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C.B. ronocKOKOB 

OBmA5I XAP AKTEPHCTHKA P ABOTbl 

AKTyanhHOCTh TCMhl. 

Tel\rn npC.llCTaBJICHHhIX B .lllICCepTau1rn IICCJIC.llOBaHHH B 3Ha'IHTCJibH011 

CTCilCHII o6ycnOB.IICHa MH0r0'IHCJICHHhIMII CBII.llCTCJihCTBaMH, B03HIIKaI0-

11IllMII II3 lllllp0K0f0 Kpyra Il0JICBhIX TCOp1Iii ll CTaTIICTII'ICCKIIX MO.[leneii, 

'ITO 3Hamie M0llIH0f0 cpopMaJIH3Ma IIHTerp1IpyeMhIX 1Iepapx1Iii 0Ka3bIBa­

CTC}l pelllaIOIIIHM .[1.11}1 nony'ICHll}l pellICHIIH II B0CilplIHTII}l H0BhIX II.LICH, 

CJIC.llYIOIIIIIX ll3 CTPYHHhIX II Kann6poBO'IHhIX TCOplIH. 

l1MCCTC}l HCCK0JihK0 nplI'IIIH, CTIIMym1pyI01IIIIX II3J'ICHIIe cynepCIIM­

MCTpll'IHhIX 1Iepapx1Iii C pa3JIII'IHhIM 'IHCJI0M cynepCIIMMCTpliii N ~ l, 

K0T0pbIC 0606ma10T 'IIICT0 6030HHhIC (N = 0) IIHTerpnpyeMble nepap­

XIIH. B HaCT0HllICC BpeMH 6030HHhIC 1IepapXIIH .ll0CTaT0'IHO XOpOllIO II3Y­

'ICHhI, H nx CB}l3b C qJH3H'I~CKIIMH MO.[ICJI}IMH (HanplIMCp, ,UBJMCpHOH (2D) 
rpaBnTauneii II TOnonorH'lCCKHMH IlOJICBhIMII TeOplIHMH) xopOlllO ycTaHO­

BJieHa. HanpOTHB, IIMCIOllICCC}l 3HaHIIC cynepCIIMMCTplI'IHhIX IIHTerp1Ipy­

eMbIX nepapXIIH IlOKa eme ,JJ;OCTaTO'IHO CKYJJ:HO; B 3TOM OTHOllICHIIII CIITY­

auII}l BCChMa OTJIII'IaeTC}l OT CHTyaUIIII B KOHq>OpMHhIX IlOJICBhlX TCOpIIHX, 

r.ne 60JihllIOC BHIIMaHIIe y,neJI}lJIOCh cynepCHMMCTpH'IHhIM paClllllpCHII5IM C 

N ~ l. Mo)lrno tta,neHThC5I, ttTo, KaK TOJihKO noHnMam1e cynepcIIMMe­

TpH'IHhIX IIHTerpIIpyeMbIX nepapXIIH CTaHCT y,nOBJICTBOpHTCJibHhIM, 3TO 

IlOMO)KCT npoa:CHIITh HX CB}l3b C qlll3ll'lCCKIIMll MO,JJ;CJI}lMll, HanpHMCp C 

HCTBIICTOBaHHhIMll N = 2 KOHq>OpMHh!Mll noneBI,IMH TCOplrnMu, no.no6Ho 

CB}l31l, IIMCIOllICH MCCTO MC)K,ny 6030HHhIMll llHTerpupyeMbIMII 1Iepapx1rnMII 

II TOilOJI0rll'ICCKIIMU IlOJICBhIMII TeOpirnMH. Eme 0,JJ;Ha nplI'IIIHa 3aKJIIO'Ia­

CTC}l B TOM, 'ITO 3TOT npe,n;MeT CaM no ce6e npe,ncTaBJIHCT MaTeMaTII­

'ICCKYIO npo6neMy, KOTopaa: IlOJIHa IIHTpnryromnx HCO:llrn,JJ;aHHOCTeII TIIIla 

cymecTBOBaHII}l Tpex pa3Hb!X N = 2 cynepCHMMCTpll'IHhIX ceMeMCTB IIH­

TerpHpyeMh!X 1Iepapx1Iii c o,n;Hoii II TOH )KC cynepaJire6poii N = 2 Wn B Ka­

'ICCTBe IIX BTOpoii raMIIJihTOHOBOH CTPYKTyphl. 8Ta npo6neMa OCTaBaJiaCb 

3ara,JJ;KOM B TC'ICHIIC ,JJ;JIIITCJibHOro BpCMCHII. llpyrlIM IICTO'IHIIKOM IIHTC­

peca K pacll11IpCHHhIM cynepCHMMeTpII'IHhIM 1Iepapx1rnM }lBJrneTC}l TaK)KC 

II TO, 'ITO OHII MOrJIH 6hI 06bC,JJ;IIH}lTb II3BeCTHhIC 6030HHhIC 1Iepapx1III. 

CymecTByeT cooTBCTCTBIIe Me)K.llY acpcp1mHhIMII 11 KOHq>OpMHhIMII W­
( cynep) anre6paMII II 1IepapxIIa:M1I IIHTerpHpyeMhIX ypaBHCHIIH THna Kop­

TCBera-.ne <t>p113a (K.n<t>), HCJIIIHeiittoro Illpe.nIIHrepa (HYllI) u Ka.noMueBa­

IleTB1IalllBIIJ1II (KIT), .nna: KOTOphIX 3TH ( cynep )anre6phl o6ecne'InBaIOT 

BTOpble raMUJihTOHOBhl CTpyKTJpbI. J13yqen1Ie TaKIIX Hepapxm1 Il03BO-
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JI5IeT npomrKaTh rny6)Ke B llX MaTeMaTIIKY 11, CJle,llOBaTeJlbHO, B CTPYK­

TYPY COOTBeTCTBYIOIUllX Teopn11 npOT~DKeHHhIX o6beKTOB, BKJlIO'.Ja.H Te, 

KOTOpbie B HaCTO.HIUee BpeM.H paccMaTpirnaIOTC.H KaK KaH,llU,llaTbI Ha npe­

,lleJlbHYIO M-Teop11IO. K yH11BepcanhHOMY Knaccy 2D MO.lleneu, KOTOpb111 

ecTeCTBeHHbIM o6pa30M BKJlIOqaeT 3TU JlOKaJlbHble CHMMeTpllll H ,llaeT 

KJlIOq ,llJl.H IlOHllMaHH.H B3allMOCB5I3eH Me)K.llY HHMH (HanpnMep, nocpe,ll­

CTBOM raMHJlbTOHOBOH pe.llyKUHH), npnHa,llJle)KaT MO,llem1 Becca-3yMI1HO­

HoBHKOBa-BHTTeHa n CB.H3aHHhie c HHMH To.lloBCKne cncTeMhI. llon)KHa 

cymecTBOBaTh rny6oKa.H CB.H3b (KOTOpa.H BCe eme He .llO KOHUa HCCJle,llO­

BaHa) Me)K,lly 3THM Ba)KHbIM KJlaCCOM HHTerpnpyeMhIX 2D MO,lleJleH (cB.H-

3aHHhIX, B CBOIO oqepe,llb, co CTPYHHhlMH TeOpH.HMH) II (cynep)nepapXH.HMH 

Tuna K.ll<P, HYIII n KIT. 

O030HHbie nepapxnn nrpaIOT Ba)KHYIO pOJlb BO MHornx <pH3HqecKHX 

TeOpH.HX. Ka)KyTC.H pa3yMHbIMH IlOilhITKH IlOCTpOeHH.H cynepcHMMeTpnq­

HbIX aHanoroB TaKHX <pH3HqecKHX Teopnu HaqnHa.H HMeHHO C IlOCTpOeHH.H 

cynepcnMMeTpnqHhIX pacnrnpemiu COOTBeTCTBYIOIUHX 6030HHhIX nepap­

XHH. HanpnMep, ,llaBHO nocTaBneHHOH n Bee eme He perneHHOH npo6neMou 

.HBJl.HeTC.H npo6JleMa IlOCTpOeHH.H cynepCHMMeTpnqHbIX MaTpnqHbIX MO,lle­

neu, qbe KpHTnqecKoe IlOBe,llemre OIIHCbIBaJlO 6bI 2D cynepKOHcpOpMHYIO 

MaTepnIO, B3aHMO,lleHCTBYIOIUYIO C KBaHTOBOH cyneprpaBHTau11eu. ITep­

cneKTl1BHhlll IlO,llXO,ll COCT011T B 3KCTIJlyaTaUHH cynepC11MMeTpnqHbIX pac­

rn11peHl1ll 11HTerp11pyeMhIX 11epapx11u, CO.llep)Kam11xc.H, HanpnMep, B 3p­

MHTOBhIX MaTp11qHbl_X MO,lleJl.HX, KOTOpbie ,llOIIYCKaJ111 6bI peKOHCTpyKUHIO 

,llJl.H onncaHH.H B TepM11Hax co6CTBeHHblX 3HaqeHl1ll. TaK, 113BeCTHO, qTo 

Tay cpyHKU11.H nony6ecKoHeqHou 6o30HHOH nepapx11n TO.llhl ( orpaH11qeHHOii 

B11pacopOBCKl1MH CB.H3.HM11) BOCIIpOH3BO,llHT CTaTHCT11qecKyIO cyMMY O,llHO­

MaTp11qHoii MO,lleJ111, KOTOpa.H Oill1CbIBaeT .llByMepHyIO Ml1HHMaJlhHYIO KOH­

cpopMHYIO MaTep11IO, B3al1MO,lleMCTBYIOIUYIO C .llByMepHOM KBaHTOBOM rpa­

B11Tau11eii. ITo3TOMy Ka)KeTC.H pa3yMHhIM HauTn cHaqana HeTpnBnanhHhie 

cynepCl1MMeTp11qHbie pacrnnpeHH.H 11epapxn11 TO.llhl, KOTOpa.H xapaKTep11-

3yeT O,llHOMaTpnqHyIO MO,lleJlb, a 3aTeM Ha ee OCHOBe peKOHCTpynpoBaTh 

COOTBeTCTBYIOIUYIO cynepC11MMeTp11qHyIO MO,lleJlb co6CTBeHHbIX 3HaqeHl1ll. 

MaTp11qHa.H cpOpMyn11pOBKa TaKl1X MO,lleneii Morna 6bI ,llaTh HOBOe IlOHl1-

Mamie npo6neMhI KBaHTOBaHn.H 2D cyneprpaBnTau11n. 

Haq11Ha.H C IlHOHepcKOM pa60Tbl 3aMOJlO,llqHKOBa, MHO)KeCTBO pacrn11-

peHHbIX HeJlnHeHHhlX KOH<pOpMHhIX (cynep)anre6p (W-(cynep)ame6p) 6hI­

Jl0 IlOCTpOeHO 11 113yqeHO. Heocna6eBaIOmnii 11HTepec K 3TOMY npe,llMeTy B 

3Haq11TeJlbH(}M CTeneHl1 MOTl1B11pOBaH MHOrl1Ml1 Ba)KHbIMl1 np11MeHeHl1.HMH 
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W-(cynep)anre6p B Teop11n CTpyH n lIHTerpnpyeMhIX Cl1CTeMaX. 0,llHaKO 

np11cyma£: W-( cynep) anre6paM HemrneuHOCTh ,llenaeT .llOBOJlhHO TPY.llHhIM 

,lleJlOM npnMeHeH11e K 11X 113yqeHHIO CTaH,llapTHoro apceHaJla MeTO,llOB, 11C­

Il0Jlh3yeMhIX B cnyqae n11HeiiHhIX ( cynep )anre6p npn nocTpoemrn, Hanp11-

Mep, IlX IlOJleBhIX peamI3aUHll. B 3TOll CB.H3Il npe,llCTaBJl.HeTC.H Ba)KHbIM 

HaXO)K.lleH11e pa3m1qHhIX npoue.llYP J1nHeapn3au1111 W-(cynep)anre6p. 

Uenh ,llHCCepTau1111 COCTOHT B pa3Bl1Tl111 MeTO,llOB IlOCTpOeHl1.H 11 HCCJle­

,llOBamrn cynepCHMMeTp11qHbIX l1HTerp11pyeMhIX 11epapx11u, HaXO)K,lleHHH 

nx perneH11ii 11 n11Heap113aunn W-( cynep )anre6p. 

HayqHa.H HOBH3Ha 11 npaKTnqecKa.H ueHHOCTb. 

ITpe.llJlO)KeH MeTO.ll KOHcpopMHOii J111Heapn3au1111 rnnpoKoro Knacca He­

nnHeHHhIX W-(cynep)anre6p. OH ocHonan Ha Ha6J1IO.llennn, qTo BO MHO­

rnx cnyqa.Hx .ziaHHa.H HenmieiiHM W-(cynep)anre6pa c Kone'IHhIM qncnoM 

TOKOB MO)KeT 6hITh BJlO)KeHa B HeKo~opyIO Jll1HelIHYIO KOH<pOpMHYIO ( cy­

nep) anre6py - nnHeap113YIOIUYIO anre6py, KOTopa.H, KaK n ncxO,llHM W­
( cynep) anre6pa, 06Jla,llaeT KOHeqHbIM Ha6opOM TOKOB 11 CO,llep)K11T ee KaK 

no,llanre6py B neKOTopoM cneunanhHOM 6a3nce. Ilpn 3TOM Ba)KHO, qTo 

TOKH llCXO,llHOll HeJI11HeMHOM W-(cynep)ame6pbl, onpe,lleJleHHbIM o6pa30M 

pacrnnpeHHble KOHeqHblM Ha6opoM HOBblX TOKOB, CB.H3aHbl o6pamUMbt.M, 

npeo6pa30BaHl1eM C TOKaMH mrneapII3YIOIUell anre6pbI. TeM CaMbIM, 60Jlh­

IIIHHCTBO CBOHCTB HemrneiiHO:U anre6pbI, a TaK)Ke CBO:UCTB IlOCTpOeHHhIX 

Ha ee OCHOBe Teop11:u, MoryT 6bITb 113yqeHhl 6onee npOCTbIM 11 3cpcpeK­

THBHbIM cnoco6oM, 11CXO.ll.H 113 ee n11HeiiHoro aHanora. IT0M11MO Toro, qTo 

KOHcpopMnble n11Heapn3yIOm11e anre6pb1 nechMa 3cpcpeKTHBHhI .llJl£: nonyqe­

HH.H 6onee rnnpoKoro Knacca noneBhIX peann3aun11 HeJ111HeiiHhIX anre6p, 

OHH TaK)Ke -06ecneq11BaIOT IlO,llXO,ll.HIUYIO OCH OBY KaK ,llJlH IlOCTpoemrn HO­

BbIX cTpyHHhIX Teop11ii, TaK n .llJl.H n3yqenn.H BJlO)KeHn.H BnpacoponcKoii 

CTpyHi.1 B CTPYHhI W-T11na. 

Ha:u,lleH rnnpoKnii Knacc N = 2 n N = 4 cynepc11MMeTpn3aunii 0606-

meHHhIX MaTp11qHhIX nepapxnii KIT, K.ll<P, HYIII 11 To.llhl. CymecTBeH­

Hhiii nporpecc ,llOCT11rHyT B IlOHHMaHHH o6meii CTpyKTypbL.3THX nepap­

xnii, B3al1MOCB.H3H Me)K.llY HHMl1 H HX CB.H3e:U C ,llpyrnMH <pl13HqecKHM11 H 

MaTeMaT11qecKHMII KOHUeTIUII.HMl1 II npo6neMaMH. 8TII IIepapXIIII MoryT 

6bITb Ba)KHbI ,llJl.H HCCJle,llOBaHII.H CTapoii II BCe eme He perneHHOM npo-

6neMbI IIOCTpOeHl1.H HeTpIIBIIaJlhHO:U cynepC11MMeTpHqHOJI MaTpIIqHOM MO­

,lleJlII n/IIJ111 MO,lleJlII co6CTBeHHbIX 3HaqeHnii, qTO 6bIJl0 O,llHIIM H3 HeMaJlO­

Ba)KHbIX CTIIMYJlOB ,llJl.H IIX nocTpOeHII.H. 
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TiocTpoen N = 4 cyrreprroneBofI 6a3nc .ZlmI N = 4 cyrrepcnMMeTpwrnofI 
nepapxnn TO.llhl, B K0T0p0M II0T0KH JI0KaJibHhI, H HaH,ZleHO era BJI0)KeHHe 
B N = 4 0(4) cyrrepKOH<pOpMHhIH cyrrepT0K, qTo M0)KeT 6bITh Ba:~KHhIM B 
CB}l3H c .ZlaBnefI nepernennoii rrpo6neMofI rrocTpoeHH}l N = 4 0 ( 4) cyrrep­
KOH<popMHOH nepapxnn K.Zl<l> ( ecnn cymecTByeT). 

Pernena rrpo6neMa rrocTpoeHH}l KBa3HKJiaccnqecKoro rrpe.ZleJia N = (111) 
2DTL uepapxnn - N = (111) cyrrepcnMMeTpnqnofI 6e3.ZlHCrreprnonnofI ne­
papxnn To.llhl. KpoMe qncTo aKa.ZleMnqecKoro 3naqenn}l 3Toii nepapxnn, 
HHTepec K nefI CB}l3aH C P}l.Zl0M B03M02KHhIX Ba)KHhIX !pll3HqecKHX H Ma­
TeMaTnqecKHX rrpHJIO)KeHHH, ananornqHhIX IIpHJI0)KeHH}IM ee 6o30HHOrO 
rrpoo6pa3a - 6e3.ZlHCrrepcnonnofI 2DTL nepapxnn. HarrpnMep, .ZlJl}l rro­
CTpoeHH}l P}l.Zla caM0.ZlyaJibHhIX BaKyyMHhIX MeTpHK n MeTpHK 8iiHIIITeH­
na-BeHJI}l, Te0pHH TBHCT0p0B, .ZlBJMepHOH KOH<pOpMHOH H T0II0Jiornqe­
CKOH Teopnn II0JI}l, .ZlByMepnofI Teopnn CTpyn. Ml\te}l B BH.ZlY rny6oKyIO 
CB}l3h Me)K.ZlY 2DTL n N = (111) 2DTL nepapxH}IMH, rrpe.ZlCTaBJI}leTC}l 
ecTeCTBeHHhIM II0JiaraTh, qTQ H 6e3,ZlHCIIepCHOHHM N = (111) cyrrep­
CHMMeTpnqna}l 2DTL nepapXH}l nafI.ZleT ananornqHhie rrpnno)KeHH}l B cy­
rrepcnMMeTpnqnhIX o6o6menH}IX rrepeqncneHHhIX BhIIIIe TeopnfI. Ona M0-
)KeT 6bITh TaK2Ke 3HaqnMa H B K0HTeKCTe rrpo6JieMhl II0HCKa HHTerpnpye­
MOH CTpJKTJPhI, Jie)KamefI B 0CH0Be cyrrepCHMMeTpnqnofI IIOJieBOH Teopnn 
CTpyn, IIO.Zl06HO T0MY, KaK 3T0 HMeeT MeCT0 .ZlJl}l 6030HHOH 6e3.ZlHCIIepcn­
OHHOH nepapxnn TO.llhl no 0THornennro K BnTTenoBCKOH rroneBofI Teopnn 
CTPYH, qTo 6hIJIO 06napy2KeHO HaMH C0BCeM He,ZlaBH0. 

Ilpe.ZlJIO)KeHa H0BM o6o6mennM rpa.ZlynpoBaHHM cKo6oqna}l orrepa­
UH}l Ha rrpocTpaHCTBe rpa.ZlyHp0BaHHhIX orrepaTopoB C HHBOJIIOUHeH, K0-
T0PM orrpe.ZleJiena B .ll0CTaToqno o6mnx TepMnnax, qT06h1 nMeTh rnnpo­
KHH crreKTp rrpHJI02KCHHH. 0.ZlHHM H3 M0THB0B ,ZlJl}l ee BBe,ZleHH}l rrocny­
)KHJia rrpo6neMa rrocTpoeHH}l KBa3HKJiaccnqecKoro ( nerrpephrnnoro) rrpe­
.ZleJia N = (111) 2DTL nepapxnn, B pernennn KoTopofI 3Ta cKo6oqnM 
orrepaun}l chlrpana KJiroqeByro ponh. 

!fa 3amnTy BhI.ZlBHraIOTC}l CJie,Zlyromne pe3JJibTaTbI. 

1. Pa3pa6oTaH MeT0.ll KOH<pOpMHOH JIHHeapn3aUHH HeJIHHCHHhIX w ( cy­
rrep )anre6p. Ha 0CH0Be 3T0r0 MeT0,Zla II0JiyqeHhI JIHHeapH3JIOUlHe 
KOH<popMHhie anre6phI .ZlJI}l rnnpoKoro Knacca W-(cyrrep)anre6p n 
II0CTp0eHhI HX H0Bhie II0JieBble peaJIH3aUHH. 

2. Pernena rrpo6neMa JlaKCOBoro orrncaHH}l Tpex pa3nnqnhIX 6ecKoneq-
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HhIX Cel\teIICTB UHTerpnpyeMhIX N. = 2 cyrrepCHMl\leTpllqHhIX nepap­
XUII c N = 2 cyrrep T·Vn anre6paMn B KaqecTBe nx BT0phIX ral\lllJih-
T0H0BhIX CTPYKTYP· 

3. Orrncan rnnp0Kn11 Knacc pe.ZlyKunii l\IaTpnqnor'i cyrrepclll\1MeTpnqnof1 
nepapxm1 KTI B N = 2 cyrreprrpocTpancTBe, xapaKTepn3yel\lhIX K0-
neqnhII\I II 6eCKOHeqHbIM qHCJI0M IlOJieii. 

4. Ilpe.ZlJIO)KCH 6ecK0He<IHhrf1 KJiacc nnTerpnpyel\IhIX N = 2 neorpann­
'ICHHhIX cynepCHMMeTpII'IHhIX MaTpII'IHhIX nepapxn11 o6o6meHHhIX 
nemrneiiHhIX ypasnennii lllpemrnrepa - N = 2 (kin, m)-MOHYIII. 
Haii.ZlCHhr ero nceB.ZlO.ZlII<pcpepenunaJihH0e II cynepaJire6paII<IecKoe omr­
camrn, nocTpoeHhI peKypcnonnhle onepaT0phr, a TaK)Ke H3J'ICHhI ero 
KIIpaJihHhie pe.ZlyKUHll, ,Zl0ilJCKaIOmne 6n-raMHJihT0H0B0 0ilIICaHne, 
n IIX .ZlllCKpeTHhie CIIMMeTpnn, npe,ZlCTaBmIIOUllle co6oii perneTO'I­
HhIC cynepcIIMMeTpll'IHhie ypasneHH}l To.llOBCKoro nrna. YcTaHo­
BJiena pe.nymrn nepapxIIn N = 2 (111, 0)-MOHYIII B IIepapXIIIO 
N = 2 a = 1 K.Zl<l> II nocTpoen peKypcnonnhlfI onepaTop II 6n­
raMIIJihT0H0Ba cpopMyJinp0BKa ,ZlJI}l IlOCJie,ZlHeH. 

5. Ilpe.ZlJIO)KeHa nosa}l nnTerpnpyeMa}l N = (012) cynepcnMMeTpnqna}l 
perneTQ<IHa}l nepapXH}l To,nhr, a TaK)Ke rnnpoKnii KJiacc ee 1rnTerpn­
pyeMhIX o6o6mennii. HoBhie N = (012) cynepcnMMeTH'IHhie ypaBne­
HH}l -- N = (012) cynepKoncpopMnoe 2DTL ypaBnem1e n N = (012) 
ypaBnenne IlaBhe-CTeBapTcona - }IBJI}IIOTC}l ee nepBhIMII neTprmn­
aJihHhIMH Il0.ZlCHCTeMaMH. 

6. TiocTp0€Hhl 6030HHhI€ II cpepMII0HHhI€ perneHH}l ypaBH€Hllll CIIMl\le­
TPIIH, cooTBeTcTsyromnx .nsyMepnhIM N = (0I0), N = (012) n 
N = (212) cynepKoncpopMHhIM perneT0'IHhIM ypaBHeHH}IM To.nhl, II 
HaII,ZleHa IIX MaKCIIMaJihHa}l cynepnoJieBa}l cpopMJJIIIp0BKa. 

7. TiocTpOeHbl o6mIIe perneHH}l .ZlBJMepHhIX N = (012) II N = (212) 
cynepKOH<p0pMHhIX perneT0'IHhIX ypaBH€HIIH To.llhl B CJiy<Jae o.nnoro 
IIJIII .ZlBYX !pIIKCIIp0BaHHhIX K0HU0B. 

.8. Tipe.ZlJIO)Kena noBM rpa.nyIIpoBaHHa}l CK060<IHa}l onepau1rn na npo­
cTpaHCJfl.e rpa,nyIIpoBaHHhIX onepaTopoB c IIHBOJIIOUIIeii, o6o6maro­
UlM rpa.ZlynposannhIH K0MMyTaTop mm cyrrepaJire6p. 
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9. Tiony"IeHa HOBM cpopMa rrpe.n:cTaBnemur JlaKca .n:m1 cyrrepClIMMe­
TpH"IHhIX pemeTO"IHhIX nepapxniI To.n:hl B TepMHHax o6o6meHHOiI 
rpa.n:ynpoBaHHOH CK06KH, "ITO Ba)l{H0 .n:mi: IIOCTpOeHHSI HX KBa3lIKJiac­
ClI"IeCKHX aClIMIITOTHK. 

10. TiocTpOeHa 6e3.[llICIIepCHOHHaSI (HerrpepbIBHasi:) N = {111) cyrrepCHM­
MeTpH"IHaSI nepapXHSI To.n:bI H HaiI.n:eHO ee JlaKCOBO OIIlICaHHe. 

11. Tipe.n:JIO)KeH IIIlipOKlIH KJiacc KOMIIJieKClI(pHUlipOBaHHbIX N = 4 cy­
rrepClIMMeTplI"IHblX lIHTerpnpyeMhIX nepapxHH. 

12. Tipe.n:JIO)KeHO JlaKCOBO n 6n-raMHJibTOHOBO OIIHCaHHe N = 4 cyrrep­
ClIMMeTplI"IHOH nepapxnn To.n:b1 B N = 2 lI N = 4 cyrreprrpocTpaH­
CTBax, IIOJiy"IeHbl ee 6030HHhie H cpepMlIOHHbie ClIMMeTpHlI, Beme­
CTBeHHbie cpopMhl n ycTaHOBJieHa ee CBSl3h c nepapxneiI N = 4 K.n:<I>. 
TiocTpOeH N = 4 cyrreprroJieBOH 6a3HC, B KOTOpOM IIOTOKlI JIOKaJibHhI, 
n HaiI.n:eHo ero BJIO)KeHHe B N = 4 0 ( 4) cyrrepKOH<popMHhIH cyrrep­
TOK. 

Arrpo6aunsi: pa6oTbI. Pe3yJihTaThI, rrpe.n:cTaBJieHHble B .n:nccepTaunn, 
.[lOKJia.[lhIBaJilICb Ha ceMHHapax Jla6opaTOplilI TeopeTH"IeCKOH {pH3lIKH HM. 
H.H. Eoromo6oBa O:vl.5111, <I>11PAH (MocKBa), 11<I>B3 (TipoTBHHo), Ha 
ceMHHapax B YHlIBepclITeTaX lI <PlI3H"IeCKlIX lIHCTHTyTax rr. XapbKOB 
{YKpanHa), EepnnH, EpeMeH, raHHOBep, M10HxeH, EoHH n Tia.n:e6opH 
(repMaHHsi:), TBeHTe (ronnaH.[llISI), Jleqe, MnnaH, Tia.n:ysi:, TilI3a, TplI­
ecT, TypnH lI <l>pacKaTH (11Tannsi:), BpounaB {Tionhma), JlnoH, MoHTrre­
Jihe, Opc3if lI TiapH)K (<I>paHunsi:), UEPH ()KeHeBa), 6bIJilI rrpe.n:cTaBJieHhI 
Ha Me)K.n:yHapo.n:HhIX coBemaHnsi:x "Quantum groups. Formalism and ap­
plications" (Kaprraq, Tionbma, 1994), "New symmetries and integrable 
models" (Kaprraq, Tionhma, 1999), "Tipo6neMhl KBaHTOBOH Teopnn rronsi:" 
{AnymTa, 1996), "Theory of elementary particles" (EyKoB, repMaHnsi:, 
1996), "Finite dimensional integrable systems" (Ily6Ha, 1994), "KBaHTO­
BM rpaBHTaunsi:" (MocKBa, 1995), "Superstrings and Quantum Gravity" 
(Ily6Ha, 1999, 2000, 2001), "Supersymmetry and Quantum symmetries" 
(Ily6Ha, 1994, 1995, 1996, 1997, 1998, 1999, 2000), "Group Theoretical 
Methods in Physics" (Ily6Ha, 1996, 1998, 2000), "Integrable Hierarchies 
and Modern Physical Theories" (YnKaro, CIIIA, 2000), "Integrable Field 
Theories, Solitons and Duality" (CaH Tiayny, Epa3HJIHsi:, 2002), "Classical 
and quantum Integrable Systems" (TipoTBlIHO, 2000, 2003). 
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Tiy6JIHKaUHlI. no MaTepnanaM .[llICCepTaUHlI orry6JilIKOBaHO 40 pa6oT. 

CTpyKTypa lI o6'heM .n:nccepTaunn. IlnccepTaunsi: cocTOlIT H3 BBe.n:e­
HHsi:, 6 rnaB n 3aKJIIO"IeHHSI. OHa co.n:ep)KHT 233 CTpaHHUbI MallIHHOIIlIC­
HOro TeKcTa. CrrHCOK JIHTepaTypbI BKJIIO"!aeT 182 HalIMeHOBaHHSI. 

COJ]EP)KAHJi.IE P ABOTbl 
Bo BBe.n:eHHH o60CHOBaHa aKTyaJibHOCTb rrpoBe.n:eHHOro B .n:nccepTaUlIH 

nccne.n:oBaHlISI. Tipe.n:cTaBJieH COBpeMeHHbIH CTaTyc HCCJie.[lOBaHlIH lI ofoop 
JIHTepaTypbI no TeMaTHKe .n:nccepTaUHlI. CcpopMynnpoBaHa uenh pa60Tbl 
lI H3JIO)KeHO ee KpaTKOe co.n:ep)KaHHe. 

B rrepBoiI rnaBe pa3pa6oTaH MeTO.ll KOH<popMHOH JIHHeapn3aUHH Hemi:­
HettHhIX W-(cyrrep)anre6p. 

B pa3.n:ene 1.1 IIOCTpoeHbI KOH<pOpMHbie JIHHeHHbie ( cyuep )anre6pb1 co 
cne.n:yIOlllHMH HeTpHBliaJibHbIMlI orrepaTopHbIMlI pa3JIO)KeHHSIMlI .[lJISI lIX 

- - -b = -b TOKOB {T, u, Ja, G0
, Ga, Q }: 

-6EK2 + (N2 + l3)K - (N3 
- N + 6E) 2'T T' 

K 
4 + 2 + -, 2 Z12 Z12 Z12 

T(z1)T(z2) 

- -b T(z1)J0 (z2) 

T(z1)G0 (z2) = 

U(z1)U(z2) 

ro -d Ja(z1)Jc(z2) = 

U(z1)G0 (z2) 

Jb Jb1 _ _ [j U' 
-f- + 2- , T(z1)U(z2) = 2 + - , 
Z12 Z12 Z12 Z12 

(
~ + E(2 + EN)) c;a c;a 
2 2K 2 + -Z12 Z12 

( 
2NK) 1 2 + EN -;:i:-, Ga(z1)<:?(z2) = 

8
~ 12 z , 

(5d(5b 1 12 
(K - N) a c - wc5~8: c5b jd _ c5d Jb 2 + c a a c 

Z12 Z12 ' 

Jb (z )G-c( ) -8~Gb + .!_c5bc;c a 1 Z2 = ____ N a_ 

Z12 

aa 
Z12 

(1) 

SIBJISIIOlllHeCSI JilIHeapH3YIOllllIMlI anre6paMlI .[lJISI H·eJIHHeHHbIX ( cynep) an­
re6p W(sl(N+2), sl(2)) (E = 1) lI W(sl(Nl2), sl{2)) (u(N)-cynepKOH<pOpM­
HoiI, E = -1)' B03HlIKaIOllllIX B pe3yJibTaTe nepBlI"IHOH raMlIJibTOHOBOH pe­
.llYKUlilI a<p<pHHHhlX (cynep)anre6p sl(N + 2) H sl{Nl2) cooTBeTcTBeHHO, 
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e MIIHHMaITbHbIM Ha6opOM eBineil:, HaITO,KeHHbIX Ha TOKH rroene)lHHX 

u T -1 Gl G2 ... GN 
1 0 0 0 . . . 0 
0 G1 
0 G2 j l. (2) 

sl(N) - iu 
0 GN 

B pa3.uene 1.2 pa3pa60TaH MeTO)l KOH<pOpMHOH mrneapH3aUIIH )lIT.H urn­

pOKOro Knaeea HenHHei'rnwx W-(eyrrep)anre6p c W(sl(N + 2), H) (H C 
sl(N)), BO3HHKaIOIIIHX B pe3JITbTaTe BTOplI'IHbIX raMHITbTOHOBbIX pe.uyK­

UHH anre6pb1 W(sl(N + 2), sl(2)) (2) eB.H3.HMH 

G1 = 1, G2 = ... = GN = 0 II/IInH sl(N)lst(2)' (3) 

rne sl(N) lst(2) - Ha6op eB.H3eil: Ha sl(N)-ToKII, aeeou1rnpOBaHHhIH e rrpOH3-

BOIThHhlM BITO,KeHIIeM anre6pbI s/(2) B rronanre6py sl(N) anre6phI W(sl(N + 
2), s/(2)). B paMKax 3Toro MeTo.n;a Ha:il:.ueHhI cne.uyIOIIIHe o6mHe cpopMynw 

- - - ..::::::... - -'.::oi 
.un.H TOKOB {T, U, Ja, G', G;, Q} KOHcpopMHhlX mrneapH3JIOIIIHX anre6p: 

{) = fJ, (Ji = Gi, G; = G;, 

fa= Ja + L !J,/3b'Yd3, 
/3,"/ 

~i - . 
Q =Q' 

T = T + J' + L {-(1 + h0 )b0 c0
' - h\>b~c0

} , (4) 
Q 

r.n;e {ba, c0
} - cpepMHOHHbie .n;yx-aHTH.llJXOBbie rrapbl TOKOB, rpeqeeKIIe HH­

neKebI {0:,/3} ({a,,B}) rrpIIHIIMaIOT 3Ha'!eHII.H B (sl(N))_ ( (sl(N))
0 

EB 

( sl ( N)) + ) rrpn pa3no*eHIIII anre6pb1 sl ( N) B rrp.HMYIO eyMMY eo6eTBeH­

HhIX rronrrpoeTpaHeTB e IlOITO:lf(IITenbHhlMII, HyneBbIMII H OTpnuaTenbHbIMII 

eo6eTBeHHbIMH 3Ha'IeHH.HMII ha OTHOeHTenhHO rrpneoennHeHHOrO .n;eil:eTBH.H 

reHepaTOpa KapTaHa anre6pbI sl(2) 

sl(N) = (sl(N))_ EB (sl(N)) 0 EB (sl(N))+ = EB (sl(N)ha (5) 
ha 

B pa3.uenax 1.3 H 1.4 o6mnil: rro.n;xo.n; pa3.uena 1.2 rrpnMeHeH K eepII.HM 

HennHeiiHhlx anre6p W(sl(N), sl(N)) II W(sl(N), sl(3)) eooTBeTeTBeHHO, 
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rne Bee eTpyKTYPHhie eOOTHOIIIeHirn HX mrneapn3JIOIIIHX anre6p rrpe.ueTa­

BITCHbI .HBHO, a TaK:lf(e noeTpOeHbI HOBhle peam13aunn .llIT.H anre6p 11/3, vV4 
II W(sl(N), sl(3)), BKITIO'Ia.H peanII3aunn no Mo.uyn10 HJnh-noneil: .n;n.H an­

re6phI W3. 
B pa3)lene 1.5 eyl\Il\!HpOBaHbI oeHOBHbie pe3yITbTaTbI 3TOH rnaBbI. 

Bo BTOpoi'r r naBe npe.uno,KeHo HOBoe eel\reil:eTBO N = 2 eynepenMMe­

TpwrnhIX IIHTerpupyeMhIX Hepapxni-1 - N = 2 (kin, m)-l'vlOHYIII, rrpen­

eTaBn.HIOIIIee eo60II eynepeHMMCTpH'IHOe o606IIICHIIC 6030HHOH MaTplI'IHOII 

nepapxnn o6o6meHHbIX HenIIHeIIHhIX ypaBHeHnil: lllpe.n;IIHrepa. 

B pa3.uene 2 .1 )lIT.H 6030HHbIX IlOTOKOB 3TOro eel\1eil:eTBa nonyqeHO Ma­

Tpwrnoe neeano.n;ncpcpepeHuIIanhHOe npe.ueTaBnemre JiaKea a N = 2 eynep­

npoeTpaHeTae B TCPMHHax N = 2 HeorpaHII'ICHHbIX MaTpH'IHO-3Ha'IHbIX 

eynepnoneii F, F 

at L =[(£Pho+ res(£P), L], L =Io+ ~FDDo- 1 F, p EN. (6) 

llanee, B paMKax neea.n;o.uncpcpepeHUIIanhHOCO nonxo.ua noeTpoeHbI eooT­

BeTeTBYIOIIIne raMlinbTOHIIaHbI H BemeeTBCHHhie cpopMbI B .ueil:eTBHTCITb­

HOM N = 2 eynepnpoeTpaHeTae. 

B pa3.uene 2.2 yeTaHOBneHo eynepanre6panqecKoe nponexo*.UeHIIe 3Toro 

eeMeiieTBa, eB.H3aHHoe c eynepanre6poil: sl(2k + nl2k + m), n Ha 3TOH 

OeHOBe noeTpOCHbI ero 6o30HHbie II cpepMHOHHbie enMMeTpnn, HX anre-

6pa, a TaK,Ke peKypeHOHHbIH onepaTop, eB.H3hIBaIOIIIHH Bee 3BOITIOUIIOHHbie 

ypaaHeHII.H, npIIHa.n;ne*amne nepapx1rn N = 2 (kin, m) MOHYIII. 

B pa3.n;ene 2.3 OnIIeaHhI HeeKOITbKO HeTpHBIIaITbHbIX penyKUIIH 3TOro 

eeMeiieTBa, O,D;Ha ll3 KOTOpbIX eeTh eeMeiieTBO N = 2 eynepeHMMeTplI'I­

HbIX KnpanbHhIX (kin, m)-MOHYIII IIepapxIIii, nn.H KOToporo noeTpoeHo 

6II-raMHITbTOHOBO onneaHne n .uneKpeTHbie eIIMMeTpnn, npeneTaBn.HIOll!IIC 

eo6oii peIIIeTO'IHhie ypaBHeHH.H TonoaeKoro nrna. llanee yeTaHOBneHa pe­

.uyun.H N = 2 (111, 0)-MOHYIII nepapxnn B N = 2 o: = 1 Kn¢ nepapxn10 

H Ha 3TOH oeHOBe noeTpOeH peKypenOHHbIH onepaTop n 6u-ral\!IIITbTOHOBa 

cpopMynnpOBKa nn.H noenenHeil:. 

B TpCTheH rnaae IIeXO)l.H H3 MaTpH'IHbIX neeB)lOHqJ(pepeHunanbHbIX one­

paTOpOB JiaKea 

LKP =Io+ L~=-oo(aj + WjD + WjD + bj[D, D])[)J (7) 

napaMeTpH3OBaHHbIX N = 2 HeorpaHHlJCHHbIMII MaTpII'IHO-3HalJHbII\UI ey­

nepnon.HMH B N = 2 cynepnpoeTpaHeTBe, n3rICHbI pa3mI'IHbIC pe.n;yKUllll 
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N = 2 cynepcHMMeTpnqHoii: l\taTpHqHoii: KII nepapxIIn, xapaKTepn3yeMhie 
KOHeqHhIM II 6eCKOHeqHhIM qncnoM noneii:. IIpnMeqaTeJihHhIM CBOIICTBOM 
N = 2 cynepcIIMMeTpIIqHoii: MaTpIIqHoii: KII nepapxnn 5IBmieTC5I TO, qTO 
oHa .uonycKaeT HeCKOJihKO KIIpanhHhIX pe.uyKunii: [D, LKP] = 0, x~paKTe­
p113yeMhIX 6eCKOHeqHhIM qncJIOM noneii: 

L';i(I) = 18 + ao + woD 

+ L;~_
00

(aj8 - [Daj]D + wjD8 - i[Dwjl[D, D])81-1
, (8) 

Lred 
KP(2) 

£s 

J8 + L;=_
00

ajf)J = 18 - [D.C; 1 D.Cs], 
~s-I · 

las + Lj=-oo Cs-jf)l · (9) 

B pa3.uene 3 .1 npoaHamBIIpOBaHhI B03MO)KHhie 6030HHhie npe.uenhI .UJI5I 
ceMe:iicTBa cKan5IpHhIX N = 2 cynepcIIMMeTpIIqHhIX IIepapxII:ii c N = 2 
cynep Wn anre6paMII B KaqecTBe IIX BTOphIX raMirnhTOHOBhIX CTPYKTYP· 
B pe3yJihTaTe aHaJIII3a nonyqeHhI TPII pa3nIIqHhIX ceMe:iicTBa 6o30HHhIX 
IIepapxII:ii n nx onepaTophI JlaKca. 

3aTeM B pa3.uene 3.2 npe.uno)KeHo IIX onIIcaHIIe B TepM1rnax cynep­
onepaTopoB JlaKca 

Ls= 18- [D£;1 D.Cs], L s-I · - l .Cs := 1as + . JS_Jf)l + Fa- F 
J=O 

(10) 

.UJI5I nepBoro n 

Ls = 1as + Ls=I (Js-jO - [DJs-j]D)81-I - JS - Da-1[DJs] 
J-1 . 

-FF- FD8- 1[DF], DF = D F = 0 (11) 

.UJI5I BTOporo H TpeTbero CeMeHCTB; TeM caMhIM perneHa .uaBH5I5I npo-
6neMa OIIHCaHH5I Tpex ceMeHCTB N = 2 cynepCHMMeTpnqHhIX uepapxu:ii 
c N = 2 cynep Wn BTOphIMH raMHJihTOHOBhIMH CTPYKTypaMn, cymecTBO­
BaHne KOTOphIX 5IBJI5IJI0Ch HHTpnryIOIUHM cpaKTOM B TeqeHne .UJIHTeJihHOrO 
BpeMeHn. 

YeTBepTa5I rnaBa IIOCB5IIUeHa uccne.uoBaHUIO .UHCKpeTHhIX HHTerpIIpy­
eMhIX IIepapxu:ii To.uoBCKOro THIIa C paCIIIIIpeHHhIMII cyrrepCHMMeTpII5IMH. 

B pa3.uenax 4.1 II 4.2 pa3BHT anropIITM IIOCTpOeHH5I 6030HHhIX II cpep­
MIIOHHhIX CIIMMeTpHH .UJI5I perneToqHoro .UByMepHoro 6030HHOro ypaBHe­
HII5I To.Uhl (2DTL) II N = (Ill) cynepcnMMeTpIIqHoro 2DTL ypaBHemrn, 
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COOTBeTCTBeHHO, HCXO.U5IIUHH 113 3HaHH5I COOTBeTCTBYIOIUHX 3THM ypaB­
HemrnM 1rnTerpIIpyeMhIX IIepapxn:ii - 2DTL n N = (Ill) 2DTL (STL) 
nepapxnu cooTBeTCTBemm. 3Tn IIepapxnn npe.ucTaBn5IIOT co6o:ii 6ecKo­
HeqHyro CIICTeMy 3BOJIIOUIIOHHhIX ypaBHeHIIH ( IIOTOKOB) .UJI5I 6ecKOHeqHoro 
Ha6opa perneTOqHhIX 6030HHhIX II cpepMIIOHHhIX IIOJie:ii, co.uep)KaIUIIX KaK 
no.ucIICTeMhI ypaBHemrn 2DTL II N = (l II) 2DTL cooTBeTCTBeHHO. Eo­
nee Toro, TaK)Ke ycTaHOBJieHhI anre6phl 3TIIX CHMMeTpIIH II ITOKa3aHo, qTO 
N = (Ill) 2DTL nepapx1rn, B .ueii:cTBIITenhHOCTII, o6na.uaeT 6onee Bhl­

c0Koi'1 CIIMMeTpne:ii, a HMeHHO N = (212) cynepCHMMeTpneii:, II Il03TOMY 
MO)KeT Ha3hIBaThC5I N = (212) 2DTL IIepapxIIeii:. 

B pa3.uene 4.3 perneHa npo6neMa nocTpoeHH5I perneHnii: ypaBHemrn 
CIIMMeTpIIH, COOTBeTCTBYIOIUero npe.unaraeMOMY B .unccepTaUIIII HOBOMY 
IIHTerpIIpyeMoMy cynepcIIMMeTpIIqHoMy ypaBHeHHIO - N = (012) cynep­
KOHcpopMHOMY 2DTL ypaiiHeHnro 

8_ ln((D+FH1)(D+Fj)) = -FjFj + Fj+1Fj+1• (12) 

TaK, cHaqana B 3TOM pa3.uene npe.uno)KeHa HOBa5I N = (012) cynepcuM­
MeTpnqHa.sr 2DTL nepapxirn, KOTOpM co.uep)KHT N = (012) 2DTL ypaB­
HeHne KaK IIO.UCHCTeMy, a 3aTeM B paMKax paHee pa3BHTOH B pa3_uenax 
4.1 H 4.2 cxeMhI IlOCTpOeHhI ero 6030HHh!e H cpepMHOHHhle CHMMeTpirn, 
ux anre6pa, a TaK)Ke npe.uno)KeHa N = (012) cynepnoneBM cpopMynu­
pOBKa N = (012) 2DTL uepapx1rn u B Ka•1ecTBe unnrocTpauuu HBHO npe.II­
cTaBneHo HOBOe N = (012) cynepcnMMeTpnqHoe o6o6meHne ypaBHemrn 
.IlaBhe-CTeBapTCOHa 

DtFj = -o!Fj + 2D+((D+Fj)8=18+(FjFj)), 

DtFj = +o!Fj+2D+((D+Fj)8=18+(FjFj)), 

5IBJI5IIOIUeec5I BTOphIM 6030HHhIM IIOTOKOM 3TOH IIepapxuu. 

(13) 

Pa3.uerr 4.4 IlOCB5IIUeH o6o6meHIIIO: TaM npe.UJIO)KeH IIIIIpOKIIH KJiacc 
HOBhIX cynepCIIMMeTpIIqHhIX IIHTerpIIpyeMhIX IIepapxII:ii, nepBhIH npe,II­
CTaBIITeJih KOTOphlx - N = (012) 2DTL IIepapxIIH. 

B pa3.uerre 4.5 paccMOTpeHa O.UHOMepHM pe.uyKUIIH N = (012) 2DTL 
uepapxIIII - N=2 lDTL IIepapxu5I, u Ha:ii.ueHhI ee 6II-raMIIJihTOHOBa cTpyK­
Typa II peKypcIIOHHhIH orrepaTOp. 

Pa3.uerr 4.6 nocB5IIUeH nocTpoeHIIIO o6UlIIX perneHIIH .UJI5I N=(212) II 
N=(Ol2) 2DTL ypaBHeHn:ii B crryqae o.uHoro nrrn .UBYX cpnKcIIpoBaHI£:.1X 
KOHUOB. 
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Co.nep)KaHJ:IeM nSITOii rJiaBhI SIBJISieTcSI n3yqem1e KBa3nKJiaccnqecKoro 
(HenpephIBHoro) npe,neJia N = (Ill) 2DTL nepapxnn. 

B pa3,neJie 5.1 npe,nJIO)KeHa HOBaSI o6o6meHHaSI rpa.nynpoBaHHaSI CKO-
6oqHaSI onepau1rn 

[01,°'2} :::::010i-(-lto1do2 0i•{do1) o1•{do2), (14) 

o6o6maromM rpa.nynpoBaHHhiii KOMMyTaTop .nm.1 cynepaJire6p Ha npo­
cTpaHCTBe onepaTopoB Ok c rpa,nynpoBKoii drok (drok E Z, droiroz = 
droi. + droz) n nHBOJIIOIIneii * (0;(2

) = Ok )1 n o6Jia,naIOmaSI cJie,nyromnMn 
CBOHCTBaMn: 

Cu.M.MempuJI 

[o1,°'2} = (-l)do1do2+1[°'2*(do1),((J)1•{do2)}, (15) 

Jluifi(jjepe1-1,14upo6a1-tue 

[<0\, °'20:J} = [01, °'2 }03 + (-l)do1d0 2((};(do 1) [((J)/{do2l, O:J }, (16) 

ToJ1CaecmBa 5bw6u 

(-l)do 1do3 [[01 •(do3J, °'2 }, °-3 •{do 1J} 

+ (-l)do2do1 [[°'2 •(do 1J, °-3 }, (())1 •{do2J} 

+ (-l)do3do2 [[03•(do2J, 01 }, °'2 •(do3J} = 0. (17) 

3aTeM npe,ncTaBJieHne JlaKca N = (Ill) 2DTL nepapxnn, a TaK)Ke B~e 
OCHOBHhie onpe,neJISIIOIIlHe ero COOTHOilleHHSI npe.ncTaBJieHhI B TepMnHaX 
3TOii o6o6meHHOii rpa.nynpoBaHHOii CK06Kn 

D; L 0 = =r:o:(-It [(((L±):)_
0

)*, L 0 
}, o: = +, -, n EN, 

00 00 

L + = '°' u ·e(l-k)a L k,J ' 
L- = '°' v ·e(k-1)8 L k,J , Uo,j = 1, 

k=O k=O 

(L0 );n := ( t [(L0 )*, (L0
)} r, (L0 );m+l := L 0 (L 0 );n. (18) 

B pa3,neJie 5.2 onpe,neJieH KBa3HKJiaccnqecKnii npe,neJI N = (Ill) 2DTL 
nepapxnn 

1i -+ 0, s = limr.-to, 1»1 (1ij), 

Din+l -+ VhDin+l' Din-+ nDtn 
1([)k •(m) o603Ha'laeT m-KpaTHOe ,llellCTBMe MHBOmomm Ha onepaTop Ok. 
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(19) 

II COOTBeTCTBYIOIIlee acnMnTOTWieCKOe nOBe,nem1e cpep11IIOHHhIX n 6030H­
HhIX noneii:, napaMeTpII3YIOIIlIJY onenaTODhl TT::tKca 

~.,._- T •• 

U2k,j -+ U2k(tij), V2k,j -+ v2k(1ij), 
1 1 . 

U2k+!,j -+ yJi, U2k+1(1ij), V2k+l,j -+ v'"fi, V2k+l (JiJ ), (20) 

r,ae ti - .nmrna Illara pellleTKII, 11rpa10ma51 poJih nocT05IHHoii TirraHKa, a s 
BhICTynaeT B pOJIH HenpephIBHOii "perneTOqHoii" KOopmmaThI. 3aTeM c 
nOMOIIlhlO 3TlIX .naHHhIX Haii:.neHbI acnMnTOTnqecKoe nOBe,nem1e Bcex KOM­
IIO3HTHhIX onepaTopoB, BXO,n5lllllIX B npe,ncTaBJiem1e JlaKca, II CJie,nyIOIIllle 
113 Hero noJieBhie 3BOJIIOIIHOHHhie ypaBHeHH51, 5IBJI5IIOIIlIIeC51, no onpe,neJie­
HIIIO, noTOKaMH 6e3,nncnepc110HHoii N = (1 I 1) 2DTL nepapxnu. .IIaJiee 
Ha11.neHhI cyrrepcK06K11 TiyaccoHa 

{ IF\' IF'2} = 2P (aIF'1 aIF'2 _ aIF'1 a1F'2 + aIF'1 aIF'2) 
ap as as ap a-rr a-rr 

+ 7r ( a1F'1 aIF'2 - aIF'1 aIF'2) (21) 
a-rr as as a-rr 

Ha cpa10B0M cynepnpocTpaHCTBe { 7r, p, s}, npe,ncTaBJI5IIOIIleM co6oii cpa-
3OBoe npocTpaHCTBO 6e3,n11cnepcnoHHOii 2DTL nepapxm1 {p, s }, pacllln­
peHHoe O,nHoii rpaccMaHQBOii KOOp,nnHaToii -rr, II CIIMBOJihI 1:,± 

00 00 

1:,+ = E(u2H1 + U2k1r)p-k, 1:,- = E(v2k-1 + V2k-rr)l- 1 (22) 
k=O k=O 

onepaTOpOB JlaKca. 11, HaKOHeu, 3aMeH5151 onepaTOphI JlaKca Ha IIX ClI11-
BOJlhI L± -+ .rn. 1:,± a o6o6meHHYIO rpa.nynpoBaHHJIO CK06Ky (14) Ha 

cynepcKo6Ky IlyaccoHa (21) B npe,ncTaBJieHnn JlaKca (18) ,nJI51 N = (111) 
2DTL nepapxnn no npaBnJiy [. , . } -+ ti { . , . }, ocymecTBJI5151 3aTeM 
no,ncTaHOBKY n nepexo.n K npe,neJiy (19), noJiyqeHo npe,ncTaBJiem1e JlaKca 
,nJI51 6e3,nncnepcnoHHOii N = (Ill) 2DTL nepapxnn 

D;£0 ==r=o:(-It{(((£±)~)_0 )*,£0
}, nEN, a=+,-, 

(£0.);m := ( 1 { (£0.)*, 1:,0.} ) m, (£0.);m+l := 1:,0. (£0.);m. (23) 

B IllecToii rJiaBe npe,nJio)KeHa KOMnJieKcncpnunpoBaHHa51 N = 4 cynep­
cHMMeTpnqHa51 MaTpnqHaSJ: nepapx1rn KIT n onncaH IllIIpOKIIlI Knacc ee 
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pe,n:yKUHH, xapaKTepH3YlOillHXC.H KOHeqHhIM qncJIOM IIOJieiL 3TOT KJiacc 
BKJIIOqaeT O.llHOMepuy10 pe.n:yKUHIO .llByMepHOH N = (212) cyrrepCHMMC­
Tpnquoii perneToquon nepapxnn To.n:hI, 06na.n:a10ruei1 BeruecTBeuuon N = 
4 cyrrepcnMMeTpnen - N = 4 nepapxn10 To.n:h1. 

B pa3.n:ene 6.1 pa3BHThI rrceB.n:o.n:nqiqiepeuunaJihHhie MCTO.llhI .n:m1 orrnca­
HH.H HHTerpnpyeMhIX CHCTeM c N = 4 cyrrepCHMl\IeTpnen. TaK, B paMKax 
rro.n:xo.n:a o.n:eBaHH.H c o.n:eBa10runM orrepaTopoM W 

00 

W=l+L (wi0l+wi+lD++wi-)D_+wi1lD+D_)fJ-n, (24) 
n=l 

ncxo.n:.H H3 KOMrrneKcnqinunpOBaHHOH cyrrepcHMMeTpnquon nepapxHn KTI 
B N = 2 cyrreprrpocTpaHCTBe, rrpo.n:eMOHCTpHpOBaHO, qTo OHa, B .n:eHCTBH­
TeJibHOCTH, o6na.n:aeT N = 4 cyrrepCHMMeTpnen. 3aTeM, HCXO,ll.H H3 rrpe.n:­
CTaBJieHH.H HyJieBOH KpHBH3HhI .llJl.H ypaBHeHH.H N = (212) cyrrepKOHqJOpM­
HOH perneTKH To,n:hI, rronyqeu orrepaTop Jlakca 

L = D_ + vD·:;_Iu, (25) 

reuepHpy10runi1 6o30HHhie rroToKn cyrrepcHMMeTpnquon nepapxnu To,n:hI. 
B pa3,n:ene 6.2, HCIIOJih3Y.H 3TOT orrepaTop JlaKca .llJl.H pe.n:yKUHH HCXO,ll­

HOH KTI uepapxnn uanaraeMhIM Ha o.n:eBa10runn orrepaTop ycnoBneM 

W D_ w- 1 = D_ + vD:;_1u, (26) 

IIOCTpOeHhI HerrpOTHBOpeqnBhie pe.n:yKUHH ,llJI.H BCex IIOTOKOB N = 4 cyrrep­
CHMMeTpnquon nepapxnn KTI, coxpau.H10rune anre6panqecKy10 CTPYKTYPY 
rrocne.n:uen, a TaK)Ke ee pa3JIHqHbie BeruecTBeHHhie qiopMhI, II IIOKa3aHO, 
qTo pe.n:yunpoBauua.H nepapxn.H - N = 4 uepapxn.H To.n:w - o6na.n:aeT 
N = 4 cyrrepcnMMeTpnen. 3aTeM ycTaHoBneua ee CB513h c N = 4 cy­
rrepcnMMeTpnquon uepapxnen K.n:<P, o6cy)K)leHa ee BTopIIqHa.H pe.n:yKUH.H 
B N = 2 a = - 2 cyrrepcIIMMeTpIIquy10 nepapxHIO K.n:<P II rrpe.n:Jio)KeH 
rnIIpOKIIH KJiacc ee MaTpnqHhIX N = 4 o6o6rueHIIH. 

B pa3.n:ene 6.3 ,llJI.H 6030HHhIX IIOTOKOB 3TOH IIepapXIIII IIOCTpoeuo rrpe.n:­
CTaBJieHne JlaKca B N = 4 cyrreprrpocTpaucTBe c orrepaTopoM JlaKca 

-T -- -- -+ -1 -+--
£1 = -V_ - 'D + [('D_ + 1J )~] - ('D+ + 1J ) ['D 'D ~], (27) 

r.n:e ~- orpaHII'IeHHOe BeruecTBeuuoe JIIIHenuoe N = 4 cyrreprrone ('D+'D-~ = 
-+ 

1) _ 1) ~ = 0)' Han.n:euo HeCKOJihKO cyrreprroJieBhIX 6a3IICOB C JIOKaJibHhIMH 
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rroToKaMn, BeruecTBeHHhie qiopMhI B .n:encTBnTeJihHOM N = 2 II N = 4 
cyrreprrpocTpaucTBax ( o.n:ua H3 unx o6na.n:aeT BeruecTBeuuoii N =4 cyrrep­
cnMMeTpnen), JIOKaJibHhie II HeJIOKaJibHhie raMIIJlhTOHIIaHhI, KOHequwe II 
6eCKOHeqHhie .lllICKpeTHhie CHMMeTpHH, rrepBbie .n:Be raMHJihTOHOBhI CTpyK­
TYPhI 

{~(Zi),~(Z2)h = 1t(zi)oN=4(z1 - Z2), J; = (TI-TI), 

Jf = (TI+ TI)fJ +(TI+ TI)~ '(TI - TI) - 2TI~TI8 + 2TI~TI8, (28) 

peKypcHOHHhIH orrepaTOp 

R' = (TI - TI)fJ - (TI+ TI)~ '(TI+ TI) - 2TI~TI8 - 2TI~TI8, (29) 

CB.H3bIBal01UHH BCe 3BOJIIOUHOHHhle ypaBHeHH51 H raMHJihTOHOBhI CTpyK­
TYPhI N = 4 nepapxnn To,n:hI, a TaK)Ke BJIO)Keune cyrreprron.H ~ B N = 4 
0(4) cyrrepTOK a,~= (TI -TI)a, r.n:e orrepaTOphI TI H TI - N = 4 KHpanh-
Hhie rrpoeKTOpbI. . 

B 3aKJIIOqeHHH rrpe.n:cTaBJieHa CBO,llKa OCHOBHhIX pe3yJihTaTOB, rrony­
qeHHhIX B .n:nccepTaUHII. 
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