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OHUAH XAPAKTEPMCTIIBA PAE01H 

AK'l'VaJffiHOCTI, 

Bwm:CJieHHe 3HaqeHHfi 9Heprml: ll BOJIHOBllX ~YHKUllll CBf[3aHHWC 

COCTO.flllllfi pas.mrirnwc KBaHTOBOMexaHnqecKHX CllCT8M - p,llHa ~3 Ballt­

HeiuIImc 3a,I(aq, K KOTOpoil npHBO,wl:T llCCJI8,I(OBaHWI B COBpeMeHHOli 

qJH3HKe. Ilpll 9TOM oco6yio ·a.KTYaJII,HOCTI, llMeeT ll3yti8Hlle qinsnqec­

KRX rrpoueccoB, OIIHCHBaeMUX MHOI'OM8pHllM ypaBH8Hll8M llipe,I(llHrepa. 

IIoJIHoe lICCJI8,I(OBaHlle TaKlIX 3a.I(a'i aHa.JlllTif'I8CKlIMlI llJilI Ra'i8CTBeH­

IlUMH Me"I:O.naMH B03MOlKHO JIIDllI, B lICKJJJO'il!TeJII,Hb!X CJ!yqaiIJC. IIoeTOr,zy 

O'ieHI> qacTO 8,I(llHCTBeHHUM nyTeM pememm 9TlllC cneKTPaJII>HIDC 3a.I(atI 

OCTaeTCJI lIX tmCJieHHOe pemeHHe~ Ra.K Ilpa.BMO, MeTO,ll;U pemeHIDI 

ypaBHemm llipe.mmrepa llCIIOJII,3J!OT IIO,I(XO,ll;U, TllIIllqHue ,IJ,1IJI O,llHOMep­

HUJC sanatI,H .IIl3JlffiOTCR Y3KO CII8UHaJilI31IpOBal!HllMlI. TaKRM oopasoM, 

C03.I(aHlI8 pa3IlOCTHl1JC cxeM, aJirOplITMOB ll nporpaMM-,IJ,1IJI 'illCJI8HilO­

ro pemeHIDI Ha 3BM 3a.I(a'ill Ha CBfI3aHHUe COCTORHIDI ,IJ,1I.fI H80.llHO­

MepHOI'O YP8.BH8Hl!R llipe,I(llHrepa npR B8Cl>Ma 06!IJ,HJC orpaHH'ieHIDIX Ha 

IIOTeHUHaJI npHodpeTaeT BB.l!,J{Oe 3HaqeHne. 

COBP8M8HHl18 npo6JieMl1 q,H31!KR np8,I('.E,,llBJ.IT IIOBUIDeHHlle Tpe-

60BaHlIR K TO'iHOCTll 'illCJl8HHIDC M8TO,I(OB. TaK,HaIIpHMep, pa3HOCT­

Hue cxew.u ,I(oJDKHa yqHTUBaTI> ocodeHHOCTH Henpepmmoii 3Malill[I,2], 

a llTepai:mOHHUe M8TO,IJ;U pemeHIDI IIOJiyqeHHOil o6o6meHHOli a71re6pan­

'i8CKOil npo6JieMU co6cTB8HHUX 3HatieHHfi ,I(OJ!lltHU COXpaHRTI, CTPYKTy­

py MaTPRU B npouecce Bll'iRCJI8Hllli ll 06.Jia.I(aTI> BUCOKOli CKOPOCTI>ID 

CJCO.I(llMOCTll [3,4) • B qaCTHOCTH, aJiropHTW H rrporp8.M1W pemeHH/1 

[I] .A.A.CaMapcrom, BBe.I(emrn B Teopmo pasHOCTHIIX cxeM, ''HaYKaft, 

M.,1971. 

G Olte J.;HHtt 1H.Jii · HHC:ill'fYT 
r.ncp!!::lI tK<' .11~non:mnQ 

6ViGJlltldTEHA 



a.nre6pawreCKOll npo6ReMU ~ommu·6UTb ymmepca.m,Hm.m, T.e. c RX 

nOMOillI>D B03MOJKHo pemaTb Kalt MHOI'OMepHue, Ta.It H o~oMepHue 

KpaeBI:le 3a,itai:ru: Ha C06CTB0HHUe 3Ha~eHWI • 

Pa60TU, llORO~eHHUe B OCHOBY ,ItRCcepTamm, BUllO~eHU B co­

OTBeTCTBlllll c' npo~eMHO-TeMa.T~eCKRM ~OM HaytlllO-RCCJie~o:sa­

TeJll,CKIIX pa60T 011ffil. 

liMb pa60Tij COCTOHT B paapa60TKe 'IJRCJI0HHIDC M0TO~OB .IVI1I 

onpe~eReHWI co6cTBeHH!lJC i:ru:cM H co6cTBeHHHX TYHRIU!il ~YMepHo­

ro ypaBHeHIDI Illpe~repa, KOTOpoe OllHCUBaeT lllHpOIClm KRaCC KBa.H­

TOBOM0xaHR~ecKHx CHCTeM. 

.lJ.Jm KpaeBOtt sa.Jia-im, Onpe~e.mieMOft ypaBH0HH0M 

L u<1.,z> = -lu<s,z), (1) 

r~e ( ! , ,Z) - H03aBHCHMU9 nepeMeHHHe B BUTmzyTWC cqiepolU(aJll,HlllC 

KOOp,ItRHaTax:[5], ()',,Z) <=Cf= /u J,; e, -1. ~?£al) , ~ ,I(llip'.peperum­

MbHJ:m: onepaTop L, ID11eeT mut 

L, = - 'I / 1-(\~i) 2. + 1....(.£-fZ..) ~ i + 0 (y.7) 
- R.z.(-y2-z2J oy ' a1 "'Z oz J -y J 

npll yCJIOBIDIX Orpa.HR~0HHOCTH C06CTBeHHOtt !pylUCD;1mll/ 

/J , z ) 'JU Q e • ( Z) 0 U.. Q t:i»z q -i 0 ~ ::: , nn 1- 'l - ::: 
'f ➔ i+O "->-1+0 o>z _ 

L 1_-D 

(2) 

[2] .A.A.CaMapcmrli,B:B;AH.lij)eeB, PaaHocTHUe oxeMU .zµm aJ1.1.lllIITll':lec­

KIDC ypaBHemlii, "HaYKa" ,M. ,1976. 

(3] oK.J.Bathe,Ed.Wilson, Eigensolution gf' Large Stractural 

Systems with Small Bandwidth, J.Eng.Mech.Div., vol.90, 

N EM3, June, I973, pp.467-479. 
[4].K.J.Bathe,Ed.Wilson, Numerical Methods in Finite Elements 

Analisys, Prentice-Hall,NC, Englewood, Cliff.N.J., I976. 

[5].~.M.Mopc,r.~em6ax, MeTo.rcu TeopuTll':leoitott cpuamra, T.ll, HJI, 

M., 1960. 
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H KpaeBoe YCJIOBlle nepBOI'O p0M IIpll 

u ( f, 17) =:. o, 
HRH_yCJIOBHe TpeTbero p0M 

( f:. i) ~u;f, 0 + aec 'Z J u cf, ?) = o, 

llCCJie~eMBJI 3a,ita-qa OOCTOHT B CJie.Izy!OllleM: 

(3.a) 

(3.6) 

IlOcTpoeHHe pa3HOCTHlllC cxeM, 06JIB,IlaiCl!lllX TO~OCTbD anIIpOK­

o.ma.mm nopgzota 0(1 RO, H cxeM noBumeHHOro nopl'J.IUta To~ocTH. 

Coa~ue a.nropHTMOB H nporpaMM "lliCJI0HHOI'O pemeHHJI -qac­

THtmOtt o6o6meaHott npo~eMU co6cTBeHH!llC sHaqemm. 

IlpoBepKa 3THX a.JII'OPHTMOB Ha OCHOBe "lliCJI0HHOI'O 3KCIIepHMeHTa. 

IlpID/leHeHll8 paspa60TaHHUX pa8HOCTHUX oxeM ll MI'OpHTMOB K 

pemeHHD KOHKpeTHUX 3~q KBa.HTOBOtt M0XaHlllGI. 

llcIIOJII,30BaHlle COS~aHHlllC nporpaMM .IVI1I pemeHR!I sa.ita"lli lliTyp­

Ma-JIHyBHJ.IJJ.II .zµm OHCTeMU 06mtHOB0HH!llC .ImtixI>epeHnHMbHI:lX ypaBHe­

HHll BTOporo nopgzota. 

Harnrui: HOBH3Ha pa60Tl:l 

l. BnepBI:le pacCMOTpeHu yCJIOBIDI Orpa.HHqeHHOCTH (2) .IVI1I 

ypaBHeHWI (l) H llOCTpOeHa pa8HOCTH8.R: cxeMa pemeHIDI Sa,itaq (l)­

(3.a) H (I)-(3.6), ID/18lll!ll8R BTOpo~ llOJ)JU(OK TO~OOTH OTHOCHTeJll,­

HO mara pasHOCTHOtt ceTro/11. 
2. Paspa60TaH qnCJieHHml: MI'OPllTM Bl:ltmCJieHHJI co6cTB8HHI:lX 

SHaqeHHll .zµm CHMMeTpH~lllC ~eHTO~l:lX MaTPHil 60JII,WOI'O IIO!)JmKa, 

HMeJOOnm acm.mTOTHll8CKH-K,Y6~eCicyB) CX:O,ItRMOCTbo 

3._Bl:lBe~eHa KOHcepBaTHBHM pa8HOCTHM cxeMa pemeHIDI sa­

Mtm filTYPMa-JlHyBMJ!fI ,Iµlfi CHCT8MH 06mtHOB8HH!llC .ItlllPf>epeimnam,HUX 

YPaBHSHmi BTOporo llOJ)JU(Ka/3/_ 

4. IlocTpoeHO ypaBH8Hlle Henpepl:lBHOI'O aHaROra MeTOM ~ 

TOHa [6] B s~qe O BOCCTaHOB~eHHH pery~HpHoro onepatopa illTYP­
Ma-JrnyBH~~H no cneKTPaJILH!lM ~aHHllM. 

ts]. M.K.I'a.BypHH, He.mmellHI:le qiyHKIUrOHMbHI:le ypaBHeHIDI H Henpe­
Pl:lBHI:le aHMOI'H HTepaTHBHUX M8TO~OB, ll3B. BY30B, cep. »aT. 
.2, » 6, 18-31, 1958. 3 



IlpaKTWieCKruI UeHHOC~~ ,, 

B peaym.TaTe BlfilOJIHeHHHX IICCJie,IJ;OBalllm 003,IJ;all!I a.JII'OpIITM!I 

II nporp&IMII,II03BOJIJ!Ill!llle ~KTIIBHO II C BIICOKOH TOtIHOCTJ:,JO pe­

lllaTl, lllllporum KJiac.:: aauaq Ha co6cTBeHH!Ie aHatieHIDI .wm ,n;B,YMep­

HOro ypaBHeHim lllpe,n;llHrepa II CIICTeMII pa!(lla.JIJ:,H!IJC ypaBHemrn lllpe­

,IJ;llH re pa. 

Paapa6oTaHH!Ie a.JirOPIITMII ll nporpru.w!I ycrreillHO llCIIOJib30BaJillCb 

,wUI pememm IllllPOKOI'O KJiaCCa npaKTRll8CKllX aa,n;aq, H C HX IIOMOiljb!O 

IlOJIY1IeH Pff.U neHHIIX ®f3HTI8CKHX peayJIJ:,TaTOB. 

I• BrrepBI~e B!ItillCJI8HII, C TO'IHOCTJ:,JO I0-4-ro-5 3B, , TepMII 

l s o , 2 po- II 2 So aa,n;atIII ,n;BYJC neHTpOB c IIOTeH~a.JIOM ICKaBII, 

OIIHClffia.JOlll8ll OAH03JieKTPOHH08 JIOKa.JIJ:,HOe COCTo.mme, 003,IJ;aBaeMoe 

,n;BYMJ! paCTBOpeI!HllMl'I B M8T8.JIJI8 npoTOHaMH. 

2. C B!ICOKOl1 TOllHOCTI,10 I0-3-I0-4R~ , IIOJIY'!BH!l 3Hatie­

lUUl :rneprmt H BOJIHOBIIX l{Jymmmi CM3a11HIIX COCTO.mmli aTOMa II MO­

JI8KYJIRPHOI'O IIOHa BO.UOpo,n;a B CWII,HOM MarHIITHOM IIOJie Je , M8HJU'.l­

!ll8MCR B IIIIIPOKOM IIHTepBa.Jie 0~ Je, 1014rc. BnepB!le IIOJIY'IeHlI, B aa­

BIICIIMOCTII OT BeJIII'lliHll 'Je , J3JI0Blle AI!HHH B036YJ!\!(eHHOI'O COCTOR-
'10 /GI 

HHJ!,OTDBllaD!llBrO npHJl, =0 2p-COCT0.1Ulll!O aTOMa • 3TO IIMeeT 6om,-

IIIOe 3HUtieHIIe IlpH H3yqe1um HeKOTOpllX nponeccOB B IIOJIYIIPOBO,n;muta.JC. 

3. BlltIHCJIBHII C TOtIHOCTJ:,JO ro-3 3B. BCe JpoBHH 3Hepnrli f-Me-
30MOJieeyJI II30TOilOB BO,D;Opo,n;a B 3aAalle Tpex TeJI C eyJIOHOBCKHM 

B38.H1K>,IJ;8liCTBHeM B a.n;Ha6arnqecKOM npe,n;CTaBABHHH [?) B ,n;BYJC-H 

BOCbMHYPOBHeBOM npu6JIHX8HHJ!X 151• IlOAyq8HHlle pesym.TaTII HMem 

BaJKHOe 3HatieHHe ,wUI HCCJIB,n;O:saHIDI CXO,n;HMOCTH pemeHIDI C poCTOM 

'IHCJia YPaBHeHmi 3TOli KBaHTOBOM8Xa.Illlll8CK0ll 3a!(a'l:H, 

[7]. c. II.B1mmumit,Jl.U.Il0Houapen, iI.B. IIy3lIHHH, T. II. Ily31IHHHa, 

n.H.CouoB, omm, P4-IOJJ6, ,l{y6Ha, 1976. 
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4. IlOJIY'l8HII OCHOBH!I8 xapaKTBPHCTllKll JI8rKHX JUJ;ep /sHeprHH 

CM3H,cpe,n;He1maupaTHtIHIDi pa,n;uyc, ynpynre H HeynpyrHe fopMj:aK­

TOpu/ B MeTo,n;e rIInepcipeplllleCKHX WYHKI.U!il/4/. lIHCJieHH!Ie pesym,-

'.i.'aTbl 

!O!ll1I8 

xopolllO cormcyioTCII C ::JKCnep!™eHTaJll,Hb!MII Aa.HHh!MH. 

5. hocTpoeH!I ajqieKTJIBH!Ie uTepanIIOHHue a.JiropnTMII, nosBOJIR:­

c a6COJilOTHOii TO'IHOCTI,IO ro-2-I0-3 BOCCTaHOBHTI, Ollepa:rop 

IIITypMa-Jinymmmi IIO ero CII8KTPa.JIJ:,HOli qiyHK~Hll, 

Anpo6amm pa6QTll 

Pa6oru, IlOJIO~eHHlle B OCHOBy ,n;IIccepT~, ,n;OKJia,n;lffiaJIICl, 

Ha OTKpllTWC Hayquwc ce~CHS!X Ma:reMaTHti:ecKoro HHCTHTy:ra EoJirap­

CKOll AKa.n;eMHU uayK, a · T a.KJB:e Ha ceMIIHapax OIDIB. 

Ily6.mmamm: 

IIo MaTeplla.7.laM ,n;IICcepTanHH ony6JIIIKO:saHO 6 pa6o:r, B TOM llHC­

Jie B EoJirapcKOM MaT8MaTII'I8CKOM l!typHa.Jie, H~ ll coo6meHIDIX owrn • 
06'I>eM ,mi:ccepTa.:mm 

.IurncepTarum cocTOHT Hs BBe.uemm, IlffTH rJiaB, saKJI10ttemm 

n co,n;epuT no CTPa.IlHU MaIIIHHOIIHCHOI'O TeKCTa, 6 pHCJHRPll, 26 

Ta6JIHU .II CID1COK JIHTepaTyp!I, HaC'IllT!IB8.IC41lllll 79 HaHMBHOBaHHff, 

COJIEPXAHIIB .lfilCCEPTAI.Um 
B O B B e )( e H H H CO)(epln!TCJI xpaTKOe OIIHCatme noc­

TallOBKll paCCMaTpHBae1.1on 3aAati:H Ha co6cTBeHH!le 3HatieHIDI H 0600-

HOBimaeTC/I He06XO,n;HMOCTl, paspa60TKH MBTO,IJ;OB ee 'l:HCJI8HHOro pe­

meHIDI. YKa3ruI Kpyr (J)H3Rll8CKIIX 3a!(a'I, !IpHBO,nmnmc K H3J'l8HHIO 

ypaBH8HIDI (I),H $PMYJIIIpoBaHll OCHOBHlle Tpe60BaHIDI, npe)('I,J!B­

JJ.R:eMl:le K "IHCJI8HHIIM MeTO,n;aM. ,Ua.Ho OillilcaHlle CTPJKTYP!I .n;uccepTa­

UHH .II nepeqeHJ:, OCHOBHlIX pesyJU,TaTOB; 

B rJia.Be I nocTpoeHH H ucCJie,n;o:saae pasHOCTHlle cxeMll pe­

meHIDI aa,n;atIH (I)-(2)-(3.a) ((3.6J)no M8TO,n;J KOHe"ll:l!IX pa3HOCTeil 

H MBTO,n;J KOH8'IHIIX 3JI8M8HTOB. Ilpe,n;Jio~eHHble cxem OpHeHTHpo:saHH 
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Ha pasJrn'!Ime no 6ucTpo.n;eiicTBino ll o6'beMY orrepaTliBHOii naMlITll 

3BM. 
B §I.I ,naua IlOCTaHOBKa ll3y-qaeMOii 3aI(a'Ili B BbITmIYTWC ore­

pO~UaJILHRX KOOp)];ID!aTax. HaPR,IJY c sana'ffiMII (I)-(3.a), (I)-(3.6), 

KOTop1,1e 6y.n;eM o6osHa¾TL '!epes {l.A,o} n f L,il,Je,OJ, pac­

CMaTPHBaeTcH ll KpaeBaH sana'Ia, onpe.n;e.JIHeMruI ypaBH8Hll6M 

Lu(r,7)=-t(y,z>, (j,,z)EG;, (4) 

c YCJIOBIDIMI! orpaHli'!6HHOCTll (2) Ha IlpRM!lX f .:- 1 ' ?· 1 , rz---1, 
H Heo.n;aopoµmlMII yCJIOBIIHMli 

uc€,z>==j<z> (5.a} 

IIJlli 

((1-i) ';)c>uff. ,z) + X( z) 'U ( €, 'l) ~ <j('l/, (5.6) 

r.n;e f'c 3,'l), rev, 3"(Z >-sanauaue nerrpepbIBH!ie /f:ymcrum. 3T:lf 3a-:­

.n;a'Jli o6osHa'!arOTCH '!epes { l, I, j' J II. fl, t, Je, ;,f • 
B §I.2 noKasauo, 'ITO onpe.n;eJieHHRii Bl,IIJle onepaTop L iIBJI/I­

eTCfI CaMOCOIIpmK6HHl:lM, IIOJiy-q6HR .n;ocTaTO'!H!ie JCJIOBliff ero IIOJIO­

aaITeJIDHOll onpe.n;eJieHHOCTIIo ,llOKa3aH0, 'ITO 3a,na'Ili / Li, +, r] II 

f L, f, 'X, Jf IIMeIOT e.n;IIHCTBenaoe perueHHe rrpH Jil(JCJ!iX aenpepHBHblX 

qiyHKlUU!X t , J' II 'J • 
B §I.3 rrocTpoea1,1 no MeTo.n;y 6anaaca [I,2] Koaeqao-paaHOCT­

HHe cxeM!.l '!liCJISHHoro pemeHIIH ;3azta'!li / L, t j' J H f L, {, Je, 'J}. 
IlOKa.3aHO, 'ITO CXS!\fil ffBJI/I!OTCfI KOHCepBaTIIBHl:lMli,II IIOJiy-qeua o~eH­

Ka arrnpoKCIIMalUIB. IIpu-npe)lI!oJiolltemrn, 'ITO pemeuIIe IICXO.n;HHX aa­

.n;a'! U(J, z)E C 6( Gi) ' BeJil-iqJiHa norpelllHOCTH__:6y,l(eT 0( IRl
2
,), 

n 2 o '- t .2 · 3 rC'f, 'l 
r.n;e lhl ~nft 2 - mar pasaocTaoii ceTKH, a S7(}',1)-=~ (12_ 12.). 

B §I.4 ua OCHOBe MSTO.n;a auepreTll'ISCKHX IISpaBSHCTB ,lJ;OKa3a­

ua O.n;H03Ha'!HaH paapemliMOCTL pa3HOCTHRX ClCeM. ,llJm 3TOro 61iJIO 

ueo6xO.n;IIMO BbIBSCTll TeopeMll BJIO~eHIIH IIpOCTpaHCTB CSTO'!HRX ~YHK­

~Hil c pa3HI1Mll MeTpHKa.MH H pa3Jill'IHRMH paaMepaocTRMII. OcHOBHID.! 

peaynLTaTOM 3,!(6CL RBJIHSTCH: 
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TeopeMa /I/• PemeHIIH J pa3HOCTHRX CXSM CXO.n;HTCfI B CMIICJie HOp-

Ml.l CSTO'!HOro IlpOCTpaIICTBa ~ J. K ,lJ;OCTaTO'IHO rJian;KHM pemeHIIHM U(j,'l,) 

sana'! iL,-1',r-} H 1 L, f, ~.;J , T.e. 

II~- ullwz1~ M lhl\ 
r.n;e KOHCTaHTa M He 3aBHCllT OT mara pa3IIOCTH0ll ceTKH. 

,llJm sana'I JL,f,rJH fl,f,x,71 B §I.5 pacCMOTpeH!i pa3HOCT­

HUe cxeMU IIDBHIDSHHoro no.PR,IUta TO'IHOCTH O( I ft/ 3
), rroJiy-qeHHi.e 

IIO MSTO.D;y KOHS'IHRX 3JISM6HTOB C HCil0.Jlb30BaHHSM BOCLIVJHTO'IS'IHRX 

6mreanpaTH'!HRX 3JISM6HTOB [ 4, 8] • 
B §1~6 nocTpoeHR pa3HOcTnue cxeMU .n;.JIH san;a'! { l ,l, OJ n 

f L), dl, o], KOTOp~e npIIBO.n;HT K pemeHHIO o6o6rneirnofi aJII'e6pall'Iec­

KO~ npo6JieMU co6cTBSHHRX 3Haqeallft .n;.JIH CllMMeTpll'!Hmc IIOJIOXHTeJILHO­

-onpe,l(eJieHHblX MaTpHU 60.JlbIDOro IlOPR,IU(a, HMeDmHX ~eHTO'IHJIO 

CTPYKTJPY• 

B rJiaBe II, HMeDmen BCnouorareJILHwl xapaKrep, pac-

CMOTpeHR HSKOTOpue MSTO,nH pemeHIIH ¾CTH'!HOll npoOJieM!l C00CTB8H­

HRX aHaqeallft .n;.JIH aanatm 

Ax s tl.B x, x·= (x1, ---::- , x,v). (6) 

3,n;ec1, r.aTpimu A n B oOJI~aDr yxaaaiiHm.m Blillle CBoncxBrum,nPHqe:il 

MaTPHim B MoxeT 6uTL .n;HarOHaJIDHOii. B CJiytJae, 1tor.n;a B ae 

JmJJHSTCfI .n;HaroHaJIDHOH, oaa IDJieeT O)];ID!aKOBJIO CTPYKTJPY C MaTPll-'­

neii A • OTMeTIIM, 'ITO noPJU!OK MaTpllQ HaMHOro 60.JILme .D:JIHHR noJiy­

JieHTH • 

B §§2.I,2.2,2.3 C~eJiaH o6aop oco6eHHOCTefi, B03HllKaXXl!RX 

npn tmCJieHHOM pememm 3a,natm (6), H paccMOTpeHH CJie.n;yI(llllle Me­

TO.ItH pemeHWI: ·, 

. [a]. r .CTpear,.lllK.WHKC, TeopIIH MeTO.n;a KOHS'IHRX MSMSHTOB, "Mllp". 

M., 1977. 
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a/ Herrpep11Bmrn ru1aJior Me TO.Ila H1,10T0Ha [ 9] ; 

6/ JleTO.Il odpaTHOii 1rreparnm [IO]; 

B/ '·11eTO.L{ 11Tep8ll,llli B IIO.L{IIp0CTpaHCTBe [ 3, 4]. 
OTMCTv!M, '!TO noCJI0)1Hl!ll M0TO.L{ II03BOJifieT O,IJ;HOBpeMeHHO BWllC­

JIBT!, rrepn11e H6CKOJ!bKO tmCeJI .l'l codCTB6HHU6 BeKTOPU 38,!\aqn (6). 

B §2.4 Ha ocHOBe MeTO.Lla ncrroMoraTeJihHOll rrapa6oRu [II] no­

CTpoeH •rnC,'!eHHUH aJirOpllTM pelllellll/1 xapaKTepnCTH'IeCKOro ypaBH6Hll/! 

3a,Il;a'!ll ( 6), KOTOpuii Il03BOJiff6T IlOJIY'IBTl:> .LlBYX:CTOpOHHRe rrpuOJIIDi(e­

mm K ROpHIO li IIMeeT ac.IMnTOTH'!6CM ey611'!eCRYIO CKOpOCTh CX:O,IUI-

MOGTlio 

B rRaB6 III pa3pa60TaHHUe pa3HOCTHUe cx:eM11, anropHTM!l R 

rrporpro1Mu npn11eHS1JIHCh ,11JI11 nuqncJieHHI! 3HaqemtU :mepn1n n BOJIHO­

nux: ~YHF::lllill K0HRP6THUX: RBaHTOBOMex:aHll'!6CIWX: CHCTeM, OIIHC11Bae­

M11X: .LlBYM6PHHM ypanHeHlleM Illpe,IUrnrepa. 

Bee BU'!llMeHIDI rrpone.n;eHu Ha 8Bil'I C DC -6500 Ol1ffilf. 

B §3.I .n:aaa MaT6MaTH'!eCKafl. IlOCTaHOBKa 9TllX simaq li Yl(a3a­

HU rryTH me cBe.n;eHrur K sa.n;atJ:e ! L,;t, oj • 
B §3.2 pemeHa 3a.I\a'la ,IJ;Byx: ItyROHOBCIWX: neHTpOD, KOTOPM 

COCTOllT B nuqnCJI6Hllll 9Hep:rnit ll BOJIHOBUX: qiy1uamil 9ReKTpoHa, Ha­

lC0,1l;Hil(eroCR B rroRe .n;nyx: 3aKpenneHHUX: sapsr,n;oB Z1 11 l.2 , y.n;aReH-

[ 9] .tt.B.IIysumm, HerrpepUBH!ltt aHMOr MeTo.n;a Hl:>IOTOHa .n;JIJI 'lllMSH­

HOro pemeHIDI sa.n;aq KBaHTOBOli MeXaHRIIB,0Hill1,II-I20I6, 1978. 

l_ro].,lllK.X.YMKHHCOH, A.nre6paHtJ:eCRrul npo6.neu,a COOCTBSHHI:IX 3Ha-
' 

tJ:eHHii, "HaYKa", M., 1970. 

(n1.H.06peIDKOB, B'l',pxy 'IHMSHOTO npecMR:TaHe Ha ypaBHe_HIDITa 

rrocpe.n;cTBOM KDal{!)aTHll YPaBHeHIDI, ro.rnmmmt Ha Co/µmcKIDI 

YHRBSPCRTeT, §§., 2II-228, 1960. 
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HUX Ha paccTORHHe ft • B 3TOM cnyqae rl'·JHiill.liH i(f, ,Z) , DX:OM­

l!IM B (I), li KOTOpyro D ,Il;UIIhH8i1llleM dy.L{eM 11asmiaTh J10T611Ul1aJIOM 

II 0003Ha'IaTh qepe3 Y , l!M66T Blf,I{ 

. - 2 m.!. - .k (z,tl_)"st(l2 -lJz, ln•O,l,l.,. .. 

V('y,7,R)- RJ._(,'--L)U-21 R (1l-,zZ) 

MeTon;oM pa3,1i;e.nemm nepeMeH!lbllC sTa 3an;aqa pe!IleHa c 601rLIIlOii TO'I­

HOCTl:>IO B padorax [12, 13. 14). B .n:uccepTillll111 pe3yEhTaTI1 :-JTHX: pa­

d OT IICITOJib30BaHlil AJIR rrponepKU a.nropnTMOB,Il § J,2 pa3pa6orana 

TaKllte MeTO,llHKa IlOJiyqemlll Hcl,!\6J!(ll!1X quCJI0l!HhlX pe3yJJhTaTOB B 

npe,lleJiax 38,!\aHHOli TOqHQCTU / 2/ 1 SIBJISIIOl!l0ilCH B6JIH4HHOli I0-
4-ro-:5 

• 

B §3~3 perneHa 3ima~a ~nyx ueHTPOB c noTeHU11anoM [Y.aBhl 

f - .<t(f•~) _d.R(J-2)? '-I m~ 

vc'</.
7
;.t,R)=-Jtf?/i-z>e ,l -t-('y+7}£: .2 J+i2c12_J(q'J' 

KOTOpM l!M0eT BaJKHOe 3Ha'leHll6 .n;Jm OID!CaHIDl H6KOTOpUX rrpoueccOB 

B KBaHTOBOli JCllMl!H. CymecTBeHHOe OTJIHqne OT rrpe,11U,11Yll16rO npuue-

pa 3aitJIIOtJ:aeTCR B TOM, ~TO 9Ta 3a.n;atJ:a Ilpll cl.. t- 0 H6 .n;orrycKaeT pa3-

,118Jl6HllSI nepeMeHHUX. 3.n;ech BU'!l!M6HU nepnue Tpll T6PMU san:a'!ll 

Kalt <rYHKIUffi OT napaMeTpa cl. • TotJ:HOCTh IIOJIY'l6IIHIDC 3HatJ:eHIDi Tep­

Ma OCHOBHOro COCTO.fllilm Ha ,I03a IlOp,ll(Ka JIY'Ill!S, 'l6M B npe,llU,llYlllHX 

pactJ:eTaX: [I5] • IlpH MaJIUX: 3Ha~eHWIJC B6Jill'IIIHU d..>O BII6PB118 IlOJIY­

'!6HU TepMU B030y:!!,ll;eHHUX COCTO.llllllli, 'ITO l!MeeT 60RDmyt0 rrpaKTl1'!6C-

Kyro neHHOCTl:>. 

[I2]J.>.R.Bates, K.Ledsham, A.L.Stewart, Phil. Trans. Roy. Soc., 

L.ondon, A246,I953, pp.215-240, 

[I3}J>.R.Batee, T.R.Carson, Proc. Roy. Soc., London, A234, 

1956, PP• 207-217. 

(I4].i.tt.IloHoMapen,T.IT.Ily3UHIIHa, Ollilli, P4-3405, ,lJ.ydHa, 1967. 

(15].B.M.TaITHJillH, l{mleTHKa H KaTamrn, 12, mm. I, I54-I58, 1975. 
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B §3.4 pemeHa 3a.n;atJa Ha CB/I3aHHile COCTOJIHV.JI ,IJ,JIII aTOMa 

li MOJieeyJUipHOI'O liOHa BO.D;_Opo,n;a B CWI:bHOM MaI'HliTHOM IlOJie Je 
KOTOpaJI B03HliKa8T B acTpoqlli3liK8 li B qM3liK8 IlOJIY!IPOBO~liKOB. 

lloTeHIUIM B ypaimemrn (1) ,I(.illI MOJieeyJUipHOI'O liOHa BO,n;opo,1.(a HMe-

8T Bli,n; 

'e 2 1'Ylz. ·Ri 2( i )( i.) 
v; . ) __ !J.. _> _ + --- -. m if' t- - o j ·1 1-"/ · 

r(''Vi,f.£ · If (7'-2') KY(-1.)(,-?') 32 

3a.,llaqy 1 L, ~. oJ B CJIY"lae aTOMa BO,n;opo,n;a y,n;o6Ho 3arrHcaT1> 

B cqiepni:recKHx KOOp,I(IDiaTax ( 't, e) 

_ 1... ..?_ 't, E _ J__ 2. s; n e ~ + Va c -c, eJ t'("r,eJ= E ~('c,0J, 
12. c>'t ;}t 'l 2 fintJ ;;ie v0 

C YMOBWIMII OrpaHR'l'.8HHOCTH BOJIHOBOH ipyHKrm;R [16] 

t}n,~ 2 ~-=o £om s,rzed"'-=-o ff 4'(t e)=O 2: >)1 · 
D t. ' o0 .u - rn, , "' ' • 

't--,,o.o e -, 0 +o 
fT-0 

,.,.,,z 2 I :Z. 2· . 2 V:, ( t, 0; r) = -- - - + m if'-+ °¥ 'I' 't I', n B. 
a stne 't 

3,n;ech rrapaMeTp O .mme:il:HO CBJI3aH C B8~0H Mal'HHTHOI'O 

IlOJIJI }e • BnepBHe 'l'.RCJieHHile .ncc.Jie.n;oBaHIDI IJpOBe.n;eHil B IDRPOKOM 

.n;RaITa30H8 H3M8H8HIDl J£ OT O ,ItO I014rc. ilOJIY"l8HHil8 pe3yJihTa­

Tll TO'IIllee BaPHaIUIOHHilX paci:reTOB [17,18,19], KOTopue OTHOCJITCJI 

K MaJlliM "J£ • BrrepBil8 llOJIY"l8Hll Y3JIOBHe JIHH:im B036~eHHOI'O 

"''-o . /6/ 
COCTOJIHIDI aTOMa, KOTOpoe npH q1.- OTBe'l'.aeT 2p-COCTOJIHIDO. 

B rJja.Be lY paccMOTpeHa 3~1:l'.a Tpex TeJI, B3roIMO,IteficTByio- . 

[16) .ll.B.~pa:3HHOB, 0 pa3HOCTHilX CJC8MaX ,I(.1IJI ypaBH8HIDI IIyaccoH~ 
. ' 

B llOJIHpHOfi, rcwmH,ltpH'l'.8CKOfi H cqiepHi:reCKOll CHCT8MaX,KOOp,n;H-

HaT, )KBM H MI>, ll, Ni 5, .1219-1228, 1971. 

[17].H.S.Brandi, Phys. Rev., A.!!, 1975, p.!835. 

[18] 0 R.K.Bhaduri, Y.Nogami, C.S.Warke, Astrophys.J., ill,. 
!977, pp.324-329 •. 

{19] .R.R.dos Santos, H.S.Brandi, Phys. Rev.,AI3,I976, 

PP• I970-I974. 
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m111:x no 3aKOHY KyJIOHa, B a,n;Ha6arni:recKOM npe,n;CTaBJiemrn [ 7], RO­

TOpa!I B 11.-ypOBHSBOM npH6.mr;KeHHH OllHC!IBaeTM CIICT8MOL1 o6mmo­

B8HHt!X .nwf1JJepeH1::CiaJihHLIX: ypaBH8HID1 

-E J.l.f+uJ-+d..(Qn})+G.,1J=A-EnJ (7) 
tz J. R' " ctR. o-R 

H rpaHII'l'.HLIMII yC.JIOBIDThfil 

J lo)"' J ( R,,,,) =: o, R.,,, >> 1. ( 8) 

3,n;ech En -e,n;HHII'IIlla.R MaTPHUa, U.,(I?) H Qn(R) CHMM8TPII'l'.­

HaR II aHTHCHMMeTpH'l'.Haq MaTPHUU UO[l.fl.ll;Ka 71, • aj(RJ=/J,IR} ... J .. (i?.)J. 

!IOKa3aHO, 'ITO 3an;atra ( 7)-(8) ClrMMeTpH'IIJa,II no.rryqeHa KOHCepBa­

TIIBHM pa3HOCTHaJI cxeMa, anrrpOKCHNMPYI001M ee C TO'l'.HOCTI,10 !10-

proum O ( ~ i.) I f7i. - mar ceT1m/. Bui:rRcneHLI Bee ypomm aueprirn 

M830MO.JI8RYJI II30TOUOB BO,n;opo,n;a nplI h =2,sf3/ • Pe3JJII,TaTLI COB­

na.n;aroT C BLIIIOJIH8HIIL!MII panee paci:reTaMII[ 7. 9] II. CBJI,ll;8T8JihCTBYIOT 

0 TO'l'.HOCTH pa3HOCTHOii cxeM1!. ,lleTMI,HO IICM8,I(OBaH MeTO.ll; BCIIO­

IJOraTeJII,HOil napa6o.Jll IIpM BH'lliC.JieHIIII C.Jia6ocruI3a.HHLilC ypOBHeti Me-

30MOJI8KYJI oLJ.f" H J. l f- • B ::JTOM c.nyqae MaTpima A UMeJia no­

PJI..n:OR Iv =:1032 II .n;JIIIHY IIOJiyJieHTll I5. a MaTPHUa 6 61rna ,n;Haro­

Ha.Jll,HOll. IIO~TBepl!C,!(eHa Ky61I'l'.8CKaJI C!WpOCTh ClCO.ImMOCTH II .n:BylCCTO­

pOHHee np1I6JllleHHe M8TO,n;a.. 

B §4.3 truCJieHHO perneua. RpaeBaJI 3an;ai:ra, onpe.n;eJI.fieMaJI ypaB-

. H8HH8M llipe,n;HHrepa. 

f L - ,t,_(:.t'K +i) -
I dg' f 2 

C rpa.HH'l!ILIMII ycJIOBll.HMH 

.2m (E+W{_f))j 1lf)-=-o 
-e 

. }CO)'=}(fm)=O, f,.,,>>1,, 
'ITO Il03BOJIIDI0 llO.lly'IliTh aHepruu CBH31I, cpe,n;HeKBa.n;pa.TW!Hilli pa.n;H­

yc JI..n:pa., ynpyrue II Heynpyrue (fopMfa.KTOPll JI8rKIIlC .f:{D;ep B M8TO,n;e 

runepc,f.epni:recKJilC cpyHKI.U!ll; 4;. rro~eHHHe pegyfilTa.m ;,copomo cor­

JiacyroTCR C II3B8CTHUMH SKCnepHMeHTMI>HLIMH .n;aHHUM!l • 
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B §§5.I ,5.2 IIfITOM rJiaBU no aHa.JIOI'Hli c [20] ,I.(Jill aa.n;atra 

noccraHODJlemrn cru.1oconpazemwro onef)aropa Llryp11a-Il:11yBHJJJ1H 

{r+0...-1,rxJ)~=:.O, O!=X~'ii., i,<xJcL2 (tJ.,'i7)J (9) 

/<oJ-fiJlo)=o, 'J'(r}+ll;ti'J-=o, (H~D"., (IO) 

no ero cneKrpa.n1,110H qiy1m1urn., nocrpoe110 ypanHeHne ,n;na Henpep1rn-

1mro a!la.JIOra MBTOM H1,10TOHa [6] 

Vt "" - [ !{vJT
1 

( .fcv) -t'):, V(O) =Vo, 0 ~ t < Do, (II) 

pememrn vtl,v.) ROToporo npH t ➔ oo ,n;aeT pemeH:11e Vlf onepaTop-

Horo ypaBH6HIDI t(V}= t" • 3,n;ec1, /(v)- HeJOO!BMHUM onepaTop 

/B HarneM c.nytiae cTaBRIIUiii B COOTBBTCTBlle aa,n;aqe (9)-(IO) ee 

rl I ,rl. 
cneRTpa.JII,HY',<J rpymmmo/, (v) - ero npmrnBO.n;HWI cf?peme, [t (V)j -

o6paTHill1 R HBH oneparop. 3.n:ecI, TaKXe nocTpOeHO ypaBHBHHe (II) 

,I.(Jill aa.n;atra 06 onpe.n;eJieHllll On!)paTOpa (9)-(IO) no .n:BYM CllBRTpaM. 

B §5.3 npe.I(J.IOXBHH HTepau;liOHHHe MeTOJµ,1 HLIDTOHOBCKOrO Tllna 

,ll;Jlll tnICJieHHOro pemeHIDI o6paTHUJC aa,n;aq B yrul3aHHHJC Burne .n;Byx 

llOCTaHOBRaX, CBO,n;am:11x no CYII16CTBY pemeu:11e 3THX aa,n;aq R pemeHll!O 

ua :K8JK,IJ;OM mary HTepa.IllIOHHOro nponecca np11Moii aa.n;atra ua co6cT­

Beuuue auaqeuIDI ,I.(Jill onepaTopa (9)-(IO), ROTopru:r perum:aupyeTCH 

MBTO.n;aMH, H3JIOXBHHU!lfil BO BTOpOli rJiaBe. TI!rCJieHHUe pacqeTU ,I.(Jill 

pR.n;a MO,ll;BJII,HUJC 3a,n;aq ll0Ra3HBaIOT, qTQ onepaTOp BOCCTaHaBJll!BaeTCH 

no ero cneRTpa.JIJ,HUM ,ll;aHHUM C a6COJJH)THOM TO'IlIOCTI,JO I0-2-I0-3. 

OCHOBH!IB PE3YJI1TAThl 1Il1CCEPTAllffi:I 

I. IIp:11 yCJIOBWIJC Ol'paHllqBHHOCTH ( 2) ,ll;Jlll ypaBHeHIDI ( I) noc­

TpoeHa ROHCepBaTHBHru:I pa3HOCTHall CJCBMa BTOporo llOPR,IJ;Ka TOqHOC-

TH WIH tmCJieHHOI'O pemeHIDI aa,n;aq / L , :l, o J :11 { L,, 1, Je, o} • 
2. Paapa6oTaH a.JII'OPHTM Bbl'IlICJIBHIDI co6CTB6HHUX 3HaqeHmt 

,I.(Jill CHMMeTpwrnux JieHTO'IlIUX MaTPHn 60JII,IDOro nOp!I,ll;Ra, HMeIOOUtil: 

,n;ByxCTOPOHHIDD acHMIITOTH'!6CRH-Icy'6H'!eCJcyIO CJCO,n;;IMOCTI,. 

[20] • H.BH3Hep,E.II.JKm:(ROB :0,- ,n;p., otIAH, ~,Bllll.3, ?I0-768,1978. 
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:J. IIocTpOeHa IWHcepBaTUBHaJI pa3HOCTHaq cxe:vra tJUCJleHUOrO 

peweHHH aa,n;atJH li1Typ11a-J!HYBHJIJIH ,Il;JIH cncreMhl o6h!KIIODellHl,IX 

,n;nqxpepe11n:11MLHhIX ypan11e11:11n Broporo nopa,l\Ka. 

4. 1IocTpOeHO ypaBHeIIHe Heilpepb!BHOI'O aHaJIOra MBTO!l;a dbIO­

TOHa B o6parHol1 3anaqe [(JIB peryJIHpHoro oneparopa liTyp1v1a-JI1rv­

BlLJIJlfI 1/1 C03_n;aHbl w,feJtTl113HLie aJirOpHTMl:1 tIHC716HHOrO pememm :lTOii 

aa.n;atin. 

5. Ilpl'l qncJIBHHOM peruemrn pH,n;a rT113HtI8C!CJ/I'{ 3an;aq C 110MOil1bl0 

paapa6oTaHHHJC a.JirOpl'ITMOB H nporpaWII ITOJiyqeHLl HOBLle '-!J/IC716HHLl6 

pe3yJII,Ta'~Il, BaJKHHe nnR 1'1131/lqecRI!'{ HCC716I(OBamili. 

£tt60Tb1
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Il0710iK6HHLl6 B OCHOBV p::11ccepTag~rn: 

l • M.Kac'll!eB. Pa3HOCTHru:I cx:e~ia pelJ:e!UIB CMBlliaHHOH 3auaqn I(Jli1 

3JIJil'IITTl'ltIBCK0rD ypaBHBHIDI B clepOH,n;aJII,HOii CHCTeMe R001JD;11HaT. 

CEPMltA, fa.Jir. MaTeM. crmcamrn, T.4, 324-329, IS7U. 

2. P.Jla3apoB,!il.KactIHeB. TI!rcJiefIHOe pemeHJ/le D;B'r.vJBPHOrO ypaBHBHllH 

lipe,n,rnrepa, COOTBeTCTB.YKJII16I'O 3a,n;aqe .nBYJC ueHTpOB. OllilH, 

Pll-12307, .lly6Ha, 1979. 

3. :Jl.KactIHeB,B.KactIHeBa. trncneHHoe peruemrn 3a.uatil/l lLTyp~m-Jiey­

BHJIJIH n,Jifi O,D;HOM CllCTBMhl OOblltHOBeHHhllC .nwfif'epeHU11aJII,llh!lC ypaB­

H6HJ/IM BTOpOro rropH,n;Ra. 0Hi1n, P5-12382, JJ.y6Ha, IS79. 

4. ,vl.KaCtIHBB,K.B.l!MTHltOBa. 0 QKJ/IM!lBMOCTH roi;ep B MBTOD;e :rnrrep­

c,:fep:11qecRHJC ITlyHJtnl/lM. iftl>, 30, Nl 6, 1479, 1979. 

5. i~.l{actmeB,B.C.MeJieJKHR, B~CJieHHB ypOBHeli sHepnm f --M830-

MOJieeyJI H30TOllOB BO,D;opo.n:a C llOMO!IU,ID HenpepblBHOI'O aHaJIOra 

MeTo.n:a H1,IOTOHa H MBTOM o6paTHO~ HTepannH B no,n;rrpocTpaHCT-

Be, OIDIB, P4-I267I, .lly6Ha, I9?9. 

6. C.ll.BHHunRml,~.B.BYitaHJIOBl'lq,M.C.I{ac'!HeB, ATOM :11 MOJieRy-

JIBpHUM l'IOH BO.I(OIJO,D;a B CliJII,HOM Marlil'lTHOM no.Jie' owrn:' 

P4-I2842. nv6Ha. I9?9. 
PyKOilHCL nocryrrHna B :11a,n;areJ1LCKHtt or,n;eJI 

24 oKTH6pa 1979 ro,n;a. 
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