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‘KpaTkn o4epk HaydHOH HeATEIbLHOCTH

. ¥ MYCTh MIONH NerkOfyMHBIE II0OaraloT, 6y TO HecylleCTBYOlIee
B HEKOTOpPOM poje Jlerde U 6esoTBeTcTBeHHEee 06eYb B CI0Ba, HEXENU
Cylie CTBYIOLIEE, OMHAKO Al 61aroroBeHHOrO U COBECTIMBOTO YeloBeKa
Bcé 06CTONT XKaK pas HaoGopOT: HUYTO Tak He YCKOIb3aeT OT Uusobpa-
JKEH}S B CIOBE M B TO K& BpeMs HUYTO Tak HAaCTOSTEILHO He TpebyeT
nepegadu Ha CyR Nioflen, KaK‘HeKo'ropme BeIlM, CyIieCTBOBaHHE KOTO-
PHIX HefloKasyeMo, fa U MaJOBepOATHO, HO KOTOpHEIe UMeHHO 6narogaps
TOMY, 4TO NIOAHU GIaroroseifHLIe ¥ COBECTANBEIE BUAAT UX KaK GLI Cylle-
CTBYIOIUMH, XOTA OBl Ha OJUH IIAar NMPUOGIHKAIOTCA K 6BITUIO CBOEMY,
K CaMOU BOSMOXHOCTH POXKJEHHS CBOEro.
Tepman T'ecce

"HArpa B Gucep”

B 1958 ropy BVJIa6opaTopmo .Teope’rnqecxoﬁ ¢usuknu, B cekrop Imurpns Usano-
Buda Broxmunesa npuwmén seinyckuauk MUDHU Tapunt Bragumuposuu Edumos. 3a Tpn-
EUaTh OATH JeT, UCTEKIINX ¢ TeX II0p, UM HNpOouleH GONbION IyTh B Hayke. IlepBnIM
CylecTBeHHEIM pesynbTaToM [apms Brnagumuposnva cramo o6obiieHue u mpuMeHeHHe
B TeOpHUM HOIS MAaTPUYHOrO METoma pelleHns fuddepeHnmanbHbIX ypabHeHuy Jlanmo -
Hauunesckoro. cmonbsys »TOT MeTOR I U3Y4YeHHA HEKOTODPBIX MOAENEN KBaHTOBOHI
Teopun mous, I'.B. E¢umos passun npouegypy nepeHOPMUPOBOK IS DTUX MOJENEH U Io-
IyYHT PAf WHTEPECHBIX CBONCTB IepeHOPMHPOBAHHBIX BEIMYKH, B JaCTHOCTH, CBOMCTBO
OrpaHUYEeHHOCTY MEPEHOPMUPOBAHHON KOHCTAHTH! cpasu. [[uka paGoT nér B ocHOBY ero
KaHTUIATCKON guccepTamuu. YITOroM STUX HEPBBIX UCCIETOBAHMI OLITO U TO, YTO OMpee-
Innack HallpaBIeHHOCTE MHTepecoB lapus BraguMuposuya Ha mpo6reMbl KBaHTOBAHUA,

[IEPEHOPMUPYEMOCTH, CUILHOMN CBA3U B KBAHTOBOU TEOPUM IIONA.

IloMumo Gonbuoro kiacca TEePEHOPMUPYEMBIX TeOpKﬁ, BECbM3a HNHTEPECHBEIMU C (bﬂ-
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SUYECKON TOYKM 3PEHUd ABIAIOTCH TAK HasblBaeMble HENepEeHOPMUIpPYEMble TEOPUU IO,
B KOTOPEIX BOSHUKAIOT IPHHLMINATLHEIE TPYNHOCTH, CBASAHHBIE ¢ YILTPadUONeTOBRIMU
pacxoguMmoctamu. Cpenu MOMBITOK NpPEONofeHus 3TUX TPYRHOCTEN ocoboe MecTo BaHM-
MaeT HeloXalbHasd KBaHTOBasd Teopus moias. lcTopusa msydveHus pelsiTUBACTCKUX TeOPUIT
IIONA ¢ HENMOKANbHEIM B3auMoflelcTBIeM HaunHaeTcs ¢ 1934 rofa u ceasana ¢ UMeHaMu Ta-
knx y4ensix kax I'. Batarun, M.A. Mapxos, II.}1. Bnoxurnes, 1.E. TamM, X. Mak Manyc,
X. IOxasa, K. Buox, B. Ilayan, P. llaipac, E. llTioxeas6epr, E.C. Ppagkuy, BF Kags:-
wesckul, I.A. Kupxuun, B.fI. ®aunbepr u gp. Ilocne Muorux pasHooGpasHBIX HcciIeo-
BaHUI, X Hadany 60-X rofoB BHISICHHWIOCH, YTO HENOKAILHAS KBAaHTOBas TEOPUS IIONA CO- -
[EPAKUT CBOM COOGCTBEHHBIE TPYNHOCTH, KOTODHIE, Ka3aJloCh, [IONHOCTEIO 3aKPHIBAIOT BOS-

MOXHOCTh HEIIPOTHUBOPEYNBON (OPMYIHPOBKIL.

OpurnHanbHBIM BBIXOR M3 oTOH curyauun 6ein npegnoxed 1.B. EfumorM — emy
YAAIOCHh OTKPHITH HOBBIM Kiacc (opMEPakTOpPOB, € IOMOUBIO KOTOPHIX OBLIa IOCTPOEHA
HeJIOKaJibHasg KBAaHTOBasd TEOPUA IONs, YIOBIETBOPSIOUAsl TPpebGOBAHUAM PeliTUBUCTCKOR
UHBApUAHTHOCTH, MAKPOIPUYMHHOCTY M yHUTApHOCTU. HOBBII MeTO ITOSBOMUI ONMUCATE
TEOPHUIO ¢ HENOIMHOMMUAIbHBIMH JIarpaHKNaHaMM, YTO Fallo BO3BMOXHOCTBH, B YaCTHOCTH,
| NIPOBECTHU PACYETHI B QUBIMYECKI HHTEPECHBIX KUPAILHLIX Teopusx. Ha paspaboTky sToro
MeTofa yILIN TOgbl HAIPAMKEHHOTO TPYLa, OBIIN HANMCaHbl TECATKY CTaTeH, CIENaH0O MHO-
»€eCTBO JOKTaJOB Ha CeMHHapaX. KOHQEepEeHLISIX I COBeWaHusax. B Hay4Hyi0 IUTepaTypy
BOUUIN TaKue MOHATHA, KaK MeTON E¢nmvosa — Ppagkuna g1 HEIIOTMHOMHUAILHBIX TarpaH-
KUAHOB, HeNokanbHble 06006weénnste pyurunn knacca Efumona, HenoxansHas Teopus mons

Edumosa.

B 1968 ropy Tapuit Baagumuposid samuTin gokTopckylo gucceprauuo, a B 1977

BEILUIA ero nepsas MoHorpadus: ”HenorkansHele B3alMogellcTBUA KBaHTOBAHHbIX IONEl” .

OnHolt ¥B HEHTPANBHLIX Tpo6lleM B KBAHTOBOII TEOPUU MO ABISETCH Ipo6ieMa CHITE-
HOH CBA3M, He IOSBOIAIOMIAT HCIIONL30BATL CTAHAAPTHEIE METONL TEOPUH BOSMYIIECHIH.
Heo6xogumo 65110 BHIITH 32 PaMKI 9TOTO METOAA, 1 3geck LapueM Bragumuposudem 6u1n
CRenaH CyleCcTBeHHBI war Biepén. Vcronbays ToHKMe MaTeMaTHIeCKUe [IPUEMEL M CTPO-

roe omnpegeneHne q)yHKIII(IOHaJIbHOI‘O HHTEerpaJa, emsy yHaloCk OOKa3aTh CYLIEeCTBOBaHHE



KOHEYHON S-MaTpUIBI B HETOKAILHLIX U CYNeplepeHopMUPYEMEBIX TE€OPUIX /IS IPOUSBONb-
HBIX KOHCT3HT CBASGHM, a TakXe HalT! acUMITOTHYECKOe IOBefeHNe PUINIECKUX BETNINH
B IIpefieie CUIBHOM CBI3H. Takum o6pasoM, 6B MOCTPOEH IIPUMED KOHEYHOH CaMOCOTIIa-
COBAHHOHN YETHIPEXMEPDHON PENATHUBUCTCKOI KBAHTOBOH TEOpHMM HONs. PesymbTaTel aTux
nccregoBatuil 06061meHs Bo BTopoir MoHorpaduu: "IIpo6neMbl XKBAHTOBON TEOPUU HeMo-

KalIbHBIX B3auMOmelcTBII , Bhleniienr B 1985 roxy.
b

‘B 1975 ropy I'.B. E¢umoB BEIZBHHYT UHTEPECHYIO UFEIO O TOM, YTO yIepXKaHUe KBap-
KOB B agpOHe MOXHO DE€alu30BaTh PENATHBICTCKY MHBAPDHAHTHEIM 06pasoM B paMiKax
HeNOKalIbHOM KBaHTOBOM Teopuu nous. Takas Teopus gomnyckaeT KBaHTOBaHHOe 1ole (BIO-
CTENCTBUN HaSBaHHOE BUPTOHHBIM), KOTOPOE HE CyLIECTBYET B CBOGONHOM COCTOSHUM, 2
NIPOSIBIAETCS TONBKO B BUPTYANbHLIX IEpeXofax. Hcnonsaosanue BUPTOHHOTO IIONA OISt
OnMCaHUs KBapKOB IIPUBEIO K BOSHNKHOBEHUIO BUPTOH-KBAPKOBON MONENU AJNPOHHEIX B3a-
nMogeticTeuil. B paMkax sToil Mogenn 6vino usy<ueHO MHOXeCTBO 8PPEeKTOB HUBKOIHepTe-
Taeckonn agpouHon ¢usukn. Llukn uccnegosanuint 61 yroctoer npemmu OUAN sa 1981
roq.

JIornqeéKMM [IPOROIKEHNEM BUPTOH-KBAPKOBON MOMENIN SBWIACH MOUENs KoHPalHMu-
posanHeix kBapkos (MKK), npengnoixennas apuem BragumupoBudem u ero yIeHnKaMmn B
cepepune 80-x rogoB. MKK - pensTuBumcTCckas KBapxoBas MoOJelNbh, OCHOBaHHaA Ha OIpe-
IeeHHBIX TpefcTaBleHngx o6 agpoHusanuyu 1 xoHdallHMEHTe NerkKuxX KBapkos. Mogens
xoH(PANHMUPOBAHHEIX KBApKOB ABUIACH YHAYHBIM HHCTPYMEHTOM MCCHEIOBAHUSI aIpOH-
aJpOHHBIX BaanM‘o;gefIc'er;I IIpM HUSKUX U IPOMEXKYTOYHEIX SHepPruaAxX. B pamMkax sTou Mo-
[eMIN ¢ eNUHON TOYKY 3PEHMS OMUCAHE! PAsIuHbIe 5(p@PEKTH ap OHHOM QUBMKM: KOHCTAHTEL
1 $opMPpaKTOPE! CHILHEIX, CIabbIX U SIEKTPOMATHUTHBIX PAcHafoB, IIUHEL 1 (ashl HU3-
xosHeprerudeckoro -, nN- u NN - paccessus, DONgIpuU3allMOHHEIE XapaKTePUCTUKU IIH-
OHOB M KaOHOB ! T.[.. YHanock Taxxke 0606muts MKK #a dusuxy agpoHOB, cogepxkamux
OFMH TSXKEIBIN ¢~ ﬁ:m b-xsapk. Murepec x sront obracTy GUSHKM BIeMEHTAPHBIX YacTHUL]
0CO6EHHO BO3POC B IOCIENHME IATH JIeT B CBA3U ¢ oTKphITHeM HUarypom u Banse Hoson
TCPYINBI CHMMETPUHN CI/’IIILHBIX B3aMMOMENCTBUN B cekTope Taxenslx kBapkoB. B MKK rge-

TallbHO OIIMCAHB! IOIYIeNITOHHEIE PACIalsl TAKEILIX afpoHoB: opMPakTOPh! ¥ NINPUHEL



pacmagos, tuddepennnansubie pacupeleneHs U TeNTOHHbIE CIIEKTPLL. Bce 9T uccnenopa-
HUs COCTaBWIM OCHOBY eule ofHol MoHorpaduu - G.V.Efimov & M.A.Ivanov. The Quark

Confinement Model of Hadrons (IOP Publishing, Bristol & Philadelphia, 1993).

Teopus XpUTHYECKUX SIBIEHUH B KBAHTOBOIIONEBBIX CHCTEMAX — OfHa N3 caMBIX ObI-
cTPO passBuBaloWuxca obnacten ksanToBol ¢usuku. lenTpansHon npo6nemorn sgeck AB-
nfeTCs UsydeHue DMHAMU4eCKON NepecTPONKM CUMMeTpPUM WM, NHade roBops, $asoBoi
CTPYKTYPBI Mojlellell KBaHTOBOH Teopuu mois. Pas3oBule NepexoRkl B MONEBLHIX CHCTEMAX,
KakK [OPaBWIO, IPOUCXORAT NPH 6OIBLIINX KOHCTAHTaX CBIGU, KOTRa HENIPHMEHUME! CTaH-
ZapTHBIEe MeTOgu!l Teopun BosMywenni. B 1989 ropgy Iapuit Bragumuposmy mpepnoxmt
METOR MCCIETOBAHUS PEXUMA CHIBHOM CBI3H U (as0BOM CTPYKTYPHI B KBAaHTOBOH TEOPUU
107151, OCHOBAHHKEIN Ha KaHOHMYECKHX IpeobpasoBaHuiax u popMannsme peHopMrpynnst. C
TIOMOLIBIO BTOr0 MeTofa PasoBas CTPyKTypa pAfa KBAHTOBONONEBEIX MOfenel 6buta mpo-
aHaNIU3HPOBaHa B TEPMUHAX IEPEHOPMIPOBAHHEIX Benu4uH. Ilosxke upmen sToro Merona
Tera B OCHOBY MO3YYeHUs WHMPOKOro Kpyra safiay s PasINYHEIX o6nacTel KBaHTOBOU ¢u-
SHKM (TeOpHs MOASIPOHA, PACHPOCTPAHEHNE BOMH B CTOXACTUYECKUX CPENaX, CBABAHHBIE
COCTOSHHMA B KBaHTOBOMeXaHHYecknx cicremax ). [uki c'raTeﬁ, kBKJIIO‘Ia.IOIJ.IIfI‘I‘;I 9TH Hccie-
poBaHus, 6611 ygoctousn nepsoil npeMun OUAU 5a 1992 rog. AxTusnas pabora B aToM

HanpaplIeHNH IIPDONOIXKaeTCa 1 cenyac.

llaBuent upeen [apus Baagumiposuya 65110 nocTpOeHNe HEMOKAIBLHON KBAPKOBOUW MO-
Ieny agpOoH-aAPOHHBIX B3alMORENCTBHII, KOTOPAs 661 OCHOBHIBANACH Ha KOHKPETHEIX Mexa-
HUSMaX afpoHu3anuu u kondaitnmerTa. Ha oToM myTn 1 BoSHNKIKM KBapK-BUPTOHHAS MO-
nensb u ee 06061wenKe — Momensb koHalHMUpoBaHELIX KBapkoB. B 1992 rogy, ocHoBEIBaACH
Ha Ipolefype 6osoHusawmm Mofemt Ham6y - Hona-Jlasusno u oM daxTe, 4TO ORHOPOTHOE
[MIIOOHHOE BakKyyMHoe none ofecrieuuBaeT HeBBUIETaHUE KBapkoB, [apuit Bnagumuposma
cHOPMYIUPOBAI MOJeENb ME30H-ME3OHHEIX B3ANMOMEHCTBHI, B KOTOPYIO ATPOHUBALMA U
xOH(}ANHMEHT BXOAAT B ABHOH MaTeMaTn4eckoil popme. XoTs nCCneRoBaHME DTOH MOfeNH
HaXOMUTCA Celyac B caMOM Hadalle, IEPBBIE Ke PAcIeThl MACC ME3OHOB Halll HHTEPECHEIE
pesynbraThl. HecMOTpA Ha MUHNMAIBHOE HIICIO TapaMeTPoB (MacChl KBAPKOB, HAIIPAKEH-

HOCTBH BakyyMHOTO IIOJis M KaaubpoBouHas koHcTaHTa cBasu KX]I), Mogens ¢ xopouei



TOYHOCTBIO OIMUCHIBAET OCHOBHBLIE CBONCTBA Me3OHHBIX CIIEKTPOB, BKNIIOYada paclleliecHne
MacCC IICEBAOCKAIAPDHBIX U BEKTOPHBIX ME30HOB, PEXKEBCKOE ITIOBECIECHUE B036y}KneHHBIX Co-
CTOHHPI];I, CIIEKTP THAXKEIBIX KBAPKOHUEB M MAacCChl ME30OHOB, CONepxKalllX OOUH TSXKENbI

KBapXK.

YTo6r!l maTh IOpefcTaBIeHNe O CETORHALIHNX HayYHBIX MHTepecax [apus Bragmuupo-
BUYa, B HACTOAMINN COOPHUX BKIIOYEHO HECKONHKO OPUTMHANBHEIX CTATEH, TOCBAILIEHHEIX
HCCIENOBAHUIO ANPOH-aIPOHHBIX B3AaUMOREUCTBUN, TEOPHUH IOIIPOHA U CBA3AaHHBIM COCTO-

SHNAM B KBaHTOBOMEXaHNYECKIX ClICTeMaX.

fApxo B_mpax(ermbn'& MHIUBUAYAIBHEI HaydHBI CTUIL, MAacTepCKoe BIaJeHHE MaTe-
MaTHYeCKUMU MeTOoRaMu, ray6okas fusuyeckas HHTynuuﬁ, IIPOCTOTa U JOCTYIHOCTDL B
o6wmennn, npucyume lapuo Bragumuposuuy, genaior paboTy ¢ HUM OYeHbL MHTEPECHON
u nno;;o'rBopHof«i. Y Hero nerxo yumrtbcsa. Bce sTo mpusrekaeT x mpodeccopy Edumosy
MOIIOREIX KCCAEAOBaTeNel, N1 MHOIMX U3 KOTOPHIX €ro NEKIUU IO KBAHTOBOI TEOPHH
TIONISL CTalU NEPBLIM PealbHBIM LIaroM B TeopeTudeckyio ¢usuky. Ilegaroruyeckust cTuip
Tlapusa anannanoanqa TaKOB, YTO IIOMUMO ONIPERENeHHOro Habopa SHAHUN CIyLUIAOLIMH
HensbexXHO NoNIyYaeT ¥ MOIIHEBIN 3apAfl BIOXHOBEHU, IOMOTAIONIero YCBOUTEL DTY SHAHUS.
Ilopg pyxosogctrBoM I'.B. E¢umMoBa SaliuieHO OKOIO IBANUATH KaHFUZATCKUX RHUCCEPTa-

nuit. Tpu ero yuenuxa — foxTopa GUSHNKO-MATEMATHIECKNX HAYK.

Besa xkusus ['.B. E¢umosa HepasprisHo casana c JlaGopaTopueir TeopeTnieckont $u-
suku. OH OIPUHANAEKUT K TOMY ITOKOJIEHUIO QUSUKOB, TPYHOM KOTOPLIX CO3TABANCA U IOfI-
[epXKUBaeTCs HaydHBIN aBTOpUTeT naboparopuu u O6BELUHEHHOIO UHCTUTYTA, SHEPHBIX
HCCIeNOBaHU. OTO [MOKOIEHNE XPAHUT YHUKANBLHYIO TBOPUECKYo arMocdepy U TPaguLiuu,
koTophle fenaoT Hy6Hy TaxuMm NPUTATATEILHBEIM ¥ HEIOBTOPUMEIM MECTOM.

lapuit BraguMuposuy yMeeT ObITH BCErga MOJOABIM U BHEPTUYHBIM, COODAHHBIM U
CMeNBIM ¥ B Hayke, I B XKUSHU. BHyTpeHHe OH ITOCTOSHHO OPUEHTHpOBaH Ha Oynyiuee,

IIOJIOH HOBBIX 3aMBICIIOB I Mneffx



Cnucox ns6paHHLIX HAYYHBIX paGoT
Ed¢umona 'napra BraguMmmpoBraa
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Mogenp Ham6y - Mora-JlasmEHO ¢ cenapabenbHBIM
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IMOHA M CMJIBbHBIM NHOH-HYKJOHHBIA ¢dopmdakTop
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AHHOTalNA

pennoxena narpanxesa popmymnposka mogenn Hamby - Vowa-Jlasunmo ¢ cemapa-
6enbLHEIM B3aNMOeNCcTBIeM Nerkux kBapkos. Ilepexon afpoHOB B kxBapku 1 0 6PATHO OIMCH-
BaeTCs arpanKyMaHoOM B3auMONENCTBIA AfPOHOB ¢ KBapKoBLIM ToxoM. Kamubposounas un-
BapHMaHTHOCTH JarpaHxknaHsa obecneunBaeTcs BBefleHueM P-skcnonenTrl. Bepuusa agpon-
KBapKOBOI'O B3aMMOJENCTBUA UMEET HETPUBUAIBHYIO UMITYIbCHYIO 3aBUCUMOCTD, KOTOpas
napaMeTpusyeTcsa GopMmdpakTopoM, XapakTepUSYIOUMM paclpefelieHue KBApDKOB BHYTPH
agpoHOoB. B paMkax HaHHOro moxxoga paccMOTpeHB! (pyHIaMeHTalIbLHEIE XapaKTePUCTUKN
HIBKODHEPTe TUYECKON ITHOHHONM QUBHKHM: c1abasg KOHCTaHTa fr, KOHCTAHTa pacnafa w0
Y7, CpeNHEKBagpPaTUYHEIE paguychl U (PopMPpakTOprl MUOHA, CBASAHHLIE C IIE€PEXONaMHU
T — wy, 7%y* — 5. Brruncnena koncranTa cipHoro mN N-psauMomeHcTBUS M ITO-
ny4geno nopegenne wNN-popMmdakTopa B eBKINOBON 06IacTH BHadeHUH KBajgpaTa Iie-
PENaHHOr0 MMIIYIbCca MUOHA. llonyyueHRle Pe3yNBTATH HAXOLATCS B XODOUIEM COTHACHM C
BKCIIEpUMEHTANbHBIMU HaHHBIMH.

—
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1 Bgeepgeunne

IIpemmoxennas B 1961 rogy mMopens Ham6y n Mona-JlasuHNO CIIBHBIX B3aHMMOIENCTBUNR
(NJL-mogens) [1] aBnseTcs MOIHBIM MHCTPYMEHTOM NI USY4YE€HUS COCTABHOM CTPYKTYDPHI
anpouoB. [lepBhI ycex Mogeny CBA3aH ¢ 06bACHEHNEM CIIOHTAHHOIO HapYILeHNs KUPaIbHON
CUMMEeTpUH, Tie IHMOHLI BHICTYNAIOT B Ka4eCTBe TOIACTOYHOBCKUX 6030HOB [2]. B srtom
TIOXOf€ TPYRHOCTH, BOBHUKAIOUINE U3-8a Halmuns yabTpaduoneTOBEIX PAacXOgUMOCTEN B
[ETAEBEIX HHTErpalaX, IPEOTOIeBaIOTCa 06BIMHO IPH IOMOIIY IIPOMEKY TOYHON Peryiapu-
saruu. CyllecTBeHHBIM HE[OCTATKOM Takoro Croco6a 60pbOEL ¢ yIbLTpadyoneTOBLIMUA Pac-
XOgUMOCTSAMHU SBIAETCA TO, UTO PErylapusalus He faeT HHPOPMaluy O BUIE UMITyIbCHOMN
3aBICUMOCTH KBapK-aIpPOHHOH BEpIIMHEI, KOTOpad, B CBOI O4Yepelb, XapakTepU3yeT Co-
CTaBHYIO CTPYKTYPY afpoHOB. XOTs HeOGXOZUMO OTMETHUTH, ITO OPUTHMHAILHAS MOLEIb
NJL BocnpoussoguT pesylIbTAThl APYLUX IONYNAPHBIX MOAENEN, HaIpUMep o— MOFeIH
2]. , |

Bonee peamnctudeckoe o606menue Mogenn NJL 6asupyercs Ha BBeleHUM HENOKalb-
HOTO HeTHIPEXKBapPKOBOI'O B3aMMONEHCTBUA B cenapabelbHOM BHJe, YTO HOSBONIET ecTe-
CTBEHHEIM 06pasoM cBA3aTh I7106anbpHbIE XapaKkTEePUCTUKU aPOHOB C UX BOTHOBEIMU dyH-
KIUAMU [3 5,15,16]. CyumecTByoT TakXe NOAXOLHI, KoTophle peannayioT NJL-mexanusy,
nucronsays KXI[-6osonmsanuo, Ho »To TpebyeT BBefeHUs OHMIOKAIBHBIX aJpPOHHBIX IIO-
Tey, YTO IPUBOLUT K yPAaBHEHUAM Ha BONHOBBle YHKINU, pellleHMe KOTOPHIX ABIAETCS
HOBONBHO TPyRHoU sapadenr [6]. Jlo6ble ympoueHus Takux Hopxoxos mnpusofat k NJL-
MORENSIM ¢ HeTOKaIbHBIM B3anMOfeNcTBIeM, MOgnQUKaIIN KBapKOBOro Iponararopa. Pa-
Hee YXKe Ielaluch NONBITKY ONMCAHNI HIBKODHEPTeTUIeCKON afpPOHHON (UGUKY Ha OCHOBE
mexannsMa KX[-6osounsanuu {9,10]. B sTux paborax BeplinHa agpoH- KBAPKOBOTO B3a-
IMOJNEHCTBUL UMeNa JOKANbHBEII XapakTep, a yiIbTpaduoleToBas CXOTUMOCTD [ETIEBLIX
KBapKOBBIX MHTErpaioB 06ecHevuBanach 3a CUYET YCPENHEHUs IO [IIOOHHBIM BaKyyMHBIM
nonaM (cuM., Hanpumep, [9]).

I'maBHas nens Hamen paGoTHl COCTOUT B TOM, YTO6H cHopMyIUpoBaTh 0606EHHYIO
mopens Ham6y - Mona-Jlasuumo ¢ cenapabelbHbIM BIANMORENCTBIEM TETKHX KBapKOB [
OIIMCaHMs CTATHYECKUX M THHAMUIECKUX CBOMCTB Me30HOB U GapuoHoB. Maccy muonos
COTIIACHO TeopeMe TonmcroyHa cuuTaeM B KMPAILHOM Ipefiele PABHOH HYIIO.

Mt He ucnonssyeM ypapuerne lllBunrepa - [laficoHa Ha KOHCTUTYEHTHEIE MACCHl KBap-
koB u ypapHeHnue Bere - ConnuTepa Ha Macchbl agpOHOB, IOTOMY YTO OHU COHEp:KAT CiIU-
WIKOM MHOTO cBOGORHBIX mapamerpos. [leficTBUTENBHO, TAKOrO PONa YPaBHEHUS MOTYT
paccMaTpUBAThLCI TOTLKO KaK CaMOCOIIACOBaHHBIE OTpAaHUYeHNT Ha BHIOOD MacC KBapKOB
U afpPOHOB, & TaK:XKe KOHCTAHT CBA3W.

Bces Heo6xopuMast nHGOPMAIINT O COCTABHON CTPYKTYPE afPOHA COREPKUTCA B MATPUTHEIX
olIeMEHTaX pacnafos, oCOOEHHO B dleKTpoMarEUTHOM ¢opMdakrTope, XapaKkTePUBYIOLEM
pacrpefenenre BeUeCTBa BHYTPH IINOHA. OIEKTPOMATHUTHOE B3AaNMOREHCTBIE BBOTUTCS
HEMUHMMAJIbHLIM CIIOCOGOM NOPYU IOMOLYM YHOPANOYEHHOU 110 BpPEMEHU P-5KCIIOHEHTH! B
HEJIOKaIbHOM KBapKOBOM TOKe, KoTopas obeclednBaeT BBHIIONHEHUE TOXKAECTBa YOpPHa-
Taxaxay 1 rpafUeHTHYIO MHBAPUAHTHOCTS Ha Ka’KIOM LIare BBIMUCICHUM.
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Mopgens uMeeT cregyomue cBoboIHble TapaMeTPhl: Pa3MepPHEIT TapaMeTp A, XapaKkTe-
pusyomun sddexT cemapabelbHOIO B3aUMOLENCTBIA JeTKNX KBAPKOB, U KOHCTUTYEHTHEIE
Macchl KBapKOB My, Tle ¢ = 4, d,.... B ganHOI paboTe paccMaTPEHEI IPONUECCH! TONBKO C
y4acTHeM Ierkux u- u d- kpapkos. IIpu sToM B mpefene U30TONNYECKOM UHBAPUAHTHOCTH
UX MacChI NIONAraioTCad PABHEIMU: T, = my.

B paMkax maHHOrO [OLXOZa paccMOTpeHbl PyHEaMeHTalbHEIE XapaKTePUCTHEKN HUS-
KODHEPreTUYeCKON MUOHHON (PUBUKN: crabas KOHCTAaHTa fr, KOHCTAHTa pacmafga m° — v,
CpeRHeKBagpaTU4IHbIe paguychl ¥ popMPpakTOps INOHA, CBABAHHLIE C IIEPEXORAMU T — T,
n°%y* — +. Brruucnena xoHCTaHTa cuiabHOro 7N N-B3auMOREHCTBHS U TIOIYYEHO IIOBEIEHNe
mN N-popmdpakTopa B eBKIMAOBOH 061acTH SHaUYEeHUN KBafpaTa NePelaHHOTO MMILYIbCa
nuoHa. Hamu pesynbsTaThl HaXORATCS B XOPOLIEM COMIACHN € BKCIEPUMEHTAILHEIMU JaH-
HBIMH.

2 Mopgens Ham6y - HMora-JIasuHuo c cenapabenn-
HBIM B3aKMOJEMCTBUEM IerkKuxX KBapKOB

Ins nadana sanuineMm narpaH:xual o6o6mennon momenut NJL ¢ cemapaGennHEIM B3auMO-
ReHCTBHEM

- . G
L3k =i Pa+ ST+ 731, )
rge Toxu Jr (I = S, P) uMetot Bug
Js = [ dyite +y/2f(sP)alz — y/2),
Jp = / dyg(z +y/2) f(y*)iv’r'q(z — y/2).

dopmdaxTop f(y?) xapakTepusyeT o61acTh KBapK-aHTMKBAPKOBOIO B3aNMOJENCTBUA. B
opurusansHoit Mogemt NJL aTot dopmdakTop ects mpocto -dyukrus. JTarpamxnan (1)
HHBapUaHTEH OTHOCUTEIbLHO KHPAILHBIX (¢ — e Fg) 1t usoTommyecknx (g — e"?"‘q) npe-
ob6pasosanuil. KopoTko npogeMoHCTpUpyeM NpoLeRypy GO30HUSALMU B PaMKaX MOJEn
NJL (noppo6uo cm. B {3]). IIponsBomsumi GyHKUMOHAT BaluuleM B CTaHAAPTHOM BHUJeE:

Z = /5q/6(jexp{i/deISVIJL}. (2)

Hcnoneays npeobpasobanus [aycca mas kBagpaTHYHBIX KBaPKOBRIX TOKOB M MHTETPUPYS
10 KBAPKOBBIM IOJAM, ITOTYYIM ’

Z = /50/67?6}:}3{1'”@;{[0, 7|}, (3)

rpe spdexkTunHoe gencreue Weg nMeeT BHL

- mg 2 2 . . ~ - 5z
Weslo, 7] = oy /dx[o (z) + 7¥(z)] — iNtrln[i @ — G — iy°7). (4)
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7Vndp

3pece BBeeHo obosnadenne: N, - nyseToBol unnexc, m2 = 1/G - "romas” Macca Me30Ha,
nonsa & u  UMEOT BUJ,

5ar,2) = o (B (@1 - 20)) A= FAEE D) (@ -z )

Ilpegnonaras, 4ro mone o(z) o6nagaeT HETPUBUAIBLHBIM BaKyyMHBIM OXHUTAHUEM Op,
IIePEXONUM K HOBOMY IOMIO S(Z) ¢ HyleBHIM BaKyyMHBIM CPERHUM, KOTOPOE CBS3aHO C
HCXOHEIM CKAIAPHEIM NoeM 0(z) cleqyomnM COOTHOIIEHNEM:

o(z) = s(z) + oo. (6)

BareM, Bapsupys meiicTsue (4) o oo (6Wegloo, 0]/800 = 0), nonyuaem Tak HasnBaemoe
"gap”’-ypaBHeHue (T.€. ypaBHEHHUE Ha Maccy KBapKa)

&k FRY) |
@) B — TH ()’ (™)

1 = 4GN_ Nyi

Ifle MaccoBRII onepaTop kBapkosoro mons L(k?) onpepensercs cregyiouteir opMyIoi:
2(k%) = oy f(K?). _ (8)

lpu srom $ynxmua f(k?) ecrs BepmmuuLlt opmPakTop, SABUCAWNIA OT KBAZpPATa BEK-
Topa 4-nMnynsca. B mpakTudeckux BeIYmcieHusx ¢usmueckux BenuuuH [4] 6ymeM mpe-
HebperaTs NMIOYILCHOM 3aBUCHMOCTBLIO MaCCOBOI'O ONEpaTopa KBapka X alllpOKCUMHPO-
BaTbh ero spdexTuBHON Maccoit kBapka < %(k?) >= m, (Mb mpenebperaem ”ToxoBoi”
Maccoll kBapKa). Brruncnenne unrerpana (8) IpoBoguTcs B eBKINROBON MeTpuke. IIpuyem
IIepexofl U3 ICeBIOEBKIMIOBON 06IacTH 3HaYeHNM kK B €BKINOOBY IIPOMSBORUTCA IPH IO-
Mo cTaHgapTHON saMentl k° — ik, (Bukos nosopor), Torga k? — —k%. OTa nmpouenypa
XOpOIIO ONpefeNneHa [iIs mupokoro xnacca opmdaxropos f(k?), 6ricTpo ybripaomux B
eBKINROBOK 06nacTu (6onee mogpo6Ho cM. [9]).

Hanee mpounnmocTpupyeM MPOUELYPY BBITEICHUS KUHETHIECKON YacTH ME3OHHEBIX NO-
neit B Beipaxenuu (4). Ilpecnenys oTy uemn, paccMOTpHM claraeMele, GHINHEHHEIE 110
Me3oHHEIM nonsM (4), B pasnoxennu 5PPeKTUBHOTO IeMCTBUS 10 KBAPKOBEIM IETIAM

2 . ;
w® = -%9 / do(s + 7) + ZNAH[S(S + i 7P, (9)
Trne MBI BBEIN ofHosHageHNe UL KBAPKOBOIr'O IIponaraTopa
S(z) =[i §—=(=0")]"é(z). (10)

Tlocne npocTHIX NpecGpasoBaAHUN TOLY UM

W = -§-¢_Z [der [ daap(@){-mib(a - 22) + Mo — 2)}d(za), (1)

rae II4(z) vagaeTcsa BrIpakeHneM

My(e) = NNy [ d [ dyef (S - LT, s(—o - 210, (12)




BKOTOPOM
To=1I(¢ =s), or iy*(¢ =m).

3areM oT gByxTodeuHou ¢pyukuuu (12) mepengeM k ee pypre-o6pasy

My(p?) = [ dee™Ty(z) = Tg(m3) + My(m3)(p* = m2) + (o),

rge my - uanyeckas Macca MesoHa. Mcnonesys sTo BhIpakeHNe, OMYyInM

b=s,m

W = 5 T A/ ded(a) [(—mi + Te(md) + (0 - m)TH(mY)] 6(z)  (19)

+ / dz, / dzo(21)IE" (21 — 22)8(25)}.

Jlerxo BUfeTH, YTO IPU BHEIIOTHUHUH YCIOBUS

dik
1 = GH.b(mi)=iGNCNf/(27r)4f2(k2) (14)

Ve wass | )
Pl 2 =Sk p2)] U= #2 =S =22 oy

B MesoHHoN ¢yHruuM ['puna nossiaseTcs MOMIOC, COOTBETCTBYIOWMUN Macce QUIHIECKOR
YaCTULDL,

Ilonaras mMaccy nuoHa B ypaBHeHun (14) paBHOI HymiO, IPUXOGUM K *gap”-ypaBHEHUIO
(7), TeM cameiM Bocmpoussofs Teopemy lomgcroysa. IlepeHopmupys mons ¢ (s or ) B
BrIpaxeHun (4), sannwem spdexTiiHoe peiictBiie Weg B Buge

n
1 . =01
Weals, 7] = = Y {/quﬁ(x)(D —m3)é(x) + D =tr S—¢—~ } (15)
2 ¢=s,7 n=2 1 ! (m2)
=s, = Vel ANAAL
DTO BhIpaXKeHNe MOXKHO CBA3ATH C JarpaHKHaHOM OpUruHaibHol Momenu NJL Tonpko mo-
CPEfCTBOM KBapKoBOTO MaccoBoro omepatopa L(k?) B "gap”-ypasrenun (7). 910 yTBep-
KIeHNe CIyKUT obocHoBaHMeM annpokcumamun < L(k?) >= m, (6omee nmogpobHo cM.
[4,5]), Heo6xomuMoit A4 BRIMHCIEHNS PUBHMYECKUX HABTIOTaEeMbIX.

OrMmeTumM, uTo BhIpaxeHne gias sddexTusHoro geitcrsus (15) MOXHO MOTYINTEL U3
KBAHTOBON TEOPHM IO, €CIN ONPeNeInTh JarpaHkuaH Kak

L = LD + Lintv (16)
rue
. 1 2 1. 2\ o
Lo = §(i §—my)g+ 55(0 —md)s + 70 — m?)F, (17)
Liw = Ls(a)s(z) + LZ#(z)Jp(z), (18)

V2 V2

1 KOHCTAHTY IIEPEHOPMUIPOBKI O/ ME3OHHBIX NoJen MooKHUTh paBHOﬂ HYIIO:

Zo=1-Lmm?) =
s=1-% Lm2)=0. (19)
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Hannoe yciopue oTpaxaeT CIOXHYIO IPUPOAY afpOHOB, T.€. "ONEeTHIX COCTOSHUMN B KBaH-
TOBOH TEOPUM. DTO TaK HaBhIBAEMOE YCIOBHE CBASHOCTH, KOTOPOE PAcCMaTPHBAJOCh BO
MHorux paborax (cM., HampuMmep, [9,10] uan [11,12]).

IIpepnaraemas namu popmynupoBka Mogenu tumna Hamby - Wona-Jlasumuo ¢ cemnapa-
GenbHLIM B3AMMOIEHCTBIEM MOXKET OLITHL 0606UIeHa I ONNCAHUA TIOOBIX JacTHI. B ua-
CTHOCTH, NPUBEREM ITarPaHKUAHEL IS OKTETa BEKTOPHHIX (aKCHANBHBIX), TICEBHOCKAIAD-
HEIX (CKaJISPHEIX) ME3OHOB ¥ GapHOHOB. '

8 . .
1. Mesoum M = 71;2)\%#.
0

Loy(z) = :{:%trM(x)(D -mi ) M(zx) (+ for S, P —for V, A), (20)
Lii(z) = g [ dyf(s))ie +y/ATwM(2)a(z - y/2). ()

8 . .
2. Bapuoner B = 715 > Aty
1

Ly(z) = trB(z)(i § — mp)B(x), (22)

Lg“(:z:) _ Bkm(l‘)/dyl/dy2/dy36 (:c — %ﬁy&‘-) F (-il-s- E(ya - yj)Z)

i<j
{av T3 (w1, v2,45) + 97IF (41, ¥2,45) } + hoc.
= B™(a) [ de: [ deaF(El +€)
{gvIpk(e - 261,24+ & = VB, 2 + £ + V3E)
+ grIFH(@ — 26,7 + 6 — 3,z + & + V3E)} +hc. (23)

THe
TP s va9s) = AT (u) (a02 (1) M AT Oy g (vs)) €197, (24)
TPy, vaps) = APy g (1) (€02 (v)e MR AT ™ Cot g (ys)) €92, (25)

31eck NPUHATH clegyolne o6osHadeHus: k,m,n 1 a - apoMaTHIeCKNe U IIBETOBbIE UH-
EEKCHI, COOTBETCTBEHHO, oM = %[7“, 4], C - maTpuua sapsagosoro conpsxkenus. [lepemer-
HEle B BeplInHHOM PopMdaxTOope BanucaHsl B CUCTEME LEHTPa Macc

n =z — 26, yz=fc+§1—\/§fz, y3=x+§1+\/§§2,
unu
§:y2+y3—2y1 €=y3—y2
1 6 ) 2 2\/5 .
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Dypre-06pas BepunuHoro gopmpakTopa onpegensieTcs cregyoUM o6pasoM:

¥k _,
F(E) = [ e ™ F U, (26)
rue £2 = €2 4 €2 u k? = k?} + k2. Haunwit dakT osHayaeT TO, YTO MMeEETCA AHAJOTHS
Mexay Me3oHHBIM gopMpakTopoM f(k?) B yeTBIpeXMEDHOM IPOCTPAHCTBE U GAPUOHHEIM
dopmpaxTopom F(k?) B BOCHMUMEDHOM NPOCTPAHCTBE. v

CrenyomuM waroM Hallel IpOrpaMMEL ABIAETCS BBEIEHNE B3aMOIeHCTBUS IIONeH Ma-
Tepuu ¢ 3IeXTPOMarHUTHEIM noneM. JlaHHas HpoLenypa OCYIUleCTBISETCS HaMU KoMOu-
HUPOBaHHHIM cnoco6oM. B cBOGoHEIX NarpaHkuaHaX B3aMMONENCTBUE BBONUTCA IIyTEM
YEIMHEHUS [IPOMSBORHON. B narpaikuaHax BaauMONeNCTBHS afpoOHOB C XBAPKaMH BOau-
MOJIEHICTBHE C BIEKTPOMATHMTHBIM [101eM BBOTUTCSl HEMUHIMAJIBHLIM 06pa30M: KBAPKOBEIE
oA YMHOXKAKOTCA HA YIOPANOIEHHYIO IO BpeMeHn P-skcmoHeHTy.

LIAI/‘It(x) = gM/dyl/dy25 (T - ﬂ"—gﬁ) f ((3/1 ~“yz)z) (27)
g(y1)P exp {ieQ/dz“A“(z)} TarM(z)Pexp {ieQ/dz“A"(z)} q(y2),

e @ = 3(A° + 713-/\8)= diag(2/3,~1/3,~1/3). dns 6apnoHOB B3aNMOLEHCTBUE BBOIUTCS
aHAJOIUIHEIM criocobomM.

OnpepenuM S-MaTpuLy Kax
S = Texp{i/da:Li“t(x)}. (28)

B ocHoBHOM Hac 6yqyT HHTepeCoBaTh ONHOIETIEBEIe KBAPKOBLIE AuarpaMMEl. T-nponasereHne
safjaeTcad CTaHNAPTHHIM 06pasoM:
. :
_ii_k_.e—ik(f—y). 1
4; :
(2m)4d me— ¥

< O|T(g(=)i(y)I0 >= [ (29)
AnpoH-KBapKoBble KOHCTaHTHI CBA3H gar B (21) u ¢gp B (23) ompemensioTcs us ycuoBus
ceasHocTH (19). :

3 IlapameTprl Mofgenu u pyHAaMeHTAIbLHbIE KOHCTAHTEI
HUBKO®HepreTudeckon PUSMKU HHUOHA

Tenepr o6cynum napameTphl Momenit. Bo-mepsbix, aTo Bepunuub popMpakTop f(k?),
XapakTepUsYIOUIMH CIOXKHYIO CTPYKTYpPY agponos, OH sBiseTcs HeMBBeCcTHOM QYHKUUEN,
OSTOMY MBI CHelaeM PAN NPERIonoKeHnil o ero Bujle. BoibepeM Bepumnuuni popmparTop
B BUfe MOHOIIOIA, OTO ONMH I3 Hamnbolee MONyNAPHBIX BepIIMH B (UaUKe SApa M dIeMeH-
TApHBIX YacTHl (e TATbHBIA aHAIN3 SPYrux BugoB $opMdakTOPOB IIpeRcTaBIEH B paboTe

[17]):
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2

e mononons f(k?) = s
Bce ¢eltrManOBCKME AMArpaMMbl BEMMCIfeM B eBkmugosoll o6mactu (k% = —k%), rme
popmdpakTopEl 6GEICTPO YORIBAIOT, Tak 4TO npobieM, CBIBAHHEIX C yIbTPaduOIeTOBLIMU
pacxXogMMOCTAMM B IETIeBHIX UHTerpaaax, He posHmkaeT. [ng ygo6crea ¢popMmdparToph
BrIbupaeM GespasMepHBLIMU.

Tpexmepusle Pypbe-06paskt GopmPpakTOpOB MOTYT GHITE PACCMOTPEHB! KaK HepelaTH-
BHCTCKME noTeHIuans! (B 60pHoBckoM npubmuxkerun). llomaras k° = 0, momyqum

Bk e,
— e QWRT _k2 — 3 . \
V(r) (27r)3e f(=k*) = A°v(rA); (30)
CTefOBaTEILHO, LId MOHOMIOII uMeeM v(r) = 4176"'.

TaxuM o6pasoM, uMeeM ABa cBOGOmHBIX mapameTpa: A, XapakTepmsyoomuil o61acThb

’ Ly
KBapK-aHTUKBAPKOBOTO B3aMMOMENCTBUA, I KOHCTUTYEHTHasl Macca KBapKa m,. S3adukcu-
pPYyeM STHU NapaMeTpPHl ¢ IOMOIIBI0 PUTUPOBAHNA HO SPKCIEPUMEHTAIbHBIM SHaYeHIAM KOH-~

CTAHT BIEKTPOCHaGhIX pacrafoB muoHa f, (fFP'= 132 MoB) u gr, (9532°= 0.276 I'2B~1).

OTMeTuM, 4TO BCe BENMYMHBL B NONBIHTETPAILHBIX BBIPDAXKEHUAX B3allMCAHBL B €IUHM-
max A. Ilpu BrrYMcreHnn KOHCTAHT pacHafioB MUOHA MBI peHeGperaeM ero Maccoi, T.e.
paboraeM B "MarkonuorHoM” Ipemere.

A. KoHcTaHTa CBASH IIMOHA C KBapKaMH

Kax ropopunocs BhIlle, KOHCTAHTa CBSISU MOHA ¢ KBAPKaMU ONPERensIeTCa U3 YCIOBUS
cessHOCTH (19) ¢ uCIOMBBOBaHMEM MaCCOBOrO OIEpaTopa MHUOHA

d*k 1 1 |
(p?) = 2(12)tp d o 5
Torpma, npenebperas Maccoll IMOHA, IOy IAM
32\7' 1 7 ) (3m2 + 2u)
29r - 14 ) e T
y 2 J uuf(—u) (m2 + u)? (32)

B. Cna6uii pacnajg nuoHa

CrnabriM pacnajaM NIMOHZ COOTBETCTBYET fuarpaMma Ha puc.l. DyHpaMeHTaILHOR
XapakTEpUCTUKON pacnaga m — £ ClIy:KUT KOHCTAHTa f,, KOTOpas B Halllell MOREIM Olpe-
mensieTcs Kak

_ 3gm rdk Sk
foo= 4 q/m‘ [m? ~ (k 4 p/2)*][m? — (k — p/2)?] ,(33)

1
(m2 +u)?

R

3gr T
Zi——zmq/duuf(—u)
0
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B. [IByxdoTOHHBIN pacnaj NMHOHA
JanHbBI pacnaf onpefenseTcs RHarpaMMoll, 1130 6paxeHHON Ha PHC.2, U XapakTepusy-
2 2 2.
ercsa popmpakTopoM Gr,(p?, ¢f,¢3):

_ gr My dk f(kz)
Gvr'ry(Pz,Q;laqg) = 2\/571’2 X{/ ;r—zl—[mg —(k +p/2)2][mg - (k - p/2)2]

(34)
1
{m§ —(k+ (a1 —q2)/2)*]

KoHCTaHTa ¢ryy €CTh Gaar (D%, ¢%, ¢2) B npegensHOM cay4ae, Korga GOTOHBI HAXOMATCS Ha
il Rl y 411 42 3
MacCOBOH MOBEPXHOCTH g7 = ¢2 = 0:

(35)

Gy = Gryy(m?,0,0) ~ ; oY /duuf( u)( 2+u)3

PesynsTaTel ¢puTupoBanns GpyHgaMeHTANbHBIX KOHCTAHT fr, §ryy AAHB! B Tabmouime 1.

Tabauna 1

Popm- f= (MaB) groy (T3B71)

daxtop | A (MsB) | m, (MaB) | NJL SI | EXP [14] | NJL SI | EXP [14]

1]
D
-J
—
W
o

MOHOIIONb 400 132 0.251 0.276

4 dDopmdpakTOop pacnaga 7*7r0 — 7y

®opmdakTop nepexona Y ¥ — y HOMepeH LA CIEIYIOUMX SHAYEHUH KBAJIPATA IepeqaH-
HOTO MMMyIbca BUpTyadbHoro ¢orona: Q? > 0 [13]. B o6obwennoi mogenu NJL aror
dopmPakTOp onpenenseTca BhIpakeHIIeM

r 1
F’m(Qz) = 62G7r'w(n7'72r* '—'QQ,O) = ez—J‘)"z‘?\;va(Qz/Az)’ (36)

rpe Buy cTpykTypHou dyHkumu R, npusenex B [Ipmnoxennu. Haw pesynerat gns Bep-
wrHHOro popMdaxTopa mpegcTaBieH Ha puc.3. OKCIEPUMEHTAILHBIE TaHHBIE ONUCHIBA-
oTes opMynon

2
F(QY) = —Jm™ |, A, =0.77TsB.
Q%) oAl A, =0.7TT> (37)
Buiuucnum paguyc popmpakropa pacrnaga 'y*ﬂ'o — 7y 110 u3BeCTHOU dopMyTe
F! (0)
2 o= o 38
<ri > GFM(O) (38)



rme ,
_ T f(=w T L R (G
Fp (0) = 0/ L 3 FL,(0) = =571 0/ duur (39)

PesynvTaTh! gis paguyca r,, IpegcTaBleHbl B Tabmmnue 2.

Tabauma 2

Dop- ey (@M)

¢paxrop | NJL SI | EXP [14]

moHomons { 0.655 | 0.65 £+ 0.03

OTMmeTum Xopollee coriacue HallluX pe3ylIbTaTOB C SKCIEPUMEHTAIBHBIMI TaHHBIMU.

5 OxekTpoMarHuUTHBIN PopmMPakTOp IUOHA

HuarpaMMel, cOOTBETCTBYOIUE 3apaixKeHHoMy dopmparTopy, nsobpaxens: Ha puc.4. B
OTHENBHOCTH 5T AUarpaMMbl KamubpoBOYHO-HenHBapHaHTHBL. CyMMIpys UX, BEPIINHHYIO

YacTh 3allilICM B BUMEC

W) = Lo - monl+ 3 [ 2L (k42 5 ([k+%] ) (40)

tr [755(76 +p) (v“ - %d) Sk + p)vss(k)] +

n* 3¢z 1 d'k

1
T T 4,rzi/dtf(k2)f’ ((k + qt/2)?)
0

s (1) 5 1)) el (e s (-2

THe UCIONBb30BaHbl Cleqyiouye 0503HaIeHNs:
P.gq
2 b

q

n* = P*— ¢ P=p+p.

ToxpecTBo Yoppa - Taxaxamn aBToMaTH4ecK clegyeT U3 BulpaxeHus (40):

g, A (p,p") = HW(PZ) - Hvr(plz)- (41)
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Ilepexona x npegeny g = 0, moay4uM, ¢ OGHOM CTOPOHHI,

0L+ (p?) 0%+ (p*)
[ = 22m\P ) _ oo \P )
A*(p,p) F 2p Faa (42)
rae Z(p?) = (3¢2/4n?)1,(p?), a c Apyroit CTOPOHEI, NMeEM
A¥(p, p) = 2p* F;(0), (43)

rpe F,(0) - srauenue sapsgosoro nmuonsoro popmpaxropa npn ¢ = 0. Ecau cunrats,
yro muoH B (42) u (43) HaxoAMTCA Ha MacCOBOH IOBEPXHOCTH, TO YCIOBHE CBABSHOCTH
T/(m?) = 1 oKkBUMBaJEHTHO YCIOBHIO HOPMHMPOBKHM BapafoBoro mmoHHoro gopmMdaxTopa
F.(0)=1.

BoccTanopnenue xann6poBOIHON NHBApUAHTHOCTH NIPY TIOMOILY BBEAEHNS BIEKTPOMa-
FHUTHOTO MO MUHMMAILHHM 06pasoM (4] IpHBORUT K :

f((k+q/2)) - f(K?)
kq+ g*/4

[atf ((k+at/27 + (1 - t)/4) =

B Beipaxenun (40), B To BpeMs kak B HameM dopMalnsMe, HCHOILBYOIEM TarpatXuaH
(27) ¢ BepmmHOK B Bume P-skcrioHeHTHI, mpuXxOAUM K

/mﬂ«k+¢pyy

Csou BEIYMCICHUS MBI OpOBOANM B CICTEME Bpeﬁ’ra:

q= (07 q—)a p= (Ev 5/2), pl = (Ea —6/2)1 E= m?r + q_2 (44)

AHanuTn4yecxoe BhIpaxKeHMe s dneKTpoMarHuTHoro popmdaxropa npusegeno s [Ipuiro-
XKEeHNM, & PesyNbTATHl I dNeKTPOMarHNTHoro ¢gopmpakTopa mUOHa HPERCTABIEHH! Ha
puc.5. Hmke sammueM Bknafibl B ®7€KTPOMarHHTHEBI pajiyc NHOHa OT AUarpaMM THIa
"rpeyroasruk” (A) u "ronosacTux” (o)

s oo gl 8(0) s o gL 8(0)
<r:> A2<I> 0)’ <r:> —_GFQO(O)’ (45)
rEe
® = —-/duu{ f2(+u))5 L 74 Zm u+ 3m4 |+ vt ([f ,E:l_u))]s [—-— + m2 1},

_ £i(=u) L ]
d, = /duu{16 2+u)5m [mq—u] 48 (m2+’U.) }a

7 fi(-u) 3 u

P, = /duu———————— [EmZ+ =],
J (m§+u)3 4 7 2

PesynbTare gag paguyca npusegensr B Tabnuue 3.
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Tabauna 3

Popm- | NJL SI EXP [14]

paxTop | <r2>2 (gm?) | <r2>° (¢um?) | total (pm?) (Pm?)

MOHOIION 0.545 -0.012 0.533 0.430

6 Cunpaemn TNN-popMmpakTop

Cunpuriit 7N N- popmparTop UrpaeT BaxHy© poiasb B aHamuse wlV- u N N- BzauMopein-
creuit. O6sr4n0 Bup popMmdakxTOopa BEIGUPAIOT U3 COOOPaKEHU IPOCTOTHL U II0 PE3YIbTa-
TaM (PUTUDPOBAHUS BKCIEPUMEHTANBHEIX NaHHEBIX. [Ipu 5ToM npo6ieMa BRIYUCIEHHS IIMOH-
HykaoHoro ¢opMmpaxTopa B paMKax MoORenel, ocHoBaHHEIX Ha ugeax KX]I, xpeT cBoero
pewenus. B cesasu ¢ oTuM Beruucinenne w/NN-BeplUHHEI B paMKaX Halllel MOQEIN IIpef-
CTaBlsgeT HECOMHEHHBIM NHTepec. MBI CTapTyeM OT TarpaHXMaHOB B3aNMONENCTBUS IIN-
OHa U HYKJIOHA C KBapkaMu. B kadecTBe HYyXIOHHOIO narpaHuana BEIGUpaeM TeH3O0PHBIN
BapuaHT (25):

i<j

3
. ) _ £ Y 1 )
Lllgt(w) = Bkm(x)/dyl /dygfdy35 T — :13_ F (‘1‘§ Z(yz - yj)z) gTJFk(yl, Y2, Y3)

+ h.c.= B*(2) /dﬁl /dsz(ﬁf +E)9rIF (x = 26,7 + & — V3&, 7 + & + V3&) + hue.

Jna yopouieEns pacueToB UCIOAB3YeEM BEPIMHHEI GopMPakToOp rayccoBoro THUIA

2 k?
P =en (L),
N

rge mapaMmeTp Ay XapaKTepusyeT paclpefieneHNe KBapkoB BHYTDM HykmoHa. Dopmdaxk-
Top BepummHsl TN N ompegenseTcs guarpamMmoit, usobpaxennoil na puc.6a. Koncranra
CBA3H HAXOTUTCS U3 YCIOBUA CBASHOCTH, a HYKIIOHHBIH MACCOBBIN ONEPATOD OIpeNelieTcsa
RuarpaMMoi Ha puc.66. Bece Berancnenns nposogum, mpegnonaras, 4To my = 3m,. Ilapa-
MeTp Ay onpepenseM npu nmoMmomy ¢urTnposanus KoHcTaHTH G,yn(0), KOTOpas ucmOnL-
syeTcs B PpeHoMeHomorudeckoM axammse N N-paccesuns. Jlywnmi ¢ur nonygaerca mpn
napamerpe Ay = 1.95 I'sB ~ 2A,. IloBegenne popmparropa G.nn(Q?) B eBxnIuAOBOH
061aCTN SHAYEHUN KBATPATA NePERaHHOro UMY IbCa NpUBeReHo Ha puc.7. Ins cpaBHenus
IIpUBEleHHl Pe3yIbTaThl APYTUX Noaxonos [18,19], B KOTOPHIX HCNOAB3YIOTCS Tak HasHI-
BaeMble "xectkue” [18] m "markue” [19] dopmpakroprr. Bugro, uro mam opmdaxTop
umMmeeT 'MArkoe” MOBELEHUE.
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k+p/2

P -—-@—»P p
flk2) .

k-p/2

Puc 1

DopMpakTop F,.(Q%)

‘ (m,>/64m)F,.(Q%) (eV)

0.01 y
0.0 5.0 10.0

p'—~

P (k) k2) ((k-qt/27)
) k “Wk+

Puc.4
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1.0

QopmpakTop F.(Q%)

Full

—~ -4
---- Bubble

Gan(Q%)/Grnn(0)

Puc.6

GopMdpakTop Gnn

1.0

....... WecTkuit dopupakrop

-~~~ Markuft dopuaxTo,
NIL sI bopue P




Astoprl ray6oko npusHatenshst [.B. Edumony, F.Gross, N.Isgur, H.Lee, M.Locher,
H.Ito, A.Kopuuny u C.JJopkuny sa ronesHble 06CyKIeHns.

IIpunoxxenmne

A. Crpykrypnas ¢ynxmus R,.(Q?):

2 7 f(—u) 1
R, = duu > da
@ / mg +u / { VER(,0,Q?) [\/R(u,a,Q%) + My(u, )]

1
\/R(u,a, Q%) + 4uQ? (1l — «) [\/R(u,a, Q?) + 4uQ?a(1l — ) + M+(u,a)] } ’
rge Mi(u,a) =m? +u+ 9— , R(u, 0, Q%) = M2(u,a) + 2Q*m2a.

B. BripaxeHus gis snekTpoMarHuTHoro popmdaxTopa IMOHA OT FHArpaMM THIa " Tpe-
%
yrompuuk” (A) 1 "ronosacTux” (o):

(I’z(Q2) ‘

2 _ q)l(Q2) o 2y
F@Y = 300 F@=30"
- Ly
<I’1(Q2) = —/dkkB/dIE /dyf( l” f( Pl(kfx,y’Qf)\/Q_f)

{9P2(k,l,y,Q2)P3(k,l, Y, Qz) _ 1}
T Q- (k.0 !

2,(Q%)

4 o0 1 1 1 Q2t2

202 [arrs [dze 2V —22 [ dyy [ dtf(—k2)f <-—k2— — kayt Qz)

/@ [ [ 2 A=E | T
m2 4 k?

Q+(k’$’y’Qz)Q—(kvzvvar‘))’

212 2092
e Pi(k,z,y,Q%) = [m? + k% + Thay Q7 + £ + E£L(1 - 2?),
P2(k1x» Y, Q2) = mg + Ltﬁz_ﬁk2 - %kify\/@-f,
Py(k,2,y,Q%) = mj + ¥ + 3y QT+ &
2
Qu(k,2,y,Q%) = [m? + k2 £ Lkay Q7] + £L(1 - 2?).
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Abstract

The polaron path integral by Feynman is generalized to the case of an electron
moving in d space dimensions. A new scheme of systematic calculations of the obtained
path integral is developed to estimate the ground-state energy of the polaron in the
same way for different values of the electron-phonon coupling constant a. The leading-
order term in this approach yields a new upper bound to the polaron self-energy and
improves the Feynman’s variational estimates for d = 2 and d = 3. A scaling relation
between polaron self-energies for different space dimensions is obtained for this term.
The next correction to this estimation is calculated by numerical integration for d = 2
and d = 3.

1 Introduction

- The polaron problem embraces a wide range of questions concerning the behaviour of
the electron of conductance in polar crystals [1]-[3]. The first field-theoretical formulation
of polaron theory was proposed by Frohlich [4] to describe the interaction of a single band
electron with phonons, quanta associated with the longitudinal optical branch of lattice
vibrations. Since that time, Fréhlich polaron model has attracted interest as a testing
ground of various non-perturbative methods in quantum physics. One of the main quasi
particle characteristics of the polaron is its ground-state energy (GSE) E,(a).

Historically, the GSE of the polaron is investigated in the weak [4], intermediate [5]
and strong coupling regime (6, 7] by using different methods. The first attempt to built
the polaron theory, valid for arbitrary values of «, was made by Feynman [1] within the
path integral (PI) formalism using variational estimations. As a result, the Feynman’s PI
approach gives good upper bounds of E,(a) in the entire range of « in a unified way.

There arises the question, whether the Feynman’s estimations of polaron GSE can be
improved by introducing some trial actions, more general than the quadratic action with
two variational parameters used in [1]. This question, in particular, has been studied within
different variational approaches [8, 9]. But giving variational answers, it could not estimate
the next corrections to the obtained values.

Traditionally, the polaron problem has been investigated in three-dimensional (d =
3) space (10, 11]. In recent years, however, polaron effects have been observed in low-
dimensional systems [12], and certain physical problems have been mapped into a two-
dimensional (d = 2) polaron theory [13]. The possibility that an electron may be trapped on -
the surface of a dielectric material has attracted much interest {14]. The GSE of the polaron
for d = 2 is discussed in [15, 16].

In the present paper, we investigate the GSE of the polaron in the case of arbitrary space
dimensions (d > 1) and try not only to improve the Feynman’s result, but also to estimate
next corrections that allow one to test the accuracy and reliability of the obtained values.

30



2 Polaron Path Integral in d Dimensions

The Fréhlich longitudinal-optical (LO) polaron model for d = 3 is determined by the
Hamiltonian

H = 2Lp + Tthakak + — ng(a e~ikx _ akeik") , (2.1)

which describes the interaction of an electron (position and momentum vectors x and p,
band mass m) with the phonon field (creation and annihilation operators a{(, ax, quantization
volume (2, Plank constant %) associated with a LO branch of lattice vibrations (wave vector k
and frequency w) in an polar crystal. The electron-phonon interaction coefficient for coupling
with the wave vector k in (2.1) is defined as follows:

ihw(h/2mw) 4 (4na)/?

(2.2)

where the dimensionless Frohlich coupling constant « takes the value a ~ 1 - 20 in most of
the real ionic crystals (e.g. a =~ 5 for sodium chloride). In the following, units will be chosen
such that Ai=m=w=1.

Until now, no nontrivial solution of H¥, = E, U, was known. Various methods [1, 6,
17, 5] have been used to calculate approximately the spectrum of H, especially, to obtain its
GSE E, for selected (weak, intermediate or strong) regions of a.

To extend the Frohlich Hamiltonian (2.1) written for d = 3 to arbitrary spatial di-
mensions d > 1, we follow a physical approach [18, 19] inspired by the formulation of a
lower-dimensional polaron problem as obtained from the Fréhlich Hamiltonian of a higher-
dimensional system by integrating out one or more dimensions. Following [19] we suppose
that the form of the Frohlich Hamiltonian in d-dimensions-is the same as in (2.1) except
that now all vectors and operators are d-dimensional and the electron-phonon interaction
coefficient gy is redefined as follows:

by d—1
2 _ _Md 2 _ d-3/2_(d-1)/2,
Accordingly, the GSE (further it will be denoted by E(a)) of the Frohlich polaron can
be defined as follows::

1
Ee) = — Jim 5= In Zz(a), (2.4)
where
Zr(a) = C, / ér exp{—— /dtdsr t) D;(t,s /dtdsV[r s),t,s]}
r(-T)=1(T)
(2.5)

2

DM (t,5) = — gz 6t = 3).
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The standard normalization E(0) = 0 in (2.4) is satisfied under the condltlon Zr(0) = 1.

The Green function D, corresponding to the differential operator D and satlsfymg the

periodic boundary conditions is

Di(t,5) = —3lt ~s|. ey
The Coulomb-like interaction part, the electron self-interaction, is glvenby the retarded
potential
) I'(d/2 -1/2) -—|t-—s|/
VIR;t —s] = NGRS KT exp(tkR), (2.7
R=r(t)—r(s).

with the electron position vector r(t) embedded into d-dimensions.

The path integral in (2.5) is not explicitly solvable due to the non-Gaussian character of
VIR;t — s] in (2.7).

3 The Gaussian Equivalent Representation of the
Polaron Path Integral

For a not too large, the PI in the initial presentation (2.5) may be estimated by using
a perturbation expansion in a. The problem is to estimate Zr(o) beyond the weak coupling
regime.

Our idea is the following. As a grows, do, with the initial kinetic part transforms to the
new measure do that also has a Gaussian character. The potential part is also changed into
another interaction functional. The system goes to new representation under strong enough
interaction. Certain restrictions may be imposed on the representation. First, it is known
* that in quantum theory, the main divergences given by "tadpole”-type vacuum diagrams may
be efficiently eliminated out of the consideration if the normal-ordered product of operators
is introduced into the interaction Hamiltonian. We suppose that in the case of finite polaron
theory without divergences, the main contribution to the finite background energy can also
be taken into account if we require the normal-ordered form for the polaron interaction
functional in the strong coupling regime. Second, the system under consideration should
be near its equilibrium state. Then any linear terms ~ r are absent here and quadratic
configurations ~ r? concentrated only in the Gaussian measure do determine the Gaussian
oscillator character of this equilibrium point. Therefore they should not appear in the
interaction functional. Then the polaron action in the new representation of PI consists of
a new kinetic part (r, D~'r) and new non-Gaussian interaction functional which should be -
proportional to r® as |r| — 0.

Following this idea [20, 21] finally we get the new representation of the GSE of the optical
polaron in the form:

E(a) = E,(a) + AE(a), (3.8)
where the function E,(a) being the "leading-order energy”, or the GSE in the zeroth ap-
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proximation, is

E,(a) = —d { 2l7jdk [1n (kz (k)) — B2D(k) +1 ad /dt e;f/(z(t } (3.9)

0

The function F(t) in (3.9) is defined by the equations

Tdk - ikt _ L, 1- cos(kt)
F(t) __ ZWD(k) (1-¢*) = ;r-o/dk T o) (3.10)
T — cos(kt)

k) /dt e—'kt Z(t) \/— dt exp( t) —T;-/"z‘z—)-— . (311)

Here we have introduced "the effective coupling constant”

R _ 3VAT(d/2 - 1/2)
¢T T 9dTd/2)

Qg =q- Rd ) (312)

Our leading term (the zero-order approximation) Eo(a) gives an upper bound to the
exact GSE of a polaron E(«). Really, applying the Jensen’s inequality to (3.8) one gets

exp {—2T - E(a)} 2 exp {—2T - E,(c)} . (3.13)
Consequently,
E.,(a) 2 E(a). (3.14)
The high-order corrections AE(e) in (3.8) can be obtained by evaluating the PI

exp{—2T - AE(a)} =C / ér exp{ - = //dt dsr(t) D71(t,s)r(s) + W]r] }, (3.15)

r(-T) =r(T)

Here, the interaction functional written in the new representation is

_ I'(d/2)d o-lt=sl 2 . KO-
Wl = as ool // dt ds /uqd —exp {—KPF(t — 5)} : SEOTE) (316
where e = e* —1—2 — m2/2.

Due to equations (3.11) and (3.10), in the new representation all the quadratic terms in

the polaron action functional are concentrated only in the new Gaussian measure do and do
not enter to W{r].

It should be stressed that the representation (3.8) is completely equivalent to the initial
representation (2,4) for asymptotically large T — oco. The Gaussian equivalent representa-
tion (3.8) gives the origin of various approximations differing from each other in the accuracy
of deriving equations (3.11)-(3.10).
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As a simple approximation of £(k) obeying the necessary asymptotics, one can take the -
function:

2 g2
Sk = B2
E(k) = o TR (3.17)
where p and ¢ are parameters. Then, (3.9) becomes
u? ag A2 d T dt exp ( t) k
E, = —— A+ 3.18
() [6 ”] 3uvm J /1 —exp(=Xt) + At e/pr’ (318

A= \/ﬂ2+52.

Minimizing the obtained energy over the parameters i and ¢, one easily finds a variational
upper bound in d dimensions. For d = 3 (a3 = «) it explicitly reproduces the well-known
Feynman’s variational upper bound to the polaron GSE [1]:

EF*™™ () = minmin Ey(a,d = 3). (3.19)
m

We stress that the extremal conditions on parameters A,¢ in (3.19) are equivalent to a
particular choice of the functions £(k) in (3.17). However, the function in (3.17) is not exact
solution of (3:11) and (3.10). It means, that the Feynman’s trial quadratic action does not at
all represent the Gaussian part of the polaron action for d = 3. Exact numerical solution of .
equations (3.11), (3.10) by the iteration procedure allows us to obtain E,(«), more exactly,
which improves the Feynman'’s result EF(a) in the entire range of a. The obtained numerical

results E,(a) for d = 2 and d = 3 as compared with the Feynman’s variational estimation

are displayed in Tables I-VI.

The correction AE(a) should be evaluated from the functional integral in (3.16) by
expanding € in (3.15) in a series

b S BN | n
AE(Q) = E AEﬂ(a) == 'I!Lnolo ﬁ Z ;J /da {W[r]}connected . (320)
n=1 n=1

We stress that (3.20) is not a standard perturbation series in the coupling constant «y as
oy enters into W not only explicitly as a factor, but also implicitly through the function -
F(t). The first term in (3.20) with n = 1 equals zero due to normal ordering. Nontrivial
corrections are given by terms with n > 2. For the second order correction to E,(a) we get

I'(d/2) d* &
ABy(0) = ~of —o=5 ZQn n( (3.21)

where

(2n)!T(n +1/2)
16" (n!)2T(n +d/2)’

— [T tadsaed g-e—s . [Flat )+ F(b+c) = Fla+b+c) — F)™
= // dadbd { _ [Fla)- FQP72 T

Qn =
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(F(a) + F(c) = F(a+ b+ c) — F(b)]*"
[F(a+2b)- F(b+ )"/

[Fla4+b)+ F(b+c¢)— F(a) — F(C)]zn}
[Fla+b+c) FO)+/2 :

We stress that expression (3.21) can further be simplified, but we keep this form for clarity.

+ e—a—-26—c .

+ e—a—2b-—c .

Finally, we get the following expression for the GSE of the polaron -
E®(a) = E,(a) + AEy(a), - (3.22)

which can Be‘evafluated numericaily for arbitrary o and different space dimensions d.
Notice that E,(a) in (3.9) is of an order of o, (i = 0,1,2,...) while AE;(a) in (3.21) is
only of an order of o, (5=2,3,...). ' '

4 Scaling Relations

The theory under consideration has two parameters o and d. In general, all our ex-
pressions should depend on both of them. Notice that key expressions in (3.11) and (3.10),
completely defining the functions F(t) and X(k), depend only on tlfe effective coupling con-
stant ag. This means that the following relations

Flap, ) = F(a,,t),  E0(an, k) = £ (o, k) n,m>1 (4.23)

take a place, where the numbers of space-dimensions n and m are in square brackets [...].
In the particular case of d = 2 and d = 3, we found

dra ' Ira '
(2 = il 2 $313) ,
Fli(a,?) = FR(Z2 : ), EP(ak) =% ( : k) - (4.24)
Then, considering (3.9) one easily finds that this scalihg relation is also valid for E,(aq).
We have 3
' 2 3 (274 o
EP(a) = 3E (4) O (4.25)

Note ‘that the relation (4‘.25) was obtained earlier in [19, 16]. But this scaling is not valid
beyond E, because the interaction functional W|r] depends not only on ay, but also on d in
a complicated way.

Let us consider the asymptotlc limits of spatial dimensions d at fixed finite c. We get

limo, = _I_ia_ - 00, hm _ 3
d—1 d— 1 \/_ d3/2
Taking into account (4.26) we can conclude that as d becomes larger, ay decreases fast and

in fact we deal with the effective weak—coupling regime ay < 1 even for a not too small.
For example, the second-order corrections A F,(«) behaves as follows:

1
' §7—r' ozﬁ .
In other words, our 1e$ding—order energy term E,(a) tends to the exact GSE E(a) as d
grows because the role of AE(a) becomes insignificant.

(4.26)

AEy (o) = - ;(4.27)
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Table I. Comparison of known weak coupling results for the po-
laron ground state energy E(a) = a - Cy1 + a? - Cy2 + O(e®) in
two-dimensions.

Authors Cun1 Cuw2

S.Das Sarma, B.Mason [23] —7/2 | - 0.062
R.Feynman’s theory [24] —7/2 | - 0.04569

i 4th, 6th order pert. theory [24] | —#/2 | - 0.06397
F.Peeters, ... [19] —x/2 | - 0.063973966*
0.Hipolito [25] —x/2 | - 0.0245
Present E,(a) —m/2 | - 0.046626
Present E,(a) + AE, —7/2 | - 0.063974

* The exact value

Table II. Comparison of known weak coupling results for the
polaron ground state energy E(a) = a- Cu1 + a? - Cyz + O(c®) in
three-dimensions.

Authors Cut Cuw2
S.Das Sarma, B.Mason [23] | —1 |- 0.016
R.Feynman,s theory [24] -1 |-0.012347
F.Peeters, ... [19] -1 |- 0.0159196*
T.Lee, ... [17] -1 |-0014 -
D.Larsen [5] -1 {-0.016
Present E,(c) -1 |- 0.012598
Present E,(a) + AE, —1 |- 0.015919

* The exact value

5 Numerical Results

In this Section, we present numerical values of E,(a) and E®)(a) estimated within the
GER method and compare them with known results obtained in various (weak, strong and -
intermediate) ranges of a. Obtained results are given in Tables I-VI.

A. Weak Coupling Limit

Among known numerical results, concerning the GSE of the polaron, more accurate are
those obtained for a — 0. Below, we calculate the exact GSE of the d-dimensional polaron
to order o? in the weak coupling limit and compare the accuracy of the obtained results with
exact perturbation estimations presented in [17, 23, 24, 15, 25, 19] for d =2 and d = 3.

For « not too large, the polaron self-energy E(«a) has the form

E(a) = a-Cui +0® - Cus+0(a?). (5.28)
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Table III. Comparison of obtained estimations of the coefficient
C, of the polaron ground state energy E(a) = o* - C, + O(1) for
d=2 as a — oo. :

Authors C,
S.Das Sarma, B.Mason [23] | - 0.392699
Feynman’s theory [24] - 0.392699"
W.Xiaoguang, ... [24] - 0.40472
0.Hipolito [25] - 0.392699
M.Smondyrev [16] - 0.4099
Present E,(«) - 0.392699
Present E (o) + AE, - 0.400538

1 Estimated in [24]
2 Adiabatic approximation

The coefficients C,; and C,,; are known with a good accuracy for d = 2 [19] and d = 3
[23, 19]. In our approach, the coefficient C,,; arises only from E,(«) in (3.9); whereas the
Cu2, from both E,(a) and AE;(«) in (3.21). We get the coeflicients C,; and C,,2 exactly as

follows R
Cur = —?‘i d (5.29)

and

o, _Fid (1 8 ) _ RII(d)2) & i (2n)!T(n +1/2) (5.30)

36 \ 3 97372 <47 (n1)2T(n +d/2)

B, = [|dxzd
/1/35‘1/(9«”4-1/)2

For comparison, in Table I we give the known results for d = 2 as @ — 0. One can see
from Table I that our Cy,; obtained only from F,(«) improves the Feynman’s estimate about
2 per cent. Adding the next correction calculated from AE, results in C,, = —0.063974
which is in good agreement with the exact value in [19]. Note, AF, contributes about 40
per cent to the total value of Cyp,.

n=

1 1
@ aty -

For three dimensions, obtained results are displayed in Table II together with the known
results of the polaron GSE in the weak coupling limit. Our leading term of energy E.(«)
improves the Feynman’s variational estimation of Cy,2 by 2 per cent. Next correction results
in Cyz = —0.015919 which is in good agreement with the exact value in [19]. Note, for
d = 3 our AE, contributes about 29 per cent (smaller than for d = 2) to the total value of
Cyw2. Comparing the obtained results for d = 2 and d = 3, we conclude that higher-order
corrections (the second-order one in our case) coming from Jr(«) are substantially more
‘important for d = 2 than for d = 3. In other words, the polaron effect is stronger in low
space dimensions (see Eq. (4.27)).  This effect was noted earlier in [19, 16].
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B. Strong Coupling Regime

Table IV. Comparison of obtained estimations of the c‘oeﬂicien‘t'
C, of the polaron ground state energy E(a) = a? : Cs + O(1) for
d=3 asa— oo. '

Authors C,
Feynman, Schultz [29] - 0.1061
Pekar(by Miyake) [7] - 0.108504!
Miyake [1] - 0.108513°
Luttinger, Lu [26] - 0.1066
Marshall, Mills [31] - 0.1078
Sheng, Dow [32] - 0.1065
Adamowski,... [22] - 0.1085128
Feranchuk, Komarov [33] | - 0.1078
Efimov, Ganbold {21] - 0.10843

! Estimated in [7)
2 The exact value

Table V., The obtained estimations of the polaron ground state
energy E,(a) and E®)(a) for d = 2 in the intermediate range of «
compared with known results obtained in [25, 34, 23].

Present
« Feynman® | Hipolito[25] | Huybrecht[34] | Das Sarma[23] E, E,+ Ey
0.6364 | - 1.0198 - 1.0266 - 1.0201 - 1.0405 -1.020 | - 1.028
1.909 - 3.2247 - 3.2263 - 3.2263 - 3.5690 -3.2311 -3.250
3.183 - 5.9191 - 6.0902 - 5.9193 - 6.9688 -5928 | - 6.039
4.450 | - 9.6935 - 9.8723 - 9.7154 - 11.388 -9.710 | - 9.871

* Our estimation by Feynman’s variational method

The GSE of the polaron in the strong electron-phonon coupling regime has been consid-
ered in (7, 23, 24, 22, 21}.

It is well known that in this limit
E(a) =a®- C,+ 0O(1). ’ (5.31)

For large a (3.22) becomes

, | d 2T(d/2)d* = (20)'T(n +1/2)
E(Q)(a) = —-Oj {9_71' + T . Z Ton (::‘)2 - ;‘('n, -{d/?.)} + 0(1) . (532)

n=2

For comparison, in Table III we give our result with the known results of the polaron
GSE for d = 2 in the strong coupling regime a — oo. ‘
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Table VI. The obtained estimations of the polaron ground state
energy E,(a) and E?®)(a) for d = 3 in the intermediate range of «
compared with known results obtained in [22, 29, 28, 5]. Our E,(a)
coincides exactly with the upper bound obtained in [22].

Osc.[22] | Feynman[29] | Smondyrev{28§] Larsen|5] Present

a upper upper upper lower upper lower E, E,+ E,
0.5 -0.5 - 0.5032 - 0.5041 | - 0.5041 | - 0.5040 | - 0.5052 | - 0.504 | - 0.5041
1.0 - 1.0 - 1.0130 - 1.0167 | - 1.0175 | - 1.0160 | - 1.0270 | - 1.014 | - 1.017
1.5 - 1.5 - 1.5302 - - - 1.5361 | - 1.576 | - 1.532 | - 1.539
2.0 - 2.0 - 2.0554 - - - 2.0640 | - 2.172 |- 2.058 | - 2.071
2.5 -2.5 - 2.5894 - - - 2.5995 | - 2.872 | -2.593 | - 2.614
3.0 - 3.0 - 3.1333 - 3.1645 | - 3.2122 | - 3.1421 - -3.138 | - 3.167
4.0 - 4.0 - 4.2565 - - - 4.2771 - -4.265 | - 4.305
5.0 - 5.0 - 5.4401 - 5.4945 | - 5.7767 - - - 5.452 | - 5.528
7.0 | - 7.356 - 8.1127 - 8.0406 | - 8.8832 - - - 8.137 | -8.255
9.0 | -10.72 - 11.486 - 10.834 | - 12.654 - - -11.54 | - 11.69
11.0 | - 14.94 - 15.710 -13.905 | - 17.165 - - -15.83 | - 16.04
20.0 | - 44.53 - 45.283 - - - - - 45.33 | - 45.99
30.0 | - 97.58 - 98.328 - - - - - 98.52 | - 99.86
40.0 | - 171.9 - 172.60 - - - - - 1734 | - 1751

For three-dimensions the estimation of the next higher-order corrections for the coefficient
C, was obtained by the authors earlier in [21]:

C, < —0.108431. (5.33)

The comparison of the known results for the coefficient C, for d = 3 is displayed in Table
Iv. .

C. Intermediate Coupling Range

In the intermediate-coupling regime the main tool for obtaining polaron properties is the
variational approach [1, 17]. For d = 3, the Feynman variational method based on a trial
oscillator-type action gives an upper bound of the polaron free energy, valid for arbitrary
a. Generalizations of the Feynman action for d = 3 to the arbitrary density function (8]
and arbitrary quadratic action [9] have improved this upper bound. In our opinion, the
result [9] obtained for d = 3 is the best variational upper bound in the whole range of
«. But this variational method does not give the next corrections to this bound. Other
numerical methods dealing with this problem [26, 27] require specific complicated schemes
of calculations which may introduce statistical errors. Estimations of both the upper and
lower bounds for the polaron self-energy obtained in [5, 28] should be improved.

Considering intermediate values of o, we have derived equations (3.11) and (3.10) nu-
merically, by the following iteration scheme:

Fra(t) = ®4[2a],
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Sa(k) = Qg[F,], n>0, (5.34)

starting from reasonable assumed functions F,(t) and £,(k) (see (3.17)). Both the series

F,(t) and £, (k) turned out to be fast convergent and the value of the leading term E,(c) is
actually not changed since n > 6. The results for E,(a) and E®(a) in two dimensions are
presented in Table V.

The values of E,(a) and E¥(a) for d = 3 are given in Table VI in comparison with the
known data [5, 29, 9, 28]. Our E,(«a) for d = 3 coincides with the upper bound obtained in
[9]. ‘

We have made preliminary estimations which indicate that the decreasing series in (3.20)
was alternating. Then one can expect that the third-order correction AE;3(a) may slightly
increase the value of E(®(a) and inclusion of higher-order corrections AE,sz(e) might
result in insignificant oscillation of E(">?)(a) between E,(a) and E?(a). In other words,
the obtained E(®(a) may be accepted as a lower bound of the ground state energy of the
polaron. Note that numerical results obtained in [30] at three points (a = 1,3,5) by the
method of "partial averaging” lie exactly between our curves for E,(a) and E?)(q).

6 Conclusion

A scheme of systematic calculations has been proposed to estimate the ground-state
energy of the polaron in the same way for different values of the electron-phonon coupling
constant a. The polaron path integral by Feynman has been generalized to the case of an
electron moving in d space dimensions. We transform this path integral to the representation
built so that all the quadratic part of polaron action is concentrated entirely in the Gaussian
measure, which is defined from certain equations. The interaction part of the polaron ac-
tion is purely non-Gaussian in this representation. The leading—order term in this approach
yields a new upper bound to the polaron self-energy and improves the Feynman’s varia-
tional estimates for d = 2 and d = 3. A scaling relation between polaron self-energies for
different space dimensions is obtained for this term. The next correction to this estimation
is calculated by numerical integration for d = 2 and d = 3. Our results obtained within
the proposed method provide a reasonable description of both two~ and three-dimensional
polarons at arbitrary coupling a. The consideration could be extended to computing the
other characteristics of the polaron, the effective mass, the average number of phonons as
well as to estimating the energy of the polaron in the presence of the magnetic field due to
validity of the proposed method for the complex functionals.
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KonnmexTuBeble Mopgsl KX]I, nHIynupOBaHHbIE OGHOPOLHEIM
CaMOJYyaJlIbHBIM BaKyyMHBIM INIIOOHHBIM IIOJIEM

I'.B. E¢nmos, C.H. Hegeanxo

Jabopamopusg meopemuuecrkot gusuxu un. H. H. Bozoawbosa
O6vedunenneitl uncmumym gdepuviz uccaedosanut, Jybra

f1.B. BypnasoB, C.A. ConyauH

Heanoscxui 2ocynusepcumem

Axnorauns

C¢opmynupopano o6obuienne mMomenu Hamby - Hona-Jlasusmo, yunThBaoee
HaJIu4Me BaKyyMHOI'O OMHOPONHOTO CaMOAYalbHOTO IMIIOOHHOTrO mons. Takas BakyyM-
Hag KOHUrypauus obecneyuBaeT aHATUTHYECKUH KoHpaiHMeHT KBapKOB. Y4éT Jo-
HOBOTO 11011 B IMIIOOHHOM TIPOTIaraTope BejeT K TOMY, YTO 6ecuBeTHEIE KONIEK THBHEIE
MOJbI ONMUCHIBAIOTCS HENOKAIBHEIMY KBapPKOBBIMYM TOKAMH C MONHBIM HabGoOpOM XBaH-
TOBLIX 4MCeNl, BKiIlo4Yasd pajiuajibHoe U opburansHoe yncia. IPpdexTunHas MesOHHas
Teopus ynbTpaduoneToBo koneyna. [lokasaHo, 4To B3auMOJeiicTBHe CIIMHA KBAPKOB
C BaKyyMHEIM [/IOOHHBIM IIONIEM BefleT K PAacUIelIeHMIO Macc ICeBIOCKATAPHRIX M
BEKTOPHLIX ME3OHOB C OFMHAKOBEIM KBapKoBbIM cocraBoM (p-w, K-K™*). Cnextpm
PajiManbHLIX U OPOUTAIbHEIX BOSOYXAEHHH MEBOHOB, NMPENCKa3BIBAEMLIE MOJENLIO,
ABIAIOTCA SKBUIUCTAHTHEIMHU, T.e. UMEIOT DENKeBCKMH XapakTep. Takoe noegenue
CIeXTPOB ClleflyeT M3 HeITOKalbHOCTH KBapKOBOTO NPONAaraTopa M MeBOH-KBapKOBHIX
BEpIIKH, 06YCIOBIEHHON BaKyyMHEIM [MTIOOHHEIM moneM. Ipyrum cnegcrauem Heno-
KallbHOCTHY SBIAETCA TO, YTO B Npefele TSXKEIBIX KBAPKOB Macca KBapKOHUS CTpe-
MUTCE K CYMM€ MacC COCTaBIfIOINX KBAPKOB, & Macca Me30Ha, COCTOSLIETO U3 Jer-
KOI'O M THXKellor0 KBapKOB, aCUMIITOTHUYECKU PaBHA MacCe TIXKEIOTO KBapKa.

1 Bsengenne

BakyyMmusle caMomyanbHble IMIIOOHHBIE IION, Takyle, Kak MHCTAHTOHHEIe pewenus [1]-[4],
CTOXaCTUYECKMe HONA (5] MIM IO ¢ MOCTOSHHOM HampsKeHHOCTBIO [6, 7, 8|, mmpoko
NCTIONB3YIOTCSA Bif O6BACHEHNS PAsIMYHLIX SBICHUN HISKOSHEPreTHYeCcKol PUsUKM agpo-
HoB, B wactHOCTH, JleyTBHNEpOM 6BITO IOKa3aHO, UTO (aHTU )CaMORYaJILHOE OGHOPORHOE
[IIOOHHOE Iole 06ecreYnBaeT aHATUTUIecKUN koHpainMenT kpapkos [6]. K coxanemnmo,
MHOTOYHCIIEHHbIE IONBITKY OLUEHUTD HAIIPAKEHHOCTD N0, COOTBETCTBYIOUIYIO MUHUMYMY
s¢dexTunnoro norernuana KX, e gann ofHOSHAYHOrO OTBETa Ha BOIPOC O CYIECTBO-
BaHIM OFHOPORHOTO BaKyyMHOI'O MNIIOOHHOrO nois. IIpuynHa sToro Bronxe nousaTHa: da-
BOBbIe IEPEXOfbl B KBAHTOBOIOIEBLIX CUCTEMAaX, COIPOBOXKNAIOUHECS TIOABIEHUEM HEHY-
NEeBOTO BaKyyMHOTO IO, IIPOMCXORAT, KaK IPaBIio, B 061TacTu cuibHOM cBasu. Meropst
CHIILHON CBASH HEJOCTATOYHO PASBUTHI, UTO Y NPENATCTBYET YCIEUHOMY MCCIENOBAHMIO
($aB30BEIX IEPEXOROB B IIONEBHIX CHCTEMaX. [JOKasaTelbCTBO CYUECTBOBAHUS BaKyYMHOTO
TI0JIS ¥ OLIEHKa €T'0 HAIPAXKEHHOCTHN US " IIEPBHIX IPUHIMIIOB” MpEeNCcTaBlAeT s B HacTosAlee
BpeMs BECbMa CIOXHOU Bagadell.
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Mp&1 6ymeM crenoBaTh UHON, BO MHOTOM (P€HOMEHONOTMYECKOH, TOUKe 3peHusd. A UMeHHO,
TPEAIONOKUM, ITO CAMO- WK aHTUCAMORYalbHOE OFHOPORHOE [IIIOOHHOE IIOJE PEATn3yeT
BakyyM KX]I npu HUSKUX SHeprusx, U IONBITaeMcs HaliTH Takue SBIeHUS B QuoNKe af-
POHOB, B KOTOPEIX 3TO [07€ MOXKET UTPATH BAXKHYIO POIb. Takol MOgXOR MOXHO peanuso-
BaTh Ha OCHOBe Ipouenypnl 6030HU3aUMM cTaHAapTHol Mogenn Hawmby - Hona-Jlasummo
(NJL) [9, 10). BwmecTe c. TeMm y4YeT BaKyyMHOTO IONS B KBAPKOBOM U TIIOOHHOM HpPO-
naraTopax TpebyeT, BO-IEPBEIX, HeNOKalbHOro o6o6uwenus mopgenn NJL n, Bo-BTOpDHIX,
cyuecTBeHHON Mopupukanuy caMol Ipouegypsl 6030HUBAIMY.

Beps sa ocuoBy npouspopsuwui ¢yskimonan KX ¢ BaxyyMHBIM TI'ITIOOHHBIM IOIEM
B eBKIMEOBOK MeTpuke [2, 11|, MBI cTpouM GeciBeTHEIe GUIOKAIbHEIE KBADKOBEIE TOKH.
3aTeM, HCXofd U3 BUAA [NIIOOHHOTO IPOIMATaTopa BO BHEUIHEM IIOJe, IIPOM3BONUTCS Pasio-
3eHne GMIOKATBHEIX TOKOB IO HEIOKAILHLIM KBapPKOBBIM TOKaM C IOTHEIM Ha6OpOM KBaH-
TOBRIX mcell, BKIoYas op6urtanbHoe £ 1 paguanbHoe n ducia. ges Takoro pasnoxeHus
B obmeM Buge obcyxpanack B pabore [12]. Ee peanusanus mpegmonaraer CyIeCTBO-
BaHUe HEKOTOPOro Habopa OpTOHOPMUPOBAHHBIX (YHKUMM, SBHBEIU BUE KOTOPHIX OTXKEH
onpenenaThca (PUSHYECKUMU CBOUCTBaMM cucTeMbl. MBI NOKashIBaeM, YTO OJHOPORHOE
(anTH)caMogyalbHOE BaKyyMHOE IIOfe BELEeT K BIIONHE ONpefeleHHBIM QyHKUuIM — 0606-
WeHHEM ‘TIonuHoMaM Jlareppa. B pesymbTaTe Takoro pasioXeHHs MarpaHKHAH B3ANMO-
HeicTBUA KBapKOB NPUHUMAET BUI IPOUSBENEHNA ABYX HENOKAJIBLHBIX KBapPKOBBIX TOKOB,
MIMEIOIMX NOMHAIN HaGop KBAHTOBBIX HMCEN. B oTimume oT HemepeHOPMUPYeMON OKalIb-
Hoit Mogenn NJL, 06061enHas MOfeNb OKas3hIBAETCS CyTeplepeHOPMUPYEMON, IPHYMHON
4ero ABNAETCHA HENOKANILHOCTh KBapK-KBAapDKOBOrO B3aUMONEUCTBUS.

Cnenys crangapTHOH npouerype 6030HN3ALNN, MBI NTOIyYaeM NPENCTABIEHNe IIPOUS-
BopsAmero PyHKUMOHANA B TEPMUHAX IOKATBHBLIX Me3OHHBIX M0ell, B3ANMOIENCTBYIOUX ¢
HeNOKaTLHEIMU KBapKOBHIMM ToKaMmu. HakoHel, HHTerpupOBaHUe IO TIOAAM KBAPKOB JaeT
3QPEKTUBHYIO MEBOHHYIO TEOPUIO, B KOTOPON ME3OH-Me30HHEIE B3AUMONENCTBIS OINCH-
BAalOTCA KBAapPKOBHIMH METISIMM, COREPXKAUNMI HETOKAlbHBIE MEBOH-KBAaPKOBBIE BEPIUNHBI
U IIPOIaraTophl KBApKOB BO BHELIHEM ONHOPONHOM [IIOOHHOM mole. B cBoio ouepens, aTa
Teopus yNbTPadUONeTOBO KOHEYHa GIarofgaps HENOKATbHOCTU ME3OH-ME3OHHEIX B3aNMO-
oeCTBUM.

IIpegcrasnenue npoussogsaiero ¢pyuxknuonana KX, nexaiilee B 0CHOBe MOfeNN, IO~
pasyMeBaeT yCpeJHEHNEe BCEX AMIUINTYH [I0 HEKOTOPBIM IapaMeTpaM BaKyyMHOTO OIS
(ogpo6ro cM. B [2, 11]). B cayuae opHOpopgHOro monst ycpefHeHMe IPOM3BOJUTCS IIO
€ro HaIpaBIeHUAM H [0 CaMo- M aHTUCAMORYANbHBIM KoH$urypaumam sroro noias. B pe-
BYIbTATE YCPEJHEHNs BCe alPOHHBbIE aAMIUINTYNBI UHBADUAHTHBI OTHOCUTEILHO 1IBETOBBIX
npeo6pasoBaHnyl X OPOCTPAHCTBEHHLIX BpAlleHUH.

O6061meHHas MOLeNb HMeeT MUHIMAILHBIN Ha6op cBoBOXHBIX mapaMeTpoB. UMu sasns-
IOTCA MAacChl KBAPKOB, KOHCTaHTa YeThIpeX(pepMHUOHHOT O B3auMofelcTBUS (KannbpoBoyHas
korcTanTa KX]I) u HalpsKeHHOCTh BaKyyMHOTO TNIIOOHHOTO IIOT.

PacdeT Macc JerKMX MEe3OHOB IOKashiBAeT, YTO BIAUMOJENCTBIE CTIMHA KBAapKOB C Ba-
KYYMHBEIM TIIOOHHBEIM IIONEM, KOTOPO€ YYUTBLIBAETCS B KBAPKOBOM IIPOIAraTope, BegeT K
| PaCIIEIIeHNIO MEXIY MacCaMH| ICEBIOCKATADHBIX I BEKTODHBIX ME3OHOB C OJMHAKOBOM
KBapKoBOH CTPYKTypou (p-m, K-K*). YdeT »Toll IHHaMUYeCKOH NPUYNHB! PaCLIEIIEHNS
Macc HO3BONAET COKPATUTE YHCIO CBOOORHEBIX TapaMeTPOB MORENU 10 CPABHEHMIO CO CTaH-
mapTHOU nokaibHoH Mopensio NJL [14].
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CroexTp paguanbHBIX ¥ OpOUTAILHEIX BO3OYKIEHUN aCUMITOTUYECKH SKBUANCTAHTEH
npu £ > n un > £, T.e. UMeeT KadeCTBEHHO IIPAaBIILHOE peMKeBcKoe nopemenue. Ilpu
peanbHEIX sHavYeHnax £ = 1,2 NnomyveHO KOMMYECTBEHHOE ONMCAHUE DKCIEPUMEHTAIBHAIX
HaHHBIX ¢ TOYHOCTBHIO OKOJNO AECATH MIPOUEHTOB. PelKeBCKUH XapakTep CIEKTpa CIETYET
U3 HENOKaIbHOCTH ME3OH-KBApPKOBBIX BEPUINH I KBAPKOBOTO IIPONAaraTopa, o06ycnoBleHHON
XapaKTepoM BaXyyMHOI'O IIOs.

Macca KBADKOHNS B CIIyvae TKEIBIX KBAPKOB PABHA CyMMe MacC COCTABILIONIX KBap-
xoB M — 2mg. BMmecTe ¢ TeM Ang Me30HOB, COfepKaluuX JIETKNM ¢ M TsKeTBIR () KBapky,
nonydaeM M — mgq npu mg 3> m, . OTH aCUMITOTUKA TaKxke 06yCIOBIEHE! HEMOKAIbHO-
CTBIO BEPUINH U NPONAraTOPOB U XOPOLIO COIIACYIOTCH € CYLIECTBYIOUINMM IIPENCTABICHN-
AMH O CHEKTPOCKONMUM TAKEILIX KBAPKOB. '

2 TIIpoussopsmum Pyuknuonan KX]I

Tlocne unTerpupoBannsg mo XBaHTOBOMY TINIIOOHHOMY INONIO IpoUsBopgaAummil GyHrIUOoHAI
KX]I ¢ BakyyMHEIM I'IIOOHHBIM IoneM Bj, B eBKINIOBOU METPHUKE MOXeT GBITH BallcaH B
Buge [2, 11]:

N! R : =)
Z = N/dameDq exp{/ d*z Z(jf(:t)(i'yﬂvu —mys)gs(z) + E Ln}, (2.1)
f

n=2

rue

L= [dty. [din) - 5 @)Gam iy v | B),
7aW) = @ (z)vut’qs(z).

IIpepcrapnenne (2.1) nogpasyMesaet, uro moie Bj XapakTepusyeTcs HEKOTOPEIM HaGOPOM
napaMeTPOB {0y, }, 10 OTHOLIEHUIO K KOTOPEIM BakyyMHOE COCTOAHNE BhIpOXKAeHo. UuTe-
rpupoBanue 110 Mepe doy,. OgHadaeT, YTO BCe aMIIUTYALl JOMXKHEL OBITH YCPETHEHE! IO
{Ovac}. Pynxuus Giin — Tounas (6es y4eTa KBADKOBHIX HETENb) N-TOYEYHAS MIIOOHHAL
¢dynxuus I'puna o BHemnem mone BY. 3pech n ganee UCHONBB3YIOTCA 0603HATCHU:

~ o

V.=0,—igB,, B,=B%, V,=08,—igB, , B,=B:C",

rge t* u C° - reneparopst rpynnst SU(3) B @yHRaMEeHTANIBHOM U NIPUCOETMHEHHOM IIpEN-
CTaBICHUSIX.

IIns nsydenns (¢§) KOMIEKTUBHBIX MOJT PAacCMaTpPUBAIOT yCedeHHYO GopMy QYHKIMO-
Hana (2.1), Tax YTO B3AMMOMENCTBIE KBAPKOB ONUCHIBAETCS TONBKO craraeMuM Lo:

N_, )
z=v daw.chDq-exp{ [ 43 4@ 7.9, - mas(@) + Lz} L 22)
f

2
L =% [ [atyjz@)Gi(ay | BYEW) -
Crangapraas Momens NJL cooTBeTcTByeT npencrasnenuo (2.2) ¢

B =0uG%(z,y) =66,.6(z—vy).
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Mo 6ymeM ammpokcmMMpoBaTh gByXTodeuHylo ¢yHkuumio I'pusa B (2.2) riaooHHEIM mpo-
naraTopoM BO BHelllHeM Itone. MHade rosops, npennaraemoe 060611eHNe COCTOUT B yYeTe
BAaKYYMHOT'O [IONA U B TVIIOOHHOM UM B KBAPKOBOM IIPOIAraTopax.

3 Kaapku M rirooHBI B OfHOPOAHOM (POHOBOM IIOJiIE

OpuoponHoe (anTH)caMORyanbHOE ITIOOHHOE TIONe UMeeT crepyommit sug (6, 7, 16, 17]:
Bi(z) = Bl,x, =n°B,z,, n’=1,

I'le BEKTOP N 3ajaeT HallpaBJICHIE B LIBCTOBOM IIDOCTPAHCTBE, a 'IIOCTOHHHHI‘;I TEH30D B“,,
YOOBACTBOPAECT YCIOBUAM!

1

B, =-B,., B,B, =-B%,,, B.=-¢uepBap==%B,., (3.1)

pv

2

rge B - HanpseHHOCTb QOHOBOrO MOII.
Jio6aa matpuua n’t® € SU.(3) MoxeT 6bITH IpUBeTeHa K BURY

n®t® = t*cos€ + t¥siné , 0§§<27r. ‘ (3.2)

Ilockonpky XpoMOMarHUTHOE Hu XPOMODIIEK TPUYECKOe E nons YHOBIETBOPAIOT YCIOBHIO
H=4+E, to HaIIpaBlieHUeE TIONs B Z-IIPOCTPAHCTBE ONpefenseTcs TONLKO AByMs cdepude-
ckumu yraamu (8, ¢). Hcexops us aToro Mepa dova. BanuceiBaeTcsa B BUAE

/ 4o = (4 E / d951n97dcp / dgz | (3.3)

rge DHakK )4 COOTBETCTBYET YCPEIHEHHUIO [10 caMO- ¥ aHTUCAMORYAILHOR KOHPUTY parsaM,
KOTOpBIe NPERNOoNaraloTCA PABHOBEPOATHLIMI.

. Y v a — ay.
KsapxoBnin 1 TIHOOHHBIH MPOMAraTopsl YAOBIETBOPAIOT YPaBHEHUAM (9B = B.):

(i'Ypﬁu - mf)Sf(xy y I B) = _6(1' - y) s (34)
(V2 +41B,)G.p(z,y | B) = =8,,6(z —y) , (3.5)

KOTOphIe MOTYT GHITH pellleHH MeToRoM cobcreeHHoro spemeru llleunrepa - Poxa (M.,
nampumep, [11]). IponaraTop xBapka uMeeT BHR

ivu'yu +my

Sy(z, B) = = —&(x — =e§i‘(réy)H T — Be%(ﬂ-‘éy)’ 3.6
1(z,y | B) v2—m}+awa( v) sz —y|B) (3.6)

]
1-3s

Hf(pIB)*—/dse st <1+3)“ [ f+11\pwu (7fp)]

1+s% 3 s
[Pi + Py — (1T 32] , (3.7)
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rfie NCIONL30BaHHI clefyiomue o6osHadeHus (cM., Takxke (3.1))

1 m
Py = 5(1 ), ay= _A_f , (zBy) = z,Buyy ,

t8
®f7) =pufwre s fu= W-Buu sy Jupfor = —bu

=3B, v__dlag(; ; 2)

3Haku + U — y MaTpulkl P COOTBETCTBYIOT caMo- U aHTHCAMORYAIbHON KOH(PUrypanuaM.

BoeieM nepeMennyio g = p,7y,. Dyuxmus H(u | B) sensercs menoit aHammTmeckoi
(yHKIEN B KOMINEKCHON U-IUIOCKOCTH. J[pyrumu croBaMu, mpomaraTop He UMeeT HOIIOo-
COB, COOTBETCTBYIOIIUX CBOGONHEIM KBapKaM, UTO O3HAYaeT Tak HashiBaeMEIN aHATUTHYeE-
cxuit konpanHMenT kBapkos. Ilapamerp A (Hanps:kennocTs B) onpefenseT XapakTepHYIO
obnacts nomenenns H;(p|B) wiu, unade, Macwtab xonpainMenTa.

Cunaraemoe a,,,,l?w, B IpomaraTope ksapka (3.6) Moxer TPaKTOBAThCS KaK BIAMMOMeEH-
CTBHe CIHHA KBapka € BaxyyMHbIM monem. Bropas crpoxka B (8. 7) COOTBETCTBYET Clarae-
MOMY O, B”,, B (3.6). Bunsuune Taxoro crmH-NoONEBOro B3aMMOJENCTBNUSA Ha CIIEKTDP ME30HOB
obcyxpaeTca HUXKe.

IioonHwii nponaraTop MoXeT 6HITL NpefcTaBieH B Buge (cM. (3.5)):

Gu(z,y| B) = e3BID, (z — y | B)esBY) | (3.8)
D (z | B) = 8, [KY®D(z | A%) + R (2),
R (z| B) = 6,{(1 - K*)D(2 | 0) + K*Do(z | A)])** + 2if, K*Dy(z | A?),

1 A%2?
N ———— —_—— . .
D(z|A?%) Gy exp { 1 } (3.9)
3pecy K — Marpuua Buga
K54 = ——K45 = K76 = —'K67 =1 ; I\)2 = diag(0,0,0, 1,1, 1, 1,0) 9

a ocTanbHEle sneMeHTH K pasuul Hymo. Pypre-o6pas ¢ynxuun D(z | A?) - nenas ama-
muTugeckas QYHKIM KBagpaTa UMIOyIbca. dacTh NpoOnaraTopa, COgepkKallas €e, OMICH-
BaeT pacIpocTpaHeHne KoH(PaMHMUPOBAHHBIX MOJ [NIIOOHHOTO 1oist. MbI 6yfeM MCXORUTH
U3 TOro, YTO STU MORB! MrpaloT KIIYEBYI0 poilb B POPMHPOBAHNYA ANPOHHEIX CBA3AH-
HEIX COCTOSHUM, & OCTANLHLIE CIaraeMule (Rfj;‘,(z)) B IepBOM IpUOIMXKEHUH MOTYT OLITH
ONYIIEHE.

4 BeCI.IBeTHI:Ie KOMINIEKTHNBHBbIE COCTOAHMNA

Corunacso ypasrenmo (3.8) cnaraemoe L, B (2.2) samucsisaeTcs B BuUfe

Ly = £ [ dtaaty{zy(e)nte[4B9) " 4 ()} D (e — y | B)

x{q;(v)7. [ei(zﬁy)] blbtbe'(y)} .
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Ilonvsysace ToxgecTBOM
a -1 aa’ - —toga’ i - _ agp/a A aga
tyile = |e"™t% e , (W=w'C" w=uwt),

MOXKHO TIONYYIUTH

kj

2
_9 414 70 b b
L= [[ atedy iDL~y | B (wa)
Ti(z,y) = Qslz, y)vut®Qslz,y)

rae Qs(z,y) = e™:Bq (z) , Qs(z,y) = gy(a)et =5,

3areM npousBoguTca npeobpasobanne Pupua no userossM, $uaeiBopreM (Ny = 3)
U JOpEHNEBCKMM MHOeKcaM. YIep:HuBagd TONBKO cKanapHbit J°°| mcespockanspabur JoF,
BekTOpHEIN J®V u akcuampHBNT J°4 6eclBeTHBIE TOKYU, HAXOTUM

ZCJ/ d4xd4yD -y I Az)‘] (Z, y)JaJ(xay) ) (41)

Jos(z,y) = ‘if(y)A’IfﬁFJet(yBr)‘If'(f) )
=1, MP=iy, IV =19,, T=17,,
1 1

CS=CP=§. Cv‘—'CA:E,

M*® - marpuunt enn-Manna A\ unu ux nunenHsle kombunam (a = 0, ..., 8).

ToxmecTBeHHON 3aMEHON IepEMEHHBIX

1 1

:t—r:zc+§y, y— =5y (4.2)
ypaBHenue {4:1) nmpuBoguTcs K BHAY
Ly =g* 5 Cy [[ db2d'yD(y | A5z, 9) Tasl2,9) (43)
aJ

JaJ(x» y) = (I(J;)MarJe—;—y—V.(r)q(w) )

V. (2) =V, ()= V. (2) s Va(2) =0, (z) —iB,(z),

6# ('77) =5u (I) + iBu(-T) ’ au(-r) = ai

Crepyomuii wiar COCTOMT B BRIYMCIEHUH MHTErpala MO TepeMEHHON y ¢ IIOMOIBIO Pasiio-
JKEHUS TOKOB [0 HEKOTOPOH MOOXORALIEN OPTOHOPMHPOBAHHON cucTeMe IonuHoMoB. C
KBAHTOBOMEXAHNYECKOM TOYKH 3PEHHUS TAKOE Pa3NokeHNe COOTBETCTBYET OMMCAHUIO pa-
[MATBHBIX U OpGMTAILHLIX BO36Y:KIEHUI CHCTEMBl. SaluleM PasioXKeHue GHIOKaIbHEIX
TOKOB B BHUe

Jaslz,y) = 2 () il L )50 () (4.4)

né

#1 ut(y) J )thf) ur (ny = y/\/—y—;) :
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Henpupopumsre TeHsopsl YeThIpexMepHol rpymns! spameruit T  opToromansus:

R
fiﬂlJmﬂwwmu aiﬁﬁwammmw (4.5)
¥ YOOBIETBOPAIOT CIEHYIOUINM YCIOBIAM
T i) =T i) s TE, L) =0,
TO , (n)TO | (ny) = —c,il)(nyny ). (4.6)

Mepa dw B (4.5) cooTBeTCTBYeT UHTEIPUPOBAHMUIO IO CHePUIECKUM yIIaM BEKTOPA Ny, &

C'(l) (4.6) — momuuoMer [erenbayospa (ynbrpacepuyeckue). IlomuroMbl Ly.(u) ynosme-
TBOPSIOT YCIOBUIO

[ dupew) Lue(w) Lute(s) = o -

®ynxmua D(y|A?) npegonpenenser Br6op BecoBol GyHKINU B BuIe

pe(u) = ule™ ,
YTO COOTBETCTBYET 06061eHHbIM nonuHoMaM Jlareppa Ly(u). Ipyrue craraeMsle DIooH-
HOT'O TIpoIaraTopa He ofecreduBaloT Kakoro-1nbo pasioxkenus tuna (4.4). OTo nomoxe-
HYle TIOITBEPKAAET TO, YTO KOHDANHMUPOBAHHbBIE ITIOOHHEIE MORE (T.€., D(y|A?)) pator
TIIaBHEIR BKIa] B OPMUDPOBaHNIE CBA3AHHOIO COCTOAHNA. BMecTe ¢ TeM uMeHHO QyHKIUS
D axxymymupyeT HeabeleB XapaKTep TIIOOHOB — CaMOJENCTBUE INIIOOHHOrO mond. B pe-
BYIBTATE PA3IOXKEHUA HOIyIaeM [13]

aJén 2
L= zm G, [ ]Iz ()] (47)

e + 1 a n - a n
Ggln = CJ 92 -2%5'((——{-)71)' ' ']u;]luz(m) = Q(x)vulﬂuz(x)Q(x) ’ (48)

et (2) < yase (@ )

I8 QI Y4 H1.eapig A

= MT{F. (VA(;E))TM » (1 e—y—)) '3 (4.9)

Fu(s) = <2)n /1dttl+" exp{%st} . (4.10)

,]IB&I';IHI:Ie cko6ku B (4.9) osHaIAIOT, YTO KOBAPUAHTHEIE IPOUSBONHEIE KOMMYTHPYOT. PyH-
K Fre(s) — mensle aHamnTHdeckne QyHKIUN B KOMIUIEKCHOHM S-INIOCKOCTH, T.€. YROBIe-
TBOPSIOT YCIOBHIO AHATMTHYECKOr0 KOHGANHMEHTA.

[y

Hp]'(I 6onpmINX €BKIUOBCKHUX NMIIYJIbCaX BEPUINHHBIC q)yHKI.II/IH IMEIT aCUMIITOTHUKY

1

H1 l‘l

lim Fo[p’|T2 , [p] ~
p2—00
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BcnegcTpue 5TOro pacxogamuMucs ABIAAIOTCA TOMBKO ~TOIOBACTUKOBBIE” guarpaMmsel. Ta-
K1e PAaCXORMMOCTH JIETKO yCTPaHAIOTCS ¢ IOMOLbIo KOHTpueHoB Buga —2J(z)TrV' S. Ipo-
HBBO[A IEPEHOPMHUPOBKY, NOIy4aeM BhIpaxeHHne

Z = [ dow.DgDgexp { [ [ dted*ya(z)s™ 2,y Ba(y)

+ ; 2A2GJln/d4 J:;’lrLl(x) TrV;ZJlZ,S] } . (4.12)

&
N

Mopgens ((4.12),(4.8)-(4.10)) umeeT cnenyrowue ocHOBHEIE cBOMCTBa. BakyymHoe mone o6ec-
neyusaeT koHpaiinMeHT xBapkos. Henoxanbunie xBapkosrle Toku (4.8) sBasiorcs usero-
BHIMU CHHTIETAaMH. OTH TOKM HecyT NONHHIM Habop KBaHTOBBIX 4HCel, BKIIOYAT pagualb-
Hoe n u opburanbHoe £ uncna. Mogens ynabTpaduoneToBo koHeyHa Giarofaps HeloKallb-
HOCTHU BepIUMHHEIX QyHKkuni (4.9).

Maccsl KBapkoB My, KOHCTAHTa CBA3M ¢ ¥ Macwtab A (Hanpsnxennoc’rb BaKyyMHOrO
nons) — cBo6opkble napameTprl adpdexTnsHON Teopuu ((4.12),(4.8)—(4.10)).

C moMmowpbio CTaHTAPTHONI nponenypsl 6osonusanun |9, 10, 14] Mu1 nepexogum B $op-
Myte (4.12) K KONneK TUBHBIM IepeMEHHBIM (Me3OHHBIM IIOMAM ) U TIOIYYaeM P ENCTaBIeHNe

hed aK —_
nas npousBofsimero GyHKIMOHATa B TepPMUHAX Me3oHHIX moned @4 (k = (Jén), p =

(1. p12)):
Z = N/HD‘I’““exp{ // dtzd*y@2(2)[(0 - M2)é(z - y)
~h 2 = D)) + 8], (413)

— 1 4 4
Imt = 2/ d*zd yhanha.’n’
x o z)[n“;“ “(z —y) - 6" (z — y)| 84 (y)

_ Z /d“al /d Zin H Ry, @27 (24) TR mtmim (g g (4.14)

P, Jy

.....

= /davacTr{V:l"“(xl)S(xl,xg | B) ... VEr™™(2,,)S(2m, 71 | B)} . (4.15)

SaMeTHM, YTO HHTErpan no doy.. B (4.13) mepeHeceH B 9KCHOHEHTY. D TO KOPPEKTHO IHILL
Ha YPOBHE OHOIETNEBOrO MPUGINKEHNS, KOTOPEIM MBI U OTPAaHUYIUBAEMCS B 3TOHN paboTe.
3aMeTuM, 4TO NnHelHkle mo monaMm P4° craraemsle B meiicTBun (4.14) He BosHukmM. OHu
COKpalllaloTCA KOHTpYIeHaMH, cogepxkamumMiics B (4.12). Maccer MesoHoB M, onpenens-

I0TCA ypaBHEHUEM .
A+ G, (-ME)=0, (4.16)

rae Il,.(—M2) - pnaronanbhas YacTh NONAPH3ALNOHHOTO ONEPATOPA

I (2 = y) = [ doweTe{Ver(@)S(z,y | BWVE™ (9)S(u,2 | B} - (4.17)
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[onspusanuonuri onepatop (4.17) ynbrpaduoneToBo KOHEYEH, YTO CIERYET U3 ACUMIITO-
tuknu (4.11). KoncTanTs

haw = 1//IT, (= M2,) (4.18)

UI'paioT polb 3PPEKTUBHEIX KOHCTAHT Me3OH-KBapKoBoro B3auMonencTausd. CooTHolleHue
(4.18) cormacyercs ¢ ycioBueM CBIBHOCTH B KBaHTOBOM Teopuu nons [18].

O¢pexTusnas Teopus (4.13) ymomnersopser Bcem TpeboBanmaMm HemokanbHon KTII
[19] u BemeT x yuuTapHon S-marpuue. CormacHo popmynam (4.13)-(4.15) MesoH-Me30HHOE
B3ANMOJENCTBHE ONUChIBaeTCA BepuuHHbIMU QyHkuuamu ' (4.15). Onu — yasrpaduone-
TOBO KOHEYHEL U MOTYT OBIThH BEIIUCIEHEI.

Csobonusie napamerpsl sdpdexTusHol MesonHon Teopun (4.13)-(4.15) nMeror scHBIN
PUBMIECKUI CMBICT. DTO — MacCHl KBAPKOB My, MacwTab A (HanpsXeHHOCTH BaKyyMHOro
HONs) M KOHCTAHTa CBASU ¢. IlocienHuil napaMeTp BXOAUT B MOfEIb TOIBKO YepPe3 MacChl
ME3OHOB, BEIYHUCISEMbIE IOCPELCTBOM ypasHenus (4.16).

5 Macchl JerKkux Me30HOB

B aToM paspene MbI mpuMenuM Mofmens (4.13)-(4.16) mus pacdera Macc TerKMX ME3OHOB.
UmeeTca Muoro pabor [20]-[23], B KOTOPBIX MACCHI TETKMX ME3OHOB BHIYNCIAIOTCS B paMKax
crangapTHon (nokansHon) Mofemu NJL. IIpu sToM ycnemsoe omucanue 60NbUION PaSHALE
MacC NCEBJOCKANAPHEIX W BEKTOPHLIX ME3OHOB NOCTUraeTCs OIarofaps NCIOIbL3OBAHUIO
HE3aBUCUMBIX 4YeThIpeX(PEPMUOHHBIX KOHCTAHT CBASH ¢gp # ¢y N NCEBROCKAIADHBEIX U
BEKTOPHBIX HoHeToB [14]. C nawel Touku speHus, 6onee MOCIEROBATENbHEIM GBIIO GbI
CUNTATh UX PABHBIMU APYT OPYLY gp = gv = ¢. Koncranra ¢ onuceiBaeT yeThpexdpepmu-
oHHOe BaauMofencTBue Ly B (2.2), 1 HeT HUKAKOM ABHOU IPUHUHEI [ PasIUINd MEXRY gp
u gv. JIns o6sacueHna pacigenneHnsa Macc NceBIOCKANIPHBIX X BEKTOPHBIX MES OHOB HYXXKHO
IpUBTeYb HEKOTODPHIN IMHAMUYECKUI MeXaHUSM. B HepensTUBHCTCKOM KBaHTOBOH MeXa-
HUKe Takas JUHaMUKa OIIp efenaeTCA CIIUH-CIIMHOBEIM B3auMofelcTBIeM KBapkoBs. [IpyrumMn
CIOBaMH, He0OGXOTUMO YUIeCTh CIIMHOBYIO CTelleHb CBOHOABI KBapKoB. Kak yxe GbLI0 3aMe-
4eHo, cnaraeMoe o0, B,, B nponararope (3.4) onuceiBaeT B3aMMORENCTBHIE CIIMHa KBapka
c BaKyyYMHBIM moieM. VccnenyeM, Kak 8ToO CrIMH-IIONEBOE B3ANMORENCTBYE CKa3hIBAETCA Ha
MaccaX MEesOHOB.

Tabmuua 1. Iapamerpsr mogenn. A — Bapu-
alug MapaMeTpoB, 06ecneunBalolas ONucaHne
Macc ¢ IorpemrHocThio Menbuie 10%

| napameTps! | sHavenus | A |

m,, MoB 300 50
m,, MaB 452 100
A, M=B 425 75
a, = & 1.84 1

IIpexge Bcero, onpenenuM 4ucIeHHble 3HAYMEHNs IapaMeTpoB Mogmenu. Jlias sToro pe-
wuM ypasHerus (4.16), nogcraBus B Hux HabmogaeMble MacChl T-, p-, K- u K*-Me30HOB.
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SareMm BrramcuagoTcs Maccel ¢, 7 u 7', Ilonapusaunonnmy oneparop Il,; onpegensercs
ypaBrenueM (4.17) ¢ xBapkoBhIM mpomararopoM (3.6), BKIOYAOUIMM B3aNMOREHCTBHE
CIIMHA ¢ BaKyYMHERIM noneM. OnTuManbHble S3HaYeHN IapaMeTPOB NIpUBeIeHb! B Tabune 1.
B Tabmune 2 cobpaHbl sKCIepUMeHTANbHbBIE U BHIMMICIEHHbBIE BHAYEeHNs Macc M, ; Me30HOB
U KOHCTaHT h,; MeBoH-kBapkoBoro BzanMogencTsus (cM. (4.18)).

Tabmuua 2. Maccet nerknx Mesonos (MaB) u
KOHCTAHTBI hyj ME3OH-KBAPKOBOT'O B3auMofeil-
CTBUSA

L |~ | K | n | o p | K| w | ¢ |
M,; | 140 | 496 | 578 | 923 || 757 | 921 | 757 | 1087
(140) | (496) | (550) | (960) || (770) | (890) | (783) | (1020)
hes | 3.12 | 3.20 | 3.31 | 2.88 || 1.59 | 1.78 | 1.59 | 1.96

BupumM, 910 omucanme Macc MesOHOB sBAsEeTCs KaveCTBEHHO IIPABUILHBEIM U KOIMYe-
CTBEHHO IIPUEMIEMBIM, €CIM UCIONbL3YyeTcs KOHCTaHTa CBA3M ¢, obmas gisa o60uX HOHe-
TOB, U YUHTHIBAETCS CIHH-NONEBOE B3aUMOMENCTBHE B IpolaraTope KBapkoB. B To xe
BpEMs UCKIIOYEeHUe claraeMoro o, B,, B ypaBHenuu (3.6), T.e. npeHe6pexeHre B3auMo-
HeCTBUEM CIIUHA KBapKOB C MONEM, paspyliaeT 9Ty KapTHHY — PasHMLA MEXKTY MaccaMi
[ICEBROCKAIAPHBIX ¥ BEKTOPHBIX ME3OHOB CTAHOBUTCSA HEYLOBIETBOPUTENBHO MAJOH.

6 PepgxxeBckoe noBegeHHNe

Kax npapuno, pagnanshele u op6uTanbible Bo36yAA€HUS ME3OHOB UBYYAIOTCA B PaMKaX
HepenATUBICTCKUX MOTEHUHAILHBIX Mofenent (24, 25|, ocuoBanHbix Ha ypasHenun Ilpe-
nunrepa. IIpu sToM ana o6ecneseHus 9XBURNCTAHTHOCTH CIIEKTPa B IIOTEHIINAT BBOLUTCS
cmaraemoe supa r2/3 [24]. TlockonbKy 5TH MORENH — HePENATUBUCTCKYE, TO OGIACTD UX MIPU-
MEHUMOCTH OrpaHuydeHa Me3OHAMM, CONEePKAIllMMU TONbKO TsaXKenble KBapku. Bos6yxnen-
Hble COCTOSHUA JIEIKUX Me3OHOB ONUCHIBAIOTCS C [TOMOINBIO TAK HAa3hIBAGMOI'O PEIATHBH-
sosanHoro ypasrenus IlIpenunrepa [25]. B apdexTunrom mesonnoi mopenn (4.13)-(4.15)
peanusyeTcs TeopeTUKO-IIONeBON, T.€. PelsITUBIUCTCKUN IO CYIECTBY, TORXON K OIMCAHUIO
MacC ME3OHOB, BKIIOYasd MacChl PafMalbHBIX H Op GHTAIbHBIX BO36YKIEHNI.

Ilpexne Bcero HallieM acMMIITOTHYECKUe pelileHns ypasHenus (4.16), ynosneTBopsio-
1€ YCIOBUAM:
M, > A, ecmm n>> ¢ (um > n). (6.1)

a
HNurerpupys no nMnyiIscHEIM IepeMEHHBIM U BBIMUCIAS OCTABIINECS MHTETPAIHI 110 [Tapa-
MeTpaM MeTOROM CTaluMOHapHOH ¢assl, us ypaBHeHus (4.17) MOXKHO HONYYNTD ClefyolUee
BrIpaxxenue mias I, jq:

(= M2y4,) ~ —A®

2n + €)12¢ 2
(_n_u_e,p{g%’ﬁ} , (6.2)

52n+f 4 A2

I'le Y4TEHH TONbKO PaxTopHUadbHble U CTeleHHble 110 n U { 4IeHbl, TaKk Kak MMEHHO OHU
OIIPENeNdioT acCHMITOTUYECKOE moBegeHue crnekTpa. Popmyna (6.2) cTaHOBATCS HOYTH
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OYEBUIHOM, €CIN BaMETUTh, YTO U KBapKOBHI mponaraTop (3.4), n BepwuHHAA QyHKIMSA
(4.9) nMeOT SKCIOHEHINATBLHBIN XapakTep B ¢usndeckon o061acTi SHaYEHUH MMITYIECHON
nepementou. s ypasuennun (6.2), (4.8) u (4.16) maxogum

(2n + £)! 3 M2,
ln O eXPT AT (™ 1. (6.3)

PaccMoTpuM gBa npemenbHBIX caydas.
e n>> £ YpasHenue (6.3) npusEMMaeT BUR

| 3Mz12Jl'n. (n')2 2n <5>2n
exp{z A? }N(:zn)!5 ~\2) >

unu 8 5
M2y, = 2ln (5) A’-n +O(nn). (6.4)
e {> n B srom cayuae (6.3) BHIMNIARUT creRyOMIUM 06pas3oM:
3 Malen 14 2 4 2
exp{Z—Az—}fvS s Ma”n=§1n5'A £ +O(ln€) . (65)

Us ypasnenun (6.4) u (6.5) sugso, uTo gua 6onsumx n u £ cnexTp sksugucTanTed. ox-
YepKHeM, YTO IONyYeHHOE PeNKeBCKoe MOBEeHNe ABIAeTCS IPOABICHAEM HEMOKATIbHOCTH
nponaraTopa (3.4) u BepunHHOl PyHKIMHA (4.9), 06yCIOBICHHON HaJIWYMeEM IIOCTOSHHOIO
BaKyyMHOTO INIIOOHHOTO HOJA.

Ucnonssys sHaveHMs my, m,, § u A us Tabmuie! 1, MOXHO YUCIEHHO PEUIMTH ypa-
BHenue (4.16) paa Huswmx coctosHuM. MMelorcs GoraThle dKCIEpUMEHTAIbHBIE JaHHEIE
018 op 6uTanbHEIX Bo36y)IeHul 7-, p- n K *-MesoHoB [25]. OKcnepUMeHTaIbHbIE U BEIYH-
creHHEIE ¢ ToMolusio (4.16) Macenl cobpansl B Tabnuie 3, U3 XKOTOPOU BURHO, YTO MOAEIb
OIIMCHIBAET HabGNIOfaeMble MacChl KOMMYECTBEHHO (¢ TOYHOCTHIO OKOJIO JECSTH IIPOLEHTOB).

Tabnuna 3. Maccel Bos6yKIeHHEIX COCTOAHUN

” Meson [ 14 | M, 0, MaB I M35, MaB ||

a

- 0 140 T 140
by 1 1206 1235
T 2 1599 1670
P) 0 770 770
as 1 1248 1320
3 5 1514 1690
K~ |0 892 892
K; |1 1367 1430
K |2 1623 1780

7 Macchpl TAXeJlbIX KBAPDKOHHEB
Eme OIH aCI/IMIITOTI/I‘ieCKI(Iﬁ pexuM, KOTOprI?I MOXKHO JIEFKO HNCCIIEIOBAaTh — dTO IIpefgeln

TSAXKeIbIX KBapKOHUEB. B sTOM ciyvae Heo6xogumo pemwnts ypasHeHue (4.16), npegnona-
ras, YTO Macchl KBapkoHNa M 1 cOCTaBIAIOIINX €ro TAXKENbIX KBapPKOB 11¢g MHOro 6onblie,
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geM MacwiTab koHpanHMerTa A:
M>A, mg>A.

TonspusauroHHH ONEPaTOp B STOM Ipefene IPpUHUMAET Bun
m}
Moy ~ —// dtldt2/ ds,ds, [A(Snsz,tl,tz) + B(Sl,sz,tntz) ]

% {25}32+U(t1+t2 (3‘+S'z) M mQ 1 (1+31.1+82>}

- 1—31 1—32

2v(t1 + t2) + 81 + 82 4vA?  4vA? (71)

IIns onpemenenus nugupylouwero npu M > A u mg > A noeegenus I:Ia.un(——M %) spmm
Bup dyuxnmi A > 0 u B > 0 ne Baxen. AcuMiToTHKa HETErpaios B (7.1) nerxo HaxoguTcs
MeTofoM cTaunoHapHod gasel. IJokasarTens skcrioHeHTH B (7.1) MakcuManeH mpu

4m}
$1 =82 = Smax = {1 — M2’
Tax 4To _
. _ M? mk 1+s
—M?) e — e _ Q In < max)
Hayen(—M7) exp { Ry vl Car— } (7.2)

m
// dtldtZ/ dsyds, |:A(31’32atlat2) +B(51,32»t1,t2) ]

X exp {—‘;'Rj(Si - Smax)(sj - smax)} )

rge F; — MONOXUTENbHO ONpepeneHHas MATPHLA. JIErKO BaMeTHTh, YTO Smax — 0 mpu
M? — 4m}. Crenopatensho, B pefele TAKeNbIX KBapKOB ypabHenue (4.16) ¢ M, 0 (—M?),
onpeneneHHmM dopmynoit (7.2), uMeeT acUMITOTUYECKOE pelleHue BUAA
p
A? . m?
2 __ 2 Q)
M* = 4mg [1 +0 ( In i npu mg > A . (7.3)
JTugupyrowee cnaraemoe 4sz BOSHMKaeT U3 DKCIIOHEHTHI Ilepef, uaTerpaioM B (7.2). Yucro
p B (7.3) sasucur ot Buga A u B u ompegenseT crefyiolWye 3a INUPYIOWNM SIEHEHL.
AHalIOrMYHO 9TOMY pacyeTy, C IOMOILBIO TOTO K€ MeTORa CTALMOHADHOHN (askl MOXHO
HAUTH acCUMIOTOTUKY MacChl ME3OHA, COCTOAIIETO M3 JNETKOro ¢ ¥ THxenoro () XBapkoB B
npefnene mq > m,. ACUMITOTHKA MMeET BUL,
A? . m3\1”
2

M?*=m}|1+0 ——ln—A—2 opu mg > A, mg > m,. (7.4)
Takum 06pa3oM, BUTHO, YTO HETOKATLHOCTD KBAPKOBOTO M TIIOOHHOTO IIPONaraTopos, o6y-
CITOBTEHHAA BaKyyMHEIM TNIIOOHHBIM IIONIEM PaccCMaTpPUBaeMOM KOHQUIypaIuu, BegeT K CO-
OTHOIIEHNAM

M — 2mg, mpn mg > A (QQ),

M — mg, mpu mg > M, (Qq),
KOTOPBIE XOPOLIO COMACYIOTCS € OBIENPUHATHIMY IPETCTABIEHNAMM O CIIEKTPOCKOIINY TH-
XeJIBIX KBapKoB. BaxHO NOXYEPKHYTDb, UTO 3TH COOTHOLIEHUS IIONYyYEHH B PaMKaX KBaH-

TOBOIIONEBON PEIATHUBUCTCKOM MOJENH, He aNelypyloulel K Kakod-Tubo IoTeHNUaIbHOMN
KapTHHe.
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8 J3akiaodeHUe .

[lepeuucnuM caMele BaxHbIe cBolcTBa 0606wenHon Mogenn NJL, paccMoTpenHol B 8Tol
cTaThbe.

‘e KondaitrmenT xBapkoB; 06nr4HOe (I0KalbHOE) IOBEREHNE IPONaraTopa KBapKoB B
r1y6OKO €BKINIOBON 06macTH.

¢ Cymnepnepenopmupyemas sddekTuBHas deThipexdepmuontas Teopus (4.8)-(4.12) c
HeJOKalIbHLIMU 6€CIBETHEIMI KBAPKOBEIMU TOKaMU, MMEIOIIMH ITOTHLIR Habop KBaH-
TOBBIX MCEN.

¢ YnnTpaduoneToBo koHedHas MeBoHHas Teopus (4.13).

¢ EcTecTBEeHHOCTH NapaMeTPUBALNK : MAacChl KBAPKOB 1M ¢, HAIPSXKEHHOCTL JOHOBOTO
nons B (A) n xoHcTaHTa cBsiau ¢ (kamuGpoBouHa).

¢ Pacumennenne macc nceBROCKalapHEIX U BEKTODHEIX MEBOHOB 3a CYET B3aNMOJel-
CTBHUS CIIHA KBAaPKOB C BaKyyMHBIM IIOJIEM.

[ ] SKBHI{KCTaHTHOCTL CIICKTPa pagualbHBIX 1 OD 6UTANbLHEIX Boa6yx<neHm'& ME3OHOB.

e B npepene Taxersx KBapKOB Macca KBAPKOHUS aCHMIITOTUYECKN PaBHA CyMMe Macc
COCTaBIIOIINX KBAPKOB, & Macca Me3OHa, COREPKAIIEro OFUH TSXKeNbI KBapK CTpe-
MuTCA K Macce Taxenoro ksapka (cm. (7.3,7.4)).
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Quantum mechanics of bound states in the oscillator
representation.

M.Dineykhan and G.V.Efimov

Bogoh’ubovv Laboratory of Theoretical Physics,
Joint Institute for Nuclear Research, Dubna

Abstract

The Wick-ordering method called the Oscillator Representation is proposed to cal-
culate the energy spectrum for a wide class of potentials allowing the existence of a
bound state. The oscillator representation method gives a unique regular way to de-
scribe and calculate the energy levels of ground and excited states for a wide class of
potentials. The results of the zeroth approximation of the oscillator representation are
in a very good agreement with the exact values for the anharmonic potentials. The
perturbation series converges fairly fast, i.e., the highest perturbation corrections over
the effective interaction Hamiltonian are small.

1 Introduction

One of the basic problems of nonrelativistic quantum mechanics is to find the energy spec-
trum and eigenfunctions of a microsystem described by the Schrodinger equation with an
appropriate potential. Exact solutions of this equation have been found ([1]-[4]) for a quite
limited class of potentials like the harmonic oscillator, the Coulomb potential and some oth-
ers. However, most quantum systems are described by potentials for which the Schrédinger
equation can not be solved analytically. Thus, the solution of the Schrédinger equation
with a sufficiently arbitrary potential represents the main mathematical task. For this aim,
.many approximate analytical and numerical methods were worked out. The great progress
in the development of computer technique and effective algorithms of numerical solution of
differential equations permit one to obtain numerical solutions for the energy spectrum and
wave functions with a quite high accuracy although practical calculations are usually very
laborious and require powerful computers.

Approximate analytical methods imply a perturbative procedure when the Hamiltonian
is divided into two parts H = Hy + Hj, the solution of the zeroth approximation Ho¥(® =
E©W¥) js supposed to be obtained and perturbation corrections to the zeroth approximation
E© and ¥ can be calculated. The physical and mathematical top point ‘is that the
Hamiltonian Hp in an appropriate representation of the Schrédinger equation should be
chosen in such a way to catch the main dynamic properties of a quantum system and to
give a possibility to calculate analytically all physical characteristics of the system under
consideration. The interaction Hamiltonian H; should give small corrections to the zeroth
approximation.

Here we mention the standard perturbation Reley-Schrodinger theory ([1]-[4]), the qua-
siclassical or WKB method ([1]-[4]), 1/N-axpansion([5],[6]) . We will not enter into details
of these methods and refer readers to the numerous literature ( see, for example, [1]-[6]).
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In this paper the oscillator representation method ([7],[8]) will be applied to Quantum
Mechanics problems. The most remarkable difference between Quantum Field Theory and
Quantum Mechanics is that quantized fields in QFT are a set of oscillators and any in-
teractions of fields do not change the oscillator nature of these quantized fields. At the
same time, in Quantum Mechanics most of the potentials and therefore their corresponding
wave functions are quite far from the oscillator behaviour. The application of the oscilla-
tor repesentation method implies that a wave function, being a bound ground state of a
quantum system with an attractive potential, is expanded over the oscillator basis in the
representation, in which canonical variables (cordinate and momenta) are expressed through
the creation and annihilation operators a* and a. However in most cases the asymptotic
behaviour of a true wave function (for example, the Couloumb wave functions) for large
distances does not coincide with the Gaussian asymptotic behaviour of oscillator wave func-
tions. It means that the expansion of these wave functions over the oscillator basis, although
being methematically correct, leads to series converging not sufficiently fast for practical
purposes.

Therefore, before applying the oscillator representation method we have to modify the
variables in the starting Schrodinger equation to get a modified equation having solutions
with the Gaussian asymptotic behaviour. In the Coulomb systems such a modification
is performed by going over to the four-dimensional space where the wave function of the
Coulomb system becomes an oscillator one. In an early paper [9] Schrédinger has noted the
existence of such a transformation which transforms the three-dimensional Coulomb system
into an oscillator one in the four-dimensional space. Kustaanheimo and Stiefel [10] gave the
explicit form of this transformation and used it to solve the classical Kepler problem.

It should be taken into ‘account that these transformations are not the canonical ones.
It means that a quantum system after a la Kustaanheimo-Stiefel transformation becomes
another quantum system with another set of quantum numbers and corresponding wave
functions. However this new set contains a subset of wave functions which are wave functions
of the initial system at the same time, and we should be able to pick out necessary quantum
numbers and wave functions. Therefore, these transformations should be considered as a
successful mathematical technical method.

So we get a modified Schrédinger equation the eigenfunctions of which have the oscilla-
tor Gaussian asymptotical behaviour. The next step is to write the Hamiltonian in terms
of normal products over the creation and annihilation operators a* and a. Now one faces
the question what is the optimal way to determine the frequency of this oscillator. In the
language of the Hamilton formalism the problem of calculation of the ground-state energy
can be formulated in the following manner. Let the Hamiltonian of a system be given.
Let us pick out the pure oscillator part with some unknown frequency w and write this
Hamiltonian in the form Hy = wa*a. The rest of the Hamiltonian should be represented in
terms of normal products over the operators a* and a. The requirement that this interac-
tion Hamiltonian does not contain quadratic in the canonical variables terms leads to the
equation which determines the oscillator frequency w. This requirement can be called the
oscillator representation condition (ORC). As a result, the total Hamiltonian is written in
the representation where the main quantum contributions to the ground state or vacuum of
the system are taken into account. ’

The conception of normal products introduced into nonrelativistic quantum mechanics
is actually not new (see for example, [11]); however, the question is on what principles the
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realization of this idea should be based. All approaches which have used the formalism of
creation and annihilation operators imply that the ground state wave function belongs to
the oscillator basis although the true wave function can have completely different asymptotic
behaviour. Besides, the ”free” Hamiltonians Hy, for which the exact oscillator solutions exist,
are usually chosen in the form which destroys completely the canonical quantum structure
of the Hamiltonian (see, for example,[5]-[11] ).

The paper is organized in the following way. In section 2 we consider the one- and three-
dimensional anharmonic potentials and power-low as well as logarithmic potentials. The
energy levels for the ground and excited states are calculated. The results of our calculations
in the zeroth approximation agree with the exact values very well.

2 Anharmonic Potentials

Anharmonic oscillator models have played an important role in the evolution of many
branches of quantum physics. In spite of seeming simplicity it is not easy problem to find
spectrum and eigenfunctions of an anharmonic interaction. There is a voluminous literature
where different analytical and numerical methods are worked out to solve this problem (see,
“for example,[15]-[21]). On the other hand, the anharmonic potential is a good touchstone to
test any new method.

Bender and Wu [16] have made a valuable contribution to investigation of the anharmonic
oscillator, which is of particular interest to field theoreticians because it can be regarded as a
field theory in one dimension. The main hope is that the unusual and unexpected properties
of this nonlinear model may give some indication of the analytical structure of more realistic
field theory. Nevertheless the developed technique turned out to be quite complicated even
for this simple case.

The standard way of attacking this problem is to invoke perturbation theory. Perturba-
tion series for any physical characteristics are asymptotical ones, i.e., they have the zeroth
radius of covergence. Summation methods should be applied to calculate high order cor-
rections. As a result, we have quite a cumbersome process. A through discussion of these
difficulties has been done by Stevenson [17].

The quasiclassical approximation was applied to the three-dimensional anharmonic os-
cillator [18]. The problem of calculation of the energy levels is reduced to the solution of a
very cumbersome transcendental equation invoking the complete elliptic integrals. However,
its accuracy drastically worsens for the low lying energy levels and moderate anharmonicity.

Another known approach for treating systems with strong interaction is a modified per-
turbation theory {19]. The accuracy of the modified perturation theory with the principle of
minimal sensitivity has been carefully analyzed [20] for the anharmonic oscillator.

The 1/N expansion for the anharmonic oscillator was used in Refs.[21]. In [6] the 1/N
expansion was applied to calculate the spectrum of the anharmonic oscillator.

In this section we would like to contribute to these numerous investigations. We shall ap-
ply the oscillator representation method to calculate the bound state energies of anharmonic
oscillators.
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2.1 Anharmonic potentials in R!

First of all we will consider the bound state energy of the one-dimension anharmonic oscil-
lator. The Hamiltonian is

2 )
p mv- 4 4
=2 47 g i
H 5 + 59 + Ag (2.1)

In the case of symmetrical potentials V(¢?) the ground state wave function depends on ¢?

only, i.e.
U=19("), ¥(0)=0,

so that we can write

1 & o
/ dq ¥(¢*)| — 3 EE— + V(g - mE]\IJ(q ) =0, (2.2)

m
(Q)=TQ + mAg®.

Thus we can consider the wave equation on the positive semiaxis 0 < ¢ < o0,

We are going to apply the oscillator representation to this Hamiltonian so that we should
coordinate the Gaussian asymptotic behaviour of functions in OR with the true one. For
large ¢ this asymptotic is defined by the anharmonic term Ag* and the wave function is
proportional to '

¥(g®) ~ exp(—g®) for ¢ — oo.

However, it is clear that for small A the true wave function is close more to the Gaussian
wave function then to the anharmonic one. Thus, we can expect the behaviour like

U(q*) ~ exp(—¢%)  for g — oo,
where 2 < a < 3 is a parameter. Let us introduce the new variable
2/a 20 1 ‘
qg=3 =38, p=— (2'3)
' o
After some transformations the integi‘al in (2.2) can be written as

& 1-2pd

/dss1 2o g ( )[—--—[a—;+—;—-—d:|+W( E)]\P(s)=0, (2.4)

where

mu

(82)41 4 mA(s?)Pt mE(sz)zp-l] .

W(s?, E) = 4p* [

Now we can identify the operator

d? + 1-2pd &2 d-
ds? s ds  ds? s

1d
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and the measure :
dss'™" = dss®™! — (ds)?

with "the Laplacian” A, and "the measure” (ds)? in an auxiliary space R if these operators
act on a function depending on the radius only. The equation (2.4) looks as

/ (ds) u(s)| - %Ad FW(, )| 9(s) =0 25)

The wave function ¥(s) in (2.5) can be considered as a wave function of the ground state
satisfying the Schrédinger equation
) .
[-584+ W(s*, EN¥(s) = HY(s) = e(E)¥(s) ,
2

\ H= % +W(s%, E), (2.6)

and the desired energy E is determined by the equation
e(E)=0. (2.7)

Now we can apply the oscillator representation method to the Hamiltonian (2.6). The
Schrédinger equation and the Hamiltonian (2.6) in the oscillator representation look as

(Ho + Hy + £0)¥ = (E)Y |

2
H=E 1w E)=Ho+ Hi+e, (28)

where Hy , Hy and €q are given by paper [22] and equal
Hy = w(a*a), (2.9)
— dk\ Do .2 —k2/(4w) . ikq |
H = /(5; Wk, E)e ek

dw ® Juui-le=* u
eo(Biw,p) = &+ | WWQ?E) =
v 2

= A(w’p) -EB(w7p) )

1- 4p*mw | mp? A
’ _ 4pPmw  T(p)
B(wap) - z 1-\(1 _ P) ¢

2

Here : * : is the symbol of normal ordering and e = e* — 1 — z — 2% 2z = w?. The functions

2
w(E) and p(E) are defined by the equations

d d
%EQ(E,w,p) = 0, %EO(E’w’p) =0.

In Table 1 the numerical results for the background energy are given for the case m = }
and mv =1 in the zeroth and second approximations.
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Table 1.- Results of calculation of the ground state energy of
one-dimensional anharmonic oscillator for the case
m= % and mv = 1 as a function of the parameter\.
E© and E® on the energy of the zeroth and second
approximations, £ is the exact value in Ref.[23]

E
A p E10) I E] I Eex
02 [ 2.02|1.015 | 1.015 "
.1 2.07 | 1.065 | 1.065

2 2,12 | 1.119 | 1.118 | 1.118
S| 2,18 | 1.243 | 1.242

1. 2.23 1 1.394 | 1.393
1.5 || 2.25 | 1.511 | 1.510
2. 2.27 1 1.610 | 1.609 | 1.608
5. 2.31 | 2.022 | 2.020
10. || 2.32 | 2.454 | 2.452
20. | 2.34 | 3.016 | 3.014 | 3.010
100. || 2.36 | 5.009 | 5.008

2.2 Anharmonic potentials in R3

In this section we consider the three-dimensional anharmonic potential. The Schrédinger
equation looks as

[ 1 ( d )27' + I(I__H_) + _7_71’/_27.2 + /\7"4 '(,[)(T') — EI/)(T) ) (210)

" 2mr \dr 2mr? 2
According to (2.3) we do the transformation » = s and get the representation
H(E)®(s) = e(E)®(s) ,
H(E) = 35" + W(5", B)

) ,
W(s?, E) = 4p*m | o (7)1 + A(s%)%" — E(sz)z"“] , (2.11)

where s € R¢ with
d=2p2l+ 1)+ 2.

Now we can apply the oscillator representation method. The Hamiltonian is

H="+W(s* E)= Ho + Hj + ¢, (2.12)

0|3,

where Hy and Hj are given by (2.9) and 24 equals

- dw ° Juuf-le~¥ u
co(Eswnp) = —+/ G e (L E
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= A(l,w,p)—EB(l,w,/’) ’ .
_ p@+1)+1 4pPmw
A(l,w,p) = 5 “TTREIFD + 1)

[ﬁ;— T(p(2l +5) + %5 - T(o(@ +7)] |

4p*mw ~_T(p(21 +3))
z P(p(2l+1)+1)

B(l,w,p) =

where z = w?.

The ground state energy Eq in the zeroth perturbation order is

_ A(l,w, p) F(p(2t+1)+2) =
R 5 T { I(p(2143))  8mp?

mv? T(p(2l +5)) A F(p(21+7))]

+ (2.13)

T2 Te@i+9) T T(eai+3)

The ground state energy of the anharmonic oscillator has been extensively studied nu-
merically and the exact result[6] for Eqg in the case A =1, m = 1/2 and v = 2 equals

ESy = 4.64881... .
Formula (2.12) gives for this case
Eqy = 4.6511... .
One can see that the oscillator representation method in the zeroth approximation gives a

quite acceptable accuracy.

2.3 The power-low potentials

In this section the oscillator representation method will be applied to calculation of the
ground, orbital and radial excitation energy spectrum of three-dimensional power-low po-
tentails: '

V(r) = )\7'V . (2'14)
The Schrédinger equation looks as
1 rdN2 (I +1
{_ %(?d?) Tt (2m L e p(r) = Ey(r) . (2.15)

The transformation r = s?# leads to the representation
H(E)®(s) = e(E)®(s) ,
H(E) = 39"+ W(s%,E)
W(s?, E) = 4p*m[A(s2)P2+1 — E(f)“*] , (2.16)
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where s € R? with
d=2p(2l+1)+2.
The Hamiltonian in the oscillator representation looks as

2
H="5 4+ W(sE) = Ho+ Hr + o, (2.17)

where Ho and H are given by (2.9) and ¢ equals

d

% d S=1_,-u
B = T+ [ e w(z,E)
0

4 I"(%) w
= A(lw,p) — EB(l,w,p) ,
_op2l+1)+1 4p*mIw T(p(2l +3 +v))
Albw,p) = 2 YT T TR+ D+ 1)
2
Bllw,p) = 4p*mw  T(p(2 +3))

vz TR+ +1)"

where y = w?” .
The ground state energy Ey; in the zeroth perturbation order is
. AL w, p)
Ey = min ———= 2.18
of {w,lﬁ B(l,w, p) (2.18)

T2+ 1)+2) 3 | A T(p(2l+3+))

= P T +3))  8me? Ty T(p(@l +3))

v 2.
. 24 v T(p2l+1)+2) ™ | v
= TR +3) [ Svmp? g T +3+v))

Now let us obtain the formula for radial excitations. We have in the first approximation
(the details see in [22])

e = o + 2nw + (n|Hj|n) |

where

d 2 _
(n|Hyn) = / (%) I/Vd(kz)exp(——;:)<n| : el n) .

&

Let us define the polynomials

. 2n 2
eq(t,d) = (n]: e'2kq tn) = Z cm(n, d)t™, . t= _:lk.:_ ,
w
m=2
nil(4) 5] 2m=21(d L n 4 p
en(md) = 53 T Z T l) N2 -
L +n)(§+m) " (n = m + p)l(m — 2p)!(p!)

where



The coefficients for n =1 and n = 2 are

alld =5,  ad=37g  eld= g -

d )

Three first polynomials are

2, ex(t) =

Co(t) = 0 3 Cl(t) =

ISR

If the potential has the form

then one can get

k2 ikg
)l e ¢ [n) =

(nlHyln) = / (-;’-f)dv”vd(wexp(
= Z

+0'L o 0'1¢+1)
Ck(d,dk) Zz n, d F(G’k n 1 —S) .

(d,or) ,

Table 2.Results of calculation of the ground state energy
power-low potentials for the n = ¢ = 0 and 2m =1 of
various v. FEyg is the zeroth approximation of the oscillator
representation. The results of the numerical, Ref.[24], and
1/N- expansion methods. Ref.[6], are also shown .

v 1/N Num. Eoo

-1.5  -.29888 -.29609 -.29703

-1.25  -.22035 -.22029 -.22027
-1.0 -.25 -.25 -.25
A5 0 132795 1.32795  1.3279
b5 1.83341 1.83339  1.8335
75 210815 2.10814  2.1082
1.5  2.70806 2.70809 2.7081
2. 3.0 3.0 3.0
3.0 3.45111 3.45056 3.4511
4.0 3.80139 3.79967 3.8024
5.0 4.09146 4.08916 4.0962
6.0 4.33801 4.33860 4.3524
7.0 4.54690 4.55866 4.5815
8.0 4.71772 4.75587 4.7901
10.  4.92220 5.09786 5.1607
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Table 3. Results of calculation of the energy spectrum for a wide
class of potentials in the zeroth approximation. The numerical
ones are taken from Refs.[6], [24] (in parentheses).

Vir)
—f;—f; —T% 935 Inr
2m =1 2m =1 2m =1 m=1
n=0 =0 -2.68 -1.2186 9.353 1.045

(-2.686) (-1.218) (9.35243) (1.0443)
I=1 -2345 -0.5004  13.445 1.641

(-2.345) (-0.500) (1.643)
I=2 -2156 -0.2947  16.993 2.014
(-2.156) (-0.295) (2.015)
I=3 -2029 -0.2019  20.204  -2.284
(-2.029)  (-0.202) (2.286)

n=1 1=0 -2253 -0462  16.355 1.848
(-2.253) (-0.462) (16.3518) (1.8474)
I=1 -2101 -0.281  19.540 2.151

(-2.101) (-0.281) (2.151)
I=2 -1.990 -0.195  22.521 2.388
(-1.990) (-0.195) (2.388)

=3 -1905 -0.146 25.330 2.580

n=2 [=0 -2044 -0265  22.084 2.290
(-2.044) (-0.265) (22.08224) (2.290)
I=1 -1.951 -0.187  24.833 2.491

(-1.951) (-0.187) (2.491)
I=2 -1.875 -0.142  27.478 2.663
(-1.875) (-0.142) (2.663)

-—
Il
[J+)

-1.812 -0.113 30.021 2.811

The next step is to solve equations (3.25). The result is

By = Amin LR@A3+Y) F) [ FO)  Tp+1)+1))7
nl = p F(p(?l +3)) F(O) 8p2m/\J F(P(Ql T3+ V) R

with

F(v) = dn[p(2 + v) — 1] + [p(2 + 1) + 1][p(2 + v) + Cu(d, p(2 + v) - 1)] ,
J=pv+[p(2+v)-1Ca(d,2p = 1) = (2p = 1)Cn(d, p(2 + v) - 1) ,
where d = 2p(2l + 1) 4 2. The numerical results are shown in Tables 2 and 3.
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2.4 The Logarithmic potential
Now we consider the logarithmic potential
V(r) = Aln(r) . (2.19)

This is one of the potentials which has been used in heavy quarkonium spectroscopy [24].
The standard calculations according to formulas (2.9), give the following result for the energy
E.,; in the lowest approximation:

En= /\n}jn {_8_ In [(g + 4n)o + g(l + Cn(d,a))] + ¢(g— + o)

o
L 1 I(§)  (3+4n)o+5(1+Cn(d,0))
+§;ln l:(a +1)3mA . L(¢+o0) 1+ Cn(d,0) — 0 2C\(d, o) J (2.20)
d d
§=p(21.+ 1)+1, og=2p—1, 1/)(x)=;i-a—:lnr(a:).

The functions C,(d, o) are defined in the previous section.
The numerical results are shown in Table 3. One can see that the first approximation of
the OR method coincides with the exact values in four signs.
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