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OT ainopa 

.ll.aHHoe noco611e npe.n.cTasmieT co6ofi BTopy10 tJaCTb Kypca JieK

UHH <<Teopmi rpynn 11 CHMMeTpHH>>, KOTOpbIH lJHTaJicH asTOpoM Ha 

Katj)e.n.pe tjJyH,ll.aMeHTaJibHbIX H npHKJia,ll.HbIX npo6JieM qJH3HKH MHK

pOMHpa Mct>TI1, Ha Katj)e.npe KBaHTOBOH TeopHH H qJH3HKH BbICOKHX 

3Heprnfi qJH3HlJeCKOro tjJaKyJibTeTa MfY HM. M. B. JlOMOHOCOBa H Ha 

Katj)e.n.pax TeoperntJeCKOH H H,nepHOH qJH3HKH B Me:>K.n.yHapO,ll.HOM 

yHHBepCHTeTe <<.ll.y6Ha ►> B 2006-2010_ rr. 9Ta qacTb Kypca npe.n.

Ha3HatJeHa AJIH CTy.n.eHTOB H acnHpaHTOB, KOTOpbie B ,naJibHefirneM 

npe,nnoJiara10T cneu11aJIH3HposaTbCH B o6JiacTH TeopeTwiecKofi 11 

MaTeMaTHlJeCKOH qJH3HKH, H,nepHOH qJH3HKH H qJH3HKH 3JieMeHTapHbIX 

lJaCTHU. 

1. CMCTEMbl KOPHEH IlPOCTbIX 

KOHEqHQMEPHbIX AJirE6P JIM 

B HalJaJie 3TOH rJiaBbl Mb! IlOBTOpHeM HeKOTOpb!e onpe.n.eJieHHH 113 

Teopirn aJire6p JlH, KOTOpb!e y:>Ke .n.aBaJIHCb s nepBOH lJaCTH Kypca 

JieKUHH <<Teop1111 rpynn H CHMMeTpHH>>, npHtJeM no B03MO:>KHOCTH 

Mb! ,neJiaeM 3TO, HCil0Jlb3YH KOOpAHHaTHyJO cpopMyJIHpOBKY, 6oJiee 

npHBbllJHYIO AJIH qJH3HKOB. 

1.1. KpH'repuii noJiynpocToT&I aJire6p Jiu 

Onpe,n.eJieHHe 1.1. Allie6pa Jiu g - amo BeKmop1-toe npocmpa1-t
cmBo, 1-ta KomopoM onpeae/le1-ta onepau,uR yM1-tOJ1Ce1-tuR (KOMMymu
poBa1-tuR) 

[X,Y]EQ (\fX, YE 9), (1. 1) 

nputteM ama onepau,uR KococuM.Memputt1-ta [X, Y] = -[Y, X] u 
yaoBAemBOpRem ljCJlOBUIO 

[[X,Y],Z]+[[Y,Z],X]+[[Z,X],Y]=0 (\fX,Y,ZEQ), (1.2) 

Komopoe 1-ta3btBaemcR moJ1CaecmBoM HKo6u. EcAu g - BeU1ie
cmBe1-t1-toe UllU KOMnlleKc1-toe BeKmop1-toe npocmpa1-tcmBo, mo a/l
ie6pa Jiu (AJJ) 1-ta3btBaemcR BeU1ieCmBe1-t1-tOU UJlU KO.MnlleKCl-tOU 
coomBemcmBe1-t1-to. 

TTycTb B AJI g 3a,naH 6a3HC {Xa} (a,b,d ... = 1, ... ,dimQ). 
Tor.na onepaUHH yMHO:>KeHHH ( 1. 1) MO:>KeT 6bITb 3an11caHa B s11.n.e 

[Xa, Xb] = C1b Xd, ( 1.3) 

r.ne KOHCTaHTbI c1b Ha3bIBaJOTCH CTPYKTYPHb!MH KOHCTaHTaMH 

AJI. YcJioBHe KococHMMeTpHtJHOCTH AJIH YMHO:>KeHHH B g .naeT 

C1b = -Cta• a TO:>KAeCTBO 5!Ko6H 3KBHBaJieHTHO paBeHCTBY 

cfb C]d + ctd CJa + Gia CJb = 0. ( 1.4) 

6a3HCHb!e 3JleMeHTbI {Xa} TaK:>Ke Ha3bIBaJOTCH 6a3HCHb!MH 06pa3y

!OIUHMH (HJIH reHepaTOpaMH) AJI g. 
1. AJI g Ha3bIBaeTCH a6eJieBofi, ecJIH [X, Y] = 0 (\f X, Y E 9), 

T.e. 
Cgb = 0 (\fa, b, d). (1.5) 
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2. Tio.u.npocTpaHCTBO 1l C g Ha3bIBaeTC.H no,IJ.aJire6poH JlH B g, 
ecJIH VX, YE 1l, HMeeM [X, Y] E 1l. Tio.u.aJire6pa 1l onpe.u.eJI.HeTc.H 

Ha6opoM 6a3HCHbIX o6pa3yIDI.l.l,HX X1, ... ,Xp (p ~ dim9), eCJIH 

c:b = 0 (a, b ~ p, ·· d > p). (1.6) 

3. 11HBapmiHTHa.H · no.u.aJire6pa N - 3TO no.u.npocTpaHCTBO 

NC g, TaKoe 'ITO vx E g, Mb! HMeeM [N,X] C N. TiycTb 3JieMeHTbl 

X 1, ... ,Xp 3a,IJ.aIOT 6a3HC B N. Tor.u.a H3 [N,Xa]CN cJie.u.yeT, 

'ITO . 

. cgb = 0 ( a ~ p, d > p), . ( 1. 7) 

T. e. HeHyJI~~bIMH MOryT 6b!Tb TOJibKO KOHCTaHTbl clb• 
4. AJI npocTa, eCJIH OHa He HMeeT HeTpHBHaJibHbIX HHBapHaHT

HblX no.u.aJire6p. 

5. AJI noJiynpocTa, ecJIH OHa He HMeeT a6eJieBbIX HHBapHaHTHbIX 

no.u.aJire6p. 

Onpe.u.eJIHM JIHHeHHbIH fOMOMopcpH3M ad H3 g B aJire6py MaTpHU. 
dim9 x dimQ: · · 

ad: Xa --7+ (Xa)f = c:b, (1.8) 

KOTOpb!H Ha3bIBaeTC.H npHCOe,IJ.HHeHHbIM npe,!I.CTaBJieHHeM aJire6pbl g_ 
foMOMOpcpHOCTb OT06pa)KeHH.H ad ( 1.8) CJie.u.yeT H3 T0)K,IJ.ecTBa 51Ko-

6H (1.4). )laJiee Hag MO)KH0 onpe.u.eJIHTb MeTpHKY . 

9ab = c:e Cbd = 'If (ad(Xa) ad(Xb)), (1.9) 

KOTOpa.H Ha3bIBaeTC.H MeTpHKOH KHJIJIHHra. 3aMeTHM, 'ITO o6beKT 

.Cabe = c:b 9de nOJIHOCTblO aHTHCHMMeTpHtieH no HH,IJ.eKCaM a, b, C. 

)leHCTBHTeJibHO' 

Cabe= c:b Tr (ad(Xd) ad(Xe)) = Tr ([ad(Xa), ad(Xb)] ad(Xe)) = 
= Tr (ad(Xa) [ad(Xb), ad(Xe)]) = -Caeb· 

KpHTepHH noJiynpocT0TbI AJI, ccpopMyJIHpoBaHHhIH KapTaHOM, 

rJiaCHT, 'ITO AJI noJiynpocTa, eCJIH H TOJibKO eCJIH det(9ab) =f:, 0, T. e. 

MaTpHu.a ll9abll ,!J.OJI)KHa 6bITb HeBbipO)K,!J.eHa. · · 

)loKa)KeM Heo6xo,IJ.HMOCTb. KpHTepH.H KapTaHa. TiycTb AJI co

.u.ep)KHT HHBapHaHTHbie a6eJieBbl no,IJ.aJire6f>bl, 6a3HCHbie reHepaTOpbl 

KoTopbIX 6y.u.eM HyMepoBaTb HH,IJ.eKcaMH a, b, ... Tor.u.a 9a'6 = 0 H 

g C dCe CdCc-CdCc-0 ab= ae bd= ac bd- ac bd-' 

r.u.e BTopoe H TpeTbe paBeHcTBa cJie.u.yIDT H3 (L7), a nocJie,IJ.Hee -

H3 (1.5). 
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TaKHM o6pa30M, npH HaJIH'IHH HHBapHaHTHbIX a6eJieBbIX no

,IJ.aJire6p 6JIOKH 9ab• 9ab H 9ab B MarpHu.e g MeTpHKH KHJIJIHHra 

paBHbl HYJIID, a 3TO 3HatJHT, 'ITO det(g) = 0. CJie,IJ.OBaTeJibHO, Heo6-

XO,!J.HMOCTb KpHTepH.H KapTaHa ,!J.OKa3aHa. C .u.pyroH cropOHbl, eCJIH 

det(g) = 0, TO, KaK noKa3aJI KapTaH, AJI g o6.H3aTeJibHO co.u.ep)KHT 

HHBapHaHTHbie a6eJieBbl no,IJ.aJire6pbl (.u.ocTaTO'IHOe ycJIOBHe). 

3aMetJaHHe. TiycTb g - Bel.l.l,eCTBeHHa.H aJire6pa JIH C 6a3HCOM 

{Xa} (a= 1, ... ,dim9) H onpe.u.eJI.HIOI.l.l,HMH COOTHOIIIeHH.HMH (1.3). 
TipoH3B0JlbHblH 3JieMeHT g MO)KHO npe,!I.CTaBHTb B BH,IJ.e JIHHeHHOH 

KOM6HHaU.HH X = xa Xa, r.u.e xa E R - KOOp.U.HHaTbI B npocTpaHCTBe 

g_ Tor.u.a npHCOe,IJ.HHeHH0e npe,!I.CTaBJieHHe AJI g 3a,n:aeTC.H JIHHeHHbI

MH onepaTOpaMH Ha caMOH AJI g CJie,n:yIOI.l.l,HM o6pa30M: 

ad(X) Y = [X, Y] (X, YE 9), 

'ITO cornacyerc.H c (1.8) B cJiyqae X = Xa, Y = Xb. 
C .n:pyroH cTOpoHbI, MbI MO)KeM paccMaTpHBaTb (X1, X2, ... 

... , Xdim g) B KatJeCTBe KOOpJJ:HHaT B ,!J.BOHCTBeHHOM npocrpaHCTBe 

g*. O6o3HatJHM qepe3 ab qacTHyID npOH3BOJJ:HYID no Xb, .n:eHCTBy

IDI.l.l,YID Ha npocTpaHCTBe nOJIHHOMOB no {Xa}- Tor.n:a OT06pa)KeHHe 

Xa --t Va = c:b Xd ab onpe,n:eJI.HeT npe,n:CTaBJieHHe g BeKT0pHbIMH 

nOJI.HMH Ha 9*' KOTOpoe Ha3bIBaeTC.H Konpucoeaut-te1-u-tbtM. PaBeHCTBO 

[va, Vb] = V[Xa,Xb] = c:bvd CJie,IJ.yeT H3 TO)KJJ:eCTBa 51Ko6H (H 3KBHBa

JieHTH0 eMy). 

1.2. Allre6pa JIH sl(2) Hee K0HetJH0MepHbie npe,u.CTaBJieHHH 

AJire6pa JIH sl(2) nopo)K.n:aeTC.H TpeM.H 6a3HCHbIMH reHeparopa

MH ( H' e+' e_)' KOTOpbie Y.U.OBJieTBop.HIDT COOTH0IIIeHH.HM 

[H,e±] = ±2e±, [e+,e-] = H. (1.10) 

B onpe,n:eJI.HIOI.l.l,eM npe,!I.CTaBJieHHH 1) Mb! HMeeM 

e+ = ( ~ ~ ) , e_ = ( ~ ~ ) , H = ( 6 ~ 1 ) · (1.1 I) 

PacCMOTpHM HeKOTOpoe npOH3B0JlbHOe npe,n:cTaBJieHHe T anre6-

pbl sl(2), T. e. JIHHeHHbIH roMOMopcpH3M T : sl(2) --t End (V), r.n:e 

V - C0OTBeTCTBYIDI.l.l,HH sl(2)-MOJJ:YJib (npoCTpaHCTBO npe.u.craBJie

HH.H). TipoCTpaHCTBO V M0)KHO pa~JIO)KHTb B np.HMYID cyMMY no.n:-

1
) OcHOBHble n0HllTHll TeopHH npe,n:CTaBJleHHH anre6p JIH o6cy)l{,n:aJIHCb s nep

BOH '!aCTH Kypca JieKI_\HH. TeM, KT0 He3HaK0M C 3THMH n0HllTHllMH, Mb! peK0MeH

,n:yeM cHa'!aJia. npo'IHTaTb Ha'!aJio n. 2.1 ,n:aHHoro noco6HH. 
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. npoeTpaHeTB, HyMepyeMblX eo6eTBeHHblMH 3HatJeHHHMH (BeeaMH) >. 
reHeparnpa H: V = EB.\V,\, rJI.e V,\ = {v E VIHv = >.v}. 113 (1.10) 
eJieJI.yeT, 'ITO eeJIH v E Vi, TO e+v E V,\+2 H e_v E v,\-2· ,lleifeTBYH 
Ha BeKTOp V BeeMH o6pa3yJOIUHMH (H, e±) AJI sl(2), Mb! nopmKJI.aeM 
Bee npoeTpaHeTBO npeJI.eTaBJieHHH AJI sl(2). 

OnpeJI.eJiem1e 1.2. llycmb cyw,ecmByem maKoe V,\ =I= 0, 'imo 
V.\+2 = 0, m. e. e+ v = 0 aAR Bcex HettyAeBbtX BeKmopoB 
V E v,\. TaKue BeKmopbl V Hll3blBll10mCR cmaptuUMU BeKmopaMU 
(BaKyyMaMu), a coomBemcmBy10w,ut1 Bee>. Hll3btBaemcR cmapiuuM 
BecoM. llpeacmaBAettue, nopo:m;aaeMoe ua cmapiuew BeKmopa v, 
ttaabtBaemcR npeacmaBAettueM co cmaptuuM BecoM. 

3ai%MeMeH H3ytJeHHeM Beex KOHetJHOMepHbIX HenpHBOJI.HMbIX 
npeJI.eTaBJieHHH aJire6pb1 sl(2). 

TTyeTb V - KOHetJHOMepHbIH HenpHBOJI.HMbIH sl(2)-MOJI.YJib. TaK 
KaK V KoHetJHOMepeH, TO OH HMeeT eTapIIIHH BeKTop v0 E V TaKOH, 
'ITO e+vo = 0 (HHatJe OH eo.rr.epm:aJI 6b! BeKTOpbl e npOH3BOJlbHO 
60JibllIHM BeeoM H 6b!JI 6b! 6eeKOHetJHOMepHbIM). TToJIO:>K:HM V_I = 0, 
Vk = (1/k!)e~ vo (k;:: 0). I1exo,rr.H H3 (1.10), JierKO npoBepHTb eJie
JI.YIOIUHe cpopMyJibI: 

H Vk = ( >. - 2k) Vk, 
e_vk = (k+ l)vk+I, 
e+vk=(>.-k+l)vk-l (k;::0). 

(1.12a) 

(1.126) 

(1.12B) 

113 (1.12a) eJie,rr.yeT, 'ITO Bee Vk=/= 0 HMelOT pa3Hble eo6eTBeHHbie 
3HatJeHHH H, eJieJI.OBaTeJibHO, Bee OHH JIHHeHHO He3aBHeHMbl. TaK KaK 
V - KOHetJHOMepHbIH MOJI.YJib dim V < oo, TO HMeeTeH HaHMeHb
IIIee ueJioe tJHeJio m, JI.JIH KOToporo Vm =/= 0, Vm+I = 0 (vm+l He 
MO:>K:eT 6bITb JIHHeHHOH KOM6HHauHeH oeTaJibHbIX Vk =/= 0 B eHJIY HX 
JIHHeHHOH He3aBHeHMOeTH) H, eooTBeTeTBeHHO, Vm+k = 0 Vk ;:: 2. 
TaKHM o6pa30M, B KatJeeTBe 6a3Hea B V MO:>K:HO BbI6paTb BeKTOpbl 
(vo, v1, ... , vm) H V = Vm EB Vm-2 EB .•. EB V-m· MaTpHtIHoe npe.rr.
eTaBJieHHe Tm: sl(2) -+ End (V) aJire6pb1 sl(2) Ha npoeTpaHeTBe V 
3a.z:r.aeTeH cpopMyJiaMH (1.12). 

PaeeMOTpHM cpopMyJiy (1.12B) JI.JIH k = m + 1: e+ Vm+I = 
= (>. - m) Vm. TaK KaK Vm+I = 0, Vm =I= 0, TO Mb! 3aKJIJOtJaeM, 
'ITO >. = m = dim V - 1. C .rr.pyrofl ernpoHbI, eeJIH >. = m, TO 
e+ Vm+I = 0, H BeKTOp Vm+l BbieTynaeT KaK HOBbIH eTapIIIHH BeKTOp, 
H3 KOToporo, eeJIH OH He HyJieBOH, nopom:.rr.aeTeH HeTpHBHaJibHOe 
HHBapHaHTHOe no.rr.npoeTpaHeTBO B V. TaKHM o6pa30M, eeJIH V 
HenpHBOJI.HMO, TO e Heo6XOJI.HMOeTblO eJie,rr.yeT Vm+I = 0. 11TaK, Mb! 
JI.OKa3aJIH eJie,rr.yJOIUee YTBepm:,rr.eHHe. 
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YTsep:>K.11.eHHe 1.1. Bee KoHe'iHOMepHbte HenpuBoauMbte npea
cmaBAeHuR aMe6pbt Jiu sl(2) (1.10) coomBemcmBy10m npea
cmaBAeHURM co cmaptuUM BeCOM >., npu'ieM Bee >. paBeH 
Heompul{ame/lbHOMY l{e/lOMY 1/,UC/ly. 

1.3. :Sa3HC KapTaHa-BeiiJISI .II.JIB npoCTbIX aJire6p Jiu 

Onpe.11.eneHHe 1.3. llycmb g - noAynpocmaR aA2e6pa Jiu. Bbt
aeAUM B y MllKCUMllilbHYIO noaa/l2e6py 1f C 06paay10W,UMU {Hi} 
(i = 1, 2, ... , r) maKUMU, 'imO 
1) [Hi, Hi]= O; 
2) Mampul{bt onepamopoB ad(Hi) auazottaAuayeMbt aAR Bcex i. 
TaKaR MllKCUMllilbHllfl KOMMymamUBHllfl noaaAze6pa 1f B y Hll-
3btBaemCR noaaA2e6pot1 KapmaHa, a 'iUCAO r - patt20M aA2e6-
pbt Jiu y. 

Bee o6pa3yJOIUHe aJire6pbl JIH g MO>KHO pa36HTb Ha JI.Be rpynnbI: 

{Hi} (i=l, ... ,r), {Ta} (a=l, ... ,dim(Q)-r), 

r.rr.e {Hi} - reHepaTOpbl IlOJI.aJire6pbl KapTaHa 1l B g, a 6a3HeHbie 
3JieMeHTbl Ta o6pa3yJOT oprnroHaJibHOe JI.OilOJIHeHHe 1-lj_ K 1-l: 

Tr (ad(Hi) ad(Ta)) = 0. ( 1.13) 

TaK KaK 

Tr (ad(Hi) [ad(Hj), ad(Ta)]) = Tr ([ad(Hi), ad(Hj)] ad(Ta)) = 0, 

TO [Hj, Ta] E. 1-lj_ H, eJieJI.OBaTeJibHO, 

[Hj,Ta] = hj,abn- ( 1.14) 

QqeBHJI.HO, 'ITO MaTpHUbl hj peaJIH3YIOT (dim (Q) - r)-MepHoe 
MaTpHtIHOe npeJI.eTaBJieHHe IlOJI.aJire6pbl KapTaHa, H Mb! HMeeM 
[hi, hj] = 0 (Vi,j). TaK KaK MeTpHKa KHJIJIHHra HeBbipmKJI.eHa JI.JIH 
nonynpoeTOH anre6pbl JIH g, TO H3 yeJIOBHH (1.13) eJieJI.yeT, 'ITO 
eHMMeTpHtIHaH MaTpHua 

Tr (ad(Ta) ad(n)) = Xab ( 1.15) 

TaK>Ke HeBblpO>KJI.eHa. KpoMe Toro, Mbl HMeeM 

hj,ac Xcb = Tr ([ad(Hj), ad(Ta)] ad(Tb)) = 
= Tr ([ad(n), ad(Hj)] ad(Ta)) = -hj,bc Xca, 
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T. e. MaTpI-UJ.bl hj,ab (j = 1, ... , r) aHTHCHMMeTpHlIHbl: c TOlJH0CTbIO .AO 

npeo6pa30BaHHH 3KBHBaJieHTHOCTH 

(hiXf = -hiX => h] = -x-1 hiX ( 1.16) 

H HeBb!po.>K.LJ.eHbl (HHaqe 1t MO)l(HO 6bIJIO 6b! .LJ.OilOJIHHTb). TaK KaK 

[hi, hil = 0, TO MaTpHU,bl hi .LI.JIH Bcex j .LJ.HaroHaJIH3YIOTCH (CM. ycno
BHe 2 a onpe.LI.eJieHHH 1.3) O.LJ.HOBpeMeHHO: 

V (a) h· b - ""· v<a) ........._ v<a) h· - ""· v<a) · b i, a - ._.i a .,,....,.. i - ._.i • (1.17) 

..QJIH MaTpHU,bl h co CBOHCTBaMH CHMMeTpHH (1.16) cnpaBe.LI.JIHBO 

cne.LI.y10mee yTBep)K.LJ.eHHe. 

YTBepJK,n;eHHe 1.2. EcAu a - co6cmiJemwe a1-tatte1-tue auaeimaAu
ayeMou MampUl{bl h~ yaoeAemBOpRIOU{eU CBOUCmBy (1.16), mo -a 
maKJICe oKaabtBaemcR ee co6cmee1-t1-tbtM a1-tatte1-tueM. 
)loKa3aTeJibCTBO. ..QJIH MaTpHU,bl h HMeeTCH xapaKTepHCTW:IecKoe 

TO)K.LJ.eCTBO IT (h - 0'.µ1) = 0, ( 1.18) 
µ 

r.LI.e 1 - e.LJ.HHHlJHaH MaTpHu,a H npOH3Be.LJ.eHHe 6epeTCH no BCeM co6-

CTBeHHblM 3HatJeHHHM aµ . ..Qel1cTBHTeJibHO, MaTpHu,a ITµ(h - aµl) B 

JieBOH qacTH 3Toro TO)K.LJ.eCTBa paBHa HYJIIO, TaK KaK OHa 3aHyJIHeTCH 

Ha Bcex co6cTBeHHbIX BeKTOpax h, KOTOpbie o6pa3yIOT 6a3HC ( TaK 

KaK h .LJ.HaroHaJIH3yeMa) a cooTBeTCTBy10meM npocTpaHCTBe. TpaHc

noHHpyeM TO)K.LJ.eCTBO (1.18). Tor.LI.a, cornacHO (1.16), Mb! IlOJIYlIHM 

ITµ(h + aµ1) = 0, T. e. ecnH aµ - co6cTBeHHoe 3HatJeHHe MaTpHU.bI 

h, TO H -aµ 6y.LI.eT ee co6cTBeHHbIM 3HatJeHHeM. ■ 

CaepHeM ( 1.14) c co6cTBeHHb!MH BeKTOpaMH vi°'), a pe3yJibTaTe 

riony•rneM 

. [Hi, Ea]= ai Ea, Ea= L vi°') _Ta. ( 1.19) 
a 

Orrpe,n;eneHHe 1.4. BeKmopbt r-Mep1-toeo BeKmop1-toeo npocmpa1-t
cmea Vr C Koopau1-tamaMU (a1,a2, ... ,ar), 8031-tUKlllOU{UMU 
8 (1.19), Hll3bl8a10mCR KOpHeBblMU BeKmopaMU (uAU KOpHRMU) 
aAee6pbt Jiu g_ 

Tenepb n1060J1 3JieMeHT AJI g MO)KHO 3anHcaTb KaK JIHHeHHYIO 

KOM6HHall,HIO o6pa3yIOill,HX {Hi} ( i = 1, ... 'r) H {Ea} (.LJ.JIH Bcex 

KOpHeBb!X BeKTOpOB O'. E Vr). 

Orrpe,n;eneHHe 1.5. Eaauc AJJ g, 06paaoea1-t1-tblU aAe.MeHmaMu 
{Hi,Ea} (eae i = 1, ... ,r; a - Bee Kop1-teBbte BeKmopbt B Vr), 
1-taabtBaemcR 6aaucoM Kapma1-ta-Bet1AR. 
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3aMeTHM, lJTO a npHCOe.LI.HHeHHOM npe.LJ.CTaBJieHHH Mb! HMeeM 

[adHi, adEa adE13] =(a+ /3)i adEa adE13. 

BbllJHCJIHH CJie.LI. OT 3TOro paBeHCTBa, Mb! nonyqaeM 

Tr (adEa adE13) = 0 

.LI.JIH Bcex KOpHeBblX BeKTOpOB a, {3 E Vr TaKHX, lJTO a + {3 =/ 0. Co

OTBeTCTBeHHO, H3 HeBblpO)K.lJ.eHHOCTH MeTpHKH KHJIJIHHra cne.u.yeT, 

IJTO Tr (adEa adE-a) =IO Va. Bb16HpaH cneu,HaJibHbIM o6pa3oM Hop

MHpOBKY o6pa3yIOill,HX Ea, MO)KHO .u.o6HTbCH Toro, lJT06bI MeTpHKa 

KHJIJIHHra HMena BH.U. 

Tr (ad(Hi) ad(Hi)) = 9ii, Tr (ad(Hi) ad(E0 )) = 0, 

Tr (ad(Ea) ad(E13)) = &a;-/3· 

..Qanee H3 TO)K.lJ.eCTB 5IKo6H MbI nonyqaeM 

[Hi, [Ea, E13]] = (a+ /3)i [Ea, E13]. 

Tor.u.a, eCJIH (a+ [3) - KopeHb, TO 

[Ea, E13] = N(a,/3) Ea+/3• 

(1.20) 

( 1.21) 

(1.22) 

r.LI.e N(a,/3) - HeKOTOpbie HeHyJieBbie KOHCTaHTbl. EcJIH (a+ [3) He 

KopeHb H a + {3 =I 0, TO [Ea. E13] = 0. EcJIH )Ke a + {3 = 0, To 

H3 (1.21) Mb! HMeeM 

[Ea, E-a] = Xi Hi, (1.23) 

r.u.e xi - HeKOTOpbie KOHCTaHTbl. BbllJHCJIHM 3TH KOHCTaHTbl .U.JIH 

6a3Hca KapnHa-Bel1JIH, HMe10mero HopMHpOBKY ( 1.20): 

xi 9ii = Tr (ad(Hi) [ad(Ea), ad(E-a)]) = 
= Tr ([ad(Hi), ad(E0 )] ad(E-a)) = 

= O'.iTr (ad(Ea) ad(E-a)) = O'.i, 

T. e. xi = giiai = ai' r.u.e gii -3JieMeHTbl MaTpHU,bl, o6paTHOH K 

ll9iill- OTMeTHM, IJTO 3JieMeHTbI MaTpHU.bI ll9iill Bbipa)KaIOTCH qepe3 

KOpHH 

9ii = Tr(ad(Hi)ad(Hi)) = z:=c~C.fa = LO'.iO'.i· (1.24) 
a a 
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I1TaK, onpe.n.eJHIIOIUHe COOTHOllleHHH ( 1.3) JI.JIH AJI g B 6a3HCe 

KapTaHa-BettJIH {Hi,Ea} nepenHCbIBaIOTCH B BHJI.e 

[Hi, Hk] = 0, [Hi, Ea]= aiEa, 

[Ea, E,a] = N(a,,B) Ea+,B, ecJIH (a+ /3) - KopeHb, (1.25) 
[Ea, E,a] = 0, ecJIH (a+ /3) He KopeHh H (a+ /3) =j:. 0, 

[Ea,E-a] = o/ Hi, (1.26) 

3aMeqaHHe. TTycTh B (1.14) CTPYKTYPHhie KOHCTaHThI hj,ab - 1IHCTO 

MHHMbJe 1IHCJia: 
hj,ab = -hj,ab, (1.27) 

a 3JieMeHThI MaTpHI.J.hI I IX ab I I ( 1.15) BeruecTBeHHhI (HanpHMep, .n.aH

HaH CHTyaI.J.HH BO3HHKaeT, eCJIH o6pa3yIOIUHe H. H Ta .n.onyCKalOT 

npe.n.cTaBJieHHe B BHJI.e 3pMHTOBhIX onepaTOpOB Hj = Hj H Td = Ta), 
MaTpHI.J.bl hj co CBOHCTBaMH ( 1.16) H ( 1.27) HMelOT TOJ!bKO Berue

CTBeHHbJe co6CTBeHHhle 3Ha1IeHHH. ,lI.eHCTBHTeJibHO, nycTb V h = a V, 

H paCCMOTpHM paBeHCTBa 

(vh, Xv*)= a(v, Xv*), 
(v h, Xv*)*= a* (v, Xv*)*= a* (v, Xv*), 

(vh, Xv*)*= -(v*h, Xv)= -(v, (hXf v*) ~ (vh, Xv*). 

B nocne.n.HeH CTpO1IKe, H3 KOTOpoii KaK pa3 H cne.n.yeT BeruecTBeH

HOCTb a*= a, Mb! HCilOJib3OBaJIH (1.27) H (1.16). EcJIH Bee KOpHH 

BeruecTBeHHbl, TO H3 ypaBHeHHH (1.24) JI.JIH JII06oro BeruecTBeHHOro 

BeKTopa y H3 r-MepHoro KOpHeBoro npocTpaHCTBa cne.n.yeT HepaBeH

CTBO Yi9ijYj = I:(ya)2 ~ 0, KOTopoe O3HaqaeT, 1ITO KOpHeBoe npo-
a 

CTpaHCTBO HMeeT eBKJIHJI.OBY MeTpHKy. B amoM CJlljl/,lle BeU{ecmBeH-
HaJl AJI Hll3btBaemcJl KOJrtnaKmHOU. KpoMe Toro, H3 (1.27) cne.n.yeT 

paBeHCTBO hi v* = -av*' T. e. v(-a) = v(a)* H, COOTBeTCTBeHHO, 

El= E-a, HJ= Hj (1.28) 

B paccMaTpHBaeMOM cnyqae. 

1.4. Caon:cTBa Kopuen: 

.LI.oKameM Teneph cne.n.yIOIUYIO BamHyIO TeopeMy. 

TeopeMa 1. 1. EcAu a u {3 KOpHu, mo 2( a, {3) / a 2 - l{ellbte 1/,UCJla 
u BeKmop 

O'a(/3) = /3 - 2 (a, /3) a 
a2 

( 1.29) 

moJJCe KopeHb. 

12 

,U:oKa3aTeJibCTBO. l13 ( 1.19) H ( 1.26) cne.n.yeT, 1ITO TPH reHepaTOpa 

&+a=~ E+a, t:_a = ~ E-a, Ha= 2(ai Hi)/a
2 

(1.30) 
o6pa3yIOT anre6py JIH sl (2) ( 1. 10): 

[Hm&+a] = 2E:+a, [Ha,£-a] = -2&-a, [£+m £_a] = Ha. 
( 1.31) 

KaK 6bIJIO IlOKa3aHO B n. 1.2, JI.JIH KOHe1IHOMepHb!X npeJI.CTaBJie

HHH co6cTBeHHble 3Ha1IeHHH onepaTopa Ha JI.OJI}KHbl 6b!Tb I.J.eJibJMH 

1IHCJiaMH. TaK KaK 

[Ha, E,a] = 2(a, /3) E 
a2 .B (1.32) 

H MbI paccMaTpHBaeM KOHe1IHOMepHb1e AJI, TO 2( a, /3) / a 2 .n.onmHbI 

6bITb I.J.eJibIMH 1IHCJiaMH JI.JJH Bcex KOpHeH. TTycTb KOpeHb I TaKOB, 

1ITO 
[Ea,By] = 0. (1.33) 

Tor.n.a pacCMOTpHM Ha6op o6pa3yIOIUHX ( cp. C nocTpoeHHeM KOHeq

HOMepHb!X npe.n.cTaBJJeHHH sl(2) co CTapwHM BeCOM B n. 1.2) 

[E-a, E,,] = E~-a• 

[E-a, E~-'-a] = E~-2a• (1.34) 
.............................. 
[E-a,E~-ja] = E~-(j+l)a = 0, 

r.n.e 

E~-ka = N-a,,,N-a,')'-a · · · N-a,')'-(k-l)aE')'-ka (1.35) 

eCTb nepeHOpMHpOBaHHblH reHepaTOp E,,-k a H Mb! o6opBaJJH npo

I.J.e.n.ypy Ha ware (j + 1) B CHJIY KOHe1IHOMepHOCTH Harnett AJI. 

QqeBH.ll.HO, 1ITO JI.JIH Bcex m (0 ~ m ~ j) Mb! HMeeM 

[Ea,E~-(m+l)a] = µm+l E~-ma• (1.36) 

r.n.e K03qJqJHI.J.HeHTbl µm YJI.OBJieTBOpHIOT ycJIOBHHM 

µo =0= µj+l· ( 1.37) 

Haii.n.eM peKyppeHTHOe cooTHOllleHHe JI.JIH K03cpcpHI.J.HeHTOB µm c 

IlOMOIUb!O CJJe.n.yIOrueii I.J.eilO1IKH paBeHCTB: 

µm+l E~-ma = (Ea,E~-(m+l)al = [Em (E-a,E~-mal] = 

= -[E~-ma• [Ea,E-a]l- [E-a, [E~-ma,EalJ = 

= -[E~-ma• (a,H)] + µm [E-a,E~-(m-l)al = 

= [(a,,) - m (a, a)+ µm] E~-ma• 
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CJieJI.OBaTeJibHO, Mb! HMeeM 

µm+1.= µm + (o, 1 ) - m (o,o). ( 1.38) 

I1cnOJib3YH HatJaJibHOe YCJIOBHe µo = 0 (1.37), Mb! noJiytJaeM perne

HHe peKyppeHTHOro COOTHOllleHHH ( 1.38) 

m(m-1) 
µm _= m(o, 1)-

2 
(o,o), (1.39) 

a JI.aHHb!e µi+I = 0 (1.37) npHBOJI.HT K ycJIOBHIO 

0 ( ) j ( ) . 2 (o, ,) 
= o,, - 2 o,o =} J = (o,o)" (1.40) 

I1TaK, Mb! JI.OKa3aJIH, l.JTO ecJIH O H ')' - KOpHH, a (o + ,) He KOpeHb, 

TO cyrn.ecTByeT nocJieJI.OBaTeJibHOCTb ( CTpyHa) KOpHeH 

. . - 2(0,,) 
')', 1 -o, ... , 1 -JO=')'- -( -) O, 0,0 ( 1.41) 

rJI,e nocJieJI.HHH KOpeHb onpeJI.eJIHeTCH nocJieJI.HHM COOTHOllleHHeM 

B (1.34). 3aMeTHM, l.JTO CTpyHa KOpHeH (1.41) HHBapHaHTHa npH 

OTpa:>KeHHHX OTHOCHTeJibHO rnnepnJIOCKOC.TH Pa, nepneHJI.HKYJIHpHOH 

K BeKTopy o: 0 .l Pa H npOXOJI.HI.UeH t.Jepe3 HatJaJio KOOpJI.HHaT 

KOpHeBoro npocTpaHCTBa. ,UeHCTBHTeJibHO, Bee KOpHH 3TOH CTPYHbl 

Jie:>KaT BJI.OJib HanpaBJieHHH BeKTopa o, a KopeHb 

aa(,) = ')' - 2 (o, ,) o 
(o,o) 

(1.42) 

HBJIHeTCH OTpa:>KeHHeM KOpHH' OTHOCHTeJibHO rHnepnJIOCKOCTH Pa. 
3TO CJieJI.yeT H3 Toro, l.JTO JII060H KopeHb MO:>KHO npeJI.CTaBHTb B BHJI.e 

CYMMbl BeKTOpa e E Pa H BeKTOpa 'T/ .l Pa; npH npeo6pa30BaHHH CTa 

BeKTOp e, Jie:>KaI.UHH B nJIOCKOCTH Pa (T. e. TaKOH, l.JTO (e, o) = 0), 
He JI.BHraeTCH, a BeKTOp 'T/, HanpaBJieHHb!H BJI.OJib Q; (T. e. TaKOH, 

l.JTO 'T/ ~ o), MeHHeT 3HaK. ITpeo6pa30BaHHH (1.42) Ha3bIBaIOTCH BeH

JieBCKHMH OTpa:>KeHHHMH. Bo3Bparn.aHCb K qiopMyJIHpOBKe TeopeMbl, 

3aMeTHM, l.JTO eCJIH KopeHb /3 COJI.ep:>KHTCH B CTpyHe (1.41), TO B HeH 

COJI.ep:>KHTCH H KopeHb /3 - 2( (o:, /3)) 0. ■ 
o:, 0: 

CJie)J.CTBHe 1. KaK CJieJI.CTBHe, Mb! noKa3aJIH (CM. qiopMyJiy (1.41), 
rJI.e j > 0), tJTO ecAu a u 1 - 1wpHu, a (, + o) He KopeHb, mo 
(o, ,) > 0. CoomeemcmeeHHO, 3aMeHRR a - -a, Mbt noAylf,aeM, 
l{,mo ecJZu (1 - o) He KopeHb, mo (o, 1) < 0. 
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CJie)J.CTBHe 2. ITo,II.CTaBHM <pOpMyJiy ( 1.35) B ( 1.36) H 3aTeM 

YtJTeM (1.39). B pe3yJibTaTe noJiytJaeM, l.JTO eCJil1 (o + ,) He KO

peHb, TO 

(j-m) 
N-a.{3+a Na,{3 = µm+I = (m + I) 

2 
(o, o), ( 1.43) 

rJI,e KOpeHb /3 =, - (m + I) 0 np11Ha,II.Jie:>Kl1T CTpyHe, nopO:>K,II.aeMOH 

KOpHeM O 113 KOpHH 1 . 
CJie,II.CTBHe 2 MO:>KHO .rr.onOJIHl1Tb CJie,II.yIOI.UHMH CBOHCTBaMl1 KO-

3<p<pHU11eHTOB Na,{3· 
I. l13 aHTl1CHMMeTp11tJHOCTl1 KOMMyTaTopa Mb! noJiyl!aeM 

Na,{3 = -Nf3,a· (1.44) 

2. ITycTb Tp11 KOpHH o6pa3yIOT TpeyroJibHl1K: 

a+/3+, = 0. ( 1.45) 

Tor.rr.a 11MeIOT MeCTO COOTHOllleH11H 

Ny.a+ N'Y,f3 = 0, Nf3,a + Nf3,'Y =:;; 0, Na,f3 + Na,'Y = 0. (1.46) 

,UeHCTBl1TeJibHO, 113 TO:>K,II.eCTB .5IK0611 

[Ea, [Ef3, E'Y]] + [Ef3, [E'Y, Ea]]+ [E'Y, [Ea, Ef3]] = 
= { Nf3,'Y oi + N'Y,a /3i + Na,f3 ,i} Hi = 0 

cJie.rr.yeT, tJTO (Nf3,'Y oi + N"f,a /Ji + Na,{3 ,i) = 0. Bb1pa311B O,ll.11H 

113 KOpHeH l!epe3 ,II.Ba JI.pyrnx no <popMyJie ( 1.45), Mb! np11xo

.rr.11M K (1.46). C ytJeTOM aHTHCHMMeTp11tJHOCTH (1.44) COOTHOrne

t!HH ( 1.46) npeJI.CTaBl1Mbl B BH,II.e 

Na,'Y = N'Y,f3 = Nf3,a =: Na,f3,'Y• (1.47) 

rJI.e Mb! onpe.rr.eJIHJil1 o6beKT Na,f3,'Y• UHKJIHl.JeCKH-CHMMeTpHtJHblH 

no nepeCTaHOBKe KOpHeBbIX HH,II.eKCOB, KOTOpb!e y.rr.oBJieTBOpHIOT co

OTHOllleHHIO TpeyroJibHHKa (1.45). 113 (1.47) CJie.rr.yeT paBeHCTBO 

N-a,a+f3 = -N-a,-{3, H (1.43) MO:>KHO nepenHCaTb KaK 

(j-m) 
-N-a,-{3Na,{3 = (m + I) 

2 
(o, o:), (1.48) 

rJI,e /3 = 1 - ( m + I) G:. 3aMeTHM, l!TO npaBaH l!aCTb ( 1.48) ,ll.OJl:>KHa 

6b!Tb CHMMeTpHtIHOH no 3aMeHe Q; +-+ /3 (npH 3TOM, KOHel!HO, MeHH

IOTCH H ueJib!e l.JHCJia j, m). 
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3. IlycTb a, /3,, - TPH Kopmi: TaKHe, l.!TO a+ /3 + 1 -=/= 0 H /3 + 
+ 1 , 1 + a, a+ f3 -=I= 0. TorJI.a HMeeM 

[Ea. [E13,E-y]] + (l.{HKJI a,/3, 1 ) = 
= (Na,/3+-rN/3,-r + N13,-y+aN-y,a + N-y,a+f3Na,f3)Ea+/3+-r = 0. (1.49) 

I103TOMY eCJIH a, /3, 'Y, 6 - l.!eTbipe KOpHH, o6pa3yIOmHe l.!eTbipex-
yroJibHHK: 

a + /3 + 1 + 6 = 0, 

TO, COrJiaCHO (1.47), Na,/3+-y MO}KeT 6b!Tb 3aMeHeHO Ha N8,a H 
BblIIOJIHHIOTCH COOTHOIIIeHHH 

N13,-yN8,a + N-y,aN8,/3 + Na,f3N8,-y = 0 (/3 + 1 , 1 + a, a+ /3-=/= 0). 
(1.50) 

YTBepJK,ll.eHHe 1.3. He HapymaR HOpMUpOBKY, npUHRmy,o 8 (1.20), 
06pasy10t.1Jsue Ea Bceiaa MO;JH;HO Bbt6pamb maK, 'lmo -N-a,-/3 = 
= Na,/3, npu amoM Bee KoaqHpUl{UeHmbt Na,/3 6yaym Bef..UsecmBeH
HbtMU. 

,l{oKa3aTeJibCTBO. 3TO CJieJI.yeT H3 CHMMeTpHH KOpHeBOH CHCTeMbl, 
KOTOpa.H Il03BOJIHeT Bbi6paTb o6pa3yIOmHe AJI g TaK, l.!TO COOTHOIIIe
HHH ( 1.25), ( 1.26) 6yJI.yT HHBapHaHTHbl OTHOCHTeJibHO aBTOMopcpH3-
Ma a: 

Ea --t a(Ea) = -E-a, Hi --t a(Hi) = -Hi, ( 1.51) 

KOTOpbIH Ha3bIBaeTCH aBTOMOpcpH3MOM KapTaHa. Jl.JIH KOMnaKTHbIX 
aJire6p JIH 3TO CJieJI.yeT H3 aHTHaBTOMopcpH3Ma (1.28) (CM. TaK}Ke [3, 
C. 175]). ■ 

CorJiaCHO JI.aHHOMY yTBep}KJI.eHHIO cpopMyJiy ( 1.48) MO}KHQ npeJI.
CTaBHTb B BHJl,e 

N2 _ ( m + 1) (j - m) 
a,/3 -

2 
(a, a), (1.52) 

rJl,e KopeHb /3 npHHaJl,Jie}KHT a-CTpytte KOpHeH, npoXOJI..Hll.{HX qepe3 
KOpeHb ,: /3 = 'Y - (m + l)a H j = 2(a, ,)/(a, a). TaKHM o6pa30M, 
CTPYKTypttbie KOHCTaHTbI Na,/3 onpeJI.eJIHIOTCH c TOl.!HOCTbIO JI.O 3HaKa. 

BocnOJih3yeMCH TeopeMOH 1.1 H paCCMOTpHM HepaBeHCTBO 

0 ~ 2(a,f3) 2(a,f3) - -4 20.,., 4 
---= 02 /32 - m n - cos ~ , 

rJI.e m, n - l.{eJibie 1.111cJia. 

16 

I1TaK, Mb! HMeeM CJieJI.yIOmHe B03MO}KHOCTH: 

2 (a, /3) -
2 - 0 ±1 ±1 ±1 

a) a ~/3 ⇒ 0 ~ mn ~ 3 I 
2 

(a~ /3) _ I < 1.53) 

132 - 0 ±1 ±2 ±3 

IlJIIOC nepeCTaHOBKa BepxHeH H HH}KHeH CTpo1.1eK (3aMeTHM, l.!TO 
cny1.1ati (a, /3) = 0 coorneTcrnyeT nonynpocTOH anre6pe JIH); 

2(a,f3) = I ±2 I ±1 I ±4 
a2 

6) " II µ => mn = 4 I 2¥, = I ±2 I ±4 I ± I 

a = ±/3 a = ±2/3 f3 = ±2a 
(1.54) 

Cny1.1ati a = ±/3 TPHBHaJieH, a cny1.1a11 a = ±2/3, /3 = ±2a 3anpe
mettbI, TaK KaK [Ea, Ea] = 0. 

~ JleMMa 1.1. flycmb a u /3 - a8a pa3JlU'lHbtX KOpHR. Toiaa eCJlU 
~ ( a, /3) > 0, mo ( a - /3) maK:J/Ce KOpeHb, a eCAU ( a, /3) < 0, mo 
~ ( a + /3) maK;m;e Kopel-lb. . 
~ ,l{oKa3aTeJibCTBO. PacCMOTpHM cny1.1aH ( a, /3) < 0 ( CJiyl.!aH 
~ (a, /3) > 0 6yJI.eT CJieJl,OBaTb aBTOMaTHl.!eCKH npH 3aMeHe /3 --t -/3). 

B 3TOM CJiyqae H3 ( 1.53) CJieJI.yeT, l.!TO JIH60 2 (a, f)' JIH60 2 (a, f) 
a. {3 

paBHO -1. 6e3 noTepH 0611.{HOCTH IlOJIO}KHM 2 (a, f) = -1. TorJl,a C 
u a 

IlOMOII.{blO BeHJieBCKOro OTpa}KeHHH noJiyqaeM, l.!TO 

HBJI.HeTCH KOpHeM. 

(a, /3) 
aa(/3) = /3 - 2-2 a = /3 + a 

a 
■ 

IIpuMep. KoptteBa.H CHCTeMa anre6pb1 JIH sl(3). Anre6pa JI11 
sl(3) - 3TO BeKTOpttoe npocTpaHCTBO Bcex 6ecIIInypoBbIX MaTpHI.{ 
(3 x 3) c YMHO}KeHHeM B BHJI.e KOMMyTaTOpa. IloJ1,aJire6pa B sl(3) 
Jl,HarottaJibHbIX MaTpHI.{ co CJieJI.OM, paBHbIM HYJIIO, 01.!eBHJI.HO .HBJIH
eTCH KOMMyTaTHBHOH. 3Ta IlOJl,aJire6pa H BbI6HpaeTC.H B Kal.!eCTBe 
noJ1,anre6pb1 KapTatta 1i. Bb16epeM B Ka1.1ecrne 6a3Hca B 1i JI.Be 
He3aBHCHMbie JI.HaroHaJibHble MaTpHI.{bl 

(
1 0 0) 1(10 0) H1 = 0 -1 0 , H2 = r,:; 0 1 0 
0 0 0 v3 0 O -2 

06'be,rorneHHlilli HHCTHTYT 
51:p;epHbIX Hccrre,n;oBamrrr 

g lifR TTTI OTEKA 

( 1.55) 
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TaKHe, qTo Tr (HiHj) = 2c5ij• OcTaBIIIHeCH 6 o6pa3yIOlUHX aJire6pb1 

sl(3) (dim (sl(3)) = 8), KOTOpb1e Mb! o6o3HaqHM E±a, E±f3, E±'Y• 
M0)KH0 Bbi6paTb CJie,ll.yIOlUHM o6pa30M: 

(
010) (000) (00 Ea = 0 0 0 , Ef3 = 0 0 1 , E'Y = 0 0 
0 0 0 0 0 0 0 0 D· 

E_a = E;, E_f3 = Ef, E_'Y = E'f;. 
(1.56) 

Onpe.u.em110mHe COOTH0IIIeHHH aJire6pbl sl(3) B BbI6paHHOM 6a3HCe 

HMelOT BH,ll. 

[H1,Ea] = 2Ea, [H1,E{3] = -Ef3, 

[H2, Ea] = 0, [H2, Ef3] = v'3 Ef3, 

[H1,E'Y]=E'Y, (1.S7) 

[H2,E'Y] = v'3E'Y, 

[Em Ef3] = E'Y, [E'Y, E_a] = -Ef3, [E'Y, E_f3] = Ea, 
[Em E_a] = H1, ( 1.58) 

y'3 1 y'3 1 
[Ef3,E-f3] = 2 H2 - 2H,, [E'Y,E-'Y] = 2 H2 + 2H,. 

OCTaJibHbie K0MMYTaI..I.HOHHbie CO0TH0IIIeHHH ,ll.JIH o6pa3yIOlUHX 

JIH6o paBHbl HYJIIO, JIH6o noJiyqaIOTCH H3 (1.57), (1.58) TpaHCn0HH

poBaHHeM. CornaCHO (1.57) Mb! HMeeM 6 K0pHeBblX BeKTopoB: 

a= (2,0), (3 = (-1, v'3), 
-a= (-2, 0), -(3 = (1, -v'3), 

, = (1, v'3) =a+ (3, 

-, = (-1, -v'3), (1.59) 

KOTOpbie MO)KHO H3o6pa3HTb Ha KOpHeBOH ,ll.HarpaMMe 

a(2) 

--~l-----a(l) sl(3) (1.60) 

3.u.ecb BeKT0pbl a(!) = a, a<2) = (3 onpe.u.eJIHIOT u.eJIOqHcJieHHb!H 

6a3HC BCeH KOpHeBOH CHCTeMbl sl(3). TIOJib3YHCb (1.59) H cpopMy-
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JIOH ( 1.24), Bbll!HCJIHM MeTpHKy 9ij' K0T0paH 0Ka3bIBaeTCH opTOH0p

M11pOBaHHOH 11 eBKJil1.ll.OBoi1: 

9ij = 2(aiaj + f3i/3j + 1i!j) = 12 ( 6 ~) . 
OTMeTHM, l!T0 .n.pyroii BbI6op 6a3HCHbIX o6pa3yIOlUl1X ( 1.55) B 

rro.n.aJire6pe KapTaHa M0)KeT, Boo6me roBopH, np11Becrn K Heoprn

HopMHpoBaHHOH MeTpHKe 9ij' l!T0, B CB0IO 04epe.n.b, rrp11B0.ll.HT K 

HCKa)KeHl1IO .n.11arpaMMbl ( 1.60). 

1.5. fpynna Beii:JUI u np0CTbie K0pHH 

PaCCMOTpHM MHO)KeCTBO BCeX KOpHeH rrpOCTOH A.JI y H o6o-

3Ha411M ero KaK <I>(9). PaCCMOTpHM BCe 0Tpa)KeH11H rnrra ( 1.42) 
MH0)KeCTBa <I>(9). Ol!eBH.11.HO K0pHeBaH CHCTeMa 0CTaeTCH HHBapH

aHTHOH 0TH0CHTeJibH0 Bcex TaKHX OTpa)KeHHH H, C00TBeTCTBeHH0, 

orrepaT0pbl 3THX OTpa)KeHHH o6pa3yIOT rpyrrny w. 
Onpe.u.eJiettne 1.6. Fpynna W, KomopaR nopoJ1CaaemcR ace.Mu om
paJ1Ce1-tuR.MU ( 1.42), 1-ta3btBaemcR ipynnou BeiiAR. 

TaK KaK K0pHeBaH CHCTeMa K0Hel!Ha, TO w T0)Ke K0Hel!Ha. 

PaccMoTpHM ,ll.JIH Bcex KOpHeH a rnneprrJioCK0CTH Pa TaKHe, l!T0 

Pa 1- a. 3TH rnnepnJI0CK0CTH .n.eJIHT r-MepHoe K0pHeBoe rrpoCTpaH

CTB0 Ha HenepeKpbIBaIOmHeCH K0HYCbl, Ka)K.11.blH H3 K0T0pb!X Ha3bl

BaeTCH Ka.Mepou BeiiAR. HarrpHMep, B cJiyqae g = sl(3) Mb! HMeeM 

3 0Tpa)KaIOmHe rnnepnJI0CK0CTH Pa, P(3, p'Y H, C00TBeTCTBeHH0, 

6 KaMep BeiiJIH: 

f3 
I 
I 'Y 
I /Pf3 

I // 

Q 

"-.. 

I "--
I 

pa 

fpynna W rrepeB0.11.HT o.n.Hy KaMepy BeiiJIH B .u.pyry10, 11, cJie.n.o

BaTeJibH0, w .n.eHCTByeT Ha MH0)KeCTBe KaMep BeiiJIH. 
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3aMetJauue. OTpaX<:eHHH H3 rpynnbI BeHJIH W MOX<:HO peaJIH3oBaTb 

Ha o6pasyIOlll.HX AJI. Onpe,ll.eJIHM onepaTopb1 

1 aiHi 
T3(a) = 2H0 = 7, 

1 
T2(a) = 

2
/£0 - £_0 ), (1.61) 

1 
T1 (a)= 2(£o + £_o), 

KOTOpbie COfJlaCHO (1.31) o6pasyIOT aJire6py yrJIOBOfO MOMeHTa 

[Tk(a), Tj(a)] = iEkjnTn(a). 

PaccMoTpHM IlOBopor Ha yroJI 7r BOKpyr BTOpOH OCH, KOTOpb!H 

o6cJiyX<:HBaeTCH onepaTopoM ei7r7Ho) H 6y,ll.eT npHBO,ll.HTb K oTpaX<:e

HHIO rpeTbeH OCH T3(a) --+ -T3(a). T.e. MbI HMeeM 

ei1rT2(o) ai Hi e-i1rT2(0) = -ai Hi. (1.62) 

TTycTb BeKTOp e j_ a, T. e. (e, a) = 0, TOr,ll.a [£±0, ei Hi] = 
= (e, a)£±o = 0 H HMeer MeCTO paBeHCTBO 

ei1rT2(0) eiHi e-i1rT2(0) = eiHi (Ve J_ a). ( 1.63) 

TTpoH3B0JlbHb!H BeKTOp X E l7r (.ll.JIH eBKJIH,ll.OBa npocrpaHCTBa l7r) 
MOX<:HO npe,ll.CTaBHTb KaK JIHHeHHYIO KOM6HHal.{HIO BeKTOpOB a, f 
Tor.n:a H3 ( 1.62), ( 1.63), Mbr noJiyqaeM 

ei1rT2(0) (x, H) e-i1rT2(0) = (17o(x), H), (1.64) 

r,ll.e (x, H) = xigii Hj H orpaX<:eHHe 170 onpe,neJieHo B (1.42). Or

MeTHM TaKX<:e, qTO ,QJIH orpaX<:eHHH ( 1.42) H .ll.BYX JII06bIX BeKTOpOB 

{3, I E Vr Mb! HMeeM paBeHCTBO 

(17o(f3), 1 ) = (f3,17o(1 )). ( 1.65) 

TaKHM o6pasoM, o6pasyIOlll.He 3JieMeHTbl 170 rpynnbI BeHJIH W 
sa,naIOTCH opTOfOHaJibHb!MH MaTpHI.{aMH H, CJie,noBaTeJibHO, 

det(w) = ±1, Vw E W. ( 1.66) 

O6cy,nHM Tenepb, KaKHM o6pa30M MOX<:HO BBeCTH 6a3HC B npo- I 

cTpaHCTBe KOpHeBbIX BeKTopoB. Bb16epeM HeKoropy10 KaMepy BeHJIH 

H B03bMeM BeKTOp X, JieX<:alll.HH BHYTPH 3TOH KaMepb!, T. e. (x, a) =I= 0 
(Va E <I>(Q)) (HHaqe BeKTOp X JieX<:aJI 6b! B O,QHOH H3 rnnepnJIOC

KOCTeH). OlleBH,QHO, qTo (x, a) He MeHHeT 3HaK (Va E <I>(Q)) npH 

,QBHX<:eHHH X BHYTPH O,QHOH H TOH X<:e KaMepbl, B npOTHBHOM CJiyqae 
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l 

I, 

! 
j 

Mb! npollIJIH 6b! TOllKY (x, a) = 0 H nonaJIH 6bi B .n:pyryIO KaMepy. 

Onpe,neJIHM Tenepb (no OTH~llieHHIO K BbI6paHHOH KaMepe Bei-iJI\rtl 

1) a - noAOJICUmeAbHblU KOpeHb, eCJIH (x, a) > 0--+ a E <I>+(x); 
2) a - ompul{ameAbHbtii KopeHb, ecJIH (x, a) < 0--+ a E <I>-(x). 
KaMepa BeHJIH, B KOTopoH pacnoJiaraeTcH BeKTOp x, Ha3bIBaeTCH 

ao.MuHaHmHOU. 

JleMMa 1.2. EcAU BeKmOpbt a(i), i = I, ... , k ~ T, noAOJICUmeAbHbl 
u ( a(i), o:(j)) ~ 0 Vi, j ( i =/= j), mo o:(i) - AUHeUHO He3aBUCU.Mbt. 

)];oKa3aTeJihCTB0. 3TO yTBepX<:,neHHe 6y,neM )].OKa3bIBaTb OT npoTHB

HOfO. TTycTb Mb! HMeeM 

k 

L Ti a(i) = 0. ( 1.67) 

i=l 

TaK KaK (x, a(i)) > 0, TO qacTb K03<pq>Hl.{HeHTOB Ti B (1.67) 60Jibllie 

HYJIH, a qacTb MeHbllie HYJIH. TTepeHeceM l!aCTb cJiaraeMbIX c Ti ~ 0 
B JieByIO l!aCTb paBeHCTBa 

l k 

E = L Si a(i) = L ti a(i), 

i=l i=l+l 

r)],e Si ~ 0, ti ~ 0. PacCMOTpHM 

l k 

E2 = L L sitj (a(i),a(j)) ~ O; 
i=l j=l+I 

OTCIO)].a cJie,nyeT, qTo E = 0 H O = (c,x) = I: Si (a(i),x) 
i 

= I: tj (o:(j),x). TaK KaK Si~ 0,ti ~ 0 H (x,a(i)) > 0, Vi, TO Si= 0 
j 

H ti = 0, T. e. Ti = 0. ■ 

OnpeAeJieuue 1. 7. floAoJ1CumeAbHbtU KopeHb Ha3btBaemrn npo
cmbt.M, ecAu ezo HeAb3H. sanucamb B Buae cy.M.Mbt aByx noAoJICu
meAbHbtX KOpHeii. 

TeopeMa 1.2. Cyl,,l{ecmByem T = rang (Q) npocmbtX KopHeii 
c/1)' a(2)' ... 'a(r) maKUX, tf,mO A106ot1 nOAOJICUmeAbHblU KOpeHb a 
.MOJICHO sanucamb KaK 

r 

a = ~ ni a (i) , 

i=l 

( 1.68) 
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zae ni ~ 0 - l{eAbte tlUcAa, a A106ou ompul{ameAbHbtii KopeHb {3 
npeacmaBUM B Buae 

r 

{3 = L mi c/i), (1.69) 
i=I 

zae l{ellbte tlUCAa mi ~ 0. EoAee moca, (aCi), a(j)) < 0, m. e. yzoA 
Me:JICay aByMJl npocmbtMU K0pH5lMU BCecaa 60Jlbute 90°. BbtuteyKa-
3aHH0e noaMHO:J1CecmBo ~(x) npocmbtX KopHeu aCI), aC2), ... , aCr) E 
E <I>+(x) Ha3btBaemcR 6aaou. 
,ll;oKa3aTeJibCTBO. 

1. QqeBH.D:HO, 'ITO pa3HOeTh ,n:Byx npoeTh!X KOpHeH aCl) H aC2) 

He MO)KeT 6b!Th KOpHeM. ,lI.eiieTBHTeJihHO, {3 = a(I) - aC2) He MO)KeT 

6hITh IIOJIO)KHTeJihHhlM KOpHeM (HHa'Ie a(!) pa3JiaraeTeH B eyMMY 

,n:Byx IIOJIO)KHTeJihHhlX KOpHeH) H aHaJIOrH'IHO {3 He MO)KeT 6b!Th 

OTpm..1.aTeJihHhlM KOpHeM (HHaqe aC2) = a(!) + (-/3) pa3JiaraeTeH B 

eyMMY .D:BYX IIOJIO)KHTeJihHh!X KOpHeH). TaKHM o6pa30M, {3 He KO

peHh. 

2. Teneph, eornaCHo eJie,n:eTBHIO 1 H3 npe,n:h1,n:ymero nyHKTa, MhI 

HMeeM .D:JIH .D:BYX IIpOH3BOJihHh!X npoeTh!X KOpHeH (a(!), aC2)) < 0 H, 

eJie,n:oBaTeJihHO, Bee npoeTbie KOpHH ( eornaeHO JieMMe 1.2) HBJIHIOTeH 

JIHHeHHO He3aBHeHMhlMH. 

3. CornaCHO cpopMyJie ( 1.24), JII060H BeKTOp y MO)KHO pa3JIO)KHTh 

no IIOJIO)KHTeJihHhlM KOpHHM: 

Yi= 9ijyi = ( L + L ) ai(a,y) = 2 L ai(a,y). 
aE1>+(x) aE4>-(x) aE4>+(x) 

TaK KaK no onpe,n:eJieHHIO Bee IIOJIO)KHTeJihHhie KOpHH HJIH npoeThl, 

HJIH pa3JiaraIOTeH B eyMMY IIOJIO)KHTeJihHh!X KOpHeH, TO, npo,n:OJI)KaH 

3TY npou:e,n:ypy, Mhl paHO HJIH IIO3.D:HO pa3JIO)KHM Bee IIOJIO)KHTeJib

Hh!e KOpHH B eyMMY npoeTh!X KOpHeH (1.68), a eJie,n:oBaTeJihHO, 

pa3JIO)KHM no npoeTh!M KOpHHM H npOH3BOJihHh!H BeKTOp y, T. e. npo

eThie KopHH cpopMHPYIOT 6a3He r-MepHoro npoeTpaHeTBa. TioeKOJihKY 

6a3He B r-MepHOM npoeTpaHeTBe eoeTOHT H3 r BeKTOpOB, TO npoeTh!X 

KOpHeH pOBHO r lllTyK: aCi) ( i = 1, ... , r ). 1 

4. ,lI.aJiee eHeTeMa BeKTOpOB {a(!), ... , aCr), /3} (r.n:e {3 - IIOJIO- 1 

)KHTeJihHh!H He npoeTOH KopeHh) HBJIHeTeH JIHHeHHO 3aBHeHMOH H, 

eornaCHo JieMMe 1.2, o,n:Ho H3 (aU) ,/3) > 0. Tor,n:a no JieMMe 1.1 
BeKTop 'YI = {3 - aU) TO)Ke KOpeHh, IIpH1IeM IIOJIO)KHTeJihHh!H (HHal!e 

aU> 6y,n:eT He npoeThIM). Tenepb JIH60 'YI - npoeTOH KopeHh H, 

eooTBeTeTBeHHO, {3 pa3JiaraeTeH B BH,n:e eyMMhl ,n:Byx npoeTh!X KOp-

HeH, JIH60 'YI OIIHTh IIOJIO)KHTeJihHhlH He npoeTOH KOpeHh, KOTOph!H 
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I. 

MO)KHO eHoBa pa3JIO)Kl1Th B BH,n:e ,2 = 'YI - aCk), r,n:e ,2 - IIOJIO

)KHTeJihHhlH KopeHh H T. ,n:. Tipo,n:OJI)KaH 3TY npou:e,n:ypy .n:o TeX nop, 

noKa· Ha KaKOM-H116y,n:h mare Mhl He IIOJIY'IHM, 'ITO rk - npoeTOH 

KopeHh, Mb! MO)KeM pa3JIO)Kl1Th JII060H IIOJIO)KHTeJihHblH KopeHh B 

BH.n:e JIHHeHHOH KOM611HaU:HH npoeTbIX, e IIOJIO)KHTeJibHblMH u:eJibIMl1 

K03<p<pHU:HeHTaMH. CooTBeTeTBeHHO, JII060H oTpHU:aTeJibHblH KOpeHb 

Mhl MO)KeM pa3JIO)KHTb B BH.n:e JIHHeHHOH KOM6HHaU:HH npoeTblX, e 

OTpHU:aTeJibHb!MH u:eJib!MH K03<p<pHU:HeHTaMl1. TaKHM o6pa30M, TeO-

peMa 1.2 ,n:oKa3aHa. 

CJie.II.CTB:Ue 1. Pa3HOeTb ,n:Byx KOpHeii 1 = {3 - aCik), r.n:e KopeHb /3 
eeTb eyMMa npoeThlX KOpHeH /3 = aCii) + aCi2

) + ... + a(ij) H ik =/= 
=/= iI, ... , ij; He HBJIHeTeH KOpHeM. 

. ,LI.eiieTBl1TeJibHO, 1 He MO)KeT 6h!Tb OTpHU:aTeJihHblM KOpHeM (HHa-

qe a(ik) He npoeT). C ,n:pyroii eTopOHbl, 1 He MO)KeT 6b!Tb IIOJIO)KH

TeJibHblM KOpHeM, TaK KaK 3TO npoTHBOpe1IHJIO 6bI ( 1.68). 

CJie.II.CTB:Ue 2. KaK eJie,n:eTBHe n. 1 H3 ,n:oKa3aTeJibeTBa TeopeMbI 1.2 
H cpopMyJI (1.22), (1.23), Mb! HMeeM 

[Ea(i),E_a(j)l = c5i,j (a(i),H). (1.70) 

YTBep.>K.II.ett:ue 1.4~ f pynna Be ii.AR W nopo:J1CaaemcR ompa:J1CeHUJl
MU Si = CY aCil, CBJl3aHHblMU C npocmblMU KOpH5lMU 

. . . _ _ 2(a, aCi)) (i) 
Si. a --t l:Ya<•l (a) - a (a(i), a(i)) a . (1.71) 

CuMMempuR Si nepecmaBAJlem Me:J1Cay co6ou noAo:J1CumeAbHbte 
KopHu, He paBHbte aCi), a aAJl aCi) Mbt uMeeM Si(aCi)) = -a(i)_ 

,ll;oKa3aTeJibCTBO [5]. To, 'ITO BeH rpynna BeiiJIH W nopo)K,n:a

eTeH OTpa)KeHHHMH Si, npe,n:eTaBJIHeTeH O'IeBH.D:Hb!M H eJie,n:yeT .113 

onpe,n:eJieHHH 3TOH rpynIIbI (eM. onpe,n:eJieHHe 1.5). ,lI.aJiee nyeTh 
r 

a = I:: mja(j) IIOJIO)KHTeJieH. Tor,n:a 113 ( 1. 71) Mb! IIOJiyqaeM 

j=l 

( 
2(a,aCi))) (i) ~ c·) 

Si(a) = mi - ( (i) (i)) a + 0 mja 
3 

• a ,a •_J.· J,i 

( 1. 72) 

TaK KaK aU) - eHeTeMa npoeTblX KOpHeH, TO Bee K03cpqrnu:HeHTbl 

B pa3JIO)KeHHH KOpHH Si (a) no 3TOH eHeTeMe ,n:OJI)KHbl 6bITh o,n:HOfO 
2(o:,o:(i)) 

3HaKa (eM. TeopeMy 1.2). EeJIH mi ~ (') C) ' TO Bee K03<p<pH-
. (o:',o:') 

U:HeHTbl B pa3JIO)KeHHH KOpHH Si ( 0:) He OTpHU:aTeJihHhl ( oeTaJibHble 

mk ~ 0 no npe,n:IIOJIO)KeHHIO O IIOJIO)KHTeJihHOeTH a), H, eJie,n:oBa-
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TeJibHO, KopeHb Si(a) ITOJIO)KHTeJieH, 4TO ,ll.OKa3bIBaeT nepeCTaHOBKY 
u u 2(a,a(i)) 

noJIO)KHTeJibHbIX KOpHeH onepauHeH Si. EcJIH R<e mi :::;;. 
0 0 

, 
(a',a'} 

TO H OCTaJibHbie K03<p<pHI..(HeHTbl ,ll.OJI)KHbl 6b!Tb mk ::;;; 0, T. e. mk = 0 
(Vk i- i). Tor.n.a a= mia(i) (cyMMHpoBaHHH HeT) H H3 (1.72) MbI 

noJiy4aeM Si(a(i)) = -a<i). ■ 

TeopeMa 1.3. Jbo6aa npocmaa aMe6pa Jiu g onpeaeAaemca cu
cmeMou ~(x) CBOUX npocmbtX KOpHeU. 

.LJ:oKa3aTeJibCTBO. )lJIH ,ll.OKa3aTeJibCTBa ,ll.OCTaT04HO noCTpOHTb no 

npoCTbIM KOpHHM aJire6pbl g Bee ee KOpHH. EcJIH a - KopeHb, TO 

H -Q - KopeHb, n03TOMY ,ll.OCTaT04HO orpaHH4HTbCH TIOCTpoeHHeM 

TOJibKO nOJIO)KHTeJibHbIX KOpHeH. IToJIO)KHTeJibHblH KopeHb, HBJIHIO

lll.HHCH cyMMOH k npoCTbIX KOpHeH, Ha30BeM KOpHeM nopaaKa k. 
IToJIHYIO CHCTeMy KOpHeH 6y.n.eM CTpOHTb c noMOlll.blO HH.D.YKTHBHOH 

npoue.n.ypbi. Bee KOpHH nopH,ll.Ka O,ll.HH HaM .n.aHbl, H6o 3TO - npOCTbie 

KOpHH. Tenepb nycTb Mb! nocTpOHJIH no CHCTeMe ~(x) Bee KOpHH 

nopH.n.Ka k - 1. KopHH nopH.n.Ka k HMeIOT BH.D. (, + a<j)), r.n.e 1 -
KopeHb nopH,ll.Ka k - 1, a aU) - npOCTOH KopeHb (n. 4 H3 ,ll.OKa3a-

TeJibCTBa TeopeMbl 1.2). . 

PaccMoTpHM Bee KOpHH 1 , 1 - aU), 1 - 2aU), ... , 1 - maU) 
( m < k) TaKHe, 4TO I - ( m + 1 )aU) He KopeHb. Bee 3TH KOpHH noJio

)KHTeJibHbl I) H nopH.n.Ka MeHbIIIero k, TI03TOMY Bonpoc O TOM, HBJIH

eTCH JIH cyMMa (, + a(j)) KOpHeM, onpe.n.eJIHeTCH <popMyJIOH (1.41). 

T. e. (, + a<j)) HBJIHeTCH KOpHeM, ecJIH 2(a(j), ,)/(a(j))2 > m, B 

npoTHBHOM CJiy4ae (, + aU)) He KOpeHb. IToJib3YHCb 3THM npaBH

JIOM, Mb! MOR<eM nocTpOHTb Bee KOpHH nopH,ll.Ka k. ■ 

PaccMOTpHM Tenepb CTPYHY 

a(i), a(i) + aU), a<i) + 2 a(j), ... , a(i) + m a(j). 

Corna CHO (1.41), 4HCJIO m nOJIO)KHTeJibHO H paBHO 

-2(a(i), Q(j))/(a(j))2. KaK Mb! BH,ll.eJIH, ,ll.JIH KOHe4HOMepHbIX 

npocTbIX AJI m MOR<eT npHHHMaTb TOJibKO 3Ha4eHHH 0, 1, 2, 3 

H, CJie,ll.OBaTeJibHO, 4HCJIO KOpHeBblX BeKTOpOB B CTpyHe He 

npeBbIIIIaeT 4. 

1) TToJIO)KHTeJihHblH KopeHh "Y = t mko/k) HMeeT Bee ffik ~ o. TOrJI.a ecJIH 
k=l 

( 1 - mo/il) - KOpeHb, TO see ero KO9cjJ<jJHUHeHTbl B pa3JIO)KeHHH no npOCTblM 

KOpHHM HMelOT OJI.HHaKOBbIH 3HaK, H "Y :j=. na<il. T. e. (m; - m) ~ 0 H KopeHb 

(-y - mo<il) TO)Ke IlOJIO)KHTeJieH (CM. JI.OKa3aTeJibCTBO yTBep)KJI.eHHH 1 .4). 
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11TaK, npocTaH KOHe4HOMepHaH aJire6pa JIH g noJIHOCTbIO onpe

.n.emIeT_CH Ha6opoM o6pa3yIOlll.HX 

E±o:<il, 
( 0 

H o:(il = 2 a • ' H) 
(a(i))2 

KOTOpbie COOTBeTCTBYIOT npoCTblM KOpHHM H y.n.oBJieTBOpHIOT COOT

HOIIIeHHHM ( CM. ( 1.32), ( 1. 70)) 

[Eo:(il, E-o:<ill = 8i,j (a(i), H), 

[Ho:(il, Eo:ul] = Kji Eo:ul, 

[Eo:<il, Eo:<nl = No:<il,o:Ul Eo:<il+o:(j), 

[Eo:ul, ... , [Eo:ui, Eo:<;J] = (ad(Eo:<n)) 1
-K;; Eo:<il = 0. 

1-K;; 

( I. 73) 

( I. 7 4) 

3.n.ecb Heo6XO,ll.HMO .n.o6aBHTb aHaJIOfH4Hbie COOTHOIIIeHHH ,ll.JIH 

o6pa3YIOlll.HX C OTpHuaTeJibHbIMH KOpHHMH E_o:(i)' KOTOpble Mb! He 

BbinHCbIBaeM. 1.I,eJI04HCJieHHaH MaTpHua 

(a(i), a(j)) 
Kij = 2 (a(i))2 

Ha3bIBaeTCH Mampul{eU KapmaHa, a COOTHOIIIeHHH (1.74), KOTOpbie 

3KBHBaJieHTHbl KOHe4HOMepHOCTH AJI, Ha3b!BaIOTCH coomHOUleHU
RMU Ceppa. 06pa3yIOlll.He { E±o:(i)' Ho:(i) }, KOTOpbIX 3r IIITYK H 

KOTOpbie ( c TIOMOlll.bIO COOTHOIIIeHHH ( I. 73), ( I. 7 4)) onpe.n.eJIHIOT BCIO 

AJI, Ha3bIBaIOTCH 06pa3y10ut,UMU llleBaAAe. 
04eBH.D.HO, 4TO Kii = 2 0 Kij ::;;; 0 .D.JIH ii- j. CornacHo (1.53), 

Mb! HMeeM CJie.n.yiom0e B03MO)KHOCTH: 

Kij = 
I 

0 

I 
-1 

I 
-1 

I 
-1 

Kji = 0 -1 -2 -3 

(a<j))2 -
? 1 2 3 I, (1.75) 

(a(i))2 -

cos(Bij) = 0 -1/2 -~ /2 -v'3 /2 

0ij = goo 120° 135° 150° 

r.n.e 0ij - yroJI MeR<.n.y .D.BYMH npOCTbIMH KOpHHMH Q(j) 0 Q(i). 
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!1 f pacpw-1eeKoe npe,n,eTaBJiemie KOpHeBbIX BeKTOpOB Ha3bIBaeTeH 

BeKTOpHOH ,lJ,HarpaMMOH. CornaCHo (1.75) JierKO HapHeOBaTb Bee 

B03MO:>KHbie ,n,ByMepHbie ,lJ,HarpaMMbl: 

aPl 

om 

A2 

c:i2) 

B2 

P11c. I 

ci2) 

c:il) 

G2 

1.6. ,ll;HarpaMMbl ,l{bIHKHHa H KOpHeBbie CHCTeMbl 

KJiaCCHIIeCKHX aJire6p JIH sl(n), so(n), sp(2n) 

lfa npe.u,b1,n,yw.ero o6ey:>K,n,eHHH HeHo, t.ITO ,n,HaroHaJibHbie 9JieMeH

TbI MaTpHI.J:bl KapTaHa Beer,n,a paBHbl 2 H TOJlbKO He,n,HaroHaJibHbie 

9JieMeHTbl MaTpHI.J:bl KapTaHa HBJIHIOTeH Ba:>KHbIMH H HeeyT B ee6e 

IlOJIHYIO HHcpopMaUH!O 06 AJI g_ 0Ka3bIBaeTeH, t.ITO MaTpHuy Kap

TaHa MO:>KHO npe,n,eTaBHTb rpacpHt.IeeKH (3aKO,lI,HpOBaTb) B BH,n,e ,lJ,Ha

rpaMMbl. TaKHe ,lJ,HarpaMMbl Ha3bIBaIOTeH ,lJ,HarpaMMaMH ,lI.bIHKHHa. 

Ko.n.HpOBaHHe oeyw.eeTBJIHeTeH e IlOMOlll.b!O eJie,n,yIOW.HX npaBHJI [7]. 
1. Heo6xo,n,HMO HapHeOBaTb r = rang (9) TOt.IeK, eooTBeTeTByIO

Ill.HX npoeTbIM KOpHHM oh) ( i = 1, ... , r). 
2. Coe,n,HHHTb i-IO H j-IO TOt.IKH e IlOMOW.b!O (Kij Kji) JIHHHH 

(qHeJIO TaKHX JIHHHH MO:>KeT 6b!Tb TOJibKO 0, 1, 2, 3). 
3. EeJIH Me:>K,n,y TOt.IKaMH i H j npoxo,n,HT 60Jibllle OJI.HOH JIHHHH, 

He06XO,lJ,HMO HapHeOBaTb eTpenKy (> HJIH <), yKa3bIBaIOw.yio Ha 

KopeHb e MeHbllleH ,n,JIHHOH. 

B Kat.IeeTBe npHMepa HapHeyeM JI.HarpaMMbl ,lI.bIHKHHa, KOTO

pb1e eOOTBeTeTBYIOT BeKTOpHblM ,lJ,HarpaMMaM, npe,n,eTaBJieHHblM Ha 
pHe. 1: 

om ci2) 

0-0 
ja(2)j2 = ja(1)12 

A2 
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aPl a(2) 

O==:=O 
jc:xC2)12 = 2ja(1)12 

B2 

P11c.2 

oPl ci2) 

0 < 0 
lci2l1 2 = 3lam12 

G2 

TToKa:>KeM Tenepb, KaK noeTpOHTb ,lJ,HarpaMMbl .Ll:bIHKHHa JI.JIH 

npoeTblX anre6p KJiaernqeeKHX eepHH (T. e. ,lJ,JIH anre6p, KOTOpbie 

eooTBeTeTByIOT rpynnaM SL(n), SO(n) H Sp(2n)). 

.AJire6pb1 sl(n): An_1-cepHH. 3Ta anre6pa JIH 6eelllnypo

BbIX MaTpmi: (nxn) HMeeT pa3MepHOeTb (n2-1). TTpe:>KJI.e Bee

ro on0llleM rneTeMy KOpHeH anre6pb1 sl(n). TToJI,anre6pa Kap

TaHa 3a,n,aeTeH Bew.eeTBeHHbIMH ,n,HaroHaJibHblMH 6eelllnypoBbIMH 

MaTp0uaMH (A)ij = aiOij (I: ai=O). 0TeIOJI.a eJieJI.yeT, t.ITO paHr 
i 

sl~n) paBeH (n - 1) H, eooTBeTeTBeHHO, anre6pa sl(n) HMeeT 

(n.- 1) - (n- 1) = n(n- 1) KopHeH. 

PaeeMOTpHM (nxn) MaTpHUbl Eij (i=/=j), KOTOpbie HMe!OT TOJlbKO 

OJI.HH HeHyJieBOH 9JieMeHT (Eij )kl= oikOj[· Jlerno npoBepHTb, t.ITO 

[Eij, Emn]kl = oik Ojm 8nl - Omk Oni Ojt = Ojm (Ein)kl - Oni (Emj)kl, 
( 1. 76) 

[A, Eiilkm = ak Oik Ojm - am Ojm oik = (ai - aj) (Eij)km· (1.77) 

113 ( 1. 77) ene.n.yeT, t.ITO 9JieMeHTbl Eij eOOTBeTeTByIOT KOpHHM aJI

re6pbl sl(n). 4HeJio KOpHeBbIX 9JieMeHTOB Eij paBHO n(n - 1), t.ITO 

COBilaJI,aeT e t.IHeJIOM Beex KOpHeH anre6pbl sl(n), H, ene,n,oBaTeJibHO, 

Mb! HallIJIH Bee KOpHeBbie 9JieMeHTbI sl(n). 3neMeHTbI Eij H Eji 
eooTBeTeTByIOT .D.BYM npoTHBOilOJIO)KHbIM KOpHHM (a H -a) . .Ll:eH

eTBHTeJibHO, 

[Eij, Eji]km = oik Oim - Ojk Ojm = (Eii)km - (Ejj)km = (hi - hj)km, 
(1.78) 

r.n.e Mb! HenoJib30BaJIH o6o3Hat.IeHHe hi= Eii· Ot.IeBH.D.HO, t.ITO MaTpH

ua ( hi - hj) HBJIHeTeH 9JieMeHTOM noJI,anre6pb1 KapTaHa sl ( n), TaK 

KaK OHa HBJIHeTeH ,lJ,HaroHaJibHOH H 6eelllnypoBOH. CpaBHHM ( 1. 77) 
e eOOTHOllleHHeM [Hi, Ea] = Oi Ea, r.n.e IlOJIO)KHM . 

Hi= hi - 1/n · 1, Tr (Hi) = 0, L Hi= 0. 

yfa ( 1. 77) Mb! HMeeM 

[Hi, Ekdmn = (oik - oil) (Ekl)mn = (e~k) - e~1))(Ekl)mn, 

T. e. Ekl eOOTBeTeTByeT Ea e KOpHeBbIM BeKTOpOM 

a. = /k) - e~l) = a~kl) 
• i i - i ' 

(1.79) 

( 1.80) 

fJI.e e(k) - e,n,HHHt.IHblH BeKTOp et) = Of B n-MepHOM BeKTOpHOM npo

eTpaHeTBe. Tenepb JierKO Bblt.IHeJIHTb MeTpHKY B 9TOM npoeTpaHeTBe, 
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! 

' 
I 
: 
i 

BOCilOJib30BaBllHiCb <pOpMyJIOH ( 1.24): 

9ij = L (e(k) - e<l))i (e(k) - e<l))j = 
k,l 

11 raK KaK (0 (i))2 = 1/n,,To Marpm.1,a KapTaHa HMeer BHJI. (1 ~ i,j ~ 
~ n-1) 

- (o(i),o(j)) { Kii = 2; . . 
Kij = 2 ( (j))2 = Kij = -1, ecn11_ Ii-:- JI= 1; 

° Kij = 0, ecn11 Ii - JI =/= 0, 1. 1 1 = 2 n (8ij - - uiuj) ~ Tr (HiHj) = Dij - - uiuj, 
n n 

(1.81) ii TT ' 11 COOTBeTCTBYIOlll.aH .n.11arpaMMa ,1.-1,blHKHHa eCTb 

r.n.e u = I:; e(k) = (1, 1, ... , 1). 3aMernM, t.iTo MeTpi-ma (1.81) BbipmK
k 

.n.eHa, TaK KaK HMeeT HyJieBOH BeKTOp u, H KpoMe Toro: 
1) Bee KOpHeBbie BeKTOpbl O'.(ij) Jie:>i<aT B (n - 1)-MepHOM KOpHe

BOM npocTpaHCTBe <I>su(n), opToroHaJibHOM BeKTopy u = I:; e(k), TaK 
k 

KaK ( e(i) - e(j)' u) = 0. C nOMOlll.blO BeKTopa u MO)KHO 3an11caTb Ha 

<I>su(n) MeTpHKY, o6paTHyIO K MeTpHKe (l.81), B BHJI.e 

oP> aP1 aP> o:(n-2) o:(n-1) 

Q>----0---0>---- · · · · · · · 0----0 

PHc.3 

Anre6pb1 so(n): B- H D-cepHH. 3To anre6pa Bern.ecTBeHHbIX 
aHTHCHMMeTpHt.iHbIX MaTpHI.I. (n X n), Hee pa3MepHOCTb paBHa n(n -
- 1) /2. Ea3HC B :HOH anre6pe MO)KHO 3aJI.aTb C n0M0lll.blO MaTpHU 

(L(ij))km = (-Eij+ Eji)km = -8ikDjm + DjkDim· (1.86) . . 1 . . 1 . . 
lJ = -WJ - -uiul); 

2n n ( l.82) ,, TipHMOe Bblt.IHCJieHHe .n.aeT ( CM. ( 1. 76)) 

y'l/n ,i [L(ij), L(mn)] = [-Eij + Eji, -Emn + Enm] = 2) JI.JIHHa Bcex KOpHeBblX BeKTOpOB OJI.HHaKOBa 11 paBHa 

nOCKOJibKY 

( o(ij))2 = I:lm(e(i) -ii))k(e(i) - e<j))m = 1/n (\Ii =I= j); 
k,m 

( 1.83) 

3) B Kat.iecTBe npOCTblX KOpHeH MO)KHO BbI6parb ( n - 1) He3a
BHCHMbIX BeKTOpOB O'.(i) = o(ii+l). ,Ue11cTBHTeJibHO, BbI6epeM BeKTOp 

X = (x 1' x2' ... 'xn), <pHKCHpy10rn.1111 nOJIO)KHTeJibHbie H OTpHI.I.aTeJib
Hble KOpHH, TaKOH t.IT0 I:; xi = 0 11 xi > xi (ecJIH i < j). Tor.n.a BCe 
KOpHH e(i) - e(j) npe.n.craBHMbI B BHJI.e n0JIO)KHTeJibHbIX KOpHeH 

e(i) - e(j) = o(i) + o(i+I) + ... + o(j-I) (i < j), (1.84) 

OTpHUaTeJibHbIX KOpHeH 

e(i) _ e(j) = _ 0 (j) _ 0 (j+I) _ ... _ 0 (i-I) (i > j). ( 1.85) 

3TH COOTHOilleHHH H nOKa3b!BaIOT, t.ITO O'.(i) <pOpMHpyIOT 6a3HC npo

= DimL(jn) - DjmL(in) + DjnL(im) - DinL(jm)· (1.87) 

Bb16epeM B Kat.iecTBe no.n.anre6pb1 KapraHa anre6py, reHep11pye
My10 ::ipMHTOBbIMH KOMMyT11py10rn.11M11 MaTp11uaM11 

i L(I2) = H1, i L(34) = H2, i L(56) = H3, ... , i L(2r-12r) = Hr, 
· · ( 1.88) 

r.n.e 2r = n JI.JIH n-t.ierttoro H 2r = n - 1 JI.JIH n-Het.ieTHoro. TaKUM 
o6paaoM~ so(2r) u so(2r + I) UMe10m oaun u mom 'Jlte panz r. 
OTMeTHM, t.ITO MeTpHKa B KOpHeBOM npocTpaHCTBe HMeeT BHJI. 

9ij ~ Tr(HiHj) = -Tr[(Eii+l -Ei+Ii)(Ejj+l -Ej+Jj)] = 28ij· 
(1.89) 

,ll.JIH anre6p so(2r) 11 so(2r + 1) t.IHCJI0 KOpHeH paBHO COOTBeTcTBeH
HO 

2r(2r-1) -r= 2r(r- l) (2r+ 1)2r -r= 2 r2. 
2 ' 2 (1.90) 

CTbIX KOpHeH, TaK KaK K03<p<pHUHeHTbl B pa3JIO?KeHHH nOJIO)KHTeJib•I 11ccne.n.yeM Tenepb K0pHeBbie CHCTeMbI so(2r) H so{2r + 1 ). ,ll.JIH 
HbIX H OTp11uareJibHbIX KOpHeH no BeKTopaM o<i) - COOTBeTCTBeHHO Toro t.IT06bI c.n.eJiaTb 3TO, nocTpOHM step-onepaTopbI (KopHeBbie BeK-
noJI0)KHTeJibHbie 11 0Tp11uaTeJihHb1e ueJibie q11cna; Topb1). 113 (1.87) cne.n.yer, t.iT0 

4) JI.JIH BbI6paHHbIX ttaMH npocTbIX KoptteH MbI HMeeM [L L ] _ L [L ] L 
(12), (13) - (23), {12), L(23) = - (13)· 

(i) ( ·) (i) (i+l)) .kl ( (j) (j+!)) _ 
( o o 1 

) = ( ek - ek 9 el - el - . Tenepb no aHaJIOfHH c yrnoBbIM MOMeHTOM HMeeM (c = ± 1) 
1 

= -2 (28ij - 0i+J,j - 8i,j+J),I 
n 'll 

[i Lc12), L(!3) + icLc23>l = c(Lc13) + i£Lc23))-

(1.91) 

( 1. 92) 
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fl AHaJJorwrnaH cj:>opMyJJa 6yJI.eT npH 3aMeHe 3 --t 4. OJI.HaKO KOM6HHa

IJ,HH (L(Ik) + icL(2k)) = L~g.k) (k = 3, 4) He MoryT 6bITb step-one
parnpaMH, TaK KaK 

[£(34), L(I4) + icL(24)] = -(L(13) + icL(23)) ⇒ 

(e) ] L(e) 
:::} [£(34) • £(12,4) = - (12,3)' 

(e) ] L(e) 
[L(34), £(12,3) = (12,4)" 

( 1.93) 

,ll.aHHaH TPYJI.HOeTb o6XOJI.HTeH, eeJJH 3aMeTHTb, qTo (1.93) HailOMH
Ha!OT (1.91), H paeCMOTpeTb KOM611Ha1.J,H!O 

L = (L(13) + icL(23)) + i ry(L(14) + icL(24)) = 
_ (L(e) • L(e) ) _ (£(77) • £(77) ) _ L(e,77) _ L(77,e) 
- (12,3) + 2"1 (12.4) - - (34,I) + ic (34,2) = (12,34) - - (34,12)' 

(1.94) 

rJI.e c H 'f/ MoryT He3aBHCHMO npHHHMaTb 3HaqeHHH ± 1. ,ll.etieTBH
TeJJbHO, 113 (1.88), (1.92) H (1.93) Mbl HMeeM 

[H1,L] = cL, [H2,L] = ryL, [H3,L] = 0, ... , [Hr,L] = 0. (l.95) l 
I 

TaKHM o6pa30M, oneparnp L eOOTBeTeTByeT qeTb1peM KOpHHM (± , 
± 1, ± 1, 0, ... , 0) = ±e(l) ± e(2) B 3aBHCHMoeTH OT 3HaqeHHH c = ± 1, 
'Tl = ± 1. 3)1.eeb e(i) - eJI.HHHqHbie BeKTOpbl B r-MepHOM npoeTpaH
eTBe. ,ll.aHHaH KOHeTpyKU.HH o6o6ruaeTeH Ha eJJyqafi, KOrJI.a JI.Haro

HaJJH3Y!OTCH npOH3BOJJbHbie JI.Ba reHeparnpa {Hi' Hj} IlOJI.aJJre6pbl 
KapTaHa. Heo6XOJI.HMO paeeMOTpeTb HHBapHaHTHOe (OTHOeHTeJJbHO 
np11eoeJI.HHeHHOrO JI.eHeTBHH onepaTopoB { Hi, Hj}) IlOJI.npoeTpaH- ' 
eTBO, HaTHHYTOe Ha reHepaTopbl 

{L(i,j), L(i,i+I), L(i+I,j), L(i+U+I)} (i,j = 1, 3, 5, ... ), 

JIHHeHHaH KOM6HHaIJ,HH KOTOpbIX L~:it,jj+I) rnna (1.94) 6yJI.eT 

onpeJI.eJJHTb KOpHH. Ha 3TOM nyrn Mbl HaXOJI.HM, qTQ so(n) (B 06011x 
eJJyqaHx, KOrJI.a n - qeTHoe H Heqernoe) HMeeT Ha6op KopHeti 
(±e(i) ± e(j)) (i < j, i,j = 1, ... , r). CornaCHo onpeJI.eJJeHHIO MeT
pHKH ( 1.89) Bee 3TH K0pHH HMe!OT 0JI.HHaKOBY!O JI.JIHHY H HX q11eJJO 

r(r - 1) 
paBHO 

2 
4 = 2r(r - 1 ). ,ll.JJH so(2r) 3TO qHeJJ0 eoBna)l.aeT e 

q11eJJOM Beex KOpHeH, H, eJJeJI.OBaTeJJbHO, B 3T0M eJJyqae Mb! HaIIIJJH 
Bee KOpHH. ,ll.JJH so(2r + 1) Mbl JI.0Jl)KHbl HaHTH JI.0il0JJHHTeJJbHbie 
KOpHH. 

ITpe)KJI.e qeM nepetiTH K o6ey)KJI.eHHIO e11eTeM npoeTbIX KopHeti 
JI.JJH aJJre6p so( n), npHBeJI.eM K0MMyTaIJ,HOHHbie e00TH0IIIeHHH JI.JJH 
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KOpHeBbIX oneparnpoB ( 1.94), KOT0pbie IlOHaJI.o6HTeH HaM B JI.aJJbHeH
rneM -np11 o6ey)KJI.eHHH aJJre6pb1 G2: 

[L(q) L(p,x) ] - ( 1) L(e,x) 
(12,34)' (34,56) - "lP - (12,56)" (1.96) 

A. so(2r): Dr-eep11H. 
Bb16epeM B KOpHeBOM npoeTpaHeTBe BeKT0p X = (xi' ... ' Xr ), 

cinpeJI.eJJH!OIUHH IlOJI0)KHTeJJbHbie KOpHH, TaKOH qTQ npH i < j Mb! 
11MeeM Xi> ±xj, Hanp11Mep x = (r,r - 1, ... ,2, 1). TorJI.a KOpHH 

e(i) ± eU) ( i < j) HBJJHIOTCH noJJO)KHTeJJbHbIMH, a -( e(i) ± e<j)) 
(i < j) - OTpm.1,aTeJJbHblMH. Tenepb B KaqeeTBe nepBbIX (r - 1) 
npoeTblX KOpHeH MO)KHO BbI6paTb 

0 (1) _;,- e(l) _ e(2), 0 (2) = e(2) _ e(3), ... , 0 (r-l) = e(r-1) _ e(r), 

. (1.97) 

a r-H K0peHb onpeJI.eJJHM KaK 

0 (r) = e(r-1) + e(r). (1.98) 

. r-1 I 
3TH r KOpHeH o6pa3y!OT 6a3He, TaK' KaK e(i) = I: o:(k) + -( o:<r) -

k=i 2 . 
- o:<r-l)), H HBJIH!OTeH npoeTb!MH, noeKOJJbKY JI.JIH IlOJI0)KHTeJJbHbIX 
KOpHeH Mbl HMeeM 

e(i) - e(j) = o:(i) + ... + o:(j-I) (i < j), 
e(i) + e(j) §= (e(i) - e<j))+ i 

,., + 2(e(j) _ e(r-1)) + (e(r-1) _ e(r)) + (e(r-1) + e(r)) = 
= (o:(i) + ... + o:(j-1))+ 

+ 2(o:(j) + ... + 0 (r-2)) + 0 (r-l) + 0 (r) (i < j < r), 
e(i) + e<r) = (e(i) _ e<r-1)) + (e(r-1) + e(r)) = 

= (o:(i) + ... + 0 (r-2)) + 0 (r) (i < j = r), 

T. e. Bee K03cj:>cj:>HIJ,HeHTbl pa3JJO)KeHHH HBJJHIOTeH IJ,eJJblMH IlOJI0)KH
TeJJbHblMH q11eJJaMH. ,ll.etieTBYH TeM )Ke enoeo6oM, JJerKO MO)KHO 
Bbipa3HTb Bee OTpHI.1,aTeJJbHble KOpHH B BHJI.e JJHHeHHOH KOM6HHaIJ,HH 
npoeTbIX KOpHeH ( 1.97)' ( 1.98)' HO y)Ke e 0TpHI.1,aTeJJbHbIMH K03cj:>
cj:>HIJ,HeHTaMH. TaKHM o6pa30M, Bee K0pHH JI.JIH so(2r) HMe!OT BHJI. 

a~·i) = (e(i) ± eU)), -a~•i) = -(e(i) ± eU)) (I ~ i -=J j ~ r). 
(1.99) 

,ll.11arpaMMa ,ll.bIHKHHa JI.JIH so(2r) Tenepb JJerKo eTpOHTeH no 
MaTp11u.e KapTaHa, KOTopyIO M0)KHO BbJqHeJJHTb, 3HaH Bee npoeTbie 

31 



KOpHH (1.97), (1.98) H MeTpHKY (1.89). Mb! y)l{e OTMeqanH, qTQ 
.u.nHHa Beex npoeTbIX KOpHeH O.ZJ.HHaKOBa . .Llanee 

(a(i), a(j)) .. 
Ki,i = 2 (a(i))2 = (2oij - oi,j-1 - oi-1,j) (i,J < r - 1), 

(a(i)' a(r)) 
Kr,i = Ki,r = 2 (a(r))2 = (2oi,r - oi,r-2), 

K= 

2 -1 0 0 0 0 0 
-1 2 -1 0 0 0 0 

0 -1 2 0 0 0 0 
0 0 -1 0 0 0 0 

0 
0 
0 
0 

0 
0 
0 
0 

0 
0 
0 
0 

2 -1 
-1 2 

0 -1 
0 -1 

0 0 
-1 -1 

2 0 
0 2 

lfraK, ,ZJ.HarpaMMa ,IlbIHKHHa anre6pbl so(2r) HMeeT BH.U. 

aP> 0(2> 
0-----<0>----

Puc. 4 

(1.100) 

3aMeTHM, qTo eeJIH Mb! y.u.anHM H3 ,ZJ.HarpaMMbl ,IlbIHKHHa ,u.mI 
so(2r) Ha pHe. 4 BepIIIHHY, eooTBeTeTBy10my10 KOpH!O a(r) (HnH 
a(r-lj), TO B pe3ynbTaTe nonyqHM ,ZJ.HarpaMMY ,IlbIHKHHa, npe.u.
eTaBneHHYIO Ha pHe. 3, .U.JIH anre6pb1 su(r) (rang (su(r)) = r - 1). 
Cne,u.oBaTenbHO, su(r) HBnHeTeH no.u.anre6pofi so(2r) H MO)l{eT 6bITb 
o6pa3oBaHa KapTaHOBeKHMH 3neMeHTaMH H 1, ••• , Hr-I H 06pa3y10-
mHMH e KOpHHMH a(l), ... , a(r-l). 

l1HTepeCHo TaK)l{e paeeMoTpeTb enyqaH anre6pb1 so(2r) .u.nH 
ManbIX r. 

i) Anre6pa s0(8) HMeeT ,ZJ.HarpaMMY ,IlbIHKHHa 

~· 
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H: KaK ene.u.yeT H3 cpopMbl 3TOH ,ZJ.HarpaMMbl, 3Ta anre6pa HMeeT .u.o
nonHHTenbHYIO eHMMeTpHIO, KOTopaH Ha3bIBaeTCH <<TpHanbHOeTblO>>. 

ii) Anre6pa JIH s0(6) HMeeT ,u.HarpaMMy ,IlbIHKHHa 

( 
KOTOpaH TaK)l{e eooTBeTeTByeT anre6pe sl(4) (HnH su(4)), H, ene.u.o
BaTenbHO, 3TH ,ZJ.Be anre6pbl H30MOp<pHbl. 

iii) AHanornqHo anre6pa so( 4) HMeeT ,u.HarpaMMY ,IlbIHKHHa 

0 

0 

H, TaKHM o6pa30M, so(4) H30MopcpHa anre6pe su(2) EB su(2). 

B. so(2r+l): Br-cepm1. 
.LlnH anre6pbI so(2r) Mb! nonyqHnH 2r(r - l) KopHefi ±e(i) ± eU) 

(i =I= j). O,u.HaKo .ZJ.JIH anre6pbI so(2r + l) qHeno KOpHeH .u.on)l{
HO 6bITb 2r2 (1.90). HaM Heo6XO,ZJ.HMO HaHTH eme 2r .u.ononHH
TenbHbIX step-onepaTOpOB (KopHeBbIX BeKTopoB). y Hae eeTb .u.o
nonHHTenbHblH HH,ZJ.eKe (2r + 1). Bo3bMeM onepaTOp L1,2r+l· Ha 
Hero HeTpHBHanbHO .u.efieTByeT TOnbKO O.ZJ.HH KapTaHOBeKHH 3neMeHT 
H1 = i L12: [H1, L1,2r+il = i L2,2r+l · Ha 3neMeHT L2,2r+l HeTpHBH
anbHO .u.efieTByeT TaK)l{e TOnbKO O.ZJ.HH KapTaHOBeKHH 3neMeHT H1: 
[H1, L2,2r+il = -i L1,2r+l · TaKHM o6pa30M, OTHOeHTenbHO KapTa
HOBeKOH no.u.anre6pbl JIHHeHHOe npoCTpaHeTBO e 6a3HeOM Li,2r+l 
( i = 1, 2) HBnHeTeH HHBapHaHTHbIM, H eeTeeTBeHHO HeKaTb step-one
paTOp KaK nHHeHHYIO KOM6HHaIJ,HIO La = L1,2r+I + a L2,2r+l · l1MeeM 

l 
[H1, La] = i L2,2r+1 - i a L1,2r+I = -i a (L1,2r+I - ; L2,2r+1), 

[Hj, La]= 0 (j = 2, 3, ... ), 

H, ene,u.oBaTenbHO, La - step-onepaTOp, eenH a 2 = -1 ⇒ a = ±i e 
KOpHeM {-ia, 0, ... , 0) = {± 1, 0, ... , 0). ,IlefieTByH B 3TOM HanpaBne
mm, Mb! HaXO.ZJ.HM 2r .u.ononHHTenbHbIX step-onepaTopoB e KOpHHMH 
(±1,0, ... ,0), (0,±1,0, ... ,0), ... , (0,0, ... ,±1). 

l1TaK, Bee KOpHH ,u.nH so(2r + l) npe.u.eTaBHMbl B BH,ZJ.e 

a~·j) = (e(i) ± e(j)), -a~,j) = -(e(i) ± e(j)), ±e(i) (1.101) 
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,, 

i,1 
i 

H HMeIOT .LI.JIHHY la~·j) I = ../2. H le(i) I = I (3.necb Mb! Bb16paJIH 

HOpMHpOBKY MeTpHKH TaK, 'ITO yii = t5ii). 3TH KOpHeBbie BeKTOpbi 
COOTBeTCTBYIOT KOpHeBbIM onepaTopaM 

L(c,71) - L · L . L L 
(ii+!,jj+l) - (ij) + ic (i+l,j) + i'r/ (i,j+l) - cT/ (i+l,j-u).•102) 

L~r? = L(i,2r+I) +ipL(i+l,2r+I) (i,j = 1,3,5, ... ). 

OnepaTOpbl ( 1.102) Y.ll.OBJieTBOpH!OT KOMMyTaUHOHHbIM COOTHOllleHH
HM (1.96) H 

[L~:], L~7?J = ("l - c)H(i+I)/2• 

[L(q) L(p,x) ] 
(ii+l,jj+l)' (ii+l,jj+I) -

= (I -"1x)(p-c)H(i+l)/2+(I-cp)(x-"1)Hu+1)12, (1.103) 

[L(c) L(71)] - L(c,71) [L(p) L(c,71) ] - ( I) L(71) 
(i)' (j) - (ii+l,jj+l)' (i)' (ii+l,jj+l) - pc - j · 

IlpOCTbie KOpHH .LI.JIH so(2r + I) Bbi6Hpa!OTCH B BH.LI.e 

a(l) = e(l) - e(2)' ... ' a(r-1) ~ e(r-1) - e(r)' a(r) = e(r)' ( I. 104) 

H .LI.JIH noJIO)KHTeJibHbIX KOpHeH ( i < j) Mb! noJiyqaeM 

e(i) - e(j) = a(i) + a(i+l) + ... + a(j-I), 

e(i) + e(j) = a(i) + a(i+I) + ... + a(j-l)+ 

+ 2(a(j) + aU+I) + ... + a(r)), 

ii) = a(i) + a(i+I) + ... + a(r). 

OTpHUaTeJibHbie KOpHH Bb!pa)Ka!OTCH qepe3 npOCTbie aHaJiornq
HblM o6pa30M, HO C OTPHUaTeJibHbIMH K03!p!pHUHeHTaMH. MaTpHua 
KapTaHa BbllIHCJIHeTCH no ( 1.104) H HMeeT BH.LI. 

(a(i), aU)) .. 
Ki,j = 2 (a(j))2 = (2 tSij - tSi,j-1 - tSi-1,j) (i,J < r - 1), 

(a(i), 0 (r)) 
Ki,r = 2 (a(r))2 = (-2'5i,r-l + 2'5i,r), 

( 0 (r), 0 (i)) 
Kr,i =2 (a(i))2 = (-ItSi,r-1 +2t5i,r), 
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2 -1 0 0 0 0 0 
-1 2 -1 0 0 0 0 

0 -1 2 0 0 0 0 

K= I 0 0 -1 0 0 0 0 

0 0 0 -1 2 -1 0 
0 0 0 0 -1 2 -2 
0 0 0 0 0 -1 2 

CJie.noBaTeJibHO, .LI.HarpaMMa ,llbIHKHHa aJire6pbl so(2r + I) pHcyeTCH 
KaK 

oPl o:<2l 0 (r-2) 0 (r-1) 0 (r) 

0-__,0,__- Qe------1.Q > 0 

PHc.5 

A.n:re6pb1 sp(2r): Cr-cep1rn. fpynna, COOTBeTCTBYIOIUaH 3TOH 
aJire6pe, no onpe.neJieHHIO COCTOHT H3 npeo6pa30BaHHH, KOTOpb!e 
coxpaHHIOT KOCOCHMMeTpHGHYIO 6HJIHHeHHYIO cpopMy UiJijVj, r.ne 
u, v - BeKTOpbl B 2r-MepHOM npocTpaHCTBe, a J - KOCOCHMMeTpHG
HaH HeBblpO)K.LI.eHHaH (2r x 2r) MaTpHua (CHMnJieKTHGeCKaH cpopMa). 
CooTBeTCTBeHHO 3JieMeHTaMH aJire6pbl sp(2r) HBJIHIOTCH (2r X 2r) 
MaTpHUbl L, Y.LI.OBJieTBopH!OIUHe ycJIOBHIO CHMnJieKTH'IHOCTH 

Lt J + J L = 0. (1.105) 

OTCIO.LI.a CJie.nyeT CHMMeTpHGHOCTb MaTpHUbl M = ( J L) = ( J L )l, 
H, CJie.n.OBaTeJibHO, pa3MepHOCTb aJire6pbl so(2r) paBHa GHCJIY CHM
MeTpHGHblX (2r x 2r) MaTpHu: 2r(2r + 1)/2 = r(2r + I), TaK KaK 
HMeeTCH B3aHMHO-O.LI.H03HaGHOe COOTBeTCTBHe Me)K.ny 3JieMeHTaMH L 
aJire6pbl sp(2r) H CHMMeTpHGHblMH MaTpHUaMH M: L = J-1 M. 

Bb16epeM MaTpHUbl J H L B 6JIOGHOM BH.LI.e 

( 0 Ir) ( A B) J = -Ir O ' L = C D ' (1.106) 

r.ne A, B, C, D - KOMnJieKCHbie (r x r) MaTpHUbI. Tor.na ycJIOBHe 
CHMnJieKTHGHOCTH (I.I 05) MaTpHUbl L .n.aeT 

A= -Dt, Bt = B, ct= C, (1.107) 

H Mb! MO)KeM BbI6paTb CJie.nyIOIUHH 6a3HC B aJire6pe sp(2r): 

Ei,i - Er+i,r+i = Hi (i =I, ... ,r), 
Ei,j-Er+i,r+i=Aij (i=/=j=I, ... ,r), (1.108) 

Ei,r+i + Ei,r+i = Bij, Er+i,j + Er+i,i = Cii (i,j = I, ... , r), 
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r.u.e Eij - MaTpHl!Hb!e e,U.HHHUbI: EijEkl = Ojk Eil. JierKO npoBepHTb, 

l!TO Mb! nepel!HCJIHJIH Beeb 6a3HC sp(2r). ,U11aroHaJibHb!e 3JieMeHTbl 

Hi (i = 1, ... 'r) ecTeCTBeHHO ClJHTaTb KapTaH0BCKHMH 3JieMeHTa.MH. 

TioJib3YHCb ( 1.108)' noJiyqaeM 

[Hi, Aki] = (e(k) - e(l))i Aki, 

[Hi,Bkzl = (e(k) +e(l))iBkl, (1.109) 

[Hi, Ckzl = -(e(k) + e(l))i ckl· 

TaKHM o6pa30M, B KalJeCTBe KOpHeti aJire6pbl sp(2r) Bb1611pa10TCH 

BeKTOpbl 

±2 e(k), ±(e(k) + e(l)), (e(k) - e(l)) (k # l). (1.110) 

Ea3HC npoCTb!X KOpHeti MO:>KHO Bb!6paTb B BH,U.e 

(e(I) - e(2), ... , e(r-I) - e(r), 2e(r)). 

3aMeTHM, lJTO KOpHeBaH CHCTeMa C-cep1111 (sp(2r)) OKa3bIBaeTCH 

,u.yaJibHOti K KOpHeBoti CHCTeMe B-cep1111 (so(2r + 1)), T. e. 3TH CH- I 

cTeMbI nepexo,u.HT .n.pyr B ,u.pyra np11 npeo6pa30BaH1111 a -t a/(a)2. 
Tio3TOMY ,ll.JIH sp(2r) MaTp11ua KapTaHa 11 COOTBeTCTBYJOI.UaH .u.11a

rpaMMa ,llbIHKHHa HMeJOT BH,ll. 
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(a(i), a(j)) .. 
Ki,j = 2 (aU))2 = (2c5ij - c5i,j-I -c5i-I,j) (i,J < r - 1), 

(a(i)' a(r)) 
Ki,r = 2 (a(r))2 = (-1 Oi,r-1 + 2c5i,r), 

(a(r); 0 (i)) 
Kr,i = 2 (a(i))2 = (-2c5i,r-l + 2c5i,r), 

2 -1 0 0 0 
-1 2 -1 0 0 

0 -1 2 0 0 

K= 
0 0 -1 0 0 

0 
0 
0 
0 

0 0 0 -1 2 -1 

0 
0 
0 
0 

0 
0 0 0 0 -1 2 -1 
0 0 0 0 0 -2 2 

aPl ci2l 0 (r-2) 0 (r-1) a(r) 

0 0 ....... 0 0 < 0 

P11c.6 

3aMeqamrn. TipoH3BOJ!bHb!H 3JieMeHT L (I.I 06) KOMilJieKCHOH aJI

re6pbl JI11 sp(2r) MO)KHO 3an11caTb CJie,u.yJOIUHM o6pa30M: 

(X+Y B ) 
L= C X-Y = 

=X(6 ~)+B(~ 6)+c(~ ~)+Y(6 ~1)• (I.Ill) 

r.u.e Mb! sseJIH HOBbie MaTpHUbI X, Y: A= X + Y 11 D = X - Y. 
YcJIOBHH CHMilJieKTHlJHOCTH ( 1.105), ( 1.107) ,ll.JIH KOMilJieKCHb!X 

(r X r) MaTpHU X' B' C' y nepenHCbIBaJOTCH B BH,U.e 

X = -xt, yt = Y, Bt = B, ct= C. (1.112) 

PacCMOTpHM B03MO)l{Hble BemecTBeHHbie cpopMbl KOMilJieKCHOti 

aJire6pb1 JI11 sp(2r ). 
I. AJire6pa sp(2r, R) - BemecrneHHoe JIHHetiHoe npocTpaHCTBO 

£ MaTpHU ( I. 11 I)' IlOCTp0eHHb!X H3 BemecTBeHHb!X ( r X r) 6JIOKOB 

X, Y, B, C, KOT0pb1e y.u.osJieTBopHJOT cooTHorneHHHM (1.112). AJI

re6pa sp(2r, R) HeKOMilaKTHa, TaK KaK ee MeTpHKa KHJIJIHHra He 

eBKJIH,ll.OBa. 

2. Anre6pa sp(r) (KoTopyJO TaK)Ke OE03Hal!aJOT KaK usp(2r)) -
semecTBeHH0e JIHHetiHoe npocTpaHCTBO £ CHMilJieKTHlJeCKHX MaTpHU 

rnna (cp. c (1.111)) 

- - ( I 0) . [- ( 0 L = X O I +i B I I ) - ( 0 -i) -( I O )] 0 + C i O + y O -1 = 

= ( x_+iY_ ~+i~), (I.ll 3) 
-C+iB X-iY 

- - - -
nocTpoeHHbIX 113 semecTBeHHbIX (r x r) 6JioKoB X, Y, B, C, KOTO-

pb1e TaK)Ke, B CHJIY ycJIOBHH CHMilJieKTHlJH0CTH (I.I 05) ,ll.JIH MaTpH

Ubl (1.113), Y.ll.OBJieTB0pH!OT CO0THOllleHHHM, aHaJI0rHl!Hb!M ( 1.112): 

x = -xt, ft= f, i3t = i3, i5t = c. (I.114) 

CpaBHHBaH (I.Ill), (1.113) 11 Yl!HTbIBaH (1_}12), (1.114), Mb! 

BH,ll.HM, lJTO semecTBeHHb!e npocTpaHCTBa £ 11 £ MoryT 6bITb BJIO

)KeHb! B 0,ll.HO 11 TO )Ke npoCTpaHCTBO KOMilJieKCHOH aJire6pbl sp(2r). 
.lI.etiCTBHTeJibHO, o6a Ha6opa MaTpHU pa3JiaraJOTCH no O,ll.H0MY 11 

TOMy )Ke 6a311cy ( 1.108) KOMilJieKCHOH aJire6pbl sp(2r ). O,u.HaKO 3TH 

pa3JIO)KeHHH (cnoco6b! BJIO)KeHHH) ocymecTBJIHJOTCH pa3JIHlJHb!M o6-

pa3oM (Bo BTOp0M cJiyqae Heo6xo,U.HMO HCil0Jib30BaTb K0MnJieKCHb!e 
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K03cpqmu.HeHTb!) H, CJJeJI.0BaTeJ!bH0, onpeJI.eJJH!OT pa3J!HtIHb!e aern.e

CTBeHHb!e cpopMbl KOMilJ!eKCHOH aJJre6pb! sp(2r). 
OTMeTHM, tIT0, HapHJI.Y C ycJJ0BHeM CHMilJ!eKTHtIH0CTH, 3JleMeH

Tb! ( 1. 113) aJJre6pb! JJH usp(2r) YJI.0BJJeTB0pH!OT C00TH0llleHH!O aH

TH3pMHT0B0CTH 

D = -l, (1.115) 

T. e. AJI usp(2r) K0MilaKTHa, TaK KaK ee MeTpHKa KHJJJIHHra Il£HB0-

JI.HTCH K eBKJIHJI.OBOH MeTpHKe. Ilo3TOMY 3JleMeHTbl U = exp (L) H3 

COOTBeTCTBY!OW.eH rpynnbl JlH Usp(2r) 0Ka3b!Ba!OTCH YHHTapHb!MH 

onepaTOpaMH utu = I. ,llpyrnMH CJI0BaMH, rpynna Usp(2r), COCT0-

HW.aH H3 2r X 2r yHHTapHb!X H CHMnJJeKTHtieCKHX MaTpHU., 6yJI.eT 

KOMnaKTHOH rpynnoii H MO.>KeT 6b!Tb onpeJI.eJJeHa KaK nepecetteHHe 

Usp(2r) = U(2r) n Sp(2r, C). 
3. OTMeTHM, tITO HMeeTCH ern.e u.enaH cepHH HeKOMnaKTHb!X 

aern.ecrneHHb!X cpopM anre6pb1 sp(2r). 3TH cpopMbl o6o3Hatta!OTCH 

sp(p, q) (r = p + q) H MoryT 6b!Tb OilHCaHbl CJJeJI.y!Olll.HM o6pa30M. 

MeTpHKY J ( 1.106) B cneu.HaJJbHOM 6a3HCe M0.>KHO npHBeCTH K BHJI.Y 

J=(~c: g), c:=diag(+l,.~.,+1,;~· (1.116) 
p q 

Tenepb 06pa3y10rn.11e L ( 1.106) anre6pb1 JI11 sp(p, q) onpeJI.eJJH!OTCH 

YCJJOBHeM CHMnJJeKTHtIHOCTH (1.105) (c MeTpHKOH (1.116)), a BMe

CT0 ycJJOBHH 3pMHTOBOCTH ( 1.115) Tpe6yeTCH Bb!IlOJJHeHHe ycJJOBHH 

nceBJI.03pMHT0B0CTH 

Ltie=-IeL, Ie:=(g ~)- (1.117) 

B HTore (rxr) 6JJOKH A,B,C,D MaTpHU.bl L (1.106) JI.0JJ.>KHbl 

YJI.OBJJeTB0pHTb COOTHOllleHHHM 

Dtc: = -c:A, Etc:= c:B, etc:= c:C, 

D* = A, B = -C*. 

Jlerno npoaepHTb, tITO onpeJI.eJJeHH0e TaKHM o6pa30M MHO.>KeCTBO 

MaTpHU. L 3aJI.aeT r(2r + 1 )-MepHoe aern.ecTBeHH0e JJHHeHHoe npo

cTpaHCTBO, HaJI.eJJeHHoe cTpyKTypoii AJI. 

1. 7. KJiaccmt>HKaIJ;H.H JJ.HarpaMM ,l(bIHKHHa JJ.JI.H 

KOHe1IHOMepHbIX npOCTbIX aJire6p JIH 

3JI.eCb, CJJeJI.yH H3JIO.>KeHH!O pa60Tbl [9], Mb! Bb!HCHHM, KaKHe 

ern.e cyrn.ecTBy!OT K0HetIHOMepHb!e npocTb!e AJI KpOMe Tex, KOTO

pb!e C0OTBeTCTBOBaJIH. JI.HarpaMMaM ,llb!HKHHa, npeJI.CTaBJJeHHb!M Ha 
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pHc. 2-6. TaKHM o6pa3oM, Harna 3aJI.atta - nepettHCJJHTb ace npo

CTbJe AJI, nepettHCJIHB Bee JI.OilYCTHMb!e JI.HarpaMMbl ,llbIHKHHa D(Q). 
,llJJH npoCTOTbl BHattaJJe 6yJI.eM HrHOpHpoBaTb CTpeJJKH a D(Q). 

TaKHe JI.HarpaMMbI Ha3b!Ba!OTCH zpac/JaMu KoKcmepa. OnpeJI.eJJHM 

eJI.HHHtIHb!e BeKT0pb! B HanpaBJJeHHH npoCTb!X KOpHeH: 

e:(i) = a(i) 

· J(a(i))2 

TorJI.a, TaK KaK (e:(i)' c:<j)) acer}I.a OTPHU.aTeJ!bHbl, 

( i) (j) 

( (i) (j)) - 2(a ,a ) - -JK··K·· -
2 £ 'e: - J(a(i))2 (a0))2 - i3 Ji -

(1.118) 

= -(ttHCJIO JIHHHH Me.>KJI.Y i H j) 1f2 = 0, -1, -v2, -v3. (1.119) 

KaK Mb! YBHJI.HM, 3TO ycnoaHe HanaraeT CHJJbHbre orpaHHtteHHH Ha 

CTPYKTYPY JI.HarpaMM ,llbJHKHHa. 

OnpeJJ.eJieHHe 1.8. 
1. EcAU 1/,UCAO ( i, j) AUHUU MeJ/Cay BeptuUHllMU i u j 8 zpac/Je 

> 0, mo BeptuUHbl i u j Hll3blBa10mcR C85l3llHHblMU. 
2. Ec11,u ( i, j) = 1, 2, 3, mo CBR3b coomBemcmBeHHO Hll3btBaemcR 

oauHapHOU, aBOUHOU u mpoUHOU. 

JleMMa 1.3. l.f UCAO E BCeX CBR3eU ( oauHapHblX, aBOUHblX U mpou
HblX) 8 D(Q) yaoBAemBOpRem HepaBeHCmBy E ~ r - 1. 
,l(oKa3aTeJibCTBO. TaK KaK BeKTOpb! e;(i) JIHHeHHO He3aBHCHMbl, TO 

0 < (L e:(i))2 = L(£(i))2 + L(c:(i), c:(j)) = r + 2 L(c:(i)' e:0)) = 
i i i=h i<j 

= r - L (ttHCJJO JJHHHH Me.>KJI.Y i H j) 112
, (1.120) 

i<j 

H TaK KaK 

L (ttHCJJo JJHHHH Me.>KJI.Y i 11 j) 112 
;::: 

i<j 

;::: L (ttHCJJO CBH3eH Me.>K.n.y i H j) 1/
2

, 

i<j 

TO H3 (1.120) CJJeJI.yeT O < r - (ttHCJIO acex CBH3eH) = r - E, tITO . 

3KBHBaJJeHTHO YTBep.>K,ll,eHH!O JJeMMbl. ■ 

CJieJJ.CTBHe. B D(Q) He)1.onycTHMbI 3aMKHYTbie U.HKJJbl, HHatte ttHCJJO 

CBH3ei\ B rpacpe 6yJI.eT coanaJI.aTb c r. Cne.n.oaaTeJJbHO, ace rpacpb1 

JI.peBeCHble. 
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I: 
i 
I 

3aMe11am1e. PaBeHCTBO r - (1111CJIO Bcex CBH3eH) = 0 peaJI113yeTCH 

T0JibK0 B cJiyqae I: c(i} = 0 11 C00TBeTCTByeT 6ecKOHe9HOMepHb!M 
i 

aJire6paM Kaua-MyA11. 

JleMMa 1.4. l.f ucAo Aunuii N, ucxoaRw,ux u3 oanoii u · moii 'JICe 
aeptuUHbt, yaoaAemaopRem nepaaencmay N ~ 3. 
,lloKa3aTeJlbCTBO. TTycTb c - eA11H119Hb!H BeKT0p, C00TBeTCTByJO

IU11H Bep1ll11He, C KOTOpOH CBH3aHbl Apyrne k Beplll11H c(l}, ... , c(k}. 

TaK KaK Ul1KJibl HeA0TTYCTl1Mbl, TO (c(i}, c(j)) = 0, i, j = 1, ... , k. 
OTCJOAa Bb!TeKaeT pa3JI0)KeH11e 

k 

c = 2)c,c(i))c(i) + (c,c(O))c(O), (l.121) 

i=l 

rAe c(O) - eAl1H119Hb!H BeKT0p 113 opToroHaJibH0ro A0TT0JIHeHl1H 

K c(l)' ... 'c(k}. Bo3BOAH B KBaApaT ( 1.121 ), Mb! noJiyqaeM 1 = 
k 

= I: ( C' c(i) ) 2 + ( C' c(O) ) 2 ' 9T0 C00TBeTCTByeT ycJI0Bl1IO ( CM. ( 1.119)) 
i=l 

k k 

4 ~ 4 I)c, c(i})2 = L(1111cJio ~11H11H, coeAl1HHJOIU11X c 11 c(i)) = 
i=l i=l 

= (911CJIO JI11Hl1H, 11CX0AHIUl1X 113 c). 

PaBeHCTBO peaJI113yeTCH T0JibK0 B cJiyqae (c, c(O)) = 0, 9T0 C0OT

BeTcTByeT JI11HeHHOH 3aB11Cl1M0CTl1 c(i} 11 c 11 np0Tl1B0pet111T Tpe-

6oBaHl1IO, B K0T0p0M BepllIHHbl B rpacpe C00TBeTCTBYIOT Jil1HeHHO 

He3aB11c11MbIM npocTbIM KopHHM. TaK11M o6pa30M, 1111cJio N Jil1Hl1H, 

11cx0AHIU11X 113 Beplll11HbI c, YA0BJieTBopHeT HepaBeHCTBY 3 ~ N, 9T0 

11 Tpe6oBaJIOCb A0Ka3aTb. ■ 

J,fraK, AOTTYCT11Mb!H TTOArpacp C OAHOH Beplll11HOH B A11arpaMMe 

,llbIHKl1Ha M0)KeT BbirJIHAeTb CJieAYJOIU11M o6pa30M: 

i)O--- ii)---0--

v)-0==== 

iii) O== 

vi) ~ 

iv)---6-

CJie,ll.CTBHe. EA11HCTBeHHbIH AonycTl1MbIH rpacp c TpOHHbIMl1 CBH3HMl1 

ecTb A11arpaMMa G2-rnna, npeAcTaBJieHHaH Ha p11c. 2. 

3aMe11aHu:e. YcJIOBl1e (c, c(O)) = 0 M0)KeT peaJil130BaTbCH AJIH 6ec

K0He9H0MepHb!X aJire6p Kaua-MyA11. 

40 

Jie.MMa 1.5. EcAu aonycmUMbtt1 epa</J D(Q) u.Meem nopl{utO aep

tuUH 

0 (i+l) 0 (i+2) 0 (i+k-2) 0 (i+k-l) a(i+k) 

of------{ol--- 0 

mo HOBbtt1 epa</J D' (Q), Komopbfii noAyttaemcR c'JICamueM amou 
nopl{UU a oany aepwuny, maK'JICe RBARemcR aonycmuMbtM. llpu
tteM noaou aepwune coomaemcmayem HOBbtt1 npocmou KopeHb 

k+i 
a = I: o:(l) u HOBblU eaunuttHblU BeKmop 

l=i 

k+i 

c = Lc(l)_ 

l=i 

(1.122) 

,lloKa3aTeJlbCTBO. ,lleHCTBl1TeJibHO, B03BeAeM B KBaApaT BeK

T0p (1.122) 

i+k-1 

c
2 = (k + 1) + 2 L(c(l}, c(m)) = (k + 1) + 2 L (c(l}, /l+l}) = 

l<m l=i 

= (k+ 1)+2k(-1/2) = 1. 

Tenepb Mb! M0)KeM TT0ACTaBl1Tb BeKT0p ( 1.122) B YCJI0Bl1H 11 A0-

Ka3aTeJibCTBa JieMM 1.1 11 1.2, np11 3T0M BbIB0Abl 3Tl1X JieMM He 

H3MeHHTCH, 9T0 11 Tpe6oBaJIOCb A0Ka3aTb. ■ 

CJie,!1.CTBHe. CJieAYIOIUHe rpacpbl (11Jil1 TTOArpacpb!) He HBJIHIOTCH A0-

nyCTl1Mb!MH. 

I. 0==0-- .. . . . . . Q1-------1Q 0 

(TaK KaK MoryT 6bITb cnrnyTbI B rpacp O O O, 3anpemeH-

Hbl~;:::_ ....... ~ 
(TaK K3K MOfYT 6b!Tb CTSHYThl B rpa<j, =<' ,arrpell\OH· 

HbIH JieMMOH 1.2). 
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' 
!''_ 

III.>--------~ 
(TaK KaK MOr)"F 6h1Tb CTHHYTbl B rpa<jl ><, sarrpell(eH

HblH JieMMOH 1.2). 
11TaK, KJiacc rpacpoB, cpeJI.H KOTOpb!X He06XO,!J,HMO HCKaTb ,!J,Ony

CTHMbie ,!J,HarpaMMbl )lbIHKHHa, CBO,!J,HTC.H K CJie,!J,yIOW:HM B03MO:>KHO
CT.HM: 

I. 0--0---- · · · · · · · 0--0----0 A,+ 1 ·. 

f(l) f(2) /Pl "T/(q) "T/(q-1) "T/(2) "T/(1) 

II. 0---0 ···· Q Q>-----,Q ···· 0---0 (TOJlbKO OJI.-
Ha ,!J,BOHHa.H CB.H3b). 

m.o o 

f(l) f(2) 

IV. 0------0---- · · · · · · · 

G2·. 
((!) 

((2)~ 

~, __ o 
~(q...:1) 

• • • "T/(2) 

~(!) 

PHC. 7 

11Me!OTC.H ,!J,aJibHeHII1He orpaHH'IeHH.H Ha ,!J,OnycTHMOCTb ,!J,Ha
rpaMM, npeJI.CTaBJieHHbIX Ha pHc. 7. PaccMOTpHM ,!J,HarpaMMY II pHc. 7. 

p . q 

ITycTb C = I: jc(j) H ,,, = I: j,,,(j)' TOr,!J,a 
j=l j=l 

p p-1 

c2 = :I>2 - Lj(j + 1) = p(p + l)/2 
j=l j=l 

H aHaJIOrHlIHO ,,,2 = q(q + 1)/2. )lanee, TaK KaK -2€P'TJQ = J2 
(JI.BOHHa.H CB.H3b, CM. ( 1.119)), Mb! HMeeM c"l = pqc(p) ,,,(q) = -pq/ J2 
H, HCnOJib3YH TO:>KJI.eCTBO Illsapu,a 

p:q2 = (c, 11)2 = (c)2 (11)2 cos2(0) < (c)2 ('T/)2 = p(p + 1)4q(q + 1) 
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"(cos2(0) = 1 npHBO,!J,HJIO 6b! K napaJIJieJibHOCTH BeKTOpOB c H 
,,,, qero He MO:>KeT 6bITb B CHJIY HX JIHHeHHOH He3aBHCHMOCTH; 
CJiytiaH cos2 ( 0) = 1 COOTBeTcTByeT 6eCKOHetIHOMepHb!M aJire6paM 
Kau.a-MyJI.H), OKOHtiaTeJibHO nonyqaeM (p - l)(q - 1) < 2. ITo
CKOJibKY p, q - IlOJIO:>KHTeJibHbie u,eJibie lIHCJia, B03MO:>KHbl CJieJI.yIO
W:He sapHaHTbI: 

i) p = 2, q = 2; 
ii) p = 1, q - JII06oe nono:>KHTeJibHoe u,enoe; 
iii) q = 1, p - JII06oe noJIO:>KHTeJibHoe u,enoe. 
Cnyqafl i) ,!J,aeT JI.HarpaMMY, cooTBeTCTBYIOW:YIO anre6pe F4, 

0----<Q Q1----<Q 

PHc.8 

CnytiaH ii) H iii). npHBO,!J,HT K ,!J,HarpaMMaM )lbIHKHHa, npe,!J,CTaB
JieHHblM Ha pHC. 5, 6, KOTOpbie COOTBeTCTBYIOT aJire6paM so(2r + 1) 
H sp(2r). 

PaccMoTpHM Tenepb orpaHHtieHHH Ha BHJI. JI.HarpaMMbI IV pHc. 7. 
OnpeJI.eJIHM BeKTOpbl 

p-1 q-1 r-1 

C = L j /j)' ,,, = L j ,,,(j)' ( = L j ((j). 

I I 

KaK H B npe,!J,bIJI.yw:eM cnyqae, Mb! HMeeM c2 = p(p - 1)/2, ,,,2 = 
= q(q - 1)/2 H ( 2 = r(r - 1)/2. CJie,!J,OBaTeJibHO, 

2( ) (c,'1/;)
2 

cos c,'1/; = (c)2('1/;)2 = 

= ((p - l)c(p-1), '1/;)2 = ((p - 1)/2)2 = ! (1 - !) 
p(p - 1)/2 p(p - 1)/2 2 p 

H aHaJIOrHtIHo cos2(11, 'I/;) = ½ ( 1 - i), cos2((, 'I/;) = ½ ( 1 - ~). 

,llanee HMeeT MeCTO HepaBeHCTBO 

cos2(c, 'I/;)+ cos2('T/, 'I/;)+ cos2((, 'I/;) < 1. (1.123) 

)leflcTBHTeJibHO, TaK KaK BeKTOpbl c, "l H ( B3aHMHO opToroHaJib
Hbl, Mb! MO:>KeM npe,!J,CTaBHTb 

'I/;= cos(c, 'I/;) c + cos(11, 'I/;) "l + cos((, 'I/;) (+cos((, 'I/;)(, (1.124) 
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' l 

I'' 
I 

r.n.e BeKTOp ~ opTOroHaJieH c, T/, ( 11 cos(~, 'ljJ) -=I- 0 (B CHJIY JIHHefrnOH 
He3aBHCHMOeTH 'ljJ). Bo3B0,!1.H B KBa,!1.paT eOOTHOllieHHe ( 1.124)' Mb! 
noJiytJaeM (1.123), 113 KOToporo eJie.n.yeT 

1 ( 1 )· 1 ( 1) 1 ( 1) 2 1-p +2 1-q +2 1-~ <1 
1 1 1 

==}-+-+->l. 
p q r 

( 1.125) 

3TO eooTHOllieHHe HaJiaraeT orpaHHIJeHHH Ha p, q, r, TaK KaK OHH 
HBJIHIOTeH noJIO)KHTeJibHblMH u.eJiblMH lJHeJiaMH 6oJibll1e HYJIH. Ee3 
orpaHHIJeHHH o6mHoern 6y.n.eM etJHTaTb, lJTO · p ~ q ~ r 11 Bee OHH 
~ 2 (TOJibKO B 3TOM eJiytJae ,!1.HarpaMMa IV, npHBe,!1.eHHaH Ha pHe. 7, 
HMeeT pa3BeTBJieHHe). OTeIO.n.a Mb! noJiytJaeM eJie.n.y10m11e B03MO)K
HOeTH ,!1.JIH .n.onyeTHMb!X ,!1.HarpaMM TaKOro THna: 

i) (p,q,r) = (p,2,2), p ~ 2, lJTO eOOTBeTeTByeT ,!1.HarpaMMaM 
aJire6p so(2r), H306pa)KeHHbIM Ha p11e. 4; 

ii) (p,q,r) = (p,3,2), p = 3,4,5, lJTO eooTBeTeTByeT ,!1.HarpaM
MaM 

p=3: HoBaH aJire6pa E6 

p=4: HOBaH aJire6pa E1 

p=5: HoBasi aJire6pa Es 

PHC. 9 

iii) (p, q, r) = (p, 4, 2); B 3TOM eJiytJae p < 4, lJTO HapyrnaeT p ~ q. 
TaKHM o6pa30M, Mb! HetiepnaJIH Bee B03MO)KHb!e ,!1.HarpaMMbl, 

KOTOpb!e eooTBeTeTByIOT (1.125), 11 npe.n.eTaBHJIH IlOJIHb!H Ha6op 
orpaHHIJeHHH Ha B03MO)KHb!e ,!1.HarpaMMbl, OnHebrna10m11e npoeTb!e 
KOMnaKTHb!e rpynnbI. Pe3IOMHpyH Bee BbirneeKa3aHHOe, Mb! noJiytJH
JIH, lJTO eymeeTBYIOT TOJibKO Te npoeTb!e KOMnaKTHbie rpynnbI, KO
TOpb!e eOOTBeTeTBYIOT KJiaee11-qeeKHM 4 6eeKOHelJHb!M eepHHM rpynn 
e ,!1.HarpaMMaMH Ha p11e. 3-6, a TaK)Ke 5 HeKJI!OlJHTeJibHb!X rpynn e 
.n.11arpaMMaMH Ha p11e. 2 (G2), p11e. 8 (F4), p11e. 9 (E6, E1, Es). 

1.8. CncTeMbI Koptteii HCKJUoqnTeJibHbIX aJire6p Jin 

Mb! y)Ke OTMetJaJIH, lJTO ,!1.HarpaMMa ,lI.bIHKHHa 0,!1.H03HalJHO onpe
,!1.eJIHeT MaTp11u.y KapTaHa (11 Hao6opoT). 3.n.eeb Mb! 06ey.n.11M Bonpoe 
0 TOM, KaK noeTpOHTb KOpHeByIO eHeTeMy no H3BeeTHOH ,!1.HarpaMMe 
.lI.bIHKHHa (HJIH, lJTO TO )Ke eaMoe, no eooTBeTeTBYIOmeH MaTpHu.e 
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KJJaCCHlleCK.lie aJJre6pbl 

Ar 0-----0---0--- . . . . . 0---0 

Br 0--0-- . . . . . . ~ 

C 0--0-- . . . . . . ~ r 

D, 0--0-- ...... ~ 

l1CKJJI0<1.1iTeJJbHhle aJJre6pb1 

G2 

F4 

E5 

E7 

Es 

1 2 3 4 
~ 

~ 

1 2 3 4 5 

P11c. IO 

6 8 

KapTaHa). 5IeHo, IJTO 3a,!1.atJa 6y.n.eT perneHa, eeJIH Mb! Hatt.n.eM Bee 
npoeTb!e KOpHH. B KatJeeTBe nepBoro rnara noeTpOHM KOpHeByIO 
eHeTeMy, KOTopaH eooTBeTeTByeT aJire6paM Dr e ,!1.HarpaMMOH ,lI.bIH
KHHa Ha pHe. 4. Harne noeTpoeHHe 6y.n.eT HHJJ.YKTHBHb!M. 

TTyeTb Mb! 3HaeM, KaK yeTpoeHbl KOpHeBbie eHeTeMbl ,!1.JIH Ar 
(JI.HarpaMMa ,lI.b!HKHHa Ha pHe. 3) . .II.11arpaMMa Ha pHe. 4 noJiytJaeTCH 
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H3 JI.HarpaMMbl Ha pHC. 3, ecJIH K HeH JI.06aBHTb JI.OilOJIHHTeJibHYIO 
BeprnHHY Ctr H coeJI.HHHTb ee OJI.HOH JIHHHeH c BeprnHHOH ar-2 
( o6parnaH npou.eJI.ypa crnpaHHH BeprnHH JI.aeT cnoco6 BbIJI.eJieHHH 
IlOJI.aJire6p H3 JI.aHHOH aJire6pb1). TTpoCTbie KOpHH Jl.JIH JI.HarpaMMbl Ha 
pHC. 3 H3BeCTHbl H JI.aHbl B (1.97). 6yJI.eM HCKaTb IlOCJieJI.HHH KOpeHb 

r 
Ctr B BHJI.e Ctr = I: ai e<i). 3HaH MaTpHU.Y KapTaHa 0 HBHblH BHJI. 

i=l 
KOpHeH (1.97), Mb! MO)KeM HanHCaTb CJieJI.yIOrn:He ypaBHeHHH Ha Ctr: 

(arai)=0 (i=l, ... ,r-3,r-_1), (arar-2)=-l, a;=2, 

KOTOpbie 3KBHBaJieHTHbl COOTHOilleHHHM Ha K03<p<pHU.HeHTbl ai: 

a1 = ... = ar-2 = a, ar-1 = ar = b, ar-2 - ar-1 = a- b = -1, 

(r - 2) a2 + 2 b2 = 2. 

TTOJI.CTaHOBKa 3-ro COOTHOilleHHH B 4-e JI.aeT ypaBHeHHe r a2 + 4 a = 
= 0, y KOTOporo eCTb TOJlbKO OJI.HH JI.eHCTBHTeJibHbIH KopeHb a = 0. 
CJieJI.OBaTeJibHO, b = 1 H Ctr OJI.H03HatIHO onpeJI.eJIHeTCH KaK (1.98). 

OnpeJI.eJIHM 'i'enepb npocTbie KopHH JI.JIH aJire6pb1 Ea no ee JI.Ha
rpaMMe )lbIHKHHa, npeJI.CTaBJieHHOH Ha pHC. 9, 10. 3aMeTHM, 1ITO CTH
paHHe BeprnHHbl 8 B JI.HarpaMMe Ea Ha pHC. 10 JI.aeT HaM JI.HarpaMMY 
so(14) Ha p0c. 4. TaKHM o6pa3oM, ecTecTBeHHO Bb16paTb B KaqecTBe 
npOCTblX KOpHeH a1' ... 'a7 npoCTbie KOpHH (1.97), (1.98): 

ai = e(i) - e(i+I) (i = 1, ... ,6), a7 = e<6) + e<7)_ 

)laHHbIH BbI6op COOTBeTCTByeT CJ1yqa10, KOrJI.a CTHpaHHe ern:e H Bep
IlIHHbl 7 npHBOJI.HT K KOpHeBOH CHCTeMe Jl.JIH s1(7). 6yJI.eM HCKaTb 

a 
OCTaBilIHHCH KOpeHb aa B BHJI.e aa = I: ai e(i). MaTpHu.a KapTaHa 

i=l 
(JI.HarpaMMa )lbIHKHHa) Jl.JIH Ea JI.HKTyeT HaM CJieJI.yIOW:He ycJIOBHH 
Ha KopeHb aa: 

(ai,aa)=0 (i= 1, ... ,5,7), (a6,aa)=-1, a~=2, 

KOTOpbie 3KBHBaJieHTHbl COOTHOllleHHHM Ha K03<p<pHI.I.HeHTbl ai: 

a1 = ... =a6=a, a6=-a7, a6-a1=2a=-1, 7a2 +b2 =2. 

0TCIOJI.a Mb! noJiyqaeM ai = -1 /2, i = 1, ... , 6, a7 = 1 /2 H 
aa = ± 1 /2. 06bI1IHO BbI6HpaIOT aa = + 1 /2 [ 1, 2] (B KHHre 
JI. C. TToHTpHrnHa [4] BbI6paHO a7 = -1/2, 1ITO COOTBeTcTByeT 3a~ 
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M·eHe a<6) +-t a<7))_ l1TaK, Mb! IlOJIY1IHJIH CJieJI.yIOrn:He npOCTbie KOpHH 
JI.JIH aJire6pb1 Es: 

a· = e(i) - e(i+l) (i = 1 ... 6) a7 = e<6) + e<7) 
i ' ' ' ' ( 1.126) 

as= i (-(e<1
) + ... + e<6)) + (e(7) + e<8))) = -; + e<7) + e<8), 

8 
rJI.e e = I: e(i). B Ka1IecTBe BeKTopa, onpeJI.eJIHIOrn:ero no-

i=I 
JIO)KHTeJibHbie KOpHH (CM. n. 1.5), MO)KHO BbI6paTb BeKTOp 
X = (7, 6, 5, 4, 3, 2, 1, y) (y > 13), rJI.e ycJIOBHe Ha y B03HHKJIO H3 
HepaBeHCTBa ( aa, x) > 0. l1CXOJI.H H3 3HaHHH npoCTbIX KOpHeH, y)Ke 
MO)KHO BOCCTaHOBHTb BCIO KOpHeByIO CHCTeMy <l>(Es). 

TTpe)KJI.e BCero 3aM~THM, 1ITO B <l>(Es) COJI.ep)KaTCH Bee KOpHH: 

{±aij, ±a~j} E <l>(so(14)), 

~·· = (e(i) - e<j)) a~-= (e(i) + eU)) 1 ~ i < J. ~ 7 
'-'-tJ ' tJ ' ---:: ---:: ' 

(1.127) 

TaK KaK JI.HarpaMMa )lbIHKHHa Jl.JIH so( 14) noJiyqaeTCH H3 JI.HarpaMMbl 
Es (pHC. 10) yJI.aJieHHeM OJI.HOH BeprnHHbl c HOMepoM 8. )laJiee JI.JIH 
noJiy1IeHHH HOBbIX KOpHeH H3 <l>(Es) K KOpHHM H3 <l>(so(14)) Heo6-
XOJI.HMO JI.06aBHTb (HJIH BbI1IeCTb) KopeHb aa ( 1.126). HanOMHHM, 
1ITO B pe3yJibTaTe CJIO)KeHHH (Bbl1IHTaHHH) KOpHeH a H {3 HOBb!e 
KOpHH noJiyqaJOTCH, TOJibKO eCJIH ( a, {3) -=/= 0 ( CM. TeopeMy 1. 1 0 
cpopMyJiy (1.74)). l1cnoJib3YH 3TO npaBHJIO, Mb! noJiyqaeM cepmo 
IlOJIO)KHTeJibHbIX KOpHeH {as, l¥6 + as, a5 + l¥6 + as, ... } , KOTOpb!e 
MO)KHO 3an0caTb eJI.HHb!M o6pa30M: 

a~ = -; + e(i) + e(B), 1 ~ i ~ 7. (1.128) 

CKJiaJI.bIBaH 3TH KOpHH H KOpHH ( 1.127), MO)KHO HaHTH Ha6op IlOJIO
)KHTeJibHblX KOpHeH 

a~'-k = a~+ a'-k = _.:_ + e(i) + e(j) + e(k) + e<8) tJ i 1 2 , 

l~i,j,k~7. i-=/=j-=/=k, (1.129) 

,.,,111 = ~ + ,.,,,_ + a' = .:_ _ (r) _ e(s) 
'-'-ra ~ ~k ~ 2 e ' 

r,sE{l, ... ,7}\{i,j,k,l,m}, r-=/=s, (1.130) 
_ Ill I _ .:_ . _ Ill I _ (8) _ (i) 

ao - ars + ars - 2' asi - ari + ar - e e ' 

a~s = ao + a~ = e(i) + e<B), 1 ~ i ~ 7. (1.131) 
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O6beJJ.HHHfl KOpHH ( 1.127), noJJO)KHTeJJbHbie KOpHH ( 1.128)-( 1.131) 
H COOTBeTCTBY!Olll.He OTpHUaTeJJbHbie KOpHH, OKOHqaTeJJbHO no-
JJyqaeM _ 

<I>(Es) = { ±(e(i) - e(j)); ±(e(i) + e(j)); ±i; ± (i - (e(i) + e(j))); 

(i-(e(i)+eU)+e(k)+e(l)))}, (1.132) 

1 ~ i,j, k, l ~ 8, i =I= j =I= k =I= l, 

HJJH 

<!>(Es) - { ± (e<•l - eUl), ±(e<•l + eW), i ,-' j; ½ t(-1r<•l e<•i}. 

r.n.e x( i) = 0, 1 H :Ex( i) - qernoe q11cJJo. TToJJb3YHCb npe.n.cTaBJJe-
i 

HHeM ( 1.132), nocq11TaeM q11cJJo Bcex KopHeti aJJre6pb1 Es: 

dim (<I>(Es))=2(C~+ C~+ 1 + C~) +cf= 2(3 · 28 + 1) + 70 = 240, 

H, COOTBeTCTBeHHO, pa3MepHOCTb BCeti aJJre6pbl Es paBHa 
dim (Es)= 240 + 8 = 248. 

KopHeBbie CHCTeMbI JJ.JJH aJJre6p E5 H E1 noJJyqaJOTCH H3 KOpHe
BOH CHCTeMbl Es BbIKHJJ.bIBaHHeM npoCTbIX KOpHeH, KOTOpbie COOTBeT
CTBYJOT BepnrnHaM 1 11 2 Ha JJ.HarpaMMe )lbIHKHHa Es (CM. pHC. 10). 

KopHeBafl CHCTeMa JI.Jlfl F4 (CM. JJ.HarpaMMY )lbIHKHHa Ha pHC. 10) 
MO)KeT 6b!Tb noJJyqeHa aHaJJornqHblM MeTOJJ.OM H3 KOpHeBOH CHCTeMbl 
so(7) ( 1.104) (.n.HarpaMMa )lbIHKHHa Ha pHC. 5). TaKHM o6pa30M, i 

Hlll.eM npOCTbie KOpHH aJJre6pbl F4 B BHJJ.e 4 

c/1) = e(l) - e(2)' a(2) = e(2) - e(3)' a(3) = e(3)' a(4) = L ai e(i)' 

i=l 
KOTOpb!e JJ.OJJ)KHbl YJJ.OBJJeTBOpHTb COOTHOllleHHHM ( COrJJaCHO BHJJ.Y 
JJ.HarpaMMbl )lbIHKHHa F4) 

(aia4) = 0 (i = 1, ... , 2), K34 = -1 - (a3a4) = -1/2, a~= 1. 

OTCJOJJ.a Mb! Bb!BOJJ.HM a1 = a2 = a3 = -1/2, a4 = ±1/2 H, nOCTYJJH
PYH B nocJJe.n.HeM paBeHCTBe 3HaK <<+>>, OKOHqaTeJJbHO noJJyqaeM 

0 (1) = e(I) _ e(2), 0 (2) = e(2) _ e(3), 0 (3) = e(3), 

a(4) - ! (-e(l) - e(2) - e(3) + e(4)) 
- 2 ' (1.133) 

<I>(F4) = { ±e(i); ±e(i) ± e(j), i =I= j; ½(±e(l) ± e<2) ± e<3) ± e(4))} 

(i = 1,2,3,4), 

r.n.e 3HaKH <<±>> MoryT BbI6HpaTbCfl He3aBHCHMO. 
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HTaK, pa3MepHOCTb aJJre6pb1 F4 paBHa 

dim (F4) = dim (<I>(F4)) + 4 = 8 + 24 + 24 + 4 = 52. 

HaKoHeu, onHrneM KOpHeByJO CHcTeMy G2 (cr.1- PHc. 1), co
oiBeTcTByJOlll.aH JJ.HarpaMMa )lbIHKHHa .n.aHa Ha pJ-iC. 2. KopHeBoe 
npocTpaHCTBO Mb! npeJJ.CTaBHM KaK rnnepnJJOCKoc'fb B TpexMep
HOM eBKJIHJJ.OBOM npocTpaHCTBe, KOTopaH nepneHJJ.HJ<)'JJflPHa BeKTopy 
i I) + e(2) + e(3) = ( 1, 1, 1 ). CJJe)ioBaTeJJbHO, Bee KopHH npe.u,cTaBH
MbI B BHJJ.e 

<I>(G2) = { ± (e(l) - e(2)), ±(e(2) - e(3)), ±(e(3) - i)), 

± (3e(i) - e(l) - e(2) _ / 3))}, (1.134) 

Ea = {gi, gi, gt G~} (i = 1, 2, 3), 

r.n.e BO BTopoti CTpoqKe BBe.n.eHbl o603HaqeHHfl JJ.JJH cooTBeTcTByJOlll.HX 
KOpHeBblX onepaTOpOB G2. Tenepb pa3MepHOCTb aJJre6pb! G2 JJerKO 
BblqHCJJfleTCH: 

dim (G2) = dim (<1>(92)) + 2 = 14. 

B KaqecTBe 6a3Hca npocTbIX KopHeti Mo$HO Bb16paTb 
e(l) - e(2), -2e(l) + e(2) + eC3). CKJJaJJ.b!Bafl Kopr1eBbie BeKTOpbl, 
JJerno BbIBeCTH CTPYKTYPY onpe.n.eJJHJOlll.HX coo'fHOWeHHti JJ.JJH 
KOpHeBb!X o6pa3yJOlll.HX aJJre6pb! G2 

[ I 2] 3 [ 3 I] 2 9±,9± ~ g'f, 9±,9± ~ 9p 

[gi,g¼l ~ G¾, [gtg¾l ~ G~, 

[Gi, g~J ~ it, [Gt gjJ ~ gi, 

[GI 3 l 2 [G2 I l 3 ±•9'f ~ g'f, ±•9'f ~ g'f, 

[Gi, Gil~ G¾, [Gt Gil~ G~, 

[ 2 3 l I 9±,9± ~ 9'f• 

[gl,g¼l ~ oi. 
[Gi,91] ~ gt 
[Gi,g¼l ~ g¼, 

[Gi, G:1:l ~ ai. 

( 1.135) 

OcTaJJbHbie KOMMYTaTOpbI paBHbI HYJJJO. 
113BeCTHO (CM., HanpHMep, [2]), qTo 14-MepHa.fl aJJre6pa G2 

HBJJHeTCH no.n.aJJre6poti B 21-MepHoti aJJre6pe so(7). J--lmKe Mb! noKa-
3bIBaeM, KaK MO)KHO HBHO onHcaTb BJJO)KeHHe G2 B so(?). ITpe)K.n.e 

3 

Bcero Ha no.n.aJJre6py KapTaHa so(7) HaJJaraeTcH ycJIOBHe L Hi = 0 
i==I 

JI.Jlfl BbIJJ.eJJeHHfl IIOJJ.aJJre6pbl paHra 2. 3To 3HaqHT, ,.:no Mb! MO)KeM 
Bb16paTb JJ.JJH no.n.aJJre6pbI KaprnHa B G2 cJJe.n.yJOmHe 6a3HCHbie 3JJe
MeHTbI: 

H1 = H2 - H3, ii2 = H3 - H1, H3 = H1 - fh. (1.136) 
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,UaJiee 3aMeTHM, LITO .n.m1 rettepaTOpOB so(7) cnpaBe,ll.JIHBbl paBeHCTBa 

[H1,Lt)l = ±Lt)• [H2,Lt)l = 0, [H3,Lt)l = 0, 
(±±) (±±) (±±) -

[H1,L(34,56)l = 0, [H2,L(34,56)l = ±£(34,56)' (1.137) 

[ <±±) l <±±) 
H3, £(34,56) = ±£(34,56)' 

no3TOMY Mb! HMeeM JI.JIH JIHHeHHOH KOM6HHaUHH g¼ = xL~t) + 
+ L~i;=;6)' r.n.e X - npOH3BOJibHaH KOHCTaHTa (H COOTBeTCTBeHHO 

2 L(±) L(:Ff) 3 - L(±) L(=t==t=) ) 
,ll.JIH onepaTOpOB gCf = x (3) + (56,12)' 9=t= - x (5) + (12,34) CJie-
.n.y10mHe COOTHOllleHHH: 

[Hr -H2,9ll = =f9l, [H3 -H1,9ll = ±91, 

[H2 -H3,9ll = 0 (UHKJI 1,2,3), 

[gt, g:l = 2 x2 H1 - 4 (H2 + H3) (UHKJI 1, 2, 3), 

(1.138) 

(1.139) 

[ I 2 l ? (±±) 4 (Cf) ? ( (±±) 4 (Cf)) (1 140) 
9p gCf = X- £(12,34) + x L(5) = X- £(12,34) + x L(5) · • 

J,fa (1.139) H (1.140) CJie.n.yeT, LITO ,ll.JIH 3aMKHYTOCTH no.n.aJire6pbl 

G2 Mb! ·.n.oJI>KHbI qmKCHpOBaTb x2 = 4, TOf,ll.a 

I I - -
[9+, 9-l = 4 (2 H1 - H2 - H3) = 4 (H3 - H2) (UHKJI 1, 2, 3), 

(1.141) 
[91,9~:l = 4gi (UHKJI 1,2,3). 

TTono>KHM 

G I - L(±Cf) G2 - L(±=t=) G3 - L(±Cf) 
± = (34,56)' ± = (56,12)' ± = (12,34)' (1.142) 

TToJib3YHCb ( 1. 96) H ( 1.103), noJiyqaeM 

- I I - I I [H3, G±l = =t=G±, [H2, G±l = =t=G±, 
- I I [H1, G±l = ±2G± (UHKJI 1, 2, 3), 

I I - - -
[G+, G-l = 4(-H2 + H3) = -4/3(2H1 - H2 - H3) (UHKJI 1, 2, 3), 

. (1.143) 
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[Gi, Gil= 2 Gi, [Gi, Gil= 2 Gi, [Gt Gil= 2 Gi, 
[91,g!l = (x2 + 2)Gi, [G1,gil = -2g!, 

[G1,gll = 2gi (UHKJI 1,2,3). (1.144) 

CpaBHHBaH <pOPMYJibl (1.141)-(1.144) H (1.135), Mb! npHXO,ll.HM 

K cJie.n.y10meif H,ll.eHTH<pHKaUHH: 

G r _ L<±=r=) G2 _ (±Cf) G3 _ (±Cf) 
± = (34,56)' ± = £(56,12)' ± = £(12,34)' 

1 - L(±) L(=fCf) 2 L(±) L(=t==t=) 
9Cf - X (I) + (34,56)' gCf = X (3) + (56,12)' (1.145) 

3 - L(±) L(Cf=t=) 
9=t= - X (5) + (12,34)' 

r.n.e x2 = 4. 

1.9. ,lJ;yaJI&Hbie aJire6p&1 JIH. Ko-KopHH 

no KOpHeBOH CHCTeMe <I>(9) 3 a cooTBeTcTByJOmett AJI y MO>KHO 

onpe.n.eJIHTb HOBYIO KOpHeByJO CHCTeMy <I>(9v)' KOpHeBbie BeKTOpbl 

a V KOTOpOH onpe.n.eJIHIOTCH CJie.n.y10mHM o6pa30M: 

av 
a - --. av= a2 t--t a - (aV)2 ( 1.146) 

OLieBHJI.HO, LITO ecJIH la1 I > la2I, TO laYI < la¥!- BeKTOpbI av Ha3bI-

BaJOTCH KO-KOpHHMH AJI Q. . 
HeTpy.n.Ho IlOHHTb, LITO MHO>KeCTBO BeKTOpOB av Y.ll.OBJieTBOpHeT 

sceM csottcTBaM KOpHeBott cHcTeMbI. HanpHMep, oTpa>KeHHH BettJIH 

,ll.JIH CHCTeM a H av nepeXO,ll.HT .n.pyr B .n.pyra: 

2
(a,f3)a v v 2(av,{3v)av 

a -t a - ((32) /J ~ a -t a - _ ({3v2) /J , 

a 3TO 3HaLIHT, LITO eCJIH npOCTb!e KOpHH .ll.BYX KOpHeBb!X CHCTeM 

CBH3aHbl npeo6pa30BaHHeM a - a/(a2), TO H see KOMil03HTHble 

KOpHH 6y.n.yT CBH3aHbl TaKHM >Ke npeo6pa30BaHHeM. 3Ha'IHT, KOp

HeBaH CHCTeMa av MO>KeT 6b!Tb acCOUHHpOBaHa c HeKoTopott AJI, 
KOTopaH Ha3brnaeTcH ayaAbHou AJI H o6o3HaLiaeTcH gv. Ko-KopHH 

A.IT g HBJIHIOTCH KOpHHMH .n.yaJibHOH AJI gv_ TaK KaK (av)Y = a, 
TO (9V)V = Q. 

ECJIH npOCTb!e KOpHH a(i) AJI g HMelOT O,ll.HHaKOBYIO .ll.JIHHY, TO 

COOTBeTCTBYJOmHe npOCTbie KO-KOpHH 

(i) v _ ~ 
(a ) - (a(i))2 (1.147) 

To>Ke HMeJOT OJI.HHaKOBYJO JI.JIHHY, a KoptteBaH CHCTeMa AJI gv noJiy

LiaeTcH H3 KOpHeBOH CHCTeMbl AJI g MaCllITa6Hb!M npeo6pa30BaHHeM 

(yMHO>KeHHeM BCex KOpHeH Ha IlOCTOHHHblH q>aKTOp 1/(a(i))2). CJie

.ll.OBaTeJibHO, AJI gv To>K.n.ecrneHHO pasHa AJI g. B 3TOM CMbICJie 
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AJI sl(n), so(2r), E5,E1,Es (K0Toph1e cooTBeTCTBYJOT O,ll.HOCBH3HhIM 

,D.HarpaMMaM ,lJ.bIHKHHa) OKa3bIBaJOTCH caMo,D.yaJihHhlMH. EcJIH npo

CThie KOpHH HMeJOT pa3HYJO ,ll.JIHHy, TO AJI gv MO)KeT OTJIH'laThCH OT 
AJI g_ -

IloJih3YHCh ( 1.14 7)' ,ll.JIH MaTpHU.hl KapTaHa ,D.yaJihHOH CHCTeMhI 

noJiyqaeM 

v (a(i)v, oh)v) (a(i), a(j)) 
Kij = (a(j)v)2 = (a(i))2 = Kji· (1.148) 

TaKHM o6pa30M, MaTp11u.a KapTaHa ,D.JIH ,D.yaJihHOH AJI gv noJiy

qaeTcH H3 MaTpHU.hl KapTaHa ,ll.JIH AJI (i TpaHCilOHHpOBaHHeM. '.:ho 

no3BOJIHeT Jierno H,D.eHTmp11u.11pOBaTh ,D.yaJihHhie AJI, noJih3YHCh HX 

npe,D.CTaBJieHHeM B BH,D.e ,D.HarpaMM ,lJ.bIHKHHa. B pe3yJihTaTe Mhl 

HMeeM 

Dso(2r+l) = 0---0-- ··· · ~ <--+ o---o- ···· ~ = Dsp(2r)• 

fl F4 = ~ +--+ ~ = fl F4' 

Dc2= ~ +--+ ~ = D G2 · 

lfraK, BCe npoCThie aJire6phl caMo,D.yaJihHhl 3a HCKJIJOqeHHeM aJI-

re6p so(2r + 1) 11 sp(2r), KOTOphie ,D.yaJihHhI ,D.pyr ,D.pyry. ·· 

1.10. KoueqnoMepHbie HHTerpHpyeMbie M0)I.eJIH H K0pHeBbie 
CHCTeMbl aJire6p JIH 

PaHee Mhl nepeqHCJIHJIH Bee KOHeqHoMepHhie npOCThie aJire6phl 

JI11. CJie,D.yJOru.1111 mar ,D.OJI)KeH 6hITh B 113yqeHHH HX npe,D.cTaBJieHHH. 

lfro6hl MOTHBHpOBaTh 3TOT mar, pacCMOTpHM HeKOTOpbie qJH3HqecKHe 

npHJIO)KeHHH ,ll.JIH H3JIO)KeHHOH Bhime TeOpHH. 

O6o6w;eHHbie u:erroqKH To,!I.bl. PaccMOTpHM CHCTeMy MeXaHH

qecKHX MaHTHHKOB, npe,D.CTaBJIHJOllJ,HX co6011 Ha6op qacTHU. ( C HOMe

paMH 0, 1, ... , r), IlO,D.BemeHHhIX Ha 6eCKOHeqHo ,ll.JIHHHhIX HHTHX 11 

CBH3aHHhIX npy)KHHaMH (cM. pHC. 11). 

LLL ..... U 
0 2 r-1 r 

P11c. 11 
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CHJia ynpyroCTH npy)KHH MO)KeT HeJIHHeHHO 3aBHCeTh OT HX pacTH

)KeHHH. EcJIH 3Ta CHJia F 3aBHCHT 3KCilOHeHU.HaJibHO OT paCTH)Ke

HHH npy)KHHhl ~x: F = exp (~x), TO, KaK 3aMeTHJI M. To,D.a (cM. 

o63op [ 11] H cchIJIKH, npHBe,D.eHHhre TaM), ypaBHeHHH ,D.BH)KeHHH 

,ll.JIH ,D.aHHOH MexaHHqeCKOH CHCTeMhl MoryT 6hITh pemeHhl ToqHo. B 
,D.aJihHe11meM TaKHe CHCTeMhl qacTHU. C 3KCilOHeHlJ,HaJihHhIM B3aHMO

,D.eHCTBHeM noJiyqHJIH Ha3BaHHe u.enoqeK To,D.hI. 

YpaBHeHHH ,ll.BH)KeHHH ,ll.JIH KOHeqHOH u.enoqKH To,D.hI, cocTomu.e11 

H3 (r + 1) qaCTHU., oqeBH,ll.HO, HMeJOT BH,ll. 

xo = ex1-xo, 

x
1 

= ex2-x1 _ x 1-xo e ' ... ' 
Xi = exi+1-x; - ex;-x;-1 ' ... , 

Xr = -eXr-Xr-1, 

(1.149) 

r,D.e Xi - KOOp,ll.HHaTa i-H qacTHU.hl H Mhl cq11TaeM, qTQ MaCChl BCex 

qacTHU. paBHhI. PaCTH)KeHHe i-11 npy)KHHhl paBHO Yi = Xi - Xi- 1, H 

B TepMHHaX 3THX nepeMeHHhIX CHCTeMa ypaBHeHHH ( 1.149) nepenH

ChIBaeTCH CJie,D.yJOlll,HM o6pa30M: 

YI= eY2 - 2eY1, 

Y2 = eY3 - 2 eY2 + eYI ' ... ' 

Yi = eYi+I - 2 eYi + eYi-1 
Yr = eYr-1 - 2 eYr. ' ... ' 

Ilpe,D.CTaBHM ypaBHeHHH ( 1.150) B MaTpHqHoH qJOpMe 

(J)=-(1 
-1 0 
2 -1 ... 0 eY2 

. . . '.' 
... 0) ( eYI ) 

0 -·1 2 eYr 

(1.150) 

(1.151) 

r,D.e B03HHKmaH (r X r) MaTpHU.a COBna,D.aeT c MaTp11u.e11 KapTa

Ha AJI sl(r + 1). OTMeTHM oqeBH,ll.HYJO IlOXO)KeCTh u.enoqKH To,D.hl 

( CM. pHC. 1 I) 11 ,ll.HarpaMMhl )lhIHKHHa ,ll.JIH sl (r + 1) ( CM. pHC. 3). 
YpaBHeHHH ( 1.151) oqeBH,ll.HhlM o6pa30M o6o6ru.aJOTCH Ha cJiyqa11 

mo6ofi aJire6phI JI11 co cBoefi MaTp11u.efi KapTaHa Kij: 

Yi= -K· • eYi iJ • (1.152) 

EcJrn Mb! OTO)K,ll.eCTBHM nepByJO H IlOCJie,D.HJOJO qaCTHU.hl xo = Xr, 

TO CO0TBeTCTBYIOllI.aH u.enoqKa Ha3bIBaeTCH nepHO,D.HqecKOH u.enoqKOH 
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TO,ll.bl H OilHCbIBaeTC.H ypaBHeHH.HMH (1.152) c MaTpHUeH 

Kii = ( 
2 -1 0 -1) -1 2 -1 0 
. . . . . . . 

-1 0 -1 2 

2ha MaTpHua COBna.u.aeT c MaTpHueii KapTaHa 6eCKOHetJHOMepHOH 

AJI, Ha3bIBaeMoH aJire6poii Kaua-My.n.H, c .n.HarpaMMOH )lbIHKHHa, 

KOTOpa.H BbirJI.H,ll.HT KaK nepHO,ll.H'leCKa.H uenO'IKa: 

PHc. 12 

YpaBHeHH.H ( 1.152) Mb! 6y.n.eM Ha3b!BaTb ypaBHeHH.HMH o6o6IUeH

HOH uenO'IKH TO,ll.bl. Bee 3TH ypaBHeHH.H HHTerpHpyeMbl, H ,ll.JI.H COOT

BeTCTBYIOIUHX CHCTeM MO}KHO IlOCTpOHTb He06XO,ll.HMOe 'IHCJIO He3a~ 

BHCHMb!X HHTerpaJIOB ,ll.BH}KeHH.H. l1HTerpHpyeMOCTb o6o6IUeHHOH 

uenO'IKH TO,ll.bl, OilHCbIBaeMOH ypaBHeHH.HMH (I. 152) C npOH3BOJ!bHOH 

MaTpHUeH KapTaHa Kij, CJie~yeT H3 BO3MO}KHOCTH nepenHCaTb 3TH 

ypaBHeHH.H B cpopMe ypaBHeHUJl 8JLR napbl JlaKCa 

L = i[A,L], (1.153) 

r.n.e napa onepaTopoB L, A Ha3brnaeTc.H napoii JlaKca. lfro6bI HBHO 

3a.n.aTb onepaTOpbI L H A, c.n.eJiaeM eIUe O.U.HY 3aMeHy nepeMeHHbIX. 

A HMeHHO onpe.u.eJIHM HOBb!e nepeMeHHb!e Zk C IlOMOIUbIO COOTHOIIIe-
r 

HHH Yi = I: KikZk, r.n.e 6y.n.eM npe.n.noJiaraTb, 'ITO MaTpHua IIKiill 
k=I 

o6paTHMa. HeTpy.U.HO nepenHcaTb ypaBHeHH.H (1.152) B TepMHHaX 

HOBb!X nepeMeHHbIX Zk: . 

Zi = -eKiizi (1.154) 

f1ocTpOHM Tenepb ,ll.Ba onepaTOpa L, A KaK 3JieMeHTbl B COOTBeTCTBy

IOIUeH AJI Q: 

L = ½ t ( ZiHa(i) + e(½K;izi)(&a(i) + &_a(il))' 
i=I 

. r 
(l.155) 

A=½ L (i½KijZj)(&a(i) - &_a(i)))' 
i=I 
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r.u.e 

£±n<•> ~ ✓ ( c,~)) 2 E±a<•>, H ""' ~ ( ,,~) )' (a<;) , H) 

- o6pa3yIOIUHe llleBaJIJie ,ll.JI.H AJI g' COOTBeTCTBYIOIUHe npoCTbIM 

KOpHHM oh)_ TToJib3YHCb cooTHOIIIeHHHMH (1.73) H (1.74), BbI'IHCJIHM 

KOMMyTaTop L H A: ' 

. r 

[A,L] = ¼ L (zji½K;kZk)[&a(i) -&_a(i),Hacil]+ 
i,j=l 

+e½(K;k+Kjk)zk ([&a(i),C_a<il] - [&_a(il,&acill)) = 
. r 

= ¼ L e(½K;kzk) (-zjKij(&a(i) + &_a(i)) + 2e½KjkZkOijHa(i)). 

i,j=l 
(1.156) 

C .u.pyroH CTOpOHbl, Mb! HMeeM 

r ( ) 
• 1 .. 1 . lK·z· L = - ~ z·H c·i +-K··z·e(2 '1 1 )(& c·i +& c·i) 2 ~ i a ' 2 tJ J a ' -a ' ' 

i=l 

(1.157) 

OTKy.u.a c yqeTOM ( 1.156) Mb! noJiyqaeM Bbipa}KeHHe 

t - i [A, L] = ~ t (zi + eK;kZk) Ha(i), 
i=I 

(1.158) 

KOTOpoe paBHO HYJIIO, eCJIH cnpaBe,ll.JIHBbl ypaBHeHH.H o6o6IUeH

HOH ueno'IKH TO,ll.bl ( I. 154). l13JIO}KeHHa.H KOHCTpyKUHH npeo6-

pa3yeT HeJIHHeHHb!e ypa,BHeHH.H (1.152), (1.154) uenotJKH TO,ll.bl 

B JIHHeHHbie ( I. 153). JIHHeHHble ypaBHeHH.H ( 1.153) ,ll.Jl.H napbl 

JlaKca IlO3BOJI.HIOT npo.n.eMOHCTpHpoBaTb HHTerpHpyeMOCTb ypaBHe

HHH (1.152), (1.154), TaK KaK .u.aIOT BO3MO}KHOCTb IlOCTpOHTb ue

Jlb!H Ha6op HeTpHBHaJibHbIX HHTerpaJIOB ,ll.BH}KeHH.H. )leHCTBHTeJibHO, 

onpe.u.eJIHM BeJIH'IHHbl 
In= Tr(Ln), (1.159) 

r.u.e o6pa3YIOIUHe AJI g, BXO.U.HIUHe B onpe.n.eJieHHe onepaTOpa L, 
B3.HTbl B HeKOTOpOM npe.n.cTaBJieHHH, no KOTOpOMY H Bbl'IHCJI.HeTC.H 

CJie.n. <<Tr>>. Jlerno IlOH.HTb, IlOJ!b3YHCb UHKJIHtJeCKHM CBOHCTBOM CJie

.u.a, 'ITO, npH Bb!IlOJIHeHHH ypaBHeHHHH ,ll.BH}KeHH.H ( I. 153), BeJIH'IHHbl 

In He 3aBHC.HT OT BpeMeHH: 

jn = n Tr (Ln-l L) =in Tr (Ln-l [A, L]) = i Tr ([A, Ln]) = 0. 
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! ' 

4HCJIO cpyHKU.HOHaJlbHO He3aBHCHMbIX coxpaHHIOlUHXCH BeJIHlJHH In 
paBHO paHry AJI Q, T. e. paBHO lJHCJJY ,lJ.HHaMHlleCKHX nepeMeHHb!X 

Zi, H ecJIH Lt = L, TO Bee In BemecTBeHHbl. 6onee Toro, MO)KHO 

noKa3aTb, tJTO HHrerpanbI .U.BH)KeHHH In Haxo.rr.HTCH B HHBOJJIOUHH, 

T. e. HX CK06KH TTyaccoHa paBHbI Hyn10: { In, Im} ~ 0. B 3TOM cnyqae 
BeJIHlJHHbl In MO)KHO ClJHTaTb nepeMeHHbIMH THna (<,lJ.eHCTBHfl>> .H 

nocTpOHTb conpH)KeHHbie HM nepeMeHHbie THna <<YfOJJ>> 0, KOTO

pble Y.lI.OBJleTBOpHIOT npocTOMY ypaBHeHHIO 0 = { 0, H(In)}, r.rr.e B 
KatJeCTBe raMHJlbTOHHaHa H(In) ,lJ.Jlfl o6o6meHHOH u.enOtJKH To.rr.bl 

MO)KHO BbI6paTb KBa.rr.paTHtJHYIO no HMnynbcaM Pi = Zi cpyHKU.HIO 

H = Tr(L2). 

3aMe11autte 1. OnepaTOp A ( 1.155) onpe.rr.enHeTcH no onepaTopy 
L ( 1. 155) cne.rr.y101UHM o6pa3oM: 

A=i(L+-L-), 

r.rr.e L + H L - o6o3HatJaIOT npoeKU.HH oneparopa L E g Ha ero qa- ' 

CTH, co.rr.ep)KamHe TOJlbKO nOJIO)KHTeJlbHbie H TOJlbKO orpHU.aTeJlbHbie 
KOpHeBbie 06pa3y10mHe AJI g COOTBeTCTBeHHO. 

3aMe1JaHHe 2. l13BeCTHO (CM., HanpHMep, [12] H CCblJIKH, npHBe
.rr.eHHbie raM), lJTO Ka)K,lJ.afl Beiu.ecTBeHHafl cpopMa KOMnJJeKCHOH AJI 
Q COOTBeTcTByeT HeKOTopoMy HHBOJIIOTHBHOMY aBTOMOp<pH3MY a: 
g -t g, TaK KaK a2 = 1, TO a HMeeT ,lJ.Ba co6CTBeHHbIX 3HalleHHfl: 

± 1 H TeM CaMbIM pa36HBaeT anre6py g Ha ,lJ.Ba no.rr.npocTpaHCTBa -
g+ H g- - TaKHX, lJTO a(Q±) = ±g±. 

TTycTh c, 77 = ± 1, TOr.rr.a MbI HMeeM 

a([Qe, Q77]) = [a(Qe), a(Q77)] = c 7J[Qe, Q77] 

H, CJle,lJ.OBaTeJibHO, 

[Q+,g+J Cg+, [Q+,g-J Cg-, [Q-,Q-] Cg+. (1.160) 

TaKHM o6pa30M, no.rr.npocTpaHCTBO g+ 06pa3yeT no.rr.anre6py B Q. 
EcJJH B KatJeCTBe a B3f1Tb aBTOMOp<pH3M KapTaHa ( 1.51), TO anre6pa 
g pa36HBaeTCH cne.rr.y101UHM o6pa3oM: 

{Hi,Ea+E-a}EQ-, i(E0 -E_0 )EQ+, (1.161) 

r.rr.e oneparopbl Hi, (Ea+ E_0 ), i(Ea - E_0 ) 06pa3y10T 6a3HC ,lJ.Jlfl 
KOMnaKTHOH BemecTBeHHOH cpopMbI anre6pb1 g. C .rr.pyroii cropo
HbI, eCJIH B KatJeCTBe o6pa3yIOIUH~ Bbi6paTb iHi, iEa, TO COOTBeT

CTBYIOIUaH BemecTBeHHafl cpopMa g 6y.rr.eT HeKOMnaKTHOH, HO 6y.rr.eT 
co.rr.ep)KaTb B ce6e, cornacHo (1.160) H (1.161), KoMnaKTHYIO no
.rr.anre6py g+ c 06pa3y101UHMH i(Ea - E_ 0 ). TTocKOJJhKY onepaTOp 
A (1.155) npirna.rr.ne)KHT g+, TO, KaK noKa3aJIH M. OJJblllaHeU.KHH 
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0 
A. OepenoMOB [ 13], pellleHHH o6o6meHHOH u.enotJKH To_AhI cooT-

8eTCTBYIOT reo.rr.e30qecKHM Ha o.rr.Hopo.rr.HoM npocTpaHCTBe G / K, r.rr.e 

rpynnhI G 0 K B KatJecTBe AJI HMeIOT BemecTBeHHbie cpopMbI g H 

g+ cooTBeTCTBeHHO. 

O606w.euub1e M0.IJ.eJIH KaJIO.IJ.JKepo-Mo3epa-Ca3epJieu.u.a. 
KBaHTOBaH Mo.rr.enh Kano.rr.*epo-Mo3epa-Ca3epneH.rr.a (rnna AN_ 1) 

,lJ.Jlfl N qacTHU. Ha npHMOH C napHblM B3aHMO,lJ.eHCTBHeM onHCbIBaeTCfl 

raMHJlbTOHHaHOM 

N 2x 
H = - ~8; + ~ (xi_ Xj) 2(x- Si,j), 

i=l l~i<J~N 

(1.162) 

r.rr.e Xi - KOOp.lJ.HHaTa i~H qacTHU.bl, X - .rr.eHCTBHTeJlbHafl KOHCTaHTa 

CBfl3H H Si,j - oneparop nepeCTaHOBKH KOOp.U.HHaT Xi H Xj BOJIHOBOH 

cpyHKU.HH 'lj;(x1, x2, ... , XN ), Ha KOTopy10 .rr.ettcTByeT onepaTop H npH 

pe1IIeHHH cneKTpaJJbHOH 3a.rr.atJH H'lj; = E'lj;. EcnH HCKaTb cneKTp ra

MHJlbTOHHaHa ( 1.162) B KJJacce CHMMeTpHtIHbIX BOJIHOBbIX cpyHKU.HH 

Si,j'l/J(i) = 'lj;(i) (HanpHMep B cnyqae 6eccnHHOBbIX TO)K,lJ.eCTBeHHblX 

qaCTHU.), TO orpaHHtJeHHe onepaTOpa H Ha TaKHe CHMMeTpHtIHbie 

cpyHKU.HH OtJeBH,lJ.HO HMeeT BH,lJ. 

N 1 
Hsym=-~8;+2x(x-1) L (x·-x-)2' ~ .,, . . .,,N i J 

i=l h::i<J"': 

(1.163) 

11HTerpHpyeMOCTb MO,lJ.eJJH Kano.rr.*epo-Mo3epa-Ca3epneH.rr.a c 

raMHJlbTOHHaHOM ( 1.162) cne.n.yeT H3 B03MO)KHOCTH 3anHcaTb H B 

BH,D.e 
N 

H = LPl (1.164) 

i=l 

c KOMMYTHPYIOIUHMH HMnynbcaMH Pi = -iDj, r.n.e Dj - .D.H<pcpepeH

U.HaJJbHo-pa3HOCTHbie onepaTOpbI: 

~ 1 
Dj=Oj+x~--si,j (j= l, ... ,N). 

~x--x· 
i,fcj i J 

,llettCTBHTeJJbHo, nonh3YHCb cooTHoiIIeHHHMH Oj Sij 
Sij Xi = Xj Sij' HMeeM 

( 1.165) 

Sij Oi, 
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! ' 

I 

~2 2 ("' 1 "' 1 ) Di = {)i + x LJ 2 si,j + LJ -;;-:si,j(Oi + 8j) + 
i#j xii ih i1 

x2 x 2 1 + "' --s· ·sk · +"' -s· ·-s· · = LJ i,J ,J LJ i,J i,J 
i,k XijXki i#j Xij Xij 

i,!k,/#i 

= aJ + (2x L -i-si,j + x L xl· _ Si,j(Oi + Oj)' + 
i<j xij i-f;j iJ J 

x2 x2 
+ "' --s· ·Sk · -2"'-LJ . . . i,J ,J LJ 2 ' 

. Xi3Xki .<. XiJ" ,.k i J 
i#f,jf,i 

r.n.e Mb! HCil0Jlb30Bamr CTaH,n.apTHde o603Ha'-IeHHe Xij = (xi - Xj), ' 
OKOH'-IaTeJibHO IlOJiyqaeM 

L .i5J = L aJ - 2x L -i-(x- Sij) + x2 L x· _
1
x _ Si,jSk,j, 

j j i,j X ij i,k,j ZJ ki . • ...,_k..,_ . ..,_. · i<J •r rJr• ' 
(1.166) i 

r.n.e IlOCJie,n.Hee CJiaraeMoe paBHO HYJIIO, TaK KaK (,n.eJiaH .n.se LtHKJIH'-Ie

CKHe nepeCTaHOBKH ( i, j' k) H ( i, k, j) ,lI.JIH HH,lI.eKCOB cyMMHpOBaHHH) 

HMeeM 

1 
"' ---Si,jSk,j = 
LJ Xij Xki 
i,k,j 

i#f,;;ci 

1 (1 1 1) _ = _ _ __ + + --- Si,jSk,j - 0. 
3 ~ Xij Xki Xjk Xij Xki Xjk 

,,k,3 
if,kf,jf,i 

TaKHM o6pa30M, (1.166) C y'-IeTOM (1_)64) 3KBHBaJieHTHO (1.162). 
KoMMYTHpyeMOCTb onepaTOpos Di .n.oKa3bIBaeTCH cJie,n.y10mHM 

o6pa3oM (j # k): 

[Dj, Dk]= [I: x~-Sij,Ok] + [aj, L xx Smk] + 
i=pj iJ m#k mk 

+ x2 "' [-
1 

Sij, -
1
-smk] = LJ x·· X k ·..;.· ..;.k ZJ m i-,-3,m-,-
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= x ([x~/ki,ak] + [ai, x:/ik]) + 

+ x 2 
[ L -1 

Sij + _l Skj, L -1
-smk] . 

i#j,i=pk Xij Xkj m=pk Xmk 

3JI.eCb nepsoe cJiaraeMoe pasHo HYJIIO, TaK KaK 

[ -
1
-skj, ak] + [aj, -

1
-sjk] = -

1
- ([skj, ak] - [oj, Sjk]) = o, 

Xkj Xjk Xkj 

H MbI noJiy'-IaeM 

[Dj, Dk]= x2 ( L [-1 
Sij, (-

1 
Sik + -

1 
Sjk)] + 

-..;. . ·..;.k Xij Xik Xjk i-,-3,i-,-

+ [L _l Smk, _l Sjk] ) = 
m=pk Xmk Xjk 

([ 
1 1 1 - ] [ 1 1 ]) = x2 L -Sij, (-Sik + -Sjk) + -Sik, -Sjk = 0. 

-..;. . -..;.k Xij Xik Xjk Xik Xjk 
i-,-J,i-,-

nocJie,n.Hee paseHCTBO Bb!TeKaeT H3 TO)K,lI.eCTBa 

[rij, (rik + Tjk)] + [rik, Tjk] = 0 
1 

( 1.167) 

(1.168) 

JI.JIH Tij = -Sij = -rji, KOTopoe HMeeT CTPYKTYPY KBa3HKJiac-
Xij 

CH'-IeCKOfO ypaBHeHHH HHra-EaKCTepa ,lI.JIH KBa3HKJiaCCH'-IeCKOH 

r-MaTpHI.tbl Tij • )leHCTBHTeJibHO, TO)KJI.eCTBO ( 1.168) 3KBHBaJieHTHO 

paBeHCTBY 

( 
1 1 1 ) --+ -- - --- SijSik+ 

XijXjk XikXji XjkXik 

( 
1 1 1 ) + -- - -- - --- SijSjk = 0, 

XijXik XjkXij XikXkj 

KOTopoe O'-IeBHJI.HO. 

11TaK, Mb! ,lI.OKa3aJIH, '-ITO [pi, Pj] = 0, H, B CHJIY COOTHOllle

HHH ( 1.164), Mb! HMeeM [H, Pi] = 0, T. e. {Pi} - HHBOJIIOTHBHb!H 

Ha6op coxpaHHIOll(HXCH HHTerpaJIOB JI.BH)KeHHH. 

_ OTMeTHM, '-ITO onepaTOpbl ( 1.165) CHHryJIHpHbl s TO'-IKax Xi = Xj 
( i t= j) H IlJIOXO ,n.eHCTBYIOT Ha npocTpaHCTBax HenpepbIBHb!X 
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! 

cpyHKUHH 'lj;(x) H noJIHHOMOB. O.n.HaKO C noMOW.blO npeo6pa3o

BaHHH 3KBHBaJieHTHOCTH Dj ----t wx(x)Dj(wx(x))- 1
, r.n.e Wx(x) = 

= TI1:::;;i<j:::;;N lxi - Xjl2x, Y1IHTbIBaH paseHCTBa 

SijWx(x) = Wx(x)Sij, 

nonyqaeM onepaTopbI 

1 
(8jwx(x)) = uwx(x) L x· _ x., 

i#j i J 

- -I ~ 1 Dj = wx(x)Dj(wx(x)) = 8j - u ~ x· _ x. (1 - Si,j), (1.169) 
i#j i J 

KOTOpb!e nepeBOJl.f!T nOJIHHOMbl B nOJIHHOMbl H Ha3bIBalOTCfl onepaTO

paMH ,llaHKJIH [ 14]. OnepaTopbI ( 1.169) MO)KHO nepenHcaTb B cpopMe 

r.n.e Mb! Y1IJIH paBeHCTBO 

0"
0

(iiJ(x) = x- 2(x,o:Cii)) .. 
(o:(ii))2 cii1) = 

j 

= (XJ, ... ,XN)- (xi -Xj)~,0, ... ,0,-1,0, ... ) = 
i 

=(xi, ... ,Xj, ... ,Xi, ... ,xN) = Sij(XJ, ... ,XN)- (1.172) 

EcJIH Bbi6paTb KpaTHOCTb s BHJI.e KOHCTaHTbl u(o:(ij)) = u, 
TO ( 1.171) 3KBHBaJieHTHO ( 1.169)' 'ITO H .11.eMOHCTpHpyeT CBfl3b one

paTopoB (1.169) H (1.170) JI.JIH cny1IaH anre6p AN_ 1-rnna. 

<PopMa ( 1.170) .11.JIH. onepaTOpos ,llaHKJIH .11.onycKaeT o6o6w.eHHe 

Ha cnyqati KOpHeBOH CHCTeMbl .11.Jlfl JII06oti nonynpocTOH anre6pbl JlH. Dj = 8j + L u(o:)o:j-( l ) (1 - a0 ), (1.170) 
O:,X 

o:E<I>+ ' YTBepm,u;eHHe 1.5 [14, 15]. Onepamopbt P,aHKAR {Dj} (1.170), 
r.n.e <1>+ - cHcTeMa noJIO)KHTeJibHbIX KopHeti JI.JIH AJI AN-i-THna, eae <I>+ :- cucme.M.a noAo:J1CumeAbHbtX KopHeu npou3BOAbHOt1 noAy-
o'a'ljJ(x) = 'lj;(a

0
(x)), a

0
(x) - oTpa)KeHHH BetiJIH (1.42), a u(o:) - npocmou AJI, yaoBAemBopR10m cAeay10U{U.M. cBoucmBa.M.: 

HeKoTopaH cpyHKUHfl, HHBapHaHTHafl OTHOCHTeJibHO scex BeHJieBCKHX.. 1) Ha60P onepamopoB { Dj} 06pa3yem KO.M..M.ymamUBHYIO aAee6py 
OTpa)KeHHH KOpHH o:. l1HOr.n.a cpyHKUHIO u(a) Ha3b!Ba!OT KpaTHOCTblO ' aucjJcjJepeHl{UllAbHO-pa3HOCmHbtX oaHopoaHbtX onepamopoB cmene-
KOpHH o:. l HU -1; . 

lfro6bl npo.n.eMOHCTpHpOBaTb CBfl3b Dj ( 1.169) c onepaTOpa- 2) onepamop H = ~ D; onpeaeARem ea.M.UAbm0HUllH o6o6U{eHHOU 

MH (1.170), B cnyqae KOpHeBOH CHCTeMbl AN-I = sl(N), 3aMeTHM, .M.oaeA /(, a J M 
'ITO B cyMMe no nOJIO)KHTeJibHbIM KOpHeBblM BeKTOpaM (1.84) B u llAO :JICepo- 03epa-Ca3epAeHaa, u OH paBeH 

npaBOH qacTH (1.170) Bbl)KHBYT TOJlbKO Te CJiaraeMbie, JI.Jlfl KOTOpb!X 

noJIO)KHTeJibHbie KOpHeBbie BeKTOpbl 

m 

o: = 0 (km) = ~• 0 ... , 0, -f. 0, ... , 0) E <I>+(sl(N)) 

k 

HMelOT HeHyJieBbie KOOpJI.HHaTbl 1 (HJIH -1) Ha j-M MecTe. T. e. 

JIH6o k = j, JIH60 m = j. Tor.11.a .11.HcpcpepeHuHaJibHO-pa3HOCTHbIH 
onepaTOp ( 1.170) MO)KHO nepenHcaTb B BHJI.e 

D· = 8· + ~ u(o:(ij)) 
1 

(1- si")-
3 J.~ (x·-x·) 3 

i>j J i 

- I::u(o:(ji)) l (1 - Sij), (1.171) 
. . (xi-Xj) 
i<J 
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H= LD] = 
j 

= L OJ+ L u(o:)-( l ) (2(0:, 8) - ((o:, o:)) (1 - u0 )). (1.173) 
. o:,x o:,x 

J o:E<I>+ 

~oKa3aTeJI&CTBO. 1. C noMOW.bIO npeo6pa3oBaHHH no.11.06HH Dj ----+ 

- w-;:} DjWx, me Wx = n I ( o:x) 12x(o:)' onepaTOpbl Dj ( 1.170) 
o:E<I>+ 

MO)KHO npHBeCTH K BH.11.Y 

L 1 ~ D· = 8· - u(o:)o:3-( -)aa. 
J J 0:, X 

o:E<I>+ 

(1.174) 

!laJiee JI.JIH j f= k HMeeM 
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~ ~ _ [ ~ x(a)oj~ ] [ ~ x(a)ak~ ] 
[Dj, Dk] - - L- (a, x) Ua, 8k + L- (a, x) Ua, 8j + 

aEP+ aEP+ 

+ L x(a)ajx((J)fJk [-( 
1 

)Ua, ((Jl )u,a]. (1.175) 
a,/JEP+ a, X 'X 

BocnOJib3yeMCH paBeHCTBOM 

~ 8 (8 2(ai8i) ) ~ 
Uc, k = k,- a2 Ok Uc, ¢? U0 (~, 8) = (u0 (~), 8) Uc,, 

(l.176) 

KOTOpoe JierKO BbIBOJI.HTCH H3 ( 1.42) H TO)KJI.eCTBa u~ = 1. Tor JI.a 

[ 

~ x(a)ai~ 8 ]- ~ x(a)ajak ( 1 2(a,8)) ~ L- Uc,, k - L- --- -- Uc, 
(a,x) (a,x) (a,x) a

2 

. aEP+ aEP+ _ 

H riepBb!e JI.Ba CJiaraeMb!X B npaBOH qacTH ( 1.175) B3aHMHO YHHqTO

)Ka!OTCH B CHJI)' aHTHCHMMeTpHH no nepecTaHOBKe j t--+ k. B pe3yJib-

TaTe MbI nonyqaeM 

~ ~ ~ [1 1] 
[Dj, Dk]= ~ + x(a)ajx((J)fJk (a,x)ua, ((J,x)u,a = 

a,,,,EP 

= L + x(a)x((J)ajfJk ( (a~ x) (ua(1), x) o'au,a-
a,,BEP 

1 1 ~~) ( 
- ((J,x) (u,a(a),x)u,aua . 1.177) 

CJI.eJiaeM B ( 1.177)' BO BTOpOM CJiaraeMOM, 3aMeHy a t--+ (3. B pe-

3YJibTaTe HMeeM 

~ ~ ~ 1 1 
[Dj, Dk]= L- x(a)x(fJ)(ajfJk - fJjak) (a,x) (ua(fJ),x) Uau,a. 

a,,BE•+ (1.178) 

TTepecTaBHM B ( 1.178) a H (J' BOCilOJib3YeMCH paBeHCTBOM u ,au C, = 
= UafJ(a)UfJ, nepefiJI.eM K cyMMHpoBaHH!O no Bcefi KOpHeBOH CHCTe

Me a, (3 E IP H 3aMeHHM cyMMHpOBaHHe no a Ha cyMMHpoBaHHe 

no u,a(a): 
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IL 

ll · 
ii 
I' 

t ,~ 
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[Dj, Dk]= 

= -¼ ~ x(a)x(fJ)(ajfJk - (Jjak) ((J~ x) (u,a(~), x) UafJ(a)U,B = 
a,,,,EP 

= -¼ L x(a)x(fJ)(ajfJk - (Jjak)-( 
1 

) ((Jl )u0 u,a. (1.179) 
aflEP a,x ,x 

PaccMoTpHM noJI.CYMMY B cyMMe ( L 179): 

A= L x(a)x(fJ)(ajfJk - (Jjak)-( 
1 

) ((Jl )u0 u,a, _ _ a,x ,x 
a,/JEP: aaafJ=w 

(1.180) 
nponopU:HOHaJibHYIO qmKCHpoBaHHOMY 3JieMeHTY Uc,UfJ = w. B Ka)K

JI.OM CJiaraeMOM 3TOH nOJI.CYMMbl 

x(a)x((J) (ajfJk - (Jjak) 
(a,x)((J,x) w 

(1.181) 

HMe!OTCH noJIIOCa B TOqKax (a, x) = 0 H ((J, x) = 0. TToKa)KeM, qTQ 

BO Bcefi noJI.CYMMe A 3TH noJIIOca coKpalll,a!OTCH . .lI.eficTBHTeJibHO, 

noJIIOCa B ToqKax (a, x) = 0 H ((J, x) = 0 (JI.JIH qmKCHpoBaHHb!X a H 

(J) MoryT BO3HHKHYTb elll,e TOJlbKO B CJiaraeMbIX, nponopu:HoHaJibHb!X 

3JieMeHTaM W = Uua(fJ)Ua H W = UfJUu(J(a): 

(~ ((3)) ( )(ua(fJ)jak-OjUa((J)k)~ ~ _ 
X Uc, X O (ua(fJ), x) (a, x) Uua(fJ)Ua -

((Jjak - Oj(Jk) 
= x((J)x(a) (ua(fJ), x) (a, x) w, 

(1.182) 

((3) (~ ( )) ((Jju,a(a)k - u,a(a)jfJk)~ ~ _ 
x x u,a a ((J,x) (u,a(a),x) u,auufJ(a) -

(fJ,ak - a,fJk) 
= x((J)x(a) ((J,Jx) (u,a(~), x) w. 

CKJiaJI.bIBaH Bbipa)KeHHH ( 1.181) H ( 1.182), Mb! BHJI.HM, qTQ noJIIOCa B 

TOqKax (a,x) = 0 H ((J,x) = 0 YHHqTO)Ka!OTCH. TaK KaK KOpHH a H 

(3 BbI6paHbl npOH3BOJlbHO, TO JI.aHHYIO npou:eJI.ypy MO)KHO npoJI.eJiaTb 

JI.JIH JII06bIX KOpHeH, B qacTHOCTH MO)KHO aHaJiornqHo JI.OKa3aTb, qTo 

YHHqTO)Ka!OTCH H nOJIIOCa B TOqKaX (u,a(a),x) = 0 H (ua(fJ),x) = 
= 0 H T. JI.. TaKHM o6pa30M, B noJI.CYMMe A Boo6lll,e HeT noJIIOCOB 

no nepeMeHHblM X, a TaK KaK A eCTb OJI.HOpOJI.HaH cpyHKU:HH no X 
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CTeneHH -2, TO 3TO O3Ha1-1aeT, 1-ITO cpyHKU:HH A .n.om1rna paBHHTbCH 
Hymo. 

2. CDopMyJia ( 1.173) ,n.oKa3bIBaeTCH npHMblM Bbl'-IHCJieHHeM: 

~DJ= ~a;+ L x(a)o'.i [aj, (a\/1- o'a)] + 
J J aeI>+ + 

+ 
""""' x(a)x(/3)(a,/3) (l _ ~ )-1-(l _ ~ ) 
6 ( ) CT a (/3 ) CT f3 . 

afle~+ a,x ,x 
(l.183) . 

3,n.ecb nocJie.n.Hee cJiaraeMoe paBHO HYJIIO B CHJIY paccy)K,n.eHHH, 
aHaJIOrH'-IHbIX TeM, 1-ITO HCilOJib3OBaJIHCb ,Il.JIH Bb!BO,D.a A = 0 B npe,D.bl
.n.yru.eM nyHKTe ,n.aHHOfO ,n.oKa3aTeJibCTBa. ,ilJIH Bbl'-IHCJieHHH BTOporo 
cJiaraeMoro HaH,n.eM Bbipa)KeHHe 

[(a, 8), (a\) (1 - o'a)] + 

= ((a,aj
2
(1-o'a)+-( l )[(a,8),(l-o'a)l+= 

a,x a,x 

(a, a) ( ;._ ) 2 l ( ) ) -( )2 1-CTa + -( -) a,a, (l.184 
a,x a,x 

r.n.e Mb! y1-1JIH (1.176). TTo,n.cTaBJIHH (l.184) B (1.183), nony1-1a
eM (l.173). ■ 

1.11. KopHeB&Ie CHCTeMbl HeK0T0pbIX cynepaJire6p JIH 
KJiaccH11ecKoro nrna 

Onpe.n:eJieHHe 1.9. CynepaAce6poii Jiu Ha3btBaemcR Z 2-ipaayupo
BaHHaR aJtie6pa g = 9o E9 gT C Z2-ipaayupoBaHHblM npoU3Be8eHU
eM [., .}: g (8) g - Q, Komopoe y8oBJtemBopRem aKcuoMaM 

[a,b} = -(-l)af3 [b,a}, 
(-1r-r [a, [b, c}} + (-1)/3-Y [c, [a, b}} + (-l)a/3 [b, [c, a}}= 0, 

iae a E 9a, b E 9-p, c E 9-y, a tf,UCJta a, /3,, = 0, l mod (2) Ha3btBa-
10mrn ipaayupoBKoii coomBemcmBy10U{UX aJteMeHmoB aJtie6pbt Q. 

TTycTb V = V0 E9 VT - Zrrpa,n.yHpoBaHHoe BeKTOpHoe npo
cTpaHcTBO. PaccMoTpHM cynepaJire6py End (V) H 06osHa1-1HM ee 
C(V) = £( m, n), ecJIH dim V0 = m, dim VT = n. PaccMoTpHM 6asHc 
{ e1, e2, ... , em, em+!, ... , em+n} B cynepnpocTpaHCTBe V = V(m, n) 
KaK o6be.D.HHeHHe 6asHcoB B no.n.npocTpaHcTBax V0 H VT· B ,n.aH
HOM 6asHce 3JieMeHTbI a E C(V) MO)KHO npe,n.cTaBHTb B BH,n.e 
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(m + n) x (m + n) MaTpHU: llaiilki=l,._,n+m, HMe!Olll.HX 6JI01-IHY!O 
CTPYKTYPY 

a= ( i i) E C(V), ( i t) E C(V)o, (g ~) E C(V)T, 

r.n.e A, B, CH D - 6JIOKH pasMepoM (m x m), (m x n), (n x m) H 
(n X n) COOTBeTcTBeHHO. 
Onpe.n:eJiemrn 1.10. CynepcJte8oM Str Ha3btBaemcR </JYHKl{UR Ha 
£( m, n) maKaR, tf,mo 

m+n 
Str (a) = Tr (A) -Tr (D) = L (-l)[i) aii, (1.185) 

i=l 

iae 
["] _ { 0 mod(2), i = l, ... ,m, 
z - l mod(2), i = m + 1, ... , m + n. 

JierKO npOBepHTb, 1-ITO cynepcJie,n. ( 1.185) Y.D.OBJieTBopHeT CBOHCTBaM 

Str(ab) = (-l)af3str(ba) =} Str([a,b}) = 0, 

Str([a, b}c) = Str(a. [b, c}). 
(l.186) 

B MaTpH'-IHOH cynepaJire6pe C(m, n) YMHO)KeHHe MO)KHO peaJIH-
3OBaTb CJie,n.yIOlll.HM o6pa30M: [a, b} = ab - (-1 rf3b a (\:/a, b E 
E C(m, n)). 

Y.n.o6HO BBeCTH cynepBeKTOpbl v = V-jei H cynepMaTpHIJ.bl a = 
= aijeij, r.n.e eij - MaTpH1-1Hbie e,n.HHHU:bl. KoMnoHeHTbI Vi cynep
BeKTopa V HMe!OT rpa,n.yHpOBKY gr (Vi) = [i], a KOMilOHeHTbl llij 
cynepMaTpHU:bl a HMe!OT rpa,n.yHpOBKY gr (aij) = [i] + [j]. 3Ha'-IHT, 
Mb! HMeeM 

Vi Vj = (-1 )[i)[i) Vj Vi, Vi llkj = (-1 )[i)([k)+[i]) llkj Vi, 

llim llkj = (-1 )([il+[m])([k)+[i]) akj llim• 

MHo)Kecrno V TaKHX (m + n)-MepHbIX cynepBeKTOPOB H MHO
)Kecrno f(V) = f( m, n) TaKHX ( m + n) x ( m + n) cynepMaTpHU: 
o6pasyIOT JIHHeHHbie npocTpaHCTBa. EoJiee Toro, KaK Jierno npo
BepHTb, f(m, n) HMeeT CTPYKTYPY aJiretpbI .EO OTHOWeHH!O K 
06bi'.:!_HOMy JMHO)KeHH!O MaTpHU:, T. e. \:/a, b E ,C(m, n) Mb! HMeeM 
llaijbjkll E C(m, n). 
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CBoHCTBa cynepcJie.u.a ( 1.186) JI.JIH cynepMaTpHU a, b nepen11cb1-
BaIOTCH CJieJI.yIOW.HM o6pa3oM: 

Str(ab) = Str(ba) ⇒ Str([a,b]) = 0, 

Str ([a, b]c) = Str (a [b, c]), 
(1.187) 

r.u.e [a, b] = ab- ba. 
PaccMoTpHM JIHHeHHoe npeo6pa3oBaHHe cynepBeKTopa v E V: 

Vi -t ½ = aij Vj, K0Topoe onpe.u.eJIHeTCH HeKOTOpOH cynepMaTpm.1.e11 

llaijll E f{m, n). 3To npeo6pa3oBaHHe o'IeBHJI.H0 coxpaHHeT rpa
.u.y11poBKY BeKT0p0B V, fl H M0)!{eT 6bITb nepen11caHo CJie.u,yIOW.HM 
o6pa3oM: 

vi - ~ = vjaij(-l)[iJ[jJ+[jJ = Vj (ar)ji, (1.188) 

r.u,e Mb! onpe.u,eJIHJIH onepau1110 cynepTpaHcnoHHpoBaHHH T .U,JIH cy
nepMaTpHIJ.bI a: 

(ar)ij =aji(-1)[iJ[jJ+[iJ, (ab'f = ,;rar. (1.189) 

PaccMoTpHM MaTpm.1.y C E .e ( m, 2n) BH.u,a 

( 

lm O ... ) 
C = 0 0 ln , Cii = (-l)[i][j]cji 

-ln 0 

(1.190) 

11 BBe.u,eM Ha cynepnpocTpaHCTBe V(m, 2n) CHMMeTpH'IHYIO 611JIH
He11Hy10 cpopMy 

(w,v) = WiCijVj = (v,w) (w,vE V(m,2n)). 

,llaHHaH cpopMa HHBapHaHTHa, T. e. <>( w, v) = 0, 0TH0CHTeJibH0 npe
o6pa30BaHHH, 3a.U,aBaeMb!X BapHaUHHMH b"(w) = aw, b"(v) = av, eCJIH 
a Y.ll.0BJieTBopHeT YCJI0BHIO 

arc+ ea= o. (1.191) 

OnmueM Tenepb HeK0T0pbie cynepaJire6pb1 JIH KJiacc11'IeCKoro 
rnna [10]. 

1. CynepaJire6pa JIH A(m,n) = sl(m+ lln+ 1) (m # n), r.u,e 
aJire6pa sl(mln) onpe.u.eJIHeTCH cJie.u,y10111.11M o6pa3oM: 

sl(mln) = {a E f(m,n) I Str{a) = 0}. (1.192) 

B cJiyqae m = n cynepaJire6pa sl(mln) HMeeT o.u,HoMepHbIH 11.u,eaJI, 
cocTOHW.HH H3 MaTpHU (,\ · l2n). I1o3TOMY A(n,n) = sl(n+ lln+ 
+ 1)/(,\ · l2n). 
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2. Onpe.u,eJIHM cynepaJire6py osp(ml2n) C f(m, 2n) cJie.u,y10111.11M 
o6pa3oM (cp. c (1.191)): 

osp(ml2n) = {a E f{m, 2n) I aTC +Ca= O}, 

r.u.e T - onepaUHH cynepTpaHCil0HHpoBaHHH ( 1.189). C yqeT0M HB
H0r0 BHJI.a MaTpHUbI C ( 1.190) MaTp11ua a E osp( ml2n) npe.u,cTaBHMa 
B BH.U,e 

( 

X IY 

a= _0t I~ y ) B , xt = -x, st= B, ct= c, (1.193) 

-At 

r.u,e t - o6bI'IHoe TpaHcnoHHpOBaHHe. AJire6pa osp(ml2n) Ha3bIBa
eTCH opmocu.MnAeKtrZUtJ,eCKoii cynepaJire6po11. IToJIO)!{HM 

B(m,n) = osp(2m+ ll2n), m;::: 0,n > 0, 

D(m, n) = osp(2ml2n), m ~ 0, n > 0, (1.194) 

C(n + 1) = osp(212n), n > 0. 

I1MeIOTCH TaK)!{e .u,pyrne ( CM. [8, 1 0])' TaK Ha3bIBaeMbie CTpaHHble 
cynepaJire6pbI KJiacc11qecKoro rnna - Q(n), P(n), G(3), F(4), 
D(2, 1, a), K0T0pbie Mb! 3.U,eCb He paccMaTpHBaeM. 

TaK *e, KaK 11 B cJiyqae o6bI'IHbIX AJI, y cynepaJire6p JI11 
g = 0J EB YT HMeeTCH MaKCHMaJibHaH K0MMyrnpy10111.aH no.u,aJire6pa 
KapTaHa 1{ C go C 6a3HCOM { Hi} ( i = 1, ... 'r)' H g M0)!{H0 pa3JI0-
)!{J1Tb B npHMYIO cyMMY no.u,npocTpaHCTB g = EB~(}°" r.u,e 

go:= {Ea E g I [Hi,Ea] = aiEa, Hi E Ji}. 

TaKHM o6pa30M, Ka)!{.U,011 06pa3y10w.e11 Ea C0il0CTaBJIHeTCH 
r-MepHb!H BeKT0p a = (0:1, ... ,ar). MHO)!{eCTBO BeKT0p0B 
<I>{(}) = { al(Ja # 0} B r-MepHoM npocTpaHcTBe v;. Ha3bIBaeTCH 
KOpHeBOH CHCTeMOH cynepaJire6pbl JIH g, KopHeBOH BeKT0p a 
Ha3bIBaeTCH 'IeTHbIM (cooTBeTCTBeHHO He'IeTHb!M), ecJIH go: n Yfj # 0 
(cooTBeTCTBeHHO go: n g.f # 0). MHO)!{eCTBa qeTHbIX H He'IeTHblX 
K0pHeBb!X BeKT0p0B o6o3Ha'IaIOTCH <I>5 H <I>T H <I>{(}) = <I>5 U <I>T. 
3aMeTHM, 'ITO KOpHeBOH BeKT0p M0)!{eT 6bITb 0JI.H0BpeMeHH0 
'IeTHb!M H He'IeTHbIM, HanpHMep 3T0 np0HCX0JI.HT B cJiyqae 
cynepaJire6p Q(n). ,ilJIH MaTpH'IHbIX cynepaJire6p JI11 g c f(m, n) 
B npocTpaHCTBe v;., c Il0M0W.blO cynepcJie.u,a (1.185), M0)!{H0 
onpe.u,eJIHTb HHBapHaHTHYIO MeTpHKY KHJIJIHHra 

9ii = Str (Hi Hj). (1.195) 
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.IlJrn cynepaJ1re6p JIH, pacCMOTpeHHhix Bbillle, KOpHeBbie CHCTe

Mbi HMelOT CJleJI.y!Oll.l.He CBOHCTBa. 

1. 9o=O = H. 
2. ,llJl.fl o: # 0 HMeeM dim (90 ) = 1 {KpoMe cynepaJ1re6pbi 

A(lll)). 
3. [E0 , E,a} = Eo+,B-=/= 0, TOJlbKO eCJIH o:, /3, o: + /3 E <I>(Q) {KpOMe 

A(lJl)). 
4. Str (E0 E,a) = 0, eCJJH /3-=/= -o:. 

5. EcJ111 o: E <I>a;(Q), TO -o: E <I>a;(Q), rJI,e a= 0, 1. 
6. EcJIH o: E <I>(Q), TO 2o: E <I>(Q), TOJlbKO eCJIH o: E <I>1(9). 
KopHeBbie BeKTOpbi cynepaJ1re6p JIH KJ1accw1ecKoro THna He 

YJI.OBJleTBOpH!OT MHOrHM CBOHCTBaM KOpHeBblX BeKTOpOB npoCTblX 

aJ1re6p Jl11. HanpHMep, MeTpHKa ( 1.195), KaK npaBHJIO, OKa3bJBaeTC.fl 

nceBJI,OeBKJIHJI.OBOH, 'ITO npHBOJI.HT K HaJIH'IHIO iwpHeBblX BeKTOpOB 

HyJ1eB011 JI.JIHHbl. KopHeBb1e BeKTOpb! cynepaJ1re6p J111 KJ1acrnqecKoro 

THila (B TOM 'IHCJle npocTbie KOpHH) MO)KHO pa36HTb Ha 3 KJlacca. 

• BeKTOpbi 0: TaKHe, 'ITO ( o:, o:) i= 0 H 2o: He KOpeHb, Ha3b!Ba

lOTC.fl 'IeTHbiMH. l.JeTHhie npOCThie KOpHH Ha JI.HarpaMMax ,llbIHKHHa 

o603HatJaIOTC.fl 6eJ1hlMH KPY)l{KaMH. 

• BeKTOpbi 0: TaKHe, 'ITO (o:, o:) i= 0 H 2o: - KOpeHb, Ha3b!Ba!OTC.fl 

He'IeTHb!MH HeHyJleBOH JI.JIHHbl. TTpOCTble KOpHH TaKoro THila Ha 

JI.HarpaMMax ,llbIHKHHa o603HatJaIOTC.fl qepHbiMH KPY)l{KaMH . 

• BeKTOpb! 0: TaKHe, 'ITO ( o:, 0:) = 0, Ha3b!Ba!OTC.fl HetJeTHbiMH 

HyJleBOH JI.JIHHbl. TTpocThie KOpHH TaKoro rnna Ha JI.HarpaMMaX ,llbIH

KHHa o603HatJa!OTC.fl cepbiMH (nepeqepKHYTbiMH) Kpy)l{KaMH. 

KopHeBbie CHCTeMbl JI.JI.fl cynepaJ1re6p J111 KJlaCCH'IeCKOfO TH

na, KOTOpb!e 6h1JIH paCCMOTpeHbi Bblllle, npHBeJI,eHbl B CJleJI.YIOll.l.eH 

Ta6J1m.(e. 

CynepaJire6pa lJeTHhie Kopm1, <I>0 Hel!eTHhie KOpHH, <I>1 

A(m-1,n-1) Ci - Cj, Di - Dj ±(ci - 8j) 

B(m,n) ±ci ± cj, ±ci, ±8i ± Dj, ±28i ±ci ± 8j, ±8i 
B(O, n) ±8i ± 8i, ±28i ±8i 

C(n + 1) ±8i ± 8j, ±28i ±ci ± 8j 
D(m,n) ±ci ± cj, ±8i ± DJ, ±28i ±ci ± DJ 

3JI.ech JI.JI.fl cynepaJ1re6p A(m - 1, n - 1), B(m, n), D(m, n) Mb! 

IlOJIO)KHJIH Ci = ei ( i = 1, ... , m), Oi = em+i ( i = 1, ••. , n) ( i -=/= j) 11 

JI.JI.fl cynepaJJre6phi C ( n + 1) HHJI.eKcbI i =/- j npo6eraIOT OT 1 JI.O n 
JI.JI.fl BeKTOpOB 0. KopHeBhie CHCTeMbl, npHBeJI,eHHhle B JI,aHHOH Ta6JJH

u.e, noJ1ytJa!OTC.fl TaK )Ke, KaK 11 KOpHeBbie CHCTeMbi npoCTbiX aJJre6p 
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JlH sl(n),so(n),sp(2n) (cM. n.1.6) c yqeTOM YCJIOBHH (1.192) 11 

BHJI,a MaTpHU.bi ( 1.193). 

2. IIPE.l(CTABJIEHHR IIPOCThIX AJifE6P JIM 

2.1. IIpe,ll.cTaBJieHU.H u aeca 

PaccMoTpHM aJ1re6py JIH 9 c 6a311coM Xa (a= 1, ... ,dimQ). 

Onpe,ll.eJieuue 2.1. JluHe(uwe omo6paJJCeHue T BeKmopHbtX npo
cmpaHcmB: 9 --t MatN (us aAie6pbt Jiu 9 B allce6py (N x N) 
Mampul{ MatN) Ha3btBaemcR npeacmaBAeHueM, ecAu T - cOMo
MopcpusM: 

T({Xa, Xb]) = [T(Xa), T(Xb)], (2.1) 

iae B npaBou tJ,acmu KBa8pamHbte cKo6Ku [., .] 06osHatJ,a10m KOM
Mymamop Mampul{. PasMepHocmb Mampul{ N HasbtBaemcR pas
MepHocmb10 npeacmaBAeHuR. 

TaK KaK OT06pa)KeHHe T JIHHeHHO, TO JleBa.fl tJaCTb (2.1), co

rnaCHO (1.3), paBHa cib T(Xd) 11 paBeHCTBO (2.1) nepenHCb!BaeTC.fl 

B BHJI.e [T(Xa), T(Xb)] = cib T(Xd)-
,llBa npeJI.CTaBJleHH.fl T H T' aJJre6pb1 J111 9 Ha3b!Ba!OTC.fl 8KBU

Ba/leHmHbtMU, eCJIH cymecTByeT HeBbipO)KJI.eHHa.fl MaTpHu.a A TaKa.fl, 

'ITO AT(s)A-i = T'(s) (Vs E 9), T. e. npeJI.CTaBJleHH.fl T 11 T' CBH3a

Hhl npeo6pa30BaHHeM IlOJI.0611.fl .. 

TTpeJI.CTaBJleHHe T Ha3bJBaeTC.fl npUB08UMblM, eCJIH OHO 3KBHBa

JleHTHO npeJI.CTaBJleHHIO T', Bee MaTpHU.bl KOTOporo HMe!OT 6J10'IHbiH 

BHJI. 

T'(s) - ( Ti (s) B(s) ) (Vs E 9) 
- 0 T2(s) ' 

rJI,e pa3MepHOCTb 6J10Ka Ti ( s) paBHa m < N' pa3MepHOCTh 6J10-

Ka T2(s) paBHa (N - m), a npHMoyroJ1hHhlH m x (N - m) 6J10K 

B(s) =I- 0. 113 fOMOMopqrnocrn OT06pa)KeHH.fl T' CJleJI,yeT, 'ITO OT06-

pa)KeHHe T1 onpeJI.eJIHeT npeJI.cTaBJ1eH11e aJ1re6pb1 J111 9 MeHhrne11 

pa3MepHOCTH m < N, a OT06pa)KeHHe T2 3aJI,aeT KO-npeJI.cTaBJ1eH11e 

pa3MepHOCTH (N - m). 
TTpeJI.CTaBJleHHe T Ha3hIBaeTC.fl BilOJIHe npHBOJI.HMblM (HJIH pa3JJO

)KHMbiM), ecJJH OHO 3KBHBaJleHTHO npeJI.CTaBJleHHIO T', Bee MaTpHU.bi 

KOToporo HMe!OT 6J10'IHO-JI,HaroHaJ1bHb!H BHJI. 

( 
T1(s) 0 ) 

T'(s) = O T2(s) (Vs E 9). 
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1' 

B 3TOM cJiyqae oT06pa:>Kemrn T1, T2 onpe.u.eJIHIOT JJ.Ba npe.u.cTaBJiemrn 

aJire6pbl JIH g MeHbllieH pa3MepHOCTH. 

OrpaHHlJHMCH H3ytJeHHeM KOHelJHOMepHb!X HenpHBOJJ.HMb!X npe.u.

CTaBJieHHH noJiynpocTOH AJI g c HeBbipO)KJJ.eHHOH H noJIO)KHTeJibH0 

onpe.u.eJieHHOH MeTpHKOH KHJIJIHHra 9ab ( 1.9). Bbr6epeM B AJI g 
6a3HC KapTaHa-BeHJIH {Hi, Ea} H paccMoTpHM N-MepHOe npe.u.

cTaBJieHHe T, B KOTOp0M 3TOT 6a3HC peaJIH3yeTCH MaTpm.r.aMH 

{T(Hi), T(Ea)}. B .u.aJibHeiirneM Mb! 6y.u.eM onyCKaTb CHMB0JI T B 

cpopMyJiaX H ClJHTaTb 3JieMeHTbl { Hi, Ea} MaTpm.r.aMH, JJ.eHCTBY!Olll.H

MH B COOTBeTCTBYIOill.eM BeKTOpHOM npocTpaHCTBe V npe.u.cTaBJieHHH 

T. Bbr6epeM B npocTpaHCTBe V 6a3HC, KOTOpb!H peaJIH3yeTCH co6-

CTBeHHb!MH BeKTopaMH onepaTOpOB Hi, o6pa3y!Olll.HX no.u.aJire6pbl 

KapTaHa. ,llpyrnMH CJIOBaMH, Ka:>KJJ.b!H 6a3HCHb!H BeKTOp B npo

CTpaHCTBe V eCTb co6cTBeHHb!H BeKT0p OJJ.HOBpeMeHHO JJ.JIH Bcex 

onepaTopoB Hi (i = 1, ... ,r). 
TTycTb Iµ) - TaKoH 6a3HCHbIH BeKTop, TOrJJ.a Mbr HMeeM 

Hilµ) =µiiµ) (i = 1, ... ,r), (2.2) 

T. e. 6a3HCHb!e 3JieMeHTbl B V xapaKTepH3YIOTCH r-K0MTTOHeHTHb!MH 

BeKTopaMH (µ1, µ2, ... , µr ), KOTOpbre Ha3b!Ba!OTCH BecaMU. 
,llJIH Toro lJT06bI nepeHTH K .u.eTaJibHOMY o6cy)KJJ.eHHIO KOHelJH0-

MepHb!X HenpHBOJJ.HMb!X npeJJ.CTaBJieHHH npoCTb!X aJire6p Jltt, KpaTKO 

nepetJHCJIHM CBOHCTBa BeCOB µi (2.2). 

A. Ka)KJJ.Oe npe.u.cTaBJieHHe HMeeT xorn 6br 0JJ.HH Bee. ,lleiicTBH

TeJibHO, onepaTop H1 B npocTpaHCTBe npe.u.craBJieHHH V HMeeT no 

KpaHHeH Mepe OJJ.HH co6cTBeHHb!H BeKTOp, co6cTBeHHOe 3HalJeHHe 

KOToporo o6o3HalJHM µ,. TTo.u.npocTpaHCTBO co6cTBeHHb!X BeKTOpOB 

lµ1): H1lµ1) = µ1'µ1) c co6cTBeHHbIM 3HatJeHHeM µ1 o6o3HatJHM Vi
TaK KaK 

H1H2lµ1) = H2H1 Iµ,) = µ1H2lµ1), (2.3) 

TO H2lµ1) E Vi- OnepaTOp H2 HMeeT xorn 6b1 OJJ.HH co6cTBeHHbIH 

BeKTop lµ1, µ2) E Vi TaKOH, 'ITO H2lµ1, µ2) = µ2lµ1, µ2). O6o3HatJHM 

no.u.npocTpaHCTBO B Vi co6cTBeHHb!X BeKTopoB H2 C co6cTBeHHb!M 

3HatJeHHeM µ2 KaK V2. TTpoJJ.OJI)KaH 3TOT npouecc, Mb! npHJJ.eM K onpe

JJ.eJieHHIO no.u.npocTpaHCTBa Vr, K0T0poe COCTaBJieHo H3 co6cTBeHHb!X 

BeKTopoB Bcex onepaTopoB H1, H2, ... , Hr, cooTBeTCTBYIOill.HX Becy 

µ= (µ1,µ2, ... ,µr)-

B. B npocTpaHCTBe npe.u.cTaBJieHHH V co6cTBeHHbie BeKTOpbr onepa

TopoB H1, H2, ... , Hr, HMe10mtte pa3Hbre Beca µ, JIHHeHHO He3aBH

CHMbI. ,llJIH JJ.0Ka3aTeJibCTBa 3Toro cpaKTa paccMOTpHM co6cTBeHHb!e 
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BeKT0pbI lu1), lu2), ... , lue): 

) 
(k) 

Hiluk = µi luk)-

[IycTb lu) - eme OJJ.HH co6cTBeHHbIH BeKTop c BecoM µ -=I- µ(k) 
(Vk), nptttJeM TaKOH, 'ITO lu) = 2:: luk)- TTo.u.eiicTByeM Ha o6e qacrn 

k 

3TOf0 paBeHCTBa onepaT0pOM Ilk ~i(Hi - µt)), r.u.e ~i - npOH3B0Jib

Hb!e K03(pqJHU:HeHTbl. Tor.u.a B npaBOH qacTH Mb! noJiylJHM HOJib, a 

paBeHCTBO HYJIIO JieBO~ qacrn 3KBHBaJieHTHO (B CHJIY npOH3BOJibH0-

CTH K03(pqJHU:HeHTOB e) lu) = 0. 3TO H JJ.OKa3bIBaeT JIHHeHHYIO He3a

BHCHMOCTb co6CTBeHHb!X BeKTOpOB C pa3Hb!MH BecaMH. OTCIOJJ.a CJie

.u.yeT, lJTO B .u.aHHOM npe.u.cTaBJieHHH HMeeTCH He 6oJiee N = dim V 
pa3JIHlJHb!X BeCOB. 

C. EcJIH Iµ) EV - BeKTop c BecoM µ, TO HeHyJieBbie BeKTOpbI Hilµ) 
H Ealµ) HMeIOT onpe.u.eJieHHbie Beca µ H (µ+a) cooTBeTcTBeHHO. 

,llJIH Hilµ) 3TO yTBep:>KJJ.eHHe cJie.u.yeT H3 cooTHorneHHH, aHaJiornq

HbIX (2.3). ,llJIH Ealµ) Mb! HMeeM 

Hi Ealµ)= [Hi, Ea] Iµ)+ EaHilµ) = (ai + µi) Ealµ). (2.4) 

B HenpHBOJJ.HM0M npe.u.cTaBJieHHH T, .u.eiicTBYH Ha BecoB0H BeKTop 

Iµ) -=I- 0 npott3BeJJ.eHHHMH KopHeBbIX onepaTopoB E: 

. .. EoE,E13Ealµ), 

Mb! noJiyqaeM MHO)KeCTBO BeKTOpOB, Ha KOTOpoe HaTHrnBaeTCH Bee 

npocTpaHCTB0 HenpHBOJJ.HMoro npeJJ.CTaBJieHHH. TTocKOJibKY npe.u.

CTaBJieHHe T HenpHBOJJ.HM0, TO BCe ero Beca µ(i) noJiyqaJOTCH .u.pyr 

H3 .u.pyra .u.o6aBJieHHeM KOpHeH (noJIO:>KHTeJibHb!X HJIH OTPHU:aTeJib

Hb!X). BeKTop Iµ), H3 K0Toporo nopo)K.u.aeTcH Bee npocTpaHcTB0 

npeJJ.CTaBJieHHH, . Ha3bIBaeTCH l{UK.llUt.teCKUM ( caM0 npeJJ.CTaBJieHHe 

npH 3TOM TO)Ke Ha3bIBaeTCH UHKJIHlJeCKHM). 

OTMeTHM, lJTO Beca MoryT 6bITb BblpO)KJJ.eHHb!MH, T. e. MoryT 

cymecTBOBaTb HeCKOJibKO BeKTOpOB C OJJ.HHM H TeM )Ke BeC0M. 

HanpttMep, BecoBOH BeKTop Iµ) H HeHyJieBOH BeKTop EaE13E,Iµ) 
(a+ (3 +I= 0), BOo6me roBOpH, pa3JIHlJHbl, HO HMe!OT OJJ.HH H TOT 

)Ke Beeµ. 

Onpe~enemrn 2.2. lfucAo AU1-teii1-to He3aBucuMbtX BeKmopoB c oa
HUM u meM :»ee BeCoM Ha3btBaemcR Kpam1-tocmb10 amozo Beca. EcAu 
Kpam1-tocmb Beca paBHa 1, mo aaHHbtu Bee Ha3btBaemcR npocmbtM. 

QqeBHJJ.HO, lJT0 Bee Beca JJ.JIH aJire6pb! JIH sl(2) (HMe10meA 

eJJ.HHCTBeHHb!H KopeHb) - npoCTbie. 3TO, B qacTH0CTH, CJie.u.yeT H3 

Toro cpaKTa, 'ITO EaE-alµ) ~ Iµ) (cM. CBOHCTBO D). 
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D. YTBepJKAem1e 2.1. JI.AR A106oc0 eeca µ, npw-taaAe:JICaU{ecO 
KOHetJ,HOMepHOMY npeacmaBAeHUIO AJJ Q, U KOpHR a tJ,UCAO 

2(µ, a)/(a, a) - l{eAoe: 

a eeKmop 

2(µ, a) E z, 
(a,a) 

2(µ, a) a, 
era(µ) = µ - (a, a) 

(2.5) 

(2.6) 

n0Ay4,a10U{UUCR B pe3yAbmame ompa:J1CeHuR eeKmopa µ omHocu
meAbHO nAOCKOcmu Pa ..l a, CHOBa Bee. 
,l(oKa3aTeJlbCTB0. ,ll.oKa3aTeJ!bCTBO npaKTHt!eCKH aHaJJOrHlJHO .IJ.OKa-

3aTeJJbCTBY TeopeMbl 1.1, 3a HCKJIIOtJeHHeM HIOaHca, CBH3aHHOro C 

TeM, lJTO Beca MoryT 6b!Tb He npoCTbIMH. HmKe Mb! OTMeTHM TOJ!bKO 

pa3J!HlJHH B .IJ.OKa3aTeJJbCTBaX. 
Mb1 HatJHeM c BeKTopa luo), HMe10111.ero Bee µ, H TaKoro, tJTO 

(µ+a) He Bee. Tenepb nocTpOHM uenotJKY BeKTOpOB 

lu1) = E-aluo), lu2) = E-alu1), ... , luk+I) = E-aluk), ... (2.7) 

CToHHTHO, tJTO 
Hiluk) = (µi - kai)luk), (2.8) 

T. e. Bee BeKTOpa luk) paBeH µ(k) = µ - ka. ,ll.aJJee coornorneHHe 

EalUHJ) = ffik+l luk), (2.9) 

KOTOpoe, B CHJJY B03MO)KHOH KpaTHOCTH BeCOB, He TaK otJeBH.IJ.HO, 

KaK ero aHaJJor (1.36), MO)KeT 6bITb .IJ.OKa3aHO no HH.IJ.YKUHH. npe.rr.

IlOJIO)KHM, lJTO (2.9) cnpaBe.IJ.JJHBO .IJ.JJH HeKOTOporo k - 1, Tor.rr.a 

EalUk+I) = EaE-aluk) = [Ea. E_a]luk) + E_aEaluk) = 
= Haluk) + mkE-aluk-1) =((µ,a) - k(a, a)+ mk) luk)-

TaKHM o6pa30M, paBeHCTBO (2.9) cnpaBe.IJ.JJHBO .IJ.JIH k, eCJIH OHO 

cnpaBe.IJ.JJHBO .ll.JIH k - 1, 11 Mb! HMeeM 

mk+J =(µ,a) - k(a, a)+ mk, (2.10) 

tJTO cooTBeTcTByeT (1.38). TaK KaK (µ+a) He Bee, TO Ealuo) = 0 
11 (2.9) cnpaBe.IJ.JJHBO .IJ.JJH k + 1 = 0, mo = 0 (6a3a HH.IJ.YKUHH). 

EcJJH npe.rr.cTaBJJeHHe KOHetJHOMepHO, TO npoue.rr.ypa (2.7) .IJ.OJl)KHa 

o6pbrnaTbCH Ha HeKOTopoM mare k = j, T. e. luH1) = 0. Tor.rr.a 
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H3 (2.9) cJJe.rr.yeT mj+I = 0. l1TaK, Mb! noJJytJaeM 0606111.eHHe cpop

MYJJ (1.39), (1.40): 

k(k - 1) 
mk = k(µ, a) -

2 
(a, a), 2(µ, a) = j 

(a,a) 
(2.11) 

.ll.JIH CJJytJaH BeCOB µ TaKHX, lJTO (µ + a) He Bee. OcTaBrnaHCH tJaCTb 

.IJ.OKa3aTeJ!bCTBa COBna.rr.aeT C COOTBeTCTBYIOW.eH tJaCTb!O B .IJ.OKa3a

TeJJbCTBe TeopeMbl 1.1. ■ 

CJie,ll;CTBHe. C ytJeTOM cpopMyJJ (2.11), COOTHOilleHHe (2.9) nepenH

CbIBaeTCH B BH.IJ.e 

EaE-aluk) = (a2 a) (k + l)(j - k) luk) (k = 0, ... ,j), (2.12) 

r.rr.e Ealuo) = 0 = E-aluj), a Beca BeKTopoB luk) onpe.rr.eJJeHbI 

B (2.8). 

E. CTycTb cpe.rr.11 BecoB µ(k), cooTBeTCTBYIOW.HX BeKTopaM luk) (2. 7), 
HMeIOTCH He npOCTb!e Beca. Bb16epeM HaHMeHblllee k, .IJ.JIH KOToporo 

Bee µ(k) HMeeT KpaTHOCTb > 1. CJJe.rr.oBci.TeJJbHO, HMeeTCH BeKTop lvk) 

c BeCOM µ(k), opTOroHaJJbHbIH luk) H TaKOH, tJTO Ealvk) = 0 (HHatJe, 

TaK KaK Ealvk) f= luk-1), Bee µ(k-l) TaK)Ke 6b1J1 6bI He npocTOH, 

tJTO npornBopetJHT Bb16opy k). TaKHM. o6pa30M, .IJ.JJH BeKTopa lvk) Mb! 

MO)KeM noBTOpHTb npoue.rr.ypy D nocTpoeHHH cTpyHhl BecoB B.IJ.OJJb 

KOpHH a, CHMMeTpHtJHYIO OTHOCHTeJ!bHO IlJIOCKOCTH Pa. ,ll.aHHYIO 

npoue.rr.ypy MO)KHO IlOBTOpHTb .IJ.JIH BCex BeKTOpOB, HMeIOW.HX He npo

CTb!e Beca µ(k)' H TeM caMb!M npo.rr.eMOHCTpHpoBaTb IlOJIHYIO CHMMeT

pHtJHOCTb CHCTeMbl BeCOB OTHOCHTeJJbHO rnnepnJJOCKOCTH Pa. 3To, 

B tJaCTHOCTH, 03HatJaeT, lJTO Beca µ(k) H µ(k) - (2(µ(k)' a))/(a, a), 
CHMMeTpHtJHbie OTHOCHTeJ!bHO rnnepnJJOCKOCTH Pa, HMeIOT O,D.HHaKO

BYIO KpaTHOCTb. 

Bee B03MO)KHbie Beca npHHa.rr.JJe)KaT perneTKe A, KOTopaH HHBa

pHaHTHa OTHOCHTeJ!bHO npeo6pa3oBaHHH (2.6) H3 rpynnbI w (rpyn

Ilbl BeHJJH), o6pa30BaHHOH OTpa)KeHHHMH OTHOCHTeJ!bHO rnnepnJJOC

KOCTeH, npoXO,D.HW.HX tJepe3 HatJaJJo KOOp.IJ.HHaT H nepneH.IJ.HKYJJHpHb!X 

KOpHHM AJI g. 

OnpeAeJ1eH11e 2.3. Beca, Komopbte noAy4,a10mcR apyc U3 apyca 
ompa:JICeHURMU (2.6) U3 cpynnbt w U, maKUM o6pa30M, UMe10m 
oauHaKoey,o KpamHOCmb, Ha3bl8a10mcR 3KBUBaAeHmHblMU. 

IlpHMep 1. ,ll.JIH aJire6pbl sl (r + 1) (Ar-cep1rn) KOpHeBbie BeKTOpbl 

onpe.rr.eJieHbl B ( 1.80) 11 Mb! HMeeM (npH onpe.rr.eJieHHOH HOpMHpOBKe 

MeTpHKH, CM. (1.82), (1.83)) (a,a) = jeCi) - e(k)l 2 = 2. Beca µ 
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JI.OJDKHbl Jie)KaTb s KOpHeSOM npocTpaHCTBe <l>su(r+l), H HX MO)KHO 
pa3JIO)KHTb no 6a3Hcy 

r+l 
µ = ~m e(s) 
~ s ' 

(2.13) 

s=l 

r+l 
r)I.e I: ms = 0. KpoMe Toro, seca µ JI.OJI)KHbl YJI.OSJieTsOpHTb (2.5), 

s=l 
1ITO npHSOJI.HT K JI.OnOJIHHTeJibHOMY ycJIOSHlO Ha K09q:>q:>HUHeHTbl mi: 

2(µ, e(i) - e(k)) . 

2 
= mi - mk E Z. (2.14) 

B COOTSeTCTSHH CE sec, 9KSHSaJieHTHblH µ (2.13), HMeeT SHJI. 

r+l 
µ - (mi - mk)(e(i) - e(k)) = L ms e<s) + mke(i) + mie(k), (2.15) 

s=I 
s,fk,i . 

T. e. KOOpJI.HHaTbl mi H mk nepecTaSHJIHCb MeCTaMH H, CJie)I.OSaTeJib
HO, rpynna w - eCTb rpynna nepecTaHOSOK Sr+I KOMnOHeHT mi 

(CM. (1.172)}. 
IlpHMep 2. ,llJIH aJire6pbl so(2r + 1) (Br-cepHH) KOpHesaH CHCTeMa 
HMeeT SHJI. ( 1.101) H, s )I.OnOJIHeHHe K ycJIOSHlO mi - mk E z, Mb! 
HMeeM ycJIOSHe 2(µ, e(i)) E z. CJie)I.OSaTeJibHO, KOMnOHeHTbl JII06oro 
seca JI.OJI)KHbl 6bITb ueJiblMH HJIH noJiyueJibIMH IIHCJiaMH: 

mi E Z/2. (2.16) 

fpynna W ecTb rpynna scex nepecTaHosoK KOMnoHeHT mi sMeCTe c 
JI106bIM IIHCJIOM H3MeHeHHH HX 3HaKOS. 
IlpHMep 3. ,llJIH aJire6pbl sp(2r) ( Cr-cepHH) KOpHesaH CHCTeMa 
HMeeT SHJI. ( 1.110), no9TOMY s KaIIeCTSe JI.OnOJIHHTeJibHOro ycJIOSHH 
Mb! HMeeM 2(µ, 2e(i))/4 E z, IITO 9KSHSaJieHTHO Tpe6osaHH10 mi E z. 
fpynna W JI.JIH Cr-cepHH cosna)I.aeT c rpynnoH W JI.JIH Br-cepHH. 
IlpHMep 4. ,llJIH aJire6pbl so(2r) (Dr-cepHH) KOpHesaH CHCTeMa 
HMeeT SHJI. ( 1.99), TaK IITO mi ± mk E z. CJie)I.OSaTeJibHO, seca 
Te )Ke, IITO H s cJiy11ae Br-cepHH, HO rpynna W ecTb rpynna 
scex nepecTaHOSOK KOMnOHeHT mi C qeTHblM IIHCJIOM H3MeHeHHH HX 
3HaKOS. 

2.2. PemeTKH secos 

HanoMHHM, IITO 06pa3y10maH Ha = 2( ci Hi)/ o.2 ( 1.30) aJire6pbI 
sl(2) MO)KeT HMeTb TOJibKO ueJibie co6CTSeHHbie 3HaIIeHHH. Tor)I.a 
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S CHJIY COOTHOllleHHH 

Ha jµ) = 2(µ, a) I 
a2 µ) (2.17) 

seJIHIIHHa 2(µ, a)/o.2 JI.OJI)KHa 6b!Tb ueJiblM IIHCJIOM JI.JIH scex KOpHeH 
a (CM. (2.5), CSOHCTSO D H3 n. 2.1). 9To e)I.HHCTSeHHOe ycJIOSHe, 
KOTopoe HaJiaraeTcH Ha pa3pellleHHbie seca. 

3aMeTHM, IITO eCJIH µ - KopeHb, TO ycJIOSHe (2.5) Sb!IlOJIHHeTCH. 
TaKHM o6pa30M, see KOpHH HBJIHIOTCH secaMH, HO He see seca 

eCTb KOpHH. 
Bo3bMeM Tenepb npOCTbie KOpHH { a(i) }. B COOTBeTCTSHH C (2.5) 

JI.JIH JI106oro seca µ Mbl HMeeM 

. 2(µ, a.Ci)) i 
(a(i))2 = m E Z. (2.18) 

Beca A(i) ( i = 1, ... , r), YJI.OBJieTBOpH!Olll.He COOTHOllleHHHM 

2(>.(i), aU)) _ i 
(aU))2 - bi, (2.19) 

Ha3bIBalOTCH qJyHaaMeHma/lbHblMU secaMH. TToJib3YHCb (2.18) 
H (2.19), Mb! noJiy11aeM 

r 

2(µ - L mi>.(i), a(j))/(a(j))2 = 0. (2.20) 
i=l 

TaK KaK npoCTbie KOpHH { a(i)} 06pa3y10T noJIHYIO CHCTeMy seKTOpOB 
s r-MepHOM eBKJIHJI.OBOM npocTpaHCTBe (MeTpHKa 9ij eBKJIHJI.OBa JI.JIH 
KOMnaKTHbIX AJI), TO H3 (2.20) CJie)I.yeT, IITO 

r 

µ = L mi>.(i)• mi E Z, 
i=l 

(2.21) 

H, CJie)I.OBaTeJibHO, JI1060H sec µ pa3JiaraeTCH no cpyHJI.aMeHTaJibHbIM 
secaM C ueJIOIIHCJieHHblMH K09q:>q:>HUHeHTaMH. TaKOH KBaHTOBaHHbIH 
cneKTp BeCOB eCTb 3aMeIIaTeJibHOe CBOHCTBO KOMnaKTHbIX AJI. 

HTaK, ypaBHeHHe (2.21) noKa3bIBaeT, IITO Bee pa3pellleHHbie seca 
Jie)KaT Ha pellleTKe A, KOTopaH onpeJI.eJIHeTCH cpyHJI.aMeHTaJibHbIMH 
secaMH A(i) H Ha3bIBaeTCH secosoH pellleTKOH. ,lloKa)KeM Tenepb, IITO 
cnpaseJI.JIHBO H o6paTHoe yTsep)KJI.eHHe. 
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YTsepJK,zi;eHHe 2.2. JJ,o6aR mott,Ka aecoaoii petuemKu A coomaem
cmayem HeKomopoMy aecy. P,pyiuMu cJLoBaMu, ecJLu aeKmop µ 
maKoii, 4,mo r 

µ=Li A(i)• (2.22) 

i=l 

iae .e_i E Z, mo µ - Bee. 
,l(oKa3aTeJibCTB0. Mb! ,ll.OJDKHbl ,!I.OKa3aTb, llTO ,!I.JUI BeKTOpa (2.22) 
Bb!IlOJIHHeTCH ycJIOBl1e (2.5). ,ll.JIH Ka)K.u.oro KOpHH a onpe.u.eJil1M 

K0-KopeHb a V = a/ a2. .[laJiee 3aMeTl1M, llT0 KO-KOpH11 a V MoryT 

6bITb 3an11caHbl KaK ueJI01rncJieHHbie cyMMbl npoCTbIX KO-KOpHeH 

Q'.(i) 

(a(i))2. 
a r a(i) --'°'m Z a2 - ~ i( (i))2' mi E . 

i=l a 
(2.23) 

,LI.eficTBl1TeJibHO, JIIo6ofi r-MepHblH BeKTOp pa3JiaraeTCH no 6a-

311CY KO-KOpHeH, a ueJIOlll1CJieHH0CTb mi CJie.u.yeT 113 paBeHCTBa 

2(a, ,\(i)) 
mi = 2 ' K0T0poe Bb!BO,ll.11TCH 113 (2.23) C TIOMOlll.blO cpopMy-

Q'. 
JibI (2.19). Tor.u.a 11MeeM 

2( ) r (2,\ . Q'.(i)) r 
µ, a = '°' . oj (j)' = '°' • oi (2 24) 
a2 ~ mi,e, (a(i))2 ~ mi{, ' . 

i,j=l i=l 

r.u.e Mb! CHOBa BOCI10Jlb30BaJil1Cb (2.19). TipaBaH qacTb (2.24) ecTb 

ueJioe lll1CJIO, TaK KaK mi, .e,i E z, 11, CJie,ll.OBaTeJibHO, µ - Bee. ■ 

KopH11 AJI g y.u.oBJieTBopHIOT ycJIOBl1HM BecOB 11, cJie.u.oBaTeJibHO, 

rrp11Ha.u.Jie)KaT BecoBofi peweTKe A. PeweTKa Ar, o6pa3oBaHHaH npo

CTbIMl1 K0pHHM11 Q'.(i), Ha3bIBaeTCH KOpHeBOH peweTKOH 11 cpopM11pyeT 

no.u.peweTKY B A, T. e. Ar E A. PeweTKa A MO)KeT paccMaTp11BaTbCH 

KaK a6eJieBa rpynna c.u.B11roB B r-MepHoM npocTpaHCTBe, a peweTKa 

Ar 06pa3yeT 11HBap11aHTHYIO no.u.rpynrry B A. OKa3bIBaeTCH, llTO 

cpaKTOp-r_pynrra A/ Ar coBna.u.aeT c ueHTpoM Z( G) HaKpbrna10mefi 

rpynrrb1 G, 11Me10mefi AJI g. 
,ll.JIH Herrp11BO.U.11MOro (U11KJil1lleCKOro) npe.u.cTaBJieHHH, Halll1HaH C 

JII06oro 3JieMeHTa 6a311ca, CKa)KeM Jµ), Mb! MO)KeM I10JIYlll1Tb JII06ofi 

.u.pyrofi 3JieMeHT 6a311ca, .u.eikTByH Ha Jµ) KOpHeBbIM11 o6pa3yIOlll.11Ml1 

Ea. ,LI.pyrnM11 cJI0BaM11, BeKTOp E, ... Ef3Ea.lµ) np11Ha.u.Jie)Kl1T rrpo

CTpaHCTBY Henp11B0.U.11MOro npe.u.cTaBJieH11H, nopO)KJI.eHH0MY 113 Jµ). 
QqeB11.U.HO, llTO 3TOT BeKTOp 11MeeT sec (µ+a + /3 + ... + ,). 
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I,. 

TaKl1M o6pa30M (CM. TaK)Ke n. 2.1 (C)), Bee Beca Herrp11BO,ll.11MOro 

rrpe.u.cTaBJieHl1H 0TJil1llaIOTCH OT HeK0Toporo <pl1KC11pOBaHHOro Beca 

T0JlbKO ueJIOlll1CJieHHOH cyMMOH KOpHeH 11Jll1, .u.pyrnMl1 CJIOBaMl1, Bee 

3Tl1 Beca rrp11Ha.u.Jie)KaT o.u.HoMy 11 T0MY )Ke CMe)KH0MY KJiaccy 113 

A/Ar. 
IIpHMep 1. ,ll.JIH AJI sl(2) 11MeeM e,ll.11HCTBeHHblH TIOJIO)Kl1TeJibHbIH 

K0peHb Q'. = 1, 11 KOpHeBoe npocTpaHCTBO O,ll.HOMepH0. KopHeBaH 

peweTKa cocTOl1T 113 TpaHCJIHU11H Ha e.u.11Hl1llHbIH war, T. e. Ar = Z: 

-3 -2 -1 0 1 2 3 4 

¢yH.U.aMeHTaJibHbIH Bee ,\ .U.OJI)KeH y.u.oBJieTBopHTb cooTHoweH1110 

(CM. (2.19)) 
1 2(,\, a) = 1 ⇒ ,\ = 2· 

a2 
(2.25) 

CJie,ll.OBaTeJibHO, BeCOBaH peweTKa 3a.u.aeTCH rroJiyUeJiblMl1 waraM11, 

11Jll1 A = Z/2: 

5 3 1 -2 -2 -2 
• • • • • • • 

-3 -2 -1 0 

1 3 
2 2 
• • • 

1 

5 
2 

• • 
2 

• 
3 

7 
2 - 4 

51CHO, llT0 Ar CA 11 A/ Ar= Z2. TiocJie,!I.Hl1H cpaKT CJie.u.yeT 113 Toro, 

llTO B A 11MeeTCH T0JlbKO 2 He3KBl1BaJieHTHbIX CMe)KHbIX KJiacca: 

- T 1 
0 = 0 + Ar = Ar 11 2 = 2 + Ar, Ta6JI11ua YMHO)KeHl1H KOTOpbIX 

oqeBl1.U.HO coBrra.u.aeT c Ta6JI11uefi yMH0)KeH11H rpynnb1 Z2. fpyrrna Z2 
06pa3yeT ueHTp B KOMnaKTHOH rpyrrrre SU(2). 
IIpHMep 2. ,ll.JIH AJI sl(3) KOpHeBaH peweTKa 06pa3yeTCH .U.BYMH 

rrpoCTbIMl1 K0pHHMl1 a(!) = (2, 0), a(2) = ( -1, J3) ( 1.59). CooTBeT

CTBYIOlll.11e cpyH,ll.aMeHTaJibHbie Beca MO)KH0 I10JIYlll1Tb, pewaH ypaB

HeHl1H 

(i) (a ,,\(j)) _ i (i) _ i 
2 (a(i))2 - Jj ⇒ (a 'A(j)) - 2 Jj ⇒ 

=? A(l)x= 1, A(2)x= 0, -,\(l)x + y'3,\(l)y= 0, -,\(2)x + y'3,\(2)y= 2. 

TaKl1M o6pa30M, rroJiyqaeM BeKT0pbl cpyH.U.aMeHTaJibHblX BeCOB 

1 
,\(1) = (,\(l)x• ,\(l)J = (1, J3 ), 

2 
,\(2) = (,\(2)x,,\(2)y) = (0, J3), 

(2.26) 
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KOTOpb!e SMecTe C KOpHHMH A.JI sl(3) 06pa3y10T CJie,n:y10my10 CHCTe

MY secos: 

,\(3) ,\(1) 

• =::IC • Q 
(1) 

·\6) 

Beca A(J), >.(3) = A(I) - oP), A(5) = A(J) - oP) - oP) cooTBeT

cTByJOT cpyH,n:aMeHTaJibHOMY TpHnJieTy, a ,\(2), A(6) = A(2) - ci2
), 

A(4) = A(2) - c/1) - a(2) - cpyH,n:aMeHTaJibHOMY aHTHTpHnJieTy. Qqe
SHAHO, qTo perneTKa secos A, noCTpoeHHaH no seKTopaM >.(i), 
co,n:ep)KHT no,n:perneTKY KopHeH Ar, H cpaKTOp-rpynna A/ Ar = Z3. 
tI:eHCTSHTeJibHO, ~bl HMeeM TOJlbKO TPH pa3Hb!X CMe)KHblX KJiacca 

,\(I) = >.(1) + Ar, ,\(2) = >.(2) + Ar, >.(1) + >.(2) = >.o) + >.(2) + Ar = 
= Ar H Ta6Jim1.a yMHO)KeHHH 3THX KJiaccos cosna,n:aeT c Ta6Jim1.e11: 
Z3, s qeM JierKO y6e,n:HTbCH, 3aMeTHS, qTO (CM. (1.59) H (2.26)) 
2>.(I) = >.(2) + aO) E "X(2) H 3>.(l) = 2a(l) + a(2) E Ar. fpynna Z3 
06pa3yeT 11.eHTp s KoMnaKTHOH rpynne SU(3). 

3aMeqaHue. ¢yH,n:aMeHTaJibHb!e seca >.(i) AJIH ,n:yaJibHOH A.JI gv 
(CM. n. 1.9) onpe,n:eJIHIOTCH COOTHOilleHHHMH 

( ). V (j)V) 
(i)' a _ i V (j) _ · 
(aU)V)2 - 8j => (>.(i)• a ) - <5.t. (2.27) 

CpasHHSaH nocJie,n:Hee COOTHOrneHHe s (2.27) c (2.19), Mb! noJiyqaeM 

seKTOpbl 
V A(i) 

,\(i) = ( a0) )2' (2.28) 

KOTOpbie TaK)Ke Ha3b!Ba!OTCH cpyH,n:aMeHTaJibHb!MH Ko-secaMH A.JI Q. 

2.3. Knaccuq>HKao;HH HenpHB0JJ;HMbIX K0HeqHoMepHblX 
npeJJ;CTaBJieHHH 

OnpeJJ;eJieHue 2.4. Bee >. 1-ta3bteaemcR cmapwuM, ecAu (>.+a) 1-te 
ecmb eec aAJl ecex noAoJ1CumeAb1-tbtX 1wp1-teii a. 
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TeopeMa 2.1. EcAu npeacmaeAe1-tue 1-tenpueoauMo, mo eio cmap
wuii eec npocmoii. 
)J.oKa3aTeJibCTBo. IlycTb lµ(O)) - seKTop co crnprnHM secoM µ(O). B 
COOTBeTCTSHH C (2.4) H3 n. 2.1 (C) Heo6xo,n:HMO AOKa3aTb, qTQ JIJ060H 
seKTOp SH,n:a 

... EoE-yEflEalµ(O)) (2.29) 

c TeM )Ke secoM µ(O) MO)KeT 6bITb 3anHcaH KaK k lµ(O)), r,n:e k -
KOHCTaHTa. KaK Mb! YSHAHM, 3Ta KOHCTaHTa 3aSHCHT TOJlbKO OT no
CJie,n:osaTeJibHOCTH KOpHeH ... , 8, ,, /3, a H OT CTaprnero seca µ(O). Ifa 
n. 2.1 (C) cJie,n:yeT, qrn ... + 8 + 1 + /3 +a= 0. Ilo3TOMY no KpafiHeH 
Mepe o,n:HH H3 KOpHeH ,n:OJI)KeH 6bITb noJIO)KHTeJibHbIM. IlycTb nepsbIH 
(cnpasa) noJIO)KHTeJibHb!H KOpeHb 6y,n:eT, CKa)KeM, ,. 3aMeHHH ByE{j 
Ha [E.:l'.' Efl] + EflE-r H T. ,n:. ,n:o Tex nop, noKa E-y He no,n:eficTsyeT 

Ha !µl0)), H scnoMHHaH, qrn E-rlµ(O)) = 0, MbI noJiyqaeM cyMMY 

seKTOpos C TeM )Ke secoM µ(O)' HO C MeHbllIHM qHCJIOM onepaTopos 
E, qeM s (2.29) (TaK KaK [E-y, E{l] ecTb JIHHeHHaH KOM6HHalJ.HH 
oneparnpos E0 ). Ilpo,n:oJI)KaH 3TOT npo11.ecc ,n:o Tex nop, noKa 60-
Jiee He OCTaHeTCH onepaTopos E C nOJIO)KHTeJibHbIMH KOpHHMH, Mb! 
npH,n:eM K cyMMe npoHsse,n:eHHH Hi, ,n:eficTByJO!llHX Ha 1µ(0)), qrn 

s KOHeqHOM HTOre npespamaeTCH s nOJIHHOM OT KOMnoHeHT µ(O)' 
YMHO)KeHHblH Ha jµ(O)). Ko3cp!pHlJ.HeHTbl 3TOf0 noJIHHOMa oqesH,n:Ho 
3aSHCHT TOJibKO OT Ha6opa KOpHeH ... '8, ,, /3, a. ■ 

TeopeMa 2.2. tiea 1-tenpueoauMbtX npeacmaeAe1-tuJl T u T' AJJ g 
3,ceueaAe1-tm1-tbt, ecAu ux cmapw,ue eeca pae1-tbt. 
,lJ.oKa3aTeJihCTBO. Mb! 6y,n:eM pa3JIHqaTb ,n:sa npe,n:cTasJieHHH T H 
T', HcnoJib3YH HernTpHxosaHHbie o6o3HaqeHHH ,n:JIH o6beKTos H3 T H 
rnTpHxosaHHbie ,n:JIH T'. IlycTb luo) H juo)' - seKTOpbI c o,n:HHaKOSbIM 

crnprnHM secoM µ(O) ,n:JIH o6oHx npe,n:cTasJieHHH. IlocTpOHM see 
S03MO)KHb!e SeKTOpbl (j = 1, 2, 3, ... ) 

luj) = ... EoE-yEflEaluo), lui)' = ... E8E~E13E~luo)' 

,n:JIH T H T' cooTBeTCTSeHHO. KaK 6b1JI0 OTMeqeHo s n. 2 .1 ( C) 
3TH seKTOpbl nopo)K,n:aJOT see npocTpaHCTBO npe,n:CTaSJieHHH T H 
T' H HMeJOT onpe,n:eJieHHbie seca. .3KsHsaJieHTHOCTb T H T' 6y,n:eT 
,n:oKa3aHa, eCJIH Mb! noKa)KeM, qTo JIJ06oe JIHHeHHOe COOTHOilleHHe 
AJIH HernTpHXOSaHHblX seKTopos 6y,n:eT COOTBeTCTSOSaTb TaKOMY )Ke 
JIHHeHHOMY COOTHOilleHHIO (c TeMH )Ke K03!p<pHlJ.HeHTaMH) AJIH llITpH
xosaHHb!X seKTOpOB. 

IlycTb HMeeTCH COOTHOilleHHe 

,oluo) + ,ilu1) + ... = 0, 
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TOr,na C TeMH )Ke K03qJqJHIJ,HeHTaMH Mb! onpe,neJIHM BeKTOp 

,oluo)' + ,1 iu1)' + ... = lw)'. 

Bee B03MO)!{Hbie BeKTOpbI THna lw)' cpopMHpyIOT mme11Hoe no,nnpo

CTpaHCTBO v; B npocTpaHCTBe npe,ncTaBJieHHH V'' KOTopoe HHBapH

aHTHO OTHOCHTeJibHO ,ne11CTBHH A.JI g_ TaK KaK T' HenpHBO.ll:HMO, TO 

JIH6o v; = 0, H 3TO ,noKa3bIBaeT TeopeMy, JIH60 v; = V'. TTocJie,nHHH 

aJibTepHaTHBa HCKJIIO'IaeTCH, nOCKOJ!bKY CTapurn11 BeKTOp iuo)' He 

MO)KeT npHHa,nJie)KaTb v;, HHaqe iuo) = 0. ■ 

TTpHMeM cornaweHHe, cornaCHO KOTOpOMY Beca npe,ncTaBJieHHI1 

MOryT 6bITb ynopH,n:Ol.!eHbl. foBopHT, 'ITO o,n:HH Bee emapme ,npyroro, 

ecJIH pa3HOCTb Me)K,ny HHMH ,naeTCH noJIO)KHTeJibHb!M KOpHeM. TTpH 

onpe,neJieHHOM Bb16ope nOJIO)KHTeJibHb!X KOpHel1 Bee µ = (µ1' µ2, ... 
... , µr) OKa3bIBaeTCH nOJIO)KHTeJibHb!M, eCJIH ero nepBaH, OTJ!Hl.!HaH 

OT HYJIH KOMDOHeHTa noJIO)KHTeJibHa. 

Bee µ Ha3bIBaeTCH aoMUHaHmHblM, eCJIH OH CTapwe BCex CBOHX 

3KBHBaJieHTHb!X BeCOB (T. e. BeCOB, noJiyl.!eHHb!X H3 µ C DOMOll.l,blO 

Be11JieBCKHX OTpa)KeHHI1), a 3TO 3Hal.!HT, 'ITO OH Jie)KHT B noJIO)KH

TeJibHOI1 KaMepe Be11JIH. HanoMHHM, 'ITO BeKTOp x Jie)KHT B nOJIO)KH

TeJibH011 KaMepe Be11JIH, eCJIH (x, a) ~ 0 ,n:JIH Bcex noJIO)KHTeJibHb!X 

KOpHel1 a. HanOMHHM, 'ITO Mb! o6cy)K,naeM CJiyqa11 KOMnaKTHb!X 

noJiynpocTbIX A.JI. 

YTaep1K,!1.eHHe 2.3. Cmapmuii Bee ). aBmoMamutJ,eeKu 5lBJl5leme5l 
aoMUHaHmHblM. 
,l(oKa3aTeJibCTBO. 3aMeTHM, 'ITO eCJIH ). - Bee, TO H ero Be11JieBCKOe 

OTpa)KeHHe O"a(>.) = >. - 2
((>., a)) a TO)Ke Bee. OTCIO,na CJie,nyeT, 'ITO 
a,a 

eCJIH ). - CTaplllHI1 Bee H a - noJIO)KHTeJibHbll1 KopeHb, TO IJ,eJibie 

l.!HCJia 
2(>.,a) >- 0 

- 1/ 

(a,a) 
(2.30) 

(HHaqe O"a(>.) 6y,neT CTapwe >.), T. e. (>., a) ~ 0 ,n:JIH Bcex noJIO)KH

TeJibHbIX KOpHe11 a H, CJie,noBaTeJibHO, ). Jie)KHT B nOJIO)KHTeJibHOI1 

KaMepe Be11JIH. ■ 

TTo,ncTaBHM B (2.30) B Kal.!eCTBe a npoCTbie DOJIO)KHTeJibHbie 

KopHH a(i). Tor,na ,n:JIH cTapwero Beca >. HMeeM 

2(>., O'.(i)) . 

(a(i)' a(i)) = ni ~ 0, (2.31) 
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r,ne ni - IJ,eJibie HeoTpHI.1,aTeJibHbie l.!HCJia. TTOJib3YHCb onpe,neJieHHeM 

cpyH,naMeHTaJ!bHb!X BeCOB (2.19), Mb! noJiyqaeM pa3JIO)KeHHe CTap

wero Beca no cpyH,naMeHTaJibHbIM: 

>-=I::ni>.(i) (niEZ+)- (2.32) 

Bee Bb!llle CKa3aHHOe npHBO.ll:HT K cpopMyJIHpOBKe Ba)KH0!1 Teope

Mbl, KOTopy!O Mb! ,naeM 6e3 ,noKa3aTeJibCTBa. 

TeopeMa 2.3. Ka:J1Cabtii Bee ). BeeoBoii pememKu A, Haxoa5lU{UUe5l 
B n0Ao:J1Cume/lb1-toii KaMepe BeiiAR, eemb emapmuii Bee, KomopoMy 
eoomBememByem eau1-temBeHHoe ( e motJ,1-toemb10 ao aKBUBaAeHm-
1-toemu) 1-tenpuBoauMoe npeaemaBAe1-tue AJI Q, m. e. HenpuBoauMbte 
npeaemaBJleHUJl y MOcym 6btmb npoHyMepOBaHbl mOtJ,KaMU noape
memKU A+={>. E 41(>., a) ~ 0 Va> 0}. 

J13 3TOI1 TeopeMbl H H3 cpopMyJibl (2.32) CJie,nyeT, 'ITO CTapwHe 

Beca KOHel.!HOMepHblX HenpHBO.Zl:HMblX npe,ncTaBJieHHI1 xapaKrepH3y

lOTCH Ha6opoM r IlOJIO)KHTeJibHb!X IJ,eJib!X l.!HCeJI ni ( i = 1, ... , r), 
KOTOpbie MO)KHO npHilHCaTb BeplllHHaM ,n:HarpaMMbl )],bIHKHHa. KpoMe 

Toro, HCilOJ!h3YIOT CJie,nyIOll.l,ee THilHl.!HOe o603Hal.!eHHe .Zl:JIH HenpHBO

.Zl:HMb!X npe,ncraBJieHHI1: 

nft, (Q) = n<;'.~;•nr) (Q), (2.33) 

r,ne ). = (n1, ... ,nr) - crapwH11 Bee, a µ,µ' npo6eraIOT Bee B03-

MO)!{Hbie Beca ,naHHOro npe,ncraBJieHHH co craprnHM BecoM >.. 
IIpHMep 1. Beca ,n:JIH A.JI sl(r + 1) (Ar-cepHH) paccMaTpHBaJIHCb 

B (2.13)-(2.15). ,ll.JIH KOpHeBOI1 CHCTeMbl (1.80) KOMilOHeHTbl Ai 
.ll:OMHHaHTHblX BeCOB, Jie)Kall.l,HX B IlOJIO)KHTeJibH011 KaMepe Be11JIH, 

.ll:OJI)!{Hb! y,noBJieTBOpHTb HepaBeHCTBaM AJ ~ >.2 ~ ... Ar+I · <PyH,na

MeHTaJibHb!e Beca MO)KHO Bb16parb [6] B BH,ne CJie,nyIOll.l,HX BeKropoB 

B (r + 1 )-MepHOM npocTpaHCTBe: 

( 
r 1 1 ) 

A(I)= r+l'-r+l' ... '-r+l ' 

(
r - 1 r - 1 2 2 ) 

).(2) = r + 1 ' r + 1 ' - r + 1 ' · · · ' - r + 1 ' (2.34) 

( 
1 1 1 r ) 

A(r) = r + 1' r + 1 '· · ·' r + 1 ' - r + 1 · 

,lJ.e11CTBHTeJibHO, JierKO npOBepHTb, 'ITO 3TH Beca H KOpHH ( 1.80) 
y,noBJieTBopH!OT COOTHOllleHHHM (2.19). <PyH,naMeHTaJibHbie npe,n

craBJieHHH, COOTBeTCTBYIOll.l,He craplllHM BecaM (2.34), noJiyl.!a!OTCH 
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r'' 

KaK npHMOe npOH3BeJI.em1e onpeJI.eJIHIOW:HX npeJI.CTaBJieHHH, KOTOpbie 
JI.eHCTBYJOT Ha BHellIHHe npOH3BeJI.eHHH 

Vr+I A Vr+I A ... A Vr+I 

I 

(Ha IlOJIHOCTb!O aHTHCHMMeTpHqHbie TeH30pbl paHra f), rJI.e Vr+I -
npocTpaHcTBO onpeJI.eJIHJOW:ero npeJI.CTaBJieHHH. B o6w:eM cJiyqae 
MO)KHO IlOKa3aTb, qTo TeH30pbl paHra f, CHMMeTpHH KOTOpbIX onpe-

r+ 1 . 
JI.eJrneTCH pa36HeHHeM (/1, h, ... , fr+1) qHcJia f = I: Ii, qiopMHpy-

i=l 
JOT 6a3HC npeJI.CTaBJieHHH co CTapllIHM BeCOM A, HMeJOW:HM KOMilO-
HeHTbl Ai = Ji - f /r + 1. 
IlpHMep 2. Beca JI.JIH AJI so(2r + 1) (Br-cepHH) onpeJI.eJIHJOTCH 
KOMilOHeHTaMH (2.16). <PyHJI.aMeHTaJibHbie Beca MO)KHO BbI6paTb (6] 
B BHJI.e CJieJI.yJOW:HX BeKTOpOB B r-MepHOM npocTpaHCTBe: 

( 
1 1 1) A(!)= 2,2, ... ,2 , A(2)=(l,O,O, ... ,O), 

(2.35) 

A(3)=(1,1,0, ... ,0), ... , A(r)=(l,1, ... ,1,0), 

H JierKO nposepHTb, qTO (2.32) Bb!IlOJIHHeTCH, eCJIH IlOJIO)KHTb 
n1 = 2Ar, ni = Ai-I - Ai (i > 1). TaK)Ke JierKo nposepHeTCH, qTo 
Beca (2.35) H KOpHH (1.101) YJI.OBJieTBOpH!OT COOTHOllleHHHM (2.19). 
MO)KHO IlOKa3aTb, tITO qiyHJI.aMeHTaJibHbie npeJI.CTaBJieHHH co CTap
llIHMH BecaMH (2.35) TaK)Ke COOTBeTCTBYJOT aHTHCHMMeTpWIHbIM 
TeH30paM COOTBeTCTBYJOW:ero paHra. 

Bb16epeM HOpMHpOBKY o6pa3yJOW:HX Xa ( a = 1, ... , dim g) AJI 
g TaK, qTo6bI onepaTop 82 = Xagab xb B 6a3HCe KapTaHa-BeflJIH 
3aTTHCbIBaJICH C IlOMOW:b!O MeTpHKH ( 1.20) CJieJI.yJOW:HM o6pa30M: 

r 

82 = L Hiij Hj + L EaE-a ( = Xagab xb) ' (2.36) 
i,j=I a 

fJI.e cyMMa I: npOH3BOJI.HTCH no BCeM KOpHHM a. OnepaTOp (2.36) 
a 

Ha3bIBaeTCH KBaJI.paTHqHb!M onepaTopoM Ka3HMHpa. 

YTBep:m:µ;euHe 2.4. Onepamop Ka3uMupa (2.36) K0MMymupyem co 
BCeMu 06pa3y10w,uMu AJI 9. 
,ll;oKa3aTeJibCTBO. 3TO yrnep)K~eHHe JierKO nposepHTb, eCJIH BOC
IlOJib30BaTbCH npeJI.CTaBJieHHeM C2 B TepMHHax o6pa3yJOW:HX Xa: 

82 

[82, Xd] = [X0 gab Xb, Xd] = 

= C!dXbgaf X f + Xag0 bC{dX f = ( Cadb + Cbda)Xb X 0 = 0, 

rJI.e Mb! o603HaqHJIH xa = g0 f XI. 
I1pHBeJI.eM T~K)Ke JI.OKa3aTeJibCTBO 3TOfO yrnep)KJI.eHHH H JI.JIH 

npeJI.CTaBJieHHH C2 B TepMHHax o6pa3yJOW:HX 6a3HCa KapTaHa-Befl
JIH. PaseHCTBO [C2, Hk] = 0 oqeBHJI.HO cJieJI.yeT H3 (1.23). A JI.JIH 
KOMMyTaTOpa [C2, Ei3], rJI.e (3 - npoH3BOJibHbIH KopeHb, Mb! noJiyqa
eM 

[C2, Ei3] = L[Higij Hj, Ei3] + L ([Ea, Ei3]E_0 + E0 [E_0 , Ei3]) = 
i,j a 

= L (3i (HjEt3 + Ei3Hj) + [E_i3, Ei3]Ei3 + Ei3[E-i3, Ei3]+ 
j 

+ L (Na,t3Ea+t3E-a + EaN-a,t3Et3-a) = 
ai,±/3 

= L (Na,t3Ea+t3E-a + EaN-a,t3Et3-o.). 
ai,±/3 

TipaByJO qacTb 3TOH u.enoqKH paBeHCTB MO)KHO nepenHCaTb, CJI.eJiaB 
3aMeHy nepeMeHHOH cyMMHpoBaHHH a ---t a - {3 B nepBOM CJiarae
MOM. B pe3yJibTaTe Mb! noJiyqaeM 

L (Na-/3,/3 + N-a,/3) E0 Et3-a = 0, 
ai,±/3 

fJI.e paBeHCTBO HYJIJO CJieJI.yeT H3 ( 1.46). ■ 

TaK KaK onepaTOp 82 KOMMyrnpyeT co BCeMH o6pa3yJOW:HMH AJI, 
TO, COrJiaCHO JieMMe lllypa, 3TOT onepaTOp nponopU.HOHaJieH eJI.H
HHqHOH MaTpHu.e B JIJ060M HenpHBOJI.HMOM npeJI.CTaBJieHHH. Ko3qJqJH
U.HeHT nponopU.HOHaJibHOCTH xapaKTepH3yeT JI.aHHOe HenpHBOJI.HMOe 
npeJI.CTaBJieHHe. B qacTHOCTH, JI.JIH cocTOHHHH IA) co cTapllIHM secoM 
A Mb! noJiyqaeM (TaK KaK E 0 IA) = 0 Va > 0) 

82IA) = (t HiijHj + L(EaE-a + E_aEa)) IA)= 
i,j=I a>O 

(.t Aiij Aj + L[Ea, E_a]) IA)= ((A, A)+ (A, La)) IA) 
i,J=I a>O a>O 

(2.37) 
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(3.n,ecb Hi, Ea CJie.n,yeT noHHMaTb KaK onepaTOpbI P>..(Hi), P>..(Ea) B 

HenpHBO,D,HMOM npe.n,cTaBJieHHH P>.. co CTapumM BeCOM ,\). CooTBeT

CTBeHHO, ,D,JIH HenpHBO,D,HMOfO npe.n,cTaBJieHHH P>.., cornacHO JieMMe 

lllypa, 3JieMeHT C2 nponopUHOHaJieH e.n,HHHL!HOMY onepaTOpy 1 H MhI 

HMeeM 

P>..(C2) = (..x,..x+20)1, (2.38) 

r.n.e (..\, ,\ + 2 o) - co6cTBeHHoe 3Ha1.1eHHe C2 H Mb! HcnoJib30BaJIH 

CTaH,D,apTHOe o603Ha'-1eHHe 

1 
0 = 2 I>~-

a>O 

(2.39) 

1Ip11Mep . .ll.JIH AJI su(2), KOTOpaH HMeeT e.n,HHCTBeHHblH noJIO)KH

TeJibHblH KopeHb o: = 1, Mb! noJiyqaeM o = 1 /2, H co6cTBeHHOe 

3Ha'-1eHHe 3JieMeHTa C2 paBHO ,\(,\ + 1), r.n.e ,\ E Z+/2 B CHJIY (2.30). 

Bb16epeM HOpMHpOBKY o6pa3yIOllJHX Xa B COOTBeTCTBHH C cpop

MYJIOH (2.36). l13 (1.9) CJie.n,yeT, '-1TO 

Tr>..(P>..(Xa)P>..(Xb)) = 9>.. 9ab, (2.40) 

r.n.e KOHCTaHTa 9>.. Ha3bIBaeTCH HH,D,eKCOM npe.n,cTaBJieHHH P>..- Bbl'-1HC

JIHM KOHCTaHTY 9>..- .ll.JIH 3T0f0 3aMeTHM, '-1TO 

1h(P>..(Xa)P>..(Xb))9ab = 1h(P>..(C2)) = (..\, ,\ + 2 o)dim (P>..), 
(2.41) 

r.n.e Mb! Y'-1JIH (2.38). C .n,pyrofl CTOpOHbl, H3 (2.40) CJie.n,yeT paBeH-

CTBO 

1h(P>..(Xa)P>..(Xb))9ab = 9>.. dim (9). 

CpaBHHBaH 3TO paBeHCTBO H (2.41), OKOH'-1aTeJibHO noJiyqaeM 

dim (P>..) 
9>.. = dim (9) (..\, ,\ + 2 o). 

2.4. KpaTHOCTll BeCOB 1:1 <popMyJia <l>peii,u:eHTaJI.H 

TTycTb ,\ - CTapwHH Bee npe.n,cTaBJieHHH P>.. KOMnaKTHOH AJI 
g, o: - noJIO)KHTeJibHbIH KopeHb AJI g H µ - Bee B npe.n,cTaB

JieHHH P>.. TaKOH, '-1TO (µ + o:) He Bee. TTycTb KpaTHOCTb Beca µ 
paBHa multµ = no. PaccMOTpHM Ha6op 6a3HCHbIX BeKTopoB lu~0 ))a 
(a= 1, ... , no) B npocTpaHCTBe Vµ BeKTOpOB, HMeIOlljHX Bee µ . .ll.JIH 

Ka)K.n,Oro H3 BeKTopoB lu~0
))a c BecoM µ Mb! MO)KeM nocTpOHTb 
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( COfJ!aCHO npoue.n,ype, HCTTOJ!b30BaHHOH B yTBep)K,D,eHHH 2.1) Ha6op 
BeKTOpOB (2.7): 

(0) . 2(µ, o:) 
luk )a E Vµ-ka (k = 0, ... ,J = 2 ), 

0: 
(2.42) 

KOTOpbie COOTBeTCTBYIOT CTpyHe BeCOB µk = µ - ko:, pacnoJIO)KeHHOH 

B,ll,OJ!b KOpHH 0: H CHMMeTpH'-1HOH OTHOCHTeJibHO TTJIOCKOCTH Pa J_ 0:. 

.lJ.JIH Ka)K,D,OfO HOBOfO Beca µm ( m = 1, ... , [j /2]) B npocTpaH

CTBe Vµm npe.n,cTaBJieHHH P>.. MO)KeT cymecTBOBaTb HOBbIH Ha6op 

H3 nm CTapwHX 6a3HCHbIX BeKTopoB {lu~m))b : Ealu~m))b = O} 
(b = 1, ... , nm), He co.n,ep)KalljHHCH B npocTpaHCTBe, HaTHHYTOM Ha 

BeKTOpbI {lu~))a} (2.42). Ka)K,D,bIH H3 3THX HOBbIX BeKTopoB nopo)K

.n,aeT ( COrJiaCHO npoue.n.ype H3 yTBep)K,D,eHHH 2.1) ,D,OTTOJIHHTeJibHbie 

nocJie.n,oBaTeJibHOCTH BeCOBblX BeKTOpOB 

lu1m))b E Vµm+k (k = 0, ... ,j - 2m), (2.43) 

COOTBeTCTBYIOllJHX 6oJiee KOpOTKHM CTpyHaM BeCOB µm+k = µ -
- (m + k)o:, pacnoJIO)KeHHb!M B,ll,OJ!b KOpHH 0: H CHMMeTpH'-1HblM 

OTHOCHTeJibHO Pa. 113 BbIWecKa3aHHOfO CJie.n,yeT, '-1TO TTOJ!Hb!H 6a3HC 

B npocTpaHcTBe Vµk CTpOHTCH H3 BeKTopoB lut~)bm (m = 0, ... 
... , k; bm = 1, ... , nm) H, COOTBeTCTB~HHO, KpaTHOCTb Beca µk paBHa 
cyMMe 

k 

multµk = l; nm (k = 1, ... , [fl)· (2.44) 

BBe,D,eM .n,yaJibHbIH K BeKTopaM lukm))a tta6op 6a3HCHbIX BeKTopoB 

(uis) lb, HOpMHpOBaHHbIH TaK, '-1TO (uis) lb lukm))a = Oab Ork 5sm. Te

nepb, nOJib3YHCb (2.12) H (2.43), MO)KHO Bbl'-1HCJIHTb ,D,HaroHaJibHbie 

3JieMeHTbl MaTpHUbI P>..(EaE-a): 

(ut~laP>..(EaE-a)lut~)a = (o:;o:) (k- m + l)(j- m - k). 

(2.45) 

YTeep.HC,u:eH1:1e 2.5. llycmb t(µ', o:) - c.llea 02paHu1J,eHUJl onepamo
pa P>..(EaE-a) Ha noanpocmpaHcmeo Vµ'· Tozaa 

k 

t(µk, o:) = L (µm, o:) multµm, 
m=O 

t(µ', o:) - t(µ' + o:, o:) = (µ', o:) multµ,, 

(2.46) 

(2.47) 
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zae µm = (µ - ma) U multµ, - KpamHOCmb KOpHR µ1 8 npea

cmaBAeHUU P>-· 
,l];oKa3aTeJibCTBO. TToJib3YHCb (2.45), Mb! rroJiy 1-rneM paBeHCTBO 

t(µ - ka, a) = Tr~ P>..(Eo:E-o:) = 
µk 

k nm 

= L L(ut~la P>..(Eo:E-o:) Jut~)a = 
m=Da=I 

k 

= (a2a) L(k- m + l)(j - m - k)nm. 
m=O 

(2.48) 

TTo,rr.cTaBJIHH B (2.48) Bbipa)KeHHe nm= multµm - multµm-l, KOTopoe 

CJie,nyeT H3 (2.44) (Mb! ITOJiaraeM multµ_l = 0), rroJiyqaeM 

t(µ- ka,a) = 
k 

= (a2 a) L (k - m + l)(j - m - k)(multµm - multµm-l) = 
m=O 

( ( k-1 
= a2a) (j-2k)multµk+ I;(k-m+l)(j-m-k)multµm-

k-1 ) 
- I; (k - m)(j - m - 1 - k))multµm = 

k 
(a, a) """" (. 2 ) 1 = -2- L..J J - m mu tµm· 

m=O 

(2.49) 

3To paBeHCTBO rreperrHCbIBaeTCH B BH,ne (2.46), ecJIH 3aMeTHTb, 'ITO 

( ) ( ) 
. (a, a) ( ) (a, a) (. 2 ) µm,a = µ-ma,a =J-

2
- -m a,a = -

2
- J- m, 

(2.50) 
r.ne Mb! BOCITOJlb30BaJIHCb Bb!pa)KeHHeM ,nJIH j, KOTOpoe rrpHBe,neHO 

B (2.11) H (2.42). To)K,necTBO (2.47) O'leBH.!J.HO CJie,nyeT H3 (2.46). 
.lI.eHCTBHTeJibHO, H3 Hero Bb!TeKaeT COOTHOllleHHe 

t(µk, a) - t(µk + a, a)= (µk, a) multµk· (2.51) 

EcJIH Terrepb ITOJIO)KHTb µ' = µ - ka = µk, TO paBeHCTBO (2.51) 
rrepexo,nHT B (2.47). ■ 
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TTeperrHweM orrepaTOp Ka3HMHpa (2.36) B BH,ne 

82 = (H,H)- L(a,H) + 2 LEo:E-o:. (2.52) 
o:>0 o:>0 

Terrepb Mb! MO)KeM BOCITOJib30BaTbCH TO)K,lI.eCTBOM (2.46) .!J.JIH Toro, 

'IT06b! Bbl'IHCJIHTb CJie,n orpaHH'leHHH orrepaTOpa P>.. ( 82) Ha rro.nrrpo

CTpaHCTBO Vµk: 

TrvµkP>..(82) = Trvµk ((H, H) - L(a, H) + 2 L Eo:E-o:) = 
o:>0 o:>0 

= ((µk,µk)- L(a,µk)) multµk +2 L t(µm,a)multµm· 
o:>0 o:>0 m=O 

(2.53) 

JleByIO qacTb 3Toro paBeHCTBa MO)KHO Bbl'IHCJIHTb .npyrnM crroco6oM, 

eCJIH BOCITOJib30BaTbCH TO)K,neCTBOM (2.38): 

TrvµkP>..(82) = (,\, ,\ + 28) Trvµk (1) = (,\, ,\ + 28) multµk· (2.54) 

O6be,nHHHH cpopMyJibl (2.53) H (2.54), Mb! rroJiyqaeM peKyppeHTHYIO 

cpopMyJiy <l>peii,neHTaJIH .U.JIH BeCOB 

((,\ + 8, ,\ + 8) - (µk + 8, µk + 8)) multµk = 
k 

=2LL(µm,a)multµm• (2.55) 
o:>Om=O 

KOTopaH IT03BOJIHeT 3cpcpeKTHBHO Bbl'IHCJIHTb KpaTHOCTH Bcex BeCOB 

rrpe,rr.cTaBJieHHH P>.., Ha'IHHaH c mult>.. = 1. 

2.5. XapaKTepbI ,n;JI.H npe,u;CTaBJieHuii KOMnaKTHhIX npocTbIX 
rpynn Jiu 

HerrpHBO.!J.HMb!e rrpe,ncTaBJieHHH KOMITaKTHb!X rpyrrrr JIH G CTpo

HTCH no HerrpHBO,lI.HMb!M rrpe,rr.CTaBJieHHHM P>.. COOTBeTCTBYIOI..II.HX AJI. 

B TeopHH KOMITaKTHb!X rpyrrrr JIH G ITO'ITH BCH ITOJie3HaH HHcpopMa

U.HH O HerrpHBO,lI.HMb!X rrpe,ncTaBJieHHHX P>.. MO)KeT 6b!Tb rroJiy'leHa H3 

xapaKTepoB, KOTOpbie orrpe,rr.eJIHIOTCH KaK cpyHKU.HH Ha rpyrrrre G: 

X>..(g) = Tr>.. (P>..(g)) = L Di~(g) (Vg E G). (2.56) 
µ 
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3.n,ecb Mbl HCnOJib30BaJIH o603Ha'leHHH (2.33). 3aMeTHM, 'ITO X>.(9) = 
= X>.(hgh- 1) (\fh E G), T.e. xapaKTep X>. - <pyHKUHH Ha KJiaccax 
conpsuKeHHbIX 3JieMeHTOB rpynnbl G. ,ll.JIH KOMnaKTHblX rpynn .JIH, 
CBH3aHHbJX C A.JI paHra r, KJiaCCbl conpsuKeHHblX 3JieMeHTOB na- -
paMeTpH3YIOTCH Ha6opoM r napaMeTpOB 0i ( i. = 1, ... 'r) TaK, 'ITO 
JII06oti 3JieMeHT g E G MO)KeT 6bITb npe.n,cTaBJieH B BH.n,e 

9 = h exp (0iHi) h-1
. (2.57) 

3aMeTHM, o.n,HaKO, 'ITO pa3JIH'IHble Ha6opbl 0i MoryT npHHa.D,Jie)KaTb 
O.D,HOMY H TOMY )Ke KJiaccy conpH)KeHHb!X 3JieMeHTOB. ,ll.etiCTBHTeJib
HO, cornaCHO (1.64), Mb! HMeeM 

Sa exp (0iHi) s;; 1 = exp (ua(0), H), (2.58) 

Sc, = exp (i1rT2(a)) - onepaTOp BetiJieBCKOrO OTpa)KeHHH, CBH3aH
HblH c KOpHeM a. 0TCIO.D,a CJie.n,yeT, 'ITO xapaKTep X>.(9), KOTOpbIH 
cornaCHO (2.56), (2.57) MO)KHO 3anHCaTb B BH.D,e 

X>.(9) = Tr>. (P>-(e°iH;)) = I::multjµ) exp(µiHi) = X>.(0) 
µ 

(2.59) 

(3.n,ecb cyMMa 6epeTCH no BCeM BeCaM µ B npe.n,CTaBJieHHH P>. H 
mult>. (µ) - KpaTHOCTb BblpO)K.D,eHHH Beca µ), o6Jia.n,aeT HHBapHaHT
HOCTblO OTHOCHTeJibHO BetiJieBCKHX OTpa)KeHHH X>.(0) = X>.(uc,(0)). 

<l>opMyJia (2.59) He O'leHb y.n,o6Ha .D,JIH Bb!'IHCJieHHH xapaKTe
poB, TaK KaK .D,JIH ee HCnOJib30BaHHH Heo6xo.D,HMO 3HaTb KpaTHOCTH 
mult>. (µ) .D,JIH Bcex BeCOB µ npe.n,CTaBJieHHH P>-· 

<l>opMyJia (2.59) MO)KeT 6bITb npHBe.D,eHa K 6oJiee HBHOMY BH.D.Y 
CJie.n,yIOIII.HM o6pa30M. BBe.n,eM B pacCMOTpeHHe <pYHKUHIO 

Di5(0) = IT (e(a,0)/2 - e-(a,0)/2) = e(o,0) IT (1-;- e-(a,0)), (2.60) 

a~ a>O 

r.n,e npOH3Be.n,eHHe 6epeTCH no BCeM noJIO)KHTeJibHblM KOpHHM, a 
/j onpe.n,eJieHO B (2.39). Mo)KHO noKa3aTb, 'ITO HMeeT MeCTO TaK 
Ha3bIBaeMaH <pOpMyJia BetiJIH .D,JIH 3HaMeHaTeJIH Di5(0): 

e(o,0) IT (1. _ e-(a,8)) = L c(u) exp(u(l5), 0), (2.61) 

a>O uEW 

r.n,e cyMMa 6epeTcH no BceM 3JieMeHTaM u rpynnbI BetiJIH W, a 
c(u) = det(u) = ±1 (cM. <pOPMYJIY (1.66)) B 3aBHCHMOCTH OT Toro, 
HBJIHeTCH JIH U qeTHbIM HJIH He'leTHblM npOH3Be.n,eHHeM OTpa)KeHHH 
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Si = U c,(i). HaKoHeu, nOJib3YHCb <pOpMyJioti )],JIH KpaTHOCTeti <l>peti
.n,eHTaJIH (2.55), MO)KHO .lI,OKa3aTb TO)K.D,eCTBO 

D 0(0) X>.(0) = Do+>.(0), (2.62) 

OTKy.n,a CJie.n,yeT 3HaMeHHTaH <pOpMyJia BetiJIH )],JIH xapaKTepoB 

x,(O) - D~+;(O) - a~ c(u) exp(u(O + A), 0) 
o(0) - Di5(0) 

(2.63) 

3aMeTHM, 4TO X>.(0) = dim (P>.)- TaK KaK B <pOpMyJie (2.63) 
B npe.n,eJie 0 -+ 0 (B CHJIY TO)K.D,eCTBa I: c:(u) = 0) noJiyqaeTCH 

o-EW 
Heonpe.n,eJieHHOCTb 0/0, TO 3TOT npe.n,eJI Heo6xo.D,HMO Bbl'IHCJIHTb 
aKKypaTHO. IToJio)KHM 0 = tl5. B 3TOM cJiyqae, noJib3YHCb TO)K.n,e
CTBOM (1.65), Mbl HMeeM paBeHCTBO 

t 
Do+>.(tl5) D0(t(>. + 15)) sh(2(a, 15 + >.)) 

X>.(tl5) = --'---'---'- = _.;.__;__--'-'- = -=-------
Di5(tl5) Di5(tl5) sh(½(a, 15)) ' 

B KOTOpOM Tenepb ycTpeMHM t - 0. B pe3yJibTaTe noJiy'laeM <pOpMy
JIY BetiJIH .D,JIH pa3MepHOCTH npe.n,CTaBJieHHH P>. co CTapIIIHM BeCOM )..: 

t 
sh(-(a, 15 + >.)) (>. + /j a) 

dim (P>.) = lim X>.(tl5) = lim 
2 t = IT (l5 ') · 

t---+O t---+O sh(-(a 15)) , a 
2 , a>O 

(2.64) 
3aMeqaHHe 1. <l>opMyJia .D,JIH 3HaMeHaTeJIH (2.61) npHMeHHMa H 
B cJiyqae 6ecKoHe'IHoMepHbIX aJire6p Kaua-My.n,H, .n,JIH KOTOpbIX 
'IHCJIO KOpHeti 6eCKOHe'IHO, a KOMnoHeHTbl BeCOB )..i (i = 1, ... ,r) Bee 
eilJ,e .D,HCKpeTHbl H BeilJ,eCTBeHHbl. B 3TOM CJiyqae <pOpMyJia (2.61) 
CBH3bIBaeT 6ecKOHe'IHYIO cyMMY H 6ecKOHe'IHOe npOH3Be.n,eHHe. ,ll.JIH 
su(2)-aJire6pbI Kaua-My.n,H (KM) 3TO cooTHOIIIeHHe ecTb He 'ITO 
HHOe, KaK xopOIIIO H3BeCTHOe TO)K.D,eCTBO 51Ko6H .D,JIH 3JIJIHnTH'leCKHX 
0-<pyHKUHH. ,ll.JIH .n,pyrnx aJire6p KM B03HHKaIOT o6o6IlJ,eHHH 3THX 
TO)K.D,eCTB. ,ll.JIH HBHOro noJiy'leHHH 3THX o6o6IlJ,eHHH, O.D,HaKo, npH
XO.D,HTCH npOH3B0.D,HTb nO.D,XO.ll,HIII.YIO peryJIHpH3aUHIO pacxo.D,HilJ,HXCH 
6eCKOHelJHblX cyMM, B03HHKaIOilJ,HX B npaBblX qacTHX COOTHOIIIe
HHH (2.61). 
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3aMe11am1e 2. Teopmi npe.11.CTaaneHHH anre6p JIH TeCHo CBH3aHa 

c TeopHeH npe.11.cTaBJieHHH rpynn JlH. 6onee no.11.po6Ho o TeopHH 

npe.11.CTaBJieHHH rpynn JlH CM. [5, 16]. 

3. AJifEEPhl C ,ll;EJIEHHEM. KBATEPHHOHbl, 

OKTOHHOHbl H HX IlPHJIO)KEHHH 

3.1. MeTpH11eCKHe H aJI&TepHaTHBHbie aJire6pbI 

TTycTb A,_:_ npOH3BOJibHaH KOHe4HOMepttaH anre6pa c e.11.HHHI..(eH, 

KOTopyIO o6o3Ha4HM 1, Ha.II. noJieM BeI.IJ,ecTBeHHb!X 4HCeJI R, B KO

TOpoH 3a.11.aHO conpmKeHHe (HHBOJIIOTHBHb!H aBTOMopcpH3M) a --t a 
TaKoe, 4TO 

ab= ba, a= a. 

Onpe.IJ.eJieHHe 3.1. AAee6py A 1-wa noAeM R 6yaeM f-ta3btBamb 
MempurLecKot1, ecAu a+ a E R-.1, aa ER• 1 u aa > 0 (';la I- 0). 

TTycTb A - MeTpH4ecKaH anr'e6pa. 3aMernM, 4TO Va E A MbI 

HMeeM a a = a a, TaK KaK 

aa = a (a+ a) - a2 =(a+ a) a - a
2 = aa. 

Onpe.11.enHM cKanHpttoe npOH3Be.11.ettHe B A no cpopMynaM 

1 - 1 -
(a, b) = 2 (ab+ ba) = (b, a), (a, b) = 2 (ab+ ba). (3.1) 

TTocne.11.ttee paBeHCTBO cne.11.yeT H3 (a+ b)(a + b) = (a+ b)(a + b). 
CKaJIHpHOe npOH3Be.11.eHHe (3.1) HeBbipmK.11.eHO, nOCKOJlbKY H3 ycno
BHH (a, b) = 0 Vb cn~.11.yeT a = 0 (.11.ocTaT04HO B3HTb b = a H BCnoM

HHTb onpe.11.eneHHe MeTpH4eCKOH anre6pb!). 
JI106oii 3JieMeHT a E A MO}KHO npe.QCTaBHTb B BH.11.e cyMMbI · 

1 · 1 
a = 2 ( a + a) + 2 ( a - a) = ,\ + b, 

r.11.e ,\ E R • 1, a b E A' H A' o6o3Ha11aeT JIHHeHHoe no.11.npocTpaHCTBO, 

opTOfOHaJibHOe K R . 1, T. e. (b, 1) = 0. ,QeikTBHTeJibHO, H3 onpe.11.e- . 

JieHHH (3.1) Mb! HMeeM 

1 1 
(b, 1) = 2 ((a - a), 1) = 2 ((a+ a) - (a+ a))= 0. 
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YTBepJK.IJ.eHHe 3.1. llycmb A - MemputtecKaR aA2e6pa u Vx, y E A 
cnpaeeaAUBbt coom1tomeHUR 

i) y(yx)=(yy)x, ii) (xy)y=x(yy). (3.2) 

To2aa Bbtn0AHRemcR paee1tcmeo 

(x y, z) = (x, z y) (3.3) 

(conpR:HCeHue &AeMeHma y omHocumeAbHo cKaARpH020 npou3eeae
HUR (3.1)), u Mbl UMeeM 

(xy,xy) = (x,x) (y,y), (3.4) 

m. e. B aA2e6pe A M0:HCH0 onpeaeAumb HopMy llxll = ✓ (x, x). 
O6pam1toe ymeep:HCaeHue maK:HCe eepHo, m. e. u3 (3.4) cAeay-

10m paeeHcmea (3.3) u (3.2). OmMemuM, ttmo ycA0BUR i), ii) aAR 
aCC0LfUamuBHblX aA2e6p Bbtn0AHRfOmCR aemoMamutteCKU. 

)];oKa3aTeJibCTBO. TTpe.>K.11.e Bcero 3aMeTHM, 4TO H3 onpeJI,eJieHHH 

CKamipHoro npOH3BeJI,eHHH (3.1) H CBOHCTB i), ii) cpasy }Ke CJieJI,yeT 
COOTHOllleHHe 

(xy,y)=(x,yy). (3.5) 

Tenepb TIOJI,CTaBHM B (3.5) y --t y + z. B pe3yJibTaTe nony11aeM 

(xy,z) + (xz,y) = (x,yz) + (x,zy), 

OTKyJI,a, nonaraH z = X H Y4HTbIBaH (3.5), HeMeJI,JieHHO CJieJI,yeT 

(xy,x) = (x,xy). TaK KaK (xy,l) = (x,y), TO (xy,(x+x)) = 
= (x, (x + x) y), H, CJieJI,OBaTeJibHO, HMeeM 

(xy, x) = (x, xy). (3.6) 

TTo.11.cTaBHM CIOJI.a x --t x + z. B pesyJibTaTe nony11aeM paBeHcTBO 

(x(y-y),z) = (x,z(y-y)), 

KOTopoe 3KBHBaJieHTHO (3.3) B CHJIY (y + y) = R . 1. 
floJIO}KHM z = X y B (3.3), B pesyJibTaTe nony11aeM 

(xy,xy) = (x,(xy)y). (3.7) 

.LJ.anee B COOTBeTCTBHH C ii) HMeeM (x y) y = X (y, y), H, cne.11.oBa
TeJibHO, (3. 7) nepenHCbIBaeTCH B BHJI,e HCKOMOfO TO}KJI,eCTBa (3.4): 

(xy,xy) = (x,zy) = (x,x) (y,y). 

O6paTHO, no.11.cTaBJIH5I B (3.4) x --t x + u HJIH y --t y + U, 
nony11aeM 

(xy,uy) = (x,u) (y,y), (xy,xu) = (x,x) (y,u), (3.8) 
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r.rr.e nepBoe coornowem1e np11 z = uy .rr.aeT (3.3), a BTopoe np11 z = 
= XU 3KBl1B3JieHTHO 

(xy,z) = (y,xz). 

,ilBa)K.ll.bl np11MeHHH (3.9), noJiytiaeM 

(x(xy),z) = (xy,xz) = (x,x) (y,z) = ((xx)y,z) (\fz), 

(3.9) 

OTKy.rr.a B CHJIY HeBb!pO)K.LI.eHHOCTH CK3JIHpttoro npO113Be.rr.eHl1H CJie.rr.y

eT i) (3.2). YcJIOBl1e ii) (3.2) noJiytiaeTCH attaJIOrHllHO. ■ 

CJie,II.CTBHe. CoornorneHl1H i) 11 ii) (3.2) (a CJie.LI.OBa.TeJibHO, 11 COOT

HOWeHl1H (3.4)) 3KBl1B3JieHTHbl ycJIOBl1HM aJibTe pttaT11BHOCTl1 

(yy)x = y(yx), x(yy) = (xy)y, 

11 113 H11X CJie.rr.yeT ycJIOBl1e 3JI3CTl14HOCTl1 

(xy)x=x(yx)=xyx. 

(3.10) 

(3.11) 

,lleikTBl1TeJibHO, ycJIOBl1H 3JlbTepHaTl1BHOCTH (3.10) 3KBl1BaJieHT

Hbl (3.2) B CHJIY paBeHCTBa (y + y) = R . 1. YcJIOBl1H 3JiaCTHllHOCTH 

MO)KHO IlOJIYlll1Tb 113 (3.1 0)' eCJil1 c.rr.eJiaTb 3aMeHy y --+ y + z. Tor.rr.a 

nepBoe COOTHOllieH11e nepenl1CbIBaercH B B11.LI.e 

(y z) x + (z y) x = y (z x) + z (y x), 

11, [1OJIO)Kl1B z = X, noJiyqaeM (3.11 ). 

Onpe.11.eJieHHe 3.2. AA2e6py A 6y8eM Hll3btBamb aAbmep1-tamua-
1-tou, eCAU \fx, y E A Bbtn0AH5lJOmC5l ycA0BU5l (3.10). 

CorJiaCHO CJie.LI.CTB11IO 113 yTBep)K.rr.eHl1H 3.1, JII06aH HOpM11poBaH

HaH MeTp11tiecKaH aJire6pa A c ttopM011 I lxl I = y'fi:x) aJibTeptta

THBHa. yfa COOTHOllieH1111 (3.10), (3.11) CJie.rr.yeT, llTO JII06aH 3JlbTep

H3T11BH3H aJire6pa C .LI.BYMH o6pa3y!Olll.11Ml1 HBJIHeTCH accou.11aTHBHOH 

(TeopeMa Aprntta). BBe.rr.eM accou.11aTop 

(x,y,z) = (xy)z-x(yz). 

YcJIOBHH 3JlbTepH3T11BHOCTl1 11 3Jl3CTHllHOCTH HMe!OT EH.LI. 

(x,x,y) = 0 = (y,x,x), (x,y,x) = 0, 

11 nocJie no.rr.cTaHOBKH x --+ x + z noJiytiaeM 

(x, z, y) = -(z, x, y) = (z, y, x) = -(y, z, x). (3.12) 

TaKHM o6pa3oM, accou.11aTop .LI.JIH aJihTepttaTHBHOH aJire6phr aJihTep

HHpoBaH (aHTl1CHMMeTpHtieH no nepeCTaHOBKe JII06bIX .LI.BYX apry

MeHTOB) - 3TO H o6bHCHHeT H33B3Hl1e aJire6pb!. 
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,ilJIH JII06011 3JlbTepttaTHBHOH aJire6pb! Bb![IOJIHHIOTCH TO)K.LI.eCTBa 
Mycpattr 

(xax)y=x[a(xy)], (3.13) 

y(xax) = [(yx)a]x, (3.14) 

(xy)(ax)=x(ya)x. (3.15) 

ITepBoe 

3OM [18]: 
TO)K.LI.eCTBO (3.13) _.LI.OK33bIBaeTCH CJie.LI.YIOlll.HM o6pa-

(xax)y-x[a(xy)] = 
= (xa, x, y) + (x, a, xy) = -(x, xa, y) - (x, xy, a)= 
= -[x (xa)] y + x [(xa) y] - [x (xy)] a+ x [(xy) a]= 

= -(x2a) y - (x2y) a+ x [(xa) y + (xy) a]= 

= -(x2
, a, y) - (x2

, y,"a) - x2 (ay) -x2 (ya)+ x [(xa) y + (xy) a]= 
= x [-x (ay) - x (ya)+ (xa) y + (xy) a]= 

' = x[(x,a,y) + (x,y,a)] = 0. 

BTOpoe COOTHOWeHHe (3.14) MO)KHO TIOJIYllHTb H3 nepBoro C IlOMO

lll.b!O HHBOJIIOI..1,HH. HaKOHeu., TpeThe COOTHOllieHHe (3.15) .LI.OK33b!Ba

eTCH CJie.rr.yIOlll.HM o6pa30M: 

(xy)(ax) - x (ya) x = (x, y, ax)+ x'[y (ax) - (ya) x] = 

= -(x, ax, y) - x (y, a, x) = 
= -(xax) y + x [(ax) y - (y, a, x)] = 
= -x[a(xy)-(ax)y+ (y,a,x)] = 

= -x [-(a, x, y) + (y, a, x)] = 0. 

3.2. Y.u.eoeuue aJire6p 

ITycTb 3a.rr.atta MeTpHtiecKaH aJire6pa A. PacrnHp11M 3TY aJire6-

py, .rr.o"6aBl1B K HeH eme O.LI.HH 3JieMeHT e, npHtieM TaK, llTO HOBaH 

pacrnHpeHHaH aJire6pa A (2) OTIHTb 6y.rr.eT MeTp114eCKOH 11 e 6y.rr.eT 

Jie:m:aTb B opTOfOH3JlbHOM .LI.OTIOJIHeHHH K A. :3TO 3H3ll11T, llTO 3a.rr.atta 

HHBOJIIOI..I.HH e --t e 11, KpOMe Toro, 

I 
(l,e)= 2 (e+e)=0 ⇒ e=-e, (3.16) 

a TaK)Ke \fa E A MbI HMeeM 

I 
(a,e)= 2 (ae+ea)=0 => ae=ea. (3.17) 
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OTHOpM11pyeM 3JleMeHT e TaK, llTO 

(e,e) = 1 ⇒ e2 = -1. (3.18) 

floTpe6yeM Tenepb, llT06bI pacurnpeHHaH MeTp11qeCKaH aJJre6pa 

A(2) 6bIJ!a ern.e 11 HOpM11pyeMOH (T. e. aJJbTepHaTl1BHOH). QqeB11}1,HO, 

llTO caMa aJJre6pa A, 6yJJ.yi.i11 noJ1,aJ1re6poi'I A (2), TaK>Ke JJ.OJJ:>KHa 

6bITb HOpM11poBaHHOH. yfa paBeHCTB (3.16)-(3.18), ycJJOBl1H aJJbTep

HaTHBHOCTH, 3JlaCTHllHOCTl1 H TO:>KJ1,eCTB MycpaHr 11MeeM 

(ae)(be) (3l 7) (ea)(be) (3l 5
) e (ab) e (

3l 1
) [e (ab)] e (

3l 7
) 

(3l 7) [(ba) e] e (JlO) (ba) (ee) (3l 3
) -(ba), (3.19) 

( ) b 
(3.11) [ ( ) ] b (3.13) [( ) ( b)] (3.15) [b-] ( -b) ae = - e ea e = -e ea e = e a = a e, 

(3.11) (3.14) 
a (be) = -a [e (eb) e] = -[(ae) (eb)] e = (ba) e. 

lfa 3Tl1X cooTHOilleHHH cpa3y :>Ke cJJeJJ.yeT, llTO npoH3BOJJbHbIH 3JJe

MeHT A (2) MO:>KHO npeJJ.cTaBl1Tb B BHJJ.e ( a + be), rJJ.e a, b E A. 
YTBeplK,II.eHHe 3.2 (cM., nanpuMep, [17]). llpaBUAO YMHOJ!CeHUJl B 
paciuupennou aA2e6pe A (2) onpeaeARemcR cAeay10w,uM o6pa3oM: 

(a+be)(c+de) = (ac-db)+(be+da)e, (3.20) 

a npaBUAO conpRJ!CeHUJl aA,H, &AeMeHmOB A (2) 3aaaemcR no 

cjJopMyAe 
(a+be)=a-be, (3.21) 

2ae a, b, C, d E A. 
,lloKa3aTeJibCTB0. ,llJJH JJeBOH qacTH (3.20), cornacHO (3.19), noJJy-

qaeM 

(a+ be) (c +de)= ac + (be) c + a (de)+ (be) (de)= 
= ac + (be) e + (da) e - db= (ac- db)+ (be+ da) e, 

llTO COBnaJ1,aeT c (3.20). AttaJJOrHllHO Bb!BOJJ.HTCH (3.21): 

(a+ be)= a+ eb = a - eb = a - be, 

llTO 11 Tpe6oBaJJOCb JJ.OKa3aTb. 

94 

lfa (3.20) H (3.21) cJJeJJ.yeT, llTO 

( a + be) + ( a + b e) = ( a + a) E R · 1, 

(a+be)(a+be) = aa+bb E R-1, 

■ 

11 TaK KaK ( a a+ b b) > 0, TO A (2) - MeTp11qecKaH aJJre6pa. EoJJee 

Toro, JJerKo noKa3aTb, llTO ecJ111 aJJre6pa A HopMttpoBaHa, TO H A(2) 

HOpM11poBaHa, a CJ1eJ1,0BaTeJ1bHO, 11 aJJbTepHaTHBHa. 3aMeTHM, llTO 

JII060H 3JleMeHT ( a + be) aJJre6pbl A (2) MO:>KHO paccMaTp11BaTb KaK 

napy 3JJeMeHTOB a, b E A. 

Onpe,1I.eJieuue 3.3. PaciuupennaR aA2e6pa A (2) c npaBUAOM YMHO
J/CeHUR (3.20) u conpRJ1CeHuR (3.21) na3btaaemcR yaaoenueM aA-
2e6pbt A. 

CaMa npou.eJJ.ypa YJJ.BOeHl1H 11H0f}1,a Ha3bIBaeTCH npou.eJJ.ypoi'! 

KeJJJJH-,ll11KCOHa. J13 nepBb!X JJ.BYX COOTHOilleHl1H (3.19) BHJJ.HO, llTO 

ecJJH b -=I= b JJ.JJH HeKoToporo b EA, TO A(2) HeKOMMyTaTl1BHa, a ecJJH 

A HeKOMMyTaTl1BHa, TO H3 TpeTbero COOTH0illeHHH (3.19), BOo6rn.e 

roBopH, cJJeJJ.yeT Heaccou.11aT11BHOCTb A(2). 

Onpe,1I.eJieuue 3.4. AA2e6pa A na3btBaemcR aA2e6pou c aeAenueM, 
eCAU aAH, AI06btX a, b E A (a -=I= 0) pa3petuUMbl (omnocumeAbHO 
x, y E A) ypaanenuR ax = b, ya= b. 

3JJeMeHT a EA (a -=I= 0) Ha3bIBaeTCH JJeBb!M (npaBb!M) }1,eJIHTeJJeM 

HYJJH, ecJJH cyrn.ecTByeT HeHyJJeBoH 3JJeMeHT b E A TaKOH, llTO ab = 
= 0 (ba = 0). BcHKaH KOHellHOMepHaH aJJre6pa 6e3 JJ.eJJHTeJJei'I HYJJH 

HBJJHeTCH aJJre6poi'! c }1,eJJeHHeM. HaJJ. noJJeM R Bern.eCTBeHHblX llHCeJJ 

cyrn.ecTBYIOT TOJ!bKO qeTbipe aJJbTepHaTl1BHbie aJJre6pbl c J1,eJ1eH11eM. 

3TO aJJre6pa Bern.ecTBeHHb!X q11ceJ1 R, aJJre6pa K0MTTJ!eKCHbIX q11ceJ1 

C, aJJre6pa KBaTepH110HOB Q 11 aJJre6pa OKTOHHOHOB 0. 
,llaJJee Mb! noKa:>KeM, KaK nyTeM YJJ.BOeHHH M0:>KH0 nocJJeA0Ba

TeJJbHO TTOJJYllHTb aJJre6pbl KOMnJJeKCHb!X q11ceJ1, KBaTepH110HOB H 

0KT0HHOHOB. 

3.3. KBaTepHHOHbl 

,llJJH HallaJJa B03bMeM B KalleCTBe A aJJre6py Bern.ecTBeHHb!X 

q11ceJ1 R. ,llo6aBHM K HeH 6a311CHbIH 3JJeMeHT e = i, HOpMHpoBaHHbIH 

CTaHti.apTHbIM cnoco6oM (i,i) = 1. TorJJ.a H3 (3.18) cJJeJJ.yeT i2 = -1 
H JJJ060H 3JleMeHT z E R(2) npeJJ.CTaBl1M B BHAe z = ,\ + i µ, r}1,e 

,\,µER. CornacHo (3.20), (3.21), npaB11J1a yMH0:>Kemrn 11 conpH:>Ke

HHH B R(2) onpeJ1,eJ1HIOTCH CJJeAyJOill.HM o6pa3oM: 

(,\ +iµ)(v + ip) =·(,\v - µp) + i (µv + ,\p), (,\ + iµ) = ,\- iµ, 

rti.e ,\, µ, v, p E R. TeM caMbIM Mb! npHXOJJ.HM K onpeJ1,eJ1eHHJO K0M

nJJeKCHbIX llHCeJJ C, KOT0pb!e MO:>KHO paccMaTpHBaTb KaK YABOeH11e 

peaJJbHbIX q11ceJ1, 11 OTO:>KJJ.eCTBJJeHHJO R(2) = C. 
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TiycTb Terrepb A = C, 11 rrpeJI.CTaB11M mo6oii 3JieMeHT a E A (2) B 

B11JI.e (e = j) 
a= (,\+iµ)+j(v+ip), (3.22) 

rJI.e ,\, µ, v, p E R. OmITb )Ke 113 (3.16)-(3.18) rroJiy 1-rneM 

- - 2 jb=-jb (bEC), j=-j, ij=-ji, j =-1. (3.23) 

TioJIO)Kl1M ij = -ji = k 11 3aMeTl1M, l!TO aJire6pa c(2
) = H HeKOM

MyTaT11BHa. 3JieMeHT k He MO)KeT 6bITb Bern.ecTBeHHblM l!l1CJIOM, 
11Hal!e B Cl1JIY i 2 = -1 Mb! IlOJIYll11Jll1 6bI j = ±ik, l!TO rrpornBope411T 
Tpe6oBaHl1IO j -=I- 0. TaK KaK aJire6pa H reHep11pyeTCH TOJlbKO JI.BYMH 
3JieMeHTaMl1 i,j, TO no TeopeMe ApT11Ha HCHO, l!TO H accou.11aT11BHa 
11 COOTHOllleHl15l i 2 = -1 = j 2, ij = -j i = k IlOJIHOCTbIO orrpeJI,eJIHIOT 
3aMKHYTYI0 aJire6py H C 3JieMeHTaMl1 (3.22) 11 CTPYKTypHbIM11 COOT-

HOllleHl1HMl1 

i 2 =j2=k2 =-1, ij=k, ki=j, jk=i, 
ij = -ji, ki = -ik, jk = -kj. 

(3.24) 

CooTBeTCTBeHHO, B H 11MeIOTCH cJieJI,y10rn.11e 06rn.11e rrpaB11Jia corrpH
)KeH11H 11 YMHO)KeHl15l (CM. (3.20), (3.21)): 

(z1 + z2j) = zi - z2j, (z1 + z2j) (z3 + z4j) = 
= (z1z3 - z2z4) + (z1z4 + z2z3)j, (3.25) 

\ 

rJI,e Zj, z2, Z3, Z4 E C. l.JepTa B rrpaBblX l!acrnx COOTHOllleHl1H (3.25) j 
o6o3Hal!aeT KOMITJieKcHoe corrpH)KeH11e B C. HeKoMMyTaTl1BHaH acco- I 
u.11aT11BHaH aJire6pa H = c(2) Ha3brnaeTCH aJire6poii Kaamep1-tuo1-toa. \ 

HapHJI.Y C o6bll!Hb!M11 l!l1CJ10Bb!Ml1 MaTp11u.aM11 MO)KHO paccMaTp11- ' 
BaTb KBaTepH110HHbie MaTp11U.bI, T. e. MaTp11U.bI, 3JieMeHTaMl1 KOTOpb!X \ 
HBJIHIOTCH KBaTepH110Hbl. HaJIO)Kl1M Ha KBaTepH110HHYID MaTp11u.y A , 
ycJIOB11e aHT113pM11TOBOCTl1: 

At= -A. (3.26) 

3TO ycJIOBl1e 3KBl1BaJieHTHO ycJIOBl1IO YHl1TapHOCTl1 ut U = I JI,JIH 
KBaTepH110HHOH MaTp11U.bl U = exp(A), rro3TOMY A MO)KHO Cl!l1TaTb 
3JieMeHTOM aJire6pbI JIH JI.JIH yH11TapHoH rpyrrrrbl U(n, H). Bern.e
cTBeHHaH pa3MepHOCTb (411CJIO Bern.ecTBeHHb!X rrapaMeTpOB) rpyrrrrbl 
U(n,H) paBHa pa3MepHOCTl1 J111HeHHoro rrpocTpaHCTBa aHT113pM11-
TOBbIX KBaTepH110HHbIX (n X n) MaTp11U., YJI.OBJieTBOpHIOll.I.11X ycJIO
B11lO (3.26), 11 JierKO Bbll!l1CJIHeTCH: 

dim(U(n,H)) = 3n+4 n(n:; l) = 
2
n(

2;+ l)_ 
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3aMeTl1M, l!TO 3Ta pa3MepHOCTb C0BilaJI,aeT C pa3MepHOCTbIO Bern.e
CTBeHHblX cpopM C11MilJ1eKT11l!eCK0H rpyrrrrb! Sp(2n, C) (cM. 3aMel!a
Hl1e Ha c.36). 3TO COBI1aJI,eH11e He CJJyl!aHHO. 

YTaep:>K.D;eHHe 3.3. J/urte(moe npocmpartcmao a1tmuapMumoBbtX 
( n x n) Kaamep1-tuo1-t1-tbtX Mampul{ o6pasyem a.1t2e6py Jiu, uso
Mopqmy10 sp(n) ~ usp(2n), m. e. a.1t2e6pe Jiu Mampul{ (1.113). 
,Il;oKa3aTeJibCTBO. KBaTepH110HHYIO ( n X n) MaTp11u.y A M0)KHO BCe
r.n.a rrpe.n.cTaB11Tb B B11.n.e 

A= (X +iY)+j(C+iB) =A1 +jA2, (3.27) 

r.n.e X, Y, C, B - o6bil!Hbie (n x n) Bern.ecTBeHHb!e MaTp11U.bl. YcJ10-
B11e (3.26) ,ll.JIH MaTp11U.bl A (3.27) rreperr11CbIBaeTCH B B11,ll.e 

(Xt - i yt) - (Ct - iBt)j = -(X + i Y) -j (C + iB) (3.28) 

(3,ll.eCb t - TpaHCilOHHpoBaHHe MaTpHU.), l!TO C yl!eTOM ij = -j i .n.aer 

xt = -X, yt = Y, ct= C, Bt = B. (3.29) 

KBaTepH110HHaH MaTp11u.a A (3.27) .n.eHcTByeT Ha n-MepHb!H KBa
repHHOHHb!H BeKrop V = Vi + j ½ cJ1e.n.y10rn.HM o6paaoM: AV = 
= (A1 Vi - A2 ½) + j (A2 Vi + A1 ½), l!T0 M0)KH0 rrepenHcaTb B 
6JIOl!HOM BH,ll.e 

( Vj )- ( A1 p(A) ½ - A2 ~~2) ( ~) = 

_ ( X + iY -C + iB ) ( V1 ) 
- C + iB X - iY ½ · (3.30) 

3.n.ecb KBaTepH110HHaH MaTp11u.a A rrpe,ll.CTaBJleHa B BH,ll.e o6b!t.IHOH 
KOMTTJleKCHOH (2n X 2n) MaTpHU.bl p(A), 3ailHCaHHOH KaK (2 X 2) 
6JJOl!HaH MaTpHu.a C 6JIOKaMH pa3MepoM (n X n). 3Ta MaTpHu.a M0)KeT 
6b!Tb pa3JIO)KeHa CJ1e.n.y10rn.11M o6pa30M: 

( 1 0) ( i O ) (0 -1) (0 i) p(A) = X O 1 + y O -i + C 1 0 + B i O · (3.3 t) 

113 cpaBHeHHH (3.27) H (3.31) CJJe.n.yeT 2n-MepHoe MaTpHl!H0e npe.n.
CTaBJJeHHe p ,ll.JIH KBaTepH110HOB: 

(.) . (In O ) (") ( 0 -In) (k) . ( 0 In) p 1 = 'l O - In ' p J = In O ' p = -i In O ' 

r.n.e In - n-MepHaH e,ll.HH11l!HaH MaTpHu.a. CpaBHl1BaH (3.31) 
11 (1.113) (r = n) H YllHTbIBaH (3.29), Mb! B11,ll.HM, l!T0 MaTpHU.bl p(A) 
H L (r = n) rrp11HaJI.Jie)KaT OJI.HOH H TOH )Ke Bern.ecrBeHHOH aJJre6pe 
JIH usp(2n). 
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ToT cpaKT, 1-no MaTp11ua p(A) npHH3JJ,Jie)KJ1T K MH0)KeCTBY 

CHMnJieKTHl!eCKHX MaTpHU, M0)KH0 npoJI,eM0HCTpHp0B3Tb HenocpeJI,

CTBeHH0, nepen11caB C00TH0llleHHe aHTH3pMHT0B0CTH (3.28) J],JIH A B 

ycJI0BHe CHMTTJieKTHl!H0CTH. ,Ll.eHCTBHTeJibHO, YMH0)KHB (3.28) CJieBa 

Ha j' Mbl noJiyt.IaeM ycJI0BHe CHMnJieKTHl!H0CTH 

( (Xt + i yt) - j ( ct - i Bt)) j == -j( (X + i Y) + j ( C + i B)) =? 

=? p(Al p(j) = -p(j)p(A). (3.32) 

TaKHM o6pa30M, aHrn3pMHT0BY KBaTepHH0HHyro MaTp11uy A 
M0)KHQ paccMaTpHB3Tb KaK 3JieMeHT HeKOTOpOH cneuHaJibHOH Berue

cTBeHHOH cpopMbl aJire6pbl sp(2n, C). ■ 

O6o3Hat.IHM i = e1, j = e2, k = e3, 1 = eo. B H0BbIX o6o3Hat.IeHH

HX Ta6JIHU3 YMH0)KeHHH (3.24) J],JIH KBaTepHH0H0B HMeeT BHJI, 

ei ej = -c5ijeo + Eijk ek, (3.33) 

rJI,e i, j, k = 1, 2, 3. OTCIOJI,a cpa3y )Ke BHJI,H0, l!TO rpynnoH aB

TOMopcpH3MOB J],JIH KBaTepHH0H0B HBJIHeTCH rpynna S0(3). ,lla

Jiee onpeJI,eJIHM conpH)KeHHblH 6a3HC KBaTepHH0H0B eµ = 9µv ev 
(µ,v = 0, 1,2,3), rJI,e 9µv = diag(l,-1,-1,-1). TorJI,a Ta6JIHUY 

YMH0)KeHHH (3.33) M0)KH0 nepen11caTb B BHJI,e 

eveµ - eµ ev = 411~v ei = 411µv, 

eveµ - eµ ev = 4"fitv ei = 4"fiµv• 

eveµ + eµ ev = 2 c5µveo, eveµ+ eµ ev = 2 c5µveo, 

(3.34) 

(3.35) 

rJI,e Mb! HCTT0Jib30B3JIH TeH30pbl (11tv, "fitv), K0T0pbie 6bIJIH BBeJI,eHbl 

T'XoocpTOM B [19]. CpaBHHBaH (3.33) 11 (3.34), noJiyt.IaeM 

i i -i -i k -k 1 i -i 1 c5i 
17µv = -17vµ, 17µv = -11vµ, 11ij = 11ij = 2Eijk, 17jO = -17jO = 2 j· 
,llJ_IH 3~TTHCH MH0rDl!HCJieHHblX TQ)KJI,eCTB [ 19] Ha TeH30pbl T'XoocpTa 

( 17~µ' 17~µ) yJI,o6Ho TT0Jib30B3TbCH KBaTepHH0HaMH (3.34). 
YTBepm:,n.em1e 3.4. KeamepHUOHbl 17vµ u "fivµ (3.34) y80BJLemeopR-
10m onpe8eARIOW,UM coom1-towe1-tuRM 8JLR aJL2e6pbt Jiu so( 4) 

[17µ>-., 17vp] = bµv17>-.p + bµp17v>-. - b>-.p17vµ - b>-.v17µp, (3.36) 

["fiµ>-.• 1lvp] = bµv17>-.p + bµp17v>-. - b>-.p17vµ - b>-.v17µp (3.37) 

u no8ttu1-tR10mcR cJLe8y10w,uM moJ1C8ecmeaM: 
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17xµ Eµv>-.p = -bxv 17>-.p + bx>-.17vp - bxp 17v>-., 
"fixµ Eµv>-.p = bxv 17>-.p - bx>-.17vp + bxp 17v>-., 

(3.38) 

I 
jl I 

28e Eµv>-.p - aHmUCUMMempUttHblU meH30p 4,emeepmo20 pa1-t2a 
maKou, 4,mo c0J23 = -1 1). KpoMe mow, meH3op 17vµ EH caMo

. ayaAeH, a 1Jvµ E H a1-tmucaM.08yaAe1-t: 

1 1 
17µv = 2, Eµv>-.p 17>-.p = * 17µv, 1lµv = - 2 Eµv>-.p 1J>-.p = - * 1Jµv· (3.39) 

,lloKa3aTeJibCTBO. PacCMOTpHM (2 X 2) KBaTepHH0HHb!e MaTpH

Ubl "/µ = ( i e()), KOTOpbie C0rJiaCH0 (3.35) o6pa3yIOT aJire6py 

KJI11cpcpopJI,a "fµ'Yv + 'Yv'Yµ = 2c5µv• TorJI,a onepaTOpbI 

~ _ 1 ( ) _ ("fiµv O ) 
L,µv - ~4 "/µ"Iv - 'Yv'Yµ - 0 17µv (3.40) 

o6pa3yIOT aJire6py JIH so(4) H YJJ.0BJiernopHIOT K0MMYT3IJ.HOHHbIM 

COOTHOllleHHHM 

[Eµ>-., Evp] = bµvE>-.p + bµpEv>-. - b>-.pEvµ - b>-.vEµp· (3.41) 

CooTHOllleHHH (3.36)' (3.37) CJieJI,yIOT 113 paBeHCTB (3.40) H (3.41). 
I-fa onpeJJ.eJieHHH Eµv (3.40) noJiyt.IaeM 

ei ( 1 0 ) 1 ( 1 0) Eoi = 2 0 _ 1 , Eij = 
2

Eijkek O 1 . 

Tor,lI.a HMeIOT MeCTO paBeHCTBa 

1 (1 0 ) (1 0 ) Eoi CiOjk = 2ei 0 -1 Cijk = 0 -1 Ejk, 

1 (1 Eir ErOjk = 2cirsesErjk 0 0) 1 (1 0) 1 = 2(ejc5ik - ekc5ij) 0 1 = 

= (Eojc5ik - Eokc5ij) ( 6 ~ 1) ' 

Erµ Eµijk = Ero EOijk = ½er ( 6 ~ 1) Eijk = 

= (c5riEjk - brjEik + <>rkEij) (6 ~l), 
1
) TaKal! H0pMHp0BKa C00TBeTCTByer BbI6opy e(234 = I, eCJIH C)l.eJiaTb 3aMeHy 

HH)l.eKC0B O-+ 4. 
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r.n.e i, j' k, r's = 1, 2, 3. 3TH paBeHCTBa MO)KHO 3am1caTb 
o6pa3oM: 

Exµ cµv>-.p = (E>-.p8xv - Evp8x>-. + E11>.,8xp) ( 6 ~ 1) , 
'ITO, C yqeTOM (3.40), 3KB11BaJieHTHO (3.38). TToJIO)KHM 
B (3.42) H caepHeM no v. B pe3yJibTaTe noJiyqaeM 

1 (1 0 ) Eµv = 2cµ11>-.p E>.,p O - l , 

e,Il.HHb!M 

(3.42) 

X = ll 

(3.43) 

'ITO 3KBHBaJieHTHO (3.39). 3aMeTHM TaK)Ke, 'ITO TO)K,Il.ecrna (3.39) 
3KBHBaJieHTHbl paBeHCTBaM 1JOI = -1723 (U:HKJI 1 - 2 - 3), 7701 = 
= 7723 (U:HKJI 1 - 2 - 3), KOTOpb!e JierKO npoaepHTb C nOMOI..IJ.b!O 
cpopMyJI (3.33). ■ 

3.4. KBaTepHHOHbl H HHCTaHTOHHbie peweHHH a Hea6eJieBbIX 

KaJIH6poaoqHbIX TeopHHX 

C noMOI..IJ.b!O TeH30pOB 77 H 1] MO)KHO BbinHCaTb HBHbie 
q-HHCTaHTOHHb!e perneHHH ,Il.JIH caMo.n.yaJibHOro H aHTHCaMo.n.yaJibHO
ro noJIH HHra-MHJIJica. PaccMoTpHM KaJIH6poaoGHbie noJIH 

Aµ(x) = 17µ11 all w(x), Aµ(x) = 1]µ11 all w(x), (3.44) 

r.n.e X = (xo, x1, x2, x3) - BeKTOp B eBKJIH,Il.OBOM npocTpaHCTBe R 4 

H 8µ = 8/8xµ- TaK KaK 6a3HCHb!e KBaTepHHOHbl ei (i = 1, 2, 3) 
o6pa3yIOT aJire6py JIH su(2): [ei, ej] = 2cijkek (cM. (3.33)), TO 
nOJIH (3.44) COOTBeTCTBYIOT su(2) KaJIH6pOBO'IHOl1 TeopHH. Y.n.o6HO 
CKOMnOHOBaTb noJIH (3.44) a e.n.HHbIH noTeHu:HaJI Aµ(x) H paccMOT
peTb coorneTCTBYIOI..IJ.YIO KOBapHaHTHYIO npoH3BO.Il.HYIO: 

Aµ(x) = Eµ>-. 8>-. w(x) = ( 77f O ) 8>-. w(x), "v µ = 8µ + Aµ(x). 1]µ>-. 
(3.45) 

Tor.n.a .D.JIH TeH3opa HanpH)KeHHOCTH KaJIH6poBOGHoro noJIH Aµ(x) 
HMeeM 

Fµv(x) = ["vµ, "vv] = 
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= (E11>-.8µ - Eµ>-.811)8>-. w(x) + [Eµ>-., Evp]8>-. w(x) 8p\J!(x) = 

= (E 11>-.8µ - Eµ>-.811)8>-. w(x) + (8µpEv>-. - 8>-.vEµp+ 
+ 8>-.pEµ11 )8>-. w(x) 8p\J!(x), (3.46) 

•• I I . t ) 
\ 
' t 
' 

,\ 
1. 

\ 
\ 

1, 
I 

r.n.e Mb! BOCnOJib30BaJIHCb COOTHOllieHHeM (3.41). )],aJiee C yqe
TOM (3.42) H (3.43), ,Il.JIH .n.yaJibHOro TeH3opa HanpH)KeHHOCTH 
noJiyqaeM 

1 

2cµv>-.pF>.p(x) = 
1 2 = cµv>.pEpx(8>-.8xW + 8,..w 8>-. \JI)+ 2cµv>-.pE>.p(8,..w) = 

= (8,..µEi>-.- 8xv:E;>-. + 8,..>.,E;v)(8>-.8xW + 8,..WfJ>. \JI) - 1:;11 (8,..w)2 = 

= (Ei>.aµ - 1:;>.av)B>-. w + (Ei>-.aµw - 1:;>-.av w)a>. w + 1:;11a~w. 
(3.47) 

(
77 >-. 0 ) 

r.n.e 1:;1/ = ~ -1]µ>-. . CpaBHHBaH (3.46) H (3.47), OKOHGaTeJibHO 

TIOJiyqaeM, 1ITO TeH30p Fµv (aHTH)caMo.n.yaJieH: 

1 (1 0 ) Fµ11 (x) = 2cµv>.pF>-.p(x) 0 -1 (3.48) 

npH YCJIOBHH, 'ITO ?,YHKU:HH w(x) Y.Il.OBJieTBOpHeT ,Il.HcpcpepeHu:HaJib
HOMY ypaaHeHHIO aP \JI= 8p\J!(x) Bpw(:i:). PerneHHe 3Toro ypaaHeHHH 
HMeeT BH,Il. 

w(x) = -ln(<I>(x)), (3.49) 

r.n.e TIOJie <I> ,Il.OJI)KHO Y.Il.OBJieTBOPHTb ypaBHeHHIO <I>(x)-1ai<1>(x) = 0 
H, CJie.n.oBaTeJibHO, MO.>KeT 6b!Tb BbI6paHo a BH,Il.e 

q ,\~ 

<I>(x) = 1 + '° -( _J ) 2 • ~ x-x· 
j=l J 

(3.50) 

J,fa ypaBHeHHH (3.48) 11 TO.>K,Il.eCTBa EbHHKH "v µ ( *Fµv) = 0 CJie
.n.yeT, 'ITO Fµ11 (3.46) y.n.oaJieTBopHeT ypaaHeHHIO HHra-MHJIJica 
"v µFµv = 0. EoJiee Toro, .D.JIH Fµ11 (3.46) c yqeTOM (3.49) Mb! no-

I I 
Jiy11aeM 4(Fµ11) 2 = 2aicaiw(x)). TTo,Il.CTaBJIHH CIO,Il.a (3.49), (3.50) H 

HHTerpHpyH no 4-MepHOMY npocTpaHCTBY, noJiytJHM ,Il.JIH cpyHKU:HO-. I 
HaJia .n.eiiCTBHH 4 Rd4x(Fµv)2 = 81rq (T. e. KOHcpHrypaU:HH .n.aHHOro 
TIOJIH COOTBeTcTByeT q-HHCTaHTOHHOMY perneHH!O). 

11TaK, Y11HTb!BaH npe.n.cTaBJieHHe (3.45), Mb! ,Il.OKa3aJIH CJie.n.yIO
I..IJ.ee yrnep.>K.n.eHHe. 
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YrneplKJJ.emrn 3.5. flycmb ¢y1-tKU,U.R <I>(x) 3a8a1-ta B (3.50), a ' 
T/µv, 71µv - KBamepHUOl-tbl, BBe8e1-t1-tbte B (3.34). Toz8a KaJtu6pOBOtt
Hbte nome1-tu,uaJtbt 

Aµ(x) = -fiµv Ov ln <I>(x), Aµ(x) = -TJµv Ov ln <I>(x) (3.51) 

onpe8eA.R10m, coomaemcmae1-t1-to, caMo8yaAbHbte u a1-tmucaM08y
aJtb1-tbte q-u1-tcma1-tmo1-t1-tbte peute1-tu.R ypaB1-te1-tu.R 511-tia-MuAJtca c 
KaJtu6poBott1-tou ipynnou SU(2). ■ 

3aMen-IM, 'ITO HHCTaHTOHHb!e pernemrn (3.51) He SIBJISIIOTCH 
o6rn.HMH, TaK KaK 3aBHCSIT TOJ!bKO OT Sq rrapaMeTpOB (cpyHKUHH 
<I>(x) (3.50) 3a,ll.aeTCSI 4q rrapaMeTpaMH Xj H q-MaCllITa6Hb!MH rra
paMeTpaMH Aj ), XOTSI H3BeCTHO [20], 'ITO o6mee perneHHe ,ll.OJl)KHO 
3aB11ceTb OT 8q - 3 rrapaMeTpoB. TTo3TOMY, B Ka1Iecrne eme o.rr.
Horo rrpHJIO)KeHHSI KBaTepHHOHOB, H3JIO)KHM KpaTKO KOHCTPYKUHIO 
ATb11-,Ll.pHHcpenh.rr.a-X11T1IHHa-MaH11Ha (A,UXM) [21] (cM. TaK
*e [20, 22]), KOTopa.SI .rr.aeT o6mee q-HHCTaHTOHHOe perneHHe ypaB
HeHHH .SlHra-MHJIJica. 

PacCMoTpHM (q + n) x (q + n) MaTpHll.Y IIUKLIIK,L=l, ... ,q+n c 
KBaTepHHOHHb!MH 3JieMeHTaMH, KOTopaSI HMeeT BH,ll. 

U = ( MK<>- I NKi(x) ) , _MKa = Mf~ - M~~ (xµeµ), (3_52) 

a=l, ... ,q, z=q+l, ... ,q+n, 

r.rr.e Af(O), Af(l) - IIpSIMoyrOJibHbie KBaTepHHOHHbie MaTpHll.bl (q + 
+ n) X q, He 3aBHC.Hlll.He OT X, a rrpHMOyroJibHaSI (q + n) X n MaTpHua 
IINKi(x)II .rr.orroJIHSieT MaTp1111.y IIMKall .rr.o KBa.rr.paTHOH MaTpHll.bI U. 
TTycTb Ha u HaJIO)KeHbl ycJIOBHSI 

ut u = ---- ===} ut = u-1 
(

Ra/3 0 ) (~O) 
0 . eo Oij O eo I ' 

(3.53) 

r.n.e R - (q X q) BemecTBeHHaH HeBb!pO)K,ll.eHHaSI MaTpHua, a I -
(n x n) e,ll.HHH'IHaSI MaTpm(a. Y1IHTbIBaSI (3.52), COOTHOllieHHSI (3.53) 
MO)KHO rrpe.rr.cTaBHTb B BH,ll.e 

(Mt)aK MK/3 = Raf3, (Mt)aK NKi = 0, 
(Nt)iK NKj = eo Oij· 

(Nt)iK MK a= 0, 

(3.54) 
,LI.HcpcpepeH11.11aJibHaSI 1-cpopMa KaJI116poB01IHOro IIOTeHUHaJia B KOH
CTpyKUHH A,LI.XM orrpe.rr.eJISieTCH KaK KBaTepHHOHHaH ( n X n) MaT
p1111.a C 3JieMeHTaMH 

Aij = (Nt(x))iK dNKj(x), (3.55) 
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I ,, 

r.n.e d - BHellIHHH .n.11cpcpepeH11.HaJ1 no x. J,fa IIOCJ!e,ll.Hero ycJIO
BHSI B (3.54) CJie.n.yeT, 'ITO. KBaTepHHOHHaSI MaTpHua A aHTH3p-

. MHTOBa, T. e. At = -A. YcJIOBHe aHTH3pMHTOBOCTH Ha· (n x n) 
KBaTepHHOHHYIO MaTpHUY onpe.rr.eJISieT aJire6py JIH usp(2n) (cM. 
YTBep)K,ll.eHHe 3.3), T. e. KaJ1116pOB01IHb!H IlOTeH11.HaJ1 (3.55) COOT
BeTcTByeT Usp(2n) KaJ1116poBO'IHOH TeopHH. B -qacTHOCTH, ,ll.JIH 
n = 1 aH3al.l (3.55) 6y.n.eT onpe.n.eJISITb HHCTaHTOHHb!e perneHHSI ,ll.JIH 
U sp(2) '.::::'. SU(2) KaJ1116p0B01IHOH Teop1111. 

,LI.JIH Toro 1IT06b1 HaHTH noJie HanpH)KeHHOCTH F = dA + A2 c 
IlOTeHuHaJIOM BH,ll.a (3.55), paccMOTpHM .n.mpcpepeHUHaJibHYIO cpopMy 

ut dU = ( (MtdM) 0 . (MtdN) 0 •) 

(N dM)i/3 (N dN)ij (3.56) 

11 Bbl'IHCJIHM OT Hee Jl.HcpcpepeHl.lHaJI c y'IeTOM paBeHCTB (3.53): 

d(Ut dU) = .. 

= ( doR / ~) u-1 au_ (:/,~I) u-1 auu-1 au= 

.( (dR)R-
1 'o) ··. (*-! 0 ) = ---~ ~dU~~dU ~dU 

· 0 0 0 eol 

(3.57) 

TTo.n.craBJIHH c10.n.a BbIpa)Kett11e (3.56) Jl.JIH cpopMbI ut dU 11 pac
cMaTpHBaH B IlOJIY'IHBIIIeMc.SI MaTpH'IHOM paBeHCTBe HH)KHHH ,ll.Ha
fOHaJibHb!H 6JIOK, Mb! c ytieTOM (3.52) Bb!BOJ].HM Bbipa)KeHHe ,ll.JI.SI 
Hanp.SI)KeHHOCTH IIOJI.SI 

F = d(Nt dN) + (Nt dN) (Nt dN) = 

= -(Nt dM) R-1 (Mt dN) = Nt (dM) R-1 (dMt) N 
===} 

==> ~j ~ (Nt Af(I))ia eµ (R- 1 ) 0 13 ev ((M(l))t N)13j dxµ I\ dxv = 

= 2 ( Nt M< 
1
) T/µv R-1 

( M(I) )f N \ . dxµ I\ dxv = ( Fµv) ij dxµ I\ dxv. 
1 

(3.58) 
3.n.ecb Mb! 
[R,eµ] = 0. 

BOCIIOJ!b30BaJIHCb paBeHCTBaMH (3.34), (3.54) H 
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TaKHM o6pa30M, B CHJIY caMo.n.yaJibH0CTH TeH3opa 'f/µv, noJie Fµv 
TaK)Ke CaMo.n.yaJibH0 H, CJie.LJ.0BaTeJibH0, Y.ll.0BJieTBopHeT ypaBHeHHHM 

.5IHra-MHJIJICa .ll.JIH U sp(2n) KaJIH6pOBOtIHOH TeopHH. 

B pa6oTax [22] noKa3aH0, KaK no.n.06Hy10 K0HCTPYKUHIO CaMo.n.y

aJibHb!X perneHHH ypaBHeHHH .5IHra-MHJIJica M0)KH0 HcnoJib3oBaTb 

H .ll.JIH CJiytiaH .n.pyrnx K0MnaKTHb!X KaJrn6poBOtIHblX rpynn SO(n) 
H SU(n). · 

3.5. 0KTOHHOHbl 

3al1MeMcH Tenepb y.n.BoeHHeM KBaTepHH0H0B. ITpoH3BOJibHbIH 

3JieMeHT aJire6pb1 H(2) = 0 HMeeT BH.D. a + be, r.n.e a, b E H. .I(JIH 

3TOH aJire6pbl CH0Ba noJiytiaeM 

2 1 - . . l . . k .k h e = - , e = -e, ie = -ei = , J e = -eJ = g, e = -e = . 
(3.59) 

QqeBH.LJ.HO, tIT0 6a3HC aJire6pbl O C0CT0HT H3 B0CbMH 3JieMeHT0B: 

{l, i, j, k, e, l, g, h} = {l, e1, e2, e3, e4, es, e6, e7}. 

J,fa npaBHJI ~MH0)KeHHH KBaTepHH0H0B H (3. 19), (3.20) BbITeKaeT 

12 = g2 = h = -1 H aHTHK0MMYTHpyeM0CTb 3JieMeHT0B e,f,g,h . 
.I(eHCTBHTeJibHO, 12 = (i e)(i e) = -1, i = -1, el= i = -1 e H T . .LJ.. 

CJie.LJ.OBaTeJibHO, Ta6JIHUa YMH0)KeHHH .ll.JIH 0KT0HH0H0B M0)KeT 6b!Tb 

3anHCaHa B BH.LJ.e 

e~ = -1, ei e4 = -e4 ei = e4+i, 

ej e4+i = -e4+i ej = -Oij e4 + €ijk e4+k, 
e4+j e4+i = -Oij + €ijk ek 

(3.60) 

nJIJOC cpopMyJibI (3.33) . .HcHo, tIT0 noJib3YHCb (3.34), cpopMyJibI (3.60) 
TaK)Ke M0)KH0 nepenHCaTb C IT0M0ilI.b!O TeH30p0B T'Xootj)Ta 

- 2-,\ - 2 ,\ e4+v eµ = eµ e4+v = 'f/µv e4+,\, e4+µ e4+v = -eveµ = - 'f/µv e,\. 

3aMeTHM, tIT0 aJire6pa O HBJIHeTCH HeaccouHaTHBHOH: 

(ie)j = -(ij)e = -ke, 

i (ej) = -i (j e) = -(j i) e = k e, 

T. e. (i e) j # i ( e}). 3HatIHT, aJire6pa, noJiyqa10rn.aHcH y.n.BoeHHeM 

KBaTepHH0H0B, HBJIHeTCH HeaccouHaTHBHOH. 3Ta aJire6pa O Ha3bIBa

eTCH aJire6poH 0KT0HH0H0B. ITpoH3BOJibHb!H 3JieMeHT a E O HMeeT 

BH.LJ. 
a= >..+iµ+jv+kp+la+g{J+h,. 
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PaccMOTpHM rpynny aBTOMOpqJH3M0B aJire6pbl A, T. e. rpynny 

orn6pa)KeHHH <I>: A --t A TaKHX, tIT0 · 

<I>(ab) = <I>(a) <I>(b), a, b EA. (3.61) 

ITyCTb HHqJHHHTe3HMaJibHaH cpopMa OT06pa)KeHHH <I> HMeeT BH.D. 

a --t a+ o(a). Orn6pa)KeHHH o HBJIHIOTCH .LJ.HqJtj)epeHUHpOBaHHHMH 

aJire6pbl A, noT0MY tIT0 H3 (3.61) Mb! noJiyqaeM 

o(ab) = o(a) b + ao(b), (3.62) 

T. e. o E Der (A). AJire6pa Der (A) HBJIHeTCH aJire6pol1 JIH, TaK KaK 

K0MMyTaTOp .LJ.BYX .LJ.HqJqJepeHUHpOBaHHH [01' 02] eCTb CH0Ba .ll.HqJqJe

peHUHp0BaHHe. 3aMeTHM, tIT0 0(1) = 0(1 · 1) = 20(1) H, CJie.LJ.0Ba

TeJibH0, o(l) = 0. 
11TaK, .D.JIH MeTpHtieCKHX aJire6p pa3MepH0CTH 2n' noJiytieHHb!X 

Y.ll.B0eHHeM, Mb! HMeeM·o(aa) = 0, tIT0 03HatiaeT npHHa.n.Jie)KH0CTb OK 
opToroHaJibHb!M npeo6pa30BaHHHM, a H3 ycJI0BHH o( 1) ~ 0 BbITeKaeT 

yTBep)K.LJ.eHHe o E so(2n - 1) HJIH Aut(A) E 0(2n -1). 3aMeTHM, 

tIT0 Der (A) M0)KH0 0.LJ.H03HatIH0 onpe.n.eJIHTb H3 (3.62), eCJIH 3a.D.aTb 

.n.eHCTBHe o Ha 06pa3y10rn.He A. 
PaccMoTpHM aJire6py JIH .D.HqJtj)epeHUHpoBaHHH y.n.BoeHHOH aJI

re6pb1 Der (A<2>) . . Ey.n.eM HCKaTb onepaTop .LJ.HqJtj)epeHUHpOBaHHH B 

caM0M o6rn.eM BH.LJ.e [ 17]: 

o(a) ;= Oo(a) + </>(a) e, o(e) = xo +Yoe, (3.63) 

r.n.e a, xo, yo E A H Oo, ¢ - .n.Ba JIHHeHHbIX onepaTOpa A --t A . .I(HtjJ

cpepeHUHpoBaHHe A <2> 0.LJ.H03HatIH0 B0CCTaHaBJIHBaeTCH no onepaTO

paM Oo, ¢ H 3JieMeHTaM xo, Yo, no3T0MY, tIT06b1 onHcaTb aJire6py 

Der (A<2>), .ll.0CTaT0tIH0 0nHcaTb tieTBepKH (oo, ¢, xo, Yo). 
1) 113 (3.62) npH a= b = e noJiyqaeM 

0 = o(e2
) = (xo + yo e) e + e (xo +Yoe)= 

=-(yo+ Yo)+ (xo + xo) e ⇒ 

=> (Yo+ Yo) = 0 = (xo + xo)- (3.64) 

2) 113 tjJopMyJI (3.62), (3.63) H (3.19) npH a, b E A cJie.n.y10T 

paBeHCTBa 

oo(a b) = oo(a) b + a oo(b), 

¢(ab)= ¢(a) b + ¢(b) a, 
(3.65) 

T. e. Oo HBJIHeTCH .ll.HqJqJepeHUHpOBaHHeM aJire6pbl A, a OT06pa)KeHHe 

¢ CHOBa M0)KH0 onpeaeJIHTb, ecJIH 3aAaTb ero .n.eHCTBHe Ha o6pa-
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__ ___. 

3YIOlllHe A. EcJrn caMa aJire6pa A noJiytJeHa y.n.BoeHHeM (c e = j), 
TO Va= x + yj E A MOmHo noJiomHTb </J(x) = P(x) + Q(x)j, 
¢(j) = zo + woj, r.n.e x, y, zo, wo E A<1!2), H H3 (3.65) cJieJI.yIOT 
paBeHCTBa 

P(xy)=P(x)y+P(y)x, Q(xy)=Q(y)x+Q(x)y. (3.66) 

Ehy npou.e.n.ypy C YJI.BOeHHeM MO)KHO npOJI.OJI)KHTb Jl.O Tex nop, IlOKa 
onepaTOpbl p' Q He 6y.n.yT H3BeCTHbI, IlOCJie qero <P BOCCTaHaBJIHBa
eTCH OJI.H03Ha'-IHO. 

O.n.HaKo JI.JIH qacTHoro cJiytJaH A(2) = 0, A = H MbI BocnoJib-
3yeMCH TeM, '-ITO cpopMyJia (3.65) OJI.H03Ha'-IHO onpe.n.eJIHeT OTo6pa
)KeHHe <P npH 3aJI.aHHH .n.eHCTBHH <P Ha o6pa3y101UHe aJire6pb! A. 
B cJiyqae A = H HMeeM JI.Be o6pa3yIOmHe i, j, H, BbI6paB 

¢(j) = zo + woj, </J(i) = ao + boj (zo, wo, ao, bo EC), 

JierKo noJiytJaeM 

</J(x+yj) = (aolm(x)+bolm(y)+zoy)+ 
+ (bo Im (x) - ao Im (y) + wo y) j. (3.67) 

Mb! BHJI.HM, '-ITO aJire6pa Der (0) (KOTopaH Jie)KHT B 21-napa
MeTpH'-IeCKOH aJire6pe so(?)) 3a.n.aeTCH JI.HcpcpepeHU.HPOBaHHHMH c5o 
aJire6pbr H (aJire6pa Der (H) HMeeT 3 napaMeTpa, TaK KaK rpyn
na aBTOMopcpH3MOB H COBna.n.aeT C SO(3)), JI.BYMH KBaTepHHOHaMH 
xo, YO, orpaHH'-IeHHbIMH ycJIOBHHMH (3.64) (6 napaMeTpOB), a TaK
me '-IeTblpbMH KOMnJieKCHbIMH '-IHCJiaMH (zo, wo, ao, bo EC), KOTOpbie 
3aJI.aIOT oTo6pameHHe ¢ (8 napaMeTpoB). TT0Ka2KeM Tenepb, '-ITO 
KBaTepHHOH xo onpe.n.eJIHeTCH OT06pa2KeHHeM <PH, CJieJI.OBaTeJibHO, 
'-IHCJIO He3aBHCHMbIX napaMeTpOB aJire6pbI Der (0) paBHO 14, '-ITO 
coBna.n.aeT c pa3MepHOCTb!O aJire6pbI 92. 

3) PacCMOTpHM paBeHCTBO c5(b (a e)) = c5((a b) e), KOTopoe CJie.n.y
eT H3 (3.19). PacKpoeM npaBy!O H JieBy!O '-IaCTH 3TOro paBeHCTBa no 
npaBHJIY JieMHm.r.a: 

c5(b(ae)) = c5(b) ae + bc5(ae) = 
= (c5o(b) + ¢(b)e)(ae) + b [(c5o(a) + ¢(a) e) e + a (xo + yoe)] = 
= c5o(b) (ae) - a </J(b) + b [c5o(a) e - ¢(a)+ axo + a (yoe)] = 

= c5o(ab) e - a</J(b) - b</J(a) + b (axo) + ((Yo a)b) e, 

c5((ab)e) = c5(ab) e + abc5(e) = 
= [(c5o(ab) + ¢(ab) e)] e + (ab) (xo +Yoe)= 

= c5o(ab) e - ¢(ab)+ (ab) xo + (yo(ab)) e. 
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CpaBHHBaH 3TH .n.B'a pe3yJibTa'i-a, MbI HMeervr 

(ba - ab) x0 = a</J(b)+ b¢(a) - ¢(ab)= -b</J(a) - atf>(b) + ¢(ba). 
· (3.68) 

TTocJie.n.Hee paBeHCTBO 3JI.eCb JierKO IlOJIY'-IHTb H3 (3.65) H ycJIOBHH 
THila [(a+ a), </J(b)] = 0. CooTHOllieHHe (3.68) CBH3bIBaeT Xo C napa
MeTpaMH OT06pameHHH ¢. JleHCTBHTeJibHO, IlOJI02KHM B (3.68) a= j, 
b = i, Tor.n.a HMeeM (k = ij) 

xo ~ -~- G </J(i) + i ¢(j) - ¢(j) I-"- 4>(i) j) = 
= -i Re (ao) - j zo - k Re (bo). (3.69) 

TToJib3YHCb cpopMyJiaMH (3.63)-(3.69), MO)KHO IlOCTpOHTb MaTpH'-IHbie 
npeJI.CTaBJieHHH .l(JIH Der (0) H IlOKa3aTb, '-ITO OHH COBna.n.aIOT C 
MaTpH'-IHbIMH npe.n.cTaBJieHHHMH aJire6pbr 92. 

3.6. A.rrre6p&1 HopAana H An&6epTa 

TTpH H3JI02KeHHH MaTepHaJia B 3TOM nyHKTe Mbl B OCHOBHOM 
6y.n.eM CJieJI.OBaTb pa6oTe [25]. 

3aMeTHM, '-ITO H3 aJibTepHaTHBHOCTH (3.10) C ytJeTOM TOLKJI.eCTBa 
MycpaHr (3.15) CJie.n.yIOT YCJIOBHH 11op.n.aHa 

(xy)x2 = x(yx2
), x2 (ax)= (x2 a)x. (3.70) 

AJire6pbl C KOMMyTaTHBHbIM yMHomeHH~M. YJI.OBJieTBopH!OlUHe 3THM 
ycJIOBHHM, Ha3bIBaIOTC.H aJire6paMH 11:op;iaHa. B 3TOM cJiy'-Iae ycJio
BHH (3. 70) M02KHO nepenHcaTb B BHJI.e 

q, (a2 b) = a2 (ab), ab= ba. (3.71) 

JierKo npoBepHTb, , '-ITO JII06aH- accou.HaTHBHaH aJire6pa (HanpHMep 
aJirel'.?,Pa. MaTpHu. H_a.n. IlOJieM accou.HaTHBHbIX '-IHCeJI) HBJIHeTCH aJire6-
poH' 11op.n.aHa OTHOCHTeJibHO KOMMyTaTHBHOro (HO Heaccou.HaTHBHO
ro) YMH02KeHH.H 

= (xy + yx) (3 72) xoy_ 
2 

. . 

EcJIH aJire6pa 11op.n.aHa .n.onycKaeT npe.n.cTaBJieHHe (3.72), TO TaKaH 
aJire6pa Ha3bIBaeTcH cneu.HaJibHOH. 

JlHHeapH3y.H COOTHOllieHHe (3.71), T. e. IlOJiaraH a - a+ c, Mb! 
IlOJiy'-IaeM 

a((2a c + c2
)b) + c((2a c + a2)b) = (2a c + c2)(a b) + (2a c + a2)(cb). 
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.____,_ 

JhrneapH3yeM 3TO cooTHollleHHe eme pa3 a -+ a + d: 

a((de)b) + d((ae) b) + e((ad) b) = (ed)(ab) + (ea)(db) + (da)(eb) 
(3.73) 

H nepenHllleM ero B BHJI.e 

La Ldc + Ld Lac + Le Lad = Led La + Lea Ld + Lda Le, 

tITO 3KBHBaJieHTHO 

[Led, La] + [Lea, Ld] + [Lda, Le] = 0, (3.74) 

r)l.e Lab= ab (B KOMMyTaTHBHOM cnyqae Mb! HMeeM La = Ra). 
C JI.pyroH CTOpOHbl, 3aMeTHM, tITO npaBa.H qacTb (3. 73) CHMMeTpHtIHa 

no nepecTaHOBKe a - b H, CJie)l.OBaTeJibHO, (3. 73) MO)KHO nepenHCaTb 

B BH)l.e 

a ( (de) b) + d ( ( a e) b) + e ( (ad) b) = 
= b ((de) a)+ d ((be) a)+ e ((bd) a)=> 

=> [[La, Lb], LcJ. = La(bc)-b(ac) = L[La,Lb] c· (3.75) 

HanoMHHM Tenepb, tITO JI.H<pcpepeHUHpOBaHHe anre6pbl D(ab) = 
= (D a) b + a (Db) MO)KHO nepenHcaTb B BH)l.e COOTHOllleHHH 

[D, La]= L(Da), 

cpaBHHBa.H KOTOpoe c (3.75), Mb! BH)l.HM, tITO 

[La, Lb] = Da,b 

(3.76) 

(3.77) 

HBJIHeTCH JI.HcpcpepeHuHpoBaHHeM anre6pb1 HopJI.aHa J. Mo*HO no
Ka3aTb, tITO Bee (BHyTpeHHHe) JI.H<pcpepeHUHpoBaHHH anre6pb1 Hop
JI.aHa MoryT 6bITb npeJI.CTaBJieHbl B BH)l.e JIHHeHHOH KOM6HHaUHH 
onepaTopoB BH)l.a [La, Lb]- lfa COOTHOllleHHH (3.76), (3.77) H Toro 
cpaKTa, lITO JI.H<pcpepeHUHpOBaHHH D o6pa3yIOT anre6py JIH, CJie)l.yeT, 
tITO JI.H<pcpepeHUHPOBaHHH Da,b H JieBbie yMHO)KeHHH La anre6pbI 

HopJI.aHa J 3aMKHYTbI OTHOCHTeJibHO aHTHKOMMyTaTopa H 06pa3y10T 
anre6py JlH. 3m anre6pa Ha3brnaeTCH cTpyKTypHoH anre6poH JI.JI.fl 
J H o6o3HatiaeTCH str ( J). Anre6pa str ( J) HBJI.HeTCH anre6poH JlH 

JI.JI.fl cTpyKTypHOH rpynnbI Str (J). 
PacCMOTpHM Tenepb HOpJI.aHOBCKOe Tpoi-'rnoe npOH3Be)l.eHHe 

{a, b, e} = a (be) - b(ae) + (ab) e, {a, b, e} = {e, b, a}, 
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KOTopoe B cnyqae cneuHaJibHOH anre6pb1 J peJI.yuHpyeTcH K 

{ a, b, e} = ~ ( abe + eba). C noMOllJ.bIO 3TOro TpOHHoro npoH3BeJI.eHHH 

MO)KHO onpeJI.eJIHTb 6HJIHHeHHOe npeo6pa30BaHHe B Ha J: 

Ba,b e = { a, b, e}. 

B TepMHHax JieBbIX YMHO)KeHHH L Mb! M0)KeM 3anHcaTb B B BHJI.e 

Ba,b = [La, Lb]+ Lab= Da,b + Lab· (3.78) 

TaKHM o6pa30M, Bab HBJI.HeTcH 3JieMeHTOM cTpyKTYPHOH anre6pb1 
str (J). B )l.eHCTBHTeJibH0CTH M0)KHO IlOKa3aTb, tIT0 )I.JI.fl npocTOH 

anre6pb1 HopJI.aHa onepaTOpbI B reHepHpy10T noJIHYIO CTPYKTYPHYIO 
a.rire6py str (J). KoMMYTaUHOHHbie C0OTHOllleHHH )I.JI.fl B HMeIOT BHJI. 

[B~d, Bab] = B{cda},b - Ba,{dcb}· 

HcHO, tITO ecJIH B3.HTb MaTpHtIHYIO anre6py Ha)l. HeaccouHaTHB
HblM noJieM OKTOHHOHOB, TO c IlOMOlll.bIO H0BOfO YMHO)KeHHH (3. 72) 
Mb!, cKopee Bcero, He nonytIHM anre6py HopJI.aHa. O)1.HaKo B cnyqae 
3pMHTOBbIX MaTpHU (n X n) npH n ~ 3 COOTBeTCTBYIOlll.He MaTpHtI
Hbie. anre6pbl 6yJI.YT HOp)l.aHOBbIMH. ,llJI.H n = 1 3TO yTBep)KJI.eHHe 
oqeBH)l.HO H CJie)l.yeT H3 aJibTepHaTHBHOCTH anre6p~ OKT0HHOH0B 
(cM. (3.70)). KaK IlOKa3aJI Anb6epT, )I.JI.fl n = 3 C00TBeTCTBYIOllJ.a.H 
anre6pa HopJI.aHa He M0)KeT 6bITb nonyqeHa H3 KaKOH 6b1 TO HH 
6bIJio accouHaTHBHOH anre6pb1. 3Ta anre6pa Ha3bIBaeTc.H anre6poH 
Anb6epTa (Al)= J3(0), H ee npoH3BOJibHbIH ::ineMeHT HMeeT BHJI. 

( 

µ X y) 
X= : ; I ' (3.79) 

f)l.e µ, ll, >. E R H X, y, z E 0. 3aMetiaTeJibHO, tITO anre6pa JI.H<pcpe
peHUHp0BaHHH JI.JIH Al coBna)l.aeT c HCKJIIOtIHTeJibHOH anre6poif /4, 
T. e. Der (Al)= f4. 3aMeTHM, tIT0 MaTpHua, aHaJIOfHtIHaH (3.79), )l.JIH 
n=2 

X= ( i ~) =XAO"A, det(X) =µv-xx, 

a-A= ( ~ eA) 
eA 0 (A= 0, ... , 7), (3.80) 

s (10) g (I 0) o- = 0 1 ' o- = 0 -1 
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HrpaeT Bam:Hy!O pOJih npH H,LI.eHTmpHKal{HH so(9, 1) ~ s1(2; 0) [23) 
(xo, ... 'xa - npocTpaHCTBeHHhie, a Xg - u BpeMeHHaH KOOp,ll.HHaThI). \ 
A HMeHHO CTpyKTYPHhie rpynnhI aJire6p 11op,LI.aHa h(R, C, H, 0) = _ 
= JJt) (t = 1, 2, 4, 8) (T. e. aJire6p 3pMHTOBhIX MaTpHI.J. (2 x 2) Ha,LI. )' 
noJieM R, C, H, 0 COOTBeTCTBeHHO) COBna,LI.a!OT (c TOqHOCTh!O ,ll.O 
HeKOTOphIX l{eHTpaJihHhIX 3JieMeHTOB) C aJire6paMH so( t + 1, 1) = 
= Str (JJt)). 

i 
I 
I 
I 

MarH11ecKHH KBa,n;paT «l>peii:,n;eHTaJI.H B rro,n;xo,n;e THTCa (cM., 
HanpHMep, [26)). faHC <PpeH,LI.eHTaJih H )KaK THTC noKa3aJIH, qro 
Bee HCKJI!OqHTeJihHhie aJire6pbl JIH MO)K:HO noJiyqHTh, paccMaTpHBaH 
HeKOTopy!O KOHCTPYKI.J.HIO, KOTopaH CTpOHTCH no .U.BYM aJire6paM 
A, B c .u,eJieHHeM. PaccMoTpHM aJire6py 11:op,n;aHa J3(A) - aJire6- . 
PY (3 X 3) 3pMHTOBhIX MaTpm.i C 3JieMeHTaMH, npHHa.U,Jiem:al.l{HMH \ 
HeKoTopoif Bel.l{ecTBeHHOH aJire6pe Ac .u,eJieHHeM (T. e. R, C, H HJIH 
0). ,UJIH JII060H naphl (A, B) TaKHX aJire6p c .u,eJieHHeM MO)K:HO • 1 

onpe.u,eJIHTh aJire6py JIH \ 

L = (der(A) EB der(J3(B))) EB {Ao® J3(B)o), (3.81) 

r.u,e der (A) o6o3HaqaeT aJire6py JIH .u,mpcpepeHI.J.HpoBaHHH Ha aJI
re6pe A, a HH.u,eKc 0 o6o3HaqaeT 6eccJie.u,0By10 qacTh. AJire6pa JIH 
L co.u,epm:Hr der(A) EB der(J3(B)) KaK no.u,aJire6py, KOTopaH, ecTe
cTBeHHO, .u,eficTByeT Ha Ao® J3(B)o. CKo6Ka JIH Ha Ao® J3(B)o 
(KoropaH He ecTh no.u,aJire6pa) HeoqeBH,LI.Ha. O.u,HaKo THTC noKa3aJI, 
KaK OHa MOm:eT 6bITh onpe.u,eJieHa, qTo, B CBOIO oqepe.u,h, npHBO.U,HT K 
CJie.U,y!OI.l{eH Ta6JIHl..{e KOMnaKTHhlX aJire6p JIH: 

B R C H 0 

A der (A HJIH B) 0 0 8P1 92 

R 0 s03 SU3 sp3 /4 
C 0 SU3 SU3 EB SU3 SU6 e6 

H 8P1 sp3 SU6 s012 e7 

0 92 /4 e6 e7 es 

3aMeTHM, qTo no nocTpoeHHIO pH.u, Ta6JIHI.J.hI c A = R .u,aer 
der ( J3 ( B)) H aHaJiornqHo CTOJI6eu. c B = R .u,aeT der ( J3 (A)). 
MarnH KBa.u,para c})peif.u,eHTaJIH 3aKJI!OqaercH B TOM, qro BhillienpH
Be.u,eHHaH KBa.u,paTHaH Ta6JIHl..{a CHMMeTpHqHa npH 3aMeHe As--+ B, 
XOTH 3Ta CHMMeTpHH He 3aJiom:eHa HBHO B cpopMyJie (3.81). 
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3. 7. PacCJIOeHHH Xompa H aJire6pbl c ,n;eJieHHeM 

3.u,ecb Mb! KpaTKO o6cy.u,HM paccJIOeHHH Xoncpa (CM. [24, 26)) 

s1 ~ s1 = RP1
, s3 ~ s2 = CP1, 

s7 ~ s4 == HP1, sis £ sa = opi. 
So 

IlepBoe oro6pam:eHHe S 1 
--t S 1 TpHBHaJihHO. PaccMoTpHM .u,aJiee 

npocrefilllee HeTpHBHaJihHoe oTo6pam:eHHe p: S 3 - S 2 rpexMep
HOH ccpephl Ha '.u,ByMepHy!O. IlycTb ccpepa S3 sa.u,aHa C . nOMOI.l{hlO 
.U,Byx KOMnJieKCHhlX qHceJI { zI, z2}, Y.U.OBJieTBopH!OI.l{HX COOTHOllie
HHIO zI z1 + z2 z2 = 1, a ccpepa S2 npe.u,cTaBJieHa KaK KOMnJieKcHaH 
npoeKTHBHaH npHMaH w = z1 / z2 (T. e. KaK MHom:ecTBO nap [z1, z2] 
KOMnJieKCHhlX qHCeJI, O.U,HOBpeMeHHO He paBHhIX HYJIIO, B KoropoM 
npoH3Be.u,eHo oTom:.u,ecTBJieHHe [i1, z2]"' [..\z'1, ..\z2], r.u,e ,\ =/= 0). Tor.u,a 
npoeKI.J.HH p onpe.u,eJIHeTcH cpopMyJioH p( { z1, z2}) = [z1, z2]. 

Jl106y10 napy [z1, z2] MO)K:HO HOpMHpOBaTh, pa3.U,eJIHB ee Ha 
,\ = (lzi12 + lz212) Il2. CJie.u,oBaTeJihHO, o6pa3oM Bcefi ccpefhI S3 HB
JIHeTCH BCHccpepa S2. EcJIH napa {z1,z2} npHHa.U,Jiem:HT S, Tb H na
pa {,\z1, ..\z2} n~H I..\I = 1 npHHa.u,Jiem:HT S3 H OT06pam:aeTcH B TY m:e 
TOqKy ccpepbl s ' qTO H {z1 'z2}. O6paTHO, ecJIH p(z1' z2) = p(z~' z2), 
TO zI / z2 = zU z2 H, cJie.u,oBareJihH0, { z~, zD = {,\z1, ..\z2} .U,JIH HeKo
TOporo A, paBH0f0 no a6COJIIOTHOH BeJIHqHHe e.U,HHHI.J.e (nocJie.u,Hee 
cJie.u,yeT H3 ycJIOBHH lzil2 + lz212 = 1, lz~ 12 + lz2j2 = 1). 

TaKHM o6pa30M, nOJIHhIH npoo6pas T0qKH ccpepbl S2 noJiyqaeTCH 
H3 JII060H ero TQqKf! Ha S3 YMH0m:eHHHMH Ha qHcJia BH.U,a exp( i0) 
(0 ~ 0 ~ 21r). CJie.U,OBaTeJihHO, noJIHhIH npoo6pa3 0Ka3hIBaeTCH o.u,
HOMepHOH 3aMKHYTOH KpHBOH C, K0T0RaH coBna.u,aeT c 6oJihllIOH 
0Kpym:H0CTh!O ccpepbl S 3 (KpHBaH C: (ei0 ZJ, ei0 z2) co.u,epm:HT roqKH 
(z1, z2) H (-z1, -z2), CHMMeTpHqHo pacnoJiom:eHHhie 0THOCHTeJihHO 
HaqaJia KOOp.U,HHaT). 

J1TaK, 8 3 pa3JI0m:eHa Ha CeMeHCTBO 60JihllIHX OKpym:HOCTeH C 
npocTpaHCTB0M pa36HeHHH, HBJIHIOI.l{HMCH S2 . Ilpoo6pa3aMH .ll.BYX 
pa3Hh!X ToqeK ccpepbl S 2 HBJIHIOTCH ,LI.Be pa3Hhle 0Kpym:HOCTH B S 3. 
Ko.9cp!pHI.J.HeHT 3al{enJieHHH 3THX OKpyxrnocTeH HBJIHeTCH HHBapHaH
T0M oro6pam:eHHH p H Ha3hIBaeTCH HHBapHaHT0M Xoncpa. 

l13JIOm:eHHaH Bhlllle K0HCTPYKI.J.HH o6o6I.l{aercH Ha cJiyqafi oro6-
S3 

pam:eHHH P4 : S 7 - S 4 CJie.u,y!OI.l{HM o6pa30M. PaccMoTpHM ccpe-
py S7, sa.u,aHHYIO ycJioBHHMH z1 z1 + z2 z2 = 1, r,LI.e zI, z2 E H, H 
ccpepy S4

' 3a.u,aHHYIO KaK npoeKTHBHaH KBaTepHH0HHaH nJI0CK0CTh 
w = z2I z1 HJIH [z1, z2] ~ [..\z1, ..\z2], r.u,e ,\ E H, z- I = lzl-2 z. O.u,Ha 
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H ra :m:e roqKa w = z21 z1 Ha 84 npH z1 z1 + z2 z2 = l coornercrnyer 
KpHBOH {z~,zD = {,\z1,-Xz2}, BJJO:m:eHHOH B 8 7 npH I-Xl2 = l, raK 
KaK 

l = z~ zi + z2 z2 = z1 (3:.X) z1 + z2 (3:.X) z2 = (3:.X) (z1 z1 + z2 z2)-
(3.82) 

CJie,ll.oBareJibHO, npoo6pa30M roqKH H3 8 4 oKa3hIBaercH 6oJihWaH 
ccpepa 8 3 c 8 7: {,\z1,.Xz2}, I-Xl2 = l (3ra ccpefa co.n.ep:m:Hr .n.HaMer
paJibHO npoTHBOnOJIO)KHbie TQqKH { ZJ, z2} E 8 H { -z,, -z2} E 8 3) . 

UenoqKa paBeHCTB (3.82) o6o6maeTCH H Ha HeaccouHaTHBHblH 
cJiyqai! OKTOHHOHOB B CHJIY ro:m:.n.ecrB aJibTepHaTHBHOCTH H TO)K
.n.ecrna MycpaHr (3.15), qro npHBO,ll.HT K onHcaHHIO oro6pa:m:e

s1 
HHH 8 15 

---t 88. 
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TeopHH rpynn H CHMMeTpHii. 
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