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OBI.I.J;A5l XAPAKTEPMCTMKA PABOTbI 

OfrbeKT lICCJie)];0BaHII51 II aKTyaJibH0CTb TeMbl. 

O.n.noii 113 Ba>KnhIX 3a;_i:w1 c0Bpe11ennoii 1mTe11aT11'._leCKoii cl)II3IIKII .HBJJ5IeTcH nc

cne;\oBattne mITerp11pyel\IbIX CIICTel\l. Kone•IIIOl\!CpHbll\III IIIITerpnpyeMbll\IH Cll

CTel\laMII KaK npaBIIJJ0 Ha3hIBa!OTC51 ral\llIJlhT0H0Bbl CIICTel\lhI, B K0T0pb!X 'Il!C

JJ0 KOMMJTllpJ!OII\l!X JIHTerpaJJ0B ,l\BII>Kemrn paBH0 •rncny CTeneneii cno60,l\hl. 

B cny,me 6eCKOHe'IHOl\!epHbIX II0JJeBhlX raMIIJlbTOHOBb!X CllCTeM mITerpnpye

MOCTh BrrepBhie IICCJJe,l\0BaJiaCh JI.,l],. <I>a,l\eeBbIM II B.E. 3axapOBhlM rrpn ll3J

•1emm ypannennii K,l\B. 

l1CTOplI'IeCKII lllITepec K lIHTerpupyeMbll\l MO,l\eJJHM B03HIIK rrpn uccne.n.o

BaHIIII Teopun XX X 1; 2 c,mrnoBoti: I\eII0'IKII feti:3eu6epra II MO,l\eJJu Ifamira. 

Kor,l\a KBanTonaR Teop1rn na•1ana cBoe pa3BIITHe 11 ,l\Ofornacb rrepBhIX ycrrexon, 

TO MOAeJJh l13HHra, 51BJ15151Cb KJiaCCWICCKOH, 6brna rrpH3Hana ney,l\OBJieTBOp!I

TeJibHOH. B 1928 ro.n.y feii3en6epr rrpe,l\JIO)KHJI KBaHTOBJIO CIIHII0BYIO M0,n;eJib, 

B KOTOpoti: KJiaCCII'leCKHH CIIHH M0,l\eJIII }fannra, rrpIIHIIMaIOW.IIH .TOJihK0 ;\Ba 

B03M0):KHhlX COCT051HII51, 6hIJI 3aMeneu na MaTpIII\hl Ilaynn, COOTBeTCTBJIOW.IIe 

CIIIIHY 1/2. O,.1\HOMepnaR BepCII51 3T0ll M0,l\eJIII IIMeIOrn;aR Ha3Banne CllllH0Ba51 

f\eIIO'IKa feil:3ett6epra 6hIJia pernena BeTe B 1931, npn TIOMOW.II KOHCTPYKI\IIII 

HhIHe II3BeCTHOH, KaK BeTe aH3al\. 

B Te'leHIIe ,l\OJiroro BpeMeHII TI0CJie 3TOro TeopII51 IIHTerpIIpyeMhIX CIICTel\l 

ne pa3BIIBanach, ,II,O Tex nap, noKa Oncarep ne uarneJI B 1944 ro,II,y pernenne 

MO,l\eJIII . l13IIHra. 9To pernenne IIMeJIO orpOMHOe 3Ha'lenne ,l\Jl5l CTaTIICTII'le

CKIIX MO,II,eJieil:, B 'laCTHOCTII ,l\Jl5I TIOHIIMamrn q>II3IIKII KpHTWieCKIIX 5IBJieHIIH. 

Cne,II,CTBIIeM 3TOro perneHII5I 51BIIJI0Cb TI051BJieHIIe B 50-x rO,l\aX 60JihllIOrO ~IIIC

Jia pa6oT no TO'IHO pernaeMblM M0,l\eJI5IM, KOTOphie BCKOpe BKJIIO'IIIJIII B ce65I 

pa6oTy BeTe. II B CKOpOM BpeMeHII IIHTerpIIpyeMbie CIICTeMbl CTaJIII ofrbeKTOM 

IIpIICTaJ!bH0rO BHIIMaHII5I q>II3IIKOB II MaTeMaTIIKOB. 

B qaCTHOCTII, B TeOpIIII IIOJI51 O,II,HIIM II3 naII6oJiee II3BeCTHh!X rrpnMepoB 

IIHTerpIIpyeMoil: M0,II,eJIII RBJIReTCR ypannenIIe Sine-Gordon 

Dcp + m 2 sincp = 0, 

,ll,JI51 CKaJI5Ipnoro TI0Jl5I cp(x, t), KOTopoe IIOJiaraeTC5I peJI5ITIIBIICTCKIIM "II HeJIII

ueil:nhIM. 
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KaK xoporno 113BeCTII0, rrpo6JieMbl TeopeTHK0-IT0JICBhIX :\!O,ll,CJieti co B3an

!\!O,ll,ettcTBIICl\l cmI3aHI,I C 113JUPIIIeM paCXO,ll,lll\lOCTefi II 11eo6xo,!J;JIMO BBO,l],IITb pe

rym1JHI3au;1m . .Ii,IICKpCTil3aU,ml rrp0CTpaHCTBa, llalll ;J:p.)Tl!!\Ill CJIOBaM1t; rrepCXO,ll; 

K perneTO'IllblM M0,ll,CJIHM, HBJIHCTCH O,ll,Hlll\l ll3 cnoco6on TaKOII peryJI.Hpll3aa;1m. 

8TOT nO,l],XO,ll, CBO,ll,lIT IIOJICBJIO l\lO,l],CJib B KOJIC'IH0l\I o6ofa!C K CIICTel\IC c KOHe'I

Hbll\l 'llfCJIOM CTenenefi CB060,ll,bl. 

B na•iaJie 80-hIX ro,r~OB, B OCHOBHOM 6Jiaro,1,ap.H pa6oTe I13epnma n Kope

m,ma, 6bIJIO OC03Ha110, 'ITO IIHTCrpnpyel\lhie II0JICBb!C 1\10,ll,C.llll CBH3aHhl C peme

TO'!Hb!Mll llHTerpnpyeMbll\lll l\!O,ll,CJIHMH, KOTOphre B 11eKOTOpbIX CJiy'laHX MOryT 

6bITb IU1Tepnpen1ponallbl KaK MO,l],CJIH KBaHT0BbIX CIIIIHOBbIX u:enO'!CK. ,[LpyrH-

1\III nplIMCHCHII.Hl\11] MO,LJ;eJ1ei1: cnunOBhIX u:enO'ICK B COBpCl\IeHHbIX Te0pHHX no

JIH, .HBJI.HIOTC.H Bhl'IIICJICHIIH aHOMaJibHbIX pa31\1CpHOCTeti KOMI103lITHbIX no.Tien B 

N = 4 cyrrepCUMMCTf)lI'lllbIX Teop1rnx 51ttr-l'v1uJIJICa II npu ll3J'leHIIII BhICOKO

::mepreTU'leCKOro npe,ll,eJia Teopl!i1: KX.II,. 

Bo3Bparu;a.HCb K CTaTHCTII~!eCKIIl\1 TeOplI.HM, CTOHT ynoM.HHJTb TaKHe MO

.n;em1, KaK aCClIMeTplI'IHbie npoa;eCCbI C UCKJIIO'!eHlleM, KOT0f)bie q>H31I'leCKH 

MO)KHO paccMaTpHBaTh, KaK CTOXaCTU'!eCKJIO ClICTeMy 'laCTIIU:, COBepwa10ru:nx 

CKa'IKlI B coce,ll,Hlle Y3Jibl no TaKHM npaBHJiaM, 'ITO ,ll,Be '!aCTIIU:bI He MOryT na

XO,ll,HThCH B 0,1],HOM J3Jie lI He M0ryT o6orttaTb .n;pyr .n:pyra, II HaXO,ll,.Hru:JIOCH 

nO,l], BJimrnneM BHemttero noJIH, KOTOpoe ,ll,BlI)KeT 'IaCTIIU:bl B HeKOTOpOM BhI,l],e

JieHIIOM uanpaBJieHHII. ,Un11aMHKY .n;amwii: CIICTeMbl OIIIIChIBaeT raMlIJibTOHIIaH 

XX Z1; 2 att1130Tponnoti Mo.n;e.'111 feti3ett6epra, 11Me10ru;ttti Bll,ll, 

n-1 -1 -1 
H -"°' xx+ yy +q+q zz q-q (z z) 

- L.,, Si si+l Si si+l 2 Si si+l + 4 s1 - Sn ' 

i=l 

r.n:e q q>OpMaJibHhlii: napaMeTp, CJMMIIpOBattne 6epeTC.H no n J3JiaM u:enO'IKII, a 

sx, sY, sz - MaTpnu;aMH IIayJiu. 

O,1],HHM II3 MeTO,ll,OB IICCJie,l],OBaHlIH TaKIIX raMHJibTOH0BhIX CIICTeM HBJI5IeT

CH KBaHTOBbIH MeTO,ll, o6paTHOH 3a,l],a'!n pacceHHlIH, lI CB.H3aHHbIH C HlIM aJire6-

pau'!eCKHii: att3au; BeTe. AJire6pawiecKnti att3au; BeTe, pa3BHBaIOru;nii: no.n:xo.n: 

BeTe, 6hrJI pa3pa6oTatt JI.,U. <l>a,ll,,l],eeBhIM n ero rnKoJioti. McnoJib30Battne att3a

r~a BeTe n03BOJIHeT ,ll,OCTIIrHyTh MHO)KeCTBa lIHTepeCHbIX pe3JJihTaTOB, 0,1],HaKo, 
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nol\lllMO KBaHTOBoro ;-.1eTo;i:a 06paT11oii 3a,1,a'm pacce.Hmrn cym,ecTnyeT 1mTepec 

K a.llbTep11aTIIBHhIM qJOpl\Ia~I ll3Y'ICJIIIH no,rw611bIX KB311TOBblX raMl!JlbTOH0BblX 

CIICTel\I. 

8TO CBH33H0 C Tel\!, '!TO rrpn ll3)"Iemm K0IIKpeTHblX CHCTCl\1 He TaK rrpo

CTO onpe,1],eJUITh, .HBJIHIOTC.H JIii mrn IIHTerpHpyeMbll\llI IIJIII neT. HeKOTopyIO IIH

cpopMau:1110, KOTOpaH II03B0JI.HeT OTBeTHTb ua 3TOT BOnpoc, MO)Kl!O I!OJIY'IHTh 

ucnOJib3Y.H aJire6patt'leCKIIC CBOIICTBa JIOKaJihllblX 1\IaTpmi B3al!l\!O,ll,CIICTBII.H. B 

qaCTHOM cJiy'!ae, ecm1 BBCCTII R l\laTpney n11;i:a 

' ( ~ R= 
0 

0 

0 

q -q-1 

1 

0 

0 

1 

0 

0 
~l-
q 

KOTopa.H .n;eiiCTByeT B npocTpa11CTBe (<C2 )®2
., 11 onpe.n:em1Tb onepaTop R; ,LI,eii

CTBy10ru:11i1: ua i, i + 1 Y3JiaX CIIIIIIOB0II I~CIIO'IKII, TO KaK ,6b!JIO 110Ka3al!O B pa-

6oTax ,U)KnM6o 3TOT orrepaTop y,r~0BJteTBOpHeT C0OTHOilleHIIHM a.nre6pbl feKKC 

R;RJ = n_jk, \i-j\~2, 

kk+i k; = k+1kk+1, 

(R; - q)(R; + (j-1) = 0, 

KOTOpbre rr0Ka3hIBaIOT, '!TO MaTplIU:hI R; peanu3y10T tteKoTopoe npe,ll,CTaBJiemrn 

aJire6pbI feKKC. ,[LaHHOe MaTplI'IH0C rrpe,ll,CTaBJICHIIC I103BOJI.HCT nepem1caTh ra

MIIJibTOHIIaH XX Z1;2 MO,ll,CJIII C OTKpblTbIMII rpaHII'IHbIMII ycJIOBII.HMII B CJIC

,1],JIOru;eii: npOCTOii cpopMe 

H~Lk-

Mo)KHO ccpopMyJinponaTh 6oJiee 06ru:y10 3a,l],a'!y no11cKa cneKTpa ,l],JI.H pa3Jill'I

HhIX rrpC,ll,CTaBJICHIIll cnea;llaJibHOro 3JICMCHTa aJire6pbI feKKC, KOTOpblll IIMeeT 

TY )KC cpopMy 

H= LTi, 
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r,.r:i:e T; 06pa3y1I.1,ne aJire6phI feKKe. Ba,KHhIM cJie,.r:i:cTBIIeM /1,ammro tta6mo,.r:i:enm1 

.HBJI.HeTC.H CJie,.r:i:y10II.1,ee YTBep,K,.r:i:emrn: JII06oi1 CTOXaCTll'cleCKIIII rrp011,ecc OIIHChIBa

eMhltt cyMMOII JIOKaJihllbIX l\IaTpl!I.1, B3aUl\10,LJ:eiicTmrn, y,.r:i:oBJleTBOp.H!OII.1,IIX COOT

nornemrnM aJire6ph1 feKKe, .HBJI.HeTC.H IrnTerpupyeMhII\I rrpou,eccoM. BoJiee Toro, 

JI106oe rrpe,.r:i:cTaBJiem1e p aJire6phI feKKe ,:J,aeT 1111Terpnpyel\1y10 cIIcTeMy, nrna 

CTOXaCTil'IeCKOro rropu,ecca, C ral\!llJihTOHHaHOM p(H). TaKHM o6pa30M Ba)KHOii 

3a,.r:i:a~1eii .HBJI.HeTc.H nccJie,.r:i:oBanne crreKTpa raMHJihTOimana aJire6phI feKKe B 

pa3JIH'IHhIX ee rrpe,.r:i:cTaBJiemrnx. ,ll,anna.H 3a,.r:i:aqa 0•1em1,.r:i:no CBO,LJ:HTC.H K 113yqe-

11I110 crreKTpa HerrpnBO,LJ:l!MhIX rrpe,.r:i:cTaBJieHIIll. 

lJ;eJib pa60Tbl. 

IJ;eJiblO 11aCTO.HIIJ,eii ,LJ:IICCepTall,IIH .HBJI.HeTC.H II0CTpOeHIIe crreKTpa raMIIJihTOHIIa

Ha I.1,erro'IKH feKKe,0606II.1,a10II.1,ero raMIIJihTOHIIan XX Z1; 2 KBaHTOBoii crrIIHOBoii 

u,eIIO'IKII, ,LJ:JI.H pa3JIH'IHhIX uerrpIIBO,LJ:lll\lhIX rrpe,.r:i:cTaBJICHIIll aJire6p feKKe A TH

rra, a TaK)Ke ,.r:i:eTaJihnoe nccJie,.r:i:oBanIIe caMIIX aJire6p feKKe ,LJ:JI.H cJiy'la.H q He 

.HBJI.HIOII.1,eroc.H KOpHeM II3 e,.r:i:IIHIII.1,hl. 

Hayqaaa HOBH3Ha lI rrpaKTHqecKaH ~eHHOCTb. 

BhIJI pa3pa6oTaH II rrpIIMCHeH ,LJ:JI.H K0HKpeTHbIX Bhl'IIICJieHIIll MCTO,LJ: II0IICKa 

CIICKTpa raMIIJihT0HHana ,LJ:JI.H neK0T0pbIX CIICI.1,HaJibHbIX rrpe,.r:i:cTaBJICHHll. IloJiy

'ICHbI JCJI0BII.H ,LJ:JI.H Bb!pa,KCHII.H tterrpHB0,Ll,HMbIX rrpe.n,cTaBJICHHll aJire6pbl feK

Ke o,n:uoro BH)];a '1epe3 orpaHII'ICHII.H TCH30pHbIX rrpOII3Be.n,enIIii nerrpHBO,ll;HMbIX 

rrpe,Ll,CTaBJICHIIll .n,pyroro BH,n;a, 'ITO II03B0JI.HCT BBCCTII ua HCKOTOpbIX rrpe.n,cTaB

JieHmrx aJire6pbI feKKe K0HCTPYKI.J,HIO aHaJIOrH'IHYIO KOHCTPYKI.1,HH KOJMHO)Ke

HH.H. TeM caMblM B03HIIKaeT B03MO)KHOCTb Bbl'IHCJI.HTb CIICKTpbl raMHJibTOHHa

ua I.l,CIIO'IKH feKKe )].JI.H 6oJiee CJIO)KHhlX rrpe,Ll,CTaBJICHHii, 'ITO .n.aeT B03MO)KH0CTb 

paccMaTpHBaTb HOBbie IIHTerpIIpyeMbie CIIHHOBbie H CTOXaCTII'ICCKIIe MO)].CJIH. 

IloJiy'leHHOe npe.n,cTaBJICHlle ll)].CMIIOTCHTOB aJire6pbl feKKe n BII.n,e npo

ll3BC,ll;CHll.H 6aKCTepll30BaHHhIX 3JICMCHTOB .n,aeT npocTyIO KOHCTPYKI.1,l!IO npo

u;e.n.ypbl CJill.HHll.H. Pe3yJibTaTOM 3TOro .HBJI.HCTC.H, B 'laCTHOCTH, B03MO,KHOCTb 

IIOJIY'ICHll.H HOBhIX perneHIIll )].JI.H aJire6paII'ICCKOro anaJiora ypaBHCHllll OTpa

)KCHllii. TaK)Ke IIO.HBJI.HCTC.H B03MO,KHOCTb 3an11caTh CO0THOllICHll.H )].JI.H 3JieMeH

TOB aJire6pbl feKKe, KOTOpbie B R-MaTpll'IHOM npe.n,cTaBJICHIIII conna,n;aIOT c TQ 
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ypaB11e1m.HMll BaKcTepa, 'ITO B CBOIO O'lepe,n:h II03B0JIHT rroJiy'IaTh crreKTpbI ra-

1\llIJlhTO!ll!allOB pa,mI'Illb!X cpn3II'ICCKIIX MO,LJ:eJieii 11a OCIIOBe anam1TI1'1CCKOrO 

a1na11,a BeTe. 
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0115111, r.,ll,y6na; 
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,ll,y611a. 

Ily6JIHKa~HH. 

,ll,IIccepTaa;n.H uan11cana IIO MaTepIIaJiaM 4 pa6oT. 

CTpyKTypa n o6'beM )];HCCepTa~HH. 

,ll,IIccepTaI.1,H.H COCTOHT II3 BBe.n,emrn, Tpex rJiaB II 3aKJIIO'leHH.H. O6II.l,Hll ofrheM 

.n,nccepTau;nn 112 CTpaHl!I.I, MallIIIH0IIHCHOro TCKCTa, BKJIIO'la.H CIIHCOK JIIITepa

TYPhI ll3 59 HaHMCHOBaHnii. 
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OCHOBHOE CO~EP)KAHIIE PABOTbl 

Bo BBe,n;eHIIH npe,l].CTaBJieH KpaTKIIll ofoop OCHOBllbIX pa6oT II pe3yJihTa

TOB no TeMe mJTerpIIpyeMblX CIICTeM II anre6p feKKe. TaM )Ke KpaTKO onIICaIIhl 

OCHOBHbie pe3yJibTaTbl, COCTaBJIR!Olll,IIe ,l].aHHYIO ,l].IICCepTaU,IIIO. 

B rrepnoii: rJiane - "A<Jj<JjU'l-£Hbte 2pynn1,i -x;oc" - onIICbrnaeTCR TeopIIR 

rpynn KOC, COOTBeTCTBy!Olll,IIX acpqmHHbIM II HeacpcpIIHHblM rpacpaM ,Il,bIIIKII

Ha. ,r:t:JIR cnyqaR rpynn KOC A TIIna II3JiaraeTCR KOHCTPYKU,IIR TaK Ha3bIBaeMO

ro ''3neMeHTapttoro rOMOMOpcpII3Ma" ( COOTBeTCTBY!Olll,IIll aHrJIIIllCKIIll TepMIIH 

"evaluation homomorphism" He IIMeeT 6onee a,l].eKBaTttoro nepeBo,ll.a Ha pycCKIIfi 

R3bIK), npII nOMOlll,II KOTOporo y,ll.aeTCR CIICTeMaTIIqeCKII OnIICaTb CBOllCTBa cne

U,IIaJihHbIX ofrheKTOB COOTBeTCTBY!Olll,efi anre6pbl feKKe, KOTOpbre Ha3bIBa!OTCR 

:weMeHTaMII IOu,IIca-MepcpII II 6bIJIII BbIBe,l].eHbl ,r:t:IInnepoM II ,Il,)KettMCOM npII 

o6o6ru,eHIIII pe3yJihTaTOB IOu,IIca II MepcpII ,ll.JIR CIIMMeTpIIqecKofi rpynnhr. 

fpynna KOC COOTBeTCTBy10ru,aR tteacpIIHHOMY rpacpy ,r:t:hlHKIIHa A TIIna no

pO)K,l].aeTCR tta6opOM o6pa3y!Olll,IIX T1, ... , Tn, KOTOpbre y,ll.OBJieTBOpRIOT COOT

HOllleHIIRM 

TiT1 = T1Ti, Ii -jl ~ 2, 

TiTi+lTi = Ti+lTiTi+l· 

9ner.ieHThr IOu,IIca-MepcpII onpe,l].eJIRJOTCR npII 3TOM II3 cne,lJ.YJOru,IIx peKKy

peHTHhIX COOTHOllleHIIll 

Yl = 1, Yi+l = TiyiTi-

OcHOBHaR II,l].eR IlOCTpOeHIIR 3JieMeHTapHOro roMOMop¢II3Ma 3aKJIJOqaeT

rn B TOM, qTo B acpcpIIHHOfi rpynne KOC y,l].aeTCR BbITIOJIHIITb 0,l].HOBpeMeHHO 

HeCKOJlbKO ycJIOBIIfi. CaMa no ce6e acpcpIIHHaR rpynna KOC (Boo6ru,e rOBOpR 

pacumpeHHaR, HO B TeKcTe ,l].JIR ynporu,eHIIR 3TO CJIOBO 6y,l].eM onycKaTb) MO

)KeT 6hITb onpe,ll.eJieHa HeCKOJibKIIMII pa3HblMII 3KBIIBaJieHTHblMII cnoco6aMII. 

C O,ll.HOfi CTOpOHbI otta onpe,l].eJIReTCR tta6opoM o6pa3y!Olll,IIX {To, ... , Tn}, KO

TOphre y,ll.OBJieTBOpR!OT COOTHOllleHIIRM KOC, II 3JieMeHTaMII 7r E n, r,l].e r2 cpytt

,l].aMeHTaJibHaR rpynna ,l].aHHOll anre6pbl J1II, IIJIII, ,l].pyrIIMII CJIOBaMII, rpynna 
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aBTOMopcpn3MOB COOTBeTCTBY!Olll,ero acpcpmrnoro rpacpa ,r:t:hIHKIIHa. C ,ll.pyroii 

CTOpOHbl, ,l].JIR acpcpnHHhlX rpynn KOC ecTeCTBeHHblM o6pa30M onpe,ll.eJIReTCR 

no,ll.rpynna C,ll.BIIrOB Y, 11301\!0pcpttaR perneTKe KOBecoB, II acpcpIIHHaR rpynna 

KOC OnllChIBaeTCR B 3TOM cnyqae 3JieMeIITaMII no,ll.rpynnhl C,ll.BIIrOB II o6pa3y

IOlll,llMII {T1, ... 'Tn}, KOTOpbre CaMII no ce6e RBJIRIOTCR o6pa3yIOlll,IIMll y)Ke 

HeacpcpIIHHOll rpynnbl KOC. TaK KaK no,l].rpynna y RBJIReTCR o6pa30M perneTKII 

KOBecoB, TO TeM caMhll\l OHa IIrpaeT Ba)KHYIO pOJib B Teoprm npe,l].CTanJieHIIll 

rpynn KOC II COOTBeTCTBY!Olll,HX acpcpIIHHhlX anre6p feKKe. IIocKOJibKY 3TO ,l].Ba 

pa3JIIIqHbIX onIIcamrn O,ll.HOii II Tofi )Ke acpcpIImmfi anre6pbr, TO Me)K,ll.y HII

MII cylll,eCTByer CBR3h, KOTOpaR onIICbIBaeTCR npII nOMOlll,II IIOHRTIIR ,l].JIIIHbI. 

9ro IIOCTpOeHIIe B cnyqae acpcpIIHHhlX rpynn RBJIReTCR BCero JIIIlllb pacrnIIpe

HIIeM KJiaccIIqecKOro nOHRTIIR lI nOTOMY MHOrne TeopeMbl nepeHOCRTCR npaK

TIIqecKII 6e3 II3MeHeHIIH. C IICnOJib30BattIIeM KOHCTpyKu,m1 ,ll.JIHHbI B cnyqae A 

cepIIII ,l].JIR KOneca COOTBeTCTBY!Olll,ero CTapl!leMy KOBecy aHTIIcpytt,l].aMeHTaJib

HOrO npe,l].cTaBJieHIIR nonyqaeTCR Bbrpa)Kettne Bn,ll.a yb .. = 1rnT1T2 ... Tn, r,l].e 

7rnTo = Tn7rn- O,l].HaKO, c ,ll.pyroi1 CTOpOHbI, B HeacpcpIIHHOfi rpynne KOC, cylll,e

CTByeT BHyTpeHHIIfi aBTOMOpcp113l\1, nopO)K,ll.cleMhifi 3JieMeHTOM X = Tn ... Ti 

KOTOpbltt ,l].ellCTByeT CXO)KHM o6pa:l0l\[. Hammo MO)KHO CKa3aTb, qTo cylll,eCTBY

eT roMoMopcpII3M acpcpmmoi1 1·py1rnh1 Koc na nea¢¢mrny10 rpynny c IICIIOJib30-

BamieM 0TO)K,l].eCTBJieHIIR 7r I-+ X. 9ro IIC COBCeM TOq110, TaK KaK ,l].aHHOe oro6-

pa)KeHIIe He RBJIReTCR KOppeKTHO onpe;\eJieHHhIM, 0,l].HaKo, KaK OKa3hIBaeTCR B 

,l].aJibHefirneM, HeTOqHOCTb, KOTOpaR ,ll.0nycKaeTCR npII TaKOM OTO)K,l].eCTBJieHIIH 

ne RBJIReTCR Cylll,eCTBeHHOll. C yqeTOM 3TOro 3aMeqaHIIR nonyqaeTCR, qTo 3Jie

MeHTY ybn COOTBeTCTByeT HeKOTOpblll 3JieMeHT IOu,IIca-MepcpII. PaccMaTpIIBaR 

,ll.pyrIIe K0Beca, II IICIIOJib3YR TO )Ke OT06pa)KeHIIe, ,l].JIR HeacpcpIIHHOll anre6pbl 

feKKe IIOJiyqaeTCR BCe ceMei1CTBO onepaTOpOB IOu,nca-MepcpII, KOTOpbre, Ta

KHM o6pa30M RBJIRIOTCR o6pa30M perneTKII KOBeCOB II HacJie,l].y!OT ee CBOII.CTBa. 

A HMeHHO, OHII o6pa3yJOT MaKCllMaJihHYIO KOMMyTaTIIBHYIO no,l].rpynny, a TaK

)Ke B IlOCJie,l].y!Olll,eM C llX IlOMOlll,blO OIIllCbIBaeTCR TeOpIIR npe,l].CTaBJieH11i1 COOT

BeTCTByJOru,ei1 anre6pbl feKKe. ,l],pyroi1 IIO,l].XO,ll. K BblqllCJieHll!O 3JieMeHTapHoro 

rOMOMopcpII3Ma y)Ke B anre6pax feKKe, CBR3aH C HCilOJlb30BaHIIeM KBaHTOBblX 

rpynn n 6hIJI OTIIICaH B pa6oTe 11. qepe,l].HIIKa. 
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Bo BTopoii rJiaBe - "AJ1,2e6pa I'er..r..e u ee npeacma6J1.c11w1,'' - onpe,IJ,em1-

10Tn1 aJ1re6pu feKKe 11, npn no1v10111,u nBe,IJ,enm,1x :➔.:1cl\JeHTOn I011,11ca-l\Iepqm y;, 

CT!)OIITOI IIX TCOplrn npe,IJ,CTailJIClllUI. 2J:amia.H Teop,rn, I3 CIIJIY llJ)ll'HIH ynol\rn11y

TblX I3hllllC, OKa3hlI3aeTC.H CI3.H3aHHOII C TCOpnefi npe,::i,cTaB.lCIIH.H aJirc6p Jin sl,,. 

Ilo3TO!\IY B o6enx Teop,rnx IICHOJib3YeTC.H CXO,ll,Hhlll .H3hIK, a 111\ICIIIIO .H3h!K ,l],lla

rpal\Il\l IOnra. Bee B031\IO)K!lbIC npe,LI,CTaB.)]emrn a,1re6p feKKe np11 3TOM om1cb1-

Ba10TC.H OKpameHHbll\l rpaqJOl\l IOnra, I3 Bepmmrnx KOTOporo CTO.HT ,LI,UarpaMl\lbl 

IOnra. Ka)K,IJ,Ofi ;~11arpaMMe IOnra np11 3TOM cTaBJITC.H n cooTneTCTBue na6op 

CTaH,IJ,apTI!bIX Ta6JIUIJ, IOnra T, KOTOJ)b!e CB.H3aHbl co crre11,uaJibHbIMH 3Jie.MeHTa

Mll Er aJire6pbl I'eKKe, na3bIBa!Olll,llXC.H ll,LI,el\!IIOTeHTa!vlll, TO eCTb Y,LI,OBJieTBOp.H

!Oll(llX COOTHOilleIIH.Hl\l E} = Er. 11,LI,eMIIOTCIITbl 06,1a,IJ,a!OT J).H,LJ,OM CBOTTCTB, B0-

nepBhIX OHII .HBJI.HIOTC.H co6cTBeIIHblMII "BeKTOpaivm" 3JICMCHTOB 1011,Hca-Mepqrn 

y;Er = E1\IJ; = c;Er, r,L1.e c; - "co,L1.ep)Km,10e" KJieTKH c Koop,L1.1rnaTa1vm (n, m), 

C; = q 2(n-m). BO-I3TOJ)bIX, H,ll,eMflOTeHTbl MO)KHO 3aIIHCaTb KaK ,qJYHKIJ,llll 3Tl!X 

:,Ke 3JieMeHTOB I011,11ca-Mcpqrn. BoJiee Toro, cylll,ecTnyeT aJihTepnaTHBHa.H cpop

Ma l!X 3al1HCH 'Iepe3 6aKCTepH30BaHHblC 3JieMeHTbl 

T;(x, y) = T; Y - Ti-Ix 
y-x , x, 'Y E <C, 

,, 
KOTopa.H l!CCJie,LI,yeTC.H B ,ll,llCCepTaIJ,Hll H .HBJI.HeTC.H o6o61ll,eHHeM ana.rrorwrnoii 

KOIICTJ)YKLI,lllf ,ll,JI.H CHMMeTpH'!eCKOll rpynrrh!. 

IOLJ,UCOM 6hIJIO 3aMe'!eHo, 'ITO IIJ)lfMHTUBHhie ll,ll,CMIIOTeHThl ClfMMeTpH'le

CKOll rpynrrhI, MOryT 6b!Th IIOJIY'!CHhl KaK HeKOTOpblll npe,ll,eJI <pyHKIJ,HH MHO

rux nepeMeHHhIX crreIJ,HaJihHOI'O BU)].a, C paIJ,HOHaJihHh!Mlf K03<p<pllLI,lleHTaMH H 

r:o 3Ha'!eHU.HMll B ClfMMeTpll'!eCKOll rpynne. To'!Ka B KOTOJ)Oll 6epeTC.H npe

)~CJI orrpe,n,eJI.HCTC.H CO,LI,ep)Kl!MhIM COOTBeTCTBYIOlll,llX KJieTOK 3a,n,annoii :ra6JIHLJ,hl 

IOnra, ,ll,JI.H KOTOpof1 Hlll,eTC.H n,n,eMnOTeHT. 9Ta cpyHKLl,11.H llMeeT Bll,ll, 

4>(u1, .. ,,un)= IT (1- (i}) ), 
I,,,;i<j,,,;n U, Uj 

r,n,e ui, ... , Un .HBJI.HIOTC.H KOMnJieKCHhlMll nepeMeHHhIMH H npOH3Be)].ettne BbI

'!IICJI.HeTC.H B rpyrrrrOBOH aJire6pe <C[6n] c JieKCJIKOrpacpnqecKJIM ynop.H,ll,O'!HBa

l!lfeM no napaM ( i, j). 
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Cxo,n,11a.H KOIICTpyKLI,H.H, na3blBaeMa.H "rrpoLI,e,n,ypa CJIU.HHH.H" ( opnrnHaJih

llblH anrJiniicKnii TepMnH "fusion procedure"), 61,ma pa3pa6oTana qepe,n,nnKOM 

Ii HOJIHOe ,ll,OKa3aTeJibCTBO 6hIJIO BnepBble ,n,ano Ha3apOBbIM. Ilo3,LI,Hee 3Ta KOH

CTJ)YKLI,H.H 61,ma nocTpoena ,ll,JI.H CJiy'la.H anre6p feKKe, B 'laCTHOCTH fpaiiMOM 

6uJia ucrroJih30Bana Bepcu.H ocnoBanna.H na rJiaBtthIX KpIOKax pa36ne11n.H. O,n,

naKo MoJieBbIM ne)].aBno 61,mo naii,n,eno ropa3,ll,O 6oJiee rrpocTa.H Bepcu.H ,n,oKa-

3aTeJibCTBa 3T0ll KOHCTJ)YKIJ,lfll B cJiyqae CllMMeTpU'!eCKOll rpynn1,1. B ,ll,llCCep

TaLI,JIH 6h!JIO IIOCTJ)OCHO 06061ll,el!lle 3TOro ,ll,OKa3aTeJibCTBa ,ll,JI.H aJire6p I'eKKe, 

'ITO Il03BOJillJIO IIOJIY'!HTh npOCTYID KOHCTpyKIJ,lllO CJill.HHll.H. A llMeHHO, ,ll,JI.H 

npon3BOJihHOii cTan,n,apTHOii Ta6JIHLI,hI IOnra T ,n,narpaMMhI A = (Ai, ... , At), 

COOTBeTCTBYIDlll,llll n,n,eMnOTeHT Er, noJiyqaeTC.H B pe3yJihTaTe nocJie,l],OBaTeJih

HOro Bhl'!HCJieHH.H <pyHKLl,IIII 

Er = F(A) Y1 (c1; ·u2) .. • Y,,-i (c1, Cz, · · · Cn-i; Un) lu
2
=c

2 
lua=c

3 
• • • lu,.=c,,' 

r)].e 

Yk(c1, c2, ... , Ck; u) = Twk n(c1, ·u)Tk-i (c2, u) · · · T1 (ck, ·u) T;k~l, 

Twk =(Ti ... Ti-2 T;-i)(T1 ... Ti-2) · · · (T1 T2) Ti, i = 2, ... , n. 

HopMHJ)OBO'!Hhlll K03<p<p11LI,1!eHT F(A) BhI'!HCJI.HeTC.H B npoLI,ecce nocTpoe

HH.H H,ll,eMnOTCHTOB. C O,ll,HOll CTOpOHhI, OH paBeH 

F(A) = qn(,\')-n(,\) IT _l -, 
aE,\ (ha)q 

r,n,e npOH3BC,ll,eHue 6epeTC.H no BCeM KJieTKaM a = ( i, j) ,n,narpaMMhI A, ,n,narpaM

Ma N = (A1, ... , Az) .HBJI.HCTC.H conpmKennoii K A. KpIDK ha onpe)].eJI.HCTC.H KaK 

rn -rn l 
ha= Ai+ A.i - i - j + l, q-'ll!CJIO (m)q = 9 _::- 9_ 1 , '!HCJIO n(A) = L (i -1) Ai-

. q q i=l 

C ,n,pyroii CTOpOHhI, 3TOT HOJ)MHPOBO'!Hhlll K03<p<pllll,HCHT OKa3hIBaeTC.H CB.H-

3al!HhIM C TaK Ha3bIBaeMOll q-pa3Mep'H.0Cffi'b'10 CTan,n,apTHhIX Ta6JIHIJ, JI CJie,l],OM 

OKneany-MapKOBa OT COOTBeTCTBYIDill,llX 11,ll,CMIIOTeHTOB. 

B TpeTheii rJiaBe - "A.1L2e6pa I'er.r.e u uHme2pupyeM'bte Moae.11,u" - BhI

'!UCJI.HeTC.H cneKTp raMHJ!bTOHUatta 11,enO'!Kll I'eKKe, ,ll,JI.H CJiy'!a.H crreLI,Ha.JlhHhIX 
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rrpe,11.CTaBJieHHH anre6p feKKe, C00TBeTCTBY!OW:HX ,11.11arpaMl\taM l011ra yrJIO!I0-

ro TIU!a. Hcxo,11.HO B ,11.aHH0H. rJiaBe 0IIl!CbIBaeTCJI K0HCTPYKl~lrn CIIC~UaTlbllblX 

3JieMeHT0B aJire6pbI feKKe anaJI0rIPUibIX MaTpn~aM M0H0,11.p0Mllll CKJIJIHl!Ha. 

IlOJiy'leIII!bie orrepaT0pHbie MaTpll~bI M0H0,11.p0Ml!ll 5.IBJIJIIOTCJI rrp0II3B0)~51W:HMII 

cpyHK~JlJll\lll ceMeH.CTBa K0MMyTnpymmnx 3JieMeHT0B anre6pbl feKKe, O)~IUII\I 

113 K0T0pbIX ll 5.IBJIReTCJI co6cTBeHHO raMl!JlbT0Hl!aH ~eII0'lKll feKKe. ,UamraR 

K0I\IMyTaT11BHaJ1 IIO)].aJire6pa Ha3bIBaeTC51 IIO,!].aJire6pou BeTe. TeM caMh!M ycTa

HaBJ111BaeTCJI CB513b Me)K)].y IIHTerp11pyeMbIMII M0,11.eJIRMll CB513aHHb!Mll C XX Z 

M0,!].eJIJIMU IICCJie,11.oBaHHb!Mll BeTe U l!HTerp11pyeMbIMU CUCTeMaM11, 0IIUChIBae

MbIMII. raMl!JlbT0Hl!attaMI! IIO,!].aJire6pbI BeTe. B pe3yJibTaTe, 3a,!].a'la l!CCJie,!].0Ba-

' 
lll!JI crreKTpa raMl!JlbT0HllaHa CB0,11.l!TCJI K UCCJie,!].0BaHil!O. co6CTBeHHbIX 3Ha'le-

HIIH C00TBeTCTBY!OW:HX 3JieMeHT0B IIO,!].aJire6pb! BeTe B pa3Jill'lHbIX nerrpl!B0,!].l!

Mb!X rrpe,11.cTaBJJeHIIJIX. 

Co6CTBeHHO II0CTpoe1rne crreKTpa raMHJlbT0IUiaHa ~eII0'lKU feKKe ,11.JIJI 

rrpe,11.cTaBJieHHH, C00TBeTCTBYIOW:IIX yrJI0BbIM ,11.narpaMMaM, C0CT0IIT Il3 ,11.Byx 

'laCTeH. Btta'laJie IIp0H3B0,!1.l!TC51 BbI'lIICJieHile cneKTpa ,11.JIJI, rrpe,11.cTaBJieIUIH co

OTBeTCTBY!OW:IIX yrJI0BbIM ,11.IlarpaMMaM rrpocTeH.IIIero Tl!IIa, a IIMeHH0 ,11.IlarpaM

MaM Bll,11.a { k, l }, TO eCTb C0CT0RW:IIX H3 ,11.BYX pR,11.0B, IIpl!'leM BO BT0p0M pR,11.Y 

HaX0,11.HTCJI Jllllllb 0,11.Ha KJieTKa. ,n:anee, 6oJiee CJI0)KHbie npe,11.cTaBJieHHJI CTp0-

5.ITCJI Il3 np0CTeHIIIIIX KaK attTHCHMMeTpI13a~ml IIX TeH30pHblX npOI13Be,11.eHI1H.. 

Boo6me r0BOpR, aJire6pa feKKe He 5.IBJIJleTCJI 6I1aJire6pou II II03T0MY, B o6meM 

CJiy'lae, KOYMH0)Kettne B Heu ne·onpe,11.eJieHO. 9To 3Ha'lIIT, 'ITO npo~e)].ypa TeH-

30pHoro npOI13Be,!].eHH51 ,11.BYX npe,11.cTaBJieHHH anre6pbl feKKe He npIIB0,11.IIT K 

HOB0MY npe,11.cTaBJieHil!O. O,11.naKO, B pa6oTe cpopMyJinpyeTCR o6mnu pe3yJih

TaT, KOTOpb!H YKa3bIBaeT ycJiomrn IIPII KOT0pbIX ,11.aHHYIO npo~e)].ypy npoBeCTII 

M0)KH0. B 'laCTHOCTII. y,11.aeTCJI TI0CTpOIITb IIpe,11.cTaBJieHIIJI C00TBeTCTBYIOW:Ile 

npOH3B0JlbHOH ,11.IlarpaMMe lOnra yrJIOB0ro TIIIIa, II YKa3aTb KOYMHO)KeHH~ ,11.JIJI 

06pa3ymmI1x anre6pb1 feKKe B ,11.attnoM npe,11.cTaBJieHilll. B cnJiy yKa3attttou 

KOHCTPYK~IIII, cneKTp raMIIJibT0HHaHa H(k,l) II0Jiy'laeTCR KaK cyMMa co6CTBeH

HbIX 3Ha'leHHH raMIIJibT0HilaH0B COOTBeTCTBYIOW:IIX yrJIOBblM ,11.IlarpaMMaM TH-
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na { k, l } n panen 

l 
~ 7rlll; 

Spec(H(k·,I)) = {L., 2 cos k + l + l' 1 !( m1 

i=l 

< m2 · · · < m1 !( k + l}. 

,UanHbIH pe3yJibTaT 5.IBJIHeTCH cneKTp0M CB060,!1.Hb!X cpepMl!OHOB 

B 3aKJUoqeHIUI KpaTKO ccpopMym1poBaHb! TI0Jiy<IeHHbie B ,11.l!CCCpTa~nn 

pe3yJibTaTbI, KOT0pb!e II BblH0CJITCJI Ha 3amnTy. 

Ha 3arn;H'I'Y Bbl~BHraIOTCa CJie,[l.y10rn;11e pe3yJibTaTbI: 

• ,UJIR raMHJlbTOHHana lWII0'lKII feKKe IIOJiy<IeII T0'!Hblll cneKTp 3Heprm1, 

B CJiy'lae uenp11B0,!1.IIMb!X rrpe,11.cTaBJICIIiIH. anre6p feKKe A Tima, C0OT

BeTCTBYIOW:IIX yrJI0BbIM ,11.narpaMMaM lOura. 

• ,UJIR aJire6p feKKe A TIIIIa rroJiy'leHbI yCJIOBirn, npu K0T0pb!X 0,11.Hll npe,11.

CTaBJieHIIR, MO)KH0 Bbipa)KaTb 'lepe3 cne~l!aJibHbie KOMfoma~HII T€H30p

HbIX npon3B€,!].eHIIH ,z:i;pyrnx npe,11.cTaBJieu11u. 

• ,UJIR IIPIIMIITIIBHbIX Il,!1.€MII0T€HTOB aJire6pbI feKKe (KBaHTOBb!X aHaJI0-

rOB CIIMMeTpI13aT0p0B lOura) II0Jiy'leHb! IIX cpaKTOp1130BaHIIbie cpopMbI, 

3aIIIICaHHhie B TepMl!Hax peIIIeHl!H ypaBHCHIIJI .Httra-BaKCTepa, 3arrucau

Hbl€ B TepMIIHax 06pa3ymmI1x aJire6pbI feKKe. 

• ,UJrn YKa3aHHOH cpopMbI npIIMIITIIBHbIX Il,IJ;eMTI0TCHT0B BbI'lllCJieHhl BbI

pcl)KeHHJI ,ll;JIJI HOpMI1p0BO'lHb!X K03(p(pll~HeHTOB, KOT0pb!e Bb!pa)KaJOTCJI 

'lepe3 q-pa3MepuocTII uenpIIB0,11.IIMbIX npe,11.cTaBJieunu rpyrrn SUq(N). 
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