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II pe,n;IICJIOBIIe 

,I],attnoe y,.1e6no-l\1eTo,L\H'lecKoe noco611e narr11cano na octtoBe Kypca JieKu;Hti rro 

ypaBHeHHHM MaTel\IaTH'leCKOH q>H3HKH, 'lHTael\loro CTy,[\eHTaM Kaq>e,L\pbl "9JieKTpo

HHKa cp11311qecKHX ycTanoBoK"MI1P9A, oprattH30Bannoti B r. ,I1,y6tte np11 Y<Je6no

nayqttoM u;ettTpe 06'be,[\HHeHHOro HHCTHTyTa H,[\epHb!X HCCJie,[\OBaHHH. 

J13JIQ)KeH11e tta'lHHaeTCH C KJiacc11q>HKau;1111 ypaBHeHHH BTOporo nopH,[\Ka C ,L\BYMH 

nepeMeHHb!MH 11 OllHCaHHH crroco6oB rrpHBe,[\eHHH HX K KaHOHH'leCKOMY BH,[\y. 

B rJiaBe 1 paCCMOTpeHbl tteKOTOpb!e 3a,[\a'lH l\!eXaHHKH, npHBO,L\Hlll,He K ypaB

nenmIM r11rrep60JIH'leCKoro THna, H OCHOBHbie MeTO,L\bl HX perneHHH B 0,L\HOMepHOM 

cJiyqae. 

B rnaBe 2 ,[\eTaJibHO paCCMOTpeH MeTO,L\ <l>ypbe pa3,[\eJieHHH rrepeMeHHbIX. ,LI,atto 

ero rrp11Metten11e ,L\JIH ypaBtten11ti rrapa60JI11qecKoro T11na ,L\JIH 3a,[\a'l na oTpe3Ke 11 

6eCKOHe'lHOll rrpHMOll. 3,L\eCb )Ke rrpHBe,[\eHb! MeTO,[\bl HHTerpaJibHb!X rrpeo6pa30Ba

HHll <l>ypbe. 

B rnaBe 3 H3JIO)KeH MeTO,L\ q>yttKD;HH fp11tta perneHHH o6bIKHOBeHHb!X ,L\Hq>q>e

penu;HaJibHb!X ypaBHeHHll H KpaeBbIX 3a,[\a'l TeilJIOllpOBO,[\HOCTH H ypaBtteHHH feJibM

roJibu;a. 

B rJiaBe 4 paCCMOTpeHbl ypaBHeHHH 3JIJIHilTH'leCKOrO THila. IIpHBO,L\HTCH pa3-

JIH'lHbJe BH,L\bl orrepaTopa JianJiaca B KpHBOJIHHetiHb!X KOOp,[\HHaTax. Ha llpHMepax 

ypaBnentt:ti lllpe,[\Httrepa 11 feJihMrOJibQa nccJie,[\oBaua npo6JieMa pa3,L\eJieHHH rre

peMeHHbIX B pa3JIH'lHbLX CHCTeMax KpHBOJIHHellHb!X KOOp,[\HHaT. ,Ll,aHbI OCHOBHbJe 

CBOllCTBa D;HJIHH,L\PH'lecKHX cpynKu;H:ti, a TaIOKe opTOrOHaJibHbIX IJOJIHHOMOB. 

TaK)Ke npHBO,L\HTCH perneu11e 3a,L\a'lH Konrn ,L\JIH ypaBHeHHH JianJiaca. 

B rJiaBe 5 H3JIO)KeHbI 3JieMeHTbI Bap11au;HOHHOro HC'lHCJieHHH H MeTO,L\bI MHHHMH-

3au;m1 q>yHKD;IIOHaJIOB KaK aJibTepnaTIIBHOro cnoco6a Bb!BO,[\a ypaBHeHIIll ,L\BH)KeHHH. 

PaccMOTpeHhl 0606ru;ettIIH rrpocTe:tirne:ti 3a,[\a'lII MHHIIMH3aD;IIH, uaxo)K,L\eHIIe ycJIOB

noro 3KCTpeMyMa II II30IIepIIMeTpII'leCKaH 3a,[\a'la. 

B rJiaBe 6 paCCMOTpettbI HeJIHHellHbie ypaBHeHIIH 11 HX pemettIIH B BH,L\e 6erylll,HX 

BOJIH. 

B rJiaBe 7 II3JIO)KeHbI npII6JIH)KeHHble H 'lHCJieHHbie MeTO,[\bl pemeHHH ,[\Hq>q>epen

u;11aJibHbIX ypaBHeHIIll B 'laCTHb!X npOII3B0,[\HbD(. B TOM 'lHCJie paCCMOTpettbl MeTO,L\ 

CeTOK H npII6JIII)KeHHb!e MeTO,L\bl perneHIIH BapIIal.J;HOHHbIX 3a,[\a'l. 

B rJiaBe 8 paCCMOTpeHbl ,L\pyrIIe MeTO,L\bl p0rneHIIH ypaBHeHIIH, B TOM 'lHCJie Me

TO,[\ KOHq>OpMHbIX OT06pa)KeHIIll, npeo6pa30BaHIIe JianJiaca, MeTO,L\ o6paTHOH 3a,[\a

'lH pacceHHIIH. 

B rJiaBe 9 paccMOTpettbI JIHHe:tiHble IIHTerpaJibHbie ypaBHeHHH II neKOTOpbie Me

TO,[\bl HX perneHIIll KaK aJibTepttaTIIBHblll IlO,[\XO,L\ K perneHII!O ,L\Hq>q>epettu;HaJibHb!X 

ypaBtteHIIll B qacTHbIX llpOU3B0,L\HbIX. PaccMOTpeHbl TaIOKe CHCTeMbl ypaBHeHHll nep

Boro nopH,L\Ka II MeTO,L\ xapaKTepIICTIIK HX perneHHH. 

B rJiaBe 10 pacCMOTpeHhl 3a,[\a'lU II3Jiy'leHUH 3BYKOBbIX BOJIH, pacnpOCTpaneHHH 

y,L1,apuh1x BOJIH H MeTO,L\ P11Mana pernettIIH ueJIIIttetiHhIX ypaBnenIIti. 
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r B rnaBe 11 rrpirne,l],eH tta6op Bap!IaHTOB 3a'-leTHbIX 3a,l],aHHH. I Knaccttq>lIKau;1u1 lI KaHOHliqecKlill BlI,[I; 
B KOHI..l,e rrocofarn np1rne,l],eH CII!ICOK peKOl\leH,l],yeMOH JI!ITepaTypb!. ,.QaHHOe rroco-

6He 6y,l],eT ITOJie3~HO CTy,IJ,eHTal\l BY30B lI BTY30B rrpn H3y'-lemrn Kypca no ypaBHeHHRM 'I ypaBHeHI1ll BTOporo rrop51,z:t;Ka 
l\IaTeiaTH"IeCKOH (pH3HKH. 

8 

O6II..1,lIH Bll,D, ypaBHeHHH BToporo rropR,D,Ka C ,D,BYl\151 nepeMeHHbIM!I [5, 12] 

a11Uxx + 2a12Uxy + a22Uyy + b1Ux + b2uy +cu+ f = 0. (1) 

3,D,eCb n µ,aJiee l\lbl TIO,D,pa3yl\leBaeM, '-ITO u, f, a;j, b;, c - cpyHKI..l,lllI OT BeII..1,eCTBeH

HbIX nepeMeHHblX x, Y, npH'-Iel\l C'-l!ITaeM cpyHKI..1,lIIO u(x, y) He!I3BeCTHOH, a OCTaJib

Hbie cpyHKI..1,lIH !I3BeCTHbIMH: Ux = du(x,y)/dx, Uy= du/dy, Uxx = d
2
u/dx

2
; Uxy = 

d2u/(dxdy), uyy = d2u/dy2. 
,Uanee Mb! pacCMOTp!IM TOJibKO CJiy'-laii, KOr,D,a Bee BeJIH'-llIHbI, KpoMe u, f, TIOCT0-

5!HHbl, T. e. He 3aB!IC5!T OT x, y. YcTpaHeHHe npOH3BO,l],Hb!X nepBoro nopHµ,Ka npo!I3-

B0,D,HTCH npeo6pa30BaHHe~I K HOBO.TT Hel-13BeCTHOH cpyHKI..1,1-11-1 

u(x, y) = v(x, y)e>-.x+µy_ (2) 

ITocTOHHHbie .A, {L TIO,D,6rrpaIOTCH TaKHM o6pa30M, '-IT06b! ypaBHeHHe ,D,JIH cpyHKI..1,1-llI 

v(x, y) He CO,l],ep)KaJIO nepBblX npOH3BO,D,HbIX. ,UJIR nprrMepa paCCMOTp!IM 

Uxx + Uyy + 2ux +Uy+ U = O; 
u = ve>-x+µy_ 

YpaBHeHHe ,D,JIH v(x, y) 6y,ll,eT 1-!MeTh BH,ll, 

(3) 

Vxx + Vyy + Vx(2.X + 2) + Vy(2µ + 1) + v(l + .X2 + µ 2 + 2.X + µ) = 0. (4) 

Bb16op .X = -1;µ = -1/2 np!IBO,ll,HT K l_\eJIH. B pe3yJihTaTe 

Vxx + Vyy - v/4 = 0. (5) 

PacCMOTplIM Tenepb npHBe,l],eH!Ie ypaBHeHHH, He CO,D,ep)KaII..1,HX nepBbIX npo!I3BO,ll,

HbIX, K KaHOHH'-leCKOMY B!I,l],y. YpaBHeH!IR nmep6oJIH'-leCKOro T!Ina nprrBO,D,5!TCH K 

Bl-1,ll,Y (nepBaR KaHOHH'-leCKa5I cpopMa) 

Uxx - Uyy = 0 

Jil-160 K B!I,l],y (BTOpaR KaHOH!I'-leCKaR cpopMa) 

Uxy = 0. 

(6) 

(7) 

3,D,eCb Mbl onyCT!IJilI TaK)Ke CJiaraeMbie, CO,l],ep)Kall..l,He HeH3BeCTHYIO cpyHKI..1,1-1!0 6e3 

npO!I3BO,ll;HbIX, '-ITO HecymecTBeHHO ,l],JI.H 3a,D,a'-lll nprrBe,D,eHl-1.H K KaHOHH'-leCKOH cpopMe. 

.fl YpaBHeHH.H 3JIJIHTITH'-leCKOro Tnna npHBO,D,.HTCH K cpopMe 

Uxx + Uyy = O; (8) 

9 



H, HaKOHeu;, ypaBHeHHH napa6om1qecKoro THna HMeJOT KaHOHH'leCKYIO <pOpMy 

Ux - Uyy = 0. 

OnmneM npou;e,nypy npnBe,n;eHHH ypaB11e11m1 o6rn,ero BII,D;a 

auUxx + 2a12Uxy + a22Uyy = 0 

(9) 

(10) 

K KaHOHH'leCKOii: cpopMe. C11aqana Bbl'lHCJIHeTCH ,!l;HCKpHMHHaHT ypaBHeHHH D = 
af2 - aua22. EcnH ,!l;HCKpHMHHaHT TIOJIO)KHTeJieH, TO ypaB11e11ne 6y,n;eT rHnep6onn

qecKoro Tmm; eCJIH OH OTpHLI;aTeJJeH, TO ypaBHeHHe 6y,n;eT 3JIJIHTITH'leCKoro THna, H, 

HaKOHeu;, ecm-1 ,!l;HCKpHMHHaHT paBeH Hymo, TO ypaBHeHHe 6y,n;eT napa6om-1qeCKOrO 

THna. Ha BTOpOM mare COCTaBJJHeM ypaBHeHHH xapaKTepHCTHK 

dy a12 + ./l5 - = --=---- - ). . dx au - i, 

dy a12 - ./l5 
dx = au = >-2- (11) 

PerneHHH 3THX ypaB11e1111ii 

~ = const; T/ = const; ~ = y - A1x; T/ = y - A2x (12) 

HCIIOJJb3YIOTCH B Ka'!eCTBe HOBbIX nepeMeHHbIX )];JIH npHBe,n;eHHH K KaHOHH'IeCKOH 

cpopMe. IIpo,n;eMOHCTpHpyeM 3TO Ha IIpm,rnpax: 

au= 1, 

dy = 1, 
dx 

Uxx - 2uxy - 3uyy +Uy= O; 

a12=-l, a22=-3, D=4>0; 

dy 
dx = -3; ~ = x - Y, T/ = y + 3x. 

IIepexo,n; K HOBbIM nepeMeHHbIM: 

a a~ a ar, a 
- = dx = -- + -- = d{ + 3d'1; 
fJx fJx 8~ fJx or, 

a2 
dy = -d{ + d'1, fJx2 = dxx = d{{ + 6d{'l + 9d'1'1; 

IIo,n;craBJIHH Bee, nony'IHM 

a2 
- 2 = dyy = d{{ - 2d{'l + d'1'1; 
fJy 

a2 
-- = dxy = -d{{ - 2d{'l + 3d'1'1. 
fJxfJy 

lfiu{'l + UT/ - U{ = 0. 

3,n;ecb HMeeT MeCTO BTOpaH cpopMa r11nep60JIH'IeCKoro THna. 
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(13) 

(14) 

(15) 
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i 
·11 
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I ., ~' 

PaccM0Tp1111 np1111ep ypaBHetmii: napa6onwrecKoro THna: 

4Uxx + 4Uxy + Uyy - 2uy = O; 

au= 4; a12 = 2; a22 = l; d = 0; 
dy 1 

- C = X - 2y· T/ = x· 
dx 

dx = d{ + d'1; 
2

, ',, I I 

dy = -2d(, u'1'1 + u{ = 0. 

PacCMOTpHM ypaBHeHml 3JJJIHTITH'!eCKOrO THna: 

Uxx + 2uxy + 2Uyy = 0; D = -1 < 0; 

:~ = 1 - i; 'lj;(x, y) = y - x(l - i); 

~ = Re'lj;(x,y) = y - x; T/ = lm'lj;(x,y) = x; 

Ux = -u{ + u'l; Uy = u{; 

Uxx = u{( - 2u{'l + U'l'l; 

Uyy = U{{; 

Uxx = -U{'l - U({· 

IIony'IaeM nocne 11ecnmKHbIX anre6pa11qecKHX npeo6pa3oBaHHii: 

u{{ + u'1'1 = 0. 
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rJIABA 1 

YpaBHeHM}I rMrrep6oJIM"CJecKoro TMrra 

1.1 HeKOTOpbie 3a,n;aq11 MexaHIIKll, rrpMB0,[1;51IIJ;IIe 

K ypaBHeHJI51M r11rrep60JIJ1'1:eCKOro TJIIIa 

1.1.1 y paBHem1e Ma.JlbIX KOJie6aHHii HllTll B IlOJie T.H)KeCTll 

Tipe)];IIOJiaraH )];Bll)KeHlie HllTll IIJIOCKHM, BbIBe)];eM ypaBHeHHe MaJibIX KOJie6aHllll Hll

Tll B IIOJie TH)KeCTH, CJie)];yH [2, 5]. 
PacCTOHHlle x )];O ToqeK BllCHl]J;eii TH)KeJIOll HllTll 6y)];eM OTCqllTbIBaTb OT ee KOHU,a. 

ToqKe IIO)];Beca OTBeqaeT x = l. OTKJIOHeHHe TOqKlf HllTll OT IIOJIO)KeHHH paBHOBeCHH 

o6o3HaqllM Hell3BeCTHOll cpyHKll,llefi u(x, t), KOHeu, BllCHIIIefi Hl!Tll rronaraeM CB060)];

Hb!M. 9neMeHT )];JlllHbl HllTll Me)K)];y TQqKaMll C K00p)];l!HaTaMH M(x,u), M1(x + 
dx, u + du) 6y)];eT paBeH ds = v'l + ux2dx. ,II:anee MhI 6y)];eM rrpe)];II0JiaraTb 0TKJIO

Hemie MaJihIM H BcJie)];CTBHe 3Toro u; << 1, ds = dx. HaTH)KeHHe, C03)];aBaeMoe 

Maccofi HllTll B TQqKe M, 6y,ll;eT paBH0 pgx, r)];e P, g - IIJI0TH0CTb BeIIIeCTBa Hl!Tll 

H ycKopeHHe CllJibI TH)K€CTll. TipoeKU,llH CllJibI HaTH)K€HllH Ha 0Cb u 6y)];eT Uxpgx. 
Pa3HOCTb IIp0eKU,llll CllJibI HaTH)K€HllH B coce)];HllX TQqKaX M, M1 COCTaBHT 

(gpx :~) M - (gp :~) M, = gpdx ! (xux)- (1.1) 

Pe3yJihTHPYIOIIIaH K0MII0H€HTa CllJI HaTH)KeHllH KOMII€HCHpyeTCH CllJiaMH llHepU,llll. 

YcJIOBlle 6anaHca 3TllX CllJI ,n:aeT ypaBH€Hlle 11orrepeqHbIX KOJie6aHHll TH)KeJiofi Hl!Tll 

(1.2) 

B KaqeCTBe rpallll'lll0rO ycJI0BllH rrpHMeM u(x = l, t) = 0 - ycJI0Blle )K€CTK0ro 3a

KperrJieHHH B TO'IKC 110)\llCCa. Pa3,n:eJIHH rrepeMeHHbie C Il0M0IIIb!O 3aMeHbI u(x, t) = 
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U(x)T(t) 11 nepexo,u,H K nepeMeHHOH z = µ, perneH11e ypaBHeHHH l\lO)KHO Bbipa3HTb 

B TepMHHax cpyHKLl,HH BecceJIH. 

1.1.2 IIonepeqHbie KOJie6amrn: Bpa:rn;aio:rn;e:ik.H HIITH 

IIpe,n_nonaraeM, '-ITO HHTb Bparn;aeTC5! C yrJIOBOH CKOpOCTb!O w BOKpyr BepTl:IKaJibHOH 

OCH, 11 He Y'-IHTbIBaeM CHJI T5!)KeCTH 12, 5]. B TO'-!Ke M, HaX0)].5!Ill,eHC5! Ha pacCTOHHHH 

X OT OCH Bparn;eHmI, 11,eHTpo6e)KHbie CHJibl C03)].a!OT HaT.lDKeHHe 

T = 1\xw)2p(dx/x) = w2 p(l2 
- x2)/2. (1.3) 

3,n_ecb Mb! C'-IHTael\r, "ITO nJIOTHOCTb MaTep11ana HHTH 0)].HHaKOBa BO BCex ee ce'-leHHHX, 

C'-IHTaeM TaK)Ke noJIHYIO )].JIHHY ee paBHOH l, a ee )].aJibHHH KOHell, cBo6o,n_HbIM. '.::ha 

CHJia HanpaBJieHa no KacaTeJibHOH K HHTH B TO'-!Ke x. IlpoeKLl,115! 3TOH CHJibl Ha 

HanpaBJieHHe, napanneJibHOe OCH Bparn;eHHH, nony'-IHTC.ll YMHO)KeHHeM Ha Ux, r,n_e 

u(x, t) - OTKJIOHeHHe HHTH OT nJIOCKOCTH Bparn;eHH5!. IlpHpaBHHBa.ll pa3HOCTb TaKHX 

npoeKLl,HH B coce,D,HHX TO'-!Kax M(x), M1(x + dx) npoeKIJ;HH CHJI 11Hepu,11H: 

EJ2u 
P &t2 dx, (1.4) 

nony'-IHM 

02
u 1 l 2 2 2 l [ 2 ( 2 2 l pdx &t2 = 2 w p(l - X )ux x+dx - w p l - X )ux x, (1.5) 

nepexo)],.ll K npe,n_eny dx --> 0, nony'-!HM ,u,1:1cpcpepeHL1,HaJibHOe ypaBHeH1:1e nonepe'-!HbIX 

KOJie6aHHH 

w2 a 2 2) l Utt= --;=,-[(l - X Ux 
2 ux 

C rpaHH'!HbIMH 11 Ha'-!aJibHbIMH YCJIOBH.l!Ml:I 

(1.6) 

u(t, x = l) < oo; u(t, 0) = 0; u(t = 0, x) = f(x); u1(t = 0, x) = F(x). (1.7) 

9To ypaBHeHHe pernaeTc.ll cTaH,n_apTHbIM cnoco6oM pa3,n.eneHirn nepeMeHHbIX. 

1. 1.3 Ma.Jibie KOJie6aHH.H CTPYHbI OKOJIO IIOJIO)KeHH.H paBHOBe

CH.H 

PacCMOTpl:IM ynpyry!O crpyHy, HaT.llHYTYIO B)].OJib OCH X Me)K)].Y TO'-!KaMH C KOOp,D.H

HaTaMH (0, l). ,Il;JI.ll onncaHH.ll npou;ecca KOJie6aHl:l.ll CTPYHbI B nJIOCKOCTH x, y Ha)].O 

14 

3a,11,aTb OTKJIOHeHH.ll ee TO'-!eK u(x, t) OT nOJJO)K€11115! paBHOBeCH5! U = 0. HaT.ll)KeHHe, 

B03HHKa!Olll,€e B CTpyne, HanpaBJiel!O no KaCaTeJibHOH K ee l\IrHOBeHIIOl\lY npoq>HJIIO 

H He uem1eTC5! B CHJIY 3aKOHa fyKa OT TO"IKH K TO'-!Ke. ,Il;JIH Bb!BO)].a ypaBHeHHH 

Kone6amrn TO"leK CTPYHbl BOCIIOJib3Yel\lC5! BTOpbH-1 3aKOHOM HblOTOHa. 

CocTaBJIRIOill,aH HMIIYJibCa y'-!aCTKa CTPYHbl ( X1, X2) 110 OCH U paBHa (p( S) - JIH-

HeiIHa.ll IIJIOTHOCTb CTPYHbl) 

1
X2 

dsp(s)u 1(s, t). 
x, 

(1.8) 

IlpnpaBH5!€l\l 1131\IeHeHne Hl\IITYJibCa 3a rrpoMe)KyTOK Bpe11eHH !::it = t2 - t, K m,myJib

cy CHJI 11aTH)KeHH5! 

To( Ux lx=x2 -Ux lx=x,) (1.9) 

H BH€ll1H€H c1,Jibl C uerrpepbIBHO pacrrpe,n_eJieHHOH 11arpy3KOH F(x, t): 

1
X2 

[ui(s, t2) - u1(s, ti)]p(s)ds = x, 
(1.10) 

l
t2 . 1X2 lt2 

To [ux(x2,T)-ux(x 1 ,T)]dT+ ds dTF(s,T). 
t, x, ti 

B npe,11,ene .0.x, !::it IIOJIY'-!aeM HCKOMOe ypaBHeHHe (B cnyqae IIOCTO.l!HHOH IIJIOTHO

cTH) 

(uu(x, t)p(x, t) - ToUxx(x, t) - F(x, t))l::!.x!::it = O; Utt= a
2
uxx + J(x, t), (1.11) 

ri 1 
a= ; J(x, t) = -F(x, t). (1.12) 

p 

,IJ;pyrofi Bb!B0,11, 3TOro ypaBHeHH.ll, OCHOBaHHblH Ha MHHHMH3all,HH cpyHKLl,HOHaJia 

,n,etiCTBH.ll, 6y,n,eT ,11,aH HH)Ke, B rJiaBe 4. 

1.1.4 IIpo,D;OJibHbie KOJie6aHII.H CTep)KH.H 

HanpaBHM OCb x B)].OJib CTep)KH.ll c Ha'-iaJIOM OTC'-!eTa B HeKOTOpOH TO'-!Ke x = 0 [2]. 
PaccMoTpHM ,n.Be coce,D,HHe TO'IKH M, M1 c Koop,n_uHaTaMH x, x + dx. B pe3yJibTaTe 

B03Myrn;eHH.ll ce'!eHl:le CTep)KH.ll C KOOp)].HHaTOH X nepefi,n_eT B TO'-IKY u, a coce)].H.ll.ll 

TO'-!Ka - B u + du = u + uxdx. Bo311nKa10I11,ee npu ::JTOM HaT.ll)KeHHe Bbipa)KaeTC.ll 

no 3aKOHY fyKa qepe3 OTHOCHTeJibHOe y,D,JIHHeHne cTep)KH.ll ux: T = Eux, r,n.e 

E - MO)].YJib ynpyroCTH CTep)KH.ll. IIpnpaBHHBa.ll pa3HOCTb Cl:IJI HaT.ll)KeHH.ll B coce,n.

HHX TO'-!Kax CHJiaM HHepu;HH, ,n.ettCTBYIOill,HM Ha 3TOT yqacTOK, nonyqaeM ypaBHeHH.ll 

)].BH)KeHH.ll ,D,JI.ll B03Myrn;eHH.ll u(x, t): 

E 
Utt= -Uxx· 

p 
(1.13) 
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rpaHH'-IHbJe yc.!JOBl-151 3aBHC51T OT xapaKTepa 3aKperrJJeHH51 CTep)KH51 . .D:n51 CJJy'-!a51, 

KOr,[\a O,[\HH ero KOHeu, X = 0 )KeCTKO 3aKperrJJeH, a ,!1,pyrofi CB06o,!],eH, rpaHH'-!Hbie 

ycJJOBl-151 6y;zyT CJJe,Izy!Olll,Hl\lH: 

u(x = 0, t) = 0; ux(x = l, t) = 0. (1.14) 

Ha'-!aJJbHbie YCJJOBl-151 3a,!],a!OTC51 ,!],ecpopMau,nefi Ii CKOpOCTb!O B Ha'-!aJJbHblH MOl\feHT 

BpeMeHn: 

u(x, 0) = f(x), u1(x, 0) = g(x), 0 < x < l. (1.15) 

3TH ypaBHeHH51 MoryT 6bITb Bh!Be,[\eHbl TaK)Ke 1-13 rrpHHU,HTia ral\lHJJbTOHa . .D:ettCTBH

TeJJbHO, TIJJOTHOCTb TIOTeHU,HaJJbHOH 3Heprnn C y'-leTOM pa6oTbl BHeIIIHHX CHJJ JliQ)KHO 

rrpe,!1,CTaBHTb B BH,!1,e U = (E/2)u; + F(x, t)u. IInoTHOCTh KIIHeTH'-!ecKofi 3Heprnn 

6y,!],eT paBHa pu;/2, r,[\e p - TIJJOTHOCTb Belll,eCTBa CTep)KH51. Ilpe,!],TIOJJaraeM, '-!TO TIJJO

lll,a,[\b ce'-leHl-151 CTep)KH51 O,[\HHaKOBa BO Bcex TO'-!Kax. YpaBHeHH51 3finepa HMeJOT BH,[\ 

E 
Utt= -Uxx + F(x, t). 

p 
(1.16) 

PacCMOTpHM cJJy'-laH [2], KOr,[\a rrorrepe'-1Ha51 TIJJOlll,a,[\h CTep)KH51 MeH51eTC51 OT T0'-1-

KH K TO'-!Ke • .Il:JJ51 CTep)KH51 KOHH'-1€CKOH cpopMbl TIJJOlll,a,[\b ce'-leHH51, pacrroJJO)K€HHOro 

Ha paCCTO51HHH X OT 6onee IIIIIpOKOro KOHu,a C TIJJOlll,a,!],blO rrorrepe'-!Horo ce'-!eHH51 So, 
6y,!l,eT paBna Bx/ S0 = (1 - (x/h))2, r,[\e h ecTb BhICOTa KOHyca. IlpnpaBHHBa51 pa3-

HOCTb HaTR)KeHnfi Ha KOHU,ax 3JJeMeHTa M(x), M1 (x + dx) nHepu,HOHHhlM CIIJJaM, 

,!],eficTBYJOillHM Ha 3TOT y'-laCTOK, II rrepexo,!1,51 K rrpe,!],eny dx -+ 0, rrony'-!aeM 

!_ [(l - ~)2 au] = !!.. (1 _ ~)2 a2u. ax h ax E h at2 
(1.17) 

3aMeHOH rrepeMeHHOH V = (h-x)u 3TO ypaBH€HHe rrpHBO,[\HTC51 K BH,!J,Y Vtt-(E/ p)Vxx = 
0. ,II:anbHefiIIIHe IIIarH CTaH,!],apTHhl. 

1.2 3a,n;aqa KoIIIH ,n;JnI nnrnp6oJIHqecKoro ypaBHe

HIUI Ha 6ecKOHeqHQH OCH. <I>opMyJia ,I1;aJiaM6epa 

PaccMoTpHM HeorpaHH'-!eHHYID CTPYHY, pacrroJJO)KeHHYJO rro OCH x [4, 12]. C'-IHTaeM, 

'-!TO OHa MO)K€T OTKJJOH51ThC51 B rreprreH,[\HKYJJ51pHOM HarrpaBJJeHHH B,[\OJJh OCH Y, Bee 

BpeM51 HaXO,[\51Ch B TIJJOCKOCTH xy. BeJJH'-IHHY OTKJJOH€HH51 o6o3Ha'-!HM u(x, t). Ha

'-laJJhHOe OTKJJOHeHHe CTpyHhl OT IIOJJO)K€HH51 paBHOB€CH51 H pacrrpe,!],eJJeHHe Ha'-!aJJh

HhIX CKOpocrefi 6y,!],eM C'-IHTaTb 3a,[\aHHhlMH. YcJJOBHe paBHOBeCH51 CHJJ, ,[\eHCTBY!Olll,HX 

Ha 3JJeMeHT CTPYHbl B TO'-!Ke X ( CHJJbl HHepU,HH, Cl!Jlhl HaT51)K€HH51 II BHeIIIHHe CHJJhl), 
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rrpHBO,!],llT K ypaBHeHlllO ,[\Bl!)KeHH51, orrpe,!],eJJ51!0lll,€MY B€Jlll'-IHHY OTKJJOHeHirn ,[\JJ51 

JJJ06oro 3Ha'-!eHH51 rrepe111eHHOH X, orrpe,!],eJJ51IOlll,ero TIOJJO)KeHHe 3,lel\IeHTa CTPYHbI B 

MOl\1€HT Bpe111eHH t. TaKIIM o6pa3mI, l\lbl rrpHXO,[\HM K KpaeBOH 3a,[\a'-!e C Ha'-laJJbHh!MH 

ycJJOBH5111IH ( C'-IHTael\I, '-!TO BHeIIIHHe CHJJbl OTCYTCTBYIOT) 

Utt - a2Uxx = 0; u(x, 0) = ¢(x); ui(x, 0) = ij;(x). (1.18) 

YpaBHeHirn xapaKTepHCTHK H ypaBHeHH51 ,!],BH)KeHH51 HMe!OT Bil,[\ 

dx 
dt = ±a; ~ = x - at; TJ = x + at; u~'1 = O. 

Pememiel\l ypaBHeHHH ,[\BH)KeHH51 51BJJ51eTC51 Bbipa)KeHHe 

u(x, t) = fi(x - at)+ h(x + at) 

(1.19) 

(1.20) 

c rrpoH3BOJJbHbIMII cpyHKU,H51MH Ji, h- Ilo,!],6epeM ux TaK, '-IT06h1 OHH y,!l,OBJJeTBOp51JJH 

Ha'-laJJbHhll\l ycJJOBH51M: 

u(x, 0) = Ji(x) + h(x) = ¢(x); ui(x) = af~(x) - af{(x) = if;(x). (1.21) 

I1HTerpHpy51 BTopoe ypaBH€HHe H pema51 rrpocTyJO CHCTeMy ,!l,Byx anre6paH'-1€CKHX 

ypaBHeHHH, rrony'-IHM 

1 1 lx h(x) = 2¢(x) + 2a xo ij;(y)dy + c; 

1 1 lx fi(x) = i(x) - 2a xo 'lj;(y)dy - c. 

3aMeH5151 apryMeHThl y cpyHKU,HH B COOTBeTCTBHH C 

Ji(x) -+ Ji(x - at), h(x) -+ h(x + at), 

TIOJJY'-IHM peIIIeHHe ( cpopMyJJa .D:anaM6epa) 

l l x+at 

u(x, t) = -[¢(x - at)+ ¢(x +at)]+ - j 'lj;(z)dz. 
2 2a 

x-at 

(1.22) 

(1.23) 

(1.24) 

B Ka'-!eCTBe rrpHMepa pacCMOTpHM 3a,[\a'-ly HaXO)K,!l,€Hll51 Harrp51)KeHH51 B JJHHHH 6e3 

HCKa)KeHHH [3, 2-58]. HafiTH CHJJY H Harrp51)K€Hlle TOKa, TeKylll,ero TIO rrpOBO,!J,Y 6e3 

llCKa)KeHH51, Ha'-laJJbHbJe HX pacrrpe,!],eJJeHH51 TaKOBbI: 

v(x, 0) = f(x), i(x, 0) = ~F(x). 

Pe1IIeH11e. Tenerpa<pHhie ypaBHeHH51 11Me10T BH,!l, 

Vx + Lit + Ri - 0; ix + Cv1 ± ~\ = 0, 

i 061,e)J.Imemn,Ili HHCTHTY~ 
\~1,IJ,epn:11x ud~ne,n.oBamrn 
L_ BHBTT110_T_v' ·: 

(1.25) 

(1.26) 



r,[l,e i, v - TOK n HarrpmKettne B JIHHnn; C, L, R, G cooTBeTcTBeHHO e~1KOCTh, HH

,lJ,YKTHBHOCTh, corrpoT1IBJ1em1e II yTe'-!Ka, rrplIXO,[l,Rlll,IIeOI Ha e,[l,IIHIIIzy ,[J,JIIIHhl rrpOBO

,[l,a. Bb1pa)KaH TOK 113 0,11,ttoro Tenerpaqrnoro ypaBHemrn II rro,[l,cTaBJIHH ero B ,[1,pyroe, 

l10JIY'-IIIM 

ixx = CLiu +(CR+ GL)it + GRi; (1.27) 

Vxx = CLvu +(CR+ GL)vt + GRv; ( 1.28) , 

fJIABA 2 

ycJIOBIIe OTCYTCTBHH ncKa)KeHIIH nMeeT BH,ll, G L = CR. McKJI!O'IaH rrpoH3BO,ll,HYIO 11 
rrepBoro rropH,[1,Ka C IlOMOlll,b!O 3aMeHbl V = ue>-t,i = je>.t, l10JIY'-IIIM ,\ = -R/L, a l YpaBHeHM.5.l rrapa60JIM"9:eCKOrO TMIIa 
,[l,JIH q>yHKIJ,IIH u(x, t) 

a2uxx = Utt, a2 = 1/(CL); 
u(x, t) = ¢(x - at)+ '1/J(x + at); 0 < t < oo, -oo < x < oo. 

McrrOJih3YH TeJierpaq>Hbie ypaBHeHIIH, l10JIY'-IIIM OKOH'-!aTeJihHO 

v(x, t) = e-RtfL[¢(x - at)+ '1/J(x + a-1t)]; 
1 1 

</>(z) = 2[J(z) + F(z)], '1/J(z) = 2[f(z) - F(z)], 

i(x, t) = le-¥ (</>(x - a-1t) - '1/J(x + a-1t)). 
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(1.29) 

(1.30) 

(1.31) 

2.1 BbIBO,ll; ypaBHeHIHI TeIIJIOIIpOBO,ll;HOCTII (,n;IIcpcpy-

3llll) 

9TII ,IJ;Ba HBJJeHIIH IIMe!OT MHoro o6ru.ero II OilIICbIBa!OTCH O,[l,HHaKOBhIMH ypaBHeHIIH

MII. 

PacCMOTpIIM HBJieHIIe pacrrpocTpaHeHIIH TeIIJia. 

Bo3bMeM 0,[J,HOpO,ll,HhIH CTep)KeHb ,[l,JIIIHOH [ C ,[l,OCTaTO'-IHOH IIJ!Olll,a,[l,h!O rrorrepe'-IHOro 

ce'-leHIIH C Tel1JIOII30JIIIpoBaHHOH 6oKOBOH IIOBepXHOCTb!O. (TerrJIO pacrrpocTpaHHeTCH 

B,[1,0Jlb OCII x). B CIIJIY 3aKOHa coxpaHeHIIH 3HeprIIII (Terrna) II3MeHeIIIIe KOJIII'-leCTBa 

TeIIJia KOMIIeHCIIpyeTCH pa3HOCTb!O IIOTOKOB Terrna '-1epe3 6oKOBbie ce'-leHIIH II ero 

pacxO,D;OM (rrpIIXO,l];OM) 3a C'-!eT BHyTpeHHIIX IICTO'-IHIIKOB: 

d r+tix {x+tix 
dt ix cpAu(s, t)ds = cpA ix Ut(s, t)ds = 

rx+t'l.x 
= kA[ux(x + b..x, t) - ux(x, t)] + A ix L(s, t)ds, (2.1) 

r,[l,e k - K03q>q>IIIWeHT TeIIJIOIIpOBO,[l,HOCTII MaTepIIMa, A - IIJ!Olll,a,[l,b ce'-!eHIIH, 

P, c - IIJIOTHOCTh II y,[l,eJibHaH TeIIJIOeMKOCTh MaTepnana CTep)KHH, L(s, t) - o6'b

eMHaH MOlll,HOCTb BHeIIIHero IICTO'-IHIIKa TerrJia. 3,[J,eCb Mb! BOCI10Jlb30BaJJHCh 3aKO

HOM <I>yphe: IIOTOK TerrJia '-1epe3 ce'-!eHIIe rrporropIJ,IIOHMeH rrpoH3B0,[l,HOH TeMrrepa

TYPhI H x(x, t) ITO HOpMMH K IIJIOCKOCTII ce'-!eHIIH. B rrpe,[1,eJie b..x -+ 0, IIOJlh3YHCb 

(ux(x + b..x, t) - u(x, t))/ b..x-+ Uxx(x, t), IIOJIY'-IIIM 

Ut(X, t) = cluxx(x, t) + F(x, t), a2 = !_ 
cp' 

1 
F(x, t) = -L(x, t). 

cp 
(2.2) 

IlpII IIOCTpoeHHlI ypaBHeHHH Ha,[l,O rrpIIHHMaTh BO BHHMaHIIe KpOMe yrroMHHyToro 
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3aKOHa <Pypbe ern;e 3aKOH Hb!OTOHa: TenJJoofa1e11 '-!epe3 6oKOBYIO noBepxHOCTb npo

nopqlIOHaJJeH pa3HOCTH TeMnepaTyp: 

Ui(x, t) = a 2Uxx - (3(u - u0 ), 

u0 - TeMnepaTypa oKpy)Kamrn;eii cpe,LJ.b!. 

EcJJH KOHeq CT€p)KH.H X = 0 TenJJOH30JJHpOBaH, TO fY HMeeT BH,Ll. 

Ux(x = 0, t) = 0. 
EcJJH 011 noMep)KHBaeTc.H npu TeMnepaType u0 , TO u(0, t) = u0 . 

EcJJH noTOK TenJJa 3a,LJ.att, TO ux(x = 0, t) = L(t). 
.fl:JJ.H 3a,LJ.a'-! ,LJ.H<p<py3HH BeJJH'-!HHa u(x, t) eCTb KOHqe11Tpau;m1 Bern;eCTBa. 

(2.3) 

EcJJH np1111IeCb neKOTOporo Bern;ecTBa pacnpocTpatt.HeTC.H B,LJ.OJlb ITOTOKa, ,LJ.BH)Ky

IIJ,eroc.H co CKOpOCTb!O v, TO CKOpOCTb H3MeHeHH.H KOHqeHTpaqHH OITHCb!BaeTC.H ypaB

nenue111 KOJJJJeKTHBHOll ,LJ.H<p<py3HH Ut = a 2Uxx - VUx, 

2.2 MeTO,lJ; <I>ypbe pa3,n;eJieHM.51 nepeMeHHhIX 

Ilpo,LJ.eMOHCTpHpye1v1 O,LJ.HH H3 OCHOBHbIX MeTO,LJ.0B pernemrn KpaeBbIX 3a,LJ.a'-! - MeTO,LJ. 

<Pyphe pa3,LJ.€Jl€Hll.H rrepeMeHHb!X B np11MeHeH1Ill K 3a,LJ.a'-!aM pa3Hb!X TlIITOB. 

PacCMOTplIM H€0,LJ.HOpO,LJ.HOe ypaBHe1111e r11nep60J11I'-!€CKOro TlI!Ia C Ha'-!aJJbHbIMll 

11 rpaHII'-!Hb!Mll YCJlOBll.HMll [6, 12]: 

Utt - a2Uxx = J(x, t), u(x, 0) = q;(x); 

Ut(x, 0) = 'l/J(x), u(0, t) = u(l, t) = O; 

0 :S x :S l, 0 :S t < (X), (2.4) 

PacCMOTplIM CHa'-!aJJa O,LJ.HOpO,LJ.HOe ypaBHe1111e. Perne1111e 6y,LJ.eM lICKaTb B Bll,LJ.e 

u(x, t) = X(x)T(t). 

.fl:JJ.H cpyHKqIIii X ( X), T ( t) ITOJJY'-!IIM 

X" x = ->.; 
T" 
a2T = ->.. 

(2.5) 

(2.6) 

YpaB11en11e ,LJ.JJ.H X (pa3,LJ.eJJ.HIOill;IIii napaMeTp >. He 3aBIICIIT OT rrepeMeHHhIX x, y) -
o6b!KHOBeHHOe ,LJ.ll<p<pepe11u;11aJJbHOe ypaBne1111e C Ha'-!aJJbHb!Mll YCJlOBll.HMll, pOJlb KO

TOpb!X 11rpaIOT rpaHII'-!Hb!e ycJJOBlIH OCHOBHOro ypaBHeHIIH. Ero peIIIeH11e: X(x) = 
Acos(v'Ax) + Bsin(v'Ax). I-fa rpaHII'-!HbIX ycJ10B11ii X(0) = 0;X(l) = 0 rroJJy'-!IIM 

A = O; v'AI = n7r. TaKIIM o6pa3oM, HMeeM c11cTeMy opTorottaJJhHhrx 11a oTpe3Ke 
1 

0 < x < l cpyHKll;llll: 

Xn = Cn sin(-rrnx/l), n = 1, 2, 3, ... , 
I 

j dx sin(mrx/l) sin(m7rx/l) = (l/2)8mn, 
0 

8mn = 0, m =/ n; 8mn = l, m = n. 
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(2.7) 

<PyHKll;HH u(x, t) = I:::"=1 Tn(t) sin "7x Y,LJ.OBJleTBOpHeT rpaHH'-!Hbll\l YCJlOBHHM. 3na

'-!€HHH Tn(0), T~(0) 11axo,LJ.HTC.H H3 pa3JJO)K€HHH Ha'-!aJJhllb!X ycJJOBHH B p5!,LJ. <Pypbe: 

00 '1l'nX 
q'>(x) = L Tn(0) sin -

1
-; 

n=l 

2 I 7rnX 
Tn(0) = l j dx¢(x) sin -

1
-; 

0 

00 

7/J(x) = LT~(0) sin 7rnx 
n=l I ' 

2 I 7rnX 
T~(0) = l j dxij;(x) sin -

1
-. (2.8) 

0 

Pa3JJO)KJ1M B pH,LJ. <Pypbe npaByIO '-!aCTb ypam1enm1: 

00 

f(x, t) = L b,,(t) sin 7rnx; 
n=l I 

2 I 7rnX 
bn(t) = l j dxf(x, t) sin -l-. 

0 

(2.9) 

Ilo,LJ.CTaBJJHH BCe B OCHOBHOe ypaBnen11e, nOJlY'-!HM 

00 

[ ·(an7r)2 ] (7rnx) ]; r;:(t) + -l- Tn(t) - bn(t) sin -
1
- = 0. (2.10) 

B CIIJJY TIOJJHOTbI CHCT€Mbl cpyHKll;Hll Xn(x) Bb!pa)KeHIIe B KBa,LJ.paTHbIX CK06Kax 06-

parn;aeTCH B HYJlb. TaKIIM o6pa30M, Mb! HMeeM o6b!KHOBeHHOe ,LJ.H<p<pepenq11aJJhHOe 

ypaBnenue BToporo nopH,LJ.Ka ,LJ.JIH Tn(t) BMeCTe c na'-!aJJhHh!MH ycJJOBIIRMH. PeIIIenne 

3a,LJ.a'-!ll rrp11Be,LJ.eHO BbIIIIe. 

PacCMOTplIM KOHKpeTHblll npHMep. PeIIIIIM KpaeByIO 3a,LJ.a'-!y 

Utt - Uxx = l; u(x, 0) = 0; Ut(x, 0) = l; 

0 :S; x :S; 1, 0 :S; t < oo, u(0, t) = u(l, t) = 0 . (2.11) 

IlpOBO,LJ..H yKa3aHHYIO npou;e,LJ.Ypy, nony'-!IIM T2k(t) = 0, a ,LJ.Jl.H T 2k+1(t) 11MeeM ypaB

ne11ne 

PeIIIettne ero: 

4 
r;~_1(t) + (7r(2k- 1))2T2k-1(t) = 7r(2k- l); 

4 
T2k-1(0) = O; T'(0hk-l = 7r(2k -1) 

T2k-1(t) = er cos((2k - l)7rt) + c2 sin((2k - l)7rt) + c3, 
4 4 4 

CJ= (7r(2k - l)i c2 = (7r(2k - 1)i c3 = (7r(2k - 1))3; 
4 00 1 

u(x, t) = 3 L ( )3 [1 - cos an+ 7r(2n - 1) sin an] sinb11 ; 

7r n=l 2n - 1 
an= 7r(2n - l)t, bn = 7r(2n - l)x. 
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(2.12) 

(2.13) 
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PacCMOTpHl\l KpaeByIO 3a,[\a'-ly rHnep6oJIH'-!eCKOro THna O KOJie6aHH51X CTPYHbl C 

3a,[\aHHbll\l Ha'-!aJibHbll\l pacnpe,[leJieHHeM CKOpOCTeii. 

CTpytta C )KeCTKO 3aKpenJieHHbll\lH KOH~aMII B036y)K,[leHa y;:i,apOl\I )KeCTKOrO 1\10-

JIOTKa, coo6II1a10II1ero Ha'-!aJibHOe pacnpe,[leJieHHe CKopocTeii [3, 2-100], 

{ 

0, 0 < X < Xo - 8, 
u1(x, 0) = 1/J(x) = v0 , x0 - 8 < x < x0 + 8, 

0, x0 +8<x<l. 
(2.14) 

HaiiTII OTKJIOHeHHe CTPYHbl BO BCe IlOCJie,IzylOIIIHe MOMeHTbl Bpel\IeHII, eCJIH Ha'-!aJib

HOe OTKJIOHeHHe OTCYTCTBOBaJIO: u(x, 0) = 0. 
PerneHHe. TaK ,Ke, KaK B npe,!1,bI,IzyIIIeii 3a,[\a'-!e, )],JIR onucanua KOJie6aHHii CTPYHbI 

HCilOJih3JeM ypaBHeHIIe Utt -a2Uxx = 0. Ifa ycJIOBHll ,KeCTKOro 3aKpenJieHHa CJie,IzyeT 

npe,LICTaBJienue u(x, t) B BH,Lle pa,!!,a 

00 1rnat 1rnx 
u(x,t) = LEnsin-l-sin-l-. 

n=I 

Pa3JIO)Klll\l B pa,!!, <l>ypbe pacnpe)],eJieHHe Ha'-laJibHbIX CKOpOCTeii: 

00 1rna 1rnx 
1/J(x) = L En-[- sin-[-, 

n=l 
I 

1rna 2 j 1rnx 21xo+0 1rxn 
-z-n=y dx'ljJ(x)sin-l-dx=_y xo-o Vosin-l-dx, 

0 

lv0 . 1rnx0 . 1rn8 
En= 4 a(1rn)2 SID -[-SID-[-. 

B pe3JJihTaTe 

4v0l 00 1 . 1rnx0 • 1rn8 . 1rnx . 1rnat 
u(x,t) = - 2-L 2 s1D-l-s1D-l-s1D-l-s1D-l-. 

7r a n=l n 

3a)],a'-!a [6, 78]. PernuTb KpaeByIO 38.)],a'-!y 

Uxx + Uyy = 0, 0 < X < [, 
u(0,y) = 0, 

u(x,0) = Ay (1-f), 
PernaeM MeTO,!l,OM pa3,!!,eJieHHa nepeMeHHhIX: 

0 < y < oo; 

u(l, y) = O; 

u(x, oo) = 0. 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

u(x, y) = X(x)Y(y), 
X" Y" X = -y = ->., X = acos(-1>.x) + bsin(-/>.x). (2.19) 

fpaHH'-!Hbie JCJIOBHa HaJiaraIOT orpaHH'-!eHHa 

a = 0, '15.z = n7r. (2.20) 
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Pewe1rne ,L\JIR cpyHK~HH Y nMeeT Bil,!!, 

Yn = Ane-"fY + EneTY. (2.21) 

Tpe6oBanue KOHe"IllOCTH perneHH51 npu 60JibIIIOl\l 3l!a'-!e!ilrn Op)],11HaT npHBO,!l,IIT K 

ycJIOBHIO En = 0, TaKHM o6pa30l\i, OOIIIHii BH,!1, pewenua 6y;i:eT CJie,IzyIOIIIHM: 

00 = (n1rx) u(x, y) =; Ane- 1 sin -[- . 

Haii,[lel\! K03cpcpu~ueHTbl An H3 rpaHll'IHbIX ycnoBnii: 

A- 1 - - = LA sm -· x ( x) . n1rx 
l l n n l ) 

2 fl x ( X) (n1rx) A = A- dx- 1 - - sin - · 
n l l l l ' 

0 

4A 
1 

(n1r)3 j dxx(I - x) sin(1rnx), n = 2k + 1; 

Pernettue nMeeT BH,L\ 

0 . 

1 

j dxx(I - x) sin(1rnx) = 0, n = 2k. 

0 

8A ~ 1 -= . (n1rx) 
u(x,y)= 3 ~( )3e 1 SID -l-. 

7r n=O 2n + 1 

3a)],a'-!a [6, 94]. PeIIIHTh KpaeBy10 3a)],a'-!y 

Ut = a2Uxx, 0 ~ X ~ l; u(0, t) = Ux(l, t) = 0, u(x, 0) = Ax. 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

IlpuMettaa MeTO,!l, <l>ypbe, IIIIIeM pewenue B BH,[\e u(x, t) = T(t)X(x), ,[\aJiee nMeeM 

T' X" -az >. t . " a2T = X = ->.; Tn = Ane n ; Xn = sm( y >-nx). (2.26) 

HaJiaraa ycJIOBHe X'(l) = 0, noJIJ'IHM cos(-/>.!)= 0, >-n = (~f)2. Ko3cpcpu~uenTbI 

An HaxO)],51TCa pa3JIO)KeHHeM B pa)], <l>ypbe Ha'laJibHOro ycJIOBHR: 

B pe3yJihTaTe noJIJ'-IHM 

l 
2 j . 1rnx 

An = l dxx SID-[-. 

0 

( 
_8Al~ (-lr -t•w<22:+'>)2t. (2n+1)1rx 

u x,t)- 7r2 ;;;'o (2n+ 1)2e SID 2l . 
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HecKoJihKO 3a11e•mm111. 

1. l\1eTO.D; p8.3,ZJ;eJieHJrn nepeMeHHb!X HeB03MO)KH0 Henocpe.D;CTBeHHO np11M€Hl1Tb 

K CJiy'IaIO HeO,ZJ;HOpO,ZJ;Hb!X rpaHll'IHb!X ycJIOBllH. Hn)Ke ll3JIQ)KJIM cnoco6, n03BOJIHIO

ll.l,llH T€11 He 11eHee HCCTOJib30BaTb ero B 3TOM CJiy'Iae. KpaeByIO 3a,ZJ;a'Iy C HeO,ZJ;HO

pO.D;Hb!Mll rpaHII'IHb!MH ycJIOBllHMH 

2 ) 1lt = a Uxx + J(x, t , 0 < x < l; 

C IIOMOll.l,b!O CTO.D;CTaHOBKH 

0:1Ux(0, t) + .B1u(0, t) = g1(t); 

0:2Ux(l, t) + .B2u(l, t) = g2(t); 

u(x, 0) = ¢(x) 

u(x, t) = xa(t) + b(t) + w(x, t) 

MO)KHO !IpllB€CTll K 3a,ZJ;a'!e C O.D;HOpO.D;Hb!MH ry .Zl;JIH <pyHKI.I;llll W: 

0:1Wx(0, t) + .B1w(0, t) = 0, 

0:2Wx(l, t) + .B2w(l, t) = 0, 
w1 = a2Wxx - a'x - b' + J(x, t); 

w(x, 0) = ¢(x) - a(0)x - b(0). 

Ko3<p<pllI.I;Il€HTbl a ( t), b( t) HaxO,ZJ;HTCH H3 perneHllH Cl!CT€Mbl ypaBH€HllH 

o:1a(t) + ,B1b(t) = g1(t); 

o:2a(t) + .B2b(t) = g2(t). 

(2.29) 

(2.30) 

(2.31) 

(2.32) 

IloJiy'IeHHaH TaKilM o6pa30M H€0.D;HOp0.D;HaH KpaeBaH 38.,Il;a'!a C O,ZJ;HOpO.D;HbIMil 

rpaHII'IHh!Mll ycJIOBilHMil paCCMaTpIIBaeTCH B llOCJI€,ZJ;y!Oll.l,HX rJiaBax. 
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" 

Ilp1111ep: 

Ut = a2Uxx, 0 < X < l, 0 < t < oo; 

u(0, t) = k 1 ; 

u(l, t) = k2; 

u(x, 0) = ¢(x). (2.33) 

l1ll.l,e11 perneHHe B BH.D;e u(x, t) = k1 + y(k2 - k1 ) + w(x, t). ,lJ:JIH w(x, t) HMeeM 

Wt = a2Wxx; 
w(0, t) = O; 

w(l, t) = O; 
X 

w(x,0) = ¢(x) - k1 - y (k2 - k1). (2.34) 

2. Ilpeo6p8.30BaHHe ypaBHeHHH, CO,ZJ;€p)Kall.l,HX HCKOMYIO <pyHKI.I;Il!O II ee nepByIO 

npOII3BO.D;HYIO, K Bll.D;Y Wt = o:2Wxx· ,lJ:JIH ypaBHeHIIH 

Ut = 0:2Uxx - ,Bu 

(2.35) 

llCllOJih3Y€M 3aMeHy u(x, t) = e-/Jtw(x, t). IlpII 3TOM Wt = o:2Wxx· ,lJ:JIH ypaBH€HHH 

Ut = a2Uxx + VUx 

11cnoJih3yeM 3aMetty u(x, t) = eax+-.,.tw(x, t). Ilp11 Bb16ope 

noJiy'IllM Wt = a2Wxx· 

V 

o: = -2a2 ' 

v2 

'= 4a2 

(2.36) 

3. KpaeBhie 3a,ZJ;a'Ill C O.D;HOpO.D;Hh!Mll ry MoryT IIM€Th 6onee CJIO)KHb!e cneKTphl 

co6cTB€HHh!X 3Ha'!eHIIH. PaccMOTpllM, HanpIIMep, 3a,ZJ;a'Iy 

Ut = Uxx, 0 < X < l, 0 < t < oo; 

Ux(0, t) = O; 

ux(l, t) + hu(l, t) = O; 

u(x, 0) = ¢(x). 

Ilp11MeHHeM MeTO.D; pa3,ZJ;eJieHIIH nepeMeHHhIX u(x, t) = X(x)T(t): 

X" = T' = ->.2, x = Acos(>.x), 
X T 
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u(x, t) = L ane--X~t cos(>.nx). 
n 

(2.37) 

(2.38) 
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,Il,mI crreKTpa co6CTBeHHbIX 3Ha'!€Hl1ll An 11Meel\1 TpaHcu;eH,n:eHTH0e ypaBHem1e 

h 
tg(An) = An. 

Koacpcp11u;11eHTbl an M0rYT 6bITb Haii,n:eHbI 113 C00TH0l11€Hl15I 

I ( 1 )-1 
an= lo dx¢(x)cos(AnX) lo dxcos2(AnX) 

(2.39) 

(2.40) 

9To C00TH0ll1eH11e CJie,n:yeT 113 0pTor0HaJibH0CTll CllCTeMbl cpyHKI.J;llll cos(AnX) Ha 0T

pe3Ke (0,1) C e,[\11Hll'!Hbll\l BeC0M: 

l dx cos(AnX) cos(AmX) = 0; n =/- m. (2.41) 

ITocne,n:nee yTBep1K,n:eH11e ecTb cne,n:cTBl1e o6ru;eil: TeopeMbI llhypMa - JlllyB11JIJI5I .n,na 
.n,11cpcpepeHI.J;llaJibHbIX ypaBH€Hl!H 2-ro rropa.n,Ka. 

2.3 TeopeMa lliTypMa - JlIIyBIIJIJI.H 

,l],na o6bIKHOBeHnoro .n,11cpcpepeHu;11anbHOro ypaBHemrn 2-ro rropa.n,Ka c o.n,nopo.n,Hhl

Ml! rpamI'IHbIMll YCJI0B115IMl1 crrpaBe,[\JH!BbI YTBep1K.n,eH115I: 

(p(x)y')' - q(x)y = Ar(x)y, 0 < x < l; 
0'.1y(0) + J3d(O) = 0; 

a2y(l) + /32Y'(l) = 0; (2.42) 

1. cyru;ecTBYeT 6ecKOH€'!Ha5I II0CJie.D,0BaTeJibH0CTb co6CTBeHHbIX 3Ha'!eH11il:, Y.L\0BJie

TB0pmoru;llx ycJI0BllIO 

A1 < A2 < Aa < ... < An < ... 

2. Ka)K,LI0My co6CTBeHHOMY 3Ha'IeHllIO An C00TB€TCTByeT €,L\l!HCTB€HHa5I co6CTB€HHa5I 

cpyHKI.1;115! Yn ( X). 
3. co6CTB€HHbie cpyHKI.J;llll, 0TBe'Iaroru;lle pa3HbIM co6cTBeHHbIM 3Ha'!eHll5IM, opToro

HaJibHbl C BeC0M r(x) Ha 0Tp€3Ke [0,1]: 

l r(x)ym(x)yn(x)dx = 0, m =/- n. (2.43) 

,l],JI5I ,L\0Ka3aTeJibCTBa IIYHKTa 3 BbIIIllilleM ypaBHeH115I ,L\Jl5I KaKllX-Jill60 co6cTB€HHbIX 

3Ha'!eHllH: 

(p(x)y;(x))' - q(x)y1(x) = A1r(x)y1(x); 

(p(xM(x))' - q(x)y2(x) = A2r(x)y2(x). 
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(2.44) 

Y l\fH0)!{a5I rrepBoe 113 lll!X Ha Y2 ( X), a BT0poe Ha Y1 ( X), l!HTerp11pya ITO X 11 Bbl'!l!Ta5I 

0,lJ;H0 113 ,n_pyroro, II0.TIY'!lll\l 

(
1 

I I 1 (A1 - Az) Jo dxr(x)y1(x)y2(x) = p(x)[yzy1 - Y1Y2] lo• (2.45) 

IlpaBa5I '!aCTb 3T0r0 ypaBHeH115I eCTb HYJib B Cll.TIY 0,L\H0p0.D,H0CTll rpaHl!'IHblX 

yc.TIOBllll. 

2.4 MeTO,lJ; IIHTerpaJihHhIX rrpeo6pa3oBaHIIii <I>yphe 

3a,n:a'IH Ha 6eCKOHe'!HOH 11.TIH rrony6ecKOH€'IHOH rrp5IM0I1, neo.n,Hopo,n:Hbie ypaBH€Hll5I 

rrapa6oJIWieCKOro THIIa pe111aIOTC5I C rrp11MeHeHHeM llHTerpaJibHoro rrpeo6pa30BaH115I 

<l>ypbe [4, 12]. Mbl II0Ka1KeM acpcpeKTl!BHOCTb ero rrpnMeHeH115I Ha rrpnMepe HeCK0.Tlb

Kl!X 3a,n:a'!. 

IlpaMoe 11 o6paTHOe mITerpanbHbie rrpeo6pa30Ban11a <l>ypbe orrpe.n,eneHbI cne,n:y

row;11M o6pa30M. Ben11'!11Ha 

P(X) = (21r)-312 J F(x)eix">.d3x (2.46) 

Ha3bIBaeTrn cpypbe-o6pa30M cpyHKI.J;llll F(x). ITo 113BeCTH0MY cpypbe-o6pa3y caMa 

cpyHKI.J;ll5I HaX0,L\llTC5I C II0M0II.J;bIO o6paTHOro rrpeo6pa30BaHll5I <l>ypbe: 

F(x) = (21r)-312 J d3AF(X)e-ixX_ (2.47) 

B Herrp0TllBope'IllB0CTll rrpeo6pa30BaHllll M0)KH0 y6e.D,l!TbC5I, II0.D,CTaBllB JieByIO '!aCTb 

0,LI;Horo ypaBH€Hll5I B II0,11,bIHTerpaJibH0e BbipaiKeHlle .n,pyroro, B0CII0Jlb30BaBillllCb 

rrpe,n:cTaBJieH11eM 8-cpyHKilllll (cM. pa3.n,en 2.5) 

ll ee CB0HCTBOM 

8 ( x - x') = _l _ j da Aei(x-x')X 
(21r)3 

F(x) = j d3x'8(x - x')F(x'), xEG. 
G 

(2.48) 

(2.49) 

OrrllCaTb ll3MeHeH11e B rrpocTpaHCTBe 11 BpeMeHll ll3Ha'IaJibHO 3a.n,aHH0r0 pacrrpe

.D,eJieHll5I Terrna [3, III-60]. KpaeBaa 3a.n,a'Ia CTaBl!TCa TaK: 

u1 = a2.6.u, -oo < x,y,z < +oo, 0 < t < +oo; 

ult=O = uo(x, y, z), -oo < x, y, z < +oo; 

.6.u = Uxx + Uyy + Uzz· 
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(2.50) 

(2.51) 

(2.52) 



PerneH11e. 3am1rnel\1 0CII0BH0C ypam1e1111e B TepM1111ax TpeXl\lepHb!X cpypbe-o6p830B: 

(21r)-3/2 j (P>.e-iXx[ui(>., t) + a2,\2u(>., t)] = 0. (2.53) 

ITocKOJ!bKY 3T0 paBe!ICTB0 Y,D,0BJI€TB0pReTCR ,Ll,JIR Bcex l\101\!el!T0B BP€l\l€HH, OHO Tpe-

6yeT o6pam;eHHR B HYJib 110,Ll,bIJITerpaJibl!0ro Bb!pa:lKeHHR. TaKHM o6p830l\I, l\lbl II0JIY

qaeM ,Ll,JIR cpypbe-o6p83a o6hlKHOB€HHOe ,D,Hq>q>epeHIJ,11aJibl!Oe ypaBH€HHe C Ha'laJib-

llb!M ycJI0BHeM 

a - - 2 -z - - - - - -ot u(>., t) = -a >. u(>., t), u(>., 0) = J(>.), (2.54) 

pe111e1rnel\I K0T0poro RBJIR€TCR 

u(X, t) = l(X)e-a2 .x2
1, (2.55) 

r,D,e cpypbe-o6p83 Ha<JaJibH0r0 3Ha'leHHR HMeeT BII,LI, 

f(,\) = (21r)-3/2 j J(i)eix.Xd3x. (2.56) 

O6paTHOe 11peo6p830BaHHe <I>ypbe 1103B0JIR€T nati:TH IICK0M0e pac11pe,L1,eJieH1Ie T€11Jia: 

u(x, y, z, t) = (21r)-3/2 j d3 >.l(X)e-a2
.X

2 t-iXx_ (2.57) 

Ilo,D,CTaBJIRR RBH0e Bb!pa:lKeHHe ,Ll,JIR cpypbe-o6p83a 11panoti 'laCTH ypaBH€HHR, J(>.) = 
(21r)-3/2 J dx'ei.Xx' J(x') Bbl,Ll,€JIRR B II0K83aTeJie 3KCII0H€HTbl KBa,D,paTH'lHY!O cpopMy 

110 >.: 
2 -2 - --1 ( ( - "")) 2 -a ,\ t - i>.(i - x) = -a2t ,\ - i x - x 

2a2t 

(i - £')2 
4a2t ' 

11 11p0B0,Ll,R IIHTerpHp0Battne 110 A C IICII0J!b30Bal!H€M HHTerpaJia faycca 

+oo 
j dxe-ax2 = Ma, 

-00 

II0JIJ'lHM0K0H'laTeJibl!0 

u(x, Y, z, t) = 1 J d3x' J(i')e-l(x-x'),+(y-y'),+(z-z')2)!(4a2t). 
J(41ra2t)3 

Pe11111Tb Kpaeny10 3a,D,a'ly [3, IIJ-55]: 

Ut = a2uxx + J(x, t), -oo < x < +oo, 0 < t < +oo; 

u(x, 0) = 0, -oo < x < +oo. 

PerneHHe. ,Il;JIR cpypbe-o6p83a HMeeM HC0,Ll,H0p0,D,H0e ypaBH€!1He 

! u + >.2a2u = f, u(>., 0) = 0, 
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(2.58) 

(2.59) 

(2.60) 

(2.61) 

(2.62) 

K0T0p0e pernael\l l\1€T0,Ll,0l\l Bap11au,HH IIOCTORH!!Oti: 

u = C(t)e--'
2a\ 

:t C( t) = ]( >., t)e-'
2a\ 

C(t) = l dTf(>.,T)ea
2
.\
2
r. (2.63) 

ITpIIM€HRR o6paTHOe 11peo6p830BaHH€ <I>ypbe II llp0B0,Ll,R 11HTerpIIp0BaHHe 110 ,\ C 

1101\IOlll;b!O 11pHB€,Ll,€!1H0H Bblllle cpopMyJihl, II0JIY'lHM 0K0H'laTeJibH0 

t 
u(x, t) = _l j dT +oo 2ay'ir Jt _ T j dzf(z, T)e - .S,7,'~:l 

0 • 
-00 

(2.64) 

,LJ:JI.H 3a,n;aq Ha Il0Jiyoc11 6brnaeT TI0JI€3H0 11CTI0Jlb30BaTb CHHyc- HJIH KOCHHyc-npeo6pa30BaHI-rn 

cl>ypbe: 

pcl(>.) = {ij; 100 

dU(~) cos(O); 

f(x) = {'iF lxo d>.J(cl(>.) cos(x>.); 

J(•l (>.) = {ij; 100 

dU(~) sin(O); 

J(x) = {ij; 100 

d>.J(•l (>.) sin(x>.). 

PernIITb KpaeByIO 3a,D,a'ly [3, JII-56]: 

(2.65) 

u1 = a2Uxx, 0 < x, t < oo; u(x, 0) = J(x); u(0, t) = 0, 0 < x, t < oo. (2.66) 

/I l1crroJib30BaHne c1myc-11peo6p83oBaHHR <I>ypbe 

r,;,:j00 

[ d 2 d
2
u(~, t)] 

yL,;11 d~sin(~1t) dtu(~,t)-a de =0 
0 

npHB0,Ll,HT K o6bIKHOB€HHOMY ypaBHCHll!O ,Ll,JIR CHHyc-o6p83a: 

d -u(s) + a2 >.zu(s) = O· 
dt ' 

u(•l(>., 0) = J(•l(>.), 
u(•l(>., t) = J(•l(>.)e-a2.\21_ 

Ilpl!MCHReM o6paTHOe CHHyc-rrpeo6p830BaHHe: 

u(x, t) = - dzf(z) d>.e-a .\ 1 sin(>.~) sin(>.x) = 21□00 1□00 2 2 

7f O 0 

1 1□00 (x-;)2 (x+;)2 = -- dzf(z)[e- •• , - e- •• , ]. 
2ay'irt o 
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(2.67) 

(2.68) 

(2.69) 
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2.5 CBORCTBa II rrpe,n;cTaBJieHH51 ,n;eJihTa-cpyHKI.I;lIII 

B 3a,n;aqax ~IaTeMaTW!eCKOH qll13UKU UCITOJib3YeTCH 06061lleHHaH <PYHKl\lrn, Ha3b1Ba

e1m,1 ,n;eJihTa-q:,ynK1.1,ueii: (y)Ke yrroMnnyTan Bhmie). Orrpe,n;emnr ee KaK rrpe,n;e.!JbHoe 

3Ha'-!eHue rrpOU3BOJibHOH neoTpull,aTeJihHOH <PYHKll,UU 8,(x - Xo), paBHOH Hymo Be3-

,n;e, KpOMe 0Tpe3Ka Xo - E < X < Xo + E rrpu CTpeMJieHmI E K Hymo, HO TaKOH, ~1To6b1 

UHTerpaJI OT Hee 6bIJI paBeH e,n;11HUI.J,e: . 

8(x - x0) = 8,(x), E----> O; 
+= 
j 8,(x)dx = 1, 8<(x) 2'. 0. 

-(X) 

J,b onpe,n;eJieHUH cne,n;yeT OCHOBH0e CBOHCTBO ,n;eJibTa-q:>yHKll,11U: 

b 

j J(x)8(x - x0 )dx = J(x0 ), a::;; x0 ::;; b; 
a 

b 

j J(x)8(x - x0 )dx = 0, x0 < a; x0 > b. 
a 

Ilp11Be,IJ;eM HeKOTOpb!e rrpe,n;cTaBJieHl1H ,IJ;eJihTa-cpyHKll,11U: 

b(x)= ( 2 - 2), E--->0; 
7f E + X 

E 

~ 2 . -rrnx . 1rnxo 
J(x - x0 ) = ~ l Sill -l- Sill -l-; 

n=l 

11= J(x - xo) = - d>.cos(>.(x - x0)); 
7f 0 

1 (x-xp)2 

J(x - x0) = e,_e- • , t ---> 0. 
y7rt 

,Iwyr11e CBOHCTBa ,n;eJibTa-cpyHKll,1111: 

1 
J(-x) = J(x); J(ax) = -

1 
,J(x); 

aJ 

1 
J(rp(x)) = L l<i>'(ai)IJ(x - a;), <f>(ai) = 0. 

(2.70) 

(2.71) 

(2.72) 

(2.73) 

(2.74) 

(2.75) 

B Ka'-!eCTBe rrp11Mepa npuMeHeHl1R ,IJ;eJibTa-q:>yHKll,1111 paccMOTpHM CJie,IJ;YIOll\YIO 

3a,n;aqy Konrn r11nep6onu'-!ecKoro T11na [5]. PaccMoTp11M TpexMepHoe BOJIHOBoe ypaB

HeH11e C Ha'-!aJibHblMU ycJIOBl1RMl1: 

~U -
1
2 Utt = 0, u(x, 0) = gl (:f), 

a 
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d
d u(i, t)I = g2(x) 
t t=O 

(2.76) 

B cJiy'-!ae, Kor,n;a U 3aBUCUT TOJibKO OT paCCT0HHHH T 11e)K,IJ;Y TO'-!Ka1rn x, y, z; Xo, Yo, Zo. 

I1epem1caB pa,n;uaJihHYIO '-!aCTh nannacuaHa c,1e,n;yIOlll1H1 06pa3011: 

1 d ( 2 du) _ 1 d
2
(rn) -- r - -----

r2 dr dr r dr2 ' 
(2.77) 

3am11ne11 ypaBneH11e B Bu,n;e 

d2(ru) - __!__ d2(ru) = 0. (2.78) 
dr2 a2 dt2 

Ero perneHue11 6y,n;eT cyneprr03Ull,UH ABYX BCTpe'-IHb!X 6erylllHX B0JIH, 3aTyxaIO!lll1X 

Ha 6eCKOHe'-!HOCTl1: 
1 

u = -[<I>1(r - at)+ <I>2 (r + at)]. 
r 

PerneH11e11 ypaBHeHun 6y,n;eT 

Bb16epe11 

(-t) jd3 '(')<I>(r-at) djd3 '(')<I>(r+at) u x; = x g x + -d x q x . 
r t r 

1 
<I>(r - at) = -J(r - at). 

41ra 
I1apaMeTp113y,1 npOCTpaHCTBeHHbJe rrepeMeHHb!e B COOTBeTCTB11ll C 

x' - x = rsin0cos¢; 

y' -y = rsin0sin¢; 

z' - z = rcos0 

(2.79) 

(2.80) 

(2.81) 

(2.82) 

11 Bb!ITOJIHHR l1HTerp11poBaH11e no pa,n;11ycy C IT0MO!llb!O ,n;eJihTa-cpyHKU,1111, ITOJIY'-111M 

o6!llee pernett11e B B11,n;e (q:,opMyna IlyaccoHa) 

2.6 

t lTC u(x,y,z;t)=- d0sin0x 
47f 0 

r2rc 
x lo d<f>g2(x + at sin0 cos¢, y + atsin0 sin¢, z + at cos0) + 

d t lTC +-- d0sin0 x 
dt 41r o 

r2rc 
x lo d¢g1(x+atsin0cos¢,y+atsin0sin¢,z+atcos0). 

3a,n;aqa TeIIJIOIIpOBO,Il;HOCTII 6e3 HaqaJibHhIX 

ycJIOBHii. 3aKOHhl <I>ypbe 

(2.83) 

O,n,HUM 113 rrp11JIO)KeH11ii: perneHl1ll ypaBHeHl1H TeITJIOITpOB0,!J;HOCTU HBJIRIOTCR 3a,n;aq11 

Mep3JIOTOBe,n;eHl1R, r,n;e y,n;aeTCR ITOJIY'-IHTb ITOJie3HYIO 11H<p0pMall,11!0 o6!llero xapaK

Tepa [12]. 
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IloCKOJlbKY pacC!\taTpirnaeMblH MOMeHT !\OCTaTO'lHO y!l,aJJell OT Ha'!aJlbHOro, 3a

!l,a'!a CTaBHTC51 TaK: 

Ut = a2Uxx, u(0, t) ~ ei:.,t. (2.84) 

Pernem1e n111;e~1 B Bll!l,e u(x, t) ~ e0 x+,Bt. IlO!l,CTaBJJ5151 3TO Bb!pa:>KeHHe B OCHOBHOe 

ypaBHem1e, TIOJJycIHM 

(3 = iw, a= ±(1 + i)~, u(x, t) ~ e±x0f5 e±ix,/?,j+i01t_ (2.85) 

l.J:To6b! IlM8Tb orpaHH'!eHHOe perneHHe npn X ---> +oo, Ha!l,O Bh16paTb 3HaK 111rnyc B 

TIOK33aTeJJe 3KCIIOH8HTbl. PeaJJbHa51 'laCTb H npe!l,CTaBJJ51eT co6oi1 perne1rne: 

u(x, t)-x,.j?,j cos ( w (t - ✓2:2w)) · (2.86) 

3,n:ecb X MO:>KIIO OTO:>K!l,eCTBHTb, narrpnMep, C paccT051HHeM OT noBepXHOCTH B rny6b 

O!l,HOpO,LJ,HOH He BJJa:>KHOH TIO'!Bbl B 3a!l,a'!e O ee npoMep3aHHil B pe3yJJbTaTe TeMne

paTypHb!X KOJ1e6a1rni1 Ha TI0BepXHOCTil X = 0. OTHOIIIeHHe aMTIJlllTY!\ KOJJe6aHHi1 

TeMrrepaTypb! Ha rJJy6nHe X K aMIIJlHTy,n:e KOJJe6aHHH Ha IIOBepXHOCTH Bb!pa:>KaeT 

nepBblH 3aKOH <Dypbe: 

A(x) = e-x,.j?,j_ 
A(0) 

(2.87) 

EcJJH rny6HHbl pacTyT B apH<pMeTH'leCKOll rrporpeccnn, TO aMIIJIIlTY!l,hl y6b1Ba!OT B 

reoMeTpH'!eCKOH. IlpHHilMa5.I BO BHilMaHile CB5.13b '!aCTOTbl KOJie6aHHi1 C rrepHO!l,OM 

w = 27f /T, IIOJIY'!IlM BTOpoil: 3aKOH <Dypbe, CB5.13b!Ba!OJ..U;IlH OTHOlli8Hile rny6IIH npo

Mep3aHil5.I TIO'!Bbl C OTHOllieHHeM IlX rrepHO,D,OB: 

X1 = fif. 
Xz yr; (2.88) 

TaK, OTHOIII8Hlle rny6IIH rO!l,Il'!Hb!X KOJie6aHilH K cyTO'!Hb!M ,il;Jl5.I 3eMJIIl COCTaBJI5.leT 

Xy/ xd✓355 ~ 20. HaKOHel!, BpeM5.I 3alla3!\hlBaHH5.I MaKCilMaJibHOH TeMrrepaTypb! Ha 

rny6nHe x 
X 

l!,.l!,.T = ✓2a2w. (2.89) 

9To TpeTHH 3aKoH <Dyphe. TaK, !\JI5.I a 2 = 4 x 10-3 CM
2 

/ c, x = 4 M, w = 21r /T, !1,JISI 

r0!\Il'lHOro nepno!l,a T = 365 cyT. ~ 3, 14 X 107 C TIOJIY'!IlM BpeM5.I 3alla3!1,b!BaHil5.1 

l!,.T = 107 c HJIII :>Ke 4 Mee. 
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fJIABA 3 

3a,n;aqa KomII ,D;JI.H ypaBHeHII.H 

TeITJIOilpOBO,D;HOCTII 

PaccMoTpHM o,n:Hopo!\HY!O 3a!l,a'ly Konm Ha 6ecKoHe'lHOil: ocn: 

Ut = a2Uxx, -00 < X < oo, t > O; (3.1) 

u(x, t = 0) = ¢(x), -oo < x < oo. (3.2) 

IlpnMeH5.15.1 MeTo,n, pa3,D,eJJeHII5.I rrepeMeHHhIX u(x, t) = T(t)X(x) T' /(a2T) = x" / X = 
->.2 < 0, 3am1rneM perneHIIe B Bn,n:e 

00 

u(x, t) = j A(>.)e-a2>.2t+i>.xd>.. 
-00 

lb Ha'laJibHoro ycnoBII5.I HMeeM 

00 

u(x,0) = ¢(x) = j A(>.)ei>.xd>.. 
-00 

IlpnMeHR5.I o6paTHOe npeo6pa30BaHIJe <Dypbe, HaxO!l,IlM 

00 

A(>.) = ~ j ¢(x')e-i>.x' dx'. 
27f 

-oo 

(3.3) 

(3.4) 

(3.5) 

Ilo!l,cTaBJI5.15.I 3TOT pc3yJIJ,TaT B Bbipa:>KeHne ,D,JIR u(x, t) Il rrepecTaBJI5.15.I nop5.1,il;OK HH

TerpnpoBaHil5.I, TIOJIY'IHM 

1 00 00 

u(x, t) = 27f / ¢(x')dx' j e-a2>.2t+i>.(x-x')d>.. (3.6) 
-00 -00 
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,Il.HaroHaJil13Y.H Bblpa,Kem1e B ITOK83aTeJie 3KCIIO!IeHTbl 11 ITOJ!b3Y.HCb HIITerpaJIOM 

raycca, IIOJIY'IH1I 

00 J e-a.2>,.2t+i>..(x-x'ld>. = 
-00 

00 

e_c•;.2'/2 j A(>.)e-a.2>..2td).. = 

-oo 

= G(x, x'; t). 

(3.7) 

(3.8) 

(3.9) 

<PyHKLJ;H.H G(x, x'; t) HMeeT Mttoro H83BattHti: q:>yHKLJ;H.H fpHHa; q:>yHKLJ;H.H BJIH.HHH.H; 

q:>yHKLJ;H.H TO'Ie'IHOro HCTO'IHHKa: 

'>2 1 (x-x 
e-~, G(x, x'; t) = 2a,/irt (3.10) 

OHa o6Jia,n;aeT p.H,D;OM CBOHCTB, o6cy)K,n;aeMbIX HH,Ke. B TepMHHax 3TOH q:>yHKLJ;HH 

perneH11e 3arrmneTC.H B BH,n;e 

00 

u(x, t) = j ¢(x')G(x, x'; t). (3.11) 
-00 

TipHBe,n;eM (6e3 ,n;oK83aTeJibCTBa) pernemrn 3a,n;a<JH KornH ,D;JI.H tteo,n;Hopo,n;ttoro ypaB

HeHH.SI TerrnorrpoBO,D;HOCTH: 

Ut = a2Uxx + J(x, t) - oo < X < oo, t > O; 

u(x, t = 0) = ¢(x), -oo < x < oo, 

r,n:e q:>yHKLJ;HH f, qJ C'IHTaJOTC.H H3BeCTHbIMH: 

00 t 

u(x, t) = j ¢(x')G(x, x'; t) + j f (x', T)G(x, x'; t - T). 
-oo 0 

(3.12) 

(3.13) 

(3.14) 

TipHBe,n:eM TaK,Ke o6o6JIIeHHe 3THX pe3yJihTaTOB Ha CJlJ'Iati MHOrDMepHoro rrpo

CTpaHCTBa XE R,,.. X = (x1, X2, •.• , Xn), Uxx--+ Ux 1x 1 + Ux2x 2 + ... + Uxnxn: 

u(x, t) = 1 [ 1•-fl2 
(2av'Kt)n }Rn ¢(€)e- 4a, d€ + 

t 

Id 1 /(€,T) _ lx-{J
2 

+ T ----'-'-__.:._- e ~ de 

0 
Rn (2a~)n .,. 
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(3.15) 

(3.16) 

PaccuoTpHM 11eCKOJ!bKO rrpm,repoB. ,Il.JI.H CJlY'Ia.H n - 1 J(x, t) 
c; a = 2 pewettHe nMeeT BH,D; 

tk+l 
u(x, t) = -k- + b(et - 1) + c. 

+l 

)].JI.H 3a,n;a'IH KornH a = 1, J = 4t3
; ¢( x) = sin x, rronyq1rn 

u(x, t) = t4 + e-t sin x. 

3,ri;ech 1lhl BOCITOJib3OBaJIHCb COOTHOIIIettne11 

Joo 2 fir b2 

e-cx cos(bx) = V ~e-.;, c > 0. 
-oo 

)].JI.H cny<Ja.H n = 2 ,D;Jl.H perneHH.SI 3a,ri;a'IH Kown 

Ut = (uxx + Uyy + e\ -oo < x, y < oo, t > O; 

u(x,y;t = 0) = cosxsiny;-oo < x,y < oo, 

ITOJIY'IHM 

u(x, y, t) = e1 
- 1 + e-21 

cos x sin y. 
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tk + be1; ¢(x) 

(3.17) 

(3.18) 
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fJJABA 4 

MeTO,I1; cpyHKIJ;I1M rpMHa 

4.1 I1 pMMeHeHIUI MeTo,n;a cpyHKQIIM rpMHa ,ll;JHI pe

meHM51 ,n;McpcpepeHu;MaJibHbIX ypaBHeHMM 

,IJ:JIH mrneHHhIX ,11,mpcpepeHIJ;liaJibHhIX orrepaTOpOB L, B, ,11,euCTByIOIIIlIX B rrpocTpaH

CTBe R"' IIOCTaBlIM KpaeByro 38.,11,a'Iy [5, 12]: 

l) Luv = f; 

2) Bus= 0, (4.1) 

T.e. 1-Iarna 3a,11,a'Ia COCTOlIT B HaXO:lK,11,eHlilI <pyHKIJ,lilI u(x), Y,11,0BJieTBOpHIOIIIeH tteo,11,

HOpO,!J,HOMY ypaBHeHlIIO 1) C lI3BeCTHOH rrpaBOH '!aCThIO, 3a,11,aHHOH BHYTPlI HeKoero 

TeJia D, u y,11,oBJieTBOpHIOIIIeu ycJIOBlIIO 2) Ha rpattu11,e 3TOro TeJia S. PeIIIettue ,11,aeTCH 

cpopMyJIOH ,IJ:roaMeJIH 

u(x) = l dx'G(x, x')J(x'), 

r.n;e G(x, x') - <pyHKIJ,lIH fprrna, y,11,0BJieTBOpHIOIIIaH ycJIOBlIHM 

LxG(x,x') = 8(x - x'); 

BG(x, x')s = 0. 

(4.2) 

(4.3) 

Ilpo,11,eMOHCTplipyeM IIplIJIO)KeHlie MeTo,11,a K peIIIeHHIO He0,11,HOp0,11,HhIX o6bIKHOBeH

HbIX ,11,licp<pepeHIJ,liaJihHhIX ypaBHeHHH. PacCMOTplIM 3a,11,a'Iy HaxO)K,11,eHHH peIIIeHlIH 

,11,licp<pepeHIJ,liaJihHOro ypaBHeHlIH BTOporo rropH,11,Ka C rrpolI3BOJibHOll rrpaBOH 'IaCTbIO: 

y" = f(x), 0:::; X :s; 1; 

y(0) = y(l) = 0. 
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Be3,n:e, KpOMe TO'-IKII X = x', cpyHKIJ,ml fp11Ha Y.lJ:OBJieTBOpReT ypaBHeHII!O G" =: 

Gxx = 0, T.e. oHa JIHHeiiHa no x. KpoMe Toro, ona ,n:omIrna y,n:oBJieTBOpRTb KpaeBbIM 

ycJIOBIIRM G(x, x')x=O = O; G(x, x')x=I = 0. Ilo3TOMY HIII,eM ee B B11,n:e 

G(x, x') = Ax, x < x'; G(x, x') = B(x - 1), x > x'. (4.5) 

l1nTerp11pyR ypaBnen11e Gxx(x, x') = 8(x - x') no X B OKpeCTHOCTII TO'-IKII X = x', 
nony'-IHM ypaBnen11e ,n:nR K03cpcp11IJ,11enToB A, B: 

x'+! 

j Gxx(x, x')dx = G'(x' + f, x') - G'(x' - f, x') = 1, 
x'-t 

B-A=l. (4.6) 

BTopoe ypaBnen11e Ax'= B(x' - 1) cne,n:yeT 113 nenpepbIBHOCTII cpynKIJ,HH fp11Ha B 

TO'-!Ke x = x'. PernaR npOCTY!O anre6pa11'-!eCKY!O CIICTeMy, noJiy'-IHM )];JIR cpyHKIJ,IIII 

fp11na 

G(x,x') = (x' - l)x, 

G(x, x') = x'(x - 1), 

PeweH11e Harnett 3a,n:a'-111 TaKoBo: 

X < X
1

; 

x' < X. 

X I 

y(x) = (x - 1) j dx'x' J(x') + x j dx'(x' - l)J(x'). 
0 X 

PaccMoTpHM ,n:pyryIO 3a,n:a'-ly: 

LxY = -y" = f(x), 0 < x < 1, y'(0) = y(0), y(l) + y'(l) = 0. 

(4.7) 

(4.8) 

(4.9) 

PerneHHe o,n:nopo,n:noro ypaBHeHHR, KOTOpOMY Y.lJ:OBJieTBOpReT cpyHKIJ,IIR fp11na BIie 

TO'-IKH x = z, HMeeT BH.lJ: y =Ax+ B. HanaraR rpaHH'-IHble yCJioBHR, nony'-!aeM 

G(x,z) = A(x+ 1), x < z; 

G(x, z) = B(x - 2), x > z. 

(4.10) 

1.fro6bl HaHTII noCTORHHb!e A, B' BOCnOJib3yeMCR Henpepb!BHOCTbIO cpyHKIJ,IIII fp11na 

B TO'-!Ke X = Z 11 TeM, '-ITO pa3HOCTb ee IIp01I3BO.lJ:HblX CJieBa II cnpaBa OT TO'-!Kll 

X = Z paBHa e,n:IIHIIIJ,e. IloCJie,n:Hee cne,n:yeT 113 ypaBHeHII}I )];JIR cpyHKIJ,IIII fp11Ha, 

IlpOIIHTerp11poBaHHOro B OKpeCTHOCTII 3TOH TO'-!Kll: 

A(z + 1) = B(z - 2); A - B = l. (4.11) 

PernaR 3TY c11cTeMy, noJiy'-!aeM 

1 
G(x, z) = 3(2 - z)(x + 1), x < z; ( 4.12) 

1 
G(x, z) = 3(2 - x)(z + 1), x > z. 
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PeweHHe neo,n:11opo,n:noii 3a,n:a'-!11 11MeeT BH.lJ: 

1 I X 

-y(x) = 3(x + 1) j f(z)(2 - z)dz + ~(2 - x) j f(z)(l + z)dz. 
X 0 

(4.13) 

4.2 PeIIIeHHe HeO,LJ,HOpO,LI,HbIX ,LI,HcpcpepeHu;HaJibHblX 

ypaBHeHHii MeTO,LJ,OM BapHaIJ;HH IIOCT05IHHOH 

B Ka'-leCTBe aJibTepnaTHBbl OTMeTIIM cnoco6 peweHHR Heo,n:nopo,n:Hb!X ,n:11cpcpepeHIJ,II

aJibHblX ypaBHeHIIH BTOporo nopR,n:Ka MeTO.lJ:011 BapnaIJ,HII nOCTORHHOH (no ananor1111 

C ero rrpHJIO)KeHHeM K Heo,n:nopo,n:Hb!M ypaBHeHHRM rrepBoro rropR,n:Ka). PacCMOTplIM 

ypaBIIeHHe 

y" +y = f(x). (4.14) 

PeweHHe HIII,eM B BII)];e 

Y =Yi+ Yo, (4.15) 

r,n:e y0 - perneHne o,n:nopo,n:Horo ypaBneHllR y~ +Yo= 0,yo(x) = acosx + bsinx. 

ITepBoe cnaraeMoe npe,n:cTaBHM B B11,n:e y1 (x) = c1 (x) cos x+c2 (x) sin x, r,n:e cpynKIJ,Hll 

C1, C2 no,n:Jie)KaT onpe,n:eJieHH!O. Bbl'-IHCJI}I}I rrepByIO IIpO1I3BO.lJ:HYIO y~ = c~ cos X + 
c; sin X - C1 sin X + C2 cos x, HaJIO)KIIM ycJIOB!Ie c~ cos X + c'2 sin X = 0. l13 paBeHCTBa 

HYJIIO Ilp0ll3BO)];HOH OT 3TOro Bblp8,)KeHirn IIOJIY'-IHM c~ cos X + c; sin X = di_ sin X -

c'2 cos X. l1cIIOJib3YH OCHOBHOe ypaBnenne, IIOJIY'-IIIM CllCTeMy ypaBHeHllH 

c~ cosx + c;sinx = O; 

-c~ sinx + c; cosx = J(x). 

(4.16) 

( 4.17) 

Ee pewenue 

c~ = -f(x)sinx;c; = J(x)cosx. ( 4.18) 

Bee CBO.lJ:llTCH K KBa)];paTypaM. B Ka'-leCTBe rrpnMepa paCCMOTpllM J(x) = tgx. B 

pe3yJibTaTe y =-~In Hsinx. 
1 2 1-smx 

4.3 MeTo,n; cpyHKIJ;HH rpHHa ,LJ,JI5I ypaBHeHH5I reJihM-

ronhu;a 

PewnM 3a,n:aqy ,n:JIR TpexMepHoro CJiy'-laR: HaHTll cpyHKIJ,llIO fpuna TpexMepnoro 

ypaBHeHllH feJibMrDJibIJ,a [6, 206] 

~u + k~u = f(r), (4.19) 
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·,r"= 

y,IJ,OBJieTBOpmom;y10 ycJIOBH!O H3JIY'IeHH51 3ol\il',!epcpeJib,IJ,a ( OTCYTCTBHe CXO,Il,51I.11,eHca 

BOJIHbl, rrpHXO,Il,51I.11,eH H3 6eCKOHe'IHOCTH), T.e. ycJIOBH!O 

eikor 
U lr-oo= --. 

r 

Pernenne. YpaBHem1e ,Il,JI51 cpyHKU:HH fpnHa mreeT BH,Il, 

(fl+ k6)G(f, f') = 8(f - f'); 
G(f, f') = G(f - f', 0) = G(f - f'). 

ITepeiI,IJ,eM K cpypbe-o6pa3y 

8(r' = _l_ J d3reikr. G(r' = J d3 kG eikr 
' J ( 27r) 3 ' , J k • 

( 4.20) 

( 4.21) 

(4.22) 

I1o,IJ,CTaBJI5151 3TO Bblpa)KeHlie B ypaBHeHHe ,IJ,JI51 cpypbe-o6pa3a <PYHKLI;HH fpuna, rro

JIY'IHM anre6panqecKoe ypaBHeHne, pernenneM KOToporo 51BJI51eTC51 

1 1 
Gk=-----

(2rr)3 k5 - k2 + iO. 
(4.23) 

CaMa <PYHKLI;'."R fpHHa HaXO,Il,HTCR C IIOMOI.11,bIO o6paTHOro rrpeo6pa30BaHHR <Dypbe 

d3 k eikr 1 1 J+oo keikr 
Gr= -- =--- ~ 

(r) f (21r)3 k5-f2+iO ir(21r)2 -oo k5-k2 +i0 ' 
(4.24) 

r,IJ,e Mb! rrpoBeJIH HHTerpupoBaHHe no yrJIOBb!M rrepeMeHHbIM. 3,IJ,eCb Mb! ,IJ,aeM Ma

JIYIO MHHMYIO ,IJ,06aBKY i0 B 3HaMeHaTeJie IIO,IJ,bIHTerpaJibHOro Bb!pa)KeHH51, 'IT06b! 

rrpH,IJ,aTb orrpe,IJ,eJieHHblll CMblCJI HHTerpany, ITOCKOJibKY oco6eHHOCTH Jie)KaT Ha rryTii . 

HHTerpupoBaHH51. I1poaHaJIH3HpyeM ITOJIO)KeHne ITOJI!OCOB: 

2 -2 ) k0 - k - i0 = (ko - z)(ko + z , z = lkl - i0 = k - i0. (4.25) 

KoHTYP HHTerpnpoBaHH51 B ITJIOCKOCTH k MbI ,IJ,OJI)KHbI BbI6paTb TaKHM o6pa30M, 

'IT06bI o6ecne'IHTb OTCYTCTBHe CXO,IJ,HI.11,ellCH BOJIHbI. Cxo,IJ,HI.1I,aHCH BOJIHa OilHCbIBa

eTCH 6eryru;eiI BOJIHOll c apryMeHTOM wt - kor, ko > 0, a paCXO,IJ,HI.1I,aHCH OTBe'!aeT 

3KCilOHeHTe C apryMeHTOM wt + kor, ko > 0. I103TOMY Mb! ,IJ,OJI)KHbI B3HTb Jllilllb 

BKJia,IJ, BbI'IeTa np11 k = k0 + i0. KoHTYP HHTerp11poBaHHH 3aMbIKaeM B BepxHeiI no

nynnocKocTH, npH 3TOM BbI6op 3HaKa MHHMOll ,IJ,o6aBKH o6ecne'Il!BaeT CXO,IJ,HMOCTb 

HHTerpana no ,uyre 6oJiblllOfO pa,IJ,11yca H B03MO)KHOCTb BOCilOJib30BaTbCH TeopeMaMH 

o BbI'IeTax. CooTBeTCTBYIOI.1I,Hll BbI'IeT ecTb · 

keikr 1 
Res----- = -e•lko\r 

k5 - k2 + i0 2 

OKOH'!aTeJibHOe Bb!pa)KeHHe ,IJ,JI51 cpyHKLI;HH fpnna TaKOBO: 

ei\ko\R 
c+(f, f') = 41rR, R = lf-r'I. 
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(4.26) 

( 4.27) 

4.4 IIocTpoeHHe cpyHKII;HH BJIH5IHH51 ( q>yHKII;HH 

rpHHa) ,[t;JI51 ypaBHeHH51 TeIIJIOIIpOBO,[t;HOCTH Ha 

oTpe3Ke 

PaccMoTpHM KpaeByIO 3a,IJ,a'Iy Ha oTpe3Ke 0:::: x :::: l, 0 :::: t < oo [5]: 

Ut = a2uxx; u(0, t) = u(l, t) = O; u(x, 0) = ¢(x). (4.28) 

PeweHHe HI.1I,eM B BH,IJ,e (pa3,IJ,eJiemie rrepeMeHHbIX) u(x, t) = X(x)T(t). ,Un,i cpynK

u;utt X(x), T(t) nMeeM ypaBneHUH 

X" + >.X = 0; X(0) = 0; X(l) = 0; T' + a2>.T = 0. ( 4.29) 

ITepBoe ypaBHeHHe HaM U3BeCTHO, H ero perneHHH, Y,IJ,OBJieTB0pR!OI.11,lie Ha'JaJibHb!M 

ycJI0BIIHM, HMe!OT BH,Il, 

. n1rx (n1r)
2 

Xn(x) =Sill-[-, >.=An = l (4.30) 

I1o,IJ,CTaBHB 3T0T cneKTp 3Ha'IeHUll pa3,IJ,eJIHIOI.11,ero napaMeTpa BO BTOpoe ypaBHeHne, 

pernaH ero, Il0JIY'IHM ,IJ,JIH perneHl!H ypaBHeHHH Tennonp0B0,IJ,H0CTli 

00 

u(x t) = ~ C -(=)2a2t .. nrrx 
' L.., ne I sin --

n=l l · 
(4.31) 

Pa3naraH Ha'IaJibHOe 3Ha'!eHne B pH,Il, <Dypbe, nony'IHM ,IJ,JIH K03cpcpnu;ueHTOB Cn 

n1rx 
¢(x) = u(x,0) = LCnsin-l-; 

n 

2 fl . n1r( 
Cn = l lo ¢(() Sill -l-d(. (4.32) 

ITo,IJ,cTaBJIHH 3T0 3na'!eH11e B perneHne ypaBHemrn u nepecTaBJIHH onepau;nn cyMMH

poBaHHH H HHTerpupoBaHHH, 3annrneM ero B BH,IJ,e 

u(x, t) = l d(¢(()G(x, (, t), (4.33) 

2 ~ (n~•)2t n1rx n1r( 
G(x ( t) = - L.., e- --r sin - sin -

, , l n=l l l . 

<DyHKLI;HH G(x, (, t) Ha3bIBaeTC51 cpyHKLI;Hell MfH0BeHHOro TO'Ie'IH0rO HCT0'IHl!Ka HJIH 

<PYHKLI;Hell TeMnepaTypnoro BJIHHHHH MrHOBeHHOro TO'Ie'!H0ro liCTO'IHHKa TenJia. 

,UeficTBHTeJibHO, noJiaraH ¢(() = Q/(cp)8(( - (o), 'ITO C0OTBeTCTByeT HCTO'IHHKY, 

IlOMeI.1I,eHH0MY B TO'!Ke (o OTpe3Ka, IlOJIY'IHM 

Q I Q 
u(x, t) = - j d(G(x, (, t)8(( - fo) = -G(x, ( 0 , t). 

cp 
O 

cp 
(4.34) 
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4.5 IJocTpOeHIIe q:>yHKIJ;Illl rpIIHa ypaBHeHII.51 

TerrJiorrpOBO,ll;HOCTII ,ll;JI.51 6ecKOHeqHoti: rrp51MOH 

PaccMOTplIM KpaeBylO 3a.D,a'ly [12] 

u1 = a2uxx, -oo < x < +oo, t > 0; u(x, 0) = ¢(x). (4.35) 

Ilpe.n,cTaBJI.mI pernettIIe B BH.n,e u(x, t) = X(x)T(t) II BBO.D,R pa3.n,eJIR10lll,Hi1 rrapaMeTp 

)_2, ITOJIJ'llIM 

X"+,\2X=0; T'+a2
,\

2T=0. ( 4.36) 

PernaR 3TH ypaBHeHHR, ITOJIJ'IHM 

+oo 
u(x, t) = j d,\A(,\)e->.2

a
2 t+i>,x_ (4.37) 

-00 

<l>yHKI.1,lIR A(,\) HaXO)],HTCR H3 Ha'laJibHOro ycJIOBHR C ITOMOlll,blO o6paTHoro rrpeo6-

pa3oBaHH51 <l>ypbe: 
+oo 

A(,\) = (1/(21r)) j d(ef;(f.)e-i>-{_ (4.38) 
-00 

Ilo.n,cTaBJI511! 3TO 3Ha'leHHe, perneHHe rrpe.n,cTaBIIM B B_H.n,e 

l +oo +oo 

u(x,t) = 
2

7r j df.ef>(f.) J d,\e-a
2>.2 t+i>,(x-{)_ (4.39) 

-oo -oo 

liHTerpIIpOBaHHe ITO ,\ rrpOBO)],HTCR )],HarOHaJIII3all,IIei1 IIOKa3aTeJI1! 3KCITOHeHTbl ( CM. [2, 
c. 311) 

,\2 2 . ( ) 2(,\ .x-f,)2 (x-()2 - a t + i,\ x - f, = -ta - i-- - --
2a2t 4a2t 

H IICITOJib30BaHHeM lIHTerpana faycca 

B pe3JJibTaTe 

+oo j dxe-a2x2 = ft 
-oo a ' 

a> 0. 

+oo 

u(x, t) = j G(x, f,, t)ef;(()d(; 
-00 

1 (x-{)2 

G(x,(,t) = ~e---.,;,,-. 
v41ra2t 
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( 4.40) 

( 4.41) 

( 4.42) 

Dp1mep: 

PernettHe: 

u(x, t) 

u(x,0) = ¢(x) = T1 , x > 0, 

¢(x) = T2 , x < 0. 

0 00 

T2 J d( _ (x-~)
2 T1 J df, _ (x-0

2 

- --e 4a t + - --e 4a2t = 
ft ~ ft ~ 

-00 0 

T1 +T2 _ T1 -Tz<I> (-x-) O 
2 2 ~ ' x> ' v4a2t 

( 4.43) 

( 4.44) 

. z 2 

r,n,e <I>(z) = ;:; J dxe-x - cpyHKI.1,IIR ornH6oK (<I>(±oo) = ±1). PernHM 3a.n,aqy )],JIR 
y7r 0 

cJiy'laR ¢(z) = exp(-b(z - c) 2), b > 0. IloJib3JRCb anre6paII'leCKHM cooTttornettHeM 

2 2 x 1a+x2b ab 2 

( )

2 

a(z - x1 ) + b(z - x2) =(a+ b) z - a+ b +a+ b (xi - x2) , (4.45) 

ITOJIJ'IHM perneHHe 

( 
1 b(x-c)2 

U X, t) = ,=====e - 1+4a2bt 

-/1 + 4a2bt ' 
( 4.46) 

T.e. perneHHe rrpe.n,cTaBJIReT co6oi1 oce.n,a10rn;Hi1 co BpeMeHeM KOJI0K0JI C BepIIIHH0H, 

pacrroJI0)KeHH0H B T0'lKe X = C. IlocTpOIIM cpyHKI.1,HlO fpHHa )],JIR CTep)KHR, K0H

TaKrnpy101I.1,ero co cpe.n,oi1 rrpH TeMrrepaType T = 0 [3, III - 67]. CooTBeTcTBy10rn;aR 

KpaeBa1! 3a,n.aqa CTaBIITCR TaK: 

u1 = a2uxx - hu, u(x, 0) = J(x), -CXJ < x < oo, 0 < t < oo. 

YpaBHeHHe )],JI11 cpypbe-06pa3a 6y.n,er HMeTb BH)], 

u1 + a2 
,\

2u(,\, t) + hii(,\, t) = O; 

u(,\, 0) = /(,\); ii(,\, t) = !(,\) exp(-ht - a2 
,\

2t). 

( 4.47) 

( 4.48) 

B pe3yJibTaTe cpyHKI.1,H11 fpIIHa 6y.n,eT e-htG(z, x; t), r.n,e G(x, z, t) rrpHBe.n,etto B (4.42). 
OTMeTIIM HeKOT0pbie CB0HCTBa cpyHKI.1,Hll fpHHa: 

1) G > O; 

2) G(x, (; t) = G((, x; t); 

3) Gt = a2Gxx, X =J f. (4.49) 

4) G(x, f,; 0) = 8(x - f.). 

43 



fJIABA 5 

Y paBHeHII.H 3JIJIIIIITIItiecKoro TIIIIa 

YpaBHeHIUIMll 3nnHTITH'IeCKOro Tlllla HBnHIOTCH, uanpllMep, CTall,11OHapnoe ypaB

HeHHe lllpe,D,HHrepa, CTall,llOHapHoe ypaBHeHHe TerrnonpoBO,D,HOCTll, ypaBHeHl151 ,D,nH 

rpam-ITall,llOHHOro ll 3neKTpOCTaTH'IeCKOrO IlOTeHll,llaJIOB, OilHCaHHe noTeHll,11aJ1bHOro 

TeqeHHH )Kll,D,KOCTll ll ,D,pyrne 3a,D,a'Ill. 

KJiaCCHq>HKaU,HSI ypaBHeHHll ( TepMHHOJIOrna) 
Ypam1enne l:i.u = 0 Ha3bIBaeTCH ypaBHen11eM Jlannaca, ypaBneirne l:i.u = f -

ypaBHeHlleM ITyaccoHa. <I>yHKI.J,11ll, Y,D,OBneTBOpH!Olll,lle ypaBHeHHIO Jlannaca, Ha3bI

BaIOTCR rapMonnqecKUM11. 3a,D,aqa OTbICKaHH51 cpyHKll,llll, Y,D,OBneTBOp51!0lll,ei1 ypaB

HeHHIO ITyaccona np11 ycnoBll11, qTo Ha IlOBepXHOCTll Tena 3Ta cpyHKll,ll51 np11nuMaeT 

3a,D,annoe 3naqen11e, Ha3hIBaeTCH l-i1 KpaeBo:fi 3a,D,aqe:fi 11n11 3a,D,aqe:fi .Il:Hp11xne. Ec

n11 )Ke Ha IlOBepXHOCTl1 3a,D,ana npOH3BO,D,HaH no HOpMaJil1 ue113BeCTHO:fi cpyHKll,1111, 

TO 3TO - IlOCTaHOBKa 2-:fi KpaeBo:fi 3a,D,aq11, 11n11 )Ke 3a,D,aqn Hei1MaHa. Pa3nll'Ja!OT 

BHeIIIHIOIO II BnyTpeHHIOIO KpaeBbie 3a,D,aq11 B 3aBl1CllMOCTH OT Toro, BIie nn11 BHYTPll 

Tena C ,D,aHHO:fi IIOBepxHOCTb!O Ha,D,o HallTH cpyHKll,11!0. 

«l>ytt,n;aMeHTaJibHhie pernettna ypaBHeHna Jlrumaca 
PeIIIeHne ypaBHeHHH Jlarmaca ,D,JIH TpexMepnoro npocTpaHCTBa B ccpepnqecK11-

Cl1MMeTpHqHoM cnyqae HMeeT Bl1,D, [3, 6] 

l:i. ( ) = ~_:£ ( 2 du(r)) = 0 u r r 2 dr r dr ' 
r2du =C· 

dr ' 
(5.1) 

<I>yn,D,aMeHTaJlbHOe peIIIenue ,D,nH nnocKOCTll B cnyqae a3HMYTaJibHO:fi C11MMeTpl111 

11n11 ,D,nH u;un11n,D,pa B CjJyqae He3aBHCHMOCTl1 OT KOOp,D,11HaT z, </>: 

l:i.u(p) = 0, !!£ (pdu(p)) = O, 
pdp dp 

du 
P dp = C, (5.2) 

3,D,eCb ueo6XO,D,HMO OTMeTHTb, qTo TOqKa r = 0 un11 p = 0 ,D,On)KHa 6bITb 11CKnJOqeua, 

T.e. 3TH <pyH,D,aMeHTaJlbHbie peIIIeHll51 cnpaBe,D,nllBbl BO BCe:fi o6naCTl1 BHe HeKOTOpoi1 

ccpepbl llnll BHe HeKOTOporo ll,11nllH,D,pa ( OKPY)KHOCTl1), r,D,e peIIIeHHe Koueqno. 
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5.1 <PopMyJihl rpttHa 

PaccMOTpm1 HeKoTopoe Teno Tc rroBepxHOCThIO S [12]. I1pm,1em11\I cpopMyny OcTpO

rpa,n:cKoro 

j j fr div AdT = j ls Ander, (5.3) 

r,n:e dT, dcr - :=lJieMeHThI o6'bel\rn II rroBepxHOCTII, An - rrpoeKIJ,11.H BeKTOpa A Ha BHern

HIOIO HOpMaJih K rroBepxHOCTII, An = ii.A. I1p11MeHI!M 3TY cpopMyny K A = u"il nV 
11 BocrroJih3yeMc.H 1!3BeCTHhIM cooTHOIIIeH11eM divA = "ilu"ilv + ut.v, "iln = 8/fJn. 
ITo,n:craBJI.H.H B cpopMyny OcTporpa,n:cKoro, IIOJIY'll!M rrepByIO cpopMyny fp11Ha 

£ ut.vdr = ls u !~ dcr - £ "ilu"ilvdr. (5.4) 

BTopa.H q>OpMyJia fp11Ha II0JIY'll!TC.H 113 rrepBOH Bhl'll!TaHI!eM 113 Hee aHaJIOrli'-lHOH 

cpopMyJihI, IIOJiy'leHHOH rrepecTaHOBKOH cpyHKIJ,I!H u, v. OHa I!MeeT Bll,Il; 

£(ut.v - vt.u)dr = ls ( u !~ -v :: ) dcr. (5.5) 

,IJ;a,n:11M aHaJIOr 3TOH cpopMyJihl ,LJ;JJ.H ,Il;ByMepHoro rrpocTpaHCTBa. 3,n:ecb BMeCTO TeJia 

T 11 ero rroBepxHOCTH S 6y.n;yT cp11ryp11pOBaTh rrnocKa.H cp11rypa S 11 ee KOHTYP C - , 
rrpocTa.H 3aMKHyTa.H KpHBa.H: 

ls ( ut.2v - vt.2u )dcr = fc ( u !~ -v :: ) dl. 

5.2 PerneHMe KpaeBbIX 3a,n;aq ,LI;ttpMXJie 

M HefiMaHa 

(5.6) 

Bh16epeM BHYTPH Tena T T0'IKY M0 (x0 , y0 , z0), oKpy)KHM ee ccpepoii Manoro pa,n:11yca 

f. I1pHMeHHM BT0PYIO cpopMyny fpHHa K HOBOMY TeJiy, IIOJiyqeHHOMY 113 T Bbipe3a

HHeM rnapa Ke MaJioro pa.n;11yca c u,eHTpoM B Mo [3, 5]. B Ka'leCTBe cpyHKIJ,llii u, v 
BbI6epeM rapMOHH'leCKI!e cpyHKIJ,HH u, v = 1/ R, 

R = ✓(x - xo) 2 + (y - Yo)2 + (z - zo)2, r,n:e x, y, z rrpo6eraIOT rrpocTpaHCTBO Me,K.n;y 1 

ccpepoii H II0BepXHOCThlO TeJia s. B 3TOH o6JiaCTH cpyHKIJ,H.H 1/ R .HBJI.HeTC.H cpyH,n:a

MeHTaJihHhIM perneHHeM ypaBHeHI!.H Jlannaca. B pe3yJihTaTe rrony'IHM 

{ (ut.~ - ~t.u) dT = 0 = 
lr-K, R R 

J ( d 1 1 du) J d 1 J 1 du = u-- - -- dcr + u--dcr - --dcr. (5.7) 
s dnR Rdn s, dnR s, Rdn 

46 

B npe,n,ene E ----> 0 rrocne,n:Hee cnarael\loe B rrpaBoii qacn1 11c01e3aeT, BTopoe ,Ke ,n,aeT 

{{OH€"1Hh!H BKna,IJ,, TaK KaK 

d 1 d 1 1 1 
dn R - dr-;. - r 2 - ~; 

dcr = E
2d0; 

[ d 1 
ls, u dn Rdcr = 41ru(Af0). (5.8) 

lIHTerpan B neBoii qacTI! paBeHCTBa (5.7) ecTh HYJih, rrocK0JihKY cpyHKQI!l! u, 1/ R 
rapl\IOHI!'--lecK11e. TaKHM o6pa3oM, MhI BbIBeJI11 Ba)KHYJO cpopl\1yny 

1 / J [ 1 du d 1 ] u(M0 ) = - --- - u--- dcr 
471" s Ru0 p dn dn Ru0 p ' 

(5.9) 

no3B0n.HJOrn,yJO naiiTII 3Ha'leHHe rapMOHI!'--leCKOH cpyHKIJ,1111 B JIJ06oi1 TO'lKe BHYTPH 

Tena, ecn11 113BeCTII0 ee 3Ha'leHI!e II 311aqem1e ee rrp0113BO,Il;HOH ITO HOpMaJIH na IIO

BepXHOCTI! Tena S. B 3TOH cpopMyne P - TO'lKa na rroBepx11ocT11 Tena, RMoP -

pacCTO.HIII!e Me,K,LJ;y TO'lKaMI! Mo, P. I1p11Be,11,eM TaK)Ke aHanor 3TOH cpopMyJibl ,11,n.H 

nnocKoro TeJia, orpaHI!'leHHOro KOHTypoM C: 

1 J [ 1 du d 1 ] u(Mo) = - In --- - u- ln -- ds, 
271" c RMoP dn dn RMoP 

(5.10) 

r,n,e ds - 3neMeHT ,LJ;JII!HhI KOHTypa. KoM611n11py.H rmnyqennoe ypaBHeHHe ,LJ;JJ.H Tpex

Mepnoro CJiy'la.H C ypaBHeHI!eM (BTOpa.H cpopMyna fp11Ha ,11,n.H rapMOHH'leCKHX cpyHK-

11,IiH u, v) 

J ( du dv) 0 = v- - u- dcr, (5.11) 
s dn dn 

rrony'IHM 

f [ du dG] u(M0) = ls G dn - u dn dcr, 

1 
G= 4 R +v. 

7r MoP 
(5.12) 

<l>yHKIJ,11.H G Ha3hIBaeTc.H cpyHKu,11eii fp11Ha. ITony'leHHYIO cpopMyny M0)KHO 11crronh-

30BaTh ,11,JI.H perneHII.H 1-ii 11 2-ii KpaeBbIX 3a,11,a'l. ,I1;JI.H 1-ii 3a,11,aq11 Bb1611pa!OT rap

MOHI!'leCKYIO cpyHKIJ,HIO V TaK, 'lT06bI o6ecrre'll!Th Gs = 0, II II0JIY'laIOT perneHHe B 

Bl!,IJ,e 

u(Mo) = -f dcru dG dn· 

,2J;n.H 2-ii 3a,LJ;a'IH cpyHKIJ,H.H V rro,11,611paeTC.H TaK, 'IT06hl BhlIIOJIH.Hnoch YCJIOBHe 

(dG/dn)s = 0, ~ perneHHe I!MeeT BH,11, 

J du 
u(M0) = G dn dcr + const. 
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(5.13) 

(5.14) 



K peweHHIO 2-H KpaeBoH 3a,IJ,a'!H l\lhI C,IJ,eJiaeM ,IJ,Ba 3aMe'!aum1. TiepBoe: peweHHe 

orrpe,IJ,eJieHO C TO'lHOCTb!O ,IJ,O IIpOH3B0JibHOH IIOCT05IHHOH. BTopoe: rrpe,IJ,IIOJiaraeMoe r 
H3BeCTHhll\l 3Ha'IeHne rrpOH3B0,IJ,HOH ITO HOpl\laJIH q:>yHKQHH Ha IIOBepXHOCTH TeJia He ! 

RBJI5leTCR IIp0113B0JibHbIM, a ,IJ,OJI)KHQ Y/1.0BJieTBOp5ITb YCJIOBHIO 

I 
! du 

dnda = 0. (s.1s) I 

'.:ho ycJIOBHe CJie,IJ,yeT H3 BTOpOH q:>Op!liyJihI fpHHa, IIpHBe,IJ,eHHOH Bbillle ,IJ,JI5l cJiy'la5l 

V = l. PacCl\lOTPHl\l 1-IO KpaeByIO 3a,IJ,a'ly ,ll,JIR IIJIOCKOCTH, Kpyra H cq:iepbI. TiycTh 

B Ka'!eCTBe IIOBepXHOCTH s 6y,D,eT IIJIOCKOCTh, 3a,IJ,aBael\mR B ,IJ,eKapTOBbIX KOOp,IJ,HHa

Tax ypaBHeHHel\I z = 0. C'!ttTael\t, 'ITO 3a,IJ,aHO pacrrpe,IJ,eJieHHe 3ap5I,IJ,0B Ha IIJIOCKO

CTH q:>yHKQHeH f ( X' y). CTaBHM 3a,IJ,a'ly 06 orrpe,IJ,eJieHHH IIOTeHQHaJia, C03,IJ,aBael\!OrO 

3THMH 3apn,IJ,al\rn B HeKOTOpOH TO'!Ke M(xo, Yo, zo) BHe IIJIOCKOCTH. MbI ,IJ,OJI)KHbl IIO

CTpOHTb q:>yHKQHIO fpHHa - rapMOHH'leCKJIO q:>yHKQHIO, 06pa1Qa!OJQYIOC5l B HJJib Ha 

IIJIOCKOCTH. 9Ta q:>JHKQHR HMeeT BH,IJ, 

1 1 
G(M, P) = --R + v, 

41T MP 

RMPJ(x - xo)
2 + (y - Yo)2 + (z - zo)2. (5.16) 

YcJIOBHIO Gz=O = 0 MQ)KHQ Y/1.0BJieTBOpHTh, Bh!6paB V = -(1/(41rR1)), R1 = 
J(x - Xo) 2 + (y - Yo)2 + (z + zo)2. R1 RBJIReTCR paCCTORHHeM OT TO'lKH p IIJIOCKO

CTH /1,0 TO'lKH, RBJI5IIOIQeHCR 3epKMbHO OTpa)KeHHOH OTHOCHTeJibHO IIJIOCKOCTH IIO 

OTHOllleHHIO K TO'!Ke M. ECJIH B 3TY TO'!KY IIOMeCTHTb 3apR,IJ, rrpOTHBOIIOJIQ)KHQrO 

3HaKa, TO IIOTeHQHaJI Ha IIJIOCKOCTH, C03,IJ,aBaeMhIH 3THMH ,ll,BJMR TO'!KaMH, 6y,IJ,eT 

paBeH HJJIIO, KaK eCJIH 6hI 3Ta IIJIOCKOCTb 6bIJia rrpOB0/1,RIQeH H 3a3eMJieHHOH. Tio 

3TOH IIpH'IHHe MeTO,IJ, IIOCTpOeHHR q:>yttKQHH fpnHa Ha3bIBaeTCR MeTO,IJ,OM OTpa)Ke

HHH. l-haK, q:>yHKQHR fpHHa ,IJ,JIR IIJIOCKOCTH HMeeT BH/1. 

1 [ 1 1 ] 
G = 41T RMP - R1 . 

(5.17) 

BbI'lHCJI5IR ee rrpOH3B0/1.HYIO IIO HOpMaJIH (rro z) rrpH z = 0, IIOJIJ'IHM ,l],JIR IIOTeHQHaJia 

Bbipa:iKeHHe 

+oo +oo 
u(Mo) = 2_ j dx j dy zof(x, y) . 

2 1T _ 00 _ 00 J[(x - xo)2 + (y - Yo)2 + z5]3 
(5.18) 

,I:t:JIR rrp11Mepa peIIIHM 3a,IJ,a'ly 13, IV-35]. 
1. HaiiTH IIOTeHQHaJI, BbI'lHCJIHTb IIJIOTHOCTb 3ap5I,IJ,OB, HH,IJ,yQHpOBaHHbIX Ha IIpOB0-

/1,RIQeH IIJIOCKOCTH 3ap5I,IJ,OM, paCIIOJIO)KeHHbIM Ha,IJ, IIJIOCKOCTb!O Ha paCCTORHHH z. 
PeIIIeHHe. TioTeHQHaJI, C03,IJ,aBaeMbili 3apR,IJ,OM H HH,IJ,yQHpoBaHHbIMH Ha I1JIOCKO

CTH 3apR,IJ,aMH (rrpOTHBOIIOJIQ)KHOro 3HaKa), ,IJ,OJI)KeH 6bITb paBeH HJJIIO Ha IIpOBO,IJ,R

IQeii IIJIOCKOCTH. Tio3TOMY OH paBeH 

U = e (__!_ - __!_) , ro = ✓e + 1)2 + (z - >.)2; 
ro r1 
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r1 = ✓e + 172 + (z + >.)2. (5.19) 

TToBepXHOCTHa5l IIJIOTHOCTb 3ap5I,IJ,OB H IIOJIHblH HH,IJ,yQHpOBaHHb!H 3ap5I,ll, TaKOBbI: 

l du ez 1 
a(~,TJ) = ---L~=O = ----;=====; 

41r d>. 21r J[e + 172 + z2]3 

e' = j d~dTJa(~, TJ) = -e. (5.20) 

3,IJ,eCb l\Ibl IIOJlO)KeHne TO'IKH Ha IIJIOCKOCTH rrapaMeTpH30BaJ1H BeJIH'lHHal\!H ~' T/ · 
2. PerneHtte BHyTpeuHeti 3a,IJ,a'ln .D:np11xne ,IJ,JIR ypaBHeHH5l TiyaccoHa ([5], (rJI.17) ), 

6u(x) = -f(x), uls = uo(x), x = (x1, x2, X3) E G, (5.21) 

S-rroBepxHoCTh TeJia G m,1eeT BH/1. 

18G(x,y) 1 u(x) = - a u0(y)day + G(x,y)J(y)dy. 
S ny G 

(5.22) 

TioJib3J5ICb q:>yHKQHeti fp11Ha ,IJ,JI5l rronyrrpocTpaHCTBa 

1 1 1 
G(x, y) = -

4 
[-

1 
-

1 
- -

1 
-_

1
, Y = (Y1, Y2, y3), fj = (Yi, Y2, -y3), 

1r x-y x-y 
(5.23) 

rrony'lHTh perueHHe ,IJ,JI5l cJiy'laeB a) J = O; uo(x1, x2) = sinx1 sinx2; b)uo = O; J(x) = 
e-2x3 cos X1 cos X2. 

PerueHHe ,IJ,JIR CJiy'la5l a) HMeeT BH/1. 

18G(x,y) 1 u(x) = - a u0(y)day + G(x, y)f(y)dy. 
S ny G 

(5.24) 

I1oJib3J5ICb 

ac x3 1 
8y3 jy

3=o = 21r [(x1 - Y1)2 + (x2 - Y2)2 + x5]3/ 2 ' 
(5.25) 

perneHHe rrpe,IJ,CTaBHM B BH,IJ,e 

X3 j 00 100 
sin y 1 sin y 2 

u(x1,x2,x3)=-2 dy1 dy2[( )2 +( )2 + 2]3/2' 
1T -00 -00 X1 - YI X2 - Y2 X3 

(5.26) 

npe,IJ,cTaBJIR5l sin y 1 = sin x 1 cos(y1 - x 1) ---> cos X1 sin(y1 - x1), 11ony'111M 

. . X3 J J cos YI cos Y2 
u(x1, x 2, x 3) = Sill x 1 Sill xd(x3), J(x3) = - dy1dY2 [ 2 2 __ 21312 • (5.27) 

21r Yi + Yz + .r:1 

<IlyHKQHIO J(x3) MO)KHO BbI'lHCJIHTb, IIOJib3J5ICb ypa1me1111el\l 

6u(x1, x2 , x3) = (8; + a~ + 85)(J(x3) sin x1 sin x2) = 0 (5.28) 

f" - 2.f = O, f (:r;i) = c-Jl,a. 
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B pe3yJibTaTe u(x1, X2, x3) = e-v'2x3 sin x 1 sin x2. 
Jl:nH cny,mH b) pernem1e IIMeeT BII,!1, 

u(x1, X2, x3) = cosx1 cosx2¢(x3), 

r,IJ,e 

1 100 100 
100 . ( 1 1 ) ¢(x3) = -4 dy1 dy2 dy3e-

2
Y

3 
-, --, - -, ---, • 

7r -oo -oo O X - y X - y 

Jl:eiiCTBYH orrepaTopoM Jlarrnaca II IIOJ!b3YHCb 

1 - (3) 1 -
~x-

1 

-

1 
- -4m5 (x - y), ~x-

1 

-_

1 

- 0, 
x-y x-y 

IIOJIY'IIIM ,!l,JIH ¢(x3) ypaBHeHIIe 

¢" _ 2¢ = e-2x3_ 

Ero perneHIIe 

(5.29) 

(5.30) 

(5.31) 

(5.32) 

¢(x3) = e-\1'2x3 - !e-2x3. (5.33) 
2 

IIocTpoemrn cpyHKII,Im rp1rna ,z::vrn ccpeph1 
ITpIIMeHIIM amwmr MeTO,IJ,a OTpa)KeHIIll ,!l,JIH HaXmK,rr.eHIIH rapMOHII'IeCKOll cpyHK-

11,IIII v, 06ecrre'IIIBa10rn;eii o6parn;eHIIe B HYJih cpyHKU,IIII fpIIHa Ha IIOBepxHOCTII ccpe
pbr: 

1 1 · 
G(Mo,P) = 

4
--R +v. (5.34) 

7r MoP 

ITycTh Mo - TO'IKa BHYTPII ccpepbI c u,eHTpoM O. Ha rrpo,IJ,OJI)KeHIIII nyqa O MO BbI-

6epeM TO'IKY M1, TaKyIO, 'ITO rrpoII3Be,rr.eHIIe paCCTOHHIIM ::JT 11,eHTpa ccpepbI ,!1,0 3TIIX 
TO'IeK paBHO KBa,IJ,paTy pa,IJ,IIyca ccpephr: 

PoP1 = R2
, Po < R. (5.35) 

Jl:nH JII06oii TO'IKII p Ha IIOBepXHOCTII ccpepbI TpeyroJihHIIKII Op M1 ~ 0 p Mo IIO,IJ,06HbI 

ITO IIOCTpOeHIIIO. lfa rro,rr.o6IIH HaxO,IJ,IIM CBH3h paccTOHHIIll Me)K,!l,y TO'IKaMII ro = 
p Mo, r1 = p M1 : ro = 'Ifr1. 8To IIOCTpoeHIIe II03BOJ!HeT HaiiTII q>JHKIJ,IIIO fpIIHa 
,!l,JIH ccpephr: 

G(Mo, P) = - - - -- -1 [ 1' R 1] 
41r ro Po r1 

(5.36) 

Jl:JIH TO'IKII P, Jie)Karn;eii Ha ccpepe, cpyHKIJ,HH fpIIHa o6parn;aeTCH B HJJih, KpOMe.Toro, 

OHa Y,!l,OBJieTBOpHeT ypaBHeHIIIO Jlarrnaca. BhI'IIICJIIIM ee rrpOII3B0,!l,HJIO no HOpMaJIII. 
ITonh3yHch 

d 1 1 R2 + r2 
- p2 

--=-- 0 o. 
dn ro r~ 2RrO ' 
d 1 1 R2 + rr - Pi 

dnr1 = - rf 2Rr1 

1 p~+r5-R2 

r] 2poro · ' (5.37) 
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noJJY'IlIM (dG /dn)s = -(R2 - p5)/( 41r Rrg) II perneHIIe BHyTpeHHeii 3a,IJ,a'III Jl:IIpIIxJie 

,!VIH ccpepbl 
~u = 0; u(r,0,¢>)r=R = J(0,¢) (5.38) 

B BlI)l.e 

R 21r " R2 - 2 

u(po,00,¢0) = 4 j d¢ j sin0d0f(0,¢) J Po , 
1r 

O O 
[R2 - 2Rpo cos 7 + p5]3 

cos7 = cos0cos0O + sin0sin00 cos(¢- ¢0). (5.39) 

AHaJJOflI'IHO MO)KHO IIOJIY'IIITh pernem-1e BHeillHeii 3a,!l,a'III (3Ha'IeHIIe cpyHKU,IIII U BHe 

ccpepb1): 

21r " -R2 + Pi 
u(p1, 0o, <Po)=~ J def> f sinBdBJ(B, ¢) J[R2 - 2Rp

1 
cos7 + p~]3. 

0 0 

(5.40) 

AHaJJOrII'IHOe BhI'IIICJieHIIe ,!l,JIH cpyHKU,IIII fpIIHa ,IJ,JIH Kpyra c pa,n:IIycoM R (Bee o6o-

3Ha'IeHIIH ,!l,JlH ccpephl 3,IJ,eCh OCTaIOTCH TeMII )Ke caMhIMII) II perneHIIH BHyTpeHHeii 

3a,n:a'III Jl:IIpIIxJJe ,n:aeT 

1 Por1 
~2u = 0, u(p, 0)p=r = f(0), G(Mo, P) = 21r ln Rro; 

21r R2 p2 
1 J - o 

u(po,0o) = 27r f(B)dB R2 _ 2RpOcos(0-0o) + pf 
0 

(5.41) 

ITpIIMep [3, IV-52]. HaiiTII rrnoTHOCTh rroBepXHOCTHhIX 3apH,!1,0B, IIH,IJ,YU,IIpyeMbIX TO

'Ie'IHhIM 3apH,!l,OM, HaxO,!l,HID;IIMCH BHYTPII rrpoBO,!l,Hrn;eii ccpephI. 0TBeT: (cM.5.24) 

e (dG) 
a= 41r dn s 

e R2 
- P5 

41r Rr~ ' 
(5.42) 

r,IJ,e ro, Po, R - paccTOHHIIH OT TO'IKII Ha ccpepe ,!l,O TO'IKII, r,n:e HaxO,IJ,IITCH 3apH,!1, e, OT 

U,eHTpa ccpephI ,!1,0 3apH,IJ,a, pa,IJ,IIYC ccpephI COOTBeTCTBeHHO. 
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IIpocTeiiwue npuMepbI c 1-ii u 2-tt KpaeBbIMH 3a,D,a'faMu 
Pewe1rne 1-tI BHyTpeHHetl KpaeBotI 3a,[\a'-m ,L\JHI Kpyra 

Ll2u = 0, u(p, ¢)p=R = f (¢) 
HMeeT BII,;J, 

A oo (p)n u(p, ¢) = ~ + L -R (An cos n¢ + E,, sin n¢ ); 
2 n=l 

2rr 2rr 

A,,=~ j d¢J(¢) cosn¢>, E,, = ~ j d¢J(¢) sinn¢. 
0 0 

(5.43) 

(5.44) 

Ilo,[\cTaBJI5!51 (5.43) B (5.44) II npoBO,ll,51 cyMl\rnpoBaHne,noJiy•mel\t cpopl\!yJ'IY IlyaccoHa 
(5.39) 

Pewe1rne 1-tI BHernHeH KpaeBOH 3a,D,aqn ,ll,JI51 Kpyra IIl\!eeT BII,L\ 

u(p, ¢>) = ~ + L - (A,, cosn¢ + En sin n¢). A 00 (R)" 
2 n=l p 

PerneHne 2-tI KpaeBoH 3a,D,aqII 

Ll2U = 0, 
du 
dnp=r = f(¢) 

,D,JI51 Kpyra BHYTPII (a), BHe (b) IIMeeT BII,ll, 

oo pn 
a) u(p, ¢) = L nRn-I (An cosn¢ + En sin n¢) + C; 

n=I . 
oo Rn+I 

b) u(p, ¢) = L -n-(Ancosn¢+ Ensinn¢) + C. 
n=I np 

,Ll;JI51 BTOpOH 38,Il;aqII Heo6xo,D,IIMO y6e,D,IITbC51 B BbIIlOJIHeHIIII ycJIOBIIH 

2,r 

j d¢J(</>) = 0, 
0 

B npOTIIBHOM CJiyqae 3a,D,aqa He IIMeeT perneHIIH. 

PerneHIIe HeO,D,HOpO,D,Hofi KpaeBOH 3a,n;aqII ,ll,Jl51 Kpyra 

Llu = f(r,0),0 < r < 1,0 < 0 < 21r, 

u(l, 0) = g(O), 

IlMeeT BII,ll, 

1 [ 2
" [ 1 pR1 1 {2" (1- r2)g(¢) 

u=21rlo d<f>;0 pln(R)f(p,¢)dp+21rlo d</>l-2cos(0-¢)+r2' 

(5.45) 

(5.46) 

(5.47) 

(5.48) 

(5.49) 

(5.50) 

R = ✓r2 + p 2 - 2rpcos(¢ - 0); R1 = 
1 

r2 + ( .,-)2 
- 2rpcos(¢ - 0). (5.51) 

'P 
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5.3 KpIIBOJIIIHeiiHhie Koop,n;IIHaThI. BII,n; JiaIIJiacIIa

tta 

pa3,D,enettue nepeMeHHhIX B ypaBHeHHHX Illpe,D,ttHrepa u renhMronh~a 
KBa,l],paT paCCTO51HII51 Me)K,ny ,ll,BYM51 6mi3KilMII TQqKaMII B CIICTeMe KpHBOJIIIHeH

HbIX KOOp,ll,HHaT q1' q2, q3 3anIICb1BaeTC51 B BII,[\e 112, 17] 

ds2 = hidqi + h~dq~ + h~dqr (5.52) 

J(o3cpcpm.1,IIeHTbl JlaMe h; MoryT 6h!Tb BbJqHcJieHbI, ecJIII 3a,D,aHa CB513b KpilBOJIIIHeH

HblX KOOp,ll,IIHaT C ,ll,€KapTOBblMII no cpopMyJie 

( 
dx) 

2 

( dy) 
2 

( dz ) 
2 

h; = \ I dq; + dq; + dq; 

Jla1rnacIIaH ( orrepaTOp ,D,ttcpcpepeHIJ,IIpOBamrn BToporo nop51,D,Ka) 

d2 d2 d2 
Ll=-+-+-

dx2 dy2 dz2 

B KpIIBOJ!IlH€HHblX KOOp,l],IIHaTaX IIMeeT Bil,ll, 

6 __ l _ _i_ ·(h2h3 _!!:_) + _l _ _i_ (h1h3 _!!:_) + 
- h1h2h3 dq1 h1 dq1 h1h2h3 dq2 h2 dq2 

1 d (h1h2 d ) 
+ h1h2h3 dq3 ,;;: dq3 . 

(5.53) 

(5.54) 

(5.55) 

BbJqHCJIHM K03qJqJilIJ,H€HTbl JlaMe ,ll,Jl51 ccpep11qecKilX KOOp,ll,IIHaT. CB513b KOOp,ll,HHaT 

TOqKil B ccpep11qecKilX (r, 0, ¢) Il ,D,eKapTOBbIX (x, Y, z) KOOp,ll,HHaTaX TaKOBa: 

x = rsin0cos¢; y = rsin0sin¢; x = rcos0. (5.56) 

Ko3cpqJHIJ,II€HTbl J1aMe Il JianJiaCHaH IlM€lOT Bil,ll, 

h2 = l· h2 = r2
• h2 = r 2 sin2 0 T > 0 > ,P > 

Ll=-- r- +---- sm0- +--- . ld( 2 d) 1 d(· d) 1 d
2 

r2 dr dr r2 sin 0 d0 d0 r2 sin
2 0 d¢2 

CB513b KOOp,ll,HHaT TOqKil B IJ,IlJIHH,l],pIIqecKilX Il ,D,eKapTOBbIX KOOp,ll,HHaTax TaKOBa: 

x = peas¢; y = psin¢; z = z. (5.57) 

Ko3cpqJill.l,II€HTbI JlaMe Il JianJiaCHaH IlM€lOT BII,ll, 

h2 =l· h2 =p2
• h2 =1· 

p ' ,f, ' z ' 

ld(d) ld
2 

d
2 

6 = p dp p dp + p2 d¢2 + dz2. 
(5.58) 
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YpaBHeHHe lllpe,ll,HHrepa HMeeT BH,ll, (Mb! rronaraeM 3,ll,ecb H ,ll,aJiee Ii= m = 1) 

( -~~ + V(x, y, z)) W(x, y, z) = E\ll(x, y, z). (5.59) 

MeTO,ll, pa3,l].eJiemrn rrepei1eHHbIX l103B0mieT CB€CTII pernemrn ypaBHeHmI B 'iaCTHblX 

rrpOII3B0,1l,HbIX npn cneu;IIaJibH0M BH,l].e TIOTeHu;HaJibHOil: 3HeprHH V ( X, y, Z) K TpeM 

o6bIKHOBeHHbll\l ,ll,lHpcpepeHu;HaJibHbIM ypaBHeHHHM. ITpo,l].eMOHCTpHpyeM 3T0 Ha npll

Mepe 3a,l].a'i. 1. Pa3,1l,eJIHTb rrepeMeHHbie B ypaBHeHIIlI lllpe,l].HHrepa ,ll,JIH TI0T€HD;IIaJia 
BII,l].a [6, 6Jj: 

1 
1) V = f(p) + 2 g(¢) + h(z); 

p 
1 1 

2) V=f(r)+ 2 g(0)+ 
2

. 2 i(¢); 
r r sm 

3) V = f(x) + g(y) + h(z). (5.60) 

PerneHIIe ,ll,JIH CJiy'iaH 1: ypaBHeHne 3aITHCbIBaeM B D;lIJIHH,ll,plI'ieCKlIX K00p,l].lIHaTax; 
pemeHne m11;eM B BII,ll,e 

Ill= R(p)<P(¢)Z(z). (5.61) 

ITO,ll,CTaBJIHH 3TO Bbipa)KeHIIe B 0CH0BH0e ypaBHeHIIe II ,l].eJIH o6e qacTII ypaBHeHIIH 
Ha R<P Z, rroJiy'iIIM 

1 1 ,, ( ) - 2zz + h z = A1; 

1 <P" 
- 2~ + g(¢) = A2; 

1 1 d I A2 
----(pR) + f(p) + - = E - A1. (5.62) 2Rdp p2 

BeJIII'ilIHbl ,\i HBJIHIOTCH TI0CT0HHHb!Mll. B CJiyqae 2 pemeHIIe ll!It;€M B BII,D;e Ill = 
R(r)P(0)<P(¢). I1crroJib3JH Bbipa)KeHIIe narrnacIIaHa B ccpepII'iecKnx Koop,n;IIHaTax, 

aHaJI0rll'iH0 TI0JIJ'il!M 

1 <P" 
- 2~ + h(¢) = A1; 

1 (sin 0P')' A1 
--2 2P . 0 + g(B) + --:-Y-9 = ,\2 ; sm sm 

1 ,\ 
- 2r2R(r

2
R!)' + r; + f(r) = E. (5.63) 

,Il;JIH cJiy'iaH 3 pemeHIIe IIJit;eM B BII,n;e Ill= X(x)Y(y)Z(z). ,Il;aJibHeil:myIO rrpou;e,n;ypy 

'iIITaTeJib JierKo npo,n;enaeT caM. 

2. IlpoBe,n;eM pa3,n;eJieHIIe rrepeMeHHbIX ,n;JIH ypaBHeHIIH lllpe,n;IIHrepa c KJJIOHOB

CKIIM ITOTeHD;llaJIOM B rrapa60JIII'ieCKIIX K00p,lJ;IIHaTax, onpe,n;eJieHHbIX CJI€,D;y!OJit;IIM 
o6pa30M: 

x = ,/xijcos¢,y = ,/xijsin¢,z = ~(x- r,). 
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(5.64) 

O6paTHbl€ npeo6pa30BaHHH llM€IOT BH,D; 

x = r + z, TJ = r - z; ¢ = arctg f, r = Jx2 + y2 + z
2

. (5.65) 
X 

KBa,n;paT ,l].fll!Hbl 3JieMeHTapHoro 0Tpe3Ka HMeeT Bll,1 

ds2 = x
4
+ TJ dx2 + x

4
+ TJ d712 + xTJd¢2

• (5.66) 
X 17 

YpaBHeHIIe lllpe,n;n:ttrepa ,11,JIH KyJioH0BCKoro rroTeHu;Hana v = q/r n:MeeT BII,ll, 

148 8 40 8 
--[--(x-:-) + --(11-) 

2 x+r,8x ox x+118TJ 8r, 

1 82 2q 
+--)Ill+ --Ill= EiI!. 

x118¢2 X + TJ 
(5.67) 

,[t:JIH cny'iaR, Kor,11,a HeT 3aBIICIIM0CTII OT¢, 11ureM pemettn:e B BII,11,e Ill= fi(x)h(r,): 

. k2 
(xf{)' + 

4
xfi - cif1 = O; 

( ')' k2 TJf2 + 4 TJh - cd2 = 0; 

C1 + c
2 

= qm k2 _ 2mE 
h 2 ' - ~. 

(5.68) 

(5.69) 

(5.70) 

3,11,ech Mb! B0CCTaH0BIIJill ecTeCTBeHHbie €,lJ;l!HlID;bI. YpaBHeHIIH ,n;JIH !i,2 Hax0,1],RTCH 

B TepMIIHax mnepre0MeTpII"leCKllX cpyHKD;lIH. HapR,n;y C ynoMHHyTbIMll BbIIIIe ,n;e

KapTOBOfi, D;llJillH,1],pll"leCKOH H ccpepH"leCKOfi ClICTeMaMH K00p,11,IIHaT IIMeeTCH em;e 8 
cneu;IIaJihHbIX K00p,D;IIHaTHblX CllCTeM, ,11,orrycKa!OJit;llX pa3,11,eJieHHe nepeMeHHbIX. Mb! 

paCCM0TpllM HeK0T0pbie ll3 HlIX Ha npHMepe ypaBHeHHH reJibMrOJibD;a [17) 

~'If;+ k21/J = 0. (5.71) 

1. ITapa60JIH"leCKIIe D;llJillH,1],pll'i€CKIIe K00p,1],HHaThI CJie,D;ylO!It;llM o6pa30M CBH3aHhI C 

,11,eKapT0BblMII: 

1 2 2 
X = 2(u1 - U2), y = U1U2, Z = U3. (5.72) 

CooTBeTCTBYIOIIIHe K03<pcpllu;IIeHThI JlaMe n:Me!OT BII,11, h1 = Jui+ u~ = h2, h3 = 1. 
YpaBHeHHe reJihMrOJibD;a IIMeeT Bll,11, 

__ l_ [.!!:.__ d2 2 2 d2 ] 
u?+u~ du?+ du~ +(u1 +u2)du~ 1/J+k

2
1/J=O. 

(5.73) 
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IIo,11,cTaBJUIH B 3TO ypaBttettHe 1/; = Vi(u1)½(u2)V3(u3) H ,11,eJJH ero Ha 1/;, noJJy'-IHM 

V{' V~' 2 2 V~' 2 2 2 
Vi+½ +(u1-u2)½ +k (u 1+u2)=0. (5.74) 

P83,11,eJJHH CJJaraeMbie, 3aBHCHrn;He OT p83Hb!X apryMeHTOB, TIOJJY'-IHM 3 ypaBHeHHH 

V;' = -m2½, V{' + (k 2 
- m 2

)uiVi = -c1½; 

V;' + (k 2 + m2 )u~½ = c1 ½-

2. Ilapa6oJIH'-leCKHe KOOp,11,1rnaTbl 

x = u1u2cosu3, y = u1u2sinu3, z = ~(uf- uD; 

h1 = h2 = Ju?+ u~, h3 = u1u2. 

Ilpou;e,11,Ypa p83,11,eJiemrn npHBO,11,HT K CHCTeMe ypaBHeHHH 

V;' = -m2½, u1(u1 V{)' + (k2uf - m2 )Vi = cufVi; 

u2(u2V;)' + (k2u~ - m2)V2 = -cu~½-

.D:nH TIOJIHOTbl np1rne,11,eM ern;e CJie,11,Y!Orn;He CHCTeMbl KOOp,11,HHaT. 

3. 9JIJillTITll'-!eCKlle Il;llJlllH,11,pH'-leCKlle KOop,11,1rnaTbl 

x=achu1 cosu2, y=ashu1sinu2, z=u3; 

h1 = h2 = aJsh
2 

u 1 + sin2 u2, h3 = 1. 

4. BbIT.HHYTbie ccpepH'-IeCKlle KOOp,11,llHaTbI (prolate spherical coordinates) 

x = a sh u 1 sin u 2 cos u3, y = a sh u 1 sin u 2 sin u3, z = a ch u 1 ch u 2; 

h1 = aJch
2

u 1 -cos2 u 2 = h 2; h3 = ashu1sinu2. 

5. CnmocttyThie ccpep11qecK11e Koop,11,11ttaTbI (oblate spherical coordinates) 

x = a ch u1 cosu2 cos u3; y = ach u1 cosu2 sin u3 ; z = ash u1 sin u 2; 

(5.75) 

(5.76) 

(5.77) 

(5.78) 

(5.79) 

h 1 =h2=aJsh
2

u 1 +sin
2

u2, h3=achu1cosu2. (5.80) 

6. TopOll,lJ;aJibHbie KOOp,11,11HaTbI 

X= 
ashu1cosu3 

p 

ash u1 sin U3 
y= 

p 

a . 
z=psmu2; 

a 
h1 = p = h2, 

p = chu1 - cosu2; 

h3=ashu1 (5.81) 
p 

B Ka'-leCTBe ynpa)l<HeHHH npe,n;naraeTCH BbIIIHCaTb COOTBeTCTBy10rn;11e ypaBHeHmI, 

IIOJIY'-!aeMhie B npou;e,11,Ype p83,n;eneHllH nepeMeHHbIX B ypaBHeHHH feJJbMrOJibll;a. 
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5.4 I.l;IIJIIIH,[1,pIIqecKIIe II ccpepIIqecKIIe q>yHKII;IIII: 

cpyHKII;IIII BecceJI.H II IIOJIIIHOMbl Jle)KaH,l],pa 

IlpH HaXO)K,11,eHHH HeTpHBllaJibHOrO ( TO)K,lJ;eCTBeHHO He paBHOro HYJIIO) pernemrn 3a

,11,a'-I 

Vxx + AV = 0, Vxx + Vyy + AV = 0, Vxx + Vyy + Vzz + AV = 0 (5.82) 

BHYTPH tteKoToporo Tena T BO3HHKa!OT p83JIH'-IHbie THnhI cpyHKU:HH. Ecn11 Teno T 
- OTpe3OK, npm,myroJibHHK HJ!ll napannenen11ne,n;, TO cpyHKI.l;lIH V Bb!pa)KalOTCH B 

TepMHHax TpllroHOMeTpH'-!eCKHX cpyHKU:HH. EcJIH T - Kpyr, U:HJillH,11,p, map, TO no

HBJIHIOTCH U:llJilIH,11,pH'-IeCKlle H ccpep11'-1eCKHe cpyHKI.l;lIH. ,n:nH Kpyra C pa,11,11yco.M To, 
nepeXO,11,H K nomipHb!M KOOp,11,HHaTaM, HMeeM 

I a ( a ) 1 8
2
v 

~ or r or V + r2 8¢2 + AV = 0, 0 < r < r0 ; 0 < ¢ < 21r. (5.83) 

YpaBHettHe ,11,onycKaeT p83,n;enettHe nepeMeHHbIX. IIo,11,cTaBJIHH v(r, ¢) = R(r)<I>(¢), 

TIOJIY'-IHM 

1 <I>" 
Rr(rR')' + r2<I> +A= 0, 

<I>" 
~=-µ; 

r(r R')' + ARr2 

R = /t. (5.8-!) 

lfa YCJIOBHH, '-IT06b! cpyHKU:HH <I>(¢) 6hma nepHO,11,H'-leCKOH: <I>(¢+ 21r) = <I>(¢), nony
qaeM µ = n 2 IlpH u;eJIOM n . .D:nH q>yttKU:Hll R, Bblpa)KeHHOH B TepMHHaX nepeMeHHOH 

x = ,/>.r, nony'-laeTCH ypaBttettHe BecceJIH 

I d ( dy) ( n2) -;;dx xdx + I-x2 y=0; y(x)=R(r), (5.85) 

perneHHeM KOTOporo HBJIHIOTCH u;HJIHH,lJ;pH'-!eCKlle cpyHKI.l;llH. EcJIH B 3a,11,a'-!e HMeeTCH 

rpaHH'-IHOe yCJIOBHe v(r = ro, ¢) = 0, TO BO3HHKaeT u;eJiblH cneKTP co6cTBeHHb!X 

3Ha'-!ett11i1 A, y,n;oBJ1eTBOpH10rn;11x ypaBHeHHIO y(xn) = 0, Xn = Aro. 
.D:nH rnapa c pa,11,11ycoM r0 11rn,eM pernemre ypaBHeH11H ~ 3v +AV= 0, v(r0 ) = 0, 

B BH,11,e v(r,0,¢) = R(r)W(0,¢) [3]. P83,n;enHH nepeMeHHbie, nony'-IHM 

~e¢W+µW=0; 

: 2 (r
2 R')' + ( A - ~) R = 0, R(r0 ) = O; 

~ W _ _ I_!!_ ( . iw) _I_d
2
W 

e4> - sin 0 d0 sm d0 + sin2 0 d¢2 · 
(5.86) 

YpaBHeHHe ,D;JIH yrnoBoti '-!aCTH nannac11atta TO)Ke ,n;onycKaeT pa3,11,eJieHHe nepeMeH

HbIX: W(0, ¢) = 0(0)<I>(¢) co CJie,11,YIOIII,HMll o6bIKHOBeHHb!Mll ypaBHeHHHMH ,lJ;JIH 
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q>yHKI.J,llH 8, <I>: 

<I>" + m 2<1> = O; 

1 d ( de) ( m
2 

) 
sin0d0 sin 8 d0 + µ- sin2 0 e = O. (5.87) 

B rrepBOM ypaBHeHllll Bbr6op p3.3,D,eJU!lOII.J,ei1 IIOCTOHHHOH B BH)],e KBa,D,paTa u,enoro 

'fllCJia m o6ocHOBhIBaeTCR O)],H03Ha'fHOCTbIO cpyHKI.J,1111 <I>(¢)' T. e. ycJIOBHeM <I>(¢ + 
27f) = <1>(¢). YpaBHeHHe )],JIH e HMeeT orpaHH'feHHbie peIIIeHHH TOJibKO rrp11 CJie,D,y

IOII.J,eM Bbr6ope IIOCTOHHHOH p3.3,D,eJieHHH µ: 

µ = n(n + 1) (5.88) 

c u,eJibIM n. 06II.J,ee peIIIett11e yrnoBoro ypaBHeHHH m.1eeT BH,D, 

n 

W(0, ¢) = Yn(0, ¢) = L (Arnn cosm¢ + Bmn sin m¢)PAml(cos0). (5.89) 
m=O 

<l>yttKu,1111 PAm) ( cos 0) H3.3bIBaIOTCH rrp11coe,D,11HeHHbIMH rron11HoMaM11 Jie)KaH,D,pa. Ilp11 

m = 0, T.e. rrp11 OTCYTCTBllll 3aBHC11MOCT11 OT 3.311MYTaJibHOro yrna ¢, peIIIeHHeM HB

JIHIOTCH IIOJIHHOMbl Jie)KaH,D,pa. Mb! rrp11Be,D,eM HeCKOJibKO KOHKpeTHbIX Bbipa)KeHHH 

PAm)(z): 

P,(O) - 1 
0 - ' 

P{O)(z) = z, pJD>(z) = 1- 3z2
, PJ0>(z) = z(5z2 

- 3); 

pp> = JI=zz, pJ1l = zJl - z2 • (5.90) 

Hccne,D,yeM ueKOTOpbre cBoi1cTBa cpyHKll,lli1 Beccena. 3arr11CbIBaR cpyHKI.J,HIO y(x) -
peIIIeH11e ypaBHeHHH x2y" + xy' + (x2 - 11

2)y = 0 BMeCTe C rrp0113BO)],HbIM11 B BH)],e 

cpopMaJibHOro p3.3JIO)KeHHH 

y(x) = xu(ao + a1x + a2x
2 + a3x

3 + ... ), 
y'(x) = xu(a1 + 2a2x + 3a3x2 + ... ) + axu-1(ao + a1x + ... ); 

y" (x) = xu(2a2 + 6a3x + ... ) + 2axu-1(a1 + 2a2x + ... ) + 
+a(a - l)xu-2 (ao + a1x + ... ), (5.91) 

IIO)],CTaBJIHH llX B OCHOBHOe ypaBHeHHe 11 rrp11paBHHBaH K03q>cp1111,11eHTbl rrp11 O)],HHa

KOBbIX CTerreHHX x, IIOJIY'fllM CllCTeMy ypaBHeHHH )],JIH K03q>cp1111,11eHTOB: 

a0 (a2 
- 11

2
) = O; 

a1((a + 1)2 
- 11

2
) = 0; 

a2((a + 2)2 - 11
2

) + a0 = O; 

ak((a + k) 2 
- 11

2
) + ak-2 = 0. 

PeIIIeHHeM peKyppeHTHOro COOTHOIIIeHHH HBJIHeTCR 

a2k+1 = 0, lT = II, 
k ao 

a2k = (-1) 2kk!(II + 1)(11 + 2) ... (11 + k) 
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(5.92) 

(5.93) 

Bbr611paH a0 = 1/(21T(11 + 1)), rronyqm1 p3.3JIO)Kett11e cpyHKI.J,HH Beccem1, crrpase,D,

JIHBOe rrpll 1laJiblX x: 

oo (x/2)2k+v 

y(x) = lv(x) = 'E(-ll f(k + l)f(11 + k + 1)' 
k=O 

(5.94) 

r,11.e f(z) 
m,ieeM 

(z - l)f(z - 1) - raMMa-cpyHKI.J,HH 8i1nepa. KoHKpeTHO ,D.JIH v = 0; 1 

J0(x) = 1 - (x/2)
2 + (

2
~)2 (x/2)

4 
- (3~) 2 (x/2)

6 + ... 

J1(x) = (x/2)- ~(x/2)
3 + 

2
~
3
,(x/2)

5 
- ... (5.95) 

.LJ:nH rronyu,eJiblX 3Ha'feHHH llH,D.eKca <PYHKI.J,HH BecceJIH Bb!pa)KaeTCH qepe3 3JieMeH

rapHb!e cpyttKI.J,HH: 

l1;2(x) = /2 sinx, y;;; ff sinx 
h;2(x) = [- - cosx], ... 

X 

(5.96) 

IlpH 6oJihIII11X 3Ha'feHHHX apryMeHTa <PYHKI.J,llH BecceJIH HMeeT aCHMIITOTH'feCKOe 

rrpe,11.cTaBJiett11e 

ff 3 

lv(x)x-oo ~ sin(x + 811 ) + O(x-,2). 
X 

(5.97) 

HeCKOJihKO 6onee )],eTaJihHOe paCCMOTpeH11e opTOrDHaJibHbIX IlOJIHHOMOB ,n;aHO B pa.3-

,n;ene 5.8. 
IIp11Be,n;eM rrp11Mep 3a,n;aq11, peIIIaeMOH C IlOMOII.J,bIO 11,llJIHH)],pll'feCKHX cpyHKI.J,Hi1,-

paccMOTp11M KpaeByro 3a,n;aqy ua uaxo)K)],eH11e co6cTBeHHbIX Kone6au11i1 Kpyrnoi1 

MeM6paHbl, 3aKperrJieHHOH 110 KpaIO. 

5.5 KoJie6aHH.SI KpyrJioii MeM6paHhI, 

3aKperrJieHHOH Ha KOHType 

06o3Ha'fHM qepe3 u(r, 0, t) OTKJIOHeHHe 3JieMeHTa MeM6paHhl C Koop,n;11HaTaMH r, 0 
OT IIOJIO)KeHHH paBHOBeCHH u = o. Kone6au11H MeM6pattbl OllllCbIBaIOTCH cne,D,yIOII.J,ei1 

KpaeBoi1 3a,n;a'fei1 [4, 17]: 

Utt = c2 liu, 0 < r < 1, 
u = 0, r = 1, 

u(r, 0) = f(r), Ut(r, 0) = g(r), 
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0 < t < oo; 

0 < t < oo; 

0<r<l. 

(5.98) 



I1~eM pernem1e B BH,D,e (pa3,[(em1el\l nepel\1eHHb1e) u(r, 0, t) = U(r, 0)T(t). I1o,[(cTaB
mrn B ypaBHem1e, nony'IHM 

r:_ _ ~u - z. 
c2T - U - ->.' 

T
11 

+ >.2c
2T = 0, ~U + >.2U = 0. 

(5.99) 

BpeMeHHaR 3aBHCHl\lOCTb onpe,n;eJJReTCR pernemieM 0,D,Horo H3 3THX ypaBHeHHH: 

T(t) = Asin(>.ct) + B cos(>.ct). (5.100) 

3anHCbIBaR JJannacuaH B nOJJRpHbIX KOOp,D,HHaTax 

1 1 
~U = Urr +-Ur+ 2 Uoo 

r r (5.101) 

H npHMeHRR BHOBb npoQe,n,ypy pa:3,D,eJJeHHR nepeMeHHbIX U(r, 0) = R(r)<I>(0), nony
qaeM 

<I>" 1 
- = --[r2R

11 + rR! + >.2r 2R] = -n2 
<I> R . 

ITpu'IeM Mb! ,D,OJl)KHbl BbI6paTb QeJJoe 'IHCJJO B Ka'JeCTBe n = 0, 1, 2, 3, ... : 

<I>(0) = Asin(n0) + Bcos(n0), 

(5.102) 

(5.103) 

npn ,n;pyroM BbI6ope perneHHe 6y,n;eT HeO,D,H03Ha'JHOH q>yHK~eH 0. BBO,D,51 HOBJIO 

nepeMeHHYIO X = >.r, ypaBHeHHe ,D,JJR pa,D,HaJJbHOH 'IaCTH 3annrneM B BH,D,e 

d2 d 
x

2 
dx2 R(x) + x dx R(x) + (x2 

- n2 )R(x) = 0, (5.104) 

R(0) # oo; R(>.) = 0, 

r,n;e Mb! HaJJO)KHJlH q>H3H'IeCKOe Tpe6oBaHHe orpaHH'IeHHOCTH OTKJlOHeHHR MeM6pa
HbI OT COCTORHHR paBHOBeCHR H ycJJOBHe 3aKpemreHHR ee Ha rpaHHQe. ITocJJe,D,Hee 
ypaBHeHne ecTb ypaBHeHne BecceJJR. ,l])rn Ka)K,D,oro ~enoro n OHO HMeeT ,D,Ba pewe

HHR ln(x), Yn(x) - COOTBeTCTBeHHO orpaHH'IeHHOe 11 HeorpaHH'IeHHOe npn x = 0. 
9To npnMep He3JieMeHTapHOH q>yHKQHH. OrpaHH'IeHHaR q>yHKQHR npn MaJJbIX 3Ha
'JeHHRX apryMeHTa ,n;onycKaeT pa3JIO)KeHHe B PR,D,: 

00 (x/2r+2p 
ln(x) = L '( )I" 

p=oP· n +p. 

I1p11 60JlbllIHX 3Ha'JeHHRX apryMeHTa 

( 
2 )1/2 ( n1r 1r) ln(x) ~ 7rX COS X - 2 - 4 . 
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(5.105) 

(5.106) 

ITp11Be,L1el\l 3Ha'IeHHH HeCKOJlbKHX nepBbIX KOpHeii q>yHKQHH BecceJIR C HOMepoM 

n == 0: 

Jo(kOi) = 0, (5.107) 

ko1 = 2, 4; ko2 = 5, 52; k03 = 8, 65; k04 = 11, 79; kos = 14, 93, ... 

C TO'IH0CTblO ,D,O BbI6opa Ha'JaJJa OTC'IeTa a3HMYT8.JibH0ro yrna o6~ee perneHue Hl\le

eT BH,D, 

00 00 

u(r, 0, t) = L L ln(knmr) cos(n0)[An sin(knmct) + Bn cos(knmct)]. (5.108) 
n=Om=I 

PacCM0TpHM KpaeByJO 3a,n;aqy O KOJie6aHHHX 3aKpenJJeHHOH no KpaHM MeM6paHbI 
e,[(HHH'IHOro pa,n;11yca C HYJieBOH Ha'JaJibHOH CKOpOCTblO H Ha'J8.JlbHb!M OTKJJ0HeHHeM 
OT TI0JI0)KeHHR paBHOBeCHR, 3a,D,aHHb!M q>yHKQHeii (n = 0, 3aBHCHMOCTH OT 0 HeT) 

u(r, 0, 0) = A1Jo(2, 4r) + A3J0 (8, 65r), 0 < r < l. (5.109) 

PerueHHeM KpaeBoii 3a,D,a'IH 6y,n;eT 

u(r, 0, t) = A 1J0(2, 4r) cos(2, 4ct) + A3 J0 (8, 65r) cos(8, 65ct). (5.110) 

qaCTOTbl KOJie6aHHH COOTBeTCTBeHHO paBHbl 21rv1 = 2, 4c, 21rv2 = 8, 65c. ,Il,JIR Ha

'!8.JibHbIX ycJIOBHH, He 3aBHCR~HX OT a3HMJT8.JibHOro yrna, 

u(r, 0, 0) = f(r), u1(r, 0, 0) = 0, 0 < r < 1, (5.111) 

peruettne nMeeT BH,D, u(r, t) = Em Amlo(k0mr) cos(k0mct), r,n;e K03q>q>HQHeHTbI ttaxo

,D,RTCR no q>OpMyJie 

2 1 

Am= J2(k ) J rf(r)Jo(k0mr)dr, 
1 Om O 

Mb! BOCnOJib30B8.JIHCb COOTH0IIIemi:eM opTOrOHaJJbHOCTH 

1 J rlo(k0mr)Jo(k0nr)dr = ~J;(k0n)8mn· 
0 

5.6 Pa3,n;eJieHMe rrepeMeHHhIX ,LI;JIH ypaBHeHMM 

JiarrJiaca M IIyaccoHa 

(5.112) 

(5.113) 

PacCMOTpHM KpaeByJO 3a,n;aqy ,Il,HpHXJie ,D,JJR Kpyra [6]. <I>yHKQHR u(r, </>), y,D,OBJie
TBOpmo~aR ypaBHeHHIO Jlannaca ~u = 0 BHYTPH (BHe) Kpyra H npHHHMaJOIQaR 
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3a,D,aHHoe 3Haqem1e Ha ero rpamn~e ulr=R 
ycJIOBHIO lul < oo, x -> 0, 3a,D,aeTCH pH,D,OM 

f ( cp), rrpH 3Tml Y,D,OBJieTBOpHIOIII;aH 

oo Tn 

u(r, ¢>) = C + L Rn (An cos(ncp) + Bn sin(n¢)), r < R, 
n=l 

,D,JIH BHyTpeHHeti 3a,D,a'IH ,IJ:HpHXJie ll PH,D,OM 

oo Rn 
u(r, ¢>) = C +'°'-(An cos n¢ + Bn sin n¢), r > R, ~ rn 

n=I 

,D,JIH BHenrneti 3a,D,a'IH ,IJ:HpHxJie, r,D,e 

1 1" C = - dxf(x), 
21r -rr 

11" An = - dxf (x) cos nx; 
7r -,r 

11" Bn = - dxf(x) sin nx. 
7r -,r 

(5.114) 

(5.115) 

(5.116) 

PerneHHe 3a,D,a'IH ,IJ:upuxne ,D,JIH o6naCTH B BH,D,e KOJihu;a R1 < r < R2 c rpaHH'IHbIMH 

ycJIOBHHMH u(R1,¢) = f1(¢),u(R2,¢) = h(</>) HMeeT BH,ll, 

00 

[( rn Rn) ( rn Rn) ] u(r,</>)=C+]; AnR~ +Bnr~ cosn<f>+ Cnm +Dnr~ sinn</> +(5.117) 

+aln(r/ R1 ) + b. 

3a,D,a'la HetiMaHa COCTOHT B HaxO)K,Ll,eHllll rapMOHH'!eCKOH <pyHKD;llll (y,D,OBJieTBOpH

IOrn;eti ypaBHeHHIO Jlarrnaca) BHe llJill BHYTPH HeKOTOpoti o6JiaCTll C 3a,D,aHHeM Ha 

rpaHuu;e HOpMaJibHOti rrpoH3BO,ll,HOti (B cnyqae Kpyra 3TO 8u/8rlr=R = !(¢)). Perne

HHe 3a,D,a'lll HetiMaHa orrpe,D,eJieHO C TO'IHOCTblO ,ll,O IIOCTOHHHOH, rrpH'IeM <pyHKu;HH, 

3a,D,aHHaH Ha rpattuu;e, ,ll,OJI)KHa y,D,oBJieTBOpHTh ycJIOBHIO Ji" f(x)dx = 0. Turruq

Hhre 3a,D,a'Ill 3JIJillIITH'IeCKOI'O THIIa ,ll,JIH caMOCTOHTeJibHOI'O perneHHH IIpHBe,D,eHbl B 

3aKJIIO'IHTeJibHOH 'laCTll ll3,D,aHHH. 

5. 7 3a,[I.aqa KomH ,[I.JI.SI ypaBHeHH.SI JlarrJiaca 

3a,D,a'Ia Kornu ,D,JIH ypaBHeHHH Jlannaca <popMynupyeTCH CJie,D,YIOIII;HM o6pa3oM. Ha

,ll,O HaHTll rapMOHH'IeCKyIO <pyHKD;lllO HeCKOJibKllX nepeMeHHhIX, eCJIH 3a,D,aHbI 3Ha'le

Hlle ee If ee IIpOll3B0,ll,HOH IIO O,ll,HOH ll3 nepeMeHHbIX IIpll ee onpe,D,eJieHHOM 3Ha'JeHHH: 

b.u(x1, X2, ... , Xn) = O; 

u(x1, X2, ••. , Xn = 0) = f(x1, X2, .•. , Xn-1); 

Uxn(X1, X2, •.• , Xn = 0) = g(x1, X2, .•. , Xn-1). 
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(5.118) 

C»a'laJia npoBepHM YTBep)K,D,eHHe: eCJill <pyHKD;llH MO)KeT 6bITb rrpe,J,CTaB,leHa B BH,D,e 

pH,D,a no HeKOTOpoti rrepeMeHHOH BH,D,a 

oo (xn)2k 
u(x1,X2,••·Xn-1,Xn) = L(-1)1'[ ( k)I flk¢(x1,X2, ... ,Xn-1)+ 

k=O 2 · 
(x )2k+I 

+ ( ; )lflkX(X1,X2, ... ,Xn-1)], (5.119) 
2 + 1. 

r,D,e cpyHKD;llll ¢, X rrpe,D,IIOJiaraIOTCH HMeIOrn;HMll npOH3BO,ll,Hbie JII06oro nopH,D,Ka, TO 

oHa y,n;oBJieTBOpHeT ypaBHeHHIO Jlannaca 

[
82 82 82] 

flu = -a 2 + -a 2 + ... + -a 2 u = o. 
X1 X2 xn 

(5.120) 

BbI'IllCJIHH OT,IJ;eJibHO BKJia,D,bl B narrnacHaH OT rrpOH3BO,ll,HbIX IIO X;, i < n II rrpn6aB

JIHH 

UxnXn 

00 k (xn)2k-2 k 
?;(-1) [(2k- 2)!b. ¢(x1,X2, ... ,Xn-1) + 

(x )2k-1 
+ (

2
;_l)!flkX(X1,X2,••·,Xn-l)j, (5.121) 

y6e)K,Ll,aeMCH B crrpaBe,D,JillBOCTll YTBep)K,Ll,eHllH. 9Ta cpopMyJia ,D,aeT crroco6 IIOCTpoe

HHH HCKOMOH <pyHKD;llII-pernemrn 3a,D,a'Ill Kornn. ,IJ:JIH 3TOI'O Ha,D,O Bbl'IllCJillTb Heo6-

XO,ll,llMOe KOJIH'IeCTBO <pyHKD;llll 

(fl)kf; (fl/g. 

PaccMOTpllM ,D,JIH rrpnMepa cnyqafi Tpex rrepeMeHHhrx: 

b.u(x, y, z) = 0; u(x, y, 0) = J(x, y) = 2x - y; 
uz(x, y, 0) = g(x, y) = 3x - y2. 

I1cIIOJib3YH 3Ha'IeHllH b.f = 0; b.g = -2, IIOJIJ'IllM 

1 
u = 2x - y + z(3x - y2

) + 3z3
. 

(5.122) 

(5.123) 

(5.124) 

,IJ:JIH Ha'IaJibHbIX 3Ha'JeHllll f = xeY; g = 0 IIOJib3JeMCH b,k f = f) B pe3JJibTaTe 

u(x,y,z) = xeYchz. ,IJ:nH Ha'IaJihHbIX 3Ha'!eHHfi f = xsiny; g = cosy rronb3yeMCH 

flkJ = (-l)kj u b.kg = (-l)kg, B pe3JJibTaTe u(x,y,z) = xsiny chz+cosy shz. 
Cne,D,YeT 3aMeTllTb, 'ITO ,D,JIH <pH3ll'!eCKllX rrpnJIO)KeHIIll rrpe,D,CTaBmieT nHTepec pe

rnemi:e 3a,D,a'lll Kornn TOJibKO ,D,JIH TaKHX ypaBHeHHll, ,D,JIH KOTOpbIX 3Ta 3a,D,a'la IIO

CTaBJieHa KoppeKTHO. Ilo,D, 3TllM Mbl IIOHnMaeM KoppeKTHOCTb IIOCTaHOBKn KpaeBbIX 

ycJIOBIIfi. Ilpo,D,eMOHCTpHpyeM 3TO Ha rrpnMepe A,D,aMapa l26J. PaccMoTpnM cne,D,Yro

ru;yro 3a,D,a'Iy Kornn: 

82u 82u 
m2 + ax2 = 0, 
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u(0,x) = 0, 

u;(o,x) - ~sin(nx), 
n 

r,n;e n lI k - IlOJIO)KlITeJibHbie IlOCTOHHHbie. PerneHHel\l 3a,D;a'!H 6y,n;eT 

l ent _ e-nt 
u(t,x) = -k 1 sin(nx)--

n + 2 

(5.125) 

(5.126) 

ITpn ,D;OCTaTO'IHO 6oJibrnOM n BeJIH'IHHa npOH3BO,D;HOll u;(o, x) 6y,n;eT CKOJlb yro,D;HO 

MaJia. ITpn 3TO!\I perneHHe npu (pHKCHpOBaHHOM MaJIOM t lI ,D;OCTaTO'IHO 6oJibrnOM n 
6y,n;eT CKOJlb yro,n;Ho BeJIHKO. )];onyCTHM, l\lbl HarnJIH perneHHe 3a,n;a'IH Kornn uo(t, x) 
,D;JIH CJie,D;yIOIIJ,lIX Ha'laJibHb!X ycJIOBHti:: 

u(0,x) 

u;(o,x) 

Tor,n;a ,D;JIH H3l\leHeHHb!X Ha'!aJibHb!X ycJIOBHll 

<l>o(x), 

<l>o(x), 

<l>i(x). 

u(0, x) 

u;(o, x) 
1 . 

<Pi(x) + ksm(nx) 
n 

perneHHeM 3a,D;a'!H KornH 6y,n;eT cpyHKIJ,HH 

1 ent,_e-nt 
u0 (t, x) + nk+l sin(nx)--

2 
(5.127) 

TaKHM o6pa30M, MaJIOe H3MeHeHHe Ha'!aJibHbIX 3Ha'!eHHll cpyHKIJ,Hll H HX npOH3-

BO,D;HbIX MO)KeT IlpHBeCTH K CKOJlb yro,D;HO 60J1brnHM H3MeHeHHHM perneHHH. cho 

H eCTb OTCYTCTBHe Henpepb!BHOCTH Ha'!aJibHbIX ycJIOBHll. ITo3TOMY ,D;JIH KOppeKTHO 

IlOCTaBJieHHbIX 3a,n;aq Konrn paCCMOTpeHHOro Bbirne THna Heo6xo,n;HMO BbITIOJIHeHHe 

yCJioBHti:. ITpHBe,n;eM Hx. 

1. "9To6bl cyrn,ecTBOBaJIH npOH3BO,D;HbJe JII06oro nopH,n;Ka. 

2. "9To6bI ,ll.JIH JII06oro IlOJIO)KHTeJibHOro e MO)KHO YKa3aTb TaKoe rt > 0, 'ITO eCJIH 

perneHHe 3a,n;a'IH Kornn lI3MeHHTCH MeHbrne, '!eM Ha e, TO cpyHKIJ,lIH f lI g lI 

lIX npOlI3BO,D;Hbie lI3MeHHTCH MeHhrne, qeM Ha T/· 

5.8 KJiaccHqecKHe opTOrOHaJibHbie IIOJIHHOMbl 

MHorne 3a,n;aqn MaTeMaTH'leCKOll (plI3lIKH npHBO,D;HTCH K ypaBHeHlIHM rnnepreoMeT

pnqecKoro THna 

a(x)y" + T(x)y' + >-.y = 0, 

64 

(5.128) 

r,n;e a(x) lI T(x) - HeKOTOpbie TIOJllIHOl\lbl He Bbirne COOTBeTCTBeHHO BTOpOli lI nepBOll 

cTenem1; A - TIOCTOHHHaH. <I>yHKIJ,HH, y,n;oBJieTBOpHIOIII,lie 3TOI\IY ypaBHeHlIIO, Ha3bl

Ba!OTCH cpyHKIJ.HHI\IH rnnepreoMeTpnqecKoro (fr) Tnna; nx npoH3BO,D;Hbie n106oro 

nopH,n;Ka TO)Ke HBJIHIOTCH cpyHKU,lIHI\IH rimepreOl\ieTpH'IeCKOrO THTia. IToKa)KeM 3TO. 

Ilpo,n;ncpcpepeHIJ,HpoBaB lICXO,D;HOe ypaBHeHHe, BH,ll;Hl\I, 'ITO cpyHKU,lIH vi(x) = y'(x) 
y,n;oBJieTBOpHeT ypaBHeHHIO 

a(x)v~ + T1 (x)v~ + /t1v1 = 0, (5.129) 

r,n;e T1(x) = T(x) + a'(x) {LI =).. + T1(x), TaK 'ITO T1(x) µ1 - TIOJIHHOI\I CTeneHH He 

BbJrne nepBoti. AttaJIOrH'IHO ,D;JIH cpyHKU.HH v,, = y<nl(x) noJiy'IHl\1 ypaBHeHne 

r,n;e 

a(x)v~ + T,,(x)v~ + {LnVn = 0, 

Tn = T(x) + na'(x); 

µn =A+ m'(x) + ~n(n - l)a"(x). 

(5.130) 

(5.131) 

TaKHM o6pa3oM, Harne yTBep)K,D;eHHe ,D;OKa3aHo. IT pH /Ln = 0 HMeeTcH qacTHOe perne

HHe Vn = Const H perneHHeM ypaBHeHHH 6y,n;eT TIOJIHHOM CTeneHH n ff-THTia. "l.JT06b! 

TIOJIY'IHTb HBHOe Bbipa)KeHHe TIOJIHHOMOB ff, no,n;6epeM cpyHKIJ,HlI p(x) Pn(X) TaK, 

'IT06b! 

p(x)[a(x)y" + T(x)y' + >-.y] = (a(x)p(x)y')' + >-.py = 0, 

Pn(x)[a(x)v~ + Tn(x)v~ + µnvn] = (a(x)pn(x)v~)' + µnPn(x)vn = 0, 

a(x)y" + T(x)y' + >-.y = 0. (5.132) 

IT pH 3TOM ,D;OJI)KHO BblTIOJIHHTbCH 

(ap)' = Tp; (apn)' = TnPn = (T + na')Pn· 

Ifa 3Toro ypaBHeHHH cne,n;yeT 

(apn)' = (ap)' + na', 
Pn P 

OTKy,n;a nonyqaeM (PnY / Pn = p' / p + n( a')/ a, nocne HHTerpHpOBaHnH 

Pn(x) = p(x)a(x)", n = 0, l, 2, ... 

(5.133) 

(5.134) 

(5.135) 

ITocrpoeHHe TIOJIHHOMOB rf-THTia Yn. IToJib3YHCb TeM, 'ITO (J' Pm = Pm+ 1 H v;,, = Vm+ I, 
noJiyqaeM peKyppeHTHOe COOTHOrneHHe 

PmVm = -~(Pm+1Vm+1)'. 
µm 
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IlpHMemrn ero, ITOCJie,ll,OBaTeJibHO ITOJIY'IHM 

1 ( )' -1 -1 ( )" 1 ( )(n) PY= -- P1V1 = -- P2V2 =···=-A PnVn , 
/to /to /ti n 

(5.137) 

A,,= C-l)"II~- 1µk;Ao = 1. (5.138) 

IIocKOJibKY Vn(x) RBJI.lieTCH ITOJIIIHOMOM CTerreHlf n, rroJiy'Iael\l COOTHOIIIeHlfe 

y,,(x) = p~;) [a(x)"p(x)]<11>, n = 0, 1, 2, ... (5.139) 

B,, = y(x)~n) 
A ' n 

(5.140) 

KOTOpoe HOCIIT Ha3BaHHe - q>OpMyJia Po,D;pHra. IloJIHHOMHaJibHbie pernemrn rr-T1ma 

o6Jia,D;a!OT CBOHCTBOM opTOrOHaJihHOCTII. ,Il;JIH o6Hapy)KeHIIH 3TOro CBOHCTBa BblITII

IIIeM ypaBHeHIIH ,[\JIH ITOJIIIHOMOB C pa3HblMII CTerreHHMII n, m 

[apy~]' = ->.,,py,,, 

[apy;,.]' = -AmPYm· 

(5.141) 

(5.142) 

Y MHO)KIIM ypaBHeHue ,ll,JIH Yn Ha Ym, a BTOpoe ypaBHeHHe Ha Yn, Bbl'ITeM II3 rrepBoro 

paBeHCTBa BTOpoe II rrpOIIHTerpupyeM pe3yJihTaT B rrpe,D;eJiax OTO ,ll,O x. IIocKOJib

KY pe3yJihTaT Bbl'IHTaHIIH JieBb!X 'IaCTeti paBeHCTBa rrpe,ll,CTaBJIHeT co6oti ITOJIHY!O 

rrpoH3BO,ll,HYJO 

Ym(x)[a(x)p(x)y~(x)]' -y11 (x)[a(x)p(x)y;,.(x)]' = 

= ![a(x)p(x)W(ym(x), Yn(x))], W(ym(x), y,,(x)) = Ym(x)y~(x) - y,,(x)y;,.(x), 

IIOJIJ'IHM 

b 

(>.m - >.,,) j Ym(x)yn(x)p(x)dx = a(x)p(x)W(ym(x), y,,(x))l~- (5.143) 

a 

,Il;orrycTIIM, 'ITO rrpu HeKOTOpbIX 3Ha'IeHHHX a If b q>yHKIJ.HH p(x) Y,ll,OBJieTBOpHeT 

YCJIOBHHM 

a(x)p(x)xklx=a,b = 0, k = 0, 1, 2, ... (5.144) 

B Pe3YJihTaTe IIOJiy'IaeM ycJIOBHe OpTorOHaJibHOCTH IIOJIHHOMOB Ym(x), y,,(x) C BeCOM 

p(x) Ha HHTepBaJie a< x < b 

b 

j Ym(x)yn(x)p(x)dx = d;8mn· (5.145) 

a 
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Jim1eJ°:iHOH 3al\leHOH He3aBHCIIMOH rrepel\IeHIIOH Bb!pa)KeHJrn ,l],JIH p(x), a(x) ITOCJie pe

weHHH ypaBHeHIIH (pa)' = TP lv!O}KHO npHBeCTl'l K CJ!e,D;y!OW:1111 Tpe~I KaHOH!f'IeCKIHI 

BH,[\al\l: 

p(x) = (1- x)"(l + x)'3, a(x) = 1 - x2
; (5.146) 

p(x) = e-xxa, a(x) = x; (5.147) 

p(x) = e-x
2

, a(x) = 1. (5.148) 

ITepBOMY cJiy'IaJO OTBe'IaJOT rroJIIIHOMbI 5IKo6n. Ilo cpopl\1yJie Po,ll,pIIra Haxo,l],mr 

(-1)" d" 
p<>,i3(x) = --(1 - x)"(l + x)/3-(1- x)a+n(l + x)f3+n_ 

n 2nn! dx" 
(5.149) 

IToJIHHOMbl 5IK061f II HX rrp0113BO,l],Hbie Y,ll,OBJieTBOpH!OT rpaHWIHbll\l YCJIOBIIHM 

. p(x)a(x)lx=a,b = 0 

11 COOTHOIIIeHHHM opTOrOHaJibHOCTH rrp11 a = -1, b = 1, a > -1, {3 > -1. qaCT

HblMH cJiy'IaHMII IIOJIHHOMOB 5IKo6u HBJIH!OTCH IIOJIIIHOMbl Jle)KaH,l],pa, qe6bIIIIeBa, 

rereH6ay::ipa. IlOJIIIHOMbl Jle)KaH,ll,pa OTBe'Ja!OT CJiy'Ia!O a = {3 = 0 

Pn(x) = P~·0(x); Po(x) = 1, Pi(x) = x, A(x) = ~(3x
2 

- 1), ... (5.150) 

IloJIIIHOMbl qe6bIIIIeBa rrepBoro n BTOporo po,D;a OTBe'IaIOT cJiy'IaHM a = {3 = -1/2, 

a= {3 = 1/2: 

nlf(!) 
T. (x) = · 2 p-1/2,-1/2( )· 

n f(n + ½) n X, 

U (x) = (n + l)!r(~) p1/2,1/2(x) 
n r(n+~) n · 

HeKOTOpbre 'JaCTHbie cJiy'IaH: 

To(x) = 1, T1(x) = x;T2 (x) = 2x2 
- l;T3 (x) = 4x

3 
- 3x; .. . 

Uo(x) = 1, Ui(x) = 2x; U2(x) = 4x2 
- l; U3 (x) = 8x

3 
- 4x; .. . 

AJibTepHaTIIBHaH q>OpMa IIOJIIIHOMOB qe6bIIIIeBa: 

sin((n + 1)¢) 
Tn(x) = cos(n¢), Un(x) = . ,i, , ¢ = arccosx. 

sm'I-' 
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(5.151) 

(5.152) 

(5.153) 

(5.154) 

(5.155) 



IIoJIHH01'lbl rerett6ay3pa: 

C'\ ) = r(2,\ + n)r(,\ + 1/2) .H/2,,\-1/2( ). 
n X r(,\ + 1/2 + n)r(2,\) pn X (5.156) 

IIonttttor.1b1 Jlareppa: 

1 dn 
La(x) = -x-aex-(xa+ne-x). 

n n! dxn (5.157) 

IIoJIHHOMbI 8pr-mTa: 

dn 
H,, = (-l)"ex2 -d (e-x2). 

xn (5.158) 

HeKOTOpbie 'faCTHbie 3Ha'feHH.H II0JIHH0M0B Jlareppa II 8pMHTa: 

Ho(x) = 1, H1(x) = 2x; H2(x) = 4x2 
- 2; H3 (x) = 8x3 - 12x, 

Li(x) = 1, Lf(x) = o: + 1 - x; 

L~(x) = ~[x2 
- 2(o: + 2)x + (o: + l)(o: + 2)]. (5.159) 

B 3aKJIIO'IeHHe rrpttBe,n;eM C00TH0llieHH.H 0pT0H0pMttpyeM0CTH II0JIIIH0M0B. ,lJ;JI.H 110-

JIHH0M0B Jie)f<aH,n;pa 

I 2 

J Pn(x)Pm(x)dx = --8mn; 
2n+ 1 

-1 

,/J;JI.H IIOJIHH0M0B qe6billleBa 

1 
dx 7r JTn(x)Tm(x) vT=x2 = -

2
8mn,m =/ 0; 

1-x2 
-1 

I 

J ✓1 - x2Un(x)Um(x)dx = ~8mn, m =/ O; 
-1 

,/J;JI.H IIOJIHH0M0B rerett6ay3pa 

JI 2)v-l v v ) 7f21
-

2
"r(n + 211) 1 

(l - x 2Cn(x)Cm(x dx = n!(n + v)r2 (v) 8mn, Rev> f 
-1 

,/J;JI.H II0JIHH0M0B Jlareppa 

Joo a -xLa( )Pa( )d r(o: + n + l) r R 
X e n X m X X = 

1 
Umn, ea> O; 

n. 
0 

,/J;JI.H II0JIHH0M0B 8pMIITa 

00 J e-x
2 
Hn(x)Hm(x)dx = 2"n!0f. 

-oo 
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(5.160) 

(5.161) 

(5.162) 

(5.163) 

(5.164) 

(5.165) 

fJIABA 6 

M11HMMM3au;11a cpyHKIJ;HOHaJIOB. 

9JieMeHTbl 

Bap11au;noHHoroncq11cJieH11a 

O,n;HHM H3 crroco6oB II0JIY'·IeHH.H ,n;mpcpepeHIJ;HaJibHbIX ypaBHeHII.ll B '!aCTHbIX rrpo

H3B0,/J;Hb!X .HBJI.HeTC.H MeT0,/J; MHHIIMH3aIJ;HH cpyHKIJ;HOHaJIOB C II0M0lll;blO ypaBHeHHll 

9iinepa [7, 18]. TnrrH'IHblM cpyHKIJ;HOHaJIOM .HBJI.HeTC.H HHTerpan 

b 

J[y] = J F(x, y, y')dx. (6.1) 
a 

PacCMOTpHM 3a,n;a'fy HaX0)K,ll,eHH.H <PYHKIJ;HH y(x), K0T0pa.H MHHHMH3ttpyeT J[y] B 

KJiacce rna,n;KHX cpyHKIJ;Hll, y,n;oBJieTB0p.H!OllJ;HX rpaHH'IHbIM ycJI0BH.HM 

y(a) = A, y(b) = B. (6.2) 

3a,n;a'fa C0CT0HT B HaX0)K,ll,eHHH TaKOll cpyHKIJ;HH y(x), ,D;JI.H KOTOp0:tl: 'IHCJI0B0e 3Ha'!e

HHe HHTerpana J[y] rrpHMeT MHHHMaJibH0e 3Ha'!eHIIe cpe,n;H Bcex B03M0)KHb!X cpyHK-

1.l;Hll y(x) rrpH 3a,n;aHHbIX rpaHH'IHb!X ycJI0BH.HX. PacCMOTpHM 3Ha'feHHe cpyHKIJ;HOHa

Jia ,/J;JI.H <PYHKIJ;HH y(x), OTJIH'fa1011J;eilC.H OT y(x) Ha He60JiblllJIO BapnaIJ;HIO 8(x) - rrpo

H3B0JibHJIO, 'IHCJieHH0 MaJIYIO cpyHKIJ;HIO, y,n;oBJieTB0p.H!OIIJ;YIO YCJI0BHIO 8(xa,b) = 0, 
T.e. Mb! paccMaTpHBaeM BapttaIJ;HIO cpyHKIJ;HH Y, q)HKCHpy.H ee 3Ha'!eHH.H Ha K0HIJ;aX 

llHTepBana HHTerpttpoBaHH.H: 

b b 

8J[y] = J dx[F(x, y + 8, y' + 8') - F(x, y, y')] = J dx[Fy(x, y, y')8 + Fv'8']. (6.3) 
a a 
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TTOJib3YHCb nepecTaHOBO'1Hbn1 CBOHCTBOM B3HTHH Bapnau;nn ll B3HTHH npon3BO,LIHOii: 

-, - ..!!:_s: 
o - dxu' (6.4) 

ll npoBO,L\H llHTerpnpoBaHne no 'laCTHM BO BTOpOl',I CJiaraeMOl\l B KBa,[\paTHbIX CK06-
Kax, nOJIY'IHM 

b x=b b d 
j dxFy,8'(x) = Fy,8(x)/x=a - j dx8(x) dx Fy'· 
a. a 

(6.5) 

TTepBoe CJiarael\IOe B npaBOii: 'lacTH 3Toro paBeHCTBa o6paru;aeTCH B HYJib B CHJIY 

HaIIIero npe,[\nono:a<eHHH o Bapnau;nn. B pe3yJibTaTe ,L\JIH Bapnau;nn <pyHKIJ;HOHaJia 
noJiy'IHM 

8J[y] = ! dx8(x) [Fy - d~Fy,]. (6.6) 

MnHHMH3au;nH COCTOHT B npnpaBHHBaHHll 3TOii: Bapnau;nn Hymo npn npOH3BOJibHbIX. 

8(x), 'ITO npHBO,L\HT K ypaBHeHHHM 9ii:nepa 

8F d 8F 
8y - dx8y1 ' 

Y = y(x), Yx=a = A, Yx=b = B. 

B Ka'leCTBe npHMepa paccMOTpllM ,L\Be KJiaCCH'leCKHe 3a,[\a'1II. 

3a,u;a .. m 

(6.7) 

1. Haii:TII nJIOCKYIO KpIIByro y(x), a< X < b, nnoru;a,[\b <pIIrypbl Bparu;eHIIH KOTO

poii: BOKpyr OCII a6cu;IICC MIIHIIMaJibHa. 

9Ta nnoru;a,[\b Bbipa:a<aeTCH IIHTerpaJIOM 

b 

J[y] = 21r / dsy(x), (6.8) 
a 

r,L1e ds = ✓dx2 + dy2 = dx✓l + (y')2 - 3JieMeHT ,L\JIIIHbI ,L\YrII KpIIBoii:. 3a,L1a'la, Ta

KIIM o6pa30M, CBO,[\IITCH K MIIHIIMII3au;HII cpyHKIJ;IIOHaJia J[y] C no,[\bIHTerpaJibHOii: 

cpyHKIJ;IIeii: F(x, y, y') = y✓l + (y')2. CooTBeTcTByroru;ee ypaBHeHIIe 8ii:nepa 

✓1 + (y')2 = ..!!:_---1!!{ 
dx/1+(_y')2 

(6.9) 

MO:lKeT 6bITb npeo6pa30BaHO K BII,LIY 

1 + (y')2 = yy", d d 
dx ln(l + (y')2) = 2 dx In y. (6.10) 
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PeweHJiel\l 3TOrO ypaBHeHHH HBmleTCH u;errnaH JIIIHHH (KaTeHOHA) 

(X - C2) 
y = y(x) = c1 cosh -c-

1 
- , 

nocTOHHHbie llHTerpIIpOBaHHH HaXO,[IHTCH ll3 Ha'laJibHbIX ycJIOBIIH. 

I( TaKOll :a<e 3a,[\a'1e CBO,1].HTCH HaXO)K,LleHIIe cpopMbl npom1camrn TH)KeJIOll HliTII 

(u,enn) B none CllJlbI TH)KeCTII. B 3TOM cnyqae l\lHHill\lH3HpyeTCH cpyHKU,llOHaJI noTeH

u,naJibHOll 3Heprnn, I!MeIOru;nii: TOT :a<e Bll,ll., 'ITO ll B 3a,1].a'1e O I\IIIHlll\!aJibHOii: nnoru;a,ll.H 

noBepXHOCTH, 06pa3yel\10H Bparu;eHHeM KPHBOH BOKpyr HeKOTOpoii: OCH. 

2. 3a,L1a•m O 6paXIICTOXpOHe. HaiiTII TaKyIO cpopMy KpHBOH y(x), '1T06bI Bpel\rn 

cKaTbIBaHIIH 6e3 TpeHIIH no :a<eJio6y B cpopMe KpIIBOll 6bIJIO MllHIIMaJibHbll\l. TTpe,[1-

noJiarael\I, 'ITO CHJia TH)KeCTil HanpaBJieHa B,[\OJib OCII y. 3a,[la'1a CBO,[\IITCH K MIIHII

MH3aU,Hll cpyHKU,llOHaJia 

J[y] = j ~ = jb dx ✓1 + (y')2 
,Jij a ,Jij , 

(6.11) 

IlOCKOJibKY BpeMH npoxo:a<,1].eHJIH yqacTKa ,L\JlllHOH ds, OTBe'laIOru;ero op,1].I!HaTe Y, 
ecTb ds/v = ds/ y2gy. CooTBeTCTByIOru;ee ypaBHeHIIe 9ii:Jiepa nMeeT Bil,ll. 

')2 ,, -(1 + (y ) = 2yy . (6.12) 

Ero perneHIIeM x/c1 + c 2 = arcsinz - z\/'f=z, z = ~ HBJIHeTCH ypaBHeHIIe 

U,llKJIOll,1].bI - KpHBOii:, onIICbIBaroru;eii: TpaeKTOPIIIO TO'!Kll Ha 060,L1e, KaTHIIJ,eii:cH IIO 

ropH30HTaJibHOH npHMOii: OKpy:a<HOCTll. TipnBe,[\eM ,[\JIH cpaBHeHHH BpeMeHa IIa,[\eHHH 

To = I½ ll BpeMH CKaTbIBaHHH T C O,L\HOH ll TOH :a<e BbICOTbI, paBHOH e,1].HHHU,e g -
ycKopeHne CllJibI TH:a<eCTII: 

xo ds 1 xo dx 
T = J y2gy = y'2g J y = 

0 0 

(6.13) 
I d . 

_l_ j y -To arcsmc 

y'2g o ✓y(l - c2y) - c . 
(6.14) 

TaKHM o6pa30M, 3Ha'1eHne napaMeTpa C --+ 0 OTBe'laeT CB060,ll.HOMY na,1].eHHIO. 

MnHHMH3aU,HH cpyHKIJ;IIOHaJia ,1].eii:CTBIIH S = J Ldx, L = U - T, r,L1e U, T -
IIOTeHU,llaJibHaH ll KHHeTII'leCKaH 3Heprnn, ,[\aeT He3aBHCHMbIH crroco6 BbIBO,[\a ,[\ll(p

cpepeHU,llaJibHbIX ypaBHeHHH B qaCTHbIX IIpOH3BO,L\HbIX. 

,r:t:JIH rrpnMepa paCCMOTpHM KOJie6aHHH CTPYHbI, Hax0,1].HIIJ,eii:cH B IIOJIO)KeHllll paB

HOBeCHH B,ll.OJib ocn X. ,lI;Be ee coce,1].HHe TO'IKH M, M1 c Koop,ll.nHaTaMn x, x + dx 
B npou,ecce KOJie6aHHH nepeii:,[lyT B TO'IKII M, M1 C (TpexMepHbIMH) KOOp,1].HHaTaMH 

M(x + u, v, w); M1(x + dx + u + du, v + dv, w + dw). PaccTOHHHe Me)K,LIY TO'!KaMn 
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cTaHeT (B npette6pe:>Kemrn ~IaJihIMII BToporo nopH,n;Ka) ds = dx(l + ux)- IIoTettu;tt

aJihHaH ::meprIIH eCTh cy~I~Ia 3HeprttH np0,D;0JihHb!X Il nonepe'-!Hb!X ~ecpopMau;ttH, a 

TaK:>Ke pa60Tbl BHeWHHX CHJI: 

1
1 

[To 2 2 E 2 ] U = dx 2 (wx +vx) + 2 ux +uFu +vFv +wFw , 
0 

(6.15) 

r,n;e To, E - HaTH:>Kemie CTPYHhI H ee M0,LzyJih ynpyrocTH. KttneTH'-!ecKaH 3HeprttH 

nponopu;H0Ha.JlbHa KBa,n;paTaM K0MTI0HeHT CK0p0cTeH: 

I 

I J 2 2 2 T= 2p dx(u1 +v1 +w1 ). (6.16) 
0 

CooTBeTCTBYIOW.JJe ypaBHeHHH 8HJiepa (aL/fJv) = (fJ/at)(aL/fJvi)+(a/ax)(aL/avx) 
npHMYT BH,ll; ' 

-pttu + Euxx = Fu; (6.17) 

-pvu + ToVxx = Fv; 

-pwu + ToWxx = Fw. 

3aMeTHM, 'ITO nepBoe ypaBHeHtte onttcbrnaeT npo,n;oJibHhie, a ,n;pyrtte ,n;Ba - nonepeq

Hhie KOJie6att11H cTpytthr. 

6.1 IlpocTeiiunrn cJiyqaM ypaBHeHMa 8iiJiepa 

Bo3MO:>KHbI CJie,Lzy!OIIJ,Ile CJiy'-lail [7]: 1. IIo,n;hIHTerpaJihHaH <pyHKIJ;IlH He 3aBilCHT OT 

np0H3BO,ll;H0H IlCK0M0H cpyHKIJ;Ilil y'. IIptt 3T0M ypaBHeHHe 8HJiepa Fy(x, y) = 0 He 

HBJIHeTCH ,D;Il<p<pepeHIJ;Il8JihHh!M. EcJIH rpaHH'fHhie YCJI0BHH He y,n;oBJieTB0pHIOTCH, TO 

3KCTpeMaJib KaK cpyHKIJ;IlH, ,ll;0CTaBJIHIOIIJ,aH MHHHMYM cpyHKIJ;IlOHaJIY, He cyw.ecTBy

eT. 2. B cJiyqae JIHHe:iiHOH 3aBHCHM0CTil OT npott3B0,ll;H0:ii F(x, y, y') = N(x, y) + 
y' M(x, y) Bapnau;noHHaH 3a,n;aqa TepHeT CMb!CJI. ,Ll;eHCTBHTeJibHO, B 3T0M CJiyqae 

ypaBHeHne 8HJiepa HMeeT Bil,ll; aN/ay = aM/ax tt Il0,ll;hIHTerpaJibH0e Bh!pa:>KeHHe 

cTaH0BHTCH noJIHbIM ,n;ttcpcpepeHu;HaJIOM Ndx + Mdy = di!>, a HHTerpaJI ecTh pa3-

H0CTb <pyHKD;Illl OT Ha'faJihHh!X Il K0He'-!Hb!X 3Ha'-!eHH:ii, K0T0ph!e no YCJI0BHIO Il0CTa

HOBKil 3a,D;a'-IH He BapbttpyIOTCH. 3. Ecnn Il0)];hIHTerpaJibHaH cpyHKIJ;IlH He 3aBHCHT 

HBH0 OT x, F = F(y, y'), TO ypaBHeHHe 8:iiJiepa npHHHMaeT Bil,ll; 

Fy - y' Fyy' - y" Fy'y' = 0. (6.18) 

IIocJie YMH0:>KeHHH JieB0H '-laCTil Ha y' 3T0 ypaBHeHHe M0:>KeT 6b!Th 3anttcaH0 B Bil,D;e 

d~ [F - y' Fy,] = 0, F - y' Fy, = canst. (6.19) 

4. B cJiyqae 0TCJTCTBHH HBH0H 3aBJJCHM0CTil OT y nopH,D;0K ypaBHeHHH CH0Ba M0:>KeT 

6hITh noH11:>KeH: F = F(x, y'); Fy, = canst. 
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6.2 O6o6rn,eHMe npocTeiirne:ii 3a,n;aqM 

BapMaD;M0HH0ro MCqMCJieHM5I 

1. <l>yHKIJ;IIOHaJibl, 3aBIICHIIJ,He OT np0H3B0,ll;Hb!X BblCIIIero nopH,D;Ka: 

x, 
J[y] = j F(x, y(x), y', y", ... , y(n))dx, (6.20) 

xo 

r,n;e cpyHKQHH F npe,n;noJiaraeTCH ,n;ncpcpepenu;11pyeMOH n + 2 pa3a no cBom1 apry

MeHTa~1, a rpaHII'fHble ycJI0BIIH JJl\!e!OT Bil)]; [5] 

y(xo) = Yo, y'(xo) = Y~, 

y(xi) = YI, y'(xi) = Y~, ... , 

y(n-Il(xo) = Yt-1); 

y(n-Il(x1) = Yin-I)_ 

8KCTpeMaJIHMH HBJIHIOTCH peweHJJH ypaBHeHIIH 8HJiepa - IIyaccoHa 

d d2 dn 
Fy--d Fy,+-2FYn- ... +(-It-d Fy(n)=0 

x dx xn 

C rpaHH'-!HhlMil ycJI0BHHMH, npHBe,n;eHHbIMil BhIIIIe. 

2. <l>yHKIJ;IIOHaJihI, 3aBHCHIIJ,He OT HeCK0JihKHX cpyHKIJ;HH: 

x, 
J[y1, Y2, ... , Yn] = j dxF(x, YI (x), ... , Yn(x); Y~ (x), ... , y~(x)), 

XO 

nptt rpaHH'fHh!X ycJI0BHHX 

Yk(xo) = yZ, Yk(xI) = Yk1), k = l, 2, ... , n. 

8KcrpeMaJIIl HaX0,D;HTCH perneHHeM CHCTeMbI ypaBHeHHll 8:iiJiepa 

d 
Fyk =-dFy,, k = l, 2,3, ... , n. 

X k 

3. <l>yHKIJ;IIOHaJI, 3aBHCHIIJ,Illl OT cpyHKIJ;Illl HeCK0JihKilX nepeMeHHbIX: 

J[z(x1, Xz, ... xn)] = j ... j F(x1, Xz, ... xn; z;pi, ···Pn)dx1.--dXn, 
D 

(6.21) 

(6.22) 

(6.23) 

(6.24) 

(6.25) 

(6.26) 

r,n;e Pk= azjaxk. Heo6XO,D;IlMOe ycJI0Bile 3KCTpeMyMa Bhipa:>KaeTCH ypaBHeHileM 8H

Jiepa - OcTporpa,n;cKoro 

n i) 
Fz = L ~Fp,· 

i=I uX, 
(6.27) 
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--:,::·.;;;; 

Pernem1e 3Toro ypaBHemrn - <pyHKJ.J;HH z = z(x1 , x2 , ... , x11 ) Ha rpaHuu;e o6nacTu D 
- ,l].OJI)KHO Y~OBJieTBOpHTb 3a~aHHbIM rpaHWIHblM YCJIOBHHI\!. PaCCl\taTpHBaH 3a,n;aq11 

I\IHHHI\IH3au;nu cpyHKJ.J;HOHaJIOB 

J[u] = J J dxdy[u; + u; - u2]; 

J[u] = J J dxdy[u; + u! - 2uf(x, y)], 

(6.28) 

(6.29) 

C 3a,l).aHHbll\lH rpaH!l'IHblMH 3Ha'IeHHHMH, BH,l].HM HX 3KBHBaJieHTHOCTb KpaeBbIM 3a

,l).a'IaM feJibl\ffOJibJ.J;a n IlyaccoHa 

D.u + u = O; D.u = J(x, y). (6.30) 

6.3 Y CJIOBHbIM 3KCTpeMyM. M3orrepHMeTpIPieCKa51: 3a-

,n;aqa 

PacCMOTpHM 3a,l).a'Iy 06 OTbICKaHHII 3KCTpeMaJIII <pyHKJ.J;IIOHaJia [7] 

x, 
J[y(x)] = J F(x,y1, ... ,y~;y~, ... ,y~)dx (6.31) 

fJIABA 7 

HeJIHHe:tiHb1e ypaBHeHH.H 

Turrn'IHble KpaeBbie 3a,l).a'III, rrpnBO,l].HIIJ;He K HeJiuHeHHbIM ypaBHeHHHM rrepBoro IIO

pH,ll.Ka ,l).JI.H ,ll.Byx rrepeMeHHbIX, HMeIOT BII,ll. [4] 

Ut + g(u)ux = 0, -oo < x < oo, 0 < t < oo; 

u(x, 0) = J(x), -oo < x < oo. 

IlpHMOH IlO,l).CTaHOBKOll MO)KHO y6e,l).IITbCH, 'ITO perneHIIeM HBJI.HeTCH 

u(x, t) = J(x - tg(u)). 

(7.1) 

(7.2) 
xo 

rrpn HaJIII'IHII II3orrep11MeTpuqeCKHX YCJIOBIIfi 

,, PerneHIIe, TaKIIM o6pa30M, 3a,l).aHO B He.HBHOll cpopMe. HeKOTOpyIO HH<popMau;uIO 

MO)KHO IlOJIY'IIITb, Bbl'IIICJI.HH 'IaCTHyIO IlpOII3B0,ll.HYIO ITO x: 

x, 
Ux = J'(z)[l - g'tux], Ux = 

J'(z) 
z = x - g(u(x, t))t. (7.3) f Gi(x, YI, ... , Yn; Y~, ... , y~)dx = li, i = 1, 2, ... , m, (6.32) 

xo 

£',l].e l; - IlOCTOHHHbie. cha 3a,l).aqa Ha3bIBaeTC.H 1130ilepIIMeTpII'IeCKOii:. ,Il;n.H ee pemeHII.H 

COCTaBJI.HIOT BCilOMOf'aTeJibHblll <pyHKJ.J;IIOHaJI 

1 + tf'(z)g'(u)' 

J 
ITo cpaBHeHIIIO C JIHHeiiHh!MII ypaBHeHII.HMII 3,l).eCb IlO.HBIIJIHCb rrpe,l).eJibHbie 3Ha'IeHIIH 

' BpeMeHII II KOOp,l].IIHaT, rrpII KOTOpbIX qacTHble rrpOII3B0,l].Hhie o6paru;aIOTC.H B 6ecKO-

He'IHOCTb, KOr,l].a 

x,( m ) 
<I>[y] = i F + ~ >.;Gi dx. (6.33) 

1 +tcf'(zc)g'(uc) = 0. (7.4) 

Ero pemaIOT C IlOMOIIJ;bIO ypaBHeHH.H 9ii:nepa, a rrpOI13B0JibHble IlOCTOHHHbie II rrapa

MeTpbl A; HaxO,l]..HT II3 rpaH!l'IHbIX II 1130ilepIIMeTpH'IeCKIIX ycJIOBIIfi. B 3aKJIIO'IeHIIe 

,Il;JIH rrpIIMepa paccMOTPIIM ypaBHeHIIe Xorrcpa, OilIICbIBaIOru;ee II3MeHeHIIe CKOpOCTII 

I
·.,, u(x, t) CKOITJieHII.H HeB3aIIMO,l).eiicTBYIOIIJ;IIX qaCTHJ.J;, ,l].BII)Kyru;IIXC.H B HarrpaBJieHIIII OCII 

X [10, 11]: 
i 

OTMeTIIM, 'ITO ,ll.OCTaTO'IHO rnIIpOKIIH KJiacc reoMeTpIIqecKux 3a,l).a'I He MO)KeT 6bITh / 

pemeH MeTo,l].aMII MIIHHMII3au;uII <pyHKJ.J;IIOHaJIOB. ·1 

B Ka'IeCTBe rrpIIMepa rrpIIBe,l).eM 3a,l).aqy O Haxo)K,ll.eHIIII JIHHHII MIIHIIMaJibHOii: ,l].JIH

HbI, rrpoXO,ll.Hru;eti: qepro Tpu 3a,l).aHHhle TO'IKII (K. Beti:eprnTpacc). PemeHIIe *e ee c t 

IlOMOIIJ;bIO JIIIHeii:KII O'IeBII,l].HO. 
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Ut +uux = 0 (7.5) 

c HaqanbHbIM pacrrpe,l).eJieH!leM u(x, 0) = u 0(1-tanhx). PerneHIIe B HeHBHoii <popMe 

HMeeT BII,ll. 

u(x, t) = u0(l - tanh(x - tu(x, t))). 
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,I.J,m1 npOH3BO,IJ,HOH nony'lHM 

Ux = 2 . 
u 0t - cosh (x - tu(x, t)) 

Uo (7.7) i 

Mm1eHT onpOKH,Il,b!BaHH51 BOJJHbl 0TBe'laeT o6parn,eHHIO B HYJlb 3HaMeHaTeJm. <l>H3H-' 

'leCKH OH onHCbIBaeT yKpy'leHHe rpe6H51 BOJlHbl, npOHCXO,IJ,5111l,ee 3a C'leT 0TCTa!Olll,HX 

'laCTHIJ, CK0nJJeHHH, ,IJ,OrOH511011l,HX 6onee Me,IJ,JJeHH0 ,Il,BH)f(ylll,HeCH 'laCTHI.J,bl, pacnOJJO-: 

)i(eHHble Bnepe,IJ,H. 

3anHCbIBa51 ypaBttem1e B BH,Lle 

(In Z)xt = [ Z;x - ( i rt + [ ( i r L (7.14) 

II npoBO,Il,51 HHTerp1IpoBaH1Ie no x, nonyqaeM JJIIHei1Hoe ypaBHeHHe ,IJ,1151 Z(x, t): 

Zt = Zxx + f (t). (7.15) 

7.1 HeJIIIHeiiHhie ypaBHeHIIH. O6:rn;Mii cJiyqafi \1 7.2 qaCTHbie perneHIIH B BII,l];e 6ery:rn;eii B0JIHbl. Pe

rneHIIH B BII,l];e C0JIIIT0H0B 
O6rn,11x MeTO,Il,OB ,Il,Jl51 perneHH51 HeJJHHeHHblX ypaBHeHHH He cyrn,ecTByeT [9, ll]. l1Ho- i 

r.z:1a MO)f(HO IIOCTp0HTb narpaH)f(llaH, MHHHMH3a11,11ei1 KOTOporo l\lQ)i(HO nony'lHTb 3a

,LlaHHOe HHTerpaJJbHOe ypaBHeH11e. B Ka'leCTBe npHMepa npHBe,LleM MO,LleJlb )K116epa 

- llia6aTa - MHxai1noBa 

U2 + U2 m 
L(x, t) = x t - -(exp['YU] + 1/2 exp[-2,U] - 3/2). 

2 ')' 
(7.8) 

9TOMY narpatt)f(llatty MO)f(HO nocTaBHTb B COOTBeTCTBHe CJle,LIYIOlll,ee ypaBHeHHe 9i1- , 

nepa: 

Utt - Uxx + m 2
(exp[U,] - exp[-2U,]) = 0. 

,I.J,pyroi1 npHMep - ypaBHeH11e CHHyc-fop,n:oHa 

Utt - Uxx + m 2 
sin(o:U) = 0, 

no11yqa10rn,eec51 MHHHMH3aI.J,Hei1 11arpam1rnatta 

(7.9)1 
j 

I 
(7.10) 

I 
\ 

I' 

B paCCMOTpeHHblX Hll)f(e npHMepax Mb! .z:1a,L11IM HeKOTOpoe npe.z:1cTaB11e1111e O HeJJII

HeHl!blX ypaBHeHII5IX. Hai1TH perueHHe Tllna 6eryrn,ei1 BOJ!Hbl ypaBHeHH51 KopTeBera 

- .z:1e <l>p1I3a (KdV), OnHCbIBa10rn,ero OTKJIOHeHHe noBepxHOCTH BO,Il,bI B KaHaJJe OT 

nOJJO)i(el!lrn paBH0BeCH51 u(x, t) = 0 [6, 103]: 

Ut + 6uux + Uxxx = 0, (7.16) 

y6brnarorn,ee BMeCTe co CBOllMll npOll3B0,LIHbIMll Ha 6ecKOHe'lHOCTll. l1rn,eM pe111e11ue 
B BII,Lle 

u(x, t) = f(x - vt) = f(z). (7.17) 

Haxo.z:151 npOll3BO,IJ,Hble Ux = f', Uxxx = f 111
, Ut = -vf' ll nO,LICTaBJl5151 llX B OCl!OBHOe 

ypaB11eH1Ie, IIOJlJ'IllM o6b!KIIOBeHHOe ,IJ,mpcpepeHI.J,llMbHOe ypaBHeHHe 

-vf' + 6f J' + f 111 = 0, (7.18) 
U2 -U2 m 

L(x, t) = 1 
x - -(1 - cos (o:U)). 

2 0: 
(7.ll) I K0Topoe M0)KHO np_on11Terp1IpOBaTb: 

Mb! paCCM0TpllM 3,LleCb ,LIBa MeTO,Lla, K0T0pbie TI03BOJ15IIOT B HeK0T0pbIX CJIJ'la5IX CBe

CTII IICJJIIIICHl!ble ypaBHeHII51 K o6bI'lHbIM ,Llllq>q>epeHI.J,IIMbllbIM ypaBHeHH5IM. Onu

llleM, CJlCl\YH [8], MCTO,LI nO,LICTaHOBKll Koyna-:Xoncpa, KOT0pb!M HeJJHHei1Hoe ypaBHe

lIIIC, 0TIHCb!BaIOrn,ee pacnpocTpaHeHHe c11a6bIX y,n:apHbIX B0JIH, M0)KeT 6bITb CBe,n:eH0 

K Jllll!CHII0MY ,LIHq>q>epeHI.J,IIMbHOMY ypaBHCHlllO B 'JaCTHbIX np0H3B0,IJ,HbIX. YpaBHe--' 

IIHC IIMCCT BH,Il, 

-vf + 3f2 + J" +CJ= 0. 

YMHO)Ka51 3To ypaBtte111Ie Ha f', ero MO)KH0 npoHHTerp1IpoBaTb ern,e pa3: 

1 1 J'[c1 + J" + 3f
2 - vf] = 0-> cif + 2(!')2 + f 3 -

2
vJ2 + c2 = 0. 

(7.19) 

(7.20) 

Ut = Uxx + 2uux. ) ITpe6oBaHue y6hIBaHH51 <PYHKI.1,llll II ee np0H3B0,LIHblX Ha 6ecKOHC'lHOCTll HMaraeT 

(
7
.l

2 
YCJJOBlle C1 = C2 = 0. II011yqa10rn,eec51 ypaBHeHHe ,LI0IIJCKaeT Pa3,LleJieHHe nepeMeH-
Hb!X: By,n:eM HCKaTb perneHHe B BH,Lle 

Zx 
U=

Z' 
u = Zxx _ (Zx)

2 

X Z Z 
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(7.13) 

J' = ±✓vf2-2f3, df . 
±dz= f✓v- 2f' [

2 = V - 2f. (7.21) 
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YpaBHem,e p33pewaeTcH: In ~~: = ±ylvz. Ilocne 11ecno:>1<11brx rrpeo6p330Bam1il: no

.r1yt.iaeM OTBeT: 
V 1 

u(x, t) = ,Iv , 
2 cosh2( 

2
v (x - vt)) 

(7.22) 

HMe!Olll,HH BH,!], )],BH)Kylll,eroc5! KOJIOKOJJa. 

KpoMe perneHHH Tnrra 6erylll,eH BOJ!Hbr HeJIHHeHHb!e ypaBHeHH5! l\loryT CO,!],ep

)KaTb perneHH5! aBTOMO)],eJlbHOrO Tnrra [19], T. e. pewemrn, 3aBHC5!lll,He OT HeKOTOpoti 

KOM6nHau;1m rrepeMeHHbrX. 

TaK, )],JJH ypaBHeHnil: KdV n MO,!J,H<pnu;npoBaHHoro KdV Hl\IeeM cooTBeTCTBeHHo 

a) 

b) 

Ut + 3UUx + Uxxx = 0, 
3 2 

Ut + 2u Ux + Uxxx = 0. 

(7.23) 

3 I I 
3aMeHbI u(x, t) = F(0)->..t, 0 = x+ 2>..t2 ,!],JJH a) n u(x, t)-,J(O,~ = x(3t)-, )],JJH 

b) rrpHBO,!],5!T HX rrocne HHTerpnpoBaHH5! COOTBeTCTBeHHO K o6bIKHOBeHHbrM ,!],H<p<pe-

peHIJ;HaJJbHb!M ypaBHeHHHM 

3 2 
F00 + 2F - >..0 + kr = O; 

C ITOCTOHHHbIMH A, kr,2• 

1 3 
ft.t. - - f - 3 f + k2 = 0 

3 

YpaBHeHne B10prepca [6, 102] 

Ut + UUx = µuxx 

(7.24) 

(7.25) 

orrncbIBaeT pacrrpocTpaHeHne cna6b1X y,!J,apHbIX BOJJH B cpe,!],e c )],Hcnepcneti :mepnm. 

Haii)],eM ero pememre THIIa y,!],apHOH BOJ!Hhl, Y,!J,OBJleTBOpH!Olll,ee ycJJOBHHM 

! 

lim u(x, t) = ui, lim u(x, t) = u2, ur > u2. 
x~-oo x~+oo 

PemeHne nrn;eM B BH)],e u(x, t) = f(x - vt). YpaBHeHne rrpnHnMaeT BH,!J, 

(-v + J)J' = µJ". 

(7.26) • 

l 

(7.27) 

HHTerpnpoBaHne 3Toro ypaBHeHH5! no X B npe,!],eJJax OT MHHYC ,!],O TIJl!OC 6ecKOHet.I

HOCTH )],aeT, C yt.ieTOM YCJIOBHH, 

Ero pememre 
Ur - f (z) ur - u2 

l11-----,-..,..z---
U2 - f(z) 2Jl 

~IO)KeT 6brTb rreperrncatto cne,!J,YIOlll,HM o6p33m1: 

u(x, t) = v _ ur - U2th (ur - u2)(x - vt) 
2 4Jl 

Pemettne nueeT BH,!J, ,!l;BH)Kylll,eiicH 11 CTeHKH 11 • 

(7.30) 

(7.31) 

HaiiTH perneHne Tnrra ye)],HHeHHOH 6erylll,eH BOJ!Hbl ypaBHeHH5! HeJIHHeHHOH CTpy

Hbl [6, 104]: 

Utt - Uxx + ( U 2
)xx + Uxxxx = 0. (7.32) 

lfo1eM perneHne B BH,!l;e u(x, t) = f(x - vt) = f(z). Ilo)],CTaBJJHH 3TO Bbipa)KeHne B 

ypaBHeHne B t.iaCTHhIX npOll3BO)],HbIX, rronyt.iHM o6bIKHOBeHHOe )],ll<p<pepeHu;HanbHOe 
ypaBHeHne 

_ /' (1 _ v2) + (!2)" + j(IV) = 0. (7.33) 

Ilocne ,!J,ByKpaTHoro HHTerpnpoBaHHH nonyt.inM 

/' + f 2 
- f (l - v 2

) + Crz + C2 = 0. (7.34) 

IlocKOJlbKY <pyHKIJ;ll5! f(z) BMeCTe co CBOHMH npOH3BO,!J;HbIMH o6palll,aeTC5! B HJJ!b Ha 

6ec1<0Het.iHocTn (cpn3nt.iecKoe ycnoBne), nMeeM Cr = C2 = 0. YMHO)KaH 3TO ypaBHe

Hne Ha f' n ew;e p33 HHTerpnpyH, rronyt.iaeM 

1 ( ') 2 1 3 1 ( 2) 2 - f + -f - - 1-v f = C3. 
2 3 2 (7.35) 

Ilo TeM )Ke npnt.inHaM rronaraeM C 3 = 0. qacTHoe pemettne rronyt.iemmro ypaBHe

HHH HMeeT <pll3Ht.IeCKHH CMbICJI TOJlbKO ,!l;JIH v 2 < 1 ( <ITO COOTBeTCTByeT TOMY, <ITO 

CKOpOCTh pacnpocTpaHeHHH BO3Mylll,eHHH He npeBbilllaeT CKOpOCTH 3BJKa): 

3 l -v2 

f (z) = 2 cosh2( ~(z-zo)). (7.36) 

+oo 

j [-vf' + f J' - µJ"]dz = 0, 
-oo 

~[u~ - ui] - v(u2 - u1) = 0, (7.28) ,1 YnoMHHeM TaK)Ke MO)],eJJb <l>pll,!J,)Kyxa-HaraMbI npnMeHHeMyIO )],JIH onncaHH5! pac

rrpocTpaHeHHH HepBHOro llMTIYJJbCa [24]: 

OTKy,!],a Mb! HaxO)],HM V = (u1 + u2)/2. 3)],eCb Mb! HCITOJlh3OBaJJH TOT <paKT, <ITO ! 

npon3BO,!l;Ha5! Ha 6ecKoHet.iHOCTH o6paw;aeTCH B HYJJb. C yt.ieTOM 3Toro neperrnmeM 1 

ypaBHeHne B BH)],e 

1 
4>t = 24>xx + (a - 4>)(4>2 

- 1), -1 <a< 0. (7.37) 

µJ' = ~(! - ur)(u2 - !). 
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(7.29) I 3,D;ecb Bennt.inHa Bo36y)K)],eHnH 4>(x, t) B MOMeHT BpeMeHn t B TOt.iKe x ncrrbITbIBaeT 
1 

BJIHHHHe CHJI TpeHHH 4>t, yrrpyroCTH 4>xx n 6apbepoB 4> = a, ±1. qaCTHbIM perneHHeM 
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ero HBJU!eTCH <I>(x, t) = th(x - at). OTMeTllM TeCHYIO CBH3b ypaBHeHnH KopTeBera

,n;e <l>pn3a c ypaBHeHnHMn rn,n;po,n;nHaMnKn. ,Il;eitCTBnTeJihHO, B ,n;ncrreprnpyrorn,nx 

cpe,n;ax llMeeM ypaBHemrn ,ll;JIH CKOp0CTll V = Yt ll CMern,eHll.H TO'IeK )Kll,ll;KOCTll y(x, t) 
OT COCTOHHll.H paBH0Becn.a 

PVt + pvvx = -Ux, (7.38) 

r,n;e u - IIOTeHIJ;llaJibHa.H ,meprn.a, p - IIJIOTHOCTb Macchi. C'InTaH IIJIOTHOCTb MaCCbI 

IIOCTOHHHOti, rrpe,n;cTaBnM rrpaByIO 'IaCTb B Bn,n;e 

f = -Ux = hYxx + f4Yxxxx + f6Yxxxxxx + ··· (7.39) 

r,n;e cnaraeMoe ~ h ecTh B03Bparn,arorn,a.a cnna. CnaraeMoe ~ f 4 OTBeTCTBeHHO 3a 

,n;nccnrraii;nro BCJie,ll;CTBlle CllJI IIOBepXHOCTHOrO HaT.H)KeHll.H. OcTaJibHbJe CJiaraeMhJe 

MaJibl. IIepexo,n;.a K COOTBeTCTBYIOIIl,llM KOOp,n;nHaTaM, rreperrmneM ypaBHeHne B Bll,ll;e 

Ytt = Yxx - 12lYtYtx + 2t::Yxxxx· (7.40) 

3,n;ecb l - MaJieHbKa.H BeJill'IIIHa. IlpOIICXO,ll;llT KOMIIeHCaIJ;IIH 60JibIIIIIX BKJia,n;oB Ytt -
Yxx• C'I!ITa.a B rrepBOM rrp1I6JI1I)KeH1I1I 9TY BeJIII'IIIHY HyneM, Mb! rrony'IIIM peIIIeHIIe 1, 

B Bll,ll;e ABYX BOJIH, 6eryrn,nx B rrpOTllBOIIOJIO)KHb!X HarrpaBJieHllHX: y(x, t) = Y- + 
Y+, Y± = y(x ± t). )];n.a orrpe,n;eJieHHOCTll paccMOTpllM BOJIHY, ,ll;Bll)KYIIJ;yIOCH BrrpaBo, 

Y-· IlpnHnMaH BO BHIIMaHne He60JibIIIlle llCKa)KeHnH, BHOCllMbJe MaJibIMll ,ll;06aBKaMn, 

C'IllTaeM y(x, t) = y(f;, T), I; = x - t, T = tl. KoMrreHcaii;n.a 6oJibIIIllX CJiaraeMhIX 

rrponcxo,n;nT AO ypOBHH CJiaraeMbIX, rrporropii;noHaJibHbIX l: Ytt - Yxx ~ -2lY{r· 
CoKparn,a.a rrony'IeHHoe ypaBHeHne Ha t::, rrp1Ixo,n;nM K ypaBHeHnIO KdV: 

Y{r - 6Y{Y{( + Ym{--+ <Pt= 6</J<f>x - <Pxxx, <P = Y{· (7.41) I 

B pa3,ll;eJie ",Il;orrOJIHeHII.H 11 paccMOTpeHbl HeK0T0pbie KOHKpeTHbJe 3a,n;a'III, B TOM 'IllCJie 

rro,n;xo,n; PnMaHa K peIIIennro HeJinHe.ll:noro ypaBneun.a HaBbe-CToKca, II3JIY'IeHne 

3BYK0BbIX B0JIH, pacrrpocTpaueune y,n;apHb!X B0JIH. 

fJIABA 8 

II pH6JIM)KeHHhle MeTO,IJ;hl 

8.1 qHCJieHHhie MeTO,ll;hl pemeHH.H ,z:t;Hcpcpepettn;HaJib

HhIX ypaBHeHHM 

B qaCTHhIX rrpOH3BO,z:t;HhlX 

8.1.1 OcHOBHbie II0H.HTIUI MeTo,n;a ceT0K 

B 6oJibllillHCTBe cJiyqaeB IIOJIY'IllTb peIIIeHne ,n;ncp¢epemi;naJibHbIX ypaBneHIIH B 

'IaCTHbIX rrpOll3BO,ll;HbIX C ITOM0IIl,bIO aJieMenTapHbIX llJlll crreii;naJibHbJX <PYHKIJ;IIH 

HeB03M0)KHO. B CBH3ll C 9TllM Ba)KHOe 3Ha'IeHne rrpno6peTaIOT rrpn6JinJKeHHble Me

TO,ll;bl nx peIIIeHll.H. OrpaHll'IllMC.H paCCM0TpeuneM KpaeBb!X 3a,n;aq ,ll;JIH ypaBHeHllll 

MaTeMaTnqecKoti ¢n3llKll C ABYMH He3aBnCllMhlMII rrepeMeHHb!Mll B o6JiaCTll D C 
rpaunii;eii ,, T.e. 

Lu= a(x, y)u;x + 2b(x, y)u;Y + c(x, y)u;;., + d(x, y)u~+ 

+e(x, y)u~ + g(x, y)u = J(x, y), (x, y) ED, (8.1) 
fu = </J(x, y), (x, y) E ,, (8.2) 

r,n;e a(x, y), b(x, y), c(x, y), d(x, y), e(x, y), g(x, y), f(x, y) - ll3BeCTHhJe 

ii <PYHKQllll rrepeMeHUbIX x n y, orrpe,n;eJieHHbJe B o6nacrn D, r -HeKOTOpb!ll JlllHetiHblll 

(B o6rn,eM cnyqae ,ll;II¢¢epeuii;nanbUb!H) orrepaTOp rpaHll'IHbIX YCJIOBllll n ¢(x, y) -
II3BeCTHa.H <PYHKQIIH, 3a,D;anua.a na rpaHIIIJ;e ,. Han6onee 'IaCTo llCIIOJlb3yeMbIM Me

TO,ll;OM 'IllCJieHnoro pewenn.a KpaeB0H 3a,n;a'In (8.1),(8.2) HBJIHeTCH MeTo~ CeToK 

(MeTO~ KOHe'lHhIX pa3HOCTeii) [4, 13, 14). B MeTo,n,e CeTOK 3aMKHyTa.H 06-

JlaCTb D = DU, 3aMen.aeTc.a Kone'IHhIM MnoJKecTB0M TO'IeK - ceTKoii DhDh U 'Yh· 
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To'IKH 3Toro l\IHO)KeeTBa Ha3bIBaIOTeR y3JiaMH eeTKH. ITapaMeTp h=(h, T), mar eeT

KH, xapaKTep113yeT ee rrJI0THOeTb B o6naeTn D. O6hI'IHO rrpn lhl ✓h2 + T 2 
----> 0 rro

ene,l],oBaTeJibHOeTb eeTOK Dh eTpe!-.iHTeR 3arrOJIHHTb Be!O o6JiaeTb D. I1p0113BO,l],Hble, 

BXO,l],51.IIl,Ile B JieBbie qaeTH eoOTHOIIIeHIIH (8.1) H (8.2), 3aMeHRIOTe51. Ha eeTKe Dh eo

OTBeTeTBYIOIIl,HMH pa3HOeTHbll\111 OTHOIIIeHHRMII. B pe3yJibTaTe ITOJIY'IaeTeR eHeTel\Ia 

JIHHeHHb!X anre6pa11qeeKHX ypaBHeHHH 

Lhuh = fh(xm, Yn), 

fhuh = <Ph(Xm, Yn), 

(xm, Yn) E Dh, 

(xm, Yn) E ,~, (8.3) ,, 

r,l],e uh(xm, y
11

), (xm, Yn) E Dh - 11eKOMaR ceTO'IHruI cpyttKu;m1, fh(xm, Yn), <Ph(xm, Yn) 
- eeTO'IHbie q>yHKIJ,HH, 3a,l],aHHbie Ha MHO)KeeTBaX Dh II 1h eOOTBeTeTBeHHO, H Lh, rh 
- pa3HOeTHble orrepaTOpb!. CeTO'IHaR q>yHKU,1151. Uh, 51.BJIRIOIIl,aReR peIIIeHI!el\l eneTe-

Mbl ypaBHeHIIH (8.3), Ha3bIBaeTeR rrpH6JIH)KeHHbll\I peIIIeHHeM Kpaenoii 3a,l],a'IH (8.1), 

(8.2) Ha eeTKe Dh. Ee 3Ha'!eHH51. Um,n = uh(Xm, Yn) rrpn6JIH)KeHHO 3aMeHRIOT B y3-

nax eeTKH Dh e0OTBeTeTBYIOIIl,He 3Ha'!eHH51. T0'IHOf0 peIIIeHHR u(Xm, Yn) HeXO,l],HOH 

Kpaenoii 3a,IJ,a'IH e HeKOTOpoii rrorpeIIIHOeTb!O Dm,n = Um,n - u(xm, Yn)- CeMeiieTBO 

eHeTeM ypaBHeHIIH (8.3), 3aBHenrn;ee OT rrapaMeTpa h=(h, T), Ha3bIBaeTeR pa3HOCT

HOH cxeMOH. Pa3noeTHYIO exeMy (8.3) y,n;o6Ho 3arrnehrnaTb B nn,n;e 

r,l],e 

Lhuh = J h(Xm, Yn), (xm, Yn) E Dh, 

T,h = { Lh, (xm, Yn) E Dh, 
fh, (xm, Yn) E 1h; 

J -{ fh, (xm,Yn) E Dh, 
h - <Ph, (xm, Yn) E 1h· 

(8.4) 

IToeTpOeHHe pa3HOeTHOH cxeMbl (8.3) lIJIH (8.4) ,l],JIR Kpaenoii 3a,l],a'IH (8.1) Ha'II!Ha

eTeR e Bbr6opa eeTKH, T. e. YKa3bIBaeTeR rrpaBHJIO 3aMeHbI o6JiaeTH D H rpaHIIIJ,bl / 

eeTO'IHOll o6JiacTb!O Dh. qaru;e neero eeTKa Bbr611paeTeR rrpnMoyroJibHOll II paBHO

MepHOll. ,l];JIR 3TOf0 rrpOBO,Il,51.TeR ,IJ,Ba eeMeiieTBa rrapanJieJibHbIX rrpRMbIX: X = Xo+mh i 

II y = Yo + nT II paeeMaTpHBaIOTeH neeB03M0)KHbie TO'!Kll rrepeeeqemrn rrpRMbIX 113 ; 

3TIIX eeMeiieTB, T. e. TO'IKII BH,ll,a (xm, Yn) = (xo + mh, Yo + nr). To'IKH (xm, Yn), 
KOTOpbre rrp11Ha,IJ;Jie)KaT 3aMKHyToii 06naeT11 D, o6pa3yroT eeTKY Dh, RBJIRReh ee 

y3JiaMII. Y Ka)K,Il,OfO Y3Jia (xm, Yn) IIM8IOTe51. '!8Tbipe eoee,l],HIIX TO'IK!I: (xm-1, Yn), 
(xm+l, Yn), (xm, Yn-1), (xm, Yn+1)- Een11 nee 3TH eoee,n;H11e TO'IKII TaK)Ke rrp11Ha,n;ne

)KaT eeTKe Dh, TO y3eJI (xm, Yn) Ha3bIBaeTeR BHyTpeHHHM, B rrpOTIIBHOM enyqae 

y3eJI (xm, Yn) Ha3brnaeTeR rpaHH'IHbIM. CoBOKYIIHOeTb BHyTpeHHIIX Y3JIOB 06pa3y

eT MHO)KeeTBO Dh, a rpaH!l'IHhIX - MHO)KeeTBO ,h (TaK 'ITO Dh = Dh U,h)- Cne,n;yeT, 
OTM8TI!Tb, 'ITO MHO)K8CTBO rpaHil'IHbIX Y3JIOB 1h He o6n3aTeJibHO 51.BJIReTCR ITO,ll,

MHO)KeeTBOM TO'IeK rpaHIIIJ,bl , , 'ITO IIpIIBO,l],IIT K rrorpeIIIHOeTRM rrpll rroeTpoeHIIII 

eeTO'IHOll q>yHKU,1111 <Ph 113 (8.3). IToeJie Bbr6opa eeTKII Dh rrpOBO,l],!ITeR rroeTpoen11e 

eeTO'!Hoii cpyHKIJ,1111 7 h = (Jh, <Ph) 11 pa3HOeTHoro orrepaTopa Lh = (Lh, rh) 113 (8.4). 
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)],JIR orrpe,n,eJieHil5! _ _fh B Y3Jiax eeTKH Dh IIOJiaraIOT fh(Xm,Yn) = f(xm,Yn), eeJIH 

(xm, Yn) E Dh, f h(Xm, Yn) = </>(xm, Yn), eeJIII (x~ Yn) E '°Yh H (xm, Yn) E ,, eeJIH 

)1(8 rpaHll'IHblll Y38JI (xm, Yn) ff:. "I, TO B Ka'!eeTBe J(xm, Yn) Bb!6HpaeTe51. 3Ha'I8Hil8 

cpyHKIJ,IIII ¢(x, y) B rrpOI13BOJ!bHOfi TO'!Ke (x, y) E "/, OTeTORIIl,efi OT Y3~a (xm, Yn) Ha 

neJIH'IHHY, MeHbIIIYIO lhl. ,D,nn rroeTpoeH!IR pa3HOeTHoro orrepaTopa Lh nee Il3BeeT

HbJe q>YHKIJ,IIII, yqaeTBYIOIIl,Ile B 51.BHOH 3arrneI1 orrepaTOpOB £ II f (HaIIplll\lep, a(x, y ), 
b(x, y) H T.,n;.), 3aMeH51.IOTe51. eBOill\111 3Ha'!eHil5ll\111 B y3nax eeTKH Dh II o6o3Ha'IaIOT

eR eoOTBeTeTBeHHO qepe3 am,n, bm,n II T. ,n;., a qaeTHble rrpOI13BO,l],Hb!e 1-ro H 2-ro 

rrop.H,IJ;KOB Heil3BeeTH0H q>yHKU,IIII u ( X' y) rrpn6JIIl)K8HHO 3aMeHHIOTe51 eOOTBeTeTBY

IOlll;Ill\III pa3HOeTHhlMII OTHOIII8Hil51Mll. B pe3yJihTaTe rroJiy'IaeM pa3H0eTHYIO exeMy 

(8.4), eooTBeTeTnyroru,yro Kpaenofi 3a,l],a'Ie (8.1), (8.2). 

IIpnMep 1. 
IToeTpOIITb pa3HOeTHYIO exeMy ,l],JI.H Kpaenoii 3a,l],a'IH paerrpoeTpaHeHH.H TeIIJia B 

K0He'IHOM eTep)KHe (0 ::; x ::; l) 

I 2 II J( ) ut - a uxx = x, t , 

u(0,t) = 1P1(t), 

u(x, 0) = ¢(x); 

u(l, t) = ¢2(t). 

PeIIIeHI1e. OTMeTHM, 'ITO o6naeTb orrpe,I1,eJieH11.H {(x,t)I0 :S x '.S l,0 '.St '.S +oo} 
,n;aHH0H Kpaenofi 3a,l],a'IH 51.BJIReTeR HeorpaHH'I8HHOH. I1o3TOMY ,l],JIR rroeTpOeHIIR paB

HOMepHoii rrpnMoyrOJibHOH eeTKH Dh (KoTopa.H Beer,l],a .HBJIReTCR K0He'!Hh!M MHO)Ke

eTBOM TO'IeK) rroeTyIIIIM eJie,n;yIOIIl,IIM o6pa30M. ITpoBe,l],eM ,l],Ba eeMefieTBa rrp.HMbIX 

x = mh II t = nT ,l],JIR HeKOTOpbIX 3a,IJ,aHHbIX h II T. O'IeBil,ll,HO, 'ITO TO'!Ka (xm, tn) 
rrp1rna,I1,Jie)KI1T o6naeTH orrpe,1],eJieHIIR 11exo,I1,HOii 3a,IJ,a'IH, eeJIII m = 0, 1, ... , r, r,l],e 

r = [ l / h], 11 n = 0, 1, ... I1oJio)K!IM 

Dh = {(xm,tn)lm = 0, 1 ... ,r, n = 0, 1, ... ,s}, (8.5) 

r,l],e u,eJioe s Bb1611paeTCR TaK, 'IT06bl IIHTepBaJI O ::; t '.S TS rrepeKpbIBaJI TOT BpeMeH

H0ii ,l],IlaIIa30H, B K0TOp0M Il3y'laeTC51. paerrpocTpaHeHile Terrna B CT8p)KH8. MHO)Ke

CTB0 BHyrpeHHIIX Y3JIOB IIMeeT Bil,ll, Dh = {(xm, tn)lm = 1, 2 .•. , r - 1; n = 1, 2, .•• , s }. 
B 3T0 MHO)K8CTBO BXO,l],51.T H Y3JibI B!l,l],a (xm, t.), m = 1, 2 ... , r - 1, K0TOpbre Mb! 

C'IIITaeM BHyrpeHHIIMII. CooTBeTCTB8HHO, ih = Dh \ Dh, IIJIII B 51.BH0M Bil,ll,8 1h = 
{(xm,0)lm = 0, 1, ... ,r} U{(0, tn)ln = 1, 2, ... , s}U{(xr, tn)ln = 1,2, ... , s}.,II,anee 

IIOJiaraeM Uh= {um,n}, 

J(xm, tn), (xm, tn) E Dh, 

7 ( ) { if,(xm), n=0; m = 0,1, ... ,r, 
h Xm, tn = 1PI (tn), m=0; n = 1, 2, ... , s, 

1P2(tn), m=r; n=l,2, ... ,s. 

(8.6) 

OTMeTHM, 'ITO B cnyqae, KOr,l],a l/ h He RBJIReTCR u,eJibIM 'IIICJI0M, T. e. r = [ l/ h] < 
l/h, Y3JibI (xr, tn), n = 1, 2, ... , s, He rrpnHa,D;Jie)KaT rpaHil'IHOfi rronyrrp.HMOH x = 
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l, y 2". 0. B11ecTe c TeM 3TH Y3JihI 5IBJI5IIOTC51 rpaH!l'IHhIMH, no3T0MY 3Ha'leHH5l ce

T0'IHoii cpyHKI.l,lill 7 h B HHX nepeHeceHbl c rpaHHI.l,hl. ,l],JI5I noJiy'leHH5l pa3H0CTH0ro 

ypaBHeHH5l 3a11emn1 npoH3B0,!l;Hbie pa3H0CTHhIMH 0TH0IIIeHli5IMH 

u;(xm, tn) :=::: ~(um,n+l - Um,n), 

U~x(Xm, tn) :=::: : 2 ( Um+J,n - 2um,n + Um-1,n), 

r,n:e (xm, t11 ) E Dh. Cne,n:oBaTeJihHO, 

{ 

¾(~m,n+.l - U7'.'.:n)_ - f,~um+l,n - 2u:,n + Um-1,n), 
m - 1, ... , r 1, n - 0, l, ... , s 1, 

Lhuh = Um,O, m = 0, ... , r, 
Uo,n, n = l, ... 's, 
Ur,n, n = l, ... ' s. 

(8.7) 

Ilo,n:cTaBJI5l5l Bb!pa)KeHH5l (8.6) H (8.7) B (8.4), nonyqaeM HCK0MYIO pa3H0CTHYIO cxe-

My, K0T0pa5I npe,n:cTaBJI5leT co6oii CJie,n:y10uzy10 CHCTeMy JIHHel!HhIX anre6paH'leCKHX i 
ypaBHeHHll: 'r'I,, 

,! 
1 a2 ,1 ! 

~(Um,n+I - Um,n) - h2 (um+l,n - 2um,n + Um-1,n) = f(xm, tn); ;i 

m = 1, ... , r - l; n = 0, ... , s - l; ~ 
Um,O = </>(xm), m = 0, ... , r; 

Uo,n = 'l/J1(t11 ), n = 1, ... , s; 

Ur,n = 'l/J2(t11 ), n = 1, ... , S. 

9Ta CliCTeMa C0CT0HT H3 (s + l)(r + 1) ypaBHeHlill. PeIIIHB ee 0TH0CHTeJihH0 HeH3-

BeCTHhIX Um,n, m = 0, ... , Tj n = 0, ... , S, Haii,n:eM CeT0'IHYIO q>yHKI.l,HIO Uh = 
{ Um,n}, 3Ha'leHH5l KOTopoti B y3nax ceTKH npu6nu:a<eHHO 3aMeHRIOT 3Ha'lemrn HC

K0Moro peIIIeHH5l HCX0,1J;HOli KpaeB0li 3a,!l;a'IH ,n:JI5l ypaBHeHli5l Tennonp0B0,!l;H0CTli. ', 

IlpHMep 2. Onpe,n:eJIHTh nopR,n:oK nptt6Jitt)KeHH5l ,n:Hq>cpepettu,uanhttoro onepaTo-

pa Lu = u; - a2u~x pa3H0CTHhIM onepaTopoM li3 npHMepa 1. PeIIIeHHe. B npuMepe 

1 6bIJI n0CTpoeH pa3H0CTHhlli onepaTOp 

1 a2 

(Lhuh)m,n = ~(um,n+I - Um,n) - h2 (um+l,n - 2um,n + Um-1,n)-

l1cnoJib3Y5l cpopMyny Tetinopa, ttaxo,n:ttM 

1 1 
-(umn+l - Umn) = -(u(xm, t11 + r) - u(xm, tn) = 
r ' ' r 

= u;(xm, tn) + ~u~t(Xm, t'), 
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r,n:e tm < t' < tm + r H 

1 
h2 ( Um+l,n - 2um,n + Um-1,n) = 

1 ( 1 1 ) = h h (u(xm + h, tn) - u(xm, t11)) + h (u(xm - h, t11 ) - u(xm, t
11

)) = 

1 (( , ( ) h 11 ( ) h
2

, /// ( ) = h Ux Xm, fn + 2Uxx Xm, fn + 6Uxxx Xm, tn + 

h 3 Ill/ ( I t )) ( I ( t ) h // ( ) + 24 Uxxxx X , n + -ux Xm, n + 
2

uxx Xm, tn -

h
2 

/ff ( ) h
3 

I/ff ( 11 )) ) -_6 uxxx Xm, tn + 24 Uxxxx X , tn , 

r,n:e Xm - h < x'' < Xm < x' < Xm + h. IlpHB0,1J;5I no,n:o6ttbie 'IJieHhI B npaBoii 'laCTH 
nocne,n:Hero Bhipa)KeHHR, nonyqaeM 

h~ (um+l,n -:-- 2um,n + Um-1,n) = U~x(Xm, t11)+ 

h 2 ( ,,,, ( , t ) 1111 ( ,, t ) ) + 24 Uxxxx X , n + Uxxxx X , n • 

Cne,n:oBaTeJihHo, 

(Lhuh)m,n = u;(xm, tn) - a2u~x(xm, tn) + iu~;(xm, t')-

a2h2 1111 , ,,,, ,, 

-~(uxxxx(x, tn) + Uxxxx(x , tn)). (8.8) 

l1cnoJih3Y5l Bbipa:a<eHHe (8.8), Pa3HOCTb Me)K,!l;Y llCXO,!l;HhIM ,n:ncpcpepeHI.1,HaJihHh!M one

paTopoM L li 3aMeH5IIOIIIHM ero pa3HOCTHbIM Lh B Y3Jiax ceTKll MO)KeM npe,n:cTaBHTb 
B BH,n:e 

2h2 
(Lu)m,n - (Lhuh)m,n = iu;;(xm, t') - \

4 
(u~~xx(x', t11 ) + u~~xx(x", tn)) 

~JI5l HeKOTOphIX t'(t11 < t' < t11 + r) n x', x"(xm - h < x" < Xm < x' < Xm + h). 
Ecnn Tenepb lu~(x, t)I < M1 n iu~~xx(x, t)I < M2, TO BhIIIOJIHReTcR nepaBeHCTBo 

II (Lu)h - Lhuh II= maxm,nl(Lu)m,n - (Lhuh)m,nl :S 

~ ~
1 
lrl + a:~

2

1h1 2 ~ C(lhl2 + lrl 2
). 

Cne,n:oBaTeJihHO, llCIIOJih30BaHHhlli B npttMepe 1 Pa3HOCTHblll onepaTop npu6nn:a<aeT 

HCXO~Hhll! ~ncpcpepeHU,llaJibHhlll, n nop5I~OK npn6Jin:a<eHH5l no nepeMeHHOH x paBeH 

~BYM, a no t - e,n:nttnu;e. OTcIO~a cne,n:yeT, 'ITO MR Toro 'IT06b1 nopR~OK npn6ntt)Ke

HH5I 6bIJI paBeH ~BYM, neo6xo~HMO rnarH h ll r CB5l3aTb C0OTHOIIIeHneM r = h2. 
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8.1.2 l.J11cJieHHOe perneHMe KpaeBblX 3a,11.aq MeT0,11.0M ceTOK 

Bee pa3H0CTHbie cxeMbI, rrpHMem:ie11bre rrpH peweHHH KpaeBblX [13] 3a,n,aq r-iaTeMa

TH'!eCKOii q>II3HKH, ,LJ,eJIHTCH Ha ,LJ,Ba 6oJibillHX KJiacca - HBHbIX H HeHBHb!X cxer-1. Ilo,n, 

CJIOeM pa3HOCTHOii cxeMbl ITOHHMaeTCH COBOKYITH0CTb TO'leK ceTKH D, Jie)!<aIIIHX Ha 

HeKOTopoii ropH30HTaJibHOii (HJIH BepTHKaJibHOii) rrpHMOii. EcJIH 3Ha'!eHHH ceTO'IHOii 

q>yHKU:HH Um,n+l, 3a,LJ,aHHbie Ha (n + 1)-M CJIOe, Bb!pa,KaIOTCH B HBHOM BH,LJ,e qepe3 

3Ha'leHHH 3TOii )Ke q>yHKU,HH Ha CJIOHX C t.!eHbIIIHMH HOMepaMn, TO TaKaH cxeMa Ha-

3bIBaeTCH HBHoii. B rrpoTHBH0M cJiyqae cxer.m Ha3bIBaeTCH HeHBHoii. Harrpm,1ep, 

pa3H0CTHaH cxer.m, ITOCTpOeHHaH B rrpHMepe 1, HBJIHeTCH HBHOii, TaK KaK M0)KeT 

6bITb 3arrHCaHa CJie,n,yIOIIIHM o6pa30M (cr-1. (8.7)): 

a2, 
Um,n+l = TUm,n + h2(Um+I,n - 2um,n + Um-I,n) + fm,n; 

n = 0, 1, ... , s - 1; rn = 1, ... , r - 1; 

Um,O = ef>m, m = 0, 1, ... , r; 

Uo,n = 7/Jr(tn), n = 1, 2, ... , s; 

Ur,n = '1/J2(tn), n = 1, 2, ... , S. 

PeIIIeHHe IT0JiyqaJOIIIeiiCH CHCTeMbl JIHHeiiHb!X anre6paH'leCKHX ypaBHeHnii ocyIIIeCTB

JIHeTCH IT0CJie,LJ,OBaTeJibHO, rrepexo,n,oM OT CJIOH K CJIOIO. CJIO)KHee o6CTOHT ,n,eJio c 

HeHBHb!MH cxeMaMH. ,Il;JIH peIIIeHHH COOTBeTCTBYIOIIIHX HM CHCTeM ypaBHeHHii y,n,06-

HO rrpnMeHHTb MeTO,Ll, rrporOHKH, T. e. MO,LJ,Hq>HU:HPOBaHHhlii MeTO,Ll, HCKJIIO'leHHH ,Ll,JIH 

peIIIeHHH CHCTeMhl JIHHeiiHh!X ypaBHeHHii. CyTh 3Toro MeTO,LJ,a pa36epeM Ha OCHOBe 

HeHBHOii Pa3H0CTHOii cxeMhl ,Ll,JIH ypaBHeHHH TeIIJIOITpOBO,Ll,HOCTH, HCIT0Jib3YH orrepa

TOp rrpaB0CTOpOHHeii pa3HOCTH 

1 
(Lhuh)m,n = h2 (um+l,n+l - 2um+I,n + Um+I,n-1)-

BBe,n,eM o6o3Ha'leHHH 

a2, 
am,n+I = -h2, 

2a2, 

bm,n+ 1 = 1 + --,;:i--, 9m,n+1 = Um,n + T f m,n+I • 

Pa3HOCTHYIO cxeMy 3a,LJ,a'IH rreperrHIIIeM B BH,LJ,e 

Uo,n = '1/J1,n; 

am,n+tUm-1,n+I + bm,nUm,n+I + am,n+tUm+I,n+I = 9m,n+1; 

Uk,n = '1/J2,n, n = 0, ... , S - 1; 

Um,O = ef>m, m = 1, ... , k - l. 

(8.9) I 

(8.10)· 

CttcTeMa ypaBHeHHH (8.10) rrpH Ka)K,Ll,0M q>HKCHpOBaHHOM 3Ha'!eHHH n COBrra,n,aeT C 

CHCTeMOii 

Uo = q>, 
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an Un-I+ bnUn + CnUn+I = 9n, n = 1, ... , N - 1; (8.11) 

UN ='1/J; 

,LJ,JIH KOTOpoii errpaBe,LJ,JIHBa eJie,LJ,YIOIIIaH JleMMa. CtteTer.m ypaBHeHHii ( 8.11)' K03q>

qmu,HeHTbl KOTopoii y,n,oaJieTBOpHIOT HepaBeHCTBaM lbnl 2 1 + lanl + lenl, pa3peWHMa 

rrpH JII06blx rrpaBbIX 'laCTHX, n ,Ll,JIH ee peweHHH errpaBe,LJ,JIHBa ou;eHKa 

lul ~ max{lef>I, IY1I, • • •, IYn-11, l'I/Jl}-

,LJ:JIH eneTeMbl (8.10) yeJIOBHH JieMMbl BbIII0JIHeHb!. CneTe11y ypaBHeHHii (8.10) y,n,06-

HO pewaTb MeTO)].OM nporoHKH. By,n,eM IIeKaTb peIIIeHne encTeMbl (8.10) rrpn Ka)K
,LJ,OM q>HKeHpoBaHHOM n B im,n;e 

Um-1,n+I = Qm,n+JUm,n+I + Hm,n+I, in= k, ... , 2. (8.12) 

I1eKJIIO'!aH Um-1,n+I H3 eHeTeMbl (8.10), IT0JIY'IHM 

am,n+l 
Um,n+l = · Um+l,n+1+ 

am,n+1Qm,n+1 + bm,n+I 

+9m,n+I - am,n+IHm,n+I. (8.13) 

am,n+I Qm,n+I + bm,n+I 

CooTHOIIIeHne (8.13) eBH3bIBaeT 3Ha'leHHH q>yHKI.J;HH Um,n+I, Um+1,n+1, II03TOMy MO)K
HO 3arrneaTb 

Um,n+l = Qm+1,n+tUm+1,n+1Hm+I,n+1· (8.14) 

CpaBHHBaH eooTHOIIIeHHH (8.13) tt (8.14), HMeeM 

Q am,n+I 
m+l,n+l = Q b , 

am,n+l m,n+l + m,n+I 

H _ 9m,n+l - am,n+1Hm,n+I 
m+l,n+l - Q b . 

am,n+I m,n+I + m,n+I 
(8.15) 

CooTHOIIIeHHH (8.15) orrpe,n.eJIHIOT 3Ha'leHHH Beex rrporoHO'IHb!X K03q>q>nu;neHTOB 

Qm,n, Hm,n· C IIOMOlllb!O 3THX e0OTH0IIIeHHH eeTKa rrpoxo,n.nTeH BBepx ITO m OT 3Ha'le

HHH 1,n,o 3Ha'leHHH k-1 rrpn q>HKCHpoBaHHOM 3Ha'leHHH n. Ilpn 3TOM orrpe,n,eJIHIOTeH 

Bee 3Ha'leHHH Qm,n, Hm,n Ha CeTKe (npHMaH nporoHKa). Orrpe,n;eJIHB Bee rrporoHO'l

Hbie K03q>q>Hll,HeHTbl Qm,n, Hm,n, IIp0X0,Ll,HT eeTKY BHH3 OT 3Ha'leHHH k ,Ll,O 2, ITOCJie,n,o

BaTeJibHO orrpe,n,MHH 3Ha'!eHHH Um,n H3 ypaBHeHHH (8.13) (o6paTHaH nporOHKa). 
rpaHH'IHOe YCJIOBHe IIpn m = 0 orrpe,n;eJIHeT Ha'laJibHbie 3Ha'leHHH Q1,n+1, fl1,n+1, 
a rpaHH'IHoe yCJioBne rrpn m = k B o6IIIeM cJiyqae orrpe,n,eJIHeT rrepBoe 3Ha<JeHHe 

Uk. MeTo,n; rrporoHKH o6Jia,n,aeT TeM CB0iiCTBOM, 'ITO OIIIH6KH OKpymeHHH, IIOJiyqae

Mble Ha Ka)K,ll;OM IIIare, He HapacraIOT. cho CBOHCTBO CJIY)KHT OCHOBaHHeM ,ll;JIH ero 
IIIHpoKoro rrpnMeHeHHH. 
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IlpttMep 3. PelllllTb ,n,mpcpepeHl.J,IlaJlbHOe ypaBHeHHe B '-laCTHblX npoll3B0,L\l!blX, 
ncnoJib3YlI lIBHyIO cxe~1y: 

ou o2u 
oy-2ox2 -x=0, D={(x,y)\0::;x::;2, o::;y::;1}; 

u\y=O = 1- x/2, u\x=O = cosy, u\x=2 = siny. 

PerneHne. Pa3HOCTHbIH onepaTop 

1 2 
~(um,n+l - Um,n) - h2(Um+I,n - 2um,n + Um-I,n) 

y 

0 
0,25 
0,50 
0,75 
1,0 

In I X=O 

(m = 0) 

0 uo,o = 1, 00 
1 Uo,1 c= 0, 96 
2 Uo,2 = 0,88 
3 Uo,3 = 0, 73 
4 Uo,4 = 0, 54 

X = 0,5 X=l X = 1,5 x=2 (m = 1) (m = 2) (m = 3) I (m = 4) 
U1,o = 0, 75 U2,o = 0,50 U3,o = 0, 25 U4,o = 0, 00 U1,1 = 1, 25 U2,1 = 1, 50 U3,1 = 1, 75 U4,I = 0, 25 U1,2 = 1, 69 U2,2 = 2, 50 U3,2 = -0, 26 U4,2 = 0, 48 

UI,3 = -1,17 U2,3 = -3, 63 U3,3 = 8, 25 U4,3 = 0, 68 UJ,4 = -1, 75 U2,4 = 25, 9816 U3,4 = -29, 09 U4,4 = 0, 84 

Ta6nH1.1,a 1 
np116mrn<aeT IlCXO,[\Hblll ,L\IlcpcpepeHl.l,IlaJibHblll onepaTop Uy - 2Uxx, Il noplI,D,OK npll-
6JII1)KeHI1lI no nepe.MeHHOH x paBeH ,n,syM, a no nepeMeHHoii y - e,n,11H111.1,e. 1..ho6h1 no
plI,D,OK np116JII1)KeHI1lI 6bIJI paseH ,L\BYM, CBlI)Ke.M rnarn h Il T COOTHOilleHlie.M T = h2. 
Bb16epeM h = 0, 5; Tor,n,a T = 0, 25. 1..focno pa3611eHI1H oTpe3Ka O ::; x ::; l 6y,n,eT 
r = [l/h] = 2/0,5 = 4, a oTpe3Ka O::; y::; T- s = [T/T] = 1/0,25 = 4. Ilpose,n,eM 
,[\Ba ce.MellCTBa JlllHilH: x = mh 11 y = nT, m = 1, 2, 3 11 n = 1, 2, 3. 9TH JIIlHilll npn 
nepece•ieH1111 ,n,a,n,yT BHyTpeHHHe Y3JibI. McnoJib3YlI nplIMYIO cxeMy, uati,11,eM 3Ha'le
HlllI cpyHKl.l,1111 B 3TI1X TO'IKaX. ,Il,JilI HaXO)K,[\eHillI cpyHKl.l,IUI B nepBOM ropI130HTaJib
HOM CJIOe (n = 1, m = 1, 2, 3) onpe,n,eJIIlM 113 rpaHil'IHOro ycJIOBillI u\y=O = 1 - x/2 
3Ha'leHIIlI cpyHKl.l,Illl npll y = 0 (HyJieBOM cnoe): 

8.2 MeTo,n; ceToK. MTepau;HoHHa.H rrpou;e,n;ypa J1H6-

MaHa 

IlpHMeHHM MeTO,LI CeTOK K pellleHil!O 3a,Lla'III ,Il,Hpllxne B KBa,LlpaTe: 

uo,o = 1, u1,o = 0, 75, u2,o = 0, 5, u3,o = 0, 25, u4,o = 0. 
Uxx + Uyy = O; 0 < X < 1; 0 < y < 1; 

3Ha'leHHlI cpyHKl.l,Illl Ha JieBoti (x = 0) Il npaBoti (x = 2) rpaHHl.l,ax onpe,n,eJilIIOTClI Il3 ~: u(x, y)\x=O . _1 . _ = O· u( ) _ . ( ) ,y,x- ,y,x,y-1 , X, Y - SID 7rX 
YCJIOBilll u\x=O = cosy Il uix=2 = sin y COOTBeTCTBeHHO. ,Il,JilI nepBoro CJIOlI npll y = . 
0, 25 u0,1 = cos 0, 25 = 0, 9689 H u4,1 = sin 0, 25 = 0, 2474. C noMOlll,bIO pa3HOCTHoro . ocTpOHM ceTKY c rnaroM 1/3 no o6eHM OClIM. BBe,L1eM 0503Haqemie 
onepaTopa 

Um,1 = Um,O + 2T/h2(um+I,O - 2um,O + Um-1,0) + Xm = 

= 2(um+l,O + Um-1,0) - 3um,O + Xm 

HaXO,LIIIM 3Ha'leHillI Um,1(m = 1, 2, 3): U1,1 = 1, 25, U2,1 = 1, 5, U3,1 = 1, 75. ,Il,JilI 
BToporo ropll30HT8JlbHOro CJIOlI npII y = 0, 5 (n = 2) Il3 rpaHil'IHblX ycJIOBilH onpe
,L1eJ1lie.M Uo,2 = cos 0, 5 = 0, 8776 Il U4,2 = sin 0, 5 = 0, 4794. ,Il,nlI BHyTpeHHilX Y3J10B 
(m = 1, 2, 3) 3TOro CJIOlI IlCTIOJ1b3YeM Bb!pa)KeHile ,L\JllI pa3HOCTHOro onepaTopa 

Um,2 = 2(um+l,1 + Um-1,1) - 3um,1 + Xm 
I 

II nonyqaeM u1,2 = 1, 6878, u2,2 = 2, 5 H u3,2 = -0, 2552. Ilpo,LIOJI)KIIM 3TY npo1.1,e,n,ypy/ 
onpe,LleJieHillI 3Ha'leHilll cpyHKl.l,Illl ,L\JllI TpeTbero Il 'leTBepToro CJIOeB aHaJIOrll'IHO ua' 
rpaHilll,e Il ,L\JllI BHyTpeHHeH o6JiaCTil. Ha rpaHHl.l,e Uo,3 = cos 0, 75 = 0, 7317, Uo,4 = 
cos 1 = 0, 5403 II U4,3 = sin 0, 75 = 0, 6816, U4,4 = cos 1 = 0, 8415. ,Il,nlI BHyTpeHHilX 
Y3JIOB UJ,3 = -1, 1858, U2,3 = -3, 6348, U3,3 = 8, 2244 Il U1,4 = -1, 7488, U2,4 = 
25, 9816, U3,4 = -29, 0796. Ilony'leHHbie 3Ha'leHillI cpyHKl.l,Illl B Y3JI0Bb!X TO'IKax 
npe,LICTaBJieHbl B Ta6JI. 1. 
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k i . 
u;k = u(x = 3,y = 3),z,k = 0, 1,2,3,4. 

OJ1b3YlICb Pa3HOCTHb!M aHaJioroM ypaBHeHHlI Jlannaca 

1 
U;j = 4[ui+I,j + Ui-1,j + Ui,j+l + Ui,J-1] 

rpamI'IHb!Mll YCJIOBillIMII 

u12 = sin( 1r /3) = 0, 85; u13 = sin(21r /3) = 0, 85; 

U21 = U31 = U42 = U43 = U24 = U34 = 0, 

lillllleM CllCTeMy ypaBHeHilii ,L\JilI BeJIII'lllH U22, U23, U32, U33: 

-4U22 + U23 + U32 = -0, 85; 

U22 - 4U23 + U33 = -0, 85; 

u22 - 4u32 + U33 = O; 
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(8.16) 

(8.17) 

(8.18) 

(8.19) 



I 

U23 + U32 - 4U33 = 0. 

Pemem1e 3TOII CHCTe.Mbl TaKOBO: 

Uzz = U23 = 0, 315; U32 = U33 = 0, 1. (8.20) 

PellIHM TeITepb 3TY 3a,n;aqy MeTO,ll;OM 11Tepau.nH Jlufo,rnHa. Ha ITepBoM lllare ITpn

ITHllleM o,n;nHaKOBble 3Ha'leHH.H ,IJ,n.H q>yHKl.l,I1ll u(x, y) ,n;n.H BCeX BHyTpeHHI1X Y3nOB, 
paBHbie cpe,n;HeMy BCeX 3Ha'leHHll rpaHH'IHbIX ycnOBI1ll ( U12 + U13 + U21 + U31 + U42 + 
U43 + U34 + U23)/4 = 0, 425: 

u~~ = uk~ = u~~ = u~~ = 0,425. (8.21)!! 
" ;( ,, 

Ha BTOpOM lllare 6y,n;eM ITepeC'II1TbIBaTb 3Ha'leHH.H BO BCeX BHyTpeHHHX TO'IKaX ITY-;1 

TeM 3aMeHbI cTaporo 3Ha'leHH.H cpe,n;HnM ITO 'leTbipeM coce,n;HnM TO'IKaM. IIocne I 
HeCKOnbKHX UTepal.l,Hll ITpOl.l,eCC coH,n;eTC.H K ITpn6nn:lKeHHOMY pellleHH!O 3a,IJ,a'IH. ,I(eH- ! 
CTBHTenbHO, ITepBbie nTepau.nn ,IJ,a!OT Ii 

ti 
d' 
!\ 

uW = ukr = o, 425; u~~ = u~r = o, 212. (8.22} 

8.3 MeTO,IJ;bl PMT:o;a, KaHTOpOBMqa lI raJiepKMHa IIplI-

6JIM)KeHHOro perneHM.H BapMaIJ,MOHHblX 3a,n;aq lI 

,II;lI<pcpepeH:o;MaJibHblX ypaBHeHMM 

8.3.1 MHHHMH3au,1rn cpyHKU,HOHaJia MeTO,l.l;OM PHTU,a 

b 
J.J:mr 1mHHM113au.11n q>yHKl.l,HOHana J[y] = J dxF(x, y, y'), y(a) = y1, y(b) 

a. 
6y,IJ,e11 HCKaTb q>yHKl.l,I!!O B Bu,n;e y(x) = J0 (x) + I:I c;f;(x) ITp11 ycJIOBHI! 

fo(a) = Y1; fo(b) = Y2; f;(a) = f;(b) = 0, i = 1, 2, ... , n. 

Y2, 

(8.26) 

Ha q>YHKl.1,1111 f;(x) KpoMe ycnOBHll rna,n;KOCTl1 II JIHHel!HOll He3aBHCHMOCTH He HaKna

,[\bIBaeTC.H HHKaKUX ,[];OITOnHI!TenbHb!X ycnoBI!ll [13, 18]. IlpOBO,[l;.H I1HTerpI!pOBanue ITO 

x, ITOny'IHM J[y] = <I>(c;). ,I(anee HaXO,IJ;I!M Ml1Hl11'1YM q>yHKl.l,HI! 4> I!3 ycnoBHll 

8<I> = 0, i = 1, 2, ... , n. 
OC; (8.27) 

MI1HI!MI13Hpy10rrzy10 q>yHKl.l,H!O CTpOHM C ITOMOIIJ,b!O pellleHU.H 3TOII CHCTeMbl ypaBHe-

HIil! ci, c;, ... , c~: 
;1 

(2) (2) (2) (2) 
U22 = U23 = 0, 365; U32 = U33 = 0, 16, 

I 
'r 
',[ 

(8.23),1 
1, 

n 

y*(x) = fo(x) + L c; li(x). (8.28) 

ii To'IHOCTb MeTo,n;a MO:lKHO yBenU'II!Tb, yBeJIU'IHBa.H n II ,n;o6nBa.HCb 3a,n;aHHOll: Jy~ -
Y~+1l < E. ,Il,n.H ITpnMepa paccMoTpHM 

U(3) - u<3> - 0 341· u<3l - u<3> - 0 131 22-23-, ,32-33-, · (8.24) 

To'IHOe pelllettne 3a,n;aqn ,I(npnxne (ITpnMeH.HeM MeTO,ll; pa3,n;enemrn ITepeMeHHbIX) 

HMeeT BH,n; 

(8.25) 

1 

J[y] = j((y') 2 + y2 + 2xy)dx, 
0 

B Ka'leCTBe ITp06HbIX BO3bMeM q>yHKl.l,I!H 

Jo =x, ft= x(l - x), 

y(0) = 0, y(l) = 1. 

fz = x 2(1- x). sh 1r(l - y) sin(1rx), 
u(x, y) = sh 7r 

.• Bb!'II!Cn.H.H ,D;n.H 3TOro BbI6opa q>yHKl.l,HOHan, ITony'IHM 

1 1 
U22 = u(- -) = 0 232· 

3' 3 ' ' 

2 1 
U23 = u(- -) = 0 23· 

3' 3 ' ' 

112 12 1 1 
<I>( C1, c2) = 30 ( C1 + C1 c2) + 7c;i - 6C1 - 10 C2. 

M11n11M113al.l,m1 rrpI!BO,IJ;:HT K ypaBHeH:H.HM 

1 2 
U32 = u(- -) = 0 03· 

3' 3 ' ' 

2 2 
U33 = u(3, 3) = 0, 03. ~ (c1 + !c2) - ! = O· 

15 2 6 ' 

B:H,ll;IIM, 'ITO ITpou.e,n;ypa nTepal.l,I!H CXO,[l;:I!TC.H, XOT.H ,n;ocTaTO'IHO Me,n;neHHO [25, 4]. 
1 2 1 

-C1 + -C2 - - = 0. 
30 7 10 
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(8.29) 

(8.30) 

(8.31) 

(8.32) 



~«-·~---:...::,..._..,.. 

IIonb3YHCb perueHHel\J 3TOM CHCTeMbI, rrony'IHI\I ,1.1,nH rrepBoro H BTOporo rrpu6nH)Ke

HHM 

y; = x - :l x(l - x), (8.33) 

• 138 14 2 y
2 

= x - -x(l - x) - -x (1 - x). 
473 43 

(8.34) 

CTerreHb rrpn6nn)KeHHH K T0'IH0MY perueHHIO Yex(x) = 2.2':__ 1 (ex - e-x) - x Hnmo

cTpnpyeTCH B Ta6n. 2: 

II II I I I II 

\yr - Yexl 0,0074 0,0260 0,0415 0,0386 

\y; - Yex\ 0,0003 0,0003 0,0004 0,0002 

Yex 0,143 0,299 0,484 0,711 

X 0,2 0.4 0,6 0,8 

Ta6nuu;a 2. '-lncneHHaH unnIOCTpau;nH K MeT0,1.1,Y PnTu;a 

8.3.2 MeTo,n, KattTopoaHqa 

9TOT MeT0,1.1, y,1.1,06eH ,1.1,nH rrpuMeHeHHH K cpyHK~H0HanaM, 3aBHCH~HM OT HeCKOnbKHX 

rrepeMeHHb!X. PaccM0TpHM cpyHK~HOHan 

J[u(x,y)] = j fv F(x,y,ux,uy,u)dxdy, D: a:::; x:::; b; 

u\r = 0, a1(x) < y < a2(x), (8.35) 

r,1.1,e D(x, y) - tteKoTopaH o6nacTb B 1mocKoCTH x, y, r - ee rpattuu;a. IIpe,1.1,cTaBHM 

HCK0MYIO cpyHKLI;HIO B BH,1.1,e u(x, y) = I:7 Uk(x)</Jk(Y), r,1.1,e <Pk(Y) - Ha6op (H3BeCT
HbIX) nnHeHH0 He3aBHCHMb!X cpyHK~HH, y,1.1,oBneTB0pHI0~HX rpaHH'IHb!M ycnOBHHM. 

IlpOB0,1.1,H HHTerpupoBaHHe II0 Y, rrpHBe,1.1,eM HCX0,1.1,Hb!H cpyHKLI;HOHan K BH,1.1,Y 

b 

J[u] = J dxif>(x, u1 , ... , Un, u;, ... , u~). (8.36) 

a 

,LJ:anbttefiruaH rrpou;e,1.1,Ypa C0CT0HT B perueHHH ypaBHeHHM 9i1nepa 

3,1.1,ecb r 03Ha0meT rpaHHey o6naCTH D. Ilpo6Hyl0 <pyHKLI;HIO BbJ6epel\l B BU,1.1,e 

u(x, y) = u1(x)(b2 
- y2

). (8.39) 

,LJ:nH HCX0,1.1,H0ro cpyHK~HOHana Hl\!eel\l rrocne BbIII0nHeHHH HHTerpHp0Bamrn II0 y 

3 a 

[ ( l 8b J [2 2 , 2 2 ] J u1 x) = 3 5b (u1) + u 1 - u1 dx, (8.40) 

-a 

u1(±a) = 0. (8.41) 

PerueHHe ypaBHeHUH 9iinepa ,1.1,nH U1 rrpHB0,1.1,HT K 

u1 (x) = 1/2 + c1ch(wx) + c2sh(wx) (8.42) 

cw= J5/(2b2). C yqeT0I\J Ha'lanbHbIX ycnoBufi uMeeM c 1 = -1/(2ch(wa), c2 = 0. 
OKOH'laTenbH0 rrepBoe rrpu6nu)KeHHe 3KCTpel\lanH HMeeT BH,1.1, 

1 2 2 ( ch( J5/(2b
2
)x)) u(x, y) = -(b - y ) 1 - --'---=~~ . 

2 ch( J5/(2b2)a) 
(8.43) 

8.3.3 MeTO,il, raJiepKHHa 

,LI:aHHb!H MeT0,1.1, perneHHH KpaeBOH 3a,Ll,a'IH 

L(u(x)) = f(x), x E G, u(x)\r = 0, (8.44) 

r,1.1,e r - rpaHH~a o6nacTH D, B KOTopoii ,1.1,efiCTBYeT orrepaTop L, C0CT0HT B II0CTpo

eHHH cepHH rrpu6nu)KeHHbIX cpyHKLI;Hll Un(x) = I:Z:::7 Ck<Pk(x), r,1.1,e <Pk(x) - CHCTeMa 
nuHeHH0 He3aBHCHMbIX HerrpepbIBHblX ,1.1,H<p<pepeHu;HpyeMbIX cpyHK~HH, y,1.1,oBneTBO

pHIO~HX rpaHH'IHbIM ycn0BHHM. Cne,1.1,YIO~HM rnar0M CTP0HTCH HeBH3Ka 

ofn = L(un(x)) - f(x). (8.45) 

Heorrpe,1.1,eneHHhJe K03<p<pHLI;HeHTbl Ck Hax0,1.1,HTCH H3 ycnoBHH 0pToroHanbH0CTH HeBH3-

KH K CHCTeMe Bb16paHHbIX nHHeHH0 He3aBHCHMb!X cpyHKLI;HH <Pk(x) 

fa[L(un(x)) - fn(x)]<l>k(x)dx = 0, k = 1, 2, ... , n. (8.46) 

d oif> oif> 
dxouk = OUk' 

uk(a, b) = 0, k = 1,2, ... ,n, (8.37)1 MeT0,1.1,0M ranepKHHa Hafi,1.1,eM rrpn6nn)KeHHJIO 3KCTpeManb <pyHK~HOHana 

H Bb!'IHCneHHH cpyHK~H0Hana ,1.1,nH perueHHH 3TOH CHCTeMbl. B Ka'leCTBe rrpHMepa 

ttaii,1.1,eM 3THM crroco6oM MHHHMYM cpyHK~HOHana 

1 

J[y] = j dx[y2 + (y')2 + 2yex], y(O) = y(l) = 0, 
0 

(8.47) 

J[u(x, y)] = j fv (u; + u!- 2u)dxdy, -a:::; x :::; a; 
-b :::; y :::; b, ur = 0. 

l<OT0p0MY C00TBeTCTBYeT ,1.1,H<p<pepettu;HanbHOe ypaBHeHHe L(y(x)) = y" - y = ex 
(8.38)1 C IIPHBe,1.T,eHHh!MH Bbillie rpaHH'IHb!MH ycnoBHHMH. Bb1611paeM B KaqecTBe rrpo6ttoti 
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cpyHKU,lUl BToporo rrptt6mrn<eHIIH (n = 2), y,n.oBJieTBOpH!Olll,eii Ha'-la.JlbHb!M ycJIOBH

HM, TaKyIO: 

u2(x) = c1x(l - x) + c2x
2(1 - x). 

lfa ycJI0BllH opTOr0Ha.JlbH0CTll HeB513Kll 

82(x) = u; - u2 - ex = -2c1 + c2(2 - 6x) -

-c1x(l - x) - c2x2(1 - x) - ex 

K CHCTe~1e JlllHeil:HO He3aBllCllMb!X cpyHKl.l,llll x(l - x), x
2
(1 - x) IlOJIY'-lllM 

60 

(8.48) 

(8.49) 

2c1 + c2 = --(3 - e), 
11 

77c1 + 60c2 = -420(3e - 8); (8.50) 

( ) (0 7 3 ) (1 - x) CpaBHHBaH 3T0 Bbipa,KeHtte 
,n.na sKcTpeMaJJll rrony<IHM u2 x = , - x x · 2 1 2 h 
Ha 0Tpe3Ke O < X < 1 C T0'-IHbJM perneHlleM y(x) = (l/2)xex + (e /( - e ))s X ll 

fJIABA 9 

~pyrHe MeTO,IJ;bl 

9.1 MeTo,n; KOH<:pOpMHhIX oTo6pa)KeHII:ii: 
yBeJIH'IllBaH rropa,n.oK nptt6Jill)KeHll51, MO)KH0 ,n.o6llTbC51 )KeJiaeMOH TO'-IHOCTll. lfano--

)KeHHbie BbJllle MeT0)J.bl rrpttMeHHlOTCH TaK)Ke B Ka'-leCTBe rrptt6 Jltt)KeHHb!X rrpll pe- OTo6pa,KeHlle w = f(z) K0MITJieKCHOH IIJI0CK0CTll z Ha KOMITJieKCHY!O IIJI0CK0CTb w 
rneHllll )J.llcpcpepeHU,lla.JlbHblX ypaBHeHllH, K0T0pbie rrpe,n.cTaBJIH!OT co6oii ypaBHeHllH Ha3bJBaeTC51 KOHcpOpMHb!M B T0'-!Ke Zo IIJI0CK0CTll z, eCJill np0ll3BO)J.HaR J'(zo) =I- 0. 
8iinepa )J.JIR COOTBeTCTBY!Olll,llX cpyHKU,ll0HaJI0B. EcJill OTo6pa)KeHlle w = f(z) RBJIReTCR KOHq>OpMHb!M B o6JiaCTll, r,n.e 3a,n.aH0 ypaB

HeHlle <I>xx + <I>yy = 0, TO H0B0e ypaBHeHlle TaK)Ke 6y,n.eT ypaBHeHlleM JiarrJiaca B 

K00p)J.llHaTax u tt v: <I>uu + <I>vv = 0. TaK Mb! npllX0)J.llM K tt,n;ee ttail:Tll TaKoe K0H

cpopMHOe OTo6pa,KeHlle, K0T0poe nepeBO)J.llT o6JiaCTh co CJI0)KHOII rpaHtt11,eil: B 06-

JiaCTb C npocT0ll rpaHHU,eii. Cne,n.yR 14], npo,n;eM0HCTpHpyeM CKa3aHH0e Ha npnMepe 

pellleHIIR 3a,n.a'-IH ,ll;HpllXJie B BepxHeil: II0JIYITJI0CK0CTH: 
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</>xx+ </>yy = 0, -oo < X < oo, 0 < y < oo; 

</>(x, 0) = a, /xi < 1, </>(x, 0) = b, /xi > l. 
(9.1) 

K 3T0il: 38.)J.a'!e CB0)J.llTCH, B '!aCTH0CTH, 38.)J.a'Ia 06 0TbICKaHllll 3KBIII10TeHU,HaJibHb!X 

KpHBb!X )J.JIR cJiy'!aR, K0r,n;a '!aCTb rpaHIIU,hl - yqaCT0K y = O; /xi < 1 nMeeT II0TeHl.l,ll

aJI a, a 0CTaJibHaR ee '!aCTb - II0TeH11,H8Jl b. ,ll;JIR 3TOll 11,Mll rrpoBe,n;eM KOHcpopMHoe 

rrpeo6pa30BaHne, OT06pa,Ka10U1,ee BepXH!OlO II0JiyIIJI0CK0CTb Ha II0JI0Cy: 

I 
z -1 . . 

w = n -- = u + zv, z = x + zy. 
z+l 

(9.2) 

IIeperrIICb!BaR rrpeo6pa30BaHne B Bll)J.e eu+iv = ;~!, M0)KH0 y6e,n;llTbC51, 'ITO y<IaCTKY 

Y = 0, x > l B IIJI0CK0CTH u, v C0OTBeTCTBYeT '-laCTb rpaHlll.l,bl II0JI0Cbl v = 0, u < 0, 
Y'faCTKY y = 0, x < -1 co"0TBeTCTByeT v = 0, u > 0 H, HaK0Heu,, y<IaCTKY y = 0, 
-1 < X < l C0OTBeTCTByeT V = 1r, -oo < u < 00. ,ll;JIR II0JI0CbI Mb! HMeeM 3a,n;a<Iy 

:l~lIPIIXJie 

</>uu + </>vv = 0, -oo < U < 00, 0 < V < 1r; (9.3) 

</>(u,0) = a, <f>(u,1r) = b. 
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-
PeIIIem1e ::iToti 3a,nwm B KJiacce orpaH11qeHHhIX cpyHKI..J,Hfi: ¢(u, v) =a+ v(b- a)/rr. 

Terrepb Ha,n:o ero Bb!pa3HTb B rrepeMeHHblX x, y. 11MeeM 

z-1 1z-ll z-l u +iv= ln -- = ln -- +iarcr--· 
z+l z+l 

0
z+l' 

(9.4) 

X + iy - 1 x2 + y2 - 1 + 2iy 2y 
v = arg . = arg ( ) 2 2 = arctan 2 2 . 

X + iy + 1 X + 1 + y X + y - 1 

B KaqeCTBe .r1pyroro rrpm,repa paccMoTpHM 3a.r1aqy ,[l,11p11xne B 06nacn1 D Me)K,l\Y 

,llBYM51 HeKOHI..J,eHTpHqecKHMH OKPY)KHQCT51Ml1 

<Pxx + <Pyy = 0 
(9.5) 

BHYTPH o6JiaCTll D C rpaHHqHb!MH ycJIOBl151Ml1 

¢(x,y) = A (9.6) 

Ha KpHBOll x2 + y2 
= 1; 

</J(x,y) = B (9.7) 

Ha KpHBOll (x- 1)2 +y2 = 9. floJib3Y51Cb cnpaBoqHHKOM KOHq>OpMHbIX OT06pa)KeHHll 

[1], 1mxo,n:11M, qTo rrpeo6pa30BaH11e 

z-s 
w = 2t--, s = -0, 146, t = -6, 85; 

z-t 
(9.8) 

nepeBO,llllT o6naCTb D BO BHYTPb ,l\BYX KOHU,eHTp11qecKHX OKPY)KHOCTefi 

u 2 + v2 = 1, u 2 + v2 
= 6, 86. (9.9) 

PeIIIett11e 3a,z:i:aq11 ,[l,11p11xne ,l\JI51 3TOH o6nacTH HMeeT BH,l\ ¢( u, v) = a ln( u
2 

+ v
2
) + b. 

ITocT051HHbie a, b HaxO,ll51TC51 113 rpaa11qHbIX ycJIOBHii, a rrepeMeHHbie u, V Bb!pa)Ka-

IOTC51 cJie,llYIOII..J,HM o6pa30M: 

U + iv = 2t X + iy - S. 

X +iy - t' 
(9.10) 

u = 
2
/x - s)(x - t) + y2 

(x - t)2 + y2 , 
V = 2ty 

(x-t)2 +y2· 

9.2 MeTO,LJ; TeopHH B03Myrn;eHHfi 

ll111poKHll KJiacc CJIO)KHblX 3a,llaq - HeJIHHeHHblX ypaBHeHHH, 3a,z:i:aq co CJIQ)KHOH rpa

HHU,efi, ypaB11eHHll C nepeMeHHb!Mll K03cpcpHU,l1eHTaMH l1 IIO,ll06HbIX, MO)KHQ peIIIaTb, 
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j nr•'"""' ""'"• TeOpHH B03M}'ll1mmn H rnOJ\B = K 6onee npocrwn ,.,,a,,an. Tum, I o6pa3011 l\lO)KHO peweH11e CJIO)KHOH 3a,z:i:aqn rrp116JIH)KeHHO rrpe,llcTaBHTb KaK cyr.nry 

j np116JIH)Ke!lllbIX peIIIeHHH rrpocThIX 3a,llaq_ flpn 3TOM B03HHKaeT Borrpoc o cxo,n:nMo-

. CTI! 3TllX rrpH6JIH)KeHHbIX peIIIeHHH. Mb! 3,z:i:ech orpaHHqlll\!C51 cpaBHeHHel\1 peIIIeHHH 

{. ocHOBHOfi 3a.r1a<m (rronyqeHHOM, Hanp11Mep, qncneHHbIMH MeTO,llal\rn) II peIIIeHH51-

. Mil, IIOJiyqeHHbll\llI l\IeTO,llOM TeopHH B03Myru,eHHll. HH)Ke paCCl\IaTpHBaIOTC51 TOJibKO 

.r1eficTBHTeJibHbie peIIIeHH51 KpaeBbIX 3a,z:i:aq, TaK)Ke IIOCTaBJieHHbIX B ,n:efiCTBHTeJibHOM 

ceKTOpe II3MeHeHH51 rrepeMeHHbIX. PaccMOTpHM ,ll;JI51 rrpHl\!epa HeJIHHefiHyIO 3a,n:aqy 

I 
I 

6u(r,0) + u3(r,0) = O; 0 < r < 1,0 < 0 < 21r; 

u(r=l,0)=cos0. (9.11) 

Paccl\IOTPHl\l cel\reficTBO ypaBHeHHfi 

6u+w3 =0, O<E<l, u(r=l,0)=cos0. (9.12) 

Mru,eM ero perneHHe B BH,n:e p51,n:a Teop1111 B03Myru,eu11fi rro rrapaMeTpy E: 

U = Uo + fUJ + E
2

U2 + ... , (9.13) 

rro,n:cTaBJI5151 3TO Bb!pa,KeHHe B ypaBHeHHe H rpaHHqHbie ycJIOBH51, TIOJiyqHM 

6[uo + w1 + E2
u2 + ... ] + E[u0 + w 1 + E2

u 2 + ... ]
3 

= O; 

[uo + EU1 + E
2
u2 + ... ]r=l = cos 0, 

rrpHpaBHHBa51 cnaraeMbie O,llHOll CTerreHH E B o6eux qacT51X paBeHCTBa, TIOJiyqHM 

rrpOCTble KpaeBb!e 3a,llaqu ,ll;JI51 K03cpq:mu,ueHTOB rrpH CTeIIeH51X E. ,[i,JI51 rrepBb!X ,n:Byx 

HTepau,Hfi IIOJiyqHM 

6u0 = O; u0 (r = 1, 0) = cos 0; 

6u1 = -u~; u1(r = 1, 0) = 0. (9.14) 

HarrOMHHM, qTo peIIIeHHeM ypaBHeHH51 Jlannaca B Kpyre 51BJI51eTC51 pa3JIO)KeHlle 

00 

u(r, 0) = I>n[an cos(n0) + bn sin(n0)]. (9.15) 
0 

Y,l\OBJieTBOp51IOII..J,ee rpaHH'IHOMY YCJIOBHIO peIIIeHIIe ypaBHeHH51 ,ll;Jl51 Uo 6y,n:eT 

u0(r, 0) = r cos 0. (9.16) 

Hru,eM peIIIeHHe ypaBHeHH51 ,ll;Jl51 Uj KaK cyMMY qaCTHOro H o6ru,ero peIIIeHHll U1 = 

U 9 + Uc, 6u9 = 0, 

r3 
6uc = - 4 [3cos0+cos(30)]. (9.17) 
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lirn;eM pernettHe B BH,L\e 

Uc= r5[Acos0 + Bcos(30)], 

no,[\CTaBJI.H.H B ypaBtteHHe, nonyqm,1 

1 
A= -32' 

1 
B=-54· 

(9.18) 

(9.19) 

OcTaBJI.H.H B o6rn;eM perneHHH TOJibKO BKJia,[\bl nepBOH H TpeTbei1: rapMOHHK H npH-

6aBJI.H.H perneHHe nepBOll HTepaU,HH, noJiyqm,l ,[\JI.H cyMMbl 3THX ,[\BJX HTepau,tti1:: 

r r3 

u(r, 0) ~ r cos 0 + 
32 

(1 - r 4
) cos 0 + 

64 
(1 - r

2
) cos(30). (9.20) 

CpaBHeHHe qHCJieHHblX perneHHH nOKa3bIBaeT corJiacHe pe3JJibTaTOB C npou,eHTHOil: 
ToqttoCTblO. MeTO,L\OM TeopHH B03MJW:eHHi1: MoryT 6&ITh perneHbI 3a,L1aq11, B KOTOphrx 

rpaHH'IHbie ycJIOBH.H nocTaBJieHbl Ha rpaHHu,e CJIO)KHOH KOHqmrypau,1111. PacCMOTPHM 

3a,[\aqy .D:ttpHXJie B ,[\ecpopMHpOBaHHOM Kpyre 

t.u = 0, 0 < r < 1 + CT sin 0; 
u(l + CTsin0,0) = cos 0, (9.21) 

r,[\e CT - MaJibill no cpaBHeHHlO C e,L\HHHU,e:il:. napaMeTp. Ilp11MeH.H.H cpopMaJibHOe p83-

JIOJKeHHe no napaMeTPY CT, u = u0 + CTU1 + CT2U2 + ... , noJiy'IHM 

t.[u0 + CTu1 + CT2u 2 + ... ] = O; 

[u0 + CTu1 + CT2u2 + ... ]+CT ![uo + CTU1 + CT2u2 + ... ]+ ..• =cos 0. 

IlpHpaBHHBa.H K03<pcp11u,11eHTbI np11 O,[\HHaKOBbIX CTeneH.HX MaJIOro rrapaMeTpa, no

Jiyq11M 

t.u0 = 0, u0(r = 1, 0) = cos 0; uo(r, 0) = r cos 0; 

t.u1 =0; [u1+sin0cos0](r=l)=O. (9.22) 

OrpaHH'IHBa.HCb TOJibKO 3T11M11 ,L\BYM.H HTepaU,H.HMH, noJiyq11M np116JI11JKeHHOe peIIIe

HHe 

r2 
u = r cos 0 - CT2 sin(20). (9.23) 
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9.3 MeTo,n; o6paTHoii: 3a,n;aqlf pacce5IHH5l 

0,n;HHJ\I 113 cnoco6oB aHaJIH3a Hemrneil:Hb!X ypaBHeHHH .HBJJ.HeTC.H HX npe,L1CTaBJieu11e 
B B11,[\e KOMMyTaTopa ,L\BYX onepaTopoB 11 rrp11MeHeH11e MeTO,[\a o6paTuoi1: 3a,[\aqH 
pacce.HHl1.H. Ilpo,L1eM0Hcrp11pyell1 3To Ha np11Mepe ypaBtteu11.H KopTeBera - ,lie <I>p113a

1 

on11Cb1Ba10rn,ero pacnpocTpattett11e BOJIH Ha noBepXHOCTH B l\IeJIKO:il:. BO,[\e [9, 10]: 

Ut - 6uux + Uxxx = 0, u(x, 0) = ¢(x), (9.24) 

r,[\e u(x, t) - OTKJIOHeu11e noBepxHOCTH BO,[\bl OT paBHOBecttoro COCTO.HHH.H, x, t - KO

op,LIHHaTa B,[\OJib OCH KaHana II BpeM.H. PacCl\IOTp1lll! ,[\Ba JIHHe:il:.HblX ,L\H<pcpepeuu,H
aJibHblX orrepaTopa L, A, orrpe,[\eJieHHblX Ha KOMIIJieKCH03HaqHblX <pyHKU,11.HX W(x), 
-00 < X < oo: 

d2 
L = - dx2 + u(x, t); (9.25) 

d
3 

(d d) A = -4i dx3 + 3i u dx + dx u . 

MoJKHO y6e,[\11TbC.H, qTo crrpaBe,[\JIHBO COOTHorneune 

[L, A] = LA - AL= -i(6uux - Uxxx), (9.26) 

TaK qTo ypaBHeH11e KdV B orrepaTopttoM B11,n.e 3arrmIIeTC.H CJie,L\YIOIIl,HM o6pa30M: 

a;; =i[L,A). 

PaccMoTpHM 3a,[\aqy Ha co6cTBeHHhre 3HaqeHH.H ,L\JI.H orrepaTopa L: 

d2'11 
L'V = - dx2 + u(x, t)'V = A'V. 

(9.27) 

(9.28) 

3,llecb BpeM.H MbI paccMaTp11BaeM KaK rrapaMeTp. EcJI11 ju(x, t)I < JxJi+., a> 0, lxl-+ 
oo, T.e. u(x, t) ,L\OCTaTO'IHO 6hICTpo y6&rnaeT Ha 6eCKOHeqHOCT11, TOr,n.a orrepaTop L 
HMeeT KOHeqHoe 'IHCJIO ,[\HCKpeTHbIX COCTO.HHH:il:. An = -/,;;~ 11 HerrpepblBHblll crreKTp. 
IloBe,n;eH11e BOJIHOBO:il:. <pyHKU,1111 Ha 6eCKOHe'IHOCT11 

Wn(x) -+ e-"nx, X-+ +oo; 

Wn(x) -+ c;,e""x, X-+ -oo; 

w(x, k) -+ eikx, X-+ +oo; 
w(x, k)-+ a(k)eikx + b(k)e-ikx, X-+ -oo; 

onpe,n;eJI.HeTC.H ,[\aHHbIMH pacce.HHH.H 

An, Cn, a(k), b(k). 
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(9.29) 

(9.30) 



Cyrn,ecTByeT HeKOTOpbifi o6IIJIIH cpopMaJIII3M, rro3BOJillIOIIJHH HaHTH perneHIIe ttem1-

Heiittoro ypaBH€Hllll, €CJ!ll y,1J,a€TCll HafiTH ero rrpe,ll,cTaBJl€Hll€ B Tepl\llIHaX LA-rrapb!. 

TI pO,ll,€1\IOHCTpnpyel\1 ero )],Jill ypaBH€Hllll KdV. TI po,ll,II<pcpepeH11J1pyel\1 no BpeMeHII 

ypaBH€Hll€ ua co6cTB€HHbI€ 311aqe11nll LWn = An Wn: 

aLw LawnaAnw A awn 
at n+ at at n+ nat· 

(9.31) 

TioJJb3YllCb orrepaTOpl!blM ypaBH€11ll€M ll ypaBH€Hll€M ua co6cTB€HHbl€ 3Ha'l€llllll, 

pe3yJibTaT MO:lKHO nepermcaTb B B!I,ll,€ 

( (
awn . ) 8An 

L - An) at + i Awn = at w n. 
(9.32) 

TioKa)K€l\l, 'ITO rrpaBall 0 IaCTb 3TOrO ypaBH€Hllll eCTb HYJ!h, T.€. a An/ at = o. ,[!,Jill 

3TOro YMHO)Klll\l o6e qacTll 3TOrO ypaBH€Hllll Ha w*(x, t) ll rrpOIIHTerpIIpye.M no X. 

YTB€p)K,ll,€Hll€ CJl€,1J,Y€T 113 3pMHTOBOCTll onepaTopa L, IIOCKOJlbKY w~(L- An)c/> = 0. 
TaKHM o6pa30l\l, Mbl y6e,1J,IIJllICb B TOM, 'ITO An - llHTerpaJibl )l,Bll)K€H!Ill, ll, KpOMe 

6 
a,i,' ·A,T' 6 o ,h o 

Toro, B TO!\!, 'ITO KOM llliaIJ;llll Tl+ 2 'l'n llBJill€TCll co CTB€HH01l 4'YHKIJ;ll€ll one-

paTopa L: 

awn //I / I () 8t+4Wn -6uWn-3uWn=r t Wn 
(9.33) 

)],Jill mo6oro r(t). PaccMOTp!IM ctta'la.rra ,1],HCKpeTHbIH cneKTP An= -K';. < O. Bb16e

peM r(t) TaK, 'IT06bl Y,1J,OBJI€TBOpllJiaCh acn:MIITOTHKa npll X -4 +oo: Wn = exp(-K~X). 

IlpHHllMall BO BHllMaHll€ 

awn(x, t) -- = O· u(x) = 0 x __, +oo at , , , 
(9.34) 

naxo,1],HM r(t) = -4K3. Tipe,ll,eJI x -4 -oo, w(x, t) = c,,(t)exp(xKn) ,1J,aeT ypaBttenHe 

,D.Jlll Cn(t): 

de~?)+ 8c,,(t)K~ = 0, c,,(t) = c,,(O)e-Si<~t_ 
(9.35) 

,II,.rrn nenpepbrnttoro cneKTpa rronaraeM A= k2 > 0, w(x,k) = exp(ikx), x---+ +oo, 

IIOJJY'la€M r( t) = -ik3. ,[!,Jill acHMIITOTllKll X ---+ -IX) HM€€M nporne,ll,IIIY!O ll OTpa)KeH

HYIO BOJJHbI: w(x, k) = a(k, t)exp(ikx)+b(k, t)exp(-ikx). I10,1J,CTaHOBKa B ypaBnenHe 

,D.Jlll co6cTB€HHOH cpyHKIJ,lIII )l,aeT 

a(k, t) = a(k, 0) = a(k); b(k, t) = b(k)exp(-8ik
3
t). 

(9.36) 

CxeMa perneHIIll ypaBHeHHll KdV TaKoBa. 1. Cttaqana peUiaeTcll ypaBH€HIIe LW === 

AW ,Il)lll rroTeHIJ;IIaJJa u(x, 0) = <fa(x). Haxo,l],HTCll ,1J,aHHbie paccellHIIll An, c,,(O), a(k), 
b(k, 0) = b(k). 2. C noMOlll.hIO no,1J,6opa LA-rrapbI HaxO)J.HTCll )l,aHHbre paccellHIIll )],Jill 
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mo6oro l\IOMCHTa speMeHII t: An, c,,(t), a(k), b(k, t). 3. Do 3TIIM )l,aHHbIM paccellHIIll 

C'fpOHTC51 c rroMOIIJb!O l\I€TO)l,a 06pan1oii 3a,n;a'III Map'IeHKO noTem~IIaJl u(x, t). Mb! 

npHB€,1],€1\I 6e3 ,ll,OKa3aTeJJbCTBa peu;enT HaXO)K,ll,€HIIll IIOT€HIJ;llaJJa B ypaBH€HIIH Illpe

,1],lfHrepa B T€pMIIHax )l,aHHbIX paccellHIIll. PaCCMOTpHM ypasHenIIe Illpe,1],IIHrepa 

dz 
- dx2 w + u(x)w = AW. (9.37) 

I1pe,1],IIOJ1arael\! CII€KTP COCTOllIIJlIM 113 KOH€'1HOro "IHCJ!a ,ll,lfCKpeTHbIX ypOBH€H II 

HenpepbIBHoro CII€KTpa: 

A= _"'2, Wn(x) = e-l<nX, X-> +oo; 

Wn(x) = Cnei<nx, 
A = k2 w(k x) = eikx , , , 

X-> -oo; 

X-> +oo; 

X-> -OO. w(k, x) = a(k)eikx + b(k)e-ikx, 

TioTellIJ;HaJJ u(x) HaXO,1],llTC.ll lf3 perneHIIll ypaBH€Hllll MapqCHKO: 

d 
u(x) = -2 dxK(x,x), 

00 

K(x, y) = F(x + y) + j K(x, s)F(s + x)ds, 
X 

r,1],e cpyHKIJ;Illl F(z) CTPOIITCll no )l,aHHbIM pacCCllHll.H: 

1 
00 

b*(k . 
F(z, t) = - LM~(t)e-"nz + - j _,_t) e•kzdk· 

n 21r a(k) ' 
-oo 

00 

M;:2 = 21\:n I w~(x, t)dx. 
-oo 

,[l,;rn ypaBHeHII.ll KdV cpyHKIJ;II.ll F(z, t) y,ll,OBJieTBop.HeT ypaBHeHIIIO 

(9.38) 

(9.39) 

(9.40) 

fJF 8 a3 F = 0 (9.41) 
at + az3 • 

,ll..nll cny'lall b( k) = 0 ( OTCYTCTBIIll OTpa)KeHHoii BOJIHbI rrpII pacce.HHHH nnocKoii 

BOJIHbI B noTeHu;HaJie u(x)) CYIIJeCTBYIOT coJIHTOHHhie perneHIIll ypaBH€HHll KdV. 
PaccMoTpHM cnyqaii, KOr,ll,a B ,ll,llCKp€THOM CII€KTpe HMeeTCll O,ll,IIH ypoB€Hb. B 3TOM 

cnyqae F(z, t) = - M~(0)e(-Kz+s"3t). PeIIIeH11e ypaBHeHIIll Map'leHKO n:ru;eM B BH,ll,e 

K(x, y, t) = <f>(x, t)e-"Y, (9.42) 
00 

<f>(x, t) = -M~(O)e8
"

3
t[e-"x + ¢(x, t) f e-2"Ydy]. 

X 
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Ypam1em1e nerKo pewaeTca, H ,D.J151 rroTeH~Hana u(x, t) = -2dK(x, x, t)/dx rrony'!HM 

COJllITOHHOe pewe1rne (,D.BII)KY~IIHC51 11 rrepeBepHyTblH KOJlOKOJl 11
): 

211:2 . 
u(x, t) = cosh2 K(x _ vt - xo)' 

V = 411:2 , 
211: 

e-xo = MJ(0). 

(9.43) 

PacCMOTP€HII€ CJ1yqa51 OTCYTCTBII51 0Tpa)K€HHOH BOJlHbl rrplI HaJllI'!IIII H€CKOJlbKIIX 

,D.IICKp€THblX ypoBHeti IT03BOJ151€T rrpoaHaJ11I31IpOBaTb ,D.IIHaMIIKY II xapaKTep B3alIMO

,D.€HCTBII51 COJllITOHOB. HecMOTp51 Ha rrporpecc ITOCJ1€,D.HIIX J1€T B 06J1aCTII H€JllIH€HHblX 

ypaBH€HIIH, 3,D.€Cb IIM€€TC51 rrpocTop ,D.J151 ,D.aJlbH€HillHX IICCJ1€,D.OBaHIIH. 

9.4 IIpeo6pa3oBanrre J1arrJiaca 

Tipeo6pa30BaH1IeM Jlannaca cpyHK~IIII J(t), t E R, Ha3brnaeTca cpyHK~II51 F(p), 
orrpe,D.€J151€Ma51 CJ1€,[\JIO~IIM paBeHCTBOM: 

F(p) = lo°" e-Ptf(t)dt. (9.44) 

OpHn-rnaJIOM Ha3bIBaeTC51 BC51KaR cpyHK~HR J(t), Y.L\OBJ1€TBOpRIO~aR CJ1€,L\YIO~IIM 

JCJlOBIIRM: 1) J(t) = 0 rrplI t < 0, rrpII'!€M IIplIHIIMaeTCR, '!TO J(0) = f(+0); 2) 
cy~eCTBJIOT TaKII€ ITOCTORHHbie a- II M, '!TO 

lf(t)I < Me0
\ t > 0 

(BeJllI'!IIHa a- Ha3bIBaeTCR IIOKa3aTeJ1€M pocTa cpyttK~IIII J(t)); 3) Ha mo6oM KOH€'!

HOM 0Tp€3Ke [O, T] cpyHKIJ;IIR J(t) MO)KeT IIMeTb JllIIllb KOHe'!HOe '!IICJlO TO'!€K pa3pbI

Ba (rrepBoro po,D.a). EcJ11I f (t) - opIIrlIHaJl, TO CTOR~I!H B rrpaBOH '!aCTI! (9.44) I!HTe

rpan Jlarmaca CXO,D.I!TCR a6COJ1IOTHO Il paBHOMepHO B IIOJIJIIJIOCKOCTII Rep 2: a- > O-o. 
TipII 3TOM cpyHKIJ;I!R F(p) RBJIReTCR aHaJlI!TI!'!eCKOH B IIOJIJIIJIOCKOCTII Rep > O-o 
II Ha3b!BaeTCR H306pIDKeHHeM cpyttKIJ;III! f(t). CooTBeTCTBIIe Me)K,L\Y OpI!rI!HaJlOM 

J(t) I! ero Il3o6pa)KeHI!eM F(p) CI!MBOJIII'!eCKI! 3aIII!CbIBaeTcR B BI!,D.e F(p) = J(t). 

9.4.1 OcHOBHhie CBOHCTBa npeo6pa30Bamu1 JianJiaCa 

1. CBoiicTao JIHHeiiHocTH: 

cif1(t) + c2h(t) = c1F1(P) + c2F2(p). 

2. TeopeMa rro.n;o6m1: 

f(at) = ]:_F(!?. ). 
a a 
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3. TeopeMa CMeru;eHmI: 

e01 == F(p - a). 

4. TeopeMa 3ana3,n;hmatt1u1: 

17(t - T)j(t - T) = e-pr F(p). 

5. ,ll;mpcpepemi;HpoaaHIIe opuruttaJia: 

j<kl(t) = l F(p) - (pk-I f(0) + pk-2 J'(0) + ... + j<k-1)(0)). 

B qacTHOCTH, 

J'(t) == pF(p) - J(0). 

6. l1HTerpHpOBaHHe opttrHHaJia: 

rt J(t)dT = F(p). 
lo p 

7. ,l::J;ucpcpepemi;upoBaHHe H306pa)l<ettm1: 

tnf(t) = (-l)"F(n)(p), n= 1,2, ... 

8. l1HTerpupoBaHHe H306pIDKeHHH: 

1 1°" - f(t) = F(q)dq. 
t p 

9. ,ll;Hcpcpepemi;upoBaHue H HHTerpHpoaattue no napaMeTpy: 

of(t,a) . 8F(p,a) 
ac;- = 7kt 

I! 

102 102 
J(t, a)da = F(p, a)da. 

01 01 

10. TeopeMa Bopena 06 H3o6pIDKeHHH caepTKH. CBepTKe opIImHanoB 

!1 * h = l fi(T)h(t - T)dT = l fi(t - r)h(r)dr 

COOTBeTCTByeT rrpOII3Be,D.eHI!e I!306pa)KeHI!H, T. e. 

!1 * h = F1(p)F2(p). 

11. l1HTerpaJI ,ll;10aMeJIH. EcnI! f(t) = F(p) II g(t) = G(p), TO 

pF(p)G(p) = f(0)g(t) + (f' * g)(t) = g(0)f(t) + (g' * f)(t). 
lfao6p~eHI!e cpyttKIJ;III! XeBIJcaii,D.a 77(t): 77(t) = 1/p, r.n.e 

{ 
1, 

17(t) 0, 
t 2: 0, 
t < 0. 

IlpI!Be,D.eM Ta6nIIey I!3o6p~eHIIii ocHOBHhIX cpyHKD;I!H. 

103 



J(t) F(p) f (t) F(p) 
1 17( t) 1/p 6 sin (3t f3 I (v2 + f32) 
2 tn/n! 1/pn+l 7 cosh(Jt p/(p2 - (3~) 
3 e°'t 1/(p - a) 8 sinh(Jt f3 I (v2 _ f32) 
4 (tn/n!)e°'t 1/(v-ar-1 9 e01 cos(Jt (p _ o:)/((p _ o:)2 + (32) 
5 cos (3t p/ (p2 + (32) 10 e01 sin(Jt (3/((p- o:)2 + (32) 

Ta6m1l_\a 3 

C TIOMOll_\blO CBOliCTB npeo6pa30BaHHH Jlannaca H Ta6JIHl_\bl OCHOBHblX ll306pa)KeHHtl: 

MO,KHO natl:TH H3o6pa,KeHHR 6oJibllIHHCTBa q.iyHKl_\HH. BoccTaHOBJiem1e OpllrHHaJia 

no H306pa,KeHHIO BO MHOfHX CJiy'-!aax MO)KHO npOH3BeCTlI Herrocpe,[\CTBe!lHO C rrn
MOW.b!O CBOHCTB rrpeo6pa30BaHHR Jlarrnaca H Ta6JIHl_\bI H3o6pa)KeHHH, a TaK)Ke C 

HCIIOJlb30BaHHeM rrepBOH H BTopotl: TeopeM pa3JIO)KeHHR. 

9.5 PellleHIIe KpaeBhIX 3a,z::i;aq 

C IIOMOIII;bIO npeo6pa30BaHIIX JianJiaca 

l1HTerpHpOBaHHe JIHHetl:HbIX ,[\Hq_Jq_JepeHl_\llaJlbHblX ypaBHeHHH B '-!aCTHbIX npOH3BO,[\

HbIX MO,KHO ocyrn.eCTBJIRTb onepal_\HOHHbIM MeTO,[\OM. 

IIpHMep 1. JI:na HJIJIIOCTpal_\HH ITpeo6pa30BaHlIR JlaITJiaca paCCMOTpHM 3a,[\a'-ly 

0 pacITpe,[\eJieHHH TeMITepaTypbl B cTep)KHe ,[\JIHHOH l, eCJilI Ha'-!aJibHaa TeMITepaTypa 

CTep)KHR u(x, 0) = 0, rpaHH'-!Hbie YCJIOBHR: u(0, t) = Uo, u(l, t) = 0 [14). 9TO 
CMeUiaHHaa 3a,[\a'-!a ,[\JIR ypaBHeHHR TeIIJIOITpOBO,[\HOCTH 

IIplI KpaeBhlX ycJIOBlIRX 

fJu 2 fJ2u 
fJt = a fJx2 

u(x, 0) = 0, u(l, t) = 0, u(0, t) = u0 • 

(9.45) 

(9.46) 

O6o3Ha'-!HM ITpeo6pa3oBanHe JlaITJiaca ITO ITepeMeHHOtl: t q.iyHKL\lIH u(x, t) '-Iepe3 

uL(x,p), T.e. 

Tor,[\a 

u(x, t) == uL(x,p). 

fJu 
fJt == puL(x,p) - u(x, 0) = puL(x,p), 

fJ
2
u(x, t) ..:.. .!!___ (J00 

u(x, t)e-P1dt) 
fJx2 -. fJx2 o 
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d2uL(x,p) 
dx2 

Ifao6pa)KeHHel\l ypaBHeHHR (9.45) 6meT 

a2ul(x,p) = puL(x,p). (9.47) 

Ifao6pa)KeHHe rpaHH'-!HbIX ycJIOBIIH 

CX) 

u(0, t) == uL(0,p) = j u0e-P1dt = Uo, 
0 p 

u(l, t) == uL(l,p) = 0. (9.48) 

I1onriae11 KpaeBylO 3a,[\a'-ly ,[\JIR o6bIKHOBeHHOrO ,[\llq_Jq_JepeHl_\HaJibHOro ypaBHeHHR 

BToporo uopR,[\Ka (9.47) c rpaHH'-!Hb!MlI ycJIOBlIRMlI (9.48). Hatl:,[\eM peUieHHe ,[\JIR 

uL(x,p). CocTaBHM xapaKTepHCTH'-leCKOe ypaBHeHHe ,[\JIR (9.47): 

a2k2 
- p = 0. (9.49) 

KopHH aToro ypaBHeHua k1 = -Ji5, k2 = - -Ji5, II03TOMY . a a 

( ) 
fox fox 

uL x,p = c1e• + c2e-• . (9.50) 

l13 rpaHH'-!HbIX ycJIOBlIH (9.48) IIOJIY'-!aeM 

{ 
c1 +c2 = uo/P, 
ill - fol c1ea +c2e a =0. 

(9.51) 

113 (9.51) HaXO,[\lIM IIOCTORHHbie C1 lI C2: 

Uo 1 
C1 = - 2"11 ; 

Pe a -1 

Uo 1 
C2=--- P • 

p 1 - c2-'4!1 

PenreHHe KpaeBoii 3a,[\a'-!H (9.47), (9.48) 6y,L1eT cne,L1Y10ll\HM: 

UL(x,p) = 
ilx -ilx Uo ea Uo e a ------+ -----=-

p e2-'4!1 - 1 p 1 - e-2-'4!1 

u0 sinh 1(t - x) 

P sinh il.[ a 

(9.52) 

Hatl:,[\eM opHrHHaJI u( X) t) no lI306pa:lKeHHIO UL ( x, p). ,n:na 3TOro BOCIIOJib3YeMCR Teo

peMotl: P83JIO)KeHHR ITO Bbl'-!eTaM (res) 

CX) 

u(x, t) = I>es{ uL(X,Pk)ePkt,pk}. 
k=O 
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Pewem1e (9.52) amurnTwrno Be3,n;e, 3a 11cKJ1JO'-Iett11e11 ToqeK, r,n;e p sinh ';; l = 0, 
2 2k2 

T. e. T0'-IeK Pk = -~, k - u,enoe. ITonyqaeM HCK0Moe peweH11e 

(
l - x 2 

00 

k-rrx ( 1r
2
a2k

2 
)) u(x,t) = u0 -- - - I:sin-exp ---

2 
-t . 

l 7r k=l l l 
(9.53) 

Cxel\ta pewemrn: c rrOl\IOW:bJO rrpeo6pa3oBaHHH Jiannaca aHanor11qHa cxeMe HaxmK

,n;emrn qacTH0ro pewemrn o6bIKHOBeHHoro ,n;mpcpepeHU,IlaJJbHOro ypaBHemrn. Pac

CM0TpHM ew;e 0,D;IIH nplll\!ep rrpIIMeHeHIIH onepaU,IIOHHOro 11cq11cJ1eHirn. 

IlpMMep 2. HatiTil peweH11e ypaBHeHHH 

82z 
axay + z = sinxcosy, 

y,n;OBJleTBOpHJOW:ee ycJlOBilHM 

z(0,y)=siny, z(x,0)=0, (xE[0,+oo),yE[0,=)). 

PerneHIIe. I1epexo,n;11M K onepaTOpHoMy ypaBHeH11JO OTHOCI1TeJ1bHO apryMeHTa y, rro

naraH z(x, y) == Z(x, p). OTcJO,n;a 

az 
By== pZ(x,p) - z(x,0) = pZ(x,p), 

82z 8 · 
8x8y == Bx (pZ(x,p)) = pZ~(x,p) 

(no TeopeMe o ,n;ncpcpepeHu,npoBaHHII onepaTopHhIX cooTHorneHnti no rrapaMeTpy). 

IIonyqaeM orrepaTopHoe ypaBHeHne 

, psinx 
pZx(x,p) + Z(x,p)) = p2 + 1 

( TaK KaK cosy == *1). 11HTerpIIpyH rronyqeHHOe ,D;IIcpcpepeHU,IlaJlbHOe ypaBHeHIIe 

IIO apryMeHTY x, HaxO,D;IIM 

2 

Z( ) - C ( ) -x/p P . - P x,p - 1 p e + ( 2 ) 2 smx ( 2 ) 2 cosx. 
p+l p+l 

B CIIJlY HaqaJJbHOro ycnoBIIH Z(x, 0) = 0 II TeopeMbI O CBH3II HaqaJJbHOro 3HaqeHIIH 

opIIrIIHaJJa II KOHff'IHOro 3HaqeHIIH II306pa)f<eHIIH MbI ,ll;OJl)KHbI IIMeTh limp-oo pZ ( X' p) 
= Z(x,0) = 0, OTKy,n;a Haxo,n;IIM limp-ooPCr(p) = 0, rrpIIqeM ecnII Cr(P) == ¢(y), TO 

¢(0) = 0 (B CIIJly TOH )Ke TeopeMbI). 3aIIIIIlleM Terreph Z(x,p) B cne,n;yJOrn;eM BII,n;e: 

1 -~ p . l (p2 + 1) + (p2 
- 1) 

Z(x,p) = pC1(p)pe P + (p2 + l)2 smx - 2 (p2 + l) 2 cosx. 
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Ho TaK KaK 

pC1(P) == ¢'(y), !e-! == Io(2,jxy) 
p 

(lo - cpyHKU,IIH Becce.rrn rrepBoro po,n;a c HyneBbil\! IIH,1.1,eKCOl\1), 

TO Hax0,1.1,Ill\l 

p l 
(p2 + l)2 == 2ysiny, 

p2 -1 
(p2 + 1)2 == ycosy, 

y .---- l 
z(x,y) = j ¢'(t)I0(2)Jx(y- t)dt + 2ysinysinx-

o 

l y 

- 2(siny + ycosy) cosx) = j ¢'(t)I0 (2)Jx(y - t)dt
o 

1 . 1 ( ) -- smycosx - -ycos x + y 
2 2 

(rrepBoe cnarael\me nonyqeHo· no TeopeMe cBepTbIBaHHH opnrIIHaJ10B). TaK KaK 

!0 (0) = 1, TO, nonaraH x = 0, Haxo,n;IIM 

y l 1 
z(0, y) = j rp'(t)dt - 2 sin y - 2ycosy = 

0 

1 . 1 . = rp(y) - 2 sm y - 2y cosy = sm y 

(no HaqaJJbHhIM YCJJOBIIHM); II03TOMY ¢(y) = ~siny + ½ycosy,¢'(y) 

½Y sin Y, II OKOHqaTeJlhHO Haxo,n;IIM 

y l 
z(x,y) = j ( 2cost - 2tsint) I0(2Jx(y- t))dt

o 

1 . 1 ( ) - 2 S1nycosx - 2ycos x + y. 
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fJIABA 10 

MttTerpaJihHhie ypaBHeHM.H. 

KJiaCCMQ)MKa:u;M.H' HeKOTOpbie MeTO,ll;hl 

pemeHM.H 

YpaBHeHH.H, co,n;ep)Karu;ne' HeH3BeCTHY!O cpyHKQH!O rro,n; HHTerpa.noM, Ha3b!Ba!OTC.H 

HHTerpa.nbHbIMH ypaBHeHH.HMH (HY) [5, 7, 18, 20]. Hn)Ke MbI 6y,n;eM paccMaTpH

BaTb JIHHeil:Hbie HY, co,n;ep)Karu;ne HeH3BeCTHY!O <pyHKQH!O He 6oJiee 'IeM B rrepBoil: 

cTerreHH. HY BH,n;a 

¢(x) = ,\ fc K(x, y)¢(y)dy + J(x) (10.1) 

Ha3brnaeTc.H JIHHeil:HbIM HY. Ilpn HyJieBoM CBo6o,n;HoM qJieHe f(x) = 0 HY Ha3bIBa

eTc.H o,n;Hopo,n;HbIM. K(x, y ), ,\ - .H,Ll;pO H co6cTBeHHOe l!Jlll xapaKTepHCTHqecKoe ql!CJIO 

HY. JlHHeil:Hoe HHTerpa.nbHOe ypaBHeHHe 

¢(x) = ,\ 1x K(x, t)¢(t)dt + J(x), (10.2) 

r,n;e ¢(x) - HCKOMa.H <pyHKQH.H, a J(x) H K(x, t) - 3a,n;aHHbie cpyHKQHH, ,\ - rrpo-

H3BOJibHa.H ITOCTO.HHHa.H, Ha3bIBaeTC.H llHTerpa.JibHbIM ypaBHeHHeM BoJibTeppa 2-ro 

po,n;a. 9To )Ke ypaBHeHHe, HO y)Ke c ITOCTO.HHHbIMll rrpe,n;eJiaMH: 

¢(x) = ,\ l K(x, t)¢(t)dt + J(x), 

Ha3bIBaeTC.H llHTerpa.JibHbIM ypaBHeHHeM <l>pe,n;rOJibMa 2-ro po,n;a. EcJIH HCKOMa.H 

<pyHKQll.H BXO,Ll;l!T TOJibKO no,n; 3HaK HHTerpa.na, TO Mb! rroJiyqHM COOTBeTCTBeHHO 

HHTerpa.JibHbie ypaBHeHH.H BoJibTeppa n <l>pe,n;rOJibMa 1-ro po,n;a: 

1x K(x, t)¢(t)dt = f(x); l K(x, t)¢(t)dt = f(x). 
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O,IJ;HHM H3 l\IeT0,Il;0B peweHHR HHTerpaJibHbIX ypaBHeHHH RBJIHeTrn MeT0,Il; rrocJie,IJ;0Ba

TeJibHbIX rrpH6JIH)KeHHH HJIH l\IeT0,Il; HTepau;Hii:. Bb!6Hpaa B Ka'IeCTBe HyJieBoro rrpH-

6JIH)KeHHR HeK0T0pyIO <pyHKIJ;HIO Yo(x), IT0CTp0HM IT0CJie,IJ;0BaTeJibH0CTb Yn(x), n = 
1, 2, ... , rronaraa 

b 

Yn(x) = J(x) + ,\ j K(x, t)Yn-1(t)dt. 
a 

Ecm1 'IIICJIO A Y,IJ;OBJieTB0paeT ycJIOBHIO 

b b 

i>-1 < (j j IK(x, t)J 2dxdt)- 112 , 
a a 

(10.4) 

(10.5) 

TO rrpH n --> 00 IT0CJie,IJ;OBaTeJibHOCTb Yn(x) CXO,Il;HTCR K TO'IHOMY peweHHIO y(x). 
EcJIH B Ka'!eCTBe HyJieBoro npH6JIII)KeHH51 Bb!6paTb CB060,IJ;Hblll <JJieH Yo(x) = J(x), 
TO ,IJ;JIR n-ro rrpH6JIH)KeHHR ITOJIY'IIITCR <pOpMyJia 

b j=n 

Yn(x) = f(x) + ,\ j (L: >.i-l Ki(x, t))f(t)dt, n = 1, 2, ... , 
a J=l 

r,IJ;e HTepHpOBaHHbie 51,IJ;pa onpe,IJ;eJIRIOTCR COOTHOllJeHHRMH 

b 

K1(x, t) = K(x, t), Ki(x, t) = j K(x, s)Ki_1(s, t)ds,j = 2, 3, ... 
a 

(10.6) 

(10.7) 

PewuM B Ka'IeCTBe HJIJIIOCTpau;HH MeTO,lJ;OM nocJie,n;oBaTeJibHbIX rrpH6JIH)KeHHH ypaB

HeHHe 
,r 

y(x) = 2sinx+ __!._Jsinxty(t)dt. 
21r 

0 

Y6e,n;HMCR npe)K)];e Bcero, 'ITO ycJIOBHe 

b b 

i>-1 < (j j IK(x, t)l2dxdt)-112 

a a 

(10.8) 

(10.9) 

,n;na ,\ = 1/(21r) H K(x, t) = tsinx BbIITOJIHeHo. IlpHHRB y0 (x) = 2sinx, Haxo,n;HM 

1 ,r 

y1(x) = 2 sin x + - sinx j ty0(t)dt = 3sinx. (10.10) 
27r 

0 

IIocne,n;oBaTeJibHO HaxO,IJ;HM y2 (x) = (3 + ½) sinx, 

Yn(x) = (3 + (2n-l - l)/2n-I) sinx. (10.11) 

IIpe,n;eJibHoe 3Ha'IeHHe 

y(x) = 4sinx, (10.12) 

KaK JierKO y6e,n;HTbCR, COBrra,n;aeT c TO'IHbIM perneHHeM. 
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10.1 CB.H3h 3a,n;aq11 KoIIIH II MY 

IToKa)Kel\l Ha npm,1epax, 'ITO OTbICKaHHe peweHHR mrneii:Horo ,llH<p<pepeHIJ;HaJ!bHOrO 

ypaBHeHHR c Ha'IaJibHbll\lH ycJIOBHRMH MO)KeT 6b!Tb CBe,IJ;eHO K perneHHIO HHTerpaJib

uoro ypaBnetttta. 

IlpHMep 1. CocTaBHTb HHTerpaJibHOe ypaBHeHHe, COOTBeTCTBYIOIIJ;ee ,llll<p<pe

peHIJ;llaJlbHOMy ypaBHeHIIIO C 3a,D;aHHblMH Ha'IaJibHblMH YCJIOBHRMII 

y" - y' sin(x) + exy = x; y(0) = 1, y1(0) = -1. (10.13) 

IloJio)KHM 

d2y 
dx2 = ¢(x). 

Tor,lla, HHTerpIIpya 3TO onpe,IJ;eJiem1e II IlOJib3yacb Ha'IaJibHbIMII YCJI0BHRMH, noJiy

'IHM 

:~ = fox ¢(t)dt + y'(0), 

y = fox (x - t)¢(t)dt + y'(0)x + y(0) = fox (x - t)¢(t)dt + x - 1. 

(10.14) 

(10.15) 

3,llecb rrpu CBe,n;eHHH ,llByKpaTHoro HHTerpaJia ( c nepeMeHoii: rropa,n;Ka HHTerpupoBa

HHR) lfCIIOJib30BaHa <pOpMyJia 

1
x 1x1 1Xn-l 1 1x 

dx1 dx2 · · · f(xn-i)dx = ( )' (x - zt-1 f(z)dz. 
XO XO XO n - 1 . XO 

n-1 

IIo,n;CTaBJIRR (10.14) u (10.15) B ,n;aHHOe ,lJ;lf<p<pepeHIJ;lfaJ!bHOe ypaBHeHHe, IlOJIY'IHM 

¢(x) - sin(x) [fox <f>(t)dt - 1] + ex [f (x - t)¢(t)dt + x - 1] = x (10.16) 

lfJIH 

<f>(x) = fox ¢(t)(sin(x) - ex(~ - t))dt - sin(x) - ex(x - 1) + x. (10.17) 

IlpttMep 2. PaccMOTpHM 3a,n;aqy Kowu 

m "( y - 2xy = 0, y(0) = 1, y'(0) = 2, y 0) = 3. (10.18) 

CooTBeTCTBYIDiu;ee HY HMeeT BH,n; 

X 

¢ + j K(x, t)¢(t)dt = f(x), K(x, t) = -x(x - t)2; 
0 

J(x) = 3x3 + 4x2 + 2x. (10.19) 

111 



O,n:HHM H3 l\IeTo,n:oB perneHHH MY BoJJbTeppa 2-ro po,n:a HBJJHeTcH l\IeTo,n: ,n:mpcpepeH

QHpoBaHHH. IT pH ero rrpHl\IeHemrn rrone3tto rrpamrno ,n:tt<pcpepeHQ11poBaH11H orrpe,n:e
JJeHHoro HHTerpa.iia: 

g(x) 

F(x) = J dyG(x,y), F'(x) = 9'(x)G(x,9(x)) -
cp(x) 

PaccM0Tp11M MY 

g(x) 

¢'(x)G(x, ¢(x)) + J dyGx(x, y). 
<i>(x) 

X 

¢(x) = x + j(y- x)ef>(y)dy. 
0 

(10.20) 

(10.21) 

,Ll;11cpcpepeHQl1PYH C II0l\lO~blO rrpHBe,n:eHH0H Bblille cpopMJJlbl 11 rronaraH X = 0, y6e

,LJ:11MCH B 3KBl1BaJJeHTH0CTl1 ero 3a,n:a'Ie Korn11 

¢" + ¢ = 0; ¢(0) = 0; ¢'(0) = 1, (10.22) 

perneHHeM KOTOpOH 6y,n:eT ¢( x) = sin x. PacCMOTPHM 

X 

¢(x) = x2 
- ,\ J (x - y)¢(y)dy. (10.23) 

0 

AHanorH'IHb!M o6pa30M y6e,n:HMCH B 3KBlIBaJJeHTH0CTll ero 3a,n:a'Ie Kornu 

qf' - ,\¢ = 2, ¢(0) = 0, ¢'(0) = 0, (10.24) 

perneHHeM KOT0pOH HBJJHeTCH 

2 
¢(x) = ~(-1 + cosh(✓-\x)). (10.25) 

X 

,Ll;mr HY ¢(x) = 1 + ,\ J(x-y)¢(y)dy nonyYittM ¢" - ,\¢ = 0, ¢(0) = 1, ¢'(0) = 0 
0 

c perneHtteM ¢(x) = cosh( ✓-\x). MY c nocT0HHHhIMll npe,n.enaMH lIHTerpupoBattlIH 

(<l>pe,n.roJJhMa 2-ro po,n.a) B cnyYiae, Kor,n.a H,n.po npe,n.cTaBJJHeT co6ott cyMMY cpaKTO
ptt30BaHHhIX Bblpa.JKeHlIH: 

K(x,y) = L:=l fm(x)9m(Y), (10.26) 

MO)KeT 6b!Tb perneHO c II0MO~b!O anre6patt'IeCKOH CHCTeMbI. ,Ll;ettCTBHTeJJbHO, perne
HHeM JJHHettHoro MY 

</>(x) = ,\ k K(x, y)</>(y)dy + f(x) 
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(10.27) 

6y,LleT 

¢(x) = J(x) + ,\ L:=I Cmfm(x), 

Cm = £ dy¢>(y)9m(y). (10.28) 

Ko3<p<pHQ11eHTbl Cm HaX0,L\HTCH npH perneHllll Cl1CTel\lbI JJHHeHHbIX ypaBHeHlIH, rrony

qaeMbIX YMHO)KeHHeM HCX0,D,HOro HY Ha 9m(x) C IIOCJJe,LIYIO~HM lIHTerpupoBaHHeM. 

ITpo,L1el\mncrpnpyeM 3To na npmvrepax H3 [5]. PaccMoTpHM MY 

1 

¢(x) = ,\ J dy¢(y)K(x, y) + J(x) 
0 

,L\JJH cnrraH K(x,y) = x + y- 2xy;f(x) = x + x2
. HMeeM Ji= x, 91 = l; fz = 

1 1 

l-2x, 92 = y. O6o3HaYiaH nocroHHHbre c1 = J ¢(x)dx; c2 = J x¢(x)dx, rronyYI11M 
0 0 

anre6paH'IeCKYJO CHCTeMy ypaBHeH11ii ,D,JJH C1,2 

c1 = ,\ci/2 + 5/6; c2 = ,\(ci/3 - c2/6) + 7 /12. (10.29) 

PerneHne HMeeT BH,L\ ¢ = x 2 + (Ax+ B)/ D, A= 6(,\2 - 8,\ + 12); B = ,\( 42 - ,\); D = 
6(6 + ,\)(2 - ,\). Tlpu ,\ = -6 u ,\ = 2 pernenue He cy~ecTByeT. 3a,n:aYia [5, 18.1]. 
Hai1TH Bee xapaKTepttcTHYiecKHe YIHCJJa H co6cTBeHHhre cpyHKQHH HY 

2rr l 
¢(x) = ,\ j ¢(y) (sin(x + y) + 2] dy. (10.30) 

0 

2rr 2rr 2rr 
O6o3HaYiaH Co= J dx</>(x), c1 J dxsinx¢(x), c2 = J dxcosx¢(x), HMeeM cttcTe-

o O 0 
My ypaBHeHHll 

Co = ,\1reo, 1 = ,\1rc2, c2 = ,\1rc1. 

PerneHtte HMeeT BH,L\ 

1 
1) ,\ = -, ¢1(x) = l; ¢ 2(x) = cosx + sinx, 

7f 

2),\ = -~, ¢ 3{x) = sinx - cosx. 
7f 

(10.31) 

(10.32) 

1 1 
3a,n.aYia [5, 18.3]. To )Ke ,n..rrn ¢(x) = ,\ J dy¢(y)(x2y2

- "ft)- O6o3HaYiaH c1 = J dy</>(y), 
0 0 

1 
c2 = J dyy2¢(y), HMeeM ,L\JJH perneHHH ¢(x) = ,\[x2c2 - ic1]. ,Ll;oMHO)KaH 3TO ypaB

o 
Hett11e Ha x; x 2 H HHTerpttpyH B npe.r1enax OT HJJJH ,L\O e,L\HHHQhI, II0JIJ'IHM 

C1 ( 1 + }
5 
,\) = ~AC2, C2 (1 - !,\) = -~AC1-

5 135 
(10.33) 
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Pernem1e HMeeT BII,IJ, 

l).\1 = -45, ¢ 1(x) = 3x2 
- 2, 45 2 

2).\2 = -, ¢2(x) = 15x - 1. 
8 

I 
3a,[la'-!a (5, 36.1). To )Ke ,.'\JUI </>(x) = .\J dyK(x, y)</>(y), r,[\e R,D;po HMeeT BII,L\ 

0 

K(x,y) = x,x < y; 

(10.34) 

K(x, y) = y, y < x. (10.35) 

MY MO)KHO 3arrHcaTh B cpopMe 

X I 

¢(x) = .\[/ ycp(y)dy + x j ¢(y)dy), ¢(0) = 0; 
0 X 

I 

¢'(x) = .\ j dy</>(y), </>'(1) = 0. (10.36) 
X 

8Ta 3a,[\a'-!a 3KBIIBaJieHTHa 3a,[\a'-!e KornH 

¢" + .\¢ = 0; </>(0) = 0, </>'(1) = 0, 

KOTopaR rrMeeT perneHHe <Pn(x) = sin( y':\,;"x), An= 1r2(n + ½)2. 
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(10.37) 

fJIABA 11 

CucTeMhI ypaBHeHMH B qacTHhIX 

IlpOM3BO,Il;HhlX 

YpaBHeHlI:R BTOporo II 6onee BhICOKIIX rropR,[IKOB MOryT 6b!Th rrpHBe,[\eHhl K CIICTeMe 

ypaBHeHIIll rrepBoro rropR,[\Ka. PacCMOTp!IM CIICTeMy ypaBHeHIIll (rrpH -00 < X < oo, 
0<t<oo) 

C rpaHll'IHh!Mll ycnOBIIRMII 

U1t + 7u1x + 4u2x = 0, 

U2t - 2u1x + U2x = 0 

u1 (x, 0) = J(x), 

u2 (x,0) = </>(x). 

B MaTpll'IHOM BII,[\e OHa BhirflR,[\IIT TaK: 

Ut +Aux= 0, 

u = ( u1 ) , A = ( au a12 ) = ( 7 4 ) _ 
u2 a21 a22 -2 1 

Co6cTBeHHhie 3Ha'-!eHIIR .\1, .\2 HaxO,[IRTCR II3 perneHIIR ypaBHeHIIR Au= .\u: 

det (A - .\I) = (au - .\) (a22 - .\) - a12a21 = 0, 
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(11.1) 

(11.2) 

(11.3) 

(11.4) 

(11.5) 

(11.6) 

{11.7) 



a co6cTBeHHb!e BeKTOpbl ~iaTplll..1,bl HaXO,IJ,.HTCR H3 pernemrn ypaBileHHH 

A ( ~: ) = A; ( ~: ) . (11.8) 

Perna.a 3TY CIICTeMy, nonrmel\I ,IJ,Ba ua6opa co6CTBeHHblX 3Ha'-leHIIH II BeKTOpOB: 

a1 _ 1 
A1 = 3, 

/31 - -1 

a2 _ -2 
A2 = 5, 

/32 
-

1 

CTpOHM MaTpmzy 113 co6cTBeHHb!X BeKTOpOB p II o6paTHYIO K Heii p-1 : 

P= ( 1 
-1 

-2) 1 , 

p-1 = ( -1 -2) 
-1 -1 , 

pp-1 = I. 

O6paTHa.H MaTptt1.1,a CTPOHTC.H no TaKOMY pe1.1,er1Ty; 

A=(a b)· 
C d , 

A_1 __ l_ ( d -b ) 
- ad- be -e a ' ad - be =I= 0. 

(11.9) 

(11.10) 

(11.11) 

(11.12) 

(11.13) 

(11.14) 

IIepeXO,IJ,HM K H0BblM Hel!3BeCTHbIM u = Pv, TOr,IJ,a ypaBHeHHe )],JI.H V 6y,IJ,eT HMeTb 

TaKoii BH,IJ,: 

Vt+ p-l APvx = 0. (11.15) 

Mo.lKHO y6e,IJ,HThC.H, '-ITO MaTptt1.1,a p-1 AP .HBJI.HeTCR ,IJ,HaroHaJibHoii: 

p-
1
AP= ( ~ ~ )· 

(11.16) 

Tor,IJ,a CllCTeMa ypaBHeHilH ,IJ,JI.H cpyHK!J,IlH V1 Il V2 pacrra,IJ,aeTC.H Ha ,IJ,Ba He3aB!lC!lMbIX 

ypaBHeHil.H: 

V1t + 3v1x = 0, 

(11.17) 

V2t + 5V2x = 0, 

(11.18) 
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perneHl!el\1 KOTOpb!X 6y,IJ,eT 

vi(x, t) = v1(z3), Z3 = x - 3t; v2(x, t) = v2(zs), z5 = x - 5t. (11.19) 

l1cKOMb!e q>yHK!J,Illl U I Il U2 Bb!pa.lKaIOTC.H '-Iepe3 cpyHKIJ,Illl Vi Il V2 CJie,IJ,yIOil.l,!lM o6-
pa30M: 

ui (x, t) = v1 (z3) - 2v2(zs), u2(x, t) = -vi (z3) + v2(zs). (11.20) 

l1crroJib3Y.H Ha'-laJibHbie YCJIOB!l.H, 1\10.lKHO HaHT!l q>yHK!J,IlOHaJibHYIO 3aB!lCilMOCTb 
vi(z), v2(z): 

vi(z) = -f(z) - 2¢(z), 

v2(z) = - f(z) - ¢(z). 
(11.21) 

(11.22) 

B pe3yJihTaTe rronyqaeM OKOH'-laTeJibHOe perneHHe: 

u 1(x, t) = - [f(x - 3t) + 2¢(x - 3t)] + 2 [f(x - 5t) + ¢(x - 5t)], 

u2(x, t) = [f (x - 3t) + 2¢(x - 3t)] - [f (x - 5t) + ¢(x - 5t)]. 
(11.23) 

(11.24) 

Herrocpe,IJ,CTBeHHOH IIO,IJ,CTaHOBK0ll M0.lKHO y6e)],HTbC.H, 'ITO 3TH perneH!l.H Y,IJ,OBJ!fil'B0-

p.HIOT rpaH!l'IHblM Il Ha'-!aJibHb!M YCJI0BH.HM. 9ToT Mfil'O)], pacrrpocTpaH.aeTC.H Ha cny

'-laii CHCTeM C 6oJihIII!lM K0JI!l'J:eCTB0M HeH3BeCTHbIX. OrrepaTOpb! )],HcpcpepeH1.1,Hpo

BaH!l.H ITO X Il t MOryT 6hITb 3aMeHeHb! Ha 6onee 06llJ,Ile orrepaTopbI. HarrpHMep, 

Ux - Lxu Il Ut - Liu. 

11.1 YpaBHeHH.H rrepBoro rrop.H,n;Ka. MeTo,n; xapaK

TepttCTHK 

06ll.l,!lll BH)], 0)],HOpO)],HOro ypaBHeHH.H rrepBOH CTeIICIIll n •mcTllh!X ll!)0113BO)],Hb!X HMe
eT Bil)], 

( ) Bu(x, t) ( ) 8u(x, t) 
aox,t 8t +a1 x,t---l. ax, 

Bu(x, t) 
+an(x, t) a + lln+1 (x, t)u(x, t) = O; 

Xn 

u(x, 0) = F(x), x = (x1 , x2 , ... , x,.); 
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r,i:i:e a;(x, t), i = 0, 1, ... n, F(x) C'!HTa!OTCR H3BeCTHbIMH cpyHKI_\H51MH. ,l],JI51 ttaX0:lK,}],e

HHR HeH3BeCTH0H q>yHKI_\HH u(x, t) B0CI10Jlb3YeMC5l l\leT0,LJ:0l\l xapaKTepHCTHK. BBe,LJ:el\I 

H0BbIH napal\1eTp s 11 C0CTaBHl\l ypaBHeHHR xapaKTepHCTHK [4] 

d 
ds t = ao(x, t), 

d 
ds x; = a;(x, t), i = 1, 2, ... , n; 

t(0) = 0; x;(0) = T;. (11.26) 

PellIHB 3TH ypaBHeHmI, !\lb! Il0JIY'!Hl\l 3Ha'!eHH5! x;(s ), t(s ). Hcxo,n:Hoe ypaBHeHHe 11p11-

l\leT BH,LJ: 

du(s) 
~ + an+1(x;(s), t(s))u(s) = 0; 

u(0) = F(T), T = T1, Tz, ... , T11 • (11.27) 

Jl11HIIH T;(x) = const Ha3b!Ba!OTC5! xapaKTepllCTHKaMH. Pe111eHl151 B,LJ:0J!b 3THX JIHHHH 

He 113MeHRIOTC51. OKOH'!aTeJibHbIH OTBeT Il0JIJ'!IITCR, Kor,i:i:a Il0CT0RHHb!e HHTerpnpo

BaHHR T; Bbipa3HM '!epe3 HCX0,I!;Hb!e rrepeMeHHbie X;, t. ,l],JIR IIJIJIIOCTpal_\HH paCCM0T

p11M HeCKOJibK0 11p11Mep0B. 

1. PellIHM ypaBHett11e 

XUx + Ut + tu = 0; 

u(x,0) = F(x), -oo < x < oo, 0 < t < oo. 

YpaBH€HH5! xapaKTepHCTHK 

x' = x, x(0) = T, t' = 1, t(0) = 0 

HM€IOT pellleHHR 

x=Te8
, t=s, T=xe-t. 

(11.28) 

(11.29) 

(11.30) 

Hcxo,n:ttoe ypaBHeHHe u' + SU = 0 c Ha'!aJibHblM yCJI0BHeM u(s = 0) = F(T) IIMeeT 

pelllettne u = F(T)exp(-s2/2). l1epeXO,I1;5! K HCX0,I!;Hb!M nepeMeHHhlM, II0JIJ'!IIM 

u(x, t) = F(xe-t)e-t2 
;2 _ (11.31) 

Heo6xo,n:HMO y6e,n:HThC5l IIO,Il;CTaHOBKOH B HCX0,I!;H0e ypaBHeHne, '!TO 3T0 pewettne eMy 

y,n:oBJieTB0pReT. 

2. PacCMOTpHM ypaBHeHHe 

Ux + 2uy + 2u = 0, -oo < x, y < oo, ulx=y = F(x). (11.32) 

PellleHHRMH ypaBHeHHH xapaKTepncTHK x' = 1, y' = 2, x(0) = T, y(0) = 0 RBJI51IOTCR 

X = s+T, Y = 2s, 
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y 
T = X- 2· (11.33) 

Pe111e1rne 0CII0BH0r0 ypaBHemrn u' + 2u = 0 Hl\!CCT BH,ll, 1l ( s' T) 
Ha0JaJibl!0e ycJI0BHC 11!\IeCT Bil/], qiy11KI_\HOHa,1bl!Oro ypaB11emrn: 

u(x, x) = F(x) = R G) e-x, 

R(T)exp(-2s). 

(11.34) 

ero pe111e1111e R(z) = F(2z)e
2
z. l1epexo,i:i:R K 11cxo,z:i:Hb111 11epeMe1111hil\l, noJ1yc11n1 

u(x, y) = e2<x-~) F(2x - y)e-y = e2<x-y) F(2x - y). 

3. PaCCl\!OTpHll! ypaBHeH11e 

3ux + 2yuy +XU= 0, -oo < x < oo, 1 < y < oo; 

u(x, 1) = x2
• 

(11.35) 

(11.36) 

PellleHH51 ypam1ett11ti: ,I!;JIR xapaKTepHCTHK x' = 3, x(0) = T, y' = 2y, y(0) = 1 
111\te!OT BH,I!; x( s) = 3s + T, y( s) = e 2•, T = x - ~ In y. Pe111eH11e ocHoBuoro 

ypam1eHHR u' + (3s + T)u = 0 ecTh u(s,T) = R(T)exp(-~s2 
- Ts). J13 11a'!aJibH0ro 

ycJI0BHR Haxo,n:m,1 R( z) = z
2

. OKOH'!aTeJibHO IIMeeM 

u(x,y) = (x - ~ lny r exp Gln2 y-txlny). (11.37) 
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fJIABA 12 

~OITOJIHeHHa. I1:3Jiy-cieHHe 3BYKOBhIX 

BOJIH. HenHHeMHhie KOJie6aHH.H 

cpe,n;h1. Y,n;apHhie BOJIHhI 

1. ,Ll;Jrn CJIY'-IaR M8JibIX CMe~eHnii TO'IeK cpe,IJ;bl U ll3JIJ'IeHlle 3BJK0Bb!X BOJIH orrn

CbIBaeTCR ypaBHeHlleM (BOJIHa pacrrpocTpaHReTCR B,IJ;OJib OCll x) 

(12.1) 

r,n;e <I>(x, t) - B03My~eHne, Co = v,1f!- - CKOpOCTb 3ByKa B cpe,n;e, R - ra30BaR 

rrocTORHHaR ; = C p - Cv, 1 = p / v > l - ll3BecTHoe OTHOinettne TerrnoeMKOCTeii rrpH 

IIOCTORHHOM ,n;aBJieHirn ll IIOCTORHHOM ofrbeMe. PerneHlle llMeeT Bil.LI 

t x+co(t-T) 

u(x, t) = ~ j dT j <I>(z, T)dz. (12.2) 
0 x-co(t-T) 

,Ll;JIR pacrrpOCTpaHeHHR BOJIHbl B TpexMepHOM rrpocTpaHCTBe llMeeM 

_ 1 j <I>(xo, t - ~) 
u(x, t) = - dvo R ln,=lx-i'ol<cot• 

47r 1 
(12.3) 
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12.1 MeTo,n; PMMaHa perneHM51 HeJIMHe:iiHhIX ypaB

HeHMM 

B CJIY'-Iae, Kor,n,a BO31\fylll,emrn: cpe,D,bl ii He l\!aJibI, Ha,n,o paCCl\IaTpHBaTh HeJIHHeHHOe 

ypaBHeHHe HaBhe-CTOKCa (PmrnH, 1860) 

a - ( -.=;) - 1 .=; -;:;-u + uv u + -vp = O; 
ut p 

Pt+ '\lpii = 0, 

(12.4) 

(12.5) 

r,n,e P, p - COOTBeTCTBeHHO TIJIOTHOCTh cpe,n,bl H ,n,aBJieHHe. IIocJie,n,Hee ypaBHeH11e 

eCTb ypaBHe1rne Henpepb!BHOCTH. ,Il;JIR O,l.l,HOMepHoro cJiy'IaR ii= (u(x), 0, 0) CHCTeMa 

np1106peTaeT BH,l.l, 

Pt+ (pu)x = O; 

1 
Ut + UUx + -px = 0. 

p 

BBe,n,eM, cJie~R P11MaHy, HOBYID nepeMeHHYID 

P d 
CT= J c(p)_!!_, 

{JO p 

IloJib3YRCb COOTHOIIIeHHRMII 

dp 
c(p)

2 = dp. 

CTx = c(p). 
p ' 

C
2(P)Px = Px; _ _!!_CTt, 

Pt - c(p) 

(12.6) 

(12.7) 

(12.8) 

(12.9) 

H nepexo~ K nepeMeHHb!M CT, c(p) = C BMeCTO P, P, IIOJIY'IHM CHCTeMy ypaBHeHHH 

CTt + UCTx + CUx = O; 

Ut +uux +wx = 0. 

cha CHCTeMa MO)KeT 6b!Tb 3aIIHCaHa B BH,D,e 

[! +(c+u)!] (CT+u)=0, 

[!-(c-u):x] (CT-u)=0, 

(12.10) 

(12.11) 

(12.12) 

(12.13) 

HaIIOMHHaIOlll,eM perneHHR ,Il;aJiaM6epa. Ilpn ,lJ,OCTaTO'IHO 6oJibIIIOM t 061,eKThl u + CT, 
U - CT CTaHOBRTCR He3aBHCHMb!MH. 
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12.2 PacrrpocTpaHeHMe y,n;apHhIX BOJIH. A,n;Ma6aTa rm-
rOHMO 

EcJIH BO31\IYlll,eHHR cpe,n,hl U He MaJibI, TO Ha,n,o paCCI\IaTpIIBaTb CHCTeMy ypaBHeHHH 

r11,n,po,D,HHal\lIIKII Bl\IeCTe C ypaBHeHnel\f COCTORHHR Belll,eCTBa: 

- 1 -ii1 + (iiv')ii + -Vp = 0, 
p 

op + div(pii) at 0, 

p 
p'Y const, 

(12.14) 

(12.15) 

(12.16) 

r,n,e p 11 p - IIJIOTHOCTb n ,n,aBJieH!Ie. 9THMH ypaBHeHHRMH OIIHCbIBaeTCR, B 'IaCT

HOCTII, RBJieHIIe pacnpOCTpaHeHHR y,n,apHblX BOJIH. Y,n,apHaR BOJIHa (cKa'IOK JIIJIOT

HeHHR) npe,n,cTaBJIReT co6oti pacnpocTpaHR!Olll,HHCR co CBepX3BYKOBOH CKOpOCThlO 

TOHKHH nepeXO,l.l,HOH CJIOH Belll,eCTBa, pacnOJIO)KeHHb!H Me~ ,l.l,BYMR napaJIJieJibHbl

MH IIJIOCKOCTRMII, nepneH,D,HKYJIRpHb!MH HanpaBJieHH!O ee pacnpOCTpaHeHHR, B KO

TOpOM pe3KO MeHR!OTCR Bee xapaKTepHCTIIKH Belll,eCTBa (nJIOTHOCTb, TeMnepaTypa, 

,n,aBJieHHe). Mb! 6y,n,eM npe,n,noJiaraTb OTCJTCTBHe pa3pb!BOB KOMIIOHeHT CKOpOCTeti, 

KaCaTeJibHblX IIJIOCKOCTH cppOHTa BOJIHbI. PacCMOTpHM pacnpocrpaHeHne y,n,apHOH 

BOJIHhl B,l.l,OJib OCII X. l·fa 3aKOHOB coxpaHeHHR IIOTOKa MaCChI, IIOTOKa 3HeprnH H X 

KOMIIOHeHTbl HMIIJJibCa Belll,eCTBa IIOJIJ'l:aeM COOTHOIIIeHIIR [22] 

[pux] = 0, 

[pux(~u; + Q)] = 0, 

[p+ pu;] = 0, (12.17) 

r,n,e Mb! 0603Ha'IIIJIII CKa'IOK BeJIII'IHH ,l.1,O (1) H IIOCJie (2) cppOHTa [a] = a1 - a2; KpOMe 

Toro, BBe,n,eHa TenJioBaR cpyHK~R Q = E + (p / p) - 3HTaJibIIHR, V = l, - y,n,eJibHhitt p 
ofrbeM )KH,l.l,KOCTII IIJIH ra3a. IIepeIIHIIIeM 3Tll ypaBHeHIIR B BH,n,e 

P1U1 = P2U2 = j; 
1 

½=-· 
PI' 

½ = _!_. 
p2' 

PI+ P1Ui = P2 + P2U~ 

1 2 1 2 
Q1 + 2u1 = Q2 + 2u2-
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(12.18) 

(12.19) 

(12.20) 



IlpocTbie npeo6p83oBamrn ;:i,aIOT 

·2 P2 - Pl 
] =--· 

Vi-Vi' 

1 
Q1 - Q2 = 2(Vi + Vi)(P1 - P2)-

(12.21) 

(12.22) 

C IICTIOJlb30BaHI-IeM r830BOrO 3aKoHa TeTIJIOBa51 q>yHKlJ;II51 MO)KeT 6bITb Bblpa)KeHa 

B BII,IJ.e Q = CpT = ~pV. BBO,D,51 o603Ha~reHII51 y = p2 /p1; z = Vi/Vi, nony<rnM 

ypaBHeHIIe a,IJ.IIa6aTbI fIOrOHIIO: 

1 + ')' - z(, - 1) 
y-

- z(l + 1) - 1' + 1. 

3To ypaBHeHne tta,n,o cpaBHHTb c ypaBHeHIIel\1 a,IJ.IIa6aTbI IlyaccoHa: 

y = z-'Y_ 

(12.23). 

(12.24) 

O6e 3TII KpHBbie npoXO,D,5IT qepe3 ToqKy y = z = 1 II, 6onee Toro, KaCa!OTC51 B 

Hett ,IJ.pyr ,n,pyra. YpaBHeHne a,n,IIa6aTbl fIOrOHIIO cnpaBe,D,JIIIBO )J,Jl51 peaJibHbIX ra-

30B II )KII)J,KOCTeti npII y > 1. 3aMeTIIM, qTO npII z = (1' - 1)/(1' + 1) KOOp,D,IIHaTa 

y a,n,IIa6aTbI fIOrOHIIO o6paIIIaeTc51 B 6ecKoHeqHOCTb. BenIIqnHa ')' paBHa 7 /5 ,D,JI51 

,IJ.ByxaTOMHOrO r83a, (B03,D,YX) II 5/3 ,Il.Jl51 O)J,HOaTOMHOro. KaK CJie,D,CTBIIe, npe,n,eJibHOe 

C)KaTIIe ofrbeMa ,D,ByxaTOMHOrO r83a, T.e. OTHOIIleHIIe o6'beMOB ,D,O II TIOCJie npOXO)K

,IJ.eHII51 q>pOHTa y,IJ.apHOH BOJIHbI, He npeBbIIIIaeT IIIeCTH (npII CK0Jlb yro,D,H0 6oJibllIIIX 

,n,aBJieHII5IX). KBa,n,paT CK0pOCTII pacnpocTpaHeHII51 y,n,apHOH B0JIHbI 

Vi= V/P2 - PI 
Vi-V2 ' 

(12.25) 

r,IJ.e Vi, Vz - y,n,eJibHbie ofrpeMbI r83a ,D,0 II nocne npoxo,IJ.a q>pOHTa, Pl, P2 - COOTBeT

CTBY!OIIIHe ,IJ.aBJieHII51. 
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f.JIABA 13 

Bapn:aHThI 3aqeTHhIX 3a,n;aq 

PeIIIIITb ypaBHeHII51 MeT0,D,OM xapaKTepIICTIIK: 

A1(x, Y, z)ux + A2(x, y, z)uy + A3(x, y, z)uz + A4(x, y, z)u = 0, (13.1) 

u(x = 0,y,z) = F(y,z), 

r,n,e K03q>q>IIu;IIeHTbI A1, A2, A3, A4 ,n,aHbI B Ta6n. 13.1. PeIIIeHIIe. 

l. x = s, y = s + c, u = F(y - x)e-2x; (13.2) 

2. X = s, y = ce3•, u = F(ye-3x)e-x'; 

3. x = s, y = s + c, u = F(y - x)e-x
3
f3; 

4. x 2 = 2s, y = ce8, u = F(ye-x
2
f2 )e-x"; 

b C I 5. x = sa, y = sb + C1, z = sc + c2, u = F(y - -x, z - -x)e-dx a; 
a a 

6. x = s, y = ce•, u = F(ye-x)e-x
2
f2; 

7. x = s, y = 2s + c, u = F(y - 2x)e-x; 
2y 

8. x=s, y=l/s+c, u=F(--); 
2-xy 

9. x = v'2s, y = c1e", z = c2e8
, u = F(ye-x

2
f2 ,ze-x2f2); 

IO. x = s, y = s3 /3 + c1, z = c2e•
2
l2

, u = F(y - x 3 /3, ze-·x
2
f2 ); 

11. x2 = 6s, y2 = -8s + c, u = F( jy2 + ~x2); 

12. x = ccos(v'6s), y = cV312cos(v'6s), u = F(✓y2 + ~x2); 

13. x = 3s, y = ce28 , u = F(ye-2xf3 ); 

14. x = 2,/s, y = ce5•, u = F(ye-5x2;4)e-x2f6; 

15. x = s, y = 2s + C1, z = C2e38 , u = F(y - 2x, ze-3x)e-x
2
f2 ; 
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n A1 A2 A3 A4 

1 1 1 0 2 

2 1 3y 0 2x 

3 1 1 0 x2 

4 ! y 0 2 
X 

5 a b C d 

6 1 y 0 X 

7 1 2 0 1 

8 2 -y2 0 0 

9 ! y z 0 
X 

10 1 x2 zx 0 

11 1 _i 0 0 
X y 

12 2y -3x 0 0 

13 3 2y 0 X 

14 .?. 5y 0 X 
X 

15 1 2 3z X 

16 ! 
X 

2 z X 

17 vx -4y 0 X 

Ta6mm,a 13.1: Koaqiqrn:u;ueHThI A1, A2, A3, A4 ,!l,JI.H ypaBHeHll.H (13.1) 
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I 

1; 
Ii 
J 

:l. 

16. T = s, y = 2s + c1 , z = c2e", u = F(y - x 2
, z-·"

2
12 )e-·"

3!\ 
17 .. T = 2/s, y = ce-·1'. u = F(ye8✓r)e- 2x311 /1 _ 

13.1 MHHHMJ13all,H.H cpyHKU,HOHaJIOB 

l. Cyll\eCTBYIOT Jlll 3KCTpe~iam1 ,n,Jrn <pyHKI\lIOHa.,10B 

I 

a) J[y] = j[3x - y]ydx, y(0) = 0; y(l) = L 
0 

2,r 

(13.3) 

(13.4) 

6) J[y] = j[(y')2 
- y2]d:i:, y(0) = 1, y(2n) = 1. (13.5) 

0 

2. HattTll 3KCTpeMaJJll q>yHKIJ;lIOHaJlOB [7] 

a) J[y] = j Ji + (y')
2 
dx 

a Y 
(13.6) 

(Mo,!],eJih ITyaHKape reoMeTpllll Jlo6a'!eBCKOro Ha IlJIOCKOCTll: ceMeHCTBa IlOJIYOKpy)l(

HOCTeH C u;e~TpaMll Ha OCII x). Pememie lIMeeT Bl!,!], v/1 + (y')2 = c,y
2 + (x - c1)

2 = 
c2, y > 0: 

f
a y(y')3 

6) J[y] = l + (y') 2 dx, 
0 

y(0) = O; y(a) = R (13.7) 

( 3a,!],a'la Hb!OTOHa O q>OpMe IlOBepXHOCTll Ml!Hl!MaJlbHOrO conpOTlIBJieHll.H IlOTOKY). 

Pememie HMeeT BH,!l, y/R = (x/a) 314
. 

3. HaiiTH 3KCTpeMaJJH q>yHKIJ;lIOHaJJOB 

a) J[y] 

6) J[y] 

B) J[y] 

r) J[y] 

I 

j((y')2-2xy)dx, y(-1)=-l, y(l)=l; 
-1 

e 

j (x(y')2 + yy')dx, y(l) = 0, y(e) = 1; 
1 

1 

j (y2 + 2(y')2 + (y")2)dx, 
0 

y(0) = y(l) = 0; y'(0) = 1; y'(l) = - sinh 1; 
0 

j (240 - (y 111 )2)dx, y(0) = y'(0) = y"(0) = O; 
-1 

y(-l) = 1, y'(-1) = -9/2, y"(-1). 
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(13.8) 



-!. 3a,D,a'Ill na yc.rJOBHhlH 3KCTpe~1y~1 [7]: 

a) uaiiTn JinnnIO y(x), y(-a) = y(a) = 0, KOTopa51 np11 3a,D,a1rnoi1 :1:11111e l > 2a 
orpann'nrnaeT nan60Jihmym n.'IOll\a,D,h: 

a a 

K[y] = j ds = j /1 + (y')2dx = l, 
-a -a 

6) naiiTn 3KCTpeMaJin J[y] npn ycJIOBHn K[y]: 

1 

a 

J[y] = j y(x)dx, 
-a 

ds = J1 + y'2dx; 

J[y] = j(y')2dx, y(0) = 1, y(l) = 1/4; 

0 

1 

K[y] = j(y - (y')2))dx = 1/12; 

0 

B) naiiTll MHHHMYM cpynKIJ,HOHaJia [7] 

1 [ 2 2 4v l J[v] = vx + vy + ~ dxdy; 
G yX- + y-

v(x2 + y2 = 1) = v(x2 + y2 = 9) = 0. 

(13.9) 

(13.10) 

(13.11) 

YKa3aHne. IlepeXO,IJ; K IIOJI5IpHbIM KOOp,IJ;nHaTaM ll MllHHMH3aIJ,H51 cpyHKIJ,llOHaJia rrpn

B0,IJ;5IT K KpaeBoii 3a,IJ;a'Ie 

2 
.6.u = -, u(r = 1) = u(r = 3) = 0. 

r 
(13.12) 

Perne11neM flBJifleTCfl 3KCTpeMaJih u = 2(r-1)-1; 3 In r. BhI'IHCJiflfl KBa,IJ;paT rpa,IJ;neH

Ta I vul2 = (2- r 1! 3 )2' IIO,IJ;CTaBJifleM 3TH BeJIH'IllHbl B Bbipa)KeHne ,IJ;Jlfl cpyHKIJ,HOHaJia 
ll IIOJiyqaeM 

J[u] = -321r (1 - -1) . 
ln3 

(13.13) 

5. HaiiTll cpopMy Tf!)KeJIOii HllTll, nMeIOlll,eii MllHHMaJlbHblll MOMeHT HHepIJ,llll OTHO

CHTeJibHO OCH Op,IJ;HHaT. 3a,IJ;a'Ia CBO)],llTCfl K MHHllMH3aIJ,llll cpyHKIJ,llOHaJia 

J[y] = t ds y2
, F(x, y, y') = y2✓1 + (y')2, 

COOTBeTCTBYIOlll,ee ypaBHeHHe (y')2 = (yc) 4 - 1 CBO)],llTCfl K KBa,D,paTypaM. 

PeIIIHTb CllCTeMy ypaBHeHnii B 'IaCTHblX rrpon3B0)],Hb!X 1-ii CTerreHn: 

{ 
U1t + au U1x + a12U2x = 0, 
U2t + a21 U1x + a22U2x = 0, 
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u1(x,0) = J(x), 
u2(x, 0) = </>(x), 

(13.14) 

(13.15) 

n an a12 a21 a22 >-1 >-2 Pn Pi2 P21 A2 

1 4 2 1 3 2 5 1 2 -1 1 

2 6 -1 3 2 3 5 1 1 3 1 

3 1 -2 2 6 2 5 -2 1 1 -2 

4 7 4 -2 1 3 5 1 -2 -1 1 

5 3 1 12 7 1 9 1 1 -2 6 

6 7 2 3 6 4 9 2 1 -3 1 

7 4 5 2 7 2 9 5 1 -2 1 

8 0 8 2 0 4 -4 2 2 1 -1 

9 2 3 1 4 1 5 -3 1 1 1 

10 0 4 4 0 4 -4 1 1 1 -1 

11 2 1 4 5 1 6 1 1 -1 4 

12 4 23 5 22 -1 27 23 1 -5 1 

13 1 -2 1 4 2 3 -2 -1 1 1 

14 1 1 4 1 -1 3 1 1 -2 2 

15 4 3 -1 8 5 7 3 1 1 1 

16 2 -3 2 9 3 8 -3 1 1 2 

17 6 3 -2 1 3 4 1 3 -1 -2 

18 7 1 2 6 5 8 1 1 -2 1 

19 8 7 5 6 1 13 1 7 -1 5 

Ta6Jin11,a 13.2: MaTpn:'IHhle 3JieMeHThI A = (a11 , a 12, a21, a22), 3JieMeHThI MaTpllIJ,bI 

co6CTBeHHhIX BeKTOpoB P = (P11 , P 12, P 21 , P22 ) n: co6cTBeHHbie 311aqe11n11 >-1, >-2 ,IJ;Jifl 

CllCTeMbl ypaBHeHn:ii B qacTHbIX npon:3BO,IJ;Hb!X (13.15) 
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K03cpc]::>1u1,ne11Tbl a 11 , a 12 , a 21 , a 22 YK33a11b1 B Ta6J1. 13.2. Tip1n1ep pememrn no,ll,06m,1x 
ypasneHHH :1,a11 B f.1ase 11. Pemem1e 1<a,1<,ll,oro npn~1epa ,ll,0:rnrno 6hJTb nposepeno 
TI0,ll,CTaH0BK0ii B !ICX0,l],!I0e ypaBHeirne. 
1. Haii.Tll 3KCTJ)C~Ia.'lb cpyHKll,HOHaJia H BI,l'lllC,lllTb ero ~1111111~1a:11,11oe ·rna<1em1e: 

1 

1) J[y] = j d.r((y') 2 - l2yx), y(0) = 0, y(l) = 1: 

0 

1 

2) .J[y] = j dx((y')2 + y2 + 2ye.,,), y(0) = 0, y(l) = 
2

1
e; 

0 

l /1 + (y')2 
3) .J[y] = jdx , , y(-1) = 0, y(l) = l; 

y 
-1 

3/2 

4) J[y] = / dx((y') 3 + 2x), y(0) = 0, y(3/2) = l; 
0 

1 

5) J[y] = j dx((y')2 + yx), y(0) = 0, y(l) = 0; 
0 

,r 

6) J[y] = / dx((y')2 - y2), y(0) = 1, y(7r) = -1; 

0 
~ 

2 

7) J[y] = j dx(2y + y2 - (y')2), y(0) = 0, y( i) = 0; 
0 

~ 

4 7l" v'2 
8) J[y] = J dx((y') 2 

- y2), y(0) = 1, y(4 ) = 2 ; 
0 

1 

9) J[y] = J dxyy', y(0) = 1, y(l) = 4½; 
0 

1 1 
10) J[y] = j dx((y')2 - y2 

- y)e2
x, y(0) = 0, y(l) = - 2. 

0 

Pernenmr. 
1 1 

1. x(2 - x2); 2. 2[e-x + (x - l)ex]; 3. 2(x + l); 4. 2x/3; 

5.x(x2 -l)/12; 6.asinx+cosx; 7. sinx+cosx-1; 8. cosx; 

9. HeT perne11m1; 10. [(l - x)e-x - l]/2. (13.16) 

Haii.T!I 3KCTpeMaJI!I H (no B03MO)KH0CTll) BbPI!ICJl!ITb MllHllMYM cpyHKll,HOHaJia: 

b 

J;[y] = j F;(x, y, y')dx, y(a) = Y1; y(b) = Y2, (13.17) 
a 
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F1 (x, Y, y') 

F2(x, Y, y') 

F.1(.r, Y, y') 

F1(1:, Y, y') 

F0 (x, Y, y') 

F6(x, Y, y') 
F,(x, y, y') 

Fs(:r, Y, y') 

Fg(:r:, Y, y') 

F10(1:, Y, y') 
Fil(x,y, y') 

F12(x, y,y') 

F13(x, Y, y') 

F14(x, Y, y') 

F1s(x, Y, y') 

F16(x, Y, y') 

F11(x, y,y') 

F1s(x, Y, y') 

Perne11nH. 

(y') 2 
- :t/; a = 0, b = 1r, Y1 = 1, Y2 = -1: 

(y')2 + xy; a= 0, b = 1, Y1 = Y2 = 0; 

(y') 2 
- y2 + 4y cos :r; a = 0, b = 1r, Y1 = Y2 = 0; 

-(:i:y') 2 + 2y; a= 1, b = e, Yi= 1, Y2 = 0: 

(y')2 + yy' + 12xy; a= 0, b = l, Y1 = Y"l = 0: 

eY + xy'; a.= 0, b = 1, Y1 = 0, Y2 = l; 

(y') 2 + y2 + xy; a.= 0, b = 1, Y1 = Y2 = 0; 

(y')2 + y2 + 6y sh ( 2x); a = 0, b = 1, y 1 = 0, .'/2 = 1; 

(y') 2 + y2 + 2yex; a= 0, b = 1, Yi = 0, Y2 = l/(2e); 

((y')2 + 3y2)e2x; a= 0, b = In 2, Yi = 0, :th= 15/8; 

(y') 2 + y2 - 4y sin x; a= 0, b = 7r, Y1 = 0, Y2 = l; 

2eY -y2;a = 0,b = l,y1 = l,Y2 = e; 
ex+y -y- sinx;a = 0,b = l,Y1 = O,yz = -1; 

(y')2;a = 0,b = l,y1 = 0,y2 = l; 

/1 + (y')2 
~-,-;a= -1,b = l,Y1 = 0,yz = l; 

y 

(y')2 + 2x; a= 0, b = 3/2, Y1 = 0, Y2 = l; 

(y')2 + xy';a = -l,b = l,Y1 = l,Y2 = O; 

(13.18) 

xn(y')2; a= l, b = 2, y1 = 1/(1 - n), n = 2, 3, 4, .... (13.19) 

1. cosx,0; 2. (x3 -x)/12,-1/48; 3. (x+a)sinx,-7r/2; 4.1-lnx,e-3; 

3 ~2-1 
5.x -x,-4/5; 6.11eTperue11nH; 7.-x/2+shx/2shl; 8. sh(2x)-shx shl ; 

9. xex /2 - sh x; 10. ex - e-3x 285 
'16; 

shx 
11. 2 sin x + sh 

1 
; 12. HeT perneHHH, 

13. 11eT perneHnH; 14. x, 1; 15. (x + 1)/2, 2VS; 16. 2x/3, 35/12; 

17. - x2 /4 - x/2 + 3/4, 1/3; 18. x 1-n /(1 - n), (1 - 21-n)/(n - 1). (13.20) 

O606rn,e11ne Bapnau;no1111oii. 3a,n:aqn 

b 

J;[y] = j F;(x, y, y', ... )dx, 
a 

131 

(13.21) 



F1 = (y")2 - 24xy, a= 0, b = l, y(0) = y'(0) = 0; y(l) = i, y'(l) = -1; 

F2 = (y"')2, a= 0, b = l, y(0) = y'(0) = y"(0) = 0; y(l) = 1, y'(l) = 4, y"(l) = 12; 

F3 = (y")2 + (y') 2 , a= 0, b = l, y(0) = y'(0) = 0; y(l) = y'(l) = 0; 

F4 = e-x(y")2, a= 0, b = l, y(0) = 0, y'(0) = 1; y(l) = e, y'(l) = 2e; 

F5 = (x + 1)3 (y")2, a= 0, b = 1, y(0) = 1, y'(0) = -1; y(l) = ~' y'(l) = -i; 
F6 = (y~) 2 + (y;)2 + 2Y1Y2,a = 0,b = i,Y1(0) = Y2(0) = O;y1(i) = l,Y2(i) = -1; 

F1 = y~y; + Y1Y2, a= 0, b = l, Y1 (0) = Y2(0) = 0, Yi (1) = e, Y2(l) = e-1, 

F8 = 48y - (y")2, a= 0, b = 1, y(0) = y'(0) = 0; y(l) = 1, y'(l) = 4; 

Fg = M)2 + (y;)2 + 2y1,a = 0,b = 1, Y1(0) = Y2(0) = 1, Y1(l) = ~, Y2(l) = 1, 

F10 = (y"')2 - (y") 2
, a= 0, b = 1r, y(0) = y'(0) = y"(0) = 0, 

1T 

y(1r) = 1r,y'(1r) = 2,y"(1r) = 0, j ycosxdx ~ i; 
0 

F11 = 240xy - (y")2, a= 0, b = l, y(0) = y'(0) = 0, y(l) = 1, y'(l) = 6. 

PeIIIemur. 

1. (x5 - 17x3 + 18x2)/10; 2. x4
; 3. 0; 4. (ax+ b)ex +ex+ d; 

5. aln(x + 1) + _b_ +ex+ d; 6. y1 = sinx, Y2 = -sinx; 
x+l 

shx shx 4 2 
7. Y1 = e sh 

1
, Y2 = e sh 

1
; 8. x ; 9. Y1 = x /2 + x, y2 = 1; 

(13.22) 

10. - sinx; 11. x5 + x3 
- x2

• (13.23) 

2. HafiTll ycJIOBHhlli 3KCTpeMyM: 

1) 
I 

J[y] = j dx(y')2, y(0) = 0, y(l) = 1, 
0 

1 

j xydx = O; 
0 

rr I 

2) J[y] = j dx(y')2, y(0) = 0, y(1r) = 1, j ysinxdx = O; 
0 0 

1T 1T 

3) J[y] = j dxysinx, y(0) = 0, y(1r) = 1r, j(y')2dx = 
3
;; 

0 0 
I 

4) J[y1, Y2] = j dxx(Y1 + Y2), Y1(0) = 0, Y1(l) = -1/4, 
0 

Y2(0) = 0, Y2(l) = 1/3, 
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5) 

6) 

7) 

8) 

PerneH!l.H. 

I 

j y~y;dx = O; 
0 

I 

J[y] = j dx(y')2, y(0) = 0, y(l) = i, 
0 

I 

j (y - (y')2)dx = O; 
0 

I 

J[y] = j dx(y')2, y(0) = 1, y(l) = 6, 
0 

I 

J[y] = j dx((y') 2 + y2), y(0) = 0, 
0 

I 

j ydx = 3; 
0 

1 I 1 
y(l) = -, jye-xdx = -(1- 3e-2

); 
e 4 

0 
a a 

J[y] = j dxy(x), y(-a) = 0, y(a) = 0, j J1 + (y') 2dx = l. 
-a -a 

1. - 2x + 3x2; 2. [x - 2sinx]/1r; 3. ± \/7fsinx + x; 

4. a)y1 = (x2 /2) - 3x/4; Y2 = x2 /2 - x/6; 

b) y1 = -(x2 /2) + x/4; y2 = -x2 /2 + 5x/6; 

5. x2 /4; -9x2 /4 + 5x/2; 6. 3x2 + 2x + 1; 7. HeT peIIIeH!lit; 

8. Jcl - ✓ e2 + a2 - x 2 , 2✓ e2 + a2 arcsin( ~) = l. (13.24) 
e2 +a2 

3. HaitTll perneH!le llHTerpaJibHhIX ypaBHeHllli Bll~a 

b 

<f>(x) = ,\ j K(x, y)<f>(y)dy + J(x) : 
a 

1) K = x - 1, f = x, (a, b) = (0, l); 

2) K=ex+y, f=ex, (a,b)=(0,1); 

3) K = x + y - 2xy, f = x + x2
, (a, b) = (0, 1); 

4) K=xy+x2y2, f=x2+x4, (a,b)=(0,1); 
I I 2 

5) K = x• + y•, f = 1 - 6x , (a, b) = (0, 1); 

6) K = sin(2x + y), f = 1r - 2x, (a, b) = (0, 1r); 

7) K=xy2+x2y, J=x3 +x, (a,b)=(-1,1); 
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8) K = cos :e cosy+ cos(21:) cos(2y), f = cos(3x), (a, b) = (0, 21r); 

9) K=xy+.r2 +y2 -3x2y2, .f=c:r:+d, (a,b)=(-1,1). 

Pernemrn. 

1. [2x(l + >.) - >.]/(2 + >.),,\-I- -2; 

2. ex /(1 - >.c), A -1- 1/c; c = (e2 
- 1)/2; 

2 4(>. + 3) >.(42 - >.) 
3. x +Ax+ B, A= 1 - 3(6 _ >.)(2 _ >.), B = 6(6 _ >.)(2 _ >.), >. -1- 6, 2. 

, 4 A 2 B ., _ >.(576 - 17>.) B _ 4>.(75 + >.) 
4. X + X + X, ."I. - 1 + _6. . - _6. , 7, . 3, 

.6. = >.2 
- 128>. + 240 -1- 0; 

4>. 4>. 
5. - 6x2 + _4.:1;1/

3 + B, A= -;_(17>. - 60), B = 1 - -(15>. + 28), 
3b 3.6. 

.6. = -3>. 2 
- 120>. + 80 -I- 0; 

6. 7r - 2x + >.C1 cos(2x) + 

+>.C2 sin(2x), C1 = 
9 

:~>.2 , C2 = -2>.Ci/3; 

7. x3 + x2 >.C1 + x(l + >.C2 ), C1 = (144 + 4>.)/(9.6.), 

C2 = (800 + 3>.)/(8.6.), .6. = ->.2 
- 120>. + 240 -I- 0; 

8. cos(3x) + C1 cos x + C2 cos(2x), >. = l/1r; 

9. x2 >.(C3 - 3x2C2) + x(c + >.C1) + d + >-C2, 

C1 = 2c/(3- 2>.), >. =/ (3/2), C2 = -560d/.6., 

C3 = -90d(35 + 44>.)/ .6., .6. = 2216 + 1050>. =/ 0. (13.25) 

4. Hail:TII xapaKTepIICTnqecKIIe qnCJia n co6CTBeHHbie cpyHKIJ;IIII O,IJ;HOpO,IJ;HbIX ypaB-
HeHIIH 

1) 

2) 

3) 

4) 

5) 

b 

</>(x) = >. j K(x, y)</>(y)dy : 
a 

K = sin(x + y) + ~' (a, b) = (0, 21r); 

K = x2 y2 
-

4
:, (a,b) = (0, 1); 

K(x, y) = x, 0 < x < y; K(x, y) = y, y < x < 1, (a, b) = (0, 1); 
2-y 2-x 

K(x, y) = -
2
-, 0 < x < y; K(x, y) = -

2
-, y < x < l(a, b) = (0, 1); 

(x)l (y)¾ K(x, y) = y + ;; , (a, b) = (0, 1). 
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PerneHnH. 

L>-1=l/1r, </>1 =const; >-2 =1/1r, ¢ 2 =sinx+cosx; 

A3=-l/1r, </>3 =sinx-cosx; 

2. >-+ = -45, >._ = 45/8, <P± = x 2C± - 2/45, 

1r
2 

2 . 1r(2n + l)x 
3.>-= 4 (2n+l) ,n=0,1,2, ... ,</>=sm( 

2 
); 

4. </> = cos({f x),ctg([f) = &; 

5 ¢ = >.[x2
/
3 + ~x-213

] >. -1- 1 (13 26) . 7(1 - >. ' . . 

5. CBeCTH ,n:mpcpepeHIJ;IIBJibHOe ypaBHeHne K IIHTerpa.rrbHOMy: 

PerneHIIH. 

1) y"-y'sinx+yex=x, y(0)=1, y'(0)=-1; 

2) y"' - 2xy = 0, y(0) = 1, y'(0) = 2, y"(0) = 3; 

3) y" + y = 0, y(0) = 0, y'(0) = 1; 

4) y" - y = x, y(0) = 1, y(l) = 1. 

X 

1. </>(x) = j dy¢(y)[sinx + y- x] + x - sinx + (1- x)ex; 
0 

X 

2. </>(x) = x j dy¢(y)(y- x)2 + x(2 + 4x + 3x2); 

0 
X 

3. ¢(x) = j dy</>(y)(y- x) - x; 
0 

X 

4. ¢(x) = j dy¢(y)(x - y) + 2x + 1. (13.27) 
0 

3a,D,aqII ITO TeMe "MeTO,!I, <PYHKIJ;IIfi fpIIHa perneHII.H HeO,D,HOp0,!1,HbIX ,n:ncpcpepeHIJ;II-
8JlhHblX ypaBHeHIIfi"(cM. [5, C. 1621): PeIIIIITb ,!1,IIcpcpepeHIJ;IIBJibHble ypaBHeHII.H, IIC
IIOJib3J.H MeTO,!I, q>JHKIJ;Ilfi fpIIHa: 

1) y" = f(x), 0 < x < 1, y(0) = y(l) = O; 

2) y" = f(x), 0 < x < 1, y(0) = y' (0); y(l) + y'(l) = 0; 

3) y" = f(x), 0 < x < 1, y(0) = hy
1 

(O); h > O; y(l) = O; 

4) y" + y = f(x), 0 < x < 1, y(0) = 0, y(l) = O; 

5) y" = f(x), 0 < x < 1, y(0) = y1

(0); y(l) = y'(l); 

6) y"+y=f(x), 0<x<1r/2, y(0)=y
1

(0); y(1r/2)=y'(1r/2); 
7) y" - y = f(x), 0 < x < 1, y(0) = y(l) = 0; 

8) y" - y = f(x), 0 < x < 1, y'(0) = y' (1) = O; 
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1 • 
! 

PellleHHH. 
1 X 

1. y(x) = -x j (1 - t)J(t)dt - (1 - x) j tf(t)dt; 
X 0 

1 X 

l+xj 2-xj 2. y(x) = --
3
- (2 - t)J(t)dt - -

3
- (1 + t)J(t)dt; 

X 0 

1 X 

x+hj 1-xj 3. y(x) = ---h (1 - t)J(t)dt - - (t + h)J(t)dt; 
1 + 1 +h 

X 0 

1 [ l X ] 4. y(x) = - sin 
1 

sin x [ sin tf (t)dt + sin(l - x) [ sin(l - t)J(t)dt ; 

1 X 

5. y(x) = (1 + x) j tf(t)dt + x j (1 + t)J(t)dt; 
X 0 

,r/2 X 

6. y(x) = ~(sinx+cosx) j (sint-cost)J(t)dt+~(sinx-cosx) j(sint+cost)J(t)dt; 
X 0 

1 X 

7. y(x) = s~ 
1 

[shx j sh(t - l)f(t)dt + sh(x -1) j shtf(t)dt); 
X 0 

1 1 X 

8. y(x) = sh l [ch x j ch(t - l)J(t)dt + ch(x - 1) j ch tf(t)dt]. 
X 0 

(13.28) 

13.2 KpaeBhie 3a,n;aq0: 3JIJIHIITHqecKoro THIIa 

3~a~rn µ;;rn Kpyra 
1. Hail:TII <pyHKI.J;HlO, rapMOHH'IeCKYlO BHYTPH e,rt;HHlfqHoro Kpyra, rrpIIHIIMaIOiu:ylO 
Ha rpaHIIu;e 3HaqeHHe u(r = 1,¢) = !(¢), r,n;e 

a) !(¢) = sin3 ¢; 

b) !(¢) = cos4 ¢. (13.29) 

2. Hail:TH <pyHKI.J;lllO, rapMOHlfqecKylO BHe e,rt;HHllqHoro Kpyra, HOpMaJlhHaH rrpOII3-
BO,rt;HaH KOTOpofi rrpHHIIMaeT Ha rpaHIIu;e 3HaqeHIIe u(r = 1, ¢) = !(¢), r,n;e 

a) !(¢) = sin2 ¢; 

b) !(¢) = cos5 ¢. (13.30) 
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PellleHHe 3a,n;aq ,I(HpHxne ,rt;nH ccpepbI II rnapoBoro cnoH R1 < r < R2 B cnriae, 
KOr,rt;a KpaeBbie ycnOBIIH He 3aBIIC51T OT a3HMYTaJlbHOro yrna, HMeeT Bll,L\ 

00 

u(r,0) = I)An(r/R1t + Bn(R2/rt+1]Pn(cos0), 
n=O 

r,n;e Pn(z) - IIOfllIHOMbl Jie)KaH,rt;pa: 

Po(z) = l; Pi(z) = z; 
P2(z) = (3z2 -1)/2; P3 (z) = (5z3 

- 3z)/2 ... , 

(13.31) 

(13.32) 

a K03<p<pHI.J;lleHTbl Haxo,rt;BTCH ll3 rpaHHqHh!X ycnOBHH u(r = Ri,0) = fi(0), u(r = 
R2, 0) = h(0) rro cpopMynaM 

3~aq11 µ;mi: rnapa 

2 I 

An(Bn) = --! dzPn(z)fic2J(z). 
2n+ 1 

-I 

(13.33) 

1. HatiTII <pyHKU:HIO, rapMOHIIqecKy10 BHYTPII rnapa pa,n;IIycoM R, TaKy10, qTo 
u(r = R, 0) = J(0): 

a) J(0) = cos0, b) J(0) = sin0; 

c) f(0) = cos(20), d) /(0) = cos2 0. 

2. Pa3pernIIMa Jill BHyTpeHHHH 3a,z:t;aqa HeiiMaHa ,I:t;JIH rpaHlfqHbIX ycJIOBIIfi 

(13.34) 

(13.35) 

a)urlr=R = Acos0, b)urlr=R = Asin0. (13.36) 

3. HaitTII TaKylO rapMOHIIqecKylO BHYTPII rnapoBoro CJIOH 1 < r < 2 <pyHKI.J;IIIO, qTO 
Ur=l = fi(0); Ur=2 = /2(0): 

a) J1 = cos2 0, 
1 

h = 8(1+cos2 0); (13.37) 

b) / 1 = cos2 0, 2 4 
h=4cos 0-f 

c) /1 = 1 - cos(20), h = 2cos8; 

d) 
1 

Ii= 2 cos 8, /2 = 1 + cos(20); 

e) Ji = 9 cos(20), h = 3(1- 7cos2 B). 

3a,u.aq11 Ha o6TeKaHHe TeJI UOTOKOM )Kll,ll;KOCTH PaccMOTpIIM ,rt;Be 3a,z:t;aqlf Ha Ha
XO)K,I:t;eHIIe IIOTeHI.J;IIaJla CKOpOCTefi rrpII o6TeKaHIIII Ten IIOTOKOM HeC)KIIMaeMofi )Klf,l:t;
KOcTII [3, IV, 73, 75]. 
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1. BecKoHe'lHO )J;JHIHHblH IJ;IIJIIIIIAP pa,n;IIJCOM a o6TeKaeTC51 rrepneHP,IIKJJI51pHO CBOeii 

OCII tteorpaHII'leHHblM TIOTOKOM }Kll)J;KOCTII co CKOpOCTblO v. HaiiTII noTeHIJ;llaJI CKO

pocTeii }Kll)J;KOCTII. PeUieHIIe. TioTeHu;IIaJI rrpe,n;cTaBIIM cyMMOll rroTeHIJ;IIaJia HeB03-

Myru;eHHOrO p,BII}KeHII51 }Kll)J;KOCTH ( HanpaBJieHIIe ee )J;BII}KeHII51 Bbr6epeM 3a OCb X): 
u = vx+u

1
. ,.Un,1 BToporo cnaraei,.mro, BBO)J;51 u;nmrnP,PII'lecKy10 cncTeuy KOop,n;nHaT 

C OCblO Z, HanpaBJieHHOll B)J;OJlb OCII IJ;IIJIIIH)J;pa, HMeeM KpaeBylO 3aAaqy 

6..u1 (p, cf;, z) = 0, p > a; 
ou1 
op =vcoscf;, p=a. 

(13.38) 

BTopoe ycJIOBHe 03HaqaeT H€B03MO}KHOCTb BTeKaHII51 }KllP,KOCTII BHYTPb IJ;IIJIIIH,lJ;pa. 

Mbr 11MeeM BH€UIH1010 3a,n;aqy HeiiMaHa. PeUieHIIe 

u(p,c/>) = -v (p+ a: cosc/>). 
(13.39) 

2. TBep,n;bill Uiap pa,n;IIycoM a ,l];BII}KeTC51 co CKOpOCTblO VB H€C}Kll1'!aeMOll }KIIP,KOCTII. 

HaiiTH noTeHu;IIaJI CKOpocTeii }Kll,Il;KOCTII. PeUieHIIe. B CIICTeMe TIOK051 Uiapa IIMeeM 

KpaeBy10 3a,n;aqy 

ou\ 6..u = 0; - = vcos0. 
on r=a 

(13.40) 

3,n;ecb Mbl BbI6panII OCb z B)J;OJib HarrpaBJieHII51 )J;Bll}K€HII51 Uiapa, n 06031mqaeT Ha

rrpaBJI€HII€ HOpMaJill K noBepXHOCTII Uiapa. IloJib3J51Cb o6IIJ;IIM BII)];OM peUieHII51 ,l];Jl51 

cJiy'Ia51 TpexMepHoro npocTpaHCTBa, rrpIIBe,n;eHHblM Bbllll€, TIOJIJ'lllM 

a3 
u(r, 0) = - 2 cos 0, r > a. 

2r 

(13.41) 

Tione CKopocTeii }Kll,lJ;KOCTII MO}KHO ITOJIJ'lIITb, Bbl'IIICJIIIB rpaAII€HT rroTeHD;llaJia 

v= -v u(r,0). 
1. PelllIITb KpaeByJO 3a,n;a-qy B IIOJiynpocTpaHCTBe z > 0, -00 < x, y < oo: 

a) 6..u(x,y,z) = ze-zsinxsiny; 

u(x, y, 0) = 0, u(x, y, oo) = 0, -oo < x, y < oo. 

YKa3aHIIe. 11cKaTh peUieHIIe B BII,n;e u = sinxsinyf(z). 

0TBeT: J(t) = e-1(2 - t) - 2e-v'2
1
. 

b) 6..u(x, y, z) = 0; 
u(x, y, 0) = cos x cosy, u(x, y, oo) = 0, 

YKa3aHIIe. lkKaTb peUieHIIe B BII,n;e u = cosxcosyf(z). 
OTBeT: f(t) = e-v'2t_ · 

c) 6..u(x, y, z) = 0; 

-oo < x,y < oo. 

x2+y2_3 

u(x, Y, 0) = [4 + x2 + y2J-5/2' 
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-oo < x,y < oo. 

d2 I 
YKa3a1me. l1cKaTb peUieHIIe B BII,n;e u = d,2 x2+y2+(z- 2)2 • 

2. HaiiTH pacrrpe,n;eJieHHe noTeHu;nana BHYTPII 6ecKOHe'lHO ,L\.1IIIHHOro l\llJlllH,Llpw1e

CKOrO KOH,Il;€HCaTopa, €CJIH BHYTP€HH5151 ero o6KJia,L(Ka (Ha paCCTOHHHll a OT ocu) 

3apmKeHa ,Il;O TIOT€HIJ;IIaJia Ur, a BH€UIH5151 (pacnoJIO}K€HHaH Ha paccTOHHHH b OT OCH) 

- ,LIO I10T€Hl\IIaJia U2. 

3. HaiiTH pacnpe,LleJieHne rroTeHu;nana BHYTPH ccpepnqecKoro KOH,L\€HCaTopa, ecJIH 

BHJTpeHH5151 ero o6KJia,L(Ka (Ha paccTOHHIIII a OT OCII) 3ap,1}KeHa ,LIO noTeHu;uana U1, 

a BHeUIHHH (pacnoJIO}KeHHa51 Ha paccT051HHH b OT ocu) - ,n;o noTeHu;nana u 2. 

4. 0,L(Ha rpaHb npHMoyroJibHOro napannenenune,L(a HaXO,LIUTCH IlO,LI IlOT€HD;lfaJIOM V, 
OCTaJibHbl€ rpaHH 3a3eMJieHbJ. HaiiTH pacnpe,n;enetrne noTeHD;HaJia BHYTPH napanne

Jienune,n;a. 5. HatiTII pacnpe,L1eJieHIIe TeMnepaTypbI B 6ecKoHe'lHO ,LIJIHHHOM Kpyrnm1 

D;lfJIHH,Il;pe, ecJIII Ha ero TIOBepxHOCTII Ha €,LIIUIHD;Y ,,'.J;JIHHbl 3a,n;an TeilJIOBOH IlOTOK 

Q = q(2cos2 cf>- 1). 

6. HaiiTlf pacnpe,n;eJieHIIe TeMnepaTypbl B 6eCKOH€'lHO ,L\JIIIHHOM KpyrJIOM D;IIJIIIH

,n;pe, ecJIH Ha ero IlOBepxHOCTII na €,Lllllllfu;J ,Il;JilfHbl TIOMep}KIIBaeTCH TeMnepaTypa 

uA cos cf> + B sin ¢. 
YKa3anue. 06ru;IIii Blf,L\ peUieHHH ypaBH€Hlf51 JianJiaca na IlJIOCKOCTlf IIMeeT Blf,ll; 

n=oo 

6..u(r, ¢) = 0, u(r, ¢) = aln(r/ R) + b + L (An(r/ Rt+ Bn(R/rt) cosncf> + 
n=l 

+(Cn(r/ Rt+ Dn(R/rt) sin nip. 

7. HaiiTII pacnpe,L(eJienIIe IlOTeHD;IIaJia BHJTpII'noJioro D;IIJIHH,Llpa pa,L(IIycoM R II BbI

coToti h, o6a OCHOBaHHH KOTOporo 3a3€MJI€Hbl, a 6oKOBa51 TIOBepXHOCTb IIM€€T IlO

T€HD;lfaJI V. 
8. HaiiTH cTau;IIoHapHoe pacnpe,L1eJieHIIe TeMnepaTypbI BHJTPH o,n;Hopo,n;Horo rnapa, 

eCJilf Ha ero IlOBepXHOCTlf IlOMep}KIIBaeTC51 TeMnepaTypa u = A(sin2 0 + 2). 
9. HaiiTII pacnpe,n;MeHue noTeHu;IIana BHYTPII ccpepuqecKoro KoH,n;eHcaTopa 1 < 
r < 2, eCJilf BHyTpeHHHH II BH€IIIH5151 o6KJia,D;Kll IIM€10T IlOT€HD;lfaJibI COOTB€TCTBeHHO 

½ = cos2 0, ½ = (1+cos20)/8. 

10. PernIITb 3a,n;aqy Heii:MaHa ,Il;JIH ypaBHeHH51 JianJiaca B rnapoBOM cJioe 

1 < r < 2: 

6..u = 0; 
OU 
on lr=I = P2(cos0); 

OU 
onlr=2 = P3(cos0), 

Pn ( z) - IlOJilfHOMbI Jie}KaH;:i,pa. 

11. PernHTb KpaeBy10 3a,L(a'ly B Kpyre O < p < R, 0 < ¢ < 27r: 

6..u = x2 + y2
, ulp=R = 0; 

0TBeT: u = fii(r4 -1)-¼Inr, r = p/R. 
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au 
onlp=R = 0. 



12. PenrnTh KpaeByIO 3a,IJWIY B Kpyre 0 < p < R, 0 < <f> < 21r: 

2 2 2 I au t:,,. u = x + y , u p=R = O; an \p=R = 0. 

YKa3aHI!e. I1cKaTh pernemie ypaBHeHIUI [~i(pfi;)J2u(p) = p2 B BH,!].e f!OJIHHOMa rne

CTOll cTerreHH: u = (x6 
- 6x + 5)/576. 

13. PernHTh KpaeByIO 3a,I1.a~1y B rnape 0 < p < R: 

2 2 2 2 \ O· /::,,. U = X + y + Z , U p=R = , 
au 
anlp=R = 0. 

Y Ka3aHHe. I1cKaTb perneHHe ypaBHeHH.H [ f:2 + ¥,]2
u( T) = r

2 
B BH,!].e f!OJIHHOl\Ia rneCTOH 

cTerreHH. 
14. HafiTH pacrrpe,I1.enemie Tel\mepaTypbI BHYTPH rnapoBoro cJio.H 1 < r < 2, ecm1 

tta BHyTpeHHeii rroBepXHOCTH rroMep)i<HBaeTc.H Tel\rnepaTypa u = A sin(20) sin(2¢), 
a Ha Btterntteii rr0Mep)l<1rnaeTC.H HyJieBa.H Tel\mepaTypa. YKa3aHiie. Pernemie npe,!1.-

cTaBJI.HeTC.H cyMMOll cnaraeMblX BH,!].a 

(Anrn + Bn/r-n-1)Yn(0, ¢); Y2 ~ sin(20) sin(2¢). 
15. PernHTh 3a,!l.aqy ,Il,HpHxJie ,!].JI.H ypaBHeHH.H IIyaccoHa 

/::;.u = x4 - y4, xz + y2 < Rz; u(xz + y2 = Rz) = 0. 

YKa3aHHe. IIepefiTH K non.HpHblM KOOp,!].HHaTaM. PerneHHe l!CKaTb B BH,!].e cyMMbl 

qacTHOrO l! o6rn,ero perneHH.H O,!].HOp0,!1.HOrO ypaBHeHH.H. YrnoBa.H 3aBHCl!MOCTb qaCT

HOrO perneHH.H no,I1.6HpaeTC.H corJiaCHO rpaHH'lHOMY ycJIOBl!IO TaK )Ke, KaK l! y perne-

Hl!.H O,!].HOp0,!1.HOrO ypaBHeHirn. 
16. HattTH cTaU,HOHapHOe pacnpe,!].eJieHHe KOHU,eHTpaU,Hl! HeycTOl!'ll!BOrO ra3a BHYT-

pH 6ecKOHe'lHOrO KpyroBoro Il,llJIHH,!].pa, ecJIH Ha ero noBepXHOCTl! KOHU,eHTpau,H.H 

noMep,Kl!BaeTC.H nOCTO.HHHOll. MMeeM KpaeBy!O 3a,!].a'ly 

/::;.u - x2u = 0; x2 > 0; 0 < p < a; 0 < ¢ < 21r; u(a, ¢) = uo. 

17. Pellll!Tb KpaeByIO 3a,!].a'ly B Hl!)KHeii nonynJIOCKOCTl! y < 0: 

/::;.u = 0, -00 < X < 00, y < 0. 
2x 

Uy=O = - 2---X + 1 

YKa3aHIJe. Tip0,!1.H<p<pepeHU,l!pOBaTh cpyH,!l.aMeHTaJibHOe perneHHe ypaBHeHH.H JianJia

ca ,!].JI.H nJIOCKOCTl!. 

13.3 3a,11,aqn: rn:nep6oJin:qecKoro Tn:na 

1. OrrHCaTb rronepe'lHb!e KOJie6aHH.H 6ecKOHe'lHOll CTPYHhI, ecJIH Ha'laJibHOe OTKJIO

HeHHe OTCyTCTByeT, a Ha'laJibHa.H CKOpOCTb Ut(X, 0) = xe-x
2

• 

0TBeT: u = (1/(2a))e-x
2

-
02

t
2 

sinh(2xat). 
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2. PernHTb 3a,I1.aqy Korntt ,!1.JI.H 6ecKoHe'lHOH CTPYHbI: 

Utt = Uxx + e-t, -oo < X < oo, t > O; 

u(x,0) = sinx, Ut(x,0) = cosx, -oo < x < oo. 

YKa3aHHe. PerneHHe npe,!].cTaBHTh KaK cyMl\IY O,!l.Hopo,!].HOro H qacTHoro perneHHH, 

C'll!Ta.H, 'lTO 'laCTH0e perneHHe 3aBHCl!T TOJibKO OT BpeMeHH. 

3. PernHTb 3a,!l.aqy ,!1.JI.H nony6ecKoHe'lHOH cTpytthI: 

Utt = c2
Uxx, 0 < X < oo, t > O; 

u(0, t) = 0; u(x, 0) = J(x) = -xe-x
2

, Ut(X, 0) = g(x) = 0, 0 < x < oo. 

YKa3aHHe. BocrrOJib30BaTbC.H cpopMynofi ,Il,aJiaM6epa ,!].JI.H nony6ecKOHe'lHOll OCH 

l l x+ct 

u(x, t) = 2[J(x - ct)+ f(x +ct)]+ 
2
c J g(z)dz, x > ct; 

x-ct 

1 1 ~ct 

u(x, t) = 2[J(x + ct) -I(-x +ct)]+ 
2
c J g(z)dz, x < ct. 

-x+ct 

4. OnHCaTb KOJie6amrn np.HMoyroJibHOll MeM6paHbI, 3aKpenJieHHOti no KOHTypy: 

Utt = a2Uxx, 0 < X < p; 0 < Y < q, t > 0, 

u(x, y, 0) = Axy(x - p(y - q)), ut(x, y, 0) = 0. 

YKa3aHHe. IlpnMeHIITb MeTO,!l. pa3,!].eJieHl!.H nepeMeHHbIX, pa3JI0,KeHne B p.H,!].bl <l>ypbe. 

5. HatiTl! Bl!,!]. perneHllil ypaBHeHH.H KOJie6aHl!ll np.HMoyroJihHOti MeM6paHhl 

Utt = /::;.u, 0 < x < a, 0 < y < b, t > 0 

,!l.JI.H CJiy'la.H CB060,!1.Hb!X rpaHl!Il,, 3aKpenJieHHb!X I! ,!l.JI.H CMelllaHHOro CJIY'la.H. HaiiTl! 

crreKTp co6cTBeHHb!X '!aCToT. Onpe,!].eJil!Tb cnyqafi BbipO)K,!l.eHH.H. 

YKa3aHne. )KecTKOMY 3aKpem1eHHIO OTBe'laeT rpaHH'lH0e ycnoBne BH,!l.a u\r = 0, r,I1.e 

r - 03Ha'laeT rpaHnu,y o6nacTn. Cny'laIO He3aKpenJieHHoti Ha rpaHnu,e MeM6paHbI 

cooTBeTCTBYeT ~ Ir = 0, r,!].e n - HanpaBJiettne HOpMaJIH K rpaHnu,e. 

6. MccJie,!].OBaTb cpopMy Jll!Hl!il Y3JIOB B cnyqae Bbip0)K,!l.eHl!.H no 'laCTOTe KOJie6aHl!il 

,!l.JI.H cJiy'la.H 3aKpenJieHHOll no KOHTYPY MeM6paHhI, l!Me10rn,ett cpopMy KBa,!].paTa co 

CTOpOHOil e,!].HHl!'lH0ti ,!l.JIHHbl, eCJil! B Ha'laJibHblil M0MeHT 0TKJI0HeHl!e OT IT0JI0)Ke

Hll.H paBHOBeCH.H HMeJio Bl!,!]. u(x, y, t = 0) = sin(31rx) sin(1ry) + sin(31ry) sin(1rx). 
YKa3aHl!e - pellll!Tb MeT0,!].0M pa3,!].eJieHl!.H nepeMeHHb!X ypaBHeHl!e KOJie6aHl!ll: B ,!].e

KapT0BOll: Cl!CTeMe KO0p,!].l!HaT. MccJie,!].OBaTh ypaBHeHl!e u(x, Y, t = 0) = 0. 
7. Pernl!Tb Cl!CTeMy TeJierpa<pHb!X ypaBHeHl!ll: ,!].JI.H yqacTKa 3JleKTpl!'leCK0ll: u,enn 

0 < x < l B cnyqae oTcyTcTBl!.H JTe'lKI! G = 0: 

-Vx =RI+ Lit; -Ix= CVi, 0 < X < l, t > 0, 
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rrpH ycJJOBHHX 

I(l, t) = 0, V(0, t) = E; I(x, 0) = 0; V(x, 0) = 0. 

YK83aHHe. Tipm1eHHB .n,mpcpepeHIJ,HpOBaHHe, 3arrucaTh ypaBHeHHe TOJlbKO ,ll,JIH TOKa. 

Ifa6aBHTbCH OT rrepBoti rrpOH3B0,l],HOH. TipHMeHHTb MeTO,ll, p83,ll,eJJeHHH rrepeMeHHhIX. 

8. CTpyHa ,ll,JIHHOH l paCIIOJIO:lKeHa B,ll,OJ!b OCH a6CI.J,HCC H 3aKperrJJeHa B HaqaJJe KO

Op,lJ,HHaT. ,Iwyroti ee KOHeI.J, CB06o.n,eH. Ero OTKJIOHHJIH Ha He60JJbIIIOe pacCTOHHHe 

h, h << l, u oTrrycTHJJH 6e3 HaqaJJhHOti cKopocTu. OrmcaTh KOJJe6aHHH CTPYHhI B 

IIOCJie.D,yIOII.J,He MOMeHThl BpeMeHH. 

9. MeTo.n,oM rro.n,6opa pernHTh 3a.n,a'1y Kowu B TpexMepHOI\! npocTpaHCTBe: 

Utt= 8.6.u + tx2
, -oo < x, y, z < oo, t > 0, 

u(x, y, z, 0) = 3y2
; Ut(x, y, z) = 2z2

• 

YK83aHHe. PeweHue HCKaTh B BH,ll,e u(x, y, z, t) = 3y2 + 2tz2 + ct3x2 + J(t). 
10. PenmTh 3a.n,aqy O BhIHY)K,ll,eHHh!X KOJJe6aHHHX KBa.n,paTHOH MeM6paHhI: 

Utt= Uxx + Uyy + 3sintsinxcosy, 0 < x < 1r, 1r/2 < x < 3rr/2, t > 0. 

u(x = 0) = u(x = 1r) = u(y = rr) = u(y = 1r) = 0, 

u(x, y, 0) = 0, Ut(x, y, 0) = 0. 

YK83aHne. licKaTh peIIIeHne B Bn.n,e u = Asinxcosyf(t) ,ll,JIH J(t), rroJiyqnTh Heo.n,

Hopo.n,Hoe o6bIKHOBeHHOe .n,ncpcpepeHI.J,HaJJbHOe ypaBHem1e, ero peIIIeHne HCKaTb B 

BH,ll,e cyMMbl qacTHOrO peIIIeHHH Ii peweHHH O,ll,HOpO,lJ,HOro ypaBHemrn. 

11. PeIIIHTb 3a.n,aqy ,ll,JIH BOJIHOBOro ypaBHeHHH B HeorpaHHqeHHOM I.J,HJIHH,lJ,pe -00 < 
z < oo pa.n,uycoM a: 

Utt= .6.u + Jo (:
1 p) , 0 < p < a, t > 0, 

u(t = 0, p) = 0, Ut(t = 0, p) = 0, 0 < p < a, u(t, p = a) = 0, 

r.n,e µ 1 , J0 (µ 1) = 0 - rrepBbiti KopeHh cpyHKI.J,HH BecceJJH. 

YK83aHue. PeIIIeHue HCKaTh KaK cyMMY peIIIeHHH ypaBHeHHH 6e3 cpyHKI.J,1111 BecceJIH 

B rrpaBOH qacTI! II CJiaraeMoro, 3aBHCHII.J,ero TOJlhKO OT cpyHKI.J,llll BecceJIH Jo(x). 
12. PeIIIIITb KpaeByIO 3a.n,aqy O BhIHy)K,ll,eHHhlX KOJie6aHIIHX MeM6paHhI: 

Utt=Uxx+uyy+tsin(4x)cos(3y), 0<x, y<1r, t>0. 

Ux(X = 0) = Ux(x = 1r) = Uy(Y = 1r) = Uy(y = 1r) = 0, t > 0, 

u(x, y, 0) = 0, Ut(x, y, 0) = 0, 0 < x, y < 1r. 

YK83aHue. licKaTh peIIIeH11e B B11.n,e u(x,y,t) = J(t)sin(4x)cos(3y). 

13. PeIIII!Tb KpaeByIO 3a.n,aqy O KOJie6aHIIHX 6aJJKII, 3aMypoBaHHOii C 06011x KOHI.J,OB: 

&4u 
Utt+ ox4 = 0, 0 < x < l, t > 0, 

u(0, t) = 0, u(l, t) = 0; Uxx(0, t) = 0, 

u(x,0) = O; 
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Uxx(l, t) = 0, t > 0, 

Ut(x,0) = sin Ct x). 

YK83a1rne. Tip11MeHHTb MeTO,ll, P83,lJ,eJieHIIH nepeMeHHhlX, TIOK83aTb, 'lTO rpaHI!qHhJe 

ycJJOBHH 3anpeu1,a10T peIIIeHHH C rurrep60JIH'leCKIHII! c1mycal\111 H KOCHHycal\m. 
14. OnucaTb 3aTyxa10ru,11e KoJie6au1151 CTpyHhI: 

u(0, t) = 0, u(l, t) = 0, t > 0; 
Utt = a2

uxx - but, 0 < x < 1, t > 0, 

u(x, 0) = x(l - x), Ut(x, 0) = 0, 0 < x < l. 

)J;JJH KaKHX 3Ha'leH11ti K03q>q>III.J,HeHTa b 3a.n,aqa HMeeT Cl\!b!CJI? 

15. TipoBepHTh, qTo ecJJI! q>yHKI.J,1111 f(x), uo(x), U1 (x) rapMOHHqecKHe, a cpyHKI.J,HH 
g(t) .n,11cpcpepeHu,11pyel\mH, TO perneHI!el\! 3a.n,aqu Kowu 

HBJIHeTCH 

Utt= a
2
uxx + J(x)g(t), t > 0, XE R, 

u(t = 0, x) = uo(x), u1(t = 0, x) = u1 (x), x E R, 

t 

u(t, x) = uo(x) + tu1 (x) + f (x) j (t - z)g(z)dz. 
0 

16. PeIIII!Tb l\leTO,lJ,OM p83,lJ,eJJeHmI rrepeMeHHb!X KpaeByIO 3a.n,aqy 

u(x = 0, t) = u(x = l, t) = 0, 
Utt = Uxx + 2b, 0 < X < l, t > 0, 

t > 0; u(x, t = 0) = 0, ut(x, t = 0) = 0. 

YK83aHI!e. licKaTb peIIIeHI!e B Bll,ll,e CJMMbl ,ll,Byx CJiaraeMbIX, 0,ll;HO 113 KOTOpbIX 3a
BHCIIT TOJlhKO OT X. 

17. PeIIII!Tb 3a,n;a11y O BhIHJ)K,ll,eHHhIX KOJie6aHI!HX CTPYHhI, 3aKperrJieHHOii Ha 0,ll;HOM 

KOHI.J,e II rro,n;Bep:lKeHHOii Ha ,n;pyroM B03,n;eiicTBIIIO rrep110,n;uqecKoii BhIHJ)K,ll,aIOru,eii 

CIIJlbI a sin(wt). B HaqaJJbHOM COCTOHHIIII CTpyHa pacrrOJIO:lKeHa TIO OCII a6cu,11cc II 
Herro,n;Bll:lKHa ( l!MeeT HyJieByIO Ha'IaJJbHJIO CKOpOCTb): 

Utt = a2
uxx, 0 < X < l, t > 0, 

u(t = 0,x) = Ut(t = 0,x) = 0; 

u(x = 0, t) = 0, u(x = l, t) = Acos(wt). 

YK83aHI!e. PerneH11e rrpe,n;cTaBI!Tb B Bll,n;e CJMMbl ,n;Byx CJiaraeMbIX, 0,ll;HO 113 KOTOpbIX 

npe,n;cTaBJIHeM B BH,n;e V(x, t) = J(x) cos(wt), ,n;JIH ,n;pyroro - 3a,n;a11a o CBo6o,n;HhIX 
KOJie6amrnx c HeHyJieBoii Ha'IaJJbHOii CKOpOCTbIO. 
18. Pernl!Th KpaeByIO 3a,n;a11y 

u(r = 1, ¢, t) = 0, t > 0; 
Utt = .6.u, 0 < r < 1, t > 0, 

u(r, </>, 0) = 0, 5Jo(2, 4r) - Jo(8, 65r), 

ut(r, </>, 0) = 0, 0 < r < 1, 

HaiiTH Hal!Bb!ClIIyIO qaCToTy KOJie6aHHii. 
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YKa3aHHe: J0 (2, 4) = J 0 (8, 65) = 0. 

19. PeumTb 1<paeBy10 3ai],a<1y 

u11 = 6-u, 0 < r < l, t > 0, 

u(r = l, ¢, t) = 0, t > O; u(r, ¢, 0) = 10 (2, 4r), u1(r, ¢, 0) = 0, 0 < r < 1. 

ITocTpOHTb rpacpHK ,IJ,JI51 cpyHKU,HH u(x, t) ,IJ,JUI cpHKCHpOBaHHOro 3Ha'--!eHH5l BpeMeHH. 

YKa3aHne. ITepBbie TPII KOPH5l cpynKU,IIII BecceJI5l c IIH,IJ,eKCOM HOJib eCTb 

2,40;5,52;8,65. 

13.4 3a,n;aqH: rrapa6oJIH:qecKoro TH:rra 

1. I1crrOJib3Y51 l\IeTO,Il, HHTerpaJibllbIX rrpeo6pa30BaHHH <I>ypbe, HaHTII peI11eH11e 3a,IJ,a

'--IH KolllH 

Ut = a2Uxx, -oo < X < oo, t > 0, 

u(x, 0) = e-(x-!)
2

, -oo < x < oo. 

2. MeTO,IJ,OM llO,IJ,6opa pelllHTb KpaeByIO 3a,IJ,a'--!y 

u1 =Uxx+u+2cosx, 0<x, t<oo; 

u(0, t) = e-81; ux(0, t) = 0, t > 0. 

YKa3aHHe. PeI11e1me HCKaTb B BH,IJ,e u(x, t) = e-81g(x) + f(x). 
3. Ha'--!aJibHa51 TeMnepaTypa B CTep.lKHe e,IJ,HHH'--IHOH ,Il,JllIHbl pacnpe,IJ,eJieHa ITO 3aKOHY 

u(x, 0) = 2 sin(31rx) + 3sin(81rx). Onpe,IJ,eJIIITh TeMrrepaTypy u(x, t) rrpn t > 0, ecJIH 

KOHU,bl CTep.lKH5l ITOMCP.lKHBa!OTC51 rrpII HyJieBofi TeMrrepaType. 

4. HaT.JaJibHOC pacrrpe,IJ,eJie11He TeMrrepaTypbl B CTep.lKHe e,IJ,IIHII'--IHOH ,Il,JIHHbl HMeeT 

BH,IJ, u(x,0) = 2cos(1rx) + 5cos(21rx). Orrpe,IJ,eJIHTb TeMrrepaTypy B rrocJie,IJ,yIO!ll,He 

MOMeHTbl BpeMeHH, eCJIH ITOTOK TerrJia Ha KOHU,ax CTep.lKH5l OTCJTCTByeT. 

5. HafiTH pacrrpe,IJ,eJICHHe TeMrrepaTypbl B KBa,IJ,paTHOH ITJiaCTHHKe co CTOpOHOli e,IJ,H

HH'-IHOH ,IJ,JIIIHhI, eCJIII ee Ha'--laJibHa51 TeMrrepaTypa 6bJJia pacrrpe,IJ,eJieHa CJIC,IJ,y!Olll,HM 

o6pa3oM: u(x,y,t = 0) = sin(1rx)sin(31ry), a ee rpaHHU,a ITOMCP.lKIIBaeTc5l rrpII Hy

JieBofi TeMnepaType. 

6. Hail:TH pacrrpe,IJ,eJICHHe TeMrrepaTypb! B KBa,IJ,paTHOli IIJiaCTHHKe co CTOpOHOH C,IJ,H

HH'--IHOH ,l],JIHHbI, eCJIII ee Ha'--!aJibHa5l TeMrrepaTypa 6bIJia pacrrpe,IJ,eJieHa CJIC,IJ,y!Olll,IIM 

o6pa30M: u(x, y, t = 0) = cos(21rx) cos(51ry ), a ee rpaHIIU,a TeTIJIOH30JIHpoBaHa (Terr

JIOBofi ITOTOK paBeH HJJI!O). 

7. PelllIITb 3a,IJ,a'--!y O pacrrpocrpaHeHHII TCTIJia B CTep.lKHe C yqeTOM YTC'--IKH TCIIJia 

'--1epe3 60KOBJIO ITOBepXHOCTb Ha 0Tpe3Ke C,IJ,IIHH'--IHOli ,L\JIHHbI: 

Ut = Uxx - u, 0 < X < l, t > 0, 

u(0, t) = 0, u(l, t) = O; u(x, 0) = sin(31rx) + 5 sin(47rX), 0 < x < 1. 
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YKa3aime. CHa'--!aJia OCB060,IJ,HTbC5l OT KOHBeKTHBl!Oro CJiarae11mro B rrpaBOH '--laCTH 

C ITOMO!ll,b!O 3ar.IeHbl U = e-1W. 
8. PelllUTb 3a,IJ,a'--!y O KOHBeKTUBHOfi ,IJ,Hcpcpy3HU Ha 0Tpe3KC e,IJ,HHH'--IHOH ,IJ,Jll!HbI: 

Ut = Uxx - Ux, 0 < X < l; t > 0, 

u(0, t) = 0, u(l, t) = 0, t > O; u(x, 0) = exfz sin(JrX). 

YKa3aHne. CBeCTH 3a,IJ,a'--ly K o,n;Hopo,IJ,HOfi, HCIIOJib3J51 3aMeHy u = W eax+bt. 
9. HafiTH pacrrpe,n;eJieHIIe TCMrrepaTypb! B CTep.lKHe e,IJ,HHH'--IHOH ,IJ,JIHHbl C TeITJIOII30-

JIHpOBaHHOH 6oKOBOH ITOBepXHOCTb!O, eCJIH Ha ero KOHU,e X = l IIOMeP.lKUBaeTC51 

HyJieBa51 TeMrrepaTypa, a Ha ,IJ,pyroM KOHU,e - Tel\mepaTypa u(0, t) = At. Ha~iaJibHa5l 

TeMrrepaTypa CTep.lKH51 HJJICBa51. 

YKa3aHHe. PerneHHe rrpe,IJ,CTaBHTb B BII,IJ,e CJJ\!Mbl ,IJ,Byx CJiarae!'.IbIX, O,IJ,110 H3 KOTOpb!X 

At(l - x) J,Il,OBJICTBOp51eT rpaHU'--IHb!M ycJIOBH51M, a ,IJ,pyroe - HJJICBbll\l. 

10. HafiTH pacrrpe,n;eJieHHe TeMrrepaTypb! BHYTPII HeorpaHII'--ICHHOro KpyroBoro U,H

JIHH,IJ,pa pa,IJ,HJCOM R, eCJIU Ha ITOBepxHOCTH IIOMCP.lKHBaeTC5l HJJieBa5l TeMrrepaTypa, 

a B Ha'--!aJibHbiil: MOMeHT u(p, t = 0) = Alo(/tkp/ R), {tk, J0(µk) = 0 - k-fi KopeHb 

cpyHKU,HH BecceJI51. 

11. PelllHTb KpaeByIO 3a,IJ,a'--!y MeTO,IJ,OM pa3JIO.lKCHH5l no co6CTBCHHbIM cpyHKU,H5lM: 

Ut = a2Uxx + sin(31rx), 0 < X < I, t > 0 

u(0, t) = u(l, t) = 0, t > 0; u(x, 0) = sin(7rX), 0 < x < 1. 

YKa3aHIIe. BocrrOJib30BaTbC5l o61ll,HM BU,L\OM pellleHH5l, J,IJ,OBJ!eTBOp5l!Olll,HM rpaHH'--1-

Hb!M II Ha'--laJihHb!M JCJIOBH5IM, a TaK)Ke BH,IJ,Y Bb!HJ.lK,IJ,aIO!ll,efi CIIJ!bl u(x, t) = 
= T1(t)sin(1rx) +T2 (t)sin(31rx). PernIITh 06h1KHOBeHHb1e ypaBHeHII5l ,IJ,JI5l T1,3 . 

12. PernHTb KpaeByIO 3a,IJ,a'--!y MeTO,L\OM pa3JIO.lKCHII5l no co6CTBCHHb!M cpyHKI.J.H51M: 

Ut = Uxx, 0 < X < I, t > 0 

u(0, t) = 0, u(l, t) = 1, t > O; u(x, 0) = x2, 0 < x < 1. 

YKa3aHIIe. ITpe,IJ,CTaBHTh pellleHne B BII,IJ,e cyMMbl H3BecrHofi cpyHKU,HH S(x, t) = x, 
Y,IJ,OBJieTBOp5IIO!ll,CH rpaHH'--IHblM ycJIOBII51M, H cpyHK[],HH W(x, t), Y,IJ,OBJieTBOp5l!Olll,CH 

HJJICBbIM rpaHH'--!HbIM JCJIOBH5JM. ,ll;mr 3TOH BTOpoil: cpyHKU,Hll HMeeM KpaeByIO 3a,n,aqy 

Wt= Wxx, 0 < x < 1, t > 0; W(0,t) = W(l,t) = 0; 

t > O; W(x, 0) = x2 
- x. 

13. HafiTH pacrrpe,IJ,eJieHIIe TeMnepaTypbl B TOHKOM O,IJ,HOpO,IJ,HOM CTep.lKHC ,Il,JIIIHOH 

l, eCJIH KOHU,hl II 6oKOBa5l TIOBepxHOCTb TCTIJIOII30JIHpOBaHbI, a Ha'--!aJibHOC pacnpe

,IJ,eJieHne TeMrrepaTypbr TaKoBo: u(t = 0, x) = u0 , 0 < x < l/2; u(t = 0, x) 
0, 1/2 < x < l. I1ccJie,IJ,oBaTb pacrrpe,IJ,eJieHHe rrpn 6oJibII1HX BpeMeHax t -+ oo. 
YKa3aHHe. Pa3,IJ,CJIHTb rrepeMeHHb!C B KpaeBofi 3a,IJ,aqe Ut = a2Uxx, Ux(x = 0) 
ux(x = l) = 0. }13 Ha'--!aJibHb!X ycJIOBHll Hail:TII K03cpcpnu.neHTbI 

u =Co+ I;ckcos(.\kx)e-t(a.\kl2
• 
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14. MeTO,l].01\1 CBe,n:emrn HeO,LJ,HOpO,n:Hb!X rpamI'IHb!X ycJIOBIIH K 0,Il;HOpO,Il;Hb!l\l pelllIITb 

KpaeBy10 3a,n:a'ly 

Ut = a2
Uxx, 0 < X < l, t > O; 

u(0, t) = k1 , u(l, t) = k2 , t > 0; u(x, 0) = ¢(x), 

r,n:e k1,2, ¢(x) - COOTBeTCTBeHHO ITOCTORHHb!e II II3BeCTHaR <PYHKIJ;IIR. 

15. Pe!llIITb KpaeByIO 3ap;a'ly C rpaHH'IHblMH YCJIOBHRMH TpeTbero TIIITa: 

Ui=a2uxx+xcost, 0<x<l, t>0; 

u(0, t) = 1, ux(l, t) + hu(l, t) = 1, t > 0; u(x, 0) = x 2
. 

YKa3aHHe. TaKoe )Ke, KaK K 3a,n:a'le 12. CBeCTH rpaHH'IHbre ycJioBHR K o,n:nopo,11,HhlM. 

BocITOJib30BaTbCR TeopeMOH illTypMa - JlIIyBHJIJIR. 

16. Pe!llHTb, ITOJib3YRCb cpopMyJIOH ilyaccona, KpaeByIO 3a,n:a'ly ,Il;JIR ITJIOCKOCTH Ut = 

!::i.u+et, t>0, u(t=0)=cosxsiny. 

YKa3aHHe. lkITOJib30BaTb MeTo,n: IT0,11,6opa HJIH HCITOJib30BaTb cpopMyny ilyaccotta 

,l].JIR KpaeBOH 3a,)].a'IH. 

17. Pe!llHTb, ITOJib3YRCb cpopMyJIOH ilyaccona, KpaeByIO 3a,l].a'ly ,Il;JIR ITJIOCKOCTH Ut = 

!::i.u + sintsinxsiny, t > 0, u(t = 0) = 1. YKa3aHIIe To )Ke, '!TOH K 3a,!J,a'le 16. 

18. Pe!llHTh, ITOJib3YRCb cpopMyJIOH ilyaccona, KpaeByIO 3a,11,a'ly ,l].JIR ITpOCTpaHCTBa 

Ut = 21::i.u + tcosx, t > 0, u(t = 0) = cosycosz. YKa3aHHe TO )Ke, '!TOH K 

3a,n:a'le 16. 

19. Pe!llHTh, ITOJib3YRCb cpopMyJIOH ilyaccona, 'KpaeByIO 3a,11,a'ly ,l].JIR ITpOCTpaHCTBa 

Ut = 31::i.u + et, t > 0, u(t = 0) = sin(x - y - z). 

YKa3aHHe. l1cITOJib30BaTb MeT0,11, IT0,n.6opa JIH6o BOCITOJib30BaTbCR cpopMyJIOH ilyac

COHa ,l].JIR pe!lleHHR KpaeBOH 3a,n:a'IH 

B BH,Il;e 

Ut = a2!::i.u + f(x, t), x E Rn, 
u(t = 0) = u0(x), 

t 

t > O; 

XE R,, 

1 1 lx-zl
2 J 1 dzf (z T) lx-,12 u(x, t) = Ci dzuo(z)e---.;;,, + dT ' e---.;;,,_ 

2ay 1rt Rn O Rn [2a✓1r(t - T)]n 

20. MeTO,l].OM ITO,n.60pa pe!llHTb KpaeByIO 3a,)].a'ly 

Utt= !::i.u + te5
x sin(3x) cos(4y), x, y, z < 0, t > 0; 

u(0, x, y, z) = e12x+5
Y cos(13z); Ut(0, x, y, z) = e12x+5

Y cos(13z). 

YKa3aHHe. qHCJia 3, 4, 5; 5, 12, 13 - ITHcparopOBbl. Pe!lleHHe HCKaTh B BH,n:e cyMMbI 

'!aCTHOro Ii o6ru;ero pe!lleHIIH. ilpH COCTaBJieHIIII 3TIIX BapHaHTOB 3a,)].a'I Mb! ITOJib30-

BaJIIICb IICTO'IHIIKaMH [4-7,16,21]. 
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