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HoBellwee pa3BHTll0 KBaHTOBOll aneKTpOAHHaMHKII noKaaano, 

qTo Ha OCHOBe IIHBap11aHTHOll Teop1111 B03MYIU0Hllll II np11cnoco6neH~ 

Horo K Hell M0TOAa nepeaopMHpOBOK B03MOJKHO IIOCTpOeHH_e npe

KpaCHO cornacy10mel!cg C OITbITOM Kon11qecTB8HHOll TeOpllll KB8H

TOBbIX aneKTpoMarHHTHbIX rrpoueccoii, KOTopag IT03BOn!leT B npHH

UHne Bb1q11cnS1Tb QJH3HqecKH na6n10aaeMbie BenHqHHbl C TOqHQCTbIO 

AO n106oro nop!IAK8 no KOHCT8HT0 aneKTpOMarHHTHOro B3aHMO

A8l!CTBHSI ~- a +r-·, OanaKO paCCMOTpeHHe ~poueccoB 

B38HMOA0l!CTBHSI qaCTHU IIpH Bb!COKHX aaepr1rnx, npo6neMa CHnb

noll CBSl3H H Bonpocbl M8T0M8THqecKoll·cTpyKTypb1 KBaHTOBOll 

TeopHH nong (K.T.n.) H8CTOSITenbHO IIOTpe6oBanH KOOpAHHan&Horo 

BbIXOA8 38 paMKH TeopHH B03MYIU0HHll, 

,B 8TOM nanpaBneHHH 6bm AOCTHr!lyT 311aqHTen&Hbill ycrrex. 

IlpeJKAe Bcero, OH CBSl3aH.C pa3pa60TKOl! aKCHOM8THqecKHX noaxo

AOB B K.T.n., ne on11pa101UHXCSI Ha KOHKp8THbill BHA narpaHJKHaHa, 

Pa3nHqHble aKCHOMaTHqecKHe CX0Mbl B K.T.n. OTnHqaIOTCSI BbI6opOM 

OCIIOBHbIX naqanbHbIX nacTynaTOB, TaKHX KaK KOBapH8HTHOCTb, npH

qHHHOCTb, yHHTapHOCTb, crreKTpanb!IOCTb II rip. (cxeMbl Eoron1060Ba; 

Bal!TMana; neMaHal CHMaH31!Ka H llHMM0pMaHa). OAIIIIM 113 caMbIX 

6eccnopHbIX ycnexoB aKCHOMaT11qecKHX ITOAXOAOB SIBHnOCb OTKpbl-
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TMe II 060CHOBaH11e .n11cnepc110HHb!X COOTH0lll0Hl!II ( aKCl!OMSTl!Ka 

Eoromo6oaa), a TaKJKe HOBbie .QOKa3aTenbcTBa TeopeM C.P.T., 

CBH311 cn11Ha H CTaTHCTIIKI! ( 8KCIIOMaTl!K8 BallTMaHa) H np. 

HecMoTpH Ha 3TH ycnexu, B 8KCIIOMaT11qecKoll qiopMyl!IIpOBKe K. T .n. 

AO nacToHmero BpeMeHI! OCTaeTCH •poKOBblM' BOnpoc O cymecTBO

BaHl!II HeTpl!Bl!anbHl'>IX MO.Qenell Teop1111 nonSI. ( S-MaTp11ua He 

e.Ql!HllqHaH), KOTOpbie 6b! y.noMeTBOpHmI BCeM npl!HHTblM aKCIIOMaM. 

nosTOMy npl!HUl!n11anbHbllt l!HTepec npe.ncTaBnHeT HaXOlKlleHl!e 

nalKe B paMKax narpaHJKeBa qiopManl!3Ma TOqHo pelllaeMblX MO.Qenb

HblX np11MepOB .11n11 pa3pa60TKa MeTO.QOB np116nl!lK0HHOI'O pellleHl!H 

ToqHblX ypaBH0Hlllt, He OCHOBaHHh!X Ha Teop1111 B03MymeH11lt. 

OnHIIM 113 TSKIIX M0TO.QOB, npe.ncTaBnS!IOWIIX co6olt KOOP.QI!-

' H8l!bHYIO nonhITKy Bb!XO.Qa 3a paMKII Teop1111 _B03MymeH11lt, S!Bl!HeTCH 

MeTo.Q 'PYHKUIIOHanbHOro IIHTerp11poBaHHSI B K.T.n. BnepBbie npe.nno-

• / 1/ 
lKeHHbllt <l>enHMaHOM • , 3TOT MeTO.Q nonyq11n .nanbHeltlllee pa3BII-

. /2/ 
TIie n np11MeHeH11e B pa6oTax 3.naapca II nanepca , Eoronro-

/3/ /4/ 
6oaa , <l>pa.nK11Ha 11 .npyrnx. Ha ero ocHoBe 6bm11 nonyqeHbI 

aaMKHYTb!e Bb!palKeHl!SI .Ql!H KBSHTOBb!X 'PYHKUlllt fpuHa B BUile 'PYHK

UIIOHal!bHb!X IIHTerpanoB. OllHaKO Ha nyTll nonyqeHIIH TO'iHh!X Bbl

palKeHl!lt 3TOT MeTO.Q HSTSl!Kl!BaeTCSI Ha cymeCTBeHHbie TPYAHOCTll, 

CBH3aHHbie, Bo-nepBbIX, C HSXOlK.QeHHeM qiyHKUHll fpuHa qacTl!Ub'. 

B npol!3BOl!bHOM BHell!HeM none n, BO-BTOpblX, C 'PYHKUllOHanbHb!M 

l!HTerpuponaHl!eM 3Tl!X perneHnlt no BHell!HeMy nonro C COOTBeTCTBy

!OlllHM BeCOBb!M 'tjiyHKUl!OHanoM. KaK nepuasi, TSK ll BTOpaH aa)laq11 

npe.ncTaBnHroT u o6meM cnyqae K.T.n. npo6neMhI orpoMHolt Tpy.n

HoCTH. TeM He MeHee, B PH/le MOllenbHb!X npl!MepoB K. T .n. 3TOT 
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MeTO.Q OKa3ancSI s#eKTHBHbIM,. npl!BOllHWIIM K TO'iHOMY pe

/5,6/ 
ll!eHl!IO :. 

TTepBaH rnaBa .nuccepTaUl!ll nocBH:.(eHa HeKOTOpbIM npl!MeHe

HUHM MeTO)la 'PYHKUUOHanbHOI'O UHTerpupOBaHUH B K.T.n; YnoMHHy

TaSI Bblll!e nepBaH npo6neMa B MeTolle 'PYHKUUOHal!bHOro l!HTerpupo-

BaHUSI, a UMeHHo:. OTb!CKSHUe TO'iHOro pell!eHUSI B npouaaonbHOM 

BHernHeM none, MOlKeT 6bJTb qiopManbHO npeOllOneHa nyTeM aanucl! 

' 
3TOI'O perneHUH TBKlKe B BUile 'PYHKUUOHSl!bHOro UHTerpana. Bnep-

. "' /7/ BbJe 3TO 6bl/iO CllenaHo ... ettHMBHOM ·, aanncaBlliUM pell!eHUe ypaB-

HeHl!SI B BU/le 'PYHKUUOHanbHOro HHTerpana no •nyTSIM'. 

B HBCTOHmett pa6oTe npellnaraeTCSI npyroA cnoco6 noriy'ieHHH 

pell!eHUlt ypaBHeHHA LlupaKa U KnettHa-ropllOH8 B BUile 'PYHKUHO• 

HanbHbIX HHTerpanoa. TTpellnaraeMbIA MeTOll MoJKeT 6bITb npuMeHeH 

K nnHefiHbIM llHqlqlepeHUU8llbHbIM ypaBHeHUSIM BToporo nopH/lKa; B 

KOTOpbIX llUipijlepeauuanbHbltt oneparop·npellcTaBneH KaK nponaBe-

neHue nByx onepaTopoB nepooro nopHnKa. 

PaccMoTpHM ypaBHeHne KnettHa-fopllOHa nnH 'PYHKUHH fpnHa 

C C BHelllHUM aneKTPOMBI'HUTHb!M noneM A (:.:).· 
I' 

[(Io 
I' 

+eA (x));i -m 2 ]•,C(x·,yl'A) .. .:..a'(x-yl. µ . 

( 1) 

IlpHMeHHII npelll!OlKeHHOe <l>OKOM npe.QCTaBneHl!e o6paTHOI'O one-

paTopa B 3KCIIOHeHunanbHOM BUile, nonyqnM 
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s 2 
oo ljd,(liJ(e>+eAµ(x,e)) -lm

2
s (

2
) 

G(x,yrA)=ifdse µ 8'x-y) 
0 

B TaKOM npencTaBneHHH SKcnoHeHTa, B noKaaaTene KOTopol! CTOHT 

HeKOMMYTHpy10ume BenH'IHHbl iJ /l H Aµ (:i:). noHHMaeTCH KaK 

T -3KCnOHeHT8 no ynOpHJlO'IHB8JOIIIeMy HH)leKCY e, OT KOTOpQro 

B 3TOM CMbICne 38BHCHT BenH'IHHbl ·iJ µ (e) H A/l ( x, e) • 'Pacny

T8Tb' BbIpalKeHne ( 2), T.e. BbmonHHTb onepau1110 nmpqiepeaunpoaa-

HHH iJ /l • 6e3 paanolKeHHH 3KCnoaeHTbl B PHll, Henb3H. 3To 

CBH38HO C TeM, '!TO 3KCnoHeHTa coaeplKHT onepaTop a 2 
µ .Ecnn 

6bl 6bma nepBaH CTeneHb iJ µ • TO Bblp8l!WHHe ( 2) Bbl'IHCnH-

nocb 6b1. 

CTeneHb onepaTopa aµ B noKaaaTene 3KCnoHeHTbl (2) 

MOlKeT 6b1Tb nOHlflKeHa nyTeM q>opManbHOrO npeo6pa30B8HHH C no

MOIIIblO 4-KpaTHoro q>yHKUHOHanbHOro HHTerpana: 

(3) 
s 2 8 

lf d,(liJµ(e)+eAµ(x,e)) -1Jde(11 2 (e)-2ell (~liJ(9-teA )] 
o 

4 
O /l /l µ µ,) 

e = C J8 lie 

rne 

I 
8 

2 
C - "' f 8 4 II e - 1/ de IIµ ( e> ;8 411·=II d 411(x) 

X 

IToncTaBnHH (3) B (2), MOlKHO 6ea paanOlKeHHH B PHll nel!CTBOB8Tb 

onepaTopoM cnanra exp I -2 jde11 <e> iJ ce> J H nony'!IITb BblpalKe-
0 µ µ 
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ane nm1 qiyHKUHH fpnaa ( 2) B anne qiyHKunoaanbHoro_ HHTerpana 

G(x,yj Al= ildse-lm2scJ8'\,e -1) der.11;ce>-2e11µ(,>Aµ<x-2 /11(.rpd q>] 
X 

(4) 

4 • 
x 8 ( x -y - 2 J 11 ( e )d t ) 

0 

TaKHM o6paaoM nonyqaeTcH pemeane n nnH ypaaaennH IlnpaKa B 

npOH3BOnbHOM BHellIHeM none. 

e 
BaeneaneM HOBOl! nepeMeHHOl! HHTerpnpoBaHHH z <t> = f11 ( 71)d71 

µ 0 µ 

BbIpalKeHHe ( 4) npHBOJlHTCH K H3BeCTHOMY q>eliHMaHOBCKOMY HHTer-

pany no 'nyTHM., npn 3TOM B SKcnoaenTe· CTOHT BblpalKeHne 

8 

w .. ~fdflz; <,l-2e i µ<e>A µ (y + 2z <e»] (5) 

KOTOpoe H ecTb qiyHKUHH nel!CTBHH llnH aapHlKeHHOl! '18CTHUbl B none 

A µ , a napaMeTp s HHTepnpeTnpyeTCH KaK co6CTBeHHoe BpeMH. 

nocKonbKY MaTeMaTH'!ecKne onepaunn npn nonyqea11n (4) Mano 

o6ocHOB8Hbl, TO nnH cpaBHeHHH C H3BeCTHblMH peaynbTaTaMH B §2 

sTol! rnaBbl paccMaTpHBaJOTCH npnMepbI nonel! A , nonycKa10mnx . µ 

TO'IHbJe pemeHHH TaKHX ypaaaennl!. IToK83bIBaeTCH, 'ITO B 3THX 

cny'laHx a _BblpalKeHIJH ( 4) MOlKHO npoaeCTH q>yHKUHOHanbHOe HH-

Terpnpoaaane no 11 H nony'IHTb Te )Ke peaynbT8Tbl, '!TO II np11 

peiuennn ypaaneHHH, HanpnMep, nnH cny'laH nnocKol! aonHbI 

A (x)=A (kx), k 2-o.,, µ µ kµAµ{kx )=0, 
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B § 3 Ha OCHOBe nony,ieHHOll: q>yHKI(IUI fp1rna B none nnOCKOH 

nonHhl Toqno pewaeTcH aanaqa pacceHHHH qacTHil aapHJKeHnoro nong 

noneM nnocKoli sneKTpoMarHHTHoli nonHhI A 8 ( x - t l. Halinennag 

s -MaTpHila npHBOllHT TOnhKO K ynpyroMy pacceHHHIO aapnJKeH-

HbIX qacTHil Bnepen: 

.. 
I f [ 2 p S e A (,\) +. e 2 All ( ,\ ,J d ,\ 
-- 8 . 8 

S •S0 N exp I J d 8p[ e 
ll( CLI - P 8) 

-1] .• 

• : [ a + ( P ) a -( P ) + b + ( p 1) - p 2) - p 8 ) ) b - ( p I) - p 2) - p 8) JI/ 

rne KoHcTaHTa S O .. <O 1 S IO > - cpennee no aaKyyMy oT s ..;MaT-

PHilhl, paanoe 6ecKoHeq!IoMy q>a30BOMY MHOlKHTenro. N --3HaK Hop-

MSnhHOro npOH3BeneHHil onepaTopoB POJKJleHHH H ynHqTOJKeHHH aa

± b t.. pHJKeHHb!X qaCTHil a • 

<l>opMa pewennll: (4) yno6na TeM, qTo c ee noMomhro 

MOJKHO, cornacno q>opMyne nnn 0/lHOqacTHqffoll: KB8HTOBO.ii q>yHKUHH 

fpnHa 

G(x,y)= 

__ 1 f 
ll J G ( x, y I A) S

0 
(A) e 

D-l(q)A (q)A (-q) d 4q 

µv p. 11 8 4A 

I f -I 4 - T D (q) A (q)A (-q)d q 
/IV p. V 4 

I So(A) e a A 

) 

( 6) 

rronyqnTb G ( x , y l, ecnn npene6peqb BKnanaMH OT rronnpnaaunn 

BaKyyMa, rronOlKHB s O (A) .. l • 3To rrpn6nHJKeHne _OKa3bIBaeTCH 

8 

cnpaaennHBbIM B HHq>paKpacaoll: oonacTH KBSHTOBO.ii sneKTPOllHHa-

MHKH • BbIIIOnHHB HHTerpnpoBaHHe llO A p. ( rrpn S O (A) = 1 

OHO CBO/lHTCil K xopowo l!3B0CTHbIM rayccOBb!M KBanpaTypaM), no-

nyqaeM ~aHTOByIO q>yHKilH!O G ( x, y l B nmjipaKpacnoll 06nt1cTn, 

KOTOpag conepJKHT eme HHTerpanbl no V , B03HHKWHe B peaynh-

TaTe npnMeHeHnn npeo6paaoaanug (3). 

§ §4 H 5 llOCBH!IleHbl 0/lHOMY npn6nHJK0HHOMy cnoco6y Bb1qncne

HHH G ( X. y) B UHq>paKpacnoll: oonaCTH KBaHTOBOii sneKTponnna

MHKH. Llnn SToro npennaraeTCH MeTon anpoKCHMaUHH q>yHKUHOHanb

x/ 
Hb!X HHTerpanoB, cymHOCTb KOTOporo COCTOHT B cnenyIOmeM • Hu-

Terpnpyg · rro A p. B (6) u nepexonH K HMrrynhCHOMY npencTaBne-

HHro, rronyqaeM nnn G ( p l BbipaJKeaue: 

G(pl=i jdsels(pll-m2)CJ8' -1)v;ce,de -te2Fcslv> 
0 v e e 

(7) 

<l>yHKunonan F ( s_ Iv l arrpoKCHMHpyeTCH ero cpennnM anaqenneM 

_ -! v;( e, de 
F (s) "' C f8 4 ve ° F (s I 11), n npnMeHHeTCH cne-

nyromee paanoJKenne rro paanocTn F ( s I i, ) - F ( s ) 

-s1Jv2ce,de -t.ilFCsli.i, -le2
F(s) -1Jv2(e,de (S) 

f
·o,4 o P. 4 o P. • ( -n 

Cove e =e Cf8ve !e2n-2:.=!.l 
n t n=O 

xi 
TTono6uoro pona arrpoKCHMaunn 6hinH npennoJKeHhI <l>ellu-

"'taHOM n KBaHTOBOll CTaTHCTHKe cM.f 8/). 
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Ilocne BblnOliHeHl!lI l!HTerpl!pOBaHl!ll no II • 'ITO OKa3h!BaeTCSI B03MOJK-

HbIM, Bee l!Hq>paKpaCHble oco6eHHOCTU CO.llepJKUT TonbKO BbJ)leneHHblll 

- I e 2F ( s) 00 2n ( F - F )n 
MHOJKl!Tenb e , a KaJKllblll qneH PSI.Ila l: e ---, . D~ D 

IIX yJKe He CO.llepJKIIT. Ecnn orpaHl!'lUTbClI n = 0 B ( 8), TO nony-

qaeM xopowo 11aaecTHbil! peaynbTaT Enoxa-Hop.llCUKa .llnll IIHq>paKpac

Holl ac11MnTOTIIKII q>yHKUUII fp11aa. Y'leT cne.llyIOlllllX 'lneHOB B (8) 

llaeT nonpaBKU K aTOli q>opMyne no KOHCTaJITe e ll • TaKl!e nonpaBKII 

HaXOlllITCSI .llnSI OllHOll npoCTOli M01len11 KBaHTOBOli aneKTpOlll!HaMl!KII, 

on11canHoll HIIJKe. 

B § 6 npoue)lypa anpoKCl!MaUl!U q>yHKUIIOHanbHbIX IIHTerpanoB 

np11MeHS18TCSI .rtnlI Bbl'lUCneHUSI ce'leHl!SI pacceSIHIISI llBYX CKanllpHbIX 

'laCTIIU 1l' , B3al!MO)l8l!CTBYIOlllllX qepe3 none <p , C narpaHJKH8HOM 

B3aUMO.llellcTBIISI f = g, cp ( x ) lp 
2 

( x ) rne ,p(xl - none 

c Hyneaoli Maccoll. 

Ilp:11 nocTpoeHl!U aMnnl!TYJlbl pacceSIHl!ll C 11cnonb30BaH11eM pewe-

HIil! .rtnll q>yHKUUII fpuna B q>opMe q>yHKUIIOHanbHoro UHTerpana IIOMIIMO 

yKa3aHHbIX BbIWe rrpo6neM B03HUKaeT eme 'IUCTO TeXHl!'leCKaSI TPYll-

2 2 
HOCTb rrepexolla Ha MaCCOByIO IIOBepxHOCTb p I • m I Jleno B 

TOM, 'ITO aMrrnnTyna pacceRHlllI, Harrp11Mep,. nayx qacT11u f ( p ', q' IP, q~ 

BblpaJKaeTCSI 'lepe3 nayxqacTl!'lHYIO q>yHKUIIIO fpnHa C (p ', q'I p, q l 

COOTHOWeHl!eM 

(2 rr) 
4 c5 ( p + q - p '-q ') f( p ', q 'Ip ,q) = - 1-fim (p l!..m 2Hp r.Lm 2l<q :t.m2 ) • 

4 
(p2,p,2,q,2,qiil ➔ ·ai.2 

(9) 
• :(q'll_ m 2), C(p 'q' I p,q) • 

10 
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IIOSTOMY 113 C(p:q1 j,,q) nonJKHbl 6b!Tb BbI.rteneHbl noIIIOCHbJe MHO

JKl!T8IIII [(p 2-m2l(p' 2-m 2 )(q 2-m2)(q'2-m 2ll:
1 

KOMneHcnpyromne Hynn 

p~ - m~ Ha Maccoooli noaepxaocTn. B Teopnn B03MymeHnli sTo 

COKpameHBe O'leBl!llHO, nocKOIIbKY C ( p ' , q ' ~ p, q ) CTpOHTClI U3 

1 , .. 
CBo6o.rtHblX q>YHKUl!ll pacnpocTpaHeHUSI 2 2 • MnneXUHblM 

p I - ml 
/9/ 

11 <l>pa.rtKUHbIM 6bma npennoJKeHa q>opMyna, KOTopaSI B paMKax 

M8TO.lla q>yHKUUOHaIIbHOro UHTerpnpoBaHBSI KOMneHcnpyeT qaCTb Hynell 

a (9), a HMeHHo: COOTHOWeHne 

... 
fim i f ds e 
pll .. .,,JJO 

111 (p 2 -m2>-lg 2 F(11) 

m 2_ P,2 

-tgllF(oo) 

e 

} 

cnpaaennnBOe JlIIll orpaHU'leHHOll q>yHKUIIU, F (s ) • ITpnMeHeHl!e 

( 10) 

ero n03BOnlieT B. cnyqae ( 9) COKpaTUTb .rtBa MHOJKl!TenSI ( p '
2
. - m 

2 
), 

(p 2-m2l.Jlnsi BbI.rteneHUll eme JlBYX nonIOCHbIX MHOJKUTeneli (q 
2 

- m
21-

1 

(q' 2-m2 i 1 B )laHHOli pa6oTe rrpnMeHSieTCSI npeo6pa30BaH11e, SKBl!Ba-

neHTHOe llBHOMY l!CKIIIO'leHUIO 113 3aMKHyToro BbipaJKeHl!lI .rtnll aMrrnn

TYJlbl Hyneaoro rropSI.rtKa Teopl!H B03MyllleHHll g 2 
., 0, He )laIOmero 

BKnana B Ce'leHne. Cx eMaTU'leCKH OHO Bblpa>KaeTCSI ,TaK: 

1 _ 1 g2 F Cs) • 2 F ( 
8 

) f e 
-1=-•g o e 

2-
-lg F(s)a 

B pe3yIIbTaTe nepexon Ha MaCCOBYIO noBepXHOCTb 

peM HMnynbcaM p , p , , q, q' B03MOJKe!I. 

11 

( 11) 

d a 

110 BCeM qeTbl-
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flocne ycTpaHeHHH HH¢paKpaCHbIX paCX0llHM0CTeii: aa cq~T 

yq~Ta HeynpyrHX npoueccoB C ucnycKaHHeM KBaHT0B nonH ¢ C 

aHeprueA ~ i < _A , rne A - paapewa10maH cnoco6HocTb np116opa, 

H nepeH0PMHp0B0K, ycTpaHHIOWHX ynbTpa¢uoneTOBb!e paCX0llHM0CTH, 

nonyqaeTCH K0HeqHoe BblpalKeHHe nnH ceqeHllH pacceHHllH, B K0T0-

p0M. Toqao yqTeHbl Bee BKnallbl OT HH3K09HepreTnqeCKllX KB8HT0B 

nons ¢. 

TaKnM o6paaoM, npennaraeMbili cnoco6 aannc11 peweHHit qepea 

¢YHKUHOH8nbHble llHTerpanbI H MeT0ll HX anpoKCllMaunn 0K83blB8IOT-

CH nocTaToqHO a¢¢eKTHBHb!Mll npn 113yqem111 HH¢paKpacHoli o6naCTH 

¢YHKUllli fpnaa ll aMnnHTYll npoueccoa pacceHHHH. llnH nccneno-

aaHHH o6nacTH Bb!COKHX aaeprnit aeo6xo1111Mo paapa6oTaTb npyrne 

MeTOllbl np116n11JKeHHblX Bb1qncneHllit ¢yHKUHO,HanbHb!X HHTerpanoB, 

IlOCKOnbKY anpoKCHM8UllH Ha OCHOBe ¢opMynbl (8) He yqHTb!BaeT 

cywecTBeHHOli 38BHCllMOCTH ¢yHKUHit pacnpocTpaaeHHH OT KBanpa

THqHblX KOM6HH8UHit BHpTyanbHblX HMnynbCOB q I q I • 

2 

CncTeMa onepaTOpHblX reliaeH6eproBCKHX ypaBHeHHli a K.T.rr. 

HBnHeTcH He~naeliHoli (aennHeii:aocTb o6ycnoaneaa aaa11Mo11elicTBn

eM noneli). B paMKax MeTona ¢YHKUIIOH8nbHO_ro HHTerpnpoBBHHH 

STO HaXOllHT CBOe Bb!palKeHHe B TOM, qTo npn Bb1q11cneHllll 0llHOqac,-

TllqHoii: ¢YHKUllH fpnaa aneKTpoaa no ¢opMyne ( 6) Mb! llOnlKHbl 

yqecTb qneH S O ( A l , KOTOpb!li OTBeqaeT BKnanaM . sneKTpOHHO-

12 

, 

;i 
I 

l 

Il03llTpOHHoro BaKyyMa. ToqBblii: yq~T s0 (Al B paMKax aToro 

MeTona KalKeTcH 6eaHanelKHO TPYllHOii: aanaqeii:. 

BBHllY npo6neM, CBH3aHHbIX C HenHHeii:H0CTblO aanaqn, 3HaqnTenb

aoe BBHMaane npuaneKa10T K. ce6e aennHeii:able Monenn K. T.IT., Ha 

KOT0pbIX M0lKH0 6btn0 6b! BblHCHHTb HeKoTOpb!e CBOii:CTBa o6weii: 

Hennaeii:aoll: npo6neMb1. OnHaKo npnaunnnanbHb1e TpynHocTn npn aaxoJK

neann Toqabtx peWeHnA HennHeii:HblX ypaBHeHnii: He noaaonHIOT cne

naTb onpeneneHHblX Bb!BOllOB o xapaKTepe peweanll: n o ¢uanqecKnx 

/]0/ 
cnencTBHHX aTnx ypaaaeanA (cM. fall:aea6epr ). Toqao pewae-

MaH Monenb Tnppnara oKaaanacb B aToM CMblcne Mano noneaHoll:, 

noCK0nbKY oaa npHBena K TPHBHanbBOii: s -MaTpnue. 

/11/ . 
B TpnnnaTble ro11b1 EopH npennolKHn aapnaHT HennHell:HoA 

aneKTpollHB8MHKHa K0TOpaa. C 0llHOll: CT0p0Hbla B npenenbHOM cnyqae 

Manb!X HanpHlKeBHOCTeii: nonH COBnanana C aneKTP0llHH8MHKOit MaK

CBenna. c npyroii:,- KaK cymecTBeaao Hennaeliaaa Teopna, npuaonnna 

K B8lKHb!M cf,H3HqeCKHM cnellCTBHHMa T8KHM, K8K KOHeqHQCTb co6CTB8H

Holl: aaeprnn aneKTpoHa, pacceaane caeTa aa cBeTe n npyrnM. Ho

nanbHell:wee nayqeHne aToli TeopHH 38TPYllHHnOCb OTCYTCTBHeM Toq

Hb!X peweanii: ypaaaeanli cao6onaoro aneKTpoMarHHTHoro nom1. 

narpaHlKH8H STOA CHCTeMbl llMeeT BHll: 

f = K
2 

(I - Ii + 
➔ 2 ➔ 2 
H -E 

K2 

1 

(E Hl 2 
). 

K4 

( 12) 

KoHCT8HTa K HrpaeT ponb a6conIOTHOro M8Cl!!Ta6a HanpHlKeHHOCTH 

13 
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nom1, TTpn E, H << K nony,iaeM p83/lOJK8HHe, nepDbli!: '1118H KO-

F! 2- ii 2 -2-- - narpaHJKH8H M8KCBC/l/lOBCKOrQ IlO/111, Toporo 

BTopaH rnana llllCCepT8UllH nocn11meua TO'IHOMY peweHHIO H 

nccnellOB8HHIO llByxMepHOi!: CK8/lllpHOi!: MOll8/lll noml Eopua. TaKoe 

/12/ 
none n MeaonnHaMnKe nncpnb1e 6blno nneneuo rattaeu6eproM 

Ami H3Y'l8Hllll npo6neMbl M830HHblX nnnHei!:. narpaHJKH8H B llBYX-

Mep!!OM nceBllO8BK/lllllOBOM npocTpaHCTBe X • t auanorll'l8H ( 12) 

£ • K
2(l-li- I 

<p: .,._ 'Pt2 

K 2 

YpaBH8HH8 nom1, BO3HHK8IOIU88 ll3 ( 13) (Ka l) 

( l - <p 2 
) <p + 2 <p <p <p -( l + <p 

2 
) <p = 0 , 

t XX X t Xt X tt 

(13) 

( 14) 

OTl!OCHTCII K Knaccy KB83HnHHeilHblX ypaBH8HHi!: rnnep6onH'l8CKOro 

Tl!Ila, 

B § 2 9TOi!: rnaBbl TO'IHO pewaeTCH 38/W'la Kown. /lnll ypan

H8HHII ( 14). no 118'18/lbllb!M ll81lllb!M:- ¢I t=o= a (x); cf,t lt=O .. b (x) 

ll8XOllHTC51 peweune B napaMeTpll'18CKOM Blllle: 

ef, (x(a,/3),t(a,/3ll= z(a,/3) 

f3 
a(a) + b(a) +-1- J rr(A)dA 

2 2 a 

14 
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·'i··· 
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~lj 
,'I. ) 

'~ 
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!;, 

I 
II, I I 
i 
ii,!' 

j-> 

f 
~: 
:t 
~ 
:j 
'~ 

l.i 
11 J, 

\' I 
'.'.i 
'I, 

1 
,\ 

n~R. l fJ 
X ( a • /3) = ~ + rf G (A) o. 

a 

8-a l /3 
t (a ,/3) = ~+-J H(A)dA, 

2 a 
(15) 

rne cpyHKUHH IT (x), G (x) H H(x) HM8IOT llHTepecHbli!: q>H3H'l8CKHi!: 

CMbIC/1, IT ( x) - K8HOHll'18CKHi!: HMnynhC nonn <p ( x, t) npn t,. 0 

1T(x) •" (x,0) =.M_ I 
acp t i "". o 

b (x) 

y'1-: 2 (x)+b 2 (x) 

G (x) OK83blB88TCII nnoTHOCTb!O HMnynbca nom1 cf, np11 t=O 

G(x) =-IT(x,t )cf,x(x,tll t;.O = 
_;(x)b(x) 

yl- ~2
(x)+b

2
(x) 

HaKoueu, 

t• 0 

H ( x ) - nnoTIIOCTb raMllnbTO!Ill81l8 nonH cf, 

H (x) = ( IT <pt - £) 
t=O 

1+~2(x) 

V 1-;·2 (x) +b2 (x) 

- l.= 

y ( l + ; 2
( x ))(l_ + IT 

2 
( x ) ) :...1 

15 

( 16) 

( 17) 
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B § 3 npennaraeTcH MeTon cBeneHHH STOA HenHHeAaoA 3anaqn 

nnH «j>yHKUHH ¢, K llHHeltHOA CHCTeMe Tpex «j>yHKUHA t (a. /3 ),x(a,/l) 

H z(a,/Jl B nceBnoeBKnHnOBOM npoCTpaHCTBe a, {J • IlOK83blB88TCSI·, 

qTo CHCTeMa Tpex «l>YHKUH8 1 , x , z c narpaH>KHSHOM f. (;"a r"13l, 

rne t • I t , " , z I, H c nononHHTen&HbIMH HennaeAHblMH ycnoBH-

HMH ;': • ~, 9\ fja 0 IIpHBOnHT K TOMY >Ke peweHmo ( 15) 

3anaqH Kown, ecnH HaqanbHble naHHble nnH 8THX «j>yHKUHA 38/:ISHbl 

cneny10mHM , o6pa3oM 

" I: ~ -a •.I Q. o a-~ · a-~ z I ~-/3 -a < a > 

z4 -"pa,,,f3•G(a) (t!l-tffa-{J•H(a) ( z a - z /3) a• f3 • ,r (a) 

(OTCI0/:18 BHAHO, qTo HaqanbHblA MOM8HT t • 0 B nepeMeHHblX 

Cl , /J Bblp8>K88TCSI p8B8HCTBOM 0 a • fJ ) • 

YpaBHeHHe (14) HMeeT HHTepecHoe reoMeTpnqecKoe HCTOllKO

BaHHe, Ha ocaoae KoToporo nan&we npOH3BOi:tHTCH o6o6meHHe 

aenHHeAaoro narpaH>KHaHa (13) aa cnyqaJt cncTeMbl n aenHHeA

HblX nonea, nonycKa10melt ToqHoe pemeane~ Llano B TOM, qTo npH 

3aMeae t • iy H3 ypaBHeHHH ( 14) .nonyqaeTcH xopowo H3BeCTHoe 

B reoMeTpHH ypaBHeHHe MHHHMSllbHblX noBepxHOCTelt B TpexMep

HOM 8BKnHi:tOBOM npocTpaHCTBe x , y , Z, Z • 1/\( xt) 

( 1 + ¢ 
2

) ¢, - 2¢, ¢, tp + (1 + tp 2 
) tp • 0 

y XX X y Xy X y y 

PeweaHe ero Z -¢,(x,y). onpenenHeT IIOB0pXHOCTb MHHIIMSllbHOlt 

nnomann 

· · 2 2 
S=- fdxdyyl +tf,x +¢,y 

16 

orpaanqeHHylO 38/:ISHHblM KOHTypoM. Hawe ypaBHeHHe ( 14) HBnHeTCH 

ycnOBll8M aKCTpeMyMa HHTerpana («j>yHKUHII neiiCTBHSI CHCTeMbl ( 13)) 

S = - f dx dy y 1 + ¢, 
2 

-¢, 
2 

X t 
/ 

( 19) 

KOTOpblii BblpS>KSeT nnowanb noBepXHOCTH z = ¢ ( X, I) B nceanoea-

KnHi:tOBOM npocTpaHCTB8 x , I , z c MeTpHKOii ds
2 

=dt
2
-dx

2
-dz

2
, 

noaTOMY ypaBHeHHe (14) MO>KHO pacCM8TpHB8Tb KaK ypaBHeHHe 

SKCTpeManbHOA noaepxHOCTH B nceBnoeBKnnnoaoM IlpOCTpaHCTBe, 

npoxonHmeA qepe3 3anaHHy10 HaqanhHyro KpHByro, a peweHne (15) 

KSK napaMeTpnqecKoe npencTaaneHHe sToA noBepxHOCTH. 

OnnpaHCb Ha reoMeTpnqecKyro HHTepnpeTBUHIO, «j>yHKUHSI 

neACTBHSI ( 19) o6o6maeTCSI Ha CHCTeMy n HenHHeiiHbIX B38HM_oneA

CTBYIOlllllX noneA B nceanoeBKnnnoBOM npocTpaHC:-TBe X • t • llnSI 

sToro paccMaTpHBaeTcH n +2 -MepHoe nceanoeBKnnnoao npocT-

paHCTBO ( t '· x , Z 1 , z 2 , • • • •, z n C MeTpHKOii 

ds 2 =dt 2 -dx 2
- I dz

2 
I ... , 

TTycTb a sTOM npocTpaHCTBe aanaHa n ypaaHeHHHMH nayxMep-

HaH IIOBepXHOCTb: z I =¢ I ( X, t ) , z 
2 

""tp 
2 

( X, I ) , ... , Z n = rp n (x, t ) , 

Terna, o6o6maH ( 19) Ha· n + 2-Mepaoe npocTpaHCTBo, nonyqaeM 

nnomanb STOA IIOBepXHOCTH B
0

BHne HHTerpana 

/ n 2. D- 2 D 2 

5•-ff,dxdt ,/0 \:i ¢ 1,xl(l-
1
: 1 </> 1,t l +<,,:i 91,x ¢ 1,1 > 

(20) 

17 
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cf, 1,x 
act,. 

a;- cp I. = a cpl 
• t ~ 

Danee BenH'IHHa S, cornacHo Bh1wecKa3aHHoMy, paccMaTp1rnaeTCSI 

K8K (jiyHKIIHSI Llel!CTBHSI CHCTeMbl n nonel!, KOTOpaSI npH n = 1 

nepexonHT B (19)', a ypanHeHHSI 3l!nepa, cneny10wHe H3 (20), 

KBK YPBBHeHHSI LlBHJKeHHll aTolt CHCTeMbl nonel!: 

(l-Scf, 2 )¢, +2¢, l:¢, cf, -(1 +l:¢, 2 )cf, 
l=l f,t J,xx f,xt l:i::al l,x f,t fat l,x f, tt .o 

(21) 

•1,2,.,,n) 

K HenHHel!Hol! CHCTeMe (2i) OTHOCllTClJ H ypaBHeHHll aneKTpo-

LlHH8MHKH Eopaa Llnll BeKTop-noTeHIIHana Aµ B LlBYXMepHOM 

npocTpBHCTBe X. t • KOTOpb!e paccMaTpHBBIOTCll B rnaBe III. 

llnH CHCTeMbl ( 21) OilHTb TO'IHO pewaeTclJ aanaqa KowH 

cf, (x,tll =a (x) 
I t = 0 I cf, (x,t) I = b (x), 

I, t t = o I 

PeweaHe TaKJKe npencTaBnHeTcH B napaMeTpH'lecKol! <fiopMe: 

cf,
1 

(x (a, /3), t(a,/3)) z
1
(a,/3) = a 1(a) +a//3l 

-2-
/3 

+ + ! "1{,\)d ,\ 

a+/3 1 /3 
x (a ,/3) = --- + - f G (,\).d,\ 

2 2 a 

l(a,/3) /3- a l =-·+--
2 2 a 

/3 
fH(,\)d,\ 

18 

( 22) 

I 

' 

rne "I ( X) • G (x) H H (x), KaK H B cnyqae OllHOro nonH, HMelOT 

CMbICn COOTBeTCTBeHHO KBHOHH'!eCKHX, HMnynhCOB nonel! ¢, I • fl/lOT

HOCTH HMflY/lbCa H raMH/lbTOHHaHa B H8'18/lbHblit MOMeHT t • Q. 

Dnl1 /1106oro n CHCTeMa ( 21), HMeeT LlBB '18CTHblX pell!eHHll: 

cf,
1 

(x,t) -11'
1
)x-t) H ¢, 

1 
( x, t l • 1P 

2
,
1 

( x + t l , ' rne 

q, I, I H q, 2 ,I - npOH3BOnbHbie (jiyHKUHH. 3TH peweHHH 

-6erymHe B0/!Hbl npoH3BOnbHOlt ¢,opMhl. lfa o6mero peweHHll ( 22) 

H/IH (15) OHH nonyqaJOTCH, ecnH flO/IOJKHTb 

h
1
(xl• ~(x)a11' 1,

1 
H/IH b

1
(xl--;

1
(x l •-11'2,1(x) 

/13/ 
B /IHTepaType OTMe'!anOCb , '!TO B aenHHeltHhIX Teop1rnx, 

B KOTOpbIX Koa(ji<fiHIIHeHTbl npH CTapll!HX npoH3B0LlHblX 38BHCl1T OT 

caMnx <jiyaKunll nonH cf,, aanpnMep, KBa3nmrnellaoe ypanaeHne ( 14), 

He HCK/IIO'leHa B03MOJKHOCTb pacnpocTpaHeH!lll cnrHana, paCCMBTpl!

BBeMot'O K8K pacnpocTpaHeHl!e cna6b!X paapb!BOB~Bb!ll!e CKOpOCTI! 

CBeTa •. Hallle pell!eHHe IlOK83bIBBeT, ''!TO ypaBHeHl!SI ( 14) I! ( 21) 

T8KHX Cl!I'HS/10B He nonycKalOT. HanpHMep, l!3 penrnHl!SI ( 15) cne-

nyeT, '!TO cKopocTh pacnpocTpaaemrn cna6oro pa3pbIBa v ncerna 

MeHbWe l ( c • 1 ) 

V 2 - l s - [ b ( X ) ;!:, a ( X ) ..; l + a 2 ( X) - b 2(x) 2 
< 0, 

l + i, 2 (xl 

ecnn H8'18/lbHble Ll8HHbie YllOBneTBOpll!OT ycnOBHIO rHnep60/ll!'IHOCTH 

1 + ai 2 (xl- h2 (xl > o. 

19 
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0.llHIIM H3 B8)KHblX If HepeweHHblX BonpoCOB B sneKTpOJlHHaMHKe 

EopHa 6bm BOnpoc o TOM, KaK B38HMOJleticTBYIOT sneKTpoMarHHTHbie 

aonHbI B Hen11Het!Hol! Teopnn. 

B TpeTbeil rnaae JlHccepTaunn nocTaaneHa n TOqHo peweHa 

sanaqa B3aHMoneliCTBHH H pacceHHHH JlBYX"BOnH B 3TOH Teopnn. 

ITocTaHOBKa npo6neMbl 6a3npyeTCH Ha cnenyroweM CBOl!CTBe 

ypaBHeHnil nonn B sneKTponnHaMnKe EopHa. 

4 lk 1k f m 
I _j__ ( f - ' ff m G ) 

l=I ax' _____ = 0, 

yl+F-G 2 

(23) 

rne 

F,._l_flkf 
2 lk 

l •k fm 
Ga 4 f f•kffm 

f = ..!.!!.. 
.lk a XI 

a A1 

axk - KOMnoHeHTbl .TeH3opa sneKTpo-

MarHHTHoro nonn, f •kfm 
nonHOCTblO 8HTHCHMM8TpnqHbll! 

TeH3op. 

HeTpynHo npoaepnTh, qTo nnocKaH sneKTpoMarHnTHaH aonHa 

➔ 
npoH3BOllbHOl! cjiopMbI, pacnpocTpaHHIOW8HCH B)lOllb k 

A/f,t)='l'
1
<1,+-jfj tl

1 

HBnneTcH peweHneM ypaaHeHnl! ( 23). CyMMa nayx nnocKnx aonH 

➔➔ ➔, ➔➔ ,➔, 'I' (k 1 r -lk tl+'l1 (k r-k
2 

t) 1,1 I 2,1 2 ( k➔ 1, 1
2 

- HeKonnnaeap-

Hbl0 B8KTOpbi) T8K)Ke ynoaneTBOpHeT( 23) B npocTpaHCTB8HHO-Bpe-

20 

M8HHOit o6naCTH, rne 'I' I • I 'I' 2, I He nepeKpblBalOTCH, T.e. B 

o6naCTII, I'A0 OAHU H3 9THX <fiyHKUHll paBHa aymo. llanee, 6e3 orpa-

unqemrn o6mHOCTH MO)KOM cqnTaTb, qTo BOnHhl JlBH)KYTCH no OCH 

X H8BCTpeqy npyr npyry; 9Toro MO)KHO Bcerna )lOCTHqb COOTBOT

CTBylOlllHM npeo6pasoaa_HneM nopeHua, Hanpaa11a ocb npeMeHn no 

4-BeKTOPY k,+k2, a OCb X - no HanpanneHHIO kl - k2. Tor.Ila 

nonyqaeM: 

t ~ 
➔ ➔ -+ I (k1 k :i , , ➔ ➔ I ➔ v'. (k J, l . 
k,r -lk I tay'-......;;-(x -t ); k2r- k211-v...:.::i:.a:.(x'+t') 

2 2 • 

IToCKOllhKy ypaBHeHHH (23) H narpaH)KllaH ( 12) HHBapnaHTHbl K 

npeo6pasoaaHHSIM nopeHua, TO Mb! nnpaae ccjiopMynnponaTh Hawy 

sanaqy cnenyromnM o6pasoM. HailTH peweHne ypaBHeHnfi (23), 

ynonneTaopmowee acHMnToTnqecKnM ycnoanHM: npn t ➔-.. peweane· 

nonJKHO nepexonnTb B nae nnocKne BOllHbI, JlBlllKYllllfOCSI HaBcTpeqy 

Jlpyr npyry: 

fimA
1 

(x,y,z ,tl .•'1'
2

,
1
(vl 

u ➔ .. 

rne u ,. .x -t V • X + t 

fimA
1 

(x,y, z,t) •'l'
1
}uJ, 

V ➔ oo 

( 24) 

( TaK 'KaK t •.~--TO a o6onx 

cnyqaSix (24) ➔ - .. ) • 1IT06bl ynoaneTBOpHTb acnMnToTnqecKHM 

ycnoBHSIM (24), HaXO)lllTCSI peweHne ypaBHOHIIH (23), He 38BHCSI-

mee oT y n z, T.e. A 1 cqnTalOTCSI cjiyHKUHSIMH TOnbKO nayx 

nepeMeHHhIX X n t • TaKHM o6pa30M, 3a)laqa )lnSI JlBYX nnoCKHX 

BOnH CBO)lHTCSI . K JlBYXMepHOl! npo6neMe, n CllCTeMa ( 23) npHBO)lllT-

21 
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CS! .K Cl!CTeMe ( 21) npll n =2, .onsi KOTopoi! peweHa aa.oaqa Kown 

( 22). Ma peweHl!SI aa1:ia'I11 Kown MOJKeT 6bITb rronyqeHo peweH11e 

8Cl!MllTOTll'IeCKOi! 38.08'!11 C ycnOBlleM ( 24). Opoue.oypa rrony'IeHIISI 

aToro peweHl!SI .oeMOHCTpllpyeTCSI CHaqana Ha 6onee llpOCT0M rrpu

Mepe CKansipHoro rronSI ( § 2 rnaBa III ) , a aaTeM c y'IeToM ycnoBHSI 

nopeHua u .onH aneKTpoMarHnTHoro rronH ( §5). PeweHlle aarrncb1-

aaeTcsi B rrapaMeTpuqecxoi! ¢opMe: 

A 1(x(µ,v), t(µ,v)) .. '!\)µ) + 'l'
2

,
1
(v) 

( 25) 
V 3 • 2 

n=-x-t=µ-J I '1'2,1(,\)d,\ 
-oo 1=2 

00 8 • 2 ' 
V :a X + t = V + f I 'l'l 1(,\)d,\ 

µ 1==2 ' 

HeTpy.oHo llOK838Tb, 'ITO perneHne (25)y.ooaneTBOpS!eT 8CHMllTOTH'Iec

KIIM ycnoBIISIM ( 24) ll ypaBHeHHSIM ( 23). Ma ( 25) rrony'IaIOTCSI u 

8Cl!MllTOTl!'Iecx11e 3H8'IeHHSI llpll I ➔ + ""• Ha .opyroi! 6ecKoHe'I-

HOCTH u ... - oo H V ➔ oo Mb! IIMeeM 

( 26) 
fim A

1
='l'

2
,

1
(v-P

1 fim A
1 

= 'l' Cu+ P 
1,1 , 2 

u ➔ -oo V ➔ OO ,/ 

r.oe PI ,-P 2 - l!MrrynbCbl rrepaoi! 11 BTopoi! HB'IanbHbIX rrnoCKl!X 

BOnH 
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p 
oo a • 2 
f I 'l' (.\)d,\ 

1=2 1,1 

.. 8 

P - f I 
2 1=2 

• 2 
'l' (,\)d,\ 

1,2 

( 26a) 

-.oo 

( CornacHo ycnoBl!IO nope Hua B rrnocKoi! aonHe 'l' 0 = 'l' 1 = 0 ) • 

TaKIIM o6paaoM, nae rrnocK11e anexTpoMarHIITHhie BOnHhl 113 

I=-- B peaynbTaTe CTonKHOBeHl!SI .opyr C .opyroM rrepeXOUSIT 

llpll I ➔ +oo B .OBe rrnocKl!e BOnHhl Toi! )Ke ')lopMbI, HO co C.llBll-

HYTblMll apryMeHT8Mll. 

B § 3 o6cylK.ll8IOTCSI CBOi!CTBa peweHl!H ( 22), ( 25). 

0K83bIB8eTCSI, 'ITO ecirn HB'IanbHble .ll8HHble 38.ll8Hbl llp0!13BOnbH0, 

TO peweHl!e Al (x,t) 6yueT B HeKOTOpblX o6naCTSIX MHOr03118'I!IOH 

¢yHKUl!ei! OT x ll I, T.e. B O.llHOM TO'!Ke rrpOCTp8HCTB8-BpeMC!IH 

M0JKeT cymecTB0B8Tb 11ecKOnbKO (He'IeTHOe 'Il!Cno) 3H8'IeHllH rronSI 

A I • 3TO Ka'!eCTBeHHO HOBOe llOBeueHl!e peweHl!i!, He rrp11cymee 

nl!HeilHhIM ypaBHeHl!SIM. KpoMe Toro, B TBK!IX o6nacTSIX pewe1rne 

MOJKeT oxaaaTbCSI He rl!rrep6onl!'Iecxoro, a rrapa6onl!'IecKoro Tl!rra, 

Tor.Ila HapymaIOTCSI rrpocTp8HCTBeHHO-BpeMeHHbie COOTHowemrn B 

Teopllll ( Cl!rHanbI 6onbwe CKOpOCTII CBeTa). 

Ecnll JKe HB'IBnbHbie uaHHbie llO/l'Il!HeHbl orrpe.oeneHHbIM ycno-

Bl!S!M (ycnOBl!SI rl!rrep6on11'IHOCT!1): i 2 
(x) -b

2
(x)> 1<

2 
B aaua-. 

qe Korn!! llnll B 
3 -2 •2 , 

aa.oaqe .llBYX rrnocKl!X BOnH: I 'l', 1(x) '1'2 l(x) <K 
1=2 • • 

TO T8Kl!X S!BneHHil He B03Hl!KaeT, ll peUieHl!e S!BnSieTCSI O.llH03H8'IHOi! 

¢yHKUl!eil KOOp.lll!HST x , I • 
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4. 

B IV rnaae paccMaTpllBaeTCll npo6neMa KBaHTOBaHllll HennHen

Horo nong EopHa Ha npnMepe CllCT8MbI OKanllpHb!X nonen B JlBYX-

MepHOM npocTpBHCTBe X, t (20). 

06blqHall npouenypa KBBHTOBaHHll onnpaeTCll Ha nHH8fiHOCTb 

CBo6onHoro ypaBH8Hllll IIOnll. TaKyIO KapTHHy KBaHTOBaHl!ll Mb! HM88M 

B npencTaaneHHll B38llMOUeficTBHll, rne onepaT.OpbI nonqnHllIOTCll 

nnHefiHbIM ypaBH8HllllM UBll)K8Hllll~ Pewag 3TH YPBBH0Hllll ll Haxonll 

Bblpa)K8Hllll nnll onepaTopoa B n106on MOM0HT Bp0M8Hll qepea Haqanb

Hble 3HaqeHnll ( aanaqa Kown), MO)KHO YCTBHOBHTb, KaK KOMMYTH

PYIOT onepaTopbI nonl! nnll nponaaon&Hb!X apeMeH, nocTynnpyll onHo

EipeMeHHbie KOMMYTBTOpbl B HaqanbHblfi MOM8HT t • 0. ITpn KBBHTOBa-

HRH no1UI EopHa MbI c caMoro Haqana HMeeM HemmefiHb1e ypaaHeHnll 

cao6onHoro nonll (21). Ecnn Tenep& npennono)KRM, qTo ypaaHeHnll 

nnll onepaTOpHbIX !pyHKunn sroro nonH (ypaBHeHnll ranaeH6epra) 

llM0IOT TaKofi )1(8 Bnn, KBK ll nnll KnaccnqecKll~ noneBb!X 4>YHKUllfi 

(21), nnll KOTOpbIX 6blno HafineHo peweHne aanaqn Kown (22), To, 

aanaaal! KBHOHHqecKne nepecTaHOBOqHbie COOTHOW0Hllll npn t aO 

[,f, (x,0),rr (x',O)]a8 8(x-x'), 
I :.J I J 

( 27) 

TeM CBMbIM Ha OCHOBBHllll peweHnfi ( 22) MO)KeM, KaK n a nnHefi

HhIX aanaqax, onpertennTb onepaTopbl '? 1 (x, t) nm1 nponaaon&Horo 

MOMeHTa BpeMeHn. OnHaKO OKa3blB80TCll, qTo TaKal! npouenypa 

24 

l 

\ 

! 

rrpHBOUHT K TPYllHOCTSIM, ne CBOHCTB0HHblM nHH0HHh!M TeOpllSIM. 

TiepennweM pellBHll8 aartaqH Kown ( 22). BB01lSI BM0CTO a H f3 

napaMeTpbI a =e-r, f3=e+r 

cf, 1(x (e,r), t(e, r )) = z 1 (e,f) = 
e+t' 

a,<e+rl+a1(e-r> +..l frr
1

(>.)d>. 
2 2e_,, 

e+r 
x(e,r>=e+-1- fG(.\)d>. 

2 e-, 

I e+t' 
t(e,r)zr+-f H(.\)d>. 

2 e-, 

( 28) 

Haqan&Hb!H MOM0HT l = 0 B nepeMeHHb!X e, r COOTB0TCTByeT 

T = 0 n .KOMMyTBUHOIIHbie COOTHOW0Hllll ( 27), cornacno ( 28), rrpH-

HHMaIOT BIIU: 

[a <e>,rr (,f')] =8 ace-e·i 
I I IJ 

( 29) 

Torna na (28) nnSI r /. o ( t I, o) nonyqaeTCll 1 qTo DpeMll t(e,r) 

II KoopnI1naTa X (e ,t) CTaHOBSITCll onepaTopaMII, He KOMMYTllpy-

IOWl!MII M8)K/ly co6oll II noneM z I ( e, r ) , IlOCKOnbKy 

B61palKaIOTCll B (28) qepea G(>.) II H(.\), KOTOpbie, 

II X 

B CBOIO 

oqepen&, l!BllSIIOTCll <I'YHKUllllMII KaHOHHqeCKIIX nepeMeHl!b!X nonSI 

a I 11 rr 
1 

, ( nanp11Mep, nnll n = I <popMynhl ( 17) II ( 18) ) • 

TaKIIM o6pa3oM, ·118 3TOM nyTll Mb! npHXOUIIM K npo6neMe <popMyn11-

pOBKII TeOpHII B KB8HTOB8HHOM npocTpaHCTBe-apeMen11. 
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,a § 1 '18TBepToil rnaBbl pa3BHB88TCl'I TaKoll nonxon K KBaH-

TOBaHHIOo ITpH 3TOM e, r paccMaTpHBaIOTCl'I KaK C -'IHCnOBble 

3Ha'!eHmI KOopnnaaT ll BpeMeHH, a 'BMeCTO D noneBblX il>YHKllllil 

¢, 1 ( x , t) B npocTpaHCTBe x, t paCcMaTpnBaeTCl'I CllCTeMa n + 2 

noneil t(e,r), x(t ;r), z 1 (t,r), • .,zn(e',r) B IlpOCTpSHCTBe· e,r, 
Ecnn nna Knaccn'lecKnx ypaBHeanil TBKne nBa nonxona aKBHBa

neHTHhI ( §3 rn. II ) , To B KBaHToBoil Teopnn aToro yTBep;>K/lSTb 

H8nb3l'I, TSK KaK y;>Ke 6bmO OTMe'leHo, 'ITO_ YP8BH8HHl'I failaeH6ep-

ra nna ¢,
1 

HHRMH (21). 

MoryT ll He COBnanaTb C KnaCCH'18CKHMH ypaBHe-

B §2 H §3 CTpOHTCl'I KB8HTOB8R TeopHR pacceRHHR Bona B 

ClfCTeMe C narpaH;>KlfaHOM_ ( 13) If raMHnbTOHHSHOM ( 18) B 06b1'1-

HOM nonxone, Korna raMHnbTOHHaH CHCT8Mbl pa36HBa8TCl'I Ha CB0-

6onHhlil H (j• Benymail K .nHH8HHblM ypaBH8HHRM nonn, H H Int, 

onpenennromHil B3aHMoneilcTBHe nong c caMHM. co6oil. llnn aToro 

BBO/lHTCR KOHCTaHTa H8nHH8HHOCTH l 
g - --. K. 

narpaH;>KHaa (13) nepexonHT B narpaH;>KHaH 

Korna 

rf,12 -¢, ~ 
2 

IC-+ oo , g ➔ 0, 

CBo6onaoro 

nonn ¢,, non'IHHliromerocg ypaBHeH1110 llanaM6epa ¢, u - ¢,xx a O • 

faMHnhTOHHaH ( 18). aanacaHHblll C IlOMOmbro KOHCTSHTbl g,lfMeeT 

BHll: 

H•g-
2

( v O+ g2¢, 2 l(l+ g 2rr 2 l._l I 
X (30) 

H paccMaTpHBaeTCR B KBBHTOBOll TeopHH B BH/le pnna no g 2 Hop-

ManbHblX npoH3B8/l8HHll onepaTopoB ¢, x, IT , nepBb!il 'lneH KOTO-
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\ 
\ 

\ 

¢,2 rr2 
poro RBnR8TCl'I raMHnbTOHHaHOM CBo6onaoro nomI Ho • 

2 
+ 

noaTOMY H npencTaBnReTCl'I KaK Ho + Hint B peaynbTSTe CTa-

HOB_HTCl'I B03MOlKHOll BCR npouenypa KBSHTOBaHHl'I B npencTaBneHHH 

B38HMO/l8l!CTBHR, 8 TaKlK8 nocTpoeaHe s· -MaTpHUbl B Bllll8 

T -npOH3BeneHHl'I CB060llHbIX onepaTopoB. 

CHa'lana B § 2 HaXOllllTCl'I s -MaTpHua Ha OCHOBe npenrro-

no;>KeHHR, 'ITO onepaTop pacceRHHblX BOnH i out coBnanaeT 

no il>opMe C peweHHeM KnacCH'leCKOll 38/lS'IH (26). s -MaTpHua 

H_aXO/lHTCR H3 COOTHOWeHHR 

" " ( 31) 
<f, {x,tl•S+rp (x,t)S, 

•ut ln 

rne .ef,1n (x, t) onepaTop nanaromux Bona; non'lHHSiromn:llcn 

" " 
CB060llHOMy ypaBH8HHIO q, In tt - ¢, In xx = 0 n rrpellCTaBHMblil 

noaTOMY B BH/le: 

i In ( X, I)•; I ( u) + w: ( v) 
l .. --J--1..L( +( lku -y2" y2k a Ide +a (kl e lku I+ 

l 
00f dk { + lkv -lkv 

+ -· ~ a ( -kle +a-( -kle I 
y"'f';O y2k 

(32) 

[ a -{k) , a+ <Le ') ] • 8 ( k -k ' ) 

" 
A orrepaTop ¢,out (x,tl 6epeTCR H3 peweHHR KnaCCH'18CKOll aana'IH 

(26) B BH/le: 

A A A A ,\ 

¢, (x,tl•'l' (u+g 2 P l+-'l' (v-g 2 P 
out 1 2 2 I 

(33) 
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I 

I 

Ha cooTliornennn (30) naxonnTcn onepaTop S. B cnny cnenannoro 

" 
npennonoJKeHnH 06 onepaTope ¢, out naaoaeM naAnenny10 _TaKnM 

o6paaoM s -MaTpnuy, 'KnSCCH'!eCKoA' 

" 

s 
Kn 

ae 

2 " " 
le Pt P2 

s 
Kn 

(34) 

ITocKonhKY P1 H P2 K0MMYTHPYIOT, •ST0 Bb!pSlKeHne noHHMSeTCH 

KSK pnn no CTeneHHM nponaaene11nn onepaTopoB _P 
1 

P 
2 

• TaKan 

S -MaTpnua aeneT T0nhK0 K ynpyrnM npoueccaM paccennnn. 

3aTeM B §3 s -MaTpHIIS CTp0HTCH c n0M0lllblO CTannapTH0H 

npoIIenypbl B rrpencTaBnennn BaanMoneficTann B Bnne T -nponaBe-

nennn: 

- I f d t f d x H Int ( 11 
2 

, X t ) ( 35) 
S=T e 

rne H Int •H-H 0 • H B (30) paanoJKeH no g 2 B pnn nopManh-

HbIX nponaaenennA onepaTopoa. llanee noKaabmaeTcn, '!To ecnn B 
I 

(35) nepeilTn OT T -rrponaaenennn orrepaTopoB K 06b1K11oae11110My 

nponaBene11n10, yneplKHBan B paanoJKe11nn .HI ( g 
2 

, X, t '·) T0nhKO 
nt 

'!nen, nponopuno11anbHb1ll g 2, TO nonyqaeTCH BblpSJKeHHe S B 
Kn 

( 33), y'leT JKe cneny10m11x qnenon no 
2 

g B H Int npHBOJll!T K 

s -MaTpHIIe, OTnli'III0A OT S Kn H conepJKamell B03MOlKHOCTb 

neynpyrnx npoueccoB. TaKHM o6paaoM, S -MaTpuua, nocTpoe11-
Kn 

nan HS OCH0Be KnaccHYeCKHX perne11uA, He connanaeT C KBSIIT0BOll 
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·'} 

· S -MaTpuueA u, cnenonaTenbno, TO'IHbill orrepaTop paccenHHbIX 

Bonn ¢ out He paBeH Bb1paJKe11u10 (33). TonbKO B npe11e6peJKemm 

HeynpyrnMn npo1Iecca1i,m aTn . S -MaTpHUbI c0Bnana10T. 

B nnccepTSUHI! HMeeTCH nHTb npnnoJKeHHll, KOTOpbie conep- . 

lKST "BbIB0Jl 11eKOTOpb!X q,opMyn, ncnonb30B8HHblX B 0CH0BHOM TeK-

CTe, n nano 0606me11ne TO'IIIO pernaeMblX 11enn11efiHbIX Mone11ell 

11a cny'laA nonell c Maccoll: 11 nonell B npocTpancTBe 6onbrnero 

'IHcna 11aMepe1111l!:, qeM nBa. 

PeaynbTaTbl n11ccepTaun11 noKnanbmanncb na ceccnnx OTnene-

1111n , nnep11oll 1p11a11K11 AH CCCP, •Ha Bceco10a11b1x n MeJKny11apon

HblX KOH«pepeHIIIIHX no lpll311Ke BbiCOKIIX aneprnfi ll orry6nHKOBllllbl 
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