-
gous methods on the basis of net domain decomposition.
We shall partition the net Ty, into elementary subdomains w;,, i, = {(Zi 451> Tiz4501 - - -
s Tiprip)r Jo € {0,1}, @ = 1,...,p}. In each point of subdomain (there are 2” such
points) define 2P components of solution. Each component in Wiy, ip 18 accosiated with
index j = [j1,... Jp]. Note that anumeration of components is unessential.
Let us define in subdomain wj, . ;, network operator

1 2 2F
Ay ip¥iy i = (Agl,).__'.‘,,y(l)il,...,i,,yAgh),,,,i,,y(Z){l,...,ipv e AS ),1,,!!(2»):1. ip)s

A.(,J_,),..,.-,,y(j)n,...,i,, =- Z ALJ")y(j).'l,...,i,,y Ja=0,1, j=1,...,2%

a=}
Ay = R lagve,, AMv= —h;lag"l")via, a=1,...,p.
Then we can write “intrinsic” iterative processes of the decomposition method for the

problem (5):

s+1 s+1 - .
(E + AL ,)W,»p) gl B . (YR =y e, j=1,...,2,  (6)

(7)it1senbp [P
. ()] stl(k+1) (AL ]
(l' + UTA511-~~v‘ﬂ) y(j)ianip + ( )TAlh wip Y (W) enip +
; s+1 .
+7BD (T ) =ytre, =1, @

B(J) '(vgl(m)) A(J) s+1(m)

i10mip (=D i (—1)P T ()i (1) i (—1)P Y

Qlw

By j= [} ..+],) we denote inversion of index, for example, if j = (1,0,...,0,1) then
= (0,1, 1 0'. The method (6) is realized successively in subdomains wj, i,....ip—1,ip~1,
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ia =0,...,No—1, then in subdomains wy, 4,,...ip-1,, and so on. The algorithm (7) admits
parallel computation of the solution in all cells of the net @j.

It is not difficult to show that the operator A, ., is positive definize. Really, by
definition we have

Vip

=(Z4y yeee Tip)

}4
(AisipWitrnip) = 2 (AWipoipWinoip = Y sa(yz.)?
Wip,nip a=1

>0

T=(Tiy 410 erTipt1)

P
+3 a1 (s,)?
a=1

for y(z) # 0. Thus the system (7) into 2P unknowns is explicit solvable under s fixed. So
one can consider constructed iterative process like explicit.
For each subdomains let us introduce the error vector

k41  s+1 s+l k+1_ k+1 s+1 s+1 0 _ ’+1(k+l) A+1(k+1)
y -y D A= (Aqg) - Agen), ¥ (k+1) = ¢ Yay oo Ym ).
The following theorem is valid.

Theorem. The iterative process (6) converges to approrimation 551 o’ the solution §j
of difference scheme (3), (4) ((7) converges to ayl under condition 0 > 1). The recurrence
inequality estimating degree of convergence takes place:

k+1 _ k 1 2
(&) < ' @A), @) = LlAv,0)+ (v, )]+ 5 7(3 40)
k 212 k
G =1+v(l—tom), v>0, =) (AA)?/Q%(4),

where the summation is over all cells of the net domain.
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Abstr:ct. Approximate evaluation of functional integral based on measure interpo-
lation formula is considered.

In this repcrt we give a short description of the method of approximate evaluation of
functional integrals which is based on the formula of the interpolation of measure. The
method was in detail developed for integral with respect to Gaussian measure (see [1, 2]).
Now we consider integrals on linear topological space X = X ([0, T]) of functions = = z(¢)
defined on the segment [0, 7] of the real line w.r.t. quasimeasure p with characteristic
functional of tle form

©=en{ I x.0)
X p (2p)! L ] b
where K (&1,.. ,&2p) is a real symmetric continuous n-linear form on X'x () xX'.

We suppose that

T T
K€ €)= [ P [ Bitr, ... tap) €(t1) . . E(tap)dts . . .dta,
1] 0

where B(ty,...,t3,) is the 2p-moment function of quasimeasure p. Our.approach is based
on employment the measure interpolation formula (see [3, 2]):

[ Ha)dut@) = [ a()duole
[(2p)!]‘1]01]X]OT e ]OT(B—BO)(tl,...,tzp)x

X fOP) (251, ..., typ) dty . . .dtg, dp,du, (1)

where u, is the quasimeasure with the 2p-moment function

Bu(tl,...,tgp) = ’uB(tl,...,tzp) + (1 - u)Bo(tl,...,tQP),

o be some fixed quasimeasure defined by 2p-moment function By(ty,...,t2p);
Fe (2, ..., “2p) is functional derivative of the order 2p for the functional f(z) at points
t1y0 ey t2pe
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Iterating equality (1) we obtain the expansion

T T k .
/f e )_Z[ W/ ‘”/ I'II(B—BO)(t‘l”,...,tg))x
b=

x/Xf(zpk)(z;t(ll),...,t(z;),...,t(lk),...,t(zl;))(l;to(.r)dzpkt+rN(f) =1, @)

where rx(f) is the residual of the formula, 2kt = dt(ll) .. .dt(zlp) .. .(lt(lk) . .dt(z’;), T2 =

2
(0, Tx % x[0, 7).
The next important point of our approach is partition of the domain 7?7 of moment
function into subsets of the form

0,7/21x 2 xjo, 7/2] x [T/2. T)x *77 x(T/2,T). j=0.1.2,....2p,

and estimate of the integrals

2p~

T/2 T/2 T -
B(T) = 2,,/ “’/ / ‘2.”..’)/T/2H(B Bol(t1,. .. t2,) d?Pt.

T/2

i=1,2,...,2p-1; d¥t=dt;...dlp.

where we choise By(t) = B(t) for t belonging diagonal subsets and Bp(t) := 0 otherwise.
In the case of Gaussian measures (p = 1), B(T) is bounded for all T = E when the
correlation function is § exp{—|t - s]}, and B(T) = oo as T — oc fcr Wiener and
some other measures. In our case appropriate quasimeasures with B'(T) — oo are the
quasimeasures with 2p-moment function

B(ty,...,tp) = exp{—max(ty,...,t2,) + min(ty,...,.t3,)}. (3)

For these quasimeasure B’(T) is bounded for all T and j = 1.2,...,2p - 1. So, if the
derivatives f(2P%)(z;t) increase slovely the series (2) will be convergent. By the analogy of
Gaussian case we consider the integrated functionals of the form

flz(:) = exp{/\/OT V(;r(‘r))(l‘r}

and we use the fact that under above chosen Bq(ty,...,t2,) the functioral integral in
(2) may be represented in this case as a finite sum of products of integrals over space
X([0,7/2)).

Then we can apply the partition to integrals over X ([0,7/2]} and X ([7/2,T]) and so
on while after [ steps we come to approximate expression containing the integrals over

spacesX(T“ ﬂ%——l), k=1,...,2%

As an example we consider evaluation by the proposed method the intezral

T
I= / exp{i)\/ a:(r)(lr}(l/:.
0
X({o.T])
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This integral may be calculated exactly:

[=exp{((;p)) /T“”’/ Blty, ... tsp) dt, .. dtgp}

We take p = 2 and in this case

I =exp{(3+2T+T?/2)exp(-T)+ T - 3}.
The derivative in the formula (2) is evaluated exactly and it is equal A%,
B'T)=4![3+(3+2T+T%/2)e™" + (-6~ 2T - T?/4)e”T/?].

Then the integral from B(fy,...,t2,) over [a,b] X ... X [a,b] is equal to integral from
B(ty,...,t2p) over [0,b —a] X ... X [0,5 — a], so we only have to evaluate the functional
integral over X ([0,T/2']). For calculation of this functional integral we use approximate
formula of given algebraic accuracy degree 2p(n+1) — 1 (see also in [4] the another formula
for B(tl, . .,tz;,) = min(tl, . -7t2p)):

/Xf(x)du(z) Le, ... nf<zn:(cf"))‘/(2”’xz> = Lnf, (4)

=1

where c("), 1:=1,2,...,n, are the roots of the polynomial i( 1)kcrk kY Ly,

k=0
the functional I applied to f considered as a functional of the single argument z; € X;
the functional .. f(-) is defined by the equality

/ /°° S‘;f (p1(2,-)p2(v,-))e* “dudv+
+/ Saf(p2(v,-))e~"dv + f(0)(1~ €T),

where S,,f( z) == E f(zka:) 2k, k=1,...,4, are the roots of the equation 2% = 1;

p1(u,t)y = 1[0 g ru) i 1s the characteristic function of the segment [0,t]; pa(v,t)=1forv >t
and it is equal ) for v < t.
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Abstract. The problem of solidifying (melting) under the action of a forced hydro-
dynamic flow is considered. The problem admits a formulation in terms of a ncn-local
Lowner-Kufarev type PDE for analytic functions. This gives a useful tool fo- study
the behaviour of solutions. It is shown that a crystal with parabolic tip pro)agates
without change of its shape at a steady velocity.

1 Introduction . A

For the last decade much attention has been paid to the problems of pattern formation
in two-dimensional hydrodynamic systems [1]-[3]. One of them is conc:rned with the
problem of dendritic crystallization in the so-called diffusion-limited rejime when the
growth velocity is determined by the rate of diffusion of latent heat away from the front
[2]-[11]. As was first shown by Ivantsov [4], the dendrite of parabolic shap: propagates at
a constant velocity; however, the tip radius ! and velocity v cannot be se ected uniquely
within the framework of Ivantsov’s approach. One possible mechanism of lendritic shape
selection is influence of crystal anisotropy [2]-[11]. It has been shown that the anisotropic
surface tension breaks the Ivantsov family into a discrete set of possible shapes [11]. But
it is not completely clear that anisotropy is the sole mechanism involved :n the selection
process. In real experiments the existence of hydrodynamic flow can play significant
role in selection process and very little is known about the action of inposed flow on
crystal growth [12]. Boisson and coauthors [12] drew attention to analysis of influence of
hydrodynamic forced flow on the growth process because the results coulc help in better
understanding of the selection problem. By the way, the problem of solidilying of moving
liquids is far itself to be studied in detail. Recent theoretical studies [13}-{17] have been
performed to extend the Ivantsov parabolic solution over the potential and the viscous
flows. In particular, it has been found that the Navier-Stokes model wil not allow an
exact similarity solution any more [15]-[17] while the potential flow admits the Ivantsov-
like solution [13]-{14]. The last problems appear, for example, in context of the method
of artificial freezing and thawing of flow in porous media [6] —{8] and it is applicable to
study the process of crystal solidifying and melting in the Hele-Shaw cell.

This work is aimed to formulate the problem of two-dimensional solidify:ng and melting
in potential flows in terms of analytical functions. Such a formulation en:.bles us to give
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an effective too for analysis of more complicated thermo-hydrodynamic regimes and to
find the commcn mathematical nature of patterning in different, at a glance, physical
problems [1]-[3]. The semi-infinite frozen bodies will be considered. As an example the
growth of parabolic dendrite will be discussed.

2 Mathernatical model

We consider two-dimensional steady-state flow that satisfies Darcy’s law. We assume
that the liquid is incompressible and the thermophysical parameters of the matter are
constant. The temperature and the velocity at infinity are denoted by To, and V. In a
plane orthogonal to the wide side of dendrite we introduce the coordinate system z = z+iy
and the comple< flow potential W = ¢ + i1, where ¢ is the velocity potential and 1 is
the stream func ;ion. The velocity potential is related to the pressure p by ¢ = —kp/Vopul
where k- is the permeability of the medium, g is the viscosity of the fluid and [ is the
characteristic size of dendrite which must be found. The variables z,y and function W
are dimensionle:s so that z = 2’/l, y = y'/l, where symbols z’ and y' denote dimension
variables. The riathematical model of the phenomenon in dimensionless variables has the
form
V.-V=0, V =V, PeV -V8= A0, ze€D(t);

0 _, 0_

b=0, Ton "™ nm

0, 2€8D(t); (1)

V=(1,0), {z]l—-00 ;

. .08
Jdim =1, lip =0,
D(O)li=o = Do-

Here v, is the normal (outward with respect to liquid region) velocity of dendrite
growth associated with the dimensionless time t = t/A\(To, ~ T;,)/{*H , ¢ is the dimensional
time. Note that such a normalization describes both the melting ¢ > 0 and the solidifying
t < 0. H is the latent heat, A is the heat conductivity of liquid, and phase transition
temperature is cenoted by 7,. We assume it to be a physical constant of the solid-liquid
pair. Function § = (T —T,)/(Tw — T,) describes the temperature field within liquid. The
Peclet number F’e = V,.l/a is a measure of intensity of the convection heat transfer with
respect to conduction and a is the thermal diffusivity of liquid. The region D is occupied
by liquid, 8D is its boundary and Dy is the corresponding initial domain.

We use the time independent equations, because in most applications the effect of
volume heat capacity is negligibly small compared with the surface heat release effect
[5],[17]. We also assume that the imposed hydrodynamic velocity is much greater than the
* velocity caused by the effect of the solid-liquid density difference and, more strongly, the
velocity of forcec flow is much greater then the velocity of crystallization. Then the frozen
body at any instant of time serves as an obstacle for flow and does not change the velocity
distribution due to interface motion. When hydrodynamic and crystallization velocities
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are comparable the problem becomes more complicated and we cannot dir:ctly apply the
technique proposed below. At the same time the experimental situation m :ntioned above
is wide spread [12, 5] so that the model is reasonable.

3 Splitting of the problem

It is remarkable that the moving boundary problem (1) may be split into two "indepen-
dent” subtasks [14]-[17], where the first one is the problem of the heat exchange between
the semi-infinite isothermic knife and the homogeneous flow. The second subtask is it-
self a free boundary problem. To demonstrate such a reduction we apply “he Boussinesq
transformation [19] to the convective heat transfer equation. This is equivilent to a con-
formal mapping of the liquid region from the physical plane onto a domain in the plane
of complex potential W or use , % as independent variables. The respective balance
equation for the temperature field is written in the form
a6 9% 9%
Pe—=—— 4+ —. (2)
o Op?  OY?
The body cross section must map into the cut directed along the real axis ¥ = 0 in
the complex potential W-plane. In accordance with the above mentioned v/e have
lim 6=1 li a0—0' =0 €[0,00), ¥ =40 (3)
v—~r—noo—’ wJTwaw"y =Y, ¥ » ) = .
The problem (2)-(3) may be treated as a problem of heat exch;nge betweer the knife and
homogeneous flow of velocity Pe. The problem (2)-(3) is solved separately 9] and for the
solution one can find the relation

a8 2Pec
I% —HE, ¥=0. (1)

The heat flux at the unknown boundary will be transformed to

2| _ |0 ov| a0 ow _ o7 o .
an|  |ovlon] |0y 0z | \ wp |0z | ®)

Condition (5) enables us to reformulate the initial problem in terms of analytic func-
tions by the same way as for the Hele-Shaw problem [, 10, 3].

4 Polubarinova-Galin equation

We introduce the auxiliary planc w (the plane of canonical variables) so tiat the upper
half of the plane corresponds to the region of flow and note that W = w?. *Ne attach the
origin of coordinates to the stagnation point and the corresponding point in the auxiliary
plane is also placed at the origin of coordinates w = £+ in. Let function f map the upper
half of the w—plane onto the region D(t): z= f(w,t). The unit normal vector to the
moving interface dD(t) = zq(t) + iyo(t) can be expressed as
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af|af|™!
aclae| -

Then the normzl velocity of the interface has the form

n=mn;+in, =1

vp = (£one + Yomy) = R{(:’co + igo)(ne — in,)}:

of. JOf|8f|”

‘SR{ ot 9w | 0w

On the other hand, the boundary of the frozen region is a stream line. Therefore, at the
interface of dendrite we have

}7 f € (_00100)7 n-— +0' (6)

. T il 8W
illawl(v iV,) = +i|— 305, = U ¥ = 10. (7)
Combining Egs. 4)-(7) we get the condition
(9f 37 2Pe OW -
R (3t 50) = "\ 7 qur E€(0000) mo 0. ®)

In Eq.(8) we tace into account the multivalence of the square root function so that the
heat fluxes at the different sides of the cut have the different signs. Finally using

W = w’, (9)

we find the Polubarinova—Galin equation [3]

w{2L; gf}_- V2L £ (o000), m=0 (10)

In addition to the boundary, condition (10) we must clarify the asymptotic behavior of
function f at inf nity and specify the initial dendrite shape. To do the former, one can use
the boundary ccndition for velocity at infinity. There are many lot of possible hydrody-
namic situations which are distinguished by boundary conditions at infinity. One of them
is specified in problem statement (1). However, this is not the only possibility. We specify
the initial dendr te shape as

f(w,0) = fo(w), (1)

where f, is the mapping of the upper half plane onto the initial region D,. We thus
arrive at the non-linear boundary value problem (10)-(11) for analytic function f. Thus
the boundary vaiue problem (1) is reduced to the system of Eqs.(10),(11) and a boundary
condition at infinity.
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5 Ivantsov’s dendrite.

We reproduce here the Ivantsov solution, i.e. we show that the dendrite of parabolic shape
grows at constant velocity. We shall deal with a dendrite whose transverse sizes increase
at infinity not faster than \/z. The solution was obtained by another way in [13, 14].

To obtain such a solution we use the boundary condition for flow velccity at infinity
mentioned above in (1)

oW W dw

Equation (12) is written in such a form which presumes that the symmetry axis of dendrite
to be aligned in z direction. Substituting Eq.(9) into Eq.(12) we arrive at asymptotes

fxw?, w— ool ‘ (13)

On the basis of problem (10),(11),(13) we seek the steady shape of dendrite growing
in supercooled liquid. Consider the solution of this problem in the parabo.ic form

f=w?+iA(tw + B(t). (14)

Then the boundary condition (13) is satisfied automatically and Eq.(10) leids to formulae

. 2Pe t
A=0; B=12/ — ) ) (15)

In the third formula of Eqgs.(15) without loss of generality we can set A = 1. It means
that all spatial variables are normalized by the tip radius {. In dimensional form we find
the velocity of propagation of the parabolic dendrite as

_2MTe - Tp) Ve
g Ta (18)

This formula differs from the Ivantsov formula and we cannot take the limit V,, — 0
because the time dependent solution destroys. Remind that within the fremework of our
statement the hydrodynamic velocity is much greater than the crystallization velocity
v. Namely such a regime enables us to separate the Boussinesq problem from the free-
boundary problem itself. In opposite limit the explicit solution is more ccmplicated and
has been presented in [13, 14].
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Abstract. Calculations of entropy and critical phenomena are challenging yroblems
in computational physics, which have attracted tiie attention of many res:archers.
We have proposed histogram Monte Carlo simulation methods (HMCSM) to solve
these problems. There are two versions of the HMCSM: simple sampling (SS) and
important sampling (18). Our SS-HMCSM is simpler than our IS-HMCSM: it may
be applied to random percolation models on very large lattices and correlated perco-
lations corresponding to spin models or hard-core particle models on mediim-sized
lattices. OQur IS-HMCSM may be applied to correlated percolation on large lattices
and it is still simpler than the method of Ferrenberg and Swendsen. Qur IMCSM
may be applied to calculate very accurate entropy of phasc transition mocels with
relatively little effort. The HMCSM may also be combined with a percolaticn renor-
malization group method to obtain very accurate critical point, critical exponents,
and thermodynamic order parameter of phase transition models. Recently. wi applied
our HMCSM to calculate the existence probability Ep, the percolation probability P,
and the probability W, for the appearance of n, n =1, 2,.... top to bottom "ercolat-
ing clusters for bond and site percolation on finite square (sq), planar triangt lar {pt),
and honeycomb (hc) lattices. Here Ep (G, p) is the probability that the syste n perco-
lates and P(G,p) is the probability that a given lattice site belongs to a pe colating
cluster. We found that, by choosing appropriate aspect ratios for each lattice and
nonuniversal metric factors for each model, we can obtain universal scaling functions
for Ep, P, and W, for six different percolation models on planar lattices.

1 Introduction

It is my pleasure and honor to come from Academia Sinica [1]. Taipei [2], Taiwan {3]
to give a talk at CMCP’96 at Joint Institute for Nuclear Research [4], Dubna, Russia.
Taiwan is located between Korea and the Philippines and to the east of lfainland China.
Although the total population in Taiwan is only about 21 millions, Taiw: n ranks third in
the world in manufacturing computer products, after only USA and .Japun. Therefore, it
seems appropriate that 1 come from Taiwan to give a talk at CNCP 96.

1 begin by outlining some of the important and interesting current problems in statis-
tical and computational physics.

1. Calculation of entropy by a Monte Carlo method

It follows from the second law of thermodynamics that for every thermcdynamic system
we may define a state function, called entropy and denoted by 5. which ir a fuction of the
thermodynamic variables of that state and does not depend on the history of the system
[5]. The second law of thermodynamics implies that the entropy is a monotonic increasing
function of time. It is easy to calculate the internal energy U7, the spec fic heat (. the

'Key lecture presented at International Conlference: Computational Modelling and Computing in
Physics, 16-21 September 1996 (CMCP’96), Dubna, Russia.
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magnetization M, etc of a thermodynamic system by Monte Carlo methods; however, it
is not so easy to calculate entropy. In the traditional Monte Carlo calculations of entropy
for a thermodynamic systems at a temperature T, one should calculate the specific heat
of the system froin zero temperature to temperature 7', then use numerical integration of
the specific heat irom 0 to T to obtain the entropy at T [6]. This procedure is very time
consuming and tedious. In the last few years in his life, Shang-IKeng Ma tried various
methods to calculate entropy by Monte Carlo simulations and proposed a coincidence
method [7], whicl may give entropy of a thermodynamic system at T from Monte Carlo
data at T only. Hywever, the method is very time consuming. The time required to obtain
the entropy of a :ystem of size N is propotional to ezp(cN}, where c is a constant. We
need more efficient ways to calculate entropy of a thermodynamic system.

2. Calculation of order parameter for phase transition models

A very impor-ant quantity in phase transition problems is the order parameter, e.g.
the spontaneous nagnetization in the paramagnet to ferromagnet transition, the density
difference of two kinds of atoms in a sublattice of a binary alloy, etc. Famous models
for phase transitions include the Ising model [8, 9, 10], the ¢-state Potts model [11], and
the percolation model [12]. In 1952, C.-N. Yang spent much effort to obtain an exact
solution for spont aneous magnetization of the Ising model on a square lattice [9]. In 1972,
Yang said: “It seems to me that the prospects of finding an exactly soluble two-dimensional
quantum mechanizal problem or a three-dimensional classical problem of a nontrivial type
are rather remote. Perhaps the combinatorial problem of paths in three dimensions is
just too complica.ed [13].” More than 20 years have passed. The progress in the exact
solutions of order parameters for phase transition models is very slow. What Yang said
in 1972 is stilf trus today. We must try to find other methods to calculate accurate order
parameter for phzse transition models.

3. Calculation of universal scaling functions for critical phenomena

Universality and scaling are important concepts developed in statistical physics, which
have applications in many branches of sciences. In 1971, M. E. Fisher proposed the idea
of finite-size staliig in static ‘critical phenomena [14] and in 1977 M. Suzuki proposed
the idea of finite-size scaling in dynamic critical phenomena [15]. Before 1984, it was
widely believed that universality holds for critical exponents and not for finite-size scaling
functions, e.g., all two dimensional Ising models have the same set of critical exponents,
but different lattices have different finite-size scaling functions. In 1984, Privman and
Fisher proposed t 1e idea of universal finite-size scaling functions and nonuniversal metric
factors in static ¢ itical phenomena [16]. For about 10 years after 1984, there have been
no important progress in the calculation of the universal finite-size scaling functions. New
approaches to attick this problem is needed.

We have proposed histogram Monte Carlo simulation methods (HMCSM) {17, 18, 19,
20], which are useful for solving these problems. There are two versions of the HMCSM:
simple sampling (SS) [18, 21] and important sampling (IS) [19, 20]. Our SS-HMCSM
is simpler than oar IS-HMCSM; it may be applied to random percolation models on
very large lattices and correlated percolations corresponding to spin models or hard-core
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particle models [22, 23] on medium-sized lattices. Our IS-HMCSM may be applied to
correlated percolation on large lattices and it is still simpler than the method of Ferrenberg
and Swendsen [24]. Our HMCSM may be applied to calculate very accu-ate entropy of
phase transition models with relatively little effort. The HMCSM may al:o be combined
with a percolation renormalization group method [25] to obtain very a:curate critical
point, critical exponents, and thermodynamic order parameter of phase tr:nsition models
(17, 21].

' We have also applied our HMCSM to calculate the existence probability E,, the perco-
lation probability P, and the probability Wy for the appearance of n, n = 1, 2,..., top to
bottom percolating clusters on finite square (sq), planar triangular (pt), :.nd honeycomb
(hc) lattices. Here E,(G,p) is the probability that the system percolates and P(G,p) is
the probability that a given lattice site belongs to a percolating cluster. 'We found that,
by choosing appropriate aspect ratios for each lattice and nonuniversal metric factors for
each model, we can obtain universal scaling functions for E,, P, and W, -or six different
percolation models on planar lattices [26, 27, 28, 29].

2 Calculation of entropy

The free energy f of a thermodynamic system is related to the the internal energy U and
the entropy S of that system by f = U — T'S. Since it is easy to calculate U, the difficult
problem of calculating S is eqivalent to the problem of calculating f. In this section, we
present HMCSM to calculate f. We first present SS-HMCSM (18] for the ¢-state Potts
model (QPM}, then outline main ideas for IS-HMCSM [19, 2Q].

Based on the subgraph expansion of Ising-type models in external fields, Hu has shown
that phase transitions of many Ising-type models can be described as geome:ric percolation
transitions [22, 30, 31, 32, 33]. In particular Hu has shown that phase trinsitions of the
QPM are percolation transitions of a g-state bond-correlated percolation model (QBCPM)
[22, 31], in which a subgraphs G’ of (G’) occupied bonds and n(G’) clusters will appear
with the probability weight:

(G’ p,q) = P (1 - p) BN, (1)

where p=1—ezp(—K) = 1—ezp(—BJ) with J being the nearest neighbo" ferromagnetic
coupling constant and # = (kgT)~!. The spontaneous magnetization M ard the magnetic
susceptibility x of the QPM are related to the percolation probability P and the mean
cluster size S of the QBCPM, respectively [22, 31]. In the following, we pres2nt our method
for the QPM and the QBCPM [22, 31]. The extension to other systems and the potential
applications of the method are discussed at the end of [18].

In the SS-HMCSM [18] for the QBCPM on a lattice G of N sites and E n2arest neighbor
bonds, the bond random percolation process is used to generate subgraph:; G’ of G using
a sequence of bond probabilities of increasing magnitudes: 0 < p; < p2 <p3...<pw < L.
For each p;, 1 < § < w, we generate Np different subgraphs G’ of G. The total number
of occupied bonds in G*, b(G’), may be calculated easily. The multiple labzling technique
[34] is applied to G’ to calculate the total number of clusters in G’, n(G’}, and the total
number of sites in percolating clusters, N*(G’), which is 0 for nonpercolating subgraphs.
The data obtained from wNRg different G’ are then used to construct three matries with
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elements Np(b,1t), Ny(b,n), and Npp(b,n), with 0 < b < E and 1 < n < N. Here
Np(b,n) is the otal number of generated percolating subgraphs with b occupied bond
and n clusters, V;(b,n) is the total number of generated nonpercolating subgraphs with
b occupied bonds and n clusters, and Ny,(b,n) is the sum of N*(G’) over percolating
subgraphs with b occupied bonds and n clusters. In the large number of simulations,
we expect that the total number of percolating subgraphs with b occupied bonds and
n clusters, Nyp(n,n), and the total number of nonpercolating subgraphs with b occupied
bonds and n clusters, Nys(b,n), should be proportional to Ny(b, n) and Ns(b, n) with the
same proportioral constant C'(b), which may be determined from the following equation:

N N
C () DOINp(6,m) + Ny(b, ) = Y [Nep(b, n) + Neg(b,0)] = C. (2
n=1 n=]

Now we define I(p,q,b,n) by the equation: I(p,q,b,n) = (el — 1)b¢" = eFNEpb(1 —
p)E~b¢". The sum of I(p, ¢,b,n) over all possible percolating subgraphs G, gives R(G,p,q);
the sum of I(p ¢,b,n) over all possible nonpercolating subgraphs gives Q(G,p,¢). In
the HMCSM, F:(G,p,q), Q(G,p,q), and the percolation probability P(G,p,q) may be
calculated from following equations

RG, 1) = 3 5 1(p, b, 0)CF o 01 3
o b=0 n=1 Y ’ }rY=1 [Np(bvn‘)+Nf(bvn)],
. Ny(b,n)q™
QG,p,9) I p,q,b n)CE , (4)
gg P TN INy(0,n) + Ny(b,n)]
N_,(b,n)¢" /N
P( ' Pq) = ZZII”qvanb pp( )1/ (5)

b O n=1 ZnN=1[NP(bY TI) + Nf(b' 77,)].

The sum of R(G,p,q) and Q(G, p,q) gives the partition function Zn(G,p,¢), from
which we may calculate the free energy f(G,p, q)

F(G\p,9)=1nZN(G,p,q)/N = F.(G,p.q) + Kz/2, (6)

where F,(G,p,q) is the difference between f(G,p,q) and Kz/2 with z being the coordi-
nation number >f the lattice. It approaches Ing as p = 0 and approaches 0 as p — 1
and N — oo. The internal energy U and the specific heat C', may be obtained from the
derivatives of the free energy

~ 35 G0, Ch = UG ). ™)
The existenc: probability E,(G, p, ¢) is defined to be the ratio of R(G, p, q) and Z(G, p, g).
It should be noted that F,, U, Ch, Ep, and P presented above are continuous function of
p. This is quite lifferent from the results obtained by traditional MC simulation methods
[6]. We have calculated Fe, U, Cy, E,, and P for the QPM on lattices of different linear
dimensions L. Typical calculated results for the square (sq) lattice are shown in Figs.
1(a)-1(b) of {18] where the exact results of Ferdinand and Fisher [10] are shown by dotted

UG,p,q) =
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lines for comparison. Fig. 1(a) of [18] shows that our Fe, U/, and C}, are -onsistent with
the exact results {10] to high degree of accuracy.

For large lattices, the SS-HMCSM gives low statistics to elements of N, b, n), Ns(b, n),
and Npy,(b,n) with large n and results obtained from Eqs.(3)-(5) for large ¢ are not ac-
curate. To overcome this problem, we may use an importance-sampling method, e.g. the
cluster algorithm [35], to calculate histograms, then use a sum rule similar t > that of Eq.(2)
to analyze the data [17, 19, 20]. Using such IS-HMCSM, we have obtained accurate Fy,
U, and C}, for the Ising model on a large lattice [20].

3 Calculation of order parameter

Suppose we already carry out histogram MC simulations on lattices G axd G of linear
dimensions L, and Lj, respectively, where L; > L;. The percolation RG transformation
from lattice G, to lattice G; is given by [25]: :

Ey(G2.p',9) = Ep(G1.p.9). (8)

which gives the renormalized bond probability p’ as a function of p. The fixed point of
Eq.(8) gives the critical point p.. The thermal scaling power y; and the fiel] scaling power
yn, which is equal to the fractal dimension D of the percolating cluster at j. [36, 37], may
be obtained from the equation:

ap’ P(G!.pcg)L{
1 (In 7’%);’: o In PGy o)L .
—=yp=—F p=D= —""F—=, (9)
v In © In ~

Using Eqs. (8) and (9) with L, = 16 and L; = 8, we calculated p., y, and yx for
the QPM on the sq lattice. The results were shown in Fig. 2(a) of [18], vhere the exact
solutions [11] were also shown by solid lines for comparison. Figure 2(a) shows that our
method gives quite accurate results. Using the method of Ref.[25], we ite ated Eq.(8) to
obtain the percolation probability, i.e. the spontaneous magnetization, fcr the QPM on
the sq lattice in the thermodynamic limit. The results were shown by solid lines in Fig.
2(b), where the exact result of Yang [9] for the Ising model was shown by a dotted line for
comparison. The agreement of our result with Yang’s exact solution [9] is excellent. We
also used the same method to obtain very accurate order parameter for site percolation on
sq and simple cubic lattices [21], which is certainly a nontriviel type [13] phase transition
model.

4 Universal scaling functions

In 1995 ~ 1996, we applied the HMCSM to calculate the existence probability E,, the
percolation probability P, and the probability W, for the appearance-of n, n =1, 2,...,
top to bottom percolating clusters on finite square (sq), planar triangular (pt), and hon-
eycomb (hc) lattices. Here Ep(G,p) is the probability that the systemn percolates and
P(G,p) is the probability that a given lattice site belongs to a percolating cluster. \We
found that, by choosing appropriate aspect ratios for each lattice and nonuniversal metric
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factors for each model, we could obtain universal scaling functions for E,, P, and W, for
six different per:olation models on planar lattices [26, 27, 28. 29]. We also found that the
nonuniversal metric factors are independent of the boundary conditions and extra factors
multiplied on aspect ratios of each lattice [27, 29]. The values of 1V, at the critical point
are useful for ur derstanding o3%* in the quantum Hall effects [38, 39. 40]. Very recently,
Wang and I used a Monte Carlo method to find that the continuum percolation of soft
disks and hard cisks have the same universal scaling functions as the percolation on planar
lattices [41]. Wing and [ also used heat bath dynamics and Glauber dynamics to evaluate
the dynamic critical exponent z and the dynamic finite-size scaling function of an lsing
model on sq, pt, and hc lattices. We found convincing evidence that z is universal and,
by choosing appropriate nonuniversal metric factor for each lattice, the scaling function is
also universal [42]. Based on the connection between the g-state Potts model (QPM) and
a g-state bond-correlated percolation model (QBCPM) {22], Chen and I used a cluster
Monte Carlo sirnulation method [35] to calculate the universal scaling functions for the
QPM on sq, he, and pt lattices [43]. The nonuniversal metric factors for the Ising model ,
i.e. QPM with ;= 2, are consistent with nonuniversal metric factors in dynamic critical
phenomena obtiined by Wang and Hu [42].

5 Final remarks

In summary, we have developed histogram Monte Carlo simulation methods, which may
be implemented easily, yet they give fairly accurate critical points, critical exponents, and
order parameters. We have used such methods to find universal scaling functions for bond
and site percolation on lattices. _

Many scient sts and engineers are working very hard to improve computer hardware,
software, and networks. Improved technology has helped computational physics to make
progress very quickly. This trend will continue in the future and computers will play an
increasingly imyportant role in our research.
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FAST MULTILEVEL ITERATIVE SOLVER FOR
HARMONIC BOUNDARY VALUE PROBLEM ON
POLYGONAL DOMAIN.

B.N.Khoromskij and E.G.Nikonov.
141980 Dubna, Moscow region, Russia JINR LCTA.

e-mail: nikonov@cv.jinr.ru

Abstra:t. Fast iterative solver for harmonic boundary value problem (BVP) on
polygond domain is presented in this paper. Harmonic BVP was solved by conjugate
gradient (CG) method with multilevel preconditioner{4] based on optimal algorithm
of a marix-vector multiplication. This matrix corresponds to a discrete Poincaré-
Steklov aperator. Results of comparative analysis with cascadic CG[3] and computers
tests art presented.

Consider an application of cascadic conjugate-gradient algorithm (CCG-algorithm) to
solving BVP for Laplace equation on right triangular domain. Let § be a triangular
domain composed of M matching rectangles R; and K regular right triangles T, such

that © = (U¥, R) WU T0) (see Fig. 1).

ry

Iy
Figure 1:

Let Ty be the piecewise uniform triangulation of  aligned with the skeleton I'yp =
Ui i, T = ORi or T'; = 3T} including T’ = Q. Assume the triangulation of any subdomain
R; or T; to be uniform. Starting with the above coarse decomposition of 2 we introduce
a more refined >ne assuming that any triangle T; is composed of n; — 1 rectangles and »n;
triangles of size O(h), as proposed in [1],[2]. This produces the so-called refined skeleton
Iy O Ts, which defines the resultant decomposition of Q into M’ rectangles R; and
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K’ triangles T; (we use just the same notations for corresponding subdoir ains as in the
case of coarse decomposition). The fast algorithm of computations with Peincaré-Steklov
operator St , defined on the refined skeleton I'yx is based on the fast comp:itations of the
harmonic Poincaré-Steklov operator Sj,, defined on each rectangles R, prod-icing I's; with
the complexity [1]:

M
loge™' S~ O(nilog? ny),
i=1

where ¢ is the error reduction factor.
Apply CCG-algorithm to the following mixed BVP.

Au = 0 in

alp, = 0
ou
FE Ir, = ez (1
ou | _
g7 0 = vs

This BVP is equivalent to the operator equation for Poincaré-Steklov operator
Su=¢. (2)
Here u is a trace of & on [y, ¢ is equal g;:‘ on exterior boundary and equal zero
on interior lines of I';x. Then consider a sequence of finite-dimensional vector spaces
Mo, My, ..., M; corresponding a sequence of skeletons (I'si)o. (I'sk)1. o ('), Assume
also that linear "interpolation” operators

I" : [M,‘-‘)A"H.l. 1-_—0,1.]— 1. (3)
are given. Besides we have linear invertible operators
SitM; = M, i=0/1,..1L -H

Then the main objective of the CCG-algorithm consists in solving the following prob-
lem in a vector space M;: for a given ¢, € M;, find w; € M such that

Sy = ¢y (5)

The main feature of the cascadic algorithms consists in successively solving the prob-
lems: for a given p; € M;, find w; € M) such that

Siwi =, 1=0,1....,1 (6)

Now we can formulate the CCG-algorithm in more detail [3}.

CCG-algorithm.
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{ 1. Set Ug = So_llpo.
2. Fori=1,2,...,ldo:
{2.1. Set w; = I;_1ui1;
2.2. Do m; iterations of the conjugate-gradient method:

Yo = Wy
Po = 70 = ¥i — Siyo;
o0 = (ro,To)i;
fori=1,2,...,m,; do:

{ Qp—y = (Pk-l,;gipk—l)/ak—u

Yk = Yk-1+ 5, 7Pk-1;
e = rio1 = g SiPk-1;
Ok = (Tgy Th)is

B = 04/ k15

Pe =1k + Bkpr_1;
} the end of the iteration;
2.5, Set u; = Y, 3
} the end of the level 7 ;
} the e1d of the algorithm.

Computer tests were made for the problem (1,2) with the model function:

inh(a z ok
u'{z,y) = E—Zﬁs—x—)—ﬁsin(a(y— z)), ar= ZB . {n

Results of computations without applaying CCG-algorithm are presented in table 1.
After applying CCG-algorithm results shown in table 2 can he obtained.

i | Ngee | iter | Initaapprox. | |[u; — w*|le | |lui — w*||1, Time

2 9 10 0.00E+4-00 3.94E-02 3.15E-02 2.28E-01
3 25 20 0.00E+4-00 9.91E-03 8.15E-03 4.38E-01
4 65 34 | 0.00E400 2.60E-03 2.11E-03 1.31E+00
5 161 51 0.00E+400 6.54E-04 5.44E-04 4.59E4-00
6 385 75 0.00E+00 1.64E-04 1.39E-04 1.78 E+01
7 897 108 | 0.00E+00 4.10E-05 3.49E-05 6.26E+01
8 2049 | 154 0.00E+-00 1.02E-05 8.77E-06 2.29E4-02
9 4609 | 219 | 0.00E+400 2.57E-06 2.20E-06 8.39E4-02
10 | 10241 | 311 0.00E+00 6.67E-07 5.62E-07 3.12E4+03

Table 1: CG.|IS7 w; — @iflr, /I1S714? — @illL, < <10, €10 = 9.54E — 07

Using multile vel Schvarz method with BPX preconditioner [4] we obtain the follow-
ing algorithm w th CG as a smoother: Find the solution of Sju = ¢; by solving the
preconditioned s;’stem

BiiSiu = B ', (8)
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i | Ngce [ iter | Init.approx. | |lu; — w*{lc | |Jui — vz, Time

2 9 10 6.74E-01 3.94E-02 3.15E-02 1.83E-01
3 25 22 2.65E-01 9.91E-03 8.15E-03 4.63E-01
4 65 35 9.16E-02 2.60E-03 2.11E-03 | 1.5¢E+400
5 161 48 2.85E-02 6.54E-04 5.44E-04 4.6: E4+00
6 385 63 8.30E-03 1.63E-04 1.39E-04 1.5¢E+01
7 897 80 2.33E-03 4.09E-05 3.49E-05 4.8¢E401
8 | 2049 | 90 6.39E-04 1.02E-05 8.78E-06 | 1.4:E+02
9 | 4609 | 107 1.73E-04 2.55E-06 2.23E-06 4.42E+402
10 | 10241 | 65 4.62E-05 9.67E-07 1.23E-06 9.2: E402

Table 2: CCG .||S; u; - @illL, < &, €i-1 = €i/3, €10 = 9.54E -- 09

where

B! = MoS5 0 4+ M DY + ...+ Lo DA + DY 9)

Here II; : M; — M; is the standard nodal value interpolation operator and II¢ : M; = M;
is the adjoint operator of II;. The diagonal elements of D; contain information on the
shapes of the triangles and the coefficients of the problem. The results ¢f computations
are presented in the Table 3.

Nycer | iter | Init.approx. | ||u — w*|lc | [ju — *)iL, Time
1 2 5.31E-01 8.45E-01 8.45E-01 | 0.00=400
3 8 1.88E4-00 1.28E-01 1.31E-01 | 0.002+00
9 13 | 2.66E+00 3.94E-02 3.15E-02 | 1.00Z400
25 19 | 3.39E400 | 9.91E-03 8.15E-03 | 1.00%400
65 26 | 3.63E400 2.60E-03 2.11E-03 | 1.0034-00
161 19 | 3.71E400 6.54E-04 5.44E-04 | 6.00=+400
385 16 | 3.82E400 1.63E-04 1.39E-04 | 1.002+01
897 16 | 3.82E4-00 4.09E-05 3.49E-05 | 2.202401
2049 | 17 | 3.91E400 1.02E-05 8.77E-06 | 6.302401
4609 | 20 | 3.94E+400 2.63E-06 2.19E-06 | 2.325402
10241 | 20 | 3.97E+00 6.95E-07 5.97E-07 | 5.44E402

-
S| oo ||| x| ol | =] 3

Table 3: PCG with BPX.||S'u, ~ f||, < 107°
Number of iterations (IT) for obtaining the same accuracy as a function of a number

of grids (N) is presented on the Fig. 2 for CG, CCG and CG with BPX greconditioner.
These computations were made on CONVEX 220.
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THREE-BODY RESONANCES IN FRAMEWORK OF
THE FADDEEV CONFIGURATION SPACE APPROACH

E. A. Kolganova, A. K. Motovilov

Joint Institute for Nuclear Research. Dubna, Russia
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Abstract. Algorithm, based on explicit representations for analytic continu ition of
the T-matrix Faddeev components on unphysical sheets, is worked out for calcnlations
of resonances in the three-body gquantum problem. According to the represen-ations.

poles of the ‘1" matrix, scattering matrix and resolvent on unphysical sheet:, inter-

preted as resonances, coincide with those complex energy values where app:opriate
truncations of the scattering matrix have zero as cigenvalue. Scattering amolitudes
on the physical sheet, necessary to construct scattering matrix, arc calculatec on the
basis of the Faddecv differential cquations. Effectiveness of the algorithm developed
is demonstrated for example of scarching for resonances in the system nnp ind in a
model three-boson system.

We make a numerical test of the approach proposed in Ref. [1] to treat the three body
resonances in the case of pairwise interactions falling off in coordinate srace not slower
than exponentially. This approach is based on a construction of explicit representations
for the Faddeev components Myg(z). a.d = 1,2.3. of the three body T matrix T'(z) as
well as for the scattering matrices §(z) and resolvent R(=) continued on unphysical sheets
of the energy z plane. For the sheets, the notation Il; is used with [, an enunerating multi
index (see [1]). The representations constructed demonstrate a structure of kernels of the
above operators after continuation and give new capacities for analytica and numerical
studies of three body resonances. In particular the representations for awnalytic contin-
uation M(:)IHl of the matrix M(z) = {M.g(z)} on the sheet H; with details omitted
read

My, = M)y, —QIITAST'IQ,

The operator Q(z) and the “transposed” one, Q?(:) arc obviously corstructed of the
matrix M(z) taken on the physical sheet 1. A(2) is a number matrix, ar entire function
of z € (", By Si(2) we understand a truncation (depending essentially o1 f) of the total
three body scattering matrix S(z). Operators J(z) and JH(2) realize a restriction of
kernels of the operators Q(z) and Q?(:) on the energy shells, respectivoly, in first and
last momentum variables. So that the products (,);r.]1 and J@Q; have half on shell kernels.
Representations [1] for analytical continuation of the three- body scatteriig matrices and
resolvent follow immediately from the representations above for M2}y,

As follows from the representations constructed, the nontrivial (i.e. differing from the
poles at the discrete spectrum cigenvalues of the three body Hamiltonian singularities of
the T matrix, scatlering matrices and resolvent situated on an unphysical sheet T are

singularities of the inverse truncated scatiering matrix 57 '(z). Therefore, the resonances

on the sheet 1 considered as poles of the T matrix, scattering mairix and resolvem
continued on Il; are those values of the energy z for which the matrisy Si(2) has zero
as cigenvalue.  Thereby, to search for the resonances situated on a certain nnphysical
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Figure 1: Surfac: of the function |Sp;(2)| in the model system of three bosons with the
nucleon masses. The potential V&(r) is used with the barrier V4 = 1.5 MeV. Position of
the resonance z..;(3B) corresponds to the minimal (zero) value of |Soi(z)|.

sheet 11;, one car apply any method allowing to compute analytical continuation on the
physical sheet of the elastic scattering, rearrangement or breakup amplitudes necessary
for construction of respective 5;(z). In particular such is the algorithm developed for
(2 — 2,3) processes in Ref. [2] on the base of Faddeev differential formulation of the
scattering problen in configeration space (see also [3, 4] and Refs. therein). It is only
necessary 1o go o1 t in this formulation on the complex plane of z including the asymptotical
boundary conditians. ’

In the present work we utilize a code based on the algorithm [2]-{4], for computations
of s-state nnp resonances situated on the unphysical sheet Il(o ;) connected with physical
one by crossing 'he spectral interval (Eq, 0) between the deuteron energy z = Eg and
breakup thresholl z=0. We solve the two-dimensional Faddeev integro-differential equa-
tions {4] with the (2 — 2,3) asymptotical boundary conditions [2}-{4] at complex energies
z and extract th> truncated s-state scattering matrix Spi(z) = 1 + 2iao(z) with ao(z),
the amplitude of elastic nd scattering continued on the physical sheet. When making a
finite-difference approximation of the equations above in polar coordinates we take up to
180 points of grids in both radial and angular variables, the cut—off radius being up to
39 fm. As a NN-nteraction, the Malfliet-Tjon potential MT I-III [5] is chosen.

Firstly, we have checked a validity of the code finding the 3H bound-state energy E;
as a pole of the function So;(z). More precisely, the location of the So;(z) pole was found
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Figure 2: Trajectory of the resonance z.(3B) on the sheet I(g,;) in the model system of
three bosons with the nucleon masses. The potential V%(r) is used. Value: of the barrier
V, in MeV are given near the points marked on the curve.

as a root of the inverse amplitude 1/ao(z). Beginning from the grid dimension 80x80, we
have obtained E; = —8.55 MeV. Hereafter all the energies are given with respect to the
breakup threshold. Note that the value stated is in a good agreement with known results
on E; in the MT I-III model (see Ref. [6]).

Concerning the nnp resonances on the sheet Il(g;), we have inspecte]l a domain of
a range about 10 MeV in vicinity of segment [E4,0] in the complex z plane.” Especially
carefully we studied a vicinity of the points z=—1.5+0.3+%(0.6 +0.3) MeV interpreted in
Refs. [7, 8] as a location of an exited state energy of 3H. Unfortunately we have succeeded
to find only one root z;s of the function Sg;(z), corresponding to the known virtual state of
the nnp system at total spin S=1/2. On a 180x180 grid, we have found zpes = —2.728 MeV
i.e. it is situated 0.504 MeV to the left from the nd threshold E4= —2.224 MeV (in the
MT I-III model). Note that the shift E4— zes found from experimental data on nd
scattering, is 0.515 MeV (see Ref. [9]). Its value [9] computed in a separabilized MT I-III
model on the base of the momentum space Faddeev equations, is equal to ).502 MeV. As
one could expect (see the data on three-nucleon resonances in [9]), we havs failed to find
any resonances in the quartet state at L = 0 as well as at L = 1.

Also, we have studied a behavior of a resonance situated on the unphysi-:al sheet I (g ;)
in a model three-body system including bosons with masses of the nucleon. As a pairwise
interaction between the bosons we have used the Gauss-type potential supplied with an
additional Gauss repulsive barrier term,

VE(r) = Vo exp[—por?] + Vi exp[—ps(r — 7)?]

where the values Vy = —55 MeV, uo = 0.2 fm~2, p = 0.01 fm~2, r, = 5§ fm have been
fixed while the barrier amplitude V; varied. A resonance (with non-zero iinaginary part)
on the sheet Il(g 1y arises in the system concerned just due to the presenc of the barrier
term. Example of a surface of the |So1(z)| function for the barrier amplitude V; = 1.5 MeV
is shown in Fig. 1 (for a 80 x 80 grid). A trajectory of the resonance z.(3B) (a zero of
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Figure 3: Dependence of the “deuteron” energy E4 (curve 1) and real part of the resonance
Zres(3B) (curve 2) on the barrier value V.

the function So (2)) is shown for the changing barrier V; in Fig. 2. This trajectory was
watched for the >arrier V; decreasing in the interval between 1.5 MeV and 0.85 MeV. When
drawing the tra ectory, we have used a 160x 160 grid. It can be seen from Fig. 2 that the
behavior of the resonance zs(3B) is rather expected: with monotonously decreasing real
part, the imaginary part of the resonance changes also monotonously. For V;, > 0.95 MeV
the energy zres(3B) becomes real, turning into a discrete spectrum eigenvalue. In Fig. 3
we plot both the trajectories of the resonance real part Re Zres(3B) and two-boson binding
energy Ey. As one can see from this figure, the value of | Re z.5(3B)| increases more
quickly than |E,|, coinciding with |E4| at V; = 0.97 MeV.

Trajectory of the resonance concerned in the lower complex half-plane is symmetric to
the curve showr in Fig. 2 with respect to the real axis. Respective points, symmetric to
those marked in Fig. 2, correspond to the same values of V4.
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Abstract. We consider a model of 1D foam confined in a wavy capillary. The liscrete
model is a kind of Ulam map which admits many metastable states as governing
parameters overcome certain barriers. Randomization of lamella positions sfeaks in
favour of the glass-like patterning. The start-up pressure drop is studied in a wide
range of the input physical parameters.

1 Introduction .

Recent studies [1, 2] have shown that foam, because of its unique structure, reduces gas
flow in porous media. This blocking action makes foam a promising blocking fluid for
underground gas storage and for other engineering applications [1]. It has been shown
[1, 2], that at any given instant of time, foam flows in a small fraction of the pores. The
rest of the pores contain “trapped foam” which effectively blocks the flov. As a result,
the permeability to gas is reduced by several orders of magnitude over that which would
be assumed with a gas-liquid system without a foaming agent.

In addition to reduction of permeability, foam drastically changes the rheological be-
havior of the gas phase [1, 2]. In particular, in the presence of a foam, gis flows as if it
were a homogeneous fluid with a start-up yield pressure drop. Such a stiart-up pressure
drop must be applied before foam will move through porous media.

This paper concerns the physical nature of the stari-up yield pressure drop.

2 Formulation

We shall discuss the nature of foam patterning under the following assumptions.
1.We shall model the porous medium as a rigid capillary with a radius (Fig. 1)

r=ro+6cos(2—§—z—). (1)

Here ry , A and & are some characteristic scales of porous medium and the z-- axis coincides
with the axis of the symmetry of a capillary.

2. The pore aspect ratio is a low § << 1y << A.

3. In an initial undcformed state, foam is perfectly ordered. Under a load, all the
bubbles keep the same mass, i.e., we prohibit diffusion to occur.
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4. The gas n the bubbles is ideal.

5. One can gnore the Plateau borders and assume that the lamellae intersect the pore
walls at 90° angles [2].

Under these assumptions one can write the model of 1D foam in dimensionless variables
as the map [4] (Fig. 1)

. 406
Piy1 — pi = -~ 2mpsinp;, p= PyroX’ @
2K
pivy — pi= —— ~ 21K, ®)
Pi+t
Po = Pe:!’ PN = P’ (4)

Here p; is tl.e gas pressure within the i-th bubble, normalized by F,. The parameter
P, is the initial gas pressure in an individual bubble. p; is the displacement of the i-th
lamella, normal zed by A/2r. The displacement is measured from its equilibrium position
at the Ki—th throat of the channel. KX is the “wagon length”, i.e., the distance between
adjacent lamellze in an initial unperturbed state. K is an integer number, in Fig. 1 K = 1.
o is the surface tension. P and P.., are the dimensionless applied pressures. Hereafter,
we shall consider the case in which P = 1. The parameter p serves as a measure of the
intensity of capillary forces with respect to the elastic forces.

The dimensionless energy of the system can be expressed as

i=1 =0

2F 27rK
P, /\r N

where N is the number of lamellae in the train.

We turn now to the physical picture of the displacement of the bubble train. It
should be remembered that whenever the last lamella is free, i.e. P = 1, there is a
single pinning force - capillary force, which tends to keep the last N — 1-th lamella at an
equilibrium position. Moreover, this force resists forward displacement only within the
period py_; € [(, A/2], where the lamella bulges forward. Within this period, the profile
of this force has a single extreme point ~ the maximum. Therefore, it might be expected .
that the bubble train begins motion immediately after the last lamella has reached the
extreme point. The pressure drop required to overcome this barrier will be called the
critical pressure drop, G = P,;, ~ 1. Precisely speaking, if the dependence G(pn-1) is
nonmonotonic, the maximum of possible G(py_,) within the period 0 < py_y < A2
should be called the critical pressure drop. By this reason, the solution of the boundary
value problem is -eplaced into the solution of the Cauchy problem: the knowledge of P = 1
and py_; determ nes recursively p; and p; for all i. Then Eqs.(2) and (3) define such a map
T that a point U4y = (piy1, pis1) is transformed into point U; = T(U;y, ) = (pi, pi). This
map is usually cilled the Ulam map [3]. Within the framework of the problem of foam
patterning, we seek the relation of P,;, = P..i(pn.1), where the parameter py_; is used
to distinguish different solutions to Egs. (2) and (3). Then we determine the maximum
pressure drop among those calculated. The goal of this study consists in solving the reverse
problem, i.e., the prediction of critical pressure drop as a function of the input parameters.
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3 Results

The well-known Ulam model [3] contains some characteristic features of th: model under
consideration. The main result lies in the fact that the Ulam map has stochastic solutions
which lie within stochastic domains, separated by domains of regular solutions [3]. All
the trajectories, starting from the vicinity of hyperbolic point p = 0, p =: 1, belong to
stochastic layer. The stochastic layer is separated by regular trajectories from the upper
and lower regions of regularity. Near the elliptic singular point p = 7, p = 1 thereis a
“stability island” separated from the stochastic layer by a cyclic regular trijectory.

Fig. 2 shows the typical curve P..(pn-;) for long trains, N =101, K =1, u=
0.008. In the description of the steady equilibrium state of the bubble train we start with
pair (py—1,1), pv—1 — 0 and use map T. The expected result, based on the analysis of the
continuous model {4}, is that the trajectory is unable to overcome the barrier — separatrix
of the respective continuous dynamic system. But the discrete picture is inore complex.
Namely, when displacement py.; becomes nearer to zero beyond a certain critical value,
chaotic behavior is observed, Fig. 2. This means that the corresponding trajectories of
solutions to Egqs. (2), (3) pass through the stochastic layer on the phase plane. The
randomization of the lamella distribution speaks in favour of the glass-like patterning of
foam.

The energy F, as a function of py_1, is presented in Fig. 3 for the same parameters.
From this Figure, we see that the solutions for trains with N = 101 and m nima energies
correspond to small displacements of the last lamella, py_,. On the other hand, the
randomization of the bubble train is observed (Fig. 3) within the same range of the
displacements of the last lamella as that in Fig. 2. A dashed line in Fig. 3 orresponds to
the respective energy in continuous approximation.

The complexity of the foam texture can be revealed by analyzing the aumber of do-
mains in the train. We use here the term “domain”, in order to distinguish the region
within which the displacements of the lamellae are almost constant, Fig. 4. In our numer-
ical experiments (N = 101, K =1, pu = 0.008), we found that the states with more
complex structure, containing several domains of extended or compressed bubbles, may
have a smaller energy than those which have a lesser number of domains. I)ifferent labels
mark the distinguishing initial data, py_.;. This is contrary to the tendency which might
be expected in the region of the regular solutions of Eqs.(2), (3), where the more domain
walls are associated with the larger energy.

In this work we choose the ground state of a charged bubble chain ty variation of
the initial lamella positions under slow continuous variation of the pressire P, This
configuration has the smallest py_,, among other states with the same P,.,, and the
simplest domain structure, Np = 1.

The maximum pressure drop G is estimated by using the relation bet veen P,., and
PN-1, near the first maximum. This is the smallest estimate because we expect the onset
of motion as soon as the applied pressure drop overcomes this barrier.

Figure 5 demonstrates the first maximum pressure P,..(pn-1) which vie observed in
the range py.; — O for various g and K. One can see that, for a small 4 and K, the
maximum admissible pressure is well predicted by the continuous model [4]. When y or K
increase, the prediction of the continuous model underestimates the admissible pressure.
This can be explained by the fact that a solution of Eqs. (2), (3) follows an integral curve
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of the respective continuous dynamic system only approximately. The original validity of
the continuous model can be quantitatively estimated with the help of the corresponding
linearized model. Moreover, to elucidate the assertion we consider the semi-infinite chain
N — 00. The solution to the corresponding linearized problem can be written in the form
pi = ae™*", where a is a constant defined by the boundary conditions and v satisfies the
following transcendental equation

coshw = 1 + 4r?Kp. (6)

Parameter N, ~ 1/w can be called the correlation length. But it is better to call this
parameter the screening length, because it defines the characteristic distar ce over which
the pressure in the bubbles decreases from P, to 1.

In regimes where colligative properties of foam play the crucial role, the »arameter Kp
is less than unit and the screening length of a caravan is estimated as

u
Negp ~ —==, Kp<<l. 7
/R p< (7)
In the opposite case
1 1
Negp ~ 7m———r—, K —. 8
In(2 + 472K p) k2> ®)

Thus, in the former case, the load is distributed over a large number of lamellae. In the last
case, the small number of first lamellae bear the main load. Therefore, one expects that
a continuous approximation of model (2)-(3) appropriately describes the characteristic
feature of the foam patterning, whenever K << 1 and contrarily, the discrete effects
should be taken into account for cases where Ky > 1/4n? .

References

{1] Foams: Physics, Chemistry and Structure, edited by A.J.Wilson (Sgringer-Verlag,
Berlin Heidelburg, 1989).

[2] A.R. Kovscek and C.J. Radke in Foams:Fundamentals and Applications in the
Petroleum Industry, edited by L.L. Schramm L.L., (Advances in Chemistry Series
242, 1994 ), pp.115-164.

[3] A.J. Lichtenberg and M.A. Lieberman, Regular and Chaotic Dynamics, 2end ed.,
(Springer-Verlag, New York, 1992).

[4] K.G. Kornev JETP, 80, 1049 (1995).

185



MODELLING OF TOROIDAL PLASMA EQUILIBRIUM
EVOLUTION WITH ACCOUNT OF NON-OHMIC
CURRENTS

D.P. Kostomarov, F.S. Zaitsev, V.V. Nefedov, A.G. Shishkin,
D.C. Robinson”, M. Cox*, M.R. O’Brien"

Moscow State University,
raculty of Computational Mathematics and Cybernetics,
‘UKAEA, Fusion, Culham, Abingdon, United Kingdom
(Euratom/UKAFEA Fusion Assoctation)

e-mail: zaitsev@cs.msu.su, martin,obrien@ukaea.org. uk

Abstrect. The problem of toroidal plasma equilibrium evolution with account of
non-ohinic currents is considered. The mathematical formulation of the problem is
given with discussion of its unusual features. A computationally tractable numerical
algorithm has been developed, and the code SCoPE written to solve the problem.
Results of numerical modelling for tokamaks plasma of different geometries are pre-
sented. It is shown that the intrinsic pressure-gradient-driven currents can play an
itmportznt role in the evolution process. In particular, these currents can lead to
the cunent density being greatest away from the plasma centre, which may indicate
how imroved plasma confinement regimes could be obtained. Results from studies
of how .0 access to hollow current density profile and advanced confinement regimes
are discussed. Formulation and solution of the current profile control problem using
externa current-drive systems are presented. Examples of maintaining a given radial
profile in the case of strong time-variation of plasma parameters are given.

1 Introduction

The work is devoted to mathematical modelling of phenomena in toroidal systems with
magnetic plasma confinement, such as tokamaks.

In “quiet” -egimes the tokamak plasma is in a near-equilibrium state. This state,-
however, does rot remain unchanged. On the one hand different plasma processes lead to
a slow rearrang:ment of magnetic field, by changing the pressure and current, and on the
other hand these plasma processes are themselves influenced by the magnetic field. Thus
there is self-consistent evolution of the plasma column and its gradual transition from one
quasi-equilibrium state to another.

Most existit g models either give too general a formulation, which is very difficult to
implement, or concentrate on one or other particular aspect of the problem, ignoring
the others. In particular they do not allow accurate self-consistent description of some
important phenomena, such as externally and internally driven non-ohmic currents.

This paper is devoted to modelling of toroidal plasma equilibrium evolution with
account of IPCD (Intrinsic Pressure-Gradient-Driven} currents - so called bootstrap,
Pfirsch-Schluter, diamagnetic currents [1-5] - and external currents, driven by high fre-
quency electromagnetic waves. Accurate description of non-ohmic currents is very impor-
tant for tokam:ks since, for example, bootstrap current can be a large fraction of total
plasma, current. In this paper we concentrate on perspective tight aspect ratio tokamaks
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(which have small ratio of major and minor radii of the torus), such as STAET or MAST
at Culham Laboratory, UK.

2 Mathematical Formulation of the problem

With the help of a special choice of phase space variables and the introduction of special
unknown functions, the problem of toroidal plasma equilibrium evolution with account
of non-ohmic currents can be reduced to the coupled solution of (i) the system of two,
strongly non-linear equations involving the partial derivatives for the magnetic field and
(i1) the system of four non-linear transport equations that determine the evolution of
quantities like the spatial distribution of plasma pressure [1,3, 6-8].

A computationally tractable numerical algorithm was developed, and the code SCoPE
(Self-Consistent Plasma Evolution) was written to solve the problem. However, in this
paper, for the purpose of separating different physical effects, we consider :quations (i)
only, replacing the solution of system (ii) with some model functions of time and space.
Equations (i) are

i&z*) a(gn _ o (0P 1 OF?
(9p(r1 a6 I>_—-i rap+'2u0ur dp )’ M

o p APy OV 1 o ( B\Il) 1 L =
= - — = — — _— - B\/gd8, (2
5 " o dt Op #0#0“05243 ap €22€33 o + o Pomn /0 Jeat - By/gd8, (2)

Eq. (1) is equation for the instantaneous equilibrium (“the Grad-Shafran>v”equation)
and Eq. (2) describes the evolution. System (1), (2) is a complicated strongly non-linear
system of integro-differential equations. It is an unusual system since time der vative enters
Eq. (2) only. Here i(t,p,8) and !Il(t p) are unknown functions of time, p i= ®/®Pmax(t)
and generalised poloidal angle 8, ) € [0,1] x [0,27], t € [0, Tmax), ¥(t,p) - is poloidal
magnetic flux, (¢, p,8) - is the Ja.coblan of transformation of (¥,8) to (r,z' coordinates
taken with sign minus, ® - is toroidal magnetic flux and @, - its maximum vilue (Pmax(t)
is considered as a given function). Other quantities are defined by

D max 1 [?"de 0%
F(tyP)=—2—7r/<2—7r/O r_i@_p)’ P(t,p) = ana r

ar\? 0z\? ar\? 0z 2
g = (5;) + <8—p) y g22= <50-) + <5§) y gaz=r",
Ordr 020z
g12=gn = 6p 26 + 5= 9p 06’ f13=g23 =g = g2 =0,

1 [7g rdb
622(tap) = g A jide C33(tvp) = ﬂ/ ;g;(w. \/_"' —;E;

r(tan 0) = rm( ) + J(tv P 0)(r17(t1 0) - Tm(f)),
Z(t,p, 0) = zm(t) + J(t P 0)(Zp(t 0) — Zm (t))

J(t,p,o)=\/7o"‘9‘l’(‘ 2) i, =, dz// OV 2) /14, 5, 8)da,

: . a
rm(t) = lim 2% /s r(t,0,0)dS, zm(t) = lim < /s 2(t, p, 0)dS.
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with (rm(t), 2,,(t)) - coordinates of the magnetic axis, (rp(t,#), 2p(t,6)) - coordinates of
plasma boundary, S = S(t, p) - area of cross-section within a magnetic surface p =const,
P - plasma p essure, ;,,t - external and IPGD currents. Expressions for neoclassical
conductivity o) and IPGD currents Fest - B are clearly written in, e.g. Ref. [5]. These
expressions inolve dependence on the magnetic field geometry, plasma temperature T,
and density n,., etc.

System (1), (2) is completed by the following boundary conditions lim,_o go2f/r = 0,
I(t,p,0) = I(:,p,27), lim,0 |¥(t, p,8)] < 00, ¥(t,1) = W,(t) - given poloidal flux at
the edge or 8% (t,1)/8p = —poplyp(t) /(2mee(t, 1)) - given total current I,(t), and initial
conditions 9% '0, p)/8p, BP(0, p)/8p, OF2(0, p)/Op.

The code $£CoPE can solve this specified problem numerically as one of its options.

3 Numerical algorithm

The problem >f numerical approximation and solution of equilibrium equation (1) was
studied thoroughly in Ref. [8]. So in this section we concentrate on the numerical algorithm
as a whole anc. on the evolution equation (2) in particular.

An importint feature of approximation of system of equations (1) and (2) is discreti-
sation over tilne. We assign equilibrium equation (1) to the whole time points t" and
evolution equstion (2) to half points t"+1/2) calculating metric coefficients in eq. (2) at
points t" fron: solution of eq. (1) and taking (¥"*+1/2 4 W"=1/2)/2 instead of ¥ in p
derivatives. This procedure gives the second order of approximation over time at points
t".

Eq. (2) irvolves p derivative of the first order. To obtain a monotonic numerical
scheme we rewrite it as [9]

vpa_‘l’ .19 (av,a_\y) _9 (vna_‘l’) =" 4®max

p adp ap dp ép )’ T @y dt ]

At internal po nts of the p grid, the p derivative operator in Eq. (2) is approximated with
3-point differe 1ce operator of the second order of approximation using technique of [9].

At boundaries p = 0 and p = 1 the difference operator is calculated from the following
conditions with the second order of approximation. At p = p;=; = 0 spatial derivative
operator in Ec. (2) is approximated with
—4B,‘+1 - B

i Biio -
A= AT T+ A

a =expp.

4By — 3By @
4h? 2

)
1=1

where i

¥ = (‘II""'I/2 + ‘II""/2)/2, A=1/ (#0#0||C§3) , B = cyeas.
Here we used B; = vf = 0. At p = p;=n = 1 the boundary condition is for given poloidal
flux

wi:N = ‘I’p(tn)
or for given tatal current
U, — 4%, + 39,
2h i=N

The scheme ci.n be resolved, e.g., using one of the fast algorithms for 5-diagonal matrix.

___mopdp ()
'27['(.‘22,]\[(”', l) '
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4 Access to advanced regimes

A fixed plasma boundary problem for START-like plasma was considered with account
of three IPGD currents: bootstrap, Pfirsch-Schluter and diamagnetic. Calculations start
from some reascnable initial equilibrium and run until a quasi-stationary regime is ob-
tained. A large number of runs have been performed with various plisma parame-
ters. Different plasma characterisitics were analysed, including how the safety factor
g = —d®/d¥/(2r) varies across the plasma as this variation determines the plasma stabil-
ity. We discovered that in some cases monotonic initial safety factor g-profile eventually
becomes non-monotonic at the magnetic axis which is appropriate to the so called ad-
vanced confinement regime. Special numerical studies allowed to draw a conclusion that
the main reason for this behaviour of ¢ is presence of relatively high bootstrap current.
This conclusion can be explained by the specific radial dependence of the boctstrap current
density. It has maximum off the magnetic axis where the pressure gradiert is large and
if its value is high enough it can make total current density to be hollow at the magnetic
axis which may result in non-monotonic ¢-profile.

Firstly, it is important to note that in most of the considered variants the total current
density was eventually forced to the outer part of the torus. The total cirrent density
has its highest value in this region. This can be explained by some compression of the
flux surfaces due to the Shafranov shift on the outside of the magnetic axis resulting in
higher pressure gradient which is balance by current according to Grad-Shafranov equation
(equation (1)). The bootstrap current in the equatorial plane is equal to zero at the
magnetic axis r = R,, and has two maxima located either side of the magnetic axis
(r < R, and r > R,). The maximum at r < R, can form the second inner maximum of
total current, and therefore a hollow total current profile within this maximum and the
larger maximum at r > R,. The Pfirsch-Schluter current has the opposize sign to the
bootstrap current to the inside of the magnetic axis (r < R,) and therefo e reduces the
role of the pressure current here: conversely for » > R, the two pressure-driven currents
are in the same direction and the effect is greater. So the existence of i hollow total
current density profile and the appearance of a non-monotonic g-profile cepend on the
balance between the bootstrap and Pfirsch-Schluter currents to the low ma or radius side
of the magnetic axis.

After the effect of bootstrap current on non-monotonic ¢-profile was dliscovered we
started to search for general plasma parameters responsible for access to this regime. We
found that the regime is reached with increase of gy,

Js Bpol dS

This conclusion was determined first on the basis of numerical experiment and then ex-
plained analytically using formula (3). Increase in B, with fixed plasma pressure P is due
to decay of the poloidal magnetic field B,,. Bootstrap current is inversely proportional
to Bpyr [1] and total toroidal current is proportional to Bpoi. This means tlat the role of
bootstrap current can increase in respect to other currents.

Here are examples of calculations which illustrate correlation between £po and quasi-
steady-state equilibrium with non-monotonic/monotonic ¢-profile. The following plasma
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parameters have been considered for the base variant: Ro = 0.3 m, a = 0.21 m, n.(0) =
n;(0) =2.5x 109 m~3, By = 0.4 T, T.(0) = 0.18, T;(0) = 0.15 keV with time independent
plasma pressure profiles P(p) = kn.(p)T.(p) + kni(p)Ti(p)), nei(p) = n.,i(0)(0.9(1 —
P05+ 0.1), T.i(p) = T.,:(0)(0.9(1 — p)*%5 4 0.1), fixed total current I,=121 kA and
IF*(0,p)/0p = 0.4(1 — p). In this variant plasma evolves to a quasi-equilibrium state
with non-monotonic g-profile and §,,; = 1.21. (One can note that finding initial plasma
parameters for such a case is a separate rather complicated problem which involves many
SCoPE runs). For other variants we changed different plasma parameters of the base
advanced regime variant and studied their influence on quasi-equilibrium g¢-profile and the
value of Bp,. These variants were: (a) lower plasma pressure due to two times drop in
plasma density; (b) lower initial 80 given by a different initial F2(0, p)/p = 0.6(1 — p);
(c) growth of total current over time from 121 to 150 kA; (d) increased magnetic field
By = 0.6 T; (e) increased major radius Ry = 0.45 m. In cases (a)-(c) quasi-equilibrium
g-profile became monotonic with G, equal to 0.91, 0.86 and 0.57 appropriately. In cases
(d), (e) the effect of non-monotonic ¢-profile became a bit stronger and 8,4 increased to
the values of 1.24, 1.33.

Investigatior of how access to reversed shear regimes varies with aspect ratio has been
performed. Runs with larger aspect ratios have been done, including the values of 3 and
4. In these runs we were changing the position of magnetic axis {as in case (e)) and,
besides this, the value of the magnetic filed at the magnetic axis and coefficient A in
dF%(0,p)/0p = A(1 — p) in order to get ¢ at the centre and minimal ¢ in the range
of 1.7-2.3 (as specified in the contract): Ry = 0.65, Bg=1.3 T, A=0.6 and Ry = 0.85 m,
Byp=1.0 T, A=0 6. It was found that with increase of the aspect ratio the effect of reversed
shear did not disappear. For aspect ratios 3 and 4 the value of 3,,; became 0.88 and 1.51,
bootstrap curreit was 48.3 and 56.5 kA, total current - 135 and 111 kA appropriately.
Current densities and ¢ are plotted in Figs. (el) and (e2).

Critical values of B, required for access to the reversed shear, verses the aspect
ratio were found: aspect ratio 1.3 - By ~1, 2.1 - fpo1 ~0.8, 3 - Fpo ~0.6 (here we set
By=1.5 T and 11=0.6 in order to get initial and quasi-steady-state ¢ near the axis in the
range 1.7-2.3), { - Bpo1 ~0.7 (here we set By=1.0 T and A=0.6 in order to get initial
and quasi-stead/-state ¢ near the axis approximately in the range 1.7-2.3). Critical 3,
were calculated with the help of several runs for each aspect ratio. In each run the value.
of initial total current was increased over the first 7 ms and then kept constant. Runs
continued until the increment to initial current was so high that the effect of reversed
shear disappeared.

However one should note that comparison of tokamaks with different aspect ratios is
a complicated p-oblem. In presented calculations we were changing several SCoPE input
parameters, keeping other initial parameters the same, and it is not clear whether obtained
quasi-steady-state START-like plasma with aspect ratios of 3 and 4 is realistic or not. The
value of By, apoears to be more important for access to the reversed shear than aspect
ratio and tokam aks with different aspect ratios should be compared in respect to what
values of B, can be achieved in real experiment.

The observed phenomena may give theoretical indication on how to access the advanced
regimes in tight aspect ratio and other tokamaks.
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5 Control of the ¢-profile

In this section we describe formulation of the problem for the g-profile control and present
the results of calculations.

The g-profile in START-like plasmas, calculated from solution of Egs. (1)}, (2) has to
be maintained with 10 % accuracy at every moment of time in respect to a given profile
Ggiven(p) by varying the magnitude u,(t) and uz(t) of two non-inductiv: current drive
systems, one centered at p.1/a = 0.2, one at p.3/a = 0.75. Both driven current density
profiles were assumed to have the following form

ji(ti P) = ui(t) exp(_(p - Pc,i)2/(APi)2)1 1=1,2,

Api/a=0.3 and Ayp/a=0.2.
Two different norms for measurement of difference in the g-profiles were considered

t, P) = Qgiven (P)
Dr (t =/ q(—y___ d / dp,
£(t) [0,0.2}u[0.45,0.55] Ggiven(P) o/ [0,0.2]U[0.45,0.55 ?
q(t, p) — ggiven(p)
De(t) = i N
C( ) 0€[0,0.55] qgiven(p)

Here ranges of integration over p are taken over the most interesting resions of plasma
column.

The coordinate descent method was used to search for the minima of the functional
Dy, (t) or D¢(t). One of the difficulties in the g control problem is that for some extreme
external currents equilibrium does not exist. Coordinate descent method allows to treat
this by setting the range of amplitudes of externally driven currents.

In numerical implementation the amplitudes of external currents were adjusted on
every time step to get the solution of Egs. (1), (2) which gives the reqiested g-profile
within the required accuracy. The code SCoPE was optimised in respect to the required
computer time. In particular amplitudes of external currents were searched on a fixed
equilibrium. The increase in CPU time is normally only ~30% compa‘ed with a run
without ¢ control.

Here we present two examples, which demonstrates the possibility o:' maintaining a
given g-profile within 10% in time varying START-like plasma. In thes:z examples the
pressure was increased by changing linearly T.(0) from 0.1 to 0.18 keV for ¢ € [0,7] ms,
from 0.18 to 0.36 for t € [7,20] ms and stays constant for ¢ € [20,30] ms. A fixed boundary
problem (1), (2) with IPGD currents present was considered: R = 0.3 1a, @ = 0.21 m,
ne(0) = 2.5 x 102 m~3, By = 0.4'T, T;(0) = 0.15 keV. The ¢-profile was maintained by
varying the magnitude of two non-inductive current drive systems. It wes found that it
is possible to achieve ~10% error with only two current drive systems. Ccntrols obtained
with error calculated in L, space appeared to be smoother than with error in C space, but
the characteristic magnitudes of control currents and qualitative behaviotr in both cases
were similar.

With implemented control option SCoPE can be used to solve a wid« variety of dif-
ferent control problems and to control different plasma parameters. In paiticular one can
consider radial positions of external currents as additional controls. Cont -ol modules are
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structured and allow easy change of the minimised functional, the number and meaning
of the controls.

6 Conclusion

The mathematical formulation of the problem, numerical algorithm and results of mod-
elling for tokam aks plasma of different geometries are presented. It is shown that the IPGD
currents can pley an important role in the evolution process. In particular, these currents
can lead to the current density being greatest away from the plasma centre, which may
indicate how improved plasma confinement regimes could be obtained. Results of study-
ing of access to advanced regimes by varying basic plasma parameters are presented. It is
found that grov/th of By can lead to advanced regime with non-monotonic ¢-profile.

Formulatior and solution of the current profile control problem using external current-
drive systems ic. presented. The possibility of maintaining a given radial g-profile in case
of strong time-variation of plasma parameters is demonstrated.
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ON NUMERICAL SOLVING OF THE PROBLEM OF
PREASSIGNED MOTIONS FORMATION OF CHARGED
PARTICLES IN MAGNETIC FIELD !

E.D.Kotina

St. Petersburg Siate University, RUSSIA
198904, St- Petersburg, Bibliotechnay pl. 2

Abstract. The charged particles motions formation in axially simmetric n agnetic
field in accordance with the preassigned velocities field is considered. The prcblem of
magnetic field finding, initiating the preassigned charged particles dynamics can be
reduced to the solving of Goursat problem for the system of quasi-linear differential
equations of the first order [1, 2). We consider the way of solving this systen on the
base of characteristic method. For the construction of numerical solution of ' Soursat
problem we substitute the differential equations of characteristics for corresponding
finite difference equations. The problems of characteristics network construction and
the choice of initial conditions are discussed. The algorithm and the formulas for
calculation of magnetic field components, providing needed particles dynanics are
proposed.

1 Introduction

This paper deals with investigation of the control fields formation in electrodynamics prob-
lem. This problem attracted attention of many researchers. In particular, the solving of
inverse electrodynamics problem is considered in works of G.A.Grinberg [3], V.T.Ovcharov
[4, 5], V.L.Zubov [6]. In the paper the approach, suggested by V.1.Zubov is developed.

We consider the following formulation of the magnetic field determination. Let us have
the velocities field

dr

- = n(r8,z),

it m(r.8,z)

dé 1

—_ = - i Z 1
o ~1e(r, 6, 2). (1)
((ll_i = n.(r#, z2).

Here r, 8, z are cylindrical coordinates, 7.(r, 8, z),7s(r, 8, z),9:(r, 6. z) are components of
the given vector function % in cylindrical system of coordinates, { is time.

Let us describe charged particles motion in stationary magnetic field 1y the system of
differential equations

!This work was supported in part by the Russian Foundation for Fundamental Rese: rches under Grant
No. 95-01-00926
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dr

i Y.,
@ _ 1
dt = 81
J (2)
z
?i? = Yz1
m% = eY x B+ mQ,

where we have Y = (Y}, Y}, Y,) as particle velocity vector in cylindrical system of coordinates,m
is particle mass, ¢ is particle charge, B = (B,, By, B,) is vector function, determining mag-
netic induction, (2 = Q(Y) = (LY}, -1V, Y¥},0)" is vector column.

It is necessar;’ to find stationary magnetic field (i.e. vector function B which satisfies
Maxwell equation divB = 0) in which charged particles motion accords to velocities field
(1). This means that in configuration space charged particles trajectories determined by
system (2) under the same initial conditions will coincide whith trajectories of the system
(1).

We can formi late the following theorem [1, 2].

Theorem 1 Lel 7 be an arbitrary twice continuously differentiable vector function. Then
such magnetic field exists in which charged particle motion defined by the system (2) coin-
cides with motior: of the system (1), when initial conditions of these motion are the same
, and 0% = const . This magnetic field B can be represented in the form

B = —T—rotn + hy,
€
where h = h(r, 8, z) is function satisfying the following condition
div(hn) = 0.

In this paper v/e consider in details the problem of charged particles dynamics formation
in the case of stat onary axially symmetric magnetic field, i.e we suppose that By = 0, B, =
B.(r,2),B, = B, r, z).

Charged part cles motion in stationary axially symmetric magnetic field we describe
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by the system of differential equations:

= T_%(YzBr - YrBz) - ZEQ):Qy

dr _

Ht_ = Yrv

dé

at = 'il:YGv

dz _

Ht_ - sz

dY; Y} ®
% = gvn+
dY;

t

dy,

a

= mYBB

In many problems of focusing and transportation of charged particles we are interested
in particles behavior in the plane (r, z). Therefore, we consider the followiig formulation
of the problem.

Let suppose, velocities field is given, as

dr

= f(r2), @)

i.e. f(r,z)is a given function, which provides the needed motion of charged particles in
the plane (r,z).

It is needed to find stationary axially symmetric magnetic field in which the charged
particles motion described by the system (3) coincides with the motions determined by
the equations (4) in the plane (r, z).

Let us consider the following system of differential equations [1, 2] :

-9k +1%L =dy,
o (5)
;;—+y fq +fy
Here
q“‘cl LTyg_h?g_) 'Té'l;L!'vd =%%3’ Tnqu

’F*-.

a +3 f
F= 13 , dy = h{c? HL fF)),c is a total velocity of paricle.

We assume, the solution of the system (5) will be twice continuously differentiable
vector function L = L{r,z) and continuously differentiable vector function A = h(r,z)
making this equations in identities.

We can formulate the following theorem [1, 2.

Theorem 2 For arbitrary continuously differentiable function f , for whizh the solution
of the system (5) ezists, there is such azially symmetric magnetic field B, where charged
particle motion determined by the system (3) coincides in the plane (r, z) w th the motions
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of equations (4) The considered motions had of course the same initial conditions. The
components of riagnetic field B are determined by the formulas

Y 2 — L2 B oL ¢ _ [2/r
B, = a:%; + fh(—‘Tjé—)l/z,Bz = -317"3; + h(—‘mé—)l/z- (6)

Further we viill consider the algorithm of numerical finding of these components.

2 The characterictics equations

Thus, in the case of axially symmetric stationary magnetic field the problem of charged
particles dynamics formation is reduced to solving of the system (5). It is the system of
quasi-linear parial differential equations of the first order. The system (5) depends on
some arbitrary function f(r,z) determining the velocities field in the plane (r,z). Under
any choice of th s function the system (5) will be the hyperbolic system.

We consider the way of solving this system on the base of characteristics method.

Let us write out for it the equations of characteristics directions and differential cor-
relations for them. The first family:

dr = fdz, @
gdh+ gdL — dadz = 0.
The second fam ly:
dz = —fdf‘,
ldL - dydr = 0. ®

Characteristics lirections equations are determined just by the function f(r,z) and they
do not depend ¢n unknown functions.

3 Goursat problem

Let us consider the problem of finding solution for the system (5). For numerical solving of
this problem it is necessary to assign additional conditions. Using differential correlations
(7), (8) for the system (5) we will consider the Goursat problem, i.e. we will search for the
solutions L(r, z), h(r, 2} of the system (5) under the condition that on two characteristics,
outgoing from one point, values of L and h are given.

We will asstme that function f(r,z) , defining velocities field is such that f(0,z) =
f(r,0) = 0.1t is not difficult to notice that in such case straight line r = 0 is characteristic
for the first family and the straight line 2 = 0 is that for the second one.

Let us form ilate Goursat problem in the following way. To find the solution of the
system (6) assu ning that function L and h are given on characteristics r = 0 and 2 = 0

L(0,2) = Lyo(2), h(0,2) = heo(2), 0<2< 20,

L(r,0) = ls0(r), h(r,0)=h,o(r), 0<r < rp,here L,(2), Lo(r), hro(2), heo(r)
are given functicns, z,, r, are given values. In addition , values of corresponding functions,
given on charac:eristics, coincide in the generic point

L,o(0) = .220(0), hyo(0) = h0(0).
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Naturally, it is supposed, that given functions L.g(z), L.o(r). heo(z). 220(r) on every
characteristic are such that differential characteristics equations are satisfied.

Let L.g = 0, L,o(r) = —kr?, here k is some constant. We deterriine the values
of function h on mentioned above characteristics, i.e. functions hug(z), hwo(r) , using
corresponding differential equations on considered characteristics.

As result we get

- , 4

hao(r) = ~1Rk(e} - K*r?) 112 ﬁ#ﬂg(r’ 0)(c2 — k2r2)1/2,

and by solving differential equation
il
dhyo + hoo(£(0,2) + 9L (0,2))dz = 0

with initial conditions h.(0) = _%72_1; - I%EL(%é/r)(O.O) we will find the function he(2).

For the construction of numerical solution of Goursat problem we used Masso method,
based on the substitution of differential equations of characteristics ‘or
corresponding finite difference equations.

As differential equations of characteristics direction not depend on functions L, h ,
so at first we can construct network, formed by intersections of characte -istics families.
Afterwards we will calculate values of functions L and / in nodes of obtained network.
Then by values of L and h in nodes of network of characteristics . using formula (6) . we
will obtain magnetic field components providing needed particles dynamic..

4 CONCLUSION

The proposed method allows to find the magnetic field. initiating the needed motions
of charged particles. Notice, that the functions L,g(z), L.o(r) assignment contains some
difficulty. Although obtained magnetic field will satisfy the main task of providing given
dynamics of charged particles, it may, however, be that this magnetic field ¢ oes not satisfy
one or another practical requirement connected with realization of this field. Bearing this
in mind , these functions can be considered as control functions. So. we cin consider not
only the problem of magnetic field finding , providing given dynamics of chirged particles,
but needed characteristics for magnetic field.
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Cellular automaton and elastic net
for event reconstruction in the NEMO-2 experiment

V. Kovalenko for NEMO collaboration

Joint Insti-ute for Nuclear Research, Dubna, Moscow reg., 141980 Russia,
e-mail:koval@nu.jinr.dubna.su

Abstract. A cellular automaton for track searching and an elastic net for charged
particle trajectory fitting are presented. The advantages of the methods are: simplic-
ity of th: algorithms, fast and stable convergence to real tracks, and a reconstruc-
tion effic ency close to 100%. Demonstration programs are available at http://nu-
web. jin:.dubna.su/LNP/NEMO using a Java enabled browser.

1 Introduction

The goal of the YEMO collaboration([1] is to study 38 decays of '°*Mo and other nuclei to
probe the effecti e Majorana neutrino mass down to 0.1 eV. A prototype detector NEMO-2
designed for 3/ ;tudies has already provided some measurements and is presently running
in the I'réjus Ur derground Laboratory. The detector is a 1 m® volume made of tracking
chambers compcsed of drift cells operating in the Geiger mode and two plastic scintillators
arrays for energs and time-of-flight measurements. In the following the Geiger drift cells
will be called dr {t tubes to avoid confusion with the cellular automaton cells.

A typical event in this experiment has a few number of tracks usually well separated in
space. But this situation is complicated by essential effect of multiple scattering and even
hard scattering on wires. Reconstruction of such events in the presence of the left-right
ambiguity of drift tubes becomes a task lying out of typical problems of event reconstruc-
tion in high energy physics. Therefore cellular automaton and elasic net methods were
choosen as flexille ones and suited to work in nonstandard situations|2].

Another reason for using algorithms different from the traditional least squares method
in high energy physics has statistical ground. Usually the least squares method is used to
fit a particle trejectory to position measurements in such detectors as bubble chambers
where errors of measurements are independent and Gaussian distributed. But this is no
longer valid for :lectronic experiments with discrete detectors like multiwire proportional
chambers and cther devices, which are essentially digital in character. Here errors of
measurements ae in fact correlated and their distribution is not (Gaussian. In such cases it
is better to use raethods having statistical basis corresponding to an experimental setup{3].

The tracking; procedure based on a cellular automaton and an elastic neural net was
developed for tte NEMO experiment during the last year. It was applied to real data of
the NEMO-2 ex )eriment and compared with the previous tracking procedure based on the
Kalman filter. This comparison promoted strong confidence in the new tracking methods.

2 Searching for Tracks

Specific features of the experiment make preferable the segment model of cellular automaton[4]
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Top view Run 1180 Event 1084 Side view

Top view Run 1180 Evem 1054 Side view

Figure 1: Initial and final configurations of the cellular automaton for 1 complicated
NEMO-2 event. For the drift tubes perpendicular to the figure plane, the d ift distance is
represented by the radius of a circle. For the drift tubes parallel to the figure plane, the
small segments indicate the trajectory position along the drift tube.

where an elementary unit(cell) is the segment connecting two fired wires in neighboring
layers.

To construct a cellular automaton for track searching in NEMO-2 data, one follows
the logic of cellular automata defining cell, neighbors, rules of evolution an1 time flow.

Cell. The cellular automaton is three-dimensional. A cell is identified with a straight-
line segment connecting two fired wires in neighboring layers, making the ce lular automa-
ton essentially local. To take into account inefficiencies of the experimen:al device one
must also include segments connecting wires over one layer. This initial sta us is depicted
in the top half of Fig. 1. During evolution each cell is characterized by its position on
track.
Neighbors. In establishing the criterion for assigning segments to a tracl it is obvious
that only segments with a common extremity can be considered as neighbor;. Then owing
to the coordinate detectors having a discrete structure and to multiple scittering in the
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material of the :xperimental apparatus, the angles between track segments in the real
experiment are 10t zero, but an upper limit ¢ypax can be imposed.

Rules. All free cells are initialized with position value 1 and at each step of evolution
they look on me ghbors and increase the position value if there is a neighbor at the left
(suppose) side with the same position value. This is similar to the rule SAFE-PASS{5].
Time. Time evclves discretly. All cells change their states simultaneously.

Knowing poritions on track for all segments it is easy to collect all track-candidates.
Upon completio1 of the work of the cellular automaton additional testing of the quality of
tracks is carried out. This permits rejecting “phantom” tracks, which could be constructed
from hits belonging to different tracks.

In lower hal’ of Fig. 1 the final configuration of the cellular automaton is shown for
a complicated MEMO-2 event. Two tracks which originate in the central source foil are
shown. One is back-scattered on the front face of a scintillator and leaves the detector
after crossing the central foil.

3 Fitting of Tracks

Actual fitting of charged particle trajectories with multiple scattering and hard scattering
on wires is mad?2 by the elastic net method[6].
Let us

Define a track with multiple scattering as the “smoothest” line joining ezperi-
mental points defined by hit drift tubes. :

Then try to construct the elastic net as a line that is deformed under the influence of
two types of force:

1. the first pulls it to the edges of drift cell circles for which the radius is directly pro-
portional to the proximity of particle path with respect to the anode wire, (depicted
in Fig. 1).

2. the seconl smooths out tbe line defining the particle track.

To avoid thz problem of local minima because of left-right ambiguity of drift tubes,
we propose to itart from two tracks which place bounds on the geometrical area where
there is the real track. Effectively one of them touches the drift circles on the “upper side”
while the other one on the “lower side”. Next a third type of force is introduced:

3. an attraction between these tracks squeezes the geometrical area to get the real
track.

This method allows one to find an optimal trajectory which corresponds to the track.

The elastic 1et can be simply modified to be able to reconstruct hard scattering tracks.
- Here one has only to switch off track smoothing at hard scattering points which are found
during the pre iminary analysis. Fig. 2 presents initial and final configurations of the
elastic net for the same NEMO-2 event shown in Fig. 1.
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Figure 2: Initial and final configurations of the clastic net for the NEMO-2 event already
shown.

4 Results of an Application

The complete data set (6588 h of running time) was previously processed using a tracking
procedure based on the Kalman filter [7]. The vew tracking method preseated here was
applied to re-process the data.

An clectron is identified by a track linking the source foil and one scintillator. The
maximum scattering angle along the track is required to be less than 20° .o reject hard
scattering. A photon is recognized as one or two adjacent fired scintillators without any
associated particle track. For photons and electrons an energy deposit greater than 200 keV
is required for obtaining a sufficiently good time resolution. In the analvsis ¢ [ two-clectron
events a cut on the angle between the two clectron tracks is applied (cosa < 0.6). In the
case of two-clectron events, the difference hetween the vertices of the two tra ks is required
to be less than 5 cm. This condition is imposed because of multiple scatterit g which leads
to a rms of | cm for a 200 keV electron.

After applying the cuts to extract the 332r candidates with the new tra king method.
232 two-clectron events were selected in the enriched foil, and 61 in the natural one includ-

201



ing 14.8 calculated 802v events. The Monte-Carlo simulation data of the 332v decay in the
NEMO-2 detector was also analysed using the new tracking program. An overall efficiency
of 1.88% for extracting two-electron events is obtained. The number of events entering the
half-life calcula ions is 185.8. A half-life of T}, = [3.75 £ 0.35(stat) £+ 0.21(syst)] - 10"y
has been derived for both tracking programs. This supports strong confidence in the new
tracking methols.

5 Conclusion

In summary th: main features of the tracking programn based on the cellular automaton
and elastic net methods are given below:

e increase i1 the tracking efficiency of 9% (in the 332v analysis);

e increase ty a factor 35 in the processing speed;

o working in 3D space to separate close tracks in a projection;

e good reconstruction of tracks with hard scattering on wires;

e reconstrur:tion of short tracks (2 planes involved);

¢ simple to modify by introducing additional criteria in the analysis.

The results of the application to real NEMQO-2 events demonstrate reliable operation
of the cellular :.utomaton and elastic net methods in the case of multiple scattering in a
gas and hard interactions on wires in the tracking detector.

In the next stage of this investigation a detector with a magnetic field will be taken
into account to develop algorithms for the NEMO-3 experiment.
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THE NEW ANALYTIC TOOLS OF THE SPACE R"
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Abstract. The conccpuon of R™ - structure, combiened a strongly nonsingular sym-
metric matrix A, an indec ble H berg matrix T and polynomial systems,
is given. In the case of Hankel matrix A (then the matrix T is tridiagonal one)
the following new results are presented: 1) the Hamilton form of a positive definite
(semidefinite) matrix T; 2) the complemeﬂary pmperty of a symmetric matiix T’;
3) the statistical properties of orthogonal poly 4) the lidean €turm
properties of the matrix T'.

1. It is well known that the space R™ has good approximating properties. It has also
good interpretative and representative properties. Let the matrix A be symmetric and
strongly nonsingular: |Ax| # 0, k = 1(1)n.

Theorem 1 Let the triangular decompositi:
A=RT¢R, A'=PePT 1))

be valid, where R = (r;;), P= R ! = (p;i:ll), i,7 = 1(1)n, £ = diag(e1,...,€), € =
sign(|Ai|/|Ai1]). Then the polynomial

1 A A X .
Pi(e) = ——=|, "l z,-"“ , i=0()n-1. 2
Velaill Al 1 5o

has the representation )
J : -
pi(®) = Y_piz",
i=1

where p{ are elements of the (j+1)-th column of the matriz P.

The polynomials p;(z), j = 0(1)n—1, form a basis in the polynomials space. Therefore

(1]
i+l
2pj-1(z) = Y_tiipi-1(z),  §=1U1)m, L4157 0. (3
=1

The matrix T = (t;;) is the upper Hessenberg one and
V,PT = z;V.P, 4)

where V; = (1, z;,...,z71) is the i-th row of the Vandermonde matrix V [:-3].
If the nodes z;, i = 1(1)n, are distinct, then

RFT =TR (5)
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where

0 1
0 1
F= .
0 1
Pno oo P2 P
is the Frobenius matrix, i.e.,
Ruks1 = TRy =ruT*e, k=0(1)n- 1. (6)

jFrom this the following assertions are valid:

Theorem 2 The k-th column of the matriz R is proportional to the first column of the
matriz T*=1. ‘The k-th column of the matriz P is the coefficient vector of the polynomial
zpk-1(z). The system of polynomials zp;(z), j = 0(1)n, and the Hessenberg matriz T are
connected by the relations

pr{z)y ooy Pu1(@))T = zi(p1(24), - - -, Pr-1 (i) i = 1(1)m.

Theorem 3 7'he Hessenberg matriz T (ezcept the last column T,,) is determined by the
nonsingular matriz R. The first n — 1 columns of T are linearly independent and

n-1
Ton= —(RP - Y rjnTe;), )

Tnn j=1

where P = (pp ...,p1)7T is the vector of coefficients of the polynomial p(z). The spectrum
of T (at R is Jized) may be preassigned. If

A=RTDR,
where R = W, W = diag(wy, ..., w,), W2D =&, then
T=WwTwW'. (8)

The aggregate, involving the matrix A, the matrix T and the polynomial system p(z),
k = 0(1)n, are called the R™-structure; the independent parameters determining the R”-
structure are called the degrees of freedom.

Theorem 4 [“he degrees of freedom number of R™-structure are equal to n(n+3)/2. For
setting R™-stri cture it is sufficient to set one from the following: 1) the triangular part af
AandP; 2) K. and P; 8) P and P; 4) T; 5) px(zi), k=0(1)n -1, i =1(1)k + 1 and z;,
i=1(1)n.

Theorem 5 If A is a Hankel matriz, A = (aiyj_2), then T is symmetric in modulus one,
i.e., T is.tridivgonal matriz and tjyy; = tjj41 €5€541 = @5, tj; = bj.

In this cas:: (the Hankel R™-structure) the polynomials pi(z), k = 0(1)n — 1, are the
quasiorthogon:l ones:

S cipi-1(zi)pr-1(2i) = exbui, k1= 1{1)n, 9
=1

The values z;, ¢; may be complex ones.
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2. A special case of the Hankel R"-structure is the classical structure w th conditions
JAkl > 0, k = 1(1)n. Its elements: the orthogonal polynomials system, the positive
definite Hankel matrix and the symmetric Jacobi matrix are well known.

The classical structure is the basis of the analysis on the discrete set of points: the
integration operator is replaced by the Hankel matrix; the differential opera .or is replaced
by the Jacobi matrix and its triangular decomposition factors; the function classes are
replaced by the polynomial system. Let us consider the third assertion i1 more detail
[4-5].

The system of polynomials px_1(z), k = 1(1)n, at the fixed value z is a function of
the integer variable k (for example, the Chebyshev polynomials). If 2 = 3, j = 1(1)n,
z; > xj41, then the sequence po(z;), ..., pn1(;) has (j — 1) the changes of sign. Let this
sequence (normed in the suitable way) define a polynomial of order j — 1. If

Kipk—1(z;)

, Jhk=1(1)n, : 10
T1K1Pk-1(Z1) J () (10)

1
—gj-1(y) =
v
where 7;, «; are real positive numbers, then go(yx) = 1, ¥ = 1(1)n, at some unknown
points yx. Let Q = (g]) be the upper triangular matrix and

i
gi(z) =Y gz, j=0(1)n~ 1
i=0
As q1(z) is a polynomial of order 1, then the equation
o 72'621’1‘-1(12) 1

= — ¢, j=1(1)n, 11
j ‘hﬂlpj—l(fl)ql 90y J (1) (11)

follows from the relation (10).

Theorem 6 Let the eigenvalue of the Jacobi matrix T be decrcasingly ordered. Then the
values y; defined from (11} are decreasingly ordered. also.

It is possible to point out the compatibility criteria of equation (10) with :he triangular
form of the matrix Q.

The polynomial system ¢;(z), j = 0(1)n, induces the symmetric Jacobi n atrix T~ with
the elements a}, k = 1(1)n — 1, b}, k = 1(1)n,

gt
ap = XL k=1(1)n-1,
9
k k+1
. -1 @ k
1 = 5~ R=0n -1,
@

¢°, = 0. The polynomial system g; (), connected with pi(x) by the relations (10}, may
be called the conjugate Sturm system and the matrix T~ is a complementiry one. The
values y; are eigenvalue of matrix T*, i.e., the equation V7 (y)QT" = Y V7' (y)Q is valid
(Y = diag(y1,...,yn); V(y) is the corresponding Vandermonde matrix).
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Theorem 7 The matrices T and T™ are mutial complementary. i.e., the equation (T*)* =
T is valid.

The orthogonal matrices O = D~Y2PTYCY2 0% = D=V} y)QTV (y)CY3(y) are
connected:

Theorem 8 7The relations O = OT and
TO=0X, OT"=YO, (12)
are valid.

The matrix T connects three of neighbouring polynomials at one point. The comple-
mentary matriz T* connects the values of one polynomial at three neighbouring points.
In this sense tle second equality (12) is an analog of the hypergeometric type equation.
There is exists an analog of the Pearson equation for the orthogonality weights.

Theorem 9 7The orthogonality weights of the polynomials pr(z), qe(z) satisfly the equa-
tions
K(y)p = D(y)d(y)p, K(z)p(y) = D(=)p(y),

where K (z), K (y) are twodiagonal skew-symmetric matrices and D{z), D(y) are the di-
agonal matrices, p= (p1,...,pn)7, p(y) = (p(ly), . ,ps,y))T.

The given analysis shows that the classical structure has the approximating and iner-
pretability properties, which is important both the direct and the inverse problems. The

following example confirm this idea.

3. The Hamil on bundle of the quadratic forms is determined by the matrix $+zD, where
z is real, D = diag(m, ..., m,), m; > 0, and § = (@1, B, @), i = 1(1)n, is the positive
definite (may b2 semidefinite) symmetric Jacobi matrix with conditions ;1 +8i+a; = 0,
i=1(1)n. Let v = —1/1;, i= 1(1)n—1, and op = =61 /lo, 0y = =041 /1y, where &y, 641
equal 0 or 1; /; > 0, i = 0(1)n. The Hamilton bundle of the quadratic forms is interpreted
as an oscillation system with n degrees of freedom. The matrix S+ D is congruent to the
matrix T + zI , where T is defined by Theorem 3 at ¢; = 1, i = 1(1}n, with the elements:

a;

b;

ai(mimiyy)™V?, i=1(1n -1, (13)
(@i e, i=1n, (14)

i

It

Let us show [4], that elements of the Hamilton form (i.e., the values a/l;, m;) may be
found for any fositive definite (may be semidefinite) symmetric Jacobi matrix T' with the
definition (13).
Let us dencte
0 = —a; /2L S0, i=1(1)n-1. (15)

206



The comparison of the matrices T and S gives the n equations

01 = bl — €,
a?
0 = b—-—=L i=2)n-1, {16)
0y
2
0 = b,.—p.—;"_:.

(From the first equation (16) we found ¢ = b, — #;. Using another equatio1s, we found a
continued fraction, from whichthe equality followes

€hn — gn
fhn—] — Gn-1 !

where gx, k = 1(1)n, is the matrix T major successive minor of the order k and h;,
k = 2(1)n, is the major successive minor of the order k — 1 of the matrix, obtained from
T by rejecting the first row and the first column.

Theorem 10 The Hamilton form may be obtained from the Jacobi matriz T according to
the definition (13) and the condition z; > 0 if and only if € € [0,¢1], ¢ = ﬂf At this
condition p € [0, 4], p1 = =22, and

In-1
migy =m; [[ 63/}, j=1(1)n-1, (17)
1=1 . -

Yl = emy,
1/, = —ai/mimiy:, i=1{1)n-1, (18)
1/l = pm,.

Ife=0 (or p=0), then & = 0 (or 6,41 = 0). -In this case the value I (or l,) is no
difference.

4. The new view [4] on interconnection the orthogonal polynomial pi(z) and the poly-
nomials with reots {z,,...,2;,} C X = {z;,...,2s} (the node polynomials). If subset
{i1,...,1in—x} is complement of the subset {ly,...,l;x} with respect toN = {,...,n}, then
the polynomial ¢;,, ;. _,(z) is determined by the relations v;,, . ;. _,(z) = ﬂ;‘ﬂ(z —zy).
The role of node polynomials in the analysis on discret points set we noie only by the

following relation (4]
n i

Alz},...,2l) =3

=q
i=1 Pi (Ii) '

where g; is the divided difference of the order n — 1 of the function z*.

Theorem 11 The relation

pr(z) = z“: [N zn: Cityeinok Pi1 yrini (=), {19)

f1=1 tn_x=1
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where

n n
Z e Z éil ..... ok = 1, (20)

11=1 k=1

and -,
=
Citroiny =T z; —z; 2) >0, 21
LTV PO k H <c‘]¢‘]( 'J) ":.I‘.__Il( 3 i) (21)
is valid.

Let us introc uce the space 2,,_, having the dimension n—k, and let the j-th coordinate
is characterised by the index i; € N. Then the orthogonal polynomial pi(z) may be
interpreted as the mean value of the polynomials ¢;,,.. ., (z) having the same order,
which is interpreted as the (n ~ k)-dimentional random variable from Q,_j with the
distribution (21).

5. The orthogonal polynomials have the Euclidean signature
>0, i= l(l)n

and the distinct roots: if pk(:cgk = 0 then zf:)l < z(k D«

signature of Minkowski:

. Let us consider [6] the

>0, i<, ¢<0, i>!, I=1(1)n-1, (22)

at condition z; > zi41, ¢t = 1(1)n — 1. It means that the sequence ¢;, i = 1(1)n, has
only one sign’s change. Corresponding this signature, the polynomials will call as the
pseudoorthogonal ones. The roots of the pseudoorthogonal polynomials have distinct real
roots as well.

To show it et us introduce the condition z; > 0, i = 1(1)n, and denote for ¢; the
Eucludean case and for ¢é; — the Minkowski case. For any sequence é;, i = 1(1)n, may be
found the sejjuence ¢;, i = 1{1)n, and the such b that & = (z; — b)¢;, i = 1(1)n. On z;, ¢,
i= 1(1)n, and ¢, &, i = 1(1)n, as well, we construct the systems of polynomials px(z),

= 0(1)n — 1, and pi(z), k = 0(1)n — 1, respectivly. Let ﬁk("(k)) = 0, px (z,(.k)) =0,

i = 1(1)k, k = 0(1)n, and IP = (z1¥),, 5")), i =0k, I® = &%, %), j = o)k,
where (zul, z, )) is some interval, containing all roots of the polynomial px(z) and point

b. The interval (zul,zg")) has the analogous sence. By definition "f") = g") =z

IJ(-") = I;. The integer value m = 0(1)n is such that b € I,,.

Theorem 12 ,let b € I(k), m = 0(1)k. If px(b) # 0, k = 1(1)n, then the following
inequlities take place:

3 <& i, j=11)m-1, )

88, <2 D <3® j=mk-1, (249)
if pr-1(b)px(b) < 0;

208



or
i;k) < i,(ik‘l) < igf_)lv J = l(l)m. (25)
i§’21 < i§k_1) < iﬁk’, j=m+ 11k -1, (26)
if pe-1(b)pe(b) > 0.

Let us remark that it is no analogy to pseudoorthogonal polynomials on "he continuum.
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Abstract. The proposed paper develops the mathematical model and optimization
methods for the dynamic systems of the special form. The computer codes has been
developed for the RFQ ion linac design and an analysis. The package consists of
the thre: levels codes as well as the linac designing process has three main stages:
the channel choose, the exact calculation, the simulation and the optimization. The
optimization methods are developed for the presented functionals and mathematical
models. The computer program realizing this mathematical simulation of the cotrol
make uscd of the optimization in particular heavy-ion RFQ linacs and also project of
compact 8 MeV deutron linac for PET isotops production.

1 Introduction

Mathematical methods of a control and an optimization are extensively used in many fields
of the science and engineering. The development of the specialized software for various
applications bec>mes of the increasing importance.

The special :lass of problems attracting attention of the numerous researcher is the
control and optimization [1]. The proposed paper develops the optimization methods in
this direction for the dynamic systems of the special form [2]. The problem of the control
is the set as a problem of a trajectory ansemble control.

The computer codes has been developed for the RFQ ion linac design and an analysis.
The package-corsists of the three levels codes as well as the linac designing process has
three main stages: the channel choose, the exact calculation, the simulation and the opti-
mization. The fi:st level can be used for the accelerating/focusing RFQ channel calculation
and help user in choosing the best channel version. The second is the program for the
simulation of the charged particles beam dynamics. By using this mathematical model it
is possible the p -oblem of the optimization for the RFQ parameters. New classes of func-
tionals are introduced for an estimation of beam dynamics. The optimization methods
are developed for the presented functionals and mathematical models [3,4].

2 The model of optimization

Let us assume that beam dynamics of the charged particles is given by the system of
equations [2]
dz

It-: (thyu)| (l)

!This work was 1upported in part by the Russian Foundation for Fundamental Researches under Grant
No. 95-01-00926
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9  op

5 + 6—If(t,z, u) + pdivf(t,z,u) =0, (2)
d
d_: - f3(tvz» z,u), (3)

where
flt,z,0) = filt,z,u) + /M Falt, 2, 9)p(t, yo)dye

with initial conditions

I(O) =1Zo € m,ﬂ(ovl‘) = po(I), .

2(0, 20, 20) = 20 € I—V’O",u e K CR".

At this point My, No are compact in B™ and po(z) is continuosly differentinted function.
It is conceived that f1, f2, fa, div fi, div fa, div f3 are continuous for all their arguments and
have a continuous particular derivative for z,y, z. In this case the problem Cauchy (1)-(3)
possess a single solution. Control v = u(t,zy,...,2z,) € K will be considered to depend
on the ¢t (time) and phase coordinates z1,...,z, (I is a convex set ).

We examine the problem of the minimization for the functional I(u) [1,?]

T
1w= [ /M' olt 21, 2(t, 32), p(t, 20))dmedt+ (4)

/M“ ¥(zr, 2(T, 21), (T, 27))daT

on the solution of the system (1)-(3) by parameters u(t,z) € K ( o(t, z(t), : (t, z)),
Y(zT, 2(T, 7)) € C*}([0,T)x M x N) ).
For such problem the representation for the variation of the functional and the neces-
sary conditions of the optimality in the form of the maximum principle are received.
This mathematical model enables us to solve the several problems of practical im-
potance namely the problem of the optimization of beam particals in the heiwvy- ion RFQ
linacs.

3 The mathematical model of dynamic of the beam particals
in heavy-ion RFQ linacs
We'll assume that beam is an elliptical cylinder with charge distribution d:pended only

from the longitudial variable z. Then radial particle dynamics can be described by equa-
tions [2,3]

z,y

dsy - 281Iéy,

dt
dsiy
z, x,
dat Quys1i + 538 (5)
ds3¥
d2t =2Qry514 s
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where

e , Uk¥ . 1
Qry=—(( o Sl kzi'-R—z) coswt +

my 0
I (l_vsfl - V‘ﬁl
+
dmev,/s51\/s%; VS + s

Here U, 8, Ro, k w are given parameters of the electric field; e, mg are the charge and the

) (6)

mass of the par:icle, I is the beam current. Values /s¥| = r;, /s, = r, are an envelopes
of a beam by variables = and y correspondingly. The elements s7}¥, s7y, 532 completely
define the beara pfase condition ellipses in z# and yy planes. The quantities sf,, s},
characterize the angle between main axes of ones ellips and oz, oy axes correspondingly.
The parameters of the system (5)-(6) depend from z thus the system (5)-(6) should be

coupled with ecuation

d2 2¢Ubk
sz mc;gr;—icoskzcoswtﬁ-Fz, (™

where F, is the beams particle interaction force. In this work one considered the Coulomb
forces action in longitudinal and radial movement separately. Besides that ones assume
that the beam i3 axisymmetric and moves in the cylindrical tube of the radius r. The disk
.model is used for the beam longitudinal movement modelling.

4 The numerical optimization

By using this niathematical model of the charged particl dynamics (5)-(7) it is possible
to solve the prcblem of optimization for the accelerating structure [3, 4]. Lengths of the
semiperiods of a modulation, the effetiveness of the acceleration § and the ” median” radius
of the structure Ry must be selected as the cotrol parameters. The functions ¢ and ¥ in
the functional (1) will be represented in the form

¢ = a19r + G395 + a3py; . (8)
¥ =asPp + asPr. (9)
Here a;,i = T, 5 are weight coefficients,

) =B A—z, i - A-n>0
or = 0 otherwise

T _ 2 if DY N 2
Guy = si -, if sy >0
R4 0 otherwise

vp = { (B~ L)% if B < By

0 otherwise
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vp = (zr = z0)% ifzr <z
L 0 otherwise

The functions @,, @y, ¢, describe the capture of particls in the radial anl longitudinal
dynamics correspondigly (5,, 2. are a relative velocity and a longitudinal «oordinate for
the singled out partical); functions 3,4 define the receiving of the preassigned energy
and the limitation on the length (L) of the structure.

The gradient method of the descent is determined for the problem of this optimization

(5)-(7),(8)-(9).

5 The application

The computer program realizing this mathematical simulation of the cotrol was created
and make used of the optimization in particular heavy-ion RFQ linacs [3] and also, for
example [4], project of compact 8 MeV deutron linac for PET isotops prod iction is pro-
posed. It includes surface plasma source of D~ ions. preaccelerating systen of ion beam
up to 60 keV, 2.5 meter 433 MHz RFQ cavity and 1.5 m 433 NMHz APF (al ernate phase
focusing) H-type resonator with drift tubes. Output deutron enegy of RIQ is 2 MeV.
APF resonator accelerates deutrons from 2 up to 8 MeV. Original software environment
has been developed for the computing of an electrodes geometry of the RFQ and gaps ge-
ometry of the APF structure with using of mathematical methods of the beam dynamics
optimization. RI system is based on endotron type devices. Total length of accelerator is
near 6 meters. . -
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Abstract. An algorithm for circles recognition using deformable templates was car-
ried out and its performances were studied. The displacement of the points from
circles and the presence of noise that appear in real situations were taken into ac-
count. The deformable templates are initialized by Hough transforms. This technique
was exp ored in a number of different situations ranging from sets of simulated cir-
cles to r:al data obtained in lead-gold interactions from the RICH detectors used in
CERES / NA45 experiment. Results show the robustness of our algorithm to back-
ground contaminatious. [t can be used in many data handling problems that appear
in high cnergy physics like Cherenkov rings recognition and tracks reconstruction.

1 Introduction

An important problem in the area of pattern recognition is curve recognition. In the
context of high :nergy physics, Cherenkov rings finding represents such a problem. This is
getting more important with inventing such modern detectors as for example RICH (Ring
Imaging CHerenkov) requiring in each event the determination of parameters for tens or
hundreds rings :ormed by Cherenkov photons. The presence of the background noise and
the appearance of several overlapping rings, along with the displacement! of the points
from the circle make inapplicable classical methods for circles fitting due to their noise
sensitivity. In this work a new deformable templates algorithm for circle reconstruction is
presented and ivs performances are evaluated. These deformable templates are initialized
by Hough ttansform. The ‘algorithm effectively represents a merger between neuronic
decision and parameter fitting that are made simultaneously by solving the equation of .
the motion for the analogous dynamic system.

2 Hough Transform

The idea of the elastic arms algorithm is to match the observed events into a known pa-
rameterized model. To ensure a fast convergence towards a high quality solutions avoiding
the local minima, the elastic arms algorithm must be initialized with approximate values
for the positions of the centers and the radii of the circles. Hough transform is appropriate
for this task.

An event is defined as a set Z = &, T3, ...., Ty, of Np signal points. Each event also
corresponds to 1 set of circles (Cherenkov rings) and the aim of the algorithm is to find

!For real data the displacement is defined as the error in determining the coordinates of the signal
points
*Home Institute: .nstitute of Physical Chemistry "1.G. Murgulescu”, Spl. Independentei No. 202, RO-
77208, Bucharest, Romania
“*Home Institute: Institute of Atomic Physics (IFIN) RO-76 900 P.O. Box MG 6, Bucharest, Romania
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these circles knowing Z. If we denote the coordinates of three arbitrary norlinear points
by (zi,3:) © = 1,2, 3 the circle which passes through these points has for center the (zo, yo)
coordinates {3]:

0 = 13 —z3+ 93 ~ w31 —y2) — (2} — 2§ + 4} — 48) (30 —v9) )
2 (z2 — z3)(y1 ~ y2) — (21 — Z2) (Y2 — ¥3)
_ 1@~z + 9y} - vd) (e — z3) — (25 — 2§ + 43 — 1) (z1 — x2)
Yo= 3 - (2)

2 (z2 ~ z3)(11 — y2) — (21 — z2)(y2 ~ ¥3)
and for the radius:

R=/(zi— 22+ (i ~%w)?  i=123 3)

We use a Hough transform which consists in two steps. As a first ste>, using the
formulae (1), (2), we calculate the centers of the circles described by each possible set of
three points. In the space of the centers, we made a two dimensional histograin (z, ., N)
where z. and y, represent the coordinates of the centers, and N the numbe- of possible
combinations in each box. In the second step, for each found center we define a ring
centered in the (z¢,y.) and limited by Rmin, Rmaz- For each data point sitaated inside
this ring we use (eq. 3) to calculate the polar radius related to this center. Tt en, for each
center we made a histogram of these radii.

In order to have better solutions (even in the case of splitting peaks or if the displace-
ment of the points from the circle is large) we give as good value for centers ar d radii, not
the center of the square (or the segment) defined by granularity, but a weighted average
over the neighboring cells

3 Deformable Templates (Elastic Arms) Algorithm

Each event corresponds to a set of rings (circles). In order to find these rinzs (circles),
a set = {_1?1, .., Tam} of M deformable templates, or elastic arms, is introdt ced, where
an arm a is completely described by its P parameters: m,= (n}, .., 7).

We reduce the circle finding problem to finding minimum of the following energy
function:

E({Sia}; w)—EZSm E’?r')-l—/\Z(ESw—l) , (4)
=1 a=1 =1
where S, is a binary decision unit (neuron) Sj, = 1 if ¢ is assigned to arm a aad S =0
otherwise, M;;(Z, ™) is the Euclidean distance between signal point i and arm a. The
parameter )\ imposes a penalty if -, Sis = 0, that means, signal 7 is not assigiied to any
arm. In this way the parameter A governs the amount of noise the algorithm allows for.
In order to avoid local minima when minimizing E, one often introduces thermal noise
into neural system. A commonly used procedure for doing this is simulated annealing
where the neural system is allowed to be thermalized for a sequence of temperatures
Tn > Tp-1 > .. > T according to the Boltzmann distribution [1] [2], :
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We proceerd by calculating the marginal probability distribution by summing out the
neuronic degrees of freedom, S;,. We obtain:

Pu(F) = e Berr(®), )
where the effe:tive energy is defined as:
- 1
Eeff(w)z—-EZbg (e—ﬁ’\+2e'ﬁM*“> (6)
i a
The most jrobable configuration according to (eq. §) corresponds to the minimum of

Eefs.
f{n our casc the templates are circles with variable center and radius. The template is
defined in this case by the coordinates of center and by the radius (zg4,y,, Ra)-
Using a gradient descendent method to minimize E.s; one gets the updating rules for
the elastic circles:

dE, & .
Aza = _170;%;“[1 = —Ta Ei Viaat’u ’
Ay, = —Wa—aé,sz = —ﬂazivia%“’ a={1,.M} (7
Jk, 5 .
AR, = —ﬂ;—aﬁff' =33 Via%%:“,
where 74 is the updating parameter for the coordinates and 7} for the radius. Via is the
Potts factor:
‘,} : e—BM;
BT e LY M P Ma

The relative importance of the different signals is measured by the Potts factor (eq.8).
Also the Potts factor implicitly contains a repulsive force between each two arms. The
repulsive forc:, generated by the V;, term, is useful when the main problem is to separate
two overlapping circle (Fig.2) but it is also an important source of local minima. Many
local minima appear when the sum Eﬁil e~PMis is not e=FMia, To avoid this we use a
new simplified form of Potts factor without interaction between circles:

(8)

7 e—BMia ©)
BT e—BA L eI My,

In (eq.7), the partial derivatives 0F.ss /0za, OFcff [0ya, OE.s5 [OR, haveinfluence is
not important in this situation. Even for 200 % noise/signal ratio in more than 80% of
cases the distance is less than 0.01. Then we can observe that the algorithm is very robust
to noise.. We studied the influence of number of points per circle in the range [6,10] at
0.1 displacerent and 100 % noise/signal ratio. The precision of results decreases with the
number of pcint per circle because the amount of information about the circle decreases.
The histograms in this case depend strongly on displacement. In Fig. 1lc we use 0.1
displacement and different number of points per circle. If the displacement increases the
required NP P must be increased to maintain the same amount of information about the
circle.
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23 noise = 0
¥ hoise = 100
W noise = 200

v§ BB dusplacement = 0
g 68 displacenient 5 6.1

displncement = 0.2

Fig. 1 Histogram of the distance between the center of Monte Carlo enerated
circle and the obtained circlefor 0, 0.1 and 0.2 displacement , 100% 0ise, 10
points per circle (a); for 0%, 100% and 200% noise 0.1 displacement, [0 points
per circle (b) and for 6, 8 and 10 points per circle. (0.1 displacement, 100%
noise)(c).

Deformable template approach performs a simultaneous fit of circles. W aen two circles
are present, from one circle point of view, the points corresponding to other ircle are noise
points. If two circles are very close and have the same radius the relative disturbing effect
increascs. The histograms of z coordinates of centers for two crossing c reles, without
interaction (given by Potts factor (eq.9), are shown in Fig. 2a corresponding to three
various distances between centers. The most difficult case when circles have the same
radius was chosen. Each elastic arm is attracted by both sets of points. The attraction
force increases when the distance decreases. Using Potts faetor (eq.8) the circles will
interact and as we demonstrated in subsection 4.3 a repulsive force will change the behavior
of two crossing circles. Fig.5b shows a histogram represented in the same conditions as in
Fig.2a, but we use (eq.8) instead of (eq.9) to compute the Potts factor. As one can sce
the repulsive force will generate the decrease of the attractive force of points belonging to
other close circle.

i e lahe) i - e inbic) i) e 2(a) ‘
- - 3 ‘
¥ 3 £ 2 i
} R i- ' a1
H H W dmance = 23

X dimance - 22|

|

Fig. 2 Histograms of x coordinates of centers for two crossing circles at different
distances without interaction (Potts factor eq.9)(a) and with interacticn (Potts

factor eq.8 )(b).

This technique was applied to real data obtained in lead-gold interactio s from RICH
detectors used in CERES/NA45 experiment. In our example we identify p ons with p; >
45 GeV (asymptotic radius = 16.2 pads) in RICH 2. In Fig. 3, all resu ts of the ring
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reconstruction that can be given by pions (we use Ryin = 5, Rmaz = 17, displacement=
0.2) and numbe: of points per circle> 6 are shown.

[

Fig. 3 Output of the algorithm (RICH 2 detectors CERES NA/5 experiment).

Looking at she results we may say that the deformable templates algorithm is useful
in identificatior of rings given a very good simultaneous fitting with a satisfactory effi-
ciency. During data analysis we observed that the choice of parameters (required NN P,
displacement, ringe of radii) according with the experimental setup is very important for
the algorithm ability to recognize the Cherenkov rings.

4 Conclusions

We propose a circle finding method that combines the matching and the fitting problem
into a single algorithm. It goes from coarse to fine resolution by using a Hough transform
to initialize a sct of elastic arms. A simultaneous fitting of these input arms is performed
by deformable emplates method finding the circles with high precision. Our use of Potts
factor as a repulsive force is similar to using robust weights [4]. Therefore the algorithm
is closely related to robust statistics, it ignores noise data to a required level. The elastic
arms approach has the advantage of being flexible to host a variety of experimental se- .
tups. Concluding, we can say that our deformable templates algorithm is a considerable
contributions to pion physics since it can be applied in cases of arbitrary ring radii where
known convent onal algorithms are helpless.
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TRANSFORMATION THEORY OF MULTIPLE
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Abstract. Comments on a new operator factorisation theory of multiple hy >ergeo-
metric series are given. Some examples relating to transformation theory of thz series
are presented and possible aplications to development of advanced computer ilgebra
systems are also indicated.

Mathematical models which play the role of theoretical substitutes for ninderlying nat-
ural or technical phenomena including those under supervision of computer-aided control
systems give us an information about the phenomena in terms of functicns having spe-
cialized structures. The vast majority, up to 95%, of the special functions involved in
description of fundamentally important processes are connected with hypergeometric
series which thereby give us a key to a substantial part ¢f applied mathematics
really needed by numerous users . It suggests that along with elemetary functions
higher transcendental functions of hypergeometric type will inevitably turn into an oblig-
atory component of modern software especially for the new computer generation
with prevailing role of "intellectual” interactive symbolic analysis over purely numerical
computations.

The new non-elementary level of problems invoked by the immensely grown
number of functions of several variables with analytically comlicated coeficients cannot
be coped with the help of traditional mathematical methods. First, an wpproach based
on first principles rather than a collection of artificial calculationa!l expedients is
needed to provide reliable foundation for a new comprehensive theory. Second, recourse
to the methods of computer algebra allowing automatical performance of analytical
transformations is highly desirable to provide greater calculational productivity and
prevent misprints and errors.

The only approach meeting the above requirements is the operator factorization
method based on the use of a new binary analytical operation < uxvlz >=
u(d/ds)v(zs)|s=o [ 1-5 ] which allows any hypergeometric series (in any number of variables
) to be expressed through simpler, eventually, simplest series of the same 1ypergeometric
type (closure property). Utilizing known properties of the simple series any property
of the initial complicated series can be established with the help of conv:nient operator
technique. In practice this very simple idea works with striking effectiveness

As an illustration we present here a set of formulas relevant to the transformation
theory of hypergeometric series. It gives us an indication at what the core of universal
computer algebra system capable of working with multiple hypergeometric series may look
like.
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First we introduce, for multiple hypergeometric series, the following three canonical
forms belonging to Bessel-type (B), Kummer-type (K) and Gauss-type (G), respectively

B =Nt FL*//(vo | 1, mo); 20, X] (48]

K =Nt Pl | 1,my), L*//{vo | 1, mo); 2o, X] (2)

G =N Pl | 1,my), (2 | 1,my), L*//(vo | 1, mg); 2o, X] (3)

where x = [z1,...,zn], m, = [m:, . mﬁv] ; The complex set of parameters (v, | 1, m,)

corresponds to t1e coefficient (v, ig+mli; - - -+min) where (v, n) — Pochhammer symbol;
i1,...,in — summation indicies; L* symbolises coefficients L(i,...,in) independent
of 7. Note that any series having type B, K or G is necessarily contained in one of the
above formulas. The simplest linear transformation connecting B and K series

(Vl I 11m1)7L‘ 1 %0. X g0 _
EhE i B

eSO F (VOT | 1, moT)v (Vl | 0, ml), L* ;-=zo,x (4)
(VO ‘ lv m0)1 (VOT I Ov mOT)

is the most general analog of the well known first Kummer-type transformation of F2(z).
The complets set of linear transformations of Gauss—type form is given by:
G=L,G= :1 - Io)—‘qx

(VOT I lv mOT)1 (V2 | 11 m2)7 (Vl I 01 m1)7 L 1#_17)((1 - 1"0)_"12 (5)
(VO | 1, m0)7 (VOT I 0, mof)
G =LG=(1- z0)"x
(Vl | 11 ml)) (V(ﬁ I 11 m0§)7 (VZ | 01 m2)v L ;I_ZETvx(l - "UO)_HIl
° : (6)
{vo | 1, mo), (Y3 |0, moi)

G = LoG = (1 - zo) Hoizx

[ (ot | 1, mgp), (v | 1, mgg), {v1 | 0,my), (v2 | 0, mp), L* 520, — = ™5 IO) — ]
(vo | 1,1a0), (7 | 0, mg7), (¥oz | 0, my3)

which are the most general analogs of the well known Euler transformations of the F2(z).
The simplest quadratic transformation is given by the formula

L Y15 3 (v—1/2|1,m),L* ;4z0,4™x
Flw)1,m) = oy 2111, 2m) ®)

which connects Bessel-type form with the Kummer-type series.
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To formulate quadratic transformations of the canonical form (i we first introduce the
following three basic series

Fr=FA (| m), (1 +1/2]1,my), L*//{ve | 1, mg); 20, X| (9)
F=F[(n ) L,m), (v | 1,mg), L7/ /{1+ v;3 | 1, m3); zg, x (10)
F= F{(v | 1,my), (v | 1,mg), L™/ /{202 | 1,2my); 7. X] (11)

Three basic quadratic transformations relating to the series have the form:

= QIR = (14 V&) ™ x

. 2 m -
F3 (21/1 I 1,2m1>,(l/0— 1/2' l,m()),L ;%ﬁo—,“—;'ﬁ;—;"zﬁ (12)
(21/0 -1 ! 1,2m0)

B =Q4F3 = (2/(2 - z0))" x

P RCIRE N A N A (13)
(v2+1/2| 1, my)

= QIF = (2/(1+ VT =) X

F, (2v1 [ 1,2my), 21 — o + 1| 1,2m; — myg), L* :; = = (T (14)
(Vo l 1, m()), (21/1 - vo+ 1 I 0,2m1 - m0>

F2= %Fg: (1+I0)~U'X
£ | CF IR L), (e [ 0oma), L ity i
(1+V1 - V3 l l,ml—mg)

F3=Q3F = (2/(1+ vT=20))*' x

. uT s
Ry | (allimo, i+ 1/21 Lmg), L 9= et (16)
(u2+1/2|l,mg),(uﬁ+1/2]0,m1§)

= Q3R = (14 E) i x
F, (1] 1,my), (v3+1/2| 1, my3), (v | 0,my), L~ ,“—:é_—_t;v' “+1\/_n)n“_l an
(14205 1,2m,3)

Using linear transformations many additional induced quadratic formulas can be readily
obtained. First we untroduce 6 associated series

Fl,w = Fl,w [(Vl ! 1, m1>, (V2 | ], m2>, L‘//(l/]g —w+ ]/2 [ I. lll]z)l_l N X] (18)

FozFB 0 Lm),1-v+2w(p-1)]1.-m; + 2wmg), L)/
(vo | 1, mg); o, X]

Fou=Foo[(n | Lmy), (v | 1,my), L7/ /(w + 1/2 ] 1.0): 20, %] (20)

(19)
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where w = 0,1. We then introduce notations
L(0,()=1,L(1,0)=L,,L(0,1)= Ly, L(1. 1) = Lo, LY = I, L} = Lo, (21)

Finally, the coriplete list of quadratic transformations takes on the following compact
form:

Fi = L(w,w2)Q3F ~ F3, F3=L3QiFs~ F (22)
Fi=L§Q R ~F, F=L{QL\F,~ F (23)
F3=LiQ R~ B, F = L(w,w)Q3F, ~ F3 (24)
Flu=Lw,w)Q}LoFy, ~ B, F3=L JQFs~F, (25)
Fi=L14.,QiFi ~ By, B, =LQLLF, ~ Fy (26)
Flu=LQF ,~F, Fp=L QiF~F, (27)
Fyo=LiyQiLiFy oy~ Fay, Foy=LoJQlLaFy i~ Fy (28)
F3 = Li4,Q3Fs ~ Fay Fou = Lt w2)Q3LoF20 ~ F2 (29)

In particula; case of one variable (N = 0) the above formulas give us a systematic
and comprehen:ive alternative to the chaotic and incomplete Goursat list of quadratic
transformations of Gauss function.

Many other properties of the multiples series including analvtical continuation for-
mulas, functional expansions, recurrence relations, linearization theorems, addition and
multiplication formulas, generating functions, etc. were also investigated in detail.

We note thet the whole set of relations including those presented in the report not
only gives us a complete theory of linear and quadratic transformations and
analitical continuation formulas of whatever complicated series but allows us to
immediately use this relations to develop a computer program capable of handling with
those hundreds and thousands of series which were mentioned by Erdely as a dramatic
challenge for the theory of hypergeometric series.

Execution of the project,may give us a useful and sophisticated superstructure
over existent computer algebra systems not only in the field of transformation theory
but in a numbe: of other important classes of formulas including those popular amongst
physicists and theoretical chemists. The total outcome of the project is expected to ex-
ceed in power all known means of analyzing special functions. Moreover the projected
interactive knowledge-based Special Functions Adviser is expected to acquire
essentially new ‘aculty of synthesizing necessary relations at the moment they are needed
by the user.

Co-operation efforts would be desirable to speed up realization of the rather
ambitious plan outlined above. Inquiries about technical details of the project are invited
to be sent to the author by the above working address or residence address: Russia 300
062, Tula, Gorky st., 11, 304 .

The author s highly indebted to Russian Foundation of Fundamental Research
for Support of the author’s hypergeometric project (grant 97-01-00317).
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On Numerical Solving of
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Abstract. Problem of computation of direct regulator matrix, providing given eigen-
values for closed loop system, is considered. System of the form

dz

E:Ar+Bu, y=Cr, (1)
where /{, B and C are matrices given, and asymptotic observer equation
dz - .
I:Az+Bu+H(y—Cz), u=K(z—z")

are investigated. Transient processes of (1) closed with controls of u = K(z —z") and
u = K(r — ") are known to be equal if A — BH matrix is Hurwitz and £(0) = z(0).
(Here 2" is a constant vector.) Matrix H is supposed to be an optimal observation
problen. solution. Transient process analysis problem is reduced to the analysis prob-
lem of cystem (1) closed with u = K(z — z*) control. Matrix K is chosen to provide
eigenva ues given for A + BK matrix. Theoretical bases of this type regulator con-
struction are well known. However, practical implementation of familiar algorithm
is trouklesome. Especially, difficulties appear in studies of high order controlled sys-
tems. Certain modification of common algorithm of spectrum assigning for closed
system based on exploitation of special orthogonal transformation instead of the or-
dinary one is proposed. Suggested algorithm is used for solving tokamak plasma shape
stabilizition problem. Plasma cord behaviour is described by 22th-order system of
linear dfferential equations. Transient process optimization is performed by means of
eiggnva ue choosing in,a given domain of characteristic polynomial roots plane. The
corresponding computer program is composed.

The system of linear ordinary differential equations is considered:
dz/dt = Az + Bu (1) ,

where  is n-dimensional vector of system state, A is n X n constant matrix, u is r-
dimensional vector of control, B is n X r constant matrix.

To construct the control of the form v = Kz is required; K is r x n matrix such that
matrix (A + BX) of closed loop system has given eigenvalues.

It is well known fact of the control theory that sometimes it is impossible to assign

. all spectrum. So further we must bear in mind that spectrum assigning means to assign

controlable part of spectrum.

Let us transform system (1) by special orthogonal transformation z; = Sz to block-
triangular forr such that diagonal blocks have almost triangular structure. The way of
constructing the matrix S is following. Let take linear independent vectors

by, Aby, ..., ABlpy,
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where number k; is chosen such that vector A*1b; is a linear combination of them.( b; is
the ith column of the matrix B.)

Let column b, is linear independent on built vectors. Then we consider the second set
of vectors

by, Aby, ..., AR lpy

which have property that they and the first vector set are linear independznt but vector
A¥2hy is a linear combination of all previous vectors.
If we continue this process to the last . we will find final series

b, Ab,, ..., A" 1y,

that are lincar independent on themselves and all earlier found vectors. And relation
ky+ko+. . .+k, = nis satisfied when the system (1) is all-controllable, or ky--kz+. . .4k, =
m < nis relevant in the other case. In the second case we must comple e built vector
collection to basis by any suitable vectors t;, ... . thpyrs (krgr =0 —m).

Let all these vectors are subjected to procedure of orthogonalization ar d normalized.
So we have orthonormal basis of whole space. Let us take these basis vectors as columns
of matrix S:

'
S = (-“lv Sy Syl Syl ey Sppiee e S Smpog ooy Sy Sy s *“u)~

where my =ky, may=ky +ky, ..., mp =k +ho+... + k.

Some numbers among the ky,..., k. can be cqual zero. It means that copesponding
column b; of matrix B and previously built vectors are linear dependent. "“hese columns
are not needed for control constructing.

Built by this way matrix .S will be orthogonal :

§s7=5T 85.5T=p.

After the transformation the system (1) will have the form :

dey/dt = Ayey + Biu . (2)

Ay =8TAs, By =5"B. (3)
Let us detail structure of the matrix A, :

Ar=8T(48) = ST (4s), Asyr..., Asy)

Ividently the following correlations are fulfilled:

Asy =dysi+dysy, da #0

Asy = dist +dns; +dysy , dyy £0

Asp = dust Hdapsz + .o 4 digst + dipr g Ses
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i1 s #0, k#Fm;, i=1,2,...,r
dm,+1,m, - 0, 1= 1,2,...,7‘

It is clear that d;; and corresponding elements of the matrix 4; are equval; all the
others elements of A; are equal to zero. Hence the matrix 4, has a block-triangular
structure. And diagonal blocks have the following dimensions: my X my, (my — ny) x
(mag—my), ... (my—m._y)x (mr me_y), All diagonal blocks have almost triangular
form and non-z>ro subdiagonal (a}; =0, i > j+ 1; aly, ; # 0), except (r + 1)th block.

Those corre ations give us the way of the matrix S calculating:

sp=by/[[bel]

sg = [As) — (Asy, s)s1)/ . S

mi

till Asp, — Y (Asp,,si)si =0,

my

then Sy, 41 = [0y — Z by si)si)/IL - I

i=1
T my 1

Smy+2 = [A-S‘m|+1 - Z (At"'ml+lv~‘"i)5i]/”[' ]” )
i=1

where s; is ith column of the matrix .S, b; is of the matrix B correspondingly.

The characteristic polynomial of the matrix A; is a product of the characteristic poly-
nomials of the liagonal blocks. Let a control w; acts at the first block, a uy acts at the
second, et cetera, a u, acts at the rth diagonal block. Thus we will find the first control as’

a linear combination of zf, ..., ), , the second as a linear combination of z}, 11,..., 2},
: 1
, the rth as 1 linear combmatlon of zmr-1+lv ey T

In accordance with configuration of the matrix By, any control will modify the first
‘row of correspcnding block. Is it possible to assign any eigenvalues to almost triangular
matrix by fixing the values of the first row elements?

Theorem. Let us consider almost triangular k x k£ matrix P such that its subdiagonal
does not contan zero. ( piy1; #0,1=1,..., k—1). Let given polynomial gx(A) has
k predesigned -oots (taking into account multiplicity). (Degree of the polynomial is k,
and its leading coefficient is unity.}) Then there always exists such one set of numbers
€1,€q, ..., Ck, th at a matrix being the result of replacement of the matrix P first row with
this set has the same roots as the given polynomial.

Proof. We dente the matrix P after the first row substitution by P.. Let consider the
determinani: Iy = det(P, — AE). It has a connection with the characteristic polynomial
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of the matrix P. by formula: x(A) = (—1)*Di. We can decompose determinant Dy via
the first row:
—_/\Dk 1+Zcz Dk—-1 t+ HPJ,J 1
1=1
where Dy_; is determinant of a matrix that built from (Pc — AFE) by discarcing of i front
rows and columns.
It is clear that i
De=-ADe_1 + 3 cve—i(A)
=1
where vg_;(A) are (k — i) degree polynomials. Let us demand that x(A = gx(A) or
(=1)*gx(\) = Dy. Hence we can draw the conditions for ¢y, ..., ¢k

(=1)Fa(X) + ADg-y = Zczvk, ,

Let denote the polynomial staying at left part of equation by wg_;(A). Its d 2gree is equal
to (k — 1). Finally we obtain:

k
w1 (A) =D cvrmi(d),  (4)
=1

1t means that coefficients at the same degree of left and right polynomials must be equal.
So we have triangular linear system to find ¢i,...,ck. (As coefficient at the Ak=1 linear
depend on ¢y, one at \¥~2 count on ¢y, cg, and at A¥~* — on ¢y, ¢y, - - ., ¢;). And diagonal
of the system matrix does not contain zero. There always exists only decision of such type
systems. Q.E.D.

Thus the procedure of closed-loop system matriz spectrum assigning has the following
framework:

1. Calculating of the matrices S, Ay, By.

2. Assigning of polynomials g, (A), gk, (A), .+« .5 gk, (A).

3. Deriving and solving of the system () for each diagonal block ezcept riaybe the last
one if the system (1) has uncontrollable part. Finding of the setscy, ..., c}n; ..., czz;
Sy e

4. Matriz K designing:

=57z , u=Kyz; = K15T:c , K= KIST

The ith row elements from the (m;_; + 1)th position to the (m;)th of the K, are equal to
a difference between cj and the jth element of the first row of the ith diagonal block (5 =

. ki), divided by b},m,‘_1+1' (mo=03i=1,...,7; b},m.‘_1+1 # 0 by the construction of
By ). The other elements of the matriz Ky are equal to zero.
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1 Introduction

Let a function f(z) be approximated in the interval [, b] by one of the ratic nal expressions

k .
Za_,-z-’
Rii(Ayz) = J=10—, k=0,1,....m, l=m—k. (1)
S bjzi
1=0

It is sometimes convenient to use different approximations on different subintervals
of the interval [a,b], i.e. to change to an approximations by splines. If the maximum
approximation error is the same on each subinterval (spline links) then the approximation
is called a ”balanced” spline approximation. If each spline link is a test.Chebyshev
approximation then such approximation is an optimal one [2]. This means that if the
boundaries of the spline links (knots of spline) are selected from the condition of the
balanced approximation we get the least possible error with the fixed number of links or
the least possible number of links with the fixed maximum error.

The balanced approximation usage may greatly reduce the evalution time and it makes
it possible to approximate functions on large intervals. The approximation efficiency may
greatly increase if different approximating expressions of fixed number s = m + 1 are used
on different subintervals.

The balanced approximation is not found in any computer algebra : vstems due to
the great amount of calculations needed. All the more the balanced approximation with
different expressions on subintervals as it increases the calculaiton amourt in s times in
the case of the simple sort. But the evaluation time can be decreased by 1sing analytical
transformations on the error expressions for the balanced approximation.

2 Theoretical Background

Consider a set of points Z = {z}, i = 0,...,r in [a,] that are arranged in ascending
order: @ = z5 < z; < ... < 2 = b. If the function f(z) is approximated on each subinterval
(2i—1, %), i=1,...,r by an expression of the form (1) with different numerical values of
approximating parameters then this function is approximated on the whole interval [a.b]
by the spline:

S(Fyz) =) Rii(Ai,7) O((z - zic1)(zi = 1)), (2)
i=1

where O(z) is the Heavyside function.
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If approximz:tions on each link of spline (2) are the best Chebyshev approximations,
the spline is callad a Chebyshev spline.
Definition. If orall i =1,2,...,r links of spline (2)

i = Egla.x ] [f(z) —~ S(F,z)| w(z) = p = Const , (3)
z 1—1123
where w(z) is an approximation weight function, w(z) > 0 for all z € [a,b], then the
approximation cf f(z) by spline S(F, z) on the interval [a,b] is called a balanced approx-
imation with weight w(z).
Let as define the kernel n(f) of approximation of the function f(z) by a rational
expression (1) :
(m+ D) Agpr ()

mwi(f) = , 4
(H Aga(f) )
where
1 fors <0
Ct4t—-s5 Ct42-5 --- Ct
Ay L(f) = Ct42-5 Ci43—5 ... Cr41
. fors:l,’Z,...,
C Cr41 e Clgs—1

o 0 for v < 0,
C,,—-C,,I) - !“:#2 fOl‘V=0y112!"'

For the polinomial of degree m the kernel is
mmo(f) = S (). (5)

The error of v balanced Chebyshev rational spline approximation is extablished by the
following theorern [3].
Theorem.Suppuse that f(z} € C™*+2[a,b], w(z) € Cle, b}, ma(f) € Cla, blw(@)m (z) #
0 for = € [a,b]. "hen, for r — oo, the error p of the balanced Chebyshev approximation
by spline (2) wita r links of function f(z) on the interval [, b] will be

m+1

#Zgzm%;r(/lmz u7)|m+ldl) (1+O<b:a)) )

3 Finding Kernel Expressions

We can find the kernels 74 (f) from the formula (4). This transformations are generally
beyong the capabilities of pen-and-paper. But a symbolic computation system such as
Maple, however, has no difficulty with these manipulations. We use Maple V Release 3
[1]. Procedure ric (F,k,l) was created for this purpose. In the procedure F stands for
the approximatel function, & and [ are numerator and denominator degrees of rational
expression (1) (! = 0 by default).
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> #Kernals for ratiocnal expressions

> rac:=proc(F,k,1)
> local v,c,il,i2,a,b,4,B,j,m,eta;
> if nargs < 3 then v:=0 else v:=1 fi;
> with(linalg,matrix,det):
> if v=0 then a:=1 else a:=matrix(v,v) fi: m:=k+v:
> b:=matrix(v+1i,v+1):c:=0;
> for i1l to v+1 do j:=k-v+il:
> if j<O then c:=0 elif j=0
> then c:=F(x)
> else if c<>0 then c:=factor(simplify(diff(c,x)/j))
> else c:=factor(simplify(diff(F(x),x$j)/j!)) £i fi;
> bli1,1]):=c; od;
> for il to v+1 do for i2 from 2 to v+1 do j:=k-v-1+i1+i2;
> if ii<v+1 then b[il,i2]:=b[i1+1,i2-1]
> else c:=factor(simplify(diff(c,x)/j));
> bli1,i2]:=c fi od od;
> for i1 to v do for i2 to v do a[i1,i2]:=b[i1,i2] od od;
> if v=0 then A:=1 else A:=factor(simplify(det(a))) fi:
> B:=factor(simplify(det(b))):
> eta:=factor(sort(simplify((m+1)!*B/A)));
> end:
Let us consider some examples of kernels finding : . .

Example 1. Find the approximating kernels for F =e*; m =9;1=0,1,...,9; k=m-1l.

> m:=9:for 1 from O to m do k:=m-1: a[l+1]:=rac(exp,k,1); od:
> print(seq(a[l],1=1..m+1));

ez,—lezl‘t 1 .1 - 1 =1 - 1:1

— - - e — - _f
9°'36° 84" 126° ' 126 '84° 36 9%

-

The results can be obtained from the general expresion for 7 {e*) [3].
Example 2. F=ln{z); m=4;1=0,1,2,3,4; k=m—1L

> m:=4:for 1 from 0 to m do k:=m-1: a[l+1]:=rac(ln,k,1l); od:
> print(seq(a[l],1=1..m+1));

24L§i31 1 3In(z)?+14In(z) +19
z5°2 253252 (In(z)2+ 3In(z) +3) =’
2121n(a,-)“+501 n(z)3+105In(z )%+ 1201n( ) + 60

z%In(2)4

The first three expressions can also be obtained from the general expression for 7 (In z),
which is valid for k> 1 [3].
Example 3. F=T(z); m=2;1=0,1,2; k=m 1.
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> m:=2:for 1 from O to m do k:=m-1;a[l+1]:=rac(GAMMA k,1) od:
> print(seq(e[1],1=1..m+1));

(¥(2)*+3%(2) ¥(1,2)+¥(2,2)) [(),
1 (W(z)* - 2¥(2)¥(2,2)+3¥(1,2)%) [(x)
2 U(z) ’
- (~¥(2)+3%(2)¥(1,2) - ¥(2,2)) [(2)
Example 4. “=z¥; m=2;[=0,1,2; k=m— L.

> m:=2:for 1 from O to m do k:=m-1l:a[l+1]:=rac(x~->x"v,k,1); od:
> print(seq(e.[1],1=1..m+1});

L (v=1)(v+1)v (%)(_u) (u+2)(u+1)v(l)"”’

(v—1)(v=2)vz(v=3) 2 z

]

z3 PE]

The results can be obtained from the general expression for 7. (z¥) [3].

4 Selectiag Approximating Expressions

The numerator and denominator degrees k and [ of the rational expression that give the
least approxims tion error on the interval [a, b],with the weight w(2) and m = k+I = Const,
can be found fiom formula (6). This is done in the procedure selection(F,m,a,b,w). If
w is omitted then w(z) =1 is used (approximation with absolute error). To speed up the
calculations the series expansion of the integrated expression in the neighbourhood of the
point z = (b+a)/2is used. If b is omitted the values of the functions ® ;(z) = |k (f)w(z)}
at the point z = a are compared. If ¢ is omitted then the point & = 0 is taken. The
examples from the previous section show that this is often sufficient. The results of the
procedure are t 1e optimal values of k and ! and corresponding kernel expression multiplied
by the weight function. Let*us consider several examples:

Example 5. 17ind the optimal k,!/ and the kernel for F = ¢, m =9, w(z)=1

> selection(exp,9);

k=51=4,k l=
erne 26

The result is the same as follows from example 1.
Example 8. 7 =In(z), m =4, w(z) =1 in the neighbourhood of the point z =1

> selection(in,4,1);

k=2,1=2 kernel = 'ls
z

Wi

The result is the same as follows from example 2
Example 7. Find the optimal k,! and the kernel multnphed by w(x) for F =T'(z),m =2,
for approximat on with relative error on the intervals [1,2] and (2, 3].
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> selection(GAMMA,2,1,2,1/GAMMA);

k=2,1=0,kernel = ¥(z)* +3W(z)¥(1l,z)+¥(2,z)

> selection(GAMMA,2,2,3,1/GAMMA);

E=0,l=2kernel=¥(z)3-3W(z)¥(l,z)+¥(2,2)

Here ¥(z) = I"(z)/T'(z), ¥(k,z) = d*¥(z)/dz*.

Example shows that the same function can have different optimal apgroximating ex-
pressions on different subintervals.
Example 8. It is impossible to find the optimal k and ! for F = &V, if parametr v have
no concret numerical meaning. But if, for cxample. v = £1/3, m =5. r € [1.2). w(z) =
1/F it is quite possible.

> selection{(x->x~(1/3),5,1,2,x->x"(-1/3));

224 1
k=3,1=2ke =0 —
3 ernel 729 16
> gelection(x->x~(-1/3),5,1,2,x->x~(1/3)); .
224 1
k=2,1=3 kernel = == —
2, erne T

5 Conclusions

It is possible to extend the set of valide approximations to non-linear or parameters
expressions (sum of polynomials and exponent, sum of logarithm and polvnomials etc.).
Analytical expressions for corresponding kernels can be found in [3.4]. Tt is possible to
build procedures that derives an optimal balanced approximation on the base of selecting
the optimal expression on each link.
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Abstract. Electrical breakdown of gases, liquids and insulators frequently occurs
by mean: of the narrow plasma streamer channel that inhibits a strong tendency to
branchin;; into complicated stochastic pattern . In order to describe these structures
it is usefull on to calculate the fractal dimension of channel pattern. It is shown
that the srocess of electrical breakdown is more intensive by means of photoinisation
mechanism. Also, it is shown that the growth of a leader channel should be non-
regular aad t he velocity of its spreading is variable in time.

Electrical breakdown of gases, liquids and insulators {requently occurs by means of
the narrow plasina streamer channel that inhibits a strong tendency to branching into
complicated stochastic pattern [1, 2]. In order to describe these structures it is usefull to
take into consideration the fractal formalism. In that way a number of interesting results
have been obtained with the using of computational simulation on the basis of the equation
of potential [3, {]. However, an analytical approach allows us to obtain more detailed
information abo 1t the space properties of branching structures and a physical processes
under their forming. A characteristic process of development of electrical breakdown by
means of the forming of the high conductive plasma streamer has some stages. This
process initiates with the motion of weak-luminous pilot-streamer, which moves forward -
continuously froin cathode to anode. The weak-ionised channel produced by pilot-streamer
becomes unstabl:. A secondary ionisation takes place in the channel for a some time, and
as a consequence of that more bright radiation and more high conduction are appeared.
That process re>resents motion of the branching leader which spreads fast and stagly
inside the channcl produced by pilot-streamer. The velocity of single stage can be reached
10° cm/s. Moticn of a leader is due to an additional ionisation which is produced by the
increasing of electric intensity or by the amplification of photoinisation as a consequence of
irradiation of chinnel plasma. The problem is to determine types of elementary processes
which cause the high conduction. Thus, a leader type of streamer is characterised by
bright radiation and non-regular motion. In this paper we propose an analytical approach
to the description of the branching properties of the leader typc of streamer channel on
base of the theoy for the reaction-diffusion growth on fractal clasters [5, 6]. Consider a
radial discharge in continuum. In that case the spreading of a leader is described by the
equation of a reection-diffusion growth in fractal geometry where the diffusion coefficient

'This work was supported in part by Ministry of Science and Technology Policy of Ukraine
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is used in the form of the diffusion coefficient of the channe! plasma and the reaction order
parameter ( corresponds to the order of ionisation reaction:

%‘f: zf%f??i [k-z‘”~z”‘1 g‘é] +R-p,(1)

where is the p = (z,t) density of probability, which represents the telonging of the
space point to the channel; x and t are radial and time dimensionless ccordinates; D is
fractal dimension, o is the anomalous diffusion parameter (0 = D —d.; d, is the dimension
of Euclidean embedding space); R is parameter which represents the pert of ionisation
in the process of structure growth and which has a different value for the different types
of discharge; (v is parameter corresponded to the order of ionisation ieaction, and is
determined via spectral fractal dimension : (y=1 + d/2, where d, = 2D)/(c +2). It is
considered the two ionisation processes: both the ionisation by means of electron strike and
photoionisation. Spectral fractal dimension corresponds to an effective number of degrees
of freedom in physical system. It should be have in mind that for the case of electron strike
ionisation it is essential the influence of external electric field because of 1hat the derived
direction is appeared . According to that an effective spectral dimension is introduced in
the following form d gy = d, -1, where (-1) points the derived direction. Thus, for the
case of prevail ionisation by electron strike we have , and for the photoinisation . The eq.
(1) has the solution at the form p (z,t) o t* - 2P , where «, 8 are paraneters depended
on D, d.,y. It should be pointed that the evolution of channel have a dynimical character
due to the density of probability depends obvious on time. For the fract<l cluster should
be valid the dependence p (z,t) o 2P~% (according to such rule the density of particles
numbers on fractal is distributed in a space [4]), wherefrom we obtain that the fractal
dimension D is the certain function of 43 -d, . The value of D may b obtained from
algebra2ic equation:

2.D —3.D;.’(..zb__13::;;,,.(d,—2) + 7171=0‘ (2)

Substituting into eq. (2) the values of 4 for different cases of ionisation, it may be
obtained the corresponding values of D. In that way, in three-dimensional space for the
case of prevail ionisation by electron strike we obtain D = D, = 2.15, und for the case
of prevail photoinisation D = D; = 2.25. It should be pointed that the global space
properties of fractal structure are characterised by the fractal dimension D. The sense
of this result in that the process of electrical breakdown is more intensive in a case of
photoinisation mechanism. Also, it is shown that the growth of a leader channel should
be non-regular and the velocity of its spreading is variable in time. Thus, the character
of evolution and the parameters of the fractal structure of leader channel are determined
by the prevail type of ionisation. The parameters of fractal structure (fractal dimension
and spectral fractal dimension) have the different values in dependence on the mechanisms
of channel growth by means of the ionisation by electron strike or photoinisation. The
process of electrical breakdown is more intensive under the prevail photoicnitation growth
and channel have a more strong tendency to branching by comparison with the case
of ionisation by electron strike. Also, it is shown that the growth of & leader channel
should be non-regular and the velocity of its spreading is variable in -ime. It should
be pointed that the considered theoretical model of electrical breakdown in continuum
may be modified and improved with the involving of the others elementary processes: ion
diffusion, recombination processes, secondary order ionisation etc. Also the considered
theory may be applied to describe an initial stage of arc ignition in the controlled fusion

reactors.
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Abstract. Ii is considered the numerical model for the simulation of a th n high-
density layer formed between the high-density non-ideal plasma and bounded nedium
thal occurs in an eclectrical pulse discharge in condenced media. To study the basic
system of the equations in one-dimensional approximation the method of larg e parti-
cles has been used with the separated solving of the energy equation to carry out the
conservalion of energy in the studied cell.

The electrical pulse discharges in liquids and high pressure dischar zes in capillary
tubes has been thoroughly studied to use in a number of technological applications.
In that discharges a thin high-density layer is formed between the high-density
plasma and bounded medium. In this layer gas-kinetical parameters varied mostly
into the direction of normal to ablation surface and the large flows of energy and
matter has been observed. The behavior of plasma and gas in this lay2r is important
for the dynamics and for the all of discharge characteristics. The similar layer is
formed also under optical breakdown of transparent matters at the fCcusing of layer
irradiation. Experimental studying of temperature and density in boundary layer
have a number of difficulties. Because of that the numerical simulation allows to
obtain a number of the essential results. The basic system of the eqations of vne-
dimensivnal moudel for boundary layer have the form

prv= '% + fi, (fi0) (1.1)

) = g (1.2)

O
2

(Lo . p ,
e 2 = (0 T) =0 (= W) (19)

S(Pp,T)=0(1.4)

where eq.(1.1) is the hydrodynamical equation of motion, eq.(1.2) equation of
continuity, eq.(1.3) is the energy conservation law, eq.(1.4) is the equation of state
for potential in non-explicit form, p is density, v is velocity . I’ i pressure.l’ is
temperature, /5(p,T) is the internal energy of gas, A(p,T) is heat conductivity,f;
is the density of inertial forces in accelerated frame of reference (as a rule f; = 0),
W is a total density of energy sources = 0 under an absence of ionization loses
and Joule heating that is valid in this approximation. The r—axis is directed on
normal to the ablation surface (the external surface of layer). The studied syvstem

''his work was supported in part by Ministry of Science and ‘Technology Policy of Jkraine
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(1)-(4) having reduced and solved by the numerical methods. For energy equation
the non-local s1 btraction scheme is used with the calculation of. 1st, 2nd, and 3rd
terms in different space points under averaging step by step in following iterations.
For this scheme the non-linear coefficients E(p, T') and Ap,T) are calculated with
solving the equation of state which having solved by the method of large particles
in plasma cubic cell with the radii of 2-4 Debay radius when the number of particles
no more then 5)-100 and averaging at center. In that way the spatial distributions
of temperature, pressure and internal energy were calculated in boundary layer for
the various initial conditions which are correspond to the physical experiments. The
obtained results have a good agreement with the experimental data. The equations
(1.1) and (1.2) have analytical solutions that allows to reduce the system (1) to the
following form

C-p-V="0—P(21)

p-V=0C(22)
1o ,
C--"%}l+ﬂi—vl-a—i(A.a—jT)zo(2,3)

where C anc. Py are the certain constants. The system (2) is studied with using
the numerical nethods. For energy equation (2.3) the non-local subtraction scheme
is used with the calculation of 1st, 2nd, and 3rd terms in different space points under
averaging step by step in the following iterations:

vi-v¢ EoVo-E_ | -V_ Mo+A-1)}To—(o=2A_ 3422} T +(A1+A_2) T- .
O Loy BBt GetdalTo- Go-BAc el T QoA Ts _ ) (3.3)

For this scheme thz: non-linear coefficients interznhal energy E(p,T) and heat con-
ductivity A(p,7) are calculated with the combined solving of the equation of state
{(2.4) which having solved by the method of large particles in plasma cell with the
radii of 2-4 Debay radius rp when the number of particles no more then 50-100 and
averaging at center.

The choice f scheme (3.3) is determined to find in each spatial puint x the
routs of algebra ¢ subsystem (2.1), (2.2), (2.4) in explicit form as a result of a single
iterated evaluation of numerical model (2.4). . The using of standard subtraction
schemes for eq.:2.3) makes, the non-explicit form of system (2.1), (2.2), (2.4) with
reference to the variables P, p and v that having caused to the re-iterated evaluations
at the calculatir g of routs and lead to the unwarranted expenses of computer time.

Then, if it is needed, the obtained in this way the first approximation may be
made more precise by the using of local subtraction scheme which is the analogue

of the standard scheme for the heat conduction equation:

C. VEVE | ByVeBoaVar (A da) Te—(Ae—2304A ) Tot(Ro+A )T _ 0
2:-h + h 2-(h?) =

In plasma thz interaction between particles is small and may be neglected for due
to the Debay shielding (decreasing as ezp(— R/z). Hence, having used the method of
particles to simn late a plasma, it is enough to calculate the interactive forces between
charges placed on a relative distance no large than (1,5-2). In the case of plasma
with non-ideality parameter 0.1-1 (the ratio of Coulomb energy to heat one) the
number of parti:les is no more than 10-15. Because of that the number of particles
in calculation cell measuring (2-4) should be no more than 50-100, that it allows to
obtain the solution of eq.(2.4) for acceptable time. To eliminate the edge effects a
calculation cell is bounded by ”blanket” having the thickness about , with taking
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into account in a dipole approximation. The statistical distribution of particles in
"blanket” is given by the chance translation of central cell in the region of ”blanket”
after the certain iterations. To carrying out a several conservation of energy after
the each 4-10 steps the multiply normalization of a kinetic energy of all particles
is done to conservate a total energy of a cell. The calculation of the statistically
averaging values is done on a central region of cell measuring . To calculate the heat
conduction coefficient a central cell is redoubled. Between the both of its halfs by
means the normalization of energy the small overfall is supported, ind the energy
flow is integrated over a separating surface. Because of the smooth dependence of
gas-kinetic parameters on space coordinate in a boundary layer th: simulation of
cell is carried out in the space point x from its established state in the previous
point.

In that way the spatial distributions of temperature, pressure a1d internal en-
ergy were calculated in boundary layer for the various initial conditions which are
correspond to the physical experiments (Fig.1). The obtained results have a good
agreement with the experimental data.

A,
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Fig.1.

The results of calculation for the typical conditions under the pulse electrical
discharge in a water (energy power is 300J per a cm of the channe length). Here
Vo = 10%em/s, Ty = 4eV, p = 0.5g/cm?®.
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Abstrac:.. An iterative algorithm for numerical solving the partial Sturm-Liouville
problem for the system of second-order linear differential equations with homogeneous
boundary conditions is described. The discrete scheme which has been realized by
means of the continuous analog of Newton method provides an accuracy of the four
or six orcer with respect to mesh steps of the quasi-uniform grid of an independent
variable. The method allows to inverse a conventional three-point difference operator
during iteration process. The efficiency of the implemented algorithm is demonstrated
by solving. the eigenvalue problem for the system of the radial equations with the rota-
tional cot pling describing pHet atomcule and verified on the exact solvable problem
with the Coulomb potential.

1 Introduction

In the recent work [1] the energy level scheme of the fHet atomcule has been studded in
an adiabatic approximation with help of "SLIPH4” program [2] for the numerical solving
of Sturm-Liouvil e problem for the radial Shroedinger equation. For the further study of
the rotational-vibrational spectrum of this exotic Coulomb system with the values of the
total orbital omentum J = 30 —40 the high-accuracy program for solving the eigenvalue
problem for N ridial equations with the strong rotational coupling should be applied.

In present work we describe an iterative algorithm for numerical solving the partial
Sturm-Liouville >roblem for the system of N-th radial differential equations

$11, ) = Iy (z) + 2p(2)y (2) + (4(z) — Ar(z))y(z) =0, ()

with homogeneois boundary conditions.

$2(A,y) = di(A, a)y (@) + fi(A,a)y(a) =0, (2)
é3(A,y) = da(A, b)Y (b) + f2(A, b)y(6) =0 . (3)

Here [ is an un t matrix of size N x N, p(z) ,q(z) ,r(z) are square matrixes N x N
" which are given 1s a table of numerical values on the quasi-uniform grid [1,3], y(z) is an
eigenvector and A is an eigenvalue. To find an isolate solution 2z* = {A*,y(z)*} on an
interval [a, b] we will specify matrixes d;, f;, %= 1,2 and fixed a normalization condition

!The talk has b:en presented on International Conference Computational Modeling and Computing
Physics, Dubna, Setember, 16-21, 1996, and submitted to Proceedings CMCP-96
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In the section two we present the iteration scheme that has been realized in the con-
tinuous analog of Newton method. Using the perturbation function allov's us to inverse
a conventional three-point difference operator during iteration process. Tle proposed ap-
proach provides an accuracy of the four or six order with respect to mesh steps of the
quasi-uniform grid of an independent varjable.

In the section three we demonstrate the efliciency of the implemented algorithm by
solving the eigenvalue problem for the system of the radial equations witl the rotational
coupling describing pHet atomcule and verified on the exact solvable problem with the
Coulomb potential describing pHett atom.

2 Iteration scheme

We can treat the problem (1)-(4) as a nonlinear equation with respect to some isolate
solution z following to paper[4]

d(z) =0 . (5)

We suppose that a conventional finite difference approximation of n-th order accuracy
with respect to the mesh step & of an appropriate quasi-uniform grid w) (&) [5] may be
applied to reduce nonlinear equation (5) to the following one

¢ (z4) = 0. (6)

We suppose also that a perturbation parametrization of the reduced ecuation may be
implemented by such a way

M (g,20) = $P(z) + 9(60 (20) — 617 (20)) (1)

that a real value parameter g € [0, 1] will specify a finite difference approx mation of n(g)-

th order mentioned above. In further we will use the short notation ¢(g. ) = 4°=ZL)(.‘/' z1),

z = z,. to rewrite equation (7) without subscript h :
©(g,2) = po(2) + 9Ap(2), =z . (%)

Now we introduce a continuous parameter ¢ € [0,00) and consider ec nation (8) as a
parametric one with respect to t:

et 2()) = wo(=(1)) + (1} Ap(z(1)} 9
gty =1=-¢c"", 0<a<l.

To solve nonlinear equation (6) we will consider the abstract Cauchy problems in the
framework of the evolution the Newton procedure following by paper [6]

Pt} = —e(t, (1), 2(0) =20, #(0.2(0)) = wo(z0) - (10)
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We can rewrite ¢quation (10) in the conventional form
1 dz !
Pagy = —elt, 2(t) — g () Ap(2(1) (i1)
Z(O) =2p, 4,0(0, 2[0)) = SOO(ZD) .

Here ¢ means “r’eshet derivative [4]. In particular case, when a = 1 one can see that
g(t) + ¢'(t) = 1 iind one can rewrite (11) as follows

(he(=(0)) + 9D AL T = (=00 | (12)
2(0) =2, g(0)=0.

To solve the equation (11) we use Euler’s method

Po:Vk = ~wo(2k) — (9x + g AG(2k) — gDV (13)
Zk41 = 2k + ThVk , Gk41 = Ok + TGE
k=0,1,--- 0<71,<m<1.

Let the correcticn v = {jk, vk} to the solution zx = {Ag, yx} be defined as follows
v = ~ye + ik + pavak - (14)
Then we have tv/o boundary problems for determining the corrections vy and vai:
Doy 1k = —(gk + g6} Av(21) — kAL vE_1 , (15)
Poy(var) = ~poa(2k) (16)
and the followin 5 equation for determining the correction p:

Balyx) — P,k
i = -2 Ptk (17)
. . ¢4y"2k
Thus, we can find the iteration corrections vg at the k-th step and go to next layer k+ 1.
with help of the following equations:

Moyt =M+ Ttk > Ykt = Yk ThVk . Gkt = Ok + TG - (18)
The iteration process (13)-(18) will be finished at such k = ky,, if for a given and sufficient
small value of £ > 0 the discrepancy & = ||¢(2k)|lc < €.
3 Numerical results and discussion

The pHet atom cule has reach rotational-vibrational spectrum. The most interesting for
the experimental observing part of the spectrum lie between J = 30---43 [7,8]. 1n a
general approac the corresponding states will have the widths, which are caused by the
radiative transitions and Auger’s decay pHet = pHe't + ¢=. In the latter the exit
channel is descr bed by the product of the wave function of a bound state of the pHett
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atom and the wave function of Auger’s electron. As an example of implementation and
efficiency of the proposed iteration scheme, in Tables 1,2 we present the results of our
numerical calculations of the eigenvalue problem for the radial Shroedinger equation with
Coulomb potential describing the bound state with J = 31, v = 0. In tabe 3 we present
our results for the problem (1)-(4) describing the bound state of the pHe*t atomcule with
J =31, v=0. Here we restrict our attention by the system of 7-th radial equations with
the rotational coupling. As an initial approximation zo = {Xo, yo(z)} we have used the
numerical solution z%¢ = {A*¢| y3(z)} of the adiabatic approximation obt.ined with help
of SLIPH4 program.

Table 1. Numerical solution of the problem for the radial equation with Coulomb
potential describing pHett atom (J = 31, v =0) on interval z € [0.1,1.0] with the mesh
step h = 0.00625, by means of 4-th order difference scheme.

Ap Ans2 Abs4 A g
.840543622E+04 | .840543560E+04 { .840543556 E4+04 | .840543556E+04 | 15.95

X Yn Yn/2 Yh/a y* g
0.1 | .102908995E-06 | .105560356E-06 | .105721635E-06 | .105732313E-06 | 16.44
0.2 | .473713820E-01 | .473702828E-01 .473702134E-01 473702088E-01 | 15.84
0.3 | .213188499E+401 | .213188278E+401 | .213188264E+01 | .213188263E+01 | 15.88
0.4 | .221380394E+01 | .221381068E+401 | .221381110E+401 | .221381113E401 | 15.93
0.5 | .291472399E+00 | .291473186E+400 | .291473235E4-00 | .291473233E400 | 15.98
0.6 | .103928520E-01 | .103928860E-01 | .103928882E-01.| .1039288¢3FE~01 | 15.83
0.7 | .150433327E-03 | .150442152E-03 | .150442703E-03 | .150442740E-03 | 16.01
0.8 | .112551101E-05 | .112575768E-05 | .112577304E-05 | .1125774(6E-05 | 16.05
0.9 | .508662278E-08 | .508926106E-08 | .508942513E-08 | .5089436(6E-08 | 16.08
1.0 | .154452575E-10 | .154603385E-10 | .154612752E-10 | .154613376E-10 | 16.10

Table 2. Numerical solution of the problem for the radial equation with Coulomb
potential describing Het+ atom (J = 31, v = 0) on interval z € [0.1,1.0 with the mesh
step h = 0.005, by means of 6-th order difference scheme.

)\h Ah/z /\h/4 )\* g
8405.435558477 | 8405.435557369 | 8405.435557352 | 8405.435:57351 | 63.72

X Y Yn/2 Y4 y* g
0.1 | .105776617E-06 | .105733004E-06 | .105732324E-06 | .105732314E-06 | 64.16
0.2 | .473702158E-01 | .473702090E-01 | .473702089E-01 | .4737020¢9E-01 | 63.38
0.3 | .213188265E+01 | .213188264E4+01 | .213188264E+01 | .213188264E+01 | 63.32
0.4 | .221381111E+401 | .221381113E+01 | .221381113E+401 | .221381113E401 | 63.69
0.5 | .291473238E+00 | .291473239E+00 | .291473239E+00 | .291473239E4-00 | 63.06
0.6 | .103928882E-01 | .103928884E-01 | .103928884E-01 | .1039288:4E-01 | 63.86
0.7 | .150442744E-03 | .150442740E-03 | .150442740E-03 | .1504427:0E-03 | 63.71
0.8 | .112577460E-05 | .112577408E-05 | .112577407E-05 | .112577407E-05 | 64.18
0.9 | .508944463E-08 | .508943619E-08 | .508943606E-08 | .5089436(6E-08 | 64.33
1.0 | .154613995E-10 | .154613386E-10 | .154613376E-10 | .154613376E-10 | 64.43
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The calculations are realized on a sequences of three uniform grids wy, () of the interval
[0.1, 1.0] with steps h, h/2, h/4. It needs to calculate the relation o:

Zh — Zpj2
024/

. (19)
Zhi2 — Zhi4

It allows us to :how the order n of approximation of the implemented difference scheme.
Note, that the theoretical value of ¢ for the scheme of accuracy O(h™) is defined as 2" [9].

Table 3. Num:rical solution of the problem for system of 7-radial equations describing
pHe™ atomculz (J = 31, v = 0) on interval z € [0.1,1.0] with the mesh step h = 0.025.

by means of 6-th order difference scheme.

\h )‘h/2 )‘h/4 g SA
.102903¢ 38895E+5 | .102903753093E+-5 | .102903751659E4-5 | 59.87 | 0.14E-03

X i1,k Y1,/2 Y1,h/4 g oyt
0.1 | 0.4396:4387E-06 0.623047062E-07 0.559552734E-07 | 59.4 | 0.20E-01
0.2 | 0.285429112E-01 0.284966990E-01 0.284958277E-01 53.0 | 0.45E-02
0.3 | 0.165531273E4-01 | 0.165537380E+401 | 0.165537427E+01 | 66.7 | 0.14E-02
0.4 | 0.256872480E4-01 | 0.256884048E+01 | 0.256884258E+01 | 55.0 | 0.11E-02
0.5 | 0.592053730E400 | 0.592079636E+00 | 0.592080012E400 | 61.0 | 0.34E-02
0.6 ] 0.433849716E-01 0.433890427E-01 0.433891141E-01 57.0 | 0.54E-02
0.7 | 0.1506¢5918E-02 0.150714972E-02 0.150715414E-02 | 65.7 | 0.72E-02
0.8 | 0.312925709E-04 0.312680472E-04 0.312676708E-04 | 65.1 | 0.88E-02
0.9 | 0.4488:1116E-06 0.446973317E-06 0.446946017E-06 | 68.4 | 0.10E-01
1.0 | 0.4884(0410E-08 0.483071330E-08 0.482995616E-08 | 70.3 | 0.11E-01

In the last column of the Table 3 we point out also the value of §z = {8\, 8y} which
shows relative lifference between the adiabatic approximation z, = {A*%, y**(z)} and
solution z = {A, y1(z)} of the problem for 7 radial equations with the rotational coupling.
The obtained values 6z confirms the theoretical estimation of {1]. In calculations we
have used the following values of masses of the particles May,++ = 7294.299 m, and
Mz = 1836.1527 m,. '

The obtained results indicate that the implemented high-accuracy Newton iteration
scheme may be applied for further study of physical characteristics of the exotic Coulomb
few-body systeins.
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Abstra:t. By using CAS REDUCE and MAPLE the Gary scheme with initial, com-
plement ary boundary and overlap conditions is studied. In the case of two different
grids wi:hout displacement a power instability in space Lz is proved:]|G"|| grows at
least as /m, when n = co. It is an example of interesting instability phenomenon. The
instabili y is observed in calculations, if only the overlap interval has an even number
of full steps for the outflow problem. We state the power instability for A = 2h;, A
is the lea1gth of the overlap interval. In the case of A = 2.5h; the stability is proved.

1 Introduction

We developed and realized on PC by using CAS an algorithm for stability verification of
difference bouncary problems. In this report we demonstrate possibility of this algorithm
by searching the Gary scheme [1]. This scheme is used in airflow simulations.
The one-stagje form of the Gary scheme for uy = u, is
n+1 n a n n C!2 n n n aa n n n n

u, =, +_§( typr—Uyg)t g(“uu —2ujtu;_g)+ ﬁ("wa =3upy +3up_y —up_3)-
The corresponding Cauchy problem is stable in space Lq, when [2] & = 7/h < 2. Following
to [2], we consider model problem on substructured domain consisting of two semiinfinite
intervals with d'fferent grids G and G2, having h, ke steps in z.

Xo,G XN Gy G
i . = ;
| dl,
‘ 'dy I
‘ + by 4
G, XN, G2 Xo,G,

Ny, N are :upposed independent of hy,h;. A problem with initial data is solved:
w™t = Guw", v = {u,}U{v,}, v > 0.G is the operator of transition from the layer ¢ to

the layer t + 7. What is G here?

'The research of this author was supported in part by the International Science Foundation and the
Russian Governme it under Grant No. NKC000 and Grant No.NKC300
2The research o’ this author was funded through a faculty grant from Uppsala University
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On grid G| the left boundary problem (the outflow problem) is solved: ult!, v > 3
are calculated by the Gary scheme with a = 7/(h;). The Gary scheme

requires two complementary boundary conditions to define uf*!, u3*!. We use [2]

2
Wt =+ Jl20f - g - a4 (8 - o) + (0 - 203 + )],

ultl = o 4 %[2(1;:',' —ul)+ %(u;‘ —4ul + ol +udt 4 g(u; - 3ul + 2u}))].
The value of uj*! is calculated by the interpolation of the solution values i1 the points of
G closest to Xog, . :

Solution on G3? On grid G the right boundary problem is solved for %; = u,. This
inflow problem can be interpreted as the left boundary problem for v; = — ;. The values
of v*l, v > 1, are found by the formulas above with u replaced by v and a replaced by
&= —T/hy = —¢a, ¢ = hy/h,. The value of v]*+! is found by the interfolation of the
solution values in the points of grid G, closest to the considered boundar point Xoc,.
Put 8y = di/hy < 1, B3 = da/h; < 1. In the case of the linear interpolation the overlap

conditions are
+1 +1 +1 1 _ +1 1
"3 = (1 - 52)”}:1, +ﬂ2"}:1,+1‘ ')3+ = (1 - ﬂl).“rﬁlll + ﬂlu?\t+1;

The operator G is presented.

The considered problem with initial, complementary boundary and overlap conditions
(i.b.o. problem) is stable if there is a positive constant ¢ such that ||G"|| < for all n > 0.

It is necessary for the stability, that the spectrum of G lies in the unit disk |z| < 1. The
classic definition is used: a point of the complex plain zg is a spectrum point of G, if there
is found a nonzero sequence wp with Gwo = zpwg. Here, w consists of tw) semi-infinite
sequences {u,}, {v,},v > 0, from L, satisfying the complementary boundaiy and overlap
conditions.

2 Spectral problem

The spectral problem for the considered i.b.o. problem is a system of o-dinary differ-
ence equations with a spectral parameter z, which is obtained from the original one by
substituting zu,, zv,,u,, v, instead of un+!, v2+1 u? vP, respectively. The solution of the
spectral problem can be represented by the roots of the characteristic polynomials:

3, % 4 2,9 5 3 o g 4 2
P(z,5) = (1~ 2)x +§(n _K)+F(K -2k +n)+§§(r< -3k 4-3k° - 1),
2 3
Pg(z,k)z(l—z)ica——¢2a(k4—k2)+-—(¢g) (k5-2k3+k)-——(";‘;) (R — 334 + 3&% — 1).

It is necessary for the stability of the considered i.b.o. problem that the -orresponding
Cauchy problems on the infinite grids with the steps hi, h; are stable. So we suppose,
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that o < 4, ¢?0? < 4. Then [3] for z with |z] > 1 each of the characteristic equations
Pi(z,k) =0, P2(z,k) =0 has exactly three solutions less than one in the absolute value:
K1, K2, k3 and K1, K2, K3, respectively. In the general case (when &y, K2, k3 are different and
K1, ko, k3 are d flerent) the solution of the considered spectral problem has the following
form: u, = e1r:f + coky + 364, v, = c4RY + csRY + c6RY, v > 0. On introducing these
functions into “he boundary and overlap conditions we get a linear homogeneous system
for the definiticn of ¢;, ¢2, €3, ¢4, €5, cg. This system has nonzero solution, il

-1 -1 =1 ei(R1) ei(R2) erlRa)
ez(k1) ep(kg) exfxa) -1 -1 -1
= det(E) = e3(k1) es{ks) es(rs) 0 0 0 _
D(z) = det(E) = det 0 0 0 ex(R) () ealhs) | = 0.
es(Kk1) es(kg) es(ka) 0 0 0
0 0 0 es(R1) es(Ry) es(Ra)

Here e; are the polynomials determined by the boundary and overlap conditions. The
coefficients of ¢3, €4, €5, e are linear functions of z. We have shown that the spectrum of
the considered i.b.o. problem is described by a system of seven polynomial equations with
seven variables
D(zv"61752153yk17k2k3)=0) |:I Z 1‘
PI(Z,51)=0, P](2,52)=0, Pl(z,ﬁ:;):O,
Pg(z, kl) = 0, PQ(Z, kg) = 0, Pg(Z, I:€3) =0.
We reduce :his system to a system of two polynomial equations in two variables

T = K1KyK3, Y = R1RoR3. At first the determinant equation is transformed by a number
of elementary 1nanipulations with the columns of E into

det(E(zlaI%Ivi‘lyi?vyl z)) = 01
Ty = K1+ Ke + K3, &1 =Ry + Re + K3, 2o = K1(Kg 4 Ka) + Koka, Z2 = Ry(Re + Ra) + Raks.

Then by using :he Vieta relations for the characteristic equations we get z,, &1, 2, 22,z as
functions of z, y. All these functions are simple ratios of polynomials. After substituting
them into the transformed determinant equation we get one of the polynomial equations,
another equation is obtained from one of the Vieta relations:

P(z,y) = num(a®(zi(z,y) — z3(z,y) + 2? — 1) — z(8a” + 32(z(z,y) - 1))) =0,

Q(zv y) = num(det(E(zl(zay)v 1‘2(11 y)71'1i'1(17 y)vi'Q(mv f'/). Y, z(n:,y)) =0.

Remark, that "his system automatically describes the spectrum points z,|z| > 1, when
there are coinc dent roots among k;, K2, k3 or among Ry, Rz, k3.

3 Separation of the false spectrum points

The attemp tc solve this system by using REDUCE: solve({P,Q}, {z,y}); have given
no result. Aft:r this we used the resultant method. This leads to the false solutions.
Another reasor why the false solutions arise is the {ollowing. We can’t say a priori in the
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program, that the new variables z;, 9, z, %y, £,y are symmetric functions of x; and &;
with the absolute value less than one only. Therefore in the program z;,z:,z depend on
three arbitrary x; and Z;, ;,y depend on three arbitrary £;. An algorithm for separating
the false spectrum points was developed and implemented on a. PC using REDUCE and
MAPLE systems. The separation has two steps.

In the first step, for each z, ]z} < 1, (the solution of the resultant) we fini all solutions
y, ]yl <1, of P(z,y) = 0 (the first polynomial equation). For each of the selected
pairs (z,y) the values z1, 22, &1, &9, z are calculated by the simple explicit formulas. For
the following analysis we kept only the sets (z,z, 29, £1, 32, %, y) satifying the natural
inequalities |z;| < 3, |z2| <3, |£1] <3, [£2] <3, |2 >1—€

In our program ¢ = 107!%, The points z,1 — € < |z} < 1+ ¢, from the ¢— vicinity of
the unit circle are replaced by z/|z}, the closest points of the unit circle. After this we
separate the false spectrum points, arising in the reduction to the resuitant. We must
simply verify if the selected (z,y) satisfy Q(z,y) = 0 (the second polynomial equation).
But z,y were found numerically and Q(z,y) has many terms with rather b'g coefficients.
In order to avoid numerical difficulties we solve the resultant equation with lLigh accuracy:
in our REDUCE calculations PRECISION 15 was. Consequently. the solutisns x, |z < 1,
lie at a distance less than 107!% from the corresponding exact solutions. 1n our program
Zg, Yo are assumed to satisfy the second equation if the following inequality holds

P (o, yo)

1Q (0, y0)| < 2 x 107"* Q- (0, o) + Qy(Io-yo)P ro v |

This completes the first step of the separation.

In the second step the selected sets (z,z,z2, ;. &2, 2.y) are analysed. [or each set
we find Ky, K9, K3, &1, R2, k3 less than one in absolute value (the roots of Pyix, z), P2(R, 2)
characteristic polynomials with 2 from the considered set). We check if z-, &, from the
considered set are really the sums of the computed xq, K2, k3 and Ry, Ry, k3 respectively.
In our implementation, this is considered to be the case if the following inec ualities hold:

|Il - (K] + K2 + h',3)| < IO_SI.‘L‘ll, Ii] - (};1 + ;\'2 + };3)’ < 10_3[.’3['.

All constants and inequalities were chosen in the process of numerical experiments. Further
we present the results of concrete studies produced on a PC, using REDUCE and MAPLE.

4 Example I. Power instability.

The Gary scheme with a =2, Ny =2, N =1, ¢ =1/2, 3; = 3, =0 s considered.
There is no displacement here. The overlap conditions are ugt' = vJ*t! (gt = u)t!

simply. The resultant R(z) is a polynomial of 900th degree. REDUCE was not able to find
it. MAPLE did this and factored R(z) in approximately 4 hours on PC486-36/4MB. The
factored R(zx) has 10 different factors-polynomials of maximal degree 68 wi-h sufficiently
small coefficients. The resultant has 96 nonzero solutions x,|2| < 1. For e:ch computed
z the polynomial equation P(z,y) = 0 of the fifteenth order is solved with respect to y.
Thus we have to solve a lot of polynomial equations with the complex cocfficients. All
polynomials were solved and all the selected solutions were analysed. As the result the
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unique { in the region |z] > 1) spectrum point z = 1 was found. Here x1{1) = —1.
This leads to a power instability in space L,. For the considered problem with initial,
complementary toundary and overlap conditions ||G"|| grows as \/n when n — oco. Such
instability is given [4] by

n l/n"()"-—dz y>1
= — Z)Z .
T = om r 1 (z=1) =

For 1 < v < en tae principal part of 7} is equal to (—1)” residual with respect to the pole
z=1: (/I§"|y?|? grows as v/n when n — oco. This is in agreement with the results of
numerical experi nents [2]. It is an example of an interesting phenomenon: the instability
is observed in calculations only in the case of an even number (N;) of full steps (h;) on
the overlap interval for the outflow problem.

5 Example II. Displacement gives the stability.

The Gary scheme with o =2, Ny =2, N =1, ¢ = 1/2, 3, =1/2, B2 = 1/4is
considered. This time there is a displacement and we get stability. ug*! is found by
the linear interpolation of v *!, vP*! values. And v}t is found by the interpolation of
u;‘“,ug“ solution values in the inner points of G;. The resultant is a polynomial of
924th degree. MAPLE determined and factored it in 20 min. approximately on PC486-

66/16MB:
R(z) = 6947 33687839319798821386491223529145712236920475021157521633209

7940298959( 17026262908065115724783004460397076682867559425376256 » 58+
*Ry(x) * Ra(2) * (22 + )M » (27 + 22 — 1)% » (428 — 3227 + 8925 - 962° + 15227 -
—9623 + 8027 ~ 52z + 4)7 * (42® + 3227 + 802° + 962° + 15227 + 962° + 8927 + 322 + 4)*+
#(27— 42+ 1)8 ‘21488z + 8027 — 1080z — 1524z — 39602° + 10722® — 279227 + 89428+
+27922% + 107220 + 39602 — 152422 + 108023 + 80z — 88215 + 2121616,

Here R;(z), R3(::) are polynomials of 92 and 100 orders respectively with big integer
coefficients. So we have 9 different factors of degrees not more than 100. These polynomials
were solved in REDUCE by using the special patch of w. All solutions
were analysed. 'The characteristic equations have not zero solutions. So only z,|z| < 1,
are interesting. The resultant has 113 such solutions among 231 distinct solutions. We
demonstrate below, how the real false spectrum points are separated. After the first step
of separation only four sets were kept. They originate from two pairs of complex-conjugate
solutions of the polynomial R3(z). We present sets corresponding to solutions with positive
imaginary parts. The other two give complex-conjugite sets.

[Zy Ty, ilv T2, 'i‘27 z, y]

[—4.116441888993069 + 3.51812432083375 * 1, 0.158325125400724—
2.2220:3591880914 * i, —0.0554995523291884 — 0.0412152562155017 * ¢,
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1.0 4+ 9.40653804848424 F' — 16 * ,0.0170645465805749 + 0.0126272932° 92366 * 1,
0.22492368095103 + 0.231563119097344 * ¢,
~0.00423895984976586 — 0.00307054241832905 * ],
[2.23261162700076 + 1.87010672569856 * 7, —1.58409955347499 -
1.76688689793465 * 1, —2.61811328317628 — 1.16678863932354 * 1,
0.999999999999995 + 6.72205346941013FE — 17 % ¢,0.618777428864 "25+
0.148165305765429 # 7, 0.126226951078023 + 0.536255125209603 - ¢,
—0.0945070704296629 — 0.00572603218332348 * ).
On the second step all sets were rejected. Let us consider, why the sets, pr:sented above

were rejected. The polynomial P, (, z) with z = —4.06441888993069+3.51812432083375x1
from the first set has the roots

k1 = —0.0155300629675805 — 0.379309688698518 * 1,

kg = —0.232113823750295 + 0.357542143667048 * 7,
K3 = 0.282678861784193 + 0.0523781168748906 * ¢,
Kq4 = —3.42015856072792 4 0.633727841175572 * ¢,
K5 = 1.27736349829478 + 1.96761776633209 * ¢,
Kg = 0.107760087366824 — 2.63195617935108 * 1.
PC found &; + &2 + k3 = 0.0350349750663175 + 0.0306105718434206 * ,

K1 * (k2 + Ka) + K2 * k3 = 0.0703603925019518 + 0.0633660249294409 * ¢,
K1 * K2 * K3 = 0.0350349750663178 + 0.0306105718434205 * <.
These values don’t equal z1, x5, z from the considered first set:
z1 = 0.158325125400724 — 2.22203591880914 * 1,

z3 = 1.0+ 9.40653804848424F — 16 * 4,
z = 0.22492368095103 + 0.231563119097344 * 1.

But you can see, that the last ones are close to the values of

Ko + K3 + k¢ = 0.158325125400722 — 2.22203591880914 * ¢,

k(K3 + Ke) + K3 * kg = 0.999999999999998 + 1.16399945238044 ' — L5 * ¢,
Ko * K3 * Kg = 0.224923680951029 + 0.231563119097343 * ¢

respectively. As a matter of fact they coincide in 14 digits printed, which giarantees the
correctness of the results computed indepedently on the PC. The values 21 in the sets

were obtained at the end of long analytical and numerical calculations. So t1e considered
z is a false spectrum point.
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The polyno:nial P;(k,2.23261162700076 + 1.87010672569856 * i) has solutions
K1 = ~0.56769819895633 + 0.180684005867448 « ¢,

Ko = 0.296965367383044 + 0.213386989838339 * ¢,
K3 = 0.20538455976233 — 0.337931042601437 « 1,
Kg = —2.22075946537033 + 1.5957455970249 + 4,
ks = —1.31336672190171 — 2.16095789364045 * 1,
ke = 1.599474459083 + 0.509072343511198 # i.

The values of a, 2,z from the second set are close respectively to
K1+ K2+ K5, K1(K2+ Ks) + K2 x K5, K1 % Kg * Ks.

They coincide 'n 14 digits printed again. So the considered z is a false spectrum point.
No spectruin point were found in |z| > 1. This and the stability of the corresponding
Cauchy probleras gives [5] the stability of the considered i.b.o. problem. Previous attempts
to study the s:ability of the Gary scheme, under such nontrivial conditions, have been
based on numerical approaches [2).
Preliminari y i.b.o. problem for the Rusanov scheme [6] had been searched [7]. The
stability in Ly and in uniform metric had been proved. The Rusanov scheme

has only five points on the low layer. Calculations here are not so complicated as in the
case of the Gary scheme. The results of searching the Rusanov scheme had been reported
at the 4th International Conference on Advance Numerical Analysis, August 15-18, 1995,
Moscow, Russia.
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DIFFUSION FLUX FOR SINGULARLY PERTURBED
PARABOLIC EQUATIONS WITH DISCONTINUOUS
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Abstract. One-dimensional singularly perturbed parabolic equations, defined on
composite type domains, with mixed boundary conditions are considered. The jaram-
eter 2 multiplying the highest derivative takes any values in the haif-interva (0, 1];
for € = 0, the reduce equation involves the time derivative only. Coefficients of the
equation and the right-hand side have discontinuities of the first kind on the int xrfaces
of the subdomains. These problems describe heat. and mass transfer in inhomog neous
media and with complex exchange conditions on the interface of medium. B: using
special piecewise uniform grids which condense in the boundary and interior layers,
we construct difference schemes that converge uniformly in €. The approxin ations
of normalized diffusion fluxes, i.e. products of the parameter £ and the firs -order
derivatives of the solution with respect to the space variable . are studied.

1. Problem formulations
1. In the domain G with the boundary S = G \ G where
G=Dx(0,T], D={a: de <2 <d}, (1.1)
we consider a boundary value problem for the parabolic equation
Lagyulz,t) = f(z,t), (2,t) €G. (1.2a)
Here

g a4 9 17
=g2{ = il 2 e =plr. D —. =
Loy =e {0 a(z,1) +b(:c,t)(,)x} c(x,t) p(a,t)at. c€ 0,1],

the functions a(z,t), b(z,t}, ¢(z,t), p{z,t), f(z,t) are sufficiently smooth on the set G,
a(z,t), p(z,t}) > ag > 0, ¢(z,t) > 0, (z,t) € G. The boundary 5 is represented as a sum
of sets: S = SOUSPUSN = SOUSL, where SO = {(2,4): x € D, t = 0} is the lower base
of G. The lateral boundary consists of two parts: S = $PUS¥; Dirichlet and Neumann
boundary conditions are given on the sets SP and SN, respectively. Assume that the type
of the boundary conditions does not vary in time. One of the sets S or ¥ can be empty.
The function u(z,t) on S satisfies the boundary conditions

E—(%u(m,t) = P(z,t), (z,1) € SN, u(z,t) = p(z,t), (v,1) € SPu P, (1.2b)

'This work was supported in part by the Russian Foundation for Basic Research vader Grant No.
95-01-00039
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Here 3/9n is a derivative with respect to the outward normal to the set G, the functions
plz,t), (z,t) € S°USP and ¥(z,t), (z,t) € SV are sufficiently smooth on the set §°, SP
and SV respectively, ¢(z,t) is continuous on S® U SP.

The solution of problem (1.2), (1.1) is regarded as a function v € C*YG) N C(G) N
CY0(G u SV), which satisfies the differential equation (1.2a) on G and the boundary
conditions (1.2b) on S. For simplicity, we assume that the compatibility conditions [1] are
fulfilled on the set v = S°n 5% that ensure the sufficient smoothness of the solution on
G, in particular, u € C1°(G), for each fixed value of the parameter €.

When the parameter € tends to zero, parabolic boundary layers appear in the neigh-
bourhood of th: set S that are described by a parabolic equation.

We are interested in the function u(z,t) and its gradient (9/dz)u(z,t), (z,t) € G.
Notice that the solution of problem (1.2), (1.1) depending on € is bounded uniformly in
the parameter ... However, as ¢ — 0, the derivative (9/dz)u(z,t) increases unboundedly
in the boundar s layers. It is convenient to consider instead of (9/92)u(z,t) the function
P(z,t) = €(8/dz)u(z,t) (z,t) € G, which is bounded uniformly in ¢ on the set G. The
function P(z,t is called the normalized diffusion flux or, in short, the flux.

We are to find the functions u(z,t) and P{z,t), (z,t)€G for problem (1.2),(1.1).

2. We cons der also the parabolic equation with discontinuous coefficients and right-
hand side. Let the domain G be divided into several subdomains G9), j=1,2,...,J:

G=JGY, 6V =D x (0,1}, DV ={z: dj_s <z <d;}, (1.3)
J

where dp = d., dj = d*, d = d(; 3y = min(d; ~ d;_y) > m; on each of GU) we give the
i

equation

; d ., a ; 7]
(4) =120 2 (g9 =z (g ) — L _
LYu(z,t) = {e {E)z(a (:c,t)ax) +b (l’t)i)m} (1.4a)
-c(z,6) - pa, t)%} u(z,t) = [P0, (2.0 €GO
On the every :ubdomain _@(j), the coefficients and right-hand side of the equation are

sufficiently smcoth, moreover, et (z,t), pl)(z,t) > ag > 0, ')z, t) > 0, (z,t) € G,
On the boundary S the function u(z,t) satisfies the boundary conditions

E%u(x,l) =¥(z,t), (z,t) €SV, wu(z,t)=p(z,t), (2,t)€5%U 5P, (1.4b)

and, on the bot ndaries SUl, 5l = {é‘”n&‘”“} \ 5° for the interface of the subdomains
GW, GUHY j =1,2,...,J — 1, it satisfies the conjugation conditions

[a(:c,t)l%u(:c,t)] =q(z,t), [u(z,t)]=0, (x,t)€S". (1.4¢)
Here [v(z,t)], (z,t) € SU] is a jump which the function v(z,t) has on the interface sbil;

[a(z,t)(9/dz)1(x,t) ] = ai+1)(z 4 0,8)(8/0z)u(z + 0,t) — V) (z — 0,1)(8/0z)u(z - 0,1),
(z,t) € sl §» = U_,'Sm, i=1,2,...,J — 1. The functions ¢(z,t) and ¥(z,t), ¢(z,t) are
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sufficiently smooth on the sets §°N S, §0 and SV, S* respectively, SU) = el \GU),
p(z,t) is continuous on S°U SP. We suppose G* = G \ 5*.

The solution of problem (1.4), (1.3) is regarded as v € C*}(G*)NC(G ' N Cl'o(@m \
{8°uU 8P}y, j =1,2,...,J, which satisfies equation (1.4a) on GU), boundry conditions
(1.4b) on S and conjugation conditions (1.4c) on S*. Notice that, for afixed ¢, u ¢ C21(G);
the derivative (3/8z)u(z,t) has a discontinuity on the set S*.

We suppose that, on the set v = S°n {§L U 57}, the compatibility :onditions are
reitl
01,0(5(1)) for each value of the parameter €. The solution of the reduced problem with
€ = 0 is discontinuous on 5* and does not satisfy the conjugation conditions (1.4c), and
conditions (1.4b) on ST. When & — 0, parabolic boundary and interior la;7ers appear in
the neighbourhood of the sets ST and S*, respectively.

In the case of problem (1.4), (1.3) we are to find the functions u(z,t), z,t) € G and

Pi(z,t) = £(8/8z)u(z,t), (z,t) € G, j=1,2,...,J.

satisfied that ensure the sufficient smoothness of the solution on , in particular, u €

2. A priori estimates

By the analog of the maximum principle [1] and the technique of barrier fuiictions [2], we
establish the e-uniform boundedness of the solution for problem (1.4), (1.3 2

|u(z,t) | < M, (z,t)€G. (2.1)
To estimate the derivatives, we assume that the following condition is s wtisfied:
either a(z,t) = a(z), b(z,t) = b(z) or a(z,t) = a(t), b(z,t) =0, (2,t. €G. (2.2

Let us find the derivatives (9% /3tko)u(z,t) for t = 0, ko=1,2, 3 accorcing to (1.4a).
Under conditions imposed on the problem data, these derivatives are bounde] e-uniformly.
Applying the operators @% /3t ko=1,2,3 to the data of problem (1.4) for ¢t > 0 and
using the maximum principle, we find the estimates

ko —
| %k—o-u(z,t) | <M, (z,t)eqG, ko<3. (2.3)

The solution of problem (1.4) in each G can be represented as a sum

(e, t) = Uz, t) + V(z,t), (a,t) €T, (2.4)

where U(z,t) and V (z,t) are the regular and singular parts of the solution. Using (2.3),
we can get the estimates

i -k 0K < M1+ &+ 2
sk (B | SMe™, | oo Ul ) | S M1+ 6777 (2.5)
A j rait)] .
z,t) | < Me™" exp(—me~"r(z, , (2,0) € , k+2ky <6, j=1,2,...,
lazkatkov Me™* 'r(z, 1)) G, k+2k <6, j=1,2,...,J

where ') = DU \ DU). Here we used the estimation technique like that ir [3].

?We denote by M different positive (sufficiently large) constants which are independent of .
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Theorem 1. Let condition (2.2) be satisfied. Then, for the solution of problem
(1.4), (1.3) and for its components from (2.4), estimates (2.1) and (2.5) are valid.

Remark. Ve assume that the solution of problem (1.4), (1.3) satisfies the estimates
of Theorem 1 even if condition (2.2) is violated.

3. Finite difference schemes

1. Classical difference scheme. On the set 5(1‘3) we introduce the grid

Gh =D x @ =&y X Do, (3.1)

where @ is a u1iform grid on [0, "] with the step-size 7 = TNO'I; No+1 is the number of
nodes in the grd @p. The grid @; is assumed to be a grid on the interval [d., d*] with an
arbitrary allocation of the nodes, and d; € @, j=1,2,...,J —1; N +1is the number
of nodes in the grid @;. On the set G, to problem (1.4) we assign the difference scheme

A@payz(z,t) = f(z,t), (z,t)€
clah(z,t)6,2(x,t) — a’(z,t)0z2(2, )] = ¢(z (z,t) € Sy, (3.2)
€bpz z,t) = P(z,t), (z,t) € S,’,V, 2(z,t) = ga(z,t), (z,t) e SYUSP.

Here G, =G*NGh, 8} =5"NGh, Su2(z,t) = { (ézz((t t)) :__dd.h }, (z,t) € SE,
Aaz) = €2 {¢s(ah(2,8)62) + b¥ (2, 8)8: + b~ (2, )8z} — c(z,t) — p(=, )7, (2,t) € G,
where G} = GUIN Ty, b*(z, z)_z- (b(z, t)+|b(z B, b~ (z,8) = 27 (b(z, ) - [b(z, 1)),
6z (ah(z,t) &z:(z,t) ) = (ah(z,t) 2z5);, f. [d], ab(z,t) = a(27! (2~ 1+:z:) t), = =2,
@t (2t t) = al (oL, 1) for (z,t), (z*t1,t) € Gy. For the approximation of the diffusion

flux Pi(z,t), (r,t) € G we use the grid function

PM (2,8) = e8,2(, 1), (x,t) € GV, j=1,2,...,J, (3.3a)
h N N N .
where GY™ = DU x @y, DY = {wy NDD}U {a = d;}. (3.3b)

Taking into account the estimates of Theorem 1 and Remark, we establish the conver-
gence of the sclution of scheme (3.2), (3.1) and the functions P+ (2, t) to the solution
u(z,t) and the functions P?(z,t), respectively, for a fixed value of the parameter

Ju(z,t) — z(z,t)] < M[eT'N~+ NgY], (z,t) € Gh, (3.4a)

|Fi(z,t) — Pt (z,1)| < Me[e7'N~1 + N1, e G-, (3.4b)
i=12,...,J. To obtain (3.4b), we assume the fulfilment of the condition

b(z,t)=0, (a,t) € G; a(z,t)=a(z) or a(z,t)=a(t), (z.t) € @(i)’ j=1,...,J. (3.5)
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If condition (3.5) is violated, for the approximation of the fluxes P/(z t) we use the
functions PY"+ (z,t)

Pt (z,t) = e802(z, 1), (z,t) € GY), 2 < dj - RO, (3.6a)
where )
82(z,t) = (%) '[Ez + A1) - 2(x, 1)), (2,t) €GPz < dj— 1% (3.6b)

the function 2(z,t}, z € D, t € T is continuous in z and discrete in ¢, 3(z.t) is the linear
interpolation in z from the grid function z(z,t}, (z,t) € Gy. We define A® by

h® = hO(e, B(N, No,€)) = min[4~1d, MeB/3(N, N, ¢)), (3.6¢)

where d =d, 3y, M is any number, the function §(N, Ny, €) is the right-hanc side in (3.4a).

The modified flux Pg_gf(z,t), j=1,2,...,J satisfies the estimate

|Pi(z,t) - P (2, )| < M N"1 4+ Ng Y2 () e GY) v <d, -0 (3.7)

2. Special difference scheme. On the set G we construct a grid cordensing in the
neighbourhood of the boundary and interior layers

Gn = D}, x @p = T} x &p. (3.8)

Here Wy = Wy(3.4), @7 is a piecewise uniform grid on D. We divide the inte-val D into 3J

parts: [dj_1, dj—1+ 0], [djo1 + 0, dj = 0], [d; — 0.d;], j=1.2.....J. The step-size of

the grid &% equals All) = 46J N~! on the intervals [d;—y, d;) + o], {d; — o, d;}, and it is

equal to h(? = 2(d; — d;_; — 20)JN~! on the interval {[d;_, + 0, d; — o]. The value o is

chosen to satisfy o = min{4~'d, m~'¢In N], where d = d(1.3). m is an arbit-ary constant.
On the grid _G.,,(&B) the solution of difference scheme (3.2) converges un formly in ¢

[u(z,t) - z(x, )] < M[N"'In N + Ng'l, (@.1) € Gy, (3.9)
The modified fiux PP+ (z,t) converges e-uniformly to the exact flux P/ (x.t)
| Pi(z,8) = P (z,8)| < M{N"'InN + N;1'% (2, e GY). 2w <d -1, (3.10)

7=12,...,J. Here the set G;lj) is generated by the grid ﬁh(&g). W= I":’a.e) where the
function 8 = B(N, Ny) is the right-hand side in (3.9).

In the case of condition (3.5), for the computed flux P+ (., t) we get the estimate
| Pi(z,t) — PP (z,0) | < MI[NT'InN + N;Y, (2.) e G, (3.11)
where G;j)_ = G;j()S__S)(Eh(a.s))‘ j=1,2,...,J.

Theorem 2. Let the solution of problem (1.4), (1.3) satisfy the estin ates of Theo-
rem 1 and Remark. Then the solution of scheme (3.2}, (3.8) (or scheme (3 2), (3.1)) and
the function POh+(z,t) converge to the solution of the boundary value problem and the
function Pi(z,t) e-uniformly (for a fized value of the parameter ). Estimates (3.9) and
(3.10) (or (3.4a) and (3.7} ) are valid for the discrete solution and for the con puted fluz. In
the case of condition (3.5), estimates (3.4b), (3.11) are fulfilled for the function PIM (x 1),

All the considerations of sections 2,3 can be easily modified for problen (1.2), (1.1).
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using Wavelet Transform
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Abstract

Traditional exhaustive Block Matching motion estimation (BMME) is difficult 10 achieve in real
time. Several methods had been proposed in order to simplify the process while at the same time
maintaining good matching performance. Uniform pixel decimation [1] is one of the methods. The
disadvantage of it is some crucial pixels in a block may not be selected for the motion matching criterion,
resulting in inaccurate motion vectors. To overcome this problem, Chan and Siu [2] proy-osed an adaptive
pixel decimation method. However, this method still contains inactive pixels at the begiining. of the pixel
selection stage. It also employs different number of pixels in each block, which mak s it difficult for
hardware implementation. In this paper, we use Wavelet Transform to extract the high a:tivity pixels and
adaptively select a fixed number of the most representative pixels for the matchirg criterion. The
simulation result shows that the performance of this adaptive pixel decimation is close to that by the
traditional exhaustive search with a significant reduction in computation.

Introduction

BMME is widely used in video coding. Exhaustive full search BMME (FSBMME) is one of the
most popular methods because of its optimal solution and low control overhead. The basic idea of
FSBMME is to search all the possible displaced candidate blocks within. the search area inthe previous
frame to find the best match block using either Mean Square Difference (MSD) o1 Mean Absolute
Difference (MAD) matching criterion. Obviously, the FSBMME requires a large amoun . of computations
and cannot be performed in real time by a single processor. To reduce the computation tirae, Koga et al [1]
proposed to use a uniform subsampled pixels for the matching. However, the maiching is mainly
controlled by the highly active pixels, such as those representing edges and textures. Tliese active pixels
may not be selected during uniform subsampling, which leads to a poor accuracy of the i otion vectors.

To overcome this problem, adaptive pixel decimation had been proposed by (Zhan and Siu[2].
However, their method still contains inactive pixels at the beginning of the pixel selection stage. Their
method also uses different number of pixels in each block, which increases the difficulty in hardware
implementation. In this paper, we propose to detect the active pixels by means of wavelet transform.
S.Mallat [3] proved that for particular class of wavelets, the zero crossing or the local ext'ema of a wavelet
transform provided the location of the signal sharp variation points (edges or textures).

High variation point extraction by wavelet transform
If a signal f(x) is smoothed (low passed), the extrema of their first derivative and ' he zero crossings
of the second derivative provide the location of high variation points. A smoothing function is defined
here as a function, 8(x), whose integral is equal to 1 and that converges to O at infinity. For example, one
can choose 6(x) equal to a Gaussian. Supposing this smoothing function is twice differentiable, we can
define, y"(x) and W*(x) as the first and second order derivative of 8(x), respectively,

de(x) Wt (x) = d B(f)

vi(x)= o I o

These two functions can be considered to be wavelets because their integral is equal to 0.
The wavelet transform of f(x) at the scale s and position x, computed with respect to the wave let y¥(x), is

W f()=f*y(x) @
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and the wavelet traasform of f(x) with respect to y*(x) is

WF ()= £y .

The wavelet transform W." f () and W f (x) are, respectively, the first and second derivative of
the signal smoothe i at the scale s. The local extrema of W’ f (x) thus corresponding to the zero crossings

of W’ f(x) and t> the inflection points of f *8,(x). In particular case where 8(x) is a Gaussian, the

zero-crossing detec tion is equivalent to a Marr-Hildreth {4] edge detection, whereas the extrema detection
corresponds to a Canny {5] edge detection. And generally, the local extrema method is preferable to the
zero-crossing due ‘o the simplicity of implementation. It also generates more information about the edge,
such as if the edge is rising or falling. The zero crossing method only tells whether the pixels are edges or
not. Therefore, we chose the local extrema method for the high activity pixel selection.

In this paper, we chose the Daubechies' 4 tap wavelet filter to extract the edge information. This
filter is better than the others in the same Daubechies’ filter family due to its compacted format. It also
generates less ring ng effect on the edge map. Since images are two dimensional, equation (2) has to be
applied on both th: horizontal and vertical directions in order to obtain the final edge map as shown in

Fig.1. W’l represe its the filter in horizontal direction, while W, in the vertical direction. After filtering,

all the output coeff .cients will be retained without subsampling, i.e. s=0.

By adding these two edge maps together and taking the absolute values of the coefficients, we
obtained the desird edge map. Thresholding will then be applied on the coefficients to remove the
unwanted noise. A typical edge map for the image of Fig.2 is shown in Fig. 3.

Adaptive Pixel Decimation
In order to select the pixels with highest activity for motion estjmation, the coefficients of each
block from the ed;e map are sorted in descending order. The high value coefficients represents highly
active pixels. Depending on the requirement of computational reduction, a certain number of pixels (with
the highest activity within a block) will be selected to enter the MAD matching criterion. For instance, a
four to one decim: tion, which gives a 75% reduction in computation time, for a 16x16 block, results in
only 64 pixels for riotion estimation (Fig. 4).

Computational Complexity
The compu:ing time for detecting the activity pixels is negligible as compared to the exhaustive
full search proces:. The average number of operations for motion estimation using the adaptive pixel
decimation per block (F) is,

1—-1
SKN t t H(x)
x=0 y=0
S=Number of location searched (Searching window size)
K=MAD matching operation
N=Square tlock width
P=Width of the image
L=Height o’ the image
H(x,y)=Nuiaber of pixels selected at block location (x,y) in the frame
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The computational complexity of the adaptive pixel decimation is determined by tie following
factors:
* Searching window size (S)
e Image size (P& L)
® Square block width (N)
¢ Number of pixels selected for each MAD matching criterion (H)

Results and Discussions

A series of experiments were carried out to evaluate the performance of th: adaptive pixel
decimation technique. The Table Tennis (720x486) video sequence is used as the test sequence and it
follows the MPEG 2-frame interpoiation structure (i.e. IBBPBBL... ). The public doma n PYRG-MPEG
Codec 1.1 package has been adapted. Fig.5 and Fig.6 show the results of B frames. It cai be seen that the
adaptive wavelet pixel decimation produces better peak signal to noise ratio and, it emp oyed less bits to
encode the sequence at the same time. Fig. 7 shows that the Displacement Frame Differeice (DFD) of our
method is always less than the uniform decimation, which means more accurate motior estimation. The
results show the performance of the this motion estimation technique is close to that >f the-traditional
exhaustive full search method, while the computational time has been reduced by 75%.

Conclusions
Wavelet Transform has been successfully used to detect the active pixels in a block. These active
pixels are then selected for motion estimation. Results show that this new pixel decimation technique is
superior to the uniform decimation, in terms of the peak signal to noise ratio, bits per pixel and the DFD
values. Its performance is close to the traditional exhaustive full search method, with a 75 % reduction in
the computation time.
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Fig. 1) High Variation Point Extraction using Wavclet Transform
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Fig.2 One of the images in the Table tennis sequence.

Fig.3 The edge map generated by waveiet 1rausivni.
The brighter the pixel, the higher the activity is.
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Table Tennis Sequence (720x480) PSNR (dB)
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3355
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Fig. 5) Peak Signal to Noise Ratio results of the table tennis sequence.
mpeg- MPEG-1 exhaustive full search with one pixel accuracy motion estimation
uniform pd % - Uniform four to one pixel decimation with one pixel accuracy motion :stimation
wipd % - Adaptive four to one Wavelet pixel decimation with one pixel accuracy motion estimation
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Table Tennis Sequgn:e (720x480) Entropy (bits/pixe})

095 + $ 4 A e

09

0.85

08

075 i%

Pateany (hitenivel)

06 —@—mpeg
—X— uniform pd 1/4
055 + | —©—wipd 1/4

03
o 1 2 3 4 5 6 7 8 9
frame
Fig. 6)The bit per pixel for the table tennis sequence encoding.
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Fig. 7) DFD values according to the MPEG encoding IBBPBBI.... format.
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Execution Time Analysis for Least Squares Problems on
Massively Parallel Distributed Memory Computers

Tianruo Yang
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S-581 83, Linkdping. Sweden

Abstract. In this paper we mainly focus on the study of the parallelizé tion
of PCGLS, a basic iterative method whose main idea is to organize the com-
putation of conjugate gradient. method with preconditioner applied to no -mal
equations. Based on the data distribution model, we analyze fully the most
suitable connnunication network topology for solving least squares prob ems -
on massively distributed meniory computers. A theoretical model of con mu-
nication phases is presented which allows us to give a detail execution ime
complexity analysis and investigates its usefulness. It is shown that the imple-
mentation of PCGLS, with a row-block decomposition of the coefficient matrix.
on a ring of comimunication structure is the most efficient choice. Performance
tests of the developed parallel PCGLS algorithm have been carried out ot the
massively distributed memory system ParsytecGC'/PowerPlus and experiien-
tal timing results are compared with the theoretical execution time complexity
analysts.

1 Introduction

Many scientific applications such as tomography. geodetic survey and structural analysis
give risce to the least squares problems

mJijl | Az = b Y, ()
with a large and sparse coeflicient matrix A. Minimizing by solving the noriial equations
is a common and often efficient approach, because A7 A is symmetric and positive definite
and it can be solved by using conjugate gradient method with precondition r which was
developed in the early 1950°s by Hestenes and Stiefel [8]. The resulting method. PCGLS.
is used as the basic iterative method to solve the least squares problems. though this
method does not explicitly form the normal equations. the rate of converger ce still relies
on the spectrum of AT A. Preconditioning technigues that accelerate the convergence of
these methods have received extensive attention in the literature.

In many situations, especially when matrix operations are well-structurd. these op-
erations are suitable for implementation on vector and share memory parallel computers
[6, 5]. But for parallel distributed memory machines the picture is entirely different. In
general the matrices and the vectors are distributed over the processors. so that even when
the matrix operations can be implemented efficiently by parallel operations. we can not
avoid the communication required for information exchange. About discussions on how
to reduce the communication costs on distributed memaory svstems. see [2.0: .40 13]. In a
word, these communication costs become relatively more and more important when the
number of the parallel processors is increased and thus they have the poter Gal 1o affect
the scalability of the algorithi in a negative way [3].

265



We are also highly concerned with preconditioners for massively parallel distributed
memory computers because the precounditioning part is often the most problematic part
in a parallel environment. The preconditioning techniques have been studied by many
authors. In our paper we will focus on the Incomplete Modified Gram-Schmidt(IMGS)
preconditioner, 1 class of incomplete QR factorization preconditioners, because their ex-
istences can be jsuaranteed [15].

Here. we present the functional aspects of parallelizing the PCGLS method for solving
Jeast squares problems. Parallelizing a problem basically implies answering the following
questions: what is the best decomposition for problem or data distribution and which
communication scheme is best suited. Since the first one has been analyzed in (18}, we
will foucs on the second issue.

A suitable rietric is needed to decide which data distribution and communication
scheme should Ie selected. We will follow the definition and the abstract model of the
parallel computing system proposed in [10, 11]. We also choose the total execution time
of the parallel p-rogram Tp,. as our metric. The decomposition and interconnection that
minimize the total execution-time of the parallel program T,,, must be chosen. For data
parallelistn, the 1otal execution time T}, depends on two variables and system parameters

Toar = Tpar(p, 0, system parameters),

where p is the n:unber of processing elements and n is the data size.

In general the communication is described by a startup time 7yqr1yp plus a pure sending
time nf.,mm. where n is the number of bytes that is sent, and 7.y, the time to send
one byte. Now we restrict ourselves first that our parallel computing system is Hoare’s
Commuunicating Sequential Processes [9]. In other words, this means that the system
consists of a set of sequential processes, running in parallel and exchanging data by means
of synchronous point to point communication. This kind of model needs to be specified
how the parallel processors are connected, the time needed to send a certain amount of
data over a link -onnecting two processors, and execution times on a single processor. We
will describe our platforin Parsytec GC/PowerPlus’s communication model later which
suits our assumj tion well. The next assumption is that the action within the sequential
processes mainly consists of manipulating floating point numbers, and that the time needed
to perform one floating point operation can he described with a single parameter 7.,.. So
based on above issumptions, Ty, can be specified as follows:

Tpnr = Tpar(pv Ty Teales Tsmrtu.p’ Teommy tOPOIOgy)'

Finally we assume that the parallel program consists of a sequence of cycle {1]. During
a cycle all processors first perform some computations and after finishing the computation
they all synchronize and exchange data. This program execution model is valid if paral-
lelisn is obtaine ] through data decomposition. With the final assumption, Tpe, can be
expressed as follows:

T
q
Tpar = T + Tculc.np + Teomm>

where T, = Ty .(p = 1,n), is the execution time of the sequential algorithm or the execu-
tion time of the parallel algorithm on 1 processor; Teatenp = Teatemp(Ps 1, Teale, topology),
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is the part that can rot be performed completely in parallel; Toomm = Teomn.(Ps 2y Tstartups
Teomm, topology) is the total communication time of all cycles of the paralle. program.

In this paper, we will focus on how to minimize Ty,, as a function of p anc. n and decide
the corresponding data distribution and communication network topology ccmbination for
PCGLS method. Here we assume throughout that no preconditioner is usec to verify the
effect different parallelization strategies do.

Several timing experiments are carried out on Parsytec GC/PowerPlus «.t the Nation-
al Supercomputing Center, Linkdping University, in order to verify the validity of our
theoretical expectations. The Parsytec GC/PowerPlus consists of 64 nodcs, Each node
contains two PowerP C601, four T805 transputers and 32Mbyte memory. Th: machine can
be partitioned so that users can have their partitions when running a prograra. In addition
to this there is a parallel file system for input and output. Parix provides a set of easy
to use functions to build and use a communication network matching our problem and
define suitable routines manage data operation. This enables us to write efficient, reliable,
scalable programs for a large variety of applications. Parix’s partition mar.agement, the
NRM software, assures flexibility and versatility in using a Parsytec GC/PowerPlus’s ca-
pabilities. Depending on your request you are granted sets of processors according to your
requirement. The basic communication facility of Parix are virtual links. A virtual link
is a bidirection, synchronizing, non-buffering, point to point communicatior line between
two threads on different or same processor. The links are called ’virtual’ because there is
no need for a direct hardware connection or link between the communication processors.
Cominunication is modeled based on virtual topologies, which build point to point con-
nections between arbitrary threads. A well defined set of virtual links can be-combined
to build a virtual topology such as grid, tree, ring. We will introduce the ccmmunication
model in detail in our experimental part.

The left of paper is organized as follows. In section 2, we will present saortly our in-
troduction for the PCGLS method with IMGS preconditioner. And an abstiact model for
data distribution or decomposition and communication schemes will be described shortly
based on [18] in section 3. In section 4, the comparison of actual implen entation and
theoretical total execution time complexity analysis will be described fully. Finally, per-
formance tests of the developed parallel PCGLS have been carried out and experimental
timing result are compared with the theoretical time execution analysis.

2 PCGLS with IMGS Preconditioner

PCGLS [16] has been used widely for large and sparse least squares problems whose main
idea to organize the computation of conjugate gradient method with precondi .ioner applied
to the normal equations.

The PCGLS algorithm contains three distinct computational tasks per iteration name-
ly, two matrix vector products, At; and AT Tkt+1, Where T,";q Y = 8nTgc; two inner prod-

ucts, (gk, g) and (Sk41, Sk41), where T;;‘q" (8n—2)7eai.; three vector updatos, Ziyr, Tk
and pgyy, where Toed" = (8n - 20)Teqlc.

IMGS, is an incomplete modified version of Gram-Schmidt orthogonaliza ion to obtain
an incomplete orthogonal factorization preconditioner M = M, where A = QR + E is an

approximation of @ R factorization, Q is an orthogonal matrix and R is a upper triangular
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matrix respecti-ely. The main advantage of the preconditioner is that its existence can be
fully guaranteed [16]. The IMGS preconditioning procedure requires approximately };(17.2+
5n) inner products, and %(n2 +n) vector updates, and n matrix-vector multiplications {17).

3 Data Listribution and Communication Schemes

In [18], three different data decompositions of the matrix have been discussed: row-block
decomposition, column-block decomposition and grid decomposition. First of all, we will
present briefly the basic parallel vector operations and their execution time complexity
based on [10, 1 ., 18].

3.1 Vector update operations

The parallel vector update operations can be performed in parallel. The computing time
for the parallel vector update operations

_ n Ti%(n) n, n .
T;J}aru(pvn) = 8[;‘]7-011[5 = _L]p_ + 8([;-] - ;)Tcalm (2)

where [z] is the ceiling function of z. It does not have to communicate data, s0 T,omm = 0.
And non-parallel part is a pure load balancing effect. From (2), we can know that

. n n ]
Tnp.:alc(pa ’Il) = 8( ";‘] - ;)Tcalca (J)

if the length of the vector is not divisible by the number of processor p, then some pro-
cessors receive ieces of the vector with size [2], and some with size [g] — 1. This will
lead to a load iribalance, of which the effect is presented by (3). In general, for large grain
size, n/pThp.calc is very small compared with Tyo/p.

3.2 Inner product operations

The total comp iting time for the parallel inner production operations is

Tt'nn(p’ 7 )

par

n :
(W;] = 2)Teale + U3 cate + tea
Tinn(,n)

seq

; 1 n n
+(1c7;.7.:‘.nc—21_-7-6ﬂ1 + 8([— = = )Teale + leas
te = 2( p) c) ([p] p)

where t, is the time for a complex accumulate, the total communication time to send the
complex partial inner products resident on each processor to all processors. The ty,.,p is
a computing tine introduced by summing the partial inner products after or during the
scalar accumulation. It is quite easy to know that

) . . 1 n n
Tclg;’r);m (p7 N = tea, c‘::llz.np = ( lct:?;nlc - 2(1 _';)TCHIC) + 8( ";‘] - ;)TCGI!"
This part consists of two terms. The second term is the load imbalance term and the

first term describes the sumnmations in the parallel vector inner product that can nol be
performed comgletely in parallel.
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3.3 Matrix vector multiplication operations

The execution times for vector updates and inner products are independ-nt of the de-
composition of the coefficient matrix. But the matrix vector multiplication operations are
the only matrix dependent parts of the algorithm. Full study has been conlucted in [18].
Here Table [ summarizes Troman and Ty, of the matrix vector product for th» three decom-
positions. namely row-block, column-block and grid decompositions, where T, is further
subdivided iu the load balance and the other non-parallel floating-point operations. Here

Table 1: Ty, and Tegmay of the matrix vector product for different decompositions

Decomposition | 1), Load balance T, other non-parallel T
floating-point operations
Row-block S = 22 Tenic none [
P g
Column-block | 8n( f;—ﬂ = M) Teate Loa.cale — 2n{1 _lL)T“""' tin
" 2 7 : 1_ 1
Grid x( f;_:] - L'I,_)Tral(‘ []mu.(ulv - 2"( [% P ;)T('ulc Iv,_” + 'pm

is the time needed for the vector gather operation in the row-block decomposition.
Ly, s the time to accumulate and scatter the resulting vector. and ., . is the time to
evaluate the partial sums in the column-block decamposition. #,_, is the time for the

partial vector gather operation, f,,, is the time for the partial vector accumulate. and
Lpra.cate the time to evaluate the partial sums after or during the vector accumutation in
the grid decomposition. : )

Based on the theoretical analysis, it is quite clear that the row-block decomposition
is much more efficient than the column and grid decompositions of A for any parallel
computers.

4 Theoretical Time Complexity Analysis

We will present the execution time complexity analysis of the row-block decomposition on
a ring. We also have analyzed the row-block decomposition on a binary tree and a torus.
The total time on the torus is higher than on the ring and the binary tree tpologies. The
last two are comparable. Furthermore we will focus on the grid decomposi ion on a torus
topology.

4.1 The row-block decomposition on ring topology

The row-block decomposition gives rise 1o a vector operation with assoc ated overhead
computations. During the vector gather operation. cach processor receives from all other
processors in the network a piece of the vector. which is subsequently sterved. After the
gather, every processor has a copy of the total vector in its Jocal memor:. On the ring
topology it can be achieved as follows:

L. First step each processor sends its private part of the vector to the lett and the right
and, at the same time, receives from the left and right processor their private part,
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Figure 1: The vector gather operation on the ring topology

2. Next, the parts reccived in the previous step, are passed on from left to right and
vice versa. and in parallel, parts from left and right are received.

So, after |p/2] steps, each processor in the ring receive the total vector where [z is the
floor function of x.
If we assumne that point to point communication of » floating points takes a time

tpuinl—lo—painl = Tstartup + RTeomm s (4)
then ¢,_,(p, N) an expressed as follows:

,;1_11;;(7)’ N) = I.gJ (Tstartup + 16%7—(mnm) = LZJ T.sta.rtup + LgJ Mrwmnw

During every communication step each processor simultaneously sends 2 messages and
receives 2 messazes of N/ P complex numbers. A total of |p/2] steps are performed.

In Figure 1, each processor simultaneously sends to and receives from both neighboring
processors a part of the vecfor. The — symbol gives the communication direction, the
nuniber between the brackets is the processor number where the package originally comes’
from.

The tite for :he scalar accumulate is easily derived from the previous analysis. Instead
of a complex vec .or of N/P elements, a real number is sent, the communication pattern is
the same as the rector gather. After each communication step, the newly received partial
inner products a-e added to the partial inner products of the receiving processor. In total
p real numbers are added, This leads to the following expressions for t., and tcq.p

- ) 7 ¢
t;:,,n' = LZZ'J (Tstnrtup + 167—comm)7 tZ;falc = Z(P - l)TC’IIF'
4.2 The grid decomposition on a torus topology

The parallel PCCLS with grid decomposition of the matrix contains a partial vector gather
nperation, a par ial vector accumulate operation, and a complex accumulate operation.
Derivation of the execution time of these ap.rations on a torus topology is not easy.
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We will analyze the partial vector gather operation first. The partia vector gather
operation is implemented in this way, consists of p'/2 simultaneous vector gathers along
the columns of torus topology. Every processor in the column must receive a package of
|n/p] complex words of every other processor in the column.

The vector accumulate can be separated into two communication steps The first step
is a cominunication in the horizontal direction. The vector, which is sum decomposed
in the horizontal direction is accumulated in the diagonal processors of the torus. The
vector is now decomposed over the diagonal of the torus in parts of [n/(p'/2)] elements.
These parts are scattered in the second step in vertical direction, resulting in the column
wise scattering of the original vector. The first step imnplies that every piocessor on the
diagonal must receive packages of [n/(p!/2)] complex numbers from every jrocessor in the
row of the grid. In the second step, the diagonal processors must send packages of [n/p]
complex words to all processors in their columns.

Here, we note that both in the partial vector gather and in the vector accumulate
the grid can be viewed as p'/? independently operating pipelines or rings :ontaining p'/?
processors. In the first step of the vector accumulate the largest packages must be sent.
Therefore it is most advantageous to create rings in row wise direction.

The partial vector gather is a gather operation of packages of [n/p] coriplex words on
p'/? simultaneously operating bidirectional pipeline each containing p'/2 p -ocessors. This
can be implemented in the same way as the vector gather operation on the "ing, but now a
total of p'/2 — 1 steps are required to get the messages from every processor in the pipeline
to every other processor. So the execution time of the partial vector gather operation on
the torus topology is . .

orus n
t;—g = (\/I; - 1)(Tstartup + lﬁl;J Tcomm)~

The vector accumulate operation is an accumulation to the processors on the diagonal
of the torus of a sum decomposed vector of [r/(p'/?)] complex words on »'/2 simultane-
ously operating bidirectional rings of p!/? processors, followed by scattering of packages
of [n/p] complex words from a processor to all other processors in p!/? simultaneously
operating pipeline containing p'/? processors, therefore

P n n
t;::;:;us = {‘\’/é:J(Tstarlup + 16[%] Tcomm) + (\/1_7 - 1)(Tstartup + 16[;]7'5 vmm)o
The first step of the partial vector accumulate operation introduces the con putations that
should be accounted for by ¢pq.catc. After every communication step the raceived vectors
of [n/p'/?] complex words are added to the partially accumulated vector in the diagonal
processor. A total of p!/2 vectors must be added, therefore

tpvcate = 2(vP — D[ —=

1Toalc

7

The complex accumulate is quite simple, the partial inner products are the first accu-
mulated in the horizontal direction, followed by an accumulation in the vertical direction.
In both sweeps p'/2 complex number are added. So, this leads to the follow ng expressions

oTus p
t::a = [%J(Tatartup + 16Tcamm) + (\/I_’ - 1)(T:turtup + 16Tcomm)»
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ti‘z’x’.‘cu;lc = 4(\/5 - I)Tculc-

The derivaticn of the expression for the communication and non-parallel routines, as
a function of the system parameters, allows us to compare Tpq, of the PCGLS with IMGS
preconditioner fcr two different parallelization strategies.

Here we will :ompare Ty, and Teopm of both parallelization strategies in some limited
cases. From the previous parts, we know that

e , 1, . : 1 .
T,{,CGLS'IMC'S = Z(n2 + 55" + 5("2 +n)Thy  + nTyy 7, (5)
and ) |
T M8 = 20?4 50)TE0 + 507 + ) Tint + n Tl (6)

Combining the expression of the previous section with (5) and (6), we get

(TPCGLS.IMGS)T ow—block
P ring

1, 1
= (1407 + 120)([2] = D)reate + (2 + 50)(p + = — Dreater (7
( )(fp] p) i .2( )p > Yealer (7)

: y —block 1 9 n 1, b5
(T!;zvc;LLs'IMCS):?:; = (an + Z")[gﬁstnrmp + lﬁl_gj (n[;] + an + Zn)rwmm, (%)

and

(TPCGLSJMGS) prid
np ‘orus

; 3 1
(607 + 14n)([ 2] = Dyt + 5007 4 5m)(2F+ 2 = Bt +

. 2.
n( %12 = et + (2= ) N oL (9)

v 3 grid . n P
(Tc}:'rc;‘zglLS.IMG’ )fa‘ru.s = (3271’(\/5 - 1)[;1 + 4("2 + 57L)(|._§—J + \/5 - 1))Tcomm +

() 1. 9
- ]6"[—{—J [;1 Teomm + ((an + Zn)l_g_} )Tsturtup +
1, 13 .
(Zn + In)(\/i - I)Tsturtu.p' (10)
If we assume that n 3> p in case of a perfect load balance, we know from (7) and (9) that
CGLS. 15 \row—block Y LS. S 9Tid
(T'{;('GLS TG S)Ting — @(p)Tcalcv (T,{;(/( LS.IMG 9)270,.“3 — 9(7L)Tcalc- (ll)

From (11) with a load imbalance in the system, T}, for the grid-torus combination has
the same order of magnitude as with a perfect load balance. However, a load imbalance
has a strong impact on the row-block-ring combination; Now, T},, becomes

JLS. 5 \Tow—block ‘
(T,{;C(LS IMG 5) ow—bio¢; - e(n)rcalc, (12)

Ting

which is the samz order of magnitude as the grid-torus combination. The corresponding
order of magnitu le of Teomm follows from (8) and (10) is

>CGLS. I MG row—block .
(Ti)fnfr’st IMes ring = ®(p)T5tnft1Lp + e(n)rcommy (13)
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and

POGLSIMGS orid
(7 PGLIMC S)’” = O( \/]_))Tstartup + 0(")7-rmnm~ ( 14)

comm torus

I'rom (11) and (14), it is easy to show that T, and T, for the row-slock-ring com-
bination and the grid-torus combination are comparable. We need to decid » the numerical
values of the system parameters. Furthermore, we must remember that 7, for PCGLS
with IMGS preconditioner is mainly determined by Ty, /p, with an order of magnitude

Tse n? .
= = O(—)Teater (15)
P P
Now. we can use the crude expression suggested in [10, 11] for the effi-iency ¢ of the
parallel PCGLS with IMGS preconditioner. where we have taken the worst case T.,,,,, of

(1)

Ty !
P RV : ) (16)
Plone 14 O(L)(1 4 T ) 4 QI ) Ttazien

We know from (16) that deviations from ¢ = 1 is due to three reasons. We will first focus
on the term related to T.g.,. This term can be viewed as the communication overhead
f. defined by Fox in [7]. For a problem dimension d,, and a dimension >f the complex
computer d., he shows that

constant  Teopy, H
f n?/p Hdp reate lf d‘ ‘> ([’)
¢ = {I/d(—l/d,,{ constant 1 .
P ey fammif d. < d,
Thus. for the row-block-ring combination d,, = 2 and d. = 1. the communication overhead
y

f.is
]) T(‘()'I”.'"l
f. = constant, » = ———~
" Teale
which is in agreement with (16). However, for the grid-torus combination d. = 2 one
would expect

VP Teomm
I

fo = constant - ¥—
N Teqle

which disagrees with our results. The reason for this is the implementatio of the partial
vector accumulate. The first step of this operation can not exploit the full dimensionality
of the network, giving rise to an order of magnitude of 7oy asin (11). The second term of
the denominator in (16) is due to non-parallel computation (the grid-torus combination)
or due to load imbalance (the row-block-ring combination) and has the same order of
magnitude as the communication overhead. The last term in the denomiiator describes
the efficiency reduction due to communication startup times. This term however is an
order of magnitude smaller than the previous two.

As long as Teates Teomam A Typgrpp have the same order of magnitude. wd # > p. the
cfficiency of the parallel PCGLS with IMGS preconditioner can be very close to unity. In
the next section we will investigate this in detail.
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5 Numerical Experiments

The Parsytec ( C/PowerPlus combines the state-of-the-art RISC processor PowerPC-601
and advanced t-ansputer communication technology and achieves top-end supercomputer
performance with a scalable architecture supporting thousands of processor and offers a
clear future upgrade path to PowerPC-604 and PowerP (C-620 microprocessors. About the
test matrices, we use “he matrices from the simulation of the Elastic Light Scattering from
arbitrary shaped micron sized biological particles by using the Couple Dipole method
described in [11, 14]. In this case, A is symmetric 3N by 3N complex matrices with
N ~ 10° and ‘ve generate the right-hand side vector consistent with a solution vector
whose components are equal to 1.

5.1 Parsytec architecture

We will introdi ce briefly the architecture of Parsytec GC/PowerPlus. It employs a scal-

able routing network and a node design featuring a scalable number of application and

communication processors. The overall architecture is optimized for most efficient execu- -
tion of parallel >rograms composed of compute and communication threads. The Parsytec

GC/Powerplus architecture supports parallelism at all three levels:

o Per-chip parallelism: the PowerP(-601 executes 3 instructions per cycle, the T805
transpute- supports 8 independent concurrent communications.

e Per-node parallelism: 4 communication and 2 application processors forms a single
GC/PowerPlus node and allows 6 parallel threads.

o Per-application parallelism: a large number of physical nodes is connected through
a bidirect on fat-grid network with packet message routing.

The node erchitecture uses a 'variable balance architecture’ and supports a vari-
able number of application and communication processors and memory modules. Parix
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gives transparent access to any node configuration and allows steamless prcgramming of
both compute and communication tasks using the same programming envirnment. The
(' /PowerPlus node design has been selected after extensive simulation as the best com-
promise between cost and scalability. The use of intelligent transputer communication
processors has already triggered the development of advanced communication firmware
to support monitoring, fault-tolerant, global operations, high level protocsls and scat-
ter/gather communication. Scalable I/O performance is achieved via the G Z/PowerPlus
boundary links to the parallel storage system.

5.2 Parix operating system

Parix is designed as an open development platform for super massively parallzl processors.
To a great extend Parix is hardware independent. Concurrently it has been implemented
for transputer based systems{T800/T9000) and systems based on the Power]>C. Standard
UNIX systems serve as the embedded host machines.

There are four types of communication available in Parix [12]:

e Synchronous virtual link bound communication, is the GC’s and Xp orer’s native
formn of communication. The communicating processes have to be comiected with a
virtual link and are synchronized upon communication. The process, for example,
which reaches the point of communication first has to wait for the other one, and
data transfer takes place when both process are ready to communicate. A process
can await communication from one of several links simultaneously.

Synchronous random communication, does not require the definition of virtual links.
For long messages, however, the library calls internally establish a virtual link due
to performance reasons.

Asynchronous link bound cominunication, can be carried out concurren:ly with com-
putation. It therefore optimizes processor usage, as sending and recoiving is per-
formed in the background while the processor continues working.

e Asynchronous random communication, based on mailboxes is the most general form
of data exchange. There is no need for a link between the two communicating
processes, but the size of messages is limited due to the store-and-forward principle
of the router and the mailbox.

As we mentioned before, the first conmunication model suit our asstmption well.
Communication via virtual link can be performed by the following library routines of the
Parsytec system:

Send, Recv, SendLink, RecvLink, Select, ASend, ARzcv
The first four operates on virtual topologies, specifying the relative orientation within the
topology, whereas the last couple refers to a link control block directly.

To ease handling of the theoretically thousands of virtual links per processor, link can
be ordered in virtual topologies. Virtual topology libraries relieve the prog-ammer from
having to building communication networks for some standard problems. The libraries
provide calls for building grids, trees, hypercubes etc. The number of topologies defined
on a single processor is practically unlimited, and any number of topologies can coexist
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on a processor without interfering witch each other. The concept of virtual topologies
offers a maximum of flexibility to modeling parallel algorithms. The hierarchy of virtual
links, user defiied topologies and topology libraries including the corresponding calls for
handling links 'topologies can be structured as shown in Figure b. Virtual links and
virtual topologies are managed on the base of some data structure kept locally by cach
Parix kernel. Figure ¢ describes this in more detail.

Building scme special virtual topologies is done in the following three steps:

o Make vir;ual links. A virtual link is made through 'wormhole routing’, during which
a route t» the other side is searched and buffer space is allocated at all intermediate
nodes. Use unique ReqlD’s to avoid incorrect virtual link connections to be made.

o Allocate the new topologies. All virtual topologies are administrated by the Parix
runtime system; The space reserved for this must be allocated from the system’s
heap. A unique topology ID is returned as handle to be used in all further actions
on this topology.

¢ Add links to the topologies. The Link Control Block that is allocated as the local
endpoint of a virtual Jink is added to the new topology by placing a LinCB-t pointer
in the co ‘rect slot of the topology. The index of the LinkCB-t pointer in the topology
is its LogLinkID. )

Now, we will describe the structure of the program to create a ring by using another
way independent of the physical network where each processor runs the same main program
and determines from its own ID what to do.

1. Create ring
If MyID even
1. Connect link to the next processor.
2. Connect link to the previous processor.
Else
1. Connect link to previous processor.
2. Conmnect link to next processor.
2. Communication
If processor 0
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1. Read line from kevword.
2. Send line to next processor.

3. Read line from previous processcr.
{. Print line to screen.
Else
. Read line from previous processcr.
2. Send line to next processor.

5.3 Hardware parameters

The model parameters Teqies Totartup A0 Toopan depend on the hardware. on runtime envi-
ronment and on compilers. Direct derivation of these parameters from harc ware specifica-
tions alone gives always too optimistic values. Therefore reliable numericid values of the
wodel parameters can only be obtained by actual measurements on the par: llel computers.
The corresponding values are

Teale = 2.D08, Tstartup = DS, Teomm = T.2018.
7

With the experimental values for the system parameters a numerical calculation of
Typar 1s possible. To compare the row-block-ring and the grid-torus combination relative
diflerence function rd(p,n) is defined in [10. 1]

DL I M e srouw—black Carid
(TRoGLsIMes yrow=block | pPCGLS NGy

par par torus

il ()

forus

ring

rd(p,n) =
(p,n) (TP('r;L.s',M/(.'S)"'w"—f'lm‘k 4 (TECGLSIMG)
par ring par
The sign of rd(p,n) tells which parallelization strategy is faster. the ampl tude tells how
big the relative difference between the two is.
Since the execution time Ty, can not justify a choice between the row block-ring and
grid-torus combinations, other criteria such as Ty, enter the discussion Now we can
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compute Ty, as function of p and N. Figure 2 gives Tj,,s as a function of N, for p equals
32 and 64, botl for the row-block-ring and the grid-torus combinations. For very smali
N the grid-torus has a smaller Tj,s;. However, if N grows the Ty, of the row-block-ring
combination is «.Iways smaller than for the grid-torus combination. This was concluded in
the previous section. For realistic problems the row-block decomposition implemented on
a ring topolegy is the best choice for PCGLS with IMGS preconditioner.

From an im»slementation point of view the row-block-ring combination is preferable.
The row-block lecomposition introduces just one communication routine, the gather op-
eration. PCGL3 with IMGS preconditioner via a grid-decomposition contains more and
more complex communication routines. Furthermore, from a user point of view the row-
block-ring combination has one important advantage. The ring can have any number
of processors, aad therefore the maximum number of free processors can always be used
during production runs. This is quite important in parallel computing where the users
can tequest any number of processors. These considerations are in favor of the row-block-
ring combinaticn. Figure 3 shows that the theoretical efficiency of this parallel PCGLS
without preconditioner. If the number of rows per processor is large enough the efficiency
will be very closie to unity. So parallel PCGLS with IMGS preconditioner with row-block
decomposition, implemented on a ring is very well suited for the Parsytec system.
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5.4 Performance measurements

We have implemented the parallel PCGLS with IMGS preconditioner, with row-block de-
composition of A, on a ring topology. This section we will describe some iriplementation
issues and present preliminary measurements of Tper(p, N). These performance measure-
ments are compared with the theoretical expectations for this derived ir the previous
section. The preliminary results of the measurement of Tpa,(p, N}, the tim: per iteration
as a function of p and N, and comparison of the results with theory is described in Figure
4. It gives the results for N equals 64, 250, 496, 918 and 1 < p < 64. The relative
difference between theory and measurement is almost 3.5%.

6 Conclusions

Qur approach to parallelization of PCGLS with IMGS preconditioner is to s .art as general
as possible, that is without any special knowledge of the computing system, and try to
minimize Tper. Next limited characteristics of the computing system are spec fied, trying to
find a good parallel implementation without detailed knowledge of the parallel computer.
Finally numerical values of the model parameters which of course strongly lepend on the
particular parallel computer are needed to make an ultimate choice, if necessary, between
different parallel implementations, and to compute theoretical performance figures. This
allows a generic approach to the parallelization of the application. The decomposition is
the only property of a parallel application that is independent of the computing system.

Here three data decompositions are considered: the row-plock , colunn-block and
grid decomposition. The resulting expressions for T},, contain the only paiameter of the
abstract model of the computing system, namely 7., And we have proved that an im-
plementation of PCGLS with IMGS preconditioner with the column-block (ecomposition
is always slower than with the row-block decomposition [18]. This conclusioa holds for all
parallel computers which fall in the range of the abstract computing system. Although the
difference in execution-time will be small in practice, it is an important point of principle
that these conclusions can be drawn at such a high level of abstraction.

We have proceeded the row-block decomposition on a ring topology and the grid-torus
combination. We also have derived some theoretical expressions for Tp,, as a function of
the decomposition, topology and time constants. These theoretical detailed expressions
are compared by an order of magnitude analysis, where in case of asswning n > p.
The first striking feature is the sensitivity of the row-block-ring combination to a load
imbalance, which is completely absent in the grid-torus combination. Actually the load
imbalance in the grid-torus combination is ©(1)7cqs, which is negligible to tt e ©(n )7, of
the row-block-ring combination due to the computations in the partial vector accumulate.
The total number of communication startups is smaller for the grid-torus combination
than the row-block-ring combination, but the total amount of transmitted data is the
same of ©(n). If Tartup and Teomm have the same order of magnitude, the startup time
for comimnunications is negligible compared with the pure sending time. In that case the
communication overhead for the torus and the less rich ring topology have tlie same order
of magnitude. These above considerations show that the row-block-ring and he grid-torus
combination have comparable execution times. As long as the time constunts have the
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same order of 11agnitude and n > p, both parallel implementation will have an efficiency
close to 1.

Next, we measure the time constants and introduce them in the expression for 7,,.,.
It is shown that the row-block-ring and the grid-torus combinations are almost indistin-
guishable if one looks at their execution time. This means that even on a low connectivity
network as a ring it is possible to implement a parallel PCGLS with IMGS preconditioner
with a very high efficiency, comparable with implementations on a torus topology. We
will consider tlis problemn based on two practical consideration: programming effort and
system resources.

The numerizal experiments are carried ont with relatively small matrices, which could
be kept in emory. For very large problems, both combinations will have a comparable
efficiency. We have implemented the row-block-ring combination because it contains less
different comm inication routines, we can simplify the implementation.

Theoretical predictions of the execution-time for the parallel implementation agree very
well with the e<perimental results and the abstract model we assumed of the computing
system is well suited to present the numerical behavior of regular numerical applications,
for example, solving the least squares problems using PCGLS with IMGS preconditioner,
on parallel dist-ibuted memory computers.
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Abstract. Formulae of linear interpolation for operators defined on the set contin-
uous ani continuously differentiable matrices have been obtained.

Introduction

Let X and Y are some sets of matrices and F : X — Y. One of the problems of interpola-
tion consists in the following: for given function F' and knots xx € X to construct another
function ® : X -+ Y such that

®(zy) = Flzt).
Usually @ is constructed in the form of a matrix polynomial of the fixed order. For

example, when X =Y is a set of square matrices of the dimension n and inverse matrices
for A; — A; for (i #j i,j=0,1,...,m) exist then one can take ®(A) as

ZF AR (AR)Ik(A), (1)

where

L(A) = (A= Ag)(A— A1)+ (A — A1) (A = Apgp1) - (A — Ap).

In the general case, the matrix polynomials (1) will not coincide identically with F(4)
even if F(z) is an algebraic polynomial of the order < m. This will take place, e.g., when
A = arE (a9 < oy < ... < @y}, E is an identy matrix.

If Ax = A% (k=0,1,..,n~1; m = n— 1), where A are different eigenvalues
of matrix A, then L,(A) = F(A) for any analytic function F(z) ( Lagrange -Sylvester’s
formula, see [1] .

It is importent for applications to construct interpolation formulae for functions of ma-
trices that woull be invariant with respect to matrix polynomials with matrix coefficients.

Some such formulae of linear interpolation in the space of continuous and continuously
differentiable matrices will be given below.

Formulae of interpolation in the space of continuous matrices

Let X = C(T) he the space of continuous on T = [a, b] matrices of dimension n and ¥ be
some another sace of functional matrices of the same dimension. A matrix polynomial
of the first order P1(A) € Y in this case has of the form

= Ko+ z/ Kyt A@) Kai(t) dt, @)
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where Ko, I(;;(t) and K(t) are given matrices, A(t) € C(T).
Introduce the number function

1, for 7>t
xr(t) = {

0, for 7 <t,

Xa(t) =0, xs(t) = 1.
Let Ag(t) and A;(t) be matrices such that there exists on [a,b] an inverse matrix
[A1(t) — Ao(t)]™".
Then
Lio(A) = F[Ao(")}+

+/T[A(T) = Ao()][A1(7) = Ao(7)] ™ d- F[Ao(") + X+ (WAL() = A>())]

is linear interpolation matrix polynomial for the function F(A) relatively the knots Ao(2)
and A;(t).

This formula is invariant with respect to polynomials of the form (2) with K;(¢) = F
fori=1,2,..,m.

Let the operator F(A) be differentiable in the sense of the Gateaux. Tlen the matrix
r—

. :(Al — Ao); A— Ao}d-,

Ly(4) = F(Ao) + 5 /T Pl Ao +

where 6F[A; h] is the Gateaux differential at the point A in the direction h, be a linear
interpolation matrix polynomial for the operator F(A4) with réspect to kncts A¢ and A;.
If F(A) is a matrix polynomial of the form (2), then L,(A) = F(A).

Example. Let

F(A) = /T N(t) A ()M (t) dt,

where N (t) and M (t) are a given matrices. Then

Li(A) = % /T N[ Ao @) A(t) + A(t) Aot ()M (2) dt—

1
-3 LN O 4:0) + 4 0 Ac@IM (O dr,
where A01 (t) = Ao(t) + Al(t)
Formulae of interpolation in the space of continuously differ¢ntiable ma-
trices

Let C?(T) be a space of matrices that have continuous derivatives up to p-t1order (p > 1)
on T and F(z) be an operator mapping C?(T) into another space of funct onal matrices.

An operator (matrix) polynomial of the first order P;(A) has, in the space under
consideration, the form

-1
PiA)=C+ Y C.AYa)D, + /T Q) AP ()G (1) dt, (3)

v=0
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where C, C,, D,, Q(t) and G(t) are given matrices.

Let’s assurie that the inverse matrices and integrals, which are contained in the con-
sequent interpolation formulae, exist.

Introduce ~he designations

loy(A) = 7(Ao) + z (o%) = Flop-)I[AP (@) ~ AP (@) (AW (a) - AP (a)),

k=0

-1
lio(A) = 7(Ao) + pZ:m“’m - AP (@)[4P (@) — AP (@) [Flor) - Flow-r)],

where

(t-at
k!

o_1(t) = iolt), ok(t) = oer(t) + (AP (a) - AP ()] (k=0,1,...p~1).

Theorem 1 The matriz polynomials
Loi(A) = lou(A) + fT . Flg(r, )] - [AP (1) = AP ()] AP (1) - AP ()] (4)

and

Lio(+) = Lio(A) + /T [AP(7) — AL ONAP(r) — AP (1)), Flg(r, )], (5)

where .
g(7,t) = op—1 + Ay (min(r,t)) — 0,1 (min(7,t))
are linear interpolation polynomials on CPX(T) with respect to knots Ao(t) and A, (t) for
the matriz-vaiued function F(A). Formulae ({) and (5) are invariant with respect to matriz
polynomials of the form (3) correspondingly for
D,=Gt=FandC,=Qt)=FE (v=0,1,...,p— 1).

Proof, T e coincidenge Lg;(A) and Lyo(A) with F(A) at knots Ag and A; is verified
simply. Let
F(A) = C, A" (a)D,. : (6)
Then the ntegrals in formulae (4) and (5) are equal to zero since in this case F[g(r,")]
does not depend upon 7: Flg(r,-)]= C,,Ag")(a)D,, (v=0,1,.,p-1).
Using the correlation

) Ag")(u), v=20,1,...k
o (@) =4 "1, .
Ag’(a), v=k+1,k+2,..,p-1,
we obtain

A - A (@)D, v=k
0, v#k

and, consequ2ntly, Lo;(A) and Lyo(A) coincide with (6) for D, = E and for C, =
correspondingly.

Flok()] = Flok-1(

284



If F(A) = Q(1)AP(1)G(t) (t € T), then the difference Flor(-)] ~ .T[ok-1(-)] = 0
(k=0,1,..,p— 1), and

-y QAP WG, Tt
Flotm )]_{ QAP WG, T <t.

Hence it follows, that Loy (A) = F(A) for G(t) = E, and Lig(A) = F(Ai for Q(t) = E.
The theorem is true.

Theorem 2 The matriz polynomials

Lot (4) = b (4) + 5= [ &Flopa()+ T s = pmr (ih dr, (1)

Lio(A4) = o(4) + b—}— L8Pl ()4 T () = pa )ik N, (8)

where 8F[y; h] is the Gateauz differential of operator F at the point y in tle direction h,
t - 3
h(t) = A() - Ao(t) 2 U= O 40y — 48w, )

will be a linear interpolation matriz polynomials of the first order for the operator F(A)
with respect to knots Ag(t) and A, (t).

The first from these polynomials is invariant with respect to matrix pol momials of the
Jorm(38) for D, = E, the second one with respect to that kind of polynomials when C, = E.

Proof. Note, that [01(140) = l]o(A()) = F(Ao) and lo](A]) = ’10(.“1) = F( 7p—1)' Accord-
ing to the fact, that h(t) = A;(t) — ap_ () for A(t) = A,(t), the integral n formulas (7)
and (8) for such direction A(t) can be calculated. It is equal to (b — @)[F(.\1) — F(op-1)]-

Consequently, the interpolation conditions for the polvnomials Ly ard Lo are exe-
cuted.

Let F(A) be of the form (6). Then the differential 6F[y; A in the direction {(9) at any
point y equal to zero.

As a,(f)(l) = Agp)(t,) for k=0,1,...,p— 1, then for matrix functions of he form

= /TQ(!)A(”)(I)G(I) dt (10)

we have F(oy) = F(ok_1) or lo1(A4) = 11o(A4) = F(Ao).
The integral term in the formulae (7) and (8) for the operator (10) s equal to the
difference F(A) — F(Ap). ;From this follows a validity this theorem.

Linear interpolation of matrix-valued functions of two varizbles

Let X = CWUIN(T?) be the space of square matrices A(f) = A(f; t;) such that

A(t dA(e1, . :
ALY (¢ ay) = 3—%:—1“11 and A®D(a,, t5) = '4(,,"[‘2 2} are continuous corrspondingly on
. a2, . .
intervals Ty = [a1, b1] and Ty = [ay, b2], AI(t) = .‘741.7‘»:1‘211) is continuous cn the rectangle

T2 :Tl X Tg.
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In this case we consider the operator polynomials of the first order P;(4) of the fol-
lowing form

Py(:Y) = N + NooA(a) Moo +/T Nio(r1) AN (71, ag) Myo(m) dri+
1

+ /T Nox(72) A (a1, 72) Moy (72) drs + /T N AN ()M () dr, (1)
2
where N, N;; axd M;; (4,7 =0,1) are given matrices, ¢ = (e;.a3), 7= (11,72).
Theorem 3 T.e operator polynomials of the first order

Loy (#1) = F(Ao) + [F(0) = F(Ao)][A1(a) = Ag(a)] 7 [A(a) ~ Ao(a)+

+/l 8F[o + s(Ay — o); h] ds, (12)
0

Lio(4) = F(Ao) + [A(e) = Ag(a)){A1(a) — Ao(a)]'[F(o) — F(Ao)l+
+/ §F[o + s(A1 — o); h] ds, (13)
0

where o(t) = A (t) + A1 (a) — Ao(a), h(t) = A(t) — Ao(t) — A(«) + Ao (e), are interpolating
for F(A) with respect to knots Ag(t) and Ay (t).

If F(A) coincides with polynomial (11) for My = E, then Loi(A) = F(A) on
CWI(T?), or i, Nog = E, then the identity Lio{A) = F(A) is valid.

Proof. For F(.1) = NgoA(a) Mgy the integral in formulas (12) and (13) is equal to zero.

The first two summands coincide with this operator when Mgg = E for the formula
(12) and Ngg = F for the formula (13).

Note further that F(o) = F(Ao) for all summands of the polynomial (11) exept of the
second one.

If F(z) has the form of one of the integrals in (11), then after calculation of the
differential of F(z) in the given direction h(t), we obtain that the last summand in (12)
and in (13) is equal to F(z} — F(zo), i.e. for the matrix polynomials of the form (11) we
have Lo;(A) = Lig(A) = P1(A). The execution of interpolation conditions in this case is
verified simply.

Remark. lormulas (12)and (13) are invariant relatively operators of more general
form than (11). For example, this fact holds true for the following integral operator

97A(t)
F(4) = /N siigi M)t

where @ = a; + a3 > 1, @ and ay are not negative integers. The formula (12) is invariant
also for the operator of the form

F(A) = K(t)A(t) dt.
T?
Avariety of similar formulas of the linear interpolation in the spaces of continuously
differentiable functions have been obtained in [2].

286



References

[1] Gantmacher F.R. Theory of Matrices (Chelsea, New York, (1959)).

[2] Yanovich L.A. Linear Interpolation of Operators in the Space of Conti wously Differ-
entiable Functions. Proc. Third Seminar ”Nonlinear Phenomena in Cornles Systems”,
Polatsk, February 14-16, 1994, p. 76-82.

287



”TG-GSS” MANAGER TO GENERATE APPLIED SOFTWARE FOR ANALYSIS

OF DATA LIKE SET OF TIME SERIES AND ILL-POSED INVERSE PROBLEMS
P.N. Zaikin, T.B. Podosenova

Russia, MSU, Calculating Mathematics and Cybernetics Department,
e-mail: pnz@cs.msu.su

Abstra:t. The principal problems of creating software manager for computer-aided
procedu ‘e of simulating applied software for some typical kind of science investigations
and ind 1strial technologies, where images of observed data are like sets of digitised
time ser es, are discussed.

1 Introduction.

Nowadays the s tuation around the using of computers and especially of personal ones has
lead in many cases to necessity of essential reconstruction of methods, devices, simulating
models, tools and numerical methods when one is dealing with applied systems of science
investigations and industrial technologies. The red-lines of using computer-aided tech-
nologies are: tle including of computer processors into detectors and devices, the using
of data banks and of data knowledges banks, of dialogue-graphics tools of representation
of subject dom:.in objects and operating under their screen images, and at last providing
the experts (the knowledge engineers) with the possibilities of planning the computer data
processing and of choosing the final solution.

Notice that the enough reach software and experience of its using is accumulated in
each subject domain. Therefore the last years the CASE (computer applied software
environment) technology is widely using.

2 Metl-mds. Mathematical models.

In our subject domain the observed data may be represented by unique digital one- or two-
dimensional fui ctions like time series. One get two-dimensional functions, for example,
when the series of measurements are conducting according to the time factor. The mathe-
matical model ¢ f phenomenon under investigation consists of two kinds of functions: one is
enough smooth function, another part is a set of local resonances. The cause-consequence
relations here a-e enough complicated and involve a non-linear calibration function, an ef-
ficiency functio1, a non-linear main dependence. Therefore the problems of data analysis
are ill-posed onzs.

It i often s1pposed that theoretically the radiation spectra may be represented by a
set of single lincs like delta-functions, whose locations are depending on energies of nuclei
radiation spect-a lines. But the registration devices change significantly the theoretical
representation of radiation spectra. The process of registration may be described by
integral equaticn of the first kind.

The different types of functions are using to describe the mathematical models of spec-
tral curves. Th: forms of single lines in spectra are depending on registration devices and
may be whethes symmetric whether asymmetric ones to the left or to the right from the line
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location. Sometime the single line is represented by a sum of components, v-hich describe
the complicated processes taking place in devices when the nuclei radiatio spectruin is
neasuring.

The top idea of regular algorithms in our subject domain consists of computing, firstly.
the most stable part of solution in that way then the model is nearly according to the
experimental data. The computing of other part of solution is possible oly by taking
into account whether time dependence in model whether another strategy >f conducting
experiment, detecting data and data processing. The non-unique models of experimental
data interpretation take place also. The user has a possibility to get information from
estimated data bank and data expert knowledge base.

The different kinds of programming tools (packages of applied programs designed by
different firms and authors) are using 10 process such experimental data. Th> most part of
these packages use the fixed set of methods and non-changeable schemes of data processing.
But in practice the necessity often arises to change the given (fixed) way o calculations,
That is why one of the urgent problems nowadays is the design of such programming tools
of data processing which provide the user with the possibility to change tie schemes of
calculations and to choose the sequence of computing stages in interactive mode.

The dialogue-graphics environment TG-GSS is designed to solve the wide range of
problems of elements analysis, in particular, of alpha- and gamma- radiation analysis by
using of methods of nuclear spectroscopy.

TG-GSS environment allows to reach two purposes:

- to create the semantic models of data and processes of user subject dcmain:

- to construct the semantic nets of complicated schemes of experimental d wtaprocessing
providing the user both with flexible setting up of system on concrete problems peculiarities
and data frames and also with the possibility to get informational and expert support.

TG-GSS is designed in such a way that the applied mathematicians and/or the subject
domain experts can construct themselves (without the help of system programmers) the
applied programs packages to solve the concrete problems of elements analvsis. There
are special dialogue means in TG-GSS allowing to write the complicated schemes of data
processing and to create the applied programs packages by using of sets o ready 10 run
modules (utilities). There are formed some standards on data files formats and some
agreements on running, organising and setting up utilities in TG-GSS.

The main dialogue-graphics system TG-GSS components are:

- graphical monitor,
manager of objects aud processes,

1

subsystem working with "sequences™,

- subsystem working with estimated data banks.

- subsystem working with driver of registration instrument,

- informational support,

- menu subsystems.

At the pictures below one can see two main windows of TG-GSS: the grashical monitor
window (where one can see graphs) and objects and processes Manager window {where
one can sec files names or messages).

The following information can be seen in graphical monitor window: the graphs of
spectra, the images of nuclei spectral lines from current nuclide library. the diagrams

289



Cnexrp Hat.op KasuGp O6p-—ua

Frpaguvyeckun HoHUTO
Mar:4 |[SPECTREX.SP
11351.35

4t 0 [4833.667 keul
b

193

Pesyanrar Eu6a Buew.nporp Haorp-xva Napar HHeo

-27.34 1494 -6

.14 3.69

514

R ITIT AT T TT IR STV

™ + i

N . EXE »*. PAT

L. . CHN AL 180 . EXE AL IB80. PRT

ET . CHN AL IBO_C.EXE |CALIBO_C.PRAT
F . CHN Al EN. EXE AL _EN. PRT

H . CHN —PREP. EXE |CAL _PREP. PRT
H1 . CHN ENTUZ . EXE CENTUZ. PRT
_i.gd! —B.EXE CHECK_B.PAaYT

Cnektp Haiop Kaam6p 06p-xa Pesymtar bBHEA Buew.nporp Hactp-ka Napam Huea

Tpaguueckitn MOHUTOP
Bar:3 E.n_;ctrex.sn
12.31 | 48 [4811.892 keUl : 6.52 ¢ 6.43 4.14 -1.0E+30 -1.0E+30 -1.0E+30
5 g
A &
e 3
=1 a
0
keu: 4500 5000 5500
3.86 T L Tl L) LML LA || v ¥
-16.09 ! 1l
Neocro re eansa ACTNISTP,PAM
1 11-235 .91 15.05 .912 18.07
2 230 .23 23.32 .231 25.38
3 11-234 30.60 9.99 30.603 14.14
49 1'U-239 32.73 9.9 32.729 14.12
S HM-241 . 18.51 a9 1.
‘BPEM: HaGopa 3399 cex i To4yHoCTL RO OHKH
cyYMMiL (noun-). 43967.4 oTcueToR I XH-KBAQPAT. .« 1.97

290



of busyness graphics (for example, the results of data processing can be represented as
diagrams).

The graphical monitor is intended to show and to operate with the graphical images
of subject domain objects (spectra, lines centres marks etc.). No more than 16 graphs of
functions (function here is a one-dimensional vector of length up to 4096) can be loaded
in two special windows of graphical monitor. Each graph may be showel in own style
and colour. Both regular and irregular argument grid are allowed. There it mobile cursor
in these two special windows by means of which it is possible to shift the pictures in
horizontal direction, to get the values of loaded functions at current argum.ent point etc.

Unlike the others data processing programs packages the dialogue-grephics environ-
ment TG-GSS includes the objects and processes Manager which is the key component of
TG-GSS. This Manager window looks like a six-windows area. The list of files names of
different groups of objects can be seen in different Manager windows. There are such files
(objects) groups as: spectra files; the spectra marks files; auxiliary (servic:) system files;
files of "chains”; running utilities (applied programs); listings of utilitier; nuclide data
libraries; "set up” files of utilities. A sets of available operations under files in each of six
Manager windows are completely depending on and defining by semantics of corresponding
objects groups.

One can see in objects and processes Manager window (at the same time with looking
through the graphical information) depending on current mode of TG-GS!i the following:

- list of files of subject domain objects (initial spectra, marks of peaks centres and of
peaks bounds etc.),

- list of nuclei from current library, . .

- listings of utilities being run,

- comments, announcements, prompts, advices, questions,

- special editors window to view/to edit files or to set parameters of running utilities.

The looking of information in two main windows is organised in such a way that the
user can work simultaneously with two mentioned above kinds of data presentation.

The subsystem working with ”chains” is aimed to give to the user the possibilities
to write, to edit and to run the data processing schemes. The special p1oblem-oriented
language (the "chains” language) was created to describe the semantic s:hemes of data
processing. The "sequence” here is a sequence of commands of this special language. This
language includes such structures as linear sequences of operators (commands), "enclosed
sequences”, loop, conditional and unconditional jump instructions. There are also the
following groups of commands:

- utilities Tunning commands,

- commands to load (in graphical window) graphical images of subject (lomain objects,

- commands to show some text information (comments, announcer ents, prompts,
advices, questions) in objects and processes Manager window,

- special commands of data processing,

- commands to view and to edit files by two special editors,

- commands to copy or to erase files.

These mentioned above structures and commands are sufficient to wr.te a very com-
plicated computational block-charts. The processing of ”chain” in TG-GSS involves the
following steps: the reading of next command from ”chain” file, the analysis of this com-

291



mand by interpreter and carrying out of indicated in the command actions.

It is worth 10 note that TG-GSS allows using of different algorithmical languages: the
instrumental language here is Pascal but the running utilities (EXE-files) may be written
in any languag: (Fortran, Pascal, Basic etc.).

3 Results.

The described 1nethodology is realised in TG-GSS monitor to generate applied software to
process, in particular, alpha- and gamma- spectra in elements analysis of samples. Other
example of usit g TG-GSS is analysis of cosmic gamma-ray spectra in CORONAS-I space
experiment.
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MeToAnl pellleHUss HEKOTOPHIX MHOromapaMeTpMYecKHX
CIIeKTPAJbHBLIX 3aa9 MaTEeMAaTHUYECKOR PH3INKH !

A. A. A6pamos, A. JI. Iuuko, H. B. KoHioxosa, T. B. JI:BuTusa,
B. 1. YabaunoBa

Boiyucaumeannwiit yewmp PAH
Basuaosa 40, 117967 Mocxea I'CII-1, Poccusg
e-matl: alalabr@ccas.ru, nadja@ccas.ru, lev@ccas.ru

AHHOoTauMA. MHoronapaMeTpHyecKHMy CHeXTPAIBHHMM 3aRKayaMu ABJAIOTCA 3a-
Aaun Ha COGCTBEHHble 3HAYEHM, Bh/EIAIOUMMECS TEM, YTO BO3HUKAeT Habop He KoMk~
KHX CNNIEKTPAJIBHHIX IapaAMeTPOB, JHAUECHNE KOTOPHIX NMOAJIEXHT ONMPEne/IeHHIO. Taxue
3ajiauyd oYeHb TPYAHHK H VIS HCCJ/IENOBAHHR, M /I YHCJIEHHOIO PelUeHMA (CIL, Ha-
npuMep, [1]). B paboTe coBceM KpaTKO M3NaralTCi HEKOTOPHE M3 pe3y/iblaTos,
coAepXxalmnxcs B [2—8], rAe AJIA HEKOTOPHIX KJIacCo8 TaKHX 3ajad YAaNoCh Da3pa-
6oTaTh rN106abHO CXOAALMECS METOALI MOMCKA HYXHHX COGCTBEHHHIX 3Ha4¢HHH I
BHYNC/IEHHA COOTBETCTBYIOLUHMX MM COGCTBEHHHIX (PYHKLUT.

§1. MeToa BLIYMCIIEHHS BOJIHOBBIX 3JIMNCOMTAILHBIX (QYyHK-
nui (cm.[2,3])

Mut HauneMm c 3anauu, MOCHyXUBLUeHd ocHOBOH Hauwed paGoTwi B 3Toil o5nactu. Pac-
cMOTpuM ypaBHenue ['ennMronbua

AW + E*W =0, (1)
1L I U

rae k — 3anansoe uucno, A — onepatop Jlannaca: A = 722 + 3_1/2 + ﬁ; z,Y,2 —
IeKapTOBL! KOOPAHHATH B NMpocTpaHcTBe. Bciony B paGoTe BCe BeNHUHHKLL BELIECTBEHHBI.
[lepeiineM B ypaBHenuu (1) K 3nnunconnaibHRIM koopauHaTaM. [Ipn i cnonbsoBannu

B 3THX KOOpAHHaTaX MeTofa Pypne ang (1) Bo3HHKaeT cicTeMa

d d
f(€)E{ 7€) d—?} +{06hDA=0, 0<E<L, (20)
d
—f(f);,z{ ) %%} “lenoa=o 1<e<s, (20
d
03 { V0 G} + e =0, 7 <e <o (20
3necw (&) = £(€ — 1)(€ ~ p?), q(&, 1, 1) = hp? - Ip%€ + W?€2, 1 < p — <ucuo, onpene-

NgeMoe 3HaYeHHIMH TTapaMeTpoB Bmﬁpalmofl INAHNCONAANBLHOIT KoopanHa’ ‘HOIl CHCTEMBbI,

!'Pa6ora Bumonuena npu noaaepxke Poccuiickoro donma yHAAMEHTAILHAX HCCHE, OBAMNTT (MPOCKT
N 96-01-00951).
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W 3aBHCHT OT :THX MapaMeTpoB H 3HaueHHs k; b M | — Hew3BecTHLIe KOHCTaHTHI pa3ge-
nenus. JTo Tak HalplBaeMas anreGpauueckas GpopMa BONHOBOro ypapHenns Jlame. M
paccMaTpuBaey uckoMmylo dynkumio A(€) na (0,1)U (1, p?) U (p?, 00).

B nononnenue k (2) MBI no/y4aeM TakKe FPaHHUYHbIE YCIOBHS

JmA@=0 ww m (@A) =0, (3a)
Jmoa© =0 wm 1im (FAON©) =0, (3b)
Jmoa@ =0 ww lim (\ERON©) =0 (3¢)

®yukunn A(£), paccaTpubaemste Ha (0, 1) (1, p?), naoT Tak HasmBaeMble YIioBhie
3IHNCOUAaNbEble BONHOBLe QyHKnnu (y.3.8.9.), Ha (p?,00) — panuanbuble. YpaBHe-
HHs (2) uMmeloT ocofeHHocTH B Toukax 0, 1, u p?. HecnoxHoii 3aMeHoll He3apHCHMOTO
NepeMEeRHOro JIerko H36aBUThLCH OT 3THX OCOBEHHOCTEH .

O TpynHOCTSX, CBA3AHHBIX C BLIYHCJIEHMEM 3THX QYHKUHMH, cM., Hampumep, [9]; 3a
HCKIIIOYeHHeM 1e6oIblIOro 4Hcila NpocTelllINX clyyaeB, NMPpHBeNEeHHLIX B 3Toi paGoTe,
pacyeTHl OMif y.3.B.Q. MNPaKTHYECKH OTCYTCTBOBasin. B To Xe BpeMs BONNOBLIE JUTH-
NCOUNalibHble ()yHKIHH CTO/b Xe BaKHbl NMDH PelleHHH 3afad MaTeMaTHYecKoH QU3HKH,
paccMaTpDHBaeM bIX BHYTDH HWJIH BHe /JIHIICOMARa, Kak # pyHkuun Jlexannpa u Beccens
IAA 3a7ay, pac MAaTDHBaeMbIX BHYTDH WIH BHe cdephl. [IpHMeHenHe BOIHOBLIX 3/ITHACO-
AOABHLIX QYH{UH# 33a[epAAHO HMEHHO TPYHHOCTAMH MX BLIYHC/ICHHS (¥ HCC/ENOBAaHHA,
koHeuHo). OTM2TuM BaxHbulil Bkaad M. B. denopioxa B pa3BHTHe TEOPHH 3THX QYHKLHH.

Mbut paccMa rpHBaeM ceifyac AByXNapaMeTpPHUECKYIO CIeKTPalibHy 10 3alauy Wi y.3.B.¢.:
ypaBuenns (2a, u (2b) c rpannunbiMu ycioBuamu (3a), (3b), (3¢) ((3¢) Toabko npu § —
p? — 0). M3n10% MM MeTON BHIMHCIIEHHS HEH3BECTHHIX HaM CNeKTDAbHBIX NapaMerpos h i
l. Bo3bMeM I OnpenesneHHOCTH JieByl0 KONOHKY FpaHHYHBIX yciioBHi (3). O6o3Haunm:
ky — umcno wrneit A(€) na (0,1), ky — wa (1,p%), ¢ = h — I, 7 = [. 3apukcuposas
ky u k3, molyvaeM B JUIOCKOCTH 0,7 NBE CNEKTPallbHbie KPHBbIE: KpuBas (a) conepxnt
TOYKH, KOODAHHATHI KOTOPHIX NalOT HeTpHBHANbHOE pewenue (2a), xpubas (b) comepxHT
TOYKH, KOOPAHAAThl KOTOPbIX NaloT HeTpHBHallbHoe pewenue (2b). MoxHo nokasaTs,-

dr dr
4TO Ha (a) MM2eT MecTo 7 < 0 u Ha (b) mMmeeT MecTo > 0. Ianee Mbl M3maraeMm

HECKOJIbKO ynpnu.leHHO pekoMmenayeMble Beruncienus. OcyulecTBun npeoGpasobanue [pio-
depa /Ef(£ )—— = ctgf, nonyuyaem ans 9(£) ypabHenne nepporo nopsnka Ha (0,1) n Ha
(1, p?). Fpaﬂntnue ycnosus (3) ¢ yueroMm B3aThIX ki H k2 naoT

6(+0) =0, 6(1~0) = (k1 +1)m, 6(140)=0, 8(p> ~ 0) = (kz + 1) 7

B3sp kakue-nu60 o u 7, pemnM (uucienno) mns §(£) nse 3anaun Kowrw: ypabHenue Ha
(0, 1) c rpanuwibiM ycioBueM B +0 u ypabHenue Ha. (1, p?) ¢ rpannYHEIM ycioBxeM B 140,
nonyvaeM aBa HadeHUA

Ca(n,T) =01 =0) = (k1 + 1), @(o,7)=0(p* - 0)~ (k2 + 1)~
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3HakK @, M @p OAIOT BaXHYIO HHOOPMALHKIO O PACHONIOKEHUH B3ATOH Touki (o,T) OTHO-
cuTenbHo KpuBhIX (a) u (b). MoXHO NOKa3aTh, YTO B OIHOM W3 NOJYYHBLIN:CA KPHBOMIH-
HellHLIX KBalPaHTOB ¢, < 0 u ¢y < 0, B npyroM ¢, < 0 u ¢y > 0, B TpeTieM @, > 0 n
s > 0, B yeTBepTOM @, > 0 1 v < 0.

OTO NaeT BO3MOKHOCTb, OTIPABIAACH OT J1060T0 HaYaJILHOTO NPHOIHKeH 415 Juis (0, T),
32KMOYHTb HCKOMYIO TO4Ky nepecedenus (a) u (b) B OPAMOYTONBHHK CO CTIPOHAMH, Ma-
pallJlebHLIMM OCAM O ¥ T, H lajlee BECTH IPOLECC Tak: GepeM cepeluHy IPAMOYrONbHAKA,
perraem nBe 3ana4yn Ko, ompenenseM no 3HakaM @q H ¢y, B KAKOM M3 KPHBOJHMHeM-
HHIX KBJPAaHTOB JIGKHT 3Ta CepPelHHa, pa3pe3aeM NPAMOYrONbLHUK Ha [BE YilCTH IPAMOIl,
npoxonsiuell uepes 3Ty cepeNMHY M NapaulelbHOH OCH 0 WM OCH 7, OT6[achiBaeM INIy-
CTyi0 nonoBHHy. B cpenHeM MHL 3a IBa lara yNOJNOBHHMM KaXIOHIH H3 pi3MepoB NpA-
Moyronbuuka. Llena omnoro wara — zase 3anayn Kol nis omHOro ypasHGHHA NepBOro
mopanka. TeM caMBIM 3TOT IpOLeECC 1O YHCIY Olepauyil TONLKO B YeTHIpe pasa IOpoKe
YacTO yNoTpe6seMoro MeToNla Ne/leHHs OTpe3Ka CHeKTpa NONojiaM IS ONHONapaMeTpH-
4eckoil cnekTpanbHoll 3amaun IITypMa—JTuyBunns. OTMeTuM, 4TO B IpolEcce pelleHHs
MBI He BLIYMCIISEM KOODAMHAT KaKMX-Tu6o0 Touek, nexaliux Ha (a) uan (b), Takoe BHIUH-
clieHye NOTPe6oBasIo Ohl Ha KaXKMIOM IIare pellleHHs ONHONapaMeTpPHUecKol CleKTpajibHOM
32[124H ¥ CTOMNO BH CAHIIKOM JOporo. Mul He oCTaHABNHBaeMCs Ha 3a]1aye BLIYHCIEHHS
¥.3.B.>., HOPMUDPOBAHHLIX HYXHLHM 06pa30M, Ha BrruHcienun A(¢) B npenenay: (p?, 00) u Ha
MHOTOM npyroM. OTMeTHM TONBKO OAHY TPYNHOCTHL (Ha MeTOHaX IPeoNoJic HHA KOTOpoil
MEI TaKKe He OCTaHABIHBAEMCA) — BO3MOXHOCTH NOABJIEHHS B ypaBHeHHAX (2) GONbLIHX
BeJINYMH (#3-32 CHJIBHON CIUTIOCHYTOCTH WJIH BHITAHYTOCTH 3JUIHNCOMIA, M:-33 GONBUIEX
3navennit w?, k) u/naum ko u 1. 1.).

Pa3pafoTannbIe MeTONH BRIYHCIEHNS SIHICOMNAILHNX BONHOBHIX (yrKUHA pealn-
30BaHEl B BHIIE IaKeTa NPOrpaMM. DTH NPOrpaMMEl paboTOCHOCOGHML IS 11 HPOKOrO NHa-
[230Ha UCIONb3yeMbIX BEJIMYHH H NPOSBHIK cebi Kak oYeHb »ppeKTHBHEIe ,1ake MpH Ha-
JIMYHY YKa3aHHLIX BhIle TPYOHOCTEH.

Pabotu [2,3] kak conepxalliue aJIFOPUTMBI BEIYHCICHUS JUTHICOMIANBH IX BOJNHOBHIX
GYHKUMA BKIIOYEHR! B MeXIyHaponHuli o63op [10].

YnoMAHy ThIe METONB BHIYHC/ICHHS S/UTHNCOMAANBHBIX BOMHOBHIX QYHKUIH GRIIH IpH-
MEHEHH K PellleHHIO H3BEeCTHOM 3aJauy AUQpakUUH MIOCKOH 3BYKOBOH BOJIHL. Ha 3JUIHIICO-
nne (cM. [11,12], a Takke craTbio A. A. Abremov, A. L. Dyshko, N. B. Ko wyukhova,
and T. V. Leviting HacTosawero c6opHika). O HEKOTOPLIX NMOJE3HHIX CBOIiC TBaX y.3.B.(.
cMoTpy [13].

§2. O606wmenne merona (cMm. [2,4,5,6])

1. PaccMoTpuM cucTemy OBYX OGLIKHOBeHHHIX Nu(xpepeHIHaNbHLIX ypPaBHeHHHE BTOpOro
nopsanKa
(p"(zl')yul')l + l].'(l'a', A, l‘)yi =0 =z € [0» 1]’ i=1,2 (1)

3necy p; > 0 na [0,1], cnekTpanbHEe mapaMeTpPH A,p BxousaT B (1), BooSiue roeops,
HennHelHO.
IlononHEM 3TY CHCTeMy PaHMYHLIMH YC/IOBHAMH Clenyloiuero (s NPoCTOTH) BHA2

$i(0) =y(1) =0, i=1,2 (2)
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IIycts ¢ :303pacTaeT Mo A M j, g2 BO3pacTaeT Mo A ¥ yb6uiBaeT no p. Torna mpu
COOTBETCTBYIOLHX aKKypaTHHEIX OFOBOPKaX TOT METON pellleHHs IBYyXIapaMeTpHYecKOA
CHeKTpaJibHON 3alayM, KOTOPHI 6bl H3/0XKeH B §1, 6e3 KaKHX—JTH6O CyLLeCTBEHHBIX H3-
MeHeHHH NpUMeHUM H K pelleHHwo 3anayn (1)&(2) [4]). B yacTHOM ciyyae, korna

¢i(zi) = Qi(z:i) + APa(z:i) + pPa(zi), i=1,2,

NOCTATOYHLIM YC/IOBHEM NPHMEHHMOCTH MeTola §1 npH menpepniBHHX Q;(z;) ® Pj(z;)
aBnserTcs Tpetopanue det || P;j(z:)|| # 0 ans Beex (z1,22) € [0,1] x [0,1].

2. Meton ;1 o6obuaercs B [5] Ha HEKOTOpLIE CHCTEMEI TpeX ypaBHeHMHA C JMHeHHKIM
BXOXIIEHHEM CIeKTPaJbHLIX IapaMeTPOB

0, 0<z; <1,

3
v+ (lli(l'i) +Y f\jpij(li))yi
i=1

yi(0) = 5(1) =0, i=1,2,3.

[Ipennonar aerca, yto det |[p;;(z;){| #0 B Q=1[0,1] % [0,1} % {0, 1]. [Tpy BLHINONHEHHH
nocliefHero N[ eAno/lokKeHH s, KaK W3BeCTHO, IS CIeKTPajlbHLIX MapaMeTpPOB CyLleCTByeT
HeBEIDOXJIEHH:\A THHeffHad 3aMEHa C NOCTOAHHOW MaTpHuel Takafd, YTO 3HAKH 3/leMEHTOB
Pij HoBOl MaT unH B {) TakHe, Kak B TabnHue

+__
+ + -
+ + +

Takne 3HakH KO3(pUIHEHTOB NPH CNEKTPAJIbHHIX MapaMeTpax obecneuwBaloT HyXHYIO
MOHOTOHHOCTh yDaBHEHHH OTHOCHTE/NIbLHO 3THX HapaMeTPOB.

Ecaun nono. 1HKTenbHO MPeANnolIokKHTh, YTO BCe IeMEHTH MaTpHilK o0paTHONH K HOBOR
MaTpHUe OTJHYHLI OT Hy/d B ) H 3HaKH UX HAIOTCA TOil Xe Tabiauuei, To ynaeTcs nocTpo-
HTb Metol, ofobuwaouiuit Metan §1 u obnanaolinil TeMH Xe CBOMCTBaMU: COGCTBEHHOE
3Havenue (c.3.) 3akmovaeTcs B napajulenenynen co CTOPOHaMH, Mapajlyie/IbHHIMH KOOp-
AMHATHHIM INIOCKOCTAM, H 3aTeM YTOYHAeTcA oTOpachBaHHEM NMYCTHIX YacTell mapaliie-
nenunena. OT deTUM CYILIECTBEHHOE YCIIOMHEHHEe BOBHUKAIOIIEH CHTYaNRU: CPeld BOCHMH
obisiacTell, BhlI€NIEMBIX CNEKTpPaJlbHLIMH NOBEPXHOCTAMH, HMeIOTCA IBe 0bJIacTH TakHe,
YTO pe3ysibTa  Hl pellleHHA 3aAa4 Koy 1711 duKcHpoBaHHOro Habopa CNekTpajibHbIX Na-
paMeTpoB He I al0T OCHOBAaHMA JJIA yMeHbLIEHHA YKa3aHHOrO MapaJjuielenunena.

3.B [2,6] piccMOTpeHB n—MapaMeTpHueckHe 3alauM, BO3HMKAIOLINE NPH HCNOJIb30Ba~
HHH MeTona Pypue B ero mpocTeiiieil popme. Mu HMeeM 3amady Ha C.3.:

Lu=ipu, u#0,

rle u — HKCKO 4ad cobcTBeHHas ¢pyHkuus (c.¢.), pyHkuns N He3aBHCHMBIX NMepeMeHHEIX,
A — HckoMoe c.3., L u p — 3apannue nudxpepeHuvanbible onepaTopbi. PaccMoTpuM
ciydait L=1y+...+ Ly, p=p1+...+pnN, e L; u p; — onepaTopul no i-omy
nepeMennomy. Ilpu Hcnonb3oBannu Metona Pypbe MONYyUHM CHCTEMY

Liu; = Apju; + ou;, uw; #0, ¢=1,...,N, 3)
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roe u; 3aBHCHT TOJbKO OT {—TO HE3aBHCHMOTO nepeMeHHoro, «y,..., &N - HEH3IBECTHHIE
KOHCTAHTHI pa3nel/ieHus, UMeeT MeCTO paBeHCTBO

01+...+0N=0. (4)

Mul npeanonaraeM, 4To onepaTopul L; U p; caMoconpsxkeHHble, p; — NOJIO# HTENbHO Ol pe-
neNeHHbIe.

BaxHEIM BONpocOoM sABIA€TCA BONPOC MAEHTHGOHMKANHMH OTHENbHBIX pell eHHil 3Toil 3a-
nayu. Jlns npocTOTHl OrpaHHYMMCR YAaCTHHIM ClydYaeM, koraa L; — nudd :pernuaibHbIi
onepaTop BTOporo nopsika 6e3 ocobennocTell, a p; — YMHOXKEHHEe Ha GYHKUHIO (MONOKHU-
Tenbuyio). [lycts k; — uucno uyneil u; Ha cooTBeTCTBYyOILEM HHTepBade, k; > 0. Torna
s kaxnoro Habopa {ki,...,kn} cyllecTByeT, M NpHTOM €NMHCTBEHHLIH COOTBETCTBY-
oimii eMy Habop {), ay,...,an}, nawoiwmi pewenne cucteMbr (3)&(4). Tlpennoxen u
MCcCleioBal rnoGanbHO cxonsiuMiics (T.e. cxonsiuMiics npH MO6LIX HaYanbHLIX NPHGIH-
KelHHAX) HTepalHOHHLIN METON BBIYHCICHHUS A, Qq,..., N NPH 3a0aHHBIX I'p, ..., kN,

§3. UncieHHOe pelleHHe 3aaddM O CBOGOMHLIX aKy( TUYECKUX
KoJle6aHRAX BHYTPHM TPEXOCHOro ajuncouna (cm. [7])

MycTs Tpexocuwiit snnuncoun S orpannunpaer obnacth D. Hyxno naitTy c.3. k? 3amaun
Au+k*u=0 8D,

u|g =0 (MOeanbHO MATKHIl JJIHNCOIN), .

WK ou|

611 s -

3anaua penlanach B JJJIHNCOMIANLHON CHCTEME KOODAMHAT. 31ech BOXHMKAeT cleny-

I0lllas TpexmapaMeTpUuecKas CnekTpalbHas 3alava. PaccMaTpHBaloTca ypaBHeHHs (2)

3 §1: onno ua (0, 1), npyroe Ha (1, p?), TpeTbe na (p?,£.), rue €. onpenes seTcs GopMoit

IMNCONna. Y paBHEHHs LONOJNHSAIOTCH IPaAaHUYHLIMU ycnoBHaMu (3) u3 §1; B £, cTaBuTCA
OIHO M3 IBYX YCJIOBHil

0 (MmeanbHO KECTKHN IHICOWI).

A(€)=0 wmm A'(€)=0.

3nech Heu3BeCTHE! k? ¥ [1Be KOHCTaHTH pa3nefeHus.

Hcnonw3ys MeTon, cXooHblit ¢ ynoMsHyThIM B N.2 §2, ynanoch npopecTH JeTalbHble
pacyeThl M BBHIYHCIHTb COGCTBEHHBIE YaCTOTH! KoJeGaHHUil aKyCTHYecKol cpelbl BHYTPH
3JJIANCOHAA NMPH Pa3lHYHLIX 3HAYEHHAX NapaMeTpPoB 3allavul.

84. MeTon pemeHNs n—napaMeTpPHUYeCKOH CIeKTpaJibHOHi 3a-
IauM, OCHOBaHHLIA Ha BBeleHMHM napamerpa (cm. [8])

PaccMoTpuM cucTeMy ypaBHenuit

n
(pit)y) + (qi(l.') + Ea;j(ta)«\j)yi =0, o<, <P i=1,...,n (1
=1
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Ilpeanonaraem, uro p; > 0 Ha {a;, B;] 1n4 Bcex i. Ypapuenus (1) nononHseM rpaHuYHLIMH
YCNOBHAMH BHI: (InS NPOCTOTHI)

yiow) = yi(8:) = 0. (2)
3anaeM uensie HeOTpHUUATeNbHLIE Yucha ky,...,k,. CTaBHTCA 3amava: HaliTH wHCha
Aly. ..y Ay TaKHe, 9TO CIHPABEILIHBO:

yi uMeeT Ha (a;, 3;) poBHO k; Hyneit , i=1,...,n. (2)
M3sectho, uro ecnn D(ty,...,t,) = detlla;l| > 0 npu a; < ¢, < fi, i = 1,...,n, TO

sanava (1)&(2){z(2') umeeT B NpHTOM eNHHCTBeHHOE pelleHHe.
Mu HaknaniiBaeM Golnee c/1abble OTpaHMYEHHS:

D(ty,...,t,) >0, (3)
cywecrsywoT t3,...,t Takue, uro
D(3,...,t% > 0. (4)

Bo3smoxnocTb: D HeoTpHuaTenbHo, HO obpalliaeTcd koe-rie (ne Besne) B 0 — peanusyeTcs
B HEKOTOPHIX N[ HKJaJHHX 3alayax.

Ilpu orpannyennsx (3)&(4) yxe HEBO3MOXHO rapaHTHPOBATh CyLIECTBOBaHHe peille-
Hus 3anauk (1)§2(2)&(2'). Mbl npennonaraeM, 4To paccMaTpuBaeMad 3alatia, yIOBIETBO-
paowas nHWb | 3)&(4), HMeeT pellieHHe, €0 €AHHCTBEHHOCTh AOKA3ILIBAETCK.

B cayuae, ecnu a;;(t;) = a?j— const ‘Ans Beex ¢, j, 3anaqa (1)&(2)&(2'), oueunno, pe-
waeTcs ferxo. I8 nepexona K MCXOAHON oOLUel 3alaue KCNONb3YeM METO ABHXEHHR 1O
napaMeTpy (cM., Hanpumep, [14]). Ilpu 0 < o < 1 onpeaensem &;;(t;, o) = o a;;(t;) + (1 -
0)ai;(t?), rne t5,...,t% ynosnersopsior (4). Hcnonwsys npeoGpaizopanue Ipiodepa, mo-
nyqaem npu 0 < ¢ < 1 u3 (1)&(2)&(2') cuctemy nudepennanbHux ypaBHeH#Ht nepBoro
NOpANKa C TPaHAYHLIMH YCIOBHAMH B &; ¥ B; ¥ mapameTpaMu ;\1(0), ey Anfo). D12 ci-
CTeMa pelllaeTCsi NPUEIHAEHHO WaraMy 1o ¢ Ha ceTke 0 =0 < 0 < 02 < ... < oN = 1;
AAA Nepexola K TPUGIHKEHHBIM IHAYCHUIM A, ..., A, B CIElylOLLeH TOUKe HCNOMbIyeTes
onHa U3 POPMYI , PeKOMEHIOBaHHKIX B [14].

Iins Bui6pat Horo cnocofa BBelleHHA NapaMeTpa M BhIGpaHHOH (OPMYJIBI peaslK3allny
O[LHOrO ILara NC ¢ AaeTCK NPH NPOU3BONBLHOM n TOMHOe 0BOCHOBaHHe MeTola: RAOKA3aHo,
YTO He BO3HMKA®T TYNHKOBHIX CHTYAIHH H YTO MOTPeUIHOCTbL OTBETOB Nonydaercs 0(h?),
roe h = max (01041 — Om)-

Meron 6win >npoGoBaH Ha ABYX— M TpeXIapaMeTPHYECKHX 33[ayax, ONHCAHHKX B §1
§3. Ilns nony4yeHUA BHICOKOHA TOYHOCTH B pacCMaTpHBaeMbiX BapHauTax uucao N (rias-
HBIH MOKa3aTeln > 3aTpauuBaemoill pabOThl) 0Ka3aloCh HeGOMbIIKM, KaK NPaBHJIO NOPSAKa
NIeCATH.
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ITOBENEHUE PEHIEHU CUHIYJIIPHO
BOSMYIMEHHOI'O TNO®PEPEHIINAJIBHOI'O
YPABHEHUWSY BECKOHEYHOI'O ITOPSAOKA

HU.B.AMmupxaunos,C.A.Bacuanes,E.I1. 2 Kunkos,1.E. 2Kuakosa
141980 JIBTA OHSIH

Hybua Mocroscroi o6aacmu, Poccus

Amnnorauna. B paSote paccmarpusaerca ypassenne Kannesckoro (pensTurnct-
ckwi anasor ypasienns Illpenunrepa):

[2e/@ + m3c* — H™ — V(r)]¥a(r) =0,

rae
. 2 .
H{%? = 2mcPch (ii) + LILH'—,.')ezp (lﬁ— i) .
mcdr mr (,- + ) mcdr

Ilns 3Toro ypaBHEHHS MCCIEAYIOTCS CHOCOOH TOCTAHOBKM KpaeBoi 3anayd. IIpuso-
AT A pe3yNbTATH YHUC/IEHHEIX PACYETOB 10 PeleHHIo 3aaul Ha COGCTBEHHRIE PYHK-
uMn ¥ cobCTBEHHRIE 3HAYEHHA ANIA NN¢depeHIMATLHOIO YPaBHEHUS BOCHMOIO TIOPSAKA
C MiJILIM NAapaMeTpPOM IPH CTAPLINX NPOU3BOXHKX.

1 BBEIEHME

CyllecTBye1 HeCKOIBKO MOAXOMNOB K 11po6iieMe ONUCAHNA PeNATHBUCTCKUX NBYXYaCTHYHEIX
cucTeM B KBaHTOBOH Teopuy nons. B 60-e ronwt Jlorynosum A.A. u Tabxenunse A.H. 6uin
Pa3BHT KBa3MNOTEHUHAILHLIA HOPMaJH3M B PaMKaX 3TON 3ala4M, B KOTOPOM COYETAJICH
NOJIHOCTBIO KOBAPHAHTHLIA NOAXOHN, BEPOATHOCTHAS MHTEDINpETAlHs BONHOBOH GYHKUHH
B Ilyxe KBakTOBON MeXaHHKM H TpexMepnocTb [1]. B »ToM nomxome BonHOBas GyHKuMs
BHICYyNaeT KuK HemocpeNCTBeHHOe 06oGILeHKe HepelaTHBACTCKON BOMHOBOH PYHKLHHU, no-
CKONbKY 3aBHCHT TONBKO OT OQHOTO BPEMEHHOTO apTyMeHTa M NMONYHHAETCS YPaBHEHUIO
Tna Illpensurepa.

B s>Tom nanpasnenun KaneiuesckuM B.T'. 6611 nonyuen pensTHBHCTCKNI aHaJIOT ypaB-
Henus Illperunrepa [2]. Ilns panmansHoiit BomHoBoit ¢pynkuun ¥, (r), onucuBaiowed oT-
HOCHTeNbHO¢ JIBHXKEHHe [IByX CKaJAPHHIX YacCTHI C UMNYJNbCOM ¢, YIJIOBLIM MOMEHTOM [
H paBHBIMH MacCCaMH, OlHOMEpPHOe PeJISTHBHCTCKOe ypaBHeHHe GyleT MMeTh crefyiowuii

BHIO:
[2e/Q? + m2e? — HE™ ~ V(r)][¥a(r) = 0,

ih d 2 i
H{* = 2mc?ch (ﬁ—) + A+ l) ezp (iﬁ—i) ,
medr mr (,. + :ﬂ_ﬁc) medr

rae V(r) - kBa3HNoTeHUHAN], € - CKOPOCTb CBETA.
B paGote [3] nokazaHo, 4TO IpH POPMATILHOM YCTPEMICHHH € — OO, PELUCHHA ypaBHe-
HHA KanbimieBcKoro pery/ispHo cxolsaTcs K pellenusM ypashenus IIpenunrepa.
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Ecnn orpannuntcs cinyvaem S-poaust ([ = 0) u pa3noxuts onepatop ch (,‘"—"Cj";) B pal,

To ypaBHeHne Kansiliepckoro 6yneT uMeTh cllenyOwni BRA:

d? 24" ,2d° m  ——— ,
F_EZ—I—!d—r‘-FE am—...—;ﬁ(v’(r)—2c Q2+m2(:7) ‘I/qg\r)zo,

roe € = (ml,:)2 — Manslfl napaMeTp.

DTo ypaBHelne npencTasnseT coboil 1uddpepeHnanbHoe ypaBHeHIte 6eKOHEUHOro No-
pANKa ¢ MAJILIM NapaMeTpoM MpH CTAPLUKX IPOK3BOAHbLIX, YTO MO3BOJAET OTHECTH €ro K
KJ1aCCy CHHTYJIAPHO BO3MYLUEHHBIX YpaBHEHHH.

TpyaHOCTH, BO3HHKaIOLMe NPH pellieHHH MOAOGHOTO PONA ypaBHEeHuH, (BA3AHbI C TeM,
4TO 37eChb HEBO3MOKHO IIPUMEHHTb OGLIYHYIO CXeMy pa3JIOXKeHHs B CTeNeHt ol pAn 10 Ma-
JIOMy napaMeTpy, Bellb eclii (OPMaJtibHO YCTPeMUTb € — 0, To MOPALOK ypaBHEHHA H3-
MEeHHTCH, & pelleHns TaKoro " yNpouIeHHOro” ypaBHeHHS He CMOTYT YIOBJTBOPATbL BCEM
YCTOBUAM, KOTOpbIe HANarajluch Ha pelleHis HCXOOHOTO ypaBHeHHsA. Hekoropble u3 »>THx
ycnoBuit okaxyTca nuHnmMi. TakuM o6pa3oM, 3mech Mbl HMeeM He€NIO ¢ CHHTYJSPHO BO3-

MYUIeHHBIM OH((pepeHIRaTbHbIM Y paBHEeHHEM.

2 HUCCIEIOBAHWE MOIEJIBHON 3AO0AUN

Ecnu orpaHMYMThLCS UL 4—0f NPOU3BOLHON B ypaBHeHUIl KalblleRckcro u Bui6paTb
cllenyoltiMil TOTeH IHa: ‘ :

Viry=0, r<m,
Viry=o00, r>m,

TOrna ypaBHeHHe MOXHO 3allHCaThb B TaKOM BHIOE:

at d?

—EE]-F(—{,_—?%'(I?) YP(r)=0. (1)

Pewenne Takoro ypaBHeHMs MOXHO NPEACTaBHTL B Bithe 3 = capikr. Tlocne ero noa-
cTaHoBKH B (1), nonyunM crenymoliee GHKBaIpaTHOe YPaBHEHHE:

ekt + k2 - ¥ = 0.

Kopuu 3TOro ypaBHeHns HMelOT BHO:

V1iteg? -1

2 ’

ky2=+i

Ilpn € — 0 oHu BenyT cebs TakuM 06pa3oM:

k1,2 = +ig, k34—
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O6uuee pellle iMe ypaBHenus (1) MOXHO 3amucaTbh Kak
P(r) = Cisin kyr + Cycos kar + Cashkar + Cychkyr,

npuyeM koadpduitmentnl Cy,Cy, C3,Cy onpenensioTcs U3 KOHKPETHLIX KPaeBbIX YCIOBHH.
Ecnu mns 3Toll 3anaun BEGPATh CHMMETPHYHLIE KpaeBhle YCIOBHA BHIA:

$(0)=0, () =0,
P"(0)=0, ¥"(m)=0,

TOrMa ypaBHEHH: N4 HaXOXIEeHHd cOOCTBEHHBIX 3Hayenuii Gynet:
f(q,€) =sinkyr =0,

a ero KOpHH -
2 _ 2 2
q: =n"(1+en®).
Ecnu nonoXkuThb B nocienHem BeIpaxenud £ = 0, To nonyuyuM Habop cOBCTBEHHHIX 3Ha-
yeuuit " BeIpoknerHo#” 3amaun (g2 = n). Hamo 3aMeTUTh, YTO NPH HECHMMETPHYHLIX
KpaeBBIX YCJIOBHAX TaKo# MpelelbHbIN Nepexol He HMeeT MeCTa. DTH cooGpakeHus NaloT
noson BEIGPaTh HMEHHO CHMMETDHYHLIE KpaeBhle YCNOBHA IIPH HCCIENOBaHWM Halleil 3a-
HayH.

3 PE3YJIbTATBI UNCJIEHHDBIX MU CCIEOOBAHUN

Ilns uMCneHHBIX HCclenoBaHWi GbM BHIGPAHEI crenyioline nuddeperinanbible ypaBHe-
HHS CO CNeNyOIUMH KPaeBLIMH YCJIOBUAMHU:

e diy d%
_ET:V ar ;V+‘IIV'¢’IV—0
. Yrv(0)=0, Yv(r)=
Vi (0) =0, Yiv(r) =

& dypyr e diyyr | v
360 dr 12 dr4

+ quw =0,

Yy (0) =0, Yyy(r) = 0,
Yo (0)=0, Yy, (m)=0,
1[’91)(0) =0, 'p{;‘l)(”) =0,

e Bpyir & Syvin e dvin | Py |, —o
—20160_#8 360 a6 12 drt T gz twvmvin =0,
Yvi(0) = Yvi(r) =0,

) 01 Yy r(m) =0,
W0 =0, Pl =0,
'l’gil)n(o) =0, 11’91)11(7’) =0.
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OTH 321240 pelIanichL YACNEHHO Ra HETepBale [0, 7] c wmarom h = 0.0157(:796 MeTomoM
MATPHYHOH MPOTOHKH.
Buinn nonyyeRn clienyiolne pe3ynbTaTH OAd Ay NpH pasnHyHHX €, 1€

Ay = max||[¥nnle, r) — 92,

a 1/;,',""’ - cobcTBeHHBEe GYHKIAN BLIPOXICHHOR 3aiayH.

€ Ay Ayyy Avvinn
1.0 | 0.000358713 | 0.000395262 | 0.000404331
0.1 0.000071391 | 0.000077381 | 0.000079648
0.01 | 0.000010428 | 0.000012284 | 0.000016074
0.001 | 0.000005691 | 0.000003759 | 0.000001611

JIng HeckoNBKHX HEPBHIX COGCTBEHHKIX 3HAYCHHH HMeeM

€ n v 4 Qi
1{ 1.081520 | 1.084354 | 1.084276
1.0 | 2| 5.297297 | 5.471528 | 5.483795
3 115.507309 | 17.438434 | 17.747194
1} 1.008163 | 1.008188 | 1.008184
0.1 2 | 4.130520 | 4.132255 | 4.132193
3| 9.659969 | 9.679848 | 9.679782
1| 1.000814 | 1.000827 | 1.000547
0.01 | 2| 4.013033 | 4.013046 | 4.081444
3| 9.065955 | 9.065967 | 9.075564
1| 1.000079 | 1.000089 | 1.000068
0.001 ] 2 | 4.001272 | 4.001292 | 4.033378
3 | 9.006441 | 9.006839 | 9.054243

4 BBIBOI

M3 npaBeneHHKX pe3ylbTATOB MOXHO CAEAATh BRIBON O CXOAMMOCTH COGCTBeHHHIX (YHK-
nni (B BLGpanHOK HOPME) H COGCTBEHHBIX 3HaUeHAR NN CPOPMYNHPOBAHHKIX BHILE 3a/1ay
K PElieHHIO BHIPOXJACHHOR 3a1aul. JTO CBHIAETENbLCTBYET O TOM, YTO BHIGOp CHMMeTpHY-
HHIX KpaeBHIX ycnoBu i g AudpdepeRnBanbHLIX ypaBHeAHE BLICOKOIO IOPAIKa - OIPaBAaH.
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O HeKOTOpHX HeJIMHeHHHX CHHTYIAPHHX 3aJadax B
MOLENAX PENATHBUCTCKON KOCMOJIOruM !

Boponos H.A.*, qnmxko A.JI., Koutoxosa H.B., Craposeposa N.B.

Buruucnureasunit nenrp PAH, Basuaosa 40, 117967 Mocksa GSP-1, Poccus
e-mail: nadja@ccas.ru
*HHcTHTYT Te OpeTHUECKOH H 3KCHepHMeHTaasHOH ¢usuku, B. Uepemymrntcran 25,
117259 Mocksa, Poccus

Annoranua. [lan kpatkuii 0630p [1]-[4]: npexcTaBienn MateMaTHuecKHe MOETH H
OCHOBH}IE Pe3yIbTATH Ka4eCTBEHHOIO aHaIH3a HeMHHeWHH X OOHKHOBEHHHX AuddepeH-
UHaJBH JX YPaBHEHKH BTOPOTO NMOPAJKA ¢ BHPOKAEHHAMH, OMMCHBAIOIKX 3BOMIOUMIO B
npocTp.iicTBax Muukosckoro, ®puamana u ne Currepa ToHKoro chepHueckoro ~ry-
appa” - MONaAH3OBARHOTO CPEPHYUECKH CHMMETDHYHOIO PENICHHA YDABHCHHH CKalip-
Horo ncna XHITca B NpHOIHHENHM, KOTAA MOMXHO NpeneGpeds ToAMMHOA 06ONOUYKH TO
cpaBHelHio ¢ ee paguycom. OCHOBHOE OTIHYMe B NMOBEAEHHH OBGBEKTa: PaCHMPEHHA
Bcenen 1o#t no ®praMany HeAOCTaTOMHO AJIA Toro, YTOGH NIpK MoGoM HauambHOM pa-
JHyCe I y3Hph He CXJICHHBAJCA 34 KOHEWHOE BpeMA, YTO AHANOTHYHO €ro MOBELEHHIO B
NIOCKOI{ NPOCTPAHCTBE-BPEMERH; B NPOCTPanCTBE g€ Cu’ﬂ'epa HOpH BEJHYHHE HAYATL-
HOTO D2 AHYcCa, DoNbmeM HEKOTOPOro KPHTHYECKOro 3HAY€HHA, ONPeleIeHHOro MapaMe-
TPaMK Jafia4f, NYSHPh He CX/OMHBAeTCA HHM 3a KOHeYHoe, HH 3a GECKOHeuHoe BpeMA,
T.e. HM €T KOHeYHHH mpefelsHH} pPalHYC NPH CTPeMJIEHMH BPE&MEHHOH NepeMeHHOR K
GecKone YHOCTH.

1. ITone Xrrrca B npocTpacTBe MHHKOBCKOTO OITMCHBAeTCA JNarpamxuaHoM [5):
L=0¢)/2-U(p), U(p)=N(e* -, (1)

e (8¢)? = ,]ika%‘e'.a%%, 7 = diag(l,—1,~1,—1) — MeTpHYCCKMI TEHIOp ILIOCKOTO
[pOCTpaHCTBa-IipeMerH, i,k = 0,...,3, z° = t (ckopocTb cBeTa B Bakyyme IpHUHATa 3a
efwHHUILY ), A, v — mapamerphl. Jlarpamxkuany (1) cOOTBETCTBYET BONHOBO® ypaBHEHHE

Op + 4pX3 (@ ~ v2) = 0, (2)

e O = §%/0t° — A, A — onepatop Jlamaca mo nepemennamM 7, j = 1,2, 3. s (2) cipa-
BeJIIABO: COXPaHAETCA HHTerpan sHeprud, E(t) = f[ﬁikg—ﬁv‘%'};ﬂ-i— U(p))dV = const, rne §*
— cumson Kponskepa, a unterpan 6eperca no scemy R (monmmTerpasbhoe Bupaskenue - ra-
MHUITOHMAH, M. T! [IOTHOCTh SHEPTHM ); IOCTOAHHKE ¢ = +V — pellleH!A ¢ Hy/IeBOi IHepTHed
( sHauerms @ :: +v : U(tv) = 0 HaswBawT "BakyyMaMu” oguHakoBo# "riyOuHu”, a moie
(1) — cxaAPHEM [OJIEM C ABYMA BHPOKJCHHEIMA BakyyMaMy); 3) CyLIECTBYeT CTAUMOHAPHO®
nnockoe pemerme @ (7) = vtanh[A2(ii, 7 — )], 7,70 € R3, nopommatomee Geryuryio
yeIMHEHHY10 BOHY 0 (7, t) = v tanh{Avv/2[(7, 7 - 75) £ vo(t — t0)]/y/1 — v}, t > to, ecmn
3ajlaHa HaYanbHafA CKOPoOcTh vp : 0 < vy < 1; smecy & = (m1,ny,n3) — BEKTOP €AMINU-
HON JUTAHH, X: paKTepU3Y1omHii HallpapieHWe JBHMEHHA GpoHTa BOAHN. Pemenne o (7),
HaszBaHHoe B (6] ”cTenkoi”, o6/asaeT NOBEPXHOCTHON IJIOTHOCTLIO SHEPTUM jb = V208 /3,

!Pabora momacpikana PoccwiickuM oniom yRAaMenTanbHHX HCClegosanmit (npoewrn N95-02-04681
N96-01-00951).



cocpeloToyeHHo B obnacTH TonmMHoU | = [\/ZAI/]_I (BeJIAMMHA @ TIOJYYACTCH BHYMACTE-
HACM JUIA @ 7) OIHOMEPHOTO MHTeTpaNa IHeprun o —oc Ao +oc). B {6]. [7] upu navuenun
KOCMOJIOTMUECKUX CJIEACTBUI JTOKAIM30BAHHBX peieHUi (2) Ono sBe/leHo 11oHATHE NV3NPA
KAK O/IHOCBA3NOIA 001aCTH. OKPYIKCHHOM TeHKOM. T.e. 06BCKTa. BHC KOTOPOrs MOJC & IKCIO-
HOIIMAJILHO CTPCMHTCH K OJTHOMY W3 BAKVVMOB. BHYTPU - K APVIOMV. a TIOUTH BCH SHEPTUA
cocpenorouena v obosouke nyswpa. Jnsn cheputieckn CHMMETPUYHOTO IV3KPA [ONC B Ha-
“AbHKN# MOMCHT COCTOAHHUA MOKOA 3aJacTca B BuIe o(r,0) = v tanh[/\u\/f( r—Ro)]. Re > 0.
A IHONIOIMA 110/ OMUCKBACTCH HAUAJBHO-KPACROU 3a/1aUci:

e o 20¢

Pp 9 208 2,2 ,—0. 1>0. N :
PR ,_ar+lz\ Wl —r¥)=0. 120, 0<r<«x (3a)
p(r,()):utauh(Auﬁ(r-Ro)). elr.0)=0 Yr>0. ‘ (36)
|limo\,9(r.l.)|<oo. lim o(r.)=vr V20 (3m)

B 'umcacnno-anasurnuecknx ucencsosanunx [8]-[10] sanaum (3) obHapymenn nyancama 1y-
BWPH € UAIVUCHUCM IHCPTHMN Ha HECKONCUNOCTR U 06pa30BAHUC BOAM3KU BAKYVMA @ = © I0ITO-
HUBY X JIOKATUIOBAHHMX OCIMIUIMPVIONIMX COCTOAHMI. YCTORUMBOCTh KOTC pHIX M3VUaach
s [11].

2. B pacumpmowciica Beenennoif uciionnayem parenetoo S = Sas+ Sy 4 R/(167¢). vae
5 - obmee jelcTBUE ANH TPABUTHPVIOHINX MAKPOCKONMUCCKOW MATCPUN M CLAJNPHOTO HONH
[12]. Bnech Sps - ACHCTBMC ASA MATePHH, ONPEASTAIONICH BUA PACHIMPAIOICCA Beenennoii:
¥ crangpHan KPUBM3HA HpocTpaHcTBa, (7 - HLIOTOHOBCKAA I'DABUTAIUONI AN NOCTOAHHAN]
Sy - neiictoue A nonn Xarrca (1) B rpasutaunonrom nose, Sy = [ —_ni[g“'g,-q_d'l -

,\2(«,02—1/2)2] d*zx (warerpan 6epeten 110 neemy RS U 110 BPEMEHHOWN 1ICPEMEHICH MCHJLY ABYMA
©C KOHCHHBAIMYU 3HAUCHUAMM, IPUUCM (IPC/RIONATACTCH MUHUMAJILHOC B3AWMO/L ACTRUC L0
¢ I'PABUTAIIMOHHEIM TIOJICM gix. Bapuanmn 9 1o ¢ upumronut K ypasueimio ddnmreiina:

Ri — R /2 = 3"”["'11.1- + 'I'Mik]- H

e i - rensop Puuuan, Ty v Thayir TON30pPH 3HEPTAM-UMIVILCA 11005 X AITCA ¥ MaKPo-
CKOIUMECKOR MaTepun cooTsetcrrenio [12]. Bapuupys S 1o @. nonyracm:

(\/—71)—I (\/T!I.q"kw) Lt MAlp(p? — ) = 0. ()

Ypanuetims (1), (5) B COBOKYIUOCTH ¢ YPAaBHCHUCM ABMKCHUA MATCPUU ONPE) CATIOT TIOAHY IO
CUCTEMY YPaBHCHMA Juin 3aaum Tpaucuenicitiol caoknoctn. B [1]-[1] jenaeren gusn-
HCCKU onpanlaiHoe npeuioiokenne, uro i (1) Momno npencbpeun komouentamu 1y no
cpaschnio ¢ pesivuMnaMi Tasi. Tora nexoauan sasaua paciiajlaeres na pe: ws (1) na-
XO/IUM (POHOBYI0 MCTPUKY: (H) OHPCACICT IBOIIOUMIO cKaaApHOTo 11oas X 4rrca ta (one
HaWACHHOW MCTPHKU.

B npocrpancrrax @dpuamana MeTOMBAK PABUTAIAOHHONO 11044 nacadhiii i
Tuic = (p + pluug — pgix, M ¥, p, P - COOTRETCTRCHIO “HCTHPEXCKOPOCTH ™. fa-
BACHAC W [IOTHOCTh 1a3a; P, p HE 3aBMCAT oT x, j = 1,2.3 (Maorpciman monenn).
Mcnonssys 110 npocrpancTRCHHMM (ICPOMEIINM  CHOPUHCCKAC KOOPAMHATI W BIOAN HO-
se Tupema” pou Tpaymyce” \ no gopmynam di = a(np)dy. r = a{gy)sinh . vae a(y)



~ [OKAa Heu3BecTliad HeoTpUUATeJIbHas (YHKIM, nmosydaem w3 (4) merpuky ®puamana:
ds? = a?(n)[dn? - dx? ~ sinh? x(d#? + sin? 8dp?)]. B asyx cayuanx a{n) nonysicHo suio
[12]: a) a(n) = ap(coshn—1), 0 < ag = const, ecan p = 0 (ras 6e3 AaBAEHUA WK bIb); 6)
a(n) = apsinh 1, ) < ap = const, ecnu p = p/3 (yaprpapesntuBucrckubt rasz). B upocrpan-
cTBax ¢ MeTpukoli PpuiMaHa w3 (5) mosyuaem zajauy A 1oas cHEPUUCCKOTO TIY3HIPH.
obpasoBaHHOrO B 1avyaJbHblii MOMEHT CTEHKOM:

G + 20nifa — @y — 20y coth x + 42 (@  — 1) =0, y > 0. 0 <\ < 0o, (6a)

@(x. ) = vtanh{a(n)dvv2(x — Xo)},  @o(x,m0) =0 Yy > 0. (66)
| lin})cp(x,n)l < 00, Xlim elx,n)=v Y1 > 19 > 0, (68)
Y—P Yands €l

rae 0 < Xo~ ¢puk:uposano. B Takom Buac zanaua (6) He uccienopanacey. JlonoawnrensHne
TPYAHOCTH JUIA €3 YHCJICHHOI'0 pellcHMA [0 cpaBHeHWIo ¢ (3) cBA3aHH ¢ HeBINOJHECHNEM
3aKOHA COXPAHEH 1A IHEePruM (TaKoll 3aKOH OTCYTCTBYeT B pacupsiomleiics Beeseunoit), ¢
BLIDOKJCHUEM 3a,(@4H IPH T)gp — (0, ¢ IKCIIOHCHIMAJILHRM POCTOM a(77) Ipy 1 — o0 1 ip.

B npocrpanc-se ge Currepa cupasennuso T = Agir/2, tne A - xocMosoruieckan
nocrofAHHan, u pemerueM (4) apnaetca metpuka ds? = dt? — a?(t)[{dr? + r2(d6? + sin? 8d¢?)),
e A = 3H?, a(!) = agexp (Ht), 0 < ag = const, H - nocroarnan Xab6ua [13]. B srom
NPOCTPAHCTBe B (PepHUecKd CUMMETPUUHOM cilydae (5) MMeeT BUa

P+ 3pd]a - 99,,/(1,2 — 299,/(a2r) + AN p(p? ~ .'/2) =0,¢t>0, 0<r<oo. (7a)

s mayyenns MoK 108 chePUUECKOro My3HWPA, KOTOPHIH B HauabHbLIA MOMEHT [OKO-
WIICA, HAJI0 JONI0J HUTh 3TO YPABHCHHC YCIOBUAMM

o{7,0) = vtanh{agAvv2(r — Ra)},  @u(r,0)=0 Vr >0, (76)
. Him otr, 1)} < o0, lim @(r,t)=v Vi 20, (78)

rie G < Ro — ¢y kcupoBano. B Takom Buge 3ajgaua (7) He ucciemopanace. (O nosegeHuu .
du3nteckux nose il Ha goxe Metpuky e CutTepa cM., nanpumep, s [14], [15].)

Panuycom R(') nyssipa apu GUKCHPOBAHHOM ¢ HaswBaeM Hylb GYyHKUMH ¢ RaK PelteHnd
sagaum (3) (eanaun (7)) @(R(t),1) = 0, t > 0, R(0) = Ry, R(0) = 0; ann 3anaun (6):
o(X(n),n) =0, 12 10, X(m0) = Xo, X(10) = 0.

3. B npubmuvxeHnu Tonkod crenkd 3afaum (3), (6), (7) paccMorpenn B [1]-[4]: mo-
AyueHsl W HCCJIe,[0BaHb HelHHelHue o6HKHOBeHHNe aH¢depeHIyaibHLe YPABHEHUA BTO-
poro MOpJJKA C BHPOMKIEHUAMHM, onuchBawlMe 3pomormio R(t) (X (7)) B upubmusennn,
KOFJIA MOMHO [Ip *HeGpeds TOMMMHOK cpepHteckodl 060OUKA 0 CpaBHEHHI0 C €& Pajuy-
coM. CooTBeTcTiyloluMe AMHAMUUYECKHe 3a[aul MOMydeHW KaK ~MeToJoM CBEepPHYTOro Ieif-
crua” [16], Tak u 6onee hOPMATM3OBAHHHM CIIOCOBOM: [IPH AOCTATOUHO GOMBIIOM Hauals-
HoM pazuyce jut pemerns (3) ((7)) nonaraem ¢p(r,t) & vtanhfa(r,t)/!] (ann (6) nona-
raeM ou(x,n) = vtanh{a(x,n)/!]}, rae 0 < { - Man0, a - HOBaA HeusBeCTHaA (QPyYHKUMA,
R(t): a(R(1),t =0 (X(n): a(X(n),n) = 0); npu ! — 0 noayuaem ypasrenne a1a R(t)
(X(n)). Panee 1 (8], [10] 6mi0 mokasaHo, uTo Takoe mpHbiHKeHHe AIA 3anady (3) oueHs
XOpOIO OMMCHBAET CTaJMI0 CXaTHA [y3HPA BIUIOTs 40 R ~ I, XoTA caMO pelleHHe CTaHO-
BUTCA COBCEM HelIOX0MUM Ha @p(T,t). 3T0 JaeT AOIMOAHHTEIbHOE OCHOBAHHE MOJaraTh, HTO



pHGITHKEHHe TOHKOH CTeHKHM NPeJCTaBiAeT UHTepec ML ONMCAHWA [OBECE WA A3YqaeMEX
06beKToB U B pacnmpsaiomeiica Bcenennoit.
3.1. /lnuHamuyeckan 3agada A4 TOHKOTO IY3HPA B IPOCTPaHcTBe MuHEOICKOrO:

R=-(/R(1-RY), >0, (8a)
R(0)=Ro>0, R(0)=0. (86)
HHrepec npeacTasiser HONOKUTEMbHOE pemenne (8), ero mosejieHMe C POCTOH ¢ B BHTEPBAJI

€ro CyIWeCTBOBAaHMA PH Pa3NM4HHX 3padeHmax Ry. Crpasesivsu ytsepsmamua: (8a) o6-
nMajaer ceMeACTBOM YACTHRIX pemenwii Ry (t,¢) = Lt + ¢, Me ¢ -MpoU3BOILH? A OCTOAHHAL;

ana moGoro pemermn (8a), kpome Ry(t,c), cupasesmmo R2/1/|1 — R?| = comst; pememe
(8) ybuBaet, He BrxomAT K3 o6nacTu Rp —t < R(t) < Ry, 0 <t < tp, Tty 1 tp >
Ro, timy_;__ R(t) =0, lim,— _ R(t) = ~1, u mmeer un [8]: R(t) = Rocn{v2t/Ry, \/_/2},
rze cn(z, k) — 3AMMnTEYECKA KOCHHYC ¢ MOXyIeM k.

B [3] onucano noeesenve pemenns (8) npu ero npubmMEeHMy K HYIHO (IIPE CXJIONNBAHAA
My3pA) M AaHW OueHKH t.; = t.(Rp). B oxpectHOCTR iHOGOH uKcHpcBaHHON ToYKU
t = {.; ypasHeHme (8a) MMeeT OfHONapaMeTpAYecKoe ceMeHCTRO pemeHmid, MpeacTaBAMOe
pagom Jlamynosa: R(a,tcz,t) = (t — t){—1 + a(t — t)* 4+ 52, cefa(t — t.)4]*}, rie a -
mapametp, |a(t — t.;)*| Mano, ¢c; = —5/6,... (cx He 3aBHCAT OT @ H {.;); 3TR PellleHAd IIPH
a > 0 He puxonat us obmacte 0 < R(¢) <tz —1, 0 <t < to,. YauTHBaAK }(Ba CIATaeMEIX
pana u (86), npubnmmenno nonyuaem t., =~ 1.25R,. W3 Toumoro pememms. MmeeM ., =
RoK(v2/2)/v/2, tne K(k) ~ DoNBEM 3JMITHYeCKAl METEIPat [ePBOTO Pia C MOXYJEM
k. Obosnaums m = (2 — v/2)/(2 + V/2), u npabmmuenmit jun K (k) momyyaeu 6onee Toaro
ez = Ro(1+m)(14 m?/4)/(2v2) ~ 1.310867R,.

3.2. /lnnammyeckad 3aja4a JJA TOHKOTO IMy3KpA B IpocTpaHcTBax Ppujpvana:
X +[2coth X + 3a(mX /a()I[1 - X*] =0, n>m0>0, (%)
X(m) = X0>0, X(m)=Xo, |Xo|<1. (96)

3zmeck paccMaTpuBaerca obliad 3azaya, KOTAA B HaYabHEE MOMEHT Iy3uph deofssarenbHo
nokouTCH; BUA a(n) 3adMKCApoBaH B .2 OpH omMcaHWH 3afaum (6) — caywait a) m 6). Hn-
Tepec [IPeJCTABAAIOT: [OAONUTeNbHOe pemeHve (9), ero HoBeJeHHe C POCTGM 1) M HHTep-
BaJl eTo CYNICCTBOBAHWMA JUIA PAsIMUHKX 3HaTeHHA Xo, Xo; MOBEJCHWE DEllCHHA IPH €10
TIponoLeHyH BieBo K ocofolt Touke n = 0; npeeNbHLe CHETYLApHEe 3afc® Komm, or-
peqaronme (9) mpa gy = 0 u Xo = 0 (amx Xo = 1, wm Xo = —1). Cupasenmsn
yTeepiuenna: (9a) obnazaer ceMelicTBOM YacTHHX pemenmii X (n,c¢) = :kp + ¢, rme ¢
— IpOW3BOIBHAA IOCTCAHHAA; [JA Jmoboro pemenua (9a), xpome Xi(7,c¢). cupasemmHBO
%{ln (sinh2 X/ |1—X2|)} = —3X2%a(n)/a(n) < 0 Y9 > 0; 5 = 0 — ocoban TouKa
(9a), Tax kak d(n)/a(n) = 2/(n) + O(n), 1 — 0, 1me j = | aun a) w j = 2 pna 6). Xapax-
Tep BHpomernd (9a) upu 7 — ( M03BOJIAET HOCTABATL JUIA HETO TPH CHHIY! APHHE 32/a7M
Komm: (9a) upm 5 > 0, ycaosue lim,,_, 10 X (1) = Xo u ycnopme lim,_, 4o X(n) = 0 (sanaza
1), wmu ycsosue lim,,_ 40 X(n) = 1 (sanaua 2), wm ycnosme lim, 4o X(n) = —1 (sanava
3). Crenylonme yTBepRIAcHHA JOKasaHK B [3]:

1)YXo > 0 mV¥Xg : |Xo| < 1, pemenne (9) He BRXOIHT H3 06/aCTH, I PaHHICHHOH
apamamu X1(1) = n—no+Xo 7 X2(n) = no—n+Xo, 7> 0, T.e. IDHT > 1) OHO He BHXOAHT
u3 "cBEToBOro KoHyca B Gynyiiee”, a npH 1) < 1o — U3 ”cBETOBOr0 KOHYCa B Ipomiioe”.



2)VXy > (m VXO -1 < XO <0, pelieHye (9) ¢ pocrom 7 y61.ma91 u ey
Tew > Mo + Xo, limg_p.._0 X(7) = 0, limy_p.,_oX(7) = —1; mpu 0 < Xo < 1 10 e
yTBEpHIeHNe CL DABeUIMBO, HAUHHAA ¢ HEKOTOPOIo 1) = Tl : ('r)o) =0.

3) VXo # 0 pentenne cHHTYAApHOH 3aga4u 1 aiuA poctaTodHo Mausix || cymectsyer u
eQMHCTBEHHO, 0.0 rodomopdro mpr 7 = 0 : X(7) = Xo + XWn2 4 Xy 4 e
XM = —coth.(o/p, p=T amaa) Hp = 4 1A 6),. .. (K0P PHIHEHTH PAJA OIHOSHAUIO
ompenenawrca 13 (9a)). (B [3] nna pememma X(n) sagaum 1 momydena oleHka BhGopa
mo: | X(n) = Xo— XWn?| <€ 0 <9 <o, vie 0 < € — GUKCHPOBAHO; OTICHKA BAKHA JUI
HaXOMJIEHHA PelleHuA ¢ 3aJaHHON TOYHOCTbIO BRIUMCIEHHH. )

4) VXo # 0 cHHrynapHad saga4a 2 (sagava 3) obnafaer OAHOIapAMETPHUCCKHM C¢-
meifcteom pemredui X1 (n,c¢) (X_(n,c)); oHn romomopdun npu 1 = 0 K pEIOHAIOT B
ceba npamyro 31(n) = Xo + 1 (X2(n) = Xo — 1) OpU HyJIeBOM 3HAYCHHH lapameTpa:
Xi(nye,Xo) = Xoxnp+enn + 8L + .., tae A =12, B4 = 13 coth Xo/7 s a) u
A =6, B3 = £7 coth Xo/4 ana 6); ¢ — napamerp, |cn| Mano (ko3 puunenin pasa, roobue
ropopa, sapucat ot ¢ u Xo); npuc < 0 (¢ > 0) cupaseamuso Xo—1 < X4(1,¢, Xo) < Xo+1.

5) Ve > U ypasHenme (9a) obiagaer onHOmapaMeTpHUECKHM CeMeHCTBOM pelileHUH,
VAOBJIETBOPAIOU{IX 1IDH 1) — Tjop YCJAOBHAM I1.2); 3TH DeMeHUA TONOMODMHb [PH 1] = Tjop
u BrmodanT B ceba mpamyio X(n) = —n + 1, OpH HYICBOM 3HAUEHUH llapaMerpa:
X(my¢,me0) = —(n—nez) +e{(n— 1)’ + 5[ ez )/ a(Me )} (= 16z )6+ - . .}, tae ¢ apamerp,
le(n — nes)®| Mano (ko> duumenTs paga, Boobiie TOBOPA, 3aBUCAT OT € H Vg ); UpH ¢ > 0
cnpaBe/HBo 1 -~ ez < X(1,¢,Mcz) < New — 7.

M3 1), 3), 4) cieayer, uyto pemwenne (9), mponoiskeHHoe BIeBo K ocofoil Touwe 1 = 0,
COBMAJAeT C pe lleHUeM 3aZadd [, MM 3afayd 2, WM 3a429d 3 ¢ HEKOTOPHM 3HaUeHHCM
X(0)= Xo: X, - Mo < )20 < Xo + no. U3 5), yuutuBas /Ba caaraeMbx paga n {96), mis
penrerma (9) BechbMa MPHOIMKEHHO HolydaeM T & 5Xo/(4 — Xo) + 70

HamomummM, uro npu X ~ [ MCTHHHaA 3BOJIOLMA TIy3HPA B OpPOCTPaHcTBAX PphjMana
OIMCHBaeTcA 3a,1avelt (6) A4 yPaBHEHHA C YACTHEIME [POU3BOTHEIMA.

3.3. /luHamitdeckad 3ajada JJIA TOHKOTO Iy3hpA B mpoctpatctse ge Currepa:

R+ {2/{c®k]) + 3aR/a}{1 - a®R?} + aR/a =0, t > 0, R(0) = Ro, R(0)=0, (10)

rae a(t) = agecp(Ht), Rg, ag, H > 0. VHTepec mpeacraBaerl MOJIOKUTOILHOE pPeliie-
HHe (10): ero roBeseHMe ¢ POCTOM t, MHTEpBAJ €r0 CyIECTBOBAHMA JUII PA3IMMHBIX 3HA-
geHui Ro, BO3N OKHOCTU €To Ti0GaibHOIO CyllecTBoBaHMA Ha [(},00) M ACHMMUITOTHUCCKOE®
nopejeHne Opu ¢ — o0o. B [1] mpoBeleHn mpegBapuTenbHEE pacucTi, a B [2] anoHcH-
pOBaHH aHAJUT 19eckue coiicTsa (10), mokasanuue B [4], U3 KoTopeix caeaylor: 1) cy-
IeCTBOBAaHMe Kf ATHYecKoro pammyca Re < (agH)™! u oTBedamomero emy kpuruuccroro
pemrenua (10) 1pu Rg = R¢, Takoro, uto mpm ¢ — 00 cUpaBe/IHBO {If,(t),if,(l)} —
{0,0} - mysupr cxionmBaercs 3a GeckoHeuHoe Bpems, mpuueM lim . [R(Iyexp(ll)] =
V2/3/(aoH), Tmy_oo[R(t)exp(Ht)] = —\/2]3/a0; 2) YRy > Rc moﬁam.uoo CYIeCTRO-
BaHMe MONOMMTuIbHOro pewenud {10) wa [0,00), mpuuem {R({), R(t)} — {R;,0} upn
t — oo, e R- = R_f(RQ,lZQH) > 0 n copasemmBo limg o, {(R(1) — Rylexp(2H 1)} =
[2Rf(aoH)2)™, lim oo R(2) exp(2Ht)] = [RpadH)™"; 3) VRo < R cxaonwmaime ny-
3HpA 3a cBoe Koneunoe mpems: {R(t), R(t)} — {0, —exp(—Hio)/ap} upm t — o, npuviem
limg {R(1)/[1 — exp[-H(t = to)]]} = —exp(—Hto)/(acll); 4) npnbimmeiiibic OUCHKN
KpHTHteckoro fic M acuMuTotHdeckoro R pajsycon myswpa uepes suasienan Ry v agll.
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Jlas crporoii  dopmyaMponkn peayabraton oeefeM B (10) Hooe mpemaT T =
—exp(—H1)/(agH ) n paccmoTpuM Gonee obuiyio 3asauy:

R"= —[2/R~3R'[T)(1 - R?). m<t<O. (11a)
R(10) = Ro > 0. R'(19) = Ro. |Ro} < . 7o = ~(agH )" < 0. (116)
rne B = dR/dr, a touka | = oo nepemuta B ocobyw touky 7 = 0. (‘npapeanusu

" . pl)
vrsepuaenns: (11a) obnajgaer cCMeHCTBOM YaCTHHX pelleHMH R(i)(r,r) =x7+c.tne c
2
~IIPONIBOJILHAA HIOCTOHHHAN. U PCIEHUIMH Il’.gt)(‘r) = +/2/37; nna moboro Hremenus (11a).

d R? } 3_RR®_ .
=2 . 7o < 17 < ). Caenvionme
"T{,/U—R'?] TVI-R? = 0= . !
yTBepIKICHMIL Jlokasatbl B [1]):

1)YRe > 0 u YRy = |Ro| < 1. pemenue (11) ne BMXOAHT u3 “CBOTOBOIO KOHVCR B
byavuiee™: 19 — 7+ Ro < R(7) <7 — 19+ Ro. 70 < 7 < 0. 1. 0110 cvmectver robasipiio
na [10.0). no xpaiineil mepe pun Ry > —7,.

2) YRy ue cymecrnyer apyrux pemernd (1a). ya0810TBopaIonaX B ocobiof Touke 7 = 0
yeaomuam lim,__o R(7) = Ry lim, o RI(T) = —1 (lim,__g R'(T) = | ), iipose R_(7) =
Rp—1(Ry(r)=Rp+7).

3)VRy # 0 cymecTayeT olHONapaMeTPHUECKOe coMCHCTBO peutenndi (1'a). yaosacTno-
patonwmx B ocoboi Touke T = O yeaopuan lim,__y R(T) = Ry, lim,_._y (7)) = 0: onn
rosomoppuu npu T =0: R(r.c,Rp) = Ry+72 /(2R ;) +ert - [(3/2)(‘”]2+ H}"—'/N]T“+ e
me ¢ napamerp, et Mano (KO3 UIMCHTH pAsa. BOOBHIC TOBOPH. 3aBACAT oT ¢ u Ry):
ITH PCHICHHA He BUXOAAT W3 ~CBETOBOro Kouyca B npouthoe™: Ry+7 < R(t.c Ry) < Ry—71.

1) Cymectyer omonapaMerputieckoe cemeiicrtso penrenuii (11a). yaowietsopaiommx
B ocoboi touke T = 0 veaosuam lim,__o R(7) = 0. lim,__og R'(7) = -/2/3: nourn
BCC POHICHMA ITOFO COMCHCTRA HE AHAJMMTHUHE B Touke T = 0 33 MCKIIO 1CHHCM OZHOTO

1
Kpome Il’.‘i)(r.r), cIIPaBCIMBO

R(_z)( T} = —\/2/37, KOTOPOE OTBCUACT HYJACHOMY BHAUCHUIO NAPAMCTPA; CHIPAICIIHBO Pasio-
senne R(T,a) = —2[37 + r{a(—7)* + T2, bi[a{—T)MF}. exommeccn ipn manwx ana-
wenmax fa(—7), 7 < 0, e A = V2, a  napamerp, by = (17 + l2/\/‘2)/(2\/(_i). ..
(KOIPPURUMCHTI PAJIA HC BAHACAT OT @) JUIA HCOTPHUIATCALHIX POHICHH CHPARCLIBO
0< R(r,a) < —T.

5) AR Ro. Ry, 70) : Re < ~/2[310. YRy > R¢- pemenne (11) npn 1 -~ 0 yaonserso-
paeT yeaonnam 11.3) ¢ nekoroprm Ry > 0, ipu Ry = R¢- onto apaneren o o3 pemennii ce-
medcrsa nd), aVRo < Re Irey t 7oy > 1o+ Ry limer o R(T)= 0. lim, o R'(7) =
—1.

6) V7., € (70,0) ypasueunce (11a) obaapact ogHonapaMerpuieckuM comHernos penie-
HUH, YIORICTROPAIOINAX HPH T — T, YCAOBMAM 11.53); OHH FOJOMOPPIN HPH T = T, 1 BKHO-
Hator B cobn npamyio Ri(1) = T, — T upu nyacpom snauenun napaxerpa. R(r.a.r.,) =
(T = Tea )+ (T = Tex P+ (15/ 1ANT — 70 ) Ter + - ). 1210 @ - mapamerp. |a(r = 7. )| a0
(KOIPPHIMCIITI PANLA, BOOGIIC POBOPH, 3ABUCHT OT @ U Toy ): IpH @ > 0 U HOCTPHIATOABHIX
peniennid cupanesmno 0 < R{t,a.17,) < 71 — T

W 3), vurrisan tpyr caaraeMux paaa v (116), gan pemennn (1) npubimkenno noay
qaem Ry = [Ry— li’uTn/-'l + \/(Iﬁ(, — I.l’,o‘r(,/-l 32— rg]/z; ATa POPMIVIAR AACT OICHEY CHIESY
Ry, upn Ry > 3 ce ornocuresnsiian norpemnocts ne 6onee 1% w ¢ pocros Hy 6uerpo yvom
paer. W [2]. (1] aon pemenna (11) umeem Ree > (2/\/§ - Ih,)/[(:.,ll(l + V2)]. anm eavaan
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Ro = 0 myeen “akme Ko < ((5/7)\/2%/((1(,// ). & M3 PACHCOTO JUIA ITOrO CIIVUAN MOJVUAIN
Re = Cllagll). tme C' = 0.6204032.

B samiirouct e oTMETHM, YTO €CM ABJICHUC CLIOHTAHHOIO HAPYUICHUHA JICKPETHOH CUM-
METPHU BO B3ALMOLCHCTBUAX IAEMEHTAPHBIX UACTHIL BYICT OKOHUATENbHO YCTAHOBACHO (¢
310l 1es1p10 B ( KRN cTponTea MouHBiA veropurtelh A MoWcKa XUITCoBekoro 6ozoual, to
HeU30CHHBIMU KDCMOJIOTHUYECKUMH CIHCACTRUAMHA COOTBOTCTBYIOMCH TCOPUM OVILVT NBICIHUN W
obberTh Bo Becuennoit, uayuaemsie B [1]-[1] n » gannoit pabore. FEcun npu stom cunrars
crpaBejuInBoil ¥ 3oTporiyio Mozens PpuiaMaHa Ha padHeld cTajsmu cylecrropanun Beenen-
HOA, TO CHHIVILIpHbIe 3aJaun Koum, paccmorpesusie B 1. 3.2, kak 6b orheuator obpaso-
BAHUIO B MOMCHT ee 3apPOXMIEHUA (M UX PAIHCH IBONIOHMU) OBbEKTOR THUITA TOHKOCTEHHBIX
cepyyCCRUX 11 /3bIpei.

Antopsl Buipamator 6iarogapHocts E.1T.7Knaxosy 3a nosesubie saMetanni.
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Monudukanus Merona K.Jlanmomnra Buisesienus
CKPHITHIX [IepHOOUYHOCTEN

E.A.I'pe6ennxon, C.B.Mupounos

(MBBC PAH, Mocksa, 117312, yn.Basunosa, 3",
tex. (095) 129-04-74, e-mail:gea@ipk.msk.su)

1. Brenenne

B [1] K.Jlasnomem a3m0xen MeTon pellleHAs H3BeCTHOH KIaccHYECKOH 3a-
IaY8 TeOpHH ANMPOKCEMANEM, chopMyaHpoBanHO# JIarpatikeM H 10JyYnBmIeH
Ha3BaHHE "3afa9d O BHISBJICHAH CKPHTHX NEPHOAMIROCTER” .

3anada popmyaHpyeTca ciienyomuamM obpa3oM.

IycTs:

1. Ha otpeske t € [T}, T;) 3aman ARCKPETRHEA MacCHB
{f(t,),s = 1,2,---,2N + 1,t; = T1,Ton41 = T2} 3nadvennit nekoTopoi

dymumn £(2);

2. ®Pynknus f(t) sBAseTCH NONIArapMOHMYECKOH, T.e. Paljaraelcs Ha HeKo-
TOpPOE YHCJIO NEPHOXMIECKHX FAPMOHHK C PAallHOHAABHO HECOU3MepPHMBIMHE
9aCTOTaMH; :

3. Ymcsio rapMoHRK ”m”, HX aMIUIMTYAH @k, b M 9acToTHwy (1 =1,---,m)
- HEH3BECTHHI.

TpebyeTcs onpeneBTL NapaMeTpH m, ak, bk, wix(k =1,---,m).

IlpoBenennwii HaMn aratm3 Merona JIaANoma MOKa3HBAeT, 9T0 OH MOXET
6HITE 3peKTHBHO NPHMeHEeH, eCJIH BHINOJHERH CJIENYIOIHE YCIJIOBES:

1. Toukn t, paBHOOTCTOAT OPYT OT APYTa, T.€.

T - T
Aty =ty —t, = S

2. OrcyTcrByer "mHTepdepeHnMs” 9acToT [2], T.e. 93CTOTH wi HE TOILKO
B33HMHO PaNIMOHAJILHO HECOM3IMEPHMbI, HO HX YHCJICHHHE 3HaYeHAS "' NOCTaTOYHO
najiekH” Opyr oT Apyra. Haimm 9HcjieHHHE 3KCHEPHMEHTH IO0Ka3uBaioT, 9TO
npeHeGpexenne 3THME yCJIOBASMHA MOXKET NPABECTH K CYIIECTBEHHBIM omabKaM
B Olfpefic/iecHAH apaMeTPoB, MO3TOMY {IpeACcTasageTcs ReAecoobpasHbM PeaTh
OpencTaBeHHY10 3aiadyy Oe3 yka3laHHHX BHlle orpanwdeHHH. Taroe pemenne
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6bL10 BRepBlde HATOXeHO B [2,3], 1 OHO OCHOBaHO Ha TaK Ha3HBAEMOM HTeDalH-
OHHOM METO,I¢ C MOIIATOBHM yTOYHeHHEM 3HAUEHHUA BCEX ONPENEIAEMBIX 10 j -
ro Wara HTepalnil 1apaMeTpos ay, -+, 85, b1, -bj, w1, w;.

Onupasich Ha MATEMATHYECKYIO TEOPHIO ONTUMH3ALNH, HUIOKHM HOBYIO NO-
CTaHOBKY 3aladvH.

2. Heo6xonumele ycJI0BMA MHUHIMYMAa
.. dynxnmonasna Jlexannpa - I'aycca

IpencTa 3uM annpOKCEMHPYIOLIHIT (HHTEPHIOIALHOHHBIIT) MHOTOYJIEH A1 110
JMrapMoHuveckoil dyHkuuna f(t) B BuOe

m

Pu(t) = Z(ﬂk cos(wkt) + by sin(wgt)) (1)
k=1

M HallHINeM :0pOUIO H3BECTHHIN KBaApaTH4YHKI pyHKunoHas Jlexanapa - ['aycca

2

N m -
L(a bw,m)=Y_ |f(t.) = D _(ax cos(wt,) + bi sin(wt,))| (2)
s=1 k=1
rae a = (ap, -, @m), b=(b1,--+,bm), w= (w1, +,wm)-CyTb m - MepHbIe

BEKTOPH.

CymHOCT'b KIIACCHYECKOr0 MeToNa HaHMEHBIUHX KBaJPATOB COCTOMT B TOM,
YTO HeH3BeC'"HHIE apaMeTPHl ANMPOKCHMHPYIOLIEro nosisnHoMa Pr, () onpenens-
IOTCS M3 HEOSXONHUMBIX YCJIOBHA MHHHMYMa dyHKUHoHata L(a, b, w, m).

Ecnu mpeanosioxuTh, 4YTO YMCJIO TaPMOHHMK M M YacTOTH Wi, -, Wy, H3-
BECTHHI, & [13PaMEeTPH a1, -*,8m, b1, by ABIAIOTCA HEHIBECTHLIMH, ONpe-
ZieJleHHe [OC. IeIHUX CBOOHTCH K PelleHHIO CHCTEMH 2m JIMHeAHbIX anreGpande-
CKMX YpaBHEHHH

aL aL

+— =0, — =0 i=1,---m). 3

i o ( . 3)
Eciu portycTHTb, 4TO YHMCIO TapMOHHK M M3BECTHO, 3 YAaCTOTHl Wi, -« *Wm

H aMIVIMTYO S @1, -+ *Qm, b1, by HEH3BECTHBI, TO HEOGXOANUMBIE YCAOBHS MH-
HAMyMa pyEKUMoHana L(a, b,w, m) 3amichiBaloTcs B BHIe

dL oL oL .
-(E_O, — =0, —=0 (i=1,---m). (4)

Cucrema ypaBHeHnit (4) HMeeT pa3mepHOCTDb 3, ABISETCH HeJIHHEAHON (TpatHc-
LeHIeHTHOMU), M ee PellleHHE CJieRYeT ONpeNesiiTh HTEPAUHOHHHIMH METONAMH.
[Mpenmos»KuM fajiee, YTO UEJOYHCIEHHBIH TapaMeTp M TaK)XXe HeM3BeCTeH.
Toraa nis ” saMbIKaHHA” HeOOXOOMMBIX YCJIOBHI 3KCTpeMyMa dpyukunonana L(a, b,w, m)
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cJienyeT BBECTH onpele/ieHHe NPOH3BONROH ¢GYHKUHOHA/IA NO LeJIOMy IApaMeTpy
m. HauGosiee eCTeCTBEHHHM SBJIZETCA oNpedesieHHE 3TOH NMpOH3BOMHOM Yepe3
OTHOLIEHHe NpHpallleHHA, a HMeHHO, 6yneM cYHTaTh, YTO

aL Apo L
-— = e————=Ap-1L =L(a,b,w,m) - L(a*,b",w*,m—1), (5
aml|,._ = Am-1 Amat (a,b,w,m) (a w',m—1), (5)
toe Alm—1)=m—-(m-1)=1,
a,b,w — m - MepHbIe BEKTOPH (@1, @m), (b1, - -dm), (w1, -wm),
a*,b",w* —(m—1)- MepHHie BekTOPH (a1, - - -@m=1), (b1, - - bm—1), (V1. - -Wm—1).
HMosToMy B oblleM cityyae AJif pelleHus chOPMYJTHPOBAHHOMN BBl 3334y
HEOBXOAMMO PellIMTh CeNyllylo CHCTEMY TPaHCUEACHTHBIX ypaBHCHHUIL:
8L 0L 0L
— == = A,L,_1L =0, ' 6
da 9 dw ! (©)
NOpANOK KOTOpoit paBeH (3m + 1) H YHCIO HEM3BECTHBLIX TOAe paeHo (3m + 1).
HecMoTps Ha TO, 4To ypaBHeHHA (6) ABAAIOTCA CYILECTBEHHO HeJTHHEAHBIMI,
” AByMepHHIM HTePalHOHHKM npolieccom” [2,4] oHit MOLYT 6bITE 3¢XpeK THBHO pe-
LIeHb! T3 JOCTATOYHO GosblnX 3Havenuit m(m = 100 — 500).
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YNC.TEHHOE MOAEJIMPOBAHUWE HEKOTOPHIX
MATHWUTHBIX CUCTEM COJIEHOUIOAJIBHOTO TUITA !

E. Il. 3Kuakon, B. Il. OBcauuukos, P. B. INonakoea, Y. I1. FOauu

Obvedunennoti unemumym sdepuvrx ucciedosanuii. Jyéia 141980,
Mocrogseras oba., Poccus

IIpouecc co3mi\HMA MHOTMX MAaTHHTHHX CUCTEM, DKIIOUA# TPAKILI JIMHeMHMX YCKOPHTe-
Jiefl, coBpeMeHHHX MCTOUHHKOD YaCTHIL M JAD., HAPALY C 3TAlloM JIMTEJIhHOIO U TPYIOCMKOro
(pU3MUECKOro MOACJIMPOBAaHNMA B 3HAUMTEeJbHOW Mepe ONMpaeTcAs HAa UMCJIEHHOE MOAeJIMPOBa-
HHe pacIipe/leJieHy A [0J1A CONEHOMIAbHRX MAaTHHUTOB B pabouell 06JacTU yeTaHOBKHA. 3HAUN-
MOCTb M CJIEHHOTO MOJEIMPOBaHUA IIPU KOHCTPYUPOBAHUM PACCMATPUBACMBIX MATHUATHBIX CH-
cTeM olpedeiAeTc { He TOJBKO M3BECTHHIMM JOCTOMHCTBAMH BHIYWCIUTEILHONO 3KCIICpUMENTa,
HO Y TeXHHUYEeCKUMH 0co0O6eHHOCTAMM KOHKDETHOM VCTaHOBKHM, HATIPUMED. HallMUNeM KPHOreH-
HHIX TeMIepaTyp, 3aTpYIHAIOLIUX INponejJieHHe M3Mepenunii MardutTioro noss. biarosaps
[OCTAaTOYHOM TOYHOCTH BRIOPAHHOM MaTeMaTHUECKOH MOAeJNIM, ¢ [TOMOUIHO BHIUHCIUTENHHOTO
IKCIIEPUMEHTA BO:MOKHO pellleHHe NPobiieMbl BhOOPA W ONTUMMU3AIMKU (POPMBI MAalHHUTHhIX
T0J10C0B KOHKP eTHOH MarHUTHOW CHCTeMBl.

B nanHo#t pabore paccMaTpHBaeTca rpobiaeMa MOAEIMPOBAHUA [TOJA MATHUTHBIX CUCTOM
COJIEHOMIAALHOTO THIIa C JKeJIe3HWM KPaHOM M 0e3 Hero; mpe/laraeTcs MeTO/L VTOUHEHHA
pellleHHA TakKo! K)aeBoi 3ajauM; M3yuaeTcA IpobiieMa IoJyUeHUT TYTeM UUCASHHOTO MO-
e TMpOBaHHUA KOH DHrypallM¥ CHCTeMIl, fafolleit Haubogee KpyTOH crtaj Hojst Ha TOpLax
MarHuTa.

1. Jlna uccie; 0BaHUA pacIpefielleHUA MarHUTHOTO OJA HA OCH = Be3ikesie3HOT0 cOJIeHo-
WIa ucroib3oBatach popMyna Bro-Capapa—Jlannaca:

Ry =
Hir,z)=1J / Go(r' 2 r 2)ds"dr', (1)
Ry z1

rme (r, z) - Totka, IpUHaIAekallas obJacTH pacnpenelenun MarHuTHoro noad, (r', 3') -
TOYKa, NIPUHA JJIeH:allad TOKOHEeCYIUeH obnacT, 21, 22 — NPOIOIhHHE KOOPAWHATH KATYUIKHM,
Ry, R, ~ BHYTpeHHMI ¥ BHewHMH pamuyc katywww, G,(r',z',7,z) — Qynarxiwma [puna a1a
NPONONMBHOM COCTaBIAIONIEH [TOA B aKCHAIbHO-CUMMETPHUHON cucTeMe uMeeT BuA [1]:

;o k B A L
G{r',2' r2) = VO F 2t (2 —2) x|+ (r'—r)2 4 (s - z)?
rae K u E - nonus e saaunTiraeckue unterpams I-ro u Il-ro poa ot mogyis X2 = "'7+_1‘)2!1+_,-E:’,:_Z)‘f,
k - kK03 PUIMEHT 3aBUCALINAK OT CUCTEMH €AMHML.
Ha ocHopanup MeToma DeIeHHA HEKOTOPOI'0 Kiacca 0OpaTHHIX 3a1ay MarHUTOCTATHKM,
OIHCAHHOTO B pabcTe [2], paspaboTaH YMCICHHN aJrOPUTM (POPMUPOBANNA TONA MATHUTHHIX

E

CHCTeM COeHOWJa ILHOro THIA.

JIna YncIeHHo "0 Moe JMPOBaHMA MarHUTHOTO 110/ COJIEHOMa B [IPUCYTCTBUM #e/Ie3HOTo
IKpaHa UCII0/b30B:Iachk cucTeMa nporpaMM KIIMMC-1.0 [3], B cocTas Kotopoit BXOAAT Mpo-
rpammul POISCR [4] © RELAX3D [5] .

!Pabora sunonner a npu nomnepikke Poccuiickoro @onna @ynnamenrampnux Hccnenopanuit,
rpant No 95 — 01 — (0737,.
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B uacTHOCTM M3yYaochk paclpeje/ieHAe CTAalMOHAPHOTO 3IEKTPOMArHW] HOTO TIOJA COJle-
HOMJ(2 3JIeKTPOHHOH IymK# [cM.6) (prc.1a) ¥ KPHOTEHHHX 3MEKTPOHHO-TYIeREIX HOHA3ATOPOB
(7] (puc. 2).

ITomo6Hoe MaTeMaTHUECKOE MOIEUPOBAHME COBMECTHO C M3MEDEHMAMH N aTHUTHOTO TTOJIA
dorycupyIoLIel CHCTEeMB ABIANOCH OCHOBOIIOJIAraloLMM aroM TP CO3AAHIM aHaIOTHUHEX
ycraHonok, Harpumep CRYEBIS-II, DIONE (®pasmus), CEBIS-II (CIIIA) u ap. [8].

la. Ilycts B - BekTOp MarHWTHOM MHAYKUMM, H - BEKTOp HANpAKEHHOCTH IONA, j -
BEKTOp 00BeMHOM IIOTHOCTH Toka. Torza ypasHenua MaxcBeiia A CTallMC HaPHOTO Cydas
umetot BuA {9)

rotH = c¢oj,
divB =0, (2)
B = pou(||BII*) - H, m H#) =0,

rfe ¢p - KOHCTaHTa, 3aBUCAMAA OT CACTEMH €IWHMI, fig - MalHATHAA POHMIIAEMOCTh Ba-
kyy™a; p = p(||B||?) - MaruuTHAaA NpoHHMIaeMoCTh (eppOMATHETHKA. YpapHeHuA (2), mo-
MONHEeHHHe YCJIOBUAMU HelIPePHBHOCTH HOPMAIbHON cocTapiAlowel pekTopa B u KacaTtems-
HOJ cocrapiAwLield BekTopa H Ha rpaHMIax pasjela PasiIMUHKX cpel

(Bl‘*Bz)'ﬁ1=0, (HI—HQ)Xﬁl = 0. (3)

rge #; - HOpMadb K HOBEPXHOCTH pasfela, ONHOSHAUHO OIPENERAIOT HCKOMHE (pU3UUeCKHe
XapaKTePUCTHKM.
J1a ocecMMMETPHYHOrO TIONA YMCAEHHO PeLiajmch YPaBHEHHA [UIA a3W4YTATbHOK KOM-
TIOHeHTH % = Ag BEKTODHOTO IOTeHIMaNa A, OPee/AeMOro PABEHCTBOM
T
B=rotA, A=(Ar,ARe), (4)
rae cienyet nonoxuTh A, = 4, = 0. Ecau obosnaunts

i=1(0,0,j0)T, f=jo, (5)

TO ypaBHeHWMe U (T, Z) IPUMET BUL
0 2 [Ou  u d 2,08
5= (81 (G4 %)) + gomIBI) G = cof, (©

u(o0) =0, v = (pop)”",

tae v = (popt)”!, a KOMIIOHeHTH B BoCCTaHABIMBAOTCA 110 GOPMYIaM
19 du
z = ;E(T'M), B,- = —E, B@ =0. (7)

Ha rpanmnax pasgena cpea mcnomsaytorca ycaosus (3). CoseHoMaam.Haf MarHUTHaA
CHCTEMa MOXET ABJAATHCA ~OTKPHTON” ,T.€. He 3aMKHYTOH esesHKM 3kpano1. IlosroMy mpu
[IPOBEICHHAH YNCJIEHHRX PacueToB YAesAJ0Ch BHUMAaHMWE BOIIPOCY aIIIpOKCH JallMM KPaeBoro
ycaopuA Ha 6eckoHeunoctd u(oo) = 0. Pasmmumme crocobs ydera 3TOr) YCIOBMA, Tpe-
Gyoluue HONOIHATENEHOTO NporpaMMHoro obeciiedeHusn, obcymmawrca 5 (¢]. B roMmuexce
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nporpamm KIIMMC-1.0 [3] peasmsopan croco6, CBOAAMMACA K UCLIOAb30RAIMIO Veropna [lu-
pHuxie

wé)=0, E€T (8)

rae [ - rpaHuua pacueTHo?t obnactu (1 (B HaumeM ClIyuae 3T0 MPAMOYTONLHHUK, CONepIKANIMH
TOKOBHE 067acTd M (eppoMarHeTHK (MarHUTHHeE MOJIOCA ) ¢ KOODAMHATaMK CTOPoH [, n ).

2a. B mponecce mpoexTHpoBanHMA MOIMDUKALIKIA MarH|Ta, KOTODH npelcTap/ieT coBo-
KYIIHOCTh B3aMMOCBA3AHHHIX Pa3TUYHEX TeXHHUECKHUX H IIPOTPAMMHBIX CPEICTB, HeODXOUUM
KOMIIPOMMCC MeH Ty TAaKMMU GAKTOPaMK, KaK YIYUIICHIe TEXHUTIOCKHUX U IKCIIIYATALIMOBITHX
XapaKTePUCTHK MarHUTHOM CHCTEMH, COKPAIleHHe ee CTOMMOCTH W OLNHOBPEMCIiHO ITOBLIIIe-
HUe TpeboBaHMHA K IKCIITyaTaUMOHHHM KadeCTBaM MAarHMTHOU CHCTEMbl, HEOOXOLMMLIM LA
SKCIIEPHMEHTOB Ha (PU3MUecKoN yCTaHOBKe.

B kommuekc rporpaMm KIIMMC-1.0 cocTaBHO# 4acThio BXOOMT HaKoIJleHMe Hallka NaH-
HHIX HCCIefyeMBl( KOHOHUIypaumil MarHMTHHX CHCTEM JUIA laibHeluero rpadgpuueckoro uc-
CllelOBAaHHUA TI0JIy YeHHKX UMCIEHHHX De3yJbTaToB, UTO 3HAUMTENLHO ofieryaer U yckopaer
nponecc 0oT6opa HOHGHrypaliit MarHETHON CHCTEME [l ée TeXHHUECKOU Peau3aliuy.

TIpoBesienHre HAMM JMCITEHHHE PaCJeTH IOKAZANH, UTO UL HERREJO3HOTO COMCLOH/IA
[IPH BKJIIOUEHMH TOTIONHHUTENBHHX BHTKOB Ha TOpIAaX o0MOTEM Habmiojaercd Gonee kpyTomn
CIaji MoJIA Ha Kp¢ AX MarHMUTA.

Pacuer mona 1aa cucreMut ¢ "6poneBHM” 3xpaHOM (puc.la) Uposener NpH KoletHoe-
MEeHTHOM pa3bHeHdM pacueTHOU obracTi Ha 4-10* HeusbecTHHe, Pesynprar. npeCcTaneHAbI
Ha puc.16, mokasbBaeT, 4To Helle3HHe HAKOHEUHMKH HA TOPIIAX 06ecieunpaloT 3/1ech vy b
KpyTO#t criaX IolLil.

Pacuern mosrs hokycupylomeit yeragopsun KPUOH-C nposonunucy pasiensho Ll npa-
BOTO M JIEBOTO M:THHTHHX moimiocoB. Ha ofmref rpanuIe pacueTHmX obnacteft cTapumoch
ycaosue Heidtmana. Pacuerw MarHutHOro nois mns oboux NoJMIOCOB NPOBOAMIMCHL NP KO-
HeuHO3MeMeHTHoM pasbuennu obnactu {2, conepkameM 4 - 104 newsnecTHRIN.

ITpu cpaBHeHI M ¢ 3KCTIepUMEHTaNBHHMY 3HaueH!As B( ) 0ka3alioch. UTo PAasHOCTh MEKJLY
IKCIIEPMMEHTaJBEEIMM M PaCYeTHHIMH BEeJMUMHAMM HAXO/MUTCA B HPenesiax TOUHOCTH H3Me-
peHuit.

INonyuenuse »e3ymbTaTH HOKa3ajM, 9TO B 06MaCTH MArHHTHOIO MONIOCA A 3JEKTPOH-
HOTO KOJIeKTopa ie obecreuynBaeTca HeOOGXOMMMEY Clal MarHHTHOTO Nojn. [locientee mon-
TBepKJeHo M IKCIePUMEHTAMHM C 3JIEKTPOHHHM INy4KoM. UMCIEHHBIC 3KCIIePUMEHTH TIPH
BO3MOMHOM BapbRPOBAHMM pa3MepoB 00JacTH )epPOMATHETHKA TIOKA3AJNM, UTO HOCTUTHYTH
HeobX0MMMOro CIlz la MATHUTHOTO TTONA TAaKAM criocoboM He ymaeTcs.

PacueTn nmnd npyroro THma HaKOHEUHWKOB, COOTBETCTBYIOLIMX ABYXCBA3AHHON o6iacTy
G = G U (,, noasanu, uro nobapienye peppoMarHuTHOrO KOMbita (7o TO3BOIAET, COXPa-
HAA TPebOBaHMA I KOHCTPYKUMAM, NOGHTHCA HeoOXOMMMOro CIalld MarHUTHOIO TIONH Ha OCH
cucreMbl. Cepusl VHIOJHEHHHX YMCIEHHHX 3KCOEPUMEHTON T03ROJIMANA HAWTH OMNTHMabILY 10
(OpMy M PacIIoo keHHe JONOIHUTENbHON obnacti Gy Mexomn U3 Tpebosanuil K JaHHON KoH-
cTpyKumH (puc.3).

3. B mpomuecce YHcIEHHHX pacyeToB IIPOBOAMICA HOTIOIHHTENBURIA KOHTPOIL TOUNOCTH
ammpoKCcHUManmy  ycuoBua u(co) = 0 HA ocHOBe MeTOIMEM, WCTIONR3YIOUEH 3KcTpalio-
JIAUMIO 10 mapaMeTpy R™1, roe

R = max(l,,1,) (9)
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al, ul, - LIMHB CTOPOH NPAMOYTONLHUEA, OTPAHHUMBAIONIETO pacueTHy10 oiacte . [Tpen-
[OJATACTCH, “ITO IIOIPENIHOCTh AMMPOKCUMALMK KpaeBoro vciosua u(oc) = ( pasmaraerca B
PAX 110 cTerenn mapaMerpa R™1. Jlna paceMaTpuBaeMoi 3a1aum MCTIOAb3OR ICA CEIY ONTHHA
anroput™. PemaloTcs 1ocsenoBaTensHO Kpaessle 3afauy (7), (8) oA IToc 1e/10BaTelbHOCTH
pacmuupAonmxca obnactedl Qx, b = 1,.--, M, MMeloUlNX NonapHO pasauuike 3HaueHUs R
us (9). anee cpaBHMBAIOTCA 3HAUEHHA DPelieHUR ux(p) (pu pasmuuHeix /') B KOHTPOIb-
HHX Toukax P pacuetHoit obnactu 2. Ecam miua naHHoro BubGpaHHOro € > O BHMNONHAETCA
ycJjobre

lluk(p) = uga (P S €. peQ (10)

TO T[0JlaraeM, 4To ycjopde (8) YIOBI€TBOPHMTENBHO AIIIPOKCUMUPYET Lpaesoe ycJoBHe
u(oo) = 0. Ecaun anpropie npeanonekuts, UTo CVIECTBYET PervApiioe pailoikeHne norpe-
WHOCTH aNIPOKCHMAIIMH YCJIOBMA Ha BecKoHeuHOCTH Mo napametpy R~!

up(p) = u(p) + 7_?1?‘(/(1)) +O(R™ 3> > 0. (11)

raoe u(p) - TouHoe peuwieHue ypanHeHua (6). a QVHEIMA ¢{p) He sasucur 0T K. To MOMHO
HCKJIO'IMTh BTOpOe ciaaraemoe B {11) myTenm sxerpanoisiun. i srvoro o ipeiennn uucina
Y1, Y2 M3 CUCTEMH YPaBHEHUH

T1+72=1 MR+ 7R; =00 Ri# R (12)

rae Ry, Ry cooTBeTCTBYIOT ABYM PasMMUHLIM pacueTHBIM obnactamM. Torua J uiednan kombu-
HanuA

a(p) = mun (p) + r2uR,(p) (13)

YAOBJIETBOpAET oLeHKke
lu(p) — @(p)| < O(R™) (1)

T.e. npubivixaer yciaosue u(oo) = 0 ¢ Gosbliel” TOUHOCTBIO. €M KA®AOC W3 Up, W UR,.
ITpupenem npuMep pacueror 1o 3Toit cxeme. Ilomaraem o = 2.1y = 2.0 107 Ry = 2.5 -
1071, Ry = 1.6-10~'. Ha puc. 4 npencrasmenn rpadpmeu dyminudi ||~ B(RH|.i = 1.3: B
cootneTcTByer @. Habmonaiorces yToquenue Pe3yapTaTon B o6HacTH. HIMAKO 4 K MATHUTHONY
[OMOCY, e NPeabABIAITCA GoJiee BLICOKHe TPEHOBAINA | TOUHOCTH BLIUHCICHINT.

4. B xauecTpe 3aKIIOUEHMS MOKHO CKa3aTh CACHYIONCC:

a) B pe3yapTaTe UACACHHOMO MOJSAMPOBAHUA BHINC MPUBCACHHBIX MATHHIHBX CHCTCM €0~
JICHOMZAMBHOT0 TUIIA Co3/aH BalK JAHHKX, BRIOUAIOUHKX MHGMOPMAIMIO JU # HHPOKOro Ha-
60opa PACUETHHX CHCTEM W COOTBCTCTBYIOWEH MM KapThl MOJA. A TAKIKE JIPY MX HAPAMCTPOB
(B YaCTHOCTH OTHOCHTCJIHLO IeOMETPHH MalHUTHBIX CHCTEM ), UTO [TOIBONACT PACHIMPUTL ~ (DU-
3UUECKYI0” MHTYMIHMIO UL D2ABHENIEro PAa3BUTHA MATHUTHLIX CHCTEM TAKCIO Kiacca;

6) npoaeMOHCTPHUPOBAtA IPMERTUBHOCTD UPCUIOKEHHON MOTOIMKI VTOT HOHUA pomieting
NOCTABIEHHON KPAeBOM 3aJauy MaHATOCTATHKHY;

B) MOJyUEHHLIC paclpeesieHia MATHUTHOIO [0 JUl LIMPOKOTO 11abop:  PACUCTHBIX CH-
cTeM IIPelIaraloTcA LA MCNOAb30BAHMA I KAUCCTRe "3aT0TOBOK™ P KOHCTPY MPOBAHNN 3J1CK-
TPOPUINYECKHUX YCTAHOBOK, COIEPIHANMX CONCHONIUN.
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Puc.1 Coet oun ¢ wenesHMM YKPaHOM 3akPWIOFO THIA: a) CXCMATUUCCKHA BHI U 6)
Marnurnoe none B(z) uva ocu z npu pabouem Tore B obMoTIe ] = 3 A.

Puc.2 Coner:ona ¢ MomoCHLIMH HaKOHEUHHKAMH AT YEKTPOTHO-JYUeBOro MCTOUHHKA
KPUOH-C: cxeMaTudeckuit BHA W MaTHHTHOe mojle B(z) Ha ocy z. 1 - 31eKTPOHHaA my-
uKa, 2,6 - MarEMTHBE MOJI0CA, 3 - CBEPXMPOBOAANIMY cONeHOMA, -} - Tpybra Apedida, 5 -

’NIeKTPOHHHVI KOJIEKTOp.
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Puc.3 Cnan MarHMTHOTO IoZs Ha TOpIle CONEHOWJA MPH PAsAUUHHX )(OHMHTYPAIMAX
TOpLeBoit obracTu.
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Puc.4 I'padpuxn pyrxmmt |B — B(R;)|, i=1,2,3 B 3aBHCHUMOCTH OT KOOpAX faTH 2.
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ITOBBINIEHWE TOYHOCTMU
NMPUBJIN2KEHHEIX PEIIEHUN
KPAEBOU 3AIAUM HA IMOJIYIIPSIMCH

E.II.2Knakon, A.T".ConoBben
141980 JIBTA OHAH

Hybna Mocxoscrot o6aacmu, Poccus
e-mail: solovjev@mainl. jinr.dubna.su

AHnoTauma. llpennoken MeTon MOBbILIEHHA TOYHOCTHM TMPHOINAEHHBIX T eLUeHIIT
KpaeBo# 3aZay¥ Ha MOJYNpPAMON NNd OOKKHOBEeHHOro NHGdepeHIManbHOro ypaBHe-
HHA BTOPOrc nopanka. IIpu UMCNEHHOM pellesuM Takoi 3amadu HHTepBan (ro,00)
3aMeHReTCR OTpeIkoM [To, R}, ycroBue B Touke R BhiGMpaeTcs MCXomd M3 a MMNTO-
THKH pelleHNa Ha 6eCKOHEWHOCTH, 1 Kpaepas 3a01ajya pelIaeTcs Ha 3TOM KOHet HOM OT-
pe3ske. B pesynbTaTe Takoit 3aMeHbl BO3HIKaeT norpeluHocTh. [IpensioAeHHn it MeTon
OCHOBAH Ha MHOIMOKPATHOM PCHICHHM 3a0a4st Ha KOHEUHKIX OTPE3IKAX Pa3HOll IJIMHH.
ITocnenyomas xoMGHUHALMA [10ly<9eHHKIX pellenutit ( “3KCTPanoasis 1o A5 HHe oT-
pe3ka”) naeT yTOYHEHHOe pelleHle.

1 TIlocraHoBka 3amaum

PaccMaTpuBaeTC C/eRyIOlas KpaeBasg 3a/avya Ha NOMYNPAMOIL:
(m

. ‘ 1
rie ¥(z) - HempepuBHas Ha WHTepBale [zg, 00) GyHKuNA, TaKag uTO V() = 0 (*) nph
>

Z — 00, a 3anaHHax nocTosHHAas A # 0.

IIpu 4UCNeHHOM DelleHHHM TaKHX 3alay MHTepBall [2g, 00), KAK NPaB 10, 3aMeHseTCa
oTpeakoM [zg, R, ycnoBue #3 GeckoneyHocTH llepeHochTcs B Touky R om. [1 - 3)). n
PelraeTca clenyolias Kpaepas 3afaya Ha KOHeuHoM oTpeske (cat. [4 - 5]

- (1 + %‘ + d*(m)) y=0,
y(zo) = A, (2)

Y(R)+ (1+2—R) y(R) = 0.

B pesynbTare Takoil 3aMeHnl pewedne y(x) sanavu (2) ornnvaercs o1 pentenns u{r)
ucxonHom 3anaun (1):

y(a) = u(x) + A - v(a),

1 - -
PaGora puinonHeHa 1pu huHAHCOBOI Nomaepxke Poccuiickoro donna GynaaMent abHEX Hecnenona-
Huit (npoexT 95 — 01 — 01467).
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roe v(z) — MHHeH HO He3aBHCHMOe OT () pelleHNe ypaBHelns, a nopencHIe KOXpQIHeHTa
A = A(R) npu 6>ablunx 3HadeHHAX R omuckiBaeTcs clexyiolleil TeopeMoil, IoKa3aHHON B
pabore [5]:

Teopema 1 IlycTb dynkuus 1(z) MMeeT aCHMUTOTHKY

Torma A(R) = 0 npu R = oo, npuveM

AMR) = ie-”‘qu [z[:(R) - ”‘—i‘lg—a] (1 +0 (%)) . R .

TakuM obpasoM, A(R) — 0 npu R — co. DTo 03HavaeT, YTO pelueHHe 3anaqu (2)
Ha oTpeske [zg, R] 6yner TeM 6inke k peuwenuio 3anaun (1), ueMm Gonbuwe R. Wsnokum
Tenepb MeTONl, NO3BONAIOLLNA NyTeM MHOTOKPaTHOro peuleHus 3afgavyu (2) Ha pasiMuHBIX
OTpe3KaX MOAYUIITh pellleHHe C OT PeLHOCTbIo, CYLLLeCTBEHHO MeHbUIeli, YeM [Or peuIHOCTH
KaKIOro U3 pelleHHi MO-OTHe/bHOCTH.

2 MHWpesa meTona

Mycrb yi(z) u y2(z) - pewenns 3anaun (2) na oTpesrax (2o, B] u [2¢, R;] cooTBeTcTBEHHO
(R2 > R1). 3aniwem

yi(z) = u(z) + Ay - v(z),
y2(z) = u(z) + Az - v(z).

OTHolllende norpewHocTell petlernii yy(z) U y2(z) eCTb BeJIMUHHA, He 3ABHCALLAA OT I:

n(e) - u(@) X
n() —u@) M

DTa BenuuMHA M OKeT GbITb 0JyYeHa NPUGAHKEHHO, HCXONA U3 ACHMITOTUKM PelleHHs
u(z) npu z = oc (cMm. [4 - 5]):

—~=a-(1+4+0(1)), Ri—o0, Rz .

OnpenenuM yTot HeHHOe pellleHHe ClieNyIolMM 06pa3oM:

pa(z) = o yi(z) )
l-«

¥(z) =
Ecau Ry v R, 10CTAaTOYHO BelMKHM, TO norpewHocTs V(1) Menblue, yeM NOrPeLIHOCTH

y1(z) n y2(z) no-oTnensHocTH. DTOT pakT ycTaHoleH B pabore (5], rie noKa3aHa cieny-
OHER
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Teopema 2. [Iycts y1(z) n y2(z) — pewuenus 3anauu (2) Ha oTpeskax [zo, R1] ¥ [zo, R2]
COOTBETCTBEHHO, roe R; > R;, n BeINo/HeHRH ycnoBHs Teopemul 1. IlycTh, kpoMe Toro,
R, u R, BriGpanbl TakuM o6pa3oM, YTO6LI mapaMeTp

e Ry [p(Ry) - 24)
o= e—2R; Rl_Cl [1/’(31) _ Clﬂ:;+2!]

Ry

ynoBneTBopss ycioBHo 0 < |af < 1 — 4, rme 0 < § < 1 u He 3aBucuT ot i u Rs.
Torna nuHeliHas KOMGHHAIHS

\I’(I) — yz(z) - a'yl(z)

I—a , Ie[zo,Rll

NpHGIHKALT HCKOMOE pellieHne u(Z) C NOTPeIHOCThIO

o ({2l
e - ujj = 0 (=),

rae |- || = Ier[r;%lll (@)

TIponecc yTouHEeHHS MOXKHO NPONOIKHUTH, €C/IH HMEIOTCS TpH peuiens £ ¥i(z), y2(z) u
y3(z) 3anayn (2) Ba oTpeskax [zo, Ry}, [zo, R2] # [z0, R3]} coorBeTcTBenrO ‘R3 > Ry > Ry).
B 3ToM cnyuyae yTouHeHHe npOH3BOAMTCA B ABa 3Tana. Cradana no ¢popmysne (3) Haxo-
IATCS [Ba YTOYHEHHKIX PelleHHs: ONHO — JMHeliHaX KoMOMHanus y1(z) M y2(2), u apyroe
— nuHeilHad KOMOUHAUNMA Y (2) U y3(z). 3aTeM U3 3THX ABYX TNONYYEHHBI> DELICHHH CHOBa
COCTaBJAETCH JIHHEeHad KoMOuHanus no ¢popMyne (3). B pesynpraTe nor pemwnocts yTou-
HEHHOro pelueHns GyneT MeHble IO CPaBHEHHIO CO ClIyYaeM, Koraa 3alaia (2) pewasnach
IBaXObl. YTouHeHHe MO GONBIIEMY KOJMYECTBY pELIEHHH NO3BONKET ONYYHTH, COOT-
BETCTBEHHO, M G6/bUIYIO TOYHOCTh. B pabore [4] npensioken ocHOBaHHHMA Ha 3TOH Hiee
AJITOPHTM NONYyYeHHS NPUOMHKEHHOTO pellleHHs C 3alaHHOH TOYHOCTBIO.

3 IIpumep

B kayecTBe npuMepa, HIMIOCTPHPYIOLLEro MPHMEHEHHE NPEAJIOKEHHOrO 4eTONa, PacCcMo-
TPHUM CJIeNyIoUIy o 3a1a4y:

2
u" — 1—§+— u=0,

L2 22 @
4

1) = —

u(t) = g,

u(o0) = 0,

pelueHHe KOTOPOH H3BECTHO:
- 1 1 1

u(z) =e Tyt (3_;+;E) (5)

323



3aMeHHM HCXONFyio 3anady (4) 3anadedl Ha KoHedHoM oTpeske [1. R]:

v-(1-242
z T

y(1) = (1), . (6)
v'(R) + (1 - E) y(R) = 0.

y=0,

3anauy (6) 6ymer pelaTh YHCIIEHHO, NONyYas ee pelleHns C NorpeltHoCTbio nopsaika 1074

Bui6epeM R; = 10.0 ¥ R; = 10.1. B Ta6nuue 1 npnBeieHsl TouHoe petleHne (5)
ucxonHoi 3anaun (4), pewenus 3anayn (6) Ha orpeskax [1, Ry] u [1, R;] (c norpewnoctbio
nopsanka 107%), . Takxke yTouHeHHOe pellieHHe, NOCTpoeHHOe Mo (opmyde (3).

_ Tabnnua 1. Y TOyHeHHe N0 ABYM pellleHHSIM
|z u(z) yi(z) va2(z) ¥(z)
1.00 | 0.0735759 | 0.0735759 | 0.0735759 | 0.0735759
2.00 |-0.1082682 | -0.1094405 | -0.1092989 | -0.1082872
3.00 | -0.0896167 | -0.0894744 | -0.0894915 | -0.0896141
4.00 | 0.0586100 | 0.0600683 | 0.0598922 | 0.0586340
5.00 | 0.1684487 | 0.1700714 | 0.1698754 | 0.1684748
6.00 | 0.1963172 | 0.1972682 | 0.1971533 | 0.1963319
7.00 | 0.1697924 | 0.1697796 | 0.1697810 | 0.1697912
8.00 | 0.1245237 | 0.1235234 | 0.1236440 | 0.1245062
9.00 | 0.0819688 | 0.0799324 | 0.0801781 | 0.0819343
| .0.00 | 0.0499399 | 0.0465732 | 0.0469797 | 0.0498834

Bui6epeM Rs = 10.2 u 1o6aBHM B paccMOTpeHHe TpeTbe pellieHHe 3aiayu (6) Ha oT-
peske [1, R3]. PesynbTat yTouHenus no Tpe pellleHMsM NpuBeneH B Tabauue 2.

Tabnuua 2. ¥ ToOuHeHHE N0 TPEM peHICHMAM
z u(z) y(z) ya(z) ys(z) ¥(z)
1.00 | 0.0735759 [ 0.0735759 | 0.0735759 | 0.0735759 | 0.0735759
2.00 | -0.1082682 | -0.1094405 | -0.1092989 | -0.1091736 | -0.1082648
3.00 | -0.0896167 | -0.0894744 | -0.0894915 { -0.0895067 | -0.0896168
4.00 | 0.0586100 | 0.0600683 | 0.0598922 | 0.0597364 | 0.0586062
5.00 | 0.1684487 | 0.1700714 | 0.1698754 | 0.1697019 | 0.1684438
6.00 | 0.1963172 | 0.1972682 | 0.1971533 | 0.1970516 | 0.1963137
7.00 | 0.1697924 | 0.1697796 | 0.1697810 | 0.1697823 | 0.1697914
8.00 | 0.1245237 | 0.1235234 | 0.1236440 | 0.1237508 | 0.1245253
9.00 | 0.0819688 | 0.0799324 | 0.0801781 | 0.0803956 | 0.0819731
10.00 | 0.0499399 | 0.0465732 | 0.0469797 | 0.0473392 | 0.0499476

Ilpn nonmyue MM pemeHMs € 3aflaHHOA TOYHOCTBLIO MO MpenyioAkeHHoMy B paGore [4]
anroputmy BuibipeMm ¢ = 10~° (monyctumas morpewnoctsb), By = 10.0 u Rpyy = R, +
h, n=1,2,...B sroM cnyyae 3anaya pewaercs 4 pa3a. B Tabauue 3 npusenennl ToyHoe
pellleHHe M KOHe IHBIH Pe3yNbTaT.
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Ta6nuua 3. IlonydyeHue penieHus ¢ 3aJaHHON TOYHOCTE IO
z u(z) U(zx)
1.00 | 0.0735759 | 0.0735759
2.00 | -0.1082682 | -0.1082683
3.00 | -0.0896167 | -0.0896163
4.00 | 0.0586100 | 0.0586105
5.00 | 0.1684487 | 0.1684486
6.00 | 0.1963172 | 0.1963165
7.00 | 0.1697924 | 0.1697914
8.00 | 0.1245237 | 0.1245224
9.00 | 0.0819688 | 0.0819671
10.00 | 0.0499399 | 0.0499377

Kak Buano 3 tabavuy 1 — 3, Kaknoe OonofMHUTeNbHOE pelleHue 3aaaull (6) npuHoCHT
ONMH BepHBI 3HAK B YTOYHEHHOe pellleHne. DTOT (aKT mpencTabieH B ~~abnuue 4, rae
¥, (z) - yTouHeHHoe pellieHie, NOCTOpeHOe NO N pelieHHsn 3aaaun (6), 1 = 2,3,4.

Tabnuua 4. Mnmocrpanus npouecca yToOYHEHUs
NPp#M NOJyYeHUu pellleHNs € 3alaHHOW TOYHOCTLIO
T=25 x=10
u{z) | 0.1684487 | 0.0499399
y(z) | 0.1700714 | 0.0465732
Wy(x) | 0.1684748 | 0.0498834
Ws(z) | 0.1684438 | 0.0499476
Uy(x) | 0.1684486 | 0.0499377

4 Brisogwnt

Ilpennoxen MeTon NoOBbIMIEHHA TOYHOCTH NPUGMIKEHHBIX pelIeHifi Kpae joil 3a1aun Ha
noaynpAMoit AN o6KIKHOBEHHOTO AU PepeHUIIaNnbHOrO YpaBHEH S BTOporo nopsaka. Pas-
paGoTaH aNrOpHTM HaXOXJAeHHSA NpUOIUKEHHOTO pellleHlis Ha JaHHOM OTpe3Ke ¢ 3alJaHHoil
ToYHOCTBIO. [IpHueM MoxHO nONyunTh Mo6yI0 Hallepel 3aaHHY 10 TOYHOCT >, HO IS HTOrO
Heobxonnmo ofecneynTh NONYyUCHHE AOCTATOYHO TOUHBLIX peluennil 3asadll Ha KoHeuHOM
oTpe3ke. YucnenHbie 3KCnepUMEHTHI, TECTHPOBAHIE TPOTPAMMbl. OCHOBaHI Olf Ha Tpesio-
XKEHHOM aJIropuTMe, NlaJli XOpollle pPe3ynbTaThl.
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Hpnmenenne 'réu.rmnenux MaTPHII AJIA pPelIeHUs 3axad’
KBAHTOBOM MEXaHUKH

HN.B. U6parumos, E.E. TeHpPTLIINHUKOB

Huemumym Buyucaumeavnotd Mamemamuxu, PAH,
1173883, Mocxea, I'y6rxuna 8

e-mail: ilghiz@inm.ras.ru, tee@inm.ras.ru

Abstract. B nannoit pabote npemoxes HOBHI IOAXON K PElEHUIO YpaBHeHWE Xap-
Tpu — $oka /14 MHOTOIEKTPOHHHIX CHCTEM, KOTOPHIl HCIONB3yeT WIEIO pelyndp-
HEX 6a3ucHbx GyHkimit. B aToM cnyvae MaTpuua uHTerpaion onafaeT CBOt-TBOM
TEMMUEBOCTH. DTO 3HAYHTENLHO COKPAILIAET YHCIIO Ofepauiil ¢ rlaBaioLlell 10uKoi

npu p 3THX yp . A ans ABYX3N€KTPOHHOW 3a0a4YM B HEKOTOPOA: MPH-'
6mn H3 He. HHO! 3aZayH Ha COOGCTBeHHHE 3HAYeHHMS TpPaHChOPMHPY(TCS B
3afaqyy PElIEHMS CHCTEMH JTMHEHHHIX yP miX ¢ Tém. W MM LMPKY1d 1THOMR

MAaTpHIeil TOll Xe pa3MepHOCTH.

Hanunuit moxxoi 6671 NPOBEpEH Ha TECTOBHIX NMPHMEPaX ONpeleNeHHs SHEPru1 B3a-
MMOAEACTBHA ATOMOB B KPHCTAJIMYECKON PELIETKe M ONpeliefleHHss BHAAa BOJ HOBOW
tpymu.um ans CBOGO)IHO]‘O aToMa. BHII'II TIOJIy4YeHhI XOpOIUKE pe3yibTaThl.

1 Bsenenne

B HacToslee BpeMs ONHOA M3 BaXKHHIX 3a/1ay KBAHTOBO! MEXaHHKH ABJISETCH HAXOXAEHHE
3HEprHM B3aWMONEACTBHA ABYX MIHM HECKOJbKHX aTOMOB. Jlns peimienus Takoil 3amayd
Pa3paboTaHO MHOTO Pa3IMYHLIX METOMIOB, NO3BOJAOLLINX YU THIBAThL Pa3/iut HEle CBOHCTBa
paccMaTpHBaeMbIX CHCTEM.

HauGonee obuime (M, B TO Xe BpeMs, 3HAYHTENbHO GoJiee TOYHKIE METCALI Ha OCHOBE
ypasrenuit Xaprpu—Poxa [1] Ui Teopus GpyHKUMOHANA NIOTHOCTH [2]) cBO.1STCA K pelile-
HUIO BAPHANMOHHON 32724 11 HeJMHEAHOro ONepaTopa, YTO TpebyeT pelllcHUA HelluHei-
HOIl MOJTHHOMHAJNIBHOR 33Ja4YM Ha COGCTBeHHble 3HAYEHU .

Pemiaerca crauuonapnoe ypabrenue Ulpenunrepa B mpUGTHKEHHH ¢} KCHPOBAHHBIX
sinep (3] HY=E¥, rne H=T.+ Cnn + Voe + Vee, 2

2 2
Z'_l nlle (5,— + %,- + dif) — omepaTop KMHETHYecKol 3Heprum Bcex M
13 t ]
3neKTpQHOB,
C.. =3N QQ; B3 i ( 6 eHU
nn = 2ics Ry—R; 3HEPrHs B3aMMONEACTBHUSA BCeX saep (B NaHHOM (PHOAHXKEHHH

ABJAeTCA KOHCTAHTOl, B RaJibHeAIIMX BHIKJAAKAX QUIYpPUPOBATH He €yLeT, Tak Kak
moxHo oT E nepeiitu k Ec = E — Cyy);

Vee=TN, Z,— m?ﬂ—[ — ONEpaTOp 3HEPr'HH B3aUMOIEHCTBHR A1ep C MNIEeKTPOHAMH;

2
Ve =M < ]?jr—[ - onepaTop IHEPTHH B3aHMONEHCTBHSA BCEX 3JEKTPCHOB,

W gansercd, TaKuM obpa3oM, cobcTrenHoll pyHKkuuedl onepatopa H, 3aBucswei ot
KOODIMHAT BCEX YacCTHU B TPeXMEepHOM IPOCTPaHCTBE,
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E - cobcTBennoe 3nadeHne onepatopa H, MUHMMaNbHOE U3 HUX COOTBETCTBYET Ha-
6nionaey off SHEPruy CHCTEMBI.

Munumanetoe E u cooTBeTcTBYOWIYIO pyHKINIO ¥ MOKHO HAWTH BapHALMOHHBIM Me-
TOOM B BHIe .leTepMuHanTa Creiitepa [1,3]:

ti(r)er  i(r)Br .o Ympa(ti)er Yaga(n)b
& U et Pi(ra)ay  Pi(re)fe ... Ymya(reloy  Pappa(r)fy
= —==de . . . .
VAT : : : :
Yi(ram)om Pr(cm)Bm ... Yumpa(ra)an Yarpa(csm)Bum
rae
o; U fBi,i=1,..., M~ cnuHOBbIe KOMIIOHEHTHI BOJHOBBIX (DYHKLHI (3a/1aHBI B HAHHOM
npuGIM* eHNH),
ri,i=1,..., M, - panuyc-BeKTOpH BCeX 3IEKTPOHOB;
Pt =1 ..., M, — HeKOTOpHIe HEU3BECTHLIE OPTOHOPMHUPOBaHHbIe PyHKuAH U3 Lg ¢

06J1acTh!0 ONpenenelHs apryMeHToB R3.

Ilns naxosimenua ;¢ = 1,..., M nuckperusyior 3anady. Ia sekoroporo 6a3zuca
¢ynkunit ¢;,7 =1,..., K npencrasnas ¢; = Z;‘ﬂ Cji¢;, muyT Takue Cj;, I3 KOTOPLIX
JoU*HYdQ vuanmanpio npu fo, ¥*WdQ = 1. DTo NpuBOINT K ypaBHeHHAM XapTpu-
doka: )

K
Y (Fpg = ExSpg)Cok = 0;¥g =1,..., K;Vk=1,..., M/2; (1)
p=1
rae - .
K 1 .
By =<plHlg>+ 3. Pj(<ijlpg> -3 <iplig>)
i,j=1#]

. 1{d d& & NooQ;
<plH|g>= /¢p(r) (_E (;‘1‘;;4' v + E) + z; R —1| $y(r)dr
=

< ijlkl >= / A0S (ra)delr)dilra)
T2
M/2
Si=<ili>= [$i(ms;(0)dr,  Py=3 CiCy
r=1

B HacToAlL ee BpeMs npenyioxkeHo 60JblIOe KONMUYECTBO Pa3iMyHEIX 6a3UCHBIX HaGopoB
¢yHKUKA [4): 3TO W QyHKUMH, ABAAOLIMECS COBCTBEHHBIMH (GYHKLUMAMHU IJIA YACTHOrO
clydad pellleH 1 3TO# 3alaud, ¥ PYHKINH, ABNAIOLLIHeCS cOOCTBEHHBIMI GYHKIUAMHU IS
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PA3NHUHLIX ONepaTopoB, 6AU3KHX K H, # 103BONAIOLINX AHANNTHYECKI NMONYYHThH BHI
cobcTBennbIX PYHKUMI, 2 TaKXKe HEKOTOphIE, He HMeloLLie HH3NUECKOTo cMblcia QYHKIHH
Tuna B-cnnaitHos.

PaccMOTpHM BLIYHCANTENbHLIE 3aTPaTH NPH PelleHun 3TOR 3alaun 1A Pa3IndHBIX
6a3ucoB. Bo-nepBHx, Ans 3TOro HeoGXONAWMO BBIYHCIAMTbL NMOPAIKA hsi HHTerpanos ne-
pekpbiBanns < ij|kl > u nopsuka "Tz MHTerpanoB NepekpbiBaund < i|.7]j >, ecan Bce
6a3icHble GYHKUHH HMEIOT HenyJieBhie 3HayeHUA Ha Bceil obnacTu onpencnenns. B To xe
BpeMs H3BECTHO U3 YHCIEHHBIX 3KCnepuMenToB [1,3], 4To dyHKunn ¥; OBbI 1HO IKCIIOHEHUH-
aJIbHO CTPEMATCA K HyJ10 Ha Bcell obnacTu onpenefienus 3Tol QYHKIHHN 1a HCKAIOYCHHEM
OJIHOTO HJIH HECKOJIbKHX JIOKaJbHBIX YYAaCTKOB; TaAKHM 06pa3oM ONpaBlbl 3aeTcA NpHMeHe-
HHe B KayecTBe 6a3nucHoro Habopa gpyukuni B-cnnaiinos. Tak B paboTe 3] cpaBHHBAJIHCD
nBa TakMxX 6a3ucHbIX Habopa ¥ 6bLIO MonydeHo, 4To 512 cneuHaNIbHBIM DPYHKUHAM COOT-
BeTcTBYeT Ga3uc n3 10000 B-cnnalinoB (B 06onxX TakHx 6a3ucax NOCTHrallach ONMHAKOBas
ToYHOCTb Bbiyucyennit). Ho 6a3ucubie cnnafinbl TpeGyOT ropa3nio MeHbIl e BbIYHCIHTEb-
HRIX 3aTpaT BO BpeMA HAaXOAJEHHA WHTErpaJioB NepeKpbIBaHiif: COOTBET( TBEHHO NOPANKa
K? n K. KpoMe 3Toro, Takie HHTerpaJibi npolie BblYncasiorca [6}.

Ha cTanum pewenus HenuueiiHON cHCTeMhl ypaBHeHuii Habop $yHK 1M, COCTOALLAMIT
13 B-cnnaiiioB 3HauYHTeNbHO MPOUTPLIBAeT: TaK Kak OObIYHBIN METOMN PeLIEHHA CHCTEMbI
(1) - mMeton npoctoit uTepauun [4], Ha KakOOM Ware KOTOPOIO HAJO PEIBATHL NpPobAEMY
cobCTBEeHHBIX 3HAMEHUN V1A MJIOTHOI 3pMuTOBOIt MaTpuisl. B civuae 3-cnnafiHoB pas-
Mep 3alladd 3HaYuTenbHo Gonbllle, YeM B cayvae crneunanbHbIX Qyvnkunii. Hepenko ato
NOJIHOCThIO KOMNCHCHPYET GRICTPOTY BLIYHC/ICHIA WHTETPAJoB NepPeKphli aHHA.

2 CagoiicTBa 6a3uca Ha OCHOBe PerynsApHbLIX 6a3UMCcHBIX CIJIaN-
HOB

OpurunajbHbIM METOIOM DelICHHS [OCTaBNeHHoll Bhille 3ajaui suiseT s Bhibop 6asica
Ha ocHOBe peryiApuhiX 6asicubix cnnaiinos. Torja cucrema (1) nepenncuiacrces B Ma-
TPHYHOM BuIe:

) X IAI/ZA . _M/2
~L+8E; - 53 CiTCi+diag|T 3 C

i=1 i=1

Cillcy=0vji=1.. . M/72 (2

rze L » S - nentounue TpexypoBHeBsie [9] IONOANTENBLHO OlPeAENEN 1hle CHMMCTPitY-
Hble MaTpullbl, MpHYEM S MoXeT 6bITh eNlMHHYHONM; T - Tennuuena TpexyposneBas nomo-
JKUTeNbHO oNlpellefleHHas CHMMETDHYHAs MaTpHla; C,- ~ JIeHTOYHbIe TPeXypoBHeBbie No-
JIOXHTEIbHO ONpelie/leHHble CHMMETPHYHBIe MATPHIlbl, COCTABICHIbBIE N3 TEMEHTOB -01'0
CO6CTBEeHHOTO BEKTOpa; C'j " EJ- ~ J-blit COBCTBEHHLIH BEKTOP Il COOTBCTCTBVIOUIEE CMY
cobCcTBeRHOe 3HaYCHNeE.

CooTBeTCTBHE 3THX MATPHIL AHATOTHYHBIM B (hopmyne (1) caenviouie:
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(1) @
L

L <plH|g >
S Spq
M/2 ¢ ..
dzag(Tz PEC)  Slimres Pi< idlpg >
i=/12 CIC; —% Zéj:l;.’;ej F;; <ipliq>

Ins Toro, 4Tobbl NOCYMTATHL BCe eMeHTH MaTpuu L, S u T, HeoGxonumo Bhimon-
HUTb Bcero K onejaluil — 3TO 3aTPaTH Ha NpedBapUTelbHYI0 paboTy, NpHYeM eCllH He
H3MEHATh 0GbeM NPOCTPAHCTBA, B KOTOPOM HaXOAMTCA HHTEPeCy oWl Hac 06bekT, To T
TaK&e OCTAaeTCHA HiH3IMEHHbIM.

B xauecTBe MT:palHOHHON CXeMbl MOKHO NPEMIOAKNTH NPenobyCoBIeHHbI MeTOA Co-
NPAXKEHHBIX I'PAAUEHTOB, KOTOPHIH HCTIONBL30BAJICH AJIA aHAJOTMUHOH 3aJa4u AJ1s He pery-
afpHblx B-cnnaiinos B [7,8]. 3aTpaTh Ha yMHOXeHHe MATPHUBI Ha BEKTOP COKPaTATCH A0
Klog, K nporus .Y2.

PaccMoTpuM cityyait TONbKO NeHCTBUTeNbHBIX Ko3pdiunenTon C';j ANd NPHGIHKEHUS,
B KOTOpoM Ga3uCH:le PYHKUHY NpPENCTaBIAIOT coboii CTYNeHbKy, To ecTb B-cnnaiin nyne-
ot cremenn. Owspuano, ito LC = C’L a Tak Kak BeKTop (' He JOJKeH COOEPKATL
HYJIEBbIX 3/1eMEHTCB, TO ypaBHenue (2) npu M = 2 zanuuiercs B Biije

TCC = 2L + 25E. (3)

Mockoneky Ha BekTOop C' HaJlOKEHO yc/ioBMe HODMUPOBKH, TO pellleHHe CHCTeMBE (3)
HaAXOMUTCHA pellleHHeM TelJIHUEeBO# TpeXypOBHEBOH MONOXHTENbLHO ONpelelleHHON CHMMe-
TPHYHOH CUCTeMBI IMHEAHLIX ypaBHeHUN C ABYMS NPaBLIMU YacCTAMHU.

Kpome aToro o6uapyxeHo, 4To cyllecTByeT Gonbluoil HaGop $U3MYECKUX O6bLEKTOB,
TaK¥X, KaK KPHCTaJJINYeCKHe DelleTKH M perylapHble MOBEPXHOCTH, IUIA KOTOPHIX Ta-
Kafd TenilleBa MaTpHlla ABNAETCH TakAke U CHMMETPHYHBIM LHPKYJASHTOM MO NBYM HJIH
TpeM ypOBHSM. JTO 03HAYAET, YTO MOKHO NMPHMEHATh 3PMEKTHBHbIE MeTONbl PellleHHs
JIHHEHHBIX CHCTEeM C TaKMMH MATpULAMH.

B sToM cnyyae Gyner HeoGXOOMMO PelIMTh CHCTeMY YpaBHEHHi C eNMHCTBeHHON Npa-
BO#f YacThi0 (TaK Lak pelieHHe CHCTeMbl ypaBHEHHH C UMPKYJIAHTHON MATpHuUel ¥ NpaBoil
4aCTblO, COCTOSALLEH U3 OOHHAKOBBIX 3JIeMEHTOB OYeBHAHO H TpebyeT ToNbko K BhIYHCHeE-
HA# Ansg CyMMMPOBaHHS BeKTopa). 3TO MO3BOJHMT peliaTh TaKyio CHCTEMY 3a MOpAlKa
K log, K onepaumi ¢ naaBaiolieif TOYKOI.

3 Uncnennis npoBepka

Ins noaTBepXaeH 4 BHILIEHINOKEHHBIX pe3y/bTaTOB GLINTM NPOBeIeHK YHC/IEHHbIE KCIe-
pHMeHThH. PaccMarpuBanuch 3ajlaiya o pacnpenefieHHH B IPOCTpaHCTBe OKOJIO 1/1pa BOO-
polla IByX CIapeH 1hiX aNeKTpoHoB. Buisna B3sTa camas npocTad allPOKCHMallus CTeleHH
0, B-cnaaiin npenc Tapnan coboii cTynenbky. llenblo naHHOTO 3KCIepUMEHTa ABJSOCH:

1) nony4uThL :HavYeHHSs LIS IEKTPOHHON IVIOTHOCTH M CPaBHHTb €€ C H3BEeCTHLIMH
paHee;
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2) NMpocnenuTh 3aBHCHMOCTH TOYHOCTH TOJYYaeMOIO DellieHHs OT O0beéMa NPOCTPaH-
CTBa, B KOTOPOM pacCMaTpHBaeTcs NaHHOe pasGHeHHe M 3HaveHHs K.

Buinn npoBeneHn yucNeHHLe SKkCnepUMeHTH. W3aMeHANuCh clienyolline napaMeTphL:

K = 43,883,163, 323,643, 128% (66npmue 3nauenns ) GLIIO CIOXKHO HCIONL30BATE, TaK
Kak norpe6opasniace Gul onepaTHBHaf NaMaTh oGbeMoM Gonee 32 MbBaitt).

PaccMaTpuBaeMuit 0656M BapbHpOBANCA B Npefeliax OT 234 po 32°A.

Bpems pacyeTa no6oro 3kcnepuMeHTa Ha NepcoHanbHOM KoMnbioTepe Fentium 120 ne
NPEeBLIILIAJIO MHHYTHL.

Hanmo oTMeTHTB, 4TO, NpencTaBiis QyHKUMH ¢; B Buie Ga3UCHBIX CII:IAHOB HyNeBON
CTeNeHHu, MHl 3apaHee OTKA3aJIMCh MPABHJILHO YYHTHIBAThH BKIaJ KMHETHY:CKOR SHEPrHH
3NEKTPOHOB, YTO He MOIJIO He CKa3aThCA Ha NMONYYEHHKIX pe3y/bTaTax.

O6cynuM noflydeHHLe pe3ylNbTaTHL.

Haubonbiuas TOYHOCTb IOCTHraNach NpH MaKCHManpHOM padbuenun K = 1283 u Bur-
6ope o6nacTH 6oJblie 434, PesyabTaT X0poilo KOpennupyeT C 3KCIepUMeH roM: FJIaBHRIA
makcumyM B 0.75A oT sapa (skcmepuMenTansio 0.594). Bun |¢} Takxe cooTBeTcTBYeT
3KCNepUMeHTy: npur — counpur — 0: |¢vl2 — 0. IIpu nonuTKe yMeHbLIH Th 06Bb€M N po-
CTPaHCTBa, B KOTOPOM PacCMaTpHBaJloch AaHHOe pa3bieHne pellleHHe CTAHC BHJIOChH 3HAUHU-
TeJIbHO HEyCTOHYHBEIM.

Ilpu nonuxkeHuu 3HaveHUs I MOHMAKanacp M TOYHOCTH aNMIPOKCHMAlilM: Tak Ha 32
orpeskax ||? 3> 0, 4To He COOTBETCTBYeT HeliCTBHTENBLHOCTH. ITO MOX HO OGBLACHHTH
TeM, uTo |)]° B GOMbUIONH OKPECTHOCTH TOUYKH 7 = 0 MOXKET 3HAYMTENHHO GTIMYATBCA OT
Hyns.
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METO/(MKA ITPEOBPA3OBAHNA KOOPOMNHAT
JIOKAJIBHBIX AETEKTOPOB B EAVHVYIO
CHUCTEMYV !

3.M.MBanuenko, U.M.UBanuenko, H. H.Kapnienko

JIBTA OHAH, 141980 Jybna Mocxoscxoi 06a., Poccus
e-mail: wa@cv.jinr.dubna.su

AHHOTA\IIMA. AHAJIM3HPYETCH MaTeMaTHYeCKad Mofedh (NepeoTmpeReNeHHad CHCTEMa
HeJIHHe} HHX YPaBHEHWH) M MeTOXH ONpejeCcHMA NMapaMETPOB JTOKATBHHX CHCTEM KO-
ODAMHAT MOSHUKOHHO-YYBCTBHTEIBHHX AETEKTOPOB, 06pasyomMX eTMHHHA KOMIIIEKC pe-
TFHCTpal K TpaekTopHOA uHpopmauuu. [Iporpamma CORPAR, peannsyrwwmas paccmo-
TPEHHHI! METO, UCNOJIB3YETCA RJA TEOMETPHYECKOR KaTHGPOBKM CHCTEMH HPOIOPLHO-
nHampHH:: KaMep ycraHoBkH DKCUAPM na ycxopurene Y-70 (IIporsnno).

CoBpeMeHHL e TTO3HIIMOHHO-UyBCTBUTEIbHbE NeTeKTHPYIOUMe MOLYIH TI03BOJIAIT PErH-
CTPHpPOBATh KOO )AMHATY TOUKY TPAEKTOPHMH HaCTHULIH B COOCTBEHHOM JIOKaJILHOA cuUcTeMe Ko-
OpIMHAT, TaK Uro JJA Ilepexofa B €JWHYI0 CHCTeMy HeoOXOAMMO OIIpeIelMTh I1apaMeTpH
COOTBeTCTBYI0NI:ro npeobpaszosanma. HOcTHPOBKaA cHCTeMu ¥ HerocpeCTBEHHEE Teole3nye-
CKHe M3MepeHHf BCeX TpebyeMhIX BeNWYHH JJIA MHOTOKOMIIOHEHTHOM YCTaHOBKHM COIIPMKEHH
€O 3HaYMTeJbHE MH TPYJHOCTAMH M pacXomoBaHMeM BpeMeHu. Hepeaxu curyaumu, Korza
TIPOMCXOAAT IlepeMellleHrA OTAEMbHRX H3MepHTEIbHRX MOLyielf B Ipoliecce TIPOBEICHUA IKC-
nepuMeHTa. [lo "pelrHOCTH NepenaToUHOR GyHKIMK, IPHHITUIKAILHO HeyCTPaHUMEIE TOILKO
3a CYeT reoJe3MdeCKMX M3MepeHM, He TI03BOJIAIOT aJleKBATHO Peajd30BaTh IIPOCTPAHCTBEH-
HOe paspelleHu« MCIOIb3yeMEX TPaeKTOPHHX JeTeKToposB. Bce 3ro obycinasmmBaer HeoGxo-
JMMOCTS OIlepalHBHOTO M HAJeXKHOTO CHocoba MOJTyUyeHHsA NapaMeTpPOB, XapaKTepH3yIoLmx
3¢ PeKTUBHY IO 1'€OMETPHIO YCTAHOBKH.

PaccMoTpum pemrerwe 3agiadn onpesiesieHMA [lapaMeTpoB NIpeoGpa3oBaHma MHGOPMALIKH,
PEeruCTPHpPYeMOl! KOODJMHATHHMY NETEKTOPaMH, B €MHYI0 NPAMOYTONbHYI0 NEKapTOBY CH-
creMy koopmmHaT XY Z. KamxaoMy meTeKTopy COOTBETCTBYET NOKAJIbHAA CHCTEMa KOODAXHAT
XY; (i = 1.2,...,m) TakuM 06pa3oM, UTO CBA3b MemJy KOODAMHATON B JIOKAJLHOU cH-
CcTeMe M COOTBE [CTBYIONMMY € KOOPAMHATAMM B €[MHOA CHCTeMe BHpaKaeTcA (yHKImeR
X; = Xcosa; 4 Ysina; + h; . Ilapamerpn o, h;, z; MIlieM ¥3 yCIOBAA MEHEMYMa (YHKLH-
OHaJja:

N m 2
1 .
M=- E E Wi ((a,_,-z.- + bzj) cosa; + (ayjzi + by;) sina; + hy — Z,‘j) . (1)
£ .

3necs
N - KOJMYecTBO TPaeKTOPHl, IpONIeUIMX Yepe3 m HETEeKTOPOB;

Gz, Qyj, bgj, by — IapaMeTPH TPaeKTOPHH j B eTMHOM cHcTeMe KoopauHaT XY Z (momHei#
Habop mapaMel1poB IPOCTPaHCTBEHHON TpaeKTODHMH, aTIIpOKCHMHpyeMol iwuHedHOH yH-
KiMelt);

Tij,W;; — MiMepeHHad KOOPIMHaTa H ee Bec.

1PaGora Bumon teHa npK nomepikke Poccuitckoro doraa byHaaMERTaIBHHX HCCIEAOBaKKR, rpaHTH N 95-
01-00736, N 96-07-89190
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JInA yMmeHbUIeHUA BJIMAHWA BHYMCIMTENbHHX TorpeluHoctelt [1] mpemciaBum oy, h;, 2 B
BHe:
0 0 0
o = o; + Aoy, h; = h{ + Ah; , =2 + Az, (2)
roe of,h?, 20 ~ pesyvrath reomesuuecknx wsmepenuit. Ilonctasnas (2) » (1), nomyanm
BHpaxeHue QYHKUMOHANA B BUJe

= %Zzwu((aw(z + Az) 4 by;)cos(e? + Aa;)+

=11=1

2
+(ay; (20 + Az) + by;) sin(a? + Aay) + kY + Ak; — z,-j) . (3)

Wcronsaya mamepeHna TpaeKTOpHIt YAaCTHIl OIIOPHEIMK [JE€TEKTOpPaMM, 11AXOAMM OLEHKH
MapaMeTpPoB IPOCTPAHCTBEHHKX TPAaeKTOPUM agj, Gy;, br;, by;. JInA peuler uA 3ToRt 3ajmaum
paspaboTaHa mporpaMMa GUTHPOBAHHA TOYEK, PErMCTPHPYEMHEX B KOCOYTI 0JbHOR cHcTeMe

KOOpDIMHAT.
Brens Howwe obo3HaveruA, yHKUMOHAN (3) MOKHO 3aNMCATh B CIeLylouleM BHJe:

1 N m ) .
=3 STY w; (a;jAz,- cos Aa; + b ;(cos Aa; — 1)+

j=1i=1
; .
+(ay; Az + b};)sin Aa; + ¢i; + Ah,-) s (4)
rae
al . = az;cosa? + ay; sina?
7 z] H yg ® )
i 0 _ g, :sina?,
al; = ay;cosaf — a ;sin af
S 0
be; = (ag;20 + bgj) cosaf +(awz + by;)sinay,
: 0
bl; = (ay; 2] + by;) cos @? — (@552 + by;)sinaf,

c,J = b — xij + A .
W3 ycnosua MUHMMyMa (yHKLMOHAMA (4) IOJIydHM CHCTEMY HOPMaJbHb X yDaBHeHUM

N
Zw,](a“Azl cos Aa; + b J(LOS Ac; — 1)+ (a Az + b )sin Aa; + i + Ah)x

7=1

*(—aijAz; sin Aa; — b;j sin Aa; + (a;jAz,- + b;j) cos Aa;) =0,

Z w,](aIJAz, cos Aa; + bIJ(cos Aa; — 1)+ (a Az + b'w) sin Aa + ; + Ahy)x
j=1

*(a;j cos Aa; + a;j sin Ag;) = 0, (5)

N
z wi( a jAzicosAey + b ((osAa, -1+ (a;]Az,- +b,,) sin Lvavi+

j=1
+eij + Ab) =0,

e = L2 .., m.
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Ilonydennas cHcTeMa TpaHCUIEHAEHTHHX yPaBHEHMI| pellaeTcA MTEPalMOHHEM MeTOIOM.

Jlng ompejie :HMA MHOXECTBA [apaMeTPOB, BKIIOYAIONIEro alIUIMKATy M Yol MOBOpOTa,
Heo6x0nMMO, UTOGH TPaeKTOPUH ORUIM HemapalieslbHH, a AWCIEPCHA DacrpefielleHAf Ko-
ODAMHAT TPaeKTCPHH B KaiIOM JeTeKTope - HeHyleBHe. B KauecTBe MCXONHHX JaHHEX
HCHOJb3YIOTCA D€ 3yIbTATH Ieofe3NUeCKNX M3MeDEeHH M Pe3yabTaTH PEerMcTpalldy KYCOuHo-
NPAMOJMHEAHEIX IPaeKTopUi yacTull (crenualbHan TecT-KaubpoBounas u pabouas uHGOp-
MaluA).

PaccMorpennuit anroputy monomer B ocHoBy nporpammu CORPAR|[2], ucnonbayemoit
JJLi reoMeTpUdec (0} Ka IM6POBKY KOOPAMHATHRIX feTekTopoB yctaHoBkM DKCUAPM][3). T'na-
BHOH 11e/1p10 Hay4HO-PU3NUECKHX HCCeJoBaHMN Ha 3TOM ycTaHOBKe ABIACTCA IOJyUeHHe
HOBRIX JAHHHX ¢ DOMIEHHM W CBONCTBaX OUAPOBAHHEX UACTHI M y3KHX Pe30HaHCOB, CO-
JlepHaIMX CTPar HEle KBapKU. YCTaHOBKa QyHKUMoHMpYyeT Ha kaHane 5H yckoputens V-70
(ITpoTBMHO) B 11y uke HEHATPOHOB ¢ 3Hepryeit 50-70 I'>B.

B nporpamme CORPAR peann3osaHO HeCKOJNbKO AMHAMMUECKHM BHIOMPAEMHIX DEKUMOB
(MeTozoB), Ka#IIN U3 KOTOPHX AOIYCKAET IlapaMeTPUUeCKy10 HacTPoiKy. PexuMnl ompene-
JAIOTCA MHOXeECT 30M McKOMuX mapaMerpos: ( h; ), ( hi,% ), ( ai,hi,z ). Caexyer
OTMETHTh, UTO B I160p MHOMECTBA IIapaMeTPOB ONpe/leNfeTCA He TO/IbKO TOUHOCTHIO reofe-
3MYECKMX M3Mep¢HUIl M KauecTBOM IOCTHPOBEM (ONHMM M3 INIaBHHX TpeGoBaHMA K KOTOpOH
ABNAETCA ycTpaH2HHME 0 MUHAMYMa YIJIOBRIX CMEWEHUN IeTeKTOpOB), HO M yPOBHEM LIyMOB
B MCXOXHHX AAHHKX ¥ MHOMECTBEHHOCTbIO TPAEKTOPHIt B COOLITUH.

80 [
40 F
0+
-4 [
-80 &
~120 b s s
RA¥ EVENT X—-PROJECTION TRACK EVENT
of Vi
o ’w//—/’:"::
oF 1
-0 f F\‘\\.\_
-4
S TSP T tég;gg;g;;égg L ML
-400 -200 0 200 400
Y-PROJECTION
SEANCE=10 RUN=288 CYCLE= 57 EVN= 80

Puc.1. Ty nuumoe cobTHe, 3aperucTpupoBanHoe crektporMerpoM IKCUAPM
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B ycnoBuax peaNbHHX SKCIIeDHMMEHTOB IIpoOLiefypa TeOMeTpHYecKOl Ha/miGpoBEY peam-
3yeTCA METOIOM MoCNe[oBaTeNqbHuX npubimkenwit. Ha mepBEX wrepammax mcmombsyercs
( h; ) - MeTox c MONIATOBHM yMeHBIIEHWEM IMPYHH JOPORKH IIPA PACIIO3 IaBAHMU TPaeK-
topuit. Ha nocnexyommx wrepammax wcnomsyerca ( hi,z; ) wm ( @i, 4,2 ) - MeTox
B 3aBHCUMOCTH OT KauecTBa IOCTHDOBKH M TOUHOCTH leofesMueckux m3meperm. IIpu tarom
MOIX0e YUYHNTHBAETCA CPABHUTENbHO Malad dyBCTBUTexsHOCTh ( h; ) - MeTo#a K cTaTH-
CTHYecKkMM oHMbKamM BTODOre pofa 6raronapA NMWHEAHOH 3aBUCHMOCTH ¢y HKIIMOHAILHOTO
apryMeHTa 0T UCKOMOTO IlapaMeTpa.

AKTyaNbHOCTh BRIYUCIEHMSA reOMeTPHUYECKAX IIOIIPAaBOK 06yCIOBIEHa, B 4CTHOCTH, CIIOM-
HOCTHIO M3yYaeMHX cOORTHR. PyHKIMA MArHUTHOTO [OJIA ¥ TAIAYHOE COOHT 4€, 3apEeruCTpH-
posanHoe criekrpoMerpoM DKCUAPM, cooTBeTcTByloNee POEACHHIO OYapOBAHHOrO 6apu-
ona LY , mokasaHu Ha pHc.2.,1.

|
A

t \ I
w X \\\\\w\ \m\\\“ \\w\ kY

‘\\\\\\\‘ \\ it

, \\n m “\\\\ i

\w‘\\‘ \\“ \\H\\\\\‘\“ iy

o

BY (xz,y=20.)

Puc.2. Pyrrima MarauTHOTO HOJA
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[IpmMeHeHMe reoMeTpMUECKMX IONPaBOK YIydlllaeT TOYHOCTh BHYMCIEHHMA I1apaMeTpoB
HaWJIeHHRIX TpPa¢KTOPMA M COOGNTUA M paAMKaAbHO yMeHBIIAeT CTATUCTUYECKHME IIOrPEIMHO-
CTH IepBOTO M BTOPOrO poja Ha BCEX 3TallaX PACIO3HABAaHMA M aHAJM3a TPAeKTOPHOM WMH-
dopmarmu. Har pumep, nake 1A AByX4acTHIHON cucTeMnl (TabuMia) UCHIOMb30BaHNE TIONY-
UEHHHIX OITMCAHE O METONMKON BENMUWH ITO3BOJNAET YCTPAHMUTh 3HAYMMYIO CHCTEMATHUYECKYI0
[OTPENTHOCTS, 6eJlee, YeM B Ba pasa ylQyUlIMTh OTHOMIEHWEe CUTHAJ/DOH, IOBHCHTS 3P dek-
THBHOCTb MASHTIIHUKAIMHU [ONe3HKX COOH T, YIy9IIINTh MacCOBOe paspellieHye U T.A.

Tabauna. CraTHCTUYECKMe XapaKTEPHCTHKM CIIEKTpa 3G HEKTUBHON MacCH CHCTEMH
pr~ B obnactit paccu A® (MsB/c?)

Howmep ceanca skcmosmmu SKCUAPM 10

Homepa daitiao (RUNS) 268-270

KonuuzctBo Tpurrepos 782752

F - oxnectHOCTB + 12

B - ox>ecTHOCTH +5
CORPAR TEOIE3UA

CwMenicHue OIEHKH MaCCH 0.17 £ 0.02 0.67 £+ 0.08

Pazpeinerue 1.50 + 0.03 2.66 + 0.14

Komuectso A° 8348 4276

OTHoneHne cUrHal/doH 1.5 0.67

OTHoONIeHNe CHUTHAN/TpUITEp . 1.1 % 0.55 %

IIporpamma CORPAR sBiserca cocTaBHOR 4acThIO MAaTeMaTHUECKOTO obecrieyeHus IKC-
[epHMEHTOB, IpoBoIMMEX Ha ycTanoBke DKCUAPM. PesympraTul ompejiesieHus reoMeTpu-
YecKUX [TapaMeTpoB CIIeKTPOMeTpa MCIOAB3YIOTCA IIPH MOJICINPOBAHMH, MATEMATHIECKO! 06~
paboTke ¥ dusHUecKoM aHamM3e[3,4] sKCIIepUMeHTAaBHOMK HHOPMALHMH.

JIutepatypa.
1. Bentems E.C. Teopus sepoarHocteit.Uan-s0 "Hayka”, M., 1964.

2. 3unuenxo A.W. u np. Metommka reoMerpudeckoit KaaUGpOBKH KOOPAMHATHHX JETEK-
Topon ycriHoBkn JKCUYAPM. OUANU, P10-95-541, Ay6ua, 1995.

3. Aneen A.M. u ap. Habmonenue ouaponanmoro 6apuona L0 B IKCIepUMeHTe
DKCUYAFM. Kparrue coobmerua QUAN 3[77]-96, dy6ua,1996,c.32.

4. Anees A.11. u np. UccnenoBanne MHKIIIO3MBHOTO POMJEHMA ( -ME30HOB Ha CepIIyXo-
BckoM ycropurene. OUAN, P1-96-437, Hy6xa, 1996.
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ITAPAJIJIEJIBHAA CUCTEMA OBPABOTHKHN
SKCITEPUMEHTAJIBHBIX JAHHBIX HA BA3E
MOAEJIN KJIMEHT-CEPBEP !

HN.M.Wsanuenxo, B.B.Kopenskos, }0.A . Kperor
JIBTA OHAH, 141980 [Jybrna Mocxoacxoi 064., Poccus

e-mail: ivanko@cv.jinr.dubna.su
korenkov@cu.jinr.dubna.su
kretovyu@dct119.jinr. dubna.su

AnHoraumsa. PaspaboTha apperTuBHEX MeTONOB H cpeAcTB 06paboTKH daH! HX 3KC-
NEPHMENHTOB B (PU3HKE BHCOKHX 3HEprHil CBA3aHA C pelleHHeM ABYeAWHO#R 3aja tu obec-
NEeYE€HHA CHOPOCTHHWX BHYHCIHTENBHHX NMPOUECCOB H chny)lmnaHnﬂ BHCOKOF HTEHCH~
BHHX MH(OPMAIMOHHKX NMOTOKOB NPH BHCOKOM YPOBHE aBTOMaTHIallHH NPOLEC OB Mac-
coBofl ob6paborku.B pabore amanusmpyerca paspaGorannas x paspusaeMmaa ¢ JIBTA
OHUAN cucreMa napannensholt 06paGoTKR NaHHHX B PaMKaX aPXHTEKTYPH KIKEHT-
cepeep Ha 6aze knactepa DBM, paboraomux mox OC tunma UNIX u coem HEHHHX
cersio ETHERNET.

Pa3zpaboTia 3¢)peKTHBHEX METOLOB U CPeACTB 06pabOTKM JAHHHX 3KCIIePUMEHTOB B (DH-
3UKe BRICOKMX YHEPrUil JOJIKHA IIPAMO YUMTHBATh LIMKJIOIIMUECKME 06LEME 3 <ClIepUMEHTANb-
HEIX JaHHHX, TPeOYIONIMX OTPOMHOTO KOJMUYEeCTBA BHuMcIeHHi.. HanpuMep, B 1#ik1e oTHIONS
He caMhix pecypcoéMrmx skcriepuMentos EXCHARM Ha yckoputesne Y-70 ( 1poTOHHHR CUH-
xpotpon UPBJ, [lpoTsrHo) Ans onHoro ¢haifma JaHHHX, PETUCTPUPYEMHIX B TeueHHe 18-20
MUHYT peajibHOr0 BPeMeHH, TOMAbKO JJIA [epBUYHOIA ob6paboTku Tpebyerca okoio 10 yacos
npoleccopHoro BpeMenu Ha caMoit MouHo# UNIX-3BM o61ieMHCTUTYTCKO "0 110J1b30BAHUA.
OO ¥3 HalpaBJEeHMH [OBHILIEHMA NPOM3BOAUTENBHOCTH U 3(PPEKTUBHOCTI CHCTEM Macco-
Boi 06paboTHM cBA3AHO ¢ pacTapajielMBaHMeM Ipouecca obpaborru. MmeitHo sToT monxon
nosoweH B ocHoBy cosfianua [TApainensnoit Pacumpsemoit Muterpuposmnoid Cucremu
(ITAPWC-96). OcHoBoit napa/ennsMa B pacCMaTpUBAEMOIl cHCTeMe ABJIAE "¢ paciapallic-
nvpanue AarHmx. KoMnsioTepumii knacrep srirouaer IBM nox OC tuna UNIX, cpasanune
uepes ceth ETHERNET. Kuracrep ITAPHUC cospaerca 1o cxeme xaneHT-ceisep. Ceppepom
aABnAercA BueneHHnd womnsiorep 11ox OC Linux, npejocTaBiasiolini Kir HTaM (pabounm
MAKPOMO/LY/IAM) TaKMe pecypchl, Kak obiuee JMCKOBOE IIPOCTPAHCTBO M [1POl PAMMY-MOHUTOP
JUIA JOCTYTIA K OUepe/fiM BBOAA/BHBOAA NAHHHX. YNpPaBJICHUE BCEM KJIAC!EPOM JIOKAIN30-
BaHO Ha cepBepe. Kimentn umcmonssyror cobcreenumit I[II pia obpabotiu ungopmaimu,
a maHuue 6epyT ¢ cepBepa. 3amycCK YJAJIEHHHX 3alaHMi Ha KOMIIBIOTCPAY-KJIMCHTAX 11PoO-
K3BOJMTCA APTOMATUUECKU CIELIMAJLHON PE3HAEHTHON MpOrpaMMoi, KOTOPAA BHINOIHACTCH
na cepbepe. Bce ycTpoiicTa pHeurHeil maMati (ctpumepn iitia EXABY'TE) nomxnouctn
K cepBepy, TIO3TOMY TUraGafiTHHC HHGOPMALMOHHKE NTOTOKM JOKaNusoBalmh . Makpomonynu
cucTeMnl 61arogapa MX MYyIbTHIIPOI'DAMMHOCTH MOTYT MCIIONb30BATBCH B UH CPAKTUBHOM pe-
MvMe JUIA MOHMTOPMHTA, aHaM3a NAaHHHX , HOATOTOBKM IIPOIPaMM M T.1L. Ha oHe Npoxo-
JKJIEHNA OCHOBHOT'O IpoLlecca - aBTOMAaTH4YecKo MaccoBod obpaGorku jan imx. Ocuontinie
CBOMCTBA CUCTEMBI: BLICOKASA NPOU3BOAMTENSHOCTh; MACHITAGUPYCMOCTH; HOBLICOKMC BATIPOCH

!Pa6ora BunonKena npu noaacpike Poccuiickoro donia pyHAAMCHTANLHEX HCCACAO auui, rpant N 95-
01-00736
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pecypcoB pabour X Makpomonylel (MHTeHCHBHO Hcmois3yerca Toiasko LIIT); BoamosHoCTB
MCII0Ib30BAHUA Y. laleHHNX DBM, Tak Kak MHTeHCHMBHH# o6MeH € BHEIIHMMH HOCHTEIAMM
JIOKaIM30BaH BHY [PH CepBepa; BHCOKAA HaJeHHOCTh; BHCOKMMA ypOBeHb aBTOMATH3allMu.

Peanwsaima uaen aBToMaTHsMpoBaHHOMK 06paboTku naHHEX 3xcnepuMentoB JKCUAPM
OIHOBpEMeHHO Ha Heckoabkux IBM nauanacs 8 JIBTA OUAU B 1992 r. o storo obpa-
60Tka Besach He3aBMCMMO Ha Hecxkoabkux EC DBM. Ilpu 3ToM He HCIOIB30BANOCH TO, YTO
3TH MAIIMHHE ¥Me 0T O0IYI0 JUCKOBYIO NaMATh. KoMIbloTepHyIo MIaT¢opMy IapalliensHoi
cucteMn 06paboixu ITAPHUC-BM (2] mpeacrasnan knacrep Buptyansuux Maumu (BM)
¢ O6IIMM TPOCTP:HCTBOM MHHWANCKOB, [I€ XPAHUINCH BXOJHEE M BHIXOJHEIE ouepeqy NaH-
HHIX, 2 Takke Hajop (PpyHKIMOHAIBHHX NporpaMM 06paGoTKM JaHHHX M JOCTYIIAa X ouepe-
nam.Apxutextyp;r [IAPUC-BM MoxHo oxapakTepu3oBaTh Kak cuMMerpruHylo (6e3 Be-
nensol ynpasasiuedt BM), roe dyHr1ma JocTymma k 061MM pecypcaM KiIacTepa Boslaranach
Ha UITaTHY!0 YHM j}epCajbHYy0 onepaunoHHylo cucremy VM-CMS.

BucTpoe pasi uTHe U BHeJApDEHHE TaK HashBaeMHX NepcoHansHHX IBM Ha 6ase mpouec-
copa Intel mokas: Jio mepcreKTHBHOCTh MCIIONb30BAHMA TaKMX MAIIMH [JA pelleHHUA 3afad B
obnactu ¢usvrM Brcokux 3uepruit [3]. TI9BM pososnbHO 6HCTPO JOCTHINIM IIPHEMIIEMOro
YPOBHA MHTErPalMM CO CIOMKMBIIMMCA KOMIIBIOTEPHEIM OKDYMHEHUEM AJepHO-PU3NUeCKHUX HC-
cnegosaaui. Tor 1a 6n/o pelleHO peaJn30BaTh IPUHLMIIH I1apaJslie bHoM 06paboTKM JaHHBIX
knacrepa [IAPH Z-BM Ha HoBoit KomnbioTepHolt miargopme. B ITAPUC-94 ucnonsaosanuch
II3BM pasmuumix xoudpurypamui mox MS DOS. B kauecTBe KOMMyHHKAaIIMOHHOR Cpejhl
HcrnonbaoBanack comenncrutyTckan cets ETHERNET. B kadecTBe daiinosoro ceppepa kia-
cTepa CHauasa HcToas3oBaiack PC-486/66 non MS DOS ¢ cerepoit Hancrpotikot NWlLite,
a 3aTeM BHIedeHIHH danir-cepep Novell NetWare 3.12. Apxurekrypa [TAPHUC-94 Tamxe
ApnAeTcA cuMMeTpHuHol. KoHTpoub 3a McnonbzoBaHMeM OOIMX AMCKOBHIX PeCypcoB ocy-
mecteaana cerepia OC (NetWare wum NWLite). Hcrnons3oBaHue BHICIEHHOIO cepBepa
NetWare nopoan 10 cienyiollyto npobnemy. O6seM KaHHHX, o6pabaThBaeMRIX 3a CYTHHM, CO-
crapnan nopamka 0.5-1 ['6. Tax kak dpali-cepBep ABAANCA BHACTCHHEM (HMKAKUX JOTIONHH-
TeNLHEIX (YHKLH A OH He BHIIOJHAN), 3 KOMMYHHUKAUMHA GHM o61mMM, To WH)OPMaIMOHHKH
notok 1o cetu ETHERNET, cosnaBaemnit cuctemoit [IAPWUC-94, npusommi X omyTHMEIM
Heperpy3kaM B 06 LEMHCTATYTCKON KOMMYHMKAIIMOHHOM cpeJie. BHUTO BBeneHO HCKYCCTBEHHOE
orpaHHUEHHe TKO YOCTH TIepeaud JaHHKX B cets (He 6omee 100 K6/c), Ho Takoe pa3paBHHBa-
HHe HH)OPMAIIMCHHOTO I0TOKA 3HAYUMO CHMMKAJO IPOM3BOIMTeNbHOCTS KiacTepa [IAPUC- .
94, Utobu He CTPOMTH CIELMAJIbHEM JOKAJIBHEME CerMEHT ceTH, GyHKUMM ¢aiti-cepBepa U
cepBepa BBOJa-BEBofa (MMerowero focty k crpumepy EXABYTE) 61uu coBMelenn B pad-
KaX OIHOro KOMII IoTepa. D¢ dpeKTBHOE pellleHre SToM YacTHON , HO HeMa/IoBaKHON 3a1aqH,
61110 OHMM M3 y(JIOBWIX [IpH BHGOpeE omepalMOHHON CHCTeMH Ha OuepeJHOM JTalle PasBHTHA
cutemu ITAPUC

Kax u B k1ac epe IIAPUC-94, xommynukaumomnsolt cpenolf xaacrepa [TAPAC-96 ocra-
nacs obmenrctutyTckan cets ETHERNET. Cepsep cuctemu (Pentium-166), sanmmenssi
0T KollebGaHMit HalIp/KEHUA B CETH MCTOYHMKOM OecriepebofiHoro mmraHuA BackUPS, oyn-
ximormpyet nox OC Linux. I'mrabaitTHie n0TOKM JAHHKEX JOKANM30BAHH BHYTDH CepBepa:
ofliee AMCKOBOE IIPOCTPAHCTBO KJIACTepa ¥ CTPHMMEpHEle HAKOINTeTH MOJK/IIOUCHH K CEpBepy
Hanpamyio. TaxiM o6pa3oM, TIOTOK JaHHHX B ofmed cern ETHERNET, nopomnaemuit ae-
atensHocThio I1A PUC-96, onpeaenaeTca TOMLKO KOIMYECTBOM Y NPOM3BOAMTEIBHOCTBIO pa-
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Goumx y3mor knacrepa. CreoBaTeNbHO, HET HEOOXOMMMOCTH CO3AABATH OTIEMHHNM CerMeHT
CeTH, MOXKHO CTPOMTE pacIpefelleHHYI0 CUCTeMy o6paboTku mamemix. B kavecrse dymuimo-
HaJBHHX 3BeHbeB kaacTepa [TAPMC-96 (kimeHToB) MOMHO MCIOIb30BaTh J06He IBM mon
ynpasaeaneM OC UNIX (IT9BM-486, Pentium, pa6oune cranmuu, MaNmMHH KOJJIEKTHBHOTO
0Tb30BaHUA ), B T0 BpeMsA kKak B [TAPVIC-92 aro mormw 6x1s Tomsko EC-3BM, a B xnacrepe
ITAPHC-94 - TI9BM mox ynpasiaennem MS DOS. Co croporn KimeHToB Tpebyercs Jmmis
nopnepka ceTesrx mporokonos TCP/IP, rsh/rcp.

B ommuuame or npemmaynmx Bepcuit ITAPUC, cucrema ITAPHUC-96 mocTpoena mo Te-
XHOJIOTHY KIMEHT-CEPBEp, T/Ie CYMECTBYET He TOJBKO BRACTCHHHY daltn-cep 1ep, HO ¥ CHenw-
aspHaA 3a1a4a (npollecc), yIpasifloman Bcelt paboroit kiactepa. Tako#t 110AX0K NO3BOJIET
ONITHMAJFHO CHHXPOHMSHPOBATh B3auMo/ieliCTBHe y3JI0B KiIacTepa. Hamwuwe 8 KnacTepe JByX
yerpo#icts BHemne#t maMatyu tima EXABYTE (1 XxpaneHna BXOZHEX U D e3yJITHUPYIOIAX
HAHHEX ) I03BONAET MOLJCPHKUBATE Pabouyio dady KOMIIIeKca Ges BMeNIaTe I ,CTBA OnepaTopa
Ha BpeM# 06paboTKy onHOMU KacceTn (emuocTh Kaccersl EXB-8500 cocrasie T okono 4.5 I'6).

Bce nannme, xpaHanmecs B o6meM IUCKOBOM XpaHHIMIIE KJACTepa, MMEHO pa3ieldTh
Ha CleAYI0IHeE JOTUUECKHe OUepe/IH:
- BXOIHAA oyepens (CUMTAHHHE C JeHTH dalliH TaHHEX, OEMJA0NFe Hada Ja 06paboTku);
- pabodas odyepenp (maHHEe B mpomuecce o6paboTku);
- oyepeNh OTIOKEHHHX 3afaHMi (CloZa JaHHEE [ONAfAI0T U3 pabodeil odepequ mocie aBa-
PHIHON OCTAHOBKY CYeTa);
- BRIXOIHaA ovepedb (conepmuT obpaboTaHHEe NaHHKe, FOTOBHE /A cbpoca Ha pe3yIsTUDY-
IOy IO TIeHTY ).

CepBep cucTeMH 06paboTKH TpelHasAadeH LA BHIIONHEHKA CIeLyIONHK 3a1ad:
- aBTOMATH3MPOBaHHOE IIOONHEHNe BXOTHONW OdYepeiHd;
- ocBobOM IeHMe BEIXONHON odepesd;
- obecriedenye 11JIOCTHOCTH JAHHKX KJIacTepa IIPH II€PEHOCe 3I€MEHTOB M: OJHON oueped
B Apyrylo (TaKike BOCCTAHOBJIEHME LEIOCTHOCTH Mocie c6oA cepsepa);
- aBTOMaTHYeCKMl 3aIIyCK yAa/leHHHX sajaHuit Ha paboumx ysnax xmacrepz (uporokoxn rsh,
cepBep BHCTYIaeT B KauecTBe MHUIMATODPA).

Kmvenr (paboumit ysen) KiacTepa IpeJHasHaueH TONbKO MIA BelieHHA 06pabOTKE TOTO
¢parMeHTa JaHHHX W3 OOMmEro XpaHMIMINA, KOTODHI YKa:ReT cepBep IIpH 3aIlyCKe CYeTa.
EmuucTBeHHNE pecypc KIMeHTa, KOTOpHHM Oyder McIomp3oBaThcA MHTeHCYBHO - 3to IIII.
CropoCTh ceTeBoro MHTep@eca M eMKOCTS JOKAISHOTO AMCKA He ABJAITCI KPHTHICCKAMHI
napaMerpamy kamenTa. Hanpumep, nius o6paborkn nanHux sxcnepuMentos EXCHARM no-
CTaTOYHOU MPOIyCKHON CIIOcOGHOCThIO ceTeBoro amantepa aBiferca 40 K6, c, a cBoboxmmrit
061éM J0KaJEHOTO [JACKA JOJUKEH COCTABIAATh MeHee 4 M6 (Brmouas pasme) MCIIOIHAEMOro
MOXy/LA 06paboTKY JAHHEIX ).

Hcxond M3 apXUTeKTYpH KIacTepa MOMKHO BHIETHTE HeCKONBKO IOCIeN0BaTe FHRX yda-
CTKOB, Yepes KOTOPHe IIPOXOAAT AAaHHHe B IIporecce ux obpaboTyu:
1) KormpoBaHde BXOZHEIX NAHHEIX CO CTPHMeEpa Ha oOIIMiA JHCK.
2) O6paboTka HaHHHX 3BeHbAMM KJIacTepa (YTeHWe M 3alMCh MaHHKX IIPOH:BOIATCA C CeTe-
BOTO JICKA).
3) KorvpoBaHue NOIYyYeHHHX Pe3ylbTaToB Ha CTPUMEP.
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Yro KacaeTca yuacTKOB 1 M 3, TO 3mech OFpaHWYEHHME CKOPOCTH Iepeiaud AaHHHX (He
6onee 500 K6/c) ompenenserca xapakrepucTERaMit Hakommurena EXB-8500. Ha ygacrre 2
3¢ deRTUBHOCTD CEAYIONMX y3JI0B CepBepa MoMeT BIMATH Ha [IPON3BOAUTENHHOCTh KIacTepa
ITAPHUC-96:

- JWACKOBOW IIOACHCTeMEl (JMCKA ¥ AMCKOBRI KOHTPOJLIED);
- cerenoro mHTepipeiica (ETHERNET-agantep);
- peasmsampm ucriobssyemolt OC UNIX (azpo UNIX u cereBrle npoToKouIH).

g OC Linux 2.0.0 Ha Pentium B 06meM ciyqae MOXHO A06UThCA QYHKUMOHEPOBAHUA
BCEX y3JI0B, OIMCHHKX BEmIe, B Temme 700-1000 K6/c.

IToxBensa uTor , MOXHO BUIETH, YTO KPUTHUECKHM 3BeHOM B wiactepe [TAPMC-96 Bucty-
maer crpuMep E.{B-8500 ¢ orpanwuermem 500 K6/c. M3 3Toro orpaHduenus, 3Had Ipo-
M3BOJUTELHOCT [IPOrPaMMul 06pabOTKM HAHHKX, MOMHO BHUYMCIMTE MaKCHMAJbHOE YMCIO
pabounx y3ioB («IMeHTOB) KnacTepa. Harpmumep, AmA paccMaTpMBaeMHX 3KCIEPHMEHTOB
[UKOBaA IPOM3BOTUTENHHOCT ([IPee] MaclITaGMpyeMOCTH ) JOCTUTAeTCA B Clleyomel KoH-
¢durypaumm: 20 :omubsoTepos Tina Pentium/166 wm HP-9000/712, smbo 45 xoMmbioTepoB
Tra Pentium/66 mmu SUN-20, nu6o 111 xommsiorepos tuma IBM PC 486/66.

Jlns moBHIIe1 A MHMKOBOK IPOM3BOAWTENBHOCTN (YPOBHA ILIATO) CHCTEMH x0TA 6N B [Ba
pasa HyEHO PaJZKaJbHO MEHATh 3BeHbA Kiacrepa (mepexomurs Ha FastEthernet, mcrmoms-
30BaTh Goslee CK(POCTHHE CTPEMEDH X T.A.), YTO MpHBEAET K CHYDKEHHIO TaKOTO BAIKHOTO
mapameTpa , Kak OTHONICHWE [TPOM3BOAMTENHHOCTH/IeHa. IlOBHIeHWe yPOBHA aBTOMATH3a-
1M 6e3 CHUIKEHP A APYTHX XapaKTePHCTHK HOCTUTAeTCA 32 CUET MCIIO/b30BAHMA Po6OTa WM,
1o KpaiiHe#t Mepe:, MOCIeJ0BATEILHOTO 60K AJiA HECKONLKAX KacceT.

IMoTentman omacansoro kommekca [TAPYC-96 i 06paboTiu maHHEX AOCTATOYHO BH-
cok (1o 700 cobr THil B CEeKyHIY, 4TO NOYTH B 3 Pasa (PeBHIIAET CKOPOCTH MX M3MEDEHNA),
HO Ha MPaKTHKe OH €llle He OHJI MIOMHOCTHIO MCIIONE30BAH M3-32 HEZOCTaTKa (QWHAHCHPOBA-
A, [IpakTiUec Koe MCIONL30BaHNe CUCTeME [4] TOATBEPIMIIO €€ 0CHOBHEE CBOACTBA: BHCO-
Kaf [Ip OM3BOTUTE THHOCTh, SKOHOMUYHOCTh, MacIITabNpyeMoCTh, BO3MOKHOCTh MCITOMb30BaHHA
yaanenHnx BV | BHCOKafA HaJEHHOCTS.
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Abstract. The problem of electromagnetic field diffiraction by a cylindr cal non-
regular interface between two media is discussed. The boundary value proble n for the
Maxwell sct of equations in the half-space is reduced to sets of integral equatisns. The
mimerical algorithms are based on the summability theory of series with log arithmic
singularity which define the integral equation kernels. The numerical algori hins ave
used to evaluate the mathematical models domain of application.

OJIHUM W3 PACHPOCTPAHCHHLIX METOHNOB MCCHEJOBAHUS OKpYRKAOLICH ¢pefibl sBidercs
MeTon 00630pa 3eMHOM NMOBEPXHOCTH € [IOMOLUBIO PA3JIMUHLIX TeXHH' CCKHX CPCUCTH.
YCTAHOBJICHHBIX Ha JleTaTelbHbIX annapatax. Cpenu Takux CPeICTE BAAKHOC MECTO
JAHUMAIOT PAAMONIOKALMOHHBIE CTAHOMM 0030pa- 3eMHOM MOBEPXHOCTH. NO3BOAAIOULMC
foAyunTh u3obpaxenue ¢ OGOABIWIONO paccTOAHMA. WUurepnperam s pesvibraros
MIEKTPOMArHUTHBIX SOHAHPOBAHHA HO3BOJIACT OBHAPYRATH MAJIOPAIM PHBIC 06 CKTHI,
HOJYUNTL JICTATbLHBIE MU306paxkeHus MeCTHOCTH, HaTh 3aKJIOUCHHE O COCTOAHHN nouB,
SAlPATHEHMHM BOLHOW NOBCPXHOCTH, a TAKXKC PEIINTDL PAJl APYIHX akTYadbHBIX 3ajtan.

Has murepuperanun pesyJIbTATOB 30HAUPOBAHUA GONBILOH UHTEPC ™ NPEACTABIACT
W3YUYeHne 3aBUCHMOCTH XapaKTePUCTHR OTPAKCHHOIO N0 OT (YOPMbL it IIPOHHHACMOCTH
yuacTKa oTpaalotled nosepxHocti. [l rakuX uccaenoBauiii rpedye res paspaborka
IPHEKTUBIBLIX ) MeToROB
pelienus 3anavd BUQPAKUUU NICKTPOMArHUTHOIO NOJIA, NAJAOHIeI0  Ha HOBCPXHOCT,
pasiena cpel ¢ JOCTATOMHO MPOU3BOJLHBIMU XapakTepHcTHkamil 11 (opmoil.  Bamubl
KaK HOCTAaHOBKA IPAMOR 3ajlady - ollpcfesieHie 3aBUCHMOCTH OTPaXCHHOIO CHTHANA OT
GOPMBI U PUIMUYCCKUX XAPAKTEPUCTHE OTpaXkKalolwed TOBepXHOCTH, Tak H « Gparnas 3afaua
BOCCTANOBICHAA XAPAKTCPUCTHK OTPAXKMOIISH HOBOPKHOCTH NO BOAUUUHE IPUHATOIO
curnasta. s pemerns o6paTHBIX 3a0ayd HEOGXOUAMO AMETH MPPERKTH LI AlropiTM
peliciivg upsMbIX 3anad.

B nacrosuieil pabore 06CYXKIAIOTCS YHCJAEHHBIE METONBl AHAJM3A 34 [ay Jindpakim
HAOCKOW MICKTPOMArauTIION BOJMHBL, Najalolled Ha HeperyAspHYI0 HOBEPXIHOCTL pasiieda
ABYX PASiRYBLIX cpen. PaccMaTpuBaloTcs KAk CTPOro HEPHONNNCCKAs NILINIIpHICCKas
NOBEPXHOCTh, TAK M HAJKIIPAUCCKAS TOBOPXHOCTh, OTIAHAA OF THIOCKOC I Hil ROHCYHON
yUacTKe.

1. HurerpanbHule ypaBHeHMsa B 3amade AudpaKUy¥ HA NePHOXMYECKOR
rpaHuile pa3sfeaa ABYX cpel. DyneM paceMarpusarTh NeproIMecKYIo  rpasiny
pasena nByxX cped.  BuibepeMm JeKapToBY CHCTEMY KOOPAMHAT Xy Takiy obpason.
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yTo6Bl OChb 2z GblNa NapajiielbHa LHAMHAPHUYECKOH 0Opa3zylolluell NOBEPXHOCTH pa3zfena,
NepHOAMYeCcKOd B HalmpaBJeHHH OCH z. DyneM cYMTaTh, 4TO YTO KaxkKOad TOYKA Ha FPaHHLe
pasliesia OMHO3Ha4HO MPOEKTHPYETCH Ha OCb Z, T.e. YpaBHeHHe IPaHMUbI eCTb ¥ = f(z).
NycTh cpena Ham rpaHuuedl, B KOTOpOHl pacnpocTpaHseTcd Namalolee noje {(065acTo
D), n non rpany et (o6nacth D) onpenesnseTcs IU3IeKTPHYECKMMH €1 2 H MArHATHLIMA
41,2 MTPOHHLAEMOCTAMH COOTBETCTBeHHO. BoisHOBbIe yucNa ecThb k1.2 = w\/ém, w -
KpyroBas 4acToTa. bymeM npeamnonaraTsb, 4To £ - AelcTBUTeNbHOE YKCIO. 3aBUCHMOCTD
OT BpeMeHH exp(—iwt).
O6o3nauum vepes Eq(z,y,2), Ho(z,y, z) najakouee noje MI0CKO# BOJHLL BAIA

EO(I, Y, Z) =Ep exp (—iaoz - l/joy + i'YOZ) s

z . . )
Ho(z,y,2) = Eo‘/#—zexp (—taoz — ifoy + i702) s (n

roe
g = kq sin g sin g, Bo = ki sin g cos o, Yo = ky cos @o; (2)

30eCh g - YTOJI 4€KAY OCbIO Z M HampaBlieHHeM pacHpoCcTpaHeHHs Nagnatoluedl BoMHbL, 8y
- yroJl Mexdy O 'PHLATENbLHBIM HallpaBleHHeM OCH Yy M NpoeklHeil Ha IJIockocTh z = {}
Hanpap/leHHs Pa NpoCTPaHeHHs Manalollero nosid, uMeoluero aMmmiantyny Eq.
Tpebyercs HAHTH pewieHue OMHOPOMHOM CHCTEMbI ypaBHeHH# MakcBensna B obnacTax
Dl) D2
rot H(l’z)(:c, ¥,2) + iwe‘],zE(l’z)(z, ¥,2)=0,

rot B! (z,y, 2) — iwpy ;HO D (2,4, 2) = 0, (3)

C TPAHHYHBIMH ycnoBHAMH HENnpepbhIBHOCTH TaHreHUHallbHBIX KOMIIOHEHT
3JIeKTPOMArHUTEOrO NMOJIA MPH llepexoae yepes rpaHMUy pa3nelia cpen

0] = o8], ] = ], @

OTpaKeHHOe Il JOoleLIee NOJA YAOBNETBOPSAIOT YCIOBUAM H3JIyYeHHS.
C yueToM renMeTpHM CTPYKTYPHI M XapaKTepa MafafOILero Mol 3afadya AHPPakmuy
BO BCeM NPOCTP:HCTBe CBOAMTCS K PellleHHI0 BHYTDH ONHOTO MepHOfa, FPaHHIY pasfena
B KOTOpOM 0603t a4uM Sp.
BynmeM HCKaTb NOMHOe 3/eKTPOMarHUTHOE loJle B BUIE

E(z, 4,2) = E(z,y) exp (ivoz),  H(z,y,z) = H(z,y) exp (i702) . (5)

Mo:KHO MOKa3aTh, YTO MPOEKUHH Ha OCb 2 KOOPHHHAT NoJiei E(l'z)(:c, v), H2(z, y)
YIOBJIETBOPAIOT OBYMepHOMY ypaBHenuio ['enbMronbua

2 EM (2, y)

gtk - =0, 6
gt g TR T\ g ) ©

rpaHUYHBlE YCOBHS (4) NPUMYT BHI

Egl) = E£2)’ H,Sl) = ng)i
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_ﬁ@Hil) + ﬁaEil) _ Wy 3H§2) + ﬁaE?)
B8 O g or =~ p: om g or '’
wey 0B 3o OHS) _ wea 9EP 4o 9HY)

B on TB or B on "B or @)

roe

4 9 i} 9 9 i}

E_;—nza_z‘l"nya‘y 'a;'—nzgg_nya_z$
Nz, My - HANPABISIOLINE KOCHHYCH HODMAJIH 1, BHeluHe# k o6nactu Dy, Bi,= k-7
Ianee GyneM NpeAnofaraTh, YTO 4y = iz = Ho.

Ilna nonydyeHHs WHTErpalbHLEIX YpaBHeHHil ucmonbsyem ¢opmynm I'puna ¥

IByMepHbe KBa3HnepHonMueckue dyHaaMeHTANbHEIC DelleHus g1 2(M, P, nna ypaBHeHU
lenbMronbua:

Dgia(M, P) + (K ~22) g1.2(M, P) = =2n6(M, P). (8)

dyukuun g;,2(M, P) onpenelleHsl Bo BCeM NPOCTPaHCTBe R?, ynoBneTBC pAIOT YC/IOBHSM
U3Nny4YeHUs ¥ MMeloT BHI

ir 2. exp (iAnAx)exp (il‘g'z)|Ay|)

912(M, P) = = i) :
n=-—00 n
An=(t+2mm)/b, TP = Jk2, — 42— AZ,  ImI{? >0,
ImIM{? =0, Rel'™™ >0, (9)

rne b - nepuon pemweTku, ky = ki/Ez, t=kibsinfy, Az =1zpm—2zp, Ay=ym-—yp.

Hcnonssys rpanuunsie ycnoBus (7) M CBOHCTBa IOBEPXHOCTHHI{ TOTEHLHAJOB,
NOMYYHM CHCTeMY YeTHpeX HHTerPaJbHLIX ypaBHeHHHl BTOPOTO POM i OTHOCHTENBHO
HemsBecTHHIX u(P) = Eil)(P), v(P) = Hz(l)(P), du(P)/dn, Ov(P)/0n ma rpauuue
So [OBONLHO ['POMO3NKOTO BHOA, COLEPXKALIYIo, KpOMe TOTO, M TPOM3BOAHLIE HCKOMOIO
pelileHHd TIO KacaTeabHoi [1]. )

B ciyyae, Korja Najaiolllee NOJe He 3aBHCHT OT KOOPAMHATH 2z, T.e. Yo = 0,
TPaHMYHEIE YC/IOBHA NPUHHMAIOT BHA

(1) @ M gD
9By _ 9E{ 10 _ L oHf (10)

M~ p@) (1) — g2 — .
E: EZ H; B, on on ' £ On e On '

a NoNyuyeHHas paHee CHCTeMa 4eTHIpeX yYDaBHEHUH pacnanaeTcs Ha 1Be He3aBUCHMbIe
CHCTEMEI M3 NByX HHTelPANbHWX ypaBHemuit oTHocuTensHo u(P), v P), 0du(P)/0n,
Ov(P)/0n:

1

i) = o [ (95 (02— ) + 257 (1 - aga) dsp + d00r), (1)
So

1 M) 1 R 3
5(1+a) = -2—7—"3‘0/ [u(P)an—Man—;(.‘h -q) -
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6u(P) I}
Bnp Bn

diig(M)

BnM ) Me SO, (12)

(ags - yl)] dsp + ————=

rune
a=1, @P)=uP)=EP), E-p

a=efer, @(P)=v(P)=H(P), H-p;
up(M) = Bosx(e,y),  vo(M) = Ho.(z,y).

B ypaBuenuax (11), (12) smpa HHTerpaJbHEIX YpaBHeHHH HMelT cltaGyio
0cOGEHHOCTD Npll COBNAINEHHHM apryMEHTOB, HOCKONLKY BHIPaXalOTCS 4Yepe3 pasHOCTb
(dyHIAMEeHTaJIbHIIX pelleHHili M MX BTOPHIX HOPMaJjbHEIX NpousBomHbix. [locTpoeHsl
QNTOPUTMBI JUIS MX BBIYACIEHHUSA, OCHOBaHHLIE Ha CYMMHDOBAHMH B SBHOM BHIE pANOB
¢ norapu@MHUYecKoll OCOGEHHOCTBIO M YNYYIUEHHWH CXOEMMOCTH BXOHALIMX B NEPBYIO
npoussonHyo psooB. [IpH mOcTpoeHUM HTHX AJTOPHTMOB YYMTHIBAJIACh ACHMITOTHKA
HCCNeRyeMBIX Gy HKINH.

B yacTtHOM ciuyyae, korma o6nacth Dy ABNSeTCA XOpPOLIO NpPOBOAAlLEH, Ha CpaHUUE
pasfiena cpef 3/ KTPOMarHUTHOE ToJie YIOBIeTBOpsAeT yciloBusMm JleonToBuya

[nv El] - “W[na [anl]], (13)

roe W = \/lto/€; - umnenanc cpenst D;. JIndpakunonsas 3afada CBOARTCA K PEIICHHIO B
obnacTd D) ABY:: He3aBHCUMHIX ypaBaeHH# ['enpmronsia Buga (yo = 0)

o? li 2) (w(P)) _
(612 7 Hh ) (v(P)) =0, (14)

C UMNeOaHCHBIM "DaHUYHBIM YCIIOBHEM

P .
an kl
. agv(P) - dv(P) =0, oy = tkyW, H —p.

on )
Paccesannoe mnoje B ofbmacTd D) JMONXKHO YHOBAETBOPATL YCIOBHAM H3JYuCHHA.
CooTBeTCTBYIOIL He HETEr paJibHbIE YPABHEHHA 3AMHCLIBAIOTCA CHEHYIOWUM 0BPa3OM:

1 0 1 0g1(M, P)] du(P
iaE—lf(—)+—/ [gl(MvP)~|-OtEg—lé()n;—‘Z 1:9(” )dSP: —ug(M),

So

M € 5o, E —p; (15)

%L‘(M) + %/ [@%Q —agq(M, P)] v(p)dsp = vo(P),
So

M € Sy, H-p (16)

3necs ug(P), vo( P) - nagawoluee noie.
. " o
Tak kak €2 = g3 + i, €5 = t0/w, TO ONA XOpOLIO NPOBONALLMX CPeIl
CpaBHeHMe YHC/IEHHBIX PE3YJIbTATOB PellieHHs CHCTeM HHTerpaJibHLIX ypasHenni (11), (12)
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¢ peluenneM ypaBHenuit (15), (16) n03BONZET OLEHHTH TPAHMILL IPUMHUMOCTH Gonee
1npocTOl MaTeMaTHYeCKOH MoOelH.

2. HUnTerpanbHble ypaBHeHMsi B 3anade NOMPPaKIMM Ha KOHEYHOM
MMIeNAaHCHOM Yy4YacTKe B3BO/ITHOBAHHOW MOBEpPXHOCTH.

PaccMOTpUM  NMQPAKUWOHHYIO 3alady B [pPeNNONOXeHMH, YTC OTpaxatolllas
NOBePXHOCTH NpeacTaBiseT coGoll OTpPakaollyld MIOCKOCTh, OedOof MHPOBAHHVIO B
KOHCYHOI o6nacTH, NpuyeM Oe@opMUpoBaHHaf MOBEPXHOCTL ORHO3HAYHO NPOEKTHpYeTcs
Ha IJIOCKOCTb. DymaeM paccMaTpuBaTh Takue MNOBEPXHOCTH 5, KOTIpPble 3a0aloTcs
ypasuednem y = f(z), roe supp f(x) orpaHudeH, M KOTOpble LENHKOM COmepKaTCis B
nosynpocTpaicTse y > 0, 4TO NO3BOJNAET CBeCTH AUPPAKUMOHHYIO 33034y K pelleHUI0
O/IHOI'O (A HC CMCTEMBI) HHTerpaJbHOrO YpPaBHEHUS.

O6o3nauuM yepes Dy moaynpocrpalcTBo y > f(r) ¢ HeperynapHoi rpaHuuedt. Ha
KOTOPYIO NajlaeT MJIOCKas BOJHA

up(z,y) = exp (iky (—x sinfp — y cos b)) . (17)

Tpebyercs naiitn B obnactu [y pemenne asymeproro ypaphenus I'einmronsua (14)
OTHOCHTCNIbHO Nonuoro nond u(F) B cnyvae E-nomspusaumn win v(F) B civuae H-
HONAPUBALNY, YUOBJIeTBOpAKOLLEe HAa .5 WMIEQAHCHBIM TPaHUYHBIM V JIOBUAM, a Ha
LOJIYIIOCKOCTH YCJHOBUSAM MISAJILHOIN NPOBOAMMOCTH

w(P) =0, E~p, (18)
M =0, H-p ° (19)
an

Ha 6eckoneunocTn paccesHHOe MoJle OOJXKHO YIOBIETBOPATL YCJIOBUAM W JIyUeHUS.
Beenem @ynkumu ['puHa, onpenenensble B noaynpoctpanctse y > 0:

o (0, P) = [0 (kn/(8ay+ @) - 1) (ke T )] o)

i ; ; B e
g1, P) = T (18" (kf1aal s @op) + B (/o4 (7)] . @)
YIORJIeTBOpAIOUINE HA rpaiuie ¥ = f(&) COOTBOTCTBEHHO KPAERBLIM YCIIOBHANM 1CPBOIO
Win BTOpoOro poga, riae Az = wp — ap, Ay = ym — yp. S1o= ya + yp.

Coorpercrsyionine HHTerpaJibHbe YPABHOHNA MUMEIOT BHA, AHAJIONWUHLIA VpaBHCHHAM
(15), (16), Tonuko nmecto g(M, P} 6epercs nubo dyuxuns g& (M, P} (L -nonspusaiis),
6o g (M, P) (H-nonspusanus). WuTerpupopatue NpoM3BOLMTCH NC IpaHile S. a
paBasl YacTh B yPaBHEHUAX 3aLAeTCA CJELYIOLIMM 06pasoMm:

ug(,y) = exp (tky (—asinfy — ycosbp)) — exp (iky (—asin by + ycouby)) . (22)

vo(e, y) = exp (iky (—xsinfp — ycos o)) + exp (iky (—xsinfy + yeos fp)). (23)

B coormercTBAM ¢ paspaGoTaHHON METORMKOH NOCTPOCHLI  BHIMUCIAHTCNALHBIE
ANTOPHTMEL M NPOBENCH aHAJIN3 OCHOBHBIX OCOGEHHOCTEN NOBCUCHUS XAPAKTCPUCTHK
orpaxennoro nonsa. Jlns nepuonnyeckodl NMOBEPXHOCTH UMOELAHCHOC NPHGARKCHIC
XOPOIIO ONUCEIBAET XaPAKTePUCTHKN PACCEAHHOIO MO HPH HAJIHYIN NPUBOISINCT ¢ et

[1].
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MOHOTOHHBIE PA3SHOCTHBIE CXEMBI BEI'YIIEI'O
CUYETA HA HEPABHOMEPHBIX CETKAX'!

II. II. MaTyc

Hnemumym mamemamuxu AHE,
Pecnybauxa Beaapycy, 220072, 2. Muncx, ya. Cypeanosa, 11
e-mail: imanb%imand.belpak.minsk.by@demos.su, dns@im.basnet minsk.by

Abstract. B paboTe 512 QIHOMEPHOIO ¥ MHOIOMEPHOTO NapaboIMyecKoro y >aBHEHUS
C MIOCTORHHBIMMK KOXPPUIMEHTaMH CTPOSTCE MOHOTOHHLIE PA3HOCTHHIE CXeMB Geryuiero
CYyeTa BTOPOrO NOpPEAKA AINTPOKCHMAIMA Ha IPOHIBONLHON HepaBHOMepH(H ceTkKe.
Jloxasana cXQIMMOCTE MPEAJIOKEHHEIX cxeM B HopMe C €O BTOPHIM NOPEAKOM.

[Ipu yncneHHOM MOIENHPOBaHHH COBpEMEeHHHIX 3aia4 HayKH ¥ TEXHMK 1 ¢ 0COGEHHOCTA-
MH (yZapHBIE BOMHLI, NOTPAHUYHEIE CJIOH M IP.) YaCTO HCIOMb3YIOT HEPABIOMEPHEIE CETKH.
Kak npaBuiio, oHM MMEIOT JIHILL NepBElll MOPANOK ANNPOKCHMAUMH 1O MPOCTPAHCTBEHHOM
nepeMeHHoM.

B [1] nns onHOMEpHBIX HeCTAMOHAPHBIX 3alay NOCTPOSHBI M HCCIIeNOBaHbl PAa3IHYHbe
KNIacChl Pa3sHOCTHBIX CXeM INOBHILIEHHOTO NOPANKa aNNpPOKCHMANMM Ha HepaBHOMEpHBIX
NPAMOYToNbHLIX ceTkKaX. JlaXe I/is HeSBHLIX CXeM NOJNyYeHbl HECKOJ,KO HeTHIHYHEIe
ycnoBHs ycToitunBocTH: T > ch?, h = maxh;; 7 > cmiax|h,~+1 ~ hi|?, ¢c=comst > 0. B [2,
3] nonyyeHHHe pe3yNbTATH 0606u.[a.lorc'u Ha MHOrOMepHbIe JIIMNTHYEC (He YDaBHEHHS C
KpaeBriMu ycrnoBusMu Hupuxne, OcHoBHas MOes MeTola 3akiioYaeTcs B alNPOKCHMAUHH
yDPaBHEHHS B HEKOTOPON HEYy3NoBOil TOuKe (B Ciiyuae NPAMOYTONLHEIX CETOK — 3TO UEHTP
MAacC CHCTeMbl MaTePHANbHHIX TOYEK eNWHHYHOH MACChl, BXOLSIINX B UIAB/IOH CXEMBbI).
[ockonbKy AN HECTANMOHADHBIX YPAaBHEHHHl B 3TOM Clyyae NPOM3BOMIYIO MO BpeMeHH
NPUXOLKTCS HHTEPNOJHPOBATH 110 COCENHUM Y3/1aM, TO NpoblieMa NOCTPOeHHS H MCCIeno-
BaHHs ABHEIX Pa3HOCTHLIX CXeM B 3TOM Cllyuyae NpeIcTaBiseT CaMOCTOATbHbI HHTepec.

1 OnsoMepHOEe ypaBHEHHE

JIjis mpoCTOTHL paccMOTPHUM mapaboliinyeckoe ypaBHeHHe

ou k(')zu

ot Oz
C QNHOPONHLIMH FPaHHYHBIMH YCIOBHAMH M 3aJlaHHLIMK HaYallbHBIMHE JaH {kIMH, k= const>
> 0. BeneM B paccMOTpeHHe HePaBHOMEPHYIO CETKY Y3J/IOB [0 IPOCTPAHCTBY

+ f(=,0), O0<z<l, 0<tLT (1)

Op={zi=xi-1+hi, i=1,2,...,N, 20=0, zy =1} (2)

U paBHOMEpHYIO IO BpeMeHH

Wy = {tj=jT, .7.=Ov15'-'a.7‘0; T=T/.70}

!PaboTa BHIN npu ¢ opoit mopaepxke Benopycckoro ®Ponna dynnamern ranbunix Mccneno-
BaHHHA
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IIns onpenenennocTH 6yneM npennonaraTh, 4To hiy1 > h; (ceTka cryniaercs x Havany
xoopaunat). Iln: annpokcuMauun 3anaun (1) NpAMEHKM NBYXCIOHHYIO CXeMy BHO2

hy —h
Yt + Yiz = ky + f(ivt)v (3)
o = yn =0, yO(l.) = uo(l'), zTE éh' (4)
3nech hy = hix1, yz = (¥ — yi-1)/hi, R = 0,5(h + hy),
Yy~ yi—y.'-l) o hy —h X
::_ﬁi( h,'+1 hi ) Z=z+ 3 3 T € Wh.

B pabore [1] noka3sano, yto cxemnbt Buna (3), (4) anmpoKCHMUPYIOT MCXOOHYIO nHp-
(depeHUKANbHYIO 32034y Ha NPOW3BOJILHOH HepaBHOMEPHOH NpPOCTPAHCTBEHHOH ceTke C
nopsinkom O(h? -- 7) oTHOCKTenbHO y3na (Z,1).

Teopemal ITycmb waz T noduunen Ycaoeusm:

_h_?-u h? <r< R, + 2hihiy
6k 6k !

hip1 > hi, i=1,N-1. (5)

Tozda pa3nocmrad czema bezyuje2o cuema (3), (4) MOHOMONRG NO HAUGALHLLM OGHHBIM,
nPasot YACMU U UMEEM MECTNO OYENKE

t
max |ly(t +7)lle < lyO)llc + 3 rlIF W), tew, (6)
=7
20e y(t) = ¥(t;) = (W1, 93, vn-)s Il - lle = max| |, 0= v(2).
Hoxa3zaTe.1bcTBO. PazhocTHoe ypaBHeHHe (3) 3anuiieM B MHOEKCHON (hopMme

(1+ kg™ = (Tk iz) I+ (1+iz-——2Ti)+
h:h hih,’+] (7)
i_ h+ - h

- yJ+- yJ+1 +hy;’__1 Tf_,', h = 3k

Tak Kak NpH BHIOJIHEHHH CHCTeMbl HepaBeHCTB (5) Bce KOXphHUHEHTH! B NPABOA 4acTH
TNO/IOXKATEJIbHM | BHIIOIHAETCA CBOWCTBO MOHOTOHHOCTH), TO #3 (7) HaXOmMM

1+ Byt < lylle + Rl lle + 7IF E5)e- (®)

Tak Kak nocjiefit ee HepaBeHCTBO BHINOMHEHO Jis Beex t = 1,2, .., N — 1, To n3 (8) cnenyer
(6). Teopema nokazana.
3ameuvanuel. Tak kak y(’,+l 3a/1aHO, TO pelleHHe CXeMEl HaXONUTCs NOCIeNOBATE b-
HO clleBa Hanpago o GpopMynaM Geryiuero cyera.
) 3ameuanne 2, Ecin HepaBHOMepHas ceTKa CryilaeTcs no apyromy 3akoHy (hiy; <
< h;), To B ypaBHenuH (3) cnesyeT B3ATb OPYrylo HalpaBleHHYIO pa3HOCTh

e = g+ 120, (9)

hy
v+
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3amevanued. [Ipy HaJuuun B ypaBHEHUH MPON3BONHLIX MEPBOrO MOHPANKA CllenyeT
HCTONB30BaTh CNIAYIOLWYIO allpoKcHMaunio [4]

Ou/dx ~ uz, uz = (u,+u: + uz)/3,
up = (uy —u)/hy, u;:(u+——u_)/(h++h), uz = (v —u.)/h.

[IpuyeM, kak mokasako B 3TOll ke pafoTe %E(:E,tj) — uz = O(h%) Ha npowssonbHOH
HepaBHOMeDHOI MPOCTpaHCTBEHHON ceTke. ’

3amevanue 4. Insg ypaBuenus (1) 3anamumM HEOLHOPONHBIE T'paH {YHbIE YCIOBHS
nepBoro pona

u(0,t) = i (t), u(l,t) = pa(t), t>0, u(z,0) = uo{x ,

KOTOpOe Ha CeTKe Wy X Wy aNMPOKCHMHPYIOTS TOUHO

Jo=m(), gnv=pa(l),  ¥°2) = uol2). €y

Torna Teopema 1 ocraetcs cnpasenansoiit npu g (t) = 0, pa(t) # 0. B obliem cayyae
onenxa (6) HMeeT MeCTO, ecait NepBbie IBA lWara pasubl iy = hy.

3ameuanued. Haocose anpuopHoii onenku (6) MOXKHO ONYYIITEL H CCOTBETCTBY IOILIHe
ollenkH ckopocTn cxonumocTH. [loncTapnsas y = : + u B ypasnenns (3), {10), nonyyum
3a[auy A5 NOrpelliHocTH 2

2 = kzzz + (2, 1), (12)

20=32n=0; 20(1) =0, & €wy. (13)

KKax nokasano B [1], a5 ¥ = ¢ + ¥,

Ou, _ hy —h . ; ’ Pu
P = E(x,f) - (“t +—3 Uri) , vy =k (”J""" - ﬁ

HMEIOT MeCTO OLeHKH
[¥xllc < e(h?*+71), k=1.2, h =maxh;, c=const > 0. (14)
1

CrnenopaTenbHo, Ha OCHOBaHHH TeopeMbl 1 18 peuenns sagaun (12), (15) nmeer mecto
oleHka
?éa.x”z(t)”c <Ti¥|lc € er(h4 1), ¢ =const > 0. (15)
W

2 MHoroMmepHoe ypaBHeHUE

WUcnone3sys uneu, uanoxennsle B paborax [2, 3], HeTpyANO NOCTPONTI aHAANOTHUHBIC AJIrO-
PHTMBI H IV p-MepHOro napabonnyeckoro ypaBHenus

du F 92 )
E=Z#+f(’*')v £ = (2,220, 2,) €GO, (16)
. a=1 «
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u(z,t)=0, z€; ulz,0)=ue(z). z €G. (17)

rae G = {0< 2z, <o, a=1,2,...,p}. B G o6hiunnim o6pazom BROONTCS HepaBHOMEpHas
ceTKa .
o ={z ==z, = (21, 27,. ..,zi;’); zle = gla-t 4 hle,
ia=1,2,..., Na, 22 =0, zf" =l a=1,2}.
CooTBeTCTByOILAsA Pa3HOCTHAA CXeMa BTOPOro MOPANKa allpoKCHMallii Ha HepaBHOMep-
HOM ceTKe w = w,, X W, HMeeT BUI

P 14
v+ Y bty +hive) = 30 3 (y+htys, + hiys )k + f(2,0), (18)
k=1 a=1

-

=1
#a
y(z,0) =0, z €, t €wr;  y(2,0) = uo(z), T € Oy (19)

- . - hey —h
3neck hf = 0,5k + |hif), by = —kta—i, vl = o+ (1 - a)v, & = (&1,%2,,Fp),
To =2Zq+ ha-
B cooTBercT 3un ¢ paboramu [1 — 3] HeTpyAHO MOKa3aTh, YTO NOrPEIHOCTH afiipo-
KCHMalHuu

D(Z,t) = O(|hf* + 777,
roe

max_ h*, m, =

2__p2 2 2
=i+ hy+ .+ by ha 1P

il

2, a=0,5,
1, o #0,5.

MuTepecHo OTMETHTh, YTO B Cllyuae paBHOMEDHOW CeTKH w; Pa3HOCTHOe ypaBHeHHe
(18) BrIpoxnaeT:s B OGLIYHYIO CXeMY “KpecT” M B 3TOM ciiydae & = & € wy — ABIAAETCH
pacueTHOll TOUkCA. B HacToAel paboTe orpaHUuYMMCA HCCITRIOBAHUEM JIMLIb IBY MEPHOTO
ypapuenus npu =0 u hpy > hg, k = 1,2. Torna u3 (18) GyneM nmerh

¥+ illyifl + il?ytfz = (y + ilZyrl )fz.‘h + (y + illyz'z )fl-f“l + f(iv t)' (20)

Ilns npocTorbl paccyXAeHHH TakkKe NPEANONOAHM, YTO CETKA IO HANPABIEHHIO I
pasuomepHas (b, = hy). Torna nmeer mecto
Teopema2. ITycmo ebinoanensvt caedyrowyue yeLoeus:

h

A By - B
Ay

3

h2, — K2 h?
A _ T er <

5 Sricm <ec, h3>

cl<

Oas 6cez iy = 1,2,...,N; — 1. Tozda pasnocmuas czema (19), (20) monomonna u umeem
MECTRO OYenKa

t
max [ly(t + 7)llc < ly(O)lc + Y- (¢ e (21)

t=r

HNoxa3zatenbcTtBo. YpapHenue (20) npeobpasyeM K KaHOHHYECKOMY BUAY

(14 h1)§ = a1y + azy41 + a3y—y + aa(ys2 +y_2)+ (22)
as(Ys1,42 + 14 2-) F o + TF(E 1), tEw,
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roe

a=1+h _21-(71'1—’171_: _ il”’)’ a; = L(i - 2il—l+), h= ma.x[hl,hg},

3 hiy \By  3R3
— ._.T h — T(l - ill'l') — T’.ll-l- - hl+ -h - _ h1+ -k
az = by hy, a4 = ¥ , G5 = YR hy = o hiy = T

Yik = Yiptls Y41,42 = Yir +1,i241s Y14.2— = Vi +1,i3-1-

Ilpn BHNONEEHHH yCNOBARA TeopeMhl KOXpPHLUHEHTH ypaBHeHHR (22) a — HeOTpHUa-
TenbHul. Beps no Manynio o6e yacT ypaBHenus (22), IpHXONNM K HepaBedCTBY

(4 21| < Nyl + bailiglhe + Tl F (7)o

B cH1y npoR3BONBHOCTR #)13 W3 noclienneld onenky cnenyer (21). TeopeMa noxasana.

3ameuanueb. [lycts p = 2 ¥ nng ypasuenns (16) 3anantl ReoNHOPON}(b€e FPaBHYHEE
ycnosrs u(z,t) = p(z,t), z € . llonctaBnss Teneps B (20) y = u+z n novaras hyy, = A
(paBROMepHaZ ceTKa N0 HAHDABIIEHAIO T3) NONYYHM 3A0ATY

hiy — b
3

+—h

h
a+t 2r, = oo+ (3 ) 4 (23)
Epig

Cornacno [2, 3] {|¢]lc < (h* + 7). CnenopaTennHo, npi BHIONHEARH YCIOEHH TeopeMH 2

2 _ .
max z(@#)]] < e2(h* + 1), ¢z = const > 0.
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Poccuticxult Ynusepcumem dpyorcbu napodos
Kagedpu duddepenyuarvnmr ypasnenuil u Pynrxyuonarvuozo anaausa
117198 Mocxea, ya. Muxayzo-Maxaas, d. 6
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B MaTeMaTI{(YecKOM MONEJIHPOBaHHH ypParaHOB, Tali¢yHOB H CO3IaBaeMEIX HMH BOJIH
JIO HEJJABHETO 1ipeMeHH IO BIOJIHe NOHATHLIM IPHYMHAM NPEANovYHMTaau wiberaTh Hemo-
CPEICTBEHHOTO Hcnosb3oBanus cucTeMul HaBre-CTokca, exauell, kak H3aBecTHO, B 0CHO-
Be Bcell ruapo; MHaMuKK. DTOT npobes oTYAcTH BocnoJHsercs paboramu [l-5). B Koro-
PhIX CONYTCTBYIOUEe yparaHaM 3MIMPHIECKH BLISBJIEHHOE HAJM'UHE Pa3pbiBoB [6-8] Mo-
JEJIMPYeTCH 3a3HCAUIMM OT BPEMEHHM Pa3phLIBOM B THHE PDaHHYHEIX ycnosuii. [Ipu 3rom
HenocpeACTBeH 10e ucnoub3opatne cucteMul HaBbe—CTOKCa NMOBLINAET yPOBEHL MaTeMa-
THYeCKOH MOMETH, a COOTBETCTBYOUIEE 3HATHTEJIBHOE YCJIOKHEHHE AJITOPHTMA PellleHHs
KOMIEHCHPYET( # 3HAaYHTEJIbHEIM POCTOM BEIYHMCIHTEILHEIX PECYPCOB.

B BacTOoAmEd# paboTe H3ydyaeTcs MOCTpoeHHaA Ha ocHoBe cHcTeMul HaBhe-CTOKCa Ma-
TeMaTHYeCKas MOIeJib JHHAMHEKH BOJIH, CO312BaeMEIX yParaHOM Ha IOBEPXHOCTH OKEaHa.
MpennonaraeTcd, uro ypasHeHus HaBre—CTOKCA OHHCHIBAIOT OJHOBPEMEHHO NHHAMMKY
arMocdephl H (KeaHa, a HeH3BeCTHAaA MOBEPXHOCTh pa3fiesia IBYX CpeX (BOALI H BO3XyXa)
npencTabigeT 060l BHyTPEHHIOI NOBEpXHOCTh pasphiBa. Hama riasHas uesb - onpe-
IeJHTh $opMYy 3TOH NMOBEPXHOCTH.

Crenndura yparannolf. CAJE BeTpa YIHTHIBAETCH IyTeM 3aAMEHH TPaJHIHOHHbLIX
ycJioBHil IpHNaHAA Ha NMOBEPXHOCTH pasfiesia cpefi ycnosuaMu Hasbe [9], xortopne
COCTOAT B YCJIOBHH HENPOTEKAHHH M B YCJIOBHAX IPONOPUHOHANBHOCTH KacCaTeJIbHBLIX K
TIOBEPXHOCTH pi3fiesla cpefi HaupsAxeHull Pa3HOCTAM KacaTeJbHRIX CKOpOCTelf, YTO cooT-
BETCTBYET 3MIMPHYECKH BHABJIEHHOMY TPEHHIO yparaHa o OBEPXHOCTb okeaHa [6]. Pac-
CcMaTpHBaeMas MaTeMaTH4YecKas MOJeJib CBOAMTCH K HAaUYaJIbHO-KpaeBoH 3ajave MJd He-
smHeltrol cuc1eMn Hapse-Ctoxca B waymnape Qr = Q x (0,7), rae obaacts @ C R?
TakKe npeJcTzBiaser coboll mummuuap = w X (—h,h) c orpaHMYeHHHIM OCHOBaHWeM
w C R2, k > 0. lIpeanonaraercs, 9To NOBEPXHOCTE pasfieia cpeX d(t) meant nuannmp €
Ha aBe JacTH: nepxuioo Q4 (t) u nuxnwomo Q_(t) Tak, yto 2 = QL (HHUN_(1)Ua(t). lpn
3TOM BepXHAH IaCTh 3aHATA BO3JYXOM C IIOTHOCTBIO Py H BA3KOCTBIO [y, & HHAHAA

. Bofo#f ¢ MJIOTHOCTBIO p_ H BA3KOCTBIO fi_.

JIy1s IpOCTC ThI OTPAHHYMMCH CJIyYaeM, KOTia ycjoBus Hasbe 3anannl Ha Beell nosepx-
HOCTH pa3fiena o(t). PasymeeTcs, npH 3ToM Tepdercd TaKad XapaKTepHas 0COOEHHOCTDL
yparaHa, KaK [a3phlB B THIIe TPAHHYHLIX yCJOBEH#, HO HOCTHTraeMoOe 3a CYeT 3TOIO YIpo-
1eHHe NO3BOJISET COCPEJOTOYATh BCe BHUMaHAe Ha pemeHHH H Ge3 Toro cioxHolt 3anauu

!Pafora Bumno.mena npx nopnepxke Poccufickoro @onnga Oynnamentanshux Hccrenopanndl, pant
No. 96-01-01130
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0 HAXOXKICHUM HeH3BecTHON nopepxHocTH paziena cped o(t).
laa noas cropocreft = p(ar.f) = (). 0. v3) ¥ AaBieHAd p = p(x.l) Ha 3aBHCALIEM
O BPeMeHH OTKPBLITOM noaMuoxecrse Q4 (1)U Q_(1) paccmarpusaercs (ucrema Hasbe
Crokca O
p['(—;?+(c,V)(']—,u..lv-{—Vp:f(:c.(). (1)
dive=0. 2€Q,(1)UQ_(1). t€(0.71).

7€ IKIOTHOCTL o = p(r.f) ¥ BAIKOCTD 1 = pi{r. 1) HMEIOT BUI:

) pye r €04 00), o) e e Q).
p(l'”_{ p_. x €8_(1). pla-) = { fo. & € Q i),

upu ! € (0.7') ¢ 3agaHHLIMH NOJNOKNTE/IBHBIMH NOCTOAHHBIMM Py, p—. fly. fi—. s
cuereMpl (1) pewraeTcs HA4ANbHO-KPaeBad 3a5aya ¢ HAYAIbHBIMH YCJAOBISMI .

ly=g= 0. r € 2 (0)UN_(0), (2)
H ¢ rpaHd'inbIMH YCIJOBHAMH HA HOBePXHOCTH LIH/THH/Lpa (2
tlag=0. € (0.7). (3)

KOTOpbte 0epyTCa 31eCh OZHOPOAHBIMHU TOBKO IS TOIO. YT0DLI He OTBICK 1ThCH Ha HC OT-
HOCHIIKMECH K CYMIECTBY Aeda TeXHnyeckue noapobuocti. Ha nosepxnoctin pasiea cpea
a(l) 3anai0Tc WeCcTh CKaadApubiX ycaosufi. llepBoie Tpu yciaoBus cocToint 8 paBelcTBe
nanpsxenuit no obe cropounr or a(t): . -

TI/I g Le(.T), (4)

= 'Tl/l
a4 () a_(t)
rne T - Tensop nanpaxenn#h B Hecxummaemoil Bsi3kofi citomnoli cpexe. 11 Hopmaib K
a{l), a o4(t) ¥ 0_(1) - cTOpOHB! IIOBEPXHOCTH pasxeda a(f). upileraoiie K Q4(1) n
Q_(1), COOTBETCTBEHHO. )
OcraBusecs TpH ycnosus Ha o(l) asasiorcs ycaosusasmu Hasbe, cocroam » yeo-
BUM HEIlpOTEeKaHHdA

(U~U)Ia+(t): (l!,ll)]a_“), te(0,7). (5)
HePes JABUAY ILYIOCH HOBEPXHOCTL Pasicda cpedl a(f) u B TpeHuy
(Tv.ti)o= H[( 0T ay =087, )In_u)]- Le(0.1).)=1... (6)

¢ koadppuuucurom £ > 0, rae 1, 7, - Kacarcabhble K a(l) naupasiaenus. (1. 7,) = 0. a
KPYINIBIMU CKODKaMH (-. -) 0Bo3nadaercs ckansipnoe uponssenetue 8 IR®. M gusuiecxnx
coobpamennli HopMann, v B sesolt actn (6) npn ycaosnn E > 0 no/kia Obirh Bnetnei
110 oTHOWeHno K _(1).

HosepxnocTb a(t) 3anaeTca ypaBHEHHEM

gy = g2l t), 2 =(r,r) €w. 1 €(0,7). (7)
O6osrauns ¢(x, 1) = xy3 — (2’ 1), MOEKNO 3allaTh 0(l) HCABHO Y PaBICHHCN

Hr.)=0, 1€(0,7) (8)
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B paccMaTpuBaedyio MaTeMaTHYeCKYI0 MOJejb BXOAMT TakXe M nuddepeHunanbuoe
ypaBHeHHe ¢B0bo 1HOlt osepxHOCTH 0 (1):

O+ (v, V,9) =0, z€o0(t), te(0,T). (9)

KOTOpoe 414 {{x', ) IpPHHAMAEeT BHI
2 ’ ()w ' 7
Vot 2 n(Eh wt)g— = w2, 4,1), 2 €w, tE(0,T), (10)
=1 J )
C Ha'a IbHbIM YC.10BHEM
Ulimo = wola’). 2’ €w. (11)

PaccMaTpHBacMas MaTeMaTHYecKas MoJejb CBONMTCH, TAKUM 0Opa3oM, K PCLICHHIO
HavanbHO-KpaeBolt 3agadu (1)-(6), (9)-(10) c HeH3BecTHOI MOBEPXHOCTLIO paisieia cpei
o(t). Pemenue s10i 3ajauy annpokcuMupyeTcs npu € — () HEKOTOPO# MOC/IeNOBATE/ILHO-
CTbIO pelleHult BcnoMoraTesbHolt 3ajlayn ¢ MaJIbIM napaMeTpom £ > 0.

BcnoMoratesi,nyo 3alady ¢ llapaMeTpoM € yaobHee cHOpMYJIHPOBATH cpa3y B 0606-
weHHol nocranonke. s atoro BBoaATcA ciaenyouue obosnavenus. Myctsb

QF = {(z,1) € Qriz € Q(t),1 € (0,T)}, QF = {{z,t) € Qriz € Q_(t),t € (0.7}}.
Yepes 57 0603HaYHM MTOBEPXHOCTD
St = {(z,t) € Qr:z € a(t), t€(0,T)}.

U cunrasa [ JOCTaTOYHO GOJIbUIMM Haneped 3aJaHHBIM HaTYPaJIbHBIM YHUCJIOM, BBeleM
npoCcTpaHCTBO

HYQr) = {2z, 1):vlgs € WHQER®), v|gz € WiQTiR?); vlimg = 0; ]50= 0,
(0,0 ]y = (0,0)ls_gg 1 € (0,T);divev(z,8) = 0, (1) € Qr},
Ha KOTODOM IIDH YCJIOBHH JIMTIUHLEBOCTH ST onpenesieHhl JiKHel Hble HeIllpephrIBHEIC OIte-
PaToOpbl NPOANOJ XK EHHA
L) WiQF;R?) — WiQTiR?),
L) Wi(Q7:R?) — WHQr;RY),
C NOAMHOKECTB t)} H Q; Ha BeCh WMJHHAD T ¢ coxpaHenueM kJjacca. IIpu 3ToM, ove-

BH/IHO L(+)u 4+ UH L(_)u -= u. B coxpaHeHuu xe COJICHOMJAJIBHOCTH NNPOOJOJIKECHHA
) Qt Q7 p

HMKaKOi#t Heo6X0) HMOCTH HeT.
HUcnosnbiya craiapHoe npoussenenue [ u, v] ruisbepToBa NPOCTPAHCTBA WZ’(QT;]R3),

3a0alUM Ha H’(t)T) 6unmnHelinyio dopmy
B(u,v) = [ Ly, LH ] + [ L), L)),

Cumposiom 77 0633Ha4uM j-10 CTPOKY TeH3opa Hanpaxenuit 7. Ouesunno, 77 — BekTOp-
dyuxuua co swatennamn B R3. O6obmennoe pewenne v¢(z,t) BcnoMoraTeiLHOH 3anaun
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C MapaMeTpoM ¢ > 0 6leeT omnpegendeTcs ¢ IOMOIBIO HHTErPAJIbBHOIO TO.KA€CTBa

J (vf, u)pdzdt + f((v V)vs, u)pdzdt + Z J(T7,Vu;)dzdt+
QT 1=1Qr

+lesf EL )y (9= (0% Tl oy L (2 7)oy 0y = (2 T5)) 5 gy ] It (12)
+eB(ve,u) = [ (f,u)dzdt VY ue H(QT)

T
Teneps HakoHell, MOXHO CHOPMYTHPOBATE ONpefieleHHe 0G0OMEHHOTo pelle s BCIo-
MoratesibHo#t 3anadn (10)-(12) ¢ HeusBecTHOH NMoBepxHOCTBIO o(1).

Onpenenenne. Bexmop-dynxyuwo v=(z,t) € H(QT) u dywxyuwo y(z',t), ydosae-
meopstouiyro 6 w X {0, T) yeaosuwro JTunwuya no scem nepemennvim, 6ydest Haameams 06-
obwennvim pewenuem sadanu (10)-(12), ecau vé(z,t) ydosaremsopsem moxncdecmey (12)
¢ Pynxyuets P(z',t), ydosaemeopsrowett (10)-(11). IIpu smom YP(z',t) momce sasucum
om napamempa €.

3azmaya c HeuapecTHoM rpanuuelt (10)-(12) pemaerca urepauHOHHEM MeTomoM. IlycTs
m > 1 ~ HoMep UTepalyy, ¥ NYCTh YXe H3BeCTHa M~ uTepauus c™(t) LnA NOBEPXHOCTH
o(t). Pewenne v*™(z,t) uaTErpaiBbHOrO TOXAECTBa (12) GymeM Mckarh MeTomoM [asep-
kuHa B knacce H/(QF), cooTBeTcTBYlOmEM NoBepxHOCTH 0™ (1).

Bu6epem B H'(QT) 6asucurte pextop—¢dynkunu {w*(z,t)}32,. Tasepkunckue mpu-
Gnnxenns v=™N (z,1) ompeseTAM paBEHCTBOM

N
Nz 1y =S CNwk(z,1)
k=1

¢ uncnoBrMH xosbduumentamu C. [lna onpenenenns xospduumenros Cf¥ umeem
HesHelHy0 cucteMy N anreOpanveckux ypasHeHuft. DTa cHCTeMa NOJI/MaeTCH M3 TO-
xaectsa (12) nocsie noncTanoBku v=™N(z,t) BMecro v*(z,t) n w¥(z,1) - BMecTo u(z,t)
A k = 1,..., N. PaspemnmocTs momobHoll anrebpauyeckolf CACTEMBI OOBIYHO rapaH-
THPYETCA anpropHO# OrpaHMYEHHOCTHIO TAJIEPKHHCKHX NpHOIHXeHHH, Koropad nouayda-
eTca yMHOXeHHeM Kaxoro u3 N ypasHeru# Ha cooTBeTCTByloluit koad punuent CP ¢
NOCJIEAYIOIMM CyMMHpPOBaHKeM 1o BceM k. B 1anHOM ciiydae JOKa3aTesnbCTBO alpHOP-
HO# OrpaHMYEHHOCTH HATAJIKMBAETCH Ha NPENATCTBHE, 3aKJII0YaloNleecs B HECOBHAJeHHH
Ha 0™ (1) HOpMaJBbHO! NPOERUHH CKOPOCTH CIUIOMIHON Cpemb (v"""N ,v) ¢ HopMaJbHOH
npoexuuel CKOpocTH JBHXeHHs camolf moBepxHocTH 0™(t). Dro cBssan) ¢ dopmyoi
IH}bepeHIHPOBaHHA

O [l (e, de = 2 [ oz, 0ot
dta B ary

9 / lv“"N(z t)lzdz_2f( “"N'v"”"N)d;r+

Ot gmye (13)
+2f ((,Uz,m,N’ V)ve,m,N,vg‘,m, ) dz+

+ Z J [(v,7)? ‘a"‘(t) ~(v, 73)? Ia'"(t)][(”cmN v)= (U™, v}]as,

J= 1sm(t)
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r1e v — HopMaJib, BHewHAd K Q™(t), a (U™, v) - HopMaJbHas MPOEKUUH CKOPOCTH JIBRH-
KeHUs MOBepXHo :TH o™ (t).

ITo NMpemnsiTC 'BUe JIETKO MpeoloseTs, 1ob6aBUB B KoaddbuuneHT Tpenus L claraemoe,
KOTopoe obpaTu:ca B HyJb HpH m — oo. Tak, ec1u HaM TpebyeTcd DelMTh 3alady
(10)—(12) c noct>aHHBIM Ko3¢ddunnentom Tpehnsa E = Ey > 0, To B onpenesenuyu ob-
OOUIEHHOT'O pelle Hus v""‘*N(z,t) Ha KaxXJol MTepaluyu cjeldyeT HCXOAUTH U3 TOKIECTBA
(12) ¢ koaduly eHTOM TpeHus E, HMe0IUM, HalpUMeD, BHI

2
E = Eg+ M|(v™N ) — (U™ p)2 Y _(v*™ N, 7)? (14)

¢ HeKOoTOpoH Haltepeln 33JaHHOM mocTarowyHo Gonbuwiolf mocroanuot M > 0, BeiauunHa

KOoTOpol, B KOHe4HOM CYeTe, OKaXeTCs HecyllecTBeHHOM, Tak Kak nobGaska k Ly 8 (14)

obparuTcs B HyAb npu m — oc. [logyepkHeM ogHako, 4To M He 3aBucHT o1 £, m u N.
C koaduuy :uToM Tpeuns E Buma (14) Jerko ycTaHaBIMBaeICH OUEHKA BUa

gyt 2
2 (M M) deder
1,j=1Qp ’

+ lef (=™ N ) (= (0™ N 7)o Vo dsdt+ (15)
g

+ &, - £,M,
e | L w2 o ey e I L0 2 e S C N I ey

¢ noctosuuol#t C' > 0, "He 3apucselt or e, m u N, rue JAS LR ) -0epaTopbl POAOIAKE-

HHA Yepe3 HOBEPXHOCTL ST, cooTBeTcTByloWwyio 0™ (). Ma (15), B wacTHoCTH, Coreayer
(+) e, n,N |2 (=) jem,N |12 .
el Linve™ ||W§(QT;1R3) te || L oo™ “W21( QriR%)= <Cif “Lz(QT iR?) (16)

A ouenxu (16) mocTaToyHOo [N pa3pelIMMOCTH HesMHeltHoft anrebpamueckolt cucte-
MBI, onpefnessio et Ko dUMMenTs TamepkuHCKuX npubimxennit CF. Brgensa us
{ve™N(z,1)f%¥_ | NOAIOCIENOBATENLHOCTE, A8 KOTOPOit Ls:)v"m'N" u L5 vem e exo
nates cjaabo B WZI(QT;IR:’)7 IoJIyYuM m-10 urepaiuio vS"(z,t) 0b0OWEHHOIO pClIeHAs
HHTerpasbHoro roxpectsa (12)8 kiaacce HYQP), Tak Kak L yemN = gemN npH
z3 > Y™z, 1) 3 Lsn_)v"""N = v&™N npu 23 < ¥™(z',t). Ipu stom B cuy (14) To-
Kaectso (12) nas v9™(z,t) OygeT BHIIOIHATHCA C KO3 PHIMEHTOM TPEHUH

2
E:E0+M|(vs'"‘,y)—(Um,V)PZ(vE’m,T]-)Z, (17

j=1

a B cuay (15) HaeeT MecTo oleHKa

m my 2
z S ( +2 = ) dzdt+
5,J=1Qr
2
+ 5 L™ )y, 0= (0™, ), [ dsdt+ (18)
=157

e I L By gy € 1 0™ Wiy < € 1 S iy
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¢ nocroannolt €', He 3apucsamedt ot ¢ U m. U3 (18) cienyeT, B YacTHOCTIL,

(+) e 1y - (=) em I ' p
et Lm0 ||f1.2,(QT:“3) e || Lo Tee™ ||f1~;(q.,.;m5 UL mmey (19)

"a0= 0. TO 3anava

Hockoabky v5™{(x,1) € H’(Qf}‘) ¢ goctaroyno GosbuiuM { 1 v

() 41 . .
A o™y, ew, te(0.T).

2
L'[m+l + Z '17;'1”(.1", u,m+l.1) o ;
=1 “

ey = veld’). ¥ € w

O:IHOBHAMHO PA3PelMMa, HpHIeM IIaAKoCTh peurenua ¢t (r f) onpeac iseres pe -
1ol 3apanee BLIOPaHHOrO NOpAAKa [ M ITALKOCTHIO HAYAJBHBIX JaHHBIX ¢g(2’). VpasHe-
nue oy = v+ 1) 6yner renepsh 3anasats (m + 1)-10 urepauuio o™+ (1) 119 nosepx-
wocti o(1). B kauecTBe nepolt wrepauuu ol(l) MOKHO B3ATL, HAIPHMED. IIOBEPXHOCTH
ry = wola). :

Hrax, nocrpoeHa nocaeaopatesbiocts pemennft {os™(a )} X u {02 (@' )}

Buigeasst w3 wee moanocie10BaTeAbHOC T, 4.1 KOTopoit LS:)I'S'"'” n LS,,_ Lt CXOJAATCH
c1abo B H'.ZI(Q'I': IR?). noayuum oboucnnoe pewenme sazain (10)-(12) s <racce HHQy).
TaK Kak Li,f)vf-’“ = oS apu oy > e ) n Lf,,_)l""’“ = 05" upun 2y < ) Ore-
TUM, UTO B JOKA3aTeJhCTBE pazpeltuMocty 3agauit (10)-(12) napsay ¢ ounenxolt (19) cy-
ECTBEHHY IO POJIb KI'PAeT KOMITAKTHOE BIOKEHHe W;(QT) — C'73(Q7r). coropoe npHMe-
HACTCH K HOMIOCA10BATeIbHOCTHM Lg:)v""”" H Ls,,_)vf"”". Butaroaaps oMy BJAOKCHHIO
YAQCTCH OLCHMTH NPOU3BOHHLIE HO X, 1 OT 15" BIIOTH A0 o4(!) ¥ 0. (f) HOCTOAHHBLIAN. He
saBuesitiMi ot m. Iopsiiork OUeHHBAeMbIX HPOH3BOAHBIX FABHCHT OT Fe 1UHILI 3apa-
nee BpIGpaHHOro YMcaa [ M OT NMIAAKOCTH HavadbHbIX JaHHbIX (o(4’). Ou ub Bamno. 4ro
ypasHenue (10) npeacraBager coboft pasenciso Ha o(f) nopMmaibhofi woroekunn (r°.v)
i HopMaubiolt npoexunn (U, v) ckopocrn asuxenud camolt mosepxuocty o(t). B ro xe
BpeMsa
lim (57", v) = (v5,0),  lim (U™ (2, 0).0) = (U.v)

My — 00 T g = OO

pasHoMepro B . B cnay (17) 310 03HadaeT. 4o TOXLECTBO (12) Bbl 101050TCH 115
vf(x. 1) ¢ koabduurenrom Tpenna F = Fy. Taxum obpasoM. cupaseiiinsa

Teopema. Hyemov py > 0, p_ > 0, ppy > 0.y > 0.7 > 0. ¢ > 0. H nycno l 23
yeaoe. Jag scex f(x,t) € Ly(QriR?) u vo(a’) € C1HD) ey emeyem obobug mor
pewenue sadavu (10)-(12) 6 cmvicae dannoco eviie onpedeaenus.

Hast dyukuun &5 (x, 1) paceMoTpuM sanauy Kowu
t

& + (v (0 1)V, 05 ) = 0. 2 €Q. L€ (0.T)

Wi
O,y = 23 — wo(x'), xr €S (20)

3itecs, B oinune ot (9), ypaBHenue supinonnsiercs B Qp, a He TOALKO ua Sy, By
LNaAKoCTH v5(2, ) 3anava Komu (20) s Kakaoro € > 0 UMecT CAMHCTEENHOC 1T IKoe
petwenue (x,1). Herpyano yGepnrbes, wro nosepxuocts

(. 1) =0 20
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COBMaJaeT € MOBEPXHOCTRIO 23 = (2’ t). rue dyHKUMA ¢(2', 1) onpemsesdeTcs i3 3alakH
(10)-(11) c v* BM2cTO ©.

[lockoabky Ha 3aBucalell OT ¢ MOBEPXHOCTH ¥3 = ¥(&',1) BBIIOJIHACTCH YC10BHC
HenmpoTeKkaHHdA. Ty obobuwenHas (B cmbicae ('oboiesa) museprenuua div,ef(r.l) = 0 s
Q7. Ortcioqa u w npuuuMna MakcuMyMa [10] (cM. Tagxe [11]) caenyer, uto

mo < min $%(2,t) < max ¢(z,t) < My (22)
(r,t)eQr (r.1)€Qp

174 Bcex £ > 0. 11e 4ucaa
mp = minfay — yp(2’)), My = max{rs — wol2))
reQ req

He 3aBHCAT OT £.

M3 ouenku (22) cnemyeT orpaHnYeHHOCTD NMociegoBaTe bHocTH (@, t) b L(Q1) 1na
qioboro p € (1,x.) npu ¢ — 0. BuimesiAd moguoc/enosareibnocts 7 (z,t), c1abo cxo-
aauytocs B Ly(€ ), noiayuum (cM. [10]) HeKOTOpyIo CyliecTBeHHO orpaHMyYeHHy10 B Q7
dbynxumo ®(2,t) Hckomaa ceobonHas NOBEPXHOCTh pa3jesia cpel 3a1aeTCs Toraa Y Pas-

HeHHeM
®(x,t)=0. (23)

OrMeruM, wI5 3adada O HAXOKUeHUH cBoBoinolt moBepxnocTH (23) pemena 3iech
"B pedoM . T.e. 6e3 Kakux-iubo orpaHuyenuit Ha BesuduHy T M HOpMbL (yHKIHiE
flz,t), wola’). Econ Haltnennas npu atoM $(z,t) u3 Lo (QT) He MMeeT COOTBETCTBY KOULC-
ro cJjefa, To cBof OIHAA MOBEPXHOCTh pa3fesia cpel MOKXET CTaTh Herviaakol uiu soobuie
paspymuThcd. Tem He MeHee, MOCTpoeHHad Bbllle ANNPOKCHMALUA C MAPAMETPOM € B
a0boM ciydae 1133BosseT HaltTu dyukunio $(z,t), samamouyo nosepxHocTh (23). Yro
Ke Kacaercd 060 weHHoro peltenud v(z,t) 174 (1), To ero cyuectsoBaHme obyCII0BIeHO
r1aJKOCThIO MOBE pXHOCTH {23) M XapaKTepoM CXOZMMOCTH MOBEPXHOCTH (21) K 1oBepxHO-
ctH (23) upd € = £, — 0. Bonpoc o cyumecTBoBanun 06061WEeHHOTO pelneHHs v(x.t) ;s
(1) B cayuae, Kol na Ha cBoOOIHOR MOBEPXHOCTH paszgesia cpell 3alalTcd ycnosus Habbe,
3HAYUTEAbHO CJIC KHee, YeM B CJy4Yae, KOrJa 3aJaHbl TPAIULUOHHBIE YCIOBUA IPHIIUIIA-
HuA. OU3MYECKM 9TO BIIOJIHE OYEBUIHO, TAK KAK YCJOBMA NPUJIMIAHAA COOTBETCIBYIOT

ycitosuam Hasbe ¢ koadduunenramu tpenust Ep = +oc.
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Maple-nakeT #Ja HOCTPOEHUS peHICeHUH JIMHEMHBIX
OGLIKHOB:HHLIX AuddepeHNNaANbHBIX YPABREHUN B BHAE
CTeNeHHBIX pSAaoB !

A. A. PaGenko

MI'Y BMuK,
Mocxea 1199899, Poccus.
e-mail:ryabenko@cs. msu.su

1 Bgsegnenie

B >Toil cTaThe ONHUCHIBaeTCA MaKeT Npouedyp N1 CHCTeMB KOMIbIOTepHO# anreGpel Maple,
Npennaraolluil pefcTBa AN pellleHus cienyiolleif 3anayn. JlaHo onnoponHoe NuHejtHoe
oBbIkHOBeHHOe nuddepeHIHaIbHOe ypaBHeHHe C INOMUHOMHaJIbHhIMU KO3(p¢HUHEHTAMH.,
Ilns Hero cTpowu1csa, KOra TO BO3MOKHO, peLIeHHe B BHIe HOPMATLHOTO CTENeHHOTO pAla
2o pc(n)(z —a ™ B Takoil Touke @, 4yTO ero KoapPUIHeHTH ¢(n) ABAAOTCS “XOpOIIMMA”
GYHKIHAMHA OT ‘1. OTO MOXeT OHITh MOJMHOM, palluoHasibHas QYHKUMA OT T WJIH TH-
nepreoMeTpuyect.as NOCHENOBaTeNbHOCTS (T.e. ¢(n + 1)/c(n) — paunoHanbHas GYHKIUA).
Mocnennuit cnyvaif, o4eBUAHO, BKIIOYaeT B cebs NepBhEIe ABA.

Ilns pellleHH.{ HOCTaBJIeHHONW 3aja4i BHIIONHAIOTCA cilenyiowme deicTeus. Onpene-
JiseM Nonxonsllpe TOYKH @, TaK Kak 3To onucao B ctaThe [1]. Ilocne 3Toro naxonum Heo-
TpHUaTenbHOe Ueoe M U CTPOUM JIHHERHYI0 PeKYPPeHUHIO, C MOMOLIULID KOTOPOHl MOKHO
BEIYHCJIUTL c(n) LA BceX n > M, onpenenseM HadanibHble aneMenTHl c{0), ..., c(M). Ha-
YajibHEIE 3JIeMeH Ihl 3alaloT JIKHelHOe MPOCTPAHCTBO BCeX pellueHHil NaHHOro ypDaBHEHHSA
B Bize ¢opManbHKX panoB. [loaToMy 3nauenus c¢(0),...,c(M) comepAKaT NpoOU3BONbHbIE

nocTosHuke Bula _By, _Bi,.... lanee, ucnonssys crannaptueii Maple naker LREtools,
HAXONHUM pellleH) € nocTpoehHoi pexyppenuun. OHo GyneT conepikaTh NpOU3BONbHbIE HO-
crosuuue Buna Cy, C1,.... Buuncnsem 3HaueHus NPOU3BONLHKIX NOCTOAHHBIX, NPH KO-

TOPRIX NOJIYYeHFOe pellleHHe PeKypPpPeHLUHH coriacyerci ¢ HavyaJbHhIMHM 3HaYEHHAMH NO-
ClefoBaTENbHOCT H KO3(pULIHEHTOB.
B Hukecnenyoluux pa3nenax NpoaeMOHCTpHpYeM pabGoTy OCHOBHHIX Npolenyp NMakeTa.

2 TIloamHoMHaANBHEIE KO3¢hPUIHEHTHI

Kak 61510 yxa3aHO BEINIE, MOAUHOM ABASETCA YACTHLIM CIly4aeM I'HIEpPreoMeHTPHYECKON
nocnenopaTebHOCTH. Ho MOCTpoeHNe NONMHEOMUANLHOTO pelleHHs LMl peKyppeHInH ocy-
LecTBAseTCcs Ha MHoro 6nicTpee. Kpome Toro, B cTaThe [1] ykaszano B KaKMX HMEHHO
TOYKaX MOXHO (KMOaTh, YTO pellenne OndHpepeHLUHaNbHOrO ypaBHEHUs B BHIe CTeleH-
HOrO pAna 6yneT HMETb HONHHOMHAJbLHEE KOMPOHUHEHTH. DTO TaKHe TOYKH G, 4T0 a + 1
— 0cobas TOYKa J{aHHOro NH(xpepeHlMabHOro ypapherns. B cienyiolem npumepe ocoSeie
Touku — {0, -1, 2}:

> L o= (-2#x"0+2%x"3+4xx"2) #diff (y(x) ,x$2) +

!31a pabora no 1nepxusaerca rpantom INTAS-RFBR No. 95-412
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> (=2%x"3-16%x"2-8*x) * diff(y(x),x) +
> (2%x72 + 16%x + 8)»y(x):

Ipouenypa ‘Slode/polycoeffs’ nbiTaeTcs NOCTPOUTH pellieHHe ¢ NOMUHO MRANBHBIMU KO-
spuunentamn B Toukax {—1,—2,1}, Ho cnenaThb 3TO yHaeTCA TOJNLKO B "O4kKe @ = 1:

>‘Slode/polycoeffs‘ (L,y(x));

(3-CL(Y @n2 4204 1) (- 1))

n=0

3 PanuonanpHble K03$OUIIMEHTHI

AHaJIorHYHO npensinyillefl npouenype paboTaeT npouelypa NOCTpoeHHA dellHHH B BUle
PRIOB C pauMoOHaTbHLIMH KoedpuunenTaMu: ‘Slode/ratcoeffs'. 3nech B kauecTBe 3navenns
TOYKHM @ BbIGHpalOTCA Ocobble TOYKHM ypaBHeHUs, B npuBeleHHOM nplimepe — 3To {0,1}:

> L1 = 2wx*(x-1)*diff(y(x),x$2) + (T*x-3)*diff(y(x),x) + 2*y x):
> ‘Slode/ratcoeffs‘(L1,y(x));}{%

fo (Earo) |

Ecau Mbl uccenyeM ocobble TOUKH ypaBHEeHHS, TO ¢(n) MOXeT BbIP1KaTbCA pallM-
onanbHOM Qynkuuenr s scex n > 0. Ho paccMoTpeHHe HeKOTOPBIX ICNOJHUTENLHEIX
TOYEK NO3BOJSET NOCTPOUTH pellieHn s, e KodpduunedTH pana 6yayT p: UHOHANBHLIMA,
HauYHHad TOJMbKO C HEKOTOpOro MecTa (n > N):

> L2 := (3-x)*diff(y(x),x$2)-diff(y(x),x):
> ‘Slode/ratcoeffs‘(L2,y(x));

e (52
=1

4 TI'mnepreoMeTpmyeckue K03dpPUIUEHTHI

B [1] nokazato, uTo nKHeilHOE ypaBHEeHHE C NOJIHHOMHAJLHBIMU KOO(POHIKE ITAMH MOXKET B
0CcOBLIX TOYKaX UMETh pellleHHs B BHle CTENEHHOro paaa, KO3(puUHEeHTHl OTOPOTrO Hauu-
Has ¢ HEKOTOPOTO MeCTa 06pa3yloT rHlepreoMeTpHUECKYIO nocienoBaTenbliiocTh. Ho ecan
pellleHHe TaKoro BHIa CyllecTBYyeT B KakKoH-1H60 HeocobGol TOYKe, TO dTO BepHO M IJsA
Bcex Heoco6uix. IloaToMy npouenypa ‘Slode/hypercoeffs nposepser Bce >cobuie U onHy
Heocoby1o (2 MMeHRO Takylo, rie MOXeET GbITh pellene B Bile pala ¢ NoJit HOMHANbHBIMH
kospduunentamu). Hanpumep, cienyrouiee ypaBHenine uMeeT onuy ocoby o Touky t. Ho
pelllenne ¢ “xopowuMu” KodppuuneHTaMK 0GHAPYKU/IOCH B Heocoboil Tou ¢ ¢ = 0:
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> L3 := (3%x"2-6%x+3)*xdiff(y(x),x$2) + (12%x-12)*diff(y(x),x) + 6*y(x):
> ‘Slode/hyper:oeffs‘(L3,y(x),_CC);

(3 (C1 +Cam) a7}

n=0
C noMolubio (Nenyioueii Tpouenypsl MOAHO NOCTPOUTE pellienue B 060 Touke:

> ‘Slode/hyper .in_point‘(L3,y(x),_CC,2);

-3 ()" (~-C1+ -Cin+n_CCy) (x - 2)")
n=0

Ora npouenypa ©'akxe MoXeT GHIThL Nojie3Ha B CliydYae, eclli HCCle[IORaHHe BCEX BO3MOXK-
HBIX TOYeK 3aHHM aeT O4eHb MHOTO pecypCoB:

> L4 := (273-2¢z2"2+2)*diff(y(2),2$3) +
> (7%z2"2-15%z+3)*»diff(y(z),z$2) +
> (10%z-13)*ditf(y(2),z) - 2*y(z):
>‘Slode/hyper_in_point‘(L4,y(z),_CC,1);

. KR k3+4k2+5k—2) )
_CCy'z-1)*+_CC S Nk uh g § PPN DL
w2 X \LeTgarr ) 60

Ha caenyiouieM npumepe Buino, uto npouenypa ‘Slode/hypercoeffs’ Moxer noctpouts
NOJIHHOMHAJILHOE pelleHHe AU(pdepeHINaILHOTO YPaBHeHHS. DTO O3HavaeT, YTO HayHHa%
¢ HekoToporo MecTa c(n) = 0:
> L5 := =zx(-z-1)*diff (w(z),2$2)+diff (w(2),2)-2%w(z):
> ‘Slode/hyper:oeffs‘(L5,w(z));

- . 3
_Bo + (—3 Cy - 2_Bo) (2 + 2) + (_Bo + Z _Cz) (Z + 2)2

1 1 1

o ['(n—2) (=24 (z)"n? + (5)"n+2(5)") (24 2)"
3 5 5

+6-C2 | T(nt1)

n=i

, _Bo+2_Boz+ _Bg 2%,

By (z+ 1)2]

J

Cuoucok Jau1epaTyphl

[1] S. A. Abramov, M. Petkoviek (1996): Special Power Series Solutions of Linear Dif-
ferential Equations, Proc. of FPSAC’96, 1-10.
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OINTEPATOPHO-PA3HOCTHBIE CXEMBI IUJIS1 3AIAY
MATEMATHNYECKON ®PU3UKUN !

A.A .Camapckuii, I1.H.Ba6uwesuy

Huemumym smamemamunecxozo smodeauvposanugs PAH, Mocxsa,
E-mail: samarskii@imamod.msk.su, vab@imamod.msk.s1

Abstract. O6cyxknaoTcs ofiiMe mpobiieMn NPUGIMIKEHHOTO PeLIeHHS He TAlMO-
HapHHIX 3a/la4 MAaTEMATHYECKON (QUIHKH: TEOPHA YCTONUHBOCTH (KOPPEKTHOCTH) orie-
PATOPHO-PA3HOCTHHIX CX€M H AJLAMTHBHLE PA3HOCTHHE cxeMH. PopMynHpywo res o6-
IHe KPMTEPHM YCTOHYMBOCTH ABYXCJIOMHHIX ONEpATOPHO-PDa3HOCTHHIX CXeM TIO Ha-
YA/TbHBM JAHHBIM H Npasoil 4acTH. lIpHBeneHH HOBHE ATIIPHOPHEE OLEHKH Y¢ TONIH-
BOCTH B HHTEIpaJIbHBIX TIO Bp pmax. B HacT BPeMA TEOPMS YCTC iHBO-
CTH TCR A4 HcC PA3HOCTHHX CXeM JUIS HeKOPPEKTHHX 3B MTOLM-
OHHHIX 3uatl, c(popMYI/THPOBAHE KPHTEPHH YCTOHYHBOCTH MPOEKIMOHHO-PASHOCTHHX
cxeM. IIpn pewrerMm MHOrOMepHHIX 3a[1aY, ITOCTPOEHHM Ge3HTEPAIMOHHBIX aJ TOPHT-
MOB J18 NApAIUIETbHEX KOMITbLIOTEPOB HeobXoaHMO OPHEHTHPOBATHCA HA MCIOJIb30-
BaHMe AJUIMTHBHBIX Pa3jHOCTHHIX CXeM (cxeM pacuensiexus). [lpuBenenn oc ioBHHe
pe3yIbTaTH TeOpHH AJNUTHBHHX Pa3HOCTHHIX CXeM CYMMAapHOIl allIpOKCHMAL HH, HC-
CHEAYIOTCE MHOMNOKOMIIOCHEHTHHE AINAHWTHBHHEE CXEMH, CTPOATCH PeryJ/iIapH30ilaHHHE
ANMHTHBHBIC CXeMH TIOJIHOM AIMPOKCHMAIMH.

1 Bsepenmue

Iociye pa3HOCTHOMH HIH KOHEUHO-3/IEMEHTHOM NHCKPETH3ALMH M0 IPOCT PAH TBY HECTALHO-
HapHOH 3allayH MaTeMaTHYecko# QU3MKH monyyaeM 3ajgavy Kown ang cucTeMnl oGLIKHO-
BeHHBIX NHPPepeBIHAIbHEIX Y paBHEHHI, KOTOPas PaCCMAaTPHBAETCA B CETOYHOM IHiILOep-
TOBOM NPOCTPaHCTBe. I[HCKpeTH3allHs MO BpeMeHH NaeT ONepPaTOPHO-PA3HOCTHYIO CXEMY.
3necs MBI OTMETHM HEKOTOpHIE BaXKHelilllHe HaNpaBNeHHs Pa3BHTHA TEOpI'H ONEPATOPHO-
Pa3HOCTHHIX CXeM IJI4 HeCTallHOHAPHRIX 3afad MaTeMaTHYeCKOH QU3HKH.

IIpH MccnenoBaHHH Pa3HOCTHHIX CXeM IJIA HECTAIMOHAPHHIX 3afaiy M.iTEMATHYECKOH
(H2MKH HPOKO HCNONb3YeTCs ObILas TeOPHs YCTOHYNBOCTH (KOPPEKTHOCTH) OlePaTOPHO-
pa3HOCTHHIX cxeM [1,2]. B HacToOALU€ee BpeMs MONyYeHB TOYHEIE (COBNALAK LIHE HEOGXOMH-
MBbIe H IOCTATOYHLIE) yCJOBHS WIMPOKOrO KNacca ABYX- H TPEXCHOHHEIX Pa3HOCTHHIX CXeM
B KOHEYHOMEPHHX THIB0epPTOBHX NpocTpaHcTBaX. OCHOBHLIE TeOpeTHYECKHe Pe3ybTATHL
TeOpHH YCTOHYHBOCTH CyMMHPOBaHH B KHHrax [3,4].

Heobxonumo 0cobo nog9epkHyTh KOHCT Py KTHBHOCTD OBLLIeH TeOpHE yCT I YHBOCTH Ole-
PaTOpPHO-PA3HOCTHHIX CXeM, B KOTOPOH KPHTepHH YCTOHYHBOCTH (OPMYNMPYIOTCS B BHIE
Jerxo NpoBepieMEIX HepaBeHCTB ANA oneparopoB. Cpenn HauGollee BaxKHHIX 0GOOLLEHH I
OTMETHM HCIONIL30BaHHe OOLIEeH TEOPHH yCTORIHBOCTH A HEKOPPEKTHHIX IBOJIOUHOHHLIX
3afay [5,6] ¥ A HCCITEAOBAHHA NPOCKIHOHHO-PA3HOCTHHIX cXeM {CXeM KOHEYHBIX JIeMeH-
ToB) [7,8]. [IpuBeNieHH Takxke HOBLIE alPHOPHLIE ONEHKH YCTOMYMBOCTH B MHTErPalibHREIX
no ppeMeHH HopMax. Ha uX ocHoBe MOXeT HCC/IeNOBAaTbCA, B YAaCTHOCTH, CXOOMMOCTb
PaA3sHOCTHHIX cXeM OJs 3aa4 ¢ OGOOLICHHNMHN pelIeHHAMH.

! PaGoTa BHMOMHEHA upu ¢uHaHCOBOM noinepxxe Poccuitckoro ponna dyHaaMeHTa IbHHX HCCIEAOBA-
Huik, mpoexT 96-01-00657.
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Ipn mocTpoHUM IKOHOMMYHBIX PAa3HOCTHBIX CXeM IV MHOTOMEpHbLIX 3anay [3,4], 6es-
HTEPAUNOHHBIX ANTOPUTMOB HEKOMIIO3WLHMHM OBJIaCTHM 1A NapaliflelibHbIX KOMINIBIOTEPOB
[9,10] Heobx0mMILO OPHEHTHPOBATHLCS Ha MCIONbLIOBaHME ANIMTHBHEIX PA3HOCTHBIX CXeM
(cxem paciuennennus). [IpHBeNeHE OCHOBHBEIE Pe3Y/IbTATHI TEOPHH AINUTHBHBIX Pa3HOCT-
HBIX CX€M CYMMi\DHOH allPOKCHMALNH, CTPOATCH PEryNapH30BaHHble allNTHBHBIE CXEMEI
nosHo# annpokcuMaund. OTMeTHM Takxe BEKTOPHble alNATHBHbIE cxeMbl [11,12].

2 YcTORYMBOCTBH ONEPATOPHO-PA3HOCTHHIX CXEM

HanoMHNM OCHCBHEIE pe3ynbTaThl TEOPHH YCTORUHBOCTH OBYXCIONHEIX ONepPaTopHO-pa3-
HOCTHBIX CXeM [,4] M OTMETHM HeKOTOphle Hanbosee BaXKHbIe HATIPABIIEHUS HCCIEIOBaHH .

2.1 OcHOBH € TIOHATHSA

Mycts H — koneynoMepHoe runbbepToBo npocTpaHcTBo, D, A — nuneitHule onepaTopsi
8 H. Ckanspuo: nponssenerue i HopMa B H ecth (-, -) n || -|| coorseTcTpenno. Yepes Hp,
roe D = D* > ( obosnauum npocTpatcTBo H o cKanspHbLIM nponsBenenyneM M HOPMOIl

(y,v)p = (Dy,v), llyll = y/(Dy,y).

IlycTb T > 0 — 1ar ceTKH no BpeMeHH M Y, = Y(t,), t, = nT. PaccMoTpuM onHoponuyio
(nns NPOCTOTH NBYXC/IOAHYIO OIEPaTOPHO-PA3HOCTHYIO CXEMY, 3ANUCAHHYIO B KAHOHHYe-
ckolt popMe

Byn+1T_ Yn +Ayn=07 n:O,l,... (1)

npH 3a0aHHOM ¥3. Bynem cuntaTs, uto B (1) onepaTopsl A # B — NOCTOAHHEL (He 3aBHCAT
oT 1), oneparop A caMoconpsxeH u nonoxuTtenen (A = A* > 0).

Pa3nocTHas cxema (1) Ha3biBaeTcAa p-ycTOMYMBOM (paBHOMEPHO YCTOHYMBOH) IO Ha-
YanbHeIM JaHHWM B Hp, ecnm cymectByioT nocTosHHas p > 0 M nocrossnas M, ue
3aBHCAIAA OT °°, N, TaKhe, YTO NPH NIO6KIX N ¥ NIPH BceX Y, € H nns peureHns Yy
pa3HoCTHOrS ypaBHenus (1) cnpaBennuBa OueHKa

liyn+1lip € pllyallp, n=0,1,...,
npuyeM p" < M. B xayecTBe KOHCTaHTH p BRIGHpaeTCcs O6GBIYHO OZHA M3 BeJNIHYHH

1,
14+cr, ¢>0,
exp (er),

© v
I

rfe NOCTOAHHAS ¢ He 3aBHCHT OT 7, n. B cnyvyae p = 1 roBopaT 06 yCTOHRYMBOCTH pas-
HOCTHOM CXeMbl

2.2 Ycnopuda ycTOHYUBOCTH

CoopMynupyeM cTaHOapTHbIE YCIOBHS yCTORYMBOCTH Pa3HOCTHBIX cxeM [1,2].
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TeopeMmal. Jag paznocmuoti cxemvt (1) ¢ onepamopom A = A* 3> 0 ycaosue

r
B> A (2)
-2
A6agemca neobzodumbin t docrnamounsim dad ycmotivueocmu 6 Hy, m.c. dag ewinoane-
HUA OYEHNY
lonsalla < pllynlla, n=0,1,.... (3)

Ecau onepamop B = B™ > 0, mo ycaosue (2) geagemcad neobzrodumbis u docmamounbis
dag yemotivueocmu u 6 Hp.

Ilpn paccMOTpeHHH MHOTHX HeCTAUMOHAPHBIX 3a0ay, NPHMEPOM KOTOPBIX BHICTY-
NaloT 3a0a4d KOHBEKUMU-NU(PY3UN-peakli, HeoGXONMMO OPHEHTHPOBATLCA Ha YCOBHA
P-YCTOHYHBOCTH.

Teopema?2 [Jiapasnocmuot cremwus (1) c onepamopamu A = 4*, B=B* >0
ycaoeus :

1_.2]35,45
T

1trg (4)
T
Heobrodumut 4 docmamounst dag yemotivueocrnu 6 Hpy.

CXOnMMOCTh pa3HOCTHRIX CXeM YCTaHaBJIMBAETCA B Pa3liMYHBIX HOOMaX, KOTOphle
IOJKHLI COMJIACOBBIBATHLCA C KJIACCOM [IAAKOCTH pelleHitit AndipepeHin:uibHON 3amaun.
B cuny aToro HeoGXonNMO UMETh CHEKT] ONEHOK Ans pa3HocTHoro pewenid. [1pu paccmo-
TpeHHN Pa3HOCTHLIX CXeM NS HEeCTALHMOHAPHHIX KPaeBhIX 3alau ¢ 06obUeHHBIMH pele-
HUAMH 0COGOro BHUMAHUA 3acNyKHBAIOT OLUEHKH Pa3HOCTHOTO pellieHiis B HHTer paJibHLIX
[0 BPEMEHU HOpMax. . .

B pa6ore [13] oTMeuaeTcs BO3MOXKHOCTL MONyYeHHA YCIIOBMIl ¥YCTOIIY 1BOCTH B HHTe-
rpajbHLIX Mo BpeMeHH Hopmax. Ilonyuenbl anpHopHble OLUEHKH JUIA IIB) XCJIOWHBIX pa3-
HOCTHBIX CX€M, 3aIIHCAHHBIX B KaHOHHYeckol ¢opme. [IpHHUMNHANLHBIT MOMEHT CBA3aH ¢
nonyYeHHeM OLEHKM 1A Pa3HOCTHOTO peleHHs B NMONYUENbIX y3/1aX [0 BpeMeHl, KOTopoe
onpenenseTca NHHeiHON HHTepnodALNed MO CEeTOUHBIM PYHKLHAM B Y3JIay.

TeopeMal. Jas pasnocmnoti cxemws (1) ¢ onepamoparu A = 4*>0, B=B">0
NpU HNOAHERUY YCA08UL (2) UMEEM MECTIO ANPUOPHAT OYENNA

1 , 1 T
> "||§(Uk+1 +ulid < s((B- 72'-4)!/0-!/0)- (5)
k=0

Ouenka (5) nonyyeHa nns Pa3sHOCTHOTO peLenHs B NMONYUeNBIX Vinai, Cle peiuenne
onpefieNseTCa BHIPAXKEHHeM Vi /2 = (Yk+1+Yk)/2. OTMETHM, 4TO yCTORUHBOCTD B TaKOM
MHTErpaJIbHOH MO BPEMEHH HOPMe YCTAHOBJNEeHAa NpH YCJIOBHAX (2), KOTopble ARISIOTCA
HEOOXONMMBIMHA H JIOCTATOYHBIMH U1 YCTOIUMBOCTH B PABHOMEPHBLIX N0 BOHeMeHH HOpMax
(cM. ouenxky (3)).

Ipu 3arpy6nennu HepapeHCTBa (2) MOXKHO MONYYHTh ANPHOPHYIO ONEHKY YCTOl4BO-
CTH MO NPaBoi YAaCTH B MHTErPaSibHBIX N0 BPEMEHN HOPMAX IUIA PAIHOCTHOrO pellielits Ha
HebIX BPEMeHHbIX liarax.
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2.3 CrheunajibHble KJIacChl OepaTOPHO-Pa3sHOCTHHIX CXeM

[Ipu peluennn HecTalMOHAPHBIX 3a[a4 MaTeMaTHUecKoil (GU3UKK 0co60e BAUMAHKE yIeNs-
€TCA CXeMaM C BEeZOBHIMH MHOXMTeNIMH, KOrda, HanpuMep, B (1)

B=FE+4+710A, o =const>0.

[MocTpoenue ala 1THBHRIX BbIYMCIHTENbHBIX AJTOPHTMOB Ha JIOKaJbHO cryulaolleiics
CeTKe N0 BpeMeHH Mau npocTpaHcTBy [14,15], peruoHanbHO-al AN THBHBIX Pa3HOCTHBIX CXeM
[9,10] (6e3biTepal HOHHKLIX CXeM LHEKOMNO3HLUK OGIACTH), KOTOPLIE OPHEHTHPOBAHE! Ha Na-
padijleNibHble KOM.ILoTephl, Pa3HOCTHLIX CXeM JUIA ypaBHeHHH cMellaHHOro THna Ga3upy-
€TCA Ha MCNONb30BaHUK CXeM € MepeMeHHBIMH BEeCOBLIMH MHOKHTeNsMH. CXxeMbl OTMeueH-
HOTO KJlacca pactMaTpHBaloTcd B paborax [16,17). IlpuBezem XapakTepHblil pe3yabTar
[18] 06 ycToltuMEOCTH NO HaYalbHEIM JaHHBIM B HECKO/NbKO Goilee o6blueit onepaTopHOIl
¢dopMynHpOBKe.
Teopewmad Myemse (1) A — nocmogunsiti u notoxcumebHuiti onepamop, a

B=E+1GA, GA# A*G". (6)

Tozda ycaosue

GE%E (1)

docmamouno das yemotuueocmu cremvt 8 Ha-g. CxeMaM ¢ nepeMeHHLIMH BeCOBEIMHK
MHOKHTENIAMH COOTBETCTBYeT BHLIGOp IHAroHaJLHOTO ceToyHoro oneparopa G B (6).
Mpu orpanuucuusx (7) ycranasnubaetcs [18] ycToiuuBocTh pa3HOCTHOH cxeMul (1), B

KOTOpo#H
B=E+71AG, GA+# A'G".

Takoi# Bui6op onepaTopa B cBA3bIBaeTCs, HaNpHMep, ¢ HOBLIM THIOM B3IBelIWBAHUA NpH
HCIONIL30BAHHK CKeM C NepeMeHHbIMH BECOBBIMH MHOKHTENAMH.
Ilna caMoconpsxkenHoro onepatopa A paccMoTpeHml [19] Tak#e cXeMbl THNA

- ‘B=FE+7T"GT, A=T'T.
Wcenenobalue TEeXCHONHBIX PA3HOCTHRIX CXEM C NIEPeMeHHBIMH BECOBBIMH MHOXHTENAMY
nposenexo B paboTe [20].
3 AIIIIHTHBHHG Pa3HOCTHLIe CXeMbl

[Ipu paccMOTpeHItH MHOTOMePHBIX 3a1a4 GoMblioe BHHMaHHe YAeNSeTCH NOCTPOEHHIO CXeM
paciueniyienus. DTH cxeMbl CBA3LIBAIOTCA C alJAHTHBHLIM NpEACTaBIeHHeM oflepaTopa 3a-
[auyK M MO3TOMY HX Ha3LIBAIOT aANMTHBHBIMH Pa3HOCTHbIMH cxeMaMmH. JlaeTcs kpaTKas
XapaKTepPHCTHKa HanGonee BaXHbIX K/IAacCCOB alAMTHBHEIX CXeM.
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3.1 IlocraHoBka 3aga4dm

Paccua'rpunae'rcx 3anava KO[I.IH A 3BONIOINHOHHOIO ypanﬂemu nepBoro [opzu.u(a, Korna
uilercs ¢pyukuns y(t) € H, ynoriersopsioias ypaBHEHHIO
dy

aTAV=70), 0<t<T C)

H Ha9aJIbHOMY YCJIOBHIO
¥(0) = uo. 9)

ByneM cYMTaTh, 9TO onepaTop A NONOXETENbHKEI, HECAMOCONPAXKEHHE i ¥ HECTALUHO-
AapHHN, T.e. A(t) # A*(t) > 0. IIpa Takax yCIOBHAX s peiueHns 3amawt (8),(9) sepna
anpHOpHas OLeHKa

o) < loll + [ 15(5lds, )

BHIPaXXalolllad yCTOHYHBOCTb MO AAYaJIbHLIM NaHHKM H HPaBOd YacTH.

Iipu paciuensiennn onepatopa A Ha CyMMy OTHEAbHHX (6onee MPOCTHX) OIEpaTOPOB
MOXHO CTPOHTb HEABHHE CXeMHEl, B KOTOPHX Nepexon Ha NOBHIl BpeMeHHOH ciofl CBA3aH ¢
pellieHHeM 3aa9¥ He C OnepaTopoM A, a ¢ pelieHHeM psfa 3afad S OTHJIbHKX oflepa-
TOPHHX ciiaraeMhX. Cpean TakHX aJUTHTHBHEIX CXeM MBI OTMETHM 3JIeCh KJAcCHYecKHe
6e3yCI/IOBHO YCTOHYMBLEIE CXEMH HOKOMINOHEHATHOIO pacluenieHus (I0Kajibi 0-ONHOMEpHHEE
Pa3HOCTHLE CXEMH ), OpHEHTHPOBAHHKE Ha Oblliee MHOTOKOMIIOHEHTHOE Dac LIel/ICHHE.

Bynem cunTaTh, 4TO INs onepaTopa A CIpaBelUIHBO CJeRylollee alATHBHOE Ipen-
CTaBJIeHHe

P . .
A=Y Aa, A0, a=12,..,p (11)
a=1
AnnuTHBHEE PA3BOCTHHE CXeMH CTPOATCHS Ha OCHOBe npencTamiends (1), npudeM ne-
pexon ¢ OOHOIro BpeMeHHOro clios i, Ha Opyroil BpeMeHHO# ciioit ¢,41 = ¢, + T cB43aH ¢
pellieHneM 3a1ad VIS OTHENbHLIX 0NepaTopoB Ay, = 1,2,...,p B aXHTH BHOM pa3Jioxe-
nun (11), T.e. 3afa4a pacoafaeTcd Ha p non3aiad.

IIpumepoM aIIMTHBHKIX CXEM ABJSIOTCA KIACCHYECKHE CXeMhl NMOKOMIOHEHTHOIO pac-
wennenns (JoKaJlbHO-OAHOMepHHIE cXeMul) [3,4]. Heo6X0nHMO OTAENLHO YyIOMSHY Th aLIH-
THBHO-yCpelHeHHHE CXeMbl IOKOMIOHeHTHOTo paciuemienus [21,22]. Taixme cxeMu mo-
CTPOEHH! He TOJNBKO [IIf 3BOJIIONMOHALIX YpaBHeHHH NePBOro NopsAka, HO H . UId Y PpaBHEHHH
BTOporo nopaaka [23].

3.2 CxeMH NOKOMIIOHEHTHOro pacilellJIeHus

AnnMTHBHEE Pa3HOCTHHIE CXeMH JUIA 3a/iad C PacllelVIeHHeM Ha TPH M 30Jiee NONapHO
HEKOMMYTHPYEMHIX ONepaTOpOB TPAJHIMOHAO CTPOSTCH Ha OCHOBe MOHATHA CYMMapHOH
anNPOKCHMAIKE — CXeMH! I0KOMIIOHEHTHOTO PacilieNIeHHs (JI0KallbHO-O0HOMEPHBIE CXeMHL).
Ilns 3anauu (8),(9),(11) umeem

ntafp _ ,nt+(a-1)/p
Y Y Auud™ P+ (1— o)y eIy = T (12)

a=1,2,...,p, n=0,1,..,
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i)
P
r=30
a=1

Xopo1o 13 3ecTHO, YTO NIpH T, > 0.5 cxeMa NOKOMNOHeHTHOTO pacilennenus (12) Ges-
ycnoBHo ycroiuusa. [IpuseneM coorBercTByOlyio (cM. [3,4,23]) anpuopHyio OueHKy
YCTOHYMBOCTH (0 HAYAJbHLIM HAHHLIM M NPaBof YaCTH.

Ina npaebik yacTelt f2, o= 1,2,..,p HCNONB3YeTCA CNeNHalbHOE NpeICTaBlleHHe

° * P o
=+ 12 a=12,..p, Y fi=0. (13)
a=1

IIns cxeMul MOF OMIIOHEHTHOTO PaclUenJIeHUs BePHO Crenyiolliee YTBepXaeHue.
Teopemabh. Mpu05<0,<2 a=1,2,...,pu7>0 dig (12),(13) estnoansemecs
anpuopnas oyenxa

n 14 - 14 o
g™ < Baoll + 307 32 LI f5 I+ llAa 3 S5 1) - (14)

k=0 a=1 PB=c

IIpu opueHTanuu Ha COBpeMeHHbie NapaliefbHble KOMIbIOTePE MOAKHO HCIONB30OBATh
AU THBHO-yCpelHeHHbIe CXeMEl TIOKOMIIOHEHTHOTO paciuensienus. B stom cnyuae [21,22)
Nepexol Ha HOBbI BpeMeHHO# CNOoil OCcylLleCTBJIAETCA CJenyoLNM 06pa3loM:

1
-y

o Aaeayit (1= ooy = 2, (15)

a=1,2,.p, n=0,1,..,
1_ L o
yrH==S weth
pa:l

YcnoBus yctoil InBOCTH TaKiX CXEM TaKHe Xe Kak M CTaHIAPTHLIX CXeM TOKOMIIOHeHTHOro
paciiennienus. lono6HO Teopeme 5 N0KA3HIBaeTCH CleNyiOllee yTBEDAISHUE.

Teopemab. IIpuo, >05, a=1,2,...,p u awboiz 7 > 0 dag (13),(15) evinoans-
emcd anpuopHad oyenxa

n P * °
™ < o+ 327 3 (I /& 11+ proaline 22 1) - (16)

k=0 o=1

ToTeHuMan: Hoe TPEMMYILIECTBO aAOUTHBHO-YCPENHeHHBIX cxeM (15) CBA3aHO C TeM,
YTO AONYyCKaeTcs NapallileNbHasd OPranu3alus BHIYHCIeHHH ceTouHEIX pynkunit y*H! o=
1,2,..,p.

llpuBenentbe Buille oueHKM ycToWuuBocTH (14) u (16) cnyxaT OCHOBOW NMpH Hccie-
NOBaHHH TOYHO:TH DPACCMATPUBAEMBIX CXeM paclllemsieHHs. B Bume (12), (15) dopmy-
JUpYeTCH 3a[ava AN NOTPEUIHOCTH Pa3sHOCTHOTO pelneHHA. [IpHHUMNHAIBLHEIA MOMEHT
CBA3aH C TeM, 4TO B KCCIEIyeMbIX CXeMaX MOKOMIOHEHTHOTO pacilielyieHHd H aAnUTHBHO-
YCPEIHEHHBIX C3€MaX OlLleHKH YCTOHYHBOCTH CyILIECTBEHHO 3aBUCAT OT paclllennenns (13),
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OT TOTO KaK BHAEGNAIOTCH OTHENbHEIE cilaraeMuie. PaKkTHYeCKH ITO O3HataeT TO, YTO TOYU-
HOCTb TAKHX AAAMTHBHBLIX CXEM 3aBHCHT OT TOI'O, Kak Mbl (JOpMYJIIpYeM NPOMeXKYTOYHbIE
3af1a4H, KaK HX aNNpOKCHMHpPYeM M T.A.

C npyroii cTOpOHBI NPOMEXYTOUYHLIE 3a0a4H (BCMOMOraTe/lbHble CeTHUHBIC BEMHYHHBI
y""“’/",yg,a = 1,2, ...,p) KaKOro-To CaMOCTOATENbLHONO 3HaYeHH: He Hu4eloT. B nnmeane
xoTenocs 661 060HTHCL 6e3 HHX, T.e. CTPOHTb CXeMbI He NPHBJIEKAR NOHATHA CYMMapHO#
annpokcumanui. Huke oTMevaloTca HEKOTOpbie BOBMOKHOCTH B 3TOM, haKk HaM NpencTa-
BJIf€TCH, OYeHb NIePCNIEeKTHBHOM HaNpaBleHHH.

3.3 PerynapuioBaHHLIEe aJjANTHBHLIE CXeMhL

IocTpoenne pa3HOCTHBIX CXEM 3aJaHHOTO KayeCTBA MOKHO NPOBECTH HAa OCHOBe obllero
MeTOOrHYECKOro NPUHLUMNA — MPHHIMNA PeryNspH3alni pa3HOCTHBIX c:ieM [3,24). 3necn
MBI HCNOJIb3YEM 3TOT NMPHHIHN AJS NONYYEeHHA HOBHIX 6€3YCJIOBHO YCTON YNBLIX anlHTHB-
HBIX CX€eM. .

IIna nocTpoeHus 6e3ycnoBHO YCTOHYHBHIX PA3HOCTHHEX CXeM Ha OCHOBe NMPHHIHNA pe-
TYNAPH3AIKH HCNIONb3YeTCA CleNylolllas TeXHONOTHYecKad UeNoyka:

e Buibupaerca kakas-nnbo npocTeiillad pa3HOCTHaA cxema {NpoN3BOAALLAA Pa3HOCT-
Has CXeMa), KOTOpas He OTHOCHTCA K HeoGXonuMoMy Knaccy 6e3ycno 310 YCTOHYHBRIX.

o Jlannas cxeMa 3aNHCHIBACTCA B KAHOHHYeCKO#H popMe, 1NA KOoTopoii 13 obiueii TeopHn
YCTOYHBOCTH ONEPaTOPHO-PA3HOCTHLIX CXEM y&e H3BeCTHLI KpUT pitlt VCTONHYNBO-
CTH.

e JIns BBeieHua B Knacc 6e3ycNIOBHO YCTONYIBHIX Pa3HOCTHBIX CX€Al ONEpaTOphl NO-
poxAaaolledl pa3sHOCTHOH CXeMBbl BO3MYLIAIOTCA B COOTBETCTBHAMI € KPHTepHAMN
YCTOWYHBOCTH.

B kavecTBe mponsponsiled npu nNocTpoennn 6e3yCIOBHO VCTONYHBAIX alAMTHBHEIX
CXEM pacCMOTPHM MpOCTeiiluyio ABHYIO CXeMy
+1 n P :
vt -y -
—~T—+ZA(.y":f", n=0.1.... (17)

a=1

ADnnMTUBHLIE CXeMB NOCTPONM Ha OCHOBE BO3MYILCHHN KaKIOTO OTAENLHOIO onepa-
TOPHOI'O CIIaraeMoro B afiiHTHBHOM npeacTasnennn (11):

n

yn+l _ 4
+ Z(E+ atAS) Ay =", a=0.1... (18)

T a=1

Teopemad. Mlprno, >p/2, a=1,2,...,p ua066ir 7 > 0 dusg (18) evinoangemes
anpuopnag oyenxa

ly™'l < Nuoll + Y- ILSAN- (19)

k=

PaccmaTpnBaeman perynaphuszobantas cxema (18) aMeeT TCCHYIO CBSib € alLLHTHBHO-
YyCpenHeHHO# cxeMol cyMMapHO#i annpokcamanui. [as Toro 4Tobbl upon MoucTprposaTs
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3To, BBefeM (U} THBHbE ceTOdHHe Bennuunbl y**! o = 1,2,...,p, KOTOpPLIM Teneps Hu-
KaKoro CaMoCTOs TeNbHOTO 3HadeHUs He npunaercs. Bymem peanniosuisaTh cxemy (18) B
cnenyrolueit ¢op ve:

yn+l _ yn '

a - n n
F——+ (E+orAd) T Ay" = f3,
pT
a=12..,p, n=01,..,

12
Y= St
pa:l

TeM caMbIM MBI CHOBa NMPHXOAHM K alAHTHBHO-YCPEIHEHHOH CXeMe, NOCTPOeHHe KOTODOil
NpOBOANUTCA Ten:pb Ge3 NMpHBIeYeHHS MOHATHS CyMMapHoi annpokcumauuu. OTanune
OT paHee NPHBe IeHHON cxeMbl (15) CBA3aHO ¢ Pa3NHYHBIMH aNNPOKCHMAaUMSMH MPAaBbIX
qacTeif.

CpaBHenne cueHok ycToiunBocTH cxeMm (16) u (19) cyulecTBeHHO B noabsy peryns-
pU30BaHHOM cXeMBbl. A MMeHHO, Ans cXembl (18) ouenka (19) HWKak He CBA3KIBAaETCS C
pacilienyieHneM I paBoil YacTH, ¢ BhGopoM dynkuuit f2, o = 1.2....,p. UMeHHo 31O 06-
CTOSTENbCTBO YaCTO, KaK OTMEYaJloCh BhIllle, IOPOANAET TPYAHOCTH HCCIENAOBaHAS alliaH-
THBHBIX PAa3HOCTHBLIX CX€M CYMMapHOH alNpOKCHMAaUHHU.
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WTEPAIIMOHHOE PEINIEHUE PETPOCIIEKTBHON
OBPATHOM 3AINAYM TEIIJIOITPOBOIOHOCTM !

A.A.Camapckuit, II.H.Ba6uuesny, B.1.Bacunses

Hucmumym mamexamuuecxozo smodeauposanus PAH, Mocxsa,
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Axymexui 2ocydapcmeennmt ynusepcumem, Sxymex,
E-mail: niip@niipmi.yacc.yakutia.su

Abstract. B pabore nns perpocneKTHBHON OOPATHOM 3ala4YM TEINIONPOBONHOCTH
(3amau4 c o6paTHHM BpeMeneM 1S NapaboOMYECKOro ypaBHeHUs) pazpaboTaH HTe-
PAalaor BRI BLIMHCIKTEILHE AJIMODHTM, B KOTOPDOM YTOMHAETCA HayanbHOe ycjlo-
BHe, T.€. HA KaX[IOH MTEpAlMM PellaeTCs oOWYHAS Kpaepad 3alaya JUIA ypPaBHEHHA
Terutor poBonanocTH. Ha ochoBe o6inedi Teopuy WTEPALIMOHHKX METONOB PENIEHHA Ole-
PATODE HX YPABHEHHMI YCTaHABIMBAIOTCA NOCTATOMHBIE YCIOBUS CXONMMOCTH MTepa-
IMOHH( I'0 NpoNecca, NPOBOAMTCS BHIGOP MTEPAIMOHHBIX NapaMeTPoB.

1 Bpaegenne

Cpenu obpaTmiix 3aaa4 TennoobMena [1,2] MOXHO BHIENTUTH PeTPOCNEKTHBHY IO 0GPATHYIO
3agaqy (3aj4a4y ¢ OGPATHHIM BpeMeHeM) 1O OfpenelieHHI0 HAYa/hHOrO TeMIepaTypHOro
COCTOAHHS TO '’€MNEPATYPHHIM U3MepeHHSM Ha KOHeYHBIH MOMeHT BpeMeHH. Ilns ee mpu-
GNHXXEHHOro yCTOHYHBOro pellieHHs HCTONb3YIOTCS pa3finyHsle noaxonu. Cpenn oCHOBHBIX
MOXHO OTMETH I'b METOIH C BO3MYLIl€eHHeM HCXONHOrO ypaBHeHUs — MeTONK! KBa3HoOpallie-
HMA B Pa3InyH 51X BapuanTax [3]. Bropoii kiacc MeTONOB CBA3aH C BO3MYLLEHHEM HAYallb-
neIx ycnopuii. Taxoit nopxou pealusyeTcs NpH HCNONb3OBAHHH (GOPMYJIHPOBKH 3alaul
KaK 3a/Jlaud Ol CMMJILHOIO ynpamiienus [4]. AHanorMuHas npouenypa pakTHYecKH TOPO-
KIAeTCH TPH § CNONB3OBAHHH NPOLENYP HENOKANIbHOTO BOSMYLIEHHS HAaYallbHbIX YCIIOBHI
5. -

B nacTosmee BpeMs B TeOpMH NpHGIMKEHHBIX METONOB pelleHHs HEKOPPeKTHHIX 3a-
nad [6] chopmi poBasioch HallpaBeHHe UCCIENOBaHHH, KOTOPOE CBA32HO C HCTIONb3OBAHHEM
MTepalMoHHKIX MeTonos [7]. TIpu TakoM noaxone B kadecTBe NapaMeTpa. pery/ispH3aluH
BLICTYTIaeT YH¢JIO MTepaluil, KOTOpOe COrjlacyeTCs C NOrpPellHOCTbhIO BXONHBIX NaHHBIX.
[Ipu peienuu oOpaTHHIX 3asa¥ IS yPaBHeHW# MaTeMaTH4eckoii (pM3MKM wMpoxo (8]
HCIONb3yIOTCA TPallHeHTHLEIe HTepallHOHHble MeTONLl TPH BAPHALHOHHOW (POPMYIIHPOBKe
ob6paTHO# 3ana 1H. B naunoii paGote paccMaTpuBaeTcs HaHGoNee NPOCTOH HTepaUMOHHBIA
MeTOll pH NpH JJIHXKEHHOM PellleHAH PeTPOCNeKTHBROH oOpaTHOM 3a1ayH TeNONpPOBOAHO-
cti. Hns noctiBrennol o6paTHoOl 3aliadi HTEPallHOHHO YTOYHAETCH HadallbHOE yCIIOBHE,
T.e. Ha KaXJCH HTepallHH pellaeTcs oOblYHas KpaeBaf 3allauya JI/IA ypaBHeHHA TemlIo-
nposonHocTH. (a ocHoBe obluell TeopHH HTEPALHMOHHBLIX METONOB pellieHHs ONepaTOPHLIX
ypaBHenu# [9,]10] ycTaHaBIHBAIOTCS NOCTATOYHBIE YC/IOBHS CXONHMOCTH HTEpallHOHHOIO
NpoLecca, NPONOAUTCS BHIGOP WTEPaNMOHHLIX NapaMeTpoB. B Takux 3afayax onepaTop

!Pa6oTa BRIIO. [HEHA NP (UHAHCOBON TOAMEPXKKe PoccHiickoro Gonna ¢yHIaMeHTATbHBX HCCIEN0Ba-
HHB#M, npoexT 96-0° -00657.

372



lepexolla Ha HOBOE UTepallnoOHHOe ﬂpllﬁﬂM}KeHllf‘ NO3BOJIAeT BLLISTITH npminu‘ferHoe pe-
HIeHHe HCKOMOTro KJjaccCa rjiankocTH.

2 IlocraHoBKa 3amadn

PaccMOTpHM B KayecTBe MONeNbHON ABYMEpHYIO 3allady B NIPAMOYTOJIbHHK >
Q={x|x=(z1,22), 0< 24 <ly, o =1,2}.
B Q uiercs peiienne napabolnyeckoro ypaBHEHHS

Bu
Bt Z (')m,J (')zo

=0, x€Q, 0<t<T, 1)

DONOJTHEHHOro MPOCTEHiIHMH ONHOPONHLIMH TPAHHYHLIMH YCIOBIS NepBOrC pona:
u(x,t)=0, x€dQ. 0<t<T. . (2)

B paccMaTpubaeMoii o6paTHOil 3a/iade BMECTO 3allaHii pelleHlis Ha Haya.lbHbil MOMEHT
BpeMeHd 1 = 0 3allaeTCs peilleHe Ha KOHeYHLIA MOMCHT BpeMmeHi:

uw(x,T) = g(x), x €. (3)

Takas obpaTHast 3aJlaya KODPEKTHA, HaNpUMep, B KJIAcCaX OrpaHiYeHHbIX peulennil (no-
JIOANUTENBHEIX) pelleHuii.

3 IIuddpepeHnmanbHO-PAa3HOCTHAA 3akaya

[MocTaBuM B cooTBeTcTBMe AnddepernnanbHoii 3anave (1)-(3) nuddepennnanbHo-pas-
HOCTHYIO 3alaqy, NpoBelf ANCKPETH3alMHIo NO MPOCTPaHCTBY. bynem cun-aTh, nas npo-
CTOTHI, 4TO B 06nacTH () BBeleHa paBHOMepHas 110 KaKIOMY HanpaB/eHHIo ¢ >TKa ¢ LiaraMu
ho, @ =1,2. [lycTh w — MHOKECTBO BHYTPEHHHX Y3JIOB.
Ha MHOXecTBe ceTouHbIX ¢ynkuuil y(x) Takmx, uro y(x) = 0, x # w onpenenum
ceTOYHBI onepaTop A COOTHOLlIeHHEM
2
Ay = - Z (“ayj‘o ).l‘ov (l)
az=l

[IOJIOXKUB, HallpUMep,
a1(x) = k{z; — 0.5hy,2,),  ax(x) = k(zxy. 202~ 0.5h).

B ceToynom rHﬂbGepTOBOM NpoCcTpaHCTBe H CKangpHoc npousBeNeliie 1 HopMy aBceileM

COOTHOIIIEHHAMHU
(v, 0) = 3y w)hiha, Nyl = /(v ).

XEw
B H umeem [9,10] A = A* > 0. Ot (1)-(3) nepeiineM k nngepennnansno- oliepaTopHOMy
YPaBHEHHIO
dy
E+A1_O, xX€w, 0<t1<T (5)
NpH 3a03aHHOM
y(T)=g, x€w. (6)
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4 HrepauuoHHOE yTOYHEHME HAYAJILHOIO YCJIOBHA

Ins npubnux¢Rroro perienud obpaTHoOM 3afaun (5),(6) GymeM HCNONB3OBATH HTEpaLH-
OHHBIE METOIbl, CBA3aHHbIE C YTOYHEHHEM Hayallbhoro ycinosus. Ha kaxkmoit uTepauun
COOTBETCTBYIOILIHE KOPPEKTHbIE 3alayl PellaloTCs Ha OCHOBE MCMONb30BaHUA CTaHIapT-
HEIX JBYXC/IORHBIX Pa3HOCTHBIX cxeM [9,11].

[lyctb BMecTO OGpaTHO# 3amaun (5),(6) paccMaTpHBaeTCs NMpAMas 3alaya s ypas-
Henna (5), korjia BMecTo (6) HCIONb3yeTCA HaYanNbLHOE YCIOBHE

y(0)=v, x€w. (7)

O603Ha4uM Yepe3 y, Pa3HOCTHOE pelleHHe Ha MOMEHT BpeMmeHM I, = nr,rme 7 > 0 —
war no spemetH, npuieM N7 = T. [Ipn ucnonb3oBaHUH OOGBIYHON ABYXCIONHON CXEMBbI
¢ BecaMn [9,11 nepexon Ha HOBHIA BpeMeHHoOH ciioit B 3apaye (5),(7) ocyilecTBIseTCa B
COOTBETCTBHH

érﬂ'lr—_y"+1\(ayn+1+(1—a)yn)=0, n=01...,.N-1, (8)

Yo=v, XEuw. 9)

Kak xopotu> ussectHo [9], cxema ¢ BecaMu (8),(9) 6eaycioBHo ycToituusa npu o > 0.5
M clpaBelsIKBa ClleAyiolllad OUeHKa yCTOHYHBOCTH

Nomerll S Hwall S - < Mlwoll = Ioll, n=0.1,....N -1 (10)

TeM caMbIM HOO>Ma pelleHHs CO BpeMeHeM yObIBaeT.

Jlns npubniKeHHOro pelleHHA oﬁpa;moﬁ 3anauu (5),(6) 6ymeM ucnonb3oBaThb npocTei-
LKA HTepalHo iHLI{ Npollecc, OCHOBAHHLIA Ha MOC/IeNOBATENLHOM YTOYHEHHH HavaJLHOrO
YCJIOBHA M Pell:HUH Ha Kaxaoi uTepalluyu npsmoil 3amayu. Ilpunanum sToit 3apmave cooT-
BETCTBYIOLLYIO ONEpaTOPHYIO POPMYITHPOBKY.

U3 (8),(9) nns 3amanHOrO yp Ha KOHEYHLI MOMEHT BPEMEHH MOJYy4HUM

. . v =S, (11)
roe S — omnepaTop nepexofia C OJHOTO BPEMEHHOTO CJIOS Ha IPYIof:
S=(E+arA)"YE+ (¢ - 1)TA). (12)

C yuetom (5),(3) u (11) npubaunkeHHOMYy pelleHHI0 o6paTHOH 3aladi eCTECTBEHHO CONO-
CTaBHTh pelllehde CelyIolLIero CeTOYHOro onepaTOPHOro ypaBHEHHA

Av=g, x€w, A=SV. (13)

B cHay caM)conpsAKeHHOCTH onepaTopa A CaMOCONPAKEHHbLIM ABJRKETCA ONepaTop fe-
pexona S u onepatop A B (13). Onno3HayHas pa3pellMMOCTh CETOUHOro ypasrenus (13)
GymeT UMeT Me:TO, HalpHMep, DU NMONOKHTENbHOCTH onepaTopa A. DTo yciosne Oyner
BBITIOJIHEHO 115 TOJOXKHMTENLHOrO onepaTopa nepexoda 5. IlpunuMas Bo HUMaHHe npen-

ctasnenre (12), nonyyum S > 0 npu
a> 1. (14)
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Ycnosne (14) ra Bec cxemul (8),(9) sBuseTcs Bonee XKecTKHM, YeM OOBIYHO¢ YCIOBHE YCTOM-
unBocTH. B naineM cnyvae B (13) npu orpanuyenusx (14)

0<A=A"<E. (15)

Ilna pewenns ypasHenns (13),(15) MoXHO HCIONB30BATH ABHLIA IBYX “NOWHbLIA HTepa-
IHOHHBIA MeTOll, KOTOphIik 3anucuBaeTcs [10] B BHIe
Vk+1 — Uk
Sk+1
THe Sg41 — HTEPAIHOHHLIE MapaMeTDH.

PaccmaTprBaeMHil HTepallHOBHK MeTON COOTBETCTBYeT CJEAYIONiH OpraHH3alHR
BLIYHCAEHHH NPH NPHGIHKEHHOM PelleHHH peTpOCIeKTHBHON o6paTHoi zamna4n (1),(2).

o Ilpn 3anannoM v 1aeTCAd NPpIMaA 3amadya C HCMNOJIbL30BaHHEM a3 HOCTHOMN CXeMbl
k

k k
Yng1 — Yn

- +A(oyE L +(1-a)yk)=0, n=0,1,...,N -1, (17

W=, xew (18)
nng onpenenenns yk.

o B coorBercTBHH  (16) yTOYHACTCA HaYAILHOE YCiIOBHE:

k

Vkt1 = Uk — Sk41 (YN — 9)- (19)

Kak cnenyer H3 obuied TEODHH MTepalMOHHhIX MeTomoB [10] CKOPO-Th CXOMMMOCTH

MeTona (13) onpenenseTcs NOCTOAHHKIMH IHEPreTHUECKOH SKBHBAJIEHTHO( TH Yo, @ = 1,2:
.

NnE<A<1RE, m>0. (20)

IIpunumas Bo BHHManHe (15), MOXHO nosoxuTh 72 = 1. IlonoXHTeNbHA 1 NOCTOSHHAL 7
3aBHCHT OT CeTKH H JIeXHT BOJH3M HYJA. ’

Jlas cTauMoOHAPHOTO MTepalHOHHOro Merona (sx = So = const B (1¢)) ycnoBua cxo-
numocTH HMeoT [10] B HaMX ycnoBHax BuA Sp < 2. Jlas oNTHMallbHOIO NOCTOSHHOIO
3HavYeHHs HTepallHOHHONO MapaMeTpa HMeeM Sg =5 1. Jlns ycKopeHHA CXONMMOCTH Heob-
XONHMO OPHEHTHPOBATLCA HA MPHMeHeHHe HTePALHOHHBIX METONOB BapH: IHOHHOTO THIIA.
Ipn Hcnonb30BaHHH HTePAUHOHHONO MeTONa MHHHMAJIbHBIX HEBA30K IUIs HTePalHOHHBIX
NapaMeTpoB HMeeM

Sk41 = (Ark’rk) y
(Ar,,, Ark)

B aTom cliyyae Ha KayKJioH HTEepallHH MHHHMH3HPYETCA HOpMa HEeBA3KH, T.€. BepHa OlleHKa

rr = Avg — g.

sl < lrell < -« < llrol-

IIpr #cronb3oBaruH Gofee oO6LIEro HesBHONO HTEPAHOHHOTO MeTcna BMecto (16)
HMeeM

B "% | Ap =g, (21)
Sk41
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rne B = B* > 0 B sToM cnyyae (MeTon MHHMMANbHEIX NONPABOK) IS HTEPAINMOHHBIX
napaMeTpoB HCIC Ib3YIOTCA pacuyeTHhle GOPMYITH

(Awg, wy)

= = B7ln.
Sk+1 (B-1Awy, Awy)’ w Tk

Hnsa sToro cnyy:d MMHUMHU3MpyeTCS NONPAaBKa W41 HA KaXIOH MTepalHH, T.e. BepHa
OLIEHKa
lwesdl < llwll < ... < [lwol|-

ABANOTHYHO pac:MaTPHUBAIOTCA U Gollee GEICTpble TPEXCIOfHble BapHAUHONHbIE HTepallH-
OHHEI€ METOHNHI.

OTMeTHM HeKOTOpHIe 0co6eHHOCTH BRIGOpa onepaTopa B mpu pelneHun HEKOPPEKTHBIX
3amay. B oOGBIYFBIX MTepaUMOHHEIX MeTONaX BuIGOp onepaTopa B nogumHeH HCKAOYH-
TeNbHO YCKOPEHNIO CKOPOCTH CXONMMOCTH HTepalldoHHoro MeTona. [IpH pelenun nekop-
PEKTHHIX 3aJiay L TepalMOHHHI npouecc o6pLIBaeTCs A0 NOCTHAEHIs HEBA3KM, BeJIHYMHA
KOTOpOiil onpenenfeTcs MOTPElIHOCTHI0 BXOAHLIX HaHHBIX. Jls HAC Ba’kKHO He TONBKO €
KaKOW CKOPOCTBK) CXOAMTCS HTEpallHOHHBIH NMPOLecC Ha 3TOM yuyacTKe yOLIBaHMA, HO U B
KaKOM KJlacce IMaJKOCTH DTOT UTEePalUMOHHLIH MpOLecc CXOUMTCsS, B KaKoil HOpMe HeoO-
XOOMMAEI# ypOBeH b HeBA3KH nocTuraercs. [IpyHuMnHanbHas oco6eHHOCTH NPHGIHAKEHHONO
pellleHHA HEeKOpPpP :KTHHIX 3alay MTepalHOHHBIMH METONaMH COCTOMT B TOM, YTO BhlZeNe-
HHe NPUOIMXEHH IO pellleHus U3 HeoGXONMMOTro KITacca IMIadKOCTH JOCTHraeTCs BuGopoM
onepaTtopa B.
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