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T0pHH BWUICJIHT8.IIl,H0! .TemmtR. H aBT0MaTR88IJ,HH OIDlM, . .J}y6Ha MoCKOB-
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Axy8Jii,HOCTI, 

Psr.n; MaTeMaTR'l'.8CKKX MOABJiett, R R0T0PHM npHBOMT HCCJI9A0BaHM B 
pas~ pasAe~ax T90p8TH'l!:9CR0ii 4)HSHKH, OimCHBa8TCH I'paHH'l!:HHMH sa
Aa'l!:aMH 'AJill :a:emmeHHHx .1U$I)epeHIJ,Ham,HHX ypaBH9HHii. Hemmefurne M0A9Jm 
AaJDT B0SM0lKH0CTl, 6o~ee Il0JIH0 no cpaBH8HHID c ynpomeHHHMH JmHettmn.m: 
o:imcaT:& Hsy-qae."1li9_4lHSH'l!:8CRH8 o6~eRTH, a HX pemeHHe ll08B0Jm9T Hail:TH 
TaRH8 84!4l8RTH,RaR, HanpHMep, HaJm'l!:H8 T0'l!:9R B8TM8HM, R0T0pli9 H9B08-
MOJIUI0 Il0~TI, B JmHeitHWC M0A9~. KpoMe Toro,6o~ee pea.mi:CT:lf'!HHMK 
SIBJmmCH MHoronapBMeTpH'l!:eCRHe :a:emrnefurne sa,n;a'lli, y R0Topwc o6~acT:r, 
H3M8H8HM H83aBHCHMHX nepeM8HHWC 'ABYM8pHaSI ~ TP9XM8pHaSI. IlpH ST0M 
Heo6X0'Al{M0 Il0~TI, HX peme~He npH TaRHX Ha6opax 3Ha'l!:9HHii napaMeTp0B, 
'AJill R0T0pHX pea.mi:sy8TCH nsy-qaeMHit 4)ll3H'l!:8CRHfi npo~ecc. 

PemeHHe MHoronapaMeTpll'l!:ecRHX ,neyr,10pHHX rpaHH'l!:HHX sa,n;a-q 1I)lJl He
mmeil:HWC A~epeHIJ,Ham,HHX YPaBHeHHfi ll ncc~eA0BaHHe 3amICHM0CTll llX 
peme:a:ntt OT 4)H3ll'l!:8CRHX napaMeTp0B 38,Jl;a't!H - 0'Alia H3 aRTyam.HHX npo6~eM, 
K K0T0poii npnB0MT HCC~8A0BaHM B C0BpeMeHH0H 4)H3HKe. 

Ilpn HCC~9A0BaHHH H9MH9HHHX sa,n;a-q npHM9H9HH9 aHa.ml:TH'l!:9CKHX H 
Ka'l!:eCTB9HHliX M9T0A0B MOJK9T ORa3aT1>CH MM084!4l0KTHBHHM ~ H9B03MOlKHHM. 
Il03T0MY 0'l!:9HI, '11:aCT0 9AllHCTB9HHHM nyTeM pemeHHSI 3THX sa,n;a-q 0CTa9TCSI 
llX 'l!:HC~8HH0e pemeHHe. IlpH 3T0M B03paCTa:rcmee 3Ha'l!:9HH8 npHo6peTaIOT B0il
pocH BH6opa MeToAa mmeapns~ sa,n;a'lli, ee AUcRpeTns~. pemeHne Jm
:a:eapnsoBaHHott AHCRp9TH0il sa,n;a-qn. HMeHHO Ha 3T0H 0CH0B8 paspa6aTHBaroT
CSI sqiqieRTHBHHe ~opHTMH H nporpaMMH 'AJill -qnc~eHHoro pemeHHSI Hemmeit
HHX sa,n;a-q. 

Ilp0B9A8HHli8 B ,nRccepT~ HCC~8A0BaHHSI Bliil0JIH8Hli B C00TBSTCTBHH 
C n:poMSMHO-TSMaTlPISCKHM IIJiaH0M IBTA OHilll. 

lieJU, pa6oTH C0CT0HT B Ilp0B8A8HHH '11:RC~eHHoro a:a:a.mi:sa Ha 0CH0BS 
8AHHOrO Il0,D;X0Aa - HenpepHBH0ro aHMora M8To,na H:r,moHa(HAMH)[I] H Me
T0A0B ,nRCKpeTH3aIJ,HH sa,n;a-qn C ll0M0WI,ID MBToia R0H8'qHHX pa.3HOCT8A 
(MKP)[2) n MeToAa K0HS'qlillJC s~eMSHT0B (iv!K:3)(3) ._ Me,eyD!lHX BalKHlllC HS-

. . 

~9UlilllC MHoronapa~eTpH~SCKllX CT~0HapHlllC sa,n;a~ IlMSBWC T9Cpni1. 

CI] M.K.ra.BypllH. HeJllllie~e qiy:a:mni:o:a:am,IiHe ypaB:a:e:a:rui: n :a:enpepHBHHe 
aH8JI0rR HTepaTHBHHX M8T0A0B. HsB.BY3oB, cep. MaT.,,§,1958, c.18. 

[2] A.A.CaMapcKHit. Teoprui: pas:a:ocTHWC cxeM. "Hayxa", M., 1977. 
[31 r.CTpe:a:r, )l,iJt.~HRC. Teop:rui: M8T0Aa K0H8'1!:HWC 3~8M9HT0B. "MHp", 

M., 1977. 
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3a.naqa I. l!HCJieWioe ·nccAe'AOBamie ycTo:lttnmocTH n ToqeR 6:i@ypHanm,: 
CBJI3awmx CTaTR'ieCRHX COCTOmmil: qim:IKOOHOB B RpyrOBOM ,IJ;JK038q)COHOBCROM 
nepeXO'A8 C MHRJ)OH80roIOPOMOCThJO. 

3Ta MO'A8~ OnHCllJ¥i8TCJI HeJIHHethrnM .nElMepe~HUM ypamreHHeM 

- j_ A_ r,fil!.d -t [1- r-<ftL--Z:c)J~i.n'P= 0, (I) 
'?- d-z. t 

'f-:: lj'l'L ), 0 ~ "l. ~ R 1 ) t'- ) "r.o ' R -1. - napaMeT:pu. 0 <. 'le_< R 1. 

,Ii.eilCTBHe O -~ B ypaBH8HHH {I) SRBHBaJI9HT-HO YCAOBHJO pa3-
PUBa npOH3BOMOil · B TO~e c.,, : 

d.~ I· - cl~ I :: -r~ir?. t.pl'lo). 
ch. i--i +o ol t. 'l..= "l _0 - • 0 

38,naqa COCTOHT B HCCAe'AOBaHlm CBOilCTB H8Tplll3HaJU,HWC orpaHHqeH
HWC pemeunil ypaBH9HHJI (!) B 3aBHCHMOCTK OT napaMeTpOB r, '"to> /(

1
, 

Sana,m II. l!HcAeHHOe pemeHHe HMHHeilHoil 38Jla'lll lI.BYX ~eHTpoB B 
paMRax ypaBHeHHil RHra--MM.Jica (HM) H HCCJI9'AOBamI8 88BHCEMOCTH pemeHHil 
OT t_pl!8ffq8CRHX napaMeTpOB Sa.ita'lll. 

YpaBHeHHJI HM ,Jt7.llI qacTHOro mma CTaT:irqeCRHX BHelllHHX HCTO"lHlIBOB B 
cqiepoim~ma KOOp.ItHHaTax HM9JOT Blf,It 

il [ o l i } oc..tt o ( t -'du J .z :?; .1 - R:t}'-7') OJ 1 ~ -1 ~ + ~ t-z 1-07
1 ti :\u,- 1:;:Q; 

- -L-[ l...t~-1 )~ + L(1->-/J dUi] q t,t u -f::: 0 
r;tf-'( l oi r o1 07 · l -aiz - d ' " 2 

' 

(2) 

1,C,L= Ll;l}j:~\,i=:t,2, l}~)E.S2"' [i~J~oo,-1~1t1j. 

!3.ne01, Rt H ~ - napaMeTpl, af1. n jz - sa.itaHHHe ~. oTBeqamtne 
HCT01DmRaM. ' 

38,Ilaqa COCTOHT B onpe'AeAeHHH orpamrqeWillX pememtil u, H (.(l ypaB

HeHHil (2) B WHpoROM ~80H8 H8M8H8HHJI napaMeTpOB MO'A~-

3aIIaqa ID. Onpe'AeAeHHe BO.!IHOBo:li q,yH~ ;neyMepHoro HSO'AHOPD'AHO-
ro 6ose-KOH,1l8HCaTa H BWIBCA8HH8 SHeprn:e: HeOMOPOMOCTH C yqeTOM RBaH-. 
TOBHX llOnpaBOR. tmcAeWioe HCCJI8'AOBamie llpoBO'AE:TCJI ,Jt7.llI H8OMOp0'AHOCTH 
B Btme"MOA8RYJJH",cocT~eWioil HS 'AByx RBaHTOBllX BHJCpeil C npoTHBono
AOJ!H!lMB HanpaBAe:immm BpaIItemm CB8pxTexyqett ROMllOH8HTll. 

MaT8MaTffq8CRaJI MO'A8~ ,Jt7.llI H80'AHOp0MOro 6ose-KOH,1l8HCaTa OnHCUBa-
8TC.ll CHCTeMOil HeJIHHe:fimlx .nElMepeHIOI~HWC ypaBH8HHil B cqiepoim~ma 
KOOp'AffliaTax 

2 

'lf. [;){.J_l).'JF d (t- 2}3F] 
- R! If fl af 7 ~. + frt . '7, a,z + 

-t [4lt-'-1, (acti) 2
-t ':111-1l1(oct>)\ p:1JF=o, 

~ltlff) 07 . Y!3'l((J 01,_ 
(3) 

i__ r 1-r/-q( Jcr+ 1-t1-i,i) F
2l!B J = o) 

Rtlf-t) Of I a, 07 t oi 
F = Fq, ~; t\ L cp: Cf>[~. i; RJ, lF/ )C>'l= l 1 :!: r oo,-1£1d j-

i<P ' ' 
3'A8Ch 4':: Fe - BOJIHOBM ~- 6088-KOH,lleHcaTa, COOTBeTCTBYJlllM 
OCHOBHOMY COCTOJIHHJO 6030-rasa, a napaMeTp R3 - paCCTOJIHH8 M8JK,1JY neHT

paMH Bruq>ef. 
Heo6XO,IU!MO Onp8'A8JraTh 0~8HHll9 p8W8HIDI r H qJ CHCTeM!l ypaB

H8HHJI (3) H npOCA9'AHTI, HX SBOJIXJmiB) npH H8M8H8HHH R3 OT HYM 'AO 

R ~ >:;,f. 
,1l;)I.lI 'AOCTIDK8HHJI STOH U8Jlli Tpe6yeTCJI 
- TIOCTaHOBRa rp8.HH'lllllX ycAOBd, BU'A8MKI]lHX Heo6xo,nm.ru:il RAacc 

pemeHnil; 
- Bu6op MeTO'Aa AHHeapns~ no.ny,:reHHHX HeJIHHe~ rp8.HH"llWX sa

'Aaq, T.e. IlOCTp08HH8 8442eRTHBHOro HT8pa,nliOHHOro npo~ecca ,IVIJI pemeHHJI 
JIHHeHH!lx sa.ita~ Ha KaJli,D;OM mare nTepa,nliOHHor-0 nponecca H paspa6oTRa 
OilTHMaJll,IDlX M8TO'AOB HX 'AE:CRp8TH8~j 

- paspa60TKa aJII'OpHTMOB 'IHCA8HHOro peweHIDI 'AHCRp8THHX Sa.itaq Ha 
8MaHHOM ypOBH9 3ROHOMK'IHOCTH H 6HCTPO'A8HCTBl!Jlj 

- C03'AaHH8 nporpaMM JI.]IR. pea.mtsanmi: Ha 3BM paspa60TaHHHX M9TO'AOB 

H aJII'OpHTMOBj 
-•npoBe'AeHHe qncAeHHoro aHa.mtsa pewemril cqiopMy-AE:pOBaHHliX sa.itaq. 

liaY5HM HOBH3Ha pa60TH 

)lM KJiacca MHOronapaMeTp:irqecRHX SMaq B HeAHHetmux IlOA9BllX Teo
prurx npeA1IOJ1teHa 8'AHHM cxSMa qnc~eHHoro aHaJmsa, ocHOBaWIM 
Ha HAMH, MKP H MKS. Ha 6ase npeA1IOl!t8HHOil CX8Mll paspa6oTaHH M8TO'All H 
aJII'OpHTMll 'IHCA8HHOro HCCA9'AOBaHHJI TpeX BaJKHllX qJH8ffq8CRHX 38,Il;aq •. 

I. )lM HBX~8HHJI ToqeR 6HgJypRannH H HCCA8'A0Ba.HIDI YCTO~OCTH 
CBJISaHHllX COCTOJIHHil B MO'A8Jra RpyroBoro ,IJ;JK038qlCOHOBCROro nepeXO'Aa C 
MHRpOH90MOp0'AHOCThBJ pa3pa60TaHa paSHOCTHM cxeMa, yqHTllB8JJ118.II YCAO
BH8 paspuBa npOH3BO'AHHX HCROMUX pemeHHil. ITOJIY1I8Ha oneHRa ,IVlJI nopJI,IU<a 
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annpoRcHMamm CX8Mhl. IlpOB8,!18HH 1IBCJI8Hllli8 HCCJI8,IIOBaHRII TO'IHOCTH peme
mm, noaBOJIHBIIIRe no,noClpaT!, napaMeTpu BlllfflCJI.HT8Jll,HOii CXeM!l TaR, 'lTOClli 
no.ny'lll:Tl> pesym,TaT C TpeClyeMoii TO'lHOCJl>ID. 

2. IlOJIY'{8HO pemeHHe CTimHOHapHHX ypa.BH8HHH HM C BH8111HHMH HCTO'l
HmiaMH B WHIJOROM ,IIHanaaoHe H3M8H8HRll napaMeTpoB. B ac:HMIITOTH'l8CKHX 
o6JiaCTHX H3M8H8HRll napaMeTpoB, r.i:1e pemeHHe 8TOH 38,IJ;a'lH, nOJJYlleHHoe pa
H88 .npyrm.m MBTO.l\aMII, HSBBCTHO, HanJK pesym,TaTH COBna,u;aIDT. J).Jm 'lHCJ18H
Horo HCCJl8,l\OBaHH/l sa,u;a'lH npe,nJI0%8Ha HOBaSI HT8~0HHBJI CXeMa. 3Ta 
cxeMa JUlJilI8TCH O,l\HHM HS B03MO%HHX ,IIHCKIJ8THliX npe,ncT8BJI8HHH 8BO~
OHHOro ypa.BH8HRll HAMf!, Il03BOJUI8T 8KOHOMH'lHO Bll'lHCJlHTl> HT8~0Hllli8 
nonpaBKH, B CMliCJl8 TpeClyeMoii Mammmoii nB.MlITH H Bl)8M8HH, H He SaM8,nJUI-
8T CXO,l\HMOCTI, HT8~0HHoro nponecca HAMII. 

3 • .Ii,JisI .nBYBHXIJ8BOii MOJieeyJilil B .l\BYM8IJHOM Close-rase noCT8BJI8Ha 
rpaHH'lHBJI aa,u;a'la ,nJUI onpe,neJieHRll BOJlHOBOH ~ OCHOBHOro COCTOJIHRll 
Close-KOH,n;8HCaTa. PaapaCloTaHli BJII'Ol)HTMH ,nJUI ee Bll'lHCJI8HHJI C TpeClyeMoii 
TO'lHOCTl>D. Ha OCHOBe 8THX l)aG'l8TOB pemeHa sa,u;a~a onpe,!18Jl8HHJI 8H8prHH 
MOJIBKYJJH C YlJ8TOM KBaHTOBliX nOnpaBOK. 

MeTO.Illi H aJII'OPHTMli 'lHCJieHHoro HCCJI8,IIOBaHHJI 3aBHCHMOCTH pememm, 
pa.CCMOTIJ8HHliX B ,IIHCCepTamm sa,u;a'l, OT napaMeTpoB llp8,IICTaBJUI8T HHTepec 
,nJUI'l)aSBHTHI! 'lHCJl8HHliX M8TO,IIOB pemeHIDJ HeJIHHeiiHHX sa,u;a'l B .npyrHX oCl
JlaCTHX. 

IlpaKTlf'l8CRaJI ll8HHOCT1> 

B pesym,TaT8 npoBe,IleHHHX 'lHCJl8HHliX HCCJI8,!10Bamm Il0JIY'!8Hli B82Klill8 
wnsH'lecx:ae pesym,TaTH. 

I. OClHaIJYlteHa TO'lKa ClHq)ypKamm CBJI3aHHliX COCTOJIHHH CTaTH'l8CKHX 
~COHOB B RpyrOBOM ,nEOS~COHOBCKOM nepexo.i:1e C MHRpOH80,IIHOIJO,IIHOCTl>D. 

2. PemeHa HeJIHHeiiliaJI sa,u;a'la ,nByx neHTIJOB B paMRax ypaBHeHHii RM. 
IloJIY'{eHJllie pesym,TaTli noaBOJUIJOT OU8HHTI, OClJiaCTI, npHMeHHMOCTH 

cymecTBYJlllHX T00!)8TH'l8CKHX M0,!18Jl8ii C axcnepHM0HTaJII,HliMH ,IlaHHNMK. 
3. HcCJIB,IIOBaHa MaT8MaTH'l8CKBJI M0,!18JII, .nBYMBPHOro H00,IIHOIJO,IIHOro 

Close-raaa':a Bll'lHCJIBHa aHeprIDJ Heo,I1Hopo,I1HocTn c YlJeToM RBaHTOBHX non
IJaBOR • IloKa3aHO, 'ITO npH Ri-~ 0 8H8prHJI MOHOTOHHO CTpeMHTCJI K HyJIID 

H H80,IIHOIJO,IIHOCTI, HC'leaaeT (BHXpH "aHHHrwmpym"). 
4. PaapaCloTaHO nporpaMMHoe oClecne'leHHe, ROTOpoe MOllt0T ClliTl> HC

nOJII,30:BaHO ,nJUI pemeHHJI .nl)yrHX HeJIHHeiiHHX CTimllOHapHHX aa,u;a'l TeOp8TH
'l8CKOii WHSHRH. 

AnpoCla.mm paCloTH 

PaClOTH, nOJIOJlt8Hllli8 B OCHOBY ,IIHCCepTamm, ,!10Jl0Jit0HH Ha ceMHHapax 
OBM JIBTA, Hay MeJKJlYHapO,IIHOii ROHipepe~ no :sap:ria.n:aoHHo-paaHOCTHHM 
»eTOABM B MaTeMa.TMecxoii WH8HR8, MocxBa I?-I9.09.I983 r.,Ha ceMHHapax 
no 'lHCJl8HHHM M8T0,!18M MaT8MaTH'l8CKOro HHCTHTYTa EAH. 
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IIy6rnamm 
. . 

Ilo MaTepHaJiaM ,IIHCC8pTamm onyCl.JIHROBaHO 5 pa.CloT, B TOM 'lHCJI8 B 
cCl."BapHimHOHHO-pa3HOCTHH8 M8TO,IIH B MaTeMaTH'l8CKOH WHSHR8" H B COOCl-
lll8HIDIX OIDill.. · 

oci~eM IDiccepTamm 

J],RccepTan;wI COCTOHT HS BB8,!18HHJI, Tpex rJiaB H 8aRJilJq8HHJI. OCllltHii 
oCl~eM cocTaBJUIBT IOI cTpa.mm,y. J].RccepTan;wI co.i:1ePJKHT 2I pncYHoK, I4 
Ta6JIHU H CllHCOK JIHT8l)aTypH (49. HanM8HOBaHHHj. 

ConetoKaHRe· IDiccewamm 

Bo BB8,!18HID1 CO)l;8PJKHTCJI Rl)aTK08 onncaHHe paCCMa.Tpn:saeMHX B ,IIHCC8p
Tan;HH H8JlHH8HliliX sa,u;a'l H oCloCHOBHBa8TCH H80ClXO~OCTl> pa.spa60TRH Me~ 

TO,IIOB ll tm:CJl8HHOro pemeHHJI. Qpo:pMYJIHpOBaHli OCHOBHH8 TpeClo:saHHJI, 
llp8)l;'I,fiBJJJI8MH8 R Bli'lHCJIHTBJII,HliM CX8MaM. ,Ii.aHO OllHCaHH8 CTpyKTY!)H .IIHC

C8pTan;HH H nepe'l8Hl> OCHOBHHX peayJII,TaTOB. 
IlepBB.II rJia:sa noCBJilll8Ha HSYlJ8HHD sa,u;a,m I. 
B § I.I ,IlaHa MaT8MaTH'l8CRBJI nocTaHOBKa sa,u;a'lH, KOTOpaJI CBO.IIHTCH 

R HaxOJK,U;eHHID H8Tpmma.m,HHX pemeHHii H8JlHH8HHOro ypaBH8IDJJI -; ft t t + [1- fAC('t-"2.o)]S~Yllp=-o> (4) 

'{>= 'f)l"L), 0" t< ~t , 0.::'l:o< 121, 

C rpaHH1IHIIMH YCJIOBRJ!MH 

0;,m. t. d.'{) =- a cJ_.p I = a 
'l.➔ O d7: l dt 1:.=R1 

a OTB8T Ha BOlll)OC 06 ycToii'IHBOCTH nOJIY'{8HHHX pemeHHii p;aeTCJI B T8pMH-

Hax cneRTpa COOTB8TJTBYJ!lll8H aa,u;a'lH Ha coClCTB8Hllli8 3Ha'leHHJI: 

-ttr.l,1-t+ c1-r~r?-'to)]cos1j>i=Alz, -
1,= 11t) ,0<t<. R1. I 0.:::1:0.::: R1' 

t'.t.mt ~:: 0 l J.Y/1-R= 0. 
~➔ O c/:t ~?- 1 CJI8.IzyllllH8 )\Ba na~ HM8XlT BCnoMoraT8Jll,Hllli xapa.wrep. 

(5) 

B § I.2 cqio:pMYJIHpOBaH HAMH B CaMOM OCllll8M mme. C ero noMOllll>D 

JIHHeaplISYDTCH paccMaTpHBaeMHe B .IIHCC8pTan;HH H8JIHH8:llmi8 sa,u;a,m. 
B § I.3 pa.CCMOTp8H M8TO)l; HT8pan;HH nO'Alll)OCTpaHCTB (3], npep;

Ha3Ha'leHHHfi 'AJlli O,IIHOBl)8M8HHOro H8.XOJRJ:t8HHJI f co6CTB8HHHX SHa'l8HHH H 
COOTB8TCTBynltHX HM coClCTB8HHHX B8RTOIJOB 8JII'8Clpa.Hll8CROtt sa,u;a'lH 

Kx=- >- M:x: , .x E- E~ 
r.i:10 K H M - cm.!MeTpwnme JieHTO'lHHB MaTPHU!l nop!I.ltKa N" • C ero no-
MOllll>D 'lHCJl8HHO HCCJie,u,ymCH cneRTpaJI!,HH8 sa,u;a'IH, B03HHRamtH8 B n3Y1Ia-

8Ml1X M0,!18JIJIX • 
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B § I.4 npn IIOMOIItH MeTo.n;a 6aJrrllica [2 J Blra9,ll;9Hli pa3HOCTHli9 cxe..,. 
MH, aIIIIpoKCm.mpy!!11tlie Ha paBHOM9pHOli C9T!j9 3a,Ila'll! (4) lil (5). Il0Ka3a
HO, 'ITO norpemHocT1> aIIIIpoKCIDII~ ecTI> l3eJm'tJRHa O ( ha). 

B CJI9.n;yD119M § I.5 paccMOTpeHH BOilpOCH peamI~ BJII'OpRTMOB 
'tJHCJieHHoro pemeHruI JmHefumx 3a,Ila'tJ. B Ka'tJeCTBe MeTo.n;a pememm mmett
HliX BJII'96pa.H'l9CKIDC 3a,Ila'tJ OTHOCllTeJII,HO RTepaD;ll:ommx IIOilpaBOR B HAMH 
B!i6paHO IIOJIH09 pa3JIOJlteHRe XOJI9CCKOro. BTOT M9TO.n; Il03BOJilI9T HaM sqxlieK
THBHO y,ntTiraaTI, CRMMeTpR'IHOCTI, R JI9HTO'tJHY10 CTpy.KTYJlY MaTpRD;bl JmHeii
HOli 3a,Ila'll! • 

IlOJIY'ISHHaJI B § I .4 oneHR_a ~ IIOrp9lllHOCTR aIInpOKClIM~ paaHO
CTHliX cxeM .n;aeT OCHOBaHRe npe.n;nOJIO!tRTI,, 'ITO TO'tJHOCTI, pa3HOCTHHX peme
HRtt 6y.n;eT oneHRBaTI>C.fI T8.Kllte BeJIHtJRHott nop!I.IJ;Ka I/. B § I.6 sTo npe.n;
IIOJIOJ!teHRe IlpOB9:pll9TC.fI nyTeM 'llICJI9HHOro 8HamI3a peeyJII,TaTOB, Haii.D;8H
HHX Ha llOCJI8,ll;OBB.T8JII,HOCT.fIX B.n;BOe Cryllla.nI(RXC.fI MOJlt8HHHX C8TOK. 

0CHOBHH8 pe3yJII,TaTH 3TOli rJiaBH llOJIY'l9HH B § I.?. IIpn llOMOIItH 
paa_pa60TaHHHX nporpaMM R npoBe.n;eHHHX 'll!CJI8HHHX RCCJI8,ll;OBaHRtt BII9pBHe 
Ha.ff.neHH 3Ha'tJeHRSI napaMeTpoB r, , -z., n R1 , onpe.n;eMIJI!lle TO'tJRY 6R
mx~. IlOJIY'l8HHH9 pe3yJII,TaTH np8,ll;CTaBJillm OT,ll;8Jl1,Hllli RHTepec ~ 
npoBe.n;eHRSI ~R3l'l'tJ8CRRX axcnepRM9HTOB, TaR KaR COOTB8TCTBYJ]l!Ri!: nepe-
xo.n; c "paaMHTott" Heo.n;Hopo.n;HocT1>10 BnOJIHe MOJl1HO peamiao:sa.TI>. Teope-
T}l:'!8CKR npe.n;cxaaaHHlle 3qql8KTH MOryT 6HTI, RCllOJ11,30BaHH npn KOHCTpy.K
IlRR HOBHX 3aIIOMRHa.nI(RX R nepeRJIJOlla!IllRX 3Jl9M9HTOB 3BM. 

Bo BTOpoi! rJiaB8 IlpOBO.n;RTC.fI 'llICJI8HH08 RCCJI9,ll;OBaHR9 3a,Ila'll! II. 
B § 2.I .n;aHa llOCTaHOBKa 3a,Ila'lll ~ 'tJaCTHoro BR.n;a ypaBHemul HH

ra-MRJmca co CTaTl'l'tJ9CKRMR BH91l!HRMR RCTO'tJIIBR&m. B ~epon.n;aJII,HHX KO

op.n;maTax ( / , 1 ) aTa aa,Il:'tJ! RMeeT BR.D: 

_Lu, t a u, u., - 1, =- o , 
- Lu, - J '- u} u2 - f~-= 0, ( 6) 

L,: j [~ ; l(-1)~ T 8~ 1 (1-7{)#, 
r.n;~ 71 R ft - 3a,IlaHHI:l9 ~IlllR, OTB9'tJallllR8 BH9nnmM RCTO'tJHRRaM, _?-::: 

= ·f ( f 1\napaMeTp J? 2 - pace Tomme Mex,Dy RCTO'tJHRRaMR, napaMeTp ~ -
ROHCTaHTa CBl13R, a L - onepaTop JiaJJJiaca B ~epoH,ItaJII,HHX Koop,iuma
Tax. Heo6xo.n;RMo Hai!TR napy ~IlRI IA

1 
n ui , y.n;oMeTBOpimllllX ypaa

HeHRD ( 6) R rpaHR'tJHHM YCJIOBR.f!M 

&m. (;; z__ 1) au:= o 
1 

,~ 1 / 01 
fi wt U; I~, ~ ) = 0 , 
1➔ _00 

~wt(1-1~1 dU;::O, 

7➔ ! 1 01 
~= 1, 2. 

6 

(?) 

(8) 

·._1 t 
Ii' 

i 
I 

ti 
'.• 

YpaBHeHR.H (?) Bli.n;eJilIJOT orpaHR'leHHHe npn 1 = I~ tz '= iI pemeHR.H, a 
YCJIOBRSI (8) 03Ha'tJam RC'tJ93HOBeHRe llOT8HrtllMOB Ha 68CKOH9'tJHOCTR. 

B § 2.2 npHBe.n;eHo ypaBHeHRe HAMH ~ 3a,Ila'll! (6)-(8) R IIOJIY'l9H 
RT9paD;ll:OHH!IB·IlpOil8CC ~ ee pemeHRSI. 

B § 2.3 npoBe.n;eHa .n;RCRp9TR3aD;ll:.fI HAiWI C RCIIOJII,30:sa.HR8M BOCI,MR
YMOBHX C:Hp9H.n;RIIOBHX ROH9'tJHHX 3JI9M9HTQB. YxaaaHH CIIOC06H aBTOMaTR'tJe
cxoro llOCTpoeHRSI MaTpRD;bl .n;RCKpeTHOK 3a,Ila'tJH. 

Oco6eHHOCTI,IO BJII'e6paR'!eCKO:il: 3a,Ila'll! ~ Bli'IHCJI9HR.H RTS..PanROHHHX 
IIOilpaBOK .fIBJilI9TC.fI TO, 'ITO ee MaTpRila H8CRMM9TPH'IHM. C Y'tJSTOM aToro 
Ha OCHOB8 6JIO'tJHOrO paMOX8HR.fI MaTpRD;bl B § 2.4 paapa60TaH 3qql8K
TRBHHi! RTSpanROHHH:il: M9TO,ll; ~ pememm BJII'96paR'tJSCKO:il: 3a,Ila'tJR. TaM xe· 
llp9.n;JIOX8H OllTRMaJII,Hlili BH6op Ha'tJaJII,HllX npR6JIIDKeHrui KaR ~ peaJIR3~ 
HAMH, TaR H ~ BH'tJRCJI9Hllll RT9paD;ll:OHHHX llOilpaBOK B 3aBRCHMOCTll OT 
aHa'tJeHIDi napaMeTpoB l<z. R 1 . 

B § 2.5 06cyJK,I1;amC.H IIOJJY'leHlille peayJII,TaTu. B Ta6JIRilax nplll!e.n;e
Ha 3aBRCRMOCTI, IIOJIHOfi :meprRR IIOJilI HHra-MRJmca OT napaMeTpOB 3a,Ila'll!. 
ITOJIY'leHHHe ·peayJII,TaTH xopomo corJiacymc.H c .n;pyrIIMR pac'!eTaMR np:a 
60JII,mRX Rz. • UeHHOCTI> IIOJIY'l8HHHX peayJII,TaTOB aaxJIJ011aeTC.fI B TOM, 'ITO 
OHli BH'tJRCJI8HH np:a lllllpOKOM Ha6ope ll3M8H9HIDI napaMeTpOB. 

B § 2.6 RMOJlt9Hli OCHOBHHe peayJII,TaTH, IIOJIY'l9Hlill9 B 3TOil rJiaBe. 
TpeTI,.fI rJiaBa .n;RCC8pT~ llOCB.filll8Ha li3Y'tJ8HRIO 3a,Ila'tJR III. 
B § 3.I ll3JI0~9HH ~R3li'tJ8CKRe npe.n;nocHJIKR, CTO.fIIltH8 B OCHOBe pac

CMOTpeHHoil MO,ll;eJIR. 
B § 3.2 Ha OCHOB9 pa60TH H.H.EorOJII06oBa(4) llOJIY'tJ8HO ypaBH9HR9, 

KOTOPOMY Y.D:OM9TBO:pll9T BOJIHOBM ~IlllSI HSO.n;HOpO.n;HOro 6oae-KOH,It9HCa
Ta. IlOKa3aHO, 'ITO y BRXp8:il:, pacnoJIOX9HHHX Ha KOH8'j'.HOM paccTO.fIHRR 
.n;pyr OT .n;pyra, CYIIl8CTBYm Il9HTpH, T.e. 'ITO cep,zmeBRHH BUXpeil npR IDC 
c6.nmt9HRR He "paaMHBam'C.H". 

. B CJI9,llYXJll9M § 3.3 B npR6JIIDJt9HRR XapTpH-4\oKa BHB9,ll;0HO BHJ)8X8HR8 
~ sHepnm MOJieeyJIH C Y'tJSTOM KBaHTOBHX nonpaBOK. 

B·§ 3A ~OIJMYJIRpOBaHa MaTeMaTH'tJSCRM llOCTaHOBKa 3a,I{a'll!. HaJm
'tJR8 .IJ:BYX Il9HTpOB ll03BOJI.fI9T BB8CTll ~epOR.n;aJII,HH0 KOOp.n;RHaTH. IIpe.n;cTa
BHB BOJIHOBYJJ 4JYHKillilD '-!Jo q , ( j rJ I R_ 3 - paccTO.fIHR0 MeJK,ey' Il9HTpaMR BRXp9:il:, 
B BR.n;9 

. . ;<Pt}.7;r) 
%( Fl ,R}) = Fq,7 ,RJ)e , 

r.ne FR qJ-BemecTBeHHHe ipyHRlnm, R. :acnoJII,3Y.fI ypaBHeim:e na § 3.2, IIO-

(4) N,N,Bogolubov, Journal of Physics, 1947, vol.II, p,2J, 
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I 
I 
I 

' ' 

I 

i' 
I 

JIYlla8M CJI8,IJ;yll'.IllyJO He.mrneiiHyJo CRCTeMY )tJlli onpe,neJieHIDi F R cp : 
;t(F,cfJ)=-0, , c9) 

r.ne ;;f(l=',Cf>).: lJ> (-L+ M{F/P>)F, 
-.!. I< (F)qJ ~ 

. J' 

One:paTopH L , k 11 qiymunm cf:> RMem mm 

L=- 0~ ktlp~): + ,l-l<1.17;Rjtl1 , 
11(,:-) d .. ,, t) ~J ia 

<. = oi K,1~,t<~)F'i} ~ ~~llf,Rs)F ~ • 

M j:-rh)/ 3~cpt7• "J<P'1.z l 

I t't"' = K,(f,R3)(~J + l<1.11~R~){;,n-J +_t(f,7;~)(1=-1), 
IJ • " ) R ( l. } . R, l 1 R

1 
l { 

" 1(~,"~ = i' i-j ,~l(i ,Rl}= t:fj-1 J ,.fli,7;Y?j)= /li-1 ). 
IlpR 1...,o- <ro7HKIJ;Jm F n er y,noBJieTBOpmlT YCJIOBIDIM 

li:wt f:(j,~;R~)= j ) cp '~•7',R¼)=-O. (IO) 
'f-" ,oc f➔ 00 

OrprumqeHHocT1, F npn ( = I , 
rJiaBe, yCJioBRf!Mll 

7 = ±1 BH,n8.11SI8TCH' mm ll B npe)J.l:l,nyniett 

&m t•(j) li_ = o ) .P· l oF 
U.V\'l (1-V[ ) -= o. 
1..,, ! 1 °1 r-~ 1 d} 

Ha aTmc xe rpa.Hmi;ax, 

YCJIOBWIM 

Rill( noRa3a.HO B § 3.2, qi~ cp 

cp ( 1, 1 ; R:i }= 7T 1 
cp q, -!1; R~)= 0. 

H8Jllilll'l8 neHTpOB y BHXp8li O3Ha~aeT, ~TO 

F (1,-1 )~ 3)= o, F(1,1:1<l)=0. 

(II) 

y,nOBJI8TBOpSI8T 

(12) 

(13) 

T8l\RM o6pasoM, cqiopr.iyJIRPOBa.Ha He.mrnettliaSI sa,u;a~a (9)-(13) ,1tJlli 

onpe,neJiawm BOJIHOBOtt' <ro'HKIJ;Jm 'Vo" 6O38-ROH,n8HCaTa. 
Bwill:CJI8HlI8 aHepr:im MOJI8RYJIH C ~eTOM RBa.HTOBHX nonpaBOR npHBO

,ItllT R pemeHIIID cneRTpaJII,HOH sa,u;a~ 

" F2 ~ -L'4'-+ . ~= Eil.jl, 
Y i a . . . <14> 

&:vvtc"{2-i)a41 =-o) &,\IV\l1-~)/= 0,~\jlq,1,¥-\). 
'}➔ 1. I ~ '1-'>± 1 1 ~ 00 

8,nec1, e lI 'f- SHa~e.HIDI 3H8prIDI lI BOJIHOBOli qJYHRIJ;IIB CBSI3a.HHOrO COCTOSI-
HIDI aTOMOB rasa, ,nmmyillllXCSI B noAe Bmcp8BOtt' MOJI8Ry-JIH. 
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B § 3.5 ll3Jial'a8TCJI M8TO~ pemeHlISI sa,u;a~ (9)-(13) ffil OCHOB8 
HAMH. 

Ji,RCRJ)8Tll3~ nOJIY'leHHoro 3B~OHHoro YJ)aBH8HlISI HAMH )tJlli on.:. 
pe,neJieHRJI RTe~ommx nonpaBOR n·sa.tta~ (14) OCYJ!t6CTBJISI8TCSI M8TO,ItOM 
XOH8'1JH!:lX 3JI8M8HTOB B§ 3.6. HcnOJII,sym'CH 3JieM8HTH, :pacCMoTpeHHUe BO 
BTOpott rJiaBe. 

B § 3.7 o6CYJK,Itai7l'C.!I BOnpOCH, CBSisamme c nporpaMMHoii peaJIR:,anneii 
npe,IVIoxemmx MeTo,nOB n BH6opa Ha~aJII,Horo npn6JIRllteHlISI RTepanzoHHoro 
npo~ecca. Bee npol'paMMH, peaJmsyJllllle ~CJieHHoe pemeHRe sa,u;atm (9)
-(13) B (14), o6'1,8,ItllH8HH B IlaI(8T8 nporpaMM, llM8Xll!eM. ~OHaJII,HO8 
ll ClICT8MHO6 HanOJIH8HlI8. 

.H,7m np0B8J!Rll npamtJII,HOCTll pa60TH nporpaMM B § 3. 8 paCCMOTpeHa 
sa,u;a~a o6·onpe,neJieHRII BOJIHOBol wmmim o,nHHo~oro Bmc,pg !IRTaeBcxoro. 

B STOM CJIYllae ~ F SaBIICHT TQJII,RO OT nOMpHoro pa,u;eyca i. , 
a ~,<P paBHa· nOJISipHorq·yrJJY 0 • <liymunm F MOJKHO onpe,neJIRT1>,pe-. 
IDM ypaBH8HlI6 (9), 8anHCaHHO8 B .nexaPTOBOil CHCT8M8 ROOp.nm!aT ( ~. =l, 
l<z = I, f' = l) , npn rprumtIHI,IX YCJIOBIDIX 

oF I = o , E£ J = o , F<o,o)= o , FI l l ~1 , 
O't ):::0 iJ~ ~::O fx .. re 
rh 1· = 1f > cp f :: 0 ) cp [ l i ; Mt"~ t ' (. > > 1 
I X=o l ~::I) x~r· e 

HJm ns pememm He.mmettaott sa,u;atm 

(15) 

--:;-t~+r -n-.: -o 1 cJ.. ell f z -1 )f 
t Llt ch: t - , 

fto): 0 ') fle)= f 1 

{16) 

Fb,-Jl: flt.J. 
PesyJII,TaTH 'IRCJieHHoro pemeHHSI sa,u;atJH (9), (I5) n sa,u;a~ {16) coBna-
.naiar C TO~OCTI,D ro-1-ro~. ~TO COOTB8TCTBY8T TO~OCTlI paspa6oTa.H
HHX CX8M. 

B § 3.9·npne,neHH pesyJII,TaTH peme.HIDI sa,u;a~ (9)-(13) B mITepe
cyxmeil Hae o6JiacTR nSMeHeHHSI 

1
napru4eTpa R3 • IIoxasa.Ha saBRCEMOCTI, 

RJiaCCll"l8CRoro BRJia,u;a fo= rtf(t-lFl">JrJ1B 3H8pI'lill H8O,nHOp0,nHOCTR OT 
3ffil~8HlISI napaMeTpa R~ • 1 Hs nOJIY'leHHHX pesyJII,TaToB CJiep;yeT, ~o 
fo MOHOTOHHO y6:ima.eT C Rl n npll i?l~o ' fo(i:?!)➔ 0 • a 3TO OSHa~eT, 
~O H8O,nHOp0,nHOCTI, HC~83a8T (BlDCpll "ammrmmpym"). 

Bwill:CJieHRe RBaHTOBO-Mexrumqec:irax nonpaBOR B 3H8prIIR, nOJIY'l8H
.HHX ll3 pememr.a: sa,u;a~ (II), noxas:ima.eT, ~TO XBa.HTOBO-M8:xaJmt18CRmi 
BIDll'pHm B 3H8prRR, BOSHRRanJtBti IIPR pa3M8Jll8IDm-aTOMOB no CBSISB.HHWd 
COCTOSIHIDIM, Bcer.na noJIODT8J18H K H8 MOlK8T CROMil8HCllpoJ3liTD 3H8prlll), 
saTpa~eMYJ) ffil coa.nrume H8O,nHOpo,nHOCTR ROH,n8HCaTa. 

B § 3.IO H3JIOlK8HH OCHOBHH8 p83YJII,TaTH, IIOJIY'l8HHH8 B 3TOI rJIB.Be • 
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B 88.RJID'l8lilm ~OpMYJmpOB8HH OCHOBHH8 pesyJII,TaTH, no.nyqeHHHe B 
,IUICC 8J)T aIUm • 

OCHOBHH8 OOSVJll,TaTij mrncepTaITml: , 

I. Cos~ BWIBCJmT8JII,Hli8 cxeMH ~ pememm HeJIHHe:ttlio:il rpamrq
Ho:11 sa,nai:m li CBIISatm0:11 C He:11 sa,nai:m Ha CO6CTB8HHH8 8Ha11emm, C ,IlOllOJI
llllT8Jll,HliM YCJIOBH8M pasplIBa llpOHSBO,IlHHX HCROM!lX pemem, B MO,Il8Jlli RPY
roBoro ,Il;lltO88(l)COHOBCROro nepexo,Ila C MHRpOH8O,IlHOpO,IlHOCTDIDo Ilo.nyqeHa 
oneHRa aIIIIJ)ORCHMBIUm CX8M H BlillOJIH8H >m;CJI8HHHil: aHaJIHS :WC TO'tlHOCTH. 
B!i'llHCJmT8JI1,HH8 CX8Ml:l IlO8BOJIRJm _onpe,Il8JlliTD C H8O6XO,IlliMOH TO'tlHOCTDID 
TO'tIRY 6:a(pypRBD;lm B llpaRTH'l8CRH BaJltHHX sa,na11ax T8OpRR ,Il;lltO80q)COHOBCRillC 
nepeXO,IlOB. 

IlOJIY118HHH8 1IHCJI8HHH8 pesyJII,TaTH RM8IOT BaJKHOe 3Ha'tleHHe npli CO3,Ila
lilm HOBOil: 8JI8M8HTHOR 6asu ~ 3BM HOBOrO IIOROJI8HIDI. 

2. Cos,IlaHa HTepauaoHHM cxeMa 'tIRCJieHHoro pememm HeJrnHe:ttlio:il sa
,Ila'tlH ,IlByx neHTpoB B pm.max ypaBHeHHil: IDrra-MRJIJica. Ilpe,n.nOJKeHa H pea
JmsoBaHa BHYTP8HWJJI HTepaui,IOHHasI cxeMa ~ Haxmir.nemm HT8paui,IOHHHX 
IIOllpaBOR, IIO3BOJmBl!lasI 6HCTpO H SROHOMWIHO peaJIH3OBaTD HDIDTOHOBCKlill 
HT8paui,IOHHHil: nponecc. IlpH STOM ajxpORTHBHOCTD Bll'tlliCJUIT8JIDHOH CX8MH. He 
3aBHCHT OT 3Ha'tl8HRH BH8lllHHX napaMeTpOB MO,IleJIH. Ha 6ase STOft CX8MH. 
1IHCJI8HHO HCCJI8,IlOBaHa HeJmHeil:Hasi: sa,na11a HM B mHpOROM ,IlHanasone H3M8H8-
mm napBMeTpoB. 

3. B MO,Il8JIH .IlBYM8pHoro 6ose-rasa paspa6oTana HTepaunoHHasi: cxeMa 
C o6oCHOBaHHHMH TOOp0TR'tl8CRHMR oneHRru.m TO'tlHOCTH. Ha ee OCHOB8 Bhl
'tlliCJieHa BOJIHOBM WID<nIDI HOO,IlHOpO,IlHOCTH 6ose-ROH,Il8HCaTa H llpOCJI8JK8-
Ha ee SBOJIDUm B 3aBHCRMOCTH OT 3Ha11emm IIap&f8Tpa R~. Bli'llHCJieHa 
C Y'tl6TOM RBaHTOBHX IIOnpaBOR sHeprIDI MOJI8RYJIH, COCTaBJI8HHOR H3 ,IlByx 
RBaHTOBHX BillCpSli C llpOTRBOIIOJIOJKHHMR HanprulJI8HlJJIMR Bpall!8HIDI CB8pXTe
RY'tl8li ROMIIOH8HTH. IloRa3aHO, 'tlTO HaRMOHl,masI SHeprIDI ,IlBYM8pHoro 6ose
rasa ,IlOCTHra8TCJl npH O,IlHOpO,IlHOM ROH,Il8HCaTe. 

Pa6oTH, noJ10JJtemrne B ocHoBV 1mccevramm: 

I. B.A.KaC'tlli8Ba, M.C.Kac'tlReB, ll.B.KawmeB, H.B.MaxaJI,IlliaHR, 
B.r.MaxaHDROB, H.B.IlyslillllH. PemeHRe RJiaccH'tlecRwc ypaBHeHRil: IDrra
MRJIJica C BH8111HliMli HCTO'tlHlIBSMll. l!HCJI8HHO8 HCCJI8,IlOBaHR8 HeJrnHe:ttliott sa
,Ila'tlli ,IlByx neHTPOB. OlliIB, P2-82-35, )Jy6Ha, I982. 

2. M.C.Kac'lllieB, B.A.Kac'tlR8Ba, H.B.MaxaJJ,!UlaHR, Z.B.Ily3H1UIH. 
l!licJieHHoe pemeHRe HeJmHe:ttHott sa,na'tlli .IlB1X neHTpoB B pBMRax ypaBHeHH:11 
IDrra-Mn.JJJrca. B c6.: BapHanROHHO-pa3HOCTHli8 f/18TO,Il!l B MaTeMaTH'tl8CKOR 
qmsHRe, OBM ARe,neMHH HayR CCCP, M., I984, c.I30-I43. 

3. M.d.Kac'tllieB, B.A.Kac1IReBa, B.r.MaxaHDROB, T.II.IIysmnma, 
H~B.IIysmnm, A. T .~OB. l!HCJI8HH08 HCCJI8,IlOBaHR8 ycTott'tlRBocTH li 
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HOBCROM nepeXO,Il8 c MHRpoHOO,IlHOpO,IlHOCTDID. owrn:, PII-84-832, )Jy6Ha, 
I984. 

4. B.A.Kac'tlReBa, M.C.Kac1IHeB, JI.H.MeHD1IIKKoB, H.B.IIysHHRH. 
MOJI8RYJia HS ,IlByx RBaHTOBh!X :smcpett B ,IlBYM8pHOf/l 6ose-rase. 0CHOBH!i8 
ypaBHemm. OIDIB, P5-87-23I, )Jy6Ha, 1987. 

5. B.A.Kac'tllieBa, M.C.Kac'tllieB, ·JI.H.MeHDmHROB, H.B.IlysHHHH. 
MOJI8RYJia 1:13 ,IlByx RBaHTOBh!X BHXp8H B .IlBYM8PHOM 6ose-rase. l!HCJI8HHO8 
HCCJI8,IlOBaHH8 38,Ita'tlli. Pesym,TaTH. P5-87-232, )Jy6Ha, I987. 
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