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06t1.1iM xapa1cmepucmu-x:a auccepma11iuu 

AKTYaJibHOCTb TeMbI 

O,n,Hofi 113 xapaKTepHbIX oco6eHiioCTeH, OTJI11qa10ru;efi HemrnefiHhre 3B0JIIO~ll0H

Hhle ypaBHeHnH, OT JlllHefiHhIX HBmieTCH B03M0)KH0C1'h cpopMnpoBamrn CIIHryJIHP

H0CTll - npou;ecca, npn K0T0p0M perneHnH ( 11Jlll ero np0113BO,ll,Hbie) HeorpaHifqeHH0 

B03pacTaIOT 3a K0HeqHoe BpeMH B HeK0T0pofi o6JiaCTl1 rrpocTpaHCTBa npn orpaHl1-

qeHHhIX 11 rJI8,,!1,Kl1X Ha'!aJihHhIX ,n,aHHhIX. 

Bo3MO)KH0CTh o6pa30BaHnH npocTpaHCTBeHHO-BpeMeHHhIX Cl1HryJIHpHOCTefi HB

JIHeTCH 0,!l,H0fi 113 KJIIOqeBhIX oco6eHHOCTefi ypaBHeH11fi 9fiHIIITefiHa. ,ll;eTaJihHOe 11C

CJie,!1,0BaHl1e ,!l,11HaMHKH K0JIJiaIICa ( o6pa30BaHne rrpocTpaHCTBeHHO-BpeMeHHOfi CllH

rynHpH0CTll BO BHyTpeHHefi o6JiaCTH <repHofi ,!l,hlpbI) B Teopnn rpaBiuau;1111 ,!1,0 cnx 

rrop 0CTaeTCH aKTYaJihHOll n BO MH0r0M HeperneHHOfi 3a,n,a<refi. O,n,HaKo, npoBe,Zl;eHHhle 

nccne,n,oBaHnH rrpou;ecca q:iopMnpoBaHnH cnHrynHpHocTefi B HemrnefiHhIX aBoJirou;n

oHHhIX ypaBHeHHHX B pa3JIH'IHhIX II0JieBhIX M0,!1,eJIHX 6e3 rpaBiITa~nn II0Ka3aJiiI, qTo 

3T0T npou;ecc 11MeeT MH0ro 06ru;11x MaTeMaTn<reCKl1X CBOllCTB C rpaBnTaD;}l0HHhIM 

K0JIJiaIIC0M 11 p0Jih rpaBnTau;noHH0ro Il0JIH TYI' He HBJIHeTCH orrpe,n,eJIHIOru;efi. Ba311-

PYHCh Ha 3T0M Ha6n10,n,eH11n, 6bIJIO Bhl,!1,BllHYTO rrpe,n,rroJI0)KeH11e, qTo Bee 0C!i0BHhie 

CBOllCTBa rpaBl1TaD;l10HH0ro K0JIJianca 6e3MaCCOBhIX IIOJiefi MaTepnn, ll3Ha'laJibH0 06-

Hapy)KeHHhie Ha ypaBHeHl1HX 9fiHIIITefiHa (yH11BepCaJihHOCTh, caMono,n,o6ne, KpnTn

<reCK0e rroBe,n,eHne perneHnfi 11 T.,n,.), Ha caMoM ,n,ene ecTh cBofiCTBa rnltpoKoro rrnacca 

Ha,n;KpHTH'leCKHX CHC1'eM HeJinHefiHhlX ypaBHennfi B <raCTHhlX np0113B0,!1,HhIX. KaK 

BhIHCHllJI0Ch ,n,anee, 3T0T KJiacc BKJIIO'!aeT B ce6H ypaBHeHmI 9fiHIIITeil:na, ypaBHe

HllH 51Hra-MIIJIJICa B npocrpaiICTBe MnHKOBCKOI'O Pa3MepH0CTl1 5 + 1, IteKQT0phle 

HeJI11HeitHhie a- M0,!1,eJin n B0JIH0Bbie OTo6pa)KeHnH, Pnq<rn-IIOTOKH n MH0rne ,n;py

rne. 

Cne,n,yH aToMy npe,n,noJI0)Kennro, B ,n,nccepmu;nn nccne,n,oBanach cncTeMa ypaB

Henn:it 51Hra-Mn:nnca c ,n,nnaToHoM (5IM,n,) B npocTpaI:iCTBe-BpeMeltn Mn:nK<li3ci<oro 

pa3MepH0CTll 3 + 1, K0T0paH HBJIHeTCH y,n,o6Hoil: -MaTeMaTn:<reCK0li M0,!1,eJiblo, Il03-

B0JIHIOID;efi llCCJie,!l,0BaTb Han:6oJiee o6ru;n:e CBOfiCTBa Bcex Ha,!1,KpllTll'leCKllX cUCTeM 

HeJin:aefiHhIX 3B0JIIOD;llOHHhIX ypaBaeantt BilJI0Th ,!1,0 o6pa3oBamm CUHryJIHPH0CTeit, 

Tor,n,a KaK, Hanpn:Mep, B 38,,!l,a<re rpaBHTall;ll0Hli0ro K0JIJianca 3T0 B03M0)KJicj Jlllllih 

,!1,0 o6pa30BaHJUI ropll30HTa C06bITtifi <repaofi )J,blpbI. 

IJ;eJILto pa6btw .stamietcil iitt.ne,n;01faHii:e tipoi:J.ecca o6pa3oBaHiIH crtttryJiapno

cTett B ccpepn<reCKll-CllMMeTpii'lHhIX pernenmrx CBH3aHHOfi CllCTeMbl .n,ayx HeJIHHeit-

HhIX BOJIHOBhIX ypaBHennfi, Ot(~~~~~~~ B3~ll~~~~fi~_B_r7ru;n:e IIOJIH 51Hra-Mn:JIJICa 
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II ,[\HJiaTOHHOro noJIH B npocTpaHCTBe-BpeMeHH MHHKOBCKoro p83MepHOCTII 3 + 1. 

B paMKax npoBe,[\eHHOro IICCJie,[\OBaHHH 6bIJIH pemeHhI CJie,II,yIOIIl,He 3a,[\a'!H: 

- Hail:,[\eHbI co6CTBeHHhie HeycTOH'IHBbie MO,[\bl CTaU,HOHapHbIX pemeHIIH CHCTeMhI 

ypaBHeHIIil: 5IM,L\; 

- noJiy'!eHO ceMeHCTBO aBTOMO,[\eJihHbIX pemeHIIH CIICTeMbI 5IM,L\, npoBe,[\eH aHa

JIII3 HX ycTOH'IHBOCTH B JIHHeil:HOM npII6JimKeHIIH C noMOIIl,bIO MeTO,[\a <p830BbIX 

<PYHKU,Hil:; 

- ycTaHOBJieHbI YCJIOBHH B03HIIKHOBeHHH CHHryJIHpHOCTH. B pemeHHHX CHCTeMbI 

5IM,L\ ,[\JIH lllHpOKoro KJiacca Ha'!aJibHbIX ,[\aHHbIX B nOJIHOH caMocorJiacoBaHHOH 3B0-

JIIOU,IIOHHOH 3a,[\a'!e Kornn; 

- H3y'!eHa pOJib CTaU,IIOHapHbIX II aBTOMO,[\eJibHbIX pemeHHH B ,[\HHaMHKe cpopMII

poBaHIIH CHHryJIHpHOCTeil:, KaK B03MO)KHbIX npoMe)KyTO'!HbIX aTTpaKTOpOB II KpH

TII'!eCKHX pemeHIIH. 

U:eJibIO pa60TbI TaK)Ke HBJIHJiaCb p83pa6oTKa 3<:pq>eKTHBHbIX BbI'IHCJIIITeJihHbIX 

anropIITMOB ,[\JIH pemeHHH Bbillle nepe'!HCJieHHhIX 3a,[\a'I, B '!aCTHOCTH ,[\JIH pemeHIIH: 

- KpaeBhIX 3a,[\aq ,[\JIH CIICTeM HeJIIIHeil:HbIX o6bIKHOBeHHbIX ,[\II<pq>epeHU,IIaJihHbIX 

ypaBHeHIIH BTOporo nopH,[\Ka, HMeIOIIl,IIX oco6bre TO'IKII KaK BHYTPII, TaK II Ha rpa

HIIU,ax IICCJie,u,yeMoro IIHTepBaJia no npocTpaHCTBeHHOH_ nepeMeHHoil:; 

- MaTpII'!HhIX 3a,[\aq lllTypMa-JIIIyBIIJIJIH - 3a,[\aq Ha Haxo)K,[\eHIIe co6cTBeHHhIX 

HeycTOH'IIIBbIX MO,[\ CTaU,IIOHapHbIX pemeHIIil:; 

- Ha'!aJibHO-KpaeBbIX 3a,[\aq ,[\JIH CIICTeM HeJIIIHeHHhIX, BOJIHOBbIX ypaBHeHIIH, 

B03HIIKaIOIIl,IIX npII IICCJie,[\OBaHIIII 3B0JIIOU,IIII noJieBbIX KOHq>IIrypau,IIil: B CIICTeMe 

5IM,L\ C nocJie,II,yIOIIl,IIM o6p830BaHIIeM CIIHryJIHpHOCTII. 

Hayqmrn H0Bll3Ha II npaKT11qeCKruI u;eHH0CTb 

BnepBbie noJiy'!eHO C'!eTHOe MHO)KeCTBO aBTOMO,[\eJihHbIX pemeHIIH CIICTeMbI 51M,L\ 

II nOK83aHo, '!TO 6e3y3JIOBOe aBTOMO,[\eJibHOe pemeHHe HBJI5IeTCH YCTOH'!IIBbIM. 

BnepBbie noJiy'!eHbI HeycTOH'IIIBbie MO,[\bl peryJIHpHbIX CTaU,IIOHapHbIX pemeHIIH 

CIICTeMhI 5IM,L\ B JIIIHeHHOM npII6JIII)KeHIIII, Ha OCHOBe KOTOpbIX 6hIJia pemeHa 3a,[\a'la 

pacna,[\a CTaU,IIOHapHbIX pemeHIIH. 

BbIJIO ycTaHOBJieHo, '!TO CTaU,IIOHapHbie pemeHIIH B CIICTeMe 51M,n;. o6p83yIOT 

C'!eTHOe MHO)KeCTBO KPIITII'!eCKIIX (noporOBbIX) pemeHIIH, p83,[\eJIHIOIIl,IIX ,[\IICnep

CIIOHHhie pemeHIIH II pemeHIIH C o6p830BaHIIeM CIIHryJIHpHOCTII. 

P83pa6oTaHHbie B ,[\IICCepTaU,IIII aHaJIIITII'!eCKIIe II 'IIICJieHHbie a,[\anTIIBHbie anro

pIITMbI MoryT npIIMeHHTbCH ,[\JIH IICCJie,[\OBaHIIH lllIIpOKoro KJiacca CIICTeM. HeJIHHeil:

HbIX 3BOJIIOU,IIOHHbIX ypaBHeHIIH ,[\OnycKaIOIIl,IIX coxpaHeHIIe <pyHKil,IIOHaJia 3Heprm1. 
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JI11qHhIH BKn~ aBTopir. 

BKJia,L\ aBTopa ,[\IICCepTaU,IIII 6bIJI onpe,[\eJIHIOrii;HM Ha Bcex 3Tanax BbIITOJIHeHIIH 

,n;aHHOfi pa60TbI. ABTOpOM caMOCTOHTeJibHO nocTpOeHbI BbI'!IICJIJITeJibHbie aJir'o))IIT

MhI, COCTaBJieHbI nporpaMMhl II npoBe,[\eHhI 'IIICJieHHbie paC'!eThI. 

Anpo6au;m1 pa60ThI 

OcHOBHbre proyJibTaThr ,[\IIccepTall,IIII ,L\OKJia,[\hIBaJIIICh Ha ceMIIHapax Jil1T 

0115111, 6hIJIII npe,[\CTaBJieHhI II ,[\OKJia,[\hIBaJIIICh Ha Me)K,II,yHapO,D;HbIX KOH<pepeHU,II

HX: "7th international Scientific Conference"(r. KomIIu,e, CJioBaKIIH, 2002.); Second 

Advanced Research Workshop "Gravity, astrophysics and strings"(r. KnTeH, BoJI

rapIIH, 2004); "XVI BcepoccI1fitKaH KOH<pepeHU,IIH no npo6JieMaM MaTeMaTIIKII, IIH

cpopMaTIIKII, <pII3IIKII II XIIMIIII 11 (r. MoCKBa, 2005). 

Ily6JIHKaIJ;HII 

Ifo proyJibTaTaM ,[\IICCepTall,IIII · ony6JIIIKOBaHo · meCTh pa6oT. 

O6'beM II CTPYKTypa ,n;11ccepTaIJ;IIH 

,l];i1ccepTaU,IIH COCTOIIT Il3 BBe,[\eHIIH; 'leThlpex rJiaB, 3aKJIIO'leHHH: CnIICOK JIIITe

paTypbI CO,[\ep)KIIT 103 HaHMeHOBaHIIH; TioJIHhifi 06'heM ,[\IICcepTall,IIII - H5 CTpaHIIIl, 

MaIIIIIHOnIICHOro TeKCTa, BKJIIO'laH qeTbipe TaMIIIl,·II ,[\Ba,[\Il,aTb qeTbipe pIICYHKa. 

Coaepa1ea11.ue pa6om'bt 
Bo BBe,n;eHHII o60CHOBaHa aKTJaJibHOCTb pa60TbI, ccpopMyJinpoBaHhl u,eJIII ,[\IIC-

cepTall,IIII, KOpOTKO onIICaHhl 3a,n;a'II1, B03HIIKaIOII(Ile npII IICCJie,[\0BaHIIII npou,ecca 

cpopMIIpOBaHIIH CIIHryJIHpHOCTII n npIIBe,n;eH KpaTKilfi o63op JIIITepaTypbl no Bonp<r' ( 

caM, paccMaTpIIBaeMblM B ,[\IICCepTaU,IIII: Bo BBe,n;eHile TaK)Ke ccpopMJJIIIpOBa:lii,1 oc-

HOBHbie ypaBHeHIIH II npIIBe,[\eHbl IIX CBOfiCTBa. 

ffccpepI1'!eCKif:CI1MMeTpII'IHOM; CJiyqae ,[\IIJiaTOHHOe noJie II noJie 51Hra-MJ,IJIJica 

(51M) MOrJT, 6hlTh onIICaHhl ,L\BYMH,~Ym~µIIHMil.<l>(t, r) II' f(t,7:).coOTBeTCTBeHH<>, OT

HOCIITeJibHO ,L\Byx nepeMeHHhnc: BpeMeHII t II pa,L\IIaJihHOii Koop,n;IIHaThI r. dricreMa 

B3aIIMO,n;eiiCTBYJOIIl,IIX noJiefi 51Hra-M1mJica C ,[\IIJiaTOHOM .onIIChIBaeTCH <pyHKb;rioaa0 

JIOM ,n;eiiCTBIIH 

J [l, 2 2 1 2 2 ill ( .2 2 (J2-1)2
)] S = - 2r <I>r - 2r <I>t + e \fr - ft + 

2
i-2 .. · drdt. 

CooTBeTCTBy~ru,Ile ypaBHeHIIH .IV3I1)KeHI1H IIMeIQT BII,n;: 

ftt + ft<I>t-~ frr - Ji·<I>· = f(l<'--: Jfh r r r2· , 

<I>tt - <I>~r - 2<I>r = - e~ ~J,2.·_ J,2 + (J?· ·-' 1)
2

)·•'. 
r r2 . \ r t 2r2 ,. 
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(2a) 
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CncTeMa HeJIHHeiiHhIX BOJIHOBbIX ypaBHeHHfi (2) HMeeT )].Be oco6bre TO"!Kll r = 0 n 

r = oo. lb Tpe6oBaHirn perymipHOCTH perneHnii B 3THX TO"!Kax (npn t < T, _r)].e T

BpeM.H cyrn;ecTBOBaHH.H perneHnii) CJie)].YIOT KpaeBhie yCJIOBll.H 

J(t, r = 0) = 1, fr(t, r = 0) = 0, cl>r(t, r = 0) = 0, (3a) 

lim f(t, r) = ±1, lim fr(t, r) = 0, lim cI>(t, r) = cI>00 , lim cI>~(t, r) = 0. (3b) 
r--+oo r--+oo r--+oo r-+oo 

OTMeTllM Ba)l<:HOe CBOikTBO CllCTeMhl 51M)].. TaK KB.K nO,l].bIHTerpaJibHa.H cpyHKIJ,ll.H 

( 1) He CO)].ep)KllT .HBHO BpeMeHH t' TO 3Heprtt.H 

+oo 

E = J [!r2cI> 2 + !r2cI> 2 + eiJ> (12 + ;2 + (!2 -1)2)] dr 
2 r 2 t r J t - 2r2 

(4) 

0 

.HBJ15JeTCH coxpaH.HIOrn;eiiCH BeJIH"IHHOfi, T.e. dE/dt = 0. Bo BBe)].eHnn TaK )Ke 6b1-

no noKa:JaHO, "ITO CllCTeMa HeJIHHeHHbIX 3BOJIIOD;llOHHbIX ypaBHeHllll 51M,ll. .HBJI.HeTC.H 

Ha,n;KpHTH'IeCKOH ll )].OnycKaeT cyrn;ecTBOBaHne perneHnii, CTaHOB.HIIl;llXC.H CHHryJI.Hp

HbIM 3a KOHe"!HOe BpeM.H T B n;eHTpe CllMMeTpllll r = 0. 

B nepBOH rJiaBe llCCJie,l].OBaJillCb CTan;noHapHbie perneHH.H CllCTeMhI 51M)]., onpe

)].eJI.HeMbie KaK perneHH.H KpaeBoii 3a)].a"ln: 

J" + J'cI>' = _f(l ~ J
2

), 
r 

n-- 11 _ 2cI>'=e/J>[J'2 (f2-1)
2

] .._., + 2 + 22 ' r r r 
f(O) = 1, f '(0)= 0, cI>(0) = 0, cI>'(0) = 0, 

Hm J(r) = ±, lim J'(r) = 0, lim cI>(r) = cI>00 , lim cI>'(r) = 0. 
r-+oo · r--+oo r-+oo r-+oo 

(5a) 

(5b) 

(5c) 

(5d) 

3)1.eCh ll HH)Ke, eCJill He YKa3aHO OT)].eJihHO, rnTpllXOM o6o3Ha"!eHbl npOH3BO,l].Hbie no 

nepeMeHHOll r. K paeBbie ycJIOBll.H B TO"!Ke r = 0 CJie)].YIOT ;ll3 Tpe6oBaHH.H peryn.HpHO

CTll, KOTOpOMY YAOBJieTBOp.H!OT perneHH.H, npe)].CTaBHMbie B Bll)].e p.H)].a B OKpeCTHOCTll 

aToii TO"IKH c napaMeTpOM b: 

f(r)r__,o = ±J - br2 + O(r4
), cI>(r)r__,o = cl>a + b2r2 + O(r4

). (6) 

KaK 6b!JIO paHee ycTaHOBJieHO CllCTeMa (5) HMeeT C"leTHOe MHO)KeCTB0 CTan;noHap

HbIX perneHnii, KOTOpbre MOrYT 6hITb napaMeTpll30BaHhI qepe3 "!llCJIO HyJieii N cpyHK

D;llll 51M. AHaJill3 ycTOH"lllBOCTll 3TllX pernimnfi noKa38Jl, "ITO "!llCJIO HeycTOH"lllBbIX 

MO)]. cTan;noHapHoro perneHH.H c N HYJIHMH cpyHKD;HH 51M paBHO N. 
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3a)].a"!a (5) pernaJiaCb "IHCJieHH0 ,ll.B}'M.H HroaBllCHMhlMH MeTO,l].a.Mll: Ha 0CHOBe Henpe

pbIBHOro aHaJiora MeTO,ll.a HhIOTOHa n MeTO,ll.0M npncrpe.n:KH no napaMeTpy b p83Jlo

)KCHH.H (6). IloCKOJibKY T0"!Ka r = 0 - oco6rui, TO IIpH 'lliCJICHHbIX p8.C'IeTaX 3a)].aqa 

Kornn, nepenncaHHruI B BH)].e cnCTeMhl ypaBHemdi nepBoro rrop.H)].Ka, pemanacb He 

c TO"!Kn r = 0, a c HeK0T0pofi TO"!Kll ro = £ > 0. Ha"!aJibHoe YCJI0Bne B TO"!Ke ro 

,ll,II.H 3a)].a"!n Kornn 6bIJio nonyqeHo ll3 p83JIWKeBHH B pH)]. (6) B OKpecTHOCTH n;ettTpa 

cnMMeTplrn r = 0. 

BbIJIO BOCnpon3Be)].eHO ceMeiiCTBO cran;1muapHbIX perneHIIfi nonyqeHHbIX r. JlaB

pernBnJIJin n )].. MaiicoHoM, a TaK)Ke YTQ"!HeH 'lliCJieHHhlii napaMeTp b, xapaicrepn-

3y10rn;nii-aTn perneHn.H. 

Bo BT0p0M naparpacpe ll3JI0)KeH MeTO,ll. <pa30BblX «pyttKD;Hfi Ha rrpnMepe aHaJill3a 

YCTOH"lllBOCTn CTan;nouapHbIX perneHnfi B paMKaX mmeiiHOH TeOpnn BOOMYrn;eHnfi. 

B Ka"leCTBe B03Myrn;eHHfi CTan;HOHapHoro pemeBHH fN(r), cI>N(r) paccMaTpnBaJinCh 

ccpepnqecKn cnMMeTpn"!Hhle BOOMyrn;eHIUI BH)].a: 

J(t, r) 

cI>(t,r) 

= !N(r) + £ V1(r) eiwt = JN(r)-t.-£ exp{-cI>N/2) v(r) eiwt, 

·t ~ iwt = cI>N(r)+t::V1J>(r)esw =<I>N(r)+£-u(r)e , 
r 

r)].e t:: - MaJihiii napaMeTp, a v(r), u(r)- <pyttKD;llil no,ll,lle~e orrpe)].e.neHn10. 

(7) 

B OCHOBe 3a)].a"!n MHOroKaHaJibHOro IlCYrelln;HaJibHOro pacce.HHn.H Jie)KHT MaTPnq

HOe pa)].naJihHOe ypaBHeHne IIIpe)].llHrepa. B uameM CJiyqae, ,lI,IIH nonyqeHn.H )].Byx

KaHaJihHOro ypaBHeHn.H IIIpe)].llHrepa MaTPH"IHruI 3a)].a"!a IIITYPMa-JlnyBHJIJI.H Ha 

nony6ecKOHe"!HOM nHTepBaJie 6bma npHBe)].eHa K caMOCOnp.H)KeHHOMY Bll)].Y: 

-\JI"+ U(r)\J!- ~\JI= 0, (8) 

Ha nonyocn O < r < 00 C rpaHn"!HbIMn YCJI0BIUIMH 

IJl1(0)=0, '112'(0)=0, '1r1(oo)=0, '112 '(oo)=0 (9) 

n yCJioBneM HOpMnpOBKn 

00 00 

I(\J!) = J w+w dr -1 = / (w~ + \JI~) dr - 1 = 0, (10) 
0 0 

- T 
r)].e BeKTOp co6CTBeHHbIX cpyHKD;nii \JI = ('111, '112) (BepXHnii nH,n;eKC T o6ooHa-

qaeT TpaHcnoHnpoBattne) CB513aH C BeKTOpoM B03MYrn;eHnii (u, vf onpe)].eJieHHbIM 

npeo6pa30BattneM, a 3JieMeHTbl 2-MaTpnD;bI u BbiproKa.lOTC.H qepro CTan;HOHapHoe 
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pewemrn, YCTOfi"IIIBOCTh KOToporo IICCJie,eyeTC$1. MaTeMaTII"IeCKOfi OCHOBOfi MeTO)J.a 

cp830BhIX <PYHKI.J;Ilfi HBJIHeTC$1 TOT cpaKT, 'ITO JIIIHefiHoe O)J.HOpO)J.HOe ypaBHeHIIe BTO

poro IIOpH)J.Ka, KaKIIM HBJIHeTCH ypaBHeHIIe Illpe)J.IIHrepa, MO)KeT 6bITh CBe)J.eHO K 

HeJIIIHefiHOMY ypaBHeHmO nepBoro IIOpH)J.Ka - ypaBHeHIIIO PIIKKaTII. B CJiy"Iae )J.Byx

KaHaJihHOro pacceHHIIH rrpou.ecc OIIIIChIBaeTCH )J.BYMH q>830BhlMII <PYHKIJ.IIHMII <5i ( r), 
02 ( r) II <PYHKIJ,IIefi €( r)' KOTopyIO o6bI"IHO H83hIBaIOT II rrapaMeTpOM CMeIIIIIBaHIIH II. 

,Il;JIH HaXO)K,!l;eHIIH 3TIIX <PYHKIJ,llfi pewanach 3a)J.a"Ia Kow11 )J.JIH CIICTeMbl ypaBHeHIIfi 

rrepBoro rrop.H)J.Ka Ha OCHOBe BapIIaHTOB MeTO)J.a PyHre-KJTTbl II MeTO)J.a A,n;aMca. 

Ta6n11u.a 2: OcHOBHbie (MHHHMaJibHbie) co6CTBeHHbie 3HaqeHHH >.}. H 3HaqeHHH 

rrapaMeTpOB R00 H b. 

N ,>.1 
N Roe b 

1 -9.0566 X 10-2 2 X 103 1.043320582 

2 - 7.5382 X 10-2 2 X 105 1.414072399 

3 -4.9346 X 10-2 2 X 107 1.500007215 

4 -4.3455 X 10-2 1 X 108 1.515017863 
AHaJIH3 yCToitqHB0CTH CTaI{HOHapHbIX pemeHHH IIOK838JI, qTo ,lf,JIH pemeHHH C -. 5 -4.2434 X 10-2 1 X 109 1.517493316 

qnCJioM HyJreit N <PYHKI{HH HM qnCJio HeycToitqHBhIX Mo,n, TaK)Ke paBH0 N. 

B TJ>0TI,eM rraparpaq>e 6hma ccpopMyJI11poBaHa MaTpII"!HaH 3a,n;a"Ia llITypMa

JI11yB11JIJIH B caMOCOIIp.H:lKeHHOM BII)J.e Ha KOHe"IHOM IIHTepBane r E (0, Roel, KpaeBhie 

YCJIOBIIH Ha rrpaBOM KOHIJ;e 0Tpe3Ka 6bIJIII IIOJIY"IeHhl rrpIIHIIMaH BO BHIIMaHIIe aCIIMII

TOTII"IeCKOe IIOBe)J.eH11e CTaIJ,IIOHapHbIX peweHIIfi II IIOTeHIJ,llaJIOB U IIpII r ---+ 00. Ilp11-

Be)J.eH anropIITM peweHII.H 3TOfi 3a)J.a"III Ha OCHOBe HenpepbIBHOro aHanora MeTO)J.a 

HhlOTOHa. C I.J;eJibIO cpaBHeHIIH pe3yJihTaTOB TaK:lKe pewanacb HecaMOCOIIpH:lKeHHaH 

3a)];a"Ia llITypMa - JI11yBIIJIJIH: 

-x" + P(r)x' +Q(r)x = w2x, 0 < r < oo. (11) 

3,n;ecb P II Q - 2-MaTpIIIJ.hI, IIpII"IeM P HBJI.HeTC.H aHTIICIIMMeTpII"IeCKOfi. 

TaK:lKe B TpeTheM naparpacpe paCCMOTpeH BOIIpoc O BhI6ope Ha"IaJihHOrO rrp11-

6JI11:lKeHIIH )J.JIH HaxO)K,!l;eHII.H co6CTBeHHhIX <PYHKIJ,llfi II co6CTBeHHhIX 3Ha"IeHIIfi. . 
B "I0TBepTOM naparpaqie rrp11Be,11,eHbl pe3yJihTaTbl II aHaJill3 pac"!eTOB. ,Il;JI.H Ha-

XO)K,!l;eHII.H co6CTBeHHhIX HeyCTOfi"IIIBhIX MO)J. perynHpHbIX CTaIJ,IIOHapHblX peweHIIfi 

CIICTeMbl ypaBHeHIIfi 51M,n; 6bIJIII peweHhl CJie,ey10ni;11e 3a)J.a"III: 

a) KpaeBaH 3a,11,a"Ia (5) ,11,JIH HaxO)K,!l;eHIIH CTaI.J;IIOHapHblX peweHIIfi, KOTOpbie MO

ryT 6hITh rrapaMeTpII30BaHhI "Iepe3 "IIICJIO Hynefi N cpyHKIJ.IIII 51Hra-M11nnca; 

Ta6n11u.a 1: Co6CTBeHHbie 3HaqeHHH { >.1-., }f=,1. 

N ,>.1 
N 

,>.2 
N 

,>.3 
N 

,>.4 
N 

1 -9.0566 X 10-2 

2 - 7.5382 X 10-2 -2.0742 X 10-4 

3 -4.9346 X 10-2 -1.4957 X 10-4 -1.9622 X 10-7 

4 -4.3455 X 10-2 -5.9905 X 10-5 -1.3278 X 10-7 ~ -10-9 

6 

6 -4.2266 X 10-2 3 X 1010 1.517897653 

00 ~ -4.22 X 10-2 ~ 1.518 

b) caMOCOIIpH:lKeHHaH MaTpII"IHaH 3a)J.a"!a llITypMa-JI11yBIIJIJIH (8) - (10) II 3KBII

BaJieHTHa.H efi HecaMOCOIIp.H:lKeHHa.H 3a,ll,a"Ia (11) ,ll,JI.H HaxO)K,!l;eHIIH co6cTBeH

HhlX <PYHKIJ,llfi II co6CTBeHHhIX 3Ha"IeH11n:". 

06e 3a)];a"III a) II b) peIIIaJIIICh Ha OCHOBe HenpephIBHOro aHaJIOra MeTO)J.a HhIOTOHa. 

3a,n;a"Ia a) pewanach TaK:lKe MeTo,11,oM np11cTpenK11 no napaMeTpy b. 

BJIII.HHIIe "aKTYaJihHOfi 6ecKOHe"IHOCTII" Roe Ha pe3yJihTaTbl pac"IeTOB IICCJie)J.O

BaJIOCh MeT0,11,0M ycTaHOBJieHIIH. 

,Il;JIH CTaIJ,IIOHapHhIX peweHIIfi c N = 1, 2, 3, 4 6bIJIII IIOJiy"IeHhl Bee co6cTBeH

Hhie <PYHKIJ,1111 II co6cTBeHHble 3Ha"!eHIIH >.1-.,, j = 1, ... ' N, KOTOpbie npe,11,cTaBJieHhl 

B Ta6. 1. KaK Bll,11,HO 113 3TOfi Ta6JIIIIJ,hl, ,11,JIH peweHIIH, napaMeTp1130BaHHOro "Ie

pe3 N, co6CTBeHHhie 3Ha"IeHII.H ·6bICTp0 ,CTpeMHTCH K HyJieBOMY 3Ha"!eHIIIO CHII3Y C 
1J 1 ' • 

yBeJIII"IeHIIeM j. Ilo3TOMY ,ll,JIH CTaIJ,IIOHapHbIX peweHIIfi C N > 4 6bIJIII IIOJiy"IeHbl 

TOJlhKO OCHOBHhie co6cTBeHHble <PYHKI.J;IIII II co6cTBeHHble 3Ha"!eHIIH >.k,, KOTOpb!e 

rrpe,n;cTaBJieHhl B Ta6. 2. 

0,n;Hofi 113 oco6eHHOCTefi CTaIJ,IIOHapHbIX peIIIeHIIfi CIICTeMbl 51M,n; HBJI.HeTC$1 ,6hICT

poe CMeni;eHIIe acIIMIITOTII"IeCKOfi o6JiaCTII K 6oJihilllIM 3Ha"IeHIIH r C yBeJIII"IeHIIe HO

Mepa N. TaK:lKe B Ta6. 2·rrp11Be)J.eHhI 3Ha"!eHII.H napaMeTpa Roe, ·Heo6xo,11,11Moro ,ll,JIH 

"" peweHIIH COOTBeTCTBy10ni;efi KpaeBofi 3a)];a"Ill Ha IIHTepBane r E (0,,Roo) II y:rmrneH

Hhie 3Ha'IeHIHI: rrapaMeTpa' b- ( C TO"IHOCThlO :,11,0 ,10-10). 

-Bo, BTOpoii rJiaae,, B nepBOM naparpacpe. 113Y"IaJIIICh. aBTOMO)J.eJihHhie ,peweHIIH 

CIICTeMbl ypaBHeHllfi 51M.n.. C11CTeMy ypaBHeHIIfi 51M,n; 'MO)KHO npe,n;CTaBIITh B ,Mac-
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IIITa6HO-llHBaprraHTHOil: <pOpMe, ecnn BbI)];enllTb MaCIIITa6HO-llHBapnaHTHYIO '!aCTb 

)];lWaTOHHOH <pyHKII;llll ¢( t, r) cne,n:yIOIII;llM o6p830M: 

cI>(t,r) = ¢(t,r) + 2ln(r). 

Tor,n:a, MO)KHO BBeCTll rronO)KllTenbHYIO IIOCTOHHHYIO T ll aBTOMo,n:enbHJIO rrepeMeH

HYIO { = (T- t)/r, a perneHllH cncieMbl ypaBHeHllll 51M,n: llCKaTb B aBTOMO,n:enbHOM 

Brr,n:e: 

f A(t, r) = f({), <PA(t, r) = ¢({). (12) 

ABTOMO,n:enbHaH rrepeMeHHaH TaK)Ke MO)KeT 6bITb BbI6paHa B Brr,n:e 'r/ = r/(T- t). 

Ilo,n:cTaHOBKOH (12) CllCTeMa 3BOnIOII;llOHHblX ypaBHeHHH (2) CBO)];HTCH K CllCTeMe 

o6b!KHOBeHHb!X ,n:rrcp<pepeHII;llMbHbIX ypaBHeHnfi, OTHOCHTenbHO <pyHKII;llfi !({) ll 

¢({): 

fu = -f,{<P,{ + J[J2 -1] 
{2 -1 , 

2 
<Pu= - {2 _ 

1 
+ exp[¢] {(f.{)2 + (J2 - 1)2} 

2({2 - 1) . 

(13a) 

(13b) 

Ilony'leHHaH CllCTeMa ypaBHeHHH rrMeeT '!eTbipe CHHrynHpHbie TO'!Kll { = -oo, 

-1, +1,+oo. B Ha<Jane 6bma paccMoTpeHa 3a,n:a'la Ha rrony6ecKoHe'IHOM nHTepBane 

{ E [1, +oo), KOTOpbIH IIOKpbIBaeT BHJTpeHHIOIO 'laCTb CBeTOBoro KOHyca rrpornnoro 

TO'IKH (t = T, r = 0). 
AamoMoaM'bnaR 3aaa"l,a na unmepaaJLe { E [1, oo) rrMeeT Brr,n:: 

f 
+ 2f,{ + flsl = f (1 - J2) 

u { s 1-{2 , 

s.u' s;{ 2 2 2 2 es (1 - 12)2 
7 - ?i - { sf,{ - {2 = 1 - {2 - 2(1 - {2) ' 

f(l) = o: s(l) = 4, J(oo) = ±1, J,d{) -+ 0, s,d{) ~ 0. 
{->00 {->00 

(14) 

(15) 

(16) 

r,n:e <pJHKI.J;H}l s({) - perynHpHaH '!aCTb ,n:rrnaTOHHOil: <pyHKII;llll ¢({) Ha rrony6ec

KOHe'IHOM llHTepBane { E [1, oo): ¢({) = ln[{2s({)]. KpaeBble ycnoBirn (16) 6binll 

rrony'!eHbl ll3 Tpe60BaHHH perynHpHOCTll <pyHKII;llll 51M !({) rr ,n:rrnaTOHHOil: <pyHK

u;rrrr s( {) B TO'!Kax { = 1 ll ~ = +oo. ,[I;nH 'IHCneHHOro perneHHH 3TOil: 3a,IJ,a'lll HaMH 

rrprrMeHHnCH Herrpepb!BHb!H aHanor MeTo,n:a HbIOTOHa. 

KaK rr ,n:nH CTau;rroHapHbIX perneHrrii:, 6bmo ycTaHoBneHo, 'ITO rrony'leHHbie pe

meHHH MoryT 6bITb uapaMeTPH3OBaHbI qepe3 'IHCJIO HyJieit <pyHKIJ;HH 5IM f({) Ha 

8 
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en 
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' 8 

~ 

J 

0 2 4 8 8 
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. ~ 2 
3 

0 2 4 ' 
. 8 

In@ 

Pnc. 1: ABTOMOAeJibHbre pemeHHH c N = 0, 1, 2, 3 HYJIHMH <pyHKLI;HH 5IM: <PYHKLI;HH 

f({) - BBepxy, AHJiaTOHHaH <pyHKIJ;HH s({) - BHH3Y. 

HHTepBaJie { E (1, oo). PerneHrrH c N = 0, 1, 2, 3 HynHMrr cpyHKu;rrn 51M rrpe,n:cTaBne

HbI Ha Prrc. 1. 

K Haii:,n:eHHb!M B o6nacTII { E [1, +oo) perneHllHM !({), s({) 6bmo IIOCTpoeHo 

aHanllTII'!ecKoe rrpo,n:on)Kettrre perneHnfi B TepMnHax cpyHKu;nii: f ({), ¢({) K TO'IKe 

{ = 0 crrpaBa. Ha llHTepBane { E [0, 1] llCKOMbie <pyHKI.J;llll 6bmrr rrony'leHbl 'lllCJieHHO 

KaK perneHllH 3a,n:a'lll Kornn )];nH CHCTeMbl ypaBHeHnil: (13) C Ha'!anbHbIMll ycnoBHHMll 
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B TO'IKe { = 1 - E, E > 0, KOTOpbre eJie)Jy!OT II3 p83JIO:lKeHII.H B p.H,n;: 

/({){--+l = /i({ - 1) - ~ (10 + 81)({ - 1)2 + 0(({ - 1)3), 

1 1 
s({)e--+1 = 4 + s1({ - 1) + (8 + 8/l + 8si + 2s1)({ - 1)2 + 0((€ - 1)3), 

e rrapaMeTpaMII /i II 81, IIOJiy'IeHHbIMII II3 3Ha'IeHIIH rrpOII3BO,ll;HbIX cpyHKII,IIfi /({) 

II s({) B TO'IKe { = 1 (CM. Ta6nIIey 3). To<JKa { = 0 (IIJIII 'fJ = oo )- peryn.Hp

Ha.H TO'IKa IIeene,nyeMOi!: eIIeTeMhI ypaBHeHIIfi II eii: eOOTBeTeTByeT rrpoeTpaHeTBeH

Ha.H 6eeKOHe'IHOeTb r -+ +oo rrpII JII06bIX 3Ha'IeHII.HX t = canst, t < T. B 3TOi!: TO'IKe 

Hai!:,n;eHHhre cpyHKU.IIII MOHOTOHHhI II IIMeIOT 3Ha<JeHII.H /({ = 0) = f(TJ = oo) = / 00 , 

¢({ = 0) = </>(TJ = oo) = <Poo, ,ll;Jl.H aBTOMO,ll;eJibHOro perrreHII.H e N = 0 6bIJIII 

rrony'IeHhI ene,nyIOIIIIIe 3Ha<JeHII.H rrapaMeTpOB /({ = 0) = / 00 = -0.5072593 ... , 

¢({ = 0) = <Poo = 2.1214115 .... HeB03MO:lKHOeTb ,ll;aJihHeii:rrrero rrpo,n;OJI:lKeHII.H pe

rrremi:i!: OT TO'IKII { = 0 K { = -1 errpaBa 6bIJia yeTaHOBJieHa 'IIIeJieHHO. Bee pae

eMaTpIIBaeMhie perrreHII.H e N = 0, 1, 2,3, ... 00 eTaHOB.HTe.H HeorpaHII'IeHHbIMII B 

OKpeeTHOeTII { = -1 errpaBa, II KaK ene,n;eTBIIe, He MoryT 6bITb HerrpepbIBHO rrpo

,ll;OJI:lKeHhl Ha Bee rrpoeTpaHeTBO-BpeM.H, IIOKphrnael'.Wro KOOp,ll;IIHaToi!: €-
Bo BT0p0M rraparpacpe 6bIJI rrpoBe,n;eH aHaJIII3 yeTOll'IIIBOeTII aBTOMo,n;eJihHbIX 

perrreHIIll eIIeTeMbI ypaBHeHIIH 51M,n; Ha IIHTepBaJie { E [ 1, +oo) B paMKax JIIIHeii:HOH 

TeopHH B03MYIIIeHHll MeTO,ll;OM cp830BbIX cpyHKII,Hfi. ,ll;JI.H 3THX u.enei!: 6bwa BBe,n;eHa 

,ll;OIIOJIHHTeJibHa.H rrepeMeHHa.H 7 TaK, 'IT06bI MH0:lKeeTBO rrp.HMbIX { = canst 6bIJIO 

OpTOrOHaJibHO K MHO:lKeeTBY rrp.HMbIX 7 = canst: 

T-t J { = --, r = - In (T - t)2 - r2 
r 

(17) 

Ta6JIHII,a 3: 3uaqeHHH rrapaMeTpaB /1, S1 ,O.JIH aBTaMO,O.eJibHblX peIIIeHHH C N HYJIHMH 

<PYHKIJ,HH HM 

N Ji S1 

0 0.498934096775465 -8.92179247 

1 1.135710-12 -8.00124 

2 6.315410-13 -8.00095 

3 8.068710-13 -8.00068 

... ... . .. 
00 0.0 -8.0 
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H paeeMOTpeHhl ecpepII'IeeKH eHMMeTpH'IHbie B03MYIIIeHH.H B BH,n;e: 

/({, r) JN({) + E J2({2 - 1) v({)eiwr, 

¢({,r) = <PN({)+Ee-<PN({)l2~u({)eiwr, (18) 

r,n;e !N({), <PN({) - aBTOMO,n;eJihHhie perrreHH.H 38.)J,a'IH (14 -16), rrapaMeTpH30BaHHbie 

<Jepe3 <JIIeJio Hynei!: N cpyHKU.IIII 51Hra-MIIJIJiea /({). 

,ll;JI.H rrpoBe,n;eHH.H aHaJIH3a yeTOH'IIIBO~TH aBTOM0,ll;eJibHbIX perrreHIIll Ha oeH0Be 

MeTo,n;a cp830BbIX cpyHKII,IIi!:, 6bIJIO IIOJiy'IeHO ,n;ByxKaHaJibHOe pa,n;IIaJibHOe ypaBHeHHe 

III pe,n;1rnrepa: 

-x,P,P + Ux = n2x, n2 = w2 -1, 

r,n;e 6hIJia BBe,n;eHa ,ll;OIIOJIHHTeJibHa.H rrepeMeHHa.H p: 

1 ({ -1) 
p=2ln {+1' 

{= l+e2P 
1 - e2P· 

(19) 

(20) 

OTMeTIIM, 'ITO B KOOp,ll;IIHaTax p paeeMaTpIIBaeM.I,Ill IIHTepBaJI { E [1, oo) rrepexo,n;HT 

B p E (-oo, O], a IIOTeHII,IIaJibI U Bbipa:lKaIOTe~ 'Iepe3 aBTOMO,ll;eJibHbie perrreHII.H. 

AHaJIII3 yeTOH'IIIBOeTII IIOK83aJI, 'ITO T0JibKO 6e3}'3JIOBOe aBTaMo,a.eJibHOe peIIIe

HHe ( N = 0) ycToifqHBO B paMKax JIHHeHHOH TeopHH B03MyIII,eHHH. 

B TpeTbeii: rJiaBe H3Y'IaJiaeh ,ll;HHaMIIKa cpopMHpOBamrn eHHryJI.HpHOeTH B pe

rrreHII.HX eHeTeMhl 51M,n;. 

B nepB0M rraparpacpe, ,n;JI.H Mo,n;enHpOBaHII.H rrpou,eeea cpopMIIpoBaHH.H eHHryn.Hp

HoeTII B u,eHTpe eIIMMeTpIIH r = 0 6hIJia rrpe,n;JIO:lKeHa ene,nyrorrr.a.H rroeTaHOBKa 

Ha'IaJibHO-KpaeBOH 38.)J,a'IH ,ll;Jl.H eIIeTeMhl Hemrneii:HbIX BOJIHOBbIX ypaBHeHHll (2). 

B Ka<JeeTBe 'H.a"iaJ1.'b'H.a20 yCJLOBUJ/, ,n;n.H IIOJI.H 51M 6b1Jia Bhr6paHa JIOKaJIII30BaHHa.H 

BOJIHa, paerrpoeTpaH.HIOIIIa.He.H TOJibKO no HarrpaBJieHHIO K r = 0. TioeKOJibKY ypaB

HeHII.H 51M.n; ,n;orryeKaIOT ,n;Ba BaKyyMHblX eoeTO.HHH.H ,ll;Jl.H IIOJI.H 51M f = ± 1, TO 6hIJIO 

paeeM0TpeHO ,n;Ba THIIa Ha'IaJibHbIX paerrpe,n;eJieHIIll ,n;JI.H IIOJI.H 51M f ( t = 0, r) = q( r), 
OTJIH'IaIOIIIIIXe.H OT BaKyyMHbIX eoeTO.HHHH B orpaHH'IeHHOii: o6naeTH, Jie:iKarrr.ei!: B,n;a

JIII OT r = 0. TiepBblll THII Ha'IaJibHOro paerrpe,n;enemrn, eoe,n;IIH.HIOIIIHH TOII0JI0rII

'IeeKH II,ll;eHTII'IHbie BaKyyMHbie eoeTO.HHH.H f = + 1, 6bIJI Bbr6paH B BlI,n;e rayee

pacrrpe,n;eneHH.H 

q (r) = 1 - A r 2 
exp [-o:(r - R)2] , 

r,n;e A, o: H R - rrapaMeTpbI. 

(21) 

BTopoii: TIIII Ha'IaJibHOro paerrpe,n;eJieHH.H cpyHKII,IIH 51M, eoe,n;HH.HIOIIIHll TOIIO

JI0rH<JeeKII p83JIH'IHhie BaKyyMHbie eoeTO.HHII.H IIOJI.H 51M f = + 1 H f = -1, 6bIJI 
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Bhr6paH B Btt,n;e KHHK-pacITpe,n;enemrn c ITapaMeTpoM a 

1- ar2 

q(r) = 1 + ar2 (22) 

Ha'laJihHbre ycnoBH.H Ha <PYHKn;mo 51M, OITHCbIBa10rn;ne JIOKaJIH30BaHHYIO BOJIHY, pac

ITpocTpaH.HIOrn:yIOC.H K r = 0, 3aITIICbIBaIOTC.H cne,n;y10rn;IIM o6pa30M: 

f(0, r) = J0 (r) = q (r), ft(0, r) = ] 0 (r) = fr (0, r) = qr(r). (23) 

Ha'laJihHOe pacITpe,n;eneHHe )];JI.II ,D;HJiaTOHHOH <PYHKU:HH ITOJiyqaeTC.H IIHTerp11poBaHH

eM ypaBHeHH.H (2b) ITO pa,n;ttaJihHOii: Koop,n;ttHaTe ITPH t = 0: ITonara.H B (2b) <I>t(0, r) = 
0, <I>u(0, r) = 0 H yq11TbIBa.H ycJIOBII.H (3), Haxo,n;ttM <PYHKU:HIO <I>(0, r) = <I>0

(r) KaK 

perueHHe 3a,D;a'IH KoruH C Ha'laJibHbIM yCJIOBHeM B TO'!Ke r = 0: 

-<I>o" _ 2<I>o' 
r 

<I>o (0) 

- e,po [(q (r)2 - 1)2] 
r 2 2r2 ' 

= <I>0 ' (0) = 0. 

3a,n;aqa Kornn (24) pernanach 'IHCJieHHO MeTo,n;oM PyHre-KyTThr. 

(24) 

TaKHM o6pa30M, Ha'laJibHO-KpaeBa.H 3a,n;aqa )];JI.II CB.H3aHHOH CHCTeMbl HeJIHHeii:

HbIX BOJIHOBbIX ypaBHeHIIH (2) HMeeT BIi)];: 

( <Pr) (<Pf) ,pf(l-J2) 
e Jt t = e r r + e 2 , r 

2,,.._ ( 2;. ) ip (12 !2 (!
2 
- 1)

2
) r 'l!tt = r 'l!r r - e r - 1 + 

2
r 2 , 0 < t < T, 0 < r < oo; 

J(O, r) = J0 (r), / 1(0, r) = ]0
(r), 

<I>(0, r) = <I>0 (r), 

f (t, 0) = 1, 

<I>1(0, r) = <I>0 (r) 

<I>r(t, 0) = 0, 

Jim f(t,r) = ±1, lim <I>(t,r) = <I>0(oo) 
r---+oo r---+oo 

\/r ~ O; 

0<t<T. 

(25a) 

(25b) 

(25c) 

(25d) 

Bo B-ropoM ITaparpaq>e ITpHBe,n;eHa o6rn;a.H BhI'IHCJIHTCJibHa.H cxeMa )];JI.II perneHH.H 

3a,D;a'IH (25) MCTO,D;OM KOHC'IHbIX pa3HOCTeii:, ITPHMeHHMaH ,D;JI.H 'IIICJICHHOro ITOCTpO

CHH.H perneHHH KaK Ha 60JibllIIIX, TaK H Ha MaJibIX ITpOCTpaHCTBCHHbIX H BpeMeHHbIX 

MaCIIITa6ax. 

Heo6xo,n;HMOCTb paC'ICTOB Ha 6oJihllIHX ITpOCTpaHCTBCHHblX MaCIIITa6ax B03HHKJia 

ITPII peIIICHIIH 3a,n;aq pacITa,n;a CTan;ttoHapHbIX peIIIeHHH, paCCMOTpeHHbIX B rnaBe 4. 
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_,-' "2•1n(r)+2.1214-~ T-t-lAE-13 , 
-70 • 

-38 -32 -28 

ln(r) 

-24 -20 

Pttc. 2: ABTOM0,11,CJibHbIH xapa~Tep noBe,11,eHHH pemeHHit: 3B0JIIOI{HH pemeHHii <pyHK

I{HH 5IM J(t, r) -CJreBa, ,11,HJiaTOHHOii <pyHKI{HH <I>(t, r) -cnpaBa nput - T: C Ha'laJib

HbIM raycc-pacnpe,11,eJieHHH <pyHKI{HH 5IM c napaMeTpaMH A= 0.2, a= 10, R = 2-

KBa,.qpaTbI, c KHHK-pacnpe,11,eJICHHCM, napaMeTp a = 0.281 - Kpyru. 

,Il;JI.H H3y'leHH.H 3BOJIIOU:HOHHbIX peIIIeHHH HaMH ITpHMeH.HJIHCh )];Ba ITO,n;xo,n;a: HCITOJib-

30BaHHe KBa3HpaBHOMepHblX CCTOK H MaCIIITa6ttpoBaHHe ITO pa,n;IIaJibHOH KOOp,D;HHa

Te, II03BOJI.H!Orn;He q>OpMHpOBaTb pac'!eTHYIO o6JiaCTb B 3aBHCHMOCTII OT BeJIJI'IIIHhI 

R00 , cne,n;y10rn;HM o6pa30M: 

x=rµ, r=x 1fµ, l/µ=v=l,2,3, .... 

,Il;na 3a,n,a'IH (25), ITepeITHCaHHOii: OTHOCHTCJihHO HOBOH nepeMeHHOii: x, Ha OCHO

Be MeTo,n;a 3HepreTH'leCKHX HepaBeHCTB 6bIJia ITOCTpOeHa KOHCepBaTHBHa.H pa3HOCT

Ha.H cxeMa H IIOJiy'leHO 3HepI'eTH'lCCK0e T0JKACCTB0, KOTopoe .HBJI.HeTC.H pa3H0CTHbIM 

aHaJI0I'OM 3aKOHa coxpaHeHHH 3HeprHH (4). TaK )Ke 6bIJIO Haii:,n;eHO ycJIOBHe ITPII 

KOTOpOM pa3HOCTHa.H cxeMa .HBJI.HeTC . .H 6e3ycJIOBHO ycTOH'IHBOfi. Pa3HOCTHa.H 3a,n,aqa 

peIIIaJiaCh .JJTepan;HOHHhIM ~eTO,D;OM: CITeU:HaJibHOe npe,n;CT8:13JieH11e ITOTeHU:HaJihHbIX 

cnaraeMhIX IT03BOJIIIJIO cyrn;eCTBCHHO COKpaTHTb 'IHCJIO. HTepan;ttfi, '.{'pe6yeMhIX ,D;JI.H 

peIIIeHH.H 3a,n,a'IH C 3a,n;aHHOfi TO'IHOCThlO Ha Ka)K,D;OM BpeMeHHOM CJIOe. 

B TJ)eTbeM ITaparpacpe ITpHBe,n;eHhI pe3yJihTaThI II aHaJIH3 pac'leTOB Ha'laJihHO

KpaeBoii: 3a,n,aqn (25). BhI'IIICJIHTeJihHhie 3KCITepIIMeHThI IIOKa3aJIII, 'ITO ITpH O,D;HO

napaMeTptt'leCKOM 3a,n;aHIIII Ha'laJihHOro pacnpe,n;eneHH.H IIOJI.H 51Hra~MIIJIJICa B BH,D;e 

JIOKaJIH30BaHHOfi BOJIHhI, pacITpOCTpaH.HIOrn;efiC.H K r = 0, cyrn;eCTBYeT- KP~TII'leCKOe 

3Ha'!eHtte napaMeTpa Acr (,n;pyme napaMeTphI raycc-pacITpe,n;eneHH.H q>HKCttpy10Tca) 
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nnn acr, p83,n.emnorn;ero pe)KllMhI pacceHHllH A < Acr (a < acr) n C)K8.TllH, npttBO

,n..srrn;ero K cpopMnpoBaHllIO cnHryn.srpHOCTll A> Acr (a> acr): 

• Ilpn 3Ha'IeHllH Ha'!aJibHOrO napaMeTpa, MeHbIIIero HeKOTOporo KpllTll'!eCKoro, 

BOJIHa nOJIH .HM ,l].Bll)KeTCH K r = 0 n ,n.anee paccenBaeTCH no HanpaBJieHllIO K 

r = oo. 

• Ilpn 3Ha'IeHnn Ha'IaJibHoi;:-o napaMeTpa, 6onhrnero HeKoToporo KPllTtt'!ecKo

ro 3Ha'!eHllH, BOJIHa noJIH .HM C)KllMaeTCH B orpaHll'IeHHOH o6naCTll K TO'!Ke 

r = 0 3a KOiie'IHOe BpeMH T. BpeMH cyrn;eCTBOBaHllH perneHllH 3aBllCllT OT Bll

Aa Ha'IMhHoro pacnpe,n.eneHllH nonH .HM n 3Ha'IeHnH Ha'laJibHoro napaMeTpa. 

B MOMeHT t = T Ha6mo,n.aeTCH HeorpaHll'IeHHblll pOCT BTOpofi npOll3B0,l].HOH 

q>yttK~ll .HM n HeorpaHll'IeHHOe y6blBaHne ,l].llJiaTOHHOro nOJIH <I> -+ -oo B 

TO'!Ke r. = 0, 'ITO ll 03Ha'!aeT cpopMllpOBaHne CllHryn.srpHOCTll. YHHBepCa.Jib

HaH aCHMUTOTHKa pemeHHH, npHBO,l{HJl{HX K </>opMHpoBaHHIO CHHI'YJIHpHOCTH 

OUHCbIBaeTCH ycroifqHBbIM aBTOMO,l{eJibHbIM peiireHHeM. 

Ha Pnc. 2 npe,n.craBneHa 3Bon10u;n.sr q>JHKil;llll .HM J(t, r) n ,n.nnaTOHHofi q>yHKil;llll 

,l].JIH o6onx THnOB Ha'IaJibHOro pacnpe,n.eneHllH nOJIH .HM, ,n.eMOHCTpnpy10rn;aH aBTO

MO,l].eJihHblll xapaKTep noBe,n.eHllH perneHllll B acnMnTOTWieCKOH o6JiaCTll npn t -+ T, 

r,n.e T - BpeMH cpopMttpoBaHllH CllHryn.srpHOCTH. ,ll;JIH cpaBHeHllH perneHllll C aBTOMO

,n.e.nbHblM perneHneM BBO,ll.llTCH noHHTlle aBTOMO,l{eJibHOI'O rrpe,l{CTaBJieHmI pemeHHH, 

onpe,n.en.sreMoro B Ka)K)l.hifi MOMeHT BpeMeHn cne,n.y10rn;nM o6p83oM: 

f(t, 17) = f(t, 17(T - t)), rp(t, 17) = <I>(t, 17(T - t)) - 2 ln(r). (26) 

Ha Puc. 3 noK83aHo aBTOMo,n.eJihHOe npe,n.craBJieHne ,n.n.sr 3BOJIIOil;llOHHoro perneHnH 

c Ha'IaJihHbIM paci:Ipe,n.eneHneM non.sr .HM B Bn,n.e rayccnaHa. B TpeTbeM naparpa

cpe TaK)Ke rrpe,n.cTaBJieH a,n.anTHBHhifi anropnTM cryrn;eim.sr ceToK, cornacoBaHHhifi c 

npocTpaHCTBeHHO-BpeMeHHOll CTPYKTypofi ycTOH'IllBOro aBTOMO,l].eJibHOrO perneHllH, 

,ll;JIH TeCTllpOBaHHH aJirOpllTMa B Ka'!eCTBe Ha'laJibHOrO JCJIOBllH BbI6ttpMOCb 6.e3-

Y3JIOBOe aBTOMO,l].eJibHOe perneHlle. C 3a,n.aHHbIM BpeMeHeM T* cpopMnpdBaHHH CllH

rynHpHOCTll, KaK noK83aJill Bbl'IllCJillTeJihHbie 3KcnepnMeHTbl C p83Jill'IHb!Mll 3Ha

'!eHllHMll T*, BpeMH cyrn;ecTBOBaHllH perneHllH BOCCTaHaBJillBaJIOCb C 3a,n.aHHOfi TO'I

HOCTbIO n aBTOMO,l].eJihHblll xapaKTep noBe,n.eimH perneHllll Ha6JIIO,l].aJICH Bee BpeMH 

3BOJIIOil;llH. 

B iieTiiepTOH ·rmme, :B 'itepBOM i::taparpaq,e 'IllCJieHHO llCCJie,n.oaanach HeJill-

HefiHaH 3a)l.a'!a pacna,n.a'iieyCTOfi'IllBbIX cq>eptt'IeCKll CllMMeTpll'IHbIX CTall;llOHapHblX 
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Pnc. 3: AnTOMO,l{eJibHOe npe,11,cTaBJieune peweunit: <PYHKIJ,HH 5IM J(t, 17) - CJieBa, ,11,n

JiaTonuoit <PYHKIJ,HH </>(t, 17) - cnpana, ,11,JIH naqaJibHOro raycc-pacrrpe,11,eJieHHH </>ynK

IJ,HH 5IM c napaMeTpoM A= 0.2. ABTOMo,l{eJibHOe pewenne (!0 (17), ¢0(17)) H3o6pa:>Ke

uo rryHKTHpHOH JIHHHeif. 

perneHllll B CllCTeMe ypaBHeHnfi -51Hra-Mmrnca ·c ,l].HJiaTOHOM. ,ll;JIH ll3J'IeHllH 3BOJIJO

Il;llll BO3Myrn;eHHbIX cTau;noHapHbIX perneHllll B Ka'!eCTBe Ha'!aJibHbIX yCJIOBllH ,l].JIH 

cpyHKil;Hll 51Hra-MttJIJICa f(t, r) n ,l].llJiaTOHHOH q>yHKil;llll <I>(t, r) 6bIJill paCCMOTpe

Hbl B03Myrn;eHHbie CTau;noHapHbie perneHllH, Kor,n.a B KaqeCTBe B03MYJl{eHHH 6epYTCH 

co6cTBeHHble B03MYJl{eHHH (7) C p83Jill'IHblMll 3Ha'!eHllHMll napaMeTpa f, Ifa (7) no

JIJ'IaeM 3Ha'IeHllH q>yHKil;llH ll npOll3BO,ll.HblX no BpeMeHll npn t = 0: 

f(0, r) = J0 (r) = !N(r) + E V1(r), ft(0, r) = J0 (r) = E ~V,(r), (27) 

<I>(0,r) = <I>0 (r)=<I>N(r)+EV<I>(r), <I>t(0,r)=~0(r)=E~V<I>(r). (28) 

IIocKOJibKY ,l].JIH Ka)K,ll.Oro q>llKCllpOBaHHOro CTau;noHapHoro perneHllH C N HJJIHMll 

cpyHKil;llll .HM co6CTBeHHbie 3Ha'IeHllH { >.-Jv }f=1 6b1cTpO CTpeMHTCH K HyneBOMY 3Ha

'!eHlllO CHll3Y C yBeJitt'IeHlleM j, TO BHa'!aJie 6b1Jlll paCCMOTpeHhl OCHOBHbie BO3My

rn;eHllH: VJ, VJ, X}v, KOTOphie n orrpe,n.en.srIOT BpeMH )Ktt3Hll ,n;aHHOro HeycTofi'IttBoro 

CTaU,llOHapHoro perneHllH. 

,ll;anee, ,ll.JIH cTau;noHapHbIX perneHnfi 'IllCJIOM HyJiefi q>yHKu;nn .HM N 2'. 2 6b1-

nn paCCMOTpeHbl BO3MJiu;eHHH VJ, VJ, >.1-.,, j = 2, ... , N. 0,n.HOH ll3 oco6eHHOCTefi 

paccMaTpttBaeMOH 3a)l.a'Ill HBJIHeTCH 6bICTpoe CMern;eHne aCllMIITOTll'IeCKOH o6na

CTll K 6oJihIIIllM 3Ha'IeHnH r c yBeJin'IeHne HOMepa N ( CM. Ta6. 1) n KaK cne,n.

CTBne - 60Jih11Ille MaCCllBbl ,n.aHHbIX, BO3HllKaIOIIJ;llX ll3-3a He06XO,l].llMOCTll MO,l].e

JillpOBaTh 3BOJIIOil;llIO Ha 6oJibIIIllX llHTepBanax ITO rrpocTpaHCTBeHHOfi KOOp,n.nHaTe 
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Pttc. 4: 9noJIIOI{HH B03MyII{eHHOI'O CTaI{HOHapnoro pemeHHH C N = 2, {VJ' Vl' .xn 
Hf= .,-Q.11. 

r E [o, Roo]- B 3TOM CJiy'lae MO)KHO o6ecne'lHTh 3Ha'lHTMhHYIO pe,zzyKIJ;HIO HCIIOJih3Y

eMhIX MaCCHBOB, eCJIH BBeCTH MOCIIITa6HpOBaHHYIO npocTpaHCTBeHHYIO nepeMeHHYIO 

r =xv' V = I, 2, 3. Bh16op 3Ha'leHH.H CTeIIeHH V ,n.eJiaeTCH B 3aBHCHMOCTH OT HOMe

pa N paccMaTpmiaeMoro cTau;ttoHapHoro perneHH.H H cooTBeTCTBYIOIIJ;ero 3Ha'lemrn 

napaMe'tpa R00 • 

0TMeTHM, 'ITO IIpH MaJihIX 3Ha'leHII.HX f II C yBeJIII'leHIIeM HOMepa j paccMaT

pIIB/teMOI'O B03Myiu;eHH.H 6hICTp0 yBeJIII'lIIBaeTC.H Heo6xo,n;IIMOe BpeM.H C'leTa. C u;e

Jih!O yMeHbIIIeHII.H pactieTHOI'O BpeMeHII npIIMeH.HJIIICh napaJIJieJihHhie Bhl'lIICJieHH.H 

C HCIIOJih30BaHHeM HeCKOJihKHX npou;eccopoB. TipII perneHIIH ypaBHeHIIii: C Tpex,a;tta

I'OHaJihHhIMII MaTpttu;aMII, B03HHKaIOIIJ;IIX IIOCJie COOTBeTCTBymiu;eii ,D;HCKpeTII3aIJ;IIII 

IICXO,D;HOii 3a,n;a'lII 6bIJIII IIpHMeHeHhI: 

A) napanJieJibHa.H peaJIII3aIJ;II.H MeTo,n;a BCTpe'IHhIX nporOHOK - 3TOT MeTO,D; 3q>

q>eKTIIBeH ,n;mi pac'leToB Ha ,n;Byx npou;eccopax; 

1;3) MeTO,n; pa36IIeHII.H CIICTeMhl Hap rpynn, II03BOJI.HIOIIJ;IIii npOBO,D;IITh napaJIJieJih

Hhie pac'leThI ,n;mi npoII3BOJihHoro 'lHCJia p · npou;eccopoB. 

· ,Il;n.11 pacnapanneJIHBaHH.H MhI IICIIOJih30BaJIII TeXHOJIOI'IIIO MPI {Massage Passing 

Interface), KOTOpa.H II03BOJI.HeT IIpOBO,D;IITh Bhl'lHCJI~HII.H. Ha KJiaCTepax C MHOI'OIIpO

u;eccopHoii apxIITeKTypoii. 

PacqeTbI IIpOBO,ll;IIJIIICb Ha KJiaCTepe Jia6op~TOpIIII IIH<;POpMaI{IIOHHbIX TeXHOJIO

I'IIH OI15IH. 

Bo BTopoM naparpaq>e npIIBe,n;eHhI napanne~hHhle anropttTMhI II MPl-peanII3a-

16 

IJ;II.H MeTo,n;a pa36IIeHII.H CIICTeMhl anre6paH'l0CKIIX ypaBHeHIIii. 

B TJ)8Th8M naparpaqie IIpOBO,!l,HJIC.H aHaJIH3 3q>q>eKTHBHOCTII napaJIJieJihHhIX BhI

'lHCJieHHH. qT06hr ou;eHIITh, HaCKOJihKO· 6hICTpee y,n;aeTC.H peIIIHTh 3a,n;a'ly IIpH pac

napaJIJieJIIIBaHIIII"BBO,D;HTC.H IIOH.HTIIe "ycKOpeHHe 11KaK OTHOIIIeHHe BpeMeHII perneHII.H 

3a,n;a'lH Ha 0,D;HOM npou;eccope K BpeMeHII perneHH.H TO.Ii )Ke 3a,D;a'lII Ha CIICTeMe II3 p 

TaKIIX )Ke npou;eccopoB - Ti/Tp. TiapaJIJIMhHbie Bbl'lHCJieHH.H IIpOBO,D;HJIIICb Ha KJia

CTepe C IICIIOJih30BaHHeM npou;eccopoB p OT 1 ,n;o 7. BbIJIO npoBe,n;eHo HCCJie,n;oBaHIIe 

3q>q>eKTHBHOCTH napanJieJihHhIX Bhl'lIICJieHIIii, KOTOpoe IIOKa3aJIO, 'ITO ycKopeHIIe 

pac'leTOB nop.11,n;Ka p/2. 

B '18TB8pT0M naparpaq>e IIPIIBe,n;eHhl pe3yJihTaThI .II aHaJI~3 pac'leTOB. 

,Il;JI.H Bcex paccMOTpeHHhIX cTaIJ;IIOHapHb!X perneHHii 6bIJIO IIOKa3aHo, 'ITO: 

1. B Ha'laJie 3BOJIIOIJ;IIII perneHII.H OIIIIChIBaIOTC.H Bbipa)KeHIIeM ,D;JI.H JIHHeiiHhIX B03-

MyIIJ;eHHii (7) (JIHHeiiHhlli pe)KIIM), BpeM.H cyiu;ecTBOBaHII.H B JIHHeiiHOM pe)KIIMe 

yBeJIH'lHBaeTC.H IIpII B03pacTaHHH N, j II IIPH yMeHbIIIeHIIII 3Ha'leHH.H napaMeT

pa €. 

2. ,II;n.11 ocHOBHhIX co6cTBeHHhIX B03MyIIJ;eHIIii: {VJ, Vl, .\}. }: 

• IIPH € > 0 3BOJIIOIJ;IIOHHhie perneHII.H OIIHChIBaIOT npou;ecc pacce.HHII.H IIOJI.H 

.HM IIO HaIIpaBJieHIIIO Kr - oo, 

• IIPH € < 0 3B0JIIOIJ;HOHHhie perneHH.H OIIHChIBaIOT npou;ecc q>OpMHpoBaHH.H 

CHHI'YJI.HpHOCTII. 

3. ,Il;n.11 co6cTBeHHhIX B03MyIIJ;eHII.li {VJ, V.;, .xi}, j = 2, .•• , N 3BOJIIOIJ;IIOHHbie 

perneHH.H OIIHCbIBaIOT npou;ecc q>OpMHpOBaHII.H CHHI'YJI.HpHOCTH. 

TeM caMbIM 6bIJIO ycTaHOBJieHo, 'ITO cma~U01taplt'bte pememui 06paay10m ,,\,t,ttO

a,cecmeo nopo206'btX 1wwfiuzypa~uu, Aeatca'Ulux e <fiymc~uottM'bttOM npocmpancmee 

pemenuu na zpanu~e, paaae.n.J1,10U!ei1 pememui npueoaRU!Ue n <fiopMupoeanu10 cun

zyJl,Jl,pttocmu u pemenUJt, ocma10U!uecJt pezyJl,Jl,ptt'blMU. 

B 3aKJUffll0HHH Cq>OpMyJIIIPOBaHbl OCHOBHhie pe3yJihTaTbI ,D;IICcepwu;HII. 
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Ha aaw,umy m,,aBU2a10mc.11 CJ1,ei)y10w,ue peay.11,'bmam'bt 

1. O6HapJ)KeHa CKphITrul Macrrrra6HaH HHBapHaHTH0CTh CHCTeMhl ypaBHeHHfi 

5IMA u Ha ocHoBe aH8JIH3a Macrrrra6HhIX cBofiCTB q>JHK~OHaJia ::mepruu. yc-ra

H0BJieHa npuHa,zvie:>KHOCTh CHCTeMhl 5IMA K KJiaccy H~PHTH'ICCKHX CHCTeM. 

2. ,ll;Jrn 'lHCJieHHoro HCCJie}I.0BaHIDI 3BOJIIO~OHHhIX pemeHHii IJOCTpOeHa Bhl'IHC

JIHTeJII,HaJI cxeMa Ha OCH0Be KOHcepBaTHBHOii. p83HOCTHOii cxeMhlj Il03BOJIHB

ill8JI HCCJie}I.0BaTh IJ0Be}l.eHHe pememm Ha p83HhIX npoCTpaHCTBeHHhIX H Bpe

MeHHhIX Macrrrra6ax. ,ll;Jrn yCKOpemm pac'IeTOB C03,!J;aHa napaJIJieJihHaJI peaJIH-

3~HH Bhl'llfCJIHTeJihHOii CXCMhl. 

3. BnepBbIC nonyqeH0 ceMeiiCTBO aBTOM0,!J;eJihHhlX pemeHHii CHCTeMhl 5IM,n;, npo

Be}l.eH aH8JIH3 ux JCTOH'IHBOCTH B JIHHeiiHOM npu6JimKeHHH c Il0MOIIJ,hlO MC

TO,n;a q>830BhlX q>JH~ii, KOTOphlff. IJ0K838JI1 'ITO MH0}KeCTB0 aBTOMO,!J;eJihHhlX 

pemeHHii co,n;ep}KlfT TOJihKO O.IJ.HO ycroii'IHBoe. pemeHHe. 

4. B pe3JJihT8.Te 'IHCJieHH0ro HCCJie,D.0BaHJUI npou,ecca q>OpMHpOBaHHH CHHI'JJIHP

HOCTH B pemeHHHX CHCTeMhl HeJIHHeiiHhlX B0JIHOBhIX ypaBHeHHii · 5IMA 6hlJio 

yCTaHoBJieHo, 'ITO npn 3Ha'leHHH ynpaBJIHIOIIJ,ero napaMeTpa, 6onhmero,HeKo

TOporo KpHTH'ICCK0ro, pel!lemm CTaH0BHTCH CHHryJIHpHhlMH 3a K0He'IH0e Bpe

MH. AcHMilTOTH'ICCKoe IJ0Be,D.eHHe pemeHHii B 0KpeCTH0CTH CHHrynHpH0CTH HO

CHT )'HHBepcanbHhlii xapaKTCp H . OIJHChIBaeTCH. yCTOii'IHBhlM. aBT0M0,!l;eJihHhlM 

pemeHHeM, KOTOpoe MO:>KCT IIJ)CTCHA0BaTb Ha pDJih rJio68JibHOro aTTpaKTopa 

}I.JIH BCex pemeHHii, IJPHBOAHID,HX K q>OpMHpoBaHHIO.CHHryJIHpHOCTH. 

5. BnepBbie nonyqeHhl HeyCTOii'IHBhle M0}l.hl ( co6CTBeHHhie q>yHKIJ,HH H co6CTBeH

Hble 3Ha'leHmI) perynHpm.IX ~OHapHhlX pemeHHii CHCTCMhl 5IM,n; B mrneii

H0M npH6JIH}KCHHH, Ha OCH0Be KO'l'OphlX 6hIJia pemeHa 3a,!l;'.1-'Ia pacna,n;a CTa

~OHapllhIX pemeHHii. BblJio ycraaoBJieHo, 'ITO ~oHapHhie pemeHHH o6pa-

3}'IOT MH~}KeCTB0 noporom.ix KOH<l>nryp~ii, Jie~ B q>JHKIJ,HOH8JihHOM 

npocTpaHCTBe. pememm ua rpaHHIJ,e, p83.IJ.eJIHIOIIJ,efi pemeHrui:, npuBo,n;H~e 

K q>OpMHp<>BaHHIO CHHI'JJIHPHOCTH H pememm, 0CTaIO~ecH peryJIHpHhlMH B 

npou,ecce 3B0JIIO~H-

18 

IIo me.Me auccepma11iuu ony6.11,u1w6a'H'bt C.11,eay10w,ue pa6om'bt: 

1. 0. 11. CTpenhIJ,OBa, 9. A. AiipHH, E. E. ,ll;oHeu,, T. JI. BoH,!l;}KHCB: 

lfuc.ae11,11,oe .uoae.aupo6a11,ue npo~ecca <fiopMupo6a'HUJ1, cu11,2y.11,J1,p11,ocmu B CBR-

3a11,11,ou cucmeMe ypae11,e11,uu Jl11,2a-M'U.l!./!ca C a'U.11,amo'HOM. 

BecTHIIK PY,ll;H, cep. IlpIIKJia,n;HaH MaTeMaTIIKa, 2003, T. 2, c.13-25. 

2. E.E. Donets, O.I. Streltsova, T.L. Boyadjiev: 

Self-similarity and singularity formation in a coupled system of Yang-Mills

dilaton evolution equations. 

Phys. Rev. D68, 2003, N~ 12, p. 125010(9). 

3. O.I. Streltsova, E.E. Donets, E.A. Hayryan, D.A. Georgieva, T.L. Boyadjiev: 

Unstable even-parity eig'enmodes of the regular static SU(2} Yang-Mills-dilaton 

solutions. 

IIpenpIIHT 0115111, Ell-2004-151, 2004; 

)KB1faM<I>., 2005, T. 45, N~ 5, c.925-937. 

4. 9. A. AiipHH, 51. Byma, E. E. ,ll;oHeIJ,, 11. IloKopHhI II 0. 11. CTpeJihIJ,OBa: 

lfuc.ae11,11,oe ucc.aeaoea11,ue pacnaaa B03Myw,e'H'H'btX cma~uo11,ap'H'btX pewe11,uu cu

cmeM'bt ypae11,e11,uu Jl11,2a-M'U.l!./!ca c a'U.ll,amo11,0M c ucnom,3oea11,ueM mex11,0Jw-

2uu MPI. 

IIpenpIIHT 0115111, Pll-2004-183, 2004; 

MaTeMaTII'lecKoe Mo,n:enIIpoBaHIIe, 2005, T. 17, N~ 6, c. 103-121. 

5. E. A. Ayrjan, E. E. Donets, M. Pavlus, 0. I. Streltsova: Energy conservative 

difference schemes for Yang-Mills equations. 

Proc. 7th international Scientific Conference , Kosice, Slovakia, 2002, p.6-10. 

6. D. A. Georgieva, 0. I. Streltsova, E. E. Donets, E. A. Hayrian, T. L. Boyadjiev: 

Calculation the eigenmodes of the regular static Yang-Mills-dilaton problem. 

"Gravity, Astrophysics and Strings at the Black sea", Proceedings Second 

Advansed Research Workshop, Kiten, Bulgaria, June 10-16, 2004, pp. 137-

149, Eds. P. Fiziev, M. Todorov, St. Kliment Ohridski University Press, Sofia, 

2005. 

IlOJI}"ICHO 23 MaJI 2005 r. 

19 


