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KpaTKHH o'l:epK aay-qaoii ;a;eJITeJibHOCTH 

•.• 1-1 rrycTb mo,a:1-1 rrerKop;yMHhle rrorrara10T, 6y,a;To Hecym;ecTBy101.1.1;ee 

B HeKOTOpOM po,a;e rrer"Ie 1-1 6eOOTBeTCTBeHHee o6rre"lb B ClIOBa, He)Kellli 

cym;ecTBy101.1.1;ee, op;HaKo JJ:ll.ll 6rraroroneiiHoro 1-1 conecTmrnoro "IerroBeKa 

Bee o6CTOHT KaK pao Hao6opoT: Hlf"ITO _TaK He ycKOITbOaeT OT 11006pa­

)KeHlf.ll n CITOBe 11 B TO )Ke BpeM.ll Hlf"ITO TaK HaCTO.llTeITbHO He Tpe6yeT 

nepep;a"IH Ha cy,a; n10,a;ett, KaK HeKOTOpble ne1.1.1;11, cym;eCTBOBaHHe KOTO­

pbIX Hep;oKaoyeMo, ,a;a 11 ManoBepO.llTHO, HO KOTOpbie lfMeHHO 6naro,a;ap.ll 

TOMY, "ITO ITIOJJ:lf 6naroroBeHHble 11 COBeCTITlfBble BlfJJ:.llT lfX KaK 6bl cym;e­

CTBYIOUJ;lfMlf, XOT.ll 6bl Ha OJJ:lfH mar np116ITlf)KalOTCJI K 6hlTlf10 CBOeMy' 

K caMOH BOOMO)KHOCTlf pO)Kp;eHll.ll cnoero. 

fepMaH fecce 

"Ilrpa B 611cep" 

B 1958 ro;a;Y B Jla6opaTopmo TeopeTII'!ecKoii <pII3IIKII, B ceKTOp ,Ii;MIITPIDI I:IBaHo­

BII'!a BrroxIIHn;eBa npIIrnerr BhmycKHIIK MM<PM f'apIIii Brra;a;IIMIIpoBII'I EcpIIMOB. 3a TpII­

;a;n;aTb Il.lITb JieT, IICTeKllJIIX c Tex nop, IIM npoii;a;eH 6oJihllJOH nyTh B HayKe. IIepBbIM 

cyin;eCTBeHHbIM penyrrhTaTOM f'apII.lI Brra;a;IIMIIpOBII'!a CTaJIO o6o6in;eHIIe II rrpIIMeHeHIIe 

B Teopllll IlOJIJI MaTplI'IHOro MeTo;a;a pellleHlIJI ;a;ncpcpepeHn;llaJibHbIX ypaBHeHlrn: Jlarrrro -

,Il;ammeBcKoro. McrrorrhnyJI aToT MeTo;a; ;a;rrJI IIny'!eHHJI HeKOTOphlX Mo;a;erreii KBaHTOBOH 

Teopnn rroJIJI, f'.B. EcpnMoB panBHJI npon;e;a;ypy rrepeHopMnpoBoK ;a;rrJI aTnx Mo;a;eneii n rro­

rry'lnrr p.lI;a; lIHTepecHbIX CBOHCTB rrepeHopMnpoBaHHbIX BeJIII'llIH, B 'laCTHOCTJI, CBOHCTBO 

orpaHH'leHHOCTlI nepeHOpMllpOBaHHOH KOHCTaHTbI CBJI3II. I.l;IIKJI pa6oT rrer B OCHOBY ero 

KaHµ;JIµ;aTCKOH µ;IIccepTan;nn. MToroM aTnx rrepBhIX nccrre;a;oBaHIIH 6bIJIO JI To, 'ITO orrpe;a;e­

JIIIJiacb HarrpaBJieHHOCTb lIHTepecoB f'aplI.lI Brraµ;HMllpOBlI'!a Ha rrpo6rreMhl KBaHTOBaHlIJI, 

rrepeHopMnpyeMOCTlI, ClIJihHOH CBJI3II B rrnaHTOBOH TeopIIn rrorrJI. 

IloMlIMO 6oJibllIOro KJiacca rrepeHOpMHpyeMbIX TeopIIH, BeCbMa lIHTepeCHbIMII c <pll-
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3lI"ieCKOII TO"iKlI 3peHlIH HBJIHIOTCH TaK Ha3hIBael\Ihie HerrepeHopMIIpyeMhie TeOplilI IlOJIH, 

B KOTOphIX B03HlIKaIOT rrpIIHUIIIlliaJihHhie Tpyp;HOCTH, CBH3aHHhie C YJihTpacJllIOJieTOBhIMlI 

pacxop;lIMOCTHMlI. Cpe;a;II IlOilhITOK npeo;a;oJieHIIH aTlIX Tpy;a;HOCTeII oco6oe MeCTO 3aHII· 

MaeT HeJIOKaJibHM KBaHTOBM TeOplIH IlOJIH. llcTOplIH lI3Y"ieHlIH peJIJITlIBlICTCKlIX TeOplIII 

IlOJIJI C HeJIOKaJibHhIM B3alIMOp;eIICTBlieM Ha"ilIHaeTCJI C 1934 ro;a;a lI CB513aHa C lIMeHaMII Ta­

KlIX y"ieHhIX KaK r. BaTarlIH, M.A. MapKOB, ,[(.ll. BnoXIIHUeB, ll.E. TaMM, X. MaK MaHyc, 

X. lOKaBa, K. Bnox, B. Ilay~n, P. IlaIIpnc, E. llIT10KeJib6epr, E.C. <t>pa;a;KIIH, B.r. Ka;a;hI­

weBCKIIII, ,[(.A. KIIp)KHIIU, BJ!. <t>aIIH6epr II ;a;p. Ilocne MHOrIIx pa0Hoo6pa0HhIX IIccne;a;o­

BaHIIII, K Ha"iaJIY 60-x ro;a;oB BhIJICHlIJIOCb, 'ITO HeJIOKaJibHM KBaHTOBM TeOplI51 IlOJIJI co­

;a;ep)KlIT CBOlI co6CTBeHHble Tpy;a;HOCTH, KOTOphle, Ka3aJIOCb, IlOJIHOCTbIO 3aKpbIBaIOT B03-

MO)KHOCTb HenpOTlIBOpe"ilIBOll cpopMym1poBKU. 

OpnrIIHaJihHhIII BbIXOp; 113 aTOI°I CIITyaunu 6hIJI rrpe;a;no,1,eH r.B. EcpIIMOBhIM - eMy 

y;a;anocb OTKpbITb HOBhlll KJiacc cpopMcpaKTOpOB, c IlOMOIIIhIO KOTOpbIX 6bma IlOCTpoeHa 

HeJIOKaJibHM KBaHTOBM Teop1rn IlOJIH, y;a;oBJieTBOpHIOIIIM Tpe6oBaHlI51M peJIJITlIBlICTCKOII 

lIHBapIIaHTHOCTlI, MaKporrpH"IIIHHOCTH II YHIITapHOCTH. HoBbIII MeTo;a; Il03BOJilIJI OillICaTb 

TeOplIIO C HeITOJilIHOMliaJibHbIMH narpaHJKIIaHaMn, 'ITO ;a;ano B03MO)KHOCTb, B "iaCTHOCTlI, 

rrpoBeCTlI pac"!eTbI B cpI13U"ieCKII IIHTepeCHbIX KHpaJihHhIX TeOplIHX. Ha pa0pa60TKY aToro 

MeTo;a;a YlllJIH ro;a;bI HanpHJKeHHOro Tpy;a;a, 6hIJIH HanHcaHhI ;a;ecHTKH CTaTeII, c;a;enaHO MHO­

)KeCTBO ;a;oKna;a;oB Ha CeMIIHapax. KOHcpepem.urnx H COBeIIIaHlIHX. B Hay"IHYIO JilITepaTypy 

BOlllJilI TaKIIe IlOHHTHH, KaK MeTo;a; EcpnMOBa - <t>pa;a;KIIHa )];JIJI HeITOJilIHOMIIaJibHhIX narpaH­

)KliaHOB, HeJIOKaJibHhie o6o6IIIeHHhie <PYHKUHII KJiacca EcpIIMOBa, HeJIOKaJihHM TeOplI51 IlOJIJI 

EcpIIMOBa. 

B 1968 ro;a;y fapIIII Bna;a;nMupoBII"i 0aIIIIITIIJI ;a;oKTopcKy10 ;a;nccepTaun10, a B 1977 

BhllllJia ero nepBM MOHorpacpIIH: "HenoKaJibHbie B3aI1Mo;a;ei°1CTBirn KBaHTOBaHHbIX noneII". 

O;a;HoII II3 ueHTpanbHbIX rrpo6neM B KBaHTOBOII Teopnn nonH HBJIHeTCH npo6neMa ClIJib­

HOII CB513II, He Il03BOJI51IOIIIM IICilOJib30BaTb CTaH;a;apTHbie MeTO)];bI TeOpHlI B03MyIIIeHlIII. 

Heo6xoµ;IIMO 6hlno BbIIITH 0a paMKn aToro MeTo;a;a, n 0;a;ecb fapneM Bna;a;IIMIIpOBII"ieM 6hIJI 

c;a;enaH cyIIIeCTBeHHblll war Bnepe;a;. llcrroJih3Y51 TOHKlie MaTeMaTII"ieCKlie npIIeMbI lI CTpo­

roe onpe;a;eneHIIe <PYHKUHOHaJihHOro llHTerpana, el\IY y;a;aJIOCb ;a;oKa3aTh cyIIIeCTBOBaHI1e 
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KOHe'IHOII S-MaTp:III:i;hl B HenoKaJibHhIX II cynepnepeHopMIIpyeMbIX Teopmi:x µ;n.lI npomJBOJib­

HhlX KOHCTaHT CB.ll:JII, a TaK:)Ke HaHTII acIIMIITOTII'IeCKOe IIOBeµ;eHIIe q>II:JII'IeCKIIX BeJIII'IIIH 

B npeµ;ene CIIJibHOII CB.ll:JII. TaKIIM o6pa:JoM, 6bIJI nocTpoeH npIIMep KoHe'IHOII caMocorna­

coBaHHOII 'IeTb1pexMepHOII pen.lITIIBIICTcKoi'r KBaHTOBorr TeopIIII non.ll. Pe:JyJihTaThl aTIIx 

IIccneµ;oBaHIIH o6o6IIJ;eHhl Bo BTopoii MOHorpaq>IIII: "Ilpo6neMhl KBaHTOBOII TeopIIII HeJio­

KaJihHhlX B:JaIIMOp;eHCTBIIII", BbIIIIeµ;IIIeH B 1985 roµ;y. 

B 1975 roµ;y r.B. Eq>IIMOB Bhlµ;BIIHYJI IIHTepecHyro IIµ;ero O TOM, 'ITO yµ;ep)KaHIIe KBap­

KOB B aµ;poHe MO:lKHO peaJIII:JOBaTb peJI.lITIIBIICTCKII IIHBapIIaHTHhlM o6pa:30M B paMKax 

HeJIOKaJihHOH KBaHTOBOH TeopIIII noJI.lI. TaKrur TeopII.lI µ;onycKaeT KBaHTOBaHHoe none (Bno­

cJieµ;cTBIIII Ha:JBaHHOe BIIpTOHHbIM), KOTopoe He cyIII;eCTByeT B CB06oµ;HOM COCTO.lIHIIII, a 

npO.lIBJI.lleTC.lI TOJibKO B BIIPTYaJibHbIX nepexoµ;ax. McIIOJib:JOBaHIIe BIIpTOHHoro IIOJI.ll µ;JI.ll 

OIIIICaHII.lI KBapKOB np1rneno K BO:JHIIKHOBeHIIIO BIIpTOH-KBapKOBOII Moµ;eJIII aµ;poHHhlX B:Ja­

IIMoµ;eIICTBlIH. B paMKax aTon Moµ;enII 6bmo II:Jy'IeHo MHO)KeCTBo aq>q>eKTOB HlI:JKOaHepre­

TlI'IeCKOII aµ;poHHOrr ¢1mIIKII. ~IIKJI nccneµ;oBamrrr 6bm yµ;ocToeH npeMIIII OMJIM :Ja 1981 

roµ;. 

JiorII'IeCKlIM npoµ;on:lKeHIIeM BIIpToH-KBapKoBOII Moµ;enII .lIBIIJiacb Moµ;eJib KOHq>anHMII­

poBaHHhlX KBapKoB (MKK), npeµ;no:lKeHHrur rapIIeM Bnaµ;IIMIIpoBII'IeM II ero y'IeHIIKaMII B 

cepeµ;IIHe 80-x roµ;oB. MKK - pen.lITIIBIICTCKrur KBapKoBrur Moµ;eJib, ocHoBaHHM Ha onpe­

µ;eJieHHbIX npeµ;cTaBJieHII.lIX 06 aµ;poHII:JaIJ;IIII II KOHq>aiiHMeHTe JierKIIX KBapKOB. Moµ;enh 

KOHcparrHMIIpOBaHHhlX KBapKOB .lIBIIJiaCb yµ;a'IHbIM IIHCTpyMeHTOM IICCJieµ;oBaHII.lI aµ;poH­

aµ;pOHHbIX B:JaIIMoµ;errcTBHU npII HII:JKIIX II npoMe:il(YTO'IHbIX 0HeprII.lIX. B paMKax 0TOII MO­

µ;eJIII C eµ;IIHOU TO'IKII :3peHII.lI OIIIICaHbl pa:3JIII'IHbie aq>q>eKTbl aµ;poHHOII q>II:JIIKII: KOHCTaHThl 

II cpopMcpaKTOphl CIIJibHhlX, cna6bIX II aneKTpoMarHIITHbIX pacnaµ;oB, µ;JIIIHhl II <pa:Jhl HII:3-

K00HepreTII'IeCKOro 1r1r-, 1r N- II N N - pacce.lIHII.lI, non.llpII:JaIJ;IIOHHhle xapaKTepIICTIIKII IIII­

OHOB II KaoHoB II T.µ; .. Yµ;anocb TaK)Ke o6o6IIJ;IITh MKK Ha <pII:JIIKy aµ;poHoB, coµ;ep:lKaIIJ;IIX 

oµ;HH T.lI:lKeJibIH c- IIJIH b-KBapK. MHTepec K aTorr o6naCTH q>II:JIIKII aneMeHTapHhlX '!aCTIIIJ; 

oco6eHHO BO:Jpoc B nocneµ;HIIe II.lITh neT B CB.ll:JII c oTKpbITIIeM M:JrypoM II Ban:Je HoBoii 

rpynnhl CIIMMeTpHH CIIJihHhIX B:JaIIMoµ;ei'rcTBHII B ceKTope T.lI)KeJibIX KBapKoB. B MKK µ;e­

TaJibHO OIIIICaHhl nonyneIITOHHbie pacnaµ;hl T.lI)KeJibIX aµ;poHOB: q>opMq>aKTOpbI II IIIIIpIIHhl 
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pacna;a;oB, ;a;ncpcpepeHI.~IlaJibHbie pacnpe;a;erremrn II rrenTOHHbie cneKTpbI. Bee aTII nccrre;a;oBa­

HIIJI cocTaBnJIII ocHoBy ew;e o;a;Ho11 MOHorpacpuu - G.V.Efimov & M.A.Ivanov. The Quark 

Confinement Model of Hadrons (IOP Publishing, Bristol & Philadelphia, 1993). 

TeopuJI KplITH'IeCKHX JIBJieHHH B KBaHTOBOil0JieBhIX CIICTeMax - o;a;Ha Il3 CaMbIX 6bl­

CTpo pa13BlIBa10mnxcJI o6rracTeii KBaHTOBoii <pH3IlKil. ll;eHTpaJibHoii npo6rreMoii 3p;ecb JIB­

JIJieTcJI II3y'IeHIIe ;a;IIHaMII'IeCKoii nepecTpoiiKII CIIMMeTpIIII IIJIII, IlHa'!e roBopH, cpa13oBoii 

CTpyKTYPbI Mo;a;erreii KBaHTOBOH Teop1rn IlOJIJI. Cl>a130Bble nepexo;a;bl B Il0JieBbIX CIICTeMax, 

KaK npaBIIJIO, npoIIcxo;a;JIT npn 6oJibWIIX KOHCTaHTax CB_JI:JII, Kor;a;a HeilplIMeHIIMbl CTaH­

;a;apTHble MeTo;a;bl Teopmt BO□Myrn;eHIIii. B 1989 ro;a;y fapIIii Brra;a;IIMHpOBil'I npe;a;rrmKIIJI 

MeTo;a; IIccrre;a;oBaHIIJI pe,KIIMa CIIJibHoii CBJI:JII II cpa13oBoii cTpyKTYPbI B KBaHTOBOH TeopIIIl 

norrJI, ocHoBaHHhlii Ha 1mHOHII'IeCKIIX npeo6pa□oBaHIIJIX u cpopMaJIII3Me peHopMrpynnb1. C 

Il0MOlll;blO aToro MeTo;a;a <pal30BM CTPYKTypa pH;a;a KBaHTOBOilOJieBblX Mo;a;erreii 6bIJia npo­

aHaJIII3IIpOBaHa B TepMIIHaX nepeHOpMnpoBaHHbIX BeJIII'IIIH. Ilo□)Ke II;a;eII aToro MeTo;a;a 

rrerrru B ocHoBy II□y'IeHIIJI wIIpoKoro ·Kpyra 3a;a;a'I II□ pa□JIII'IHbIX o6rracTeii KBaHTOBoii <pII­

:JIIKII ( TeopuJI nomipoHa, pacnpocTpaHeHIIe BOJIH B CTOXaCTII'IeCKIIX cpep;ax, CBJI:JaHHble 

C0CTOJIHIIJI B KBaHTOBOMexaHH'IeCKUX CUCTeMax). ll;IIKJI CTaTeii, BKJilO'IalOlll;IIH aTII IICCJie­

;a;oBaHIIJI, 6bIJI y;a;oCTOHH nepB01°l npeMIIII OIUIM □a 1992 ro;a;. AKTIIBHM pa6oTa B aTOM 

HanpaBJieHIIII npo;a;orr,KaeTcJI u cen'!ac. 

,Il;aBHeii II;a;een fapIIH Brra;a;uMnpoBu'!a 6bmo nocTpoeHne HerroKaJibHOH KBapKoBon MO­

;a;errII a;a;poH-a;a;poHHbIX B:JaIIMo;a;eiicTBIIi°I, KOTOpM 6bI OCH0BhIBaJiaCb Ha K0HKpeTHbIX Mexa­

HII:JMaX a;a;poHII:JaUIIII II KOHcpaiiHMeHTa. Ha aTOM nyTII II B03HIIKJIII KBapK-BIIpTOHHM MO­

p;errb II ee o6o6rn;eHIIe - Mo;a;errb KOH<paIIHMHpOBaHHbIX KBapKOB. B 1992 rop;y, OCH0BbIBMCb 

Ha npoue;a;ype 6o□ommauuII Mo;a;erru HaM6y - MoHa-Jia13nHIIO Il TOM cpaKTe, 'ITO o;a;Hopo;a;Hoe 

rJilOOHHOe BaKyyMHOe none o6ecne'IIIBaeT HeBbIJieTaHIIe KBapKOB, fapIIii Brra;a;IlMilpOBII'I 

ccpopMyrrIIpoBaJI Mo;a;errb Me3oH-Me□oHHhIX B□anMo;a;e11cTBIIii, B KOTopy10 a;a;poHil3aUIIJI u 

KOHcpaiiHMeHT Bxo;a;JIT B JIBHOII MaTeMaT11'!ecK011 cpopMe. XoTJI 11ccrre;a;oBaHIIe aTolI Mo;a;err11 

Haxo;a;IITCJI ceII'IaC B caMOM Ha'!aJie, nepBbie :.-Ke pac'IeTbI Mace Me:JOHOB ;a;arrII IIHTepeCHble 

pe□yJibTaTbl. HecMOTpJI Ha MHHlIMaJlbHOe 'IUCJI0 napaMeTp0B (MaCCbl KBapKOB, HanpJI,KeH-' 

HOCTb BaKyyMHOrO IlOJIJI lI KaJIII6pOBO'IHM KOHCTaHTa CBJI:::311 KX,Il;), Mop;eJib C XOpOWelI 
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TO'IHOCTbIO OilHCbIBaeT OCHOBHble CBOllCTBa Me30HHbIX cneKTpoB, BKJIIO'IaJI pacw;enJieHne 

Mace nceBp;OCKamipHbIX H BeKTOpHbIX Me30HOB, pe;a;)KeBCKOe IlOBep;eHne B036y)Kp;eHHbIX co­

CTO.lIHHll, cneKTp T.ll)KeJibIX KBapKOHHeB H MaCCbl Me30HOB, co;a;ep)Kalll;HX oµ;n:H T.ll)KeJibili 

KBapK. 

"Cf T06bI µ;a Tb npeµ;cTaBJieHHe O cerop;H.lIWHHX Hay'!HbIX HHTepecax rapn.ll Bnap;HMHpo­

BH'Ia, B HaCTO.ll~Hli c6opHHK BKJIIO'IeHO HeCKOJibKO opn:rHHaJibHbIX CTaTeii:, IlOCB.llw;eHH:bIX 

nccne;a;oBaHHIO a;a;poH-ap;pOHHbIX B3aHMOp;encTBHll, Teopnn IlOJI.llpOHa H CB.ll3aHHbIM C0CTO­

.lIHH.lIM B KBaHTOBOMexaHH'IeCKHX CHCTeMax. 

RpKo Bbipa)KeHHbili HHp;nBnµ;yanbHbill Hay'!Hblll CTHJib, MacTepcKoe Bna;a;eHne MaTe­

MaTH'IeCKHMH MeTop;aMn, rny60K8JI q>H3H'!eCK8JI HHTynu;H.ll, npoCTOTa H ;a;ocTynHOCTb B 

o6w;eHnn, npncy~ne rapn:10 Bna;a;n:MnpoBH'"IY, ;a;ena10T pa6oTy c HHM o'!eHb HHTepecHon 

n nno;a;oTBOpHon. Y Hero nerKo Y'IHTbC.ll. Bee aTo npnBJieKaeT K npoq>eccopy Eq>n:MoBy 

MOJIO;rJ;bIX nccneµ;oBaTerren, p;rr.ll MHornx nn KOTopbIX ero rreKu;nn no KBaHTOBoii: Teopnn 

noJI.ll CTaJIH nepBbIM peaJibHbIM waroM B TeopeTn'!ecKy10 q>nnn:Ky. Ile;a;arorn'!ecKHll CTHJib 

rapn.ll Brra;a;n:Mn:poBn'!a TaKoB, 'ITO noMnMo onpe;a;erreHHoro Ha6opa 3HaHnn cnywa10w;nn: 

Heno6e)KHO noJiy'!aeT n MO~Hblll oap.llp; Bp;OXHOBeHH.ll, noMoraIO~ero ycBOHTb '3TH oHaHH.ll. 

Ilo;a; pyKoBop;cTBOM r.B. Eq>n:MoBa oa~n~eHo oKono p;Baµ;u;aTn KaHµ;n;a;aTcKnx ;a;nccepTa­

u;nii:. Tpn ero y'!eHHKa- p;OKTopa q>HOHKO-MaTeMaTH'!eCKHX HayK. 

Bc.ll )KH3Hb r.B. Eq>n:MoBa HepaopbIBHo CB.lI0aHa c Jia6opaTopneii: TeopeTn:'!ecKon: q>n­

on:Kn. OH npn:Hap;Jie)KHT K TOMY IlOK0JieHHIO q>H3HKOB, Tpyp;oM KOT0pbIX conµ;aBaJIC.ll H no;a;­

;a;ep)KHBaeTC.ll Hay'IHbIII aBTOpHTeT Jia6opaTopnn n O6'1,eµ;n:HeHHOro HHCTHTyTa a;a;epHbIX 

nccne;a;oBaHnn. 8To noKorreHne xpaHHT yHn:KaJibHYIO TBop'IecKyIO aTMOcq>epy n Tpa;a;nu;nn, 

K0TOpbie ;a;eJiaIOT ,Il;y6Hy TaKHM npHT.llraTeJibHbIM II HenoBTOpHMbIM MeCTOM. 

rapnii: Bna;a;n:MHpOBH'I yMeeT 6bITb Bcer;a;a MOJIO;rJ;bIM n aHeprH'IHbIM, co6paHHbIM n 

CMeJII:.IM H B HayKe, H B )KH3HH. BHyTpeHHe OH Il0CT0.lIHH0 opneHTnpoBaH Ha 6y;a;yw;ee, 

Il0JIOH H0BbIX 3aMblCJI0B H n;a;eii:. 
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CnHCOK H06paHHbIX HaY''IHbIX pa60T 

EcJ>HMOBa ThpHJI BJiaµ;HMHpOBHqa 

cf>yHKIJ;IUI rp1rna B MOAenII ::3apmKeHHhIX CKamrpHhIX Me30HOB C <pIIKCllpOBaHHhIM IICTO'IHII­

KOM. )K8Tct>, 38, 1960, c.198-200. (coBMeCTHO c B.M. Bap6aI1IOBbIM). 

06 OAHOM MeTOAe B 3aAa'JaX TeOpIIII rromr C <plIKCIIpOBaHHhIM HyKnOHOM. )K8Tct>, 39, 
1960, c.450-460. ( coBMeCTHO c B.M. Bap6aI1IOBhIM). 

MoAenb noKanbHoii TeopIIII rronJI c KOHe'IHoii rrepeHopMIIpoBKoii napJIAa. )K8Tct>, 40, 1961, 
c.848-859. ( coBMeCTHO c B.M. Bap6aI1IOBhIM). 

CBoiicTBa pellleHIIJI ypaBHeHIIJI Jioy AnJI OAHOH MOAenII noKanbHoii TeopIIII rronJI. )K8Tct>, 
42, 1962, c.520-525. ( coBMeCTHO c B.M. Bap6alllOBhIM). 
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Moµ;eJib HaM6y - Moua-Jlaouuuo c cenapa6eJibHblM 
BOaHMoµ;e:e:cTBHeM JierKHX KBapKOB: HHOK00HepreTH'tfeCKaa: <f>HOHKa 

nuoua H CHJibHblH nuou-uyKJIOHHbIH <f>opM<f>aKTop 

H.B. Auuxuu, M.A. HBaHoB, B.E. Jiro6oBHD;KHH 

Jla6opamopuz meopemu~ec?Cou ifju3u?Cu UM.H.H.Bo2011,10606a 

06,,eduueuub&u uucmumym zdepub1x ucc.11,edoBauuu, J(y6ua 

H.B. Jlaµ;h1ruua 

Jla6opamopuz Bb&Co?Cux :mep2uu, 
061,eduueuub1u uucmumym zdepub1x ucc.11,edoBauuu, J(y6ua 

AuuoTan;H.11 

Ilpe;a;Jio)KeHa narpaH)KeBa c:popMynIIpOBKa Mo;a;enII HaM6y - MoHa-Jia::mHIIo c cerrapa-

6enbHhIM BtJaIIMo;a;enCTBIIeM nerKIIX KBapKOB. Ilepexo;a; a;a;poHOB B KBapKII II o6paTHO OIIllCbI­

BaeTCH narpaH)KIIaHOM BtJaIIMo;a;eiicTBH.H a;a;poHOB c KBapKOBbIM TOKOM. KanII6poBO"!HaJI IIH­

Bap1IaHTHOCTb narpaH)KIIaHa 06ecrre"I1IBaeTCH BBe;a;eHIIeM P-aKCIIOHeHThI. BepnrnHa a;a;poH­

KBapKOBoro BtJalIMo;a;eiicTBIIH IIMeeT HeTplIBllaJibHYIO IIMIIYJibCHYIO naBIICIIMOCTb, KOTOpaJI 

rrapaMeTpxmyeTCH c:popM<paKTopoM, xapaKTepIIny10II1IIM pacrrpe;a;eneHIIe KBapKOB BHYTPII 

a;a;poHoB. B paMKax ;a;aHHoro rro;a;xo;a;a paccMoTpeHbI q>yH;a;aMeHTaJibHhle xapaKTep1IcT1IKII 

HlltJKOaHepreTII'IeCKOll IllIOHHOll q>lltJIIKH: CJia6aJI KOHCTaHTa f.,n KOHCTaHTa pacrra;a;a 1r0 -

'Y'Y, cpe;a;HeKBa;a;paTII"IHhle pa;a;IIyChI II c:popM<paKTOpbI IIllOHa, CBHtJaHHhle C rrepexo;a;aMII 

1r - 7r"f, 1r
0 'Y* - 'Y. BhI"IIICJieHa KOHCTaHTa cIIJibHoro 1r N N-BnaHMo;a;eiicTBH.H II rro­

ny"IeHo rroBe;a;eHIIe 1r N N-c:popM<paKTopa B eBKJIII;a;oBoii o6nacTII nHa'IeHIIH KBa;a;paTa rre­

pe;a;aHHoro IIMIIYJibca IIIIOHa. Ilony<IeHhle penyJibTaTbI Haxo;a;HTCH B xopoIIIeM cornac1I1I c 

aKcrreplIMeHTaJibHbIMII ;a;aHHhIMII. 
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1 BBeµ;eHHe 

Ilpeµ;Jio::11<:eHHaJI B 1961 roµ;y Moµ;em, HaM6y II lloHa-JianIIHIIO CIIJibHhIX BnaIIMoµ;eii:cTBIIii: 

(N JL-Moµ;eJib) [1] JIBJUieTCJI MOI.U;HbIM IIHCTpyMeHTOM µ;irn IIny'IeHIIJI cocTaBHoii: cTpyKTYPhl 

aµ;poHOB. IlepBblli ycnex Moµ;eirn CBJinaH c o6'hJICHeHIIeM cnoHTaHHoro HapymeHII.II KIIpaJibHOH 

CIIMMeTpIIII, rµ;e nIIOHbI BbICTynaIOT B Ka'IeCTBe roJIµ;CTOYHOBCKIIX 6otJOHOB [2]. B 8TOM 

noµ;xoµ;e Tpyp;HOCTII, BO3HIIKaIOI.U;IIe II3-3a HaJIII'IlI.II YJibTpaqmoJieTOBbIX pacxoµ;IIMOCTeii: B 

neTJieBbIX IIHTerpanax, npeoµ;oJieBaIOTC.II o6bl'IHO npn nOMOI.U;II npoMe)KyTO'IHOli peryJI.!IpII­

nau;IIII. Cyw;ecTBeHHbl~ Heµ;ocTaTKOM TaKoro cnoco6a 6opb6bl c YJibTpaqmoneTOBbIMII pac­

xop;IIMOCTJIMII .IIBJIJieTC.II TO, 'ITO peryn.11p1mau;n.11 He µ;aeT IIHq.>opMaIJ;IIII O BIIµ;e IIMnyJibCHOli 

naBIICIIMOCTII KBapK-aµ;pOHHOli BeplllIIHbl, KOTOpaJI, B CBOIO O'Iepeµ;1,, xapaKTepIInyeT co­

CTaBHYIO CTPYKTYPY aµ;poHoB. XoTJI Heo6xoµ;IIMO OTMeTIITh, 'ITO opIIrIIHaJibHaJI Moµ;eJib 

NJL BocnpmmBoµ;IIT penynoTaTbI µ;pyrIIx nonyn.11pHbIX Moµ;eneii, HanpIIMep a- Moµ;enII 

[2]. 
Bonee peanIICTII'IecKoe o6o6w;eHIIe Moµ;enII NJL 6anIIpyeTcJI Ha BBeµ;eHIIII HeJIOKaJib­

Horo 'IeTblpexKBapKOBOrO BtJaIIMOp;encTBII.II B cenapa6eJibHOM BIIµ;e, 'ITO nonBOJIJieT ecTe­

CTBeHHbIM o6panoM CBJitJaTI, rno6aJibHbie xapaKTepIICTIIKII aµ;poHOB c IIX BOJIHOBbIMII cpyH­

KIJ;IIJIMII [3-5,15,16]. Cyw;ecTBYIOT TaK)Ke noµ;~oµ;1,r, KOTop1,re peaJIIInyroT NJL-MexaHIInM, 

IIcnoJI1,ny.11 KX,II;-6onoHII3aIJ;IIIO, HO aTo Tpe6yeT BBeµ;eHIIJI 6IIJIOKaJibHhlX aµ;poHHbIX no­

neir, 'ITO npIIBOp;IIT K ypaBHeHII.IIM Ha BOJIHOBbie cpyHKIJ;IIII, pemeHIIe KOTOpbIX .IIBJIJieTC.II 

µ;oBOJibHO Tpyµ;Hoir naµ;a'Ieii [6]. JI106hle ynpow;eHIIJI TaKIIX noµ;xoµ;oB npIIBOp;.IIT K N JL­

Moµ;eJIJIM C HeJIOKaJibHbIM BtJaIIMOµ;encTBIIeM, Moµ;mfmKaIJ;IIII KBapKOBOro nponaraTopa. Pa­

Hee y)Ke µ;eJiaJIIICI, nonbITKII onIICaHII.II HII3K08HepreTII'IeCKOll aµ;pOHHOll qmnIIKII Ha OCHOBe 

MexaHIItJMa KX,IJ;-6onoHIInau;IIII [9,10]. B aTIIX pa6oTax BepmIIHa aµ;poH- KBapKoBoro Bna­

IIMoµ;eii:cTBIIJI IIMeJia JIOKaJibHblli xapaKTep, a YJibTpaqmoJieTOBaJI cxoµ;IIMOCTb neTJieBbIX 

KBapKOBbIX IIHTerpaJIOB o6ecne'IIIBaJiaCI, na C'IeT ycpeµ;HeHII.II no rJIIOOHHbIM BaKyyMHbIM 

nOJI.IIM ( CM., HanpIIMep, [9]). 
ThaBHaJI IJ;eJib Hameir pa60TbI COCTOIIT B TOM, 'IT06bl ccpopMyJIIIpOBaTI, o6o6w;eHHYIO 

Moµ;en1, HaM6y - lloHa-JianIIHIIO c cenapa6eJibHbIM BnaIIMoµ;encTBIIeM nerK11x KBapKOB µ;JIJI 

onIIcaHII.II CTaTII'IeCKIIX II p;IIHaMII'IeCKIIX CBOHCTB MenoHOB II 6apIIOHOB. Macey nIIOHOB 

corJiaCHO TeopeMe ronµ;cToyHa C'IIITaeM B KIIpaJibHOM npeµ;ene paBHOll HYJIIO. 

MbI He IICnOJibtJyeM ypaBHeHIIe lliBIIHrepa - ,Il;aircoHa Ha KOHCTIITyeHTHbre MaCCbl KBap­

KOB II ypaBHeHIIe BeTe - ConnIITepa Ha Macc1,r aµ;poHoB, noToMy 'ITO OHII coµ;ep)KaT CJIII­

lllKOM MHoro CBo6op;HbIX napaMeTpOB. ,II;enCTBIITeJibHO, TaKoro poµ;a ypaBHeHIIJI MoryT 

paccMaTpIIBaTbC.II TOJII,KO KaK caMocorJiacoBaHHbie orpaHII'IeHII.II Ha Bbr6op Mace KBapKOB 

II aµ;poHOB, a TaK:lKe KOHCTaHT CB.II3II. 

Bc.11 Heo6xoµ;IIMaJI IIHq.>OpMaIJ;IIJI o cocTaBHOn CTPYKType aµ;poHa coµ;ep)KIITCJI B MaTpII'IHhlX 

aJieMeHTax pacnaµ;oB, oco6eHHO B aneKTpoMarHIITHOM cpopM<paKTope, xapaKTepIInyrow;eM 

pacnpeµ;eJieHIIe Bew;ecTBa BHYTPII nIIOHa. 8neKTpoMarHIITHOe BtJaIIMoµ;eiicTBIIe BBOµ;IITC.II 

HeMIIHIIMaJibHbIM cnoco6oM npII noMOI.U;II ynop.11µ;o'IeHHOll no BpeMeHII P-aKcnoHeHThl B 

HeJioKaJibHOM KBapKOBOM TOKe, KOTOpaJI o6ecne'IIIBaeT BbinOJIHeHIIe TO)Kp;eCTBa Yopµ;a­

TaKaxamlI II rpaµ;IIeHTHYIO IIHBapIIaHTHOCTb Ha Ka)Kp;oM ware Bhl'IIIcJieHIIH. 
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Moµ;enb nMeeT cneµ;y10w;ne cBo6oµ;Hble napaMeTpbl: pa:JMepHbIH napaMeTp A, xapaxTe­

pnny10w;nii acpcpeKT cenapa6eJibHOI'O B3alIMOµ;eiicTBII.!I JieI'KlIX KBapKOB, 11 KOHCTlITyeHTHble 

Maccbl KBapKOB mg, rµ;e q = u, d, .... B µ;aHHOII pa6oTe paccMaTpeHbI npo:t(eccbl TOJibKO c 

y-<mcTneM nerKnx u- n d- KBapKoB. IlpII aToM B npeµ;ene IInoTonn'!ecKoii nHBapnaHTHOCTII 

nx Macchl nonaraIOTC.!I paBHblMn: mu = md. 

B paMKax µ;aHHOI'O noµ;xoµ;a paCCMOTpeHbI cpyHµ;aMeHTaJibHbie xapaKTepnCTIIKll HlI3-

KOaHepreTII'!eCKOll IllIOHHOll <pll3IIKII: cna68.ll KOHCTaHTa !1r, KOHCTaHTa pacnaµ;a 1r0 
- 'Y'Y' 

cpeµ;HeKBaµ;paTll'IHble paµ;IIycbl II cpopMcpaKTOpbl IllIOHa, CB.!I3aHHble C nepexoµ;aMII 7r - 71""(, 

1r
0"(* - 'Y. Bhl'IncneHa KoHcTaHTa cIIJibHoro 1r N N-BnaIIMoµ;eiicTBn.!I n nony'IeHo noBeµ;eHne 

1r N N-cpopMcpaKTopa B eBKJIIIµ;OBoii o6nacTII nHa'!eHIIH KBaµ;paTa nepeµ;aHHoro IIMnynbca 

IllIOHa. Hawn penyJibTaTbl Haxoµ;HTC.!I B xopoweM cornacnII C 0KCnepnMeHTaJibHblMll µ;aH­

HblMII. 

... 
2 Moµ;enb HaMoy - 11oHa-J1a3HHHO C cenapaoenb-

u 
HblM B3aHMOp;eHCTBHeM nerKHX KBapKOB 

,II;n.!I Ha'Iana nanIIweM narpam1rnaH o6o6w;eHHOI1 Moµ;enII NJL c cenapa6eJibHblM BnanMo­

µ;e11cTBIIeM 

L SI -· :7l Q { 2 2} NJL = qz y.,q + 2 ls+ Jp , (1) 

rµ;e TOKII Jr (r = s, P) IIMeIOT BIIµ; 

Js = j dyij(x + y/2)J(y2)q(x -y/2), 

Jj, = j dyij(x + y/2)f(y 2 )i•-y5riq(x - y/2). 

<t>opMcpaKTop f (y2) xapaKTepn3yeT o6JiaCTb KBapK-aHTIIKBapKOBOI'O B3anMoµ;eiicTBll.!I. B 
opIIrIIHaJibHOH Moµ;em1 N JL aTOT cpopMcpaKTop eCTb npocTo 8-cpyHK:t(II.!I. Jiarpam1rnaH (1) 
lIHBapIIaHTeH OTHOCIITeJibHO KIIpaJibHbIX (q - ei"Y

5
T
9q) II lI3O~OIlII'IeCKIIX (q - ei-r0q) npe­

o6pa:JoBaHIIII. KopoTKO npo;a;eMoHcTpIIpyeM npo:t(e;a;ypy 6onoHII3a:t(IIll B paMKax Moµ;eJIII 

NJL (no;a;po6Ho CM. B [3]). IlpoIInBO;tJ;.!IUJ;lIH cpyHK:t(IIOHaJI nannweM B cTaH;a;apTHOM Bnµ;e: 

Z = j 8q j 8qexp{i j dxLVJL}- (2) 

IIcnoJib3Y.!I npeo6pa30BaHII.!I faycca )];JI.II KBaµ;paTII'IHbIX KBapKOBbIX TOKOB lI lIHTerpnpy.!I 

no KBapKOBbIM IlOJI.!IM, IlOJiy<llllvI 

Z = j 8 a j 81T exp { i Welf [a, R]}, 

rµ;e acpcpeKTIIBHoe µ;eiicTBIIe Weff IIMeeT BII;tJ; 

2 

Weff[a, R] = - ~o j dx[a 2(x) + rr 2{:r)] - iNctrln[i ij)- O" - i"(5-ir]. 
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3µ;ecb BBep;eHo 060:JHa'IeHire: Ne - n;BeToBon 1rnp;eKc, m5 = 1/G - "ronrur" Macca Me:JoHa, 

IIOJI.ll O' II if- IIMeIOT BIIp; 

(5) 

Ilpeµ;rronarrur, 'ITO none a(x) o6naµ;aeT HeTpIIBIIaJibHbIM BaKyyMHbIM O)KIIp;aHIIeM O"o, 
rrepexoµ;IIM K HOBOMY IIO~IO s( X) C HyJieBbIM BaxyyMHbIM cpeµ;HIIM, KOTopoe CB.ll:JaHo C 

IICXOp;HbIM CKaJI.llpHbIM rroneM a( X) cneµ;yro~IIM COOTHOilleHIIeM: 

a(x) = s(x) + ao, (6) 

3aTeM, Bapbnpy.ll µ;encTBIIe (4) rro ao (6Wetr[a0 ,0]/6a0 = 0), rrony'iaeM Tax HMbIBaeMoe 

"gap"-ypaBHeHIIe (T.e. ypaBHeHIIe Ha Macey KBapxa) 

(7) 

rp;e MaCCOBbill orrepaTop KBapKOBOro IIOJI.ll 1:( k2) orrpep;eJI.lleTC.ll CJiep;yro~en q>OpMyJIOR: 

(8) 

IlpII aTOM q>yHKIJ;II.ll f(k 2
) eCTb BepIIIIIHHblli <J>opMq>aKTOp, :JaBIIC.llIIIIIli OT KBaµ;paTa BeK­

TOpa 4-lIMIIYJibca. B rrpaKTII'ieCKIIX BbI'iIICJieHII.llX qlII:JII'ieCKIIX BeJIII'IIIH [4] 6yµ;eM rrpe­

He6peraTb IIMIIYJibCHOli ~aBlICIIMOCTbIO MaCCOBoro orrepaTopa KBapxa II arrrrpoKCIIMIIpo­

BaTb ero aq>q>eKTIIBHoii Maccoii KBapxa < E(k2) >= mq (MbI rrpeHe6peraeM "ToKoBon" 

Maccon KBapxa). BhI'IIIcJieHIIe IIHTerpana (8) rrpoBOp;IITC.ll B eBKJIIIµ;oBoR MeTpIIKe. IlpII'ieM 

rrepexoµ; II:J rrceBµ;oeBKJIIIµ;oBoii o6nacTII :JHa'ieHIIR k B eBKJIIIµ;oBy rrpoII:JBoµ;IITC.ll rrpII rro­

Mo~II CTaHµ;apTHOR :JaMeHbI k0 -+ ik4 (BIIKOB rroBopoT), Torµ;a k2-+ -k'i;. 8Ta rrpon;eµ;ypa 

xopOIIIO orrpeµ;eneHa p;JI.ll IIIIIpoKoro KJiacca q>opMq>aKTOpOB f ( k2), 6bICTpo y6bIBaIO~IIX B 

eBKJIIIp;oBon o6nacTII (6onee rroµ;po6Ho CM. [9]). 
,II;anee IIpOIIJIJIIOCTpIIpyeM rrpon;eµ;ypy Bbip;eneHII.ll KIIHeTII'ieCKOli '!aCTII Me:JOHHbIX IIO­

nen B Bbipa)KeHIIII ( 4 ). Ilpecnep;y.ll aTy n;enh, paccMoTp:f!M cnaraeMhie, 6IIJIIIHeHHbie rro 

Me:JOHHbIM IIOJI.llM ( 4 ), B pMJIO)KeHIIlI aq>q>eKTIIBHoro µ;eiiCTBII.ll ITO KBapKOBbIM rreTJI.llM 

(9) 

rµ;e MbI BBeJIII 060:JHa'IeHIIe p;n.ll KBapKoBoro rrporraraTopa 

(10) 

IIocne rrpocTbIX rrpeo6pa:JoBaHIIn rrony'IIIM 

we~)= t I: J dx1 J dx2¢>(xi){-m~6(x1 - x2) + II¢(X1 - X2)}¢>(x2), (11) 
¢=s,1r 

rµ;e II¢( x) :Jaµ;aeTC.ll Bbipa)KeHIIeM 



B KOTOpOM 

f<t,=l(rp=s), or i--y5(rp=7r). 

3aTeM OT p;ByXTO':le':IHOll cpyHKI.J;lIII ( 12) nepei'igeM K ee cpypbe-o6pany 

I1,t,(p2
) = j dxeipxIT,t,(x) = Il,t,(m;) + I1¢(m;)(p2 - m;) + rr;en(p2), 

rp;e m,t, - cpm3n':lecKM Macca MeaoHa. McnoJib3YH aTo Bblpa)KeHne, nony':lnM 

1 L {j dxrp(x) [(-m~ + Il,t,(m;)) + ( □ - m;)IT¢(m;)] </>(x) 
</>=•,'If 

w!~l = (13) 

+ j dx1 j dx2rp(x1)IT¢,en(x1 - x2)</>(x2)}. 

JierKO Bllp;eTb, ':ITO npn BbIIlOJIHllHHH ycJIOBHH 

1 = J d
4 k 

GIT,t,(m;) = iGNcNJ (27r)4 J2(k2) (14) 

tr { f ¢ [ f+ p/2 - E
1
((J.: + p/2)2)] f ¢ [ /(- p/2 - E\(k - p/2)2)]} P2=m! 

B MeaoHHon cpyHK~HH fp1rna noHBJrneTcH nomoc, cooTBeTCTBYIO~nn Macce <pII3II':lecKon 

':laCTH~bI. 

IlonarM Macey nnoHa B ypaBHemm ( 14) paBHOII Hyrrro, npnxop;IIM K "gap" -ypaBHeHIIIO 

(7), TeM caMbIM BOCilpOII3BO)];H TeopeMy rorrp;cToyHa. IlepeHOpMIIpyH IlOJIH </> (s or 7r) B 

Bbipa)KeHIIII ( 4), 3ailllllleM acpcpeKTUBHOe geHCTBHe Weff B Bllp;e 

Weff[s,i]=1 L {jdxrp(x)( □ -m;)rp(x)+I:¾tr[s J ,1' 
2 

]n}· (15) 
</!=s,'lf n=2 IT,t,( m,t,) 

8To Bbipa)KeHIIe MO)KHO CBHaaTb c narpaH)KIIaHoM opIIrIIHaJibHOH Mop;emi: NJL TOJibKO no­

cpep;cTBOM KBapKOBOro MaCCOBoro onepaTopa E(k2) B "gap"-ypaBHeHIIII (7). 8To YTBep­

)K)];eHIIe CJIY)KllT o60CHOBaHIIeM annpoKCHMa~IIII < E(k2) >= mq (6onee nop;po6Ho CM. 

[4,5]), Heo6xop;IIMOll )];JIH Bbl':IIi:cneHIIH <pII3H':leCKHX Ha6rrrop;aeMbIX. 

OTMeTIIM, ':ITO Bbipa)KeHIIe gJIH acpcpeKTIIBHOro p;eUCTBIIH (15) MO)KHO IlOJIY':IIITb ll3 

KBaHTOBOll TeopHII IlOJIH, eCJIH onpegemITb narpaH,KIIaH KaK 

rp;e 

Lo 

Lint 

L =Lo+ Lint, 

ij(i f) - mq)q +ts( □ - m;)s + ti( □ - m;)i, 

J2s(:r)Js(x) + J2i(x)J--;,(x), 

II KOHCTaHTY nepeHOpMHpOBKU gJIH 1vie30HHbIX norrei°I IlOJIO:-KUTb paBHOll HYJIIO: 

g
2 

I 2 Z,t, = l - -II4,(m0 ) = 0. 
2 
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,Il;aHHOe ycJIOBlre OTpa)KaeT CJIO)KHYIO rrpnpo;a;y a;a;poHOB, T.e. "o;a;eTbIX" COCTO.!IHllH B KBaH­

TOBOH Teopnn. 8To TaK Ha3b!BaeMoe ycJIOBlle CB.!I3HOCTll, KOTOpoe paccMaTpllBaJIOCb BO 

MHornx pa6oTaX ( CM., HaIIpHMep, [9,10] llJlll [11,12]). 
IIpe;a;JiaraeMrut HaMn q>opMyirnpoBKa Moµ;eJin Tnrra HaM6y - lloHa-JlannHHo c cerrapa-

6eJibHbIM B3aHMqµ;eHCTBlleM MO)KeT 6b!Tb o6o6weHa i];JI.!I OIIllCaHll.!I JII06b!X "!aCTllIJ;, B "!a­

CTHOCTll, rrpnBeµ;eM JiarpaH)KllaHbI i];JI.!I OKTeTa BeKTOpHbIX (aKCllaJibHbIX), rrceB;a;ocKaJI.!Ip­

HbIX ( CKaJI.!IpHbIX) Me30HOB ll 6apnoHOB. 

r;a;e 

1 = ±2trM(x)(□ - mi)M(x) ( + for S, P - for V, A), (20) 

L~(x) = 9M j dyf(y2)ij(x + y/2)I'MM(x)q(x - y/2). (21) 

L~(x) = tr.B(x)(i f)- mB)B(x), (22) 

= tJkm(x) j dy1 j dy2 j dy38 (x - Yl + y2 + YJ) F (~ L)Y; - Yi)2) 
3 18 i<j 

{ gvlv\Y1, Y2, y3) + 9TJFk(Y1, Y2, y3)} + h.c. 

= tJkm(x) j d~1 j d~2F(~f + ~~) 

{gvlvk(x - 2~1,X + ~1 -V3~2,X + ~1 + V3~2) 

+ gTJ-rk(x - 26, x + ~1 - V3~2, x + ~~ + V36)} + h.c. (23) 

lv\Y1,Y2,y3) = A7'm1,µ,sq:l(Y1) (q~2(Y2)€km2nA;im3c,µq:3(y3)) €a1a2a3, (24) 

JF\Y1' Y2•Y3) = A7'm1 aµv ,s q:1 (Y1) ( q~2 (Y2)€km2n Aim3 C aµv q:3 (y3)) €a1a2a3. (25) 

3;a;ecb IIpllH.!ITbI CJie;a;y10wne o603Ha"!eHll.!I: k, m, n ll a - apoMaTll"IeCKlle ll IJ;BeTOBble llH­

;a;eKCbI, cooTBeTCTBeHHo, aµv = ½ [,µ, ,v], C - MaTpnn;a nap.!Ii];OBoro corrp.!I)KeHH.!I. IIepeMeH­

Hhle B BepwnHHOM q>OpMq>aKTOpe narrncaHbI B CllCTeMe n;eHTpa Mace 

Y1 = X - 26, Y2 = X + 6 - V36, 
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<l>ypbe-o6pan Bepwn:HHOro qlOpMq>aKTopa orrpe;a;errHeTCH crre;a;yroll.(HM o6pa30M: 

F(e) = J dBJ..: e-ik{F(k2) 
( 21r )8 ' (26) 

r;a;e e = ~i + ~~ n: k 2 = ki + k~. .IJ:aHHhIH cpaKT 03Ha'!aeT TO, 'ITO n:MeeTCH aHarrorn:H 

Me)Kµ;y Me30HHhIM cpopMq>aKTOpOM f(k2) B '!eThlpexMepHOM rrpocTpaHCTBe n: 6apn:OHHhIM 

cpopMq>aKTopoM F(k2 ) B BOCbMn:MepHOM rrpocTpaHCTBe. 

Crreµ;yro~n:M waroM Haweii rrporpaMMhI HBJIHeTrn BBeµ;eHn:e B:Jan:Moµ;eiicTBHH rrorren Ma­

Tepn:n: c arreKTpOMarHn:THhIM rrorreM. .IJ:aHHa.H rrpon;eµ;ypa ocyll.(eCTBJIHeTCH HaMn: KOM6n:­

Hn:poBaHHhIM crroco6oM. B CB06o;a;HhIX rrarpaH)KHaHaX B3an:Moµ;enCTBn:e BBoµ;n:TCH rryTeM 

yµ;rrn:HeHn:H rrpon::JBoµ;Hon. B rrarpaH)Kn:aHax B:Jan:Moµ;encTBn:H aµ;poHoB c KBapKaMn: B:Jan:­

Moµ;encTBn:e c arreKTpOMarHllTHhIM IlOJieM BBoµ;n:TCH HeMn:Hn:MaJibHbIM o6panoM: KBapKOBhle 

IIOJIH YMHO)Ka!OTCH Ha yrropH;ll;O'!eHHYIO rro BpeMeHII P-aKCIIOHeHTy. 

L~(x) = 9M j dy1 j dy20 ( x - Yi; y
2

) f ((Y1 ;_ Y2)2) (27) 

q(y,)P exp { ieQ j dz" A"( z)} r MM( x )P exp { i,Q l dz" A"( z)} q(y2 ), 

rµ;e Q = ½(.,\3 + 73.-\8 )= diag(2/3, -1/3, -1/3) . .IJ:rrH 6apHOHOB B3an:Moµ;eRCTBn:e BBO)];llTCJI 

aHarrorn:'IHhIM crroco6oM. 

Orrpeµ;errn:M S-MaTpn:ey KaK 

S = Texp{i j dxLin\x)}. {28) 

B OCHOBHOM Hae 6yµ;yT llHTepecoBaTb O)];HOIIeTJieBh:re KBapKOBhie µ;n:arpaMMhI. T-rrpon:3Beµ;eHn:e 

3aµ;aeTCH CTaH;a;apTHhIM o6panoM: 

J d
4 
k -ik(x-y)_l . 

< OIT(q(x)q(y))IO >= (2rr)4/ mq- /c (29) 

Aµ;poH-KBapKOBhle KOHCTaHThI CBJI31I 9M B (21) n gB B (23) orrpeµ;eJIJIIOTCJI n:3 ycrroBn:JI 

CBH3HOCTU ( 19). 

3 IlapaMeTpbI MO~eJIH :u q>yH~aMeHTaJihHhie KOHCTaHTbl 

HHOK03HepreT:nqecKoH q>HOHKH n:uoHa 

Terreph o6cyµ;nM rrapaMeTphI Mo;a;erru. Bo-rrepBhIX, a To BepwnHHhIH cpopMcpaKTop f ( k2), 
xapaKTepu3yIOII.(UII CJIO)KHYIO CTPYKTYPY aµ;poHOB, OH JIBJIJieTcJI HeU3BeCTHOR cpyHKn;n:en, 

rroaToMy Mhl cµ;erraeM pHµ; rrpe;a;rrorroJKemri'i o ero Bnµ;e. Bhr6epeM BepwnHHhIH cpopMcpaKTOp 

B BUµ;e MOHOIIOJIJI, 0TO O;ll;IIH II3 Han6orree rrorryrrJipHhIX BepWIIH B cpII3UKe JIµ;pa II arreMeH­

TapHhIX 'IaCTUIJ; (µ;eTaJihHhIII aHamm µ;pyrux BII;ll;OB ¢opMcpaKTOpOB rrpeµ;cTaBJieH B pa6oTe 

[17]): 
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• MOHOilOJlb f ( k2) = Af k2 

Bee q>enHMaHoBcKne ;a;narpaMMhI BhPrncrrHeM B eBKrrn;a;oBo:a o6rracTn (k2 = -k'i;), r;a;e 

q>opMq>aKTOpbl 6bICTpo y6bIBaIOT, TaK 'ITO npo6rreM, CBH□aHHbIX c YllbTpaq>norreTOBbIMII 

pacxoµ;IIMOCTHMII B neTJleBbIX IIHTerparrax, He B03HIIKaeT . .I(rrH y;a;o6cTBa q>opMq>aKTOpbI 

Bhl6npaeM 6enpanMepHbIMII. 

TpexMepHble q>ypbe-o6panbI q>opMq>aKTOpOB MoryT 6bITb paccMOTpeHbl KaK HeperrHTII­

BlICTCKIIe n0Tem1;narrhl (B 6opHOBCKOM npn6rrnJKeHnn). IIorrarM k0 = 0, norry'lnM 

(30) 

crre;a;oBaTeJlbHO, )l;JlH MOHOilOJlH IIMeeM v( r) = 4!r e-r. 

TaKIIM o6panoM, IIMeeM µ;Ba cBo6oµ;HhIX napaMeTpa: A, xapaKTepnnyrorn;n:a o6rraCTb 

KBapK-aHTIIKBapKOBoro BnanMo;a;e:aCTBIIH, II KOHCTIITyeHTHM Macca KBapKa mg, 3aq>IIKCII­

pyeM 3TII napaMeTpbI C IlOMOI.l.l;bIO q>IITIIpOBaHIIH no aKcnepnMeHTaJlbHbIM □Ha'!eHIIHM KOH­

CTaHT arreKTpocrra6bIX pacna;a;oB IllIOHa frr u:xpt= 132 MaB) n g1r"("( (g:;-r:/= 0.276 raB-1 ). 

OTMeTIIM, 'ITO Bee BeJlII'llIHbl B no;a;bIHTerparrbHbIX BbipaJKeHIIHX nanncaHbl B eµ;IIHII­

IJ;ax A. Ilpn Bhl'lncrreHnn KOHcTaHT pacna;a;oB nnoHa Mbl npeHe6peraeM ero Macco:a, T.e. 

pa6oTaeM B "MHrKOilIIOHHOM" npe;a;erre. 

A. KoHCTaHTa CBJIOH nuoHa c KBapKaMH 

KaK roBopnrrocb BbIIIIe, KOHCTaHTa CBH3lI IllIOHa C KBapKaMII onpe;a;errHeTCH nn ycrroBIIH 

CBH3HOCTII (19) C IICilOJlb30BaHIIeM MaCCOBOro onepaTopa IlIIOHa 

2 J d4

k 2 2 { 5 [ 1 ] 5 [ 1 ] } II1r(P ) = 6 (21r)4/ (k )tr ' mg- ft- p/2 'Y mg- ft- p/2 . (31) 

Tor;a;a, npeHe6perM Macco:a nnoHa, norry'IIIM 

(
3g;)-1 =!Joo duuf2(-u) (3m~ + 2u). 
47r2 4 (m2+u)3 

0 q 

(32) 

B. CJiaObIH pacnaµ; nuoHa 

Crra6bIM pacna;a;aM nnoHa cooTBeTcTByeT ;a;narpaMMa Ha pnc.1. ct>yHµ;aMeHTMhHo:a 

xapaKTepnCTIIKOll pacna;a;a 7r -t R.v crryJKIIT KOHCTaHTa !1r, KOTOpM B HaIIIe:a.Mo;a;errn onpe­

;a;errHeTCH KaK 
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B. ,IJ;ayx<l>oTOHHhIH pacna~ nuoua 

,I(aHHhIH pacnaµ; onpeµ;emieTCH µ;uarpaMMoi°r, 1mo6pa,KeHHOH Ha pnc.2, n xapaKTepnoy­

eTCH <J>opM<paKTopoM G1r-•rr(p2, qi, q~): 

G1r-,-,(p2, q;, qD = 91r m 9 J d4k f(k 2
) 

2\/'271"2 A2 7l"2i [m~ - (k + p/2)2l[m~ - (k - p/2)2] 
(34) 

1 

[m~ - (k + (q1 - q2)/2)2]. 

KoHcTaHTa 91r-r-r ecTh G1r-,-,(p2
, qi, qi) B npeµ;eJihH0M cny'Iae, Korµ;a <pOTOHhl Haxop;HTCH Ha 

MaccoBou noBepxHocTn qi = q~ = 0: 

00 

( 2 91r m 9 j ( 1 91r-r-r = G1r-y-r m1r,0,0) '.:::'. ~A2 duuf -u)-( - 2- ) 3 • 
2v27l"2 

0 
m9 + u 

(35) 

PeoyJihTaTbI <pHTHpOBaHirn <pyHµ;aMeHTaJibHhIX K0HCTRHT !1r, 91r-y-y µ;aHbI B Ta6mm;e 1. 

Ta6nHn;a 1 

<PopM- frr (MaB) 91rO-y-y (raB-1) 

<paKTOp A (MaB) m 9 (MaB) NJL SI I EXP [14] NJL SI I EXP [14] 

I =onon-:J 400 267 132 132 0.251 0.276 

4 <t>opM<f>aKTop pacna~a --y*n° -+ --y 

<PopM<paKTOp nepexoµ;a 1 *7!"0 
-. 1 uoMepeH µ;mi crreµ;y10~nx ::.ma'IeHIIH KBap;paTa nepeµ;aH­

Horo IIMnynhca BIIpTyaJihHoro <poToHa: Q2 > 0 [13]. B o6o6~eHHOH Mop;eJIII NJL noT 

<J>opM<paKTOp onpeµ;eJIHeTCH Bbipa,KeHIIeM 

2 2 2 2 2 Yrr 7nq 2 2) F-rrr(Q) = e G""l"l(m",-Q ,0) '.:::'. e ~ A2 Rrr-r(Q /A , 
2v27l"2 

(36) 

rµ;e BIIp; CTPYKTYPHOII <pyHKUIUI Rrr-r np1rneµ;eH B IIpnJio)KeHirn. Haw peoynhTaT µ;nH Bep­

WIIHHoro <J>opM<paKTOpa npeµ;cTaBJieH Ha pnc.3. 8KcnepIIMeHTaJibHbie µ;aHHbie 0illIChIBa­

IOTCH <J>opMyn011 
e2g1r-y-y ' 

F( Q2) = 1 + Q2 I A; A"= 0.77raB. (37) 

Bhl'IIIcmIM paµ;nyc <J>opM<paKTopa pacnaµ;a -,,-•7!"0 
-. 1 no n::rnecTHOH <J>opMyne 

2 F;_,(0) 
< ,."_' >= - 5 F .(O)' 

,r' 

(38) 
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rp;e 

Joo J(-u) 
F71",(0) = duu ( 2 ) 3 , 

0 
m 9 + u 

(39) 

PenyrrhTaThI p;mr pap;Hyca r71", rrpep;cTaBrreHbI B Ta6rrm.i;e 2. 

Ta6JIH:a;a 2 

<f:>opM- r11", (qiM) 

q>aKTOp NJL SI I EXP [14] 

I M0H0II01Ib I 0.655 I 0.65 ± 0.031 

OTMeTlIM xopornee corrracHe HallIHX penyrrbTaT0B C 8KCIIepHMeHTMbHbIMlI p;aHHbIMlI. 

5 8rreKTpOMarHHTHblH <popM<paKTOp IlHOHa 

JJ:narpaMMbI, C00TBeTCTBYIOIJ.J;lie nap5I)KeHH0MY qiopMq>aKTopy, lI306pa)KeHbI Ha pHc.4. B 
0Tp;errbH0CTlI 8TH p;HarpaMMbl KarrH6poBO'iHO-HelIHBapHaHTHbl. CyMMlIPY51 lIX, BepllilIHHYIO 

'laCTb narrnrneM B BHp;e 

A"(p, p') ~ :: [Il,(p') - Il,(p")l + !!~ j :;:,1 ( [ k + f] ')t ( [ k + tr) ( 40) 

tr [-y5S(k + p') (rµ - q:/) S(k + p),.·/S(k)] + 

+ rt 3g; J d4k. 11 dtf(k2)J' ((k + qt/2)2) 
r,2 471'2 47l'2z 

0 

[ tr [ 1
5 
S ( k + ~) 1 5 

S ( k - ~)] - tr [ 1
5 
S ( k + ~) 1 5 

S ( k - ~)]] , 

rp;e Hcrrorrb:J0BaHbI crrep;yroIJ.J;He o6onHa'leHH51: 

p =p+p'. 

To)Kp;ecTBO Yopp;a - TaKaxarnH aBT0MaTH'lecKn crrep;yeT H3 Bbipa)KeHH51 ( 40): 
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Ilepexoµ;.11 x npeµ;eny q = 0, nony-<mM, c oµ;HoII cTopoHhI, 

Aµ( ) = 8E,.(p2) = 2 µ 8E,.(p2) 
p,p 8pµ p 8p2 ' 

rµ;e E,.(p2) = (3g;/41r2)II,.(p2), a c µ;pyro11 cTopoHhI, HMeeM 

Aµ(p,p) = 2pµF,.(0), 

(42) 

(43) 

rµ;e F,.(0) - :JHa'leHne oap.11µ;oaoro nnoHHoro q>opMq>axTopa npu q2 = 0. Ecnu C'IHTaTb, 

'ITO IllIOH a ( 42) u ( 43) Haxoµ;HTC.II Ha MaCCOBOlI noaepXHOCTH, TO ycnoaue CB.11::JHOCTH 

E'(m;) = 1 0KBHBaJieHTHO ycJIOBHIO HOpMHpOBKH oap.sIµ;oaoro IllIOHHoro q>opMq>aKTOpa 

F,.(0) = 1. 

BoccTaHOBJieHHe KaJIH6poBO'IHOlI lIHBapHaHTHOCTH npu IlOMO~H BBeµ;eHH.II 0JieKTpoMa­

rHHTHOro IlOJI.II MlIHHMaJibHhIM o6paooM [4] npuaoµ;HT x 

1
1 

dtf' ((k + qt/2)2 + q2t(l - t)/4) = f((k + q/2)
2
) - f(k

2
) 

kq + q2 /4 
0 

B Bhlpa)KeHHH ( 40), B TO apeM.H xax B HallleM q>opMaJIH3Me, lICilOJib::JYIO~eM narpaH)KHaH 

(27) c aepmHHOII B auµ;e P-axcnoHeHThI, np11xoµ;uM x 

l 

j dtf' ((k + qt/2)2). 
0 

Caou BhI'IHcneHH.H Mhl npoaoµ;nM a cncTeMe BpeIITa: 

q = (O,q), p = (E, ij/2), p' = (E, -ij/2), E = jm;+if. (44) 

AHanHTH'lecxoe Bhlpa)KeHne µ;n.11 anexTpoMarHHTHoro qiopMq>axTopa np11aeµ;eHo B IIpuno­

)KeHnn, a peoyJibTaThI µ;nH aneKTpOMarHUTHOro q>OpMq>aKTOpa IllIOHa npeµ;cTaBJieHhI Ha 

puc.5. Hu)Ke oanumeM axnaµ;hl B anexTpoMarHUTHbIII paµ;nyc nnoHa OT µ;uarpaMM Tima 

"TpeyroIIbHlIK" ( b.) lI "roIIOBaCTIIK" ( 0) 

rµ;e 

1 <I>1(0) 
2 >A= -6-2 ;r.. (0)' < r" A ':l.'o 

1 <I>2(0) 
< r; >o= -6 A2 <I>o(0)' (45) 

/

00 

J2(-u) 1 2 3 2 3 4 [f'(-u) ]2 7 3 2 
<I>1 = -o duu{(m~+u)S [12u +8mqu+8mq]+u(m~+u)3 [96u+32mq]}, 

/

00 

1 !2( -u) 2 2 1 [f'( -u) ]2 
2 

<I>2 = duu{16 (m2 + u)smq [mq - u] - 48 (m2 + u)3 u }, 
0 q q 

/

00 

f2(-u) 3 2 u 
<I>0 = duu( 2 )3 [-m9 +? ], 

0 
mq + u 4 _ 

PeoyIIbTaThI µ;n.11 paµ;IIyca npnaeµ;eHbl a Ta6IIIIlle 3. 
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TaoJIHD;a 3 

<l>opM- NJL SI EXP [14] 

q>aKTOp < r2 >c. 1r (q>M2) < r; >o ( q>M2) total ( q>M2) ( q>M2) 

I MOHOIIOJib I 0.545 -0.012 0.533 0.430 

6 CHJibHbIH 1r N N-q>opMcpaKTop 

CHJihHhIH 1r N N- <f>opMq>aKTop IIrpaeT Ba:arnyro porrh B aHaJIIIt3e 1r N- II N N- Bt3aHMoµ;en:­

CTBIIH. O6hI'IHO BIIµ; <f>opMq>aKTopa BbI6IIpaIOT IIt3 coo6pa)KeHII1I rrpocTOTbI II no pet3yJibTa­

TaM q>IITHpOBaHII1I aKcrrepIIMeHTaJibHbIX µ;aHHbIX. IlpII aTOM rrpo6rreMa Bbl'IIICJieHH1I IIHOH­

HYKJIOHoro <f>opMq>aKTopa B paMKax Moµ;erreii:, ocHoBaHHhIX Ha IIµ;e1Ix KX,ll;, )Kµ;eT cBoero 

pemeHII1I. B CB1It3H c aTIIM Bhl'!IIcrreHIIe 1r N N-BepmIIHhl B paMKax Hamen: Moµ;err11 rrpe;a;­

cTaBrr1IeT HeCOMHeHHblH HHTepec. Mbr CTapTyeM OT rrarpaH)KIIaHOB Bt3aHMoµ;en:cTBII1I IIH­

OHa II HYKJIOHa c KBapKaMII, B Ka<JeCTBe HYKJIOHHoro rrarpaH)KIIaHa Bb16IIpaeM TeHt3opHbIH 

BapIIaHT (25): 

L\,'( X) ~ Ji'm( X) J dy, J dy, J dy,O ( X - ,t() F Us ~(y, - Y; )') grJT' (y,, y,, y,) 

+ h.c. = lJkm(x) J d6 J d6F(e; + e~)gTJyk(x - 26, X + 6 - v'3e2, X + 6 + v'36) + h.c. 

,ll;JijJ: ynpow;eHH1I pac<JeTOB IICIIOJiht3yeM BepmIIHHbIH cpopM<paKTOp rayccoBoro TIIIIa 

F(k
2

) = exp(t~), 

r;a;e napaMeTp AN xapaKTepIIt3yeT pacnpeµ;erreHIIe KBapKoB BHYTPII HYKJIOHa. <t>opM<paK­

Top BepmIIHhl 1r N N onpeµ;err1IeTc1I µ;IIarpaMMoii, 1mo6pa)KeHHOH Ha pIIc.6a. KoHcTaHTa 

CB1It3H Haxoµ;IITC1I IIt3 ycJIOBII1I CB1It3H0CTII, a HYKJIOHHblll MaCCOBbIH onepaTop onpeµ;err1IeTC1I 

µ;IIarpaMMOH Ha p11c.66. Bee BhI'IIICJieHII1I npoBop;IIM, rrpeµ;norrarM, 'ITO mN = 3mg, IIapa­

MeTp AN onpeµ;err1IeM npII noMow;II <pIITIIpoBaHII1I KOHCTaHThl G1rNN(0), KoTopM IIcnorrh-

3yeTc1I B cpeH0MeHorror11qecKoM aHaJIIIt3e N N-pacce1IHII1I. Jlyqm11n: <pIIT norryqaeTC1I npII 

napaMeTpe AN = 1.95 raB ~ 2A1r. IloBeµ;eHIIe cpopM<paKTopa G1rNN( Q2) B eBKJIIIµ;oBo:ii: 

0 6rracTII t3Ha<JeHIIH KBaµ;pa Ta nepeµ;aHHoro IIMIIYJibCa rrpIIBeµ;eHO Ha pHC. 7. ,ll;JijJ: cpaBHeHII1I 

npHBeµ;eHhl pet3yJihTaTbI µ;pyrIIx rroµ;xoµ;oB [18,19], B K0T0pbIX HCII0Jibt3YIOTC1I TaK Ha:Jbl­

BaeMble ")KeCTKIIe" [18] II "M1IrKIIe" [19] cpopM<paKTOpbI. BIIµ;Ho, '1T0 Ham cpopM<paKTOp 

IIMeeT "M1IrKoe" rroBeµ;eHIIe. 
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ABTOpbI rrry6oxo np:m:3HaTe11bHbI r.B. EqmMoBy, F.Gross, N.Isgur, H.Lee, M.Locher, 

H.Ito, A.Kop'1HHY H c.,nopKHHY na none□Hble 06cy:,1q:i;eHHH. 

IlpHJIO)KeHHe 

A. CTpyKTYPHM <f>YHK~HJI R.r...,(Q2): 

Ric (Q2 ) = j duu f(-u) j do: 1 oo 1 { 

-r O m~+u 0 JR(u,o:,Q2)[JR(u,o:,Q2)+M+(u,o:)] 

+ JR(u,o, Q') + 4uQ'o(I - o) [JR(u

1

,o,Q') + 4uQ'o{l -o) + M+(u,o)]}' 

r;a;e M±(u,o:) = m: + u ± ~, R(u,o:,Q2) = M:(u,o:) + 2Q2m;o:. 

B . . Bbipa:lKeHHH ;a;n.a: ~neKTpOMarHHTHOro <f>opMCf)aKTOpa IlHOHa OT ;a;uarpaMM THna "Tpe­

yro11bHHK" ( 6) H "ronoBaCTHK" ( 0 ): 

4>1(Q2) 

4>2( Q2) 

F;>(Q2) = lf>1(Q2) 
4>1(0) , 

F;(Q2) = lf>2(Q2) 
4>1(0) ' 

300 1 2 1 !( k2 9: ) = -j dkk3 j dx x j dyf(-k2) - - 4 - kxy.,ftp 
7l' v'l=x2 P1(k X y Q2 ) 

0 0 -1 ' ' ' 

-_;;_;c.,_;_...:....::..;~:__::..:.__:____:_::_..:..2_~-1 
{

?P2(k, x, y, Q2)P3(J.:, X, y, Q2) } 
Q_(k, x, Y, Q2) , 

4 
00 

l l l ( Q2 2 ) 
= ;fci2 j dkk6 j dx x3~ j dyy j dtf(-k 2 )J' -k2 

- + -kxytfii-
o O -1 0 

m2+k2 q 

Q+(k, x, y, Q2)Q_(k, x, y, Q2 )' 

r;a;e Pi(k, x, y, Q2) = [m; + k2 + ~kxyv'(P + ~] 2 + k
2f2 (1 _ x2), 

A(k, x, y, Q2) = m; + 1±5x2 
k2 - ½kxyv'(P, 

PJ(k, x, y, Q2
) = m~ + k2 + ½kxyv'(P + ~' 

Q±(k, x, y, Q2
) = [m: + k2 ± ½kxyJCJ2"]2 + k

2J2 (1 - x2
). 
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Bounds for the Polaron Ground-State Energy in d Dimensions 

G.V. Efimov and G. Ganbold 

Bogoliubov Theoretical Laboratory, 
Joint Institute for Nuclear Research, Dubna 

Abstract 

The polaron path integral by Feynman is generalized to the case of an electron 
moving in d space dimensions. A new scheme of systematic calculations of the obtained 
path integral is developed to estimate the ground-state energy of the polaron in the 
same way for different values of the electron-phonon coupling constant a. The leading­
order term in this approach yields a new upper bound to the polaron self-energy and 
improves the Feynman's variational estimates for d = 2 and d = 3. A scaling relation 
between polaron self-energies for different space dimensions is obtained for this term. 
The next correction to this estimation is calculated by numerical integration for d = 2 

and d = 3. 

1 Introduction 

The polaron problem embraces a wide range of questions concerning the behaviour of 
the electron of conductance in polar crystals [1]-[3]. The first field-theoretical formulation 
of polaron theory was proposed by Frohlich [4] to describe the interaction of a single band 
electron with phonons, quanta associated with the longitudinal optical branch of lattice 
vibrations. Since that time, Frohlich polaron model has attracted interest as a testing 
ground of various non-perturbative methods in quantum physics. One of the main quasi 
particle characteristics of the polaron is its ground-state energy ( GSE) E0 ( a). 

Historically, the GSE of the polaron is investigated in the weak [4], intermediate [5] 
and strong coupling regime [6, 7] by using different methods. The first attempt to built 
the polaron theory, valid for arbitrary values of a, was made by Feynman [1] within the 
path integral (PI) formalism using variational estimations. As a result, the Feynman's PI 
approach gives good upper bounds of E0 (a) in the entire range of a in a unified way. 

There arises the question, whether the Feynman's estimations of polaron GSE can be 
improved by introducing some trial actions, more general than the quadratic action with 
two variational parameters used in [1]. This question, in particular, has been studied within 
different variational approaches [8, 9]. But giving variational answers, it could not estimate 
the next corrections to the obtained values. 

Traditionally, the polaron problem has been investigated in three-dimensional ( d = 
3) space [10, 11]. In recent years, however, polaron effects have been observed in low­
dimensional systems [12], and certain physical problems have been mapped into a two­
dimensional ( d = 2) polaron theory [13]. The possibility that an electron may be trapped on · 
the surface of a dielectric material has attracted much interest [14]. The GSE of the polaron 
ford= 2 is discussed in [15, 16]. 

In the present paper, we investigate the GSE of the polaron in the case of arbitrary space 
dimensions (d > 1) and try not only to improve the Feynman's result, but also to estimate 
next corrections that allow one to test the accuracy and reliability of the obtained values. 
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2 Polaron Path Integral in d Dimensions 

The Frohlich longitudinal-optical (LO) polaron model for d = 3 is determined by the 
Hamiltonian 

(2.1) 

which describes the interaction of an electron (position and momentum vectors x and p, 
band mass m) with the phonon field ( creation and annihilation operators 4, ak, quantization 
volume n, Plank constant 1i) associated with a LO branch of lattice vibrations ( wave vector k 
and frequency w) in an polar crystal. The electron-phonon interaction coefficient for coupling 
with the wave vector kin (2.1) is defined as follows: 

(2.2) 

where the dimensionless Frohlich coupling constant a takes the value a~ 1 + 20 in most of 
the real ionic crystals ( e.g. a ~ 5 for sodium chloride). In the following, units will be chosen 
such that 1i = m = w = 1. 

Until now, no nontrivial solution of HiI!n = En iI!n was known. Various methods [1, 6, 
17, 5] have been used to calculate approximately the spectrum of H, especially, to obtain its 
GSE E0 for selected (weak, intermediate or strong) regions of a. 

To extend the Frohlich Hamiltonian (2.1) written for d = 3 to arbitrary spatial di­
mensions d > 1, we follow a physical approach [18, 19] inspired by the formulation of a 
lower-dimensional polaron problem as obtained from the Frohlich Hamiltonian of a higher­
dimensional system by integrating out one or more dimensions. Following [19] we suppose 
that the form of the Frohlich Hamiltonian in d-dimensions·is the same as in (2.1) except 
that now all vectors and operators are d-dimensional and the electron-phonon interaction 
coefficient 9k is redefined as follows: 

(2.3) 

Accordingly, the GSE (further it will be denoted by E(a)) of the Frohlich polaron can 
be defined as follows: 

E(a) = - lim 
2
1
T lnZT(a), 

T-+oo 
(2.4) 

where 

T T 

Zr(<>) = c. j ~r exp { -½ fjdt ds r(t) D; 1(t, s) r(s) + ~ jjdtds V[r(t)-r(s); t, s]}, 
r(-T)=r(T) -T -T 

(2.5) 
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The standard normalization E{0) = 0 in {2.4) is satisfied under the condition .ZT(0) = 1. 
The Green function D0 corresponding to the differential operator D;1 and satisfying the 
periodic boundary conditions is 

1 
D0 (t,s) = - 21t - sj. {2.6) 

The Coulomb-like interaction part, the electron self-interaction, is given by the retarded 
potential 

V[R· t - s] = f{d/2 - l/2) e-lt-•I {~ ex (ikR) 
' 4./21r(d+1)/2 }jkjd-1 p ' 

(2.7) 

R = r( t) - r( s) . 

with the electron position vector r(t) embedded into d-dimensions. 

The path integral in (2.5) is not explicitly solvable due to the non-Gaussian character of 
V[R; t - s] in (2. 7). 

3 The Gaussian Equivalent Representation of the 
Polaron Path Integral 

For a not too large, the PI in the initial presentation {2.5) may be estimated by using 
a perturbation expansion in a. The problem is to estimate ZT(a) beyond the weak coupling 
regime. 

Our idea is the following. As a grows, da0 with the initial kinetic part transforms to the 
new measure da that' also has a Gaussian character. The potential part is also changed into 
another interaction functional. The system goes to new representation under strong enough 
interaction. Certain restrictions may be imposed on the representation. First, it is known 
that in quantum theory, the main divergences given by "tadpole"-type vacuum diagrams may 
be efficiently eliminated out of the consideration if the normal-ordered product of operators 
is introduced into the interaction Hamiltonian. We suppose that in the case of finite polaron 
theory without divergences, the main contribution to the finite background energy can also 
be taken into account if we require the normal-ordered form for the polaron interaction 
functional in the strong coupling regime. Second, the system under consideration should 
be near its equilibrium state. Then any linear terms ~ r are absent here and quadratic 
configurations ~ r2 concentrated only in the Gaussian measure da determine the Gaussian 
oscillator character of this equilibrium point. Therefore they should not appear in the 
interaction functional. Then the polaron action in the new representation of PI consists of 
a new kinetic part (r, n-1r) and new non-Gaussian interaction functional which should be 
proportional to r3 as lrl - 0. 

Following this idea [20, 21] finally we get the new representation of the GSE of the optical 
polaron in the form: 

E(a) = E 0 (a) + ~E(a), (3.8) 

where the function E0 ( a) being the "leading-order energy", or the GSE in the zeroth ap-
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proximation, is 

The function F(t) in (3.9) is defined by the equations 

00 00 

F(t) =f dk D(k) (1 - eikt) = 2:.fak l - cos~kt) ' 
271'" 7r k2 + adE(k) 

-oo 0 

(3.10) 

00 00 - J -ikt l f l - cos(kt) 
E(k) = dt e E(t) = 

3
J2; dt exp(-t) F3!2(t) · (3.11) 

-oo 0 

Here we have introduced "the effective coupling constant" 

R _ 3..(if(d/2 - 1/2) 
d - 2 df(d/2) . (3.12) 

Our leading term (the zero-order approximation) E 0 (a) gives an upper bound to the 
exact GSE of a polaron E(a). Really, applying the Jensen's inequality to (3.8) one gets 

(3.13) 

Consequently, 
(3.14) 

The high-order corrections LiE(a) in (3.8) can be obtained by evaluating the PI 

T 

exp {-2T • ~E(a)) = C j 8r exp { - ~ Jf dt dS r(t) n-1(,,,) r(,) + W[r]}, (3.15) 

r(-T)=r(T) -T · 

Here, the interaction functional written in the new representation is 

T 

W[ l = . f( d/2) d Jfat d -lt-sl Ii~ {-k2F(t _ ) } . ik[r(t)-r(s)J . r ad rn I se lkld 1 exp s . e2 •• 
6y27l"d 2+1 - . 

(3.16) 

-T 

where e2 = ex - l - x - x 2 /2. 

Due to equations (3.11) and (3.10), in the new representation all the quadratic terms in 
the polaron action functional are concentrated only in the new Gaussian measure du and do 
not enter to W[r]. 

It should be stressed that the representation (3.8) is completely equivalent to the initial 
representation (2.4) for asymptotically large T -+ oo. The Gaussian equivalent representa­
tion (3.8) gives the origin of various approximations differing from each other in the accuracy 
of deriving equations (3.11)-(3.10). 
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As a simple approximation of E( k) obeying the necessary asymptotics, one can take the 
function: 

2 k2 
- ) µ - 2' E(k = Cid • e2 + k (3.17) 

where µ and e are parameters. Then, (3.9) becomes 

d [ µ2] ad ,\3/2 dj
00 

dt exp (-t) 
E0 (a)=-2 e->.+2,\ - 3µ..fi 

O 
JI-exp(->.t)+>.te2 /µ 2 ' 

(3.18) 

>- = Jµ2 + e2. 
Minimizing the obtained energy over the parameters µ and e, one easily finds a variational 
upper bound ind dimensions. For d = 3 (a3 = a) it explicitly reproduces the well-known 
Feynman's variational upper bound to the polaron GSE [l]: 

EFeynman(a) = minminEo(a,d = 3). 
µ e 

(3.19) 

We stress that the extremal conditions on parameters >., e in (3.19) are equivalent to a 
particular choice of the functions E(k) in (3.17). However, the function in (3.17) is not exact 
solution of (3,11) and (3.10). It means, that the Feynman's trial quadratic action does not at 
all represent the Gaussian part of the polaron action for d = 3. Exact numerical solution of 
equations (3.11), (3.10) by the iteration procedure allows us to obtain E0 (a), more exactly, 
which improves the Feynman's result EF(a) in the entire range of a. The obtained numerical 
results E0 (a) for d = 2 and d = 3 as compared with the Feynman's variational estimation 
are displayed in Tables I-VI. 

The correction ~E( a) should be evaluated from the functional integral in (3.16) by 
expanding ew in (3.15) in a series 

00 1 001/ 
~E(a) = L .6.En(a) = - lim 2T L I da {W[rJ}:onnected • 

T--+oo n. 
n=l n=l 

(3.20) 

We stress that (3.20) is not a standard perturbation series in the coupling constant Cid as 
Cid enters into W not only explicitly as a factor, but also implicitly through the function 
F(t). The first term in (3.20) with n = l equals zero due to normal ordering. Nontrivial 
corrections are given by terms with n ~ 2. For the second order correction to E 0 (a) we get 

where 

2 r(d/2) d2 00 

.6.E2(a) = -ad· l87l' 312 L QnRn(a), 
n=2 

_ (2n)! f(n + 1/2) 
Qn - J6n(n!) 2f(n + d/2) ' 

Rn= fffdadbdc{e-a-c. [F(a + b) + F(b + c) - F(a + b + c) _ F(b)J2n 
1/J' .· [F(a) .' F(c)Jn+i/2 
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-a-2b-c [F(a) + F(c) - F(a + b + c) - F(b)] 2
n 

+ e · [F(a + b) • F(b + c)]n+i/2 

-a-2b-c [F(a + b) + F(b + c) - F(a) - F(c)] 2n} 
+ e · [F(a + b + c) · F(b)Jn+i/2 • 

We stress that expression (3.21) can forther be simplified, but we keep this form for clarity. 

Finally, we get the following expression for the GSE of the polaron · 

(3.22) 

which can be evaluated numerically for arbitrary a and different space dimensions d. 

Notice that E0 (a) in (3.9) is of an order of a< (i = 0, 1, 2, ... ) while LlE2(a) in (3.21) is 
only of an order of ai, (j = 2, 3, .. . ). 

4 Scaling Relations 

The theory under consideration has two parameters a and d. In general, all our ex­
pressions should depend on both of them. NoNtice that key expressions in (3.11) and (3.10), 
completely defining the functions F(t) an(:E(k), depend only on tlre effective coupling con­
stant ad, This means that the following relations 

p[nl(am, t) = p[ml(an, t), f:[nl(am, k) = f:[ml(an, k) n, m > 1 (4.23) 

take a place, where the numbers of. space-dimensions n and m are in square brackets [ ... ]. 
In t.he particular case of d = 2 and d = 3, we found 

(4.24) 

Then, considering (3.9) one easily finds that this scaling relation is also valid for ¼E0 (ad), 

We have 
El2J( a) = ~ El3J (37ra) . 

3 4 · 
(4.25) 

Note •that the relation (4.25) was obtained earlier in [19, 16]. But this scaling is not valid 
beyond E 0 .because the interaction functional W[r] depends not only on ad, but also on din 
a complicated way. 

Let us consider the asymptotic limits of spatial dimensions d at fixed finite a. We get 

l
. 3a 
1m O'.d = -- -t 00 , 

d-1 d- 1 
(4.26) 

Taking into account (4.26) we can conclude that as d becom.es larger, ad decreases fast and 
in fact we deal with the effective weak-coupling regime ad ~ l even for a not too small. 
For example, the second-order corrections fl.E2 ( a) behaves as follows: 

( 4.27) 

In other words, our leading-order energy term E 0 (a) tends to the exact GSE E(a) as d 
grows because the role of LlE( a) becomes insignificant. 
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Table I. Comparison of known weak coupling results for the po­
laron ground state energy E(a) = a· Cw1 + a 2 

• Cw2 + O(a3
) in 

two-dimensions. 

Authors Cw1 Cw2 
S.Das Sarma, B.Mason [23] -1r/2 - 0.062 
R.Feynman's theory [24] -1r/2 - 0.04569 
4th, 6th order pert. theory [24] -1r/2 - 0.06397 
F.Peeters, ... [19] -1r/2 - 0.063973966* 
O.Hipolito [25] -1r/2 - 0.0245 
Present E0 (a) -1r/2 - 0.046626 
Present E0 (a) + b.E2 -1r/2 - 0.063974 

* The exact value 

Table II. Comparison of known weak coupling results for the 
polaron ground state energy E(a) =a· Cw1 + a 2 

• Cw2 + O(a3
) in 

three-dimensions. 

Authors Cw1 Cw2 
S.Das Sarma, B.Mason [23] -1 - 0.016 
R.Feynman,s theory [24] -1 - 0.012347 
F.Peeters, ... [19] -1 - 0.0159196* 
T.Lee, ... [17] -1 - 0.014 
D.Larsen [5] -1 - 0.016 
Present E0 (a) -1 - 0.012598 
Present E0 (a) + b.E2 -1 - 0.015919 

* The exact value 

5 Numerical Results 

In this Section, we present numerical values of E 0 (a) and E(2>(a) estimated within the 
GER method and compare them with known results obtained in various (weak, strong and 
intermediate),ranges of a. Obtained results are given in Tables I-VI. 

A. Weak Coupling Limit 

Among known numerical results, concerning the GSE of the polaron, more accurate are 
those obtained for a-+ 0. Below, we calculate the exact GSE of the d-dimensional polaron 
to order a 2 in the weak coupling limit and compare the accuracy of the obtained results ~ith 
exact perturbation estimations presented in [17, 23, 24, 15, 25, 19] ford= 2 and d = 3. 

For a not too_ large, the polaron self-energy E( a) has the form 

E(a)° =a· Cw1. + a 2 
• Cw2 + O(a3

). (5.28) 
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Table III. Comparison of obtained estimations of the coefficient 
Cs of the polaron ground state energy E(a) = o:2 ·Cs+ 0(1) for 
d = 2 as a-too. 

Authors Cs 
S.Das Sarma, B.Mason [23] - 0.392699 
Feynman's theory [24] - 0.3926991 

W.Xiaoguang, ... [24] - 0.40472 

O.Hipolito [25] - 0.392699 
M.Smondyrev [16] - 0.4099 
Present E0 (a) - 0.392699 
Present E0 (a) + b..E2 - 0.400538 

1 Estimated in [24] 
2 Adiabatic approximation 

The coefficients Cw1 and Cw2 are known with a good accuracy for d = 2 [19] and d = 3 
[23, 19]. In our approach, the coefficient Cw1 arises only from E 0 (a) in (3.9); whereas the 
Cw2, from both E0 (a) and b..E2(a) in (3.21). We get the coefficients Cw1 and Cw2 exactly as 
follows 

(5.29) 

and 

(5.30) 

For comparis•on, in Table I we give the known results for d = 2 as a -t 0. One can see 
from Table I that our Cw2 obtained only from E 0 (0:) improves the Feynman's estimate about 
2 per cent. Adding the next correction calculated from b..E2 results in Cw2 = -0.063974 
which is in good agreement with the exact value in [19]. Note, b..E2 contributes about 40 
per cent to the total value of Cw2 • 

For three dimensions, obtained results are displayed in Table II together with the known 
results of the polaron GSE in the weak coupling limit: Our leading term of energy E 0 (0:) 
improves the Feynman's variational estimation of Cw2 by 2 per cent. Next correction results 
in Cw2 = -0.015919 which is in good agreement with the exact value in [19]. Note, for 
d = 3 our b..E2 contributes about 29 per cent (smaller than for d = 2) to the total value of 
Cw2 • Comparing the obtained results for d = 2 and d = 3, we conclude that higher-order 
corrections ( the second-order one in our case) coming from Jr( a) are substantially more 
important for d = 2 than for d = 3. In other words, the polaron effect is stronger in low 
space dimensions (see Eq. (4.27)). This effect was noted earlier in [19, 16]. 
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B. Strong Coupling Regime 

Table IV. Comparison of obtained estimations of the coefficient 
Cs of the polaron ground state energy E(a) :;:: o 2 '. C, + 0(1) for 
d = 3 as a-+ oo. 

Authors 
Feynman, Schultz [29] 
Pekar(by Miyake) [7] 
Miyake [7] 
Luttinger, Lu [26] 
Marshall, Mills [31] 
Sheng, Dow [32] 
Adamowski, ... [22] 
Feranchuk, Komarov [33] 
Efimov, Ganbold [21] 

1 Estimated in [7] 
2 The exact value 

c. 
- 0.1061 
- 0.1085041 

- 0.1085132 

- 0.1066 
- 0.1078 
- 0.1065 
- 0.1085128 
- 0.1078 
- 0.10843 

Table V. The obtained estimations of the polaron ground state 
energy £ 0 (0:) and £(2l(a) ford= 2 in the intermediate range of a 
compared with known results obtained in {25, 34, 23}. 

Present 
0 Feynman* Hipolito[25] Huybrecht[34] Das Sarma[23] Eo Eo+ E2 

0.6364 - 1.0198 - 1.0266 - 1.0201 - 1.0405 - 1.020 - 1.028 
1.909 - 3.2247 - 3.2263 - 3.2263 - 3.5690 - 3.231 - 3.250 
3.183 - 5.9191 - 6.0902 - 5.9193 - 6.9688 - 5,928 - 6.039 
4.450 - 9.6935 - 9.8723 - 9. 7154 - 11.388 - 9.710 - 9.871 

* Our estimation by Feynman's variational method 

The GSE of the polaron in the strong electron-phonon coupling regime has been consid­
ered in [7, 23, 24, 22. 21]. 

It is well known that in this limit 

E(o:)::;::a 2 •C.+0(l). (5.31) 

For large a (3.22) becomes 

£( 2l(a) = _02 { .:!_ + 2 f(d/2) d
2 

• ~ (2n )! r(n + 1/2) } + 0(l). (5.32) 
d 91r 9,r3/2 ~ 16" (11!)2 n l'(n + d/2) 

n=2 

For comparison, in Table III we give our result with the known results of the polaron 
GSE for d = 2 in the strong coupling regime o -+ oo. 
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O! 

0.5 
1.0 
1.5 
2.0 
2.5 
3.0 
4.0 
5.0 
7.0 
9.0 
11.0 
20.0 
30.0 
40.0 

Table VI. The obtained estimations of the polaron ground state 
energy E 0 (a) and E<2>(a) ford= 3 in the intermediate range of a 
compared with known results obtained in {22, 29, 28, 5}. Our E0 (a) 
coincides exactly with the upper bo~nd obtained in {22}. 

Osc.[22] Feynman[29] Smondyrev[28] Larsen[5] Present 
upper upper upper lower upper lower Eo Eo+E2 
- 0.5 - 0.5032 - 0.5041 - 0.5041 - 0.5040 - 0.5052 - 0.504 - 0.5041 
- 1.0 - 1.0130 - 1.0167 - 1.0175 - 1.0160 - 1.0270 - 1.014 - 1.017 
- 1.5 - 1.5302 - - - 1.5361 - 1.576 - 1.532 - 1.539 
- 2.0 - 2.0554 - - - 2.0640 - 2.172 - 2.058 - 2.071 
- 2.5 - 2.5894 - - - 2.5995 - 2.872 - 2.593 - 2.614 
- 3.0 - 3.1333 - 3.1645 - 3.2122 - 3.1421 - - 3.138 - 3.167 
- 4.0 - 4.2565 - - - 4.2771 - - 4.265 - 4.305 
- 5.0 - 5.4401 - 5.4945 - 5.7767 - - - 5.452 - 5.528 

- 7.356 - 8.1127 - 8.0406 - 8.8832 - - - 8.137 - 8.255 
- 10.72 - 11.486 - 10.834 - 12.654 - - - 11.54 - 11.69 
- 14.94 - 15.710 - 13.905 - 17.165 - - - 15.83 - 16.04 
- 44.53 - 45.283 - - - - - 45.33 - 45.99 
- 97.58 - 98.328 - - - - - 98.52 - 99.86 
- 171.9 - 172.60 - - - - - 173.4 - 175.1 

For three-dimensions the estimation of the next higher-order corrections for the coefficient 
Cs was obtained by the authors earlier in [21]: 

Cs :S -0.108431. (5.33) 

The comparison of the known results for the coefficient Cs for d = 3 is displayed in Table 
IV. 

C. Intermediate Coupling Range 

In the intermediate-coupling regime the main tool for obtaining polaron properties is the 
variational approach [l, 17]. For d = 3, the Feynman variational method based on a trial 
oscillator-type action gives an upper bound of the polaron free energy, valid for arbitrary 
a. Generalizations of the Feynman action for d = 3 to the arbitrary density function [8] 
and arbitrary quadratic action [9] have improved this upper bound. In our opinion, the 
result [9] obtained for d = 3 is the best variational upper bound in the whole range of 
a. But this variational method does not give the next corrections to this bound. Other 
numerical methods dealing with this problem [26, 27] require specific complicated schemes 
of calculations which may introduce statistical errors. Estimations of both the upper and 
lower bounds for the polaron self-energy obtained in [5, 28] should be improved. 

Considering intermediate values of a, we have derived equations (3.11) and (3.10) nu­
merically, by the following iteration scheme: 

Fn+1(t) = <I>t[I:n], 
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En(k) = nk[Fn], n ~ 0, (5.34) 

starting from reasonable assumed functions F0 (t) and E0 (k) (see (3.17)). Both the series 
Fn(t) and En(k) turned out to be fast convergent and the value of the leading term E0 (a) is 
actually not changed since n ~ 6. The results for E 0 (a) and £(2>(a) in two dimensions are 
presented in Table V. 

The values of E0 (a) and £(2>(a) ford= 3 are given in Table VI in comparison with the 
known data [5, 29, 9, 28]. Our E0 ( a) for d = 3 coincides with the upper bound obtained in 
[9]. 

We have made preliminary estimations which indicate that the decreasing series in (3.20) 
was alternating. Then one can expect that the third-order correction .6.E3 ( a) may slightly 
increase the value of £(2) (a) and inclusion of higher-order corrections .6.En>2 (a) might 
result in insignificant oscillation of £(n>2>(a) between E0 (a) and £(2>(a). In other words, 
the obtained £(2>(a) may be accepted as a low~r bound of the ground state energy of the 
polaron. Note that numerical results obtained in [30] at three points (a = 1, 3, 5) by the 
method of "partial averaging" lie exactly between our curves for E 0 (a) and £(2>(a). 

6 Conclusion 

A scheme of systematic calculations has been proposed to estimate the ground-state 
energy of the polaron in the same way for different values of the electron-phonon coupling 
constant a. The polaron path integral by Feynman has been generalized to the case of an 
electron moving in d space dimensions. We transform this path integral to the representation 
built so that all the quadratic part of polaron action is concentrated entirely in the Gaussian 
measure, which is defined from certain equations. The interaction part of the polaron ac­
tion is purely non-Gaussian in this representation. The leading-order term in this approach 
yields a new upper bound to the polaron self-energy and improves the Feynman's varia­
tional estimates for d = 2 and d = 3. A scaling relation between polaron self-energies for 
different space dimensions is obtained for this term. The next correction to this estimation 
is calculated by numerical integration for d = 2 and d = 3. Our results obtained within 
the proposed method provide a reasonable description of both two- and three-dimensional 
polarons at arbitrary coupling a. The consideration could be extended to computing the 
other characteristics of the polaron, the effective mass, the average number of phonons as 
well as to estimating the energy of the polaron in the presence of the magnetic field due to 
validity of the proposed method for the complex functionals. 
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Kom1eKTHBHble Moµ;bl KX,D;, uuµ;y:a;upoBaHHble oµ;uopoµ;HhIM 
caMoµ;yanbHbIM BaKyyMHbIM rJIIOOHHbIM UOJieM 

r .B. E<l>HMOB, C.H. Heµ;eJibKO 

Jla6opamopuJC meopemu""ec,cou ifju3u,cu UM. H.H. Bo2011,106oaa 
06,,eau'H,e'H,'H,blU U'H,Cmumym Jlaep'H,blX ucc11,eao6a'H,UU, ,l(y6'H,a 

JI.B. Bypµ;auoB, C.A. CoJiyuuu 

lf aa'H,06C?Cuu aocy'H,U6epcumem 

AHHOTan;H.11 

C<J>opMynHpoBaHo 0606:meHHe MOAenH HaM6y - Iloaa-JlaoHHHo, Y'IHThlBa10:mee 

HanH'IHe BaKyyMHoro OAHOPOAHOro caMOAyanhHoro rnIOOHHOro rron.l'I. TaKaJ{ BaKyyM­

HaJI KOH<f>HrypaQH.ll o6ecrre'IHBaeT aHanHTH'-!eCKHH KOH<J>attHMeHT KBapKOB. Y'leT <J>o­

HOBoro non.II B rnIOOHHOM rrponaraTope BeAeT K TOMY, 'ITO 6ecuBeTHhle KonneKTHBHhle 

MOAhl OIIHChlBaIOTC.ll HenoKanbHhlMH KBapKOBhIMH TOKaMH C IIOllHhlM Ha6opoM KBaH­

TOBhlX 'IHCen, BKnIO'laJI paAHanbHOe H op6HTanhHOe 'mcna. 8<J><J>eKTHBHaJI MeOOHHaJI 

TeopH.ll ynhTpa<JmoneTOBO KOHe'IHa. IloKaoaHo, .'ITO BOaHMOAeHCTBHe CIIHHa KBapKOB 

C BaKyyMHhlM rnIOOHHhlM rroneM BeAeT K pacmermeHHIO Mace rrceBAOCKan.llpHhlX H 

BeKTOpHhlX MeOOHOB c OAHHaKOBhlM KBapKOBhIM COCTaBOM (p-1r, I<-1(*). CrreKTphl 

paAHanbHhlX H op6HTanbHhlX B006Ya<:AeHHH MeOOHOB, rrpeACKaoblBaeMble MOAenhIO, 

.llBll.llIOTC.11 OKBHAHCTaHTHhlMH, T.e. HMeIOT peAa<:eBCKHH xapaKTep. TaKoe IIOBeAeHHe 

crreKTpOB cneAyeT HO aenoKanbHOCTH KBapKOBoro rrporraraTopa H MeOOH-KBapKOBhlX 

BepWHH, o6ycnoBneHHOH BaKyyMHhlM rnIOOHHhlM rroneM. Jl:pyrHM cneACTBHeM Heno­

KanhHOCTH .llBll.lleTC.ll TO, 'ITO B npeAene T.ll)KellhIX KBapKOB Macca KBapKOHH.ll CTpe­

MHTC.ll K cyMMe Mace COCTaBll.llIO:mHx KBapKOB, a Macca MeOOHa, COCTO.llIUero HO ner­

Koro H T.lla<:enoro KBapKoB, acHMIITOTH'leCKH paBHa Macce T.lla<:enoro KBapKa. 

BaKyyMHble caMoµ;yaJibHbie rmoOHHbie IIOJUI, TaKIIe, KaK lIHCTaHTOHHble peweHlIJI [1]-[4], 
CTOXaCTII'leCKIIe IIOJIJI [5] mm nmrn c IIOCTOJIHHOII Hanpa:arnHHOCTbIO [6, 7, 8], WHpOKO 

HCIIOJibl3YIOTCJI µ;na o6'hJICHeHHJI pa13JIH'lHbIX JIBJieHHII HHl'.3KOOHepreTH'leCKOII q>Hl3HKH aµ;po­

HOB, B 'laCTHOCTH, JleyTBHJiepOM 6bIJIO IIOKa0aHo, 'lTO (aHTH)caMoµ;yaJibHOe oµ;Hopoµ;Hoe 

rnrooHHoe none 06ecne'l1IBaeT aHaJIHTH'leCKHII KOHq>aIIHMeHT KBapKOB [6]. K CO)KaJieHlIIO, 

MHOrO'llICJieHHble IIOIIbITKH on;eHHTb HaIIpJI)KeHHOCTb IIOJIJI, COOTBeTCTBy10w;y10 MHHlIMYMY 

oq>q>eKTlIBHOro IIOTeHn;HaJia KX,Il, He µ;aJIH oµ;HOl'.3Ha'lHOro OTBeTa Ha BOIIpoc O cyw;eCTBO­

BaHHH oµ;Hopoµ;Horo BaKyyMHoro rJIIOOHHOro IIOJIJI. IlpH'lHHa OToro BIIOJIHe IIOHJITHa: q>a­

l'.3OBbie nepexop;bl B KBaHTOBOIIOJieBbIX CHCTeMax, COIIpOBO)Kµ;a10w;1IeCJI IIOJIBJieHHeM HeHy­

neBoro BaKyyMHOro IIOJIJI, npoHcxoµ;JIT, KaK IIpaBHJIO, B o6naCTlI CHJibHOII CBJil'.3H. MeToµ;bI 

CHJibHOII CBJil'.3H Heµ;ocTaTO'lHO pa13BlITbI, 'lTO lI npeIIJITCTByeT ycneWHOMY HCcneµ;oBaHlIIO 

q>al30BbIX nepexoµ;oB B IIOJieBbIX CHCTeMax. ,IloKal'.3aTeJibCTBO cyw;ecTBOBaHHJI BaKyyMHoro 

IIOJIJI H on;eHKa ero HaIIpJI)KeHHOCTH Hl'.3 "nepBbIX IIpHHI.l;HilOB" npeµ;cTaBJIJieTCJI B HaCTOJiw;ee 

BpeMJI BeCbMa CJIO)KHOII 0aµ;a'leII. 
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Mbr 6yµ;eM cne;a;oBaTb IIHOH, BO MHoroM cf>eHoMeHonoru"!ecKon, TO"!Ke t3peHJIH., A ,II.MeHHo, 

npe;a;nono)KJIM, "ITO caMo- 1mu aHTJicaMo;a;yanbHOe o;a;Hopo;a;Hoe. rmooHHo_e none peanutlyeT 

BaKyyM KX,I( npII HIIt3KJIX aHepnrnx, u nonbITaeMcH HaIITII TaKue HBneHJIH B cf>IIt3JIKe a;a;­

poHoB, B KOTOpbIX 9TO none MO)KeT IIrpaTb Ba;Jrnyro pOllb. TaKOH no;a;xo;a; MO)KHO peaJIJit30-

BaTb Ha ocHoBe npoue;a;ypbI 6ot30HJit3aUJIII cTaH;a;apTHOH Mop;enII HaM6y - H0Ha-Jla::3IIHIIO 

(NJL) [9, 10]. BMecTe c. TeM y"IeT BaKyyMHoro non11 B KBapKOBOM II rnrooHHOM npo­

naraTopax Tpe6yeT, BO-nepBbIX, HelIOKaJibHOro o6o6meHIIH MOp;elIJI NJL II, BO-BTOpbIX, 

cyw;ecTBeHHOH Mop;IIcf>IIKaUIIII caMon npoue;a;ypbI 6o.3oHIIt3aUIIII. 

Bep11 tla ocHoBy npoIIt3Bo;a;11mIIn cf>YHKUIIOHaJI KX,ll; c BaxyyMHbIM rnrooHHbIM noneM 

B eBKnIIp;OBOH MeTpIIKe [2, 11], Mbl CTp0IIM 6ecuBeTHble 6IIlIOKaJibHble KBapKOBble TOKII. 

3aTeM, IICXOp;H IIt3 BIIp;a rnrooHHoro nponaraTopa BO BHellIHeM none, np0IIt3BOp;IITCH pat3lIO­

)KeHIIe 6IInOKaJibHbIX TOKOB no HelIOKaJibHbIM. KBapKOBbIM TOKaM c nonHbIM Ha6opoM KBaH­

TOBbIX "IIICen, BKnlO"IM op6IITaJibHOe C II pap;UaJibHOe n "IIIClla. II;a;e11 TaKoro pat3lIO)KeHIIH 

B o6w;eM BIIµ;e o6cy)K;a;anacb B pa6oTe [12]. Ee peanIItlaUIIH npe;a;nonaraeT cymecTBo­

BaHIIe HeKOTOporo Ha6opa opTOHOpMIIpOBaHHbIX cf>YHKUIIH, HBHbIH BIIµ; KOTOpbIX p;Oll)KeH 

onpe;a;enHTbCH cf>IIt3II"IeCKIIMII CBOHCTBaMII CIICTeMbI. MbI noKat3bIBaeM, "ITO op;Hopo;a;Hoe 

(aHTH)caMo;a;yanbHOe BaKyyMHOe none Be;a;eT K BnOlIHe onpe;a;eneHHbIM cf>YHKUIIHM - 0606-

meHHbIM 'nOlIIIHOMaM Jlareppa. B pe3yllbTaTe TaKoro pa3lIO)KeHIIH narpaH)KIIaH B3aIIM0-

;a;eHCTBIIH KBapKOB npIIHIIMaeT BII;a; npOII3BegeHirn p;ByX HelIOKaJibHbIX KBapKOBbIX T0KOB, 

IIMeromIIx nonHbIH Ha6op KBaHTOBbIX "!IIcen. B oTlIII"!He OT HenepeHopMIIpyeMoH noKaJib­

HOH Mo;a;enII NJL, o6o6meHHM Mo;a;enb oxa3bIBaeTrn cynepnepeHopMIIpyeMon, npII"IIIHOH 

"!ero HBlIHeTCH HenoKaJibHOCTb KBapK-KBapKOBoro Bt3aIIMOp;eHCTBIIH. 

Cne;a;y11 cTaHgapTHOH npoue;a;ype 6o30HII3aUIIII, Mbl nony"!aeM npe;a;cTaBneHIIe npou3-

Bo;a;11mero cf>YHKUIIOHana B TepMHHax noKaJibHbIX Me30HHbIX nonen, B3aIIMo;a;encTBYIDIUIIX c 

HenoKaJibHbIMII KBapKOBbIMII TOKaMJI. HaKOHeu, lIHTerpupoBaHJie no nOlIHM KBapKOB ;a;aeT 

acJ>cf>eKTIIBHyro Me30HHYJO Teopnro, B KOTopon Me3oH-Me30HHbie B3aJIMo;a;encTBIIH onIIcbI­

BaJOTCH KBapKOBbIMJI neTlIHMII, cogep)KaIUHMII HelIOKallbHble Me30H-KBapKOBble BepllllIHbI 

lI nponaraTOpbI KBapKOB BO BHelllHeM O)J;HOpO)J;HOM rlllOOHHOM none. B CBOlO O"Iepegb, aTa 

TeopIIH YllbTpacf>IIolleTOBO KOHe"!Ha 6narogap11 HelIOKaJibHOCTlI Me30H-Me30HHbIX B3aIIMO­

geHCTBIIH. 

IIpegcTaBneHIIe npon3Bog11mero q>yHKUlIOHaJia KX,ll;, ne)Kamee B ocHoBe MogenII, nog­

pat3yMeBaeT ycpegHeHlle BCex aMnllnTy;a; no HeKOTOpbIM napaMeTpaM BaKyyMHoro noll11 

(nogpo6Ho CM. B [2, 11 ]). B cny"!ae o;a;HopogHoro nonH ycpegHeHne npollt3BO)J;IITCH no 

ero HanpaBlleHlIHM II no caMO- lI aHTlICaMO)J;YaJibHbIM KOHcf>nrypaUlIHM aToro nolIH. B pe-

3YllbTaTe ycpegHeHlIH BCe agpoHHbie aMnmITYAbI lIHBapIIaHTHbI OTHOCHTellbHO UBeTOBbIX 

npeo6pat3oBaHHH 11 npocTpaHcTBeHHbIX BpameH1111. 

O6o6meHHM MO)J;ellb UMeeT MIIHIIMaJibHbilI Ha6op CBo6ogHbIX napaMeTpOB. II,Mll HBlIH­

lOTCH MaCCbI KBapKOB, KOHCTaHTa "!eTbipexcJ>epMIIOHHOro B3alIMO)J;eHCTBIIH (Kan116pOBO"IHM 

KOHCTaHTa KX,I() lI HanpH)KeHHOCTb BaKyyMHOro rlllOOHHOro nonH. 

Pac"!eT Mace nerKIIX Me30HOB noKa3bIBaeT, "ITO Bt3aIIMO)J;eHCTBIIe cnIIHa KBapKOB C Ba­

KYYMHbIM rlllOOHHbIM noneM, KOTOpoe Y"IUTbIBaeTCH B KBapKOBOM nponaraTope, BegeT K 

pacw;enneHIIJO Me)Kgy MaccaMn nceBgocKalIHpHbIX n BeKTOpHbIX Me30HOB c ogIIHaKOBOH 

KBapKOBOH CTPYKTypon (p-1r, K-K*). 'Y"IeT clTO{I )J;IIHaMU"IeCKOII npH"IUHbI pacmenneHlIH 

Mace nOt3BOlIHeT COKpaTIITb "IHClIO CB060)J;HbIX napaMeTpOB MO)J;ellll no cpaBHeHlllO co CTaH­

gapTHOH noKaJibHOH Mogenbro NJL [14]. 
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CneKTp pa;a;:rmnbHbIX II op61ITaJibHbIX B036y)Kµ;eHIIH aCIIMnTOTII'leCKII 0KBII;D;IICTaHTeH 

nplI f, ~ n II n ~ f, T.e. IIMeeT Ka'leCTBeHHO npaBIInbHOe pe;a;)KeBCKOe noBeµ;eHIIe. IlplI 
peanbHbIX 3Ha'leHIIJ.IX f, = l, 2 nony'leHo KOnlI'leCTBeHHOe on1ICaH1Ie aKcneplIMeHTaJibHbIX 

µ;aHHbIX C TO'lHOCTbIO OKOnO µ;eCJ.ITII npo~eHTOB. Pe;a;)KeBCKIIH xapaKTep cneKTpa cne;a;yeT 

ll3 HenOKaJibHOCTll Me3OH-KBapKOBblX BepilllIH lI KBapKOBoro nponaraTopa, o6ycnoBneHHOH 

xapaKTepoM BaKyyMHOro nonJ.1. 

Macca KBapKOHlIJI B cny'lae TJ.l)KenbIX KBapKOB paBHa cyMMe Mace COCTaBn.llIO~lIX KBap­

KOB M ---t 2mQ. BMecTe c TeM µ;nH Me3oHoB, co;a;ep)Ka~ux nerKHH q u TJ.1)Kenb1ii: Q KBapKH, 

nony'laeM M ---t mQ nplI mQ ~ mq . 8TH acuMnTOTIIKll TaK)Ke o6ycnoBneHbI HenOKaJibHO­

CTbIO BepilllIH lI nponaraTopoB H xopOillO cornacyIOTCJ.I C cy~eCTBYIO~lIMll npeµ;CTaBneHH­

J.IMH O cneKTpOCKOnHII TJ.l)KenbIX KBapKOB. 

2 IIpoHOBO~.SII..QHH <f>YHKQHOHa.JI KX,I( 

Ilocne HHTerpHpoBaHHJ.I no KBaHTOBOMY rnIOOHHOMY non10 npoH3BO;D;.ll~uii: cpyHK~HOHaJI 

KX,I( c BaKyyMHbIM rn10OHHbIM noneM B; B eBKnuµ;oBoii: MeTpHKe MO)KeT 6b!Tb 3anucaH B 

BHµ;e [2, 11]: 

(2.1) 

r;a;e 

Ilpeµ;cTaBneHue (2.1) noµ;pa3yMeBaeT, 'ITO none B; xapaKTepu3yeTcJ.1 HeKoTopbIM Ha6opoM 

napaMeTpOB {avac}, no OTHOilleHIIIO K KOTOpbIM BaKyyMHOe COCTOJ.IHIIe Bblpo)Kµ;eHO. IIHTe­

rp1IpOBaHHe no Mepe davac O::)Ha'!aeT, 'ITO BCe aMnnlITY;D;bl ;a;on)KHbl 6bITb ycpeµ;HeHbI no 

{ (1 vac}. ct>yHK~lIJ.I G~; ::::~ - TO'IHM ( 6e3 y'leTa KBapKOBblX neTenb) n-TO'le'IHM rJIIOOHHM 

cpyHK~HJ.I rpHHa BO BHeillHeM none B;. 3;a;ecb II ;a;anee IICnonb3YIOTCJ.I o603Ha'leHHJ.I: 

◊ µ = 8µ - igBµ , Bµ = B;ta , ◊ µ = 8µ - ig.Bµ , Bµ = s;ca , 

rµ;e ta u ca - reHepaTOpbI rpynnbI SUc(3) B cpyHµ;aMeHTanbHOM II npHcoeµ;uHeHHOM npe;a;­

cTaBneHIIJ.IX. 

,I(n.ll II3y'leHIIJ.I ( qq) KonneKTlIBHbIX Moµ; paccMaTpIIBaIOT yce'!eHHYIO cpopMy cpyHK~lIO­

Hana (2.1), TaK 'ITO B:)alIMO;a;eii:cTBHe KBapKOB onIICbIBaeTCJ.I TOnbKO cnaraeMbIM L2: 

Z = N j davacDqDqexp{J d4x ~if.1(x)(i-,'µ V µ - m1)q1(x) + L2} , (2.2) 

2 

L2 = g
2 
j d4x j d4yj;(x)c::(x,y I B)jt(Y). 

CTaHµ;apTHM Moµ;enb NJL cooTBeTCTByeT npeµ;cTaBneHuro (2.2) c 

B; = 0 lI c::(x, y) = 5abbµ 11 b(x - y) . 
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Mb! 6yp;eM annpoKCHMHpOBaTb ;D;BYXTO'le'IHYIO cpyHKIJ;HIO fpn:Ha B (2.2) rJIIOOHHbIM npo­

naraTopOM BO BHewHeM none. lIHa'le roBopJI, npe;a;naraeMoe o6o6meHn:e cocTOHT B y'leTe 

BaxyyMHOro no1IJI H B rnIOOHHOM H B KBapKOBOM nponaraTopax. 

3 KBapKH H rJIIOOHhI B OAHOPOAHOM cpoHOBOM none 

O;a;Hopo;a;Hoe ( aHTn:)caMop;yanbHoe rnrooHHOe none HMeeT cne;a;yromn:ii BHµ; [6, 7, 16, 17]: 

n:(x) = n:vxv = na BµvXv ' n
2 = 1 ' 

r;a;e BeKTOp n naµ;aeT HanpaBneHn:e B n;BeToBoM npocTpaHCTBe, a nocTOJIHHbIH TeHnop Bµv 
yp;oBneTBOpJieT ycnoBHJIM: 

2 - 1 
Bµv = -Bvµ , BµpBpv = -B 5µv , Bµv = 2t:µv0</3B0</3 = ±Bµv , (3.1) 

rµ;e B - HanpJI)KeHHOCTb q>OHOBoro nonJI. 

Jl106rui: MaTpn:n;a nata E SUc(3) MO)KeT 6bITb np1rne;a;eHa K Bn:p;y 

nata = t3 cos e + t8 sine ' 0 ::; e < 271" . (3.2) 

IIocxonbKY xpoMoMarHHTHoe ii n: xpoMo.meKTpH'Iecxoe E nonJI yµ;oBneTBOpJIIOT ycnoBn:10 

ii = ±E, TO Hanpa.BneHn:e nonJI B x-npocTpaHCTBe onpe;a;enJieTcJI TOnbKo p;ByMJI ccpepn:'Ie­

CKHMH yrnaMn: ( 0, cp ). IIcxop;JI n:n aToro Mepa da vac nann:cbIBaeTCJI B Bn:p;e 

1 ~ 2~ 2~ 

J dO'vac = (411")2 J dB sin(} J dcp J de E , 
0 0 0 ± 

(3.3) 

r;a;e DHaK ~± COOTBeTCTByeT ycpe;a;HeHIIIO no caMO- II aHTHCaMop;yMbHOH KOHcpn:rypan;n:JIM, 

KOTOpbie npe;a;nonaraIOTCJI paBHOBep0JITHbIMH. 

KBapKOBbIH H rJIIOOHHbIH nponaraTOpbI yp;oBneTBOpJIIOT ypaBHeHHJIM ( gB; = n;): 

(i"(µ'~ µ - m1 )S1(x, y I B) = -5(x - y), 
~ 2 . ~ 

(V 5µv + 4iBµv)Gvp(x, YI B) = -5µp8(x - y) , 

(3.4) 

(3.5) 

KOTOpbie MoryT 6bITb peweHbI MeTO;D;OM co6cTBeHHoro BpeMeHH lliBHHrepa - <f>oKa ( CM., 

HanpIIMep, [11]). IIponaraTop KBapKa n:MeeT BII;D; 

S1(x,y I B) = . iVµ"(µ +mi. 5(x -y) = e1·(xBy)H1(x -y I B)ef(xBy), 
v7 2 - m} + aµvBµv 

1 .1 
- 1 I 6 (1 - S) 4

v [ 1 1 ] H1(p I B) = vA dse-2vr. • l + 
8 

O:J + APµ"(µ - is A ('Yfp) 
0 

[ 
1 + s2 

i s ] 
x p± + P=.:1 - s2 - 2hf1\ _ s2 
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r;a;e ncnonh:JOBaHbl cne;a;yroI.U;ne o6o3Ha"<JeHn.lI (cM., TaK)Ke (3.1)) 

m, a,=-, 
A 

(xBy) = xµ.Bµ.,,y,, , 

2 r,; . (1 1 2) A = v 3B , v = d1ag 3, 3, 3 . 

3HaKn + n - y MaTplll~bl P COOTBeTCTBYIOT caMo- n aHTllCaMo;a;yanbHOH KOHcpnrypa:a;ll.lIM. 

BBe;a;eM nepeMeHHYIO µ = p,,1 ,,. <l>yHKD;ll.lI iI,(µ I B) .lIBJI.lleTc.lI :a;enoii aHMllTll"'!ecKon: 

cpyHK:a;nen: B KOMnneKCHOH µ-nnocKOCTll. ,IlpyrnMll ClIOBaMn, nponaraTop He llMeeT nonro­

COB, COOTBeTCTBYIOI.U;llX CBo6op;HbIM KBapKaM, "'ITO O:JHa"<JaeT TaK Ha:JbIBaeMblll aHMllTll"'Ie­

CKllli KOHcpan:HMeHT KBapKOB. IlapaMeTp A (Hanp.lI)KeHHOCTb B) onpe;a;ell.lleT xapaKTepHyro 

o6nacTb ll3MeHeHn.lI iI,(pJB) nnn, nHa"'Ie, MacwTa6 KOHcpaiiHMeHTa. 

CnaraeMoe aµ.,,Bµ.,, B nponaraTope KBapKa (3.6) MO)KeT TpaKTOBaTbC.lI KaK B:JanMo;a;en:­

CTBne CilllHa KBapKa c BaKyyMHbIM noneM. BTopa.lI CTpOKa B (3. 7) COOTBeTCTByeT cnarae­

MOMY aµ.,,Bµ.,, B (3.6). Bnn.lIHne TaKoro cnnH-noneBoro B3anMo;a;en:cTBll.lI Ha cneKTp Me3OHOB 

o6cy)K;a;aeTc.lI Hll)Ke. 

ThrooHHbIH nponaraTop MO)KeT 6b!Th npe;a;cTaBneH B Bn;a;e (cM. (3.5)): 

(3.8) 

(3.9) 

3;a;ecb K - MaTpn:a;a Bn;a;a 

Ks4 = -K4s = K16 = -K61 = i , K 2 = diag(0, 0, 0, 1, 1, 1, 1, 0) , 

a OCTMbHble aneMeHTbl K paBHbl Hynro. <l>ypbe-o6pa3 cpyHK:a;nn D(z I A2) - :a;ena.H aHa­

nnTn"'IeCKa.H cpyHKD;ll.lI KBa;a;paTa nMnynbca. '9:acTb nponaraTopa, co;a;ep)KaIIJ;a.H ee, onncbl­

BaeT pacnpocTpaHeHne KOHcpan:HMllpOBaHHbIX MO)]; rnIOOHHoro IlOll.lI. Mb! 6y;a;eM llCXO)];llTb 

ll:3 Toro, "'ITO 13TH MO)];bl nrparoT KlIIO"'IeByIO ponb B <pOpMnpoBaHllll a;a;poHHbIX CB.lI:3aH­

HbIX COCTO.lIHllR, a OCTMbHble cnaraeMbie (R:t(z)) B nepBOM npn6JIU)KeHllll MoryT 6b!Tb 

onyI.U;eHbl. 

4 Becu;BeTHbie KOJIJieKTHBHble COCTOJIHHJI 

CornacHo ypaBHeHnro (3.8) cnaraeMoe L2 B (2.2) 3anncbrnaeTC.lI B Bn;a;e 
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Ilonhay.11cb TO)K;a;ecTBOM 

I 

tkj [e-iw]°a = [e-iwta'eiwtj , (w = waca w = wata ) , 

MO)KHO noJiy'IIITb 

2 

L2 = ~ ff d4 xd4 yJ;(x, y )D;~(x - y I B)Ji(Y, x) , 

J;(x, y) = Q 1(x, Y )-yµtaQ1(x, y) , 

r;a;e Q1(x, y) = e-½(x.By)q1(x) , CJ1(x, y) = iiJ(x)e½(x.By)_ 

3aTeM npo1I3BO;JJ;IITC.11 npeo6paaoBaH1Ie <t>upu:a no :a;BeTOBhIM, qmei'rnopHhIM (N1 = 3) 
II nopeH:a;eBCKIIM IIH;a;excaM. Y;a;ep)KIIBM TOJibKO cKan.11pHhIH JaS, nceB;a;ocKan.11pHhIH JaP, 
BeKTOpHhIH JaV II aKCIIaJibHhIH JaA 6ec:a;BeTHhle TOKII, Haxo;a;HM 

L2 = g: L CJ ff d4xd4 yD(x - y I A2)J:i(x, y)JaJ(X, y), 
aJ 

laA x, y) = ii.1( y )M; f'rJ ei(y.Bx) qf'( x) , 
S P · V A r = 1 ' r = Z,s ' r = "/µ ' r = "/5"/µ ' 

1 1 
Cs= Cp = 9 . Cv = C.4 = 

18 
, 

Ma - MaTpllIJ;hl fenn-MaHHa ,\a HJIH ux JIIIHeHHhie KOM6I1Ha:a;1rn ( a = 0, ... , 8). 

To)K;a;ecTBeHHOH aaMeHoH nepeMeHHbIX 

1 
X--+X+'.?' 

ypaBHeHIIe ( 4 .1) npIIBO;JJ;IITC.11 K BII;a;y 

1 
y--+ X - -y 

2 

L2 = g2LCJ ff d4 xd4 yD(y I A 2 )J;;J(x,y).laJ(x,y), 
aJ 

I -
laJ(x, y) = q(x)Ma[Je-2Yv'(xlq(x) , 

Vµ (x) =Vµ (x)- ~" (x), 

~" (x) =8µ (x) + iBµ(x), 

~ µ (x) =8µ (x) - iBµ(x) , 
a 

8µ(x) =-a. 
Xµ 

(4.1) 

(4.2) 

(4.3) 

Cne;a;yrow;Hn mar cocTOIIT B Bhl'IIICJieHHH HHTerpana no nepeMeHHOH y c noMOW:bIO paano­

)KeHH.11 TOKOB no HeKOTop011 no;a;xo;a;.11meiI opTOHOpMHpoBaHHOH CHCTeMe noJIHHOMOB. C 
KBaHTOBOMexaHH'IeCKOH TO'IKII apeHII.11 TaKoe paanom:eHIIe COOTBeTCTByeT on1IcaHIIIO pa­

;JJ;llaJibHhIX II op61ITaJihHhIX B036ym:;a;eHIUI CHCTeMhl. 3anurneM pa3JIO)KeHIIe 6HJIOKaJibHhIX 

TOKOB B BHµ;e 

laJ(X, y) = L(Y
2l 12 J;; ... µ/y)J;t:t(x) , ( 4.4) 

nf 

fi7 ... µt(y) = Lnt(Y2 )T~~) __ 1, 1(ny) (ny = y/ #) . 
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HenplIBO)];lIMble TemmpbI -creTbipexMepHou rpynnbI npaw;eHlIH TJ?.µt opToroHaJibHbl 

(4.5) 

lI yµ;oBJICTBOpJIIOT crreµ;yrow;lIM ycJIOBlIJIM 

(4.6) 

Mepa dw n ( 4.5) COOTBCTCTByeT lIHTerplipOBaHlIIO no ccpeplI'ICCKlIM yrrraM BCKTOpa ny, a 

C;1) B ( 4.6) - llOJllIHOMbl rereH6ayapa (YllbTpaccpeplI'IeCKlie ). IloJIIIHOMbl Lnt( U) y;a;onrre-

TBOpJIIOT YCJIOBIIIO 
00 

j dupe( U )Lnt( u )Ln,e( u) = Dnn' . · 
0 

<l>yHKIJ;IIJI D(ylA 2) npeµ;onpeµ;errJieT Bb16op neconou cpyHKIJ;IIII B BIIµ;e 

( ) e -u Pt u = tt e , 

'ITO COOTBeTCTByeT o6o6w;eHHbIM llOJllIHOMaM Jlareppa Lnt( u ). ,[I;pyrIIe crraraeMble rJIIOOH­

Horo nponaraTopa He 06ecne-cr1Ina10T KaKoro-rrII6o panJio)KeHlIJI THna ( 4.4 ). 8To noJio)Ke­

Hlie noµ;Tnep)Kµ;aeT To, 'ITO KOH<panHMHponaHHbie rnrooHHbie Mop;bl (T.e., D(ylA2)) µ;aroT 

rrraBHblll BKJiaµ; B cpopMlipOBaHlie CBJit3aHHOro COCTOJIHlIJI. BMeCTe C TeM lIMeHHO <l>YHKIJ;lIJI 

D aKKYMYJIHpyeT Hea6erren xapaKTep rrrrooHOB - caMoµ;eucTBlie rrrrooHHoro norrJI. B pe­

nyrrbTaTe panJio)KeHIIJI norry-craeM [13] 

L2 = L 2~2 G}en j d4x[J;[~:/x)]2, 
aJln 

(4.7) 

2 2 ( C + 1) Je Ji 
GJen = CJ g 2ln!(C + n)! , 1;, .. '.~t(x) = q(x)Vµ~ ... :ix)q(x) , (4.8) 

vaJln (x) = VaJln (~ (x)) 
1'1 •··!'l - I'! ···l'l A 

.... 2 .... 

= MarJjj[R (V (x))T(e) (~ ~ (x))]ll 
l) nl A2 l'I·••l'l i A [f• (4.9) 

1 1 
Fnt(s) = (ir j dtl+n exp { 4st} . (4.10) 

0 

,II;n6HHbie CK06KlI B ( 4.9) Ot3Ha'!aIOT, 'ITO KOBapliaHTHble npOlit3BO)];Hbie KOMMYTHpyroT. <l>yH­

KIJ;lilI Fnt( s) - n;eJibie aHaJilITlI'IeCKlie <pyHKIJ;lilI B KOMOJieKCHOll s-nJIOCKOCTlI, T.e. yµ;onrre­

TBOpJIIOT ycrroBlIIO aHaJilITlI'!ecKoro KOH<paUHMCHTa. 

IlplI 60JibllllIX eBKJllI)];OBCKlIX lIMllYJibcax nepIIIlIHHbie <l>YHKIJ;lilI lIMeIOT aClIMllTOTlIKY 
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Bcneµ;cTBlle aToro pacxoµ;HI.J.~IIMIICJI JIBnJIIOTCJI TOnbKO "ronoBaCTllKOBbie" µ;IIarpaMMbI. Ta­

KIIe pacxoµ;IIMOCTII nerKo ycTpaHJIIOTCJI c noMOJ.UbIO KOHTp"IneHOB Bnp;a -2J(x )TrV S. Ilpo­

n□BO)];JI nepeHOpMnpOBKY, nony"!aeM Bbipa)KeHIIe 

Z = j davacDqDqexp {j j d4 xd4 yq(x)S-1 (x, ylB)q(y) 
/ 

\ 

+ L 2:2G~ln J d4
x [1;:~:t(x) -Trv:/~:tsr} 

aJln 

(4.12) 

Mop;enb (( 4.12),( 4.8)-( 4.10)) nMeeT cnep;y10mne ocHOBHbie CBOHCTBa. BaKYYMHoe none o6ec­

ne"InBaeT KOHCf>anHMeHT KBapKOB. flenOKa1IbHbie KBapKOBbie TOKll ( 4.8) JIBnJIIOTCJI I.J;BeTO­

BbIMll CllHrneTaMn. 8Tn TOKll HecyT nonHbill Ha6op KBaHTOBbIX "!Ileen, BKnIO"IM pap;nanb­

HOe n n op6nTa1IbHOe f_ "IllCna. Mop;enb ynbTpaq>IIoneTOBO KOHe"!Ha 6narop;apJI HenoKanb­

HOCTII BepWllHHbIX <pyHKI.J;llll ( 4.9). 

Macchi KBapKOB m f' K0HCTaHTa CBJI3II g II MaCWTa6 A ( HanpmKeHHOCTb BaKyyMHOro 

nonJI) - CB060p;Hbie napaMeTphI a<J><peKTIIBHOII TeopnII ((4.12),(4.8)-(4.10)). 

C noMOJ.UbIO cTaHp;apTHon npon;ep;yp1,1 60□ 0H1man;1rn [9, 10, 14j MbI rrepexop;nM B <J>op­

Myne (4.12) K KonneKTllBHhIM rrepeMeHHbIM (Me30HHbIM rronJIM) ll rrony"!aeM rrpep;cTaBneHne 

p;nJI rrpOII3BO)];JIJ.Uero <pyHKI.J;llOHana B TepMnHaX Me30HHbIX rrone:ii <I>:I< ( K = (Jin), µ = 
(µ1 ... µt)): 

Z = N j :g D<I>:I< exp{ 1 j j d 4xd4y<I>:"(x) [( D - M;J8(x - y) 

-h~"IT~,,(x - y)] <I>:"(y) + l;nt[<I>] }, 

1 ff 4 4 lint = - 2 d xd yh 0 1<ha'i<' 

)[ ai<a
1

i<
1

( ai<a
1

i<
1 

)] '' x<I>:"(x ITµµ', x - y) - 8""; IT(x - y <I>:," (y) 

1 J J m 4 4 akKk a1K1,, .. ,amKm -Em d:.t:1••· dxmIThav,k<I>µk (xk)rl'l,···•"m (x1,••·,xm), 
m=3 k=l 

ra11<1, ... ,amKm(x X ) 
I, ... , ni µ11"••,µm 

( 4.13) 

(4.14) 

= J davacTr{Vµ
0
/"

1 (xi)S(x1,X2 I B) . .... v::"m(xm)S(xm,X1 I B)}. (4.15) 

3aMeTnM, "ITO llHTerpan IIO davac B (4.13) rrepeHeceH B 9KCIIOHeHTy. 8To KoppeKTHO nnwb 

Ha ypoBHe O)];HOIIeTneBoro rrpn6mrn<eHIIJI, KOT0pbIM MhI ll orpaHII"IllBaeMCJI B 9TOll pa6oTe. 

3aMeTnM, "ITO nnHellHbie IIO rronJIM <I>~" cnaraeMbie B p;enCTBllll ( 4.14) He B03HllKnn. OHn 

COKpamaIOTCJI KOHTp"IneHaMn, cop;ep)KaJ.UIIMUCH B (4.12). MacCbI Me30HOB Mal< orrpep;enJI­

IOTCJI ypaBHeHneM 
2 2 - 2 

A + G "Ila"( -J'1aJ = 0 • (4.16) 

_rp;e ft 0 "( -M;") - p;IIaroHanbHM "!aCTb rronHpn□an;noHHoro orrepaTopa 

rr:'.'f"'(x -y) = j davacTr{Vµ
0 "(x)S(x,y I B)Vµ~'"'(y)S(y,x I B)}. ( 4.17) 
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IIom1prmau;1mHHhIII onepaTop ( 4.17) yrrhTpaq)IIoJieToBo KoHe'!eH, 'ITO crre;a;yeT 1m acnMnTo­

THKH (4.11). KoHcTaHThI 

(4.18) 

nrparoT porrb acpcpeKTHBHhIX K0HCTaHT Me30H-KBapK0Boro B3aHMOp;en:CTBH.H. CooTHOWeHHe 

( 4.18) corrracyeTC.H C ycrroBHeM CB.H3H0CTH B KBaHTOBOII Te0pHH noJrn [18]. 

8cpcpeKTHBHaJI Teopn.H ( 4.13) y;a;oBrreTB0p.HeT BCeM Tpe6oBaHH.HM HerroKaJihHOII KTII 

[19] n Be;a;eT K yHnTapHon: S-MaTpnu;e. CorrracHo cpopMyrraM ( 4.13)-( 4.15) Me3oH-MenoHHoe 

B3aHMOp;en:cTBHe onHCbIBaeTC.H BepwHHHhIMlI cpyHKIJ;H.HMH r ( 4.15). OHH - YJibTpacpnorre­

T0B0 K0He'IHhI n MoryT 6bITb .BhI'IHCJieHbl. 

CBo6op;Hhle napaMeTphI acpcpeKTHBHOII Me30HHOII Teopnn ( 4.13)-( 4.15) HMeIOT .HCHhIII 

q)H3H'leCKHII CMbICJI. 8To - MaCChI KBapK0B m1, MaCWTa6 A (Hanp.H)KeHHOCTb BaKyyMH0ro 

norr.H) H K0HCTaHTa CB.H3H g. Ilocrreµ;HHII napaMeTp BX0;D;HT B Mo;a;errb T0JibK0 -qepen MaCCbl 

Me30H0B, BhI'IHCJI.HeMble nocpe;a;cTB0M ypaBHeHH.H ( 4.16). 

5 MacCbl JierKHX Met30HOB 

B 8T0M pa3p;erre Mhl npnMeHHM Mo;a;errb (4.13)-(4.16) ;D;JI.H pac'!eTa Mace rrerKHX Me30H0B. 

lIMeeTC.H MH0ro pa6oT [20]-[23], B K0T0pbIX MaCCbI rrerKHX Me30H0B Bhl'IHCJI.HIOTC.H B paMKax 

cTaHµ;apTHOII (rroKaJihHon:) Mo;a;errn NJL. Ilpn aToM ycnewHoe onncaHne 6orrhwon: pa3HHIJ;hl 

Mace nceBp;0CKaJI.HpHbIX H BeKT0pHbIX Me30H0B ;D;0CTHraeTC.H 6rraro;a;ap.H HCil0Jib30BaHHIO 

He3aBHCHMhIX '!eTbipexcpepMHOHHhIX K0HCTaHT CB.H3lI gp =/= gv ;D;JI.H nceBp;0CKaJI.HpHbIX H 

BeKT0pHbIX H0HeT0B [14]. C Hawen: T0'IKII npeHH.H, 6orree nocrre;a;oBaTeJibHhIM 6bIJIO 6bl 

C'IHTaTh HX paBHhIMH ;a;pyr ;a;pyry gp = gv = g. KoHCTaHTa g 0ilHCbIBaeT '!eTbipexcpepMH-

0HH0e B3aHMo;a;en:cTBHe £ 2 B (2.2), n HeT HHKaKOII .HBHOII npH'IHHhI ;a;irn pa3JIH'IH.H Me:>Kµ;y gp 
H gv. ,II;rr.H o6'b.HCHeHH.H pacwenJieHH.H Mace nceB;D;0CKaJI.HpHbIX H BeKT0pHbIX Me30H0B HY)KH0 

npHBJie'lh HeKoTopbIII ;a;nHaMn'leCKHII MexaHH3M. B Heperr.HTHBHCTCKOII KBaHToBon: Mexa­

HHKe TaKaJI ;D;HHaMHKa onpe;a;err.HeTC.H CilHH-CilHH0BbIM B3aHMOp;en:cTBHeM KBapK0B. ,II;pyrHMH 

CJI0BaMH, Heo6xoµ;HMO y'leCTb CilHH0BYIO CTeneHb CB06op;bl KBapK0B. KaK y)Ke 6bIJIO 3aMe­

'leHo, crraraeMoe aµ,,,Bµv B nponaraTope (3.4) onnchrnaeT B3aHMo;a;en:cTBHe cnnHa KBapKa 

C BaKyyMHhIM norreM. Mccrre;a;yeM, KaK 8T0 CilHH-norreBoe B3aHMOp;en:cTBHe CKa3bIBaeTC.H Ha 

Maccax Me30H0B. 

Ta6m1u;a 1. IlapaMeTphI Mop;eirn. A - Bap11-

aIJ11JI napaMeTpoB, 06ecne'f1-ma10IIJaJI on11caH11e 

Mace c norpeIIIHOCTblO MeHbIIIe 10% 

I napaMeTphI I 3Ha'!eHHJI I ~ 
mu,MaB 300 50 
ms, MaB 452 100 
A, MaB 425 75 

a.: a.= 4,,,. 1.84 1 

Ilpe:>K;a;e Bcero, onpe;a;errnM 'IHCJieHHhie nHa'!eHHJI napaMeTpoB Mo;a;errn. ,II;rr.H aToro pe­

WHM ypaBHeHH.H (4.16), no;a;cTaBHB B HIIX Ha6mo;a;aeMbie MaCCbl 7!'-, p-, I{- H J{*-Me30HOB. 
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3aTeM Bbl'!HCJHIIOTC.sr Maccbl </>, T/ n T/'. Ilorrnpm:m~noHHbIH onepaTop IlciJ onpeµ;en.sreTc.sr 

ypaBHeHHeM ( 4.17) c KBapKOBbIM nponaraTopoM (3.6), BKJIIO'!aIOW.HM B<'JaHMOµ;ei'rcTBHe 

cnnHa C BaKyyMHbIM noneM. OnTIIMaJibHbie t3Ha'!eHII.sI napaMeTpOB npnBeµ;eHbI B Ta6Jin~e 1. 
B Ta6nn~e 2 co6paHbI aKcnepIIMeHTaJibHbie II Bbl'!IICJieHHble nHa'!eHHH Mace MciJ MenoHoB 

II KOHCTaHT hciJ Met30H-KBapKOBOro Bt3aIIMOµ;ei'rcTBIIH ( CM. ( 4.18) ). 

7r 

MaJ 140 
(140) 

hciJ 3.12 

Ta6nII~a 2. Macchi nern1x MeooHoB (MoB) H 

KOHCT.aHTbl haJ Me00H-KBapK0Boro BOaHMOAeH­

CTBH.ll 

K T/ T/' Il p K* w 

496 578 923 757 921 757 
(496) (550) (960) (770) (890) (783) 
3.29 3.31 2.88 1.59 1.78 1.59 

</> 

1087 
(1020) 

1.96 

BIIµ;IIM, 'ITO onIIcaHIIe Mace Met30HOB HBJIHeTCH Ka'-IeCTBeHHO npaBHJibHbIM lI KOJIII'!e­

CTBeHHO npIIeMJieMbIM, eCJIII IICnOJib:JyeTCH KOHCTaHTa CBHt3II g, o6w.M µ;n.sr o6onx HOHe­

TOB, lI Y'!HTbIBaeTCH cnnH-noneBoe Bt3aIIMOµ;e11CTBIIe B nponaraTope KBapKOB. B TO )Ke 

BpeM.sr HCKJIIO'!eHIIe cnaraeMoro O'µvBµv B ypaBHeHHH (3.6), T.e. npeHe6pe)KeHne BnanMo­

µ;ei'rcTBIIeM cnnHa KBapKOB C noneM, panpymaeT aTy KapTHHY - pat3HH~a Me)Kµ;y MaCCaMH 

nceBµ;OCKaJI.srpHbIX lI BeKTOpHbIX Met30HOB CTaHOBIITCH Heyµ;oBJieTBOpHTeJibHO MaJIOH. 

6 PeJ:pKeBcxoe noBeµ;eHHe 

KaK npaBHJIO, paµ;IIaJibHbie lI op6IITaJibHbie Bon6y;Kµ;eHHH Met30HOB nny'!aIOTC.sI B paMKax 

HepeJI.sITIIBIICTCKHX noTeH~IIaJibHbIX MOµ;enen: [24, 25], OCHOBaHHbIX Ha ypaBHeHHH illpe­

µ;IIHrepa. IlpII 0TOM µ;nH o6ecne'!eHHH 0KBHµ;IICTaHTHOCTH cneKTpa B noTeH~HaJI BBOp;HTC.sI 

cnaraeMoe Bnµ;a r 2/
3 [24]. IlocKOJibKY OTII Moµ;enII - HepeJIHTHBIICTCKHe, TO o6naCTb HX npn­

MeHHMOCTH orpaHH'!eHa Me:JoHaMII, coµ;ep)KallJ.UMll TOJibKO T.sI)KeJibie KBapKH. Bon6y)Kµ;eH­

Hbie COCTO.s!Hll.s! nerKHX Met30HOB onucbIBaIOTCH C noMOllJ.blO TaK Ha:JbIBaeMoro peJI.sITHBH­

t30BaHHOrO ypaBHeHn:.sr illpeµ;nHrepa [25]. B acpcpeKTIIBHOH Met30HHOH Moµ;enn (4.13)-(4.15) 
peanunyeTc.sr TeopeTnKo-noneB011, T.e. peJIHTHBIICTCKui'r no cyw.ecTBY, noµ;xoµ; K onncaHHIO 

Mace MenoHoB, BKJIIO'!M Maccbl pa;a;uanbHbIX n op6nTanbHbIX Bon6y)l()];eHIIH. 

Ilpe)K;a;e Bcero Hai'r;a;eM acnMnToTn'!ecKne pememrn ypaBHeHn.sr ( 4.16), y;a;oBneTBOpHIO­

w.ne ycnoBn.srM: 

M;Jln » A2 
, ecnn 71 » C (nnn £ » n) . (6.1) 

liHTerpnpy.sr no HMnynbCHbIM nepeMeHHbIM H Bbl'!llCJlj{j{ OCTaBll1Uec.sr llHTerpanbI no napa­

MeTpaM MeToµ;oM CT~llOHapHOH cpanbI, Ht3 ypaBHeHJlj{ ( 4.17) MO)KHO nony'!UTb cneµ;yrow.ee 

Bhlpa)KeHue µ;n.sr flciJtn= 

aJln ~ - __ __:__ exp -~ flciJln(-M2 ) A2 (2n + C)!2l { 3 M2 } 

52n+e 4 A2 ' (6.2) 

rµ;e Y'!TeHbI TOJibKO cpaKTOpHaJibHbie II CTeneHHbie no n II £ '!JieHbI, TaK KaK HMeHHO OHll 

onpeµ;eJIHIOT acnMnTOTll'-IeCKOe noBeµ;eHIIe cneKTpa. <l>opMyna ( 6.2) CTaHOBllTCH no'!Tll 
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O'-IeBIIµ;Hoii, eCJIII naMeTIITb, '-ITO II KBapKOBbIH rrporraraTop (3.4), II BepUI1IHH8JI q>yHKD;IISI 
( 4.9) nMeIOT aKcrroHeHIJ;HaJibHbIH xapaKTep B q>nnn'-Iecrmii o_6nacTn nHa'-IeHIIH IIMIIYJibCHOH 
rrepeMeHHoii:. lfo ypami:eHnii (6.2), (4.8) n (4.16) Haxo;a;nM 

(2n + £)! { 3 M;Jln} 
n!(n + £)!52n+£ exp 4A2 ~ 1 

PaccMoTplIM µ;Ba rrpe;a;eJibHbIX cny"lrur. 
• n » £ YpaBHeHIIe (6.3) rrpnHnMaeT Bn;a; 

{
~ M;Jln} ~ (n!)

2 
52n ~ (~)Zn 

exp 4 A2 (2n)! 2 ' 

IIJlll 

M;Jtn = ~ln (~) · A2 
· n + O(lnn). 

• £ » n B aTOM CJIJ"!ae (6.3) BblrJISIµ;HT crre;a;yIOIIIHM o6panoM: 

{ 
3 M;Jln } l 2 4 2 ( ) exp 4 A2 ~ 5 , MaJCn = 3 ln 5 · A · £ + 0 ln £ . 

(6.3) 

(6.4) 

(6.5) 

lfo ypaBHeHIIH (6.4) II (6.5) BIIµ;Ho, "ITO ;a;mi: 6oJibUIIIX n II£ crreKTP aKBIIµ;IIcTaHTeH. IIo;a;­
"IepKHeM, '-ITO IIOJIY"leHHOe pe;a;)KeBCKOe IIOBeµ;eHne SIBJISieTCSI rrpoSIBJ1eH1IeM HeJIOKaJibHOCTII 
rrporraraTopa (3.4) II BepUIIIHHOH q>yHKD;lllI (4.9), o6ycJIOBJieHHOH HaJIII"IIIeM IIOCTOSIHHoro 
BaKyyMHOro rJIIOOHHOro IIOJISI. 

IIcrroJib:3YSI nHa"!eHIISI mu, m,, g II A IIn Ta6JIIIIJ;bI 1, MmKHO "IIICJieHHO peUIIITb ypa­
BHeHne ( 4.16) µ;JISI HlI:3IlllIX COCTOSIHIIH. lIMeIOTCH 6oraTbie aKcrreplIMeHTaJibHbie ;a;aHHble 
µ;JISI op61ITaJlbHbIX Bon6y)K;a;eHIIH 7f-, p- ll K*-Me:30HOB [25]. 8Kcrrep1IMeHTaJibHble II Bbl"III­
CJieHHble c IIOMOII!bIO ( 4.16) MaCCbl co6paHbl B Ta6JIHIJ;e 3, ll:3 KOTopoii BIIµ;Ho, "ITO Moµ;eJib 
OIIIICbIBaeT Ha6n10;a;aeMbie MaCCbl KOJlll"leCTBeHHO ( C TO"IHOCTbIO OKOJIO ;a;ecSITII rrpou;eHTOB ). 

Ta6JIIIIJ;a 3. Macchi Bo36yn<,a;eHHhIX cocTO.lIHHH 

II Meson I e I MaJco, MaB I M;}~0 , MaB II 
7f 0 140 140 
bi 1 1206 1235 

7f2 2 1599 1670 

p 0 770 770 

a2 1 1248 1320 

p3 2 1514 1690 
J{* 0 892 892 

Ki 1 1367 1430 
I<; 2 1623 1780 

7 MacCbl TJDKeJiblX KBapKOHHeB 

EIIIe oµ;IIH ac1IMIITOT1I"!ecKIIII pe2KIIM, KOTOpbIH M0)KH0 nerKo 1Iccne;a;oBaTb - aTo rrpe;a;en 
TSl)KeJibIX KBapKOHHeB. B aT0M cnyqae Heo6xo;a;nMO peIIIHTb ypaBHeHne ( 4.16), rrpe;a;rroJia­
rrur, '-ITO MaCCbl KBapKOHHSI M ll COCTaBJISIIOIIIHX ero TSIMeJibIX KBapKOB ffiQ MHOro 60JibUie, 
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qeM MacwTa6 KOH<pa.HHMeHTa A: 

M »A, mQ »A. 

Ilorurpn:0an;n:oHHhIH onepaTop B aToM npeµ;ene npn:Hn:MaeT Bn:µ; 

IIaJln ~ - j fo1 
dt1dt2 j fo1 

ds1ds2 [A(si, s2, t1, t2)12

2 
+ B(si, s2, ti, t2) :~] 

{
2s1s2+v(t1+t2)(s1+s2) M 2

. mb l (l+s1 l+s2)} ( ) 
x exp ---------'--'----'- - -- n -- · -- . 7.1 

2v(t1 + t2) + s1 + s2 4vA2 4vA2 1 - s1 1 - s2 

,IJ;m1 onpeµ;eneHWI nn:µ;n:pyromero npn: M » A n: mQ » A noBeµ;eHn:JI IIaJLn(-M2
) JIBHhIH 

Bn:µ; <f>YHKn;n:ii A > 0 n: B > 0 He Ba)KeH. Acn:MnToTn:Ka n:HTerpanoB B (7.1) nerKo Haxoµ;n:TcJI 

MeToµ;oM CTa.QHOHapHoii q>MhI. Iloxa0aTe11b axcnoHeHThI B (7.1) MaKCn:ManeH npn: 

TaK "ITO 

~ 
St = S2 = Smax = V l - Af2 ' 

- 2 { M
2 

mb ( 1 + Smax) } 
ITaJln(-M ) ~ - exp 4vA2Smax - 2vA2 ln 1 - Smax 

x j fo1 
dt1 dt2 j fo1 

ds1 ds2 [ A( s1, s2, ti, t2) 1 2

2 
+ B( s1, s2, ti, t2) :~] 

X exp {-tF;j(S; - Smax)(sj - Smax)}, 

(7.2) 

r;a;e F;j - IlO1JO)Kl'J:Te1IbHO onpeµ;eneHHM MaTpn:~a. JierKO 3aMeTIITb, "ITO Smax - 0 npII 

M 2 -+ 4mb. Cne;a;oBaTenbHO, B npeµ;ene TJI)Ke1JhIX KBapKoB ypaBHeHIIe ( 4.16) c IIaJen(-M2), 
onpeµ;eneHHhIM q>OpMynoii (7.2), IIMeeT acIIMilTOTII"leCKOe peweHIIe BIIµ;a 

[ (

A2 m
2 )]p 

M
2 = 4mi 1 + 0 mb ln A~ npII mQ » A . (7.3) 

Jln:µ;n:pyromee cnaraeMoe 4mb J3O3HIIKaeT II3 aKcnoHeHThI nepeµ; n:HTerpanoM B (7.2). °9:IIcno 

p B (7.3) 0aBn:cn:T oT BIIµ;a A II B n: onpe;a;enJieT cneµ;yromIIe 0a nIIµ;n:pyromIIM qneHhI. 

AHanorn:"IHO aToMy pac"l:eTy, c noMombro Toro )Ke MeToµ;a CTaQIIoHapHoii q>MhI MO)KHO 

Ha.HTII aCIIMilTOTIIKY MacchI Me3oHa, COCTOJimero II3 nerKoro q n: TJI)Kenoro Q KBapKOB B 

npeµ;ene mQ » mq. Acn:MnTOTIIKa IIMeeT Bn:µ; 

[ ( 

A2 m 2 
)] p' 

M
2 = mt 1 + 0 mb ln A~ npII mQ » A , mQ » mq. (7.4) 

TaKIIM o6pa30M, BIIµ;Ho, "ITO HenOKMbHOCTb KBapKOBOI'O II I'1IIOOHHOro nponaraTOpoB, o6y­

C1IOB1JeHHM BaKyyMHhIM rnIOOHHbIM noneM paccMaTpirnaeMOH KOHq>IIrypan;n:II, Beµ;eT K co:. 

OTHOWeHWIM 

M-+ 2mQ, npII mQ » A (QQ), 
M-+ mQ, npII mQ » Mq (Qij) , 

KOTOphie xopowo cornacyroTcJI c o6menpIIHJITbIMII npeµ;cTaBneHn:JIMn: o cneKTpocKonIIn: TJI­

)Ke1JbIX KBapKOB. Ba)KHO noµ;"lepKHYTb, "ITO aTII COOTHOWeHIIJI nony"leHhI B paMKax KBaH­

TOBononeBOH penJITIIBIICTCKoii Moµ;enII, He anennIIpyromeii K KaKoii-nII6o noTeH~IIMbHoii 

KapTIIHe. 
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8 3aKJuoqeHHe 

IlepeqIIcnIIM caMble Ba2KHbie CBOHCTBa o6o6meHHOH Moµ;enII NJL, paccMoTpeHHoir B aToir 
CTaTbe. 

• KomfiairHMeHT KBapKoB; o6blqHoe (noKallbHoe) noBep;eHIIe nponaraTopa KBapKoB B 
rny6oKO eBKlIIIl];OBOli o6nacTII. 

• CynepnepeHOpMIIpyeMaJI a<p<peKTIIBHaJI qeTbipex<pepMIIOHHaJI Teopmr ( 4.8)-( 4.12) c 
HelIOKaJibHbIMII 6ecn;BeTHbIMII KBapKOBbIMII TOKaMII, IIMeIOIUIIMII IlOlIHbIH Ha6op KBaH­
TOBbIX qIIcen . 

• YllbTpa<pIIOlleTOBO KOHeqHaJI Me3OHHaJI TeopmI (4.13) . 

• EcTeCTBeHHOCTb napaMeTpII3aD;IIII: Maccbl KBapKOB m1, Hanp.112KeHHOCTb <pOHOBOro 
non.sr B (A) II KOHcTaHTa CB.!13II g (KanII6poBoqHaJI). 

• PacmenneHIIe Mace nceBµ;ocKamrpHbIX II BeKTOpHbIX Me0OHoB 0a cqeT B3aIIMoµ;en­
cTBII.sr CilIIHa KBapKOB C BaKyyMHbIM noneM . 

• 8KBIIl];IICTaHTHOCTb cneKTpa paµ;IIallbHbIX II op6IITallbHbIX Bo06y2Kµ;eHIIli Me3OHOB. 

• B npeµ;ene T.!l)KellbIX KBapKOB Macca KBapKOHH.11 aCIIMilTOTIIqecKII paBHa cyMMe Mace 
COCTaBlI.!IIOIUIIX KBapKoB, a Macca Me3OHa, coµ;ep:>Kamero op;IIH T.!12Kel1bIH KBapK CTpe­
MIITC.11 K Macce T.11:>Kenoro KBapKa (cM. (7.3,7.4)). 
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Quantum mechanics of bound states in the oscillator 
representation. 

M.Dineykhan and G.V.Efimov 

Bogoliubov Laboratory of Theoretical Physics, 
Joint Institute for Nuclear Research, Dubna 

Abstract 

The Wick-ordering method called the Oscillator Representation is proposed to cal­
culate the energy spectrum for a wide class of potentials allowing the existence of a 
bound state. The oscillator representation method gives a unique regular way to de­
scribe and calculate the energy levels of ground and excited states for a wide class of 
potentials. The results of the zeroth approximation of the oscillator representation are 
in a very good agreement with the exact values for the anharmonic potentials. The 
perturbation series converges fairly fast, i.e., the highest perturbation corrections over 
the effective interaction Hamiltonian are small. 

1 Introduction 

One of the basic problems of nonrelativistic quantum mechanics is to find the energy spec­
trum and eigenfunctions of a microsystem described by the Schrodinger equation with an 
appropriate potential. Exact solutions of this equation have been found ([1]-[4]) for a quite 
limited class of potentials like the harmonic oscillator, the Coulomb potential and some oth­
ers. However, most quantum systems are described by potentials for which the Schrodinger 
equation can not be solved analytically. Thus, the solution of the Schrodinger equation 
with a sufficiently arbitrary potential represents the main mathematical task. For this aim, 

. many approximate analytical and numerical methods were worked out. The great progress 
in the development of computer technique and effective algorithms of numerical solution of 
differential equations permit one to obtain numerical solutions for the energy spectrum and 
wave functions with a quite high accuracy although practical calculations are usually very 
laborious and require powerful computers. 

Approximate analytical methods imply a perturbative procedure when the Hamiltonian 
is divided into two parts H = H0 + Hr, the solution of the zeroth approximation H0 w(0) = 
E(o)q,(o) is supposed to be obtained and perturbation corrections to the zeroth approximation 
E(0

) and q,(o) can be calculated. The physical and mathematical top point 'is that the 
Hamiltonian H0 in an appropriate representation of the Schrodinger equation should be 
chosen in such a way to catch the main dynamic properties of a quantum system and to 
give a possibility to calculate analytically all physical characteristics of the system under 
consideration. The interaction Hamiltonian Hr should give small corrections to the zeroth 
approximation. 

Here we mention the standard perturbation Reley-Schrodinger theory ([1)-[4]), the qua­
siclassical or WKB method ([1]-[4]), l/N-axpansion([5],[6]) . We will not enter into details 
of these methods and refer readers to the numerous literature ( see, for example, [1]-[6]). 
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In this paper the oscillator representation method ([7],[8]) will be applied to Quantum 
Mechanics problems. The most remarkable difference between Quantum Field Theory and 
Quantum Mechanics is that quantized fields in QFT are a set of oscillators and any in­
teractions of fields do not change the oscillator nature of these quantized fields. At the 
same time, in Quantum Mechanics most of the potentials and therefore their corresponding 
wave functions are quite far from the oscillator behaviour. The application of the oscilla­
tor repesentation method implies that a wave function, being a bound ground state of a 
quantum system with an attractive potential, is expanded over the oscillator basis in the 
representation, in which canonical variables ( cordinate and momenta) are expressed through 
the creation and annihilation operators a+ and a. However in most cases the asymptotic 
behaviour of a true wave function ( for example, the Couloumb wave functions) for large 
distances does not coincide with the _Gaussian asymptotic behaviour of oscillator wave func­
tions. It means that the expansion of these wave functions over the oscillator basis, although 
being methematically correct, leads to series converging not sufficiently fast for practical 
purposes. 

Therefore, before applying the oscillator representation method we have to modify the 
variables in the starting Schrodinger equation to get a modified equation having solutions 
with the Gaussian asymptotic behaviour. In the Coulomb systems such a modification 
is performed by going over to the four-dimensional space where the wave function of the 
Coulomb system becomes an oscillator one. In an early paper [9] Schrodinger has noted the 
existence of such a transformation which transforms the three-dimensional Coulomb system 
into an oscillator one in the four-dimensional space. Kustaanheimo and Stiefel [l_O] gave the 
explicit form of this transformation and used it to solve the classical Kepler problem. 

It should be taken into account that these transformations are not the canonical ones. 
It means that a quantum system after a la Kustaanheimo-Stiefel transformation becomes 
another quantum system with another set of quantum numbers and corresponding wave 
functions. However this new set contains a subset of wave functions which are wave functions 
of the initial system at the same time, and we should be able to pick out necessary quantum 
numbers and wave functions. Therefore, these transformations should be considered as a 
successful mathematical technical method. 

So we get a modified Schrodinger equation the eigenfunctions of which have the oscilla­
tor Gaussian asymptotical behaviour. The next step is to write the Hamiltonian in terms 
of normal products over the creation and annihilation operators a+ and a. Now one faces 
the question what is the optimal way to determine the frequency of this oscillator. In the 
language of the Hamilton formalism the problem of calculation of the ground-state energy 
can be formulated in the following manner. Let the Hamiltonian of a system be given. 
Let us pick out the pure oscillator part with some unknown frequency w and write this 
Hamiltonian in the form H0 = wa+ a. The rest of the Hamiltonian should be represented in 
terms of normal products over the operators a+ and a. The requirement that this interac­
tion Hamiltonian does not contain quadratic in the canonical variables terms leads to the 
equation which determines the oscillator frequency w. This requirement can be called the 
oscillator representation condition (ORC). As a result, the total Hamiltonian is written in 
the representation where the main quantum contributions to the ground state or vacuum of 
the system are taken into account. 

The conception of normal products introduced into nonrelativistic quantum mechanics 
is actually not new (see for example, [11]); however, the question is on what principles the 
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realization of this idea should be based. All approaches which have used the formalism of 
creation and annihilation operators imply that the ground state wave function belongs to 
the oscillator basis although the true wave function can have completely different asymptotic 
behaviour. Besides, the "free" Hamiltonians H0 , for which the exact oscillator solutions exist, 
are usually chosen in the form which destroys completely the canonical quantum structure 
of the Hamiltonian (see, for example,[5]-[11] ). 

The paper is organized in the following way. In section 2 we consider the one- and three­
dimensional anharmonic potentials and power-low as well as logarithmic potentials. The 
energy levels for the ground and excited states are calculated. The results of our calculations 
in the zeroth approximation agree with the exact values very well. 

2 Anharmonic Potentials 

Anharmonic oscillator models have played an important role in the evolution of many 
branches of quantum physics. In spite of seeming simplicity it is not easy problem to find 
spectrum and eigenfunctions of an anharmonic interaction. There is a voluminous literature 
where different analytical and numerical methods are worked out to solve this problem (see, 

· for example,[15]-[21]). On the other hand, the anharmonic potential is a good touchstone to 
test any new method. 

Bender and Wu [16] have made a valuable contribution to investigation of the anharmonic 
oscillator, which is of particular interest to field theoreticians because it can be regarded as a 
field theory in one dimension. The main hope is that the unusual and unexpected properties 
of this nonlinear model may give some indication of the analytical structure of more realistic 
field theory. Nevertheless the developed technique turned out to be quite complicated even 
for this simple case. 

The standard way of attacking this problem is to invoke perturbation theory. Perturba­
tion series for any physical characteristics are asymptotical ones, i.e., they have the zeroth 
radius of covergence. Summation methods should be applied to calculate high order cor­
rections. As a result, we have quite a cumbersome process. A through discussion of these 
difficulties has been done by Stevenson [17]. 

The quasiclassical approximation was applied to the three-dimensional anharmonic os­
cillator [18]. The problem of calculation of the energy levels is reduced to the solution of a 
very cumbersome transcendental equation invoking the complete elliptic integrals. However, 
its accuracy drastically worsens for the low lying energy levels and moderate anharmonicity. 

Another known approach for treating systems with strong interaction is a modified per­
turbation theory [19]. The accuracy of the modified perturation theory with the principle of 
minimal sensitivity has been carefully analyzed [20] for the anharmonic oscillator. 

The 1/N expansion for the anharmonic oscillator was used in Refs.[21]. In [6] the 1/N 
expansion was applied to calculate the spectrum of the anharmonic oscillator. 

In this section we would like to contribute to these numerous investigations. We shall ap­
ply the oscillator representation method to calculate the bound state energies of anharmonic 
oscillators. 
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2.1 Anharmonic potentials in R1 

First of all we will consider the bound state energy of the one-dimension anharmonic oscil• 
la tor. The Hamiltonian is 

P2 mv2 
H = _ + -q2 + >-.q4. 

2m 2 
(2.1) 

In the case of symmetrical potentials V(q2) the ground state wave function depends on q2 

only, i.e. 

so that we can write 

'11 = '11(q 2
), w'(O) = 0 , 

r'° 1d2 . 
lo dq \Jl(q2) [ - 2. dq2 + V(q2) - mE] \Jl(q2) = 0, 

m2v2 
V(q2) = -2-q2 + m>-.q4. 

Thus we can consider the wave equation on the positive semiaxis O $ q $ oo. 

(2.2) 

We are going to apply the oscillator representation to this Hamiltonian so that we should 
coordinate the Gaussian asymptotic behaviour of functions in OR with the true one. For 
large q this asymptotic is defined by the anharmonic term ).q4 and the wave function is 
proportional to 

\Jl(q2) ~ exp(-q3) for q - oo. 

However, it is clear that for small ). the true wave function is close more to the Gaussian 
wave function then to the anharmonic one. Thus, we can expect the behaviour like 

W(q2
) ~ exp(-q0

) for q - oo, 

where 2 $ a $ 3 is a parameter. Let us introduce the new variable 

q = s2/o = s2P 
' 

1 
p = -;· 

After some transformations the integral in (2.2) can be written as 

/

00 

[ 1 [ d
2 

l - ? d l l lo dss1-2p w(s) - 2 ds2 + ---;E- ds + W(s2' E) \Jl(s) = 0 ' 

where 

[ 

2 2 . 

W(s2, E) = 4p2 m / . (s2)4p-t + m>-.(s2)6p-1 - mE(s2)2p-t] 

Now we can identify the operator 

!:._ + 1 - 2p .!!:_ = !:._ + d - 1 .!!-_ - t:i.d 
ds2 s ds ds2 s ds 

(d = 2 - 2p) 
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and the measure 
dss 1-p = dssd-l --t ( ds )d 

with "the Laplacian" b.d and "the measure" ( ds )d in an auxiliary space Rd if these operators 
act on a function depending on the radius only. The equation (2.4) looks as 

(2.5) 

The wave function \Jl(s) in {2.5) can be considered as a wave function of the ground state 
satisfying the Schrodinger equation 

1 [-2b.d + W(s2, E)]\Jl(s) = H\Jl(s) = c(E)\Jl(s) , 
2 

H = ~ + W(s2, E), (2.6) 

and the desired energy E is determined by the equation 

c(E) = 0. (2.7) 

Now we can apply the oscillator representation method to the Hamiltonian {2.6). The 
Schrodinger equation and the Hamiltonian (2.6) in the oscillator representation look as 

(Ho+ Hr+ co)'II = c:(E)\JI , 
p2 2 

H = 2 + W(s , E) =Ho+ Hr+ co , (2.8) 

where Ho , Hr and co are given by paper [22] and equal 

Ho = w(a+a), (2.9) 

Hr = J (i:)DW(k2,E)e-k2/(4w): e;kq:, 

co(E; w, p) = d; + 100 

duu;(~\e-u W (~, E) = 

= A(w, p) - EB(w, p) , 

A(w,p) I - p 4p'mw [ mv
2 

A l = -w+ · -•f(3p)+-•f(5p) 
2 f(l - p) 2x2 x3 

B(w, p) 
4p2mw f(p) 

= f(l - p) . X 

Here : * : is the symbol of normal ordering and e2 = ez - 1 - z - ½ z2
, x = w2

P. The functions 
w(E) and p(E) are defined by the equations 

f:) 
aw co(E,w, p) = 0, 

a 
a/o(E,w,p) = 0. 

In Table 1 the numerical results for the background energy are given for the case m = ½ 
and mv = 1 in the zeroth and second approximations. 
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Table 1. Results of calculation of the ground state energy of 
one-dimensional anharmonic oscillator for the case 

m = ½ and mv = 1 as a function of the parameterA. 
£(0) and £(2) on the energy of the zeroth and second 
approximations, Eex is the exact value in Ref.[23] 

I A II P I £!OJ I Ef2) I Eex. I 
.02 2.02 1.015 1.015 
.1 2.07 1.065 1.065 
.2 2.12 1.119 1.118 1.118 
.5 2.18 1.243 1.242 
1. 2.23 1.394 1.393 
1.5 2.25 1.511 1.510 
2. 2.27 1.610 1.609 1.608 
5. 2.31 2.022 2.020 
10. 2.32 2.454 2.452 
20. 2.34 3.016 3.014 3.010 
100. 2.36 5.009 5.008 

2.2 Anharmonic potentials in R3 

In this section we consider the three-dimensional anharmonic potential. The Schrodinger 
equation looks as 

[ 
1 ( d ) 2 /(/ + 1) mv

2 
] - -

2 
- -d r + 2 + -r2 + Ar4 'ljJ(r) = E?jJ(r) . 

mr r 2m1· 2 
(2.10) 

According to (2.3) we do the transformation r = s2P and get the representation 

H(E)<l>(s) = c:(E)<I>(s) , 

( ) 1 2 2 HE = 2p + W(s , E), 

[
mv2 

· ] W(s2, E) = 4p2m 2(s2)4p-l + A(s2)6p-1 - E(s2)2p-1 ' (2.11) 

where s E Rd with 
d = 2p(2l + l) + 2. 

Now we can apply the oscillator representation method. The Hamiltonian is 

2 
p 2 

H = 
2 

+ W(s , E) =Ho+ H1 + co, (2.12) 

where H0 and H1 are given by (2.9) and c: 0 equals 

C (E·w ) = dw {00 duu~-le-u vv(~ E) 
0 

' 'P 4 + lo r( 1 l w' 
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= A(l,w, p) - EB(l,w, p) , 
p(2l + 1) + 1 4p2mw 

A(l,w,p) = 2 . w + f(p(21 + l) + 1) 

[ ;:,' · f(p(2/ +5)) + ;, · f(p(2/ + 7))] , 
4p2mw f(p(2l + 3)) 

B(l,w,p) = -- -~------'-. 
x f(p(2l + l) + 1) 

where x = w 2P. 

The ground state energy E01 in the zeroth perturbation order is 

Eo1 = . A(l,w,p) . [f(p(21+1)+2) x 
mm ____;.._~ = min ------ • -- + 
{w,p} B(l,w,p) {x,p} f(p(2/ + 3)) 8mp2 

(2.13) 

mv2 f(p(2l + 5)) ,\ f(p(2/ + 7))] 
+~. f(p(2l + 3)) + x2 • r(p(2l + 3)) . 

The ground state energy of the anharmonic oscillator has been extensively studied nu­
merically and the exact result[6] for E00 in the case,\= 1, m = 1/2 and v = 2 equals 

E~~ = 4.64881.. .. 

Formula (2.12) gives for this case 

Eoo = 4.6511. ... 

One can see that the oscillator representation method in the zeroth approximation gives a 
quite acceptable accuracy. 

2.3 The power-low potentials 

In this section the oscillator representation method will be applied to calculation of the 
ground, orbital and radial excitation energy spectrum of three-dimensional power-low po-
tentails: · 

V(r) = ,\r" . 

The Schrodinger equation looks as 

[ 
1 (d) 2 l(l+l) ] 

- 2mr dr r + 2mr2 + ,\r" 1/;(r) = E'lj;(r) · 

The transformation r = s2P leads to the representation 

H(E)4>(s) = c:(E)4>(s) , 

H(E) = ip2 + W(s 2 ,E), 

W(s2, E) = 4p2m [ ,\(s2)P(2+v)-1 _ E(s2)2p-l] , 
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where s E Rd with 
d = 2p(2l + l) + 2. 

The Hamiltonian in the oscillator representation looks as 

p2 
H = 2 + W(s2, E) =Ho+ H1 + co, 

where Ho and H1 are given by (2.9) and co equals 

dw 100 duu1- 1e-u u 
co(E;w,p) = 4 + 

0 
r(f) w(;:;,E) 

= A(l,w, p) - EB(l,w, p) , 
A(l ) _ p{2/ + 1) + 1 . 4p2m,\w f(p(2l + 3 + v)) 

'w, P - 2 w + y2+" f(p(2l + 1) + 1) ' 

B(l,w,p) = 
4p2mw r(p(2l + 3)) 

y2 f{p(2l + 1) + 1) . 

where y = wP. 
The ground state energy E01 in the zeroth perturbation order is 

{2.17) 

. A(l,w,p) ( ) 
Eo1 = mm B(l ) 2.18 

{w,p} ,w, p 

. [f(p(2/ + 1) + 2) y2 
,\ r(p(2l + 3 + v))l 

= f;.~~ r(p(2/ + 3)) . 8mp2 + y". r(p(2l + 3)) . 
_v ..1_ 

. 2 + V [r{p(2/ + 1) + 2)] 2+v [,\ l 2+v 

= 1f;f f(p(2l + 3)) · 8vmp2 • 2 · f(p( 2l + 3 + v)) 

Now let us obtain the formula for radial excitations. We have in the first approximation 
( the details see in [22]) 

ct)= co+ 2nw + (nlH1ln) , 

where 

J (dk)d - k2 'k 
(nlH1ln) = - Wd(k 2

) exp(--)(nl : e; q: In) . 
2~ 4w 

Let us define the polynomials 

where 

2n 

en(t, d) = (nl : e~kq : In) = L Cm(n, d)tm, 
m=2 

k2 
t=--

4w' 

n!f(½) [f] 2m-2Pf(% + n + p) 
Cm(n,d) = r(½ + n)f(f + m) 2: (n - m + p)!(m - 2p)!(p!)2 . 

p = max(O, m - n). 
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The coefficients for n = l and n = 2 are 

4(d + 8) 
c2(2, d) = d(d + 2), 

16 
c3(2, d) = d(d + 2), 

Three first polynomials are 

eo(t) = 0 , 

If the potential has the form 

then one can get 

W(s 2) = L wk(s2)"k 
k 

J (dk)d _ k2 
.k 

(nlH1ln) = 
2

7!" Wd(k 2
) exp(-

4
w )(nl : e; q : In) = 

= ~ Wk · Ck(d, ak) , 
L...J W"k 

k 

f(1+ak) ~ f(ak+l) 
Ck(d,ak) = r(1 + 1) . ~cs(n,d). r(ak + 1- s) . 

Table 2.Results of calculation of the ground state energy 
power-low potentials for then=£= 0 and 2m = 1 of 
various v. E00 is the zeroth approximation of the oscillator 
representation. The results of the numerical, Ref.[24], and 
1/N- expansion methods. Ref.[6], are also shown . 

V l/N Num. Eoo 

-1.5 -.29888 -.29609 -.29703 
-1.25 -.22035 -.22029 -.22027 
-1.0 -.25 -.25 -.25 
.15 1.32795 1.32795 1.3279 
.5 1.83341 1.83339 1.8335 

.75 2.10815 2.10814 2.1082 
1.5 2.70806 2.70809 2.7081 
2. 3.0 3.0 3.0 

3.0 3.45111 3.45056 3.4511 
4.0 3.80139 3.79967 3.8024 
5.0 4.09146 4.08916 4.0962 
6.0 4.33801 4.33860 4.3524 
7.0 4.54690 4.55866 4.5815 
8.0 4.71772 4.75587 4.7901 
10. 4.92220 5.09786 5.1607 
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Table 3. Results of calculation of the energy spectrum for a wide 
class of potentials in the zeroth approximation. The numerical 
ones are taken from Refs.[6], [24] (in parentheses). 

V(r) 

-

21.7 2-8 23.57' In r - ;:o.-r - ;:-a:s 

2m = 1 2m = 1 2m = 1 m= 1 

n=O I= 0 -2.686 -1.2186 9.353 1.045 
(-2.686) (-1.218) (9.35243) (1.0443) 

I= l -2.345 -0.5004 13.445 1.641 
(-2.345) (-0.500) (1.643) 

I= 2 -2.156 -0.29,17 16.993 2.014 
(-2.156) (-0.295) (2.015) 

I= 3 -2.029 -0.2019 20.204 · 2.284 
(-2.029) (-0.202) (2.286) 

n=l I= O -2.253 -0.462 16.355 1.848 
(-2.253) (-0.462) (16.3518) (1.8474) 

I= 1 -2.101 -0.281 19.540 2.151 
(-2.101) (-0.281) (2.151) 

l = 2 -1.990 -0.195 22.521 2.388 
(-1.990) (-0.195) (2.388) 

l = 3 -1.905 -0.146 25.330 2.580 

n=2 l = 0 -2.0H -0.26,5 22.084 2.290 
(-2.044) (-0.265) (22.08224) (2.290) 

l = 1. -1.951 -0.187 24.833 2.491 
( -1. 951) (-0.187) (2.491) 

1=2 -1.875 -0.142 27.478 2.663 
(-1.875) (-0.142) (2.663) 

l = 3 -1.812 -0.113 30.021 2.811 

The next step is to solve equations {3.25). The result is 

with 

E = ,\min r{p(2/ + 3 + v) . F(v). [ F(0) . r(p(2/ + 1) + l)] 2~v 

nl P f(p(2l + 3)) F(O) 8p2m,\J f(p(2/ + 3 + v) ' 

F(v) = 4n[p(2 + v) - 1] + [p(2/ + 1) + ll[p(2 + v) + Cn(d, p(2 + v) - l)], 
J = pv + [p(2 + v) - l]Cn(d, 2p - 1) - (2p - l)Cn(d,p(2 + v) -1), 

where d = 2p(2l + 1) + 2. The numerical results are shown in Tables 2 and 3. 

72 



2.4 The Logarithmic potential 

Now we consider the logarithmic potential 

V(r) = >.ln(r). (2.19) 

This is one of the potentials which has been used in heavy quarkonium spectroscopy [24]. 
The standard calculations according to formulas (2.9), give the following result for the energy 
En1 in the lowest approximation: 

E., = >.mjn { :u In[(~+ 4n)u + ~(! + C.(d,u))] H(~ + u) 

+..!._In [ 1 . f(1) . (1 + 4n)o-+ 1(1 + Cn(d,o-))l } 
2p (a-+l)3 m>. f(f+a-) l+Cn(d,o-)-o-!Cn(d,o-) ' (

2
-
2
0) 

d d - = p(2l + 1) + 1, a-= 2p -1, 'l/J(x) = -d lnf(x). 
2 . X 

The functions Cn(d, a-) are defined in the previous section. 
The numerical results are shown in Table 3. One can see that the first approximation of 

the OR method coincides with the exact values in four signs. 
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94-187 

OTBeTCTBeHHhle 3a BhlnycK: C.H.He,a;eJihKO, M.A.11BaHOB 

<l>OTo IO.A. TyMaHoBa 

Pe,a;aKrop M.H:.3apy6HHa. MoHTax T .E.IloneKo 

PyKOilHCb Il0CTyilWia 20.05.94. Ilo,a;nHCaHO B ne11aTb 31.05.94 
<l>opMaT 60x84/8. O$:eTHaSI ne'l!aTh. Y1I.-H3,IJ;.JIHCTOB 6,34 

THpax 200. 3aKa3 47269 

0:3,a;aTeJibCKHH 0T,IJ;eJI O6he,a;HHeHHOl'O HHCTHTyTa si:,a;epHhIX HCCJie,a;oBaHHH 
JJ:y6Ha MocKOBCKOH o6JiaCTH 




