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Toqaoe pewea11e aa11aq11 llByx 
I II 

ueHTpoB KBaHTOBOH MexaHHKll 

noaBOnHeT c¢opMyn11poBaTh II pean11aoBaTh 06w11fi nonxon K 11ayqe

H1110 npoueccOB C yqaCTlleM Tpex Ten, B3811MOlleficTBYIOllIIIX no 

38KOHY KynoHa, OH COCTOIIT B paano)KeHIIII nonHOH BOnHOBOH ¢yHK

UIIII CIICTeMbl Tpex Ten no COCTOSIHIISIM llBYXUeHTpOBOH aa11aq11 

II HBnHeTCH e1111HCTBeHHO B03MO)KHOH B H8CTOHlliee BpeMH nocneno-
x/ 

BaTenbHOH pean11aau11efi MeTona MoneKynnpHbIX COCTOH!lllH , ITpen-

no)KeHH8H MeTonnKa oco6eaao y1106Ha nnH paccM0Tpe1111S1 npocTefi

w11x peaKUllfi c nepepacnpe11enea11eM qacTIIU T11na 

Z e 
2 

{ 1) 

npn TennOBbIX SHeprllHX CTOnKH0BeH11fi, IlOCKOnhKY B STOM cnyqae 

cnenyeT 0)Kll/l8Th xopowefi ToqH0CTll peaynbT8TOB !)Ke B rpy60M 

nayxypoBHeBOM npn6nn)Keffllll, MeTO/l MoneKynHpHb!X COCTOSIHllH, 

nnwea BHyTpel!HIIX npOTIIBOpeqnfi n oqeBllllHbIM o6pa30M o6o6maeT

CH Ha cnyqafi nponaBonhHoro qncna ypoaaefi, B paMKax MeTona 

nerKo npoBecTn ero cpaaHeu11e c Tpannunoaaofi Teop11efi BoaMymeaafi, 

ecnn B KaqecTBe BoaMyIUeHIIH Bb16paTh onepaTop nnepaoro nan

)KeHIIH, B qacTHOCTH; np116n11)Kemre llBYX ypOBHefi npaKT11qecKII SK-

xi 
Eonee ynoTpe611TenhHOe Ha3B8Hlle STOI'O MeTona - MeTOll 

B03MyIUeHHblX CT8UIIOHapHblX COCTOSIHIIH {B,C.C,) - Ka)KeTCH 
HaM aey11aqHb1M, nocKonhKY nnoxo 0Tpa)KaeT cymaocTh nonxona, 

3 



a11aaneHTHo yq~TY rrepaoil rrorrpaBKII Teop1111 aoaMywea11il K MaTp11ue 

rroTeau11anbHoil aaepr1111 nn11 rrpoueccoa (1). 

B pa6oTe rrp11H11To nayxypoaaeaoe rrp116n11meH11e MeTona Mo

neKyn11pab1X COCTOllHllil. Oao rrpllBOAIIT K CB!l38HHOH CIICTeMe nayx 

ypaaaea11il lllp~nuarepa, KOTopa11 B caMoM o6weM cnyqae 11MeeT 

BIIA 

d2 
( --+ k2 

dR2 I 

e(f +I) 

~ )x1 =K11X1 +Kt v2 + 2Q .!& 
2'' - i2 d R 

2 

( d 2 dlf +k2-
f(f+ I) dx 
~)x = K X + K x + 2Q _ 1 
fi . 2 21 I 22· 2 2 I d R 

( la) 

KoHKpeTHblll BIIA MaTpllqHblX aneMeHTOB K 
lj 

orrpenen11eTc11 

oco6eaaocTHMII aanaq11; B· Kamiw'M oTnenbHoM cnyqae OHII Bb1pama

I0Tc11 qepEG TepMbl aanaq11 nayx ueHTpOB II M8Tp11qHbJe aneMeHTb! 

OT orrepaTopa 11nepaoro na11~ea1111 rro pe~ea1111M nayxueHTpoaoil aana

q11. lln11 peweHllll 3TOH CIICTeMbl ypaBHeH11il 11crronb30B8H MeTOA- cpa-

30Bb!X cpyHKUIIH'
21• MaBeCTHO, qTo rrpouecc paccellHllll yno6Ho orr11-

Cb1BaTb rrpll IlOMOIIIII YHIITapHoil MaTpllUbl pacceSIHIISI s . 0Ka3bIBa

eTCSI, qTo IICXOAll 113 CIICTeMbl ypaBHeHllil lllpen11arepa nn11 aanaq11 

pacceSIHllll, MOmHo aarr11caTb ypaBHeHlle nn11 MaTpllUbl S (R) , ynoB-

neTBOpS!IOWeil ycnoBHIO · S = S ( oo ) • S - MaTp11ua B o6weM 

~-

cnyqae aaBl!CIIT OT N ( N +I) /2 aewecTBeHHbIX riapaMeTpoa. TTpaKTll

qecKH MeTOA cpaaoBbIX cpyHKU~il cocTOIIT B Bb16ope, 3TIIX napaMeTpoa, 

nonyqeHIIII AnSI HIIX ypaBH8Hllil, IIHTerpllpOB8HIIII ypaBHeHIIH B IIHTepaa-

ne (O<R<R ) 
m 

CTII (R m<R < .,,;) 

11 oueHKII BKnana B aaaqea1111 napaMeTp~B o6na

• TTp11 pewea1111 nayxKaHanblibIX aanaq B pa-

6oTe IlpllHS!Tbl rrapaMeTpb1 0 06061llaI01IIlle l!3BeCTHYIO napaMeTp113aUIIIO 
/2/ -

MaK-Xeilna-Tanepa • Ypaaaea1111 M.cp,cp, pewaIOTCSI c KOHTpo_n11pye-

MOil TQqHOCTbIO, Il03TOMY norpeWHOCTb aailneHHblX B pa6oTe cp11311qec

KIIX aen11q11a orrpenen11eTCSI llBYXYPOBHeBb!M rrp116n11mea11eM MeToAa 

MoneKyn11pHblX COCTOSIHIIH. Ma yrroMllHYTOH BbTIUe 8Hanor1111 C Teop11eil 

4 

aoaMywea11il cnenyeT, qTo B np116nnmea11n- nayx ypoBHeil MaTp11ua 

IlOTeHu11anbHOH 3Hepr1111 aauaq11 pacce!lHllll aanaeTC!l C TOqHOCTblO 
2 - /3/ 

no qnenoa (m /l\l) , a 06oanaqea1111x 

1/ m =l/M 3 +I/(l\l 
1
+M

2
); I/M =l/l\l 1 +l/M

2
, 

KOTOpb1e cnenyIOT na np11a11Toro a pa60T
0

e cnoco6_a Bh1nenea1111 

ABllmea1111 ueHTpa 11aepu1111 Cl!CTeMbl (Koopn11HaTbl HK0611), anecb 

l\1 1 , l\l 2 - Maccb1_ 11nep, Ma - Macca aneKTpoaa ( 11n11 Meaoaa), 

yqaCTBYIOIIlllX a peaKUIIII ( 1). 8Ta TQqffOCTb MOmeT 6b!Tb ynyqllleaa 

IlpllMblM yqeTOM npyr11x COCTOllHIIH aanaq11 nayx ueaTpoB. Mano

meaaag MeTOAl!Ka np11Meaeaa K p11ny aanaq. 

B TpeTbeil rnaae 11ccn~nyeTc11 npouecc 

H(ls)+p ➔ p+H(ls)· 

( 2) 

/3/ 
8Ta Knacc11qecKa11 aanaqa o nepeaap11nKe npoToaa aa aToMax 

-5 aonopona pe1Ueaa HaMn B IIHTepaane aaepr11il cTomrnoaea1111 10 aa 

~ E $- 5 aa. TTonyqeab1 cpaab1 pacce11a1111, napu11anbHbie II nonab1e 

ceqea1111 nepeaap11nK11, a TaKme HeKOTOpb1e npyr11e ceqemrn, y'IHTb1-

Ba10w11e CT8TIICTIIKY npoTOHOB, Aaan113 peaynbTaTQB Il03BOnSieT npo

cnenHTb oco6eHHOCTII nepexona OT Manb!X 8Hepr11il CTOnKHOBeH1111 

K 6onh1IIIIM, a TaKme BblSICHl!Tb rpaHl!Ubl np11MeH11MoCT1! KB8311-

Knacc11qecKoro crroco6a BbI'I11cnea1111 ce'!eH11il 11 6opaoBcKoro np116n11-

mea1111 nn11 aaxomnea1111 rrapu11anbHbIX cpaa pacce11a1111. YcTaHoBneao, 

'ITO B OCHOBHoil ( gerade) IlOTeHu11anbHOH S!Me MOneKynbI (pep) 

cymecTByeT 20 CBSl38HHblX COCTOS!Hllil, a B IlOTeHu11ane ( ungerade)-

2 cna6ocBSI3aHHbIX COCTOllHl!ll. 8T11 !p8KTbl OTMe'!aIOTCSI, IlO-BIIAIIMO

MY, arrepBb1e. 

B nayx cnenyIOWl!X rnaaax 11ay'IaIOTc11 aeKoTopbie MeaoaTOMHbte npo-

ueccb1, B '!aCTHOcT11, B rn. JV 11ccneny10TC11 peaKu1111 T11na CIIM-

MeTpll'IHOil nepeaap11nK11 

pµ +p ➔ p+pµ 

dµ-+d ➔ d+dµ-

1 µ- + I ➔ I + t µ -: 

( 2a) 
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I 
! 

Bh!'IllCneHbl nm1Hbl paccellHI!SI, KOTOpbie 06b1qHo 11cnonb3YIOTCll 
. · . . - Ml 

nnll oueHKII Ben11q11H ceqeanfi HeK0Toph1x ¢11a11qecK11x npoueccoB 

B HeqeTHOM ( ungerade) KaHane Hallin peaynhTaThI aHaqnTenb-
'· _,J~. 

HO OTn11qa1DTCll OT Bh1q11cneH11H npyrnx aBTOpOB. AHanna IIOKa3hIBa-

eT, qTo npnqnHofi aToro pacxoJKneHnl! l!Bnl!eTcl! npeae6peJKeane· 

B 6onee paHHIIX pacqeTax nanhHoneficTBYIDl!lllM xapaKTepoM nccne-

, /5/ ) 
nyeMbIX IIOTeHunanoB ( CM. , CTp. 124 

V(R),,, ~-• R ➔ 00 
R 

(3) 

ITpn nocnenoBaTenbHOM nonxone K nayqeHnlO npoueccoB (2a) 

B o6naCTll TennOBhlX aHeprnn CTOnKHOBeHIIH Heo6xonnM yqeT CBepx

TOHKoro pacmenneHllll ~ E OCHOBHoro COCTOl!Hllll MeaoaTOMOB B0/lO

pona 

~E = l O, 183 aB nnll p /l 

0,049 8B /lnll 

0, 241 aB nnll 

d /L

tµ 

(4) 

CooTBeTCTByIDl!llle ypaaHeHnll 6hmn nonyqeHhI paHee fep1I1Tefi-
/~ . . . 

HOM n pellleHhl HM aHannTnqecKn B np116n11JKeHllll IIOHllTllll nnnHhl pac-

cel!Hllll .. B rnaBe IV aTa cncTeMa ypaaHeHnii pe1I1aeTcll qncneHHO 

n npo11aaon11Tcll cpaBHeHne c q,opMynaMII fep1I1TeiiHa. ITonyqeHhI npo

CTb1e aaan11T11qecK11e BhipaJKeHllll nnll ceqeHnii nepexona MeJKny KOM

noHeHTaMn caepxTOHKOii CTpyKTyphl MeaoaTOMOB aonopona B npouecce 

CTOnKHOBeHllll (2a). OHII aaBHCllT OT napaMeTpoB, nnll HaXOJK/leHllll 

KOTOphIX B o6meM cnyqae /lBYXKaHanbHOii peaku1111 _Heo6xo/lllMO pelllaTb 

COOTBeTCTBYIDlllYID CIICTeMy ypaaHeHnii llJ pe/lllHrepa. HHorna, Hanpn

Mep, /lnll peaKUIIII d /l - + d /lOCTaToqHo 3HaTb /lflllHbl paccel!Hllll. 

YcTaHoaneHa callab.c peaynhTaTaMn fep1I1TeiiHa. IToKa3aHo,·qTo 06-

nacTh.:np11MeH11MocT11 noHllTllll nn11Hh1 paccesi:Hnll n npyrnx H113KoaHep

reTnqecKnx napaMeTpoB paccel!Hllll aHa4nTenhHO paclllnpl!eTcll, ecnn 

IICIIOflb30BaTb aCHMIITOTHqecKoe paanoJKeHne JJ.nll <pa3bl paccel!Hllll 

/'i (k ) Ha IIOTeHUHanax ( 3) 

6 

i . 
\f 

l 
!' 

~ 
::11 
I~ 

11 

I 

k ctgo = - l.. _ ..J!g_ k _ ~ / l'n ( a k 
2 

) 

·· 8 3a 2 · 3a 16 (5) 

k - BOnHOBOe q11cno, a - nnnHa paccel!Hllll). <PopMyna (5) 

aHanornqHa npn6nnJKeH111D aq,q,eKTHBHoro pannyca a Teopnn pac-
/2/ 

cel!Hllll Ha 8KCIIOHeHunanbHO y6b1Ba1Dl!lllX IIOTeHUllanax ·• B HallleM 

IlOJJ.XO]J.e q>opMynhI feplIITeiiHa COOTBeTCTBylDT oT6paCh!BaHHIO B paa

noJKeHnn (5) nayx nocnenHnx qneHoB, ITpn paccMoTpeann y·npyrnx 

KaHanoB peaKUllii (2a) aTo paayMHO nlllllb /lnll aHeprnii CTOnKHOBe-

E -3 
Hnii ;S 10 ·aB. 

Ecnn aHeprnll cTonKH0BeH11ll·aHaqnTenbHO npeBhIWaeT Benn-

qnHy caepXTOHKoro pacmenneHnll ~ E OCHOBHOro COCTOl!Hllll Meao-

aToMa (4), MOJKHO npeHe6peqb CBepxTOHKOii CTpykTypoii npn pac-

CMOTpeHllll npoueccoB (2a). 3anaqa ynpomaeTCll II CBOJJ.llTCll K pe-

llleHHIO ypaBHeHnii ll3 rnaBbl III /lnll peaicunn ( 2). HO C naMeHeH

HhIMII napaMeTpaMn. 3To 113MeHeHne npnBO/lllT, 0/lHaKo,· K KaqeCTBeH

HO HOBOMY XO/lY npoueCCOB. ITo Mepe Toro KaK B ceqeHllll peaKUllii 

(2a) Haq11Ha1DT naaaTb BKnaJJ. napunanbHhie ~OIIHbl C f = 1,2,3 •.• , 

nx aaBHCllMOCTb OT aHeprnn CTOnKHOBeHllll E npno6peTaeT pe-

aoHaHCHhiii xapaKTep. npoBeaeH q,aaoi::ih1fi aHanna aTnx llBneHnfi; 

KOTOpbIH, B qacTHOCTH, II03B01IlleT ycTaHOBllTb qncno CBll3aHHhlX 

cocTOllHiifi nnll MomiKynllpHhIX cncTeM pµ-p , dµ~ d , tµ-t 

. 6 . /4/ 
C paannqHhIMII 3HaqeHlll!Mll op nTanbHhlX MOMeHTOB .• 

Pe3yni,TaTh1 napunanhaoro aHann3a peaKunfi ( 2, 2a) nMeIDT, 

no-Bll/lllMOMY, 3HaqnTenbHhlH MeTonnqecKIIH lll!Tepec, IIOCKOnbKy Ha 

llpHMepe KOHKpeTHhIX q>ll3HqeCKllX 3a/laq OHII llllfllOCTpllpyiDT MHorne 

o6miie no·noJKeHmi Teopnn noTeHunanbHoro paccel!Hnsi. Kai npaanno, 

paaee nnll 3Toro· llCIIOflb30Ban11cb llpOCTbie MonenbHbie IIOTeaunanhI. 

B rnaae V 

ll30TOIIHOro o6MeHa 

BhiqncneHhI ceqeHllll, onpenenl!IDl!llle xon peaKuntt 
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, I 

p µ - + d +--+d µ- + p 

pµ + +-+ tµ + p .~-

(5) 
dµ-+.t .. _. tµ-+d. 

MaTp11ua noTeau11anbHoli aaepr1111 K(R) nnll npoueccoB (5) 

aaeTcl! aecnMMeTpll'!Holi B 30He peaKu11n K 
12

( R) ./, K 
21 

( R). 

OKa3bI-

llnll aToro cny'Ial! HaMII nony'IeHbl ypaBHeHIIll MeTona ipa30Bb!X 

/2/ 
ipyHKUIIli, 0606ma10ume y)Ke II3BeCTHb1e • npo113aeneao cpaBaea11e 

c 6onee paHHIIMII pac'!eTaM11. KaK II B 3anaqax rnaBbI IV , oKa-

3bIBBeTCll none3Hb!M aCIIMnTOTII'!eCKoe pa3nO)KeHIIe (5). Pe3ynbTa

Tbl aToli rnBBbI, no-BIIUIIMOMy, aa116onee IIHTepeCHbl nnll np11no

)KeH11/71. 

Hcnonb30BaHHoe B pa6oTe nayxypoBHeBoe np116n11)KeH11e Me

Tona MoneKynllpHhlX COCTOllHIIH !pll3II'IeCKII ecTeCTBeHHO II llOBOnbHO 

npOCTO nnll npaKTII'!eCKIIX Bb1•mcneH11li. Oao O'!eBIIUHbIM o6pa30M 

o6o6maeTCl! Ha cnyqafi N ·> 2 .'IIICna KaHl\nOB, ( CooTBeTCTBy10m11e 

ypaBHemrn M.ip.ip. nony'IeHbI n.H. noaoMapeBbIM). TaKoe 0606mea11e 

no3BOnIIno fib! ycTaHOBl!Tb IICTIIHHYIO. ToqaoCTb rrpn6n11)KeH1Ill llBYX 

COCTOl!HIIH, 

KaK y)Ke OTMe'!anocb, np11 pemeHIIII 3anaq 113 rnaa III-VB Ka

qecTBe 6a3Hca nnll pa3nO)KeHIIH BOnHOBOH IPYHKUHII CIICTeMbl Tpex 

Ten, B3al!MOUelicTBYIOlllllX no 38KOHy Kynoaa, 11cnonb30Ban11cb co-

' CTOSIHIISI 3anaq11 llBYX ueHTpOB KBBHTOBOH MexaHHKII, T,e, MOneKynHp-

Hbie COCTOSIHIISI CIICTeMbl ( z I e z 2 ) • Co6CTBeHHbie 3Ha'!eHl!ll ( Tep-

Mbi) • aToli M>neKynbI B HeKOTOpb!X cny'!al!X na10T cymecTBeHHY_IO 

11aipopMau1110 o xone rrpoueccoB paccel!Hl!ll 6e3 rrpenaap11TenbHoro 

'!l!cneHHoro pemeHIISI cpoTBeTCTBYIOllllIX ypaBHeHIIli. TaK, Hanp11Mep, 

Mb! BOCIIOIIb30Bam1Cb TeM, 'ITO y CIICTeMbl T11na ( Me3o) Mone Ky-

nbl H + TepMbI ( gerade ) 
2· II ( ungerade ) HaXOllSITCll BOT-

HOCl!TenbHOH 1130nSIUIIII OT COBOKYIIHOCTII OCTaBllil!XCSI TepMoB, nnll 

8 

onpaBUaHIISI rrp11MeHIIMOCTll uayxypoBHeBoro np116IIII)KeHIIll npll pe-

meHIIII 3ana'I pacce11H11S1 113 rnaB 111-V • Heuaaao rronyqeHHbJe 

TToHoMapeBbIM II TTy3blHIIHOH KBa3IIIIepece'!eHIISI TepMOB B 
. /1/ . . 

nax ( zl e z2 ) II Bbl'IIICneHl!e MaTpll'IHbIX aneMeHTOB, 

MoneKy

CBll3bIBa-

JOlllllX B3aIIMOUelicTBYIOllll!e COCTOSIHIISI, paBHbIM o6pa30M CBIIUeTenb

CTBYIOT, 'ITO 8TI! TepMbl naJOT xopOllilIH 6a3IIC UIISi np11MeHeHl!ll 

np116II1I)KeHIISI UBYX ypoaaeli MeToua MoneKym1pHblX COCTOl!HIIH. 

B CIICTeMe ( Z I e z2 ) IIMeJOTCll TaK)Ke TepMbI, rrepece'!eHIIe 

KOTOpb!X CTaBIIIIOCb non COMHeHIIe B CBSl311 c. MHl!Mb!M aapymeHII

. /8/ 
eM TeopeMbl HeliMaaa-B11raepa O tterrepeceqeHIIII TepMOB Olll!HaKOBOH 

CllMMeTpIIII. nocKOIIbKY MoneKyna ( z eZ ) IIMeeT OCb BpameHIIll, TO, 
I 2 

ecn11 C'IIITaTb, 'ITO ee rpynna CIIMMeTpllll CBOUIITCSI 1i5 '!IICTO 
reo-

MeTpH'!eCKHM rrpeo6pa3oBaHHll°ilA, °TeopeMa Hettirnaa-Bnraepa 3anpe

maeT nepeceKaTbCll TepMaM C OUHHaKOBOH rrpoeKuneli op6nTanbHO

ro M0MeHTa m Ha 0Cb MoneKYIIbl, B '!8CTH0CTII, Torua. He Mornn 

6bl nepeceKaTbCll a - Tep~bl ( m = 0)' 'ITO, ouHaKO, HMeeT. Me-

cTo, B rnaae VI un11 cncTeMbI ( Z1 eZ2 ) 
CTpOHTCll rpynna CHM-

MeTpllII, y'IllTbIBaJOlllaSI ipaKT pa3uen11eM0CTII rrepeMeHHbIX B 3ana'!e 

UBYX u.eHTp0B KBaHTOBOil MexaHl!Kll,_ B CIIIIY pa3nenileMOCTll rrepe

MeHHblX B0IIHOBaSI IPYHKUIISI MoneKyIIbl ( Z I e Z 
2 

) <paKTOpll3yeTCll, 

II 3a IIHUeKCbl HOBOH rpyIInbI CllMMeTpllll M0)KHO B3l!Tb 'Il!Cna aynell 

ee COMHO)Kl!Tenell, TeM caMb!M o6iiat:Tb uellcTBIISI TeopeM.bl Hett

MaHa-BIIrttepa pacrrpocTpaHSieTCSI Ha CllCTel'ylbl C pa3nenS110llll!MHCSI 

/9/ 
rrepeMeHHb!Mll • 

KaK HaM Ka)KeTCSI, B pa6oTe ynanocb BJ:>!SICHIITb 'aeo60CHOBaH-

H0CTb B03pa)KeHl!Il IIp0TIIB MeTona MoneKyn11pHblX COCTOS!Hlltt, CBSl-

3aHHb!X C TaK Ha3bIBaeMbIM BOIIpOCOM 0 'TpaacnSIUIIOHHOil 8KCIIOHeH

Te·171. AcnMnT0TH'!eCKlle CBOttCTBa pemeHIIIl CllCTeMbl ypaBHeHlltt 

lllpeu1rnrepa 3aua'!11 pacceHHHSI ( 1) caMocornacoBaHHO ynyqmaJOTCll 

C yBen11'!eHIIeM '!llCna Y'!Te~HbIX COCTOSIHl!Il 3aUa'III UBYX ueHTpOB, 

B rnaae v1r. (3aKIIJO'IeH~ll) KpaTKO H3n0)KeHbl OCHOBHbJe 

pe3yIIbTaTbl nnccepTaUllll, ' 

9 



• 

B npnnolKeane BbIHeceHbl TeXHH'leCKH~ AeTa~n, cymeCTBeHHbie 

npn npaKTH'leCKOfi peannaaunn MeToaa ¢aaoBbIX ¢YHKUHi!, 

· /3 4 9/ OcHOBHoe coaeplKaHne pa60Tbl HaneqaTaHo B CTBTbSIX ' ' , 

8 T8KlKe AOKn8AblB8/l0Cb B MelKayaapoaaoi! WK0/le no T,eopeTH'lec

KOfi ¢nanKe a HnTe, 1966 r,, Ha IV BcecoroaHoi! Koa¢epeau1m 

no ¢nanKe sneKTp0HHblX ll 8T0MHbIX 'cTOnKHOB0H_Hi!, Pura, 1969 r, 

H Ha Hayqaoi! ceccnn OTaeneHnsi siaepHoi! ¢nanKn AH CCCP, 

TannnH, 1970 r. 
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