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B nocne,IJ,Hee epeM11 npn HJyt.feHHH npou:eccoe e3anMo· 
,IJ,eii:CTBH11 :rneMeHTapHLIX t.faCTHU HHTeHCHBHO HCilOilb3YIOTC11 
,IJ,yanbHl>Ie pe3oHaHCHbie MO,IJ,enn. IloHHTHe O ,IJ,yanbHbIX ceoii
CTeax aMililHTY.IJ.bl pacceHHH11 BO3HHI<IlO B CB113H c· OOOCHo'
eaHHeM npaenn cyMM npn r<oHet.fHhIX '3neprn11x lt-3 1_ Kar< 
H3BeCTHO, 3TH npaenna ycTaHaenneaIOT HHTerpaJtbHYIO CB113b 
Me)K.IJ.Y noee,IJ,eHHeM aMnnHTY.IJ.bl B pe 30HaHCHOH o6nacTH 
H pe.D,>KeecKHM acHMilTOTHt.feCKHM noee,IJ,enneM,. HMeHHO Ta· 
KYIO CB113b B CJtyt.fae HaCbIIUeHH11 npaenn CYMM pe3OHaHcaMH 
CTanH Ha3bIBaTb ,IJ,yanbHOCTblO 14•51 /HnH ,KaK ceil:qac npH· 
HHTO fOBOpHTb, rnooanbHOH ,IJ,yanbHOCTbIO/. B ,IJ,an&Heii-

' meM / / ObinO noI<a3aHo, '-ITO CBOHCTBO ,IJ,yanbHOCTH aM· 
nnHTY.D.bI pacce11HH11 MO>KeT HMeTb .He TOnbKO rnooanbHbiii, 
Ho H nor<anbHbIH xapar<Tep. HnnrocTpauneii nocne,IJ,nero 
11:BHnacb Y3KOpe3OHaHcHa11 ,IJ,yanbna11 MO,IJ,enb, npe,IJ,IlO)K~H
HaH e pa6oTe 171. 3_Ta MO,IJ,en_b BH.at.fane obma npnMenena 
I< eonpocaM cl>eHoMeHonornn, H O1<a3anocb, '-ITO oHa c ycne
~oM onncLieaeT paJnH'-IHLie ¢aKTLI npoueccoe pacce1111n11 
3neMe11TapHbIX t.faCTHU. 

Ycnexn, ,IJ,OCTHrHyTbie e ¢eHoMeiionornn, c .D,pyroii 
CTOPOHbI, CTHMynnpoeanH H '-IHCTO TeopeTHt.feCKHe nccne-
,IJ,OBaHH~ CBOHCTBa ,IJ,yanbHOCTH H ,IJ,yanbHLIX MO,IJ,eneii. 3T~ 
11ccne,IJ,oeaHHJ1 oxeaTbIBaIOT eecbMa mnpor<Hii r<pyr eonpocon, 
CB113aHHbIX C YHHTapHJauneii, C ¢aKTOpH3auneii H BbrnBne
HHeM rpynnoeoii' CTPYKTypbr, a. TaK)Ke c o6o6meHHeM .IJ.Y· 
anbHbIX MO,IJ,eneit. HeTpHBHailbHble CBOHCTBa CHMMeTpHH, 
KOTOpbie ObinH ooirapy)KeHbl B ,nyanbHbIX aMnnHTy,IJ,ax, no···. 
3eonJ110T npe,IJ,nono)KHTb, '-ITO ceoiicTeo ,IJ,yanbHOCTH 11en11eTC.n 
cne,IJ,CTBHeM 3THX CHMMeTpHii. Ilo3TOMY B UHKne pa6oTl8- 12 1 
obma nocTaeneHa uenb - ooocHoeaTb H ,IJ,OKaJaTb rpynnoeoii 
xapaKTep CBOHCTBa ,IJ,yanbHOCTH. 3TH pa60Tbl H nernH 
B OCHOBY HacT011meit ,IJ,HccepTaUHH. . 

3 



IlepBbIM waroM K JJ:OCTH)KeHHIO HaMeqeHHOH uenH .srnm1-
eTCH cliaKTOPHJaun.si: Y3Kope3oHaHcHhIX ,n:yanhHhIX aMnnnty,n:. 
Ilocne,n:H.si:.si: He TOilbKO .n:aeT B03MO)KHOCTb npocne.D:HTh BOJ
HHKHOBeHHe HCKOMOH CHMMeTpHH, HO TaKme Bbl.sIBn.si:eT Ha
nHql{e MJrnrnx. cliaKT0B, Henocpe,n:CTBeHHo yKaJ:i.rna10mnx Ha 

ee cymecTBOBaHiie. C ,n:pyroii CTOpOHbI; cliaKTOPH3al.{HH HMeeT 
H CaMOCTOHTeilhHOe 3HaqeHHe. Ha ee OCHOBe CTpOHTCH 
.D:HarpaMMHa.si: TeXHHKa .n:n.si: ,n:yanhHhIX peJOHaHCHhlX aMnnn
TYJJ:, a TaKme ,n:yanhHhie .D:HarpaMMhl C JaMKHYThIMH neT
IlHMIL P~31/IlbTaii,?4Ja"ic+b·pu3a.n;HH;·KpOMe· Tor~\ ner.rrif·a 'oc
HOBY cTaTHCTHqec·~·oro no,n:xo:da.; B '.n:ya.rrbHhlX Mo,n:ennx /cM:' 
Hanp.HMep, 113...:1 51. · · _ · · _ _ ·_ · ·:·,,. · · ., 

... ·IlepJ:ia.il: . 'qJaKTOpH3au;:trn' - .D:Y8.JibHhIX ·aMnnuTy,L( 6blna 
npoae,n:eHa a pa6oTax 116•171 • ,n.ii.si: 3Toro ·6hin .. nj:mMeHeH 
caoeo6pa3HhIH <POpManH3M 6ecKOHe_qHoro Ha6opa rapMOHH
qecKHX: octinnn.si:'iopoa c KpaTHhIMH' qacToTaMH. Ta.Ka.si: cliak
Topn:rn:un.si:_ iipnaena T~K~e ~- onepa1;optt0My cliop~ahHJMY, 
HCIIOilb3yeMOMY npH IlOCTpOeHHH H Hccne.n:oaaHiiH ,n:yanhHblX 
MHOroqacTHqHbIX: aMnnHTY.D:- O.riHHM H3 0CHOBHbIX pe Jynh
TaTOB noii cliaKropn3aunn: .si:amieTcH 3Kcncrne_HunanhHhlii 
pocT _ KPaTHOCTH Bbipom,n:eHHH pe30HaHCOB C pOCTOM HX_ 
MaCChl. TaKoe qpe3MepHOe HapacTaime BhIPO)K_JJ:eHHH He 
Mo»<eT 6bJTh npHeMneMhIM, TeM 6onee, qTO npocTOH aHanH3 
qeThipexToqeqHOH aMililHTY.D:hl IlOKa3bIBaeT, 1-ITO ero HeT. 
Ilo3TOMY B pa6oTaX 18 , 91 . fain npe,n:nomeH H pa3BHT HOBbIH 
onepaTOPHhlH <IiopManH3M, OCHOBaHHhIH Ha I<OHeqHOM qncne 
IlHTHMepHblX OCl.{HililHTOPOB. Ilonyqaroma.si:c.ii: npH 3TOM cliak
TOpH3al.{HH IlOKa3bIBaeT, qTo Kpa THO_CTh Bbipom,n:eHHH ypOBHeii 
pe30HaHCOB ,n:yanbHhlX aMnnHTY.D: pacTeT CTeneHHhlM o6pa~ 
30M /cM .. TaJOI<e pa6oTy/lB//. BonpocaM cliopMym1pOBKH 
Honoro onepaTopHoro·cliopManHJMa H cliaKTopnJa:UHH ,n:yanbHhIX 
aMnnHTY.D: nocn.si:meHa nepna.si: qacTh ,n:nccepTa:UHH. 

B nepnoM naparpaclie BBO.D:HTc.si: n.si:THMepHhl~ U (4,1) -nw 
BapHaHTHhIH OCl.{Hnn.si:Top npH IlOMOmH IlHTH onepaTOPOB pom
,n:eHHH H YHHqTomeHHH a/ H a; cooTBe~cTBeHHO / ·i = 0,1, 
2,3,4/, c KOMMyTal.{HOHHhIMH _COOTHOIIIeHHH_MH 

[ai'a:]=g1k, [ai ,ak ]=_[a; ,a;]=O, 

a =-s =-a =-a =-a =..,;.1. 00 11 22 33 44 /1/ 

4. 

I 

" I 

ra~HnhTOHHaH 3Toro oc:unnn.si:Topa 

H =-a; a0 + a; a1 +ai a2 +a/a3 + a;a4 /2/ 

HMeeT l.{enoql{cneHHhie IlOJIO)KHTenbHhle. · co6CTBeHHhli 3Ha
qeHHH'. CHCTeMbl ~3 . TaK.nx· ocu:nnn.si:TOPOB B ,n:anh'Heii:weM 
ncnom,~yroTc.si:· iipn ·<Pa~TOpit:rnu:nu ·· ,nyanbHhIX a~rnJinTy,n:, n 
Il03TOMY .D:clHHbIH naparpa<Ii ,HMeeT no,n:roTOBHTeJJ:bHhlH xa
paKTep .. PacCM0°Tp'eHhi .. :iina 3Tana -COCTOH,HH'ii' ;·T~ro oc:unn-
n.ii:Topa: .D:HCKpeTHhie Cv' • 

'. . ' ,,,~ 

Ix >=IX · n 
(n;) 0

0 "1 "2 °3 4 

n. 
4 (at) I ~=n --- 10>, 

1-0...;-;-r 
i 

)3/ 

H -HenpephIBHhle, Jinn, Ka.K 06b1qJ10 ·1tx. HaJhiaaroT,. Kore_-. . ' . 
peHTHhie, 

z 1 a+ 

I z> -,;I z > - e 1 
. (i) -

IO>, /4/ 

r,n:e Z; - IlHTb IlpOH3BOilhHbIX 'KOMilileKCHhIX qncen. _nncK
peTHbie COCTOHHHH /3/ HBilHIOTCH co6CTBeHHblMH COCTOHHHH-
MH IlHTH onepaTOpOB . ,. 

N =a+ a , i =0,1,2,3,4, 
I I I /5/ 

a KorepeHTHbie - co6CTBeHHbIMH COCTOHHHHMH onepaTopoB 
YHHqTo»<eHHH a 1 • ,neiiCTBHe raMHnhTOHHaHa /2/ Ha Kore
peHTHble cocTOHHHH onpe,n:e.ri.si:eTc.si: cornacttO cliopMyne • -

-:;... 

H 
x I z >=I xz>. /6/·. 

BTopoii naparpa<Ii BKnroqeH B .D:HCCepTal.{HIO C :uenhIO 
KOHKP~i;Horo o63opa pa3nnqtth1x Ma Te~rn TJiqe~KHX, BJ>Ipame -
HHH ,n:n.si: ,n:yanbHhlX aMnnHTy,n:. . 

IlOCKOilhKY ·ao eceii nepaoii qacTH HCilOilh3YIOTCH HBHhie 
Bhipa)KeHH.si: ,n:n.si: 3THX aMnnH:ry.n:~ no 2-oM naparpaclie. onncaH, 
npHHl.{Hil HX IlOCTpoeHHH, a TaKme BbIIlHCaHO BhlpameHHe ,n:n.si: 
MynLTnnepncliepnqecKoii: N + 2 -To~iqHoii: ,n:narpaMMhI a BH,n:e, 
npe,n:no)KeHHOM Eap,n:aKqH- ProeroM./l 9- 211 • ,nn.si:' ,n:HarpaMMhl 
Ha pnc. l 3TO BhipameHne HMeeT a·HJJ: · ·· 
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1 
BN 2 = f dcp (p,x)~ 

+ 0 N+2 
/7/ 

PNI I PN-1 pf( _ I Pi IP, . , . ••• 
SN ... , Sk S,, 

XN-1 X1< )(' 

Puc. 1. . 

r.ne 
N-1 -a(ti1)-1 N-1 

def, (p,x)= TI dx 
1
x 

1 
. 11 

N+2 i=1 1=1 

N 
n 

n=l+.l 

11-1 . -az • P P -
(1-Ilxer -~·l __ f'in 

&:1 ' 

pi i+l = l+a(O)+ a'(p: + P:1) 

p li-t2 = -•(• :, J I P2 = p2 = m2 , 
i k (. 

p = 0 
ik 

/8/ 

/3.necL a(s) = a •s + a (0) • ne;HeiiHaJI Tpae1<TOpHJ1 Pe.n)Ke/. 
BMeCTO nepeMeHHLIX XI qacT0 HCIT0JIL3YIOT II .npyrHe 
nepeMeHHLie: 

I 
a =llxk 

i k=l 

a. 
XI =·-1- = X /a). 

a 
i-1 

B 3T0M cnyqae BMeCT0 /8/ HMeeM 

dcp (p,x(a)) =d¢ (p,a)= 
N+2 N+2 

6 

/9/ 
.. 

N-1 da1 a I -a(t11)-1N-1 N ,an-1 
=Il-(--) TI 11 (1--) 

1=1 a a 1=1 n=l+l a 
~1 ~1 ~1 

a = 1. 
0 

~2a ~ Pn P ,- Pin. 

/10/ 

E.D.HHHqHLiii 1<y6, a I<0T0P0M npo~0)J.HJI0CL HHTerpHp0BaHHe 
B /7 /, npeapaI.QaeTcJi a cne.nyromyro o6nacTL: · · 

12, a'1 ";?_a 22, ~;. ~aN-? O. /11/' 

MMe.II odIOBHbie 13blpa:>KeHHJI )J.JIJI .nyaiILHLIX aMITJIHTY.D., 
M0:lf<H0 npHcTyITHTL I< HX it>aI<TOpH3auirn. B Tp~Tb_eM napa
rpa<}ie <}ia1<TopHlaUHJ1 npoao.n.HTCJI .nn.ii npocTeiiiuero cnrm.11 
.nya.iILHOH aMITJIHTY.D.hl ynpyroro pacceJIHHJI .D.BYX CI<aJI.RpH&ix 
qacTHU ~ O.D.HHa1<oa1,1MH MaccaMn. B noM cnyqae '113. 
paaeHcTB /7 / H /8/ .D.JIJI N =2 nonyqaeM cne.nyromee · 
BLtpa:>KeHHe ,llil.R aMITJIHTY.D.LI: ~ . 

·.·· 1 ..;,a(s)-1 · -a (t)-1 
B4 -=B(-a(s),-a(t))=fdxx (1--x) , 

0 

2 2 
·s =(Po+P1) t=(P1+P2). 

/12/ 

· Ka1< H3BecTHo, B -<}iyHI<UHJI 3iinepa J1BJ1J1el'cJ1 MepoMop<}JHoii 
<}iyHKUHeii H pa3naraeTCJI B PJI.D. no CB0HM Il0JIIOCaM. O61.QHH 
qneH PJI.D.a HMeeT BH)J. 

r-.1J rr-a (tJJ 1 --. 
n! r (.:..a (t)-n) n-a(s) 

/13/ 

Ilocne.n.Hee a1,1pa:>1<eHHe no1<a31,rnaei-; qTo aMITJIHTY.D.a /12/ Ha 
caMoM .nene lufo11eTCJ1 cyMMOH nonrocHhIX .D.HarpaMM, H30· 
6pa:>KeHHLIX Ha PHC. 2. 

PHC. 2 
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I / -

<l>aI<TOpH3aUHH BbJqeTa Bbipa)KeHHH /13/ O3HaqaeT Bl~J
nonHeHHe cne,n;yromero paa_eHCTBa: 

n 
(-1) 

n! 

T'(-a(t)) ~ + 
=~C 'I' ( )'I' f'(-a(t)-n) (k) (k) n,(k) -p2 n,(k) (P1)• /14/ 

Ecnu aocnonh3OBaTI_>CH·1~rnanorm~n: c o6brqHoii .i:eopueii ,n;m~ _ 
aMnnHTYJJ;bl pacceHHHH, cne,n;yeT npHHHTb, qTo 'I'n,(k)(P) HB· 

nHIOTCH BOnHOBbIMH <PYHI<U~HMH /I<Ba3HITOT8H}lHanb}!Oro T.Hna/ 

n- a (0) · ~ M2 ,n;ayxqacTHqHoro __ pe_3OHaH_c_a , c MaCCQH n _ , 
. a 

. ,_ ., ' 2 ·-• '. .. - .. • . ' - . . - :, .. . . - : . . ._:· :,, 

. /T .e.; a_(M j=n), I, a . C·(k) -. I<~a.n:pa TOM ·HeI<~TOPhIX I<O_HcTa!{T 
B3aJ:1MO,n;eiicTBHJI. - C_oBOI<Y!JHOCTb HJ:I.D;eKCOB, 060:rnaqe-1,rnyro 
HaMH qepe3 (k),. ;e. _3TOM S~yqa!;!._;MO)KHO paCCMa,TpHBaTh I<aI< , 
Bbipa)KeHHe TeX JJ;OITOJIHHTenbHbIX CTene~H CB06o,n;bl, I<OTO,
pble /BMeCTe C MaCCOH/ ITOnHOCTblO onpe,n;enHIOT pe30HaHC • 
irne cocTOHHHe., Ta1m11 ·uHTepnpeTanm1 aenuquH, axo.n;HIUHX 
a npaayro qacTb paBeHCTBa /14/~ Tpe6yeT BbIITOJIHeHHH 
cne,n;yromux ycnoau:ii: ·-· 

C >0 .- (k) __ _.. ? 

~-,::. 

(-l)"r(...:a(O)) ... >'.0. 

· ;, f'(-a(0)-n) ,. 
/15/ 

B ,n;anbHeii:IIIeM 6y.n;eT BHJJ;HO, qTo o6a 3TH ycnoBHH BbIITon
HHIOTCH. BaH.n;y nonHHOMHanbHOCTH BbiqeTa /14/ no n:epe
MeHHPH t npocThie paccy)K,n;eHHH noI<a3bJBaIOT, qTo COCTOH • 
HHH, BO3HH1<a10mue B npaaon:. qacTH paaeHcTria/14/, cne,n;yeT 
xapa1<TepH3OBaTb IlHTbIO I<BaHTOBbIMH qucnaMH. ,llnn HX onu
caHHH -!{CITOJib3yeTCH IlHTHMePHblH rapMOHHqec;;JrnH U(4,1)-HH· 
aapuaHTHh~H _OC,llHJlnHTOP -/1/· H /2/. B ;,~rn:cTHOCTH, aaii,n;eH 
nocTOHHHhIH I<OMMYTHPYIOJJlHH 9 onepaTopaMH N 1 H3 /5/ 
onepai'op D co cao:iicTBOM . ,..,·"' 

-~"s ., • n 
<'I' n (·1'2JID l'l' '(p )>= (-l) r(-a(t)) 

m · 1 · 
·n! T'(-a(t)-n) 

·o nm ' /16/ 

r,n;e 

8 

" 

.(1 

: I w (pJ> ... ~ N•v? pJL a+ + a+
4 
r I <}>. 

m ml . µ 
/17/ 

~-

Mi,1 .H_HTepnpeTHpyeM COCTOHHHH /17 / I<aI< ,n;eyx11acTH1IHbie 
pe3oliaHCHbJe COCTOHHHH: EcnH 13 neaoii 11acTH p~BeHCTBa 
/16/ BCTaBHTL -e 'npoMe)KyTI<e nonHLIH Ha6op COCTOHHHH 
o'ciiHJtnHTOPOB /3/,. TO nerI<o YBHJJ;eTL, 'IT~ paeeHCTBa /14/ 
H /16/ 9I<BHBaneit,THLr. Ilpu. noM nocToHHH1>1e c(k) O1<a)KyTcH 
paBHLIMH co6cTe'enHl,IM 3Ha11eHHHM onepaTopa D. Ilocne,n;-
HHe' HMelOT BHJJ;' . . 

3 

(In )! 
J!=O ll 

4 
( I n1 )! I=() 

f-
n / 1...0" I r. ) .4 · 111 ,p , 
. ·l, 3 

I .·nµ 
µ .. o 

/1~/ 

r)le nf --_ co6CTBeHHLre _3aa11emrn on,epaTopoa N I J!3 /5/, 
· a -f~ (p)'> o - · enonae onpe,n;eneHHLt.e 11ucna, cen3aHHLJe 

C 1-rncnaMH CTHPRHHra. TaKHM o6pa30M, paBeHCTBO /16/ 
pewaeT eonpoc o cpaKTOpH3RllHH BLiiieTa 11eTL1pexT011eqaoit 
,n;yanLHOit aMnnHTYJlhl. Ha OCHOBe 3TOH q>opMynLI MO)KHO 
nony11HTL cne,n;yromee onepaTopaoe BLipa)KeHHe ,n;n,i: B

4 
·: 

lya'f..u +a4 D _ ly~,f a++a: . 
B =< 0 I e 

2 
µ -- e µ ID>. /19/ 

4 H-a(s) 

B /19/ IlOHBHRHCL KorepeHTHLJe COCTORHHH, I<OTOpLie MLI 
11a3'eanH ,n;eyx11acTH11HLIMJ1 

I 
l,.j-;;,pµa+ "+la/ 

p>,. e µ . • /20/ 

rnaBHOit oco6eHHOCTLIO BLipa)KeHHH /19/ 11BnJleTC11 IlOJIB• 
neHHe B . HeM B Ka11eCTBe nponaraTopa lf>yHKUHH rpHHa 
ypaeHeHH11 IDpe,n;HHrepa ,n;n,r nHTHMepuoro ocnunn,rTopa 

c·n- a (sJl I w >= o. /21/ 

I 3TOT 4,aKT n01<a;Li~a-eT~ 11TO I<pa THOCTL BLipo~eHHR ypoeueit 
pe3oHaHCOB coena,n;aeT C I<PRTHOCTLIO BLipo)K)leHHR ypoaneit 
ocnHnn11Topa /21/. KaI< H3BeCTHO, C pocTOM co6CTBeHHLIX 
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3Ha~eHHH n raMHJibTOHHaHa H BblpOiK,Il;eHl_Ie B ,n:aHHOM 
cnriae pacTeT, KaK n4 • · · 

B qeTBepTOM rraparpacpe rrocTaBneua H peweua 3a,n:aqa 

0 HaXOiK,n:eHHH .IlOIIOJIHHTeJibHbIX YCJIOBHH, orrpe,n:emno~HX 
0.IlH03Ha'fH0 ,n:Byx·qacTH'fHbie COCTOHHHH' /J 7 /., )];eno B __ TOM 
'fTO XOTH . 3TH COCTOHHHH HBJIHIOTCH '1:>eweHHeM' ypaBHe.HHH 

/21/ ,n:mi a (s),.; n, BCe ?Ke _omi He HC'iepnbJBaIOT BCIO COBO· 
KYIIHOCTb B03MOiKHbl_X peweHHH. 'KaK IIOKa3aHO,B.J>aCCM.8.T~ 
pnBaeMOM rraparpacpe, uaxom,n:eline ,n:ononimienLHbIX ycnoBHH 
,n:aeT B03MomHOCTb nerKo o6o6uuiTh ,n:Byxqac:TH'rnoe cocTo.ii
HHe H rrony'fHTb Bbipameune ,n:n,i: N - qacTH'fHoro · cocTOHHHH. 

3TH .IlOIIOJIHHTeJibHbie ycJIOBHH cne,n:yromne: . 
1. JiopeHn;·HHBapHaHTHOCTb. 3To ycJIO_BHe ,cBH3aHo co 

CKaJIHpHOCTbIO caMOH aMIIJIHTY.Ilbl B4 • 
2. IJpo,n:OJibHOCTb. 3TO YCJIOBHe 03HaqaeT, 'fTO 

H3 · ecex peweunit: ypaeHeHHH /21/ cne,n:yeT BhI6HpaTh Te, 
KOTOpbie OIIHCbIBaIOT KOJie6aHHH OCIJ;HJIJIHTOpa B,Il;OJib Harrpae· 

JieHHJI HMIIYJibCa BHeWJ{eH qacTHll;b! 

Ht IIJl>=O, /22/ -: 

r,n:e 

3 +µ 
H =-Ia a + 

t µ=o µ 

3 3 V 
(I /La+ )(Ip a) 
µ=o ..!::_v.=o v 

p2 
/23/ 

3. 3TO yCJIOBHe HMeeT BH.Il JIHHeHHOro J!OpeHn;·HHBa· 

pHaHTHoro ypaeHeHHH 

1, 

µ 

~ I IJI (p) >= -ii \fa' _ma I IJI (p) >. 
m n . . 4 n - . · /24/ 

B ,n:aJibHeiiweM IIOKa3aHO, 'fTO ypanHeHHe /24/ HBJIHeTCH 
SL(2,RJ·HHBapHaHTHbIM H ero MO)KHO paccMaTpHBaTb KaK 
.IlHHaMH'feCKOe ypaBHeHHe .D:JIH ,n:ByxqacTH'fHbIX pe30HaHCHbIX 
COCTO'HHHH' /B CMbICJie ypaBHeHHH THIIa Maiiopalia/. 

· N+l -qacTH'fHbie COCTOHHHH, TaK me·Kal< _H BN~2 B BH· 
,n:e ,n:uarpaMMbI pHc. 1, Momuo paccMa TpHB~l.Tb KaK cocTaB· 
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Ii. 

I'• 

JieHHbie H3 OT.D:eJibHbl:X )J;BYX'faCTH'fHbIX 3BeHbeB, O'feBII.IlHO, . 
'fTb mill. Kli,m,n:oro . 3':setta cne,n:yeT IIOTpe6oBa Tb BbIIIOJIHeHHH 
yKa3aHHbIX · iib1uie ,n:orr.onHnTeJibHbIX ycJioBHii. B. qacTHOCTH, 
yc:n~BH~ /22/ ripne.o,n:nT 1d1eo6xo,n:nMocrH orrHCbIBaTb N+l -
qacTH'fHhie cocTOHHHH c rr0Momb10 N. He3aBHCHMbIX IIHTH· 
Mepn:LIX' ochirnn~TopoB: . ,n:JI.jl Ka:m,n:oii ~aCTHUbI, 3a .IICKJIIO• 

qeuneM o,n:Hoii, :rio 0.IlH0MY OCUHJIJIHTOpy /TaK8.H acHMMeTpHJI 
CBJI3aHa C OTCY~CTBHeM IIOJIHOH CHMMeTpHH BbipameHHJI /7 / 
no OTHOUieHHIO rrpoH3BOJibHbtX rrepecTa.HoBoK qacTHU/. . 

Y'fHThIBaH ace ·TPH ycnoBHH, nerK~HaiiTH, qro. N+i ~qac
TH'fHoe COCT0HHHe HBJIJleTCH JIHHeHHOH KOM6HHau;neii. OT 
np,i:Moro rrponJae,n:eHHJI N :cocTOHHHii THrra /17/. Cqnra11, 
'fTO pe30HaHC coeepweHHO paBHorrpaeeH c BHeWHHMH qac
THIJ;aMH, rronyq'aeM cne,n:yromee. Bbtpameune . ,n:n,i: N +1 - qac
TH'fHbro ,ztyanhHoro,coc'ToHHHH: 

· N+l . · ... , 1 

IIJ'n >= I_ BN+2~a(8J)-n1 , ••• a(s 1;-.~nk , ••• ;(J))x 
In =n , . .. 1 . . • . . 

N .·, 'n 

n i r ·_,-, µ + +J k I x . - ·z v a p · a :+ a O >, 
k=l n ! k kµ k4 

k 

/25/ 

a COCl:O.IJHHR, aHanorH'fHbte COCTORHHIO /21/, HMeIOT BH.Il 

Na . , I . ~ N-1 . ·. · .. 
P , P "" -·~ r· .. ,-, µ + . 

N N-t'••• p > = f d.l. . _k=l a i ya Pica + + O 'fJ (ip a) e k-1 · · · kµ 

8

k4 ) , 
N+2 ' . . JO:>_ 

/26/ 

nocne,!lHHe C0CT011HHJI ,n:aIOT B03M0:>KHOCTb IIOJIY'fHTb auanor 
tiJopMyJU,I /19/ ,!lJIR CJiyqaa N ~2 • TO'fe'fHOH ,n:yaJibHOH aM."' 
IIJIHTY.Ilbl. B IIJIT0M rraparpatiJe .IlOKa3aHa OCH0BHaH cpopMyna 
4,aKTOpH3aUHH N +2 ·TO'fe'fHOH aMIIJIHTY.Ilbl 

B -<-p -p N+2 - N+l ,... L+l 

D , l N-L+l ,L+:, . . . 
'H-a(s ) Ip L 1 Pi,_r•Po>, 

. L 
/27/ 

II' 



: 
,1 

r.zi;e coc'i'o.11HHe < p N+t , pN ,•~.PL+t I HBm~eTCJl conR_H)K_eHH~M 
K aHaJiorH11H0MY COCT0JIHHIO THna /26/' H - no.JiHLJH raMIIJIL ~
TOHHaH CHCTeMLI H3 N Jie3aaHCHMLIX IlJITHMeptt"LIX OCUHJIJI.R~ 
Topou THna /1/. Onepan>p Div.:.L+t,L+t onp·e.l{eii.a:e-rc-; H3 
peKyppeHTHoro ypaaHeHH.a:, YlfHTLIBaroutero KOHKpeTHLiii BH.l{ 
N·ToqetjHLIX aMnJIHTY.l{, iI HMeeT tfiopMaJILHLiii BIi.I{ .. 

· a+tLa
1

µ. · ·, 
2 Jf.«-p· 

L N a+ a Ik 
D . . = II · Il (1-a + a ) k4 14 

N-L+t ,L+t i=l k=L+l. . k4 i~ /28/ 

/ p lk onpe.l{eJIHIOTCJl cornaCHO paBei{CTBY /8/ /. 3TOT ()Ile-:·.• 
pa Top KOMMYTHpyeT C Il0JIHLIM raMHJILT0HHaH0M H CHMMeT·_ 
pnqeH npn ripoH3BOJILHott 'nepecTaHOBKe · qacTHit 'cneaa H 
cnpaea oT uero ·a BL1pa>Ke1miI /27/. o'Ka:iL111aeTcJ1, tfTo 
IlOCJie,l{Hee CBOHCTBO .l{0CTaT011H0 .l{JIJI Toro, t{TO0LI onpe.l{e· 
JIHTL ero ,l{a)Ke B CJiyqae, K0r.l{a K0HKpenn,1ii DH.I{ B N+2 . 
HeH3BecTeH, HO H3BeCTHLiece Bk npn k<N+2. Tor.l{ac no
M0IQLIO /27 / M0)KH0 onpe.l{eJIHTI• H BN+2 , H TaKHM o6pa-
30M B03HHKaeT TeopeMa 06 HH.l{YKTHBH0M Il0CTpoeHHH .l{y· 
aJILHLIX aMilJIHTy.l{. B IlieCT0M naparpa<!Je :3Ta TeopeMa 
.l{0Ka3aHa. . 

Ha ocHoBe <!Ja.KTopH3au;uoHttoii tfiopMyJILI /27 / M<>)KH0 
IlOCTpOHTL .l{Ha.rpaMMHYIO TeX}{HKY ,ItJIH .l{yaJIJ,.HLIX aMnnifTyi. . 
TaK, HanpHMep, aMnJIHTy.l{a c rpaqJH11ecKHM H306pa)Ke1meM ; 
Ha pnc. 1 3a~HCLIBaeTCJl KaK BaKyyMHOe 0)1O1.l{aHHe OT 
npon:rne.zteHHII :meMeHTOB .l{Hl\.rpaMMLI .J3 TaKOM nopJl,IJ;Ke, 

J,P I· · . · 
KaK Ha PHC. 1. 3JieMeHTY eepllIHHLt .....J-' :conocTaBJIJleTCJl _ 
onepaTop 

r ( i-1 21-.ja' p. akp. 
I P,) = II (1- Pi --p k=l ak4) ak4 kl 

,v;;/a+ + a+ 
l ip. 14 

e X 

-H N 
2Jya 'pp. 

8

kµ i -a 
) .. . 8 k4 kl /29/ · 

x·:e i ': II (1-ak4 k=i+l 

IlponaraTopaM, COe.l{HHJllOlQHM BepllIHHLI, conocTaBJIHeTCJl 
onepaTop 
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1 
G(s I J~ H-a(s ,J /3Q/ 

Ta.KHM o6pa30M, B CHJIY :3Tott .l{HarpaMMHoii _ TeXHJJKH 
Bhipa,iceHHe·' J(JIJI .l{HarpaMMJ>I Ha PHC. I BLirJI.Jl.l{HT. CJie.l{'yio
lQHM o6pa30M: . 

, . . I.·"· 

-BN~2 =<0 j rN(pNJ G (s N-1 ) r;,_/PN-1 )G(sN-2 )~~.G(s1'r ,rv, JI 0> • 
. . .·. .. . .• . I /31/ 

,D;mirpaMM}ja.11 TeXHHKa no3uon11eT npocTLIM o6pa3oM JJLI• 
• . - . I , -

lfHCJI.JITf> pa3JIHl{HLie nyaJILHLie BLipa)KeHHJl. OHa paCCMOT· 
peHa B ce.IU,MOM naparpacl>e H TaM ,i{e 11:pHMeH.11erca JlJIJl 
npoBe.l{eHHJI BTOpH11Hoii .tfiaKTOPH3aUHH ,l{yaJILHLtx aMnJlHTf.ll:. 
B CJie.l{yromeM, BOCLMOM naparpatfie, r,l{e C IlOMOlQJ>lO.cpop
MaJIH3Ma_ tfiaKTOpH3al{HH nocrp.o_eHLI 3aMKHYTLie IT0TJlH, no
Ka3aHo, 'ITO H B 3TOM cJiyqae MO)KHP Il0JIL30BaTJ>CJI .l{Har
pa.MMHOH TeXHHKOH /29/ H /30/. 

Bcf BTOpoii qacrii .l{HCCepTau;it:n' MLI riepeXO.l{HM K He -
nocpe.l{CTBeHHOMY pacCMC:>TpeHHIO CBOHCTB CHMMeTpHH .l{y· 
anLHLIX aMiiJIHTY.l{, K0T0pLie, Ha HallI B3rJIJl.l{, .IIBJIJUOTC.11 
HaH0OJiee noKa3a TeJILHLIMH .D;JIH O0OCHOBaHH11 Hamero npe.n;-

. nono)KeHHJl O rpynnoB0M xapaKTepe CBOHCTBa .ztYaJILH.OCTH.' 
IIpe)K.l{e acero HaM X01J8TC.Jl ynoMJIHYTL .!{Ba t.paKTa, 

KOTOpLie paccMaTpHBaJIHCL pa3HLIMH aaTopaMH H K0TOpLie 
BLIJIBJI.IIIOT pa3JIH11HLie acneKTLI npH paccM0TpeHHH CBOHCTBa 
CHMMeTpHH .l{yaJILHLIX aMnJIHTy.l{. 

Ka)K.n;aH ·N ·To11eqHa,i .l{yaJILHaJl. aMnJIHTY.zta, KaK H3· 
BePTHO, .l{OflYCKaeT . MHO)KeCTB0 .l{yaJILHLIX MO.ltHcl>HKaUHH, 
KOTOPbie CB.113aHLI .ztpyr c .l{pyroM .l{yaJILHLIMH npeo6pa.3o • 
BaHH.IIMH. IIocJie.l{HHe npeo6pa30BaHHH B 0OJILilIHHCTBe· CBOeM 
JlBJl.lllOTCJl oripe.rteneHHLIMH .n;pO0HO • JIHHeHHLIMH npeo6pa3o • 
BaHHIIMH, npHHa.l{Jie)KalQHMH rfynne SL/2, RJ.I Oomee peme • 
HHe ·.l{yaJILHLIX ypaBHeHHit 12 - 241 '-· nof<a3ano, '-lTo :3Ta 
CHMMeTpH.Jl pacnpocTpaH.lleTC.11 Ha BCIO rpynny SL-(2,R). 

~ /25 26/ C .l{pyroH CT0P0HbI, B pa6oTax ' 0LIJIO noKa3aH0, 
lfT0 .l{yaJILHa.Jl .l{BYX'laCTH1rna.J1 aMnJIHTy.l{a /12/ JlBJI.lleTCII 
H.l{P0M HHTerpam,}!oro orrepa Topa, npHHa.l{nemaw:ero HeK0TO • 
poMy npe.l{CTaBJieHHIO rpynnLI SL (2,R) H cooTBeTCTBYJOIQe • 
ro rpeyroJILHoii no.l{rpynne. 
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O6a 3TH acneI<Ta, Ha Haw B3rm1,n, 0,IJ;HHaI<0B0 Ba)l(Hbl 
~ml o6oCHOBaHHH Hawero npe,nnoJI0)KeHHH .. IlepBbl~ ,H3. HHX 
npHBO,IJ;HT I< Il0CTp0eHHIO annapaTa, I<OTOPbIH Il03B0JIHeT 
Il0JIY'IHTb 0ilHCaHHe ,nyaJibHbIX npeo6pa3oBaHHH B pairnax 
onepaTopH~ro cl>opMa~H3Ma1 a arnpo.ii - .nonycI<aeT o6o6~e
HHe .. H Henocpe,n<;TBeHHO np}JB0,IJ;HT ,I< YCTaH0BJieHHIO rpynno-
IJoro xapaI<repa caoiicTBa ,nyaJibHoc·TH. · · · ~ • 

B pa6oTe 1101 6bmo BBe.neHo npe,ncTaBJieHHe rpynnhI 
SL(2,R) a npocTpaHCTBe I<orepeHTHbIX COCTOHHHH /4/. 

Bonpoca.M 0 He06XO,IJ;HMOCTH BBe.zieHHH nor~ npe,D;CTaBJieHHH, 
~ . . 

a TaI<me ero onpe,neneHHJI B cny11ae o.IJ;HoMepHoro H Il.HTH· 
Meirnoro 0Cl(HJIJI.HTopa n9cB.Hil(eH'b1 ,neB.H~bIH, .nec.HTblH H 
O)lHHHa.nuaTbIH naparpa4>b1. B ,nea·.HTOM naparpad>e Il0I<a3aH0, 
'IT.O npH ityaJibHbIX npeo6pa3o.:eaHHHX 'coCTO.HHHH THila /26/ 

' ,· . . .. . -~ ' . '• . ,, . ' 

npoHCX0,IJ;HT H 3Me_HeHHe HX 3~Cil,0HeHTbl,, CB0,IJ;.Hll(eec.H I< 

,npo6Ho•JIHHeHHOMY npeo6pa.3oaa1rnro . ~HO~HTeneii UN-! • 
, , . . ·, .. · ,· . . .. ' . " ~ k-J. 

IlOJTOMY B .n;eCHT0M naparpa<t>e ,paccMaTpHBae.TC.H 3.T0 H3· 
M'e·HeHHe Ha IlPHMepe I<orepeHTHbIX COCTOH,HHH 0,IJ;H0Mepnoro 
OCl(HJIJI.HTOpa: . . . , . 

. . 

e 
+ za4 

a~+fJ ,·+ 
IO> ➔ e yz+8 . a4 I 0>, 

r.n;e. Ma TpHl(a 

. a fJ 
g = ( · ~ · ) , ; · af3 ...:yo "" 1 

C >:- U 

. /32/ 

/33/ 

n'pHH8.,IJ;JiemHT rpynne SL (2, R). IloI<aJaJlO, 'IT0 onepa T0pbl 
Tg ~ . 3~sllaIOll(He no. npe_06J?a30.B8.HHe, 0~paUIOT., npe.ii°CT

0

aB,· 
neHHe rpr,nnhI . SL(2,~) c re Hepa TopaMH 

la=,a;a4 
IQ=a+, J =-a+a2 
p 4 y 4·4' 

/34/. 

C00TBeTCTBYIOil(HMH TPeM no.n:rpynnaM: 

nea/2 O '] . ff '{Ji·· •· [1 'o] 
g a= ~ 

0 
e'-"I~ ~ g /l •~o I '. gy = y I . /35/ 
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3THM_ no,nrpynnaM COOTBeTCTBYIOT cne,nyroiumi -- onepa TOpbI 
rn~6an1>HC>ro npe,ncTaaneHH.H: · · · · -

+ - . 
... T ... as4.a4 {Ja+ =e T •· · · 4 11 , =e·· 

a g fJ ; 
T =C ..:.ya~aJ 
. gy ; /36/ 

C HX IlOMOuibIO M0)KH0 B~1111.f,CJlHTb mo6oii o~epa.T,OP ·7~ ;: : . 
B <>AHHHa.nua TOM naparpa4>e Jiaii,neHLI aHanorHtiHI>Ie ·npe.n;. 

CTaBJieHH.H B npocTpaHC~Be I<0repeHTHhlX COCTO.HHHH Il.HTH· 
M~pHoro·ocuuJtJtHT0pa, I<0T0PI>Ie co,riepmaT B ce6e paccMoT
peHHI>Ie pau1>we ,nyaJII>HI>Ie npeo6pa:3oaaHH.H. 3TH npe.ncTaB· 
JteHH.H onpe.n;eJt.HIOTC.H c· n0Moui1>10 npeo6paJoBaHH.H 

+ U + B 
. Z' aµ + z4 4_ I O > ➔ e 
e 

. z/l + + a z4 + fJ 
(-B +a)---

z4 µ 4 yz4 +8 /37/ 
I o->. 

OnepaTop1>1 nocne,n;HHX 060JHa11eHhI 11epe3 ®e ,:u no!(a3aHo, 
. 'IT0 - OHH pacna,naIOTC.H Ha HenpHB0,IJ;HMbie npe,ncTaBJieHH.H, 

3I<B.HBaJteHTHI>Ie npe,ncTaBJieHH.HM /32/. Haii,neH onepaTOp, 
OCyll(eCTBJi.HIOll(HH 3TY 3I<BHBaJteHTH0CTb npH Il0M0il(H npe
o6pa3oBaHH.H no,no6H.H .. BH.n. noro orieparnpa cne,nyroll(HH: 

. ll+P.a
11 

(l-a
4

) · · 
L + =·:e r '• /38/ 

reaepaTopbl npe,ncTaBm!HHH @g Il0JIY'lalOTC.H H3 /34/ _npe· 

o6paJoBaHHeM no.no611.11 

+. + -1 
J =L l(L ) /39/ 

H .. HMeIOT BH,IJ; 

J .. =.:..a+ aP. +·a+ a =H, J Q =H ..!_; J · = H a. 4 /40/ 
a• µ,· . · 4 4, p - .a Y 

' 4 

/0_11epaT,op 1 /a
4 

. no,npo6Ho pacpMoTpeH B ,ri;ec.HTOM_ napa-
.rpaqie/~ .HcnoJih3Y.H npe~cTaaneH_H.H Elg ~ MOmH<> noI<a3aTb, 
'IT0 · .. )':PaBH~JIH~ /24/ .. HHBapHaHTH0 0TH0CHTeJibHO 3TOrO 
npe,ncTaaneHHH. _ 

TaI<HM ·o6pa30M, rrony11eHa B03MO:>KHOCTb npoH3B0,IJ;HTb 
,nyaJibHbie rrpeo6pa30BaHH.H B paMI<aX O~epaTOpHOrO qJOpMa· 
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nH3Ma, paeeMoTpeHHoro B nepBOH 11aeTH. B ,IlBeHa.nuaTOM 
naparpad>e· noKa3aHo, I<aK :no ,nenaeTCH B c.iiy11ae.·nepexo.na, 
OT Mym.THnepu4>epn11ecKoi1 K KBa:i~MY.JibTHnepH~e-pu11eciou 
,IlHarpaMMe, a . .TaK>Ke B cny11ae nonyqeHHH Tpexpe,Il>KHOHHOH 
aepWHHLl 111~3TH paeCMOTpeHHH npHBenH K'cl>opMyne O cl>a.K
TOPH3aUHH KBa3HMYnLTnnepu<liepH11CCKOH ~HarpaMMLl. Ha 
pHe. 3 B eeqeHHH ·sk. Pe3ynLTaT noKa3LtBaeT, 11To npona
raTop H onepaTop D B 3TO_M ce11eHHH H3MeHJUOTCJI _H ttTO 
OHH. nonyqaJOTCH H3 CTapLtX. C IlOM~uii.10 npe,neTa~JieHHii 811 . 

• • - • I 

P1eH ... P.~: 
f• 

SK 
# ,·, 

, . , 
t',0-1 __ P,v 

PHC. 3 

Ilo,npo6uoe rpynnoaoe pac eMOTpeHHe ',naliaorti'oriepa TOp
HOro cl>ripManH3Ma noKa3ano, 'ITO':·MHO>KeCTBO ortepaTopoB, 
no,rnn.RIOll{HXeH npH cl>aKTOPH3aUHH ;iyaJibHLIX aMnnHTY.Il, Ha 
eaMOM .nene onpe.neneHo nHWL B npoeTpaHeTBe HenpHBo· • 
,nHMLIX npe,neTaaneHHii rpynm,1. SL(2, R), a He Ha aeeM ! 
npocTpaHeTBe OCUHnmiTopa. 3TO HaBO,IlHT Ha MhlenL, ttTO 
ponL OCUHnmlTopoB npH cl>aKTOpH3RUHH •, eBO,IlHTeJI K POJIH 

y,no6Horo 4>opManH3Ma ,nn.11 onHeaHHJI HMeHHo · rpynnosol 
CTPYKTyp&1 ,nyanLHLIX aMnnuTy,n. Bee 3TO npuao,nHT K aeo6-
xo,nHMoeTH paeeMOTpeTb B3aHMOeB113b Me>K,ny CBOiieTB8MH 

,nyanbHOCTH H SL (2' R) - CHMMeTpHel aMnnHTY.IlLl paece.RHHJI 
He3aBHCHMO OT npHHBTOit MO,IlenH / 121. TaKHX MO,Ilenel ' 
MHoro /HMeeTCH a BH.IlY 6onLwoe KonuqeeTBO o6o6ll{eHHI 
,nyan&Hoii pe 30HaHcHoii Mo,nenu/, H see oHH 3a,na10TeJ1 
HHTerpanLHLIMH npe.z(eTaaneHHJIMH THna MenHHa. Il03TOMY 
npeJK,ne . acero s TPHHa,nuaToM naparpacl>e noKa3aHo, 11To 
aMmtiny,na paeceHHHH ,nayx eK.an11pHLIX 11acTHil e Maeeol 
µ, y,noBneTBOpHIOll{aH o6LJ'IHOMY ,IlHCnepCHOHHOMY eooTHO-
uieHHIO 6e3 Bbl'IHTaHHH . 
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.. - . . 1 . _oo Ps(s',t) / ·J · oo P1/u',t) .· , 
T(s,t,u)=- f ----ds+- f --- du, 

TT 4µ 2 ·s '-·s 11 4µ2 u ' - u 
;,f1(~. 

npe,neTaBnMa B an.ne HHTerpana Mennua 

oo -a-1 
A(a;rJ=Jp(x ,'r)x .. dx 1 O· ·. . . 

·/42/ 

c+ioo .: ·---· . ·- 1 .. .· . . (1 
p(x,r) =-.- f da-A(a,r)x , 

211:i c-ioo . 
/43( _ 

2 · 2 
r,ne a=a(s-4µ ) , r= a(t + 8 µ ) , a - npoH3BOn&HaH 
IlOCTOHHHaH c pa3MepHOCTLIO 1/µ2 H A(a,r) · - aMiinHTy.na 
pacceHHHH, BLipa>KeHHaH C IlOMOW:LlO nepeMeHHbIX (1 Hr , 

a ji (x, r r • ·'nHTerpa.Jib0H'a11 'nno'THOCTb MeJIHHa. IlocTOHHHaH 
c·- ,neHCTBHTenLHa' H y,noaneTBOpHeT _HepaaeHCTBY 

2 
A -=-4µ a-r< c< O. /44/ 

· /24-30/ 
ECJIH paCCMOTpeTb r.~aBHLie o6o6meHHH ,IlJIH 

,nyanbHOH aMnnHTY.Ilbl pacceHHHR .IlBYX '18CTHU, MO>KHO yan
,neTb, 'ITO OHH xapaKTepH3YIOTCH O,IlHH8KOBblM BH,IlOM HHTer
panbHOH nnoTHOCTH Menntta 

p(x,r)=:l 1 +xi A f(x), /45/ 

r.ne <l>YHKUHH f(x) ,nnH pa3HblX o6o6meHHH ,_pa3H8H, HO ,nnH 
nee acer.na BblilOnHHIOTCH ,nBa YCJIOBHH: 

JI 
iimx f(x)=0 ; 

X ➔-o -v>0. 

~im xv f(x)= oo • 

X ➔ O-v< 0 /46/ 
·.--.-,, 

Il03TO'MY /45/ 11 /46/ Mbl npHHHMaeM, B ~aq~CTBe_ ~a'J'eMa:,, 
TH'leCKoro onpe.neneHHH_ CBOHCTBa ,nyaJibHOCTH. - ,· 

,B 11eT&IpHaJJ,UaToM na,parpaqie noKa3a_uo, 'ITO-.~YHKUHH 
THna /45/ npntta,nJie~aT.-HenpJIBO,IlIIMOMY YRHTapHOMY npew· . 
cTaeneanro,. rpynn&LSL(2,RJ H3 .TaK H~3&iaaeM?H ,nonon-. 
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HHTem,Hott ·cepHH npu ycnoeuu, ttio BhIIIOJIH11IOTCH HepaeeH
CTBa 

2 -2<>t.=!4µ a-r< O. '" 
/47/ 

OtteeunHo, ttTo nocnenHee HaxonHTCH e cornacuu c Hepa
eeHcTB0M /44/. Iionee T0J::'0, 0Ka3bIBaeTCH, tJT0 ciJyHKUHH 
Tuna /45/ HBJIHIOTCH aHanoraMH cclieputtecKHX ciiYHI<Uttii. 
OHH B03HHKaIOT npH paCCM0TpeHHH JIHHeHHblX <l>YHKUHOHaJIOB 
rp (g ,I), 3anaHHbIX Ha npocTpaHCTI3e .'ll ·. <PYHKUHH onHoro 
neiicTBHTeJibHoro nepeMeHHo.ro H onHoepeMeHH0 HBJIHIOI.QHXCH 
tI,yHKUH.flMH Ha rpynne SL(2,R) (gr; S L(2,R)) ~ YcJIOBHe 
c4'epH1IHOCTH :noro tI,yHKUHOHaJia HMeeT BHn 

.. rp(g,~ l)=rp(gshs-1,I), g,hr;SL(2,R), . /48/ . 

rne Vh>t. - npencTaeneHHe rpynnhl SL(2,R) e npocTpaHcTee 
. 'll • a 

1 1 
·s =.( O 1). 

BTopoe ycnoeHe 

1 0 
rp (-s A , I)= rp ( e, I),· e. ( · ) , 

,-., , 0 1 

rne ·s f3 - :meMeHT nonrpynnbr 

1 f3 
s/3-ro 1J, 

npHeonHT K paeeHCTBy 

rp(-s {:Jg, f). rp (g, I). 

/49/ 

/50/ 

/51/ 

/52/ 

OHO noKa3bIBaeT, 'IT0 rp (g,I) KaK tI,yHKUHH OT g noCT0.flH• 
Hhl Ha CMemHbIX Knaccax s8 I SL (2,R). O6a ycnoeuH naroT 
B03M0)KH0CTb BOCCTaHaBJIHBaT~ TaKHe tI,yHKUHOHaJibl rio ax· 
3HatteHHIO_ B onHoii T0'IKe /e 'leM H C0CT0HT HX aHanor11.11 
c o6bl'IHhIM_H ctI,epuqecKHMH tI,yHKUHJIMH/. B ce:ny /52/ 11cHo, 
'IT0 rp (g,f) JIBJl.ff:IOTCJI tliYHKUHJIMH ecero neyx ·napaMeTpOB 
rpynnbI SL (2, R). C noM0IQbIO nonxonHIQeii iiapaMeTp113a-

18 

(. 

UHH CMe)K~i,rx_ KJ!aCC0B SB/SL(2, R) H paeeHCTBa /48/ 
M0)KHQ_ II0Ka3a Tb; tJT0 aim tliYHKUHH rp ( g, I) coenanaeT 
C. BH,D:'o~. tliYHKUHii /45/. Ta.KHM o6pa30M, cneuuaJibHblH DH.ii 
HHTerpanLHoii nnoT11ocTH MeirnHa p(x,r) /cl>opMyna /45// 
.flBJI.fleTC.fl cnencTBHeM ee CHMMeTpHH no 0TH0WeHHIO K YHH· 
TapH0MY HenpHBOnHMOMY npencTaBJieHHIO rpynnbI SL (2,R). 

· B iiocnenHeM, nHTHanuaT0M, naparpaqie onpeneneH 6a-
3HC, no K0T0p0My M0)KH0 pa3nara Tb J1106y10 "cqiepatteCKYIO" 
<liYHKUHIO H, B ttaCTH0CTH, J1106y10 nyaJibHYIO aMnJIHTyny. 
B IlOCJienHeM CJiyqae nonyqaeTCJI HeKOTopoe HHTerpaJibH0e 
npenc'Taeneaue nnH_ nyaJibHOH aMnJIHTYnhl pacceHHH.fl. HH· 
TerpaJILHaH nnoTH0CTb . MeJIHHa nnH 6a3HCHLIX 3neMeHT0B 

•,,_;: 

HMeeT BHn 

. :·· 11· .,,\ ( J .:_X) )t./2~/V 1 1 

l 
+x. ,· l+x . ,-<x<; 

,J.(x)= .. · .. 
~ .. . .: .· . . A x -1 A/2 +iv , . ... · -11 +xi , (-) .. , X ·>1, X <-1 • 

· x+l · 

/53/ 

. >t. 
<I>yHKUHH e (x) nnH pa3HblX V opoToroHaJibHbl B CMbICJie 

·.••• . V . . . 
SL(2,RJ·HHBapHaHTHOro CKamlpHoro np0H3BeneHH.fl. Hx CKa· 

nHpHbIH KeanpaT,'onHaKo, pa:eea 6ecKoHettHocTH /8 -06pa3-
Ha.ff oco6eHHOCTb/ H, CJienoeaTeJILHO, caMH BeKT0pbl /53/ 

.' _'c • • ' J . • . . •' ,-. • 

He npaaanne)KaT npocTpaHCTBY yHHTapHoro npencTaeneHHH. 
Me)Kny TeM noKa3aHo~ 'IT0 J1106oii: eeKTop H3 nocnenHero 
npocTpaHCTBa M0)KH0 pa3JI0)KHTb iro BeKTOpaM /53/. 3To 
pa3JIO)KeHHe nnH p(x, r) HMeeT BHn • 

no >t. 
p (x,rr= I C(v)e (x)dv, 

"""" V 
/54/ 

rne C (v )- tliYHKUHH, K0T0PLie 
eeHCTBY 

noJI)KHbl ynoeneTB0PHTb Hepa-

"" 2 J dvl C(vJI N(A,v} <"", /55/ 
-no 

a qiaKTOp N (A, v) HMeeT eun 

·N(>t., JJ)=2A+3 sin.!!..()t.+2) [ cos!!_(A+2)+chrrv] Ir(~ +iv+l)~/56/ 
.. .. · 2 · ·. 2 · 2 
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no· 'ceoeii 'c~HOCTH paaeHCTB0'/541/''RBnHeTCH HHTerpam,
HbIM npe,n;cTaaneHHeM ,n;hi p'(x, r ), n;·nonh3YHCb pa·aeiici-aoM 
/42/~ ~ero· nerI<o -._ nepecpopMyimpoaa.Th Ha HJhII<e ··c~Moii 
aMnnHTY.IJ:hi '· ·· •" · --

;... .·,· 1, •• 

00 

A(a.;r f'.= fdvC(v)T· (cr,r),' .• /57/ 
-, ;_''"" .,_.;,..-c,Q./; -..,_ ,,. ,.,. 

r,n;e 
'. 't.J f;: ·. "oo-; . -· ' . -'>; • ,..·~~ ' 

,· ·r ( - J -- J· >.. ( ;- -a-z. d · · - - / ;· - . - a;r = e x x · x. · .... ,,_. ·. 58 ., 
.,_ f - -, - :.0 V. : ; •·-· -- .- ' ,. .. 

[ TaI<HM o6paJOM·, OCHOBHhie pe3ynhTaThI· ,n;nccepT,aUHH 
COCTOHT B cne,n;yiomeM: -- _., .... -.. , -

a/ Iloi<a3aHo, ':ITO cpai<TopH 3aun10 ,n;yanhHOii N -TotJetJHoii 
aMnnHTY,IJ;hl MO:>KHO npoaeCTH c ·qoMOIUhlO I<OHetJHoro Ha6opa 
IlHTHMepHhIX U (4,1) -HHBapHaHTHhIX oc·uHnrrinopoB. 

6/ Onpe,n;eneHhI a onepaTopHoii cpopMe ,n;yanhHhif.! N·7TO
tJetJHhie cocTOHHHH, B03HH1<a10ti(He B_ pe3ynhTb.Te ,n;a.11Hoii 
cpaI<TOPH3aUHH, H Haii,n;eHhl ,n;ononHHTenhHhie ycnoB1rn, I<o- -
TOPhie qJHI<CHPYIOT O,IJ;H03HalJHO 3TH COCTOHHHH., 

a/ Ha OCHOBe qJaI<TOPH3aUHH ,n;yanhHbIX aimnHTy,n; C no
MOuihK> · 'I<bite~rnoro Ha6opa OCUHnJJ~T'opoa cqidpMyniipoaaiia 
,IJ;HarpaM~iiaH TexiniKa ,nnH 'jtux a.Mnn11iyJJ.. ·' - . 
. :-t/ Bi3e)J.eHO npe:ri:ctaanemie rpy~IIIlbl SL(2,R)'a npocT

'pa.HCTBe irnrepeHTHhIX :COCTOHHHH '.nHTHMepHoro ocunnnn'o
pa, 'lTO Il03BOnHeT· coa'epllla.Th hyanbHbie npeo6pa30BaHHH' 

'13 pa~Kax on·epaT'opHoro 'qiopManH3Ma; 
JJ./. IloI<a.JaHO, ':ITO - 0611tHii .BHJ{ HHTerpanhHOH nnoTHOCTH 

MennHa ,n;nH_ ,n;yanhHOH .nay'xtJaCTHlJH.OH a.Mnmii'YJJ.LI'pacceHHHH 
B_03HHI<aeT 1<a1< cneJJ.CTBHe ee npH~anne:>KHOCTH I< npocTpaH
CTBY ~eiicTBHH YHHTapHoro ttenpuaoJJ.HMoro npeJJ.cTaaneHHH 
rpynnhl SL (2 ,R ). . 

e/ Iloi<a3a.H·o; ·. qTO '·nya.rii,HaH· liirferpanLHaH nnoTHocTi.. 
MennHa npnHaJJ.nemnT onpeJI..eneHHOMY i<naccy <PYHI<UHii, aHa
no_rH':IHhIX cqiepHtJeCI<HM <PYHI<UHHM, H Haii)J.eH 6a3HC B npo
CTl)B.HCTBe 3THX qJyHI<UHH .. IlocrieJJ.Hee ,naeT B03MO)KHOCTh 
3anncaTh HHTerpanhHOe npencTaaneHHe /57 / ,n;nH ,nyanhHhlx 

. .; . 
aMilnHTy,n;. 

OcHOBHhie pe 3ynhTaThl JJ.HCCepTaUHII JJ.OI<na.nhrnanHCh Ha 
acecoI03HhIX n Mem.riYHapoJJ.HhIX ceMHHapax n I<oHqJepeHUHHx 
H ony6nHI<OBaHhl B pa6oTaX- IB-1 21,l3 0-32 I . 
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